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PROPIEDADES DE RIGIDEZ DEL ELEMENTO 

PORFIRIO BALLESTEROS B. 

METO DO DIRECTO DE LAS RIGIDECES ' 

PORFIRIO BALLESTEROS B. 

APLICACION TRIDIMENSIONAL DEL ELEMENTO VIGA 
PORFIRIO BALLESTEROS B. 

FUNDAMENTOS DE TEORIA DE ELASTICIDAD 

PORFIRIO BALLESTEROS B. 

METODO DIRECTO EN LA FORMULACION DE LA 
RIGIDEZ DEL ELEMENTO· 

RICHARD H. GALLAGHER 

PRINCIPIO DEL TRABAJb VIRTUAL 
R'ICHARD H. GALLAGHER 

TRABAJO VIRTUAL'Y ENERGIA POTENCIAL 

R'ICHARD H. GALLAGHER 

SESION DE APLICACION. SOLUCION DE PROBLEMAS 
)BIDIMENSIONALESPORFI~IO BALLESTEROS B 
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EVALUACION DEL CURSO 

1 CONCEPTO EVALUACION 
' 

l. APLICACION INMEDIATA DE LOS CONCEPTOS EXPUESTOS 

2. CLÁRIDAD CON QUE SE EXPUSIERON LOS TEMAS 
: ! 

3. GRAOO DE ACTUALIZACION LOGRADO CON EL CURSO· 
,( __ j 

11 

4. CUMPLIMIENTO DE LOS OBJETIVOS DEL CURSO 

s. CONTINUIDAD' EN LOS TEMAS DEL CURSO 
í -
' 

¡ 

6. CALIDAD DE LAS NÓTAS DEL CURSO 

7. GRADO DE MOTIVACIÓN LOGRADO CON EL CURSO 

ESCALA DE EVALUACION DE 1 A lO 

o -· ; ·-, - . 
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l. ¿Qué le pareció el ambiente del Centro de Educación Conti~ua? 

~1uy agradable O Agradable O Desagradable 1 ! 

2. i'-1edlo de com11nicación por el que se enteró del curso: 

Pc:ritidico 
Excélsior ( 1 

Cartel 
me ns l•a l o 

Periódico 
Novedades D 
Radjo 
lini vers idad D 

Folleto áel 
Curso D 
Comnni e a e~ ón Lr-·-1 
car-ta, tel&l7 0 _l 

, , -· no,verua..._,etc. 

3. i'lecio de tran!:>porte utili'zado para venir al Palacio de ;·.1inería: 

Automóvi 1 0 
particular 

Metro 0 Otro medio U 

4. ¿Qué cambios haria usted en el programa para tratar de perfccci~ 
nar el curso? 

5. ¿RccoJ•l~ndaría el curso a otras personas? 0!o CJ 

6. ¿Qué curso le gustaría que ofreciera el Centro de Educación Con~i 
nua? 

7. ¿Qué servicios desearía que tuviese el CEC para los asistentes a 
:cursos? 

8. Otras sugestiones: 

----------------------
/----------------~-------------------------------------------------
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MARC ANALYSIS RESEARCH CORPORATION 

Curso-Seminario intensivo 

11 TEMAS AVANZADOS DE ANALISIS POR ELEMENTOS FINITOS .. 

Marzo 22-26, 1976 

1 
i 

j 
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LUNES 22 

8:00 - 8:45 

8:45- 9:00 

9:00- 10:30 

1 o: 30 - 1 1 : 00 

1 1 : 00 - 1 2:30 

PRO GRAMA 

Inscripciones 

Apertura del curso 

Estudio y categorización de 
los métodos computacionales 
de análisis de ingeniería. 

Receso (café y refrescos) 

Formulaciones alternativas 
en mea5nica estructural. 

12:30- 14:30( Receso (comida por cuenta participantes) 

14 :30 - 16 :00 

i 
1 

le 

1 6: 00 - 16: 30 

16:30- 18:00 

Formulaciones mixtas o híbri 
das del método de elementos 
finitos. 

Receso (café y refrescos) 

Métodos de incremento de tiempo 

Octavio Rascón Chávez 

Timothy J. Dwyer 

O. C. Zienkiewicz 

R. H. Gall agher 

H. 
1 Gallag 

1 
1 

R. H. Gallagher 

O. C. Zienkiewicz 



o 
MARTES 23 

9:00- 10:30 

10:30- 11:00 

11 :00 - 1 2 :30 

12:30- 14:30 

o 
14:30- 16:00 

1 6:00 - 16 :30 

16:30- 18:00 

o 

Flujo viscoso. 

Receso (oofé y refrescos) 

Problemas de ingeniería 
ambiental. 

Receso (comida por cuenta participantes) 

Ecuaciones constitutivas inelásticas 

Receso {oofé y refrescos) 

Alogaritmos de análisis por el método 
de elementos finitos en medios inelás 
ti cos. 

O. C. Zienckiewicz 

R. H. Gallagher 

R. H. Gallagher 

R. H. Gallagher 



o 
MIEReOLES 24 

9:00- 10:30 

1 o :30 - 11 :00 

1 1 :00 - 1 2 :30 

1 2: 30 - 14 :30 

CJ 14:30- 16:00 

16:00 - 16:30 

16: 30 - 18 :00 

o 

Análisis de mecánica de propagación 
de grietas. 

Receso {café y refrescos) 

Análisis de cascarón por el método 
de elementos finitos. 

Receso {comida por cuenta participantes) 

Visco-plasticidad. 

Receso {café y refrescos) 

Mecánica de suelos y rocas. 

P. Ballesteros / 

R. H. Gallagher 

o. e. z ienkiewicz 

o. e. z ienkiewicz 



o 
JUEVES 25 

9:00 - 10:30 

1 o :30 - 1 1 :00 

Análisis por medio de -elementos 
finitos en problemas de pandeo 
con deselazamientos grandes. 

Receso (café y refrescos) 

----~---1-1-~F.\.J:\-1_~-~J:\-· -A---~ 1 •-•~--'-l-•-•-1--o...--1 •--.....1 •-•----• 

12:30- 14:30 

14 :30 - 16 :~0 

16:00 - 16:30 

16: 30 - 18:00 

-~---- ---

Receso (comida por cuenta participantes) 

Revisión y crítiCXI d~l program_a MARC 

Receso (cáfé y refrescos) 

Caso aplicación: análisis de los 
componentes de r~dctor nuclear. 

T. J. Dwyer 

P. V. Mercal 



VIERNES 26 

9:00- 10:30 

10:30- 11:00 

1 1 :00 - 1 2 :30 

12:30- 14:30 

o 14:30- 16:00 

16:00 - 16:30 

16:30- 17:00 

1 7:00 - 18 :00 

18:00 

() 

Ecuaciones constitutivas del 
concreto. 

Receso (café y refrescos) 

Aplicaciones de elementos finitos 
en problemas de concreto. 

Receso (comida por cuenta participantes) 

Procedimientos de solución de va­
lores en la frontera por el método 
de elementos finitos. 

Receso (café y refrescos) 

El método de elementos finitos en 
el análisis de presas. 

Discusión final y preguntas. 
1 --1 

1 : 

Clausura 

P. Ballesteros 

P. V. Mercal 

o. e. z ienkiewicz 

o. e. z ienkiewi cz 

O. C. Zienkiewicz 
P. V. Mercal 
T. J. Dwyer 
P. Ballesteros 

Octavio Rascón Chávez 
Pedro Martínez Pereda 
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ADVANCED TOPICS SEMIÑAR 
MEXICO CITY 

MARCH 22 ... 26, 1976. 

MONDA Y, MARCH 22,1976. 

1) An Overview and Categorization of Computational Methods 
in Engineering Ana~~ysis 

2) Alternative Formulations is Structural Mechanics 

3) Mixed and Hybrid F o E. M o Formulations 

4) Time- Stopping Methods 

TUESDAY, MARCH 23, 1976. -
S) Viscous Flows 

Zienkiewicz 

Gallagher 

Gallagher 

Zienkiewicz 

Zienkiewicz 

6) En vironmen tal Problems Gallagher or Zienkiewicz 

7) Constitutive Equations for Inelasticity Gallagher 

8) F. E. Analysis Algorithms for Inelastic Analysis Gallagher 

WEDNESDAY, MARCH 24, 1976. 

9) Shell Analysis by F o E.M. Gallagher or Ballesteros 

101 Fracture Mechanics Analysis 

11) Viscoplasticity 

12) Soil and Rock Mechanics 

THURSDAY, MARCH 25, 1976. 

13) F.EoM. Analysis for Buckling and Large Displacement 

14) Analysis for Combined Nonlinear and Dynamic Behavior 

15) MARC Review and Critique 

16) Case Study: Nuclear Reactor Component Analysis 

Gallagher 

2ienkiewicz 

Zienkiewicz 

Marcal 

Marcal 

Dwyer 

Marcal 



o 
FRIDAY, MARCH 26, 1976. 

17) Constitutive equations of Concrete and Reinforced Concrete. 

18) Boundary Solution Procedures and the F.E.M. 

19) F. E. M o in Dam Analysis 

20) Final discussion and questions. 

o 

o 

2 

Ballesteros 

Zienkiewicz 

Zienkiewicz 

Zienkiewicz 
Gallagher 
Marcal 
Dwyer 
Ballesteros. 



o 

O· 

centro de educación continua 
división 

facultad 

de 

de 

estudios superiores 

ingenierra, un a m 

y 

MARC ANALYSIS RESEARCH CORPORATION 

Palacio de Minerra 
Tacuba 5, primer piso. México 1, O. F. 
Tels: 521-40-23 521-73-35 5123-123 



6 \) l 

o 

LUNES 22 

8:00 - 8:45 

8:45- 9:00 

9:00- 10:30 

1 o: 30 - 11 : 00 

11:00- i2:30 

o 
12:30 - 14:30 

14:30- 16:00 

16:00- 16:30 

16:30- 18:00 

o 

PRO GRAMA 

inscripciones 

Apertura del curso 

Estudio y categorización de 
los métodos computacionaies 
de análisis de ingeniería. 

Receso (café y refrescos) 

Formulaciones alternativas 
en mec:áni ca estructura 1 • 

Receso (comida por cuenta participantes) 

Formulaciones mixtas o hibri 
das del método de elementos 
finitos. 

Receso (café y refrescos} 

Métodos de incremento de tiempo 

Octavio Rascón Chávez 

Timothy J. Dwyer 

O. C. Zienkiewicz 

R. H. Gallagher 

R. H. Gallagher 

O. C. Zienkiewicz 



o· 

o 

MARTES 23 

9:00- 10:30 

10:30- 11 :00 

11:00- 12:30 

12:30 - 14:30 

14:30 -16:00 

Flujo viscoso. 

Receso ( Ollfé y refrescos) 

Problemas de ingeniería 
·ambiental. 

Receso (comida por cuenta participantes) 

Ecuaciones constitutivas inelásticas 

16:00- 16:30 -Receso (oofé y refrescos) 

16:30- 18:00 Alogaritmos de análisis por el método 
de elementos finitos en medios inelás 
ticos. 

O. C. Zienc_kiewicz 

R. H. Gallagher 

R. H. Galla_gher 

R. H. Gallagher 

\ 

',\ 
\• 
i 



MIERCOlES 24 

9:00- 10:30 

10:30- 11:00 

11:00- 12:30 

12:30- 14:30 

14:30- 16:00 

16:00 - 16:30 

16:30- 18:00 

o 

Análisis de mecánica de propagación 
·-de grietas. 

Receso (café y refrescos) 

Análisis de cascxnón por el mé~odo 
de elementos finitos. 

Receso {comida por cuenta partiCipantes) 

Visco-plasti ciclad. 

Receso (café y refrescos) 

-

Mecánica de suelos y rocas. 

P.- Ballesteros 

R~ H. Gallagher 

O. C. Zienkiewicz 

O. C. Zienkiewicz 



o 

.,ueves 25 

9:00- 10:30 

10:30- 1J :00 

11 :00 - 1 2 :30 

i 2:30- 14:30 

o 
14:30- 16:00 

¡ 6:00 - 16:30 

~6:30- 18:00 

Análisis por medio de elementos 
finitos en problemas de pandeo 
con desplazamientos grandes. 

Receso (café y refrescos) 

Análisis combinado de no-linealidad 
y comportamiento dinómico. 

Receso (comida por cuenta participantes) 

Revisión y critica del programa MARC 

Receso (café y refrescos) 

Caso aplicación: análisis de los 
componentes de reactor nuclear. 

P. V. Marca! 

~ 

P. V. Marcal 

1. J. Dwyer 

P. V. Marcal 



VIERNES 26 

9:00- 10:30 

10:30- 11 :00 

11 :00- 12:30 

. 12:30- 14:30 

.14:30- 16:00 

16:00- 16:30 

i 6:30- 17:00 

17:00- 18:00 

18:00 

Ecuaciones constitutivas del 
concreto. 

Receso (oafé y refrescos) 

Aplicaciones de elementos finitos 
en problemas _de .-concreto • 

Receso (comida por cuenta participantes) 

Procedimientos de solución de va­
lores en la frontero por el método 
de elementos finitos. 

Receso (oafé y refrescos) 

El método de elementos finitos en 
el ~nálisis de presas. 

Discusión ñnal y preguntas. 

Clausura 

P. Ballesteros 

P. V. Marcal 

O. C. Zienkiewicz 

O. C. Zienkiewicz 

O. C. Zienkiewicz 
P. V. Maroal 
T. J. Dwyer 
P. Ballesteros 

~ Octavio Rascón Chávez 
Pedro Martinez Pereda 
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ADVANCED TOPICS SEMINAR 
-MEXICO CITY 

MARCH 22 .. 26, 1976. 

MONDA Y, MARCH 22,1976. 

1) An Overview and Categorization of Computational Methods 
in Engineering Analysis z·ienkiewicz 

2) Alternative Formulations is Structural Mechanics . · 'Gallagher 

3) Mixed 'and Hybrid F. E. Me Formulations Gallagher 

4) Time- Stopping Methods Zienkiewicz 

1 

TUESDAY, MARGH 23, 1976. 

5) Viscous Flows 

6) Environmental problems 

7) Constitutive Equations for Inelasticity 

8) .F. Ea Analysis Algorithms for Inelastic Analysis 
' ' ' 

WEDNESDA Y, MARCH 24, 1976. 

9) Shell Analysis by F. E.Mo 

10) Fracture Mechanics Analysis -
11) Viscoplasticity 

12) Soil and Rock Mechanic~: 

TIIURSDA Y, MARCH 25, 1976. 

Zienkiewicz 

Gallagher or Zienkiewicz 

Gall~gher 

Gallagher 

Gallagher or Ballesteros 

Gallagher 

2ienkiewicz 

Zienkiewicz 

13) F.EoM. Analysis for Buckling and Large Displacement M are al 

14) Analysis for Combined Nonlinear and Dynamic Behavior M are al 

15) MARC Review and Critique Dwyer 

16) Case ~tudy: Nuclear Reactor Component Analysis Marca! 



~..¡, 1 •• 1~ 

o 
FRIDA Y, MARCH 26, 1976. 

17)0 Cºns:titutive equations of Concrete and Reinforced Concrete. 

18) Boundary Solution Procedures and. the F. E.Mo 

19) f .,E. M. in Dam Analysis 

20) Final discussion and questions. 

\ 

C) 

2 

Bailes teros 

Zienkiewicz 

Zienkiewicz 

Zienkiewicz 
Gallagher 
Marca! 
Dwyer 
Balleste:::::,s. 
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LUNES 22 

8:00- 8:45 

8:45- 9:00 

9:00- 10:30 

1 o: 30 - 11 : 00 

11 :00 - 12:30 

12:30 - 14 :30 

14:30- 16:00 

16:00- 16:30 

16:30- 18:00 

() 

PRO GRAMA 

Inscripciones 

Apertura del curso 

Estudio y categorización de 
los métodos computacionales 
de análisis de ingeniería. 

Receso (café y refrescos) 

Formulaciones alternativos 
en mecánico estructural. 

Receso (comida por cuenta participantes) 

Formulaciones mixtos o hibri 
das del método de elementos 
finitos. 

Re ceso (café y re frescos) 

Métodos de incremento de tiempo 

Octavio Rascón Chávez 

Timothy J. Dwyer 

O. C. Zienkiewicz 

R. H. Gallogher 

R. H. Gallagher 

O. C. Zienkiewicz 



o 

MARTES 23 

9:00- 10:30 

10:30- 11 :00 

11 :00- 12:30 

12:30- 14:30 

14:30- 16:00 

16:00- 16:30 

16:30- 18:00 

o 

Flujo viscoso. 

Receso (café y refrescos) 

Problemas de ingeniería 
ambiental. 

1 -

Receso (comida por -cuenta participantes) 

Ecuaciones constitutiws inelástieas 

Receso (café y refrescos) 

Alogaritmos de ~nálisis por el método 
de elementos finitos en medios inel6s 
ticos. 

O. C. Zienckiewicz 

R. H. Gallagher 

R. H. Ga llagher 

R. H. Gallagher 

\ 
i 

•,1 



o 

o 

MIERCOLES 24 

9:00- 10:30 

10:30- 11 :00 

11 :00- 12:30 

Análisis de mecánica de propogaci6n 
de gri e tos. 

Receso {café y refrescos) 

Análisis de cascarón ·por el método 
de elementos finitos'. 

12:3Q- 14:30 ·Receso (comida por cuenta participantes) 

Visco-plasticidad. 

16:00- 16:30 Receso (café y refrescos) 

16:30- 18:00 
1 

Mecánica de suelos y rocas. 

P. Ba 11 esteros 

R. H. Gallagher 

O. C. Zienkiewicz 

O. C. Zienkiewicz 



o 
o~UEVES 25 

9:00 ... 10:30 

10:30- 11 :oo 

' 11 :00 - 12:30 

12:30- 14:30 

0 \ 
,• 

14:30- 16:00 

-¡ 6:00 - 16:30 

t 6:30- 18:00 

Anólisis por medio de elementos 
finitos en problemas de pandeo 
con desplazamientos grandes. 

Receso (café y refrescos) 

Análisis combinado de no-linealidad 
y comportamiento dinámico. 

Receso (comida por cuenta participantes) 

Revisión y crítim del programa MARC 

Receso (mfé y refrescos) 

Caso aplicación: análisis de los 
componentes de r~ctor nuclear. 

P. V. Marcal 

P. V. Marca! 

T. J. OWyer 

P. V. Marcal 



VIERNES 26 

9:00 ~ 10:30 

10:30- 11:00 

11 :00- 12:30 

12:30- 14:30 

14:30.;; 16:00 

16:00- 16:30 

16:30- 17:00 

17:00- 18:00 

18:00 

Ecuaciones constitutivas del 
concreto. 

Receso (oofé y refrescos) 

Aplicaciones de elementos finitos 
~en problemas de concreto. 

Receso (comida por cuenta parti éipantes) 

P~ocedimientos de solución de va­
lores en la frontera por el método 
de elementos finitos. 

Receso (café y refrescos) 

El 'método de elementos finitos en 
el análisis de presas. 

Discusión final y preguntas. 

Clausura 

P. Ballesteros 

P. V. Maroal 

o o e o z ienkiewié:z 

O. C. Zienkiewicz 

O. C. Zienkiewicz 
P. V. Marool 
T. J. Dwyer 
P. Ballesteros 

Octavio Rascón Chávez 
Pedro Martinez Pereda 
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ADVANCED TOPICS SEMINAR 
MEXICO CITY 

MARCH 22-26, 1976. 

MONDA Y, MARCH 22, 1976. 

1) An Overview and Categorization of Computational Methods 
in Engineering Anaiysis 

2) Alternative Formulations is Structural Mechanics 

3) Mixed and Hybrid F. E.M. Formulations 

4) Time- Stopping Methods 

WESDA Y, MARCH 23, 1976. 

S) Viscous Flows 

Zienkiewicz 

Gallag,her 

Gallagher 

Zienkiewicz 

Zienkiewicz 

6) Environmental Problems Gallagher or Zienkiewicz 

7) Constitutive Equations for Inelasticity Gallagher 

8) F. E. Analysis Algorithms for Inelastic Analysis Gallagher 

WEDNESDAY, MARCH 24, 1976. 

9) Shell Analysis by F.E.M. Gallagher or Ballesteros 

10) Frac tu re Mechanics Analysis - Gallagher 

11) Viscoplasticity 2ienkiewicz 

12) Soil and Rock Mechanics Zienkiewicz 

l!:!_URSDA Y, MARCH 25, 1976. 

13) F. E.M. Analysis for Buckling and Large Displacement M are al 

14) Analysis for Combined Nonlinear and Dynamic Behavior M a real 

15) MARC Review and Critique Dwyer 

16) Case Study: Nuclear Reactor Component Analysis M a real 



\ 

o 
FRIDAY, MARCH 26, 1976. 

17} Constitutive cequations of Concrete and Reinforced Concrete. 

18) Boundary Solution Procedures and the F. E. M. 

19) F. E. M. in Dam Analysis 

20) Final discussion and questions. 

o 

2 

Ballesteros-

Zienkiewicz 

Zienkiewicz 

Zienkiewicz 
Gallagher 
M a real 
Dwyer 
Ballesteros. 
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MARC ANALYSIS RESEARCH CORPORATION 

Marzo 22-26, 1976 

Palacio. de Mlnerfa 
Tacuba 5, primer piso. México 1, D. F. 
Tels: 521-40-23 521-73-35 5123-123 
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LUNES 22 

8:00- 8:45 

8:45- 9:00 

9:00- 10:30 

10:30- 11_:00 

11:00- 12:30 

12:30 -- 14:30 

14:30- 16:00 

16:00- 16:30 

PRO GRAMA 

Inscripciones 

Apertura del curso 

Estudio y categorización de 
los métodos computacionales 
de análisis de ingeniería. 

Receso (café y refrescos) 

Formulaciones alternativas 
en mecánica estructural. 

Rec;:eso (comida por cuenta participantes) 

Formulaciones mixtas o hibri 
das del método de elementos 
finitos. 

Receso (café y refrescos) 

16:30- 18:00 , Métodos de incremento de tiempo 

Octavio Rascón Chóvez 

Timothy J. Dwyer 

O. C. Zienkiewicz 

R. H. Gallagher 

R. H. Gallagher 

O. C. Zienkiewicz 



o 

\ 

MARTES 23 

9:00- 10:30 · Flujo viscoso. 

10:30- 11 :00 

11:00- 12:30 

12:30- 14:30 

14:30- 16:00 

16:00 - 16:30 

16:30- 18:00 

Receso (café y refrescos) 

Problemas de ingeniería 
ambiental. 

Receso (comida por c;:uenta participantes) 

Ecuaciones constitutivas inelásticas 

Receso (café y refrescOs) 

Alogaritmos de análisis por el método 
de elementos finitós en medios inel6s 
ticos. 

O. C.Zienckiewicz 

R. H. -Gallagher 

R. H. Gallagher 

R. H. Gallagher 

•,\ 
'\ 
'' 



o 

MIERCOLES 24 

9:00- -10:30 

10:30- 11 :00 

1 r:ao - 12:30 

12:30- 14:30 

o 
14:30- 16:00 

16:00 - 16:30 

16:30- 18:00 

Análisis de mecánica de propagación 
de grietas. 

Receso (oafé y refrescos) 

An6lisis de casoarón por el método 
de elementos finitos. 

Receso (comida por cuenta participantes) , 

Visco-plasticidad. 

Receso (cx:lfé y refrescos) 

Mecánica de suelos y rocas. 

P. Ballesteros 

R. H. Gallagher 

·O. C. Zienkiewicz 

O. C. Zienkiewicz 



O"· 
JUEVES 25 

9:00- 10:30 

_10:30- 11 :00 

11 :00- 12:30 

12:30- 14:30 

14:30- 16:00 

16:00 - 16:30 

16:30- 18:00 

Análisis por medio de ~lementos 
finitos -en problemas de pandeo 
con desplazamien~s grandes. 

Receso (café y refrescos) 

Análisis combinado de no-linealidad 
y comportamiento dinámico. 

Receso (comida por cuenta participantes) 

Revisión y critica del progroma MARC 
' ' 

Receso (café y refrescos) 

Caso aplicación: análisis de los 
componentes de reactor nuclear. 

P. V. Marcal_ 

~·V. Marca! 

T. J.- Dwyer 

P. V. Marcal 



&- ' lJ 

o 

VIERNES 26 

9:00- 10:30 

10:30- 11 :00 

11:00- 12:30 

· Ecuaciones constitutivas del 
concreto. 

Receso (oofé y refrescos) 

Aplicaciones de elementos finitos 
en problemas de 

1
concreto. 

12:30- 14:30 ., Receso {comida por cuenta participantes) 

- 14:30- 16:00 

16:00 - 16:30 

~6:30- 17:00 

17:00- 18:00 

18:00 

Procedimientos de solución de va­
lores en la fronh!ra por el método 
de elementos finitos. · 

Receso (café y refrescos) 

El método de elementos finitos en 
el análisis de presas. 

Discusión final y preguntas. 

Clausura 

P. Ballesteros 

P. V. Mercal 

O. C. Zienkiewicz 

O. C. Zienkiewicz 

O. C. Zienkiewicz 
P. V. Marca! 
T. J. Dwyer 
P. Ballesteros 

Octavio Rascón Chávez 
Pedro Martinez Pereda 



·O o ·o 
e 



o 

o 

ADVANCED TOPICS SEMINAR 
MEXICO CITY 

MARCH 22-26, 1976. 

MONDA Y, MARCH 22, 1976. 

1) Ari Overview and Categorization of Computational Methods 
in Engineering Arialysis 

2) Alternative Formulations is Structural Mechanics 

3) Mixed and Hybrid F. E.M. Formulations 

4) Time-Stopping Methods 

TUESDAY, MARCH 23, 1976. 

5) Viscous Flows 

Zienkiewicz 

Gallagher 

Gallagher 

Zienkiewicz 

Zienkiewicz 

· 6) EnvironmentalProblems Gallagher or Zienkiewicz 

7) Constitutive Equations for Inelasticity 

8) F ~E. Analysis Algorithms for Inelastic Analysis 

WEDNESDAY, MARCH 24, 1976. 

9) Shell Analysis by F. E.M. 

10) Fracture Mechanks Analysis -
11) Viscoplasticity 

12) Soil and Rock Mechanics 

TIIURSDA Y, MARCH 25, 1976. 

Gallagher 

Gallagher · 

Gallagher or Ballesteros 

G·allagher 

2ienkiewicz ' 

Zienkiewicz 

13) F. E.M. Análysis for Buckling and Large Displacement M are al 

) 14) Analysis for ~ombined Nonlinear and Dynamic Behavior Marcal 

15) MARC Review arid Critique Dwyer 

16) Case Study: Nuclear Reactor Compqnent Analysis M are al 

!/' 
'.e 
i, ,, 

i 



', 

FRIDA Y, 'MARCH 26, 1976. 

17) Constitutive equations of Concrete and Reinforced Concrete. 

18) B9undary Solution Procedures and. the F.E.M. 

19) F. E. M. in Dam Analysis 

20) Final discussion and questions. 

-()\ 
\- ' 

o 

2 

Ballesteros 

Zienkiewicz 

Zienkiewicz 

Zienkiewicz 
Gallagher 
M a real 
Owyer 
Ballesteros. 



o 

o 
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división 

fa e u 1 t a.d 

de 

de 
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y 

MARC ANALYSIS RESEARCH CORPORATION 

¡. 

\ 
{ 

Marzo 22-26, 1976 

Palacio de Minerra 
Tacuba 5, primer piso. México 1, D. F. 
Tels: 521-40-23 521-73-35 5123-123 



• , o' • 

- C· 

-LUNES 22 

8:00- 8:45 

8:45- 9:00 

9:00- 10:30 

10:30- 11:00 

11 :00- 12:30 

12:30 - 14:30 

14:30- 16:00 

16:00- 16:30 

16:30- 18:00 

P R O -G R A M A 

-

1 nscri pciones 

Apertura del curso 

Estudio y categorización de 
los métodos computacionales 
de análisis de ingeniería. 

Receso (C::afé y refrescos) 

Fonnulaciones alternativas 
en tr~ecáni ca estructura l. 

Receso {comida por cuen-ta participantes) 

Fonnulaciones mixtas o hibri 
das del método de elementos 
finitos. 

Receso (café y refrescos) 

Métodos de incremento de tiempo 

Octavio Rascón Chávez 

Timothy J. Dwyer 

O. C. Zienkiewicz 

R. H. Gallagher 

R. H. Gallagher 

O. C. Zienkiewicz 



,. ' ij. t 

o 

MARTES 23 

9:00- 10:30 

10:30- 11 :00 

11:00- 12:30 

12:30- 14:30 

14:30- 16:00 

Flujo viscoso. 

Receso (café y refrescos) 

Problemas de ingeniería 
ambiental. 

Receso {comida por cuenta participantes) 

Ecuaciones constitutivas inelásticas 

16:00- 16:30 . Receso (café y re.frescos) 

16:30- 18:00 Alogaritmos de análisis por el método 
de elementos finitos en medios inelás 
ticos. 

O. C. Zienckiewicz 

R. H. Gallagher 

R. H. Gallagher 

R. H • Ga llagher 

\ 
\ 



o 
MIERCOLES . 24 

9:00- 10:30 

11 :00 - 12:30 

12:30- 14:30 

Análisis de mecánica de propagaci6n 
de grietas. 

Receso {café y refrescos) 

An61isis de cascarón por el método 
de elementos finitos. 

Receso (comida por- cuenta participantes) 

_ 14:30- 16:00 - Visco-plasticidad. 

16:00- 16:30 Receso (café y refrescos) 

16:30- 18:00 Mecánica de suelos y rocas. 

P. Ba 11 esteros 

R. H. Gallagher 

O. C. Zienkiewicz 

O. C. Zienkiewicz 



.;UEVES 25 
' 

9:00- 10:30 

10:30- 11 :00 

11:00- 12:30 

12:30- 14:30 

a 
14:30- 16:00 

i 6:00 - 16:30 

16:30- 18:00 

Análisis.por medio de elementos 
finitos en problemas de pandeo 
con desplazamientos grandes. 

Receso (café y refrescos) 

Análisis combinado de no-linealidad 
y comportamiento dinámico. 

Receso (comida por· cuenta' participantes) , 

Revisión y critica del programa MARC 

Recesó (café y refrescos) 

Caso aplicación: análisis de los 
componentes de reactor nuclear. 

P. V. Marcal 

P. V. Marcal 

T. J. Dwyer 

P. V. Marca! 



VIERNES 26 

9:00- 10:30 

10:30- 11 :00 

11 :00- 12:30 

12:30- 14:30 

14:30 - 16:00 

16:00 - 16:30 

16:30- 17:00 

17:00- 18:00 

18:00 

Ecuaciones constitutivas del 
concreto. 

