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Fecha 

Muzo 29 

Mar:w JO 

Marro 31 

Abril 1" 

Abril 2 

'edcs. 

DISE~O Of'TII\10 DE SISTEMAS DE INGENlERlA 1982 

TemJ 

lt-.'TRODUCCION 

Anteced~ntes matemátH;<J5 y nomlórlcos 
de las ttcnlcas ,J<, optimlzact(\n 

CONDICIONES DE OrTIM.AL!D\[) 

Mttodo6 de Oprlmluctón sln Restricciones 

.. " " " " 

METOOOS DE OPTIMI::>:ACION CON RESTRIC­
CIONES 

" " " " " 

OI'TIMACION DE ELI.:MliNTOS 02 MAQUINAS 

Dl.'iEÑO OPTIMO DE F"JL TROS DlGITALES PARA 
EL PROCESAMIENTO DE OPTIMACION 

OPTIMAOON DE TRENES DE INTERCAMBlAOO­
RES DE CALOR 

PLANEACION DE REDES ELECTRICAS POR 
PROGRAMACION MATEMATICA 

Horario 

9 a 17 h 

9a lis. m. 

llal7h 

9al2:30h 

12:30& 17 h 

9 a 17 h 

9slla.m. 

llat3:30b 

1Sal6b 

16sl7h 

Profc~or 

Dr. Jorge Angeles Alvarez 

r.t". Antonio Monulvo Robles 

" " .. " 

" " " " 

Dnl., Susana G6mez GOmez 

" " " • 

[k. Enrtque Ol!curel Uziel 

Dr. Houclo Martfnez 
Carranu 

Dr. Antonio Montalvo Robles 

r:r, José Miguel Cbbl4n Seis. 
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DIVIS/ON DE EDUCAC/ON CONTINUA 
FACULTAD DE INGENIERIA U.N.A.M . 

DISEAO OPTIMO DE SISTEMAS DE INGENIERIA 

• 

METO DOS DE. OPTIMfiC ION 'S 1 N RESTRI CC 1 ONES 
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DR. ANTONIO MONTALVO ROBLES 

MARZO, 1982 

Paloc;o d• Minerio Collo de Tocubo. 5 Primor pi.o Dele11. Cuouh1ornoc 06000 Mfxlca, D.F. r-1.: 521-40.20 Apdo. Ponal M-nfl5 
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ANALYSIS OF LINEAR INTEGRA TE[ 
CIRCUITS BY DIGITAL Cür1IPUTER 
USING BLACK·BOX TECHriiQUES 

.\1. A. Murray·lasso 

Memb<r, Technica/ Sta// 
Be// Tel<phone lAboro/~ries, !nc. 
Wlllf'J'Onj, N. J. 

4·11NTRODUCTION 

' 
Thls chapter covers sorne melhod~ of dealln¡¡ t'ff!clont!,; .,.,¡:1 

linear lnteg~atad ctrcuHs us\ng black·box techn!ques andd~~n!l.!> 
aome cornputer p~ograms lmplem~nt!r.¡¡; the rnethods 1llscu~std. , 

One of the dravob.(Cks of the r.~neral-purpcse a.~<11Y•is p:o¡·:arr,, 
whlch are pr~sently avall~bl~ (ECAP, 1\t::T·l, CIRCI.'.S, PitEJ!CT 
NASAP, SCEI'TRF., ei.C.) Jl-6) 1~ tbat they can ~UJldle cnly brc.~t:· 
circu!t el~rnents, i\s a r~~\llt, the morJels !or tra.nsistou :ud in· 
teli'r~tcd cl~cu!ts th~t the clrcull d<:sl¡¡ner ls fo~c<•d to use han 
pararnaters whtch """ dlfflcult to d<:tumlne and tt ,., a r~b:J•·e:, 
complex m.Uter lo achle•·e good approxlmallons to Jr.ua5urinl ~~~; 
over bread fr~queocy r:m~e~. For example, tbe cl.-~u!t 5hcw:> !: 
Ftg. 4-1 ts a bybrld-pl Uneu mojel of a hlgb-freque 11cy tr.<c,:~<e• 
{7] ~olu<llpg hcader and O\'erhp <llcde capaclt:mces wblch, tn $plh 
ol Lt~ complexlty, predlcts !he !requency boehavlor of .1;, wll.h pre· 
Clslon up to only n lew MHz. For lhls reason, scrn~ Outsners ust 
dl!lerent models lor each lrequeocy ran~<.. 

In ]Sj Carlln empb:u;izes tlle f:J.ct lhat ene <:a.o no Jocg<H r~:: 
blck on tlw comfortable securtty of cOus, capao::lto:s, rdl510~5, 
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and transformers In descrlblng lhe delslls of conslruc!lon of com­
plex electr\cal devlces. lDdependent of the IMernal construcllon of 
a devtce, ti the clrcult 111 llne:~.r acd !hne-lnnrl:~nl, frequency re­
sponse mstrlcas In lhe complex plane wtll describe the de,·lca 
accura.tely. In sorne c:~.sea the frequency response matrlx may be 
obtalned experlrnentally wl!bout MY knoWledge of the lnternsl 
stnH:ture. 1n otber cases lnteguted c!rculls may be 11nalyzed and 
tbe network <ndY be cltsracl.<lrlzed by a malrlx wbose entrles are 
functlons of frequenc¡·. Tbe clrcull's Interna! structure ls lgnored 
i!!erea.f~er. This t.ecl".nlque la called lhe black-box approa.ch. lt 
bas t!!e !ollowiL:g ad•a.nta¡;es for lntegrated clrcutt analys!s 

' 1. 11 ls a.ble t.o accept e.>:perl<nental as Well as analytlcal data. 
2. Complete lntegrated clrcults may be black-box modeled. 

Thls is e>"rcmely advant"-gcous lf lhe same c!rcuils appear 
. se•er.J.l tln>~s In a system. 

3. Wlth tlus a:;>Proach thore lsnofundamental dlffercnce batween 
Jumped, dhtrlbuted, or Ideal nctworks (auch as ld~nllow­
pass f!lters¡. 

·1. Solutlon of ~elworks by p!cce~ m~y lm done quite slmply 
u~lng thls ~ppro o.c h. This m.1y ~~come m¡u¡d~tOl"y for J.Mly z~ 
in~ circuits wllh mu.ny nodes on compulcl"S wlth llmllcd 
n::emor\es. 

We do no\ propose 10 ab:u><lon convcntion~l devlce models stnce 
t\:e¡ ar~ qu!:e va\uall\e for glv!ng the desl~ner lnsl~ht lnto lhe 
lc.:.,=~otlon of tl".e e!~\ lec "'lth th~ r~st o[ th~ clrcutt. \VtatWJ 

1prq>ose 1s tbt a too!, such as \hu comp'-ltor. sbou1d bo uscd In 
v,a¡s approprlata t.o ltst~:.f. Certaln 1ntlll.tlve t.ools suct• """ clrcuit 

~NALYS•s O~ LINLAR INTECRAHL .CiltTs 1 :s 

schematlcs and llode dlagnms ~re appropriate lor the pe"c!l~ar.d­
paper de~Jgners. A computer, on the other hWld, ho."1dles poly­
nomials better !han logar!thmlc graphs: 1t ls slmpler to fit eK­
pe:rlmentat curves with polynom!J.\S thCI.ll wilh c\rcult functlcns 
having certa1n pole-•ero constellatlons, Thls do~s not lnclude !he 
deslgner lrom keeplng in lront of h!m a schemltlc wlth convtn­
Uonal models for lnstght • 

The black-box curve modeling approach ls most 11pproprl"te 
for bandllng 1ntercoll.1ectlons lnvolving single-chip UD en lntegraled 
clrcults: the only anibble polots !or connect!on, meuuremelt, 
and ch.aracterlzat!on are the eJ<letDal termlna!M, 

Tbe four centralldea..s In thls chapter are 

l. 1n analyzlng general Unear statlonary networks lt should be 
po6Slble to handle lhern as blnck boxes. 

2. Tb.e modellng of a c!rcult wtlh two or more terml~a\s shou!d 
be flexible encugh to admlt not only rat!os of CO<:"Jplex po:;¡­
nomta\s, but also genernl curves In lhe freq'-leney Com.:Un. 

3. It sbould be posslble to preanalyze p!ecee of a clrcult •nd 
even!Ual\y lnterconnect li\e pleces. 

4.. The lndeflnlte matrices {12] are tdeal veh!cles f"r cba:a,.t­
erldng rnu\ll:erminal black-bo>' clrcults whicb are arb!tnr!ly 
lnterconnected. 

4·2 FITIING FREQUENCY CURVES WITH STANDARD FUNCTIONS 

For the analysls of lnterconnected black boxes, lhn~ meth( ds 
ue posslble 

l. Analyt\csl exprcss!ons whlch glve the terminal cl>o.ract•·r­
isllcs of the boxes. 

2. Standard functtons flttcd lo dlscrele data Whtch wcrc ellttlr 
mc~sured or calculatcd. 

3, Calcul~tlons p~rform€<l m>ly at tbe frequenclb• for wh:Qh 
dlscrúle d~ta ls ~vallable through ellher measLlrement or 
calculatlon. 

There a_:e sorne devlccs whlch ara .d~scrlbed accuratelr ena·.~h 
w\th :>n~lytlcal cxpresslons OYcr a llml:ed frcqucney r,u-,~e. 1 O!" 
example, smoo!h unlform tra..~smlsslon Unes m~y 1>< descrlt_.d 
wlth matrices wb.ose cntrles contain hyperbollc lunc\\ons ooer >.he 
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''" ~""'~''""•'" ~ .......... ~-·····"'' '" .. ~ .. 
acc-.racy o! the olt.ro•,.lrb, ~"~ I'Jl'BO lnLp<>rt<IIL) Lho wlllln¡;lle>S 
of thc electconlc clccolt tk.'l¡;r.or to ~ork wlth Malytlcaltool> 
"'hiel: U ls not ocousto~••d to u>lr.¡¡. 

Ooe posslb!Uty ... ~~eh hn been found q•me o/foctl"e a.ttd &lrnplo 
te use 1• plecev."ISO fl"ln¡ of OUT\" U a•er dHicnntlnterv~lo. U•­
cre•a po!n<a rn•y bo fed lt.lO U.. oomfl'ller and d!lfereol Cllr-es 
ma¡· be flt on dillerent lnltf\".>1&. l"or lnotaneo, ono approoc.b lo. 
to 111 a qua<lraUc pol¡nom!Ol throu¡h lhe f!nt lhree po!r.IO and lo 
subseq"ently fll otlLer qu>dr.ulcs lh,..,..¡h e~ ~lUonol pol.nt, 
ma~chl~g U:e P"''"!O•IS """" bol.b lo ulue onchlorlvo\L<e ol U... !1st 
comrno~ polnl. 1\"lth tho &Id o! ll" ot.:Ltemen<S tlLo rout!"" dec!doo 
~·hat <;U>dratlc to u•o" dcpendl,.-: en tlLo ln..,rval to whlcl: t1>e Ln­
dep&<Ldeot ,·.t~o belon¡:a. ln thlo mannor o cont!nuouo ""'"" wHh • 
conllnuou~ der!vallv~ pauln¡ <.ILI"O<I&h U.. dala polnla la ol>t..alnod. 
More •ophlstloaUon lo ob•louo!y pooolbt.. ,\ &lmPl11lo<l •outon o! 
this app<Oa<:h la •lmpk l!nou !nlOrpolaUon betwOOfln dat.> poln«. 
TI:.!; ¡·le~• o oonllnuous """'" Lo!woon dolo po!nla allhOU~h lhe 
derh·all<o wlll bo d!I«:onllnuouo. !.lno~t lntetpolallon Uo b<en 
fo=d so of!eollvo OJ\d oLmplo 10 uoo !h>.t ll lo uüd u lhe &laru;iord 

· op!!On in DEL):AP' wllh !he othor opUOnl av.>.lloble on I""Oque•l. lt 
lo po.;r!ICularly oult..,lo for tiLo c):IU""Clor\<a!lon o! OLlT'oO wh.lch 
aro uoed only once In tho pr"'lr•m and wlll nol becomo pul o! tho 
porrao..oent l!~r><}". \<ben a so:.Clrcult (•uch ao coclo.ln tronoiO!Or<). 
1• u><d v0¡·y often and be<:omoo por! of !ho permanenl l!bracy of 
t~ pcogram. ll 1• """h tho offort to llt no curvoa wltlL computa­
Uonally efflcl<nl expcoo•lonop~]. Optlm.l.,Uon pro¡¡<>rn• such •• 
SUP!lOX ]11] hove lJoen found vory uae/ul !n !h.la roopoct. Wllb an 
opt!mlntlon progrotn ene osouo<>DO on exprooalon wl!h oorno v~r!­
ablo pocametoto and tho pro~ram aulon,alloally deturm!noo tha 
Oest p.u".>motecs for the Ut, thu9 provld!n~ o.n •n>lyUca! modellor 
the dov!oo. A pa<Uc•Jtu cue o! thll lo \0 fU lurnped olrcu!to \o 
lrequenoy ccrvos. 

4-3 CHAllACTERIZATION Of CIRCUITS WITH THE 
INOEfiNITE ADMITTANCE MATRIX 

n.e"e a:re m'-ll~ motrlcos ll-.u can Clloractecl•e unulll!ormlnol 
network.. Examp\ea oto tmped""oe m>t<lceo, hybrl~ nutrlceo, &nd 
oc•lterte¡ IUALrto••· u.c~u"" of U• almpUctty When h>ndlil>¡ 

l 1 ~"~ ,_, -.¡¡ .. CLo ...... , ''"""" •••<• "'" •• ... ,., ........... . 

A"ALV>IO Ul L"U '-" '"''~"AIO~ CIIO(UI"t• "' 
loteroonoec"'d bhck bo.•e<. !he !nde(L""" ><hn:tt>nc.> m>trl• [12] 
(lA MI w!H be one Clf Lile chuJot.rt<ln~ m otrlcc• In lllfo chaptor. 

Tho IAM !s !he shorl-clrcull >dm!tt;r.oe m>trl..< ora mul\lnO<Io 
network tn ~<hlc.'l port.s are formed bet.,.en each termlllal o.•d a 
datum node whlcl: lo '"flo1tlng,'" l.e., unoooneoted \0 U.. c!rcu!L 
1\ihen co=ecllr.g two-terml""l loado lo> mu)!l<erm!nol network !t 
ls sulllctenl to ch>.racterl~e !t 15 a =lttpOrl Wlth perlO <kUned at 
each term!n>.! plllr to ~-~Jch a load lo ooru>ected. !lo,.e<u. When 
an n-terml"'l oelwork l> arMtur!ly lnl.ercoM•etod wltlLotttor mulU­
tertr.!.Oal nelW(Irks llla neoessuy to chouctorl•o 1/10 no:~·or~ ato 
set cf n-1 potts corn>pondl,.-: toa oompl•"' :o.nd ltldep&ndeot .. , cf 
terminal plllra. A sufllclenl condl!lon for tiLo volta&u o! tlLe o-1 
ports to bo Kl"'hhoff-V<\ll1J:e-bw-!Ddepende~l lo tll>t a gup!> n>ado 
of •d¡;o• ••P~~~or.llo¡; tho port vollo~u !orm a tro• ¡t3]. 

Il la trivial/y olmple to go ~ack IU'd !ortlL bel"""" tiLo llL~oU<IIto 
admUtance m~L"t>; an<t A !4o!tn!to) ohort-c!roull adrn!Uanco m>trix 
wheo oll U:e por!S h••• • oommon nO<Io ,..hlotl fl coonocloa to U.. 
clrcuil (usc>lty rolerrM 1ll u ¡;I"OUI\d) ]1~]. 11 al! l~o porta do not 
ha•e a comrnon gr<lund. ho'"'""'· tlL~ IAM !onot o~tolnod q>~l"' &l 
otmp!y. Thla malles ll oecesoory lo h~ve " n1olhod o/ ¡;oln~ /rcrn 
a ¡¡!•en oel of P<>rlo lO • secoM set ~.&vlog a comn".on nodo. Thlo 
can be accornpll•t.ed by usln~ th~ foUowln¡ furmul> 

14-1) 
.¡ 

where Y lo tt>e adml!lonoo matr!x wUh porta h.wlng u common nodo. ·.' - • - ~ • 
i !S lho original adml!L>nco mulr!x "''""" pol"la lrom o Lree. 1: !s 
the !nnspooo o/ reducod lnctdenco m.>trt• ofthb¡uph whooo ud~ol 
represen! tho pons o!;. IL"d e"' !stho lr.\nspo•• o! t: ]13. H]. 

lho uso of Eq. (4-1) c>..o be lllu.stmted Wllh tho followl<l¡ ox­
ample: The clrcu.!t o/ F!g. 4-21•1 r~pr .. onts o p:clr cf mUlU>llY 
ooupled coll•. Lel por! l l>a del!r.od by m>klng nodo 1 tr.o poalllvu 
termltlal and node 2 lho ne~aUvo ono. Md por~ 2 -.!lh nodo S peo!-
t!ve and oode 4 negaUve. The cpon-c!rc·Jl!lmpOdllLOo m>trU< Clf t.b.l• 
twc-port ts 

Tho lnvoru of z, 
fine~ as a.bo~o 

z,.sl~, ' " '"J ,, 

' 1 ~- -

,·, . 
. ' .. 

