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Continuous interest and
- Discounting

»

wW. B. Hi.rschmann and J. R. Brauweiler

4.1 Logic for continuous interest

#mwrest can be cempounded-periodically, e.g., annually, semranmually, or even
<atly, or it c.m;bc-compounded-‘commuousl). Acauvabldiscountmenissappropriate
fanhandling mostgages, bonds, and similarsfinancialransactions, which require
RLyOcnis.of receaplsatdiscretertimes.  {n most businzsses, however, transccuon:
Goour tnroughout the vear; and these circumstances.suggest-a.coatinuous flow of
rrpey, for vhich continuous compounding and.-disvounting is more realistic ihan
Wwnua compounding and discounting.,

This chapter develops formulas for discounting and compounding cash fdows
on a continuous basis. It also illustrates how continaous di-csunting reusny and
simply copzs with the variety of cash flows that mivhy 5ol from arn i zament
over its hfe.

4.2 Con"mu 23 mterast as-antoperator

I 15 the nominal interest rate exoressed as a decimal and compounding occurs £
tumes per vear, then

.-_\(1 - _’:Y

r [
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-

Table 4.2T1 Comparison of Compounding Factors

Penod Relanomivp Fur o = 000 Fuctor for 1 -- 0.06
Anaually (1 =iy '1.06! 1 06000
. N2 ! : ' .
Semunnually | (1 - é\) Ly o3 { o 1.06090
oo iV ; ’
Quarterly l \l -3 ;1015 1 0613635 -
e
Monthly i (' - ]2) i 1.005 1.0616778
] i 368
i ; + N 5
Daily ; (l 365) 1.00016 1.061830S
Continuously ' e 1 oot 1.0618365

is the value of 1 at the end of 1 year, as developed in Sec. 2.1.  Table 4.2T1 shows
the effect of increasing the number of compounding periods in 1 year. Note that
there is little difference between the factors for monthly and continuous compound-

ing.

S

By Eq. (2.144)

: i\»e - 2, -,_->—~

sor(14) ERE e
P

where S is the future amount of a present amount P after # years with nonunal

decimal interest rate per ycard.compounded p-times per:year. lasthedimit with.p
equal to_infipity.for continuous compounding -
i
l+-=e
4
O — 0 (4.2#1)
where e is the naperian constant 2.71828 .... Also solving for P in terms of S,
P =uSesd” (4.2#2)

Thus the factor ¢ is an operator that moves Sl n years with the culendar at a
nominal decimal rate per year i. Similarly, the factor e™*" is an operator that
moves $1 n years against the calendar at a nominal decimal rate per vear i.
Generally there is no confusion between periodic and continuous interest
inasmuch as the two are never used together. However, in this book a bar over a
letter will be used when necessary to emphasize that continuous interest or con-
tinuous flow is intended. Thus in keeping with the terminology of Chap. 2,

(4.243)
(4.2 44)

< Fpga ==t [Yae T
YT N
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The factor Fpg;, converts a single amount P to a future amount S, with con-
tinuous interest at nominal decimal rate i per year, n years with the calendar. The
factor is tabulated in Appendix 2, Table 1. Similarly, the factor Fgp; , converts
S to P, is a present-worth factor for continuous compounding, and is tabulated in
Appendix 2, Table 2. E

A usefu! characteristic of continuous compounding and discounting factors
is evident from the 1abulations. Note that in Appendix 2=Tables i-and-2,.7 and-n
appear_as_a_product in. Because of this circumstance, a continuous-discount
function has the same value for each combination of interest rate and time period
which has the same. product. Consequently,- continuous : discounting requires
anly one table of factors, based on the productin, while-annual'discounting re-
quires many. tables, one for each interest rate.

This mathematical characteristic also permits continuous factors to be
placed on a discounted ‘cash-flow slide rule so that present-worth and other
calculations can be made even more simply because oferrot having to refer to tables
of factors.! The tables for continuous discounting are much more compact than
those for periodic discounting. In addition, the continuous form combines
readily with several functions describing common cash-flow patterns so that the
summation (integral) of the present worth is easily found from one or two tabulated
factors. This convenience is shown by the simple formulas and procedures
developed in this chanter.

It should be noted that in this chapter i is a decimal annual rate.
discounting or compounding interval determines what the effective annual rate will
be. The relationship between effective interest rate and nominal interest rate was
given by Eq. (2.1#5) and for continuous compounding becomes

The

Effective interest rate = ¢' — | (4.2 #5)
The converse relationship is
inom = 2303 lOg (l + ieﬂ') (4-2 #6)

In Eq. (4.246) the reference is to common loggrithms. Equations (4.2#5) and
(4.2#6) permit conversions from nominal to effective rates and vice versa. They'
can be useful because at times a problem arises in terms of annual interest but
discount factor tables may be available only for continuous interest, or the
converse. <

Figure 4.2F1 shows a comparison of equivalent annual znd continuous rates.
Thus by the figure

59, annual = 4.9°7 conunuous
10°, annual -= 9.3° continuous
207, annual = 18.2Y, continuous
30°] annual == 26.2%, continuous

! Arailable from the Graphic Caleclazor Co., Barrington, Il
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Fig. 42F1 Equivalent annual and continuous rates.

Tables 1 and 2 of Appendix 2 can be extended because of the properties of

exponentials. Thus, from Appendix 2, Table 1, knowing further that %% =
1.G030,
c!0.613 = eSeSeO.GIe0.00S ) ﬁ

I

148.41(148.41)(1.8404)(1.0030) = 40,666

Example 4.2E1 I the discount rate is 1097 per year, what is the present worth of $2,500 to be
received as a single payment 20 years hence?
By Eq. (4.22) and Appendix 2, Table 2,

P = Se~n = 2,500e-10-121120) = 2 500(0.1353) = $358.25
Example 4.2E2 If $5 is received now, what will it amount to in 20 years at 30 ¢ per vear interest?
By Eq. (4.2#1) and Appendix 2, Table 1,
S = Pen = §¢e'0-301120) = 5(400.4) = $2,002

4.3 Uniform=flow

In :ke previous section, compounding and discounting were performed on a single
an.ount.  In this section the operations will be performed on a continuous flow.
Suppose that an amount flows at the rate R per year for n years. Consider a
small interval of time d.Y starting X years from now, as in Fig. 4.3F1. The flow
during this interval is given by rate multiplied by time and is R dX. Thepresent
worik forthissmall elementafeime dion Egedd. 242 is

L ) a—r:uJ—dX"Pd X
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Z |

— z.--j
NN

0 HE n
i ~dXw-
X
w Fig. 4.3F1 Discounting a uniform flow.
and forallghe€lements 7
e—l.\ _] — e-in
.- —i i
If the relationship above is muliiplied-andadisided hy-neit.becomes
] — i
s=fmrR 2
R ] (4.3%#2)

The value nR is the toral flow for the period. The factor within the brackets now
appears as a function of in only and can be tabulated compactly.
minology of this book

In the ter-

1= ein A i
Fppin=—7— : T =S (3353
and ; —_ .
Lo 4 » = . A
' in ./ Sl T ) '
Frgin =17 Ly T (4.3#4)

The factor Fgp;,, which converts nR to P, is tabulated in Appendix 2, Table 3,
as the evaluation of (1 — e~=){x, where x = in. '

Example 4.3EI A mine is expected to yield a cash income zfter 1axes of $20,000 per year
continuously for cach of the next 15 years. [If-the minimum accepiable rate of return on
investment is 12°, per year, find the maximum amount that can be economically justified
for buying the mine. ’

By Eq. (4.3%2) and Appendix 2, Table 3,

P = (nRYFRP o124 = 15(20,000)(0.4637) = $139,110

Example 4.3E2 If $I per day is invested as received at
be in 15 years?

First find the present worth of the uniform flow of $365 per year by Eq. (4.3%2) and
Appendix 2, Table 3,

P = V3365V F i P gnry = 1536550582

7¢ per vear imicrest, what will the sum

3) = 3,188
Next convert 1o a future worth by Fq ¢4.2#1) and Appendia 2, Table 1,
S = 3,188¢f0-v3 10 = 3 188(3.3201) == $10.584

Example 4383 The parcais of 2 haby plan o save eaoweh 10 send it through collese
T tmuai theviimees mionthh 4T poovedr continuous-iniaesi bonds 1o ace Lt e
M2 . r

=.U0C they igure ol be veded 17 vears henee?

24 CONTINUOUS INTEREST AN’ JCOUNTING ¢
Prosent aorin of the 12000 needed o by b god 222 e Aprcuo v Iodan 2
- - .
P o= 120000 et = 12 U0 SU60) = 6,079.20

which in turn can be converted 1o a yearly uniform flaw by Fq. (43521 and Appendin 2
Tuble 3,
6,079.20 = 17RFji ) 6.0:.13 = 17TR(0.7256)
R = $392.£3 per year
or

492

= $41.07 per month

4.4 Flow charging at an exponential rate

It is appropriate at this-point to highlicht an aspect that is often unrecognized or
overiooked: the most important, and perhaps.the most difitculi partr afan economic
aualysis is making a réalisucestimate of what the fulure cash flows wi - prove to be.
Al.umes; thisxiep:seems-elemeniary, but-the.saimplicitv.can-be dec ive. Con-
sider 2 homeowner who has a 25-year 57, morlgage requiring pc ments every
month. This seems like a straightforward cash flow: money loaned in a fump
sum and repaid regularly. But what about the initial fee for writing the morigage?
What happens if the homeowner loses his job and income or dies? What about
the refinance charges if he sells his home and moves to a different one? LN

Chanyges such-as these are more likely to happen than not with the cash
Aowsofanyinvestment.  Recognizing that such choanges occur is more appropriate
than assuming that there will bc no change; but projecting lhem realistically is a
chalkng“.

During initial scoping studies, it can be convenient to assume level per-
formance—to ignore change or assume there will be none—in-order to simplify
the analysis. It is important to recognize, though, that this assumption is being
made and to interpret the resultsaccordingly. Inreallife orforadefinitiveanalvsis,
such an assumption can rarely be made with safety; it may not only be misleading
but disastrous.

This chapter will not dwell on methods or techniques of projecting cash
flows. As a point of departure, though, it is convenient 1o recognize that changes
which seem erratic over the short term often move in regular trends over the long
Wage rates seem to increase continuously, and competition conunually
Such trends can be readily discounted or compounded by

lerm:.
erodes profit margins.
the continuous method.

If an initial flow R, dollars per year, increases continuously at a rate g per
vear expressed as a decimal, the rate of flow at any time X by analogy with Eq.
(1.2#1) is -

D..zqﬁgt
fu Bes4 o

Censider a smali interval of time X starting X years from now, as in Fig. 4.4F].
The fiow for this interval is R dX. The present worth for this small element of
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0 e n
! - TdX :
| . : 0 I n
Fig. 4.4F1 Discounting a flow ! -~ =X l
changing at an exponential rate. ' X n-X
' Fig. 4.5F1 Discounting a flow declining in a
flow from Eq. (4.242) is straight line to zero.
Petem = Ree?Y dX e = Rpetv- X dY or
and for all the elements ' . - % .
n o—iln _ R:R(l—-—) ) ' : - 4.541
P=RUJ€(°“"YdX=RO-e—-—_—1 - . * N n/ o B (4.5#1)
¢ g§—1 . L L T ’
| — e-ti-own . . In asmallinterval of time dX starting X years from now, the flow for the interval is
= nRo = (nRo)FRP_l—_;'” . (4.4#1) - - )

(i—gmn
Thus, the present worth is easily calculated from a knowledge of the initial flow
rate and from the fuctors tabulated in Aopendix 2, Table 3.

E:'lualion (4.473#1) holds if g is negative, 1.2., the fiov is decreasing ai a rate g
per year, provided of course that g is introduced as a negative number.

R T i T Y TUR U S Y -

X
R,dX = Ro(l — —) dx
n
and the pféscnt-\\'ortl; for il_)is small élem}ent of ﬁow'is, f;.om Eq. (4.2#2'), g

FPoeme = Rg(l—:x;,) ,df‘( e_—i.\.'

Example 4.4E1 Repeat Example 4.3El but with a forecast that inflation will raise prices 3%

per year continuously. . For all the elements
By Eq. (4.541) and Appendix 2, Table 3, - " ¥ - ] . R [n - -
P =nRFRP.car-c.031s = 15(20,000)(0.5487) = 5164,610 P = Rof \(1 — —)e“"\ dx = Rof e X dy — ——0[. Xe ¥ dx (4.5#2)
‘ n 0 n.Jo
Example 4.4E2 Repeat 4.3E1 with the condiiion that the mine will become gradually depleted . . . B ) .
50 that its net income declines at the rate of 5% per year. The first integral on the right has already been evaluated and is
Herei = 0.12andy = —0.05. Thusi —g¢ =0.12 — (—0.05) = 0.i7. By Eq. (4.4#1) T '
P = 15(20,000)F g po.iz.1s = 15(20,000)(0.3615) = $108,450 Ry ——
-
Example 4.4E3 Repeat 4.3E1 subject 10 both an inflation rate of 39 per year and a depletion. - . .- - - ce e
Fate af §% per year. . Tables of integrals show
Here / — ¢ = 0.12 — 0.03 — (—0.05) = 0.15, and Eq. (4.4#1) becomes . . o X
. x _ .
P = 15(20,000)F ppo 1ui: = 15(20,000)(0.4179) = $125,370 [.X"_“ dX = — ——(aX+ 1)

43~fFlow-declining-in -z straight-line to zera

so that 1he second integral on the right of Eq. (4.5#2) is

»straght-line relationship in i yvears. At time X the flow is R, and by similar n

troaneles

. . .. . . .o . ) e X e .
Consider Fig, 4.3F1in which an inittial flow, R, dollars per vear, declines to zero RO{ e (iX + 1)}'1 - i.o(e—in + N .m '1)
0 in in

n F

The combined integrals on-the right of Eq. (4.5#2) become
. R, :

SR : - = ﬁ’(l Cemin g e b 1) Ro( ] —~ein .
i . in in in
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The latter can be written
R, 2 — e'"
p =50 ._(1 — l“e)
2 in in

The total flow Q is the area of Fig. 4.5F1 and is nRyf2. Finally, Eq. (4.543)
becomes

r:)- — p—ln
P21 - 1= )]
Lmn in

(4.5#3)

(4.544)

A table of discount factors for such a flow is the evaluation of the bracketed terms
on the right, j.e.,

2 ] —e X .
11— *) with X=in
x x -~

and is tabulated in Agpendix 2, Table 4. This type of flow approximates sum-of-
digits (§D) depreciation and in symbols is

2 | — e«
Fsppin = ’}<1 - ——m—)

(4.5%5)
Appendix 2, Table 4, is commonly referred to as the years-digits ruble.

cxample 2.587 A machine cosis $150,000 2nd can ke depraciated ayer 20 years he copi-af-
digits method of depreciation.  Find the present worth of the depreciation, before taxes,
if the discount rate is 16 % per ycar.
By Eqs (4.5#4) and (4.5#5) and Appendix 2, Table 4,

P = QFsgp,f.n = 150,000F3pp,0.16.20 = 150,000(0.4376)
= $65,640

Internal Revenue Service regulations effectively require depreciation charges
to begin at the middle of a calendar year. Consequently, if a plant begins opera-
tion just before the end of a calendar year, discounting of the actual depreciation
cash flow is more closely approximated by substituting n — ¥4 for n in the above
function and # — ! : if the plant goes on-stream just after the beginning of a year.

Example 4.5E2  Find the present worth of the machine in Example 4.5E1 i€ it is expectad to
begin wperaiion in December. ‘
The previcus caleulation becomes

P = 130.000F . 1p y.10.20-0.5 = 150.000F, 0 3., = 150,000(0.4446) == $66,690

4.6 Discounting with improving performance—learning

Experience shows that practice makes perfect—that a thing can always be done
hotter. notonly the second tme. but cuch succeeding time by trying.  This experi-
TS N CHer TG ecied WL PROSTEsIR S RCEeds s 1 00U O perforniange of won e

roos weercasad sarlh o workors advances motecancioey, rescurceluiine e off
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Ceeaazentant. bouticreck remor il and wogenerad strang o do things better. Sudh
avpected tmprovement can be retlected by achicvement or learning s developed
more fully in Chap. 9. For the presentation here assume that the learning fuctor
for a plant unit is manifested as an increase in profit margin M. Assume an
exponential relationship such that

-

Mp = MyQ2 — =Ty 7 (4.641)"

where M, = profit margin at time T

M,y = initial profit margin
k = empirical constant

The present worth at i interest rate on such flow over T years is

r
P =f M2 — e*T)e=iT dT N
[
1 — e—lT 1 — e—(|+k)T
=AM T ———- — MT ——mm ——
0 iT G+ kT

= 2(MT)Fpp;n— (M) Fpp izt (4.642)

Equation (4.6#/2) can be combined with a flow changing at an exponential

rate. Suppose the selling price of cach production unit changes such that the profit
margin changes continuously at a rate g per year, then corresponding to Eq.
{4.651; the rclationship is ’ ) ’ -

Mp = Me'T(2 — e*T) (4.643)
which by an analogous procedure leads to Uy
P = 2(M0T)FRP.E.M - (AIOT)FRP,m——y,u (46#4)

In practice g is usually negative and in such cases must be introduced as a negative
number.

Example 4.6El A plant is expected to have an initial profit margin of $100,000 per year.
Find the present worth at 8% per year discount rate of this margin for 20 ycars of operation
if:

(a) Profit margin and plant performance stay level.
(b) Performance traces an achievement curve such that

My = M2 — e—10T)
{c) Performance traces the same curve, but margin shrinks 3 % per year.

The following factors are available from Appendix 2, Table 3.

Frpo.0s.20 = 0.4988
FRP.O.OB—O.IO,ZD = 0.2702
Fppo.0s40.03,20 = 0.4042

FRP,o.uuo 10+0.03.20 = 0.2345
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Part (a) is given by Eq. (4.3%#2)

P = 100,000(20)(0.4988) = $997,600
Part (b) is given by Eq. (4.6#2)

P = 2(100,000)(20)(0.4988) — 100,000(20)(0.2702) = $1,454,800
Part (c) is given by Eq. (4.6#4)

P = 2(100,000)(20)(0.4042) ~ 100,000{20)(0.2345) = $1,147,800

N

4.7 Unaflow—ca pital-recovery factor

In Sec. 4.3 a uniform flow was converted to a present worth or present value.
The inverse of that procedure, the conversion of a present value to a uniform flow,
will be considered in this section. Solving Eq. (4.3#2) for R gives

_ P 1
S - 4.7#1
R n(l —e")/in (4.71)
which by Eq. (4.3#3) becomes
Rt 1 (4.742)
n FRP,?.::

Equations (4.7#1) and (4.7#2) are important. They permit transforming a

" present value P having » years duration to a uniform flow. R will be referred to as

uncflow and is analogous to unacost in periodic compounding. R could also be
called the continuous capital-recovery amount.

Unaflow is important because like unacost it can be made the basis fer
comparing articles or systems having different service lives. It reduces all service
lives to a common denominator, equivalent uniform flow.

Example 4.7E] A firm has the opuon of geiting a patent license by a single payment of
§50,000 or royalty payments of $5,000 per year for the 17-ycar liie of the patent. 1f the
payments can be expensed in either case, and if the firm earns 157, per year befure taxes,
wluch is the more attractive choice?

Unaflow for royalty payments is $5,000 per year, as given. Unaflow for puichase of
patent by Eq. (4.7#2) and Appendix 2, Table 3, is

P 50.000 1 50,000 1 S8 136
17 Ff-[' B 17 0.3615 ’
Tire annual rovalues of $5,000 per vear are thus cheaper for this firra. The rans of custs,
purchise todcase, s N3 SO0 = 1 A272 o -
Tioa'c oenass o Cnnm bort cases the iy depreciation will be taken 20

rate and ws o acebowt as arfeciing both alternatses equally,

L3 CONTINUOUS INTEREST AND DISCOUNTING

Example 4.7E2 A S15.000 mortgase is 1o be repand over 200vears ar o, per vear inten
I-:e.0 e monthly paaaeents.
3 Eq. .75 and Appendiy 2, Table 3, unaflow is
B 15,000 1 15,000 |}
20 0.5823
That is, the flow musi be $1,288 per year, or

51,288
T $107.33 per month

= = Sl,'288
20 Frpowso \

4.8 Capitalized cost

Capnalized cost, like unaflow, can be used to compare articles or systems havin
different service lives. It reduces all service lives 10 a common denominator, i.e
present value on the basis, for mathematical purposes, of service forever.

Consider an article that has an initiakcost C and lasts n years. The presen
worth of supplying service forever is

Py = Ce i 4+ Ce™ + Ce %" 4+ Ce¥n - - -

which is an infinite geometrical series with first term C and ratio e=**. The sun
is given by Eq. (2.2#2), and letting P, = K,
l —_ ~fn) @ l
L 1 — e—in 1__ e—in

The bracketed term on the right converts a present worth of n years duration to z
capitalized cost; i.e.,

o
1
K=P 8#2)
T (4.8#2)
or
K=p, 5 4843)
- "ein_l | ( '

where the symbol P, emphasizes that P is a present worth representing n years
duration.

Equations (4.842) and (4.84#3) are important because they are the basis for
using the capitalized-cost concept with continucus interest. Equation (4.8#3)
1s the more convenient form if Tables for e'" are availuble, as in ihe book, Appendix
2, Table }. The reader is referred to Chap. 2 for a more complete discussion of
capitalized cost.

A relationship between capitalized cost K and unaflow R is easily derived.
The present worth of a unaflow R for n years is, by Eq. (4.3#2),

-1 —e" -

P, =nR— ’ . .
in
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and the capitalizeu cost of this present worth becomes, by Eq. (4.8#2),

1 —e 1 R
K =nk - w7
) in ] — et i
that is, .
R=iK ' (4.844)

Equation (4.8#4) for continuous interest and unaflow is analogous to the corre-
sponding rzlationship R = iK, Eq. (2.7#6), for periodic interest and unacost.

Example 4.8El Repeat Example 4.7E1 on the basis of capitalized cost. Capitalized cost of
the royally paymenis, by Eq. (4.8%4), is

R 5,000

= - =_—— =1337333
K i 0.15
Capitalized cost of purchase is given by Eq. (4.8#3), which, using Appendix 2, Table I,
becomes . . :
JRIBEINEL 12.807

It is cheaper to pay the royaliies. The ratio of costs, purchase to lease, is 54,235/33,333 =
1.6271. This checks the calculation by unaflow in Example 4.7E].

Cxample 4.8E2 I 2 given exposure, a naint job lasts 4 years and costs $0.20 per square foot.
A suppher offers 2 new cozting which is claimed i last 20 vears but cests 50.60 per square
foot. Is it economically attractive to change to the coating which lasts five times as lang
and costs only three times as much, if money is worth 105,? Neglect taxes.

Capiialized costs can be calculated from Eq. (4.843) and Appendix 2, Table 3, and are
for the 4- and 20-year jobs, respectively,

. PRIBLITTY - 7 1.4918

Ky = 8020 o = 020 -os = 0.6067 .
elO-lOH!OI 7_3891

Ky = S0.60—irrmg— = 0.60 o = 06939

The 4-year coating is the more economical. The savings as flow per year per square foot
can be obtained {rom Eq. (4.8#4) and is

R = i(Kys — K,) = 0.10(0.6939 — 0.6067) = 0.00872

That is, use of the 4-vear coating saves 50.00872 per year per square foot in comparison with
the 20-year coating.

4.9 Income tax

The reader is referred to Chap. 3 for a detailed development of the effect of income
tax using periodic interest.  This section is concerned with the inclusion of income
tax with continuous interest. Basically nothing new is involved. Suppose an
item has a depretiable first cost C,. that it lasts n years and can be written off tn n
vears for tan purpases. that discounting will be on a continuous basis at a decimal
rate roper e afier tes, and that the decmwal tax rate s 70 Then Eq. (31352
vitn bie windea

P, =Cyl —iy) ’ (195

—

J

— 4.10 Equivalence

4.10 CONTINUOUS INTEREST AND DISCOUNTING 17

core T s the present sLiie TOT s Nears wid s the oo L L s o e
procration discounted continuousiv at rate o The vitdue of « Jdonvois upuon the

method of depreciation used and can be caleulated for amv nweethod, For ths
chapter only two methods are considered, straight line and sum of digits.
Straight-line depreciation (SL) is treated as a uniform flow. 1.e.. as uniform
continyous depreciation. For a 10zl flow of unity, recalling that ¢ is a present
worth, Eq. (4.3#2) zgives, with »’ the life for tax purposes,
1 — e
¥YsL = ————
in

(4.942)

= FRP,i,n'

and Appendix 2, Table 3, can be used. ~ ‘
Sum-of-digits depreciation (D) is approximated by a fiow declining in a
straight line 1o zero as developed in Sec. 4.5.  For a total flow of unity, Eq. (4.5#5)

ecomes
2 ( 1 — e“""')
o B B s
in in

where the right side is tabulated in Appendix 2, Table 4.

If an expenditure or receipt becomes eligible for tax credit at once, such as a
mzintenance expense, then for such items having no capitalization. for income tax
purposes

y=1 (4.9#4)
regardless of the depreciation method. , ~

With these considerations it becomes possible to usc continuous interest on
an after-tax basis with the same ease as for computations with periodic interest.
All items of expenditure and receipt are considered on an after-tax basis.with
proper regard to the timing of tax credits.

(4.943)

¥Ysp = Fsl)l’,i,n' =

Example 4.9E1 A $1,000 investment has an expected life of 20 vears and is to be depreciated
over a 15-year life at a 529 tax rate using sum-of-digits depreciation; money is worth 105
per year after taxes. Find (a) the present worth of the capital charges after taxes and
(b) unaflow.

By Egs. (4.9#1) and (4.9%3), and Appendix 2, Table 4,
P =1,00001 — 0.52F;pp.0.10.15) = 1,600{1 — 0.52(0.6428)}
TP = $678.60" " .

ans. (a) B . -

(4.9%5)
If Ris the unaflow before taxes, then y = 1 for this item by Eq. (4.9%4), and the unaflow

after taxes is

R(1 — 0.52) = 048R (4.9#6)
Equations (4.9#5) and (4.946) are both on an after-tax basis and mus: be equivalent,

Using Eq. (4.7#2) with 0.45R in place of R, and Appendix 2, Table 3,

678.60 1 678.60 1
20 Frpomom 20 04323

R = $163.51 per year before taxes ans. (b)

0.48R =

One of the major purposes of a firm is to show a profit, which it does by committing
its funds to ventures which promise to do so. There are always alternatives for
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Summary of Relationships for Continuous Interest

licin

Factor relutionship

l . N
no. | lrem Description Algebraic relationship ‘
Moves a fixed sum P to another S = PFry5m
! y . . " s Potn
l Ftos instant of time » years with calendar s (App. 2, Table 1)
. S 1o Moves a fixed sum S to another instant P Se i P=SFpin \
' 210 of time n ycars against calendar (App: 2, Table 2)
Converts a unalfow R for # years to ] ~ei” P o= nRFp5a
] - » = ———
| Rt present worth at start of flow £=nR in (App. 2, Table 3)
; R for 1 vear to P Present worth of 1 year of unaflow P Reix l —e'. P = RFupzaFirin
or Iye . starting A" ycars hence i T ’
! . .
P of flow changing at an N . g 1 — e-0Foin
S exponential rate for l’rcsgn(.\\orlh Of Ry == Roeex P = nRy— P = aRy Fip, 71
u years for n years iT g
i l
! P of flow declining in Flow gocs from R, at zero time to 0 in 2 I —e® P =QFurin °
0 & & ' P=0|2[1 - |
straight line to zero n years; total flow Q is nR,/2 in in (App. 2, Table 4)
” Plof Converts a present worth to a unaflow - _1_’ 1 - 1_’ 1
of n years n(l — e ™)in nFrpia
T T - - \
|
8 RioS Converts a unaflow for n years 10 a _ S —e )
! future amount, n years hence S=nRe in S = nR FrgicnFur.i.n
- o
i Converts a fulure sum S, n years from —in ‘ o
9, | StoR now, (o a unaflow; sinking-fund R= Se L R= s From L
: payment : n (1 —e')fin ‘n " Fiipim
10 Plok Convc.rls a present worth repre- Kep ein
scnling i ycurs (o a capitalized vost ein — 1
| ———— ——— .
N | Ko & Converls a cupitalized cost to R=iK
. a unafllow * ]
12" Before 1o after 1ax Converts before-tax amount to
- aticr-tax amount, at tax rate f After tax = (I ~ ry) before tax
I — e
i YL = "—";',—
2 I — e Var = Fipoue
]3' v Present value of $1 of depreciation, Yan = P | - i ~ LA (App. 2, Table 1)
.2, Table

u’ years life for tax purpose

v = | for instantancous iax
benefit

v = 0 for no depreciation, i.c.
land

Y = Fypri

(App 2.

Fable h
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making these investments and expenditures. The function of economic analysis
is to help in making better choices between alternatives by placing dollar values
on quality, quantity, time, and other characieristics of these alternatives. This
quantifying needs 1o be done in a consistent way so that the dollar values are
measured by the same yardstick, i.e., expressed on an equivalent basis. Doing so
highlights the better alternative, the one with the lowest economic cost or highest
economic value.

Discounung and compounding at the same interest rate places the same
dollur value on time. However, since the alternatives may have different lives,

g., low-cost short-life carbon steel vs. high-cosi long-life alloy steel, it is also
necessary to compare them over the same time interval. Present worth compares
equivalent values now; unaffow, the equivalent continuous annual cost, compares
the values on a per-year basis; and capitalized cost compares them on a forever
basis as a common denominator for all service lives, Comparisons can also be
made on the basis of rate of return, discounted cash flow, as developed in the
following chapter.

The method to be used for comparing alternatives or ventures and the choice
between periodic and continuous interest is left to the analyst. There is no
universal or intrinsic answer, and the choice varies with circumstances. Some
analysts are more familiar with one approach and therefore prefer it. Some
problems are so expressed that one solution is easier or more meaningful by one of
the methods. The technique which is felt best by the analyst for petting the
solution, hewever, is not necessarily thr gne best for prasznting the solution ta the
client. Although an economic specialist may prefer one method or even be
equally comfortable with all four, the client is often a manager, who is a generalist
by necessity. Since he does not have time to be a specialist in every field, results
must be presented in terms familiar to him—simpie enough to be grasped on the
run. Experience shows that if a solution is presented in unfamiliar or seemingly
unrealistic terms, it will not be understood; if not undersiood, it will not be
believed; and if not believed, it will not be accepted.

This chapter has discussed the essence of continuous discounting and
compounding, showed how to develop relationships for handling commonly
encountered cash flows, including those which may change over time, and illus-
trated the ease of applying them by simple examples. Most real problems are more
complex, not so much in computation, but in defining what the cash flows will
prove to be.  Often, 959, of the total time in solving a problem is required on such
a determination for allocating costs and incomes, determining the applicable tax
and other government regulations, and projecting sales, costs, and so on. This
circumstance does not mean that econemic analysis of cash flows is insigaificant,
because even with the right cash flows, a wrong analysis or interpretation can lead
to the wrony choice of alternatives. Instead, the observation is intended to put
the various parts of probiem solving tnio meaningful perspective for understanding
and coping better with real situations when they arise. '

Aswrnmary of the vanous relationships using continuous interest is given in
Table 410 F! * \

+.42 CONTINUOUS INTEREST AND DISCOUNTING 8l

441 Nomenclature

C. Depreciable tirst C;)\'l S
¢ N\aperian constant 2.71828 - - -

Frro.. Faclor 1o convert P 1o R with conunu0us compounding: reciprocal of Fzp.., year !

Fpos.. Fuctor 10 convert P o 3 with continuous compounding, ¢'*, Appendin 2, Table I,
dimensionless ’

Firi.a Factor 1o convert R to P with continuous discouming; Appendix 2, Table 3, years

Fip:.a Factor 1o convert S to P wita continuous discounting, e, Appendix 2, Table 2.
decimal, dimensionless

Fsupin Facior to convert a unit total flow declining to zero at a constani rate over n vears
starting with the refcrence point and with continuous discouniing, decimal, dn1c1snon
less, approximates vy, . i

g Constant in exponentizl-rate flow changs, decimal )

i Nominal interest rate, decimal/year

k Empirical exponent in learning-curve relationship, decimal, dxmennonlcss

K Capitalized cost, § . - -

M Profit margin, $ ° | o .

n Time, years : ’

n’ Time for t1ax d°pre<:Iat|on years

p - Periods per year .- UL Tt T . g

P Present worth, § T -

P, . Present worth fornyears dura'non. S e -

Q Tota! flow, § . i L

r Nominal rate of return after taxes, decnmal/ycar o ) i

R “Uniform flow, unaflow, Spcrymr T T e

R, .. Initial flow rate, S peryear 3.2 = . . U

R, Fiow rate 2t time X, § per-year - - - -- ) '_ - ez

Lo Futozoworth, .4 o0 - L a. a0 RIS

.SL Straight-line depreciation ) .

SD Sum-of-digits depreciation ~

¢t " - Incoméa’tax rate, decimial -7 IS iIlT Sl -5 - - T

T - Time, years . . LT T

v Factor associated vmh present worth of 1ax benefits arising from depreciation, dimen-
sionless . . : . )

Wsr “The y factor for slrajghx Jine deprccnauon o .

Ysp The y factor for sum-of-digits depreciation

4.12 Problems-

Pl. Develop a'relationship for dlscoumlng 2 flow mcrcasmg in a straight line from zero at zero.
time 10 R, at time n. )
P2. Develop a relationship Tor discounting a flow increasing in a slrawht lme from R, at zero
time to K, at time x.

P3. Develop a relationship for discounting 2'series of periodic tash flows of L payments, Yeach,
at intervals of n years, the first one beginning n years hence. )

P4. A firm has a contributory savings plan whereby each employee can set aside 53¢ of his gross
salary. The firm will maich this amount, invest the sums in its capiial stock, and reinvest all
dividends in capital stock. If an employee’s <alar) is consistently 512,000 per year, how much
will he accumulate afier 20 years if 1the company's net earnings average 8 7 per ycar and the stock
consistently sells at book value?