Receso (oofé y refrescos) 

Aplicaciones de elementos finitos 
en problemas de concreto. 

Receso (comida por cuenta partl cipantes) 

Procedimientos de solución de va­
lores en la frontera por el método 
de elementos finitos. 

Receso (oofé y refrescos) 

El método de elementos finitos en 
el aná 1 isis de presas. 

Discusión final y preguntas. 

Clausura 

P. Ballesteros 

P. V. Marcal 

0_. C. Zienkiewicz 

O. C. Zienkiewicz 

O. C. Zienkiewicz 
P. V. Marool 
T. J. Dwyer 
P. Ballesteros 

Octavio Rascón Chávez 
Pedro Martinez Pereda 



·:j 
,, 0- o o, 



o 

o 

/ 

ADVANCED TOPICS SEMINAR 
MEXICO CITY 

MARCH 22-26, 1976. 

MONDA Y 1 MARCH 22, 1976. 

1) An Overview and Categorization of Computational Methods 
. in "Engineering Analysis 

2) Alternative Formulations is Strucrural Mechanics 

3) Mixed and Hybrid F. E.~M· Formulations 

4) Time- Stopping Methods 

'IUESDAY, MARCH 23, 1976. 

5) Viscous Flows 

Zienkiewicz 

Gallagher 

Gallagher 

ZienkiewiCz 

Zienkiewicz 

6) Environmental Problems Gallagher or Zienkiewicz 

7) Constitutive Equations for Inelasticity Gallagher 

8) F. E. Analysis Algorithms for Inelastic Analysis Gallagher 

WEDNESDAY, MARCH 24, 1976. 

9) Shell Analysis by F. E.M. Gallagher or Ballesteros 

10) Fracture Mechanics Analysis - Gallagher 

11) Viscoplasticity 2l.enkiewicz 

12) Soil and Rock Mechanics Zienkiewicz 

'H-IURSDAY, MARCH 25, 1976. 

13) F. E.M. Analysis for Buckling and Large Displacement Marcal 

14) Analysis for Combined Nonlinear and Dynamic Behavior Marca! 

15) MARC Review and Critique Dwyer 

16) Case Study: Nuclear Reactor Component Analysis Marcal 



o 
.. FRIDAY, MARCH 26, · 1976. 

)7) Constitutive equations of Concrete and Reinforced Concrete. 

· 18)Boundary Solution Procedures and the F. E.M. 

19) F. E. M. in Dam Analysis 

20) Finafdiscussion and questions. 

2 

Ballesteros 

Zienkiewicz 

Zienkiewicz 

Zienkiewicz 
Gallagher 
M a real 
Dwyer 
Ballesteros. 
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o 
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ingenierfa, un a m 

y 

MARC ANALYSIS RESEARCH CORPORATION 

Marzo 22-26, 1976 

Palacio de Minerla 
Tacuba 5, primer piso. México 1, D. F. 
Tels.: 521-40-23 521-73-35 5123-123 

. ' 



LUNES 22 

8:00- 8:45 

8:45- 9:00 

9:00- 10:30 

10:30- 11:00 

PRO GRAMA 

Inscripciones 

Apertura del curso 

Estudio y categorización de 
los métodos computacionales 
de análisis de.ingeniería. 

Receso (café y refrescos) 

11:00 - 12:30 , Formulaciones alternativas 
en mecánica ~structural. 

12:30- 14:3o 

14:30- 16:00 

.16:00- 16:30 

16:30- 18:00 

Receso · {comit~::~or cuenta participantes) 

Formulaciones mixtas o hibri 
das del método de elementos 
finitos. 

Receso (café y refrescos) 

Métodos de incremento de tiempo 

Octavio Rascón Chávez 

Timothy J. Dwyer 

O. C. Zienkiewicz 

R. H. Gallagher 

R. H. Gallagher 

O. C. Zienkiewicz 



MARTES 23 

9:00- 10:30 

10:30- 11 :00 

11:00- 12:30 

12:30- 14:30 

14:30- 16:00 

16:00 - 16:30 

16:30- 18:00 

. a 

Flujo viscoso. 

Receso (café y refrescos) 

Problemas de ingeniería 
ambiental. 

Receso (comida por cuenta parta cipantes) 

Ecuaciones constitutivas inel6sticas 

Receso (oafé y refrescos) 

Alogaritmos de an61isis por el método 
de elementos finitos en medios ine16s 
ticos • 

O. C. Zienckiewicz 

R. H. Gallagher 

R. H. Gallagher 

R. H. Gallagher 

\1 
\ ., 



o 

MIERCOLES 24 

9:00- 10:30 

10:30- 11 :00 

11 :00 - 12:30 

12:30- 14:30 

14:30- 16:00 

16:00- 16:30 

16:30- 18:00 

Análisis de mecánica de propagaci6n 
de grietas. 

Receso (café y refrescos) 

An61isis de cascar6n por el método 
de elementos finitos. 

Receso (comida por cuenta participantes) 

Visco-plasticidad. 

Receso (café y refrescos) 

Mecánica de suelos y rocas. 

P. 6a 11 esteros 

R. H. Ga llagher 

O. C. Zienkiewicz 

O. C. Zienkiewicz 



o 
, .;UEVES 25 

9:00- 10:30 

1():30- 11 :00 

11 :00- 12:30 

12:30.- 14 :30 

14:30- 16:00 

16:00- 16:30 

l6:30- 18:00 

Análisis por medio de elementos 
finitos en problemas de pandeo 
con desp lazam ien tos gro ndes. 

Receso (café y refrescos) 

Análisis combinado de no-lir:tealidad 
· ·y comportamiento di nómico. 

Receso (comida por cuenta participantes) 

Revisión y critica del programa MARC 

Receso (café y refrescos) 

Ca50 aplieaci ón: análisis de los 
componentes de reactor nuclear. 

P. ·v. Marca! 

P. V. Marcal 

T. J. Dwyer 

P. V. Marcal 



VIERNES 26 

9:00 .;; 10:30 

10:30- 11 :00 

Ecuaciones constitutivas del 
concreto. 

Receso (café y refrescos) 

11 :00 - 12:30 Aplicaciones de elementos finitos 
en problemas de concreto. 

Q 

12:30- 14:30 

14:30- 16:00 

16:00- 16:30 

16:30 - 17:00 

17:00- 18:00 

18:00 

Receso (comida por cuento porti cipantes) 

Procedimientos de solución de va­
lores en la frontero por el ,;.étodo 
de elementos finitos o . 

Receso (café y refrescos) 

El método de elementos finitos en 
el onál isis de presas. 

Discusión final y preguntáso 

Clausura 

P. Ballesteros 

P. V. Morca! 

O. C. Zienkiewicz 

O. C. Zienkiewicz 

O. C. Zienkiewiez 
P. V o Mercal 
T. J. Dwyer 
P. Ballesteros 

Octavio Rascón Chávez 
Pedro Martinez Pereda 



o ~.· 
V . o 



o 

C) 

ADVANCED TOPICS SEMINAR 
MEXICO CITY 

MARCH 22-26, 1976. 

MONDA Y, MARCH 22, 1976. 

1) An Overview and Categorization of Computational Methods 
in Engineering· Anaiysis 

2) Alternative Formulations is Structural Mechanics 

3) Mixed and Hybrid F. E.M. Formulations 

4) Time-Stopping Methods 

TUESDAY, MARCH 23, 1976. 

S) Viscous Flows 

Zienkicwicz 

Gallagher 

Gallagher , 

Zienkiewicz 

Zienkiewicz 

6) Environmental Problems Gallagher or Zienkiewicz 

7) Constitutive Equations for Inelasticity _ Gallagher 

8) F. E. Analysis Algorithms for Inelastic Analysis Gallagher 

WEDNESDA Y, MARCH 24, 1976. 

9) Shell Analysis by F. E. M. Gallagher or Ballesteros 

10) Fracture' Mechanics Analysis - Gallagher 

11) Viscoplasticity Zienkiewicz 

12) Soil and Rock Mechanics Zienkiewicz 

11-IURSDAY, MARCH 25, 1976. 

13) F. E.M. Analysis for Buckling and Large Displacement M are al 

14) Analysis for Combined Nonlinear and Dynamic Behavior Marcal 

15) MARC Review and Critique Dwyer 

16) Case Study: Nuclear Reactor ComPQnent Analysis M a real 



o 
FRIDAY,· MARCH 26~ 1976. 

17) Constitutive equations of Concrete and Reinforced Concrete. 

18) Boundary Sol u tion Procedures and the F. E o M. 

·' 19) F. E. M. in Dam Analysis 

20) Final discussion .and questions. 

o 

2 

Ballesteros 

Zienkiewicz 

Zienkiewicz 

Zienkiewic;2! 
Gallagher 
Marcal · 
Dwyer · 
Ballesteros. 
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MARC ANALYSIS RESEARCH CORPORATION 

Marzo 22-26, 1976 

Palacio de Mlnerfa 
Tacuba 5, primer piso. México 1, D. F. 
Tels: 521-40-23 5~1-73-35 5123-123 



o 

o 

LUNES 22 

8:00- 8:45 

8:45- 9:00 

9:00- 10:30 

10:30- 11:00 

11:00- 12:30 

PRO GRAMA 

1 nscripciones 

Apertura del curso 

Estudio y categorización de 
los métodos computacionales 
de análisis de ingeniería. 

Receso (café y refrescos) 

Formulaciones alternativas 
en mecánica estructural. 

12:30- 14:30 ·Receso {comida por cuenta participantes) 

14:30- 16:00 

16:00- 16:30 

16:30- 18:00 

r 

Formulaciones mixtas o hibri 
das del método de elementos 
finitos. 

Receso (café y refrescos) 

Métodos de incremento de tiempo 

Octavio Rascón Chávez 

Timothy J. Dwyer 

O. C. Zienkiewicz 

R. H. Gallaghe.r 

R. H. Gallagher 

O. C. Zienkiewicz 



MARTES 23 · 

9:00- 10:30 

10:30-11:00 

11:00- 12:30 

12:30- 14:30 

14:30- 16:00 

16:00 - 16:30 

16:30- 18:00 

o 

F 1 u jo viscoso. 

Receso (café y refrescos) 

Problemas de ingeniería 
ambiental. 

Receso (comida pór cuenta participantes) 

Ecuaciones constitutivas inelástioas 

Receso (café y refrescos) 

Alogaritmos de án61isis por el método 
de elementos finitos en medios inelás 
ticos. 

o. e. z ienckiewicz 

R. H. Gallagher 

R. H. Gallagher 

R. H • , Ga,llagher 

\ 
i 
\ 
1\ 

\ 
'\ 

,\ 



MIERCOLES 24 

9:00- 10:30 

10:30 - 11 :00 

11 :00 - 12:30 

12:30- 14:30 

14:30- 16:00 

16:00- 16:30 

16:30- 18:00 

o 

Análisis de mecánica de propagación 
de grietas. _ 

Receso {café y refrescos) 

Análisis de cascarón por el método 
de elementos finitos. 

Receso (comida por cuenta participantes) 

Vi~co-plasti cidad. 

Receso (café Y~ refrescos) 

Mecánica de suelos y rocas. 

P. Ballesteros 

R. H. Gallagher 

O. C. Zienkiewicz 

O. C. Zienkiewicz 



.;UEVES 25 

9:00 .. 10:30 

10:30- 11 :00 

11 :00- 12:30 

i 2:30- 14:30 

14:30- 16:00 

'i 6:00 - 16:30 

~6:30- 18:00 

o 

Análisis por medio de elementos 
finitos en problemas de pandeo 
con desplazamientos grandes. 

Receso (café y refrescos) 

Análisis combinado de no-linealidad 
y comportamiento dinámico. 

Receso (comida por cuenta participantes) 

Revis!ón y critica del programa MARC 

Receso (café y refrescos) 

Caso aplicación: análisis de los 
componentes de reactor nuclear. 

P. V. Marcal 

P. V. Marcaf, 

T. J. Dwyer 

P. V. Marcal 



o 
VIERNES 26 

9:00- 10:30 

10:30- 11 :00 

11 :00- 12:30 

-
12:30- 14:30 

14:30- 16:00 

16:00- 16:30 

16:30- 17:00 

17:00- 18:00 

18:00 

Ecuaciones constitutiws del 
concreto. 

Receso (oofé y refrescos)~ 

Aplicaciones de elementos finitos 
en problemas de concreto. 

Receso (comida por cuenta participantes) 

Procedimientos de solución de va­
lores en la frontera por el método 
de elementos finitos. 

Receso (café y refrescos) 

El método de elementos finitos en 
el análisis de presas. 

Discus~ón final y preguntas. 

Clausura 

P. Ballesteros 

P. V. MarccJI 

O. C. Zienkiewicz 

O. C. Zienkiewicz 

O. C. Zienkiewicz 
P. V. Marc:al 
T. J. Dwyer 
P. ~allesteros 

Octavio Rascón Chávez 
Pedró Martínez Pereda 



o " . ·. o· 



O· 

Q 

ADVANCED TOPICS SEMINAR 
MEXICO CITY 

MARCH 22-26, 1976. 

MONDA Y, MARCH 22, 1976. 

1) An Overview and Categorization of Computational Methods 
in Engineering Analysis 

2) Alternative Formulations is Structural Mechanics 

3) Mixed and Hybrid F.E.M. Formulations 

4) Time- Stopping Methods 

WESDA Y, MARCH 23, 1976. 

S) Viscous Flows 

Zienkicwicz 

Gallagher 

Gallagher 

Zienkiewicz 

Zienkiewicz 

6) En vironmen tal Problems Gallagher or Zienkiewicz 

7) Constitutive Equations for Inelasticity Gallagher 

8) F o E. Analysis Algorithms for Inelastic Analysis Gallagher 

WEDNESDAY, MARCH 24, 1976. 

9) Shell Analysis by F.E.M. Gallagher or Ballesteros 

10 l Frac tu re Mechanics Analysis Gallagher 

11) Viscoplasticity Zienkiewicz 

12) Soil and Rock Mechanics Zienkiewicz 

~n-IURSDA Y, MARCH 25, 1976. 

13) F. E.M. Analysis for Buckling and Large Displacement M are al 

14) Analysis for Combined Nonlinear and Dynamic Behavior Marcal 

15) MARC Review and Critique Dwyer 

16) Case Study: Nuclear Reactor Component Analysis M a real 

/ -. 
': 



. o 

FRIDA Y, M·ARCH 26, -1976. 

17). Constituti;e equátions of Concrete and Reinforced Concrete. 

18) Boundary Solution Procedures and the F. E.M. 

19). F.E.M. in Dam Analysis 

· 20) F.inal discussion and questions. 

2 

Ballesteros 

Zienkiewicz 

Zienkiewicz · 

Z~enkiewicz 
Gallagher 
Marcal 
Dwyer ' 
Ballesteros • 



o ADVANCED TOPICS SEMINAR 
MEXICO CITY 

MARCH 22-26, 1976. 

MONDA Y, MARCH 22, 1976. 

1) An Overview and Categorization of Computational Methods 
in Engineering Analysis 

2) Alternative Formulations is Structural Mechanics 

3) Mixed and Hybrid F.E.M. Formulations 

4) Time- Stopping Methods 

TIJESDA Y, MARCH 23, 1976. 

S) Viscous Flows 

Zienkicwicz 

Gallagher 

Gallagher 

Zienkiewicz 

Zienkiewicz 

6) Environmental Problems Gallagher or Zienkiewicz 

7) Constitutive Equations for lnelasticity Gallagher 

8) F. E .. Analysis Algorithms for Inelastic Analysis Gallagher 

WEDNESDA Y, MARCH 24, 1976. 

9) Shell Analysis by F. E.M. ~· g6f'íl;:ot Ballesteros 

10) Fracture Mechanics Analysis - Gallagher 

11) Viscoplasticity 2ienkiewicz 
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Marc Analysis Research Corporation 
1 

MARC APPUCATION. SUMMARY 

THERMAL ANO ELASTIC ANAL YSIS OF A PISTO N 

A pistan was analyzed by MARC Analysis Rescarch 
C'orporation under combined thermal and pressure 
loadmg that simulated normal operating conditions .. 
Thc idealized piston mesh is shown in a perspective 
plot in Figure l. 

~ A linear elastic analysis indicated that thc rnost 
Jiighly stressed arcas were at thc wrist pin-pin borc 
interface and at the oil cooling channcl surfacc, just 
inside the ring land arca at. thc top of the piston. 

The MARC system was us¡;:d to genera te the modci 
mesh, the thermal data and ·the stress analysis rcsults. 
One hundred and twenty-eight isoparamctric twcnty 
'l?de brick elements were used to modcl thc píston 
a,nd the 'piston pin. Special mpdeling con~iucratwns 
iricluded' use of an elastic foundat10n stiffncss in 

-- - J .. •1 • 

place of 1the crank rod and tying constraints for thc 
1 ' ' 

ihteraction of the pin and the piston. Thc final 

O) 
1 '. 

1 

'-" 

model resultcd in 1002 node points with a total 9f 
2673 reduced degrees of frcedom. Thc maximum 
nodál half-bandwidth of the op~imizcd mesh was 175. 
Figure 2 is .an isothe'rm plpt ~f thc uppcr pistan 
surface. , 

1 ·' 

l:he ' thermal data for this analysis was gcnt)rated 
using the, MARC system tr<}nsient hcat transfer capa­
bility. ~igure 3, a plot of the ~ises·equivalcnt sucss 
i'n the pistan top, dcínonstratcs thc MARC graphic 

"capabilitÍ~s to distill and prese1~t results in the most 
Figure 1 s~raight-f~r.v'ard manner.. ' 

¡1 11 

MARC ANALYSIS RESEARCÚ, CORPORA TION 

' ,> 

MARC Anal.ysis Rcsearch Corporation has offices· in Prpvidence, Rhode Island, and in Palo Alto, Califor­
rlia. Dr. Pedro V. Ma

1
r.cal is Prcsidcnt, and he is Jocatcd: ir~' thc Pa,Jo Alto oiTice. Thc cÓ;npany is oril';lted 

toward providing" 'proh¡l.crn':-solvir)g scrviccs to thc c;1ginccring community through tease or through thc.lÍata­
ccntcr off"cring of thé MARC Program, as wcll as tiÚough complete ¡Jroblcm solution via our consultmg g·rou¡;s 

, rn Palo Alto aiHÍ ProvÍlic'nce and through the MARC-sponsÓred fulite-elcment-technology and l\1 ARC' ~usage CJ'. courses. The st~ffjs equally: divided ~e.tween· the Paío AJto:'i~nd, Pr~v~den~~ offices, and hcncc will gm.~ short 
: turn-around. on ·p~9b~ems. that m<¡y. arise. ·In addition, Mr. Patrick St~art, managef .of MARC Europcan O¡:>cra­
. tions, is in S tu ttg~rt, West Gennany (address on, back si de) in .. br9er to

1 
bett~r serve o m: ,European custonH.:"rs. A 

, brochurc describing,,the' MARC Analysis.Rescarch Corporatiorl is ava~1able on réqu((~t, 
. ¡ '. ~. 

,, ' ' \ . 
'..,: 

"1 
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Marc - Analysis Research Corporation 
' ', 

MARC APPUCATION SUMMARY 

THERMAL AND ELASTIC ANAL YSIS OF A PISTON 

A piston was analyzed by MARC Analysis Research 
C'orporat10n under combined thermal· and pressure· 
loaumg that simulfttcd normal operating conditions. 
Thc iuealized pistof! m~sh is shown in a perspective 
plot in Figure l. 

. A linear clastic analysis indicated that the most 
highly str.essed arcas were at the wrist pin-pin borc 
interfac~ and at the oil cooling channcl surfacc, just 
i~side the ring Iand arca at t!lC top of thc piston. 

The MARC system was used to gencrt~te the rnoucl 
mesh, the thermal data and thc stress ant~lysis rcsults. 
One hurjdred and twenty-eight isoparamctnc twcnty 
q¡;>de brick clements were used to moucl thc pis!on 
3¡1~d the 'pjston pin. Special-modeli•1g con~idcrat1ons 
included' use of an ela~tic foqndalion stiffncss m 
~lace of !the crank rod and tyjqg constraints for the 
iflteraction of the pin and the pistan. Thc final 
model resulted in 1002 nade points ·wit'Íl a· total of 
2673 reduced degrees of frceqom. Thc ma~imum 
nodal half-bandwidth of the optimizcd mesh was 175. 
Figure 2, is. an isotherm plot of thc uppcr pistan 
surface .. 

l:he · thermal data .for this ary~lysis was gcncrated 
using th~, MARC system transient hcat transfer cap..t­
bility. ~igure 3, a plot of the J\1iscs·equivalcnt stress 
in the pi

1
ston top, dcmonstratcs thc MARC graphic 

capabilities to distill and. prcsent results in the most 
Figure 1 st~aight-ÍÓr ... ard manner.. · 

, , Ir, 

•'¡',. ,, 

MARC ANALYSIS RESEARC'H CORPORATION 
1 

( ,, ' 

MARC Analysis ~cscarch Corporation has offices in ~rbvidenc~, Rhode Island, and in Palo Alto, C::~lifor­
. n•a. Dr. Pedro. V. Mar:cal is Prcsidcnt, and he is located in' the Pa·Jo Alto ofnce., The ·CO!llpany i~ orientcJ 
toward ¡Hov1ding pro!>,km-solving scrviccs to thc cnginecring community through lcase or through the data­
ccntcr offÚing of ihe MrARC Program, as wcll as through complete problem solution via our con~ultin~ groups 

e in Palo Alto, anq Providcnc'e and through the MA~C-sponsórcd. fulite-element-tcchnology and MARC-ust~gc 
..rcourses·. The staff is equally divided be~tween the Palo Alt9-''and Pr~vidence offices, and hcncc will g1vc short 

' · turn-around on probj~ms that may arise. In addition, Mr. PatDck St~art, manager of MARC European O¡)cra-
,.tions, is in Stutt!?art, W~st Germany (address on back side) ÍJ.l .. br~er td

1 
be~t~r ~erve ~u~,Europcan customcrs. A 

brochure dcscribinikthe ~ARC Analysis Research Corporatio~ is ava~J!able ot~ reque¡;t1 
~ ' • J 
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Marc -Analysis Research: C.orporation 
1 

MARC' APPUCATION'. SUMMARY 

THERMAL ANO ELASTlC AN,AL YSIS OF A PISTQN 

A pistan· was analyzed by MARC Analysis·Research 
Cdrporation undcr combined. thcrmal ·.and- pressure 
loading that- simuiated normal operating 'conditions. 
Thc idealized pistan mesh is shown in a perspective 
plót in Figure l. 

- A linear elastic analysis indicatcd that thc most 
highly. stn!ssed arcas wúe at thc wrist pin~pin borc 
interface, and at the -oil cooling channd surfacc, just 
inside the. ring land area at thc top of thc pistan. 

' - ··: 
The MARC system was used to generatc the modcl 

mesh; the thermal data and thc stress analy5is rcsults. 
One hundred and twenty-eigh; isoparametric twcnty 
qode brick elements were used to modcJ. the pistan 
a,1~d _the 'pistOI1' pin: _Special. fll09eling C<?llSidcrations 
included~ use of an elastic fóundation stiffness m 

-.. - ~ \ 

... 'L 

Figure l 

. . ~' . ~ - ... ' . 

11Iace of;the crank rod and tyipg constraints for thc 
ihteraction of the pin and the piston. The final 
model resulted in. 1002 node points with a total of 

, 2673" reduced degrees of fre'edom. The maximum 
nodal- ha'lf-bandwidth of tlie opÍimized mcslnwas 1 7 S. 
Figure 2 is an isotherm- plot of the uppcr pistan ·- ~ " ' - '. ' 
surface. , . 

1 J • t r 1 1 : ~' ' 

l:he thermal" data. for· this analysis was gcncrated 
using th~. MARC system transi~nt hcat transfer capa­
bility. ~igure 3·, a plot of the Mises•equi~alcnt-strcss 
in the pi_ston top, demonstratcs tlie MARC graphit 
capabilitics to distill and· present- results in the most 

•' .ll 
straighhlor..v"ard manner .. 

,.. •1: 
',, 

1: ,¡ 

MARC ANAtYSIS RESEARd·H' CORPORATION 
1 

' ·' 
MARC Analysis Rcscarch.Corporation has offices in Prdvidencc, Rhode Island,-aitd in Palo Alto, C~lifor­

:nia. Dr. Pedro ·v .. Ma1r~al is· Prcsident, and he is locatcd .~- thc Pa:lo Alto officc., ft1c'.c~!n'pany is oricnkd 
tú,vard· providing p'roh,l_~rp-solvi•)g scrvices to thc cnginccrin~ community through tease or through thc. data­
cen ter offcring of tlic MAHC Program, as.wC!Las-through complete ¡jroblem solution vía our consulting groups 

··"' IIÍ Palo Alto and P~ovideítce and through the MARC-sponsÓrcd firlite-element-technology and 1\-tARC-usag.: . e¿ courscs. The· staffis equally divided be,tw.een t~e Palo. Altoi:and .. Pr~viden~e offic~s, and-hcncc will givcsshort 
'turn-around on problerhs that may arise. In addition:, Mr. Patrick St~art:manager of MARC Europcan Opcra­
.tions, is in Stuttgart, :W~st Germany (addtess on'back side) ÍJ1_br~er tó

1 
be~tttr ~erve ou~,~uropcan customcrs: A 

· b'rochurc describing~the MARC Analysis.Reseaich,CorporatiorHs ava~~'able 011 requ~.~t~ 
J • ' ' - \ r ._ • 1 .,, 
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o 
Marc- Analysis Research · Corporátion 

-o_ j ''' ' 

' 

MARC APPUCATION. _SUMMARY 
' ' . . '·~ 

r_•- ~ 

•,,' 

THERMAL AND ELASTIC ANALYSIS 'OF A PISTON 
r -· '• " 

A pistan was analyzed. \:?y MARC Analysis Research 
Corpora tion und~r .com bined thermaf and pre~sure 
!oading that simuiatcd n'ormal operating conditions. 
"f.he idealized .pist~!l ;nesh is shown in a perspective 
plot in Figure l. 

•'. 

''· ,, 

·'. • A linear. elastic analysis in~icatcd that the most 
highly stressed arcas were ~t ~he -wrist pm-pin borc 
interfácc and at the oil cooling·.channel suJJacc. just 
inside . the ring land area ~t' ÜlC top of thc pisÍon. 

' . . 
The MARC system was used :to genera te .thc modcl 

mesh, the thermal data and .thd "stress analysis rc~ults. 
Üne huf1dred and twei1ty-eight isoparamctric twcnty 
f1?de, bri~k -elements were use~ lo model thc piston 
a

1
nd the 'piston iJin. Special modeling con~ideratlom, 

inch~ded:: use of an elastic foundatlon stiffncss 111 
... .._,. - •• ~ • • • -' • ~-( ""'\y ~ 

place of 
1
the crank rod and tying constraints for thc 

i~teracti6n of the pin and. t!1e pistan. trhe final 
model resulted in 1002 n'ooe .points with a total of 

>2673· re'dlicedwdégr~es -¡)f ffeedom. The maximum 
.- .. -~,_- ~ • 'i, f'' ,~ -. ~- ' '¡~ ': ' 

-nodal half-bandwidtlrof the optimized mesh was 175. 
Figure,.2· is an isotherm plqt · of the upper pistan 
surface. ,, 

1 ::~~~:~-,.-~~~ '-i,' -,. ' • 

The '-fhe~mal data f9r. -this analysis 
1 

was 1gencrn ted 
using th~, MARC system transient heat transfer capa­
bility. F¡•gure 3, a plot of the Mises ·eq ~ivalent stress 
in- the· pj_ston 'top·;-demonstrqtes the MARC graphic 
capabilities · to dtstill and present results in the most 
st~aight-fÓr.vard manner, . _ _ · . 

~ ~ ; • ' ·~ '- '¡ ' "\ 1 ' ' 

Figure 1 
. '' ',, 

,. ,, 

. l ~ . ~ ': 1 ¡'; ,, ,¡ 

MARC ANALYSIS RESEARdH CÓRPORATION 
l,.-~ ~\';'~~· ...... ~:. ·) 

, ' , •T ,.r'') , f ••" .; 1 , 
1
::. , , 1 , 1 , 'r 

MARC Analysis-. Rcsearch Corporation has offiées in P·r¿;vidence, Rhode .. Island, and in Palo Alto, Califor- . 
!lia. 1?~· p~~r~- V_. ~a'~c~~l is Presidcnt, and h~ ·is'·iocatl{¡l ¡¡~'-.Úlc Pa:lo Alto qÚ'i~e.' 1, ih~ Cl]ll1pany.:is OflCJlled' 

toward' rirovidipg prqh11cnHolving scrviccs to thc cnginccr.ing .communily lhrough 'll~aSl' or through thc data­
cen ter offcrlng órih~ MARC Program, as wclJ,as-.through,i;oniplctc ¡)roblcm solution via our consulting,~roups 

¡-\,in Palo Alto ,~~d 'p~ovidenc~ a~~ t_h~o~gh_ the M~R_C-sp~p~'?rcd, [IÍ~It~-elc,m.e:lt-technolqgy and MN~C-us~g~ 
V courscs .. The. staff !S-C$Jually diVIded _?-eJwe_e!l q~e_P~,Io AHq~!and Prov1dence offic~s. and hcncc wlll g1vc short · 

: turn-arbund on ·pr9blems that ~ay arise. In .ad9ition, M_r. PaJ~ck St~art, manager .of M~RC Europcan Q¡)cra­
tions, is in Stutt~ar-t~·We~~·Gennany(address·On·b~ck side)·i~_:br~ler ~o, bet.tt;r ~erve ,OUJ:,E.uropcan customcrs. A 

·brochurc describing.the'MARC Analysis<Research CorporatioiNs'ava~~able o~ requ~,~t~ · 
'~ '· ,' ¡.· ~·~.:...; ~·~·, ·~ ,,. ~- ' ' \ 
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Marc Analysis- Research. Corporation 
'. 1 

MARC' APPUCATION SUMMARY 
1. 

THERMAL AND ELASTIC AN:AL YSIS OF A PISTON 

A piston was an~lyzed by·MARC Analysis Research 
Córporation under coinbined thermal and pressure" 
loading that sim4latcd normal operating conditions. 
Tl1e idcalized piston mesh is shown in a perspective 
piot in Figure l. 

' ' 
A linear elastic analysis indicated that the most 

highly stressed. arcas were at thc wrist pin:pin bor{; 
interfáce a~d at the oil cooling channcl surfacc, just 
inside the ring land area at t!1c top of thc pi;.,ton. 