------··-·-__:__. _________ ___;__, __ _ 
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Te ottaln t!le idellnlto a<trnltt:l..~ce- m~tr!x of the c\rot:lt of F!g. 
~-2(A) 111o noceso>ry 1<> obtnln tho sltor\-clr<;1:11 a<t,.Jttance matri.X 
of tbu clrcull havlng ¡>orl5 golng !ro m eae~ tormlnal\0 allootlng 
gNlond. To do thls ¡; lo ""cosoary lo charoctorlto lha c)rcLL!\ at 
two <Lddlt!onal parto. Lot 1 t.Wrd p<>rt too d.oftoed trom nodo• 3 to 1 
1o Ft¡, 4-2(a), ud a lourl.b port from codo 3 to tho lloatlng oode. 
'!'ho admlttanoo matrtx al Iba 'ctrcult wlth !!>e loor porto &a defi:>od 

" 

[' '" " ~ u '" 
o 

' - o o " 
" " " 

Now 10 app\y Eq, (4-1), lt to noc•••aryl<> form ~'le <ronopo•• o1 thll 
reducod !nci<!e~ce <n>U'Ix C ol lho ¡rapb defl.nln¡' lhll p<>rts. 'nls 
~1'~;>3 t• ~, 1t< Fl¡. ~-2('o). Thll result ls 

-- ------ -

·~· 
T~us E<¡, (4-1) ¡¡!vos 

[ 
o _, 

~ [" '" 
o 

'~~i 
_, o 

;] " o o '" ,, o o 

' o o o o ' -' . o o o o o o ' 

['" 
"y L 1 •u _,] 

1'.- '" '" -y" "' 
·'" _, " ,, .,, 
'" "' -., "' 

In s!mi!= fu.hion thlllndel!nlte ~dmi""'·"" m.otrl.< of c:her typ!c>l 
ccmpone~ts appearln¡ in etectro~lc ctccultl may be IQuo;l, Sotne 
!yplcal cases 11'0 prooon:ed carnpae<ly In T"blc .¡.¡, 

T~ble 4·1 ~howo tho tnJellnlte ~dml!t.¡r.oti m~tr!coa o! oorne 
IY!'Icat doL•Icos whon thoy &re conoec~<.d to !he la~·e;!-r.urnbored 

nodes in a clrcutt (1, 2, l, etc.). 11 a ~o<•!col• cat.nocto~ te no~m 
1, ¡, •···· !nst<>o<! al lo t, 2, 3, .•• , tn<:n a o!mplo replacemer,t ollo­
d!oos; for i,; lar 2, llar J, etc .. glvo• 1M loc>\lon ollho en"tes 
lo the corrospondln¡ tndol!r.He &dmlttanco m>.tr!x. Tbe t<>u\ ln­
deflnlte o<!rnlttUI"" rrwr!x oi a compUc11od c!rc:ult ls slmp\y o,_ 
to.iood by so~oequontly oddlc.g In <~.o pNlpor pos!l!ocs t!'.., eor.al­
butlon• o! oach al !he ónices. Th!• avctd> mar.!pcl~'-'0!: a< y. 
topoloi;tcal ma<rlceo, •lnce \he tndell.U!o o<!rnltt.liLCO nu:rtx to 
aotually ob!aloed Oy lnspeo!lon. Tho entrtoo of Tablo 4-1 ;hO'.ld 
enoblo the rendor lo oUtoln by !r.spoctton !he IA~l al rn<l>l Uneor 
triUlol&lor circuito oppoulng In p~ac'!ce, TOlo topic ts caootdorod 
In more detall in lho noxt oeotian. 

4-3.! AnaTvsis ol Black·llol Cir~mts Tl'.roulh th! lnddm.te 
Admruance Matrit 

Slnce tho !ndofinlto admiltonco motrl< (!AM) ls tb< n-p::rt 
ohort-clrcult odmlttance matrlx In "hlch tho poots ~'"" lormed Oo­
twoen each terrnln•l """ an uncor.neotod nodo whlch ls fl~"""~· 
lile curren! ¡¡o!ng ln!o eaoo terminal m•~ olw>yo bo oonsldored to 

________________ __:_ ________ --
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(4-7) 

wl:i.lch :nay be "olr!U.OO 

'••. (1,-1,.1,.-•r,J,., (4-6) 

.,. 
1,.-1,-1.,1,;'1,. 

Equal!oos (~·6) ond ¡4-9) ll'ld:.oate th 01 !be ln~<nal cur...,nl oource• 
cau•ln¡- lz may 1>o ...,pJaced by exletnal currents -l "1 2;

1 
11 aod 

a<ldod to the orl¡;l.na! extern~l eurroot.o ¡1 to form"" equl•alenl 
extornalc-"rront vector t.,.' 

lll order to at~aly•• very !>"¡;< circuito. ene "'-"Y divide the """ 
cu!t lnto p!ocea wt>lc>l m>y colncldO w!th functlonal d!v!o!ona. The 
]"M o! ea.ch ploco lo oUio.lned >utd tho tnlornd ru>des aro •upprosoed. 
All lho prevlouoly ouppressed black bc•e• moy tllen be l.nter­
COMocted Olld a Jar~r IAM !nc\udlng only ">tierna! nodeo 1• o:>­
U.lnod o,nd ~••d to ooilo for ~11 e>;tornal t.Ortnlnal volto.geo. I'!nally 
In ucb sullnetworO lbo !nler-n>.\ valt:t¡¡:oo =r be obt>.lned. T!>e 
uv!ng come• !rom the rae: lha! the tnt.Oroa! ne>du ..,.., ool al\ in" 
mo""'ry al once. Thl• methOd lo .>lt1n lo Krn~·• metllOd oll<oar­
lng 1101. tllougO lt 110"" nol !nvok.o tonA<>rs. As prosontod boro. ll 
moy tncludo •cllvo devloeo '-'Id atoo dlotrl~utod e!oment•. 

4-12 Calt~l~lion ol Oetmtle Malutts and 
Terminal Chzratlerislics 

o~ce tho tot~\ stoppressad !AM o! ~ clrcull lo obl>lned, ~~• 
m~trlx may bo mado dol!nlto Oy CotOl~ot!ng ono o! the noJ•• 
(call<d ground¡ to lhO flo>tlng nodo •nd deletlng tho correo)'ondln~ 
row o,nd col~mn to obl:i.l.n \t.o r.odo-ta·~roond tleflr.lt.O adm\tt&ll:t 
motr!x \;e· TI>e f>O(!o-lQ-gro"-'ll m>.tr!x may !>e invorted lQ obt.a!n 
tl>e oc~e-:o-¡;rouod !"'~"""" m>ltl.>< l•a· Sü>ce lt =y l>e destrod 
10 lorm porta olbor th.o.o. node·to-¡rowod. a tran31ormatlo:> frQm 
oodo-to-groun~ porto to oU...r porto lo noousary-. TI>e lormu!• to 

uso lo 

,,_ ....................... ~~·· ...... ~~-~-..... ~ ................. ·-" 
_ ...... ., h .. hO ........ , ... ~-·~"' ........ w ... ~ 

. ---·-

where z ls lhe lmped:rnce m•lrix w!lh lt.e Oe>lrod ports, a.od IJ ls 
the tr.,opooo o! the red'JCOd ll'lcodence culrlx o! lho grapo corre­
spondlng 1<1 t11e dealredpOrt&. ll'lothelrat~spose o! ll LDd Zsa lo the 
lm;>ed.i.<>te m.tr!x wlth porta delllled !rom tl>e noduto ~rcr.lllll 1111. 

Le\ tilo 7. ,..tr!x of Eq. (~·lO¡ bave element& z11 

l. • IZ 1) 

,. ' ,. 
' 

• z ,, 
'-, 

' ' . ' 

(i·ll) 

(4-12) 

n rs uouaUy conven.!ent to oonstdor lhe loads u p~rt o! the ~etwor~ 
uru!er nnolyoto. n.u> 1 \o t~o trnpeda~co matrl~ wlth the toado 
connectod, Oftun 11 !s o! tntoro>l to fln<llloe drlvlng•polnl lmFoctanco 
of a loadod o!ruu!t hui cxclud\ng \he gener.llor lmped!Ulce al lhe 
port look.od loto. Todo thlo ~no tnny slmply connoct to tllo portln 
questlon an l.d<lllll>l>Al tmped.\nco equ>l lo :ho no;>llve of th<> ¡;en­
eralQr lmped.a:>,.. r..,,.,t:n; wtll> z,, ~Oe lo<Ul lm¡>od>n<:e oi tllo· 
¡oneratar at port '· :!le drtvlr.¡¡: polnt tm;>ed>ooe '; at port; !5 

~!ven by' t· ' . ' 1 (4-13) 

. j . 

whero z., !o 11>0 ;th elemont on the rn~!o dt•¡:on•l of tho >n>trlx Z 
of Eq. (t-10¡. Tito rete'"' lou Rl.,; at port' l• ¡lvon In dB by 

RL,. • ~lu¡¡:· • ~1' 1 1 ~4-H¡ 
• l "' 

Tho l.nsortlon voUogo glln 111,1 lootwecll pori" o IIJ\d ¡ b g);on In di) ., . 

~ loc(w ¡t•,)(z,f<:, • z,.,tl 
!~¡¡/fl011 • Z¡,1ll 

4·3.3 Ca111bining the lndettno(e Admrttance Matri• and cu·r~e 
Modeltn~ lor Analysis ollntcgrated Ctrcutls 

A problom t.b.a_t commooly oocuro In pr•o:lco lo tho anal)">\ O of 
a o:lrCilll In wh!oh o<orl41o o~be!rcul"' recur, ror a.umpto. o 

~------------------------------------------------------------------------------------------------------------------------------------- .. -----.. .. ~~ 





---

c!"''"-lt nl>f """".In ""'""'"' ldent!cal oporotlonol ompllflero. ,\ 
con<eo!enl way of Ollalrzln¡ ouc~ Cl<Cull• 11 ll>e fol!owln¡: o.nalyze 
uch 5ubc:lreuit oep>rotely an~ Ob<>.in !Lo llldol!o!te odmiLtan"" 
matri.X at oevoral /recpencleo ouppro .. ln¡; lho lnl<ofll>l terminal!. 
{!ermloalo no\ connected lo ll>e real ol tlle ootwork). R<"~•ted 
oubdreul\o u-e .,..,¡yoed only ooce. Model lhe oubctrcul.ta "'11.11 
pOlyn<>mialll I!U!n~ lbe froqlloncy be!lnlor o.! lho na\ond lmagln.uy 
parto 0 ¡ uch enu·y In lhe &dm1tl.an0e matrtx. For eutnple, iJ 
cubica are u ... d for • clrou!t "'1111 lour •~terna! ,.rmlnalo, 128 
coelflolen<• wm modo>\ lhe doV\ce (4 ¡.,...ruoteoto/cubl<:) Urneo 
4 • t • 2 ¡re•l and lmo&louy olomot~ta/.,...lrlx <>1 '1 t.erm;-1 
net .. ork)), !nter<:""""'CL lile .,.tlel..,.ll• to form 1 lupr lndelh•lle 
odmltt..,.,. m>tr!.< and ogo.Jn ouppruo llle lote...,.! terml.,_la, !lo­
pe>< lhe pr'Ocoso u requlnd unUI lhe wbole network lo analned 
and lhe t<orm1o.ab olloterut uo lhe ,.¡y .,.ten>al termln.olo, 

No"' tllat thlo moli>Ooj 11 ouenUally ...., oame moUIO<I o~ uoeo 
In d.aa!plnK !>.•K• oyatomo. whtro oach ouboyotem lo doool¡ne<~ 
oeparately aod even\uoUy tilO dlfll<t~nlllllboyote""' are conne<:te<l. 
s.•.r•l \evolol of ou~yote,. m.lJ o! couroe be uo..t. 

o.,., 0¡ ...., !mpo<tu.t ¡>olnto 10 noll<:e ~>ere Lo th&\ a wl>t>\e not­
work wblch may h>.vo t.o-en ano\yud In .... r•l \evelol o! tear\ng 
may otLU bo ~lttd wuh po\ynonUW (or o....,r oi.&Z\dard ln:.or­
pol.>llon met.l>o<a) ro¡ardlooo of how oomp\loo.ted tl>e lnlen>o\. 
o\.n>Cture of tlle notwork lo. Wbal wo aro trylnK \0 polnt OU\\o 
tba\ ano con work odun<•K•ouoly w\1.11 .,unlvoroal" modelo wl>lch 
do not havo tobo tilo cl•ntc>l H, 1 .. c, contro\lod-oource, oohematlo 
modelo wttlch network deolporo oro oe<:uotomed to uolng. 

In h,u>dllng clrcu!lo w!\11 admHIUIC<I ma\rlceo. cortaln do­
genoracteo may ocuur fa¡· p!~c"" of lhe notwork oven \hou~h lhe 
wholo c\rcllll hao a nondogonoroto odm\tl&nCo·matrlx, In mu.y 
cases \heoo protllttmo can Uo clroumvontod w\lh opoc\01 ctrcutt 
tecl>n\quoo. 

Tho !ndefinlto &dm\tlonco me\hod lo goued towordo !mbodded 
\ndopondont curr~nt B<>Ur<o• rathor thnn volta¡:o oouroeA. lf lh~ 
vo\ta~e oourco bao on \m¡>edonco ln oor\eo, ~Or!Ot>-~qulv•lont cur­
ren< sourceo may rop\aco tho VO\tn~o oourc ... 11 thero lo no lrn­
ped:>nCo in oorloo wl<h \he volta~e oour.,.,, ono moy odd • pooltlvo 
aod ne¡;ollvo \m¡>od.o.oco of equo\ va\Uo In oerloo and uo<>elat.o tho 
voltogo """'"" wlth o!thor lo produce o Norlon-oqutnlent curren! 
oource. Thlo rne<hod wt)l cro~tO &n add\tlonol nodo. S\m\)..r 
trlok.a m~y too om~loyod for h""dlln¡ vo\t>¡¡o-controllod volt•¡¡• 
sourcu. 

llt. 

Certa!o m~\Utermln<l elomen\.5 ola not h»e •n !n~Unite od~ 
mlt\ahOO matrlx t.oC4USO ln!inite ele""'"'" Lo u-.o motnx ara era~ 
ated duo «> w~t essonU~Uy amO'-'"'" 1<> ohort c!rculto bot .. eon 
oome terml<>alo. O"" m.1y avold \he ~·~eooracy by ••In¡...., trlcl< 
ol ~o¡ aod subtractln¡¡ otemeol• In oer!eo. for o.umplo, por~ 
lectly coupled loductanceo >.M Ideal tran•lormou b»'O no 0<1~ 
mltta.o<:e 01atrix. However. by &ddln~ poo\1\\'e &lid nc~>ll<o reol.•­
\anC<IS Lo oer!es w!th e1ch w!ndlq: ....:! C<>.o>l~orir.¡ l.'.e p<>otU•u 
re•I>IA.o""'o as tbougb <l'"'Y wero osso<~•ttd ~ltb lito .,todo:•;:• .... 1 
tbe nego.ttve ruiot>Jices u e!omento sepu~te from lito t\ov\0<1, lltD 
dep...,racy dlo~ppu.ro. '111lo pmced~ro "'-'Y allo bo uMd for 
bJ..ac>; boxeo oonta!nlog more urmt.>.>.l.s. 

4·4 OESCR!PT!otl Of" HIE SEUIW PROGRAI.I 

' A compo.¡ter pros:rom la><ro'!l u BEL~AP (llo\1 E\octroo!o Lll>ea.l· 
NetworO; An>.lyo!s Pro¡;nm),' uslng U.. m<tthodo d\ocunod ol>ovo. 
!>&5 t>e<>n wr\tten completo \y In fOfiTLlA:l IV . ..nd hao t.oon tm­
plomeoted o.o ~ OE-~35 computor "' tlt\1 To\epiU>U Wborotorton 
!lB. 19], (A. fl<>wchart o! tilo BU.S,\1' ~,.,.,.,..In T•blo ~-:.) 

Tbe c\r.,W.ts wttlc~ BU .. 'IAP ~= !IM.d\o rnay \no ludo 

1. ordlnary posU\vo and ,.,gatlu R, 1 .. C. \! olomenlo 
2. current-controlled c"rron\ oourceo 
3. <ll•<rtt¡,;ud elemont• "''"b •• lr>nom\ulon Unoo, RC Unoo, 

coupled tr..,.orrJos\on lho• 
~. black boxes w\lh. termina lo wttlch b1ve ~•~n cbar>oterlud 

ot " - ¡ \ndep.endcnt porto. 'rho ch•raot~rlu\lon m~y \>o• 
done w\1.11 adml\l>neo "'"'tr\Co> ,lmpe~"'""~ m~lr!oo•, •cottor­
lng matrices (loro-terminal networl<.'l and; p«•moteroor 
AU!'IJ por~metero (for tnreo-tormtn"'l notwor~•) 

The chuÓcter<>~tion ol 1M block bo••• t,•y bo done wlli• 
t&llleo of vo.Itios at dt•crot• Jrequer.cleo, p..r•motuu of "'""dor<l 
lamll!es o! !tlncUono, or codos ~hlch 0-'11 •u~routlnoo conta!n!n¡: 
.inalyUoal mo~ejg ol tho dodooo. 

Tlle program lo l\rn!ted to lite lo!low!ng mo.><lma: 40 nO<Iu, 2~ 
oubneowork<, 01 up lo S ports uch, 20 froquenoloo, 100 roolot<>ro, 
100 Inductora (115 mutuals¡, 100 cap.:tcltoro, <nd 20 aontrollod cur­
ren< oouroes. 

1BU.,~A1' ~•• .,, ...... L. A. """'"' of BolL T•<•>""'" \.oO..""""'· 
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nese l!mJuli:L• ~epend e•cluoh·eJy on memo<¡· re<r"lremen:s 
and c3n tJo ch.c~;;Lo 1.)" oh.cr.~lo~ Jlr""">lon st>t~men<s. One o! l~e 
vorsl0o> uo•d '" B~ll L•lxlr••o•·•e• h•> lo~·er cap•I..JlH!e; In or~or 
to ~o >lllo Lo run b tho ••press opliOn ro~ wtJcO !t !s IeQ"Ired lo 

~ .. les& th111 .¡OK of ""'""""'Y· 
One o! lhe fe~t~r•• o! <]",e pro¡:ro.m ls ~ UtJr~ry for commonly 

uoed ~l>ck bo.u. !l a bl3ck box wtlloh ls In tho llbrory •p~•ro In 
a c!rc'.l!t, •11 that ¡, noe~e~ ts to ILLput !t wutt o code namo and 10 
¡lve :he nodes Lo ~-hlch 11 ls coonoct<od In~ ~!ven or<Jer. 

A }:ot:rY opt\on al\<lws a ~••r 10 c~ge t.he nl~cs ol/1, t.. C, 
or cootrolled-so-.l!"ce bot;¡s "'\d re?e•: 11-.e a:::.lyolo wlthouL hnv~.:~g 
lo leed complele clrou!L <ioscdptlon•. s.<•ecal typeo o1 tr.o.noml•­
oloo lineo can be spool!led Oy ~lvln~ thelr ohuoc<erlstlco. Tho 
p..og~•m oOO<?to dlocroto measurod d~t~ In tilo formol admillonco, 
ltnpe<>ar.co, or """""''"~ • x • matrh.~• •nd 11 par~me1ers or 
ABCO puomo~ers for throe-term!nal net..-od•5. Val~es u ln<er­
mcdl:."' !requenc!cs .~ro obt"-'ned outoma<lcally by lloe.r lnter­
po].aL!on. 

The Input to tilo pro¡ram 13 uoor-or!onled arulln freo lorm&t 
ua!n¡¡ ll>c ~.\MEL!ST fULure o! FORTRA).: IV. "'r the input o! 
tpeclal elomoots, seoor~l cl10!c"" exi•t. locludlng, for eumple, 
cae!fld""'" for froquoncy power oerle> or coefflclonts for Ll>e lo~ 
o! tb< !unctlon In tern>• o! pow~r· o! tho lo~ o! !rcqucncy. 