PS. What is the average rate of growth of the emp]oyee s S600 per ycar portion of the coniribu-
tion? . -
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Pé. Suppose the employee finds an alternative proposition which promises to double his money
every § years. Will he be better off o participate in the savings plan or forego the company’s
contribution and invest his contribution in the alternative?

P7. If the parents :n Example 4.3E3 continue their monthly savings during the 4 years their child
atiends college, c.g., for 2lanstead of 17 years, how much must their monthly savings be to permit
$3,000 per year ro be withdrawn uniformly over the 4 vears from the seventeenth to the twenty-
first birthday” o ’
P8. A new machine costs 58,000 and lasts 10 years, using sum-of-digits depreciation and a 10-
year life for tax purposes  If moncy is worth 107 per year afier a 529 1ax, how much can be
spent to reparr an old machine to extend s hfe 3 years? The repair job can be written off at
onee for tax purposes. Compare with Prob 3.15P6.

P9. Repeat Example 2.8E6 using conuinuous discounting.
48°; 1ax rate. Use straight-line depreciation.  Machine 4 will be written off in 8 years for tax
purposes, machine Bin 10 years. Maintenance costs and savings from quality control are uniform

flows in years in which they occur. The salvage value is anticipated and cannot be depreciated
for 1ax purposes. .

Money is worth 107/ per year after a

A ’ B

First cost, § 10,000 95,000
Maintenance, S per year 3,000 1,000
Extra maintenance, year 3, $ 4,000
Extra mainienance, year 4, $ . |77 1,500
Savings ram quality cenirel, l ! .

S par ycar ;6,000
Salvage value 20,000 .
Life, years ) 4 10

e

P10. A company combleted a plant 10 years ago. It was expected 10 be serviceable for 25 years,
but technical advinces and accumulated know-how suggest that obsolesence may have progressed
faster than expected, so that it may be profitable 1o displace it now. Assume for simplicity that
(1) a new plant would have the same capacity as the old and would produce the same array of
products with the same ininal revenue for both, so that the advaniage of the new is reflecied only
in its lower operating costs; (2) these savings in operating costs are S180,000 per year; and (3)
depreciation on the old plant is $35,000 per year on a straight-{ine basis, and present salvage value
is zero, (4) the 1ax rate is 50%, per year. ,

If the investment required for the new plant is S1 million and both its useful life and life folr
tax purposes are 15 vears with sum-of-digits depreciation, wkat is the rate of return 10 be earngd
by investment in a new plant”
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- to1a)- cosimoRinancing-and maintaining ¢ given aiteinative

§4 CAPITAL'ZED-COST COMPARISON OI' TWO ALTER NATIVLES 137

4.13

present worth (P,) of $3,000 from year S to infinity, using Eq. (8.3) and the
P/F factor, is

3,000

= F,5%.4) = $49,362
P 0.05 (PIF, %,)

The two annual costs are converted to a capitalized cost (P3):

_Al + A4, _ 847 + 5.000

Py =—

i 005
5 The total capitalized cost (P7) can now be obtzined by addition:
' Pp=Py + Py +P; = $346,997

= §116,940

COMMENT In calculating Py, 7 = 4 was used in the P/F factor because the
present worth of the annual $3,000 cost is computed in year 4, since Pis always one
year ahead of the first A. You should rework: the problem using the second method
suppesied for calculating P;. 11

Pioblems P8.17-P8.22

8.4 Capitalized-Cost Comparison of Two Alternatives

“When two or more alternatives are compared on the tesis of their capitalized cost, the

o e
e

o oS tede A e LI pILsITt
Joreverrtheaiternznvesswal
;u}cn),ﬂ_ically—_—bc,:compa:edufor‘.theusame.:numbcnof.- vears (i.e., inﬁnit-y). The
alternative with the smaller capitalized cost will represent the most economical one.
AcmiTnprresen ttor Ureand=ali=other-allernative-eveivations methods$-iris~on Y}“fﬁ‘.e
di'i':‘e:enAccsﬁin:cgsh-ﬂowbetwcﬁrthe alternativesswhich raust-be-considered. Fheraioge,
wheneverrpossible; the calculations should be-simplificd by eliminating the-elements of
cash flow.which.are commen-to both altemativess Example 8.4 shows:ihe: pracedure

{or. crmparing<wo.alternacives-cai-the basis.cf iheir.ca sitalized cost.

Fxample=8.4> Two sites are currently under consideration for a bridge: to cross
the Ohio River. The north site would connect a major state highway with an interstate
loop around the city 2nd would alleviate much of the local through traffic. Tl'\xe
disadvantages of this site are that the bridge would do little to ease local lr.amc
congestion during rush hours, and the bridge would Lave to stretch fr_om one hill to
another to span the widest part of the river, railroad tracks, and ]oc.al highways be!ow.
This bridge would therefore be a suspension bridge. The south siie would reguue a
much shorter span allowing for construction of a truss bridge, but would requiré new

rosd construction. o
The suspension bridge would have a first cost of $30 million with annual

“<pection and maintenance Costs of $15,000. In a2ddition, the co?cr.(zte % will have
be resurfaced every ten years at a cost of $50,000. The truss bridge ...d approach

~ .
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roads are expected to cost $12 million znd will have annual maintenance costs of
SS,QOO._The bridge will have to be painted every three years at z cost of $10.000. In
adc}m'on, the bridae wil} have to be sandblasted and painted every ten years at a‘cost. of
$45,000. The cost of purchasing right-of-way is expected to be $800,000 for the
suspension bridge and $10.3 million for the truss bridee. Com\pare the d;ematives on
the basis of their capitalized cost if the interest rate is 6“—76.

soLuTioN Construct the cash-flow diagrams

before you attempt ¢ /
problem. You should do this now. PLto solve the

Capitalized cost of suspension bridge

P\ = present worth of initial cost = 30.0 + 0.8 = $30.8 million

The recurring operating

cost is 4, = $15,000, while the annual equivalent of the
resurface cost is

Az = 50,000(4/F 6%,10) = 53794
A, + A,

i

P, = capitalized cost of Tecurring costs =

.

_ 15000 + 3,794
0.06

= $513,233

[39]

Finally, the total capitalized cost (Ps) is
Pg=Py +P, =$31,113,233  ($31.1 million)

Capitalized cost of truss tridge

Py =120 + 10.3 = $22.3 million
A; = 58,000
Az = annual cost of painting = 10,000(4/F 6%,3)
= §3,141 )
A3 = annual cost of sandblasting = 45,000(4 /F,6%,10)
= $3414 :
Ay + A4, +4
P, = ;+_3 = $242,583
The total capitalized cost Pr)s
Pr =Py +F, =522,542,583  (322.5 million)

Since Py < Pg, the truss bridge should be constructed.

1

Exemple 5.8

Problemrs PR.23, P8. 23

“husiness distrct
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Example11.2 Two routes are under consideration for a new interstate *

chway. The northerly route (N) would be located about five miles fiom the central
and would require longer travel distances by local commuter traffic.
The southerly route (S) would pass directly through the downtown area and, although
its construction cost would be ligher, it would reduce the travel time and disiance for
local commuters. Assume the costs for the two routes are as folows:

hi

Route N Route S
Initial cost $10,000,000 $15,000,000
Maintenance cost per year 35,000 55,000
Road-user cost per year 450,000 200,000

If the roads are assumed teadaniidfBoyearsavitlv no-salvegerahre, which~oute=should be
2zgepiedanthe basisobedenciiifcost-analysis-using-aminterestrateofs®?

SOLUTION Sinedwrost-olstha-casis.ara.alieadwannualized;the-EUACmethod
willbeatzsedsto-obtain the-equivalent annval-cost. Theceststo-be used imrthe B/C ratio
esadlie dnitiabeostandmaintenancocost: C

EUACy = 10,000,000(A/P, 5%,30) + 35,000 = $685,500
EUACs = 15,000,000(4 /P, 5%,30) + 55,000 = $1,030,750 .

Frocbenafrts=tr=this~exampleaara.rcpresental by athosoadusercosts—since= hese=are
osistothe.public.” He—penefitsslioweverrare-not-thewoad-usercosts-themselues
S ot et useroasis i 02 allenalive-ineslasied-0ne i st e irtaiis
exampletheremis-a 385 (R000~—5200,000=$250,000-permyear-benelit-i~R oute-Sis
chosep instead-of=Routc-iN. Therefore, iw=venefit-{B)}~of~Route S-over-Route N-i5
£250,000-peraenr. On the otherdhandhecosts (C) asspciatedavith-these benefits age
represented-by=the-difference-between.the-annual.costsof Routes-N-and S=Thus,

~—
S

Ln=EUAGe—FEUACrr="53457250 per year

Note that the route that costs more {Route S) is the one that provides the benefits.
' Hence, the B/C ratio can now be computed by Eq. (11.1).

250,000

=072
345,250 24

The B/C raiio.of less than.l.0indicates that-the exira benefiis associated with Route §¢
are less than the extra costs associated with this route. Therefore, Route N would'be
elected, forconstruction. Notz that there is no “‘do nothing” alternative in -this cass,

. since-onsxciathe rcads must.be constructes,

coMMeENT If there had been disbenefits associated with each route, the
difference between the disbenefits would have to be added or subtracied from the net
benefits ($25G,000) for Route S, depending on whether the disbenefits for Route S
veere less than or greater than the disbenefits for Route N. That is, if the dishenelits
for Routz 5 were less than those for Route N, the difference beiween the two would
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"have to be added to the $250,000 benefit for Route S, since the disbenefits involved!
would also favor Route S. However, if the disbenefits for Route S were greater !hanf
“those for Route N, their difference should be subtracted from the benefits associated
with Route S, since the disbenefts involved wouid favor Route N instead of Route S.
Example 11.6 illustrates the calculations when disbenefits must be considered. i .

Example 11.6 ‘
Problems P11.8-P11.12

11.4 Benefit/Cost Analysis for Multiple Alternatives

When only one alternative must be selected from three or more mutually exclusive
(stand-alone) alternatives, a multiple alternative evaluation is required. In this case, it is
necessary to conduct an analysis on the incremental benefits and costs similar to theg
method used in Chap. 10 for incremental rates of return. The “do nothing” alternative i
may be one of the considerations.

There=err-tworsitaations—which-rrvst=be~consideredaanith ~egard=to-multiple ‘
alternative-amalysis=by-the-benefit/cost-method~In-the.first.case -if.funds-are-available |
sauthatwnore-t ur-one=alternative canbethosen: from-amaong-severalyit-is-necessary
aaly<to-compare -the altermatives-against-the ¥ do-nothing=altermative. The alternatives
are referred 40 as independent in this situation. For example, if several flood-control
dams could be constructed on a particular river and adequate funding is available for
all dams, the B/C ratios should be those associated with a particular ¢am versus no
dam. That is, the result of the calculations could show that three dams along the river -
wouid be economicaliy justifiabie on the pasis of reduced flood damage, recreation,
etc., and, therefore, should be constructed.

Qa~theothes-hand,when_only.one aliemativewcan=be=selected=TroIT™athong
soueral mjteas=necessary~to=compare_the_alterpatives_zgainst..each-othe~rather-than
against-the~domothingalternative=The exact procedure for doing this is discussed in
Chap. 17. However, it is important for you to understand at this time the difference -
between the procedure to be followed when multiple projects are mutualy exclusive -
and when they are not. In the case of mutually exchl,'sive projects, it is nacessary to
compare them against each other, while in the case ef projects that are not mutually
exclusive (independent projects), it is necessary only to compare them agzinst the “do
nothing” alternative.

Problem P11.13

LhS=Rurpeseend Formulayof Sersice-Life-Anaiysis

Basiculi prsemice-bifeenelvsisisused. 1o-deiemine -the. numbei-ofyearsarmasset-must
owsetained«znd-used to-recoven-iis dnitial.cost.with. a.stated . seturn ~given-ilw-znnuaj
sash flow.and-salvagevalue, The analysis should be performed using after-tax cash-flow
values (CF) (Chaps. i5 znd 16), so that the results are more reczlistic. To find the
economic service life of 27 2sset, the followinz model is utilized.

11.6 USE OF SERVICE LIFE TO DETERMINE REQUIRED LIFE 19]

n
D=z P 4 Y (CE)(PIF, i%.))
) =1
where (CE)p= net.cash flow at-the end of year j (. =.d ;.2,..ce=/n’). For a eiven interest
wate (i), thevalue-of-n" is sought” Aftern’-years {not-recessarily. an integer), the-cash
flows will recover-the first-cost (P} znd-a retumn-of % A=COmmMOoR, b‘ul ..incorm.:t,
industrie] practics-is-1o determine n'—~3(-i=—0%;'-thar is;with-no retum accounted-for:

uzs.is dlusizated.in the Solved Examplessactionsin-this case Eq~(14:2) becomes '

n
~P+ Y
j=1

(11.2)

0 (CF);,  (11.3)

aullich-és-usedalOscornpuremo-mteresz-sewico-lifeg«mom-commonly-caﬂed_paybackaor
ravout-period. If the cash flow (CF) is the same for each year, Eq. (11.3) is usually
solved for n’ directly.

(11.4)

For a brief ook at payback and some of its fallacies see Solved Examples, after you

_ read the next section.

Problem P11.14

~
I
Egvetion Ll2%can. ba useddefind the.nnmber af vears necessa ty-1o.recoverthe-firgt
cost-at-a-stated-rate-of .return. Ifethe-servicelife (n’) is less.than the time you..would
expect~tosbe-able-10-employ-orsetain-the-asset;it-should- be-bought.- If .#' is greatep
than- the-ex pectedusable-lifes«the~asset should.not be. bought, since.there .will .not be
endugh timetorecover-the-investment plus.the.stated-return-during the usable life.

Hrb=~Use-ofServiceEifesto Determine-RequiredhLife

“Example:1#:3%®A  semijautomatic assembly machine can be purchased for
$18,000 with a salvage vaiue of $3,000 and an annual cash flow of $3,000. Ifareturn’

of 15% is required anc the company would never expect such a machine to be used for
more than ten years, should it be purchased?

SOLUTION Oduasuisser=ihese—ere-severatwars—tm-answer-this question=present-
warthe EBAGroprgateoloreiurnmanalysis ~Butslet’'s=use-the-service-life approach. Using
Ec.{11.2), we have

. n' . .
0=-18000 + Y (CE)(PIF,15%,))
=1
We assume the salvage value of $3,000 is correct regardless of low long the asset is ®

retained, We, therefore, can modify the above relation as follows:

0 =—18,000 + CF(P/A,15%,n) + SV(PIF, 15%.
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where SV(P/F,15%,n) is the present worth of the salvage after n years and the P/4
factor has been used where possible. At n= 15 years we have

P =—18,000 + 3,000(P/4, 15%,15) + 3,000(P/F, 15%,15)
= §—89.10

For n= 16, the result is $+183.30. Interpolation indicates that in n' = 15.3 years the
first cost plus 15% will be recovered. Since a fair estimate of usability is ten years, the
machine should not be purchased.

\

COMMENT The salvage value and cash flows will be allowed to vary in the
material of Chap. 12. i

Example 11.7
Problems P11.15-P11.20

11.7 Comparison of Two Alternsatives Using Service-Life Computation

If capital is tight and the future uncertain (about available money and proposed
investments), a breakeven (or equivalent-point) service life of two proposals may be
computed for use in decision-making. Still, other evaluation methods, such as
present-worth, should be pursued, because service-life analysis is considered only a
suppleméntary tool. If a firm is shert of capital and requires quick recovery of
investment capital, the service-life computations can indicate the speed with which the
project will “pay for itself.” Thercfore, capital recovery being important, service life at
a stated rate of return is found by equating a!ternative present-worth or EUAC values

and finding n’ by trial and error. Bependmy omow-manywyzarsthe puichasewill

reasiablyeom sod =i hemproposal-with-tie~smailer~prasentavorth-or-EUAG-vaive is
selaeted. The method is the same as that used in rate-of-return breakeven analysis (Sec.
10.5), but with the value of n sought here.

wByrmaplc-Td A dirt-moving company requires the service of diri-moving
equipment. The service may be acquired by purchasing a mover for $25,000 having a

negligible salvage value, $5,000 annual operating cost, and a $12,000 overhaul cost in ;

year 10. Alternatively, the company may lease the mover at a total cost of $10,000
per year. If all other costs are equal and service is needed for 12 years at a 12% rate of
return, use service-life analysis to determine whether the mover should be purchased or
leased. '

soLuTION We use the relation EUACbuy = EUAC,.,.. and find the breakeven
n value (n').
EUAC,,y = 25,000(4/P, 12%,n) + 5,000
+ 12,000(#/F, 12%, 10)(4 /P, 12%,n)
EUAC,. = $10,000

The last term of EUACbuy is used only when n 2 10. Then when n < 10, equating
EUAC relations gives
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Total cost {Proposal 1)

Tota! cost { Proposol 2}

Total cost

Fixed cost (Proposal 2)

Variable units

FIG. 12.1 Graphical flustration of breakeven.

~
U
cperating cost or production cost. Figure 12,7 grapnically iliustrates the breaneveu
concept for two proposals (id=ntified as Proposal 1 and Proposal 2). As shown in the
figure, the fixed cost (which may be simply the initial investment cost) of Proposal 2 is
greater than that of Proposal 1, but Proposal 2 has a lower variable cost (as shown by
its smaller slope). The point of intersection (B) of the two lines represents the
breakeven point between the two proposals. Thus, if the variable units (such as hours
of operation or level of output) are expected to be greater than the breakeven amount,
Proposal 2 would be selected, since the total cost of the operation would be lower
with this alternative. Conversely, an anticipated level of operation below the breakeven
number of variable units would favor Proposal 1.

Instead of plotting the total costs of each alternative and finding the breakeven
point graphically, it is generally easier to calculate the breakeven point algebraically.
Although the total cost can be expressed as either a present worth or equivalent
uniform annual cost, the latter is generally preferable because the variable units are
oftentimes expressed on a yearly basis. Additionally, EUAC calculations are simpler
when the aliernatives under consideration have different lives. In either case, however,
the first step in calculeting the breakeven point is to expresstheroraicostofeach
oViersal iy e—ag=a—funcion=of-rhe—sarioble that..is~sought. Example 12.7 illustrates
breakeven calculations.

Cxample:122% A sheet metal company is considering the purchase of an
automatic machine for a certain phase of the finishing process. The machine has an
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. . -
initial cost of 523,000, a salvage value of 54,0,00, and a life of ten years.llf the
machine is purchased, one operator will be required at a cost of $12 an hour. The'
output with this machine would be 8_tons per hour. Annuval maintenance and
"operstion cost of the machine is expected to be S3,5,00:—\

, Alternatively, the company can purchase a less sophisticated machine for
$8,000, which has no salvage value and a life of five years. However, with this
alternztive, three laborers will be required at a cost of S8 an hour and the machine will
have an annual raaintenance and opesation cost of $1,500. Output is expected to be 6
tons per hour for this machine. Al invested capital must return 10%. () How man)"
tons of sheet metal must be finished per year in order to justify the purchase of the

automatic machine? (b) If management anticipates a requirement to finish 2,000 ton¢
per year, whiclf machine should be purchased?

SOLUTION

(a) The first step is 10 express each of the varable costs in terms of the units

sought, which is tons per year in this case. Thus, for the automatic machine, the
annual cost per ton would be ’

Annual cost per [r>n-:<s12 (1 hour)(x fons) _ 12
R ) hour /A& 1ons /\ year 8

where x = number of tons per year for break even. Note that the final units are
in dollars per year, which is what we want since we are trying to obtain the
EUAC. The totai EUAC for the automatic machine is

EUAC, 1o = 23,000(4/P, 10%,i0) — 4,000(4 /F, 10%, 10)

+ 3,500 + !82):

=356992 + 1.5x

Similarly, the EUAC of the manual machine 'is

EUACmanual = S,OOO(A/P, ]O%’S) + ],500 + _3_%8_)x

= $3,610 + 4x !

t

Equating the two costs and solving for x yields !
|

EUACaulo = EUAszr:-ua'. i
6,992 + 1.5x = 3,610 + 4x i
x = 1,352.8 tons per year ;

- - — s

Thus, at an output of 1,352.8 ton:;;'er year, the EUAC of each method is the

same. If the output is expecied to be greater than this figure, the automat;e
machine should be purchzsed; if the output is to be jess, then the lesg
sophisticatec  ~chine should be purchased. ’

i

-

212 REPLACEMENT, RETIREMENT, AND BREAKEVEN ANALYSIS

Proposal 2
Proposal |

Proposal 3

Total cost, $/yr

i |

60
Output, units/ hr

o T

H

FIG. 12.2 Breakeven pom's for thres proposils.

It

(b) Substituting the expected production level of 2,000 tons per year into the
EUAC relations, we have EUAC, , = $9,992 and EUAC = $11,610.
Therefore, purchase the automatic machine.

manual

COMMENT Work the problem on a present-worth basis to satisfy yourself that
either method results in the same breakeven point. A question that sometimes arises
after the breakeven point is calculated is: How do you know which alternative should
be selected when you are either above or below the breakeven point? As shown in Fig.
12.1, the alternative with the smaller slope (i.e., lower variable cost) should be selected
whern the variablie units are 2bove the breakeven point {and vice versa). [

Whidethe-pregeding-—ox ampledentt—withroniy-tworit ernativesythesene type of
aaaiysis<canshz.made-for-three-or-more-slternatives~in-this-casey it-becomes-necessery
w=contparasthe alternatives with eaclictherdn.order-iosfind.their.respective. breikoven
aointe The results reveal the ranges through which each alternative would be the most 2
economical one. For example, in Fig. 12.2, if the output is expected to be less than 40
units per hour, Proposal | should be selected. Between 40 and 6C  its per hour )
Proposal 2 would be ths most economical, and above 60 units per. .r Propnsal 3
~ould be favored. - :
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17.2 -Selection Using Invemental Rate of Return?

-You will recall from Secs~10.5 and 10.0 that the incremental-analysis procedure
daternunes rate-of return on the extra investmént that is-required by the plan havigg
the higher-mvestment cost. As discussed there. if the rate of reum on the extra
inveSiment s greater than the MARR, the plan requinng the extra invesiment should
be sefected. This same procedure s followed when snalyzing mutually exclusive
alternatives, but now it becomes important to determine whtedr-alternatives-must:be
compared with-each-other (and therefore, winch increments will be involved). dmthis
regard. the.moat important-rule that mustbe remembered when evaluating alternatives
by the incremental-investment rate-of-return: method isthat an alrernarive can never be
compared withrone Jfor-wnich rhe mcremental invesrmene has -nor been:justified. The
procedure to be used when evaluating multiple, mutuzily exclusive alternatives can
conveniently be summarized as follows:

a4 EVALUATION OF MULTIPLE ALTERNATIVES

! Rank the alternatives in terms of axugsasitrernirmfinvestiment.

2 Considering the “‘do nothing’ alternative as a defender, compute the overall
raseofv ctumnT-forthaalteniitiveavith the lowest initialinvestrient.

3 If d=2=NMARR, remove thelowest-invesument-altgrnative--{rom—turther
cpnsideranon and*compite™the dverall rate of return-for-thernext-hisher
investment- aliernative. Repeat thus step until:y-=-MARR for one of the
alternatives. When os2<biARR;zthexdowestinvesiment-aliernative=becomes the
defender and the next higher investment alternative is the challenger.

A

4 Determine the incremental costs and incomes batzeen-the challenger and the
- 4

Ll - —
” o

dayepdar. crRN ol
S Galeuiatestherrate-ofsreturn=om=theincremental investment-regnireg-imthe
challenger.

6 11 the rate of return calculated (on the increment of investment) in siep 5 is
greater than the MARR, the challenger becomes the defender and the previous
defender is removed from further consideration. Conversely, if the rate of retum
in step 5 is less than the MARR, the challenger is removed from further
consideration and the defender remains as the defender against a new chalienger.
7 Repeat steps 4-6 until only one alternative remains. ~

oy

Note that in the incremental analysis (steps 4-6), only #wo alternatives are compared
at any one time. It is very important, therefore, that the correct alternatives be
compared. Urless the procedure is followed as presenied above, the wrong zlternative
can be selected from the incremenial analysis. The procedure detailed above is
illustrated 1n Exzmples 17.1 and 17.2. ’

eExanmie=E.l  Four different building locations have been suggesied, of which
only one will be selected. Data for each site are detailed in Table 17.1. Annual CFAT
varies due to different tax structures, labor costs, and transportation charges resulting
in different annual receipts and disbursements. if:ithe-MARR:s210% after-taxes,-use
ncrzmenialazte-nfraturn-analysis 1o selectrz building locatien.

Table 17.1 FOUR ALTERNATE BUILDING LOCATIONS

Location
A B C D
Builcing cost §-200,000 $-—275,000 $—190,000 $--350,000
Annual CFAT +22,000 +35,000 +19,500 +42,000
Life, years 30 30 30 30

SOLUTION The steps outlined above result in the following procedure:

1 Order the 2lternatives according to increasing initial investment. This is done
in the first line of Table 17.2.

- 2 The next step is to find the Jowest invesiment altemnative that has an overall

rate of return of at least 10%. Table 172 indicates a rate of return of 9.63% for
Location C, resulting in its elimination from further consideration. Lhe-ncxt
aligrnaiive ~Location: A7 has un-i-0f-10°49% and-teplaces-"“do-nothing™ as the
defender.

3 The incremental investment between alternatives must now be considered.
Since all Jocations have a 30-year life, the relation used to find the incremental 7
is .

0 = incremental cost + incremental CFAT (P/A4,i%,30) (17.1)

where 7 is found by trial and error. Note that (F/4,10%,30) = 9.4269; thus any
P/A4 value resulting from Ea. {17.1) gresteprthpneSat240 indizaios tha retum i
locg thon 0% and, d5erifoie, smainacceptabls. Comparing B inciementaily to
Location A, using Eq. (17.1), results in the equation 0 = —75,000 +
13,000(P/4,7%,30). A rate of return of 17.28% on the extra investment justifies
Location B, thereby eliminating Location A.

4 With B as the defender and D the challencer, the incremental investment
yields 8.55%, which is less than 10% and eliminates Location D. Only Locations

e Beareyistinetrand Bisselected sainocii-requiresthesdargersmvestment.

Table 17.2 COMPUTATION OF INCREMENTAL RATE OF RETURN FOR
MUTUALLY EXCLUSIVE EQUAL-LIVED PROJECTS

C A B D
Building cost £—190,000 $—200,0600 $€-275,000 $-—-350,000
Annual CFAT 19,500 22,000 35,000 42,000
Frojects compared C io none A tonone BtoA DtoB
Incremental cost $—190,000 $—200,000 $ —75,000 $ —75,000
Incremental CFAT 19,500 22,000 13,000 7,000
! (Pl4,/5%.30) 9.7436 9.0%09% 5.7692 10.7143

Incrementai ¢ 9.63% 1049% 17.28% 8.55%
Increment justified? No Yes Yes . No

None A B B

Proiect selected

~7
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coMMENT We should mention here again, just as a werd ¢f waming, that an
alternative should ahwavs be compared with an acceptable alternative, noting that the
“do nothing” alternative may be the acceptable one. Since C was not justified,
Location A was ot compared to C. Thus, if the B-10-A comparison had not indicated
that B was incrementally justified, then the comparison D-to-A would have been made,
instead of D-t0-B.

Ie=isaimportant«io-ainderstand-theuse-of -incremental rate-of-returnTselection
hecause-if it-is-not properly applied in mutually-exclusive-alternative evaluation,4he
wrong alternatives may be selected-[f the overali-rate -of return of each alternative is
computed the results.age

1
N

’ 3 Locaion | € | A | B | D
12.40% | 11.59%

Overall i l 9.63% l 10.49%

-

Ifeawerrowapply=only=the--first=criterion-stated -earlier,~that~is;"makethe™larges [
investment. that-has a-MARR: of 10% or more, we would choose Locatiomr D: But, gs”

shown.above;-this-is-the=wrong-selection~because-the "extra-investment-of- $§75,000
betweerrtocations B and-D-will not-carn the MARR..In fact, it will earn-only 8.55%
(Table 17.2). Remember;therefore; that incremental analysis is necessary for selection
of,one alternative-from several when thevate-of-return evaluation method is used,

"l

When~-the alternatives under consideration consist of disbursements only. thé
“income™ is the difference between costs for two alternatives. In this case, ther?
is no need 10 compare any of the alternatives again the ‘“do nothing’ alternative.
The lowest-invesiment-cost alternative is the defender.. against- the . next-
lowest-investment-cost -alternative. (challenger), This procedure is illustrated in
Example 17.2.

Example 17.2 Eawu~-machines can-be-used {or-a certain:stamping operation”The

¢outs for each macline are shown in-Table.17.3. Determine which machine should be
selected if the company’s-MARR is 12%.

Table 17.3 FOUR MUTUALLY EXCLUSIVE ALTERNATIVES

%

Machine
1 2 3 4
First cost $—5,000 £—6,500 $—10,000 $—15,000
Annual operating cost —3,500 —3,200 —3,000 —1,400
Salvage value +500 +900 +700 +1,000

Life, years 8 8 8 8

/
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its importance been more widely appreciated
until now? The answer is that many users of
probability theory (but certainly not the
original developers) considered probabilities
to be physical parameters of objects, such as
weight, volume, or hardness. For example,
there was much mention of ‘““fair’’ coins and
“fair’’ dice, with the underlying notion that
the probability of events associated with these
objects could be measured in the real world.

For the past 15 years, however, an impor-
tant minority of experts on the subject have
been advancing the view that probabilities
measure a person’s state of knowledge about
phenomena rather than the phenomena them-
selves. They would say, for example, that
when somcone describes a coin as “fair” he
really means that on the basis of all evidence
presented to him he has no reason for assert-
ing that the coin is more likely to fall heads
than tails. This view is modern, but not a
i luct of modern times. It was studied
ctearly and convincingly 200 years ago but
remained buried for a long time.

An example illustrating this view of prob-
ability follows: An astronaut is about to be
fired into space on a globe-circling mission.
As he is sirapping himself into his capsule on
top of a gleaming rocket, he asks the launch
supervisor, ‘“‘By the way, what’s the reliabil-
ity of this rocket?”’ The launch supervisor re-
plies “Ninety nine percent—we expect only
one rocket in one hundred to fail.” The astro-
naut 18 reassured but still has some doubts
about the success of his mission. He asks,
“Are these rockets around the edge of the
ficld the same type as the one I'm sitting on?”’
The supervisor replies, “They’re identical.”
The astronaut suggests, “Let’s shoot up a few
Just Lo give me some courage.’”’

The rocket is fitted with a dummy payload,
prepared for launching, and fired. It falls in
the ocean, a complete failure. The supervisor
comments, “Unlucky break, let’s try an-
¢ -r”" Unfortunately, that one also fails by
C.woding in mid-air. A third is tried with
disastrous results as it disintegrates on its

pad. By this time, the astronaut has probably
handed in his resignation and headed home.
Nothing could convince him that the reliabil-
ity of his rocket is still 99%.

But, in reality, what has changed? His
rocket is physically unaffected by the failure
of the other rockets. Its guidance system,
rocket engine, and lhife support system are all
exactly the same as they were before the other
tests. If probability were a state of things,
then the reliability of his rocket should still
be 0.99. But, of course, it is not. After observ-
ing the failure of the first rocket, he might

‘have evaluated the reliability of his rocket at,

say, 0.90; after the second failure, at 0.70; and
finally after the third failure, at perhaps 0.30.
What happened was that his state of knowl-
edge of his own rocket was influenced by what
happened to its sister ships, and therefore his
estimate of its reliability must decrease. His
final view of its reliability is so low that he
does not choose to risk his life.

The view of probability as a state of things
is just not tenable. Probability should be con-
sidered as the reading of a kind of mental ther-
momeler that measures uncertainty rather
than temperature. The reading goes up if, as
data accumulate, it tends to increase the like-

lihood of the event under consideration. The .

reading of 1 corresponds to certainty that the
event will occur, the reading of 0 to certainty
that it will not occur. The inferential theory of
probabilily is concerned with the question of
how the reading ought to fluctuate in the face
of new data. .

Encoding Experience

Most persons would agree that it would be
unwise to make a decision without considering
all available knowledge before acting. If some-
one were offered an opportunitly to participate
in a game of chance by his best friend, by a
tramp, and by a business associate, he would
generally have different feelings about the
fairness of the game in each case. A major
problem 1s how to encode the knowiedge he
has in a usable form. This problem is solved
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by the observation that probability is the ap-
propriate way to measure his uncertainty.

All prior experience must be used in assess-
ing probabilities. The difficulty in encoding
prior knowledge as probability is that the
prior information available may range in form
from a strong belief that results from many
years of experience to a vague feeling that
arises from a few haphazard observations.
Yet there is probably not a person who had no
information about an event that was impor-
-tant to him. People who start out saying that
they have no idea about what is going to hap-
pen can always, when pressed, provide prob-
ability assignments that show considerable
information about the event in question. The
problem of those who would aid decision-
makers is to make the .process of assigning
probabilities as simple, efficient, and accurate
as possible.

The Practicai Encoding of Knowledge

In the probabilistic phase of decision anal-
ysis, we face the problem of encoding the un-
certainty in each of the aleatory variables. In
organizational decision-making, prior prob-
ability distributions (or priors) should be as-
signed by the people within the organization
who are most knowledgeable about each state
variable. Thus, the priors on engineering vari-
ables will typically be assigned by the engi-
neering department; on marketing variables,

by the marketing department; and so on.

