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1. MATHEMATICAL PRELIMINARIES

1.0 INTROCUCTION. Some relevant mathematical resules are collected in this

chapter. These results find a wide applicaticon within the reaim of analysis,
synthFSis and optimization of mechanisms., ©Often, rigorous proofs are not
provided; however & reference list is given at the end of the chapter, where
the intﬂ;ested reader can find the required details.

1.1. VECTOR SPACE, LINEAR DEREWDENWCE AHD BASIS OF A VECTOR SPACE.

A vector space, also called a linsar space, over a field F [1.1]* . is a

9

set V¥ of cbjects, called vectors, having the following properties:
a} To each pair {x , y} of vectors from the set, there correspends one

. {and only cne) vector, dencted x + y, also from V, called "the addition

!
of x and y" such that

i) This addition is commutative, i.a,

vy Y

x + =y o+ X

. \
il) 1t is associative, i.e., fér any element z of V,

x+{y+z)=1(x+yl +z
ii1i) 'There exists in V a unigue vector U, called "the ‘zéro of v",
such that, for any X & V,
X+ 0w x "
iv) To each vector ¥ £ V, there corresponds a unigque vector -x, alse
[ .
in ¥, such that
X+ (-x) =0

1

4

* Numbers in brackets designate reférences at the end of each chapter,



1.3.

The pald set of vectors is linearly independont (£. 1.} if ¢ equals zero
implies that all «'s are zerc as well, Ctherwise, the set is said to be
linearly dependent (£. d.)

Example 1.1.4 The set containing only one nonzero vector, {x},is £.i.

Example 1.1.5 The set'cuntaining only two vectora, one of which is the

origin, {x,0}, is £.4.

The set of vectors {f X ""'fn} © V spans v if and only if every vector

1°.2

v £ V can be expressed as a linear combination of the vectors of the set.

h‘set of vectors B = {xi,xz,...,xn}c:v is a basis for ¥V if and cnly if:

1)'8 ia linear{y independent, and !
ii) B spans V
All bases of a given space V contaln the same pumber of vecturs. Thus, 1f

B 15 a basls for v, the nurbher n of elements of B ig the dimensicon

of ¥V {abreviated: n=dim V)

Example 1.1.6 In 3-dimensicnal Euclidean space the unit vectors {i, i}
lying parallel to the X and Y coordinate axes span the vectors in tha X-¥
plane, but do not span the vectors in the physical three-dimensional apace,

Exercise 3.1.1 Prove that the set B given above is a basis for V if and

only if each vector in V can be expressed as a unique-linear combination of

the: elements of B, . -

1 L
Wb

1.2 LINEAR TRANSFORMATION AND ITS MATRIX REPRESENTATION

Henceforth,.only finite-dimensiconal vector spaces will be dealt with and,
when necessary, the dimension of the space will be indicated as an exponent

of the space, i,e., v“ means dim V=n.

A transformation T, from an m-dimensional vecter space U, to an n~dimensional
vector space V is a rule which establishes a correspondence between an

element of U and a unique element of V. It is represented as:



that, for all distinct u

¥, and u

. Ttu1] and T{uzj are also discinect, T is
Lo i

said to be one-te=one.. YF T. i3 onto and one-to-one, it is said to re

2

Invertible, - -

Jf'T ja invertible, to each v € V there corresponds a unigque U £ U such thac

-’

y = ?{E}: 5O ;Gnﬂ can define a mapping T*1= ¥ & [ such that

-

wa= 1 v (1.2.4)

Tt1 ig called the "inverse® of. T,

Exercise 1.2.2 Let P be the projection of the three-dimensional Ev:lidean

)

space onto a plane,.énf. the X-¥ plane. Thus, v = P(u} is such thz: the

LA R

vector with Eﬂwpﬁﬂﬂnﬁﬁ (x, ¥, ), is mapped into the vector with cocoponents
{x. ¥, 0).

1) In P a linear transformation?

-

ii) Is P ento?,one-to-one?, invertible?

A very important fact con;;rning linear transformations of finite cimen-
§innal vector spaces 19 contained in the following result:

Let {- be a 1linear t;:‘ansforﬁatlnn from U to v, Let Bu and B“.r be -ases

for U™ and v“, reapectively. Then clearly, for cach u. e Bu its imac= L{ui}

i -

€ V can be expressed as a linear combinstion of the vk's in Ev' This

Voa_ V.t...+0 Y : {1.2.5}

Liv, y=a,;¥,4a,.¥, nitn

Conzequently, to represent the images of the m vectors of Bu, mn sc:larsa

¢

like those appearing in {1.2.5) are required. These scalars can be :rrangec

in the follewing manner:

* [*1a 12 ... %m
%1 By2 - Tam
[.H.] = ' * - £1.2.6])
. %n1 “nz “':-,'nm.I :




1.5 RANGE AND HOLL SPACE OF A LINEAR TRANSFORMATICN

As stated in Section 3.2, the set of vectors v ¢ ¥ £or which there 18 ak

least one u € U such that v = L{u) is called "the range of L" and ia repre-

sented as (L}, i.e. R(L) = {v=L{u): u e U}.

- - - - - -

The set of wectors u, € U for which L[uul =& ¢ ¥ is called "the null space

of L* and is represented as H[E], i.e. B(L) = {EU:E[EDI-9}.
It js a simple matter to sheow that R(L) and H{L) are subspaces of V and 1,
Yespectivelyy.
“The dimensions of dam{&], R(E] and H{L) are not independent, but they are
related (see ﬁ.ﬁ e
Aim dnmtE}-dim REE] + dim H(L) {1.3. 1)

Example 1.3.1 In considering the projecticn of Exercise 1.2.1, U 1s E3 and

thus R{P) is the X-Y plane, N(P} is the Z axls, hence of dimension 1. The
X~y plane is two-dimensional and dom({L) if thres-dimensional, hence {1.23.1)})

halds.,

Exercise 1.3.1 Describe the range and the null apace af the reflection of

Example 1.2.1 and verify that eq. (1.3.1} holds true.

1.4 EIGENVALUES AMD EIGENVECTORS CF B LINEAR TRANSFORMATION

Let L be a linear transformation of v intc itself (such an L is called an

"endomorphism"). In general, the image L{v) of an element v of V is linearly

independent with v, but if it happan# that a nonzero vector v and its image

under L arg linearly dependent, i.e. If

Liv} = Av (1.4.1)

* The proof of this statement can he found in any of the books listed in
the reference at the end of this chapter.
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"the geometric multiplicity of hi".

Exercise 1.4.1 Show that the geometric multiplicity of a particular eigen-

value cannot be greater than its algebraic multiplicity,
IA‘Hérmitian matrix is one which equals its transpose conjugate, If a matrix

equals the negative of its transpose conjugate, it is said to be skew Hermit: an.

For Hermitian matrices we have-the very important result:

THEOREM 1.4.1 The eigenvalues of a Hermition motnix are aeal and (i

eLgenvectons are mutually orthogonal ‘{x:.e. the innen product, which is
discusded in detail <in See. 1.8, of fwo diatinet eigenvectonrs, {8 zeac!.
Tha.prnof cf tha foregoing theorem is very widely known and is rot prasentec
here. The reader can find a proof in any of the books listed at the saxd of

the chapter.

1.5 CHANGE OF BASIS

Given a veétor v , its representation [v1, vz,...,vn}T referred to 2 basis
B ':{EI'Ez"“'En} » is defined a5 the ordered set of scalars that praduce
v Aa & linear combination of the vectors of B. Thus, v can bé expreszad as

v = w8

; 1.5.1
+v2§2+...+vn§n { b}

A vector v and Its representation, though isomprphie* to each other, are

o

essentlally different entities. In fact, v is an abatract algebraic eatity
sntisfying‘prnperties a) and b) of Section 1.1, whereas its representition
is an array of numbers. Similarly, a linear transform;iicn, L, and its

representation, {E}E, are essentially different entities. A questiorn that

could arise naturally is; Given the represantations EE)E and [E]E of ¥

and L, respectively, raferred to the basis B, what are the corresponding

* Two sets are isomorphic to each other if similar operations can be
defined on their elements.



or, equivalently,

RO PRGN (1.5.8)
Now, assuming that w is the lmage of E.under L,
g =), (¥, , (1.5.9)
or, referring eg. (1.5.9} to the basis C, instead,
(‘:’]C '[E]c [E]c T {1.5.10)

Rpplying the relatienship (1.5.8] to vector w and introducing it into eq.
{+.5.14),

fo=t -1

(7)) = (W), () (), L
from which thelpaxt relationship readily follows

-1

(e)g = (a)y (L. (3); (¥ (1.5.11)
Finally, comparing (1.5.9) with (1,5.11},

(L= B, L, (3],
or, egulvalently, )

W, = B (), (), | (1.5.12)
Ralationships (1.5.8) and (1.5.12) are the answers to the question posed at

the beginning of this Section. The right hand side of (1.5.12} is a similar-

ity tranaformation of [E]E

Exercise 1.5.% Show that, under a simllarity transformation, the charac-

teriatic polynomial of a matrix remains invariant.

Exercigse 1.5.2 The trace of & matrix is defined as the sum of the elements
cn lta diagonal, Show that the traée of a matrix remains invarlant under
a similarity transformation Hint: Show first that, if A, B and € are nxn

matrices,

“Tr(ABCY = Tr(BCA).
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where gr 1z the transpose of ¢, (e, being a column vector, E: is & row
vactur]L The whgle set of equations {I.E.E},Ifor all*i and all § ca: then
be written as .

90 = 1 (1.6.7)
where I is the matrix with unlty on itz diagonal and zeros elsewhere. Eq.
{1.6.7) states a very important fact about Q. namely, that it is an

crthegonal matrix. Summarizing, a symmetric nxn matrix § can e diarsnalize:

via a similarity transformation, the columns of whose matrix are th: elgenvs--

tors of &
The eigenvalue ?roblem stated tn (1.,6.1) is solved by first finding the
eligenvalues {li]:. These values are found from the following prﬂcei{fe:
Write éq. {1.6.11 in the form

h - liz}ging l | (1.6.3}
This equation atates that the set {91}? lies in the null spac: of A& - ALZ- TIr
this matrix to have noAzern vectors in its null space, its determinint shouli
vanlsh, i.e.

det (A-X 1}ZP(A)=0 (1.6.3}
whose left hand side is its characteristic polynemial, which was introduced
in section™1.4. This equation thus contains n roots, some of which cauld

ba repeated.

A very useful result is next summarized, though pet proved.

THEOREM (Cayfey-Hanilton). A square matrix satisfics {ts own charaeiitiatic

equation, {.e. Lf Pla,] {8 iis charaeteristic polpomial, thot
PlA) = @ {1.6.12}
A progf ot this teorem can be found either in [1.3. PP 148-150] or in .

{1.4, PE. 112—115]



i1) ¢ (¥,u} is the complex conjugate of ¢ (u,vls i.e,

¢ (v, u) = Jiu,y) : {1,7.1e)

1
The foregoing properties of conjugate bilinear ferms suggest that one posiéihle

way of constructing a bilinear form is as follows:
Lot
${u,v) = uspy C (1.7.2)

-

IExurcise 1.7.1 FProve that definition (1.7.2) satisfies properties (1.7.1]

If, in {1.7.1), v = u, the bilinear form becomas the gquadratic form

i) = uA u (3.7.3)

It will be shown that the bilipear form (1.7.2} defines a scalar product
T . L)

for a vector space.under certain conditiona an 3.

Definitlon: A scalar product, ply,y}., of two elemants for a vector space U
dis a complex numbar with the following properties:

1) It is Hermitian symmetric:

piu,v} = plv,ul {1.7.4a}

ii) It is conjugate linear in both u and v:

plutu, v} = plu,.v) + plu,,v) : (1.7.4b)
¢ pld,vtv,) = plu,v,) + plu,y,) , (1.7.4¢c)

plou,v) = apfu,v) . {1.7.44)

plua,By) = Eplu,v) (1.7.4e)

111} It is real and positive definite:

P(Ll;'l-_!}?ﬂr far iy # 0 {1.7.4)

=

p(g,g} w0, iIf and enly if u = ? (1.7.49)

* Note: conjugate linear in ¢
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Since
Im‘{ttgllzi [*igl—i(gl]
then ‘
Im {¢Cu)}=0

&n the other hand, {f p is skew-Hermitian, then,

¥ (@) =u*A*u=-u*au

and
¥ {y)=u*y

Since '
Ha{tigl?fé{ﬁlg]+atg]]

then * -
Ra{y (u) }=0
thus proving the "if” part of the theorem.

Exercigse 1.7.2 Prove the "only if" part of Theorem 1.7.2

What Theorem 1.7.2 states is very important, namely that Hermitian matrices
are good candidates for defining a scalar product for a vector space, sihce
the asscclated guadratic form is real. What is now left to investigake is
whether this form rurns out to be positive definite as well. Though this ia
not true for any Hermitian matrlx, it is (obviculy!} so for positive definite
Hermitian matrices {by definition!). Futhermore, since the quadratic form
of a posiﬁive definite matrix must, in the first place, be real, and since,
for the guadratic form associated with a matrix to be real, the matr;; must
be Hermitian (from Theorem 1.7.2), it is not necessary to refer to a stitiJe

definite (or semidefinite} matrix as belng Hermitian,

Summarizing: In order for the quadratic form {1.7.2} to be a scalar product,

-

p must be positive definite. Mext, a very important result concerning an

easy characterization of positive definite (semidefipnite) matrices is given.



substitution of {1,7,10) and (1.7,12} inte.{1,7.11} ylelds

2 2
£A, [u, | “>(>}0 - (1,7.13)
1 i =

h . .
Wow, assume u 1s such that all but its kE— compenent vanish; in this case,

{1.7.13) reduces to
a w1720
from which
A > (210

and, since X can he any of the eigenvaluea af A, the proof of this part is

k
done. The proof of the "if" part is cbvious and is left as an exercise for
the reader.

tExercise 1.7.2 Show that, i{f the eigenvalues of a square matrix are all

real and greater than (or equal to) zera, the matrix Is posite definite
(semidefinita). ' v
A véry special case of a positive definite'matrix is the identity matrlzx,
I, which yields the wvery well known scalar p?nduct

plu,¥)=u*i*y = utlvauty ) {1.7.14)

In dealing with vector spaces over the real field, the arising inner product

is real apnd hence, from Schwarz's ineguallty (1.4, p.123).

pl{u,v)

Yplu, ulply,v}
thus making it possikle to define a "geometry" for then, the cosine of the-

angle hetween vectors u and v can be defined as

cos (i,y)=
Yplu,ulp(¥,v}
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However, computing it requires n (the dimension of the space to which the
vector under consideration belongs} multiplications (i.s8. n square raisings},
n—-1 additiona snd cne square root computaticn. In order to proceed furthar,

‘some more definitions are needed.

An invertible linear transformation is called an “"isometry" if it preserves

the following scalar product . !

¥
L]

PO y) = plAx, Ay) = x*A'py { (1.8.3)

¥

LY
It is a very simple matter to show that, LnfLrﬂor for a transformation P to

be an isometry, it is reguired thar its transpnsu conjugate, P*, equals its

invefse, . . : . éJ

E"ET1 . ' Jf {1.8.4)

If P is defined over the complex field andlmeetg condition (1.8.4}, then
it is said to be unitary. If P is defined over the real field, then P*:PT,

the transpose of P and, if it satiefies- {1 a. 4}, it is said to be orthogonal.
"

-Exercise 1.8.1 sShow that' in crder for P- to 'be &n isnmetry, it is necessary

]
that P satlsfies {1.8.41, i.2., shoy that under the s;milarity transformation

L=Px, rl - PY- B=PAP 1: !’:‘

- - e

the followlng scalar product is pruserveﬁﬁ

pix.y) = pig.n}

1.9 PROPERTIES OF UNITARY AND ORTHOGOHAL MATRICES.

Some important facts ahout unitary and orthogonal matrices are discussed in
thia sectlion. Wotice that all results concemmning unitary matrices apply to
orthogonal matrices, for the latter are a special case of the former.

THEOREM 7.9.1 The 4ot of eigenvalues of a unifary matnix £4es on the undl

eincle |z|2 = 1, cendered at the oaigin of the complex plang,



minimum, it is said to be & saddle point. Criteria to decide whether an
extrerun 18 a maximum, a minimum or a saddle point are next derived.

hn expansion of ¢ around x. in A Taylor serica illustrates the kind of

0
gtationary point at hand. In fact, the Taylor expansion of ¢ is

T 1 T
- 1 - —_ - " - 1 .
PO = plxy) + ¢t k) xmx ) + o (xex ) Mg X-x ) 4R {1.10.1)
where R lg the residual, which contalns terms of third and higher ordgrs.

Then the increment of 4 at Xy for a glven increment Ax = X=X 15 given by

T 1,7
- 1 H =
Bpmd' (x,) Axvodx e ix tax {1.10.2}
if terms of third and higher ocrdera are negleacted.

From eqg. (1.10.2} 1t gan ke concluded that the linear pant of 4¢ wanlshes

W

at a statlonary point, which makes clear why guch points are called stationary

Whether X. constitutes an eXtremum or not, depends on the sign of 4¢. It is

1]
a maximum {f Ad iz nonpositive for arhitrary Ay. It is a minimum if the said

increment is nonnegative for arbitrary Ax. If the sign of the increment

is a zaddle point for reassons which are brought up
Y
in the,following., eq {1.10.2) shuwg that the slgn of Ad depends entirely

depends on Ax, then Xq

on the quadratic term, at a staticonary point. whether this term is nonposi-

tive or nonnegative, it is sufficient that the Hessian matrlx ¢"{x) bo sign
ﬂhmidéfinite at xu. Hotlice, however, that this condition on the Hessian
matrix is only sufficient, but not necessary, for it is based on Egq. (1.10.2),
which is truncated after third-order terms. In fact, a function whose
Hessian at a staticnary point ia siqh-SEmidEfinitE can constituts either a
maximam, & minimum, or a saddle point as shown next,

From the farcéoing disgussion, the following theorem is concluded.

THEOREM 1.10.1 Extrema and saddle points of a differentiable 5unct£anl

occur at sfationagny paintA. For a stationary point fo constitute a local

maximan (mindmam] Lt L& sufficlent, although not necessany, that the

Al

1.
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mxercise 1,10.1 Prove Corollary 1,10.7

' ) 4 4 . .
Example 1.10.1 The function ¢=.x: +.x2 LI tox has a local minimum
at LR T -x, = ft. The Hessian matrix of this function, however,

vanishes at thia minimum.

. p |
Exaople 1.10.2 The function = x? - %. hag a staticnary polnt at the origln,

2

which is a saddle point. Its Hessian matrix, however, wvanishes at this point.

2 4
Exampla 1.10.3 The function x + X, has a minimm at fﬂ,ﬂ]+ At this

point its Hessian matrix 1s positive semidefinite.

1.1%7 LINEAR ALGEBRAIC SYSTEMS.

lLet A be an mxn matrix and X and b ba n-and m~dimensional vecturs where, in

general, m # n. Equation

Ax=b ) (1.11.1)

is a linear algehralc system. It ia linear bécause, if x

] and x_ are its

2

solutions for beh,  and Q—bz, and o and B are scalars, then u§1+E§2 is a

1
solution for bnub1+B§2. It is algebraic as opposed to differential or

- -

ﬂy§§mic because it does noc inénlva derivatives, There are three different
CASES regafding the solution of 2g. (1.11.1), depending on whether m is
greater than, less than or equal to n. These are discussed next:

i} m*n. In this case the numbar of equatian§ is greater than that of

unknowns, The system lp overdetermined and there 15 no guarantee of

tha existence of a cercain x_ such that Axunb.

1]
A vory simple example of such a system is the following: .
x =5 {1.11.1a)

x =3 (1.11.11)

where m=2 and n=1, If x1=5. the first ecquation is satisfied but the -

second ong ie not. If, on the gther hand, x1=3. the second equation
igs satlsfied, but the first one is not, However, a system with m>n

could have a solution, which could even ba unigue if, out of the m



ii)

lnversa® of A. A method to determins En'that does not regquire the
computation of &I ls given in {1.5] and (I,Ej. In {1.?], an iterative
method to compute §I is proposed. The numerical solution of this problem
is presented in zectien 1.12, This problem Arises in such fieds as
control thecry, curve-fitting {regressicns) and mechaniem synthesis,
m<n. In this case the numﬁer of aquaticons 1s less than that.cf unknowrs.
Hence, if the system is coensitent*, it has an infinity of soluticns,. F:or
instance, the system

x+y=3, | : {1.11,9)
in which m=1 and n=2, adnits infinitely many solution, namely all points
lying ;n the line

© L Y=X+3 . - . (1.71.10)

Now consider the sy=stenm

x+y+z=1 (1.13.11a;}

X+y-z= . | L {1.11.11kb)
with m=2 and n=3. This system admits an infinity of solutions all with
2=0.
In gase a gystem with m<n admits a solution, it in fact admits infintelr
many, which is not difficult to prove. Indeed, partition matrix & and

vector ¥ in the form

- 11
a-[h Enz] o, x= |- - - ‘
i-—-j"--| !2 L n=m
m h-m

Thus, eg. (1.11.1) is equivalent to

- {1.11.13]
‘:‘1:5; + EEEE E'

“ L.e. if b £ R(A)
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From which, if AAT ia of full rank,

T -
Cae—2(aa) b (1.11.21)

Finally, substituting the latter value of ) into eq, (1.13.19),

. T = +
o x=AT (A7) Tb=a"h {1.11,22)

wheare

atzn® t&&Tih

3

is another pscudo-inverse of A.

Exercise 1.11.1 Can both pseudo-inverses of A, the one given ito (1.11.8)

and that of [1.11.23} exist for a given matrix A? Explain.

The foregolng sclution {1.11.22) has many interpretations: in sontrcl theory
it yields the control t;kinq a system from a known initial state to 2 desired
fina) one while Bpending the minimum amount of energy. In Kirematicz it fizis
two interpretations which will be given in Ch. 2, togehter with application:
to hypold grar desion.

Exerclse 1.11.2 5how that the image of the error (1.11.4) la perpeniicular

Lo X, &8s given by (1.11.,8). This result is known as the "Projection Theozez'

and finds extensive applications in optimization théory,[l.gl.

iii) wm=n., This is the best known case and an extensive discussion ¢Z it
can be found in any elementary linear algebra texthbook. The mast
important result in this case states that if 3 is of full rank, i.e.
if det A # 0O, then the system has a unicue solutlon, which is jiven
by

=3 B

1.12 NUMERICAL SQLUTION OF LIMEAR ALGEBRAIC SYSTEMS

o,

Consider the system (3.11.1) for all three cases discussed in sectior 3,11,
1} m=n. Tho first case that will be discussed here is that for m=n.

There are many methods to solve such a linear algebrailc system, but all
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If A i not singular, the user calls the SOLYE subprogram, which computes
the solution to the system by back substitution, i.e.” from (1.12.1) in
the following manner: The equation

LUx=b ' (1.12.2)
can be written as

1y=b
by setting q§=¥. Thus

y=L " 'bmg (1.12.3)

- A -

where 5'1 exigts since det L (the product of the elements on the diagonal

of L} 18 equal to one [1.11]. Substituting {1.12.3) into Ux=y, one

chtaips the final solution:

x=l o

- o

-3 ’
where U = exists because A has been detected to be nonsingular®.

*

The Elow diagram of the whole program appears im Pilg 1.12.1 apd the

listings of DECOMP and SOLVE in Figs. 1.12.2 and 1.12.3

m*n. HNext, the numerical solution of the overdetermined linsar system

Ax=h is discussed. In this case the number of emations is greater than

E

that of unknowns and hence the socught "solution™ ia that X5 which
minimizes the Euclidean norm of the error ggo-b. This is done by appli-
cation of Householder reflections [1.5} toe botk A and E. A Househalder

reflection i an orthogonal transformation 3! which has the proparty that

H'1=§T=5 {1.12.4) - .

Given an m—vector a with components a, ., BAyr---e a the Houschalder i

1

reflection !l {(a function of a} defined as

S— —1. -1
* In fact, there is no need to explicitely computa E.1 and U ', for the

triangular structure of L end U permitsa recursivwe solution.



10
11
12
i3
14
15
14
17
18
19
20
21
22
23
24
25
24
27
28
29
30
31
32
33
34
35
34

38
3?

40 .
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SUBDROUTIHE DECUOMP (N, NDIMrA, IP)
REAL A{NNIM«HDIHY ST
INTEGER 1P{NDIM)

MATRIX TRIAMGULARIZATION BY GAUSSIAM ELIMINATION

INPUT 3
N = ORIER OF MATRIX

NDIN = DECLARED DIMENSION OF ARRAY A. IN THE MAIN FROGRAM
A = MATRIX TO BE TRIANGULARIZED

OUTRUT ¢

AlIrddr IWLE.) = UPPER TRIANGULAKR FACTORs, U

ACI+JYs 1.6T,J =HULTIFLIERS = LLOWER TRIANGULAK FACTOKs I-L.
IP{(K)r K.LT.N =INIEYX OF K-~TH FIVOT RCW

IPCH) = {—1X¥¥{NUHLER OF INIERCHANGES! OR 0.

USE °*SOLVE" TO OBTAIN SOLUTION OF LINEAR SISTEM

NETERM(A) B IFCHINACL 1) RA{D s 200, L, HACHNIN)

IF IF{N)=0s & 15 SINGULAR» *SOLVE" WILL DIVINDE EY ZERD
INTERCHAHGES FINISHED IN Ue DMLY PARTLY IN L

IP(H) =1
LD &0 K=L1yN
IF(K.EQ.NY 6O TO 50
KP1=t+1
M=K
DO 10 I=KF1sN
TIF{ALS(A{IrK)) ,GT.ABS{A(M/K}) )} H=I
CONTINUE
IP(K)=M
IF{M.NE.K) IP(N)=~IP(N)
T=A(MK)
AlHIRI=ACK KD
ACK K =T
IF(T.EQ,0) GO TO S50
no 20 I=KP1isN
ALIWKI=—ACIKI/T v
DO 40 J=KP1yM
TeAlMsJd)
AlMr I =AKr 1)
ALKy 33=T
IF{T.E0,0,) GO TO 40
00 30 I=KP1eN
AL  I=ACT v 4I+ACT P KIKT
CONTINUE -
IF{A(KsKY ER.O.) IP(N)=0D
CONTINUE
KETURN
END

Flg. 1.12.2 Listing of BUBROUTINE DECOMP
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O = ggn Il1lI|E£| ) {1.12.5a)

u = ataa, . {1.12.5b)

B m au, {1.12.5¢}
. A= I %-Eg? (1.12.5b)

Transforms a into g . and reflects any other vector b about a hyporplane
perpendicular to u,

0n the other hapd, if Ek is defined as

. 2, 2 2,1
& sgntak}fak tagtetalls . (1.12,6a)
. .
g = (0,0 0iata, 8 veniia) (1.12.6b)
!

By o M)y _ {(1.12.6c}
(1.12.6d)

then Ek? is a vector whose first k=1 components ara identical to thoge of

th
a, its k— component ls -a_ and its remaining m-k components are all zero.

k

FurEQErmnre_ if v is any other wvector, then

BY =y - 74

whezre -
vy
[ J——
Y=
and_if, in particular, v, - vk+1 - L. = vm = O, then
By = ¥
Let now gi be the Householder reflection wich cancels the last m-1 components

of the iEﬂ column of Hi-1§ , whila leaving its i-1 components unchanged and

getting its iEh component equal to e, faor i=1,...,n. By aphlication of

the n Houscholder reflections thus defined, on A and b in the form

HMX «u+H H Ax_mH H £1.12.7)

sl
-n-n-1 —2-.1....0 ~n=r= -\.Izl;_-l']?
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SUHRODUTINE HECOMP(HDOIHM - MeNrArl)
IMTEGER MDIMrMeN
REAL A(HDIMN) +LU{H)
RiiAL. ALPHArFETA»GAMMA SORT

HOUSEHOLDER REIUCTION OF RECTANGL AR HATRIX TO UPPER
TRIANGULAR FODRH. USE WITH HOLVE FOR LEAST-SQUARE
SOLUTIONS OF QUVERDETERMINEN SYSTEMS,

HDOIHM= DECLARED ROW DIMENSION OF A

M = HUMBER OF ROWS OF A

M NUMHER OF COLUMNS OF A

A H=-EY—-N HﬁTRIK WITH M.>.N
INFUT :

MATRIX TO BE REDUCED
OUTPUT : :
REDUCEDR HATRIX AND INFORMATION ABQUT REDUCTION
U = H-VELTOR
INFUT @
IGNORET
(QUTPUT :
INFORMATION ABGUT REDUCTION

FIND REFLECTION WHICH ZEROES A{IrKls I= KtlrsiewrssearH

D0 &4 K= 1:N
atFHA= 0.0
DD 1 I= KiM
U(I)s A(TrK)
ALPHA= ALPHA+UCI Y RUCI )
CONTINUE
aLFHA= SORT(ALFHA)
TF{UCK) .LT.0.0) ALPHA= -ALFPHA
U(KY= UK +ALFHA
BETA= aALFHaxU{K)
AlK: XK1= -aLFHA
IF(HETA.EQ:Q0.Q.OR.K.EQ.MN} GO TO &

APFLY REFLECTION TD REMAINING COLUMNS OF A

KF1= K+1
Lo 4 J= KF1+N
GAMHA= 0.0

kD 2 I= KreM
GANMA= GAMMATULIIRA(I )
CONTIMNUE .
GAMMA= GAMMA/BETA
DO 3 I= KeM
A{I> )= AL, )-GAMMARUCI)
COMTINUE
CONTINUE
CONTINUE
RETLEN

TRIANGULAR RESULT STORELD IN A(IrJd)r I.LE.J
VECTORS DEFINING REFLECTIONS STORED IN U AND REST OF A
END

Fig 1.32.4 'Listing of SURROUTINE HECOMP
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Exercige 1.12,3*% GShow that H, as d2fined in egs, (1.12.3} is in fact a

reflection, i.e. show that H is orthogonal and tﬁe value of lts determinant

ig -1. (Hint: Use the result of Exercisc 1.12.2).

iii} m<n: Now, the linear system of equations Axab ia studlied when the
number of unknowns 1s greater that the number of eguatlions,
In this case, the syatem is underdetermined and has an infinity of
Boiutions. However, as was discussed in Section 1.11, among those

golutions, there ls one, say x,. whose Buclidean norm is & minimum.

0
This is given by eq. {1.71,22), repeated heras for ready reference.
T -1
x =B (A1) ' (1.12.6)

One possible way of computing x, is given next:

(4]
&) Write ag. {1.11.20) in the form

AR A=b - {(1.12.9)

- o
»

E) Using the LU decomposition method, find A from {1.12.9)
€) With E known from step ii), computa %X by matrix multiplication,

as appearing in {1.11.19), i.e.
. L}

x =R (1.12.10)

1.13 HUMERICAL SOLUTION QF HONLINCDAR ALGEBRAIC SYSTEMS.

For several reasons, nonlinear systems are more difficult to deal with than
are linear systems. Considering the simplest gase of egual number of
equations and unknowns, there is no guarantee that the nonlinear system has

a uingue solution; in fact, there is no guarantee that the syctem has a

solution at all. .

* See Section 2.3 for more details on refloctions.
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Example 1.13.1 The 2nd order honlinear algebraic system

Xt -y -8 (a}
%% + yz e 1 . ' . {b}
has no solutipn, for the hyperbela (a) does not intersect the circle (b},
as is shown in Fig. 1.13.1
Example 1.13.2 The 2nd order linear algebraic system

2 2
¥ -y =1 ()

2 2
x“ +y = : ()

has four solutiens, nanely

* ?AE' Y1 °/2
%3 ﬁjgr' ¥y '?Zg

which are the four polnts where the hyperbela ({c) intersects the circle
{2). These intersections appear in Fig. 1.13.2
The most popular method of solving a nonlinear algebraic system is the
so-called Newton-Raphson methed. First, the system of'equaticns has to be
written in the form

£(x) = O o (1.13.1)
where £ and x are m- and n- dimensional vectors. For example, system (a},

{b} of Example 1,13.1 can be written in the form
2 2

f1{x1.le =Xy - X, " 16 = O (a'}
2 2 N
f2tx1'x2} = X, + X, - 1 =0 {b')

Here f1 and f, are tho gomponents of the Z-dimensicnal vectors £ and Xy ancd

]
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which is tha 'Newton-Raphson lterative scheme. Tho procedure is stopped
whon a convergence criterion ia met. One possible critorion is that the
norm of ft§k} rcachns a valus below certain prescribed tolorance, i.e.
[[£tx, 2] € {1.13.8)
whare ¢ is the said tgplerance. ©On the other hand, it can alseoc happer that
at iteration k, the norm of the increment bscomes smaller than the tclerance.
In this case, even if tha convergence criterion {1.13.8}) 1s not met, it is
useless to perform more interations, Thus, it is more reasonabie to varify
firat that tha norm of the ¢orrection doas not bacome too amall bafors
proceeding further, and stop the procoedure if both |ifl§k}|l ap: I:dEkit
sre small enoﬁgh, in which case, convergence is reached,
If only f]dfkil goes bhelow tho imposed tolerance, do not agcept the cirre—
sponding Ek as the soluticn. The conditions under which the procedurs
converges are discusaadlin [1.15]. These conditions, howevaer, cannot be
verlfied easily, in general, vhat iz advised to do is to try different
initial guesses X till convergance is reached and to stop the grocedura If
either
i} too many itarations have_been performed
or '
i1} [lax |l e vur [{gtx 2]] > €
If the meth;d ;f Hewton-Raphson converges for a glven problem, it'does so
quadratically, i.e. two &igits are gained per iteration during the arroxi-

maticn to the solutiecn, It can happen, however, that the procedure does

not cenverge monotonically, in which case,

g ex 2> [letx) ||

thuas giving rise to strong oscillations and, possibly, divergence. Cne way

to copo with this situation is to introduce damping, i.e. instcad of using
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Fig. 1.13.3 Flow diagram to solve a nonlinear algebraic system with the sape nunber of equations as of unknowns

via the method of newton-Raphson with danping



1930 + IF{DELNOR.LT.TOL) GO TO 8
1760 Kai '

1970 3 DO 4 I=1.N )

1980 | X(IaX{(I>-DELTAL{IL)
1920 4 CONTINUE .

2000 CALL FUNUIX¢F 4PN}

2010 FHNORZ2=FNORM(FsN)

2020 C

2030 C TESTING THE NORM OF THE FUNCTION F AT CURRENT VALUE OF X. I- THIS
2040 C DOES HMOT DECREASEr THEN DAMPINMG IS INTRGDUCED.

2050 IFIFHORZ.LT.TOLY GO TO 8

2060 IF(FNDRZWLT.FNORLY GO TO 1

2070 IF{K.6T.kMAX> GO TO 7 -

2000 DO 6 I=1+N

2090 IF(K.GE.2) GO TO S

2100 DELTALTI)=(DAMP-1 . )RDELTAC(L?

2110 BC TO &

2120 a9 DELTA{L y=DAMPHDELTACI)

2130 & CONTINUE

2140 CK=K+i

2150 GO 70 3

2140 7 WRITE{(4r1Q1)}

2170 € : ] _

2180 C IT AT THIS ITERATION THE NORM OF THE FUNCTION CANNOT FE DEISEASED
2196 C AFTER KMAX DAMPINGS: DAMP IS SET EQUAL TO -1 AND THE SUBROLTINE
2200 C  RETURNS TO THE MAIN PRDGRAM.

2210 nDAKP=-1

2220 RETURN

2230 8 WRITECS»102) FNOR2ITERSK

2240 DO ¢ I=1sN

2250 WRITE{Sr10321+%(1)

2240 e CONTINUE

2270 RETLRN

2280 10 WRITE(&r104)

2290 RETURN

2300 11 WRITE(Sr100)

2310 DAMP=0Q

2330 RETURN

2330 101 FORMAT (10X "NO CONVERGENCE WITH THIS LAMPING VALUE®/)
2340 102 FORMAT (2X ¢ *CONVERGENCE REACHED ., NORM OF THE FUMCTION® »3X¢»
2350 - SHFUIN = F15.9//2X+ *"NUMBER OF ITERATIONS = *,15,5X»
2340 - "NUMHER OF I[MMPINGS =",I3//70X."THE SOLUTION ISi°/)
2370 103 FORMATEGX r ZHI =16y 1OX p 2ZHX=["10.4/)

2380 1064 FORMATI(10X s *NO CONVERGEMCE" /)

2390 105 FORHATI10X» " JACOBI MATRIX IS SINGULAR®/)

2400 END

* " h]

Flg 1,13.4 Listing of SUBROUTINE NEDAMP (Continued)
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compateo it from
i T -t T
- 13,14
ax =-a" (T 00 1300 1) T3 e )£ (%)) (1.13.14)

for L = 0, 1,..., max arnd stop the damping when

- Hete o l<llorx il
The algorithm is illustrated with the flow diagram of Flg 1.13.5 and
implenanted with the subroutine NRDAMC, appearing in Fig 1.13.6

Third canc: m<n

The system, in this case, is underdeterminated and infinitely manylsulutinns
gan be expected to exist, Out of these solutions, however, one can chncsal
that 'with a minimum norm, thus converting the préblam into a nonlinecar
quadratic programming problem, otated as

Hinipize ETS {(1.13. 15a)

subject to f(x) = 0 ' {1.13.'15b)
One way to find the minimizing Xg of problem {1.13.15) i3 vla the methed
of Lagrange multipliers. Thus, define a new objective functicn

vix) = x'x + A E(x) (1.13.16)

which Iis stationary at x where its gradient waniahes. Thus,

v

¥ (g} = 2x, + g'ngc}§ = 0 . {1.13.17)
The systems of equations (1.13.15b) and (1.13.17) now represant a larger
system of m+n equations (m in (1.13.10b) and n in (3.13.12) in m+n unknowns
{m components of 5 and n companents of E}‘ Hence, the problem now reduces
tn the filrst casa and so can beo BGIVEE by application of the subroutine

HRDAME.

Exercisa 1.13.2 Let

1 2 2 2 2
£(x)=g x| +(x.-x,) +Ex2-x31 Hxmx )T+

7 5 3 1
+BEEcusx1+ icosx2+ Eca5x3+ Ecnsx4]

T
be a scalar functlon of a vector argument E'L“1 Xy Xy x4] . Find its
L) L »
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240
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290
300
310
320
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340
350
340
270
3680
390
400
410
420
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450
460
470
480
490
500
510
530
530
540
550
S&0
570
S840
590

. 400

610

620

630

440

450

460

470

480

&90

700

710

720
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SUBROUTINE HRDABC{XyFUNs DFDX e P TOL » AMPsHr My ITER + MAX Y KHAX )

REAL XONYrFOH) pDF (MM «+PUL) s UCH) » DELTAH)} » FNORM1 » FNORM2»
- OELHDR

THIS FROGRAM OBTAINS THE 1LEAST SBUARE SOLUTION TO THE MONLINEAR
SYSTEM F(x}= Qs WHERE F AND X ARE M~AND N-DIMENSIONAL VECTORS, M
HEING CGREATER THAN N, THE PROCEDURE IS ITERATIVE, AND AT EACH
ITERATIOMN FINDG THE LEAST SGUARE SOLUTION TO THE LINEAR SYSTEH
OF#DELTA= ~F» WHERE [# IS5 THE JACODIAN M X N HATRIX OF THE ORIGINAL
SYSTEM, COMPUTED AT THE CURRENT VALUE OF X. THE LINEAR LEAST SQUARE
SOLUTICH AT EACH ITERATION IS5 FOUND ¥Ia HOUSEROLDER REFLECTIONS (
EJUGERCK A, AND G DAHLGQUIST, NUMERICAL METHODSs PRENTICE HALL.
ENGLEWOOL CLIFFS: N.Jd.r 1974y PP. 201-2046r 443-444),

PARAMETERS 3

X s 2 N-DIMENSIONAL WECTOR OF UNKNOWNS.

F e M=OIHENSIONAL VECTOR OF FUNCTIONS WHOSE EUCLYDEAN NORM
15 TC BE HINIMIZED. -

DF ve= M X H JACOBIAN MATRIX OF F WITH RESPECT TD X. -

P »+= YECTOR OF FARAMETERS AFPEARING IN FUN AND/OR DFDX. ITS

DIMENSION YARIES FROM FPROBLEM YO PROBLEM,

T0L .»= A REAL FOSITIVE °*SHALEL" VARIABLE BENOYTIWNG THE IMPOSED
TOLERANCE. IT IS SUPPLIED EY THE WUSER.

DAMEF .= A REAL FPOSITIVE VaARIAELEs O.LT. DAHMP ,LT.1. IT DENOTES
THE DAMFING FACTOR AND IS SUFPLIED BY THE ‘USER.

ITER +.= AN INTEGER VARIABLE DENDTING THE HUMBER OF THE CURRENT
ITERATION.,

MAX = AN INTEGER VARTIAKLE DENOTING THE HAXIMUM NUMBER OF
ALLOWELD ITERATIONS. .

KMAX ..= AN INTEGER VARIAKLE DENOTING THE MAXIMUM NUMPER OF
ALLOWED DAMPINGS.

SUBSTLIARY SUBEROUTIHNES 1§

HECDHF

TRIANGULARIZES A RECTANGULAR HATRIX BY HOUSEMOLDER
REFLECTIONS (MOLER C. B.r MATRIX EIGENVALUE AND LEAST-
SAUARE COMPUTATIONS: COMPUTER SCIENCE LEPARTAMENT»

. STANFORD UNIVERSITY. MARCH, 1973.)

HOLVE = SOLVES TRIAMGULARIZED SYSTEM BY BACK-SUBSTITUTION (MOLER
El‘ Bll UP; CITp)

FUN = COMPUTES F.
DF IIX = COMFUTES LF »
FNORM = COMPUTES THE MAXIMUM NORM OF A VECTOR, .
ITER={ .

CHLL FUN(X»FrPrMeN?

ITER=ITER+1
IFCITER.GT..MAXY GO TO 10

FORMS LINEAR LEAST SQUARE FPRORLEHM

FNORML=FNORM(F rM)} o
CALL DFDX(XeDFefrHeiNd

CALL HECOMP{HsMeN+DF s U}

CALL HOLVE(HrHeHrDF s LheF)

-

1.13,6& UListing of SUBRQUTINE NRDAMC
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stationary points and decide whather each is eithor a2 maximum, a
minimim or a saddle point, for B = 1,10,50.

Hote: ft§} could represent the potential energy of a mechanical system. In
{this case the ataticnary polnts correspond to the following eguilibrium
ptates: minima yield a stablo equillbrium state, whareas paxima and saddle

points vield unstable statea,

Exarple 1,131.3 Find the point clgsest to all three curves of Fig 1.13.7,
These curves are the parabola (P), the cireleiC) and the hyperbolalH) with

the following equations:

= —J'_ xz P}
Y =33 . , (
2 2
X +y =4 {<)
Tk g% e ' )

From ¥ig 1.13.7 it is clear that no single pair (x,y) satisfies all three

equatlons simultanecusly. There exist points of coordinates Xar Yo howaver,
that minimize tha quadratic norm of the error of the gaid eguations,

_'I‘he:e can be found with the ald of SUBROUTINE NRDRMC. A program was

written that calle NRDAMC, HECOMP and HOLVE to find the least-sguare
salptiun to egs. (P), {(C) and {H). The found solutions were;

First solution: x=-1.61537, y=1.17844

Seéond solution: x= 1,61537, y=1.,17844

which are shown in Fig‘1_13.?. Thesa points have symmet;ical locations,

as expected, and lie alacst on the circle at abount equal distan;es from

A, arnd C, and Bi and O

L 1 i
The maximum errcor of the foregoing approximation was computed as 0.22070

{i=1,2)
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CONDICIONES DE OCPTIMALIDAD'

I. EL FROBLEMA GENERAL DE FPROGRAMACION ¥®O LINEAL

—_ . ]

En el =sentido mAs amplic, el problema general no lineal es ol
de encontrar un extremo (maximo o minime} de una funcidén objetive sujera
a restricciones de igqualdad F}; no lineales. 5in embarge, en las sl

quientes secciones ' de estas notas han- quedads excluidos' los dos siguientes

Froblemas:

a) -Las variables estan restringidas a valores enteros

(programaciém no lineal entera)

b} 'Las restricciones incluyen al parametre tiempo en la

forma de una ecuwacién diferencial ([comtrol &ptimo}.

En lo siguiente se supondrid que la funcibn objetive £ (x} es

continua, h1 (x}, ..., ¥m (x) denotan las restricciones de igqualdad ¥
g .1 (x), ..., g, (x) 1las restricciones de desigualdad, donde:
m+
T
= PO T b T .
x [xl , xh} es un vector columa de componentes X, ..., X,
en un espacio euclidiano n-dimensional. {Las variables S N

pueden ser parametros de disefio, ajuste de controles, lecturas de



instrumentos, etc., mientras que la funcidn objetive podria representar
el costo, pesc, ganancias, etc. ; finalmente, las restricciones pueden re
presentar requerimientos técnicos, condiciones de operacifn, etc., del

PrOoCceso).

El problema de programacifn no lineal se puede establecer

T

-
.

formalmente como :

Minimizar: £ {x), x £ E (1.1)
sujeta a # restriccienes de igualdad, lineales 3}; no lineales,

hj (x) = O i=1, ..., n (1.2}
y {p - m] restricciones de desigualdad, lineales Y/; ne lineales,

gj (xY2 © J = m+1, ,:.. p (1.3)

0 en forma alterna como:

Minimizar : {fix)|x € R) {1.4)

donde R es el dominio de x para el cual (1.2) y (1.3) se satisfacen,

es decir:

R = {x]hj{xl = 0, g (x)> 0, pars toda 3} (1.5)

Un ejemple sencille de programacién ng lineal es

el que $& muestra en la Figura 1, ¥ esta dado por:



Minimice :

Eujeto a:

>
92_x1+2x2-%-ﬂ
— o
93 = xl__D
- >
g4—x2_0

FIGUEA 1.

E.

!_ :

] X1, X

i i

i .

}- 1} E1(x)

' !

! SRRV K /.

i Y 2700 1}

| \ N NPy ez LOntornos

i \ o - P de.-f [I} '
— - - - l:

! |
._3 !

Fepresentacion geométrica de un problema de pregramacidn



NOTACION Y TERMINOLOGIA

*

+
El vector colwmra x = [ X, 4 =:=2 X que satisfare

*
(1.1} = (1.2} se denomina punto &ptimo, ¥ el valor de £ {(x ) que le

corresponde se denomina wvalor 6ptimg de la funcidn objetivo. La pareja,

+* ¥ .
x , £(x) constituye la solucidn 6ptima. Para algunos problemas, pue

den existir varias categorias de soluciones fptimas si la funcidm objetivo

-

no es unimodal (exhibe mas de un punto extreme} como se ilustra en la

figura 2. La =clucifm alobal Sptima representa el valor mas pequedo de

F (x). mientras que ua solucién Optima local (o relativa) representa

el valor mas pequefio de £ (x) en una cierta vecindad del vector x:

es decir,
s - , * I
Sptimc global x satislace £ (x ) < F [x]'ﬂx e L
+
bdptimo local x  satisface £ (x*) < £ ([ |x-x#||< olx¥)

2.1. Concavidad y Convexidad

Los conceptos de concavidad y convexidad ayudan a determinar

bajo que condicicones una solucidén optima local es tambisn solucidn Gptima

global.
Una funcidn 4(x) se dice que es convexa en =] dominio R,
51 para-cualesquiera dos vectores x. ¥y X ER,

1 2



dlox, + (1-8)x,)< 80Cx,) + ¢(x,)(1-6) (1.6)

donde # es un escalarg < g < 1, - Ademas, ¢(x) ©s estrictamente

convexa 51, para xl 2 Xy 4

el signo ¢ sn (1.6) se puede rem
plazar por el signo de desidqualdad {<) . Sien (1.6} 1la desigualdad
contraria es la valida, se dice que la funcién $ {x) es concava ()

o estrictamente concava (). Note que si ¢ (x) es cébncava {(convexa),

-3{x}. es cénvexa. (céncava). {Las,funciunes:linﬂales-ﬁoﬁi. similténea.

mente, convexas y.céncavas)..

Una funcidn convexa diferenciable poses las siguientes propip

dades. ’

a)-40xy)- ¢(x 17 60x, My ) -para toda x, ¥ X,-

b): La-matri23dersegundasiderivada::parcialeszdez- ¢(x}:-cnnh
respecto-a~ x+(matriz:Hessiana}- es:positivardefinida-(o-
positiva semidefinida) para toda x si  ${%) es estriec

tamente convexa {0 convexa).

e Rt Ve o Sl M o et e e el N n
— ' b
—
~J
——

£} Sobra el dominic de R, ¢(x) poseec un _sbleo minimo.

Un conjunto de puntos (o regidn) se define como conjunto convexo

¥ X, ©n

en un.espacio n-dimensional si, para toda pareja de puntos x 2

1

el conjunte, la }inea recta que 105 une pertensce completamente al conjumto.

Es decir, R es convexe si para toda xl ¥ ox, £ R



X = Hxl + (l-B}xz e R

De los conceptos de convexidad emerge un resultado impertante
en pregramacidn matematica: para el problema de programacién no lineal

conocido como el problema de programacién convexa

Mimimizar : £ {x)
sujeta a gjfx}iﬂ J = 1, -.-. P
® >0

en el cual {1}, £ (x) es una funcidn convexa y (2} cada restriccidén de
desigualdad es una funcidén céncava (las restriecciones forman un conjunto

conﬂ&xo]. se puede demostrar el siguiente resultado: el minimo local tam—

bién es minime global (Usando argumentos opuestos, el resultade opussto,

maxime ., también es cierto).

2.2. TFactibilidad

Cualquier vegtor x que satisface tanto las restricciongs de
desigualdad como las de igualdad se llama punto factible. El1 conjunto de
todos los puntos que satisfacen las restricciones constituyen el dominio

factible de f [x]. y se denotard por R: cualquier punto no en R se

llama punto no Factible.

Un &ptimoe restringido es umo para €1 cual el Optimo local cae

el la frontera de la regidn factible. 5i las restricciones son unicamente

-



de igualdad, un punto x factible debe caer em la interseccidén de todas

las hipersuperficies que satisFfacen hj {x) = 0

Con recspecto a las restricciones de desigualdad, un punte x

se puede ¢lasificar como punte interior {factible]. punta frontera

(factible) o punto exterior (no factible). Los puntos interiores son

aquellos para los cuales gj {x) 0 ; para un punte fromtera, g$

a, (x) = 0 para al menos una restriccidéni ¥y un punto exterior,

g_.(x).1>. 0T para.al menos.una restriccidn. . Las.restriccicnes se.llaman.
) 3

activas= [¢.de atadura).. si: g5 (%) =-0..

Una regifn R de vectores admisibles puede ser convexa ©

no convexa , segun se describid con anterioridad, perc ademids puede ser
e o .
simplemente conexa o no—simplemente - conexa . (ver-Figura 2).

S e daam e R
{ . - . '

- :+"'Rng6|{'; = ) !
xﬂi = “factiblaz-t
X-_)a . O
; .
_Contnrnué
de f (x) {
g .'m' B tDntﬂrnQS
dE f [;{]
_ - _- . e B - IT‘.l
- ] T - .- - 5
{a) simplemente conexa (b} no simplemente conexa
(no convexa) (obviamente no convexa)

FIGURA 2. Ejemplos de tipes de regién



2.3. El1 Gradiente

El ronjunto de puntos para les cuales una funcidn £{x) exhibé
un valor constante, se llaman contornos de Flx) . 5i la funcién
fix) es continua y diferenciable, el gradiente de la funcidn existe ¥

esta definido comp el vector columna formado por las primeras derivadas

parciales de f(x) con respecto a x es decir:

(a£(x)]
ax

vE(x) =| . (1.8)

Se puede demostrar que en el espacio métrico euclidianc, el gra

diente de una funcidén escalar apunta en la direccibn de maximo incremento

en el valor de la funcién, maximc ascenso, ¥ gque es, ademés, ortogonal

a las lineas de contorno. El negativo del gradiente apunta en la direccién

del maximo descenso de f£(x). Finalmente, cualquier vector ¥, ortogonal
a VF{x), tal como la superficie tangente a f(x) , estd definido por

vva[x} = 0 (Figura 3)



Contornos de fix)

Pfix)

direcciones de maximo
descenso

-—Ixi

FIGURA"3 El'gradientey y.la:direccidn:der:miximo descensoc. .

2.4, Aproximacidn de Punciones

-

—Algunos- de--los- procedimientos- de-programacidn. matematica_que.-se.

discutiran mas. tarde.requieren de aproximaciones lineales-o cuadraticas

fl

para= £ (k)73 g:(k)i yr n(x)..

. Una aproximacién lineal, o de primer orden, para una funcién

-

f(x), se puede hacer truncande la serie de Taylor, alrededor de un punte

X 4 CcOoma
Q

£(x) = £lxg) + 9 Elx Haumxy) (1.9)

Para cbtener una aproximacidm cuadratica, en la misma serie de

Taylor se puéden despreciar los términcs mayores e iguales a tercer orden,

abteniéndose

.
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£lx) =f(x,) + ?Tf{xu}fx-xu} + %{x—xD}T ?Ef(xﬁ}(x—xﬂ] (1.10)

donde vgf(x] es la matriz Hessiana a £ {x}, H (x}., es decir

H (xg) = (hyjtx)} &4 = 1, ... n (1.11a)

donde R S 4¢3 (1.11b)
ij = . m.

Se observa facilmente que B (x) es una matriz simétrica.

2.5. Condiclones Hecesarias y Buficientes para que Una Solucidn sea

Solusifn Optima

Fara alqunas clases especiales del problema genﬁral de programa
cién no lineal {Ees {1.1) - (1.3) ] ha sido posible establecer criterios
de optimalidad. Sin embargo, para funciones completamente generales, no ha
sido posible establecer criterivs de optimalidad precisos. En consecuencia,
unicamente se dEE;ribirén alguncs casos especiales, los cuales, sin embargc,
s0n bastante comunes y de importancia practica. Las condiciones que determi
nan =i un vector x resuelve o no el problema de programacidén no lineal serin
presentadas en una serie ﬁﬂ tecremas losg cuales no seran demostrados {1as

demostraciones estéin fuera de los objetives de este curso)-
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2.%.1. Programacién no-lineal sin restricciones

El problema eg o) siguiente:

n

Minimizar: f{x), xe¢ E (1.12)

L

LS
Las condiciones necesarias para que-x-  sea-un minimo

local del problema {1.12)} son:

* -
1.. f£.({x): diferenciable-en:xr -
. . )
2. 9f (x-) =-0, es decir, existe un punto estacionario.de
¥*

F(x) en x

L] - Iy - . ﬁ a4 .
Las gondiciones suficientes para que x sea un minimo

local “del problema (1.12) son:
|
4

o . . ] ] ) i
7 3. '?ff:(xﬁ; #:y; ressdecirr.latmatrizsHessiana-tes:positivan

. cdefinida.

(Las condiciones para la existencia de un miaxime son iguales, excepto que

el hessiano deberd ser negativo definide).

2.5.2. Programacidén no-lineal con restriccicnes de Igualdad

y Desigualdad

En este caso el problema es el siguiente:
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Minimizar: £ {x) x E )
' )

Sujeta a hj(x)=G j=1, .... m ) {1.13)
)
gj (x} O J=m+1l, ..., p )

Las condiciones necesarias para que X sea un minimo

local se establecen en dog teoremas. el primero de los cuales {teorema 2)

»
-

puede ger llamado condicicnes de primer orden (debide a que las funciones
que intervienen se consideran una vez diferenciables). Fl segundo teorsma
(teorema 3} se le denomina condiciones de segundo orden (se considera que

las funciones son dos veres diferenciables).

Fara establecer las condiciones nmeceszarias, emperaremos com

. _ * . *,,
el sigulente cOnceptd: si x es un minimo local de £ (x ), ésta no puede

*
decrecer a lo largo de ningun arce "“suave" dirigido desde x hacia la re

- k]
gibn factible. Sea &l vector ¥ tangente al arco gue empieza en x . Usan

d9 los conceptos de Fiacco ¥y Mc Cormick, se asignan tres diferentes catedo

rias ¢ ©lases al vector V. donde cada conjunte V. incluye el conjunto de ¥
i

tales que: (ver tabla I).

*
Todas las posibles perturbaciones de x  caen en la unién de

¥ ¥ vE y si V ¢ ué' £ (x) decrece, mientras que si V G Vl. £ (x)

se incrementa O es constante. Pn esencia, las condiciones necesarias de

primer orden imponen el requerimiento de que el conjumnto vz esté vacio.
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81 vE estd vacio, se puede demostrar la existencia de los multiplicadores

de Lagrange, resultando el sigquiente teorema.

TEOQOREMA I.
*
si {a) x sartisface el problema (1.13), (b) las funciones

- H
£ o(x), gj {x) sortuna vez diferenciables, ¥ (c) en x VE esta

- r -h- * - -
vacic, entonces existen los vectores u ¥ W (multiplicadores de

. * L o+
Lagrange} tales que, {u , ¥ , x satisfacen
-
(1) n, (x) = o0 j=1, ..., m
j oo
*
(2) Hj (x) » o0 j=m+1, ..., P
(3) * :
u . o =G =M+ 1 ey
i 95 (x] j , P
L
(4) vy > @ ij=m+1, ..., p

(5) FLx , w.,w)=0

donde 1la funcibn

m B
L (x, u, w) = f (xj + & w,h.x) - L uLp.ix)
j-1 173 j=m+1

puede ser considerada como una funcifin Lagrangiana generalizada, asociada

al problema {1.13). -

Con el propésito de establecer bajo que circunstancias €1 conjunteo

vE esta vaclo, se necesita calificar, a primer orden, a las restricciones.



1

TEOREMA 2.

is.

* -
Sea x un punto factible del problema (1+13] ¥ supingase gup hl (x}, oo

hm {x], gn1+1 (x], ey gp (x} son funciones una vez diferencinblas.

La calificacidn a primer orden de las restricciones es una condicién que se
impone unicamente sobre las restricciones (sin importar la funcidn objetive)}
¥y que ¢onsiste en que para cada punto Frontera Formado por el conjunto de

restricoiones de igualdad’'y las activas de desigualdad, debe de existir una

curva suave que termine en el punte frontera y que pertenezca completamente

.
al .conjunte de_las.restricciones. "Si x - es.un minimo-local-der f7(x), ésta

nc:puede:decrecerraila:1arg0ide;tal:cuhva._dirigida:desda;x_ hacia-la regidn:=

Pactible. Una condicidn suficiente para la calificacibn a primer orden de

_ las restricciones _que debe cumplirse es que todos los gradientes de las res

tricciones-de-desigualdad-activas-y-los-dradientes.de-las restriccicnes.de.

*
igualdad "evaluados:en.x=- , . gean:linealmente:independientea: . Esto:lltimo-se -

establece enelisigqriente ~tearoma;:.

5i 1?5 funciones hl {(x}, ..., hm.{x), gﬂ;l

{x), ..., gﬁ {x)} son
L]
una vez diferenciables en x-, y si la calificacién a primer orden de las

* +

restricciones es valida en x , entonces la condicibdn necesaria para que X

sea un minimo local del problema {1.7), es gque existan rmultiplicadores de

. a* - * * L] *x
Lagrange u 7y w- tales'que- {u , w, x satisfagan-las ecuaciones

(1) - (5} del Teorema 1.
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Fara tomar en cuenta la curvatura de las funcicnes =n el problems

{:1.13]. Mc Cormick establecid las condiciones necesarias de segundo orden

.
para que X sea un minimo local. Supongase que las funciones F (x),

hy {x}, ..., mm (%), S 11 {(x), ..., 9, (x} son dos veces diferenciables

x
en X , un punte que satisface al problema (1.13}. Sea ¥ cualquier vector

ne Cerc tal que
T L. .
v vgj (x) =0 para las restricciones de desigualdad
activas
T ] I
kA ﬁhjfx} = 0, para las restricciones de igualdad

Entonces, si V es la tangente a una curva ¢{0), 8 > 0, dos

I

veces diferenciable, a 1o largo de,la cual gi'[ ¥ (0} } 0 para todas

[}

las restricciones de desigualdad activas, ¥ hj [ ¢r[ﬂ)} 0 para todas

las restricciones de igualdad, la calificacidn a segundo orden de las res

;|
tricciones en x es valida. Una condicidn suficiente para la calificacién

a sefunde orden de lag restricciones que debe cumplirse es que los gradientes

o
de las restricecicnes de desigualdad activas en x  y los gradientes de las

- -+
restricciones de igualdad en x sean linealmente independientes.

Las condiciones necesarias de sequnde orden se pueden establecer

cimo sigue.
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TEOREMA 3.

(a) Si las funcimmes £ (x), h (x), ..., b (%), 91 (x),..e

L2
9, (x) son dos veces diferenciables en x , ¥ {b} 5i la calificacidn a

E
primer orden de las restricciones es vAlida en x , entonces las cohdiciones

=
necesarias para que x sea un minimo local_del problema (1.13). son que exis

* *
tan u ¥y -w tales que {c} ecuaciones {1} - {5) del Teorema 1 se sa

%

tisfagan,. y {d).para:-cada vector.np:cero.V,.. para.selicual’. 'hF‘ gjﬁ{x-) =0,
: 1 ' T~ 1.

para-las-restricciones de‘desigualdad+:activas,~y V¥ hj-_:[x !)“: 0,% para =

]

las-restricciones -de-igualdad, se cumple lo siguiente:

. (6) VveL (x, w, w) v

-’

¥
=

% L]

Las .confliciones suficientes.para que x sea un minimo lecal aisla

-do. del- problema .{1.13) . son:lasimismas.{a)7: {b).y-{ , }7del Teorema-3,=_
I .

excepto-la.parte (d):= { ecuacién-(6)-) | la.cual:debesser;substiruida:por:.:
.
{d'). Para cada vector ¥ no cero para el cual v ?gj (x ) = 0 para

Q Fara las

W

T "
las restricciones de desigqualdad activas, V¥ ng-{x )

T +
restricciones de desigualdad no activas y ¥V ?h.j {x ) 0  para las

restriccicnes de desigualdad, 1o giguiente es verdadero:

i+ "
{(6") "u'T‘i'zL (x . u*. v) ¥ 0

- roamma e W — -



Ejemplo 1. Condiciones necesarias y suficientes con

restricciones de desigualdad.

] r ' 2
Minimizar : £ ix) = X%,
_ 2 2
Sujeta a: Hlix) = {11 + xE } + g >0
gz{x] = - xl - xg + L E"-G

minimo local

FIGURA 4. FRegitn admisible ¥ curvas de contorns del Ejemplo 1.

Se observa que 9. (x) es uma restriccién activa

mientras gue 0 (x} no lo es.

18.
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Ya que s0l10 una de las restricciones esti activa, no se necesita
comprobar la,calificacién a primer - y segundo,orden de las restricciones

{Note que F (x), 9 (x) ¥ 9, (x) son dos veces difereaciables).

De acuerdo a los Teoremas (1) y (2) se necesita demostrar que exig

* «
ten u Yy x tales que

2 2
-, - - E K
(2) gj{X}i-G - X -5, + 9> 0
¥t ¥z
-1 xl_ _'xl'_t +*1 _:5_"_'0
- 2 2
x + 5% * o, - T
. =0 - -— - =
(3) "3 9 (x) uy (=% %5 Q) ¢
* * ﬂ
u, (-xl —x2-+1} = -
* *
LR | ¥y - .0
(4} uj .._i O ul__—.—-
% - o
u »0-
- 2 al
* : .
(5} Wwx,u) =0 (L= £ {x)-u~g, (x)-u,q, (x)
* *
2 x - ?x -1 0
1 * 1 *
-u el -0 -
1 . - Exz 2 ~ 1 #]
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Resolviende las ecuariones antericores se puede verificar que :

. T
X = [ o, -3 ]T
¥ u = {E , G)

La condicién de segqundo orden que debe ser satisfecha es

T *, * -
v V9, {(x3 = 0 g, (x } : restriccién activa

es degir : { V., ¥ } 1
A = v, {0)+v, (8) = O

de dende ?1 puede tomar cualquier valor, ¥y ?2 = 0, substituyendo

v en{ 6), se tiene

{(6) v VL (x , uw} ¥ » 0O

donde VL

Ejemplo 2. Condiciones necesarias y suficientes con restricciones de

Tgualdad ¥y de Desiqualdad

i e 2
Minimize - £ (x) = xl + x2
] Sujeta a: h {x) = 2 .+ ¥ 2 - 89 = 0
1 % 2
2
gz [x) n - {xl + x2 )+ 1 > a

[fa
[
—
G
e
I
|
—
*
-
+
g
8}
—r
+
=
| v
s
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] {X}'ﬂ

'3\ L .[q-;_....-l'.‘.ﬂntorno5 de f{x}
- y !
B Vv

\ L

FIGURAZS:% Regifmuadmisible:y:curvas-desnivel:del- Ejempio.2._ |~

De acuerdo al Tefrema 3, h (x), 92 {x) ¥ 93 {x) deben ser

ll‘
dos veces-diferenciables.— Ademas,-les gradientes de-las restricciones ac

tivas deberdn-ser-lineaglmente-independientess para-que satisfagan-la califi
L J
cacifn a primer- y segundo orden., Supcnga que A, localizado en x =
- 'I' - ) A . -
{-2.37,-1.84} enlaintersecciénde h (x} = g (x) =0 sea

un candidato a minimo local. 51 se Forma una combinacién lineal entre los

x - .
gradientes de~ h,. {x) ¥ 92_():}. en x , se-tiene gue, para que sean




linealmente independientes

#* #*
¥
Th c. v -0 C =0
¢, ?h (x) « ¢, Vg, (x) €y /s 2
++
2 -1
a 1]+
C + C + f
1 | ox 2 | -2x =0
)
»_. S
Exl -1
y coma det P 0 C. = C, =20
1 2
* L]
2% - 2%
* 2

es decir, l1os gradientes de las restricciones activas sonh linealmente

independi entes.

De acuerdo a los Teoremas (1) y {2) se debe cumplir que

2 2
+* L *
1 h X = x + x = 0
(1) , ) =0 ) )
. . L2
= - 0
2} g, (x) =0 (x, +x, ) +92
- {x, + %, ) +1>0
L] * - 12 12 ‘
(3) w9y (x)=-0 u, [~ 0 + x, )ro|=0
_ [ -+ - k
u, |- {xl v %, J+ 1|= ©
(4) ) "
. 0 0
¢ E B Z
* 1
u, » 0
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E T ) -+ * L 3 L L | E *
[5}1}1,()(.11,»{]:0 L=f(x)+w hl‘::u:]-u2 ga(x)-u3g3(x}
' L L s bt ¢ B! F !
2 x 2 x -1 -~ 1 i)
1
P * . f 1]
+Tn'1 —1.12 —uEr =
1 ’ " i
2 x -2 x -1 o
4 L 24 2.] s b K

L 0,778
L3

W= 1,05
-

1..'|3 - = 0O

Deracuerdokal i-Teoremas3d,Eseadebe..smoontrar:V staliqueas

T *
v ?gj (x } = 0 para las restricciones de desigualdad activas, y
T * .
ademis V vh {x )= 0, esdecir ’t
-1
(v. ,-v } - 0 V.+2x_ V. =0
1 2 . 1 2 2
-2 x
L]
2 x 1 . »
if - V = = J— k' = U
1 ) 5 . O 2 Xl "u’l + 2 )':2 o
? x
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| T
T
de donde ce obtiens que ¥V = (Vl. vE] = [ﬂ ' ﬂ] ¥y entonces

existe una unica solucién al problema en la interseccién de g, {x) ¥ hl_(X}'

Note que en este problema en particular

T # L] *
v ?EL (x ,u,w) v > 0

*® A A
para toda V £ O , ! es decir ?QL(x y 1, W } €5 una matriz positiva

definida. [ condicién (6' } ).

Los dos ejemplos analizados en este capitulo tienen el propésito
de ilustrar las condiciones de oprimalidad de primero v segunde orden.
Anora bien, los problemas que se pusden tratar analiticamente son demasiado

. . . . ¥
sencillos, sin que esto quiera decir que para problemas muy grandes f;

romplicados lo anterior no sea valido.
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. 3.
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I.

HETODOLOGTI A

BUSQUEDAS UNIDIRECCIONALES

Casi 1a totalidad de las técnicas de minimizacién que se describi
rin-ensctras:seccioneswmas-adelante ,crequieren-de-técnicas-de.minimizacidn -
unidimensionales:Jas:cuales:tienenhcc_;nn;pmpésito:el:lacalizan:el—_minimu—_
local de-una-funcidm de una wvariable. La implementacién de los métodos
mencicnados requieren del conogimiente previo de un cierte intervalo
cual contiene_al.minimo.de.la.funcién_objetivo..f (%}, ..y ademis se.supone
que -en el -intervalo prescrito la funcidn es unimodal. En la Tabla 1II

se menciconansalgunos-de los métodos mas.conocidas para-lograr-la minimiza

cién’deseadas;; todos-los:=cualesrtierien:comos proépdsito reducir el tamafio®del-”

{o) {n)

intervalo & hasta un tamafic & Para comparar la rapidez re
lativa de los métodes, Wilde-define una eficiencia para n  evaluaciones de

la funcibn como :

- {n)

&
. . \ L=
Eficiencia alo)

En la tabla I se comparan los valores de E para varios métedos.
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Métodos no-secuenciales [ Secuencialeg E
Busqueda uniforme 2 blisqueda secuencial 1
n+l {Dicotoms) 2nf2
Blisqueda uniForme 1 . . i 1
Bisqueda Fibonacci
(Dicotomus) n ¥
- + 1 Fn

+-i 2
, 1-n
S5eccibn Dorada {¢.618)

{*) : Rimero de Fibonacci para n evaluaciones

" TABLA II. Eficiencia de Técnicas de Bisqueda Unidimensional

En la Tabla ITI se compara 1 nimerc de evaluacicmes de la funcién

. .. 1
que se requiere para reducir un intervalo inicial de 5 x 15 a wo menor.

NO SECUENCIAL SECUENCIAL

Dicotomus Fibonacci Seccidn Dorada

ﬁ{“} Uniforme Dicotomus
5 % 10° 199 198 14 11 11
5% 10° 19,999 19,958 o8 21 21
{ﬂ} - By 10—1

TABLA III. Nimero de evaluacién de la Puncidn para reducir 4

A continuacifn se describe el mérodo de la secciéin dorada. Este

metodo esta basade en'la divisidn de una linea en dos segmentos tales que

la relacién del tamaho original de la linea al segmento mayor es la misma

-
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que la relacidém del segmento mayor al menor, es decir :

F =1
Fi+F =
1 F
2
= .153_ P F
5 1
de donde
_ /B
Fiz : -= -0.38 =
2 .
=y -
Fo= -~ 1 _ o6
5 -
2

Para iniciar. la_blsqueda del minimo de f {x)}, .se necesita especi .

ficar (o averiguar}. en que.direccién ésta se llevard a cabo. (Se supondra

que=ce -conoce}.a ,

Como primer paso se debe encontrar un intervalo A donde se ENCuen
tra el minimo de £ [x] usendo, por ejemplo, una serie de pasces cada vez
mas grande scobre la variable independiente. Suponga que esto se ha hecho
y que-los.iltimos . tres.puntos_obtenidos en..x ._son _los. siguientes :

(o) (o) {0) (o)
1

% ., el Qltimo, x2 ¥ x

3
I

, donde F {xj(n}) > f {x2 ¥

sea (Fig. ). Lo anterior una vez heche la-

k-gésima-etapa modifica el-intervale de la siguiente Forma. )



f

%1

si

si

{x

2.

P {yl(k]} s (?z{k}) RGN K?E{k) oy

1 1 1 773

{x)
£ (ny 1 1 3

P L0 (YE(}:}] o, 1) _ (},E(k) ) xlik}} SOt A ¢ 2

3 1 !

1) G Ge) ()

1 1 3 2 =+ °

o 1) (%) (k+1) _ _ (x)
1 1" - 73

()

¥ = X + 0.38

xlm}lh}x;}(c}}'zfﬂ;} x3{°:' e }'[D}:xl(ﬂ) + 3.62 E{D}

! alo) I
[_'_'_‘ all }——T

FIGURA 6. Blisqueda mediante seccidn Dorada.

)y, L Gen) 0 (1)
: . CEvy

) > {YEU:}} g (k1) {x;k} . 1_,luc)]l g ox e1d G (k) xﬂ(k)

(x},

|
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Otra clase de métodos para blisquedas unidireccionales. Localizar
* Fl I3 » 1 [}
un ‘punte X, cercanc a @ x {el mlnlmo] mediante interpolacidn ¥ eXtrapD
lacién. En estos métodos se usan interpolaciones cuadradticas y cilbicas
para aproximar el valor de la funcidén. A continvacidén se describen un par

.de algoritmos que al usarlos an forma conjunta generan un algoritmo bagtante

poderoso para la localizacidn de minimos locales en una direccién: estos dos

algoritmos:conslos siguientes

v

a):Davis-Swann.- Compey:{DSC}~para-definir:el.intervale: 4 _donde’

se encuentra el minimo, ¥

b) Powell, péra.definir.la logalizacién "exacta" del:minimo.

L]

Enel . método-=D50~ _. seutoman-pasocs--de famafio:cadavez, mayor-hasta —

que-se-sobrepasatla-localiTacifn-delminimo——A-partir-de-esa-momentoise=— «
" usa interpolacién cuadratica (Figura 7)7 Los pasos que se siguen en este’

algeoritmo son los sigulentes

1

(o)

1. Evaluar £ (x) en el punte imicial x° . 5i f {x

(o)

(0)+:ﬂk

Si.F [+ 8x} < f (x> ) se continua con el ‘paso 2.
Si f‘l'[x{o]+ 8x) » £ (x°) se define Ax = - Ax (se

—_ cambia 1a direccién de biisqueda) y se continua con el paso 3.

I C=D P ) R
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3. Caleular P {x (k+1]}

] k+1 . a :
4, S8i f {x{ * }} sf (x (k)], se duplica el tamatio de paso Ax

y se repite el ﬁrocedimientu desde el paso 2. 5i

e (x(k+1}} . g (x(k)) sea  x {m) y (k+1) .bx{mdl)-: x[k}

)
etc., reduzcase x alamitad ¥ regrese a los pasos 2 y 3

una vezr mas.

5. De los cuatro puntos igualmente espaciades x. en el conjunto

M1} ) () (e2) L

,5e eliminan o

m=-2 B .
x { }, el que este mas lejos de la x con &l valor de

la funcidn mas baja. Los tres puntos restantes se denotan como

() ) @ ()

X ' , donde x ez e] punto central ¥

(a) {b) () {v)

x = X - X ¥ *® = X + Ax.

*
6. Use interpolacifn cuadratica para estimar x ,

ax (£ (x )y _ (x ()

z[f L PR L (“))]

Los pasos anteriores completan la primera etapa del métode DSC.
. o —* el i 2 -
Para continuar, se reilnicia en x o x{ }. s1 f (x{ ]] c f {x] » SC

reduce Ax ¥ s& empleza desde el paso 1 nuevamente.
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Al 2a E“““—"'"ji i

1 sa [T %% ya - |

_ & - — |
U e e

FIGURAL?7. - Método2 PSCxipara—minimizacidnizunidimensional -

En el méatode de Powall, se usa una aproximacidn cuadritica usande
los- tres primeros-puntos-cobtenidos en la direccidn-de-blsqueda dada.” La. x
correspondiente ‘al minimo de la funcibén cuadririca se usa para.efectuar una

nueva .aproximacion.y-se.continua.de.esta+formarhasta-localizar:el-minino:-de -
] .

4

* £ {x)7(Figura 8).-

;.f-(x]lf'_ _ ' e -

—+, (primera etapa)

+ipt

O 2, )
:

';(Segunda -etapa)
y (1) x(2) x(3)

. -t . — - - -

FIGURA-B. - Método~de-Powell -para—minimizacién” unidimensicnal.

_ o
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Los pasos que deben sequirse para implementar el métode de Powell

s0n -

1
dadoz xu} ¥y 4 , calcule x(2}=x{} + A

c;.'lr.-ule f(x {1}) y F(x {2}]
sioe(x My s oo x By, O (1)

= X + 24

gi & {x{l} < f {X(E)) , X {1) {1}

= x - A

[1))

Calecule £ (x

p—
Estime 2l valor de x en el minimo de £ (x), x , como

B S A PR RO | £ 6 [ )

()

M Wt L RN C I CO N E Y BN C ML G

si : - (1) (2) (3)

o algunos de entre {x : X . X } que
corresponda al valor mas pegueiie de £ (x), difiere an menos
un la exactitud presenta para x, o la exactitud en el valor
de f (x}, se termina la blisqueda. BEn case contrario, evalfie
£ {:-x*) ¥ s& elimina del conjunto {x“}, x{:E}, x{aj} del
que tenga el valer mas alto de la funcién £ (x}, a menos que
s5¢ plerda el intervaleo de x donde se encuentra el minimo, en

Cuyo case se debe eliminar una x tal gque el intervale adecuado

noe se pierda. Se repita el procedimiente desde el pase &.

 a
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MINIMIZACION 5IN RESTRICCIGHNES UBANDD DERIVADAS

El problema general de minimizacidn sin restricciones se puede

plantear como !
Minimizar : £ (x) , x6L™" (1)

donde f {x) es la funcidn objerivo. Seglin se vid en el capitulo

. . * *
anterior,ssecpretendelencontrar-un. puntortx.= tal.que= ?fu(x.] =s0.3_
Enzla-presente-seccidniseratacara-el:probiema-definido-en={-1)Imediante-el=—"

uso ‘de -métodos que hagan uso-de-las-primeras:y sequndas derivadas parciales-

; pd
[vf (x) ¥ ‘g £ {x}]. de la funcidn objetivo.

2.1, Mitodo-.del Maximo Descense [(Gradiente)

Segun.se:recordari:del-capitule.anterioryiel.gradiente.de. la funo.
cidn.objetivo..f {x), .en.cualquier_.punto.x ,. .es_un.vector:dirigido en la -

direceidn del maximo-incremento local en -£ (x). - Resulta.obvio gue.se puede”

1

! .
escoger como direccifn de biisqueda, para minimizarf {x}, la direccién

opuesta al-gradiente,- --§F-{x), esto-es,~en-la-direccidn -de -miximo-descen-.

s50. 81 se escoge como direccién de bhsqueda la ya sefialada, resultara lo
siguiente.

a) sea ?sr== - [xk) la direccién de blisqueda en el

k-&zimpo paso del algoritmo.



b} Si ﬂxk = + a, Sk = T vf [Xk) . €5 el desplazamiento

dees
del punto xk al x]“l, es decir

X = X + ax { a un escalar positivo)
+1 k

c} Entonces, la aproximacién a primer orden de f (x)} quedara

COmo
s {xketﬂxk]--\f {xlc}*'“i + = f{:ﬁ()ﬂ ,_“. | -

« o~bien—— — . - - . - e e

o

£ (Kk + "—'“k) - fix )= - uvaf(;th'. of (1) < ©

es decir;: se puede.garantizar_ que:para: . qk wsuficientemente - =

* - pequeiic,-el-valor:de la funcidén-en Xorl -decrecera con res- - .

recte~al.valorcprevio-en -ﬂxk,-—SlemPTE“YicuandD"?f (xg] nf-Or 4

—. .= Eoa- L B

(En"los puntos —{a} - (c),-" o - 5e -l& ‘conocercomo - tamafio ‘de

paso).
[ -
.~ Existen varias alternativas para escoger el tamafio de paso @, .7

de.las cuales se puaden mencionar las siguientes

a) Fijar el valor de a ~de antemanc e igual para todas las

iteraciones del-método.—-La desventaja:de proceder de esta- - .

Forma:es_que no:se puede:garantizar-que de una-iteracién-a. -



b)+ Una-segunda:alternativa:es.escoger=o

36.

la siguiente, el valor de la funcidn decrezca, ya que esta
propiedad z6lo es valida cuando @, —> 0.