The pro¡ram c~mputes tJo.e todtflolto •dmmanco matrl>: o! the 
OOtworl< At ¡h·en diSCrolo freq-;encles, O~ppru~e5 Lhe \ni-Om&) 
<><>des tndl<:.~ted by thO uoor, &=><! punchas 011 r~quut tlle sapprease<l 
lndeflnlte a~rnJttance maLr\x. lt thcn Ln\'Orls the roduced dt\lnlte 
odmlt L.>nc<t rnatr!x to ciJt•l" the noctal hnpcd.>nca tn~trlx Jcom whlch 
11 obtolr.l Lhe desll'ed drtvtc,g polnL lmped:trlco U each pott (<c>:­
cludl~g pr.erotor lmpedanC<"), tnsertto~ vol<oge g:lln•. volu¡¡e 
r&tlcs, and return \ouoo, '!'he 011tpu1 may be obL.ained In olu.er 
hllular form or In tlle /orm o/ /requency piolo produoed by a 
SC-4020 miorof!lm plo\Lor, 

4·4.1 Mal1sis o! a SaiJnced Ampli!rer Usin;¡ BELNAP 

Ao >n oumpk ol LOo ldnds o/ problema U...t BELNAP may 
botl<.lle, """ on>.ly>Ls o! a. ~-•l=ce4 nmpJillor that ,.,_~UL.lns dlotrl­
buted >n<l \umped olom<tnts \s glvon [20, 21]. Tb.o <r=slsLoralt..>.,-e 
b~en ch~r>o•ort<ed by •ctual meaouromento, 

--------·---~-~-- -~ --.-- ----

'" 
A &"""'"' ochomatlo el the am?ll!ter !1 gln~ In ft;. 4-4. 'The 

<rlan¡leo repre .. nt tdent.lcol tr:uosls<oc ampllflcn •nd lhe oq~ue 
llOJ<O• cepre.enl otrtplmo ~lrecllonol CO'Jplec>. Tlto oc~em~t\c of 
a tra!l•lsLor ompllllcr appe:tro In F!g. 4-~. 

,., .... ~ ... 
'"'"""'' ,..,,. 

''"""~ ··~··~ 

, ........ .. ,.,,,,. 

• 
"' '" '""' '""'''"" ,.., " 

,.,,, ~· '"''~"'" ,, -~""'"' '""'"'·" '""'"'""' '···~· ~· ··~ ............. ~ .. 
Tbo onaly•to ~<u clo~e as lotl<>"'s: Certolu portlona O/ t."e oet­

work Were p~:onaly.ed or measur~1 ot • dlo<:rete ;ct of freque~OIOI 
&0(\ lOo resul<io~ real porl• •M trnagtn.ry P"""' wou fl<"'d wun 
otandord Juncllono, 

, ·'" ''•"'·'"' : 
~~>Cel--------i-C: 
• r•··~ r< 
~- ' : •--· -·• "L :.::.J' 

: :v.o-·... ~c---1 : ¡;~ r··- "" * 
,:-:.. ! ,i "" --)..,"" ' 

:"o¡ : ' ' ' ' : : ... ,,.~ ... . 
·----~ ' .,!,. ' ......... "· 

~---~--1 ..... . 
~ ... ,,,,., 
" "•· "'' ~"'"" ••'•"""• .r" "'"'"'''"' ~.,,, ,,.,, 

'• 

In Fi~. 4-5 t]o.o po~Uons lns!de the dotLed ree:a<~;:los were pro­
elu.ueLerl~ed, 'The lr>c.SI&tor wos eb.:l.r.<:Ler!ud by me..,urlng ltl 
~cattorln~ matrl.< M dlsercle fre<r•ene\vo, ooovertln~ to 1 r..~:rlx, 

""d !lLUn~ <ho dloorete polnl<l wtth polynomtal&. Tho quaner-wave 
moa!ldor ohoko LOr!olnoted In o c~pnclloc "'"" theorotlcol!y ch<U'­
ac<orl<o<i >t ••>"ero! dl•creLo lrequ"nclo~ by cal<:ul•tlono wllh ~ 
&n>l\yUca.J exproool<><> Lllt U>oludts dlu\paUon e!!octl .u1<1 W dlo­
OrtiiO •alue• woro lltted wt<h ot=:!ard /<0<1CII..,o, 

--------------------------j 
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n.o RC dlsl.r!OO\ed clrcult wu modeled •·1111 ¡o =soaded 
hlm¡.ed RC oeoUo:tS wh!c~ wore ..,...!yzed a.Dd flued Wlth poly­
nomiola. (Although l.heoreUca! o.prt~as\ona could lla•o beeo uoed, 
thlo mottiOO was choson for !lluo<ral!vo p-.upOoeo.) Once the e\e­
mor.\5 lo !he dott<d rectons\eo bad beeo chuoc~<rl'"d •• blacl< 
boxeo, tho wt>ole arnpliftor or .rt~. 4-5 conU.lo.ln; bcth \umped ole­
mento &nd O!u:l< bol<e• wu Lnoly'"d ond clutroctarlzod os a OJ.ock 
b<»<. Fln>.lly l.he whe!e ampll!lor o! F\¡, 44 wu &.O.I.Iy>ed (thl 
<llrootlonal ..,..plero h.ovln¡ prevloualy beon ...._\yU<I W\1.11 upeclo\ 
oubTOC-11,.. lot eoupled s<rlpll,..o) az:d the reouiU prtnled 0.D<1 

pl<>tte~ )22), 
A umplo o! tl:o \nt.ormodl~<e ro5u\ts oro ol>own In Ta.blo i-3 

wbere a lio\ o! valuoo o! Lho roo\ ond tmo~lnary porto! Y u ot !he 
tronototor o! l.he ampll!ter Jor 10 <llocrote lroquonc!eo lo ohown 
o.nd whero the polynomlalo th~t wore lnterno.lly 111\ed In t.hio dat.o. 
appear a\ \l>e bot""m o! lile table. Tldo la doo obowo ~ro¡>hically 
1~ ~'lf•· 4•10 oond 4-ll where U.. roet&J>¡;l.OA fin U.. ""'uurod dota 
..,¡ !ha ..,..Unn""" eur•oo !l!Y• ..,., poil>to oo.lculal.ed w:lth U.. 
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. ,_,.., ••. ,. .•• , ·1-"'"'"" ........ 
....... ,.,_,n .... '"""''~ 

•• . ... "''· , ... ',., ... '"" , .... ''" ~· ""'" .. "' 
polynOm!oll Utte<l. Figureo t-e. 'l-1, LOd 4·8 ohOw ro•pecU•·oly 
!he nu¡o!lud.'o an1 pl:.a .. olE; !:1 Gtl..t• <r6<1SI•tor ompUflor o.! 
Flg. t-5. !..'le ret.~rn I.O:io ol por!~ ol tlle comp:OI<I b.>lar.o.d ompb• 
ller o.! fl¡. 4-<1, and \lle mo¡nltude an<l pi». .. el <he uUc el E:,tf:1 
el tho complota uo.pllllor of fl¡. 4-~ '"" prOducod by u.e o-Joro­
film ploll<lr oub<oullno o! BELNAP. 
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4·4.2 BELTIP: T!onsifnt Vmian ot BELII~P 
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" 

" 

Once U... cleslred ch...-'-0\oMoUco ol i. c~rcol< u·e obL.<loed In U.. 
eom¡¡lcx fre-quoocy dom&ln, 1< lo po••lble to obiAI~ U..m In l..to tllnfl 
domalo by oo.zi>edeal Lap!&ee \r&1>5fotm ln•eroloo. L-oL ~-¡ ,, bo lM 
LAp\.&ee Lniu.form o! L Lime l"'lcLioo /111, 1110 lmvouo U"Lt1>10r"' 
fo<mul'" lo 

• f''g''" (11) •- ;'lolo"do 

2•1 ···-·· 
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n>e dummy lnt<l¡r~t!on Va1"l.>ble , moy l>o wrttUI~ , - 0 • ;.,, wttll. 

• ··oonaW.\, WIUI. tl>e new lnUiaroU<>n •~rlo!Jle ~. Eq. (4-16¡ roo.do 

¡t¡) -

from wb1ob 

(4-17) 

wb1ch p\ao .. In evldor.ce tho fact t~><f"lo • ''"'1• ~· rourler tuno­
forro o! th• !uoctlon ,.-"'¡w, 

Lol u o •••ume !Oat J,":., 1 F<o. i'"'l•l•·• ls negllglble for oomo .. ,. 
For lnstonco, llli• w111 be truo U :F<• • ¡,.1¡ Roes down as 11 .. 2 neua 
!.o!1.n!ty. Let u a ais<l .o.<some t~<t f"(o. jo .. le'~' t•arles •lowty enough 
wltl> ., oo that 1t m.ay bo apprco<Jrnot<d by 1 secl,.. of plocowloe 
eomplex ao05tut.o of >ab;eo Fl• • ¡¡, -~·''"'' '-', k • O, , l, 1 2, .... 
o!N-1112, .loo • 'lu./N: S odtl: for equalloUITVa\.S o! length .\.o. 

Tho l.nle¡r&l o! Eq. ('1·17).rnay bo appro;Uma"'d wlt.b a aum aO 
lollowo 

"'' ". "" L f"(o • i!A.,\,.J'-'" ... ., - "" 
(4-lS) 

Now 0010 Uat !ha las! 5um moy bo !nt&rpn\ed •• a flnl~ exponon­
tla.l Faurter aortu ~t.ose cocntclen!• aro< V2>>n .. • ¡0\.•>. 1ho 
tl~n<~ lunctloo wb1cll the su"' o! Eq, (4-18) add> cp 10 \i > porlodlc 
luncllon ol perl~ T • 2~'.\.o. If tilO q•>ont!ty ~. ls sm>ll, the lun<:­
tlon w!u",..,poat t::;.e¡¡ a:ter o loni porlod o! "me T. In tilo UmU •• 
&, .• Q, N"."• T ·~.~,-1, ::te functton ooue> to repeot ltool! (olnco 
the porJod !.o !nfltt.lte) and ,¡., •pproxlnw.to su m o! Eq. ('1·18) gil'«& 
tho oxo.ct vnluo o! !he ln\Og<'"l on tho left, 

Thoro oro \hro., p.<nrnelero tobo chosen, "·"'•' ond .v. Tholr 
cl>oleo lo modo o.ccocdlog 10 tho lnllowln~ con>IO:ont!on•. n.o 
largor !ha a the bott.er the fuoct!on F<o , ;.,>.-'"" Ca!\ bo appr""lm~\e<! 
pleo<lwloo lly """•:ar.:o oloce the r .... cuon w!ll bo .,, .• l .... led !u 
lr0<t1 ll>o o.IO&"larlties. 01:1 tbo otlu>r land, \he timo functl"" ob­
la.lned hu to be multlp:ted at the ond by •"': ""Y orrnro ot largo 
.._~,.,. o! timo ....., llil• euuerato<l.. · The cut<>fl l<o<¡~.~oncyM, 
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(4-U¡ 

Tho rnost '>>oful property o[ tto 1: motrl• 1> th~l 1/ oevec>.l :<t· 
tormlnol networko are oonnuolo~ In c.loo.odo tl•.o 1·: m•triJ< ol ·.t>~ 

network ls equ>l 1<> !he producl of lhe lndlvldu.>l E m>lrloo; o! :ho 
CUC<Ided secttons. Bec~u•u all the porto hne a cornmon ter mi,.¡ 
U.. pOn condltl<>t~ lo ne•er loSI a,.j no Ideal translornoou or teils 
!or c!rculat!n¡ curunt. ~ nece5s.>ry )12). 

In lho anal¡~!• of elootrlo clrcults v.lth a d!gttal corn¡rut<r <•flO 
oflon oacrtflco• corn~ula!loo.>l d!lolonc¡• to g.Lin ~unuraUty wlon 
ulnll o "genero! pucpo>o ""alysh P•O!:ram." Whon onalysls fJld 
opttmlutton progr~ms oce OQo,¡pled, or ¡, Lhe no.ldng o! sLat!st!•»l 
•ulablllty sLudlcu, lt nlA)" O. nooe•b>r)" LOUS<I u-.e '"~lyolo progr"m 
hundl'<ld• o! U m&• bolo re tho ~osl¡¡n proceso l• omr; Lhuo lhe oom­
putALIOnol e((tclency b<<·omcs l"crea.lr.::ly lmporto.ttt lor >ucr. """"· 

To 0~"-ln aboolute maxlmutn comput>l!Onol c~!!cloncy 1t v.oul<l"" 
ne<:eu~ry LO""'" 5peClfl~ pn>~ram• (perhtops !n buJe l.>ng""-'-i:<'l) 
fcr eac~ c!rculL LO be '-">ly .. d. t~c~ pregram woul<l be u.Hmtod 
1<> lile pecullartL!eo o! tho ctrcu!t ln or~cr "' ,;ol~ tho perfor­
mon"" oi a.ny ur.nocoeos"ry opor"L!ons, Thl• fs q·"liu llOorlou•, 
oopoCially lor largo circuito, 11 many uOft3 of a pnr:!culu clrCJ!t 
aro g<:l)n¡; to be tn&r.tóc;,red ond her.ce e><h:luoU<e oornp<:ter "'"~loo 
uo ¡<>In¡ to bo ""'do. !.he wrltlng oi P"tl!tular P""i!r&ms lor c!r­
culta may be econon-Jcally Juotl!lod. 11, on !he other lf.a,.j, m""y 
clrcults whlch nre memUor• or a fo<r.lly uro to he m»>uf>cturo•d, 
allhough no puLicul"' met,bor hao ~ lorgo vol•Jme o! pro<lucLicon, 
then H lo betLer 1.0 ~rlle ~ oll¡htly moro goneul P""i'""' tbat 1• 
ca¡allle o! Loa]yUng tt.~ -..holo bodly •t>d ""O"•i~ St!ll bo moce d­
fJO[<>nL !ha., a geMr~l poc¡»ae <uo~l)">l• ¡¡ro-~ro:n . 

We wttl exloll>lt • ¡,,mtly of """''"''""'on clrcull• for whloh 
~xlun•l•o ~lor.t~ <;orlo ••·•llotlcol vori•L..Illty otudles w~ro re­
qulr<>d, lt !• pooslble U> •naly•o !.he f.>m!ly ol o!reutls wJ:t Lile In· 

dert-"'"' Lran>for mo.t"-'< ,_,d tllerel>y ~•In """""""" aom1JU!.>tlo<.•l 
a~•~L&¡e over me•l¡od• such u the lndellnJLo odmltUnoo motft.. 
whloh roqclre matrt.. lnvoro!on, 

MILlly four•ports whlch aro of lnt.oroat In rad"r ~U<d other co"" 
mu.oloat!on oystemo foil il11<> lh< el>» ohO"n oetlemat!c.ollyln 1"1~ • 
4-12. The boxu lo.beled .\' ,. V1, ..... v. reprooont four-term!nal clr• 
culto plus a "KtOund." A port ls mado !ro"' uch Lormlnal"' 
~round. Each lour-port may be obr>Ote<Ued by,~ • ~ tunsm!s­
olon rnotr!x 1: enoh ol wh!ch lo parLttlonod lnto '· ll. <:. 11 m>tdo•• 
Whlc~ are 2 x 2: Allmatrlco•hanectr!os wnlo.h aro co~nplex n~m­
l><>ro ._.,., ~epead on" frec¡uonoy. 

-·~-------------·----------------------
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To obl.&ln 11!0 Loto.! ¡,; matrlx el tlle • ""'"""e" !our•por~:~, lh<l 
Individuo¡ t: m.atrl<:u of tho oocticns au mu!t!plie~ In !he crdor 
In whloh. thoy appoo.r. r.T dooo"'" tho 1•: matr!x el lho oomp\oLo 
ne.worl< 0114 E, the f: m~tr!J< el ~'lo otll >0Ct10n 

{i-24) 

TM fh'Ot ond l>.ot oootlono moy corrospOO<IlO the <lr!VIn¡ ond load 
oetwcrU, 

E~oll cf 1M •~tmet<tcrlta o! ng. ~-n ,.Y ha•o., orlbtnry 
lntor'"'l •<ructu<e. The <:""-roOI.IIrl>atlon O! oaoh sut:metwcrk may 
bo dono theoreüo>lly or e•porlmeotaUy. Curve ll<t!os moti!Ods And 
pro"""lyots o! oubctr(:IIHO aro aloe applloollle ner •. Cer<a.ln oon­
Uprot\ooa wbl.ch bavo appllcat!on In Ole rooUoation el <!lrecúon>.l 
cauplero wlU be C01111ldered to det.o.ll. Fl&l'" .-13 &hOWo two !den­
ti cal \o .. le•• oaup!ed tronom.luton U0<1o eaoh wll.ll o capa.ctw.ce 
te ¡round par unlt \ength C, oapaottonce betwoen Uno• per unlt 
len"h Cu, ••U-ln<luc=•• por unit leOlllh ~,,,lUid mutual tnduc­
tanoa por unlt leogt.t> L,. ,.., loo¡:ll> of the Une• la 1. TilO¡; 
n>~r1>< o! tl>e rour-port o! fl•· 4-131o 

'.r· L• 
lou\h r. n1~ 
eo.nrl] 

w110re r, z., ond Y0 ue 2 >< 2 mLtrloeo i\•Oll by 

'·~ ~"'""''•''{¡ ~·••.,-c,;w.~.• 
(4-Z~) 

--~ 

..... 

'====>· 

loo .... "'"of\oHlno<O"'' ....... 

'• . [l l]F ~¡ -~§ ,,c.x - . 
' 

•• . [l :]~ ... : '" • u 2 e, ~v 'j i~ 
The.fuBoUcno f./ ..,.¡ olnll f.¡ <r1: 
matrlo .. 

co.t.f.J- ~ ~loobj><L,, L,,lc ¡.,.¡! 

'u ~ 
{l-~-1•• .. -• .... ,.~.· ... ¡ 

'" 

(4-ll) 

(4-2b) 

---------· 
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[4-:W) 

aest~o• the dlstc!butod seo:ton oonoldered al>;.vo, two lumpod 
oobne<>~~orko wtU be eonol~ered, 

'Yl:>< flr•t h1.1nped oubflotwcrk te be oonstdered lo lile ene ot.<J..., 
In Fl¡. 4-H. The ~ mati"'X or \be e1rcW.t cr Fl¡¡-. 4-l4 ¡, 

(i-31) 

wMre o la !be 2 >< 2 <er<> m.aU"lx, 1 lo tilo 2 x 1 utllt mu:rlx, ond 7. 

