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4 4. Ecuaciones diferencialen en derivadas parcaics
el comwerine 8 se puede probar que tal minimo existe ¥ sjua es aleun-
zado ¢con wna funcidn armdnics, Je modo que la funcidn Jeseada n
s una solucién del problema de Dirichlct Au w= 0, 1’5 = ¢, El reci-
proco 1ambifn es cierte: Ja solucidn del problera de Dirichlet da
un minimo para la integral J con respecto a tedas lus v que venifiquen
la condicibn de contorno.

La demostracion de T existeocia de la funcidn w, para la cuad
Jaleanza su minimo, ¥ so caleule con cuaiquier grado de exactitud

puede hacerse, por ejemple, de ia siguienie manerz (mélodo de Riiz).

Tomemaos una familia infinifa Jde funciones dos veoes condinuamenis
diferenciables {wax, )L # = 0,1, 2, -+, iguales a cero sobre el-can-
torna para a > @, c iguales a ¢ para a = 0. Consideremos J pary
funciones de la forma -

re= E Cavg + vy,
Fm] =

donde a ex fiio ¥ los Gk son niimeros arbitiarios. Entonces J{v) serd
un polinomio de segundo prado en las » variables indenendienles
Ci Ty o O Delerminamaos bos Cp 2 partir de fa condicidn de que
esic polinomio s¢ haga minimo. Eslo conduce a un sisicma do o
eeUACIOTIES aigr:hraicas lineales con # incégautas, cuye determipante
es distinto de cero, De este inoda los nUmeros O estdh univogymente
determinadaes. Denotemos la correspondiente v por v2{x, ¥). Sc pucue
probar quc, si cl sistema {1} verifica una cierta condicidn de wcompli-
tud#, las Manciones w* converzerdan, cuando a —oo, a ung fuocidn
que serd la salucidn deseada del problema.

Observemos finalmenic que en osle capitulo sdle hemos dudo
una descripcitn de los problemas lintales mids sencillos de la medi-
nica y hemes ignorado muochas obras cucstiones (lejos adn Je cstar
completamente resuelias) relacionadas con ecuaciones en derivasdas
parciales més generales.
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t 6. Prablenias v vidtodos en fo teorla Je curvas y superficies

L 4

;

0 En ios curses de enscftunza cseolar, la geometr(s sdlo abarca las

v gurvas mds sencillas: lineas rectas, lineas quebradas, circualerencias

; y arcos de cinoulol ¥ cp cumito a superficies, dnicamente planos,
supcrficies de puonisdias, osferes cORDS y clindros. En cursos mas

: extensas s coasideran otros curvas, prinfipalmente las sesciones

' chnicas: elippos, maribolas ¢ nirbolas, Pero o estudie de und curva

. o superficie arvitrate oy con.poctamenie ajene a la geometria ele-

: mental. A primera visie no csti ni siquiera clare culles podrian sor

¢ las propiedades sencrales Que hay que someler & investigacién cuando

: hablinos de curvas y supesiic.es arbitrarizs. No obstante, wal inves-

i tigacidr es complelarienic ralural ¥ nesgsari,

' En tode case do actividad priclica y expenienca de [a ratura-

i iza encentramos conslanlements curvas y superhicies de muy due-

H reates formas. La trayectoria de Lo ptan:m en <l espacio, de un barco

; en e} mar, de un nroyeetd en ¢l are; i huells de un cincel sobee e

I metal, de una rueda subre I carrelera, de una pluma sobre una cinta;

b forma de Fepot de levas e gobicrna lus vibvalas de un motor;

¢l perfil Jde wi dibwjo aniaico; la forma de wna cuerda colgante,



2 6. Ecuaciones dilerenciales en derivadas parciales
sea idénticamente salisfecha por toda funcién continua @4{x, ¢} igual
acero para x =m0, x={y =T Aguf, ambas t'unciﬂnc; uyd
deben icner derivadas primeras cuyos cuadrados sean intcgrables on
el sentido de Lebesgue sobre el rectingulo 0 x €4, 0 g1 4 .'"
Esta dltima exigencia parz u significa que el valor media con respects
al tiempo de la energia total de la cuerda

P

ro-
77 I. J . (pu? 4 Tudy dx dt

debe sclrb{mi.m. Tal restriccién sobre la funcién u, ¥ tambidn sobee
sus posibles i incip

sus rm:-lun. variaciones @, es un fesultado natural del principio de

La identidad (29) es precisaments la condicibn d .
variacién del fuacional n de que Ia primera

- T i o . T af
5 Jn J’u (-z-u, —Tu:)d’xd.r+ J' Pl [ewa dx

5€3 igual a cero. Asl, pues, ¢l problema de la vibeacidn de i cuerda
fija en ¢l casa fonsich:rado se puede reducir at de hallar et minimo
dcl‘ hincional 5§ para todas ks funciones Wi ¢} que son conlinuas
\r:nﬁcn.p la condicién (27) ¥ son iguales a nlx, Typara! = T. Adcmﬁsj
la funcién deseada debe verificar la primera de las condiciones {2&}:
Esta modificacién del principio de Hamilton nes permite, no sblo
ampliar la ciase de soluciones admisibles Jde la ecuacidn {54] sino
tambidn enunciar un problema de contorno bien definido par;; ::] ia
El hecho de que ostas soluciones generalizadas o alguna de s'u-;
dﬂfl‘l’ﬂdilsl no estén definidas en lodos los puntes dei espacic no mn.-
cuce 2 ringuna contradiceidn con la expericncia, como sefialé repe-
tidamente . M. Gjunter, cuyas inivestipaciones contribuyeran fun-
damentalmente al establecimiento d¢ una aucva visidn del conce ‘::-
de solucion de una ecuaciba de la Msici malembiica, a
Par ejeriplo, st quetemos determinar ¢f fujo de un liguido en un
conducta, en la preseniacidn clisica debemos calcular el vecior vcl::.-
F]dad- y la presién en todo punto de la corriente. Sin embargo, en
la piigtica nunca se plantea ¢l caleular la presidn en un punig ;in.a
mus bien la presidn sobre una cierta drea; ni tampoco interesa ci
veglor ‘vcluu_:tdad €0 un punto dado, sine iz cantidad de quui:‘-a- £ uy
pasa a ravés de cierta drea en la unidad de gempo. Asi, 1a definicidm
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{ 6. Soieciopes pencTalizidas .
P

de solucién generalizuia propone en esencia ¢ cllculo de sdlo
aquellas canlidades que lenen ui significado fisico inmediato.

Con el fin de poder resolver ui fayor aomero de problemas,
debemas buscat las suiuciones cn |3 clase mbs amplia posibie de [un-
cicaes para la gue los teosromas A2 upicidad atn se verifican. Con
frecuencia tal Sluse viene determinada por la naturalezs fisica del pro-
blema. De este modo, «n meednica culdntica no es la funeibén de
estado 1Xx), defimida cumo LR solucidn de la ecuacibn de Schré-
dinger, Ja que liene sighitcade fisico, sino mds Dich la inicgral
m v [xw{x) pe{x) dr. donde ius . s0m ciertas funciones para las que
fp ot dy oo As, pues, ia slwcion w debe ser buscada, no enlre las
finc.ones dos veres conlincamente difefenciables, sina eatre las de
cuadrado inlegrable. En los provlemas de elecirodinamica cudnlica
no estd aun establecido cotre qué clases de funciones debemos buscar
soluciones pars las ecuaciones consideradas ¢n esa tzoria. Tk

N Los progresos e b Fisica matemdtica durante los Bitizaes 1reantat--
aftos tieren mucho qle ver coi esta nueva formulacién de lns proble-
mas v con la ¢reacin Jelb aparilo metemilico nocesario pars su reso-
fucién. Una de las facelas ccatrales de esle aparato &% el lamado
leorema de inclusidn de S, L. Scbolev.

Métodos patiiculutnente convenicntes de cilcuto de solaciones =n
una u eira de cstas clases d¢ funciones son: ¢l métode de diferencias
finitas, 1oy mélodos dirertos dul chiculo de varaciones (método de
Rifz ¥ mélodo de TreMiz), ol de Galerkin, ¥ Tos métedos de apera-
dores funcionales. Extvs Gitimos dependen bisicaments de un cstudio
de transformaciones originadas por ¢stos problemas. En §5 bemans
hablado ya del méloda de diferencias finitas y del de Galerkin.
Aqul expondremos lus ideas fundamentales de los métodos direcios
del eileulo de vanaciones. o - :

Cansideremos ¢! nrablemna ve definir fa posicion de una membrana
umiformemente esticasla y de eonturno fijo, Por el priacizio de energia
notencial minima 2p una posicién de equilibrio, estable, la funcidn
u(x, ) debe dar ¢l menor valor de la integral
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cit comparacion con todas Tuy Jemds Tunciones continuapente dife-
renciables o v, ) ole venfvin L rlsma coondicidn sobre el conlarno,
piy = o, que Ta Fuickda i Joi aigunas resiricciones sobre ¢ ¥ sebre
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70 6. Ecuaciones dilerenciales en derivadss parciales” ¥, 1 5 Seluciones generalizadas +

.. . . lir la
propiedades de diferenciabilidad de los coehicientes de Tas ecunciones. 40 - ‘La ecuacién (23) cs tambidn la condicién ;?hﬁeg:bfk??ﬁas de
Es cierio que a primera vista este principio parece ser demasizdo S funcion deseada ufa, 7). S :abemqs qu;s :::[:4']:“5‘1":= o birse £ una
(ormal ¥ tener un carjcter puramenis- matematico, que no indicy Fo- segundo orden, entondcs le condicidn { p‘ a0 el lema Tun-
direclamente c6mo deben ser formulados los problemay de una forma v - forma diferente. Tntegranda {25) por paries y ap

e A . 1) debe veris
andloga a los problemas clasicos. ':‘ damentat del cilculo de variaciones, hﬂu“m'..q".“ "'{f g i

. Daremos aqul un método modificado que nos parece mas apros B ficar la ecuacidn g tt i
piado fisicamente, ya que cstd conectado directamente con el bien 'y a8 ! u G [ B ) -b (26)
conocida priocipio de Hamilton. B a7 ¢ 'ET) T x Liiax ’

Camo ya es sabido, el anilisis de los métodos de deduccion de - Tt

x '

i
'R

ccuaciones diversas de la fisica matembtica llevd, en la primera
mitad del sigla x1x, al descubrimiento de una nueva ley, conocida
come principio de Hamilton. Partiendo de este principia, {ue pesible
obtener de una manera uniforme todas 1as ecuacionss conocidus de -
la fisica matemitica. lustraremos esto con ol ejemplo dei problems
considerado en §3 para las oscilaciones de una cuerda de longitod
finita con extremos fijos, o

Er prirner lugar construyamos la Mamnada funcisn de Lagrange

; sdéntica 4 (24). »i v ¥ T won constantes ¥ Tlg ="
le\?:n gegi}lﬁi lr:{r q]uc -.:-;a':}quicr sotucitn uix, 1) de la muc:féictigl
. vcrilﬁca la ident lad (25) para tods < dada. El m:.:?p;:-:n: E ol
" falso, ya que i o ) puede no toner segundas dcmd': 3 en geoers)
- A, ;:ues. trabe; (ndc con 13 £cacion i{25) en lugar .

1ac L & lemas resolubles.
o8 €3 ampiiac la gama de prob o8
e hao;r;]“ determinar GRa oscilacidn especifica de la cuerdn, debe

uat

D i it )

.
aE

ree

; , C . . M
{o tagrangiana) L{r) para nvestra cuerda, la diferencia entre la encrgia |, . aﬁndtﬂ a las fﬂl'l.dlﬂllﬂlwﬁ rfc Cflnm'T:. N o
cindtica y la potencial. De lo dicho en 53 se sigwe que [,*.'.:"" MOyl ) mO . (27 -
L{ } = | T E"r . )
0= | (zei—7 ”*') & 1. las condiciones iniciales T T
] 2 2 L . E“ ol H{J.'.. ':” ;d'ﬂ(x}“:‘" LA e
o . . " rLY
De acuerdo con el principio de Hamilton, la mtcgrai 1 hr. 0 = dyx) [
i i i X . : .
5= J t Ui E 4 la solucion s¢ busca dentre de fa clase de fur::mn:n ;am&r;suia;mcn
L E e diferenciables, entonces las condiciones (27 ¥ {-B'}PTII; :inac:ptamgmums
loma su valor minimo para la funcidn wix, 1} que corresponde ai de (25} como requisias a verificar porf n?aj‘ﬂdf'evS cotas condicionts
movimiento real de la cuerda, en contraposicidn con cuulquier otr,  { gue Ja solucidn prupuesld sco apeors. ‘-'E“&'n ser parcial o lotal-
funcidn wx, {) que sea igual a cero para x =0 ¥ Xx=/!ycoincida 1. picrden su significado en Ial fur::r}n dada y}.ﬁ:
con ulx, )y w{x. f) para f = i, y 1 = . Aqul ty ¥ £y estin ffados f raente incluidas en Ly identidad integral (23).

arbitrariamente, y las funciones v deben tener integrales finitas §.
Como resuitado de este principio, la llamada primera vafiacidn
de S (¢f. capitulo B} debe ser jguat a cero:

inua : o

Por cjemplo, sea ulx, ) continua paraQ € ¥ € {;L g : {afszé.f:da

12l que sus derivadas primetds engan dux:un;mu:j cm_nﬂ o e
Je a5 ceuaclongs (28) picrde cLIOnCES 5U siznificado  condi

R - l imiados. £ e o proiemi puede e enuncde 8 o
(S i - - t funcién conlaus H gue ‘
5 m | " J , (pu®; — Tized ) dx df = 0, {25 ; ;ﬁl::::lili Jas (26) ¥ para la cuxl fa ecuacion .
donde B(x, £ es una funcidn arbitraria diferenciable con respecte b g S E IR TL I o 09
a xyteigual a cero sobre los bordes del rectingule 0 e x €/, | .3 i' { Loy <= Ty} do di 4+ § ,?,;p(x, G)dx =0 {29}
LRI % i s ga - v W - -
1 :

v



&i 8. Ecvaciones diferenciales en derivadaa parciaies
3. Dando un golpe brusco a Eualqui:r

segmnento megueiio de L
cuerda, las oscilacionss que

resultan estan descritas por [3 ccuacids

P

P
T g =S ),

donde f{x, £) corresponde al efezto producido y ¢s una funcidn dis-
continua, distinta de cere salumente sobre el pequedlo segmento de
cuerdd y duranee un corto intervale de ticrapo. Tal ecuacidn {como
puede probarse con facilidad) tampoco puede tener soluciones ciidsicas.
Extos ejemplos muestran que exigiendo la continvidnd Je las Jeri-
vadas para la solucidn descada se resiringe fuertemente Ia clase de
problemas que podemos resolver, La bisqueda de vna clase mids
ampiia de problemas resolubles discurrié en primer lugar ea el sen-
tide de peemitir discontinuidades de primera especie en las derivadas
de arden miximo correspondientes a lus funciones gue sirven como
soluciones del problema, funciones que deben verificar las echaciones
txceplo en los puntos de discontinuidad, Ocurre que las solucio-
nes de una ecuacidn del tipo An = 0o ou{t — Au = 0 no pueden tener
tales discontinuidades {tambiér lamadgs débiles) en el interior dei
dominie de definicién. Las sojuciones de 1a ecuacién de ondas no
pueden tener discontinuidades débiles en Jas varizbles espaciales
¥, ¥, I ¥ et mils que sobre superficies de una forma especial, lamadas
superficies caracietisticas, Si nna solucidn u(x, y. 7, 1) de Ia ecuacidn
de ondas se considera como una funcisn Que define, para f =1,
un campo escalar co el espacio (x, 3. 2) en el instante ty, enlonces
las superficics de discontinuidad para las derivadas segundas de
L{X, ¥, 2, 1) 5¢ MOVEran 4 iravés del espacio (x, ¥, ) con una velocidud
igual a la raiz cuadrada del coeficiente de la laplaciana ¢n la ecua-
cién de ondas,
El segundo ejemplo referente a la cuerda muestra que tambidn
€ pecesatio copsiderar soluciones er las cuales puedan existir pri-
meras derivadas discontinuas; y en el caso de ondas sonoras ¥ lumi-

nosas, debemos considerar ineluse soluciones que sean eflas mismas
disconlinugs,

La primeca cuestion que surge
soluciones discontinuas consiste en a
discontinuas se pueden considerar como soluciones (Msicamente admi-
sibles de una ccuacidn o del correspondiente problema fisico. Podria-
mos, por ¢jenplo, suponer que uoa Muocidy arbitraris constante a tro-
205 &5 una wsolucidn simples de la ecuacidn de Laplace o de Ig ccuncion

&l investigar .o intcoduccidn e
clarer exactamente gué funciones

i, -
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b . que en exa clasc
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I b, Solugiones genzializadas

U e ondas, ya que veiiica la ecuacién fuera de las lineas de discon-
1%, iinuidad. _ e , e
1.?' . Para aclarar estu cuestidn, lo primero que se debe garankzar

mis amplia e funcienes a la cual 'd:bcn p:rtggj.:clz
las solucipnes admisibley 1::_7:-1::1 un leorema de ul}tcld?.d. E:s :r;r:‘ ¢
b ogue si, por eiemplo, admitinds func:r.::nfs ;rbltrari.as E

Lrozos, cnlonoes esia exipendi ng s salimdld.

31 T PEnGip: leccidn de funciones
- Histéricameate, e prinkr pringipio de s

:
-
lf‘

admisibles fue gue #sias devfan ser el Iir;lih: J:::q un :n:ni;i:lc:; I';I'I.m :;;02'1

’ ic icas de Lo mism: cidn. Asi. pues, ;
Je soluciones clisicas de la misma ecua , 'd X
' ibn te 3 la funcidn $x).

b &n de 13 couacidn {24) correspondien | 1
:E: :ﬂﬁénc derivada en un punto angular, puede hﬂ.]‘ldﬁ: cumra_;n
fimite uniforme de soluciones clisicas iy, *‘;.' dﬂil ﬁm: T:UII: o
‘correspondientes a las condiciones iniciales Ha’r—o == Bl 2 > », I:ia =
donde las dx(x) son funciones dos veces continuamente diferen .

i i oo, 3
convergen uniformernenle a ${x) para a —» &
I:IME.ﬂ lo ..ifu: sigue, en vel de este pHinipho adﬂpta.rcl;:uls ﬂ:x.:-h'
guienie: una funcidn admisible u debe veriicar, en t?nnm'dn :: i
cidn Lu = f, una identidad integral Gue contenga una iv
i w‘ ’ ' - - ' ' m
ria Esta identidad se halla como sigue: muliiplicamos ng.bos n:;:;;.
bros de 1a ceuacidn fu = f por una fuacién arbitratia & que h.l:ll
derivadas conlinuzs —con respecia a tl:dgsc ::ti :irmr::sa bast?
Cuasl Jde s&d N . )
e} ml'd:ntdgr la scuacidn ¥ § e o e, in-
en el Gu

i1

A defind LAl uaci
¢sla definida la fcuﬂmiﬁn. La ecu -
tegra sobre 8 y se transforma, integrando por partes, hias[a dj:t?dad
conlenga derivadas de & Como resultado oblencmos lal‘l
descada, Mara [ ecnacian {24), por ejemplo, obienemos la lforma

o Tan  CEad)
PN T TR
”

ot = 0.
1 A ) .
i ien-
5. L. Sobolev ha demostradd que para c«;uarmncslcap :oﬂ:fi cr-
les consiatites estos dos prizoipios de selecoidn de so uc;;; ?n A eon
sibies [0, como ¢ danominaa gormalmente aé:qra.l gm:f?: H.IHES d. o
i 2 ecuaciones con coeficlenics vi v i
cquivalentes. Pero, para e ones con | s, e
et AH T e, ¥a que esla
MInCip o pucde TCSUNLE ANAPICIDIe, d
m;: d:,E“ nopllﬁﬂcr enn pencrai soluciones cidsicas {cf. gjemplo II}. iE
Eegundu de estos principios propoiciona la posibilidad de :b ??Ius
aar soluciones generalizacas con hipbtesis muy ampiins

Fl
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66 5.
dumentads debido a upa mds fina divisitn del intervalo de Tas o,
los valores de o oscilan muy ripidamente de positivos 2 nepativos
¥ uslcanzan ¢otas mucho mayores que Jas impusstas nicizlmente.
Estd <laro que e¢n esta tabla Jos valores g2 hallan exizaordinaria-
mente jejos de la solucidn verdadera,

De ‘eslos ejemplos salta a la wista que si queremos ullizar &
método de redes para obiener resuitados dignos de conflanza y suf-
cientemente exaclos, debemos proceder con gran prudencin cn la
eleceion de intervalos on ig red e investigar previamente la apiicabili-
dad del método,

Las soluciones que se abtienen ulilwzndo las ecuaciones de fisica
matematica |pira estos u orros problemas de las ciencias nos dan
ung descripeidn matemitiva del curso © caricter esperado de los
suoeses [isicos descritos por eslas fcuaciones.

Puesto que la construcrién de un modeio s lieva a cabo mediante
Ias ccuaciones de la fisica matemitica, nos vemos forzados a ignorar,
en nuestras abstragciopes, muchos aspectos de cstos acontecimienios.
a descchar algunos como no esencialés ¥ a seleccionar olrgs Como
bdsicos, de lo que se deduce que Tos resullados obtenidos no son
absolutamentc verduderas. Lo son para ese esquema o modelo que
hemes considerado, pero deben comprobarse siempre con cxpeni-
Mentas pard asegurarnos de que audstro modelo del Fendmeno cs

fiel al fendmeno real y Je gue lo reficja con un grado suficiente de
exactitud. fer '

Ef criterio Gltimo de la veracidad de los resuliados es, poc tantg.
la experiencia practica solamente. En ultimo término no hay mis
qQue yn criterio: [a ¢aperiencid prictica, aungue éla solamenle Pucde
ser propiamente comprendida a 1a vz de una profunda ¥ hien des-
arrollada tearia.

En £l caso de la cuerda vibrante de ug instrumento musand,
s¢lo podremos enlender cgme produce sus fonos $i estamos fumi-
liarizades con las leves de superposicién de oscllaciones caracieris-
ticas. Las relaciones que exisien enire las frecuencias sdio pueden
comprenderse s estudlamos céma vienen Jeterminadas agquéllas por
¢i material, por a 1ensidn de la cuerda ¥ por la manera de fijar ios
cxremos. En este ¢asg I teorka po se limita a4 proporcionar un
mélelo de calcular cietlas canlidgdes numéricas deseadas, sino que
tambico indica precisamente cudles de estas cantidades son de impor-
iancia Fungamental, cémo tiene Jugar ¢l proceso fisico exaclamenic
¥ qué seria obscrvado en €. !

De esia Turma, o dominio de Ja ciencia denominado Clsica mate-

LT

Ecuaciones diferenciales en derivadas parciaies

et b, % Vet T A
i ok W

mrmc e ¥ Y

ha ey —— ] T g S Byt

ry.1

e

)

. Yt
’
L
1

.""‘ b
3 ." g - dT - .- l‘;
o i . &7
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h (a4 by pera ¢jercid & su YeI
e mAlica nacid Je oy exigenoias de la priciica, pera ¢

' y y i teiiald caminos PaTa’
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o3 d. Ecuagiones dulerenciales en derjvadis parcizies
esencial elegir l2s redes convenieniemente. Para estas ecuacioncs pode-
mos obtener tanto buenos come malos resultados, -
Si vamos a resolver atguna de estas ecuaciones por el método e
redes, después de elegir una red para los valores de f no debemuos
tomar una demasiado fina para las variables espaciales, pues de arma

manera obtendremos un sisterna de ecwuscionss sumamente insalis

factorie para los valores de la funcidn incognite; su resolucién da
un resultado que oscila rapidamente con amplitudes muy
¥ que €513, por tanto, muy lejos del verdadero.. :

La gran variedad de resultados posibles s¢ puede ver mejor con
un sencille cjemplo numérico. Consideremos'la ecuacién™

du
o

A

5 '

para cl flujo de calor en el caso €n Que 13 lemperatura no dependa de
¥ nude z. Tomemos & como anchura de la malla de la red segin las
valores ce t, ¥ & como anchura segin los vilores de x:

#u ~ ufr -+ k, x} — ufr, x}

ot k
Pu i, x T h)— 2u(1, ) 4 ult, x — k)
oxt i :

Enlonces aucstra ¢Cuacidn puede ser e¢scrita aproximadamenle en
la forma

uff +4- &, x) = Ti—u{:.xﬂ-h}-}-(l —_2 —;) u{.‘,x}—}v-‘;—u[f.l — &)

5i para un valer de ¢ correspondignte 3 um punto de Iz malfn cono-
cemos los valores de won los puntos x — &, x y x + k. es {Geil Rallar
el valor de w en ¢l punto x y en el siguiente punto de la malla ¢ + &,
Supongamas que la constanls k. s decir, la anchura o¢ la malla
coh respeclo a f, estd ya ¢legida. Consideremos dos casos para la
eleccidn de k. Pongamos /3 = k en ¢l primer caso y ' = 2% en
el segundo, y resolvamos el siguitnle problema por el mérodo de
redes.

En ¢l instante inicial, i1 = 0 para todos los valores negalivos de
y 4 =1 para todos los valores no negativos de x. Escribiendo en
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En la labia 2 oblenemos valores Cie, pard ua instanle dade,

anio a otro. Esta 1abla da una buena apro
ccuacibn de fujo de calor, Por atra parc,
waarcnlemente, la cxactitud habria sido
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6z 4. Eruaciones dif¢renciales'en derivadas oarcizles '-.i"'-“ ;"5_ Milodos de constiuccidn de autucianes &
puedes s¢r rcprescnl‘.ada apcoximadamente por la frmula- i 5 Entonces el valor Ue  €n un punto e Iz red, por Siemplo el pinto |
e “ B de lu figura 4, o5 gl a laome dia-aritmética Jo sus valores en los
-”a}_ [u(x + Ax,y + Ay] em u{x -r dx.y) — 'Iv ;;.r-:uatm puntos adyacenles. . L b ow S
——n-(.r ¥ -E— Ay + iy, Ml E':*; ¥ 1Supongarmos Gue en cf interior” del maligeno' hay "N puntos de
41 7 nuesira red. Bn enda uno de iales punios tendremos una ecuacicn.
Yolvamos ahora o noestra ecuacion en derivadas parciales. E‘.? ¢ Do esta manera obienemes un sisterna de WV cewaciones algebraicas
Para precisar, supongamos que se trata de [a ecuacidn de Laplage Y- 1" ton & inchgnilas, cuya solucidn nos-da los \r;.]ums ;pmmu,dg; de
con dos variables independientss R? “1a fencién & sobre el dominia 207, « ‘
' * P *’ =~ Puede demostrurse que para’ larecuaién de Laplace la solu-
P fi*j_ -0 - © U gign se puede hallar con S TS E e
B T A ; cualquier grado de exac- vt M
iy biod,

Ademis, supongamos gue nos dan la funcién incdgnila ¥ sobre la
froatera & del dominie &. Como apmummﬁn SUpOngamos que

fieh B método de dife
? rencias finitas reduoce el=
A <A — — 4 Té%: problema a Ia resolucidn
. "{J.‘ x ¥ Z[Hji ;} ;i- u(x —Ax, J’} _ ’j.% So un sisiema de N ecute 7o,
' ' { _ciones con A incdgnitas,
Pu _ uix,y o+ dy)—2ulx, ) + wx g — dy) f.  donde éstas son los var,
-é‘,-yf = {4yt i _ - [ . lores de la funcidn de.’
' + seada en los nudos de
-5i ponemos dx = Ay = b, entonges . una red.
. E,; ~ i E Ademis, puede de.
== x4+ A, x, / F mostrarse que el métado
il v [uf + Ay} ok wlx, y + B+ ax - h B+ ii.__ de difevencias Nnitis s B o~
+ wlx, y — h) — 4ulx, 3 aplicable g oivos proble- - o4 .
- . . i.+ mas de fisica malemiti- o :
Recubrammos shorg el dominio £ mediante una red cupdriculada con I ca: oiras ecuaciones diferenciates ¢ integrales. Sin embargs, su aplica-

vériices en los puntos x = kk, y = b (Fig. 4) y reemplacemos el [.  cin en muchos <asos implica uo grun ntmero de dificuitades.

dominic & por el peligono formado por aguelios cuadradas que caen i4 Puede resultar q‘ua la sotucién del sistema de & ecuaciones alge-
en &l interior de £, de modo que el contorno del dominio quede ¢ braieas con N iRCOgailas, vonairuido por el método de redes, o no
sustityido por una linca quebrada. Tomemos como valores de la cxista en general o dé un resillado que sea totalmente diferente dl
funcidn incdgnita sobre esta linea quebrada los valores correspon- ! verdadero. Esto sucede cuands 1 resolucida del sistemsa de ecuacios,

dientes al contorno de S. La eciracidn dc Laplace estd aproximada |, pes conduce a Sctmulacién de errores; cuanto mds pequeda sea fa
entonces por la ecuacidn

ulx + i)+ ulx, y +R) F ulx—i,3) + ulx, y—0) — 4u{x, y) = Q

o fongiwd de log Radas dz los cuadrados de la red, mayor serd ol numers
+
b, de ccuacionesTabichidas, e xrudu gue ¢l error acumulado puﬂle
i " hacerse mas nr.mdr ’

para todos los puntos intefiorss &l dominio. Esta ecupcifin ¢ pucde En el clunplo dada nrtt-mrr*:m: de la ecuackdn de Laplace,

volver 2 escribir en la ferma i eslo 10 ocurty, Los offores al resoiver of sisiema no se acumulan,

' ’ ) t -, sino gue, por <l vontrano, disminuyen unslbIcmcntn 5i Tesolvemos'

I el sistema, por c}cm pia, por un métode da aprnmmacmms succsivas.
T Para b ecvacion del fluo JJe calor ¥ para ja ecuacidn de ondas s
b
1

vx, ¥} = 4l [{x 4- A, ) + ulx, ¥ 4 A) + ulx — b, 3 + wlx, y— A}



&1 §  Ecuaciones diferenciales en derivadas parciales

2. El iltimo de los mélodos que cxaminaremos se denomina
mciodo de diferencias finitas 0 métoda de redes,

La derivada de la funcién & con respecto & la variable x se define
como el limite de! cociente

wly + dlxy— ulx)
dx '

Fiste cociente se puede representar a su vez en la forma

g 4+dy -
o i

or,

Ax j * dxh

y utilizandao el bien conocido teorema del valor medic frapitulo 2, $B8)

1Enemos:
Cw
- L
ay

&=

ulx + ) == wlx)
Ax

donde £ ¢s un punto del inlervaio
x o 8 x 4 fx,

Todas las derivadas segundas de v —tanto las derivadas mixtas como
las derivadas can respecto a una variabie— se pueden scpresenkar
aproximadamente en forma de un cociente Je diferencias. Asi, pucs,
¢l cociente de Jiferencias

by + Ax}— ?'.“('ﬂ + wfx — Ax)
(dxy i

¥ignc representade en ta forma

| [u{x-{» Ax}— ulx) _ u[.r}u—u{l.f--;_lx]] -

Ax Ax Ay

= ._I..q. i [ u(.r. - {.I,I] _-uf.-\'ﬂ ii;..._t f -
Faky |! Ax [
Por ¢l leorema del valor medio, ¢f cocienie de diferencias de la funcién

o b dx)—
Hx) = HELN i)

R T}

e o e

ho—a—

P

e ary -

ca o ———

# % Metodos de constraceidn or scluciones &l

pucde reempiazarse por el valor de la derivada. En consecuencia,

_ﬁ-‘ﬂ“‘f;':l_“f"] - §'E),

donde & s wr valor inlcrmediu gn 2l intervalo

Yo dv g Lo’ . 4
Por lanig,
4

P ——dx))=

= i [HR) s — a0 = F

b il ) ¢

i'ar otra part " mi + dx)—ulf) ~
':'n] = dr )

lo cuai significa "im;lm _ Wi AR —ulE)

Ax
Usardo ung vez mis la formula de tos incrementos finitos, vemos que

$45) =
dande
£ p & Ax.
En consecucnc,

(_'}i r gl i 1vae e 2ulx) = wly — 48] = w"y)
LI r
donde x — -br -2 3 -0 ¥ = S

sila derivada &7V oy condioua }-_;:1_ v?[or :ic’ :'].1' as suficientemienie
pegquefia, enlonvss 67 (y) apenas Juieant d:: o .f.rI]: P“f. l:ﬁ:[:‘:n{;ﬁ:
ira segumiln derivitda ¢ arbliariamenic ProxIn il meﬂ : :
rencias en vheslivn, Dagclameaie de 1o susina !‘o:ma podemos pro
bar, por ejvinpiv, qug Ll Jeinava segunda Ml
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54 6. Fcuiciones diferencizies en dervadas oarciases
conveniente, ia densidad, os decir, el vaios de una funcion arine,;ia
que aparezca en €, se define de ] formu que tedas las condiciones
impuesias ¢ verifiquen, :
Desde un punto de vista [isico, esto significa que toda Tuncion
arménica pucde ser represcatada como ¢ polencial de una Goble

cara cléetrica, 50 Jistribuimos esta cara sobre una superficie 5 von
una depsidad apropiada.

Construecidn aproximada de soluciones; método de Galarkin ¥ tattady
e redes

1. Hemos diseitide dos métodos para resolver ecuaciones ce fisi-
¢a matematica: el de sepacacién completa de variables ¥ &1 Je poten-
ciales, Lstos métodos fueron desarroliudos por los cientificos de los
siglos xvin y x1x, Fourier, Poisson, Ostrogradski, Liapunuy y wtros, En
<l siglo xx s¢ han afadido otros muchos méodas. Examinaremos dos
de %lloy, ¢l de Galerkin y ¢l de diferencias finitas, o métode de redes,

Ll primero fue propuests per & académice B. G. Galerkia paara
resolver ecuaciones de la forma

7 ) e,
A NS AN I S L RS I & .
2" l' — 4 S 5.1'; E'IJ ixg PJ-'I + - }_' Bust X F‘_‘E} &g

; Ay -.E v 2y I__EU o F =

+ 3 M &y P Mo o T EV A+ A =G,

que conlienen un parimetro desconocido A, donde los indices L kvt
loman independientemente los valores 1, 2 ¥ J. Estas ecuaciones
derivan de las ecuaciones que contienen una variable independiente 1
utilizando el méiodo de separacidn de variables, de la misma forma
qite ia ecuacidn de ondas .

conduce 2 1a ecuacién AU - AW = 0. EI prablema cansistc en hallar
uguellos valores de 2 para {os cuzles ef probiema de contome homu-
séneo tiene unn solucidn no nula, y construir esta solucidn,

La esencia del método de Galerkin es La siguiente. La funcién
INCOgnita se buscy en la forma aproximada

N

U Y gawmlxy, Xa xg),
]

Bl

- S

e e el g e

T LR LA T L LTI I ST

LAt oam W param

mr e omrwher meym— e

'

.
. o "
3 5. Melougs Je comlruccein Je soluc.ones )

Jonte Xy, o Yo} Sl (uncsacs arblifanas que verifican ks con-
1Py . . - I .

dicivnes de conmaro, _ . ) ) N
‘ La supuestii solucion w sasluuye ef el primer micmbro e la
eenacion. resultandy b cruacion aproximada

", . EEELER! Elm"'J — VTN B E;“:'..__-,
Van i MY N Ny i PR Y Dhemr
o] . . _I N -

EREN Clj“'fj;.f'. 4 : U;r’—:-;-t-i-Em-!-hA Eﬂ'nmg = U
Pt [RIESY i w1

" - -
lor razoaes Jo Dooviedad deiieamas 1; eapresian denlro de (o5 vl
chetes por Levm, ¥ c3Cribitios ia cCuacion en la [ortma

N o Linm - & }: toiong 5= 0.

Ahora multipticames aminos miembros de nuestra ecuacion ::prmln.-(
Wi por e ¢ IEAAMOs subre el daminio L e el cual s¢ busca o
solucién. Obtencmos -

r 3! Tuiugite did == U'a.

l jj % Tl |':.l'lj|.~ Hr” -+ 1j 1.' .
et J . a | e
- H

o
ia cnal se puede volver « ewribie en la forma

n roeon Gl £
Mo et o A Qe | J
2 =1

-
1

T 68 52 4,
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St nos fjamos ¢ propdsiio de satislager pulas ECURCIONES cxucf;;n;i:;:;
tendeemos un sisleind de eeunciones ulgqbrm{:as de_pnmcr gri o o
los coelicientes au. Ei nimero de &cuaciones del mlﬁm:}ﬁurau Euln
al de ingégnitas. pod cual cslp sistema tendrd una ?o i‘.’.‘il ?r?lmnlc
silo siosu Jolermidanie os cord, Dcsrarrollnnqu :a.cd :c ;I'I.:JCi{lO ;.
obiendremas uRa evlidn oo grads:r_f'- e el nu]rm;ru e umlwmu.;
Después de habinr el vale- ¥ huﬂl.rlull'!l} en :1.51?=$::(:‘n 5
Gsle pard OB CNpresaw s L rm;‘mzdns.dc La ”1. b .wm"
El método e Galerrm v acm}se]ahlu: pard ecuacionts c*rd;.- e
orden, pero también sc pucye aplicar a couzciones de olios ordene
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cars WJobig ¥y Je una card sy odpoesentan Tuncioces stmbaicas
Jeniro ¥ fuera de la saperficie ¥, '

Muclos prableaas on Lt iearia as funciones atméiicas se Jueden
resdiver wilizando anlencioles. Uilhzando € potencial de usa cara
dobly, sodemos Fesdiver ol probiema de construlz, en v Jaminio
dada, ung funeidn arltaden ooghe 1ome valotes dados 2a8{07 sobre
2 Tonteran & del dominio. Para ceusiuie tal funcidn, s&lo necesila-
mos elegir 12 funcida (M de una manera convenienic.

Tste profeenia recucidd alpo &l problema similar de baiar los
coclicionles de o seuie

l.l.;J (oo \_‘ dxu.:

Jars gue represcuis la Tungndd ot oWHnEs mienord.

Ura notable propiedad Jc Gi {ntegral ¥ consiste en el hechio de
que sa limite, cuando el punte Af se apionima a {J, desde i inkerior
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54 6. [Crudcignes diferenciales en derivadas parciales
mite una separacidn complcta de variables. Esta separacion comploa
de variables puede hacerse, como fue probado por ¢l maremiiice
soviclico ¥, ¥. Sepunav, solaimente en alguncs casos especiales. B
métnda o separacibn de variables erp conocitdo por los mateniiiicos
hace mucho tiempo, Fue wilisido esenciaimente por Ealer, Bernoulli
v ("Alembert. Fourier o usd sistemidticamente para la solucidn de
problemas de fisica matemalica, parficularmente en la conduccicn
del calor. Sin embargo, come ya hemos diche, este método ¢ a

mrnudo inaplicabls ; debemos utilizar otres procedimientos, yue pasa-
mus a diseutir ahora.

£t miéepdy de Ins potenciales

I.a ides esepcial de esie mdtodo es, como antes, A swperposiciin
de soluciones particulares para 1a consiruccion de una selucidn en
forma general. Pere osta vez paca las soluciones particutares funda-
mentales usaremos (unciones que se hagan infinitds en un punio.
(lustrémesle ¢on las ecuaciones ge Laplace y Poisson.

