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EVALUACION DE LA ENSENANZA

(FAVOR DE NO PONER SU

NOMBRE)

A
CURSO: FUNDAMENTOS DE ANALISIS MEDIANTE
EL METODO DE ELEMENTOS FINITOS
FECHA: MARZO 15 - 19, 1976
(HOJA 1)

PROFESOR Y/O TEMA

Dominio del tema
Eficiencia en el uso

de ayudas audiovisuales

-

Mantenimiento del interes

facilidad de

(amenidad,

Id

comunicaciodon

”»~

expresion,

con los asistentes).

puntualidad

INTRODUCCION: PORFIRIO BALLESTEROS B.

ANTECEDENTES Y EDO. ACTUAL DEL CONOCIMIENTO
DEL METODO DE ANALISIS POR ELEMENTOS FINITO!

7]

)

~ PROPIEDADES DE RIGIDEZ DEL ELEMENTO

FUNDAMENTOS DE ALGEBRA MATRICIAL
A PORFIRIO BALLESTEROS B.

/

PORFIRIO BALLESTEROS B.

METODO DIRECTO DE LAS RIGIDECES h

PORFIRIO BALLESTEROS B.

APLICACION TRIDIMENSIONAL DEL ELEMENTO VIGA
PORFIRIO BALLESTEROS B.

FUNDAMENTOS DE TEORIA DE ELASTICIDAD
PORFIRIO BALLESTEROS B.

METODO DIRECTO EN LA FORMULACION DE LA
RIGIDEZ DEL ELEMENTO

RICHARD H. GALLAGHER

PRINCIPIO DEL TRABAJO VIRTUAL
RICHARD H. GALLAGHER

TRABAJO VIRTUAL Y ENERGIA POTENCIAL
RICHARD H. GALLAGHER

o

SESION DE APLICACION. SOLUCION DE PROBLEMAS
N\BIDIMENS IONALES f
J PORFIRIQO BALLESTEROS B.

ESCALA DE EVALUACION DE 1 A 10

'
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ANALISIS TRIDIMENSIONAL
RICHARD H. GALLAGHER

Y

“FLEXION DE PLACAS Y ANALISIS DE CASCARONES
-~ RICHARD H. GALLAGHER

ANALISIS PRACTICO. EJEMPLOS SUBESTRUCTURA

CION Y COND._ DE APQOYO
RICHARD H. GALLAGHER

ESCALA DE EVALUACION DE 1 A 10




- EVALUACION DEL CURSO

CONCEPTO EVALUACION
1. |APLICACION INMEDIATA DE LOS CONCEPTOS EXPUESTOS
2. | CLARIDAD CON QUE SE EXPUSIERON LOS TEMAS
3. | GRADO DE ACTUALIZACION LOGRADD CON EL CURSO:
O —
NS .
4. | CUMPLIMIENTO DE LOS OBJETIVOS DEL CURSO
5. | CONTINUIDAD EN LOS TEMAS DEL CURSO
6. |CALIDAD DE LAS NOTAS DEL CURSO
7. | GRADO DE MOTIVACION LOGRADO CON EL CURSO

ESCALA DE EVALUACION DE 1 A 10




(Qué le parecid ¢l ambiente del Centro de Educacidn Continua?

Muy agradable[ | Agradable ] Desagradable [ |

Medio de comunicacidn por el que se enterd del curso:

Periddico Periddico Folleto del
Excélsior L_J Novedades ( | curso

Cartel E:] Radio Commmicacion ,--
mensual Universidad[:] carta, teléio ~j
no,verval,etc.

Meaio de transporte utilizado para venir al Palacio de Mineria:
Autombvil l ] Metro [:] Otro medio (”7

particular

iQué cambios haria usted en el programa para tratar de pcrfeccio
nar el curso?

¢Rccomendaria el curso a otras personas? Si[ ] No [ ]

¢Qué curso le gustaria que ofreciera el Ccntiro de Educacién Conti
nua?

4Qué scrvicios desearia que tuviese el CEC para los asistentes a
€Cursos?

I

Otras sugestiones:
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MARC ANALYSIS RESEARCH

Curso-Seminario intensivo

"TEMAS AVANZADOS DE ANALISIS POR ELEMENTOS FINITOS"

Marzo 22-26,

1976

CORPORATION
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LUNES 22

8:00 - 8:45

8:45- 9:00

9:00 -~ 10:30

10:30 - 11:00

11:00 - 12:30

@ 12:30 - 14:30]
i
|
14:30 - 16:00
16:00 - 16:30
16:30 - 18:00

©

PR O GRAMA

Inscripciones
Apertura del curso

Estudio y categorizacién de
los métodos computacionales
de anélisis de ingenieria.

Receso (café y refrescos)
Formulaciones alternativas

en mecdnica estructural.

Receso (comida por cuenta participantes)

Formulaciones mixtas o hibri
das del método de elementos
finitos.

Receso (café y refrescos)

Métodos de incremento de tiempo

Octavio Rascén Chavez

Timothy J. Dwyer

O. C. Zienkiewicz

R. H. Gallagher

3
'H . Gadl lcg‘
| I

R. H. Gallagher

O. C. Zienkiewicz




MARTES 23
9:00 - 10:30
10:30 - 11:00

11:00 - 12:30

12:30 - 14:30
14:30 - 16:00
16:00 - 16:30

16:30 - 18:00

Flujo viscoso.

Receso (café y refrescos)

Problemas de ingenieria
ambiental.

Receso (comida por cuenta parti cipantes)

Ecuaciones constitutivas ineldsticas

Receso (café y refrescos)

Alogaritmos de andlisis por el método
de elementos finitos en medios inelds
ticos.

O. C. Zienckiewicz

R. H. Gallagher

R. H. Gallagher

R. H. Gallagher




O

MIERCOLES 24

9:00 - 10:30
10:30 - 11:00
11:00 - 12:30

12:30 - 14:30

14:30 - 16:00
O

16:00 - 16:30

16:30 - 18:00

Andlisis de mecdnica de propagacién
de grietas. f P. Ballesteros

Receso (café y refrescos)

Andlisis de cascarén por el método

de elementos finitos. R. H. Gallagher

Receso (comida por cuenta participantes)

Visco-plasticidad. O. C. Zienkiewicz

Receso (café y refrescos)

Mecénica de suelos y rocas. O. C. Zienkiewicz




O

JUEVES 25

9:00 - 10:30

10:30 - 11:00

Andlisis por medio de .elementos
finitos en problemas de pandeo
con desglazumienl‘os grandes.

Receso (café y refrescos)

e

O. C. Zienkiewicz

T it P,

- ~arcal J
_——

12:30 - 14:30

16:00 - 16:30

16:30 - 18:00

14:30 - 16:00 Revisién y critica del programa MARC

Receso (comida por cuenta participantes)

Receso (café y refrescos)

Caso aplicaci én: anélisis de los
componentes de redactor nuclear,

T. J. Dwyer

P. V. Marcal




O

VIERNES 26
9:00 - 10:30
10:30 - 11:00
11:00 - 12:30
12:30 - 14:30
14:30 - 16:00
16:00 - 16:30

16:30 - 17:00

17:00 - 18:00

18:00

Ecuaciones constitutivas del
concrelo.

Receso (café y refrescos)

Aplicaciones de elementos finitos
en problemas de concreto.

Receso (comida por cuenta parti cipantes)

Procedimientos de solucién de va-
lores en la frontera por el método
de elementos finitos.

Receso (café y refrescos)

El método de elementos finitos en
el andlisis de presas.

Discusion final y preguntas.
|

| |
|

Clausura

P. Ballesteros

P. V. Marcal

O. C. Zienkiewicz

O. C. Zienkiewicz

. C. Zienkiewicz
V. Marcal
J. Dwyer
Ballesteros

'U—|'UO

QOctavio Rascén Chavez
Pedro Martinez Pereda




ADVANCED TOPICS SEMINAR
Q MEXICO CITY
— MARCH 22-26, 1976.

MONDAY, MARCH 22, 1976.

1) An Overview and Categorization of Computational Methods

in Engineering Analysis Zienkiewicz
2) Alternative Formulations is S;ructural Mechanics Gallagher
3) Mixed and Hybrid F.E.M. Formulations Gallagher
4) Time- Stopping Methods Zienkiewicz

TUESDAY, MARCH 23, 1976.

5) Viscous Flows Zienkiewicz
6) Environmental Problems Gallagher or Zienkiewicz
~ 7) Constitutive Equations for Inelasticity Gallagher
U 8) F.E. Analysis Algorithms for Inelastic Analysis Gallagher

WEDNESDAY, MARCH 24, 1976.

9) Shell Analysis by F.E.M, Gallagher or Ballesteros
10) Fracture Mechanics Analysis Gallagher

11) Viscoplasticity denkiewicz
12) Soil and Rock Mechanics Zienkiewicz

THURSDAY, MARCH 25, 1976.

13) F.E.M. Analysis for Buckling and Large Displacement Marcal
14) Analysis for Combined Nonlinear and Dynamic Behavior Marcal
- 15) MARC Review and Critique Dwyer

16) Case Study: Nuclear Reactor Component Analysis Marcal




FRIDAY, MARCH 26, 1976.

17) Constitutive equations of Concrete and Reinforced Concrete.
18) Boundary Solution Procedures and the F.E.M.
19) F.E.M, in Dam Analysis

20) Final discussion and questions.

Ballesteros
Zienkiewicz
Zienkiewicz

Zienkiewicz
Gallagher
Marcal
Dwyer
Ballesteros.
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LUNES 22
8:00 - 8:45
8:45- 9:00

9:00 - 10:30

10:30 - 11:00

11:00 - 12:30

12:30 - 14:30

14:30 - 16:00

16:00 - 16:30

16:30 - 18:00

PR O GRAMA

Inscripciones

Apertura del curso

Estudio y categorizacién de
los métodos compukacionaies
de andlisis de ingenieria.
Receso (café y refrescos)
Formulaciones alternativas

en meodnica estructural ,

Receso (comida por cuenta participantes)

Formulaciones mixtas o hibri
das del método de elementos
finitos,

Receso (café y refrescos)

Métodos de incremento de tiempo

Gctavio Rascén Chivez
Timothy J. Dwyer

0. C. Zienkiewicz

R. H. Gallagher

R. H. Gallagher

O. C. Zienkiewicz




d

MARTES 23 -

9:00 - 10:30
10:30 - 11:00

11:00 - 12:30

12:30 - 14:30
14:30 - 16:00
16:00 - 16:30

16:30 - 18:00

Flujo viscoso.

Receso (café y refrescos)

Problemas de ingenieria

-ambiental.

Receso (comida por cuenta parti cipantes)

Ecuaciones constitutivas inelGsticas

-Receso (café y refrescos)

Alogaritmos de andlisis por el método
de elementos finitos en medios inelé_g
bicos.

O. C. Zienckiewicz

R. H. Gallagher

R. H. Gallagher

R. H. Gallagher




MIERCOLES 24

9:00 - 10:30

10:30 - 11:00

11:00 - 12:30
12:30 - 14:30
14:30 - 16:00

16:00 - 16:30

16:30 - 18:00

Anélisis de mecdnica de propagacién

“de grietas.

Receso (café y refrescos)

Anélisis de cascarén por el méiodo
de elementos finitos.

Receso (comida bor cuenta participantes)

Visco~plasticidad.

Receso (café y refrescos)

Mecénica de suelos y rocas.

P. Ballesteros

R. H. Gallagher

0. C. Zienkiewicz

- O. C. Zienkiewicz




(O

9

JUEVES 25

9:00 - 10:30

10:30 - 11:00

11:00 - 12:30

12:30 - 14:30

=2 14:30 - 16:00

16:00 - 16:30

16:30 - 18:00

Y

Anélisis por medio de elementos
finitos en problemas de pandeo
con desplazamientos grandes.

Receso (café y refrescos)

Andélisis combinado de no-linealidad

Y comportamiento dindmico.

Receso (comida por cuenta participantes)
Revisién y critica del programa MARC

Receso (café y refrescos)

Caso aplicaci én: andlisis de los
componentes de reactor nuclear.

PV, Marcal

P. V. Marcal

T. J. Dwyer

P. V. Marcal




R

@)

VIERNES 26
9:00 - 10:30
10:30 - 11:00
11:00 - 12:30

112:30 - 14:30

14:30 -~ 16:00

16:00 -~ 16:30
16:30 - 17:00

17:00 - 18:00

18:00

Ecuaciones constitutivas del
concrelo.

Receso (café y refrescos)

Aplicaciones de elementos finitos
en problemas _de concreto.

Receso (comida por cuenta parti cipantes)

Procedimientos de solucién de va-
lores en la frontera por el método
de elementos finitos.

Receso (café y refrescos)
El método de elementos finitos en

el andlisis de presas.

Discusién final y preguntas.

Clausura

P. Boliesteros

P. V. Marcal

0. C.ﬁZienkiewicz

0. C. Zienkiewicz

. C. Zienkiewicz
V. Marcal
J. Dwyer
Ballesteros

v = vQ

Octavio Rascon Chdvez
Pedro Martinez Pereda
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ADVANCED TOPICS SEMINAR
-MEXICO CITY
MARCH 22-26, 1976,

MONDAY, MARCH 22, 1976.

. 1) An Overview and Categorization of Computational Methods

in Engineering Analysis Zienkiewicz
2) Alternative Formulations is Structural Mechanics" * Gallagher
3) Mixed and Hybrid F.E.M. Formulations Gallagher
4) Time- Stopping Methods Zienkiewicz

TUESDAY, MARCH 23, 1976.

5) Viscous Flows Zienkiewicz

6) Environmental Problems Gallagher or Zienkiewicz
- 7) Constitutive Equations for Inelasticity Gallagher

8) F.E. Analysis Algorithms for Inelastic Analysis Gallagher

WEDNESDAY, MARCH 24, 1976.

9) Shell Analysis by F.E.M, Gallagher or Ballesteros
10) Fracture Mechanics Analysis | Gallagher
11) Viscoplasticity Zienkiewicz
12) Soil and Rock Mechanice Zienkiewicz

THURSDAY, MARCH 25, 1976.

13) F.E.M. Analysis for Buckling and Large Displacement Marcal
14) Analysis for Combined Nonlinear and Dynamic Behavior Marcal
. 15) MARC Review and Critique Dwyer

16) Case Study: Nuclear Reactor Component Analysis Marcal




O

FRIDAYf MARCH 26, 1976.

17) (“onsutuuve equauons of Concrete and Reinforced Concrete.
18) Boundary Solution Procedures and the F.E, M.
19) F.E.M. in Dam Analysis

20) Final discussion and questions.

Ballesteros
Zienkiewicz
Zienkiewicz

Zienkiewicz
Gallagher
Marcal
Dwyer
Ballesterss.
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LUNES 22

8:00 - 8:45

8:45- 9:00

9:00 - 10:30

10:30 - 11:00

11:00 - 12:30

12:30 - 14:30

14:30 = 16:00

16:00 - 16:30

16:30 - 18:00

PR O GRAMA

inscripciones
Apertura del curso

Estudio y categorizacion de
los métodos computacionales
de andlisis de ingenieria.
Recesc (café y refrescos)
Formulaciones alternativas

en medinica estructural.

Receso (comida por cuenta participantes)

Formulaciones mixtas o hibri
das del método de elementos
finitos.

Receso (café y refrescos)

Métodos de incremento de tiempo

Octavio Rascén Chdvez
Timothy J. Dwyer

O. C. Zienkiewicz

R. H. Gallagher

R. H. Gallagher

0. C. Zienkiewicz




MARTES 23

9:00 - 10:30
10:30 - 11:00

11:00 - 12:30

@ - 12:30 - 14:30

14:30 - 16:00
16:00 - 16:30

16:30 - 18:00

Flujo viscoso.
Receso (café y refrescos)

Problemas de ingenieria
ambiental.

7

Receso (comida por cuenta parti cipantes)
Ecuaciones constitutivas ineldsticas

Receso (café y refrescos)

Alogaritmos de anédlisis por el método
de elementos finitos en medios inelés
ticos.

0. C. Zienc;kiewicz

R. H. Gallagher

R. H. Gallagher

R. H. Galiagher




MIERCOLES 24

9:00 - 10:30
10:30 - 11:00

11:00 - 12:30

12:30 - 14:30

@

-14:30 - 16:60
16:00 - 16:30

S 16:30 - 18:00

Andlisis de mecdnica de propagacién
de grietas. P. Ballesteros

Receso »(oafé y refreséos)

Anélisis de coscardn por el métode
de elementos finitos. R. H. Goallagher

"Receso (comida por cuenta participantes)

~

Visco-plasticidad. | ’ - 0. C. Zienkiewicz
Réceso (café y refrescos)

Mecénica de suelos y rocas. O. C. Zienkiewicz

/




Q

JUEVES 25

* 9:00 - 10:30

10:30 - 11:00
- 11:00 - 12:30

12:30 - 14:30

16:00 - 16:30

16:30 - 18:00

14:30 - 16:00

Andlisis por medio de elementos - .

~ finitos en problemas de pandeo

con desplazamientos grandes.

Receso (café y refrescos)

Andlisis combinado de no-linealidad
y comportamiento dindmico.

Receso (comida por cuenta participantes)

AN

Revisién y critica del programa MARC

Receso (café y refrescos)

Caso aplicaci én: andlisis de los
componentes de reactor nuclear,

P. V. Marcal

P. V. Marcal

T. J. Dwyer

P. V. Marcal




VIERNES 26
9:00 - 10:30

10:30 - 171:00

11:00 - 12:30

12:30 - 14:30

14:30 - 16:00

16:00 - 16:30
16:30 - 17:00

17:00 - 18:00

18:00

Ecuaciones constitutivas del
concreto,

Receso (café y refrescos)

Aplicaciones de elementos finitos

“en problemas de concreto.

Receso (comida por cuenta parti cipantes)

Procedimientos de solucién de va-
lores en la frontera por el método
de elementos finitos.

Receso (café y refrescos)
El ‘método de elementos finitos en

el andlisis de presas.

Discusién final y preguntas.

Clausvra

P. Baliesteros

P. V. Marcal

0. C. Zienkiewicz

O. C. Zienkiewicz

O. C. Zienkiewicz
P. V. Marcal
T. J. Dwyer
P. Ballesteros

Octavio Rascén Chdavez
Pedro Martinez Peredo
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ADVANCED TOPICS SEMINAR
O MEXICO CITY
MARCH 22-26, 1976.

MONDAY, MARCH 22, 1976.

1) An Overview and Categorization of Computational Methods

in Engineering Analysis Zienkiewicz
2) Alternative Formulations is Structural Mechanics Gallagher
3) Mixed and Hybrid F,E.M. Formulations Gallagher
4) Time-Stopping Methods Zienkiewicz

TUESDAY, MARCH 23, 1976.

S) Viscous Flows Zienkiewicz

6) Environmental Problems Gallagher or Zienkiewicz
Q 7) Constitutive Equations for Inelasticity Gallagher

8) F.E. Analysis Algorithms for Inelastic Analysis Gallagher

WEDNESDAY, MARCH 24, 1976.

9) Shell Analysis by F.E.M., Gallagher or Ballesteros
10) Fractre Mechanics Analysis Gallagher

11) Viscoplasticity Zienkiewicz
12) Soil and Rock Mechanics Zienkiewicz

THURSDAY, MARCH 25, 1976.

13) F.E.M. Analysis for Buckling and Large Displacement Marcal
14) Analysis for Combined Nonlinear and Dynamic Behavior Marcal
Q 15) MARC Review and Critique Dwyer

16) Case Study: Nuclear Reactor Component Analysis Marcal




e N

2
N
FRIDAY, MARCH 26, 1976.
17) Constitutive equations of Coricrete’and Reinforced Concrete. Ballesteros
18) Boundary Solution Procedures and the F.E.M. ‘ ' Zienkiewicz
19) F.E.M, in Dam Analysis \ Zienkiewicz
20) Final discussion and questions. ‘ Zienkiewicz
~ . Gallagher
. Marcal
Dwyer
Ballesteros.
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LUNES 22

8:00 - 8:45
8:45- 9:00

9:00 - 10:30

10:30 - 11:00
11:00 - 12:30

12:30 - 14:30

14:30 - 16:00

16:00 - 16:30

16:30 - 18:00

PR O GRAMA

Inscripciones
Apertura del curso

Estudio y categorizacién de
los métodos computacionales
de andlisis de ingenieria.

Receso (café y refrescos)

Formulaciones alternativas
en medinica estructural.

Receso (comida por cuenta participantes)

~_

Formulaciones mixtas o hibri
das del métocdo de elementos
finitos.

Receso (café y refrescos)

_Métodos de incremento de tiempo

Octavio Rascén Chavez
Timothy J. Dwyer

O. C. Zienkiewicz

R. H. Gallagher

R. H. Gallagher

O. C. Zienkiewicz




MARTES 23

9:00 - 10:30 .

10:30 - 11:00

11:00 - 12:30

12:30 - 14:30
14:30 - 16:00
16:00 - 16:30

16:30 - 18:00

- Flujo viscoso.

Receso (café y refrescos)

Probiemas de ingenieria
ambiental.

" Receso (comida por cuenta parti cipanh?es)

Ecuaciones constitutivas inelésticas

Receso (café y refrescos)

]

Alogaritmos de andlisis por el método
de elementos finitos en medios ineléj
ticos.,

O. C. Zienckiewicz

R. H. Gallagher

R. H. Gallagher

R. H. Gallagher




MIERCOLES 24

9:00 - 10:30
10:30 - 11:00
11:00 - 12:30

12:30 - 14:30

16:00 - 16:30

16:30 - 18:00

O

O ‘ | ’V’

14:30 - 16:00

Anélisis de mecdnica de propagacién

de grietas.

Receso (café y refrescos)

Anélisis de cascardn por el método

de elementos finitos.

Receso (comida por cuenta participantes)
Visco-plasticidad.

Receso (café y refrescos)

Mecénica de suelos y rocas.

P. Baollesteros

R. H. Gallagher

O, C. Zienkiewicz

O. C. Zienkiewicz




" JUEVES 25

9:00 - 10:30

10:30 - 11:00
11:00 - 12:30
12:30 - 14:30

Q / 14:30 - 16:00

16:00 - 16:30

16:30 - 18:00

Anélisis por medio de elementos
finitos ‘en problemas de pandeo
con desplazamientos grandes.

P. V. Marcal .
Receso (café y refrescos)

Anélisis combinado de no-lineaiidad -

Y comportamiento dindmico. P. V. Marcal

Receso (comida por cuenta participantes)

Revisién y critica del programa MARC T. J. Dwyer
Receso (café y refrescos)
Cuso aplicaci én: andlisis de los
componentes de reactor nuclear. P. V. Marcal




VIERNES 26

9:00 - 10:30

10:30 - 11:00

11:00 - 12:30

12:30 - 14:30 -

14:30 - 16:00

16:00 - 16:30

'56:30 - 17:00

17:00 - 18:00

18:00

- Ecuaciones constitutivas del

concrelo.

Receso (café y refrescos)

Aplicaciones de elementos finitos
en problemas de concreto.

Receso (comida por cuenta parti cipantes)

Procedimientos de solucién de va-
lores en la frontera por el método
de elementos finitos.

Receso (café y refrescos)

'El método de elementos finitos en

el andlisis de presas.

Discusién final y preguntas.

Clavusura

P. Ballesteros

P. V. Marcal

O. C. Zieﬁkiewicz

O. C. Zienkiewicz

O. C. Zienkiewicz
P. V. Marcal
T. J. Dwyer
P. Ballesteros

Octavio Rascon Chdvez
Pedro Martinez Pereda







| ADVANCED TOPICS SEMINAR
O MEXICO CITY
| MARCH 22-26, 1976

MONDAY, MARCH 22, 1976.

1) An Overview and Categorization of Computational Methods

in Engineering Analysis Zienkiewicz
2) Alternative Formulations is Sfructural Mechanics Gallagher
3) Mixed and Hybrid F.E.M,. Formulations Gallagher
45 Time-Stopping Methods ‘ Zienkiewicz

TUESDAY, MARCH 23, 1976.