" 

The •ecood typo O! )umped •ubnetwor~ lo lle consl~orod lo ohown In 
Fl¡. +-15 wl>et"<> Y •. Y 0, ~nd Y ,ue 1M odnlitt.>n<:<o Of \he boxeo. The 
C =:rt. o! \he subnetwcrk Of Fl¡. 4-l~ ls 

whoro \' lo 

' 
¡;_ "· 
L -Y. 

·• l 
l, :~-J 

(4·33) 

---~--

For tl>o pntlcular cues o! Flg. ~-:t: uj 4-17, tilo oo:roopon<lix:¡: 
Y matrices are 

['e, 
' • L -e;.. - o3 

....... p.,, "' .... , ............ . 
·~ ...... -_.,, .. ,_ ... ,_ 

"'"'". = '• 

'• 
'• 

[4-35) 

,-,. <-1' , . .,_'"'"'' ""u<o&oo f~­
"~·-•-ol< .. <oO< .... 

•• 

' 

•• • 

...... "' "~'"''"'''''"''""""""'"""•• ·-·~ ·~-·-11 """""•'······~ ..... ~~ ................. of . ........ . • 
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whoro u1 aro oonduounc~• In milos ond C 1 o.re oap .. cU'"'""" In 
¡._,.~ •• 

Once tOO E matr!x of tlle complete clrcu!t or o1 a portion o1 U 
U lu>cwc fu& "Oh.>"' u:i.>s a.ro clloul>.16<1 vory Ol.mp!y le terma o! 
<t.. ootrlu <lf t, PutiUOJ>I..oc t11e E m.otrtx loto 2 x 2 IU&It'ICe~ 
t. n. e, O >Lid oooutnlng l.hat o lwr-port lo drtven ot pcrt 1, we 

hove 

,, ,, 
•, Ct2All- C21Aif 

' '• -e, 
>, c.,"n- c., ... ,. 

V 2 C11 A01 - C"A" 

v, C21 Au-C01 A, 

Al\ C.,- A,c, 
c"c"- c12c., 

(4-37¡ 

(4-38) 

(4-39) 

(4-40) 

TI!. r.n..ct1011 ooef!iolent r ~ when pon 1 la cc<~~~e<:t&d u a load 
lb a !<>""les• tnllolllloal.on U... ol-cl:luaolerloUc tmped••"' •o lo . - ., 

'• ·---
• • •o 

(4-11) 

rft .-tll In p .. ral be <»IDPIU. n.""Uol lle """'"i~ wtlll)r8 ), 
\he Yo\tage aWI<Iln¡ wavo ratio lo pvon by 

.~. 

..... Y'•" "' 0 "" ... UO" ,,,..U Oo '-"H.O" Ho •••• 
Wllll \heoe too lo, tilo m.tlya!. <>1 a c;rc-.:1< cont•lnln¡¡ Juo>¡>od 1.,d 

dlotr!I.>Uled ¡.aro.rnole<a, •ucll •• tl\0 ono •ho~·n In 1'1~. ~-!S, ¡~ 
eas!ly dOt>e ~Y ma<rl.>; mulUpU.,.Uoa >Lid appUc.>.tiO<I of ¡;~0• (-l-J7¡ 
10 ("-i2}. 

.. 
,,, ~" '"""''"'"""""'""'"''-"''''''"''"'·"· 

S..ppc>&e ltd a ~Jrccl! ol tbo lorm al ni, i·lt Js "'-"lo ~P GJ 
aeoUC>tla e~cb. ol ..,l:.lcb. h.u U.. Jntern.:tl otructu,.. ~f lbe e!roul\ 
ahown In t'lg. i·U, SU;>¡><loe lito cornplclc el«:ul\ h~• JO ••cUonu, 
E•eh .. cuon hoo 15 node•. 1'ho cornplele eJrcWt wlll •~•• 131 
nodeo (lomo el oodoo "'" slured by twoooctlonii), A pto~<>rn ouoh 
u ECAP would no\ IJo oblo 10 •<<>">mmod..o.lc•uch a clrouro..,.~ ovoo 
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'" 
!f !t ~ere. !t.o ""'"""' of """"·l"llllon to ""h·o 1!-.e c!rcu!t WO·.>ld bo 
conoldera~le. l:•tng an a!gorltllm a<~ o~ >S Ga .. u• olim!:».tlon pro­
COd>~ro.l< ukeo rougblyH!lJ .. oomplex multlpliC&tloo-a<I<!!Uono to 
oolv~ tho syolem of oqo>tlono ot oaoh frequeney. l!ore • storu!o for 
lho order ol thc mn«lx ~o! oh correspondo <o tho nurnber of nodu 
mlnuo one. Thuo lhe o!rcuti "'" ·~ con>lderl"': would t<qulro 
tO\lghly 1 "J tllll' • 0.8 m!llion molllplio>tion-ad<lltioos to 80lvo for 
one freque3cy. 

ne oo<lal admUI.>.!>ce mattlx el lile ne<work we u-e ooo.5\~erl"i" 
lo q>~Uo sparoo (has mllny •••oo¡: tllere aro moro o.lflc!enl molhod& 
of oolvlng lt U lto ap>rsUy lo ••plo!ted. 

U lhe tun•lor m•trlx molhod !o usod ond Uoo oetwork 1• con-
• olderod u a cucO<!• conneotlon of four-¡>ortl ol the ly¡>oo <11•­

cuu"<l Wovo, Ll>o ouw.ber ol c:omplex mt>\l!pU"-'-t!On-ad<llll01.o ¡><or 
lre<¡U<ncY ls 516~, tl-,.it la, oo!y 1/130 u many.1 ""'""' J.lOn"' 
CariO rcons In Wllloh ea e~ n.tn In volved ~00 clrcu!ts calcutoted ol 
lO froquenclno wore porformoQ. The rea!lor can est!mote lile 
onormou• savln~o t~ol wero ronlt.ed Oy ooln~ Utla method lnstead 
ol tilo oodal motr!.x metl>O<I. Ttlo princl¡>al rooo<m for tM •~vln&• 
la tll>t w\tll C&oca<le c:oofl¡:uratlons li>O n•itrlllor ol open\lor.o Lo 

ootvu t1>0 clrcu\L L• 1 1!""'' ILUioUn.o o: lhe number of nodn u ep­
po .. d to a cub!o lW!oUon for conor>l con!J.¡Urat!on• and ustn¡¡ lile 
nO<Io\ m•lrlx. E• en 1! the tunofer malrlx woro not u&ed, lhe prol>­
lem oould haoo ~oen solvod rnuch moro elflctonlly by oonold<rrlnK 
eoch oectlon as o sullnetwor~, onolydn~eac.~ ouhnetv.-ork, =<1 n.u!ly 
O-OnDOt:lr.g oU lhe oe<:Uo..- ObL>Inin;: 11.11. l.dmltt.Loce O>Otrlx ol 
or<ler ~O wb.lch lo oonslder>bly omallor tllll.ll. 133 ]2~]. 

4-6 BRIEf DESCRIPTION Of COPlER: 
A FOUR-PORT SIMUlATOR 

COPLER lo o C:O<Pputer progrom ..-rltten &L lloll Telephone Lal>­
orotorlos ]26] fcr slmool-itll!~ o clan o! four-ports. (A !k>wcharL ol 
COPLER lo ct.en In Tablo t-t(a), ando Qoocr!pUon ol tb.lo block 
oppeo.ro In TO~t., 4-4\b).J Tho program h"" been used m>lnly to 
prodlct Lho behovlor ol lurr.pod o.nd/or <llsLrlbuted <llrocuon•l 
ooupt.ors \27]. Th<r pro~run O'>lcul-otes !he "''-"lE ,.._tri.< ol o clt­
Cu.lt of th<r !orm o! Bg. ~-~~ glven the ••1-'u o! lhe lump<>d R. L. 
C.~ ele.,.nt•, To.lues por wt!t t.o¡;tl> of oouplood llr.es, or ope.._.a.l 
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aubrouUnea de:lnlng ubltrary analyllcal modelo of fwr-pocto 1~ 
tiLo lroquoncy don.&in. 11 codo veotor lll<ll<>~~tes 10 U.o pro¡rarn how 
tho elemenU are oonnoclod, The pro¡rarn a!.ooperformoa otaUoU.· 
oal tolor:lllce an.>lyo!l U>lng a Monto CIU"lo melhod and Wtldn¡ .,. 
nnt.&go ol l.ho to"'ronoe onaly•l• optlmi<oo tlu! notwork througlL & 

rouul<>m walk, Inorder todo tlu! &taUoUct.l nrW>!Uty al.tldy COPL!:R 
b.a.o uoonl p .. u<lo randam o"mbor p..,uung oubr...,Unea. Taklng 
O<!vaotap o1 tilo f&ot thol Ule crrcult 10 onalyZ<><I for t.b• ataU•tlcal 
nr!a~!Uty otudy. O?tlmum puamotoro for the •yotom may bo /ound 
~ o>!oul><lng a "crHorloo of performU>oo" for en oh varlatlo~ o/ 
.lo Oll"CU!t '-"<! u>l<>i U>o value• oltbepanmotero Wl ¡!ve l.ho be« 
cr!"'Mon of perfor,_,.oo, 

( 

. ; 

1be ot:t¡>UI of COPLI:R Undor ; <rlo~• ~\l"'>s hu::lu:lu: prtr.<lq; 
or pr!Iulng &Dd plotuo¡ ItA pllue &Dd m&,:;nl<•d~ ot tbo vGI'->~o 
raUco glvon by Eq>. (1·31)·(~4~) loo lhoo \'S\\'R ¡holl by ¡:q, 
(~·4i); prlnUn¡¡ of a "perlorno~ce lM""" lor each <rlol, o.n~ <he 
lirM and ~O<O!•d momcnl" o/ lho "porlo"""""" lnol..,." ol ~ oot o! 
'""''"~; '""'" •t<•-m1 a "'-'mlr •• [ "'·'""''m,.,;..,,.;,,., P•rorr.ot.<r~ 
hove •P<~Iflod •t.. U.,!<~! <ll>lri~>..U<>ll;j. hr o~u. lrl•l '"" ~ro¡r. rn 
ah<> vrto<s L~e <:<><nple:.o ..,, or p~r~,-.. "'"- o/ u.o clrcul\ ......_l)'ltd. 
O!ven a deslrtd lre<¡'O<!nCy t.ol•nlor Ulo prcium c•I""J.too a 
"arl"'r!on of porlorrn.nco" lllld prlnu; U.. oot o! puomoton wHh 
tho bo~t crltorlim ol perform,.,co, Th~ro ar• teverol crl<orla ol 
perlormUiro av&ll.oJ>le ..,d tilo uoor "'"Y del! .. ll.Jo ow11 by ,.,¡U-,¡ 
hlo """' &Ubl'OilUne. 

The Input Lo L'>e prn¡ram lo user-<>r!ento~. Tho ~>la 11 focl •~ 
lormatleS$ form .;,,.~ Ule XAMELJST Joatoro o! I"ORTRA~ n·. U 

• ¡.,o.ny elemonto ar~ repoato~ thore oro •lmplo woys o//ood.J.n,¡ 
\hom In. Tho Olrcult of Ftg. 4-1~ With tilo !h!t!al normali<o~ u!uo o 
&!>own ,..u aoalyzed w!tll l.ho al~ o! COPLEn. F!~ro ~-2~ abo"' a 
th<l lll.agnltLido o/ Y1'1' aod Fl,. t-21 l.ho \"~WR vu•~• 11<lrmo.ll<td 
!Uq".>oocy ol 111...., rondom v;u-faUons of tilo ctrc-.J.lt o/ F1~ • .¡.¡~. 
FlfU"" t-22 ahows • ~lot prO<Iucod by l.ho SC·-1~20. Tho plol coru­
apond• 1<> tilo clrcult o! fl&. ~-la wltll tilo loUowlnll" norm.ollu~ 
ul"""' L11 • L;, ~ 0.03~33 honrleo, L., • 0.02$ henrloo. e 

1 
• e, • 

0.01033 faro.da, G • l rn.llo. L • 0.316 benrlu/moter, L •• 0,12$ 
l>ellrlu/metor. e ~ 0.0~3 fonda/""'"''· c • • 0.225 fuo•d•/-tel • 
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"' 
and 1 • 0,33 meter. TI>= plol ahowa L'le m.o¡¡nllude ID dll o! \he ,.,11-
•go ut!o 1',11'¡ veuuo ncrmoU<o<! lrrquency. 

q OUTLOOK 

In ul.!; ch>ptor tho ~>lyols Of llnur C)rcul!s conaloUD¡ ol lnler•' . 
_,-oonnected IJI.<Ck oo.cs "'"" <ru•.od. (1\'o O<>n5!~er con>onliona\ 

''"·P•d elen'""'" "'P>rUcul-•r coee• o! IJl•ck h<>XCO,) Three pro• 
1r•ms, 11!.:!.1~,\p, m:/.111', and COPU; B, w<re brle!l~ describo! l 
and ex>mpi<O ol tt.elr ootpul ~·ece gh·en, 1M bl>ck·l>O• opprooc> 
t.c the on;l¡·ol• el lnleJr.Hod clrcuH~ olfe<S •••·eral•d•:><ll•gH n« 
0\'J!l>Uie ~-nh lhe exL8\Ing ~er-eul-purpo><• computor pro¡;:-><:lf, 
Arnon_" '!lO'" aJv.ld-<~•• •ro: ar.•l¡>!O o[ l"cg~ ilrcull> O) pl~ce,, 
modollo; o! ''"'·"!"oro >od lfi\e~r•t<d drcu!t,; by «po;r!rcu.:.:l 
measucem~r.l~, :md !ocla;!on o! d!S1 rl~"lcd ele~~•"'"· T~e or.•ln!o 
o! cb:U\ts L.y p\ecc• no< only dle,!.too Lhe pcoblem o! llmhod 
momory. ""1 ~¡.., g•ln• eonal·ler>!:l• corr.p·,I.>Uo,.\eU!c!enc¡· slnce 
h !al'.o" advar.lo~e o! lh" •r•r.ily .ol too nulr!co> o! \he ne•.worl<!:. 
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r~olod lo O. l. A. 

A Gqural Tran.sformatWn With 

Afrplicatünu to Circuit ThoJry 

by M, A. MtmRAY-LASSO 

Dt!l Tdeplui"" fAOOratorl~, lnc. 
Wilipp<m~. Ntw ltrwr¡ 

USTIUcr: A ¡ornt,.olfuru:lilmal ''·""''""""''ilm U inUodU<<d ond '"''" opplicdlion.o lo drt~<if 
Wot¡¡ otro ~;..,., TAo w...¡.,....¡;.,., io mool ,,..f,J in lloo "'"' of o><li•~, ~ cir<Uil.o. 
Thio fun<l.itmaltro...,¡...,ctiOII illlrod""'' ntiO rollageo o,d <UTT<n!o' trhid. orolin<M C<l!>lbin.a.­
¡,-.,.. of 1M trrigin.al ool~agu ond CUr7<714 plw lhtir dtrioal.:..., inlt¡rral1 or m<lr< eampiÍ<:al<d 

implicil inltgn>dilT~/iJX rtl<llimWiipo. Th< tro...¡...,.r.:c... opp/it:d lo 1M ...,.,.,.Ir mav bo 

eampkulv "''""'"'«tullo rArlrcru/llni>Aiilm opp/i.td lo tAo~-
Tho lra'll/liNMI.i<m ""'V 6t IJ.ltd ¡(,. obloini"f <'f"irolrnl rimlilJ tJf ....,.. dniriog polnf 

imp<dc.oa. AM!h.,- PCluibililv io ohlaini~~p <q~<u.altnl .,:,..,¡¡, offoin. r.r"u.M/or impt<~o...,. 
hJ,.;¡I¡ d•'ff<'0111 dnirin.¡1 pcrin.l imptdancu, TI>. ¡..,...¡.....w;.,. M...U... ~ opal...., b>­

lcúral and """-Miolm>l .,:,..,U, "' ID<U "' CÍ'cuÍÚ <Oftlaining CMOI7i.&d """""' /[ """ 
oliO Anll<llt w ... u. ccn~Dining .._:,..,¡ ~. Si"'p!, ft.....n.:.:.r namplu""' vir'm in 
odist, .....,-hiloltrcl, o~ poui" OV"IAuir,"' .... u •• in in...Jy<ir. 

lnlr<><lucli<>n 

Tha trnn.afo!ll'll>tion we introduce;, most u.sclul in the area. of active, non· 
bilntcrnl cireuita, but niay al:so be applicd to p=ivo, bilatuol one.. Tbe tnm,. .. 
form3lion is ini\Í3lly formulalcd in abol""'t terms, oo that il can be applied 
\o di!fcreut aituations. llolh Iba dependen\ and independent variable. &re lran&­
formcd, lea.vi~g, for 1113t&ntt!, tbe pOII.'Iihility of applyiog ooe lmDI!Íoriii!Ition to 
tho voltagcs of • clrcuil,lwd s completely diffe<1>nl onu to !he curreot.l. The fono 
of the fuoctioll!ll oquation relating indcpendeot and dcpeodent variableo is Jeft 
innriant. TIU. dot.crmineo !he tran~foriii!Ition of the impedau..i aperator .. Mter 
tbe lriU>Ifortn.at.ion \.he new varlableo are interprete.! w:in¡ the......, interpreta..­
tlon tmployed for t.be ori~tnal vulablca. 

79 



• 

'• 



'. • 

. ,_ -

• 
Q,.¡]iboliy U. ollo"cd lor t.bo lnnelonnolioo o?eral<ln oo tbat wben ap. 

'pliod 10 t.bo genoratlnn o! oq~ivolonl ol"'uilo U"' lnmolormnlior. m•y HO from 
~ • o bilat<rol nolwork f.o o 11011-bilotcral one and oía"""'· JI may o\oo 1•••• o 

lranafer impedanoe iovarianl whilo .U tho drivlng poiDt im¡.ood.,ceo ehaogo. 
'J'h ... prob].,. oannol bo h.ondled wlt.b tbo CO!llfiiOOI tniUIIonnotioo whlob 
hu rocci•ed • goOO d .. l ol oUcotloolrom ......,b.,. Cllocorned ,.¡¡b oqulu]..,¡ 

. notwurh t.bi<IU~ liDe&r lnnelormatloaa. · · 
Moot of tho oppliootiollll p....,oted ID t.bo papw ore 11> tbo fiold of oyol.beol>. 

H.,....,.,, to demo .. uat.o lho VlllO&\Ui\y of t.bll fuootlooal oopect Or 1M¡ .. .,... 
. fonnaUoo oo opplioatloo lo onalplo illoloo ciYea. 
. . . ~ -
TrdnV'or,...u..,. Eq,,.,,¡.,.. 