Sea Af, un punte de nuesiro espacio. Denolemas por (M, M,) la
distancia dei punio Afy al punto variable M. La funcidn 1/r(Af, M)
para Af, fijo & una funcidn del punto variable Af. Es facil establecer
¢l hecho de que esta funcidn e una funcidn armdnica del punto A en

toda gl espacio ® excepto, por supuesto, en el puato M, donde s¢
hace mfinita, junto con sus dJerivadas,

La suma de varizs funciones de ¢sta forma

X !
;:'1 A ?{-':-Pt_—_'M.l-}- '

donde’ Jos puntos M, My - - My 06 punlos cualesyuicts del o5ps-
G, o8 también una funcién armdnaica del punte M. Esla funcién
teadra singularidades en todos fos puntes A Si elegimos los puntos
Mo M- My lan densumenie distribuides como querames ea
un volumen 2, ¥ al mismo tiempo multiplicamos por coeficientes A4y,
podemos pasar al limile en c3la expresidn ¥ obienér una aueva funcidn

~ -
ST A [ A
= Y e O e T L I
X ay L itetars 4@
a '

¥ Falo ef, iz fumodn venhcs Ja covucnin de Laplice.

e
%

—k

"

—_— - \wlr:- e

T’

e A mpEARE v bR L Ay

e T

—r- P oaw, E

—_—n -

55
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52 b. Ecuaciones diferencisles en derivadas parciales
.-ﬂiqu[

120 B

ﬂ{f} = ALy Ug ] -{,‘Ui=ﬂ.

I.a solucidn sc obiiene en la forma

T=N et iz p.2).

k-1 .

Este métedo ha side tambidy usado con

! i Eran exilg pard resoiver
algunas oiras ecuaciones. Consider P o

emds, por ejemple, s ecuacion

dr Laplace
du =0
en ¢l circulo
a4t g I,

¥ SUpOREimos

i que hemos de construir una saluei i
T ponER ubn que satisfaga

o if"l mﬂﬂ'}l,

dande r y o denotan las coordenadas polarcs de un punto en el plana,
La ecuacidn de Laplace se puede rransformar Facilmente en cour-
denadas polares, adaptando la forma

u | Fu e
- 4 -

!
ort r ér PO

=

Queremos hallar una solucion de esta ecuacidn en la forma

=N Rylry B i)

LT

S upenemos que cadi 167nino de lu seric

N verifigue individualmeni
l2 ecoacion, tenemos 4 )

R + - K [0 + 4 5500) ) = 0

T

T o T L L S X L PR

m b W] AR A e ot b, FTE T iy kg ek

——— o

—rE

i % Moodos de conslructidn e sofuginnes 53

Dividiendo 11 ecuuadn por Aulr) 0u(3))r, oblenemos

et RO - Rilry ﬁ;‘: i?_:'_
I TR U{)
Poniendo nuevancale _
l'.l';ll‘ll'.l"] - . .
- r W ol
104 4

cpemos

ft‘ RC A *'r— R ‘* ARy = 0.

! I : funcid ruddwca
Tis Facil ver que i Fancwon 6.(0) debe ser una funcon pet. .
e ﬂic:nlp-cric-dn “x. Integrando la ecuacidn 8(0) + L0y =0, p
blonemos . .
oo B, = o s Al 1 Beosen Al

Cerp Tuacldn sgr ;ﬁcrifmic_u von el periodo requendo swolamenle o
8i 4 es entere. Poswendo 4 = k: lenemos .

(i = e WUS H-'r =+ by sen ki

La couacion para Ky ticde wid solucidn general de i forma

Ri e AvE b '
s L ol

‘ o

Reteniendd soamente ¢ [Eridindg que esld aceladn para rlp :J?le-
nemos Ja sotucidn genecal e la ccuacidn de Laplace en ba Torina

N g wos KOS Bpsen k)t

A=l

FTRCIT SR

Eale miieda padrie UsLi o DOMSLIMINIS Tt cal_v:‘ulnr su]ucl.lqn_r.-s
o Triviales de le evuacion e 7 Al e U que veriliguen mmsm».‘,;:
nes e cOmbag i TaogE s Cuando el ;_'-rnb_.mna pullcda uclrse |
al de resolwer ecuaciones wiferenciales ardinarias, Jecimoes que per-
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4. . .
Ecustiones diferenciales en derivadas ourcisles I
N el r [T i So aalue Y
3m;‘;§:3 E;h‘if: iR, pues, constz de oscilaciones caracler|sticas, c k 3. Métades de conyaneion w8 " wone
iy ase s¢ pueden calcular conoe; : « Elya . oL e L
nic neciendo las et - o " L ) _
'CE‘.:gi‘.an de | condiciones }.‘ Li condividn i 2 dx 29 1 prucha que Ny = -’-f- « Frualmenie
Xaclamente de Ja mys M , H Iu - Y A . .
COn Un Mendr admero dcrrf.lri.ibiﬁzlirﬁdt m:gs sstudiar oscilacianes oy i T A V
egnsid ; ependienres, Como e : 2 oY akr etk
de | CrEmos ].El Cl.lcrd.n.‘ ¥ioranle, -ﬁjﬂ- por Ios extremn _Iin eicmp!o F’ . ULL‘} — |- - ey ————, Ty = ALcos — 4 By s*n __-1_ .
a cuerda vibranie tiene la forma 05, Lu ecuanion I.' ! { baoove S R 1
- g , } P N L -
- f D esta wranera lis oscilacinnes caracleristicas de la cuerda, coms

vemos, tenen [ormmn sinusoiezl con un nimero eniere de sermiondas

u Py

- =% i T
o it ™ sobre el toral de ki cuerda. Cada oscilacidn ticne su propia frecuencia,
Supangamos . ; y éstas se pueden clasificar ¢in arden crecients
una cuﬂc . d :lllmnql'J:H:[n}M‘ calcu[ar una solucida del problema para E :
ongitud { fija por los extremes: l .o ‘_al:rnz E;- 3 -‘a'-i. ek f;i. L S
- g
"jl"¢=il|!;..;-_—_ﬂ- . - . T i
) . % Ee bien conocido wjue €s1as - frecuencias son precisamente das Gue
Buscamos una coleccidn de soluciones pacticul b olmos en las vibraciones de una cuerda sonora. La frecuencia anfi ¢,
- particulares Ir se denomina frecucncia fimdamental, ¥ las [tccuencias restanles s0n O
: == Tty Ulx), b armonices, Las t"uncioncs_l:maﬂcr}sticas v 2{f sen {krex{f) sobre ¢
Evidentem b imcrvalo 0 € x < ! cambian de signo &— 1 ytces, ya que knxfl
Cnte obleREmos, como antes, - : cocorre todos las valores de O a A, To cual significa que su seno be
- . } cambia de sighe £ — 1 VORes. Los puilos en que Ia_s fq.!n.cioncs carac. S
o hien LU =0Ty, !} teristicas U se anulan se ilaman redey de las csclaciones. -
§i comseguimos de aljuna manefa gie la cuerda no s& mueva
I VY . ! en un punto correspoudicnie a un nodo, poz ejemplo, del primer
Te N7 —4. ' arménice, entonces ¢l lono fundamental desaparecerd y OiTEmos
De donde 7 solamente el souido del primer arménice, que €5 URa cclava mis alto.
Ti = Ag cot Aet 4 By sen 2y 1 Tal artificio, Damads parads, se uliliza en insirumentos que se 10C30
- o ' con un arco: eb violin, la viely y ¢l violonchelo.
2 t Hemos analizade e méodo do separacién de variables en lanto
U = Mycos = x 4 Nysen 2% ‘ icado al pivbiema e hallar oscilaci isticas. N
z & sen =5 ' gue apilcmdo al piobiaml we ar oscilaciones caracleristicas. - a
a + obstante. ¢ méodo s¢ pucde aplicar con mucha mayor amplitud
i a los problemas de dujo de cilory a toda una sezie & otros problemas.

Uhiiticemos las condiciones

'l‘. 1 . - -1 -
G2 Ar Para dp arbilrtario no es Para la ccuacion del fuw d:_l_:alur

de F;rnlnrnlg pPata caleular los valores
postble veriiear ambas condiciones de

cont L
m_gm?:;n, ]ﬁv: h;_,r condicion Uilrm = 0 obienemos My == 0, y eslo oT .
sen U-*"I'ﬂ}i i} E:m- sulfus:"a:; Ej-t.fa‘,tr. Poditndo x == {, obicnemos AT =z N
. v nte : * Lo
B un entero. Esto significa quepuc'dc succder si deffa = ke, donde & con |4 condiciod 71 mp
- 'S- E.

tendremos, COMO Rk,

R

Apae 71

i’ : .
7= MR Gl 7 2)



it §. Fruacidres dilerenciales en derivadas parciales

Fizalmenle, una tercera propiedad de las oscilaciones caracreris-
Lizas es que, si no exclulmos ningdn valor de A, entonces mediante
las fungiones caractetisiicas Uufx, p 2V ponlemos cepresentar, con
-~ cualquier grade de aproximacion deseado, una Funcién compictamente
arbitraria f(x, y. =} con 1al solamente de que ésta verifique la condi-
cion de contorno f )y =0 ¥ teaga la primera ¥ segunda derivatas
continuas. Tal-funeién flx, ¥, 2} se puede representar medianie lu
SeLiG cOnvergenie:

- . :‘ .= N I i -
: : Sy 2y =3 Gl . 7). {20
ey R - A

La tercera propiedad de las funciones caracterisiicas nos poopor-
ciona en principic la posibilidad de representar una luncida fx, ¥, 2)
mmediante una serie de fuaciones caracteristicas de nuestro problema,
y aplicando ta sepunda propiedad nodenios calcular todos fos coefi-
cienies de esta serie. Eo cfecto, si multiplicamos ambos mismbros de
W ecuacidn {20) por U< ¥, 2) e integramos s0bre ¢l domimo 2,
oblenemaos

Jrj j'-f(-'l'. ¥ Udx Ddx dyds =

B .-l.-p
bl
= ) C15|J
— H
wl

- J
[ 21 s

Ui, v, 2) U, v 2) ol ey il

En ia suma del segundo iniembro, todos los términos para los
que & 7 j desaparccen en virtud de la orlogonalidad, y el coeficientc
ge € ¢s ipual 2 uno. En consecuencia lenemos

&= | [ [ st i s
[¥]

Estas propiedades de las oscilaciones caracteristicas nos permiten
shora pesolver el problema peneral de las osilaciones para unas con-
diciones inciales cualesquicra, _

Para cllo supongamos fue tenemos una solucién <del problema
en ia forma

we= Y Lix, y, 0} (Ae cos Apt -1 Be sen Act) (21

W

H

L ma RIRTE L Bt t e Sl

Il
b

—— R TEECTE TR e gt s e

R

3 % Metlodos de eonsiruccdn de AT Y Y

-

y que tratamos de elegir las conslantes’ Ay ¥ By de tal manera quer

1y 2 L

lengainos

u :l"‘ﬁ' =f£x|}1l :}1 N . :.- N
a3 [ R .\_,‘,"h:.
r ! ' Y . "'""3.,1‘.1' By -r-\;é':'; b
rit i
. =zf {_1-.}‘ H P . P th_
it I!l""l t , ) . ég- T b
L - . "
- - -Fl
Ponicnde 1 = 0 en i segundo ml_crnhrn de g!l}, vemnos que los 165-7
minos en seno desaparecen ¥ ous Ak s hace igual a wno. asiiqu: I.T:f
dremas - 2
L5 . -
Jdx gy = Y AcUdx § ). e
Ll 1 5: ‘i

T
jedad, fat oseilaciones caraclerislicas st pucden

s ra Wi
Por io tercord prop e

wtilizar para 1zl represenlaciéa: ¥ por la segunda prop

Ax =[] ka5 2) Ulx, g, 2y dx dy . ;
& [3 )
Analogamenic, Jerivanda 1 {ariula {21) con respecto a 1 y penieado
¢ w0, tendiemas . -
§ . ) ﬂ.
"
~"-”| e fiv. bo) e S L8, cos At — Acsen Aat)|pm e Uil 3, 3) =
;f |I-I - J:l_
= N AeBulidx, )y 2)-
i-l

Ayl nues. corap anles, oblcnemos los valores de By de la forma
V. pLes,

siguienle; i
k] H lI h
A d

o

L

£l 2y Ui, p, D) e dy e

|
L]
i
.

4

Conocidos Ae ¥ At conaveiios 1as fases ¥ las amplitudes de todan
las oscilacivnes varacicTintvis, o o
Die estn macers henos jwobade que por adicién de oscilaciones

caraclerislicas €s pusinle aliener la setucidn mas general del pro-.

plema con cedwwmes de voitonio hamogéneas. .



AR 6. Ecudciones diferenciales en derivadas parciales
La primera de ¢siay ccuaciones tiene, como sabemios, la solucidn
T Ay cos Agt -+ e sen A0,

d_undr:‘ Ax ¥ H: son constantes arbitrarias. Tsia solucidn se pumle
simplibear iniroduciendo el arguments auxiliar ¢. Tenemos

AI H; —ra—rr——
i A 05.#,‘-,,! 1 [pp—
VATE O gy T oo VAT = M

Entonces

T v’:df ~+ 8% sen (A + -ﬁ-}—l My szn: l::h!‘ + ek

La funcidn T represenia una oscilacién armdnica de frecusncia 4,
¥ angulo de fase ¢:. -
Mis dificil ¢ intercsante ¢s ¢l problema de hallar una solucidn
de la ecuacidn
AU+ iU =0 {19}
para condiciones dg contorne homogéneas dadas; por gemple, para
la ¢ondicidn '

U!; =

(donde § es la frontera del volumen {2 en cueslién), o para cualquier
otra cendicidn homogénea. La solucidn de este prablema no s siem-
pee Facil de construir como combinacién finita de funciones cono-
cidas, aungue siempre existe y puede hallarse con el grade deseado
de aproximacién.

La ccuacidn AL + AL w= 0 con 12 condicion £ ¥ = 0 ticne en
principia Ja solucidn evidente & & 0. Esta solucidn &5 trivial ¥ Loim-
pletamente inGtil para puesiro propdsilo. 5i los A son ndmeros cle-
gidos arbitrariamente, entonces «n general ¢l problema no tendrd
solucidn. Sin embargo. existen normalmente valores de Ar paru los
cuales la ecvacidn si tiepe una selucidn no trivial. .

Todus [os valores posibles de la constanie A2 estin determinados
por el requisito de que la ccuacidn {19) tenga una solucidn no trivial
{es decir, distinta de la funcion idémticamente oula) que satisfaga
la condicidn & |y = 0. De osto se sigue Lambidn que los ndmeros
denclades por —A7 deben ser negativos.

Para cada une de los valores posibles e Ay en la ecuacion (19)

LY

2%

L R R Ld L T ST

B I . ke PR R e e B A s L L E L

PR IE I

L |

15 Moitodus de comstruecivn de seligiones 17

podemos hallar al nesas un funciddn . Esto nos permule construir
una soucibn partiguaar Je la cveacion de ondas (18} en la forma
P

up = My won{der = qh'j-l[ﬁ-{x, PoEh e T

Tul solucidn se denwning ascilfuciin caracterfsiien {u aseilacion propia)
del volumen considerado. La conslaate 4¢ es 1a frecuencia de la ¢sci-
lacion caracteristict. v la funcida Uela, ¥, 1) determina su lonma.
Cata foacién se denaminn por o comin funcidn propia (o funcidn
caracteristica, o quiafuncién). En 1odo instante, la funcidn u, consi-
Jeradit come funcida dc tas variidies x, y ¥y 7, diferird de {a funciin
thdx, ¥, 2) solamente en fa escain.

No disponemos do cspacio ag8i para una demostracién delatiada
de las muchas propiedades nolzbles de las oscilaciones y funcianes
caracleristicas; por consiguiente nos restringiremos solamente 4 enu-
merar algunas de eilas. i .

La primera propicind de las oscilaciones caracteristicas consisie
en ¢ hecho de que pard i volumen dado exisie un conjunto nume-
rable de frecuencias caracteristivas. Estas [recuencias tienden a infi-
nito cuande crece &,

Otra propiedad de las oscilaciones caracierisiicas se denamina
oriagonaiidad. Consiste en el hecho de que |a integral sobre ¢l domi-
aio £ dcl producio de las funcicnes caracterlstivas correspondientes
a distintos valores de Ay e5 iguai 4 cerot.

fﬂf}' U, v, 2) U, o, Sl oy dz = O (34 k)

Para | = k supundrenios . - .

SBf kv y s da dydr = ).
o

Eslo sicmpre s pucde conseguic maltiplicando las funciones Uiy, 3. 2)
POF UNa toRskani e aprapiaidy, vuya eleccidn no altera ¢l becho de que
fa funcidn sadsagh i ecoacidn (19) y a condicidn U 15 = 0.

&0 4 un masnie valor Je A conctpopden varas funciones U eseacialmente
diferegres (hncalnwaie imdependiwnion), colcaces osic valot Jde 4w conmicern
SO0 5 aPafecicsd Lo imero conrspandente de oo vn ti conjunia de valores
carncterlyticas Ar. ior condicite Jo roponalidacd pam Tunciones oonrespondien-
tes al mishyd V40T B¢ Ay 88 Puelc paraniizar medianle URA ciesidn Sdecuada de
exlay [upelopes.

o 1



11 b Lruaciones hferenciales en derivadas parciales

dignte condicion homogénea: los valores de la expresion corres.
poadienic sobre ¢l contorna serin Iguales a cero,

Por tanta, la variedad tora] de jac soluciones de ta' ecuacion,
rara condiciones de conworne dadgs, se puede hallag 1emande, por
una parle, una solucién particular quec verifique las condicionss no
homogéneas dadas, y her otra, todes lus posibles soluciones e L]
eceacidn homogénea que verifique Fas condiciones de contorno hama-
géneas (pero no, en general, las nicizles),

Las soluciones de ecugciones homaggaeas que verifican condicia.
sies de conterne homogéneas se pueden sumar o muiliplicar mr
constantes sin que dejen de ser soluciones,

Si una solucion de vna ecuacién homogénea con condicioncs
nomogeneas es funcidn de un pardmelro, integrando respecio a éste
obtendremos también una tal solucidn, Estos hechos forman ia hase
del método mis importanic de resolucién de problemas linraies de

todas clases para las ccuaciones de Ja fisica matemitica: el mélode
de superposicidn. A

La solucibn del probiema serd de la forma

oo g, e W .
k

Jonde 4, £5 una solucida particulay de fa ecuacidn, solueion fque veri-
fiea Tas condiciones de contorne, aungque ne las iniciales; las o, son
saluciones de la correspondicnte eCuacion lumogénes, y vetifican las
correspondicnies condiciones de contorno homogéneas, Si la ecua-
Lidn y fas condiciones de contorma fueran ariginalmente homogéieas,
cutonces fa solucién del prablema se habrd de buscar en la forma

h?u}_:ur_

Con ¢ fin de potder spiisfacer condwiones iniciales armlracizs
medunte i eleccidn de soluciones pasticulares 1y de o ecuacion
homogénea, ¢s preciso disponer de un arsenal suficientemente gramic

de tales woluciones,
LF i de scparacion e varighfes

Pura l2 construecion de exte arsenal dy soluciones exisie un niétogdn
denaminada de separarion i variahiles o mmfiado de Fourier.

o —— e ke A e m T e A ey
TR R e . L

A N o T S e

e bl

— g

i . 4%
7 5. Blvtowdos e s etuidn e atluciones

j arg’ ; ma
Examincitios e3le método, por ejempio, para resolver el proble

)
b=

(1%)

L]
1

Wiy s 00w res = ALG 0N w; li-e = filxp 2

Pura bBusasir wna mluci&nlmrti-:u]nr de la c;unci:;-n, sup;:g;:nz:
en primer fugar que I funcidn deseada o verifica T;d m:ml on
contorno &y = 0 v gue puedc expresarse cnmodplr du le dov
Funcivnes, um e ias cuales Lh_:pc:dc saamente del Lempo ¢,
alfa, sdle de Jas vanables e paviles:

e mix, &y o i = U, J;. z} T{l‘]-’ .

Susti } n Nueifa . ecudcion, lepemos
Sustituyendo ¢sin presunta :«--.:Iur:fn.:.-‘:l £ n 3. eonaae >

ba4 ' et
.

Tied 100 T UL

. . . enic
Dividiemdo gimbos miembras por T se l:}‘bhtﬂ

[o—
" Au - =2

T i )

r r r . - 5
El segund@ imienilro du esli wCuacion es sélo funcién de li'u \4:};!;::
cspaciales. mientras gue ¢l primnero i:;.s H:Jdcdpcn:ldlﬂ]nt;uiﬁ EI:E]::P:CEIH.;
o i ceuacion dada
{anto, s Jodiwee qQuUC s @ » : :
Eo'ruwbm puembras son pactes at misme valos constante, FEsie no
condure 1 sisicina e dos couaciontsy :

- _
Lu cantidad vansisnty d»..‘_l:. dverecha we ﬂ[‘i"tﬂl..l.'.p;llf —_Aiurp;?mﬁ?:;:
de relieve gue ev negdliva o cual se puede p.n: aF :l.gl;‘ {osamente)
Bl subingiice & s titroduce M Locer notar q:ln. existe nfinitos va-
wanes pusibles de —- 43 i sniu:mm:s‘ cnrrcspun.u..cr:ms g:..:.; o
LN SIS v DL et 4Jug 0% SOMeia &3 Ul bcphdo h;:u:::cmnrs .
Por majuplicicion «ruzada en ambas cCuaciones, o
R ¥ B L e TR



41 f.  Ecuaciones diferenctales en derisadas porciaies

Inicialmente las ondas s¢ mueven independisniemente una haciy la
otra, pard despuds comensar a inleraccionar, En &l segundo caso Je
la figura 3 habrd un instantc Je completns aniguilamicnte de las osci-
{acionnes, Iray lo cual fas opdas s¢ volveran a separar.

Dtru ciempio que s& presta fucilmente a un cstudm cudiilativa es
ls propagacidn de ondas en el gspacic.

L

La ecuacién
- - LT

du= - (G}

usbtenida antes, tiene dos soluciones pariiculares de la [grma

{ 1
U, = -F-{,ﬁ,i_’r —ar). by — tebr + at), U7

Jonde r denola la d[slancia e un punte Jade al origen del sislemg de
coordenadas, e 3t -+ 3 5 5 ¥ ¢, ¥ da son funciones arkilrarias,
das veces dil"crcnciablu.

i

- — A T R ——

AT i oy - TR =

b owr b et s pme

35 Méodos e pamviruetiop 1 S3UCIGAes 43

Ji demostracibn e que i, Y u. s00 solucmnn seria demasiado
prafija ¥ {2 omitimos agui. .

Lz forma de Ias ondas dgseritas por estas soluciones es en general
la misma que pard la cuerda. i prescindimos del facler Ifr que apa-
reve en el sende naambro, oitonces fa primera selucidn representa
upa onda que sc propaga en Ja dirceeidn de las 7 crecientes. Esna
onda LUepe sunetria esfériva; vs idéntica ¢n todos los puntos que
tienen ¢l misma il e r :

El factor 1fr detsymina ¢l que la amplitud de la onda sea inversa-
mente proporcionitl b disieecia desde ¢l origen. Tal oscilacidn se
deaomina ondg esidics Jivergente. Upa buena imagen de elloson
jos circulos que se exticnden sbre la superficic del agua cuando se
arroia una piodra en olls, s3io que en esie caso as ondas son circu-
lares en vez de esféncas. tr e :

Esta sepuna soiucidn de{17) es también de gran interés: se deno-
mina onda convergenic y se propaga en direccidn al origen; Su ampli-
tud tepde a infinito a meduh Gue sc aproxima al origen. Yemos que -
una concentracidn tal v ba porturbacidn en wn punto puede conducir,
aun cuando las ovilaciones inicialts sean pequedas, 8 un chaque
brutal. ’
it
85, Métodus o eonstriceipn de seluciones

Sobre la pasibitidad Je descomponer una selucin en oiras mids simples

Las sofuciones Jde Jos probivmas de la lsica matemdtica formu-
lados con anterieridsd pucdon sor obieniday mediante diversos arii-
ficion, que vonslituden prodivinus especificos distintos. No obstante,
o i base de eston médiodes r.n} una e gencral. Como hemos
wistan, bodas fas ecudciones de b Uisica maleniliica son, para prqueiics
vowares de las fosaoney ingogiilas, lncales on respecto & éstas ¥ @
sus denivadas. Las eendiciones de contorno ¥ las iniciales son 1am-
hien lingales,

Si formii vy s difvresci eitre dos soluciones cualesquiera de
la mising evuacion, dicka Juerencia serd también solucida de la
oo van el segtidg |uiu1mru igual a cero. Tal geuacidn s deno-
mind cruacin romagéaea, 7 elempia, para lo ecuadidan de Poissou
A =410, iulnabmhu -.urr::,pandlenlc es la c..u.nc:ﬁn de
Laplace du = 0,

S1 don selicioses s fa fisma ecuavidn ‘verifican 1ambiéa ]:1-:
AITRERIE vttt e canloesa, su difprenia satistara L correspon-



40 6. Etuvaciones dilerenciales en derlvadas pacciales

En ¢sic caso, cuando caiculasermos la «energlan de una 1al osci-
lacidn, descrila par una funcida v, descubririamos que la energla £(v)
es iguai acera en gl instanle inicial, Eslo significa que es sicmpre igual
a ccro ¥ por lo tanto que la funcidn v es idénticamente nula, con io
que las dos soiuciones p, ¥ py son idénlicas, En consecuencia, la
selucién del problema o5 Unica.

D¢ esta manera llegamos ai convencimicnto de que los Ir¢s pro-
biemas estin correctamente planteados.

incidentalmente hemos decubierio alpucas propiedades muy sin-
ples de las seluciones de estas ecuaciones. Por gjemplo, las solucio-
nesde fa peuacion de Laplace ticnen la signiente propiedad de masimo:
las funciones que verifican esta scuackn alcanzan su mayor y menor
valer sobre o contorno de su dominio de definicidn. Ry

Las funcieres que describen la distribucién de calor en un medis
tienen una propiedad de misimo alge Jiferente. Tode marnimo o
minimo de temperalura €1 un punto s¢ desvanece ¥ disminuye gra-
dualmente con el tiempo,. La lcmperatura en un punie puede aumen-
Lir o Jisminuir solamente si e5 menor o mayor que fa de los puntos
contiguos. La lemperatura se uniformiza con el paso del tiempo. Todas
las srregularidades se nivelan por el paso del calor de los Jupares mas

calienies & lod mas {rios.

Por ¢l contrario, en la propapacion de las oscilaciones agui no se
produce ningdn procese de nivelacidn. Estas oscilaciones no dismi-
nuyen ni se nivelan, ya que !a suma de sus coergias cindtica y poten-
cial debe permanecer siempre consiante. -

B, fa ;?mpagafr'a'n de omdog

Las propiedades de Jas oscilaciones se pueden evidenciar muy
cliramente con cjemplos sencillivimos, Consideremos dos £asos carac-
Ieristicos.

Nuestro primer cjemplo ¢s ki covacion de la ceerda vibrants

[
LI 15
ad & ot . (1)
Evia ecuacidn, como se pucde comprobar, ticne des soluctones
particulares de ia forma

o s —aiy oy =l an) =

4

donde ¢, v ¢, son (unciones arhitranias dos veces difereaciables.

"

- —

e g m -

— R mw I ———
P ep——— YT PR LR Sk o e—

- . - rl 1‘.-"'
1., a ‘3

54 la pmpagari.&p:'ﬂ; anday H

PR . L .
Por derivacidn®directa o fwil, probar que las funeiones &,
verifican Ja ecuacién (15). Se puede demostrar que - ’

v oty

R a w - - H
PR

..."?;!f" . W e ”E‘-'; ba alorar de P
e . T

es una solucion gencral de esia cCvacidn, _

La forma general de las oscilaciones deserilas por las funciones
w, ¥ iy &5 de considerable interds. Para considerarla de Jz manera
mis convenionte, *lizgamos menlalmente el siguicnle experimento.
Supongamos gue o ohservador de la coerda vibrante ne es eslacio-
nIrio ynG Gue o& miteve & o largo del eje Ox con veloridad . Mard
un tal observador 12 posicion Jde un punte de la Fucrrja el Jeter-
minada, ne por ga Sivlema de coordenadas estacionario, uno mﬁv:!l:
Sea £ 14 coordensda de oste sistema. Enjonces £ = § correspamicrd
cvidentemenie en cada instante al valor ¥ = ar. Por Lapto el
claro que °7 C e s

Ya

" <

BT —

*

Podemos represeniar una funcién arbitraria wix, r) en la lorma

wid, 1) w gZ 1Y -
At o (¥ o

Para b salucidn w, lendremus

. mda. ) = s,

cou 1o que on exie sistema Je voordenadas 1a solueidn adv. £} resulta
wr independients ol tiempo, En consecusndia, un observador gue
se mueva con yelotuad @ ve Ja Cuerda como una curvid £stacionard.
Un observadnr estasioaario, por ¢l cantrano. ve en 2 cucrda una
onda gue se muese o bo barga 323 €3¢ Ox con velocidad 4.

Anilogamente, | soluczin iix 1) puede ser considerada camo

una onda que disculie e direecidn opuesta qr:nn_vclalcndud a. §i (!
sicuprda fugse infinrta, anshas erdas s¢ propagarian infinitamenle lejas,
Al maverse en dirtvciones opuestds, pueden producir, por super-
posicidn, Tormas muny curnesds ent bl cucrda.l E! desplaramiento
resultanie pusde AWMCNIIT en URAS oCasiones ¥ disminuir ¢n olras.

4, al Bezar 3 un punlo dade desce [z Jos opaesios 1 ¥ iy Lienen el
Mmismo $ignn, enleives so reluerzan muliamente; pero, s t.u:nc‘n
Signos OpUCHos, o wontrarroian, La figara 3 muesird vanas: posts
Clones SUCEvis dv i Shenda Tara des desplazamientas p:!ru-.:ularci.



£ &. Ecuacighea diferenciales en derivades parciales

Ademis de encrpia cinética, la cuerda en su posicidn desplazada
posee tamblién energia potencial, creada por el ineremento Je lonipgitud
en camparacion ton la posicidn rectilinea. Calculemos esia caergin
putencial. Concentrémonos en un elemento de cnerda comprendids
entre [os puntos x y x + dix. Estc clementa tiene una posicidn incli-
nada respecta al eje Ox, tal que su longitud & azprosximadamente

igual a
e
IR N N R
V{a’rl ; (E"x n‘.x) ;

por tanko, su alarpamiente &
TR - fu |2
-Il.fl + -_".'-.J dy — iy = —i- ] dx.
Fx 2\ dx

Muhipﬁcaqdu esle glarpamtiento por la lensidn ¥, hallamos la enec-
gia peleacial del ¢lemento alargado de la cuerda

I f #urd
‘i— f(—i};) l‘i’.T.

L4 energia total de la cuerda de longitud / se obtiene sumando la
energiy cineticn ¥ polencial cn todes los puntos de la cuerda. Qb

IENCmos
g, uyt uit
7T |f (’-%?) (??) ]"

8i-las fuerzas que actlian sobre Ios cxtzemes no efectun frabaja,
en particular s Tos extremos de Ja cuerda estin fijos, entonces la
encrgia tolal debe sar ¢onstante:

E =

E = const,

NUCHMIG expresidn para la Ky de comervacion de la CRergid os
un ¢orclanio malemalico de lzs ecuaciones bisicas de i mecinica
¥ se puede deiivar Je ellas. Comp ya hemos escrito las leyes d2 movi-
mienlo o la forma de la ceuacidn diferencial de la cuerda vibranie
von comliciones sobre los exiremos, podemas dar la siguiente demos-
iracidn matemaiica de la loy de conservacidn de la ¢aergia e5 esie

n

+

i R ek A R % i e o % e sk b s W Yty

r owm = rmgs T Tem

. e

b

1 3, Problemnas imcisles ¥ de cooloros i

caso. Si derivamos E con respectoral tiempo, ¥ haciendo uso de reglas
‘generales bisicas, lenemos: - ¢ ) )

r i

du Pu

H JE K T The ey
: "‘“J (""'__‘ e a

= )'dx. "
' ot et fx dxdr .
(hilizando ta ecuacion de ondas (6) ¥ sustituyendo p{#ufér®) por

T(2%u/ax"), obtenesnos dEN cn 12 lotma

dE Tt _{in itw & E'u)d"‘"'
-] T 2t e 2
T _‘,T(Px aver TP eat
. .t
I S TR '==TPH [ _Fiiu‘ .
’J,f'r‘:? 'EE'FF;' I = D T e 2x Bl |gee

Si (9ur/dx) r—o 0 4 by -a €+ nulo, y.también (2uf8x) |z~ 0 u [s=res
fnula, enlonces

dE ! - — w" ot
[ ——= .
. d’! ' " PR I H
e
1o cual prucba gre & os Cubstante, .
La I:I;tmcidrn de cadas {9) puede ser tratada exaclaments iguat

para probar que la ey Gs conservacion de la energln }nlrnb'lén €5
vilida en este vaso. 51 p veafica la ecuacién (3) ¥ fa condicién
ip
=) & et =0
Fua= i ;.i h
enlonces ba cantidad

i r;.p“ _ ;EP L [FP)' 1
[ - - - oy
e +ﬂi*.v) el 7

epcaderd de 1 o )
" gi 1':‘1 ol insiwile inial L: energia total de la oscilacidn s izuad
a coro, tRlvnces Ppermancessd siempre igu;_:l  Lero, ¥ esle o3 pasible
sglamente ea el clso de Cug no haya movianienta. Siel prnhlcrrtm :]i-:
integraf I Cconavi D UE Wl ol SR I iniciales ¥ de i:ur; Dil‘ﬁz
tuviera dos weiLcioncs g, ¥ p,, SOLDOCEE ¥ == fy — g seria una soluc !
de la eoueriin e ondas gue verificaria lay vondiclones Con cerd &0 €

segundo Mmoo, s dear, 1as condidiones homogéneas.

£t
£E= ||

.
|
Fad

'R
(E) |edre
4]



L[] & Etuacicoes difrrenclales en derivadas parciales
En ¢l segundo miembro de esta couacién aparece la cantidad &N ére,
que expresa la aceleracidn de un punte arbitrario de Ia Cugrda. El
movimiente e cualquier sistema mecdnico cn el que las fuerzay —y
ef cansecucncid las aceleracionds— vengan expresadis por micdio
de ias coordenadas de los cuerpos méviles, esti completamenic derer-
Minado si se conacen las posiciones jniciales y las velocidades de
todes los pentos del sistema. Asl, pues, para fa ecuacidn de 1y cuerila
vibrante ¢s natural especificar lus posicienes ¥ yelocidades de todos
fos puntos en el instante (uicial. . :

e e pn)
HIT
—_— = il X).

G fre = )

Pera, como ya se apuntéd anles, ea los extremas de la cuenda Ias
formulas que expresan las feyes de la inecdnica pard puntos interio-
res dejan de aplicarse. Asi, pues, en ambos exiremos debemas impa.
net condiciones suplementarias. i, por ejemplo, la cusrda esti fijada
€N und pasicidn de equilibrio en ambos extremos, entonces tendreroos

Hoppmn ™= ¥ [;..,; =10,

Estas condiciones pueden reemplazarse a veers Por otfas mis genera-
les, pero un cambio de esta clasc 1o es de iftparizncia transcendenial,

El problema de hallar las soluciones necesarias de la ecuzcion ()
cs andloge. Para que tal solucidn esté bien definida, ¢s hahiioal
imponcer las condiciones

2 ree = dolx, 3, 20

Zi =ddnyo. (i3
@ir (=0
¥ [ambién una de las wcondiciones de contornon
7 is = (0, (14)
gl - .
- _ s 14
a1 fiply = z(0)> (4™
£n

? 5i los segundos micmbros de las condiciones {038 ¥ {147 son nulos, tales

condiciones se laman «homopéneage.

s

e i b R A — g my

-

e mm T R — LA ER 4 g

. e TERaW mwT nggem oaap

iz
b1 Problemias indciales v de fopiorRo

1 i t
La diferepcia von respocto al caso anterior 3 slr;iplcmr;l:z sq:;q rg
vez de una sola vondicidn inicial,; la ecuacidn {t1), 1ene

L condiciones (13}, - N
Js ld:f qccuacinnca {14) expresan evidentemente las leyes fisicas para

las particulas sobic ¢l comomo del volumen ltln c;i:;l;;‘:':;m“ .
La demosiravién de yue en el casa general las condsiones L0
junte con una cualquiera de .~ condiciones “.4.}' dP.. Hk;:rcmus e
camenle upa solucion del prnblf-n}a serd nmm-:in!. mmdiciun:s{ld},
menle que i3 solucion puede sor aied para un];: de las r_:gn
Supongainos quc una funcion  vetifica la ecuac
s » _}, _Eiﬂ_
ik T g okt

con condicioncs iniciales X
[ [ -_— ﬂ‘ -E;E 1 n = n
I [ ) :,!_.
-
y vandicion dt sonlorne .
=1 =0 o~
s

fa i Jacil di it el caso en que i ;= 0
Seria igual de Tacil discutic ¢ be - e
[ D:nlfnstmrcmm que bzio estas condiciones fa funaidn o debe we

* idénlicaments AU,

introe-
Para probar osta prapicdad na ha!i-tnn {o_sda‘;giln;:anlc;“::r:gn ™
I 1ori 1 estabiecer fa wmoidad de
-idos con anlerioridad para esiabi ] ’ u "
:ﬂmm de ambos problenias. En cambio agui podemos hacer U
interpretacion fisia. N .
ue ?6;{': prscis:lmm de uos ey fisica, la ley de ncnn-_,frw}:u;} :i:-l}js,
enerpian. Nos reslringiremos de AUeY®, por rafoies u..r.;l :1;1'[: ;t:nta;
2! case dr la cucrda vibranie: ¢ desplazamiento ofs, )
M . a1y I"“
verihica la ecuadhy -

I

.l‘H’
ju_h.-, = #

rxt

L

La ererpia cinclod de cada particula de la cuerda, al oscilar de u
a @ 4 Jdu, vieno eapiesada per:

£t . .
L (ﬂ] A
2\



iz §. Ecusciones diferenciajes en derivadas pyrciales

Dz esta manera, ¢ problema ey

{ ¢ CNURCIATse COmMO sigue. Dus-
camos una solucidn de la ecuacidn

{8) bajo la condicidn
T ten = Tfx, 72

: . (n
¥ una de las tres condicianes SigiEnes:
] T iy = §{0). {12)
. ar ,
ar |
o), TATls = 1oy (12

donde  es un punto cuzlyuiera de la superficie 5,

La cordicibn (1) se denomina una condicicn fmicial, mieniras qlie
fas (12} son condiciones de contorm,

No probaremos con detalje qu¢ todo problema de este tips tiene
unz dnica solucidn; sdlo exlableceremios este hecha para ¢l primerg
de estos problemas: aderads, consideraremos solamente ¢l caso en

que no existen fuentes de calor en el interior dol medio. Demosira.
Iemos que la ecuacidn

il &7
i
bajo las condiciones
T |ri"ﬂ = Tﬂ’(xl H :}!
Tli=dh

salameate puede tener una solucién.

La demostracién de este snunciago £
tracion de la unicidad de i3 soluctdn de
Probamos en primer lugar que si

may similar 2 la demos-
la ecuacién de Lapluce.

ar— 2T

ﬂ’

& 0,

cntonces T, como funcién de cuatro variables, y, 2y W0 < 7 5 ol
4icana ko Misimo sobre la frontera del dominto & o en ¢ intcrior,
sl bien en esic dltima caso necesarianwenie i de ser en el instanie
tnicial, 1 = Q.

5i oo focra asi, el minimo Io alcanzariz en un punto interior.