9) Viscous Flows Zienkiewicz
" 6) Envixjonmental‘Problems i Gallagher or Zienkiewicz
Q\". 7) Constitutive Equations for Ineiasticity Gallagher
8) F.E. Analysis Algorithms for Inelastic Analysis ] Gallagher

WEDNESDAY, MARCH 24, 1976.

9) Shell Analysis by F.E.M. Gallagher or Ballesteros
10) Fracture Mechanics Analysis h Gallagher
11) Viscoplasticity | Zienkiewicz
12) Soil and Rock Mechanics | . Zienkiewicz

THURSDAY, MARCH 25, 1976.

- 13) F.E.M. Analysis for Buckling and Large Displacement Marcal

14) Analysis for Combined Nonlinear and Dynamic Behavior Marcal

Q‘ 15) MARC Review and Critique Dwyer
16) Case Study: Nuclear Reactor Component Analysis Marcal
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FRIDAY, MARCH 26, 1976. .
17) Constitutive equations of Concrete and Reinforced Concrete. Ballesteros
18) Boundary Solution Procedures and the F.E.M. Zienkiewicz
19) F.E.M, in Dam Analysis Zienkiewicz
20) Final discussion and questions. , Zienkiewicz
. Gallagher
Marcal
Dwyer
Ballesteros,
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< " 'LUNES 22

) 8:00 - 8:45
8:45- 9:00

9:00 - 10:30

10:30 - 11:00

11:00 - 12:30

12:30 - 14:30

14:30 - 16:00

16:00 - 16:30

16:30 - 18:00

PR O GRAMA

inscripciones
Apertura del curso

Estudio y categorizacion de
los métodos computacionales
de anélisis de ingenieria.

Receso (café y refrescos)
Formulaciones alternativas

en mecanica estructural.

Receso (comida por cuenta participantes )

Formulaciones mixtas o hibri
das del método de elementos
finitos.

Receso (café y refrescos)

Métodos de incremento de tiempo

Octavio Rascén Chavez

Timothy J. Dwyer

O. C. Zienkiewicz

R. H. Gallagher

R. H. Gallagher

0. C. Zienkiewicz
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MARTES 23

9:00 - 10:30
10:30 - 11:00

11:00 - 12:30

12:30 - 14:30
14:30 = 16:00
’16:00 - 16:30

16:30 - 18:00

Flujo viscoso.

Receso (café y refrescos)

Problemas de ingenieria
ambiental.

" Receso (comida por cuenta parti cipantes)

Ecuaciones constitutivas inelésticas

‘Receso (café y refrescos)

Alogaritmos de anélisis por el método
de elementos finitos en medios inel6_§_
tcos,

0. C. Zienckiewicz

R. H. Gailagher

R. H. Gollagher

R. H. Gallogher




MIERCOLES 24

4

9:00 - 10:30
10:30 - 11:00
jl.oo - 12:30
12:30 - ?4:30

- 14:30 - 16:00
16:00 - 16:30

16:30 - 18:00

Andlisis de mecdnica de propagacién ,
de grietas. . P. Ballesteros

Receso (café y refrescos)

Anélisis de cascarén por el método ‘
de elementos finitos. R. H. Gallagher

Receso (comida por. cuenta bartﬁcipan?es)

- Visco-plasticidad. S O. C. Zienkiewicz

Reéeso (café y refrescos)

Mecénica de suelos y rocas. O. C. Zienkiewicz




O

JUEVES 25

9:00 - 10:30

10:30 - 11:00
11:00 - 12:39
12:30 - 14:?0
Q 14:30 - 16:00
16:00 - 16:30

16:30 - 18:007

Andlisis por medio de elementos
finitos en problemas de pandeo
con desplazamientos grandes.

Receso (café y refrescos)

Andlisis combinado de no-linealidad

Yy comportamiento dindmico.

Receso (comida por' cuenta participantes)
Revision y critica del programa MARC

Receso (café y refrescos)

Coso aplicaci én: andlisis de los
componentes de reactor nuclear,

P'. V. Marcal

P. V. Marcal

T. J. Dwyer

P. V. Marcal




YIERNES 26
9:00 - 10:30
>10;30- 11:00
11:00 - 12:30
12:30 - 14:30

14:30 - 16:00

16:00 ~ 16:30
16:30 - 17:00

17:00 - 18:00

18:00

Ecuaciones constitutivas del
concrelo.

Receso (café y refrescos)

Aplicaciones de elementos finitos
en problemas de concreto.

Receso (comida por cuenta parti cipantes)

Procedimientos de solucién de va-

~ lores en la frontera por el método

de elementos finitos.

Receso (café y refrescos)
El método de elementos finitos en

el anélisis de presas.

Discusién final y preguntas.

Clausvura

P. Ballesteros

P. V. Marcal

Q. C. Zienkiewicz

0. C. Zienkiewicz

0. C. Zienkiewicz
P. V. Maraal
T. J. Dwyer
P. Ballesteros

Octavio Rascén Chdévez
Pedro Meartinez Pereda
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ADVANCED TOPICS SEMINAR
MEXICO CITY
MARCH 22-26, 1976.

MONDAY, MARCH 22, 1976.

1) An Overview and Categorization of Computational Methods
- in Engineering Analysis

2) Alternative Formulations is Structural Mechanics
3) Mixed and Hybrid F.E.M. Formulations

4) Time-Stopping Methods

TUESDAY, MARCH 23, 1976.
5) Viscous Flows ’
6) Environmental Problems
7) Conétitutive Equations for Inelasticity

8) F.E. Analysis Algorithms for Inelastic Analysis

WEDNESDAY, MARCH 24, 1976.

9) Shell Analysis by F.E.M.
lOl Fracture Mechanics Analysis
11) Viscoplasticity

12) Soil and Rock Mechanics

- THURSDAY, MARCH 25, 1976.

13) F.E.M. Analysis for Buckling and Large Displacement
14) Analysis for Combined Nonlinear and Dynamic Behavior
15) MARC Review and Critique

16) Case Study: Nuclear Reactor Component Analysis

s
¢ BN
y

N R
5 .
Y

Zienkiewicz
Gallagher
Gallagher

Zienkiewicz

Zienkiewicz

Gallagher or Zienkiewicz

Gallagher

Gallagher

Gallagher or Ballesteros

Gallagher
denkiewicz

Zienkiewicz

Marcal
Marcal
Dwyer

Marcal
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' FRIDAY, MARCH 26, 1976.
17) Constitutive equations of Concrete and Reinforced Concrete. Ballesteros
-»18)'¥Bou,ndary Solution Procedures and the F.E.M. Zienkiewicz
19) F.E.M, in Dam Analysis Zienkiewicz
20) Final discussion and questions. | Zienkiewicz
: Gallagher

Marcal

Dwyer
Ballesteros.
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LUNES 22

8:00 - 8:45
8:45- 9:00

9:00 ~ 10:30

10:30 - 11:00
12:30 - 14:30
14:30 - 16:00

16:00 - 16:30

16:30 - 18:00

11:00 - 12:30

PR O GRAMA

Inscripciones
Apertura del curso

Estudio y categorizacién de
los métodos computacionales
de anélisis de ingenieria.

Receso (caféy refrescés)

‘Formulaciones alternativas

en meddnica estructural,

Receso (comic =por cuenta participantes )

Formulaciones mixtas o hibri
das del método de elementos
finitos.

Receso (café y refrescos)

Métodos de incremento de tiempo

Octavio Rascéon Chivez
Timothy J. Dwyer

O. C. Zienkiewicz

R. H. Gallagher o

R. H. Gallagher

O. C. Zienkiewicz




MARTES 23

9:00 - 10:30 Flujo viscoso. O. C. Zienckiewicz

10:30 - 11:00 Receso (café y refrescos)

11:00 - 12:30 Problemas de ingenieria
ambiental. R. H. Gallagher

12:30 - 14:30 Receso (corriidu por cuenta parti cipantes)
14:30 - 16:00 Ecuaciones constitutivas inelasticas - R. H. Gallagher
16:00 - 16:30 Receso (café y refrescos)

16:30 - 18:00 Alogaritmos de anélisis por el método

de elementos finitos en medios ineléj
ticos. R. H. Gallagher




& >

MIERCOLES 24

1 9:00 - 10:30

110:30 - 11:00
11:00 - 12:30
12:30 - 14:30
14:30 - 16:00
16:00 - 16:30

16:30 - 18:00

Anélisis de mecdnica de propagacién

de grietas. P. Ballesteros
Receso {café y refrescos)

Anélisis de cascarén por el método

de elementos finitos. R. H. Gallagher
Receso (comida por cuenta participantes)

Visco-plasticidad . ‘ O. C. Zienkiewicz

Receso (café y refrescos)

Mecdnica de suelos y rocas. O. C. Zienkiewicz




S

O

JUEVES 25

9:00 - 10:30 Andlisis por medio de elementos
. finitos en problemas de pandeo ’
con desplazamientos grandes. P."V. Marcal

10:30 - 11:00 Receso (café y refrescos)

11:00 - 12:30 Anélisis combinado de no-linealidad
. "y comportamiento dinGmico. P. V. Marcal

12:30 - 14:30 Receso (comida por cuenta participantes)
Q ‘ 14:30 - 16:00 Revisién y critica del programa MARC 7 T. J.‘Dwyer

I‘ié:OO - 16:30 Receso (café y refrescos)

16:30 - 18:00  Cuso aplicaci én: andlisis de los ‘
componentes de reactor nuclear. P. V. Marcal




O

VIERNES 26
9:60 = 10:30
10:30 ~ H:QO
11:00 - 12:30
12:30 - 14:30

14:30 - 16:00

16:00 - 16:30
16:30 - 17:00

17:00 - 18:00

18:00

Ecuaciones constitutivas del
concrefo.

Receso (café y refrescos)

Aplicaciones de elementos finitos
en problemas de concreto.

Receso (comida por cuenta parti cipantes)

Procedimientos de solucién de wa-
lores en la frontera por el método
de elementos finitos.

Receso (café y refrescos)

El método de elementos finitos en
el andlisis de presas.

~

Discusién final y preguntas.

Clavsvura

P. Ballesteros

P. V.\ Marcal

0. C. Zienkiewicz

0. C. Zienkiewicz

O. C. Zienkiewicz
P. V. Marcal
T. J. Dwyer
P. Ballesteros

Octavio Rascén Chdvez
Pedro Martinez Pereda
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‘ ADVANCED TOPICS SEMINAR
O MEXICO CITY
, MARCH 22-26, 1976. .

MONDAY, MARCH 22, 1976.

1) An Overview and Categorization of Computational Methods

in Engineering‘Ang}.ysis Zienkiewicz
2) Alternative i?ormulations is Structural Mechanics  _ Gallagher
3) Mixed and Hybrid F.E.M,. Formulations Gallagher -
4) Time-Stopping\ Methods Zi;énkiewicz
TUESDAY, MARCH 23, 1976.
5) Viscous Flows | Zienkiewicz
6) Environmental Problems , Gallagher or Zienkiewicz
® 7) Constitutive Equations for Inelasticity . Gallagher
| 8) F.E. Analysis Algorithms for Inelastic Analysis — Gallagher
WEDNESDAY, MARCH 24, 1976.
9) Shell Analysis by F.E.M. ' | Gallagher or Ballesteros
10) Fractwre Mechanics Analysis : Gallagher
11) Viscoplasticity Zienkiewicz
‘ 12) Soil and Rock Mechanics\ Zienkiewicz
THURSDAY, MARCH 25, 1976.
. 13) F.E.M. Analysis for Buckling and Large Displacement Marcal
14) Analysis for Combined Nonlinear and Dynamic Behavior Marcal
Q 15) MARC Review and Critique Dwyer

16) Case Study: Nuclear Reaétor Component Analysis Marcal

‘f-‘
\,
7
5
N
i
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FRIDAY, MARCH 26, 1976.
17) Constitutive équations of Concrete and Reinforced Concrete. Ballesteros
18) Boundary Solution Procedures and the FEM Zienkiewicz
' 19) F.E.M, in Dam Analysis Zienkiewicz
20) Final discussion and questions. - | Zienkiewicz
' Gallagher
. _ Marcal
- : Dwyer
. Ballesteros.




©
D)
C
4
C
O
@,
C
‘0
Q
©
@)
D)
EQ)
0
0
9
O
L.
-+
C
D)
@,

superiores

de

divisidén

estudios

unam

ingenieria,

de

facultad

RESEARCH CORPORATION

MARC ANALYSIS

o

\\,m, £/ ,G g

DL e

Ny RN
Z3 - Dol

\\,YC, i

[

P — {
; Sy s N
hmw. ZHMFHJWW

o
%
1
U

e e N

i

{7
& S

R
P

2 . .
oo » =
/f\i.i;r\r;i,ff!;siﬂzisa e TN

&

A

i ‘
Ilmu 3

R § L.

Z
<

&
H

|

o, R g Rz

S/ i) - Iy == S iadn:ci 11 :

@ o d, & P

e /] E————) CEN s

OB e & e w

4 OO Hem gl o

e
i

?zrfzﬁ%w
S A

oo e LY ]
e N =Y | \\ R TE I BT VUV S
111 D0 fodio et g ot Pff T
f R e ol W = Tty S S o s
LT 7 . Jo Pt kﬂw et 28,

o

w»

Marzo 22-26, 1976

de Minerfa

Tacuba 5, primer piso. México 1, D. F,

Palacio

521-40-23  521-73-35 5123-123

Tels :
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LUNES 22

8:00 - 8:45
8:45- 9:00

9:00 - 10:30

10:30 - 11:00
11:00 - 12:30

12:30 - 14:30

14:30 - 16:00

16:00 - 16:30

16:30 - 18:00

PRO GRAMA

Inscripciones
Apertura del curso

Estudio y categorizacion de
los métodos computacionales
de andlisis de ingenieria.

Receso (café y refrescos)

Formulaciones alternativas

‘en meddnica estructural

‘Receso (comida por cuenta participantes)

~

Formulaciones mixtas o hibri
das del método de elementos
finitos.

Receso (café y refrescos)

Métodos de incremento de tiempo

Octavio Rascén Chavez
Timothy J. Dwyer

O. C. Zienkiewicz

R. H. Gﬁl lagher

R. H. Gallagher

O. C. Zienkiewicz




@

MARTES 23

9:00 - 10:30
10:30 - 11:00

11:00 - 12:30

12:30 = 14:30
14:30 - 16:00
16:00 - 16:30

16:30 - 18:00

Flujo viscoso.

Receso (café y refrescos)

Problemas de ingenieria
ambiental,

" Receso (comida por cuenta parti cipantes)

Ecuaciones constitutivas inelésticas
Receso (café y refrescos)

Alogaritmos de anélisis por el método
de elementos finitos en medios inelé_s.
ticos.

0. C. Zienckiewicz

R. H. Gallagher

R. H. Gallagher

" R. H. Gallagher




MIERCOLES 24

9:00 - ‘10:30

10:30 = 11:00
U:OO - 12:30
12:30 - 14:30
14:30 - 16:00
16:00 - 16:30

16:30 - 18:00

Anélisis de mecdnica de propagacién :
de grietas. P. Ballesteros

Receso (café y refrescos)

Andlisis de cascarén por el método

de elementos finitos. R. H. Gallagher
Receso (comida por cuenta participantes)

Visco-plasticidad. O. C. Zienkiewicz

Receso (café y. refrescos)

Mecanica de suelos y rocas. O. C. Zienkiewicz




%

JUEVES 25

9:00 - 10:30

10:30 - 11:00

11:00 - 12:30

12:30 - 14:30

-

14:30 - 16:00
16:00 - 16:30

16:30 - 18:00

Andlisis por medio de elementos
finitos en problemas de pandeo
con desplazamientos grandes. P. V. Marcal

Receso (café y refrescos)

Anélisis combinado de no-linealidad

y comportamiento dindmico. P. V. Marcal
Receso (comida por cuenta participantes)

Revision y critica del programa MARC T. J. Dwyer

Receso (café y refrescos)

Coso aplicaci én: andlisis de los
componentes de reactor nuclear. P. V. Marcal




I d ©

VIERNES 26
9:00 - 10:30
10:30 - 11:00
11:00 - 1/2:30

12:30 - 14:30

14:30 - 16:00 .

16:00 - 16:30

16:30 - 17:00

17:00 - 18:00

18:00

Ecuvaciones constitutivas del
concrelo,

Receso (cufé y refrescos)

Aplicaciones de elementos finitos
en problemas de concreto.

Receso (comida por cuenta parti cipantes)

Procedimientos de solucién de va-
lores en la frontera por el método
de elementos finitos. ‘

Receso (café y refrescos)
El método de elementos finitos en

el anélisis de presas.

Discusién final y preguntas.

Clavsvura

P. Ballesteros

P. V. Marcal

O. C. Zienkiewicz'

0. C. Zienkiewicz

O. C. Zienkiewicz
P. V. Maraal
T. J. Dwyer
P. Ballesteros

Octavio Rascén Chdvez
Pedro Martinez Pereda







ADVANCED TOPICS SEMINAR
O MEXICO CITY
MARCH 22-26, 1976.

MONDAY, MARCH 22, 1976.
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Marc Analysis Research Corporation
|
MARC APPLICATION. SUMMARY
THERMAL AND ELASTIC AN'ALYSIS' OF A PISTON
A piston was analyzed by MARC Analysis Rescarch " A linear .elastic analysis indicated that the most
Corporation under combined thermal and pressure highly stressed areas were at the wrist pin-pin bore
loading that simulated normal operating conditions.. interface and at the oil cooling channcl surface, just
The idealized piston mesh is shown in a perspective inside the ring land area at the top of the piston.
plot in Figure 1. The MARC system was uscd to generate the modei

mesh, the thermal data and the stress analysis results.
One hundred and twenty-eight isoparametric twenty
q‘?de brick elements were used to model the piston
and the piston pin. Special modeling considcrations
included use of an elastic foundation stiffncss in
glace of the crank rod and tying constraints for the
. interaction of the pin and the piston. The final
model resulted in 1002 node points with a total of
2673 reduced degrees of frcedom. The maximum
nodal half-bandwidth of the optimized mesh was 175.
Figure 2 is an isotherm plot of the upper piston
surface. | “
l _ ' R .
The ' thermal data for this analysis was generated
using the, MARC system transient heat transfer capa-
—~ bility. Fligure 3, a plot of the Misesequivaicnt stress
in the piston top, demonstratés the MARC graphic
’clapabilitiés to distill and present results in the most
Figure ] s;raight-fbr.vard manner. '

!

. . I, !
' b MARC ANALYSIS RESEARCH CORPORATION
: S
MARC Analysis Research Corporation has offices in Prﬁvidenc{:, Rhode Island, and in Palo Alto, Califor-
nia. Dr. Pedro V. Marcal is President, and he is l"ocatcd: in the Palo Alto office. The company is oricnted
toward providing 'proh,lpnf.—solvinig scrvices to the cnginccring community through lease or through the.data-
center offering og' the MARC Program, as well as tli\rouglrcomplcte problem solution via our consultmg g‘_rou;{s
| i Palo Alto and Providence and through the MARC-sponsdred fidite-element-technology and MARC-usage
Q:courses. The staff_is equally. divided between' the Palo Alto’and Providence offices, and hence will give short
. turn-around. on 'problems. that may arise. - In addition, Mr. Patrick Stuart, manager of MARC European Opera-
.tions, is in Stuttgart, West Germany (address on back side) in brder to better serve our European customers. A
_| brochure describing,\thel MARC Analysis.Research Corporatioﬂ is available on réquest,
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Marc - Analysis Research Corporation

MARC APPLICATION SUMMARY

THERMAL AND ELASTIC AN.ALYSIS‘ OF A PISTON

A piston was analyzed by MARC Analysis Research
Corporation under combined thermal and pressure’
loading that simulated normal operating conditions.
The idealized piston mesh is shown in a perspective
plot in Figure 1.

Figure 1 :

A linear clastic analysis indicated that the most

- highly stressed areas were at the wrist pin-pin bor(,

interface and at the oil cooling channel surface, )ust
inside the ring land area at the top of the piston.

The MARC: system was used to gencrate the modci
mesh, the thermal data and the stress analysis results.
One huridred and twenty-eight isoparametric twenty
qode brick clements were used to model the piston
a1nd the piston pin. Special- modeling considerations
included use of an elastic foundation stiffness in
place of the crank rod and tying constraints for the
interaction of the pin and the piston. The final
model resulted in 1002 node pomts with a total of
2673 reduced degrees of freedom. The maximum
nodal half-bandwidth of the optimized mesh was 175,
Figure 2 is an isotherm plot of the upper piston
surface, |

The thermal data .for this analysis was generated
using the, MARC system transient heat transfer capa-
bility. F'igure 3, a plot of the Mises-equivalent stress
in the piston top, demonstrates the MARC graphic

capabnhtles to distill and .present resuits in the most

Q in Palo Alto’ and Providence and through the MARC- sponsércd fiite-element-technology and MARC-usage

strau,ht-ilor vard manner.

MARC ANALYSIS RESEAR&JH CORPORATION

MARC Analysis Rcsearch Corporation has offices in Prov:dence Rhode Island, and in Palo Alto C'}lhor-
. Dr. Pedro V. Marcal is President, and he is located m the Pa]o Alto office., The company is oricnted
toward providing prol)!tm-solvnu, services to the (,m.,murmg community through leasce or through the data-
center ochnb of the MARC Program, as well as through complete problem solution via our consulting groups

courses. The staff is equally divided between the Palo Altoand Providence offices, and hence will give short
‘turn-around on problems that may arise. In addition, Mr, Patrick Stdart manager of MARC European Opcra-
.tions, is in Stuttgart West Germany (address on back side) i in order to, better serve our European customers. A
brochure descnbmg the MARC Analysis Rescarch Corporatnoﬁ is available on request,
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. (/{ courses. The: staff-is equally divided between the Palo. Alto"and PrOdeence offices, and-hence will givesshort

f‘\?;“ SR

Marc Analysss Research Corporation

[

MARC APPLICATION SUMMARY

| . THERMAL AND ELASTIC ANALYS!S OF A PISTON

A piston was analyzed by MARC Analysis'Research : A linear elastic analysis indicated that the most
Corporation under combined. tlicrmal -and- pressure highly. stressed. arcas were at the wrist pin:pin bore
loading that simuiated normal operating.conditions. interface and at the oil cooling channel surface, just
The idealized piston mesh is shown in a perspective inside the. ring land area at the top of the piston.
plot in Figure 1. The MARC system was used to gencratc the model

mesh; the thermal data and the stress analysis results.
One hundred and twenty-eight isoparametric twenty
node brick elements were used to modcl the piston
and the ‘piston pin: Special modeling considerations
mc}udch use of an elastic foundation stiffncss m
place of the crank rod and tying constraints for the
., interaction of the pin and the piston. The finai

12673 reduced degrces of freedom. The maximum
nodal half-bandwidth of tlie optimized meshiwas 175.
Figure 2 is an isotherm-plot of the upper piston
surface. ) KR :

LY - RRR N W
[N i T H

The thermal- data. for this analysis was gencrated
using the, MARC system transient heat transfer capa-
bility. ﬁigure 3. a plot of the Mises:equi\tzllént»strcss
in the piston top, demonstrates the MARC graphic
capablhtxcs to distill and: present results in the most

Figure 1 straxght- or vard manner..