' ' '1 

The MARC system was used 'to genera te ·the modcl 
mesh, the thermal data and the stress analysis rcsults. 
One hu~dred and twenty-eight isoparamctric twcnty 
ljode· brick elements were used to modcl thc piston 
a1~d. the :P,isto'n, pin. Special moqeling. considcraltons 
includt?d: use o( an elasttc f~ühdation stiffncss in 
place of 1the crank rod and tying constraints for thc 

1 ' • 

ihteraction of the pin and t!te piston. The final 

~o 
/ 

model resultcd in 1002 nodc l~oints with a total of 
2673· re'ctuced 'degrces· of freedom. Thc maximum 
nodal half-bandwidth Óf the optimizcd mesh was 175. 
Figure. 2 is an isotherm- plot of thc uppcr piston 
surface .. 

Figure 1 

"!:he thermal- data for this analysis was gcneratcd 
using the, MARC system transi~nt heat transfer capa­
bility. f¡igure 3, a plot of the Mises equivalcnt stress 
in the pi_ston top, demonstratcs thc MARC graphic 
c~pabiliti~s to distill and preseüt results in the most 
s~,raight-(~r.vard manner. 
'·, 

'¡. ·l 

MARC ANALYSIS RESEARCH CORPORATION 
.... 1:. \ 

' •' 

MARC Analysis -R~search Corporation has offices in Pr~vÍdence, Rhode Island, and in. Palo Alto, Califor­
nia.- Dr. ·redro-Y. Ma1~cal is Prcsidcnt, and'he.is locatcd,iri 1 thc Pa,lo Alto ofÍ"icc., Thc company 'is-.orwntcd 
toward 'proviuing proh1l,cm-solving scrviccs to thc cnginccring community through lcasc or through, the dala­
cenia oiTcring or lhc MARC Prográm, as wciJ·as,through complete problcm solution via our consulting groups 

1 ·in Palo Alto and Providence and through the MARC,-sponsÓrcd firlite-element-technology and- MARC-usag~ 
e~ courses. The·staff i.s e9ua!Jy divided between the Pato AltR'~'~nd .. Pr~v~den~~ offices, and hcpcc wtJJ. givc_,short 

turn-around on problems. that may arise.~ In addition, Mr. Patrick St~art, manager of MA~C Europcan Opcra­
tions, ts in Stut~gart, »'~st Germany (address-on back side) i~_br~er t<;)

1 
be~tttr ~erv_e _9u~,Europcan customcrs. A 

brochure describing;,th'e MARC Analysis Research Corporatio~ is ava~~able o~ requ~.~t, 
' ' ~ -... ~ ~ J < 1 \ ~ 

.,: 
. '..,. 
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APENOICE A 

INSTRUCTIVO DEL PROGRAMA PARA EL ANALISIS DE 

ESTRUCTUJU\S MURO - MARCO 

sa describe cómo se preparan loa datos que servirán para el análisis de eu~ 

turas muro-marco mediante el programa de computadora descrito del cep 4. r.o-. 
datos para el programa se proporcionan mediante tarjetas perforadas. 

A1e Datos de entrada 

.fa'' .1. Tarjeta título (13A6). De la col\liZIIM 1 a la 78 se pue4e perfora.~" wa&..a,. 
información alfanumérica con objeto de identificar loa probleaae ~e •• 

van a procesar en una cozric!a. 

A1o2 Tarjeta de archivos (4IS). 

Columnas 

1 - S No. del disco de barras 

6 - 10 No. del disco de gráficas 

11 - 15 No. del disco de fuerzas internas 

16 - 20 NO o del disco de cuadrados 

Según el·listado del programa (Apéndice B), loa nGmeroa de loa diaca. aqa 

10, 15, 20 y 25 respectivamente. 

A1.3 Tarjeta de problemas (IS). se especifica el nGmero de esauewra• t¡Ue se 

desee analizar en una corrida del programa. 

A1.4 Paquete de tarjetas para cada problemao Las instrucciones A1.4.1 • At.4,JO 

serán suficientes para definir un problema. 

Se repetirán tantas veces según se especifique en el inciso A1.l 

;..1 o 4 o 1 Tarjeta tí tu lo ( 1 JA6) • De la columna 1 a la 78 se perfora cualquier. in• 

formaci6J'! alfanumérica _que pmdte iéientificu el pr:oblC!riM en ~t-...laar 

que se est& analizando. 



() 

() 

Colwnnas 

1 - S 

6 15 

16 25 

26 - 35 

identificador del material 

módulo de Young ' 2 (ton/m ) 

coeficiente de Poisson 

peso volumétrico 3 (ton/m ) 

í 
') 1 J 1 

\ __ _, 

A1.4.4 Tarjetas de secciones (2IS,4F10.0) 

Las barras de la estructura pueden tener distintas secciones, por ejem-

plo, circular, rectangular u otras. Para identificar la sección utili-

zada en cada barra·se asigna a ésta un número entero empezando por uno, 

el que se denomina identificador de la sección y habrá tantas tarjetas 

como tipos de sección se especifiquen en la instrucción A1.4.2 

En cada tarjeta se perforará la siguiente infoxmación 

Columnas 

1 - 5 identificador de la sección 

6 ~ 10 indicador del tipo de sección. Existe internamente un 

catálogo de secciones transversales numeradas: 

O especial 

1 T 

2 rectangular 

3 circular 

El indicador tomará cualquiera de esos valores .- el tipo de sec(üón. segun 

Dependiendo del número asignado al indicador que define el tipo de se c-. 

ción transversal de la barra, la información que determina tales seccio 

nes se perforará en el resto de la tarjeta de la forma siguiente, 

a) Sección' T, Indicador del tipo de sección D 1 

columnas 

11 ... 20 . B(cm) 

'\ 



o-
1 

o 

t.J~J-----_1-- r 
1 ... ' - J 

·-~1 -.~30 '~ -b.(cmr · 
' 1 h 

31 - 40 t (cm) · 

41 - 50 h(cm) --+ 
b) Secció~ rectangular. Indicador del tipo de sección • 2 

e) 

d) 

Columnas 

D
--.¡ 

1 
1 

!h 
_j 

1 b . 
!e ~ 1 

" '• 

11 20 b(qn) 

21 - 30 h(cm) 

Sección circular. indicador del tipo de sección .,. 3 

Columnas. 

u 11 - 20 R(cm) 
•,. 

Sección especi~l. Indicádor. del tipo de sección El O 

Columnas 

11 20 A área traií5versal· ,(cm2> 
.• 

I momento,de-inercia (an4f 
-:: 1 

21 - 30 

31 - 40 F factór 4e forma 

Ej~plo A.1 

Tiene la finalidad d~ ilu~trar, las instrucciones'~1e1 a A1,4.4 de la es 

tructura mostrada en la fig Ap1o1.' 

Fig. A. 1 • 1 MURQ-MARCO A 
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(J 

8 .n ~11 53 ·ll ) 

22~] 52 67 

7G 

7 21 36 51 66 

20 65 

15 19 34 49 64 74 

1a 63 
Fig. A.1.3 Alternativa 2 

' 17 62 73 

Se numeran en la dirección 
16 61 

4 15 60 72 vertical los nudos, siendo 
14 59 

S 13 59 71 a diferencia :m.bima 16 

12 

2 11 2E 41 56 70 

!O 25 40 55 

!,_._ 9 24 39 54 _k¡ 
De las dos alternativas presentadas, la 1u por ser la de diferencia menor es 

la mejor opción. Respecto a la numeración de las barras o de los cuadrados no 

importa su orden; sin embargo, a fin de utilizar las opciones para generación 

de datos es necesario numerar, en orden secuencial, los elementos que tengan pr~ 

piedades comunes como se ilustra en el ejemplo A.l. 

Suponiendo que en la estructura solo participa un material y tres tipos de mee -
cienes para la estructura dada, la codificación de la instrucci6n seráa (Pi9 A.1.2} 

~1 
5 10 15 20 25 80 

En el caso de tratarse de una estructura fonn<!da por dos materiales, la instzus. 

ción se codificará como~ 

5 10 15 20 25 so 

~ii) Instrucción A1.4c3 

Si la estructura de la fig A. 1. 2 está fom~da por un solo materialt pmr e­

jemplo, concreto con lae propiedades siguientes¡;- ret!mlt:a~ 
1 ¡ 
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2. 
1 

-·----

3 

---

Tabla A.1.1 

SECCION 

o ~ 
60 t-- o 

.:r·.J -- -+-

. _j __ j_~O 
40 

. 
. (.c.""' ) 

• 

G lc:vn) 

-
1 -r:·g. 40 (c.W'\) 

. ... -- -

i 

____ ; 

< (), ' 
' ! ) 

Una vez ejemplificadas las instrucciones A1.1 a A1.4.4 se continúa con el 

instructivo. 

A1.4.5 Tarjetas de coordenadas para los puntos nodales (IS, 2F10.o, 2I5) 

Contienen las coordenadas de cada punto nodal referidas a un sistema car 

tesiano global. Las unidades son metros, y en general se requiere una -
o , 

tarjeta para cada punto nodalo El orden debe ser . secuencial 

Columnas 

1 S No. del punto nodal 

6 - 15 abscisa (m) 

16 - 25 ordenada (m) 

Se ha incluido la alternativa de poder generar ciertas coordenadas a p~ 

tir de los datos del primero y Último punto de un grupo que cumpla con ... 

las condiciones siguientes: 

i) Los puntos de este grupo son equidistantes y están sobre una recta. 



Ü'¡• 
1 

CJ 

- t 
4.50 4.50 &,.. .. . 

.. '.) t 

' . - ' 
72 .73 174 .75 >!·76-
67 . 70 ·, 
62 ·63 64 65 66 

52 55 56_ 

42 45 46 

:!12 \' 35 36 
!'-"{ { 'l '':, .... '; 1 : 

3.0 
21 22 25 

" 12 15 J6 

7 8 . 9 10 

-- _..!_ 2 3 4 1 

.~ 1 

1 

- l. 

--- ------.-------

P'ig A._2.1 '· 

/ 
,1 

·' 

/ . ,,~; 
• •1 1 

, .... ,~ ", \ -" ~ ~ ... 

. r :t. r . .' 

•,, 

ulf '. ' 
Se obs~~ que los grupos de los puntos nodales 1 aÍ 71, 2 a 72, 3 a i73·, 

' - ' '- ',1,( 

~-a .74, s ~ 7S y 6 a 76 cumplen con las 'condiciones .i 'y ii,. o &"ea ~e:· 

son equ!distantes y·están ·sobre una·misma'recta; y la diferencia entre 

t 1 -- ' .,.,. ' } ' ., : ~ -, ' ;.'r( ,-1 ~' ..-' • ., • 

-.. puntos sucesivos .es const·ante~-'' Por tanto; •Se ,Puede utilb:~ le opcion . 
de. generación con los datos del primu~ . y tiltbao .~pu~tos . de los gru,Pos' ·- '' 

' • J • • 

; -. ¡" ·~ .. 
1 o.o o.o 10 

,/; .-- . 
71' ·-·o·; o .. 21.0 10 

2 : 4.·s u; 0~0 
1 

f ~ .. • ~. S 

'12 4.5 2~ •. o' 5 ·-. :. ·r"", e' . \ 

3 6.0 o.o S 
•' - - .. 

G.o· ·2,·.o ' 73 - S 

4 7.S ·o.o ~ 

¡1' ' -~ ~ .... : 
•· - .. S ., ;: 

74 7.,5 -. .~1.0 ><' :5 
0'<.'• -- ,...,-

5 9."0 o.o S 
. '. ?S ' 9~0 

.. 
21.0 S 

6·'· 13.S •;" ·: - OGO " 

" ~ ' .... ' . ' 
10 '. 

-76 ~3.5 
-~ 

:u.o 10 

1 S 15 25 lO 35 80 
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26 .,. JO 

36 ... 40 

indicador del tipo de apoyo en el nudo ~ 

indicador del tipo de apoyo en el nudo J 

Los indicadores anteriores tomarán los valores asocia• 

dos a la condición de apoyo de la barras 

O el apoyo es continuo 

1 el apoyo es articulado 

Illdice de generación. Se emplea cuando se requiere ut!. 

!izar la opción de generación de datos, toma loe sigui~ 

tes valores: 

O indica no generación. 

1 indica generaci6n. Con este valor se establece que 

el número de barras comprendido entrE~ la tarjeta aDt,!. 

rior y ésta, poseen las características siguienteea 

i) La numeración de los nudos debe seguir la siguiente reglas 

I m I 
1

+IGC 
n n-

J = J 
1

+IGC . 
n n-

donde n es el número de la barra; I, J los nudos de la barra y 

IGC es una constante (ejemplo A.J). 

ii) El grupo de las barras debe ser numerado en fozma secuencial; ser eon.!. 

truídas con el mismo material y poseer la misma longitud, sección ~·ns -
versal y tipos de apoyos (ejemplo A.J). 

Ejemplo A.J 

La instrucción A1.4.7 se ejemplificará usando los datos de la fig Aa1.2 
1 
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\_ ,1 

.Q 

() 

;,..__-
1 11 12 1 

·--t 

'----- --------
_____ 2_ 

·- --~1 
3 31 

4 41 

5 
1-----·-

51 

6 61 
- ----

7 71 

__ 22 1 

32 1 

42 
-----­
____ 1 

-----
52 1 

62 

72 1 

__ _:_ __________ ··------------~ 
.. ----------- ----~ 

,___~8-+ ___ 1 S __ 1_ G..t---.....:-~1-t--------:--------- _____ . __ _: __ _ _ 

9 25 1 26 

36 

- ------;---- -- - - --·--
10 35 ______ ,·-+-------------------- -

·- _11 _____ 45 _____ 46 _____ _.11!+---------------------1 
12 55 . 56 1 

~;;} ___ 6-sl __ 66 1 !-------------------- ------l 

~ :: '---~;¡_ :~~----: .~~-~~--~~~:--~-~--. -----------1 
17 21 31 2 

18 31 41 2 
+---------~--------------------------~~--------,91.4,--~-5-1 2 

20 51 61 2 -------- _, _____ _ 
21 61 71 2 

+--- r-----~-- -+----- ----- -------------------
22 6 16 3 

+------r----­
~-----L-------------- -------. 

8 -------~6-¡ ,-6 J ¡-----~--- .... ·---- ----
5 10 '15 20 25 JS 40 50 60 

--· ------ ---
70 

Para establecer la opción de generación conviene hacer el análisis ai-

quien te: 

En la fig A.1.2 se observa que los grupos de las barras 1 a 7, 8 a ,4, 

1 S a 21 Y. 22 a 28 cumplen con las condiciones i y ii de la instrucción 

A1o4o7 para generación de datos ~n barras, es decir, que cada grupo de 

barras .está numerado en foll'lll& sécuencial y sus nudos observ&n l& regla 
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' ' 

~1 - 20 espesor dominante de los cuadrad~s que forman el mu ~ 
(' •• _., ~t 

ro (m). 
.::' ·~' í ' : '/ ' 

41.,4o10 Tarjeta~ ~e tipos de ~~dr~dos .(BOI1) •. Contiene los índices de los t!, 
• .¡ , '~ ~ r "' , " , - , ' .. , _ 1 - ~i) 1, ~ , 

"' \- "' 

pos de elementos (Tipo 1 y.Tipo 21 fig 2.3.3). 
1 • " ' ' -- - - -- ' •' ~ ...... !! 

o 

1 

A1.4D11 Tarjetas.~e·e.lE!JIIento~ ~uadraqo_s _(~IS, F1_0.0,,2I5"). Sé requiere una tUj,!. 

ta .por. cada cuad~adt!J·o;~on~~~n~. la informac~ón _relativa a la geometr:!a y 
o l , ~ • • - - ' - ~ ,1 ' -- • • ' ' " 

" 

material. Además, se tiene implementada la opción para generar los'da-
- "" ' . ..:.. ~·. 

tos de un grupo ~e. elementos, que tengan.c~acter!s~cas· idénticas, 
1.,... - -~ - - ~ : - - -' - ._.... - \" ..... - - ' ~ ... ~ - "> ~ • 

con los ~toe d~l p~imero y .Último·_elai~to·c.i~ e~te grupo, mediante, UD 
l), ,"' •• 

indi~ad~~ que se explica enseguidmd 

Columnas 
'~ ; 

-' 

1 ~ ~ Noé del elemento . I r---~---, L 

\ 6 10 Punto nodal I 

11 15 Punto nodal J 
,, 

,-., 

·'16. -. 20 - Pu~~O-·, .~~~1 ·~~ ¡t_ ':------.... K . 
2-1.---' 25 ,. ,, '" 
') ;- ' ,, Punto nodal L 

1,,,,. 

·La numer~ción I,_J, K, L asignada a los nudos·dél elemento cuadr~do ce d~ 

'be proP9rcionar.en esta.instrUcci6n en sentido contrario a las manecillas 
• • _ • • - ~ .__, • ~ _ \. ..., , ~ L r r _ -, ..-

. -' 
Columnas 

26 - 30' identificador del. material. Se puede omitir en el ceso 

de-tratarse de,un solo material. 
' ' • • rt :..-<' ' ~ ~ ' - - ' Í' 1 

1 

1 
~ r 1 ;, 

esp~sor, d~l.elementc_ (m) 
·~ • .... ~ ~ -/ 1 ' • 0 ! ~ 01 r '--

1,-,t.) 

E~t_e :v~l~~:,S.!!_:~~e_de omitir ~;~do el elemento tenga el 

espesor d~~ante y el pr~ama int~rnamente le asitna 
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SISTEMA DE REFERENCIA GLOR~L 

·mediante los valores siguientesa 

O no se requiere calcular los valores de las fuerzas as_ 

tuantes en los puntos nodales del elemento. 

1 Si se requiere calcular tales valoreso 
.. 

Ejemplo A.4. 

Utilizando el muro-marco A y la numeración de la fig 

A.1.2, ejemplificar el empleo ae las instrucciones 

A1.4.9 a la A1.4.11. 

l) Instrucción A1.4.9 

La fuerza de gravedad forma un &ngulo con un eje x global (fig A.1.2) de 

270. grados y suponiendo un espesor de O. 1 S m para todo el muro se tiene · 

.. . 
270.¡ 0.151 ] 

10 20 80 

ii) Instrucción A1.4.10 

iii) Instrucción A1.4.11 

o suponiendo un solo tipo de material y QU,"" no se quiere calcular las fuer&as 
. 

equilibrantes, utilizando la opción d~ generación, loe datos codificados ~~ 



Q .. ,.4.13 Tarjetas de nudos frontera :n~stringidos i'IO{I5,JI1)) 

Q' 
;_ + 00 

En una tarjeta se perforan hasta diez grupos de valores que definen rl 

tipo de restricción para un nudo. El primer valor de este grupo corre~ 

ponde al número del nudo restringido, y los siguientes' tres son los va -
lores indicadores del tipo de restricción correspondientes a los com • 

ponentes de desplazamiento u, 

siguientes valores 

V y 9 respectivamente y tomarán 108 
X 

1 componente de desplazamiento restringido 

O componente de desplazamiento libre 

Es frecuente encontrar nudos en los que el desplazamiento no se res • 

~xinge en dirección horizontal o vertical sino en direcciones inclina -
ñaa (figs a. y b) 

a) Extremos de barras b) Extremos de barras 

articulados continuos 

Es costumbre reemplazar estos casos por una barra orientada en la '"~-

rección en que se restringe el movimiento, de longitud usual y una á-

rea de la sección· transversal muy g~ande (A+ 00). Las condiciones de 

de frontera y el momen~ de inercia de la sección transversal se esP.!. 

A + • 

I Arbitrario 

~ 
I +O 

L usual L usual 

e) apoyo idealizado d) apoyo idealizado 
1 • 

, para la fic¡ a para la f!a h 



o indicador especificado en la instrucción A1.4.12. Si no se necesita 

el cálculo de rigideces, es decir, cuando el indicador vale 1 se ce~ 

tinúa con la instrucción A1.4.15. 

Si solamente se requiere el cálculo de rigideces, es decir, cuando el 

indicador vale -1 se continúm con la instrucci6n A1.4.20. 

&1.4.14.1 Tarjeta de control (2I5) 

Contiene• 

Colwnnas 

.1 -
1 

S 

6 - 10 

No. de niveles de la estructura MURO-MARCO 

No. máximo de puntos nodales por nivel 

A1~4.¡4.2 Tarjeta título (1JA6) 

• .,, J 
1 '). '/ 

De las columnas 1 a 78 se escribe un encabezado alfanumérico para indi -
car que se va a calcular las rigideces de entrepiso. 

~ A,.4.14.3 Tarjeta de puntos nodales por nivel (16!5) 

Se perfora el arreglo que contiene el número de puntos nodales por Di• 

vel, empezando por el primero (ejemplo A:6). 

A1o4o1~.4 Tarjeta con numeración de los nudos por nivel (16!5) 

Un grupo de tarjetas por cada nivel contiene información réspecto a 1& 

numeración de los puntos nodales en ese nivel. Habrá tanto~ grupos de 

tarjetas como número de niveles especificado en la instrucció~ A1.4.t4.11 

a la primera tarjeta corresponde el primer nivel. 

A~-~.14.5 Tarjeta de alturas de entrepiso (BF10.0) 

En cada tarjeta se perforan hasta ocho.valores con las alturas de los 

entrepisos, en metros, empezando por: 1~ del primer entrepiso. 

' 
A1.4.14.6 Tarjeta de pesos por nivel (8F10.0) 

En cada tarjeta máximo se perforan ochd valores de la carga que actúa 
1 

en cada ~val a · la estructura estudiada. La ce.rga se especifice. en t.s, 



Q. 

a. 
¡ 

' 

'.' 
'- ; ~ . .. ' 

i) Instruccion A1.4.14 
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o A1.~.17.2 Paquete de tarjetas que definen las cargas en las barras. 

Las instrucciones A1.4.17.2.1 a A1.4.17.2.2 serán suficientes para 

proporcionar los datos de las cargas en las barras. Las instruccio 

nes se repiten para cada barra y en el orden dado en la A1.4.17.1. 

Es frecuente encontrar estructuras donde las catgas son iguales para 

un grupo de harras de igual longitud y condiciones de apoyo. En tal 

caso, existe la posibilidad de aprovechar los datos de cargas y loa 

cálculos realizados para una barra y asignárse~os a las barras res• 

tanteso La forma de utilizar la ~pción as explica en las instrucci~ 

nes siguientes. 

A1.4o17.2.1 Tarjeta de control (2!5) 

Contiene la siguiente información. 

Columnas -
1 5 No. de cargas intermedias 

6 ·.o Indicador de generación de cargas. 

Toma el valor cero cuando no hay posibilidad de utilizar 

la opción de gene~aci6n, es decir, cuando no hay un gr~ 

po con cargas iguales. En el caso de haberlo, el indi-

cador tomará el valor del número de barras restantes con 

cargas iguales a la barra en cuestión. 

Una limitación adicional consistirá en que la numer~ci6n 

del grupo de barras deberá ser secuencial 

A1o4o~7.2.2 Tarjeta de tipos de carga (IS, 3F10.2) 

Existe un catálogo interno de tipos de cargas, por lo tanto, para cada 

carga s~ identifican el tipo de carg~ y los datos que 1~ definen en una 
' 

tarjeta. Las:cargas están referidas a los ejes locales de cada barra 
t 

y son positivas en las direcciones positivas de los ejes locales de ~~ 
1 ' 

ferenci~.. A Continuación se indic .. ta forma de especificar cada Upo 



o A1.4.19 Paquete de tarjetas de nudos cargados 

Se define mediante la instrucción A1u4.18.1 según el número de n~doa 

cargados especificado en la instrucción A1.4.16. En caso de ser ce-
.; 

ro, se continua con la A1.4o19 

A1.4.18.1 Tarjetas de cargas en los nudos (IS, '3F10. o, 2I~). El número de tar-

jetas que integran el grupo es igual al número de nudos cargados da-

do en la instrucción A1.4.16, es decir, una tarjeta para cada ~udo-

cargado; además contiene la siguiente información• · 

Columnas 

1 - S No. del nudo cargado 

6 - 15 fuerza paralela al e~e x globalp en ton 

16 - 25 fuerza paralela al eje y global, en ton 

26 - 35 par concentrado respecto al eje z global, en ton-m 

La convención de signos para fuerzas es positivo (+) cuando el senti -
do de éstas es el mdsmo que el sentido positivo de los ejes coorde -

nades; para momentos es positivo (+) ai giran en sentido contrario a 

las rnanecillaE de un reloj. 

En aquellos casos en que las cargas en nudos sean idénticas para un 

grupo de nudos, se puede utilizar la opción de generación de carga& 

en nudos si se cumplen las siguientes condicionesa 

i) Las cargas son las mismas para un grupo de nudos 
1 

i~) La numeración.de los nudos deberá ser secuencial, o·bien el número de 

cada nudo igual al anterior más una constante, que se denota mediote 

el indicador IC. 

En caso de que la nume.raci6n aea eecaMancial v se puede omitir dicho i!,\ 

dicadóX'o 
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iii) 
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vii) Instrucción A194.18 

o ·como el número de nudos cargados es distinto de cerov se definen 

las cargas de estos mediante la instrucción A1.4.18.1. 

En este caso se puede utilizar la opción de generación, ya que loa 

\grupos de nudos 16, 26, 36, 46, 56 y 661 13, 23, 33, 43, 53 y 63; 

14, 24, 34, 44, 54 y 64r tienen la misma condición de carga y su 

n~eración difiere en una constante que es 10. Por tantov basta d~ -
finir la carga en los nudos 16, 13 y 14 y mediante el indicador IFOBR 

que vale S, señalar que los cinco nudos siguientes tienen la misma 

carga. La codificación queea como siguea 

15 25 35 40 45 80 
--·· . ~-

:1 13 ... 4.0 10 --- ----~ --- --· -~--

14 -4,0 .10 - ----- ----- - ·--~--- ---o 16 1.0 6.0 . .5 10 

76 o.s 3.0 
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Finite-Eiement 
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Water=Distribution 
Networks 
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Robert L. Johnson 

A conlnbullon subm11ted lo lhe JOURNAL 
on Oc! 1 3. 1973, and rev1sed Sep 24, 
1974, by Anthony G Collms, pollut1on con! 
engr. ACI Env1romcs. Melbourne. Australia, 
and Roberl L Johnson IAcl1ve Member, 
AWWA), assoc prof Depl of C1v Engrg, 
1..eh1gh Umv .. Bsthlehem, Pa 

Over tho paat two de cedes, the finite· 
element method has been increas· 
lngly usad in a lfarlety of engincerlng 
flelda lncludlng structural anaiysls, 
eolld machanics, and aoil mechanlca. 
The method uses the relationshlp be· 
tween the baalc propertiea of each 
dlscrete element to define the 
behavior of that elemsnt. A eolutlon 
fo; the response of the overall 
system, subject to a eet of boundary 
condltlone, le provlded by aolvlng a 
eet of _competlb le eimultaneous 
equatlone by matrht eolutlon tech· 
nlquee. 

The eqU!valence of structural systems 
and p1pe networks has long been recog­
nized, and there are many examples of 
concurren! apphcat10n of solution tech­
mques or the cxchangc of solut10n meth­
ods. The 5ystcm of cqu,1110ns for struc­
tural problems 1s normally lmear and 
hence suitable to matnx solution. 

Although a specific pipe-network prob­
lem can be defined usmg a finite-element 
approach,1 the actual solut10n of the net­
work problem becomes very d¡fficult 
because of the nonhnear const1tut1ve 
equat10ns relatmg the flow and head ioss 
in each pipe or element. lndeed, matrix 
solut1on ofthe'p1pe-network problem2 has 
been achieved using extensive numencal 
analysts and graph theory but w1thout 
recogmtion of the advantages of the 
fin1te-element met hod 

The successful apphcat10n of the fin¡te­
element method to pipe-network prob­
lems shows that the method is not only 
supenor to con venllonal Hardy Cross 

/ '\ solut1on techmques but that the further 
( ) advantages of complete network repre­
'---1 sentation, s1mphfied input data, and un­

limited network s1ze can be obtained. 
Although not specificr to a finite-element 
solution, the program developed allows 
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for solut10n by e1ther the Hazen- Wllliams 
or thc O,~rcy-Wc,~b.,t:h flow-hcad-loss­
r~I.Hionsh,ps The program also car con­
stele, the effect of temp.::r3ture vanat10ns 
on head loss throughou t the network 

The computat1onal .Jlgonthm uscd to 
arnve at the un1que solut10n for an eastly 
sol ved lmear system cqu1valent to the true 
nonhnear system for tne p1pe networks 
was mamtained m an extrcmely Simple 
form 1n th1s art1cle so that lhc advantages 
of the fimte-elemen: method could be 
readiiy observed Undoubtcdly, lurther 
apphcation of numencal-analys1s tech­
n1ques would 1mprove the effie~ency of 
tne method 

Therc aíC 1 wo spec1 fic rc¡¡sons for the 
dcvclopment of th1s mcthod, FJrSt, a com­
puter program, PA WDS.J-4 wh1ch uses the 
Hardy Cross soiuuon 5 method of baianc­
mg flow for p!pe-network problems. IS 

used m undergraduate courses at Leh1gh 
Un1v m Bethlchem, Pa Th1s Hardy Cross 
method or vanous refinemcnts of thc loop 
method (balanctng heads in loops) were, 
m 197 3, still used extens1vely tn under­
graduate education, engineering practice, 
and research.67 

The Hardy Cross approach to pipe-net­
work analysis uses as a boundary condi­
tJOn either the fact that the algebraic sum 
of flows at any joint 1s zero (balancmg 
!lows) or that the algebra1c sum of the 
head loss around any loop is zero (balanc­
ing heads). These are Simply adaptatíons 
of !he claSSlCaJ conservation Of mass and 
conserva~10n of energy, respect!vely De­
pendmg upon the criteria used, a correc­
tiOn 1s apphed to the assumeó ptpe flows 
or assumed p1ezometnc heads until con­
vergence to a solution is obtained. Th1s 
classical 1terat10n procedure is quite 
sat1sfactory for most well-conditioned 
pipe systems. However, tt has been 
pointed out that convergence toa so!ut10n 
is not necessarily guaranteed. 
Thcrc appcar~ to be nothmg mherent m e1thcr 
thc clectr:c anJiyzer wllh ordmary reststors or 
thc Hardy Cross mcthod wh1ch W!ll consl!olently 
produce convcrgcnce of thc errors toward zero 
wnh subsequcnt adjustments M 

The PA WDS program used at Lehigh 
Un1v. was plagued by convergence prob­
lems typical of the Hardy Cross method. 
D1llingham and Cieasby9 point out that 
when usin¡; the balancing-lleads method, 
a pipe or pipes wtth h1gh resistance to !low 
compared with others tn the n.::twork c:1.n 

_ result m calculated tlow corrections larger 
and m the opposite direction to the cur­
ren tly assumed flow This w11l oflen cause 
a dtvergence in the computat1ons. and no 
solut1on can be obtamed. When the meth­
od of balancing flows is used. D1lhngham9 

pomts out that if a large pipe of short 
length and relatively low llow exists, 
many iterations are necessary befare an 
appreciable change in piezometric head is 
obtained if the value of the assumed 
piezometric-head 1s mcorrect. These situa­
tions ere very practica! in their nature. 