Pk duil - LSRRI T )

LT R e T

-

P e -t

e

i 3. Problemas iniclales y de conloroo 3%

En este punto las derivadas pi:im:ras, incluida #7841, nrlaﬁszu:?:
a cerg, ¥ si este minime se diera para.f = lu Fntunc:sdn ,r “ w"'o
Ro pasitiva. Asimismo, en esic punle las derivadas segundas ) :'cn._l.
a las variables x, ¥ y o serfan ho negativas, En r:t::mnsec :“a;c;
AT —{1[ay{c7{&) seria ne nepativo, 10 que en nues _
lmpb?::lbclizmm de la mivra forma Podemos. :stahlcc;r q:: ::.
AT —{1/a% (FF7eny =~ 0, entonces |]:n Fl :é}cérsc:; de L, para 0 < -
istir un mdximo para lz fu n T. o
o %T:grm?r:?;lr: .—1#-~-{|.,-’ar;‘}_{5]"ffr'ij - 0, ¢ntonces en ef mrt:_nor
de D, para 0 -2 1 £ 1y, la funcién ¥ no Puede alcanzar Enmm;umz
ni un minimo absolulos, ya yue i T aicanzase, por c?é: p.d, 5;
minimo, entonces sumindaic ¢l Wrmino 5{s — 1) y cunsl;s :r'*irtloo :
funcidn ¥y == T -+ i — r,), ne destruiriamos el minimo :‘ T“— “Egl}
tal de que 7 fuera suficientemente pfqutﬁpﬂ y entonces 4T, f
{880 seria negative, 1o caal es imposi le. s de
De la misma forma, podemes tambidn g;n:;nh RULENITIA )
i absoluto de T en ol dominlo conside .
ma?mncm:a:go, LN Minime. o un MAiximo, abmlutg del te:_npc;atur;
si puede alcanzarse en el insiante inicial £ = § o sobre la mnlcra
del medio. 5i T = C en el instainte inicial y sobre Iz [rontera, en Dnc:sm
tenemos la identidad 7T =0 i todo ¢l interior del dom;_uoﬁpa nl—
todo § % fp S dos distnibuciones de temperatura T ¥ 7, EIFI:
idénticos vaiores pard ¢ = [y sobre _I:I canlorag, cnmm::.'.l;rl; :-:;.
rencia Ty — £ = T satisfurd la ecuacidn del calor y se nm:# i up:i. 2
£ 0y sahee el Codlarow. Ssto implica que T, —T ;: mﬁ am_
cero en 1odo punio, ;?cr Iv gue Tas dos distribuciones de e
1. seran idliatiras,
iuraE:" :':I ::;sifudsn; wue laremas mas adelante de los métodos pml'a r::jso!l;
ver las ecnaciones 3 In fisien matemdtica veremos que ¢l va Grl 2{:
oava e {0y o8 primuio micmbm_ de una de Iasl l:n:u.n:m{ics [blj e
funlen dar armivariamenie, es decir, Gue La solucidn de tal problema
existe.

La gnerpiin & fs vacilariones v of problema de contorno para fa ecudcicn
e osciliciin
Copsideremes a5 condiciones h.’ljD 125 Gue la :crctl_.':l‘d:: :3?1.::‘:;:
ciones difi-roaciales Misicas. ia ecuacidn [9]_, {iens una umt:‘; ° ;brl t;.
Por senchabed cousider,romos ja ec}u.'gl&n de la cuc_rﬁ; ) ;r:‘
Puffxd wo (o582, g o5 muy similar a la ocuar.:t 5 all r:-
renciandove dnauamenls doe wiiz en el mimerg de vasdabies espaciales.



33 4. Ecuaciones dlferencizles ea dn:’-'rldas parciales

especificar unu funcién arbitraria sobre 1a fronters del. dominiot.
Examinemos Ja ¢cuacidn de Laplace con un poco més detalle. Pro-
baremos que una funcidn armdnica u, =3 deqr, una funcidn que
verifica la ecuscidn de Eaplace, esth compittamenls determinada si
gonocemos sus valores sobre la frontera del dominio.”

En primer lugar, seniemes el hecho de que una funcibn arménica
na puede omar en el interior del deminio’ valores mayores que el
miximo valor sobre el contorno. Més concretameate, € maximo
absoluto, a8l como el minimo absoluto, de una funcidn armdnica
s¢ Blcanzan en fa frontera del dominia, ' o E -

De aqui se deducird que, si una funcidn armoénica es constante
sobre ¢l contorno de un dominio 2, enlonces en su interior tambidn
valdrd la misma constante. Ya que s5i el mixima y ¢l mipimo de una
funcida coinciden, eatonces dicha funcidn serd’en todo punta igual
a ¢sie valor comun. '

Establezcamos ahera el heche de que ¢f mixime ¥ ¢f minimo
absolutos d¢ upa luncién arménica no pueden alcanzarse en el inte-
tior del dominio. En pfimer lugar, observemos que st lz laplaciana Au
de la fugcidn wix, ¥, 2} &3 positiva cn lodo €l dominio, la funcida
na puede tener un maximo en el interior, y si es negaliva, entonces no
puede lener un minimo ca el interior. En un punto doade la fun-
cidn ajcance ur muiumo absoluto debe tener también vn miximo
como funcidn de cada una de las vanables por separado para valores
fijos de las demas, Asi, pues, se deduce que lodas las derivadas par-
ciales de segundo orden respecto a ¢ada una de las variables deben
ser no positivas. Hsto significa que su suma serd ng positiva, mienitas
que Ia laplaciana ¢s positiva, lo cual es imposible. Andlogamente se
auede probar que si la funcidn tiene un minimo en algin punto
interiof, enionees la lapiaciana no puede ser pegativa en €l Esto
significa que 5i la laplaciana es negativa en todo el dominio, lu Tun-
cifn no pusde tener un minimo en €L '

Una funcién arménica se puede siempre transformar medianle
una cantidad arbitcariamente pequefia de tal manera que tenga una
iaplaciana positiva o nepativa; para elio basta con sumar la canuidad

- dnte= P ) -
donde 4 &5 cna conslante arbilrariamente pequeda.
" La tapresidn wfuncidn arbitranas signifca squi ¥y & le Que sigue Gue no

s¢ impone & las funcionss ninguna condicidn especial, salvo certos requisitos de
wpularidsd. ™
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1 3. Problemas inicuees ¥ de contdfoo 13

La adicibn de una cantidad suficientements pqqueha no pueds
alterar la propicdad de que la funcidn tenga un rodximo o ua minimo
absolutos dentro del dominio. Si una {upcién arménica Liene un
maximo en el interior del dominio, entonces wiiadicéndole St obies-
drfamos uua funcidn con laplaciana positiva que, como probames
antes, no podria leper manima en el lnu:riuhr. Bsto u;mﬁcla que una
funcién arménica no pusds el un midximo absgluto inicriar al
Jominie. Andlomamenie se puede probar que lAMPeCo puede tener
un minime en ¢l intenac _ . ‘

Este leorema tiene un importante corolario. Dos funciones 1ar:_m‘.f-
nicas yue coincidan gobre la (tontera de un dominio deben coincidir
en el inlerior, Ya gue entonzes la diferencls de estas funciones {que
serd una funcién armonica) se anula sobre ¢l contorno y por lanle es
igual a cero en todo punio del inierior. _ _

Yemas asi que los valores de una fynada armdnica sobre el

conlome determinan completamente la funcidn. Se puede probar
{aunque no pedemos hacerlo agui con detalie) que para valors
arbitrariamentc prefijades sobie € contorno se poede hallar siempre
una funcion arméuica que fame dichos valores. ] )
' Algomis complicade es probar que la temperatina estacionaria es-
tablecida en un coerpy viene completumente determinada st conocemos
las variacion de fivjo de calor 2 través de cada elemento de superficie
dal cuerpo © unaley que rclacione £l fiujo de ca_inr can la temperatura,
Volversmios 2 algunos aspeclos de esia cuestidan cuando disculamos
tas métodos de resalucidn de problemas de la fisica matematica.

£1 problewa de contoino puni la ccuacion del calor

Upa situitn completamente diferente la ‘tenemos en el pro--
blerna de la evnacion del calor e ¢l caso no £5tacionario. Fisicamenlte
estih clare que has vaiores we 1 temperatura sobre ¢! contorne o la
variacidn de Rujo de calor 2 través de la fronicea RO SR suficientes
para definir 12 unidud de solucién del probiema, Pero, si ademds
conocemos la dislribucidn ¢ la lemperatura en on inslanie nicial,
cnlonces ¢ probloma si extd univocamente determinade. Por tanto,
para determngr la sptuctdn de 1a ecuacién de cnnducc:ﬁ_n de r:a}or {?‘,I
e5 normalmienls pocetario v f-l‘-ﬁ::lﬂn&: designar una funcién arbilrarid
Tolx, ¥ 23 que Joseriba ia distriducidn inicial de lemperatura ¥ 1am-
bitn tna [uncion arvitracs sobicla froatera del dominia, Como antcs,
esta funcion puede ser, o u lemperalura sobre ia superficie del cuerpo,
o 1a variacidn de flujo «¢ calor a través de cada ciemento de super-
licie, 0 uma ley gue relacivie f Ao de calor con la temperalura.



i 4. Ecuaciones diferenciidles en derivadas parciales

Lay ecugriones de Laplace y Poirson; funcioncs arménicas y unieidad
de solucidn de los problemay de contorno relaiivos a ellat
Analicemos estos problemas con un poce més de detalle. Comen-

cemos con las eCuaciooes de anlaa: y Poisson. La ecuacidn de

Polssor et :

du = —dnp,

donde g o5 usualmente la densidad. En particular, p puede ser nula.
Para ¢ = { abtenemos la ecuacidn de Laplace

du =0

No es dificil ver gue la diferencia eatre dos soluciones particu-
lares u, ¥ uy de la ecuacidn de Poisson €3 una funcifn que veribca
la ecuacidn Je Laplace, o, dicho con olras palabras, que & una fun-
cidn armdnica. El espacio total de soluciones de la ecuacidn de Poisson
s¢ reduce, por {anto, al espacio de funciones armémicas.

Una vez obtenida una solucién particular wuy de 1a acuzcidn de
Poisson, & definimos una nueva funcién desconocida w por

o, oW,

vemos que w debe verificar ia ecoacidén de Laplace; ¥ exacltamentc
de la misma manera determinamos las correspondientes condicio-
ncs de coalomo para w. Asl, poes, o5 paciicularmente importante
estudiar los problemas de contome para la couacidn do Laplace.

El caso mibs frecuente en ios problemas mateméticos es que el
planteamicnio del problema para una ecuacién de la fisica matemad-
tica venga iamediatamente sugerido por la situacidn prictica. Las
condiciones suplementarias que aparecen ¢n ia solucidn de la ¢cuacidn
de Laplace provienen del enunciado flsico del problema.

Consideremos, por ejempio, el establecimiento de una tempera-
tura estacionaria ¢n un medio, & decir, Ia propagacién del calor en
un medio en que las fuentes de calor son constantes y estin siluadas
deatra o fuera del medic. En estas condiciones, ¢oa el {ranseurso
del tiempo |2 temperatura alcanzada en un punio de dicho medio
seri independiente del tiempe. Asi, pues, para hallar la temperaturs
T cn cada punto debemos calcular aquelia solucidn de la ecuacion

&r

3 =aT+e

* Fidmbale du s ugs dbrevialurs do b onpres ion Pufe” + el at + PhulEr
¥ %& denomina fapiaciang Je la funcidn u,

o SR g AR s i T T gk e ST e S i g g ——— o o il St f— . R YTy AL PR N

} 3 Problemas iniclles y de coniosoo _ 1
{(dorde g e5 la densidad de fuentes de distribucién de calor) que es
indepeadiente de 1. Obleaemos - 7 . ; |
tl'f'+q-ll_.-- Ty L
- K. L] - [ N -, P .

Por 1aulo, la wmperatura <& nuesiro meodio sehigface la ecuwidn
de Paisson. 5i la densidad ¢ de fuentes de calor 65 cero, eatonoes fa
ecuacidn de Paisson ¥ convicite en fa de Laplace,

Para calcular la lemperatura en v.-.l interior del medio ¢s necesario,
por simples consideraciones (lsicas, conocer fambién Jo que ocurre
en la Mrontera del mismo,

Evidentemeonle, s leyes Nsicas que considerames anterionmente
para puntos interiwies Jde un cuerpe, necesdan formulacidn bien
distinta para puntes del contorne, |

En el problema de establecer un estado ¢stacionaria de tempera-<
tura podemas imponer, o 1a disiribucidn de la misma ea <l contorae,™-
o la variacién Je Duju de calor a‘través de una unidad de drea de la
superficie, q, finalnente, una oy que r relacione |3 temperatura con el
fiujo de caler, i'

Considerande la l::mpcmu.m en an volumen @ limitado por la
superficie 5, podemos escribir citas tres condiciones asi:

- P I . - O L.af‘
) s, (10)
G meh
R B LI P

= . {Ly

- . + '

o, finalmente, en el case més peacral

+ .'I-

x 0t Tl = Q) (10
'3 A 3 T "o -
donde Q denota un puatp arbiirario de Ju superficie 5. Las condiciones
de la forma (10) se denominan condiciones de contorne. El estudio de
las ecuaciones de Laplice v Poisson bajo condiciones de evntorno
de una de estos tpes denosiras gue, por regla general, s solucidn

esth univocamente determinada. -
Por lanlo, £n Sueslsy buwu:da de’una solucidn de ta tcuacién
de Laplace o die L e Voissan, serda norinubmente necesanio ¥ suliciente



8 6. Ecuacigos diftrenciales wn derivadas parciales
cuerpas calientes a los frios, Asl, pues, &l vector flujo de calor es de
direccién opuesta al llamade vector gradicnte de temperatuza. Tam-
bifn ¢s Datural suponer, como justifica la experiencia, que &0 uGa
primera aproximacion la longitud de diche vector es dirsctamente
proporcional al gradiente de rtemperatura.

Las componentes del gradiente de temperatura son

arT. &r or
A

Tomando k como coeficiente de proporcionalidad, obtenemos tres
ecuaciones

v

ar ar )
T;=—.|L'-E, Ty & — —-a—y-,, r,n—qk%

Estas ecuaciones bay que resolverlas junto con la ecuacién -
servacidn de fa energla calorifica de con

& &y &1, . 81
wWrEty Tt~

Sustituyendo Ty, vy ¥ T, por sus valores en funcidn de T, obteoemos

ar E Y
C-Enk(ax’-li'a}r.‘r a-.-,-)‘”* (8)

i Finalmn:ntc,‘ para pequedas vibraciones en un medio gaseoso,
por ejemplo las vibracicnes sonoras, la ecuacidn

Ead it dved & fdv, d fa,
a;~+93(?r}+?a—y(?)+ﬂa("a%)“'

¥ las ecuaciones de la dindmics (5} dan

dvy ip dv, &p ds, o
— —— r—— — il
T R i Rl el ol o el

¥, suponicndo la ausencis de fuerzas externas {Fy = Fy = F, = 0},

abtenemos
#p _a,(_é‘.u . @ Fp)

E7 A = vt

)
F

——— R e e Frm— - ra ——
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i 1. Problemas iniciales ¥ de contorno F1

{para obicner esla ecuacién basta sustitair Ja expresidn de las acele-
faciones en la ccuacidn de conunvidad y climiner 1a densidad utili-
zando la iey de Boyle-Maricite: p'= 2%} ’

Ias ecuacionss (7Y, (8) ¥ {9) son tipicas de muchos problemas de
fisica malemilica aparte de los considerados aqul Bl hecho de que
hayan sido estudiados con Jetalie nos permite tener un conocimicnte
de muchas situaciones fisicas. 7

. e Lo
Ak -

§3. Problemas inivinles y de conforno; unicidod de wuna solucidn

Tanto ¢n las ecuaciones dierenciales en derivadas parciales como
en las ordinarias ocurre, salve raras excepeiones, que toda ecuxsidn
Liene infinilas soluciones particulares. Asf, pues, para resolver un pro-
blema fisico concreie, ¢ deeir, para caleular una funcibn desconocida
que verifique una couacidn dada, debemos saber cdmo elegirn, en el
conjunte infinite de soluciones, la que nos interesa. Parn este propd-
sitg suele rer neccsatio gonucer ne sdlo la ecuacién, sino también
an cierto nOmero Je condiciones suplementarias, Como vimos ante-
riotmenls, las ecuaciones en derivadas parciales sxpresan las leyes
elementales de la niecinica o la fisica referentes a pequelias particulas
situadas en un medio. Fera, 5. quercmas predecir ¢ curso de ua pro-
cese, 00 hasta con conocer las leyes de la mecinica. Por ejemplo,
para predecir ¢l movimicnto de los astros es precisc conocer oo sélo
1a formulzcidn penerat de las jeyes de Newton, sino también —supo-
nicndo que ks masas de estos cuerpes son conocidas— el estado
inicial del sistema, ©s degir, Ja posicidn de los astros y sus velocidades
en algin instante inicial. Condiciones suplementarias de esta clase
sc encuentran siempre ¢n la resolucién de problemas de flsica ma-
iemdtica.

Asi, pues, tos' problenias de fisica maiemdtica consisien en €l
cAlcule de soluciones de ecuaciones en derivadas parciales que salis-
fagan cievlas condiclones suplementasias, )

Las couacionss §7), (8} v (3} difieren cn su estructura; de ahl que
tambica sear dierenies los rioblemas fisicos que pueden ser rosueltos
por medio’ de estis LCUACINGS!

L



26 6. Ecuariones diferenciales so derivadas parclaies

Esta o5 la ecuacién usual que expresa Ia seguada ley de la mecin;
en forma integral, Es ficil transformarls en forma difercncial. E
evidenle gue: :
ay 2
i i (T xen ¢}

Ruc_:urri:ntrlu a fcoremas bien conocidos del cileunlo diferenciat, es
facil relacionar T sen ¢ con Ia funcidn desconocida . Obtencmos

tg o _ SuifBx
Vi+wtd VT (e’

y bajo la hipdtesis da que (BufdxP es pequedio, tenemos

!Esﬁ-%, SC0 ¢ -

sen ¢ -g% . . .
Entonces )
T iy Pu '
e ()

E_,ata Ulirma es la ecwacidn de la cuerda vibranie en forma dife-
rencial,

Formas bdrices de lay ecuaciones de la fivica matemdtica

Como ya mencionamos anteriarmente, las distintas ecuaciones en
derivadas parciales que describen fendmenos fisicos forman normal-
MERtE U0 L5101 de ecuacionss en varids variables desconocidas.
Pero en la gran mayoria de los casos ¢s posibie reemplazar este sis-
tema por uni sela ecuacién, como se puede prabar ficilmesie con
ejernpios muy seaciifos..

Por ejemplo, volvamos a las ecuaciones de] movirsiento conside-
radas en la seccidn anterior ¥ tratemos du resolverlas junto con la

ecuaa_:ién de continuidad. Los métodos efectivos de resolucidn los
consideraremes mds adealante.

'dcall. Comencemas con la ecuacidn del fujo uniforme de un Buido
ideal.

_ Les movimientos posibles de un fluido s¢ pueden dividir en rota-
cionales ¢ rretacionales, estor ltimos ambitn llamados peteneiales.
Aunque los irrotacicnales son sdlo casos especiales del movimiento

e ATy —— ——; ————

-rr

-

§ 2. Lis etuaciones mds simiples de-la Hnica matemdtica i

¥, por lo general, el movimiento de un Hquide o gas e3 siempre mis
o menos rolaciondl, sin smbarze 12 experiencia prucha que en muchos
casos &l movimienlo et priclisamente irrotacional. Por otra parie,
s¢ puede demostrar mediante consideraciones tedricas ques ¢n un
fluide con viscosidad Aula un movimiento que & inicialmente 1o~
tacional persiste ca cite estado,.~ - - . .

Para un movimizote potencial, existe una fancido escalar
{{x, 5, 2, ), Nlamada poreacic! de velocidades, tal que el vector velo-
cidad viene expresado en tirminos'de esta funcidén medisnte las
fdrmulas

_ 2
[ L/ ] az 4

En todos ios casos estudiados hasta abora hemos tratado con
sistemas de cuatro ccuaciones con cuatre funciones desconocidas o,
dicho con otras palabras, con una ecuaciéo escalar ¥ uoa uqulciﬁrnf
vectorial que contenlan un campo ¢scalar 'y ua campo vectorial des-
conocidos. Normalmeare estas ecuaciones s¢ pusden combinar ¢n -
una sola con una funcidn desconocida, aunqgue esta ecusCidn serd
de segundo orden. Hagimoslo, empezando por el caso mis ilmplc.m

Para un movimiento potencial de un fuido incompresible, para :lm
que dpf2t == 0 tenemos dos sistemas de ecyaciones: ia ecuacidn de
coatinuidad T

févy | vy vy
(= 3+ a0

y las ecuaciones del movimiento poteadal

L W W
T Wy g
Swustituyendo en 12 primera los valores de la veloadad que leazaos
en la segunda, queda s

s
e
2. ,El campo veclogal ¢ «fujo de calors puede también expre-

sarse, mediants ccuacinnes diferenciales, ¢n términos de una magnitud
escalar, I temperatura, Bs Dien sabido que €l calor «fuyew de jos

AU au -
e - 0. (M

+ e

e



4 6. Ecuarienze dlferenciales en degivadas parciales

Sumando sobre todas las particulas dei voloimen 2 ab
wd » DOWCIERLA
que ¢l ritmo de variacién de |a cantidad de movimisnto €8 igual ;

dr
[[[eqw
o
"o, lo que es 1o misma,

[fJedt o [[] oo ]t

1)

i

fAqul Jas derivadas dvgfd, dvyfdt y dwfdt denotan la variacién de
115 comDonentes de », no en un puato dade del espacio, sino para uns
dpargfaxila g:dm E“T:n e ¢l significade de utilizar 13 notacida 2/d? en vez
[ . Lomo es bien i = , j
s sabido, didt = /3t 4 veldf3x) + v dfdy) +

Las fuerzas que actdan sobre el volumen pueden ser de dos clases:
fucrzas de volumen Que acitizn sobre cada particula del cuerpo
¥ E_‘u.erm:r de superficie o tensiones sobre la superficie S que limita e
volumen. Aquélias son fuerzas de largo alcance, las Gitimas de corto
alcange.

Para ilustrar estas consideraciones, supongamas que ¢! medio en
u:ur.s}nﬁu ¢s un fluide. Las fuerzas de superficie gque aclian sobre
un elemento de drea ds tendein en esle caso el yalor 2 ds, donde pesla
presién sobre el Nuido, ¥ se ejercerdn en direccidn opucsta a la de
la normal exterior.

Si denotamaos por # ¢l vector unitario en 1a direccidn dela normal
a la superficie, enlonces la fuerza total que actia sobre Ia seccidn o
seqa 1gual a

— A ds.

Si denotamos por F el vector de las fuerzas exteriores que actdan
sobre una unidad de volumen, nuestra ecuacids toma la forma

ri"rgfﬂdc*:_"f'}fm—’ n ds
JﬁJ at JJ ”’F '
o 5

Lsta es la ecuacibn del movimiento ¢n forma integral. Como la de
continuidad, también se puede transformar ea forma diferencial.

¢

T e ik e o

R s g e P T

b L las ecuationes mis simples de la HEcs palemdtica %

Obitnenios el sislema o o
vy &p dv, & dvg £p -
5 T e €~ T EJ-»' }':rr e 2 + 7 £ (5}

Este sistema s fa (orma Jifecencial de la segunda ley de Newlon.
2, Qiro ejemplo caracteristico de 12 aplicacidn de lus leyes de
fa mecAnica en forma diferencial es la ecuacién de una cuerda vibrante.
Wna cusrda ¢ un lrozo de maierial elistico, alargado, muy delgado,
que & fexible debido a su
extrema delpader, ¥ que +u
normalmente se meERbicoe \{
lensada. 5i imaginamos la #
cuerda dividida por el pan-
to ¥ ¢n dos partes, sobrc v
cada una de cllas se ejerce
una fuerza igusl a lz {ens .
sidn en la direceidn de la . i -
tangente a la curva [orma-
da por la cuerda.

Examinemos un corio
segmento de la cuerda. Denotemos por uix, £) el desplazamienta de un
puntos de la miswma Jdesde su posicién de equilibrio. Supongamoes
gue la cuerda oscila en un plano y que lal oscilacién consiste en des.
plazamientos perpendicolares 2l gje Ox. Representemos el desplaza-
miente u{x, i) grificamente cu up instante dado (Fig 2), ¥ estudiemos
¢l comportanuenlo dew segmente de cutrds comprendido entre loa
puntos x; ¥ x,. En estos puntos actlan dos fuerzas igusles a ja ten-
stdn T en la direceddn de la correspondiente tangente & w(x, /).

Si el segmenio os curve, fa resultante de estas dos fuerzas no serd
rula. Esta resultapte, por 2t loyes de la mecinica, debe ser igual a
la variacion de la cantidad de movimiento del segmenio.

$2a p la masa conlesicc en cada ceatimeiro de longitud de |a
cuerda. Entonces |4 variacién de la cantidad de movimiento serd

£ P i:% dx.
Jﬂj. af
Si e dngulo forinado por la Lungente 2 11 cuerda y ¢l tje Ox xe de-
nota por ¢, wndremos L
& "ry g
Tsend, — Teng, = ¢ J e dx.

f‘




22 6. Ecusciones difereadaies en derivadas parciales

forma que gy 5 expresaba la cantidad de materia qué pasaba par
segunde a iravés de un Area o5, En lugar del Bujo de liquido ¢ = ov
leneinos ¢l vector fluje de calor 1

Andlogamente 3 como hemos oblenida la ecuacidn de contipui-
dad, que expresa, para ¢ movimicnlo de un iquido, la ley de conser-
vacion de la masa, podemos deducir ung nueva ecuacidn en derivadas
parciales que exprese la ley de conservacion de la energia; vedmosln,

La densidad de energla calorifica (¢ en un punto dado puede

expresanse mediante ia férmula
G = 7,

dende C &1 la capacidad calorifica v T la Lemperatura.
Aqui ©s [4cil obtener la ecyacién oL

rl:"T E"r‘ 51-'. ar'
N R R i bl o)

La deduecidn de esta ecuacidn es idéntica a la de Iz scuacidn de con-
tnuidad, sustutuyendo «densidad» por «densidad de energia calo-
rifican y flujo de masa por Mujo de calor. AQui hemaos supuesio gue
la criergiz calorifica en el medio punca aumenia, Pero, si existe upa
fuente de calor en &1, 1a ecuacion (2) dol equilibrio de energla calori{fica
debe ser modificada. $i g es la densidad de productividad de 1a fuenie,
¢s decir, la cantidad de energia calorifica producida por unidad de
volumen ¢ un segundo, entonces la ecuacidh de conservacion de la
energia ealorifica adopta 1a siguiente forma; afgo mas complicada:

{:}T 'ar:l' . '&'T” . .BT'
Cqrt o Tyt e -

3. Aun oy ecuacion del misme tipo que la de continuidad se
pucde abtener derivando (1) respecto al tiempo. Hagimoslo para ja
ecuacidn de pequeiias oscilaciones de un gas prdxime a una posicidn de
equilibrio. Supondremos gque para tales oscilaciones los cambias
de densidad no son grandes ¥ que las cantiduces dgléx, bpidy, Bpjoz
¥ /8¢ son suficientemente pequefias para que sos productos par
bz, ¥y ¥ 7 puedan despreciarse. Entonces

fig Ay, iy iy
}?“‘( m vy TR }uu.

e — e R
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1. Las ecuaciohes mids $impics ge la fajca matemaénga
. . o
Derivando e3ta ecuacion con rospecto al u:m;:;l ¥ i:smu;:dﬂ los
producios de dg/ét con dvefdin, avyl8y ¥_dwfoz, oble

() e(Se JEON
A la(-‘“)_.i.. ’ NI 2

El
S TE T o ay )

Eruaridn del mavimicnlo . .
1, Un unportante ejempla de fa expresidn de una llic;r ﬁ::n;a
mcdi'a.nt: una ccuncian dicrencial se da en las gcuacmne; :c:q r:
bric o de movimiento de un medio. Sea un mc;i;n f:arg;; o C% mnpa;m
i materiales moviéndose con distintas velod - '
ﬂfmu :j:m;ﬂu. delirnitemos mcnuli?:nt:dm P;Lc;pam;# u;:;:a
( 1 £
ren £ encerrado pat 1a superficie S eno iculuhs materia
i ' :nda Jey de Newioa para las pal
del medio, ¥ escribamos la segenda ks ] s
i blece que la variacidn de la can
de este volumen, Thcha ley esta ] .
i todas las particolas, esg
‘miento €1 ¢ volumen, sumada para
?;ﬁ:; a la suma de todas las fuerzas que actdad sobre iﬁm;rt; ..
ILa cantidad de movimieaie, como s¢ sabe por la o .

representada por el veetor .
] - : -3
Pl J-Ji' v Liry

un pequedo volumen 4 con densidad g

jeul L OCuUPAT -
Las particulas quc 0CUs At, un auevo volumen d8" cen den

lenaran, al cabo de un tiempa \
vidad p', st bien la masa seia s misma

¢ e g did,

-

i Uy
5 la velocidad v sc transloima duranle 58 lmmp;u :n'u:lawrﬁ.
velocidad ', e decin, varia en el incrementc 4‘.?!1" - i'
pondiente incremento de ia cantidad de movinienlo 56T

0¥ didt — gy df? =y’ 4 — pv dii = g Av di2,
o en la unidad de Liempo:

5 g g O du
¢l = ¢ o
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. § Ecuciones diferenciais en denvadas parciales
Pata calcular la variacidn de flujo de roaleria hacia el exterior

del volumen O basta dividir &5 .
la variacién de fujo tenemea 3 expresién por df, de ﬂjﬂdﬂ due para

[ ovadem ff guds,
donde ’ ’
Ya= ¥<0s(m, F), gu = gcasia, g).

La componente normal del veclo
_ . ¢ ¥ pucde reemplaza
;'.prn.:s:ﬁn ¢n términos de las combponentes de los vu:lgr:a : Y np::;bsu
a5 gjes de coordenadas, Por geometria analitica sabemos q{e o

¥m =2 ¥ CO5 fn,. ?) = vz cos{s, 1) + vy <05 (n, y) +:I,'. cus.{u, 2) :'

asi, pues, podemon volver a eseribi .
: ih I
fujo en ia forma i Ia expresién de la variacién de

L]

I’f ofvs cos (m, 5} + vy cos(m. 3} + v cos(m, 2}) ds.

Por la ley de conservacidn de Ja materi
calcular In variacién de lz cantidad de mal:;i: s;igcin;an:é:?dnﬁ:nft
multaqn, ¥a que iode cambio en 1a masa contenida en 2 sdlo ucucfo
ser debido a la entrada o salida de masa a través de Ia sup-crﬁzi: .';
Entonces, igualando ja variacidn de la cantidad de materia con:

tenida en el volumen a la variacién de flujo de materia dentro del

volumen, obienemos
]

_—
JJ!J’-Edea’ydz- :
H

+ w

- —J;f [eve cos (m, £} + ovy cos(a, J) + grycos s, 2)] dr =
- —f! [92 <05 (m, ) + gy cos (m, 3) + go cOs (, £} dbs.

Esta pelacidn integral, como hemos di i
Tal, icho, es vilida tod .
mea £, 5¢ denomine «ecuaciéo de continuidads, para todo volu

- T S e

" At et = =

o mEw o m —arw s ——

3} % Las ecuaciones rade simples de la fisica malemdtics . 2

La integral del segundo miembro de Ja wltima ecuacidn sc puede
iransformar cn una integral de volumen mediante la férmula de
Ostrogradski. Esta [drmula, deducida en el capitulo 2, nos da

o
fg" [ev= cos (A, X} + gvy s {m, ¥} + @ve cOs{m, )] ds =

-1l Xors) .- Aer) | Kew
IR o i
u . . ) )

De aqul se deduce que

B . Kova) Mo = U Y e o T
][+ e VI o

3 -

De csta forma obienemos £l siguiepte resnltado: ja integral de
la funcidn - , o

LU
dp | dlgvs) | Anwy | Hew) v Y v P o
e . L I 5 T

sobre cualquier volumen £ es cero. Pero esto sdlo e posible & fa
[uncisn es icénticamente nula. De esiz modo obtenemos la ecuacion

de continuidad en Jorma diferencial

ak

o + vz + Aovy) + "(g:‘] - . (1

3 Ax ay

La ecuacita {1 s un tinice ¢jemplo de la formulacmon de una ley
fisica en el lenguaje de Jas ecvaciones en derivadas parciaies.
2. Considercmos otro problema apiloge: el problema de la con-

duccidn del calor.
£n un medio cuyas parcaulas estin ea movimiente, el calor Cuye

de unos puntos 3 oires. sy Bujo de calor tiene lugar a través de cada
clemente ¢ superiicie o col medio considerado. Es posible probar
que ¢l jprocyd s puede descnbie numéricamente por medio de una
Gaica mageitud veclorial, & vector conduccion de calor, que e denota
por 7. Entoncis I cantidag de calor que Auye por segundo 8 través de.
un elements de Acra ¥ s¢ nodrh expresar por Tads, de la ruisma



1§ §.  Ecusciones diferenciales ¢n decivadas parciaies

§2. Las ecuaciones mdf simples de la Jisica waiemdiica

Las conexiones y relaciones elementales entre magnitudes flsicas
esidn expresadas por las leyes de la mecdnica y de la [sica, Si bien
eslas relaciones son extremadamente variadas en $u caricter, dan
lugar a otras mids complicadas que se derivan de cllas mediante argy-
mentos matemiticos y que son adn més variadas. Las leyes de la
meciinica y la fisica se pueden escribir en lenguaje matemdlico en
forma de ecuaciones en derivadas parciales, o quizd ecuaciones inte-
graies, que relacionan eatre si fundiones desconacidas. Para compren-
cer lo que esto significa, consideremos algunos ejemplos de ecuacio-
nes de la Fisica matematica,

Lcuaciowes de la conservacion de la masa y de Ia energlz calorifica
Expresemos en forma matemitica las leyes: fisicas bésicas que
gobitrnan los movimientos de un medio.
I. En primer lugar exprcsemos la ley de conservacién de o
maleria contenida en ua volumen 2 que delimitamos mentalmente
en ¢l espacio y mantenemos fijo. Para este propdsito debesmos calcu-

kAT 12 masa de a materia conlenida ep diche volumen. La masa Mol
viens sxpresada par la integral

Mo} = féff elx. y, z, Ndx dy oz,

Esta masa no serd, por supuesto, constante; en un proceso oscilatorio
la densidad en cada punto variard, pucsto que, en sus escilaciones,
las pasticulas de malteria estardn unas veces dentro del volumen ¥
otras fuerz. La variacidn de ln masa se pusde hallar derivando res-
peeio al liempo, ¥ viene dada por la integral

w

Esta tasa de variacidn de la musa contenida en el volumen se puede
caicular tambidn de otra manera. Podemos expresar 1a cantidad de
malesia que pasa cada segundo 2 través de la superficie S que limita
ruesiro volumen, afectando a fa materia que sale de 2 de un sigNno

T

- - -

T e ma

" o o - -

"

§ 2. Lak tcuacionss mmds simpies o ln e matedtica s

menos. Cen este fin copsideremas en la superficie § un elemento ds
suficienternente pequefio pard que s& pueda suponct phn?j g‘: p:n
que tengd el mismo desplazamiento en todos sud punlos. 2 a-
mos €l desplazamiento de los puniay de un scgmento de la super-
ficie durante ¢l intervalo de liempo de f a ¢+ df. Primeramente

1 veoior -
calculames el ¥ " . L

dr "

que Tepresenta la velocidad oc cada particulz. En £l IIEI}'JIPG 1JL.|3.5
sarticulas que estia sobre ds e maeven segin el vector v dt 1-3: ro ..1::
la posicidn di,, mientras que o pasicién dF estard ocupada ;ﬂ ru ti fl?,
las partculas gue anleriorments taban en df, {F;;, 1. .

¢

durante este Liempo 1o columaa de matera® »
que sale del volumen & serd 13 que antes
cstaba coplenida antre o, y o+ La altum
de csla columna os igual a v df cos (a, »),
donde m es |a normal exterior a la supes-
ficie; el volumen de la peguedis columna
serh pues jgual a

voos(m, w)deds, & -

y la mnsa igual n

prcos(m rpedsdi. . -

Uniendo todos estos pequedos trozos
obtencmos, pata la cantidad de oatena
que sale del volimen durante ¢l tempo
di. 1a expresion ’y

f!ﬁ"’cus(m v) ds d. - R L

Ea aquelios puntos en que Lw._vr.lo-cid_ad esth d:ng‘.:daiganl cl ::l:lc:?;
de & ¢l signo del coseno seid negativo, ko que mIgR cn_quo o et
jntegral la matgria gue endra cn i va afeclada de un ngnr m :Tcn-
£l producie de e velocidaag del movimiento del medio pa

sidad 3¢ denoimna Mo, B! vector flgjo de Ta masa €8 ¢ = gr.



16 £. Etuaciones difereacisles en derivadas parciales

:E;;:;!,mm arbitrariamente elegido del cuerpoejerce el resio del
. Los sucesos y procesos [isivos que oeurren on cl espacio ¥ &l tiempo
siempee consislen en vanagiones, & lo largo del tiempo, de cigrtas
rqagnbtudcs lsicas relativas z los punlos del espacio C::-mn hemos
visto en el capitulo 2, estas cantidades pueden ser dﬂ:crims pror fun-
ciones de cuatro variables independientes, x, ¥,z y 1, donde x,
¥ = son las coordenadas de un punto del espacio, y ¢ es ¢l ticm]:;c

Las magnitudes fisicas pueden ser de dilcrentes clases. Mguna.;
¢stin complctamente caraclerizadas por sus valores numéricos, como
la temperatura, la densidad y otras andlogas, ¥ dcnomina;z e5Ca-
lares, Otras Lienen direccidn y son por lo lanto magaitudes vecto-
tiales: velocidad, accleracidn, intensidad de un campe eléctrico, etos-
tera. Las magnitudes vectoriales se pueden expresar por la Im;gitud
del wveolor ¥ su direccifn, pero también pot sus «compontntesa
tna vez descompuesto el vector en suma de ires vectores perptndicu-'
lares enlre si, por cjemplo, paralelos a los cjes de coardenadas.

En fisica matemitica unz magnitud escalar o un campo escalar
s¢ representa por wna funcién de cuatro variables independientes
nlentrat gue una magnitud vectorial definida sobre todo el nspaCir;
t?‘ r.:qmu se sucle decir, un.campo vectorial estd descrito por tres
t_girl:;::nts de ecstas variables. Podemos escribir al magnitud en Ja

wlx, ¥, z, 03

donde ¢l tipo negrita indica que » es un vector, o en forma de tres
funciones

ux, p, 2,80 udx, y, 7,8 wlx yz, ),

donde uy Hy ¥ i son [as proyecciones dei v j
1 ‘eclor
coordenudas. sobre los ejes de
Ademas de las magnitudes vector
N _ ude: orales ¥ escalares, apareces en
Fisica enles atn miis complicados, como €5, por gjemplo, Iﬂ:pmsiﬁn
det estado de lensidn de un cuerpe ¢n un punte dade, Tales magni-
ludes se llaman lensores; una vez fijada la cleccién de Jos ejes e
coordenadas. se pueden caracterizar por un conjunte de funciones
de las cuatro variables independientes.
De esta farma, la descripeidn de clases muy distintas dJe fendme-
nos lisices viene normalmente dada por medio de varias fuaciones

de¢ varias variables. Por supuesto, tal deseripeidn no puede ser abso-
lutamente #xacta.