L

I iy
T MARC ANALYSIS R'ESEA'ROH CORPORATION
MARC Analysis Rcscarch Corporation: has offices in Prov1dencc Rhode Island, Jnd in Palo Alto Califor-
‘nia.  Dr. Pedro V., Marcal is* President, and he is located m "the Palo Alto office., The company is oriented '
toward’ providing prohiun -solving scrvices to the uuz.muumg, community through leasce or through the. data-
center offering of lhu M’A RC Program, as.well.as through complcte problem solution via our consulting groups
~{ mm Palo Alto and Providence and through the MARC—sponséred finite-clement-technology and MARC-usage

‘turn-around on problems that may arise. In addmon Mr. Patrick Stﬂart manager of MARC European Opera-
tions, is in Stuttgart, West Germany (address on-back snde) in order to, better serve our European customers. A
‘brochure descnbmg the MARC Analysis. ResearchiCorpordtlon is available on request,
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model resulted in. 1002 node points with a total of
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Marc Analysis Research Corporation
- MARC APPLICATION. SUMMARY
THERMAL AND ELASTIC ANALYSIS OF A PISTON
A piston was analyzed by MARC Analysrs Research “ A linear. elastic an.alysis indicated that the most
Corporation under combined thermal. and pressure highly stressed areas were at the ‘wrist pin-pin borc
loading that srmuiated normal cperatmg conditions. interfacc and at the oil coolmg -channel surface, just

Theidealized piston mesh is shown in a perspective inside - the ring land area at thc top of the piston.

o} turn-around on problems that may arise. In addmon Mr. Patnck Stuart, manager of MARC Europcan Qpcra-

plot in Figure 1. The MARC system was used to generate the model

mesh, the thermal data and the stress analysis results.
One hundred and twenty- elght isoparametric twenty
node brick -elements were used to model the piston
and the prston pin. Special modelmg, considerations

) mcluded use of an elastic foundatron stiffness 1n
place of the crank rod and tymg constraints for the

,  interaction of the pin and the piston. The final
model resulted in 1002 node points with a total of
2673 reduced degrees of freedom The 'maximumn
“nodal half- bandwxdth of the optrmrzed mesh was 175.
S Figure..2. is an 1sotherm plot of the upper piston
surface.

RN

" A ‘ |

g PSS e e .
The "thermal data- for.-this analysis/was igenerated
using the, MARC system transient heat transfer capa-
bility. Frgure 3, a plot of the Mises equivalent stress
in the prston top‘,‘"demonstrates the MARC graphic
capabnlltres to distill and present results in the most

Figure 1 ‘ B, strargitt~forvard manner.

ERIARY RPN ' * c. .
IR iy y :

' MARC ANALYSIS RESEARCH CORPORATION

:
LRSS .
s

r

MARC Analysrs Rcsearch Corporatron hns ofﬁces in Provndence, Rhodexlslrmd dlld in. Palo Alto Califor- |
nia. Dr Pedro V. Mdl'CJ‘l is President, and he is- located m the Palo Alto olhee ‘ The eompany 4s ofiented
toward’ pr()vrdm;, prohlun-xolvrm, services to the cngmu,rlng community through jease or through the data- '
ceitter oth,rmg, ol the MARC Program, as wellas-through complcte problem solution via our consultingigroups
in Palo Alto ‘and Provrdence and through the MARC—sponsdred finite-element-technology and MARC-usage -
’courses. . The. staff i is equally dmded between the Palo Alto “and Provrdence offices, and hence will give short ¢

tions, is in Stuttgart -West-Germany (address.on. back side) in order to, better serve our European c.ustomers A
‘brochure descnbmg the MARC Analysis-Research Corporatlort »ls avar{lable on request,
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Marc Analysis- Resea;rch: Corporation

MARC' APPLICATION SUMMARY

THERMAL AND ELASTIC AN,‘ALYSIS“OF A PISTON

A piston was analyzed by MARC Analysis Research
Corporation under combined thermal and pressure
loading that simulated normal operating conditions.
Thie idealized piston mesh is shown in a perspective

A linear elastic analysis indicated that the most
highly stressed. arcas were at the wrist pinzpin bore
interface and at the oil cooling channcl surface, just
inside the ring land area at ;!1c top of the piston.

plot in Figure 1. The MARC system was used to generate the model

mesh, the thermal data and the stress analysis results.
One hundred and twenty-eight isoparametric twenty
node brtck elements were used to model the piston
and the piston. pin. Special modeling. considerations
mc]uded use of an elastic foundation stiffncss in
place of .the crank rod and tymg constmmts for the
,  interaction of the pin and the piston. The final

2673 reduced "degrees’ of freedom. The maximum
nodat half-bandwidth of the optimized mesh was 175.
Figure. 2 is an isothermr plot of the upper piston
surface.

The thermal data for this analysis was generated
using the, MARC system transient heat transfer capa-
bility. Flgure 3, a plot of the Mises' equivalent stress
in the plston top, demonstrates the MARC graphic
capabnhtles to distill and present results in the most
straxgllt—for vard manner.

I

Figure |

MARC ANALYSIS RESEAR‘C‘H' CORPORATION

i

MARC Analysis Rcscarch Corporation has offices in Provndencc Rhode Island, and in. Palo Alto Califor-
nia.- Dr. Pedro -V. Makcal is President, and he is located: m 'the Palo Alto office.. The company is-onwenied
toward providing prol)lcm-solvnm, services to the cnunwrmg, community through lease or through the data-
center offering of the M»ARC Program, as wellbas-through complete problem solution via our consulting groups

J/ in Palo Alto and Providence and through the MARC-sponsércd filite-element-technology and. MARC-usage
C courses. The staff is equally divided Between the Palo Alto’and Prbvxdence offices, and hence will givesshort
turn-arcund on probl‘*ms that may arise.. In addition, Mr. Patrick Stpart manager of MARC European Opera-
tions, 1s in Stuttgart, West Germany (address-on back side) in brder to, better serve our,European customers. A
brochure descnbmg the MARC Analysis Research Corporatloﬂ is aval{lable on request,
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APENDICE A
INSTRUCTIVO DEL PROGRAMA PARA EL ANALISIS DE

ESTRUCTURAS MURO - MARCO

Se describe c6mo se preparan los datos que sexrvir&n para el ani2lisis de estruow
turas muro-marco mediante el programa de computadora descrito del cep 4. o8

datos para el programa se proporcionan mediante tarjetas perforadas.

A1, Datos de entrada

A'.1. Tarjeta tftulo (13A6). De la columna 1 & la 78 se puede perforar cusiguiep
informacion alfanumérica con objeto de identificar los problemas gue @o
van a procesar en una corrida.

Af.2 Tarjeta de archivos (4IS).

Columnas

1= 5 No. del disco de barras

6 = 10 No. del disco de graficas
11 - 15 No. del disco de fuerzas internas
16 - 20 No. del disco de cuadrados

Segiin el- listado del programa (Apéndice B), los nlimercs de los discas son

10, 15, 20 y 25 respectivamente.

A%.3 Tarjeta de problemas (I5). Se especifica el nlmero de estructuras que se

desee analizar en una corrida del programa.

A1.4 Paquete de tarjetas para cada problema. Las instrucciones A1.4.9 & A1.4,20

serdn suficientes para definir un problema.

Se repetirdn tantas veces segin se especifique en el inciso A1.3

nl.4.1 Tarjeta tftulo {13A6). De la columna 1 & la 78 se perfora cualquioer ine

formacibn alfanunérica qus permite identificar el problema en particuler
que se estf analizando.
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Al.4.4

4

Columnas
1=- 5 identificador del material
6 - 15 médulo de Young (ton]hz)
16 = 25 coeficiente de Poisgson
26 =~ 35 peso volumétrico (ton/m3)

Tarjetas de secciones (215,4F10,0)

Las barras de la estructura pueden tener distintas secciones, por ejem-
plo, circular, rectangular u otras. Para identificar la seccidn utili=
zada en cada barra se asigna a ésta un nﬁmgro entero empezando por uno,
el que se denomina identificador de la seccidén y habrd tantas tarjetas
como tipos de seccidn se especifiquen en la instruccidn A1.4.2

En cada tarjeta se perforari la siguiente informacidn

Colunmnas
1 -5 identificador de la seccidn
6 - 10 indicador del tipo de seccidn. Existe internamente un

catidlogo de secciones transversales numeradas:
0 especial

1T

2 rectangular

3 circular

El indicador tomara cualquiera de esos valores segiin el tipo de secaidn,

a)

Dependiendo del niimero asignado al indicador que define el tipo de sec-~

1
cidn transversal de la barra, la informacidn que determina tales seccio
nes se perforara en el resto de la taijeta de la forma siguiente,
Seccidn T, Indicador del tipo de seccidn = 1

columnas

11 - 20 . B(cm)

!




b)

c)

d)

\Z
. = S .
- et
tl_]____ N
21 =30 T .blem) - : - i .
31 - 40 t (cm) ' ’ |
41 - 50 h(cm) \ , b:'_——'fl'
A - S

Seccidn rectangular. Indicador del tipo de seccidn = 2

I
Colunnas ' -

l
u
11 = 20 b (cm) h
! t
21 - 30 h(cm) : )
' !
N - ' b ] '
Seccidén circular. Indicador del tipo de seccidn = 3
Columnas . {
11 = 20 " R(cm)

Seccidn espe’éié\l° Indicador del tipo de seccidn = 0

¢

Columnas

11 - 20 *" . A &rea tfaﬁéveréalw{cmz)
21 - 30 I moﬁento,dg;;nercia (éﬁ4f
31 - 40 ' F factor de forma

Ejemplo A.1

Tiene la finalidad de ilustrar las instrucciones Ai1.71 a Al1.4.4 de la es

tructura mostrada en la fi§ Acl.1.

Fig. A.1.1 MURO~MARCO A
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] 23 bR )
22| 37 52 |67
7 21] 36 sy 166
20 6%
-] 19! 34 49 (64
123 63
9 17 52
16 6!
Q i5 60
14 59
s 13 38
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2 N 2¢ 4; |36
0| 23 40 |39
1y sl 24 39 i34

78

74

73

72

K¢)

70

Fig, A.1.3 Alternativa 2

Se numieran en la direccidm

vertical los nudos, siendo

la diferencia méxima 16

fe las dos alternativas presentadas, la 1, por ser la de diferencia menor es

la mejor opcién. Respecto a la numeracidn de las barras o de los cuadrados no

importa su orden; sin embargo, a fin de utilizar las opciones para generacidn

de datos es necesario numerar, en orden secuencial, los elementos que tengan pPre

piedades comunes como se ilustra en el ejenplo A.3,

ciones para la estructura dada, la codificacibn de la instruccibn sexds

. Suponiendo que en la estructura'solo participa un material y tres tipos de sec¢

(Pig R.1.2;

28 42 i 76

3

5 i0 15 20

25

80

En el caso de tratarse de una estructura formada por dos materiales, la instxuc

¢ldn se codificar3d como:

28, 42 2 76

3

5 10 15 20

vii) Instruccién A%1.4.3

25

Si la estructura de la fig A.3.2 esti formada por un solo material, por e-

jemplo, concreté con lag propiedades siguientes, resultas



™
-/

Tabla A.1.7% l

NS SECCION |
— Y B} 1.
————— - - i ‘
. 10
i 35}:- L-—T a0 '_4"
: : (em) |
2 (ewm)
o —]
3 40 30 | (ew)

— Cimeme =4

Una vez ejemplificadaé las instrucciones A1.1 a A1.4.4 se continda con el

instructivo.

Ai.é.s Tarjetas de coordehadas para los puntos nodales (I5, 2F10.0, 2I5)

Contienen las coordenadas de cada punto nodal referidas a un sistema car
tesiano global. Las unidades son metros, y em general se requiere una =

tarjeta para cada punto nodal. El oxrden debe ser .secuencial

Columnas
1= 5 No. del punto nodal
6 = 15 . abscisa (m)

16 -~ 25 ordenada (m)

Se ha incluido la alternativa de poder generar ciertas coordenadas a par
tir de los datos del primero y Gltimo punto de un grupo que cumpla con =

las condiciones siguientes:

i) Los puntos de este grupo son equidistantes y estln sobre una recta.
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P | . -
. l
| i SN EE S T S .
ek bbE 7 72[ 73] [74 |75 - 761 - | .
3.0 67— 70 . .
6! 62| 63] {69 |65 68 . .
cndfae ace - — , R o om - LRI v
ot - 3!
3.0
) ’ 51 52 [13 86 e G e
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3.0 : - Fig A.2.1
NN 1] 42 43 - 4e R -
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5.0 - ) MURO = MARCO A
31 a2l 35 36 X . )
——— e —1 PP : STy £ 4
b T :
3.0 . .
21 a2 25 26 - . R
epoee = e Pa—— ) -
3.0 R &
. L'l ft 12 is 46 £
' - mw
3.0 9 |10 -
&
D S L 8 R .
- it ¢

AT

Se observa que los grupos de los puntoq nodales 1 al 71, 2 a 72, 3 a- 73,

Pl

4 a 74, 5a75y6a76 cumplen con las condlciones i yii, o sea que °

3puntos sucesivos es constéﬁte?'

_son equidlstantes Y estdn ‘sobre una misma recta, 4 la diferencia entre

“Por ééﬁto;'ééqﬁuédé‘ﬁtiliZar lavopciéh

de generacion con los datos del primezo ¥ Gltimo puntos de los grupos

T o.o'
77 0.0
‘2. 4.5
72
3 6.0
3. 6.0
-4 7.5
74 7.5 .
s 9.0
© 8.0

76
¥

13.5
15

2t
e

4.5

A H T
E

,.Amencionados, .cuyos ‘datos resultan: - = © ’

0.0 |
‘21,0 10

0.0 ¢ n g
21.0. . 5

0.0 s
T R
0.0 L T g T

0

21.G . .‘:_15_“'_":“';

U210 0§
13,550 :

00 5

20,0 7
27.0
a5 -

10
10
30 35 80
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26 = 30 indicador del tipo de apoyc en el nudo I

37 = 35 indicadoxr del tipo de apoyo en el nudo J
Los indicadores anteriores tomardn los valores asocia-
dos a la condicidn de apoyo de la barra:
0 el apoyo es continuc
1 el apoyo es articulado

56 - 40 Indice de generacién, Se emplea cuando se requiere uti
lizar la opcidn de generacidn de datos, toma los siquteg;
tes valores:
0 indica no generacién.
1 indica generacibn. Con este valor se establece que

el nlmero de barras camprendido entre la tarjeta ante

rior y @sta, poseen las caracteristicas siguientess

i) La numeracidn de los nudos debe seguir la siguiente reglas

donde n es el nimero de la barra; I, J los nudos de la barra y

IGC es una constante (ejempioc A.3).

ii) El grupo de las barras debe ser numerado en forma secuencial; sexr cong

truidas con el mismo material y poseer la misma longitud, seccidn trans
versal y tipos de ap;yos (ejemplo A.3).

£jemplo A.3

La instruccion A1.4.7 ge ejemplific§ré usando los datos de la fig R.1,2

con la informacion adicional para las barras indicadas enm la tabla R.2.%
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“)
T3 12 I |
20 = 22 1 . e
3| 3| 32 A L L
4« 42 1} e
5 51 52 1] S |
{ 6| 61 62 i L o
7 71 72 1 ' S
8 15 16, 1 e
9| 25 26 R e
10| 35| _ 36 3 ) o L
11 as| e 1
12 55 56 1
13 65 66 1
141 75 76 1 B
s 1 11 2f —
16 11 21 2| B N
RYIERET 31 2| - .
18 31 41 2 -
19] a4 51 2 )
20 51 61 2 h
21 61 71 2
22 6 16 3
23| 16 26 3| ! ] — .
24 26 36 3
25| 36 46 3
26| 46/  s6 3|
27 s6 66 3 ]
28] 66 76 s
s 10 15 25 3 a0 50 6 Y0

Para establecer la opcidn de generacidn conviene hacer el anilisis si-

guiente:

En la fig A.1.2 se observa que los grupos de las barras 1 a 7, 8 a %4,

15 a 21 y 22 a 28 cumplen con las condiciones i y ii de la instruceidn

A1.4.7 para genexacibn de datcs en barras, es decir, que cada grupy de

barras .est8 numerado em forma adcuencial ¥ sus nudos observan la zegla



a%.4.10

Rl.4.11%

i1 - 20 espesor doninante de los cuadradqs que forman el mu -

Loe

ro (m). ‘
Tarjetas de tipos de cuadrados (801’.1) Contiene los indices de los ti
R WL
pos de elementos (Tipo 1 y Tipo 23 fig 2 3.3).

Estos indi*ces;@omanv‘1951‘;8iguien~tes valores: (ejemplo R.4).

0 . Blet;thto,dt;ipg\‘l

1 , Elgneri,to;-tipg 2

Tarjetas ,idie\ ele:ngnt;s i;ﬁadra@qs (615, F10.0, 2];51). ) Sg requiere una tarjg
ta. po:}:, cada cu,a_d;adqza;_conjti\g‘x}g la in_.form’acj.ﬁén Kre]:a‘t_:iva a la geometria Y(
material. Ademés, se tiene implementada la opcidn pa:n:r:a generar lcs da=

tos de un grupo de elementos,. que tengam caracter:.sticas identicas,

con los datos del prmero y ﬁltimo elmento de esta grupo, mediante un

mdipadq; q\xe se explica enseguida.

Columnas
1 - 5 No. del elemento ' S P — L
>6-10  Punto nodal I 4 ik
11 = 15 Punto nodal J
.16, —,_20 o , »Puni;q pqdal K o ﬁj_‘ K
: 2~‘I)»---;25 - - Punto nodag‘}.“L ‘

‘La numeracidn I, J, K, L asignada a los nudos -del elemento cuadrado ge d_e_
‘be proporcionar en esta instruccidn én sentido contrario a las manecillas

* de'un reloj, para-un sistema d(éxjgcho empezando. siempre por I.

.« Lt .
.t

Columnas TR

26 = 30° " identificador del material. Se puede omitir en el icaso
.de. tratarse de \mx solo, matarial. ”, ‘ n

31 ~.40, espesor; del elemento, (m) L

.y
Este valox se.puede omitir cuando el elemento tenga el

espesor dcghiqqnte' Y el programa internamente le asigma
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SISTEMA DE REFERENCIA GLOBAL

‘mediante los valores siguientes:

0 no se requiere calcular los valores de las fuerzas ec
tuantes en los puntos nodsles del elemento.

i Si se requiere calcular tales valores.

tEjemplo A.4.

Utilizando el muro-marco A y la numeracibn de la fig

<:ii 3:1.2, ejemplificar el empleo de las instrucciomeél
’ A1.4.9 a la A1.4.19%.
1) Instruccidn A1.4.9

Za fuerza de gravedad forma um &ngulo con un eje x global (fig A.1.2) de

270. grados y suponiendoc un espesor de 0.15 m para todo el muro se tiene -

P -

[. 270. [ 0.15 ]
10 20 ' : 80

43) Instruccidn A1.4.10

AR ARARAAAAY 11!
' 5 10 15 20 25 ho; 35 40 : eo

418) Instruccidn A1.4.11

(::) Suponiendo un soloitipo de material y que nv se quiere calcular las fuersas

equilibrantes, utilizando la opcibn de genexacibn, los dates codificedos qpsj
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<:> .%.,4,13 Tarjetas de nudog frontera restringidos {10{Z5,311)})
En una tarjeta se perforan hasta diez grupos de valores que definen sl
tipo de restriccidn para un nudo. E1 primer valor de este grupo corrxes
ponde al nlmero del nudo restringido, y los siguientes tres son los va
lores indicadores del tipc de restriccidn correspopdientes a los com =
ponentes de desplazamientc u, Vy ﬁx regpectivamente y tomarin loa
siguientes valores
1 componente de desplazamiento restringido
0 componente de desplazamientoc libre
Es frecuente encontrar nudos en los que el desplazamiento no se res =
tringe en direccidn horizomtal o vertical sino en direcciones inclina

dag (figs a y b)

2) Extremos de barras b) Extremos de barras

articulados ) . continuos

Es costumbre reemplazar estos casos por una barra orientada en li ..iw
reccidn en que se restringe el movimiento, de longitud usual y una &=
rea de la seccién'éransversal muy grande (A + @), Las'condiciones de
de frontera y el momento de inercia de la seccién transversal se espa

cifican en las figg ¢ y d

S % o A =@
O

I Arbitrario I +Q

L usuval L usual

.'l
¢) apoyo idealizado é) apoyo idealizade

1 ! . .
. bara la fig a pare la filo »
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<i\> indicador especificado em la instxuccidn A1.4.12, Si no se necesita
J el calculo de rigideces, e3 decix, cuando el indicador vale 1 se con
tinla con la instruccidn A1.4.15.
Si solamente se requiere el cllculo de rigidecés, es decir, cuands €l
indicador vale =1 se continfia con la im;truccién 2a1.4.20,

£3.6.14.1 Tarjeta de control (2I5)

Contiene;

Cclumnas

1 =5 No. de niveles de la estructura MURO»MARC?
6 - 10 No. maximo de puntos nodales por nivel

#%.4,94.2 Tarjeta titulo (i3A6)
De ias columnas 1 a 78 se escribe un encabezado alfanumérico para indy
car que se va a calcular las rigideces de entrepiso.

Kvg” A9.4.74.3 Tarjeta de puntos nodales por nivel k1615)

Se perfora el ar%eglo que contiene el nlmero de puntos nodales por &i~
vel, empezando por el primero (ejemplo A.6).

£1.4,74.4 Tarjeta con numeracidn de los nudos por nivel (1615)
Un grupo de tarjetas poxr cada nivel contiene informacidn reéspecto a la
numeracién.de ios puntos nodales en ese nivel.‘ Habrad tantos grupos de
tarjetas como nimero de niveles especificado en la inmstxuccidn Al.4.14.1;
a la primera'tarjeta corresponde el primer nivel.

5.8.14.5 Tarjeta de alturas de entrepiso (8F10.0)

En cada tarjeta se perforan hasta ocho valores con las alturas de los

entrepxsos, en metros, empezando por la del primer entrepiao.

Af.4.14.6 Tarjeta de pesos por nivel (8F10.0)

h

(i:} En cada tarjeta miximo se perforan ochd valores de la carga que act(a

en cada n%val @ 'la estructura estudiada. La cexrga @e especifica en te
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i) Instruccidn Ai.d.ﬁhl/ P
Debido a que en este caso se requiere el célculo de rigideces de"*

" entrepiso, se codifiéarén las instrucciones A1.4.14.7 a A1.4.14.7

_con_lo cual-es posible definir.los datos de rigideces'de entrepise.

‘ ii) Instruccidn A1.4.14.1

5 10 ' - C . g0

] N 1

i1i) Instruccidn A1.4.14.2 . .

iv) Instruccidn A1.4.14.3

<D

78 " 8o

" DATOS PARA EL CALCULO DE RIGIDECES DE ENTREPISO . ]

5 10 15 20 25 .30 .35 .. . v, 80
6| 6 6l 6 6| . 6 6

/ - - 7 v ') R

v) Instruccidn A1.4.14.4 .

1), 12) 13 14} 15 16| . - oo 0 ST

_21] 22| 23| 24| 25| 26| '

_ 31 32| 33| 34| 35| 36 —

4] - 42) 4371 44) 45| 46| > T C T .

51| s52|'s3| s4].s5]. 56| . .- BN IR |

y 61| 62| 63| 64| 65| é6 | -

n|_ 72193 ] 74| 75| 76| _
510715 200 t25 730 e it T T gy

¢

e o o e

- vi) Instruccidn Al.i:ié.s ’

1y

1

10 20 30 "4 50 60 70 80
| 4.013:5) 3.5 3.0{"3.0]"3.0] "3l0] i .

M

vii) Instruccidn A1.4.14.6 "‘:ﬂ .

N R

107 20 7 3 w0 60 70 80

Tt 10 o 30 0 .50
[e85.] ees.| ess.| e76.] e76.| e76.| saa.

‘o
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<ﬁ> A1,4.17.2 Paquete de tarjetas que definen las cargas en las barras.

O‘
-

)

Las instrucciones A1.4.17.2.1 a A1.4.17.2.2 seran suficientes para

proporcionar los datos de las cargas en las barras. Las instruccio

nes se repiten para cada barra y en el orden dado en la A1.4.17.1.
Es frecuente encontrar estructuras donde las cargas son iguales para

un grupo de bharras de igual longitud y condiciones de apoyo. En tal

* caso, existe la posibilidad de aprovechar los datos de cargas y loa

cdlculos realizados para una barra y asignfrselos a las barras res-
tantes. La forma de utilizar la opcin se explica en las instruceio

nes siguientes.