Typ1cal p1pe-d1stnbut!On nctworks 10 have 
theo;c cxact cond111on~ 

An cxtcm1ve di,CU5Sion of thc con­
vergcnce problems of the Hardy Cross 
methoJ and thc PA WDS program 1n par­
ticular ts not mtended m Lh1s ar11cle. out 
the existence of these proolems should be 
noted. 

Tne second reason for dcvelopmg the 
solut10n techmque wa5t beca use of the cx­
IStence of a vcry effictent flnne-element 
program, GEN FEM, dcveioped by 
De~ai 11 The ad vantage of this program is 
tts completcly general nature and hcnce 
easy adaptat10n for the p:pe-network 
problem The mathemat1cal bas1s and the 
mcthod of apphcat1on of thc fintte-ele­
ment method 1s dcscnbed m detall to 
a!!ow easy adapt1on of other ex;~t1ng 

fin1te-element programs for U'>e m solvmg 
water-d1stnbut10n-nctwork problerns 

Application of the finite-Eiement 
Method 
Msthematlcal basis. When the fintte­

element method IS apphed to a structural 
problem, the structure J'i subd1v1ded ínto 
discrete elements. Each of these elements 
must sati~fy three cond1tions 

l. Equ1hbrium of forces must be main­
tained. 

2 Compatib1ltty must be mamtamed. 
3. The force-d1splacement relat10nshi¡:> 

specified by the geometric and elasttc 
properttes of thc d1screte element must be 
SaiiSfied 

The force Fin the member or element 
is related to the d1splacement u and the 
element propert1es or st11fness K by Eq 
( l). 

F=K u (1) 
The sum of the forces m the members at 
each node of the structure is zero except 
where an externa! force 1s applted By 
combming Eq (1) for all the elements m 
the structure mto an equallon of 1dent•cal 
form lo Eq ( 1) and solvmg for dispiJce­
ments, !he eqUJhbrium of the system as 
sati'>fied. 

An cqutvalent set of cond1ttons for a 
pipe network exists; hence; the ability to 
draw the analogy: 

l. The algebraic su m of the flows at any 
joint or node must be zero. 

2 The value of the piezometnc head at 
a jomt or node 1s the ~ame for all pipe's 
connected to that JOint 

3. Thc flow-head-loss relatlonship 
(such as Darcy-Weisbach or Hazen­
W liliams) must be satis1fied for ea eh ele­
me ni or pipe 
The condittcns for a pipe network deal 
w1th scalar quanttt1es, whereas the struc· 
tural conditions deal w1th vector quan­
hties. The analogy is drawn between the 
magnitudes of the equivalent quantities as ' 
the vector aspects of the flow have no 
meaning for the network problem. 

For a direct apphcat10n of the finite-ele­
mer.t method mvolving a matnx solution, 
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<J hnc.tr rclatJUn~htp ~~ rcqutrcd to dchnc 
thc clcmcnl or ptpc llcncc at th!\ po1n1. a 
relattonshtp ot the form of Eq (2) hctwcL'rt 
now q. head loss hand lhe hydrauhc prnp­
erties of the ptpe e w!ll be assumed 

q = eh (2 

The melhod of solu110n lo make Eq ( ~ 
equtvalent lo eslabhshed nonhnc<Jr now­
head-loss relationshtps wtll be descrtbed 
subsequen tly 

The hcad loss h tn Eq (2) '~ lhc 
dlfference belwcen lhc ptezometnc hcad 
H of lhe nodes or jomts al each end of the 
elemenl or ptpe conlnbuling lo the su m of 
the nows Q al lhal JO!Ill The ptpe-system. 
malnx 1s assembled by wnlmg lhe equa­
tions for lhe sum or lhe now~ Q at cach 
JOtnl smce th1s value IS knuwn to be etlher 
zero or equal lo the 1mposcd externa! now 
or demand Alternat1vely. 1f the 
piezometnc head ts specified ata JOIOI, the 
SUm of lhe p1pe nows IS tmphcitly defined 
The resultmg set of s1multancous equa­
llons can be combmed mto matrix form 
defining the enhre pipe system in terms of 
the sum of nows Q al a JOint and of the 
p1ezometric heads H at the jomts Th1s 
matrix has the form 

Q =CH (3) 
When the maldx 1s solved, the plezomet­
nc heads at all JOinls are oblained. The 
dlfference m p1ezomelnc heads between 
two JOmts, which is the head loss, can be 
substltuted into Eq (2) to calculate the 
fiow In the ptpe between !hose two JOiniS. 
Thc direct10n of now is automaltcally 
prcscrved by taktng the stgn of lhe 
d•fference of lhe ptezomelnc hcads inlo 
account. 

The fin1te elemcnl represenling the 
p1pe is of lhe simples! form poss1bl~ Each 
element is one dtmensJOnal and has one 
degree of frcedom at each node or joint 
To apply the summat1on of the nows ata 
joint successfully, a conven!ton must be 
adopted. Flow mto a JOtnl is taken as pos•­
tive, and now out of a JOtnt 1s negative 

The analys1s of a simple p1pe network, 
Fig. 1, is used to show the application of 
the finite-elemenl method Using the con­
dition lhat the sum of the pipe nows 
(q0 ,q6 , .... ) in or out of a joint must satisfy 
the equilibnum now cnteria (Q¡, (h, .. ) 
(i.e, the boundary condilions) at that 
joint, one can wnte the following equa­
tions: 

Q¡=qa+qd (4) 
Oz = qa + qb (5) 
OJ=Qb+qc+q¡ (6) 
Q4 = qc+ Qd+ Q, (7) 
Os= q,+ q1 (8) 

The individual pipe nows can be ex­
pressed by Eq (2) notmg lhat the head 
loss h ís equal to the difference in the 
piezometric heads of the JOints al each 
end of the part1cular pipe. 

q0 = ± C/H1 - H2) (9) 
qb = ± Cb(H2 - H3) 0 O) 
q, = ± Cc(H3- H4) 01) 
Qd= ± Cd(H,- H4) 02) 
Qe = ± Ce(H4- Hs) 03) 
q1= ± C¡(H3 - Hs) 04) 
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f qu.tt10ns (4-8) can now be written rn 
wrm~ of the p1pc cocffic1ents (C0 .C¡,. . ) 
~nd thc p1ezometr1c hcads·(H1.H2, • ) 

( onSIStency of now d1rections IS taken 
mto account by assumtng the now is away 

1~ lrom the joint being consldered, that is, l) the p1ezometric head al the other joints is 
subtracted from the piezometric head at 
the JOrnt being cons1dered 

Q1 -C.(H,- H2J + Cd(H,- /-14) (15) 
Q, -C.(H2- H;l + CbfH2- H3J (16) 
o;=Cb(Hl-H2)+Cr(H3-H4) (17) 

+ Cr(Hl- Hsl 
Q4 = Cr(H4- H3l + Cd( !-14- H,J (18) 

+ C,(H4- li~) 
Q5 = C/Hs- H4J + C¡IHs- HJ) (19) 

EquatJOns ( 15-19) can be combined 
into !he matnx form of Eq (3) lo yield Eq 
( 20). ( See below.) 

For this particular example, the follow-
ing bonndary conditions are given. 

fl, =100ft 
Q2 = 700gpm 
Q3 = 400gpm 
Q4 = Ogpm , 
Os= 600gpm 

Substituting these values into Eq (20) 
g1ves Eq (21) as the final form for solu­
Mn (See below) 

The values of the coefficients 
(C0,C6, ••. ) for each pipe are determined 
by the procedure to be outltned. The 
unknowns, H:. H1, H4, H5 and Qh can be 
obtained by solving the matrix Eq (21). 

( ) The nows in the individual pipes can be 
\ ~ ~ou~d, as previo~sly stat~. by substitut-

- mg mto the defintng equattons (Eq. [9-14) 
for this example) after the piezometric 
heads have been found for each jomt 

l\llethod of appllcatlon. For the suc­
cessful appltcatton of the fintte-clement 
method, the constttuttve equationl used to 
relate now and head loss must be linear or 
the matnx solution cannot be apphed In 
reahty. the relationshtp is nonhnear and 
vanes w1th the equatton chosen. The ap­
piicattOn of the fin1te element method is 
accomplished by usmg a linear equatton 
(Eq [2J) as the defining now-head loss re­
iationshtp and the successtve correction 
of the p1pe coeffic1ent e until a unique 
solution is found satisfying both the 
equivalent linear relationship and a real 
nonlinear relationship such as the Haz­
en-Wi!Jiams equation or the Dar­
cy-Weisbach equation. When this unique 
solution has been found for all pipes the 

o, -c., o 
~ -c., C.,+C6 -cb 
Cb o -cb 

network d1stnbut10n has bcen solved 
The program. GrNFEM. allows a 

ch01ce of the Darcy-We1sbach equat10n 
or the Hazen-WIIhams equat10n The 
Hazen-W1lhams cquat10n wJil be used for 
purposes of cxplanat1on. although the 
method is Jdent1cal for both equations. 
The relallonsh1p used to define now ver­
sus head loss 1s shown m F1g 2. The tran­
Silion from lammar to turbulent condi­
IJons for pipe now occurs at a Reynolds 
Number R,.. of approx1mately 2 000. RN i'i 
defined by the p1pe d1ameter D. and the 
dynam1c viscosity p., the density p and lhe 
'Oow velocity V of the fluid flowing. 

pVD 
RN=­

¡.L (22) 

The now Qr al which transition occurs~ 
corresponding toa RNof 2 000, is given by 

2 000 ¡.tA 
Qr= VA= -;;¡)' (2)) 

For nows less than Qr. the now v.s head­
loss relat10nship :s linear. To avoid a dls­
contmlllty in the defining relauonship be­
cause of thé transition region between 
laminar and turbulent now. the linear re­
lat!On~hip 1s obtained by simply joming 
lhe ongm to the pomt (hr.Qr) with a 
stra1ght fine. The coordinate hr 1s found 
from a substitution of the now Qr i.nto the 
turbulent now equation. The lrnear por­
tiOn of the graph, the lammar region, does 
not enter mto the calculations of a practJ­
cal problem The value of qrranges from 
0.5 to 5 gpm for 6-16-rn diameter pipes 
whereas typ1cal nows range from 200 lo 
5000 gpm for these s1ze p1pes, well into 
the turbulent range. -

The Hazen-WJJhams equation relates 
the head Joss h to the p1pe d1ameter D, the 
pipe Jength L. the Hazen-Williams coeffi­
cient CHw. the now q and a coefficient e' 
for unit conversion. 

L 
h=c' -

D 487 

q liS 
(-) 
Cuw (24) 

This equation can be rewntten for a par­
ticular pipe by groupmg terms mto one 
constant e,. 

h= c,ql 85 (25) 

Ttfe solution technique can be divided 
into three steps. The first step is to select 
an initial val u e of the pipe coefficient e for 
each pipe and combine these to yield the 

-cd H, 
o o H2 

-e, HJ (20) 
r+C, o ] Cb +C, +C¡ ~ 0.. -cd o -e, C,+Cd+C, H4 

e, +C.r. Os o o -e¡ -e, Hs 

/ ", 

l_) o, r+c, -c., o -cd 

o ] 
100 

700 -c., Ca+C& -cb o o H2 
400 ... o -cb C&+C< +C¡ -e, ~ HJ 
o -cd o -e, C,+Cd+C~ H4 

1600 o o -e, -e, C,+C.r. Hs 

(21) 
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matrJX PIPC lOciiiCit.:nl~ e Thc sy~tcm 
matnx 1s thcn ~olvcd for thc valuc of thc 
p1ezometnc hcad at cach JOint Secondly. 
the md1v1dual p1pe nows q are calculatcu 
by use of Eq (2) usmg the dl!ferences bc­
twcen the determmcd p1ezometnc heads. 
These nows are then subsiJtuted into Eq 
(25) and smce ( cr) for ea eh pipe is known, 
the pipe head losses are calculated. lf the 
p1pe head Jos'ies obtained from Eq (25) 
correspond to thosc obta1ned from the 
matrix solut10n. thcn thc unique solut10n 
sa11sfy1ng both thc Hazen-Williams eq1.1a­
t10n and the !mear Eq (2) ha~ becn found 
The th~rd and f1nal step requ~red 1s to 
change the value of e to converge the 
problem to a solu11on 1f there 1s a 
dlfference between the head losses calcu­
lated by the two methods 

A more detailed explanat1on of each of 
these steps follows. The mit1al value ofthe 
pipe coefficient c1 is chosen to correspond 
to RN of 200 000 m each p1pe, a typ1cal 
value for a pract1cal problem. The now 
(q1) is then calculated from the Reynolds 
Nurnber relallonship, Eq (26): 

200000 ¡.tA 
Q¡ =VA pD (26) 

The value of the head Joss h1 correspond­
ing to thiS now q¡ is calculated from Eq 
(25): 

h, = c-r q¡l 85 (27) 

The pipe coeffictent 1s then found from Eq 
(2) as shown m F1g. 3. 

(28) 

This imllal value of the p1pe coeffic1ent e1 
for each pipe 1s then combmed, accordmg 
to the geometry of the network mto the 
pipe coeff1c1ents C1 used 1n the matnx 
descnpt10n of the network system The 
matnx 1s then solved to y1eld the first esti· 
mate of the p1ezometric heads at each 
JOIOI 

The allowable deviatton between a p1pe 
head loss determined from the matnx 
solution of the JOint p1ezometric heads 
and the correspondmg value from the 
Hazen-WJI!iams equation is a vanable and 
can be spec1fied for a particular case tak· 
ing into account the type of problem and 
the degree of precision deSifed for the 
solution. 

The th1rd step, adJuStmg the value of c. 
was developed wnh two cnteria in mmd 
The solut10n should converge reasonably 
raptdly, yet the techn1que should remam 
s1mple Dunng the checkmg procedure, 
the now qJor each ptpe calculated Vla Eq 
(2), and the matnx soluuon 1s used to de­
termine the head loss h, from 1he 
Hazen-Wilhams equat10n The first pro­
cedure used in the development of the 
program was to obtam the correct10n or 
the e value for each p1pe by assummg that 
the point hr q, was the umque solut10n 
and thus the corree! lmear relauonship 
was defined by a stra1ght hne JOintng th1s 
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pomt to the ongm and defined by Eq (29) 

q (29) 

/'1 The new value of e was then set equal to 
\__ ) Q( 

· -¡;r· When al! the p1pe coeffic1ents were 
corrected m a s1m1lar way, the flow dls· 
tnbutJOn obv10usly "'as altered, and th1s 
rnethod proved to be an overcorrect1on 
when the matnx was resolved Todarnpcn 
lhis overcorrection effect, an averagmg 
technique was mtroduced Tne corrected 
val u e of e 1s taken to be the mean of the e 
value defined by Eq (29) and the va!ue of 
e used to obtam the matnx solution This 
method of correctmg e is shown m Fig 4. 
The averzgtng me!hod reduced the num­
oer of cycles requircd for convergence by 
approx1mately one thnd 

Example Problems 
lt is not the mtent of this art1cle to pre­

:!.ent extensive companson of d1fferent 
network problems smce any companson 
of cornputer programs must take mto ac· 
count ease of mput data and nex1bil1ty of 
use as well as eftictency or cornputer t1me 
Two example problems are d1scussed to 
point out sorne apparent potenttal advan· 
tages of the fin1te element approach 

An example problem 3 shown m Fig. 5, 
consisting of nineteen pipes and th1rteen 
joints, was solved using the PA WDS pro­

,/-) gram and the GENFEM program. The 
\ PA WDS program solved the system in 

" eighteen iteration cycles and 1 07 s. The 
GENFEM program solved the network in 
fifteen iterat10n cycles and 4.73 s Ob­
viously, th1s example does not indicate a 
preferential method. but is included so 
that 11 can be cons1riered w1th thc next ex­
ample to show the effect ot increased sys-
tem size. · 

The second example problem w1th 75 
pipes and 57 JOints was also solved w1th 
both programs. The particular problem 
had been submitted by an undergraduate 
student and would not converge in the 
alloweo time using the PA WDS program 
8oth the time hmit and the iteration cvcle 
limit were mcreased, and the probÍem 
eventually converged by the use of the 
PA WDS program after 16 048 iteration 
cycles and 768 s The same problem was 
solved w1th the GENFEM program after 
twenty iteration cycles and 22.2 s Th1s 
problem h1ghlights the apparent lack of 
con vergence problcms f or th'! fi111te-cle­
ment method and also shows, when com­
pared with the first example prcblem, that 
for the finite-element method, the num­
ber of iteration cycles to con vergence ap 
pears virtually independen~ of Hu· num-

~ 'j ber of ptpes and joints. 

l1 Dlscusslon , 

lat1onsh1p When the p1pc network is 
relat1vely small, such a'i m an mdustnal 
pla.lt p1p1ng system, the fittmgs may 
becorne major head !oss contnbutors. The 
head loss h across any of these elements is 
usualiy cons1dered to be d1rectly propor­
tional to the ve!ocity head by a coefficient 
k correspondmg to the type of element. 

V2 
h=k (30) 

2g 

Th1s can be eas1ly converted to the re­
quired form, that is, in terms of flow q 
knowing the arca A of the element. 

k 
h= - q2 

2gA2 
(31) 

A pump can be included in the system 
since a pump merely provides a "head 
gam" or negat1ve head loss The use of a 
pump element reqUJres a flow-head loss 
relationship (the head-capacity curve for 
the pump). lf the 1nf'ormat10n, is not 
available as an equat10n relating discharge 
and head, the pump mformat10n could be 
prov1ded m t'abular form. In th1s form the 
program would use linear mterpolation 
between any two data points. 

The baste finite-element method 1S not 
restricted to pipes flowmg full In pract1ce,-, 
water systems often contam open chan-'-) 
neis in the headwater sections. These 
open channels or even pipes flowing par­
tially full can be included for analysis The 
only requiremenJ for an element is that 
the flow can be related to the head Joss. 

The range of hydraulic elements that 
can be included is limitless, provided a 
flow-head loss relationship for each ele­
ment is known. An exact system repre­
sentatJOn can be obtained by introducing 
a comJ>ination of all the¡- hydraulic cle­
ments causmg head loss 'or gain m the 
system. While d1scussing th1s point one 
should remember that methods such as 
the Hardy Cross method of balancing 
heads techmque5•7 require that all pipes 
are part of a loop. Typtcally, reservotrs or 
elevated tanks have one ptpe connecting 
to the dtstnbution S}stem andan arttfic1al 
pipe f11USt be mtroduced to rnake a loop so 
that the• Hardy Cross balanc1hg heads 
solutton method can be applied. 

The use of ll,igh-resistance artificial 
p1pes in the network has, m fact, often 
contnbuted to convergence d1fficulties. 
To simulate the actual cond1t1ons, the ar- ' 
t1fic1al pipes introduced to form·loops are 
often of smali diamet~r and h1gh resist­
ance so that they carry an insigntficant 
flow and hence can be neglected. As was 
pointed out earlier, this is the exact condi­
tion that crea tes con vergence problerns. 
The finite-element method does not re­
quire the use of artificial pipes to complete 
a loop since the connectivity of the ele­

The fin1te-element method is' not re- ments is defined explicitly by the system 
stricted lo a pipe as the only element. Any matrix Consequently, tree-type systems 
type of hydraulic elemetlt can be included are readily sol ved with this procedure. In 
that can be defined by a flow-head loss-re- fact, the GENFEM program was used 
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vcry succc,~fuliy dunng thc 1974 sprmg 
semcster al Leh1gh Un1v to analyze a 
transrniSSIOn system problern that was 
almos! enttrely tree type w1th apprOXI­
mately ten loops mcluded 

The input data requ1red for the program 
is equ1valent lo other solut10n techn1ques 
w1th the rnajor except10n that loop data 
does not need to be mcluded. The dts­
tnbutJOn network IS defined by mput of 
the number of the p1pe and the ;omts to 
which it 15 connected Another advantage 
over sorne solution rnethods IS that any 
number of pomts of known pressure can 
be preselecred 

W1th loop-solution rnethods, al! pipe 
and JOmt mformat10n rnust be ava1lable to 
the prograrn at the sarne time This puts a 
definite hrntt on the s¡ze ofthe system that 
can be solved. The fmttt:-element pro­
sram, GENFEM, however, can operate 
on blocks of data Thus, there is virtual! y 
no limtt to the size of the nel work that can 
be solved. The element and nodal infor­
matJOn can be stored on magnet1c tapes or 
other dev1ces and then rcad from the 
storage dev1ce tn blocks, operated upon, 
and returned to storage on the tapes Th1s 
feature rnust gain greater s1~ificance as 
water-d1stnbu11on networks becorne 
iarger and more mterdependent 

As stated prev10usly, although not 
being spectfic toa fin1te-elernent program, 
the program developed has two additional 
features worth n"otmg. F1rst, the program 
GEN FEM pro vides a choice of two estab· 
lished <'ñow-head loss relationships. The 
Hazen-Williams equation has already 
been stated as Eq (24). The Dar­
cy-Weisbach equation relates the same 
variables and includes the friction factor f 

L 
h = (1-) q2 02) 

D2gA 2 

An expltc1t express10n 12 for the friction 
factor f is used rather than the class1cal 
impltctt éolebrook and White equatJOn 12 

that reqUtres an 1terat1ve solution The 
frict10n factor f is expressed m terms of 
the Reynolds Numbe1 Rrv and the relal1ve 
roughness K where K 1s the rallo of the ab­
solute roughness e to the p1pe d1arneter D. 
/=0 094~ 255 +o 53 K+ 88¡c044 R .-1 62·0 134 

., ,, (33) 

Second, ailowance for change5 m tem­
perature has been mcluded smce temper­
ature apprectably affects the vtscos1ty and 
to a negltgtble degree, the density of 
water The v1scostty of water over a tem­
pera! u re range of 5C-30C varíes from 
0.0152 p01se to 0.8004 cent1p01se. An 
algorithm 13 in terms of temperature T in 
degrees Celsius is used to define the 
viscosity p. in poise. 

! = 2 1482 (IT- 8 435) + .$078 4 + 
p. 
[T- 8 4352)- 120) 

(34) 

The program is wntten so that the tem­
perature can be specified for each p1pc. 
Any set of temperature cond1tions can be 
investigated for a particular ctrcumstance. 
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Practica! adaptJIIOn of the finl!e-ele· 
ment method should requrrc a mrnrmum 
of computer programmrng srnce most 
engrneerrng ftrms and umversrtres have 
finite-element programs readrly avarlitble. 
The ease of modifymg these programs de· 
pends u pon the generalily of thetr nature. 

Summary 
The many advantages of the ftnite-ele· 

ment method have been documented. 
Most of these ad vantages hold true in a 
compano;;on of any loop method to the 
finrte-element method The ma]or advan­
tage is the speed ol convergence and the 
apparent lack of convergence problems of 
the proposed method over the Hardy 
Cross balancing flows method Other rm­
:JOrtant ad vantages are the abtlity to in­
elude m the analysrs ali types of hydraulic 
elcments, the choice of flow-head loss re­
latlonshrps, the lack of artlfktal !oops, the 
ease of adapt10n of existmg finite-element 
programs. the unlrmrted network size, and 
finally, the ablltty to account for tempera­
ture effects 
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O ver the past two decades, the flnite· 
element method has been increas· 
lngly used in a varlety of englneering 
flelds lncludlng structural anaiysls, 
sol!d mechanlcs, and eoil mechanics. 
The method uses tha relationshlp be· 
tween the baslc properties of each 
dlecrete element to define the 
behavior of that elemsnt. A solutlon 
for the response of the overall 
system, subject io a eet of boundaey 
condltlone, le provlded by eolvlng a 
sei of compatible slrnultaneous 
&quatlons by matrht eolutlon tech· 
nlquee. 

The equivalence of structural systems 
and p1pe networks has long been recog· 
nized, and there are many examples of 
concurren! apphcat10n of solution tech­
n•qucs or thc cxchangc of solut•on meth­
ods The systcm of cquatiOn, for struc­
tural problems IS normally linear and 
hence su1table to matnx solution. 

Although a specific ptpe-network prob­
lem can be defined usmg a finite-element 
approach, 1 the actual solution of the net­
work problem becomes very diflicult 
because of the nonhnear consl!tutive 
equations relating the now and head loss 
in each pipe or element. lndeed, matrix­
solutiOn ofthe 1pipe-network problem 2 has 
been achieved usmg extensive numencal 
analysis and graph theory but without 
recogn1tion of thc advantages of the 
fin1te-element met hod 

The successful appltcation of the finite­
element method to pipe-network prob­
lems shows that thc method is not only 
superior to con vent1onal Hardy Cross 

/ ""< solution techn1ques but that the further 
í J advantages of complete network repre­
\__...1 sentation, simphfied input data, and un-

limited network size can be obtamed. 
Although not specific, to a finite-element 
solution, the program developed allows 
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lvr solut1on by e;thcr thc Hazen-Wllllams 
m thc Darcy-We¡~h.tLh now-hcad-lm.s 
relduonsh1ps Thc program aiso can con­
Slcle, the effect of temperature var'tatwns 
on head loss throughou t the network 

The computattona! t~lgonthm used to 
arnve at the un1que solul¡on-for an easlly 
sol ved linear system cqu¡valent to the true 
nonhnear system for the p1pe networks 
was mamtamed m an extremely stmple 
form m thts ar11cle so that the advantages 
of the fimte-element method could be 
readily observcd Undoubtcdly, lur!hcr 
appltcat10n of numencal-analysis tech­
ntques would 1morove the efficiency of 
the method 

Thcre are t wo specdic reasons for the 
development of 1h1s mcthod First, a com­
putcr program, PA WDS.J-4 which uses the 
Hardy Cross solut10n 5 method of balanc­
mg now f01 pipe-network problems, IS 
used tn undergraduate courses at Lehtgh 
Umv m Bethlehem, Pa. Th1s Hardy Cross 
method or vanous refinemcnts of the loop 
method (balancing heads in loops) were, 
m 1973, still used extensively m under­
graduate education, eng:neenng practice, 
and research h • ., , 

The Hardy Cross approach to pipe-net­
work analys1s uses as a boundary condi­
tion etther the fact that the algebraic sum 
of flows at any JOint is zero (balancing 
nows) or that the algebra•c sum of the 
head loss around any loop 1s zero (balanc­
ing heads) These are simply adaptations 
of the class!cal conservat10n of mass and 
conserva:10n of energy, respecllvely. De­
pending upon the critena used, a correc­
tion IS apphed to the assumed pipe tlows 
or assumed p1ezometric heads until con­
vergence to a solution is obtained. Th1s 
class1cal iteration procedure IS quite 
satisfactory for most well-conditioned 
pipe systems. However, it has been 
pomted out that convergence toa so!ution 
is not necessarily guaranteed. 
Therc anpears 10 be nothmg mherent m e1thcr 
the elcctnc .Jn.Jiyzcr wllh ordmary res1stors or 
lhe llardy Cross method wh1ch w111 consJstently 
produce convergence of thc errors toward zero 
w1th subsequent adjustments H 

The PAWDS program used at Lehigh 
Univ. was plagued by convergence prob­
lems typical of the Hardy Cross method. 
Dillingham and Clea!.by9 point out that 
when usin¡; the balancing-heads method, 
a ptpe or pipes wl!h high resistance to flow 
compared with others in the network can 

_ result in calculated flow corrections larger 
and m the opposite d•rectiOn to the cur­
rently assumed flow. This w1ll often cause 
a d1vcrgence in the computat10ns, and no 
solut1on can be obtamed. When !he meth­
od of balancing flows 1s used. D11lmgham9 

pomts out that if a large pipe of short 
length and ~elativdy low now exists, 
many iterations are necessary before an 
apprec¡abie change in piezometric head is 
obtained if the value of the assumed 
piezometnc head 1S incorrect These situa· 

'tions are very practica! in their nature. 

Typtcal p1pe-distnbut10n nctwork:> 10 have 
thc~e CY.acl condt!lons 

t\r¡ extcn~tve dtscuss1on of the con­
vergcnce problems of the Hardy Cross 
method and thc PA WOS program m par­
ticular IS not mtended m th1s art1cle, but 
the existence of thcse problems ),hould be 
noted. 

The second rcac;on for dcveiopmg the 
solutwn techntque was bccause of the cx­
Istence of a vcry effictcnt finlle-elemcnt 
program, GEN FEM, dcvelopcd by 
Desai. 11 The <~dvantage of this program is 
tts completely general nature and hence 
easy adaptallon for the p•pe-network 
problem The mathemattcal bas1s and the 
mcthod of appllcat•on of the finlle-ele­
ment method .s d~scnbcu m detail to 
allow easy adapt;on of other exlst•ng 
fimte-element programs for use 1n !.olvmg 
water-distnbutiOn-nctwork problem'i. 

Application of the Finite·Eiement 
Method 
Methematical baaia. Whcn the finite­

element method 1s apphed to a structural 
problem, the structure IS subdivided into 
discrete elements. Each of these elements 
must sat1sfy three condil1ons. 

l. Equtlibrium of forces must be mam­
tamed. 

2 Compatib1hty must be maintamed 
3. The force-<IIsplacement relationship 

spec1fied by the geometric and elast1c 
propert1es of the d1screte element must be 
sat1s fied. 

The force Fin the member or element 
is related to the d1splacement u and the 
element properties or stilfness K by Eq 
(1). 

F=K u (l) 
The sum of the forces m the members at 
each node of the structure lS zero except 
where an externa! force lS apphed. By 
combming Eq (1) for all the elements m 
the structure mio an equat10n of Jdentical 
form to Eq ( 1) and solvmg for dispiJ.:e­
ments, the eqUihbnum of the system is 
satisfied 

An equ1valent set of condllions for a 
pipe network exists, hence, the ability to 
draw the analogy: 

1 The algebraic su m of the flows at any 
joint or node must be zero. 

2 The value of the p1ezometric head at 
a jomt or node is the same for all pipes 
connected to that JOint. 

3. The flow-head-los3 relauonship 
(such as Darcy-We1sbach or Hazen­
William!'>) must be sat•s•fied for each ele­
mentor pipe 
The condtt1cns for a p1pe network deal 
with scalar quantities, whereas the struc­
tura! cond¡t,ons óeal w1th vector qu&n· 
tities. The a;-¡aiogy ts drawn between thc 
magnitudes of the e.:¡uivalent quantities as 
the vector .tspects of the ilow have no 
meaning for the network problem. 