Debido a 1o anterior, el método Puede presentar las siguientes
desventajas. En primer lugar, que si a, no es lo “suficientg
mente pequefia" el método asgilarad. Por otro lado, si @y se

escoge Mdemasiado pequetia® la convergencia puede volverse

demasziado. pequefia.

k'-i a:cadaiteracidn-de.._
forma tal que el valor de la-funcidm-objetive se-reduzca para

algin cierte valor de ﬂk. Para lograr lo anterior se pusde

proceder.de la siguiente, forma.en-cada.stapa.

o}-, se.escoges:g ref>-0 ~., O <3 <1 I un.factor:imultiplicativo=s=

vii)

se fija.. - B == qpref,”i= 0 :
o

(i}

¥

+
xk Baﬁ k

: i
calcular F I:y )

i
i £y ) < £ {xk} continuar con el paso vii}

1 &= 1 +1

Pit1

“Bi ; repetir al procedimiento desde (ii) -
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El procedimiento anterior garantiza que, si se permite un nilmers

ilimiradc de iteracicnes g,

= 1@, " en cada etapa del métedo de '
i+l i

*

maxinoe descenso, se obtendrad un descense en la funcién objetive. Tiene

el defecto a que puede consumir demasiado tiempo en la bilsqueda de un ta

mafio de paso adecuado @ -

erazalternativa-esilajsiquiente~p Supongase . que. deio --

e}y Una terc

o = -

- et alguna:fnrmaflafdirezciﬁnid&:hﬁsqucdafzsifﬁ,es;decir,t;el-nuevu;iterandu:;;_‘.-
. . 3 I - - -

X4l caerd-sobre-la ecuacibn de un-parémetro-
+1 -

= +
* x4l Xy @S,

niendo a el pardmetrs, La diferencia entre este-procedimiento y los dos

anteriores -es ‘queien:el.presente =e pide-queiel-tamalio:de. paso<Td rsea.tfal

que.n~ £ (x ]c"+1) = f {xi;:-_-u- evuS}-;}'—__ } adquiera:su-minimo:valor=0,<formalmente _

Fl

d £ (x, + aS, )

: dao

Por-ejemplo, si £ {x)  es una-funcién.cuadritica

T T
Fi{x) = a + b x =+ % x O x {0 : positiva definida

simétrica) -

entronceas

5, = - "ir'f{:&} ='-h—|:;rxk

[ — .—_\_ —_ - el . — - - e - e - — -—r P
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,xk+1= - i {b*-l:lxk} .
T T
af[xk-uk{b+ﬂxk}]'- o= ¥ f{xk} S ? Sk u{ak Sk)
de donde
T
. v f_{xklsk
ko

51 .se"suponerque 2 f. (x)'» noiesjuna. funciénTuadratica-derxyai - -

entonces se pueden emplear cualquiera de las técnicas de bisquedas. unidi '

mensionales descritas en la seccifin anterior.

T . Una:caracteristica.interesante de.este.procedimiento-de minimiza

- cifm-es que-el gradiente-en el nuevo.punto-z+ . f {x‘]alj es-nrtngmj.alta

1a direccidn-ge -blsqueda:empleada-para;localizar--x 1;;1. es decir .
va {x k+1} Sk = 0, lo cual se demueatra como sigque. Supdngase la

mi=ma funcidén cuadratica ya empleada entonces

"?f‘[xk) = b + Qx

k
d F
¥ de la exprezifn para (a) - O ce obtiene
de '
T T ]
(b+Qx_.) 5 + 5 3 o, S = 0

k k k k k



- - 5
¥y Como ax kel P Y e S eMTonCes
T T
S, (e, ) v s 0 0 (x ) mx ) = 0
o bien .
T T
& b = & = 0
ermx ) X vf {x )

Lo anterior se ilustra enm la Figura 9.

FIGURA 9. Ortogenalidad de 1las diregciones Qe Biisqueda

-

3%.

La implementacidn practica del algoritmo de maximo descenso, con

cualquiera de las tres altermnativas diseutidas para determinar

daria de la siguiente forma.

*x

que
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1- k - D

2. Estimar X, {punte de arranque},

3. Calcular F (x k:I . F{x k}

4. 8&i ?Tf{x k) 7f (x k} < tolerancia, se ha encontrado

un punte estacionario de la funcién F {x)
558 0 = -—-w{x )

6.~.Cilculoide Lruk 1. {ver:texto)>t

como* resul tade * - L L o
) se calcula X ey ¥ ( k+1]
. Calcular f .
7 W (x o ,)
B.~k ——--k+ 1 ; se repite ¢l procedimiento desde el pase 4.

Para- finalizar'la discusidn-sobre.eli método’del :maximo:descenso
L°d
es conveniente hacer notar que bajo algunas condiciones, por cierto no my
frecuentes, el algoritme puede ser atraido por.un.punto.silla ya que también
. T .
en esta clase de puntos se satisface que 7 £ {x}) 9f (x) = 0, no exis
tiendo forma de detectar a priori que tal ¢osa sucederi. Ahora bien, para

clasificar el tipe de punto donde se detuvo £l algoritmo, es necesario analil

zar la matriz de gequndas derivadas, de acuerds a

i) H,-pesitiva definida —  ainimo

ii) Y. negativa definida — maximo -
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iii} H, semi-positiva o semi-negativa definida — punto silla,

2.2. Hétodo de Hewton

El método de Newton que a continuacidn se presenta esta basado en
una aproximacién & segundo orden de 1a funcién objetive £ (x), es decir,
usa informacién de sequndo orden (matriz hessiana), de aqui que se le cla

sifigque como método de sequnde orden.
Censidérese la aproximacién a segunde ordem de F (x)
T - '
fl{x+ ) = F(x) + 9 F(x) &ax + % ax ¥V f£ {x} ax
5i se supone que la aproximacidn anterior es buena, como de hecho

1o es en la vecindad de un minimo ¥y de un maximo, entonres, al derivar par

cialmente £ {x + Ax) con respecto a cada uno de los elementos de ax  se

obtiene
S 0xt8k)  _ gecy) 4 v2E(x)ax = O
37,
de donde
AX = - H T(x)VF(x)
2
3 Flx)
donde H (x) = ":"2 £ () es la matriz hessiana (hij = 5
ax . dx,
1]

y a¥ serad la direccién del desplazamiento desde un punte X, @ X, oo

es decir

_ -1,
xk‘rl = }{R - K [xk}‘i’f[x.k}
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. El empleoc de la dltima formula para gencrar los iterandos del méto
do de Newton puede provocar los sidquientes problemas si es que el métedo

se asth empleando para minimizar una funcién £.(x}. El problema es el si
guiente.. Note que tanto un maxime come un minime, asi come los puntos
silla, satisfFacen  8f(x + ax)/ 3ax = 0O, . por lo gque no se puede
garantizar que el método converga a un minimo, si no se modifica adecuada

mente Esta modificacidon consiste en lo siguiente :

-1-7 . i o .
Bea Ty x7vi= —- R u{xf) -t 'l;?f'n{x-:ﬁ' =+ 1a.direccidn-de:avancesz: -~ .
del-punto .x Y al . x T considérase-la. aproximacifn.a.primer_ orden. .

de £ (x) como sigue :

— . T .
f{xk + Axk} = f(xk} + nk{? f{xk} &xk]nk
. . o bieno: - !

AF =f‘[x

. -
5 ook ) - flx ) o= a (V2 (x,) ex ) pk

i
H

doFde uk

eg el tama¥o de paso, descrito en el inciso anterior, ¥

*

p -es el sentido de la direccidn de basqueda, el cual se determina como
] : d I < F [x ¥ cono
sigque ¥a que se degea que ﬂfk < ( (xhl] ( ]c) yc

,uk = O - , entonces .
' o oTar a1,
1 51 ¥ f(xk]H {xk}?f[xk}> 4]

-1 5i ?Tf[xk]H-i{xk}?f{xk}< D_
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Y con esto se garantiza que si uk{>o} es suficientemente
pequefia entonces £ (x k+1} < Fx k} y el método de NHewton convergera
g un mirfimo, o© en el peor de les casos a un punteo silla, perc nuncs a un

miximo {se amite la discusién sobre el tamafio de pasc o, ., por ser idén

k

tica a la presentada con anterioridad).

Tomande en cuenta los puntos anteriores, la implemesntacidn del

métode de Newton queda camo sigue

2. Estimar xu {punto de arranque)
3. Caleular £ (x),

4. Calcular ¥Ff {x k)

5. Si ?Tf[x k} vF (x k) < " tolerancia, se ha encontrado

wn punto estacionaric de § (x) (minime o punto silla).

6. Caleular H(x,) ¥ Bt (x »
7 1 i Ex ) W (x.) VE(x}> o
. ai x X x ¥ “k
- a1 Xy * oy *%

g, ax, = - ok H_iixk]?f(xk}

9. Caleular «, (ingiso 2.1)

como resultado se obtiene x ’
k+1l f[:’Ig:]cﬁl} -



10. k &— X + 1. Se repite el procedimiento desde (4).

Es facil ver gque si la funcién objetive es cuadrdtica, p. ej.

£ (x) = a+bTx+% xTQx

el método de Newton converge en una s0la iteracidn, ya que

7f (x ]c) = b + 0OQx "
5 .
¥ velx ) = @
entonces
2 -1 -1
X el = Xy [‘? f{'::t}] V5 ) 5ok QT (bt Qx, )
-1 . * - 1
9 v = x convergencia cuadratica

2.3. Conjugancia y Direcciones Conjugadas

Como se veré mas adelante, una funcifn objetivo cuadratica de
n-variables que exhibe un minimo, puede ser minimizada en n pases (G

me_nus} sl estos pasos se toman en 1o que se ha 1llamado direcciones conjuga-

dag. En el incisﬁ siguiente se limitard la discuzidn a Punciones cuadrati

cas de]l tipo
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T T
Fi(x) = a+ b x+ 2x Hx {o)

donde H es wma matriz positiva definida.

®.3.1. onjugancia

o A o m— —

Supbngase que la minimizacién de £ (x) empieza en X

0
en 1la direccidén S , escogida arbitrarnamente (o por algin algoritmo) ;

& T _o
se supondrd | Sa]T 5, =1.0 . . El siguiente punto gemerado por
el algoritmo sera

x . = x +_:.O§° (1)

donde &1 tamafio de pazo 3 se determina minimizando F (x o H A §0
- -

con raspecto a & , es decir

af(x, + 2 8 .)

e n - aT = = T _2 =
- =0 =9 f[xo}so + (SQJ v f(xo}[sgl]

de donde

T -
v F(x )5,
A= - T - (2)
50? f(xo}SD

Una vez gque se encuentra el giguiente iterando, x, » se€ debera

seleccionar una nueva direccién de bisqueda para la minimizacidén de £ (x).

+

La nueva direccidn S]_ se dice gque es conjugada con 50 si

= T _2 = . . . .

(8,)° v9rz )5 - o. (En general, un conjunto de n direcciones
independientes de bisqueda 50 ’ 51 P e Sn 1 son conjugadas con respecto

a una martriz Q, positiva definida, =i



sTi Qs = 0 7 0<if§ < n-1 (3)

Q, podria ser, por ejemplo, la matriz hessiana de la funcibfn objetivo H.

Note ademds que si Q = I, 1la matriz unitaria, conjugancia y ortogonali

dad son sindnimos). —

Debido a que los vectores si, son linealmente independientes

crawine wademds:ide.conjugadesr cualquier-vectoraVie E i, se;puedsirepresentar = ...,

en—_té_mings:de raquellos .o . Ccomoss ) i

-

. . n-1 ..
- : I " v. & .
jut J J .

-
I

-

s; H(x) ¥

T .
i S~ H [x}.8 .-
J 7 ( } J

- Otra relacién. importante que-se utilizarad més-adelante-es.la si-

-

]
-

guiente. Considerese la matriz P definida por

 gentonces o _ P = H .. JAhora . bien.
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[11&1 T n-1 T
PHS, = | F a,5.S; {HS, = I a.5.(S. HS
. ]Jj]k jzﬂu]]{] X

o 5 {5 T HS )
-
¥ k x k
de donde =i o -1 1
4 9 = [skHSk) ., entonces P = H
T
R n=-1 S S
es decir H-l _ J J
j:
T
5. HS
J J

si las direcciones de bisqueda empleadas en la minimizacibén de £ {x) se

escogen conjugadas (esto se demostrard mas adelante} a continuacién se

demuestra que : cualouier funcién cuadratica de n  variables gue exhibe

un minimo, puede ser minimizada em n pasos, s5i se empleap direccionas

conjugadas, una direccitn diferente en cada paso. Ademis, €l orden en gue

se usan las direcciones de bisqueda es irrelevante para alcanzar sl minimo.

T T
Demonstracién Sea f£.{x) = a+ b x + +x Hx, %F {x) =1b + Hx

: . . "
9f (x) = H, y en el minimo de x, ¥f {x ) = 0, es decir x = -H b

Fara la n—ésima etapa se tiene, usando (1} ¥ (2)., que

I n-1
X = x4+ I A5
o ° 1o Kk



¥ como en cada etapa se usd el valeor Sptimo de » dado por la

ecuacién (2), .
n-1 .87 £(x )
L Y- (5a)

x =X = F " = 5
n o k=g .= .T k
fsk} H Ek _

Por otro lado

= .T s T
(sk} vf[ka-{Sk] (kam}

T n-1
) .:mk]f[ﬂ[xﬂ'T*ﬁ'lf"_‘i_si) +b ]: .

- =[§£]§{ﬁg+{>llﬂ-ﬂ por:conjuganciafde 'rlaigi_-. 2.

48.

Entonces .
. ' a1 - {8 ir (Hx .+ b) 8. -
X% = X "= -k k- ° - k _--l- . (5 b]_'
T % T keen R
=Y 5 =
. {Sk} H:5 N
: Usando la relacién (4.a) se obtieme gue
P - T o
n-1 (5]) Hx =
X =.z 5y
o k=o - T  —
(51) HS,
¥ por lo tanto - .
T ~ -1, -
xn k=0 o kga
[E')T H § '3 Y %
. s k (ks X
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y usande {4 a) ruevamente, se obriene

X = =~ H [+] f.a.d.

Un método para el cual se garé.ntiza que alcanza €l minimo de una

funcién objetivo cuadratica en un nimero especifico de pasos, se dice que

tiene la propiedad de terminacién cuadririca. (El método de gradiente

conjugado necesita de n pasos, mientras que el de MNewton uno sdlo).
L

2.3,2. Metodo de Gradiente conjugado

+ El método de Fletcher - Reeves de gradiente conjugado, que

a continuacién se describe, genera una secuencia de direcciones de blsqueda

que son combinacidn lineal de - ?f;{xl:}, la direccién de miximo descenso
en £] Nltimo punto, ¥ de las X direcciones de bilsqueda antericres, S4' 51
cens Sk v’ Usande factores de peso tales que Sk sea comjugada a las

direcciones anteriores.

Para ilustrar el método, sea § = - ?f‘{xu]. ¥
o

:(1=x+l"'5;5!aa
o - o 0

s, = - W (x) ‘o S

(6)

a

donde a ce escoge de forma tal que 5.:. ¥ 51 cean conjudadacs con

respecto a H, es decir

- 5 H § = O (7)
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Fara eliminar Su' considérese la aproximacidn a primer orden

del gradlente, es der.:i;:- . : -

Ty {xl) - ¥f (xﬂ} = vgf {xﬂ] (x]r- xo)

(8)

1 -1
Sn ——-. IF H [ ‘Ff{xl}‘i_'f{xa}]
L

y comorH-=esrsimétrica;" entonces=-
i i . -
T {?f[x']—?f(x }]T'H”%'*
g .= S A
O Fa——

A

w + O

(-::])a..r..

Substituyendo . (6) y {9} en (7) se obtiene

. ..-.--“--; . [?f(x?f):_- vf{x‘;—-}!}T;‘—-;['—:‘?f*:{xiﬁ}; + &150]_-‘ = N0 '(1':'] . =

- -

| Y ya_que ~ceginse v:i.-‘.':"cun’anteriuridad&-'l?TfJ{xé)'_:vf:{x;_-) _m
T . )
T (xl) 5§ = 0O, entonces:

vagxl}_f(xij_ﬁ

t &, =-

1 T :
v f[xﬂ)ﬁﬂ
=, D hiﬂn, - - .- g
T
v f{xllvf{xll .
& T (= ) (11)
v flx, ?f{xcl

La direccién ‘de blisqueda 52 se, forma como una combinacién lineal

de - ¥f [kE). S, ¥ 8 ., y se fuerza a que sea conjugada a Sl y S,
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con 10 que se& obtiene la siguiente expresidn para los factores de peso

K ?r(xk)vf(xk]

o, = (12)
Vs (x ) e

k-1)

La implementacién del algoritmo de gradiente conjugado de

Fletcher — Resves ﬁﬁcluye los siguientes pasos

1. Estimar X {punto de arranque}
2. § = -V¥F f:xﬂ)

3. En la k- é&sima etapa del algeritmo, se determina el minimo
unidireccional de f {x), a lo largo de la direccién de

bi; a 5. Co to localiza .
usqued X n es 58 x Yol

4. La nueva direccidn de blsgueda se determina come

T
v (x k+1} vE (x k+1j 5
)"‘ k

T E(x ) v (x )

5k+1=*”{x

k+l

Después de (n+1) iteraciones (k = n), se empieza w nuevo

ciclo del algoritmo, es decir, X nel te convierte en xo.

5. La bisquedz se da por teminada cuande en alguna iteracidn

sucede que

5 5 < telerancia
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Hote que al igual que en el método de gradiente ordinarie, no se necesita

— 1a inversidn de matriz alguna, lo cual es una ~entaja. . .

2'4. Métodos de Métrica Variable

Los métodos de Mérrica Variable ..o Cuasi-Newton . son métodos que. . .

aproximan el hessiana, O su inversa, usando unicamente informacidn acerca

a4 Tone - - delngradiente.=: Lzimayoria-de: estostmétodoszusantdireccionestconjugadas:con =l -

L]

jty -

_forme:avanzan,-lo cual-hacen:gsigquiendc.eliesquemargeneralw.s _ - .

- -

- . ] —_ Fam a L3 Ll . = - ; v T o
i Repo) FreX oo+ J"k Sk L E ﬂkn(xkl f{ka (1)

4 [

_1 -
donde .n (x'k) representa una aproximacifn a H © {x_ ).7 (En el método de

k

rettr e S ae Gradiénte;éi‘d:’iﬁariﬁ .;n.l:x 'k) ;.::.._I,..umitras_-qfue.el.métodﬁ de.Newton-toma. .. o

= -

- P P ] - e
= 0= l?]' = *H: 5 {x i::} / tcon la’desventaja/de:queshay—quezinvertirzelve— -~

hessiano}. "

: ) - b =1 - -
Fn una serie de métodos:de Cuasi-Newton, H . } selaproxima

(xy,1

. . !

de la informacifn disponible en 1a k - ésima erfapa, Como

-

-1 i} ' .
H = . - L2
O gy? xum wloy + an ) (2)

o1
donde _n €< una aproximacidébn a H , zmk es una matriz que se especifica

de. acuerdo .al-método, ¥ o -una constante de escalamiento.gue -frecuentenente

“ge Fijaen 1 . La seleccidn de deteymina, esencialmente, el método
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de método variable. Para garantizar convergencia, wny g debe ser posi

. . . . . . -1
tiva definida y debe satisfacer la siguiente relacidén cuandeo reemplaza o H

Xl T Xy = i (xk}[‘i’f (x L) - 9F (xk)] {3 a}

que es una aproximaci®n a primer orden del gradiente.

4

+1, L . . .
En la (k ) - ésima etapa de cualguier método se conocen

' X o a
x vovele, ) x o ve (x, 00 v on ;¥ se
de il
sea calcular n X3
De la relacidn obtenida con {2] ¥ (3} Como
= 1 & {3 b)
el ¥y = o ¥k
dond - - . b = -
N ﬁgk v £{x k+1) l;'rf{:xl::.JI sa ﬁ"k LD TS My ?
por le que la ecuacifn
An. Ag, = = Ax. - m. A
S i L Ve (3 c)
debe ser resuelta para i'mk y ¥ esta sSe obtiene como sigque. 5i el lado
T . ..
derecho de (3 ¢} se multiplica y divide por ¥ ﬂgk . el primer téermino,
¥ ZT.L'EE el EE{Iu{ldo té_r:minq ze gbtiene que:
T T
o, - AR BB
T oT By ~

T
y bg, I hg,



¢ bien,
T T
1 Sy e 2
- an, -( - . (4} L.
s k T, . T- - " - . "
¥ hgk Z ﬂgk
donde los vectores colwma v, 2 son arbitraries, al iqual que w . &i
=nr r = pOr ejemplo se escogen Ay et e g - ST T mdeeTa g S e
W w1 -
¥-= Z = AX - M AR bl . -
s T T U S ...-_.:q__._,..,k K k. — e e ey
- sef:genera el:é.lgaritmoa@e’rﬂmyden.tmj:mtraaiqggz.si ~Se Escoge.nlm_ )
. T o 'L L . '..- -: 'n--.--‘:.;'- - )
- ) 1 }' — :ﬁ x k‘. - . | -
. N - - -~ o -- - R O . T owme . [ —— A - [ i —
. 7 =
ﬂkﬁgk
. entonces la matriz nk 1 se.actualiza de . acuerdo al método de Davidon -
- . +1 - - ' :
Fletcher - Powelll i Ya que lus-vectores.xy}-Z-:sun.arbitrarins sa-pueden —
oL - T - '-t: _'- - g _..i
- ) b - r - . . - . = L
efectuar-variasiseleccionesy=las. - querse:discutenimas—adelante.- 5i“los » - ;

4ot -aes pasog—iTix--’ se‘determinan medliante minimizaciohes-unidireccionales de— -

< .

£(x) en la direccidn Ek » todos los.métodos.que calculan una rlk+1

simétrica-que-satisfagan— {3-b); - generan-direcciones-que son mutuamente

T

ortegonales { para. funciones cuadraticaa)..

- . . — e — — — — —— .

- Broyden.demostré que.si any - - ‘es .simétrica con.range 1,

id
la relafl n n ksl - k- " - '

de escoger i'mk . es

4G = __bx se sarisface, la.inica posibilidad
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(s5)

Fl algorime funcionaria de la siguiente forma. Se escogen

x, ¥ 020 v se usa una forma secuencial (1), { ) y (2) hasta

que por ejemplo | - ?Tf{xk}?f[xk] % E . Por otro lado, 5% se
usan minimizacicnes unidireccicnales, el método genera direcciones conju
gadas ¥ bajo algunas condiciones mis o mencs restrictiva?, s& puede demosg
trar que £l algorimme converge a la solucifn. ,Una caracteristica atractiva

de este método es que a_ en {1) no necesariamente tiene gue ser un paréme

k

tro que minimize F {x) a lo largo de $, - -El misme Broyden demiestra

que x puede tomar cualquier valor con la uUnica condicién de que no provo

que que p se haga singular (denominador en (5)}.

81 la funcién ¢bjetive no es, cuadritica, algunos de los aspectos .

poco satisfactorios al usar {5), son los siguientes :

1. puede dejar de ser positiva definida,.en cuy® casc es neqge

garic recurrir a alguna otra estrategia gque lo garantice.

2. La correccibn Amy puede no quedar acotada (generalmente

por errores de redondes, incluso para funciones cuadraticas)

3. 51 por coincidencia  Ax, = - a, nlx J9E(x, ) queda en

la direccidén del paso anterior, n[xE 1} se vuelve singular.



Ty,

i "

s

En consequencia, en el algoritmo de Broyden, si sucede que

R Y e o .
Q .

T =
(n, g, - ax, )" agy = 0
se fuerzo a que

{ﬂnk = 0} .

- - . B s

b

"

]
b |

—--La. n inicial normalmente .se, toma con¢, n = I. (se phede usar cualquier -
. : .

otra matriz.simétrica positiva definida), con lo que el método arranca con

la direccitn del. maximo deicenso. - Conforme el método avanza, va existiendo

fm-.cambia.deLmétodo.ge-g}adiEnte.a Fewton con lo.que.se obtiene.una-gran

- L4
- . - -

ventajasal -usar:lasime jores~garacteristicas:de ambos métodos =- '

Como se menciond con-anterieridad-la relacibn para any

-en el metode-de-Davidon-—Fletcher — Powell, y_ .= .|".'|.}-c]c ¥ Zk= nkﬁgk

- k
con 1o que al substituir en.(4} se obtiene ‘an
: -1 = M AL T By
T T T ;
- Ax, (A% ) mcA8) (Bg ) ny .
] 0 T T - T
v R Lax o) axp (4gy) ' n, bg, - g -

{5)

en donde lac matrices A,y B, son simétricas y si, adems, n, s .

. . i i | +un -

[ - - P L omgm ary  m o e Fa s e . e m o ey A

- r - ) ....- - -_. -“"*"J' . L - - 'J. b ey
Aw Teeef A T "'{3_"-12;4:21_;-I'Iétﬂd.n!.desbavidmr Fletcher=Powal] &4 =03 “  mepmt 2T 't

f + - Enveéste-método-la matriz-An--se<escoge.questengarrango-2. ;- -

Ry



también simétpica, entonces el también 1o sera. La relacién anterior
- a N

(Ee. (5)) produce resultados satisfactorios en la préctica siempre y cuando .
l. El error al.evajuar W©.F (x l:} no sea grande

2. nk ne se haga mal-condicionada

b

El papel de la matriz A p e la ecuacitn (5) es garanti

zar que n —> H , mientras que la matriz B]c garantiza que
I]k;l searpositiva definida en todos los pasos, y en el limite.ce cancela
o
con 1-r.':' - Esto se puede ver como sigue
ny = I+ ﬂa - ED
= - B I + (& + A - |B -E
N2 N1+ A, 1 © (A v a) - (B -B))

k k
Mt T Tt sEochi ik By -

Para una funcibn cupdritica la suma de las matrices Ai debe ser igual a.

H cuandoe kX = n -1, ¥y la suma.de las matrices Ei deberd cancelar n_

(I en este case), se pusde decir que el métedo de Davidon - Fletcher — Powell

refleja, en cierta forma, toda la informaciém ganada en iteracienes anterio
res, a través de 0. .
Debe seflalarse que el método que se: estd descubriende usa

direcciones cunjugad?s si la Funcién objetive es. cuadratica. Para que la

01tima direccibn, 35 ,  sea conjugada a todas las anteriores, se debe



r -

cumplir - -que :

T H . = 0 ) -
X n-l+a: % -1 - o b '
si se substituye que: 5 = =T v
¥e q a1 n-1 f (x n—l-}' entonces

f H f [x‘ n-l,] = D (6}

n-1 n-1
'-dﬂnﬂtﬁ:'i{ -':a."' '.T_:' ﬂx‘_"ﬁ.xf"' - -A ":_1'-‘L = - 51_\__:"1-1 e a—r-I - e u.-\--r‘
- n-1 T { 1: ' x-nHIJ e “n—]. oo "

N: = ) ‘entoncessx ?f.‘(x-ﬁ 1} _essconjugada-a todas‘las:direccionest..

ra— — Eem. —

ay * L.E.x . Sab;.ep;lﬂ que -

{n -y =
n=-1

,de basqueda anteriores haﬁas'_pnr . X ax 1!

todas las.direcciones . de.pisqueda son.conjugadas, se . pusde demostrar que
nel -1, , _ .
LA =_H cocomo sigue, ComOo—. A9 = =--H-fx_., entonces el muoador. .
=077 ] kK o« - )
Y cjeflmninafdor_rde:qaﬂan_ﬁife_s = _ ) . , . L
e . . . T YR X
- -A.L{"‘!"E. k}._,(.ﬁx,k}__f.' (& -:.§.k.)..(_ﬂk'.ls_kj, - - “kﬂ.._...sk_._E,'.k . S
T . T 2 - T
= 5. H 5 ¥ 5 H 5_..
(x ) gy =0 850 @, 8) = X ¥
de donde
S.S?
nilﬁ _nil ii
iE07i7i%0 T : '
5;HS. ) . {7}

que es la Férmula (4 b)Y, Sec. 2,3, cbtenida con anterioridad.
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Fara terminar la presentacién de este método, se hacen dos

comentarios sobre la implementacién practica del misme

. 1,

2.

En algunosg prﬁblemas. 1los métodos, de métrica variable
_fallan en aicanzar el minimo de la funcidn objetive si
el grado de precisién en la bisqueda unidimensional no
ec suficientemente . 5e recomienda que la pre
cisitn en la bilsqueda unidi:;eccional sea al menos equi
valents qué &n que SF requiere para detener al algoritmo

completo.

La blsqueda por el minimo_se debe deatener, si al evaluar

los vectores. - n,  Af {xk ) ¥ -a

, X “k‘” (x, )

ocurre Cualquiera de los des siguientes puntos,

a) Cada componente en anbos rectores 5 Menor que una

tolerancia dada.

b) Las longitudes predichas al minimo, de cualquiera
de los dos vectores es inferior a una cierta tole

rancia.



P e i, -
usando direcciones que fueran conjugadas

dende - R
O
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.43, Algorltmos de Pearson
snmn-e PEATEON: propusd .una serie de algoritmos.para cérlcular-n]v - -

L TR
j . Les algoritmcs de Pearson ze
en la ecuacidn (4) del

rueden obtener empleando diferentes vectores y, 2

incise 2.4., segin se muestra a continuacidn
1. Pearson Mo. 2 Sea y= 2= 48x,"y wa=1
—- Entonces ., ... 1. . = - _'__:1: - - ':"L.'.::i:r VI
. LI B s - xﬂﬂr -y -1 =] wihy ra g - W e
S BERk (B o 0932 g (exi) 2 e
B 75 N ) il .
{ ax ',i: k o )

- -—...-.--'-'--,.-.--,

) nﬂ - o + .
Este algoritme general

-
1
.

es cualguier simétrica.positiva definida.

- - - = .. . - r
LI .- Peai'funmNo?raG - SBeacy == =l shgT contew ==rl..
‘. - s ) - .- ) . -
Entoncese—. .+ - S " . Trh et e
T -
T, [n Ag ]
- ]"] = n ﬂ. - k k
R A - ,
N Ae - n A . , [y
(gi)" ny bey .
- Y “0 :- Ru . Tr o a ; - *

Este algoritmo se comporta bastante parecido al de Davidon -
,. inferior ..

Fletcher - Powell ,...e}cepto_que el _tamatio del paso.es,. en.genaral

al de este Ultime

e ey b emw——
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3. Hewton - Eaphson Froyectade.

= .} e . —

Pearson propuso este otro algoritmo al cual se puede

obtener haciendo que x —3 ®- y Z = n ﬂgk, con lo que se

cbtienes,

Este método incluye la siguiente regla de reimicio cada

n etapas, dumde 10 es5 el nimero de variables independientes, sobre la

matriz -
(ax, -R Ag, )(n Ag. )T
B S S S
Re-1 = &y (22 m 2
ec decir, cada n etapas se toma n = k
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“ snd whow that the gradiene g} ia arthoponal o the search directioms p and b A ,
l wmathematic il consedquence of Ea. [(35-3) wod {477 v 1hat ) - i
[ I . D g et o | C
whowing that (he grocdlenws gif) and gia) nee erthopunal. BT . . '.‘-; )

o Bl Quadeallc Purcrign, Bow, corslder iha particular case 8 o quatriic fumition,

l ! that in. & funciica of the form . . - )

h - . . .
E . falma ta :*%:Tlh P ]

I r * whero 8 b e conetant suglar, bl & constant povector, #nd Il In a comatant, Byinpacirie ' .
¥ ' - . ' i - ' -

ny R matric,; For LhLe fusction, the pradicnt e g lincd? functlon of 2, Lot La,

[j T —— . :
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. $0 b * It | B LN
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| o



TR

. @ - Lk 43
rolaunn (141 ant {4%) baply shat
g} = pou) + 10fx = g} -allp (4]
M-n;. wy Infrmaduce Ena. (6] inmn {il] atl, afel timriosgs munipulatlona, ohealn the
“widmione (Aol 1) - .
o T T e veln . e
H_ILE.-}EE} . ‘-.ﬁ...fﬂﬂ-.l ““
T T
Hp g Ghli) )
whre p i given by (J6-1).
Tar n quadsstic funition, Hestonen ang Slcte] (Rel. 1) proved that, if the [irst
.lu:p af Lhe Jeacom percess ln a gralicnt #ict. the Follewing rolaticns hold:
Ty T T =0 _ )
g g )"0 , g, 0 7P Hgp,

whepr 1, e imiss Iy atan ﬁ:ccu_‘uq: a. Fquaniea [15~]] statce Lhat the gradicet sb such

Jteranon v Grtlegeasi Lo the pracdient at ceesy previous feratim.  Equation (40-12] atalea

thal gl prashon at eacl pozation e grtlmpunal 1o L scareh tirection at cvery provious

porlen. Fonally, Fr. (8=30 atates that the #U3 el ollrection ab vach ftezation ond the

3Tl thifen Hut ol Lvely rew iyt L cob b 8 conjgalbe with pespaect (3 Ha canstanl

poarls U Uik 1 why e ahmzihes e called e Tommgugiate - prasitent et el Tiw wlpgnsithm

TR PUS ST 7Y riees W gGlnlicnd (e xora in A mnce thaw | Alcpg

aept fepdec, bl ridnibinimn of F{u} s veam bl an ey iR 6 KL

St s pted, erpalvalunt be mtallng Uhar Uie firay atep s o B;rﬂll}rn; s,

i
. _ -
i 5.1 Hwsponleaiic [uncthn, T'or w noivpusdratic fumUos, nnlvln,';!hp. (41} Br
" anl ¥ ruguires 8 two-dlassabonal mearch (Ref, $). The difficulty of thin procesn CAN
bt avubdod I ome mlmnu n cxactly nnl wnca sn approslmale vatue for v, Rameir, thet -

:Iwn Iy l-'q, {ﬂ !j T'I.i. :I,r.-a;ln. te lhu algoritim mpl‘ 3

p*gix)+ LL'ELLn ST
m:m

I . L] o, . I .

Fug+ix, Bnw-agp

in which a1 In nptln'll‘.anl by acarching for the milnlmum of I |Ior.¢ the iitcrtlon defimed by

{491, Theorotically, therviors, the opilmization of o tl:qul.te- thal llu: cuelathom (41-1)

b atiwlled. | .

For sry lrzalloa o_-;,.:m tho Hrwt, the compiete algorithm can be stalod wa Inlluw;t
{a} ter & glven nominal point x, the grodion gix)n I'.nt!r_wn; ainco the gradicet gli) ll'ldl the
scarch d_lrcc.unnﬂ arc known froin the puﬂw-.ucu‘tmln; the peacch dtn-ul;n M can be L
deres mlned with Eq. [{li-J:u: (b} the qﬂlrnulln st lze o must he d-elr.';:mlnr.-:l Iy minimizing
the furction f along the acarch diEestion p, ak in Secllon ; [:j lhl correetlon ix lulhe
poaitlon vecone x |3 dctc:m_lud uslng Ex. [49-1); aml tf} the new pokfioe s eclor ;L: corr
through Bq. (1913, Heal, the position veclor i hecemes the rominal poine fsr (he
sulmogucnt leration, aod the proceture 1 cepeated unt)l o proviceermined stopplng
conuli lon v @atlefiod {vee Section 8}, To dton the n!gu} ihim, ome Lypacses [(49-3) and

In cloaing, The fol lowlns cnmmg kA dre pertinent: (2 18 e conjugadi-prail st r;'ltlluhl." .
it 1o lnporcant that the alcpalee B b u1:1rrn=;md acryraely, whilc this i IM U tnag with

tiw sptinacy pradicat methal; (B iworrthonl rooshbcrallons and pncrhal vepercsce

-= . e ] . . L

Wit thne dlesdralutiny of peslapting Lne pooccss evcey mooc s b1 tesalime, That by, Teactling

B i eviry nocmw 41 Mevaklows (. D
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Lo iz, =" mp, F = Agh)

a

wha're A ili'n aymmmuislc na n matela o he spociflod. The fiesl varintion of it fuscticon
¥ -

{0 ae givem by Eq. {IG} which, Ja the Hpht of (0} hocomes

o . Mix] - "'I.ETEII""'II"

W mdic Ual, I e Ly A ls pomiliry delinne, IT[x'_I.ﬁp{I} >0, Therefore, fora> Q.
B roncent property of this alpozithm e & paured.
Mow, conshder the poiris £ amd €. AL point §, the Irl.il.ll'l.'l i) and tha reatrix A

afv karwn; 3t poim x, the gradient pic) bs known. Thercloarp, th dificrencca

M=z -,

ti = bl - gl :
afc avarlablp, We wieh 10 tkterming the inatrla A £c that the retation”
Arg v b
-
if satbafwd. Afer thfioung the matem difference
phoa A A
wi comnhbine 33534 1n gtxaln -

b

BALE « M - e
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51}
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In which the: tinly weknown 1 3k, Expiaion (58} sdnain te: sululon ©

. I'... - -7 =.T .
S l;a. -hTI . AT:I: ()
. y o2
whera yl |.nii ] ahnm;rhﬂn:r neveclors, Therclare, 't‘hu MAITLE A el T uited
srconling 1o tw TCIntlon } ]
. e e o
An .;a. + l'lfrl . .'r:ll " . . . ﬂﬂ
' v i »
in 'Iurtl.r.uhr. LF ene choowen : . L T ) Y l
.o . . .
e yel, s} . . o8
& .
Bq. ﬁ:l,'lptu:nmn . o e -
1 R T | .
e H ﬁ-li-!i;:-..u_.‘:‘&': . . . .
B AN . Lo
Hote thal the n.-cm; wreh thivd malrkeca on it nr_m-h;ﬁd aide of (39] arr IM‘I‘!‘E:L \
thu{m,' HAh symeheiric, A ) also symmelric. . L .‘.',

It.l . miulraiic Functlon. Mow, camaider the partlcutar caav of o function harlag I'-‘

fotm |I:I.J]. For this quadratic hinction, the dollowing properlice cam b showt o bl

(Reln) 4-5 aml 7-K):

{a} 1L e inittal wnateie A {4 choaontu by the inverae ol the kecombilerivalive ria

I, that Ls, If



At nln: il 1.'-1;. the wazlabie-metrie alpirihnn cahilaiis n'm-m;\v ennwerpener, This

(PRI ) (N SRR TN U varialiy-nnioe algeeiiin brcomes Iumtlcal with uadllintusization,

4133 17 1w dndtlalk matrln & 1% chasen w b posllve deflnke, any selsefquuent mately A

im &l=a posaLive defindle. With bin umbreianding, the following rolatlons hokl:

b, +0, Bl =0 (84)

Foualinn (41« 1) statex that t pradient -t coch ftzration W ofthopono! to the pearch
dirva oy at cvECy provious BCration. -qu.q;lu {84=3) 2iatea 1hat che aearch dircction at
gxch rocatlon and the vearel dbree jon at vvery previouws lberutlon are conjugata with
Frapuck bo the conslagl matcis |1, Ad the algorithm progeesars, the matzle A tomiy 1o the

Imersc of the sceend Jorlvatlve maloix H.. and relation {531 becomen setlafled expctly

wln Lomes ppenee i achwyed, The algﬂrlmm (50, with A upchased lc:nrtling 10 {59]-

Jped g b Lhe prachend Lo toro ia na moze tham n elcpe; therelere, the miaimum ol l(:t} s’

readlicad In na mere than noalips,

{1 Av s partlcular €ase of (), the Inllal malriz can i chogen Lo he
LARI {6

where 1 tlie ma 0 ooty manzlc, Under thene cemtitlons, the varioble: metrle slgorithm
Potuaivs pkentd ] witlo e compugates gradient algorthm af S<tion §,

- h.2. Hreppodesic Vobiclion, For a noeusleatic fumwtlen, the variable-merric

Alerdlbin i~ repeeseubed hy

Eenafy, Ypmeap, o= Apls) T (8T}

with : ' \w'

T = T .
o, | lg—aa; i .
AE R A ——— A . 4 . )
Mk ke

e

T wiepaize 8 du b be optlsizol by searching For the mindmum of Fhlong i/e dircet ion

deflmcd by 460)0 " . ‘ "
Forsny Hermtlon encepd the firat, the compicte alporhin con b steied 89 hll.un;

{a) for o ghven agmina paint %, the gradunt gis) la keown: since giR) AL, A nce Lnawa

fyean Lhe provioun ficratlon, the I'I\Itlll.'l. A nr: bz compuatod with (543 awd the search direciion

p wlth {63312 {1 the optimum stepalze o most be dete emined b;- il nilzfng the 1uncy iun-t

wleng the search direcclon p, a8 la Sectlon 7 KV Ihe corprcibon Ex po tha pasition vezpor 1

tn iletermineil urlng_Eq. [6d-2); erd [) the now powiglon wector 10 compytyJ thiouph

Cn. (63-1). Mext, the now poshion veetor i. heesmes the naminal poing fur the b ubmpqeent

- :
Dceation amt Lht procchice 15 repeated untll & predote cmined ecepping comlbitlon Is

- aatiafied face Section R, Tn wtart the nfgacithm, ane hypuln:l: (o4} and g 1w A eqjual ta

any eymmoiTie, poaltve-dellaite maceic (or aalame, the ldontity matrh}:

Incloming, I [ollewlng comsmonte o pe pertinens: fa} sl varb:lhlt'*mttrlt micthad,
il 1n Impertant tha the stopaler g e deicomdnodl segusarely; [b] cestariing the algnrihm
every nor no¢ | Deralions lo not necearncys heweyer, reatarting Iy inMapomiable whenerer
Ume paialtlve -tk finjpeness of e matei A o vlolated, for eanmple, I U stopaize a

hevomnes mepatlve,
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o vach ulf il previous exthods, U Supulzs & et 60 oprimbud. La tiia scctlo, I

Wy prosont Whmnqees welve the crpallom - ’ . 3 . L 1
v g ) ' ' - A%

- ' Fuhl- . , ) ;e i

T T Ay T

[ 1 - } f [}

chal n, b B the il of ther funclitn Fa) glven ty Bn- {19) for she apdimary gradicnt

slpnrrbm ne £, {10} for O

gl e il s 10 yuctlon jav

e seewnd e rivollve le, wer RUmaz ke Theao dt.-rhlrluvu b lenw .

St |

Canjuyate- gradivnt ail variabla-motric ltguru.hml . Einco”

olve e conskicration of (he [yt deplvatlve Fn and porhaps - L 2 ]

For all gl the preyloun methuls, we have , . et
' T Ty _ o~
. Fu(u] g Wip, Fm‘.'ﬂl p rﬁh" . e
' . |
_uhl.‘n-
, L 2excap oen

T

The u-:r:h difection L5 plyon h;r p" g[n} tor lhe opdipgry gradicmt metved, Bq0 l_-l'l-.l].

{nr 1he eronpipates pradivag mothod, aml Tq. (83-1) for the varlabla- ~mctrke m.hnd «\'.‘.hl.r

goupse, L. jb 1} cotulees

1hal the accond- derivalive matrlx 1) be explicily svakabiz.’

If Whis i% red e catt. one ranusc the diffurence el ma

-

i

: M “r . . - 1] R
F P s (FIMIF Lo v 0+ P in - BY] )

bn practict, gl may" oo

-y -‘l 14 3 wmall mandaT .

. (L0 EE + ) - T - B ) {

Nyl (691

.

o . - » T L Sy
: D . t N rinty
R NIAT lmL..ur-. Lat 1l ¥aloem of Lhe Aamction [-{) .u'.' rvatiny T
r N |t :ulnpulul I'm- tury il penk valuoen of n, mmely, , apl Ny with ": LI .
1] . v A
“ﬁlllﬂﬂilmlﬁhﬂlﬂ . ' . .
thr F‘hlitﬂ‘ . Fuq'.u::i?l}
then tho mlrur-mum of pix Jipctlon Find occure for sseme vlhﬂ a in tha rllge .
4 cacm Lz ) 'i_
In Lhis cange, we rcpiroaant the i'uuzllun F{x} wiLh Lhe tuhh: ) - '. '
! o o : T
. - I . .
I o A%;Hn-ullllfﬂt?.-ll'l_q-pﬁ?:.‘):‘ © e
Whinkd _ﬂ.rlt wnd wecord derlvatives are Pren by ’ . . . ) ',
Lo :I - 1? o Jp— ) ‘ . . . -
Fnl;t}-lﬂ(:{u-nlhlmr L ruhl_-ic*ﬁmn-t,l P 1. ) B

The acalar coclficienty &,9,C. D are determined by rnqul.rlr.,: 72) 10 match 1o erdinage )

P | -

trdunﬂnpeuiutztm:]zmnu lndi: . Thcrl-‘l‘nu.mhuiulnlumull:.tr v

oqualions ) ) ’ .
F_‘“‘j"'"" Bla) * A4 Dey 0]+ Clag < a)) +D{y; ~a)) G

. i - s . ] . ﬂ“? .

! Fn{ml] .3, pu[u:j = +1C{n: - “Lj +J|]h1 - ull T

O U lnlﬂci\‘:lﬂl ol the cublc 77)arc Lnown, the qﬂlrmn\ walue i g s i majmeed by

' 1
1
the mullnun {65]. Tlun.lun.. In the |i4..'f|t ol 1k om nnlvrn pi L Ml!-uth-u

nea ¢ {A0-C A2 anop ™)
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onr inay notulee that
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& thar
P asle e, |F o] ~ @n

where « and €, are prescrlbed pmall aumbees,

2 3
7.2, Quasllincarizacion, An alternare lochnque for comprting the optimum atrpslse,

that of Guasitiacarlzation with builz-In safeguarda to erxure that the fancilon docrhydtn At

every siop of e lkerative dcarch, lo now presented. Lot

tara-a, . m

denute e £OrEection (o aatarilng from am aThitrary rominal value Lo U guanllineas laseion

s gnaled 1o Bg. (B3), onc oltans the lcar slpehresc equatlon

F jtatF fyen " %)
mexn, we bnbad Bq. (79) dn the more general oquatlon
L]
Fmrlnlh +unFat1“] '] )
-
where walenoles 3 wcaling factor amd p & dircction fagies such Lhat .
"ﬂ-'u'rl.nxfi ‘"]

Enuation (A} sdnis L Wl Lo N : . N

- ] ..-hl * n-m F‘h'y Fuh.) t‘z l

The dircction facier f la detcomined LL such & way that the [rat varlatlen

L

. tFia )= B )t ' .. mn
(s ncgative. From [§2)-{33) wa obtaln E .
NS E e s P o) N U
Thezreiacw, "H"‘h’ i m;.lu'r-! If tha directlos Tattor ".;' clyonan L8 'M"' .
B * aign leluo'll:,r_,l_ ' N '11'5!

Becavae of thls chokee, Ihe correction (Ui} hecomen A N T LR

L] '
! ] . L . B

b= -uP o)/ ¥ ke ) ' .

To perform e starch, 1 paminal value mual h.- gvenio a5 Thon, ses actsu ® |,
comued B fram B, [26) and a from Bq. (78], H_E{u.'ll < Fh'l. the scallmg h;:lu u* lia
acceplable. U Fla) = F[un}. the provioun value of U mon ‘Ix rrplaced by some smalicr
\:.:Iu-:' It the cange 8 ¥ % 1 untll Une comllslon Ffa) < F{ap} im metl thla can e ollaingd .
tirough biwcciion, that (e, by sucecacively Arlding the valuc ofu iy 2, Al thls point, the *
xearcl wtep 19 completed. The value sdkabned for o lecomes Lhe nominal valor a, for
the nent Bearch swep, _nml e peocvilure bs xopsoled unddd 8 desdionl depeve of uxlur.-.cr Ln

alnaiodl, that Is, sl Terg, (0] of (773 s wallfivd, Do Lhe atew e of IOIRE oy peo,

fler Dt wivp of Dl wed och provediee con b make: wil a, =
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UPDATING RULES FOR THI PKNALTY OONHTANT
URLEIY IN TIUN PRNALTY FUNOTION METHOD
FOR MATHEMATIOAL PROGRAMMING I'ROBIEMS

1

A, MiELE, . M. Cooaive, and &, V. avr

. ¥ - .

Ahakreet. Tha problss of miatmiylpg o fanctien JUx] pebleark b & renstenind piTie ¥
b rampiduird, wherm fis gosralar, raw w vaclef, shll b precder, with o7 6, The peully
Fomgblon motlol In fntmsdipubed ; ILAk ke, & sbqurmrg of sipeielislmnt maduseslion -
Lirenn la prlvl, each of wlhioh invelves fis pounsltiy fonelbon IF s, 13- -;:x;q. I ek liere,
tha pensity comeienl § Ip o pesliive, seafur qnlnhl:. A g g ll“-'f;j e tha mars
wguared of Loy rupuirsint srier. -
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&, Webe b Prnfevwer s wf Aatrennuelen awl Mallo-aoabical Selemees, fles Qolversliy,
Hemdin, Tewnw TT0OL, G, M, Cogglae 1o foaeruelet, et L of Meclondos, 129 Udlinry
hratlamy, Wosl T'alet, kaw Yark 10080, &, ¥, Lary 10 Brounirh .I.unl;l- LVul rruily wf
Illllrl Yiaxles CUIF 30, Meyien,

Thew tewturshy sapjpetind Ly {Le Kallsad] Raledes Femndulive, Orent o, (3409,
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prlly ¢anstanl by, fanglag Talwwn Iﬂ-. snd 10, Far sark X ply, iil varlndlprits
wrnlebg tulen (1) end jii), with “-— 10, st Fmimpired whih the comalatruis Irial.il.'
Fabin mom Boand A AR Frees Hm mlme sl $0priuiedty, 1L 0 Zamcbuded thal tha purls
» Warals agplativg ruls are cnpotist la Uhe comelint-rpla wpditing ryles, bn |.hl. I.lu;r “-
marally load La eemvirgancs In g suallar mandnr of Inullupu

L. Inlrodocilon
1

Nyver the pasl werceal years, consilleralis work line Leen doRe og the
pralen of windmbring o foncllon fir) subjoct o & conetraind @ (o) en 0
weng nnmerien) aeilieds. Tlece, f {5 aculir, 5 30 #-vector, wiul ra g
reclur, with 4 < n, .

Tha approucles ponpiared are graemslly 'uur:cl on one of twog Danln idans’
Mee is In dreclap alzeithms such that e capalrainda wrs gatiabed, st Teast
la Birst neder, wl the emed of anch llermtion (Jhefe, 2 4L Anolher in Lo degatop
wiparidlipm hlrnl'l-lllg Lu‘hl in which Llo v har & in viewed iy wheohabral-
el wial 2 new Tiietion velalod to O] wnd et (o miniodawl, ",I.‘hu. IKSI!I.'I-",!'
fusirtion quethod (Bela, fed) b oo oppronch of Lhe katler type,

Urncid In Hie penaliy foicien methinl ju 1he prediction of tlm Tilp Ak
whith tie peanlty canslant sive Do isceenss] shen shifling from ana :,Jrgll
al the wiarithon o0 (e nexl, e key qnesblon by consddeced 11 Ll paper,
whoar ohjrclive i the fwllowing @ fu imprave the coucergence ¢hureteristicn
of A ennlty Nuneting methm Iy .'lutn}nnticull_f aijusling the [1;1;}.1"
cooatint vacd 1o the metlnnd.

2, Statement of Lhe Urollum

Wa epanider Lig ;nmhlnm of minl.aizing tha lioclion
{1
e -

.~ . f*'f[‘]'r

anlsrit Lo Lhe tamwipaint '

c im0,

where Fola 8 sralsf, r mn on-vetlor, amil o & goreclor, wilk '{_#. Hare, wl}
serlvis e colown sreclore. 16 in weanimtal (g (Le Arsk aod secomd pastlal
Mecivatives of the fppctivne F{E) sl prie} exlel nod end l:onl.!.nu-uul nud
Lhab (Lo ronstumpcld lnienmr calulu. !

Sl Fiah Geder Coadditians) oo Lhiegry of mutima agd minlms, 1t D
Luowi: that tle whore problila b ogalvsleat o that of minbmlzing the
1

A e gammoan

-y e s oEm oErE s Ao am

TReas, (T}

. .. - Ly » - F)
X P L L R N S S S
' o . n R |

- . ’

| :I .J.- | L C 5__1-:£, oL Y . ; .
i L R -__:' __i'_____. _.1,. PN b \ '
Y : - Tl ' . N t f
4 ur:mm maEs u THRE PEMALTY rmcrm urnm L
V. L oo | : S
|u:mnhd unnt[nu . .
. F{r. ll-.l"{rH l'r{r] - 1M
H., .« = oL ' .

n'hj:nt £ 1hn mﬂun'.ut 13} I'Itu. the §vurlnar 1 In 1he Lagranpe mulliplicd
and t.lu -nrnrlr.rlpl. T dezoten thl trlnlmu al & meirit. 'Ir

e .~ ) ' L. .

N 3 :s D fo A g m: . M) -
denotes the gradisnt of 1the wmgmenled flm:'l‘.iﬁn. tha oplimom solation for :
t'i snd 1 moat aslinly the celalionn . B . Lo

L : | . w4

L L ..I . .f b :
: .,.[;;.-u “Falwm lywm d, m

which ara & nytlem =f n + g eqnatiogs lu the & 4 ¢ vamponenin of x
i, o Egh (AHBL the gradiepis Jo nnd F, diunh n-tastars spl the malrls

rllﬂ}(\h ; ..
' r y '__..".. N, . IL.I:-

‘x. 2. A;:prﬂfmnh Balntinue, Hinra the sratem (3) n pnnnllr annlinesr,
l.[lpuximn‘ tothels mual be tnp’insﬁl Tn Lkin rmmgcdnn, we lntradnece

hlrl tlu llqll-r pa:l'urm:ht.l lnu!.r.ltl Voo 1
. LRI .

P =g o) Qrlm BT D E R B
which messnrs ibs ecroes bo Wbe coddbraink sril (i oplimur rondiblon, -
rll'ph:l,ii't'l.j Tusp, we obaerte Lhat Pem 0 gt & == 0 [ar Lhe splimum e
lutlon, nhlls P24 uidfor Q@ 0 for angp lpj*rnxlmnlinu to the salutlon,
Wihpn approchmnis methody nro oned, Liey Inult. whinalely lewl o yuluen

of £ and 1 auch it

Vit Py Qe By ql'r (T
Alternatlivety, 17} ean be replaced by - . "
.. . Kie dyZ B, . . i ‘
4L P . * . " .
IR Rz, 2) = Pls) i s, 1) .om

T i. . .o
= dennkes the cvmpalalive arcor lu the eontbraint wral'ibe sptlonm romin

Jn Ege FH8y, r, 9, Fion arn ntnall, premelected numlern, Male thal,
ond closhts o Q, e K, mthafuction of Toeq. (8} Implics nalisfaction of .
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1. Peanlly Fenellon Kiethed . .

The pchalty funelon Ralbo (e breed oo the canstrnokinn of » saquance
af speelal functiond 'ml.--ing‘f In tha Mmit, &n waceoatireiped minlmuwm paiot
colptident with Lhs sclutlon of the orlgins]l ¢antralnsd winimiestlion pre-
e, Spetitcally, We penalty function In Aepoed by

7, k) e f (1) ki) = fir} 4 kpTiz) ¢ ) 1o

aud la ﬁbln]und by wldinz o the funeliob foxy m et quadratic lu Lhe

conakrmint pir), where A S U I8 Ll penndly vonsiant. ) .
'"Che probism ef mininlzlog -lhe funrllpn [1} subject fo the consiraind
(2] in cepleced BF n wequence of ancunitriined mishaiation proliems, in
gath rlatnenl of tho.ssquencs nr cyele, oho minimites Whe peoslty fanetion
(W) =ith poapect tp & for given k. Therclorn, 1Lrarelicully apeeking, the
fulloming nrceswary comlition must be mutisled sl tLe oud of o eyelé:

Bulz, B m £ (5} o+ kPelx) = o 2] - Bk g ih (s m 0, (D)

1f ona dufoew the Lagrungs multiplier lo ba

i 3k, - 1
Eq. (V1) can Le esmrilten as’ ‘4 _ .
Funl=fiotqin)l=b (13)

meaning ihnt the cambioslien of = wnd i nltaitied &t Lha end of & cyrln
sutishin eracUy tha oplivinm roudilion (5-Y). Jinwcver, if (be peoslty con.
sl & le srblirary, the veclor 2 wlich & ishes Hip. (11) penerally Tlotates
t  coustinint conditlan {f-33. .

JIn wsder to ohtain conniraint satisfuction, lperewlogly targer welues of
the penally eonnlant must o cmplayed i Agecenwive cyclon of 1he [Runlly
femeling methol. Iy Lhis ¢onmerction, let &, deantr the penslty constant of
1t prewenl excle anil by denote Lhe peoalty cozslant of the opesl cyele,
wilin b, > &, . Decaner of the jumy in k, the penalty Muoetion jperchdes by

the amgual L.
i, k) — Eir, JI"|:I = |k — K M=), (14}

“aod fhe norm wguag-d of 1he gradirot wf the pedalky funclion taked op the

schisrod when ths followlog wopping candiilan i watlslled :

T UMOATING II.H.EI ¥ TEE FEMALTY mrlul METHOD . 1%
valug {I} : .n, . i - . : \
TSk Ua gy ) thy o P 110 P (o) m LT[0 ) (LB)

whars

Pizjw gtishgisy, Polr)mm 2y is)pin . {1n)

v

The pesltivenens of tas Tight baod sids of Fa. (14) 18 the key t2 iha me ©

chaoism oo which (the penslly fancllon mothed in bawed,

Alter nosuflichgnt nnmber of ayrles, iha enpalpaint error cam o pln’

e Amell ne dewireyd  pravoliog (e penally consfept had teeame sufMieiently
large, Theorebicably mpeaaing, (ha cormliting p(ri== & la dfenired st conver:
geuce; consariantly, the aaltipHer & deffaed by T, (121 can e Gilenlieal
wlth ths mulilplier satiefying 1ige, (5), *kirh s geoersliy noneern, only If
k—+ oo, Tn » practiral digital ensm pater, Ehls meann Lhat largs valves of &
ara nerded et conerrgrnes, '

3.1, Numerleal Impleuientation. I'rom (e above cansldarations, the rot-

lowiong anting of (s peanlty Minglloa giethel smerges, ’

fn]. Tue original conatrained miolnlesilon preblom 1o replaced by
nonuance of unconstralged minimlzslion prolitems. ) .

] In tuch olement oF the serquents ar cycle, ibe penally foaction -

I minimizad with respect Lo 5 foc gleen k. The ulnimmln of Uir ki ln

O, b U 5 B = G, . L]

wheie ¢, {a = oswisll, presalectsd unmiar, : g

(¢) Upon termlintien of & cyclo, ons ehecks 1he fallowing imdqoatily ! °

Celinein 4 U s R, (o)

where R, i u amnll, preaelected number. I Cpeq. (129 1e II“II'ld. the al- |

gorithms in bermlumied. I Ineq. [19] vloluled, the nigerdibn In coniinmed Ly
thoealug Lhe molution fwint of e prewrnt rycle aa Lhe slarting point of
the pext cycle. -

1) Rate than Va0 O 00 ) 0

+ -

Ve =yt et el R
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m “Por tlm wezl eyt hir.hn nlur, of the peualty HIIIII.I |.|l -

leeled, :]u:ti.l'.lcnllj', . Jaoa
Y by =nxk, '- ot ;:ny

whers n} 1 In the pensity ennlrnnt ralio, Afler Upltli“lll I.1.|.n pl:r.llll[ 'adna .

(8 ud coplinace Wariblively,
i i J'

ltmil. one r¢lurny tg

R:m“ 31, At :nnﬂ-rﬂnm of » erels, the stapping cendition (i8) .

LS TR

ead ba wrilten s R T
ﬂtx.llf;q.. ' T . Y + 1§

. . : . I MR

" where ). in given by B (13, Anslogously, ab convergegcs,of Lhe alge-
rillim, tha slopping zooidlition {19 becomen . 1

4 [

LENFY
a1

. where 1 ja given by Ta. (13) ' a ; )
1. Updatlug Rulrs . . RN

Urugial to the penalty funtlion mtﬂlulr'h the prediction of the rate

. ..' ) . _IJT L. n-k‘fl’l . . ' ' I' - {:ﬂ

at which Ihe pohaliy eonalant must be ingressed when abifting from one

eyelo of the slgeritiu be Lhe nexb. 10ere, k, denoles the pesalty cousiant
of tha presant £rcle, minl ky dencdea (La peosily constaob of Lhe oexb eycle

. Btandard Trehmiqur, The ginnrdneal mu!hm'l (sea, for {pabines, Tel 7}
mmlnlu af employing n cennlunt value of & throngbout the slgerithm, fnr
szumpin,

mm ) or nw]li, {24}

ey L2, Prapored Trehwigue, An oliernste method consists of .ln':[ﬂnr.ingr H

warinbile valnn o x turongbeut the slgorilim. Por instance, ons might ae

leck.n an an to Bcliavs 6 predetermimed conateofnt sreer wt Lhae old of the

next cprle of the afgerithio, - .
Let the followiny defipition b fntrmluted @ T

. . . .- E=1Ti, {25

v ]

Bigym= Pl + Qnn< 2, @2

- mm e

- I v J ' h ' LI ) ' m
) e
L I . - "
- . UPDATING RULES 1N THR PENALTY FUMCTION METD m

L
4

- with L :I'm; by Fa. §12 Lt Py {12) and urfl Ls apphiet jwlea snce at

thie el bf 1hs mreaent eycte, (knlwcripl 15 wnl arrd.ab Ihe cul of Lhe aesl

l:rr.lq [mhlcrjlnt 25 Dno ellalys the relalions

Ty S
[ TR --l-t? Zy e Ay Iy, . 2
whieh Imply, Wt E.-- Lt T E A e
S nmPEPYZ ), (1
, FKew, ws lntrodute the basle wssomption (1) ) ._ ot
Z, = ZL : v oy

(. . : R
thak i, we geglogt the ehange in the notm aqyeeod of the molliptler Lak

. Ween-the and, of the present cycle wmd the end of the mext eyeha. Witk thi

nndluundlmt. F.q. -:m timplifes 10, ey .t
\ . --HP.H.L : mj -

T'Iﬂlurclnﬂnn u'l'll':rlun ona a ]:rgnll.rl- the pennlty rnll!hml r.miml for Lha.
nait eyels In_ordas 1o achieva o preddtarininnd. canatraint ereor 1y,

An an ulrﬂ[‘lu, AdMm hat Lhs axprelel conubming error ab Uhe end
of the nozi eyels Py In below il grometrle mesan of the eonabeding rrror
At by end af Iho pn--rut r}'l:!l P, mll l||||. sllgwed for tonrergence Iy
(het js, sraute thnt ,

' ] f .f’. - r’“;‘p'!mt, . I

3 'r

Lwhwrn £33 1. _Then, Bq- {390 l-iln|ltiﬂi; ta

L . i . s
_— R 0 AT . P = 13 ]
. I .. . . .'.' )
As wnother example, a28uma Lint the sxpscicd conratrmint sreor af the
ead of the nexd crela Iy In below  (hat llluvrnd for copvergenca Py Lhat
i, svanmy Lhst " '

A TP . L Pf"-'P-M- b - 132}
1_l-rhlul - I:TTE‘P“] Eq. (1) almplifen to , v R

" . b . o
| nm BITBT .. @3 .
L] el T I* : i '

! Ry Sippeebbanty {30) Ja ey 48 vy papar amd b n”-rt-l. by e utn kvl
Tubles 1.4,
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% Exgerleienta) Conditlong -

o erdet 40 evnluale the iheory, sz numecn! STAUDIs wars solved
BMluE & Iigrruugha  M.5500 computer, double- precinion arithogtle, snd
FORTIRAN-IY progrom. Within each cycls of the peaxliy fonctiog matbod,
the cunjugats gridieut wigorithm way employed (Tl ik '

Marling Paint. [n gl tbe reampilea, the pominal pelok chownn bo siark
Uhe pesally fanelinn method wan delinml by
LI yma .,

- r, =] . [3&}

wlers 2,7, ..., 5, deoata Lhe cowponents of the veckor a,

Starting Peaatty Comateni. For the Arnb cyeln of the penaliy fumstion .

methed, liw Yulues of the. panally soontinl wyrs tmployed, nunicly,
o Tl L T 1L 100 & =101, ' by =107, {38)
« Epelating Hules, Fur anbsgquent ryelen, the penally epnstant wen datys-

mited it aceonlsnce will e of e fallowitg proalty constnnl ration:

1

: LR A w0, {Jﬁ]n )
L E .
i
itk noa=g “Pi”'m'fu nefp RPSEY, ' (37h
. .
gm0, P e, ) {38},

Th* nenally conaleni ratics (3%} aru.tepreasntalive of ihe atandard gulhod.

{ree, for instance, Ref 7 ol thé Prewlly conatant ratlos (37) Are mpre-
menfulive ol thy new snothml Propossd ldee, ’

Defnition of Comrergeara, LConvurprnce of & oycle way dedped g
Pig, ) m '-rlr{-fr o, (s, b} = lﬂ_nq I‘tn]
vl cunsargenca of ths uninplale Blgacithin wan defined ng

Bizdbes Pist 4 Qir, iy = p"(e) 5 (2] 4+ 0 e 4 O, 4x, ) = 1™, (i

where e multiplier 2 18 given by Lo, (12},

- T - L

[ PN - - . i\‘_j

" UFhATING RULEY I;i THE FENALTY FUMCTION METHOD
Hearch Taohuigus. Wilbln ench iarstlon of thu conjuguie gradient sige-
rléha, 1ok # denots 1hs somlusk point, 8 the varled polat, sl p the search
direstlon. Lod if izp denote Wha Mnction reprasenblng ks behnviar of e
peaniry foancsion slong tha pearch dlrection, that e,

4

T UGN Va4 delhm Do —wp, ) Bl . 41

Thia functire won employed In order Lo delerming the optimom lhrﬂllllli
anch Iwration, Spoeifically, & prealas one dimsnnisnel venrth on Yia furelcon

Pa) was sonductad inek thas, lo any liun_ atap, the mequality (%

P < Hlap , {47}

. . . - .

was aatis fedy where & in Wbe momiual sirpilen and o la she variad |trp¢im:
The wearel wis Lrrminaied when the sbapping enndll‘.-i.ﬂl_ . .
: . i‘

o Eliakez §10).% 10-1 wa’

wan enbiabed., . i 4
L, . : .ﬂ

0. Kumorioal Kxamplos - .

. . . r f # | 4

In Lhin seclion, &it gumarionl sxamples tre described The Arve “:.im'i‘f
periaint ta & quudratic function sehlech Lo linear consiraints. The ramain oa
vapplen peetain Lo uonquadrable funetlesa wnbject Lo waullnear oonstrainie

-
u*

Crineiw 8k Congider the ptnhluﬁ af milalmising the foedou 1
S IF, — 'I“ + [”t + H— :1‘ 'I'f oy — l'i. + (e, — !*1. . [‘. £}

. . " T * H

subjank to Lha oozulrainle . . : rE
fp e, ml, e 22, .l 35— -0 [u.}.:-

- \ . . , ) ¥

1"t Dne L ll.hl snalrtoen] wabara #F Lha stnpled pmuad ppsld hars, waltilep, il l'_,J‘
quaalllnensivalibg sl gmployed s srdeg tn gasers gelbalaulion of Tupq, {423, IIH:Tn, ,
In & mare reslivgla slisglien, ene Sanld g qupdraiis lalerpelanbien or rebie Injnrpsl uq;. ;!
Far ths Jataile of the coofngate gradivek sigepihm snd Lig sonrel faghpiges pmplarel, 1
s reader abonld soreell Raf, | "

;
r '
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;riiu funclien wdmits iha relsilve minimam fa= 4.0030 at the point dedned
y ) _ . . v+

I - — ﬁ""l-?l, £, we (1858, £, = e.6170, l"t-.i — 01143, £, == 0.3658 i"&]
o ' -

nd o
v Ay 040E, ), e 3.2328, I, e 5000, {n

Exixre® 8.2. Considee the problem of minimizing iha fapetion

fmity = ls —a et (8)
anijeat ". the conalraint ‘ -
b - |'H' H
r.:l+:}'!+::h4—nﬁ1-ﬂ. (49
! . L o
Thin fun:i;lnn admile tho relalive minlmom iﬂ!lﬂ -t .
defned by LR 4 3305 > 1070 ot Bhe ?.l“' .
- I x, w1 1MA, £ = 1,.“.”0' o 1.BAES , [ﬂiﬂ‘:l
J, = e D10TH X 101, . Ty
: SR Y

ExiurL® 6.3. Considler thn prollon of minimizing tha fazcllon
- gy — 1M 12— -r',J‘ +ing — w2 =2 | 183}
silyert 'LrHtIm ennntralnte + ’

g b =23 Tm0, £y =g, 22T,
ok, — =m0, (53}

Tha functign sdmils the relatira minimum £ 87877 2 L6=1 at 1he poiol

bafined by . . ho

» . ' : ) i )
AL, n 1360, g = AT2, 5, o 10100, 5 10790 (04)

wnel |

1, me —BJRHT = A0, - DO E 10T, )y - B.IATO S 107, (BA)
1 T :

PsawrLs 0.4, Conaliler Lbe problem of minimizizg Uis fanelon

- '
14

Sz D0t e, — 1) - ir, — a0 {&6)

1 ' '

pFOATMG AULER W THE PERLLTY PN TYON Hlt“'

* Y I F LT LI =
snlgsct bo Lhe Inaquslity vonstralot L |
' oomE—h . ©oun

wa ot lt TR I
v

Introdics !hq.l.uxlllinr nritha x, debued b
fl b
s g 1=0 . B £

L A
Lhy fanein ‘

'i‘hen, ihe provions preliam can e recast 3a thst of minlwmiting
gmlta the

{56} anbject to tha squalily + conatraint {55} The function {00}

selative mipimam foes B0 0 the pelol dedpmd B o,

.1:_:{ P B _.t‘-.-"ll."l-l| 'I-.ﬁ ' Iﬁ#}
and ’ : .
. ;o h el - (cn

. Rranres 8.5 Conslden the prollem of ninlﬂl‘lﬂﬂl tha foncilen

SN . ‘ '-J"—T.-t.,ri- - - 1

L] [l H n

[ 3 [
aubject fon the Inegnulity canstralnts A :
Lo oy o=, ;.5::.-'-
. 1 . ] 1 by »
. Intredace the Iulllillj'_‘!l1il.lhlti LIS ned by
LR | * [ N i ) . :
. oA —n=0 g — =0, ()]

Than, Lhe previoos prablem ean be rerast an that of mialmicing the feaction
(61} mbjert to the gnmatlity consldnta {615 Tha fuurtlon (G1) ardmits 1

reluiive minimum f = — 1 st Mo pelul debneil by ,- )
I‘J:IH'II l.-‘l-l. .l'lnl'l" x.-ﬂ- {GI]

and . . ‘ .
' .I‘-—-l. l,n.—]. I'ﬁ‘

fFrawrce &4, Copnidar the problem of minlaleing the lnu;tln‘
S —=ivg 1y -'.‘: . .

lymhjact 16 1bw vquality constraint
Y L L e

-

. _5.} ty" . )

e e
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and Ikn Insqnaliiy senntraink .
' Fa=1. . . (9]

Iulmlu.ncl the suzillery varinlds & lefnad by
N I - o, (L]

Thon, the pravions problem enn be recadl as that of minlminlog (e funoilon

Sm=log (1 4 «fy =2, L (1
subject to the squallty constralot
(14 557 4 51— 4 m . - (1)

Nota that #,.han been nlbniosted fram [he problsm sod ean bs computed
& papteriori with, (603, The functlon (TD) wdmita he telatirs miolmum

' S v — 13 at the point defned hy -

T - 0, Fy ﬁp £ym ] . (71
abd
1= 17313, : {7y

7. Hesslts and Couctnulons

The vewmples deacrbtnl in Arctlon 6 wars galrsd with the pazalty
Fanrtioy mothed in ronjuncilon with ibe conjugets gpradiant |i[ndlhu ag-
randing tn tie arperimantal condilicnn sullipsl in Beelivo 5 The numeriral
resnlin are nresruted o Tulioa {36 Talles 14 anpply & Jualification af (he
banbe weanniptlnen (3%), wud Talles 510 aupply compaiulive Uals for Lha
mlaimlatt wpinting rules nnd e e upelating rules.

TFhavie Hyputhesis. Talles 14 zofar to » particnlar ersmple, nawely,
Fsavipls 6.5, They show the lmbacior of the pennliy fupclion method for
eacl of the penslly ennstant radios (30 and (377 ansuming that The nireling -
proalty copalsnt de kg e Lo lo ke tahlen, the quantitica & (), B, Z wre
slioma versus the iteration nomber 3 sl the rrele nunler X,. Ta sborten
Uhe 1nblea, thens onndilbes sre Rivat unly L tho lyitis poiol anid e Ausl
puint af eagh cyreia . \ .
A% the tubllen dinolicnte, the siopping condilion {33 in met t concer
genee of 2 vycle amd Lo sbupping condition (40) ia mel st cobvargeora of

LTS

UPDATING RULES IX THE PENALTY FUNCTION MSTHOD © ., (13

the atgariliim. Of particiat [etsraat i1 The bekavlor of the qusstlly X, dn-

Ancd by £oael™) e dFP, 1f the enib comlltione of ancrasales npcles ars -

eomparald, it is elear- thil Z mppeonches 1w waginplotle ralae wa the eyrle

.mambor ¥, incrrasen amil the penaliy conalunt b Leromen snfclsutly lnrze.
Thiz ssfmptatle valne In plepaiideat of the paclieniar rebalty  eunsta ik
ratio pmplored-aml {0 the awine (n cacl of Tallrs 1.4, namely ¥ o= 3 This
Is In sgrecment with Lhe theoretheal vojaen af the molipticrs ab enoncee-
geacs, which sre mnpplied by P, (E8 Thix resilé confrma Tha. basic o
wmptirm {28) At Justlfias (he reosoning lending te (ha groncal ponalty
countmni ratleo (20}

Tormparafive Mata. Talien K10 rofar (a8 Beamplen 8.0 Wieongl 0.0, Thoy
ahom the unmbor af lteratlona ab eanvergenes X, anil the nomber of ryeles
ob conrarience N, weraod tha atartlog pennlly constant ky for enrl of the
ponakty  cnnetenl rllon (1OH57). Blnes ewnle Deention requioes e dame
minnund ol eaimpndallanei wairk, i} [0 eloar that Iha nnmler of Yepalions
reprrerulatlva af the cvmputer tlae required fr conterganre,

For all af the noamplor ol each starting proalty tonslunt by, (he,
© owarfable-mile umlnbng zulea are wuperhor Lo tha ennmlant rais opeliling roiey

in Lhag thor require m smnller nomber of lerstlond far contergence. Thin

smullar pumiber of lternllons In acklared by emplarlog s smaller pomley -

"ol oyelea mal by Inceamabug the prpalty eonstune ut g Jigher ralo then

ihat glron by Ilqs. (18} ’
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1. latroductian

In recent years, considerable attention has been given 1o .

the quislinearization methods for minimizing s Iunction
flx) subii=ct 10 2 constraint wiz) = O Here, / ru.u-llu x u-.
an n-vectos, and s a Q-‘LECID!I' withg < n.

o the szandard cuasifincarization alporithm [EQL] the
augrmenied function Fiz k} = flz) + ATeAz) b wtilized, ™
wherz X, a -vector, is an unknown Legrange muitiplier -
Starting from nominal values af x and A, the method ab-
tains ¢orrections Ar and 3A by salving a linear system af
equatinns. In Lhis wav, updated values t m 5 + Az gnd & =

A + Ak are obtaired, Then, the process is repeated itera-

tively until convergercs occurs. For the particular case of a
quadratic (unction subjret 1o a linear constraint, the meth-
od converzes Lo Lhe yalution in one iteratign. However, for a
ponlinear function subfect (¢ nonlinear constrsints, the
method iz rather unstable. Depending on the nominal
values of x ard ), it ¢an lrad 50 & refative minimem, a rela-
tive maxizoum, or an inflection point: occasionally, the
method produces displazements whick are so purpose’ess
that overliow can o-cur in a Fiven compuzer,

In the modified guasiiinrarization algorithm {MQLL
Micle et al. {1973), the same hasic epproach is tahen os in
SQL, with on# important modification: the stepsize a, 0 €
a X 1, i intreduced in ordsr to control the mapnitude of,
the displacements. The result is &n improved quasilineari-
zation wlyotithm that (i) retuins quadratic conversence for
& linear-guadrotic problem and (4 improves the stability
of EQL [ur ronlune:r fugctizns subject to nonlinear con-
* straints.

Both the above mentisned malhods require the solution
of a linear systiin of equaticns of order 1 + g, Thua, if
Gaussinn eliminazicn is Emplu',-ed. the computational elfurt
in of the o=Fer of 12 + ¢V iraltiplications.

For lar:e SYRlems, une way to reduce Lhe ¢|‘lIT"P1.I'lI]lIﬂI'lI|

LRI L R R T AP M
!‘lth"l in !hr sund-ud forreal or the rmlul-u'lm format,

H a."u..'." Tas

£raiien planaiwrmotloegs,
ll:l-.- '{. I.Ii ' Gt "'1l .....-
the ausnicated pm Wty Iurcuun W I_l: '!. k] = bir J\} +
EeTlehz), 0 hare the soalar & = the prr-«lr-. ermafnt.

Wii. e PEleT e Lo bowe o Huid l B .|, R [P TE Wi -
tant modification was pre-ented by Miele el ok (19720, [n

thiz metdiiication, cal'd the modified miothaod af mukii-

rpliery {BINIM), the summented penalty lanctwn is em-
ployed in connoction with several minusizalion 5l et hess,
nately, the nedinary gradient alzucithm, the eoriugate gea-
dient elgarithe, and the meniliod gua-ilinea: Loitivs atan-
rithin, lmproved updating rebes furthe Lugraape mattiplies
< end the penrily corstant wire developed in enmpietion
with ench minimiratian sigorithm, .
Vhen the moditied method of multipliers is einpioved in
conjunction with the modified guasitinesization alzueithee,
A linear system of equatiens of order n must be solved st
every iterztion. Therefore, if Faussien eliminntion is #m-

* pluved, the compuwational eiler: is of 1he order of £ * multi-

plications,

Besiders reducing the computatinral effart par tteraiion,
SIAM s more stable than SQL. This i because L5000 has
a desient property on the avymented penaltv function
Wiz, k) VWhile s{L might converce to a relative miri-
mum, a relative matimum, o =5 infiection point, AAIAD
grocraliy leads to a relazive minirmum, )

The standard quasilineanization alzorithm was vaed by
Lutis and Jaakola {1973) with come success To sndve wovara!
prohlems, vsing random numbers es siarting valuss fur -
and A The purpose of this repaort is to show Lhay eves
preater success and gomm puter tiime ravings can be ehtained
if the modilied method of mu'tipliers is utilized nstead of
the slandard quasiliseaiization alzorithun.

In seciivn 3, the stazement of the problem s Sivon to-
pether with the first-arder optimality comditinne. In oo
tiens 3 and 4, the sandard quasilinearizaiian ourithe
und the modified method of mubtipliers ere e i ed bried-
v I section 3, a cotnparizor of the compuiational elhert
periteralion is given. L sections 6 and 7. the ex).erimenial
conditiens end mine nuswerical examples are peciented. In
seciion 8. numesical resclls are discussed. and the concla-
Sicrs oo staled.