AY1.4017.2.7 Tarjeta de control {(215)

Contiene la siguiente informacidn.

Columnas
1 -5 No. de cargas intermedias
6 = 10 Indicador de generacidn de cargas.

Toma el valor cero cuando no hay posibilidad de utilizar

la opcidn de genexacibn, es decir, cuando nc hay un gru

po con cargas iguales. En el caso de haberlo, el indi-

cador tomard el valor del nﬁme?o de barras restantes con
; cargas iguales a la barra en cuestidn.

Una limitacién adicional consistird en gue la numeracién

" del grupo de barras deberi ser secuencial

A%.4.37.2.2 Tarjeta de tipos de carga (IS5, 3F10.2)

Existe un catilogo interno de tipos de cargas, por lo tanto, para cada
carga se identifican el tipo de carg; Y los datos que la definen em una
tarjeta. Las, cargas estan referidasla los ejes locales de cada barra
y son positivas en las direcciones positivas de los ejes locales de ;g‘

| ‘ .
ferencia. & continvacién se indic- }a forma de especificar cada tipo




@

@)

A1.4.18

£%.4.18.1

i)

i.)

WAL

Paquete de tarjetas ds= nudcs cargados

Se define mediante la instruccibn A?1.4.18.1 seglin el nimero de nudos
cargados especificado en la instruccidn A1.4.16. En caso de ser ce-
ro, se continta con la A1.4.19

Tarjetas de cargas en los nudos {15, 3¥10.0, 2I5). §1 niimero de tay-
jetas que integran el grupe es igual a2l nimeroc de nudos cargados da~
do en la instruccidn A1.4.16, es decir, una tarjeta parxa cada nﬁdo -

cargado; ademis contiene la siguiente informacidm:

Colunnas
1= 5 No. del nudo cargado
6 = 15 fuerza paralela al eje x global, en ton
16 = 25 fuerza paralela al eje y global, en ton
26 - 35 par concentrado respecto al eje z global, en ton-m

La convencidn de signos para fuerzas es positive {+) cuando el senqi
do de éstas es 2l mismo que el sentido positivo de los éjes cooxrde =
nados; para momentos es positivo (+) =i giran en sentido contrario a
las manecillas de un reloj.

-

En aquellos casos en que las cargas en nudos sean idénticas para un

_grupo de nudos, se puede utilizar la opcidon de generacifén de cargas

en nudos si se cumplen las siguientes condicioness

Las caxgas son las mismas para un grupo de nudos

La numeracién:de los nudoé deberd ser secuencial, o bien el nimero de
cada nudo igual al anterior m&s una constante, que se denota mediamte

el indicader IC.

En caso de que la mumeracifn gea secvencial, se puede omitir dicho in

|l

dicador.

1
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COmo el humero de ba.rxas cargadas es distmto de cexo, se aigue

con las mstrucciones Al.4, 17 1 a A1.,4.37.2 po e ey

N N
' . e ety L

_Instruccidn A1,4.17,1 w7 ¢ sE0 0 0T
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vil) Instruccidn A1.4.18

.como el nimero de nudos cargados es distinto de cero, se definen

las cargas de estos mediante ia instruccidn 21.4.18.1,

En este caso se puede utilizar la opcidn de generacibn, ya que los

\grupos de nudos 16, 26, 36, 46, 56 y 66; 13, 23, 33, 43, 53 y 63;

14, 24, 34, 44, 54 y 64, tienen la misma condicién de carga y su

numeracidén difiere en una constante que es 10,

Por tantc, basta Qs

finir la carga en los nudos 16, 13 y 14 y mediante el indicador IFUER

que vale 5, seiialar que los cinco nudos siguientes tienen la miema

carga. La codificacion queéa como sigues
5 15 25 35 40 " 45 80
I e ) 10
14 ~4,0 - ] .10
16 1.0 6.0]* .5 10
76 0.5 i 3.0 '
73 -=3,0 9
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Einite—Element
Method for
Water-Distribution
Networks

Anthony G. Collins and
Robert L. Johnson

A contribution submitted to the JOURNAL
on Oct 13, 1973, and revised Sep 24,
1974, by Anthony G Coilins, pollution cont
engr, ACI Environics, Melbourne, Australa,
and Robert L Johnson (Active Member,
AWWA), assoc prof Dept of Civ Engrg,
Lehigh Univ,, Bethlehem, Pa

Over the past two decades, the finite-
element method has been increas-
ingly used in a veriety of engineering
flelds including structural anaiysis,
solld mechanics, end soil mechanics.
The method uses the relationship be-
tween the basic properties of sach
discrete slement to define the
behavior of that element. A solution
for the response of the overall
system, subject to a set of boundary
conditions, Is provided by solving a
set of compatible simultaneous
equations by matrix solution tech-
niques.

The equivalence of structural systems
and pipe networks has long been recog-
nized, and there are many examples of
concurrent application of solution tech-
niques or the exchange of solution meth-
ods. The system of cquations for struc-
tural problems s normally hnear and
hence suitable io matnx solution.

Although a specific pipe-network prob-
lem can be defined using a finite-element
approach,! the actual solution of the net-
work problem becomes very difficult
because of the nonlinear constitutive
equations relating the flow and head ioss
in each pipe or element. Indeed, matrix
solution of the'pipe-network probiem? has
been achieved using extensive numerical
analysis and graph theory but without
recogmition of the advantages of the
finite-element method

The successful application of the finite-
element method to pipe-network prob-
lems shows that the method is not only
superior to conventional Hardy Cross
solution techniques but that the further
advantages of complete network repre-
sentation, simplified input data, and un-
limited network size can be obtained.
Although not specific to a finite-element
soiution, the program developed aliows
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for solution by either the Hazen-Williams

or the Darcy-Wewsbach flow-head-loss-

relationsiups The program alse cap con-
side. the effect of temperature varianions
on head loss throughout the network

The computational algorithm used 1o
arfive at the unique solution for an easily
solved linear system cquivalent to the true
nonlinear system for tne pipe networks
was maintzined i an extremely simple
form in this article so that the advaniages
of the finite-element method could be
readily observed Undoubtedly, further
applcation of numencal-analysis tech-
niques would improve the efficiency of
the method

There are two specific reasons for the
development of this method, First, acom-
puter program, PAW DS ** which uses the
Hardy Cross soiution® method of baianc-
ing flow for pipe-network problems, 15
used 1n undergraduate courses at Lehigh
Univ in Beihlchem, Pa This Hardy Cross
method or various refinements of the ioop
method (balancing heads in loops) were,
in 1973, still used extensively in under-
graduate education, engineering practice,
and research.87

The Hardy Cross approach to pipe-net-
work analysis uses as a boundary condi-
tion either the fact that the algebraic sum
of flows at any joint is zero (balancing
flows) or that the algebraic sum of the
head loss around any loop is zero (balanc-
ing heads). These are simply adaptations
of the classical conservation of mass and
conservaiion of energy, respectively De-
pending upon the criteria used, a correc-
tion s applied to the assumed pipe flows
or assumed piezometric heads until con-
vergence to a solution is obtained. This
classical iteraticn procedure is quite
satisfactory for most well-conditioned
pipe systems. However, it has been
pointed out that convergence (0 a solution
is not necessarily guaranteed.
There appears to be nothing inherent 1n either
the clectric analyzer with ordinary resistors or
the Hardy Cross method which will consistently
produce convergence of the errors toward zero
with subsequent adjusiments 8

The PAWDS program used at Lehigh
Univ, was plagued by convergence prob-
lems typical of the Hardy Cross method.
Dillingham and Cieasby® point out that
when using the balancing-heads method,
a pipe or pipes with high resistance to flow
compared with others 1n the network can

. result n calculated flow corrections larger

and i the opposite direction to the cur-
rently assumed flow This will ofien cause
a divergence in the computations, and no
solution can be obtained. When the meth-
od of balancing flows is used. Dillingham’®
points out that if a large pipe of short
length and relatively low flow exists,
many iterations are necessary before an
appreciable change in piezometric head is
obtained if the value of the assumed
piezometric-head 15 incorrect. These situa-
tions are very practical in their nature.

Typical pipe-distribution networks'® have
these exact condihions

An extensive discussion of the con-
vergence problems of the Hardy Cross
methed and the PAWDS program in par-
ticular 1s not intended in this arlicle, but
the existence of these propiems should be
noted.

The second reason for developing the
solution technique was because of the ¢x-
istence of a very efficient finite-element
program, GENFEM, deveioped by
Desai ' The advantage of this program is
its completely general nature and hence
easy adaptation for the p:pe-network
problem The mathematcal basis and the
mcthod of application of the finite-ele-
ment method 15 described in detal to
allow easy adaption of other existing
finite-element programs for use tn solving
waler-distribution-network problems

Application of the Finite-Element
Method

Mathematical basis. When the finite-
element method 1s applied to a structural
problem, the structure 1s subdivided into
discreie elements. Each of these elements
must satisfy three conditions

1. Equilibrium of forces must b2 main-
tained.

2 Compatibility must be maintained.

3. The force~displacement relationship
specified by the geomelric and elastic
properties of the discrete element must be
satisfied

The force F in the member or element
is related to the displacement u and the
element properties or stiffness K by Eq

)
F=Ku )]

The sum of the forces in the members at
each node of the structure is zerg except
where an external force 1s applied By
combining Eq (1) for all the elements in
the structure tnto an equation of identical
form to Eq {1) and solving for displace-
ments, the equilibrium of the system s
satisfied.

An cquivalent set of conditions for a
pipe network exists; hence, the ability to
draw the analogy:

1. The algebraic sum of the flows at any
ioint or node must be zero.

2 The value of the piezometric head at
a joint or node i1s the same for all pipes
connected to that joint

3. The flow-head-loss relationship
{such as Darcy-Weisbach or Harzen-
Williams) must be satisified for each ele-
ment or pipe
The conditicns for a pipe network deal
with scalar quantities, whereas the struc-
tural conditions deal with vector quan-
tities. The analogy is drawn between the
magnitudes of the equivalent quantities as
the vector aspects of the flow have no
meaning for the network problem.

For a direct application of the finite-¢ele-
men! method involving a matnx solution,
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a linear relationship s required to dehne
the element or pipe Hence at thys pont, a
relationship of the form of Eq (2) between
flow g. head loss #rand the hydrauhic prop-
erties of the pipe ¢ will be assumed
q = ch (2

The method of solution to make Eq (2
equivalent to established nonhnear flow-
head-loss relationships will be described
subsequently

The head loss hin Eq (2) s the
difference between the priezometric head
H of the nodes or joints at each end of the
element or pipe contributing to the sum of

the flows Q at that joint The pipe-system:

matrix 15 assembled by writing the equa-
tions for the sum of the flows Q at each
Jornt s:nce this value 1s knewn to be either
zero or equal to the imposed external flow
or demand Alternatively, if the
piezometnic head 1s specified at a joint, the
sum of the pipe flows 1s implicitly defined
The resulting set of simultaneous equa-
tions can be combined into matrix form
defining the entire pipe system in terms of
the sum of flows Q at a joint and of the
piezometric heads / at the jotnts This
matrix has the form

Q=CH (3)
When the matrix 1s solved, the piezomet-
nc heads at all joints are obtained. The
difference 1in prezometric heads between
two joints, which is the head loss, can be
substituted into Eq (2) 1o calculate the
flow 1n the pipe between those two joints.
The direction of flow is automatically
preserved by taking the sign of the
difference of the piezometnc heads into
account.

The finite element representing the
pipe is of the simplest form possible Each
element is one dimensional and has one
degree of frcedom at each node or joint
To apply the summation of the flows at a
joint successfully, a convention must be
adopted. Flow into a joint is taken as posi-
tive, and flow out of a joint i1s negative

The analysis of a simple pipe network,
Fig. 1, is used to show the application of
the finite-element method Using the con-
dition that the sum of the pipe flows
(4.,.Gp.....) in or out of a joint must satisfy
the equilibnum flow cniteria (Q, &;,.. )
(i.e , the boundary conditions) at that
joint, one can write the following equa-
tions:

O =q,+4q4 (4)
01=4.+ (5)
Q=aq+q+a (6)
Q4=qr+qd+qr (7)
QO=q.+4qs (8)

The individual pipe flows can be ex-
pressed by Eq (2) noting that the head
loss h is equal to the difference in the
piezometric heads of the joints at each
end of the particular pipe.

o=+ C,(H, ~ Hy) (9)
@ =t C(H,~ Hy) (10)
4=+ CAHy—- H) (1
qd=:th(H|—H4) (12)
o= % Ce(H4 bl Hs) (13)
a=+ C;(Hy— Hy) (14)
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Fig. 1. Example Problem — Analysis of a
Simple Pipa Network
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f quations (4-8) can now be written 1n
rerms of the pipe coefficients (C,.C,, . )
and the prezometric heads (M H,, .)
( onsistency of flow directions is taken
into account by assuming the flow is away
from the joint being considered, that is,
the prezometric head at the other joints is
subtracted from the piezometric head at
the joint being considered

Q,“CG(H]‘H2)+C4(H| —Ha) (ls)

O_v”ca(Hz"H;)‘f'Cb(Hz_Hj) (16)

03=C[,(HJ—H7)+C((H3—H4) (an
+ Cf(H_; - H5)

04=Cr(H4-H])+Cd(IJA—HI) (ls)
+ C(Hy— Hy)

Qs = CAHs — Hy) + Cf(Hj - Hy) (19)

Equations (15-19} can be combined
into the matnix form of Eq (3) to yield Eq
{20). (See below)

For this particular example, the foliow-
ing boundary conditions are given.

H, = 1001t

Q, =700 gpm
0, =400 gpm
Oy =0gpm
Qs = 600 gpm

Substituting these values inio Eq (20)
gives Eq (21) as the final form for solu-
tion (See below)

The values of the coefficients
(C,C,,...) for each pipe are determined
by the procedure to be outhined. The
unknowns, H, H, H, Hs;and Q,, can be
obtained by solving the matrix Eq (21).
The flows in the individuai pipes can be
found, as previously stated, by substitut-
ing into the defining equations (Eq. [9-14]}
for this example) after the piezometric
heads have been found for each joint

Method of applicstion. For the suc-
cessful application of the finite-clement
method, the constitutive equation, used to
relate flow and head loss must be linear or
the matnx solution cannot be apphed in
reality, the relationship is nonlinear and
vartes with the equation chosen. The ap-
piication of the finite element method is
accomplished by using a linear equation
(Eq [2]) as the defining flow-head loss re-
fationship and the successive cofrrection
of the pipe coefficient ¢ until a unique
solution is found satisfying both the
equivalent linear relationship and a real
nonlinear relationship such as the Haz-
en-Williams equation or the Dar-
cy-Weisbach equation. When this unique
solution has been found for all pipes the

network distribution has been solved

The program. GENFEM. allows a
choice of the Darcy-Weisbach equation
or the Hazen-Wilhams equation The
Hazen-Wilhams cquation will be used for
purposes of explanation, although the
method is 1dentical for both equations.
The relatonship used to define fiow ver-
sus head loss 1s shown in Fig 2. The tran-
sition from laminar 1o turbulent condi-
tions for pipe flow occurs at a Reynolds
Number Ry, of approximately 2 000. Ry is
defined by the pipe diameter D, and the
dynamic viscosity u, the densiiy p and the
flow velocity ¥ of the fluid flowing.

pVD
Ry= —~ (22)

The flow grat which transition occurs,
corresponding to a Ryof 2 000, is given by

2000 A

gr=Vid= ——
T oD

(23)

For flows less than g, the flow vshead-
loss relationship s linear. To avoid a dis-
continutty in the defining relationship be-
cause of the transition region between
laminar and turbulent flow, the linear re-
lationship 15 obtained by simply joining
the origin to the point (fing;) with a
straight line. The coordinate h;1s found
from a substitution of the flow ¢y into the
turbulent flow equation. The linear por-
tion of the graph, the laminar region, does
not enter into the calculations of a practi-
cal problem The value of grranges from
0.5 to 5 gpm for 6-16-1n diameter pipes
whereas typical flows range from 200 to
5000 gpm for these size pipes, well into
the turbulent range. '

The Hazen-Williams equation relates
the head loss /#to the pipe diameter D, the
pipe length L, the Hazen-Williams coeffi-
cient Cyy, the flow ¢ and a coefficient ¢’
for unit conversion.

q 188

D 487

h=¢
(24)
This equation can be rewritten for a par-
ticular pipe by grouping terms into one
cons'ant ¢

Cuw

(25)

THe solution technique can be divided
into three steps. The first step is to select
an initial value of the pipe coefficient ¢ for
each pipe and combine these to yield the

h:crqi 85

Q] -C‘d + Cd —Cd 0 _Cd 0 B H 1
Q -, C,+C, -G, 0 0 H,
Q= 0 - G+C.+C —C. —C, H, (20)
Q4 _Cd 0 -Ct C‘. + Cd + Ce —({ H4
0s | 0 0 -G —C, C +C H
Q [C,+Cq -G, 0 -Gy 0 9 100
700 —C, C,%+G -G, 0 0 H,
400) = 0 -G G+C +C -C, ~C, H, (21)
0 —C, 0 . C.+C;+C, —c{ H,
600 , 0 ] o -C, C, +C H
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matnx pipe cocthicients ¢ The system
matnx is then solved for the vatue of the
prezomeltrnic head at cach jornt Secondly.
the individual pipe flows g are calculated
by use of Eq (2) using the diflerences be-
tween the determined piezometric heads.
These flows are then subsututed into Eq
(25) and since (c;) for each pipe is known,
the pipe head losses are calculated. If the
pipe head losses obtained from Eq (25)
correspond to those obtained from the
matrix solution, then the unique solution
satisfying both the Hazen-Williams equa-
tion and the linear Eq (2) has been found
The third and final step required s to
change the value of ¢ to converge the
problem to a solution if there 1s a
difference between the head losses calcu-
lated by the two methods

A more detailed explanation of each of
these steps follows. The initial value of the
pipe coefficient ¢, is chosen to correspond
to Ry of 200300 tn each pipe, a typical
value for a practical problem. The flow
{(q,) is then calculated from the Reynolds
Number relationship, Eq (26):

200000 p4

= V4
U]l oD

(26)
The value of the head loss A correspond-
ing to this flow ¢, is calculated from Eq
(25):

hy=cr ¥ 2n

The pipe coeffictent is then found from Eq

(2) as shown in Fig. 3.
q

C| = h_‘ (28)

This imtial value of the pipe coefficient ¢,
for each pipe 1s then combined, according
to the geometry of the network into the
pipe coefficients C; used in the matrix
description of the network system The
matnx s then solved to vield the first esti-
mate of the prezometric heads at each
Joint

The allowable deviation between a pipe
head loss determined from the matnx
solution of the joint piezometric heads
and the corresponding value from the
Hazen-Williams equation is a vanable and
can be specified for a particular case tak-
ing into account the type of problem and
the degree of precision desired for the
solution.

The third step, adjusting the value of c,
was developed with two cnteria in mind
The solution should converge reasonably
rapidly, yet the technique should rematn
simple During the checking procedure,
the flow g, for each prpe calculated via Eq
(2), and the matnix solution 15 used to de-
termine the head loss 4 from the
Hazen-Wilhams equation The first pro-
cedure used in the development of the
program was to obtain the correction of
the ¢ value for each pipe by assuming that
the point h, g was the unique solution
and thus the correct linear reiationship
was defined by a straight hne joining this
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pont to the origin and defined by Eq (29)

Loy 29
h= (h ) q

(3

The new value of ¢ was then set equal to
[y

h. When all the pipe coefficients were
corrected n a simular way, the flow dis-
tribution obviously was altered, and this
method proved to be an overcorrection
when the matnx was resolved Todampen
this overcorrection effect, an averaging
technique was introduced The correcied
value of c1s taken to be the mean of the ¢
value defined by Eq (29) and the value of
¢ used to obtain the matnx solution This
method of correcting cis shown n Fig 4.
The averaging method reduced the num-
per of cycles required for convergence by
approximately one third

Example Problems

It is not the intent of this article to pre-
sent extensive comparison of different
network problems since any comparison
of computer programs must take into ac-
count ease of mput data and Rexibihity of
use as well as efficiency of computer ime
Two example problems are discussed to
point out some apparent potenttal advan-
tages of the finite element approach

An example probiem? shown in Fig. §,
consisting of nineteen pipes and thirteen
joints, was solved using the PAWDS pro-
gram and the GENFEM program. The
PAWDS program solved the system in
eighteen iteration cycles and 1 07 s. The
GENFEM program solved the network in
fifteen iteration cycles and 4.73 s Ob-
viously, this example does not indicate a
preferential method, but is included so
that it can be considered with the next ex-
ampie to show the effect of increased sys-
tem size. )

The second example problem with 75
pipes and 57 joints was also solved with
both programs. The particular problem
had been submitted by an undergraduate
student and would not converge in the
allowed time using the PAWDS program
Both the time Iimit and the iteration cycle
limit were increased, and the problem
eventually converged by the use of the
PAWDS program after 16 048 iteration
cycles and 768 s The same problem was
soived with the GENFEM program after
twenty iteration cycles and 22.2 s This
problem highlights the apparent lack of
convergence problems ior the fimite-cle-
ment method and also shows, when com-
pared with the first example prebilem, that
for the finite-element method, the num-
ber of iteration cycles to convergence ap
pears virtually independent of the num-

) Eber of pipes and joints.
L/ Discusgion

The finite-element method is not re-
stricted to a pipe as the only element. Any
type of hydraulic elemeiit can be included
that can be defined by a flow-head loss re-

lationship When the pipe network is
relatively small, such as in an industrial
plaat piping system, the fittings may
become major head {oss contributors. The
head loss A across any of these elements is
usually considered to be directly propor-
tional to the velocity head by a coefficient
k corresponding to the type of element.

V2

2g

h=k 30

This can be easily converted to the re-
quired form, that is, in terms of flow ¢
knowing the area A4 of the element.

k
31

28 A2

A pump can be included in the system
since a pump merely provides a “head
gain” or negative head loss The use of a
pump element requires a flow-head loss
relationship (the head-capacity curve for
the pump). If the information is not
available as an equation relating discharge
and head, the pump information could be
provided n tabular form. In this form the
program would use linear interpolation
between any two data points.

The basic finite-element method s not
restricted to pipes flowing full In practice,-,
water systems often contain copen chan-’
nels in the headwater sections. These
open channels or even pipes flowing par-
tially full can be included for analysis The
only requirement for an element is that
the flow can be related to the head loss.

The range of hydraulic elements that
can be included is limitless, provided a
flow-head loss relationship for each ele-
ment is known. An exact system repre-
sentation can be obtained by introducing
a comgination of all the hydraulic cle-
ments“causing head loss or gain in the
system. While discussing this point one
should remember that methods such as
the Hardy Cross method of balancing
heads technique®’ require that all pipes
are part of a loop. Typically, reservotrs or
elevated tanks have one pipe connecting
to the distribution system and an artificial
pipe must be introduced to make a loop so
that the: Hardy Cross balancihg heads
solution method can be applied.