Con.ider \he fuoolio,..] &quoliOJI 

"' 
~noeot.ing lho mopplng by t.be ~ Y of tho """"¡, (or_ veolo") % iD 
lho Lirle&r -lor opaco X--<al!od tho domafu of F-ooto U.. ""'"lo v in tho 
liDe&r <oootor opaee Y--.::.lled t.bll mngo of P. Tho operatw P illlnnr, \lu.l io, 
1'(- + ~) • "'~ + ~Pv; '"• {loo.,.plu oumbo!"'. 

Now mole lho follo,.¡,g ~IHiinJUinlnnelol'lllotlonl!: 

z- Pi,_ "' 
"' n.,; j.;,¡,y! &lid~ o.nd t.bll oper:otoJo P, Q la Eqa. (~) ...d (3) baV.'o~J 

...WOfDUO to U.. ent.l11,. iD Eq. (1), Bubot.ILution ol E<¡o. (2) o.id {3) into (l) 
liveo Q{¡ • FPi. Bin"" U.o Operat.!om ...,...nw.l b7 Q io n<UI-.io(lllor 

,., 
;..h • .., q'-< lo ddiiiOd lnouoh o ;.,, t.b.t Q-'QI -1, QQ-,. - o, 1 b.;,.g ID t.be do­
m.tr. ol Q o.nd • boln¡¡ In ho nngo, ' 

J~ o DOW Oporator F i,o defintd ....oNiD¡¡ to 

(5) ' 
Eq. (4) moy bnnit\etl 

"' 
'Ibe open.tor P p,..n by Eq. (5) 111opo tb. poinLe i ol t.lte"o~ k onto lho poloLo 
'or lho op ... f. Tbo ._ to bo oorWdemi iD lhio po.por.,. of variouo noWno, 
for lhio ......., lho VamlruonaUon lo fonnlllaw.l In obolnct termo bomnrin& 
lho ll<llDI!III.WU... ol fufiC1Jona.l ~ EquatiODII (2) ond (3) DIO Y bo lnt.or­
prdod la lwo dllf-t ""7"' 

' ' . ' ' 

~J IA<ari~"<·Obj..,l Tra"•/.,..mal/...,o • 

.. ' ' ' Conaldor ~ ond i u ~vin~ lho coonlinot.oo nf CM- ol>j<a (polnt) ,_,.... 
io Lwo diJJ<rml fro""" o}"'"""'"· Tloo u¡><~~"" !'p..,. o n.lo fot Lniw.t.loa 
lrorn onolramo to tho olher, or 

b) I ""'' ¡.,,¡ <• Co(.,..¡¡ na 1 •• F "'"'" T ro..V .,....., dono. . . . . . . ' 
Conoidor;, ood i u dijf.,mt. ol>j<do. Tbo qu.,t.lt.loo :o &lid f boiDc U.. aoordl· 

111\leÓ oltbe dilf~nt poioLe iD 1~ ,..,. •of- ,_., Tho oP.,..tor P cin10 
Lbo rule for g<>loi¡ from one polo! to ~~ olher. Wo oholl oonaldor &pplloat.lot>l 
ol botb lotupr<Le\lo,... 1 

A lunetionol "'lti•tion ol \~ form of Eq. (1) ""hith o.W. ln drouil \boory lo 

"' . ' . ; ' . ' . ' 
Tho ~o! Lego • ""'d \~ curttoL i,.... funoLiona ol Lho tómol Tbo opon\iot>~l od· 
millanto 'Y or iio invono .,. olten ~veo in the formol o dili<J'Oo\W O<juoLion 
or i.o the foltll. ol Lhe kernel o/ a ouperpooil.ion inte1nl. The fuZ.cliono • &l>d i 
moy be """"idered u poinLe in o fiOflde.oumorobly infillite cl..m:iooa~oo:>&~ ¡¡_., 
veo: LO• op&co o.nd 'lf .. &11 OJ>UIItor "hiclt IUpe lho poi.oio • of U.. opo.oe Y O<>to 
lbo poiol& ; ol U.. op&<o f. S.~ cun...io may bo <>1 lnl.en>ot In ,¡ .W..il¡ be-, 
in E<j. (7), • .,¡d i lll.aJ' "'p.-ni oolumn~ · 

">(1) i,(l) 

.,{1) i,(l) . - ,_ ,., 
• •• (t) i..(l) 

'' ' . ' . ' ' 

... d 'lf moy be opeoiliod by • ..,¡o/ oimult.on....,, dlff~oliol "'!nlio110 Or .. • 
motril< of korn<!> of o ouperpo.oition iDt.o¡rol. In thio """' • ol>d 1 m.oy ot.IU be..,... 
oidett!<l ""poinLOln an infiniLe dime"'lianol op ... and 'lf ""lbo moppln1 oon-¡.. 
in~ lh .. c f.oint... With there prelioninOry eoncopl<! somo opplieol.lona ol lhO ,,...... 
formotio;, given by Eq. (1) ont c<msiokml.' 

'' '·· .-fppllcatia., la th• Syn<l•••l• of ~·~,.;.,.l.nt Ci.cuiu 
•' ,/ ! ' ' ; 

The cin:uit d.,.,;gner io lote,..,.Led io equlvolen\ neLworkl beuuMo 101110 lol'ml 
of ciiouiio mit.Y be more ouil&ble \bao ol~ra u re¡&:<b ooot, ..,..¡¡jviLy, Op,....¡ 
o/ eloment. volú .. , obsOrbioi otrof Volu .. , ot.o. Soma "'luiv.teot ... tworkl .,. 
t.riviol v&riot.lon. oi each othor (lo• oample, repli.oiog o miotor by two iD 
po.rollel). 0\h<Iii mi.y cont&in olom.,¡Le ,.;u. negoli,.. y.Ju..., or llllD·-iprocol 
demonio, oi- •ory dilf""'ot \Opoln&leoJ 0\tuclunlo. , , 

Ooo wa:r olproducio¡ equlnlaat DO\worluo io Lhroqb ¡¡_, lBnof~Llo..; 
A. powerful iDeLhod wu ~by c..,.; (1) iD ¡g211. Writinc loop eqoi.o.t.lono 

.. .. . 

·' 



-
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In matrú form, tho loop '"'"'"U aro ITAnof<>rmrd k""ph•~ lllo o no,;~ luncliono 
in>Miont. 1hi, rrwlt• in o"""~'"""' l<~n">!nnnntion <•1 tho l<oo•r im1""hncc 
m•tric. JI,¡..,""'"""' in a¡,.rti.ulnr ].,,p ;,.).,·1•1 innrlool by •uita~lo '"'lrio­
lion' oo !ho tro,.<JormMion mnlri• it loltowo lrom l..n¡:ron¡;o"a "'"•tioM tho\ 
tho impo<boce cf tbot lO<¡• "'""' "m>ln tho .. mo. Tho lr>n>lorm>lion m.>)" aloa 
b< •ppli.-d lo a node-to-datum &olmi\lan« motrh. In th• Couot lranlformotioa 
\.be olorn<n,. ol the !non>fofTil>lion motrú ore noal rofo.!!noto. Tho \ra.,lorrna· 

llon b,_, ""dn<l tho alt.onllon ol ""'""''"" in• .. ti;;•tn~ (l. J, 4, 5. 8, Q, 11). 
Cauer •ho~N th.ottho pno.i<i,·e dofinil< 01 "midefinit~ chu10l<r ol tho pa,._,._ 
el<r Jn•lrireo ;, botb """.,...'Y and .. "!ficicnl lor ,..,~,.bU<IY ~·ith t>D>itivo 
cUcuit cl<mo~,..., loo~..., ideo! L<an>fotm<f'O ,,. alto~N. Thio l''"i'"''Y io P"'"" 
te<>N by o '"""""M lron;fonn•tion. Thi. im¡oli<:> tb•t if lho nodo·Lo-d>Oum 
admiu~n« m.•lrú ola ¡=i"'''"~~•k;, Cauor \nm.lonnN. \hr ,...,_,ltacl not.­
l<Ork ~ill t.. P""'i"'..., lor .. tho nOO .. tn.dntum pcrt.o .,. conl"<m<d, neo 
th<>u<h '"'"' dcm<nt.o m.o¡· [., O<tivo l loo" <r, it ;, do." th.•t 'h·to \no oi<euo .. , 
ooe o! ~ hich i• r.,_..,;,, •n<l lho olhor ...,,; .. , M O<< O !ro'" o Kl ol ooJe-Lo-d>tum 
pnr\.o, 00\h ''"Y ho" tloo ••mo dril"i"~ ¡ooint impod•n<o Al CM pof\. nut th~ 
Cou<f l•~n·l•"m.tioo oonnot pmJu<o tbo aoti•o cirouitlrmn tho po,.ho ""'· 
Furthonnon'", ~ith \he C•u<r ¡,.,..,lnrm.•lion tho r,nol dn:uit. ~•11 bo bil•<orol 
ilthe origin•l ctrouit u.• bilnkral "fhio;, o '"""''q""'" ol !he¡,." thot o cnc­
¡r"ont '"'"'l<mn>lion ,¡,,.,no! ol<~lroy tho oymmotry d ·' on•lm. For thc ... 
.... wmo, in OJ""lh<''"' i" 1ohieh p"L ... iYe, notivo, hol\lcrol """ nonl•<hlcr.•l nol.­
l<Otko ""' ni Íf'loorosl congruonL lran•lunn.,liot" h•vo l"l·>lrict.e..l op¡oli<obility. 

In tl"ol!l popor tho dr<ui\ oloon•nt.o ""'''"""'¡ In ~. •1 lho diop"••l ol \h• d ... 
•ig.,or ore, oor.,lont resi>to"'. indueto"', '"l'"'"''""" (o\1 both po•iU\"o "'") "'6"" 
li••), g:,·rol<J,., anú conlr"llo·d "'"""'' ¡.·.,, ti,,.,., eh•nH•nl• tho co>mpl" lrc·<tU«><y 
~om•in "'1'""·""""'''"" io ,.,,,.,.,;, . .,¡. l!<>wen•f iJ 11"· ¡,,.,,fottm•tion lo applio:d 
lo timo 'aryiug ci«ui\5 il mi~loL bo more tot.,·ot•io"\ vo ""'k lu tholi"" doon•iu. 

Thc oUitudc ol all•,_;,~ lor 1,.,.,,., ~··,.erolity io lurthor motiv•l...,j b)" tbe 
ft.Ct \ho\ ~i:h 11" r<O<Cf'l ÚC~<·I"P""""'' in nwnnhtloi< •nd ~\l,cr intc.:rotcd cir­
cuito, roore tloon ido.,, ti,. ,;,.,;¡ d<·>ign<r 1• ;,.¡"""'~'! in cqui•nkn\ dn:ui .. 
<Ont.aioin~ oc\ive n"n·Lil•lcr .• l denoooolO. "rt.o ouirMninioturo ln•n>i•lor \.orlo· 
nolo~y luu ..J••toe«l to ,¡,., t•·int th •\ "lkn lt io "'""' d ... irololo •~ j.,tru<loce 
l,.,,¡,lut> ll>an l''-'"""C rlo mm t.... Th)., •itu,.tion iotopliro thnt m<th.-.Jo ~·birb a 
f•~ )<Ar> op> ~ ould not l.o>o .,.,.; • ..,J !lo< o\lcnlioO> ol cir<uit d .. igno~ hovo !.,.. 
eome relevo ni gi•eo !~o p..,..,nt •1•1< ni \~0 art. 

TrQn•fo•mn<óonfo• l.no,;on< 1/,;.;n• r~l•u /m¡,.Jonr• 

Suppo"' o rimut ¡, anoly<«< oo th< o<XIo L..;a uain~ ""'"'O>d..., \be d~tum 
modo. Tho oquilibrium oquotiot" rnay Lo -rill<lt oymb<>ticolly iD the lime dom.o.in 
u ¡., Eq. (7); • loDd i ., thc •e<lon givco by Eqo. (8) o.-.J "ll t<P"'""''" l.be olit­
l<=t.W oqua!ioO>O liD~iug o oud {. The<om~kc f~u<noy d""'oJ.. r<p"""mt.oUoo 
el \he <ir=iL ¡, w-Jy., •p~ti,.l.loo uf Eq. (4), 11 U.. variabi<O ol Eqo. (2), 

(3) oO>d (4) ""' idontifo«< bl lll<t follt>Wio1 way: 

z ~ •{1), 

.r - i{l), 

± • Y(o), 

~ • !{o), 

P~B([·Jo-·~. 

o-•([·>r'<~~. 
'" 

(lO) 

{Im 1.bo dofioil.ioo o1 tbo ifllqtal openo.toro p IJid Q, E ot.o...do for !1,. N X N 
IIIIÍ\ mot.U.) Equo.tioao (8) .-J:o, for l.bio .u. 

wbere 
/(o) • Y(o)Y(o), (11) 

!,(o) l',(o) 

/,(o) Y,(o) 
!(o) • l'(o) - (12) 

t~{o) • 1', (o) 

aro thc double-oidN /.o.pl,..e ""'"lomos oi lllo '"'"'"\ ond vnl!op lfiCio~; 
Y{o);, an N X N motrú ~hu><,.,,,.¡.~ ore, lor !tU; drcuit.o, ,.,¡.,. ol p<>ly· 
nombt. ol lbo oompl .. •nri·•hlo t ol Lho J.aploco \rooulormotinn. 

Equ>ti<>n ( ll) i> "" """'l'lo of Lhc in•orhnt-.,Lj"t lnt..rpr<toti<>n Qf a tro,._ 
formollon. •inoe tho nm ,,,¡,¡,¡,,, ''"Pr<><•nl lho M>ne rurrcnlo nn<l tho onmo 
vol<.,..,. In o diiTof1!n\ fr.omo ul role'"'"•·• kMwn"' \1>0 onntph lro~urnoy d<>­
mnia. \\"e '-'SUme li>M tloC. [mn.•lorr01"lon ¡,,., bt<•n dnM or.d 1-:q. (ll) ¡, tho 
ol.orttl>~ puinl No \mnslortnor< of '"'"""\ induolnrn·•·• ""' c<or.•i<ltrNI \.o bo 
¡m·,.·n[ in !he rirouil• di>cu~"·d. In E<]. (12) l"¡;, lho Y<>ll:o~" .,¡ thoJih "'"'" wilb 
=pool lo tl•o JntOJm; /¡ io !ho •u>n uf 11,. """'"~' i"j"\«1 lnto no.loj by tho 
mrr<nl ;ourroo; 1"., ;. tho 5Um ol oll li>O n•lmittond"" e<Jntoee!<'<! lo tt<><lo j; Y,. 
;, tlo• n• ·;·•O" o ol the .Jnoitlnnco onnne<IO<I bo"' """ n<..Jo.• j nnd k. 

Con;ider • ott~or< ~·i<h ooly ooe ruttcn\ onUr« oonn...,tN \.o tho hm 1.<'­
min•l• lotrning a port ~loOO< dri.in• I"•Ínl im¡>Nonto;, ol lnt.o .... t. MUo (be 
""de in\.o ~·hiob th.o '"'""'"' ;, <nt<ri<•~ lrom tloo '"'"" noJo [, ood tho o\bu 
tloc dotutn. l!enco, 

1 ¡{t) 

!(t) - " ( ,., 

• 



• 
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[(o) • .ll(t), 
( JJ) 

\'(o) - n~'(•l· (l~) 

t>d B bo N X N molrioe!! wbooo entri .. ""' ,..¡ioo ol poly-
),d !he op<ratora A ,• ( lb (unetionol '<¡uollot~ ¡, hp\ Jnyarianl, Eq. (Jl} 
...,rnlolo of •· U lbo orm o • 
b 1,,,..!ortn"l Joto 

r- n ( !5) 

(16) 

· · 'o"·· (1>(• ond (14) lo OD invorionk<>o>I"<<ÍIIo"'" Tbe tranúomool!on K••'" 0 -.- - dü 
·" 1 " (hot Lo thc ne~· oumnt and volta~e -.uon nill be -fmme \nooworm> 10 , • ( 10 

' · 11 T' "'" be "'"''"""! in lhe 111me l'<"(eroo•• ram< .. o lerent )'"l''"" Y- "'1 . , . " " , ¡,."" ~hich mo~n• tlooL o.flor LhelronslormaliOn tuo1n r-
oiJ '"'"'"t.o '"" '" g • • • _____ ,, " 1 " · ( J 1' ¡· · buod on tho, '"""' '""'""" tbot •. .., ....,.. or • n "" pr<t.IIOD o , , .. 
pr<t&tiooof/,I',Y. od ¡ ·'tl 

JI ¡¡ ¡, o,..;...:! t.o k<<P tbo drivlng l>"lnt imp<d .. << _be!~ «0 D 0 onu lO 
· • 1 <'< ~r,t.oro A and n mu•t bo rootricl<d •onoonhat. For tho 

dolu!n mvonon , " o,.. d · 
or\Eioal droull, th.t drivi"l potnl irnpodonco l"'m nodo 1 to groun '-' 

, - v,;r,. (U) 

J • f!JT~ (18) 

lf Eqco. (18) o.od (17) 
... , t.h.at 

'"' "'lU&Ú'd, \lo< o¡:><toton oro to be ,.trloLed in ruob o 

Y ,JI,- f!,¡T, 

~ '"!ioliod. j¡...,..,, o ~bW!y io to ehoooo A &nd B ruob !bol 

r.-~v .. 
1,-~t .. 

(19) 

1~1 

(21) 

.,:.... 1 Lo .,. arLltrary rotlo of polynornlalo of •· lf tho ma\:U D lo o/ tht lorrn 

B _ r~; ___ ~;~ ... :·.-... ~~ 1
1 

<ni 

_n,., s,., ... s •• 

es 

,~, 

Eq. (19) ..;u be •lhfird oD<I ~ !ro..,.oi'!Jiod cln:.tlt ..;¡¡ h•~ l.ho .. '"' drivio1 
point !m¡i.do~~et beto.-..,o nodo 1 ond tho dotum .. tbo ori!{inol oin:Uo\. Tho 
lr&n.lormod drtuil ~ill, In ~<nerol, <Ontain oontr,IJOO onuroeo. Tho ohoJ'kin:u.il 
od!nitl>noo ,.,¡,;, f' nf tbo no-.- dm,-•1 lo !Oven by F..q. (16). For furtbor olui4-
ution o\ W. point wo IDtroduoo • elmplo ouflloriool o><mple_ 

-~L__L\9.!' ...-L._] ... ~, .... 
~ . '""~ -·~ _ _______:_ 

Foo 2. C"<uiL ...,..,..,d;., lo f ol Eq. 30 
ood/ol!:qJ(. 