2 Swpicmeat of the Problem

Vep oSt e e ey A ihe i .
f=fiz} i1
subiect Lo the consirainl
T E R Rt i
. Ind Ens, Chem, Procezt 005 Dow, Vol 14, Mo, 1 1015 1%
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Sequential Gradient-Restoration Algerithm
' for the Minimizatton of Constralned Funcilons—
Ordinary and Conjugate Gradlent Versionst

A Mumws? 1, Y, Hussgd aso ]- G Hanesias®

Abstract, The prolbom uf muninizing o functivn £l sbjcst w0 the
coniraiol giv) = 0 i copidored, Herg, i o woalar, & o mevocter, and
w0 g-verier, % sogaraiiol olpurithe o prozoniesd, oonspees) of the dlicrna
succession of radical plascs and roparation ploeea,

In the grofiens phaw, w mamibal poial o saisfying e cunstraind i
assumed ) # aliapligeieent Jde besding from point & t o4 vapied peiol s
durcrmined such that th s alee of the funcrian bs redoced. “Ihe dvtermd anion
of the dizplawvauwnr Jv fwcoponies Ddurmatinn @l only peain 7 e e
wrcinrury gradivae versian ol the anodind (Park 1) and dnduronstion an ol

cpoista .« oand & for che ceugede prendicnn version ol 1 wethod ($are 3
. e coioeation patie, 3 paminal pemu g net iti-dying dw oudcant
iomszenad & digpdoooment dy hoadopg from poednl ¥ Lo 3 sarded peant © i
deteramined puch thad the consiraind fy restored 1o o prescnlal vgeee af
wwnrazy, Uhe restorstion iy dawe by requicing e Loslosquue change of
the L eundinaty, 4,
b ot wtepeire ol U gradient plase is of T¢) Bwn v oo D]zl
ady = D) Vur o surfuicly snall) the resturstion plase proscives e
dyscent progerty of W gradoont dase: tie Tunction £ decroases belneeh
iy twa sugccsave resturaiion phasza,

Tl devennrsd Felawgrs 301900 Ten dartan by, sappuried by the A% Y Alaiind Sposoo Ry
Vooven, Ciname Stue SGEH- Bhle-33 0wl by vbe witber of Boonpine Heageily 100y of
Acrmn iy [Besvarudn, Vi Stao Sk Forer, vieagnn Mo, AP AP AZH-B], v w0 e e
o ull tbe i chligdtanis teperied i Hols | oamd 1

Flrlevuor of Asttetisupes e Dustter of e Ace-Astuctios (omes, Dheparimen of
Mrchonicy] and Arompace Bagiecericog snd Maeoals Sovme, Bee Licresny, | luantisg,
Ty, "

UAniet it Bl sior al Ao pomganiga, Tt o Blos hutocsl sid Ac rspwes Ungioes fing
aimd M lan ciale Swieewr, Rice Lsgverazy, Hadagom, Tevas.
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The ondinary gradicne version of the slzoriihm exhibion ssympiotic
cooverpenct, bui pob Quadratic genvergence, Ln the wiher hand, the Lon- .
Jut e geadicnt vermon exhility guadridic eonveerenog in tbe noighbarhoad
of the mirinium psint, |s particular, [or o quadratic functian subject ta a
Enzar constraing, e Minimum poins i obtsined {0 no naore han 2 — g
ilerarion.

1. latraduction .

I orecent voars, considerable attearion has bocw given s the dterative

' slponiti-raa for mlnilnl:ing a Tunctinn fix] sybjuet 1o the wonseraing pfx) = 0,

whote fis 3 scalar, s an A-vertur, aind o O govectar, Witk relcrence 1o the
Fradient mettwal, org poailic approavly s that of the penzlty functions.
ne advanea e af ks :pprnxh o ot gl copsrraiaed mopial pruh!um Y
terlaced by oo thcinaiicaily simplur, wnotEatrained minimal prublein. The
tll-...d\-:'lr‘,:.;; w4 are theses no clear-cut migthod ¢dats for {‘hummg the penaley
ciakanls) dhe wlrosig mvsa be gepeated seviral Umys Toe g ||'||:1L'r|.|.|.ng valyes
wl e pomsty vobet sy Ihe values of the function belween weeations are
ant cumpiuabde, uicy The cunilrsials sre ot satisiod; acal, even when the
Srecithing 33 bereddnted, e osistoaitd wie meaersdly et saciod, .
b Gis pepur, e proscat @ seguertinl afswithm contruciod in such 2
vay that L vabes of the Tunction f{2) buiwesn guvratione are comparsble.
Vi a'peidinn s cempnred of o altornate succctann of gradiene phases

"wind] roslor. by madas (g 13 1o the h'ml'f:'m-f Pease, 3 nuniadl poist X

warishrdone e crnnlfafl e asswiedy e, o displicement de loading from
PUIRL &t 3 vafied bl ¥ is shetenmiied by ainbadcng the st variation
&l sabioer to the Dncanized coasbeaind & L) o (Fad aguaedralic consiraink
an J i i Lu e Baut Tiad Ly Cunstraing 1 svceakied fur aonly 2 At ogder,
the waricd perinn voay by suen chat g 1Y 54 O Fiis beingy the vase, & restarztion
[aats 5 Govcud ey WG stanting she fnsd sradicn phase ooty resforafion
,-i..hf 1 Mulsiadi AT ¥ onet saliwing e consiedul boasumed; then,
40 ]1.1“.1;_ i Jy .udlpb Froan [veliE y 18 o varied uing E I d:tq.‘rrnmtd
itk e alintange JpT dy sulheat b the lineatized constraing
,‘ e Gy o where g o7 L WA sinple pestonation r}'clt fuls b
rr,..uu.:x. L{ Fulmlul u:.';,:TLL ol atl..ur-lq IR Lrae SoceIraind, e cral E].'I:.L‘!-
it 0 eerebood, 2oshoeen i Figl S0 Alwer thy ieataranen phn‘lﬂ i finihed,
the iteraging i ancpiriad, atad the nesl ilerasion s started uaing ¥ 33 the
rominal puint a. ’
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Two versions of the method arg presented: (a) the seguential ordinery
prodreng-reitoration algorithn, in which the gralient phuse ues ml'-:-rm.-_ltmr.
ar point x ouly, and fhy the guriinl cunfugmle :;..J;.-h:-r:-;.'.rmnrm algeritha,
in which the gradient phase wscs information a1 hoth points * ard 2, where
1 ig the point preseding x. Muthad {a) is given in Puct |5 Methed (b) is given
"in Pact 3; then, in Part 3, several numerical exantples are presented.

2. Statement vf the Pralilem

4

S o= fix} i1y

We cansider 1he problecn of minimizing the function

lhhjen to Lhe CunvTaint
wis} =0 (1]

In the above tquaticen, §is a scalar, & an a-vecler, and ¢ & ?-_\'ct:l,ur." where
¢ < m I is aswmed hag the drst and sceond partial derivatives of Lhe

function f and the constraint o with respect to « cxist and are continuous;
it is alvo mssunval that the cetatraingl mingmum exists,

PART ! SEQUENTIAL QORDINATLY GRADIENT-RESTORATION
' ALGORITLIM

In this pait, we presont the undipary gradicnt vel sion uf ll_uc s::unntjui
peadieni-restoration slgarithin. Fhe gradicat nlbuau it yeated in bl.'l.:tlll:rn ]
and the retoration phase in Scction - In Scction §, an m.,!uf-nf*mugn:_tudc
analysin is presented. Finally, in Sectinn G, the seqaentiad ordinary gradients
rostatation alpurithn is sulemarnizel,

1, Gradient Phaac
L]

Corivcr o displacenuent Jv leading from a naminal peint = 1o a varied

point ¥ wch that
yoomx Hda [ )}

b Al the wators o bl paecs dbe eplusan vty

v . \

JOTA: VUL, 4, NOQ. 4, 1M m
Armume that the ropinal peint x satinfics (2) exacily and that the varicd
point ¥ sativies (2) 1o first wrder. The insteorder change of the function (1}
iy given by :

§is) = £ T(x) dx ‘ {4

where £,{s] in the gradicne of the scalar funciion f with reapest o the yeetur &
and the symbul 7" donotes the transpase of a matrin, Ta tuen, the first-onlcr
change of (he consiraing (2} s represented an

Mt =p V) dv =0 . in

where pda), anon m g Jn.1.1rix|1drm‘.l:ﬂ the gradient uf the \'tt!.1lrii|'fdn¢liun ¥
with regpecl ko the veclar x.
Next, eonsider the following ¢quadralic consiraint an the displaceinent da:

K=dFdy (6]

where K is a constant. With this undecstaling, we formulue the lallowing
preldom; Findl the varistion Ja which inininuzcs [4) subjoct 10 [3) [6)

3.1, Displacernent dr. Standard mephods of the cheuey of naving
aid minind sl thay the funshroeestal fewetion wf 1his probleas is the scalar
functiun . P

2 = M) da ok M, T (]jh}.m.n ' ()

where 12w ii a2 scalar Togrange muliplicr aod b 2 g-vevlor Lagrange
mubtipher. 10 upe intrnduces e asgmenred fuseiton

Flx 4] = f(x) + A7(x) *

aml nlEcrves that '

Fofe A e s} ok w00} o)

the [undamental Tupcoon {7) hecomes

17w £,70% 3) v 5 {120} dx? da ' ooy -

In Vgs. (0140, the symiladd F ol A) denotes the geadicnt of the augmentod

function #with eespect 1o the wector v, The optioal displacement dx watisiocs

the relation
9, =D T
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where 2y, deantes the gradient of the Tundariental fungrion £ with respect
to the voetas dx, The explicic farm of {11} is the lolowing:

snd shaws that the displacement vector dx has the 1amc direction as the
gradign: of the angirenicd Funetion P Kote that (12) dewermines dx providing

- A & oape apecined.

3.7 NMetativn etween A and a. As Eg. {12} slinws, the di!phccrn:ln.t
A is preperiiune Lo ., the deprize of the gradicnt phase, Upon substitating
(12) dnta (G), we woo Lhat :

K = 1,0, 4 Fofx, ) (5

U Therefore, a corrcspondence exizt erween the values of the conglant £

and Cie values of i stepsize o, Tlis biing the esse, oo can bypass prescribing
K oand reaean dicoety onos, a8 inthe considerationa which foblow.
3.3, Dewerminazion ‘of &, 1T Eqs. {5), (9), {J}) arc combined, we

PG R ORI {14

Einie thw veet e S5y and the emateis g fa} are known at the nominad poiet «,
Eo. o by rappiics the sanltiphicr &; this s precisely the vaiue which puaranives

satisfaciion of the consieaint (2] w Frat order.-

3.4. Desziut Property of the Gradient Phase.  The firat variation
of the augifiented foetion i given by . '

BN Ay = LT A) A e
which, i Lthe light of (12], ¢an b2 wraen as
T LF(3,A) m —ob s, AV F {5 A {1b)
Equatinn (0] Pliras that, (or > 0, the fust varistion of the augmented
functing 13 fenative. L hendure, F a i tufenly I:l'h:",, the augmentod

function F duere_son duning the praduonn phase.
Altcrnatively, the trsl variation of F{1, 1) can be writtiun 23

U, a) = Bf[a) 5 AT 5[] (m

dx w —al'yz, 4) B {i!].

1 H 1

. v - N
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. Begause of (5}, Eq. (17) roduces 10 the farm -
1 B AN L T S w

which states that the funetiuns f{x) and F(v,A) behave Hclnliﬂ"r. l‘.l;ﬁnt
order. Therelore, the descent propeily Jlso helde for the funciion 5

3.5, Steprite. The next step ib 1o aseign a value to Lhe srprize @,

IT Equ. {3} and {i2] arc combined, tie position vectur at the eml uf the

gridient phase bevoines
. Y x = akifs ) (1)
L] I N

Sim:c_A 11 knewn ‘thmugh Eq. -[H}, Fq. (19} Uefines a unc-p;mm:h.-: family
of painis y for which the augmenied Munciien & tales the form

P = s — b g, 1), 3) o W) L

The preatest deerease of the funciion ¥} océurs if the paraineles o salisluy
the following recombary conditian:

. A T (21}

Afier obscrving that . - '

I R T )Y 219 RL PR ¥
we se¢ that Eq. (2J) can be wrinen a . . . ‘_C:
FI Py =0 vy

showing thar the gradicnt of the supmuented funcrion o paiak y is orthngonal
to the gradient ag poaing 5. . . A
Tu obtzin watisfaciion of {213 ar {23), some onc-dimwnmanl seaizh
mcl_lmdl must be employed. In parcicatas, codic fterpobitive (it rpapboys firar
dcr:utfiu only} snd guasilivearization (il cnploys both firsr and svand
dl:nvaun-:_} are pevertful imcthods [ladls. 1 oand 3% These wetlunls are 1 e
empluyed iteratively wintil Exp. (21} is watislied 10 2 Jesired degiee of wouray
that iy, wnal .
FXad g, ()

wiere 0y it 2 small number, In pisctice, 8, can be Favd or one may vl

. B, oo N0 {25
wheie oy i a ermall puniher.
1
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4, Restoration Phase ]

At the end of the gradicnt phase, the paint y is knawn, I[ the constrsint

i Finear, she relation g{ ) = 0 lolds. On the ather hand, il the constraint

it monlioear, yiy) # 0, which mcans that some degree of dissatisfacuon

eaists. Therelore, 1 foatorstion phase is necded prive 1o staning the next

gradicnt phase, Specifically, anc has e apply a smull varaticn dy o ¥ 10
EENCTALC & Ruw pasition vegler

F=y1 dy {24)

such thatg ) = @ While there are infinite wavs @0 perfunin the resteration,
the most lopical s thay developed in Rof, 40 the conuraing b roatared o a
prescribed degree of accuracy with the least-siuare change of the pusilion

veclor. ) ) _
IT quasilinearization is cmployed, Lg. (2) i appranimated hy

s (¥ ke y dy =D @)
Yn order 1o prevent the varation dy fren bc_cnming we large, we imbed
Eq. {27) intn the une-paramcter fanily of ¢quativns .
ki{3) + (3 dy = 0 ' (28}
where )
DAl 9

denotes a scaling fuctor, N .
Is the bght of previvus discussiun, we seck the minimum of the funcugn

Sy . {30)

aubject te the Lncarized comsLitint [25). Stamband wicthads of fhc thvory '.][
mazima and miniaw sow that the fusdamented funcrion of this prablem is
gwen by )
w m A7 Ay & oTlhe{x} T 4,13} D] im -
where @, b g-vector, denures 4 bisletenminud, constant Lagrange multiplicr.
“I'he optimal changr Jy sarisiics Lhe rebalion .

wy, w0 {12
whera wy, derites Hee grahient ol the fnndatmental funciiun w with reapeel
to the vegtor Jy. The enplicit form af {32) s the 'ﬂlluwmg.:

R I (1)

JOTA: VOL. 4, K. 4, |%h . |
The Logrange muttiplicr v is obtained by coinbining (28) and (33} s climinaie
Ay, 'T'his yields the relation -

- . . v

h[ﬂ = }plrte =0 (M)

Uer any given & in the range (29), Eq. [34) supplica the Lagraogs
multipliee veclor o, Onie o is knawa, the corrcction Jy in given by (33} aml
the currected pusition veclor & s given by {26). OF course, the restoration
phase must be perfurmed deenively until o desired degeee of oovuracy in
oblaitied, that is, antl the incquality

GOEA CL

is satisficd, where & i1 2 small number aad the poerformince indus

.o C M) m ot (s)E ) L {36)
b oL ] . .
meaaicces the error in the constraind,

4.]. Descent Property of the Perfarmance Index. ‘The fint
variatian of the performance indey 8% )} is given hy

B = () 2y N L)
and, because of Eq. {28), reducrs to
8P(3) m —thol(r}e(r) . (3
which, in 1urn, cen be written ay ' ’ J
SPLy) = —201y) ()

Siee S0 20 0, Eq. (39) showa that the fust variation of the porloriane:
imdex is negative for & - O Theedlure, i & is sathcicraly small, the deoreass
af the perfetmance index i3 gaarantecd, In pracice, ooe can e & -2 |
I thia value of & decs st eoaull inoa dediease in % than s oucessive
binccted wntil ' 45 decreased,

5. Order-of-Magnitude Analysin

Flie poaition vecior £ ut che end of the restoration phase aml the peciti
roukar ¥ 3L the Iwpinning aof the gradicnt pluw sie relansd by

£ omox 4 ady -y ) (401
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where dx is the pradicnt displacemaent and dy is the restocation diui:laoémenL s

From Eq. [12), wc scc that, if the stepsize o in of Ofe), the gradient displace-

meot has the opder " = - i . 1
dx = O[) -
We ohugrve ih:t, ta secand order, ' . .
ol r] = ¢z} + w72} Ba + § daT gy dx) A2 42}

where ¢, 1) denctey the array of the socond partial Jdesivatives of p, Since
- the nominal point » watisfies (2) easctly and the variatian dx 'utill.‘lin (2
. to Rrst order, we first twe Tenus on the right-haod side of (423 vanish.

Therelare, i b lighe of (41H42], we conclude that

#3) = 0(e) oy
INext, we Wrn our atightion (o Egs. (331034} and abserve vhay, heewuse of(43),
- dy =0 T

In conclusion, i the pradwnt I:Iiapluctmunt is of G4}, the j'qm_;:ratjun
displacemnen s of Gicf). This gouarantces thar, for sufficicntly small o,

| dy =g |dr]

5.0, Descent Property of the Alzarithn,  Finally, we consider the

.. (45)-

pints x ard 3 Loth sasfying e eanatraing {2). "Ta Arst wrder, the difference

of the valuzs of the function f at these points is given by
FEY=F00) = [ de + dy) {48)
On account of [15), the sccond wom wn the right-hand side of {iﬁ} cin be
ncglerted with geapent tu the first, Vlonce, Fap, (36 becuines
FUE) = f(x) = —aF Ha, A F L2, 8] - (47
Therefore, for o suficiently amall, the restoratinn algurithin p::ur\r"u the

descen propriy of the gradivne slgadithing 1he luaguivn § decreancs belween
ANy (W BUCTesyive rostaratinh phases,

6. Suinmary of the Algerithm

The alzurithia presenisd in fan | consists ef the aliemane succorsion
of pradicnt phases amd restedation phases, A suminary ol the wlgorithm s
givern Lelow.

Fea

i b ]
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.
-

B N v

- Coeo SR S
R (A LTS TR BV S

b Jr T ea l
. LR - .F.{l', Al —lj.{.'l'] + r'{_r}j_ tl‘]
. . dx v —J,{-t, Iu v "‘ ] - )

. nl‘n E :1 “‘.I ) o=z tdo N, .t."l. . II ".1'.‘

- thet ¢{x] = 0; {b} at this point, deterinine the vector £, {x) and the mairix p {1);
{r) compute the multiplicr X with {48-1) and the voctps F (5, 4) with {43-2);
“{d) determine the optimal sepaize & by 2 ane-dimensional yearch fn which

cither Wia) m f{ ) or ¥ia) = F{y, 3} is minimized along the warch dircetion v

FAx. M the scarch is terminaied when Ineg. (24) i sanisficd; (<} computc
the ﬂlip[irlslillclnt. dax with (48-3) and the varied point ¥ with (48.4).

6.2, Restoration Phase.  For this phase, the algorichm is represenied -

hf Vo e m e R LR T it
b e M Tt )
I e AR

. . 5‘.—_'1'-4-_4’-'}5 .

:.: e I Yl T.'r
- .- "{1491

1
"

% %

." + IJ.' r

The vequence of operations is au followa: (3) a1 poinl y, compute Lhe verior
w3y and the matrix g { ¥} {b) assuming & = 3, determine the multiplicr o
with {49-1), the displacement dy wnh {(49-2], anid the varicd (uant £ with
(49-000 (o) il P(E) -2 Py) the scaling factor & = | i acerpable; if

PR S P00 the previeus value of & must be replaced by somme minallcr .
value in the range {29) until the condidon PLZ) < {3) is mut; thiv can be |

wchievd throngl successive bisections of J; {d) returm’ja step {a) apal ropeat
the testoratian alpurithm using 2 an the starting point y for the sulacquout
Herativeg e} serminate the resioation afpuriten wbon Lhe siap)sng cusbitim

(33) 1 sarisfivd; (1) nove e ratoration algorithm s completed, verify the

inequality

HUES Lo e

IT Ireq. {50) i3 suisticd, atart the nexi gul-.‘ii:n: pliase, IF Ineq. (50 is viotated, -

TULATI L the provions pradient phase and reduce the wtopaize o untl, alter
rexigrabion, Ineq. (50) is satishold,

6.1: Gradient Phase. For this phese, the slgurithmn ls reproseted by~ *

The sequence of npcrl.t'inm. it a1 follows: {a} aclect 4 nominal peint & euch

e

T urr
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6.}, Stopping Conditian, 'The algorithim i teeminated when
grh e (3)
where 8 u a small number and .
(Ha, Ay w F Ny, 33 F [x, 1) ‘{5

measures the error in the optinal cunditions.

PART 2 SEQUENTIAL CONJUGATE GRADIENT-RESTORATION
ALGORITHM -

Tn this part, we present the eonjupate pradient yversion of Hw scquentiil
gradient-resunation algerithm, Ul peadicnt phase i diveussed in Seeaion 7
in gencral; the cave ol 3 quandedie Juctiom sudjess 1o a0 linear constraint
is givea in Sectien 25 then, the practical weelwnd 6 be waed for 3 nooguadeatic
funciion subject to o nonkinear venstraing is given in Sectien 5, The treaiment
tf the rostoration phase is omined, since it is covered in SHeetizn 4 In
Ruction [0, an woder-sl-magniinds analysis is presanied, Fiaally, in Section 1,
the sequential conjugate gradunt-restoration alzanthm i sammarized,

7. Gradient Phase: General Discussion

Consider 3 dinplacement dw Leadipg from a nmminal point « 1o a varicd
pint 3 given by By (3) Sssmme that g nomiral peinl x sstisfies (1) exaaly
and that the satiod point y satishos (3) 10 fiest ander. e fist-order change
of e Fugctinn (1) b given by Hi (45, B torn, the lnstsardee change of the
ennstraint (2348 represenned by e, (5) Nea, consider the Dollawing quadratie
popstrdinl un the diaplicemean da:

by K== {da = B30T — 341) (5)
where & und g oae camotanly and 39 35 ilw diaplacenign &f the previeus
pradivat plose, thiat bs, the displacevacns hoadipg fiom e wodial point 8
b1 the varicd poat 3 fsce Figao Doad 20 With thie woderziaoding, we
furmulaty the folliaing problees: Fimd due displacesnent gy whicl minimiern
{4) wubjeet b {5) and {53}

L
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7.1, Displacement-Ar, Stundacrd methods af 1he theary of awsiog
and minima show that the fremdiuemtal funciion of thin problem is the sealse
functian

£ = ) dr + AT a) dy + (2 dx — B 3Ty — § 48 iu_]

where {2z in a scalar Lagrange mubtiplier and A a g-vector Lagrangs
multiplier. If ane introduces the anpmiented funetion (B and ita gradicnt (%),
the fundunental fupction [54) becones

£} o= FNe M da & (IfLa){dy — f 4T {de — g d0) (43

The eptisal displacement Jx aanistive the relation {11}, whose cxp.licil farm
is the fuliewing:.

Ay ox wafF fx, A} + B A3 {34) .

If one defincs Whe scarch dirgction p from

L dkme—mpes - TG
md abserves .l_l_1||:11fur the ;;rn-iuu: itrating, . N
Nt RN e gh . {54)
* the fallowing relation ensues fron {56)-{58); -
B T3 VR TR ' {9
where
y = fija , (+6)

lrE conclusiv, the displacemny Ju dering the gradient phase is given hy (573,
with p governal by Bq. (59), where £ is known from the presious icration.
MNete that (57) and (39) delerming dx providing A, a, ¥ are spueilicl,

7.2, Relation Dedwean X and o, As g {37) showa, the displaccmcnt
J¢ L propurtivnal @ a, the stgparze of the gradient pluase, Upon substituting
{30) inta {33} we uhrain Eq . {13; Therclore, a torrespuondoing cists lelingen
the values o e cotalant & and the valoes of e supsize a Tlis buing
the casg, v e bypass preseribing & and reason dicaly on e, as inoihe
veisederationg whieh fallow,
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13, Determination of>, », . 1 Eqi. (5}, 5) {57}.{59}mmmhmd'

we abtain the celation - - '

o HEAS) + 27 d) A 4 r e =0 R
which cnsures satisfaction of the €onstraint (2) 1o it arder. Equation [I!lll,'l
it a lincar rclaijnn between A and ¥ and admita the silutian

' A= Lo e 5 e T ) + T3] (52}

*Cherefere, the rate of change of b with respect to y is given by the vecior
equaktion .

The nest step s to assign valugs s and y. IF Equ {3], {(57), (55) are
combined, the paition vector a the end cf the gradient phaze becomes |

¥ = ks, }) — oy s -

Since A dtprnd: on v through Lg. {62), Eq. {64] dufines a twuopuramttcr

family of points y for wl'u:h lhs: augmented {voction F tlkca the t'urm —
]

Fi j];:- .‘-'[: = aFlv A) — ayp, &) = Fla ¥). ) . (65)

Tle preatest decrease of the funclion W, 3} occurs if the paumei'ui ay
“panisfy the lulfuwing necessary candipons:

I-Ft{'i ?'} - G, T..[:'_l ¥ - 0 ! I{ﬁﬁ}
Alter observing that - T,

Wl = FAn e o
¥iny) = -.—.F Sl A —faF, [y Nedz) - !'fr}]-"'

¢

we soe that lq- [O6) can be written a3 . .
Fgrl'.}'- AN wr 0, af, T(y, ""]’P + ["F T(J.. "'} 'Fl{ﬂ - rr{:’}]l! ' EEE]

In the light of ($9) and (62}<{%3), Egs. (£S5} constitute a avatem of twa sealnr
tquations ik the unknowns o and y. Once the sieprize o and she cocficient
src koown Mo (68], the mudiiplier A follows frgm {62}, the search direction g
Cruem {539}, e Jdusplzeement Ja frum {57), and the pmltmn veetat ¥ [rom (3.
Thus, the problen of detctanining A, o, p is wolved in pnnnplr, CoampLa-
tignally, however, Turther :.urﬂpll!':..nm.m are needed 1o make the algerithm
pracucal.

{67)

R LS TSR R T : ’ l:iﬂ'.‘_

[d} Iy ok -_" "k ’ A4 'E -'q 3 .
C eyt T I . SR T : i
DL RUI T OB I PR S DAY . ”r Lo 1 ‘.;.,_p.t_,- Loy 7
- - . . ‘ . -

IR B Bt : :
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T T . "o 1"
8. Guiitnt Phaset Qui'draﬁc'Fun:tion. Linear dmltullt * W

i Nuw. m:mnd:r thg plrhculqr cise of a qmdrm: function and & hm.-:r
constraint given in the fm‘m . . i .

T TOVE T T VR b 1w1f

L. . . LI *

. where a 0 2 lcaiar. b i1 A0 n-vector, ¢ an A %X B aymmclre mattix, of w
D g-veclop, and cann X ¢ I‘MIILL lere, all the caelhciers are conatant. The”
) grldunll of the funciions f and @ become -

o |.-.'.'.d-|.k . |J“;|‘.”"!#+fh-. o) = -1,.-1”- | ﬂﬂ‘]

H-:caul»t af the lmmny, the canstraint is never viclated :hmnl the.
gradigne phue and, mnu-qu:ntl;r.

'1-'.

I ﬂy-ﬂr l—:+d:... w0h=0 . {?H
This h:mg the case, Eq. [52] lupphu the Iol!uwm; expsension for the
multlph:n C o g 10 4 Pl e Loy l
oA i- -In’txl pda)) ;.’Ir}f.(:] Ly
which it now mdtptndmt of y, tlut B, _‘ 3 "'. 1 .', "
The 'clallﬁl'l:l {63] Dp'lll"llillﬂ] a I_l'l.d -,- hl:euml N ai R -'-" o e -'Z '

TR

" “.,f Fyhp =08 Filylfwd AN

.

.
2
- N

,

- dmwmg that the gradient of the augmented funclion st point ¥ ls mhepml

1o both the present and previcus seacch dircctions. A mathematicsl dunsc-
qucncc af {59} and (74} 4 i tha ' : W et

4

. FUOpAEER =0 s

shawing th:l the pradicnts ot pumt_y and point x ar¢ erthopomal, F urlh:trmnrr -
after laborious manipulations, Exqs_ {733-(75) lead 1o

. FRi e =0 Ffiai)pmbd FALYFigA} w0 f,‘.l'ﬁ'_l
Far & quadratic Tungtitn luhjﬂt to & lincar mnllrmm, Ihe 'I'ﬂl'lﬂ'hlng

rtl-lllumhlp can bn :huwn to hald:* ‘.

: .F',{y,l] o Fifz, 3] o acp [:-".-} '

- an

- ap
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Invoking [69){T7), we sce that {74-1} yiclds the following molution for the
aptimal stcpeize:

a = F s 3} "5 WpTep )

Funhsrmore, (74-2} leads to
Fep =0 . (79)

which statia that the scarch dicectiors p oand a ure cunju;;:ln with ruﬁe:t
te the mateix ¢ [n turn, [79) yiclds the folluwing eaplicit salution for y:

y = F,T{x, 2] P ha WF L (R4 (50}

In conchusion, for a given nominal painr x, the multipher A s supplicd
by (T2). the cocfficient ¥ by [£0), 1he search direction p by [59), the sptimumn
stepsize o by (78], the displacement Jx by (57}, and the pusition vector y

by (3)

8.1. Canvergeace Propertics, ot o yuadratic functiun sabjest to a
lincar constraint, the fullowing relations <an be shown e hold priaiding rhe
Jiret atep af the ulporithme it a grodicat slep:

FRs A FLe, A =00 FTeMp. =0 pfp,.ml En
© where x, denater any sate preceding v Lyuations {813 can be dierived fram
{76) and (79 through matheeatical induetion, The st of Gos. (31) stutes
that the gradient at cach point s arahegronal 1o e peadient a every previous
peint. The second of Fos, (81 states el the gradiens at each puint is orthmgi-
nal te the search discction ar cvery previous point. Finally, the third of
Feps. {81] starea rhat the scarch dircction at cach point and the search direction
al gvery protious paint are ounjugate with tespet to the cetstant matriv £
this 19 why ohe clponihen is ealbed die fwfagndegradiont alpet fifing,

" Labericoes oo pedations, mpitted Tee ghe-sae of brevuy, show thiar the

gl gorithon shtioed Ly (X, £57), (59) with &, ey detined by (2], (Th), [t}

reduces the pradeont Fhx, A e zero oo ne mare than i — g sbepsg Herdure,
the mindmun of the fungtion f{x) subject to che constraint ¢{v] = 0 i reached
in na more W m o= g steps. B0 othe funtion s uncunstrained, tlat i, i
g = 0. then the mitimam of f[1] is reachal in na marz than s Gleps (see
Hels, § and 6},

L]
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9. Gradicnt Phaser Nonguadratic Function andfor
Nonliocar Conatraint’

If the funclion f{x] is nonquadratic and ot the constraint s {r) in nonlineas,

the reluions (72), (78), (80) defiuing &, o,y arc nut simultancously valid.
We obsers ¢ that {72) and [80) involve first durivatives only, while [78) invulves

. 1he swecond-derivative matns & Thin being the case, we chioose te discard (78)

atd retain (72) and (§0). Thus, we empley the algarithim
A =7 o)) A
Fiz, 1) —}.[f] R P L]
y =BG N Folr, BFTH, D F A D)
- . p=Find) e
dr m =ap -
ymxtdr

wi]q':hf"fnr the uncanstrained cnse, reduces 1o the well-known Fletcher-Reeves
algorithm (1ce Befs. 3 anud 7). For the canstrzined case, the justification of

+

the expressions for tiw multipher A and the coelficicat y is prsented in.

Section $0. Oncr the rominal point 5 is given, 1he sltiplice A iy Jdolermined

with (B2-1}, the pradicnl F (5, A} with {$2-2), the cocflicient y with {¥2-3), .

and the acarch Jdircction g with {82-4); for a given stepsize o, Ahe displaceaent
A iz vumputed with (52-§) and vlve varied point y with (B2-0) The deterninina-

i of o iy dhiscusaed in the Tuilowing sectinn,

9.1, Stepsize. |V [q: (82-5) and (92-6) are cumbined, the posilion
veotor 3t Hhe end af the gradient phase becomes -

Fy=3—ap ’ . .{ljj.

For & given ngminal point a, the vector # is known threugh Eqs. {82-13-{B3-4);
therefure, g (33) defimes o png-paramcter I:I‘I‘Illhf ol |1uin'|:i y g which thie
augrivited Nunction Ffy, 4] tabes the faom

My 2) m Fis — ap, 3) w ) ' 34

The greatest decrease in the Tinction ¥{u) occwra if the paramelcr o satisfics
the fallawing necessary cumbition: . ’
. N . Wia) =0} ) (1%

_‘-I; L -

_ . -

u
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After observing Lhat . B
Mo} ma Py, AL p . I. (56}

we see that Lg. (85) can be written 43

. FAy N p =0 L
showing that the pradienc of the augmented function at point ¥ is 0;'lhngm;:l
1@ the scarch disection p. i

To ohtain sstisfaction of (B3] or (B7), same one-dimeasiona) search
nithad must ke employed. Lo particular, cubic interpefution (it cmploya first:
derivarives oniv) and gresilinrarizogos lit empleys beth first and sccond
derivatives) st pewaful methods (fefs. 1-3). These methods 1re o be
cmpluyed inerztively untb g, (85) i satisfied 10 2 slewirad depree af accuracy,
that is, until Diog. (24) is satisiicd,

§.3. Starting the Algarithm, The uljorithm {§1) reqquires chat the
searely directivl. fi be knuwo from the previuus pteration. Sipce thiy 33 not
the c1se for the [t iferstinn, 30Mme BSsUMPLLL CONUETRig vf is needed
inn order o ssart the slgarichm, To retain quadralic CoRvcIgence, nue must
chiase p— Qor y = 0. Consequently, far vl first sicp, the scarch direction
{B2=4) Lewcnes

poua Fda B 1]

meaning that 1le ficst step is 2 pure pradient step.

1
9.3. Restarting the Algorithm.  For 2 quadratic function sulyject fu

2 Hnear cuneiraing the preseat algorichn converfes 19 the sxat minimum *

in fo more thati 4 — g steps. For the geneial case, this suggess 1ke idea
of rustarting the 2lgurithm every AN =g =qu AN =y — g+ | veps.

-
. i
v

10, Order-al-21a ;,:nitudc Analysis

Tha stqrstlial gconjugate gradivne-reaturariun .llﬂl:f]lhi]l s represcuted
by Nags. (82) and 39). Whls Eqe. (49) arc ervaet, Lys. (§2) are au appruai-
maticn te Ua i gptimal conditions. In this sctiun, an cstimate of
the ercar invaised inthe enmpatabon of the Lagrange multiplier A s given;
furiberfanre, + veriigation af lhe Geagent propcikizg of e algoruhim i
Treanind.

-

JOTA VDL 4, KO 4, 188 . 2
. . ) . L

¢ J0.h Lagrange Multiplier. llere, we wssume that, If « is » wnall
qu'.“utr‘ oy - H : . . LT +
I a0l CLfbyy
E'“.h.ﬂr gradient phase. Conrerning the l:'nullipliwr &, we pute that th.r et
;;tumun (6] has been seplaced by the approximate equation {82-1); therefure
the q-vectgr . . . . . '

By w00 . ()

Pl . Y

i r:lrnc;-:nluuv: ol the order of magaitude of the crror in A 'Thiv ia dne

to 1he fact that the terma o, Ma) fi{x) and o %a 3y i Eg.

regarded o be of OFl). Il:] FII ) i B, (62) can b
;16X i compuled _wi.th the approaimate equation {82-1), the lict-nnder

Fh:sqgc of the cunsiraint {2) s not exsctly zero and, becayse of Eqa. (R2) )

Bspvendy o o - e, '

p P h['r] o =app,Tix) p f'f o "[‘;H]
" - ]
I one ol:ru:r_vn. that gfa} = 0 and that, te first order, e
o ' UM e ey = el )] . i {92)
i fullows thar = © L . | PR
: R ' AN P
; R . ) ¢ . .
IF Eqs. [49) and (93) are combined, the displacement &y wasociated with the
restoration phase can be writen 89 LI -7
&y = aphp (RN 0 C ey
To firat grder, the expansion of 1he gradicnl ¢ (i) in glven by A
T
. ) 7o} m gfa) -+ wdrfds + dp) T

wherl 7,,{%) denetes the afrrhjr of the sceond partdal derivatives of o II  the
transposes of both sides of (35} src peatmultiplivd by p and if e {83-%
and (94} 4rc accounted for, one deduces that ple By # qs. {82-3)

FSLEHE = 0T p = wpTeaiYp barki e A el e U A R0 B 9

Hecanse I::f {82-1) and (B2, the finsl term gn the right-fuupl side of {96)
can Le written as .0 - .

weel g owe py T2 . 1on
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A1 2 comcqguence, Uhe thin tcren on the right-kand side of (95) is neyligible
with resptct to the first and Eg. {96) enn be approximated by

#7080 = v () F — apTradi)p {%8)
This is the key recurrence formula necensary 10 estimate the order of magritude

of the 1erms of the form &, 7(a}p or ¢, "(£)p. Since a s of Ofe}, we wee that,
fur the fires a12p of she algornbun {y = 0 or = 0}

?.73) p = Ole} (%)

Therefore, for any subscquent step, an analogous relation holds. Thus, at
any point 5, we cunclude that

- ) ®.7(x} = ) {100}
Since R, given by (90) s propunional to the telt-hand side of [10), we ace that
M, - 03] N L11H

Therefore, tI;: Lagrange multiplier X computed with (82-1) is pur.i:_uu to £X«).

10.2. Remark., Becaure of {£), {913, (91}, (100), we canclude that ‘
bl = O, @=064 ¢ - (o)

Furthermare, from (82-5), {49). {94), {100}, we see that ‘
Jr e Of),  dy = 00 {103)

10.3. Descent Property of the Gradient Phase. ‘The hrut-oricr
change of the functivn Fiz, &) batwien points x and y s gven by Eq. (13):
in the tight of (32), thia can be wrien as

v BF{x, A) m —aF N5 M F (x4 — By {104)
where R, is a scalar given by
By o= apl v 04 {103}
On sccount of (%], Dg. {105) can be rowritten a8 )
Ry Hye- Ry (108]

where .
Ry = wlfds) 4 wlad T8 Ry e afh = 8,102 (107}

L n + _
' [1
- Ll

JOTA: YOL. 4 NO, 4, 1964 =T
We observe that, to first ordes, . T
C RSB LANG  whah = ed B+ ed G (0
and chat e e .- ,
T S LA O R (109)

where ®{x) denotes Lhe right-hand side of (32-1). In the Nght of Eq. (E7)
applied 10 the previous eontion, Eqgu, [107) become :
Ry dFFADME Ry = odt + 0BT (10)

1E (29], {3000, (103) arc recalled, we see that
: - Rywm D) R = O} {nn
so that |, o ' . .o

A I Yo K, - DHe?} . ) iy
Since the first term gn the right-hand ide of Eq. (104} lv of s}, My can be .
neglected and Eq. {lﬂ-l-]_c:n be approsimated by

- R P A N 1
- . » : *
This celationships shows that, if a = 0, EF{x, A) < O. Thia is the doscem
property of the Tonamental function duting the gradient pliase, .

Becawse of definition (8], the relationship {17) can be ratablished. Sinec
§F{n A in of Ofe) and 8¢{s) is of Of<*), Eq. {17) can be approsimated hy |

Y = f(x, 4) il14)

which sialcs thar the (unctions f(1) and Fix, A] behave Mentically, to firat
arder. "Flis and {113} establish the descent property of the Tunction f{s)
during the pradicut phese, ' . ’

10.4. Descent Preperty of the Algarithim. Finally, we, onaider
prints xand &, ol saisfying che copstiaint (2] "o fiest onder, the differenee
of the valuvd of the function f{v) at these points i given by

SR = fla) = £Maddx + 33} {1y

O acguunt of (103}, the second term on the right-hand sisle of (113) €an be
noglocied with respert 1a the Jirst, Ileace, Eq. [115) becomnes

JUEY = (5} 22 —a b1 x, B L3, A) {16
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Therefore, for « suffciently snall, the restoration slgosithe preserves the ;. 112, Restaration Phase, ,For this phaest, the olgorithm s represented by
desten praperey of 1he gradient ajgorithm. the function f dml:u:u berween 3 Lo G T 1 e Mol e} | - o .
ANy WD SUCcLusive Seataration pliasce, . NP e Co ' ;
' a ' o L : S B .- L S ([
10.5. Coefficient v. In tke present algorithm, ::prﬂﬂ;n] 3;1-];'_: has : I - Ij-. IJ_- : p ;-y-l:-l 1 B ' - S
’ d {or the vocfhcient . The main justification for (B2-3) 1 that n _ oL o o - .
:::gul::: qtzdmic convergenee in the wwrminsd stage of the algarithm, The . -« The sequence of pperntions is 13 follows: {a} st point y, compult the vector
additional justification is that the terms (30) and (105} conlaining y are of Lo . wi¥) and. the matix g,(y); (b) tssuthing & = |, determine the multiplier o
U{-; aind 5{1'] respoctively. A3 1 oonscqueRse, they o not setigusly affert with (11§-1}, the displacement dy with (118-2), snd the varicd poiut & with -
the cnréput;liu; of U.e myltiplicr } and the descemt propeny of the algerithm, o (418.3) (e} i P(R) < P(y), the scabing Tactar % m | D seccptable; it

P(E) > P(y), the previous value of k nvust be replaced by poune smaller -
value in the rnge {29) il e condition F{2} -2 I'{3) is mct; this can be * |
schieved thraugh successive biscorions af A: {d) return to sep (a) and repeat =
the restoration algorithm using 2 a5 the starling point 3 for the wubsequent
Neration; (¢] Lerminale the vestaration algarithin when the siepping condition
. 135) i satisficd; (1) once the resturalion elgurithm is cumpleled, verify the
I

L. Summarcy af the hlgorilhm_

‘The :Illgu;i;.hm presented in Fart 1 eonsist of the eltcrnate iu:lct'ﬁinln
of gradient phases and restoration phases. A summiry of the algerihm jn

fgradic inequahty : o
piven belaw, _ .- S e , . ceLL TWefty o g
. 1 - . L N |. ] 8 . " 1 L E] - R
1L3. Gradient Phase, For this phase, the algorithm is represented by - If Tneq! (119} is satisfied, start the ment pradient phase. If Ineq. (149} ja *.
: : . - . LT violated, retuen {0 the previous’ gradient phasc and reduce the sicpsize a b-
|, A= =l7"(s) v e A i unil, after restotation; Ineq. {119) is satished. i . i : N
B * . - LT T 1 L PR T ' f . e s
Fyz &) -J’.{{} N e . ST IL.3. Starting Conditien. AL the start of the algorithm, no il:ruf Bize ”1__
) - MFERFILE . . Lion pertaming w the previons iE:r:tlunliu pvailaisle; hepee, we et -6;"' [ I
v = E AR ALNELREY (L7 o er y = O, This meaes that the first step is 1 puce pradicn step, Yo
, - 1 L - . .._ ] . at . Y . ) " . 1 - y
p=Eled) +op . ] 1 11.4. Rediarting - Conditidn. The algorihm muat be restarted |
dr = —ap Lo ' ; ' () when the bptimal stepeize a cannol be employed dee 10 vighation of -
. .- ' . ' Ineg. (119 2nd (b} at the end of every AN =0 "¢ or AN = a — F N U
Noy=c + dx v P iteratiany, "I'h-::rnlaﬂing is perfncoicd by sctting § -iD ory o ), -il*: N
The sequence of nperdlions is as fllows: (a) select » nominal point x 'Ud'_‘ I1.5. Stopping Condition. ‘I'he algorithm iy lerminaicd whea Ineq. s
that g{x} = 0; (b} at this point, determine ¢ he vertar f {x) .md the mateix Pl . : {517 is satisbied; ' _ i . R -
(€] compute the wuluplier & with (117-1),.the vecar Fx, 0] with (117-2). ' o L LT
tlie coclicient ¥ with (117-33, and e search d""'ﬂ!u“ p with .“ ) 7-4), ‘.'h'.“ - . ' "
P is kuown fran the previnus nerstion {d} deteenune the vputimial slepsize & . . . . . PART 3 NUMERICAL EXAMPLES .

by 2 ong-cliui osional acarch in which cicher (4 ﬂj[_v} ar ') = Fly. 4
is minimized Aung the search Jircction pi che szacch i frmipated wher

Toorder e dlustrane the theory, several numerical examples gre !J'B'Ftllupl:d
Ineq. (23] is satishied; {¢) compute the displacement dx with (1175 and

vaing 3 Burraughs D-5500 computer and Jeuble-precisian arithmetic, Cun.
econing the grodient phasy, the enc-dimcnsional teareh s perforincd 9o 1

the varied poing g waith [LIT-5).
e ; a . .
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1w rinimize either ¥{a) w fy) or ¥a) = Fy, }) with rapect 10 o plong
the scarch direction. Quasilinearization i3 uecd; the fullowing stepping
gondition jy employed: :

PN 5 107 {120)
eocrcspunding 10 ¢ = 10°% in [25] Cuncorning Ui restorarion phur, lhls:
restoratiun algorithim is employed iteratively wnil the error in Lhe constraint
satisfics the incquality

)« 1072 (1
corrcaponding to &y == 10-Min [13). Finally, the rrquestial gradiext - peeforation
alyorithm i toyminated when the crror in the optinal conditions satizties the
wegualiny :

Qi %) -5 107 S P> 1}

corresponding to 0, == 10" in {31). .

In the [olluwing scctinne, Lwe pionps of nuine ical examples aee
presented: {a) vaamples perlaiung o quadratic luncion amdl lincar constraint
srod () examples pertaining to ponguadratic Tenction amd'or wohineat
constraint, Luth the enlinary pradicnt and the cenjugate gradient veraions
of the alarithan are wsed. "Fhe fullowning wrminclogy it adnpred: N ix the
it ration pumber {each itceation mcludes & peadicnt hiase and 3 reslgration
[‘Ihl!-!!}.. N' i the nnmbicr of pestoration cyvles per Hetation, . 15 the nomber
of werations for comverpence, aud AN 05 the number of erations hetween
BuCCESsIve festarling paints- For :.i.mpl:cit;.:, the semhals cinplayed threuglout
Part 3 are scalar.

12. Examplest Quadratie Function, Lincar Cotistraint

The first group ul cvample duals with funoions of the form (69-1)
subject Ly a cubsLEdint of the forin (R0 2% 10r dlese Tuitiones, the following
propedtics Tuld: (3] no rosturation in necded, it (s, X, = O, (B the sezrch
peeformed by quaslicestization yiclds the optaal value of «in one atep;
fe) the vabue of o coapeted by iiodzing ¥ < fisthe e us tha voisuited
Ly minimizing 0o 85 sl () comvengonee b the misinun steurs iona
miere than o — g iteiations in the conjogate gradicnt versinn of the algeritha.

Example 12,1, We eomsider the problem ui mininizing the funenan

femizd 33 iy b2 {123

U

T ) _;' .
JOTA VOL. 4, NO. 4 1969 N
nubject 19 the conderaitm <=~ - c-o- 0 - o T
c 2+l M —1=0 {124y

N-_:.t!: thatm = 3, ¢ = |, po that & — ¢ = 2, This function ndmits the relative
minimum f = 2t the point defined by "'

=y =, 5= . {125)
The nownlnal point chosen for starting the slgorithm in the puint of eoordinates
x=—k yml, pul {126)

Cum[ttulni hilh-[I‘NI, Converpenee b achicved i M, = 19 fiermtiung with
ﬂlac orlinary gradient version of the algorithm and N, =5 2 itcrations with
the -E-onjugm: gradical venion,  For the latter, Talle 1 shown 1he detailed
LEEMiS.

'L “ L . H
- LR T
4

v ' . .
Table | {4 — ¢ = )
N N, = r : » ' ! 14
o - — 4 ood “1ooad 15000 G xlor -
. M . 03 e Jp@
; a -1 14759 =0, }6EE 0.3 x 0 DM x (¥
0 05000 = 1} 3000 05008 09% x 10-m O x 100

xEnmplt 12.2, We cansider the problen of minimizing tht..: funclion

) Cfmr ey = Sim
subject 1o the conztrainu
¥t r{w+nw—-Imi, LIl IR R W ) {128)

Nutc that u e s’l F= 2,, 16 that m — s Thi . . . '
minimusn f = G at the point defined L. 3. Thiv function sdmits the relavive

T, y=1 32l Wl w=i [II'i]
"'he nowminal paint chorcn for starting the algorithm ivihe point of courdinates

LI yml amo) wwl e =2 {13)
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consisient with {128). Convergence is achieved in N, = 17 iteraions with T L e : )
the ordinary gradivnl versiun of the algorithm and A, = 3 Dierations with H- Examiples: Nonquadhaiic Function sodfor Noplingar

. . b H
the cunjugate gradicne version. lor the latter, Table 2 shows the detsiled Congiraint . ' '
1 - . [ ]
results 'I‘I?e second group of examples deals with general funceions amd l‘!ﬂ:'-‘ﬂl-
Tallefn —g = 3} . . . cu:!srm:_'l.tn.'f.?nmcm'mg the sc2rch, the value of @ computed by nunimsing
b - P dlﬂ':lreﬂt frem tlat compuecd by minimizing ¥ = £ For the
MNoN, ¥ ' v - b o conpugate gradient version, the algorithm in restanied wsery JN itetations,
: Note tha AN = |, corresponds to the ordinary pradicnt version. \ .o
O — ol SDON =300 LOO0 —20000 OB W 1D 0D w1 v N ; L
] ] [ SR TP G&la} 0TAR L0379y 0TE x g0 O o 10 t : . . .
20 LW GIwd DSNMT LGSy OEVY DD > W QB3 I Example L3.I. We consider the problem uf miniwizing the function
YO0 g paeed (REL T (LAUI AT IR LR LU . ! . . . Y
fomle—n 4y —ap (113
Examplz 17,3, We comider the problem of minimizing the function subjcct 10 1he contraint .
Jmls=pt d #1200 0= lw =10 (13D = S R R L T : (13 -
. ' B T ! l' 1
subject Lo the cunstrdints L L. . ' Note that » =1 ), ¢ = |, 10 thal v = g = 2, This function 1dmits 1he relative
VLY 4D, stu—Tum0, y-w=d (t32) - mimimum f <= G st the pelnt defapd by - w0
- a . ' ] b ' L ot . ' -
Note that w = % ¢ = 3, s0that n — 4 = 2. Thia functign admits the reatve . . o xm | yml, ral \ BRI T ¢
minimum f = [ at the poist defined by ol e, The nerd Jl e \ oo 3 o “ :
. 1 o e nominal point chosen [or atiing the alecsithm i - .
sl yml, s}, W=l w= (133 . | : T gon mutla,apmntufrmllm::.iu ..
. . e I T
Tiw porsinal print chasen Tt sarting the alganthm is the peist of coordinaics : : . * ": 15, y==2, w3 | . (130} «
1=}, ¥y, zm 1.."‘* ==1, wae=j ) (134} ) cnn.ii.ﬂtgl with [.']].ﬁ], Table 4 Ihuu_'| N, for scverl ":fhlﬂ of AN and ‘.h‘h . .
] o . . , ¥ = fund ¥ = F The detailed resul periaining 10 AN = 2 and ¥ o F -
consialemt with (132 Cotverpence is achicved in ¥, = 13 iterstions with arc prosenced in Table 5 : ' L
the orditary gradicnt version of the algorichnm: and Y, e 2 lierations with . )
the conjug g pradiont weanan Yor the deer, Table 3 shows the detailed 1 v
paulis ] . Tabledin—qm Y ) .
' Table 3 —4 — 3 ' o :
: . M. M.
Y Na o ¥ n M 1t I [ dy ¥ = f) (¥ =F N
0 = rHmel aMul A L0 GMAM 0AS . IR PR - L C oot T H| Toangs !
1 B T TR TR 1Y N T D (IR S F PR N R TIL R | o oIt - I . h ] 1} |
2 [ "R -0 TR /1 VI BT L [LAKA) U0 m WD QX0 = JpeM : . Ii 13
£ i 1 [} " 9 .ﬂ .
' ' . o . v Mmoo ;
1 1 .,.
L ' .]_ a
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Table Sin —g =2, IN = 3, ¥ = )

N My H 3 H f U

'] - -} aax) 20 2 oo 0l s URE R

| 3 ~0 X LR T 1.1454 013 < Jp 0 < poe
2 5 1.2559 guilld R IEL 0.4l x 1g° Sl o 1@
] 1 1 Tulh 11152 LI (LT O < 10*
L] & 0571 29447 1. b 030 = 10! 013 < I0*
1 2 OHLTH 0 HLST 1 ity w5 gt 034 = 10!
& 4 1.6t 1.611d Guil4 a7t - 19! 0.3 - l0°*
7 T2 [ELST] (e [ EFLT 0.3 % -t By s LD
] 1 191 14azzs a vTey De! . o¢ oIt~ 0"
¥ 1 19518 10217 2y 01v = 10 o s 10"
Ja ? [EETEY] 03054 O} 08 < 10T 0A w10t
1n 1 | Lass [ELiEH [ETITY d1y 10! 04} = 107*
12 1 [0 I8! ) 1 {8 o wgwl G112 < 10-' 014 = 10 "
11 & (WeLh ] | (kiH B uyal oo~ - a6 = 10"

Example 13.2. Wu copsider the probless of winimizing the functicn

P U PR Vo MR N B L b (133
subject 19 the canatrainty
art o pinfe —u) - | = 0, ¥+ =2l (140

Mute that w =a 5, 4 ++ 2, b that w — ¢ =+ X This function admits the rclative
aminiannn f = 0 at o poine detinel by

xm|, ye=l, sl weel], w=lI (141}

The nominal puinl :I:oun. far starting Lhe algorithm is the point of coordinates

smliffl y =T 5o, vel, w=l (4

Talde 6 [u = § wu 1]

M. W

AN RN P TR
b 1] nl
1 1o i\
1 [l 11
4 10 12
3 [ 11

- - ke AT ——

P
kS

JOTA: VOIL. 4, KO, 4, WY - it
Table Vin —goe ) AN = ) W = F) !
N Ny f 4 . ¥ T | L L ! Q
]
0 — AWMl 1M MM PR Clload 901 a 19T Som ow I0*
1% 8MaTl LM LBV oprn QAN DM x IO LTI
I 1000 losel LIIM QT34 Q5121 030 x 19 DM o= I+
}oo} Oc10MI 1phM LOI 0402 JREIY D&k I0Y Dad w IDY
4 1 LDINT O Thupd 10105 0mNE el DM 1D pda ow IR v
1 1 1007} Logta Ikt pynel  QRx) 082 A 104 BIT x M0
L | h.Q0G3 1.00s2 LAWM  Doade] Qudad 018 & 10+ gnul A M
L | B I R T [ TY R TR T L [ RIS H] Bi1h + IO+ GTh w10
L R BT R AT B NTTT R 073 B TR K VRN IR AT T
AL R R R F it B K TT- B VLT R BT B R L R SR
[ I 1T ook (000 9EE1 Joaxs  GX < 10" Gy e Jd
1] 1 100 100 JoDDO Qs M oW IR gel e

1g =

consistent with {1400 Table & shows &, Jor siveral values uf d& wnd Lol
W fand W = FOVlhe detailed resudts pertaining to JA& == 3 and ¥ =v §
are pruunud in Table 7. .

Example HJ. We :um.dcr 1h¢ peoblem n[ mmlmmng the funmun

Ve Pt a4 (- U S U (+4))

tubjecl o the éonstuiuu
l-"l‘}"‘i‘"-!-nr 1!.__:'-+-"‘-—|I,-°' i =] ““1

Note that w = 5,5 = 3, se1hst o — ¢ = 2. This function adinite the relative

.. .minimutn f = Gat the paint defincd by -

sml, poel, 3=t uml, wel (145)
The nutninad puint chosen for starting the sgorichm is the paint of coordinates

. o #md o ymyl =], wmla 2, w=) (1456}
consistent with (1) Talide B shaws A, for sevcral values of AN and Yoth

Yo fatd W om F The detailed results pcrumlng la AN = 2 and W= F
are presented in Table 9,
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Tible §{n — 4 = 1)

’ Ni Hl!
aN T W e f} (¥ =F '
1
Ry R L :
1 m 1 I "y
) [} o L
4 I 1z .t
e
Table 9 (v — g = 2.4Y = L,'F =F)
Ny x ¥ x v - | R * B
O = 20X k4] — s 0.5%3T g Ul x 00t Qi =
1 4 LwHD LR3I —00ad —DMEr 081 00w 048 m 10
T4 I&M 111 03481 =071} aqon? 0D o I 037 o 10w
] PR I+ D R B 1.097% 1440 Qwldé 030 « I B2« 1
4 4 ' DUWEY 03K [ETLL LIAET 137 O e 10k 0w I
5 1 DEMI dwild LOTIY Liw? (et Qw0 023 W 10t
] O TS R O T I I 1 P T a9N74 Q06 021w I0TY DIE w 10°Y
El 2 gy 1 Ry w2l w3 Owwz DMeom 100 0006 - 10
[ 2 1007 0%vre LRL 0kl Gwisl 012 = 8 ] aeg a1yt
4 1 1A b0t GehS QFEl Oyt OBD w 1O* T D09 x D¢
[[1] 1 Q4iEr el LR My T LNE 070 s 1R I e 0
110 Dwwd R 1 (rmd Poa O 02D s WO g2 ow g
14. Ditcvssion and Conclusions 5 Y

T the presinus rotions, 2 sequeniial alperitun is developed for nini-

miring 2 function fix) sabject W the cunsiraing {2} = 0. 'The algoerithm i

catnpased = the shgrnate suceessinn of proadient phases :u_m ru}arafiun ph:.i_u,
For the geadicnt phase, 1na versiune are presented, one in nhldr:'n ::nlnrlnal!un
agealy paint.s i uzed fordinary pradiort seriong and onin which |r:1'-.|rn1:l.lmn
at both prant: v el & s nsed (oetipamie praswst version), Far the restoiatinn
phase, 1he voitarian elupluyed is thal of e Jeast-square change of the
courdinatss. ,

While the ordifary gradicnt sersion of the alporithm eshibily only
:s}'.lhp'luiic crnyergenae, the conguads gradwn version r\ff'lh'l.ti U.llhl._l-ﬂlﬂ
cofserpuing this nwaln that, fur @ spiadr it function sulject tr a hrm':Lr
coasrrait, the oindneemn pennt i sliained nooe nae than # — g keralsmns,

I eaehier b i lustiale i Uieory, sorcfal e nical n.lm.r-h:s are pl:.ﬂt‘l.tl.‘d.
Tle fast three cvamples are Cotnerned with a quadetic Tuecliva subject o 2
Eorar wibobriaing: the canputer fesuits Codien the guadratic convergence
prupertivs f e conjupate gradient veesion ol the algoritli, Ty neat ”'TU.L'

U+ Astiongutics fepart Mo. 45, 1989, 3 '
4 Ml AL Hosoias, ) G and Basovkaes, ). N, The Reraration af Conrtroiars
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examples see concerned with general Fonctions subject to gencral constrsines:
the computer reaulis show the rapidly convergent properiics of e conjugaie
gradient version of the.algoriihm and its superiarity with reypect 1o Uhe
ordinary gradicat verslon, - .

In the theury av well as in the examples, the Function ¥ia) = f{x) or
the functing F{a) = F(y, 1) is mirkmized along the scarch dircction, Tlowgvyr,
the ofcurtenct of cames where W(n) docs not prsess a relative winimuin ja
conceivahle. For these eases, an apper Bmit mast by imposed on the sepsive
or the perfarmunes wsles P(y), )

In the numenical exampks, the staring point was chosen 30 1hat
w{x) = 0. Tlawever, the present slgenthims can be sancd cven if ¢fa) A 0.
In this case, the fest phase in o restarstion phase rather than a gradiem

* phase,
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" On the Method of Multipliers
for Mathematical Programming Problems!

A Miece? I E. Mosreev? & V. Lovw ) axo G ML Couuivst

_ Abstract. In this paper, ihe anperical sohitisn ol ke hasie
problem of ipathematicol \progrunmiing is camsitlercd, "Tlhis s the
prablem of mininizing a Fepction f{1) subjoct fo o condtraint
wixd = 0. Tlere, £ s aoscalar, & 9 an y-vevtar, .md R uuur,
with ¢ -2 a, -

The approach employed i Dased on the itpalictian a[ ﬂ'lt:
aupmented penalty functiom 117070 A) == 1) §-A7pa) 8 a4 (03
Here, thic g-vector A is an approvimation In the Lapgringe maltiplicr,
and the scalar & =+ 0 the penally constant,

Previously, the avgmental poaly ooetion 1y, 3 &) o
wsed by Tlestines T his ot ul'lmlll.lphus L [etetiea’ vers i,
the methnd of multiphives involvesaeyeles, inovach ol which the
maltiplicr and the penabty constant ase held copsant. After 1he
minittm nf e augimened peoally Danction is aydiveod inaoy gisen
eycle, the mubiplicr X is updawd, while the pepaliv conetant &
hehd unchunged.

P i papeer, oo mwaditications of thesinctlual of natiplive: e,
presemted noewder to improve i e cipenee Garacterisios, e
peesecd caergenee isacdieved Ly (i) dncreaning -t vdaiiog
Gregueney so ek the samber of dwerations e orche B slugbond
e AN s | G e ondinary -grskient algooben amd the oabied-
l‘.illal*i"l‘lr.‘lri:m:ﬁﬂ'l alpoaitby ad X - a fog the conpepean poadae ot
algorit b, (ie) imbed Jing lestenes” wpedating rule tor the maliiplior 3

e e e .
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7m0 a nnc-paramcter Gamily wnd duermining the scalar parameter B
s than the crror $0onhe optimmn enndition s minimized, and {iii)
"o updzting the penalty constant & sa ay cause s desirable offeet
" inhe ordinary-pradicnt algorithm, the conjugate-gradient algorithim,
-1 amd the medhlicd-ge slinearizaion algenthm, Fae the sake of

ce 7 pdentitostion, Mestenas! menlnd of mbtiplivis 1a called Method -

ML the madiication incuding (i il {idis calbed Meland RENL2,
anl the il st incading O, G, Gii) is clled Methis) RIS,
©r 0 Bvalastion of the theory is acopuplished witl seven aemcrieal ™'
“examnpdes. The st cxample pertains w a qoadratic iunction subject
W iiar conslnunts,. The romaining ciamples portdin e non-
e qu:-l'ﬂt.c funeiims ~.|.:|.l'lju.'t e omnlinear cnnstraings, Facl, oaample
- sawhied with b ardinary-geadivnt alpoith, the vonjugate-pradient

algorthun, and e menlified-guasilincarizgiom algorithyn, which

it are ciployed iy vonjunction witli Metlods M1, 332, ad” e

"RM-L
The nuamericad et show that (1) for given penalty constant &,
* Mehnd MM sonceally exhibits Gster converpepee thag Melhod
COALMED, (B) i Lol Metlids MALLE ad P2, e e of
osatinas for v e B12s 0 minimum with respect t g, and {c}
the LumdeT of ST for consergonce of Ml 3323 §s close -
o, to the misimin with rogues we & of the naniber of iterioas for
] *-1.:_ oonee reies Gl Molead MM-20 In his bight, Methwid JA-3 lias
. vory o srabde oo terisrin, -

f, Intraduction

" F

Ouer thie past seveal years, eonsideralde wark hus becn doeoe on the
numericl salation of e cousirmined miiization probicm, ‘hia is
the problom ol wdwitsing o funclion fa) subject to a rodstraint
gix) = 0. Dhers, fina uhr A 0% an H=yctur, and . is q-\ru.l.llr with
g < n
The menhieads ..-m]lln}fd are potberally based oo e of twa basie

ideas, Qe approwch cleures constiaint satisfaglion, at least ta hirst
urder, ab the ol o) woniz iteration (o, Tor exinmple, Refs, 1300 The other
appraazh dopemds ophe costirction o segquence of speeial functivas
ilil\'iﬂ]_:. i the lisdn, 20 smconsrrained wininm At coineident winh
the salutiony e the weipinal constiaited e ion probbce, With
cegard 1o she batter appraach, the stusdund penalty lenction inethod (see,
for cvanaple, Wets d-6y ol J:IL‘\U..IH."& methad ol maltipliers {lhf 1
musl b enticnd, .

. :.nlulmn Mmiugst sqtml’y the relations

« JOTA: VU 10, NO. |, |m-' . .

" As 'lhc numcncnl :xpcnmcnt: of Refs, 8-9 mdw:ll.- the ticthod of
mulhplncr; gcn;nlln cxhibits [aster convergence than thr: stand.and
penalty fynction rnnlhnd Crucial to the method of n'.nlup'mn 13 the
manmr in which 1he muluphur Ais estimated and the P‘-‘.II.'I.II.]I' constany &
is updaud at the hcglmnng of cach :)rrk- These key questions are ¢on-
mdcrfrril |n"lh|9. 1}hpl:r. whase uhjective ja'to Ln!.lrgv the investipution of
Ref, 10 and o develep teehniques for improsing the cony ergence
characteristics of the method of multiphiers. The resulting lgarithm s
alled- madrf rcf mfrhud uf multipliers.

E far 4 | . ' ‘- !

2. Sihterhent of the Prnblem T (R

We Eunmdt‘r the prnbh.rn uf mlmmmng the {un:tmn

S R 7" R el SR
Iubjl.'{‘l to'thf: constraint « g
W 4: r-| _‘qlt - .:. || 1, . P v L . I.-i. ]
L -._'. o plx) = 0. S U * I

In the |buve tqumum.j ia & gealar, & is 2n m-vector, and # ln 1 g-vetor,
with g <2 n. bere, all wictors are column vectors, 1t is fssumed that the
first and second pattial derivalives of the Eunclmn:j ancl g exist and are
continuous and that the consteained mininium uxists.

t
2.1. First-Order Conditions, -The previgus problem can he
recast as that of muhimizing the aupmented function

F{s, 3) =« f{s} -+ M) : .M

subjert to the consLraing (23 "Uhe g-vectar A s the I.-.lg: angge niltiplier;
and the superseript 1 depotes the tranapase of 4 nratris,
From thenry of maxima and minima, it is kaown that the optinal

L) E a0, (4)

uhlrh are a sy sl of or -} # vquatinns in v and A, The subscript v cenotes
the gradicnn ol a function: in this case, £, aml F, ae wasceeon, il 0, i
AH N b dutiaed bt o sy thal i lt|| cularn s lln' L:.u!ulil
af the gth sealar compunent af 4 with respuet ta s, .

A o5 0, Fln )

2.2 J'"a|l|n‘UximﬂlE Suluigns, In gu;m.-l.lll the syalimg Hj

T La. "

LI N T
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nonlinear; eanscguently, approsimate wethods must be conployed. Here,
we intruduee the sealar performunce indexes

DR - @) PG A) s FAr DA AL (s)

which measure the errers i the constraint and the aptininn conditiog,
respectively, A the sulution point, # -2 0 and == 0, while P> 0
and‘nr (3 _- 0 for sany approsimatian of the solution. When sppraximate
mcthads are ecmpleyed, they mest uliimarely Jead te values of &, A such
that

' : Pla) “Tep £ANA} Ty I_ (6)
Alrernaas oy, (6) can be replaced by ,. 3 '
KOG ey, (7
"where
Rix d) -w Moy § () {8]

denutes 1he cumulative veror in the venstraint and the optimum condi-
tion. tHere, €, o5, o, arc siall, proselected numbers, Note that satis-
factinn of Tneg. (7} lnplies satistaction of Tneqs. (6) if one chooses

£ =7 € .

3. Neview of Penalty Function Methods

The penaliy Tupction muohml s bused on the construction of a
sequunue of speuial fonctions having, in the limit, an unconstrained
mapin paint comcident with e aolutivas of the arigimal constrained
minirmiaatinn pralden, Ino this section, tun sprsions of e penalty
function ncthod are reocwed: £ the standard penitty foovtion method
aral Lii) dic incthial of muluplicrs, Moo (1) s asad on the standand
penadiy tunection () and Mothod (1) 1= Basod on the aupmented penaly
functinn [22).

1. standard Penalty Function Meled.  This aethnd s
bascd on the considoranon of the standard penalty function

FOD EEf)e0) )

Fhis v obibinal by awddieg wothe Tanetion f(x) 0 term quadiatic in the
comstraint « {1}, k 3 - 0 being the penalty constant,
Vhe problean of iniciomng the fuocuen {1} subject 16 the cen-

v, kY-

"
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straint (2} is replaced, by o sequence of uncobstrained minimizaion’

problems. In each clement of 1he sequence or exele, one ininisiizes the
function {9} with respect to x dor given b ‘Thercfore, theoretically
speaking, the Jollowing necessary condition must be satisfied at the cnd
of cuch eycle:

'
¢

Ui, &) s filv) F el (8] =00 (10

<l
E

[l the penaliy constant & is arbitrary, the vecior & which salishics,

LEq. (10) is such that g{x) <4 0, Lowever, if one delings e Lugr-.lnpn:_f

multiplicr to be

r

R TR . (.

Eq. {10} reduces to
Fiiv &) nlf:{ v} -k pdxdd = e {l-‘]

meaning I|'I:l[ the combination of x and A thus uhtnlllul satishus n;ully
the aptimuimn condition. -

In order 1o alstain consiraint sntlafnctlun. tnchanIv larged '.nlm'-:
of the penaliy constant must be emploayed in suecessive oycles of the

!

slawlard penalty Tuncticn incthad. In this conncetion, ol &) denote the

penally constant ul the present eyete aml &y denote 1he ]n:u.ﬂt;,r vonslant
of the nest cyde, with &y = &, . Becanse of the jump in &, the stundard
pendly Tunction incteases by the ainetinl

i

L, Ry) o LU, ) Gy = ) P(), (13 .

and the narm uf the gradicnt af the standard pemalty function takes the
vilued :
U, T, k) U (v, &) 5

S — REPRIEGY, - {19)
where ' . ) ’
- T e P e 30 e e). SRTE

I'he pusitiveness af the nght-hand side of L. i;’l_'i} in the key to the
techagism an sehich the standard penalty Tusetion imctlol g based.
Aher a suthaient number of cycley, 1the cimsinant vrror can he
madde as small as desired providing the penalty conskna las becaae
sufliciently Larpes Thesredeally speaking, e comlditinm gfa) =8 s
desived at comvorpgenee; cmsegquently, e multiphier 3 adined by By,
(11) v be wdentival with oy mulniplice satisfying Lys. £1), which is

VY M b A0 R 0.

E]
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. ) 1
generally acnzere, anly if & -~ 22, in a practical digital computer, this
means thar very blirge viloes of & arg needed at eynvergence,

o . . . . . o
- Nuwmierieal hplewcentation.  Fram the above censiderations; the

- function

followiny outhine of tine standard penalty nlmlmn miwihod emerges.

{a) The erigmal constrained minimization pmblq:m is r:p!accd

"a h]r d soruvence ol uncenstrained minnmizanon pruhlf_mh.

(L) In cach clemcot of the suquency ar cycle, the standard pcnﬁlt}r

I 1T Y T {16)

T s mininized witle respeet toox Tor given &, The minimum ef D{a, &} ia

1

~achicvidd when the fullowing stopping condition is satisficd:
T ) g, B ey (Y}

where ¢, i% o snall, |uuﬁt"lcctl:d ey,
. . . - . 1 .
{c}  The sobution paint of any piven cycle 1s clusen as the starting
p-uint al the nest vvele ol the seuidarsd penaliy function method,
() For the pest oyele, a higler value af the penalty constant is
¢ selectod, ane cliedce Iwing

fguimby, (18)

where = Lo 1 is the penaliy comstant ratio.
{¢]  Muwr wpudaiing the penadty constant, one retorns to {0y and
conlittias ehittivaiy. ;
(6 Ve abprorithan s tenminaiod when the Tollowing stopping
conditicn 4 satisiod:
plhgle) 8 A AL b)Y e (i)

- =
where ¢ & simall, jusseleeted number.

Mevwark, AU canergenee ol 4 cycle, e r.hnpping condition (17}
cars Do winen a-

- R T {20

where & siven by Y O Anadogoasly, at converpenee of lhl.: alpo-
githan, tie uu|1|r|m.:1-rm1|t1un (149 howones

Eiva) e PUN) - £ofx, ) v D0, {2n

where &< ven boe o (LT

e Ll

32 “tll]md of Multiplicrs. ‘Fhis mcthnd is based on the

_conaideratinn of the :mgmcntcd prenalty functinn

“’(*-A. kY s fla) 4+ Mg () -+ ke'{a) 9 (v). (22

This is nhtaintd by adding to the penalty function- Ly, k] a erm lincar
in the constraint q(%), the g-vector A being an approvimation to the
[ AETARL mulnplicr, T’ he use of this function wies siegested by $lestenes
{lh[ 7} in wrder Ltru:mum the nmenical ditheallics issuciaed with
th: L*y.ln_n'u._l_'r | FTSLI valiics of the |'u:ll.l|l.} constant requited by the stan-
dard penalty function nwihed.

Vhe prllllhlu ol nipnoziog the Tunctian (1) zubjeet 1o the cose

- FOTA: YOI 10, NIL 1, 1932 L 1

m:ram[ {2] i rvpl.u.ru.l h} a soynence nf vneatstrnacd minjmizalion |

problems, In vach clement of the s;qmm.n. or cycle, one mitimizes the
funcrion {22) with respect ta v fur given A and & Pherelore, teoreticadly
uin.Jhnsh, the Dllowing neeessary condition must be satished 1t the ol

of vach cycle: . .

g 1 _-J,: 4 . - ;
W (v, 4 &) =2 f00) b qa{ad A 4 2ig (v} q{x}+- 1 (21

am.I s rqunuh:ru to o . ! - .
AR L0 1 B w) <0 ()]

lt‘tim._c punalllj.r constant kand the multiplivr A are urbl!mr]r. lhe vector
x which satishics En. (24) in such that g (+) 4 0. [lowever, by means ol a

preper updmng rule, o pew Lageange waltipher ¢an b fonnd such ™

that the optimum condition is satished oxactly. T this - conm-ction, et
A, densg the Lagringe multiplice of the presom oycle and Ay denoge 1
Lngr.-mg:: muliplicr 00 the sext eyele, [FA is chosen o be

PR T - (35)
I, (24) reduces 1o

Fofu, dgd = f40) R a(v) 3 =0 4 . (26)

’ , .
meaning that the combioainn aof xamdl b thus obtained satistics exactly
the spinmiay camlition, .

At the vad of any given LJ,[I.., whenever the value of the Lagrange
11ll-l|llj'll|il-r o changed Yrom A, I Ay the auginented gooaalty function
increases by the aoun

il"{-,ﬂ., Ky — I, Ay, A == .'!J'..“[u.}. ' (2N
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and the poerm of Ilu. gradicnt of v augsnented penalty funcrion takes
the valud? , -

M, B IV, (5, 0y &) =5 BO1003) PA), (28)

where P(v) amd 7,0} are given by Eqs. (15). The pusitiveness of the
right=ham! side of Eq. {27} is the key o 1he mechanisn on which the
nwcthod ol multiphiers s bascd, :

The aatention of the reader i called on the esseusial gimilarity
boetween Bz, (13) and (27)0 1o the standand penalty functl,nﬂ methud,
the dnive waand conseraing satisfaction is supphicd by incegasing the
penaliy conzint drom cycke tooevdde Tu the method of multipliers, the
deive tusard constraint satisfaction is supplicd by changing the imultiplicr
from cyule te cyche in accordance with Lig. (25).

While rhe stamiband prn:ﬂl}' funcrien et lwal roguires rxtrmncl}r
[ill'i;!.: valuen of the 1‘|-1;|||;1|t[t;r caunsbint At Unihoerpe e, this iz net the case
with tlic mwcthod ot moliplices, Fa the Littee anethod, convergence ean
be achivved even with snederare salues of the ponalty constant,

Nipmeriza! Fmplewmentation., From the above ennsiderationa, the
follawing ronline i the oretod eof moltphices {(3lethud 38 =1Y cinergea.

o} Phe origioal construnel nominization: problem s replaced
by a scquence of vaconstrained winimizaion problens,

{1 Ju vach l.ll.llll.l‘l-l of the stipuence o opvle, the augimentod
pepalty functun

- L e (VI AP G I B EY T A B (29)

is minimized with respeet o & for given & anld & The miniinum of
iy, &, 4 b achieved wlon the fulluwiog stapping condition is satisficd:

. [T W AN TN T I TR (30)

where o, 13 2 sntll, preselected gumber,
f<) Ul solorion point of any given eycle is vhosen as the lt:rtmg
peant of the neat oyele of the ncthoad of mulipliees,
« (Y Forthe nest eycle, the woltiplioe owpudatad accoesding 1o the
stinphe rule
Ao A1 Myl N

T Mule e ”I-,I:l' AL} . '

1
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{v) After updalmg the multiplier, one returns to (h) and continues
iterativéty.
(N The algorithm is t:rmmntl.tl when the l't}llumng ttul['lpmg
condilion is satished: :

G x1gLe) o+ 1T A k) I, A K <55 g s ' {3:]

where ¢, i 2 small, presclected number. )
- {g) ‘f'o start the algorithin somc assumption conevining the multi-
plier is necessary, “T'he simplest assumprion is ’

Aes) - (33}

and is equivalint to suhn[; 1|11t the sugmented pepaliy I'nm:tm:l (29) .mul
the standaril penaliy functien (L6) ar |drnt|cil lor the lirst eycle of the

algorithw,
femark, At convergenee of o c;ulu, Ihu s.tuppmg camlition ()
can be writien as . -

O, 2) € 4, ' Ty

where A, is given by g (31) Al1.||uLuuq[]r, al consergency uf the
algotithm, the stopping cendition {12} becormes - .

Rix. M) == P F O A) < oy (9

where A, is piven by Iy {31).

4. Modifications of the Method of Multiplicra

The method of multiplicrs described in Scetion 3 has one dew.
back: a sequence af unconstezined miniomization problems must be -
sulved, vach pussibly requiring a ladge number of ierations 0V, Can-
sequently, the otal number of itcrations Tor convergenee ¥, - ZLY)
may hecame excessive fior practical applicaions.

In uriler W accelerare vomverpenee, we eapdoge here severad meddis
feations of e netbaad of mdoplices, These naalineations ape olitaingd
By (i) shooening the leegth of 2 cyele, (Y improving the cstimone ol the
minltiphive, amd (i} sclectiog the penalty constant in an appropriae

lasbiom.

- Updating Fregueney. far oo epde be defingd a3 any
sejuviee of werations inowhich the mnltptice A s the penalty vonstane
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k ase hld anchangul, while the veetor x is viewed as unconstrained, Let
AN denoie Lthe numer of iterations in a eycle, r.,gnr:llcss of whether
complele converEenee or ln:ralnpluu canvergence s achieved,
Lo sharten the excle, we assign a priori the value of 4N, Preciscly,
we choese N us the fmelfest number of iterations compatible with the

characieristics of the particular algorithm being cnnsldu.rc:d Therefore,

-

for the erdinary-geadivnt algorithun and thn mml.ﬁ.,-.l qunsuhnc:nza:mn
" algorithin and
AN e n _ (37}

- for the comjugste-grnticnt .nll,urithm Therefore, the stapping condi-
tron (30) Lo o cyvle is bypassedd and s re pliced h:,r {36} for the ordinary-
gradicnt alzorithar and the madificd-quasilinearization algorithm and
by {37} for the conjiuate-graient algoricha,

. 4.2. Multiplier Estimate. Now, we assume that the eycle
- lenagh AN s detined by Ba. (36) for the enlivary-prinficol algerithin
and the nadificd-quasilimerization algirithn and by Lq. (37} for the
. gonjuste-pradientalmcitho Then, we inquite shout ways in which the
multipler & can b caaimated.

. Froof Estimals, W assane that Tlestenes' wpedating rale (31) is
employed ab whe enal of any vyele of AN lerunons, We aote that the
updated crrarin the optinman condition can b Lirper or smaller than the
cerrar priae oo napdabing. Shee aninvrease in the eerar Ofx, A is oot
desirable, the muoligticr X miplo be chosen as fojlows:

LI VPP R ¢ A 1 8

o (38)

T A [ ¢ L AN

B
where ABs peven by
Moo 3 s, . (39)

Mroend Fadtendte. The provioas  citiale can by |1n|1ruw.d il
Hestenes' nndatig rule {jlj 15 rencunced and s repliced with the more
generadd vl wing rale .

Ay ey (51 (40)

[

wlere 2 ealar parainerer, Vhis pacangier sy be determined sooan

n ;‘n‘mlm:c. STHTIA" n|‘-:|'.l.|um cilect,

ANm 1 (36)

. . -
_JOTA: YOL. 10, NO. 1, L7 {3

For given values of x and A, . a'change in 8 causes a change in the
updated multiplier Ay . Cﬂn:Lqumlly, the updated vrro in the aptimnm
conditien | , & \ . : ] .

'.“”"‘ ' QE-‘ ” = F,1(x, :)Flfu’l] - B )

changes. T hc upumum valur of 8 is that which gives O{x, A} the smallest
value for given,x and A, . After combining (40)-(41), we abtain the rela-

tions
mﬂiuﬂk=ﬁlhAﬂ+ﬂPJﬂVUﬁhl}+ﬂPJﬂL |
{,'-'gl:\ Ay By = 2L [E (4] 4 PO N S
Ok, &y A = 20,70 P - L .