However, since each case is an attempt to en-
code a probability distribution that reflects a
state of mind and since most individuals have
real difficulty in thinking about uncertainty,
the method of extracting the priors is ex-
tremely important. As people participate in
the prior-gathering process, their attitudes
are indicated successively by: “This is ridic-
ulous.” “Il can’t be done.” “I have told you
what you want to know, but it doesn’t mean
anything.” “Yes, it seems to reflect the way I
feel.”” And “Why doesn’t everybody do this?”’
In gathering the information, the analyst
must be careful to overcome the defenses the
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individual develops as a result of being aske.
for estimates that are often a combination of
targets, wishful thinking, and expectations.
The biggest difficulty is in conveying to the
man that the analyst is interested in his state
of knowledge and not in measuring him oy
setting a goal for him. i
If the subject has some experience with'
probability, he often attempts to make all his
priors look like normal distributions, a char-
acteristic known as ‘‘bell-shaped” thinking.
Although normal distributions are appropri-
ate priors in some circumstances, they should
not become foregone conclusions. i
Experience has shown certain procedures to .
be effective in this almost psychoanalytic
process of prior measurement. One procedure
1s to make the measurement in a private inter- .
view to eliminate group pressure and to over-

come the vague notions that most people

exhibit about probabilistic matters. Unless the
subjects are already experienced in decision
analysis, the distribution of forms on whic}_;ji
they are supposed to draw their priors ha'
proved worse than useless.

The interview begins with such questions
as “What are the chances that x will exceed
ten?”’” This approach is taken because people

seem much more comfortable in assigning .
probabilities to events than they are 1a sketch- :

ing a probability density function. The inter-
viewer also skips around, asking the proba-
bility that x will be “greater than 50,” “less
than ten,” ‘“‘greater than 30,” often asking the
same question again later in the interview.
The replies are recorded out of the view of the
subject so as to frustrate any attempt at
forced consistency on his part. As the inter-
view proceeds, the subject often considers the
questions with greater and greater care, so
that his answers toward the end of the inter-
view may represent his feelings much better
than did his initial answers.

The interviewer can change the form of the
questions by asking the subject to divide the

possible values of an aleatory variable into 7 !

intervals of equal probability. The answers t
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1l these questions enable the analyst to draw
the excess probability distribution for the
aleatory variable, a form of representation
that seems easy to convey to people without
formal probabilistic training.

The result of the interview must be a prior
that the subject is willing to live with, regard-
less of whether it will describe a lottery on
who buys coffee or on the disposal of his life
savings. The analyst can test the prior by
comparing it with known probabilistic mech-
anisms. For example, if the subject says that
some aleatory variable x is equally likely to be
less or greater than a, then he should be indif-
ferent about whether he is paid $100 if x ex-
ceedé a or if he can call the toss of a coin. If he
1s not. indifferent, then he must change a until
he is. The end result of such questions is to
produce a prior that the subject is not tempted
to change in any way. Although the prior-
gathering process i1s not cheap, the analyst
need perform it only on the aleatory variables.

In cases where the interview procedure is

t appropriate, the analyst can often obtain
« satisfactory prior by drawing one himself
and then letting the subject change it until the
subject is satisfied. This technique may also
be useful as an educational device in prepara-
tion for the interview.

If two or more aleatory variables are de-
pendent, then the procedure requires priors
that reflect the dependencies. The technique

of prior gathe.ing is generally the same but

somewhat. more involved. Since the treating of
joint variables is a source of expense, the an-
alyst should formulate the problem so as to
avoid them whenever possible.

An Actual Probability Assessment

Figure 8 illustrates prior-gathering. The
decision in a major problem was thought to de-
pend primarily on the average lifetime of a
new material. Since the material had never
been made and test results would not be avail-
able until three years after the decision was
required, it was necessary to encode how
™ =h knowledge the company now had con-
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cerning the life of the material. This knowl-
edge resided in three professional metallur-
gists who were experts in that field of technol-
ogy. These men were interviewed separately
according to the principles described. They
produced the points labeled “Subjects 1, 2,
and 3” in the figure. These results have sev-
eral interesting features. For example, for '
t = 17, Subject 2 assigned probabilities of 0.2
and 0.25 at various points in the interview.
On the whole, however, the subjects were re-
markably consistent in their assignments.
Subject 3 was more pessimistic about the life-
time than was Subject 1.

Upon conclusiornn of the interviews, the .
three subjects were brought together, shown
the results, and a vigorous discussion took
place. Subjects 1 aind 3 each brought forth in-
formation of which the other two members of
the group were unaware. As the result of this
information exchan e, the three subjects drew
the consensus curve—each said that this
curve represented the state of information
about the material’s life at the end of the

- meeting. Later, their supervisor said he un-
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derstood their position on the new material
for the first time.

It has been suggested that the proper way
to reconcile divergent priors is to assign



weights to each, multiply, and add, but this
experiment is convincing evidence that any
such mechanistic procedure misses the point.
Divergent priors are an excellent indicator of
divergent states of information. The expe-
rience just described not only produced the
company’s present encoding of uncertainty
about the material’s lifetime, but at the same
time encouraged and effected the exchange of
information within the group.

Encoding New Information

Following the encoding of the original infor-
mation about an aleatory variable by means
of a prior probability distribution, or about
an event by the assignment of a probability,
the question naturally arises as to how these
probability assignments should be changed in
the light of new information. The answer to
this question was provided by Bayes in 1763;
it is most easily introduced by considering
the case of an event. Suppose that we have as-
signed some probability p(A) to an event A’s
occurring and that another event B is statis-
tically related to A. We describe this relation-
ship by a conditional probability of B given A,
p(B|A), the probability of B if A occurs; as-
sign this probability also. Now we are told
that B has, in fact, occurred. How does this
change the probability that A has occurred;
in other words, what is the probability of A
given B,p(A|B)?

Bayes showed that to be logical in this sit-
uation, the probability of A given B,p(A|B),
must be proportional to the probability of A,
p(A), and the probability of B given A,
p(B[A). This relationship is expressed as
P(A|B) is proportional to p(A) times p(B|A).

The important thing to remember is that
any posterior (after new information) proba-
bility assignment to an event is proportional
to the product of the prior probability assign-
ment and the probability of the new informa-
tion given that the event in question occurred.
The same idea carries over in the much more
complicated situations encountered in practice.

Thus, Bayes’ interpretation shows how new
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information must be logically combined wi
original feelings. Subjective probability as.
signments are required both in describing th¢!
prior information and also in specifying how
the new information is related to it. In fact.
as already mentioned, Bayes’ interpretatior
is the only method of data processing that en.i
sures that the final state of information will b, |
the same regardless of the order of datz
presentation. '

Encoding Values and Preferences

The other subjective issue that arises in de-!
cision analysis is the encoding of values anc?
preferences. It seems just as difficult to ob.!
tain an accurate measurement of desires a.|
of information.

The value issue penetrates the core of the
decision problem. Whether personal or organ-
izational, the decision will ultimately depen-
on how values are assigned. If each alternativ,
could produce only a single outcome, it woul.
only be necessary to rank the outcomes i
value and then choose the alternative who-
outcome was highest in value. However, typ:
cally each alternative can produce many po--
sible outcomes, outcomes that are distribute
in time and also subject to uncertainty. Cor.
sequently, most real decision problems re-
quire numerical measures of value and of tim -
and risk preference.

Measuring Value

The application of logic to any decisio::
problem requires as one of its fundament.
steps the construction of a value function. .-
scale of values that specifies the preference «".
the decision-maker for one outcome comparc ™
with another. We can think of the problem &-
analogous to the one we face if we have somt -
one buy a car for us: We must tell our age!”
what features of the car are important to u-
and to what extent. How do we value pe:-
formance relative to comfort, appearan::
relative to economy of operation, or ot
ratings?

e At .



To construct a value function in the car

urchase problem, we can tell our agent the
dollar value we assign to each component of a
car’'s value. We might say,.for example, that
given our usage characteristics, a car that
runs 18 miles to a gallon of gas is worth $40 a
year more to us than a car that runs only 15

~ miles and that foam rubber seats are worth

$50 more to us than ordinary seats. When we
had similarly specified the dollar value of all
the possible features of a car, including those
whose values might not be additive, our agent
would be able to go into the marketplace, de-

"termine the value and price of every offered

car, and return with the most profitable car
for us (which might, of course, be no car at
all). In following this philosophy, we do not
care if, in fact, there are any cars for sale that
have all or any part of the features that we
have valued. The establishment of the value
function depends remotely, if at all, on the
spectrum of cars available. ,

The main role of the value function is to
serve as a framework of discussion for prefer-

ces. The value function encodes preferences
consistently; it does not assign them. Conse-
quently, the decision-maker or decision ana-
lyst can insert alternative value specifications
todetermine sensitivity of decisions to changes
in value function. The process of assigning
values will naturally be iterative, with.com-
ponents of value being added or eliminated-as
understanding of the problem grows.

A question that arises is, “Who should set-

the values?”’ In a corporate problem, to what
extent do the values derive from manage-
ment, stockholders, employees, customers,
and the public? The process of constructing a
value function brings into the open questions
that have been avoided since the development
of the corporate structure.

Eatablishing Time Preference

The general tendency of people and organi-
zations is to value oulcoines received sooner

more highly than outcomes received later. In

an organization, this: phenomenon usually oc-

curs in connection with a time stream of profit.
Time streams that show a greater share of
their returns in earlier time periods are gen-
erally preferred.

A number of concepts have arisen to cope
with time preference in corporations. To illus-
trate these concepts; let x(n) be the cash flow
in year n in the future, positive or negative,
where n = 0 is the beginning of the present
year, n = 1 next year, and so on. A positive
cash flow indicates that income exceeds ex-
penditures, a negative cash flow implies the
reverse. Negative cash flows will usually oc-
cur in the early years of the project.

The most elementary approach, the pay-
back period method, rests on the assumption
that the cash flow will be negative in early
periods and will then become and remain posi-
tive for the balance of the project. The pay-
back period is the number of the period in
which cumulative cash flow becomes positive.

The payback period came into common use
when projects were typically investments in
capital equipment, investments characterized
by a high initial outlay gradually returned in
the course of time. However, only a few mod-
ern investments have such a simple structure.
The project may contain several interspersed
periods of investment and return. There
would seem to be little justification for use of
the payback period in modern corporate de-
cision-making.

The idea of internal rate of return was
introduced as a more sophisticated time pref-
erence measure. The internal rate of return is
derived from the present value of the project,
defined by

PV(i) = x(0) + x(1) <‘1—i“z)

e () +

where ( is interpreted as an annual interest
rate for funds connected with the project. The
irternal rate of return is the value of ¢ that

¢

‘makes the present value equal to zero; in
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other words, the solution of the equation
PV(Qu) = 0.

A justification offered for the use of internal
rate of return is that application of the
method to an investment that pays a fixed in-
terest.rate, like a bond or a bank deposit,
produces an internal rate of return equal to
the actual interest rate. Although this prop-
erty is satis{ying, it turns out to be insufhi-
cient justification for the method. One defect,
for example, is that more than one interest
rate may satisfy the equation; that is, it is
possible for an investment to have two in-
ternal rates of return, such as 8% and 10%.
In fact, it can have as many as the number of
cash flows in the project minus one. A further
criticism of the method is that it purports to
provide a measure of the desirability of an
investment that is independent of other op-
portunities and of the financial environment
of the firm. Although meticulous use of inter-
nal rate of return methods can lead to appro-
priate Lime preference orderings, computing
the present value of projects establishes the
same ordering directly, without the disadvan-
tages of internal rate of return. Furthermore,
present value provides a measure of an invest-
ment such that the bigger the number, the
better the investment. The question that
arises is what interest rate ( to use in the
computation.

Much misunderstanding exists about the
implications of choosing an interest rate.
Some firms use interest rates like 20% or 25%
in the belief that this will maintain profit-
ability. Yet at the same time they find that
they are actually investing most of their avail-
able capital in bank accounts. The overall
earnings on capital investment will therefore
be rather low. The general question of select-
ing i is too complicated to treat here, but the
fundamental consideration is the relationship
of the firm to its financial environment.

There is a cogent logical argument for the
use of present value. If a decision-maker be-
lieves certain axioms regarding time streams
—axioms that capture such human charac-
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teristics as greediness and impatience—ther
the time preference of the decision-maker for
cash streams that are certain must be charac.
terized by the present value corresponding tc
some interest rate. Furthermore, if a bank i:
willing to receive and disburse money at some
interest rate, then, for consistency, the deci-
sion-maker must use this bank interest rate
as his own interest rate in the calculation.

Present value is therefore a well-founded cri-

terion for time preference.

In this discussion of time preference, there

has been no uncertainty in the value of cash
streams. Undoubtedly, it was the existence o
uncertainty that made payback periods and

artificially high interest rate criteria seem

more logical than they in fact are. Such pro-

cedures confuse the issues of time and risk
preference by attempting to describe risk
preference as a requirement for even greater
rapidity of return. Decision analysis requires
a clear distinction between the time and risk
preference aspects of decision-making.

Establishing Risk Preference

The phenomenon of risk preference was dis-
cussed in connection with the proposition o!
tossing a coin, double or nothing, for next
year’s salary: most people will not play. How-
ever, suppose they were offered some fraction
of next year’s salary as an inducement to play.
If this fraction is zero, there is no inducement.
and they will refuse. If the fraction is one
they have nothing to lose by playing and thex
have a .5 probability of ending up with three
times next year’s salary; clearly, only those
with strange motivations would refuse. In ex-
periments on groups of professional men, the
fraction required to induce them to playv
varies from about 60% to 99%, depending on
their financial obligations. Obviously, the
foot-loose bachelor has a different attitude
than does the married man with serious ilines:
in the family. .

The characteristic measured in this experi-
ment is risk aversion. Few persons are indit-

ferent to risk—i.e., willing to engage in a fair

!
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gamble. Fewer still prefer risk—i.e., willing to
engage in the kind of gambles that are unfair,
such as those offered at professional gambling
establishments. When considering sums that
are significant with respect to their financial
strength, most individuals and corporations
are risk-averse.

A risk-averse decision-maker is willing to
forego some expected value in order to be pro-
tected from the possibilities of poor outcomes.
For example, a man buys life, accident, and
liability insurance because he is risk-averse.
These policies are unfair in the sense that they
have a negalive expected value computed as
the difference between the premium and the
expected loss. It is just this negative expected
value that becomes the insurance company’s
profit from operations. Customers are willing
to pay for this service because of their ex-
treme aversion to large losses.

A logical way to treat the problem of risk
aversion is to begin with the idea of a lottery.
A lottery 1s a technical term that refers to a
set of prizes or prospects with probabxhtxes
a**~ched. Thus, tossing a coin for next year's

y is a lotlery and so is buying a life in-
surance policy. The axioms that the decision-
maker must satisfy to use the theory are:

» Given any two prizes in a lottery, he must
be able to state which he prefers or whether he
is indifferent between them. His preferences
must be transitive: if he prefers prize A to B
and prize B to C, he must also prefer A to C.
» If he prefers A to I3 and B to C, he must be
mdifferent to receiving B for certain or par-
ticipating in a lottery with A and C as prizes
for some probability of winning A.

> If he prefers A to B, then given the choice of
two lotteries that both have prizes A and B,
he will prefer the one with the higher proba-
bility of winning A.

* He treats as equivalent all lotteries with the
fame probabilities of achieving the same
Prizes, regardless of whether the prizes are
won in one drawing, or as the result of several
drawings that take place at the same time.
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It is possible to show that an individual who

‘wants to act in accordance with these axioms

possesses a utility function that has two im-
portant properties. First, he can compute his
utility for any lottery by computing the utility
of each prize, multiplying by the probability
of that prize, and then summing over all
prizes. Second, if he prefers one lottery to an-
other, then his utility for it will be higher.

If the prizes in a lottery are all measured in
the same commodity, then, as discussed pre-
viously, the certain equivalent of the lottery 1s
the amount of the commodity that has the
same utility as the lottery. The concepts of
utility and certain equxvalent play a central
role in understanding risk preference.

In the practical question of measuring risk -
preference, one approach is to present an in-
dividual with a lottery and to ask him his cer-
tain equivalent. Or, we can provide the certain
equivalent and all prizes but.one and let him
adjust the remaining prize until the certain
equivalent is correct in his view. Finally, we
can fix the certain equivalent and prizes and
let him adjust the probabilitics. All these ques-
tions permit us to establish the relationships
between points on his utility curve and, ulti-

.mately, the curve itself. The interviewing in

which the curve is measured is similar to that
used for generating priors: the same need for
education exists. The same types of inconsis-
tency appear. ‘

Although useful utility curves for individ-
uals and organizations can be found in this
manner, most decision-makers prefer to have
some guidance in the selection of utility
curves. The decision analyst can often pro-
vide this guidance by asking whether the de-
cision-makers will accept additional axioms.
One such axiom is: if all the prizes in the lot-
tery are increased by some amount A, then
the certain equivalent of the lottery will in-
crease by A. The argument for the reason-
ableness of the axiom is very simple. The ad-
ditional amount A is money in the bank, no
matter which prize in the lottery is won.
Therefore, the new lottery should be worth



more than the original lottery. The counter
argument is that having A in the bank
changes the psychological orientation to the
original lottery.

If this A axiom is added to the original set,
then it is possible to show not just that a util-
ity curve exists but that it must have a special
form called the exponential form. A useful
property of this exponential form is that it is
described by a single number. This means that
the analyst can characterize the utility curve
of any individual or organization that wants
to subscribe to these axioms by a single num-
ber—the risk aversion constant.

It is far easier to demonstrate to a decision-
maker the consequences of his having differ-
ent risk aversion coefficients and to measure
his coefficient than it is to attempt to find a
complete utility curve that is not of the expo-
nential form. Encoding risk aversion in a
single number permits measuring the sensi-
tivity to risk aversion, as discussed earlier. In
most practical problems, the entire question
of risk aversion appears to be adequately
treated by using the exponential form with a
risk aversion constant appropriate to the
decision-maker.

A cautionary note on the problem of practi-
cal measurement of risk aversion: experi-
ments have revealed that the certain equiva-
lents offered by subjects in hypothetical
situations differ markedly from those offered
when the situations are made real. This diffi-
culty shows that the analyst must treat risk
preference phenomena with great care.

Joint Time and Risk Preference

In most problems, both time and risk pref-
erence measures are necessary to establish
the best alternative. Typically each outcome
is represcented by a time sequence of depend-
ent uncertain values.

The question of how to describe preferences
in such problems is fundamentally related to
the way in which information on successive
outcomes is revealed and to the extent to
which it can help in making future decisions.
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Two approaches illustrate the nature of t}
problem, each of which is appropriate under
certain conditions. The first—that used in the
original discussion of the probabilistic phase
—is to compute the worth lottery irnplied by
the model and then use the current utility
function to develop the certain equivalent
worth of the lottery. This approach is appro-
priate when there is no opportunity to utilize
the information about outcomes as it is re-
vealed, and thus where the prime interest is
in the position occupied after all outcomes
have been revealed.

Another approach is to imagine dealing with
two agents. The first is a banker who will al-
ways pay immediately the amount specified by
a particular company’s time preference func-
tion applied to any time stream of values that
is known with certainty. The other is a risk
broker who will always pay the company’s
certain equivalent for any lottery. When faced
with an uncertain stream of income, the com-
pany alternately deals with the risk broker to
exchange lottleries for certain equivalentis anv
with the banker to convert fixed future pay-
ments into present payments. The result of
this alternaling procedure is ultimately a
single equivalent sum to represent the entire
future process. Although appealing, the meth-
od may lead to the conclusion that the deci-
sion-maker should be willing to pay for ‘“‘peace
of mind” even when it has no effect on his
financial future.

Thus the time-risk preference question ulti-
mately depends on the decision-maker’s tastes
and options. The decision analyst can provide
guidance in selecting from the many available
approaches the one whose implications are
best suited to the particular situation.

APPLICATIONS

In brief form, two examples illustrate the
accomplishments and potential of decision
analysis. In each case, the focus is on the key
decision to be made and on the problems pe-
culiar to the analysis.
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New Product Introduction

A recent decision analysis was concerned
with whether to develop and produce a new

_product. Although the actual problem was
from another industry we shall suppose that

it was concerned with aircraft. There were
two major alternatives: to develop and sell a

new aircraft (A4,) or to continue manufactur-

ing and selling the present product (A,). The
decision was to be based on worth computed
as the present value of future expected profits
at a discount rate of 10% per year over a 22-
year period. Initially, the decision was sup-
posed to rest on the lifetime of the material
for which the prior probability distribution, or
priors, were obtained (Figure 8); however, a
completle decision analysis was desired. Since

.several hundred million dollars in present

value of profits were at stake, the decision
analysis was well justified. .

“In the general scheme of the analysis, the
first step was to construct a model for the
business, as shown in Figure 9, which was pri-

Jmarily a model of the market. The profit asso-
.ciated with each alternative was described in

terms of the price of the product, its operating
costs, its capital costs, the behavior of com-
petitors, and the natural characteristics of
customers. Suspicion grew that this model did
not adequately capture the regional nature of
demand. Consequently, a new model was con-
structed that included the market character-

'Fig.9Q
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istics region by region and customer by cus-
tomer. Moving to the more detailed basis
affected the predictions so-much that the addi-
tional refinement was clearly justified. How-
ever, other attempts at refinement did not
affect the results sufficiently to Justlfy a still
more refined model.

Next, a sensitivity analysis was performed
to determine the aleatory variables. These
turned out to be operating cost, capital cost,
and a few market parameters. Because of the
complexity of the original business model, an
approximation was constructed showing how
worth depended on these aleatory variables in
the area of interest. The coefficients of the ap-
proximate business model were established by
runs on the complete model.

The market priors were directly assxgned
with little trouble. However, because the op-
erating and the capital costs were the two
most important in the problem, their priors
were assigned according to a more detailed
procedure. First, the operating cost was re-
lated to various physical features of thé de-
sign by the engineering department; this
relationship was called the operating cost
function. One of the many input physical vari-
ables was the average lifetime of the material
whose prior appears in Figure 8. All but two
of the 12 physical input variables were inde-
pendent. The priors on the whole set were
gathered and used together with the operating
cost function in a Monte Carlo simulation that
produced a prior for the operating cost of the
product.

The engineering department also developed
the capital cost function, which was much
simpler in form. The aleatory variables in this
case were the production costs for various
parts of the product. A simulation produced a
prior on capital cost.

With priors established on all inputs to the
approximate business model, numerical anal-
ysis determined the worth lottery for each
alternative. The worth lotteries for the two
alternatives closely resembled those in Figure
4, Part A. 'The new product alternative A, sto-
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chastically dominated the alternative A, (con-
tinuing to manufacture the present product).
The result showed two interesting aspects of
the problem. First, it had been expected that
the worth lottery for the new product alterna-
tive would be considerably broader than it
was for the old product. The image was that
of a profitable and risky new venture com-
pared with a less profitable, but less risky,
standard venture. In fact the results revealed
that the uncertainties in profit were about the
same for both alternatives, thus showing how
initial impressions may be misleading.

Second, the average lifetime of the material
whose priors appear in Figure 8 was actually
of little consequence in the decision. It was
true enough that profits were critically de-
pendent on this lifelime if the design were
fixed. But leaving the design flexible to accom-
modate to different average material lifetimes
was nol an expensive alternative. The flexible
design reduced sensitivity to material lifetime
so much that its uncertainty ceased to be a
major concern.

The problem did not yield as easily as this,
however. FFigure 10 shows the present value of
profits through each number of years ¢ for

Millions of Dollars
500

Alternative A,

00
Fig. 10
Expected 00k
Present
Value
of
Profit 200}

Alternative A,

Years

each alternative. Note that if returns beyon,
year 7 are ignored, the old product has a3
higher present value; but in considering re-
turns over the entire 22-year period, the re-
lationship reverses. When managers saw
these results they were considerably dis-
turbed. The division in question had been
under heavy pressure to show a profit in the
near future, and alternative A, would not
meet that requirement. Thus, the question of
time preference that had been quickly passed
off as one of present value at 109% per year be-
came the central issue in the decision. The
question was whether the division was inter-
ested in the quick kill or the long pull.

This problem clearly illustrates the use of
decision analysis in clarifying the issues sur-
rounding a decision. A decision that might
have been made on the basis of a material life-
time was shown to depend more fundamen-
tally on the question of time preference for
profit. The extensive effort devoted to this
analysis was considered well spent by the
company, which is now interested in institut-
ing decision analysis procedures at several
organizational levels.

Space Program Planning

A more recent application in a quite differ-
ent area concerned planning a major space
program. The problem was to determine the
sequence of designs of rockets and payloads
that should be used to pursue the goal of ex-
ploring Mars. It was considered desirable te
place orbiters about Mars as well as to land
vehicles on the planet to collect scientific data.

The project manager had to define the de-
sign for cach mission—that is, the type and
number of launch vehicles, orbiters, and
landers. The choice of design for the first mis-
sion could not logically be made without con-
sidering the overall project objectives and the
feasible alternatives. Key features of the prob-
lem were the time for the development of new
orbiting and landing vehicles, cost of each
mission, and chances of achieving objectives.
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Approach to Solution

~ To apply decision analysis to the problem
posed, a two-phase program was adopted.

"The first or pilot phase consisted of defining a

simplified version of the decision. To the max-
imum extent possible, however, the essential
features of the problem were accurately repre-
sented and only the complexity was reduced.
This smaller problem allowed easier develop-
ment of the modeling approach, and exercising
of the model provided insight into the level of
detail required in structuring the inputs to the
decision. The second phase consisted of de-
veloping the more realistic and , complex
model required to decide on an actual mission.

The Pilot Phase

To begin the decision analysis, four pos-
sible designs were postulated to represent in-
creasing levels of sophistication. Figure 11
shows these designs and their potential ac-

i taample
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Fig. 11—Configurations and Performance

Example Outcome
Levels

Lo
Current
Achievement
(Fly-by)

L1
Perform
Atmospheric
Experniments

L2
Return TV
Pictures
During Descent

L3
Return Landed
TV Pictures
and Perform
Surface Property
Expenments’

©La
Pertorm Life

Detection
Experiments

35

complishments. 'The questions were: what
design should be' selected for the first oppor-
tunity, and what sequence of designs should
be planned to follow the first choice? Should
the project manager, for example, elect to pro-
vide the ultimate level of capability in the ini-

‘tial design in the face of uncertainties in the

Martian enviromment and difficulties in de-
veloping complex equipment to survive the
prelaunch sterilization environment? Or
should he choose’ a much simpler design that
could obtain soume information about the
Martian environment to be used in developing
subsequent, morw complex, vehicles. '

Decision Trees

The heart of the model used in analyzing
the decision was a decision tree that repre-
sented the structrure of all p0551ble sequences
of decisions and outcomes and provided for
cost, value, and probability mputs@ucﬁ_t"fees
contain two typws of nodes (decision nodes

and chance nodes) and two types of branches

(alternative braniches and outcome branches),
as illustrated in Figure 12. Emanating from
each decision node is a set of alternative
branches, each branch representing one of the
allernatives available for selection at that
point of decisiori. Each chance node is fol-

Fig. 12—Tree Relationships

Branch Type: Alternative Outcome
Vatues
Branch Parameters: Costs Probabilities
-A
Node Type: Diecision Chance Decision
Evaluated by: Maxcimization Expectation Maximization
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lowed by a set of outcome branches, one
branch for each outcome that may be achieved
following that chance node. Probabilities of
occurrence and values are assigned to each of
these outcomes; costs are assigned to each de-
cision allernative.

Two fundamental operations, expectation
and maximization, are used to determine the
most economic decision from the tree. At each
chance node, the expected profit is computed
by summing the probabilities of each out-
come, multiplied by the value of that outcome
plus expected profit of the node following
that outcome. At each decision node, the ex-
pected profit of each alternative is calculated
as the expected profit of the following node
(“‘successor node’”) less the cost of the alter-
native. The optimum decision is found by
maximization of these values over the set of
possible alternatives, i.e., by selecting the al-
ternative of highest expected profit.

Order of Events

The particular sequence of mission deci-
sions and oulcomes was a significant feature
of the pilol analysis. As illustrated in Figure
13, the initial event of significance was the
selection of the 1973 mission configuration.
However, since lead time considerations re-

Fig. 13 ORDER OF EVENTS

1968 | 1969{ 1970 i971| 19720 1973 { 19741 1975} 197611977]1978} 1979}
First Flight S L |o
“Sercond Flight T S L| o
[ Third Flight s L |o
| Fourth Fhght s L
Fith Flight || | s
S = Select L = Launch 0 = Qutcome

quired that the 1975 configuration decision be
made in 1972, the second mission decision had
to be made prior to obtaining the first mission
resulls. Similarly, the 1977 decision had to be
made before obtaining the results of the 1975
mission, although after the 1973 mission re-
sults. In general, then, a mission configuration
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was made in ignorance of the results of 1]
previous mission.

Tree Example

A complete decision tree for the pilot pro
ect, with the additional assumption that L2
the highest level of success, is presented ;
Figure 14. The model that produces the r
merical probabilities, values, and costs us=
in the example will be discussed later. Node
at the left side of the tree is the initial decis:.
to select either a C1 or a C2 for the first laur:
opportunity. The box designated LO abo-
this node indicates that the state at this nc=
is the current level of achievement. Suppose
C1 is selected. The cost of that C1 is 8850 m..
lion, indicated by the ‘“~-850” that is writte
under that branch. As a result of this choic
the next node is decision node 2. The box de:
ignated LO, C1 above this node indicates th..
the state of this node is the current leve]
achievement and a C1 is being constructed f.
the first launch. Now either a C1 or C2 mu
be selected for the second launch. If a C1 :
selected, the cost is $575 million, and the nex
node is chance node 7. The two branches f:.
lowing this node represent the possible ou:
comes of the first launch. The LO’ outcon-
which would be failure to better LO on th-
first try, occurs with probability 0.1 wherea:
the L1 outcome occurs with probability 0.t
The value of the LO’ outcome is zero, where::
the value of the LO outcome is 1224. Now fo.
low the case of the L1 outcome to decisicr
node 34. The state L1, C1 at this node, mear-
that the highest level of success is L1 and tha:
a C1 is being constructed for the next launch
Since L1 has already been achieved at th:-
point in the tree, a C2 is the only design tha-
may be launched in the third opportunity, at -
cost of $740 million. This leads to decisin=
node 35, where the state is L1, C2.

Node 35 in the example tree illustrates coa-
lescence of nodes, a feature vital to maintai:-
ing a manageable tree size. Node 35 on the
upper path through the tree can be reacher
from four other paths through the tree as in-
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dicated in the exhibit. If the coalescence did
not occur, the portion of the tree following
node 35 would have to be repeated four addi-
tional times. In the full pilot tree, coalescence
results in a reduction of the number of
branches in the tree by a factor of 30.

Along the path 1-2-7-34-35, at decision node
35, a C2 must be sclected for the fourth oppor-
tunity. At chance node 36, the outcome of the
third launch is either an L1’ (failure to better
L1 with one attempt, which leads to node 38),
or an L2 (which achieves a value of 1714 and
successfully completes the program). These
outcomes occur with probability 0.3 and 0.7,
respectively. If L1’ is the outcome, chance
node 38 is reached, where the outcome of the
fourth launch is represented. The probability

LA R e, 2 R L B R R e A G S B R T SRR,

Fig. 14
Example of a Decision Tree

1252

.
(20

of L1’ is 0.24, and the probability of L2 is
0.76. Note that the probability of 12 has in-
creased over that of node 36 (0.7 to 0.76) be-

cause of the experience gained previously.

One can similarly follow and interpret many
other paths through the tree. A policy is a
complete selection of particular alternatives
at all decision nodes. This limits the set of all
possible paths to a smaller subset. (It is not
possible, for example, to reach node 26 if a C1
is chosen at node 1.) The probabilities, values,
and cost of these paths then determine the
characteristics of the decision policy.

The most economic policy, given the input
data specifications, is defined as the- policy
that maximizes the expected profit of the
project, i.e., expected value less expected cost.

V 941 77c3 1591 [arca .
L1 c2 3 LY

G

/ -650 7 0 1303

® Decision Nodes ‘*State’’ of project at node

® Chance Nodes 941
@ Terminal Node-Su;cess 1224

‘ ® Terminal Node-Fa’nlure
@ Node Number

Expected profit at given node

Cash flow (cost or value)
occurning if branch is taken

.60 Probabiiity that branch will be taken



The technique illustrated here eliminates
many of the nonoptimum policies from explicit
consideration; it is the ‘“‘roll back” technique
that starts from the right side of the tree and
progresses left to the beginning of the tree,
making all decisions and calculations in re-
verse chronological order. Thus, when each
decision is made, only policies that optimize
decisions for the following decision nodes are
considered.

Consider node 38 in Figure 14. At this
chance node the probability of achieving L1,
which is worth nothing, is 0.24, and the proba-
bility of achieving L2, which is worth 1714, is
0.76. Thus, the expected profit of node 38 is:
0.24(0) + 0.76(1714) = 1303. This number is
written near node 38.

Fig. 15
Decision Tree
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The calculations are carried out in this
manner backwards through the tree. The first
decision node with more than one choice ir
node 2. If a C1 is selected, it costs $575 millioi.
(—575) and leads to node 7 with an expected
profit of 1408, which yields —575 + 1408 =
833. If a C2 1s selected, it costs $740 million
(—740) and leads to node 12 with an expected
profit of 2106, which yields —740 + 2106 =
1366. Since 1366 1s greater than 833, the most
economic decision is to select a C2 at node 2,
which results in an expected profit of 1366.

Finally, the first decision 1s a choice be-
tween a C1 with an expected profit of 516 or a
C2 with an expected profit of 832. Maximum
expected profit is achieved by the choice of a
C2 resulting in an expected profit of 832. This
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Note: Nodes [a and [59] are the terminal nodes
Node [_A_‘l(ﬂ corresponds to L4 and s reached by
achieving a totally successful project. Node IS

reached when two successive failures force termi-
nation of the project prior to achieving L4,
4 indicates direction of coalesced node bearing same number
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the expected profit of the entire project at
.ne time the first decision is made.

Figure 15 illustrates the complexity of the
completed decision tree for the pilot phase of
the analysis.

Velue Assignment

A particularly important part of this study
was the specification of the value to be at-
tached to the outcomes of the program. Since

the decision-makers were reluctant to state -

values in dollar terms, a tree of point values
was employed. The value tree is simply a con-
venient way of showing how the total value of
the project is to be broken down into its
component outcomes. Figure 16 shows a value
tree for the pilot analysis. The points assigned
to each tlp of the tree are the fraction of total
program value assigned to this accomplish-

Fig. 16—The Value Tree
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ment; the values accumulate as the program
progresses. A total dollar value assigned to a
perfect program therefore determines the dol-
lar values used in the decision tree.