¥ . Inwroduccido I 17

Por ejemple, cuande describimos la densidad de un medio a tra-

"vés de una funcién de cuatro variabies independicates, ignoramos

¢l hecho de Que €n un PUIG CONCIELO pOQEmOs (RO tener densidad
alguna. Los cucrpos que cstudiamos lisnen una cstruclurm molecular,
y las moléculas no esthn contiguas, sino que cxisten distancias
firitas entre uns v otra. Las distancias entre las moléculas son co
general considerablemente mis prandes que ias dirsensiones de las
mismas. Asi, pues, [a densidad en cuestién es ia razdén de 2 masa
contenida cA un peGuelo (Aunque ne extremadaments pequeiio)
volumen a esle mmising volumen. La densidad en un punto podemos
definirta como el limile de tales razones para volimencs decrecientes.
Upa simplificacién e idealizacidn aln mayores se intraducen en el
conceple de temperatura de un medio. El cslor en un cucrpd cs de-
bido al movimienio Alcaterio de sus moideulas. La coergla de las Jis-
tintas moléculas es también distinta, pero si consideramos un volumen
que CORLENgA UB ran numero de ellas, entoaces la energia media de |
cus movimientos aleatorios definird Jo que s¢ denomina temperatura.”

Anilogaments, cuando hablamos de presiin de up gas o un
liquido sobre la pared de un recipiente, no PENSAMOS £ ella como si
una particula del liquido o gas estuviesa realmente presionando com-
tra |a parcd de dicho recipiente. En realidad, estay particolas, e 51.1,“.;_':‘3I
movimiente aleatorio, chocan contra la pared y rebotan en ella, ™
Por tanto. entendemos pol presida sobre la pared el elects total de
un gran namero de impulses recibidos por una parts de la miima,
paric que €5 pequeda desde cualquier punto de vista macroscdpico,
pere exlremadaments grande en comparacién con las distancias entre
las moléculas del fiquido o gas. Seria facil citar docenas de ejemplos de
naiuraleza similar. La mavoria de Ins magnitudes estudiadas en 14
fisica tientn oxaciamente ¢f mismo cardcter. La fisica malemitica
trabaja <on magnitudes idcales, obtenidas mediante abstraccidn Je
las propicdades concretas de los enles Fisicos cortespondientes ¥ con-
siderando sowmente los valores medios de eslas magoitcdes.

Tal idealizacidn puede parccer algo burda, pero, como Veremos,
e muy util, ya que peroufe hacer un excelente andlisis de muchas
matcrias complicadas, en las cuales connideramaos solamente los ¢le-
menlos esenciales ¥ OMTIMOS esas caracteristicas que son secundarias
desde nuesiro punto de visia.

El ohjete de la fisica reatemitica o gl estudio de las reiaciones
que cxisien entre eslos elementos. idealizados; dichas relaciones s
describei por modic de conjuntos de funcivnes de varias variables .

independicnies.
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ECUACIONES DIFFRENCIALES
EN DERIVADAS PARCIALES

LA %

oo
. p—
§i. Introduceidn :

En el estudio de los fendinenos naturales, las ecuaciones diferen-
ciales en derivadas parcinles aparecen con tanta frecuencia como las
ordwnarias. Por regla general esio ocurre en casos e Que.un Suceso
viens descrito por nna funcion de varias variables.

Lol estudio de la raturalesa surgié el tipe de ecuaciones en deri-
vadas parciales, que en ¢i momento presente esth siendo invesligado
mds a fonde y que probabiemente ¢s cf mas importente en I éstructura
general del saber bnmano: las ecuaciones de la {lsicz matemética.

Consideremas cn ptimer ugar oscilaciones en un medio cualquiera.
En virtud de tales nsvilaciones todo punto dej medio, que en equi-
libria ocupa la posicidn (x, y, 7Y, sa habra desplazado al cabo de un
licrpo ¢ segtin el vector wlx, @, 7, 1), que depende de la posicida inicial
del punto {x, v, 2) ¥ del tiempo £ En este caso e Process én cugstidn
estard descritu por un campo veetorial, Pera es fheil ver que ol cono-
cimienlo de este caunpu vecionial, esto e, el carpe de desplazamitnio
de los punids Jdel pivdio, no o+ suficiente para una deseripeidn tom-
plela de Ia oscilacifin, Taunbiia es necesario conocer, por cjempla,
la densidad piv, ;.2 1) en cuda punto del medio, la temperatura
Tlv,p. 24} ¥ 1o tearidn imierna, por ejemplo, la fuerza que sobre

I3



Tof FARTLAY. DIFFERLNT LA § sl AT 0% tHon- g

For thie contius inital conditions o b Defie fand w in e sreond cased,
the solutions will e regetar or gatisnfy e Cillereniag e ion evervwlices
in the reglangies described abeove, Viseorctinnh e Toow el Aufin will
parnvpain i by 11!:}“}; the cllaracteristics o the rectansie.

A wrcat deal of work was Sarte I b sernrnd T ad e contiey on 1he
existence afl figgn\'alun far A+ £ = 0 cirsidered inoa damain 13, The
wnain rosull is that for a given demair aml rndder any ont of the three
houndary condiuens o = U, Fulis = Gt e ke 0 4 > U when e
positive mewmal is directed purside the Gurnaind, thepe e always an infinite
number of discrere values nf §2, for cach ol whicl e i a solulion. Ton iwo
Jdimensions the vibrations of a membrine fxed Tatony e houndary ilhis-
irate (his thevrem. The values ef k are o fregrercies of the infinitely many
jpurely harmenic vibrations, The gorrestonting w0 it give 1|.|.r. defiriua-
ion of the membrane in carmving ao fs Cannr e Bt asgillatens,

The tirst mafor step was the proel by Seliwan s 7 o i existence of the

first eigenfunciion of
Aw 4+ Efflx oy = 1,
that is, the existence of a Lf, such that
At & K2y in i, =

"and {f, = O on the boundary of the domain comsidered, His method Rave
a procedure for lincing the sotutior anel prrmnfited e cnic-u]aiir:m of £}
Picard *" then established the existenes: ul e seroned Hgenvabne K.

Seliwarz a'so showed in the 18ES paper o when the deomain varies
contimmousty, the value of 4f, the lr charvag el i nember, alae varics
crontinuously s antd a8 the donain beomnes stalier, Lftucreases unboundedly,
Thns a simaller membrane gives ol a Migher linst furmonie.

In *89¢ Poincart®® demomstraned the exivenne and the essential
proprertics af all the eipanvaives of

LN An o Ax ,Jr.

A complex, in a bounded, three-dheetsional dornain, with » = @ on the
houadary. The existence of u was demoantraled by a generalization ol

: . : ’
<chywars's methad, e proved neat diat kil 3= a mweLonnnrplvie Tunction ot

tie complex varizhie A and that the poles are meals these are tust the
cizenvalues A, Then he obtained the chiaracteristic snlutions £1, that is,
= L

AL, + B =10 fin e interiord
=1 {in the troendary}

4%, dcta Sac. Mewnigae, 15, (8BS, 515G m Cien, Al (thG Y2
SH, Comp, Eemd 117, TERI 31T, . )
% ftendicerts Jel Cneals Matematize i Fater, B, VM, BY-L5% = fhutey, g, 123-

© ik o n

NLIDORAI Y ?LJ?

The &7 wre e characterdstic numbere {eirenvalnes and deermine e
fregpuencies o e reapeelive charaoteringc solmtbons,

Pliysically Petncare's vesnlt has the Inllowing significange. ‘[ fince
ton fin (614 can be thooghe nfas ae applicd e The Trer ancithutinns off
a mechanieal syatemn are those it widel Uie Aneed ridatony dreveeee
am Lecome fedinite, In Focn, (60 s the equation of an escillating sesuem
extited by o perfadically varying foree ol anplitude f0 mand the chueacter-
istic solutiomy are the lee oscillations of the svsem, whicly, ouee excited,
continue inedcBnitely, The freguencies of e Tree oseillations, which are
proportional to the &, are catetrfated by Poincand's imethen! 2 the valors of
A for whiclt the forerd oscillation v Lecomes infinite.

Ar e vnd ol the contury the systematie theoy oF boundarys and
iitial-valur problems for pariial diiTerential erpeaions, whicl dites fiom
Schwarz's Tundamental RS paper, was sthl younes, The work 1 this ama
eapailed rapidly in the twentieth century,

L)
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problem in bwa dimendnns Tt nnt ol e Privichles i iode of inimizing
the Dirighict imeerall was lecn by Vevmann Anandus Schwarr, (1813
P20, o pupit of \"-’mrrst!..-.u wliom hr suceeededd ol Uer i tn 1897 and whe
snggested the probiem o hine, - Undh wenerst’ asseygions alwie the
bowndine curve, amd by U*Ettg a rer s cant el e adternading procedore, U
he demonstrated the existence of a solupon, M

It the same year, 1870, Carl G Nevmann gave ainther prooet of the
existence of a solution of the Dirichle! prob'vrn in theer dimenstons? by
wsing the method ol arithmetc means, tough he oo did ot wse the Dirich-
let principle,*® The principal exposition of his idras iy in ite Vorlesumgen iiber
Kimnann's Fheorie dor Abel'scien frtegrale

Then Henri Poincardd? used the merhode & bafayage, the method of
“sweeping onl’ which approaches the peob'om o building a wceession of
functinns mi hapmeanie in the domain A T taking o tfe correct bouwndary
salues, the funciions ecoming more 2t e lanmenie,

Finally, David 1HLbro reconstrueiel the carvniay of variations method
of Thamson and Dirchlel and estabilsied the dHsichivt primiple as a method
fur proving the existrnee of a solation of the Diickle i:rub.’::m_ In tROD 2
Hilhert showed that under proper conaditions v e rrgmn [nndary
values, and the admissible functions £ tiew Ditichlel principie does hold.
He made the Diriehler pringiale 2 p--wrllu! twst i lunettan theoey, In
annther pullication, of work dune in 1907 ¥ il gave miore general
it N

The history of e Dirjiehlet prin ide G peree Salble, Green, Dirichlet,
Thamsen, and others of their time segarded @ s o completely seund
wmethod amd used i freely, Then HBiamann Ba Iimnnples [nnction theory
shiwed it 0 be sxtracrdinarily imvrumentad in ecding 10 major resulls,
Al of these men were aware that the fumdlamental exixienee question was
tot seitled, even helore Welerstrass o e Dis eritiouee in T8I0, wlich
Civeredited the method lor several decanles, The principle was then rescued
in Hitlert and was used and extendedt inafdis centonyt Had the progres
n:.::!r.- with the nse of the principle awaeied PDot s vk, a Lit e sezoens

i Schware™ meethed i gherched §n Felis bleing FecSaungen iber die Katwreklong der
Slabencatii ime Y. fadchundesl, Cholen frrprict, DL L B, and geen fally In A R,
Vutgyth, Thewy of Purefeons, Luver frepried ), D95, 2, "."I|.||.1. 17, Ay relctenees ane given
m the lat1er walrcr,

27 Alumeiaber, Sepfinge Jhad, PHTO, TOT-9% e foen N b0 TEERTE

AN, Kemighich Nachyscken Ged, der 1Vish, e Deifeiea, BT T L T BN N

14, e et TR -2 B TTIE & N N R R MY R T P ] |-l".|’w'-"rr|:r:|! Theorty, JL:I]!I.I!
'l'iprhlgcr, a8 TR1UIL

. Secomnd edl., PHA4, 230 T

A1, Awurr, Jowr. af AMarh ¥, 1890 211-94 = {fprn, O, Sl

W2 dghees, der Pewe, Atk Vereing, B, 1900, UW-0 Lo i, 10

33, Math. Ana,, 53, 1004, 16T-B5 w Ges 0B 3, 15237

EXISTENCY, PITEQR BAfS Jon

of nineteettl-catiury work on potertial theary and fanction theory woa!s
have Seen s,

The Laplace equation 3¥ = 4 is the bavic form of clliptic diferentia’
equatings. Many more existtnce thearemys were evralilished Tor mere
general elliptic ierentiad equations, see’ as

E’u A &v i
fad) E{+E2+ﬁ:rlﬁ_!+‘1'=ﬂ'

The variety of such theorems is vast. We shall mentinn just one zey result.
The existence and unigueness of a selution of this rquation (the value of (he
solution is pheseribed on the boundary} was demonsuated by Vicard * for
domainy of sufficiently small area. The result has been extended ta more
vartiables, large domainy, and in other respects by Picard and athers. Picard
alsn estalitished ® that every equation of the above [orn fund even slightly
more general} whese cocfficients are analytic funcitans Frsesses only analviic
soluttons inside the damain in which the solution is seughs, even thouh the
solulion assutres non-anatytic buundary values.

The theorems discused thus far have generally dealt with analytic
differential rquations and analyiic initia! or boundary data, However, such
conditions are oo restrictive for applications because (he given physival
data may not be analytic. Another major class of theorems ceals with ess
stringent comditions, We shail give Just one example. Ricman’s meibod,
whicll applics te the hiyperbalic equation, relies upon the existence of his
characterstic function v and, av we pointed aur, the rxistenee of » was not
rstalilished by Ricmann,

For this liyperbolic case {sce [40]). Du Rois-Reymond in 1887 sought
the proper canditions and ebtained results® which, expressed for the cose
where x = conel. andd ¥ = const. are the characteristics, read thus: Given
the eontinusus functions # and Pufén along a curve AT that is cut not tmore
than once by any characteristic line, then there exists one and only one
salution u of the differential equation which takes on the given values ol #
and fuffn along AR Th solutton is defined in the rectany'e determived by
the characiaistics through 4 and through ¥, If instrad the values of a con-
timuises funciion g on iwo segmeents of characteristies which alut nne another
are given, then u b again unigquely determined in the recaange determined
by tiwe characteristies, [t terms of x, v, and & avsnatial conrdinates, Uie it
result staies that the aurfuce wix, 3} goes throegh a given space curve and
with a given inclinaun, The seeoand resull means that the swlotjon or
surface iy enchimed inthe spaee determined By two Interseeting space rurvet.

5t Comp. Nend., 107, 1088, S39-41, Sonr. & Mok, (4], 6, 1090, 145210, Jaar. dc Afath.,
(5} 2, LROe, ruio3M,

55, Jwwer ofe tPoale My, GO, THHL GO0

. JSewr, fin Marh, 104 thEY, A E-308,

e
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where, ay usmal, 1 = ©72/0%7 and where ) Il e by i varicdess Do this
case ane must soectfy o e nitfal lire = 0 thae?

(0t w oz, ::E RN [N
where 2, anel z, are analytic. (The inlial line ey e vepluged I}yr:T curve,
i wlieh cuse 8z)0x must be repaced by A2/} INhe aluove l:nndu:un': are
"ed, then the soiition 2 = ={x, ¥} reists and is unigoe amd analytic in
wime domain starting at the initial line,

Canchy's work on systems way Jone imcheprndenit!y and in smnn:rhat
impreved form by Sephie Kowalewsiy {1850-115" who was a pupil of
Wieicrstrass and who plrsued hit idere Nowalowaky is one of the few
women irathematicians of distinelivr, In 18! Sophte Germatn (1776~
1831} had won a prizc awarded by tin- Freneh .\l‘.u?-:'!nt'f for a praper on
chticity, Ynwalewsky, too, won the Pari Sealony™s prize, for a work of

HBR on the intcgralinlr! af the eguations of mction fon asolid body rutr:uirfg
around a Nxed point; in 1889 she Levame a professor of mﬂ..t:’ll.‘rrlatlr.i in
Starkholm. The proofs of Cauchy and Nowalewsky were later improved by

Gaunrwat. 2 o .
I, fstead of [55}. the given sconndd order couation is in the Torm

{3} Glz, s, i, 1) = a,

it v mecessary to solve Tor £ before it can be put tn the formn (35). To consider
a aimp'e bur vital case, if the equation is

B:  gp B Ly nE s kE i Fan
G*Aﬁl+?ﬁm§+ﬂf_rﬁ+‘u}'j Ty X

where A, #, ..., F are funetiens of » wnd g, then ZGfE must not be () to
siive For v, In case #[Rr = 0, the soli i of the Canchy problem :'H.'-.'(.i not
exist, and when it docs is ot unique. In the e of ti|1.'r_‘t ot more inde-
prndent vasiables {Irt us consider threa), and it Iibe: migiLation is written as

- e N, T
(37} Zg‘tm*;f;;.i_ﬁ+-u_ﬁ
Ly L

where the toeflicients are functions o rhe independdent variables ry, £y, and
c,, then the exceptional case oceur when the wnial surface § sansfies the
st erder partial difTerential eguation

iy F".\- 'I.I:-I-"I
Ay — — = (L
{58 2 1 Ex, O Xy

A1, Jawr, fir Maih,, 80, 1875, 1-31,
AL, Meff, ¥ ik, o Framer, B (BOA, 190,

FXISTENDE TITEQREMA g

L] o

Alomp such swrfaces twa solutions of (A7) can be tangent and rven Mave
higher-ureler vontact, This property v the sne as for the characietiste
cmves of the first order equation fle,y, v, o g) = 0 (L Y sec. 53, and
3o these surfaory 8 are abwo called characteristicn. Physically the surfiees £
ire wave frontx,

This theory of characteristics for the cuse of two intdlependent varialles
was known 10 Mange and o André-Marie Ampere (1775- L3360}, [15 exten-
ston 1o 1Te caae of secoml arder eopuaAlions fuomore (hay o ideprodem
variables was first made by Alhert Victor Bicklung fIB45-14922% 47 Lut win
not widely known unti! it was redone by Juler Bewdon. o

In his Fegpas sur 1o propagation des onder {12003, Jacgues ladamard
{1865-1963), the leading French mathemativian of 1his century, grneralized
the theory of characteristics to partial 2ilerential equations of any order,
Asan examplr, let us comider a system of three frartial dillerenrial rr-ru.uiu:n
of the wecand onder in the depeadent wariahles £, n, ane  and the ile-
penddent variahles 1y, x5,... ., 5, The Canchy problesn for this system s
Given the values of £, n, £, and 2Lz, nlfxy, atul 78{fx, on a “surface™
My ofn — | dimensions, 1 find the fusnctives £, g, and £, ‘The values of
the xecond amd higher derivatives of £, 7, and I may tlien be compuied
unless Af, _, satisfics a first order partial diffcrential equation of the sixth
degrer, say /MmO Al “sorfaces™ sausfying H = 0 are charactrrisiic
"surfaces.” Avcording te the theory of first order partial differentiat LGIED

tiens, the dilferential equation Jf = 0 has characteristic lines {curves)
defined Ly ;

de,  dx, C_dx Rl
2ifer, T BHfiPy T T THEP. "

where Py, Py Puly are the partia]l derivatives of x, with resnrcl to
X1y Kgs o -, %y o taken along the “yurface™ AL, . These Yines ace ca'led the
hicharacteristics of the original second ordee swtem, In the theory ol Huhi
they arc the ravs,

The characteristics now play a vital rele in the theory of paretel <if
freential equatinns. For example, Darboux*® bas given a powerlul miet'iod
el integrating second order pariial dillerential equatinns in twe inependeny
variables that rrsts on thre thewry of charactesiatics. It converis the prel'em
to the intrgration of one or more ordicary diflferential eepuations atul
embiraces the thetheds of Monpge, Taplace, and nthers.

Anothrer olees nf exisienee threorems dealt with the Thtichlel protlen,
that is, establishing the existence vFa solution of AT = 0 vither clivecty o
by means of the Pirichlet principle, The first existence promlof the Dirchilee

44, Afarh. Ame,, |3, 1878, 41)-78,
H, Aall. Sac. Alatk. e Franie, 25, |H97, 10820,
A% o Pleele Mooy Sop, (13,8, TG, 1750,
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prood of the existence af a snfution worrl at "eust mane S o search Fara
sbrions woulid pat be atterepting e mmesilte, Pine el ol eadstenee
womhlalwr ansveer the guestion: What mst we boew abiiet a given phoysical
situatient, lat s, what initiad and bouned oy comditions inan g a sulntion and
prefanly @ wnigue one? tnber abjectives, periuaps ann enyiuged at the
epinning of the work on cxistence thearems, wete s cecognized, Does
the sedation vlinge continnousy witl the indtrab oo ithons, or does e
rdadly newe phermnenon cnter wheg o ioinial ey conedditings ave
varied slightly? Thus a parabelic arbit that alvain. S one valive of tie
tartial velncity of a planet may change ne an ellipte sbic av a comequenee
of 2 shight chasge in the initial velocity, Seehoa dillprence inorlat i pliysi-
vally meost significant. Puniber, some of +'we inctbuadiy’ ngics of sinion, such
wi the e of the Phrighlet principle or Groen's theoreny, presuppased the
exisience uf a particular solution, The cxlaenre of iese parienlar solietions
I et Lpeens estallishied.

Belire we give suene Infel indications o the wowk on existenee thearenng,
it may be helplul to note a Casifcation of partia JilTeremtal equations that
wits avieatly made rather Lave G the ceatury, ety some eflorts poward
uiassificarion by reducing these equations to none! or standard forms had
feen made by Laplace and Poiston, the classiticatien introdured by Du
Hods Revmond has new become standerd, Tn 3080 s classifed the most
grieral homeogrneaus lincar equation o second order

bl ¥ ip Py '
it Room 4+ 8 - T - T Fw e
(14) Ex + t'.‘xi‘yr‘l T‘FQ—F .1-“{‘.* Zit v 0

where the coefllicients are functions of x and g wndh ey and their Grat amd
srend devivatives mre contimnus, by means of e clavactesisties (Clias.
28, see. 71 The projections of the characreriatic vurves o the op-plane
{tlhiese projections arc also called charzcr siariosd sunialy

T dx? ~ Sﬂrxd'inr 1§y l'{.llI= = 1%

e chavacieristios are imaginary, real and distine, or real and coineident
ateneling as

Th -850, TR =& <, TR o= N =,

I Bods-Reymond cailed these cases Biptic, liyee bolic, and paralustie,
resper tively, Mo then pedisted oot that By ineeducing uen real independuent
varialifes

£ = 4{x !"}.

NG, Fowr. fir Aotk 104, 1BHY, 111301,

o = Elx y),
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EXTSTENCE THTOREMY ot

e almwe equation can ilwayy e ansforied into o of twe three Lypres o
normal forne

i , £t .
P;TE+Q~E—1?+.zumn

g £ .

1
Y. e - -
{CJR.-IE._, PE+QE§}+2"=D . o

respectively. The two Lamilirs Alx, ¥] = const, and ¢{x, ¥) = canst. zre the
cguations of two families of characterintics,

The supplemeniary eonditions that ¢an be imposed differ for the three
Tyjcs u!‘tqmu"mm In the cllintic case fa) our comsiders a Bonrded domain of

tut xy-plane umd specifies the value of # on the boundary (or an equivaten:

conditim) dum! asks for e value of & in the demain, Por the titin! vyl
problein of Ui hyperbotie diferential equation (Y cne st speciy o ane
Zuién on soine initial curve, “TChere may alw be boundary comlitions, e
propec inktial conditions fur the parabnlic cuse (1) were not specificd it s
time, though it is now known that ane initial conditon and buundiry
conditions can Lie imposed. T'his classification of partial differential eqimsions
war extended o equations in more independent varialiles, ligher-mrder
tquations and 1o systrms. Though the classification and the supplemenian
conditions were not kiwown varly in the centnry, the miadematicians
gradually became aware of the disiinclions and tese Sgueed i the existence
theorems they were alle to prove,

The werk un cxistence throrems became @ major dctivity with Laughy,
who tlnphd‘lﬂ'd that f‘t‘“ﬂ‘ﬂ' can otten be established where an wathedt
solution i nol available. oo serfes of papers®® Cawchiy nnted that any
partial differential equation of ieder greater than oue can be reduced 10 a
apstern of partial differential vouations, and he te-ated the vxistenee of o
solution e thne systenn He ealhed s msctlued she eafond den fodles e ip s
known today v the method of majorant functions, The ssscnce of e neethand
i 1w show that a power series i the independent varialsies with a definite
domain af converpence does saisfi the systemn of equations, We shallt 3101s-
trate the methnd in conneciipn with Cauchy's work on erdinary dilleren-
tal equatings (Chap, 2% wee 450 His thearem covers anly the casw of
analytic coellients in the conations and analytic initial conlitions,

To ubtain sone concrere klea about Cauchy's work, we shall consider
what it ptics fod the second arder copuaiion in pwo Tndependent varialle

{55} F =f{zr XN Mg F}

40, Comp, fead, 11, 1812, 10N 23 m Camrer, (1), 6, ABE-6T, 2ol Comep. Rond., 15, THIZ,
4150, A5 101, DNI-90 o fFasaen, gfy, T, 17295, 3340, 32,
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pitfills beeaure Yitile was known of the intereal o medeentar structnre al
matler; henge itowan Jiflieuit W grasp aey Dlaysies! peinciples The asomnp-
tiony made av ta solid Bodies, the wir, wd cther vaoiced fiom one watter 1o
another and were diapoted, In the caw af cthrere, wiich presumalily pene-
irates solid bodies becawne Jight passed firongh soree it was alaochied by
whers, the telatonship of the ether moleonies oo tee molecnles of the ol il
Lindy alsn pused great diicultics. We o pot intend a foliow the physical
Menties of Flastic bodies, nor is our undeisranding coniplete cven taday.

Navier™ was the first (1821 w0 tnvestigate the general equations of
rquitibrium and vibrations of rlastic solii~ Uhe naterial was assumed o e
isotrapic, and the equations cuntained & sinule copstant tepresenting the
nature of the solid, By 1822, stimufuted Dy Urevels work, Cauchy Innd
crrated another approach to the theory o clastican.?® Caochy's erprations
comtain two constants o represent the nateriabeol e body, and Toe an
isatrapic body are

il
fA 4+ u) =t bl = e,

a8 &

) “-"'"]?y'!'"'h:ﬁﬁ_—'
ed £ e

(A + p}oan +pdee = pomn

. § = ﬂ & i.i
e oaw o r

Hete v, v, and ware components of diselovemeres, 8 0s called the dilatation,
and X and e are constants of the body + melium, P'ne general anisotrapic
mrdia the equations are guite eonplicated, anl il may he Pt less Loy wriie
them in all genevality, The erquations are wiven by Gy,

The most spectacuar triumph of the ninowentls centimy, with an
enenmious impact on scienee and teehialey, wos Mavwelsderivinieny in
Lt ol e Lows of electcomagnstian ' Maswedl, viizing the electrical

amd wagnetic reseatches of numerous predevess s, notafily Fnaday, intrg-
thicedd the potien of a displacement g
tvplagement currente—and with tis secion feneanqd the fawa of electro-

v woves e ane forn of
Magnelic wave propagaton. Llis equitions, whicl ate o e skt g TR ITIRY
stezedd in thie vector form adopled Later
mnler and jneatve the electrie lelt inrersin B, the magnetic feld

Iy e Dlmayinaele, e Toar

34, Mim. de Pdcad. der Scioy Paris, (23, 7, 1817, 253-4,

5. Enereiced de mach., 1520 = Fueres, {21 &, 1920,

My Mueeciees ' owmath, 192 = (Pwpeay, (2000 VWIS

47, bl T 55, 1055, 450517 = Seientife Supers, 1, 520 007,
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intemity F, the dicleciric constant ¢ of the mediim, the mapnctic perme-
ability o uf the medivem, and the charge denvity p The equation, are

(52) curl B e DHEEL g 12
{53} di"l' IE = f a”d dEV J’"'!l - ﬂ',“

The first two equatiens are the primary ones and ameunt to six scalar
(non-veetofal) partial dlifferential equations. The displacement vurrent is
the term f{eB)fe

Hy wnrking with just these equations, Maxwell predicied that electro-
magnelic waves travel throvgh space and at thie speed of light, Q0 the Dasis
of the identity of the two speeds, bie dared 1w assert that light i an rlectee-
magnetic phenomenen, a prediction that has been amply confirmed since
his time.

Mo generid methods Tor solving any of the above systemns of equanions
zre known, However, the mineteenth-century men gradually realized that
in ihe casc of parial differential eguatioms, whether single equations or
systemns, general saletions are not neirly 5o wselu] ag the solutions for
specific problems where tlee initial and boundary eonditings are given, and
where expericnental work might also aith one in making weful soplifving
assurnptions. The writings of Founier, Cauchy, 2nd Riemann furthered this
realization. The work on the selution of the many 1nitial- and beondary-
value probilems o which speeializations of these systems gave rise is enor-
mous, and almost all of the mathomaticians of the century undertook such
problems.

o

s Lop ]
8. Eatstenee Theorens

As the eighteenths and nineteenthwcentury nathematictans ereated a vast
number of type of differential rquations, they found that metheds of
solving 1y ol these euations were ot avatfubic, Sermewhat as in the
case of pelynomial equations, where efforts 10 selve cquatinns of degree
bigher than four failed and Gauss turned 1w the proof of existence of i root
(Chap. 45, sec. 23,50 i the work on differential Gt i Ve Fatbure ter Gl
explicit solutions, which uf cnurse fpse facte demronsioate rxistene, cintssed
the mathematicians to turk tu preol of the ~xistenee ol solutions. Such
proals, even though they o not exhibiv a sufwtion o exhibit i in a useful
form, st1ve several putpases. The differeatial cquations were in neaoy an
cases the msthentstical lunnulation of physical problems. No gusrantees
were availalile that the mathematical equations cocld be wlved; henge a

38 For e ancaning of curl and div see Chape 32, wee .
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circle, Then the genreralized Cirmpn's 1hearemn phoes,

vonteacted o (6 03

ween the cirele s

(49 2ewlf,m) - —{ fertydedy
+ " [UE — E'I:'_ 4 factsfn, g1 & fr s E"nﬂn"” 'mJ ds
At Mmoo S J

where a is positive if directed to the outside of tles deanang the single integral
is taken counterelechwise over the boundary. Sinee i satifies fiuy = Q,if

we know p and if & and fuin are givenr {balis 2re oL arbitracy] on the
Ul funciion 1 is

heamdary, then we have ¥ expressed as ovinpte Tt
r vanish on the

called a Green's function, though often the copalitFe that
Lonmdary of & is added in the definition of the dineen’s fimetion, Yarigus
speeializations and generatizations of this use ot ireen™s throrein have been

developrd.

7. Systems of Partial Differential Fanations
In the righteenth century the SifTerentiat enqrations of fwid mation pre-
sented the first impon i@ni system of nartat ditierential rquatinng, In the
nineteenth century three more fundaraenial sysiems, the Auid dynamical
rquitions for viscous media, the equasings of iustic media, and the equa-
tions of electromagnetic theory, were trated,

The acquisition of the eguation: of fuid miotion when viscesity is
prescail {as it always ia] ook 2 toriwa pathe Licdee given the egualions
of mution of 2 ftuk that is nenviscaws, Sinee the ime of Lagrange the
rsenitial dilference hetween the motion vl a theid when 2 velocily potential
exiars and when it dogs not had heen preognided. Lot by oa formal analigy
witl the theery of clasticity and by the iypetheis uf nuiltecules animated by
fraude L. Al 1L Mavie AL AT professor of me-
1y s Pomis e Chaussdes,
Qrokes cquations, as

repnlsive forees,
hamics at the Eeole Polytrchnique andd ar thig Mo
obtained the basic equatiens in 182130 The Nawier-
they are now identified, are

57 a1 il
PT}_IFPJ —'E-ijpa*r_.\u
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41, Afim dr £ Acad, drn %ii, Pari, (2], 1827, 175-94,
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whiere & i the usnal meaning; pis the demity of the foid: 4, the pree t. :
x, , and i are the componenty of velocity ::J:l]u: fraket a2 t:nl\ ¥ :P *‘-”T:
t .}’, ¥oand £ are the components of an externa’ force:, th.v:lclnd:ith‘:n?llu
x-.-h!!:h Jevrady o the uatare af the feid, % called D l.l'ut:mr::rrll ::'" , -m
cosity; ann, the dericaive O has tie meaning explained in LI"t’L m:r\’:?;-
sl:c!li:r‘l 5. For ay incuropressible o, § < 0. o o '
Ihe l...-frrlnliuns were alio obtained e T2 By Polssen, 2 They were
I-I‘Ifl'l Tl::‘.!t‘rn'ﬂl tn 1845 on tie basis of the mechanics ol conlinua by I-::L‘t'll‘i.{"
{;al.trle. r-'il.n'.-ru's fIA19-1304], professer of mathemation at Camlsenlee Uni-
w:l'slll'f, in bis essay O the Theories af the Faternal Friction of Plods |
Mnuun.‘l"'*’ Swker endvavored 1o aceount For the frie :iuﬁni au;i:.r;! il;. -:::
known r]Jquid;, which cines the metian o subside by convertine '-r.inrti‘r;
eneriy inloe hiear Flerds, by vinmae of their viscosity, s ek to the surfaces of
mlltlji ant] thus exert tangential forees on them, e
T'he mhj.“l of elasicity was founded by Calileo, 1Tonle, aml SMartomte
and wis cuttivated by e deruoullis and Euler. Bus these nlu-n aleals wil*-hl
sprecific probiems. To swive them tiey concncted wd hor Eu'ﬁu!]:rtr-s trlt.t how
Lbeams, rocs, apd plates bebaved under stresses, prf‘smr::-:_ or 'vacls :1"1,.:-
theory Proper is the creation of the nincteenth century, Frem e 1mgilr1'1lin
of lhlc ninercenth cenurey on a pumber of great men worked pcr-m!cuttl.v uh
IIJ].'rt-'-llﬂ the eguations that govern the behavior of clastic mcd-l'.a 'h'l';iL":
muiude‘s the air, These wen were primarily engineers amd plivsicists .C..'mch-
and Pofsson are the great mathemalticians among ﬂlrm, thm;qh C.--.;wh*.' w-x‘l:
an enginerr by training. ] o
! jl'u: problems of clasticivy include the hehavior ol Dodiss under iirem
w_hl:rcl.n eme considers what equilibrium position ey will mmmr‘ 1".u'
ﬂ];r.‘:-“m,, of budies when set in motion by an initial l.fli.!i-!.ttrlli.i"l.fc or ‘lw.
Cﬂntllluutt:'!',' applied force, and, in the c.:m: af air .l snlriu;[‘]}. wlios I:h‘:
propagation of waves thraugh them. The mrerest in elasticiry in L'ln:. ;lim;--l
teenth century was heightened by the appearioece aleot THI0 af & wave
theery of fight, initizied by the physician 'Thomas Young {1773-1829) ':.nd.
[2y Morgeestine-Tean Fresoel {I?HH-]B??J, an enginecr, Liu:‘:n Wk rtgn:;[r;! K
a wave mption in cther, and ether was believed o he an clustie medium
Heuvce the propagation of Light through ether becane o basic pmb'rm‘
Another stimutus to a strong interest 31 elasticity in the eatrly uint:n‘-.-ntl;
;,I;ntur.r was Ernae F, F, Chladni's {1756-1827) experiments (1787} on the
vibrations af glass aud roetal, in which he shoved e pedal lines 'J'.‘!u:m;
should bie refated 10 1he sounds given off by, for evimipie, a \'F.hr'lll'n
drumbhead. I ‘l o
The work to obtain basic cquations of elasticity was long and Tuil of

8¢, S, de P Reele Paly,, 13, 1811, 1=T4
33, Trams, Camb. PHIL Sec., 8, 148, 207310 mn Math, and Fhps. Papers, 1, 75129
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]m,,-:-.shg-'l]lil.f;: r:n:" ;I:it'lﬁ.': :,l;l;l:\ pljfc:;:;.:l' a liavmnnivady rioving nf.r mass,
ltri: .:l:;:l:tam delermined hw. the elavi ity of 1!.4";:'u 1.1.111.1 1.1.1-.::‘ u'sc&::::
rrguency, and A, which egqua’s 'JHI.’-Q’, isrt':u: wﬂvt.':t'l.l;',utr-h ll‘!- ':[:?.;::ﬁnunus o
theorem he showed that any salutien of e _L. Ko .-l- tr j..i -'I, laulyle tayers
a given domain can e vepresented as Ve Eﬁﬂ'.l ”',?:”.L}{ J.I::r.};ﬂr a-s aue nt
nl mxcitation points on the surface of the t?ﬂml.un. APTHITE R L

ithe Munctions i Green™s theorem, hie olitiined

Lifem™aw o o L0 2 27"
(46)  wlP) = -?.;”‘T Pl .[J YT

Table pa lary.
lierein 1 denotes the distance from P taa varinb!c point on the bﬁum,! Ty
wlhie ' _ on the !
i int P within the domain i which the sotution is sought is
Thus w at any po Favfy on the hoyndary S,
given in wrms of the vatues of w aned Fa0'fy o the Doune -
The work of Helinhol'z was used Sy Gustav K Kivchbod? {! 2 u;
' [ ‘ Syelnetics Txta,
ne of the great German nincleeml-centary roatematical physic st .
b initi - Ave equation,
ohtain another solution of the initial-value problem fin the wave eq
Let us suppose that Sw + % = 0 o fracn
Ay

e = P Ay

i o T {48) may be writlen as
wherein we have letu = we a0 that £ = a4 {46)
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at uny point (=, v, 2} of the boundary ot the instant Taand s e
. tiﬂ;pénding vawe of fuler, tien Kirehhodl sloseed 2% that
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LA 0l g, b e = i g
j_..___'l‘__.___’_‘d'j.*..._ ‘_\l_-___r..-_-._ |
(18] u{f!) = 4w | r ax 'in
lali : tes 1
i all Ath respect 10 & applics
1 i the differengating w _
wruvided thar in the last rerm difte Fesp -~
A insolsr as It appears expliciily 1 bl mrnsvazer g dfnnmlt:n o
e e d p:.;’ in terms of va'ves of ¥ and ewfin at earlier fmes at
) s alsained at P in werms : , ;
e facc surroundiag £, This resule s called Tluygens™y
Points of ihe Closed wur Z‘:F f j et .'I"lli? sty of Podsaon's Tormula.
ineip! ics and it 15 a werit e gt . '
wiple af acouatics
P "n‘f: buve noted that Riemann wwstd a4 sneewlo generalized Grcc;‘is
by e E: . .
! ; The fuil generalizazion of Greew's theorem that enploys the
theorem, H lras Liree e pplnys
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int d _ " "
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Darloux in liis Thivrie génadrale des surfaces;® Loth o

Rivmann’s [aper af
- 1B54{39, I the given cQuation ja

&y Py &y ] Eu
L 42— v K e 1 By o=
{]—Aﬁ-._; r.téy+cil?+ni‘x fr,_y,.ru 0,

whercin e roeflicients are functions of » and g, one {ntegrates the product
) over an arbitrary domainy R of the Tyl
% 1 and Licir first and second partial
integration Ly pars yields the generaliz
that

ane under the asunptiog that
defivathes are Continous. [hen
ed Creen’s theorem, which slintes

“ WM (W) dy dy - —_f f vL{n) dx dy _ Jf- (Qd — P ax),

where the doulile inteyrals are gyer the

interior of f any! the :f::g
aver the bunndary of &,

M inteprals

ity e Hi (A T3 T £ )
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M = gyl s a th
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Mieh is the adjnint expression of Ifu) and My} = 0 is the atljoiny gyl
ferential equation, Conversely L{u} is tlic adjoint of Affp),
The significance of Creen's thearem is that i can e usetd 1 ohiain

salutions of some partial differential equationa, Thus, singe the ciiptic
EGHALION van always I Ut i the forp,

then
Mie) = Ap = Plas) _ by

Let v be w solution of (e adjoint equation hat Brecmies o

warithinically
infinite a1 arbitrary poin (£, m); thatix, it behaves ke

v= Ulogr sl

where ¢ ts the distance fromn {6, 3) 1o {x. ¢); ¢ and 1" are continuous in ihe
domain R Ieing camsidered; and U iy nornalized so that L/{# p) =1,
Now exclude 7] from the damrain of integratinn by crclosing it in 4

A0, Yol, 2, Buok 1V, Chayr 4, 2od gd,, 1915,
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Figure 283 0

where ), E, and F are continuous anc! dilferentiable 1o second order fune-
tinny of ¥ and y. The probilem calls fur finding ¥ at an arbitrary point P
tFig, 280.3) when one knows o and &7 a fwhich weans knowing fuffe and
;'Jr"f'g] aleng a curve 1" His method depends om linding a funclion & l':callcd
i {{[mnmm [unction or charactesistic nction)® that sadsfes what is v
valled the adjoint equation
& M P )
A{n] do__a {,?} 4+ Fo=10

ra I3

x £y X

(41}

and other conditions we shall specify shortly, .