For a direct application of the finite-ele­
ment method mvolvmg a matri-X solution, 
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a hne..r rclat10nship ~~ requncd lo define 
the clemenl or pipe llence al tlw; pum t. a 

' rela110nsh1p oflhe form of Eq (2) helween 
llow q, head loss h and lhe hydrauhc prop­
erties of the pipe e will be assumed. 

q = eh (2 
The method of solullon to make Eq ( ~ 
eqtilvalent to estabhshed nonhnear llow­
head-loss rela1ionsh1ps w¡IJ be described 
subsequen lly. 

The head loss h '" Eq ( 21 l'i the 
difference betwcen the p1ezome1nc head 
H'of the nodes or JOmts al each end of lhe 
element or ptpe cor.tnbuting to the sum of 
the nows Q'at'that jOtnf The ptpe-system' 
matrix ts assembled by wntmg the eqml­
tioris for lhe sum of the llows Q al each 
joint since lhiS vaJue IS known lO be either 
zero or equal to'the tmposed externa! llow 
or demand. Alternattvely, if the 
piezometnc head is spectfied al a JOtnl, the 
su m of the pipe llows is implicitly defined. 
The resultmg set of simultaneous equa­
tions can be combined into matrix form 
defining the en tire pip.e system in terms of 
the sum of llows Q at a joint and of the 
piezometric heads H al the jomts. This 
matrix has the form 

Q =CH (3) 
When the matr.ix ts solved, the piezomet­
ric heads at all joints are obtained. The 
difference in piezometric heads between 
two joints, which is the head loss, can be 
substituted into Eq (2) to calculate the 
flow in the pipe bctween thosc two JOints. 
The' direction of now is automatically 
preserved by taklllg the stgn of· the 
dtfference of the ptezometric hc¡,ds into 
account. 

The 'finite elemcnt represenhpg the 
pipe is of the simples! form posstbly. Each 
element is one dtmens10nal and has one 
degree of freedom al each nade or joint. 
To apply the summat10n of tiÍe llows ata 
joint successfully, a con ven t10n must be 
adopted. Flow into ajomt ts taken as posi­
tive, and llow out of a JOint is negative. 

The analysts of a simple pipe network, 
Fig. l, is used to show the application of 
the finite-element method Using the con­
dition that. the sum .of the ptpe nows 
(qa,qb, .... ) in or out of aJoint must satisfy 
the equilibrium llow criteria (Q., ~ •... ) 
(i.e., the boundary conditions) at that 
joint, one can write the following equa­
tions: 

Ot = qa+ Qd (4) 
02 = qa + qb (5) · 
OJ=qb+qr+q¡ (6), 
04=qc+qd+q, (7) 
Os = q, + Q¡ (8) 

The individual pipe nows can be ex­
pressed by Eq (2) noting that the head 

' loss h is equal lo the difference in the 
piezometric heads of the joints al each 
end of the particular pipe. 

qa = ± Ca(HI - H2) (9) 
qb = ± Cb(H2 - H3) (lO) 
qc = ± Cc(HJ- H4) (11) 
qd= ± Cd(H¡- H4) (12) 
qe = ± Ce(H4- Hs> (13) 
Qf"" ± C¡(HJ- Hs) (14) 
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t 4uatwns (4-8) can now be wntten m 
,,·rm~ ol the pipe coeffic1ents ( c •. C¡,. .. ) 
and thc p1ezometnc hcads,(H1.H2, ) 

( ons1stency of now d!rCCIIOnS is taken 
mto account by assumu1g the now is away 
from the joint being considered, that is, 
the p1ezometric head at the other joints is 
subtracted from the p1ezometric head at 
1he jomt bemg cons1dered. 

Q1 ~c.cH,- H2> + cdcH,- H.> <ts> 
0.• .. c.CH2 - H,) + Cb(Hz- H3) (16) 
OJ"' e¡, e H3 - H2) + C,{ H3 - H4) ( 17) 

+ CrCHJ- Hs> 
Q4 clr{H4 -HJl+C,fH4-HI) (18) 

+ C,CH4- H1) 
Os= Cr<Hs- H4l + C¡CHs- H3l (19) 

Equat10ns (15-19) can be combined 
inlo the matrix form of Eq (3) to yield Eq 
(20). (See below.) 

For this particular example, the follow-
ing boundary conditions are given. 

H1 = lOOft 
02 = 700gpm 
03 =400gpm 
04 =0gpm , 
Os= 600gpm 

Subst1tuting these values into Eq (20) 
gives Eq (21) as the final form for solu­
tion (Se e below) 

The values of the coeffictents 
(C •• Cb, .. .. ) for each p1pe are determined 
by the procedure to be outlined. The 
unknowns, H). H3, 114, H5 and Q¡, can be 
obtained by solving the matrix Eq (21). 
The nows in the individual pipes can be 
found, as previously stated, by substitut­
ing into the defining equations (Eq. [9-14] 
for this example) after the piezometric 
heads have been found for each jomt. 

Method of appllcatlon. For thé suc­
cessful apphcat10n of the fintle-clement 
melhod, the cons11tul1ve equalionl used to 
relate Oow and head loss musl be linear or 
the matnx solution cannol be applied. In 
realily, lhe relationship is nonlinear and 
vanes wilh the equa11on chosen The ap­
plicaiiOn of the fimle elemenl melhod is 
accomphshed by usmg a linear equation 
(Eq [2)) as lhe defining now-head loss re­
latlonshtp and lhe successive correction 
of the p1pe coeffic1ent e until a untque 
solution 1S found satisfying both the 
equivalen! linear relationship and a real 
nonlinear relationshtp such as the Haz­
en- Williams equation or the Dar­
cy-Weisbach equat1on. When this unique 
solution has been found for al! pipes the 

o, -ca o 
Qz -ca Ca+C~ -e, 
OJ ... o -e, 

network distnbullon has bcen solved. 
The program. GF.NFEM. allows a 

ChOice or the Darcy-WeJsbach cquation 
or the Hazen-WIIIiams equat10n The 
Hazen-W1lllams equatmn wlll be used for 
purposes of explanat1on. although the 
method is ident1cal for both equations. 
The relalionshtp used to define now ver­
sus head loss 1s shown m Fig 2 The tran­
Sillon from lammar to turbulent condt­
llons for pipe now occurs at a Reynolds 
Number RN of approx1mately 2 000. RN is 
defined by the pipe d1ameter D. and the 
dynamic viscosity ¡.¡., the density p and the 
'now velocity V of the fluid flowing. 

pVD 
RN=­

¡.L (22) 

The flow q, al which transition occurs~ 
corresponding lo a RNof 2 000, is given by 

2 000 ¡.c.A 
qr= VA= --;;o- (23) 

For flows less than Qr. the flow v.s head­
loss relattonship is linear. To avoid a dls­
contmUJty in the defining relationship be­
cause of the trans1t1on reg10n between 
laminar and turbulent flow, the linear re­
lationship is obtamed by simply joining 
the origm to the pomt (hr.Qr) with a 
straight lme. The coordmate hr 1s found 
from a substitution of the flow Qr i.nto the 
turbulent Oow equat10n. The linear por- , 
t10n of the graph, the laminar reg1on, does 
not enter mto the calculations of a practl­
cal problem. The value of Qrranges from 
0.5 to 5 gpm for 6-16-m. diameter pipes 
whereas typ1cal Oows range from 200 to 
5000 gpm for these size p1pes, well into 
the lurbulent range · 

The Hazen-W1lhams equation relates 
the head loss h to the pipe d1ameter D, the 
pipe length L. the Hazen-Williams coeffi­
cienl CHw. the flow q and a coefficient e' 
for unit conversion. 

L q 185 
h=c' - (-) 

D 4 87 Cmv (24) 

This equation can be rewntten for a par­
ticular pipe by groupmg terms mto one 
constan! er. 

h = crql 85 (25) 

The solution technique can be divided 
into three steps. The first step is to select 
an initial value of the pipe coefficient e for 
each pipe and combine these to yield the 

-cd H¡ 
o o H2 

-e, HJ (20) 
~ 

l.+c, 
-cd o 

C11 +C,+C¡ 
-e, C,+Cd+C,. 

o ] 
=2 

Ce +C.f. 
H4 

Os o o -e¡ -e, Hs 

01 r+C, -ca o -cd 

o ] 
100 

700 -ca Ca+C, -e, o o H2 
400 ..,. o -e, C11 +C,+C1 -e, =2 Hl 
o -cd o -e, Ce- +Cd+c .. H4 

600 o o -e, -e, C,.+C.r. Hs 

(21) 
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matnx p1pe coclltctcnt~ ( The sy<>tcrn 
matnx 1s thcn ~olvcd for thc valuc of thc 
ptezometnc hcad al cach JOmt. Secondly. 
lhe md1v1dual p1pe flows q are calculatcu 
by use of Eq (2) usmg the dllferences bc­
tween the determmcd p1ezometric heads 
These nows are then SUb'>lltUted into Eq 
(25) and smce (e,) for ea eh pipe ts known, 
the p1pe head losses are calculated. lf !he 
p1pe head los~es obtamed from Eq (25) 
correspond to tho'>c obta1ned from the 
matrix solut10n. thcn thc untque solutton 
satisfymg both thc 1-lazen-Williams equa­
tmn and the linear Eq (2) has been found 
The th1rd and fmal step requ~red is to 
change the value of e to converge the 
problem lo a solullon 1f there 1s a 
dtfference between the head losses calcu­
lated by the two methods 

A more deta1led explanat10n of each of 
these steps follows. The mitial value ofthe 
pipe coeffictent c1 is chosen to correspond 
to RN or 200 000 m each pipe, a typica! 
value for a prachcal problem fhe Oow 
(q1) is then calculated from the Reynolds 
Number relal1onsh1p, Eq (26). 

200000 ¡.c.A 
q, =VA pD (26) 

The value of the head loss h1 correspond­
ing to this Oow q1 is calculated from Eq 
(25). 

h, = "r qll 8S (27) 

The p1pe coeffic1ent is then found from Eq 
(2) as shown m Ftg 3 

q, 
(28) e,= h¡ 

Th1s imt1al value of the p1pe coeffic1ent e1 
for each p1pe IS then combmed, accordmg 
to the geometry of the network into the 
p1pe coeff1c1ents C1 used 1n lhe matnx 
descript10n of the network syslem The 
matrix IS then solved to y1eld the first esti­
ma te of the piezometnc heads at each 
JOIOI 

The allowable deviation between a p1pe 
head loss determined from the matrix 
solution of the JOint p1ezometric heads 
and the correspondmg value from the 
Hazen- Wilhams equation 1s a vanable and 
can be specified for a particular case tak­
ing into account the type of problem and 
the degree of prec1sion destred for the 
solution. 

The th1rd step, adjustmg the value of e, 
was developed wllh two entena in mmd. 
The solut1on should converge reasonably 
rapidly, yei t~e techmque should remam 
s1mple Dunng the checkmg procedure. 
the now q, for ~ach pipe calculated via Eq 
(2), and the matnx solut10n 1s used to de­
termine the head lo~s h, from the 
Hazen -WIIham:; equat1on The first pro­
cedure used in the development of the 
program was to obtam the correction of 
the e value for each p1pe by assuming that 
the pomt h .. q, was the unique solut10n 
and thus the corree! lmear relationsh1p 
was defined by a stratght hne joining this 
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pomt to the ongm and defined b} Eq (29) 

q (29) 

OThe new value of e was then set equal to 
q( 

7í · When all the p1pe coeffic1ents were 
co'rrected m a Similar way, the flow dJS· 
tnbutiOn obv10usly "'as altered, and th1s 
method proved to be an overcorrection 
when the matnx was resolved To dampen 
th1s overcorrectJon effect, an averagmg 
technique was introduced. The corrected 
value of e 1s taken to be the mean of the e 
value defined by Eq (29) and the value of 
e used to obtam the matrix solution This 
method of correchng e is shown in Fig 4. 
The averagmg method reduced the num­
oer of cycles required for convergence by 
approximately one third 

Example Problems 
It 1s not the mtent of this article to pre­

sent extens1ve comparison of dlfferent 
network problems smce any companson 
of computer programs must take mto ac­
count ease of mput data and ílexJbJhty of 
use as well as efficiency of computer time 
Two example problems are d1scussed to 
point out sorne apparent potential advan­
tages of the finlle element approach 

An example problem 3 shown in Fig. 5, 
consistíng of nineteen p1pes and th1rteen 
joints. was solved usmg the PA WDS pro-

o gram and the GENFEM program. The 
PAWDS program solved the system in 

· eighteen iteratton cycles and 1.07 s. The 
GENFEM program sol ved the network in 
fifteen iteration cycles and 4.73 s. Ob­
viously, this example does not indicaie a 
preferential method, b1,1t is mcluded so 
that 11 can be cons1dered w1th the next ex­
ample to show the effect of mcreased sys-
tem size. · 

The second example problem w1th 75 
pipes and 57 joints was also solved with 
both programs. The particular problem 
had been submitted by an undergraduate 
student and would not converge m the 
allowed time using the PA WOS program. 
8oth !he time limit and the iten:t1on cycle 
lim1t were mcreased, and the problem 
eventually converged by the use of the 
PA WDS program after 16 048 1teration 
cycles and 768 s The same prohlem was 
solved with the GENFEM program after 
twenty iteratmn cycles and 22.2 s. This 
problem highhghts the apparent lack of 
convergence problems for the finite-ele­
menl method and also shows, when coro­
pared with the firsl example problem, that 
ror the fin1te-element method, the num­
ber of iteration cycles to convergence ap­
pears virtually independent of the num-

/ ) ber of pipes and joints. 

G Dlscusslon · 

latJOnshlp When the p¡pe network 1s 
re!atJvely small, such as in an mdustnal 
plant p1p10g system, the fittings may 
become major head loss contributors The 
head loss h across any of these elements is 
usually considered to be d1rectly propor­
tional to the veloctty head by a coefficient 
k corresponding to the type of element. 

V2 
h=k (30} 

2g 

Th1s can be easily converted to the re­
quired form. that 1s, in terms of flow q 
knowing the area A of the element 

k 
h= - q2 

2gA2 
(31) 

very succc~sfully dunng, !he 1974 spnng 
semester al Leh1gh Un1v to analyze a 
transmiss10n sys!em problem that was 
almost ent~rely tree type w1th approxi­
mately ten loops mcluded 

The input data required for the program 
is eqUivalen! to other solut1on techniques 
WJth the major except1on that loop data 
does not need to be included. The dis­
tnbutmn network 1s defined by input of 
the number of the p1pe and the JOJnts to 
which 11 JS connected Anmher advantage 
over sorne solut10n methods JS that any 
number of pomts of known pres3ure can 
be preselected 

W1th loop-solut10n methods, al! pipe 
and JOJOt informatmn must be ava1lable lo 
the program at the same t1me This puts a 

A pump can be mcluded in the system defimte lim11 on the size ofthe system that 
since a pump merely provides a "head can be solved. The f¡mte-element pro­
gain" or negatJve head loss The use of a gram, GENFEM, however, can operate 
pump element reqUJres a flow-head loss on blocks of data. Thus, there is vírtually 
relationsh1p (the head-capacity curve for no limit to the s1ze ofthe network that can 
the pump) lf the mformatiOn, ¡5 not be solved. The e!ement and nodai mfor­
available as an equation relatmg dJscharge mation can be stored on magnctic tapes or 
and head, the pump mformatmn could be other de vices and then read from the 
prov1ded m fabular form In this form the storage dev1ce m blocks, operated upon, 
program would use lmear mterpolatiOn and returned to storage on the tapes This 
between any two data pomts feature must gam greater sJgruficance as 

The basJc finite-element method is not water·d!strtbutJOn networks become 
restnctcd to pipes flowmg full. In practJce,-, larger and more interdependent 
water systems often contam open chan-u As stated previously, although not 
neis in the headwater sections. These bemgspec¡fic toa finlle-element prograrn, 
open channels or cven pipes nowing par- the program developed has two addtt!Onal 
tial!y full can be included for analys1s The features worth n~otmg. First, the program 
only requiremen} for an element is that GENFEM provides a choice of two estab­
the flow can be related to the head loss. lished lnow-head loss relationships. The 

The ,range of hydraulic elements that Hazen-Williams equation has already 
can be included is limitless, provided a been stated as Eq (24). The Dar­
flow-head loss relationship for each ele- cy-Weisbach equation relates the same 
ment is known. An exact system repre- variables and includes the friction factor f 
sentation can be obtained by mtroducing L 
a comgrnatJOn of all the¡ hydraulic ele- h = (L--) q2 (32) 
ments caus1ng head loss 'or gain m the D 2g A 

2 

system Whlle discussmg thts point one An exphcit express1on 12 for the friction 
should rcmember that methods such as factor 1 JS used rather than the classtcal 
the Hardy Cross method of-balancmg imphc1t Colebrook and White equatmni2 
heads technique5.7 require that al! pipes that requires an iterat1ve solutJon. The 
are part of a loop. Typ1cally, reservoirs or fnction factor 1 JS expressed in terms of 
elevated tanks have one p1pe connecting the Reynolds Number R,.. and the relatJve 

. to the distnbution S}stem and an artificial roughness K where K 1s the rat1o of the ab­
pJpe n;wst be introduced 10 make a loop so salute roughness e to the p1pe dtameter D. 
that the~ Hardy Cross balancing heads J=O 094Kom +o 53K + gg¡c0« R -162.o 134 

solution method can be applied. - · .~ 03) 
The use of high-resJstance artificial Second, ailowance for changes m tero-

pipes in the network has, m fact, often perature has been tncluded :>mee temper­
contnbuted to convergence difficult1es. ature apprectably affects the vtscosJty and 
To SJmulate the actual condllions, the ar- ·, lo a neghg1ble degree, the dens1ty of 
tJficial pipes mtroduced to form· loops are water The VJSCOSJty of water over a tem­
orten of small diamet~r and h1gh restst- perature range of 5C-30C varies from 
tmce so that they carry an mstgnificant O 0152 poise !o 0.8004 cent1p01se An 
flow and hence can be neglectcd. As was algorithmll in terms of temperature T m 
pomted out earlier, this is the exact condi- degrees Celsius is used to define the 
tion that creates convergence problems. VtscosJty p. in poise. 
The fimte-element method does not re- ! = 21482 ([T- 8 4351 + JSOJS 4 + 
quire the use of artificial pipes to complete P. 
a loop since the connectiv1ty of the ele- IT-8 4352)- 120) 

(34) 

The finJte-element method is · not re- ments is defined explicitly by the system 
stncted toa pipe as the only element. An)' matrix. Consequently, tree-type systems 
type of hydraulic elemeilt can be included are readily sol ved with this procedure. In 
thatcan bedefined by a flow-head loss re- faci, the GENFEM program was used 

The program is written so that the tem­
perature can be specJficd for each prpc. 
Any set of temperature cond1tions can be 
investigated for a particuíar circumstance . 
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eract¡cal adaptJIJOn of the finlte-ele­
ment method should requ1re a m1mmum 
of computer programm1ng s1nce most 
engmeenng firms and umversJtJes have 
fimte-element programs readlly avallable. 
The ease of mod1fy1ng these programs de­
pends upon the genera lit y of theH nature 

Summsry 
The many advantages of the finite-ele­

ment method have becn documented. 
Most of these advantages hold true m a 
compamon of any loop method to the 
finrte-etement method The maJOr advan­
tage 1s the speed of con vergence and the 
apparent lack of con ver gen ce problems of 
the proposed method ovcr the Hardy 
Cross balancmg llows method Other •m­
:>Ortant advantages are the ab11Jty to in­
elude 1n the analys1s ali types of hydraulic 
elements, ihc choice of now-head loss re­
lattonshlpS, the lack of art!l'iclalloops, the 
ease of adaption of exrsting finite-element 
programs, the unlim1ted network size, and 
finally, the abrhty lo account for tempera­
turc e tfects 
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engr, ACI Env1romcs. Melbourne. Austral1a, 
and Robert L. Johnson (Act1ve Membar, 
AWWA), assoc prof Dept ol C1v Engrg, 
Lehrgh Umv, Bethlehem, Pa. 

O ver the past two decades, the flnite­
element method has been increas­
ingly used in a vsrlety of englneering 
fleids lncludlng etructural analyals, 
solld mechanlcs, and aoil mechanlcs. 
The method uses the relationship be­
tween the basic properties of each 
discreta element to define the 
behavior of that elemsnt. A eolution 
for the response of the overall 
eyetem, subject io a set of boundary 
condltlons, ls provlded by aolving a 
u•t of compatible simultaneous 
equatlone by matrht eolutlon tech­
nlques. 

The eqUJvalence of structural systems 
and p1pe networks ha~ long been recog­
nized, and there are many examples of 
concurren! apphcatiOn of solutton tech­
ntqucs or thc cxchangc of sol u !Ion meth­
ods The systcm of cquat10ns for struc­
tural problems 1s nornldlly linear and 
hence suttable to matnx solution. 

Although a spectfic ptpe-network prob­
lem can be defined using a tinite-element 
approach,1 the actual solution of the net­
work problem becomes very dtfticult 
because of the nonltnear constitullve 
equattons relatmg the flow and head loss 
in each pipe or element. lndeed, matrix 
solut:on ofthe'p1pe-network problem2 has 
been achieved usmg extens1ve numencal 
analysis and graph theory but without 
recognitton of the advantages of the 
tin1te-element method 

The successful appllcat10n of the tinite­
element method to ptpe-network prob­
lems shows that thc method is not only 
superior to conventtonal Hardy Cross 

f solution techn1ques but that the further 

U advantages of complete network repre­
sentatlon, simplified mput data, and un­
limited network stze can be obtamed. 
Although not specr ticr to a fin1te-element 
solution, the program developed allows 
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for solut1on by cither thc Hazer.-Wtlllarns 
or thc lJ<~~cy- We1~b.u:h t1ow-head-loss 
rcldllonshlps The program also ca,n con­
Stde. the effect of temperaturc v¡¡r;atrons 
on head loss throughou 1 the network 

The cnmputat10nJI .¡Jgonthm used to 
arnve at the umque solut10n for an easdy 
soived ltncar system equivalen! to the true 
nonlmear system for the ptpe networks 
was matntarned in an extreme!\• s1mple 
form m th1s arttcle so that the advantages 
or the finttc-clement method could be 
readliy observed Undoubtcdly, further 
appllcat10n of numencal-analys1s tech­
nJque~ would improve the efficiency of 
the method 

There are two spectfic rcasons for the 
dcvelopment of th1s method F1rst, a com­
puter program, PA WDS,J-4 wh;ch use~ the 
Hardy Cross solutton 5 method of balanc­
tng tlow for p¡pe-network problems, IS 
u<;ed tn undergraduate courc.es at Leh1gh 
Untv tn Bethlehem, Pa Th1s Hardy Cross 
method or various retinemcnts of thc loop 
method (balancing heads in loops) were, 
m 1973, still used extens1ve!y m under­
graduate education, engmeermg pract1ce, 
and research.6 7 

The Hardy Cross approach to pipe-net­
work analysts uses as a boundary condi­
tion either the fact thal the algebraic sum 
of flows ::.t any joint 1s zero (balancing 
llows} or that the algebraic su m of the 
head loss around any loop is zero (balanc· 
mg hcads) These are stmply adaptations 
of the classtcal conservation of mass and 
conserva:1on of energy, respecttvely De­
pending upon the cnteria used, a correc­
tion 1s apphed to the assumed p1pe llows 
or assumed p1ezometric heads until con­
vergence to a solution tS obtamed. This 
class1cal 1teration procedure is qu1te 
sattsfactory for most well-conditioned 
pipe systems. However, it has been 
pointed out that convergence toa solulion 
is not necessarily guaranteed 
Thcrc appcars to be nothmg mherent 1n e1thcr 
thc clcctnc analyzer wlth ordmary res1stors or 
the llardy Cro.;s method wh1ch w11l c:msi~tently 
produce convcrgence of thc errors toward zero 
with subscquent adjustments h 

The PA WDS prograrn used at Lehigh 
Umv. was piagued by convergence prob­
lems typtcal of the Hardy Cross method. 
Ddlingham and Cleasby9 point out that 
when using the balancmg-heads method, 
a pipe or p1pes with high resistance to flow 
compared with others tn the network can 

- result tn calculated flow correctíons larger 
and m the oppos¡te direct10n to the cur­
rently assumed flow Thts Wlll often cause 
a d1vergence m the computauons. and no 
solutton can be obtamed. Whcn H>e meth· 
od of balancing flows 1s used Dllltngham9 

pomts out that if a large pipe of short 
length and relatively low llow exists, 
many iteraltons are necessary before an 
appreciable change in p1ezometric head is 
obtained if the value of the assumed 
piezometric head is incorrect. These situa­
tions are very practical in their nature. 

Typ1cal ptpe-dlstnbuuon nctworks 10 ha\'e 
thc~c cxact condltlons 

An extcn~1ve d1scuss10n of the con­
vergcncc problems of thc Hardy Cross 
mcthod and thc PA WDS program tfi par­
ticular 1s not mtended m th1s arttclc, but 
the existence of these problems should be 
noted 

The second rea<;on for dcvelopmg the 
solut;on techmque was bccauc;c of the cx­
IStence of a very efficient fintte·elcmcnt 
program, GEN FEM, deveioped by 
De~ai. 11 The advantage of th1s program is 
tts completely general nature and hence 
easy adaptat10n for thc p•pe-network 
problem Thc mathemat1cal basts and the 
mc!hod of appltcatton of the finlle-elc­
ment mcthod ts dcscnbcd m detall to 
allow easy adapt10n of other existmg 
fin¡te-e!ement programs for u~e tn solvmg 
water-distrtbuttOn-net work problem-; 

Application of the Finite-Eiement 
Method 
Mathematical baais. When the timte­

element method ts apphed lo a structural 
problem, the struc!ure 1S subdtv1ded mto 
di!tcrete elements. Each of these elemenls 
must sattsfy three condttions. 

l. Equihbriurn of forces must be mam­
tained 

2 Compatlbihty must be maintained. 
3 The force~tsplacement re!attonsh1p 

spectfied by the geometrtc and e!asttc 
properues of the drscrete eiement must be 
sattstied. 

The force Fin the member or element 
is related to the displacement u and the 
element properties or stiffness K by Eq 
(1) o 

F=K u (l) 
The sum of the forces m the members at 
each nade of the structure IS zero exce¡:.t 
where an externa! force ts applted By 
combintng Eq (1) for all the elements m 
the structure into an equallon of 1dcnttcal 
form to Eq ( 1) and solvmg for dtsplo.~ce­
ments, the equtltbnum of !he system 1s 
satistied 

An equ¡va!ent set of condtltons for a 
pipe network exists, hence, the abihty lo 
draw the analogy: 

l. The algebra1c sum of the flows at any 
joint or nade must be zero. 

2. The value of the piezometnc head at 
a joint or nade ts the same for ali pipes 
connected to that JOint. 

3. The flow-head-loss relationship 
(such as 0Jrcy-Weisbach or Hazen­
Wtlliams) must be satis1fied for each ele­
ment or p1pe. 
The condtlicns for a ptpe nem orl.. deal 
w1th scalar quanttties, whereas the struc­
tural condit10ns ceal w1th vector quan­
tities. The analogy is drawn between the 
magnitudes of the equtvalent quantities as 
the "ector asrects of the flow have no 
meanin3 for the network problem. 

For a dtre-:t appltcation of the finite-ele­
ment methd :r. volvmg a matri.x solution, 
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.-·mc.tr rci,JIHJnshJp ~~ rcqUircd lo define 
lhc clcmcnl or p1pc llcncc allh1s pomt. a 
rela11onsh1p of lhe form of; Eq ( 2) hetwccn 
flow q, head loss 11 and th e h yd raulrc rrop­
erties of lhe pipe e will be assumed. 

q = eh (2 
The method of soluuon lo make Eq ( ~ 
equ1valen1 lo eslablished nonlinear now­
head-loss relationsh1ps wlll be dcscribed 
subsequently. 

The head Joss h '" Eq (21 1s thc 
dlfference betwcen thc p1ezome1nc head 
Hofthe'nodes or JOIOIS al each end oflhe 
element or p1pe contrjbutmg ~o the su m of 
the nows Q al lhat JOIOI The pJpe-system' 
matrix JS ássembled by wntmg lhe equa­
tions for the sum of the nows Q al each 
joint since this value is known lo be ellher. 
zero or equal to the 1mposed exle·rnal now 
or demand. Alternatrvely, if the 
piezometric head is specified ata JOint, the 
sum ofthe pipe nows is Jmplicitly defined 
The resulting set of SJmullaneous equa­
tions can be combined into matrix form 
defining the en tire pipe system in terms of 
the sum of nows Q a t. a joint and of the 
piezometric heads · H at the jomts This 
matrix has the form 

Q=CH (3) 

f) /001"11" 

Pt¡wh 
0-400•rf•m 

1111111 1 

Prpe a Ptpt' e Prpe f 

Jomt 1 Jornt S 
t t•~ tTIOf1 

1{,1(}f! P10f! 11 Jom14 PID@ 1!' 0=600 gnm 

Flg. 1. Example Problem - Analysls of a 
Simple Pipe Network 

WhereR!\1 =-20 ·I<P 

Head Loss 

1 
1 

~ 
¡¡ 

p. '' LllV; 

Flg. 2. Typlcal Flow-Head Loss Relatlonshlp 

Hearlloc;s 

When lhe m'atr.ix is solved, the piezomet­
ric heads at all joints are obtained. The 
difference· in piezomelric heads between 
two joints, which is lhe head loss, can be 
substJiuted into Eq (2) to calculate lhe 
now in lhe pipe between thos¡; lwo joinls. 

Flg. 3; lnfllal Value of Pipe Coefflclent e Flg. 4. Correction of Pipe Coefflcient e 

·O The direclion· of now IS automat!Cally 
preserved by laking the s1gn of lhe 
dilference of lhe p1ezometric hcads into 
account 

o 

The finite elemcnt represe.nliJlg lhe 
, pipe is of !he simples! form possJbl~ 'Each 
element .is one dimensiOnal and has one 
degree of freedom al ea eh· nodc or joint. 
To apply the summat10n of the flows ata 
joint successfully, a convention must be· 
adopted. Flow into a jomt is taken as posi­
tive, and now out of a JOinl is negative 

The analysis of a simple pipe network, 
Fig. · 1, is used to show the application of 
the finite-element method. Using the con­
dition that. the s'um of the pipe nows 
(qa,qb, .... ) mor out of ajoint must satisfy 
the equilibrium flow criteria (Q., Qz, ... ) 
(i.e., the .boundary conditions) at that 
joint, one can write the following equa­
tions: 

Q, = Qa+ Qd (4
5
) 

02 == qa+ qb ( ) 
Q3=qb+qr+q¡ (6) 
Q4=qc+qd+q, (7) 
Os= q,+ Q¡ (8) 

The individual pipe nows can be ex­
pressed by Eq (2) notmg that the head 
loss h is equal to the difference in the 
piezometric heads of the JOints at each 
end· of the particular pipe. 