To derive a value measure, a value tree is
constructed by considering first the major
components of value and then the subcate-
gories of each type, which are identified in
more and more detail until no further distinec-
tion is necessary. Then each tip of the tree
(constructed as above) is subdivided into four
categories, each corresponding to the contri-
bution of one of the four levels of achievement
within the value subcategory represented by
that tip.

The number 1.0 attached to the node at the
extreme left of the value tree for the pilot anal-
ysis represents the total value of all the objec-
tives of the pilot project (thus, the value of
achieving L1, L2, L3, and L4). The four
branches emanating from this node represent
the four major categories of value recognized
by the pilot model. The figure 0.62 attached to
the upper branch represents the fraction of
total value assigned to science. Two branches
emanate from the science node, and 60% of
the science value falls into the category of bio-
logical science. The 0.37 attached to the bio-
logical science node represents the fraction of
total value attached to biological science, and
is obtained by taking 60% of 0.62 (the frac-
tion of total value attached to all science).
Finally, the bottom branch following the bio-
logical science node indicates that 78% of the
biological science value is achieved by jump-
ing from L3 to L4.

The final step in value modeling is to obtain
the fraction of total value to be attached to
achieving each of the four levels. If all the
contributions to achieving L1 (e.g., contribu-
tions to world opinion, U.S. public favor,
physical science) are added, the result is the
fraction of value that should be attached to
achieving L1. The same process is followed for
reaching L2 from L1, L3 from L2, and L4

from L3. The results of such a calculation are’

presented in the lower left corner of Figure 16.



Summary

On the basis of the promising results of
working with the pilot model, a more com-
plete model was developed to encompass
nearly all of the factors involved in selecting
the actual mission. It provided a more precise
structure for assigning initial values, proba-
bilities, and costs, and for updating probabili-
ties and costs based on results achieved. The
following tabulation shows a summary com-
parison of the complexity of the pilot model
with the more complete model.

DECISION TREE COMPARISON TABLE

Pilot Feature Full Scale
4 Mission Designs 14

5 Outcomes 56

56 Decision Tree Nodes 3153

1592 Paths Through Tree 354,671,693

Clearly, the full-scale decision tree could not
be represented graphically. The tree was con-
structed and evaluated by computer program
specially developed for this application.

A model such as the one described here can
be a valuable tool throughout the life of a
projecl. As the project progresses, the knowl-
edge of costs, probabilities, and values will
improve as a result of development programs
and flights. Improved knowledge can be used
in the decision process each time a design
must be selected for the next opportunity.

An important additional benefit of this
analysis is that it provides a language for
communicating the structure of the space
project and the data factors relevant to the
project decisions. It provides a valuable mech-
anism for discourse and interchange of infor-
mation, as well as a means of delegating the
responsibility for determining these factors.

FUTURE TRENDS

Decision analysis should show major
growth, both in its scope of applications and
in its cffect on organizational procedures.
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This section presents various speculations
about the future.

Applications
Market Strategy Planning

The importance of decision-making in :
competitive environment has stimulated the
use of decision analysis in both strategic anc
tactical marketing planning. The strategic
problems are typically more significant be.
cause they affect the operations of the enter-
prise over many years. Strategic analysis en-
tails building models of the company and o:
its competitors and customers, analyzing
their interactions, and selecting strategies
that will fare well in the face of competitive
activities. Since most of this work is of -
highly confidential nature, little has appeared
in the public literature; nevertheless, there 1-
reason to believe that many large U.S. corpo-
rations are performing work of this kind, how
ever rudimentary it may be. The competitivi
analyses of a few quite sophisticated compa-
nies might rival those conducted in militar:
circles.

Resource Exploration and Development

Resource exploration by minerai industrie-
is a most natural application for decision anai-
ysis. Here the uncertainty is high, costs arc
great, and the potential benefits extremei:
handsome. At all levels of exploration—from
conducting aerial surveys, through obtainin:
options on drill-test locations, to bidding anc
site development—decision analysis can mak-
an important contribution. Organizations ap-
proaching these problems on a logical, quant:
tative basis should attain a major competitive
advantage.

Capital Budgeting

In a sense, all strategic decision problems o'
a corporation are capital budgeting problem=
for its ultimate success depends upon how 1
allocates its resources. Decision analyst:
should play an increasingly important role t
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the selection of projects and in objective com-
parisons among them. Problems in spending
for research and development programs, in-
vestment in new facilities, and acquisitions of
other businesses will all receive the logical
scrutiny of decision analysis. The methodol-
ogy for treating these problems already ex-
ists; it now remains for it to be appreciated
and implemented.

portfolio Management

The quantitative treatment of portfolio
management has already begun but it will re-
ceive even more formal treatment in the hands
of decision analysts. The desires of the invest-
ing individual or organization will be measured
quantitatively rather than qualitatively. In-
formation on each alternative investment will
be encoded numerically so that the effect of
adding each to the portfolio can be determined
immediately in terms of the expressed desires.
The human will perform the tasks for which
he is uniquely qualified: providing informa-
tion and desires. ‘The formal system will
complement these by applying rapid logic.

Social Planning

On the frontiers of decision analyéis are the

problems of social planning. Difficult as it may .

be to specify the values and the criteria of the
business organization, this problem is minor
compared with those encountered in the pub-
lic arena. Yet if decision-making in the public
sector is to be logical, there is no alternative.

The problems to which a contribution can

be made even at the current stage of develop-
ment are virtually endless: in decisions asso-
ciated with park systems, farm subsidies,
transportation facilities, educational policy,
taxation, defense, medical care, and foreign
aid, the question of values is central in every
case. : . o

The time may come when every major pub-
lic decision is accompanied by a decision anal-
ysis on public record, where the executive
branch makes the decision using values speci-
fied by the people through the legislative
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branch. The breakdown of a public decision
problem into its elements can only serve to
focus appropriate concern on the issues that
are crucial. For the first time, the public in-
terest could be placed ‘“‘on file’”” and proposals
measured against it. A democracy governed in
this fashion is probably not near at hand, but
the idea is most intriguing.

Procedures

The effect of decision analysis on organiza-
tional procedures should be as impressive as
its new applications. Some of the changes will
be obvious, others quite subtle. ‘

Appliéation Procedures

Standardization by type of application will
produce special forms of analyses for various
types of decisions—for example, marketing
strategy, new product introduction, research
expenditures. This standardization will mean
special computer programs, terminology, arnd
specialization of concepts for each application.
It will also mean that the important classes of
decisions will receive much more effective at-
tention than they do now.

Analytical Procedures

Certain techniques, such as deterministic,
stochastic, and economic sensilivity analyses '
that may be performed with the same logic
regardless of the application will be carried
out by general computer programs. In fact,
the process of development is well under way
at the present time. Soon the logical structure
of any decision analysis might be assembled
from standard components.

Probabilistic Reporting

The introduction of decision analysis should
have a major impact on the way organiza-
tional reporting is performed externally and
internally. Externally, the organization will be
able to illustrate its performance not just his-
torically by means of balance sheets and op-
erating statements, but also projectively by



showing management’s probability distribu-
tions on future value. Since these projections
would be the result of a decision analysis, each
component could be reviewed by interested
parties and modified by them for their own
purposes. However, management would have
a profitable new tool to justify investments
whose payoffs lie far in the future.
‘Organizational management will acquire
new and more effective information systems
as a result of decision analysis. Internal re-
porting will emphasize the encoding of knowl-
edge in quantitative form. Instead of sales
forecasts for next year, there will be probabil-
ity distributions of sales. Thus, the state of
information about future events will be clearly
distinguished from performance goals.

Delegation by Value Function

An important logical consequence of deci-
sion analysis is that delegation of a decision
requires only transmission of the delegator’s
present state of information and desires.
Since both of these quantities can be made
explicit through decision analysis, there should
be an increase in the extent and success of del-
egation. In the external relationships of the
firm, the delegation will no doubt appear as an
increased emphasis on incentive contracts,
where the incentives reflect the value func-
tion of the organization to the contractor.
This trend is already evident in defense con-
tracting.

Internally, the use of the value function for
delegation should facilitate better coordina-
tion of the units of the organization. If explicit
and consistent values are placed on the out-
comes of production, sales, and engineering
departments, then the firm can be sure that
decisions in each unit are being made consis-
tently with the best overall interests of the
firm. The goal is to surround each component
of the organization with a value structure on
its outputs that encourages it to make deci-
sions as would the chief decision-maker of the
organization if he were closely acquainted
with the operations of the component.

42

Organizational Changes and
Management Development

The introduction of decision analysis wil
cause changes in organizational behavior anc
structure. A change should take place in the
language of management, for the concepts dis.
cussed in this report are so relevant to the
decision-making process that, once experi
enced in using them, it is difficult to think i
any other terms. The explicit recognition o
uncertainty and value questions in manage-
ment discussions will in itself do much to im-
prove the decision-making process.

Special corporate staffs concerned with the
performance of decision analysis are already
beginning to appear. These people would be
specially trained in decision analysis, proba-
bility, economics, modeling, and computer
implementation. They would be responsible
for ensuring that the highest professional
standards of logic and ethics are observed in
any decision analysis.

Special training for decision analysts will be
accompanied by special training for managers.
They will need to know much more than they
do now about logical structure and probability
if they are to obtain full advantage from the
decision analyst and his tools. No doubt much
of this training will occur in special courses
devoted to introducing decision analysis to
management. These courses will be similar to.
but more fundamental than, the courses that
accompanied the introduction of computers
into the U.S. economy.

Management Reward

Encouraging managers to be consistent
with organizational objectives in decision-
making requires adjusting the basis for their
rewards to that objective. If rewarded only for
short run outcomes, they will have no incen-
tive to undertake the long range projects that
may be in the best interest of the organiza-
tion. It follows that any incentive structure
for management will have to reward the qual-
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ity of decisions rather than the quality of out-
comes. The new financial statements that
show probability distributions on future
profit would be the key to the reward struc-
ture. After these distributions had been
<gudited”’ for realism, the manager would re-
ceive a reward based upon them in a predeter-
mined way. Thus, the manager who created
many new investment opportunities for a
company could be rewarded for his efforts
even before any were fully realized.

To make this system feasible requires dis-
tinguishing between two kinds of managers:
the one who looks to the future and prepares
for it; and the ome who makes sure that to-
day’'s operations are effective and profitable.
The distinction is that between an admiral and
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a captain, or between the general staff and the
field commanders. Specialization of function
in corporate management with significant re-
wards and prestige attached to both planning
and execution could be the most important
benefit of decision analysis.

CONCLUSION

Although an organization can achieve ulti-
mate success only by enjoying favorable out-
comes, it can control only the quality of its
decisions. Decision analysis is the most power-
ful tool yet discovered for ensuring the quality
of the decision-making process: its ultimate
limit is the desire of the decision-maker to be
rational.



TRE \SED  CAR BUYER

Man is called upon to make decisions about his home, his business,

and his plcasurc. Thesce decisions vary in importance, but they have one
property in common: most people do not have an orderly procedure for .
thinking about them. Of course, it is not practical to spend much time
and effort thinking about the minor decisions in our lives--yet how can
we judge what is practical until we develop a logical framework for deci-
sion problems? Our present task is the construction of such a decision
procedure. ‘ ’ ‘ '

There are three main points we shall attempt to make about the science

of decision making.

1. Probabilistic considerations are essential in the decision-
making process;

'

2. The lessons of the past must be included;

3. The implicapions»of‘the present decision for the future
must be congidered. ‘

Let us discuss each of these points. The importance of probability is
revealed when we realize that decisions in situations where there is no
random elcment can usually be made with little difficulty. It is only
when we are unccrtain about which of a number of possible outcomes will
occur that we find ourselves with a real decision problem. Consequently,
much of our discussion of decision-making will be concerned with the ques-
tion of how best to incorporate probabilistic notions in our decision pro-
cedure.

The question of using previous information in making decisions seems
to incite some statisticians to riot, but most of the rest of us think it
would be unwise to make a decision without using all our knowledge. 1If
we were offered an opportunity to participate in a game of chance by our
best friend, a tramp, and a business associate, we would generally have
diffcrent feelings about the fairness of the game in each case. Although
we might agrce on the necessity of considering prior information, it is
not clecar just how we shall accomplish this objective. The problem is
intensified because the prior information available to us may range in
form from a strong belief that results from many years of experience to
a vague feeling that arises from a few haphazard observations. The deci-
slon formalism to be described will allow us to include prior information
of any form. ’

The influence of present decisions upon the future is a point often
disrcgarded by decision-makers. Unfortunately, a decision that seems ap-
propriate in the short run may, in fact, place the decision-maker in a
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very unfavorable position with respect to the future. For example, a
naive taxi driver might be persuaded to take a customer on a long trip
to the suburbs by the prospect of the higher fare for such a trip. i
might not realize, however, that he will have to return in all likelihe,
without a paying passenger, and that when all alternatives are consider,
it could be more profitable for him to refuse the long trip in favor or
number of shorter trips that could be made within the city during the ..
time period. The solution of such problems requires slightly more sophj
ticated reasoning than the first two points we have discussed, but it i:
just as amenable to an analytic approach.

Let us now begin our analysis of decision problems with an example

that is so commonplace that there will be every possibility of underscar ..

ing the environment of the problem, and yet is sufficiently detailed th.:
it is not obvious at first glance just how the decision should be ap-
proached. A fellow named Joe, of our acquaintance, is in the market for
a new car. He has decided to buy a three-year-old Spartan Six sedan, a:;'’
has surveyed the used-car dealers for such a car. After searching for .
while, he has found a car like the one he wants on one dealer's lot. T
going rate for a three-year-old Spartan is $1100, but the price asked by
the dealer is only $1000. Consequently, Joe figures that he will make
$100 profit by buying this particular car.

Unfortunately, just as Joe is about to close the deal, he overhears
the salesman who has been serving him talking with another salesman. Hi-
salesman says, "This used-car business is a tough racket. I have a cus-

tomer interested in the Spartan on our lot, but the practices of our bus:-

ness prevent me from warning him that he may get stuck if he buys it."
The other salesman asks, "What do you mean?" Joe's salesman replies, "I
worked at a Spartan dealership when that car first came on the market.
Spartan made 20% of its cars in a new plant where they were still havin,
production line troubles; those cars were lemons. The other 80% of tota:
production were pretty good cars." The other salesman asks, '"What is th
difference between a 'lemon' and a 'peach'?" '"Well," says Joe's salests
"every car has 10 major mechanical systems--steéring, brakes, transmissi
differential, fuel, electric, etc. The peaches all had a serious defect
in only one of these 10 systems, but the lemons had serious defects in "
of the 10 systems." The other salesman replies, "Well, don't feel so b
maybe some cars didn't have any defects, or maybe the defects in this c¢.
have already been fixed."

"No, that's just it," says Joe's salesman. "Every car produced ha!
either 1 or 6 defects in the ratio I mentioned; and I happen to know, b--
cause the previous owner was a friend of mine, that this particular car
has never been repaired." "If it is bothering you so much, why don't yv
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s tell the guy it's a lemon and forget about it?" says the other salesman.

"Ah," answers Joec's man, "that's the trouble. I perscnally don't know
whether or not it is a lcmon, and I'm certainly not going to take the
chance of losing a salc by worrying a customer unnecessarily." To which
the other salesman replies, "It's time for coffee."”

We can now imagine the state of our friend Joe. What seemed like a
real bargain has turned into a potential nightmare; he can no longer make
the $100 profit he had hoped for. Joe's first reaction is to turn and
flee, but he has the icy nerves of a decision-maker and so soon regains
his composurc. Joe realizes that he would be foolish to forego the chance
to buy the car he thought he wanted, at this price, without good reason.
lle decides to call an acquaintance who is a mechanic and get his estimate
of what the possible repairs might cost. The mechanic reports that it
costs about $40 to repair a single serious defect in one of a car's major
systems, but that if 6 defects were to be repaired, the price for all 6
would be only $200.

Now Joe considers the possibilities open to him. He can either buy
the car or refuse it. If he decides to buy the car, then his outcome is
uncertain. If the car turns out to be a peach, then only one defect will
develop and Joe will have made a profit of $60: $100 from buying the car
at a low price, less $40 for repairing the one defect. However, if the
car should be a lemon, then Joe will lose $100 because it will cost him
$200 to repair the 6 defects to be found in a lemon. If, on the other
hand, he refuses to buy, then he gains and loses nothing.

We can represent the decision structure of Joe's probiem by drawing
a decision trece like that shown in Figure 1., The direction of the arrows
refers to the time flow of the decision process. In this figure, each
directed line segment represents some event in the decision problem. We
have used B to indicate the event of Joe's buying the car, and R to indi-
cate his refusing it. P is the event of the car's ultimately turning out
to be a peach, while L is the event of the car's being a lemon. The tree
as drawn in Fipure 1 shows that the car may turn out to be a peach or a
lemon repardless of Joe's action. Note that different symbols are used
for the node joining the B-R branches and the nodes joining the P-L
branches. The X is used to indicate points in the decision tree where
the decision-maker must decide on some act; the ¢ is used for nodes where
the branch to be taken is subject to chance rather than decision. We
shall call these two types of nodes '"decision'' nodes and 'chance" nodes,
respectively. In this example, Joe's only decision is whether to buy or
refuse to buy; consequently, only the node joining the B-R branches re-
quires an X. The ultimate outcome as to whether the car is a peach or
a8 lemon is governed only by chance and so the P-L branches are joined
by a e.
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B: Joe buys the car
R: Joe refuses to buy
P: Car is a peach
L: Car is a lemon

Joe's Original Decision Tree

FIGURE 1

Generally, traversing each branch on the decision tree will bring
somc reward, positive or negative, to the decision-maker. We shall chn
as a convention to write this reward under each branch. In Figure 1 we
have written 100 under the branch labeled B to represent the immediatec
profit to Joe in buying the car; O is written under R branch, because
Joe will neither gain nor lose by refusing to buy. The numbers under
the P and L branches refer to the cost of repairing a peach and a lemon.
respectively. If the decision-maker follows a tree from its unique star’-
ing node to all of its tips, then he will experience some pattern of go:
and losses according to the branches he actually traverses. The net pr
of all such traversals is written at each tip of the tree. Each tip m:
designated by the sequence of branches that lead to it. Thus in this c
the tip BP is given the value $60 as the net profit in buying the car »-
then finding that it is a peach. The tip BL corresponds to a loss of $:
from buying a lemon, while the tip R is evaluated at zero because the ¢!
is refused. These three tips of the tree represent the three possible ¢
comes of this decision problem. The outcome BP is favorable to Joe, th
outcome BL is unfavorable, and the outcome R is indifferent.

Naturally, Joe would like the outcome to be BP with a profit of §60
but after hearing the salesmen's conversation he realizes that the likl:~
hood of this outcome will be controlled by Nature rather than by himscif
We can think of Nature as playing a game with Joe, as follows. When she
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placed the car on the uscd-car lot, she made it a lemon with probability
0.2 and a pcach with probability 0.8. She performed her selection by
tossing 7 coin with probability of "heads" equal to 0.8 and made the car
a lemon if the coin come up "tails." Thus the nodes that were chance
nodes in Joe's decision tree we can imagine to have been performed by

an opponvnt called Nature who is not malevolent and who selects actions
_using chance mechanisms. ’

We can draw a tree to show Nature's options, as is done in Figure 2.
In Nature's trce, all nodes are chance nodes. We shall write above the
beginning of each branch the probability that-'Nature will follow that
branch. TIn the present example, we know that the probability of a peach
is 0.8, the probability of a lemon is 0.2. We also write at each tip of
Nature's trece the probability that Nature will produce an outcome corre-
sponding to that tip. 1In general, these probabilities are calculated by
multiplyiny together the probabilities on all the branches that lead from
the initial node on Nature's tree to each tip. 1In this simple case, all
we nust do is write 0.8 and 0.2 at the end of both the P and L branches.

The jmportance of Nature's tree, as we shall see, is that it pro-
vides all.the probabilistic information that is necessary for the decision
tree. To illustrate this point, we recall that we have yet to write prob-
_abilities on each chance node of the decision tree. The results of the
calculations in Nature's tree allow us to draw Figure 1 in the form of
Figure 3. The various features of Figure 3 will be explained gradually.
At the moment, our example has such a simple form that it is not at all
clear why it is necessary to consider a separate tree for Nature. As our
example becomes more complex, the need for Nature's tree will be evident.
The numbers in the square boxes at each node in Figure 3 represent the

0.8

0.2

Nature's Tree

FIGURE 2
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Joe's Decision Tree with Probabilities from Nature's Tree

FIGURE 3

net profit to Joe from future activities if he should arrive at such a
node. Thus, if Joe is at node B (we label nodes by the branches that
must be traversed to reach them), then he expects to earn $60 with the
probability 0.8, and lose $100 with probability 0.2. His expected earn-
ings arc 0.8(60) + 0.2(-100) = $28. Of course, if Joe decides not to !
the car, then he will earn nothing, and so O appears in the square box
appended to node R.

As a result of evaluating each possible action that Joe might take
in terms of its expccted value equivalent, we are in a position to.help
Joc with his decision. If Joe buys the car, then he expects to earn $'7.
if he refuses to buy, he will earn nothing. If Joe is an expected-valu
decision-maker, he should decide to buy the car. His recommended acti::
is shown by drawing a solid arrowhead on the B branch leading from the
decision node. We then write his expected profit from taking that acti
$28, in the square box over the decision node.

As a result of this analysis of the problem, Joe feels a little het”
than he did before. He has forsaken all hope of a $100 profit and is ¢
ing around to the idea that it might be wise to settle for an expectcd
profit of $28. However, while he is becoming reconciled to the forccs
fate, a stranger approaches him and says, "I couldn't help overhcarinx
talking to yoursclf about your problems. Perhaps I can help you. VYouu
I worked in the factory where the substandard Spartans, or lemons as -
called them, wer: made. I can tell you whether the car sitting on thi
is a lemon simply by looking at the serial number.'" Joe can hardly beit
his ears. At last, a possibility of finding out whether the car is 2
before buying it.
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Joue looks at the man, decides he has an honest appearance, and says,
"You are just the kind of help I need. Let's go over to the car and take
a look at it. 1 am eager to find out whether or not it is a good deal."
The stranger smiles and replics, "I am sure you are, but you can hardly
expect me to go to all the trouble of examining the car and getting myself
dirty without somc financial consideration.” At first Joe is angry about
the stranger's mercenary attitude, but then he remembers he is not in a
position to throw away potentially useful information if it can be ob-
tained at a reasonable price. He asks for and is granted a few moments

to think over the stranger's offer.

The problem is this; how much is Joe willing to pay the stranger for
his information? He reasons as follows. On the basis of the stranger's
appearancce and manner, Joe decides that he can be trusted in his claim of
being able to distinguish peaches from lemons. If the stranger reports
that the car is a peach, then Joe will buy it and make an expected profit
of $60. .If the stranger says it is a lemon, then Joe will refuse to buy
it and make nothing. The probability that the stranger will find a peach
is 0.8; the probability of finding a lemon is 0.2. Consequently, Joe's
expected profit after receiving the information is 0.8(60) + 0.2(0) = $48.
Therefore, is the information worth $48? No, because even without it Joe
expects to make $28, according to our original analysis. Hence, the net
value of the stranger's information to Joe is $20. That is, Joe as an
expected-value decision-maker should be willing to pay any amount up to
$20 for the stranger's advice.

This figure of $20 seems high to Joe, so he decides to check it in
the following way. Joe thinks, without this new information I would buy
the car and make an expected profit of $28. If I buy the information,
then with probability 0.8 the stranger will report that the car is a peach
and his information will be worthless because I am going to buy the car
anyway. On the other hand, with probability 0.2 the stranger will find
that the car is a lemon, and in this case the information is worth $100
since that 13 the amount that I would lose if I bought the car and it
turned out to be a lemon. Consequently, the expected value of the infor-
mation to me is 0.8(0) + 0.2(100) = $20, the same as before. Now Joe is
convinced that he should pay as much as $20.

We shall call this quantity the expected value of perfect informa-
tion, or the EVPI. It represents the maximum price that should be paid
for any experimental results in a statistical decision situation. This
follows since no partial knowledge could ever be worth more than a report
of the actual outcome of nature's process. We shall have much more to say
of this quantity in our later discussion.
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Joc now decides to offer the stranger $15 in hopes of getting the
information at a bargain price. However, when he confronts the strauger
with this offer, the stranger replies that he couldn't consider the jot
for less than $25 and suggests that Joe think it over for a while. Joe
is upset by this turn of events, but quickly regains his composure. He
thinks to himself that the real reason for his difficulties is that he

" doesn't have -a wide enough range ‘of alternatives from which to.select-
4 4 ng :

an appropriate action. Suddenly he has a brainstorm--maybe he can get
the decaler to give him the guarantee on the car! He inquires of the dey], .
whether a guarantee is available. The dealer says, "Yes, there is a guar-
antee plan; it costs $60 and covers 50% of repair cost." Joe thinks fast
and replies, "You certainly don't have much confidence in your cars. If
I bought a car and it turned out to be a lemon, I could go broke even on
my 50%." The dealer says, "All right. Just for you I will include an
anti-lemon feature in the guarantee. If total repairs on the car cost
you $100 or more, I will make no charge for any of the repairs. How's
that for meeting a customer half-way?" Joe says that's fine and now he
would like to think it over again.

At this point Joe realizes that he has a new decision tree. It is
shown in Figure 4. This tree differs from the preceding one because thcr
are now three possible actions at the decision node. The new alternativ.
is to buy the car with the guarantee; that is, to hedge against the possi-
bility of getting a lemon by spending $60. This alternative is given th.
symbol G. We see that although the car might still turn out to be a leir
1f this alternative is followed, the costs associated with the two outcc-

Joe's Decision Tree &ncludihg Guarantee Possibility

FIGURE 4
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are strikingly different from what they are in the case where the car is
bought without such a guarantee.

Let us examine Figure 4 in some detail. The figures written below
each branch are again the expected profit from traversing that branch.
The numbers on the tips are the total expected profit of the chain of
branches leading to that tip. - Now, as before, we shall choose to calcu-
late: the expected value of each node by using the number on the tips.
rather than on the branches. However, this caoice is arbitrary and will
be reversed when a reversal is convenient.

The expected value of the nodes B and R are calculated as before.

The value of $40 written under -the G branch refers to the fact that our
initial profit from buying the car with the guarantee is only $40 because
the guarantee itsclf costs $60. The value of -$20 over the P branch fol-
lowing the G action arises because even 'a peach will require one repair at
at cost of $40, but half of this $40 will be paid by the guarantee. The

0 under the corrcsponding L branch is a result of the anti-lemon feature
of the guarantee. Since the cost of repairs on a lemon will exceed $100,
there will be no charge for repairs. Thus the net profit of buying the

- car with a guarantee and having it turn out to be a peach is $20, while

the profit if it turns out to be a lemon is $40. Since Nature's tree of
Figure 2 still applies to this case, the probabilities of these two events
have values of 0.8 and 0.2, respectively. Hence, the expected earnings

from buying the car with the guarantee is 0.8(20) + 0.2(40) = $24. Since
this i{s less than the $28 profit to be expected if the car is bought with-
out the guarantee, the guarantee‘ddes not look like a good idea. The choice
should once more be to buy the car without any protection, as is indicated
by the hcavy arrowhead on the B branch.

At this point our knowledgeable stranger returns and once more offers
his advice--for a price. Has the advent of the guarantee changed what Joe
should pay? Let's fin¢ out. If the information is bought, the stranger
will find that the car is a peach with probability 0.8. 1If a peach is
reported, then Joe wilt buy it without a guarantee and make an expected
profit of $60. With probability 0.2 the‘Etranger will discover a lemon.
In this casc, however, Joe is best advised not to refuse the car and make
nothing as he did before, but rather to buy it with the guarantee. As
’the number on the tip of the branch GL in Figure 4 indicates, by taking
this action he will earn an expected profit of $40. Thus, the amount
that Joe expects to earn by buying the car is 0.8(60) + 0.2(40) = $56.
Since Joe expects to earn $28 anyway by buying the car without this in-
formation, the value of the additional information to him is $28.
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It may at first seem strange that the expected value of perfect jp. |
formation, or EVPL, should increase simply because an alternative has bg.i
added to those already available to Joe. However, such an increase has
taken place as a result of the fact thait Joe is in a better position to |
make use of information that the car is a lemon than he was previously,
We can verify the figure of $28 using the same method employed before. |
If the stranger reports a peach, then Joe's decision to buy the car wil}
be unchanged; but if a lemon is reported, then Joe will buy the car with
rather than without, the guarantee and so0o will turn a loss of $100 into .
profit of $40. Consequently, his expected profit will increase by $140
with probability 0.2. Thus, the information is worth 0.2(140) = 328 to
Joe.

Now, of course, the stranger's asking price of $25 for the perfect
information seems quite reasonable. Joe is about to purchase the inforr .-
tion when he has another brainstorm. He knows that perfect information ,
worth $28 to him, and so he reasons that if he can get partial informati
at a price sufficiently lower than $28 lhhe may be able to increase his pr
its. He first asks the dealer if he cam take the car to his mechanic fr:
for a checkup. The dealer is willing %o allow this, but places a time 1.
of one hour on the car's absence from the lot. Somewhat elated, Joe cal:
his friend to ask what kind of tests comld be performed in an hour and h. .
much they would cost., The mechanic says that he can only do at the most
one or two tests on the car in the time available. He then supplies Joc
with the following test alternatives:

1. He can test the steering system alone, at a cost of $9;

2. He can test two systems--the fuel and electrical systems--
for a total cost of $13;

3. He can perform a two-test sequence, in which Joe will be
able to authorize the second test after the result of the
first test is known. Thus, umder this alternative, the
mechanic will test the transmission, at a cost of $10,
report the outcome of the test to Joe, and then proceed
to check the differential, at an additional cost of $4,
if he is requested to do so.

All the tests will find a defect in each system tested, if a defect exi-’
The test alternatives are summarized im Table 1.

Including the possibility of no testing, Joe now looks over thesc
test alternatives and decides that it is worthwhile at least to considef
testing because the cost of each of these tests is significantly less
than the $28 value of perfect information. If all tests had cost over
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Table 1

THE TEST ALTERNATIVES

Iﬁ;i o Description ngﬁ
l& Periorm no tests $0
T2 Test steering system 9
Tj Test fuel and electrical systems 13

(2 systems)

T Test Lransmission 10
with option on testing differential for 4

$28, then therc would be no point in considering a testing program be-
causc cach test will genecrally provide only partial information, and even
perlcect information is worth 2 maximum of $28. However, it is still not
clear which test, if any, should be performed. Furthermore, Joe would
like to know the value of the stranger's information under these new
circumstances. These problems will be approached by drawing a new deci-
sion trec for Joc and a new tree for Nature. The general structure of
the decision tree is shown in Figure 5.

This trec is quite complicated, so we shall explain it in gradual
steps. Notice that the first decision to be made is which of the four
test options--Tl, T,, Tq, T,--to follow. If some tests are made, the
mechanic will report the results, and then a decision about buying the
car must be made. If the test T, is used, of course, then there will
also be a step in which thc mechanic is advised whether or not to continue
the Lest procedure. Let us now examine the situation resulting from each
test in more detail. ]

If test T, is selected, then no physical test is made and Joe is re-
quired to makce @ decision about buying the car immediately. The decision
tree from this point on looks just like that of Figure 4. In fact, the
numbers that appear in Figure 4 have becen reproduced exactly in Figure 5,
vith the exception that only the numbers on the tips of the branches have
been copicd because they are sufficient for our purposes. Indeed, a little
reflection will reveal that regardless of the test program we follow, we
must end up with a decision tree like that of Figure 4. However, although
the numbers on the tips of the branches will be the same in all cases, the
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probabilitics to be written on the branches will differ in each case. The
probability of the final outcome of a peach or a lemon will generally de-
pend on the findings of the experimental program until the time the deci-

sion on buying the car must be made. For example, if two defects have
been found, then the car is a lemon with probability ore.

We see that what is now required is a mechanism that will give for
cach possible result of the experimental program the appropriate proba-
bilities for the uliimate outcome of a peach and a lemon. Nature's tree
is just such a mechanism. It is drawn for this problem in Figure 6. 1In
this fipure we have used Dl to represent the event that a defect is dis-
covered in the first test on the car, if such a test is performed, and
D, is used similarly to indicate the finding of a defect on a second test,
if any. The numbers on each branch represent the conditional probabilities
of going to cach following node, given that the present node has been
reached,  The numbers on the nodes represent the unconditional probability
of occupying thiat node. The tree can then be explained as follows. Nature
tirst decides whether the car is to be a peach or a lemon with probabilities
0.8 and 0.2, respectively, using some random process like the biased coin-
flipping described earlier; thus, p(P) = 0.8, p(L) = G.2.

Suppose that the car has turned out to be a peachi. Then, using our
convention that a node is labeled by the letters on the branches that must
be Lraversed to reach it, we are at node P. Now suppose that one major
system of the car is tested. Since the car is a peach. there is probabil-
ity 1 in 10, or 0.1, that the one defective system will be checked and
fond defective; thus p(Dy|P) = 0.1. 1If this happens, we proceed to the
node PD then, p(PDl) = p(P) p(DIIP) = 0,08. On the other hand, with

Lo
probability 0.9 no defect is discovered and we reach mode PDII. Suppose,
further, that a second test on another system is now performed. If we
arc at node PDL’ then the only defective system in the car has already

been discovercd and there is probability 0 of finding another defect and
reaching node PDlDZ. Under these circumstances, we shall be certain to
proceed Lo node PDLDZI' The overall probability of such event as PDlD2
is determined by multiplying together the probabilities on all the branches
that lead to that tip of the tree. Thus, p(PDlDz) = @ and p(PDlDé) = 0.08.