I | L ' " ’ ‘
the ﬁ#(:ﬂnglquf_u-h_lcll vanislies for

. = = PADELANPID P CE

" I-

FP,(x} docn not vanish,

The mvthnd of multipliers with cyele stopping condition [jﬂ}
rupinccd h}r {16) ar {37) und with nrsliplive updatiog rule (31) rr..plu,ul
by {40) and (43) 3 called madilicd method of mnltiplicrs nr Method
8 M =2, For this wmethud, the following comments are pertinent,

[1] 1":|u:1t|nns [1[]} and (43 tinply that

Il'u: value of ﬂ mml:mzn Ofx, A, .ﬂ], since Q,u{t .\‘ A =N pmndnl g

o o P P, dy) e O )

‘Therefare, the npmnum valuc of the parameter # is such that the pradicnt
of the constraint error and the gradicnt of the wpilated angmented fune-’
tion are mithngonal,’ .

[:!] "I'he relation betwern the '|'IIL5LI'II upslsting rule aml lluh:ms
updatiog rule can be obtained as fulluws, Let the giadiont of the aug-
mented penalty funclion prior o upclating be reweitten as

P e, Ay Y = Fi{n A) o A1), (45)

i
Then, mnﬂmung {43} and {45) yichls the ﬂ:hlmn
ﬁ"k—PW1W$1“HTWIPHI | (46)
whicti shows 1thar .
\ 8 4, s . 47

v

L

B e
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preidin " ultiplier A camipatible with any given fposition secter & (Hef, 1)
. : . luwever, its wae requires te salution of & system ol ¢ lincar coyuations

) A P TR I R I w0 h A o ) : .
Ay 4 W LT N A R0 (a8} . in g nnknotens, 'Fhis Iwing the casy, the decision on whethiet e use {40)
Cleasly, the present uplating rule and [estenes” -updating rale are aml :{4]]dur [?I]-sl:m!hi e made on the basis of the particnlar algarithun

crpluyed.

tdenticd i applivd at complere vtnvelgenee, that is, ata point where

Ineg. (38 is satisiiel, (i) Tor the nrdivary-gradient algorithm aml the conjogates

(i) Eoguarioons {107 aud (433 are -t be cmployed an che beginning Hri"'.":m ."I“"r"hmt' IFl“. lII"-i'll.h.'l:'llll.‘lTl] setor I;h' |-4_t'n|||_-1mh:;l “'Iﬂ"';';
of cach {'}'L!L‘ of A3 Neratmrs, aladipg the st rj';_-lL'. (FITY vier, for ;\u ”"i‘i.l “? :IL::J” III.L'”,‘UIH;I".”:T thll;.l. the ettt ol 4 shods
the st eyele, Ay s o détined, *Pliy buing the vase, an assumiption is W atkade with (40}l {13 catlier thas {51).

nocessary, and the simples dxIupLinn is {iv) Tor the miklificd-puasilineanizaaon algorishn, the displite-

menl dvis conuputed by solvisg o system ol o linear squations io s
A N {49} ko s, Hlenee, it s optional o estmane 3o with (0] and (4] o {31).
] In the seiquel, the estipgate given by (403 and {435 is cmplisved,
() - Whenoser (409 amd (43} are vl ed, the algorithin shunid

b startal at a puint where g (4} 24 1), " 4.3 Penalty Constant Estimate.  Now, the Qo cton risis

ti whether twe ity vonstant ean be selected inosael b manner a%

Fhivd Extimute. Inothe picsinns section., the Larrange multiphicr . ' - .
TR ' : ' ugrange multplic improve the wonveizence chareristics of Metha! MA-2 In 1his
wos enliated witliin the Traoe ol gy te-paraincter Lasily (40}, An . ! T . ) .
e | T vstitnate van be sl . . Coe e section, taao dochnsgpues are prescned lor updating the pemally vanspi
it Tntber cstiiiate van be abianed by comaving this liaittion amd : : i ; ;
iz the peefinance indes Gfy, 3) with respect o the g-vectar A at the el wl i eyde, o snitable Tor the ordieag eradient ahoriha)
for given v Ay ob crvine that T PPt f e govectar . ad one snitable tor dhe ganjoeste-gradivnt alperithon ad the puditod -
" apaasilincasization abrorithon, Moetltod MAL-2 with L=, (30) amd {12}
vy [ (Al (L)1 pty) Al compleled by aochiion wpdating the penally CRnsng i~ valled Methml
. . . . " . Mal-3. - '
008 0000 | ], {30} . . . _ . ) ) }
Gte st et ' Ordteary=Claindiong  Nhorithe. When this alpmithom ix Liployed,
Jolv Al 2 00 ), . the multipli e updatiog oale (10) snd (43 indoces an i esting
we sew 1hat 1 e muliohier i - . . cluracteriste: acdeseent property-in the constaint enor Piv). Ihia
! Ay ' A% | ' T 1% . ' r o] T oy . i . ' 4 .
M s el The aplincd mudupber is detined by the relation . » characteristiv is iilized in this section 16 establish an oplatiog rale Tor
w0 s ) £ (8] - D, {51 the peahy cnnstant. o o L L
Wihile -the onlinary-gradiont afgocithio s describad in Jerdil jn
cwhich ix o susten ol g saalar Lguatinns i the ¢ cnnponents gf the Seution 5'_ v mete |1L-rul|||:||: the displacentent Iy hihlmu i I.hr
bl piinas tecthe vaned point S produces oo hanee io0the s aine

rsbiplive & Tl solution of £503 miningees 0, since e i {50-)

- . . iy . . N ] 1" Tre Te x- - T, r
is pasitiee detinite, “Phe Tollis iz commonls ar petlinent. Croor 1‘1{1} Potiest ondder, this chagge i given iy

G} Ou prowuliplivation by g0, (313 leuds 1 ' BP0 P {51}
where a iﬁ'I|II.‘IHLP:~'~imc,.;Im| i the penaliy constanl. Iherclore,

R AT R L I 1 (51 ; .
. S8{a) <2 0, since w T 0 and A =00 Phis resull puatandees Ui

Therclore, the aptinme value al gl midtiplicr A ds osuch that el , .
gradicut of the coostrant coroe el the eradient oF the smalire | we . JHEN L= gy .
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stant, we select & on such o way thay, en the averape, the constraints are

satisficd to tirst arder. Thereby, we deermine & lrom the relation

P = = 24N, ' (%)

Comparing (53} and {55), we sce thar the upprapriate value of the p:':nlﬁ]r
canstant should be

ks= 2000, T PG - (58

Since ot the nmnerator amed the denonmnoator of Lhe right-hand side of

Eq. (56} vortain viuid poawers of wlx), the penully constant & varics
slowly alang e aiacrithm and is finiee ar convergener. For the particular
case nf a single sl cunstraint (g — 1), Ty, (50) reduoces to

k== 12,700 put), . (57)

where y{x) i~ nrew an a=vector,

Confugate-Coadiont Algaritho and Modified-Onarilinearization Alpo-
rithm. Pl penalty comstant L'hlilu.llu.'_ developed for the nrdilur}'-
gr:-.!iunl algarithan as Jased o the descent penperty (33 and the descent

- requirennent (555 10 prodoees o stowly varying penalty caustant (50),

v

which = Himie at cusivereener,

For the canpogac-pinhiont alygocicha and the inadifcd -quasilineas -
teatien algonitivn, the Penalty constant {Sa)is not desirahile far dae Teasony
indicuted bl Concider a quandrasic function # (v} and a linear con-

straint ¢ £vj. Rumardloss ot the valoe of £, i auginented penalty function

Wi, & &) 2 guaddoe i x, Theoroically speaking, the npthimaliry
comlitingy (347 1n =ctenal evaeily alter o iterations o e conjogat-
gradicud abzorithig and alicr o woadon of the nualiticd suasilinesriza-
tion alweaitdong e, the themenical o valne of 1he penalty
cotent il sloubd D & - or ) o hat i poaramiees simultanceous salis-
faction wf she voltrmnt vguation {6 -0 a1 the ol of a eycle. Ina
practical digital vosaputes, thie pesull scans that Loge values of the
prenaity vonsbazd ~Tioaahd e conphivped 6o Lt comvenmenee s desired.

I tiie Tuneiion fovy is soninideatic awdor the canstroane ¢ (k) 18
noplinear, tie 3o §en dming is approsdmatedy tioe near the solution
of the cunstrsiicd wnnimzeation proalden, Phis leads to the caneept of
progracaning & ~ooae toachiov e modenate valies Laroaway T the
solutinn el faree vaiioes noee the” sodotien, even thogpeh diese Targe
vahues 2o Rl s oo s theee eodod witle the ~tadard peoaly function
muthe! )

= Pl N T T T
e
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) I’uﬁ:hh‘. choices of 1he' penalty " conslant saisfying the ubwme
property are the following: . R

L k= I (9)-

or L ' ) ' o
T e k= VindD ) I MRS P (59)

' Al LY ' : - '
1§ Eq. {$8) is emplayed, the order of magnitnde of the lincat teei arul the
quadratic wem appeanng io the angmented penally fonction i the same.
IF Lq. (59} is omployed, the order of magnitude ol the _':r.ill.t!:l.'nt .uf the
lincar teem and the goadient of the gquadratic tenn appearing in the
augniented penalty function is the samed .

AT the convergence eequircments an Lhe constiaint ureor i and
the errar in the aptimum conditivny £{x, A} are the saime, 1% night be
desieahle to rednce 2} aal Ofv, A} at approvinutely _lhc s rate,
With this idea in mind, we propase e following |||':ml;{llt1g rube for Lhe

penalty fonstant: . - .
v 7 s 4 1 -4 o - .

D hpe minghe Ry HE PR O
' it P T 00. ),

4

Co {10}
by e= sk, , i)

where 1-;“,:_; I, %y i given by (58) or {59}, hy s Lhe g n;lli_'..' L‘Ullr-i.ul! |!rinr
to updating, and k; is the puenalty constant alier updating, Obviously,

(60-1) prevents anincrease ol 1he penstly constanl e ennstesvint errore

is rebatively small, Conierely, (00 -2) prevents @ dierease of tiw penally
constant if the vanstraint error is relatively farge.

Eapatian (0] s tn be cinployad at the fpiuning ol I.':ll.'!l eyche af
AN iteratiiing, including the first oyde. Tlowever, I'ulr the hirse cyle,
Ey is not detined, Vs beingg the case, an assminipiivn i neee=siry, and
the simpleat assumption is

4

Tyrehg. ()

4.4, Surnmary of Methods.  In this section, we suninarize the
comthination of mcthody acising feam the previous discus<ion, as follows,

(iy  Mothad RM-p s characterized by wnlaring deci=inn {10,

. multiphive estimate (1), and peaalty constant unclunm d througlume 2

pariclar alporndan, ]
(i) dlethod BIM-2 i claacterized by updating: decisiun (30) or

e —

o Wegever (5A) an (39) B cmpluy ed, e algpanthing should T satted an a gt whicig
win) 4 D, :

- Rt o



e e e —er

16 JUTA: Vil 10, Kb, 1972

{37), vanhiplicr estiinate (40) and (43), and penalty constany ulnchang:d
throughent a particular algorithim,

fiii)  Mrethod MNM-3 is characterized by upndating decision {36) or
(37). sowltiplier estivate (90) und (43}, und penally canstant estimate
{56} or {55&} and [0}

Remerk. "Il updaring decision (36) is to be emploved with the
ordipney-pradient algorithm and the madified-guasilincarizanion algo-
rithm, and the updatig decision (37) 55 be emplayed with the con-
gugaie-pradicnt glpurithen. Alsu, the pendly constant estimate (56) is to
be employed with the ardinury-gradivn algoeithin, and the penalty
cunslanl vstinate ($5) and (6] is o be covployed with the conjugate-
gradient alpanithis and the nuadiicd-guasilineariztion algarithm,

5. Unconstrained Minimization Algerithms

In this sectian, the unconstraited stmoization algenthins cinployed
to cranpute the alisplccinent vector dvoin conpection with Methods
ALM -2 and RIAT 3 o eseribed. Phey are the wedinary-gradient
algocithan, the goajupatereadiont alpoditlio, sl the molificd -quasi-

lincaricatian algorithin. Al of these algorithims make uwse of the |

auglwted poenalty luictivn

I, d, &) - Efa A AP, ()
whery

Fia, &) () 1 4%0) M= () (83)

and are conployed winth ehis understanding: ineach eyele of AN jteratinns,
the nitipher X aml the penabiy constant & are held wnchanped, and the
LCCERr 4 i viened as uneonstrainged.

Vosl Oevdimary-Gradient Alporithnn Lot vodenoe the nomsinad
jrsenit, 3 the varaed puiot, A e displacement leading from the naminal
paint (o the vanicd poing, and o the stepsiac. With this uaderstanding,
the ordinary-gradicat alpneilon s represented hy

FAwa, L0TE b (61-1)
!.-{"I 2'1--[‘]'!'[1']- [h—i-?}
Wiv, A Yo P, LY ER I TAN A [t -1)

I M {x, A0, . .:m,.{],

HYI'A: VUL, 10, Ni, 1, 191} ek
At - — af, Lot . :6:1-5
= x4 x, D , (- ¢

- For given nominal point x, mu]tiplitr A, and penaliy canstunt &, Tgs, (6

constituic a camplete iHeeation lr::n:lmg to the varied Im:nt 3, providin
ane specifies Lhe stepsize o,

Descent Properties. U'o first nrder, the chanpes in the function
Wix, A, k) amcd ${2) are given by

SN x A Ry = TP, L &) dx,  SP(x) =0 22,7(2) v, {6
which, in the tight ol [6-1:],_hccmnc _ -
Se, A, k) = = a7 (x, A, K 1), A, &),

.1“
Bi'(x) me — a P T(x}[F v, A 4 &P (1)), L
Rccallmg Eq: {44]), we sce that the lollowing arthuganality conditia
holds:

Tl ' .i",r[.l.';lf'",{r..l}ﬂﬂ.' ' (67

! [ -
so that:, . . | T

BN A R — T, A, ) I A, &),

(68
EP(x) mm — aitP,T(x) Polx).

LERREN])

Since the right-hand sides of (68) arc negative, the fullumng incqualitic
can b tnfnn:cd for « snfhiciently simall:

M B < I A k), BU3) < Pl (69

While enforeemient of {GY-1) s :n'-.nul.lmry, enfurceoment of {01-2) i
optional, but can he uscd in order ta give greater siability t the unhmrgI
gradient alparithm, .

5.2, Conjupate-Gradient Algorithm, Lot s denoie the nominal
point, £ the presions peint, £ the vacied poini, Jv the displicement
leading Troin the narminal point Lo the varied point, p the present search
direetinn, f the previons search dircetion, p the dircctional coctlicient,
amd o e stepsiac, Wilhe thes wlerstandiog, the conjugate-pradient
algorithin is reproscatad by

FAndy e fA) F 9000 (70-1)
fa) er :-P‘{.'E]q{-.\}. . (70-2)
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00 A kY 10 A A 8), (70-3)
o 0 AR I X RTIV TN M T A R),  (70-4)
p= WA R v, (20-5) -
Av ~z = ap, ’ (70-6)
Fevadh ' (%-7)

For given soeminal point x, multiplier A, direcuonal eacllicient v, and.

penalty constant &, Lz (70) comstityte 3 complete iteration leading to
the varivd point £, providieg une specities the stepsize a, For the first
iteration of a cycle, B (70-4) is bypassed and is replaced by 'y == 0.

Deseenr Propesties. Vo nrst order, the changes in the function
IW(x, A dey and PO are given by Bos. (65) which, in the light Df I_’?{]}
htcﬂlnl.

U, A A = — allV T A, KN (x, A B F wh),

_ o
Aty v al R A A P F vflL

Far the first Meratinn ul a eycle, relalivn {67) minst be a ht‘d in con-
P:P
Junctmn with » -1, Ie ..uJII! {0

SIN(w, 3 8 = -= T, b, &) 1 (v, A, &),

_ {72}
«f{x) = — ak8 (s} F,(x)

Far sulzoguenl terarions, rebation (073 dovs noghold amd 3 £ 0. Hlow-
ceer, sipee the previous stepsiae is optimized, the fnllowing orthogonality
relation can be invetad:

W0, A ) o= ), (13)
with the consciguvage that
AT, i al8 3 M RN IE (0, 0, ),

. {74
el B LT AN Y F UM T I B TS £ IR P ¥ 1

l

Insptninn el (12 anal {T4}) shows 1l the deseent property en the
augmcntod penalty funconn

AR SO | S AT (75}

can b weanereetd e Gl ieeanions of a cvele repandless of the value of &,

JOTA: YOL. 10, NO. 1, 1972 ' 19
.- . e ' e - o .
On the uther hand, the deseent property on the consiraing veror

; S - mkm - (T6)

cafi Be enforced for the first iteratiun of a qrclu. ru,.mllu.u ol the value of k
and for suhs:qucnt |1Lrat:nns only if k is sullivienly larpe.

53 l'dm]tﬁcd Quasilincarization Algorithm. let a denote
the nominal print, £ the varied pmnl Ay the displaceinent Jeading from
the nominal point tw the varial point, p the scurch dicection, p =t A |
the direction factor, and o the atepsize. With this understanding, the
modihed-quasilinearization -algurithm s represented by

o P s fa) 4 p.00 (77
T R 10 K 2 O O R £ fr+1
TV H WA e B A 4 ARGy, (113
CT e R e fd) b A s (T4
T P e e e el (719
L W AR =LA SR - {11-8)

I fx, A &Y A 4 T,y PN T T : N E
p o sipn{ 1% Tx A, &) 0], (77-B)
. ' poaepd - . My

' . Ax e — ap, NG
R (77-11

For given nominal point x, muhiplice 4, and penatiy constant &, Fuys. (77)
constitute a camplete iteration fewding to the varied point & providing
ane specifies the stepsize o,

fercenr Praperties. U fist order, the r!-..m;u. in the MuncHuns
Wia, A, &) and P{x} are given by fgs. (65) w Imh m the lighs ol {77],

hu_u:m. .
EII’{.\',J‘., R) = e sign[ 10, 5x, M £V AT 1,005 A, B A,
. o, {75}
) = —anign[F, s, A RPLTEG L, iadal -

Tnapection of {7H) shows that de Jeweent proeperty s the augmenicd
peunalty linetion

IEE, A, &) < (1, A, &) (19
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]
- -

can b onforeed opandloss of the valoe l‘-lf £ On ahe wther ]'h'lﬂt{ IFH‘
thesevnt [FeEly fih T eonstinl erenr

, ) < ) 0y
can be enforead for any J if B
- ' F o A) 0 A (BN

znd only foe & suthicivily large if
' Pt ) P ) <0,

TR A : '-'l[-qull'[rn
) (82}
3 1 .

L

6. Steprize Determination

b . . . ] 1 H
Fur all af the previous slgorichms, the positlion vector at Lhe tlml ?f
any slep can be writton ns |

' (23)

A= =

where polenotes the s srchtdhirectinn, ‘Ui i a one- paramreter I'.lrml]f uf
varicd printa &, frr s hich the augmentes penalty function {62} takes the
fnrm

HEEL ARy = (x = apy M &Y == ). _ {54}

A prrecise search e b eniployed with the conjupate-pradient .'nlgl:nlhm
il an approsimate search o be employed with the ardinary- -gradient
alperithun anel the imnbilicd- qll.l'=||l1'it'=lﬂr‘lllnn atponithm are described
Lcboaw, . |

Precite Neanch. We quw aesyme that a minimnm of if[a} nm:!
Then, we cnploy some oneadimensional search seheime {for. instance,
Wuadesiv inteepelation, enbic oerpol. iga, ar fuasilincarization} to

determine the valie of + fur which - !
| i s} = 0. {55}
Ldeally, 1hia procedine ghonld by vsed iteratively until the modulus ?!' llu:
wlupw nmhn any of the foltvwing incgualitien: '
[T) tiee e g0 o | 10N, {A6)

. _ .

where eg and egare =il presefeetold numbers, O couese, the value of o
. .

sansfving Lneg, (BO) must by sieh that . X !

) 2 0. {s7)

JTA: VoL 10, Nu |'?'-" |
H ot I -'-‘" ; A --,.. N n L | n.-u 1.II et “_"p'. =7 "-“

. } '1 IR L
P’hrntmmjr 1‘:rt'mrr."l Ir'Jll'u.i the rlguruut l!“t."t‘l1|l|1|||||11 nf 111||_|]1t

j‘|_q|,||lt i“#‘i““’# trrrnpulmP time, anc 1111g||t TG n11||-.L aplving [f 1. [bﬁ]
'.\ltll a, |11r'llcu] ar deprec of precision aml determing the shepsize inoa
nnnltt:r'ltw-: fashion. .i‘nr u:r.t;nu* ane mighr employ a hiseelion proce-
duge ¢ url- o, ﬁtﬂ,ﬂulg [roin, a referenve value a = o, , until satisfaction of
Inrq {H?] otcirs, Ior the ‘ordinary gradient alpoerithm, the reference
alrpq:?c-n, chn |‘u. chosen Ao be the Birst aptimuwm vaboe of 4 Hl||1i!illl;|. 1%
the -.t‘»lh.hl pracedure.” lur the t"ﬂdrﬁld-qll"lli|I|“L1l1'l?"llll.?h a]unrll'mi
the relorence. 'Iil‘p'ﬁlrl:*n. can by chnsen to be ay ='1. " 1

*

:1 Rcmar}& l?;'rtmnallv. Imq {R?] c1n be tnlnrlll.lt d 'm the mhhlmml
jm ull‘ﬂ i

3 1 'l I'l vl .

; .,...,, e .'-‘*{«}f:f‘w} A (%5)

|-

uluch .” .designed to,give greater stability to.the algorithm,. Inequabity
(HE) can be‘enfarced in the ardinary-gradient algoritlen (nr any &, Tn the

' cun_jun:tt-grndmm algorithim and the madified-ruasilincarization algn-

rlthm,.]l'll.q [EH} can e ‘enloreed unly for h anlliciently larpe, o
. , .

l ‘F [ 3 J [T
[N
- 7. I"xpcrlmmhl Cundlhnﬂs .t
i 1.-' -r [l “:

In arler 1o !.“-1|u1IL the theory, acven mumerival examples were
Lh|r|mul Eieh vxample was gsolved with the prdin, tey=pradivnt algorithm,
the c:m]ugnta.-[;r:dimt'nlgur:lhm and the modified-guasilinearization
algutithni, which'were' employeil in conjunction with Metheds MM -],
MAt1-2;'and MM-3, All of the algorithms were programmed . in
IUIHIT\N 1V, and the numerical results were obiained using a

Burrcughs B-5500 computer and double-precision arithinctie,
iirsi
‘::‘ar-'mg Puint af the cAlgorithw.  Vor all 'l the examples, the

nr:-rmn=l| ]'lﬂlhll:i:hﬂ!-tl'l tn &tart the algarithm was defined by

- . 1 H
: . . J ; .
AR R hl Ciim sy E g, m 2, e, -] {8v)
[ 3 - i 1 ' . 1
where H dt’r‘h‘:tu i|'H.'.‘ 1.|Ill1i‘|lqlf1'r'l ul Lhe vr.ctnr &

] 1:1-,, .

{‘wlr,frgmrr of the Al:gnrn'fmf

Conveegenee: of an algbeithm was
dtﬁnui througl 1he inequalily .

H
; .

-.I RTINS P - Ol ) = 107 : - (30)

" L
for the :erinzr}hgrni.!iuut algnrithrme and the incquality

[ . K]
S « PR 400 X £ 100 : (91}
! ' '



22 ©JUTA: VOL. 10, NO. 1, 1972
for the conjugate-gradicnt algorithm and the modlmd qumlm:anz:lmn
alzornithm, . - .

Nmfrmiurgenrr of the Algorithm. Lunvcrsa.i;,r, nnn:.unvtrgcnfc Of
an algorithm was defined by means of the 1ncquuhms

PN~ 1000 far the anlinarv-gradiont algenithm, ’ '
{4) .~ > 200 fur the conjugate-gravicnt algerithm, L. {92)

N o= 100 for Uie modified-quasilinearization algarithm,
or . ) .-:L“ .
() N, >20 ‘;‘ (93)
or . S
{€) M>04 107, : T 194)

{lcre, 4V is the iteration number,; ¥, ia the number of bmcctmt}a of the
sTepsize 1 nqu:rul 10 satisly Incq. (87) [and optionaily Incq. (88)], and A
is the modulos of any of the quantitics emplayed in the algorithm,

Saustactien of Iney. | ‘32] indicales diverpence or extreme slowness of -

-l
convergence; satisfiction of Iney. (93] indicates extreme smallness of the
displacement dy; and satisfaction of Ineq. (94) indicates cxpuncntla]
averflow, Eacli of these situations i3 undesirable. T g

Canierpence of w Cycle. W hen Method MM-l was cmplnycd
converprnee af a cycle was defined thmugh she incquality .

17,7 (x, Ay o YAV {\,A”k} i0-* L (9%)
for the ordinary-gradicnt algarithm and the :11=.qu.-11"|r3.|r )
T TEx, by A I {x, Ay R) <5 1071 . (96)

ST I
for the r.nnjugalu-;;r.-uIF:m algorithin and the madifivd-quasilinearization

algorithin. . Qe
When DMethods DAL= 2 and MM-3 were employed, convergence of

a eyele wus dufined by L
ANt : o7

[nr the prdinary-gri wlient alporithun anul the mmE|I'Ld-quns||mcar|rntmn

aiporithin and by cither,

AN ‘ (98)
ar ) - .
IACR AN LA B L (9 -
I‘ oy -, A
vehtohiner areareeel firsk fnr the cnn:|111_"|.te-Et‘ﬂleEI'lt ﬂlgﬂﬂthm-_'- [

D T PR

. w:s ptmﬁcd

T "\.; . .- . . . -
| Search. Tecbmquc For the ordinary-grathivnt algoritlin, an

appppximate acarch was En‘.l.plﬂ]’td "T"his conaisted of onc-step, corrected
qu“"““-“”z““"!"u fﬂT[Owed by a bisection progyss unlll thc incepuality

rnr the can;ugarc-gradlcnt algorithm, s precise search  was

nmplo}red This consisted of multistep, corrected qmsihnc:rlzntmn such
t]‘mt in any piven step, the inequality

() < W{ay) - LT (1o1)

r-' .

. Ej

was t:sﬁed whcr: &, is'the nominal stepsize and n is the varied atepsize.
‘The: *cnrch was started with n, == O and way terminated when the follow-
lng utupplng cnndltmn was aat:g.rcd - :

A C T R R A RN
. HES rrn(a]q W’[D] X Iﬂ“ N 1) .
¥ "l'nl: the mudlﬁ:d quamlm:anzatmn algunthm, an . apprnxlmat: '
“search was® ei“npiuycd Th1s cunatsttd of amgmng the value L
e et ,- (103)

1.| v
to the stcpslzc “followed by a bisection process until InLq {IDU] Wik
Batlsﬁcd .

rf‘trp;;z‘lty Constant  Estimate, Tor I'-.’Icthnd MM-3, the .penalty

'constant k was cstimated with Ex. {56) for the ordinary-gradient alga-

rithn and with.Eqs. (58) and (60), with = @ |, for the conjugate-

. gr:dlcnt algorithm and the medificd-quamlincarization 1|;,umhm

- .
L
! iy

LI
8, N:.:mr.ncal Examples
Ty || e
]n. this section seven numerical EI-]ITIPIL"!- are deseribed, “Che Rest
cxamplq pl:rtam:. 16 a quadratic function subject to lincar constrainia.
The; r:m:m:ng :xamplcs pertain to nonguadratic functions uuhj::t to

. I'I.GI'I.III'H!IT canstraings,

.l :I § I .
Ex'arnpl: B . 'Conald:r the preblem of rmm:mzmg thc function

v f= [x;—ﬁ} *! (545 =20 +{=’;— Nt m -1 {10

!-'l.ijtCl to the constraints

f[—i—sx]-u | .'r,—t*.‘n',—lr.-'-"-ﬂ," \-'l‘_xl:u- - {Iﬂj]
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vy,

Iy ' ' r-ti A L T B L R PINL I T TE RPN ’ TP
“hie Tanctinn alnits the eciative minimnm f =2 40930 at the point . . suhjut 19 the l:unstmmu o . .
detined Tiy ' . - A ) . - o y ' » . . "l 4ot ‘: _2 J 1“,2 oo, l' ] Lo '.{“?]
1 N ;0 -
e ALTOTE e D2S58, agec ORDT, L[Iﬂf"] , . ot b rr.J- UL Y2 =22 (}, : .1.'-,,—2n .o
. T HE '
. o e BYI02, g = (L2ESR ' ’ S |=H I’umllnn 'nlmm the evlative rmnlmumfm 02817 H] at the
and : ) pumt dcﬁncd by - L )
Ap 20RS, A e 22MXS Ay e BUSM {107) ' Lo m L9t 8y s | 3026, - wyre 472, . L
o roo. S | ST 5 LSO, Ay LeW0 L A RGLY
Fxample 8.2, Comsadder thiz preadileen of msinimizing thie Tuticricen - ill‘lld . . L e
. . ' K . T . P . . .- . »
BTN G | L AR R N PR | dllﬂﬂl LT A = -naﬁaz ¥ 10-T,  Apes — 00072 w 10 M L)
; - . . . . ;
; . : ' . - A — 0.2879 -, 1
subjeet U e cernsamt . L . . R L 81 ¥ 10 ot
0o g4 'y 0 {149) H " +. ., ~-Example 85. Cnnmlr:r the prnhll:rn. of mlnlmlmu, the fnnumn
fl 7)o —d v A r o
1 1= LI [ . ’ v, ’ .
o . A . — - 7. ey {1 ] -
Plis T tion mbinits the eelitive ndninum f =: 0.3256 x 10-! at the ) t e B e : f 0.1y, ” H:-'f: oy . “ -1
poind sh hned by _[ L l subjeet to 'Ilm Il]Lt]Il;lltI}' tnmlt.unt ’ . R
. , - L’f Ve 4, .. . ) .
Ay LHEIR, vere LI, v LSSD L [llﬂ'}. ' y e ""‘--. DR MI!.Q_._ l. ' (134)
. . M - . -
wnl o ]I':ttl."-'dh:f.‘l: Ihc auxiliar vamhlc X {h_hmd b
UL LN L . {|1|} L ary s }' LT _
) B LTI . ay - 11’-{ Inﬂ o - Y B
Examnple 5.3 L mm.]u thwe |1mhl-.1n of minimizing thc I'unLhun _ SRR Y DN
il Lo ol ' } 'Ih;ll'l, the previoun |lrﬂ|.1|l'.!"'i can be recast a2 lh:t of IIIIT‘HIHI?II![‘.: tlu.:
ooty =1y st g =y = el g —= |]] . “}1] ! i'unr:tmn [Il{}] nuliject 1 the equality constraint [IIZ} I'he Tingtion
S, it , . . . {lzﬂj admll.l the relative’ Iﬂ'lnll'“'l.'ll]]fﬂ D.04 nt t|.¢ 'pmnt lltﬁlltd hy
csubipend b the consdrans ) ] . T S T .
- . ] ] . . . I'_‘ ' Xy = IIl Xy I‘ i ; -1 U . . - IZ'.
vhy doinfr -1y~ 20 V2.0, Ny vt — B — V1= ﬂ;; !“ HI’II - o . '. ) m‘_:lh!'j. iy .«.., A .l .. i t '.1- & .o . ' [ ]
I'hie Mncticary b e robative minimum fe= 02415 at the point ) e .5“ ) ) = 0.4, S +. (124
detined by 1 ] 1 - A . .: , .. ' -
cmet . : .. Elample 3 5 Conmitler the probletn of mintmizing: the Tonction
fox ' A = LJARM, Lm0 L3N, S ', . - Lo . :
) Lo 1., A, [ 182 Yy . {1143+ . ) " ,I."'. St . Y ST o ©128)
L I,HV!I" W, O H[;III‘T_ * . 13 1= ey B R ol | I f - . N
and . . - m:hat.-'r:t t;'.l l!m incquality cnmlramtu b oo .
) [ . " i I ' e ' . b . [ -t 11
,"l| e —HHF_‘] w1t A — 3IST % 107 ' {“5] ' |. T . x-rr";. " 'i'tﬂ-ﬁl- i “25]
*-— ] hrl I '
Foaample .40 Consider the problem uf mivimizing the {unrlmn . Inirnduce the uum!mry variablea x, and x, defined by
’ “l ' r‘l"; . . i
[P T L T IS S BT v | R ey L (110} ! ! gt — e ], =y =t 0 (123
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'l'htn., the previeus problem can be recast as that of minimizing the
function {125) subject to the equality constraints (127). The function
(125) acdmits the relative minimum f = — 1 at the point defined by

xesdy aye=l, om0 5 =0 T8
Cand )
h=—1, 4= (129
Example 8.7. Consider the problem of minimizing the function
f=lugx—x [IJU_} .
subjuct to the equality constraint
w4 af—4ra0 (131}
and rhe in::qllmlil}r canstraint’
Pt {132)
Introduce the ausiliacy variable x; defined by
Ayt I 'i- .\'1:. {IJ]]
"T'hen, the previous prelian can e recast a3 that of minimizing the
funclion
fratogll 5 — = : {134)
* subject 1o the equality constrint
(L ofxt —4=0 ’ {135)

Note that Xy has heen climinated fron the problem and can be computed |
a posteriori with (133}, T'he function (134) admity the relative minimutm’

f = = 3 at the point :Iuﬁnmi by
My s {]’ Xy T '||.-""l_-|I X, ™8 | “ 3&}

anl .
Ay v : {137

9, Reosults and Conclusions

Plhie examples deseribed in Section 8 were solved with llestenes’

methind of multpliers {(Moed MM} and the madified method of
multintives {Methods MM=2 and MM -3} aceonling to the experitental

v

4 P T N r .
q-l- Fara et e w .- lt}.-l.A:i VoI "}. N, I;. 972 2?
Table 1. Mebod M-, ordinary-gradient ulgorithm,
number of iterations &, . .
. A 4
‘ o Examples
' ¥ 8.2 82 B4 B.5 8.6 8.7
19-t fu) M L} 120 {a) [+] 44
O [/ LU Ghd S 847 193 -1 IR 'Y 17
] o 3o Gab {n) i1t 1% 6 k1)
L £61 fa) (a) Ay -1 142 155
) I'ﬂl' .-I.} '[n.,'l (a) {n} -} Me i
(x) Number of iterstions excecded 1000.
|
Table 2, Mr.-lllmd NMBAI-2, nrtlinarl_'phgmdiunt algonithum,
e oy number of iterations N, -
Wi e w4 . Fxamples
k 4.1 B.2 £] a4 L3 5 8.7
J0-1 (1) i+ 135 102 138 455 M
L 3y4 rl 411 94 e 11 11
L1y 94 bl (u) 206 1 i kY
m .. bt o9 £ ]] () 151 , 19 49
1ot {v) {a) {a) (») 194 {0 13
{a} Nuinber of iterations exterded 1000,
<o Table 3. Merhod AM-D, antinary-gradicns -.ngnlrilhrr'i,
. aumber af iteertiopns ¥, |
- Exinples ;
A Mo a2 B3 24 s 0.6 8.7
Lig. (36) 4] LH 1] 101 a1 25 17




¥ ' JOTA: VUl Iﬂ. NI, L, 1y
Table 4, Alethod ﬁl\l l, |:1r|1]u|1.llt-gr?.du:lll drhllllthﬂl“
I'I1II'I1I'IL'T rlr H['l'“'l”!'lﬂ J"'r ,
L 1]
Fanenples .
A 0 52 83 B4 83 B 83,

1 [ L]
mn- E]] 23 tu] (a] a s} -
gt {n] R [EF) 138 (n] {a) 16
L1 {2y 7 18] 1] A0 1.1 4
1ot ET 51 4% ]| M 12 ) 11

64 H 18
1o 0 7h 174 93 | ALY
LI | T |

fu] Suniber ol e rmtiony exveeeded 200,
i

Lalsle 5.

Alrthod MAL2, conjupate- E;T:H.llt‘l‘lt llgurllhm.
purhier ol itetativns NG .

1 1 a will il
+ I'samiples .
. . . LLUU r
' 1 ol e L_.[ [LILCTY
& | R} Al [ ] 14 [ 1] LY ; .TJ
K 1 ]
- TR
101 ta) 4 i) fn} (o i1} {1 3
o' - (u} 6 15 91 [ () ¢+ 13
e ¥ 3 » 12 e g0 o
U a1 s o 0 a1 LI
! M, 7 172 19 (s) # RL

(w} Nuinler of (icrutions rocecded 208

<

I'ehly h. Mothed JA-3, conjopate-pradient ulnntlllhfll,-- .

puenher ol ferathone & [ Ny ot

: Lo ‘ S I

= N 1 " 'I...! b L]
' Fanmphes j I'r ! E i-'l -
- TRTEY PR
A N E R X R TR [ R
L1t "
. 1 [P '_d} f
Lys. (3K),{60) 43 1 15 53 12 n ] ] !1| 11r_“ )
- R o ' ut «h Ll"

L. |

b —— i .

JUFA VLN,

(L LPI PN T

*“Table 7. Method ALM-], mdificd- qumhnc.mr..llml nlgnmlun

o ’ I'I.1IIT1|II.I al |hrnllllm N
ot = S0 Exln;pllu_' s
n - P
I X b2 B3 14 " 5.6 b3
1o-r ! ) 14 ) (n} 13 YR 0
1a-t »  [uld 11 ‘31 i 21 [m} . 2%
1o _ Ak 14 17 17 14 6 n
1o 10 13 v, " 2 21
|';1_- L. - 13 2% . 227 46 20 15
. . L. - P H
[:] humber n" ltermtions racreded 100, d N ' o .
|' , . ’
T:hlc 8. I"nlcil'n:-d nidl-2, mnl.h!'t".]-qu:!llmr:tlullnn algerithm,
: numhtr nfm'rltmn! N. .
e +
I LI .
. Exsrmplca
X 8.2, 81 ' 84 85 ' 86 87
1
BT S TR P I o W W |48
L ) 8 20 2 {e) a) 1o
T 46 1 (W 12 16 [T L1
[+ LI 1] 1] 17 11 1. 19 )
10t T 4 12 25 il 43 13 1
7 =
Lo g ek .
{s) Mumlwer of iterations exceeded 106, . . .
i) El|1um111:H o erliow, -
I{.dj Almfnlhm canverged toow dilforene n-Inmn mlnlmuln. ¥
WA ey .
O b . .
b o eee e : "
i I'IlhTt 9, MI.IF'H'HI I"r'lh[ 3, mothibud- quan:lmranz:tmn algorithim,
T wh . Jumdeer af iterninns N . .
1 b
Pl ¢ Buamples % T~ "
ot - :
&° f 12 5.3 $4 . 85, L Al
LI .o L] + -
OEquonen 9 9 1 K PV T SR 1 12
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conditiony outhined, These methads were employed in cunjunc_:[ilur: with
the wrdinery-gradiens  algarithin, the conjugate-gradicnt  algorithm,
and the madificd-quasiiinearization algorithm, For Methods MM-1
and MAM-2, several values of the penalty cunstant, ranging between
18- and 102 were conainlered, e,

‘I'he pumerical results are presented in Tables 1-9, where the
"number ol iterastious reyuired foe canvergence N, is shown, "I"ahles
[-3 refer tu the erdinary-sradivnt algerithm, ‘Tsbles 4-6 refer 1o the
eonjugate-geadient aluorithm, amd Tables 7-9 refer-to the modified-
quasilincarization alzurithm, -

Coamparisoual Motheds M3 and 3M-2 shows that, for given &,
Method MM-2 poerlly eshihits Gswer converpenee (hanj Method
A1 -1 For botl Motesds ALM 1 and M31-2, che nombier of iterations
fur crmuerssence has = minimizm with respect tn k. o

Conavrning Mothed AM-3, the number of iterations fyr con-
vergence i elose 10 the minimum with respeet’ta k of the number of
ierations for converzence of Method AMM-2. In this light, Methed
MM has very desirable characteristics. : -

Remark 9.0, in Section 4.2, several ways to ‘cstii_nrﬁc the
Lagrance multiplicr L were presented. he estimate represented: by
Egs. (0 andd (d3) ww prefeered ta it represenied by Eqg. (31) in order
19 avoid sulving @+t of ¢ linear cquations in ¢ unknowns. The above
stateinent 16 gienilicant if one employs the ordinary-grudient algorithm
and tie econjugate-gradient algorithm, since the ¢ompulativn, of t_'.he
displacomenl vediar 2y o made hypassing the solution of suts of linegar
wepations, O the othee hand, iF one emplays the medifiesd-quasilineari-
zation alparithu, o cuse can be made for using the estimate (31) for the
multiplicr, sinee the computation of the displucement vecior Ax requires
the selation of i selof o lingar cquations in 5 unkiiowns, -, - ,

For the sike of discussion, let the madificd-quasilinearization
alporithm be emploved amt It the following lerminnlogy be used:
(7} Meahod ALY B the modificd icthod of mulipliers with, Lagrange
multiplicr represented by (407 and (43) and penaley constant represenicd
by (58] and (60): and (b) Mothed 212 1-4 is the modificd method of
wwoltiplivis with Lagrame maltipticr represented by (517 and penalty
constant represented by (S8) and {o0). ' Co -

A< a point of interest, the seeen muneriol examples oi Secetion 3
were seived empiniag ot Méthods MM=3 and MM-4, The coun-
parative results are yiven in “Luble W, where the numiber gf iterations

4

al converzence A, is shawn, As cxpeeted, fur a single scalar constramt

1% Methads A3T-2 and DIAL-4 converge to the selution in the

. ! JOTA: YOL. 10, 5O, 1, 1972 ) 3
) |rl Y :I.* o I -r1 th ! - I i HE oo, ! r L
Table 10.- Bledified-quasilincarization algorithm, number of ierations X, .
LI [ T 4, . -
Tt 4;::-, coen I’.\’umrll:lﬂ :
. - .n.ll '
Mehod 1. B1 . K2 81 &4 &3 86 83
MM "9 g 13 9 1 rd] 12
M.TILI:-Q ] g .93 10 1 1} 1% 12
T

- same, number of itcratiq'-nr;. ‘T'his is precisely the case with Examples
8.2, 8.5, 2nd 8.7. On the ather hand, if several constraints are prosent,
Methnd 31 M-4 gencrally énnverges (o the solutian in a smaller numiber
of jterations than Muthod BIM-3. !

4

o ! .
. Remark 9.2, Both Methods MM-3 and’MI-4 employed in

conjunction ‘with the modified-quasilinearization algorithm are inter-
1

csting in that they gencrally lead to a2 minimum paint {er ar most a
saddle point), while atandard quagilinearization way alse lead to a
maximum point.* To' verify 1his concept, the following example was

4 ]

considered; Extremize the lanclion

1
P f .
It was ,fq!_.mdif:hat Methoda MAL-3 and MAI-4 cimployed in conpunction
with the wnodibed-yuasilinerization algorithm Tal te the relative
' Srandard quasilinearication invglhoen the salution of a svslom ul a4+ g lincar wuation
inmd g unknaowen (e, Tor example, ol 33 - '

= winfme,f12) cus(myy!16) (138}
aubjic:..'; to the constraint .. . .
1 Ay — iy me O, {139)
. "I‘hisI ;'l:n::fil_m I_m'a a t't.'l.:ti\';: minimum f == — (0.5 at ¢
o= — 3, oy .—‘4, and A = —np6.. (140}
and; l'll.Iﬂll\l. maximum j = i.f}.i at . | ‘ I. L
' TN =3 mpwd, o and A w —w96. . (141)
'llfhc }ul_l‘;:;wiri:é ;';glmimljmint was considered: |
" P X w2, ayes2, (142)



aninom () in N,

JOrEa wo oM, 1991 1
[ 1

~x 5 iterativns, On e atber hand, standard
qu.mhnmrualmn {Ilu 3) Jet 1o the relative maximum (HI} ln Ny==3
iterations, | . . *‘J ‘lj
. i

Ru:n.uk 9.3, In Mell 11,00 was sugpested thae Hestenes' nn.lhnd
nl nmfnplu.r-a could he vecelerated by cployiop B, (31) 2t v be gm.
“""l\ vl cach e |||rm rather I|'|.:|I| at the l!'L;._‘II'IIIIHj.' tf :.!Lli E)JLIL “‘ith
partivadar reference 1o the r.'un_]umh.- rritedivnil 11;_.1nrll|m'| this lwhmqu:
has the disadvantage of produeing discontinuities in the 1l|glmnlrd
penalty fanction (v, &, &) within a cycle of 4V ~ u iteralinns, 'To
verify.this |m1||l mierical n}u.,rlmu..ntu were ¢armivd oul for the seven
cxampice of Sectinng § ool omwe valug of the pentaley |:;'unallr'bl,,niml:|j’.
A 1, Ttwus townd tha, in the mcpniny of the exnnples frhe nlgnntlun
af el 1 had pon erevergsd ta fle sclution sitlin the ru]mrel! nm::urac;r

A
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COMPARI S0 OF SEVERAL GRADIENT ALGORITHMS
« U FOR MATHEFATICAL PROGRAMMING PRODLEMS |
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: ANGELO-MIELE, J.L. TIETZE and A.¥. LEVY

¢

Thir work 70 dedicatad by i menior
- ; aquifer do leofespor Carla Forreri with derp
friendship and prafound odeivelion for e
mary dohidbotenta {r acksopana  englndering -
ard arplivd mathemalfes Lhooughout tha peam.

T .

AblEratt
. - .
In this papor, the rnfnurlmll solution of thr Lanle plli:blm of rath-
outleal proqraeming 15 oonslderrd, This 1y tha mohlim of minlmlslng |
a function  fia}. seiject bo & Corotralpe it = Q0 Herw, F I3 a
eoAlar, x  an peveglor, and oA g-weekar, with gen

= Blx variations ol the sopeentlal gradiee-restornclon algorivhn and
the cvndiloed grodicnt-resioratlon algoerithm ero consldorod,  wel s
ralachwe efficiency {in terna of agrker of [baracions for convergencel is
mlmlum Tha varistirms belng conslblered are aa [ollows:

Iﬂ‘ Eii?-r{ﬂ hqumt.lhl gradlent-reatoration algoritim,complete Lesto-

ration,

{L1}) Lrrp-IR, sovuencial qrﬂ:llmt-rmwrat.!.m algarium, inoom:lece Teu-
toration,

(111} H]'u'i-ﬂﬂ, sxquontial gradienL-roatoration algorithm, npt iopal reg-
IZDIBI;.I.OQ‘I;

[iv] COCRA-HR, orbloed gradlent-restoratlon algorit, :--sr.nratl.on,

vl O&ZA-A0, oomblnced gractiant-resboratlon slgorithm, alicomato 1coa-

1 tetatlon,

I*-'l'l CEN-N, ortiin qrﬂdlﬁnt-msmrntian nlgoritlm, opblowi]l pesue-

retlen, ' - . -, R

E‘p"ﬂl'llﬂ.!‘. lon of tiwmsa alporithm ja acoonl isbed um:a.qh pdcht Pumer=
ical sarples.  The Flrst two ooples perialn o quairatle  functlone
euhjoct to 1lnear roratealats,  The revining cxamples pertain o e
quamlratic functiona subject to ronlinoar corakealnts. The resulta -
dicate thae (a) u:e inclunlon of & reatoration phase 1s necessary for
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rapld convetgenoe ard (B tha algorithrae with almrnr:t.e rumnt_i.nn pr
optiorul resteratisn are the most efficlont xorg those conaldered here.

rl
* 1

]
.I' Intradu:twn . " i . .

In preslous paoers frefa,1,2,3),beo baslc a].qm‘itm fur thu rr.Lni- .
pdzacion of oorstyaingd functlom were dovelonod: che sequent.lal qra:lt-
ent-restozation algorltha (SGRA] and the corblred gradlent - restorFt.‘lm
algorithm (CEA).  9he Former 1 an iterative algorithm which conaises
of tha altermate Swcession of gradlent phases and rﬂmuum Ei.um 1
the -latter 18 an iterative algor it in which tha qradignt phase fpd’ the
restoration st ate onmbined ina al.:qle.pmse -

In the gradicrt phase of SEW. oMo geneTates a d_i.e.-plucm,nt 'dx '
towerlrg the valve of the funetlon, while swilding ecessive mtrl!.nt
viplatlon: in the resporaciem phase of SGPA, cre qer.e.ra.m ] displmml:
Jx  restocdm) th? corotralnt ta a4 predeteimined accuracy, -uhile midi.n;
covepslvn chrle db the value of the funttien.  On the other et in the
grajient-restoration prane of CGHA, one gonerates a displmt ax
Iowerind the valsr of the asprented fwection, ohile 5L-ru1urmulf Toouc—
ing thy comstratnt wislatdon,

Tn £Ri3 mapar, gha variacions of the nxymual qradimt-rutpmtiﬂn
algerle and the cothlno! gralient-restomticn algorithm ace. oons dered,
arrd thelr relative efficiency lin trrms of mmber of it-crnumu furmn-
vesgsnoe] ia maalvated through elght menerical eun'{:le..- The varistions
brum emuldercl are indleatod t-elm -

i1l RRthCF, expoontjal gradimt-restﬂrul.m algonth'n, nmpletl reto— '.

eacion, e
{ill S&A-IF, Saeqontinl qr'\dinnt-rest.un tion alqoriﬂm,hmlete res-
aration,
(i11) SOTA=CR, sesuontlal gradliont-restoraticon algarithm, uptll:nal rutn-
Takizn,'

H|
[ivl OCCANA, rxrtlnﬂ graoi :-;nt-:t:stu:al:l.un algozithm, mmﬁﬂm.
{71 CCU=iR, arbingdt gradlent-restoration Lwiﬂn, umnute rest

raticm, .

[wiy C...J.I't-D't. t'::i“bj.m:d g:adlcnt-rns.urqthm ﬂlaniu'm, uptimul rl:ll-tn'-
racion. _
- T =

[2} A A .’- -1

Iy rnnlirmr. aperoximibe methods st ba. o Lerped.

Wl

; < ,‘.qmu: 7 L.TIETIE  A.V)LEVY ) s

rl. L‘-.I d

- |Hi . . '
2., Stl:.e Ent of the Prublu . e oae e
" iz mal' TS 1 0y )

e i.t.'lﬂr tha pcmhlsn of min!-m.‘l:in‘_l l;he fmctim .

_h ..-:l .l-"'IlI Vb ik -y i BN LTI
ML pin e w BN I S S

: s e RS- ! T "
:uhjar.'t to the mmint ) .
-'r:_ _' . 4 - " | r .
gix) =0, '
M oe "
where J J.s 2 gcalar, ® an nwactor. ard n;u a q-«rer:t::r. h’ith g <.
leTe, ﬂ-li NEC{ors are .column vectors. . Bt 18 aspanod thak the Elest ad

s pa.rtlal dorivatives of tha functlona fix] ard Fin)  exize ard

“aro gmtimmn and mat the conatralipes) minimzs pxista.

1 *.'.!-:'

iy Ealeg ,Fh’st Dr;dlr Cuﬁdltioni From r_hn:;qr nf r.mdm anl wul -
ira, lt. .L*, k.rm thak the above problon s equivalent to that of minlmiz-
i.ng the augﬂmtad furr;:im

b

@ rtx.n-rtx:- e Tom,
th.n constraint {2], Hvl.-.l:t?..r the g-vpctar 4 is the Lagrarge
mltj.plie_r and tha r.up-er:c.ript T doenctes the r_rmp::se of & matrix.If

{1 ' ", l'x.'-i} - f (x} + 7, {le

S F TR : i
dﬂ'ﬂm the qrndimb of tha nug:rnntad furction, r_h. o imos su..ut_!.m f::r )
x anrd 1 cust ur.j.sty the relatices

Hx.li - O,

¢

IR .' iy = 0,
[ Al NI

mi;:hu_nell.ljrtmaf :1+q anatloos in the n o+ q, m-r[nnentso!:

and A‘.H. Eqs, (4]~ {5}, the gradienta £, ard F, demotea prvoctora

and the mtrlx g, 8 nu q. ' '

2 ? Appruximlu SD‘Iutinni Eince the ',ystm (5} 1ia g:mnra.l-
In Lhis cotrection,
we J.nt.mdl-m hﬂ'e the szalar perfommance indexcs ' .

(& |., Lo - r ix, 1) ¥ _{x, i,

- F‘{x} - liP hﬂ' FI'K] '
michmm:re:; thezrmnmtr-mmumtmdr.h.opmrmmﬂium i
l[!:n:thl"ﬂl,}' =Then, wa gigerve that P = 0 and Q= 0 for the opolmm
mluu.m; thll P>0 andfcr Q>0 for amy approximation o tha solu-
tion, Hhen appm_imu rrntl'r.-dl are usad, they nust vltimataly lead to

I C Lt ,
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values of % anl 1 sueh that
{1 Py g e Qix, 1) g fa

Alterpatively, (7] can h:hn-plncmj b

) ) Atx, 23 <Py
wiir e
(] Pl’r-’-!'P{x]"‘th;’-I

dootes U purulatlva ermr In the comatralnt ard the ortimm cordltlon.
In (=181, ryp , 1a . 0y aro eall, prosalecind mMrbers,  Bote that,

L ono chroen 1y & ¢p ® fy 4 Batistaction of Tnel.(§) irplled ratlgfas-
itlon of Irss. 7],

1, . Oeseription of Lhe Algorithns
In thla foctlon, the ablgprides i lmentigatod are d-:-url.tui.

ELRA-CHR Sepnomital g Ifent=ranteetien .ﬂgfr:'-r'r o=
plete meateaai fo This alaoctickem coneists of U Mw*n.'sbz Fugceaalon
of grallent pises and reatocation phagrs.

Tor gradlest [lase Ix ptcted joovidieg '

(10 Pix) € ¢

. i
It Imvolves a simple iteration, {n +hiich the sacpenlod functlon 18 o=
gaoed 3ubhjoct o an vpoer Limit foo the constralnt cnor, that 1s,

SR Fla, bl 43, By,

tle syrlnt = deones the rrdnal jodne, 1 the varled point, and J
the Layrange miliipiler. ' ) "
The restocat lon phace 18 startoed providing

LY Pixl > 1, . .

it imolvy poverdl tloratloms, Lo oach of «hich the ¢onatralpt ermor is
rehcol, that Im, ! '

SN PiR] = Pie)

1. . . O
. -
P 1 . L . .

AMIELE A LW TIETEE A FOLEFT o]
H . !

r ! 4

Tha restorstion phascy s terminatod whenever Incv. (10] 13 sabiRficd.
[ L . ] r —a

Remarh. : |l;;urtthn J1 atarted with a gradlent phase 1f 1ng,
{11) la satlefled or'a redlaration phase LI Inog, {10} 13 violatl,
orrully, 'n gradlent phase La folloudd Ly a rratoration phase. ' Owa-
slonal 1y, the gradimt ;h.ue ig [gllemewl by srather geaedient phas?, that
Is, the restoration phase i9 pypaseal; thls Ls jproclsely Uwe case vhon-
orer Enc-q (10} Le matlwlled.

GGRA=IR.  Sequeneia! gradicnt-restaraticn qfgerttio, fncom—
plete reatoration.  Thizs algoritim mnsists of the alternate succresion
of yradlent phaces and rvatoracion plarses,

" Tha gradioot phase 13 staria] reqamiless of whether 1nuog. [ L% Bat-
fEflod. 1¢ lnvolves n skngle iteratlon, in which tho awmmoentod Funetinn
is redheed subjock b An Opeer 1imlt on tha condtralnt ector, Uik le.
(RE]] FIR, L) < §Fix, 41, PGRICPERI® ¢ - '
f .
» Tho teatoration phage 1e started paly 30 Tneg. (120 i mitiefiod,
1t immlves a alngle Lteratlen, In which the constralnt crmr s mlu:t-.,} .
in pecordanoy with Ine. (130,

Tha nl..1.rl:l.n; mﬂillm arnl tlwr bapnasing n:-ﬂit.im Ior &1!..\-171 ams

1r_'Lent1:al H'l.lJ‘b rh:vse ui ﬁ.m-m leee Popark) . .

' 5.l:Frl.-{IIR1 Sequenttal gradieaz-regtorad 1on EIIEI:‘J"I-'I.F.-M. ot
tronz! reatoration, . This algorithm consiscs of the alterrato sxoccssion
6f grutlent phases and restoration phased. . .

The gradient phase instartel providing

113] . Ifn, 1141,
whire tle puamoter I {9 defired by

(16} L e eninaln Y,
with

H‘l-?l \ . .. . €=l
I lmaoluvce & :anlr: Ihoeasion, in uhh:h he nwmtr_d fu—u:'r.i.m is o=

duowl in pocardence with lacgs. (4] . .l
The restoration phase 19 startod providleg .

a0 e i ) 1 .
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It inwolves severnl ltorations, in each of whilch the consbralnt error is

retduced In 2ecnolanse with Inog, (13).  The restoration phase is termi-
rakcd whorever Il (15) im matiziled. toa e

Tha possing mnd:.tim for SGRA-CR 1z [dontical uit.h t.I'l.ar. a.f SCGRA-
CA \noe Powars; .

CGRA-XR. | Combined grudisnt-reitoretion slgoritim, rp res-
soration.  In this algorithm, the gradient phase and the  restomation
ghate are onbined together in a aingle phase. It imolves o .eingle
itarakicn, in wich the augrented fuetion 13 reduced in accordance with
Trasls. (14} . - . . e e .t

. ! [ [

CGRA-AR.  Cotbined gradisnt-restoretion algorithm,alterna-
te mestgoratics.  This algorlthm coslsts of the altermate !:munm of
ceohlinad gradient-restoration prases and restoratlon phases, *

The ounlined gradlent-roctoration phise 18 starpod ra;ardlcn of
wathes Inag, [ 1 eatisflmd. It lrvolves a Blgle lterntion, in uhi:h
the axponoal Santhion iz redaced in Aommrtancn with Inegs. {14). .

Tre reslorasion phate 1 startod endy if Inog. {11! is ut_l:ﬂd.

It wrvolvas & sirgle ibeeation, in which the Oonstralnt srror in ruducad
Lln escotdance with Inog. (13).

The starting condition and the bypassing u:niitim rnr B:wm are

1dentical with thvize of S55WR-CA {soor MOUMATK) -

- - ' L
" CGRE-DR, Fondnnal gradiane-resiorgiion algaritim, egptiomal
rediorarien,  This algocithm corsists of the altermnata msim of
corhined grad iomt~restoration phascs and restaration phl.m,. i
The ¢rebloed gradient-restoration phase 18 atarted prwiding I.naq
{55} ls watislled. It involves a alpgle ireracionm,- in H'I.I.ch the auag-
peabed furctfen 19 rolosoed in accordarce with Inegs. (14), 45 - ..

i ‘e realoration phase ba started providlng Ineg. {18) il aat.ufiui.
1 Lnolved Several iterations, in cach of which the conatraint ermox
ia recuead An ;.n:n)rd.:l.r::\! with Ineg.{11). The restoratlon pm.se is ter—

mirated whereser Drav]. {151 13 aarisfled, | T T
Tiwe Dypassing condition for OGRA-OR is ldentical with thﬂ.t o E-l:iw-
CR lsce l-'camrr':l ) . . ..

. . LI L] .
Rozark. Tor the algoeisws olth cptional restoration,. the ml-
wiplier i appraring in (151-(18} is comutcd as followm. | For SCRA-OR,
71.119-1] must ba solved sath Co= 1 and Cp = . rur-:::mm. B,
(19-1} musy Lo solved with € =1 amd €, = 1.

ARIELE  J.L.TIETIE AV LEVT s
; r
A, ﬂener411zed Mgurtthn ) : .

; Lct'l.:c du'l}t.eﬂ'ermlnal polnk, % the vacled point, dx  the
displncmt 1uding frem the reminal pein: t0 the varind polnt,” aml n
the Elepgife., (With thie Lu-dﬁr'-t.::m_rq, the previous algoriddms can he
rq:r:mem.ni in thn Iﬂl].mi.lq gmallmﬂ form:

{19-11 . T be‘w:}.{'!-‘j‘ + I!:l wx{xlfx[xl - Clw{x:l =0,
AU L e pw C o)« tdd . "
ITL T 1 Ak=eap . IR )
P - .- - - ' - ;
':19—41 Ewow e dx .
cant oo o . . m -
n:: , Givern rn-m.‘r. pint X and tmunm C aml £, , Ega, {193 oo
atituto g gorplete iteration leading o the Wrind pqu‘lt K. prowiding
oha spm:i!ie: the abepale Q) JTho oonstants © el depend un

tha :u:r.l.cula: algorichm and u.k.-_ ther valoes glyven in 'rahle 1.
The detalled derivation of bgs. i19)is p*esentcd in refa.1,2,3 and,hence,

18 mot ropeated hepw. L r
4 <. 0T Sralle 3. Crasacteristic constants.
. e e ) .
R -
Mgordthim .. . Fhase . cl . C,
- r a - LR !
| “scra . Gradiant ) 1 o
R " Featorobicn &} 1
S . - . . b '
cara . Gradient-restorat ion 1 . 1
e e Regtoration . O 1
r ’ - " 1] 1 ™

) TR ) o
5. Stcpnze I}tten‘mtnninn D L
! Fort l'. b - i I '

For all of the pr'E'.rIDJ-‘E nlgnrium the rnliti.on yootor at the end

olmystopmnhewittm o5,
[frin 3 I . Amyx=-ap ,

v
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woro p dmoles the search direction, which 1g glven &y {19-2). Thlae
Iu & ow—puarcter [amlly of vacjed pointd % , for which tha augmented
functlon (3], the conplraint error (6-+1), and the error In the optlmm
cudditlon [6-3} take tho form

2y Fli,ly e Fix~ ap, 4] = Pl
122) P =Plx-np e Pl
{211 gitF. 41 = Oix = ap, 4t = Gl .

For whno grnd_‘.rg;L phase of A STA-algorithn er the arblned grodient-
teztornt lon (hase af n CGPA-AlgociU,m, Linsm. 1410 and (14} can be wltten
In tlw qeneral fom . T
(24) Piad = Plp ', Finp € FO) + 0y .

Thwle ratisfactlon can be crrod by orpleying & biscction process .
wtartird foom w wuitably closen reference ELepadzs

+3Y nwny
Yor the detriminatlon of 1he tolorence stojerlze, mem Seotlon 6.

Mer the reslotatlon phage of a RGW—-!lW"IUﬂ or a m—nlwriﬂn;
ineg. (117 can Ie writeen At

(24 fiar < P

Ite natlafaction can be elwurd by omlofing & bisection prvCons  statting
1

frta the tefereer =tepuloe '
i

1371 T ow ]
Thiv valus roluces the ooostralnt ermor Fix) to zero, 1! tre mn!traLr:t
function Flel gn' linow in x . -t

6. RAeference Stepslre

T poarch tochalion oublined (n Sectlmn 5 for the gradient slepsitw
trployd A blyectlon procrss, stattlog [t e relerencs stepsire (23,
wtil matlniaction ef Irerpr. (24) oveara, A pooeedure werful to dr‘tm‘-
mim this reforence stopwite 1s ouilined hero mad e bapat o A quairatle

A-MIELE S LL.TICTZE ALK LD¥T 3ir
. . . .

'mprnmut!.m of the augronted functlon asoociated with the one=parame-
rter family of solutlens (201,

Let the function Pla} be represented in tha quadratic ferm
! H AR

(FETIE N Y ICE PR WL -

ard let the cos[ficients of the quadrotlc im detetmlno) B2 A8 te mtch
they values of the opdlnate and the glofn At o = 0 and tha valun nf 'Lhu
ardlrate at am, "I‘htl yinlda thg rnlationn

{29} PO} = g o B0 owky . Blil=kge ky ¢+ Xy, .

which imply that

(33 kg w BIG) ¢ Ky m=Q00) , kg = B =P s GO L

With hh:e cocfflclonts known, the follewimg oesibilitica arise:

e M

] (5t ky > © o (M} X, €.0,

in Cace {1}, tha qbad:ntic functlan [28) hae & mindmm for the following,
value of 'the gradlent stepsizog -

1 F ' ] '
u::- , v g =- klﬂh

+ w . : ' r
In Capn (11], the qua..'l.rltlf_' functlon (i8] deccreasea rnrnt-mlcally with n.
This sxgests tha use of the Following refarece values [or the gradient

atrpaipe

ag - kttky 1 Ky >0,

EET

ay =1 it k; € 0.

1 N L

7. Eeperimentat fonditions

“lo grder to evaluats the prewiows algorithrs, eight momerical exome
plry wore oomaiddered.  The flret two exwples pertain to qualratic fune—
tiona subject b ]inoar conetralnts,  The raminipg exampled pertals to
rearrjadratic fun:tit_:lnl-iu-'l.ljﬂtt w penllmear constealnte. Each examplo
wap Holved with tha threg vergions af 5GPA and the threa verslons of OTA
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auttind n Scticn 3. All of the alyoritirg were muqrammed in FORITAN
Tv. &34 the roverical results were obtained usimy a B:er.lg‘rm B - 5500
cooputer and double-precision arlthretic. .

Starting Point.
sen tn start an algorithm was definod by

{34] ' X = ﬁlﬂ L Nn-zi

whars f  Oomotyt tha dionsion of the vector x .

Lesrch Technigque. Tha determinarion of the gradient stepsie
ard tha restmeitiom stepaize wag peciommed in accordance with Sections

% ard 6, Far tho cradient phase, the stepsize & wad subject to  the
Lropeaticies
{25 Pre) < Fi0l, Bta) € Bloy+ 1 .

. | .
For the restoration phate, the ctepsiza wos subject to the inequality

4

136) Blal < Fior . p
ot ' 1
Convergence. Converymow of an algoriths was defloed  through
the lneqalitles :
- I .I
{17 pix) & 1077, Qi i) € 107
.. 1
herconvergence, Comverely, noncomergenca of an algoclbhm was
defined Dy means of tha frepalicles

(181} {al N >0,

cr '

{36-21 [1-) B g =20,

or

i}&-]i =) M >0.8 x W0°7 ; ) 1
llaze, o 15 e iecration norbar, N 14 Hwe e of  Lisections of

the stepalic n romuied to szel-Iy Ineq. (35) ar {36), and © 1¥ the

moutue of amw of tha quantities oloyid in the algoritms.
Satisfecticn of 1reg. [38-1) indicuics divergence or cxtrame slowness of
corvsargance; satisfastion of Ineq.{38-2; indicabes extyosu erallness of .
tre digplacorent dx 3 oard satisfaction of Inog. L3 -1} indicates exponen—
tial orarflow, Lach of thess giruations 1s nndesirable. .

For ail of the exacples, the pominal point che-

] r ]

. .PJ'I..IHJIEIJE J.I:.T{ETEE A.V.Hi'?‘* DTN &31

£ .
4. HNumarical Examples
& . [N ' L m . " ey
T
In, l;,h.lp sa::tl.m, eight mmerical exerples arg M-scrn,q._l The Mcet
e mcaurplt_rn [:Erunln to quadratic funetions mubject to LincaE conakraints.
Thea ra'raj.fﬁ.ng E.um‘rples p-::rtai.n ta rﬂm&dﬂl‘.lc fws:tions subjock B0 Wk

" lirear mnntraintl.

Eum pie E 'I .+ Consyder the problem of minimizing Huwy funcilon

T - {xy -x,Fﬂx; uy =2F 4w, —1F+ixy -1,
. it '
pdxlect po the constraints

LI | B .
(40 :-:1+sz-n;xg+sq-255-0.xz-xs_-D

'rh.u .mc'd.m a-;tm.'l.tn the relatid-re elhn [ = 4.0 ae t.he pxint due-
fined by .

; o=, T
1) %) = —O.76M, x; = 0.2558. x; = 0.6279, x, = -0.1162, a5= 02558

" 4

ard ' . c
2o Ly v 20085, 2p % 22325 L4y = o983 L.

. E:up'] [ _Conalder the problon of pinielzing the function
N Eh (dwy - g a g+ xy = Ba{ng =1F 4 (xgm1F

. fe.tgtoath
ﬂ.tjectthuﬂmuamu
M4 . T X gm0, Xy N, = Dxg Oy %y e kg =0,

Tilia Bmtim actn.lu the ulnuve minbnm f = 5. 3:56 at the polnt de
fFinad by

- 4

Ry w055 x 1070, X 0.0151 x 107, x,v0,5157 ,

U1 N :
: v x, = =0.4527,xy = 02151 x 107
. - : .ot ! .
and oI r ot T . .
(45} Ly = 32179, Ay~ 29054 , Ay = <7.7476 .
[ H I - :
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Exsmple 6.3, Conalder thw protlen of ndnimizing the Ewetloo ' Pt of fraead by

(LR I . ) f=ix - Ilhlul_-x;:rz1 "PEN T . (87) x, = ;.1911.}1 = 1.7638, xy = 1.4738, &, = 1.61'11: x5 = LLIW
subject tD tha constralng T ard e 1 .

48} {1 e xlltxy-4-3vT 0 ., sy A= =0.3082 x 1070, By = 0. 1622 % 167", Ay & -0, 2079 107,
This function admles tho relative minmsa € = 0,356 x 107  at 1ha .

podint defliuwt by Example 8.6, Consider the jwcblus of minlmizing the fuwelion
(43 B . X = 11048, %y = 1.{91&6. Wy o= 1,552 7 "" o i59) SRRV VR PP '

ad subject to tw f.rwa-hl-llt]r CArEtI3ine '
" 1s0p Yo =-00h a0, 1%y x K- 1 . N

’ b .".
Introduce phe auslllary varbehle xy  def Lwsl bey

Example &.4. Conmider tho protilos of ainlmdzing the functlon E
§61) +raferea,

151) Fomim =107 ¢ Ly =207+ Iy = 1P+ G =P x4, ! )
- Trtan, The provions RroLlers can bay Pocast s gt of mi [BLIETTIRY, Wi APV T
tlon (39) subjutt WO Ua ospiality constraloe (617. M DueLion 14

‘iuhjuﬂt to tha conetralnes
a.yuts the rulative minlman € = 0.04 &t the (gint definad by

52) xl %y v b boy = xg)=2/7 = 0, 2+ xjul-8-VTap,
. . : ) [ %4] X ==l k=1, k= 0 )
Miia function ajmics the relatve mingoom £ o= 024005 ab the poine  des : .
floed by . and |
| .
(531 %y» 1.1661, xy= 1,182, x, = 1.3802, », = 1.5060, xg = 0.6109 1] A = Q.
ad ]
) . : Erample B.7, tonalier the probilon of mialmlzlng the Fuct Loy
{54} © A, m-a,8553 x 1070, 4, = 03187 k107, - _
{64} fa T
. ( ) -
Example 8.5, Ooaudder tho moblas of minimdziog the fwarcion mbjoct to the lnequslily cunatrain '
T N T AL TN LR A LU ME R LT (631 |I Comaal o <,
. |

et
Intrubece the sudlllary vaclailes =, il &, def s by
LI )
fLé) ay-xf-uf =m0, x{=n;-x=a.
1
I .
Ther, tha praviod Problos cen te rocost 40 that of mdniniz L tlay

wibiect to the anetralnis
561 %, +xf+ w] -2-342 = 0, xp-xfen 122470, xy %y 240

Thia furctlon admits t.l'bulr:n'.l.d.l'.tvﬂ nmbnitae Fo= O.7877 x 1wl ak tha
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! . - .
function .o} subjoct to tho cquality conskrainta (66). Tha function
{64} admica cha Telativa minimm [ = -1 at the mint defined by -
(671 =1 ,%=1,%=0, x=0
anl !

| .

_[ﬂl’ Al-_IJ-;:--I +

! - ..

L
Exampla B.8. Consider tha problen of mindmizing the function

169) { = logxy - &,
subject o the cquliny constraink

{70 xl+xfed=0
an! the Iregaativy mﬁtrainr:

iny ‘ Ky P 1.
Intreckre the amlliary varishle x; defined by -

(T xy =1+ xi

Then, the previeus problea can be Tecadt as that of minialzing the furc-
clon -

M £ doglt o+ owflo- %y
subjnct to the ofeality consrraint
(74 a2 exd-4 = 0.

¥oLg chat %y Fas bcen eli.rni.mtul from che problos and ean bﬂ ccr;mt:ﬂ
c peaceriort with (12),  The [onetion (73] admats the relative mipimzs

f--v"_ atﬂ-u}pamtduﬂ.naiby e .
{753 % =0, X3 = VI, xym

b
arud

(76) A =YY

-

- =
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1 |._"r ' .
g, Rewln and Concliusiens

'T.I\-pa e:x:nplm dr:scru.ud in Section 8 were solved with the throo ver-
ii.url: of SGRA ard the threa vorsions of CORA denerlbed in Soctlon 3.

“The HLITE.‘-I‘i.Eﬂl. results arc pruscntod in Tables 2.3, whore the nunbor of
. 1tnr.1tlima for comvergerice He 2% Bhoar,
_|.1du*ed, mm. 4 shows the omilative arber of Lwasrations for oomeer—

for the elghbt oxannlos ooy

'2 "From the tables, the following conclusiond ariso: fa)
a m:‘:uratir:p of pare fopm in nocessary for rapid comergercny ard (D).
while Mﬂ 13 tha mast stable among the algorithms considercd hero,
apidityo! xvergence can be increasod somashat 1f one empiloys aluo-
nﬂm uim altermate restoration or optioral restoration, - -

L

. 'i'abln 2. TMumber of iterations for convorgence M.

“'flr'?.f'l'.'.v o
P Pl =t AL PR
o St EGRA-CR SERA-IR SGRA-OR
P
8.1 - ] % 5
B.3 s ¢ -- 8 -B . a._
B . ..o o~ 48 - T T
Ba, ;oo & BB T a1 - . L 42
F'F‘ 1 v 8 7 7
2.6 . 15 . 12 16
ﬂ.? — 3. . .. A5 . - L B
a. - 1 11 1+l
- i .
o -
Tahla 3. Mumber of iteraciong (o conwergonoe N,.

I oore . - ' ;
Exanplo - CORA-NR CGRA=-AR CORA=-OR
B.t- 17, 5 ’ 5
8.3 65 . B 8

_ 8 ' - 22 - 16 . 16
s 36 ' 54 4]
85" 7 T )
B.& S 15 o) 19 B =11
L RPN 7 s ]
4.8 rr 15 ) g 10

r

'
]
]
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Table 4. cumlative mAlyr of Lterakions Lor mm.nrtjurr:e Y M.
=1

' Maogarithe If, '
SGRA-CN 130
SGHA- IR REER ‘
EGRA-DR 11
* P . - L =
CORA-HE Y 1 e b
CLRA=-AR 114
. CGRA-OR m
: .
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Ad L L adikl il AL Fiyggbargd™

:.'umd I A R

ILTICHNE § ATIL W7 3WELee 27 fete b
w0l b 2lag wREimen that the consts
inte, .

LA R . Proen theors £f
WIPRY AR 101 B '.-|-'1||;|r 1 ki |- v il g e {.l:'.,-i,,.h .'i'ff'l!"‘;k'ﬂ‘-

e A LA i, o -
LTI O PRt vt B B B, ot ol

Tixery Flipater

tun ke rerad o3 thal

ting ‘ )
Lt © R =[]+ 2T - ()

suirest 1o the conslraint {2, Fere, &5 o ¢-voctor Lagronge
mukinlicr and the sur=rsarine T denutes the tranete of 2

mgrria, IF ) -

v F,lg3) =.f;.=.I] + iz 12]

drnoies the _r:I;-die:ﬂ of the zugmented functinn {In eq 4,
the gradiests f,and £, denote m-vectors ard the matris o,
iy £ 3 gk Lhe antimum solulion 1.5 musl sagisly the vimul
Lifrota FLUL s

dxi=0 Finih]l=0 )]

22 Apnreximate Delutia== 1o sensral, the system (5)
it nonlinear; cynsequently, epproximate methods must be
fmplm ed. Thise are of vwo kinds: first-order taethods (see, 2
for inctance,.Mdlele et 6l. (153G5)) and serond-os Jer methud.i.
‘Here, we mtmdure the scalar quentities- ¢

Pl = TV xh Giz )= F, ‘II.HH{:‘.H

vhich mearure the croars in Lhe constraint and the onti-
rmom candition, respectively. \WWe olservethal Fa Qend § -
w [ fre the optimum eoluzing, while P> Oand/or § > 0 for
any ., approximation 10:the . soiction. When approzimate

=6y~

A such that

'nelhndl ore uted, I.hey must ultimately Teid to valaes of .~

i =

PLYT @M S e T . M.
Aliernasely, {7 ]cnuht:{:pla.ned by = ‘ . .
IESEIEES T 1% P-ONE SR "I‘EII
where.
R{:.H PEI}+Q{:.H

— e A e e e e ————

dengles the cunulaiive crror in the contruint ang the op-ti. -
raum candition. Here, ey 27¢ 6mall, proweloeled nume-
bary, Nete that satisfacsion of Inegquaity B implies 52t islec-
tan of Inequalities 7.1 one chooses o = 2™ 13,

I3 leview ol 1o 5O 0-Alrarithm -

Hru, Ereview of E0OL is ginen Lﬂ x.A derole the nomi-
nal viloes, and it Ag, 20 donsie the didplacemonts tadivg
fram the neaunal valws 1o I.!'.e varied values E.h With chis
undentandi=g, SOL can be summarized 13 [ulluns. -

(i) For given x and &, eampute fix), wisd, fi{z), o {z)

(it} Comperta

Felz M) = filz) 4 £ (x)x {15-1)
Girhi= £, 00AF, . 4) (10023
Foor= w¥lz,oin) PR B £ 8

-

- I 4 -1 '-f ML l-r LI low
Lthntwrd :nd the :.'"nﬁ.rm 5 ='I.nppcd ciherwiaz, potlosten |
fivh,

tv g venruse fda )

Fodrdt=faiz) & - (x10

woiriong ubl:nin

{11

IR w2 Ere Chemn Preszss B s Dew Wb 14y 4 1ETS

o T R S —

- TR A e - T w WETE L ., ¥ "= > -

{4 i Oltaii 1he varied puing

S x4 Ax {13.1}
i- ASCIEI .Y {1:;-:}
e1d o Laack 16 L] Lin. "
. - - "
1. Heview ol the AAIM-Alzeritim X

Herv, @ 1ovie of AIMM Lpiven in canjunsiien with the
mnilificd quaTneariaalion Ligerithm, Let z o« st JIE
leading from the pominal point to the varicd :'""l"" & '.”“
scarch cirarithn, g = ) tha direciinn fartor, und o the step
erxe, With ki tlndfﬁlﬂ“d}ﬂgl 1l nw-r‘iﬁed meibnd of the

senloinligrs pon b symmarized 2z follows,
f'} Chuoote 3 pemina! selue for 1 pol satisfying the con.
mrruint Coempne Ml ond o h
{n_} Compule f,4x}, wyér) ond ohwin
Fiz) = ¢T{rheiz) (14-1)
) © Palz) = 2y (z)ylx} (14-7]
Fetz Ag)m fi{x) + e dxidy 3 - 1431 ==
8w =P T()F e YR, T(z)Pelz) - wild4)-

where &) i& the Lagrange multiplier of the provies perz-- ~
tiom. .
fiii) U'pdzte the l=zrange muliiplier to the ~2lus 2y hoen

by ' .