C.,noidrr tbo cirruit of f"ig. 1. Tho driving po]n! lmpedaoeo frt•m nodo 1 to 
tho dalum lo ono obno. Tho ohnr\.-dftuil nod.,..to--dotum odmiuau<t motrU lo 

,.¡-11(2 
" 

"] + [' -·]-[""" -na a o n 
B7 Opp]ying tho lriL...,.Drtll&!ion o/ Eq, (15) il io d .. Jred lo olo\aln O W.U.al 

cin:ull thol hu tho""""' dri>ing poio¡ !mjl<donco ¡...., l><ld.t 1 lo !bo do.l1l01. 
Uoio1 Eq •. (lG), (Z2) aod ('ll) )-iold 

"]['" -770 B., 

' -[ 

-Y-+ 77(Ca/f!) + 

(-YCu + 17C,.)(l/~) + (lll>C,.- 170C,)Bn 

:J (7l) 

(~- noc~¡s,l 

(lll>Ca - noc.¡B,. 
fUI 
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(27) 

ftom •hich ODO o/ \llo artll\not)' ~toro~. C,.. Ca, Ca, B,., Ba moy be ~lim­
lruol<d. Al! \llo root of the _ot<,. r=uoin orb\t~ry. Tbe /oUo,.¡,s ohoi~ 

~ ~ 1, c .. -+. c.- o, 

al• .. ·'"'"' Eq. (27) 
B ... - n. 

...,.¡ yi<!ds thololJo,..¡., r motri:. !mm Eq. (:!&): 

Thot le, 

f- [U/2 
-•n 

[ ;:] 
r, r,. 

-•n] 
13/198 

r,- nr, ~ nt,. 

B,. • O. ,., 
(~) 

·~· 

(31) 

llenoo, a '"'otrntlod """""'o! tho ,·o\ue oho,-n by Eq. (JI) muo\ be '"'""""l<d 
''"'" oodo 2 lo u,. dolum. The dmoit reolizing f" o! Eq. (30) ond .,.;t.lo tbe 000• 
trnll«l eun;nt "''""" indiooW hy Eo¡ (31) "PI"'"" In Fi.o;. 2. /ualy>lo of tbo 
c!n:uo\ <ol !Jg ~ obo•o thnl lhe ~rio·ihg point impodo.,.. lrom nodo 1 lo tbe 
doturn i.o ono olom, 11« Mino .. th" o! Fig. l. 1\"ilh tbi.o ttono!ormAtioo the 
&J'fW.Ior ., ... climint<J •1 the <'!""""" ol h~viog a ooMrollrd -..rr •. 10 the 0.,¡ 
ot<.tion M ohow ho• "'ovoid \loe oontrulied """"""'· 

/nt<"i""' llrlo•i"8 Polnt /"'!"''"'"" lf"Jr/ooul 
/nlrodudn8 r:.. ... ,.u.J s~ur<e> 
In tbe cin:uit ol Fis. ~ • <tlolru\l,d '""""\ ""',.. o.ppeare;l d"" 1o tbo f&<l 

lhat lbo matri:. A ·• hao non . .., deonento lo tbo 6rot eolumn. lf tbo ..,_.,,... C 
ol Eq. (22) i.o rootri<tod l<l be olthe lorm 

[
,c .... c.] 

k'- e- o .. ::: .. ::: .. ~·~ 
O e,., · •• Cn ·~· 

l 87 .AC ........ r.. .... ..-.... 

No ron\roli<d ""',.... oppoa:r in the ,..., eireuiL Tho 1"001. cltbo p""'odono lo 
i<lenticnl L<l tho pre•iou• one. Ret<ornin~ lo Eq. (2~). if e, ~ O oo Iba\ F.q. l:t2) 
be ,.¡¡,600, on~ lho lolhwinK chnioo ;, modo 

1- 11, e u • 13. e,. -13. Bu..;, ... ,, 8,- ....... 

tbo reault!n~ P lo 

·¡·~ -•] '- . -. , 
Tbe co"""¡;o>ndin¡ dr<uit i.o .bnwB lo Flg. 3. ,.~,o,.. tbo dri.-lng polnt lmped•,.. 
lrom node 1 lo lbt do tu m i.o uotl1 ... ÍB Fl~t~. 1 ~nd 2. llowo-.t, no nn.lorw or 
con\rollod >OUr< .. app<.,.. lt i.o .,.....iblo n\oo \o o¡<> fmm a \roru!lonnM <Í"'oit \o 
tho origiMI oOO hy Appl)-in~ nn.,tl"r """fonn.>IÍo". Frorn Eq. 1 W). •nlving 
!or Y,¡·- ,tr/1·'. which "'V"'""¡¡,,;'·""' ¡,.,,,_fonnution .. Eo. (lGl •iooe 
.1 onJ A_, ore <o! thc o.> me form &n<llikowi<e ll an~ o-•. Tho (,..,¡ ¡, nbvinu• il A -• 
!.> oltho fonn o! F.q. (ZJ) oineo oll rho okmont.o oto arbitrsry. l"or molric .. ol 
the !onn gi>en by t;.¡ (?.!) "'"' tb.>t. ««pi lhe fonl, oll roi.O\of"O of tbo el .. 
mento io tho ~ .. t ""lumn ni tho ¡,..,.!"'>'<' ol /1 oro oorn. l!once, n·• ...;11 ho~ 
zero1 in tho clo·mcn\o ol !he¡,,.¡ tow (c.cepllho foro\ rlo-tnrnl). o\ oimilor ltolo­
monl '""be rn><IO !or rnolricC9 nfthu form given in !·;q. (3Z). Thlo moono th.ol 
,.., "'"Y •lo•\ "ilh • /¡;totoral cirr.uit onJ ctod wilh • ""•·hil•l<rol cir<uit ond 
•iu ,.,...,. 

/nrodont r.~,¡,, /mp<"<hon<• 

hule>~ o! k.-pin~ "drivinw f>Oint lmpodonoo invariont it moy )., deoil"i 
lo ke<p o tr•n>for hn¡"-d~neo inv .. rian\, ,...y, \loo \ron;!., impodoneo bot""'" 
tho port.o Jormod o/ nodo 1 ocd ~ruu!<d ond nodo 2 ond !tound. Then, /ollo..U.1 
a procedure ohniloc lo tho onelolln~..r in F.qo. (17) tht<ough ("l:J), 11 io oullidut 
1.0 ,...trl<t B ande"' bo oft¡, lnnn 

,., 
Thio a~-, cUeult m .. bieb '";. ke,>t i.DYariant ...,¡ .... trouod ""'...,. o.pl*'f. 
n ... eoolrollod ""'..,.,..., de.i...J. th• ""''"' e oboulol too o1 u.. fOfiiL cr Eq. (:tiJ 



• 
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10 !.bol tbo eumnt.o on~rinc 11odoo 2, 3, ••• , N ""' ool re!a!ed ta tbo '""""' 
.. l<rio~ nodo 1, .. indicat.d by l'..q. ( 13). 11 •• d...,;,.. to k"'P '" ¡0,·ariont, tolh<r 
l.bon •~n¡ •ilh o<iteuit lo "hleb l(t) ¡,uf !he formol (12') ""'ohou!d b•>< 

' 
11(o) 

1 (o) - ' 

' 
The matrll< B thould t.o of \bo /orm of B o( Eq. (n) and C • A-• olmuld t.o ol 
\he lo>m · 

['" '" '"] 
e- A_,- ~·: ... ~ ••• ::: .• :.~ 

c., e, ··· Cu 

{~) 

Tho tnmfonnod elrcuit ;.ill 11.-vo eonlrnllod 110orc<s. 1/ no rootrolled I<Nr«'S 

ote d"""", C ohou!d be o! tho lnrtn 

['" ' '"] e- e_•: .. ~ .. ::: .. ~": 
c., o---c •• 

(37) 

No!.. thot c .. or'o trnnolorm•liu" ti'"'' 'Y oODno\ hondlo thÍI! prnbl•m (lO), 
11 ohould be ub•iouo bo" W f-'<l~n•l ¡¡,.,.., ooooepl.l lo mointoio inv.n.ot .. .,.,..¡ 
drl,¡ng poinl and/ot \>oll.OI<r ilnp.,]OM<O. 

1 mpnlonco !lti<in¡r rulnt o• Tro"-'if•• lmpnlonco 
... 1'1old • Dir..torol Circu/1 

1/lho origlo.al Y ¡, •ymmctrlo ood 

A-1 - B', 

P-D'YB-f>". ,., 
!011 (38) Íl! o~~ ronditioo lor oymmol'l' ol 

r if l' io oyn!lllf\rie. 11 E~. (.19} lo uood, ~ of Eq,, (201 ond 121) lofnrt<dw bo 
u ni! y . 

[... "··r, .. ,. '·r · · · J 
f- 0 .• ~~ •• ::: •• ~~· ~~ ••• :~ ••• ::: •• ~.'7 ~·: ... ~~ ... ::· ... ~:: 

o n, • ... 8,.. Y...,. y, • ... r.. n., B,., ... n •• 
(lO) 

So far. lbo onti.., 8,.""' oliU orbit,.ry ,.lioool fundlo ... of o. lltt>.y .,.. r. 
otrict.d lobo ..,.,.tonta ti>< ,.,.,.,. • ..,..,;,.. ~•= lo tl>o L"auor lra,..fom~.~lioo.. 
Al!llou~b •~ndition (33) lo ouffieiool for •ndiog ~ith o oyn.motoio f, if tho cric· 
iool Y Í>•¡n~molrio, it i.o hOI M'""''fY (7). A\l th•l io n......,ry ¡, lhnt 

f- b: ( liY) 

lhio give•, u•ln~ E~. (lG), 

( ll) 

Equ"ion ( 11) r<p.....,n\a (.V1 - N)fl <'QUAiion• .,.¡¡h ~ hkh wo 11101 elimioote 
""mony voriobl'" f"'m the molri<'" 8 ond ,t-•, leovir•K the ""' or tho onlri,. 
~Litrsry. Eq.,otloo (U) lo '"P''<Ífitly """ful il tho original Y lo oot •rn•motrlo, 
ond ,.,bon kffpiug trnnsler ünpo.•lone<~ invnriont "'hHo oh•nKins oU tho drivU.c 
paU,tlrnl"'l•n•'" ItA uoe io il]uolrnt.d lor tho e<omplo o! Fi¡ 1. Fot that • .,., 
!he motti• Eq. (11) ~., .. w tho oio1lo oool" Eq. (71). 

Foo. J. CWoui• ~'"'"'"'"' ,~,.. fm o Co...,;t "'loo ""'"'••m~t •• ;,,u,, l..oopbo•o0. 
·11"~· ' •. !! . 

p,.,;,, r,,..,.¡orn•r, . ., Srnu,.,¡,,. r,.,.,¡~nnot/oQ 
U tLo ~tivin~ l"'int imp'-"<lonr• ,.f j,.terc•l"' rcoli•ololo ond,.. ..,¡,h 1<> ohtoia 

on 1\l-C rir<<Oit 1 "" tron.-;l,.nneno '" rn<O\unl indudonre.) ~ ith ¡ou•itioo olemololo, 
be:oiti"" ~•ntin• 1' lo 1>< 3)'mJ!IOirie, it ¡, oulLoien\ that llo< nr.a\lve o( tho "'""" 
off \Le ton in diogon.,) .., ~di .. th• tllm uf tb• entrloo of uob """ .,.. pooitiH 
-llunO!iono. ¡: • .,. gen.,.,.] rcoullo ui>t lo dol<ttnine A-• ond 8 •bkh ~""'""'"" 
tbot f .. ill .. wr 1 tb"'"""""'t\o"'. 

Ponto U (lO), Cu<lkmU. ( ll), Du<lo (3), Da:~ot\<ln (U), Sehnoidor ( 17), 
ood Codorln.um (lO) ho'" oomo """"lts lor two elrtrumt oot.,.otl<.o. !khotillot 





' 

• M.A.Mo"o ... t...- •• 
(15) lm> J""" "'"'\ In \1¡" HJ~; pl'<•hlcm. II•>W<"'"• tho !""hlnn ¡, lnr ¡,..,, 
oo),.,l. l'ewcomb ( 18) !rtot• tho P"'bleon oUo~inK tho pr .. onoo o( \ton• formen~. 

lnomi~nt fltil'ln, l'nint lm¡u ... lonc. by TMn.¡,,.~,¡,., 
Umdr. nn f/¡~ l.r.nro /1,,¡, 

Whot h0-• he<n .,.;d for the ood.,. b..;o can be e>l<nd<d Lo the I""'P buio. 
Tb• loop tx..,;_, io •ppropri.>l< for k..,ping ohorH:in:uit driving poi ni o!'>d lnn.ler 
odmittanr .. in>ari.>ol on J<>rú lormOO Ly ~ru~~ing plior·I}'PI' ol enlri<~ into lbe 
)oopo. {In !he Drxlo ba'IÍ!I oolderin~-iroo-l¡"fl" ol ootrioo o\ oodo p,;,. "',,. mode.) 
A> on eumple ola lraMiu,...tio" on Uoeloop bO>io, .,., oonoiJ" • oimplo prob­
lom io p...;ve •rnthcol.o. Thi.o uomplo illuOlro"" lho ""' of trnn>lorm&tioo _ 
malri«• wbOGO en tri"' oto lunotiou• o( '· thW! e.ploi\iog thr lutodion.l oh"focl.er 
o( tho \n.n>/ormo~on. Conoidor lho oir<uit ol Fig. 4 ~¡,.,,,loop irnf><d•noe 
.... w;, 

,_ 
3o+3+ •+~ .. , 

-(•+3) 

-(• + 3) 

o+a+(o+I)Co+31 
. • + 2 

Tho ,..llh Z IDliY be lnnolormod In lo a bOW ,ru,¡,u t ao:oo..!ln11o 

t R CZB. 

In on!or lo k~ t.he obott-dn:ui\ drivíng polnt adml\tao"" of o plier en!ry o\ 
loop llnvorioot, C ond B MU be o! u,. fornu 

(H) 

Sio<e C and B..., of tholnm" lndie•t..J by Eq•. (T.!) ond (l2) t.he new eimtlt 
.;u no\ rontaio conlrollod """'"''· 11, b"'idco, Eq. {41) ¡, Ml¡,6od l.!oo resullin1 
,;..,.;¡ ..-iU bo bitoten.l. U tho rnullipliontiono indicalod by Eq. (H) '"' per­
formod -.ith tho oid o! F..q. (43), on c~u•lion oimilar lo Eq. (71) lo ..-ritleo o.nd 
"' e~tnino\ed. The ne-.. m>trU Z m• y be ..--rittoo .. followo: 

-- ['"' '· (i; )] t 0 +-Z..+Z,. -+- --1 
r B• Zn 

_,_ 
-,-+ •pZn ,_ 

'"' _,_ 
T + ftpZ., 

~/ 
In Eq, (U) tho elorneotoB, p, r, ft oro olill ubltn.ry ond moy be monipulai«<lo 
moko tho &no! <lreuil ,.ali,.blo, · 

Tho foll.,.;n~ ehoieeln tho porameten in Eq. (43) 

e - 1, p - o, r • 1, ~ • (o+ 2)/(o + 3), 

"'-o+ 2/(Zo + 3)(o + 3), 

&!no tbo "'"loop Ílllpedonoe nu.tri> 

·-[ "+' 
-<•+2) 

-(• + 2)]. 
2o + 3 

,.b_ rroliutlno it obo..-n io Flg. 5. Tho ol>ot!.-<:lrouil ad~!tt&noo o\ lnop 1 ol 
botb ei..,.lto o! f'ip. O and S;_, 

v - (7r+3)/(So' + !lo+ 5). 

Tbe tro..!ormation eliminaleo tbo eopodtane.ln t.he eirruit •hicb lo "'lund._.l 
Wo emphAibo tbo\ i~ vn•rol it ia vo.-y doffioult lo eh"""" lho ¡,.._b0formoli011 
<od!idonll ouob lh.ot tho !'CSUiting ootwork io ruliublo ~ith pooitivo ~lomo oto, 
Furlhormoro, with =peo\lo \ro.Wortnotlun.o In tho loop b.,.;, it ia .,,IJ knu..., 
that oircuil.o ,.;,~ '""'" thon \h""' in.lo¡..-nJont me>hc.o muo\..,.,.,¡ complioalbi 
eon>tminll unl""' lro.,.lormo,. or onmo other nun-<::onduetivo eouplingo .,.. 
oru¡olu¡-..J (HJ. 

0 ...... ""' •••••• 
-¡- ........ , 

••• •l :f"''' 
Fo~. o. "F"''" n..li<•ti .. " o1 o ,¡,.. 

<oll wi<O <ompl" poloo. 

In \he previoos ••ample • realil.t.lo dnuil ... Lnnalomud inlo • ruUaablo 
"""· lt ia P""'ible oloo lo lr3nalorm o moiUoblo d=it ioto o non-ruiiuoblo­
onol ..-.. ..,...,,A o u tremo,.,.;. providod by Lbe lollo,;,g eumplo: 

The impod""'"" 

l+i + 1-j 
•,+I+J •+1 j' 





• 1 + 1 +i ,_ 
-(I+¡:J e~¡+ ,:)u 

U.U.1 Eq. {oH) (lnterproW Joro P mntritlns!W of at m•trb) ond ob<>WQI 
,_,,,.O,••I,n-0, 

..-booo -HutioD lo ohOWJ> 1~ Fig. 1. Anolyobo obowo thot 

All..-1"1 !~o DrMn1 r,¡,,. lmp...Ia.,<• florou1h f"r,o,..f.,...,oll<mo 

Tho driviD« potn¡ lmp«t..,oo ,,...¡ f><l\ nomairJ lovuW¡\ &ftor 0.. l.roflld'­
ZII&Uoo, lteo.o be O<&l«< (6) by o loo\<Jr a, orhon~ a io & n~tlo o! poi)'Domis.to. For 
t.IW tro.Mfotn~olioo tho oporotor B o( E~. (Z2) ia o/ thelo"'l 

.:} 
••• 

e·, ' ... 
8 - .. '· ". 

,., 
'" " . 

(45) 

ll•oco, U !he drhin~ rnitollon¡>OOooro oi tho ori,;ioal cir<ull!. •, ¡bo ono o! lho 
ln"<!orm«< d«UÍ\ • ill Lo "'· 

Chao6/n1 !he Ord,. of tho Mol>i<., 

With t.ho mr..lonnolion• d=ribOO oo Jor !he orrler o/ !.he fio.al aihni!toooo 
lllotoU io tbe oamo .. tho ono o/ tho origino! m.atru. AlthOUHb it io poMible lo 
l.oi.ro<!uco "'" nocloo, tho addcd oodoo ~m no\ be eoo.ne<l<d lo oll the othero. 
U 11 io doolrt.d to u,,,_,. Ulo eomple<ily ol !ho netwmko 11 lo pcoo.ibio lo do 0<1 

byiDtrod•~ &l&r¡u motril Y, P"'ti~onod In t.Lololloorin.( d~al loiUI: 

~ "'"""' ,., ... .; ..... 
wl>ot-e Y¡. tho ..;¡¡;....!N X N odmittan<n m.tri•, O;, tbo '"'" motri•, &...!. r 
io J. M X M "'"'""· ·n,. ,,.,,¡, Y,, •hio:lo io ""w (N 1· .11) X (N + M) _,. 
be '"'"'lomo..! •ith !r&Miomo•lion matri,.. o! tho .. ,,,. ortl<t. (S.. 1:) . 