If the car werc a peach, but no defect had been found on the first
test, then we would be at node PDll. If, now, a second test is performed,
it will yield 4 defecct with the probability that the system tested is the
one defective system in the remaining nine, or 1/9. Of course, the proba-
bility of finding no defect in this situation is them 8/9. The overall
probabilitics p(PD;D)) = 0.08 .and p(PD{Dé) = 0.64 cam then be calculated.
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EVENT  PROBABILTy
e ————
D
2, pD,D, 0
PD,D;, 6/75
PDSD, 6/75
PD',D'Z 48/75
LD,D, 5/75
LD,D’, 4/75
LDYD, 4/75
PEACH (1 DEFECT IN 10 SYSTEMS)
LEMON (6 DEFECTS IN 10 SYSTEMS)
DEFECT FOUND ON FIRST TEST
DEFECT FOUND ON SECOND TEST LD}D, 2/75

Nature's Tree for Complete Decision Problem

FIGURE 6
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If Naturc selects a lemon initially, then the same sort of reasoning
applies. The probability of finding a defect in the first test on a lemon
{8 equal to the chance of testing one of the 6 defective systems out of
the 10 systems on the car, or 0.6. If one defect has been found in a lemon,
then the probability ¢f finding another is the chance that one of the 5 de-
fective systems among the remaining 9 systems will be inspected, or 5/9.
1f, on the other hand, no defect is found in the first test on a lemon,
then the probability of finding one during the second test is the chance
of testing one of the 6 defective systems among the 9 systems remaining,
or 2/3. The probabilities of all final outcomes pertaining to the lemon
branch of the tree are then computed and written on the tips of the
branches.,

\

Figure 6 contains all the information necessary to answer any ques=-
tion about the probabilistic structure of the decision process. We can
best see this by returning at this point to our discussion of the test
alternatives in Figure 5.

If the alternative T,, test one system is followed, then the first
requirement is that Joe pay $9 for the services of the mechanic. This
payment is indicated by the -9 on thé T, branch. The next event to take
place is the report of the mechanic on whether or not he found a defect.
His report is a chance event, so indicated by the solid dot that follows
branch Ty. The mechanic reports either that he found a defect, Dy, or
did not find a defect, D{. However, the probability.that each of the
branches D; or D{ will occur must yet be determined. But p(D ) =‘p(PD1)
+ p(LDl) since P and L are mutually exclusive and collectively exhaustive
events. By using the results of Nature's tree in Figure 4, we have
p(PD ) = 0.08, p(LDy ) = 0.12 and so p(D ) = 0.2; of c¢ourse, p(Dl) 0.8.
These two probabilities are re¢orded on the branches D; and Dl that fol-
low branch T, to indicate the nature of the chance point. Once D, or Dl
has occurred, Joe faces a decision tree like that of Figure 4, but with
different probabilities that will be calculated from Nature's tree in
Figure 6. 1In particular, we require the probabilities p(PlDl), p(P]D{)
and their complements. These probabilities are easy to obtain because
p(PD.) = p(PDl)/p(Dl) by definition, and we have just calculated both
probaéilitiés involved in this expression. Thus, p(PlDl) = 0.08/0.2 =
0.4, and p(LlDl) = 0.6, These numbers are entered as 'the probabilities
of a peach and a lemon, réspectively, on the branches that follow node
Ty, in Figure 5. Similarly, p(P[D] ) = 'p(PDI’)/p(Dl’) = 0.72/0.80 = 0.9,
again using the results of Figure 6, and p(L]D ‘Y = 0.1. The branches
for peach and lemon that follow node T2D1 in Fzgure 5 are labeled with
these probabilities.
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We have how obtained the complete probabilistic structure of the .y,
T,. The branches emanating from every chance point have been assigned ty.
appropriate probabilities. It is now possible to determine the expected
profit to be obtained by following test T,. First, we shall compute the
decision to be made if a defect is reported. If, in this case, Joe decjd,,
to buy the car without a guarantee, he will earn $60 with probability ¢,
 and lose $100 with probability 0.6. His expected profit is then -$36. 1:

he hedges by buying'with the guarantee, his expected profit is 0.4(20) +

0.6(40) = $32. 1If he refuses to buy, he earns nothing. Since $32 is 3
. better result than no earnings or a loss, Joe should decide to buy the c¢ar H
with a guarantee if he finds himself at this situation. His expected re-
turn will be $32, @¢ indicated in the square boxes following node T2D1‘

On the other hand, if the mechanic finds no defect in the steering,
then Joe will be at node Tsz and will again be faced by a decision. If
he buys without a guarantee, his expected profit is 0.9(60) + 0.1(-100) -
$44. 1If he buys with a guarantee, his expected profit is 0.9(20) +
0.1(40) = $22.: Agafn, he makes nothing if he refuses to buy. Since $44
is the maximum return, he should decide to buy. the car without the guar-
antee. The expected earnings of $44 are written at the end of branch TZDL

There is but one step remaining in the analysis of test option TZ.
If the mechanic reports a defect, Joe expects to earn $32. If he reports
no defect, then Joe expects to earn $44. These two events happen with
probability 0.2 and 0.8, respectively, according to the earlier calcula-
tions using Nature's tree.. Hence, the expected profit before the results
of the test are known, but after the test has been paid for, is 0.2(32) +
0,8(44) = $41.60. Since Joe must pay the mechanic $9 to reach this posi-
tion, his expected earnings from test TZ’ including the payment to the
mechanic, are $41.60 '~ $9 = 32.60. This number is entered at the left of
branch T, to indicate the expected profit from following this test pro-
gram., Since we have already calculated the expected profit of program T1
to be $28, it is cléar that Joe is better advised to proceed with the
test on the steering rather than to make the decision in the absence of
this information. By SOVdding he will increase his expected earnings by
' $4.60. Of course, it is still not proved that T, is the best test alter-
native to follow-~we have only shown that it is better than T,. It re-
mains to investigate T3 and Ta.

Before we do éo, however, let us return once more to the concept of
the value of perfect information. We have already shown that the pqrtiﬂ
information supplied by option T, is more valuable than its cost. How
has this revélation affected our evaluation of the stranger's information’
Before the test alternatives were introduced, Joe had calculated that the
_expected, value of perfect information was $28. As you recall, this figute

¢
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was determined by calculating first the amount of money Joe could make if
the perfect information was available to him ($56) and then subtracting
from this quantity the amount he could expect to earn in the absence of
this information ($28); thus, EVPI equalled $56 - $28. Now what has
changed in these calculations? The $56 profit to be expected by using
perfect information has remained unchanged since the introduction of the
guarantee plan. However, Joe's expectation without the stranger's in-
formation has been increased from $28 to $32.60. Hence, the expected
value of perfect information has been lowered to $56 - $32.60 = $23.40,

It 48 interesting to note how we have vacillated about the value of
the stranger's information. Before the advent of the guarantee plan, it
was $20 and the stranger's price of $25 seemed too high. Then the guar-
antee possibility was introduced and the value of perfect information rose
to $28. At that point the stranger's $25 price seemed like a bargain.
Finally, however, Joe calculated the results to be expected using the test
alternative Té,and saw that the value of pe;fect information had decreased
to $23.40, a figure below the stranger's price. Consequently, Joe is not
in 8 mood to buy at the moment. Although he has not yet evaluated the
value of perfect information under test plans T, and T,, at this point he
i{s sure that it cannot possibly be greater than $23.40.

The value of perfect information at each point in the tree will be
shown in Figure 5 in the ovals at pertinent nodes. In every case the EVPI
is calculated simply by subtracting the expected earnings at each node from
the profit to be expected if the perfect information were available. ' At
the two nodes that begin and end branch TZ,,the result of the test is not

known and so the expected profit using perfect information is still $56.

Thus the node to the right of branch T, bears the EVPI $14.40 since $56 -
$41.60 = $14.40. Perfect information is worth $9 less than it was to the
right of branch T2 because of the payment to the mechanic.

The calculation of the value of perfect information is performed in
the same way when the test results are known, but in this case, the ex-
pected profit from using the perfect information is different. Consider
the situation where a defect has been reported. Joe knows that if the car
is a peach he should buy it without the guarantee and make $60, and that
if {t is a lemon he should buy it with the guarantee and make $40. In
the absence of any test result, the stranger would report a peach with
probability 0.8 and a lemon with probability 0.2, so that Joe's expected
profit would be 0.8(60) + 0.2(40) = $56. However, now that a defect has
been reported, the probabilities of a peach and a lemon have changed to

‘ 0.4 and 0.6, respectively. Thus, the expected profit using perfect in-

formation 18 now 0.4(60) + 0.6(40) = $48. It is from this quantity that

'
“t
v
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the expected value of state T,D., $32, must be subtracted in order to
obtain the EVPI of §16 entered 1n the oval above node TZDI'

Similarly, we see that if no défect had been reported, the proba-
bilities of peach and lemon would be 0.9 and 0.1, and the expected profji
of using perfect information would be 0.9(60) + 0.1(40) = $58. When we
subtract the $44 value of node TZDI, we obtain the $14 figure for the
EVPI that is pertinent to that node.

There is one other observation we should make. The values of perfec,
information at nodes T2D1 and TZD{ are $16 and $14., The probabilities of
arriving in each of these states is 0.2 and 0.8, respectively. Conse-
quently, the expected value of what the expected value of perfect infor-
mation will be after the mechanic report is 0.2(16) + 0.8(14) = $14.40,
in agreement with our previous value for this quantity entered in the ovj]
at node T,. Thus, it is possible to compute the expected value of perfec:
information at each point in the tree by using only the values of perfect
information pertinent to the final decision on buying the car and the prob-
abilistic structure of the tree. We shall have more to say of these quant.-

ties later.

Let us now move forward to an analysis of test option T5. In this
case, as you recall, two systems on the car--the fuel and electrical sys-
tems--are subjected to test and then the results of both tests are re-
ported to Joe. The possible reports are that 2, 1, or O defects were
found. These three events are represented by the three branches, D1D2’
DlDé + D{Dz, and D{Dé that are drawn to the right of node T3 in the tree
of Figure 5. Note that once more we have written under branch T, the
amount to be paid to the mechanic for performing the tests. When the
mechanic's report is known, Joe must make a decision on buying the car,
using a decision tree similar to that shown in Figure 4. The expected
earn}ngs at the tips of the tree remain the same, but once more we re-
quire a new assignment of the ultimate probabilities of a peach and a
lemon as a result of the mechanic's report. These probabilities may be
found from Nature's tree in Figure 6. The probabilities necessary are:
p(D1D%),, p(DlDZ' + DI'DZ), p(Dl'DZ'), p(P lDlDZ), p(P lDlDZ' + D{Dz) and
p(P |D DZ). By using the numbers on the nodes of Nature's tree and the
basic relations of probability theory, we obtain the following results:
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p(Dlnz) = p(PDlnz) + p(LDIDZ) =0+ 1/15 = 1/15 = 0.067

D D' ‘D = PD_D! D D! ! '
p( L Z-rDl 2) p( L 2) + p(L 1D2) + p(PDIDZ) + p(LDlDz)

6/75 + 4/75 + 6/75 + 4/75 = 4/15 = 0.266

48/75 + 2/75 = 2/3 = 0.667

u

1] 1 - ) ] [] '
p(DIDZ) = p(PDlDz) + p(LDlnz)
0

—r——— —

1/15

ft

p(PIDlDz) = p(PD,D,)/p(D D,)

]

PiD D’ D'D
p(P| + DID.)

2 [p(PD.D') + p(PDlDz)]/p(D D, + D/D,)

12 12
6/75 + 6/75
{ —7—]

5 = 0.
4/15 8/ 6

48/75
P{D'D') = p(PD'D 'D') = = 24/25 = O.
p(r| 1Py) = P(PDID)/p(DID.) = = 2= = 24/ 0.96

Thus, we see that after Joe has committed himself to the test, there are
probabilities of 0.067, 0.266, and 0.667 that the mechanic will report 2,
1, or 0 defects. These numbers are entered in Figure 5 on the three
branches leaving the chance node T,. 1If two defects are reported,
p(PlDlDz) shows that Joe will make his decision with the satisfying, but
disappointing, knowledge that the car is certain to be a lemon. This in-
formation is indicated on the tree by the 0 and 1 entered on the branches
P and L that originate in chance nodes T404D,B, T,D,D,6, and T4D;D,R.
The expected earnings from making each of the decisjons B, G, and R are
~-100, 40, and 0. Consequently, the most profitable act for Joe is to buy
the car with the guarantee, even though it is a lemon, and thus earn the
$40 profit, This preferred decision is shown by the solid arrowhead on
the branch G following node T3D1D2; the profit of $40 is recorded in the
square box above that node.

The situation when only one defect is reported is very similar. 1In
this case, we observe from p(PIDlDé + D{DZ) that the probabilities of a
peach and a lemon are 0.6 and 0.4. These probabilities appear on the P
aqd L branches at the ends of the sub-tree that follows node TS(DlD, +
DIDZ)' The expected earnings of the three acts B, G, and R are 0.6(60) +
0.4(-100) = -%4; 0.6(20) + 0.4(40) = $28; and $0. Once more, the highest
expected profit will result if Joe buys the car with the guarantee. Note
that he does this even though the car is still more likely to be a peach

511



than a lemon. Again we record the expected profit of $28 in the square
boxcs over the decision node and indicate the preferred decision with 3
solid arrcwhead.

If no defects are reported, the car is almost certain to be a peach;
there is only a 4 percent chance of its being a lemon. When we compute
the expected profit of the three decisions following node Ty Dl’Dz’, using
the probability 0,96 for a peach and 0.04 for a lemon, we find that buyin.
the car without a guarantee pays $53.60, buying it with a guarantee pays
$20.00, and not buying it at all pays nothing. Thus, Joe is best adviscd
to buy the car without the guarantee, as represented by the solid arrow-
head on the B branch following node TszDi and by the 353.60 entered in
the square box over that node.

We have now calculated the optimum decision and maximum expected
earnings for cach possible mechanic's report under test plan Ty. As we
know, chance determines the actual reporting, but we also have learned
the probabilities of the mechanic's reporting 2, 1, or 0 defects, and
have entered them in the decision tree. The expected profit to Joe when
he 1s waiting to learn the test results is thus 0.067(40) + 0.266(28) +
0.667(53.60), or $45.87. Of course, in order to reach a situation with
this expected value, Joe had to pay out $13. Hence, his expected earning.
from test T3 are $32.87. Since this number is higher than the expected
profit under either the policy of no testing or of testing only one svs-
tem, the option of testing two systems for $13 is the most favorable vet
evaluated, However, its margin over test plan T2 is only $0.28.

We might, at this point, examine once again the value of the perfect
information offered by the stranger. As we found earlier, this quantity
can be calculated at each node of the decision tree simply by subtractin.
from the expected earnings with perfect information the expected earnin:.
at that node as given in the pertinent square boxes. Accordingly, since
the expeated profit using perfect information is still $56 before the te-it
results are known, the value of perfect information when Joe has decided
to use test T3 is $23.13 (i.e., $56 - $32.87) before he has paid the me-
chanic, and $10.13 (i.e., $56 - $45,87) after the mechanic has received
his $13.

However, after the test results have been reported, the expected
profit using perfect information is different from $56. Remember that
Joe can make a profit of $60 if he knows the car is a peach, and of $40
if he knows it is a lemon. From our tree we see that the pair [p(P),P“'“
takes on the values (0,1), (0.6,0.4), and (0.96,0.04) according to wheth ¢
2, 1, or 0 defects were discovered. Joe's expected profit using perfect
information is thus $40, $52, or $59.20, depending on the defect situiti:
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Since we have already calculated the expected values of these states to
be $40, $28, and $53.60 without perfect information, the EVPI's for them
must be $0, $24, and $5.60, respectively. As before, if we weigh these
three numbers with the respective probabilities of 2, 1, or O defects
being reported, namely, 0.067, 0.266, and 0.667, we obtain the figure of
$10.13, formerly computed as the value of perfect information at node T3.

An observation of particular importance may be based on these num-
bers: Although we would expect the amount Joe would be willing to pay
the stranger for his perfect information to decrease after he is committed
to a test plan, it is not necessary for this sitwation to obtain for any
experimental outcome, but only on the average. Thus, after Joe has de-
cided to follow test plan T3, he establishes that the value of perfect
information to him is only $23.13. However, if the mechanic should re-
port that he had found exactly one defect in the car, Joe now notices
that the value of perfect information has increased to $24, a net gain
of $0.87. This means that if Joe had decided on T3, and the stranger's
price for his information was $23.50, Joe would refuse the information
and go ahead with the test, but then willingly pay $24 for the same in-
formation if the mechanic reports only one defect.

This result is really not too surprising when we realize that Joe
had already considered the change of being placed in a situation where
the expected value of perfect information is $24 when he made his optimum
decision at node T3. When Joe contracted for test plan T3 he had to con-
sider how every possible outcome of the test--2, 1, or O defects--would
affect his state of knowledge about the type of car on the lot. If no
defects were found, then Joe would be very confident that the car is a
peach and would be willing to pay only $5.60 to remove his remaining un=
certainty. If two defects were found, then the car is surely a lemon and
the stranger cannot tell Joe anything of value. However, if the mechanic
reports one defect, then Joe does not expect to make any more money from
this point into the future than he would have made if no tests whatever
had been performed; $28. It is important to note that the value of per-
fect information is $24 in this situation rather than the $28 figure ap-
plicable in the absence of tests. This difference is, of course, due to
the fact that the probability that the stranger will discover that the
car is good has fallen from 0.8 to 0.6. Thus, we see that although the
expected value of perfect information cannot increase on an average value
basis in such trees, it is possible for it to increase for some of the
chance outcomes,

Now let us turn to the evaluation of test plan TA' Under this op-

tion the transmission is tested for $10; when the outcome of this test
1s reported, it is possible to have the mechanic test the differential

513



for an additional cost of $4. Such a test procedure is representative

of a large class of cxperimental plans which we may call sequential tesy
Such processes are characterized by the option to decide whether or not
to continue testing after the results of the initial tests are known.

The decision tree pertinent to T4 is shown in Figure 5. The develq, .
ment of this tree is once more most easily understood by considering th.
chronological sequence of the decisions that must be made and their out-
comes. The payment of $10 to initiate this test plan is indicated by ;
=10 under the branch T,. The next event that will occur is the report
of the mechanic about whether he found a defect in the transmission. Th
we establish a chance point that generates branches D1 and D/. Regardle.
of whether or not a defect has been found, Joe must make a decision on ¢
continuation of the test. His two possible actions, coantinue on to test
the differential, and stop testing, are shown by the two branches named
CONTINUE and STOP that leave decision nodes T,D; and TQD{. Both of the
CONTINUE branches are labeled -4 to indicate the cost of requesting the
testing of the differential.

1f Joe decides to stop the testing program after hearing the report
on the transmission, he will have to make his final decision on buying v
car having only the information that either a defect was or was not foun!
But these two gsituations were also encountered under test plan T2 after t
mechanic had made his report. Since Joe finds himself in the same posit,
they must have the same value to him. (Remember that the money paid out
for the performance of the test is a fixed cost at this point and so decc-
not affect the future expected earnings.) Consequently, we should enter
in the tree at the tips of the T,Dy STOP and T D{ STOP branches thz same
values to be found at nodes T, D, and T2D£, respectively. We shall degou
these values by v(T2D1) and v(TzD{); we see that V(TZDl) = $32, V(TZDL),
$44,

The situatioJ if Joe decides to continue testing after hearing the
mechanic's report on his first test is analogous but not identical. If
the CONTINUE option is followed, the next event to take place is the re-
port by the mechanic on whether he found a defect on his second test.
Thus, we create chance points at the TZ‘D1 CONTINUE and T4D£ CONTINUEL
nodes and D, and D£ branches emanating from them. However, when we rc-
ceive the second report from the mechanic, our total information is that
in two tests 2, 1, or O defects have been found in the car. Thus, we a1
in the same positions as we were under test option T3 after the mechani:.
report was known. The appropriate value for T4Dl CONTINUE D2 is, thcrcv
v(TyD1D,) = 40; for T,D; CONTINUE DJ and T,D{ CONTINUE D, it is v(T3D,D.
D/D,) = 28; and for T,Df CONTINUE D it is v(T3D)D,)) = 53.60. These nv’’

4
have been placed at the pertinent tips of the T& test plan tree.
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We have now been able to evaluate the terminal points of the T4 tree
by identifying them with nodes that had been considered earlier. It re-
mains to place the rclevant probabilities on the chance nodes in this
trec so that we can proceed to make a judgment about the utility of this
option. Once more we find that Nature's tree of Figure 6 supplies the
probabilistic information we require. The probabilities of the branches
dl and D{ that leave node T, have already been computed in the tree for
test plan Ty; they are 0.2 and 0.8. The only remaining probabilities
arc p(Dy D)) and p(D£|Dl) to go to the right of node T,D, CONTINUE and
the probabilitics p(Dlei) and p(DélDf) to go in the analogous place on
the P fork. Our task is again simplified by the fact that the sum of
all probabilitics emerging from a chance node must be 1. From the defini-~
tion of conditional probability we can write:

p®,[p ) = p(®D,)/p(®)

and
D |D! = D'D N
p(D,|D%) = p( 1D,)/p(D)
From Figure 6 we find
p(D.D ) p(PDIDZ) + p(LD.D )

12 12
(D.) ~ p(PD.D LD D ' '
p(D, p( 1 2) + p( 1 2) + p(PDlDz) + p(LDlDz)

1

p‘”lel)

1/1
=35 =13

[3)]

and
(D'D_) PD'D !
p 125 p( 1 2) + p(LD1D2)

(d') T p(PD!D LD!D 'D; ‘D
P 1 p( 1 2) + p( 1 2) + p(PDlDz) + p(LDlDz)

P(DZIDi)

2/15
- T =1
4/5 /6

Of course, most of the probabilities in this calculation were computed
carlier in the evaluation of test options T., and T,. However, their rep-
etition at this time serves to emphasize the basic role of Nature's tree.
Finally we have

2/3

p(DélDl) 1 - p(Dlel)

and

It
i

D'|D’ 1 -~ D !
p( 2| » p( 2IDl) 5/6
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When the four conditional probabilities we have just found are entered j,
their appropriate places in the tree for test option T4, we are ready ¢o
proceed with the expected value computation.

At ncde TAD’ CONTINUE there is a 1/3 probability of the value 40 4,.
a 2/3 probability of the value 28. The expected value of this node is
thus 1/3(40) + 2/3(28) = $32, as indicated in the square box. The node
T,D} STOP also has a value of $32; however, in order to reach node 1,0
CONTINUE, $4 must be paid and so when viewed from the left end of the T,
CONTINUE branch, this action is worth only $28. Consequently, Joe is E{-
advised to take the stop branch at this juncture and thereby make the
value of decision node TADI equal to $32. Such a decision has been indj-
cated on the tree.

At node T D{ CONTINUE we see a 1/6 probability of the value 28 and
a 5/6 probability of the value 53.60. The expected value of node TAD{
CONTINUE is 1/6(28) + 5/6(53.60) = $49.33. Even after the $4 expense [.:
continuing the test has been included, this act still has an expected
value of $45.33, an amount slightly in excess of the $44 value to be ex-
pected if branch T4D£ STOP is followed. The solid arrowhead and the
number in the square box at node TaDi correspond to this decision.

At chance node Th there is an 0.2 probability of the mechanic's r.-
porting that he found a defect on the first test and thus causing us to
expect a profit of $32. With probability 0.8 we shall expect earnings
$45.33 because he has reported no defect. Therefore, the expected val:.
of being at decision node T4 is 0.2(32) + 0.8(45.33) = $42.66. Since it
is necessary to pay $10 for the first test, the expected value of test
plan T4 is $32.66, as shown in the square box to the left of branch TA'

The efpected value of perfect information can be easily calculatcd
for this test plan. All that is necessary is to copy the EVPI numbers
corresponding to the value expressions at the tips of the T3 tree. Fer
example, the EVPI in the oval at node T4D,D, is 0; this figure is plac.:
in the oval at the node T,D; CONTINUE D2 where V(T3D102) has already
been copied. When this has been done for all six terminating nodes ¢!
the T, tree, the EVPI of all other nodes in the tree can be obtaincd’
taking expected values of these quantities at chance nodes and takin.:
the route indicated by the solid arrowhead at decision nodes. The scli’
arrowhead will always correspond to the act that minimizes the cxpuctl:
value of perfect information. To illustrate, at node T4D1 CONTINUL,
value of perfect information will be 0 if a second defect is report:!
24 if not. Weighting with the (1/3, 2/3) probabilities of these cvvni’-
we obtain $16 at this node, or $20 before the $4 cost of the second !

is paid. At node TQDI STOP the expected value of perfect informaticn -’
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$16-~-therefore, the STOP alternative should be selected and the EVPI at
node T4Dl is 816. 1he reader should finish the calculation of the EVPI's
in the T, tree to satisfy himself that the entries in Figure 5 are correct.

We have now evaluated all four test plans. From Figure 5 we can see
that the expcected profits from options Tl’ TZ’ T3, and T, are, respectively,
$28, $32.60, $32.87, and $32.66. Since plan T4, that of testing two sys-
tems, has the highest expected profit, it is the one indicated by a solid
arvowhead after the initial decision node. However, the evidence of the
tree should be interpreted not to mean that T5 is the best test plan, but
rather that any of the plans T2, T3, T4 will be slightly less than $5
better than the option of no testing, on the average. The big payoff is
not in the selection of a particular test plan, but rather in the decision
to do some testing.

Let us review these test plans to show their operational character.
Tf Joe docs no testing, he will buy the car without a guarantee. If he
follows plan T,, he will buy the car with the guarantee if a defect is
found in the system tested and he will buy it without the guarantee if
no defect is discovered. Our evaluation of plan T, shows that Joe should
buy the car without a guarantee only if no defects are found in the two
systems tested, and buy it with the guarantee otherwise.

Finally, if T, is chosen, Joe should stop further testing if a defect
is discovered on the first test and continue testing otherwise. If a de-
fect is found in the first test on the transmission, then Joe should buy
the car with a guarantee, as we see from the decision at node T D;. How-
ever, if the transmission is not defective, then depending on whether the
further test of the differential does or does not reveal a defect, Joe
will either buy the car with or without the guarantee, in that order.

This is determined by locating the ultimate outcomes of the T40£ CONTINUE
DZ and TéDi CONTINUE D£ branches in the T3 tree, It is interesting to
note that the reason the nodes Tth CONTINUE and T4Dl STOP have the same
values is that even if the tests were continued at this point, Joe's de-
cision would be to buy the car with a guarantee regardless of how the
second test came out. Since the test cannot affect the decision, it is
not worthwhile to pay anything for the privilege of making it. The tree
implies just this result.

We have now seen that after all the calculations have been performed,
the final decision offers no real problem. Since test plan T, is most
favorable by a small amount, Joe will probably decide to follow it. The
expected value of perfect information is $23.13 when plan T3 is used;
therefore, the stranger's $25 price for this information once more looks
too high. Unless the price is lowered below $23.13, Joe should proceed
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with having the fuel and electrical systems tested at a cost of $13, K.
will buy the car without the guarantee only if no defects are found and
with it otherwise. Joe's expccted profit from this plan of action is
$32.87, an increase of $4.87 over what he expected to make without con-
sidering testing. Of course, by this time Joe may have decided that le
would rather walk than do all this calcula'tion!

The stranger with the perfect informaition has witnessed a good deal
of vacillation in what Joe is willing to p.ay him. The EVPI was $20 ini-
tially, $28 after thc guarantee was introdwced, and $23.13 under test
plan Tq. From the stranger's point of view, the guarantee was good news
but the test options were bad news. Howewer, even if Joe decides to
follow T3, the stranger can still sell his knowledge to Joe by reducing
its price below $23.13. Joe will realize an increase in profit equal to
the difference between $23.13 and what he pays the stranger.

Let's suppose, however, that the stramger had stepped away by the
time Joe had completed his deliberations amd that when he had reappeared,
Joe had already paid the mechanic the $13 mecessary to carry out test
plan T3. Even at this point, the stranger can make some money if he con-
siders this situation carefully. His immedliate problem is that: should
he offer his perfect information to Joe at a reduced price before or aft.:
Joe has received the test results from the mechanic, and what should his
price be? Since Joe already has paid the mechanic, the EVPI to Joe is
now $10.13 according to the figure in the wounded box above node Tq; Joc
will presumably pay any amount less than $10.13 to get perfect informa-
tion. Now the probabilities that the mechanic will report 2, 1, or O de-
fects are 1/15, 4/15, and 2/3. 1In fact, iit is on the basis of these pro*-
abilities and the EVPI of O, 24, and 5.60 mwecorded at nodes T4D4D,, T4(D,
+ D{Dz) and T3DfD£ that Joe established thie EVPI at node T3 to be $10.13.
However, let us suppose that the stranger thad determined the one piece o1
information that Joe does not have; namely, he has found out whether or :
the car is a lemon simply by observing the serial number. Using this in:
mation, the stranger can calculate new probabilities of the various repe'’
of the mechanic according to whether the car is.a peach or a lemon. He -
thus obtain an expected value of EVPI after the report is known that wiil
different from Joe's estimate of $10.13. 1If the stranger's estimate it
higher than Joe's, he will do better in hiis expected value by not offer!
his perfect information until the outcome of the test is known. On the
other hand, if the stranger's estimate is lower than Joe's, he should of’
his information immediately.

The calculations involved are quite straightforward. If the strani’

determines that the car is a peach, then ithe three probabilities that
should be used to weigh the numbers 0, 24, and 5.60 should be p(D D, "

518



P(leé + DfDélP), and p(DiDéIP). 1f the car is foend to be a lemon, then
the appropriate probabilities are p(DlDzlL), p(Dln2 + D1D2|L), and
p(D'DélL). These probabilities are computed from Nature's tree of Figure 6
as follows:

p(PD_D )
12 0
D = =
p(D, D, |P) o o8- "° |
D D‘ 1 ] .
(D,D! + D'D_|P) = PP 1 2) * p(PDlDz) _0.08 + 0,08 _ /5
Pi% P * PPl = p(P) 7 0.08 =
p(PD'D')
1°2 0.64
D' ! = = = 5
p(DID, |P) p(P) o8 -V
p(LD D_)
1 2 5/75
D ‘= = =
p( 102|L) p(L) 0.2 1/3
D Dl 1]
(p.D' + D'D_|L) = ! 2)J+ i Y AL BT
PP P *+ DRI = p(L) 0.2 ~
p(LD'D') '
1 2 2/75
D'D!' = = = 2 S
p(D; 2IL) 0 53 /1

The expected value of the expected value of perfect information that will
exist after the results of the test are known is computed for the states

of knowledge of Joe, of the stranger when the car is a peach, and of the

stranger when the car ii a lemon in Table II.

The important thing to note is that the stranger expects the EVPI to
be only $9.28 after the results of the experiment are known if the car is
a peach, but $13.55 {f the car is a lemon. In other words, considering
that the EVPI of perfect information is $10.13 in Joe's eyes, the stranger
expects the EVPI to be lower than Joe's when the results are reported if
the car 13 a peach and higher if 1t is a lemon. It is, therefore, prudent
for the stranger to sell the perfect information to Joe before the mechanic
calls for, say, $10 if the car is a peach, but to wait until after the me-
chanic's report before offering it if the car is a lemon. Since p(DLDZ) =
p(DIDZIP) X p(P) + p(DlD L) x p(L), etc., and since p(P) = 0.8, p(L) = 0.2,
10.13 = 0.8(9.28) + 0.2(%3.55). That is, the expectation of the EVPI from
Joe's point of view is the expected value of the EVPI from the stranger's
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Table I1I

The expected value of what the expected value of perfect
in{ormation will be when the results of test T3 are known,

Probabilities of the Report as Seen bv
The stranger when The stranger wur,

EVPI aof
Report Joe the car is a peach the car 1is a le-
, D.D) = 1/15 DD |P) =0 D.D_|L) = 1,-
Two defects, D D, 0  p(DD) =1/15 p(D P p(D.D,|L) = 1,
ect p(D.D' + D'D D.D' + D'D_|P D.D' + D'D |y,
g";'def;fbl R p(D, D, + DiD))  p(D;D) + D oI p(@D e L2t
12" 12 ' = 4/15 = 1/5 = 8/15

No defect 'D! 5.60  p(D'D}) = 2/3 - D!D!|P) = 4/15 p!'D! |L) = 2 .
o defects, D'D) P(D}D) = 2/3 © p(DD[P) = 4/ p(p D, L)
EVPls weighed with

probabilities

10,13 ‘ 9,28 13,55

point of view. This computation praovides the essential reconciliation
‘between the viewpoints of the buyer and seller of perfect information.

However, to show that our proplem still has hidden facets, we sud-
denly realize that a competitive-ggmé aspect has appeared.
offers his information before the'tést results are known, and if Joe knows
that the stranger has reasoned according to the precvious paragraph, then
Joe is certain that the car is a peqéh. Similarly, if the offer is mace
after the test, Joe is certain that the car is a lemon. 1In either case,
Joe will have received perfect information without paying for it. This
forces thé stranger to randomize his strategy, .and so on and on and on.
We shall give up trying to help Joe at this point.’ '

\ , .

Well, at last Joe is driving away in his Spartan, having used test
plan.T3 and abided by the results.

a good decision or didn't he?
at all on whether his new car is actually a peach or a lemon.

a distinction between a good decision and a good outcome. Joe made a g¢
decision because he based it on logic and his available knowledge. Whet.

or not the outcome is good depends on the vagaries of chance.
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Decision Analysis in Systems Engineeripg

vallie of clairvoyance on any uncertainty represents an upper h6und
on what any information-gathering process that offers to shed Aght on
the uycertainty might be worth.

For }xxample, if we find in the medical problem that the value of
clairvoydce on whether or not we are going to die frgm the drug is
$500, thenthat means that we should not pay more thAn $500 for any

literature seaxch or anything else that would provjde only imperfect '

information with\respect to whether or not we apé going to have this
problem. : d

That is a revelatiodin itself‘to many peoplf—the fact that one can
establish a hard dollars\¢nd cents number gf the value of information

to us in making a decision, and hence caf use that number to guide’

what information-gathering Drocesses we/might participate in.

The Medical Problem Evaldqted /It is hard to demonstrate very
simply how to do such a calculatiyg, but let us try by taking the med-
ical example and putting some nduNyers in it (see Fig. 6). The patient
has the choice of taking the mafic meXicine or not. If he does not take
it, then he is going to get theMain; we Wl consider that as a reference
point of value $0. If he dogs take the meYicine, let us suppose he has
one chance in a thousand/f dying and 999 Y a thousand of getting the
instant cure. We have afso put in numbers h&ge saying that the cure 1s
worth $100 more tharp/the pain. He is a relativkly poor person, but he
would pay $100 mogé for the painless cure than he would for spending
a painful day in the hospital. Now for death—wha\ is the value of life
to a person? Thig/person has set the value of his life 3 $100.000.