The use of high-resistance artificial
pipes in the network has, in fact, often
contnbuted to convergence difficulties.
To simulate the actual condttions, the ar- ¢
tificial pipes introduced to form-loops are
often of smali diameter and high resist-
ance so that they carty an insignificant
flow and hence can be neglected. As was
pointed out earlier, this is the exact condi-
tion that creates convergence problems.
The finite-element method does not re-
quire the use of artificial pipes to complete
a loop since the connectivity of the ele-
ments is defined explicitly by the system
matrix Consequently, tree-type systems
are readily solved with this precedure. In
fact, the GENFEM program was used

q?
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very successfully during the 1974 spring
semester at Lehigh Unmiv to analyze a
transmission system problem that was
almost entirely tree type with approxi-
mately ten loops included

The input data required for the program
is equivalent to other solution techniques
with the major exception that locp data
does not need to be included. The dis-
tribution network 1s defined by input of
the number of the pipe and the joints to
which it 15 connected Another advantage
over some solution methods 1s that any
number of potnts of known pressure can
be preselected

With loop-solution methods, all pipe
and joint informatton must be available to
the program at the same time This puts a
definite hmit on the size of the system that
can be solved. The finite-element pro-
gram, GENFEM, however, can operate
on blocks of data Thus, there is virtually
no limit to the size of the network that can
be solved. The element and nodal infor-
mation can be stored on magnetc tapes or
other devices and then read from the
storage device 1n blocks, operated upon,
and returned to storage on the tapes This
feature must gain greater significance as
water-distribution networks become
iarger and more interdependent

As stated previously, although not
being spectfic to a finite-clement program,
the program developed has two additional
features worth noting. First, the program
GENFEM provides a choice of two estab-
lished! flow-head loss relationships. The
Hazen-Williams equation has already
been stated as Eq (24). The Dar-
cy-Weisbach equation relates the same
variables and includes the friction factor £

L 2
h (fD2gA2) 7
An explicit expression!? for the friction
factor fis used rather than the classical
imphcit Colebrook and White equation!?
that requires an iterative solution The
friction factor fis expressed in terms of
the Reynolds Numbe:r R, and the relative
roughness x where « 1s the ratio of the ab-
solute roughness e to the pipe diameter D.

S=0094x0255 + 0 53 + 884044 Ry\~1 624 13(433)

(32)

Second, allowance for changes in tem-
perature has been included since temper-
ature apprectably affects the viscosity and
to a negligible degree, the density of
water The viscosity of water over a tem-
perature range of SC-30C varies from
0.0152 poise to 0.8004 centipoise. An
algorithm'? in terms of temperature T in
degrees Celsius is used to define the
viscosity u in poise.

‘l‘=2 1482 (IT~8435) + BOTE4 +
[T—84352] - 120) (34)
The program is wntten so that the tem-
perature can be specified for each pipe.
Any set of temperature conditions can be
investigated for a particular circumstance.
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Practical adaptation of the finite-ele-
ment method should require 2 minimum
of computer programming since most
engineening firms and universities have
finite-element programs readily available.
The ease of modifying these programs de-
pends upon the generality of their nature,

Summary

The many advantages of the finite-ele-
ment method have been documented.
Most of these advantages hold true in a
comparison of any loop method to the
finrte-element method The major advan-
tage is the speed of convergence and the
apparent lack of convergence problems of
the proposed method over the Hardy
Cross balancing flows method Other im-
nortant advantages are the ability to in-
clude 1n the analysis ali types of hvdraulic
elements, the choice of flow-head loss re-
lationships, the lack of artificial loops, the
ease of adaption of existing finite-element
programs, the unhimited network size, and
finally, the ability to account for tempera-
ture effects
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Over the past two decades, the finite-
element method has been increas-
ingly used in a varlety of engineering
fieids including structural anaiyslis,
solid mechanics, and soil mechanics.
The method uses tho relationship be-
tween the basic properties of each
discrete element to define the
behavior of that elemant. A solution
for the response of the overall
gystem, subject to a set of boundary
conditions, is provided by soiving &
set of compatible simultaneous
equations by matrix solution tach-
piques.

The equivaience of structural systems
and pipe networks has long been recog-
nized, and there are many examples of
concurrent apphcation of solution tech-
niques or the exchange of solution meth-
ods The system of cquations for struc-
tural problems s normally linear and
hence suitable to matnix solution.

Although a specific pipe-network prob-
lem can be defined using a finite-element
approach,! the actual solution of the net-
work problem becomes very difficuit
because of the nonlinear constitutive

equations relating the flow and head loss

in each pipe or element. Indeed, matrix
solution of the'pipe-network problem? has
been achieved using extensive numerncal
analysis and graph theory but without
recognition of the advantages of the
finite-element method

The successful application of the finite-
element method to pipe-network prob-
lems shows that the method is not only
superior to conventional Hardy Cross
solution techniques but that the further
advantages of complete network repre-
sentation, simplified input data, and un-
limited network size can be obtained.
Although not specific to a finite-element
solution, the program developed allows
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tor solution by either the Hazen-Williams
ot the Darcy-Wewsbach flow-head-loss
relanonships The program aiso can con-
sice, the effect of temperature variauons
on head loss throughout the network

The computational algornithm used to
arrive at the unique sofutton.for an easily
solved linear system equivalent to the true
nonlinear system for the pipe networks
was maintained 1n an extremely simple
form 1n this article so that the advantages
of the finite-element method could be
readily observed Undoubtcdly, further
apphcation of numerical-analysis tech-
niques would imorove the efficiency of
the method

There are two specific reasons for the
development of this method First, a com-
puter program, PAWDS 34 which uses the
Hardy Cross solution® method of balanc-
ing flow for pipe-network problems, 1s
used 1n undergraduaie courses at Lehigh
Univ in Bethlehem, Pa. This Hardy Cross
method or various refinements of the loop
method (balancing heads in loops) were,
1973, stifl used extensively in under-
graduate education, eng:neering practice,
and research ®/ \

The Hardy Cross approach to pipe-net-

work analysis uses as a boundary condi-
tion either the fact that the algebraic sum
of flows at any joint is zero (balancing
flows) or thai the algebraic sum of the
head loss around any loop 1s zero (balanc-
ing heads) These are simply adaptations
of the classical conservation of mass and
conservation of energy, respectively. De-
pending upon the criteria used, a correc-
tion 1s apphlied to the assumed pipe flows
or assumed piezometric heads untii con-
vergence to a solution is obtained. This
classical iteration procedure 1s quiie
satisfactory for most well-conditioned
pipe systems. However, it has been
poinied out that convergence to a solution
is not necessarily guaranteed.
There appears to be nothing inherent in either
the electric analyzer with ordinary resistors or
the Hardy Cross method which will consistently
produce convergence of the errors toward zero
with subseguent adjustments 8

The PAWDS program used at Lehigh
Un:v. was plagued by convergence prob-
lems typical of the Hardy Cross method.
Dillingham and Cleasby® point out that
when using the balancing-heads method,
a pipe or pipes with high resistance to flow
compared with others in the network can

- resulit in calculated flow corrections larger
and in the opposite direction to the cur-
rently assumed flow. This will often cause
a divergence in the computations, and no
solution can be obtained. When the meth-
od of balancing flows is used. Dillingham’®
points out that if a farge pipe of short
length and relatively low flow exists,
many iterations are necessary before an
appreciabie change in piezometric head is
obtained if the value of the assumed
piezometric head 15 incorrect These situa-

‘tions are very practical in their nature.

Typical pipe-distribution networks'® have
these exact conditions

An extensive discussion of the con-
vergence problems of the Hardy Cross
method and the PAWDS program in par-
ticular 1s not intended in this article, but
the existence of these problems shou'd be
noted.

The second reason for deveioping the
solution techntque was because of the ex-
istenice of a very efficient finite-element
program, GENFEM, developed by
Desai.!! The advantage o this program is
its completely general nature and hence
easy adaptation for the p'pe-network
problem The mathematical basis and the
mcthod of application of the fimte-ele-
ment method s described 1n detasl to
allow easy adaption of other existing
finite-element programs for use 1n solving
water-distribution-network problems.

Application of the Finite-Tlement
Method

Mathematical basis. When the fimte-
element method 1s applied to a structural
problem, the structure 15 subdivided into
discrete elements. Each of these elements
must satisfy three conditions.

1. Equilibrium of forces must be mani-
tained.

2 Compatibility must be maintained

3. The force-displacement relationship
specified by the geomeltric and elastic
properties of the discrete element must be
satisfied.

The force ¥ in the member or element
is related to the displacement u and the
(elc;ment properties or stifiness K by Eq

1).

F=Ku 1)
The sum of the forces 1n the members at
each node of the structure 1s zero except
where an external force i1s applied. By
combining Eq (1) for all the elements in
the structure nto an equation of \dentical
form to Eq (1) and solving for dispiace-
ments, the equilibrium of the system is
satis fied

An equivalent set of conditions for a
pipe network exists, hence, the ability to
draw the analogy:

1 The algebraic sum of the flows at any
joint or node must be zero.

2 The value of the piezometric head at
a joint or node is the same for all pipes
connected to that joint.

3. The flow-head-ioss relationship
(such as Darcy-Weisbach or Hazen-
Williams) must be satisified for each ele-
ment or pipe
The conditiciis for a pipe network deal
with scalar quantities, whereas the struc-
tura! conditions deal with vector quan-
tities. The anaiogy 1s drawn between the
magnitudes of the eguivalent quantities as
the vector aspects of the flow have nio
meaning for the network problem.

For a direct application of the finite-ele-
ment method involving a matnx solution,
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a hnear relationship 15 required to define
the element or pipe Hence at this point. a

' relationship of the form of Eq (2) betwecn

flow g, head loss hand the hydraulc prop-
erties of the pipe ¢ will be assumed.

q = ch (2
The method of solution to make Eq (2
equivalent to established nonlinear flow-
head-loss relationships will be described
subsequently.

The head loss hin Eq (2) 1s the
difference between the piezometric head
H of the nodes or joints at each end of the
element or pipe contnbuting to the sum of

the flows Qat that joint The pipe-system:

matrix 1s assembled by writing the equa-
tioris for the sum of the flows Q at each
joint since this value 1s known to be either
zero or equal to'the imposed external flow
or demand. Alternatively, if the
piezometric head is specified at a joint, the
sum of the pipe Mlows is implicitly defined.
The resuiting set of simultaneous equa-
tions can be combined into matrix form
defining the entire pipe system in terms of
the sum of flows Q at a joint and of the
piezometric heads H at the joints. This
matrix has the form
Q=CH 3
When the matrix 1s solved, the piezomet-
ric heads at all joints are obtained. The
difference in piezometric heads between
two joints, which is the head loss, can be
substituted into Eq (2) to calculate the
flow in the pipe between those two joints.
The direction of flow is automatically
preserved by taking the sign of the
difference of the piezometric heads into
account. ’

The ‘finite element representing the
pipe is of the simplest form possible. Each
element is one dimensional and has one
degree of freedom at each node or joint.
To apply the summation of the flows at a
joint successfully, a convention must be
adopted. Flow into a joint 1s taken as posi-
tive, and flow out of a joint is negative.

The analysis of a simple pipe network,
Fig. 1, is used to show the application of
the finite-element method Using the con-
dition that. the sum of the pipe flows
(q,.q,, ....) in or out of a joint must satisfy
the equilibrium flow criteria (Q;, Qy,...)
(i.e., the boundary conditions) at that
joint, one can write the following equa-
tions:

Q=q+a, (4)
Or=q,+q (5) -
Qy=gy+ g+ (6),
Ql=qc+qd+q¢' (7)
O=q,+ a ®

The individual pipe fiows can be ex-
,pressed by Eq (2) noting that the head
loss h is equal to the difference in the
piezometric heads of the joints at each
end of the particular pipe.

Ga= % C,(H, — H,) (9)
g =+ Cy(H,; — Hy) (10
g.= = C{Hy~ H,) (11)
q4=x Cy(Hy - Hy) (12)
¢.= x C(H,— Hy) (13)
== Cf(”g - ”5) (14)

) 700 apm
Pipe b
e e —— <h—.0 400 qpm
Innt 2 Joint 1 "
Pipe a Pipe ¢ Pipe t
Jont 1 Jont 5
t ovrtion
100 # Pipe ot Jont 4 Pipee Q=600 gmn

Flg. 1. Example Problem — Analysis of a
Simple Pipe Network

Where R, =20+ 10°

ree

Flow

N
h !Kl)q

I e e - —— . ————

Head Loss

Fig. 3. initial Value of Pipe Coefficient ¢

Flow

»0
Where R 2 000

" ooty

{05 :5qgpm)

Pyl bnss

Flg. 2. Typical Flow-Head Loss Relationship

Flow

Head Loss

Fig. 4. Correction of Pipe Coefficient ¢

3500 gpm

To Be .
Oetermined

100 fr

16 mn

1326 h

Determimed

Fig. 8. Comparative Example Using PAWDS and GENFEM
O =foint numbers; O —pipe numbers; length in feet, diameter in inches
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] yuatrons (4-8) can now be wntten in
terms of the pipe coefficients (C,.C,. ..)
and the priezometric heads (H, H,, )}
( onsistency of flow directions is taken
into account by assuming the flow is away
irom the joint being considered, that is,
the piezometric head at the other joints is
subtracted from the piezometric head at
the joint being considered.

0, =C,(Hy = H) + Cy(H - HY (15)

Qg“(a(Hz-I‘h)'FCb(Hz—Hj) (16)

Q,a(',,(HJ—H;)+C,(H3-H4) (17)
+ Co(Hy — Hy)

Q‘=Cr(H4—H3)+Cd(H4—H|) (18)
+ C,(Ha - Hs)

QS = C,-(Hs - H4) + Cf(Hj - H]) (19)

Equations (15-19) can be combined
into the matrix form of Eq (3) to yield Eq
(20). (See below))

For this particular example, the follow-
ing boundary conditions are given.

H,=10011

Q, =700 gpm
Q; =400 gpm
Qa=0gpm
Qs = 600 gpm

Substituting these values into Eq (20)
gives Eq (21) as the final form for solu-
tion (See below)

The values of the coefficients
(C,.G,. .. .) for each ptpe are determined
by the procedure to be outlined. The
unknowns, H, H; H, H;and Q,, can be
obtained by solving the matrix Eq (21).
The flows in the individual pipes can be
found, as previously stated, by substitut-
ing into the defining equations (Eq. [9-14]
for this example) after the piezometric
heads have been found for each joint.

Method of application. For the suc-
cessful application of the fintte-clement
method, the constitutive equation; used to
relate flow and head loss must be linear or
the matnx solution cannot be applied. In
reality, the relationship is nonlinear and
varies with the equation chosen The ap-
plication of the finite element method is
accomphshed by using a linear equation
(Eq [2]) as the defining flow-head loss re-
lationship and the successive correction
of the pipe coeffictent ¢ until a unique
solution 1s found satisfying both the
equivalent linear relationship and a real
nonlinear relationship such as the Haz-
en-Williams equation or the Dar-
cy-Weisbach equation. When this unique
solution has been found for all pipes the

network distnbution has been solved.

The program, GENFEM, allows a
choice of the Darcy-Weisbach equation
or the Hazen-Williams equation The
Hazen-Wilhams equation will be used for
purposes of explanation, although the
method is identical for both equations.
The relationship used to define flow ver-
sus head loss 1s shown in Fig 2 The tran-
sitton from laminar to turbulent condi-
tions for pipe flow occurs at a Reynolds
Number Ry, of approximately 2 000. R, is
defined by the pipe diameter D, and the
dynamic viscosity u, the density p and the
flow velocity ¥ of the fluid flowing.

pVD
NT T (22)

The flow grat which transition occurs;
corresponding to a Ryof 2 000, is given by

2000 puA

T oD

23)

For flows less than gy, the flow vshead-
loss relationship is linear. To avoid a dis-
continutty in the defining relationship be-
cause of the transition region between
laminar and turbulent flow, the linear re-
lationship is obtained by simply joining
the origin to the point (hr,q;) with a
straight line. The coordinate Aris found
from a substitution of the flow g7 into the

turbulent flow equation. The linear por- -

tion of the graph, the laminar region, does
not enter into the calculations of a practi-
cal problem. The value of grranges from
0.5 to 5 gpm for 6-16-1n. diameter pipes
whereas typical flows range from 200 to
5000 gpm for these size pipes, well into
the turbulent range '

The Hazen-Williams equation relates
the head loss Ato the pipe diameter D, the
pipe length L, the Hazen-Williams coeffi-
cient Cyw, the flow ¢ and a coefficient ¢’
for unit conversion.

g 188

h=¢ P (

249)
This equation can be rewntten for a par-
ticular pipe by grouping terms into one
constant ¢y,

Cuw

(25)

THe solution technigue can be divided
into three steps. The first step is to select
an initial value of the pipe coefficient ¢ for
each pipe and combine these to yield the

Q C,+Cy  —C, 0 -G, 0 H,
o ~C, C,+G -G, 0 0 H,
Q= 0 G G+C.+C -, -G H, 20
QA _Cl 0 —Cc C‘- + Cd + Ce —C{ H,
0 L 0 0 - —C, C. +C H
Ql réa + Cd "C,, 0 _Cd 0 T 1 00
700 € C,+G -Gy 0 0 H,
400, = 0 —Cy G+C 4G —C, - H, 1)
0 -y 0 -, C+C,+C, —c,’ Hj
60 L 0 0 -C, -C, G +C Hs
JULY 1975

matrix pipe coctticients ¢ The system
matnx 1s then solved for the value of the
ptezometric head at each jornt. Secondly.
the individual pipe flows ¢ are calculated
by use of Eq (2) using the differences be-
tween the determined piezometric heads
These flows are then substituted into Eq
(25) and since (¢;) for each pipe 1s known,
the pipe head losses are calculated. If the
pipe head losses obtamned from Eq (25)
correspond o those obtained from the
matrix solution, then the unique solution
satisfying both the Hazen-Williams equa-
tion and the linear Eq (2) has been found
The third and final step required is to
change the value of ¢ to converge the
problem to a solution if there ts a
difference between the head losses calcu-
fated by the two methods

A more detailed explanation of each of
these steps follows. The initial value of the
pipe coefficient ¢, is chosen to correspond
to Ry of 200000 in each pipe, a typical
value for a practical problem The flow
(g,) is then calculated from the Reynolds
Number relationship, Eq (26).

200000 A
oD (26)
The value of the head loss A, correspond-

ing to this flow g, is calculated from Eq
(25).

q=VA

by =crq'¥ 27
The pipe coefficient is then found from Eq
(2) as shown n Fig 3
N

h
This inmtial value of the pipe coefficient ¢
for each pipe 1s then combined, according
to the geometry of the network into the
ptpe coefficients C, used in the matnix
description of the network system The
matrix is then solved to yield ihe first esti-
mate of the piezometric heads at each
Joint

The allowable deviation between a pipe
head loss determined from the matrix
solution of the joint piezometric heads
and the corresponding value from the
Hazen-Williams equation 15 a vaniable and
can be specified for a particular case tak-
ing into account the type of problem and
the degree of precision desired for the
solution.

The third step, adjusting the value of c,
was developed with two cniteria in mind.
The solution should converge reasonably
rapidly, yei the technique should remain
simple Durnng the checking procedure,
the flow g, for 2ach pipe calculated via Eq
(2), and the matrix solution 1s used to de-
termine the head loss # from the
Hazen-Wilhams equation The first pro-
cedure used in the deveiopment of the
program was to obtain the correction of
the ¢ value for each pipe by assuming that
the point A, g.was the unique sclution
and thus the correct linear relationship
was defined by a straight line joining this
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(28)

a =




'S
point to the ongin and defined by Eq (29)

- q (29)

The new value of ¢ was then set equal to
qc

&, When all the pipe coefficients were
corrected 1n a similar way, the flow dis-
tribution obviously was altered, and this
method proved to be an overcorrection
when the matnx was resolved To dampen
this overcorrection effect, an averaging
technique was introduced. The corrected
value of c1s taken to be the mean of the ¢
value defined by Eq (29) and the value of
c used to obtain the matrix solution This
method of correcting cis shown in Fig 4.
The averaging method reduced the num-
ver of cycles required for convergence by
approximately one third

Example Problems

It is not the intent of this article to pre-
sent extensive comparison of different
network problems since any comparison
of computer programs rust take into ac-
count ease of tnput data and {lexibility of
use as well as efficiency of computer time
Two example problems are discussed to
point out some apparent potential advan-
tages of the finite element approach

An example problem?shown in Fig. §,
consisting of nineteen pipes and thirteen
joints, was solved using the PAWDS pro-
gram and the GENFEM program. The
PAV/DS program solved the system in
eighteen iteration cycies and 1.07 s. The
GENFEM program solved the network in
fifleen iteration cycles and 4.73 s. Ob-
viously, this example does not indicate a
preferential method, but is included so
that it can be considered with the next ex-
ample to show the effect of increased sys-
tem size. ;

The second example probiem with 75
pipes and 57 joints was also solved with
both programs. The particular problem
had been submitted by an undergraduate
student and would not converge in the
allowed time using the PAWDS program.
Both the time limit and the iteration cycle
limit were increased, and the probiem
eventually converged by the use of the
PAWDS program after 16 048 iteration
cycles and 768 s The same problem was
solved with the GENFEM program after
twenty iteration cycles and 22.2 s. This
problem highlights the apparent lack of
convergence problems for the finite-ele-
men{ method and also shows, when com-
pared with the first example problem, that
for the fimte-element method, the num-
ber of iteration cycles to convergence ap-
pears virtually independent of the num-
ber of pipes and joints.

Discussion

The finite-element method is not re-
stricted to a pipe as the only element. Any
type of hydraulic elemeiit can be included
that can be defined by a flow-head loss re-

lattonship When the pipe network 1s
relatively small, such as in an industnal
plant piping system, the fittings may
become major head loss contributors The
head loss A across any of these elements is
usually considered to be directly propor-
tional to the velocity head by a coefficient
k corresponding to the type of element.

)

2g

h=k (30)

This can be easily converted to the re-
quired form. that 1s, in terms of fiow ¢
knowing the area 4 of the element

k

2g A2

A pump can be included in the system
since a pump merely provides a “‘head
gain’' or negative head loss The use of a
pump element requires a flow-head loss
relationship (the head-capacity curve for
the pump) [f the information, is not
available as an equation relating discharge
and head, the pump information could be
provided 1n tabular form In this form the
program would use linear interpolation
between any two data points

The basic finite-element method is not

h= q? 1)

restricted to pipes flowing full. In practice,-
water systems often contain open chan-

nels in the headwater sections. These
open channels or cven pipes flowing par-
tially fuil can be included for analysis The
only requirement for an clement is that
the flow can be related to the head loss.
The range of hydraulic elements that
can be included is limitiess, provided a
flow-head loss refationship for each ele-
ment is known. An exact system repre-
sentation can be obtained by introducing
a com(sunauon of all the- hydraulic ele-
ments“causing head loss ‘or gain in the
system While discussing this point one
should remember that methods such as
the Hardy Cross method of balancing
heads technique’’ require that all pipes
are part of a loop. Typically, reservoirs or
elevated tanks have one pipe connecting

_to the distribution system and an artifical

pipe must be introduced to make a joop so
that the: Hardy Cross balancing heads
solution method can be applied.

The use of high-resistance artificial
pipes in the network has, 1n fact, often
contnbuted to convergence difficulties.
To simulate the actual conditions, the ar-
tificial pipes introduced to form-loops are
often of small diameter and high resist-
ance so that they carry an insignificant
flow and hence can be neglecied. As was
pointed out earlier, this is the exact condi-
tion that creates convergence problems.
The fintte-element method does not re-
quire the use of artificial pipes to complete
a loop since the connectivity of the ele-
ments is defined explicitly by the system
matrix. Consequently, tree-type systems
are readily solved with this procedure. In
fact, the GENFEM program was used
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very successfully during the 1974 spring
semester at Lehigh Univ to analyze a
transmission system problem that was
almost entirely tree type with approxi-
mately ten loops included

The input data required for the program
is equivaleni to other solution techniques
with the major exception that loop data
does not need to be included. The dis-
tributton network 1s defined by input of
the number of the pipe and the joints to
which 1t 1s connected Another advantage
over some solution methods 15 that any
number of points of known pressure can
be preselected

With loop-solution methods, al! pipe
and joint information must be available to
the program at the same time This puts a
definite limit on the size of the system that
can be solved. The finite-element pro-
gram, GENFEM, however, can operate
on blocks of data. Thus, there is virtually
no limit to the size of the network that can
be solved. The element and nodai infor-
mation can be stored on magnetic tapes or
other devices and then read from the
storage device 1n blocks, operated upon,
and returned to storage on the tapes This
feature must gain greater sng?nﬁcance as
water-distribution networks become
larger and more interdependent

As stated previously, although not

“betng spectfic to a finite-element program,

the program developed has two additional
features worth noting. First, the program
GENFEM provides a choice of two estab-
lished’ flow-head loss relationships. The
Hazen-Williams equation has already
been stated as Eq (24). The Dar-
cy-Weisbach equation relates the same
variables and includes the friction factor f.