Rigmantt introduced the segments #'7 and PPy of the charactcn?ncs
fhic did not use the term) x = § and i - 1.1_!1!!'1u.11;h .": Now . gcnvra!u:ud
Green's theorem [in two dimensions) I applicd to the ¢lifferential expression
L(e). Ty express the theorens compa Uy, et us inreduce

Then Green's theorem states

ey AY .
{1 ‘!; [el(i) = wif{e)] 45 L (T: + T'i'-) o

- f "Neas e, &) b Vo {m 5] i,
-G

: a r e . r
where ¥ is the area in the figure, €is the entice boundary of S, aud cos {n, ¥}
is e cosine af the angle Letween the rornmal 1o i urnd the x-axs,

b ot the 1aine @t & Tuedlainengal olalien ar o dircen’s Janetn,
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THE WAVE AND REBRGELD WAVE EQUATIONS 693

Beyuni sathfying (4]), Riemanu requires of ¢ that .
fa) s =1 at P,
o
{43 {_b]auﬂu-ﬂ on t = £
iz 28
{c) E;—En-ﬁ on y =y,

By using the condition that M{s} = 0 and the couditions {43}, and by
evaluation ol the curvilinear intégral over €, Riemann obtains

(44) W) = [ (Xoon(m,0) + Yoor (n, ) dr + & Uy, + (en))

‘Thus the valué of u'at any arbitrary point 7 is given in terins of the values
of t, &ufdn, v, and &{ on " 2nd the values of wand z at P, and P,

Now « i given at Fy and Py The function ¢ must itsel{ be found Ly
solving M {r}'= 0 and meeling the conditions in (43). Hence what Rije-
mani’s incthod achieves in 10 change the original initizl-value problem for
v to another kind of initial-value problem, the one for £ The second prob-
lean is usuzlly gasier 1o solve: In Riemann's physical problem it was es-
pecially casy to find &, However the existence of such a ¢ generally was not
established by Riemana.

The Riemann medhed as juse described is useful oaly for the type of
equation exemplified by the wave equation fheperbolie equations) in twe
independent variali'es and cannot e extended directly. "The cxremion of
the mrthod to more than two independent variables meets with the ¢ifli-
culty that the Riemann function Lecomes singular on the boundary of the
doariain of integeation and the integrals diverge. The method has been
extended at the cont of increased complication.

Progress in the solution of the wave squation Ly other methods is
intirately comnected with what are called steady-state proliems, which
Jead to the reduced wave equation, The wave equation, by its very form,
involves the time variable, In many physical probitems, whete one s inter-
ested in siinple harmonie waves, one assuimnes that u = ufx, y, 2™, and by
substituting this into the wave equation one olnains

> 1. =3
. 1 &' Bl B
{45-? -:'iu+|f.l‘.t-'ﬁ—£?+'@i+?:!+|{:’w=ﬂ_

Thit i the reduced wave equation ar the Helinludiz squation, The equation
Aw + ATer = O represents all harmonic, acoustic, elastic, and electro-
magnetic waves, While the older authors were satislied to find particular in-
wgraly, Hermanno von Tlelmbeliz (1821-94), in his work on the oseilfations

26, For lwerdimgnglona? probdems b is & Function of four variable, £, g e, 50d v 11 vt
fien AF(e] = 10 s o T ey s e e g,
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6. The Wave Fguation and the Redwred [Vave Nyuntion
Perfins the ot important type of pa il dulr ool rijitation s the wave
equation, In three spatial dimensigns the Dasic i i

e 8w My o
(6% i = 4 -, = 2T 5
- ix ey o i

s we know, this equation had already o irtrocduind in the «ighteenth
cenqury and had also been expressed i apherivil contdinales. Durug the
nineteenth century now utes of the wave equatinn wrw o, c!pruinl'.?r in
e burgeoning feld of etasticity, The vileativns of andid Lt fes of a variery
of shapes with different inmitial and Bonncary venalitinns apd the propaga-
tion of waves in elastic bodics produced o s af pioblems, Further work in
the prapegation of sound and light raised handreds of achditional pl'.ﬂhlr_'l'lls.

Where separation of variables is posilie, the techniques ol selving {37)
i no different ftom what Fourier did ol the heat equation or Lamé did
afier expressing the potential cquation it systen uf curvilinear cout-
dinatey. Mathicu's use of curvilinrar covndinates Lo solve the wave equation
Ly separation of variables is typieal al hurdieds of papers. 1

Ohiite another and important clas ol rosnln dealing with thctwaw:
rquation was obtained by wreating the vouation 2 an entitety. ‘The first of
wael major results deals with inishlovitur problems and goes back o
Buison, who worked on this equation during the year 1408 10 1814, iis
principal acliievement ¥ was a lormala fiw 1he ‘prupagnl‘u:fn nf & wave
S, g, 20 1) whose Initial stale it deseribed Dy e inidal gonditions

;I—nlj u(”rff! Ly U] = q“ﬂ{xl Ifr ZL "'rr:""ull"l b E.: = &IE’rF! Z}
and whick satisfies the partial differential vquation

£%u &% e | E L
e Mt iR T W

wherein o i a constant. The solution x is iven by
£3 wix,y, 2, t)

L , . :
[l [ dylx + atsin docom Bt abain b osin t,

dralo o
o 4wl vos dlat sin f JF
gy ) .,
- [' ; dolx & ol s chcox By b oul sl dsin B,
e le
2 & af cos dlal sin f 48 I

wihersin #and @ are the usual spherica’ comdinmes. Vhe isteiain ol integra-
vieny 3x the surface of a sphere S, with racing o about the point P with

N | f
Gma &

conrdinates kb, and 2,
£ der i, Faris, {23, 5, M, 121=TH

13, Mmoo

THE WAYE AND REDULCE D wWAYE POUATIONS G

I

ey Pix, v, ]

Migure 20,2

To oliain some indication of what Poisson's retuit means, let us con-
sider a physical example, Suppose that the initial diswurbance is set up by a
Lody ¥ (Fig. 2023 with boundary § so that ¢, and &, are defined on Ml
arc 0 outsicle of . We say that the iritgal disturbance is localized in T
Physically a wave sety oul from V and spreads out into space. Mowsen's
formmulac 1ells us what Tanpens at any point e, y, 21 ooside al' T et and
£ represeie the miniinum and wasimum distances of £ te the points of I,
When ¢ < da, the integrals in {39) are 0 ecause the donsain of notegridio
i the surface of the sphicre 8, with radius at ang cener ax £ Since &y uned
4, are 0 on 5, then the funcuon # 35 0 at /. This ineans that the wave
spreading cut from § lhas not reached 2 At § = dla, the sphere &, just
iguches X 3o the leading front of the wave cmanating from & arndves a fo
Between 1 = d'a and 1 = Dfa the sphere 5, cuts 17 and se ={F, 7} # 0,
Finally for ¢ = I, the sphere 5, will not cut § {the entivg region 17 $ies
inside .§,,1; that is, the inittal disturbance has pated through £ Henee
again v(#, £} = 0. The imant § = g corresponds to the pasage of the
trailing edpe of the wave rhrough POALany Even thine Frhie racddine relee of
the wave takes the form of o surface which separates noints not reached I
the disturbance from those reached, This teading edpe is the envelnpe ol the
family of splwres with centers on 8 and with radit of, Ty weminating odye
of the wave at time £33 2 surface scparating points at which the disturhaneoe
exists from these which the disturbance has passed, We e, then, tha the
disturhance which s Tocalized Ty space gives rise al vach potng P an offen
that lasts only for a finite rime. Moreover the wave {disturbance) hax
leacting and a rerminating edge. ‘This entire phenomenon is calted Huvnens's
principle,

A quite different method of solving the initial-value problem Rw the
wave equation was created by Ricmann in the course of Wiz work o the
propagation of sound waves of finite amplitngde.?' Riemann catsiders A
linear dilferential equativn of secund order that can be put 1 Lhe Fortn

£ fu £ . -
4 = -  — = {
(40} A P + =t F = + Py o= 1

H ABR. der Gea, der VDL g0 Cipn 8, TEIBIO 4365 [l 100



aR1 FARTIAT, “IEREREN 1Al 1 QUATIONS 1 800-1000

Lamé introchiceed eeveral new cdopdinate sy ctems v the 2xpress purs
puse ol wolving the heat cquation in e
three Bamilies af surfives given by the equation

cayateie, ' 1T ehiet syt was the

e, - o
reiaaiey puiare Bl Bl
_‘-ﬂ‘ F.I :!

+ - ~ 1=
? H-i — b& + Iflr — .r* -
o, A = | =@
Brgog tpma - en

where A o % 5 pd o 3 > % Thee three Damilies are ellipsoids, hy.
peelralnids of one sheet, and hyperbolaitls ol twa Wlies, all of which possess
e same foci, Any surface of one fainily ot all the s laces of e other twa
orthogonally, and in fict cuts them in Hees oF carvature TChap, 23, see, 71,
Any point in space aceordingly has coordinites £, el namely the A, p,
and v of the wrfaces, one from each Farrily, whiceh ga dueugh that poine,
This new coordinate svstemn s called elipsoidar, though Lamé cailed it
eliptical, a term now used for ancther sviem,

Lamé transformed the heat equatiom For the steady-state case {tem-
perature independent ol timed, that ., the putett il repsation, to thess
eopordinates, and showed that he cou'd use separarion of variali'es to reduce
the partial ditferential equation ro threv ordina-y differential equations. OFf
course these equations must B salve! sulyieer b appropeiste beundary
conditions. In a paper of B39 Lamé studicd Tather the itfﬂﬂ}'-ﬁlal;:
rereperature distriliaijon in a thregaxi elipsoid add pave 3 comp'ete soly-
tioh of the problens treeied in s 1838 paper, Do this 1030 paper he also
inteduced annther curvilinear cnordicate syutem, now called the sphern-
conal systomn, wherein ihe eoordinate < fiere a0 Sanity ol sphieres anid
twir Tamilics of cones, This ysiem ton Lame wed 10 soive heat conditetion
profems, Lamé wrote many otler puirsss an e £oadinclian ming elip-
soldfal coordinaten, including 8 seeard oo ol Tl s viduaie ol e
Journis! Je Mathimatigues, in which he treantspecin’ cases w¥the ellipeoid

The subiect of mumally ortieeons] Ganites ol wirfueey had suel
whvious impontance inthe solution of D tid Gitferenrial eoquations than it
becerte a subject of investigation in am! Dor pacis Inoa paper of 18341°
1ad comaderrd the grm_-m'l prq:pcr'[irn‘ u!—.'lrlz.' thee Bondties of emumadly
cretnmeenal surfaces and gave a proceduone Fv capresing a parnal differen-

14 Areales dr Chimie of Plasrgur, (11, 53, 1532, 1002103,
1o, Jowe e Afark, B, TEYD ViR A

7. danr, Je Medh, A, 1HEN 355 -85,
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CURVILINEAR UDORTINATER fifgy

1ial equation in any orthogonal coordinate system, a technique used con-
tinually cver xingce,

{Heinrich) Eduard Fleine {1821-81) llinwed in Lame's tracks. 1Trine
in his doctura’ dissertation o 18421 @arermined the porential (steady-state
ternperatneed not merely for the intering of an ellipsoid of revniution when
the value uf the potemiial is given at the surface, but alwo for Lhe exterior of
such an ellipsoid and for the shell between confocal ellipscids of revolution.

Lantet wary so mueh impresaed with wliat e and othiers accarnplished
by the use of triply osrthogonal coordinate systrnrs that he theught all
partial differential equations could be solved by finding a suitalle syptem.
Later It rralized that this was a mistake. In 1854 lie pubslished a book on
the whole sulsject, fegent sur fes covrdonnées curifigner,

Ihougl the use of rmutually ortliogonal families of aurfuces as the co-
ordinate surfaces didl not solve all pariial differential equitions, it did open
up a new technigne that could be exploited 1o advantage in fay Prob-
bemis, Ihe use of curvilinear coordinates was garvice pver o otfier particl
dilTerential equations. “Thu Emile-Léonard Mathieu {1835 -10001, in a
paper of 18GA2® (reated the vibrations of an elliptic membrane, wlich
involves the wave cquation, and herc introduced elliptic cylinder coordis
nates and lunclions apprapriate to these coordinates, now called Mathieu
functions ((Chap. 20, see. 23, In the same vear Fleinrich Weber ((A:2-
1913}, working with the cquation #%ufdx” + Zluféy? + A% = 0, solved it
for a domain bounded Ly a complete eliipse and zlse for the region hounded
hy twa ares of conforal ellipaes wnd two ares of hyperbolas contocal witli the
ellipses, The special casc in which the ellipses and liyperholas become
coufocal parabglas wis also consideeed, amdd here Weber introduced Tane-
tions appropTiale to axpansions in this cuardinate system:, now called Weber
functiont or parabolic cylinder functinns. In hiy Cours de physique mathima-
tigue (14731, Mathicu tonk up new problens involving the eilipsoid and
introdneed il other new functions.

Orgr discession of the idea initiated by Lamé, the use of curvilinear
conrdinates, deseribies just the begibning of this work, Mlany other conrdi-
rate systeros have Deen intraduced: corrponding apecial functions e
result from solving Uie ordinary dilferential cquations, which arise from
separation of variables, have also Leen sindlied. 2? Alost of this oy of
speeial [unctivny was created by pliysicists ar they needed the lunctions and
wtheir properties in coverele problerns e ale Chap. 297,

19, Jowr fur Afeh U6, [IE PE3-HG

20, Jawr, d¢ ALk, {27, 13, 1854, 137-203,

L b aw, L LI, 1=01,

P e William E. Ryrly, JTn Plemeierg Treative on Fourier Series, Dover feeprint}, 1058,
and KW Thubwon, The Fheory o 3pderical and Kifigoidd Haosenies, Chelica Ireprint,
1933,
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Himmann's work on camplex functions guawe i new rm;mrmnc:: t? the
' . - 1 . 1
Dirichiet prob’em and the principhs itsell, Ricwams procl’™ o 1hf!'-_
existence of Foin his docioral thesis ased the twve-stimiensiomal cl-un '
ehlet princ i i an Lo Dinedl peraliecc,
the Dirichle principle, Lut it was net rigomons, as e rea e
tWhen Weiersteas i1 his saper oF Y prosenied aoentigue ol the
e i howed that the e enistenge o & minnizing £
Tairichlet priseiple, he saowed thal tar s Jiedarf st

was pof sipported by proper argumens. [t wns L'Ill'rll_‘l.'t IT.hm‘. l"lnr arlllhu,(::
inwous differentiable functions L that gn oty lrom l;:.‘ i p .H |
et the preseribed poundary values the inbegral h.mi a .!'au:szrnun 1.. 1L:I|L
whether there it a function Uy i thre s laas ol rnnlln‘:m.u!!, tifleremiable
functiony that furnishes the lower Lonnd R Test e-ﬂ:;u.:'lns.ucd: .
Another technigque for the solution ol the !Hl'.r.nl:'.'.ﬂ iqlmlmnzﬁﬂ;{;any:
complex function theory. Though At Illl I".; mf-;'ntnf 175 m{l .I?|IL:;
27, sec. 2) and Euler in special pmb_!:nn !m._". n:..n. 1.!~M Le¢hnigue tr!l]- cu\:;ur
potential cguation, it wat not unttF Hl.*..' TTRTLIANT ”‘._l.ru‘. runc.lt:;:n]t " < -“:’:
Mot complex (unction theory was wta!:g.: enpfHove in Emn.-nn]a Lr.l L :-} l 11
relevance of function theory Lo pabertial ey rests o0 t:.c lh;_,a hl.u. 1
u -+ iv iz an analytic functien of z, then Fat] ul-.md : satisly ]':lld.Cl:s.
vnuation. Moreover, il v satisfies Loy 2ce's eigiation, Lhen the cnn_?uﬁau.
function g such that u = 0 is anaiylic 'H'L‘l:is?ﬂ'.l:'!.' uXists {Chap. ??. seC. }
Where the cquation by o s uwen! in ﬂ.."LI "o, the l'uml:tmn "{!"-F{-I.s
what Helmhiohz called the velocity prential, ;l!l..l.l e P':.-‘E_x :”r“ :,r.-l;_e,'
pepresent the componenis of the velooity al' the r.lmcl AL any F’””“}ﬁ‘aﬂ‘ :[
the case of static elegtricity, u s the dlvetmtatie mntential and (‘u,r ,: ary
ixfy are the components of electric fuee: T taul caves the .c_l.}ru.:. n o=
const. are efpuipotential lines and the cutves @ = crmjl.., whz;nr are I.I::l'-
thogonal to u = const., ate the Non or sream Vnes :[111:? o Iorf:e c-‘r
e 10T b iy cablert thie strearn Tunetion. Thr intreduge-
creeuicity}. The function fx, g} i c2.en L : fon. Thr nurod
sion of this function is clearly helpful Tecanse of s ph"l.r.-m:d sigu A .}
Oe advantage of the use of complex !—’"":.1 hon theory in :o._\mg}:
potential cquation derives from the .I'.'mL 1t11.u| o f‘} =!{"[x;-_ry:l|] L:;h:n
mtviie funclion, so that it real and fnaginany parts satisly A =10,
e t.ransl’urmalfnn of x and y 1o £ am! 5 Ly
o= alx

£ = thxr 5"}1
where

= §+iy

produces another analytic function ©{{) = fi[{ + fy), and i”: real T:ll
{mawinary paris alw satisfy AVEE n) = 0. Now if the original potenti

14, Clap 27 == 8,

(L3
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probiem AV = § hax ta be solved in some domain 2, then by proper clinige
of the wransformation the domain O” in which the tranuormed AF = 0 has
to he wolved can be much simpler. Here the use of confrmal sransfrma-
tions, snch s the Schiwars-Christoffe! transformation, v ol CECAE selvige,
We shatl net pursue the uses of complex {uncting themy in porzutial
theory becanse the details ol its use go far beyend any basic rmethndology in
the solution of partial Jilercntinl cquations. Tt fs, hewever, again worth
noting that many mathematicians resisted the use of enmplex functions
because they were siill not reconciled o complex numbers, At Canshriden
University, mven in 1850, cumbrous devices were used 0 avioi! involving
cotnplex funcouis. Horace Lamb's Treatite on the Mathematical Theary of the
Mution wf Fividt, published in 1879 and still a clawic [now known ay Sydro-

dynarmies), was the first book to acknowledge the acceptance of function
theory at Cambridge,

5. Curvilinear Coordinates

Green introduced a number of major ideas whose significance cxtended far
beyond the potential equation. (Ga'sricd Lamé {1 795-1870), a matheina-
ticin and engineer concerned primarily with the heat equation, introduced
another major lechnique, the use of corvilinear coordinate oymems, which
eould also L used for many types of equations. Lamé pointe out in 183314
that the heat equation hid Tieen solved only for comducting Lenlies whose
surfaces are pormal 1o 1l coordinate planes x = const, ¥ = const., and
z = cnnst. Liad's bilea was 1o Infroduce new systems of coordinales and the
corresnonding coordinate surfaces. T'o a very limited extent this hal fieen
done by Euler and Laplace, both of wham used spherical enordinates a8
and ¢, in which case the ¢oordinaie surfuces p = canst., # = contt., and
$ = const. are spheres, planes, and cones respectively. Knowing the equa-
tions that transfonn from rectangular to spherical coordinates, nne can, as
Euter and Laplace tlid, iransform the potential egnation Feenn rectangutar
to spherieal coordinates,

The value of the new coordinate systems and sorfaces is twofold. First,
2 partial ditferential equation in rectangular cuordinates might not be
separable intn ardinary diflerential equatinns in this system but might be
separable in some other sysicm. Secondly, the plivsical problem might cal!
for a boundary condition au, say, an ellipanid. Such o Loundiy is repre-
sented simply In a coardinate system whercin one famity of sirfaces consisg
of ellipsoids, whereas in the rectangular system a relarively complicated
equation inust he uied. Moreover, afller separation of varfalileain the proper
coordinate systetn is employed, this boundary condition hecomes applicabie
ter Just one of he resulting erdicary ditferential eguations,

14, Jour, e Feole foly,, 1F 1R33, 194=251.
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wliere the interal extends over the supface, woed o0 the deriviative of
#7 in the direction perpendicular te e sut e anl Sren the bordy, Tuis
nnderstood That the coordinates of £ wre comtained in atlin and are the
armornents at Tlyis Tuncton £ inteduced Dy fpeen, which Ricmann
treen's furction, ecan: a funclamental concept nf pastial

Lt ettt {
“pwinestial fngtion ™ bor

Sivrential cquations, GGreen hirmsell e il teyen
e .\5}“-,‘-‘,“1 [nction £ as well as Tor 17, AR HR T At olitaining anlilions of
the patential equation, as ppposctl L e el of using weics ol specia
Funetinns, 14 called the ethnd of singlarities, Thery i wofin tedely no
ve funetion £, pur is there 3 yeneral method for

general expresion for 1
hysical meaning of

linding it. Green was content 1 Lhis mmatter ta give he p
{1 for the rase of the poiential created Ty clecnie” clurges.

Green applicd his theorem and concepiy v clecurical and magnctic
problems. Tle also tonk up in 18330 the prolitemn of the gravitatinnal
potential of elipseids af variable densities. Tn this wark Gireen sirowed 1hat
when 1" is given on the houndary of a body, thee ir just one [Lncrian that
calistics A1 = 0 toughout the haly, lias un stngnlarities, anl har the
given boundary valoes, To make his prroof, Green avumed Lhe existence of

a metion that priinimmizes

v elyE M)
: er i e e .
(33) {{i l(h) . (;I”} SEARES
yis 38 the first use of the Dirichlet principle (s Cilap. 27, sec. 8).

[ this 835 paper Green did mnhonl G wrk iz dimensinns instead
of three and also gave impurtatit reantts o whad are now called ulira-

spherical functiens, which are a genvralization o n variables of Laplace™

spherical surface harmonics, Begawse Cireea’s wok did mot heonme well

Lyl [OF sene time, otber men did s ol i went & independenty,

Coreen i the lirst yicat Engiish ma
the work done on e Clentinent alter e
Eameland, 11is woth ispired the gresd Cambridue w vl of mathematica!

ohivsicists which Leluded Sir Wikliar Charsore, St Gabriel Stokes, Lonl

Dematician fo aae un the threatks of
Tutrartection of aalysis o

tayleigh, and Clerk Maxweil
fatowed Ly Caus's masterfal work ol

(hreen's o hievomitnis were
dpuna anfdie b verkelrten Ve

et Allgemeine Lelirsitze in T
otepisse des (duadiats der Entfernnnyg witkemden Angiclnnenml Ah-
stnsmgs-keafe ™ *(leneral Theatems Aorraclive and Kepalsive Doreet
Whicl Act Accerdig the [overse Sipmne Wl the Dostanged, Ganss privvet)
Voo sy Poiwnn®s Teatilt, nancly, vt A = = dmp nt & pusing inside e

acting s, wnder the condition thar g is constiriions il Usal greing and s

b Traws, Camb. Phit. Sae., By 1835, -1t - atberatizal Papers, T8

[ 1. Brawitale cus den Heobochiurmgen o1 meghele

e Tanr Sl 1 1 = Walke, 5, ar-id.

Fal ot

ey

THE POTENTIAL EQUATION AND ORFEN'S THEOREM )
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S . S N
“;-1” toanain around i, This condition {4 rnt Tulfilled an the surfices of 1
acting mawe. Thr the seface th itiew 7 . i
. a o quantities KRR FRITOLT B
have jumps. q JAa? BT fiy®, and £7 1
‘TTe work thus f i
ar om e T i
reney otk thus far !l‘ ﬁﬂtfrltlﬂ]t'cqllatmn and on Poivon'y ~quation
ree of 2 solation. Green’s pronf of 1) i
e ot . s P f of the existence of &
e ceested enlirely onoa Hhysteal y
. ystcal argument, Froms tl i :
o ; . C exAtE e
Lnd[mml e fundamental prablem of potential theory was to show
existenge of i i i )  Thammse 130
: we ol a potential fubeton 1, which William Thomson alout 18340
vil ‘tt| a Iarmonic Junction, whose values are given on the bound r
region and whirh saisfies 817 = 0 1 bl i
. = 0 in the region. Qae nn rsly tlad
hirh : 1 ; - tarht estalafisly thd
d;ucllly. or Lstaliliadi 1the existence of a Green's Tunction £ and from 1!

{ e . e hal
. nalln;f- Fhe proliem of establishivg the existence of the Creen's {unctio
or afl I7 il is keroown ax the Dirke I ol

irtchited probte:n o th
. ! _ e o the figst botundary-value
proldem ol potential theory, the i ' bt
hipory, mast hasic and aldest exi :
" pen _ c d t existerce prabicm
ufl the sulject. The prollem of hindimg a P osatisfin: &7 = 1} in ' FegTi
r . - I TR
1:::: n e rmm:al derivative of 17 is spreilies! on the Boundary is c'l“t‘t:‘ﬁ‘i‘
i;:llll‘l:'.ﬂ.r;-lj.‘rn:.:[tln, alter Carl 030 Neormann f]flfj:_’-.:f_!“".'l 'II. e "
ipzig. This problem is called th roble "
' " ¢ second ! pral i
o Mndamental pealilem ol proienial
] - pro ishi
Can 1t E]}pm:mh 1o the problem of extablishing the existence of a slution
. e ack 1o [ Kist ATy
, . which Green had already wsed {wec [33]), was brought in:
prominence by Witlhan 11 . g Toughil tikin
l y Willfwan Thomsoen, Tn WP Thomson annn L
pros ¢ Wititun 1 Lomso 477 T uoannounced the
p TEm of princinie which in England i3 named alter him and o the
Iu . . voa . . . .I
ﬂnlm;‘.:llt‘ is called the Divdchlet primeipde Lecawse Riemann so pamed &
10U b . \ ‘
! g 1 tennson stated B a somewhal more veneral fwm, the cssenees of
TS : : Consi I 1 . ‘
. prine !pl!'.:nal.]r b: Pt tl_lus. Consider the clags of all finctions £ that have
:1nr11|:1||fnn derivatives of the seeond oeder in e dnreiar and exted
. v - .t ' * ' L ST SR S () L
domains Tand T respectively separated iy s s fee £ he B aoe to I
cottinuous cverywliere and assume o 5§ the values ol a conninnag 1I'l'! ti
tinuous ¢ whe i as: o ol tanages [unction
JOThe Tunetion 77 that mininizes the Dinchlet integrad
ot

{34} ! = E“F {fﬂ)z + (i!i\lﬂ ~ fi)JI ifr

A ix ;!‘;! "0.".: )

iz ih ; R E ’ )
3;.]1 € ene LI"T" satislics Al" = Qand takes on tie valae fon the boundary S
e g . o, K3 e =AY R
‘ E”I!";”"“I” Letween (3] and 307 & that e sl vartation of £ in the
senne of e vnlc Tt x ot ) !
I Sine lr"_" F"i'"ll‘;“’r"'d'rh"““'“' is 307 s this mnst ba U Jor oo minimising
L Since B real 1 8 cannnt e negutive, 1t seczaed el that nbnuizing
Fupctions 77 miust ex i . e At A mEnEEtg
Ao s oeaist, angd 0 i3 then nol ifTieul e pweove 0 s waiguee Pl
itichler principle is then ote approac) b .. ! e
]y 2 e T e 1l -
1|1rur}-. v prratlem nI!'Iu el

12, Jewr, de Mark 12, 1847, A0 TN Cambrid, i
Math, and Physited Popers, 1, 039, vidie and {hublin M4tk Sorr, 3, 148, AT =
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Jistrilation in a body, theugh vATYiLg [rang v e soinl, retains the
casne A% Hme vAFes, or i in the sIERey state, e 3 £ iy indepemslent nf
dmme and the brat egnation reduces te s petenaial mration, The creprfiasis
on thie puteatinl equation for e cafeuurion uf g iationd ALTFAC Lo Conie
sinued in (he early nincieeuth contity e awats e enebred iy new el
ol .-.pp'_i};minns i elerlragtatics and sunmneioeslies, Phere tow the attraction
of ehiiproids wad a Rey problem.

£ine correction in the theory of prravitativind arfbaetian s exprrosed
by the porential cquation wus made by Potpre.” Lapince {Chap, 22, sec. 4}
bt assumed that the pozentia! cquat o

al 'l.l‘ E_\! I.’ .

T VR
% + B T '

;2]-‘ .

(30)

wherein ¥ is a function of &, 1, and &, hotde ue any point fxy, 2} whether
e or outside of the body that exern e gravitational attraction.
Poisson showed that il {x, g, z} lies imide the attracting body, thes ¥

satisfies
. 2y @y F
{3 A + nTy-'E + 2 —1np,

where p iy the density of the attracling oty wnd s also a funetion of x, ¥,
and = Though {31} is stiil calied Taivenn’s rquatinn, s prool that it holds

was nat rigorous, as hie Limsell revounized, cvon by the standards of that

HIt1E.

Tn this same paper FPoisson called attention L the wiilivy of this function
b in electrical investigations, pemmArsiig fiet i vatue over the surface of
any conductor musi Le constant who slecivicm charee i allowed ta (lis-
iribine itsell over the surface. In otlier papers he solved & number of prol-
tems calling for the distribution of Jarge o1 the surfaces of rorducting
LoxTies when the bodics are near cact atier. His hasic principle was that the

cesultant electrostatic foree it i iverior of any ane of the conduciors

must fe 201 .

Deypite the work of Laplace,
nothing was knuwn in the 18208 ahone the general properties of solulions of
[t was belicved tun the ceneral integral niest
netions, of whicl oue wives tie vatue o the sojutinn
her, the derivative of the solutign on Uie

Poisan, (rauss, and others, alimoat

thie prtemtial equation.
contain two arbitrary fu
on the boundury and the ot
boundary. Yet it was known itt the rase ol stearfy-slale ieal conduction, in
atial vepration, that the tenperature
dimensirmal body is determined
o e suerface, Tener e of the

which (he lemperature satishies the pate
o1 heat distpibution throughoeut the three
when the teraperatore alone i speticd

T .“-'nu" de fa Sne. Phity,, 3, 1618, 383 ML
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THE POTEN PIAL FQLTATIOE AN GHEEN'S THROREM 3
) it
arlitrany ST TR .5 i
arlatray o tEons i the seempesed genrral solution of Qe potentiad equati
miist somwliow be fixed by somc other condition AR
AL this peoint Geor - - -
A his voint George Green {LF03-180), a sefltaught Bnglish mathe
maticiin, I.‘Illn.l.t‘l'1r}n'|'|.. tocrpeatstatic #heerric ity amd rmagnetisng i eron 1
; L . r . . ey . ’ :
r;'. ||;::l.rT'| ttival fisliiony, T 1828 Green puitishied a privatey printed 'rm-’-'rl:
. ! " ' ] : L H wi
4 p:f 1;:@' ast .'.ﬂt.. pfication af Maethematiiaf Tnalysis tu e Fheuries of I"f:'rfrfr'.l-n';
ar ; "TIs il 1ee il Si i i
Iéu:l ;tf:?]r;;m:: I'Mig was eglected undtt Sie William Thoamson {Lard Keivin
-1t disewvers] dr, rrengnized s ¢ i ; r
. ! . : real vibog, and o 3 i
in ihe Jonrnal fiie Adathematih® Green v:.lu fea LIII e IJMI‘lj R
. o wha fraraeed mgeh from Poisson®s

T-‘ﬂl-? 1 ¥ r oovar i .d LIvEY lhﬁt nu!iﬂn i
cri, als Tie " ol the potential 1 o trici
magn ) I upclion o et trioity

Hestaried wi ; i
e vl "f“h {30} and proved the following thearems. Let £/ and P
e .1}, wo continuaus functions of ¥, g, and 2z whose devivatives arc 1o
§ ; r ’ ¥ e ! ! i ol
infinite a1 sauy point of an arbitrary body, The major theorem aser thae
H T il

fwe shiall used AT for ihe left hand sd i
e o v Left hand side of {30], thuugh it was noe rowed Dy

(32) JIIUavm+f[u%¥k

. -JJ‘J’ V;}.Ud’u+fj V%‘r“l

where 7 is the i i
where 1!_1;11_ wurface nnrn:.la! af the bedy dirccted inward and do ix a surface
Eki .fm:-:lcnr:m {32), incidentally, was also proved by Aliche! Usiro
gratdeky {HH1-t1), a Hyssian mathematici 4 it to the St,
matician, whno presented i ]
b . g it tlie &
Petershurg Academy of Sciences in 18280 o the B
G d ire
s rrctn It]u:rt shawed Ural the requirement that F oand cach of s first
epivatives b continuony in the ineed
Y s interior of the body can be i i
1 i Haparseg[ 1nstened
o .
fa boundlr}; condition on the derivatives of V. In light of this [act, Green
rﬁ . . - - . . ) * !
1:¢p [r_nu_{l !Im thie interior af the Dody in terms of its value ¥ on the
wuandlary {which function wewld be given) and v termes of her Muncti
tf which has the propertics: {a) & must b other e
| ! the propertics: {al L/ must be 0 on the surface; {bY at a Bued
:Jl.lt uur::l:rrm:lmzd point Fin the inrevion, £ beeomes indiniie as [ rowliere r
. . '; ) . . ol |I 1 I.
i ﬂ-u-..u. istance efFany ather point Irem P; {e) £F must sativdy che patential
e , . : Ir ust satidly ¢ tenti
qud.l r|] {30) in .Iht interion. 1T £ is knowe, and it rmight be Tound more
readily Tecartse it satiales sinipler conditinns tlean 1 then
represented ar every intesior poing by J |

drf = —-]‘[. E'_H‘IEL,’

i

FForan

- %

B, Jaucr, fur Math, 35, |83 T30 44, 185
A \ L A N 7, 15079, ’
Wdathematioul Paperss W71, 4115, ' 9 ancl 47, 1854, 161-221 w Lretn’s

o, Mém, Acad. vei, St Peters,, {67, 1, 1831, 2053,
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wherse @y wonld nanally De the Dnital Tneion, Y o P Haiting proves™
that seplaces o, Ty 2 and n dey g, breoleaing

-
Find vosgedh,

r28) (-

Ylra

.0

wlere Py, an even funetion, is the given iniifal wgpenaiure inilie infinie
doanain, Then Ty ooxing (231 10 {32 a0 by o fonerchange of the order of
smrrghation, which Fourier does aot I i gpuestéore, e s

L} -

2= -
o= ; J,u, F{E} nr"‘flu r b L% s e g .qﬂ?‘

o
Ponrier tlien does the omalogeur ehing Booaon ouwled Flad and so Ginadly

i it

Fraddal®

y a
+ - T,

- I ¢ TN 1 Jlf':.'l. - 4’:3 P;I?'.
” -y LN

g b =
Thus the sdution iy expreised o chomd foon, New e oroa ) i is Ml
whirlt could e any given function, Hewe Foorfer asserta thae, for an
ebiteary (5],

. ] " r‘&
ELT Fizt = = i' FiaYde o wnsgfa = o) 43,
- L S . * ’

wor
"

wiel this 35 ome Farm of ke Fourier Conlecintmrrad reprasenmtation of an
,|.|I|il.r.u1‘.' Soretien Do s Lsowrk Torareer Slpmoey! Yoo Dis sl Ay Ly wf
dithremial couatbons with G niegoa’s Vhie e Secin the et the v (21)
= oehtarmed I:H_.' ALY [0, then 1123}" hivms o b oaali~lies e Faditial erm-
Jitn ot o= O Saerher gse ds o mesy ovident 10 caes wrines Cwe Foaner
inteeral in exponential frrm, using tie Botvr celation, ¢ = eos a3 78in
Sluen 205 lecomes

-

Flule® e e

o .
Fy =g (T ol

This e shows hat Fad ran e ooesoleeld inte wn tdiice aumbeer af

hatinonie comnpanents with continuoee's saryiog licguemy g%e and with
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T M derer waramy, |, IR 32312 m 0, |
oty e du Sew, Pl FHET, V21200 wa (Rureen, ), 0, 423 11

(T3

&

THE FOPENTIAL FQUATITN ANE OREEN'T THEOREY 601

Laplace in 1270, Thoush Canchy sets up the general Liydrodynamical
v Uit Joe it Wivese N alfimost at enee to special casen, {n particular he
considers the equation

n 2
b S
L X r:y'

in which ¢ is what was later callad a velocity patential and r and y are
spalial coorclitiates, 1o writes down without explanation the salution

(cf. [22]}
26) 7 = [ cos mr = vnftm) dm,

whereln f{m) is arbitrary thus fir, Since y = 0 on the srface, ¢ reduces o
a given M{x),

{27} Flx) = {’: cos mx f{m) dm,

-

Then Cauchy shows that
{28) fm) = 2 (.cm mu Ffv) d
w1y } -
With this value of f(m}
2 e re
(29) F(x) = ;J a L cos mx cos mu F(4) du do.

Cauchy thus ubrains not only the Fourier double-inteira! representaion of
F{x}, but he also has the Fourier transform from f{m\ 1o Fixd and the in-
verse ramviorm, Given #{2), f(m) is determined by [28% and can e g
in {26). .

Shortly ulter Caucliy turned in his prize paper, Toisson, who could? not
compeic for 1he prize because he was a member uf the Academy, puldished
2 major work oo water waves, " Aémoire sur ia thénrie des ondigF
this work he derjves the Pourier fntegrad v abouwt the same manner as

Cauchy,

4. The Potential Equntion and Green’s Theorem

The next Cenilicant developmient centered about 1lie prteatial cquation,
thevgh the pritcipal resuly, Green's thearem, bas appicarion Womany other
types of dilferential equations. The potential equation had Rgured jn the
:igh[rrmhq‘cnlllry werh oo gravitation and bl ates apprared n the
ninelreuth-crnlury work on hesy conduction, for when 1he LT bg

6. Afém. de Fdcad. des Sei, Paeks, (33, 1, 1916, 71185,
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represents @ fupction nver an entite interval wonteas 2 Taylor series
1epresents @ functinn unly in a aeigh'soduead ol point al whiceh s funeting
is anatytic, theugh in speeial cases ahe vadios of comverence may le
InAnite,

We have already noted that Fourier's paper of 187, in which Tie hag
maintained that an arbilrary fimction van be cxpanted in s trigononetric
sevien, was B well received by the Academny of Sciences of Pariv Lagrange
in particular denied firmly the powsibility of snuh wossnsions, Thoweh e
criticized onty the Lick of rigor in the paper, e was certainly distorbed by
thie generality of the functions thal Fourier entertained, becanse Lagrange
s1il! believed that a function was deteynined By i vabiees in _nqu_f arhitrarily
sinad! interval, which is ll'u?ﬂranli}-‘t;:: fanctions, Tn fast Lagrange relurned
o the vihral.ing—;lfl'ng problem and, with no Letrer insight than he had
shewen i earlier work, imiated on Jefending. Luler’s contention ihat an
arhitrary functing cannar be represen:ed by a irigan:n:nctric series, "oisson”
did assert later that Lagrange l1ad ~lwown that anarbiveary function e he
representeed Ly @ Fourier series but Taison, whi was envious of Fourter,
suidd this 1o ol UVaurier of the credit @l pive it o Lagrange.