Notice that ye “set” the value of his life. What is Ypeant by this is
that he wantgythe designers of public highway systems\and airplanes
to use the nfmber $100,000 in valuing his life. Why does\he not make
it a millioff dollars? If he does, he will have more expens\ve rides in
airplanes/ more expensive automobiles, and so forth. He ddes not get
somethigfg for nothing. If he makes it too small, he had better be

\

' ~$100.00 D Death

Medicine

. $100 ' C: Cure

No medicine $0 P: Pain
M

Figure 8 The medical decision.



Decision Analysis

decision. And a good decision is
decision that is logically implied by

i e same way we can tinker with an engineering model of any other
process.

The Value of Information

If this were all decision analysis did, it would be impressive enough,
but fr®n it we also get other benefits. We obtain sensitivities to the
various features of the problem and we learn something that I think is
unique to decision analysis called the ‘“value of information.” The
value of information is what it would be worth to resolve uncertainty
once and for all on one or more of the variables of the problem. In
other words, suppose we are uncertain about something and do not
know what to do. We postulate a person called a ‘“‘clairvoyant.” The
clairvoyant is competent and truthful. He will tell us what is gouing to
happen—for a price. The question is what should that price be. What
can we afford to pay to eliminate uncertainty for the purpose of
making this decision?

Of course we do not have real clairvoyants in the world—at least not
very often—but the clairvoyant plays the same role in decision anal-
ysis as does the Carnot engine in thermodynamics. It is not the fact
that we can or cannot make it, but that it serves as a bench mark for
any other practical procedure against which it is compared. So the
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value of clairvoyance on any uncertainty represents an upper bound
. on what any information-gathering process that offers to shed light on
the uncertainty might be worth.

For example, if we find in the medical problem that the value of
clairvoyance on whether or not we are going to die from the drug is
$500, then that means that we should not pay more than $500 for any
literature search or anything else that would provide only imperfect
information with respect to whether or not we are going to have this
problem.

That is a revelation in itself to many people—the fact that one can
establish a hard dollars and cents number on the value of information
to us in making a decision, and hence can use that number to guide
what information-gathering processes we might participate in.

The Medical Problem Evaluated. 1t is hard to demonstrate very
simply how to do such a calculation, but let us try by taking the med-
ical example and putting some numbers in it (see Fig. 6). The patient
has the choice of taking the magic medicine or not. If he does not take
it, then he is going to get the pain; we will consider that as a reference
point of value $0. If he does take the medicine, let us suppose he has
one chance in a thousand of dying and 999 in a thousand of getting the
instant cure. We have also put in numbers here saying that the cure is
worth $100 more than the pain. He is a relatively poor person, but he
would pay $100 more for the painless cure than he would for spending
a painful day in the hospital. Now for death—what is the value of life
to a person? This person has set the value of his life at $100,000.

Notice that we “set” the value of his life. What is meant by this is
that he wants the designers of public highway systems and airplanes
to use the number $100,000 in valuing his life. Why does he not make
it a million dollars? If he does, he will have more expensive rides in
airplanes, more expensive automobiles, and so forth. He does not get
something for nothing. If he makes it too small, he had better be

-$100.00 D: Death

*_$100"

Medicine
$100 C: Cure

No medicine $0 P: Pan
M

Figure 6 The medical decision.
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~$100.000 D: Death

999/1000

No clairvoyance $100 €' Cure

P: Pain
Cleirvoyance Y _ - -
onCor D $100,000 D: Death
$0 P: Pain
$100 C: Cure
$0 P: Piin

The value of clairvoyance is $99

Figure. 7 Value of clairvoyance computation.

wearing a lielmet every time he enters his car. So it is a decision’ for
him as to what number he wants the decision makers to use in this
completely logical world that we are tatking about.

The number -$100 in quotes. (in Fig. 6) means that our patient has
said that one chance in a thousand of losing $100,000 and 999 chances
in.a thousand of winning $100 has a value to him of —$100. In other
words, we have to pay him $100 to get him to take on this uncertain
proposition. It is. clear that, comparing -$100 to $0, he is better off
deciding. not to take the medicine. So for him the probabilities, values,
. and.attitude toward risk leading to the —$100 assessment of-this whole
uncertain proposition, the best decision is to forget about the medi-
cine.

Clairvoyance. Now the clairvoyant arrives. If the individual we are
talking about-does not patronize the clairvoyant, then he does not take
the medicine and makes nothing. If, on-the other hand, he does buy
the claifvoyance on the question of whether death will occur, what will
happen?First; the clairvoyant will tell him whether he is going to die
if he takes the medicine (see Fig. 7). We have "D’ in quotes here,
meaning that the clairvovant-says he is going to die, equivalent to his
actually dying because the clairvoyant is truly prophetic. "C" means
the, clairvoyant says he is going to be cured. Since the probability the
clairvoyant will say he is going to die has to be the same as the proba-
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bility that he really will die, he has to assign one chance in a thousand
to getting that report from the clairvoyant. Now suppose the clair-
voyant says he is going to die. Obviously, he ought not to take the
medicine in that case, and he will' make nothing. If the clairvoyant
says he is going to be cured without dying, then he is better off taking
the medicine, and he will make $100. Since the payoff from the clair-
voyant’s saying that he is going to die is $0 and from not going to die
is $100, and since there are 999 chances out of a 1000 that the clair-
voyant will say he is not-going to die, just by looking at that lottery we
can see it will be worth almost $100 to him.-He has 999 chances out of
a 1000 of winning $100, and only one chance in 1000 in winning $0.

Let us suppose he evaluates the whole uncertain proposition at $99.
If he does not buy the clairvoyance, he is looking at $0; if he does buy
it, he is looking at a proposition that is worth about $99 to him. Thus,
the value of the clairvoyance would be $99.

So here is an uncertain proposition with all kinds of big numher%
running around in it, yet a very simple calculation based on his atti-
tudes toward risk, life, death, and pain says he should not be willing
to pay more than $99 to know for sure whether he would get the un-
"fortunate event of death if he should take the drug.

Similarly, in any other decision prohlem-—and-there are some very,
very complicated Gnes, involving many jointly-related variables—we
can establish an upper bound on the value of information-gathering on
any aspect of that problem. We can subsequently determine the best
information-gathering strategy to precede the actual making of ‘the
decision.

The Decision Analysis Cycle

Let us begin with a word on methodology and then go on to an ex-
ample. When doing a decision analysis it helps to organize your
thoughts along the following lines. First, constructing a deterministic
model of the problem and then measuring the sensitivity to each of
the problem variables will reveal which uncertainties are important.
Next, assessing probabilities on these uncertainties and establishing
risk preference will determine the best decision. Finally, performing a
value of clairvoyance analysis allows us to evaluate getting informa-
tion on each of the uncertainties in the problem. The problem could
be very complicated, involving many variables and months of mo-
delling and analysis, but the basic logic is the same. The phases are:
deterministic to evaluate sensitivities, probabilistic to find the best
decision, and informational to determine in what direction new infor-
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mation would be most valuable. Of course you can repeat the process
as many times as is economically valuable.

That is just to give an idea of how one does a professional decision
analysis. Let us now turn to a case history to demonstrate the kind of
problem that can be attacked in this way. Everything said so far has a
naive ring to it. We can talk about betting on next year’s salary, but
we are really interested in not just the theory of decision analysis, but
the practice of it.

Ty MTEIN LD ’

N

A Power System Expansion Decision

Let us take an example from the public area. It concerns the plan-
ning of the electrical system of Mexico and is one of the largest deci-
sion analyses that has been done. It has been chosen because it comes
closest to a problem in systems engineering. The specific question:
posed was: Should the Mexican electrical system install a nuclear
plant and, if so, what should its policy toward nuclear plants in gen-
eral be? Of course, we can not really answer that question without
deciding how they are going to expand, operate, and price their system
over time from here on out. So the real question is how to run the
electrical system of Mexico for the rest of the century (see Fig. 8).

The Mexican electrical system is nationalized and very large—the
size of several United States state-sized electrical systems. Because it
is ‘a complete national system, its planners have unique problems and
also unique opportunities. The basic idea in working this problem was
to look first of all at the various environmental factors that might in-
fluence the decision and then to look at the various measures of value
that would result from particular methods of operation.

The Inputs

First, let us discuss the inputs. There are four input models: finan-
cial, energy, technology, and market. The financial models are con-
cerned with the financial environment of the Mexican electrical
system both in the world and the Mexican financial market. The in-
puts that these models provide are the amounts of money and the
rates at which money can be borrowed from that source over time,
with uncertainty if necessary. An input to this model is something
called x which is picked up from the lower right. It is the book profit
of the system. There 1s a feedback between the profitability of the
system over time and the amount that it can borrow to support future
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A Power System Expansion Decision

expansion. The current amounts of debt and investment are also fed
back.

The second type of input is energy costs, both in the world market
and in the Mexican market. The interesting thing about Mexico is that
it has just about every type of energy available: coal, oil, uranium,
and thermal fields, and, of course, there are world markets in uranium
and oil, at least, whose price movements over time would influence the
economics of the Mexican system.

Next comes technology. This model describes generation and trans-
mission equipment according to type, cost, efficiency, reliability. It
includes such features as the advent of better reactors in the future
and the possibilities of new and improved transmission systems which
might make some of their remote hydro locations more desirable.

The last input model is the demand or market model, indicating by
type and region the amount of electricity that would be consumed,
given a pricing policy and given a quality of service. So these are the
inputs to the model of the Mexican electrical system, which can then
be run.

The Outputs

We will not go into the details of the rather sophisticated model
which was prepared to describe operation and expansion of the Mex-
ican electrical system. Of more interest in this discussion is the kind of
outputs that were produced. There were the very logical ones of the
consumption of electricity and the cost of producing the electricity by
region to give a profit for the electrical system. This profit was what
might be called the operating profit or book profit of the system, and
is what the investor would see if he looked at the books of the Mexican
electrical system. One modification to that profit which was consi-
dered was an economic penalty for system outages. A measure of the
service provided by the system is added to the book profit to give
something called system profit—which the investor does not see, but
which the designer of the system does see. This penalty makes him
unwilling to make a system that has outages for hours at a time, even
though it might be more profitable if he looked only at the book profit.

The Social Value Function. But what is unusual abhout the outputs
here is that many of them do not appear on the balance sheet of the
corporation at all, but are what we might call social outputs; they
enter into something called the social value function.

The decision maker in this case was the head of the Mexican electri-
cal system. He felt many pressures on his position—not just the reg-
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ular financial pressures of operating an electrical system, but social
pressures coming about from the fact that his is a nationalized in-
dustry. For example, one of the things that was of concern to him was
the benefit to Mexican industry. What would be the Mexican manu-
factured component of any system that might be installed? Another
one was employment. How many Mexicans would be employed at
what level if they went one route as opposed to another? Now we can
see that the way we design the system is going to have major impacts
" on these kinds of outputs. If we have a nuclear system, then we might
provide training for a few high-level technicians, but most of the com-
ponents would be manufactured abroad; we do not have the army of
Mexican laborers -that we would if we built a hydro system in a re-
mote location.

Another side effect is the public works that are produced by the
generation choice. For example, with hydro you have roads and
dams—that is access, flood control, and so on, that we would not have
if we installed a large nuclear plant in the central valley of Mexico.
Balance of payments is still another consideration. Mexico at that
time had not devalued its currency; the currency was artificially
pegged with respect to the free world rate. The question is, if we are
going to have an import quota system to try to maintain this kind of
disparity in the price of money, should we include that mechanism
within the model or should we say other parts of the government are
going to be responsible for making such adjustments. That is what the
balance of payment effect is all about.

There are two outputs left that illustrate two different points. One is
called dependence on foreign supply. At the time that this study
started, there was a worry in the minds of thee Mexicans that a nation
supplying nuclear equipment might become thortile for some political
reason and cut off the supply of repair parts, fuel, or maintenance fa-
cilities, much as the United States did with respect to Cuba. If that hap-
pened, of course Mexico would be in trouble. The question was, would
this have a major effect on the decision, or would it not. They could
buy insurance against it by stock-piling uranium until such time as
they were able to establish alternate sources of supply. But it was a
real worry, because they wanted to make sure they would be protected
against any politically generated stoppage aif equipment or supphies.
By the end of the study, this whole area was of much less importance.

The other output was pollution. Originally the decision makers were
not too interested in pollution. They said they could not afford to
worry about it. And yet, if you have visitedl Mexico City, you know
that atmospheric polution is very high. By ithe time this study was
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over, about one year later, they were very glad that they had provided
a place in the model for pollution because they were now getting the
same kind of citizen complaint that we get in the United States. Some
of the things they were planning, like giant coal plants in the middle
of Mexico City, were not acceptable any more.

The social outputs from the operating model entered the social
value function to produce what we call “social profit.”’” It represents
social effects that do not appear on the balance sheet of the electrical
gystem, per se. Social profit is combined with the system profit to
produce national profit. Time and risk preference are expressed on
national profit to give an evaluation of the system as a whole.

The. problem that remained was to find a way to expand the Mex-
ican electrical system that would produce the highest overall evalua-
tion. Various opnml?atmn procedures were used to suggest installa-

_tions of different types (gas turbines, nuclear, conventional, and
hy.dr,o, plants) to achieve this objective over the rest of the century.

The Nature of Policy

Let us briefly examine the question of what a policy for expansion
of such a system means. A common policy in the past had been to es-
tabllqh a so-called plant list, which was a list of when each type of
plant would be installed—in 1979 we are going to have an X-type
plant in location Y. That is a little bit like asking a new father, “When
is your son going to wear size-ten pants?” He could look at projected
growth charts and say, “Well, I think it will be when he is nine years
é!d." Another way to answer the question is to say, “Well, I will buy
him size-ten pants when his measurements get into such and such a
region.” This is what we might call a closed-loop policy because we
cannot say in advance when we are going to do it, but we have built a
rule that will tell us the right time to do it.

So when we ask how is the system going to be expanded from here
on out, no one can tell us: They can show us expected times for dif-
ferent things to happen but indeed, only the program can determine
what the effect on expansion of the future evolution of the system’s
envnronment will be. [t has what we might call a self-healing property.
~ lf we foul it up by forcing it to put in a giant plant that it cannot
immediately assimilate, then it is self-healing in the sense that it will
delay and adjust the sizes and types of future plants until it gets back
on the optimum track again. As-a matter of fact, it is so much self-
healmg that it is hard to foul it up very much no matter what we do,
because in the course of time it is a growing system that finds a way to
get around any of our idiocies. In actuality, when they compared what
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this optimization system was doing with the designs produced by their
conventional techniques .using the same information, this system
yielded superior results in every case.

The size of the Mexican study is interesting. It took approximately
eight man-years, and was completed in one calendar year by a staff of
decision analysts from the Stanford Research Institute Decision
Analysis Group, plus four representatives of the Mexican Electricity
Commission who were very competent in nuclear engineering and
power system design. The programs and analyses are now being used
in Mexico for continued planning of system expansion.

Other Applications

Other applications include industrial projects-—should companies
merge, should they bring out a new product, or should they bring a
mine into production? All of these things are what we might call fairly
conventional decision analyses by the criteria that we in the profession
use.

Some interesting decision analyses have been done in the medical
area, such as one recently performed on the treatment of pleural effu-
sion, that is, water in the cavity between the lung and the chest wall.
This was a one-year study done by a graduate student who, as far as
the doctor (who was the lung expert) is concerned, completely encoded
everything the doctor knew about pleural effusion. Later the doctor
was asked if he developed this symptom would he prefer to be treated
by this large decision model or by one of his colleagues. He said,
without hesitation, he would rather use the model.

Another study that has just recently been completed is whether to
seed a hurricane threatening the coast of the United States. It was
based on a large experiment a few years ago on hurricane ‘“Debbie”
which indicated, but certainly not conclusively, that seeding a hurri-
cane with silver iodide crystals would cause the wind to diminish
about 15 percent. This in turn would lead to something like a 50 per-
cent decrease in damage. The question now is—if you are the decision
maker in the White House and here comes a big one, hurricane
“Zazie,”" headed right for Miami—what do you do? Should you send
the planes out to seed it knowing that, even so, there is a chance that
it might get worse just because of natural causes and wipe out two
cities instead of one? Or should you sit on your hands and possibly
watch people get killed and property destroyed when they might have
been saved? There is a tough problem. It has severe social impacts
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Other Applications

and is definitely a decision under uncertainty. Study of this problem
was presented very recently to the President’s Scientific Advisory
Committee. They have formed a subpanel to see whether the conclu-
sions should be put into effect. ' - '

‘Conclusion

We have tried to characterize what is a new profession—a profession
that brings to the making of decisions the' same kind of engineering
concern and competence applied to other engineering questions.- It
seems fair to say that the profession has now come of age. We are able
to work on virtually any decision where there is a decision maker who
is worried about making that decision, regardless of the context in

which it may arise. The only proviso is that the resources that he is -

allocating must be real world resources. We are not competent to allo-
cate prayer because we can not get our hands on it—or love, which is
infinite: But when it comes down to allocating rmoney, or time, or any-
thing else that a person or organization might have to allocate, this
logic has a lot to be said for it. And indeed, as we have seen, the key is
the idea of separating the good decision from the good outcome. Once
we have done that then we have the same ability to analyze, to mea-
sure, to compare that gives strength to any other engineering disci-
pline.

Question~Period

QUESTION. essional decision maker the ma
out in the fore{ront making the decisions uf his own name,
or will there be ofessional decisign-analyst who is like
the ghost writer stan¥{ng behin e man, the president,
‘the corporate executive? )

ANSWER. That is a good questio
maxim that the lawyef who defe
fool for a client. phd 1 think the samg is true of decision
analysis. I knpo® that I would never whgt to be my own
decision analyst hecause 1 am not detach I want the

answer ‘

ho is right

legal profession there is a
s himself in court has a

stereo system, [ will work like a dog to make sure
I have lots of variables in the analysis indicating that I am
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BRUNSWICK CORPORATION*

El "Snurfer"”

A mediados de Abril de 1967, Gerry O'keefe, Vicepresidente
de mercadotecnia de la compahfa Brunswick se encontr§ con que
tenia que decidir cuantds Snurfers se deberfan fabrlcar para la
estacibn de invierno 1967-1968.

El Snurfer era un nuevo. producto; introducido por primera
vez al mercado por la comparifa durante Julio y Agosto de 1966,
pero debido a la dificultad para predecir los requerimientos de
ventas, la compaffa fabric8d mis Snurfers de 1los que en realidac
se vendieron. O0'keefe, no querfa volver a enfrentarse a la mis
ma situacidn en el siguiente periodo, por lo que se encontraba
tratando de mane jarla.

El Snurfer

El Snurfer no era otra cosa que una patineta (skate board)
para ser utilizada en la nieve. Consistia en una tabla de made
ra modeada de 1.20m. de largo y 17 cms. de ancho, sobre la cual
el patinador esquiaba o mas bien patinaba sobre la nieve. La
compafifa en un folleto de publicidad lo anuncib como sigue:

isfrut de 1la gran emocion que le proporcionara el nuevo”
ran deporte de patinar sobre la nieve. Los nmnhos, jove-
es y adultos podrfn combinar toda clase de habilidades

ara sortear las-dificultades de esquiar sobre el nuevo

nurfer Brunswick. Es facil de aprender a manejar y muy
ivertido. El Snurfer es simplemente el nuevo deporte de
10da,,

El Snurfer se fabricd de 2 formas,la regular y la super.

El modelo regular ccnsistfa de madera laminada pintada de ama-
rillo con rayas negras, y huellas de metal para colocar los
pies. El super era similar pero tenia trncorporada una quilla
de metal para mejor maneobrabilidad; en lugar de estar pintado
ela barnizado para presentar la apariencia natural de la made-
ra y las huellas para los pies eran mis lujosas. Ademas su
venta inclufa cera para el Snurfer, i1a cual al colocarse en el
parte baja de este, permitfa aumentar la velocidad.



El desarrollo del Snurfeﬁl Enero 1966 - Marzo 1967

La idea del Snurfer se origind en Muskegon, Michigan en
Enero de 1966, cuando un plomero decidib convertir - un esquf
- para agua en patineta para la nieve, con la finalidad de que-sus
nifos Jjugaran. La idea le gustd, y experimento varias formas y
tamafios y bautizd al artefacto con el nombre-de Snurfer.

Durante el mes de Febrero, un empleado de Brunsegick
Corporation, se percatd del juguete y pensd que este seria de
interés para la compahnifa. En Abril de 1966, la compafifa nego-
cifo la compra de los derechos del disefio y nombre proporciona
dos por el plomero. El contrato involucraba una suma inicial
Y un porcentaje sobre las ventas totales del producto. El por
centaje no era valido a penos que se produJeran un minimo de
ventas predetermlnado.

Posterior a la forma del contrato, los ingenieros de la
compafifa iniciaron el estudio para la optimizacibdn del modelo.
Algunas pruebas se llavaron a cabo en los filtimos terrenos ne-
vados, pues el Invierno ya habfa terminado. Al final de Abril,
el proyecto estaba terminado y listo para ser entregado al per-
sonal de produccidn.

Mientmas los inghnieros estaban ocupados en el disefio,
Noel Biery Jefe de produccibn y O'keefe estaban tratando de de-
terminar el tamafio del mercado potencial y los canales de dis-
tribucibdn. Debido a que el producto aparentemente resultaba
mAs atractivo a los nifios se decidid canalfizarlo mediante Jju-
gueterias, Sin embargo, al encontrarse con un desarrollo lento
de la canalizacibn se realizd una demostracibn en la exposicibn
del juguete en Nueva York, Solo se tenian modelos prototlpo en
aquella exposicidn (Marzo 66) y se encontrb que aln asi, los re
sultados eran alentadores. Durante la exposicibn, el modelo que
entonces era finico y que despues se convirtib en el regular, fue
vendido con un precio de fAbrica de 33.60 y se sugerfa un precio
al pGblico equivalente a $5.95 (dblares).

Debido a que a mediados de Abril, los prototipos y sus
especificaciones se encontraban muy adelatados,.los represen-
tantes de la compafifa fueron entonces enviados a inYestigar el
mercado y a presionar para lograr las ventas durante el resto del
mes.

Al final de Abril, J'keefe tenfa que tomar la decisidn de
continuar o no.con el Snurfer, y en caso. afirmativo decidir el
nlGmero de unidades por fabricar. El Departamento de Produccibn
de la companfa, determind que para realizar el producto antes
de la estag€ibn de invierwp, era necesario tener los requerimien-
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tos de produccibén al final de Abril, por lo que O'keefe se lan-
28 a ordenar 60,000 unidades, aun cuando solo se tenia la prome
sa de compra de 3000 de ellas. 50,000 iban a ser de tipo regu-
lar el resto super.

Considerando lo anterior, una maquinaria con capacidad para
producir 150,000 unidades, se orden6/con un costo de $50,000.00
(dolares® y con esto, el ‘departamento de produccibn programd la
iniciacibn del proceso para principios de Septiembre de 1966.

Sin embargo, en Junio ni una orden mis aparte de las 3000
se habia recibido y 0O'keefe, preocupado, se enfrentaba a la toma
de una dificil direccibn a seguir. Se investifd la causa del
fracaso en las ventas, y mediante la vista a varias tiendas de
deportes, se encontrd una magnifica reaccibn} en contraste con
las jugueterias donde nos se lograban las ventas. Se decidid,
por lo tanto, que utilizar las jugueterlias como canales de dis-
tribucidn era un error, consecuentemente se cerraron estos cana
les y se tratd de promever la venta atraves de las tiendas de
deportes. Desafortunadamente, para esa fecha, este tipo de tien
das hablian practicamente completado su inventario para las ven-
tas de invierno, por lo que, aun cuando la reaccidn era buena,
no existia el deseo de ordenar para la estacidn en puerta. Asi,
la gerencia decidib cortar la produccidn de 60,000 unidades a
solo 50,000 y se cambio la proporcidn entre regulares y super.

El nlmero total de Snurfers vendidos durante la estacibn de
invierno 1966-67 fue menor a 35,000 unidades de las cuales el
60% fueron surer. A mediados de Marzo de 1967 se tenian en in-
ventario unos 17,000 Snurfers de los cuales 12,000 eran regulares
Yy 5000 Super.

Produccidn para 1967 - Abril 1967

Debido a las dificultades y problemas qu O'keefe y Biery
experimentaron en 1966, decidieron que los planes para 1967 de-
berfan estar firmemente basados en la experiencia anterior.

Al revisar la situacibn, se tuvueron razones para pensar que
los problemas habian surgido a raiz de canalizar las ventas por
jugueterfas. Se observd por otra parte, que se podia desarrollar
un fuerte grado de habllidad por parte de los entusiastas del
Snurfer y que se podfian bbtener velocidades superiores a los
50 KmZhr. Este hecho, aunado a la magnifica respuesta, aun
cuando tardfa, recibida por las tiendas de deportes sugirid



o E——— . T Sy e

S

. . A - © A ——— ! S ——nl

4 ——

—— - A —————_ . o m—n e

INTRODUCTION

Decision analysis is a term used to deseribe
a body of knowledge and professional prac-
tice for the logical illumination of decision
prohlems. It is the latest link in a long chain
of quantll.ntlvc advances in management that
have cmerged from the operations research/
management science heritage. It is the result
of combining aspects of systemq analysis and
stnhstncal deuswn thoory Systcms analysis
grew as a branch of engineering whose
strength was consideration of the interactions
and dynamic behavior of complex situations.
Statistical decision theory was concerned

with how to be logical in simple uncertain
rituations. When their concepts are merged,
they can reveal how to be logical in complex,
dynamic, and uncertain situations; this is the
province of decision analysis.

decision

Thus, analysis. focuses logical

BACKGROUND

History of Quantitative Decision-Making
Operations Research

Operations research was the first organized
activity in the scientific analysis of decision-
making. It originated in the application of sci-
entific methods to the study of air defense
during the Battle of Britain. The develop-
ment of operations research continued in the
U.S. in the Navy’s study of antisubmarine
and fleet protection problems. After World
War 11, many of the scientists experienced in
operations research decided to apply their
new tools Lo the problems of management.

However, an examination of the transition
of operations research from military to civil-
lan problems .shows that the limitations in-
herent in the military applications carried
over Lo the civilian work. Many of the opera-

power to reduce confusing and worrisome
problems to their elemental form. It does this
not only by capturing structure, but by pro-
viding conceptual and practical methods for
measuring and using whatever knowledge re-
garding uncertainty is available, no matter
how vague. When all available knowledge has
been applied, the problem is reduced to one of
preference; thus the best alternative will de-
pend on the desires of the decision-maker.
Here again, decision analysis provides con-
ceptual and practical methods for measuring
preferences. The problem may require ex-
pressing the relative desirability of various
outcomes, the effect on desirability of changes
in timing, and the tolerance for uncertainty in
receiving outcomes. In particular, the impact
of uncertainty upon the decision can be meas-
ured and interpreted — not left to intuition.

tions researchers trained in the military en-
vironment had become used to working only
on operationally repetitive problems. In these
constantly recurring problems, the impact of
the formalyanalysis became cvident to even
the most skeptical observers. Some of the re-
searchers, however, concluded that only this
type of problem was susceptible to scientific
analysis—that is they limited operations
research to the study of repetitive processes.
Since repetitive decisions are also impor-

tant to the civilian world, operations research
made substantial headway in ils new environ-

ment. Yet, the insistence on repetition con-

fined the efforts of operations researchers

within the province of lower and middle man-

agement, such as inventory control, produc-

tion scheduling, and tactical marketing. Sel-

dom did the analysts study decision problems -
relevant to the top executive.
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Muanagement Science

In the mid-1950s, operations research
spawned an offshoot—rmanagenient science.
This discipline developed in response to a
deep concern that the special problems of
management ‘were not recciving sufficient at-
tention in operations research circles. This
new field grew to emphasize science more than
management, however. Management scien-
tists have been accused of having more inter-
est in those problems that are subject to
elciranl mathematical treatiment than in those
of the top executive, which are generally less
easily quantified.

‘Although many students of business have
considered the problems of top management,
they have not generally had the scientific and
mathematical training necessary to give sub-
stance Lo their ideas and (o allow their appli-
cation in new situations. When the top man-
ager sought help on a problem, he often had to
choose between a mathematician who was
more concerned with the idiosyncrasies of the
situation than with its essence and an expe-
rienced “‘expert” who might be tempted to
apply an old solution to a radically new prob-
lem. Thus, the early promise of scientific aids

for the cxecutive was slow in materializing.
\

Deacision Analysis

In _the last few ye.lrs a new discipline,
called dcusmn annlybm has developed from
these predecessors. Tt seeks to apply logical,
mathematical; and-scientific_procedures to the
decision problems of top management that are
characterized by the following:

» Uniqueness. Kach is one of a kind, perhaps
similar to-—but never identical with—previ-
ous situations.

» Importance. A significant portion of the
organization’s resources 1s in question.

| » Uncertainty. Many of the key factors that

_must be taken into account are imperfectly

known
> Long run implications. The enterprise will
- be focced to live with the results of the situa-
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tion for many years, perhaps even beyond thr
lifetimes of all individuals involved.
> Complex preferences. The task of incorpo-
rating the decision-maker’s preferences about
time and risk assumes great importance.
Decision analysis provides a logical frame-
work for balancing all these considerations. It
permits mathematical modeling of the deci-
sion, computational implementation of the
model, and quantitative evaluation of the
various courses of action. This report de-
scribes and delineates the potential of decision
analysis as an aid to top management.

The Timeliness of Decision Analysis

An appropriate question is why decision
analysis has only recently emerged as a disci-
pline capable of treating the complexities of
significant decision problems. The answer 1s
found in the combination of three factors:
historical circumstance, development of com-
plementary capabilities, and the neced for
increased formalism.

The Computer Revolution

Despite the elaborateness of its logical
foundations, decision analysis would be merely
an intellectual curiosity rather than a power-
ful tool if the means were not available to
build models and to manipulate them eco-
nomically. The rapid dcvelopment of the
electronic computer in the past two decades
has_-made feasible what would have been 1m-

possible only a quarter of @ century-ago.-The

availability of electronic computation is an
essential condition for the growth of the de-
cision analysis field.

The Tyranny of the Compute_r

A powerful tool is always subject to misuse.
The widespread use of computers has led
some managers to feel that they are losing
rather than gaining control over the opera-
tions of their organizations. These feelings can
lead to a defensive attitude toward the sug-
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tion that computers should be included in
.lhb‘ decision-making process. :

Decision analysis can play a major role in
providing the focus thal management re-
quires to control application of computers
(o management activities. ‘When examined
through decision analysis, the problem is not
one of management information systems, but
one of providing management with structured
decision alternatives i which management
experience, judpgment, and preference have
alieady been incorporated. Since properly ap-
plied decision analysis produces insight as
well as answers, it places control in, rather
than out of, the hands of the decision-maker.

Tho Nead for Formalism

A final force in the carrent development of
decision analysis is the trend toward profes-
<sional management in present organizations.
The one-man show is giving way to committees
and boards, and the individual entrepreneur
» becoming relatively less important. A con-
. aitant of this change is the need for new
professional managers to present evidence of

" more carefully reasoned and documented de-
cisions. Kven the good intuitive decision-
maker will have to convince others of the
lnL,nc of his decisions. '

v " However, the néed for more formalism may
Also be imposed from outside the organiza-
tion. The nature of competition will mean that
when one comnpany in an industry capitalizes
on the eflicacy of decision analysis, the others
will be under pressure to become more orderly
i Ltheir own decision-making. To an increas-
ing extent, good outcomes resulting from in-
tuitive decisions will be regarded in the same

hght as winnings at the races—that is, as the’

result of luck rather than of prudent mana-
i gerial practice.

The Essence of Decision Analysis

Definition of Decision

In describing decision analysis, the first
Y18 to define a decision. In this report, a
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decision is considered an brrevocable alloca-
tion of resources, in the sense that it would
take additional resources, perhaps prolubitive
in amount, Lo change the allocation. Soime de-
cisions arc inherently irrevocable, a

others are essentially irrevocable, such-as the
decision by a major company to enter a new
field of endcavor.

Clearly, no one can make a decision unless
he has resources to allocate. For example, a
manufacturer may bhe concerned about
whether his competition will cut prices, but
unless he can change something about the way
he does business, he has no decisions to make.
Concern without the ability to make decisions
is simply “worry.” It is not unusulal in prac-
tice to encounter decision problems that are
really worries. Exposing a decision problem
as a worry may be very helpful if 1t allows the
resources of the decision-maker to be devoted
more profitably to other concerns.

Another coinmon phenomenon is the study,
which is an investigation that does not focus
on a decision. Until a decision must be made,
how can the economic balance of the study be
determined? For example, suppose someone
requested a study of the automobile in his
particular community. The person conducting
the study might survey cars’ weight, horse-
power, displacement, braking ability, seating
capacity, make, type, color, age, origin, and
on and on. However, if a decision were re-
quired concerning the size of stalls in a park-
ing facility, or the length of a highway accel-
eration lane, the pertinent characteristics
would become clear. Further, decision anal-
ysis could even determine how extensive a
survey, if any, w.ould be economic. Thus, con-
centrating on a decision to be made provides
a direct focus t@ the analysis that is achiev-
able in no other way. Studies, like worries, are
not our concern.. decisions are.

The next step is to definc a decision-maker:
an individual who hab the power_to '_cquml
the resources wi the Olbﬂnlldtl()n In some

cases, the decisikon-maker may be an organiza-

sions. eren irrevocabl “such as
whether or not to amputate a pianist’s hand;




tional cintity, such as an execulive committee.
It is nimportant, however, to distinguish ad-
visory individuals or bodies from those with
the power to commit the organization. Study
upon study may be performed within an or-
ganization advocating or decrying u certain
course of aclion, but until resources are com-
mitted, no decision has been made. The first
step in any decision analysis is the identifica-
tion of the responsible party.