L 2
"= ar) ?
An explicit expression'? for the friction
factor f1s used rather than the classical
implicit Colebrook and White equationi?
that requires an iterative solution. The
friction factor fis expressed in terms of
the Reynolds Number R, and the relative
roughness x where « ts the ratio of the ab-
solute roughness e to the pipe diameter D.
S=0094x0255 4 0 53k + 88x044 R ~1 6240 '3(‘33)
Second, atlowance for changes 111 tem-
perature has been included since temper-
ature appreciably affects the viscosity and
to a neghgible degree, the density of
water The viscosity of water over a tem-
perature range of 5C-30C varies from
00152 poise to 0.8004 centipoise An
algorithm' in terms of temperature 7 n
degrees Celsius is used to define the
vISCOSily u in poise.

}‘=z 1482 ([T-8435) + JBUT83 +

[T -8 4352 - 120) (34)
The program is written so that the tem-
perature can be specified for each pipe.
Any set of temperature conditions can be
investigated for a particuiar circumstance.
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fractical adaptation of the finite-ele-
ment method should require a minimum
of computer programming since most
engineenng firms and universities have
finite-element programs readily availuble.
The ease of modifying these programs de-
pends upon the generality of thetr nature

Summary

The many advantages of the finite-cle-
ment method have been documented.
Most of these advantages hold true 1n a
comparison of any loop method to the
finite-element method The major advan-
tage s the speed ol convergence and the
apparent lack of convergence problems of
the proposed method over the Hardy
Cross balancing flows method Other im-
sortant advantages are the ability to in-
clude in the analysis all types of hydraulic
elements, ihc choice of low-head loss re-
iationships, the lack of artificial loops, the
ease of adaption of existing finite-element
programs, the unlimited network size, and
finally, the ability to account for tempera-
ture effects
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Over the past two decades, the finite-
element method has bsen increas-
ingly used in a varlety of engineering
floids including structurai analysis,
solid mechanics, and soil mechanics.
The method uses the relationship be-
tween the basic properties of each
discrete element to define the
behavior of that element. A solution
for the response of the overall
system, subject to a set of boundary
conditions, Is provided by solving a
set of compatibie simulitaneous
equationg by matrix sclution tech-
niques.

The equivalence of structural systems
and pipe networks has long been recog-
nized, and there are many exampies of
concurrent application of solution tech-
mques or the exchange of solution meth-
ods The system of cquations for struc-
tural problems s normally linear and
hence suitable to matnix solution.

Although a specific pipe-network prob-
lem can be defined using a finite-element
approach,! the actual solution of the net-
work problem becomes very difficult
because of the nonlinear constitutive
equations relating the flow and head loss
in each pipe or element. Indeed, matrix
solution of the'pipe-network problem? has
been achieved using extensive numerical
analysis and graph theory but without
recognition of the advantages of the
finite-element method

The successful application of the finite-
element method to pipe-network prob-
lems shows that the method is not only
superior to conventional Hardy Cross
solution techniques but that the further
advantages of complete network repre-
sentation, simplified input data, and un-
limited network size can be obtatned.
Although not spectfic to a finite-element
solution, the program developed allows

JULY 1975

for solution by either the Hazen-Withams
or the Darcy-Weisbach flow-head-loss
relationships The program also can con-
side. the effect of temperature var:ations
on head loss throughout the network

The computational algorithm used to
arnive at the unique solution for an eastly
soived hnear system cquivalent to the true
nonitnear system for the pipe networks
was maintained in an extremelv simple
form in this article so that the advantages
of the finite-element method could be
readily observed Undoubiedly, further
apphcation of numerical-analysis tech-
niques would improve the efficiency of
the method

There are two specific reasons for the
development of this method First, a com-
puter program, PAWDS,>* which uses the
Hardy Cross solution® method of balanc-
ing flow for pipe-network problems, 15
used 1n undergraduate courses at Lehigh
Univ 1n Rethlehem, Pa This Hardy Cross
method or various refinements of the loop
method (balancing heads in loops) were,
m 1973, still used extensively 1n under-
graduate education, engineering practice,
and research .8’

The Hardy Cross approach to pipe-net-
work analysis uses as a boundary condi-
tion either the fact that the algebraic sum
of flows st any joint 15 zero (balancing
flows) or that the algebraic sum of the
head loss around any loop is zero (balanc-
ing heads) These are simply adaptations
of the classical conservation of mass and
conservation of energy, respectively De-
pending upon the criteria used, a correc-
tion 1s applied to the assumed pipe flows
or assumed piezometric heads until con-
vergence to a solution is obtained. This
classical iteration procedure is quite
satisfactory for most well-conditioned
pipe systems. However, it has been
pointed out that convergence to a solution
is not necessarily guaranteed
There appears to be nothing inherent in eiiher
the clectric analyzer with ordinary resistors or
the Hardy Cross method which will consistently
produce convergence of the errors toward zero
with subsegquent adjustments 5

The PAWDS program used at Lehigh
Univ. was piagued by convergence prob-
lems typical of the Hardy Cross method.
Dillingham and Cleasby® point out that
when using the balancing-heads method,
a pipe or pipes with high resistance to flow
compared with others 1n the network can

- result in calculated flow corrections larger

and m the opposite direction to the cur-
rently assumed flow This wili often cause
a divergence in the computations, and no
solution can be obtained. When the meth-
od of balancing flows is used Dillingham’
points out that if & large pipe of short
length and relatively iow flow euxists,
many iterations are necessary before an
appreciable change in piezometric head is
obtained if the value of the assumed
piezometric head is incorrect. These situa-

tions ere very practical in their nature.

Typical pipe-distnibution networks!® have
these exact conditions

An extensive discussion of the con-
vergence problems of the Hardy Cross
method and the PAWDS program in par-
ticular is not intended 1n this article, but
the existence of these problems should be
noted

The second reason for developing the
solution technique was because of the ex-
istence of a very efficient finite-elcment
program, GENFEM, deveioped by
Desai.'' The advantage of this program is
its completely general nature and hence
easy adaptation for the p'pe-network
problem The mathematical basts and the
method of apolication of the finite-ele-
ment method 1s described 1n detaill to
allow easy adaption of other existing
finite-element programs for use in solving
water-distribution-network problems

Application of the Finite-Element
Method

Mathematical basis. When the finite-
element method 1s applied to a structural
problem, the structure i1s subdivided into
discrete elements. Each of these elements
must satisfy three conditions.

1. Equilibrium of forces must be man-
tained

2 Compatibility must be maintained.

3 The force~displacement relationship
specified by the geometric and elastic
properttes of the discrete element must be
satisfied.

The force F in the member or element
is related to the displacement u and the
element properties or stiffness K by Eq
(1).

F=Ku 0y
The sum of the forces in the members at
eacih node of the structure 1s zero except
where an external force 1s applied By
combining Eq (1) for all the elements in
the structure into an equation of dentical
form to Eq (1) and solving for displace-
ments, the equilibrium or the system s
satisfied

An equivalent set of conditions for a
pipe network exists, hence, the ability o
draw the analogy:

1. The algebraic sum of the flows at any
joint or inode must be zero.

2. The value of the piezometnc head at
a joint or node 1s the same for all pipes
connecied to that joint.

3. The flow-head-ioss relationship

(such as Darcy-Weisbach or Hazen-
Williams) must be satisified for each ele-
ment or ppe.
The conditicns for a pipe network deal
with scalar quantities, whereas the struc-
tural conditions deal with vector quan-
tities. The analogy is drawn between the
magnitudes of the equivalent quantities as
the vector aspects of the flow have no
meaning for the network problem.

For a direct application of the finite-ele-
ment methed involving a matrix solution,
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—ianear relationship 1s required to define

F’V—\//
the clement or pipe Hence at this point, a

S

relationship of the form of Eq (2} between
flow g. head loss /1and the hydraulic prop-
erties of the pipe ¢ will be assumed.

g = ch 2
The method of solution to make Eq (2
equivalent to established nonlinear flow-
head-loss relationships will be described
subsequently.

The head loss /7 1n Eq (2) 1s the
difference between the piezometnic head
H of the nodes or joints at each end of the
element or pipe contributing to the sum of

the flows Q at that yjoint The pipe-system:

matrix 1s assembled by writing the equa-
tions for the sum of the flows ( at each

jointsince this value is known to be either

zero or equal to the imposed external flow
or demand. Alternatively, if the
piezometric head is specified at a joint, the
sum of the pipe flows is tmplicitly defined
The resuiting set of sumultaneous equa-
tions can be combined into matrix form
defining the entire pipe system in terms of
the sum of flows @ at.a joint and of the
piezometric heads -/ at the jonts This
matrix has the form
Q=CH (3)
When the matrix is solved, the piezomet-
ric heads at all joints are obtained. The
difference-in ptezometric heads between
two joints, which is the head loss, can be
substituted into Eq (2) to calculate the
flow in the pipe between those two joints.
The direction of flow 15 automatically
preserved by taking thz sign of the
difference of the piezometric heads into
account -
The finite elemcnt representing the

. pipe is of the simplest form posmbl%’Each

element is one dimensional and has one
degree of freedom at each node or joint.
To apply the summation of the flows at a
joint successfully, a convention must be’
adopted. Flow into a joint is taken as posi-
tive, and flow out of a joint is negative
The analysis of a simple pipe network,
Fig. 1, is used to show the application of
the finite-element method. Using the con-
dition that. the sum of the pipe flows
(g,.qp, . ... ) n or out of a joint must satisfy
the equilibrium flow criteria (@), @y,...)
(i.e., the boundary conditions) at that
joint, one can write the following equa-

tions: :
Oh=q,+ a4 £4g
O1=4q,+4q, 5
Q=q+aet+gq (6)
Qs=q.+ 49+ 4, (7
QS =q,+ qr (8)

The individual pipe flows can be ex-
pressed by Eq (2) noting that the head
loss A is equal to the difference in the
piezometric heads of the joints at each
end. of the particular pipe.

€ 200 gpm
Pie b
& —— 1 Q- 400 qum

by 2 Jont §

Pipea Pipe ¢ Pipe t

Joing t Jomt 5
t evtion

100 1t Pine o Jont 4 Pipee Q=600 gnin

Fig. 1. Example Problem — Analysis of a
Simple Pipe Network

Where R, =20 * 107

Flow

!
!
!
]
|
|
|
|
!
]
]
!
1
h

Head Loss '

Flg. 3. Initial Value of Pipe Coefficient ¢

\

Flow
-~

Ry,
D

Where R, 2000

a wooegn,

t 05 .5apm)

Hert Loss

Fig. 2. Typica!l Flow-Head Loss Relationship

h=e, atr

Fiow

= g S U

Heard Loss

Fig. 4. Correction of Pipe Coafficient ¢

3500 gpm

Determined

o=t C,(Hy — Hy) 9) ]
@ = % Cy(Hy— Hy) (10) Detemined
q.= + C{Hy— H)) (1) 100
Z:: : g"(%':;:‘)) 8%; Flg. 3. Comperative Example Using PAWDS and GENFEM
. . l
! qr= % C,(Hy~ Hs) (14) O —foint numbers; O =plpe numbers; length in feei, diameter in inches
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/flons (4-8) can now be wntten in
,efms ol the pipe coefficients (C,,C,... )
and the prezometric heads (M, H,, . }
Consistency of flow directions is taken
jnto account by assuming the flow 1s away
irom the joint being considered, that is,
the piezometric head at the other joints is
subtracted from the piezometric head at
the joint being considered

QIEC‘,(H,“"HZ)'*CJ(HI—H‘) (ls)
0, =C,(Hy— H)) + Co(Hy — H3) (16)
03 = Ch(HJ - H;) + C‘.(Ilj - H4) (l 7)
+ CI(HJ - H5)
04=C-(H4—H3)+C’I(,"4—H|) ('8)
“(Hy— HS)
Q5=Cr(H5—H4)+Cf(H5—H3) (19)

Equations (15-19} can be combined
into the matnix form of Eq (3) to yield Eq
(20). (See below)

For this particular example, the follow-
ing boundary conditions are given.

0, =70Cgpm
Q; =400 gpm
Oy=0gpm
Qs =600 gpm

Substituting these values into Eq (20)
gives Eq (21) as the final form for solu-
ticn {See below)

The values of the coefficients
(C, Gy ...} for each pipe are determined
by the procedure to be outlined. The
unknowns, H, H, H, Hs;and Q, can be
obtained by solving the matrix Eq (21).
The fiows in the individual pipes can be
found, as previously stated, by substitut-
ing into the defining equations (Eq. [9-14]
for this example) after the piezometric
heads have been found for each joint

Methed of application. For the suc-
cessful apphcation of the finite-element
method, the constitutive equation; used to
relate flow and head loss must be hinear or
the matrix solution cannot be apphed. In
reality, the relationship is nonlinear and
varies with the equation chosen. The ap-
plication of the finite element method is
accomphshed by using a linear equation
(Eq [2]) as the defining flow-head loss re-
lationship and the successive correction
of the pipe coefficient ¢ until a unique
solution is found satisfying both the
equivalent linear relationship and a real
nonlinear relationship such as the Haz-
en-Williams equation or the Dar-
cy-Weisbach equation. When this unique
solution has been found for all pipes the

network distribution has been solved

The program. GENFLM, allows a
choice of the Darcy-Weisbach equation
or the Hazen-Wilhams equation The
Hazen-Williams equation will be used for
purposes of explanation, although the
method is identical for both equations.
The relationship used to define flow ver-
sus head loss i1s shown 1n Fig 2 The tran-
sitton from lamunar to turbulent condi-
tions for pipe flow occurs at a Reynolds
Number R, of approximately 2000 Ry is
defined by the pipe diameter D, and the
dynamic viscosity u, the density p and the
flow velocity V of the fluid flowing.

pVD

© (22)

The flow g;at which transition occurs,
corresponding to a Ryof 2000, is given by

2000 p4
pD

N=

= V4 =
or="V4 (23)

For flows less than g, the flow vShead-
loss relationship is linear To avoid a dis-
continuity in the defining relationship be-
cause of thé transition region between
laminar and turbulent flow, the linear re-
lationship 1s obtained by simply joining
the ongin to the point (hr,q;) with a
stratght line. The coordinate Aris found
from a substitution of the flow ¢, into the

turbulent flow equation. The linear por- -

tron of the graph, the laminar region, does
not enter into the calculations of a practi-
cal problem The value of g;ranges from
0.5 to 5 gpm for 6-16-in. diameter pipes
whereas typical flows range from 200 to
5000 gpm for these size pipes, well into
the turbulent range.

The Hazen~-Williams equation relates
the head loss A to the pipe diameter D, the
pipe length L, the Hazen-Williams coeffi-
cient Cyw, the flow ¢ and a coefficient ¢’
for unit conversion.

g 185

h=¢
D487 Cyw

(24)
This equation can be rewritten for a par-
ticular pipe by grouping terms into one
constant cy.

(25)

THe solution technique can be divided
into three steps. The first step is to select
an initial value of the pipe coefficient ¢ for
each pipe and combine these to yield the

h= crql 85

Q) -Cd + Cd "Ca 0 _Cd 0 A H 1

G ~C, C,+C, -G, 0 0 H,

(o} 0 -G G+C +C —C, -C, H, 20)
Q4 _Cd 0 _Ct Cc + Cd + Ct ’C{ H4

05 0 0 —C/ "'C, C, + C—U H. S

= o

o C,+C, =C, ] -, 0 100

700 -, C,+G, - 0 0 H,

400) = 0 G, G+C.+C -C, _—g/ H, Q@n
0 ~C, 0 —C, C.+C,4+C, . H,

600 i, 0 Y - -Ce C +CIJ H;
JULY 1875

matnx pipe coclraents ¢ The system
matrix 1S then solved for the value of the
piezometric head at cach joint Secondly.
the individual pipe flows ¢ are calcuiated
by use of Eq (2) using the differences be-
tween the determined piezometric heads
These flows are then substituted into Eq
(25) and since (c;) for each pipe is knowa,
the pipe head losses are calculated if the
pipe head losses obtained from Eq (25)
correspond to those obtained from the
matrix solution, then the unigue solution
satisfying both the tHazen-Williams equa-
tion and the hnear Eq (2) has been found
The third and final step required 1s to
change the value of ¢ to converge the
problem to a solution if there 15 a
difference between the head losses calcu-
lated by the two methods

A more detailed explanation of each of
these steps foilows. The initial value of the
pipe coefficient ¢ is chosen to correspond
to Ry of 200000 in each pipe, a typical
value for a practical problem The flow
(g,) is then calculated from the Reynoids
Number relationship, Eq (26).

200000 p4
pD 26)
The vaiue of the head loss #; correspond-

ing to this flow g, is calculated from Eq
(25):

q=VA

b =crql8s Qn
The pipe coefficient is then found from Eq
(2) as shown in Fig 3
q
= E

(28)

This imiial value of the pipe coefficient ¢
for each pipe 1s then combined, according
to the geometry of the network into the
pipe coefficients C, used in the matrnix
description of the network system The
matnx is then solved to vield the first esti-
mate of the piezometric heads at each
joint

The allowable deviation between a pipe
head loss determined from the matrix
solution of the joint ptezometric heads
and the corresponding value from the
Hazen-Willlams equation 1s a variable and
can be specified for a particular case tak-
ing 1nto account the type of problem and
the degree of precision desired for the
solution

The third step, adjusting the value of ¢,
was developed with two criteria tn mind
The solution should converge reasonably
rapudly, yet the technique should remain
simple During the checking procedure,
the flow g for each ptpe calculated via Eq
(2), and the matrix solution 1s used to de-
termine the head loss 4 from the
Hazen-Williams equation The first pro-
cedure used In the development of the
program was to obtain the correction of
the ¢ value for each pipe by assuming that
the point A, g, was the unique solution
and thus the correct hnear relationship
was defined by a straight hne joining this
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. 10 the onigin and defined by Eq (29

Ly (29)
h=( A q

The new value of ¢ was then set equal to
9

‘,7{‘ When all the pipe coefficients were
corrected in a similar way, the flow dis-
tribution obviously was altered, and this
method proved to be an overcorrection
when the matrix was resolved To dampen
this overcorrection effect, an averaging
technique was introduced The corrected
value of cis taken to be the mean of the ¢
value defined by Eq {29) and the value of
¢ used to obtatn the matrix solution This
method of correcting cis shown in Fig 4.
The averaging method reduced the num-
ver of cycles required for convergence by
approximately one third.

Example Problemsa

It is not the intent of this article to pre-
sent extensive comparison of different
netlwork problems since any comparison
of computer programs must take into ac-
count ease of input data and flexibiiity of
usc as well as efficiency of computer time
Two example problems are discussed to
point out some apparent potential advan-
tages of the finite element approach

An example problem? shown in Fig §,
consisting of nineteen pipes and thirteen
joints, was solved using the PAWDS pro-
gram and the GENFEM program. The
PAWDS program solved the system in
eighteen iteration cycles and 1.07 s. The
GENFEM program solved the network in
fifteen iteration cycles and 4.73 5. Ob-
viously, this example does not indicate a
preferential method, but is included so
that it can be considered with the next ex-
ample to show the effect of increased sys-

tem size )
" The second example probtem with 75
pipes and 57 joints was also solved with
both programs. The particular problem
had been submitted by an undergraduate
student and would not converge in the
ailowed time using the PAWDS program.
Both the time limit and the iteration cycle
iimit were increased, and the problem
eventually converged by the use of the
PAWDS program after 16 048 iteration
cycles and 768 s. The same problem: was
solved with the GENFEM program after
twenty iteration cycles and 22.2 s This
problem highlights the apparent lack of
convergence problems for the finite-ele-
ment method and also shows, when com-
pared with the first exampie problem. that
for the finite-element method, the num-
ber of iteration cycles to convergence ap-
pears virtually independent of the num-
ber of pipes and joints.

Discussion

The finite-element method is not re-
stricted to a pipe as the only element. Any
type of hydraulic element can be included
that can be defined by a flow-head loss re-

lationship When the pipe network is
relatively sizall, such as in an industrial
plant piping system, the fittings may
become major head loss contributors The
head loss A across any of these elements is
usuelly considered to be directly propor-
tional to the velocity head by a coefficient
k corresponding to the type of element.
V2
h=k
2

(30

This can be easily converted to the re-
quired form, that is, in terms of flow ¢

knowing the area 4 of the element.

, 2
22 42 7

A pump can be included in the system
since a pump merely provides a “head
gain” or negative head loss. The use of a
pump element requires a flow-head loss
relationship (the head-capacity curve for
the pump). If the information is not
available as an equation relating discharge
and head, the pump information could be
provided 1n tabular form. In this form the
program would use linear interpolation
between any two data points.

The basic finite-element method is not
restricted to pipes flowing full In practice,

h= (&3}

water systems often contain open chan-

nels in the headwater sections. These
open channels or even pipes flowing par-
tially full can be included for analysis. The
only requiremen! for an clement is that
the flow can be related to the head loss.

The range of hydraulic elements that
can be included is limitless, provided a
flow-head loss relationship for each ele-
ment 1s known. An exact system repre-
sentation can be obtained by introducing
a combnation of all the: hydraulic cle-
ments“causing head loss or gain in the
system While discussing this pomnt one
should remember that methods such as
the Hardy Cross method of balancing
heads technique’’ require that ali pipes
are part of a loop. Typically, reservoirs or
elevated tanks have one pipe connecting
to the distribution system and an artificial
ptpe must be introduced to make a loop so
that the: Hardy Cross balancihg heads
solution method can be applied.

The use of high-resistance artificial
pipes in the network has, in fact, often
contributed to convergence difficulties.
To simulate the actual conditions, the ar-
tificial pipes introduced to form'loops are
often of small diameter and high resist-
ance so that they carty an insignificant
flow and hence can be neglected As was
pointed out earlier, this is the exact condi-
tion that creates convergence problems.
The finite-element method does not re-
quire the use of artificial pipes to complete
a loop since the connectivity of the ele-
ments is defined explicitly by the system
matrix. Consequently, tree-iype systems
are readily solved with this procedure. in
fact, the GENFEM program was used
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very successfully during the 1974 spring
semester at Lehigh Univ to analyze a
transmission system problem that was
almost entirely tree type with approxi-
mately ten loops included

The input data required for the program
is equivalent to other solution techniques
with the major exception that loop data
does not need to be included. The dis-
tribution network is defined by input of
the number of the pipe and the joints to
which it is connected Another advantage
over some solution methods 1s that any
number of points of known pressure can
be preselecied

With loop-solution methods, al! pipe
and joint information must be available to
the program at the same time This puts a
definite limit on the size of the system that
can be solved The finite-element pro-
gram, GENFEM, however, can operate
on blocks of data. Thus, there is virtually
no limut to the size of the network that can
be solved. The element and nodal infor-
mation can be stored on magnetic tapes or
other devices and then read from the
storage device in blocks, aperated upon,
and returned to storage on the tapes This
feature must gain greater sigruficance as
water-distribution networks become
larger and more interdependent

As stated previously, aithough not
being spectfic to a finite-eiement program,
the program developed has two additional
features worth nioting. First, the program
GENFEM provides a choice of two estab-
lished’ flow-head loss relationships. The
Hazen-Williams equation has already
been stated as Eq (24). The Dar-
cy-Weisbach equation relates the same
variables and includes the friction factor f.