Fourier's work made explicit another fue! that was also implicitin the
cighterntheceniury work af Luler im! Laplue. These men had expanded
lrnctions in series of lessel functions sl Lewendie polynomials v order tn
selve specific problems. The general Lt rliara lunetion might be uxpar}dn]
i aseries of functiess sugh as the wieanoemettic finetions, Bessel funclions,
#nd Legendre polynomials was thrus fnte the byl by Fourier's work, Tle
siowed, further, linw thee initial ceoduien weweed oo the solution of a
prartial Jilferential equation cow’d D sors, amd s advaneed the technigue
of solving such equations. Fowrizr’s waper of 111 theugh nou puldistied
until |824-26, was accesible to ol men i the peantime, and his ieleas,

wt [irst grudeingly accepied, finally wuon favor. .

Feattier'y method was taker up smnediale's Ty Sindona¥enis Poisson
FIFHI=1040, ane of the greatest o pinewenth-coptiry analyss and a
livsteclase mathematical physicist, Though b laiiwr ad wanted him o
sudy medicine, lie Beeame s student and then pealeeer ot the feaatainhea!
o pinetseatleeentury French matlicaeaies, the Eeo'e Poiyiechniqee. Tle
worked i the t!wu:n'."_.'r of heat, was oo of the D oinder s ol e patieamatioad

theory ol el
1_:|-.1'..":'!-.'!'.iul1i‘|'| porential be carried ever to staris slronicity and nanelisn,

Poissn was sa tnrch Dnpressed with Fowiee's rvidenoe thal arbitriry
functions can e expanded 51 a0se e ol o i fie Delicved all [l-‘tt:!l'.'i.'
dillerential egpativm conlel be solved by weeies cepaysions; cach tormm of the

. ) ¥
v, was one of Ui [iral 1osnoeest that tee theory nlthe

. . " I- : AT U BRI Foor peaghy ]
wetirs wou't! inel? be a praduet of functions Wl Y one for eachy Tnede-
dahte. Uhese expansions, el e oaced the most gesteral

Iwrlﬂr
Le alys Delieved that fan mpansion Jiveeged, thes meant thal
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ferential equations, one oY the major eflorts during the
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one shemlsd seck ao exgusion in tenms o ather Tun
wint far Loo aptimistic,
From alwul 10)5

SUons, OF ennree ajssne

nn e himself sobved a number of heat conduction
prablems mul wsed capamsivng i trignmmnetric functions,

. Legendre nnly-
narfals, and Lagl L i

ace surface harmaondes, We shall rpcoenter sompre ol s
work later. ATuel of Poisen's wiork on leeat

. conduction wis prese i la
Théurie mathénatiynr de fa chaler {1835). proented i his

3. Closed Solutions ; the Fourier Integral
Despite the success and impact of Fourier's serics solutions of partial dir-

wneleenth contury

was to find sedutfon in elisee form, that is, in teres of elemientary fitnerians

and i.nitgl'il]* ol such fungtions, Such solutions, at least of the kind ke in
the cigliteenth and early nincteenth conturies, wire mnre managealile e
perspreusts, and more readily uned for enlenation. h

The niest !-i_gnih'cant method af solving partiel diTerestial
cloaed form, which arose from wark inittared by I
integral. The idea is due (o0 Fourier, Cavchy, and Poisson. It js impossille
Ie assign priority for this important discovery, Lecause all three prcwrlll;ﬂ
pupcn.umtly te the Acudemy of Sciences that were pot pul:fisfm;_l& :|:1'11.i'l
some time afterward. But each heard the others’ papers, and one n::.am'u:lt~
tell from e publications what cach niay Jave mkrn'frnm the verhal
AnCOiyy,

In the [ast section of his prize paper of 1811, Fourier treated the propa-
gation of heat in domains that exterd (o infiniy in one direetion, Toalyain
an amvwer B suck problemis, he warts witl q!rr-l general Farm ol :
of the heat cquatiey for a bownded donnain, namely {¢f, |13,

FUa o in
-, 1 - H
arace, was the Fourier

the wluiiin

f21) n o= Z 6™ gy Taky

"=}

. . ; 1 it
where tlie g, are determined by the keundary condlition. and the a, are de-

rermitied by the Sndiad vemditions, Faurier now Fegivedt b g s alpsisas of

acurve and 1he 2, as e ordinngs of that caeve, T hen o= M) where )
- - - " I
11 some funcuon of g Ve tiwen replaces (21} by

22 M=

[., Qlade ™™ cos gy do,

and seeks v determine . e gos Lack tn the formula Loe the coe[Beien s

]
il v -
k|
T

'-: ${x) cow wv i,
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valy graphically. Henee Fouvier cunlinlod that rreir B van f{x) eould be
vreuresenled as

{14) fix) = t\? &, sin vx, for b am k2o,

Pal

This possibility bad, WF course, boen rojveted by e eigfueenth-centuvry
mianters except for Jlarel Dernoullt, .

How mueh Fourien knew of the swork of his predecessors i not Ciear.
Iy a paprer of 125 he sy that Lacrods Doeed it e Tiim ?FIlulrr's work
but he dises not say when this happerred. fuany rase Fourker was r!.uf ile-
wered by the opinions uf hix prederessors, Phe tonk o treeatl wantdety of June-
ot f1x), calewlated the et few & o each function, and plﬂtl.cd the s
ol e first fiwe terrus of the sipe serfes (TR for caeh ane, From this graphial
evidenre he conelnded that the series alwavs s aewents Az over <5 ¥ = o,
whethes or i the representutton hiold s mmbsive s interyal, Il.c PORTLNS Gt
in his book (p. 1983 dhat twe funetions iy agie i gi'u_r:n 1ur::|.va‘. [PY
nnt necessarily outside that fnterval, Ve failure 1o see this explains why
eafier mathemaricians cauld pot agerps that anarbitiary funahian rau.lnz
expamied i a itiganometsic sexics. What the series dlows give 13 “,H:, r“““',“,“
in the dramain © toom, in the promen! e ated nepenelic repetitiony ol it
nutside. .

twnce Fourier nhtained the alpwe st tsnit o the b he, like
Lnler, realized that cach &, can be abrained [s5 el tipling tEif: sepies | L)
b sin vx and integrating Fom 010 w3 e aionaitun ol that tk wncedure

tapplicable o the representation

P
F—
=

—ia

o .
f"t'" = 2 4 \_." £, i,
= r -2 -
Bl
I1e considers next the representation ool any fiad in the interval (=, o
i W= —fi— 1T "
e series 413 represents an add functinn [ izl = —f( x}] and 1he series
. o o Tivreer! - ——
(11 an even funclen Ty = f{=x L Bt oy JuneBion ean b Terjme

"

ented 45 the swm of an odd function /7 } and an even function f <} where

S =S LA = S-S 110 + =91,

Then mw_fr:;"j ran e lcprucnted in the intevval £—m a2l Liy

L
. fn . Lo .
' - g, eos px 4 A, s e
L O RO 50 )
=1
3 H 1 | I . r
and e caririens gan e detgrmined Dy ppntaptying thresngh by con rx o

: . ; L it
W s el Tinegrating foam = oo which v PR

Ly

Ll

THE EAT LitaTION AN FOURIER ACRIEY G;r';r
¥
!
1
I ,
3
1 SR IR - | S

- ,.7' 14 ] i1
1
].
!

Figure 2H.1 /

Foutier never gitve any complete prool that an “uarbitrazy ' function
can be represented by a series such as (2], In the ook he gives same loose
arguinents, and in his Gead discusston of this point fparagrapha 415, 4146,
arcl 423} fie gives 2 sketch of & prooll But even there Foorier does not staee
th conlitinns thar a Jurctbom miust satidy 10 e expansthlie in a trigone-
metnie wericy. Neverlheless Fouricr™s convictien that this was possthfe is
expresseed thioughout the bouk. 11e also says* that his series are convergent
no mader whar f{x) may he, whether or not one ran asign an amalylic
expressian 14 f{x) and whether or not the function fol'ows any rootla e,
Fourter's conviction that any [unction can be expanded in a Fourier scric
resred on the geometrical cvidenge deseribed alove, About thic he says in
his Look {0 26y, Nothing has apprared o us more suitable than geo-
metrical ennatroclions o demonyirate the rruth of the new resulrt and o
render intetigible the forme which analysis employs for thelr expressions,”

Fourier's wark incorporated several major advances, Beyond furthering
the theary al parrial diflerential equations, he fweed o0 revision in the
notirtn of Yungtion, Suppose e function y = 1 is represented by a Fourer
series (20F in the intetval [ —»a, 7). The series repeals i behavior in cach
interval ol lesgth 2 Tlence the function given Ly the serkes books as Sunw
tn Fignre 28,1, Such functions cannot be repretented by a single {Gaiwe)
analytic rxpresiion, whereas Fourier's predecesors bad imsitted that a
fun lbie nuest Pse vepresenctDle Dy a simre eapression, Sinee dhe entire
lunciion § = & for all & i~ net represented by the series, they could i see
lriw arr a1 Litvary Jupetion, whicl is not periodic, conkl e represcnted by
the sevies, tangh Fauler and Tagrange had actoally dose so v partiealar
nouperiodie [uietions. Povrier is explicin that his series can represent fune-
vons that alse bave diffiient analytical expresstons in didlerent party ol the
interval (), =Y or { ~w, #]), whether or not the cxprnﬁunsjnil‘: ere e
contintesly, Tl pints v, lnally, that his werk settios e arguments on
solutions ol 1he vibrating-string proldem in fuvor of Daoded Beroutlt.
Fomrier's wenk mmarked 1he break fiom analytie Tanetisns or Tunctions de-
selopalile i Paytur's seriens 1t 0s also signifcd that 5 Fooarioe serfies

A Page % o flwercs, 1, 210
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Sinee the general solution uf{?] Pson s peeen el Sane o Bt b is ey
Ninited to the X, them, in view of (3], Ponrier bind s L, slat
R N T
T.fx, .f:' - b AR Gy -
where i, now denmes the constant i place o B oamdd »m 1,203
However Lhe equintion {8 is linear, so that o sum ol solntionn is o ounlution,

Tlence one can assett that

{id) T{x, i) = E e T E’f.f
Tm]

T satisfy the initial condition (4}, ot st have fur ¢ = 0

11y S m o sin T

Vourier then faced the quastion, Can f{z} be represented wsa trigonomctric
series? In particular, can the &, be (rterinined ?

Fourier procecded w answer thew questeas, Thouglt by this time e
was sormewhat conscious of the probivns ol vigor, loe procceded formally in
the eighteenth-century spirit. To fellow Vhariet's work we shall, for
simplicity, Iet { = m. Thu we consider

o fix) = '> b, simowx, VR e
. - e
=1 .
Fourier takes cach sine funetion and espands i e A laarin’s deorem int

a power series; that is, he uses

% R LER M Ly
. ' - - Im-1
v ; . —_
irg _ i ex e PTY

ea| '

ta rentace sin ez in £12). Then, by imezehaneimg b ey of e so it ios,
' . - . * - [ . -
an anetation unguestioned at the e fue it

N N Lkl £ \SUPTUUT T
143 S = s = }*;" '
k" =1

Thus frei bs exprossed as a power setivs ik, which jmplics A Atrens .:‘c*
wrriprhany oo the adimbeille fx) Gt was 1wl sl dor thee fix)
Fourer trears, This power serirs ms Lo the Aaclensin seeies Ine f{xd, so

tliat
w

18 Slx) =

| T

14

THE HEAT FQUATION ANL YOURIER dEKRIES ['?f,,

By equating encificierts of like pawers ol x in (14} and (15}, Fourier Tnds
that 15 [(0H s 1 for even & and beyond that

Wb, m (1Y), = 1,25,

Now the devivatives of f{x] are known, Lecauss fx] is w given initial con-
dition, Tleace the b, are an infinite +et of unknowns in an infinite system of
linear a'gelraic equations.

In a pacvieus probivin, wherein he faced this same kind of svsrem,
Fourier toek the Nest 4 terme and the fAght-liand constant of e fire &
equations, volved (liese, and by clnaining a general expression for b, .
which denutes the appemcute value of b, obiained from the first & cqua-
tions, he Dolilly conclu'ed that &, m limy, | o &, . However, this tiare e

laved ey didBewbty o deterenindne the &, e ook severad eilTerent e
' . (= ¥ T

and sheowed! how 1o Jetermine the b, Ly very complicaled procedures tlad
invalved divergent expressions. Using these speeial cases as a puide i
obitained! an expression for 4, involving infinite products and infinite e
Fuourier realized that this expression was ratlier useless, and by further hau!
and ingeniow, thowgh again ofien questionable, steps finally arrived at the
formula

{16) b, =

Hlma

[* ftsy tim o ds.

The conclusion was T an cxtepl oot #ew, e bave al rEa&}! related
(Chap. 20, sre. 33 how Clairant and Boler haed expanded some furctions in
Fourier series and had obtained the forimulas

{17} a, = IPrl fix} cos nx dx,

;r' fa -;J:.f{x] <L .u:rdx_‘ n= A
Moreover, Vourier's results as derived thus far were limited, because he
assumed his ffx) had a Maclaurin expansing, which means an infinite
pumber of Cerivatives, Fimdly, Pourder’s methed was cortaindy not rigoraos
and was more complicated than Enler’s, Whereas Fourier hadl 10 e an
infinite systemn of linear ablgebraic equatinns, Luler proceeded more simply
Iy usin vhus properties of rigenometric functions.

But Fowier now made sume remarkable abservations, He noted that
cach b, van be interpreted as the aren woder e curve of o= () <)
sitt vx for v hetween 0 and o Such an aren makes sense even for very arli-
trary funetions, The fanctions need not be contiimous © - utd L mnown
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AL e stadtent of i thepies Bt and ae Toa e g Viernninee
:unn'l witeer. Drerded a compmissine B e e s e ol o Lazloe, L
rred 1 the privstlined, Whe e allensd s sofesors iy al L
wititan v sehoo! e had atended be arendemd et o™ paaties Leearne Ly
"W intereat,

ke oher sciemiineg oF [Hs tiene, Poon e fon's e e P of e, e
fyw wat of interest e 4 peactica! protlom i G teening ol mctal oy
inefustey and a3 a sefentific problem In soeepts e Seteisine the feamgue -
vire i the interior of tie earth, the v fathm ol il tespperatore with time,
ang other such questions. He sebnith
1o the Academy of Svietces ol Paris o THIED Ui manee wan I d by
Lagrange, Lapfacr., and Legrndre ami was civoest, Dt the dcademy r!;:'t
wihh L gneourage Fourier to develop is Bleas il soneade the prolicm o

R R TOL ER R T TR comdutinm

H H . Torge A . al RS
e propragation af rar the subject of agrind w1 awitelol i TR
. ; i By - R e Lo 1
Femrier subimitied a revised paper 07001 whin S e e Ly B uen
i ¢ P L - I
alteads menianed g ethers, Teowen e paiee o criticdeed Do s
. ¥ M . " . eyt ..
ark u'rr']gur atid s et pputdialied AL st T, e 5t S5 weires oF Oe Sl
* . r . 1,
ermn. Fourier resendted the treanment be recrived, Dl cooinued e wors on
) H - [ gl . - Lo A . .
e s lijert of hean and, in FR2Z, poh'Bhedd woe 4] e lasadis o Tt lre
niatics, Théorie enalytique de da chatew” 1t incorpuruted the ing part af his
VL maper practicaliy without elanse, s lac's s the main source for
TR, " - -

Frirter's ideas, Twa vears Tater e e swaretiny al the Acadeny ansld

was 4ile o have his [A1] paper pehinod fr Bs eriginal form in the
Afemgrtes,?

1n the inetior of 2 hody that s gaintng m heing e, the remperature
ts Rl.:.l':l.".l'ﬂ“',’ distribsted nrmutﬁl"orml-,' aitn Flanstes al .:m!'_ e p'.lff-‘ Wi.[h
time. Thus the temperature T is a Farection ol spaceund oo, e pretie
farn of the unction depends upaunt the <Dape of P dy, the densiey, the
specitiv ieat of the material, the fuitia! eisn hoion o 1 that s, e dfatris
Ltinm at time § = 0, and the conditons maintainnd an the srface of e
Tuwty, Tl st maloe prohiem [oweier ot T g aok wirs e
Tetermination of the temperatre i a oo eons and batiophe dy
aea Sunction of x, g, =, and £ He proved on tiee hasis ol phivsical principie
Vhay £l s;nh.l!'y‘:hr parlial difTerensa vmetion o al'enl e Dt eepueat b
iy taee space disnensions,

]

— s t o = A
£ ' L r

(i—f?' T ;='.*'J i

. . .
whire 53 v corstannd whioee yvalue gebends o e acerial of thie Body.

L. 1 siaousgripl be i the Mbrary of the foeofs der Maerte ot Chuarsieis,

LI | A PTER P -
A0 M, O Cohad, der S, Fariy, (2, EPR T AL O LA R YOO CYENR iz, and S, 0L LR
\ .‘n!. 1 e’y P a0 the secomd patt v vevmedureld i Vonein s e, 3 341
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Fonrive then sobved speeific beat eonduction probiems, We sha'l con-
sider & case that is typical of his mathod, the peablen of solving equilion
{1} lor the exlindiical rod whose ends are kept at 0° temperature and whose

Talerat worfce s insodadet! so et ne head ows throceeh il Since this rod
tvolves oy e space drmension, (1Y broomes

T MEAT ['.TI'I"AT]UN AND LIV HIEW SEHIES

1T AT
" £ mprit
(2 fat g il

sulzpect to the boundary conclitions
L4 T, i) =0, Tt} =0 for ¢ = 0,
ane the ynitia! condition

{1} T{x, 0} = f{x}

To salve this preblon Fourfer nsed the metind nfsenarativn af varfabe,
1Te let

() T{x, 1) = $Lx{).

for 0 < x < [,

On substitution in the dilferential equation, he shiained

¢ i
T T

He then argued {ef. [30] of Chap. 22) (hat each of these ratios must be a
constant, =X <ay, so hat

(8 $5) + WNz) = 0

and

(7} W) + M) =0

Howeyer the boundary conditions (33, in view of {3}, imply that
(i) A0 O and S =0

The grneral solution of () is

Hle) = §yn {vﬁk.r + ¢f.

The condition that {0 = 0 implies that ¢ = 0 The condition &(f) = 0
impnses a innitation on A, namely that VA must be an tnteral innftiple ol
afhl Lence there are an infinite nnmber of anlmissible values b, of A nr

(%) A= (E)’-

These A, 2re what we nomw call the I‘I'gi‘ln';ﬂurs oy eharacterisig vealipes,

v integmal,
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Partial Differential Equations
in the Nineteenth Century

The profound sindy af nature is the onont drrtde sonrce of

mmathernatical discoveries, JOAEP FULRIER

1. fniroduerion

The sulsject of partial differential equations, which had its beginnings intie
eighteenth contiey, burgeoned in the nineteenth. As phivsival scicnee ox.
panded, in bath the variety and depih of the phenomena investigated, (he
nutnher of new types o8 differential eqoations ereated ) and even the types
already known, the wave equation and the potential equation, wer
applitd to new areas of shysics. artial differential equations begame and
remaln the beart of mathematies, "Their nportanee Tor plivsical scienee is
only onc af the reasnns for asigning them this central place. Frowm the
standpoint ol matheiratios hisel, the solution of wartial SHlesental cquntions
creited e pecd Jor nethemsatical develuminents jo the 1theory o Tetctings,
the caleulus of vartations, serim expansions, ordinary dilferential squatinm,
afgelwa, and diffierential conmmetry, The sufdeen s beonmse soocstrmsive
that in this chanter we can give only a few of the magjor 1oalts,

We are sceustomed tday to clanilving partial differential equations
acearding tr tvpes. A he bregiomime of e pincieent crntory, <o Jitle
was known about the sobiece that the idea of distingnishing the variom
ypes eeukl pin e ccourred. The phiysical profems dictated which
Fquatieng were to b preesueed and bie aschematiciios passel Teely fean
mte type o another withoo! reeognizing some difference panag oo thag
we oy Comgs v Pendarneneal, The p]:‘_..‘s:i:'.a', workl wis andd st s iedilereas
1 the mathena e’ classilivation,

2. The Heat Equation and Fourier Serier

The firs) big vincterntheceptury step, aml indesd one of enormon -
porlaer, wins Lrade by boseph Frnrier (17630 1H3, Vowurle

) vy wip!
.

G4
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haste eguirtions and peneralized ther, “lere boopove e N 1o P Alenbert Lt
rene o Luler, e too savs Lhe equatiors of Sined peion are oo Jilliendt 1o
be handled Dy analysis, Only the coves ol Bdindele gl ipovements are
susceptible of roorous calculation.

in the area of systems of partial CiTereniael cepiistions, the equations of
hydrodvpamics ware, in the eighteenh continy, (e main inspiration for
matheratical rescarch on thiy subiect, Actoally the cighteenath centary
accompiithed tittle in the solution of svsiems.

9. The Rise of the Mathematical Subjeu

Up w [7A5 partial differential equitions appeared only in the salution of
physical problems, The first paper devoted o purely mathematical work on

partial difercmial equations i« by La'er: 7 Redwerdhim wir Uintégration de

: : boflda L -
I"équation (%) = aﬂ(i—‘?’:] + - 'rri:] =Sttty therealler Baler pub-
x* (R

lished a treatise gn the subiect in the third volunse of Lis Jertitationes Caleelt

Fntepralis??

Before d'Alemnbert’s work of 747 on the vibmating siring, parial
Jdifferential equations were known as rruatinns of conditinn and enly special
soltions were sought. After this work and d*Alembent’s book on the general
cavses of wingds (1746}, the mathermativians realized the difference between
specinl amd general solutions, !owever, onee awire of this distinction, they

tirst volwine of his Afdanigue cffeate (1700), Taaee 2l complained that the
peential equation in spherical coord i-nes eon’d not be inmtegrated in general
erm, Apareciation of the fagt that geoeral sulurins such us Huler and
d'Alembert obtained for the vilmatitr: st wore ol zs wseful us particular
omes satislying initial and boundary comlithun was ot attained in that
verntury.

‘I'he mathematicians did tealize thal narite’ Jitferentia! equanans
invotved no new eperational teely gues but ditired forn oedinary Gitleren-
1ial equations n that arbitrary fenctions imight apbear in the solation,
Yhese they expected o determine by redducing paeiin differential enuations
i ordisary ones, Laplace {1773] st Lagrasge: (T700) say cloaly that they
rogard a partial differential equaton as istegrated whoen s redueed to 2
prollen o nrelinary differemiial Frpeations, Ao obennetive, suel as Lanie.
lernauili vsed for the wave equation atnd Laplio e St potengial equation,
wils Ao ek expangions (Hoserieg 0 s bal Do e

The ma_i-.:pr achievement of e eiglhiteenih-rvntmy work on partial
g!ll!]—rrf_'nri;ﬂ fquntigng Wkt ' [c\rﬁﬂ.l LIS LAERLL LN L (R B |}_’1'I!.J:t.'nl'!l I'I!—C!ll!l.ll;ily,

S, AN, Taee, by 1TRENS, A0-91, puby P00 e e, £1], 24, AT-TAL
LTI (a0, 1A

PR T e e
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hydrodynmnies, and gravirational attraction. Fxeeplin the case of Lacrm oc's
work on first order equatings, 1o hroad methads were develuped, nor woe
the potentialitics in the method of exparmion in special functiont appreciated,
The cffurts were directed ta solving the special egquationy that arnse in
physival problems, The theary of the sotition of partind ditTerental equitions
reenained e be fashioned and the subject as a whole was still in its infancy.
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o lake 1rtee 10 COVET. I\!nngc'ﬂ Frieps ot i b e eppeeipn foe minitng
aurdne e5 was omie 6 i claims ooy

For the crpuation (571 atso Monae ftrmbires ! do theaey of «haracteris-
tics. "Ll toral dilfersntial equatinn of e elunarSssios s (0, thal s,

Ry — Sdedy < vt = v

This equatinn, which appears in his woe s ac ey we PR delinesat cach
point of an fntegral surface vao directiony Pt e e characteriacie divegs
tintia at that point. Through cach poirt e oo intewne’ salage dieee puss Lwn
ehararteristic eurves, aione cach of which fwo coms ceive Tntegrad sirfaces

we each ather.

¢

8. Systems af First Order Partral 12 reentind Soination

Syairms ol partial differearial equations arose first inthe vigliwermbe-rentury

e et s incon presst e

vk ot Mid dypamics or hydrogdy e,
fluids, for example, water, was motvated by soch sin Geal peobiems s
desipning the hulls of ships 10 reduce resistance to metion in water and
valeulating the tides, the flow of rivers, the Pow o water bam fers, and the
r

mesmane of water on the sides of a ship. The work on compressilte feids, aie
ite particular, sought o apalyze the actien o ade e sai™s af siips, the design
o windmil! vanes, and the propagetion o o e seork we studicd
calicr on the propagation of sound s Divorinag™y o apptication ol the
vtk on hydrodynamics speciaiized Ueovases nt o
Adter lavitgg temated] g ess 0 s e 0T
“inciples of the Motien of Fruids,” ™ Ve wreperisand thiv work ih s
paper of 1755, entitied ** General Poneinies o o Motion ol Py, '3
Lrere die gave the still-femous cguations o Da'cd ey e perfinct (nemvisconsh

i iepte,

33

e e catitted

compressible and incompresibe Fuid.. i e e resardegf g continem
and the particles are mathematical pods. e vonsrthees e fnee aciing un
A w11t waluine ol the 111.;;! 5uhj¢1‘;l B b LR L If.‘ I.:I".'I\;"_}" P andd exirrnal
Aoy with veanperents PG and Joper oedd st

Lit gne of e twe anproaches o foid dynemicy thae Buler crvated,
tnowh in the Titerature as the spatial doescriptim, the comnponents w, ¢,
aeod e Muid velocitv ane given &t evety Pt o the Muidl by

{17 woe nulny, a0t N NN T BRI MR

Now

f2 i ‘ 13
gy = E dy =y ¥ :-f:!: -} f-l it
ix Fy ) i
dH, 1, o Folead der Sery Pacy, 1T, VTR0, puls 10T
Irad Nt Prfrnﬁ._ﬁ, 1756087, T7 =311, pale. 170 = ﬂF‘I‘l‘. {2, 12, 13304,
Aode Meedie, DL PR35 203230 0 pae AT 2T = e, (2, 1N fii-t.

A Muer !
LTI YT
G

LN
0o

Fribsi® QH1IL SY S FENS Lt

It off, Ve panrtiele at oy 23 will rravel oo dintanee i o B the vedivectinn,
poaftin the g-dives tion, and - & tn the z-ditection. "Phen the actual chanees
de, iy, Al o2 e the exprossion for di are givers by these quaniities, wodo

i e hy r
dy m — el + — rFdl = -:—Hu'rﬁ + [_—J;-Jr
rr i

(. E'Ifl'
or
o du &
{98) ALY L .4

! fix £y CF ST

pad therr are the corresponding expeensions for defdt and dur'dt, Theso
guantities give what Is cal’vd row the convective rate of change of the velocity
al {x, g, zh or the convective acceleration. Dy ralculating tue Torees acting
o the partices ar £z, 5, 20 and applying Newton's secomd Law, Evler gpbtains
the systen ' differential equations

p_lip_du

pix  dE

1ép  dr

0 — - — O —-
1ep  dw

pdz =

Filer o' grneralized A Alembert's differential rtluatinp nf I::I'Jntimﬂ:v_.r
{45 and obtained for comprenible flow the equation

F 34 .
(100} fo | Ep) , Ples) | P}
of X £y i 4

There ate four #quations and five unknowns, but the pressure p az a function

of the density. the equation of state, must be specifal.

In the 1735 paper Fuley ways, ©And 373t 35 not peroitted to us G pene-
trute 1o a coniplete know'rdae concerning the motion of Huiids, it i3 not ta
mechanics, ot w the insulliciency of the known principles of motinn, tua
we musl attribuee the cuuse, 1o is analysis itse!l which a'sindens us here,
since all the 1oy of the mretion of fuids has fust been reduced 0 the sole-
tion of ana’yv4e fermulas” Unloriunately anabysis was still ton weak w deo
much with these cguations. He then proceeds o0 diseuss snme spretial soly-
tiars. Fle also wipte ather papers on the subject and dealt with Wi resistance
encountered Ly shipe and ship propulsion, Luler’s cguations are not the
final unes for hydrodlynainics. He neglected viscity, which was introduced
sevenly vears laler by Navier and Stokes {{hap. 28, sec. 7). .

fagrange, too, worked on fluid motion, Tnoihe fint editinn of his
Micanique amalytiqur, which containy somc of the work, © guve Luler’s
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I w tapgeat plane af the Monge cone ae tx, v 20 Y evrve on an inferal
sueface 5 is called o cliarciorinic curve 37 al vt peein e £ 0 Logens s o
genetitor of the Munge 1one at that poing, P cluraleriuie cures are
the same as those Monge dedueed from thie comprie integral ilusizated by
(80) und are the sohetions of the dnulienns eqpntvans (711 .Hr‘.‘ alur
points out in a paper of 1802 which v b erionazed in his Applicefion de
Panalyse 3 o plomegrie'® (1B07) that each tategral surface v o tocus of gliar-
acteristic curves and only vne characie isthe erve punses Hirangh each voint
ol 1he integral surface.

The significance of the charagtesisti curves Ties in the fellerwine, U enie
<hoostt a apace anrve x{t), w{f), 2i0} (for wme interval ol Fvalucsh that 13 uot
o chiatacterisiie curve, thet thees & fuet fne ool sarfoee of 8o 0l
pitsses Varongh tes curve ; that i5, there s fust one & = g0x, ¥} such that =7 =
e(x(i}.pit)? [for the range of fvalues). Ur the other hand, as Monge Il.ﬂh_*t.'.rln
lectures of 1806, (hroush any characteiatic curve one can pass an bty
of inlegral surfaces. Noreover, the infinity of integral surfaces that pass
theargh the curve ure lapgent o each oher on that curve.

7. Monge and Nonlinear Second Order Fquations

In addition to the second order linear cquations we have alecady revitwed,
the elghteenth-tentury mathematicians had neeasion to enosider moee general
‘mear second order equations in lwo Indeprodent varialies and even non-
ltnear oncs, Thus they studied the linear equation

-] 12 Kl H P .
PR SN S, T S L1 G Y )
Exl iaty ey K iy

wiere A, B, -+, 6 are functions of v are! y. s equation ts commonly
wrltter an

(R3) Ar + s+ Cr+ Pp otz £ 7=10,

where the letters r, 5, 1, p, and g have the oindoms ieaningy. Laplace showes!
in [7737 that equation (33} ean, Iy chenge o variabley, be redeced w
the e

[RG} rdap+ b ez g,

where a, b, r, and g are functions of x and g only, peovided that 7 — 140 ¢
U, He then solved the equation in terms of wninlisire series.
11y his Feutlles d"anatyse, Aonge considered e pontineine cgnatton

(H7) Rr + 84 Tt w V7

&, Thiz iy the title of the third edition of Tis Fral e damd e
F. Fhan de Pdcad, deq e, Pz, L7793, pols U770 m fhime, 4, 5-04,

€S
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in which #.5, 77 and Pare functionyof w3, 2, p, amd g, se 1" 20 equation
ig lincar only in the secom! derivatives r, 1, ane! £ 1155 type ol e rasion 2rose
in Lagrange’s work on minimal suefaces, thay s, surfaces ol leasl ar-1 Teamnde
by given space rurves, wherein the specific difTerential eguation i {1 = g%
= 2pgr + (1 + p%r e Q) (S abo Clap, 24, seeo 4, Though Afvenee !
already donc soine wark on cquation (B7Y) in the present work PRV e
was able to solve it clegantly by the method we shall sketch,

By using the immedinne facrs '
{68) d: = pds + qdy
{89 dff = rdx + 1dy
(90) dy = sds+ 1 dy
and climinating » and ¢ from {87}, (87], and {90} he obtained the equation
(M) ARd? — Sdudy + Tded) = (Hdydp ~ Tdedg — Vv dy) = 0,

His argument then was that whenever it is anssible to selve simultaneousTy

92) Ryt — Sdedy + T de® = 0
and
{93) Adydp + Tdedyg — Viedy =0

then (913 will e satisfied and 0 will {87}
Eguvation 92 is cquivalont to twe fint order rquations

{94 dy — Winy, 2,p,¢)dx =0 and 4y — ol v, 2, p 6t = 4,

Equations [BB) and (33), together with ¢ither one of (39, ennstilutc a
syvtem of three total differential equalkions in the five variali';s 1, 4, =, o aeneh
¢, When these three cquatinns can be solvs] i s possible wr fined {ao uilu.
Lions

wlny 0,0t =€, and mle . 2,0 q) = C;

and then

(0%) ) v, = i,

where @ is arbitrary, is & frt order partial differential equation, The
equation (95) is called an inermedizcte integral, 1ts general solution is the
sottiaon of {I".T]. Hilie other OO HBTION 10 F‘f'-ﬂ.c,m b 11! tnrp;r'lhrr with {H:I':
and (93], we gel andther function

{¢hi} : iy m

Dip thias case (953 wnd {95) can be solved sintetraneonsly foe poarned g and these
values are substitueed in [BBY; then this total ETerennial copsttion can v
solved, Thivat rast s thie geaeral seliemie, Soues Uicee are ety we <halt
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6. Mongr and the Theory of Characterlin | |

Lagrange workel puey apalyrically, theued Ao B ..-l[:-.lH!H] Lntro-
duced the language ol geomey, His wors in partie’ differential cquatmens
. Caed bammonstre, Dt he strted e

was ot ay great ax that of Holer, Lagrain e _ '
movenenl 1o ibterprel the analytic wirh ueotieiiealy ard mtroctuced
- ' ; ' ety .
herelyy many truitful deas, e saw that fust s pre'sems invaiving curves
‘! 1o ordinary dilferential equations, so preblens oveiving surfaers Tead 1o
Eat L . e I o L ' ;
Pattial differential eguatians, More gearrinsy, G Mouge g::qmc.r'g.'t"md
anatysis were one subjrct whereas Tor the other muthematicians of the
century the twa brapehiey were distincd, with fust pednis o) contact. AMonge
| H LA 1 ;. F1onn '.l Iy Fan

emin his werk in 1770 bue did nob prire’e ineil e T .

" [t was primarily in the subject of meetlinear e wnler equittions that
Monge net only intreduced the geoewentn ntroneiesog out ﬂnp‘mtlw.v.:d
a new concept, that af characteriste rurves, T Bless nncharacieriblics

and on iNleETAls a8 COve.Opey wers nnt smlerstinnd and were called @ ometa-
; H ¥ LTS ' o L3 b1l
physical principle by his contemporaru=, frar Hie theary ol chiracteristics
was 1o breome a very sienificant therme i Sarer v ' Abenge developed his
a1k i i Lhicat NI
ictear more fully in his lectures and i ~olsogquent puidications, I“-:'.‘.'LH the
Fenitfes d'analyse applivuee & la edametrie T1TWa VUhe ilras ave best ilusirated
E=1 L] 0
by his own example. 1
Consider the two-parameter family of spheies, all of constant radius H
«nd centers anvwliere in the Y F-plane. The cepuatiin of this family is

{80} (¢ — ) + [y = 817 + 2% = R%

‘This cquation is the complele integra! of the nowfinear first order partial

differential equation

fhhy 4 gt 1y = AN

because (BO) contains two arbitrary comamixd and boand glearly satisdics

(11}, Any subfamily of spheres intracion Ty fewingg b= fla) is a family
' - . . .

of spheres with conters on a gurve, Une cnive i = e} in the .‘('3r-p'lnm:.

Ilie envelone of this onc-parameter Cenily ol snleres fatabulbar surface) 18

alvr a u:lut;nn uf (813, Thia particular solition & obtained by eliminating 4

frum

(82) (x — 4 + (y = Mo} 4 = = R

and the partial derivative of {82) with respect fuo, menely,

(83) tx = @) 4 (g - WL e

Por each particular cheice af 4, cruatians (2} and (N} cepresent two

. i 1 Ianeously repri-
partientar wirfaces, and therefore the 1wo comtidered simulianeousy rej

Ah. fhat, Je P Aead, der Sei, Paris, 1784, RS-117, FIR-Y2, puh 17u1,
.
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sent a curve called a characteristic curve. This curve = A'se the curve of
intersection of two Yeonsecutive™ memlers of die aulrTami, The set o
chargcteristic onves 111% out the envelope; that s, the envelupe rouches
each member of the sublamily aleng a characterisiie. The peneral integra!
is 1he aggregate of sucfaces [envelopes of mne-parameter Taimiliedd, cach
generated by o <er of characteristic curves. The envelope of all the solutions
af (R0}, that is, the singular seintion, abtained b eliminating a and b o
2 and e greodal decivatives of (B0Y with respeet taog and b respectiveny,
s = A

The characteristic curve appears in anether wav, Consider 1w sihe
families of sphures whose crtvelopes are tangential a'ong any one phert. We
might call such envelopes contceutive envelopes. 'The curve of intersection
of these twir comecutive epvelupes s the saine characteristic curve oo e
tphere a1 the one obtained by considering convecutive members of cither
sulifamily. Aoy one sphiere mav elong 1o an befinity of difTerent sublantties
whose envelopes are all dilferent, and so there witl e difTerent chamereristic
curves on the same sphere, All are great circles in vertical planes,

Monge gave the analytival Tormy of the differential equations of the
charavtersiic cntves, which amouwnis 10 the lact that equations {(79% deter-
mint the characteristic curves of (67}, [Maonge used 1otal ditlerential egua-
tions to expross the equations of the characteristic curves.)

Monge alvo introduced {1784} the notion of a characteoristic cone. At
any point {x, ¥, 23 o spacr: (1. 22.4) nne may consider a plane whose normai

has the direction numbery p, ¢, — 1. For a fixed [x, y, £}, the sl of p and ¢
which sausly

(84} Fle g,z b, g) = 0

determines a onc-parameter family of planes all passing through (x, 2, 23
This set of platies envelops a cone with vertex at fx, 0, 2), This &5 the
characterittic cone or Muonge cone at {x, v, 2], If we now consider a serlice
8 whose equution iv 2 = plx, §], then the sutfuce has a tangent plane at rach
fx,y, £}. A necewsary and soffieient condition that such a surfaer be an
integral surface of F w {is that at rach poial (x0, 20 the tngem plose ol 5
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If one puts into the Last of theae theer cpeations S vatoes of 2018 and
ey from the first Gy, one obtains

i _B_ 0, 8
3 it A S el

This is rhe conditton {A8) tor the fneralility of (7], o condition khown
Lelore, as Lagranes remarks, In £330 2 can e waleen s the given funct®n
al' &, , &, and f o that explicitly the cowation becomes

’
"

() -Q,%+%+{Q—PQ-}%—Q1*PQ:=Q

Lagringe's plan now is to find a selutiva p = f* ol this fist order equation,
whitchy s frnear 1o the derivatives of g av] whose selition contalony an arbitrey
conmant a. llaving chtained iy, e Integrates e two cquations

{73) g— Qinypnp =0,
which represent 82/7x and Azfdy as Dincioeg of o, g, 2, and Bnds a Bunily of
o? integral surfaces of the original cogation f700; that 15, he finds 1he
comnplete solutions, Thios Tar, then, Lavrange has replaced the mrebien of
snlving the nonlinear equation (70 Toe the probtom of solving dse Swear
equation {74).