The Distinction Between a Good Decision
and a Good Outcome

Before there can be a formal discussion of
decision analysis, the distinction between a

good decision and a good outcome must be

understood. A good decision is one based on

the information, values, and preferences of a
decision-maker.” A"good outcome 1s one that is
favorably regarded by 7 decision-maker. It is
possible to have good decisions produce either
good 6r bad outcomés. Most pérsons’ follow
logical decision procedures because they be-
lieve that these procedures, speaking loosely,
produce the best chance of obtaining good
outcomes.

To illustrate this point, suppose that we
had agreed to serve as decision analysis con-
sultants Lo a person who said that he would
engage only in gambles that were weighted in
his favor. Then this person informed us that
he had purchased a ticket in a lottery. There
were 100 tickets in the lottery, the prize was
$100, and he paid $10 for the ticket. We dem-
onstrate to him that with 1 chance in 100 of

the tickel is only 1/100 of $100 or $1, so that
having paid $10 for the ticket, his expected
loss on the entire prospect is $9. Consequently,
in view of this person’s expressed desire to
avoid unfavorable gambles, we say that he
has made a bad decision.

However, the next day he receives a check
for $100 as a consequence of having won the
lottery; everyone agrees that this is a good
outcome for him. Yet we must report that his
decision was bad in spite of the good outcome,

--winning-the -$100,-his-expected-income -frem- -
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or, perhaps better, that his outcome was good
in spite of the bad decision. This would be
proper situation to be described as “lucky.”

Suppose, however, that the person had paid
only 10 cents for his ticket. In this case, his
expected income is still $1, but because he
spent only 10 cents for the ticket, his net ex-
pected earnings are 90 cents. Consequent]y.
we would compliment him on his good deei-
sion. Yet if no winnings check appears on the
next day, the client has now experienced a bacl
outcome from his good decision.

The distinction between good outcomes and
good decisions is especially important 1n
maintaining a detached, professional attitude
toward decision problems. Recriminations
based on hindsight in the form of “Why didn’t
it work?” are pointless unless they reveal that
available information was not used, that logic
was faulty, or that the preferences of the de-
cision-maker were not properly encoded. The
proper framework for discussing the quality
of decisions and outcomes is a major aid in
using hindsight effectively.

Decision Analysis as a Language
and a Philosophy

The decision analysis formalism serves
both as a language for describing decision
problems and as a philosophical guide to thei:
solution. The existence of the language pecr-
mits precision in specifying the many factors
that influence a decision.

The most important feature of the language
is its ability to represent the uncertainty that

language of probability theory is used with
only minor changes in terminology that re-
flect a subjective interpretation of probabilis-
tic measurement. We regard probability as a
state of mind rather than of things. The op-
erational justification for this interpretation
can be as simple as noting the changing odds
on a sporting contest posted by gamblers as
information about the event changes. As new
information arrives, a new probability assigu-
ment is made. Decisior. analysis uses the

-inevitably permeates a-decisionproblem. The —

- et



same subjective view of probability. By so
doing, statements regarding uncertainty can
be much more precise. Rather than saying,
“T'Here is some chance that a bad result is
likely,” or an c¢quivalent ambiguous state-
ment, we shall be able to speak directly of the
probabilily of a bad result. There is no need
for vagueness in the language that describes
uncertainty. Putting what is not known on the
record is the first step to new knowledge.

Decision analysis can also make a major
contribution to the understanding of decision
problems by providing a language and philos-
ophy for treating values and preferences.
“Values” mean the desirability of each out-
outcome; ‘“‘preferences’’ refer Lo the attitudes
. of the decision-mnaker toward postponement
or uncertainty in the outcomes he receives.
Placing values and preferences in unambigu-
ous terms is as unusual in current decision-
making as is the use of direct probability as-
signments. Yet both must be done if the pro-
edure is Lo be used to full advantage.

ILater sections of this report describe the
theory and practice of assigning probabilities,
values, and preferences, but the impact of
thinking in such térms can be indicated here.
A most important consequence of formal
thought is the spontaneous resolution of indi-
vidual differences that often occurs when the
protagonmsts can deal in unambiguous terms.
Two people who differ over the best alterna-
tive may find their disagreements in the areas
of probability assignment, value, or ‘prefer-
ence. Thus, two men who are equally willing
to take a risk may disagree because they as-
sign different probabilities to various out-
comes; or two men who assign the same
probability to the outcomes may differ in their
aversion to risk. It is unlikely that the nature
of the disagrecment will emerge without the
formal language. More likely, epithets such as
“foolhardy’ or ‘“rock-bound conservative,”
will prevent any communication at all.

The decision analyst must play a detached
role in illuminating the decision problem if he
i8 to resolve differcnces. He must be impar-

tial, never committing himself to any alterna-
tive, but rather showing how new information
or changes in preference affect the desirability
of available alternatives. The effectiveness of
the decision analyst depends as much on his
emotional detachment as on his knowledge of
formal tools. o

Decision analysis is a normative, rather
than a descriptive, approach to decision prob-
lems. The decision analyst is not particularly
interested in describing how decision-makers
currently make decisions; rather he is trying
to show how a person subscribing to certain
logical rules would make these decisions in
order to maximize attainment of his objec-
tives. The decision procedures are derived
from logic and from the desires of the decision-
maker and are in this sense prescriptive.

Decision analysis is more than a language
and a philosophy, but the experience of its
users justifies it on this basis alone. By focus-
ing on central issues, the approach often illu-
minates the best course of action in a way that
makes discord evaporate.

Decision Analysis as a Logical and
Quantitative Procedure

Decision analysis provides not only the
philosophical foundations, but also a logical
and quantitative procedure for decision-
making. Since decision analysis encodes infor-
mation, values, and preferences numerically,
it permits quantitative evaluation of the
various courses of action. Further, it docu-

- ments the state of information at any stage of
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the problem and determines whether the
gathering of further information is economi-
cally justifiable. The actual implementation of
decision analysis models is typically a com-
puter program thatl enables the many facets
of the problem to be examined together. Most
of this report will describe how the philosophy
of decision analysis carries over into practice.

Delegation of Responsibility

Decision analysis provides both philosoph-
ical and operational guidelines for delegating



responsibility in an organization. If we want,
someone Lo make a good decision, we must
provide that individual not only with the in-
formation butl also with the values and prefer-
ences thal are relevant to the decision. The
key principle is that the delegator must supply
a subordinate decision-maker with whatever

"information, values, and preferences required

for him to reach the same decision that the
delegating individual would have reached in
the samec situation. While few organizations
currently use decision analysis principles in
handling the problem of delegation, these
principles are available when needed. It is rare
that an organization performs a decision anal-
ysis on one of its major decisions without
simultaneously obtaining new insight into its
organizational structure.

THE DECISION ANALYSIS CYCLE

Decision analysis as a procedure for analyz-
ing a decision is described below. This proce-

dure is not an inviolable method of attacking

- the problem, bul is a means of ensuring that

essenfial steps have been consciously con-
sidered.

The figure describes decision analysis in the
broadest terms. The procedure is iterative
and comprises three phases. The first is a
deterministic phase, in which the variables
affecling the decision are defined and related,
vafues are asslgned andThe 1mpoﬁance o“frthe

Fig. 1—The Decision Analysis Cycle

varxablcs 1s measured wuhout any considera-

The second, or probablhstlc, phase intro-
duces probability assignments on the impor-
tant variables and derives a: associated proba-
bility assignments on values “This phase also
introduces the assignment of risk preference.,
which' provides the best solution in the face
of uncertainty.

The third, or informational, phase reviews

the results of the last two pha_s_es to determine
the economic value of eliminating : uncertamt\
i each of the important variables in the prob-
lem. In some ways, this is . the most important
‘phase because it shows just what it could cost
in dollars and cents not to have perfect infor-
mation. A comparison of the value of informa-
tion with its cost determines whether addi-
tional information should be collected.

If there are profitable further sources of
information, then the decision should be to
gather the information rather than to make
the primary decision at this time. Thereupon
will follow the design and execution of the
information-gathering program, whether it be
a market survey, a laboratory test, or muli-
tary field trials.

The information that results from this pro-
gram may change the model and the probabil-
ity assignments on important variables.
Therefore, the original three phases must be
performed once more. However, the addi-
tional work required to incorporate the modi-
fications should be slight and the evaluation
rapid. At the decision point, it may again be
profitable to gather new information and re-

Prior Information

tnformationai Act

Deterministic Probabiistic Decision

Phase Phase Phage

_ Y

Gather New
Information

New
Intormation

Information
Gathering

peat the cycle or it may be more advisable to
act. Eventually, the value of new analysis and
information-gathering will be less than its
cost, and the decision to act will then be made.

This procedure will apply to a variety ot

decision situations: in the commercial areua. to

the—introduction—of -a—new—product—or_the

change in design of an old one; in the military
area, to the acquisition of a new weapon or the
best defense against that of a potential enemy:
in the medical area, to the selection of a med-




tiod

.. or surgical procedure for a patient; in the
social aren, to the regulation and operation of
public utilities; and finally, in the personal
area Lo selection of a new car, home or career.
In short, the procedure can be applicd to any
decisiop susceptible to logical analysis.

[}

The Deterministic Phase

Descriptions of the various phases of the
procedure follow beginning with the deter-
ministic phase. The deterministic phase 1s
essentially a systems analysis of the problem.
Within this phase, efforls devoted to modeling
are distinguished from cfforts devoted to anal-
ysis. The elements of the phase appear in
Figure 2.

Prior Intormtion

Deterministic Probathihistic Informationst
bt
Phave = Phase Phase L@_’ Act
New Gather New
Intormation \nformation
Information-
Gathening
MODELING:

. * Bound Decision
Fig. 2 ¢ Identify Alternatives
The « Establish Outcomes
* Select System Varniables
¢ Create Structural Model
* Create Value Model
e Create Time Preference Model

Deterministic
Phase

ANALYSIS.

* Measure Sensitivity
~ to Decision Vanables
- to State Variables

Modeiing

Modeling is the process of representing the
various rclationships of the problem in for-
mal, mathematical terms. The first step in
modeling is to bound the decision, to_specify
precisel just what decision must be made.
This requires hstmg in detail the perceived

alternatives. Identification of the alternatives
will separate an actual decision problem from
a worry.

The next step—finding new alternatives—
is the most ¢ creative part of decision analysis.
New alternatives can spring from radically
new concepts; more often they may be careful
combinations of existing alternatives. Dis-
covering a new alternative can never make
the problem less attractive to the decision-
maker; it can only enhance it or leave it un-
changed. Often the difficulty of a decision
problem disappears when a new alternative
i1s generated.

The next step is to specify the various out-
comes that the set of alternatives could pro-
duce. These outcomes are the subsequent
events that will determine the ultimate desir-
ability of the whole issue. In a new product
introduction, for example, the outcomes might

, be specified by sales levels and costs of pro-

duction or even more simply by yearly profits.
Thus, there is a certain amount of arbitrari-
ness in what to call an outcome. For decision
analysis, however, an outcome is whatever the
decision-maker would like to know in retro-
spect to determine how the problem came out.
In a military problem, the outcome could be a
complicated list of casualties, destruction, and
armament expenditures; in a medical prob-
lem, it could be as simple as whether or not
the patient dies.

Now comes the <challenging process of se-
lecting the system variables for the analysis,
which are all those variables on which the out-
comes depend. We can ideniify the sysfem
variables by imagining that we have a crystal
ball that will answer any numerical questions
relative to the decision problem, except, of
course, which alternative to select. We could
ask it questions abrout the outcome variables
directly, thereby mnking them the only system
variables in the problem. But typically out-
come variables are difficult to think about in
advance in the rea! world, and so we might
choose to relate the outcome variables to
others that are easier to comprehend. For
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example, we might like to know the sales level
of a new product. Or in lieu of this, we might
attempt Lo relate the sales to our own price
and quality and the competitors’ price and
quality, factors that we might regard as more
accessible. These factors would then become
system variables in the analysis.

The selection of system variables is there-
fore a process of successive refinement, where-
inthe generation of new system variables is
curtailed by considering the importance of the
problem and the contributions of the vari-
ables. Clearly, allocation of the national
budgel can economically justify the use of
many more system variables than can the
selection of a new car.

Once we have decided on the system vari-
ables to use in the problem, each one must be

tions regarding the interesting alternatives
In the case of state variables, the nomin.
value and range reflect the uncertainty as-
signed to the variables. For convenience, we
can often think of the nominal value of a state
variable as its expected value in the mathe-
matical sense and of the range as the 10th
percentile and 90th percentile points of its
probability distribution.

Selecting system variables and setting nom-
inal values and ranges require extensive con-
sultation between the decision-maker and the
decision analyst. At this stage, it is better to
err by including a variable that will later
prove to be unimportant than it is to elimi-
nate a variable prematurely

The next step is to specify the relavlonshlpc
among the system variables. This 1s the heart

distinguished either as a variable under the
decision-maker's control or as a variable de-
termined by Lhe environment of the problem.
System variables that are under the decision-
maker’s control are called decision variables.
The seleclion of an alternative in a decision
problem is really the specification of the set-
ting of the decision variables. For example, in
the new product introduction problem, the
product price and the size of production facil-
ities would both be decision variables.

System variables in the problem that are
determined by the environment are known as
state variables. Although state variables may
have a drastic effect on the outcomes, they are
autonomous, beyond the control of the deci-
sion-maker. For example, in the new product
introduction, the cost of a crucial raw material
or the competitor’s advertising level might be
state variables.

We shall want to examine the effect of fluc-
tuations in all system variables, whether de-
cision variables or state variables. To aid in
this task, the decision-maker or his surrogate
must specify for each system variable a nom-
inal value and a range of values that the vari-
able may take on. In the case of a decision
variable, the nominal value and range are de-
termined by the decision-maker’s preconcep-
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of the modeling process-—1 e., creating a struc-
tural model that captures the essential inter-
dependencies of the problem. This model
should be expressed in the language of logic—
mathematics—typically by a set of equations
relating the system variables. In most deci-
sions of professional interest, these equatio:
will form the basis for a computer program to
represent the model. The program provides
rapid evaluation of model characteristics at
modest cost.

Constructing a model of this type requires

a certain sophistication in the process of or-
derly description and a facility for careful
simplification. The procedure is elementary,
but not trivial; straightforward, but not
pedestrian.

Now the decision-maker must assign values

to outcomes. Just as there was difliculty 1n
defining an outcome, so there may be some
question about the distinction between an
outcome and its value. For example, in a busi-
ness problem, the decision-maker may think
of his future profit as both the outcome and
the value associated with it. However, main-
taining the generality of the formulation re-
quires creating a distinction between the two.

To illustrate the necessity for this, consider
a medical question involving the amputation

'



{ an arm. The outcomes of interest might be
_omplete recovery, partial recovery, or death,
each with or without the operation. These out-
comes would describe the results but would
not reveal their value. For example, if the
patient were a lawyer, he might consider
death by far the most serious oulcome and be
willing to undergo the amputation if it suffi-
ciently reduced the probability of death.
These feelings might-be based on the observa-
tion that an arm is not essential Lo his career.
To a concert pianist, however, amputation
might be worse than death itself, since life
without being able to play might be unbear-
able. Consequently, he would be rational in
refusing the amputation even if this choice
made his death more likely.

Although in some cases the decision can be
recached as a resull of ordering outcomes in
terms of desirability, most problemns of prac-
tical interest require a numerical (cardinal)
ranking system. Therefore, assigning a value
means assigning a numerical value to an out-
come. Though there may be many elements of

alue in the outcome, the final value assign-
ment is a single number associated with that
oulcome. .

In commercial situations, the value as-
signed Lo an outcome will typically be some
form of profit. In social and military prob-
lems, however, the value assignment is more
difficult because it requires measuring the
value of a h.aman life, or a cultured life, or a
healthy life i dollars and cents terms. Though

" these questions of evaluation may be difficult,

logic demands that they be approached di-
rectly in moneltary terms if monetary re-
sources are to be allocated.

The final step in creating the deterministic
model is to specily the time pleferencc of the
decision-maker. Time preference is the term
used to describe the human phenomenon of
impaticnce. Everyone wants good things to
happen to him sooner rather than later. This
mapatience is reflected in a willingness to con-
sume less now rather than postpone the con-
sumption. The payment of interest on savings
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accounts and the cwllection of interest on loans
are mere reflecticons of this phenomenon.
Consequently, rep.resenting the desires of a
decision-maker rec, uires a realistic mechanism
for describing his time preference, a mecha-
nism that reduces :any time stream of value to
a single number called worth.

For a corporate financial decision, worth
will often be simply the discounted difference
between future income and expenditures us-
ing an interest r.ite that depends upon the
relationship of the corporation to its financial
environment. In the military or medical fields,
worth may be mo e difficult to establish.

The modeling part of the deterministic
phase thus progre=ses from the original state-
ment of the decision problem to a formal de-
scription suitable {or detailed examination by

logical and compuitational analysis: The de--

cision-maker’s val ue assignments and his time
preference permit. rating any outcome that
appears as a time stream first as a set of val-
ues in time and tl:cn as an equivalent worth.

Analysis

Analysis based on the deterministic phase
centers on observi.ng how changes in the vari-
ables affect worth. Experimentation of this
type is known as sensitivity analysis; it is
highly effective in. xeﬁmng thc for mLilamonhof
the problem.”

" The first sensit .vity analysis we perform is
associated with t'he decision variables. First,
fixing all other state variables in the problem
at their nominal walues, we then allow one of
the decision varia dles to traverse its assigned
range and observe how worth changes. Of
course, these obswirvations are usually carried
out by computer program. If we find that a
particular decision variable has a major effect,
then we know thiat we were correct in includ-
ing it in the orig: nal formulation. But if a de-
cision variable his little or no effect, we are
justified in consiclering its removal as a deci-
sion variable. I+ reflection reveals that the
latter is the case. we would say that we have
eliminated an im.potent decision variable. For




example, the time of introduction of a new
product might seem to be a decision variable
of major importance, but because of the com-
bined effects of competitive reaction and the
gaining of production experience, it might turn
out to have very little effect. The timing of
entry would then be an impotent variable.

Next, we perform sensitivity analyses on
the state variables, which are uncertain and

~over which the decision-maker has no control.

With all other system variables at their nom-
inal values, we observe the change in worth
while sweeping one state variable over its
range. If a state variable has a major effect,
then the uncertainty in the variable deserves
special attention. Such variables are called
aleatory variables to emphasize their un-
certainty.

If, however, varying a state varlable over
its range produces only a minor change in
worth, then that variable might well be fixed
at its nominal value. In this case, we say that
the state variable has become a fixated vari-
able. A state variable may become fixated
either because it has an important influence

7

determine the amount of simultaneous se ‘-
tivity analysis that is economic.

The Probabilistic Phase

The net result of the deterministic sensi-
tivity analysis on the autonomous state vari-
ables is to divide them into aleatory and fix-
ated classes. The probablhstxc phase deter-
mines the uncertamty in value and worth due
to the aleatory variables. The phase will be
divided into steps of modeling and analysis;

Figure 3 illustrates its internal structure.

on the worth per unit of i{s range, but an ex-
tremely small range, or because it has little
influence on the worth per unit of its range,
even though it has a broad range.

There is no reason to conclude that a fixated
variable 1s unimportant in an absolute sense.
For example, the corporate tax rate may be a
fixated variable in a problem because no
change in 1t is anticipated within the time pe-
riod under consideration. Yet it is possible
that an unforeseen large change in this rate
could change a favorable venture into an un-
favorable one.

Although sensitivity analysis has been de-
scribed as if it concerns only changes in one
variable at a Lime, some of the most interest-
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® Measure Stochastic Sensitivity

* Measure Risk Sensitivity

Modeling Probability Distributions

The first modeling step in the probabilistic
phase is is the a551gnment of probability distri-

butions to the aleatory varlables Either the

decision- maker or someone he de51gnates

ing sensitivity resulls are often observed
when there are simultancous changes in state
variables. Since the possibilities of changing
state variables jointly grows rapidly_with the
number of state variables, an important mat-
ter of judgment for the decision analyst is to

variable w 111 exceed any given value. If any
set of aleatory variables is dependent, in the
sense that knowledge of one would provide
information about the others, then the prob-
ability assignments on any one variable must
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be conditional o_n__the values of the others.
Gathering these assignments amounts to ask-
ing such questions as, “What are the odds
that sales will exceed 10 million units in the
first year?” (See section entitled “Encoding
Knowledge and Preferences.”’) Strange as
such questions may be in the current business
world, they could be the standard executive

language of tomorrow.

Analysis

With knowledge from the deterministic
phase of how the worth depends on the state
variables and assigned probability distribu-
tions on the aleatory variables, it is a straight-
forward calculation to determine the proba-

bility distribution of worth for any setting of

the c_lgqnsnbn variables; this probablhty distri-
bution is the “worth lottery.”” The worth lot-
tery describes the uncertainty in worth that
results from the probability assignments to
the aleatory variables for any given alterna-
tive (setting of decision variables.) Of course,
the values of the fixated variables are never
changed.

To select a course of action, the analyst
could gencrate a worth lottery for each alter-
native and then select the one that is more
desirable. But how would he know which
worth lottery is most desirable to the deci-
sion-maker?

One important principle that allows Judgmg
one worth lottery as being better than an-
sther is that of stochastlc dommance whlch is
illustrated in Figure 4. Part A of this figure
shows the worth lottery for Ltwo alternatives
in both probability densities and excess prob-
ability distribution forms. The excess proba-
bility distribution, or excess distribution, is
the probability that the variable will exceed
any given value plotted as a function of that
value. Tts height at any point is the area under
the probability density function to the right of
that point. Comparison of the excess distri-
butions for the two alternatives reveals that,
for any value of X, there is a higher probabil-

y that alternative 2 will produce a worth in
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Fig. 4
Part A—Stochastic Dominance
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Worth Alternative 1 .
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excess of that X than will alternative 1. Con-
sequently, a decision-maker preferring more
worth to less would prefer alternative 2. If
alternative A has an excess distribution that
is at least as great as that of alternative B at
any point and greater than B at at least one
point, alternative A stochastically dominates
alternative B. If stochastic dominance exists
between two competing alternatives, there is
no need to inquire into the risk preference of
the decision-maker, who rationally must rule
out the stochastically dominated alternatives.

Part B of Figure 4 illustrates a case In
which stochastic dominance does not exist.
The excess distributions on worth for the two
alternatives crauss. If the decision-maker
wants to maxiniize his chance of receiving at



least a small amount of worth, he would pre-
fer alternative 1; if he wants to maximize his
chance of receiving at least a large amount of
worth, he would prefer alternative 2. In situa-
tions like this, where stochastic dominance
does not apply, the risk preference of the de-
cision-maker must be encoded formally, as
shown below.

Just because alternative A stochastically
dominates alternative B does not mean that
the decision-maker will necessarily achieve a
higher worth by following alternative A. For
example, if alternative A produces worths of
five to 15 with equal probability and alterna-
tive B produces worths of zero and ten with
equal probability, then A stochastically dom-
inates B. Yet it is possible that A will produce
a worth of five while B will produce a worth of
ten. However, not knowing how the lottery
will turn out, the rational man would prefer
alternative A.

Modeling Risk Preference

If stochastic dominance has not determined

thebest-alternative,the-analyst_must _turn to
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utility than another, then it must be preferred
by the decision-maker if he is to remain con-
sistent with the axioms. The analyst 1s not
telling the decision-maker which worth lotter:
he should prefer but only pointing out to him
a way to be consistent with a very reasonable
set of properties he would like his preferences
to enjoy.

Thus, the utility curve provides a practica’
method of incorporating risk preference inty
the model. When faced with a choice between
two alternatives whose worth lotteries do ro’
exhibit stochastic dominance, the analyst ¢

the question of risk preference. To demon-
strate that most individuals are averse to
risk, it is only necessary to note that few,
if any, are willing to toss a coin, double or
nothing, for a year’s salary. Organizations
typically act in the same way. A realistic anal-
ysis of decisions requires capturing this aver-
sion to risk in the formal model.

Fortunately, if the decision-maker agrees to
a set of axioms about risk taking (to be de-
scribed in the following section), his risk pref-
erence can be represented by a utility curve
like that shown in Figure 5. This curve as-
signs a utilily to any value of worth. As a con-
sequence of the risk preference axioms, the
decision-maker’s-rating-of_any worth_lottery
can be computed by multiplying the utility of
any possible worth in the lottery by the prob-
ability of that worth and then summing over
all possible worths. This rating is called the
expected utility of the worth lottery.

If one worth lottery has a higher expected

20

i
!
'

|
‘
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the one with the higher expected utility.
Although the expected utility rating doe
serve to make the choice between alternative-
its numerical value has no particular intuitive
meaning. Therefore, after computing the ex
pected utility of a worth lottery, the analys!
often returns to the utility curve to see whal
worth corresponds to this expected utility; wt
call this quantity the certain equivalent wortt

}
t
0

i

of the worth lottery. The name arises as fol |

lows: if another worth lottery produced th
certainm equivalent worth with probabilit:
one, then it and the original lottery woul
have the same expected utilities and henc

/ _ would be equally preferred by the decision
maker. Consequently, the certain equivalen——

worth of any worth lottery is the amount ¢
worth received for certain, so that the dec
sion-maker would be indifferent between v
ceiving this worth and participating in th
lottery. Since almost all utility curves shor

I
1
i
'
1
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that utility increases as worth increases,
worth lotteries can be ranked in terms of their
certain equivalent worths. The best alterna-
tive is the one whose worth lotlery has the
highest certain’equivalent worth.

Analysis

In returning.to the analysis of the probabi-
listic phase, the first step is to compute the
certain equivalent worth of cach of the alter-
natives. Since the best decision would be the
alternative with the highest certain equiva-
lent worth, the decision probably could be
considered solved at this point. The careful
analyst, however, will examine the properties
of the model to establish its validity and so
would not stop here. The introduction of risk
preference is another point at which to check
the sensitivity of the problem. For example,
by setting all decision variables but one to
their nominal values and then sweeping this
one decision variable through its range, the
analyst. may find that although this variation
changes the worth lottery it does not signifi-
antly change the certain equivalent worth.
This result would indicate that the decision
variable could be fixed at its nominal value.

Aleatory variables receive the same sensi--

tivity analysis by setling one of them equal to
a trial value within the range and then allow-
ing the others to have the appropriate condi-
tional jointl probability distribution. When the
decision varfubles are given their nominal val-
ues, the program will produce a worth lottery
and hence a certain equivalent worth for the
trial value. Sweeping the trial value from one
end of its range to the other shows how much
certain equivalent worth is changed. If the
change 15 small, there is evidence that the
particular aleatory variable may be changed
to u fixated variable. We call this procedure
measurement of the stochastic sensitivity of a
varinble. It is possible that an aleatory vari-
able showing a large deterministic sensitivity
could reveal only a small stochastic sensitivity
and vice versa. Consequently, any decisions
Lo remove variables from aleatory status on

the basis of deterministic sensitivity might
well be reviewed at this time by measurement
of stochastic sensitivity.

As in the case of deterministic sensitivity,
we can measure the stochastic sensitivity of
many variables, simultaneously. Once more,
the decision analyst must judge how far it is
profitable to proceed. Measurement of sto-
chastic sensitivity is a powerful tool for locat-
ing the important variables of the problem.

There is one other form of sensitivity anal-
ysis available at this point: risk sensitivity. In
some cases, it 1s possible to characterize the
utility curve by a single number—the risk
aversion constant (just when this is possible
will be discussed later). However, when the
risk aversion constant is applicable we can
interpret it as a direct measure of a decision-
maker’s willingness to accept a risk. An indi-
vidual with a small risk aversion constant is
quite willing to engage in a fair gamble; he
has a tolerant attitude toward risk. As his
risk aversion constant increases, he becomes
more and more unwilling to participate. If two
men share responsibility for a decision prob-
lem, the less risk tolerant will assign a lower
certain equivalent worth for any given worth
lottery than will the other. Perhaps, however,
when the certain cquivalent worths are com-
puted for all alternatives for both men, the
ranking of certain equivalent worths might be
the same for both, or at least the same alterna-
tive would appear at the top of both lists.
Then there would hardly be any point in their
arguing over the desirable extent of risk aver-
sion and a possible source of controversy
would have been eliminated.

The measurement of risk sensitivity deter-
mines how the certain equivalent worths of
the most favorable alternatives depend on the
risk aversion constant. The issue of risk aver-
sion can often be quickly resolved.

The problem structure, the set of alterna-
tives generated, the probability assignment to
aleatory variables, the value assessments, the
statement of time preference, and the specifi-

_cation of risk preference combine to indicate
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Fig. 6 -The Decision Analysis Hierarchy,
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the best alternative in the problem. The over-
all procedure is illustrated by the decision
analysis pyramid in Figure 6. However, it still
may be besl 1o obtain more informationrather
than to act. This-determination is made in the
third phase, as described below.

The Informational Phase

ing oul. whether it is worthwhile to engage in a
possibly expensive information-gathering ac-
tivity before making a decision. It is, in the
broadest sense, an experimental design proce-
dure from which one very possible result is the
decision to perforin no experimént at all. Fig-
ure 7 shows the steps in the phase.
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The fundamental idea in the informational
phase is that of placing a monetary value on
additional information. A key concept in ap-
proaching this value is that of clairvoyance.
Suppose someone exists who knows in advance
just what value a particular aleatory variable
would assume i1n the decision problem—a
clairvoyant. How much should the decision-
maker be willing to pay him for his services?

To answer this question, recall that the di=-
cussion of stochastic sensitivity described how
to compute the certain equivalent worth given
that an aleatory variable took on a value s. In
that procedure, the decision variables were

set equal to their best values from the proba- -

the clairvoyant at a cost k, and then he tells us
that the. aleatory- variable will take on the
value s. }'irst, we would set the decision vari-
ables to 1ake best advantage of this informa-
tion. However, since the other aleatory vaui-

;IV‘A};ehi_afoirﬁﬁt—fo—n'z{l"ph:'isfe' is devoted to find= —bilistic -phase.-Suppose now that we engage

ables arc still' uncertain, they would be

described by the appropriate distributions



en the available information. The com-
puter program would then determine the ex-
pected utility of the entire decision problem
including the payment to the clairvoyant, all
conditional on his reporting s.

Before engaging the clairvoyant, however,
the probability to be assigned to his reporting
s as the value of the particular aleatory vari-
able is described by the probability distribu-
tion showing the current state of knowledge
on this variable. Consequently, we obtain the
expected utility of purchasing his information

on the variable at a cost & by multiplying -

the expected utility of the information given
that he reports s and costs k&, by the current
probability that he will report s and then sum-
ming over all values of s. The analyst uses the
current probabilily in this calculation because
if the clairvoyant is reliable, the chance of his
reporting that the variable falls in any range
is just the chance that it will fall in that range.

Knowing the expccted utility of purchasing
the information from the clairvoyant at a cost
“ &, we can gradually increase £ from zero

4 the expected utility of purchasing the

mformation is just equal to the expected util-
Ay of proceeding with the decision without
claiurvoyant information. The value of £ that
establishes this equivalence is the value of
clawrvoyance on the aleatory variable.

The value of clairvoyance on an aleatory
variable represents an upper bound on the
payment for any experimental program-de-
signed to provide information on this variable,
for no such program could be worth more than
clairvoyance. The actual existence of a clair-
voyant is not material to this discussion; he
is merely a construct to guide our thinking.

We call the process of measuring the value
of clairveyance the measurement of economic
sensitivity. If any aleatory variable exhibits
:h economic sensitivity, it is a prime candi-
date for an information-gathering program.
Ui possible, however, for a variable to have
“ high stochastic sensitivity and a low eco-
homie sensitivity because the available alter-
Witives cannot take advantage of the informa-

tion received about the variable. To deter-
mine the importance of joint information, the
analyst can measure the value of clairvoyance
on more than one variable at a time.

The actual inforination-gathering programs
available will seldoin provide perfect informa-
tion, so they will be less valuable than clair-
voyance. Extension of the discussion of clair-
voyance shows how their value can be
measured. Whereas the clairvoyant reported
a particular value s for an aleatory variable, a
typical experimental program will provide
only a new probability distribution for the
aleatory variable. The analyst would then
determine the best decision, given this new
information, and compute the expected utility
of the decision problem. He would next multi-

ply the expected utility by the probability that
the exerimental program would come out in -

this way and then sum over all possible out-
comes of the experimental program. The re-
sult would be the expected utility of the ex-
perimental program at a given cost. The cost
that would make the expected utility just
equal Lo the expected utility of the problem

- without the experimental program would be

the value of the experimental program. If the
value is positive, it represents the maximum

that one should pay for the program. If the

value is negative, it means that the experi-
mental program is expected to be unprofit-

-able. Consequently. even though it would pro-
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vide useful inforimation, it 'vyould not be
conducted.

t
-

Modeling

At this stage, the decision-maker and the
analyst must identify the relevant informa-
tion-gathering alternatives, from surveys to
laboratory programs, and find which, if any,
are expected to make a profitable contribution
Lo the decision problem. In considering alter-
natives, they must take into account any
deleterious effect i delay in making the pri-
mary decision. Wiien the preferred informa-
tion-gathering proygram is performed, it will
lead, at least, to new probabilily assignments




on the aleatory variables; it might also result
in changing the basic structure of the model.
When all changes that have been implied by
the outcome of the experimental program are
incorporated into the model, the deterministic
and probabilistic phases are repeated to
check sensitivities. Finally, the informational
phase determines whether further informa-
tion-gathering is profitable. At some point,
further information will cost more than it is
worth, and the alternative that currently has
the highest certainty equivalent will be se-
lected for implementation.

The iterative decision analysis described
above is not intended to fit any particular
situation exactly but, rather, all situations
conceptually. A discussion follows on two pro-
cedures required to carry out the analysis:
encoding knowledge and preferences.

ENCODING KNOWLEDGE
AND PREFERENCES

Encoding Knowledge as Probability
Distributions

Perhaps the single most unusual aspect of
decision analysis is its treatment of uncer-
tainty. Since uncertainty is the central prob-
lem in decision-making, it is essential to
understand the conceptual and logical founda-
tions of the approach to this issue.