A= 3y 4 23cln) (15

~fiv} Cum;'mtf - LIRS ) - )
] Tl had = fila) + )i (16-}
) QUi = FeTlE M fzdd o o (162}

{v} Obtain a tentutive peualty conalant *-
- N -ll'k:- Loz ) /P{z) -

end the uiﬁdntrd penalty consiant kg ns lollowe=—. .
— ke minthek)) if Ple) S Quadg) (72
T km maxikek) if th]> Qiran 07

where £y 15 thy penalty conktant of the previous iteration.
(vil:Camputy the. -augmrnied:peaalty functicn ard s
""‘ﬂ-ﬂlfnl

SN Y I

(15-1)
(1£.2}

fvil) Cumpute Lhe second derivative-matrices f, {1),
valz} 2zd elbtain

Wir daFadm fir) + ko Az) + k-1
Vole hmhad o £ (r) & fadhg + E:P (1]

S ln ) m e () (a2, {18.1}
Pro(x) = 2 |e, x)efz) + < fxde.Tisl]  118.2)
W1 dg kel m FL tx, e+ kb, iy (153

i Boive the Lutar evrteit ol equatisas of wider A

LIRS IR PR L L . H -
«.ia 1'\- + et """-..:,'f;-“bl:'- R

- H’“lz*hl,k_,\]rl + I {z ks =0 -
£ S thretinairs 2t L Vi Y o

direction factor - enid the seprch direction £ fre
tians

nt :ht rels-

—



peEal 12124

(51 Compute the displacrmeny Az, the vared poing 1,
and the nrew valee of the sugmenied proally fencticn wilh
Ar & —gn (2.1}

imx Ay 122.2)

WS, Anbod m [T D+ BaT %) + 8P (223

I--

(xipif
- V( hadad € WWir bl {704}
accent the precent vois of the ciep size o and po back to
gl i others e, ot st i),
(=i If
WHE Anked > B k)
Lizeet the step sfze as many tie
W coorpRInTte s fromrm oo om0 e
mm_,u..'lh {30y iz earizthd,
Iemrra. FL' the {5t iteraaion, the porvivus v lee 6f 4y
aoed Lpoare oot knea, Thie beinz the care, nne o2t

{22.5}

e5 e oatuded (The Lipee-
1o g b slen (%) el

' M=k =k (23]
5. Oprrationzl Count

In this sectian, we gi.¢ the numbe: of asithoetic anera-
tirns performed by exchi alporithm per ireration, This oper-
atipnal count pives a measars of the eomputer time peeded
v iteration, The eamputer time readptl to cormpute the
functions f{x} and ¢lz) end the derivatives L{:c:r eeixl,
frefr), eeols) 18 not considezed in the compasison In the
abswuee of s1ep size bisections, SCL and MMM require the
same nember of Munction eva'luations per iteration. There-
fure, the number of fuaction svaleatinns is not impartant
fsr the comparisan i the basic criterion i the comnuter
time difference heiwsen Lhe twa 2izarnhinis,

“We nple that the summatian and subtractinn sporations
requite much lers somputer tisme than the muliipiicarion
and divisivn operations. Therefore, Lthe operetional count is
dane nnly on the basis of the number of maltiplicatinng and
divisions required ta complele ane ireration,

3.1. Operaticral Cecot for the Sqlr;'hl"odt}*m. L.el
sy Conote the purles of maluplications ang divisicus re-
yiwired by the §GL-a'rarithm prr ireratinn in ordzr to snlve
l"'l'f linear £XELkn Gfi.'l'.'.-it]r}:ls af nrder e 4+ y {lisarson undd
beelier (ER4GGF) Tat M Cenole 1ha number of h‘.mai.n]'nl-; op-
eratinns, Thise numbars are ghven by

aemin+oiWtin+ e =12+ g1 (2:.1)

gy = ntq.ﬁ! 43 sn+g 24:2)
Sanocunsequence, thele suem

[T NI {95}

I-l. vitIes

wm QI (r - dn gl 4+

ERER AT AR A N e ip)!

" 4

TR el Y Cemnf- Lo .‘,' RN
s DM et e Nieltd setem Rmbe i R (B
D A """.-'-.".' '-","-'.-

r - . o ]
bilag - TP S I T T AT S S A
ans; hl:ur-r I”—]-uj j Lnl’ ' dtnun |~-“ I'II.Jmer uf remaiping
L . i ._...“,' s .
- "
pL=AYE S Y = 5] (2%

bataie values o' d

" iy i ife " e
Z 2 20 ] 200 14
3 3 an [ 200 7
L | 3 40 T 400 0
b 3 a 5 w0 22
i k| ty 4 cen 2
i q Lt L T00Q il
a 4 B % 0 24
9 4 90 _ 10 S0 an

10 4 1400 10 1003 az

R T LY L O D IR o TR L
$13)
Az A conseguence, their qum (25} becotnes

pm 3+ Inigil 4 En?+ Dagd2 4 Hin/3+ g + 5
20

5.5 Co=m=zviion ¢f C-cratizzz] Counte, Commmcmien

-

Levween "'_':":_, el A T0T chewe s that e Ty -

.’...

larger number of wperatiens to soive the linear evses and
s rmallir number ofF ooieretions 1o perform the rimearis
tacky, Ji is of interest 10 compute the differcnce 2 h-hw' n

~ the gvrrall number of opezations, that is

2= {ubzor — (alanngs (30
From eq 26, 29, and 30, we obtain
Amgitqn+1}—(a® ¥ ng+ Bn+139/3 1 5)
(KH]
Naow, lel & = 0, 50 that eq 21 becames
g+ gfin+ 1l —(n?+ g+ Bn +133/34 5} =0
0323

Fur given n, let ¢ denote the solulion of eq 32 and lct g,
dennte the closesl interer {(from below) ta g, sulijoct 1o the
limitation gc = n. IPII![ ction ol eg ) und 32 shows that, fur
EDY given n

AL Eg s,

A»dg+1E2g <

{33-1)
(3-2)

The values of g ate fiven in Table } es a funetion of the

nurnker of varinhles 0, As an txample, concidar Lhe c2:0
= iG, fur which g = 4. Tf 4 = 4, 801 reyuires a !rl.-h-lc.r
numinr of aperdimes e 203NN Do the vl e, T
2 5. U opposite {d wrae Frean the tolle i oppaess ial
HIAAT might bwoore superion to 80000 for [roee ovcinmg
{large a), even whwn these large syalems an Buwderately
constrained.

6. Cxnerimental Couindiiions

In mrder o illistraie the charnzierfatios of the 50 and

ATMBAL slgarithins, nine numerical vsamples v ore solved
weime oam IO TR gnmretsr oard danhia mmseilieg
aleofurbit. Dueid aliul IliDS Wile Pruglasiitee 05 « il

Nominal Valves, For bolh almerithms, the noininal

. ma - ;_1.._:.' :.1.. i [

e N '

For the SQLl-zlnrithm, the rominal values of the Lodoiree

A - P T

Crum, LRV el T T A



renltintiers wore thirn AT h = ¥ f=12% ., . 8. wi'k1he
frloe ime values of 7

oy 2L AL AL d s

2 ={202)

LN

For 1he MMEatalsanthia, one starte with o= {0 [eeelinn 4),
T hesrlore, 100 runs wire made lor ench prokiem with il
1y <t ﬂ r"uh-n nrf' ‘]'IJ russ were mede for carh prohlom

i +i:" Lmllu iem~, Th gumveerunee voibifann Tul

e

bath 2’ gorihemg wis chosentabs
-7 F{:] + Qi by x i07% 133

Conviriels, the numnm iroence mitaria were chosen as fol-
towas

v (YN E 104 (25-1)
(L) Ny = 20 (55.2)
{c} M z 107 {28.3)

Here, N is the il:f-r winm nL:l"}:.E'r, My isthe number of birog.
Tiams 14 the glepsize o reguired Lo satialy insguality {224}
snd M iz the modulos of anr of the guoniiiisy emplawed in
tha alroritlin. Cendition (a) implies slow convergenes; ¢om-
dition (b} drootes extreme smallocse cf the di:pl:tr_-mmu‘
and, conseguently, slow convergence; and, finally, cordi.
lian le) depotes-an overflaw.in the-number range of the
computar. -, '

Percentage of Saceess, Each problem was solved sever- ~
al times s1arting with the nomical values given by ey 34, ¢
Lt N, denole the lotal cumber of raos made fora given-
prohlem, using o fiven method; ler N, denole the namber
of suns for which the elgorithm suceeeded in canverging to
= pelative minizem, Then, the pesceatage of tuctes o is
piven by « .

po= SN, {37)
It is noed that &5 p =1 and that the higher the value of -+

£, the more robeaet the slgosithm is; since iL means Ut it =5 .

hat o larzer rangre of successful canvergence. s

. Ar_;ual‘Cnmputtr Time-per-Nun. Lec-T; dencte Lthe —
Cru! sirmwe.in esconds.emploved in the flh runio solve s
given prubltm wilk & given alperithm, For a given problem
und & given algorithem, the average TFU time per tumufulﬁ

renagivenby _ - ¢ [V O
M

- Tor = {1/N;) ‘,_! I (38)
[

Lflective Cormsuter Time pe- Fun, The main rhererc-

eriw o the alperithms cenzidersd In thic repont; namcly,
ml.-m-.'!f 13 P""_h ;) end sneed (low T.) #an he combined
in »m sinple parumiter by considecring the effcotive C'l
titme per run, whick, jor a given problem snd & given a'zo-
tithin, s given by

T:rf'l' = T.HIFP - {36}

Thus, an nlgarithm which is fast ard has a high percentape

' . - %
7. Nuncrien Exomples ' I

In thiz sechian uine nuinerice] ciampley are 2oseribed,
Foanmples 7.0 thinasli 0.7 wore eonsiderecd In zph. et oal,
(LT, wihile exaziple 7.8 was enpaidersi Ly onis ant
Joaknla {15738 Por siimplicily, eeal~r pototian it necd.

Daataple 7.1, Cnntldcr Live prredlem of minimizing the

funrrian - ..+
[J—iry— T+ it aa— 2¥F 4 (x, = 1)+ (x5 — 1V
{
subject to the constraints - -
Tyt 23rs By ta, = 2ymrra—zp =0 17
The fnction (411 admils the relative minimom f = 04023
£ + U1 ot the point defined by - .
2= ~0.TETd; 29 = 0LIR55; 14 = OE2T,
) rom D TIGE; ry = D 2EED (i3}
M= 00uG R 01 A = 00232 E 40
Aow =0 AYSIE + 01 (13D
Exsmple v.1. Cnn:ldm ithe problem ©f minimizing the
function
F= = 1P+ ey~ 207 + (xx < x2)4 {43} )
sithjrel to the constrains-, - © T -

. 2l + 277 2 — 4 =3 VT= D . 8
(i} At the point defined by -

2, =03104 E + 0l;2; = 03196 E + 01;
) 3= 01535+ 01 {47}

h=—=01072E-01" IV

-

the function (45} has the relative minimum /.= 08950 E.— -~
ar: - . L
{ii} At the pmntﬂtfmtd oy -

:,-D,EEEIE 0172y = —0.8954; yy m ~OIGES E + (1 _
L W

L. —

-0 - 130y _

(Y

-1the func‘tmn £43}% hu lhz relative mintmus f= 02189 £+ — ———
01, - .
Example.7.3. Conider I;he probletn of minimizing he
function
Fmiln, =1 Hlag =22} 4+ {a - 100 4+
- < (xa =1V =+ [xg—1¥ [31}

suhject to the ranstraings

Iy lrg 4 Bin(za—xst ~ BT iy ’ .
e+ -EB=-vTag (30

(i) At the point defined by

of surress has g smatler effective computer tim? that o el - -

gositkra which is #low and has a small percentape ol buc-
e,
telative Eificiersy nf Two Als nrithrn-;, in order tn
e - 1 LELE I n L]

- [ 9 - - . H
et b TR ANl el L and v naa i

nif r:'t' :rr.‘lr—.*'-: nnich i r"arr.m- indeperdent, we in.

+ L

_,‘.._r,. a—_

u-\l M RT T T

Ew 1T e AT ol ernsna 30

Therelore, £ € 1 implies that 2QL 5 owure efwicnt than
SLIEAL mbile the onwite B tree Tor B3 1,

SES et Eog Orem, Frocess Ges Do Vol 18, Ko 4, 1978

;= 0.1166 K + OL;

.. ra=SNETE 0L :
d ) ;=M1 0 4 0
. LamOIAG Loy Ulias=LGiLs i)
sl - . . .
M= —GRSTE=Dl A e —Q31FTE -0 (5

thie furction (510 nas the o lathve miniomam f = grats
Liiy AL the paini defined by



Sy -

SR E 40 e = 01157 E 4 00
2™ =01%31 E+ul;z2, = 01747 L + 01
o501

1y =0

Xg =

{53)

and

Ay o= =0 1460 1 — 03; by m =0.1774 (56}

the feoetion (31 Ras the relative minhsom f = 03313 F +
1. ’
(ili) At the puing defined by
Y, = =-0028 & + 01y ™= ~L10T L+ D1
Cxa = (I L4+ 0 xy = QAT ks = 0.155] (5%)

ard
hom =010 4 Ol A= =0.9331 E =01 (%)

the function (8]
aL
{iv) Al the point defined by

i haos the relative minimers f = 04007 £ 4

yym =058 xa m —00142; 1, —0.1M2 K 4 0Y;
1, % 01EIZE 4 0lyxs = 04475 {58)

arul

Ayw —01102 E 4 00 Ay m —0,1452 (60)
the furtttion {51) has the relative minimum / = 09995 E +
01.

Example 7.4, Consider the problem of minimizing the
funciion

fmilry = 1%+ (xy —x)7+ fxp = 2,32 4
: (ra—zt + (re—xg)* (61)
sulject to the constrainly .
- 2- 32 m(;
Ty~ x3° +14+2—1‘/—-ﬂ n:s'-ﬂﬂﬂ (3]
{i) At the point defined by
= 01191 E + 01; 1y = OAJG2 E + G1;
23 =0.1472 E 4 01
2,5 016285 E + OL: 5y = 0.I6TO E + G

P+ 224 xst

{63)
and
A= =032 E =0 4 = =0.16572 £ — 013

Ay= —028T3E 03 (B4)

the function (61) has the relative minjimum / = 0.7977 E —
o1,

fir) At the point defined by
;w0217 E + 01 x-= 02033 F + 01: 5y = —0LE{79;

= —04539; r: =032 (63
and
b= —025Z3 E 4 01: Ay = 07106 £ + OL: .
Ay= —D2651F 4 0 (66}

the: function (61} has the telative minimum f = 01336 F +
na.
[

HE IR

2l o dahied by
MIFi ra e 000 E + 01 zq w —0.483);

== D A s = =gt

aaial BTN
and
A= =0T R 0L = 0BROE 4 )

Ar==05085 £+ 01 (88

the Tunction (G1) has the relstive minimum f = 03T E +
02,
fivh At the point defined by
aym 0126 0+ 01 xy m 212 K 4+ O
3= 01174 E 4 0Lz = ~0.2132
' ry= ~0.1604 E 4 01 (£9)

and
= =02016 K + 01, Ay = —=05231 £~ Q1;
hyw =QEEIZE+ 01 {700,

the functicn (£1) luzs the relative minimum f=0252E+
oz

{v) At the point d-Tined by
xy e 00§04 xp = —=02205 £ + 01; x5 = 0.5377;
L, =038 40k =s 02l E+D. TN
and .
A= 00434 E + 02: 3 = 01006 E + 0°;
hym OETROE 4 U1 {72)

the furction (61} has Lhe relative minimum §f = 05503 E 4
0k,
{vi} At1he point defined v

2= =002 E+05;27= ~02983 E 4+ 01; 24w 017D

2, = 08T E 4+ 01; 1. = =071 {73
and )
A= 09808 E + 023y « 05350 E 4 03;
A= =0042w E + 03 (74)

the funetion {61} huas the relative nipimor [ = CG405 E +
O3,

Example 7.5. Consider the problem of minimiting the
tunction

J=00Mz, — 1)+ {x;- xy7)? 173l
subject 1o constraint
(b astlm=0 - (76)
At the point defined by L )
rimcljzg=Lirg =m0 NN
=008 (18)

this Menetion {73) has the relalive minimum f = 0.04.

Example 7.6, Consider the preblem of minhmizing the
funection
f=-x (19

subject tu conatrainis

e e P L TR P L

{80)

The function (79} admits the rel..l.ne minimym f & =1 a
Lhe paint Jelined by

PE S Nzam a0z, =0 (81)
(BE}

P\ﬂm]‘llc A Coarider the prohlemn of minimizing the

}.] -] L.,-r_]

-Inru e

f=tasr] =g 1z51
suhiect to the consiraint

lI—'-‘ 11;—_1-.['

{it At the puint delined by

bd. Eny Chain, Frccess Dus. el Vb 14, Ho. 4. 1575

wwd



Talle 11 Vrovults for 1t e Examples

[ R FLITTN L AL RN periihm

‘}:- fi - ' > ’
Exangle XN, X, sl s N T
7. 100 102 -G 10 10 B
7.2 1o iy 1202 i v I.0%
1.2 1¢a -£1 [l M E - 227
T .4 140 T 78 35.32 1% 10 .03
7.5 109 SE]r IR P Y to 7 151 °
Tt s e el | 10 M 307
Ty 1¢d 51 445 10 111} 1.17
T.L 100 1% 1.53 0 10 i.1%
.0 101 ' £0.72 10 10 27,70
'
Table I Dosulis for the Examples
IRo-alparnia LinIM-algerthm

e H T N i Far o £

71 . paots QGES 1.0 0.133 0131 0.4
7.4 043 0136 033 L850 0113 B.I25_1.4
TA 021 D343~ 08160 DED CEIB 0.E23 D99
T4 G55, 0489, ~ 0.557501.007 D503 0203 140
5 163 0,075 T 0035 0,70 D220 0314 D42
6 057 0508 0.5:2-1.06 05307 0907 1.11
731 051 0.0RT —O.IT0 100 -0.117 0017 1.4%
78 L8 0403 DS 100 5115 GU1E 4. 3
7% 0.7 2,300 MOASD 10D PTTL 2T AT
| 1y =hzym /3 1B5) »
L Y {£6)

the Tuntction (B3] has the relative mmimu:n fe =
i) At the point defined by

rpe O agm 30 ' {57) -

b= =3 (SE)

the fneiinn (53) has the relative minimum f w43 —.
Exampie 7.4, Coniider.rthe problem of minimizing. the o
funetien

-7} (F0
s oLt W s comEL N
LS PR L B FE R R R P R ]
(W
fir A tre puint drfined Ly

)= =0 1305 g =023 F 4 0): x4 = 00014 £ 4 001

51
Ay m QS0 Ay m D3TS5 E 4 A2 182]
1L fnettoon {"'-lil' vt L rrn“ll\r I m _If w —095%z5 2
r D1
AL s gm0 T
LR LDl PN DhiChvisill SE S (] P JFERRY O JEHEA a3 (Y]
i
w010 A w6 TR F 4 L] 1320
e fonstama {30 LaE e Doaatiee mindoowy e =0y 4

B

S o F IR Crapn,, FILI4SE Il Dp.o WX 34, 03 4, 1375

Fxmnple 7.9 Consider the problem of minimizing 1the
Furnns |u-u

"
f==-2=7 . L)

ey’
sulierltathe cansirnints

EIH..F-:,_.?— L=j=0,u,. .4 l-‘:!"'i

Ll ey —am0 7}

iml
wiete the enelficivats o ot & ore viven by
LR
eymdiieg {65}
ard
=1 & -13/%i=1,2...,10 ton)
{i} At the poin: defined by :
x1= D858 £ = 0l 2g = —U.5155 £ — 01
iyw —DOISEE —Olixy= ~DOIGEE — O
Trm =001 B =0} x5 = =D0.5ids £ = 0O);
r- = =09155 E = 01;°
Ap* —09135 2 —O0l;15 = =0.1E14E + 01"
' yo = (3501 £.4 017 {100 - -

and

M= =0€33%; da = 02775 k= —QEED £ — G
Ad™m QT3 E = Ol k= D17 60: by = ﬂ..:r-IJ,

Ay 0.3741: e m 03615; Ao = DLIETOE 4+ 0} (101)

Lhe Tunction (93} has tic relaiive mipimwa f = =0132 F -
+ 0l
{ii} At the potr: defined by

1) = 0.10584; xy = (. 1044; ¥3 = 0.1064;"
Y= 010064, 7 = Q1055 xg = 0.1004;
7 E QIOCS; g w Q1061 x g w 0BT E 4 QL300
Sap=- — e UI:.'-HI}Z'J_

.y —

and - ’

- e

Ay = 05234 Ao = ATI56; Ae = Q202 £ 200
}'--l- - _,u";-i'ns F - ul- \- = =} '51‘].‘,__‘ = —ﬁ?ﬂl-‘l:
hpw =035 %, m —UANIN A m 032D 2 01 (103)

the function 1,:!:;:7 bas 'Lh[- TElitive m:mmum i= =01316 F
+ ul,

B ivurierics! Tesnlis end Cocclusions

Tre enarrples disstibed in pection 7 win culusd using
buth the standasd quasilineanization alzosionm AL eng
the modificd seesmed ef muliipliore (MM in 2 cnrdanges
withthoer 'Il:r senlz! conaitions outlinesd insoctiun G,

Talie [l abewa, ior each wnample and eoci o~ norithm ke
el pumler of rums N 190 number o Eh o ---ui FImE N,

- .
I R e R AL T IR R LA

M ooempre Tl e T 2T ey l!'th [T ) ' Lol

- H o

T I NI P pelEaT T, .

o E U e e T e aky, e foeTes PTG
. LIT TV oL, et - -

f
e e N L . =
darived, .
”-?"'."’:.‘,"' L T .-.'.'-_'l".':.:-" . e

SN T 4 r_, -0y e oEe g aa - -

LTI P 1 e A | Rawe B 200 e =l [P

]0&'[‘[ ""'1'1 Tl fur 1N [} d "':-_L.. H

L oOn the giher hacd, e



L i i Soe i g2 2= 5 = a= 2T AR T4 T T P

and ¥ "'"‘ L inexargle -.'.'.‘

Oathe unper ndd‘- MAAT achieved & percrntape of sug-
cena od 1A% in aix examplhes, while SQL achieved 5 pey-
centikze of gucceas of YO & i two exareples (ore of =hichis
the nbviouslinear-quadratic cxample 710,

Fer the nine examplez, the cumulative percenlage of sue.
cers wat 007 far MMM and T4% Tur SQL. From all these
dala, the: hicher robosipess of LN 15 apparent.

(i) Corputer Time per Tan, Inspection of the averase
compuler time per Fun To. shaws that 505 is puperier (o
MMM in five cxumples and inferior in four exzamples.
Hewnsver,-when qne loores 2t the effrctive eomputer time
per tun T'or. the situation is just the apposite: MM A s su-
perior 1o SQL in 513 ex==gles aad infesior i three exam.
plen.

(iii} P"lame I-I'ﬁ-::cnr» index. In section G, Lhe rela-
tive v{licicney index E was introduced as a way of combin.
ing percentaze of gnecess with aversge corapuler time per
run, while arziving aL & pazameler whick is machine inde.
pendent, to rame degree. This efficiency index E was de-
fincd 5 fallows ’

. T eriken

_ Thsan (hasu

= 104
(Tenbannt (Tl (plsqu (i)

This relative efficiency index isdefined eo that E < 1 indj-
calrn superiosity of SQL with regpect to MAK, while £ >
1 indicales inferiority of ST, with respect 10 MMM, In.
spection of Table 11 shows that E < T in three examplos
and £ > 1in six sxomplez. Thus, [rom the examples inves-
tigared, we conclude that ALLIM compares favorably with
5Q1.,

{iv} The results of Tables I and 11 must be tiken with a

vain of salt,-since computer iimes are precisc-only to
'ED‘J&. This being the case, valuey of £ in the range 08 < £

Ve

b B R TeRe T= - EEmEEss s FEEE o R R R

emples 7.2, 7. '1 a'-d'?G

If one evctudes these numplﬂ then conclusion (il
rust e modifed ax folluvess £ < 08 In 1wo examplos and
E » 1.2 in tour examples. Therefare, even arcounling for
possible impresision in cemputer time MeRsUTCHICLLS,
M MBT compares favorably wath SQL. -

{v) As shown by eq 31 and 32 and Tabie 1, the relative .
wdvantage of M3IM with respect to SQL. sheuld become
more apparen! for larpe systems (large n) invelving many
constraints {large g). Exemple 7.9, which includen n = 10
variahles pnd ¢ = 9 conslrainls supporils Lhis poinl of view -

" {see Tahle 11}
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OFTIMIZACION DE UN TREN DE CAMAIADORES DE CALOR

Se dezea calentar un fluide desde una temperatura Tin hazta

una temperatura ds salida Tt mediante intercambio de calor con tres

T

corrientes liquidas calientes, en un sistema de tres cambiadores de.calor

que operan en contra corriente, segin’se ruestra en la figura

it M m by e ¥

—

- A,

Fara el proceso anterior se especifican los siquientes parametros :

wo :  producto del flujo en masa poer la-capacidad calorifira {se supone

idéntica en todas las corrientes)

temperatura de entrada de las corrientes calientes {i = 1, 2, 3}

rt
+n

1) : coeficiente total de transferencia de calor en cada uno de los tres

cambiadores { i = 1, 2, 3)

5i se supone que la inversidn total requerida para el sistema de
canbiadores es proporcional al area total de les mismos, el problema se pug

de plantear come €l de seleccionar las areas hi [:j_: 1,2,3) de manera



tal que :

sea minima.

1°) Formlar el problema comg una Optimizacién en estado estacip
nario. Identifique la funcidn objetivo, variables de decisidén y restriccig

nes., Los siguientes parimetros se consideran f£ijos

Tin = Te = 100 t 1 = 300 E; 1 = 120
=T = - 0 I u = 0

Tout 5 00 T > 40 - 8
woo o= 100,000 r 4 " 00 u 5 = 40

2°) Suponga que en el problema anterior las corrientes de salida
caliente de los cambiadores 1 y 2 deben mezclarse y la temperatura resul
tante no deberd exceder 103 230° . Plantee este nuevo problema tomande en

cuenta la restriccidn planteada.

Modelo del cambiador de calor

"

Considerése el cambiader de calor a contra corriente que gse muestra

—

a continuacion




Las ecuaricnes que describen su funcionamients son

Qn ! rapidez de transferencia de calor en e}l n-é&sime cambiador

n—lj _
_ * '
v {tn € )

wec (T -T
n

i

Unan (tn - Tn)

A t* =T
Un n { n nrl)

.
T

siendo las temperﬁturas de salida las siguientes :

donde an =

Funcifn objetivo

Segiin se menciond con anterioridad, se trata de minimizar el arca

total del sistema

Variables de decisidn y restricciones

1- Sin restricciones en el mezclado {Parte 1)



=W - ) = - -
r:'11 ¢ (Tl To} Al I::'Il./lful ( t#1 Tl}
0, =W¥C {T2 - Tl} A, = qgf‘uz ( 4" TE}
o =v¥e (T -T) Ay = /U5 (% - Ty)

Restriceciones sobre las variables independientes

T < T, £ t

Eestricciones sobre las variables dependientes

3. = © i=1,2,73

o equivalentemente

A, > O i=1,2, 3

b) Arcas ﬁ1 v A2 como variables independientes

T +a ¢
T -2 11 ; a= U A /WC
1 1l 1
1+ %y
T. +a €
1 2 Z : = U A /WEC
T, = " %2 2 5/
. 1+ﬂ.2
Ql QE ¥ US comd en el caso anterior, al igual que Aﬂ

restricciones en las variables independientes

-
0 < Ay < & {dato)

L
0 < “2 < AE (dato)

restricciones en las variables dependientes : no hay.



¢} Cargas térmicas Q. ¥ 0 como variables de decisidn

] 1”2
T1=q1/uc v T o ﬁ1='ql,rfl.11 (tl—Tl)
T2=Q2/"'HC s T ; AE-.{JE,/UE {t2.~TE)
Q, = wc(Ta-TE} : Ay = Qﬂ;’u3 {ta—Ta}

Festriccliones sobre las variables independentes

O

| 4
fa

[
A

s WC {tEHTG}

o
| A
o
A

) t -T
sve (t, -7T)
*Eestricciones sobre las variables dependientes

ﬂiql + 0y < VC (tE—TG)

2- Con restricciones-en la corriente de mezcla {Parte ).

Las ecuaciones ¥ restricciones analizadas en la parte 1 siguen
siendo validas aunque en este caso existe la negesidad de afladir otra reg

triceidn, segin se analiza a continuacidn

ariable dependiente : E =



restricciones sobre tn

A Si A == A = T, = =
- y A "= PN Tor Ti=h
* T T t
T = =
2 1' 2 2
entonces 1:l * To *
< T
—_— m
2
1o tant tl + T
¥y por lo tanto L 2@ €y, 230 ({restricciodn del problema)

11—-(restriCcién por arca infinita en A 'y ﬁg}

Las soluciomes &Sptimas resultan ser :

*
Primera parte 5in restricecién en t m

& & L2
T = 6‘ 3 - 2. N = . N = . f = .
1 186.2 T2 292.7 Ql B.62 * 10 QE 10.64 * 10 Q3 20073 » 10

*
'tm = 631.8, ﬂz = 1235.1, ﬁj = 5153.5.3, &T = 7054.8

-
Sequnda parte Con restricecién en ¢

8 6 £
T. = a. = 0. = . ' = . . = . *
p - <100, TE 340.1, Ql 11.00 » 10 Q, = 13.01 » 10 Q3 16.01 * 10

*

t- = . = 1017.9, = -7, = A, A= .
a 220.9, Al 1017.9 52 2715.7 HE 400%9.13 T 7743.0
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AMPLIACION DE  UMA  PLANTA  QUIMICA

El presente estudio tiene el propdsito de diseflar un nueve reactor
catalitice y Fijar nuevas condiciones de operacién para aumentar la capaci

dad de una planta que produce ES.

La1 planta fue originalmente disefiada para producir 91 T/D de ES
¥ se pretepnde aumentar la capacidad para p_rcducir: 150 T/'D. Dentro de las
varias alternativas analizadi;s,se pretende efectuar la optimizacidn sobre el
diagrama gque se muestra a contimiacifn

€I, €2, €3 : calentadores
EI, E2,-E3.:-cambiadores

_R : reactor catalitico

e {CARGH
FRESCA)

. . N E %
[ O |

- Producto a separacifin

e

i
|
_ I
L ) |
: |

I

.‘———-'—--——n_- —_— - .

{RECIRCULACTANY ‘

_— PR — r——— -

'
T ——— e pepeepe—p—— P LIl ]



Bases de disefio

1. Composicién de la carga fresca ( % )

B — 0-43

T — 0.8&
EB — 98.46 D {materia prima)
FER— 0.22

2. Composiciim de 1a r:;arga total al reactor (sin vapur]
B —— 0.1656
T — 1.8686
EB -——95.217
ES — 2.668 &—0n8 {producto final)

PER — 0.082

Descripcifm  del Flujo

El EB fresco se une con la corriente de recirculacidén proveniente
da otra seccidn de la planta. La corriente resultante se bombea al sistema
de precalentamientp'de carga, censtituido por los cambiaderes EI y E2
antes de entrar a estos cambiadores la carga combinada se mezcla con aproxi
mdmﬁmte el 9% del vapor total usade en la reaccién. La mezcla, parcialmen
te vaporizada, ze alimenta al cambiador E2 a una temperatura de 316°F ., sa
liendo del mismo a £92°F , complatamente vaporizada, Del cambiador E2 para

al El de donde sale a 1092°F . El calentamiento final de la mezgla vapor-
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hidrocarbures se suministra en el calentador €1, previa adicién de vapor
adicional provenitente del cambiador E3 vy del calemtador C2, de donde

sale a una temperatura de 1150°F,

El 91%3 restante del vapor requerido por el proceso se precalienta
en &£l cambiador E3. Este vapor entra a 366°F y sale del cambiader E3 a
748°F . El vapor asi calentadeo, parte se alimenta al calentader £3 . de
donde sale a 1300°F y el resto se alimenta al C2 para mas tarde mezclarse
con la carriente.de vapor—hidrocarburos-antes de.entrar al calentader C1..
Por otro lado, el vapor que sale del calentader C3 se divide en dos corrien
tes, a saber: una parte sirve para dar la temperatura final y la relacién
[vapnrg’hidracarburqs) a la entrada del reactor R, mientras gue la obtra se

-

usza para elevar la temperatura de los gases de reaccién entre los hechos

"

catalitigos del reactor.

La mezcla vapor - hidrocarbures que sale del reactor R a 1115°F
se aprovecha para precalentar los hidrocarburos y el vapor que entran al

proceso.

(Mota: La mayoria de los datos dados con anterioridad son resultade de la

optimizacifn que se describe mis adelante).

Datas

Carga fresca : cantidad maxima disponible

compisicidn ¥ temperatura



EE en producto a

73.

Recirculacién : Cantidad y composicién y temperatura

Calentador G} : temperatura de salida °

Yapor ! tanperatura de entrada

separacién : cantidad { 140 T /D)

fe requiere calcular lo siguiente :
vollmen de catalizador en el leche L1
volimen de catalizador en el lecho L 2

(%} del Flujo de salida del reactor R que pasa por los

de vaper que se inyecta al cambiader E2
de vapor que pasa por el calentador C2 para que la mezcla

del calentador C1 sgea de 1150°F

La relacién (vapor/hidrocarburos) a la entrada del lecho L1 del reactor

R v a la entrada del lecho L. ¥ del miazmo reactor.

Minimizar la cantidad total de ratalizador en el reactor R (lechos L1 y L2)

Que la produccién sea la mis cercana a 140 T /D

Que el consume de carga fresca sea 12 menor posible {G)

1.. Calcular 1
2. Calcular el
3.. La cantidad
cambiadores E1 ¥ E3
4.. La cantidad toral de vapor
5.. La cantidad
6.. La cantidad
a la salida
7.,
El objetive es el simuiente
1.
2-
3.
4.

Que el producto a separacidén esté lo mas frio posible (T)



4.

Con lo anterior se puede plantear la siguiente funcibén objetivo

(T)

F = r.l {L1 +LE) + 1:2 [prod-150}2 + K3 (G) + K4

dende K1 s KE . K3 ¥ 14_ 20n constantes que S8 USan para

"ocondicionar adecuadamente la funcidén  objetivo.

Eestricciones

Debido a condiciones de operacién de los equipes, se deben tomar
en cuenta las siguientes pastricciones

T . entrada
1000°F < oF < 1280°F

al reactor

Temp. salida Temp. entrada

-+
del primer - al sequnde < 1250°F
leche (L1} lecho (L2}

Relacibn {:Val;'-,/hidrocarburns)
1.0 <« entrada al = 3.0.
primer lecho

Relacidn Relacidn

(vap.}hidrﬂcarburng) [vap.fhidrocarburns} 3.0

|.A

£
entrada al 177 leche — entrada al 2% lecho

Hodelo de 1oz equipos

Los equipos que es necesario slmular Y); dimensimar son losa

siquientes : :
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1. Calentadores (C1, €2, C3)

2. CaTbiadores de calor
a) BGas - Gas (E1 y E3)

b} Gas -~ Liquido con evaporaciém (E2)

3. Reactor quimico catalitico (R)

De los equipoes mencionados s6lo se describira el medele usado para
£l reactor catalitice, por ser este &l equipo mas importante de la planta.
Para el resto de los equipos les medelos matemiticos son bastante convencio

nales (Ver., p.ej., D.D. Xern (Frocess Heat Transfer", Mc Graw-Hill Book

Co., New York).

Cinética del sistema reaccionante

Se considera que en los lechos cataliticos L1 ¥y L2 se llevan

a cabo las siguientes reacciones. ( A : vapor de agua).

1) EB z= E5 + H (catalitica)
2) EB —>» B + E {catalitica)
3) H + EB ==—3> T + M {catalitrica)
Y .M + A —=CO0O + H (catalitica)
5] CO0O+ A —2»C02Z + 1 {catalitica)

6) E —= AC

-+
[
—_—

(descomposicidén en fase vapor)
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Las expresiones para la velocidad de reaccién de cada una de las

reacciones anteriores, son las siquientes

p P
".Fl = .PEE - LI.{... oxp - _5.?...125 — 6.15
K T
p
) 25600 ”
vg = exp [ - + 12.8 ) PEE
11000 ]
VYV = _— -
7900 1
¥ = =& - - 36 P
4 xp [ m 1.3 _. M
P 8850 ]
= - . P
‘I.F:_' exp [ . + 21.B ) Pco A
V.= 2.5*10" [_35000 * P/
6~ * P 7 ) et
domde -
| T{:.549 exp [ _ 14516 11.41]
P T
P : Presidén en atmbsferas
T : Temperatura

F. : Presién parcial a cada componente

El calor liberads por cada una de las reaccicnes se tomd igual a

-‘fl-H1= 28,843 + 1087

ﬁH2= 25,992 - 1.087T

-ﬂH3n 12,702 - 3.15 T



7.

ﬁH4 = 50,046 s+ 3,95 T
.5H5= 10,802 + 2.5 T
aH = 38,278 + 11.45 T

Con la anterior infomacién, es posible establecer las relaciocnes
que deseriben la variacién, con la longitud, de cada uno de los componentes

asi como de la presidm y temperatura, las cusles tendran la forma general

d n,
Q= - £ {nl,nz, cees M Ty F) i=1,2, ... de
componentes.
d T
s - O em e ™)
d P _
“'&E‘_ - h (ﬂl, ﬂzu LI | tt}{cl T| P}
con sus condiciones iniciales asociadas ([ 2 = O) -

Hay que tomar en cuenta que el vollmen de catalizador en cada uno
de los lechos es una incognita, por 1¢ que el limite guperior de integracidn
en cada lecho { & = By g = E:E) son variables, ademis de gue entre

ambos lechos existe uma seccidn de mezclade con vapor.

Resul tados

Los resultados que produieron un valor minime de la funcidn objetivo

fuerom los sigulentes :



Temperatura de entrads = la primera cama
Temperatura de entrada a2 la sequuda cama
Longitud de 1a primera cama

Longitud de* la sequnda cama
(Vapor / hidrocarbures) primera cama
Gastoe de hidrocarbures en la primera cama
{Vaporjfhidrocarburus] sequnda cama

ES a purificacién

Ccnversién rotal

Selectividad total

Fraccidn de 1a salida del reactor a E1 y E3
Temperatura del producto a separaciﬁﬁ‘

Fraccidn del vapor total al cambiador E 2

Fraccifn del vapor total al calentader C 3

Comentaridcs Finales

7B.

1243° F
1145° F
£11.4 cm
157.1 cm
2,738 1b/1b
249.31 1bmol /' h
2,929 1b/1b
150.4 T /D
65.06 ¥
61.84 %
64 %
562° F
8.3 X

G x

El problema anteriormente descrito resulta ser, desde =1 punte de
vista de minimizaciém de Funciones, uno de los mas complejos ya que una sola

evaluacifn de la funcifn objetiveo requiere de log siguientes calculos

a) Solucién de sistemas de ecuaciones diferenciales ordinarias

ne lineales



rER

b) Chleulos iterativos en los cambiadores de calor va gue
estos éxisten de antemane ¥ los flujos v temperaturas de

operacifn deben ajustarse al diseflo mecinico que tienen.

c) Existe dentro del proceso un paso de recuperacién de energia
(cembiadores de calor}, lo cual también genera gque se hagan
chilculos iterativos dentro de cada evaluacién de la Funcién

objetiva.

En opinibn del autor de este ejemplo, el modificar las condiciones
de operacién de una planta para ajustarlas 2 nuevos requerimientos es, con
raacho, bastante més complejo que el disefio de una nueva planta ya que en

este Gltimo caso se tienen ruchos grados de libertad.
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Hesumen.

Un nuevo método general para resolver sistemas de ccuaciones

* - .

.ne llneales de una manera Fflcieqte. te o nslhnidﬂ. Este método
tiene 'a caracteristica dg_rcﬁol?er aquellos probicméﬁ en los cua;
les 1a sinqularidad de 1a matrﬁi jacobiana se presén;a: £n .estos
problemas los métodos de Mewton y-;us variantes déjéh de funclorar.

£l método estd hasado en !a introduccidn de una nueva Funclén,’

tlamada funcidén de tunelizacidn, cuando se detecta la existencia '

de una singularidad. Esfa _funcién tiene la ventaja de .preservar

las soluciones de la funcidn original ¥y de eliminar la singolari-

dad de la matriz jacobiana. : ’ . :

' .
La base tedrica del presente método estd intimamente relacico-

‘nado,. por una parte, con la existencia de puntos singulares. Aungue

! ’ - . LT L
todavia no existe una explicacidn tedrica definmitiva, es evidente .

-’

de los resultados experimentales gue 'a existencia de una o ,.mds

4

slngularjdades no Fmpnsibilitaﬁ.qUE cl métodd ténga una alta pro--
babilidad de ;envcrghncfa f en algunous casos puede ser glﬂhhlmente
convergente. Por otra parte, en la auﬁcncta de QUntoi 5ingﬁl$re5.
resulta plausible esperar no soliamente que el aigoritmo spa glu;

halmente convérgente, sinc que se vuelva idénticamente al fétodo

de Restaurq;iénrﬂgﬁfiﬁgadua_Ref. [1]. Esta conjetura estd basada

o '?:‘.-“-u;"'.! - -at

r

en ool comportaﬁienta del método. Lomo un rgsyltadn.partféuiar de
este método se obtieneg el Método Ze Hewton Estabilizada, de donde

los resultados obtenidos para el primer método serdn también vi-

}idos para el segundo método.
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1. Introduccidn,

- L] . 4

. fn general los métodos de Hewton, ref, [1], prpsghtan malas

propicdades de convergencia, puesto que divergen cuando la matriz
=5

P P o i

jacobiana se vuelwve singular epn algidn punto nominal, A tal punto

e 1lamaremos punlo singular o simplemenle singularidad y. {6 deno-
' ] . _ oo I'__' - ,
taremos por x° En el presente trabajo se va a desarrollar un huevo

L -
.

método paré evitar la ;inguiaridad de ia matriz jacnﬁiana, cuiando .

< -

esta se preseata, ]Ogréﬁdnse Ja.estabilizacion del método de lew-

ton clisico. L ’ ) U ‘ o

Para eliminar una singularidad cuande se det§¢ti Su E%isiuncia.'
. . ) . _
se transforma el problema original a otro probiema equivalente)]

-

. . ; o -y - '
de modo que esta transformacidn preserve 1a solucidén-del problema-,

original. A esta transformacidén 1a 1lamaremos Funcién de Tuneliz
.-.J

"cidn ¥ se denotard por T(x,k) donde k es.un nimeroc real que ‘1o

-—

] "

. : . _ : :
utilizaremos para eliminar la singularidad x? La construccicn de
1a funcién de Tuneiizacién_es como sigue: Supongamos que se desca.

b - -
+

reselver un sistema de ecvaciunes no Yineales de la ferma '

${x) = 0 {1}

donde ¢ es una funcidn vectorial de dimensién g y X un vecior de

dimensidn n con q € n. Supongames que la ec. (1} tiene a! nenos

LB

R .
una sclucidn. Supongamos también que cisste Cuando mencs un punto



.x°un el cual ¢xfﬁbl= 0y ¢[x°? # 0.

Al atilizar el Algoritmo de Restauracidn Modificado, ref. [1],y
el wvalor nam}nal " es;é cerca de x®, entonces cuando x+x",
.¢x[x°J + 0 prnduci&nddsu para =1, o el tamafa del! paso, dﬂ5p1;za—‘:
mientos de gran magnitud ¥y en general para satisfacer la-propie-
dad de descenso de) indice de compartamiento se necesitard utili-
zar & ;;mamentu peguena dandoe como rcsultado_un avance muy lento
de! algoritmo y en el casc extremo cuando se llega a tener &xfxﬂ=ﬂ
ya no se togra avance algune por no existir la inversa de ¢K(x°)p
Eﬂﬁsidéresé shora un puh{u x=x®+ 6§ muy cercane a x*, donde § es un
véctur muy peguedo de direccidn alcaturfa. La funcién:de tuneliza-
-ciﬁ% se define como

+ . -

Tix, k) = 2 4x) (2)
P {x-x") Tix-x®)) %
Et cscalar- R= I{N'xﬁ}TIKfXDI]ES'ElIfactﬂr que nos ayudard a elimi-
nar Ja singularidad x°para un valar de k sﬁficienteménte grande.

"Es decir, si ¢x{x°]='D entonces

b, ) 7k T
'TxEx;k} = Rk - Rk+lllx-§ Yoo (x1)])
| . (3)
— - f}]—_['u-mdﬁxn /o

Por jo tanto un nuevo desplazamiento puede obtenerse.

e e TR - e ——————— A e ——r . 4

- W N T L e ek e e b mah e AN R W e o e e o —————



Como resuliodo sa obticpe op Métodw de Restauracion Csiabill-
zado {HRE} cuya propiedad principal es Ssu convergencia cuadritica

cuando el punte nominal se elige muy cerca de la solucidn, perma-
neciende en este caso k=0 canstﬁnte, asl ¢omo tener Una mMayer pro-

- I Ty ' . J.I ' : N
babilidad de convergencia a la solucidn, que el método de Restaura

cidn sin estabillzocién. Cuanda q=n éste- método se transforma’ en
- - r . ' ) . = - ‘

el, Hétode de Cuasilinealizacién Estabilizado (MCE], donde los re-

sultados obtenidos para el HRE serdn vAlidos tamhién‘paré este

Método.



2. Formulacidén det Froblema.

Supongase que 5¢ desea resplver un s{stema de ccuaciones no

lincales descrite por la ccuacidn

pi{x) = 0 (b}

donde ¢ es ung funcidn veclaria! de dimensidn q y x un vector de
dimensidén n, con g £n., Supongamos que la prisera derivada de #{x)
con respecté a8 x exisre y es continua. Supéngase también que la

ecuactén tiene.una solucidn.

Indice de Comportamiento. Como l1a ec. (4) es no lineal, estd
vno obligado a usar métodos aproximados para resclverta, En parti

[ 4 .
cular se usard cuasilinealizacidn. Por lo tantp, e&s convenlenta

v

introeducir la funcidn escalar P{x} definida como

T .
: Pix)= ¢ (x}) ¢(x) (5}

ilamada indice de cnhpnrtamiﬂntn. La funcidn F{x) mide =1 errar

‘cometido en las ecusciones al usar métodos aproximados. Para un

valor dado de x se tiene

F{AI = 0 5 'xfxﬁ - L {6}

P(x} >0 si  xfxe | (1

donde x* dencta la solucidén exacta. 5i se vsa cuasilinealizacién,



se deben de obtener valor de & Lales que

-

P{x} ¢ ¢

. .
- - r B

donde € es un nimero pequefio seleccionado de antemano y de acuerdo -,

a la exactitud regquerida ep 1z solucidn, , B
. DR , . o * " L
1 \ v .
K .
. . 1 L - .
e - i " . s -
- ‘ . - -
r .' - 4 h -
. ,
i . -
- - - " ) : . :
. " ! 1 ' -
e ! . 1
- - X, - ' - .
- . ‘ - - -
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3. Deteccidn de la ;.iingularidad1 .

Duréntc el desarrollo del MHétodo de Re5tauraciﬁﬁ Modificado

(MRH) observamos que la dificultad principal dec este pétndu 5 IQ
.presencia de la singularidad de la matriz-jatohiana en determinados
problemas. En tales circunstancias al aplticar el ARM a tales pro:
blemas, el algoritmo diverge, porque al pedir que la propicdad

de descenso se cumpla se necesitard tomar un valor de o sumamente

peguefo sin lograr tal prapdsito. Por lo tanto, tedrlcamente hemos’
. . " T

prapprcianada una técnica ﬁara detectar la exisinhcia de- una sin-
gularidad. Desafortunadamente, en ls préctica, este proceso e5
demasiado caro por requerir mucho tiempo de Fﬁmbutu:para Ylegar
exactamente a la singu}aridad, S{n embargo, podemas dar una técn}-
cta de deteccidn bastante aceptable que ncs iﬁdique la existencia

: .o ¥ . .
de una singutaridad, sin llegar exactamente a =lta. Esta técnfca

‘consiste en fijar un nimero miximo de bisecclones en o para satis

facer Ia propiedad de descenso del indice de comportamiento. Es

decir, si Bisec denota e! niimero de bisacciones hechas sobre o

Y Bmax el nimeroc mi3ximo de bisecciohes permitidas sobre o, enton-
ces . )
‘I .I ' . " ' ’ S ~II'
Y l ] L : : ) ! . :’
T LA Lt I TR T O R LA R ] .
AT “Entonces existe ung ﬁ]“9“1ar‘dad si Bisec > B L9,
P L R R {Ie)
. Entonces no existe una singularidad si Bisec < Bmax L10)
':.LI-J}I s, 1 ALY t{-._ l_.-:.-”- Lh > i_u '.h.'.' e .

. W v



. b, Eliminacidn de la Singularidad,

it . .

G Una vez détectada la existencia de una sihguiaridad i'el
'.*‘. - * . Lot .- M ] i '

S camine a scguir-es tratar de eliminarla, Para ello rnnmplacemns
- . A& la funcidn original pPOr una Funcron equlvalente de tal manera

+ _gue ésta funcidn tenga la misma 5oluci5n que.la funcién o?l'inal.
e . Funcidn-de.Tune!izacién. Para eliminar la singularidad se.
Y propone la.siguiente fincién. .- Lo .
'--: 1‘ - ! - : o I.L - I- ) ' ) ’ . '
;E;r:'.- . ’- . :1‘ .¢{K} . . . . . . :
EC PR Tix, k) = kT L '
--:'- - [ (x x®) {x By L

] . 4 . "
LR .o LT . B -, P . ’ 1
. A . . ot . ! - ) . - . .
iy Ytamada Funcidn de Tunelizacién. La funcidn T(x,k} .es una funcién
e ‘vectorial no lineal de dimensién qy X = x4+ § iin punto cercano a
. . v ' . .
L " . x° de dimensidn n; & unp VECtDr de dlrEECIUﬂ a!eatnria ¥ k un para--
f p _metro.cuyd valor serd determ;nadnlpara elJminar‘la slngularndad.
..'n.'r 1 I\ = . . . B a . . - v ._ H.I .-
AN - Seleccidn del pardmetro k. Supongamos gue éx{x‘l = (. Deri-
. ‘-vando !a ec. {11} con respecto a .x, obtenemos
T (x,k) -———-[:b (x)1: k+l [ (x-x")8' [x}] {r2) -
R R
dundc.Tx(x.k}'es una matriz de dimensién n x q- ‘

Si k=0, entonces las ecs. (11) y {12) se tranforman en

T(x,k) = ¢ (x) o L
{13}
T Ex k] = b (X)



quc1cﬂin¢ideﬂ con 'a Tormulacidn del HRM., Comn fx(x°} = D, se ticne

Tx[xjk} = 0, produciéndose la divergencia del ARM para k=0.

Para poder calcular un nuevo desplazamienlo es .neccsario que
T (x,k} ¥ 0. Abore, incrementando k en incrementos 4k > 0, tal que,
X S

k=k + Ak, se tiene

-

TGk = e (o (x¥)] - —25

(008) ¢ (x)]  L14)
o(sy at6Z%*?) '

Como ¢}[H] £ 0, imi,2,...,8, obtenemos : '

RACHE vh[utmﬂtm £o 1T sy

que era lo gque se pedfa para poder calcular un huevo desplazamiento,

para un valor de k suficientemente grande.
En el andlisis anterior hemos 5upﬁe5tu ‘que
leexoil <00 S e

de modo que, para valores de kX muy grande

i - a0 : 117)
| lx-x"'.lT(x-x'."lk . :

Por lo tanto, ea la vecindad de un punto x°, se tiene

1 |T;[x-k}] _— - iETT i{x-x“)éT[xllf 0 {Ié]



TS

LET

para k sulicionlemente grande.

Si la ec. (16) no se cumplie entonces !a s{nguiaridad de x°

se sustituye por &1 dltimo punta " nncontfndn.tgenéréndGEE aicnn-

tinuacidn el vector x=sx®+ §&,

singylhridad por el

£1 procedimiento anteriar

resunirse colo sigue:

.
L

. .

RN B

co i)

ii1)
iv)
.

—"—Cafcular=T[le]-y*T;(i:k};-

ST Va-ec: {16} se cumple hasa?jéihpaso-(};].

.

.

para'detprm[ﬁﬂr el uéluﬁ5dé_k;5uéﬁc'

procedimiento

de la sec. (3)

tn. -

-’

I

L

taso contrario pasar a (iif)

Efectuar .la a%{gﬁacién

&

rédéﬁsar a (i)

Incrementar k, en _Incrementos Ak > 0. Regresar afi}).

i.x

X

-

x

X 8

-

L

-

Supdngase que para k=0 hemos duscﬁbiﬁrié una-

.-Entohces . .
o
Ao

e

En-
L

"

+

i
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5. Algoritmo de Restauracidn Estabilizade,
Tl P
. e saen Ly
A continuacidin vamas a prestar el desarrolleo del auevo algo-

ritmc para ohbhtener &] siguiente desplazamiento, después de haber

detectado y eliminado una singularidad x*, La caracteristica de
este algoritmo es una probabilidad de convergencia mids grande que

la del mé&todo de RestauraciﬁntHDdificadn.‘

¢

Indice de Comportamiento. Como la ec., (1) es también no

lineal, estd uno obligado & usar métodos aproaximados para resolver-
ta. Por }o tanto, es importante jntroducir el indice de comporta-

miento Q{x, k), definido por

'Q{x,k} =‘TT(x.k] T(x, k) (19}

a

que mide &l error en las ecuaciones al usar metodos aproximadces.

Asi dado cualguier punto nominal X se tiene
Q(x.k} = 0 si  xmx® {20}

Qix.k) > 0 si  xfxt ' : (21)

donde x* es la solucidn exacta. 5i se usa cvasilinealizacion se

deben de obtener valores de x tales gue
Q(x.k) g € (22)

donde ¢ es un ndmerc muy pequeiio seleccionado de acuerdo a la exac

titud requerida en a sclucidn.



va

Como el problema original es resolver la ec. {4} v T(x,%)
es una ccuacién derivada de ésta, resulta natural consliderar como
criterio de ‘convergencia del algeritme 1a ec. {B), puesto gle para

Kk » 0 se,iicne en general P{x) .< Q{x,k), por 1¢ que, c) criterfo

de canvergeﬁcia (22} es reemplazado por 1a ec.(8)..

4

’ ' . -~ . -7 b
.Sea x = x°+ & un punto nominal dado. Considérese ¢l desplaza-
miento Ax que nos lleva del punto nominal x a un  punto variade X,

taquue

i.m o x + Ax ' S - {213}

Si se usa cuasilinealizacién, entonces la ec. {11) es aproxi-

4
]

mﬁda por ) | . ' ] )
¥
§T(x,k) = - n *{x,k]. | ﬁ < a € 1 _ {2&1
dande . _ LL B . . o
ST (x5 TTix, k) ox° o PP
X i ' HS ! ' .

-

-denota la primera variacién de T{x,k). Txfx.k] representa una ma-

triz de dimensién n x g, cuya j-é&slIma columna es el gradiente de

la funcidn Tj{x,k], j=1,2,...q9, con respecto al vector x.

Sustituyendo la ec. (25} en 13 ec. (24) obtenemos

.k

T:{x,k} x = o T{x,k}), 0 <o ¢} (26)



.ln ce., {26} Fepressnia un sistema Jinecal Jlgéﬁ[aicn_dc g ccuacio-
“nes con n incégnitas.zﬁi hacemos lathipﬁtdsis_q < n. Enionccs ]a
Cec.126) ticnehi;-[nfinidad de soluciones ﬁef. [ ]: Sin qﬁhargg,
s¢ puede obtener una soluc!én dnica si se di la siguiente coudi- |
‘cidn; “Una_sblucién inice de la ec. {25) se puede vbiener sf L

busca wun desplazamiento de longitud minima en e} sentido del prip-

ciple de minimes cuadrados"!

Por consigulente se desea resclver el éiguiente probltema,

Hio w= z ax Ax . . - (27)
L.a.
T:(x.k] Ax + 1 T(x,k) = 0 - {28)

!

" Por. los métodos de la teorfa de méximos y minimos, se sabe que
e} problema anterior puede ser reformulade como e! minimizar la

funcidn aumentada,

-

Flx, A= oxTax + ATOT 0 k) AT (KD} (29)

donde F{Ax,.) es conocida como la funcién Lagrangians y el vector

A de dimensién g como el multiplicader de Lagrange. ‘S|
Fo l8x2) = ax? + T Ax K}A ] .(30?'

denota el gradiente de la funcién aumentado F(Ax,x) con respeclLo



'1duﬁde Alx,k) es una matriz de dimer’:s.iﬁ‘n-lq_r. q de Ié.ff:urlﬁa' '

‘introducimos la variable auxiliar

“al vector Ax, el desplazamiento éptimo debe satisfacer

o
FalBx,a) = g IS IY
" Esto ﬁéé&uc; l a re!acfﬁn -
:5u5tf%ﬁ§endc,la =;+h{3£}.en ja ec; [2?] e ébtiehe 1.._‘ o 3 E.
| A{xk} A= :.FIIT({':-H-- t331 ’

] -

- - b n

, - . T . . . ’ . - e :
Aix,k}'e_j:[x:k} T k)0 _ -(34)

-1

Para-un valor dado de o ta ec. {33) representa hn.siﬁtEma'ifhgal

de 'q ecuaclohes ton.q Incégnitas, y puede tesclverse por elimina-

~cibn gausiana para obtener e} valor de A.

Cambio de Coordenadas. Para 5Empliffcar el ﬁrbEIema'antériuf

7 = A S (35)

transformandose la ec. (33} en

Akl 7= - Tlxk) T o (36)

L



.

que es equivalente g un sistemp [tneal algebrajice en la incognita

2. : ' 0

Para obtener el valor de Z resolveremes la ec. (36) por eli-
minacidn gausiana, e inmediatamente después introducimos otrs va-

riable auxiliar ¥ definida por
Y o= - T ix,k} 2 . ‘ _ (37)

donde Y es un vector de direccidn. El valor del desplazamiento

4x puede obtenerse de la ecuacién

Ax = - a ¥ _ ‘ {38)
.o ) PR ' .
-El vector X es calculado-de la ec.{23). 5§ et punto X satisface
"1a ec. (B) entonces X es la solucién buscada y c ?lgcritmn se
termina. En caso contrario el ﬁuﬁtﬂ % se tems como punta nnplnal
para ia.s}guienfe iteracioén. Como resul tado cbtenemdé un Algoritmo
de Restauracioh Estabilizade (ARE) y es usado Iterativamente hast{

begrar la convergencia a la solucidn buscada.

$i g=n, de la ec. {36) obtenemos
z = A7 (x,k) T(x,k) - ~ (39)

RN CH NS MENTI RN IS



- Sustituyende 1a ee. (39) en Ja~ec. (37) oblcnemos

ve - Un Gl T TGk SN CTE

’ T ' o
‘Multiplicande por la fzgquierds la ec. (40} por Tx(x,k]. ohlenemos

! 4

THx) ¥ oo = T0x,k) NI

. La ecuacidn (41) es equivalente a un sistema tineal de n ecus

cianes con n incégnitas y puede resolverse por eliminacidn gadsia- .

v

na para obtencr €l valor de Y. Una vez conocido €l ‘vector ¥ calcu-

+

lar 4x y X de las ecuacienes (38) y (23} respnct}vamente. Si

!

satisface la ec. (8} entonces X es 'a solucidén buscada y el algo-

fitmo si termina. En .caso contrario, s& toma a4 % como punte nomi-
1 * r

nal y el proceso vuelve a repetirse. Como resultado cbtenemos el

Algoritmo de Cuasilineal izacién Estabilizado {ACE}, o élgnritmo

de Mewton Establlizado.

. 'rFerie'dad de Descenso del Indice de Comportamiento. Para .

impedir que el Indice de comportamients Q{x,%) aumente cuando pa-
samos del-punto nominal x a) punto variado X, requerimos gue sg
primera variaclién sea negativo. Lta primera variacicdn de Q(x,k)

esta dado por

5Q{x, k) = 3 TT{x,k) 6T(x, k) o (42)

Pe la ec. (24) se tiene



-2 aq {x.ki ) (h3)

rl

ﬁﬁ(x.k]

Atora, como Q(x,k}) > 0, ya que X es un punto gue na‘Eatiéfaté'la.
“ect {11}, y para a > 0, tenemos. S
§Q{x, k) < 0 .. - (uh)

v
b 0

Por lo tanto, si a &5 muy pequeno el descenso del -fndice-de compor

tahiehto estd garantizado, es_detf?
CoQlxk) < @dx,k) T T (hs)
. . . s : " '- '.-l' ] .-'.

v

Las etsi'{h(} ; (45) constituyen 1o q@e.llahamés_la ﬁinpicdéd.de

- -

descenso del indice de comportamiento. Para determinar el valor

*

éptimo de a-para el-cdal 1a propiedad de descenspo: se cumpla;i’ se

&

efectuard un proceso de biseccidn sobre o , . ref, [1]



6, Resumen de los algoritmos,

Las diferentes etapas del desarrollo de los algoritmos; ACE y

ARE pueden resumirse de la siguiente manera:

a} Algoritmo de Cuasilinealizacidn Estabilizado.

1. Dar como punte nominal a x°.

2, Generar el punto x=x°+ &, Asignar k=0.

3. Calcular &(x}, ¢x{x} y P{x). i

“: -5i P(i]'sat[Eface Iq ec. (B8], entonces el g]gofitmn

se termina.,.En caso contrario pasar al sigdiente paso.

5, -Calcular fo,k},;Tx{x,k} ¥ Qfx.k].

6.  Calcular Y de Ja ec. {4i). Asignar ﬁzl.

7. Calcular 4% y X de las ecs. (38) y (23}, respectivas
.?‘ 'cglcular'¢(ij. T(X,k) ¥y ﬁtﬁ,kl.

9. _‘Si_al;,k] < Qix, k) p;sar sl paso (13). En caso contrario

pasar al siguiente paso.
1G. Si ta ec. {9) se cumple Easa; af pasg (11). En caxo
'cnntrario el valor de o se reemplaza por a/2 Yy se re-
gresa a (7).

11. Si la cc. L]E},SE cumple pasar a {(12). €n caso contra-
Tio efecruar las aEEQnacioéES x°m x, xwx®+ & y k=0,
ﬁﬂﬂ{csar a (3). .

i2. Incrementar k on fncrementos Al = U.‘RngrESar a [5).

13, Una vez conocide X Iﬂritcracfén se termina. El punto X
s¢ toma como punte ncgminal para la 5iguiénte iteracidn.

Regresar a (3).

ry



LI
L
- o -

b} Algoritmu de Restauracidn Estabilizado,

F IR

‘g,

10,

11-
REX

'Asijhﬁr?knﬂ. 1 s

. En caso contrario pasar al 5|QU|ente paso.

L

.‘Céléular +{x,k}; T (x k} Y Q(K RJ

Bar come un -punto hominal a x®. Generar el punto

-

= x"+ &,

caleculat $(x), . (x} y Pli] | o ‘; - '1.

Sf P{x] satlsfﬂce la ec: (B} el algcriimo se termnna.'

Ealcdlar Z vy Y de Ias ecs. l35} Y [3?] respectivamente.~

As:gnar u=l¢

Ealcular ﬂx R x de Ias echac:cnes {38} y 123} Fésbepti-'

?amehte :
Calcular ¢$x]. T[x k) y Q{x k] . .; s

ST Q(x kj < Q(x, ¥ pasar al paso LIZ} En.caso coitrario

i

pasar al sigulente paso.
| - v -

Si-)a ec, (9) se ‘cumple pasar a2} paso-{10). En caso

L

contrar{o-el valor de o es reeﬁpiazaﬁulpor.&fif Bééré;
sar a [B8). - |

si la ec. {16) §e éump1e paga} aiﬁpasuliil]..én'caﬁg
contrarjo efectuar las asignaciones x°m i, i-x;+ v

*

km0. Regresar a (2). L
: o . ’ ] ) ' -

Incrementar k en incrementos Ak >-0, Regresar a 14},

Con X conccido la iteracién se termina. Tamar a X como

punto nominal para la siguiente iteracidn, regresando

a (2).



g, Conclusiones.

Un ﬁétcdo general para resclver sjstemas de ncuatinn;s.nﬁ 1i-
neales de la Forma ¢{x} = 0, donde ¢(x) es una %uhtiﬁn véctnriaL
:dnldimensién 9 Y X un vecter de dimensidn n con q € n, se” ha desai'
Eulladu. Este método tiene la caracteristica de resnjvér aquelinsd

“qranEmas en los cuates Ta matriz ¢K{x"f=0 se presentd, idéntif?"
cando a x‘ﬁﬁmo un punto singuiar.'ia eliminacién del'ﬁunto singu-~
lar x°se logra al {ntroducir 1a funcifh de tunelizacidn T{x,;k) para
un valor de k suficientemente érande. El métndo estd basado en ia,

~consideracion de -los indices de comportaaicnto P(x]=¢T(K} ¢ (x)

ey Qlx, k) = TT(x,k] T[x,k}, donde el pfimeru es vsado como criterig

de convergencia y ¢l segundo como una guia durante el desarrollo

del métoda, ya gque en,general; para k > .0 se tiene Q{x,k) > P{x}.

“Un nlgaritmn-de Restauracién Estabilizade ha sido generado

Al considerar la existencia y ellminacién de puntos singulares vy
al mismo tiempo requerir gue la primera variacién del fTndice de

comportamiente Q(x,%} sea negative.

5i k=0 el ARE se transforma identicamente en el Algaritmo
de Restauracidn Modiflcade (ARM]), el cGal no tienc la propiedad
de detectar y eliminar puntos singulares. Esto significa que sl

el ARE es usado con k=0 entonces el algoritmo no puede {en gene-

- !
.fal} converger a la solucidn.

La propiedad Fundamental del ARE, !a capacidad de poder detectar |

existencia de puntos singulares y }a capacidad de poeder eliminarles,



] . .
+a a
hate gue el ataoritmo sca mis conliable pueste gue, en algunos
cases puede volverse globalmente convergente.

‘Finalmente, cuando g=n el ARE se trans{orma en el Algoritmo-
la Cuasilinealizacidn Estabilizado vy los resultados obtenidos para
el primerc son también v&iidos para el segunda, = '

a r . . T vt .' . .
- tor 1 - - r - T
o A " s :
* H . : - = " - -
_ R L " - . . . Fake . Y
i ) " L] - *, L - ! " 'H -
i N - . . '
. ) -7
- I' -' o
W
L a s - '
B & . . - s
- . 4 - - " s
.- - P - X PR e
) . :I:.‘ ‘q ‘ - ."' bl r ~
N r ! . . v . . . e .
- 2 - + . - . - :
’ - . -
L . L, ' - -
N [ L] ?
: - , b3 " i
- . L]
4 .I
‘ .
. f . r . B
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9. ctondiciones bExperimentales.

Con el objcto de comparar les ventajes logradas con los al-

goritmos ACE v ARE sobre los aleoritmos ACO, ACH y ARD'v_AﬁH. res-

.-pectivernente, s5¢ resglvieron varios gjemplos numeérices usando una .

computadora .B6700 con aritmética de doble precisién. Todos los al-

goritmos fueron programados en Fortran IV,

Valores nominales. Para todos los alger{tmos tos valores po-

v

minales fueron elegidos como
*
i

XI‘){

usando los siguientes valores de B y de &

{]
3 |
‘B= 0, +1,°%2,..., %50 . : (47}
T S e
. ' (458).
i) 0 s i ]

- +

En_la ec. { 4B}, x* representa }a solucién exacta, B es la distan

‘cia del punato nominal x a la sclucidn exacta x®. ¥y ﬁij es la direg

cidn. tomada sobre ios ejes coordenados.

.

Londicidn de Paro. E} criterio de convergencia para obtener

la solucién deseada, se escogid para todos los algoritmos como

20

P(x) ¢ 10° (k9)



L .
. -

y los critering de 0g cenyargengia come

) No3 a0 . , -+, {50.1)
wrtot Ny 3 20 : , Yo {s0.2) L
. K :. 10 - ' _ | . - {50.3) g

o ' ]
Rl . B e

; . donde B es el ndmaro mixfﬁﬁ dé'FtEra¢1one5 del algo}itmd para lo-

grar la. canvergencna a la 5DIUC|0n deseada, "b es el nimero méximo
5 | 2

* + do bisecciones perm:tldas “en el tamanu del’ paso a para 5ati5fa:er_

- »
LI, . .

s : la propiedad de descenso de :ada aigﬁritm_ﬁ"'y‘km.eil valér'lmék_ﬁho -
K permitido del "parémetro k de la ec. (11). Tt

e ) La condicidn {(50.1) Iimplica 1la Eunvergenciafmuy'lenth del -

- . .

algoritmo, la condicidén [50.2} indica un valor ektremadamEnta pe-

- guefio del dESp]azami%ntG ¥y por consecuencia la convergentla muy

: lenta, ¥ la condicidn [50.3) indica que los aignriimnsdhEE y ARE

- fho‘ppdieran canceliar fa singularidad. ' oo - : -

- -~ g L L]
. -

E . ' - hr et T,
o El valor de Ak es O, 1 y el va1ﬁr de Bmax en. lasecs . {9-10) es

e o -_5 y 15 para el AEE y Bl ARE reépectiuémente. EY valbr de & es

Porcentaje de Exito. Puesto gue cada broblema fue resuelto

varias veces {J00 en total) comenzando con .los valores nominales

dados por Tas ecuaciones [ﬁﬁ]- {(48), sean H el ndmero total de
corridas efcctuadas para-un ciertd problema dadn usandn un algo- e

.ritmo dadc. v N5 e! nimero total de cortridas exltasas. El.pbrceﬂ

taje de éxito estd definido por

)
%

P .
r’ : ) )



de donde O § p 5 1 y mientras mds grande sca el valor de p mds

poderosc ES el algoritmo.

-Radio de Converqencia. Para hacer una comparacidn de la efi-

"ciencia de cada algoritmo, definimos e} radio de cnnbcrgenc}a de
la siguiente manerg! Dado Ln punto nominal x la solucidn conocida
x*, medimos la distancia de x 2 x* cComo R=|lxx - x*|| ¢ 8 ﬁij.ii
para todos los nominales se tiene p=1, decimos enrtonces gue
R{R=R) es el radio de convergencia de un algoritmo dade para un

problema dada,

Tiempo de Lomputo Empleado, §i Ti representa ¢! tiempo en
segundos de CPU emplado en la {-ésima corrida exitosa, para resol~-
ver un problema dado usande un algoritme dado, definimos el tiempo

promedic en s;gundnsfde CPU por coarrida exitosa como

Tav = —1
N$

9. Ejemplos numéricos. ' - ' '

En esta seccidn se describen 13 ejemplos nimeras. Por simpli_

cidad se usar3 notacién-escatar.

Ejemplo §.1 Considérese le ecvacién no 1lneal

»

XX - 5ln 3 x + 1

+Lon sQlucign conocida x= -1.04
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Ejempio'll; Eonsidérc?e.la ccuaclon no lineal
‘k— sén[Zx} ;_ﬂ
Fan SalucfnhFE ;nnocidés:de x=07 i,ﬂ.éSt

'Ejeﬁﬁlg 1.3 Considérese ‘1a ecvacidén no lineal '
- sen (x) - x + 2 =0 S

. con sglucién conocida x = 2.56

Ejempio't.ﬂ Considérese el slstema no 1ineal
..1 '.

- RPN

e (2} + x - |1 =0

Z.x? + 3?2 < hx?‘f E(f*x} -1 =q

con solic(én conocida- [x,y) =-{0,3.312), Otras soluciones -son

por ejemplo {x,y) = (0-2.79), (-).65, -2,23).

Ejemplo .5 Considérese El's}stema ne lineal [25]

2 2

Y. = sen (x%) = 0

ten sglucidn conucida'(x.¥}.= (0,73, 6.5]. ﬁdmite tahpién 1a



solucidn (x,y)] = (-1,67, 0.35},
Ejemplo .6 Considérese el sistema no |incal

0,05 senf(blly) - x - 2y + 1 = O

y = 0.5 sen (2Ix} = O
con solucidn (x,y) = (1,0)., Admite también la solucidn {x,y) =

(v.6, - @.29), ( 0.4, 0.29), (1.85, -0.&%), (D.15. 0.4}.
Ejemplo 1.7 Considérese el sistema no lineal

2 sen {(lix) sen (2MZ) - y + 1 = @
0.1 y sen {202)-1.5 x - Z + 2.5 = D

Q.1 v sen (2Nx) - 2 + 1 = 0

i

{t,1,1)

con_sclucidn conocida (x,y,7)
‘Ejemplo 1.8. Considérese el sistema no lineal

2 sen{D,4Nlx) sen{Q.bfz) - fr= ¢

0.1z sen(2lz) - x - z + 2.5 =0

0.,lysen 120x) - z + 1 =0

" ¢on solucidn conocida [i,v.z} = ll.h;l.5,1].



- EE - }
Ejemplo 1. 9 Considérese clhsistéma no lineal
25en{0.47x} sen (0.40%) - y = 0
D.V y sen(2%z) - x - z + 2.5 = @

0.5y + sen (2Nx} - z-4 § w O

" ton solucién {x;¥,2z) = (1.05,1.85,1.47), A&mite-tamﬁi&n‘i;;:hoIUL

ciones (x,yi2) = (1.91,0.87,056), (1.56,1.55,0.79). | . .

Ejemplo 1.10 CnnéjdéFéEe‘al'sisleha no Yineal [2] -

Cio e (it [x+f4i%ﬁ]2;;-}5 "0 -
.7y xien(0.5M2) + yeos{a.5Mu) = 1 w0 . LT T
x, + yz s h_i'U : S -t:' E
’ x + 2y '+ 3z ¢+ by - 10 = O
. toe T b, -_ o .
con soluctén conocida {x,y,z,u) = {1,1,1;1).
j ‘Ejemplo 1.-11 Ennﬁiﬂéresene[Jslﬁieﬁéwnnﬁlihéal_lil‘
u ." _{x_yjz +1(v...r_-z:lz'f[21—'».1-*»«]2"= h.. ri
{x"1]z.f Iv;zlz s vt oz ao0
fk-+'zyz + 3:3 + huh-+lﬁv5 - 15 =0
~xz + xvyz --'u3 =1 =0

. ﬁnn“sQluqién“conocfdéf(x;Y;z,u,i).= f,150151) .

Ejemplp i, 1 Considérese le ecuacidn no Iinéa[

3 -
esen{x ? + x - (Y'T]Z 1 =@

w |

-
—



.\
con sblucidn conocida {x,y] - tﬂ,l]._ﬁdEmés. admite también las

sotuciones (x,y} = (0.26, 1.53) , (0.26, 0.4683)
Ejemplo |1}.2 Cunsidér%se ta néuacién no lineal
ﬂsen;£3]

+ x —‘[y—l}z - 12-2}2 - 1 =0

con salucian {x,v,zl = {(0,1,2). Ademis tiene mis solucitnes, por

ejemplo (x,y,z} = (0.26,1,53.2), (0.26,1.2.53), (0.26,0.47,2).

-
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41 INTRODUCTION

This chapler COVErs some rnpthuds of dealing efflclantl; wil
linear integrated circults using bluck~box techniques and describe
s0me computer programs imp! ememirg the methods dlﬁﬂUSSE i,

One of the drawbacks of the peneral- ourpose analysis prnE 2arm
which ere presently available (ECAP, NET-1, CIRCUS, PREJICT
NASAP, SCEPTHE etc.) [1-6] is that they can handle cnly lurnpac
circult elements As s result, Lhe models for transletors and i
tegrated , eirmﬂl.s that the circult designer g forced to use hay
parameters which are difficult to determine and It is & rela;|vel
complex matter to achieve good Iapprnximatluns to measured dal
over broad freguency ranges. For exampls, the el=cult shown 1
Fig. 4-1 ls a hybrld-pl Unear mndel of a high-frequency tran:iisie
[71 including header and overlap dlude capncitances which, In spit
of its cumplexily. predicts the frequency behavlor of v, with pre
msion up to only a few MHz, For this reason, soms deslgners u3
different models for each fmquenc;r rangs,

In [8] Carlin emphasizes the fact that one cap o lm-ger fa,
back on the comfortable security of coils, capacito.s, reslsors
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Flg. =1 llxbrid-pi model of o Lransiptor with header and overlap disda
cEpacilanros,

and trensformers 1o desgribing the detalls of gonstruction of com- .

plex electrical devices, Independant of the internal construction of
a device, if ke circuit 1s linear apd tlme-invarlant, frequancy re—
sponse mairices in the complex plane will describe the device
accurately., In some cases the frequency response malrix may be
obtalned experimentaily without any knowledge of the internal
stritgture. In other cases Integrated ¢lrcults may be analyzed and
the network may be characterlzed by a matrlx whose entrles are
lunctions of {requency. The circult’s internal structure s {gnored
thereater. This technique 18 called the black-box approach. It
has the {pllowing advantages for Integrated circult analysts

1. It is able ko accept experimental as well a5 apnalytical data,

4, Complete integraied circults may be black~box modeled.
This is exireniely advantageous U the same clreults appezr

- saveral times in & eystem.

A Wik this approach thereisng Iunda.mentaldlﬁerenna petwesn
lumped, distributed, or ideal networks (such as ldeal low-
paas Hlters),

4. Selatlon of networks by pieces may be done quite simp‘.l;,r
using thls approach. Thls maybecome mandatory for wnalyz-
ing clrewl's with many vedes on computers with lmited

memorles,

We do not propose to sbandon conventional device models since
the; ares qulie vajcable for glving the designer insight into the
“imturaction of tre device with the rest of the clreult, What we
prepose Is that a tool, such as the cempuler, should be used in

ways appropriate o 1iself. Certaln Intultive tools such s clreult |

P
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schematics and Bode dlagrams are approptlate for the peneil-and-
paper daslgners, A computer, ob the other hand, baadles poly-
nomlals belter than logarithmic graphs: it s simpler to fit ex-
perimental curves with polynomlals than with glreult functions
having certain pole-zero coastellatlons, This does not include the
deslgner from keeplog In front of him a schematlc with convenw
tional medels for insight.

The blaick-box curve modeling approsch la most appropriate
for handling intercennections involving slngle-chip Hnear integraled
circalts; the only avallable points for connectlon, messurement,
and characterlzation are the extsrnal terminais.

The four central ideag in thls chapter are

1. In analyzing general Linear statlonary networks 1t should be
possible to handle them as black boxes.

2. The medeling of a glrcult with two or more termlzals should
be flexlble encugh to ardmit not only ratlos of complex poly-
nomials, but also general curves in the frequency domain.

3, It should be possible to preanalyze pleces of a ¢lreull and

. evantually inlerconnect the pleces.

4, The Indefinite matrlces [12] are ideal vehicles for charact-
erizing multiterminalblack-box circults which are arblitrarlly
interconnected.

4-2 FITTING FREQUENCY CURVES WITH STANDARD FUNCTIONS

For the analysia of interconnected black boxes, three metheds

.a.ra posElble

1., Anmalytical expresplons which glve the terminal character-
istics of the boxea,

2, Standard functlons flitted to discrete data which were eitber
measured or caleulated,

3. Caleulallons performed only at the frequencler Ior which
discrete data 15 avallable throdgh either measurement or
galeulation. :

There are some devices which ere deseribed aceurately enough
with analytical expresslons over a Umiled fraquency range. For
example, smooth uniform transmiesicn Unes may be descrited
with matrices whosge entries contaln hyperbelic functions over Lhe

*
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vlectrival leogth of the bine. Lumped elemenis such as resislors,
lrduclork, or gapetllofs may be uhar.nc}crl:ell with the analyileal
expresslons M. Li, or befs. Mullitermibal lumped notworka may
Lo an:lyred symbollcally and churaglerlzed at given lormloals wilh
ratlos of compleX prlyromials. ldea] elemants such aa bandpasa
fllters with linear phase rmay be characterized by analyticsl phasa
and magnltude c:p:eﬂiuns. When suck ml} teal expresslons am
avallable withoul Loe rmuch additlonal ‘effort and are aoolrats
ensigh, they are prefurnh 4 Lo gther chars.ctarlznuou because of
thelr convenience.

Somellmes analviical expreasions are not avallabls without con-
alderable additional effort, bub dlscrets data ia, The discrate data
may have beep measured or galeulited: [ we lnow the geaeral
aknpe of the cirve fromwhich tha discrete data palnts were sympled,
the disgrete data may be raplaced by standard funcucos whosze
parimetora arg delermined by a procoss of curve fivtng [R].
The choles of siandard fuaztions is delermined by tha applioation,
Sorne p-oualhmr.les are

1. I the raunpe of frequencles and the range of the valuse of
the funcilens are spiall, low-prder polynomials will gener-
ally ba ‘acenuate for slowly varving funciioas,

2. I the ranpe of Ireiencles )5 large and the range of velues
S kepll, lew-srass palynomlals im the logarithms of tha
irequescy AT¢ usSCALY adequals, -

3, if bolh the Tange of vajues and whe rangs of froquencies ire
large, ihe logarlthms of the values versus the logarithins of
ke ‘requenties maoy be f1t with low-order polynomliats.

If the data varles eomewhat erraticslly. different curves may be
fitied owar eagh !requency raoge, for £xample, ligesr intarpola-
tign betwepen strategically chosen dato polnts, .

Tk= methods menllones abave are the almplesl, amd Wbrary
rgyilces are uswally availahle o Imaplement them. A usar may,
however, chasse &Sy fungilonal [orm and edjuat parametara with an
opt!mizailon program U he =o desiceg fOT Some partigulir pedson.