, li'I•Ucn 1 ¡,.., .,¡ tlo~ 1''""''"'"""1vn lO> ,¡,,.,/pi< 

Su /or tho ''""'lormolion h .. bO<n applicd ~~ \he o¡ nthes.i.o <>l «¡uivoleol oll­
cuits. A o oppliootioo to onoly,¡, io oow ronside,..,j "hicb Wu,tnOt.e. the oolvootap 
o! b,•·iog lormulol<d tbe tl11QS{ """'t\oo 'oo abotr&<l temtS. The l:o,.,¡otmr.tioo. 
;. ol the lnta•i.tnt-ol>jod IJ')lO. 

lo ro•er o¡>tom> ooe do•t. witb a oingle ¡..,~uenoy, oto..dy ot...te problem. 
Konelly intwoluo·c'<l 'm IS~3 tho idea o[ ho~dlinK tllo problom with enmplu 
oumbe,, ,\o oltemol<! trcotmout u>ing ooly real noatrioeo io poooiblo (11). 

Defi"o tbo op<,..tor L"' lollu"'' 

Do""'m of L: oll Z·v«tort oritb rnl..,.pOn<oto; 
Ron~ o/ L: o.ll ,; • .,..,;,¡, ol .o.rbitrary phaoo ud fioed l:rquooeJ"I 

[ ''•] L 1', ~ Y1oinwt+ y,,,.,.¡, (4&) 

Tho OJ><ratot L b .. .1J1 'oovo""' L-• "b- doiDOlo lo tbo nopal Load ..-.. nDC1 
lo U.. do...U. ot L a.od 

L-•¡Y,o!Dwl+ Y,<ooo.l) ~ [::l (HJ 

L(oY, + ¡W,) • oLY, + ILY~ 

~ • (d/dl)z 

V • L~, 

·-u. 

~ • L·•(d/di)U. 

No" lotz oad r bo mou.oida cl .. a by 

"- Xooia.ol + x,.,...., 
r- y,oln.ol + Y,ooo..r. 

(t8) 

(~1) 

·~· (M> 





JI. J.. M_,_ 
UoincE<¡t. {~D) Olld (M) 

BubothuU<>II ol (&4) ood {M) c1- · 

[y,] " [''] y, • L-';¡/ z,. 

Uolac ddnl\kdl Eq. {4G) 

[

Y,]- L-•(d~il) (X o .io ..,¡ + X,."""oo~) 
Y, • L-•¡-..X,"""..I + .,z,.,o..r). 

UPni: Eq. (47) !o. Eq. (57) 

[y'] [ "''] [ • "][''] y, - -wXo • _., O Zo 

Deooo ..,..¡W~oc (58) ..,d (51) 

L-•(d/di)L • t _:· :l 
la • .;..¡¡...- lieM be oho"" lhl fOf 

..... 
Fo • f [·]di 

[. -·.'·] L ... F,L • 

"" 
P,•K[•J 

'"' 
(M) 

(M) 

(57) 

,., 

(&!) 

,., 

'5 
'''"'•''.,'"· ........ 

• 
... • .. ' 

• 

Foo. 7. CWuil 0q.iooloo1 ID lbol ol .... •. V.... l. C""'lt o. bo .. ,.,.,¡ "'U...' .... """" .............. 
L-

1
P,L • [: :J. ,., 

U • ,.,._..~.o ou~l ood r r81'"""nta YO!Ia(O tMn • ..n.o RW c\:eoút ol 
.... ~imped ...... 

o - R + L(d/dl) + e-• f di 

In tbo Umo d""'&in b .. "" op<rationol U,podon<e In \ho ••• eoordin.lo .,._ ol 

•hore z • .,L - ¡¡.,c. ~·or • "'ultiloop oyot.m, IU<h .. lhol oh o.., ID FJc. 8, 
lransfoncit.¡ ..,parotoly oach "'' '''• ood •! lo 

["''' 1- ['" '"]['''" ¡· 
,.(r) ,,. "' o,(l) 

(M) 

ond ... rioing tloe ""'ulll>nl r~ua!ioo lo portiliooed form, !loo /ollo"'lol tq.,.t!oo 
lo o~t.l>ined in tl1e uow ooonlinal<! •Y•l<'m: 

[<',] [ R XI [ R X] [/'] 
t,, -X Ru -X R,. 1,, - ,., 

¡;:]. [ _: :J. ¡_: :l. [::J. 





" 
['00] [ , _,] [ " '"] [''] 

o 122-100/,, 

[: l [ _,: ·:] [ : -:] [;:]. 
&lvtnr fOJ" t.ho curnnt., 

,_ ["·"] 1.73 

Uoln~ Eq. ~~~) lhlo !mpli .. lhal in Flg. S 

i1 - l\.7hin ...r + 1.73 eoo..r 
1o- 13.9,_;__....r + DSScooool. 

(M) 

llo,, tho u .. <O! rompl'-" numbot> ¡, aVoid«l. Thio meU>od lo ,_fui lor di¡¡il.o.l 
eompul" ca.loulation• In "'hirb a FO!\TRAN Ollbrout.ino !or ¡,.,..rt[n~ mt.l 
mM,;,,. in doublo ¡m,.i•imo t. "'·ollo~le l n thi• co.•e tho Ollbroutino •• l! •t<>od 
ooulJ ""' hu.,d le doublo ¡oreo"~iou cump'." "'"'"''"'· 

Co~d.,ol<mO 

11,. po¡oor ha. lntrodur«i o fuoc!io,._l t,.._,..lonnlltioo of • •·••Y J<nr.al 
don<oo<l« O<od lllu>!rnW oorn< ul <he opplir>lion> 1<1 drcuit analyoio •"" oyn­
thr.•i•. All'lnOiiv.Jy, nno rn•y opply U.o !tnn>l"onn•tinn 1<1 A, B. C, D porom­

o!-<r '""'~"--' nr olio<< !'"'""'""' "'~'""'"'"""''" of drcuit.. 0\hor ""'"blo 
Oppli<Oll<>ru! tnchode úi>tribul<d circuit.o •nd timo vorying <iY<ui,.. Thio &U(~Or 
f.-.lo thot lroodormo!ioo !hoory oppli«l 1<1 <iroult l~ffiry ¡, & .. -ido 01""0 ~eld 
of "'''""b lbo! h .. l.huo for ..-moio«<lnrsoly un!•pp«i. 
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1 Análisis de circuitos con 
computadora digital 

M. A Mumy lasm" 
L. P. McNamee"" 

"'"'""'d d• lno<no«i>. UN ~M. Mio ~n. !l >, 
••u"'"''""'" "' c.r.ruonlo. Lno """'"· t:,U.~. 

RESUMEN 

Se po ... nta una vo<U panor;imica con apunte> br~o<>g•ahcos 

'?"'" d•<e~o de crn:ui:oo con compuladora digo~al. Se''"""" 
su. pooibohdad01 con un ejemplo osoecr loco de un ciocu•IO elec· 
trlmico que oe '""lizo con un progoama general. 

ABSTRACT 

The lie!d el computer-aidod circuir d01ign ;, br~e!lv >u"-'evod 
onda brblrography " goven. lt> po"biloties ace rllum ated ••mh a 
specifrc oxample by analillng .m electronoc ClfCUit wlth a 
geMrol purpooe program. 

t.INTROOUCCION 

La práctica del an<il"" Ue ciocullO> con conlOutJdora di9itales 
Ion vieja como la compu<a<lora ml>m.J lnmed~at3monte ~<> 

p<JÓ'I de la Segunda Guerra Mundial •• comenzaron a .,alil>r 
frltrcs en el dominio de Id lr=.oenci• en UM computadora de 
relevadores en lo• LaiJoratorios 8ell Te/~hone. El primoro y 

mO. enlu51a>ta in,e5to9odor de la teorlo do anális" de cirturtos 
de e<tructur> general •• Gabriel K ron ¡,.¡ 11, Quie" r<dujo ol 
análim de corcurtcs a una <erie d~ operocron., ru<inarJa< QUe 
elrmonab.on el tone< Que "»>n<••" y, por _lo l3n:o. '" t>Odi•n 
IOUtomamar. Dosgracoadam•nte e>presó sus lróba¡o• en Hi<mi· 
no• de conooo•ptt" mO!emóticu¡ no muy comunes"' l.o toma de 

ongenrem, por lo QUe pa<o• entiende" '"' no,>wJo• Fcre nece­
wrio que ouo• rMe"rg><:lore<. como Le Co<~erlle' ; Br•nrn 
hel> 2 y JI, trMCnbre<an >u> trabajo• o ter monos m,>< comunes 
en ingeni<ria. 

Oosde T%8, ve1nte ••1o• •k<uuós de lm ,.,IL"""" ,,;,,,res do 
Kron, la rama de an.'ll"'' de circurtos COrl conr~u:.1<l~ro h, 
crecido a vela<od,d •••ligones~. Hov .. ,;.,,., c•cnto• U• '" t><l' > 
mas por~ onolr<or citeurlcs lrno31es v M l•~··•le< en el U~rn.n•o 

del tiempo v la ftec~encl3. Muci>Os de olio' <i·"' "''"""·'e'~" 
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NASAP PRO<<LEiol HNOI COC!NG BOO~ 011769 

u ' ' 
,. La primero tarjeta indica lo pre.endo de una fuontc de corrien-

" ' ' 
,., . 

' te llamada 11, con..,tada • lo• nudo• 1 y 2 [el orden en que"' 

" ' ' '" dan lo> nudos <ndico 1• direccii>n de roferenda). cuyo valor"' 

" ' ' " 1 amper<. 

" ' • l•~K " ' • 9<iPF la ..,gunda wjota "'d•c• la pre>encia de uno remtenciallama-

" ' ' "' " 
, • o.os& "" ~ Rl, Coneetoda a lo• nudoo ' " 2, cuyo valor e1 de 30 

" • ' " ~ilo~m> . 

" ' ' 
,, 

" , • '"' Lo tercora, cuano y quinta dan onform>eión •imolar que el 

" • ' Oo)5UF lector puede deducir fác,lmente 

" • ' 0•02. 

" ' ' O olSUtl La •••ta tarj<ta indica la P'"'"""'' de un cap.cotor C 1 canee .. • ' '" tado a lo• nudo• 3 y 4, cuyo valoo "'de 9~ plcofa<ad•-
OliTPliT 
1~8/lli/C4 . La octavo '"''"'" 1nd,ca 1> r'"'""c'a d<• una fuent< d<• COiflentc fR(Q '·" ,,, o. o 1 

12 que eS(;Í cone<tada o IU! nudo< 5 v 4, cuvo volur o. O O"G Ti~L o.ooooo¡ 
txECVTIOII "'''-" el >alor del vol!aj~ a "'""' dol c•pac,tcr Cl l"'<l~eado 

p<>< la ,;gla VC 1 1 qu~ la con u ola_ 
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• 
la decim<>euarla tarJeta ind,ca la ~r..,encia de un inductor L 1 
conect~o entre loo nudo• 7 y 1, cuyo val o<"' de 0.15 m,cro-

1>1"'""'· 
El lector puode comparar ol '"''o de lao tarjet"' no de<cm .. 
con el nquema de la f1g 3. paro dmo cuenta como"' le Puede 
descrobir un circuito a una máoui"" 'coeg.o". 

Las ~him"' cinco tarjeta> con""""" inlormocoón .abre lo• 
cáiCIJio• que desea el u•uario que haga la computadora. La 
tarjeta OUTPUT ind•ca a la computadora que ha terminado la 
descripeoón del cire<Jito y quo • conunuación apareceroin lrn 

"""ltados d""'odoo. La ''91''""'" tori•ta ind1ca que "' d01ea 
calculor la ganancia IRB!lll y cone<:er la <en<~bolldad de d1cha 

ganar.r;ia a variacioneo en la caQOCIIO•>e•a C4. La antepenúltima 
tarjeta indoca quo "'d .. ea evoluar doct.as uMidad.., en el inter­
valo de frecuencias entre 10 ala pot""c'~ S.B, v 10 a la poten­
e•~ 6.2 en 100 11!.011 intervolo<logarhmocos pordec:.do. La 
penúltima indo ca"''" <e desea la re<pue<to en el tiempo corres­
pondiente a la función de transferencia indoca.da en la< anterio­
res torje!O<, v que "'" funcoón H debe ovolu~r hil>ta .000001 
<egYndo•. (El wo~roma da automllticamente 100 punto< inter­
calado•_) La úlumo torjet;l ondooo que toda la onlormación ha 

so do dada v ordena o la computadora QUe ejecute el análi<i,_ 

Ejecución del progrvna_ El pr""lrama genera en lo impr.,ora 
1<» <oguiente< re•ul todos: 

......... ·-".. '"'"""' 
...... '" 

l. Una copia do lo< dato< CMten•doo en 1., tor1e<a< u~ e alomen' 

taron a la computador•- IEsto sorve poro aseo¡urar<e ~e.uueld 
computadora"" acept.o<lo los da too corrcoc:amente, v P«a tact· 
htor la loc..loución de mor"' en _ro codotocacoón, en caoo de 
haberlos.) 

2, Una liota O. los números de mallas de doterentes órdene<; en 
fa solución dol problemo por mOtodoo O< r.-ogram.o<. E"o 0< de 
onlerh paro el toór~co en reogramao. Lo• núm<rOS pueden,.,. 
vir de gula al uouario pora ~arse una 1dea de lo comple1idad 
computacional del problemo. 

En visto de que lo menot<>Mdo en el punto 1 eo una copoa 
idó~toco d~ la t,g 4, v Que tos re•ultado< de 2 ¡on de poco 
interé< pa" el ingen1cro d••eñador, no se muew•n e<m re<ul· 
taod05. 

3. La función de tranoferencia (o vori05 de ella•" asi se pidu.i), 

lo cu•l aporece 1mpres• como u~• rozón de polinOmiOS M la 
f•ocuencio compleja_ 

4. L"' cer05 v poi"' de la !unción do tron•~•,encia. 

Estos dos Ultimo< aparecen en la hg 5. !Debe hocor<e MW que 
loo val<><es d~ los poi<>• y lm cem; oon muy ntra.'lo•. , . .,t.in 

.,¡u1vocado•; <e aclara"'" <ltu;ocoón má• adel•nto_ Obsé,.,.en<e 
tombien loo men>ajes Producido• por 1• computado" sobre 
d"'borde numérico) 

' , .. _,_,, .. ' ...... ". "'·'" "' "·"""' . ..... ...... "'------~----------·--------------------------·····-···-
• • • ..... •• . ... ,. ..................... ''·'""'''' ........ . ......... " ..... " " ........ " ..... ,. " ---.... .... " ..... •• . , ........ " ..... " " ......... " ... , ,. " 

"'" .......... """"""" ..... .,., "" ..... .. ., 
' '·""" " ........... 
' '·"'"' " '·'"'""" • ··""" " ....... , ... 
• '·""" " ......... ,. 

"'" .. '"""" ""'"'" 
~ .. • ••• ... , , .... .. ., 

' ........ .. . .......... 
' r ....... .. '·'"'""" • '·""" " '·""""" • '·""" " ........... • '·'""' " ....... ,.,. 
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u~~s POl •• ~1 

' ·t.2·•o5~-tn ' -o.•~~:JE " ' o.1JJ19E o. 
" -o.•~s~oaE o. 

PCLE5 

' -~.!~9~9!-n ' -~.:J·~~~ " ' -~.l3•~9E O> 

" -n.l6••~E " ' -o. 751H~ o• 

o.cl 

FUNCnCN 

1~·~· PO~T 

-o.oooooE-'~ 
-o.ooooo~-~6 
o.oooo~E-JB 

-o,ococGE-J~ 

-c.oooc~E-'B 
C,bMS~E " -n.&6bS~E " -e. 74l!~E-ll 
0,15~74E-09 -

~;,/J. 

sobre 1<" lrewenooo< oics•••da< Como deben 0•"'0'"" enoro 

100000 V e";in <>P<O<JdóS en lo~·"'lmOS !>"'" 10, "'le~ ha 
rO<todo 5 {pue'i 10' = 1000001_ Se,. uue o•mb•en dl,rnenlo 
el 1o~mpo de >Oiu<:iOn • 4 se<¡ l•un cu•n~o et ""''CI~menle 
OQVi•ol~noe <eri• 1 <eg). 

U nue•a lunc1on de oraMierenc•a •e muosua en la !og 14 
Obs~"'"'• oue lo• coef,c,onM de lo• pol1nom•<>< drli•r•n en 
mognUud ."neno• oue los ""9•nal., En 1• nu..-a soluc•on no 

-"''"'n ·"'enoa1., do! d"'t>orde numo'<oco. por lo toniO, puede 
.u¡>on~<1e que lo• ·~lor .. de lo• polos y ceros son coue<:tos 

En la hg 15 se m~ootra la somdJ•Ii!l"d de los pos•c•one• de 
dochos polm y ceros a camlo•o• en C4. En la f1g 1Goe mwewa 
en forma 51mi;>Ohca la ,..,pu0$10 uansllofla cuando 1• .. cna­

oOn ., un ¡mputso. LO'I tunc,onn complej" se P•"-'<~~" con, or­
nar con '"' con1ugad"' para producrr ,.,noid"' amor,.guad., 
real el. En la fog 17 la reopueSia ha_ sido e.aluada e rmp<t~a para 
50 pu,to• intermedio• enore cero v 4 scg_ En 1, l1<¡ lB s.e 

m<J.,Ira una griltrea de la'respue"• """'''""a pr<><Jucrd• por el 

proy-ama. (L"' lin~"' """"'' han sodo Ir a:ad"' a m.no.J 

3. D!SCUS!ON 

El programa aqui D«,.,Hado pued< '"'muy Ut•l en ol d~>•ño 
de cirouuo,_ Para docho d<>ei'oo •• com,enza con un c~rc~•to 

inicial con .alo"'' apro"nliodoo para los parimeoro< Sut»o­
cuentoment<. con la >fJIUICIÓn v <•P"""""" dct d<>oñador. >e 

cambran drcho< par3m.,oros analiZando los rcsutta<Jos <'n cdda 
cambio con un pmgrama como NASAP, ha>Ja que el wcuoto 
<atiolaga lo• re-quer<mientos del d1;e~o-

Auroqu• solamente un• función de or•nsfe<ont•• ha srdo e•hobi-
da en " e1emplo dodo, '" puede~ cl>'cncr tant"' como oe 
dPO•·e. ,,, lo tanlo, " b••e de aphcar el programa tep<l'~"' 
""""'· •• pu<den ,h,<r1ar Circuitos mulllterm¡nate> con caracte 

~ ! " ) 
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SENSITIVIT!ES OF ZEROES A~O POLES CF T~ANSFER FUNCT!ON 

ZEROS 

' , 
' ' 

PO LES 

' , 
' ' ' 

• 

REAl. 