The Importance of Uncertainty

The importance of uncertainty is revealed
by the realization that decisions in situations
where there is no random element can usually
be made with little difficulty. Only when un-
certainty exists about which outcome will
occur is there a real decision problem.

For example, suppose that we are planning
to-take-a-trip-tomorrow-and-that bad weather
is forecast. We have the choice of flying or of
taking a train. If a clairvoyant told us the con-
sequences of each of these acts, then our de-
cision would be very simple. Thus, if he said
that the train would depart at 9:13 aA.M. and
arrive at 5:43 p.Mm. and if he described in detail
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the nature of the train accommodations, the
dining car, and the people whom we would
meet as traveling companions, then we would
have a very clear idea of what taking the train
implied. If he further specified that the plane
would leave 2 hours late and arrive 214 hours
late, stated that the flight would be especially
bumpy during a certain portion of the trip.
and described the meals that would be served
and the acquaintances we would meet, then
the flying alternative would be described
as well.

Most of us would have little trouble in
making a decision about our means of travel
when we considered these carefully specified
outcomes in terms of our tastes and desires.
The decision problem is difficult because of the
uncertainty of departure and arrival times
and, in the case of the plane, even whether the
trip would be possible at all. The factors of
personal convenience and pleasure will be
more or less important depending upon the
urgency of the trip and, consequently, so will
the uncertainties in these factors. Thus we
cannot make a meaningful study of decision-
making unless we understand how to deal
with uncertainty. Of course, in the problems
that are of major practical interest to the
decision analyst, the treatment of uncertainty
1s even more pressing.

It is possible to show that the only consis-
tent theory of uncertainty is the theory of
probability invented 300 years ago and stud-
ied seriously by mathematicians the world
over. This theory of probability is the only
one that has the following important prop-
erty: the likelihood of any event’s following
the presentation of a sequence of points of
data does not depend upon the order in which
those data are presented. So_fundamental-is
this property that many would use it as a
defining basis for the theory.

The Subjective Interpretation' of Probability

A reasonable question is: If probability is
so essential to decision-making, why hasn’t

.
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que mediante una distribucibdn cuidadosa acompatiada de una buena
promocibn, se tendrfan ventas potanciales excedentes a las pro-
yectadas en 1966. Aunque Biery y O'keefe estaban completamente
convencidos del exito futuro del Snurfer, se encontraban ante la
incertidumbre de la demanda total del producto para el aho en cues
tibn,asi como la parte correspondiente por destinar a supers.
Estaban seguros, eso si, que para maximizar las gananclas del pro
ducto, serfa necesario estimar el tamafio de la produccibn de mane
ra culdadosa y sistemftica. Como era de esperarse, la orden de
produccibn tenia que enviarse al Departamento de Produccidn al fi
nal de Abril de 1967.

El primer paso para determinar tal cantidad, fue revisar
las estimaciones recientes del costo de los dos modelos. E1 jJe-
fe de produccibn inrformd que la maquinaria existente cuyo costo
era de $50,000 se encontraba en buenas condiciones y seria capaz
de producir 150,000 unidades de cualquier tipo y en cualquier
combinacibdn. Para producir entre 150,000 y 200,000 unidades se
requeria una inversion extra de $15,000. Incrementar la produc-
cibn sobre las 200,000 unidades requerirfa otros $55,000 pero
permitiria a la fAbrica producir hasta 500,000 unidades al aho.
Biery decidib que los costos de inversidn en maquinaria deberfan
amortizarse en el aiio de su adquisicibn.

Posterior a una consulta con los agentes de ventas, se con-
siderd vender los Snurfers en 1967 a un precio promedio de fabri-
ca (al aumentar o disminuir la cantidad el precio varia) de
$4.30 el regular y $5.50 el super. Los costos directos para la
compafifa fueron 3$2.50 y $3.20 respectivamente. Por otra parte,
los costos indirectos se calcularon para ambos modelos como un
9% sobre la ganancia, los cuales incluifan gastos por administra-
¢cibn, renta de inmuables etc., mientras que un 3% adicional se
dedicd a gastos por publicidad. El1 costo por almacenaje del
inventario, se cargd a 2% al mes sobre los costos directos y se
estimbd que todo inventario en exceso tendrfa que almacenarse por
lo regular un promedio de 6 meses.

Con los costos involucrados definidos, Biery se puso a ana-
lizar la demarda. Aunque no estaba seguro de qué cigra selec-
cionarfa, estaba consciente de la improbabilidad de introduccibn
de competencia en el mercado. Aun mis, se dib cuenta que el
Snurfer era ur. articulo de novedad y que de seguro seguirfa la ten
dencia caracteristica de ese tipo de articulos, como las patine-
tas y el hula-hula con ventas muy altas por un par de ahos y dis-
minuyendo rapidamente hasta desaparecer. Por esto, Biery solo se
. concentrbd en la venta del producto para la temporada 1967-1968.



Para determinar la demanda, Biery se reunib con O'keefe y
juntos analizaron las posibilidades de los Snurfers. Finalmente
concluyeron que la demanda media serfa de 150,000 unidades. Un
hecho era seguro, que nc estarla por debajo de las 50,000 ni en
exceso de las 00,000, tambien consideraron que habfa una opor-
tunidad en 4 de que la demanda seria de al menos 190,000 unida-
des' y que existfan 3 oportunidades en 4 de que al mencs fuera
de 125,000 uniclades.

Para poder decidir la cantidad de unidades a ordenar, te-
nfan por otro lado que estimar la demanda para los regulares y
para los super. Esto, era obviamente necesario pues, se debian
adquirir diferentes materias primas y por otra parte no se desea
ba que se tuvuiera un resultado final de regulares inventariados
con demanda insatisfecha de super; o viceversa. Ambos coincidie
ron en que la demanda entre modelos podia considerarse indepen-
diente de la demanda total; bajo el razonamiento de que el con-
sumidor seleccionarfa entre un modelo u otro, exclusivamente de
acuerdo a las diferencias entre estos, y que la decisidn sobre
cual modelo comprar no se encontraba influenciada por el numero
total de Snurfers vendidos.

Biery y O'keefe estimaron que el super Snurfer probablemen-
te serla demandado en un 40% del total pero que se podrfia llegar
hasta un 60%. De cualquier forma, la demanda no caerfa por de-
bajo del 30% en ninguna circunstancia. Por otra parte, conside-
raron que existia un 75% de oportunidades de que .1a demanda fue-
ra de un 45% y un 25% de oportunidades de que los supers formaran
un 36% de la demanda total.

Resumen de Costos pcr Unidad

Costo COSTO INDIRECTO Almacen

MODELO PRECIO VAFRIABLE Y PUBLICIDAD TOTAL INVENTARIO
Regular L .30 2.50 0.22 2.72 0.30
Super 5.50 3.20 0.28 3.48 0.38

Cantidades a Prroducir

Para deterrminar las cantidades de produccibdn a considerar,
Biery decidib =studiar las sugerencias presentadas por diferen-
tes personas involucradas con el proyecto. El siguiente resumen
muestra las recomencdaciones de oficios me y memoranda enviados.
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El persbnal de ventas argumenta que las ganancias totales en
ambos mod2los, hacen que el costo por almacenamiento de las
unidades 10 vendidas sea practicamente despreciable, por 1lo
‘que pretenden cue una cantidad total de 225,000 Snurfers sea
ordenada. De estos 130,000 deber&n ser regutares y 95,000
super.

Por otra parte el jefe de produccibdn sugiere 150,000 unida-
des, 70,090 super y 80,000 regulares, argumentando que la
cantidad 10 se requerirf ninguna inversidn adicional, y que
aumentar la proporcién de 1pss super a 47% en lugar de 40% era
conveniente, ¥¢ ya que estas tenian un mayor margen de ga-
nancia y 3jue la proporcibdn era mis acorde con la experien-

cia de las ventas anteriores.

Biery consider® que ambos argumentos eran meritorios, pero
estaba un poco esceptico al respecto por lo que proponia que una
produccibn de 200,000 unidades repartidas en 85,000 super y
115,000 regulares disminuirfa el costo deve ventas perdidas sin
incurrir en una mayor inversibn en magquinaria. Para asegurarse
de lograr la decision correcta, se propuso realizar un anflisis
de las 3 alternativas para determinar cual era la mejor. Para
ello, se hizo asistir de un cuerpo de asesores expertos en
analisis de decisioaes, en particular investigadores de la
»Business School” de la Universidad de Harvard.

: ?reguntas Gulia

1) Que hubiera hecho usted, en caso de haber sido llamado por
Mr. Biery~?

2) Hubiera usted analizado todas las alternativas?

3) ° Cuanto es lo que usted le recomendaria a Mr. Biery, pagar por
obtener informacibn extra?

4) Serfa posible obtener la solucibn &ptima/’

(Asuma en su anflisis, que los productos no vendidos en la
edicibn 1967-1968 se venderfn durante 1968-1969)
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Chapter ]_1

Games and competitive situations

Compentive situations occur when individuals or institutions are at
cross-purposes. They are situations in which there is at least some ele-
ment of conthict. Two firms batthing for market share are clearly at cross-
PIPOscs So arfe gasohine SIS Was L PUICR WAL o REW CUl dllL -
and a customer hozoling over price and options. a number of companies
biddingz for a NASA contract, the writer of un insurance contract and tha
insurcd. and an IBM represzatative and a customer working out the de-
tails of a multimiliion-dollar computer installation.

{n most of these examples the individuals or institutions are not entirely
at cross-purposes. however. The car dealer and customer, for example,
while at cross-purposes regarding price, share the objective of closing a
mutually sdvantageous deal. Most competitive situations, in fact, contain
elements of both mutual interest and cross-purpose. This mixture is part
of what makes their analysis so challenging.

Competitive situations pervade every sphere of human activity—
military strategy. dipiomacy, government, politics, business. sports. and
private lives are obvious examples. Because they ure so pervasive, com-
petttive situations have been studied from many viewpoints, including
economics. politics, history, sociotozy. psychologav, military strategy. and
the muthematical theory of games. Depending on the administrative situa-
tion under consideranion, any one or a compination of these viewpoinis
mauy aid decision making.

In deciding on which viewpoinis 10 bring to bear on a particuiar
situation—or. indeed. which aspects of a particular viewpoint are
relevan'—it helps o be aware of the dimensions on which competitive
sitaations didfer, For exampic, two situations may diter in the degree to
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which the purties have mutual interests. To facilitate thinking about com-
petitive problemis in general, it s well to be aware of the elements shared
by all such situations. '

This chapter addresses these issues. The first section evplores the
common elements of competitive situations and the significant dimensions
on which they differ by describing in detail the battle among airlines for
nanscontinental passenuers. The next secuon provides a frumework for
analyzing some competitive situations by describing how to analyze two-
person zero-sum games. In the jast section this framework is extended 1o
nonzero-sum games in order 10 address issues of cooperation and com-
munications.

AN EXAMPLE: THE BATTLE FOR TRANSCONTINENTAL
AIR PASSENGERS!

Consider the airlines’ battle for transcontinental passengers that has
pbeen going on since the early 1960s. The long hauts are the routes of
greatest profitability. and the New York-California runs have been
tecrmed the “"éssence of the essence.”” Thus, competition has been fierce
among the three largest airlines. American. TWA, and United. which
collectively control about 90 percent of the market. In the davs of piston
aircraft, just before the battle started, TWA was the dominant
transcontinental carrier. However. American, then in second place, was
more aggressive than the others in introducing jet aircraft. As a result, it
surpassed TWA in the early sixties. achieving 38 percent of the market by
1962. For a while TWA. awaiting delivery of its Convair jets. and United.
awaiting DC-8s, emphasized services to counter American’s jets. ‘This
competitive weapon continued 10 be used after TWA and United became
competitive with aircraft. Since the industry is regulated, price competi-
tion was largely ruled out.

About 1963, TWA introduced in-flight motion pictures. and it was some
two years before American and United follc ved suit. Later. TWA was to
offer a choice of two movies. Shortly thereafter. United introduced stereo
entertainment, and the others soon followed. During the mid sixties.
United tried single-class service, and after several disastrous years re-
verted to the traditional coach and first-class service. In a series of moves
and countermoves, the three competitors offered increasingly elaborate
meal service. including choice of entrees or steak cooked in flight. By
1967. TWA was touting choice of seven entiees in its first-class service, all
cooked in flight. United increased the number of main course choices
from two to four in its coach section. Each carrier. as it introduced a new
innovation, featured it in its advertising. which was constantly being used

' We are grateful 1o Laurence Doty of Aviation Week and Space Technology for providing
much of the factual material for this section.



11, Games and cc g . tuations 485
to differentiate th: line’s service in the eyes of the public. American was
the busine ., truveler’'s line, United the vacation traveler's.

Once all the carriers had sufficient jets. they began to escalate the
frequency of their flights. in part in response to growing passenger de-
mand. More importantly. the escalation stemmed from the widespread
beliet that the carrier with the greatest number of departures would get a
share of market more than proportionate to its share of departures. This
was so because many travelers initially contact the carner offering the

most flights to taeir destinations when they make reservations. Con-

sequently. number of departures became one of the most competitive
weapons.

By the late 1960s, just before the introduction of the wide-body jets.
however, airline capacity became scarce. Nonetheless. the carners con-
tinued their capacity war on the transcontinental routes. at some sacrifice
to'their less desirable routes. For instance, when American added another
New York-California flight in 1967, TWA felt it had to delay the introduc-
tion of its new Cincinnati-Los Angeles nonstop service 1o match Ameri-
cau’s flight. By 1967. flights were so frequent from New York to California
that Aviation Week (August 14, 1967) called them a ““shuttle.”” American
had 16 of the 43 flights a day,-TWA had 14, and United had 13. Their
marke( shares were ranked in the same order. Timing of schedules was
also important; the lines constantly Jockeyed with one another for the
more favorable departure times.

The capacity battle interns'f-d with the introduction of the 747s about

1970. Formerly capacity constrained. the carriers suddenly found excess -

capacity. because the introduction coincided with an economic recession
After load fuctors (percentage of occupied seats) had fallen under 40 per-
cent, American finally tried to break the cycle by unilaterally cutting back

on capacity. It hoped the others would follow. However. United stood pat "~

and TWA increased capacity. Month by month American watched, waited
for the other carriers (o revise themselves, and lost market share and large
sums of money. Finally, it relented and again entered the fray.

In the meantime, plane configuration became the chief competitive
weapon: the ““battle of the coach lounges™ took place. Spurred by empty
seats, in 1972 Continental Airlines removed some seats from planes on
its Chicago-Los Angeles run and installed a lounge in the coach sections.
The big three quickly followed suit on the transcontinental routes. Soon
one carrier featured two lounges. Then came the piano bars: first Ameri-
can and then the others added pianos to their lounges, so passengers could
gather. play the piano, sing songs, and tmbibe. The battle of the lounges
abated in mid-1973.

In 1972 there ulso was a wave of reoutfitting flight attendants, with first
“one camier and then.another introducing new uniforms. More moves and
countermoves on food took place, with one carrier touting Trader Vic
food.
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Ficed with excess capucity. the curriers then tried fure reductions.
TWA filed an application with the Civil Aeronautics Board (CAB) for
spectal book-aheud fares where. if the customer booked 90 days in ad-
vance, the fare paid was approximately one half. In defense. American
soon filed an application for an identical plun. Not to be outclussed,
United filed for similar fares with seven-days-ahead booking. but a
minimum seven, maximum nine-day stay. Defensively. the others
matched the United plan. The United plan met with the greatest success
and finally was adopted by all carriers. The net effect, of course. was to
lower the average fare collected by each carner.

Up to this point in the batile. the carriers had been making capacity
decisions independently. without consulting one another. Load factors
had dropped below break-even 1o 36 to 38 percent: competition was so
fierce that running planes through maintenance and scheduling crews was
a problem. In 1972, the CAB began to encourage negotiations among the
carriers to limit capacity. The negotiations started in the summer, under
protest from the Justice Department and various consumer groups, and by
October 1972, the first capacity reductions led to a 10 percent improve-
ment in load factors. Starting in June 1973 fuel shortages provided further
incentives to get together, and, after protracted negotiations, further ca-
pacity reductions followed. A's capacity was being cut back, TWA was hit
by a sia-week strike, giving a major assist to the two remaining carriers. In
early 1973, the carriers used advertising to vie for market share on the
basis of quality of service. This was spurred by American, which was
trying 10 recoup market-share lost due to poor service stemming from a
pilot siowdown in December 1972 to January 1973. Beginning in February
1973, it started touting the improvement in its service, and the others
countered by praising their own.

This particular competitive battle well illustrates the richness of com- -
pelitive situations: the wide variety of weapons used: the constant moves
and countermoves, both offensive and defensive: the importance of tim-
ing: the incertainty about opponents’ moves, and whether they will suc-
ceed: and the great complexity of the total “zuation.

Elements ‘shared by all competitive situations

Several of the elements common to all competitive situations which are
illustrated by the transcontinental air passenger example are discussed
below.

The rules of the game. Perhaps most important of all, there are
specific rules that govern the behavior of the competitors. These competi-
tive practices are generally agreed upon, general laws as well as specific
industry regulations. For instance, the airline industry is a heavily regu-
lated one; competitors may not change fares withcut prior-approva!l of the
CAB.
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Potential payoffs and uitimate outcomes. There is a range of out-
comies or paroffs that can occur for each competitor—in the case of the
airlines, the various market shares, passengers carned, or profits. As a
result of the actions of the competitors and possibly of events beyond
their control. there is an outcome of the situation—one of the potennal
payoffs. Each competitor considers some outcomes to be more desirable
than others—for instance. more market share is better than less. While
this seams obvious, each has relative preferences for the various dimen-
sions of the pavoff: market share, immediate profits, long-range profits,
cast. flom . and so forth.

Outcomes determined by competitor choices and other events.
Each competitor has open to it a range of potential strategies it can
employ. In the airline example a strategy consists of a stance regarding
number of departurés. schedules, plane configurations. in-flight services,
advertising. and so torth. Each competitor has some control over the
situation. but it does not have tull control. Some of this control is in the
hands of the other competitors. Américan’s success, for example. de-
pends in part on its strategy. but it is heavily influenced by what TWA and
United Jo. Furthefmore. some elements may not be in the control of any
competitor. such as the strnike closing TWA in 1973, the economic
downtumn of 1970, and the pilot slowdown that hit American in December
1972.

Signiticant.differences af~ng compétitive situations

There are also various dimensions on which competitive situations can
differ significantly. The way these factors can affect the analysis of the
competitive situation are noted in the sections below.

Number of competitors. The number of competitors, or distinct sets
of interests, is one of the fundamental ways to categorize competitive
situations. It is customary to speak of a conflict situation having two
competitors as nro-person and one with more than two competitors as
n-person, although it may just as well be called a many-person situation.
The word person is game-theory shorthand for a party at interest in a
competitive situation: in short, one of the conflicting *'sides.” In this
sense, a person may be an individual, a group of individuals. a corpora-
tion, oOr a nation.

The two-person conflict situation is the common one in which one
person and an adversary have conflicting interests. Certainly the seller of a
house you would like to buy does not share your interest in a lower price.
Two contractors have clear conflicting interests in bidding for a construc-
tion contract.

When there are niore than two interested parties, the situation becomes
more complex. First, there is simply more to keep track of. Second, and
more important. there is the possibility that some of the competitors might
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form coalitions 1o deal more effectively with the others. k. .nstunce., the
Arab nations bunded together 10 set a commuon il policy with the
developed nations in 1973, even though the individual nations hud some-
what differing interests. Similarly. companies form trade associations to
lobby tor common interests. workers form unions. and nutions sign
mutual aid treaties. Sometimes the coalitions are only implicit and tacit,
such as banks following common policies in setting their prime rates.
Also. workers sometimes band together in informal groups to socially
conirol “‘raté busters.” and card players will gang up on the leader to keep
anvone from amassing the aumber of points necessary 10 win the game.

When one is faced with coalitions, an important analvtical issue is their
qmbnlny How likely is it that members ol the coalition will break with
1he|r original coalitions to join others. form new ones, or strike out on
their own? Is it advaitageous to encourage or discourage this? Which
giroup is advanfugeous for you to join? :

Another implication of n-person situations is simply the need to recog-
fize the number of different interests. For instance, suppose you are
negotiating to purchase a small machiné shop from its founders and their
children. The founders want to retire and divorce themselves financially
from the enterprise. The children would like to continue in its manage-
ment and, if they are successful, share in the rewards. If you fail 1o
recognize these different interests, if you consider “'the owners™ to be
monolithic, you fisk missing an appropriately structured dea! which will
be more in the interests of all pames—mcludmﬂ yourself.

Degree of mutual versus opposing interest, There are some situa-
tions in which the interests of the competitors are strictly opposed. At the
end of a pokér game, for example, there is usually just an exchange of
assels. Sirice winnings are balanced by losses, their nétis equal to zero. In
game theory terms, this type of competitive situation is called a zero-sum
game.

The zero-sum game may be thought of as oné ex(reme—-—lhat of pure
conflict. At the other extreme are situations of pure common interest, in
which the “‘competitors’ win or lose together, and both prefer the same
outcome. For instance, in bridge the two partners do their utmost toward
achieving full cooperation. Their fates are inextricably intertwined.

1t is difficult to find administrative examples of either pure cooperatior
or pure conflict, since the vast majority of competitive situations lie be-
tween these extremes. In most situations the opponents exhibit varying
degrees of common interest and competition. Formally, any game that is
not strictly competitive is designated a nonzero-sum game.

In a labor negotiation, for instance, labor and management may not
agree concerning the division of their joint profit, but both probably want
to make the joint profit as large as possible. Thus they have both conflict
ing and common interests. Similarly, the three airlines competing for
transcontinental passengers, while they would prefer gaining market sharc

Vv
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at the others’ expense. would mutually prefer competitive alternatives
that profitsbiy stimulate passenger demand. or those that permit handling
a given namber of passengers at lower cost.

The competitive aspects of most business, political, and military con-

fhcts can only be analyzed in a realistic way if the elements of common’

interest as well as conflict are taken into consideration.

Communication or agreement about actions. In the airline exam-
ple. the competing carriers first made independent decisions on de-
partures. The eventual result was that departures escalated and load fac-
tors dipped below break-even. When the carniers were permitted to decide
jointly on departures, the number of flights was reduced to a profitable
level.

This difference in behavior illustrates the significance of perhaps the
most important distinction that can be made about competitive
situations—w hether or not the competitors are allowed to communicate
exvplicitly before making their moves. If so, the situation is said to be
cooperative; otherwise, it is designated noncooperative.

In general. the more the players’ interests coincide. the more significant
is their ability (or inability) 1o communicate. Where there is pure common
interest. the problem is entirely one of communication. In competitive
situations in which the decision makers have some common interests and
some conflicting interests, communication, if permitted, plays a complex
role in determining the outcome. In two-person, pure-conflict situations,
communication cannot benefit either competitor.

Sometimes the competitors raust take action in the complete absence of
comrnunication. as do participants in a sealed bid auction. Under such
noncooperative circumstances, the analysis of a competitor’s potential
actions should influence the other party’s actions. Sometimes competitors
can communicate to a limited degree, as with public pronouncements, but
must stop short of actual agreement on a mutual course of action. For
example, the president of TWA might announce that TWA will match
American’s departures plane for plane. The purpose of this type of
communication—threat, promise, or bluff—is to attempt to influence the
opponent’s behavior. The effect of these limited communications then
enters the competitive analysis.

Finally. there is the cooperutive sttuation w here the competitors are in
full communication and jointly attempt to reach agreement. Promises,
threats, and bluffs continue to play a role in attempting to change each
other’s preferences and attitudes. However, now the adversaries, through
dialogue, also attempt to create new alternatives while trying to reach
agreement. This is the bargaining situation.

Betore leaving the subject of communication, the role of tacit com-
munication bears mentioning. In must marketplace competition, the luw
forbids collusion, Nonetheless, although competitors do not communicate
directly with one another, ““understandings™” often develop. Price leader-
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ship in the steel industry is a good example. The kinds of understandings
that emerge and their stability 1s an important aspect of such competitive
sttuations. So is the way that conmpetitors ““signal™™ their intent 1o one
another, without explicitly communicating, For example, Amernican was
appuarently unsuccessful in signaling the other airlines to cut back cupacity
in 1971.

Repeating the competitive situation. Anothcer important dimen-
sion of difference is whether the same participants will be involved in
a similar situation in the future. For instance. the buyer and seller of a
house most likely will not. whereas a particular union and compuany will
be back at the bargaining table at the completion of a just-nepotiated
contract. Similarly, the competition between the airlines is an ongoing
one. °

In one-shot situations, competitors are usually out for all they can get.
In an ongoing situation, they ofien behave much diﬁerentl)7. All they can
get is tempered by what the impact will be on what they might get in the
future. If management negotiates too stringent a contract this time, the
union may be more militant the next time. ' :

Amount of information each competitor has. Information is one
of the most important commodities in a competitive situation. If this
were not the case. we would not see the tremendous secrecy with which
Detroit’s automakers treat their new designs. We would not see a pet-
rochemical manufacturer photographing a compeutor’s outdoor chemical
fucilities from the air, so that its chemical engineers could infer the pro-
duction process from the configuration of the facility and thus estimate the
competitor's costs. We would not see frogmen from one oil company
checking on the offshore drilling rigs of another.

Indeed, some feel that much can be gained by analyzing a competitive
situation. particularly a bargaining one, in terms of exchange of informa-
tion. What would you like to know about your competitor? What would
you like your competitor to believe about you?

There is a host of things about which you might have relatively abun-
dant or limited information. For instance, *'ou may know spegifically who
your competitor is, or you may not. If you are building contractor submit-
ting a bid to the city of Hartford for the construction of its proposed civic
center, you may not know who your competitors are. In order to make a
decision about how much to bid, you may have to hypothesize about the
typical competitors facing you.

More frequently you know who your competitors are, but there may
still be substantial information gaps. You may not know what competitive
options your competitors are considering, much less which ones they will
choose. Nor will you have a clear understanding of their objectives. or of
their views—sanguine or pessimistic—of future conditions in the markets
for which you are competing. You may not have information about the
innermost workings of .your competitor’s organization, such as ~-<ts or
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coported. o but in wostandustries it is not.)

Somctimes there 1 uncertanty ubout the value of the item for which
vou are competing In competing for oil nghts leases. for example. bid-
Jery usually do nat know for certain the value of the reserves on the
propeity. To muke matteis worse. some competitors may have a better
idea than others about the value of the item. For instance. the seller of a
compamy often has important information unavailable to the buyer.

Sometimes, unfortunately, you fail to have complete information about
vourself and your organization. What are your objectives? Do you have
the resources necessary for the competitive battle that might ensue if a
particular course of action is chosen? Apparently GE and RCA did not
when they announced plans to become greater factors in the computer
ndastry and then withdrew ®

From the discussion and examples cited above, it is evident that deci-
aon making in competitive situations is a tricky, delicate. difficult busi-
neas. In the fallowing sections some formal structure is presented to assist
in analyZing competitive situations.

RN

TWO-PERSON ZERO-SUM GAMES

To introduce some of the key elements in the analysis of competitive
stuations and 1o put these elements as starkly as possible, we have cho-
«en the simplest of competitive situations. This is the nvo-person zero-sum
vame, s0 named because two parties compete for the same resource:
what one guains. the other loses.

J\llhough this kind of situation is somewhat rare, many of the basic
analytic ideas carry over 1o the more realistic nonzero-sum context. Fur-
thermore. many people treat competitive situations that are not zero-sum
arthough they were. It pays to know a little about the zero-sum setting to
understund what is wrong with their thinking.

We will use as enamples pseudo-administrative problems in contexts
with which vou are familiar and will place you directly in the position of
the decision maker. We use the word ““pseudo’™ advisedly. because we
have had to distort real administrative facts somewhat in order to achieve
simple, zero-sum settings. First, we look at a situation in which two
vompetitors vie for market share through television advertising. We
analyze this situation only in part and then digress to consider three sim-
pler situations which illustrate various solution techniques. We will com-
rlcte the analysis of the marketing example after discussing these three
Mtuations,

William Fruhan. “Pyrrhic Victones for Market Share.” Huriard Business Review.

™ piember-October, 1972,

'
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A marn_..ng example: General Edison versus Westvania

General Edison. the largest manufacturer of electric- light bulbs for
home use. has as its sole competitor the Westvania Corporation. Consum-
ers purchase their slightly differentiuted products infrequently, and both
brands are availuble widely. About three quarters of the purchases are
made by consumers who are extremely loyal to one brand or the other; the
other customers are not at all brand loyal. The brand these consumers
select is exclusively influenced by the advertising to which they have been
exposed just prior to each purchase.

The two companies vie for these uncommitted customers (whom we
call the market) solely through television spot commercials, with advertis-
ing commitments made monthly. The Federal Trade Commission watches
competition carefully and sees 1o it that the networks keep the advertising
plans of the competitors confidential. It is a long-standing industry tradi-
tion that GE buys three spots a day on each network and Westvania
purchases two a day. .

The television advertising day is divided into three segments—
morning, afternoon, and evening. Twenty percent of the bulbs are pur-
chased on the basis of viewing morning advertising, 30 percent on the
basis of afternoon viewing. and 50 percent on the basis of evening view-
ing. Whichever firm buys the most spots during a segment captures the
entire market resulting from that period. If GE and Westvania buy the
same number of spots during any one period, each gets half the purchas-
ing audience; this is the case even if neither buys spots. Since use of bulbs
is unaffected by adventising, neither company's advertising affects the _
size of the market—only market share is related to advertising efforts.

Suppose that you are the advertising director of General Edison and
you must decide on its advertising plan for the coming month. Given the
situation and industry traditions, you are in a zero-sum situation. Your
interests are strictly opposed to Westvania’s: what you gain in market
share Westvania loses, and vice versa. What will youradvertising schedule
be? And how much of the coming month’s market wxll you expect to
capture as a result? T

Let us speculate on how you might think about these questions. You
might consider putting all your advertising in the evening. That way you
are assured of at least half the market—how much more you get depends
on when Westvania uses its two spots. If, for example, Westvania uses”
one in the morning and one in the afternoon, you will get exactly 50
percent of the market, since you have the majority of evening spots and -
they have the majority of morning and afternoon spots. Or, if you are
lucky, Westvania will put both of its spats in the afternoon. In this case
you could get all of the evening plus half of 1he morning, for a total of 60
percent of the markei.- -

Your thoughts about using all yoursspots in the evening might tempt

. you to conclude that Westvania would never use its two spots in the

——————
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evermz Sovou might decide to nut two in the exeming und one in the
morning. That way.if Westvama puts its two spots in the afternoon, you
will win both the morning and evening purchasers, for a total of 70 percent
of the murket. However, if Westvania splits its spots between morning
and ufternoon. you will get 60 percent of the market. Figuring that
Westvania might do this. vou then think of putting two spots in the after-
noon and one in the evening: that way you get 80 percent of the market.
But ir Westvania knew you were thinking seriously of doing that. it might
go with 1wo in the evening—to get 60 percent of the market. leaving you
with a mere 40 percent. On the other hand. y ou could counter their move
by going back to your original idea—three spots in the evening—and
thereby capture a whopping 75 percent of the market. And so it goes.

A pattern emerges. How well you do with your advertising schedule

depends on what your opponent does. You must, therefore, take into

account possible competitive moves in deciding on your strategy. And
your competitor will take your moves into account. There is a possibility
for un endiess choir of *"I think that they think that I think that they think
.« . Your destinies are inevorably intertwined. How can we make pro-
gress i analyzing this problem?

* Toward resolving the dilemma

~ There are three major steps’in analyzing a game: (1) understanding the
. 9puons open 1o you and your opponent, (2) undersianding the well-being
of you and your opponent in every combination of strategies, and (3
analy zing and choosing a strategy. '

The first thing you need 1o do s get a clear picture of the choices open
to you and to your opponent. It turns out that there are ten distinct options
open 1o you and six open 1o your opponent in this example. Your options
-wre for 1wo evening spots and one aflernoon spot, two evening spots and
one morning spot. and so forth. Since there are 16 options for vou and
vour opponent. you need a shorthand to list them succinctly: Let E stand
for an evening spot. A for afternoon. and M for morning. Now if you want
10 represcnt two evening spots and one afternoon spot. you can simply
write EEA. Using this shorthand, your options and your opponent’s can
be listed. us in-Table 11-1. Each option is called a sirategy.

Table 11-1
List of strategies open to you and
your opponent

General Edison’s
SIrategies

Wesnania's
sirategies

EEE EMM EE
EEA AAA - EA
EEM AWM EM
RN AMM AN
EAM MMM AM

MM
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In any competitive situation. vou need 1o be aware of all the strategies
0pen 10 your opponent, or your oppancnt could possibly slip one past you.
You need to also understand your options or vou might miss out on a good
one. simply because you did not consider it. (Later on we will see thiat we
really have not histed all the options open to you and your opponent in this
particular situation, and failure 1o consider the omitted strategies can
result in leaving money on the table.)

The second thing you need to do is to cons:der how well off you and
your opponent would be for .any combination of vour respective strate-
aies. For example, EEE against AA yield 10 percent market share to your
opponent and 60 percent to you. There are lots of wavs to indicate how
well off each of vou would be—tables. graphs. formulas, and words can all
be used. The best way depends upon the particular competitive situation.
In this case a table seems most useful. Across the top you can list your
competitor’s strategies, and ulong the side you can list yours. At each
intersection you can list your market share and your competitor’s, that is,
the two payoffs.

Actually you do not have to list both your own and your competitor’s
payofts, since this is a zero-sum game. If vou list yours. then your compe-
titor’s-payoffs will be known.automatically—if yvours is 60 percent, then
theirs must be 40 percent. Such a table. called a pavoff rable, 1s presented
for your problem as Table 11-2. For instance, the entry in row EEE and
column EM says General Edison gets 63 percent of the market (and
Westvania gets 35 percent) if General Edison follows strategy EEE and
Westvania chooses EM.

Table 11-2 ’

Market share captured by General Edison
- Wesnama's strategies

EE EA EAM  AA AM MM

EEE 75 60 65 60 | 50 65

EEA 65 75 80 60, \ 65 80

EEM | -] 707 75 |