In 1779 Lagrange gave his method of wlvivg lnear fist order partial
differennial equations.*? He contiders e =quatien siill called Lagrange™s
nnear equation
{76} Pp o+ By =R,
where P, , and R are functions of x, ¥, and z; the eamation it ealled non-

hetnogeneony hecause of the praseice o the £ wenine This equation iy inti-
wately related to the homogeneous egusstion in tiee independent varialnes

fro= Mg o2 e) =0,

o o, pif
f = - W= =
) PE‘:: + Qr.!_._'..' A iz

What Lagrange shows readily is thin ifwlx, v, 2} = ¢ is oosolution of (7u),
then f = wiz g, ) is a solution of {77 nd vonversely, Hence the problon
of solving (76} {5 eyuivalent o than o solving (77 LT equacion {77) in
turn is related ta the system of ordinary dillerential equations

de dz dy A} J 4 N
{78 + - {t—f = W or oot il Nl th

In fact, if f = w(x, y, 2) and f = efx, S e et e ndent s oo e of
{775 ther o g and ¢ e gy are @ sl o {TH) and eowveealy, Henes,
i we can find the solutions wow & aml o w0l (78, e wad /e e wils
Le solutions of t77) and ¥ = ¢and 2 = ¢ will Lo solzions of {763, Murcover,

121, Neaw. Mon. de FAcad. de Bertin, 1779 = @8 ores, 1, Sir-0i3),

GG .

-

L =
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vne can show readify that £ = v, v} where & s an arhisray funcuon nl"z:
and r aiso satisties (773 Then dv, 2} = cor, since dbs arbitrary, ¢ln, 1) = »
in a grneral solution of (78], Lagrange gnve the aliove scheme in 1772 andd
gave a proolin 17839 Ttis porlaps worth roning mcidentally than Fadter was
aware that the slution of (77} can b reduced to the solutinn of (FU).

Il sae hes this work on linear equations in goneetion withe the 1774
work on nualipear equations, vne sees thet Lagrange had sacereded in
reducing an arhivary fine order equation i1 x, g, amd 2t a system of
simultaneaus ondinary ditferential equations. He dews not stare the resd
explicitly but it fillows [vom tha above work, Crriousty, Go DT85 e Jad e
wive a particu'ar first order partial difTerential eqeration and said I v
pnpossibite wille yresert !]lcl]iﬂdﬁ',h{‘,_'lllhﬂ foreotten lis eariier (17720 worh,

Then Paul Charpi (d, 1734) in 1784 presumaldy conbined the metliogds
far nanlinear anud lincar equations o reduce any fle,y, o, p, g) = 010 2
system of ordhinary differeniial coprations, Lagraie said in P70 that CIarnit
had submitted a paper in 17R% {which was not published) in which i
recuced first order partial diflerential crprations W syslems ol ordinacy
differential cyuations. lacebi Found Lacroiv’s ~aweiment striking aned
expressed e wish that Charpit's work e published, But this was never
done and we <o not know whether Lacroix's stateiment s corect, Actually
Lagrange liad done the ful! fob and Charpi: could have added nothing. The
method given inmodern wats, calted the Lagrange, Lagrunge-Charpin, o
Charpit method, is the fusion of the ideas Lagrange meented in hiz 1700
anel 1779 papers, Ttostales that to selve the peneral Gest order partial diferen-
tial equation fi{x, ¢, 7,6} = 0 one mua solve the svsiem of ordibaoy
ditfercntial equalions {the claracteristic equations of £ = 0},

A iz
;;“Jrn ?:':Jr-“ E“ﬁf;r*'?fn
(74}
d) d
=S hirn F=—f-Sa

The solution is effected Ly tinding any one integral of (797w wle, y, 5ty
g = A. One solves this and f = O simuliancouly for p and ¢ .and substitutes
furpand gindz = pde + gfy (ser |72 'Uhen one Degrates by the metuad
wsed for {G5). o
Lagrange's method s olien called Caueliv’s tnetlind of characteiaios
bhecause the peneralization th A variables o e method of aviving a (7
used Ty Lagrange and Clharpit for a ditlerenmiad copeatiom Ino o indepetedes:
vatisbles presens diffenltes which were siurnmnnateld by Uanelye In thrn il

43, Mowe, Mém de PAcad de Befin, 1785 = (Fereee, 5, 54367
. Ol o Lo Secierd Bhitemaeihique, 11D 1000 aoe afoo Faertues Lamalyse of de by 0tk
2, 300-T2 w (Rurre, (2], T2 4T R
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nrimary attention brownse the physiss’ peahlomn el Cirectiy o the,
A few apecial At order cguations bad feen ol Tt e were eitiier
readily integrated ot imtegrated Ly tricis Theee was oo exeepition, the
equation usually called roday a total ditTereotion comation and having the

form
{63) Tde+ Qdy + itufz ar,

where P, @, and B are functinns of £, , a0 £ Soeh an egoation, itintegrable,
defines 2 as a funclion of x and y. Cladrant rivonniered sich equations in
1734 in his work on the shape of the carth)® 1Pl expresion on the lefi
side of (63} is an exact differential, that s, M there s o fnctemouz, y, 2) = O
such that '

(665) du m Pdr + {ufy o fld,
then Clairaul points ou: that

Y Y] :
29 BR R ik

- [ig
(57) By | ex gz | ix iz iy

Clairaut showed how to solve [65) by o method! will vied in modern 1es
The interest in equation {65} stermined feoan tie Sor that P G X are come
ronents of velocity in fluid motion, thet 63} hos o e an exact differential.

If (65) is not an exact differential, then Oluiraut also showed that' it
may be possible to find an integrating facter, thin b o fanwrion ufe s, 2} such
that when multiplied inte {63), it maXes tle new bofl aide an cxeact dilferemtial,
Clairaut® and later d'Alembert [Treitd e Pegedfibee o v moviement des
Putdes, 1744} gave n necessary condition that it be integrable (with the aid of
an integratine factor). "Thiv condition (which is s suilcient) &

- P 1] "
50y P(‘,—f-‘—’ R L R (A Y
' (4 F i ox o) i Xy

The general first order partial differcatal eguation in two independem
variabley is of the fonin

[hu.:l Jr{xl..lulrl ) f- ‘ﬂ = [

where po= 8xf02 and g = Jzfdy. IT the cquatton is Baeir in poand g then it
ir 4 lincar partial differentia! equation amd il not, then nonlinear, The
sitnifirant theory was contributed by Lograge

Lagrangc's terminniogy, which is still cuceent, must be neted finst w
v terstand his wark. | Te classified solutfovg of nontinear fiva order coppanions
as Whlows, Any sofutinn Frlay, z, 4,80 - B conteioing two arhitrary con-
stants is the complele safution or compieie wiegral, By letting & m J{a} where o

M Am e Acad. des Kei, Faeis, 1339, 43530,
M AL, de PAerd, dfer Sei, Purdr, 1740, 2932323,

-
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is arbitrary, we olitain a oneparameter Omily of selutions. When 2ol &
arbiitrary, the envelope of thiv Limily is calledd a genesal fotagrall When a
definite dlal s vsed, the envelope is o parifcalar case of the goneral integrall
The envelope of all the solutions in the complete intewral is called the
sinpudar fnfegral. We shall see Tater what these so'imtinns are geometrioa’ly,
The complete integral is ial unique in that there can be many difersnr ones,
which are not ubeainable frun cach othier iy 2 simole chae in tie arlitrary
constants, But fronu any oie we can gee alb tfre solimtions ghven by anned
through Lthe particular cases and the singular integral.

Detween two imporiant papers ol 1772 apd 1779, which weshall ke op
shortly, Lagranze wrote 2 paper in 1774 discussing the relationships annng
complete, general, and singular sedutions of st order partial dilferential

T

equations, The meneral integral is obtained by eliminadne 2 from e, o,
e, ¢{a}) = Dang &€z = 1 where ¢la} is arbitrary *° [For o particular ¢fub
we get w partienfar solution.) The singular solution is obitained by eliminar-
ingaand & frome Fix, gy z, ¢, 8) = 0, 3Fj#a = 0 and 2H/80 = 0.
Lagrange gave firsg the general theory of nealinear livst order equations,
In the paper of 237291 he considered a general ficst order cquation with two
indepentdent varialdes x and ¥ and the dependent varialile 2. Here he ime-
prowed om and generalized what Buler did earlier, He reganded equation
fE9) az given {1 the form where gis a function of x, ¥, =, and p, namely,

{70) 4 — Qey.z.p) =0

and sought to Jetermine p as a function  of x, &, and z so that the rwn
eqLations

{71 - Rlap sp) =0 and p— Flay,z) =0

have a single infinity of comman inlegral surfaces, or, as Lagrangs put &
analyticaily, so (hat the expression

(72} dz — pde — gdy

by multiplication by & suituly’e Tactor Mfx, i, 2} becomes an exacr differen-
tial 48 of N{x, 3, 2} = 0. For this ta he 0 he must have

R al¥ &N
-;'_I? = J'r.r, -r; - —.‘-IP. ‘E_‘-; - —.‘I-Iq,

For these equations the integralulity condition {E?j imply

aM APy BM _B(Mg)  AMp)  A(Mg)

—_— — =L
3

i'x ix iy iz iy i

A0, For arhitrary 4 it i3 nol gencrally posible w eclussly carry oot the elimination of a.
The gooerad Integral is a crnwept and anunea o a collection of pactieybor talimaonn.
11, Niwy, Alf, Z¢ PAdzad, de Revlen, L7727 ma (Enreer, 8, 549-25,
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lusic orthogenality propersy

-

L ar
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.

g o,

However in hi Frani ] gt '

plowe ;-"u h::d.'-!rmmqw cleste, Volnme 2, lne shows that an arhitrary
uncunn of ¢y an i i ) '
netion A & can be expanded in a seriey of the #, for the ¥.} and
sy that {30y implics uriguensss of (e exoansion

Laplace wrot I iy :

e [ OIE SEVETAL MOre DARCty o Eie byt o ol spherolds and on
the sliape of the earth (eg. 1783, pub, 1 706: Vaa2, vl 1789) ; and in thise
}'}d]‘l’l‘;n uses expansions in spherical firctions, T ihe st paper, in which
saplace nate K ) i i

;:T e gawttht rtcf‘angulzr conrdinate forme of the patentig) cguation, he
made one mstake of comeguence. e s e i this equating ially
wlier the point inass Leing attracted Ynow legdy Few Doalde the Ly, "Thia
error wad coirected by Poison (Chan. B, sec. 41,

Dumrag th 1780s Legendre comtinued his mvestigations. Tlis founh
Paper, writles i 1700, inroduced e ' 710 fow wdd 4, 'The expression for
P r . . N - . L | .

.1'} given in {#7) is the correct one for all u Fevendre proves that for any
penative (ntegral m angd o

: i for m £ n,
160) ' pinrgade— & o
=1 ey Mt an

e

LY
i[\]l - - t l :_ " - g -

lien he tr.lf:u mirgduces the spherice fncriaee, 15, heelets V) Lie the
cocflicient of 2" in the expansion of {1 « 2 '+ 24712 Lheret « om Fom

+an dsin & cos (4 — A7), Then, Eing o= o 8 0 - eoy ¥ oand =
¢ — o', he shows tliat

2 ﬂrp..{_u"- LN
! TP I
TI A g v i cos

2 MAIHE PSR
I:J'r - :H"H" e 51{5 . 2} d;u:' * dﬂ-g“" sint Auind & co 2@ 4+,

A= P :"q“h
uf {utd ') 1-”‘:”

4.

| aerl . A1 H : H
t.m ligher rerins conraining higher derivatives of I',. 'This equation is equiv-
ittt o )

Fufvos foos & + sin Bsin & wn(d = 431 =

LK)

D, P2{cos PR{cin 0 cos mid — ¢,

mel

0. Nem. d¢ P oend, dis i, Parix, 113‘9, J7r-an71, pule 1 1H,

FIRST ORDEHN PARTIAL INFEFRENTIAL EQUATICY 311
4

wherein the mis o supescript and not an expongnt, The PR sminy

o o AT v? -
(613 :ﬁ[“ - x}—ﬁ] + [n{n +1) - I—_—}—‘,]P -0
and the 272 agree up o o constant faclor with
g™ P (x}
R | L il ) a0
(1 = gymr 222

‘The Pr{s) thus introduced are pow called the associated Legendre petyno-
mials, ‘Then Legendre peoves that

60 [0 [T U I i 8) = T U

al that
G

L . ¢
(63 [ [ ey due o = g

Thie Gact that 1he £o{x) satisly Legendre's differential equation is used in this
paper,

Many other special roults invelving the Legendre polynoinials and
the spherical harmonics were obtainesd by Legeadree, Taplace, and athees,
A basic result is the formula of Olinde Rodrigues {1795-1831), goven in
1816,7

1 dnf x I~
{5._1_) P_{x] - 'ETE ..:x‘ ] .

Laplace's work on the selution of the potential equation for the attrace-
ing force of spherotds was the beginning of a vast amount of work on tius
subject. Fqually important was his and Legendre's work on the Legendre
polynomiials f(x), the asmciated Legendre polvpomialy PPix), wng the
sphierical fsurface) harmonics ¥, {n, ¢!, because rather arbitrary functions
can be expressed in terms of inlinite series of the Py, PR and the 1. Thee
series of functions are analogous to the wrigonometric luncdm, wlich Dandel
Bernoulli claimed eould alw be used 10 represent arbitrary functions, The
choice of class of functlions depends on the differential equation Leing salved
and on the inidal and boundary conditions. Of course far mmore had to be
done and wat o he done with these functions to render thoin more uselil

in the solution of partial dillereniial squations,

5, First Order Partigd Differential Equulions

Up to (he time of Laprange there was very little systematic wark on first
order partial dliflerentia! equations. Vhe weomd order enuations received

37, Lwrenp, sure 4 oode Pily, 3, 1EIn, 3L1-BA5,
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Tlealso preoved Mhiat the veros of sadls sty e are reals dilerent fremn cag),
aler, syt i with respect tg 0, o B thetute Ll less than |, Al
fur 0« x g 1, P < 1,

Then, with 1he help of the orthogenality conelition £30), he proves {1y
intrgrativg of the series term DY et that i given fonetion of 7 Can Iy
exprosed 10 oonby s way in aseries of Tunetions (2

Firally, vsing these and other praverties of his polynomials, Tegendee
rettrns to the main problem of Erawiational aibaciion and, using the
expression {49) fir the potential am! the candition for equitibrivm of ,
rotaling fluid mass, he obtains the equation Sw the meridian curve of sucth g
mass in the form 6f a series of Lis pelvesrials, Tl believed that this el
inchuded all possible rquilibrium Kenres for 4 anlereid of revolution,

~Now Laplace enters the picture. e hae wiloen sveral paApoes on bl e
foree ol artraction exerted by volwines af sevotiiom {1772, pub. 1774
1773, pubs. 1776; andt 1775, puls. PREeE, in which he woeked with the cong.
paticnts af the: force but not the patential function. The article by Legendrn
of 1782, published in }783, inspired a famous and remarkable fourth paper
by lLaplace, “Théorie des attractions (e spiibroides et de la fgure deg
Flantte," * Without mentioring Legencdre, Laplace took up the problem
of the autraction exerted by an arbitraey spheroil as vpposed o Legendre's
figures of revalution, Hy a splieroid Laplare mein any surface given Ly one
cquation in r, B, and 4.

e ytarts with the theorem that e potential 17ol the force an arbitrary
Lody exerls on an external peint, expresed in spherical coordinates 7, 8, é
With u = cos 8, aatisfies the polenial crnaLion

é n &V 1 &t iy -
oo g ) e R

Laplace does not say here how he obrained the enanon, In a later paper™
lie gives the rectangular courdinate fiaen CH) Ouer ey be Tairly sure thar
he posirssed the rectangular form first and derived the spherical coordinate
form Tt it In fact, both forms lrad dlready heen given Lw Euler and
Lagrange, hat Laplace does not menion thent Tle iy nol have knmen

their watk, though this is doubtfyr, .
Inthe 1782 paper Laplace sety c.,
¥ x.
. r . -
(523 E(r, 8, ) = % + T‘:‘. N f;:ue o
. S
35 Mem e Fotcad dee S5, Paria, ETEL 113 puh, 1785 Ewtier, 10, 330118,

il
e, 11, FIA-03,

Mo Mo, de Plerd, dea Sl Faris, (707, AT, il 174 - €

-

ke o

-
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where Ly = L7018, &), and sabstitutes this in {31), Then the individugd 7,

sariafy™*
Tl PP i Y T
{33} F"FL“ - #) vl Bl mar Jores g nln + 1)

With the help of Legendre’s 2, he is able to show that

{540 (0, ¢} = “-]. PR P fros feon & 4 osin Bsin & ens [ — ).
st 0 B A g
Now Lavlace uses this resilt and (52) o caleulate the patentinl of a

sphervid differing littfe Irom a sphere. He writes the equation of the surlace

of the spheroid as
[53) r=afl + ayl,

where o is small and y on the spheroid is a function ol 8 and ¢”, Laplace
astutnes that pi A, 4} can be expanded in a series of lunctiom

{56} Yo Fpd ¥y + Vyeann,
where the Y -are lunctions of @ and ¢ and satidy (e differentiai equation
[33). ‘The result he obaing here is tirst thas

Zn 1 .,
{57) Yo = oy U

These ¥, then, may be used in {52). Also the cxpansion /56! may be recast

25

' ) < Vo o
68) st =gz 2 @n+ [ [T er Gt ) de sy,

where g’ = cos &, With the value of ¥ he now has an expression for rin {55)
and with this and the U, in (54) he obtains 17in (52},

Laplace does not consider hers the getieral problem of the clcchupmrnE
of any function of # and ¢ into 8 series ol the ¥ In v_rhat hf‘ does dﬂ. han ang
in later papecs he presovses that suel an expression s posible and is unigue.

$5, Ifwe ignore the micldle teron {§ 2 aleent} the repulting otdonary differential equation
iy what we puw cll Legendee™s dilferential equarion,

{1 —n’};{;-—hj—f+n[n + Ner=00

The Pu{x) 2alitly this equation, O the sther hamd the £, famd 1he T, in [5'?]] ll‘gJ-r{!r:l 11
functionn of (he Lwo varialdes w = coa 0 ascd @ wiliasfy (. The &6, and T, atr valled hy

Ly X \ Y
the Gernany sphericat Ametions and by Lued Kelvin spherical harnmnics of sjilerical
. L1
wrface hariwicy,
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Figure 22.%

wliere (Fig. 22.3) r is the radius vector ' the atrricted podny, 27 ts the radius
vecior 1o any paint of the artracting by, sl 3 §= the angle formed at the
center of the body by the two radii vectory. e & coordinate of the exicrnal
point can be taken to be O because thr so'id is 3 e of revelution aroud
thr z-axis. Then he expanded the interrand i wwers of e This §s Cone
+ by writing the denominator as

' PR )

:r*"[l - (2 Ty -1.;}.! .

e

The quantity in fhc brackets can be put into the numwratar and then ex.
panded by the binomial theorem with the guantity in parentheses as the

second term of the binomial. Legendre alitained for the integrand, apart
frem the volume element, the seriey

1 |r ' r+ 4 | b
L+ 3Paleon y) o5 + 5Py feosy) S 78t y}:—E +oe ke
o
T i . Po- r
The coefficients Py, P,, ... are rationa mtegral functions of cor y. These
furcrions are what we now call the Legenere potynaniia's or Lap'ace confR-

cients o7 zonal harmonics. Legendre yove (e furtn of the functions o that
the peneral P,, namely,

Zn — 1)(2r - 3)...1

L

. afn —~ 1) -a
[ - g L

(47)  Pofx) =

aln — 13(r — 23(n — 3}

SIS b T TN

e,

contd he inaferred.
He could now integrate with respect to r', and he obtained

0RO 5 .
;:ij_llJT+§P5{°‘“?}}—,+?I‘,{ct-sy]¥i-+-~}sjnﬁ"n’ﬁ"ﬂq‘.’,

1
~

g

rm e m-

A ey -

TITHRTIAL THEDNY 5
where £ m JU87 bs the vadne ol e at o given 800 s wders sent of &0
He thea Tand to integrate with respect 1o Fae this e paed
cosy = cov §cos & 4 sin fain & cos g
Having established the s'sidiary result
o

'I— I Poalcosy] df’ m Py leos 810 (e 7l
=Jo

G,

he obtained finally

B A 2 — 3 oy
P{n 8,0) = T 1 Panlcos 9) -
nag

where

ay = a7 RERes P, to0s @) sin 048,
FLO ]

Ve valuee of this integral depends upon the slhape of the meridian curves
1~ f19). | -

Vrom the abwve result, wad o the basis of a cormmunicatton from
Laplace, Legendre then obaincd the expression for the |Julrr|Ii'.1.1 THngLing
for this problem, and from the petemial derived the compernent of the force
ol attraciion perpendicular to the radlius vector.

In a secomd paper written in 1784,%? Legendre derived some properties
of the functions Py,. Thus

(48) f: Sz Pafa) dx = 0

far each ratiapal inegral finction of 22 whose degree 137 05 less than w, I
r is any positive integer,

A nie — - fn =~ 2m 4+ 2
(49) [ Pads m e T

Il m and & are posilive integers,
0 form 2o

i
{50} ]‘u Par(x}Puals) dx = 1

m 1ur o,
At “This ewpression 15 derived an follows: Do view ol the ceyuaLLinrn of franaforit v fran
sphericat ta rectangular cordinates © omoppin Booos o o= o Buin g 2 moro ), Lhe
rectangubar coordinares al M ace [r oin § em §, rain 8 n #, f oon #) amd the rectange'ar
coordinaten of £ are (et gin B roa @ rfein 8 A ¢, " om &Y, Thewwuning thedistance Lirnmila
wi can express ML But by the law of comine fy w p* " 4 M pon e Dquatiog e
bwt exprestions for PG gives the abwve expresipn Tor oo ¥,

37, ARTw o PAveed des Sefs, Factr, TRHEAT0O M, put 19T,
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Fhe foree exeried v the entin: luwdy mn e it 1y at ff has the
"—‘ij“mtt'l L=

_er = =k I"’ flx—:.:—‘srff r.ﬁ;:f{

-

(42) Som =4[ [ P gt

- "

fi= -4 !’J"‘j::—;—i—‘;fﬂfu’qﬂﬁ:,

whertin the intcgral is extended over the enfire attracting bodyv, These

intepralzs are finite and covpect alvo when e doside the attracting :Jlkl‘r"
Instead of treating cach compaorent of the Bove separnately, itnig pirsstlile

to fntroduce ore feection Flx, v, 20 whese partind derbvatives with resfect o

x, ¢, and r reipectively are the three conponens of the force, This funcrion
is

(13) Vingez) m LUT Lty it

V.- F '
By differcntiating under the Integral sign with 1espcct 1o x, 5, and = which
arr invoaved 1o ¥, ane olrains

ar 1 ay 1
E = IJ—., E — :&f“ o

:)

|=

r

K]

. - i

and these equatiensy also hold when £ 5y inade the attracting body. The
lunction ) is called a potential function Whey uroblerm invelving the three
connpunents £, f, and £, can be reduced o the problem of working with 17,
there 3s e advautage of working wirlo one linotdos fnstead of three,

IF ot knows the dhributton 0 s beade s Bady, which means
knowing p as a function of {, g, and J, aned if e Inown the procise shape of
the [xanly, one can sometimes calenlass Py actually cvaduating the integral

Sy 1 P Y A . . "gra.
Hirm ver, for st shapes of Dodivs 10 cic'e fuegral is not iurcgrable i
wis ol sim ple functions, Aloreover, we dooot ks M trae diserilaotinn of
miss 1rsice the carth and other bodies, Henes 7 o be deterined in
ather ways. The principat fact about 77 is thart bur pines x, y, z) etside the
atiracring body, it sarisfies the partial Jilferential egnation
el

7t T 'S

(+4)

it which we e that g doees not agmear TTis Jiferemint eguation is known
as the potenlial squation and as Laydawce™s emtnion,

I'he idea that a Forge can Le dopived] D 2 petential funcion, and
even (he tertn petentlind function,” were ameed Dy Dagiel Begoontt in

Loy v

pUTENTLAL TITEQRY ) 525

Ihydrodgnamica {1738). The patential rqua‘ion ie!T aprears for the first
Lipe o ome of uler*s iaior papern eomnposcd, in 752, 7 Principles ol the
Motjon oF Fluids, 49 Tu draling with the romponents @, ¢ and of the v
oity of any point o luid, Paler bad shown that v dy F ¢ dy + o dz mud
e an exaet Jifferental. Tle inroduces the function § such thay 45 =
wdr + vdy 4 redz Then

£5 o ey
= — o - B omm =
Lx Cy o

But the motion of inconpressible Buids is sublect to what 1s ca'led the law
ol continuity, namely,

]
En '
[45) LG
* & oy £2 -

which expresser mathematically the fact that no matter is destroyed or
creatcd during the motion. Then it follaws that

s &as | 25
o gyt o

How to salve this cquation geuerally, Euler says, is not known; o he con-
siders jnar special cases where S is a polynomial in x, g, and 2. The function
£ way later (1168} called by Helmholte the veloaty patential. In & paner
published in 1762 Lagrange reproduced all of these quantities, whicl le
1ok over from Ruler withaut acknowledgment, though he did imptove the
order af the icras and the expremions.

Before we can investigate the work done to solve the potential equation
in behall of gravitaiional attraction, we must review some efforts to evaluale
this attracion direcly by mmeans of the zegrits (420 or the ciedens i
other crordinate systeins.

In 2 paper writtern in 1702 hut published in 1783, entitted * Recherches
sur Pattraction des :phémfdcs,"“ Legendre, interested in the atlraction
exerted by siids of revalution, proved the theoreni: If the attraction of a
solich of revolution is known for cvery external point vn the prolongation of
e axis, then 1L 1 known for every external point. 1le first exproved the
vompatent ol the lares of ath actjon in the direcilon of the radius vectar r by

ireans of

> {r — r'} fﬂg? U k) ' 3 r ]
46} Pir,8,0) = U[ T i 1 48 dg dr,

D0, Noti Caer. Acad. S, Prirgpr, b, 1756037, 271=311, ruh. 176) = Opera, (20, 12,
153-t4.

79, Afise, Twer,, 2, 1TH0ML, 196- 294, pub. 17452 w vy, |, 38468,
UL AlA, des saw, ftrangery, 10, 1780, 411=24,
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Eoler, o, studicd eyvlindrical nfoe o’ oo limdricad Ggures off
revoluton?? and cottidered reflection s omes aed et e The ¢ oris
of these men were ditected Woward venleesbone®og tales: oigan pioes; all

sorts of horms of hyprrbeleidal, conte.’, am! eviiediical shaped trumpets;

bagle: and nther wind imreuments.

On the whole (hese cefforts to solve pactiad diferential enuations in
three and four variables were Hmitedd, oindy Tcavses e solutions were
expresed in series involving several vitiat e s anosed 1o sinipler trigie
nometric terics in x and wly Lo PN M rhe siciums
knew too [ittle abeut the "1:n:§::l‘1;t 11:&-11:251--;1’ in :;:nrj;1;::{!“““?1"“:!:"*15

; f Mat arearar ' . s complicaied
series and about methods of Gesermining the coctficients. Sucly methods
were snon developed. -

It is worth mentioning that Faler, in comvidering the sound of a bell
anil reconsidering some of the problems of the vitrations of rods, was led o
fourth order partial differenal equativos, [lowever, be was unable 10 do
much with then and in fact, For the rew o the centyry no progress was made
wirh tliem.

4. Potential Theory

The developinent of the subjegt of partial ifle: ential equations was urhered
Ly another class of physical investigations. Chee ol the major problems of the
eighicenth century was the determitation ol the amount of gravitational
altraction one mass cxerts on another, the prime cases being the attraction
of the sun on a planet, of the earth on 2 particle exterior or interior to it, and
of the earth an another extended mass, Whiea e Lwo masses are very far
apart enmpared 1o their sizes, it 3% prilide ottt thenn a1 point manes;
L in other cases, nofably the earth alracting o partiche, the extrat ol the
carth must be taken into account. Clearly e shape of the cartl intest be
known if one is 1o caleulats the gravizational woaction s distributed masy
excrts on A particie or another distrabuted wiass, Milough the precise shape
remained a subject for investigntion (Chap. 21, sec, 1) it was already clear
by 1700 thar it must be some form of <Mipawd, pevhaps an olilute spheroid
{an cl'imoid generated by revolving an cllipse around the miner axis), Tor
the solid shlate spheroid the force of attraction huth onan external and on
an internal particle cannot be caleulated s thoueh e mass were cencen-
trateil at the centrr,

In a prize paprr of [740 on the tiley, amd in his Trratise of Fluxinas
(1742}, Maclaurin proved that, for & Duid oF writonns density under constint
anignfar mtation, the o'ate sphereic is o cquilisiume shape, Thea Mace-
laurin proved synihetically that, given Swo confocal honingeneons elliprnids

27 Nwd Cemen. fead, Sef. Perewp, D0, 1771, 20D LS e 177 w Pipera, (2], 13, 2i2-J00,

- .y.u.m\—,‘I 9 B
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P, r 2]

Figure 22,2 fors

of revotution, the atractions of the two bodiss on the same particle extera!
to both, pravided the particle e on the protongation of the axis of revotution
ar in the planc of the equater, will be proportienal 10 the volumes. Some
ather limited results were alse established geoinetrically in the nineteenth
century by James Ivory £1763-1842) anel Alichel Chaslet,

The geometrical approach ta the problem of gravitaiignal attraclion
used Ly Newton, Maclaurin, and otliers is good enly lor srecial bodies am!
special locations of the attracted masses, This approach secn gave way 0
analytical methiods, which anc finds first in papers hy Clairaut belore 1743
and especially in his famous ook Thdorie de la figure de la terre {1743), in
which I comsiders both the shape of the earth and gravitational atrraction,

Ler us lrst mole some Froiy about the analytical formulation. The
gravitalional force exerted by an extended body on a unit mass * regarded
as a particle is the sum of the freey exeried T all the small masses that make
up the bady, T df dy gf 1 o stall volwie of the bndy {1, 2.2, 0 siatl
(hat it 1may e 1egarded as a particle cenrered ut the paint (£, v, ¢), and if
P has the coordinates (x,p, 2}, the artraction exerted Dy the sl nas ol
density @ on the unit particle is a vector direernd from £ o the small iniss
and, in view of the Newtonian law of gravitaton, the comprnenty of this
veetor are [Chap. 21, see. 7}

x

L S8 7 R A L —tp 25t dgdn dl

where & 14 the congtant in the Newtonian law and

pas Vo= 6%+ (- M+ (= - U5

Of course p may be a funetion af £, n, and £ or, in the case of i honmgreans
body, a constant.
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yram nld {I??” ared estab et this Dot am a0 Teaecle ol reatiienntie )
'Fﬂ.l}'ﬂics. Thiw boest severcke e the .\11!1_:,r'»:_-t [ZeH FESTUTRLE FTT nl.lfnl [1.1:'-5'.'1{}!'1?::'. [ 730 g
]|}'drfﬂfr1.‘|111ir-ﬂ. S s a 1'1‘|r11[11'|:'-ui}_|1f.: i, wrnd 13- theuay ol the profraci-
tien of sound is part of uil rmeeehanics Dond ol elastic ity Tecawse air ia aiso
an clastic medinen ), TTowever, tooereal e preapasgaties o soued hie made
reaseia bale stplifications ol the gq::'u:r.n IV, Flusme agal eeprraliong.

Three fne and definitive papers were rewd 1o the Perlin Academy in
1750, Tn the tivst, Q0 the Propagation o Sosee [ # Laler consiclers the
prosagativn of sounel in one space dimrnsion, e wine approxinilions,
which ammunt 1o comsidering wavet of anna! amplitude, he s led w0 the
are=tfimensnmal wave l.':ql.l:l,TEl."rn .
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whiere y Ts the amplitede of the wave at the point x and st time £, g is the
aeceleration of gravity and £ is a constan relating the pressure and density,
This equation, as Euler of course recosaived, is the same as that for the
viraring stiing and he dic nothing mazweratieslly new in solving it

Tn his second pano® Beler gmives (e twe-dinensional equagion of
propagation in the form

Aix 2ix Hy Iy Ay L
K e w3 0 2, — T e 4 fd o T
CB =t rCrray TR T MR T Ever

where x and y are the wave amplitudts in Ui Xedivection and Yodirection
mpectivcllfl or the components ol the L!'iui:l'u{‘:'lm"nt, atd ¢ o= V2 e
gives the plane wave sclution

x maflad + BY + Vet + B e ALY 2 2V b Ve + SR,

where & is an arbitrary funciion ant ¢ sod §are o hitrary constants, Ther

letling .
. a .
(39 — ;_: - i—’:’

{r s called the divergence af the displacrrnd, e gers the twomdimensional
Wave fguition

1 #% &% idp
e F s

e alus sates the need for the superpesition of

general soduion of the prolifem in erder te meet weme ritial vondition, that

sbaitans e oblain the mo

is, the valus olror of x and g at = 1,

ko Miv. de Uoload, v Berfin, 15,1759, 185-2000 puhe, Y00, Opwaer, (31, 1, 428231,
w5 Afine, dr FAcad, dr Befim, 15, $759, 21040, tmbs [Tule ox fipees, £3), 1, 45284,
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FXTENAIONI OF THE WAVE EQUATION ' 521

LEuler then shows low hie can get the differential equation whose soli-
tions are called ovlindrical waves Lecanse the wave apreads et ltke an
cxpanding eylinaler, He lops & = 2717 & F= and introcuces ¢ = f{Z, 1)
where fis arbitrary, By [etting » = vA and y = #¥, he obtainy from (40}

I &% ﬂ_at.rJ_ £
fen T URZ T2

He also obtaing in this paper in a similar manner the three-dimensionzl
wave cguation

(41) 1 ¥y &% + e N 8
——— = = — - —1—=1
2TE T PR T Oy Ve

where v is again the divergence of the disptacement (x, y, z). Euler gives
plang wave and spherical wave salutions using the kind of substitotion just
indicated for cylindrical waves. 'The basic equation [ar spherical waves is

i v @ o VETTT
am=ywtapy  m VA

Much of the above work on spherical and cylindrical waves was also

done independently by Lagrange at the end of the year 1759, Eacl, enm-
municated his resolts 1o the nther. Though there are many details in which
Lagrange’s work differs from Euler’s, there are no maior mathematicd
roints worthy of being relaed here,

From the propagation of scund waves in air it was but a slep to the
study of the sounds given ol by musical instruments that empioy atr mwtion.
This study was initiared by [raniel Bernoulti in 1730, Bernoulli, Huler, and
I..agrnﬁge w‘rn*r: numerous papers on the tones given olf by an almost
ncredilde varieyy of such itstruments. In o2 publication of 1762 Danawl
Bernoufli shawed that at the open end ol & evlindrival talwe {organ piped
no condenzation of air can take place.?® At 4 closed end the air particies
must h:e;t rest, {le eoncluded ram this that a tule elosed at both cnds or
open at' botl ends has the same fundamenial mode as a tube of haif the
length but apeti at one end and elosed at the ather, He also discoveree the
Uicorer that ko closed organ pipwes the frequendies of the overtones are odd
multiplés of the [requency of the fundamental. In the same paper Lernoulli
teok up pipes of other i eylindrical fovm, in particular the conical pive,
for which he obuined expressions for the individual tones {modes) but
recognized that tirse held only [or infinite cones and net for the truncated
pne. Far the {infinite} conjeal pipe the avertones proved o be harmonic to
the fundamental. Beruoulli conlirmed many of hia theooretical resutts hy
cxptruurnu

l"ll|

26 Mim. de D Acod. des Bei, Purny, 1762, 43185, pubs. 1754,
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At we anal! see inoa moment, Vet tad Batewheeet Wb e Teserl
funrtions of tee first kind o a paper v P eatinr e fas nise Cheaps,
21, sees. 4 and 6) and in this 1781 paper he penarks that it is possible o
express any motion hy a series of Bexel functivns filrspire the fact that he
brad sreued against [Tanie! Dernoal Vs iy, in the vilnating-string prodlem,
that any funciion can be represeniod s a servies o igommetric funclions).

Yapers on the vibrating string ard the lansing chain, of which the
abve are just samnples, were pubiisied by anany oller inen np 1o the
end of the century. ‘T'he avthors centinueed (o disagree, correct cach ether,
and make all sorts of errony in doinyg s, ineluding contradicting what they
themselves had previously said amd «ven prosen. They made assertions,
cantentions, and rehuttaly on the Desh o lwwes crpunpents and often juat
personial predilectiong and eonvictiens. Tleir references to papers to prove
their comentions did not prove what they clainied. They also resorted 1w
sarcasm, irony, invective, and se'fepradie. Mingled with these atlacz were
seeming agreements expressed i onder o merry faver, particularly with
d'Alemben, who had considerable inPuenes with Frederich 1 of Prussia
and as direcior of the Berlin Acacemy of Scienees,

The secand order partial difTercntal equation problems deseribed thus
far involved only one spare variale an? time. The eighreentls century il
not go much beyond this, In a paper of 17302 Fuler 100k up the vibration
of a rectzngular drum, thus consideifng a two-Cimensional body. He ol
wined for the vertical displacement r of the surfuce of the drum

1 E’z ﬁ": . Fiay

43 pirTE R Y

wherein # and ¥ represent the coordinates of any saint on the drum and ¢ is
derermined by the mass and teasion. Eoler trbed

= m oy} S0 (ol § n)

and found that .~

w's  &p it
= ™
- oy

This cquation has sinussidal salutions of the for

7 = xin (E; + ”} i {% I C)

where
g7 z
o ¥
— == s
. e T s

27, Nooi Comm. Acad. Sci. Pareop., 10, 1754, 24350, qels, DHG6 o Opoa, (21, 10, 341209,
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EXTENSION: OF THE WaAVT EUVATION =1|9

The dimemions of the drvare gand b, s that 0 5 v o7 a4l 0=y o b
When the ivitial velocity is O # and © may be tablen v Be 0 1the houada I'i:.‘.'-'
are hxed, thon § == me and y = ar where m oand n are intcgers. Then,
singe w = Jme where v is the lrequency per second, e alitains readily that

the fretpucticies are
1 [ 4f
rmgefE

He then consident a circular drpmn and transforms {31 to polar coar-
dinates {a highly origina! step}, obtaining

(34) I S ¥ 1 Pz
ST STt o
i i F A

He now tries solnticns of the form

{35) z = wir) sin (wf + A)sin (8¢ + M)
z0 Lthat wlr) satisfies

P w? 1
(36) u'+;u+(?—§5)u=n.