. qa = ± Ca(HI- H2) (9) 
qb = ± Cb(H2 - H3) (1 O) 
Qc = ± Cr(HJ- H4) (11) 
qd= ± Cd(H,- H4) 02) 
Qe = ± Ce(H4 - Hs) 03) 
Q¡= ± C¡(H3 - H5) (14) 
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/tlons (4 -8) can now be wntlen m 
,,·rm~ ol lhe p1pc cocffic1enls (Ca,Cbo .. ) 
anclthe pJezomelrJc heads ·(H1.H2, • ) 

[ onSISiency Of flow drreclions is laken 
mto accounl by assummg lhe now rs away 

O i-rom lhe joinl bemg considered, that is, 
_ the p1ezometnc head at the other joints is 

~ublracled from lhe piezometric head al 
\he JOIOI bemg consrdered 

Q1 ~C".fH,- H2l + CdfH,- H4) (15) 
Q1 ... C.CH1- H,) + Cb(H2- HJ) (16) 
Q3 = Ch(HJ- H2l + ('//13- H4) (17) 

+ Cr(HJ- Hsl 
Q4 = C'r(H4- Hl) + C,¡( l/4- 11,) ( 18) 

+ C,(H4- H1l 
Os= C,(Hs- ll4) + C¡Ws- ll3l (19) 

Equations (15-!9) can be combined 
into the matnx form of Eq (3) to yield Eq 
( 20). (Se e below ) 

For this particular example, the follow-
ing boundary conditions are given. 

H1 =lOO ft 
Q2 = 700gpm 
Q3 = 400gpm 
Q4 =Ogpm . 
Os= 600gpm 

Substituting lhese values into Eq (20) 
g1ves Eq (21) as the final form for solu­
lion (Se e below) 

The values of the coefficients 
( C0 ,C6, • ... ) for each pipe are determined 
by the procedure lo be outlined. The 
unknowns, H;. H 1, H4, H5 and Qb can be 
obtained by solving the matrix Eq (21). 
The flows in the individual pipes can be 
found, as previously stated, by substitut­
ing into the defining equations (Eq. [9-14) 
for this example) after the prezometric 
heads have been found 'ror each jornt 

Method of appllcatlon. For the suc­
cessful apphcal1on of the fin•te-clement 
melhod, lhe constitutJve equat1onl used lo 
relate flow and head loss must be !mear or 
the matrix solution cannot be apphed. In 
reahty, the relatJonsh1p is nonlinear and 
var1es With !he equat10n chosen. The ap­
plicatJOn of the finite element method is 
accomphshed by usmg a lrnear equation 
(Eq [2)) as the defining flow-head loss re­
latronshlp and the successive correction 
of the pipe coefficient e until a unrque 
solution is found satisfying both the 
equivalen! linear relationship and a real 
nonlinear relationship such as the Haz­
en-Williams equation or the Dar­
cy-Weisbach equation. When this unique 
solution has been found for all pipes the 

Q, o 
~ -e, c,+c, -cb 
QJ ... o -e, 

network d1slnbut10n has bcen solved 
The program. GENFEM. allows a 

choice of the Darcy-We,sbach cquat1on 
or the Hazen-WJIIJams equat1on The 
Hazen-Wilhams equatron wdl be used for 
purposes of explanation, although the 
me!hod is ident1cal for both equat1ons. 
The relatronshrp used to define now ver­
sus head loss 15 shown m F1g 2 The tran­
srtlon from lammar lo turbulenl condr­
trons for pipe now occurs al a Reynolds 
Number R,\ of approxJmately 2 000 R,. is 
defined by the prpe drameter D, and the 
dynam1c vrscosity ¡.¡., the density p and the 
'How velocity V of the nuid nowing. 

pVD 
RN= -­

IJ. (22) 

The now Qr at whrch transition occurs~ 
corresponding toa R,.of 2 000, is given by 

2 000 ¡.tA 
qr=VA = ---

pD (23) 

For nows less !han Qr. the now \(S head­
loss relatronship is linear To avoid a <.irs­
conlrnUJty m the defining relationshrp be­
cause of the transitron region between 
laminar and turbulent now, the linear re­
lation~hip rs obtamed by simply joining 
the orrgm to the pornt (hr,Qrl with a 
strarght lme. The coordrnate hr rs found 
from a substitutron of the now Qr into the 
turbulent Oow equalron. The linear por- · 
!ron of lhe graph, the laminar region, does 
no! en ter mto the calculat1ons of a practr­
cal problem The value of Qrranges from 
0.5 to 5 gpm for 6-16-in. drameter pipes 
whereas typical nows range from 200 to 
5000 gpm for these srze pipes, well into 
the turbulent range. 

The Hazen-Willrams equation relates 
the head Joss h to !he p1pe d1ameter D, the 
pipe length L, the Hazen-Williams coeffi­
cient CHw· the now q and a coefficient e' 
for unit conversion. 

L q ras 
h=c' - (-) 

D 487 Cmv (24) 

This equation can be rewritten for a par­
ticular pipe by grouprng terms into one 
constan! er. 

h = crq' ss (25) 

Ttfe solutron technique can be drvided 
into three steps. The first step is to select 
an initial val u e of the prpe coeffici€mt e for 
each pipe and combine these to yield the 

-cd H, 
o o H2 

-e, IIJ (20) 
[,+e, -<:. 

o J e6 +Ce +e1 ~ Q4 -cd o -ce Ce+Cd+C, H4 
C,+C Os o o -e, -e, Hs 

( ,, 
u Q, ['+e, "'"e', o -cd 

o ] 
lOO 

700 -e, c,+c, -e, o o 112 
400 "" o -e, c,+c,+c1 -ce =z: IIJ 
o -cd o -ce Cr +Cd+C, 11, 

600 o o -e, -c. C,+C.r. Hs 

(21) 
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matnx prpc lOCIIILICnt~ e The 5Y'iiC!11 
matnx 1s thcn ~olvcú for lhe valuc of tllc 
p1ezometnc hcad al cach JOint Secondly. 
the mdrv1dual p1pe nows q are calcuialcll 
by use of Eq (2) usmg thc dilfercnces be­
tw~en the delermrned prezomelric heads 
These nows are thcn sub5tltuted mio Eq 
(25) and srnce (er> for each prpe is known. 
!he pipe head losses are calculated lf the 
prpe head Jos~es obtamed from Eq (25) 
correspond to thosc ob1a1ned from the 
matrix solution. thcn thc un1que solu110n 
satrsfymg bolh lhc flazen-Williams equa­
twn and the lmear Eq (2) has been found 
The thrrd and f1nal step required iS to 
change the value of e to converge thc 
problem lo a ~olu110n 1f there 1s a 
drfference between the head losses calcu­
lated by the two methods 

A more delalled explanauon of each of 
these steps follows. The rnllial value ofthe 
pipe coefficient e1 is chosen to correspond 
to R,. of 200 000 m each pipe, a typical 
value for a practrcal problem The flow 
(q1) is then calculated from the Reynoids 
Number relatronship, Eq (26). 

200000 ¡.tA 
Qr =VA pD (26) 

The value of the head loss h1 correspond­
ing to lhis now qi is calculated from Eq 
(25): 

hi =í'fqi18S (27) 

The pipe coefficrenlrs then found from Eq 
( 2) as shown m Frg 3 

q, 
e,= h; (28) 

Thrs rnltral value of lhe pipe coeffic1ent e1 
for each p1pe IS then combmed, a;:cordrng 
to the geomelry of the nelwork mto the 
pipe coeffJcients e, used 1n lhe matnx 
descrrption of the nelwork system The 
matrrx is then sol ved to y1eld the first estr­
mate of lhe p1ezometnc heads al each 
JOinl 

The allowable deviatron between a prpe 
head loss determined from the matrix 
solution of the jornt prezometnc heads 
and the corresponding value from the 
Hazen-Willrams equalion rs a varrable and 
can be specified for a partrcular case tak­
ing rnto account the type of problem and 
the degree of precision desired for the 
solution 

The thrrd step. adJUSimg the va!ue of e, 
was developed wuh two crrterra m mmd 
The solutron should converge reasonably 
rap1dly, yel the techn1que should remarn 
simple Durrng lhe checkmg procedure, 
the now qc for each prpe calculated V!a Eq 
(2), and the malrix solutron 1s used lo de­
termine the head loss h, from lhe 
Hazen-Wlllrams equa110n The first pro­
cedure used '" the development or the 
program was lo obtam the correct1on of 
the e value for each prpe by assummg that 
the point h., q, was the umque solutron 
and thus the correct !mear relatronship 
was defined by a strarghl lrne jomrng this 
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... lo the ongm and defined by Eq (29) 

q (29) 

OThe new value of e was then set equal to 
q( 

-¡; · When all the p1pe coefficients were 
co'rrected m a sim1lar way, the flow d1s­
tnbut10n obv10usly "'as altered, and th1s 
roethod proved to be an overcorrect10n 
when the matnx was resolved To dampen 
lhi~ overcorrect10n effect, an averagmg 
techntque was introduccd The corrected 
value of e is taken to be the mean of the e 
value defined by Eq (29) and the value of 
e u~ed to obtam the matrix solution Th1s 
method of correcting e is shown in Fig 4. 
The averaging method reduced the num­
t>er of cycles r.equired for convergence by 
approximately one th1rd. 

Example Problems 
lt is not !he in ten! of this article to pre­

sent extensive comparison of dlfferent 
network problems 5mce any compamon 
of computer programs must take mto ac­
count case of input data and nex1b1hty of 
use as well as efficiency of computer t1me 
Two e:r.ample problerns are d1scussed to 
poinl out sorne apparent potential advan­
tages of the fin1te element approach 

An example problem3 shown m F1g 5, 
conststing of nineteen pipes and thirteen 
jomts, was solved usmg the PA WDS pro­

/'\ gram and the GENFEM program. The 
\ / PA WDS program sol ved the system in 

"-"/ eighteen iteration cycles and 1.07 s. The 
GENFEM program sol ved the network in 
fifteen iteration cycles and 4.73 s. Ob­
viously, this example does not indicate a 
preferent.al method, but is inc!uded so 
that 11 can be cons1dered w1th the next ex­
ample to show the effect of mcreased sys-

----, 
\ 

tem size · 
The second example problem w1th 75 

pipes and 57 joints was also solved w1th 
both programs. The particular problem 
had been submitted by an undergraduate 
student and would not converge in the 
allowed time usmg the PAWDS program. 
8oth the time hmit and the iteration cycle 
1im1t were mcreased, and the problem 
eventually converged by the use of the 
PA WDS program after 16 048 iteration 
cycles and 768 s. The same problem was 
solved w1th the GENFEM program aíter 
twenty 1teration cycles and 22.2 s Th1s 
problem highlights the apparent lack of 
convergence problcms for the finite-ele­
ment method an,d also shows, when coro­
pared with the first example problem. that 
for the finite-element method, the num­
ber of iteration cycles to convergence ap-
pears v1rtually independent of the num­
ber of pipes and joints. 

_) Dlscusslon 

lat10mh1p When the prpe network 1S 
relatrvely small, such a~ m an mdustrial 
plan! pip1ng system, the fillings may 
become major head loss contributors The 
head loss h across 2ny of these elements is 
usually cons1dered to be d1rectly propor­
tional to the velocity head by a coefficient 
k correspondmg to the type of element. 

h=k (30) 
2g 

Th1s can be easrlv converted to the re­
quired form, that- is, m terms or flow q 
knowmg the area A of the elerocnt. 

k 
h= - q2 

2gA2 
(31) 

A purnp can be included in the systero 
since a purop merely prov1des a "head 
gain" or negat1ve head loss. The use of a 
pump e!eroent reqUJres a flow-head loss 
re!ationsh1p (the head-capacity curve for 
the pump). lf the 1nforroat•on, is not 
available asan equat10n relatmg discharge 
and head, the pump information could be 
provided m fabular forro. In th1s forro the 
prograro would use !mear mterpolation 
between any two data points. 

The bas1c finite-element roethod is not 
restricted lo p1pes flowmg fu!! In pract1ce,l 
water systems often contam open chan-'-­
nels in the headwater sections. These 
open channels or even pipes flowing par­
tially full can be included for analysis. The 
only requireroeflJ for an clement is that 
the flow can be related to the head loss. 

The range of hydraulic elements that 
can be included is liroitless, provided a 
flow-head loss relationship for each ele­
ment 1s known. An exact system repre­
sentation can be obtained by introducing 
a com~mat10n of all th~ hydraulic elc­
ments0causing head loss · or gain in the 
system While discussing th1s pomt one 
should remember that methods such as 
the Hardy (::ross method of balancmg 
heads techn1que5•7 requlre that all pipes 
are part of a loop. Typ1cally, reservoirs or 
elevated tanks have one pipe connectmg 
to the distribution S}'Stern andan art1fic1al 
p1pe ~ust be introduced to make a loop so 
that the' Hardy Cross balanc1hg heads 
solution method can be applied. 

The us~;: of high-resistance artificial 
p1pes in the net'work has, in fact, often 
contnbuted to convergence difficult1es. 
To siroulate the actual cond1t1ons. the ar- 1 

l1fic1al pipes introduced lo forro·loops are 
oflen of small diameter and h1gh resist­
ance so that they carty an insignificant 
flow and hence can be neglected As was 
pomted out earlier, this is the exact condi­
tion that crea tes con vergence probleros. 
The finite-element method do~s not re­
quire the use of artificial pipes to complete 
a loop since the connect1vity of the ele­

The finite-element method is · not re- ments is defined explicitly by the system 
stricted toa pipe as the only element. Any matrix. Consequently, tree-type systems 
type of hydraulic e!emetlt can be included are readily sol ved with this procedure. In 
that can be defined by a now-head loss re- fact, the GEN FEM program w~s used 
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vcry succc~~fully dunng thc 1974 spnng 
semester at Leh1gh Un1v to analyze a 
transmrss10n system problem that was 
almos! entnely tree type wrth approxl­
mately ten loops mcluded 

The input data reqUJred for the program 
is equivalen! to other solut10n techniques 
Wlth the major except10n that loop data 
does not need to be mcluded. The dis­
tnbutJOn network is defined by input of 
the number of the p1pe and the joints to 
which it is connected Another advantage 
over sorne solut10n methods 1s that any 
number of pomts of known pressure can 
be pre<;elected 

With loop-solut10n methods, all pipe 
and JOIOI mformat10n must be ava1lable to 
the program at the same t1me Th1s puts a 
definite hm1t on the size of the system that 
can be solved The fm1te-element pro­
gram, GENFEM, however, can operate 
on blocks of data. Thus, :here is virtually 
no hml! to the size of the network that can 
be solved. The element and nodal infor­
mation can be stored on magnetic tapes or 
other dev1ces and then read from the 
storage dev1ce in blocks, operated upon, 
and returned to storage on the tapes Th1s 
feature mus! gam greater ~1gnlficance as 
water-distr1but10n networks become 
larger and more mterdependent 

As stated prev1ously, although not 
bemgspec1fic toa fimte-element program, 
the program developed has two addillonal 
features worth nJotmg. F1rst, the program 
GENFEM provides a choice oftwo estab­
lished 1flow-head loss relationships. The 
Hazen-Williams equation has already 
been stated as Eq (24). The Dar­
cy-Weisbach equation relates the same 
variables and includes the friction factor f 

L 
h = (f- ) q2 (32) 

D2gA2 

An exphc1t expresston 12 for the fnct1on 
factor f IS used rather !han the class1cai 
implicit Colebrook and Wh1te equation12 
that reqUJres an 11erat1ve solution The 
friction factor f is expressed m terms of 
the Reynolds Number Rrv and the reia!1ve 
roughness K .... he re K is the ratio of the !lb· 
sol u te roughness e to the p1pe d1ameter D. 
j=O 094~ 255 +o 53 oc+ 88~44 R .-• 62Ko 134 

1 ~ (33) 
Second, allowance for changes m tem­

perature has been included smce temper­
ature appreciably atfects the v1scosity and 
to a negilg1ble degree, the denstty of 
water. The vJscos1ty of water over a tem­
perar u re range of SC-JOC vanes from 
0.0152 p01se to 0.8004. centipoise An 
algorithm 13 in terms of temperature r in 
degrees Celsius is used to define the 
viscosity IL in p01se. 

! = 2 1482 ((T- 8 4351 + J8078 4 + , ,.,. 
( T- 8.4352) - 120) 04) 

The program is wntten so that the tem­
perature can be spec1fied for each p1pe 
Any set of temperature conditions can be 
investigated for a particular crrcumstance. 
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l'ract1cal adaptat10n of the finlte-ele­
ment method should reqUire a m1mmum 
of computer programming s1nce most 
engmeenng firms and untverslttes have 
fimte-element programs read1ly avatlabfe 
The case of modifytng these programe; de· 
pends upon the generality of thetr nature 

Summary 
The many advantages of the finite-ele· 

ment method have becn documented. 
Most of these advantages hold true m a 
companson of any loop method to the 
finite-element mcthod The majar advan· 
tage 1s the speed ol convergence and the 
apparent la e k of con vergence problems of 
the proposcd mf'thod over the Hardy 
Cross balancing tlows method Other tm· 
portan! advantages are the ab1lity to m­
elude in the analysts alltypes of hydrauhc 
elements, the cho1ce of flow-head loss re­
lationshtps, the lack of arttftctal !oops, the 
case of adaption of extsting fimte-element 
programs, the unlimtted network size, and 
finally, the abthty lo account for tempera­
ture effects. 
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Over the past two decades, the flnite· 
eisment method has been increas­
ingly uaed In a varlety of englneerlng 
flelds lncludlng structura! analysis, 
soiid mechanlcs, and soil mechanics. 
The method usas the relationship be· 
tween the basic properties of each 
dlscrete element to define the 
behavlor of that elemsnt. A solution 
for the response of the overell 
aystem, subject io a set of boundary 
conditlons, ls provldad by aolving a 
sat of compatible simultaneoua 
equetlons by matrlx eolutlon tech· 
nlquea. 

The equivalence of structural systems 
and p1pe networks has long becn recog­
nized, and there are many examples of 
concurren! apphcat10n of solut10n tech­
mqucs or the cxchangc of solut•on meth­
ods Thc systcm of cquat10ns for struc­
tural problems 1S normally !mear and 
hence suitable to matr1x solullon 

Although a specrfic pipe-network prob­
lem can be defined usmg a tinite-element 
approach,1 the actual solut10n of the net­
work problem becomes very drfficult 
because of the nonlrnear constJtutive 
equallons relatmg the tlow and head loss 
in each prpe or element. lndeed, matnx 
solutron of the'prpe-network problem 2 has 
been achieved usrng extensrve numerical 
analysis and graph theory but without 
recogmtron of the advantages of the 
finrte-element met hod. 

The successful apphcatron of the fin ite· 
element method to p1pe-network prob­
lems shows that thc method is not only 
supenor to con ventronal Hardy Cross 
solut10n techn1ques but that the further 

r advantages of complete network repre· 
sentation, simplitied input data, and un­
limited network s1ze can be obtamed. 
Ahhough not specrticr to a fimte-element 
solution, lhe program developed a!lows 
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for solut1on hy e1thcr tlle Hazen-WIIlrams 
or rhc Darcy-We1~b,H'h llow-hcad-loss 
rc!at,unshlps The pro¡;ram a!so ca,n con­
Sicfe• !he effect of temperature variat~ons 
on head loss lhroughout the network 

The computat1onJI Jlgonthm used to 
arrrve al the unrque solut10n for an easrly 
~olvcd !mear system cqu1va!ent to lhe true 
nonlmear system for thc prpc networks 
was mamtamed m an extrcmely s1rnple 
form m th1s art1cle so thal thc advantages 
of the finite-ciement method could be 
readliy observed Undoubtedly, lurthcr 
apphcatlon of numerrcal-analy~1s tech­
n•ques would 1mprove the ef!icrency of 
the mcthod 

There are two specdic reasons for the 
dcvelopment of th1~ mc!hod Frrst. ;:¡ com­
putcr program, PA WDS.J·4 whrch uses the 
Hardy C'ross solut10n 5 meihod of balanc­
mg tlow for p1pe-network prablems, is 
used m undergraduate courses at Lehrgh 
Un1v m Beth!ehem. Pa Thrs Hardy Cross 
method or various refmemcnts of the loop 
method (balancing heads m lcops) were, 
in 1973, still used extensrvely in under­
graduate educat1on, engineering practice, 
and rcsearch.6•7 

The Hardy Cross approach to pipe-net­
work analysis uses as a boundary condi­
tmn either the fact that the algebraic sum 
of nows at any JOint 1s zero (balancing 
tlows) or that the algebraic sum of the 
head ioss around any loop IS zero (balanc­
ing heads) These are simply adaptations 
of the class¡cal conservation of mass and 
conscrval!On of energy, respectrvely. De­
pendmg upon the criteria used, a correc­
tion rs applied to the assumed p1pe flows 
or assumed p¡ezometric heads unt1l con­
vergence to a solution is obtamed. Th1s 
class1cal l!eratwn procedure is quite 
sat1sfactory for most well-conditioned 
pipe systems. However, it has been 
pomtcd out that convergence toa solution 
is not necessarily guaranteed. 
Thcre appcars to be nothmg mherent m euhcr 
thc elcctnc <~n<~lyzer wllh ordmary rcs1stors or 
the llurdy Cross methoJ wh1ch will consrsienlly 
produce convergence of !he errors toward zero 
with sub sequen! adjustments 8 

The PA WDS program used at Lehrgh 
Umv. was plagued by convergence prob­
lems typical of the Hardy Cross method. 
Dllhngham and Cleasby9 pomt out that 
when using the balancmg-heads method, 
a p1pe or prpes wtth high resistance to tlow 
compared w1th others in the network can 

- result m calculated flow corrections larger 
and m the opposi1e drrect¡on to the cur­
rently assumed flow This will often cause 
a divergence in the computations, and no 
solut10n can be obtamed. When thc meth­
od of balancing flows 1S used DJihngham9 

pomts out that if a !arge pipe of short 
length and re!atively low tlow exJsts, 
many iterat1ons are necessary before an 
apprec1able change in p;ezometric head is 
obtamed if the value oi the assumed 
p1ezometnc head 1s incorrect. T!tese situa­
t!ons ere very practica! in their nature. 

Typrcal p1pe-drstnbut1on 11ctworks'0 have 
thC'>C exdct cond1110ns 

An e~¡tcn~~ve d•scussJon of the con­
vergence prcb:ems of thc Hardy C'ross 
method and thc PA WDS program rn par­
llcular !S not rntended 1'1 t"11s artrcle. but 
the ex•stencc uf these problcms should be 
noted 

The second reason for clcvelopmg the 
solut10n lechnique was beca use of the cx­
Jstence of a vcry cfficren: fimte-elemcnt 
program, GEN FEM. dcveloped by 
Dcsai.' 1 The advantage of this program is 
1ts completely general nature and hcnce 
easy adaptat10n for thc p:pe-network 
problem Thc mathemat1cal bas1s and the 
mcthod of applrcatwn of the fin¡te-elc­
ment method IS dc'icnbcd m detarl to 
allow casy :~dap:10n of other ex1stmg 
finite-element programs lor use in solvmg 
watcr-dlstnbullon-nctwork probiems. 

Application of the Finite-Eiement 
Method 
Mathematlcal baais. When the fin¡te­

element method is applred lo a structural 
problem, the !>truc:ure 1s subdrv1ded rnto 
discrete elements. Each of these eiements 
must satrsfy three cond1t10ns· 

l. Equihbrium of forces musl be main­
tained. 

2 Compallblilly must be marntamed. 
3 The force-<11splacement relat!On~hl¡> 

specified by the geometnc and elastac 
properties of the d1screte element must be 
sat1sfied. 

The force Fin the member or efement 
is related to the dtsplacement u and the 
element properties or st11fness K by Eq 
(l)' 

F=K u (1) 
The sum of the forces m the members at 
each node of the structure rs zero except 
where an externa! force iS apphed By 
combming Eq (1) for all the elements m 
the structure mto an equauon of :dentrcul 
form lo Eq ( 1) and solvmg for displ.lce­
ments, the equrhbnum of the system is 
satisfied 

An equ¡valent set of condrt1ons for a 
pipe network ex¡sts, hence, the abtlity to 
draw the analogy· 

l. The algebraic su m of the flows at any 
joint or node must be zero. 

2. The value of the piezometric head at 
a joml or node 1S the same for all p1pes 
connected to that Joint 

3. The now-head-loss relationship 
(such as Darcy-Wersbach or Hazen­
Williams) must be sausrfied for each ele­
mentor p1pe 
The condllions for a pipe network deal 
wllh scalar quan!lt1es, whereas the struc­
tural conditions deal wrth vector quan­
tlties. The analogy 1s drawn between the 
magnitudes. of the equiv?.!ent quantities as 
the vector aspects of 1he flow have no 
meaning for tf,e network proolem. 

For a direct :~pphca•ion of !he fin1te-ele­
ment method mvolvmg a matn.x solutron. 
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a ilnc.1r rclatron~h1p ·~ rcqUJrcd lo dcftnc 
thc clcmcnt or r•rc llcncc attlm p01nt. ,, 
rela!Jonsh•r of the form of Eq ( 2l hctwL'CI1 
now q. head loss /land the hydrauhc prop­
erties of the pipe e w!ll be assumed 

q = eh (2 

The method of soluuon lo make Eq ( ~ 
equ1valent to estabhshed nonhncar flow­
head-loss relatronsh1ps w1ll be descnbed 
subsequentl; 

The head loss h '" Eq (21 i~ thc 
ddference betwcen thc pleLOmetnc hcad 
H of the nodes or JO!nls at ea eh end of the 
element or p1pc contnbutmg to the sum of 
the nows Q al that JOIOI The p!pe-system' 
matnx JS assembled by wntmg the equa­
tions lor the sum of the flow~ Q at each 
jomt smce th1s value !S known lo be e1ther 
zero or equalto the 1mposed externa! flow 
or demand Alternat1vely, if the 
p1ezometnc head 1s specified al a JOint, the 
su m of thc pipe flows is Jmpllcllly defined. 
The resultmg set of s1multaneous equa­
trons can be combmed into matrix form 
defining the ent1re pipe system m terms of 
the sum of flows Q al a JOrnt and of the 
ptezometric heads H at the JOmts Th1s 
matrix has the form 

Q =CH (3) 
When the matrjx IS ~olved, the p¡ezomet­
ric heads at all joints are obtamed. The 
d1tference rn p1ezometnc heads between 
two joints, which is the head loss, can be 
subst1tuted into Eq (2) to calculate the 
flow in the p1pe bctwecn !hose two roints 
Thc dircction of now IS automatically 
prcserved by tak1ng the s1gn of lhe 
dilference of the p1ezometnc hcads mto 
account 

The finite elemcnt representi}lg the 
pipe is of thc stmplcst form poss1bl~ Each 
element 1S one dJmensJonal and h'as one 
degree of frcedom at each node or JOinl 
To apply the summauon of the flows ata 
joint successfully, a convent1on must be 
adopted. Flow tnto a JOint is taken as posi­
tive, and flow out of a JOIOI is negative 

The analys1s of a Simple pipe network, 
Fig. 1, is used to show the apphcation of 
the timte-element method Usmg the con­
dition that. the sum of the pipe nows 
(q0 ,q6, •... ) mor out of ajomt mu'it satisfy 
the equilibrium now cnteria (Q¡, 02 .... ) 
(i.e., the boundary conditions) al that 
jomt, one can write the following equa­
tions: 

Q¡=qa+qd (4) 
02 = qa+ qb (5) 
Q3 = qb + qr + qf (6) 
Q4=qc+qd+q, (7) 
Os = q, + q¡ (8) 

The individual p1pc nows can be ex­
pressed by Eq (2) notmg that the head 
loss h is equal to the difference in the 
piezometric heads of the JOmts at each 
end of the particular pipe. 

qa = ± C0 (H,- H1) (9) 
qb = ± Cb(H2- H3) (JO) 
qc = ± Cc(HJ- H4) (11) 
qd= ± Cr1(H,- H4) (12) 
q~ = ± C,(H4 - Hs> (13) 
Q¡= ± C¡(H3 - H5) (14) 

t
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r4u,JtJons (4-8) can now be wntten rn 
1crms ol !he p1pc cocfficJents ( Ca-C¡,... ) 
~nd thc pJczometnc hcads '{ff1,H2• ) 

( oOSJStency of flow dlreC(IOnS IS laken 
mto account by assuming the Oow is away 

.. 0, irom the JOint being considered, that is, 
~ ) the prezometnc head al the other joints 1s 

· ~ubtracted from the piezometric head al 
!he jornt berng consrdered 

() 
\../' 

Q1 ~c.tH,- H2l + Cd<H,- H4) (15) 
Q! ... c.<H2- H,> + C&fH1- H1> (16) 
fJJ = Cbl HJ- H1l + C/HJ- /14) (17) 

+ C,(HJ- Hs> 
Q4=Cr(H4-H3l+Cr~fH4-H,) (18) 

+ C,(H4- H1l 
Os= C,fHs- H4l + Cf<Hs- H1> (19) 

Equations ( 15-1 9) can be combined 
into lhe matnx form of Eq ()) to yield Eq 
(20). (See below.) 

For this particular example, the follow-
ing boundary conditions are given. 