By havlpz several subronitines avallab!s in & progrim, the ueesr,

deperdlpg en hla probier, may through dita cards control what -

type af etandard {vnctiona are used {or 1nurpnlll1um

If e discrate data whish is avallabls la spaced sufflclently
closely the 'I.n‘L'l.}'Slh may Le done enly 4t the [reguency voluos ot
which the dasa [4 avalizbla. Thls of potrse assumaes that all the
comporenis ceseribed by dlscrete datd are charajierfzed at the

ANALYS| % OF LIMCAM INTFGAATED CIH, a2 s

fdame [requencies {Or alee that the analysis e done only 4t tha
[reguencles for which all the ¢lements ave chardcterized). 1o this
cand curva flling may Lo dingwenpes] wlth sliegeretoer,

When approximating & glven curve with a Unear comblnation of
& sot of functinns, theTs are cortiin problems that may arise. Qae
of thaze problems 15 that calculsdons performed by Compler
carry a Umited number of s)znifleant figures, Subtractlon of lirge
rambers to obtaln small numbers may gause ¢onsidarable erzor
due to brupcation, The sitwation will et arise U orthogonat fioe—
tons are used 1o performing caloulatione by mmput&r,

In funclion space the powera- of =3 1. x, %% <%, % .. ere
oot orthonormal functions (orthogonal and normalized). The *.j r&r
the order of the polynomlals tho less (he projectlon of ona upes
ancther as sxhibited by thelr inner produgt In Lhe lnterval [0, 1

1
L
el
cx".:":—-f R R - !
» pa.-qqln [ - P |

Thia Teaze that whio ong fits a curve wilh & high-ordar mely=- s
bomlal, 1t will generally be necessary Lo carry 4 elgniileant rum-
ber of digita, especlally Tor the higher pavers, This is (ke rejuon
for the following muTprising fact: Although experlmental dasz 5ar
be mocurata to two Elguiiican! flgures, it may be necessazy to
provide polynamial cotfilelants which ars acourele toseven [izuros,
Unlese one I8 awars of this ozme may e lempted 1o Tount off the
Polypomial coeificleats o the samw significan: Hgures us the d1wd.
This would, of course, giva very Inweocrate Tegalis,

One way of allavlatiog thl=s problem Is to wEe fanet'ons other
than powers of r, Thera aexist seveca) famillas of artbageral
polynemiale which are orthonormal ever dlfisrert !'ntervals R
Examples are; Legenire, orthogonat 1n (-1.I1]; Chebvsher, First
Kird, orthogonal in [-1,1]: Chebyeher, Secend Kind, erttogosil
ln [-1.1]; Jacobl, erthogmnal in-[-1.1]; Generalzeg Lapierss,
orthogonal In [0,=); and Hermils, orthogozal i [-=, o). Thess
polynomials are solutlons to ceriain differential or diffarence enua-
tona with parlicular boundary conditions, One may Eenérals ohe'S
own orthogonal polymemials over wny lnierval uslng the Gram-
Schmidt progess. Mors gererally onn My ute W001C comltnatlers
of any met-of funcilens (praferably orthogenal but pot negeEssaAT[lY
§0} 10 data-fit, The choloe will be o cormpromiss betwesn awall-
ability of subroutlnes to do the fiting, =size, effigtancy, and



accuracy of Lhe wilirguilres, ard (qubte Importanl] the willingness
ol (he eleclronle clrealt der!gner lo work wiih analytlcal tools
which he |5 not accusiomed o LEING.

fine posaibility which has been found guite effective and slmple
Lo use ly piscewise fiting of curves gver dilferent iotervals. i L
creto polnts muy be fed inle the computer and different curves
may be flt on diferent Intervals, For lnetance, one approach 1s
to fIt & quadratlc polynomdal through the flrst thres palnts and to
subsequentiy fit other guadratics Lhrough each addillonal polnt,
matchirg Lhe previous curve kol In Falue and derivallvs at the last
commen point. With the ald of IF statementa tha roullne dacldes
whal guagdratle io use depending on the Interval to which the in-
dependent value belomgs. 1n thls mapner a contlnuous curve with a
contlpuous derlvallyve paasing through the data poiota (e obtained,
More scphisticatien ts obvicusly poasible, A slmplifled wersion of
thls appronch 1a slmpls Unear inlerpolatien between data pHnts,
This ylelds 2 gontlmuous curve between data polnts although the
derlvallva wlll be discontlnuous, Lipsar lolerpolatios has been
found =a affective and simple to uas that it 18 used B5 the standard

option in DELNAP! with the other optlons available on request. It

1g partlgularly sultable for the charactarlzation of turves which
are used ¢nly once in the program and will not becoms part of the
pertaanent dhrary. When a subelrsull (such as cerlalolransistors)
iz used very often and becomes part of the permanent Whrary of
the program, it i3 worth the affort io fit its curves with computa-
tipnally efficient expressioas [10]. Optimizatlon programs such as
SUPROX |11] hava been found very useful in thin respect. Wilth &n
optlmizatlon progratn oG ASsUMes an expression with some YAri-
able parameters apd the progrim sutamatlically detsrmines the
beat pirametera for the fit, thus providing an analytieal model for
the device. A partcular case of thia s to It lumped circulls ta

[requeticy curves,

4-3 CHARACTERIZATION OF CIRCUITS WITH THE
INDEFINITE ADMITTAHCE MATRIX

The ;¢ are mADY matrices that can charagterize amultitarminal

petwork, Examples ars lmpedinca matrices, hybrid matrices, aed
BoatleTing matrices, Becauas of [t simpliclty when handling

Ty Progra Ly sndyae blmcasboa chrguits whigh wdl be described bll'l"tr

—— e —

intaroonnected black boxes, the indelinite admlitrnce matrlx [12]
fLAM) will be ane of Lhe charactitizltg malrices In Lhls chapler.,

Tha 1AM is the short-clrouit admlttance matrix of a muttlnode
network in which ports are formed between each termical and &
datum node which {6 “{loalng,'' Le., unconnocled to the elreull,
When connecting two-tarmdnal loads Lo 3 multiterminal network 1t
is sufficlent to characterize It as & muliliport with porls deffned at
each termipal palr to which & load is gonnecled. lowever, when
&n a-terminzl networkisaroitrarliy lotereonneriad withother multl-
Lepginal networks It s necessary 10 characterlza tha nelwork at a
gat of n-1 ports gorrespending lo 2 cOMalute and Indapandent sat of
tarminal pairs. A sufiiclent condition for the roltages of the a-1
porta to be Kirchhoff-voltspe-law=1ndepandeant 18 that agraph mada
of adges repraasnting the porl voltages form a toee (13).

It L3 trivially simple 1o ga back and fyrih balwean lhe indeflnlts
edmittance matrix and & {definite} short-oircuit sadmittanes matrix
when all the ports have a common pode which in connectad to the
clrodt {usuzlly referred 10 as ground) |[14]. U all the porls do not
have a commen ground, however, the [AM Is nol obtalnad quits as
simply. This makes It peceasary 10 have & methed of golag from
a given aat of parts 12 & Esgond ael Raving a commeon node. This
can be accomplished by using the follywing farmule

Y« CTHE : (4-1
whare ¥ 1s the admitiance malrlx wlthports haring :'1 common neda,

Y l5 the oprlgloal edmittance matrls whose ports from a tree, C 1
the \lranspose of reduced incldence matrix of the praph whose edpas

reprasent the ports of i‘. and 1;7 13 the transpose of 13, 14],

The use of Eg. (4-1) c2n he illustrated with the following mx-
ampla: The glreudt of Flp. 4-1{a) represents o palr of mutually
couplad colle, Lat port 1 be deflned by making node 1 the positive
tarminal apd moda 2 tha pegative one, ang port 2 with nede 3 posi-

_ tive and node 4 negativa. The opsn-clroult Impedante matrix of thia

rwo-part is -

The Inverss of i1 15 the admitlancs mairix with ports 1 and 2 de-
finad am above
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To obimin the indeflolis admittance matelx of the elrouit of Flg.
4=2{8] 1t 15 negesEAly 1o Obtain the shert-clecult admitiangs matrix
of lhe cipeult having perls golng [rom each terminal to a floating
ground., To de ihim is 15 pocessary to charactaclza the elreult at
twe addltiopal ports. Let n third port ba defined from nodes 31wl
in Fig. 4-Z(a), and & fourth port from node 3 io the flpating node.
The ndmittance metrix of tha elreult with the four ports 35 dsflned
i

p ¥z 000
Fou Tz Tz 0
il i] 4 O
1] o 49 49

Now to apply Fo. (4-1}, 1% Ly necensary & form the tranapose of the
reduced incidescs matrlx 0 of the graph definlng the porta, This
graph is shown o Flg. 4-2(b). The result is

1 -1 0 0
o 4 1 -1 -

R
o 0 1 0

4 ma o dbma T
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Thus Eq, [4-1) glves
1 0 =1 & YL Xig q i] 1 =1 g 0
-t o o o|ly_ . 0 wlfo 0o 1 -z
Y = CTYC - 12 o
Q 1 1 1 )] 0 1] glj-1 O 1 1]
8 -1.0-.0J|® o © ojl.0 0 t O
i1 T g =¥z
Y ~¥11 Yuuo ~¥iz .3'12
' iz ¥z Frz  =Yiz
¥ T ¥ ¥aa

In slmilar faxhion the ladeflnlte admillance mati='x of oher Lypical
COmpoRernts appeating In electiropds clrouita may be found, Scme
typioal camas are presentad sompactly in Table 4-1,

Table 4-1 showse the indefinlie admillante tnatrices of =cire
typleal devices when they are connected to the lawest-numbered
nedan in & eircult (1, &, 3. ¢tg.). I & device !s connected o nodes
Lk insead gl tol, 2, 5, .,., then & sfrple replacenient of iG-
dicas i for 1, ffar 2, & for 3, ete,, glves the locatlen of the extrina
to the corresponding indefinite admitlance matrix. The tolal lo-
definite admittance malrld of a complicated clrcull 15 simply ob-
tained by Bubsequontly adding in the proper pasitlons the gonitl-
butlons of each of the devices. This avolds manipelazlng acy
topologleal matrices, slnce Lhe Indefinite adrittance maizix {5
actunlly obtalped by Inspection. The entries of Table 4-1 shosld
enable the rezder ta obtaln by Inspectlon the 1A of most Unear
transistor clreulta eppearing in practics. ‘This tople 18 considoreg

‘1o mwgre detal] in the pext sacllon,

4-3.1 Analysis of Black-box Gircitits Thraugh the Indefinite
Admittance Malrix

Sloce the indefinite sdmittamce matrix {LAM) e e m-7oot
short-clreglt admittance matris 1n which the poris ara formed he-
tween sach terminal and in uneonnected node which 1s TNeazicg,
the ¢urrent golng into sach terminal may alwhys ba consldered w

v
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epme ot of the floating rode uoder any ype of interconnection and
Ernee ths eopdition for haslnr a proper port s never lost. In the
elre:lr of Fig, 4-3, the subnetwarhs N1, N2, and K3 can each be
considerad as {lve trrminal networks, =ach opé having one oode
dangling, and each baring Il own LAM, The 1AM of the whole clr-
cull 15 s!mply the sum of ihe Irdeflinite admlttance matrices of
{ne wabneiwarre, Tris is very simple lo program in & dgital com-
puier. All hal !s necessary 18 2 wmow the contribalfon of each
gsubnetwark separately, Eoch subnatwoerk may rangs from o almpla
registor Lo a compllcated {ntegraled elreult or combinatlons of

several of them.

Fip. &3 NMlsck-hox oalwixh,

The principal preperties of the indefinite admittance matrixarsa
summarized hara for convenlence [12]

1. The sum of eotries 1o each row 1s rero,

4, Tha sum of antries 1n each oolumn la xaro.

3. if the floating node 15 connected (o the kth tarmical of lbe
circult, the {definite) nodal matrlx of the clrult with the h terminal
a5 dalum 18 the Indefinite ademittance matcix with the hth row and
Lhe hth column deleled.

4, If the [Hrat p tarminals of ap n-termiosl network ars con-
pected together, Lse new indefinlle admiltancs matric of the re-
sultanl n-p + 1 terminal network 1s anfm-p it ein-p+ 1) matrix
obtalned as follows: flest furm an intermediate matrix Q by sub-
stituting for the Mrst p columns of the Indefinita admitiange matrix
¥ one column whose entrles are the sums of the {lrst p columns of
Y. Wex: gubsitiute for the first p rows of Q one row whoss entsles
are the pums of the sniries of tha firat p rows of @, The resuliant

mairix iy Lha pew indeiinite ademitiance mabrlx of lbe e—-p - |

terminal oetwork,
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{mes the indefindte admitlance matrlx of the olrowlt {5 astab-
Usbed, {t may happen that nat all the nodes are of Interast for
forming ports, Soms paris may ba deflned to elmplify the modlfl-
catlon of o&rtaln elements |15], or Lacause \he oeiwork wilil
wventuslly be comnected 1o other nmebworks to form % etill larger
network, The nodes whore parts will not be deflned may be con-
sldered a8 {piernal nodes and suppressed,

Tho IAM {s partitioned as In the following equalion

Bl ".11 LP "'I'1 (423
Iy LESR T |

where |, ¥, wre p-vectors, I, V; are {apl-vectors. ¥, lsa pxp
malrix, ‘i 12 in & p = in-ph matrlx, Voyieain-map mnt-i: and ¥, is
an (n—phx ln-pl maldix, Assuming the flrst p terourals are thy rx-
lernal termlinals, 1, = 0, since nothing will ba connected ta the
fntarnal terminala. Leting |; =0In Eq, {4-2) and solviog the second
Une of Eq. (4-2) for v, In lerma of ¥,

AT PTE PR T . (4-3} -
which when suhstituted on the first Une of Eq. (4-2} glves
("'u =~ Via¥ag 1...2’) ¥y (44}

Thua the suppressed admilttance matrix Y in
Fow ¥y =V g¥ay 'Yy {4-5

The extarnal node voltagea may be solved for using Yo, which la of
smaller slza than Y, Oege lhe voltagea V| of the axternal tarminals
are detsrmined, the voltages of \he Internal terminala bV, may be
detarmined ualng Eq, (4-3).

It may happen that-tha Internal nodes are connected L tnde-
pendent current acurces, Inthiecasel iancl zorc whan suppresalng
Interna] nodes in Eq. (4-2) but 1L bax sptries of values equal to the
ourrests Injected Into each terminal by the indspendent Current

" sourcas, In thls case

Vg w =¥ ¥y V)« ¥yl (4-6)

which whee subsatltuted o the first Une of Eq. {4-2) given
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I M Y VipVar VadVy s Vit e (-7
which may be written v
lg = (‘11"‘-2"22""21) v, . (¢-6)
with ,
g = 11 =Yya¥a2 'ly- 14-:9]

. |
Equalions (4-8) and {4-9) Indicate thal the Internal current mourced

causing 1, may be replaced by exlernal gurrents —‘I_’I,‘l’m"lz' and
added to the orlginel external currents || 1o form an equivalent
exteranl current vectori ' 1o
In order to analvIe v&ry large cirewlts, cas may divide the ¢ir-
cult into plmces which may ¢olncide wilth Junciional divislons. Th#
1AM of #ach plece 1§ obtalped and the Internal nodes ars supprepscd.
All the previpusly suppressed black bDoxes mey then Le lotel-
comnected and & larger IAM lachiding only external nodes ls ab-
talned and used to solve for a1l external tarminal voltages. Finally
in each subnetwork the intermal veltages may be obtained, Tha
saving comes from the fsct that the internal nodes ars oot all in’
memory at once. This mathod 1= akin to Kroz's method of tear=

lag (16), though It does not lovoke tensors, As presented hare, it -

may include ective devices and eleq distributed alomanta.

4.3.7 Calevlation of Delinite Matrices and
Terminal Characterislics

Orea the total suppressad JAM of a clroult la phtained, e
matrix may be made delinite by conpecting ome of the nodes
{calied ground) to Hhe flgating node wad daleting the corresponding
row and column to obtaln toe node-to-—groutd deflalte sdmittanca
matrlx Vg, The node-to-ground matrix tay be inverted to obtala
1ha node-to-ground Lmpedancs matrix L. Sinca it may ba deslred
to form ports other than node-to-ground, & tranaformation from
sode-to-grousd porls to other ports is pacassary. The Iorml.fh ta
uam is . . '

Z .0z, .0F ) {(4-10)
y ; ' '

The casd indspendent wllsge sources enbel, omanvidivaient  imdepesdenl ewTeeE
wregtcpnn iy repbnce Theey and the mutherd applied Lo LBem, .
' 1 -

; m acama—pr

e —

IIFE AR N I B
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r

where Z 18 the impedanca matrix with the desired ports, and 0 Is

the transpose of the reduced incidence matrix of tha graph corre-

‘spoudlng to the deslred porta, DT is the transpose of D and £, 18 the

{mpedance matrlx with ports defined from the nodes \x ground (171
Lat the 7. matrix of Eq. {#-10) have alamanis 2,

. L= {z”l _. 4-11)
Theo tha voltags Tatios are glven by T- - LI
ot - By wT
v, Z; |
4 . '.JJI =12y
) Z.Li

It 1s usually convenient to consldar the loads as part of the eetwork
under analysiz. Thus # 18 the impedance matrix with the Joads
connecled, Ofien it is of Interest Lo find the driving-point Impedance
of a loaded oiroult but ataleding the. generater impedancs at the
port lpoksd into, To do thls one may simply coenect Lo Lbe port In
quaston an additlonal impedance saqual ia tha negative of the gen-
arator impedance, Dunotlng with Z, the loiad lompedance of the
gensralor wt port i, the driving point impedarce z; at portils
glv:an by 4 oo i '

= -
— +."._'1 ‘I:.'. 1

i wr o
- LA NS AV =T Ep

: (=13

where Z,, Ls the ith elsment on the main diagonai of the matrix &
of EQ. (410}, Tha rature loss AL, at port ) s given in dB by

- oy
RL;; = Mlag . (4-14)
o= Zin

The insertion voltage galn!g, between porfs i and j is given in dD
by - :

ﬁvj;ff‘ [zpfe; + 2 M

G, = MWlog - (4-15)
o (2 tEy v 2]

433 Eo:ﬁbining the Indefinile Admittance Matrix and Curve
Modeling for Analysis of Integrated Circuils :

TA problem that céin.mml)’ oceurs o practice is the analysis ef
& clroult ln which oarctain sobclyenits recer, For exampls, &
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clreult may contaln aeveral ldectleal operatlocal ampliiers. A
gonverlent way of analyeiog such cireuits {s the fotlowlng: analyze
rach subglreull separately and oblaln its lndefinile ademittance
mairix at several freguencies suppressing the icterpal terminals
llerminals not connected o the res! of the nebwork). Repealed
subelrgulls are analyzed ooty once, Model the subelroults with
pelynomials {1tiing the frequency behavior of the real and Imaginary
parts of each entry In the admitlance matrix. For example, i
cublos are used for & clreult with Four extarnol lerminala, 128
coef{iclents will model the devige (4 {cosiliclents/foubic) times
4 = 4 = 2 (real and Imagleary elements//matrix of 4 lerminal
netwark)). Ioterconnect the subcipcuits to form & largar Indellnite
admittance matrlx and agaln suppress the Internal lerminals, Re-
pekt the process as required untll tha wholo netwark L3 analysed
and the tarminaln of Inlerest ars the oaly extorpal termlnals.

“ote that thin method 12 essentially the pame method one uses
in designing largs systems, whers aich subaysiam la Sasipned
separately and aventuslly the different eubayslems ars conasctad,
Sereral lavels of subsyslems may of courss be used,

One of Lthe Imporiant poln's 1o nolics here is that & whaols nei-
work which may have been anolyzed in several levels of tearing
may sti]] ba modeled with polynomials {or olther atandard Inier-

polallon methodsy regardless of how complicated the Inlernal,

Fitructure of the network i3, What we are tryleg to pelnl out ls
that one can work advantzgeously with “'universal’’ models which
do nat have lo be the classical B, [, ¢, conlrallad-pource, Echamalio
models which netwark deslgners are acoustomead b3 using.

In handling clrcults with admittande mairices, certaln de-
gereracies may ocour Jor pleceg of the neiwork avan though the
whola ciroult has a pondegensrats sdmlitance mabrlx. In many
cives these problems can be circumvented with speclal clremit
techriquen. .

The ipdefinite admittance method is peared towards Imbadded
\ndependent current sources Tither than voltage mources. U the
voltage saurce has an impedance In serles, Norton-equivalent cur-
rent sourees may replagce the volinpe sources. If thars 15 0 im-
pedance in serles with Lhe voliage spurce, ons may 4dd 2 pasltive
and negatlve impodance of equal value ln series snd assoclals Lhe
vollpge pource with elthar to produces x Worlga-squivalant cureesnt
source. This roethod will create an additlonal node. Similar
tricks may e employed for handling voltage-conirolled voluage
sources,
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Cortain multiterminal elements do not have an indefinlie ad-
mittanos matriz beciuse infinite slements in the malels are cre-
ated dus to what esssntlally amoubts Lo skort clroultes hetwveen
some terminals. One may avold the degenaracy by using the trick
of adding and subtraciing alements In zeries, For exarmple, per-
fectly coupled {nductences and ldedl transformers have hg ad-
mintanre mairit. However, by sddlog poslitive and negatita resiz-
tancea in gerles wlth each winding and considering the posliive
resislances as though they were assoclated with the windlngs awl
the negative resistancas as slements peparals fTom Lhe dovice, tho
degeneracy disappears. This procedurs may also be used lor
black boxes contalning more termlnals,

4-4 DESCRIPTION OF THE BELNAP FROGRAM

A oomputsr program known 45 DELNAP {Ball Electronlc Linear
Netwaork Analysls Program),' usicg Lhe methods dlscussad above,
bas bean written completely In FORTRAN LV and has been im-
plementsd on o GE-635 computer at Bell Telephorm Laboratarien
[1B, 1#]. ta Mlowchart of the IINLNALY nppears In Table 4-2.)

The ¢ircutts which BELMAP can handle may lnclude

1. ordinary posllive ond nngatlve B, L, C, Y elementa

2. currest-gontrolled current sources

3, dlstributed slements such os 'Lransmlulnn llnes, RC linen,
Soupled transndgslon lines

4. blagk boxes with o terminels which have been characterized
at g = 1 Independent ports. The characlerization may bu
done with admitlance matrlees, impedance matrices, seatlar-

Ing matrices (for a-terminal aeiworka} and & parametersor,

Alk:r paramelery (for three-lerminal nelworks)

The characterizatlon of the black boxes may ba done with
tables qf walues 2t dlscrete fraguencles, paramelars of standard
familles of fungtlona, of codes which call subroutines contalning
analylical modols of the devicaa.

The program is lUmited Lo the [ollowlng maxima: 40 nedes, 20
subnetworks of up to § ports each, 20 frequancies, 100 resiniors,

- 100 Indugiora (15 mutuala), 100 capacilors, and 20 cuntrnllad cur-

oot GouUTrces.

1BELN.&P wan welctan by Ly A. Davivsu of Bel] Talepnone Laborstorian,
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Tabdr +-2. Flewchart of BELS AP (ConLinged?
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Table $-2. Flowchart of RELN AP {Continued:
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These limitatlzng eepend excluslvely on memory requtremer.tl
ang €an Lw chamged by changlng dimenslon stalemenls, Cne of Lhe
verslons used st Bell Liboratories has lower cupabilltles th prdar
to be auls to run o the express optlon flor whh:"..‘a 1t is mquired to
ukd lugs wian K of mamery.,

Cre of Whe {palures of the Progfam ls & Ubrary 10f commonly
uged Wlack boxes. U a black box which 1a ln the Ubrary appedrs in
& clrewli, wll that 1z peeded 1= to Inpal (L with A cods narme znd (o
glve the nodtes to which It 13 eoonected (o a glven order, 4

A MODIFY optlon allowa s vzer to ghange the values of A, L, £,
or goniralled-source betis wnd pepeas the analysis withoul haviag
to fead complete ciroult descriplions. Several types of tranemis-
ston Unea can be specilled by givisg thair characterigtics. The

program accepts discrate massured data in tha formof admittance, &

Impedance, or scaftaring n ¥ n matrices and || parametérs or
AECD paramelsrs lor three-tergpinal petworks, Vabhees st inter-
mediita {requennles are pitalned automatlcally by Unear l.ntnr-
polatlon 1

The input to the program 13 uyser-oriented and in fraa I!nrmat

usingp the MAMELIST [eaturs of FORTRAM IV. FOT the lnpul-u[-

speclal elsments, several cholces exist, loneludieg, for mr.lmp-lo.
cocfficients for frequanc:r power series or coefflilents for t.ha log
ol tha funcllon In lerms of pawers ol the 1og ol I‘rgq.m:nc}', ;
The Progfam vomputes the indefinile admiltance matrix of the
network al glven disoreta {reguencles, Suppresssns tha intspnal
rodes indicated by the user, and punches on request the suppreEssed
indeflnite ndmitr.a.nce malyix, It then leverts the reduced deflnite
admiitance matrix to sbtaln the podal Impedinge matzr i€ fr om which
It ohtalng the desited driving polnt impedapga st each purt‘{nx-r
cludlep generawr lmpedancel. insertion voltage gelns, voltage
ratipa, apd return lpsses, The cutput may be chidined in slther

tabular form or ln tee form of fruwunq- plnu producedbgl.

ST 4020 microfilm plotter,

4-4.] Analysis of a Balanced Amplifier Usmg BELNAP

As an example of the Wnds of pruhlaml ﬂut BELNAF my
bandle, the anaiysle of a balanged emplifier that conlalne distri-
buted and lumped elements {8 glven {30, 21], The trlnsismrs have
been ch:.r;nr.trl.md by actunl me;-uremunts.

',
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A general schomatlc of the ampliler 1a glven In Flg. 4-4. The
trlangles represent identical trapsistor amplifiers and the Egaarse
boxes rApresent striplire directlonal couplers, The schematic of
a lra.u{i;mr amplliies appears In Fig. 4-3.

Towntantpe
L

10

atripling
[N a0
Cauple

L L)

ST piihg
et i)
Ciapin

Le, LTEF
. . oamMitaer

Flg. 44 Schymatic of bylynced -mnn-r commling I-lud i e
ribyied nlemeny, -

b
The analysls was done aa follows: Certain port.ocn: al the oeis
.work Were preanatyzed or measursdatadiscreis set of frequencies
nrel the remulting roal parts and mugmary puu wars [itlad with
lund.lrd hmrnuuna.

100 ) % E,
o
£ 3@ ! L elr 1
' .
' Ila.rm
v
l :I' im" N 1 o
i i ! Msog
L
54 .
. I : Ir ! ool *hmrody,
- | P ——} ] L 0 |
R shmp

' Dnﬂa-eu.-u |

Fle. 43 Cnrcul'l- schematic of w trangaetor wmplifisr

. In Fig, 4~6 the poruons inside the gdatted rectangles wers pres
charactertzed. The transistor wis characierized by measurisg its

" soaltiering matzix at diserete [vequencies, convertlng to 1 mairix,
and flttlng the dizcrets polnts with polynomlals, The quarter-wars
meandsyr choke terminated in o capacltor was theoreticaily char-
acterjzed at ssveral discrets ITequencies by caleulatlozs with o
analytical sxpregsion bl includes diagipation effscts and the dise
erete valuey werg fitted with gtandard fungtiona,
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The RC distributed cireult wes mmodeled with 20 casgaded
Tumped RC aeclons which wers spalyred and [ifed with poty-
porlals. (Although thecrelesl expraasions could have beepn used,
thix method wan chosen for Ilustintive purpoxes.) Coce the wle—
menlts 1o the detied reclangles hed besn characterizad aa lack
boxes, the whale amplliier of Jig. 4-5 contuinlng Both impad ele-
menly and blick boXxes was wnalyzed and characterized as & black
box, Filnally the “whale ampldler of Fig, 4-4 waz analyzed (the
directional sguplers having previoualy been analyzed with a speclal
subrputine [or eoupled striplihms) and the rasults printed and
plotied {22],

A sample of the iptermediate roasulls are ahown in Tabls £-3
whera a Usl of velues of the real and Imaglnary part of ¥, of the
transistor of the amplifier for 10 dlscrate frequencies 13 shown
and whare the polvnominls that were Inlernally Iiied Lo this data
wppear At the boltom of the table. This is alxo shown graphloajly
in Figs, 4-10 and 4-11 whera the ractanples glva the messured date
and the poptlouous curves glve e polnts calculated with the

Toble 4-3. Polynamial Fived ¥,y of the GF-2551 Transiamne

Talnis cpepuloed
Foaperimantal dnig by polymomied
Miic

Feul part Im:‘::tﬂr  TAE— Immhu#
100 o5t . ! 0238 .« 177 0a2E . 1070 (2204 v 18F
114 a45 . o0l T 0.3 » o°! 0.4 = 187t
Lue g - 107t tad w1077 O.012 » 1077 | paR0 ~ 1072
250 873 . 1" 080 . 0% e.72% . 107 |osen . q07d
a3 o . 107! .71 « 107} asy .ot |y - Wl
i 185 . gp!? BAZS .« 1074 P T S - - P
ald 12 . 1972 g9 . n3 17 - Joml - wd
24 15 . omd L .l 135 = WY J08TH - 07T
1 185 - 1wt nES o 10 d A -t |aess e q0?
L3 00 2 1372 o5 . o4g? 210 - w?  |nsa .

Ray,, * BEATO o 077 - 4507002 « 107F4 - 4316580 1ed
S zaeEes « 107 Pl . dnamass = 7Y A0 - ogavn e’
Ty, * - LBTHOZ » 1071 o LATILLS » 10794 - 237180 . w7 et
- B33E = 07 et - angT - 7 et
CLITeAs - 17T - Taiaadn - W eF

where & 2 log ) mhd [oone MilE
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polynomials fitiad. Figures 4-6, 4-7, and 4-9 show respectively
e magnitude and phase of E;°E, of the transistor ampliflar of
Fig, 4-3, tha return loss at porl 4 of the corplele halanced ampli-
fler of Flg. 4—4. and the magnitude and phase of the raic of EJE,
of Lhe complete mmplifiar of FiZ, 4-4 a3 produced by the micro-
f11m plottar sohroutine of BELNADP,

Homph {ipe 170 gyt Vit 1wk gl e d 1 Hptrd BE gt | o7 ol

LLETREE fE |
. wilna gt mpl g I 30

1 RANEN ’ IT/_]‘
% 1400 f—1- j - {_ —._-J-]fr
i I&DO*-;;\* - ll-—--_-—AFjrr’*'/r j j
} SR I N TR - L O |
12 BH1 [ f I ' I
Of 9% al o 0} W v 02 ¥ 14 1y
Firgmd o omg = HSY
Wa1ie g 2L
1620 [ T [ T
LRI r- T lj- FIRI A k-
] i i 9k kA kvl o
§ -V N 4= _._F."“_-.-H_. - r" ]
YT 0
F o R
W1 b H —e ]
PP gy :"‘1‘1"'1_'*“1" =
0% Q& OF Q@ 9% 3 0 12 LY 4 1%

Fritupagy o M= ¥

Flg. +4 Vigltag? pnlan lfzfﬂl of » lronsintor smpILE s

4-4.2 BELTIP: Transient Yersion of BELIAP

Ouvge the desired sharacterdstica of a clrcult are ghtiloed L the
complex {reguency domaln, 11 |5 poasible 10 ohiainibem 10 the Hme
domudn Ly numerlozl Laplaca transform invaraion. Lat Fis) be the
Laplace trapsform of & Hma functlon fi. The loverss tranaform
{ormula la

ey
iy = L

Irj Loy

[ FRELLF {4-15)

svajusicd along a Line to the right of the aingularities of Fis),
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The dummy Integratlon varlable » maybawrlltany = ¢+ juw, with

e : : l . ¢ = ganatant. With the oew integration variabls o, Eq, (4-16) reada
L H
s i i WO .
mool-4 . - ! " Flr e el
o 0 Rl LA e T
5 i EEEERE RARE - . 2l o
v 0 ! -] e 1
20 F + i 1 Y I- [ E ’ Irom which
'] ' -
T 7000 . X : S S '
[C]-1-] - ' T et e f o« e da {4-17)
1" 1 "{'\ vt 2w denea !
100 NN ) -
e : i ! \\J N which places In aviunm: the fact that Fls . ju)is the Fourler Lrans-
o ! I 1 | 1 form of the function r=5'fin,
120 ; '

Wy ok Qr a8 A3 1o 11 1@ 13 4 1 *Lab us assume that j'u_. |Fie + juwl|de |§ nepliglble [or surne L.
Frequmty, & by = 0¥ For lnstince, this will ba true Lf {Fio juli goss down aa 1. pears
Infinity, Latus alsc assums thatl Fie « juie !~ varies glowly enough

Fig. &7 Faiors losu sl part 4 of ke balancwd -lInl-lﬁ_-!r- - T wlth & 5O that 1 may be approximeted by a serles of plecawise
T ’ r : complex constants of values Fioa Gy e/ pun 1 22,
. . : ¢ LN -1V A w Ze SN N odd; foT equal tntervals of lengih u.
famtumptent gl 3 gttt st ] e Y . : Tha lotegral of Eq (4-17] may ba approximated with a sum Ty
valtogt i [ a4/ ! i :. {ollowa .
L] !- I T I i ) .
. —em NLLTEFS
1500 - , ' il f " Plo s ;m]e“‘*du L e 3 Fio & jhmleiMer
= H D3 it " In Szt 2w wnmin-ypeg
] : ' . {4-14)
i 130 I'.‘\i_‘\ - ' ! '
2 1200 i 1 P =t 1 T " Now pote thai the last mm may be Intérpraled as & finile exponen-
poel L1 -ﬁ' [N I ‘T : \ tial Fourlar serins wheose coufliclents arae (.r/2etFio . kit The
HT os 67 08 os 1 ',In- L= ) tlme function wilch the sum of Eg. (4-18) adds up to 1s a perledic
Yalrage mr-n::r.l . functlon of period T = 2¢' M. 1L the quaniity M {6 Emall, che func-
RoO ey T T I 5 - tion will repeat ttself alter a2 long period of Ume 7. In the Uit as
I i : : - ' dar+ll, Norm, T=r. @, wn, the funcllon Ceises ta repeat 11Esl (aince
f oo - — ] . the peried is 1ni‘|nilu‘l| atwl the appreximates sum of Eq 14=18} glves
i ™ 1 -ihe exact value of the inlzgral on the left,
. o0 S ) Thers are thres parametara to be chosen, o, w., and ¥. Thetr
i a0 [=1—}- - S . eholca Is made according to the foellvwing conslderationa. The
e i : i lergar the o the batler the functlon Fle « jute’ ™ can be approximated
e T a1 1 111 I — , placewlse hy coastants Elnce’ the funcdon will be avaluated [ar
O U T A N . from the singularites, Om lba other hand, the tme [unction ob-
Freuemy. 4t + 0 . . lined has te be multipled at the &nd Ly «°7; epy errors at largs
Fia. 44 Vellage eato E,/E | of the bulanced anplifier.  ° Lo

valuss of time are thus exaggersted. ' The cutofl Irequencya,

4
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should bo euch that

w Ea
‘n ;f (Pl o juodl (4-18)

ls mmall. The gquaniily . glves & bound or the maxlmum arrer at
any tlme due to trancatlon of the specirum in caloulating »=2 000,
The number % is chogen 80 thal Lhe fupstion Fle 4 jolr T remalns
ragsonably gopsiant durlng the intervals of langth Au = 2r /N, I
ihe functlen varies rapldiy, ¥ will have 1o De largpe 50 that Lhe
Intarvala of length o be small.

A sum of the form of E4 {4-18) s evakatad paing & modifioa-
tipn of the Cooley-Tukey algporithm [23, 34) for faatl complex
Fourler sorlea.! The result is a function which approximatas
T which when muiltiplied by »¥' gives the deslred Uma funo-
tlon fith.

Figure 4-§ showg a time plot produced by BELTIP {Bel]l Elac-
tronle Laplacs Transform Inveralon Program).”
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Fig, 47 Time renponag of sh amplifier Lo & step,

VWhep a circult is being Anglyzed for time domain Tesponsa, it
in necessary to be able to obtaln the (requency response for all the

Ithe CoolrpTykcy algorchs rwdfes % 1o be & pnwer of 3. Thae the discgreaon vd
wlraded av 8 gapde bre wits gndercinding dhe vt AT el oF Uhy SERiEoF wbeen v
THELTN® man deveioprd by 8 57 b of Bell Tolephone Laborsror s
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irequencles [or which 115 magnitode iz not negligible and it may ig
50mE Casea be Decedsary {dependlcg on the locatlon of the singu-
laritieey to be able to obtaln such frequency Lnformatlon nat at the
jw Axls but on the complex plane, Thua, duelng fltting of standard
functlons these facis ahould be boroe in mind. It bas beeno noted,
for example, Lhat unless the real and lmaginary parl satisfles the
Hilbert transform condition [14], Le resuliant computatlons yield -
highly wnelsipatlory elroults which respond before belng exelted.

4-5 ANALYSIS OF CIRCUITS USING THE
INDEFINITE TRAHSFER MATRIX

Glven a8 2a-terminal nebwark, the Indafinite fransfer matrlx F 1s
delined by Lha fallowing equalions

v LY R v AIR
1. __l_. 20 0% {4-20)
1 clull-1 -

where ¥, I, ¥, lpare # eotry columns correspondlog Lo the gurrents
and voltpges shown Ln FIg. 4-11 in which the parts 1, 2. .... 0 are
copsldered input ports nnd the peetSa « 1om + 2, ..., 24 ALY CO0-
sidered puiput paris, The matriges AL GO D are a * 0 malrices,
(The!lr names regsult from the Tact that they are extensions to 24—
portd of the famllar A, B, §, D parameters of two-potis,)] Like iha
Indeflpite admditance matrix, all pores are deflned with 2 cormon
floailng tarminal. Fer this reason the part condltion §5 never lont
with wrbjirary [mtereomnections, b 1= not difljoult to go from the
Indefllndta wdmittance matrix to the indefleits transfer mairlx and

viee versa. Laet us pariition the Indeflnite admittance matrix ol & . —ems

In-terminel petwork as [ollows

Lozl

The malrices Y, ¥ 5 Yo, Yop a0¢ % a matrices. The varlables — |

are ordered 50 that ¥, orrespond to vy and I, of Eg. {4-20}, The
equationm relating the y of Eq, {4-21)with \. B. C, D of Eq. {4-20) a7e

Yy = D874 ¥y = C-DB7MA, Yy = -B"Y Ypp = B8 {422
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The most yselul property of the E mairix fx thal Lf several 2a-
terminal netweorks are conmocied In cascade thoe [ matrix of the
network ia equal to the produst of Lhe individual E matrices ¢f he
‘cagcaded sectlone, Because all the ports have a commen lermiiil
the pori pondltlon is never 1okt and no {deal tranzformers or teits
for elpeulaling currants are necessary [12].

In the analysls of elecirlc clroults with a diglhal compuler oo
often sagrlfioss computational elficlency to giln penerality whken
using & “general puypese annlysls program.t When analysls fand
opllrlzation programs are couplad, or In the making of statistingi]
variabliity studies, It may benecessary touse the aralysis procram
hundreds of tlrnes before the deslen prosess laover; thas the coin-
putationa} efficlancy becomes Increasiozly tmporiaat 1o such ez g,

To ohiads shsolule maxlmum computatienal cffictepey 1woild by
necesfary to write spectiic programs (perhaps o basle layguag: sy
for aach clroult o be analysed, Each program would be tallored
o the peculiarilies of lhe circult in order to aveld the perfor-
mang® aof any unneccessary operallong. This I1x quite Iaborious,
ezpoclally for large circuits, M many wrlls of & pactloular eleculs
are golng to ke manufactured and henes exhaustive compeier stodies
are golng o be mida, the writlng ‘of particelar programs far clr-
cuita taay be ecopomically justifled. I, en Lha other band, mdry
cirpults which are members of a f.‘lm].ljl' arm ta be manufactured,
although po pa:r{iuular member has i Inrge volume of proaductlon,
then ik s batter lo write a slightly more general program that is
capable of analyting lhe whole famlly and would stlll be more <f-
flelant thap a peneral purposs aoalyels procram. -

_We will exhlbil a family of tran=mlssion clrcults for wilch
extenBlyn Monte Carlg siatisilcal wvarlaliilly studies were ro-
quired. It As possible to acalyze the family of eircults with the in-
definlts transfer ma'rix and thereby galn snormous com;nutaiicsal
advantage over methods such 4s Lhe Ipdefinile admiitanca mairlx
which require matrix inversion.

Many Jour-parte which ers of inlareat in radar apd othar cori-
munigation systems fall Into the clasa shown schemaliezliy in Flg,
4-12%. The boxen labeled N ¥,.....¥ represent four-termipal clir-

_cults Plua a “ground,” A port I8 made [romm each termical o

ground. Each four-port may be characterized by a 4 = 4 iransTis-
#alon matrix C aach of which 18 partitiona? Inte 4 75 L. 1} matslo:y
which are 2 « 2, Allmairices hive eptries which are complex cuoi-
bera l..nd depend on fmq'uanr.:y.
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D__i'—‘,__h_[_u_l_o_. —d T 1. ' . T LGy,

—_— E, —— —— £, — ! 1

- 4_..__]: e -
Flp. L17 Coapesled our-pavtse mumﬁuum:tmm:n‘mhum Iynloxs, 2‘[ T.l:
To obtaln the talal ¥, malrlx of the n pascadsd four-ports, tha - Y,

Individual K matilces of the sectlony ara maliiplied in the order .
In which.they appear. Fp depotes the | malrix of the complels . )

Filg 411 n ..
network and E, the £ malrix of the hth section 1k L Tuirof lanelenn eaugted liney

Ep = Ly - I5.a Byens K, - (-24)
1o 1

The Hrat ang last sectiona may corraspond to the driving end load . ' 2 2 ‘ le z 7 Ly = Log
networks. - 4 Tl L Al @

Each of the subnetworks of Fig. 4-12 may have wn aribiracy . z 2— s 3 Y ¢,
irternal structure. The charsctecizaton of each subnelwork may H
be done thearetloally or exparimentally. Curve [ittiog methods and
preanalysis of subclreults are slso applleable here. Certaln con-
{lzuratlons which have eppllcatdon In lhe reallzation of direcilonsl 1 i L
couplars will be copnldered in detall, Flgure 4-13 shows twg lden-, T 2 2 - E
tical lossless coupled transmission Unes eagh with w capacitance . Y, = - || ’ c .20, (4-28)
1o ground per unit leng'y C. capicltance between lnea per uplt > E Lm _} '\ Lyy - Ly

2

length ), seli-leductiance per undt length Lo, and mutoal induc-

taccs per unlt length L,,. The length of the lloes 15 /. The K .
matrix of the four-port of Fig. 4-11 ia i —
The funciions I"-! and sioh T'./ of the matrlx [* are tha &
A B cosh [7- ]hmhl" nr.,, 5  mairices & tha following
F - . {4-29)
¢ ol |Yumhrot[ ecobl.
. 0
whers I', g, and Yo Are 2 » 2 matrices gives by : Y P f con § Vil LT et}
. 11
L L1 2 2
R S —— 2.2l ;
I - 1 1 Jua \“...“ * lelc - | 1 _lh.l L'-“. - L.l:]{c - 2{:" -1 -_'I_
o o R 2 z
2 2 2
2 ]y fees S T LG+ 2t et} (4-20y
[4-26} "2 1
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P——— . '
vinh T | = sish ATL - L€ ol

ainh {ViLy, - LG » 0 dut]  (4-30)

A3 = e P

i :
Bealdes ihe distributed sectlon considared ahova. twe lump-efd
subretwsrks will be coasldered.
Tha [irst lumped submetwork bo be con:ldar-ad in the e ghown
1o fig, 4-14. Tha K matrlx of Lhe clroult of Fig. 1-1;1 inm ¢ '

i o | {4-31)
ol _ :

in

julyy + R ol :
. ntfig -52)
furle gy ey + Rgy -

The second type of lumped subnetwark to be conaldered 18 shown In
Flg. 4-15 whore ¥ . ¥,. and ¥, arg the admlitances of the huxe:. The
i matrix of tha submtmark nt‘ Flg. 4-15ia

| n
E = . {4-33)
Y11
whara Y is
L ¥ - *
v oL bt t {4-54)
-Y, Yo+ ¥ .

whera 0 ls \he 2 ® 2 2ero matrlx, | 1o the 2 % 2 un{t ml.tri.x‘. wd Z

AMALYEIE OF LINCAR INTEGRAATED CiRCU. ¥SE,

For the parteular eases of Fig, 4-1¢€ and 4-17, the correspondicg
¥ matrioss are :

“::l - Calju + Gl + GS
—Cyu =~ Gy

=Caas = G
L EJ, : (433}
iy« CPhw - Gy« Gy

: A A L] L AL A A B ES SRR B

<+
e eFs e P R S T

Flg. # 14 Puir of lpany oouplnd cails
forming m asction of the omncds.

Fig. %15 Tranavernal sdmillances fom-
ing @ weckion of Lhe cascade.
———

P f--! Ei <t "

6 Ty

B L, f/["‘w}”f// -[V/” el Welaie i hikdeid :
A | RSy :j:;;m;‘h [ i e e e

" ‘I
i L Gy

STl

_Fig &% Particuiar cena of the secLioh of Flg. 4-13. Flg 4 |1T Reninlive londs com

© midered ma @ puribculer cass of
b Ple. 413




150 COWMPUTER-aIDED INTECRATED CIRCULIT DL LCH -
G, 0
¥ . - {436
l |’.2

where G, are conduftances in mhos And O, ape capacitancen Lo
farzis,

Orcoe the | matrix of the complete clroult ap of a portion of 1t
1§ knowr the vollazd ratlod ace calgulsted very simply in terme of
the eatrles of E. Parttloning tho I matrix ints 2 x 3 malricee
AL C 1 and wasuming that s four-port ls driven al port 1, we
bave

v c .
L {4~37)
Vi Cadp - Cadn
Yoo "t {£-148)
Vi Caady - Cghyg
Vi Caahgy = Ca1fgz
M P iy et A4 (4-39)
Yi  CagAp - Cntaa -
Tha driving-point lmpedance vt port 1 is
L Mifas — Aala (4-40)

€y Cpg = C13¥ny

The reflaction scefficlient I’y when port 1 16 ponnecled as & Ioad
to 3 lpsalosa transmiselon line of charagterlatic Impadanos zp 10

A = Z
Ty = _t {4-41)
F In

Iy Wili in geoeral be complex. Dengtlpg its magnitude with| g L.
tha voltage standing wave ratio is glven by

(4-42}

LI A L L N TP L N N N TN T IT NI Y vl

With these tocls, Lhe anilysls of a clroudt conlaiolng lemped road
distributed paratmeiers. such as the one shown in Flg, 4-18, i3
easily done by matrix multlplicatien and applicalios of Egs. (+37)
to ($-43),

bn kel gfCu tn bla sl fy. s Ly

(3 €y . -t 3

g

L i )
teirarreare | rranreeprend deenge | onsorciviieve b ercrnercrocforrenres | vnrsied rre
FrErr R s L Fapdiprires -"'-"//fr;[?ff/.'z:ﬂ/h k_‘[z.-’. Jrp eI pyrEm T J--_._p}/.,-,,

!

T ty =]

I'II rlII

Fig. + 0 Trpical chrcuit el can e anal yeed by COPLER,

Suppose that a elrcult ol the form of Fig, 4-12 |$ mada vp of
aectiona eazch of wkhich has the Internmal mtruciure of the ciroult
showhn In Flg. 4-19, Suppgs tha compleie clecult has 10 sectlons,
Each section has 15 nodes. The gomplels clircult will have 134
nodes (g0ma of nodes are shared Ly (wo sectlons). A program auch
as ECAP would not be able to aceommodate such 1 clrcuil and aven

crgn B0 e 0COHE g DEEYTR
-

T ey
L + U h
o825 J_ oozs l ¢]omes |
QITE i o343 T oM form W
gJosizn " pasz] | coezd | agan2i] -
' 1

T LT |4

¥, b qits 0343

F
F. S—
: I etien

il ]
cocsn  ""™oomune 2" ppeen
Nt

Linlasa obhae wind DE-Tind

Wi aipnty ephety 10 o ghmy
Lapot terte va'el L 1940 e
[mductance wiuks @F ih Fencad

Fig 4+ 1% Lumpwd crcell Foming o weclion of tha corewll of Fig. + 12
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1 1t were, the ameanl of commiation to palva ke clrcull Would be
considerabla, Using an algorlthm such as Gauss' elimination pro-
cedurs, it Lakes roupbly ti/3le! complex multiplication-addiliocs to
golve Lhe system of equut'ona ot each frequency. Here n stands for
Lthe order of the matrix which corresponds to the pumber of rodes
minug grne. Thus the &irgult wa are considering 'l'vuulct requlis
roughly 173 t1397 = 0,8 mlilien multiplication-addl: ianu to l‘.nl.ra for
aue Iregquency.

The rodnl admlitance matriz of the network we are consldering
{6 qulie sparce (his mADy zaros); Lhers Are mors &ﬂ'lcd.ent methu-ds
of solvipg it if s aparsity is explofled, )

U the transfer matrix method la used and the petwork la con-

. sldered am a cascads ponrection of four-ports of Lhe types dis-

cussed above, the number of complex mulllplcatlon-addlllons per
frequency Is 5760, thar s, only 1,/130 as many.! Some Monte
Carlo runs In which each run volved 500 circulta caleulated at
10 freguenciea were performed., The readar can estlmate the
enormous savipgs that wers reallzsd by ugiag this method Lostead
of the poadal matrlc mathod. The priocipal rearson for the gavings
is thal with casecads corflgurations the number of operadors to
golve the circult 18 a Unear {unetlon of the number of nodes na op-
posed to a cuble funclion for general configurations and uslsg tha
nodal matrlx, Even U tha transfer mairix wers oot used, the prob-
lem oould have best solved much more «fficiently by consldering
aich section as & Eubmetworh, analyzlng asch subnetwork, and finslly
gonnecting All the sectlonm obiaining an admittance matrix of
proer 20 which 1s conaiderably smaller thae 133 [235].

4.6 BRIEF DESCRIPTICN OF COPLER:
A FOUR-PORT SIMULATCR

COPLER is a computar program writien st Dall Telephone Lab-
arataries |26] for simulatiog a class of four-porta. (A flowchart of
COPLER is glven in Tabla 4-4{a), Lnd & dascrlpuun of thla block
appears in Table 4-4(bl.) ‘The program has besn ‘uped mainly to
predict ths behavler of lumped sandfor distributsd directaons!
couplsrs [27]. The program antculates tbe tota) £ matrix of a gir—
cuw!t of the form of Fig, 4-12 glven the volues of e lumped /. L.
C.M alements, valums per walt lenglh of cuup‘lﬁrﬁl. Lines, or spacial

4

Thawyeung that all tha wlemants hera daffarent walyea If Vha {Il!ldud secliona &rm
wopuml, Wa aavrkgy ipt svem Iardar.

ANRLYSI|T oF LINEAR INTEGRATED CIRCUNTE

TaMe -4a. Flowchan of COPLER Program®

"!:u TlhiiH'h Tor 10l of borga, .
\
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Table p-gb Titlen of Lhvaw Tor CHFLE rozram

I At o miipnieg™®

Hi vl il lea, corluar dms vewle, and npoisen Mlags,

Krad clemend snlary Trr atasdand s obecite nes,

1o wlabimtpnd =tmle (b owymad®

Wil slutimdas el poor ppemsly pu el ok 400 Teadn,

ho D R IR LT TV I

| BT ol pn die e

Lovetd sl b wafva el e oo o Fileedant ol (e lamrimnes,
An ke wpee bl b lgmge”

Arw) peorplica of a3wrial plack boags.

Call aubrgulinca Ird compeimg £ tmaltices of seelal Black boxes,
Inilializw Trequeney [pep,

Loyt £ wmabifveey of slandard swbeironils,

Yhultiply E warmen af enmpleis cascade.

4alewhine voltage ruice anl VawH.

Taar nzxk fraguwsriy,

Ta thes Shr Beat Tovmp e ne 7

Prisl el b of vallage rathow nnd YARE varsus frequeney,
e prrewrns vplurs of purnmaters a0d iHal.

Tn dhiw tiw womine | iral”

Culculats wmd st porformancy ndas.

PrinL periowrance fdex and trisl number,

L oppimizativn dawuwd?T

Cnleulaie prierim af porlarmoner,

Frint critcrbom of perfgrmanee nad trlal number.

Aoy beni prier v and trl Byt 5o far.

Siory lnbbe of volege mlicn ond YEWR of teal craal 0 far.
Crunl bewd eriterion of prfrmorca o Lelol Aumber se for,
Has e seough wlallabien] irimle e n calepinted?

Caloulaly sbioe s of porimmance fder.

Print momorde & per{ormanca awlan.

Mokt randam vwrislian of pnfamelers dround oomine] valoss .
Tlod tha volgr radine amd ¥5FR .,

Tn mpadantbtal »ludy o mpdamgention demied? .
Siere nomanm| ¥oitage sukloy and YRR,

1n aplimizaukos desined?

ot sotinpr Falies snd VYRR of nowinel and beat trinls.

AT FS At MY L RO D T R e =~ B AL L

subroullnes definisg arblirary analytical modela of four-ports in
the freguency domain, A code vector indicstes to the program how
the elements are conrecled. The program alsopaclormsa stallstl-
cal tolerance analysie uslng 4 Moole Caple mathod and taking ad-
rantage of the tolérance analysle oplimizes the petwork through a
random walls lnorder todothe statistlcal varfakility study COPLER
has seversl pasudo random number generatlng subreutines. Taking
adrantage of the fpct Lhat the clrcull Ix analyzed for the statistical
variability study, optlrmum paremeters for the aystem may be found
by calculating & "griterlon of perfprmandse’ for wach varlatlon of
the clreuit und uslng the values 0f the parpmesiara that give the baet
¢riterion of prriormance,

AMALTRIS OF LINLAR INTEGAATED CiRCLITS 155

The output of COPLER under varlous optlons Includes: pricing
or printing and plotling the phaso and magnliude of the ¥oliags
ratipa glven by KEgs, (4-37)-(4-39) and the VSWH given by Eq,
{4-42); printing of a *“parformance index'* [or each irial, and tha
firsl and eocond momenty of the *performance Index’ of o est al
randam Lrlals arousd o numlna! networs (the randam paramelers
have specified sntutlstipg] siribulons). Far cachirialthe progrom
alao prinis the cempleto set of parametors of the elpeylt analyzeg
Glven 8 deslred {requency behavlor lhe program caloulates .,
“‘eriterlon of performance™ and prints the set of parameters with
the best crilerion of performance, There are peveral critsria of
periormance avallahle and tha veer m ¥ deflne his own Ly writisg
hls awn subroutine. .

The lnpul to the program Is user-orlentsd. The data 1a fed In
fermatlyss form using the NAMELIST foature of FORTRAN [V, of
many elamenls are repeated thers ara almpla waya of feeding
them in, The clrcult of Flg, 4-15 withthe injtial normatized valuey
ahown wes enaly2ed with the wid of COPLEML Flgura 4-29 shoag
ke magnltudo of Vy/¥ and Fig, 4-21 the VSWR veraus narmalized
frequancy of three random varlations of the circult of Fig, 4-19,
Figura 4-22 abows 1 plol produced by the SC-4020. The plot corre—
gponds to the circult of Fig, 4-18 with the following normalized
valuea: Ly; = Ly = 0.02523 hearies, Lyg = 0,025 heprtes, C, - €, -
0.01033 farada, G = 1 mho, L = 0,318 henclea/meter, L ' 0,528
henrles/meter, © w 0,093 farads/meter, ¢, = 0,225 farads/mets;y,

3 CH
L 1
H
E LR It
]
L]
F4]
14 !
[} ors 104 12% (B ]

Normohized frequancy

Fip. &30 Grapd of | V'V | of Uner rendom varislicun of 1he careuit of Fig. 4 L8
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T 00— T 1

and ! = (.33 mater. The plot shows the magnitude 1o 4B of the voli-
Ape Citlo 1",/1-’1 versus normallzed frequency.

103

4-7 OUTLOOK

In thix chapter the analyslsof Unear elreults consleting of inter-
—cannected Black Woxas was treated. (We copslder conventiopal |

lumpad elements as porticulnr cases of black hoxca,} Thiee pro-
grams, BELNAP. BELTIP, wd CQOPLER, ware Ltlefly dascsibel
and examples of Lheir outpul were givan, The black-box approach
ta the analysla of integrated clroulls offars several advantages nct
avallable with the exlSling peneral-purpose Compuler progracys.
Among thesa advantagee are: analyeis of large clroults by pleces,
modeling of transistors apd lntegrated clroults by experiments)
measuraments, and 1ocluslon of distribuled elements, The analypls
of clreults by pleces not oply alleviates (he problem of Umlted
memory, but also gzlds consldeTable computatignal efflclency slnee 8
it takes advantage of the sparsity of the matrlceg of the netwar ks

VSR

128

' or T

Fig. &% Craph of the VEWR #f twww ciodem wmistions of the pirceit of
Fig. &8, I ]
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CAPITULO

Diseno

4

éptimo medianie comput adora

y.su aplicacién a la ingenieria meednica

41 E problema de diseiio

El problema de ditefio tradicional se refiere a la
concepcitn y determinacion de las caracteristicas fisicas
de un sistema en forma tal gue satisfaea hisicamente
bos requisitos de funcienamiente cumpliendo con cier-
tas restricciones.

El sistema a disefiar puede ser, entre ofros, una
strUctura, Un aparato, unl magquind, un sistema de
contrel, un circuile, o bien una combinacién de dos
o mis de los mismos. .

Las restricciones se pueden referir 2 las limitacienes

en las caracteristicas mecinicas o elécrricas de los ma--

teriales, a los tamafios v capacidades de los componentes
Que s encucatran comercialmente, al espacio disponi-
ble, al medio ambiente, a consideraciones de seguridad
¥ a muchas otas.

82 Necesidod de optimizar en disefio

Por {o general. no basta von satislacer fos requisitos
de Tuncignannente sine que, ademds, hay que satisa-
cerlos de acuerdo con alain criterio que depende del
objeto que s prersigue v la aplicacién del sistema, como
por ciemply, ol diwin debe ser lo s ~condmico po-
aible, o bien lo mas elwientr, o le mis rompacto, o o
mids scgurs, B decir que, esoncialmente, el prablena
de disefio vs un probleina de optinizaridn, precrso que
requirre una iz cantidid e eperaciones aritméticas.

Cabe senalar que un diviio s nejura durnte ke
evolucion del producto, s devin, mediante ¢! desarrolle
de nurves prototipos en doande se utilizan las exprericn-
-jos lng::n as en L preotdoccion y aplicaion Jde bin ante-
eiores, Este o3 un puuceso [ente y costoso wen inevitalile,
Sin cmbaigo, b teemipas matematicas de apstispimeion

167

Enrigue Chicurel Uziel

y la computadora elecirdnica han hecha posikle ahreviaz
y abaratar dicho proceso,

Estas circumstancias, aunadas a la existencia de la
fuerte competencia entre fabricantes de los paizes alta-
mente industrializados ha traide comno vensecuencia 1w
gran auge en ¢l desarrolls de dichas téericas.

Existen tres clases de pptimizacion. a sager:

1. Optimizacién de maenirud

2. Qpumizacion de forma

3. Optimizacién de configuraciin

Lo que comiinmente se” entiende pur optimiracn
se” refiere a la primera categoria. Sin embargo. tocas
son dignas de consideracidn.

8.3 Opiimizocién de magnitud

Para concretar las ideas anteriores v lograr hacer
aptimizacioncs prictivas a la mavor brevedad, echemos
una ¢jeada 3 unos ejemplos de optiniracien de R
nitud.

Ejemple T .

Se deses disenar una caja de carton cilindrivca lo
mis ccondmica i material posible pora cesmener e
c® de cierto preducie. Los amagueles gue se acot-
tum by utilizar para aloocenar dichas cajas tieTie
una altura Je 6 coorntre epivae,

Determminar {as ptopociones aptines.

Soluridn
Formualoeitm inieiad
A= ?rrh + =8 Crirerin de opicaiziion.
(A, funuidn 4 minuntzac).
Reguisito de Tuncionadidad,

V= nth

h L hin Lamitacion.
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.‘pcrilk:n: V. hiim
- ariables: r, h

/ Variable restringida: h
Varuabie bbre: 1

4

Para obiencr la formulacién [inal, climinamos la

varable libre r

Formeulacion final:

A =2 {yxVh! + Vh-*) Crittrio de optimizacién.

h < hia

Se ewpecifican: V oy .
Yariable: h

Litnitactda,

Revurriendo a! cileulo se obtiene:

dA

— -
dh

h, = 1085V = 10B3cm
puesto que hyu = Bom

ht' } h]lm

,Io tants h, no ¢ la altura éptima v segan podemos
L]

en la grifica de la figura |

h--( - h|||| = ﬁtm

VeV het = 2Vht = 0

v

seccidn.
1 Calcular v, maxime, v, = oMucio certanic trany-
versal.
Aem®
1000
i 1
4
m -
E QPTIMC
MINIMD SEGUN EL
CALCULD QIFERENCIAL
m-
REGIQN DE
FELD
FACTIRLE
m u
hl
0 5 10 13 hcm
Flgurs 1. Dpumirscién de caja de candn cilindpes

y por lo tanto
R A L
o \ ’hnpl ‘ ’r[ﬁ} o

A= 2 I‘.I'T.,l hops +_ =% 0] =
‘2 [#(7.25} (b) + #{7.23)7] = 809 eim®

En la figura | apreciame~ yue rualquier punte en
a rgmion de disefio factible satisface ! reguinio de
funcionalidad de la caja: contener 1000 em® Sin em-
bargo, sblo cuando h = 6 cm se satisface ¢l criterio de
optimizacién: mixima economia, _

Un diseic en donde no se utilizara ningin criterio
de optimizacién ‘podria resultar pésimo; considérese,
por cjemplo, la parte izquierds de la regin de diseiio
factible .
~ E! método que s ilustra vs debide al profeser R, C.
Johnson, del Instilute Politéenico de Worcester.!'#

Ejemple 2

Una viga de acero snnplemente apoyada de 1007
de large, de seccidn rectzpgular, con 37 de peralte v
17 de anche, soporta una carga coneentrada de 320 |b
en el centro.

1. Calcular » maxinme, o = esfurrze nonnal a una




3. Establecer una relacidn enue vi esfuerro cor-

lanie maximo r &0 (uneidn de =y v, para cual-
quier punta.

4. Comparar los valores nundrices obtenldes en 1os

incisos 1y 2 v, a 1a luz de ello. simgplifcar la
relacién que se euablecio en el invise 3.

5. Considerar ahora que Jas diiensinme e la smi-
cién de la viga no han side detrrminadas, Tlili-
ando la relacién det inciso } dewermiinar las
dimensiones de la seceidn, ol que:

El costa {peso) s¢a minino

r 0o exceda 2 8000 lbfin®

El peralte h no exteda 2 3"

La deflexién maxima no exceda (0437

Proceder de la siguiente maners:

a) Obtener la formwlacién inicial completa.

&) A partir de b2 inicial obtener la formuladidn
final complema.

¢} Dibujar a escala la regitn de disefin factitle,

d} Calewlar los valures dptimas de: el drea sev-
cional {indice del conn), las dimensiones. v
el =sfuerzo -

B. 5i s exige ahora que I3 deflexion ro exceda
a 027,

a) Dibujar la nueva region de disefio facuble.
b) Recalcular los valores requendes en ol inti-
o 5d,

Soluzidn

Nomenclaturs

A = drex seccional de la viga,

a = drea seceonal e ta viga arriba (g abajot Jel
gpunte para o cual e caleula -

b = anche de lu siga.

i = distangiy edida dewde € cpe eutre ol punto
iz alejado dol misima.

A = dellexidn misima de la v,

E = mddule Jde¢ Youne,

h = peralte de Lo viga,

I = mameny de inerciy del drea sewvwnal de la
viga,

L = loomiiud de 1a wiea,

M= monwglo Tlexionane,

P = carga toansversal sobye Lyovie.

Q = pruner monwnio del diea a7 fevpecto al epe

Heutro
Y ow [urrca (urlante.

Optimisariin e magnitied 169

¥ = dotancia ventreidal el drea o medicn des-
de =l eje reunn,
{1, = valor limite,

1 AMo.c h [
T T ] “ T3 E
p W) 0
VO A L2 I
N I
Mo, 5 TIBOW _
e Omr = 6 - e 17 XF - ind
¢ A T e "
S -_ﬂéﬂu
L ]| Ih
P
\rh—l - E

e i |
NN
A
PRI

3

l
1

*

Figuers I. Eremplo 2. Area "7 v 3. g.angia centradal

3. Para cuaiguier purwe « mi=gSianiz el {incls de
Mohr w obticne

I“ig'ur. 3. I"rrr|1||h.- *ogtieculn s Slohr,
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4 v < << oy ademds
cuando y = ¢ v 3 mixime y v, =0

) cuando y =0 =0  yr e muiximo

oo o puede considerar nulo y

"
]
hal %

5. Consideraciones preliminares:

e M

TT2T e
PL' ML

A= I8ET  Tow

Formulacien imicial

A =~ bh Criterio de optimizacion
{4, luncidn a minimizar)

Eequisitos de luncionalidad

]Limitaciunu

Sc mupexilican: E, M, L, +n 3, k.

Variables: b, h, =, a
Variables libres: b
Notew que far paciabley fbre) qun senciflamente fas

gur w0 3¢ indtcun comoe limitadas,
Eliminandu los vanables Libres s obliene la:

Formulacién final
- IM  Lriterio de oplimisacién (A, luncidn a
zh  minitmizar)

Ly
3Eh

Reyuivito de funcionalidad.

TS

A% A, Linsilacioncy

h<hy

Sc especifivan: los parametros E, M, L y los valare
Fmites r, 3z, hy.

Variables independientes: 1, h

Variable dependiente: 3
. -

Observamos gue, a diferencia del ejemple 1, ahora
tenernos dos s ariables independientes y que. por lo tan-
to, tendremes una region de diseiio [actible en dos di-
mensiones, )

Determinemos pues lus fronteras deo dicha regién,

Las {ronteras refeientes a tas variables independicn-
tes quedan definidas inmediatamenic por las limitacie-
nes, de donde se cbticnen sus ecuaciones;

o= or, o= BOOG
h = h|_, =]
Ea frontera refesente a la variable dependiente se

obtiene sustituvende la limitacion correspondiente en
Ia ecuacion reletente al requisito de funcienzlidad

3Es, . 3(30 X 1&}{0._45}11'
T L= 1 {I'IIIJ*
+ = 4060k ]

La regién de diseio factibie se mucara en la §i-
gura 4.

T = ]b‘fplgl

dptima

3 hpls

Figura 4. Ejempls 2. Rerion de diseio lactible para
' &g = 04%.



Pussto que | fupcidn objeriva es

iM 54 000
Ao " Th

A es minimo cuando h y v son ambas mixzimas den-
o de la regidn de disciie factible o sca h =37, r =
8000 Ih/in”.

4000

—— e 3 Y
316 ) 223 in

-ii &Plllllu -

¥ el valer correspondicnte Idc b oes;

A 27 .
h -,I; —3—' - ﬁ?j

b Pa;a A, = 02~
r= |80 h

¥ I3 puevy regidn de disefio factible se uestra en s

figura 5.

T = Ib/plg?
1 2000 - £
]
F
1
* = Tl‘..-
E0oo

bpiing

qa 1 2 3 4+ 5 h,plx
Figura 3. Ejrmpl: 2. Begwn de dizefo factible paza

A, = 07,

LUna vezr mis » dptirnn ~¢ obtjene de la relacicn:

MO
A'.*‘ - L ...

T Ay hl 1]
€comno xe aprevia en o buura 3

bias = 3"1

Corsidrraciunes algehrairas ‘I.T'i.

¥ ruax 3¢ obtiene de la intcrseccidn de las fronteras:

r= 1800
h-hl-3"
e decie
Tax ™= 1800 by = 5400 1b/in?
. 54 DOO

S = ey T Y

A 31313
L] [ - r|_]_""
ha,l L ———3 l

Resymiendo, los valores dplimaos son:

Au, W A, int E, in b, in A, in r, ibfnt
045~ 273 3 n.1s {.25h B 000
020" 333 3 111 032 3 400

‘8.4 Cansideraciones clgebraicas

S en les amtriores efemplos v comvideraron ex¢lu-
sivamente los requisites de funcionalidad. se tiene un
tistema con un ndmere mavar de variables que de
ecuaciones.

A continuacidn s resumen extas canlidades en rela-

cidn a los dos primeros ejemlos,
NT dr ecudeione
reguisile dy

Ejampla  Formulaciin Nt de varmabler funerunalided
1 Inicial 2 1
l Final 1 1]
2 Inicial ] 2
2 Final 3 1

Lo anwrior quiere divit gque existe un nimere in-
tiniwe dre swluciones e dicho sisiema.

Sise consideia ahors el conjuine die las eeusciones
refervntes & I retuinitos de fundiomalidid v lae Jess
igualtdades referentes o lan lmiationes, se lieme gue
se han reducicly los sabwes que pucden aanoiv as
vardables pere b nioere de soluciones sigue 2iemdo
infinito.

En disefin tacdicional, oo s deline ningdn crineio
para selecoingar e soba e L solueioas 'El.r\ih!-:‘\

En (_';IIHIJ-II:I. LN 1] e ies 1‘r|.‘rﬁt1|{~ 81 s [ij-"l- ven toda
preciadn dicho crivtio, Bl oo de opticoivacidn
consiste rn fa bdsquotke de divh solugcidn,

Ejemplo 3

Se rf'l_'l_uii'l:" isciar un resorte lae-lhenmad (ANTH T
convertder de part Ya o sulo o selecvionadas Lo vans:
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t"u el revorie, asiocomo la luereg asdsiea de

Ll veidsr Q.
i -j E! tesrte vi mentacye en una fevha cuyo didmetra

Dy ova s i3 per o que ) dilinetro interior 13, queda
limitado, Adenisi par ceasideracviones de espacio existe
un lmile gue mo debe exceder e) diametra extetior
D, del resorie.

Y s seleceirndg el material, por lo cual yva queda-
ron Crivrmsinaclss ol sslesyro permsible -, v fl madula
de wnidr G *n vmbs.fgo, ¢l almnbre viens tdnica-
meo:z en A Slstentes Jiimetros d.,

B¢ Jdeera hziar minima la bangitud cerrada del re-
sorte L. cuanis todas Las espiras estan en comacio)

corresoncionts & la cargy mdxima Q.
L1s relacicnes que s« emplean en ¢ diseiic de re-
sorter helicoida’es son:

Gd
BND .
8CDW
- _d;
iD_ ~d d

- ____4.1_]1 — d.] - D.EISE:

T

W

¢ = didme:ro del zlambre.
D = Zidme:ro micdic de la espima,
N o= oume: de espinan

W = fagtar de concsntracion de ssfuerzo de Wahl
E:zablecer i fommulzcidn inicial.

A partir dt .2 lormzlacién inicial oblener la (inal
Optisizar, dac:s los sigzientes valores:

k=38 lbjin
Q =41z 1k
D, = 2 in
Li, o = %4 in .
v = 40000 Ibdict.
G om= 12 2 1P Ik in?
11 3

- = — ... I In
2 16 32

Nolucion:

Cormulacidn inicial

.= Nd

Lriterio de ojrimizacidn
(L. Tutwion a minimizar)

—

©

!
[
DY N

_ Rb.w
»d*

1D, — d d

- — e+ 615 —
3D, - a4 Do
2 ]

T

, Requisitas de

funcionalidad

W

|

De =1 + 2d
Di 2 D,
'E"'p

De £ D, vus
d=4d,ds... du

F o limitacionies

Se especifican: k, Q, G, Dy, 5. D, ..,

Variables: N, d, r, D, W, Dh, De
Variables libres: N, W, [,

Elminando las variables libres se ohtiepe:

Formulacidn final

L = Gd* Criterio de optinnzacion.
T 8k(D, + d;° L., funcién de minimizar.
D, + d) 30, + 3d d ]
;=B 2 ) + 023 o3
:d‘ EDL D. + d EE
D, =D, +2d 25
D, > D,
LI
Limitaciones
Dl’ 5 D' il

d-dhd;,d“...du

Se especifican los parimetros: k. ), G, asi como los
valores limite: Iy, oy, D, iy, dy,dy, o dy

Yariables independientes: 13, d
Variables dependienies: «, D,

Substiluyrndo valores numeéncos cbhtencmos:

Formularion final
1

= 384 x 1
- ([ + d)-

Criterio de gplinizacidn
{L., funcidén a optimizar)



. {Dy + d) 4D, + Xd- 1.234 |
= 5311 il :
v & [ 2D, O, + .g] 13
D,=0,+2 i
D >2
a4 M 10
D <4 Limitacicnes
d= 11 3 |
Ir16'32"

Yariables independienies: [y, d
Variables dependientes: - D,

Determinamos primero la regidn de diseiln factible
en ¢l sistema de coordenaday B, d. Sc obbene unz
frontera de la limitacién en [} v s 1 recia

D|-2

Nétese que por referirse a una variable independiente
esta frontera es constante,

las otras fronteras sc obticnen de sybstituic las lis
mitaciones de las variables depeadientes en las ecua-
ciones referentes a los requisites de funcionalidad.

4=D0,+2d
4 X 10" = 33]

Dy + (m. +3d 1234
a 2D, D, + d)

Como estas fronteras se refiercn a lag variables de-
pendientes, no son constantes, v, £n general, son curvas.
Las fronleras o murstran on la figura 6. Analizando las
Lmitaciones se concluve yue la regidn de disefio factible
o la que s¢ muestra encerrada por las lineas solidas.

Pueste que la funcidn 2 optiniizar +a no es tan
sencilla, no se puede deteominar ol punw dptime me-
diante una mera inpeccion e 13 ccuacion referente
al criterio de optunizacidn,

3t no se tiene idea de optiniizacion, o primero que
se ocurre ¢s obtener las contornos de nivel de L. La
ecuacion se obticne de [1 relacién correspondienic al
criterin de opritmizacién

' by g
D, = (3.34 X 1u*dE)_ —d

En la figura 6 se muestran cuntro contomos corres-
pandienres a los valoies de 1, = 41, F0, A0 0 A

5i imaginamos a ta rezion de disciio factible llena
de contornes, lleganos a2 Y2 vonciusién sque el duiimo
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. d. Pz
\
- - LY
%
- 1.2 Y,
_ hY
kY
1— N
-
0.4 —
"
(3]
> [ ]
0.5 — =
— — B R
X ) a-‘;':u ﬂll.l.r \
¥ %
7 I
1 LY
] %
1.7 l \
.. b Y
'
) T T ;
L1 ] 1 } s Dv.omg

. Figura & Ejemple 1. Rerién de dizede frent's v contemer
de nivel de L.

se encuentra en ¢ extrema derecto inferior ce la re-
gion de diseno lactuible, e deair, d = 045 2le,

Pern comsidetenics ahora a d coma reslmesie e
una varable Jdiscreta. Esto significa que (2 regidn e
disefn factible consia reaimesnte de los seqim=otos de rec-
ta que se muestran en la figura 7.

Como los valores de L, suben nis lenimente 1 lo
large de la frantera inferior que a 1o large de la from-
tera derecha v come

3T <d<T

el optimw debe quedar en el exureme derechin g0 sey-
tatnto inferior, por lo que las propercicnes dptimas
¥
d = 15/32"
Dy, = 23"
D, = 36"
L, = 28"

wabculadas a patiir de Ia fornwlacidn final,
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d. plx
I- - &\ bl |
0.5 —.
_'1‘ -
\
0.8- —
— - %
0.7.4 i
Y — n
0.6- . B
%
1 L
==
Lo
.41
T
> 5 D. plg
Figura 7. Ejrmplc 3 Reeddn de dimfo factible jomanda

en cuenta los watores discreten de d.

5 Métodos de axpleratién loral

La solucidn anrcrior, aunque mwy Hlusrrativa, os su-
maments ineliciente pues fequitie de una gran can-
tidad de camputos: por un ludo. parn determinar las
fronteras (de hecho. la frontera infericr lmpucsta por
la limitacidén en - s caleulé per tanteo): ¥, por otro
lado, para determinar suficicntes curvas de nivel para
cbtener una idea del comporanienta de la funcion a
optimizar, El méwdo serla muy difici! v laberiow =i
tuvicramos que lidiar con tres varables independientes
¥ pricticamente impesible si fuernn mas,

Todas estas dificultades resulian del hecho gue s
tratd de examinar la topowrafia e la recidn complera.

Hay metados mucho ruds «ficenies. Para entender
Ja idea fundamental recurramos o una analegia.

Baldamero y Agnpoa jucgun. Baldorere s lalls
con los ojos vendades en un pumo «n el nterior de
un peedio grande, rercado, rnouna regido monladiocsa
y drida. Agripina le pide que, sin guitanse la venda,
encurnite el punto mds bajo del ywedio

Baldomero e sienta vn el wele v con sys 1nanos
palpa ¢l 1rrreno en derredar suve v osioge ta dineceidn
a Jo'latmo de la cual parere descendsr mas el cerreno.
Camina un treche como de dos metres ¥ s yuelve 3

dar para palpar su derredar s ver mds, eepidenida
¢l provews vanas veors hasta epwontrar un punta sal
gue i tmlas direcciones sube el 1errenn o bien s topa
con rerca, Eufdrice, Ie grite a Agripina (ue ya encontrd

el bugar senalado. Agiping e peponde gque oo & tierto,
pero lo renduce a otro oo dnvicial para darle una
opertunidad mds Jaldoanem poscede una segomda vez
de idéntira manera hasta lleear a oite punie desde
dondr pregunta 3 Agripina si o es el wds bajo del
predic. Agnpina le espeende alinuadvamente ¥ premia
a Baldemero con un chocalate,

Evidentrmente, e su gnimer antento. Baldomero
llegd a un minime relatve. Estd clare que, dadas suli-
cicnes oportunidades, Paldooiero sicapre podra en-
contrar w1 minimo absoluto, v esto, sin -baber visto
furnca e] terreno.

Baldoinere empleé un meodo que podriames la-
mar dec explaracidan local.

Una tfcnica muy atil de exploracidn local en opi-
mizacidy es ¢l mcindo de Box? -

Hemos utilizade una enminclogia propia de disene
pero que difiece i lu wtilizada por o especizlistas
en oprimiracidn, s es gque. primero gue pada, pre-
fentatins wn pequelo glasarie de términos ciquivalentes,

Diseho Oprimizacida
Funcidn a eptimizar = Funcidn chjetivo

Requisivos dr funcionalidud = Restriceiones de igualdad

Limitaciones = Bsuricciones  dr  desigualdad
Variables independirnies . = Vanables de decinidn
Limitaciones a las wurialdes

independientes = Rewricgivaes enplicitas
Limitaciones a las variables

dependirntes = Heatricciones implicias

Exumineincs ahora ¢t mdtodo de Box para des va-
riables de decisién, Suponmames concrewnente que la
optimizacién o teficre 3 minimizacicn,

Se mcogen tuatio puntos gue satisfogan wodas las
restricciones, €5 decir, que »e enruentren dennie de la
region factible. 5e aila el punte mas alg (<] de valo
mis alte dr 1a funcidn objeuvoY, Se cncuentra el cens
troide de los tres puntos restantes v s Creflega™ ol
punts aistade a ravds de dicho centroide.

El punto reflejade substituve alora al punte ini-
vialmente aislade. I los cuatre puntes gue guedan
1t vuclve a aislar el mds alio v s repite todo el proceso
anterior. 1 csta manera ol conjung Jde punics o “Sime-
plex” se va desplarando hacia abaje. substituyendo un
punto del conjunte con vk desplazarmicawe, 5 un punte
reflejadn viela una restriccidn espdicii, s regeesa a
la fronwera; e decir, que, a b variable yque excedid
su limitacidn, se e reasigea s valor lTomilativo. Sioun
puno reflejado viols wna restrivcion nplivita, se re-
gresa medio camipo,
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APPLICATIONS TO CIRCUIT THEQORY ,

i

. A General Transformation With
By o Applications to Circutt Theory
M, A. MURRAY-LASSO

by M. A. MURRAY-LASSO

Bell Telaphone Laboramiories, inc.
Whigpany, New Jersey

apTRACT: A general functional irangformation i introguced and some applications to cireuid
theory ara given. The tranyformation (s mart wacful in the area of active, nonbilateral circuity.
This functivnal brasaformation intraduces naw velinpey ond currenis which are linear combing-
tioma of the original voliages and currents plus their derivatives, integrals or mere complicoled
implici indegrodiffcrentiol refationakips. The traraformation apphicd to the currents may be
com pletely uncomnected lo e trangformation apiied b the vellages,

The {ransformation may be wsed for obigining equivalent circuile of soma driving point
impedance. Ancther possibihity is obtaining equiralent circuily of some trangfer impedanes
but oA differend driving povnd impedances, The Foneformation kandles with equal eose bi-
lzieral and non-filateral circuils ca well ar crcuits confaining comiralled sources. 1t may
olic handle rircuils contuining non-real efemends. Simple numerical exampler ore givem in
ashive, non-bifaieral | and paicive mymiheris, a3 weil ap in anafpni.