L 2
" (£2g/42) 7

An exphicit expresston'? for the friction
factor f1s used rather than the classicai
implicit Colebrook and White equation'?
that requires an 1terative solution The
friction factor fis expressed in terms of
the Reynolds Number R, and the reiative
roughness x where « is the ratic of the ab-
solute roughness eto the pipe diameter D.
S=0094x0255 + 0 53x + 88x0% R\~ 6240 ”(433)

Second, allowance for changes in tem-
perature has been included since temper-
ature appreciably affects the viscosity and
to a negligible degree, the density of
water. The viscosity of water over a tem-
perature range of 5C-30C vanies from
0.0152 poise to 0.8004_ centipoise An
algorithm'? in terms of temperature 7 in
degrees Celsius is used to define the
viscosity u in poise.
‘1‘=2 1482 (T~ 8 435} + JBOTBAF
[T - 84357 - 120) e
The program is written so that the tem-
perature can be specified for each pipe
Any set of temperature conditions can be
investigated for a particular ctircumsitance.
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~ Practical adaptation of the finste-ele-
ment method should require a mmmum
of computer programming since most
engineering firms and umversities have
finite-element programs readily availuble
The ease of modiflying these programs de-
pends upon the generality of their nature

Summary

The many advantages of the finite-ele-
ment method have been documented.
Most of these advantages hold true n a
companson of any loop method to the
finite-element method The major advan-
tage 1s the speed of convergence and the
apparent lack of convergence problems of
the proposed method over the Hardy
Cross balancing lows method Other im-
portant advantages are the ability to in-
clude in the analysis ali types of hydraulic
elements, the choice of flow-head joss re-
iationships, the lack of artificial loops, the
ease of adaption of existing finite-element
programs, the untimited network size, and
finally, the ability to account for tempera-
ture effects.
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Over the past two decades, the finite-
eiement method has been increas-
ingly used In a varisety of engineering
fieids including structura! analysis,
s8oiid mechanics, and soil mechanics.
The method uses the relationship be-
tween the basic properties of sach
discrete elemaent to define the
behavior of that element. A solution
for the response of the overall
system, subject to a set of boundary
conditions, i3 provided by coiving a
sat of compatible simulitaneous
equations by matrix solution tech-
niques.

The equivalence of structural systems
and pipe networks has long been recog-
nized, and there are many examples of
concurrent application of solution tech-
niques or the cxchange of solution meth-
ods The system of equations for struc-
tural problems 1s normally hnear and
hence suitable to matrix solution

Although a specific pipe-network prob-
lem can be defined using a finite-element
approach,! the actual solution of the net-
work problem becomes very difficult
because of the nonlinear constitutive
equations relating the flow and head loss
in each pipe or element. Indeed, matrnix
solution of the'pipe-network problem? has
been achieved using extenstve numerical
analysis and graph theory but without
recognition of the advantages of the
finite-element method.

The successful apphcation of the finite-
element method to pipe-network prob-
lems shows that the method is not only
superior to conventional Hardy Cross
solution techmiques but that the further
advantages of complete network repre-
sentation, simplified input data, and un-
limited network size can be obtained.
Although not spectfic to a finite-element
solution, the program developed aliows
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for solution hy either the Hazen-Williams
or the Darcy-Weishach flow-head-loss
relationships The program alse can con-
side: the eflect of temperature variauons
on head loss throughou! the network

The computational algorithm used to
arrive at the unique solution for an eastly
solved inear system cquivalent to the true
nonlinear system for the pipe networks
was mamtained in an extremely simple
form tn this article so that the advantages
of the finite-element method could be
readilly observed Undoubtedly, further
apphcation of numerical-analysis tech-
nigues would 'mprove the efficiency of
the method

There are two specific reasons for the
development of this metheod First, a com-
puter program, PAWDS 24 which uses the
Hardy Cross solution® meihod of balanc-
ing flow for pipe-network preblems, is
used in undergraduaie courses at Lehigh
Univ in Bethlehem, Pa This Hardy Cross
method or various refinements of the loop
method (balancing heads 1n Icops) were,
in 1973, still used extensively in undes-
graduate education, engineering practice,
and research b7

The Hardy Cross approach to pipe-net-
work analvsis uses as a boundary condi-
tion either the fact that the algebraic sum
of flows at any joint 15 zero (balancing
flows) or that the algebraic sum of the
head ioss around any loop s zero (balanc-
ing heads) These are simply adaptations
of the classical conservation of mass and
conservation of energy, respectively. De-
pending upon the criteria used, a correc-
tion s applied to the assumed pipe flows
or assumed piezometric heads until con-
vergence to a solution is obtained. This
classical iteration procedure is quite
satisfactory for most well-conditioned
pipe systems. However, it has been
pointted out that convergence to a solution
is not necessarily guaranteed.
There appears to be nothing inherent in erther
the electric analyzer with ordinary resistors or
the Hardy Cross method which will consistently
produce convergence of the errors toward zero
with subsequent adjustments &

The PAWDS program used at Lehigh
Univ. was plagued by convargence prob-
lems typical of the Hardy Cross method.
Dilingham and Cleasby’ point out that
when using the balancing-heads method,
a pipe or pipes with high resistance to flow
compared with others in the network can

-result in calculated flow corrections larger

and 1n the opposite direction to the cur-
rently assumed flow This will often cause
a divergence in the computations, and no
solutionr can be obtained. When the meth-
od of balancing flows 1s used Diliingham®
points out that if a large pipe of short
length and relatively low flow exists,
many iterations are necessary before an
appreciable change in p.ezometric head is
obtamned if the value of the assumed
piezometnc head 1s incorrect. These situa-

tions are very practical in their nature.

Typical pipe-distnbution networks!'® have
these exdct condiions

An exicnsive discussion of the con-
verpence prebiems of the Hardy Cross
method and the PAWDS program in par-
ticular s not 1ntended 12 this arlicie, but
the exsstence of these problems should be
noted

The second reason for developing the
solution technique was because of the ex-
isience of a very efficient finite-element
program, GENFEM, deveioped by
Desai.t! The advantage of this program is
its completely general nature and hence
easy adaptation for the p:pe-neiwork
problem The mathematical basis and the
method of apphcation of the finite-ele-
ment method 1s described in detal to
allow easy adaption of other existing
finite-element programs tor use in sclving
water-distribution-netwoik probiems.

Application of the Finite-Elémen:
Method

Mathematical basis. When tne finite-
element method is applied 1o a structural
problem, the structure is subdivided nto
discrete elements. Each of these ciements
must satisfy three conditions:

1. Equil:brium of forces musi be main-
fained.

2 Cormipatibility must be maintained.

3 The force-displacement relationship
specified by the geometric and elastic
properties of the discreie element must be
satisfied.

The force ¥ in the member or element
is related to the displacement u and the
element properties or stfiness K by Eq

¢}
F=Ku 0}

The sum of the forces in the members at
cach node of the structure IS zefo except
where an external force is appiied By
combining Eq (1) for all the elements in
the structure 1nto an equauon of :dentical
form to Eg (1) and solving for displace-
ments, the equilibrium of the system is
satisfied

An equivalent set of conditions for a
pipe network exists, hence, the abiliiy to
draw the analogy*

1. The algebraic sum of the flows at any
joint or node must be zero.

2. The value of the piezometric head at
a joint or node 1s the same for all pipes
connected to that joint

3. The flow-head-loss relationship
{such as Darcy-Weisbach or Hazen-
Williams) must be satsified for each ele-
ment or pipe
The conditicns for a pipe network deal
with scalar quantities, whereas the struc-
tural conditions deal with vector quan-
tities. The analogy 1s drawn between the
magnitudes of the equivalent cuantities as
the vecior aspects of the flow have no
meaning for the network pronism:.

For a direct applicatien of the finite-ele-
ment method involving a matnx solution,
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a hnear rclationship s required to define
the element or prpe Hence at this point, a
relationship of the form of Eq (2) between
flow q. head loss /rand the hydrauhc prop-
erties of the pipe ¢ wili be assumed
q=ch (2

The method of solution to make Eq (2
equivalent to established nonhncar flow-
head-loss relationships will be described
subsequently

The head loss hin Eq (2) is the
difference between the piezometric head
H of the nodes or joints at each end of the
element or pipe contributing to the sum of

the flows Q at that joint The pipe-system:

matnx 1s assembled by wniting the equa-
tions for the sum of the flows Q at each
joint since this value 1s known to be either
zero or equal to the imposed external flow
or demand Alternatively, if the
piezometric head 1s specified at a joint, the
sum of the pipe Nows is implicitly defined.
The resulting set of simultaneous equa-
tions can be combined into matrix form
defining the entire pipe system in terms of
the sum of flows Q at a joint and of the
prezometric heads / at the joints This
matrix has the form
Q=CH 3

When the matrix is solved, the piezomet-
ric heads at all joints are obtained. The
d:fflerence 1n piezometric heads between
two joints, which is the head loss, can be
substituted into Eq (2) to calculate the
flow in the pipe between those two joints
The direction of flow 1s automatically
preserved by taking the sign of the
difference of the prezometnc hcads into
account

The finite element representing the
pipe is of the simplest form possible Each
element 1s one dimensional and has one
degree of frcedom at each node or joint
To apply the summation of the flows at a
joint successfully, a convention must be
adopted. Flow into a joint is taken as posi-
tive, and flow out of a joint is negative

The analysis of a simple pipe network,
Fig. 1, is used to show the application of
the fimte-element method Using the con-
dition that. the sum of the pipe flows
(4., - . .. ) 10 or out of a joint must satisfy
the equilibrium flow cniteria (Q), Q.....)
(i.e., the boundary conditions) at that
joint, one can write the following equa-
tions:

O1=q,+ 44 (4)
O1=q,+q (5)
O=a+tqta (6)
Q=g +qs+4q, (7)
QS =g, + Qj (8)

The individual pipe flows can be ex-
pressed by Eq (2) noting that the head
loss h is equal to the difference in the
piezometric heads of the joints at each
end of the particular pipe.

g.= = C,(Hy~ H)) (£)]
ay =+ Cy(Hy~ H,) (10)
g.=+ CAHy~ H,) (1)
qd=:tC,,(H|—H4) (12)
q.= t C,(Hy— Hy) (13)
qr= + CI(HJ - HS) (14)
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{quatrons (4-8) can now be wntten in
erms ol the pipe cocfficients (C,,C... )
and the prezometric heads (M H,, )
Consistency of flow directions 1s taken
into account by assuming the flow is away
jrom the joint being considered, that is,
the prezometric head at the other joints is
subtracted from the piezometric head at
the joint being considered

()I E’C‘,(Hi "Hz)"‘Cd(Hl—H‘) (15)
Q;"'C‘,(HI—H|)+Q,(H2-H3) (16)
Q]=Ch(HJ—H;)+C((H3°H4) an
+ C[(HJ - HS)
04=Cr(H4—H3)+C4{H4‘H|) (18)
+ CAHy— H)
Q5=C‘.(HS_H4)+C/'(H§—HJ) (19)

Equations (15-19) can be combined
into the matnix form of Eq (3) to yield Eq
(20). (See below.)

For this particular example, the foliow-
ing boundary conditions are given.

’{] = IGO ﬂ

0, = 700 gpm
Q5 = 400 gpm
Oy =0gpm
Qs = 600 gpm

Substituting these values into Eq (20)
gives Eq (21) as the final form for solu-
tion (See below)

The values of the coefficients
(C,C,.. .) for each pipe are determined
by the procedure to be outlined. The
unknowns, H, H; H, Hsand Q) can be
obtained by solving the matrix Eq (21).
The flows in the individual pipes can be
found, as previously stated, by substitut-
ing into the defining equations (Eq [9-14]
for this example) after the piezometric
heads have been found for each joint

Method of application. For the suc-
cessful application of the finite-element
method, the constitutive equation; used to
relate flow and head loss must be linear or
the matnix solution cannot be applied. In
reality, the relationstup is nonfinear and
varies with the equation chosen. The ap-
plication of the finite element method is
accomphshed by using a linear equation
(Eq {2]) as the defining flow-head loss re-
lationship and the successive correction
of the pipe coeffictent ¢ until a unique
solution is found satisfying both the
equivalent linear relationship and a real
nonlinear relationship such as the Haz-
en-Williams equation or the Dar-
cy-Weisbach equation. When this unique
solution has been found for all pipes the
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network distnbution has been solved

The program, GENFEM. allows a
choice of the Darcy-Weisbach equation
or the Hazen-Wilhams equation The
Hazen-Wilhams equation will be used for
purposes of explanation, although the
method is identical for both equations
The relationship used to define flow ver-
sus head loss is shown in Fig 2. The tran-
siion from Yaminar to turbulent condi-
tions for pipe flow occurs at a Reynolds
Number R, of approximately 2000 Ry is
defined by the pipe diameter D, and the
dynamic viscosity u, the density p and the
flow velocity V of the fluid flowing.

pVD
v (22)

The flow grat which transition occurs,

corresponding to a R, of 2 000, is given by

2000 u4
pD

N=

=V4 =
ar=V4 (23)

For flows less than gy, the flow vs head-
loss relationship is linear. To avoid a dis-
continuity in the defining relationship be-
cause of the transition region between
taminar and turbulent flow, the linear re-
lationship is obtained by simply ioining
the origin to the point (hnqy) with a
straight line. The coordinate hyis found
from a substitution of the flow gy into the
turbulent flow equation The linear por-
tion of the graph, the laminar region, does
not enter into the calculations of a practi-
cal problem The value of ¢yranges from
05 to 5 gpm for 6-16-1n. dhameter pipes
whereas typical flows range from 200 to
5000 gpm for these size pipes, well into
the turbulent range '

The Hazen-Williams equation relates
the head loss A to the pipe diameter D, the
pipe length L, the Hazen-Williams coeffi-
cient Cyyy, the flow g and a coeflicient ¢’
for unit conversion.

L q 188

(24)

This equation can be rewritten for a par-
ticular pipe by grouping terms into one
constant cy.

Chw

(25)

Tte solution technique can be divided
into three steps. The first step is to select
an initial value of the pipe coefficient ¢ for
each pipe and combine these to yield the

h= crql 85

Q] Ta + Cd "‘Ca 0 - Cd 0 q H 1

() —C, C,+GC, -G, 0 0 H,

A= 0 G G+CH+C -, -G H; 20
QO -Gy 0 —C, C.+C,;+C, —c{ H,

O 0 0 -, . C.+C H;

al [G+c - 0 —C 0 100

700 €, C,+6G -G 0 0 H,

400} = § 0 -G G+C.+C ~C, ~C H, 2y
0 ~Cy4 0 ~C, C.+C,+C, —c{ H,

600 - (1} 0 —CC “Cf Cg + Cf A H 5

matrix pipe cocthcients ¢ The system
matnx 1s then solved for the value of the
piezometric head at cach joint Secondly,
the individual pipe flows ¢ are calcuiated
by use of Eq (2) using the differences be-
tween the determined piezometric heads.
These flows are then substituted into Eq
(25) and since {c;) for each pipe is known,
the pipe head losses are calculated if the
pipe head losses obtained from Eq (25)
correspond to those obtained from the
matrix solution, then the unigue solution
satisfying both the Hazen-Williams equa-
tron and the linear Eq (2) has been found
The third and final step required 1s to
change the value of ¢ to converge the
problem to a solution if there is a
difference between the head losses calcu-
lated by the two methods

A more detatled explanation of each of
these steps foliows. The initial value of the
pipe coeflficient ¢ is chosen to correspond
to Ry of 200000 in each pipe, a typical
value for a practical problem. The {low
(g,) is then calculated from the Reynoids
Number relationship, Eq (26)-

200000 uA
pD (26)
The value of the head loss #, correspond-

ing to this flow g, 1s calculated from Egq
(25)

q=VA

h=crq!® @n
The pipe coefficient is then found from Eg
{2) as shown in Fig 3
]
y
This 1nitial value of the pipe coefficient ¢,
for each pipe is then combined, according
to the geometry of the network into the
pipe coefficients C, used in the matrix
description of the network system The
matrix is then solved to vield the first esti-
mate of the piezometric heads at each
joint

The allowable deviation between a pipe
head loss determined from the matrix
solution of the joint piezometric heads
and the corresponding value from the
Hazen-Williams equation is a variable and
can be specified for a particular case tak-
ing into account the type of probiem and
the degree of precision desired for the
solution

The third step, adjusting the value of c,
was developed with two criterta in muind
The solution should converge reasonably
rapidly, yet the techmique should remain
simple Dunng the checking procedure,
the flow g for each pipe caiculated via Eq
(2), and the matnx solution 1s used to de-
termine the head loss #, from the
Hazen-Wilhlams equation The first pro-
cedure used I1n the development of the
program was to obtain the correction of
the ¢ value for each pipe by assuming that
the point A, g. was the unique solution
and thus the correct linear relationship
was defined by a straight line joining this
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(28)

a =




@

b

point to the ongin and defined by Eq (29)

q
) q 29)

The new value of ¢ was then set equal to
qc

F When all the pipe coefficients were
corrected in a simular way, the flow dis-
tribution obviously was altered, and this
method proved to be an overcorreciion
when the matrix was resolved. To dampen
this overcorrection effect, an averaging
techmque was introduced. The corrected
value of cis taken to be the mean of the ¢
value defined by Eq (29} and the value of
c used to obtain the matnx solution This
method of correcting cis shown in Fig 4.
The averaging method reduced the num-
ver of cycles required for convergence by
approximately one third

Example Problems

It 1s not the intent of this article 1o pre-
sent extenstve comparison of different
neiwork problems since any comparison
of computer programs must take into ac-
count ease of input data and flexibiiity of
use as well as efficiency of computer time.
Two example problems are discussed to
point out some apparent potential advan-
tages of the finite element approach.

An example problem?shown in Fig 3,
consisting of nineteen pipes and thirteen
joints, was solved using the PAWDS pro-
gram and the GENFEM program. The
PAWDS program solved the system in
eighteen teration cycles and 1.07 s. The
GENFEM program solved the network in
fifteen iteration cycles and 4.73 5. Ob-
viously, this example does not indicate a
preferential method, but is included so
that it can be considered with the next ex-
ample to show the effect of increased sys-
tem size. ;

The second example problem with 75
pipes and 57 joints was also solved with
both programs. The particular problem
had been submitted by an undergraduate
student and would not converge in the
ailowed time using the PAWDS program.
Both the time limit and the iteration cycle
fimit were increased, and the probiem
eventually converged by the use of the
PAWDS program after 16 048 iteration
cycles and 768 s. The same problem was
solved with the GENFEM program after
twenty iteration cycies and 22.2 5 This
problem highlights the apparent lack of
convergence problems for the finite-ele-
meni method and also shows, when com-
pared with the first example problem, that
for the finite-element method, ithe num-
ber of iteration cycles to convergence ap-
pears virtually independent of the num-
ber of pipes and joints.

Discussgion

The finite-element method is not re-
stricted to a pipe as the only element. Any
type of hydraulic element can be included
that can be defined by a flow-head loss re-

lattonship When the pipe network is
relatively small, such as in an industnal
pia:it piping system, the fittings may
become major head loss contributors The
head loss #across any of these elements s
usually considered to be directly propor-
tional to the velocity head by a coefficient
k corresponding to the type of element

y?

2g

h=k (30)

This can be easily converted to the re-
quired form, that is, in terms of flow ¢
knowing the area A4 of the element.

k

2g A2

A pump can be included in the system
since a pump merely provides a “head
gain™ or negative head loss. The use of a
pump element requires a flow-head loss
relationship (the head-capacity curve for
the pump) If the information . is not
available as an equation relating discharge
and head, the pump information could be
provided n tabular form In this form the
program would use linear interpolation
between any two data points

The basic finite-element method 1s not
restricted to pipes flowtng full. In practice,
water systems often contain open chan--
nels in the headwater sections These
open channels or even pipes flowing par-
tially full can be included for analysis The
only requirement for an element is that
the flow can be related to the head loss.

The range of hydraulic elements that
can be included is limitless, provided a
flow-head loss relationship for each ele-
ment is known. An exact system repre-
sentation can be obtained by intreducing
a comgination of all thef\ hydraulic ele-
ments causing head loss or gain in the
system While discussing this point one
should remember that methods such as
the Hardy Cross method of balancing
heads technique®’ require that all pipes
are part of a loop. Typically, reservoirs or
elevated tanks have one pipe connecting
to the distribution system and an artificial
pipe must be introduced to make a loop so
that the Hardy Cross balancing heads
solution method can be applied.

The use of high-resistance artificial
pipes in the network has, in fact, often
contributed to convergence difficulties.

q? 31)

To simulate the actual conditions, the ar-

tificial pipes introduced to form'loops are
often of small diameter and high resist-
ance so that they carty an insigmficant
flow and hence can be neglected As was
vointed out earher, this is the exact condi-
tion that creates convergence problems.
The finite-element method dogs not re-
quire the use of artificial pipes to complete
a loop since the connectivity of the ele-
ments is defined explicitly by the system
matrix. Consequently, tree-type systems
are readily solved with this procedure. In
fact, the GENFEM program was used
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very successfully during the 1974 spring
semester at Lehigh Univ to analyze a
transmission system problem that was
almost entirely tree type with approxi-
mately ten loops included

The input data required for the program
is equivalent to other solution technigues
with the major exception that loop data
does not need to be included. The dis-
tribution network 1s defined by wnput of
the number of the pipe and the joints to
which 1t 1s connected Another advantage
over some solution methods 1s that any
number of points of known pressure can
be preselected

With loop-sofution methods, all pipe
and joint information must be available to
the program at the same time This puts a
definite limit on the size of the system that
can be solved The finite-element pro-
gram, GENFEM, however, can operate
on blocks of data Thus, there is virtually
no limit to the size of the network that can
be solved The element and nodal infor-
matton can be stored on magnetic tapes or
other devices and then read from the
storage dewvice in blocks, operated upon,
and returned to storage on the tapes This
feature must gain greater significance as
water-distribution networks become
larger and more interdependent

As stated previously, although not
being specific to a finite-eilement program,
the program developed has two additional
features worth nioting. First, the program
GENFEM provides a choice of two estab-
tlished’ flow-head loss relationships. The
Hazen-Williams equation has already
been stated as Eq (24). The Dar-
cy-Weisbach equation relates the same
variables and includes the friction factor f.

L

= (f—— 2
g ijgAZ) 7
An exphicit expression!? for the friction
factor f1s used rather than the classica!l
implicit Colebrook and White equation'?
that requires an iterative solution The
friction factor fis expressed in terms of
the Reynolds Number R, and the rejative
roughness x where « is the ratic of the ab-
solute roughness e to the pipe diameter D.
S=0094x0255 + 0 53, + BRK044 R 62~°”("33)

Second, allowance for changes in tem-
perature has been included since temper-
ature appreciably affects the viscosity and
to a negligible degree, the density of
water. The viscosity of water over a tem-
perature range of 5C-30C varies from
0.0152 poise to 0.8004 centipoise. An
algonthm®in terms of temperature T in
degrees Celsius is used to define the
viscosity u in potse.

}L =21482([T-8435) + 80784+

(T —84352] - 120) (34)
The program is written so that the tem-
perature can be spectfied for each pipe.
Any set of temperature conditions can be
investigated for a particular circumsiance.
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Practical adaptation of the finite-ele-
ment method should require a mmmimum
of computer programming since most
engineenng firms and umiversities have
finite-element programs readily available,
The ease of modifying these programs de-
pends upon the generality of their nature.

Summary

The many advantages of the finite-ele-
ment method have been documented.
Most of these advantages hold true in a
companson of any loop method to the
finite-element method The major advan-
tage is the speed of convergence and the
apparent lack of convergence problems of
the proposed mcthod over the Hardy
Cross balancing flows method Other im-
nortant advantages are the ability to n-
clude in the analysis ali types of hydraulic
elements, the choice of flow-hcad loss re-
iationships, the lack of artificiat loops, the
ease of adaption of existing finite-element
programs, the unlimited network size, and
finally, the ability to account for tempera-
ture effects.
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Gver the past two decades, the finite-
element method has been increas-
ingly used in a variety of engineering
fleids inciuding structural analysis,
soild mechanics, and scil mechanics.
The method uses the relationship be-
tweer: the basic properties of each
discroete element to define the
behavior of that element. A solution
for the reaponss of the overasll
sysiem, subject to a sot of boundary
conditions, is provided by solving a
get of compeatiblo simultaneous
equations by matrix solution tech-
niques.