Here Boiscl's equation appears in the current form {Cf Chap, 21, sec. ),
Euler then calculates a power series solution

"(? ) ” "{1 - Tcz:—i T (%,:_;)r FTeET IIJ{# +7) (?%)l * 1

which we would write now as

\ o
n(.‘frg - (;] BTIE + 1, (‘-: r)-

¢

Since the edge ¢ = a st remain fixed,
o (#d o

It also follows from {35}, since 2 must be of period 2 in @, that B is anin-
teger, Euler asserts that for a fixed # there are infinitely many oo w =0
that infinitely many simple sounds cesuft, Flowaver, he did nat calew!zw
these roots. e did atterpt 1 firnd a second solution of (363 lin Tailed 1o do
s0. The theory of the vibrating memlxrane was derived budependently Dy
'oisson® and is often eredited solely 1o liim,

Euler, Lagrangr, and others worked on the projsygation ol s Baaiv
Euler wrate an the sulject of sound hequendy frome the time he was (wenly

P4, Mim. de "Arad. det S, Parfs, §30, B, 1827, 337-370.
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Thus the ratio of twer successive froguueeeies i tf s s for a string of
pisiteo thickness, But the Qmndamesal Tropeenss o1 lomger inversely
propectional te the Tenath. o . _
In this paper of 702G Kuler alsu ctrsh feredd e wilrations ol a siring
companed ol Lwo pengelin, @ oand B, of different Orickneses waoaed = Fle
derived the equation lor the requencivs e of thus renedies, These trn out to

Le sohutinns of
a fr

{203 Mian o2 & oy = @ th
m e

and he solves for m in special cases, Uhe solittions of (203 are called the
characteristic values or cigenvalues of e Prr.h':r!rl'. TTiese values are, as we
shall see, of pritne importance in the theory of partial ciiIT'un:ntia!‘Fqualinm.
It is almost evident lrom [29) that e charicieistie frequencies are oot
integral multiples of the fundamramal e,

Howrver, Euler took up this qustion aga’s In andher paper on the
vibrating string of variable thickness,"™ .uud starling with {28) he shows that
there are lunctions «{x} for which the tiegrem fos of the higher modes arc
not integra! raultiptes of the fundamema’,

I¥Aleinbert, ton, taok np the sting of variable thickness.'® tere he
ased 3 sipmificant method of soluthm fhas fe- fin! tntiondueed carlier lor the
sring of constant density, In thin mr b ancmt at the vibrating-siring
profyom d'Alembert had intvoduced e il et e liun of varialnes, whic:h
is mow a Dasic methotd of solution b part Siferential equations.?® Lo
sulve

Pyle ) i
ar T T

d'Alernlaerl seta
y =i gl

snbstitnutes this in the differential egquation, amd oblains

IO
() AT T g

He then argees, 21 we do now, that «ivce p'fp thaes not vary when ¢ does, It
rust be a gonstant, and by the like arnncm apgniicd te 574, this expression

100 st he it constant. ‘The two contants av erual snd are denoted by 4.

‘Thus he gets the two separats ordinay diffrernial aguations

AU — atiihfry

Gl §(x) — dglx) = 0.

su Afi. Taur, 3, L5255, 2550, pub. 170 = O, 12, I8, 397425
Vo MO e Cotead, de Berlin, 10 ITRE A b 07
M ffar, cad. e Feriim N, 1750, 385000, naly, L1020
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Since a and A are constanis, rach of (lese enquations is readily solvahle, 2

d Alemibert s a
w{t &) = Al g{n) = (MaYEO J"-'f"'"’ﬁ"]ff’r"'j" + Qe=¥a],

The end-conditivns, y{t, 1) = 8 and L0 =0, tel AAlemibere to asserd
that g{x) raust e of e form £ sin Hx and e ) must e of the sane Tonm
Decawse g(f, 2Y st e yweriodie i f He lels the matier there, DViaie] Hipe
noullf Toed wse] e il of siparation ol variabley in 1732 in his nvatiment
of tur vibrwions of 4 chain 5uspt-udcﬂ ternn one end, hut d*Alernhert was
e explicil, despate the Gact that he did not coniplete the snluting.
In Tis TS paper d"Alembert wrote the wave equatian as
iy W

s = X0 2

b

2

3

and soteht solutions of e form

mowm [{x} condmt,
11e oliained for { the equation

d!t - i’r’{

{32} i i
D'Alembert now had to determine | so that it was 9 at both ends of the string.
By a detailrc analysis he showed that there are values of X for which { meews
this condition. He did not appreciate in this work that there are infinitely
many values af &, The siguificance of the investigation is that if ia anulhc:*
step in the direction of boundary vaiue or cigenvalue problems for ordinary
differentia! equations. ]
‘The trausverse oscillation of a Aesty continuous horizonta! cord was
laken up by Luler. In the paper, " CGn the Modifving Lflect of ‘Their {wn
Weight on the Motion of Strings,” 2 Euler unains the Gillerential equation

! £
- sk 4
‘i Y 23 Kax-

For constant ¢ and with fixed ends at x = 0 and x = !, Euler Aads that

(1 f2)gxlx — ¢
¥ o= - —-——ﬁ--..—_l: / ]‘gc{x ) + el + &) + fel — £
Thus the results are the sane as for the “weightless” string {where the

gravitational force is ignored), except that the oscillation 1akes plare abaut
the parabelic figure of equilibrium

y = _SIEEE“E: - !]. ‘ .

21, Acta Acad. Sei Peerop, 1, 19R), 1208200, pub, 1784 = Opere, {21, 11, 30 11, but dating
from 1774, .
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must be | odicin e TTowever, e 70t toocaliee th e, wivens any arbiteary
function in, say, 0 5 a2 4 this funetion contd! Lo repeated fnevery inlerval
(nf, {n + 1M1 lor fietegral o and so be perindic, OF conse, sieeh a2 periodie
function might not be represenrabic by one folised) farmula, Buler ang
Lagrange were, at least in eir e, Institied in Selieving die gor g
“discontinuous” lunctions eould be renveaented Ty Pourier series, yet equeally
right in believing {though they did nnt have ywend * that 1he initial curve can
be very general. It need not be analviic, nar nerd it be periodic, Bernonl|]
did adopt the correct position gn physica' groqds but cou'? oot back it
up with the mathematics.

One of the very curious featur of the delrate on the trigoumnctric
series representation of functions s that 't the men Involved knew that non.
periodic functioms can e representcd {in an interval) by toigenonetrie
sevies. Referrnee to Chapter 20 (ee, 51 will show that Clairaur, Buler, Danie!
Beraoulli, and others had actually prodieced sl represeatations; many of
their papery alsa had the formulas e the enctlicients of the triconometrie
series. Pracrically a’t of this work was in peing by 1759, the year in which
Lagrange prosented his basic paper e the vibiruing steing. Ele gould they
have inferred that any function has o frigonnenetric expansion and couly
have read off the formulas Tor the corBeienty, e failed ta do so, Only i
773, when the heat of e controversy wan peast, did Daniel Bernoul)j
notice 1hat the tum of a trigonometric series may renresent different alge.
Lraic expressions in different intervais, Why did all 1hese results hlave no
influence on the controventy toncerning the vibraing aring? It may be
explained in several ways, Many of the results on the reprosentation of quite
general funclions by trigonometrie series were in papers on astronomy, and
Lianic! Bornoullimay not have read thime and so could not point to them in
defrnse of his position. Buler and JAlemferr, whoe must bave knowny
Clatraut’s work of 1757 (Chap. 270, s 3}, were probably not inclined to
stily it, since it refutad their own angnnents, Abo, thisastronemical work by
Clalraut was sonn supeneded and Sreotten, On the nther hand, whiereas
Huler used trigomometric sories, as in his work on interpolation theory, to
represctit polynomial expressions, e dil wat soocepr the general fact thae
quite arkitrary functinns could be s repeesented] the existenee of sich 4
series represenation, whers he tsed o, was wenreed by other means,

" Another imsue, how a partial differential rqpuation with analytic goelli

cients (e.g. constants) could have o tocanalyie solution, wird it reaily
clarified. T the case ol ordinacy difYvenial reguations, iF the enelliciens are
analytical, the solutions muat be, Howewer, thiv i not droe o portfof
Jdifferential equations. Theugh Euliv was coenet Inosayimg that soluting,
witli corners are admivible {and e did ingis om 3t), determination of the
singitlaritiens that are admitgible in the wlotion of pactial differenal equa.
thons was still Tar 7o the futuee,

-

EXTENSIONS OF THE WAVE RDUATION 51?

3. Eatenstony of the Wore Fouation

While the controversy over the vibrating string was being carried on, the
interest in musical instruments prompted further work, 1ot on'y on vibra-
tions of physiral structures but alio on hydrodynamical questions which
concern the wopagating of saund in air. Mathematically, these fmohve
extensions of 1he wave equating,

I 1762 Enler taok up the prohlem of the vibrating string with variale
thickness. He had been stimularetl by oue of the princival questions of
musical amsthetics. Jean-Philippe Ramrau ([683-17641 had explained
{1726} that the consonance of a musica! sound is due e fact thas e
compeneni 1enes of any one soumd are harmanies of the fundamental sgne;
that is, their frequencies are huegral mudtiples of the fiovdaimental frequency.
But Euler, in s Tentaren Novae Theoriae Muicae 1173009 maintaine] o
anly in proper musical instruments were the nvertanes harmonics of the
fundamental tone. He therefore undertonk 1o show that the string of varialie
thickness or nonuniform Cersity efx} and tension T gives off inharmonic
ovoriones,

The partial differential equation becomes

LIRS [ ]
28 R A
(28) 27~ o

with ¢ npow a [unction of x, The lirst substantial results were olitaingd by
Fuler in a paper, “On the Vibrawry Motion of Non-Uniformly Thick
Serings.” 1T The general sulution he declares to be bevand the power of
analysia. 11e obtains a solution in the special case where the mass diswribetion
g is given by

-]
0=-———u +

=)

r

wherein oy and a are constants, ‘Chen

ol
I 4% J
[+
Tieg. T'he [reguencies of the mudes or harmonics are given by

y-(1+f‘.]¢*—.-" + gl] +
L1 4 !_+-

L

RI1M

where ¢y =

ho= g : ke 1,2,3, 0

|6, Opera, {31, F, 197427,
17, Nevf Canne, dewd. Sei_ Peirap 0| TR2IBY, 146304, prub, 1151 = Opera, (21, 10, 142413,
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ather foc the ool jrart, and theee w il b oesain e sa difieyecd arnd
a'tered ai 1o Lerome absolutel e enteaWe, 10 TS ey arntasiog
that 5o ingemivun 2 thegey ... iv showen T in_ |!--~I [rrimd AT gase, .'.n
which all the small reciproes’ el e wren i L Ralure may '

related,

All af this is almost total nonsense. . _ . .

Lagrangr's main hasts for contendicy IR mh:!u_m du! 13 teeuine
the initial curve ¥ i) and initial welocitg D0 1 T ll't'nnl.l‘_ll.'[!‘li i thuat l}l’! did
not apply Jdifferentiation to trern. Bul o were Inriginnge witat T i oo,
restrictions would Lave to be madve.

Enter and d'Alembert oriticierd Livrrange’s wak T actuadly did nnt
hit at the main filings; they picked ool taids e diiw s r.utigamh Ca'cr:l‘.a-
rions,” as Euler pot it. Lagrange tried todnever P et The renfies
and rebultals an both sider are 100 sxicmive rebare hiere, though any
are revealing of the thinking of the times, Tor sraliple, Lngrangc: replaced
sin wjm for m = 0 by =/m and sin yrr 2wt Ty o f2pi for o = C. IMAloinbent
alowed the fint bur pot the second, breeatse s values of v involved were
comparable with m. The ohiection that & series of the form

o5 X + oos 2x 4 cos G 4

might be divergent was also raised by " Alembert and answered by Lagrange
with the argument, common at that tirne, Tt the viite of the seried is the
value of the funciion from which the series cumies.
Y crivici el derails 1o
‘Thiough Fuler did crivicize mathematical details, liis overall rcfﬁmmc 14
Lagrange's paper, communicated in a lairer of Ocweler 23, 17539, was 10
commend Lagrange's mathematicai saiii and to slauwe taat it put the whale
discussinn beyond all quibbling, and Lag ever s ane Nt now recogntae e
use of irregular and discontinuous Fia Dinter’s sense) Do ions o tlos class of
probtems, . .
Onr October 2, 1754, Fuler wro'r Lagrang: 1um r!nllght:d iy Ie.it,rn
that you approve my seiution . . . which '3t liss tried (o undeninine
; ; ar ey a1 hie did rot get it himsell.
by various cavile, and that for the so'e yeasal th_u ' 4 Hmsell
He hat threcatensd to publish a welgh'y refutation; whether he really wi
! Jo not know. He thinks he can decrive the sermi-tewemed Ly his eloquence.
’ . -1 I ) - . 'H "
1 doubt whether he it seriouy, unless pechaps b is thoroughly Witcled s
sell-love.!" o . )
In 1760/61 Lagrange, seeking 1o answeor colrchitns of " Aembieet an
Bernowlls that lad bren communicatet Ty letter, pave a different salution nl
the vibrating-:'triﬁg problem, 1 This vivre I starts ditectly with thre Wit
12, Lagrange, Ewera, 14, 164-20.

13, fKieeer, 14, 162-64, . i
14, Mg Tewr, T3, 176061, 11=172, pub 130 = Rrer, 1, 151-315,

TR Y

Sty

"

..

I'.ﬁﬂ_"g'g R R Y LI o

,.-ﬂ.;_u‘l,q

P T ]

v

bR L ST ML T L i

THE WAVE EQUATION . _5 13

rquation [with ¢ = 13, and by mueltiplying by an unknown Tanctian aoml
Turther stepe he reduces the pastial differential eguation to the selorion of
twa ordinary dilferential cguationae Then by stifl turther sieps, not all
correct, Lagranee oliains Uw solution

1 | 5 -
o) = gy e fle =) = g [T gy [ g
= - B ]

wherein fix) = p{0, &) and g(x) = 2g/7t at £ = 0 are the given inital data,
Aa Lagrange shows, this agreey with d'Alembert’s rnuln, Bul then, without
reference to his own work, he tric to convinee his readers that he did net
wse any faw of rontinuity fanalyticity) for the initial curve. It is trye that he
ditl nut use any direct operation ol differentiation on the initial functicon.
Bur, in this paper also, 1o justily rigorous!y his limit procedures, one canunl
avoid assumptions about the continuity and differentiability of the inilial
functions,

The debate raged throughout the 17605 and 1770s. Even Laplace
entered the [ray in 1779,'% and sided with d'Alembery, DYAlembert con-
tinued it in a scrics of booklets, entitied Qprcules, which began o appear g
1768, He argued against Euler, on the goound that Buler admitied min
general initial curves, and againstDaniel Bernoulli, an the ground that his
{d'Alembert's) solutions couwld not be represenred as v surt of sine curves,
0 that Herpoulli's solutians were not ecneral enough. The idea that thre
infinite series af trigonometric funclions 37, a, sin ax might be made Lo fit
any inital curve Lecause 1here in an infinity of 2.'s to be determined ([aniel
Beenoulli had so contended) was rejected by Euler as impuossilile to execute,
He also raised the quoition of how a trigonomctri-lé;q;r_i:i could represent the
initia] curve when only a part of the steing is disturbed indtinlly. Enler,
d"Alembert, and Lagrange continved throwghout to deny thatas idgonoacric
series could represent any analytic funclion, te say nothing of more arbilray
functions, T

Many of the arguments each presented were grossly inenrrect; and the
results, in the cightecnth century, were inconclusive. One major issor,
the representability of an arbitrary function by trigonometric series, was ot
settled until Fourier took it up. Euler, d'Alembert, and Lagrange were nn
the threshold of discovering the significance of Fourier secies but did oot
appreciate what lay befure than, Judging by the kaswledge of the times, adl
three men amd Hemonlli wers correct in their main comentiong, 13" Alen:-
Lert, following a tradiliom estallished sinve Leibniz’s o me, insisted that
functiony must e pnalydeal, o that any prollem not solvalile in such (eens
was ersolvabile. e wis also coreect in the argument be gave thate gfr,

.t .

-

15, Aféwi, e P Acad. dex Sei., Pariz, 1779, 207300, pub, [702 = fEuer, 10, 1-R9,
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Jis arhitr Bscontisuons, in Buler's waseed st soocoaetanr he exnresd ag

i e ; '\ YWt o meantAnation of arcs

ine functies, I facr, he spve focony) T moaniem,

a suen al sine lunees, o LM oo o
spreacd out over e intinite x domain ard e add one lu_nu;:..l tyet :;:; " _c
I : i ! i e T oopresse] s o st of an
it it discontinuous (in Eulers M‘:T'LH‘.'}._U- :.||:|'|.1fj'[‘ y t ' e, e Lt il
cutves, s own solution, e wofierms, oo TaetteD o resaeet, 20 ria

e | in Tact, need not Lo expressib’e byoan equarien dsingle anaivtic
cuive, m ! . : b b
sxprestion). _ o -

’ arler alw pointed, in this instanes Sghtly, 10 1he Mackaurin series l]'JL:

i b'teary fame i henee neither coule

said this could not represent anmy ars ey flame ¢ :n., 1ee ety e
an infinite sine series. Al he would graes was o Bernouit's trigonamelng

i ipnt: and ipdecd o (flulert had oltained
series represented special solutipns; and indecd Joe {Luter

ions i M maaee fuam 0Tl 1L
such silutions in his [TH9 papee See D07 am R U85 o e
Alembert, in his ariicle " Tondamunoal ™ in ¥olume 7 {0737] ol
) . ' . H : e o 1 o
Encvelopédie alsn attacked Beengalliy Tle did oot beliove that all odd aml
e Ton i ' P sy sem i sk ns (1Y), Because the
perimdic lunctions coeld e represented Dras s aueh s { use
series i bwice differentiable but alt edd pnd peviodic funcion® e fnl lag
r i - - - = - r rq —
wo. lowever. even when the initial cusve fs suifietently dilferemiaisle—and
.1 ' hon the i ‘ . rentiy dift o and
A'Alembert did require that it be twice Jitferenliable in his 174b paper :
AN T d » :
it oneed not be representable in Berneeili's form. On the satur; grla-. oe
i \ ' the sar roun
AN 't ool o 1 Euler's discon e curves. Awhzally d'Alemoerts
i Ve i st e wice differentiable
requirement that the inilfal cusve ¥ w fx1 I y chiable
wits correct, because a solution derived from un f{1) tli_ﬂt aes not hav
l ne! dcri':rali'.'r at some e o vattes of st satisly special conditiong
bldny) " R
at such singular potnls, _ - "
Bcrnoﬁlii did not retreat from Yse positien, Tnoa letter of 'l?ﬁ.ﬂ htg:
repeats that he had in the g, an infinite number of cocfiicients ac his dupos:i‘,
e 1 r
I so by choosing them pruperly eon'tl make Ue series in {i9) agree _wm:
e fume ire : e ol pedais, I any case he ipsste
. L] -

: 1 fx] at an nfinue pue e ins
:{]r::t !:UQTJT::.L{I;? most gencral solutios The AruT I'm_“.“t" d :Lﬂr:l-:::-l;’
Ell['l.‘ll: and Bernoulli continoed Br o decale -.1.‘-|L.!1 nnI :|r;u::-nwn.‘_n_. L” . ,
The flr:-.m:ncr of the prublem was the el of e ::L:'iw 10. T.:!‘[.I;::L:tl.l-:
could e represented by the sine serims, or i gene .L._:}f..d}:_-; u::ﬂﬁ I.w“.;.
In 1759, lagrange, then young ELITH U:.k'qu“er, etrred the e : m",]d.i.'

In his paprr, which dealt with e nalute au p|1~p'.lg2‘mun o " :r
he gave wine rosulls on that wbject and ten ;qsphrtl.]:lhu.rnml::rodr:iﬂ::::
vibrating string. He proceeded av though !!.:1“::4-. “"}F”;E -: '11':”“?}“’!_”1.-':
Lt repeated magh thar Pueler Al Phanded I_-FTIFIH'.‘l.-! ‘uu tl : b “_l;
Lagrangr, e, staried with a sieims Yoinded “Illt=.'1 !uuh. !Il.ll'll.. l.t'.t, ‘:' ”

ally spaerd masses and then Baaed 10 the Tl r:lj.u:r infint ‘.”_“ r.J
anc eqn ?r]‘,'lp N N criticized Fater's metlol oy restoctingg 1o Il!wlill..i T:_]
::'i:::‘::ﬂ {::.:L?yti:r}. curves, Lagrange aaid e wonld prove that Balers

M, _tewr. des Spacwns, Murch 1750, IE?—bﬁ: i
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ronchusinn, that any initial curve can PV, it rarreet, We

shall pess ar
once 0 Lagrange's conelimion fur the contnuo s srine.

e Tl alptined v
?:'.r...xt‘,n'rx r.. crrf f .
23] w{x,t} = I.}_, !III—,;— 2 3m—f- dxt_j"ﬂ“"T o+ - Fy “"r_:;_r_! .
rel 'L -

Here ¥, and I, are the initial displavement am inigia)l velocity of the gth
mass. e then replaced 1

g and F, by ¥(x) and {70 fespectively. Lagrarer
regarded the quantities

(24) Nan T rdn and Y sin 8 g u
wal = '

¥ =3

25 integrals and lie took the integration aperation

outaide the summation
ey F'roa thiese moves there resulted

r "

1
{25} [LEN S [2 [- Fixt s\ 1711 Ea’x L Ecm [t
. Vo bt ¢ ‘ !

. ffE I‘-’ "{x} Zn i <in J'!-r:‘f s rmr o rarr!
— ¥ - -— fax| s — ——
\‘ru‘_.g Ler { ! T !

The interchange of swmmation and integration ot

divergent series but spoiled whatever chance Lagran
fecognize

only introdueced
ge might have had to

- ! . Fwx
(95) v sin 2% de
i’.n
at 2 Fourier coefficient. Alter otlie one, ditlieult, and <dulhious s,
Lagrange obtained Euler's and d'Alembert’s resule

(27 o= blet 4 x) 4 dfer — a0,
He concluded «f

*at the above devivation jut the theory of this great geomerer
[Euler]
beyand all dovtir and established on direct and clear
rest in no way on the Taw of Eantinuine
d'Alembert requires; this, moregver, s how itcan happen thar the sane
formula that hus yeeved to suppory and prove the theary af ATe, Ber el
on Hre nixtiere of dsothrenoes vibradgos when the minlaer oF Boglies
.. finfle shows us i1 fosnfBciency ... when e mumiber ol yfipese
bodist becomer infivite. In facr, the rhange thar iy fprmula underpocs
in prausing from onr case to the ather is such ¢l the simple o s
which mace up e alsolute motans of the whole syatem

prineiples which
[amealytivity] which Ar,

amnnl rarh
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mecilanical throry of lear {as opposed n Neat e ke e el mives
many tesults on the thenry ol gases. .

In his paper of 1732133 cited in the meoending e, Bernonlli .Euu'.
expresily stated that the vilirating string con't} ave ligher inodes of oscilla-
tioms. In a later paper’ on camposite necllatin o weights on a doaded
vertical Mexible siring, hic made the follnwing retnark:

Similarly, u tant mesica! string oo need e e s isechronous rernhtingy
in many ways and even aceord o fa Ty dinitely oany, .. aned
n-.urtm-';:r in- eaels mwnde b emite o el o Coweer note, The rl1r!:l. am
st natural mode ocours when e Atnne in it oseillations produces a
sing's arch; then it mawed the oyt g ilarions and gives out the
derpest of all irs posible tane, fovdarened oot the e, The nest
mode demands that the siping procdooe twe aches on the apposiie
sides [0f the string’y rest positien anl then e oscilfations are tueiee as
fast, and pow it gives out the octave of the Ianed eaemial sound.

Then he deseribes the higher modes, Fle dues e wive the mathematies bt
it seermy evident tlo hie had i

In a paper on the vibirations of 2 har and e sounds givea off by the
vilirating Lar,® Bernoulli not only giver the separaie mecles in which the bar
can vilnale but savs distinctly thal bols wounds {he fundamental and a
hielier Barmonic) léan exist wogether, This is the liesd statement af the co-
exintence of unall harmonic oscitlations. Bernontti Lusad it on his physical
undentanding of how the bar and the soeands oo act bt gave o mathe-
matical evidenee that the sum of two raodes is a solution, .

When he read d'Alembert's firsl paper of 1745 and Euler's paper of
1749 un the vibrating string, he hastened to peldish the ideas he had had for
many vears.? Alter indulging in sarcasm abiout e abstracines o!' d'h:r.uh
Tert's and Buler’™ works, he reaseerss than many nuedes of a vibirating =iy
catt exdst simultaneously fihe string UCien respoads to Wi sum o0 1!:*.Lg'.u..r-
pesition of al! the inexles andd clains thar this s all i Buler -'1:1::! d .'_"ﬂ:c'!‘n-
bert bave shown. Then comes a major point, Hle fsiss that aff powibile initial

curves ant represcntable as . -
= . HmX

{14y Fixh = Z 4, 51 —=
n=l

- ecause tiere are enough cunsiants @, t racke Ure series fivany enrve. Jlenee,
e ssgerts, el sulmeqeenm motinns wonld be
L
\ . hmx o omarif
{0} ylt, xt = Z fp Sitk = cus e
ER N
1. Comm. dcad. Sei. Privap,, 12, 1740, 97208, puh. 170,

B Comme, Acad. 5ei. Prirap, 130 174140, 1872000, e 1751,
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Thus wvery worion corresponding to any initia? evrve s 1o more than a sum
of sinusoiday periudic modey, and the combinaton has e frequency of the
fundamental. Mowever, e gives no mathematieal arguments to Lack up hiy
contentions; e relics on the physics. In thi paper of 1733 Bevnoulli states:

Aly conclusian is that a8l senorows bodiss include an infinity of sggnge
with a corraapanding infinity of requinr vibraions. , . But it id not of
this nadtitude of woweds that Messrs, & AlemBbert and Deler claim (o
speak. ... Each kimd [each fundamental mode eenerated by some
initia! curve] muluplics an infinite sumber 8f mes 1o acgrn) ig
cach 'nterval an infinite nuinber of curves, such that cach Boint s,
enet pehieves an the sarme instant, these vibrations while, following tic
Uieerry of Mr Daylon, cacls inierval between twe nodes shioubd asqoe
the fornn of 1he qamypranion of the cyeloid [aine functiun? extecmely
clongated, =

We then remark that the chord AR cannot make vili alions only
conforming e the frst Agure [Mundamenial! or second [sccond hai-
mienic} or third and s forth W infiniy but that ivean make 2 combing.
tion of these vilipntions in all posable eombinations, and that ol new
curves wiven by fPAleribert and Euler are on'y combinationm of (e
Taylor viliraligns,

In this last remark Bernoulli aseribes knowledge to Tavlor that Tayler
never displayed. This apart, however, Bernoulli's contentions were enor-
mousty sgnificant.

Euler objecicd at once to Dernoulli’s last assertion. In faer Euler's 1753
paper presented to the erlin Academny {already referred to abave) veas in
part a reply to Bernoulli’s two papers. Fuler emphasizes the impntiance of
the wave equation as the starting point for the treazment of the ¥ilstating
string. He prafues Kernoulli's recognition that many medes can exivt siinui-
taneowsly 30 that the string can emit many harmonics in one molion, bt
denies, as did d'Alemnbert, than all possible motions can be expressed by {20
1t admits that an initia} curve such as

¢ sinfaxfl)
1 — acostaxff}’

{21} Jix] =

la} = 1,

can be expressed by a serics vuch as (19). Bernoulli would e borne aut it
every functien coull he represented by an infinite Irigonometric series, g
this Luler tegards as impusible. A s of sine functiang @, Luder saye, an
odd periodic function, But in bis splulion (e [16]1,

{22) §lt. 7} = %f{x + 41y + %f{x - o},
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Figure 22.1

this enncept. Euler called such cvrves discontinuous, though in modern
terminology they are continuous with disuodinunus derivatives. I3 105 texa,
the fntroductio of 1746, he swuck to tie noton that was standard in the
cighteenth century, that a function nust be given by a single analytical ex.
pression. However, the physics of the vilnatingstring problem seems 1o
lave been his compelling reason i Lrirgitsg his new onneept o fletion, s
the fore. 11c aceepted apy function delined by o Fortta $(x) in —f < x < |,
and regarded ¢lx + 2!) = @(x} to be the definition ulthe curve outside { =1 1.
In a laier papert he goos further; lie says thar :

(14)

with arbitrary @ and ), i a solutio: of

3' - fl[ff 4 I:; + l.l!'{ﬂI - -t:’r

o 1 Eﬂ{f 'l!y
(13) AT TR

This followa by substitution in thr ditffoentia! eqnation. But the inidal
curve is equally satisfactory, whedier it i expressed by some equativn, or
whethier it ts traced tnany fashae 1oL esrresdlie by an eguation, O the
inital curve, only the part in 0 < x < & pdevaur. The continuation of
this part is not to be taken into consideration. The different pats al” this
curve are thus not joined te each other by any law of conlinuity (single
analytic expression); it s only by the description that they ace Jnined 1.
gether. For (his reason it may be iinpossib’e to comprise the entire curve in
oue equation, excepl when by chaner the cupve B same dine function,

In 1755 Eu'er gave as a new definition n! function, " I some guatitilicy
depend on others in such a way as o unden variation when the Litter are
variec), then the former are called fanctions o the latter.”” And in anmber
paper® he 3ays that the para of 2 " discimtinunes" function do net Lielomy
to one snother and are not determined Ty aee single equation for e whob:
extent of the function. Morcover, given the intial shape in Q0 = x = [, one
repeals it in reverse prderin —f < 3 5 0 {soas o make itedd) and roneeives
the continual repetition of this curve in exch interval of length 2o infinity,

4. il 2e (' Acad. 24 Aeelim, 9, 1753, 196722, pub. 1755 1 Opoa, {2], 10, TR -5,
5. Newt Comm. Asud. Sci. Feivopy 11, 1703, 67-102, pule 1767 = Gpers, (1], 20, 7501,
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Then, if this gueve [y = f{x1] Is used to represent the fnitial function, oier
the Lime { the ordinale 1 will atswer w0 the aacisa © ol the string in

vibration will be {<. [13] and {12])

’ l 1
(16) y o= 5 flx + ol 4--2—f|:.t—ﬂ:|.

In his basic 1740 paper Fuler points eut that all pesiible mations of
the vilrating string are periodic in time whatever the shape of the siring:
that is, the period iy {usually} the period of what we now call the funda-
mental. He alss realized that individual modo whose pecfods are one hall,
ane third, and o on of the basic (fundamental) period can occur as the
vibrating figure. He gives such special solnions as

{17} il x} = ‘S‘ Ay sin '-'—Tf cos M_I_ﬂ
when the jnitial shape is
(18) W0, x) = » Asin 55

hut dees not say whether the summation covers a finite or infinite number
of tenns. Nevertheless he has the idea of superposition of modes, Thua
Euler™s main point of disagreement with d'Alembert is that he would admie
all kinds of ininal curyes, and therefore non-analytic sololions, whereas
d'Alembert aceepted only analytic initial curves and sclutions.

In introducing his “discontinuous® functions, Euler appreciated (hat
he had taken a hig step forward. He wrote to d'Alembert on December 20,
1763, that ‘“considering such functions as are sulject to ne law ol continuity
(analyticity] opens to us a whelly new range of analysis.”*

The sclution ol the vibrating-¥ring problem was given In entirely
different form by Daniel Bernoulli; this work stirred up another ground for
controversy about the aliowable solutions. Daniel Bernoulli (1700-82), the
son of Julin Bernoulli, was a professer of mathematios at 3t Pererslnirg
from 1725 10 1733 and then, tuccenively, profesor of medicine, metaphytics,
and natural philosephy at Basle, His chirl work was in hydrodynamics and
clasticity. [n the former area, he wou a prize for a paper on the Row of the
ticles; lie alsn containplate=d the application of the theery of tie Mow af liguids
1o the flow uf blood in human blood vesselt, He was a skilled experimentalist
and through experimental work discovered the law ol attraction of static
electric charges Iefore 1760, This lasw is usually credited to Charles Couloml.
Bernoulli's Hydredynomica {1738], which contains studics that appeared in a
rumber of papery, is the first major text in its feld, Tt has a chapier on the

6. Qpern {7y, 11, 20, 1, 4.
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e now gherved that as a becames inlinite 5ol Ay wnpngaches 0 the
tlracketed expression hroeoine T S IR

Alglr, ) 5 {1, x)
o e

where af is now Tjo, o being the mass per unit lenetty, Thus what ie oW
called the wave cquation in one spatial dimemion apnears for the first tilne,

Since the string is fixed al the endpaints x = Bl x = {, the solution
roust satisfy the boundary conditions

{2 5, 0) =0,

- L] ' : N Y
Abt o= O (he string i displaced inta sor: shape g o Fiad angd then re'eased,
which means that each particie starts with zero mitial velocity. These initta

L o

i KR
glt, 1) = 0.

i

conditinng are expressed matheinatically as

£3fi, x4
£3; F{D,X] “f{le TII-D =0

and they mast also be satished by the selutinn, o

‘This problem was solved by d'Alenbert in so clever a mantier thal it is
olien reproduced in modern texts. We shall not take space for all the details.
He proved first that

(%) Wit ®) = g bler + 3 + 3 ¥t — 8,

where ¢ and ¢ are as yet unknown functiom, 1

“Thus far d'Alembert had deduced that srery solution of the pal'Elal
differential equation (1) is the suen o o funetion ot (af + x) a..nd a function
ol {at — x). The converse is easy to show hy diret su"ﬁll-tutlt'.tH In1l' {47 into
{1}, OF course d'Alembert had yet Lo autisfy e fwaicdaty and initial condi-
vions. The condition #{f, 0) = 0 appiied to (4} gives, bor ally,

|
{3 %4!-(:::} 4 at) = 1.

since for any x, a5 + § = at' for some vaine of I, we may say that [or any x
and I
(6) S5+ ar) = —fx + e

Then the condition y{f, [} = 0, becomes, in view ol (1),
i ! .
£h 3 $lat 1) = ; flot - £

and singe this is an identity In £, it shows that {- must e periodic in af + x
with period 24,

7
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The candition

dyll, xY
E'l ]

(8}
viclds, from {4} and the fact that ¢ = — b,
{9 #'{x) = ¢'(—=).

On intcgration thiy becomes

{10) $x) = —~$(-a,

and thus ¢ iv an odd function of x. If we now use Lhe fact that ¢ = — 4 in
{4, form (0, 2} and wse {11, we have that

(n ¥(U, %) = $la),

and sinee the initial condition is {0, x) = f{x) we have

{12} ¢} =fx) for Osx<l

Ta sum up,
as) Wt 5) = 5 dlat + 5) ~ 5 blat = 2,

where ¢ in subiect 10 the above conditions of periodicity and oddnes.
Moreover, if the initial state is y{Q, ) = f{x}, then {123 must hold between

B and L. Thus there would he just one solution fur a given f{z). Now d'Alen-
bert regarded fencuions as analvtic expresions formed by the processes of
tlgebra and the caleulus. HMence if two such functions agree in one interyal

of svalues, they must agree for every valuc of x. Since &fx) = f(x} in -
0 g x 2 land ¢ had to be otld and periodic, then f{x) had to meet the wame
conditinns, Uinally, since i, 2] had to satisfy the differentia? equatinn, it
had to be twice ciflerentiable. But 10, x) = fix}, and so f{x} had to be
twice dillerentiable,

Within a few months of sceing @' Alembert’s 1746 papert, Euler wrote
Livown paper, " (n the Vilwaltion of Strings,” which was presented on My
16, 1748.* Though in incthod of solution he followed @'Alcinbert, Fuler by
this time had a tetally different idea a3 w what functions coulil be adnytyed
as initial curves and therefore as solutions of partial differential equations,
Even before the debate an Lie vibrating-strine problem, in fact in a work of
1734, lic alluwed lunoviens formed fom parts of different well-known curves
and even formedl by drawing curves freehand, Thus the curve (Fig. 22.1)
formed by an are of a paurabola in the imerval (e, ¢ and by anare ofa diind
degree curve in the interval {e, §) constituied one curve or gne function under

Y. Nera Aeta Ermd, 1749, 51237 w Opare, (2}, 10, 50-02; wlio in French by Vuler,
flisy, e P Arnd, de Heelfn, 4, 1740, B9=BA < Opere, (20, 10, 63277,
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Wathematical dralvsis Ty as exiemsve as nature heradf
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Introduction

As i the case of ordinary di!'ﬁ:rcnti;li crlu-q‘:uu-s the wtarhenmeticiany did
ot consciously create the subject o partal ditferone ‘4l equations. They
continued 1o explure the same plysical nrattems it Ioud led to the former
sihject; and as they secured a better wrasp ol e plavsical principles nnder-
fving tte phenomena, they lormnle e antthenaieat statenenty that are
uow comprised in partial dilferentia’ Fuatiot s, "L s, wliereas the displace-
et of it vibrating string Bad Dren solicd sepaely asa funtion of time
aml a2 a functjien of the distance of a rdint v the string N one end, the
study af the displacement as a function ol beth varzalles aned the altempt o
rompreliend all the possiliie metions vt 1o pariedl ditferential equinion.
The natural contimeatan ol des st oot e tves bnaiaone of e
soungls ercated by 1he string as they tevpagare i air, sntrodneed addithon.’
pattial ditferemial sgpuatione, After st rl1.. Brese sngls e thierath lans
-uak u the sounds given off by horm oDl e, organ pipos, Istin, thnenas,

and other instrumeants.
Air (s one type of Ruid, as the torm is vad ot and 'lapuﬂﬁ 1 e
compressible. Liquids are (vivnally dnememieesinte Huds, T e fr'
matton of such Muids and, in Farliru'.ﬂ', e s e that cant [ropagtate in

Lt Tregatprier wt Drresndd field of irvestieeioe thor s constitntes o sulbgeat of

lydredynamics. This ficld, too, gave 1l 1o partial SiTerentin® egnations.

Thiveghonr the gighteentdy centey, b paticive comtinned 1o we %
on the proltem of the gravitational wttracdiony eueried by lwedies of various
shapus, aotalily the ellipsaid, While Dasfrally ahis i problen of iple
ittegration, it wis eanverted by Laphoe mto o probiom of prartia® difleren-
tial Fopuaiiuens B anner wee shadt it slualy,

ek
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3, The Ware Eonation

FThowgh specil portinl dilerenld equations spmse a ea v as 170
work of Lulert and in P24 0 d'Alembert™s Frand e dynamdgue, unt
wortl noting wis done with thenn Ve Arst real sucoes with orpiad 8000
rotial cquations canie in rercwed artacky on
wvpiied by the vielin string, The approximation et dhe vilieeUnng are s’

i e

tie vitartinerasy el mr oy Vi,

was impowed o make the partial differential equation tractab'n, tean
Rund d*Alendpere {1717-841, i his papers of 1746 eniitled g eeareineg
un the Curve Vorined by a Stretehed Suing Setinto Vibrations,” saya he pro-
posed ta shew thatinfindtely mary curves stbeer than the sine curve are moehes
o! vibraton.

We gy recall frone e procedizg eliater that in the first aporoactics
to the vibraving aring, it was tegarded as o "arriog of beada" Thas L, 1l
STPEN wand goemiclered to cnntaln mdiscrere equal aral egoaliy spaced w eiglits

doined 1o cach ol by pieces of weightless, flexible, and elasic thread. o

treat the contbntans sieing, the number of weighis was allowed to Leesine
infinite while thw size ang mass of each was decreascd], vo thal the toal
mass of the inercasing number of ndividual * beads™ aposome hed e mass
of the continuows string, There were matheinatical dificulties i pasing
the limit, Tiee 1fiese substleties were tomwed,

The case of a discretc nunler of masses had been wrearcd by Joon
Bernoulliin P727 (Chap. 31, see. B, IT the string s nFJfrlgtH dang s alog
U= x <, and Va, is the abecivsa of the ith masw, & = |
mass al x = fis inotionless), then

'
v Y, e tthe vl

ko= ]'IEI

X, = J;.'—-
v n

By analyzing she force on the 1l mass, Bernoulti hiad shown that il g, s e
displacement of the St maas, then

a2, fuay?

i '.T) (heor — e+ teoy)y  hom 1,2

R

wherno? = IT{0f, T is the rension in the string {widel is taken o be constant

A+ The :tring 1Lf'i|1r.l'[|:'..-i]|r and A the il mae, I Alembert ru_’-[:|aq;1:4,[ W 111.'

uff, o) ancl £ by A, Vhen

(e, 1] o[l x = Ax) =2l &) 4 4l 2 = ]
e T TA

rd
l-'|
[ ]
et ]
I
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