Introduction

The trmnsformation we introduce is most useful in the area of active, non-
bilateral circuits, but may also be applied to passive, bilstersl onet. The trsns-
formation is initislly formulated in sbatract terma, so that it can be applied
to different situations. Both the dependent and independant vanables are trans-
formed, leaving, for instance, the poasibility of applyiog one tmpaformation to
the voltagea of a cirenit and a completely different one to the curtents, The form
of the fuoctiona! equation relating independent and dependent variables is left
invariant. This determines the transformation of the Umpedance operator, After
the trapaformation the new variables are interpreted using the same interpreta-
tion employed for the original variablea. .
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Great liberty is allowed for the traneformation operators s that when ap-
plisd to the generation of equivalent cireuits the transformption may go from
s bilateral natwork to a nmon-bilatersl one and tice versa. It may also leave s
transfer impedance invariant while all the driving point lmpedances change,
These problema cannot be handled with the econgruent transformation which
has received s good deal of attention from researchers mnnem&d with equivalent
networka through linear transf ormations.

Most of the applications presanted in tha paper are in the field of l}'ntheam.
However, to demonstrate the versatility of the functional aspect of tha trans-
formation an application to analy=is iy also given.

Transfermation Equationa

Consider the functionsl squaticn

y=Fz {1)
representing the mapping by the opercior F of um'pmr: {or vectors) I in
the linear vecior epace X—called the domain of F—onto the poinie y In the
linear vector space Y—called the range of F. The operator F i linear, 1hat is,
Fiar + fy) = oFx + fFy; o, 8 complex numbem,
KNow make the {following non-singular trenaformations:
‘T - fPa'rr,

(2)
(3}
The points  and § and the operstors P, Q in Eqa. {2) and (3) have a meaning

analogous {o the entities in Eq. {1). Bubstitution of Eqa, (2} and {3) into (1)
givea Qf = FPz. Since the operation represented by Q is non-singular

v = Qi

¥ = Q'FFE, {4)

where Q* is defined in such & way that Q-1Q2 = §, QQ—'z = 1, # being in the do-
tnain of @ and 2 being in its range.

I & new operator P is defined according to

P = griFp, O £}

Eq. {4) may be written ‘

v~ P (8)

The operator P given by Eq. (5) mapathe points # of the'space X onto the points

i of tha space . The spaces 10 be considered in this paper are of various natures,

for this reason 1 transformation is fortmulsted in abetract terms borrowing

the nomenclatyre of functional analysis. Equations {2) and {3) may be inter-

proted in two different ways:

F

- A s mmempmem—

8r

a) Incariani-Object Transformations.

A Fer rangformadion

Consider r and  as giving the coordinates of the aamte ofgect (point) mensured
in two different frames of reference. The operstor P gives a rule for translating
from oze [rame to the other, or

byIn mrmnt- Coordm.a te-Frame Trum;far mationy.,

Can.uder zand % :t a8 different objects. Tha quantities x and & being the coordi.
pates of tha different points in the same reference frame. The operator P gives
the rule for guing from one point to tha other. We ghsll consider spplications
of bath interpretations.

A funetional equation of the form of Eq. (1) which arises in cm:.uit. theory ia
S {7

1 | ' '
The voltage v and the current f are funetions of the tima t. The operational ad-
mittance Y or ita inverse are often given in the form of a differential equation
or in tha form of the kernel of & superposition integral. The functions ¢ and §
may be considered as poiots in B pondenumerably infinite dimensiona! linear
vector space and Y 8a on operator whick mapa the points v of the apace V onto

_ the pointa { of the space [. Several currents may be of interest in a cireuit; hence,

in Eq. (7), ¢ and i may represent columns
|_I.‘-'[“_:| 1

(4}

EI0N

#{8)
- (8)

|_vw(t) | Lan(e) ]

|
* and Y may be specified by s set of simuitaneous differential equaliona or as a

bl

Fl

matrix of kernels of a superposition integral, In this case v and £ may still be con-
sideted as pointa in an infinite dimeasions] space and %y sa the mapping conoect-
ing these points. With these preliminary concepts some applications of the trans-

- ¢ formation given by Eq. {4) are considercd.

Application to the Synthesis of Egquivalent Circuits

The eircyit designer is intereated in equivalent networks be-causul some Eorma
of circnits may be more suitable than others aX regands coat, sensitivity, spread
of element vnlues, abgorbing stray values, ete. Some equivalent networks are

trivial varations of each other {for example, replacing a reamtnr by two in
pamallel). Othera may contain ¢lementa with negative values, or non-reciproeal
elements, or very different topological structures.

One way of producing equivalent networks is through linear transformations.
A powerful methed waa proposed by Cauer (1) in 1929. Writing loop equations
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n matrix form, oop currents are transformed keeping the energy functions
nvariaot. This resulta in a congment ransformation of the loop impedance
natriz. Jf the current in a particular loop i held invariant by suitable restrie-
ions on the transformation matrix it follows from Lagrange's equations that
he impedance of that loop muat remain the same. The transformstion may slso
e spplied to & node-to-datum admittance matrix. In the Cauer transformation
he elements of the transformation matrix are real constants. The taneforma-
yan© received the attention of numercue investigators (2, 3, 4, 5, B, 9, 12},
~auer showed thst the positive definite or semidefinite character of the param-
ter matrices is both necessary and sufficient for realizability with poasitive
ircuit elements aa long as idea! transformers ars sllowed. Thin property is pre-
erved by B congruent transformation. This implies that if the node-te-datum
wImittance matrix of a paasive network is Caver tranaformed, the resultant net-
vork will be passive as far as the node-to-datum ports are concernsd, even
hough some elements may be active, However, it is clear that given twe circuits,
e of which 13 passive and the other active, 48 seen from a set of node-to-datum
orts, both msy hsve the same driving point impedance at ons port. But the
“auer trunsformation cannot produce the active circuit from the passive one.
Furthermore, with the Cauer tranaformation the fina) circuits will be bilatersl
f the original circuit was bilaternl. This is & consequence of the fact that s con-
rrient transformation does not destroy the symmetry of a matrix. Fer thess
easons, in synthesis in which passive, active, bilatersl and nonbilateral pet-
vorks ure of interest congrucnt transiormations havo restricted applicability.

In this paper the circuit clements assumed to be at the disposal of the de-
igner are: constant resistors, inductors, capacitora (ali both positive aod nega-
jve}, gyratora and controlled sources. For these elementa the complex frequency
lomain representation ia convenient, However if the transformation ia applied
o time varying circuita it might be more coovenieat to work in the time domain.

The attitude of allowing for grester generality is further motivated by the
act that with the recent devclopments in monolithic and other integrated cir-
wita, more than before, the circuit desigoer is interested in equivalent circuits
ontaining aclive non-bilateral elements. The microminiature transistar tech-
wwlogy has advaaced to the point that ofien it is mere desirable ta introduce
ral  om than passive elements, This situation implies that methods which a
ew years ago would not have received the attention of eircmt dexigners have be-
ame relevant given the present state of the art.

Transformation for Invaridnt Driving Peint Impedance

Suppose a circuit is analyzed on the node basis using ground as the datum
iode. The equilibrium equationa may be written symbolically ia the time domain
sin Eq, (7); v and 1 aro the vector given by Eqa. (8) and 4y represents the dif-

erentia} equations linking v and 1. The complex frequenty domnin representation .

f the circuit is already an application of Eq. {4), if the variablea of Eqs. (2},

B3

{3) and {4} are identified in the following way:

c=o(), EmV0), P=Ef [la, ®)

y=it0, §=16), Q@=Ef Clwa (10)

{In the definition of the integral operstora P and ¢, E stands for the ¥ X N
unit matrix.) Equation (&) reads, for this case

I() = Y(V{s), {11)
where
—h{'} 7] Vi) |
I;{a) Fi(s)
i(s) = o8, Flgm= . ' (12)
EAON L Va(n) ]

are the double-sided Laplace transforms of ithe eurrent and vollage vectors,
Y{#) is an ¥ X AN matrix whose entries sre, for RLC circuits, ralivs ol poly-
nomials of the complex variable s of the Laplace transformation,

Equstion (11} is ao exsmple of the invarinot-object iaterpretation of a trans.
formation, eines the new variables represent the same currents ard the same
voltages In a different frame of reference known as the complex frequency do-
main. We soume that this transformation has besn done and Eq. (11} ia the
starting point. No transformers or mutual inductances are ¢onsidered to be
present in the eircuits discussed. In Eq. {12) V,is the voltage of the jth node with
respect to the datum; I, is the sum of the currenta injected into nods 7 by the
current sources; ¥;; is the aum of sll the admittances connected to node 73 ¥
is the negative of the admittance connected between nodes 5 and k.

Caonsider & network with only one current acurce connected to the two ter-
minals forming a port whose driving point impedance i3 of intereat. Mske the
oede into which the current is entering from the souree node 1, and the other
the datum. Henca, .

rf:(t}-l

H

Ity =) 0 (12}
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Kow subject the i'rqlugu and current vectors o non-kingu lar transformations,
defined by . . ] "
F(a) m AT(a}, = .. . (13
Vi) = BP(). =~ ' {14)

Let the opemturi A and B be ¥ X N matrices whose entﬁ&g are ratios of poly-
nomis!s of &. If the form of the functional equstion is kept invariant, Eq. {11)
tn transformed into . .
=77, (15}
where : .
- P = A-YE. . . . (18)

The transformatlion given by Eqs. {13} and (14) is an invadant-coordinate- -

frame transfermation, that i, the new current and voltage vectors will be dif-
ferent physically. They will be measured in the same reference frame aa the
old currenta and voltages, which means that after the Lranaformation the inter-
pretation of J, ¥, ¥ is based on the enme eriterion that was used for the inter-
pretation of I, V, ¥.

If it ia desired to keep the driving point impedanee between node 1 and the
dstum invariant, the operators A4 and B must be restrieted somewhnt. For the
original circuit, the driving point impedance from node 1 to ground is

2= Vy/I, . (17)
Io ihe pew circuit the driving point iﬁpadmcn from poda 1 to gmunﬂ ia

- 'PI.H:» . {18)
If Eqa. {18) and (17) sre equated, the operators sre to be restricted in such a
way that .

v/ = P/ (19)

ia aatizfied. Hence, & posibility is to choose 4 and B such that
Vi = g7, SR )
1 = gr, o (21)

where § is an arbitrary ratio of polynomials of 5. If the matrix B in of the form
1/ D . 0

' (22)

------------------

1 v (23}

| ] 1
Eq. (19) will be stisfied and the transformed cireuit will have the same driviag
point impedance between node 1 and the datum ps the original circuit: Tha
transformed circuit will, in general, contain nlﬁntml]ed sonrees, The short-cirouit
admittance soatrix ¥ of the new circuit is given by Eq. (16), For further ¢lars.
cation at this point we introducs & simple numerical example.

[ =T ' i

ANy

Ly ! 1 ll.i'!I 1 ¥
Vi e

5 GD N

AR B 1211 ‘2‘.

. f .- .
Fza. 1. Cirtuit correapandiog to ¥ of Eq. 24, ﬁu.zcmmmn}apdndin;m?araq.m
. wnd J of Eq. 31.

Consider the circuit of Fig. J, The driving point impedance from noda 1 to
the datum is one ohm. The short-cirenit nm::luwta-dntum admittanca matrix js

-2 7l 0 - ~11/2 85
| g ; + 1| = - {2‘1}
- 71 TTTﬂ 6 0 77 =770 T

By applying the transformation of Eq. (lt’;} it is desired to cbtain & bihluful
cirt:':uit that has the same drivi.n;_point impedance from node 1 to the datum.
Using Eqs. {16), (22) and (23) yield

8 eul[-11/2  es][1/8 o
Y- : . {25)
Cun Cy Fird =T || By Bn

Performing the niﬁltipli;:a.tiona indl_icnt;d
0 [ —ig +'w(cua'5} -+ (653 — ﬂﬂﬂ:n}Bu (658 — 770Cu) By
{—%Cu + TTCu) (1/8) + (B5Cy - meﬂ]Hu {650 — T70Cu} By .
. (28)

Bince it is desired o obtain s bilatera] circuit, the matrix 'P' must be a}'mmaeltric.
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Thia imposes the following constraint:
{—3Cu + T7Ca) (1/8) + (65Cu — TT0Cn)Bn = (658 — '}Tﬂcu]ﬂg_ (27)

from which ooe of the nrbiltrnzjr paramelers 8, €, Cy, Cp, By, Hn may ba elim-
insted. Al the rest of tha paramelers remain arbitrary. The following choice

A=1, Cu =4, Cu = A, Cn = 0, By = 0, (28)
gives, from Eq. (27)
Hﬂ e 'ilﬂr {29}
and yields the following  matrix from Eq. (26):
11/2 —-1/2
Y - B (30)
—-1/2  13/168
Actording ta the choice made B
LJ [ 1 1277160
ni lim e lle]
That in,
J'l = J!Iill
L= ol - ﬁ'f:l- {31)

Hence, & controlled sourcs of the value shown by Eg. {31) must be connected
from nede 2 to tha datum. The circuit realizing P of Eg. (30) and with the con-
trolled current scuree indicated by Eq. (31) appean in Fig, 2. Analygis of the
cireuit of Fig. 2 shows that the driving point impedsnce from oode 1 to the
datum iy one ohm, the same ra that of Fig. 1. With this transformation the
gyTator was ellminated at the expense of hinving & controlled aoyree. Ig the next
section we show how to avoid the controlled soyTces.

Inecariant Driving Poing Impedance Without
Introducing Controlled Sources

In the circuit of Fig. 2 a controlled current source appeared due to the fact
‘hat the matrix A= has non-zero elementa in the &t eoumn, If the matrix ¢
f Eq. {22) ia reatricted to be of the form

g Cu Cx
Av=Cce|o o Cur 132)
u CNI‘ ENH

f

=7 A General Tr mation
No corntrolled ecurces appear in the new circuit. The rest of the procedure ia
identical to the previous one. Retuming 1o Eq. (25), if Cu = 0 a0 that Eq. {32)
be zatisfiad, and the following choice iy made

{p = —13, By = 1y,

32 -1
? = :

-1 2
The correaponding circuit is shown in Fig, 3, where the driving point impedunce
{rom node ! to the datum s unity, a3 in Figs. 1 and 2, However, oo gyratom or
controlled sources appear. It ia poaaible also to go from a transformed mrcmt to
the original one by applying another transf ormaticn. From Eq. (16), solving
for ¥, ¥ w AP 8-, which expresses the same transformation s Eq. (16) since
A and A-! are of the same form and likewise B and -1, The fact is obvicusif 4!
is of the form of Eq. {23} =ince all the elementa arg arbitrary. For matrices of
the form given by Eq. (22) note that, except the fimt, all cofactors of Fha cle-
menta in the first column of the transposs of B are zers. Hence, 8 will have
zeros In the elements of the first row {except the firat element). A similar state-
ment can be made for matrices of the form given in Eq. (32). This means that
wa may start with a bilateral ¢ircuit and end with a non-bilateral cireuit and
wica veran.

B=1T7, Cu=13 By = s,

the resulting ¥ is

Inrvariant Tranafer Impedance

Inatend of keeping s drving point impedance invariant it may he deaired
to keep m transfer impedance invariant, say, the transfer impedance het.w?en
the ports formed of nede 1 and ground and node 2 and ground. TIEEI!.I, fullan_r‘.lng
s procedurs similar to the one followed in Eqa. (17) through (23}, it is sufficient
to restrict B and ¢ to ba of the form

[[Bu Bn Bu By
B=| 0 14 ¢« 0 | (33)
| Be Bu By o Bun
(8 Cu »++ Cw
Cmdl=|Cu Cn Cur (31)
v G wor Con

This gives s cireuit in which 2, is kept invariant aod controlled sources appear.
If ro controlled sourcen ara desired, the matrix € should be of tha form of Fa. {321
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20 that the currenta entering nodes 2, 3, - - - Hmnntrelntadtnﬂmcumntl
entering nods 1, as indicated by Eg, {13). Uweduuutnkeep:ninvmt mther
than starting with a eircuit in which J (l] is of the form of {12’} we should have

0
Ii(a)

I =| 0

- L)

{35)

o 0 ]

The  rix B ahould be of the form of & of Eq. (22} and € = A~ should be of
he form . '
g Cn 'Icl'l_ '-‘ - Uw
CmA=' = | Oy B . ++r Cw {36}
. L -

[he transformed cireuit will have controlled sources, If no mnt.rnl]nd BOyMes
ue desired, C sbould be of the form

Cu O .
Cvi O -+ Cux

Vote that Caver's transformation theory cannot handle this p;oblmn.{m}.
1 uld be obvious bow to extend thess concepts to maintain invariant severa!
Iriving point and/or tranafer nnpeda.ncu.

Impedance Dnmng Point or Tranafer fmpedum
to Yield o Bilateral Cireuir

If the criginal ¥ is symmetrie and

[

A a B (38)

rhere the superscript T denotes transposition; then accordiag to Eq. (163

-

L)
Tence P is symmetrie. Equalion (38} is & 2 ten{ condition for eymmetry of

¥ = BT'YR = ¥7,
) !

| and Cederbaum (16) have some results for two element

Tk AG rlT r.n'an

f'tl?mlym.metnc.leq (39]uuaed 8 of Egs. (20} sod (21) isforced to be
unity.

L Bil. ver B Yu Fu Yur 1 0 . 0
|
P_‘ =140 Bu B ¥u Fn =+ Fow Bu Bn * Bm‘
0 B Blm.r Ve - Yaw +++ Yuw l 8w Bm Buw
(40

1 1

So far, the entires B,y are stil] arbitrary rational functions of s. If they are re-
stricted o ba constants the transformation reducea to the Cauer tranaformation.
Although condition (38) is sufficient for ending with a symmetric ¥, if the orig-
ipal ¥ ia symmetric, it is pot necensary (7). A].lthﬂmnm_«mnrxmthat
. i

_ P = P (407

this gives, using Eq. (16},

A-YE = BTYT(A-YT. (41}
Equation {41} mpresenta {N* — N)/2 equations with which we may ehmmnta
A3 many variables from the matrices B and A-1, leaving the rest of the entries
arbitrary, Equnt.mn [41] is especially useful if thu original ¥ i3 oot uymmetrlc.
and when keeping trnn.n{er impedances invariant while changing all the driving
point impedances. [td use ig illustrated for tho example of Fig. 1. For that case,
the matrix Eq. (41} reduces to the single scalar Bq. {27).

3 -
Fi19. 3. Cirvuit squivalent to those  Fro, 4 Cirsuit 1a be transformed wing ibe loop basia
- ol Figs. | and 2.
t
Paasive Transfor mhul Synthesia by Tﬂl asformation

" If the driving pnmt lmpednnce of interest, |.'.| realizable and we wish to ﬁbtmn
an RLC circuit (oo tranaformern or mutusl inductances) with positive elements,
beaides wu.nt.mg ¥ to ba aymmetrie, it is suficient that the negative of the terma
off the main diagonal aa well as the um of the entries of each row are positive
real functions. Few general tesults exist to determine A= and § which guarantees
that ¥ will satisfy thess conditiona. -

Pantell {10}, Guillemin {13}, Duda (5}, Darlington (12}, Schneider (17),
works, Schoeffer
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(15) has don. sk in the RLC problem. However, the problem is far from
solved. Newcomb (18) trests the problem allowing the presence of transformers.

Invariant Driving Point Impedance by Transforming
Circuita on the Loop Baais

What bas been said for the nodes baxsis can be extended to the loop baais,
The loop basis ia appropriate for keeping short~circuit driving point and transfer
sdmittances invariant on porta formed by making plier-type of cotries into the
loopa. {In the node basis aoldering-iron-type of entries at node pairs were made,)
As an example of 8 transformation on the joop basis, we consider & simpla prob-
lem in pasdive synthesis. This example illustrates the use of transformation
matrices whose entries are funetiona of &, thua exploiting the functional character
of the trapsformation, Consider the ¢ircuit of Fig. 4 whose locp impedance

matrir iy

B 142
. 3a+3+23+3 —{a+ 3)
z=
(o4 3) s+3+{’+n('+3]
g4 2 |

The matrix Z msy be transformed into a new matrix £ sccording Lo
2 = CZB. '

In order to Xeep the shori—circuit driving point admittanee of & plier entry at
loop 1 invariant, ¢ and B will be of the formsy

[ﬂ P] llfﬁ ﬂ]
A = O = , B : (43)

9 r m n

,Bince C and B are of the forma indicated by Eqs. (22) and (32) the now cirewit
will not contain controlled sourcea. If, besides, Eq. {41) is gatisfied the resulling
circuit will be bilatersl. If the multiplications indicated by Eq. (42) are per-
formed with the aid of Eq. {43), an equation similar to Eq. {27} is written snd
m eliminatod, The new matrix 2 may be written as follows:

np? 2np  Zufn néu
Z::+TZ:|+Z||[F+%:(E—1)] T+"Pz".
5 e - (44)
“T?n -+ npZa nrin

——— S e e — - — e —

{42) !

In Eq. (#4) the elements 8, o, r. 0 till arhi i
ke s ot uments li::;;:]e: are still achitrary and may be manipulated to
The following ¢heics in the parameters in Eq, {(43)
Bml  p=op,

r= 1

A= (++2)/(e + 3,
and

mo= s+ 2/{21 4+ 3) (s + 3),
gives the pew loop impedance matyix
3+ 3

2_[ -{u+2]1 '
—(0+2) 243

whosa realization ia shown ir Fig. 5. 7 irgui i
both eircuite of Fioy ooy ) g 5. The short-circuit admittancs st loop 1 of

L]

¥ = (2543) /(5 + 11s + 5).

chL::,hFrmr_:ntr;, v_vith respect Lo tmna{unnatinua in the luop basis it is well kgown
that cu:cL:! with more than three independent meshes must meet eomplicated
trants unless transformers or somg other pon-conductive couplings are

[LLLT N

(Dug, “ramaprt]

LIS

171+]

Fro. 8. “Foater Realizatlion” of & cir-

Fro. 5, Cireuit squivalent to thai of Fig. 4.
. cuit with complex pules,

. {Yon-real Transformations

. Il; '-!1'3' Previous example & realizable circuit was transformed into » realizable
coe, t 18 poasible also to tranaform a realizable circuit into & non-realizable one
Vige versd. An extreme case i3 provided by the following exnmpta:

The impedance

. - 254+ 4
2422

1+
I

1—;
o 1 = &?!

+
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can be realited in n Foster form, see Fig. 6. The anthuolrcuitofﬁg..ﬁis
L] r ‘ - --H

_(1+1+_,

(1+1+ ) (lij+1l—;)'+2J -

Uning Eq. (44) (interproted for a P matrix instead of 8 2 matrix) and ¢hoosing
ﬂ-]p-ﬂr-ln-ﬁ '
ﬂ]
0

l{-ﬁ} + 1/(s + 2)
P -
w realization is showa In Fig. 7. Analysia shows that

H

§ = 23 4+ 4
S A 242 ) .

Altering the Driving Point Impedanca Through Transformations

The drivisg point impodance need not remain invariant after the trsnsfor-
| ,it cab be acsled {(8) by a factor o, where o is & ratio of polynomia!s. For
thiy transformation the operator B of Eq. (22) is of the form

1fag 0 -+ 0
8= EBx Bn B | {45)
Byvi Bm Bux

Hence, if the driving point impedance of the original circyis is 2, t.hauneofthe
tmnaformed circuit will be az.

chunging the Order of the Matrices

With the irszsformations described so far the order of the final sdmittance
natrix fa the same ag the one of the original matrix. Although it ix poasible to
ntroduce new nodes, the added nodes will not be connected to all the others.
1 it is desired to increass the complexity of the networks it is poesible to do so
»y introducivg & larger matrix ¥, partitioned in the following diagonal form:

[0

?3 A General T “malim
whm?uthﬁongn&lNXNndnuthncumatm 0 ix the rero malrir, and T
ImmM}(Mmtm Thﬂm-ﬂt-myd;thChLBMW{N+MJ X [N+ M) may

] be transformed with tragaformation matmces of the same order. (Sea 12},

! Apphmtmu of the Trnn.afarmunnn to Analysis .

So far the transformation haa been applied to the aynthesis of equivalent cir-
cuita An npphuuon to analysis is pow congid ered which illustrates the ndmugu
of having formulsted the transformation I.n abetract tarms. The Lransformation
ia of tha tmurmt-nh_mt type,

In power systems ong deals with a slogle frequency, ateady atate pmblem.
Kenelly introduced in 1393 the idea of handliog the problem with mmplr.:
numbers; An alternate treatment using only real matrices is possible (11),

Defice the cperator L as follows:

Domain of L:

. all 2-vectors with real components;
Range of L:

all sinusoida of arbitrary phass and fixed frequencr o}

v
L[ I].-I’:&'mwl+ Vs cos ud, {46}

L

. The operator L has an inverse L™t whose domain is the range of L and whose ranga
" is the domain of L and

¥y
i LV, sinwi + Vyconef) = [ . (47)
Vs
It can be shown that if V¥, end V, are 2-vectors L satiafies
E L{aV, + AV3) = aLV. + 6LV
Let
F _ y = (d/df)z (48)
be transformed according to
I
b fy = L, (49)
;. = Li. {50)
' HBnOE,
- § = LA(d/dt) L. (51)
il Now [et t u.nd y be nnu.umda given by
"
r = X alnw! 4+ X;cosuwdl, (52)

l. — w2t . S
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Using Bqe. (40) aad (60) '
X,

Xy
Y

Yy

g

Substitution of (64} and {55) gives

-l
Using definition Eq. (46)
¥a| = L~ uX, cos ot + oX; sin of).
Using Eq. (47) in Eq. (57)
é wX, 0 W[X
R IR
Hence compariog {58) and (51)

0 w
. L-i{gfdn L = [ .

—w 1

In & aimilar manner it ean be shown that for
Fo= [ L4

1] -lfu]
LRl =
{lfm }]

and for
Frm K[-]

(K a multiplicative conatant)

[Y :] w L-(d/dt) (X, 6in wl + Xy coa w)

(54}

{55)

(56)

(57)

(58)

(59}

(61)

(62)
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Fra, 7. Circuit squivalent to that of  Fra. 8, Cirvuit 10 ba woalyeed without wisg com-
Fig.d. plex numbar.

K o
L'\RL - . (63)
0 X

If z represents eurrent apd y represents voltage then a series RLC circuit of
operational impedance

a-R+L(d{d:J+C“fdl

in the time domain has an operationsl impedance in the new coordinste aystem of

R 0 ] wk 0 -l
= + + ] {(64)
0 B —ul. 0 1/ul H
J. [ R wl, — Ij’uﬂ'] { R x]
Lol — wil R -X R

wherp X = ol — 1/0f. For a multiloop syatem, such aa that shown in Fig. B,
tranyforming separately each e, 2y, and 4, in

e i) 2n au | Q(f)
- (68)
% (i) m 2af| 6l
1 and writing the resultant equation in partitioned form, the following equation
ia obtalned in the new coordinate wystam:

: [P [ R X7 [ R X] Al
: 7). —X Riy |-X Rla] bl
- . i ) . (67)
[P, ' B X R X7 5
__P;_:_ __—x R_.u _—X R_B hfl_l_
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which msay be ’en. using the values of Fig. 8

(Two] f[ 2 -12] "o 100Y[h]T
| 0 ] iz 2) |- o Bl -
=t . N R -
0 [ 0 10 3 —6 AN E
[ Lo )t Lf-10 c)] L 6 3] X (]
Bolving for the currenta, ’ . '
- Cf 117577 _ f
| 173 I
1= :
[13.9 ] 1 .
|_- g'SE'J - ) 1

Using Eq. {49) this impliea that in Fig. 8

0 = 11.75xin i + 1.73 008 et
£y = 13.9 ein of + 9.85 con wl.

Here, the use of complex pumbers is avoided. This method is usefyl for digital

computer caleulations in which & FORTRAN subroutine for inverting real

matricea in double precision 1s available. In this case the sybroutins as it stood
1d not handle double precision complex matrices.

Conclusions

The paper has ictroduced s functional trapsformation of A very general
charscter and illustratod some of the applicationa to circuit analysis and syn-
t° . Alternatively, one may spply the trnsformation to 4, 8, €, D param-

matrices or other parameter representations of eircuits. Other poasible
applicationa include distributed circuits and time varying circuita, This author
1 that transformation theory applied to eircuit theory is & wide open field
of rch that has thus far remained largely untappad.
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HESUMEN

Se presenta una vista pangrimica con apunies hiblipgrilicos |
:ubru disefio de circulios con computadory digital, Se ilustran
sus pasibifidades con un ejemplo especifica de un circuito elec-
trdnico que +a analiza con un programa general,

-

ABSTRALT T - N
The field of computer-aided circuit desig;l is briefly surveyed
and a bibliography i given. 15 posibiiities are iflustrated with a
specific exampla by analizing an electronic cnrnunt with a
general purposa program. . . . r

3
noey,

1. INTRODUCCION - . .

La préctica del andlisis da circuitos con computadora digital es
tan viejs como ls computadora misma. Inmediatamente des-
pués de la Segunda Guerra Mundial s¢ comznzaron 2 analitar
filtros en & dominio de Ia {recuencia en una computadora de

: releudnres en Joa Labaretorios Seff Tefephone. El primera y .

mis entusiasta mvmlgadﬂr ds [a tanrh de andlisis de circuitos

cde estructura general es Gabriel Krpn (ref 1}, gquien redujo el

andlisis e circuitos a una serie da opéraciones rutinarias qua
eliminaban el tener que “pensar” y, par lo tanta, s= podian
sutomatizar, Desgraciadarmente expresd sus trahajos en térmi-
rxs de conceplos matemdticos no muy comunes #n la rama de
ingenierla, por Jo que pocos entisnden sus métodos. Fue nece-
sario que otros investigadores, como Le Corpeiller y Branin
lrefs 2 v 3], trascribieran sua trabajos a térmings mis comunes
en ingenieria

Cesde 1953, vainte afios después de los esfuerzos inicifales de
Kron, la rama de andlisis de circuitos con computadora ha
crecido a velocidad vertiginosa. Moy existen cisntos de progra-
mas para analizar circuitos lintales ¥ no lineales #n el dominio
del tiempo y {a I'recuenclia. Muchos de ellos cdan informacidn

v

+
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cobra tensibilidad, varisciones estadislicas, y otras cantidades
de intereés. Se usa una gran variedad de tEcnicas, entre ellas,
métodos de nudos y de mallas, métodos de variables de es_tadu,
topolbgicos ¥ de manipulacién de cadenas de simbolos.

El pionerc del método de variables de estado en el andlisis de
circuitos lineales fue Bashkow {ref 4}, qufen introdujo 2 la
1éor ia d® circuitos conceptos en use en el campo de ecuaciones
diferenciales; Bryant {rel G} Branin {ref 5, Dervisoglu {ref )
v otroi, ampliaron sus ideas. El método de variables de estado
&5 la base malematica de muchos de Jos programas existentes
para anklisis transiloric.

En el gnilisis de circuitos estaticos no lineates, el trabajo tedri-
co fundamental se debe a Duftin {ref 8), Minty (ref 8) ¥ Kat-
zenelson [rel 10}, y las extlensiones a circuitos no lineales RLE
aStern (ref 13) y Desoef ¥ Katzeneison {refs 12 v 13).

Algunos de los programas de endlisis estin basados en méiodos
topalbgicos. El trabajo fundamental #n esta drea e obra de
Kirchhoff v Maxwel|. Percival irefs 14 ¥ 15] nusvamentie mos-
tré interés por este tema. Oiros contribuyentes son Mason
(ref 18], Coates {ref 17] ¥ Mayeda y Van Valkenburg frel T8},

i métodos 1opolbgices permiten cbicner ecuaciones del cir-

te en forma dimbdlica {en vez de obtener sus valores calcw-
‘lados numéricamente #n punios discretes). Su principal des-
ventajs €5 el tiempo de computacidn; ademés, la canticad de
memeoril necesdria sumenta sensiblemente con o tamafio def
circuito, par 10 que so'o 5& pusden usar para circuitos relativa-
mente pequefos.

Un nueve enlogue del analisis simbdlice con computadora
digital ha sido dado por Happ {ref 19), quien usa métodes de
recgramas (diagramat o grificas de fujo; del griego, rect: Tlujo,
¥ gramos: representacidnl, Algunas exiensiones al andlisis de
circuitos no lineales por medio de recgramas han side hechas
por Kobylarz ref 20), v Aoska {ref 21] ha desarrollado un
metodo cempletaments wid ependiente, QuE Lsa AOMeEros pri-
mos para representar 195 diferentes simbalos, ¥ multipieacion
ordinarid en enteras en lugar de rmanipular exponen tes.

El anhlisis transitorio de circuitos distnbuidos 58 facilita mas
con (ecnicas de fransformadas de Laplace que con variakles de
estado. El algoritmo de la transformada riapida de Fourier, de
Coaley ¥ Tukey (ref 22} ha sido la aportacidn més importante
a euie eMmMa, puess aumenta natablemente |3 eliciencia de Ias
computaciones. Los mélodos de transformadas de Laplace
lambién $0n convenientes en ¢l analisis ge circuitos Que con-

tienen “cajas-negras’’ en ¢f dominio de la frecuencia y el tiem-
po (ret 23},

Con respectn @ los programas generales de andlisis de circuitos
que ie han escrito, es imposible dar una ista completa, pues
existen cientos. Entre los mds conocidos estén ECAFP (ref 24},
NASAP {ret 25}, NET-1 {rel 26}, CIRCUS {ref 27) y SCEP
TRE Iref 2B). Exkien trabajos bibliogridficos en lps que se
COMmpParan sui caracteristicas (refs 20 a 31). )

Una ver que se ha resuelio el problema del andlisis de circuitos.
es posible considerar el de su disefo, Fste se puede hacer auto-

. mdticamente 3 base de analiss repetidos, mejerando o valores

de los parameines a cada paso con la ayuda de un programa de

optimizacibn hasta que la diferencia entre o comportamieno

del circuito y ¢l deseado sea minima. El trabajo bdsico en

‘cusnto a la optimizacién de pardmeucs b sido hecho por

analistas numerices. Unza obea que da una visidn panorémica de
la materia es 1a de Spang (re! 32). El estado de los rabajos de
oplimizacibn para disefio de circuitps hasta 1957 se encuentra
en un articule de Temes y Calahan [ref 33). Desde entences ha
aparecido un método diterente,  llamado inclutidn singular
frefs 34 v GB); en él, en lugar de optimizacion se inlroducen

elementos singulares en el circuito para obligar a las veriahles &

asumir {os valores deseados para o disefo. Lot sfermentos ajus-
tables se dejen libres y dnicdmente se escriben fas rouaciones

de Kirchhotf, En estas condicionss, & circuwilo ajusia el valor.

de sus corrientes y voltajes para satisfacer 128 demandas im
puetias por los elementos singulares, Los valores de los elemen-
105 ajustables se determinan al final del procesd, o parlir de los
voltajes y corrientes del circuito en equilibrio. El métodp s& ha

usado para el disefio de problemas de corriente directa, v 52

han cbyervado mejoras ded orden de mil vaces en el tiempo da
computaciin,

En el campo de dissfia de circuitos con computadoras es tam-
bién necesario considerar el probiema de comunicacion eitre
el hombre y la computadora. El trebajo fundamental en este
sentido 5 ohra de Ross v Rodriguez [ref 35), Evans y Kalza-
nelson {ref 36) ¥ So {ref 371,

Desde 1966 han aparecido warios libros sobre disefio de cirtui-
tos con computadors {refs 38 & 42), v varig odiciones pspecia-
les de revisias de investigacidn han side dedicadas a exie tema

frefs 43 a 45). Adernds, se ha tratado en nuMmerasos simposios, -

confarencias ¥ Ctrsts corttd en varios paites {ref 46 a G1).
Finalmente, s¢ han dedicado msiones especiales 3 este tema #n
mnumerables conferencias de ingenieria,

L o L

mmaam o s m o mmem oaa



2, EIEMPLOS ILUSTRATIVOS DEL USC DE.UN
PROGRAMA -

A continuacibn e presenta un sjemplo B0 qus $& analiza un
cirewito mediante un programa de computadera digital. Con &1,
8l lector podrd darse cuenta de cémp s& usan dichas progra-
mas, El gue aqul se ilustra es NASAP, un programa conpera-
tive desarrollado por varias universidades ¥ que puede ser usa-
do por un lngemuru aun sin conocimiento de programacidn
Iret 82).

Daros al programe. Para que ¢l programas analics un eireuito, el
usuario necesita describir su topologia usando ciertes reglas

gue 58 describen mds adelante. Fambién es necesario dar los *

valores de los elemenias y las cantidades que se desean calcu-
lar, =~ - T LR

Resulados def programas. El programa calcula 185 cantidades
, especificadas (funciones de transferencia enire cualquier par de
varisbles), .asi como la sensibilidad con respecto [y tuakguier
pardmetro dado por sl usuario, Estos dos cdlculos pertenecen
sl dominio da Ja frecuencia, En cuanto sl dominic del liempo,
"ol programa calcuta la respuesta al impulsa correspondiente 2
la funcubn da 1ranmmmu desead.l

) Preparacitn del c.frru.-ro pars andlisls. EL primer paso es olabo.
.rar un diagrama muumétum del circuito que se plansa anali-
zae, Par ejsmplo, considérese e clrcmtu de ta fig 1. Se trata de
una etapa de amplificacién con un tramistor con emisor co-
man, sequido de una red de acoplamiento sintonizada. En fa
fig 2 se muestra ol Mismo circuite en forma adecuada para el

andlisis linea! en ol dominic de la frecuencia. Obsérvese que se L

trata de un andlisis ncremental y, par lo tanto, 13 baterfa luce
COMa un cortocircuita. Ademas, se ha afladido la carga de 50
ohma que repretanta ol efecto del resto de] cimcuito. Coma
intéresa |3 garancia de 18 corrienta de entrada a ta de wlides, el
circulto estard exeitado por wna fuenta de gerrients unitaria,

v

o

El paso final sntgs de alimentar el circuito a lz computadora

consiste en: 1) sustituir los transistores par circuitos equivalen-
tes Iincremenialey; 2] numerar todos los elementos; 3] identi-
ticar toda las fuentes controfadas de vortaje v comiente; 4}
establecer diracciones arhitrarias da fiujo de corrente y polari-
dades de voliaje; G} der valores numérices a 1odos 105 slemen-
tos ¥ pardmetros; 6] numerar todor los rudos consecuti-
vamente,

En Ia 1ig 3 se muestra ¢l diagrama del circuito una ver gue las
cperaciones anteriones han tido hechas v marcadas en el e
ma. .

1L

| M

1y -
§ 1,
sox 1% —
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R L5 wr
L] 13K -
1® -1y uH
- . (1
Mg 2.

§ Alirmantacibn de datos & pregrama, Una vez que e ba prepara-

do ¢ exquerna en |a forma indicada, s& procede a alimentar la
computadera ta cual no tiene medios para “ver” £l diagrama,
por 1o que debe describirse en clave. Pars ello o siguen ciertas
reglas, las cuales se explicarin con base #n el ejemplo dado.

La fig 4 muestra &l contenide de las tarjetas que alimentan o fa
computadord para describir &l circuito, ¥ los cileulos que 5=
desean hacer. 12 tarjeta b e de control & identificacidn, Las
palabras HNASAF PROBLEM indican a la computadors que en
las siguientes tarjeias aparecerd la descripcion de un cirtuito
que sg debe analizar. El resto de {2 tarjeta tiene titulos cuyo
contenido es arhitrario ¥ sirve para facilitar la identiticacion
del circuiie 2 que corresponde wn determinada anlisis, Las
siguigntes 15 tarjetas describen el circuilo de la fig 3 en lorma
comprensible para la méquina. El significado de fas cantidades
all eontenidas es el siguiente:
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Fig 4.

La primera tarjeta indica la presencia de una fuente de corrian-
te llamada |1, conectada a los nudos 1 ¥ 2 {el arden sn que se
dan los nudos indica la direccitn de refersncial, euyo velor es
1 arnpere,

Lz segunda tarjeta indica la presencia de uns resistencia llama-
da AT, conectada a los nudos 1 v 2, cuye valor es de 30
kilohms.

La tercera, cuaftd ¥y guinta dan nformacién similar que el
leclor puede deducir facilmente,

La sexta tarjetla indica |a presencie de un capacitor COF cone-
tado a los nudos 3 v 4, cuyo valor £5 de 94 picofarads.

La oclava tarjeta indica |a presencia de una fuente de corriente
{2 que esti conectada a log nudos B v 4, cuye valor es 0056
veces el valor del woltaje a través del capacitor O7 lindicado
peo+ la sigha V7] que la conirota.



La decimpcuarta tarjeta indica la presencis de un inductor £
conectado entra 105 nudos 7 y 1, cuvo valor es de 0.15 micro-
henries.

E? lector pusde comparar el resto de las tarjetds no descritas
can ¢l eaquema da la fig 3, para darse cuenta coHmo s le puedn
deseribir un clrcultu auna méquma ‘ciega™,

Las {ltimas <lnco tam:tns ‘contienen information sobre los
cilculos que desed el usuaric que haga !a computadors. La
tarjeta GUTPUT indica a la computsdora gue b terminade In
descripcidn del circuito v que 3 continuacién aparecerdn los
resultados deseados La siguients tzrjeta indica que se detes
calcutar la ganancia FABATT  conocer 12 sensibilidad de dicha
ganancia a variaciones £n la capacitancia €4, La antepenﬁhinu
tarjeta indica que & desea evatuar dld‘lﬂ cant:da-des en ef inter.
valo de frecusncias entre 10 a la potancra 8. B y 10 i la poten- ©
cia 6.2 en 100 (1/.01} intervalos logarfimicos por década, La

peniltima indica gue se desea fa respuesta en el tempo corres-
pondiente a la funcion de transfersncis indicada en 1as anterio’ "’

res Tarjetas, y qua" esta funcion se debe evaluar hasta .000001
segurilos. [El programa da autoenélicamente 100 puntos inter-
" calidos.] La iltima tarjeta indice que toda 1s inlormacidn ha
sido dada y ordena a la computadors qua ei-ocute el andlisis.

E;muc.‘dn ool pmgmm, El programa Qenera an la i |mpresorl
Ins sugumntes ra-sultadm

1. Una copia de los datos contenides en 125 tarjetas quea alimen”
tarpn a 18 computadara, [Esto strve pard degurarse de que la
somputadora ha aceptade lox datos correctaments, y pars faci-
litar fa Iocalizacidn de errores &2n la codificaciGn, en caso de
habertos } - '

2. L.li'la.E lista de los niimeros de mallas de l.:lifergntﬂ. &rdenes #n
la telucidn def problema por métodos de reogramas, Esto es de
Interds para el tedirico an reogramas. Los ndmeros pueden ser-
vir de guia al usuaric para darse una idea de [a complejidad
computacional del problema,

En wvista de que lo mencionado en el punto 1 & une capia
idéntica de la fig4, v que los resultados de 2 son de poeco
interds para el ingeniero disefador, no 52 Muesiiran esos resul-
tados. B

L] 4

3, La funcién de transfarencia {o varias de ellos si as{ se pidi3),
la cual aparece impresa como una razdn da polinomics an Ia
frecua ncla compleja. -

LI .

. 4, Lns ceros y polos dels funcu'm de transfemncia

st dns Oltimers aparecen en la f‘ ig 5. {Debe hacerse notar que
tos valores de fos polos v loa ceros son MUy ex trafios, ¥ estan
equivocados; == aclara esls sitvacion mds adelants, Obsérvense
también los menasjes producidos por 1a mrnp-ut.ndorn sobre
deshnrde numér:m'_l
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5 Varias listas en Jas gue aparecen el logaritma de la frecuen
ti3, 1a frecuencia_ la parle real £ imaginaria de la funcion de
trangierencia M5}, los logaritmos de fas anteriores, la magni-
tud y 'ase, e logaritmo de la magnitud, y 3 meagnitud en
decibeles de la funcibn Hf5L En la fig§ aparece una hista
parcial gue contiend algunas de las cantidades mencipnadas.
Ademds de chiener #stas cantidades en forma de listas, ¢ pro-
grarna genera los resultados en graficas hechas con la jmpre-
sora. Doy de dichas grafican en Jas que aperecen la magnitud de
1a funcitin de transferencia en decibeles y su fase se muestran
en las figs 7 ¥ B.

6. S5e generan varias clases de sensibilidad: logaritmica, que se
representa con SENS {H), incremental de 1 por cientg de [a
parte real, parte imaginaria, magnitud y fase de la funcidn de
transferencia, que se representan con SENS [RE{H)), SENS
(IMIHI, SENS [ABS{H), v SEMNS [FHI{H]), respectivamente,
Se generan también sensibilidades de ias posiciones de los po-
los y ceros de la funcidn de transferencia, E3tas sensibilidades
aparecen en una multitud de formas analogas a Jas mencions-
das en el ingiso 5. Asimismo se generan con la impresora 1as
gralicas correspondientes. En las Tigs 9 3 12 aparecen una tabla
parcial ¥ tres graficat con informackin referente a las sersibi-
1ex del ejemplo que s esta ilustrando, -

.. Hespuesta transitoria & impulse correspondients a la fun

cibn de transierentcia, 13 cual s& calculs desde & tiempo cero
hasia el imstante elegido por o suario.

Para abtener la respuesta al impulso, el programa hace usio de
los polos de la funcibn de tramdterencia. Como e indich ante
riormente, debido a los detbordet numéricos ocurridos, dichos
polos (y ceros] astdn incorrectamente calculados. La razdn por

" la cual s& presenia este problema numdrico’es |a enorme dife
rencia entre (a3 magnitudes de los cosficientes de los polino-
mios del numerador v denominador de |2 funcifn de transfe
rencia que apafece en la fig 5. Le dificultad se puede vencer en
parte si s¢ hate un camhic de variables 5" = 100 00 EI
efecto de este cambic en |os valores de 105 elementos del cir-
cuito es el de muitipticar por 100 DOO los valores de las induc-
tancias y capaCitencias, dejande todos 105 demis pardmetros
del circuito sin cambio, Con respecia 8l tiempo, el efecto es
multiplicario por 100 (0. Finalmante, habrd también que
multiplicar ¢ valor del fendmenp transhorie por el mismo
faetor de 10H) 000, 1odas esta equivalencias son bien conoci-
das en tepria de sistemas lineales {ref 63),

En la fig 13 e muestea la descripcion del circuito 1ras el cam-
hio de varigbles, Obsérvess que las resistencias y transgondus-
tencias en el medelo del 1ransistor permanecen iguales mien-
tras gue las inductancias y capacitancias han sido muttiplicadas
por 100 000, 5e hace noter, iguatmenta, el cambic en lox datos
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subrg. tas frecuencias deweacdas, Como deben dividirse entre

45

NASAP POOELEM 41HO2 100 000 vy estin expresadss en Jogaritmos base 10, 3¢ les ha
. restado 5 (pues 10° = 100 DDUI Se ve que 1ambien aurentd
1112 15 ) el tigmpo de solucién a 4 seg {aun cuando el esmctamente
Hi 1 2 JBn .
%3 2 1 12« . - equivalente seria 1 seg), - ]
EE -; i ";’5” ) .  La nueva funcidn de transferencia se muestra en la fig 14,
€1 34 Q:II.UF . _ Obsérvese gue los coeficientes de los polinpomios difieren en
£2 A 5 D.6UF o magnitud menos que los originales. En la nueva solucidn no
I2 & &4 U;{u!’:& "H'Cl . ' aparecen mensajes ge desbnrde Nurrerico, por e tanto, puede
E: ; ‘1 ;K supﬂnerse que los valarus de las potos y ceros son cnrrecms
Ei : ‘; Eﬁ:ﬁ'—l—ﬁF Do . En la fig .15 se muestra 'a sensibilidad de las posiciones de
RT & T 0W02 . dichos poles ¥ teras 8 cembios en C4. En s fig 16 58 muestra
L1 71 0. ﬂle © en forma snmhﬁlucn la respuesta transiloria cuando la excita-
Eg_{gu% -5': Do - - cion es un impulso. Las lunciones complejas e pueden combi-
" 1R8/ 111.#1:& < . -7 nar con sus conjugadas para producir senoides amortiguadas
FRE@ ©@.& 1.2 0.01 . St ] reales. En la tig 17 la respuesta ha sida evaluada ¢ impresa para
EEEUI;IGN . o X 50 punios intermedios entre cero y 4 seg. En fa fig 18 se
.ot - . muesira una grilica de I3 respuesta wransitona producida por &
, IEECS . OF TRANSFER thq*rmu_ programa. (Las Iiness rectas han sido trazadas a mano.)
ZERSS  REAL FART  TwmaG. PART ] i
™ 3. DISCUSION . S
1 =~0.2=&05E=10 —0.00000E-34 r .
-0,13323E €1 —-0.a000QE-~3A . -
§ u_:,i;p}g 0a 0O.000bBE~38 El programa aqui presentade puede ser muy Uil en Bl disefio
b ~n.TyS4AC 08 =0, 00D00E-24 _ de . Circuites, Para dicho diselo s¢ comienza con un circuito
_' .imcial con valores aprosimados para 193 pardmetros. Subse
. G - - - cuentemente, Con 13 inluicidn y experiencia del disenador, se
POLES OF TRANSFER FUNCTION camh:an dichos pardmetros analizando los resultades E|.1 c:a.da
. . Lambig con un Programs coma MASAP, haita que €l circuito
POLES  REAL PART  IMaG. PART 7 satisfaga los requerimientos del disefic, -
1 ~0.199995=02 ~0.DODOE-22 " .| . Aunque solamente una funcibn Je transferencia ha sido exhibi-
2 =0.13%30F 01  O,46&65LE 02 St d . | .- \ AR
3 -0 l3L3GE 01 ~0.&S65LE O3 . 2 en el &jemplo dado, ' pusden obtéper tantas como se
4 =p.lpuedE 03 ~0.76)08E-11 . . desee. Por lo tanto, & base de eplicar e programa repetidas
5 -0.78151E O 0,18574E=09 - veces se pueden disefar Circlitos multiterminales can caractes
Fig 13
Teiugpre FUNCTTON  IRB/I11/CA
I 4 b ]
1 =3.13E-0W =l.32E D7 S ~9.92E 06 5 46, 1FE G2 5 #1002 n2 S5 )
HISI= 1. :z?s T e e T o o e A i A e s A e e g g s i e S gy
t . 2 3 . 5
¢ LLIME oF ° ¥3.T2r g9 S 3,9 0T 5 41,31 Da % +T.99CL f3 S *l.0DE QDS )
Fix 14.



SENSITIVITIES OF ZEROES AND FPOLES OF TRANSFER FUNCTION

2ERQS REAL IMAG SENSITIVITY
PEML, IMAG
1 =0.2360432E-10 ~0.,0000000E~38 ~0.1TABOLIXE-1D =, 0n00p0nE~38
2 =0+1333333C 01 =0.00000N0E~58 n.o7RAg52E~-NA ~0.050000NE-3A
3 D.1331p095E Db 0.0060D0DE-38 2036501508 =0.0000Q00E~28
[ =0.74S4UARAE O ~0,000pC0NE-38 =0.1120081E-NT -4.0000000E-36
POLES REAL IMAG " GENSITIVITY
REAL IMAG
1 ~0.1959889£=-02  =0.0000000E-38 0.1862236E=06 0.000000NE-38
2 . =0«1343a7RE 01 0.56665645F 02 =0.8998695E OO0 =0.1320u675C=03
3 . =0-1343879E 01 -0.6665649E 2 ~0.599559LE OO 0.1320352E-03
4 =0+ 1640778 03 =0.,741a621F~11 -0.2587AN3E=02 0.6172105E-14%
5 -0.7819076E DU 0.1557430-09 =[.222796RE=D5 0.,19080Q07E-17
Fig 15
IMPULSE RESPONSE FUNCTION
FIT) =
' {=0.2000E=02 J=0.0000E-38 ) T

{ 0,6148E~D5
(=0D.8349C 01
{~0.4389E ¢L
{ 0.9558€ 01

t 0,7405E~01

J 0«JEO4E=13 )

J 0.2033E 01 ) E

J=0.2033€ 01 )
Jr0s 3045E-07 )

J 0+2678E=-10 )

£
(=D.1344E 01
(=0,13484FE pl
E

=0.,1645E 03
E

{=0.,7819E o4
E

J D.6666E 02 1 F
J=0.6668E N2 } T
Jo0,TulGE=11 ) T

J 0.155TE~0%® ¥} T

Fix te.
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IMPULSE RESPONSE

48

TIME IRA/TI1
0.00p0E~ 38 - 0,132964550E 01
d.A0pGE-C] ~0.15681442E D1
0.160CE OD ¢,53TBITS59E 01
g.2400fF 00 a.6B78TSBIE D1
0.32D0E 0D a.28423108E DI
0.%000E 0 ' =-0.,p5010588E 1
0.4800F OC ~0.49865184E O
o.5&600E 00 =-0,31232734E O]
0.5400E 00 0,761656859E dp
D.¥20DE DO 0,33140278E 01
0.60CQDE 00 0,2B44915%5%E 01

. D.8800C Do 0.296T0226E 0D
D.9600E w0 -=0,1984788%F Ot
P.3080F J1 . =0,.,23110320E 01
¢.1120£ .0l .=0,AL148662E QO .
9.12p0F 01 " 0,101&6B7M6E- Q1
0.1280E 0t . 0.]17159090E 01 °
0.1360F 01 . y,97D0S5013E €D
0.1440F 01 - C =0, 37043358E Q0 -
0.1520= ol ,»0,11697519F 01
0.1600E " 01"- ~.,922227T0E-04 -
D.168DF 01 =0,.19190023E-01

- 0.,1760E D1 0,7237TuG3E OB
0.184DE 01 : 0,7TO9E23BE 00
0.1926F 01 . 0,22099977E 00
0.2000E G1 -3, 39111479 0O
0,2080E D) _=0.5E648529F 00
D.2160FE Ol . =0.296T2R97E OO
0.2240E o1 ¢ 0.1632%9243E 00~ .
D.,2320E o1 © 0,u09T6927E 0O
O.2400F 01 . 0,29602532E .00,
0.2480E 01 . =5, 2149161 1E=01
0.2560 01 - -0,26117987E 0Q
0.2640FE 01 =5, 25528330E OO
0.2720E ol Y -0.,55813360F~01
D.2800FE 01 0. 14763855 00
D.2880E C1 0,19912%65E DO
D.2950F 01 0.RATTINETE=D1
0.3040E CI -0, 67326929E~01
D.3120£ 01 - . 14250045 DO
D.3200£ O} -0,93953517E=D]
D.3280F -01 0.168656058~01 .
0.3350€ al 0.933B%872E-01 "
D.3ML40E DL - 0.83871A9NE-C1
D.35%20E G1 0,12239669E~01
8.3500c DL ~0,548691 1901
B.3GROE GL -0.57139&64TE=-D1
£.3760F 01 =-(,250822805UF-0]
&.3840E 0t 0.27200626€-01
0.3520E nl 0,.a92235371-01
0.4000E C1 0,298ubE5LTERNL

Fig 17,

' nicos muy £xtensos, a condicidn de hacerlo por partes (ref 54}).

risticas en los puerior especilicadas por el diseflador, 5i estas
caracteristicas se escogen adscusdamente, se pusden obtaner,
para un circuite cualquiera, tas matrices de admitancia o impe-
dancia indefinidas. Una vez que s ticnen o5ty matricet, e
posible iniciar el diselo de circuitos microsectrénicot forms-

ot por varics subcircuitos mudtiterminales interconscrades.

Un programa que hace todo es10 automiticamente & ol BEL-
NAP {ref 23); con @ se pueden snalizar clrcuitos microslsctrd-

E! mismo programa es itil para ef disefio de circuitos de micro-
ondas [ref §7}. También se puede usar dicho programas, hacien-
do combinaciones, para determinar fallas internas en un circui-
to multitermipal. Para este propésito se han desarrollado mito-
cdaos matemiticos adecuados lref §5). Cusndo s trata de
Creuitos con relatiu'rarnente pocas terminales, o5 mis sdecusdo
el método del cdlculo de las dmmclanﬁ en lugar de las ma'lri-
ces 0 los métodos topdﬁgncm [ref Eﬁl,. I .

1- . b F
No' obstante que NASAP y BE LNA.P son rnuv,r pudurnsm Y.
atiles, no &5 posible hacer con ellos ciartos tipos de pndlisis

ipor ejemplo analisis estadistico- o transitorio de circuites no-

* lineales). Para elio es necesaric usar otros programas lrafs 24 y

26 a-78), 1o cual ocasiona una labor edicionsl, pues habrk
necesidad de codificar el circuito de scuerdo con tas reglm

.

" especiales de cada programa. ‘ - n

Aungue ser(a muy convenients desarrollar un pragrama pars

~ todos 1os tipos de andlisis posibles, esto es sumamenta diticil, -
.* pues 103 métodos Matemnaticos que s& mplicen en un gAso no

4

son vilidos para otro. Es me;ur desarroflar un mmpllldnr mpe -

cial que sirva ds puenie entre el Usuario y cada programa dife-

" rente cde analisis, Asi, un circuito no 1endrd que ser coditicado
“warias veces, aun cuando se requieran diversos tipos de sndllsis,

con la que se eliming la fuente de muchos errores. El compi-
lador tendrd on idioma universal v fraducird a los idiomas de
los programas de andlisis, La presentacidon de resuliados se hacd
en el lenguale universal tras una traduccidn de tos lenguajes
particulares, Dicho compijador to estd detarrollanda, en la Unk
versidad de Calitarnia, en Los Angefes, ¢l cosutor de este o
ticulo,

4. FUTURD . .

El futuro de Ya rama de disafio de circuitos con computadora ¥
dreas relacionadas, tales como localizacibn de tallas, documen-
tacién y produccidn automitica, es sumamenie brillante. Con
respecio al disefio se npta wna fuerte tendencia a utilizar més ¥
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més el tiempo compertide de operacion en Iugarldc la opera-

cién normsl. También se ve claro que la eomunicacibn con la

computadors serd cads vez mids humana y menos grientada 2
los especialisias en computadorss ¥ programacidn, En este sen-
tido se verdn mis programar en que gran parte de la comuni-
cacilin s& hard o base de twbos de rayos carbdicos con “lépices
uminoses™. Asi, el usuario, en lugar de codificar, dibujard su
cirguito sobre una pantalla de televiicn y dard las bdrdenes 3 la
computadora “apretando botones lumingses”., Ohtendrd lx
respuestas an forma grifics y ticil de interpretar, Apretando
un botbn luminoso puede ordenar 3l progrgma que efectle
dibujos {fig 19, grifices y wilas finales ded diseilo. También
podré pedir » ta miquina que determine fistas de materiales y .
precios pars |a Sabricacidén det disefio, Con esto se eliminarh
mucho trabajo rutlnario. Todo l¢ squi mencionado ya estd en

operacibn en muchas plantas de fabricacién de microcircuitos, .

Se yislumbrs v que, ‘en un futuro muy cercano, se podrd
atomatizer desde 1a concepcidn del circulto hasta el sistema
final. Hasta shors s han sutpmatizado |a mayor parte de los
pasos, - por,ejurnplu,.el'.d':stﬂu.lﬂgim ¥ eléctrico, la documen:
tacidn v +os dibujos, #sf como la generacién de mascarillas pare
Iz deposicién por métodos dpticos y nquimbcos, ¥ el alambrado

ek de los circultos ¥ sisterngs. Cuando se logre conguis-

un par de estabones mds, sz podrh realizar la completa
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Micruwave Clrﬂult Des1gn by Digital Computer

Mﬁ.RCG A, MURRAY LhSSD MEMIER, IEEE AND EDWARD B K{}ZEMCHP.K

Abstraci—pcthods for the ayqtnematie analysis and desdgn of mbcro-
wave clriwits meing o diglial compuier lllbltdl mode are givem. The
* methods are capable of kandling mlcrowave compoptnts modcled by

ordinzry R, L, C, M, C5 clements plos francmiscion Lines xnd multis .

termdnal bisck -hoxes whose characterittics have born defermined theo-

reticully oc ¢xperimenielly. The analysis-optimloation program, 1MPROVE

(integrated mnd Bikcrowart PRogram for Optimidog Vasisbls Be

ments), [mplessenting the metiods prewnted b this paper is Gescribed
" ity uee ilbwchrated with m practical deign problem. -

1. InTrODUCTION

ONSIDERABLE progress has been made in the ficld
(! of analysis of electronic circuits by digital computer

in the last five years. Presently, several general pur-
posc computer programs for de, ac, and transient analysis of
- linear and nonlinear cireuits are widely available [1]-[6}. The
design of a circuit is a trial and error process penerally
accomplished by repeated analysis and parameter or struc-
ture changes done by the designer until the response of a

Manuseript seceived March 10, 1969; revised May §, 1963, This
ork was partially supporied by NASA Electronicy Research Cenfer
.aq Grant NAS 12-2107.
M. A, Murray-Lavto s with Systerms Retearch Center, Cave West-
erm Resenve Univenity, Cleveland, Ohio.
f_ B. Kogemehad i with Bell Tekephone Laborsiorso, Whippany,
H.

cirenit is sufficiently close 10 the desired respouse. This
‘requires several approaches to the computer and careful

evaluation of the results of each run. 'I'hc prmbdurc can be™

*o¥Ery time consuming.

A portien of this process can | be automated go that the
computer docs the evaluation and parameter changes and
the designer decides ozly on the structure and the values of
# sct of fixed parameters. Several researchers have reportad
varions degrees of success in applying these techniques to
lumped circuits [7)-[12). The avtamatic parameter changes
arc accomplished by converting the design problem into the
problem of minimizing a function of several variables sub-
Jeet to a set of ineguality constraints. To ths problem a
number of mathematical techniques may, be applied [13]-
[15]- By avtomating the analysis, evaluation, and parameter
changes portion of the design process, the time to complete
a design can be shortened considerably.

The mcthods mentioned above have not been widely
applied to microtvave circuits due to the inability of the
analysis programs to conveniently handle distributed cir-
cuits or circuits that have been characterized emparically.
Henee, automatic circuit design has been largely restricted
to low frequency applications.

In this paper some methods appropriste for microwave
circuits are presented and a program implementing them is
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described. 1mprove (Integrated and Microwave PRogram
for Optimizing Yariable Elements) is = batch program
capable of automatically designing intcgrated and micro-
wave petworks in the frequency domain. It couples B gencral
purpose analysis program BELNAP [L6] with a direct pattero
scarch oplimizalion scheme. The user inputs a nectwork
description specilying variable parameters and their limits
plus a desired perfarmance. The cplimization secks new
parameter values to minimize & weighted mean-sguared
crrar criterion. The output of the program is a final set of
parameter values which produces 3 performance as “close
as possible™ to the desired one. The use of the program is
illustrated with an cxample.

I, AuTomanic DESIGH

For soine design requirements synihesis procedures exist
to determine both topology and parameter values |17]-[22].
For many requirements, however, no straightforward syn-
thesis exists; this is true panticularly in nelworks containing
active deviers ai sufficiently high frequencies so that simple
low frequency moedels give poor approximations ie real
behaviar. For thess cases the designer’s experience and in-
tuition are brought to bear in choosing a circeit to meet the
requirements. A cut and try procedure is usually adopted in
order to detcrmine the appropriate parameter values to
meet the requirements.

* The design process using the cut and try scheme is indi-
cated in Fig. 1. The operations done best by man are marked
M, those done best by computer are marked C and those
done by either or both combined are marked MC. The prob-
lem is created when a system need is recognized and defined.
{For example, il is decided to amplify signals in a specified
frequency band.) The need is then expressed as a cirguit. (It
" isdecided to build 1 20 dB narrow-band amplifier.) Next the
cbjectives are expressed in circuit terms. (The trapsducer
gain must be a constant of value 10 over the band of inlerest;
the input impedance must be 50 ohms in the band of
interest.) Next a candidate schematic is chosen, {Active ele-
ments for amplification are selected, circuitry for biasing the
active clements and for matching the input impedance is
added. Elements for producing a flat marzimum of sufficient
magnitude at the center lrequency of interest are added.) An
initial paramcier puess is made, (Actuzl values for the pa-
rameters of both the active and passive elements are inserted.
This may involve making educated guesses aboul parasitics
or coming up with parameters such as lengths and position
of stubs from simplified eafculations.) An analysis of the cir-
cuit is made with the aid of an analysis program. The be-
havior of the circuit is compared with thut of an ideal circuit
meeting all the objectives. (The transducer pain and input
impedance are calculated for several frequencies in the band
of interest and compared with the values specificd.) If the
circuit mects the objective the design is finished {quite un-
likely on the first trial) and a breudbourd is built, If the ob-
Jectives are not met and a preset masiimum number of rists
or schermnatics has not been excectled, the parumter values
are changed by the designer using as much experience and
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Fig. L. Simplified diagram of the compuler-sided design process
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intuition as possible. (For example, the parameters may be
positions and lengths of stubs.} The change should reduce
the difference beiween the actual performance and the
desired performance. (For example, if the gain is low lor
some frequencics, the change shouwld enise i) A pew anal-
ysis of the circuit reveals that indeed 1the new set of param-
eters does pive improved performance. The loop “analysis of
cirenil—eomparison of real and ideal circeits—change pa-
rameter values” is traversed many times until either the
abjectives are met with sufficient approximation or Loo many
irfals have been avempted. IT the latter is the case the de-
signer may try a new candidate circuit and repeat the process.
It may happen that the number of schematics tried unsuc-
cessfully cxeeeds a preset maximum. The designer then uses
the cutermost loop and changes the circuit abjectives (for
example, reduces the gain requirement). Additional loops
could be incorporated but are not shown in Fig. | for sim-
plicity.

In many problems Lthe eflect of parameter values on per-
formunee is complicated and the designer lacks intuition in
detcrmining parameter chinges to improve performance. In
such cases exploratory changes of parameters can be made
to determine appropriate chapges, This is leasible if each
analysis is done with the aid of the compater. It is not diffi-
cult, however, to run into cases where the process becomes
very luboricus il several parameters arc varied, Furthermore
cach anilysis requires the user to lowok at printouts or plots,
an eperation which takes time and cfarl, especially if the
design is done using the bateh processing method. (This iten
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is one af the sirong motivations for the introdoction of time-
shaning Iy computer wided design.)
Wy defining an appropriale pumericul eriterion of per-
ance and a scarch stralegy for the parameter value
ages, the innermost Joop of Fig. 1 may be completely
automated. Both operations are simple to program, but the
eventnal overall sucecss of the method depends strongly
upen how it is done. This is due to the fact that slthough
qualitatively almest any search strategy applied to any
iniliat set of parameters will converge to some local min-
imum error between the desired response and the actual
response, quantilatively (in compauter time] different search
technigues will converge at very different rates. This peint
will be discussed at greater length in Part 1V,
We now proceed to concentrate on the analysis box of
Fig.-} insolar as microwave circuits are mnecrncd._

11I. COMPUTER ANALYSIS OF MICROWAYE Cikcurrs [16]

The main 1rouble with the circuit analysis pregrams avail-
able is that lhc}' suffer from one of the fullmvmg d-:l'a:ts

1) They do not handle distribated cireuits.

) They do not eccept circuils chnractcnz.od 4.-.:|:|]:|1n+::|1];|.|r

3} They do not handle general configurations.

4) They do not calculat: quantities of interest to micro-
wave crigineers.

n

A circuit analysis program, RELNAP [16], designed specif-
ically to avoid the problems menticned above was imple-
‘ted and is used at Bell Telephone Laboratories by many

Jit designers working with microwaves and integrated -

aircuits. The operation of BELNAP is very simple. It is based
on well-known tools of multiport circuit analysis. With rela-
tively little effort any nodal analysis program can be modi-
fied to avoid the prchlcms mentioned above. A short revicw
of the basic ideas is now given. Additional details may be
abtained from [L6]}. i

All elements in a circnit are considered to be multiterminal
black-boxes by BNAP. Each one of these black-boxes is
characterized by 8n indefinite admittance matrix (JAM),
which is gengrally frequency dependent. The frequency de-
pendency of the block boxes may be given 10 the computer in
several ways, namely by:

13 analviical expressions,

23 tables of discrets values,

3y parameters in interpolating or spproximating expan-

sions.

_ For example, a capacitor (which may represent a [ringing

“electric field) connccied between nodes 2 and 4 in an & node
circuit has ap [AM which is an X8 matrx all of whose
entrics arc rerg except

]":: - ]"u - cjul‘.. },!l = }'u L ﬂjln-‘.

In this case apalytical cxpressions give the frequency depen-
v aof the IAM of the capacitor. Another case ansing in

(1.
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Fig. 2. Pair of equal coupled-lines of length / over a ground plane.

Qlﬂl‘lllhﬂ Ly, Lgs, €, Cor are per unit kenpihe
10 termiinals 1, 2, 3, 4 as shuwn in Fig. 2, I this pair of lines
is imbedded in a circuit with 8 termioals, the corresponding
TAM is an 8X2 matnx alt of whose entries are 2ero except

- the following:

Vi Vegm Yigm V=4 A coth (UD+4 B coth (V1) .
Figw ¥uu= Yoem Ya=} 4 coth (T7) =} B coth (V)
¥um¥yumYam Y= —34 csch (UD=iR esch (VD)
Fiom¥,= Yu- Yiz=—#A cach (V)48 cqch I:Vﬂl (2]
Viwm Yy= VpmYy=V, = Y:z“ Y=Y i :

" ’

= Afeseh (UD—coth (D] , - ..
VumdA[(coth (D —osch (U] ‘
whcfc o

1/ C : 1/ 4 2Cu .

A - — B —————— "

- I—"]l + Ll!‘ 1 -L'].l. - LI: ) .

U wm ju/ (L + Lig)C, Vo jos/ (L — La){C + 2Cu).

Similar expressions may be obtained for single transmistion
lines, RC lines and certain waveguides, etec., and mcnrpu-
tated inta an analysis program. N
Many microwave clements are difficult to mndcl ana]yt '
ically becanse of the difficulty in solving the corresponding
ficlds in closed form. This difficulty occurs either because
not enough is known about the device or becavse of imper-
frctions in manufacturing. Most of the active devices and
those with fringing fields (bends, discontinuitics, tavities,
ete.) fall into this categery. These may be characterized by
numerical calculations ol the felds or by cxteanal measure-
ments of their scatlcrings at discrete frequencies. By mathe-
matical transformations the JAM matrix can be abtained
numerically at discrete frequencies. For example, if the scat-
tering matnix of a multiport is measured at 2 given frequency,
with all poris having a common terminal, the {definite}
noda} admittance matrix Y is obtained by 1he equation (23]

¥ = Ry 5 — SR (3)

where /is the unit matrix and R, is a diagonal matrix whose
entries are the terminating loads at the ports during the
measurements. The [AM is then obtained from Y by adding
a sow and column equal to the nepative of the sums of the

owave circuils of-an-IAM-given-by analytical - expres- — rows-and - columns . of _ Y. This .is. dan: at.each measured _

sions is the TAM of a pair of equal coupled lines of param-
eters per unit length, Ly, Lis, € Cy and length [ connecled

frequency.
Inermediate frequency values may be obtained by any
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method of zpproximalien or interpolation {24]. Linear inter-
polation has been found 10 give adequate resolts for most
casss. It is now the standard method used by arcnap with
polyromials in (requency, polynomials in the log of fre-

quency and log-log graph pelynomials available on request.

To avoid accuracy problems, orthogenal polynomials are
used. The orthogonal polynomials used are special sets
which have been orthonarmalized over an adjustable fre-
guency interval in multiple precision by the Gram-Schmidt
method [24]. The different scts of palynomials were chosen
s0 that some curve shapes which appear often are well ap-
proximated with three or four terms. More sophisticated
methods such as splines [25] could be used with more aes-
thetie results but with correspondingly more complicated
computations. When a table has been approximated by
pelynomiais only the coeflicients need to be stored. Onoe
each subcircuit fiwo terminal clements being particular cases)
of a circuit is characierized through its [AM as a black-box
according o any of the three metheds mentioned, the [AM
ol the complets circnit is found by simply adding the cor-
responding 1AMs, :

At any point in.the anslysis internal terminals may be
eliminated and the JAM ar specified terminals of the com-
plete circuit or a subcircuit found numerically at diserets
frequencies. The mathematics of this operation are qoite
simple. Let J, and 7; be vectors of currents entering the p
external terminals and g internal terminals, ¥, and ¥ the
corresponding vectors of voltages {with a floating node as
reference), end ¥y, Yy, ¥y, Y submatrices of the [AM
of proper dimensicns for the equation

Iy Yo YoV,
] - @)
1z Ypu ¥YuoldlLV:
1o be properly partitioned. Elimination of V; yiclds
Jog = ¥y {5)
where
I.q = I[ —_ }'u}’n-lf:,, " Yq - Yu - }’n}’“-l}’“‘ {ﬁ}

1, is a vector of equivalent independent sources connected
to the extrmal terminals 1o account for the internal sources.
Y. is the [AM of the network with the interpal nodes sup-
pressed. If no internal sources exisl then Jy=0 and L =1,

IV. AUTOMATIC PARAMETER OPTIMIZATION

To automate the inner Joop of Fig. | once an analysis
program is available, it is necessary 1o

I} define a desired response in numerical terms,

2) define a criterion of performance or “distance” be-
tween the desired response and actual response,

3) define an optimizalion or minimization strategy.

The definition of a desired response normally means that the
user specifies quantities like return loss, insertion gain or
voltage standing wave ratio which he desires the circuit to
achicve al several discrete frequencies. The specified guanti-
Les may be thought of as u point in ¥-dimensionad $pace.
{For example if the return loss magnilude at four frequencies
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is specifed and the value of the return loss magnitude at each
frequency js mcasured on an axis, a circull response i5 a
4-dimensional point. The “ideal eircuit™ response is 2lso a
4-dimensional point in the same space.) A distance is then
defined in the space. One of the most popular distances is
the 5o called “Euclidean distance™ defined as the square
root of the sums of the squares of the differences between the
coordinates of the ideal circuit response and the actual cir-
cuit response. Other definitions are possible, for example
instead of squares, absolute values may be used. The
Chebyshev nerm {maximum deviatien) and pth norms have
been found to produce terrain which is more rugged and
hence more difficelt to eaplore than the Euclidean norm,
They are alse more difficult to compute. For many cases it is
convenienl to *'weigh™ some [requencies more than others.
MPROVE uses a double weipghted Euclidean distance as will
he explained below,

It is not neccssary that the point defined by the ideal cir-
cuit response correspond 1o only one quantity or only one
port. The ideal circuit response may involve quite compli-
cated conditiens, for example, return loss at ports one and
four and insertion loss at ports one and two, one and three
snd one and four; all a1 five discrete lzequencies, It may be
more important to achieve the right retumn loss than the
insertion losses, hence one may weigh return losses with five
and insertion losses with unity. Furthermore, one may weight
the center lrequency more than the lrequencics at the edpes
of the band. - )

Finally, it is not oocessary that the ideal circuit response
be defined a% a point. In some cases one would like to define
it-as a region. For example lor a notch filter one may be
satisfied to have at least 50 dB of loas st a given frequency
rather than exactly 30 d8. Since such types of specifications
arc casily implemented with logical decision statements on
the computer, they should be considered in designing a pro-
gram. . .

The definition of desived response and criterion of perfor-
tnance are very delicate matters because the final results will
heavily depend on them, In order 1o come up with good
definitions the designer is forced to atk himsellf “What do [
really want the circuit to do?™ This question is & difficult
one. A designer would usually prefer to decide & postedan
which of several circuits he likes most rather thap (o have to
state a priori the chazacteristics of the best one, Nol only
will the final resulis differ for different definitions of desired
response and criterion of performance, but also, the time
lor a search siralcpy to arrive at them. For example it is well-
known by researchers in automalic oplimization that a
"“Chebyshey distance™ (the distance betwren two curves
being pgiven by their masimum devialion) is apt to present a
much more rugged terrain (if an analogy between the Menc-
tion to be minimized and height in a surveyor’s map is made)
than Euclidean distance. The rugged terrzin will force the
search straiegy te use large quaatities of computcr time.
Another typical example is when a naive desipner specifies a
bandpass filter with sharp corners and vertical walls. Know-
ing that' he cunnot expect shirp corners he should round
them in 2 reusonable manner, otherwise the compuler will
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spend all its time irying to square the corners and Urying lo
achieve the vertical walls at the expense of producing un-
desirable bulpes in the bund of imerest. The end resultis net

Al what the designer expected, Usually it gives a horrible

a by anyone's standards. This conld be corrected by
proper frequency weighing. The only way to pick up all these
pieces of information is by experience with diferent types of

circuits and different definitions of desired response and eri-

terion of performance. This isan area where interactive com-
puting has & great applicztion.

In implementing the search stralzgy one has quite a hit of .

choice [7), from prid search to gradient techniques of all
kinds to random search. Each strategy has it own advan-
tages and disadvantages and its own requirements. For
example, gradient techniques require panial derivative wfor-
mation which is very hard to come by for complicated micro-
wave circuits composed of combinaiions of analytically and
experimentally characitrized submetworks. One possible
* way of obtaining partial derivatives is to find them numer-
. ically by evaluating the response with each parameter incre-
_ mented & small amount. This is usually expensive computa-
tionally. Because of the problems in obtaining partial deriva-
tives for mirowave networks plos the fact that the terraing
are usually rugged encugh not 1o be worth the sophistication
ol "differcatially” following the siirfaces, it was decided to
use a direct patiern search technique for mprovE. The one
finally implemented was proposed by Hooke and Jeeves [25].
The direct search method has a historic record of sucoess-

lly climbing in very rugged terrain (which is usually the
* in circuit problems). and growing linearly with the

umber of parameters. It is also quite easy to handle con-
straints on the values of the parameters. These are necessary
: to end with meaningf! engineering results. {For example, it

would be very undesirable 10 end with a negau!ﬂ: cham:b:r- -

jstic impedant: for a ransmission line.)

* The direct patiern scarch strategy has twu majur ano-
nents! the exploratory move and the pattern move. Briefly,
the strategy is described as follows. An initial guess is made
of the n patameters {or a probiem and some error eriterion
is evaluated at that set of parameter values with the aid of
an analysis program, Starting with the initial set of param-
cters, an exploratory move is made, This exploratory move
varies the valuc of each parameier by some small amount
and observes the eflect of ¢ach of these vaniations on the
error expression. Those changes that reduce the error are
retained. It may be that certain of the parameters are slightly
increased, others decreased, and stil] others unchanged to
reduce the error. This new set of slightly modified parameters
" delermines the "unit vector™ in r-dimensional parameter
space of a move which will reduce the error. The next step is
to make a larger move in the parameter values in ihe direc-
tion indicated by the exploratery move. This larger move is
called a parlern move. After the pattern move has been

Fig. 3. Fh*chlﬂofﬂtpummhﬂﬂl:ﬂ

INTIH

!