The equivalence of structural systems
and pipe networks has long been recog-
nized, and there are many examples of
concurrent application of solunon tech-
nigues or the exchange of solution meth-
ods The system of cquations for struc-
tural problems 1s normally lnear and
hence suitable to matrix solution

Although a specific pipe-network prob-
lem can be defined using a finite-element
approach,! the actual solution of the net-
work problem becomes very difficult
because of the nonlinear constitutive
equations relating the flow and head loss
in each pipe or element Indeed, matrix
solution of the pipe-network problem? has
been achieved using extensive numerical
analysis and graph theory but without
recognmitton of the advantages of the
finite-element method

The successful apphication of the finite-
element method to pipe-network prob-
lems shows that the method is not only
superior to conventional Hardy Cross
solution techmiques but that the further
advantages of complete network repre-
sentation, simplified input data, and un-
limited network size can be obtained.
Although not specific. to a finite-element
solution, the program developed -aliows
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for solution by ecither the Hazen-Wilhams
or the Darcy-Waishach flow-head-loss
reiatonships The program also cap con-
side. the effect of lemperature vanations
on head ioss throughout the neiwork

The computational algorithm used to
arfive at the unique solution for an casily
solved linear system equivalent to the irue
nonlinear system for the pipe neiworks
was maintained in an extremely simpile
form in this article so that the advantages
of the finite-element method could be
readily observed Undoubtedly, further
apphcation of numerical-analysts tech-
niques would improve the efficiency of
the method.

There are two specific reasons fo: the
development of this mcthod First, a com-
puter program, PAWDS,?* which uses the
Hardy Cross sclution® method of balanc-
ing flow for pipe-network sroblems, 1s
used in undergraduate courses at Lehigh
Univ 1n Bethlehem, Pa This Hardy Cross
method or various refinements of the loop
method (balancing heads in loops) were,
i 1973, still used extensively in under-
graduate education, engineering practice,
and research.®’

The Hardy Cross approach to pipe-net-

work analysis uses as a boundary condi-
tion either the fact that the algebraic sum
of flows at any joint is zero (balancing
flows} or that the algebraic sum of the
head loss around any ioop is zero {balanc-
ing heads) These are simply adaptations
of the classical conservation of mass and
conservaion of energy, respectively De-
pending upon the critena used, a correc-
tion is applied to the assumed pipe flows
or assumed piezometric heads until con-
vergence to a solution 15 obtained This
classical i1teration procedure is quite
satisfactory for most well-conditioned
ptpe systems. However. it has been
pointed out that convergence to a solution
is not necessarily guaranieed.
There appears to be nothing inherent in erther
the clectric analyzer with ordinary resistors or
the Hardy Cross method which will consistently
produce convergence of the crrors toward zero
with subsequent adjustments 8

The PAWDS program used at Lehigh
Univ was plagued by convergence prob-
lems typical of the Hardy Cross method.
Dillingham and Cleasby® point out that
when using the balancing-heads method,
a pipe or pipes with high resistance to flow
compared with others in the nctwork can

-result in calculated flow corrections larger

and in the opposite direction to the cur-
rently assumed fiow. This will often cause
a divergence I1n the computations, and no
solution can be obtained. When the meth-
od of balancing flows is used. Dillingham®
points out that if a large pipe of short
length and relatively low flow exists,
many ileranons are necessary before an
appreciable change in piezometric head is
obtained if the value of the assumed
piezometric head is incorrect. These situa-

tions are very practical in their nature.

Typical pipe-distribution networks'® have
these exact conditions

An extensive discussion of the con-
vergence problems of the Hardy Cross
method and the PAWDS program n pat-
ticuiar 's not 1ntended in this article, but
the existence of these problems should be
noted.

The second reason for developing the
solution technique was because of the ex-
istence of a very efficient finite-element
program, GENFEM, developed by
Desai ' The advantage of this program is
its completely general nature and hence
easy adaptation for the p:pe-network
problem The mathematical basis and the
mcthod of apphlication of the finjic-ele-
ment method 1s described in detal to
allow easy aduaption of other existing
finite-element programs {or use 1 solving
water-distribution-network problems

Application of the Finite-Element
Method

Mathematical basis. When the f{inite-
eiement method s apphed to a structural
problem, the structure s subdivided into
discrete elements Each of these elements
must satisfv three conditions:

1. Equilibrium of forces must be main-
tained.

2. Compatibthity must be maintained

3 The force-displacement relationship
specified by the geometric and elastic
properties of the discrete eiement must be
satisfied.

The force F in the member or element
is related to the displacement u and the
element properties or stiffness K by Eq
(i).

F=Ku (§))]
The sum of the forces in the members at
each node of the structure is zeio except
where an external force is appited. By
combiming Eq (1) for all the elements in
the structure into an equation of dentical
form to Eq (1} and solving for displace-
ments, the equilibrium of the system is
satisfied

An equivalent set of conditions for a
pipe network exists, hence, the ability to
draw the analogy:

1. The algebraic sum of the flows at any
joint or node must be zero.

2. The value of the piezometric head at
a joint or node is the same for ail pipes
connected to that joint.

3. The flow-head-loss relationship
(such as Darcy-Weisbach or Hazen-
Williams) must be satsified for each ele-
ment or pipe
The conditions for a pipe network deal
with scalar quanuities, whereas the struc-
tural condit:ons deal with vector quan-
tities. The analogy is drawn between the
magnitudes of the equivalent quantities as
the vector aspects of the flow have no
meaning for the network problem.

For a direct application of the finite-ele-
ment method involving a matnix solution,
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O

q =
Q The method of solution to make Eq (2

a lhinear relationship s required to define
the element or pipe Hence at this point, a
relationship of the form of Eq (2) between
flow ¢, head loss A and the hydraulic prop-
erties of the pipe ¢ will be assumed.

ch (2
equivalent to established nonlnear flow-
head-loss relationships will be described
subsequently.

The head loss 1 in Eq (2) is the
difference between the piezometric head
H of the nodes or joints at each end of the
element or pipe contributing to the sum of

the flows Q at that joint The pipe-system-

matnix is assembled by writing the equa-
tions for the sum of the flows Q at each
joint since thts value is known to be either
zero or equal to the imposed external flow
or demand. Alternatively, if the
piezometric head is specified at a joint, the
sum of the pipe flows is implicitly defined.
The resulting set of simultaneous equa-
tions can be combined into matrix form
defining the entire pipe system in terms of
the sum of flows Q at a joint and of the
piezometric heads H_atl the joints. This
matrix has the form

Q=CH (3)
When the matrix is solved, the piezomet-
ric heads at all joints arc obtamned. The
difference 1n piezometric heads between
two joints, which is the head loss, can be
substituted into Eq (2) to calculate the
flow in the pipe between those two joints.
The direction of flow is automatically
preserved by taking the sign of the
difference of the piezometric heads into
account.

The finite element ’rep\resenti g the
pipe is of the simplest form possible. Each
element is one dimensional and has one
degree of freedom at each node or joint.
To apply the summation of the flows at a
joint successfuily, a convention must be
adopted. Flow into a joint is taken as posi-
tive, and flow out of a joint is negative

The analysis of a simple pipe network,
Fig. 1, is used to show the application of
the finite-element method Using the con-
dition that. the sum of the pipe flows
(.., . ... ) in or out of a joint must satisfy
the equilibrium flow criteria (Q), @;,...)
.(i.e., the boundary conditions) at that
joint, one can write the followmg equa-
tions:

Ql =q,+ qq (4;
QZ =4q, + [/} (5
Q=g+ q.+4qs (6)
Q=q.+ a4+ 9, 7)
QS qe+ qf (8)

‘The individual pipe flows can be ex-
pressed by Eq (2) noting that the head
loss h is equal to the:difference in the
piezometric heads of the joints at each
end of the partlculara pipe.

== C,(Hy~ Hy) 9)

q,,= + Cy(Hy ~ Hy) (10)

4.=x CAHy— H}) (11)
qd=:tC,(H|—I-I4) (12)

, ge== C(”4 ) (13)
./ 9= + CI(HJ ) (14)
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] quations (4-8) can now be written in
rerms ol the pipe coeffictients (C,.C,. . )
und the prezometric heads (M H,, )
( onsistency of flow directions is taken
into account by assuming the flow is away
irom the joint being considered, that is,
the prezometric head at the other joints is
subtracted from the piezometric head at
the joint being considered

(),"Ca(Hl “H2)+C4(Hl —H‘) (15)

0, =C,(Hy = Hy) + Co(Hy ~ Hy) (16)

Q]=C5(HJ—H2)+C,-(H3—H4) (17)
+ Cf(Hg ~ HS)

Oy = CAHy — Hy) + o Hy— Hy) (18)
+ C,,(H4 - Hs)

s = C(Hy — Hy) + Cr(Hs ~ Hy) (19)

Equations (15-19) can be combined
into the matrix form of Eq (3) to yield Eq
(20}. (See below )

For this particular example, the foliow-
ing boundary conditions are given.

iy =100t
Q, =700 gpm
Q; = 400 gpm
Qs =0gpm
Qs = 600 gpm

Substituting these values into Eq (20)
gives Eq (21) as the final form for solu-
tion (See below)

The values of the coefficients
(C,.Cs, ...) for each pipe are determined
by the procedure to be outlined. The
unknowns, H, H; H, Hsand Q,, can be

obtained by solving the matrix Eq (21).

The flows in the individual pipes can be
found, as previously stated, by substitut-
ing into the defining equations (Eq [9-14)
for this example) after the piezometric
heads have been found for each joint.
Method of application. For the suc-
cessful apphication of the finite-element
msthod, the constitutive equation; used to
relate flow and head loss must be linear or
the matnx solution cannot be applied. In
reairty, the relationship 1s nonlinear and
vartes with the equation chosen. The ap-
nlication of the finite element method is
accomplished by using a linear equation
(Eq {2]) as the defining flow-head loss re-
lationship and the successive correction
of the pipe coeffictent ¢ until a unique
solution 1s found satisfying both the
equivalent linear relationship and a real
nonlinear relationship such as the Haz-
en-Willitams equation or the Dar-
cy-Weisbach equation. When this unique
soluticn has been found for ail pipes the

network distribution kas been solved.

The program GENFEM, allows a
choice of the Darcy-Weisbach equation
or the Hazen-Wilhams equation The
Hazen-Wilhams equation will be used for
purposes of explanation, although the
method is identical for both equations.
The relationship used to define flow ver-
sus head loss is shown in Fig. 2 The tran-
sition from laminar to turbuient condi-
tions for pipe flow occurs at a Reynolds
Number R, of approximately 2000. Ry is
defined by the pipe diameter D, and the
dynamic viscosity u, the density p and the
flow velocity V of the fluid flowing.

pVD
N= —

N 22)

The flow g;at which transition occurs,

corresponding to a Ryof 2 000, is given by
2000 uA4
pD (23)

For flows less than g, the flow vShead-
loss relationship is linear. To avoid a dis-
continuty in the defining relationship be-
cause of thé transition region between
laminar and turbulent flow, the linear re-
fationship is obtained by simply joining
the ongin to the point (ingy) with a
straight line The coordinate hyis found
from a substitution of the flow g into the
turbulent flow equation The linear por-
tion of the graph, the laminar region, does
not enter into the calculations of a practi-
cal problem The value of g;ranges from
05 to 5 gpm for 6-16-1n. diameter pipes
whereas typical flows range from 200 to
5000 gpm for these size pipes, well into
the turbulent range. '

The Hazen-Williams equation relates
the head loss A to the pipe diameter D, the
pipe length L, the Hazen-Williams coeffi-
cient Cyw, the flow ¢ and a coefficient ¢’
for unit conversion.

qra VA =

g 18

h=c D497

(24)
This equation can be rewritten for a par-
ticular pipe by grouping terms into one
constant ¢

Cruw

(25)

THe solution technique can be divided
into three steps. The first step is to select
an initial value of the pipe coefficient ¢ for
each pipe and combine these to yield the

h= eri 85

Ql Ta + Cd _Ca 0 —Cd 0 “ H, 1

Iy -C, C,+GC -G 0 0 H,

| = 0 G G+C +C —C, -G H; (20)
) -C, 0 -, C.+C +C, —c/ H,

0; L 0 0 - —C, C. +C Hs

0 IC, +C, - h
1 a d "'Ca 0 Cd o l 00

700 -, C,+G -G 0 0 H,

400} = O -, G+C. +C -C, -G H, (21)
0 —C, 0 . C.+C,+C, —c{ A

600 ) 0 -, , C.+C. Hs
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matrix pipe coclhicients ¢ The system
matrix 1s then solved for the value of the
piczometric head at cach joint, Secondly,
the individual pipe flows ¢ are calculated
by use of Eq (2) using the differences be-
tween the determuned piezometric heads.
These flows are then substituted into Eq
(25) and since (¢;) for each pipe1s known,
the pipe head losses are calculated If the
pipe head losses obtained from Eq (25)
correspond to those obtained from the
matrix solution, then the unigue solution
satisfying both the Hazen-Williams equa-
tion and the hinear Eq (2) has been found
The third and final step required 1s to
change the value of ¢ to converge the
problem to a solution 1f there 1s a
difference between the head losses calcu-
lated by the two methods

A more detailed explanation of each of
these steps follows The initial value of the
pipe coefficient ¢;1s chosen to correspond
to Ry of 200000 in each pipe, a typical
value for a practical problem. The flow
(¢ is then calculated from the Reynolds
Number relattonship, Eq (26)

200000 u4
pD (26)
The value of the head loss A, correspond-

ing to this flow ¢, is calculated from Eq
(25):

q=VA

h=crq!® Qn

The pipe coefficient is then found from Eq

(2) as shown in Fig 3
0

[‘| = 7’T (28)

This imitial value of the pipe coefficient ¢,
for each pipe 1s then combined, according
to the geometry of the network into the
pipe coefficients C; used in the matrix
description of the network system The
matrix 1s then solved to vield the first esti-
mate of the piezometric heads at each
joint

The allowable deviation between a pipe
head loss determined from the matrnix
solution of the joint piezometric heads
and the corresponding value from the
Hazen-Williams equation is a variable and
can be specified for a particular case tak-
ing into account the type of problem and
the degree of precision desired for the
solution.

The third step, adjusting the value of ¢,
was deveioped with two cniteria in mind
The solution should converge reasonably
rapidly, yet the technique should remain
simple Duning the checking procedure,
the flow ¢, for each pipe caiculaied via Eq
{2), and the matrnix solution 1s used to de-
termine the head loss 4 from the
Hazen-Williams equation. The first pro-
cedure used 1 the development of the
program was to obtain the correction of
the ¢ value for each pipe by assuming that
the point h, g was the unique solution
and thus the correct linear relationship
was defined by a straight line joining this
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point to the origin and defined by Eq (29}
{29)

The new value of ¢ was then set equal to
49

T, When all the pipe coefficients were
corrected 1n a stmilar way, the flow dis-
tribution obviously was altered, and this
method proved to be an overcorrection
when the matnix was rcsolved Todampen
this overcorrection effect, an averaging
technique was ntroduced. The corrected
value of cis taken tc be the mean of the ¢
value defined by Eq (297 and the value of
c used to obtain the matrix solution This
method of correcting cis shown 1n Fig. 4.
The averaging method reduced the num-
ner of cycles required for convergence by
approximately one third

Exampie Problems

It is not the intent of this article to pre-
sent extensive companson of different
network problems since any comparison
of computer programs must take into ac-
count ease of input data and flexibiltty of
use as well as efficiency of computer time
Two example problems are discussed to
point out some apparent potential advan-
tages of the finite element approach

An example problem?shown in Fig. 5,
consisting of nineteen pipes and thirteen
joints, was solved using the PAWDS pro-
gram and the GENFEM program. The
PAWDS program solved the system in
cighteen iteration cycles and 1.07 s. The
GENFEM program solved the network in
fifteen iteration cycles and 4 73 s. Ob-
viously, this example does not indicate a
preferential method, but is included so
that it can be considered with the next ex-
ample to show the effect of increased sys-
ten1 size. ;

The second example problem with 75
pipes and 57 joints was aiso solved with
both programs The particular problem
had been submitted by an undergraduate
student and would not converge in the
allowed time using the PAWDS program.
Both the time limit and the iteration cycle
limit were increased, and the problem
eventually converged by the use of the
PAWDS program after 16 048 iteration
cycles and 768 s The same problem was
soived with the GENFEM program after
twenly iteration cycies and 22.2 s This
problem highlights the apparent iack of
convergence provlems for the finite-cle-
ment method and alsc shows, when com-
pared with the first example problem, that
for the finite-clement method, the num-
ber of iteration cycles to convergence ap-
pears virtually independent of the num-
ber of pipes and joints.

Discusalon

The fintte-element method is not re-
stricted to a pipe as the only element. Any
type of hydraulic element car be inciuded
that can be defined by a flow-head loss re-

lationship When the pipe network 1s
relatively small, such as in an industrnal
plant piping system, the fittings may
become major head loss contributors. The
head loss hacross any of these clements is
usuaily considered to be directly propor-
tional to the velocity head by a coefficient
k corresponding to the type of element.
y?
h=k =
2g

(30

This can be easily converted to the re-
quired form. that s, in terms of flow ¢

knowing the area A of the element

k
h= — g2
2g A?

A pump can be included in the system
since a pump merely provides a “head
gain™ or negative head loss. The use of a
pump element requires a flow-head loss
relahonship (the head-capacity curve for
the pump). If the informaticn, is not
avatlable as an equation relating discharge
and head, the pump information could be
provided in tabular form In this form the
program would use linear interpolation
between any two data points.

The basic finite-element method is not
restricted to pipes flowing full. In practice,-
water systems often contain open chan--
nels in the headwater sections. These
open channels or even pipes flowing par-
tially full can be included for analysis The
only requiremen! for an clement is that
the flow can be related to the head loss.

The range of hydraulic elements that
can be included is limitless, provided a
flow-head loss relationship for each ele-
ment is known. An exact system repre-
sentation can be obtained by introducing
a combination of ali the hydraulic ele-
menisCcausing head loss ‘or gain in the
system. While discussing this point one
should remember that methods such as
the Hardy Cross method of balancing
heads technique’ require that ali pipes
are part of a loop. Typically, reservoirs or
elevated tanks have one pipe connecting
to the distribution system and an artificial
pipe must be introduced to make a loop so
that the: Hardy Cross balancing heads
solution method can be applied.

The use¢ of high-resistance artificial
pipes in the network has, in fact, often
contnbuted to convergence difficuities.

(31

)

To stmuiate the actual conditions, the ar-

tfictal pipes introduced ¢ form-loops are
often of small diameter and high resist-
ance so that they carry an insignificant
flow and hence can be neglected. As was
pointed out earlier, this ts the exact condi-
tion that creates convergence problems.
The finite-element method does not re-
quire the vse of artificial pipes to complete
a loop since the connectivity of the ele-
ments is defined explicitly by the system
matrix Consequently, tree-type systems
are readily solved with this procedure. In
fact, the GENFEM program was used
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very successfully during the 1974 spring
semester at Lehigh Univ to analyze a
transmission system problem that was
almost entirely tree type with approxi-
mately ten loops included

The input data required for the program
is equivalent to other solution techniques
with the major exception that ioop data
does not need to be included. The dis-
tribution network 1s defined by input of
the number of the pipe and the joints to
which 1t 1s connected Another advantage
over some solution methods 15 that any
number of points of known pressure can
be preselected

With loop-solution methods, all pipe
and joint information must be available to
the program at the same time This puis a
definite limit on the size of the system that
can be solved The finite-element pro-
gram, GENFEM, however, can operata
on blocks of data. Thus, there is virtually
ne limit to the size of the network that can
be solved The element and nodal infor-
mation can be stored on magnetic tapes or
other devices and then read from the
storage device in blocks, operated upon,
and returned to storage on the tapes This
feature must gain greater significance as
water-distribution networks become
larger and more interdependent

As stated previously, although not
being spectfic to a finite-element program,
the program developed has two additionai
features worth noting. First, the program
GENFEM provides a choice of two estab-
lished’ flow-head loss relationships. The
Hazen-Williams equation has already
been stated as Eq (24) The Dar-
cy-Weisbach equation relates the same
variables and includes the friction factor f.

L
"= bgar) ¥
An explicit expression!? for the friction
factor f1s used rather than the classicai
implictt Colebrook and White equation!?
that requires an 1iterative solution. The
friction factor f1s expressed in terms of
the Reynolds Number R, and the relative
roughness x where « is the ratio of the ab-
solute roughness e to the pipe diameter D.

S=0094x0255 + 0 53k + 88044 R ! 620 l3(433)

Second, allowance for changes in tem-
perature has been included since temper-
ature appreciably affects the viscosity and
to a negligible degree. the density of
water. The viscosity of water over a tem-
perature range of SC-30C varies from
0.0152 poise to 08004 centipoise. An
algorithm!3 in terms of temperature 7 1n
degrees Celsius 1s used to define the
viscosity u in poise.

I =21482((T- 84351+ JBOTB4T

13
[T -84352) ~ 120) (34)

The program 1s wrntten so that the tein-
perature can be specified for each pipe.
Any set of temperature conditions can be
investigated for a particular circumsiance.

JOURNAL AWWA
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fractical adaptation of the fimte-ele-

ment method should require a mintmum

of computer programming since most
engineering firms and universities have

. finite-element programs readily available.
The ease of modifying these programs de-

\/)\ pends upon the generality of their nature.

Summary
The many advantages of the finite-ele-
ment method have been documented.
~ Most of these advantages hold true in a
comparison of any loop method to the

~

!

finite-element method The major advan- |

‘tage is the speed of convergence and the
apparent lack of convergence problems of
the proposed method over the Hardy
Cross balancing flows method. Other im-
nortant advantages are the abihity to in-
clude in the analysis all types of hydraulic
elements, the choice of flow-head loss re-
iationships, the lack of artificial loops, the
ease of adaption of existing finite-element
programs, the unlimited network size, and
finally, the ability to account for tempera-
ture eflects.
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Marc Analysis Research Corporation

MARC APPLICATION SUMMARY

THERMAL AND ELASTIC ANALYSIS OF A PISTON

A piston was analyzed by MARC Analysis Research
Corporation under combined thermal and pressure
loading that simulated normal operating conditions.
The idealized piston mesh is shown in a perspective
plot in Figure 1.

Figure 1

A linear elastic analysis indicated that the most
highly stressed areas were at the wrist pin-pin bore
interface and at the oil cooling channel surface, just
inside the ring land area at the top of the piston.

The MARC system was used to generate the model
mesh, the thermal data and the stress analysis results.
One hundred and twenty-eight 1soparametric twenty
node brick elements were used to model the piston
and the piston pin. Special modeling considerations
included use of an elastic foundation stiffness in
place of the crank rod and tying constraints for the
interaction of the pin and the piston. The final
model resulted in 1002 node points with a total of
2673 reduced degrees of freedom. The maximum
nodal half-bandwidth of the optimized mesh was 175.
Figure 2 is an isotherm plot of the upper piston
surface.

The thermal data for this analysis was generated
using the MARC system transient heat transfer capa-
bility. Figure 3, a plot of the Mises equivalent stress
in the piston top, demonstrates the MARC graphic
capabilities to distill and present results in the most
straight-forward manner.

MARC ANALYSIS RESEARCH CORPORATION

MARC Analysis Research Corporation has offices in Providence, Rhode Island, and in Palo Alto, Califor-
nma. Dr. Pedro V. Marcal is President, and he is located in the Palo Alto office. The company 1s oriented
toward providing problem-solving services to the engineering community through lease or through the data-
center offering of the MARC Program, as well as through complete problem solution via our consulting groups
in Palo Alto and Providence and through the MARC-sponsored finite-element-technology and MARC-usage
courses. The staff 1s equally divided between the Palo Alto and Providence offices, and hence will give short
turn-around on problems that may anse. In addition, Mr. Patrick Stuart, manager of MARC European Opera-
tions, is in Stuttgart, West Germany (address on back side) in order to better serve our European customers. A
brochure describing the MARC Analysis Research Corporation is available on request.