11, = 100ft 
01 = 700gpm 
01 = 400gpm 
04 =Ogpm . 
Os =600gpm 

Substi!utrng these values into Eq (20) 
g1ves Eq (21) as the final form for solu­
tion (Se e below) 

The values of the coefficients 
(C •. C6, •• ) for each pipe are determined 
by the procedure to be outlined. The 
unknowns, H2, H1, Hl, H5 and Q¡, can be 
obtarned by solving the matrix Eq (21). 
The flows in the individual pipes can be 
found, as previously stated, by substitut­
ing into the defining equations (Eq (9-14) 
for this example) afler the piezometric 
heads ha ve been found for each jornt 

Method of appllcatlon. For thi suc­
cessful applrcatron of the finrte-element 
method, the constrtutive equationl used to 
relate flow and head loss must be lrnear or 
the matnx solution cannot be apphed. In 
reality, the relationshrp is nonlinear and 
vanes wrth the equation chosen. The ap­
plrcation of the finrte element method is 
accomplrshed by usrng a linear equation 
(Eq (2)) as the definrng now-head loss re­
latronshrp and the successive correclion 
of the pipe coefficrenl e until a unique 
solution is found satisfying both the 
equivalent !mear relalionship and a real 
nonlinear relationshrp such as the Haz­
en-Williams equation or the Dar­
cy-Weisbach equation. When this unique 
solulion has been found for all pipes the 

Q, -c., o 
o, -c., c .. +c6 -cb 
OJ o -cb 

network drstrrbutron has been solved 
The program. GEN FE M. allows a 

chorce of the Darcy-Wersbach cquatron 
or the Hazcn- Wrllrams equatron The 
Hazen-Wrlhams equatron wrll be used for 
purpo~es of explanatron, although the 
method is 1den1ical for bolh equations 
The relatronshrp used lo define now ver­
sus head loss 1s shown rn frg 2. The tran­
sttron from lamrnar to lurbulent condi­
uons for prpe Oow occurs at a Reynolds 
Number R,.. of approximalely 2 000 RN is 
defined by the pipe drameter D. and the 
dynamic vtscosity ¡.¡., the density p and the 
'now velocily V of lhe fluid flowing. 

pVD 
RN= -­

¡.t. (22) 

The flow Qr at which transitton occurs~ 
corresponding toa RNof 2 000, is given by 

2000 ¡.¡.A 
Qr""' VA= --;¡;- (2)) 

For Oows less !han Qr, the flow ~s hel!d­
loss relatronship is !mear. To avoid a dis­
contmuity in the definrng relationship be­
cause of the transrtron regron between 
laminar and turbulenl now, the !mear re­
latron~hrp is obtamed by simply joining 
the orrgrn to the point (hr,Qr) with a 
strarght hne. The coordina te hr is found 
from a substilution of the flow Qr into the 
turbulent Oow equahon The lrnear por­
lron of the graph, the laminar region, does 
not enter rnto the calculations of a practr­
cal problem The value of qrranges from 
05 to 5 gpm for 6-16-m. drameter pipes 
whereas typical nows range from 200 to 
5000 gpm for these srze prpes, well into 
the turbulent range ' 

The Hazen-Wrlliams equalion relates 
the head loss h to the pipe drameler D, lhe 
pipe lenglh L, lhe Hazen-Williams coeffi­
cienl CHw. the flow q and a coefficient e' 
for unit conversion. 

L 
h=c' -

D 487 

q 18S 
(-) 
CHw (24) 

Th1s equalron can be rewritten for a par­
ticular pipe by grouping terms rnto one 
constan! cr. 

h = crq' as (25) 

Tlfe solution technique can be divided 
into lhree sleps. The first step is lo selecl 
an initial value of the pipe coefficient e for 
each pipe and combine lhese to yield the 

-cd H, 
o o 112 

-e, HJ (20) 
o. 

[,+e, 
-cd o 

Cb +C, +C1 -e, Cc+Cd+C~ 

o ] =2: 
C~+C.L 

H4 
Os o o -<_" 1 -e~ Hs 

\ 

1 Ot r+~ .-c., o -cd 

o ] 
lOO 

~ 700 -c., C.,+C6 -cb o o H2 
400 "" o -cb. C&+Cc+C¡ -e, =2 HJ 
o -cd o -e, Ce +Cd+C,. H4 

600 o o -e, -e~ Cr+C.r. Hs 

(21) 
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matrrx fllpC cocl IICient~ e The SY'iiCrn 
matrrx rs thcn .,olvcd for lhc valuc of thc 
prezomelrrc hcad al cach JOrnt Secondly. 
the rndrvrdual prpe Oows q are calcuialcu 
by use of Eq (2) usrng the driTerences bc­
tween the determrncd p1ezometric heads. 
These flows are then sub~lrtuled rnto Eq 
(25) and srnce (cr) for each ptpe rs known, 
the prpe head losses are calculaled lf the 
prpe head los~cs obtained from Eq (25) 
correspond to those oblarned from the 
matrrx solutron, lhcn lhe unique solut10n 
satrsfyrng both the Hazen-Wrlliams equa­
lron and lhe lrnear Eq (2) has been found 
The third and frnal step required rs lo 
change lhe value of e to converge the 
problem lo a solulron rf there is a 
drfference between the head iosses calcu­
lated by the two melhods 

A more detailed explanalron of each of 
lhese sleps follows. The initra! value of the 
pipe coefficient c1 is chosen to correspond 
lo Rtv of 200 000 in each pipe, a typrcal 
value for a praclrcal problem. The Oow 
(q1) is then calculated from lhe Reynoids 
Number relatronshrp, Eq (26)· 

200000 ~tA 
Qr = VA pD (26) 

The value of the head loss h1 correspond­
ing to this Oow q1 rs calculated from Eq 
(25)· 

h, =C'fq¡185 (27) 

The pipe coefficrenl is then found from Eq 
(2) as shown m Frg 3 

q, 
e,= h¡ (28) 

This rnrtral value of lhe p1pe coeffic1ent c1 
for each prpe is lhen combrned, accordrng 
to the geometry of the network into the 
prpe coeffrcienls e, used rn the matrrx 
descrrptron of the nelwork system The 
matrrx is then sol ved lo yreld the firsl estr­
matc of the piezometrrc heads al each 
jornl 

The allowable devratron between a prpe 
head loss determined from the matriJ• 
solulion of the joint piezomelric heads 
and the correspondrng value from the 
Hazen-Williams equatron rs a variable and 
can be specified for a particular case tak­
ing into account the type of problem and 
the degree of precision desired for the 
solution 

The thrrd Slep, adjUSirng !he value or c. 
was developed wrth two crrlerra m mrnd 
The solutron should converge reasonably 
raprdly, yet the technrque should remarn 
srmple Durrng the checkrng procedure, 
the Oow qc for each pipe calculated vra Eq 
(2), and the matnx soluuon rs used to de­
termrne the head loss h, from the 
Hazen-Wrlhams equalron The first pro­
cedure used rn lhe development of the 
program was to obtam the correction of 
the e value for each prpe by assummg thal 
the poinl h" q, was the unique solutron 
and thus the corree! lmear relalronshrp 
was defined by a strarght hne Joinrng this 
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pomt to the ongm and defined by Eq (29) 

qc 
h= (-) q (29) 

he 

OThe new value of e was then set equal to 
qr 

--¡; When all the p1pe coefficu:nts were 
cJrrected In a Similar way, the now diS­
lnbUIIOn obv10usly was altered, and th1:> 
mcthod proved to be an overcorrect10n 
when the matnx was resolved. To dampen 
th1s overcorrect10n effect, an averagmg 
techn1que was mtroduced. The corrected 
value of e is taken to be the mean of the e 
value defined by Eq (29) and the value of 
e used to obtain the matnx solullon Th1s 
method of correctmg e 1S shown m F1g 4. 
Thc averagmg method reduced the num­
oer of cycles reqUired for convergence by 
approximate!y one th1rd 

Exemple Problems 
lt IS not the mtt"nl of this arl1cle to pre­

senl extens1ve companson of dlfferent 
network problems smce any compamon 
of computer programs must take mto ac­
count ease of input data and nex1b1ilty of 
use as well as efficiency of computer t1me. 
Two example problems are d1scussed to 
point out sorne apparent potential advan­
tages of the fimte element approach. 

An example problem3 shown m F1g 5, 
consisting of nmeteen pipes and th1rteen 
joints, was sol ved usmg the PA WDS pro-

n gram and the GENFEM program. The 
\ PA WDS program solved the system in 
' /' eighteen rteration cycles and 1.07 s. The 

GENFEM program solved the network in 
fifteen iteration cycles and 4.73 s. Ob­
viously, this example does noi indicate a 
preferential method, but is inc!uded so 
that it can be cons1dered wtth the next ex­
ample to show the elfecl of mcreased sys-
tem size. · 

The second example problem w1th 75 
pipes and 57 jomts was also solved with 
both programs. The particular problem 
had been submitted by an undergraduate 
student and would not converge m the 
ailowed time usmg the PA WDS program. 
8oth the t1me limit ar.d the 1teration cycle 
iim1t were mcreased, and the problem 
eventually converged by the use of the 
PA WDS program after 16 048 iteratior. 
cycles and 768 s. The same problem was 
sol ved with the GEN FEM program after 
twenty iteration cycles and 22.2 s Th1s 
problem h1ghhghts the apparent iack of 
convergence problcms for the fin¡tc-ele­
ment method and also shows, when com­
pared w1th the first example problem, that 
for the finite-element method, !he num­
ber of iteration cycles to convergence ap­
pears virtually independent of the num-

u ber of p1pes and joi.nts. 

Dlscuselon 
The finite-element method is not re­

stncted toa pipe as the only element. Any 
type of hydraulic element can be included 
that can be defined by a fJow-head loss, re-

latJOnshlp Whcn the prpe network is 
relatrvely sma!l, such a'i m an 111dustnal 
pla:H p;pmg system, the fittings may 
become major head loss contributors The 
head loss h across any of these elements 1s 
usually considered to be d1rectly propor­
tional !o the velocity head by a coefficient 
k correspondmg to the type of element 

h=k 
V2 

2~ 
(30) 

Th1s can be easlly converted to the re­
quired form, that is, in terms of flow q 
knowmg the area A of the element. 

k 
h= - q2 

2gA2 
(31) 

A pump can be included in the system 
since a pump merely provides a "head 
gam" or negattve head loss. The use of a 
pump element reqUJres a flow-head loss 
rela!Jonshrp (the head-capacity curve for 
the pump) lf the 1nformat10n. is not 
ava1lable as an equation relatmg discharge 
and head, the pump mformation could be 
provided m fabular form In this form the 
program would use linear interpolatron 
between any two data pomts 

The bas1c fin1te-element method 1s not 
restncted to pipes nowmg full. In pract1ce,1 
water systems often contam open chan-'--' 
neis in the headwater sect10ns These 
open channels or even pipes flowing par­
tially full can be included for analysis The 
only requiremer\,[ for an element is that 
the flow can be related to the head loss. 

The range of hydrauiic elements that 
can be included is limitless, provided a 
flow-head loss relationship for each ele­
ment is known. An exact system repre­
sentation can be obtained by mtroducing 
a comJlination of all ther hydraulic ele­
ments causing head loss 'or gain in the 
system While d1scussmg this point one 
should remember that methods such as 
the Hardy Cross method of balancmg 
heads technique5•

7 require that all pipes 
are part of a loop. Typically, reservoirs or 
elevated tanks have one p1pe connecting 
to the d1Str1bution S}'Stem andan artificial 
pipe JllUSt be introduced to make a loop so 
that the~ Hardy Cross balancing heads 
solution method can be applied. 

The use of high-res1stance artificial 
p1pes in the net'work has, in fact, often 
contributed to convergence difficulties. 
To simulate the actual cond1110ns, the' ar- 1 

tlfiCial p1pes introduced to form·Ioops are 
often of small d1amet~r and h1gh resist­
ance so that they carty an ins1gmficani 
flow and hence can be neglected As was 
pomted out earher, th1s is the exact condi­
tion that creates convergence problems. 
The finite-element method doi!S not re­
quire the use of artificial p1pes to complete 
a loop since the connectiv1ty of the ele­
ments 1s defined explicitly by the system 
matrix. Consequently, tree-type systems 
are readily solved with this procedure. In 
fact, the GENFEM program wás used 

388 WATER TECHNOLOGY/DISTRIBUTION 

very succcs~fully dunng thc 1974 spnng 
semester at Lehrgh Unrv !o analyze a 
transmrssron system problem that was 
almos! ent1rely tree type w1th approxi­
mately ten loops mcluded 

The rnput data reqUJred for the program 
is equivalen! lo other solut10n techmques 
w1th the ma)Or exception that loop data 
does not need to be mcluded. The dis­
tnbutJOn network 1s defined by mput of 
the number of the p1pe and the jomts to 
which rt 1s connected Another advantage 
over sorne solut10n methods 1s that any 
number of pomts of known pressure can 
be preselected 

W1th loop-solutron methods, all ptpe 
and jomt mformat10n must be available to 
the program at the same t1me Thts puts a 
defintte hm1t on the s¡ze of !he sy~.tem thal 
can be solved The fmite-element pro­
gram, GENFEM, however, can operate 
on blocks of data Thus, there is virtua!ly 
no limit to the size ofthe network that can 
be solved The element and nodal mfor­
matiOn can be stored on magnetic tapes or 
other dev1ces and then read from the 
storage devtce m blocks, operated u pon, 
and returned to storage on the tapes This 
feature must gain greater sqinificance as 
water-dlstnbutton networks become 
largcr and more mterdt·pendent 

As stated prev1ously, although no! 
bemg specific toa finite-eiement program, 
the program developed has two addit10nal 
features worth n"otmg. F~rst, the program 
GENFEM provides a choice oftwo estab­
lished lnow-head loss relatlonships. The 
Hazen-Williams equation has already 
been stated as Eq (24). The Dar­
cy-Weisbach equation relates the same 
variables and includes the fnction factor f. 

L 
h= (1-) q2 

D2gA2 
(32) 

An exphc1t expression 12 for the fnct10n 
factor 1 IS used rather than the class1ca! 
implic1t Colebrook and Wh1te equatlon 12 
that requires an 1terat1ve solution The 
frict1on factor 1 is expressed m terms of 
the Reynolds Number R,v and the relatrve 
rough ness " where " is the rat1o of the a b· 
sol u te roughness e to !he p1pe diameter D. 

f=0094¡c02S5 +053K + !11!~44 R -!62.0134 
' .V (3J) 

Second. allowance for changes m tem­
perature has been mcluded smce temper­
ature apprec1ably alfects the viscosity and 
to a neglig1ble degree, the denstty of 
water. The VISCOSity of water over a tem­
perature range of 5C-30C vancs from 
0.0152 poise to 0.8004 centrporse. An 
algonthm 13 in terms of temperature T in 
degrees Celsius is used to define the 
viscosity f-1. in p01se. 

! = 2 1482 ({T- 8 435) + .j8078 4 + 
¡.¡. 

IT-84352)- 120) 
(34) 

The program is written so that the tem­
perature can be spec1fied for each p1pe. 
Any set of temperature cond1tions can be 
investigated for a particular c•rcumstance. 
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Practtcal adaptd!IOn or the fintte-ele­
ment method should rcqu1re a mm1mum 
of computer programmmg stnce mo~t 
engtneenng firms dnd umversttte<; have 
finite-element programs readtly avatlable. 
The ease of modifymg these programs de­
pends upon the generahty of lhetr nature. 

Summary 
The many advantages of the finite-ele­

ment method havc been documented. 
Most of thcse advantages hold true in a 
compamon of any loop melhod to the 
lintte-element melhod The ma}or advan­
tage is the speed or convergence and the 
apparent lack of convergence problcms of 
the proposed rnrthod over the Hardy 
Cross balanctng 11ows method Other im­
~ortant advantages are the abtlity lo m­
elude in the ana!ysts ali types of hydraulic 
elements, the choice of Oow-hcad loss re­
iationshtps, the lack of art!lictalloops, the 
ease of adaptton of existing finite-element 
programs, the unhmited network size, and 
finally, the abihty lo account for tempera­
tu re effects. 
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Over the past two decadee, the finite­
element method has been increas­
ingly usad in a variety of engir.eering 
flelds lncludlng structural analysls, 
soild mechanlcs, and soil mechanics. 
The method uses the relationship be­
tweer: the basic properties of each 
discreta element to define the 
behavior of that elemant. A solution 
for the response of the overall 
system, subject io a set of boundary 
condltlons, ls provlded by aolvlng a 
cet of compatlblo slmultaneoua 
equatlons by matrht eolutlon tech· 
nlquee. 

The eqUJvaience of structural systems 
and prpe networks h;~s long been recog­
nrzed, and there are many examples of 
concurren! apphcatron of solu11on tech­
nrques or !he exch.mge of solut10n meth­
ods The c;yslcm of cquatrons for struc­
tural problcms rs normally !!ne::r Jnd 
hence su1table to matnx solution 

Although a specific p1pe-network prob­
lem can be defined using a fin1te-element 
approach,1 the actual solution of the net­
work problem becomes very d1fficult 
because of the nonlmear constJtUtJve 
equatrons relatmg !he now and head loss 
in each p!pe or element Indeed, matnx 
solut10n of the·p¡pe-network problem1 has 
been achteved usmg extensive numencal 
analysis and graph theory but without 
recogmuon of the advantages of tite 
fin1te-element m el hod 

The successful apphcatron of the finite­
element method to p1pe-network prob­
lems shows that the method is not only 
superior to convent10nal Hardy Cross 
solut10n techn1ques but that the further 

~ ) advantages of complete network repre­
~ sentation, simpllfied input data, and un­

limited network s1ze can be obtained. 
Although not specificr to a finite-element 
solution, the program developed ·allows 
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for wlutlon by e1ther the Hazen-WJIII<lms 
or lhc lJarc\'-W;:¡siJ,Il'h now-head-loss 
rcl.il!onshiPS- ;he proúam also can con­
Side, the elfect of temrerature var'tat!Ons 
on heao ioss throughout the ne1work 

The computat•onal Jlgonthm used to 
amve al the untque ~olutron for an easdy 
sol ved !mear sy~tem equ¡va!ent to !he true 
nonlmear system fo; the p1pe networks 
was mamtamed in an extremely o;1mple 
form m thrs art1cle so that the advantages 
of the fin1te·element method could be 
readrly observcd Undoubtedly, funher 
appl!cation of numencal-analysrs tech­
n¡ques would rmprove the effic1ency of 
the method. 

There are two specrfic reasons f01 !he 
development of th1s method Frrst, a com­
puter program, PA WDS,34 wh1ch uses the 
Hardy Cross solut10n 5 method of balanc­
rng flow for p:pe-net work problems, rs 
used m undergraduate courses at Lehrgh 
Unlv rn Bethlehem, Pa Th1s Hardy Cross 
method or vanous refinements of the loop 
methcx:l (balancing heads in loops) wcre, 
m 1973, stJII used extensively m under­
graduate educat1on, engmeering practice, 
and research. 6 ' 

The Hardy C'ross approach to pipe-net­
work analysis uses as a bounda~y condi­
tion ellher the fact lhat the algebraic sum 
of flows at any joint rs zero (balancmg 
nows) or that the algebraic su m of !he 
head loss around any loop rs zero (balanc­
ing heads) These are srmply adaptations 
of the class;cal conservat1on of mass and 
conserva:1on of energy, respechvely De­
pendtng upon the entena used, a correc­
tion 1s applled to•the assumed pipe nows 
or assumed piezometric heads untrl con­
vergence to a solutron 1S obtained Thrs 
classrcal rteration procedure is quite 
sat•sfactory for most well-conditioned 
prpe systems. However. !1 has been 
pomted out that convergence toa solutron 
is not necessarily guaranteed. 
Therc .1ppears t(l be nothm¡; mhe;erH in erthcr 
lhc electrrc analyzer w1!h ordmary resrstors or 
thc llardy Cr~s method wh1ch will consrstently 
produce convcrgence of lhe crrors toward zero 
wuh subsequent adjustments H 

The PA WDS program used at Lehigh 
Univ was plagued by convergence prob· 
lems typical of the Hardy Cross method. 
Ddlingham and Cleasby9 point out that 
when usin¡; the balancmg-heads method, 
a pipe or prpes with high resistance to now 
compared wrth others in the nctwork can 

- result in calculated flow corrections larger 
and in the opposite drrec:1on lo the cur­
rently assumed liow. Th1s will often cause 
a d1vergence m the computations. and no 
solutron can be obtamed. When the meth­
od of balancing nows rs used. D1lhngham9 

points out that if a large pipe of short 
length and re!atively iow 11ow exist.s, 
many itera:rons are necessary before an 
appreciable change in piezometric head is 
obtamed if the value of the assumed 
p1ezometric head is incorrect. These situa­
tions ere very practica! in their nature. 

Typ1cal plpe-dislnbutlon nNworks 10 h,tve 
thc~e ex .. ct cond!lrons 

An extcmrvc d1scu~~'on of !he con­
vergcnce problems of the HJrdy Cross 
method and thc PA WDS progrJm rn par­
ticular !S not mtended m th1s art1cle. but 
the ex1stence of these problems should be 
noted. 

The second reason for developmg the 
solut;on technrque was because of the ex­
rstence of a very cfr1crent fimte-element 
program, GEN FEM, developed by 
De~ai 11 The advantage of this program is 
1ts completely general nature and hence 
easy adaptat10n for the p:pe-network 
problem The mathematlcJI b3SJS and the 
mcthod of apphcalion of the fin¡te-ele­
ment method rs dcscnbed m detall to 
allow easy adapt10n of other exr~tmg 
finrte-element programs for use m solvrng 
water-drstnbut1on-networJ.. problems 

Application of the Finite-Element 
Method 
Mathematical baals. When the finrte­

element method ts apphed lo a structural 
probicm, the ~truclure 1s subdJvtdcd mto 
d1screte elements Each of these elements 
must satrsfy three cond1tions: 

l. Equihbrium of forces must be mam­
tained. 

2. Compaubthty must be maintamed 
3 The force-<lisplacement relationsh1p 

specified by the geometnc and elastrc 
properlles of the d1screte element must be 
sat1sfied. 

1 he force Fin the member or element 
is related to the displacemen t u and the 
element properties or stilfness K by Eq 
(l). 

F=K u (l) 
The sum of the forces rn the members at 
each node of the structure is zero except 
where an externa! force JS appl1ed. By 
combtnmg Eq (l) rcr all the elements m 
the stru·~ture tnto an equauon of tdcnticai 
form to Eq ( 1) and solvmg for dJspiJce­
ments, the equrhbnum of thc system is 
satisfied 

An equ¡valent set of condtt10ns for a 
pipe network exists, hence, the ab1hty to 
draw the analogy: 

l. The algebraic su m of the nows at any 
joint or node mus! be zero. 

2. The value of the piezometric head at 
a joint or node is the same for ail prpes 
connected !o that JOmt. 

3. The flow-head-loss relauonsh1p 
(such as Darcy-Weisbach or Hazen­
Williams) must be sallsrfied for each ele­
ment or ¡>rpe 
The condltrons for a p1pe network deal 
with SCdlar quant1ttes, whereas the struc­
tural COndti!OnS deai Wlth VeCtOr QUan­
tit:es. Tl1e analogy is drawn between the 
magnitude<; of !he equivalen! quantities as 
the vector aspects of the flow have no 
meaníng for the networ!< problem. 

For a direct apphcation of the finite-eie· 
ment method mvolvrng a matn.x solu!Jon, 
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a lmcar rcl.11ionship •~ rcqUJrcd lo define 
thc clcmcnl or ptpc llcnce al tlm poml. a 
relal10nship ofthe form of Eq (2) hctwccn 
flow q. head loss hand the hydrauhc prop­
erties of the pipe e will be assumed. 

q = eh (2 
The melhod of solut10n lo make Eq ( ~ 
equtvalenl lo eslabhshed nonhnear now­
head-loss relalionshtps wtll be described 
subsequently. 

The head loss h tn Eq (2 1 is lhc 
ditference belween thc p.tezometnc hcad 
Hoflhe nades or JOmts al each end ofthe 
element or pipe conlributmg to the sum of 
the nows Q al lhat JOtnt The plpe-syslem' 
matnx 1s assembled by wnltng the equa­
tions for the sum of the 'nows Q at each 
joinl since thtS value IS known lO be Ct!her 
zero or equal to the 1mposed externa! now 
or demand. Alternat1vely. 1f the 
piezometric head is specified ata joint, the 
su m of the pipe nows is imphcitly defined. 
The resulting set. of s1mullaneous equa­
tions can be combined into matrix form 
defining the en tire pipe system in terms of 
lhe sum of nows Q al a joint and of lhe 
piezometric heads H al lhe joints. This 
matrix has lhe form 

Q=CH (3) 
When the malr.ix is solved, the plezomet­
nc heads at al! joints are obtamed. The 
difference tn piezometric heads between 
two joints, whii:h is the head loss, can be 
substituted into Eq (2) to calculate the 
flow in the pipe bctween thosc two JOints. 
The direction of now is automatically 
preserved by tak1ng the stgn of the 
dlffercnce of the p1ezometric hcads into 
account. 

The finite elemcnt 'representipg the 
pipe is of thc simples! form poss1bl~. Each 
clemenl is one dimensional and has one 
degree of frcedom at each node or joint. 
To apply the summat1on of the nows at a 
joint successfully, a con ven tion must be 
adopted. Flow into a joint is taken as posi­
tive, and now out of a JOint is ·negative 

The analysts· of a Simple pipe network, 
Fig. l, is used to show-the applicat10n of 
the finite-element method Using the con­
dition that. the sum of the pipe nows 
(%,q6, ..•. ) in or out of a jomt must salisfy 
the equilibrium now criteria (Q1, Qz, ... ) 

. (i.e., the boundary conditions) al lhat 
joint, one can write the following equa­
tions: 

Q, =qa+ Qd (4) 
Oz = Qa + Qb (5) 
QJ=qb+q,+q¡ (6) 
Q4=q,+qd+qc (7) 

' ~=~+~ (~ 
The individual pipe nows can be ex­
pressed by Eq (2) noting that the head 
loss h is equal .to the·:difference in the 
piezomelric heads of :·the joints at each 
end of the particulá'~!:·pipe. 

qa = ± Ca(H,- H2) (9) 
qb = ± Cb(H2 - H3) (1 0) 
q, = ± C,(H3 - H4) (11) 
qd= ± Cd(H,- H4) 02) 
qe = ± Ce(H4- Hs) (13) 
q1= ± c1<H3 - H5> 04) 
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fi.JU,J!IOnS (4-8) can now be written in 
1 erm~ ol the pipe coertlc1ents (C •. C,. . ) 
JrJd thc p1czometnc hcads (!!1,!!2, • ) 

[ onSISiency of now dirCC!IOnS is taken 
miO account by assuming the flow is away 
lrom the joint bemg considered, that is, n the p!CZOffiClr!C head at the Other joints is 
subtracted from the p1ezometric head at 
the ;mnt being cons1dered 

n 
1 ( 

V 

Q1 ~c.(H,- H2) + Cd(H,- /14) (15) 
0.• -C.(/12- H1> + Cb(/12- H~) (16) 
0J ==che HJ- /12) + Cr(H3- H4l (17) 

+ CrCHJ- H1l 
04 == OH4- /IJ) + ('rl( /14- H,) ( 18) 

+ C,(/14- 11~) 
Q1 == C,(H5 - H4) + C¡CHs- /13) (19) 

Equatwns (15-19) can be combined 
into the matrix form of Eq (3) lo yield Eq 
( 20). (See below) 

For this particular example, the foliow· 
ing boundary conditions are given. 

111 = 100 n 
Q2 = 700gpm 
Q3 = 400gpm 
Q4 =Ogpm 
Q1 = 600gpm 

Substituting these values into Eq (20) 
gives Eq (2!) as the final form for solu­
tion (See below) 

The values of the coeffictents 
(C •. C6, ••• ) for each pipe are determined 
by the procedure to be outlined. The 
unknowns, H2, H1, H4, H,~and Q¡, can be 
obtamed by solving the matrix Eq (21). · 
The llows in the individual pipes can be 
found, as prev10usly stated, by substitut· 
ing into the defining equat10ns (Eq [9-14) 
for th1s example) after the piezometric 
heads have been found for each jomt. 

Method of appllcatlon. For thé suc­
cessful apphcat10n of the finite-clement 
method, the consti!Utlve equation) used to 
relate flow and head loss must be !mear or 
the matnx solution cannot be applied. In 
reah:y, the relationsh1p IS nonlinear and 
vanes w1th the equation chosen. The ap· 
plicai!On or the finite element method is 
accomplished by usmg a linear equat10n 
(Eq [2)) as lhe defining flow-head loss re­
latiOnshlp and the success1ve correct1on 
of the p1pe coeffic•enl e until a unique 
solution 1s found satisfying both the 
equivalen! linear relationship and a real 
nonlinear relationship such as the Haz· 
en-Wilhams equation or the Dar­
cy-Weisbach equation. When th1s unique 
solution has been found for all pipes the 

Q¡ o 
Oz -c., Ca +Ce -e, 
OJ o -e, 

network distnbu!lon has becn solved. 
The program GENFEM. allows a 

cho1ce of the Darcy-We1sbach cquat10n 
or the Hazen-WJIIIains equJtlon The 
Ha7.en-WIIhams equat10n wlll be used for 
purposes of explanauon, although the 
method is 1dentical for bolh equa110ns. 
The relat10nsh1p used to define tlow ver­
sus head loso; 1s shown m F1g. 2 The lran­
SI!Ion from lammar lo turbulent condi­
tions for p1pe tlow occurs at a Reynolds 
Number R~'< of approx1mately 2 000. RN JS 
defined by the p1pe dwmeter D. and the 
dynamic viscosity p., the density p and the 
'fiow velocily V of the tluid tlowing. 

pVD 
RN= -­

¡.t (22) 

The flow q7 at which transition occurs~ 
corresponding toa RNof 2 000, is given by 

2 000 ;.tA 
qr= VA= ---;;o- (23) 

For tlows less than Qr. the tlow v,s head­
loss relat1onship is lmear. To avoid a dis­
continUIIY in the defining relationship be· 
cause of the trans1tion reg1on between 
laminar and turbulent tlow, thc linear re­
lat10mh1p is obtained by simply joinmg 
the o'ngm lo the pomt (hr.Qr) with a 
s1ra1ght line The coordínate hr is found 
from a substitution of the tlow Qr i.nto the 
turbuient Oow equat10n The line.ar por­
han of the graph, the laminar region, does 
not enter mto the calculations of a practi­
ca! problem The value of Qr ranges from 
O 5 to 5 gpm for 6-16-m. d1ameter pipes 
whereas typical tlows range from 200 lo 
5000 gpm for these s1ze p1pes, well mto 
the turbulent range. ' 

The Hazen-WIIIiams equation relates 
the head loss h to the pipe diameter D, the 
pipe length L, the Hazen-Williams coeffi­
cient CHw. the flow q and a coefficient e' 
for unit conversion. 