STARY

GUELS
INIT AL
BASEPQINT

EVALUAT
ERNON AT
BABEPGINT

TIEEE TRANSALTIONS ON MICROWAYE THEORY AND TECHNIQUES, AUGUST 1960

I

MANE

EXPLONATORY
WOVE

CEET ' NEW 7
BASEROINT

3

L l!l‘ "
FATTER
HJ"E

18 ERRORYTES
LESS - .

HD

Cea

] IMCREABE

YA M ARLE,

15 ENMOR
LESS T

TES -

DECAEALE
VARJABLE

5 ERNGA
LExs ¥

TES

RESET
YAR{ABLE

RETAIN
VARIASLE
AND ERROR

¥
ExiT

-

Fig. 4. Flowchar of the exploraiory search stralery.

made, the error expression is again evaluated for the ncw  move. This entire proccss conlinues until an exploratory
-ameter velues. IT the pattern move sucoeeded in reducing  move is unable io reduce the error expression further, At this

errot, another pattern move 35 made in the same direc-

peint, the program terminates. The flow char of Fig. 3 out-

uon as the first one. The pattermn moves continue until one ™ lines the patterm search siategy: The details of the eaplora-

fails 10 reduce the crror. At this point, a new exploratory

meve is made 10 determine a new direction for & patlern  each parameter of the system.

tary move are indicated in Fig. 4. The steps are repeated for
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V. InpkoviNG THE COMPUTATIONAL EFFICIENCY
TurouGH THE 1AM BrLack-Box APFRroaci

A feature deemed critical in coupling an analysis program
10 an optimization routine is the numerical efficiency of
each analysis. In a typical oplimizaiion run, the analysis
program may be called several hundred times, therefore any
saving in the computational analysis effert is multiplied by
several hondred. :

The indefinite admitlance matrix formulation employed
by 1MPROVE allows a significant deercase in computational
eflort. Io the optimizalion some subeircuits have po adjust-
able parameters. Since this fixed part of the network does
not change with different parameter set trials, it should not
be necessary to solve the equations of the invariant portion
for every new paramelcr set. To avoid the repetitious anal-
ysis of the lixed part, the network is pariitioned into its var-
ant and invariant portion. The fixed portion of the network
is characterized at its essential terminals and stored as a
black-box. Essential 1erminals are those which are specified
as external ports or those which huve adjustable elements
conaected (see Fig. 5). To save computer core storage the
subcircuits ean be reduced to the essential torminals in pre-
liminary passes. This can easity be dope because BELNAP can
punch on request the 1AM of a circuit reduced 1o a given
set of terminals. The punched data is in a format in which it
can be read for a subsequent analysis or optimization. In
this way very large circuits containing few variable elements
can be handled in several passes. )

In order 10 characterize the fixed portion of the network
&t its essential terminals, the nonessential terminals are
eliminated by using (5) and (6). H. C. So {27] uses this
mecthod with a hybrid formulation for lumped cireuits and
reports considerable computer-time savings when compared
with efficient programs net vsing the partitioning technique.
[t has not been possible 10 compare IMPROVE in microwave
problems with ether analysis programs because of the un-
availability of other general configuration programs capable
of bandling distributed multiport nerworks. However, we
expect that the relative savings from the TAM black-box
approach would be even greater than those reported by So,
because he has to consider the ime necessary for the compu-
tation of the hybrid matrix at each frequency. In our ap-
proach, computation of an TAM invalves only adding the
IAMs of the subeircuits. Additionally, the algerithms for
hybrid analysis arc considerably more complicated than
those for nodsl analysis so the programming effore for
implementing our method is considerably smaller,

The principal reason given by $o [27] for using general
hybrid analysis is that, since the adjustable parameters may
be distributed arbitrarily in the network, the open-circuit
impedance mutrix or shortcireeit adimittance maltrix of the
resulting n-port frequently does not exist. This is particu-
farly true of open-circuil impedance matrices. In practical
circuits the authors have yet 10 find o single case in which
the 1AM of any subcircuit imbedided inoaoread mnelwork does
not exist. Granted that nutworks such us ideal transformers
and peclectly coupled mutual inductances do not have admit-
wance or impedance matrices. These deviees are, however,

1L
—— iz
j “FILED @ VAR ABLE

ATE . MATION . FORTION

. a .
. * -

— S N—

v

Fig. 3. MNetwork partitioned inlo its invarianl and variabie

parts for analysis by iMrPROVE.
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Fig. 6. Ideal transformer has no indefinite ndmittance matrix. Addi
lioen of virtual node 5 removes degencracy.
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<[]

theoretical idealizations which never appear in microwave
networks. On the other hand, even from a purely theoretical
peint of view, as long as the complete cirevit posscsses an
IAM, the problem can easily be circumvented &s follows:
[16] for cvery degenerate device {such as an ideal tranps-
former) insgrt a virtual node (2 node which does not exist
physically) to which pesitive and oegative impedances of
equal values arc connected. These cancel each other's effects
and thercforg lcave the circuit undisturbed. This is shown
in Fig. 6 for an ideal transformer. The additional virtusl
node destroys the degeneracy because the cireuit with an
additional node does have an 1AM. The virual node is
climinated after the additional subcircuits are connceted.
This oceurs when the total IAM at the real terminals is no
longer degenerate. A computer program can accept positive
Of megative parameters with equal ease. Since the value of the
canceling artificial impedances can be chosen by the de-
signer, they may be chosen so that they are comparable to
other impedances in the network. That is, if the other im-
pedanecs are of the order of 10° phms the artificial imped-
ances shauld also be of the same order. This simple antifice
alse has application in other instances, such as oblaining
Norton equivalents of voltape sources without a series im-
pedance and avoiding ill conditioned cquations when im-
pedances of very difierent magnitodes are connected to the
same node [28],

VI Brigr Description of [IMPROYE (EXaMPLE)

The method of analvsis used by IMPROVE is identical 10
that of the program neLxap [16]. The circuits handled may
contain:

1) Pussive R, L5, and Cs.
2) Uniformly distributed transmission lines through the
specification of R, L, G, and € per unit length and the
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. length or chﬂnctmsuc impedance and electrical cmmplr.. lu&crmay weigh mlpedxnccs lD nnd mn:ﬂmn

+ Jength at 8 given reference frequency. : .- guns l } . v ) .

3) Active devices for which conventional mad:lmg wnh T ! o

. controlled sources and” pa.ssw: elements is adequate, -~

4} “Black-bores™ for which' conventional ‘modeling is
difficult or impossible but whose terminal characteris-
tics (S, ¥, Z, H, or ABC D parameters) can be obtained,
(For éxample, on¢ can make tenningl measurements at
scveral frequencies on a microwave transistor, & direc-
tional coupler or similar black-box and input this
data without first modeling the device. Intermediate
frequency values are interpolated by the program.)
Theoretically modeled devices may be defined using
external subroutines, )

Additionally for optimization purpuses IMPROVE ACCEpts

The paramct:rs which ‘may be declared vannbl: in
IMPROVE . are ryesistors, capacitors, - inductors, _controlied
" sources, per-unit-length parameters . of mnsnhmnn lines
AR, L, C, @), Jengihs of lines, charasteristic :mpedanm of
lines, and electrical lengths of lines. Because some paramettrs

R

tributed elonems with lumped circuits and thus determine
their per-unit-length parameters approwimately. Also it is
possible to lorce some circuits to retain certain desirable
phytical symmetrics. -

A simplified flow chan of the optﬂtmn of mrmvﬂ is
shown in Fig. 7. '

The program putputs the value of the error b:twn:n the
desired response and the response of the first and final trial
1} Vanable parameters (including minimum and max- - circuits, a bist of the final circuit parameters and a compiets

tmum values for 8]l variable parameters). Parameters  analysis {including plois) of the final circuit.

may vary together it is possible to approximate some dis.”

which vary together,

2) Frequencies and weighting (actors for the frequencies.

3) Desired performance characteristics.

a) Impedance {(magnitude and for angle or real andfor

imaginary parlts).
) Return loss.

¢) Insertion gain {magnitudc in dB or phase).
dy Yohage pain [r:al imaginary, magmtud: and/or

angle. .

Any of the previous up to 4 ports.

4) Weights for the performance characwerstics. (For

Two examples are now presented to iflustrate the vse of
MPROVE and Bminar. One of the bigpest problems facing
microwave engineers is that of wnwanted parasitics and
their medeling to predict correct circuit behavior. This
modeling can be formulated as an optimization or design
problem. When the modeling of parasities is solved, the
parasitics can be used in favor of the designer 10 fine-tuoe
circuits, This is especially important when many circuits will
be mass produced, L

. ' Consider now the 20dB 5w|tch¢d mlcrnwav: atienuator of

Fig. 9. We first wish to characterize each of the clements




RILRRAY-LASS0 AND KOZEMCHAK: MICROWAVE CIRCLHT DESIGN BY DIGITAL COMPUTER 511

Fig 8. Choke characierized as black-box for analysis with ezvar,

within the circuit and use the RELNAP program o analyze the
performance of the ideally (no parasitics) interconnected

it |
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network.

The diodes were modeled by equivalent circuits as shown
in Fig. 9. The valucs of the clemeats in the model are con-
vemeatly determined by using the optimization program
IMEROVE Lo malch measured data o the diodes. This ap-
pruach was used here to illustrate equivalent circuit model-

\ ing. Alternatively, measured data on the device may be
directly fed into the program as in the casc of the quarter
wavelength chokes of the circuit which are shown in Fig. 8
as two-terminal black-boxes, Here, measured data on the ¥
parameters of the chokes =re used as a deseniption to the
program. As shown in the input description of Table I, the
choke is given as type pumber {10) and the ¥ parameters
given at & frequencics (0.9 GHz through 1.56 GHz). Also
shown in Table | is the input of Rs, L, and C5, described by
their connection nodes apd clement values.! The three trans-
mission lines are incorporated inte the eircuit by giving their
conneclion nodes, &, L, 7, C per unit length, and length of

the line.

-The configuration of Fig. 9 was built and its performance
measured, The measured values of return loss and insertion,
gzin are shown in Table II. Observe that they difler notice-
ably from the responss predicicd by the computer (shown
under inittal value}. The discrepancy can be atlributed 1o
parasitic effects in the final circuit layout., These parasitics
include fringing capacitance at the termination of cach of
the transmission lines {including input and output), lead
inductance associated with each of the dicdes {exvept diode
1 which reguired virtvally no lead length in the final lay-
out) and inductance associated with each of the resistors.

Bt was desirable 10 determine the value of Lhe parasitic
elements which were accounting for the discrepancy between
predicted and measured response. To do this, the measured
data was wsed as direct input to the aptimization program.

' Wote i Table | the presence of swyverad capaciters wilh values
These wore introduced Dere 1er peoid
having to natok: the circail for the opiimizaven run. The inputs of

10 = anld ipduciaes of HCeE,

I Nar amd 1nrROvE Bre Compalible.

TAHBLE 1
Coorn [~rur To BELMNAP of ™t Ciecuer of FiG. 12

——————— s e ——
TWENTY DB SWITCHED MICROWAYE ATTENUATOR
MNPUT NODES 20 PORTS 2, FREQL 1.E%, FREQF L.5EY,
FROINC 0O5E%, PLOT 1 &
LBRANCH NODES 3,0,C 1E-12 3

SHRANCH NODES 4,0, C I1E-12 %
$BRANCH NODES 1,6, L JE-S §
SBRANCH NODES 6,0.8 .5 §
$SERANCH NODES 1,4,C JE-12 §
S$BRANCH NDDES 3,18, C .ZE-12 §
SBRANCH NOLICS 4, 1B, L 3E9 §
SBRANCH NODES 3,18 K 2500, %
$SBRANCH NODES 7,%9.C .3E-12 5
SBRANCH NODFS 8,9, C .2E-12 §
SHRANCH NODES 7.8, L .1E% §
SHRANCH NODUS 89 R 5%

SORANCH NOTHES 2,13, C 1512 5
EBRANCH MNODES 13,14, & 2E-12 %
SHRAMNCH WNODMS 2,14, L 3JES 5
SHRANCH MNODES 13,14, 8 .5 5
SBRANCH NODES 2,15, C JE-12% -
SBRANCH NODMS 2,17, © 2E-12 35
SHRANCH NODES 16,17, L JJES §

SERANCH NODES 2,17, R 2500 §
SERANCH NDDES 19,0, R 61.1 5
SBRANCH NODES 20,0, R 61,1 5
SERANCH NODES 5,11, 8 247.5 3
SBRANCH NODES 1,0, 1.-20 §
SBRANCH NODES 2,0,C 1.E-20 %
SBRANCH NODES 3,0,C 1.E-20 §
SBRANCH NODECS 15,0,€ LE20 S
SBRANCH NODLIS 9,0, € 1.LE20 5
SBRANCH NODES 10,0, ¢ 1.LE-20 §
SBRANCH NODES 11,0, 1.E-20 §
IBRANCH NODES 12,8, € 1.E-20 %
SBRANCH NODES 4, 1,4 1.E-12 §
SBRANCH NODES I,7,L 1.0:12 %
SBRANCH NODCS 12,11, 1LE-12 §
$BRANCH NODES 15,i6. L 1L.E-1Z 5
SIBRANCH NODES 10,19,L LEI23
$SERANCH NODES 11,20, L 1.LE12 5

SBRANCH NODES 5,10,% 1.E-12 %
SERANCH ¥
IMATRIX NODES 9,100, L .2165E-8, C 8670E-12, X 2.22 3
IMATRIX MODES 11, 12,0,L 216568, © B60E-1]. X 222 §
SMATRIY NODES 3,15,0,L ZI65E-B, € BEH0E-12, X 444 §
EMATHIX NODES 1,0, TYPE 10 §

4

6

OE9 AME-6 -L.95E-3

1.4E9 3.03E-6 -1.55E-1

1.17E9 20E-6 -7, 5814

1.3E9 28E-6 -1.55E-6

1.43E8 29E-6 1.55E-4

1.56E% 1.12E-6 | 55E-3
SMATRIX NODECS 2,0, TYPE 10 % .
SMATRIN NODES 15,0, TYPE {0 §
SMATRIX §
$LDADS NODES 1,0,R 50. %
SLOADS NODES 2,0, 8 50. 3
$LOADS 3

Hote: an cquivalent circuit is shown in Fig. 13 with ne parasiics.
The paratitic values snlered are replipible.
Return luss at ports | and 2, and insertion gain were specified
at 11 frequencies between 1 GHz and 1.3 GHz. The cireuit
of Fig. 18 which includes the parasitic clements was de-
scribed, (The data shown in Table I was led to iMprOVE and
the parasitic clements were declared variable) Yalues of
Cu L Lyoand Ly were sought toomeel the micasured data.
Sixgy-seven eapleratory moves and 187 pattern muoves were
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Musmmen AND Conmurm wimTiaUT Parsamca witH BELMAP, r - . "

.. Cosrtmen with Parasrtis Derouayen oy IMPROYE -
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e Freguency . Desired Value | [niliad Yalue - Final Valoc - -

{¥10* Hz} . (meanured) (v parasitics)  (from 1sFanvE) ’ -
Return los at 1, dB el e o,
1.0 Somo 7 a0 93 )
1.08 N IR T+ - 718 -
1.10 2.5 29.21 CoBm . . .
1.15 . ns - “176 BE I BT B R )
1.20 2.3 24.63 202, ] .

- L2 T nAw - oo
1L 00 - .11 e, WOL T, T . .

©fas | X n.os .« " -0 TN S

L.40 s 15.0 ' 0,10 TOIRIE - et o ’ *

1.4% 7.2 1. M " IT.52° ' . -

1,% ", c 165+ 18 16.%0 oo R,

1" . LT . . LN . - . r'._. +

Relurn loxs &l 2, dB
, Lo 2.0 21.82 19. 5

1.03 17.0 .18 16.47 .

1.10 t13.2 15.09 11.49 . - -

k.15 13,0 2.1 1} .

L.20 6.5 1T.13 X5 .

.25 1.7 . ED 3.4 -

1.X n.2 45 43 14.90

1.3% 232 11.12 .42

|.40 21,0 27160 .07

.45 19.5 74 68 1B, TO .

1.3 18.1 2,87 11.5% .
Inaeriicm Gain (1 1o 2), dB

1.00 —20.5 —30.33 -2 17

L.03% — 2.3 -20.1 — ). 49

k.10 -5 =-20.74" —0.30

1.15 =23.0 - 24 B0 — 21,44

1.20 — 8 —21.45 - 20491

.23 - X7 -6 — 2, 64

1.M -k -2 51 —20.59

1.13 —X.6 —20.55 - M58

1.40 — M0 -2, 55 - 2059

1.45, —-X.6 - 5%, — .61

1.50 —2.4 -2 5 - —x.4)
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* Fig. 10. Equivalent circuit of the mécrowave aticnuator of Fig. % with unknown parasitics inseried.

TABLE [II M

YaLues oF Fanasmic ELemesmy Cauoaree by IMPROVE
ok THE Crircunt oF Fic, 1}

Element

Nodes

. 1 0

.2 0

3 0

15 0

] 9 0

) . 10 0
11 0

12 0

- 4 1
1 7

15 16

10 1%

n»

3 10

Cm=l.1TODE-[3

C=1.1T00E-13

Cm1.1TO0E-13

Cs] 170E-13

C=1.1T00E-13

C=i.1T00E-13

Cu| 1TOOE-13

Cm | 1TOIE-1] .

L=3 4522E-10 -

L=} 4321E-10

Lwl 4522E-10 . .
L=1_1680E-10 :
Lo=1 1680E-10

Lul 1133609

required to converge. Scven minutes of GE635 CPU ume
were required. The final element values are shown in Table
II. Some of the elements were constrained to be equal
within the program, since they were approximately equal in
the circuit layout. The response of the optimized petwork is
compared to the response of the initial notwerk without
parasitics and the measured data. Table [1 shows the values
of input and outpul return loss and insertion gain botk be-
fore and after optimization. Figs. EL, 12, and 13 show the
error versus frequency before 2nd afler the optimization.
Good agreement is noted, indicating that the optimizstion
has found clement values thet closely approximate the
¢flects of the parasities. A sumple of printout of the anal-
ysis of the final circnit at one of the frequencies is shown in
Table IV,

The above cxample was intended to illustrate the Besi-
bility in modeling and topology available to the microwave
engineer, A second example will be used o illustrate the
design capability that such an optimization program offers.
An important problem faced by microwave engineers is that
of matching two arbitrary impedances. In the usual case,
onc impedance is the characteristic impedance of a trans-
mission line and the second impedance is specified at a set
of frequency peints. This is the situation, for example, in
conjugate matching of the input and output impedances of
a transistor [32], [33]. One approach that has been em-
ployed with good results is the successive manual 2pplica-
tion of an analysis program to oplimize the matching net-
work [}3]. The parameter values are varicd und from the
many rospanses that are recorded, the designer choescs the
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optimum. The following cxample will carry this procedure .
ene s1ep forther by automatically varying the parametsrs imagmary part sef to the negative of the tmaginary part of
until an optimum solution is achieved. “ the ransistor impedance. The center frequency of operation
Consider the double stub matching network of Fig. 14, was L6 GHiz and the matching was done over a 600 MHz
which will be used to match a 50 chm line to the inputim-  bandwidth. The parameters declared variable were the five
ance of a transistor specified as a sel of data points. The  line impedances and line lengths. The initial end final values
work, as viewcd from port 2 was described 10 the pro-  of Lhese paramelers are shown in Table V. Six minutes of
ampalong with the requirements. The real part of Zu,,was GEA15 CPU time were required. The initial and final errors
set 10 the Teal par of the transistor mput impedance, and the”  in the desired respense are shown in Figs. 15 and 16.
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YII. CoNCLUSIONS

In this paper we have presented computer methods of
analysis and design of linear networks which are suitable for
microwave circuits. The methods have been implemented in
two computer programs, an analysis program, HELNAP,
reported on previously [16], and an analysis-optimization
program, IMFROVE, o

Lest the reader be misled to conclude that automatie
parameler optimization is a3 panacea for circuit design, a
few tempering comments should be made.

The success of automatic parameler optimization depends
heavily upon the ability of the design engincer 10 avoid the
pitfalls associated with it The most serious are:

1) there is no guaraniee that the method will converpe to
a plobal minimum; all it will do is go to a nearby Jocal
minimum;

2) lor some (unctions the converpence may be painfully
slow,

Because of these two stembling blecks, a designer must use
automalic optimization with great care. For example, he
should come as close 1o a solution as possitle belore e ap-
plics zutematic wptimizution. For this purpose he will use
all sorts of sinplifying assumptions 1o be able to do some
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apalytical “*ball park™ calculations, use approximate syn-
thesis methods, ete. 1f necessary, he will do some “by hand"
starches on the computer to make sure he starts with a eir-
cujt which comes close to the specifications. Some prelimi-
pary ¢alculations may save him considerable computer time
{wc mean times of the order of 30 minutes CPU on large
third-generation computers),
We could give the readers the following advice.

1) Do not make oo many parameters free at the same
tirne, 1§ you have relalively good estimates of some
parameters, fix them, delermine the ones you do not
know, znd then free the others. This requires more than
onc pass of the optimization but saves much computer
tire.

2) Do not use too many frequency points uati you are
very close to the final circuit. That is, do not use 20
frequency points when the circuit is rot even in the ball
park, remember every additional frequency is more
computations. Start with three frequencies and increase
their number when the response is close to the require-
ment.

3) Do oot ask for unreasonable or contradictory things.
Know the limitations of your circuits. Do pot cxpect
the phase 10 be going up when the magnilude is com-
ing down or expect te get gain from passive elements.
Do not expect to pet square corners (they usually im-
ply circuits which predict the future). Do not ask for
power gains better than optimum..

4} Il you are incxpeticneed, do not set time lmils on
your runs too high,

In short, do net approach actomatic computer optimization
naively.

In spite of the previous comments, when used properly,
automatic parameter optimization is a very useful too! in the
design of matching networks and directional couplers (where
only approximate synthesis techniques exist). It is partic-
ularly useful in the design of nonideal networks containing
active devices where parasitic and other effects have to be
included and where synthesis techniques do not exist.

Considerable room for research remains in improving
automatic optimization methods for microwave circuit de-
sign. Because of the pitfalls indicated above, 11 is very con-
venient to have the designer monitor the optimization as
much as possible. This can be done if one uses time-shared
operation or a dedicated machine. The matter of man-
machine communication should receive careful considera-
tion. In this respect the programs presented in this paper are
being improved to simplify the input language which at
present is somewhat complicated. It is contemplaled that
certatn lerms which network theorists prefer will be replaced
by engineering quaatitics. (One £xample is the specification
of lincs which in microwave engineering are pencrally speci-
ficd in terms of electrical lengths and eharacteristic imped-
ance at a referenee (requency, rather than R, L, 7, € per unit
lengih.) The erganization of the files and programs should
be specifically planned for interative operation |29]. With
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Abatyracy

The linkage-synthesis probhlem for function
generation is Approachsd from the viewpoint of
IyﬂtemipptlmiZItion. An objactive function is
proposod, vhose minimlieation guasranteas an,
optimal transmission. The optimizaticn method
resortad to is the Complex Method, which
ahowed excellent results-a8 to:mpeed of conver
gence, The procsdure is fllustrated with an

cxample of application to a planar linkage, but .

the axtension to space linkages (s estralght-
torward. : .
Resumsan

El problems de la aintesie de mecanizms
generadores de’ funcisn es akbordade desdo wl
punito de vista de la optimacifn do sistomas.
58 propone una funcifn cbjetlve cuya minimira-
cifn garantiza ure tranamisién Sprims, E1 méta
do de optimacifin utilizads ee wl Chmplex, qua
postrd excelentad resultades &0 cuanto & rapd-

"dex de convergentia. Se ilustrs este procedi-
mienta con un sjemple da aplicacifin & un oeca—
nisme plano; pero la extensifn a mecanismocs
e¥pacialen es lnmediate, r

b -

Ihtroduccisn -
En ol problema de elntesis de mecanisoos
para generacifin de Funcion Be trapa de hallar
en conjuntc de valores Pyre-aiBp de parksatrcs

de un mocanisme de topologfa dadas, que produz-
can un cojunto de pared d¢ valores entrada-sa

11da {ui.pil]:' . donde ¥ ¥ & POn varinbles

que reproacntan la entreada y la walida del me-
canismg, respectivamenta. Fstas variableas pue-
den ser desplazamientos angulates o Ilineales.
Igualments, los parfmetrcs p. llel, ... . n} pue—
den sar dlstancias o &ngulas. Por ejempla,
dade &1l mecanisms de la Flg 1, las parfmstros
#an las longitudes '1' a,., 13 Yy &, de lok
eslabones, mientras gue fa Entrada y 1a gali-
ds gon los Sngulom ¢ v 4 , Tespectivaments. La
ecuacifin gque relacicna Jos parkeetrox con las
variables de entrada y de salids eg la amplia-—
ente conocida ecvacidn de Frepdensteln

lref. 1):

h‘-szuit+k3cunt+oust¢-¢}-0 11}
donde
2 2 2 2 .
- a8, & - —i 'Y i -
el B - i T
kg g =T k=t Y "
2% ay 4

4

_ trod independientas, k‘,k

-
1

Dado que la #c {1) pontienc tréﬁ o -
2 ¥ %y sile se pue-

de generar 1 pares de valores ¥, . 4] par

wedic de glla. En efectn, sustituyendo es208 1
pares d& valores en la o, {11 s ohtiepe ol

sigquients aigtery linga] de ecuaciones algue-

braicas. -

Ak=kr n

'donde iy R

LI ) 4 TOM

[ TEng g -

1 ] B AR HSL

L O EYRUSTESETIN ] BEERY)
; s
b

l-d'blun 1 _‘1—1,']}

! -m}j EM,

= El nisteos de ecuaciones (1) 32 pupde re
walver poy varios métodos, de los cuales el
#ia =ficiante a5 sl de gausn o descompogp]-
cifn LU {ref. 2}. BEn casc de neceaitar genr-
rar mis do 1 paret de valores Iill-iil- T

ejmwplo mxi, in matris B e la oo (3 resul
ta rectangolar, de mx3 v el sistema de ecua-
ciones ss sobredoterminada. En ente caso,
generalmgnte no #xiste una eolucisn que matls
faga sipultfineamente todas las etuscioncs,
pero 3R puede hallar aquel valer de k. !-nn

que minialce la norma cyadritics del epror
e = Ak = b {5

La molucifip k., 5e pusde hallar de una
sanera myy eficiente oediante el mftodc de
refleciones de lioukehalder (ref.3}, que va
ha eido pplicado con Sxito a la alntexjn de
mOcAniGmOs para un nfimero exceslvo de puntos
de precigifin {ref.4).

Volviendo a la ec. (1), y considerando
ul cago en el que se tepgs igual nimero da
puntos de precisidn gque de parimatros a
duterminagr, =sto e%x, I, ws bi=n mabido
{ref.5] gue el sistema de ecuaciones tiene
una 3clucifbn finica, por lo que al mecanimmo
aintetirado zerd OGnlco también. POor esca
rarbn, Bg posible gue epte mecanitmo tenga
una Operacifn pobre, come por ejemplo, upa
mala trangmieifin, La tranemigidn de un mpeca-
‘nimmn =8 una cualidad sgociada a la ventajs

‘wacinica dal mismo, o Sea, la-relacifén entee

el momentp obtenide a lp salida y el momento
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sumunistrads a la sntrada. Una Ffoims de cuantj
ficay asa transeizidn, ampliamcnte aceprada,
o3 medlante el 1lamade Engule de transsisiSn,
B. gue Aparcce e#n la Flg 1. Mientras sate Bngu
lo mhin proximo astf de un valor de 90% o de
I70°, mayar sarf la ventaja mecknica, snulande
¢ #sta cuande aguel Lngulo vale O° o 1BD*, Ex
duseable, eptonces, gue rl dhgulo de tranami-
2idn adguiera valores que se desvien lo manos
posible de 90" o de 270*, segiin =) camso, En
seguidd se dimciute como modificar la ecuacifin
de Freudensteln para Dodur convertir sl proble
Pa en uRo de optimacifn. -

El problema de sintesis dptims

La nouagifin de Frepdunstein, tal coma apa=
rece 0 14 ec. {3}, nO permite ninguna optima—
cifn. Zin embarge, =i los dngulos de entrada y
de salida se midon no deade la linea dgrerming
da por el eslabfn 1, #2ino desds }Ilneaw gque for
men Angulos 0 ¥ 8 con esta 1inaa, respectiva-—
rante, la ecuacifn d» Freudenstein se cransior
ma g0 -

I:,-kznoltuﬂji-h cokfi+a)+ cos (§=tp=a+ =g (1]

]
donde, dabide a gue los Sngulos a ¥ B aatdn
alin indeterminadow, &e tien# un conjunto de 5
inctgnitas. Para al problema de ganeracifin de
3 pares de valao:es eéntrada-salida, Hli.ﬁ:l;

antohcen, B¢ puede asignar libremante valores
& oz de saas inclgnitas, Si esss dos incdgni
tay son a y B, &stas se pueden uEcoger de
manera gue produzcan el mejor Engule de trans-
minlfn, M. Una funclin positiva definlda ruya
minizizacién produce valores de y proximos a

90* & & 1BO" wx
2n

F Y ;—tjcuszudi- {7
o

donde S ha EupusEtn gue el eslabdn de antrada,
2, gira vuelta completa. La condiclén gue de-
ban satisfacer lax longitoudes deo los eslabonas,
" para gua wl de entrada gire vueltd completa,
estd dada por las desigualdades (ref. 1,p.63)

a.>a, (8
N (9}
aa
BatagagTe (10
L ]
a3+a4n1+a2 11}
El irgulo de trangmisifn estd dado por iref ).
2 2
aivag-ﬂ"ﬂf-hﬁzcuuIM&]
Cutpee T {12}
ayb,

A37 . =] problema de cptimacifin reSultante s
ol siguianke: "Minimizar r dada por la ec.(7)
l-u__'l-::-l a4 las restricciones de igualdad (3) y

0

a lax de degigualdad {81 a (11)".

Laus metodos disponibles para regclver ol
prohlema de optimacifn propuesto son biasica-
mente de dox tipos:

1) métodos de funciones de penalizaclén y

1i} mftodos dlrectos. Los Detodos de funcio-
nes da penalizacilin consistan &n transformar
¢l problema dedo, que contiene reStricciones
de demigualcad, en una secyencia de problemas
pin eate tipo de restriccionea, y hallar los
valores Sprimoa de las variables de decisidn
{n p B en esto Tago)} pAra CAdl uno dJe emo3
problemas. El1 Sptime del problema original,
gue contivne rescricciones da desigualdad, se
chtiens por extrapolacifn (ref. 7). El método
de funclones de penalizaciSn ya se ha uxado
con éxito en la sfntesals de mecanismos
tref.8). Loz mEtodos directos manejan las res
tricolones de desigualdad directanente, esto
wi, na transforman Bl problema en una ein
este tipo de rescricclones. -

En cualquler cazo e] meétodo de optima—
cifn a sequir Aepender§ de cuanta® derivadas,
con rospecto a las wvariaples de decisidn, se
tengan disponibles, esto es

1) ninguna derivada sw pusde calcular,

ii) =2 pueden calcular afile primeras deriva
dasz

111) s tlene accesc a derivaday hasta de

ordan 2.

Dentr de low pétodss apllicables al pri-
mar casg pe tiens el de¢ Powell y &l OSmplex.
E! de Powml] (ref.9) calcula el Sptimo de
upa funclfn ain restriceiches de disigualdad
¥ &in requerir de derlvadas, mientras gue el
Clmplex [ref.10) calcula el Sptima de una
funcifn mujeto & restricciorss de desigual-
dad, tambifp £in requerlc de derivadas,
Amhos miitodos ya han xido probados en la sin
tesis de pecAnigmos (refs 11 y 12).

S5i se tiene acceso a primeras derivadas,
as tiehen los néwdos de gradisnte v de
cuasi Hewton {refs.13 y 14). Fipalmente., 81
En dispone hasta de segundas dorivadas, Eo
putde aplicar el miktodo de Newton-Raphwon
{ref.15) funciopes 4e penalizacidn para cal-
cular las ralces del gradiente de la funclén
cbdativo & a4 gque ke ha aumentado las {uncio
neg dé pepalizacifn adecupdas.

En el ojemple que migus S& utilizh el
mbtode Chmplex.

Ejstplo de aplicacidn

¢ dagea sintablzar un mecanisma plans
RRRE Coma o1 Que aparsce &0 la Fig 1, que
tenga une tratemisifn Gptima, en el sentlde
de gque minimice &l valor RMS de cosp, dado
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por la sc. (T}, de mahers qgua BU enlabhn da
entrada gire vuelta completas ~denigualdades

208

Glguientes deslgualdaden

id] a (11}-y geners la funclén Oioedn .
¥,om 307, g, =4S Co ’ 0<B<2e

*2 * i 3 o Tara la solucifin del problema de optima-
*3 = 270", ¢J‘ - g cifn propusstc sa vtilizé el paguete OPTIM

{ref.1€), que dico coms solucifn los siguisn-
Coma la scuacifn ds Freudsnsteln sflo con- tas valoras nimericos .

tiana 3 parimetros independientes, s una de

las d longltudas a; s le pusds dar un valor .- & 0.37744 u. ds longitud ™
arbitraric, Eijase, pﬂr'?jwlﬁ 2, €. 1450 u. de longiltud

a =1 . . o a, 1.001 u, de longitud
ya que cunlguisra que s4a la solucifn del pro- - 277.6* .
blema, sita longitud micmpre a5 positiva. La - .
ecuacifin de Fravdenstein sa utlliza, dusda B = 157.1* . : .

luegn, ®n luy forma de la #c.(6). con a y B!
ooy variables de decislin, gue perkiten la
optioaclhn del macanisss.

.Con el objato de simplificaer loa cllculos,
encribanse 1a funcibn objstlvo £ ¥ 1am raskris
clones LH) & {11) =n términos de los parkes—
tros kit MI;

El mecanlsss correspondlents we Buestra
an la Flg 2y la curva u va. ¥, so la Fig 3. .

Conclusicnas_y recomendasiohes

El mftodo Cleplex smostrd ma puana rapl-
dex de convargencla, puse al nimerc siximo
de itwracicres reguerido fus de 23, Ein erbar
“go, deha tenerae an cuanta que el problemi
presentado sflo contlaoe dop variables de de—
cisiln, £1 ] nfmerc de swtas varisbles acsan
ta &8 posible qua wl wEtcds pregente dificel
. tades para coovergar. En sid caso, dabs ansa
R yarsa sl mbtndo de Newton-Raphson con funcig
13 ran da penalizacifin y soortiguamjents, le
e cual scelera notablssenta la convargencia.
La funcifn obietivo utilizsds es cusdritica
y positiva dafinlde, lo cusl hice que Langs
primarss y segundas derivadas continuas, por
lo que ke faclllita su uso pars al whiodo de
Newton-Rapheon. Il sitods ObEplex no reguies
ra tal contimaidad an ezas darivedss y se
pudo haber usadc, en cambic, otrm funcidn
Y 2 4 objetive como

B 20k K4k ) Ceky (15} _ r = mix|coau} .

Fl hecha d# habsr uzado una funcifn cua-
Arfticy Fus motivads por rasones de Compara-—
cifn, an casg de gus s& desse snasyar oon al
ebtodo de Newton-Raphson, DOr ejemplo.

L=

= |
Zfen -

(")

L]

Evm =

B

darnda

2.2 2
D= Ix k. _k +k3+k.2+k§k]

ks (1)

La matriz A ¥ el vector b sa transformen
clarasante an

1 'ﬂ:[i"l] m[i]ﬂl -mt'l1-¢lutl|

A= |1 —eoaig ouipyral] o Bom |mooBlh g mnekl | (16D

1 'ﬂll:f:lill m:tt,-ul -mltt!-h-..n

. Lam restriccicnes (B] & {11] me reducen & . ) -
k:'t'l
"3(:;2 17
k JlIllr.z-l:fl:l -nzkfo .
Mil:i.n'nll.ll-ﬂt-l.‘-; limftensa los walores de
a'y B entIe 0 y 3y * Asi se tianen sdemia lam »- . " n . -

VI Congresc o |n Acsdemis Macional i bnpeniarls, 19E0
1



209

Frofervncias
A e

hnyeles J., Andlisis y SIntesis Cinemiti-
cos de Sistemas Mecdnioos, Ed. Limuea,
S5.h., MExica, D.F., 1976, p. 45,

MorsyLhe G, y Maler €.B., Cofmputer Salu-
tioi of LineAr Algebraic Symtems, Frentice
Hall, Inc,, Englewpod Cliffe, M.J., 19467,
1. 27

. Moler C.BF., Matrix Eigenvalue and Least
Sguare Computations, {omputer science
Cepartmens, Stanford univoeralty, Stanfopd
Cal.,1373, pp. 4_.1-4_15

. Angeles J., "Optimal Synthesis of linkages
using Hougeholder yefloctions”, Progeed—
inges pf the Fifth World Congreas on Lhe
Theory of Fachines apd Machanisms, wal, 1,
Montreal, Canadd, julic 8-11, 1979, pp.
T11-114.

. Pipkbwliner p.T., Introduction to Matrices

and Ljnear Transformaticnz, W.H. Freeman
and Cp., San Francieco, 1966, p. 99

. Denavit J. ¥y H.%5. Hartenberyg, Kiremaric
SyntheRis of Linkageg, HcGrn_w-Hill Book
€a,, W. York, 19564, p_. 214%,.

- Aoki M., Introductipn ta Optimiration
Techpiques., Fundamental and Aeplications
af Honlineay Programming. The HacMillan
., H. York, L%71, pp. 199-204

Alizade R.I., Novruzbekov I, G. ¥ Sandor
G.N., "Optimixation of Four-bar function
gensrating mechanismy using penalty
functions with inequality and sguality
constralnts”, Mechanlsm and Machine
Theory. vol. i, 1975, pp. 327-13%

Fowell M, J, D.., "An wfficjent method for
finding the minimum of & function of
several wvartables without caleulating
derivatives*, Computer Journal, vol. 7,
Ho. 4, 1984, pp. 155-%&2,

. Box M.J., "A new owthod oI conatrained

optimization and 3 comparisgon with pther
methods”, Computer Joyrnal, wel. &, 1965,
rp. 42=h2,

Soh T W. y C.W. Radcliffe, Kinematice and
HachaniBis Dwalgn, John Wiley asd Sonm,
ti. Terk, 1878, pp. 215=-217.

« Duklapatl P.v., Sankar 5. y Osman M.Q,M..
“Oi. thu Use of complex method of CoOR=»
gtigincd optimization in linkage synthe-—
k127, Froceedings of tha Fifth World
L0hgredf on the Theory ©f Machines and

Machanisms, wal. 1, fulia H=13, 190,
Mantreal, Canadi, pp. 182-3e7.

. Zoutendijk G.. Hethods of Frasible

Bipectlona, Elseviar Fublisghing o,
Amaturdam, 1960

. Fox R.L. and Gupta K. ©., "nptimzation

tachnelogy 48 applled to oechanism design®
J. Eng. Ind., Trans, ASHE, E¢rie B,
val. 9%, mave 1973, pp. R9T-RAG3,

Isasceon E. ¥ Keller H. B., hnalysis of
H]!Erical Methods, John Wiley and Sohs,
Inct, M. York, 1966, pp. 1153=-119

Evans L. B., OrtimiZation Technigues for
Use in AnalyEis of Chemical I'rocesped,

A Set of Hotea, Magfsachusseris Instlitute
of Technalogy., Camkridge {UNA), 1971.

Fig 2. Mecanisme RRRR plano gepurider de

fupcibn ton transmisidn Sptima.

vl Congroso oo la Acaoemia Mad.onal de lreponmria, 1900



Ll |

130*+4

300% ]

2704
240"}
103

180" . _ g
I —— & o fapa— e A A 1+. -l J._P.‘ .

‘g0* 180+ 1700 60" - .

i’ig 3, Cuxva dm p V. ¥

V1 Congresa ¢y In Acsdemip Nacions oe inganjecis, 1580



Procerdings of the Fiih Warld Congres pn Theory af Maghines ang Mechanime — 1879
Publishad by The Americen Society gf Mechgnical Enginern

ORTIMAL BYMTHESIS OF LINKAGES USING HOUSEMOLDER REFLECTIONS

J. Bungaler, Profestor

Harigngt Univrria ty oF Meaxto [UKAM)
Mezwo, O F, Mexito

ABSTRALT

The meoscrained overdetermined probles of
kinemarie linkage synthesis iz solved 1p an effi-
cient way usiong Houseghalder teflectioms. The problen
formmulacicn leads co & eystem of either Yinear or
nonlicncdr 2quarions ip more equacions thanm unkpovms.
The linear problem is molved directly by applicacion
of a finice number of succegaive refleccions re che
apace of uvnkoown® wich the purpose of paking the
aystem of equarions inio wpper triangular form, which
#1lows for the computation of the unknowms by bach
substitytion.The oonlinesr probles is selved via the
Newton-Maphson esched which computes, ar each iter-
arion, the cerrecCion to the vector of ynknowms as
tha Irsac~aquare solution to an overdeter@inaed linear
aysten In exactly the sape way as desecibed befors
for linear prablems. latroduction of tha waid machad
‘roduces picurgte results in relarivaly ahore proc-

sing rimes, an shown in the examples presented.

ZUSAHMENFASSLUSG
W

Dam wneingeschrankte uad Ubarbestimmte Problem
der kingpatischen Gepzisbepynthess wird sffirienc
gelo¥e mit Hilfe der Bouseholder-Spiegelungen. Die
Problemntellimg leicet zu eitiem Sy8tem von epcweder
linearen coder pichilinearen Gleichungen mir mehr
Cleichungen als Unbekanncwn. Das linears Froblem
wird diceht geldat mitcels Anwandung elner finiten
Zahl aufeinanderfolgenden Spiegelungen rum Raum der
Unbebanntcen mit dem 27=1 des lhercragenns des
Glalehungasystens ru ciasr hoheran dreieckigen Form,
welehe die Kechnung derOnbekaonten durch Ricker-
wetzung erlavhe. Des piche-linestre Problen wird
wittelen der Nevton-Raphaon-Methede geldst, die ru
Jeder Iteration die Besnerungen det Unbehannpen sus
der venigmten Quadraten-Loaung zu einem Uberbesrimmren
linearen Claichungreyston ecrechnet, zuf der gleichen
Weine wig bei der Marbode Fur linesrs Sywtene schon
hi]chrlcbtn wvurde. Die Iinfuhrml dieser Hethode
fuhte zu deutlichen Erfolgen in relativ kurzen
Fruozessiefeeicen, wie miitels der eingeschlofenan
Be{mpielen gercigt wird, .

NOMENCLATURE «
PLENAT
'15 upper—case uwlsrlined characCer, 4n mxp mabrix.
-1
47 the lovers- i A, when A is square and #onsin-
T gular
ATy tht Lranapome of A
3

lover-case imderlined larin characcer, a0 m-

dimenslomal vecrer
= the sbsolute value of 4, when a is teal; Lhe

‘paramereca of the

podulus of &, vhen a4 in cowplex,
[la]l:the Euclitsn nore of vecter 4, i.&. the squars
T rooc of the sum af the squates of its compenmnkm

detA: the detarminant of the square satrix A

E{x}: an m~dimrnziopal vector function 9f the o-dimen
-7 gional yector atgument x

£'(x):the Jacobian wom marriz"of { wich respect ta X

FROBLEM FORMILATION

Tha equations arising in the realm of kinemareic
ayothesis of linkages constitute eithet lipear or
ponlinexr algwhraic! sysrems (1,2), whosw ppknowns
areé the FromeiTic paratwters [lengrha and angles} aof
the linkage. JE theze paramentsrs ite ArTanged within
the n~dimengipnal vector x. the #aid squacicms are of
che form

Aw=br {1}

——

whera A aod b are a2 kndwn Gxn mattiix and ag w—dimepn-
pional“known vector, Tespectively, when the PYSCem 10
linear.If it ia penlinear, then the synthasins equa~"
tione aTe af che farm f{x}=0 (2}

f being an w-dimeosional vecter containing a4 set of &
dcalar Pumctions §f,{x} whose arguments are the upkoown
ti_nlule, Yhen the number of ipeclfl-
20 condicionn to be ret by the linkage matches thafl -
of the unkngume, matrix & in {1) Is square and wector
f ix of dimension n. In most tachnical problens, howey
2T, the number of prescribed condicions surpagses
thar of geomettie paramanters available, che linkage
synchegis problem thus leading 1o an overdeperuined |
syatem of equakions. This clasy 9f systems in general
dosx not admitc an exacec solucieon. but It is posmible
t2 Find & vector x  that renders the gquadratic arrer a
winimm. Thus. thE®leant-aquares problem cap be apaced
T .

“Find the value of x that minimizes che Tueldidean
notm” pf eichet Aa-b, or that of f(x), depending om
whether the systEm i» lineaT or ponl inear™.

The linear overdetermined system (1) aduoics a
wnique splurion x  Chat rendery Tlﬁx-hl 1 minisn,
provided A ia at " Pull rank, i.e, if° rankA=o. This value
1% given aa (_)

whers {hrlj L i- cnll:d a "Houre-Ptnrnle gtnetalized

lhlgebrli: a5 opposed b differgncial ar integrul
EFQUALiDRE.

25:-: the nomenclatufe Eor the definicien of chis tema.



T,

o the minimizing velue x given by eq:

— inverse of A". An extenmive yvrestment ©f the linear
" jesut-sgures problem is found in (4. -

The nonlineap problem may sdmwib sulriple local
minima; ghese can be found by application of the
Hewton-Raphson method (5}, which at each icerstien,
computgs the correctinm vector ﬂlkn'. the leawt-
square polution to the overdecermined linear sayatem

wa o Poxbns-fioy ¢
This ia & system like that sppeating in eq.(1l).
its legst-sguate solution is

- T )T e TR (5)
"The new value of ¢the unkpown vector ja tham
L Sty i} ®

The progedure L8 stopped vhen the Fuclidean nors of
the correccion vector is sufficiencly smml] withia
tht igposed accuracy, 1l.¢. when

T e e ‘ 6

C beiog » "small” raal positive number. The problem
thus, whether linear et nonlinest, Teduces to compute
(3). Ao affi- |
clent way of computing this value, outliped nent,

does npt requirte to inveTt any matrix. The cooputsticn
in done by application of Hopeeholder reflections.

HOTS EROLDER RIFIIﬁTIONS N

An extenlivn accuunt ef this ropic can bw found
in the mpeclalized licerature (4,.6). For this ressoco,
this theory is not crested bere.h Hounwholder relf!c-
ticn ia & linear, iwproper orthogonal®snd symserric™:
transformation, i.e., if H ig {¢r mwxo maErrix TepTERED
tation, then - T

Hegtap ), deche-) o ow -
Vhar n suchltt;nfurlltignl are defined suitably,
Bly. thelr effect on matriz & appesting in =q. {1)

is to pake it intn upper trispguler fovm. This war,
the transformed equations are tqulvlllnt ta ihe

following - T~ e o) "
oz *4 - (10)
whate 1] 1s an upper trianpular nxn watrix and 0 is

the (m=n)xn zero satrix, ¢ and 4 being o-and {@-n)-
dimensjonal vectors, with d/D. Thus, eq. [(5) is- -
deterined sand con readily be polved by back subetis-
tukien, lts solution x_ being the leant-square solu—
Lion to the overdecerdined syarem. Ej. £10) is incon-
sintenc and [¥2}| cepresemia the Euclidean norm of
the error in the approximation,Since the aripinal
syetem (1) is trepsformed inta’ (9),(10) wvia & succes-
sien of orthogorsl cranaforoacions, the error in the
iransiprmed coordinates, d, hap the sass Fuclidean
norn ay that in the origifial cosrdinatea. Hence, |[d]]|
in the error associated with the original syatem.

AFPLICATIONS TO KINEMATIC LIMKAGE SYNTHESIS

Although in many practical applicstiona the prob
Jema of linkags synthesis invalve inequality coms-
treints, atill & copaiderably large class of synthe-
i provlens are vnconatrained. Moracwer, efficient
cptimizarion teehniques exict that handle inequalicy
comstrainee by introdocing tuirsble penalty funcrions
{7). thus turning the problem an uncesnlryained ane.
For thesr Feasang, the study of unconstrained optimiy
ation problens is of subsrantis) technical interest.

.Applicatiens te.linkage synthesis problems are next. ™

Thus,

illusbtrated with twp examples,
Exacple 1. Synthesis of an RSSR  funchiiop penerafor

The layout of an RESER linkage, shown In Fig 1,
indicuces the different geometric patamerecs of thia
linkage: #,, &,. 4, are the lengths of the output-
tnupllr—ina 1uiul iink-, radpectively; & la the
distance betwesn the azes of the input and the outpur
lipks; a, is the wpgle bt:ﬂten the aferemenciconed
axes, pn&il'.vl abour ED; and a2, art digpcances of
points C mnd O along the lxt- of the output-and the

Jioput links, respectively. A1l ower, the saign conwesn-
tion of Denavit and Harcenberg (1,pp-344-345) is
chaeTved. The input angle in ¢ and the curput angls
is #. For matching six paire of input-augput waluves
{w tj] with this linkage, Tenavit and Rarcenberi
[_ +358=3621 extuhlished the fullowing ralation

kltul¢J+k2

+u5(|in¢jcnuwj-:nnn‘linchultj}fta-. .

T, ap

n

lintj—k]:ustj+kklin#j+

-con, :‘o wjk“"“k"'fwj Iiﬂj
wvhers ot . \ .
i+'i'1“ultl“‘ﬂ e lhlinui-l‘tlnin P

1 Ta

X

k
i

. T -1-inuﬁ . -
k r Kk i k. mrand
3 -?cosﬁu 4 -lcqnéﬂ 5 !

azn

: .y, 4,3, T, %
. a .2+-_].+-.ﬁ+' 1 +'h+2 5 I‘ elsa,

4 21113:n|¢0

-

L bring assizned, ] N
In the latter definitions, ¢, seamures the locapion
of the zere of the cutput dial [gnl the dotted 1line

passing through C, parallel to lina ED, ap shown in

Fig |- .

“Fig'l An RESR lindage’ T Coe

i} {11}

yield n Eystes of gix linwar equations in sia uwknowns
which, when snonsingular, prodoces unique values
kpr-oah, o With these values known, the linkage

For six preciafon-point synihesis, eqe.

plrl ters nre copputed from egs. (11) for a given
valuw of a . If gore than aix precizion polnts sia
~Tquired, koueur. tht systen becomes ovtrdeaeﬁlnld,

132



in which case an cfiiclent rnethod to outain its - least- s = 2.262110 -1-*1.13525n
squate solution Is via Householder relfectlons. :h-'-l.]-?ﬂ?ﬂ -5-—2.&11555
ln (8), 5ub pod Mecklenburg salve cthe over- , In this problem, a, was set equal to 1, wvhercas a .,
deterningd untextrained problem of this linkage with equal to 900 4
19 prescribed input-sutput values. Far cugparison , . . .
putpenes, tht #olution develaped In this exiaple mikes TAALE 2. Approximatica wrror in everdetermined ES5R

usg of the same prescribed values. These are ahown in linkage synthesis
Tahle 1 APROXIMATION ERROE DSING APROXTHMATION ERRGR USTNG
! : 's METHD
The method cmployed in (B) ia that of Pavell's POWELL'S HETHOD HOUSEHOLDER'S METHOD
{93, vhich doas not require the computarion af deriva- (degreen) (degrees}

tives and leads guickly o convergence for gquadraric

functions of the independent varishles. Ar this point, ; E'DUIIDGOD g'gé?;g?:g
two TemaTks are in order: Ficst, the derivatives of 5 -'ﬂjﬂﬁﬂﬂﬂﬂ _.1”5153&3
the synthesia equaciond are wasily computed from eji- s U-DZJJDGDO u-0;5gugz?
thet Devanic and Hartenberg's formulaction, eqs. {1l}. 5 _-uzﬁam -.Djt.jlbl]}
or from Suh and Nedcliffe's formulacien (2}, che firstc II:I.D 760000 u1nz5g. 072
one belng advantagec—-® because of producing & linear g ﬂ.ﬂgbﬂﬂ'ﬂﬂﬂ D-Ulu?:zgﬁ
syarem of equatiens. Second: The ohjective funcriaon a D.DSEJUGUU 0.03-!;&043‘5&
] T 3 N '
of Sub and Mecklerburg's (4) i¥ quadratic in the syn~ q 0. 01510000 0.01196148
thesis which, in turn, sre quadracic in tha indepen- 10 --0379ﬂ0ﬂ0 _'uglgﬁﬁﬁa
dent viriables; thus. thelr objective functien ia 11 -.00E4D000 -. 00368491
quariic ia the indepeodent varismeles, for.which teason 12 f0.02270000 0.0193034%

the quick convergsnce properties af Povell's method _ C
are not fully wrtllized, Furthermore, squaping the 13 -04220000 -04497542 '

synthesis Functions mey incroduce sputricus local mip- f; ;‘uuggim ugg}.i:;;;
iza, as iz apparent form the faci that three oprimal - '
solutions are ceported in [B). 1& 0. 41600000 0.01 3124614
= 17 0. 00020000 000119247
TABLE 1. Speciflied inpur-cutput pairs for the symche= 18 -, 01250000 =-. 01970407
#in of che ESS5R function gederating liokaga. 19 0.92980000 0.D0412793
pl{degreees) ¢i{degrers) Exapple 2. Synthesiz of the BR plane dyad for rigid-
1 0.0 a.0 bady guidance N
2 50 . 2.4 4 rigid body (shaded Tecrangle) appears in FIg I,
r 3 10.0 5.1 in "refarence” configurarion € and in a dffferent
B & 15.0 4.2 configurarion C,. Each cnnfizugltiun is defined Ly
5 - 0.0 11.5 the position ofda point, R, mad angle, 8. In that
6 . 25.0 15.2 figure, O repregents tha origin of the coppléex plane,
7 J0.0 19.1 and the =rrows represent complex pumbecs avecciaced
B i%.0 . 2311} with the location of tha labelled poinca. The purpoes
] 40.0 1.7 of this class of synchesis problem is to locare point
140 45%.0 3i.3 A whose raferanca and aucceszive posicions. A [1=1,
11 0.0 7.1 wv-un} lie on & circymference cenrered st ¥, Forlvhich
12 15.0 £1.3 - Teanan, and B ate called, Tegpecrively, "citucular™
113 &0.90 - 471.5 sud "centfFal” points, within the Murmester Theory {10).
14 bS.0 51.0 Thus, AM_ can conetitute a tigid l1ink to guide che
15 FO.0 55.7 rigid hﬂsf- Thin is an RR plane dyad.
16 5.0 G4 .0
17 80.0 . 70.9 !
18 As5.0 78.0 .
19 890.0 ) 9.0

One advantage of uking Householder reflections

iy that po explicit aquaring is required, and the
“.unique pelucion is obtained directly by the spplica-

tion of n{=G) reflections, Ancther advanrage is that,

figce lema computations ste Tequired, a3 compared o

Powell's method, the Tound-nff ecror in lawered. The

approzimarion arror obtained wying wach method in

shovn in Tabkle 1.

The root mean aquate #fTors wele sspentimlly che
mage: thet obtained by Powell™s mechod was 0.001A52697
vhereas the one chtaiced by Householder.reflections,
0.0018235L° Howvever, the differences in the tesulring
linkage paraoeters were more notorious. Theds are

Solution by Solution by
Fowell's method Householder's mathod
as 1.253801 a - 0.%11269
2= 1.739566 2, 2.620568 Fix 2 An AR plane dyad to guide a vigid body througs
a= 0405003 &= 0.803577 N .
3 1 o succensive confipurations

- 113
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The conutancy of the length of line BA through-
out ite n configuracions leade to
|.‘“3(.n-ru}+f -h|2-|- -hl2 =l, ..m iy
wheze B'ZB . -D_. s. (1)) constitute the synthesia
equur_in;jm }ar this probles, », and b being the
unknowvns, It 18 wall woown {2.p.146) that this prob-
tem allows 1o conduct a cigid body through five spec-
ified configurations. Soms rechnical prnblm::, b
ever, may Tequite.to guida the body thrqush moT e th-n
five configuraticns, as shown 1o Table 3. pDifferent
synthesis wers obtained for chess, starting froa the
first & configurationy, then adding the paxi cnes,one
at each time, until rthe 16 configurationa were in-
cluded

TABLE 3. Succesaive configurations af a rigid bady

3 !j(:lJ '!j(¢IJ ﬂj(ﬂtsfiil}?r
o 7.880 -0.260 313.720
1 B. 4590 =7.2%90 312.330
2 7.680 1.810 Ji5.930
3 6.300 4,210 353.180
& 4580 4,950 359.870
5 2.740 | 5.010 355,840
& 1.014Q ch 410 336,300 — =
? 0.25% 3.8 T390
a =0.4(H) -3.0%0 Y.570
g 0.250 =3. 760 3.690
1o 1.000 —4.250 T4 150 n
11 2.7 =4 . 850 5.110
] 4. 560 —4.230 &.810
13 6.180 ~&,090 _ 10. 000
14 F.600 - =2.MH) 13.000
15 B.a40 - -0.E10 . 18000
16 T.IHY -2.69) 45,170

The procedure converged for all given inital
guesnen, produced by weans of & randem mumber gener-
ating sybprogram, in less than 50 itecations (usually
around I0)Montrary to the decermined cape {5 pre-
acribed copfigyrationa), for which twe differept mean
ingful molutions exist, far the cames tried here the
procedurs converged alvays to the aase sicgls solu-
cion,” wncepr for & wnd 17 configurations, vhich pro—
duced twne giffeyent solygtions.The errer in the approx
Inntion was normalirzed, o yield a dimenajionless nug—
ber, in the folloving vay: Lt

in} .
‘j-l‘ jt'u_rﬂ}+tj_b|!'Ilu‘blzfl'lr-"J- (14)

If the synthesis wvers exzct, then all £, would
be negligibly small. In approximate uynthelli howey
«7, theae funceicne accain finice values. The klnz-qi
ic mesning of these values in that they Tepressnt che
difference between the Jength of the RR dyed in its
initin] configuration, and that in ite jth fonfigura-
Eiom, i.w. A P-A_B,If the syntheelized liuklgt vELe EO
satinfy. the ar¢|griheﬂ conditions exactly, The dimen-
sivnlens error ic the approximation, = , sssociated
with the jth configuracion, is then
ej-tr_f1|. —h|2,1e1,...,m (1%)

wheTe & 4nd b s thote obtaioed from the lrast-
EHUAEE gﬂlu::nn o the nonlinear sysrem of equations.
Hotice that the ¢rrors thus defiped are quadratic. To
ohtain a representative value of Lhe overall arror,
the average of rhe square roors of the m e7rors Jdefi-
ned in {154) should be taked, i.e.

-
e-§3|rj] ! nl]u—bl

Somt of the resulte obtained are shown next.

TABLE 4. Cwerdetermined aynthesis of the RE dysd fer
rigid-body guidance. .

For b configurstionw, .

Firat solutjon: Eecond solutiom:

lD--U.Fﬁliﬁ?-iI.BZ&BBG lu'?4590190+i2.?0D03ﬂ

boeel 643590-47.997190 b =0, PEBL6E=-10. 609552

Error = 17.021 Error = 13.49%

For 17 configurations, _

Firat molutjon: Second solutpon!

a =5, 113750412,256620 & =).4a3950-1p.704520

bU=0.549476-17.03177  hO=&. 37DA10-19. 315060

Errpr = 33.742 Exror = &0.77%

CONCLUSTONS

Hguseholder reflections appesar Lo be far more ef-
ficient in solving linear problems arivlng within the
field of unconntrained oprimal synthesly of linkages.
As to nonlinwar problems, the sxtencicn {a errafightfer-
ward., Regarding constrained problews, these could be
handled using this gethod by introducing suitable slack
varlables apd permlty fumctions. As Lo proacesscr Times,
the [irst example contumaed 11.8 ser, whereas the bime
teported (Blusing Powell's method is 2.2 min, the meth-
ad intreduced here thus appesting to ba wore tcnnnm:c.l.
With regard o the synthesis for rigid-body guidance,
it {# necespary to investigate wvhether for overdeter-
winwed problens, in general twe different solutions can
be expecred, thus enabling the designer to syntehsize
ERFRR plane linkages for overdetsrmwined ri:1&-b¢dy pui-
dance problems.
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INTRODUCCION

El chjetivo primordial en 1a cperacién de un sistema eléctrico de poten-
cla es el de proporcionar @ los consumidores la energfa eléctrica un . servi-
clo sin interrupeiones a frecuencia constante y dentro de limites tolerablas
de voltaje en todos los puntos de suministro. Esto implica el controlar  en
tiempo real la generacién para satisfacer en todo instante las cont{huas va-
rlaciones de la demanda. Esta accién, de igualar minuto a minuto l& genera
cidn a la demanda, es un problema fundamental en todo sistema de. conver—
gi6n de energfa y se tana particularmente complejo en una red eléctrica an
donde se operan en forma simultdnea un gran nmero de unidades generado -
ras de muy diversas caracter{sticas y entre las que se deséacan por su Im-

portancla las siguientes :

aj) Capacidad de generacitn

b} Tipo de Cﬂm};USﬂlﬁIﬁlE utilizado
c) Eficiencia

d) ~Costos de operacién

e) Caracterfsticas de respuesta

El problema de despacho de carga consiste en decidir que porcién de la
demanda deberd ser suministrada por cada una de las unidades operando en
el sistema y ademds de las caracterfsticas antes menclonadas deberd consi
derar los sigulentes factores adicionales:

a) Efectos de la distribucién de 1a generaclén sobre las pérdidas

de transmisidén.



h) Capacidad de transmisién de las lineas.

c) Polfticas de localizacién de reserva rodante.
d) Acuerdos de compra-venta de energfa con otras sistemas,
a) Polfticas de opermcién de plantas hidroeléctricas.

S1 al resolver el problema de despacho de carga se busca entre las mQl
tiples solucionas factibles aquella que minimize el costo de operacién, el
problema se denomina despacho econfmico. El propdsitoc de este trabajo es
el de plantear este filtimo problema v presentar algunas de las técnicas ut-

lizadas en su solucién,

CONSIDERACIONES Y DEFINICIONES

Los avances logmdos en afios recientes en la tecnologla de conversidn
de enemgfa, camcterlzados por incrementos en tamaho, presidn y temperatu-
ra de las unidades genemdeoras de vapor, han dado coma resultado una con-
tinua mejorda en la eficlencia de operacién de las unidades! En consecuen
cla ha aumentado la disparidad en el consumo especffico de las fusntes al-
ternativas de generacién, que podrfan en un tiempo dado ser utilizadas para
satlsfacer una deteminada demanda. Esta disparidad aunada a las variacio
nes en los ¢costos de combustible y en los factores de pérdidas por transmi-
sitn, hacen necesaria la utilizacién de técnicas eficientes de despacho eco

némico para logmr ahorros considerables de combustible al operar un siste-

ma eléctrico de potencia.



Como un ajemplo de los avances logrados se puede mencicnarl gue eh
el afio de 1940 &l consumo aslpecﬁico para geuemcifﬁn de energla eléctrica
utilizando combustibles f6siles era en promedio de 4132.8 KCal/KW Hr
(16,400 BTU/KW Hr}. Para 1950 este promedic habia mejorado & 3528
KCal/KW hr {14, 000 BTU/KW hr) y pera 1960 a 2772 KCal/KW hr {11,000
BTU/KW hr), En la tabla 1 se pueden observar los consumos espacificos de
unidades generadoras de diferente - tipo y capacidad. Estos datos fueron ob

tenidos en un estudio reciente realizado en CFEZ

TIPO DE CAPACIDAD CQONSUMOQ ESPEGIFICO
GCOMBUSTIRLE (W) {KCal/Kw hr)
Carbdn 600 . - 22860

Carbén 300 2420
Combustoleo 600 L 2220
Combustoleo 300 2375
Gombustcﬂ.‘eo 150 2450

Gas - 50 _ 3960

Tabla 1. Tipo, Capacidad y Consumos Especfficos de Plantas

La efectividad <con gque una planta térmica cumple su propdsito de con-
verslén de enaergla se deflne por su curva de el;trada—sauda, en la gque 58
representa 1a entreda {H) en el eje de las crdenadas en KCalhr y en el eje
de las abcisas la sali;:ia (F) en MW. Una curva tHplca de Enﬁada-salida se

muestra en la figura 1.
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Figura 1, Curva TIpica de Entrada-Salida

Para una salida dada el cociente de entrada entra salida recibe al nom

bre de consumeo especifico.

Este coclente se puede graficar contra Ja sali-

da comoe se muestra en la flguma 2.
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La eficiencia de la unidad generadora se define como el coclente de

la-salida entre la entrada, de ahf que la eficlencia promedio para una salida

dada sea Inversaments proporclonal al consumo especifico.

Para obtener la curva de costo contra potencia ggnafadé sa multiplica el
costo del combustible dade en pesos por kilocaloria por la-entrada enkiloca

lnr_fa_.f'hura y esta curva se -reprasenta en la ﬂ'gum 3.

*
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. 1 i * .
' I ! . . - .
] ] 1 . .
Fa Py Pe MW,

Flgura 3, Curva Tipica de Costo de .
Produccion Conta MW
PLANTEAMIENTO DEL PROBLEMA DE DESFACHO

ECONOMICO SIN PERDIDAS

Tal como se menciond con anterleridad, el objetivo del despache econd

mico es el de satisfacer con coste minimo una demanda determinada. - Mate

maticamente el problema se-plantea como un probiama de cptimizacién ° en
L



los sigulentes ténnln.os

minimizar:  C. (PG;) = i C, (PG)) {1)

respetando la restricclén de satisfacar la demanda ;
g . . ! - ] ' - ! .
) _ PG, = PD : _ C @)
i-=1 ) _
vy las restricciones de operacldn de las unidades generadoras

min max ", S '
PG £ PG < PG, . : ()

en hclc-nde:'
- GT' = Gosto total de generacién ' N

C; (PG} = Costo de generar "PG," MW con la i-ésima unidad {Fig..3),

PGy = Nivel de generacldn de i1a unidad “i"

PD = Demanda total del sistema e . s
-P‘G{im:1 = Lfmite :l.nfer:u.-:::r_ de cperac:l.on da da” -unidad"i " “ =
PGIin_ax = Lfimite superior de oparacidn.de la unidad "i"

g = Niimero de generadcores en el sistema

la técnica bdsica en una gmn_canud.ad de métados de optimizacidén es
la de convertir el'pmbldema con restricclones en un problema de minimiza-
ci-f;n s5in resniccionas. “Esta ccnvars[ﬁn-s-e logra introduciendo una nueva
variable por cada mstric;c:lén de 1gualdad en &l problema (del tipo de (2} ) .
En nuestrc casc .tendrfamos _ .
mintmizar *L(PG;, A ).= G (PGy) + A{PD - éi PGi) - _— | (4)

&



en donde la nueva funcilén ubjeﬂ}n es L yel nlﬁmem de variables se ha
Incrementado a g + 1. Es un hecho conocido que el minimo de una  funcién
como (4) se encuentra ern el punto donde las parcialas de dicha funcién con

respecto a sus varlables as cero, entonces ;

-

QL . 25zl

- = "}\ . N i
QPG ’ 3 PGy ®)
a L = ! = . ] ’ - L . {E}
55 0 . PD -él F"Gi SR

L]

De 1a ecuacidn {5} se pueds observar que la snluci_én del problema - de

-
1

despacho se encuenﬁ'a dende todos lo_s castos incrementalas de:ganamcioﬁ
aC /3PG son iguales y:la ecuacién (6} indica que esta soluclén cumple” la

restri.cci_t.':-n de satisfacer la demanda PD.

-

Un algoritmo para encentrar la solucitn al problema de despacho, sim-

o

- plificade al no tomar en conslderacitén las pérdidas de transmisién, serda el

E)

R

siguiente; : . ' . ' ..

1. Da un valor inicial a la vanabi;a X

2. Encuentra el valor.de ::ada PG, de la ecuacitn 5‘ ‘

3. 81 e] valor encontrade de PG, excede el limite superior entonces -
PGy -n PGinax ; =i sl valor encontrado en PGl es menor que el l{mite in
ferlor entonces PGy = PG?““ . 1Estn~veﬂf1cac16n se hacve parm cada una
de las unidades generadcms. -

4. 8i é‘l PGy = PD termina el proceso . En caso contraric continfia en el

- paso b,




LA +;1

5. 8t é‘ PGy > PD reduce el valer de r}\ .
st #I.PGI < PD incrementa el valor de ‘A .

6, Con el nuovo valor de ?\ ragresé sl puntc 2.

-

Como se menclond antes este algorltmo no toma en conszlderacldn las
pérdidas de tansmisi6n sin embarge, se incluyd por su sencillez que a la

vez ilustra el mecanismo para obtener una distrbucién econémica de la .ga

. haracisn gque satisface una demnndq dada. . .

PLANTEAMIENTC DEL PROELEMA DE DESFACHO

ECONOMICO CCN PERDIDAS DE TRANSMISION

Es posible a través de un conjunto de constantes conocldas como cons~

tantes B'inclulr las pérdidastde transmisién sin necesidad de conocer én‘;el

instant;e de cdleulo la vefdader& topologfa del sistema. Obviamente el ,-mg_é_ ‘ A

' 1 ) r . = - -
todo da resultados aproximados perc es un paso adelante del métcdoantaﬂor_; Lo
en donde las pérdidas son totalmente ignoradas,. El planteamiento contiene

ligeras varlantes del anterlor como se puede observan - 7

Minimizar G (PG,) = %1 c, ®G)) - - .- 7)

sujeto a : "'f'j_ PG, = PD+ PL.{PGi] (8)
. 1=1 ) )

y PaIM" £ PG, £ PGMX (9)

en donde P (PGy) es funcién de las pérdidas v esta dada por:



. 9 g g .
PL'(PGy) = Bp+ 7 BiPG1+ 7 % PGy By PGy Qo
1=1 =1 j=1 S

Y laé B's que Intervienen en esta f&mula de pérdidas son constantes calcy
ladas por fuera del proceso. El método de cdlculo de estas constantes sale. .

del objetivo de este trabajo y se puede estudiar en las referenclas 3 ¥ Id. i S

-

Nuevamento Ia técnica de scluglén conslste en min.tmfzar una f fungidn

.. objetivo'a la que se han agregado-las restricciones de igualdad, esto es: ™.~

-
-

" mintmizar LG, %) = Cp (PGy) # A(PD +PL - & PGy ] aiy’
i=1

"
- *

,ﬁ.} lgualar a cero las fnarciales da L con respecto a sus variables -obte

nemcs el conjunto de ecuacienas. . | : , = :
3L acy [3?1: ) I
= ——— | wm—— = .1] = D t iz
QPG . OPG, X PG, . . ~'ﬂ-.}”
y"-a—-E—=PD'.+PL—{-:PG1 =0 . | N kY
- 'a.}\ - " q{=]1 - o ! M
P e .
donde = By +2 3. 'Byy PG ' : p (14)
PG, = i J - )
- La ecuacidn 12 sa- puede re-escribir en la forma ' LT *
1 9 Cry
=\ s)
(1 - _a_E.L'_) BPGi
g PGy

81 comparamos esta ecuacién con la ecuacién 5 podemos observar que
el efecto de las pfrdidas da transmisidén es el de ajustar los costos incré—

mentales de cada unidad v.que en la soluciédn dichos costos incrementales

9



ajustados son todos 1gluale.s. El elgoritmo para resolver el problema ' de

-

despacho econdmico introduciendo sl efecto de las pérdidas de transmisién .

. .

-a través de las constantes B .es el siguiaenta:

-

1. .Dar u.n valor iniclal a 3\ IL | i
2. RE:SUJB].U'E; la acun-ciﬁﬁ is para chter;e; los valnr?s de'todas las :
G. . L S
7 3.  Compara el val.or ohte;iido par; cada PGy con sus ii’mités ;:iEr ope
. . +rac16n.y . - . - . 1
st Péi > PG —b PGy = PGy - ‘ | J L
st PG < pGMR —b PG, = PGP ' ' | '
- 4, Calcula de la ecuacion'10 el valor de las pérdidas PL.
5. ' 8k 1%1 PGy = PD + PL terminanl; en caso contrario continfa e-n_
. -elpasnﬁ._‘-+' -‘ ' o :-_-I.:-.,. . -

-

IR N 81 % PGy 7 FD + FL reduce al valor de A -
- 3 . 1 . .
. . l’ . ' , I .
: 8 % ?G14 FPD + PL' _incrementa el valor de M.

7. Con el nuevo valor de j\ regresa al paso 2. *

£
. -

+ El sigulente’'grado de complejidad en la solucién del problema de despa’
chio econdmilco conslste en incluir la solucién de la red pam considerar de

manera exacta las pérdidas de transmisién, CObviamente el uso de esta téc-

- -

nlea, denominada flujos Spdmeos por Incluir la selucidn 1dal 'prcvblema de flu
jos da carga en el proceso de npﬂmizaci{ln,' requiere ide mayor informacidn

n, = que las técnicas anteriores  a saberla topologfa del sistema, los~—pardmg

- " F

10 -
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tros de las lineas y las inyecclones de potencia en los diferentes nodos de

la red,

- FLUJOS QPTIMOS EN LA SOLUCION DEL PROBLEMA

L ]

DE, DESPAGHO ECONOMIGO )

) Los flujos de potencia en un sistema de N nodos sé cara-ctarlzan por

el conjuntc de ecuaciones complejas L S

Sk = Vi i_—«?k 2 (ka +1-Elun\‘-’mf- & m . 1))
. . L m=1_ .. - : . - . )

en donde ' 7 . - -

oV magnitud de voltaje en el nodo k* » '

-~

Sk &ngulo de fase en el nodo k

ka.;i-: J By ¢ - elemento de la matriz de admitancia nodat -
N N ' -
. 5f. = P -3Qp : potencia compleja neta inyectada en el nodo "k".
. ' . R T "

*_+ - Utilizando la'notacién Py V,§ Y - § @ ¥, § ) para el lado derecho, la

acuacién 16.puede escribirse comq'un corij;.mto de -*_ZN acuaciones del Hpo

- + " . -
3 - - * . - - .

ee e PR - BV, B) f-u,-ku'i, CUENT - s A

[N
" , : -

& - w8 =0 k=1, ..., N - 18)

-

Como es sabldo cada nodo de la red estd camcterizado por cuatro véria_
bles , P]l: . Q‘N V¥ Sk v en el problema de flujos se especifican dos

de ellas mientras las otras dos son {ncdgnitas. Dependiendo de que varlables

' . - - -

. . .
. . .
- - f 1 1 Lo ' . .o
. . J .
N . L

P

FA



sean especificados los nodes de la red se pueden clasificar en tres tipos

como sg muestra en la tabla 2.

NODO TIPO NDATOS INCOGNITAS
Referencia v, & pN . QN B
Carga ' pN . QN v, b

Voltaje controlado v, BN 5 QN

Taklia 2. Diferentes Tipos de Nodo en el
Problema de Flujos

Estas variables pueden clasificarse como; variables dependientes (x}.

variablas de control {u} ¥ parimetros (p}, esto es :

[x] ) :,' en c/u de los nodos de carga
- & en c/u de los nodos de v. controlado
‘]-"U : en el node de referencia -
-V : en ¢c/u de los nodos de voltaje controlado
[u] B PG potencia de generacidn disponibles para des-
| pachs econdmico
-ete, -

1_ .
pN . QN en nodos de carga *\
% :  en el nodo de referencia

spardmetros de 1ineas

ete,
l- -

12




+
13

T

51 definimos en t_érminns de %, u, p, el conjunto de ecuaciones de flu -

-jos tenemos : | | .
- . eg 17 para c/u de los nodos
) ” eq 18] de carga, ) :
o wum] - c L

. 1-1:.

.aq 17 para cada uno de los nodes de v. controlado

[
N

. podemos entonces. plantear el problema de flujos hépﬂmds de laisiguiente ma -

- e "
= ) - .

ner&v ' .

mmunlza-crbqu}{i::osto-totnl de Gen.,} S T =(20) _

Sujeto a las ecuaciones de la red

*a

. . :' _.--' .",_ ) +- .:".. ' (21} ..
. .'g {xt u, p] f .
ya los limites da nperar_:lﬁp de las variables de contrel | - .
ToTgmin g oy o2 g e Coe L 22)
- .:-‘ F - .

. - . -
- - . . .
. .

"

Nuevarnenta al lgual que en los Casos anterlores intmduc:lmns tantas

- e 'v - bt - | - 4

'vaﬂablas auxﬂiaras camo restrlccionas de igualdad ha}ra en la acuﬂcién (21)

Y convertimos el prc-blama a un- pmhlemn de mlniInizacldn sin msuicciones

-

es5to es ] . AL

-t

PAIMIZ 1 e w ) =C oW+ W gtk u B} L

Las condiciones necesarlas para el minimo de (23]1estarﬁn dadas pqi‘

las siguientes ecuaciones: .. . ' *
1L B3C T, ] :
L Loy 2208 = o ] ' (24) -
-= 'axh-'.,r L B’xt{ T ax - . .‘_(‘;_, - . 4--!{ - B - _:.‘:-..
) : 13



oL 2Cyr g .

D u 3u ' Bu A 0 ‘
(25)

BL _

H = =) {x# L, p} = 0

en donde el filHmo conjunto de ecuaciones es nuevamenta el conjunteo de

ecuacliones de flujos dado por (19).

Las ecuaciones {24), (25} v (19) son no-1linealeas ¥ su sclucién debe
cbtanerse en form:a. iterativa, El métcedo rn_ﬁs simple para obtener la sclucidn
es el llamado método del gradiente cuya idea bdsica es la de pasar de - l:ma
solucidén factibie a otra movi.éndose en la direccién contraria del gradiente
ya que este vector apunta en la direccién en que la funcidn objetive L tie
ne mayor crecimiento (en nuestro problema el gradiente esta dado per la
ecuacién 25). El algoritmo bdsico para 1a solucién de este probiema es el
sigulente:

1, Dar un valor inicial a las variables de control u
2. Con los valores presentes de u  resuslve sl conjunto de ecuaciones
no lineales (19)

3. Encuentm el valor de & resolviendo la ecuacidn

ne . 29 T aly
ax S X
4. Con el valor de_\ calcula el gradiente
L = SCnr N 249
au S u

5. 51 el gradiente es lo suficientemente pequedo, termina el proceso, si

no contintia en el paso 6.

14



6, Encuentra un nuevo cenjunto de variables de control

T - nu_eva = anterlor Au

u u

L]

N Y Au = -% V1L - o -

7. -Verlfica que 'los nuevos valores de u no viulan las restricc:iones y si:

Jueve | max ;11_1_1.1_@?0 = g Mex o _ -
AT A e U T ¢ | Ll

+

. ) o i _ _ - . ~ 5}. -
it em Almesr = — e o RUEVD cmin 0 L UV oo 5 MIN ol I P -._rr;.-.-“-v‘w it s o
' ’ u LW U .—u = u ‘ : : .
1 o1 | 1 R

o g. Cﬂn los nuavos valores de u Encontradc:s an los pusos 6y7? regre

4 e e w L PR RV . [T . “.. - ol
r - R - " M

SEEIP&SDZ ‘ .‘:. ) __‘.-" : A S - o

- -1 ) * - W
Vo - - r - - a En . =,
f - - _ . = " 1 . ’

T

- = ' ' .- [l a . o
Fl - Y - Lt " . ] L P
- B . 4- - g . L] . 1 i,

' " T ." .. - a . .‘,. - A " ; ‘_p v
. ...En el pasu 6 del algoritmo que 6s.en.el qua se r:.alculan lns cambius ;';,_ s
. . - .';“ . E vy

al vector de comml sg intmdu jn una nueva variahle . &< . - Esta varlabla

i o~ .. tlene la funcidn de graduar el cambio para evitar pmblamas da ﬂscﬂaciones

-
- '\-

alredednr del mfnirno Y. axistan técnica.s para saleccionﬂrla ﬁpﬂmamentes

L o m—— cada l:iclo de ajust& da Ias variables da c:ontrol - . Cels v w aa -'-v_'_:

. . Lo e e w ks

a . .
.. . - r, i - .|-a-\-_- ] . -

. d " b . :
- : - - . . %, i -
S SRTARR CDNCLUSIDNES T
v F T, g LI - » e
s - LN L R, . LA Ny o . P
T i -t - ® el ;T T - - i} - L .j .‘\:F' ok
E . . - . - . - . T .

- A PR - - *

“ .U La di\.;ei'sidad eﬁ ﬂpos, 'affcieﬁcia v tamafios de las -pianta'é.témoeléé '—:-:_'
trlcas ¥ 103 altos costns qua los {:mnbustihles fésiles han alcanzado &n 105

»

ﬁltlmc-s aﬁos, han- originado la necesidad de contar con técnicas de despa—

-‘ - b4

-cho de carga que peunitan satisfacer la demanda a un minimo costo, Los

k - -

. ' .avances tecnolégicos reclentes que han dado pauta a la utilizacién de las
sty s ﬂm.-cnmputadcras digitales:pam el. -::c:ntrul en tiempo real de los sisternas de po -
tencia han pennitido la uﬂlizacidn de técnicas da despar.:ha mds sofistica -

das que penniten una mpmsentacién més exacta de las condiciones bajo: la.s_

. que opera el sistema }r_ en cnnsacuenciu Ias posihﬂidades de obtener maycres

-
et - * - . - . e ot . .

L] . : - . ] b 3
, . V. .. . '

- -



ahomos en la operacldén aumentan considerablemente,

'alo
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