L q 185 
h=c' - (-) 

D 487 CHw (24) 

This equation can be rewritten for a par­
ticular pipe by groupmg terms mto one 
constan! er. 

h = crq' ss (25) 

Tlfe solution techmque can be divided 
into three steps. The first step is lo select 
an initial value of the p1pe coefficienl e for 
each pipe and combine these to yield the 

-cd Hl 
o o H2 

-<:"r Hl (20) 
Q4 

["+e, -<:, 

-cd o 
C6 +Ce+C¡ 

-ce Cr+Cd+C, 

o ] 
~ 

c. +c.r. 
H4 

º5 o o -c, -c, Hs 

u Q, fc.,+cd --c., o -cd 

o ] 
100 

700 

l~ 
C.,+C;~ -e, o o H2 

400 ... o -e, C6 +Cc+C1 -ce ~ HJ 
o -cd o -ce Cc+Cd+C, H4 

600 o o -ce -e, c,,+ct. Hs 

(21) 
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matnx pipC COCtiiCICnl'i e The o;y<;lcrn 
matnx 1o; thcn ~olvcd for !he valuc ni tl1c 
p1ezometnc head at each JO!nl. Secondly. 
the md1v1dual p1pe nows q are calculalcu 
by use of Eq (2) usmg the d1fferences bc­
tween lhc determmcd p1czometnc heads. 
These nows are then sub~11tuted inlo Eq 
(25) and s1nce ( er) for each p1pe JS known, 
the p1pe head losse~ are caiculated lf the 
pipe hcad lo<;ses obtamed from Eq (25) 
correspond lo those obtained from the 
matrix solut1on. then thc un1quc solut10n 
sa11sfy1ng both thc Hazen-Williams equa­
t!On and the llneJr Eq (2) has been found 
The th1rd and f1nal step requ~red l'i to 
change the value of e lo converge the 
problem to J solut10n 1f there IS a 
d1fference between the head losses calcu­
la!ed by the two methods 

A more detatled explanation of each of 
these steps foliows The init1al val u e of the 
pipe coeffic1ent e1 1s chosen to correspond 
to Rrv of 200 000 m each pipe, a typ1cai 
va!ue for a pract1cal problem. The flow 
(q1) is then calculated from the Reynoids 
Number relallonship, Eq (26) 

200000 p.~A 
q1 = VA pD (26) 

The value of the head loss h1 correspond­
ing to th1s flow q1 is calculated from Eq 
(25): 

h1 =erq11ss (27) 

The pipe coeffic1ent is then found from Eq 
(2) as shown m F1g 3 

ql 
CJ = -¡¡¡ (28) 

Th1s mllial value of lhe p1pe coefficJent e1 
for each p1pe 1s then combmed, accordmg 
lo the geomelry of the network inlo the 
p1pe coefflcients C1 used m the matnx 
descnpt10n of the network system The 
matnx 1s then sol ved to y1eld the first esti­
ma te of the p1ezometnc heads al each 
JOIOI 

The allowable devJatiOll between a p1pe 
head loss determined from the matnx 
solution of the joint p1ezometnc heads 
and the corresponding value from the 
Hazen-Williams equatJOn is a variable and 
can be specified for a particular case tak­
ing into account the type of problem and 
the degree of prectsion desired for the 
solution. 

The third step, adJUSimg the value of e, 
was developed w11h two entena m mmd 
The solut10n should converge reasonably 
rapidly, yet the techn1que should remam 
Simple Dunng the checkmg procedure. 
the tlow q, for each p1pe calculated v1a Eq 
(2), and the matnx soluuon 1s used to de­
termine the head loss h, from the 
Hazen-Williams equa110n. The first pro­
cedure used m the development of the 
program was to obtam the correct10n of 
the e value for each p1pe by assummg !hat 
the point hr qc was the umque solu110n 
and thus the corree! lmear relat1onslup 
was defined by a strmght lme JOinmg this 
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potnl to the ongtn and defined b)' Eq (29) 

q (29) 

~ The new va!ue of e was then set equal to 
\ 1 qr 

7í · When all the p1pe coef!1c1ents were 
cc~rrected tn a Similar way, the now dJS­
trrbutiOn obviously was altered, and th1s 
method proved to be an overcorrect10n 
when the matnx was resolved To dampen 
t~ns overcorrect10n effect, an averagmg 
techn1que was mtroduced. The corrected 
value of e is taken te be the mean of the e 
vaiue defined by Eq (29) and the value of 
e used to obtam the matrix solut10n This 
method of correcltng e iS shown m Fig. 4. 
The averagrng method reduced the num­
oer of cycles requircd for convergence by 
approximately one th1rd 

IExampie Problema 
lt :s not the in ten! or thi<> artlcle to pre­

sent extensive companson of ddferent 
network problems smce any comparison 
of computer programs must take mto ac­
count ease of input data and nex1b11tty of 
use as well as efficiency of computer time 
Two example problems are d1scussed to 
polnt out sorne apparent potent1al advan­
!ages of the fimte element approach 

An example problem 3 shown in F1g. 5, 
consistmg of nineteen pipes and th1rteen 
joints, was solved using the PAWDS pro-

n gram and the GENFEM program. The 
, PAWDS program solved the system in 
\___/ cighteen iteration cycles and 1.07 s. The 

GENFEM program solved lhe network in 
fifteen iteration cycles and 4 73 s. Ob­
viously, this example does not rndicate a 
preferential method, but is included so 
that 1l can be considered w¡th the next ex­
ample to show the elfect of increased sys-
tem size. -

The second example problem w1th 75 
pipes and 57 joints was also solved with 
both programs The particular problem 
had been submitted by an undergraduate 
student and would not converge m the 
allowed time using the PA WDS program. 
Both the time hmit and the 1teration cycle 
lim11 were mcreased, and the problem 
eventually converged by the use of the 
PA WDS progrdm after 16 048 iteration 
cycles and 768 s The same problem was 
solved with the GENFEM program after 
twenty iteration cycies ·and 22.2 s Th1s 
problem h1ghlights the apparent lack of 
convergence problcms for the finllc-ele­
ment method an,d also shows, when com­
pared with !he first example problem, that 
for the finite-element method, the num­
ber of iteration cycles to convergence ap­
pears virtual!!' independent of the num-

u ber of pipes and joints. 

Dlscuaslon 

latJOnShlp When the p1pe network IS 
relat1vely small, such as m an industnal 
pla,1t piping system, the fit11ngs may 
become major head loss contributors. The 
head loss h across any of these clements is 
usually considered to be drrect!y propor­
tional to the velocity head by a coeffic1ent 
k correspondrng to the type of element. 

h=k 
V2 

2~ 
(30) 

Th1s can be ea~ily con verted to the re­
QUJred form. that IS, in terms of flow q 
knowmg the area A of the element 

k 
h= - q2 

2gA2 
(31) 

A pump can be rncluded in the system 
since a pump merely provides a "head 
gain" or negat1ve head loss. The use of a 
pump e!ement requires a now-head loss 
rela1Jonsh1p (the head-capacity curve for 
the pump). lf the mformat10n, is not 
avadable asan equat10n relating discharge 
and head, the pump mformation could be 
prov1ded m t'abular form In this form the 
program would use linear mterpolation 
between any two data points. 

The bas1c finite-element method 1s no! 
restricted to pipes nowmg full. In practlce,­
water systems often contam open chan-J 
neis in the headwater sect1ons. These 
open channels or even pipes nowing par­
tially full can be included for analysis The 
only requiremen,.t for an clement is that 
the now can be related to the head loss. 

The range of hydraulic elements that 
can be included is limitless, provided a 
now-head loss relationship for each ele­
ment is known. An exact system repre­
sentattOn can be obtained by mtroducing 
a combinat10n of all tht4 hydrauhc ele­
mentsdcausing head loss 'or gain in the 
system. While d1scus~mg this point one 
should remember that methods such as 
the Hardy Cross method of"balancmg 
heads techn1que5•7 require that ali p1pes 
are part of a loop. Typ¡cally, reservoirs or 
elevated tanks have one p1pe connecting 
to the d1stribution S}'Stem andan artificial 
pipe 11fUSt be introduced to make a loop so 
that the• Hardy Cross balancing heads 
solution method can be applied. 

The use of h1gh-resrstance art1fic1al 
pipes in the network has, in fact, often 
contrrbuted to convergence dJfficultles. 
To simuiate the actual condit10ns, the ar- ·, 
t1ficial pipes introduccd to form·loops are 
often of small diameter and lugh reslst­
ance so lhal they carty an insignificant 
now and hence can be neglecied. As was 
pomted out earlier, th1s 1s the exact condl­
tion that creates convergence problems. 
The finite-element method does nol re­
quire the use of artifidal p1pes to complete 
a loop :;:ince the connectivity of the ele-

The fintte-element method is not re- ments is defined exphcitly by the system 
stncted toa pipe as the only element. Any matrix Consequently, tree-type systems 
type of hydraulic element cao be' included are r_eadily sol ved with this procedure. In 
that can be defined by a flow-head loss" re- fact, th e GEN FEM program was u sed 
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very succcso;;fully durmg thc 1974 spnng 
semester at Lehtgh Un1v to analyze a 
transm1ssiOn system problem that was 
almos! ent1re!y tree type w1th approxJ­
mately ten loops mcluded 

The mput data reqlllred for the program 
is equ1valent !o other solution lechniques 
Wllh the major except1on that loop data 
does not need to be included. The dis­
tnbuttOn network IS defined by mput of 
the number of the p1pe and the jomts to 
which 1t 1s connected Another advantage 
over sorne solut10n methods IS that any 
number of pomts of known pressure can 
be preselected 

W1th loop-solut1on methods, all pipe 
and jomt mformatton must be available to 
thc prograrn at !he same t1me This puts a 
defin1te llmit on the s¡ze ofthe system tha! 
can be solved The f1mte-element pro· 
gram, GENFEM, however, can operate 
on blocks of data. Thus, there is vtrtually 
no IimJt lo the s1ze of the network that can 
be solved The element and nodal mfor­
matlOn can be stored on magnet1c tapes or 
other devices and then read from the 
storage dev1ce m blocks, operated upon, 
and returned to storage on the tapes Thts 
feature must gam greater sigñificance as 
water-diStrlbutiOn networks becomt: 
largcr and more mterdependent 

As stated previously, although nol 
bemg specrfic toa fin¡te-element program, 
the program developed has two addit10nai 
features worth nJoting. F1rst, the program 
GENFEM provides a choice oftwo estab­
lished lnow-head loss relationships. The 
Hazen-Williams equation has already 
been stated as Eq (24) The Dar· 
cy-Weisbach equat10n relates the same 
variables and includes the fnction factor f. 

L 
h= (l-) q2 

D2gA 2 
(32) 

An explic1t express1on 12 for the fnction 
factor 1 1s used ralher than the classica: 
1mplictt Colebrook and White equatlon 12 

that requ1res an tlerat1ve solutlon_ The 
fnction factor 1 lS expressed in terms of 
lhe Reynolds Number R,.... and the relallve 
roughness K where K is the rat1o of the ab­
solute roughness e lo the pipe diameter D. 

f=O 094~ 255 +o 53 K+ 88~44 R ,-! 62.o IJ4 
' ,\ (33) 

Second, allowance for changes m tem­
perature has been mcluded stnce temper­
ature appreCldb!y affects !he viscosity and 
lo a negllg1ble degree. the dens1ty of 
water. The v¡scoslty of water over a tem­
perature range of 5C-JOC vanes from 
0.0152 poise to O 8004 centJpotse. An 
algorithm 13 in terms of temperature T m 
degrees Celsius 1s used to define the 
viscosity ~ in poise. 

l = 2 1482 ({T- 8 4351 + .J8078 4 + 
~ 

[T-84352)-120) 
(34) 

The program 1s wntten so that the tem­
perature can be spec1fied for each ptpc. 
Any set of temperature condit10ns can be 
investigated for a particular circumstance. 
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PractJcal adaptJtJon of the fintte-ele­
ment method should require a min1mum 
of cornputer prograrnrning since most 
engineenng firms and univers1ties have 
finite-element programs readily ávaílable. 
The ease of modifymg these programs de­
pends upon the ge'nerality of their nature. 

Summary 
The many advantages of the finite-ele­

ment method have beco documented . 
. , Most of these advantages hold true in a 

comparison of any loop method to the -
finite-element method The maJOT advan­

·tage is the speed of convergcnce and the 
apparerlt lack of con vergence problems of 
the proposed method over the Hardy 
Cross balancing flows methpd. Other im­
portant advantages are the ab1hty to. in­
elude in the analysis all types of hydraulic 
elements, the choice of flow-head loss re­
iationsh•ps, the lack of art¡fic•alloops, the 
ease of adaption of existing finite-element 
programs, the unlimited network size, and 
finally ,.the ability to account for tempera­
tu re elfects. 
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Echegaray, Edo. de México 
Tel: 5-60-21-02 

11 . DR. JOSE S.· FLOR 1 O 
Rio Pánuco 63-301 
Col. Cucuahtémoc 
México 5, D. F. 
Tel: 5-66-22-47 

12. 1 NG. ARMANDO H. FUENTE S LOPEZ 
Retorno 104 de Ote. 160 No. 9 
Unidad Modelo 
México 1 3, O. F. 
Tel: 5-81-10-79 

13. ING. JOSE ANTONIO GARCIA VAZQUEZ 
Taj in No. 445 
Col. Narvarte 
Méx i co 1 2 , O. F. 
Tel: 5-43-39-22 

EMPRESA Y DIRECCION 

INSTITUTO DE INGENIERIA,UNAM 
Ciudad Universitaria 
México 20, D. F. 
Tel: 5-48-97-95 

SECRETARIA DE RECURSOS HIDRAULICOS 
Viena No. 20-301 
Col . Juá rez 
México 6, D. F. 
Te l: 591 -03-83 

COMISION FEDERAL DE ELECTRICIDAD 
Ródano No. 14 
Col. Cuauhtémoc 
México 5, D. F. 
Tel: 5-53-71-33 

COMISION FEDERAL DE ELECTRICIDAD 
Ródano No. 14 
Col. Cuauhtémoc 
México 5, D. F. 
Tel: 5-53-71-33 

DI VI SION DE ESTUDIOS SUPERIORES 
DE LA FACULTAD DE INGENIERIA,UNAM 
Ciudad Universitaria 
México 20, D. F. 
Tel: 5-48-58-77 

PETROLEOS MEXICANOS 
Bahia de Ballenas No. 5-10o.Piso 
Col. Verónica Anzurez 
México 17, D. F. 
Tel: 5-31-60-50 

INSTITUTO MEXICANO DEL PETROLEO 
Av. de los 100 Metros No. 152 
México, D. F. 
Tel: 5-67-66-00 



DIRECTORIO DE ASISTENTES AL CURSO TEMAS AVANZADOS DE ANALI SIS DE 
ELEMENTOS FINITOS (DEL 22 AL 26 DE MARZO DE 1976 ) 

NOMBRE Y DIRECCION 

14. ING. JOSE G. GASCA ESPITIA 
Manzana 304 Lote 54 
Ciudad Azteca 
México, D. F. 

1 5. 1 NG. LU 1 S JORGE GONZALEZ MORE NO 
Ave. Universidad 1900-50-403 
México 20, D. F. 
Te 1: 5-48-22-89 

16. ING. JOAQUIN GONZALEZ ZENTENO 
Punta Azul No. 22 
Fracc. Lomas de Val le Dorado 
Edo. de México 
Tel: 5-66-88-12 

1 7. 1 NG. LU 1 S HERREJON DE LA TORRE 
Valparaiso No. 77 
Tepeyac Insurgentes 
México 14, D. F. 
Tel :577-80-1)9 

18. ING. ARMANDO HERRERA KURI 
José T. Cuéllar No. 5 
Col. Obrera 
México 8, D. F. 
Te 1 : 5 78-38-65 

19. ING. MARCO ANTONIO ISLAS RAMIREZ 
Soria 89-1 
Col. AJamos 
México 13, D. F. 
Tel: 538-72-58 

EMPRESA Y DIRECCION 

COMI SION FEDERAL DE ELECTRICIDAD 
Ródano No. 14 
Col. Cuauhtémoc 
México 5, D. F. 
Tel: 5-53-71-33 Ext.2138 

UNIVERSIDAD NACIONAL AUTONOMA 
DE MEXICO 
Ciudad Universitaria 
México 20, D. F. 
Tel: 5-48-96-69 

INSTITUTO MEXICANO DEL SEGURO 
SOCIAL 
Durango No.291 
Col. Roma 
México 7, D. F. 
Tel: 5-53-21-11 Ext.135 

PETROLEOS MEXICANOS 
Av. Marina Nacional No. 329 
Col. Anáhuac 
México 13, D. F. 
Tel: 531-63-67 

SECRETARIA DE OBRAS PUBLICAS 
Xola y Av. Universidad 
Col. AJamos 
México 8, D. F. 
Tel: 590-89-86 

ISTME-ICA 
Mi ne rT a No. 1 4 5 
Col. Escandón 
México 18, D. F. 
Tel: 5-16-04-60 Ext.280 



DIRECTORIO DE ASISTENTES AL CURSO TEMAS AVANZADOS DE ANALISIS DE 
ELEMENTOS FINITOS ( DEL 22 AL 26 DE MARZO DE 1976 ) ----

NOMBRE Y DIRECCION 

20. ING. FELIPE KAIM FRANCIS 
B. Ortiz de Campos No. 2746 
Parques de San Felipe 
Chihuahua, Chih. 
Te 1: 3-68-58 

21. ING. ARTURO LARA LOPEZ 
Hidalgo 402-1 
Salamanca, Gto. 

22. ING. JOSE ROSARIO LARA SALAZAR 
Calle 2a. 1354-1 
Col. Ejidal 
Culiacán, Sinaloa 

2 3 . 1 N G . MAR T 1 N LO PEZ G U O 1 Ñ O 
G h i 1 a rd i 1 1 86 
Mezquitan Country 
Guadalajara, Jal. 
Tel: 23-70-00 

24. 1 NG. JORGE LOPEZ R 1 OS 
A 1 i e i a No . 4 1 
Col. Guadalupe Tepeyac 
México 14, D.F. 
Tel: 5-17-55-54 

25. ING. NAZARIO MARTINEZ REYES 
Secundaria 3 No. 574 
Col. Obrera Sur 
Monclova, Coah. 
Tel: 3-43-53 

26. LIC. EMILIO MEDEL GOMEZ 
La Venta 504 
Col. Bella Vista 
Salamanca, Gto. 

EMPRESA Y DIRECCION 

UNIVERSIDAD AUTONOMA DE CHIHUAHUA 
FACULTAD DE INGENIERIA 
Ciudad Universitaria 
Ch i huahua, Ch i h. 
Tel: 3-37-11 

UNIVERSIDAD DE GUANAJUATO 
Prol. Tampico s/n 
Apdo. Posta 1 21 5 Su e. "A 11 de 
Guanajuato, Gto. 
Tel:8-09-11 

Correos 

UNIVERSIDAD AUTONOMA DE SINALOA 
Constitución y Andrade 
Culiacán, Sinaloa 
Tel: 2-49-70 

UNIVERSIDAD AUTONOMA DE GUADALAJARA 
Paseo de las Agui las 7000 
Lomas del Valle 
Guadal ajara, Ja 1 • 
Tel: 16-99-00 

INSTITUTO MEXICANO DEL PETROLEO 
Av. de los 100 Metros 
México, D. F. 
Tel: 5-67-66-00 Ext.2384 

UNIVERSIDAD AUTONOMA DE COAHUILA 
Avenida Barranqui lla s/n 
Co 1 • Guada 1 u pe 
Monclova, Coah. 
Te 1 : 3- 1 8- 46 

FACULTAD DE INGENIERIA- UNIVERSI­
DAD DE GUANAJUATO 
Tampico s/n 
Salamanca, Gto. 

1 

1 

1 
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DIRECTORIO DE ASISTENTES AL CURSO TEMAS AVANZADOS DE ANALISIS DE 
ELEMENTOS FINITOS (DEL 22 AL 26 DE MARZO DE 1976 ) 

NOMBRE Y DIRECCION 

27. MIGUEL MEDINA GARCIA 
Edificio 33-A-302 
Unidad Cuitlahuac 
Méx i co 1 6 , D . F . 
Te l : 5-5 6- 3 5- 96 

28. ING. JOAQUIN MARIO MENDEZ SALDAÑA 
Edif. 7 Depto. 301 
Col. Doctores 
México 7, D. F. 
Tel: 5-78-28-93 

29. ING. LUIS ARTURO MOLINA BARRAGAN 
Avenida Venustiano Carranza No.703 
Ote. 
Monclova, Coah. 
Te 1: 3-09-73 

30. JUAN FRANCISCO MOREIRA RIOS 
Mozart No. 46 
Col. Peral vi llo 
México 2, D. F. 
Tel: 5-83-72-67 

31. 1 NG. AGUSTI N NAVARRO HERRERA 
Alberto J. Pani No. 153 
Cd. Satélite 
Edo. de México 
Tel: 5-62-42-03 

32. 1 NG. FE Ll PE DE JESUS OROZCO ZEPEDA 
Mezquitic 1090 
Colina de las Agui las 
Guadalajara, Jal. 
Tel: 22-76-06 

33. ING. ROBERTO ORTEGA RAMIREZ 
Mo 11 endo 1038-8 
Co 1. Li ndavi s ta 
México 14, D. F. 
Te 1 : 5-86-65-24 

EMPRESA Y DIRECCION 

SECRETARIA DE RECURSOS HIDRAULI COS 
Paseo de la Reforma No. 107 
Col. San Rafael 
México 5, D. F. 
Tel: 5-66-06-88 

SECRETARIA DE RECURSOS HIDRAULICOS 
Paseo de la Reforma No. 69 
México, D. F. 
Tel: 5-66-18-59 

UNIVERSIDAD AUTONOMA DE COAHUILA 
Avenida Barranqui 1 la s/n 
Col. Guadalupe 
Monclova, Coah. 
Tel: 3-18-46 

G E O S 1 S TEMA S , S . A . 
Aniceto Ortega No. 1310 
Col. del Valle 
México 12, D. F. 
Tel: 5-34-55-29 

PETROLEOS MEXICANOS 
8ahia de Ballenas No. 5-10o.Piso 
México, D. F. 
Tel: 5-31-63-67 

UNIVERSIDAD AUTONOMA DE GUADALAJARA 
Paseo de las Agui las 7000 
Lomas de 1 Va 1 le 
Guadalajara, Jal. 
Tel: 16-99-00 

INSTITUTO MEXICANO DEL PETROLEO 
Av. de los 100 Metros No. 152 
San Bartolo Atepehuacan 
Méx i co 1 4 , D . F . 
Tel: 5-67-66-00 
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DIRECTORIO DE ASISTENTES AL CURSO TEMAS AVANZADOS DE ANAliSIS DE 
ELEMENTOS FINITOS ( DEL 22 AL 26 DE MARZO DE 1976 ) 

NOMBRE Y D1RECCION 

34. ING. BONIFACIO CARLOS A. PEÑA PARDO 
Bravo No. 1007 

35~ 

Veracruz, Ver. 
Tel: 2-49-31 

1 1 

ING. VICTOR PORRAS SILVA 
Retorno 14 Av. Ta)ler No. 21 
Col. JardTn Balbuena 

-México 9, D. F. 
Tel: 5-52-96-63 

36. FISICO ANGEL QUINTERO ROMO 
Andador -7 del Temoluco 14-4 
Acueduc~o de. Guadalupe 
México 14, D. F. 

37. ING. CARLOS·AUGUSTO RAMO$ LARIOS 
Goldsmith 214-7. 
Cok Polanco 
México 5, D'. F.-· 
Tel; 5-31-93-21 

38. ING. JOSE M. RODRIGUEZ AGUILERA 
Av. ClaverTa 43-2 
Col . · el ave rT a 
Méx i co '1 6 , D • F • 
Tel: 5-37-80-84 

39. JESUS ARMANDO RODRIGUEZ CEDEÑO 
Sauces No. 595 
Azcapotzalco 
Méx i co 1 6 , D·. F. 
Tel: 5-61-47-07 

40. JORGE O. RODRIGUEZ GUTIERREZ 
Quebrada 304-6 
Col'. Na rva r te 
México 12, D. F. 

EMPRESA Y'DIRECCION 

UNIVERSIDAD VERACRUZANA 
FACULTAD DE INGENIERIA 
Carretera Mocambo 
Veracruz, Ver. 
Tel: 3-17-59 

DIVI~ION DE ESTUDIOS SUPERIORES 
DE LA FACULTAD DE 1 NGENIERIA 
Ciudad Universitaria 
México 20 D. F. 
Te l : 5 -.5O- 1 8 - 2 4 

INSTITUTO MEXICANO DEL PETROLEO 
Av. de los 100 Metros No. 152 
Col. Vallejo lindavista 
México 14, D. F. 
Tel: 5-67-66-00 

CENTRO DE CALCULO DE LA FACULTAD 
DE INGENIERIA 
Ciudad Universitaria 
Méxicó 20, D. F. 
Te f: · 5-48-65-00. Ex t. 261 

1 .S. T .M. E. GRUPO 1 CA 
Mi nerTa No. 145 
Co.l. Es<::andón 
México 18, D. F. 
Te l: 5-16-04-60 Ex t. 280 

SECRETARIA DE RECURSOS HIDRAULICOS 
Paseo de la Reforma No. 51 
Méx i co 1 , D • F • 
Tel: 5-92-03-10 

SECRETARIA DE RECURSOS HIDRAULICOS 
Paseo de la Reforma No. 136-11 · 
Méx i co , D .. F . 
Tel: 5-35-33-09 
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DIRECTORIO DE ASISTENTES AL CURSO TEMAS AVANZADOS DE ANALISIS DE 
ELEMENTOS FINITOS (DEL 22 AL 26 DE MARZO DE 1976 ) 

NOMBRE Y DIRECCION 

41. ING. DANIEL ROJO SOTO 
Carlos Ma. de Bustamante No. 19 
Cd. Satélite 
Edo. de México 
Tel: 5-62-71-52 

42. FRANCISCO SALAZAR ESPARZA 
Mitla No.596 
Col.. Vertiz Narvarte 
Méx i co 1 3 , D . F . 

43. 1 NG. CESAR SANCHEZ ESP 1 NOSA 
Circuito éroni'stas No. 76 
Cd. S a té l i te 
E do. de Méx i co ' 
Tel: 5-72-32-27 

44. ING. JORGE SANDOVAL GARCIA 
Héroes del 47 No. 109-A ~ 
Churubusco 

45. 

46. 

Méx i co 2 1 , D . F ~ 

FRANCISCO SANDOVAL PADILLA 
Santan'der No. 76 
San Raf~el Azcapotzalco 
Méx i co 1 6 , D . F • 
Ter: 5-61-68-84 

ING. OSCAR L. VALLE MOLINA 
Lago Guanacacha No. 153 

· Co·l . Anáhuac 
México 17, D. F. 
Te l: 5-45-22-69 

47. ING. MARCO ANTONIO TAPIA LIZARRAGA 
Co~oacán No.312-7 
Col . de l Val le 
México 12, D. F. 
Tel: 5-23-49-73 

EMPRESA Y DIRECCION 

SECRETARIA DE RECURSOS HIDRAULICOS 
Paseo de la Reforma No. 136-12o.Piso 
México, D. F. 
Tel: 5-35-31-92 

SECRETARIA DE OBRAS PUBLICAS 
Xola y Av. Universidad 
CoJ. Narvarte 
México 12, D. F. 

COMISION FEDERAL DE ELECTRICIDAD 
Róda no No., 1 4 
Col. Cuauhtémoc 
México 5, D. F. 
Tel: 5-53-71-33 Ext.2606 

INSTITUTO MEXICANO DEL SEGURO SO-
, Cl AL 

Durango 291-3er. Piso 
Col . Roma · ·, 
México 7, D. F. 
Tel: 5-53-21-11 Ext.134 

COMISION DE AGUAS DEL VALLE DE MEXI­
CO 
Balderas 55-204 
Méx i co 1 , D. F. 
Te l : 5 - 1 O- O 2- 94 

INSTITUTO MEXICANO DEL PETROLEO 
Av. de los 100 Metros No. 152 
San Birtolo Atepehuacan 
Méx i co, D. F. -
Tel: 5-67-66-00 

FACULTAD DE INGENIERIA,UNAM 
Ciudad Universitaria 
México 20, D. F. 
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NOMBRE Y DIRECCION 

48. ING. FERNANDO ZAMORANO BERNAL 
Portillo No. 72 
Residencial Villa Coapa 

"México 22, D. F. 
Te 1 : 5:. 94- 3 3- 04 

49. ING. LUIS M. ZAMARRIPA RENDON 
Presa No. 84-C , 
Guanajuato, Gto. 

50. 1 NG. PEDRO ANTON 1 O VALENZUE LA S. 
Rio Petatlán No. 976 
Culiacán Rosales, Sinaloa 

EMPRESA Y DIRECCION 

INSTITUTO MEXICANO DEL PETROLEO 
Av. de los 100 Metros No. 152 
Méx i co 1 4, D . F . 
Tel: 5-67-66-oo Ext.2399 

UNIVERSIDAD DE GUANAJUATO 
Av. Juá rez 77 
Guanajuato, Gto. 

UNIVERSIDAD AUTONOMA DE SINALOA 
Andrade y ·Constitución 
Culiacán'Rosales, Sinaloa 
Tel: 2-49-70 



Marc Analysis Research Corporation 

MARC APPLICATION SUMMARY 

THERMAL AND ELASTIC ANAL YSIS OF A PISTO N 

A pistan was analyzed by MARC Analysis Research 
Corporation under combined thermal and pressure 
loading that simulated normal operating conditions. 
The ideahzed pistan mesh is shown in a perspective 
plot in Figure l. 

Figure 1 

A linear elastic analysis indicated that the most 
highly stressed areas were at the wrist pin-pin bore 
interface and at the oil cooling channel surface, just 
inside the ring land area at the top of the pistan. 

The MARC system was used to generate the model 
mesh, the thermal data and the stress analysis results. 
One hundred and twenty-eight Isoparametnc twenty 
node brick elements were used to model the pistan 
and the pistan pin. Spec1al modeling consideratwns 
included use of an elastic foundation stiffness in 
place of the crank rod and tying constramts for the 
interactwn of the pin and the pistan. The final 
model resulted in 1002 no de poin ts with a total of 
2673 reduced degrees of freedom. The maximum 
nodal half-bandwidth of the optimized mesh was 175. 
Figure 2 is an isotherm plot of the upper pistan 
surface. 

The thermal data for this analysis was generated 
usmg the MARC system transient heat transfer capa­
bility. Figure 3, a plot of the Mises equivalent stress 
in the pistan top, demonstrates the MARC graphic 
capabihties to distill and present results in the most 
straight-forward manner. 

MARC ANAL YSIS RESEARCH CORPORA TION 

MARC Analysis Research Corporation has offices in Prov1dence, Rhode Island, and in Palo Alto, Cahfor­
ma. Dr. Pedro V. Marca! is President, and he is located 111 the Palo Alto office. The company IS oriented 
toward providmg problem-solving services to the engineering commumty through lease or through the data­
center offenng of the MARC Program, as well as through complete problem solutwn v1a our consultmg groups 
111 Palo Alto and Providence and through the MARC-sponsored fmite-element-technology and MARC-usage 
courses. The staff IS equally divided between the Palo Alto and Prov1dence offices, and hence wdl give short 
turn-around on problems that may anse. In addition, Mr. Patrick Stuart, manager of MARC European Opera­
twns, is in Stuttgart, West Germany (address on back Side) m arder to better serve our European customers. A 
brochure descnbmg the MARC Analysis Research CorporatJOn is available on request. 