-C.2Jb0<~9:!E-10 

-o.DJJJJJE o~ 
OolJJ1899E o4 

-0.74S~IIJ~E O~ 

REAL 

-o ol999089E-o2 
-Q.¡JqJIITOE 01 
-Q,¡JqJa79E Ol 
-0·16<~~778E oJ 
-o.7819o76E o~ 

-o.oooooone:-Je 
-o. oooooe. oe:-Je 
o.oooooao~::-Je 

-o.ooocoooe:-Ja 

I"'AG 

-o.ooooonoe:-~e 
Oo66656'19E 02 

-0.66656~9E 02 
-o. 7<~186?1E-ll 

Ool55743'0'E-09 

IMPUL.SE RESPONSE FUNCTION 

FCTl • 

' 0,6111BE•05 ' o.J694E•13 

c-0,4:!49E " ' C.20J:!E " 
c-D,4J49E "' .J-0.20:!JE " 
' 0,9954E " .J•Q,:!045E•07 

' O, 711DSE-Ol .J o.2 .. 76E•lO 

, 
, 
, 
, 
, 

"E~L 
--o.!T~aot~E-ln 
n,<>7A955?E-~A 

-o.<~OJ6~"t~-~~~ 
-~.tH\Qry4lE-n7 

PEhL 
O , 111"~ ~ ~f>E -r.lí 

-o.<~9<>slí95~ oo 
-o.<~9"~~9"E nn 
-Q.25A7~nJE-O:" 
-Q,2227"1f.PE-~5 

SE'!S!TlV:TY 
p•;G 

-c.MOOQOt!:-31\ 
-Q.~100CO~F:-~'> 

-o. o oooo o.~~-:;e 
-o.o~ocDOo<c-36 

s~~~sn:•ltn 
1 "A G 

o.ooocoor<:-JP. 
-o.U2C~7~C-OJ 

c.tJ20J52<:-cJ 
Q.ól72105E-C~ 

Ool9Q8QQ7>-17 

!•0.2DCOE-C12 .J-o.ocooe:-Je , ' ' 
c-c.1J44E " .J o.61'>66E " ' ' 
c-o.t:!44E " .J-~, 6666E "' ' ' 
c-o.t645E " .J-0,7419E-11 ' ' 
c-o.7819E ,, .J Q,!S57E-n" ' ' 
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IMPULSE RtSPONSE 

TIME 
o,oooot-38 
a.aooot·ol 
o.tt.oo~ oo 
lh2<iOOt "" Oo3200E "" O,<iOOOE " Q,<¡SQOE '" Q,S600E " Q,6<iOOE " Q,7200E " Oo6000f. " Oo6800E " Oo'1600E " OolO<iO[ " Q.1120E " 0.1200[ " a.tzeot "' OolJbO[ " Q,)<i<¡Q[ " 0-1520~ " OolbOOE "' O.tb60E " Q,17bOE " O o lB'+ DE " Ool920E " o.2ooot " Oo2080E "' Oo2lb0E " Oo22'10E " Oo2~20E " Q,Z'<OGE " Q,2<i60E " Oo2560[ " Oo2b<i0[ " Oo27ZOE " Oo2800E " Oo28BOE " Oo2'lbOE " o,JO<~ot " OoJl20E " Q,J200E "' Q,32BOE "' OoJJbOE " o.J~<~ct "' o.J520[ " o.~6oo~ "' . Oo36%E " OoJ7bOE "' o.Je4oE "' Q,392C~ "' Q,'<OOOE " 

" 

IR81I 11 
o.t~z9<~s~ot " -0,156eh'IZE " o,5J7a~759t " 0,687a7Selt " 0,28<i23!0SE "' •Q,2561058BE "' -a.~9B6Sts<~t " •Q,Jl2J27J4( " 0.76165859[ " o,J3l<~027SE " 0.26'1<19155( " 0.296703<'-6( " -Q,l'18<i7B85t " -0,231lOJ20E " •O,Sii<iSb62E " 0,101687.!>6( " 0.17159090( " u.~70'1SOI!E " •Q,J70<~JJSBE " •O,!lb'17519E " -0.92222770( oo 

-0,1919002JC·Ol 
Q,72J17'+0J[ oo 
o. 7709b2JBE oo 
0,22099977[ 00 

-Q,J9l1l<i79[ oo 
•Q,58648';39E 00 
•Q,29672B97E 00 

o.t&J292'+JE oo 
Oo<i097b'127E 00 
0.29602532[ oo 

-o,21'<916tH:-ot 
-0.26117967[ oo 
•Q,25SZBJJOE 00 
-0,5581JJ60(-0i 

Q,!117¡,JBS5E " O,l'l9I2Sb5[ 00 
o.8a779()57t-Ot 

-0.~79~6929[•01 
•0,1'12500~5[ DO 
-o, "''~5~517E-O 1 

o, 1b8b5605E-0 1 
Q,9,J8~872[-01 

0.8~877B94[·01 
Q,l22~9~b9E•OI 

-0,548(>9JI9E•Ol 
-o, PI ~96'+ 7[-0 l 
-o.zsa22~"~E-Ol 
0.27200~26(-01 
Q,4'l22J~7l(•01 
0.29'+~6517[•0! 

~ •• J 7. 

""ica• en lo< puerto< "'P<"Cil•cada< poo el <l•<oliador_ S• """ 
ca<acWi$1JCOI « escogen ad<"CuadamM<O. •• pueden obtone<, 
pa<a un citcmto cualou•era. lo• mau.ce• de O<lm•ta<>Cia o imp.,.. 

darn:•• indot.nod». Una "e• oue •• toe""n «t» mamco<, o< 
po.,ble inocoo< el d"elio de cucul1o< micr~ecuo<uco• forma­

dos po< "'"0' •ub<~rcmtos mulht<rmonoiO< lnterconeclado•­
Un programa que hace todo en o automáticamente es el BE L· 

NAP (rel 231: con él •• pueden analizar c"cui tos mJcroelecUi>­
nocos muy""""'""'· a condoco(>n de hacerlo por p.-rrt'-"' (rel 64), 

El mi<mo pro9rama •• útol para ol d"eño do Cir<ui!O< de micro­
und.l< (ref 671. T ombi<n •• pue~e u<ar docM p<oqrama, ~.cien· 
<lo comb,nacoone<, p.-rra dete<m•nar tallas <<\temas en un Cir<UÍ· 
tO multneominal. Para '-"'te propósno <e han d...,rrollado mftp. 

do. mat€m0toco> adeeuodos lret 651. C~of'do ..., ''"'" de 
con;ullo• con relativamente poca• te<monale<, es má• adecuado 
el méto~o del cólculo de la• o.l"viacion'-"' en lugor de la< moi<Í· 
ce< o lo> método> topológ•<o> (rel 66). 

No ob$tante que NASAP v BELNAP •en muv oodero..,. V 
u11l'-"'. no e. posobl€ r.ac~r con ello< cieriO< tipo-S de anáh"' 
(por ejemplo on.il,.is '-"''"'""'co o tronlllorio de cJrcu•tOI n~ 
lineal"'). Para ello es necesario mar otros orogramJ> lreh 24 v 
26 a 281. lo cual oca<•ona una labor O<locoon~l. PU'-"' habri 
o-.e•:<l<>dO<l de codllica• el drcwto de acuerdo con la< reql"' 
o><¡>eeoal"' <le cacto prog<ama. 

Aunque >ería muy convenocnto de,.rrollor un poograma par" 
todos los IIPO> de análim costbl<"<, e<to •• >umomente doliciL, 
puM los mOtodo> matematocos que "' apliCan en un e<«> no 
>On v;ilidos pa<a otro. E< me¡or <l.,arrollao un compila<! o• ·,~pe· 
cial oue <•rvo <le puente entre el usuario v coda progroma dile­

'""'" de onáhsi•. A•i. un c~rcu11n no ¡ell(fr,\ que''" coclof1codo 
.ar~as vec._.., aun cuondo <e reQU i•••n d•""""' topO< de anjl,i<. 
con le que"' ehmona la luente <le muclm> erre<es. El comci· 
la<lor nmdoá un odoorna univer'"l v traducuJ a los id1oma> ~• 
lm prcgoama> de anal"''- la pr .. entacoion de <'-"'uiiOdo• oe har.; 

en el lenguaoe univef>ol tr,J< ""'' 1roduccor\n rl• In> len9"•'1''' 
partoculare< Cocho compilado< lo eot<> de.,rrcllondo. en la U n• · 
ver>•dad de Calitorma, en Lo• Angele<, el <oauto< de"''" a<· 
ticulo 

4. FUTURO 

El futuro de la ram~ de d"e~o ~. corcuito. <on oompuloolor.> .¡ 

a•~•• relacoonadO$, tal"' como localización d~ lall>', documen­
tocoón v Producc•ón autom;iloC>, e< oumamen~e brollanw_ Con 
re<pe<!a al d"e~e •~ no ~a ur>a luerte !enclef>CIO J ut<lilO< ,,.,;,V 
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ma• el toempo compartodo do operocoón en luq>r de la opera· 
coon no•m•l. Tamb•<n <e •• claro q~e la comunicac,¿n con lo 

compu!odora •era cada ""' m.i< humana y m•noo O<>ontada a 
lO< especia"""' en computador"' y programacoón. En este sen· 
todo'" •erán mOs programa• en que ~ron par!e de la comuni• 
caci~n •• haró a ba<e de tullO< de rayo• catódoco• con ""lápices 
luminosoo"". Así. el muafiO. en lugar de COdil•car. dibu¡anlou 
Circuito oobre una pantalla de televioiOn v dirá 1"' órdenes ala 
computadora •·apretando bclom-s lum1n0<0s"". Obw>drio lA 

re5p<Jestos en tormo grál~ca y _la.cil de inwpretar. Apretando 
un botón IUminooo puede ordenar al programa que efectúe 
dibu¡oo lhg 191. graficao v tabl., final'"' del d"e~o. También 
poclró ~~~ a la máquina que determine li•ta• de milterialeo V 
precioo para la fabricaci6n del di<eiio. Con esto '"elimmari 
mucho traba¡ o rutinaiio Todo lo oqul mencionado ya..,,¡¡ en 
operación en mucha> plant"' de ta~ricaci~n de mocromcuotO<. 

Se •i•lumb<a ya que. rn un futuro muy c.,cano. te podrO · 
automatltor de<de la concopc1ón del mcwto h"''" el ""e""' 
hnal. Hasta ahora '" han automatizado la mavor Pol<te de loo 
pateo. por ejemplo. el dt<e~o IO~•co y el<'<:tricc. la oocumen· 
tOC10n y loo dibu)oo, a<Ó como la go~eracoOn de moscarilla< para 
la dep"'iCión por métodos ópto<O' y químico•, v el alambrado 

pruoba do lo• ClfCUi!O< y <1<tem., Cu>ndo se logre conquio. 
<>r un por de e<labon•• mJo. te podr;j realizar la completa 
automotozación del procno. En d1ch• NtCmiltizacoón, la 

computadora digital duempello el papel princopal. 

Come gran parte de los micrOCifCU11"' o u o •e hbrican 11oy en 
dfa oon preci•amente para la conurucc.C.n do computadora•, 
en un futuro coreano •ert roalidad aquel •ue~o de leo escritor., 

de cier>ci• lrcción: m.lquin"' que'" reproducen. 

be sumo hoy en d(a no,.. uno aberración. pu., eo coerto,., 
el oentodo e;iricto de la ha<e, que la• computaOOrao moderna• 
oe dioe~an v conOlruyen. en gran pan e. ellao mi•ma<. · 
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utlllundo c<IGIJ>uollbln 16a.IJ.oo ""' .., JII""'..!IO de 4lll .8 ICol/KW ¡¡,. -

!1 1, 400 BTV/.:W Hr). """' 1950 ooto p:o:<~~odJo hobto mo¡omdo o J$28. 

KcioVKW hr 114, ooo enr;r;w l>r) y "'"" 19iO o l7n J:Coi/KW 11r (11, ooo 

eru/r.w hr). tn lo "'blo l •e pueóon oboor~or ¡.,. """"'"'""' oopocn!coo do 

Ul'lldod., ••.,.rodctru do dllon:mlo Upo y co. .. ci<lo.d, ~ol<lo dol<lo 1-el!. 
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COMUlJSTIBLE 
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c.- "' zuo 
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Comlno.otoloo ... 2110 
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Comi:Íuo<ol.oo lOO· U7$ 

Cornbootoloo '" 2410 
• ... .. '"' 
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Tobl' 1 , npo, Copoc!<lod y C«<o,_,o l:opeel!lcoo do l'laniOo 

_ • L.> ~~~U•!dod Ofl<l q"" """ plonla """'"" ClllllpiO IU p<Opo!O[I<I dO --
vorsiOo do..,,..,._ oo doflno ~o u""""' do ..,,_.. ... 114o; en Lo q.,.. 'oo 

·~l"!"'nto lo on,..do (H) en el ojo do too ordono4"' en KCalh y on ~~ 'ojo 

do loo obclooo Jo oolldo IP).,. MW, Una ourvo tl'otoo. do entroodo.-.. 11<1• oo 
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"""' ona oollda doda ol coolonte do entrocla ontto oo.l!do I'OCll>o ol nOIJl 
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""'~o la o lfnooo y loo !nyec<:l<>Mo do pctoncla on loo c!lf....,too nodot clol 

Jo ,..¡' 

FLUJOS OmMO$ IN lA 1101\!CION DI:!. I'ROBU:W. 

DE DESPACHO ECOIIOMIC<;l 

t.oo fi u) o o do pot&ncla "' un o!oto"'o do H nodoo oo e&"'cto<tmn pot 

Yk' ; moonlluo! do volto)o.., ol nodo k 

f.• ; 1nouh> do fooo en ol »odo k 

S~ • f k 

ol•monto do lo rnottlo do odm!tonola nc:.to.l 

"" ',, potonc!o comp!o)o noUI lnyec!ndo on o! nodo "k" 

"' ., ·1\l\'.6) • O,k•\,,,,1/ 

d;' • Qk {V, E;} m O, k•l,,, , 0 11 

"' 

"'' 
(11) 

Como oo oobldo eo<lo nodo do lo M oolll eon~eltr:loodo ¡u • .,,., vol1!1 

do oll"' "''""""' loo otmo duo oon lneolqnJUio, OopoOO!ondo do qw> vortobloo 

ooo.n oopec:Wcocloo loo nodC& do!& M oo PIIO'iOft <loolllcor on ''"' Upoo 

"'""" oo '""-'"".,lo Ulblo. l. 

0000 n~ M ro• JI/OO(¡Nfti\S 

Rofo ... nelo •• ' •' • 
,, 

COf"'O •" . "" •• 5 

VOJUijo oontt'Olodo •• •' ,, ,, 
-

Tablo z, Dll"""''"' npoo do >lodo.., ol 
""""'_,do rlujO. 

to!no nrUibJ.oo -.., cl.,lflcono - YtrtoOioo ,.._.,,..,,,.. !><), 

\·1 • 

\•1 • 

•• 
·• 

·o te, 

""c/U do loo nodoo do vQitaJo ogn-..,¡o 

pctonela do oon-cl&! dlopm1l>loo pano dU­

pOcho """"<!&leo 

pll , Q n '" nodoo do C<t.f"'O 

6 on ol nodo <lo ...toroneJo 

•etc. 
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~ "} "'"' e/u ~· loo DOdoo 

"'1 18 do.,..., •• 

• 
,,, 

oq 17 "'"' codo uno do loo nodoo h Y, OCIOU<IIado 

"''' 
Mhl-.' • , ·~ ¡.,u){r.;coto lotol do con.,) "' 

q t., ~. ol "' 

"' 
"'""'' 

. : ,.,,., 
l (>, u, ').. ) • e (x, u) • ).! o !>l. u, ol (U) 

. ~. ,,. • • 12 4) 

" 

' " '"' •• ~ • • • a. •• •• 
"' • o!><,u,pl • ., • 

,,, 

..,.clonu do nuJoo dodo ¡u (H], · 

Lllo oC""Cl<>noo (:11), (lS) y IHJ oon ,.,.llnoo)oo y ou ooluc!On 

··~ 
ol>lonoroo on ¡.,.,., llorotlvo. El·mModo mh ol,.plo P""' olllomor lo oal..,IO<\ 

oo olllomodo lhltodo do! O"'dlonto CUl"' ldoo b41Lca oo lo do poo•< do ..,. 

, ooluclón locUblo o otro ouM~ndooo on lo dJ.-cclón centro"' dol .,.di""'' 

yo. q.,. o oto"'""""'""""' on lo dln>cc!On on qoo lo !"""Ión oi>Jotlvo L tiJ. 

oeuoclt:n 1!). J:l oloortttao bhico """'lo ooluclón do ooto problo"'o oo ol 

oloulonto• 

!, OO.T "'1 vo!O< lnlclol o loo Vor1obloo dé contz<,l u 

z. con Jo o volon:oo pro'"""'' do u "''uohro ol con)w>lO do'"""""!"" .. 
""llneoloo (!!) 

'. l:rlcuontro ol volct do ~ '"'olv!or;jo lo oeuoclón' 

T-1 <!(¡ "'-, 

a• ~--- •• ,... 
•• 

no e<>nunr.o on e! MOO ó . 

" 

• 





•• [ncue<\tro "" """"" con¡...,to do varlabloo do 0<10tn>l 
u"OOVO u•ntorl<>< • AU 

• 

1. l'•~fl"" que loo nuovoo ,.,¡,,de u no vtolon t..o ltiOtrteol""'' y 1¡1 

"'"' ·-· "t .... "l 

mln noovo 

"• _,. "• 
.... ,.. .. ,. 

• 
-· ., 
•• ., 
eocon,.doo'"" loo po.ooo 6 y 1 "''"'-

l;n ol pOoo 6 d•l Ol.urlono q..; 01 on ol ouo oo colcolon loo c:o01bloo 

O! voc«>< do control so lntrWu¡o""" nuovo wMI>Io O< 

U*llo lo r.-,cllln do ""'doot ot oombto .,.,. ... .._, prnbl-u de oocUoelonn 

ol,.,edor ~ol rnlnlmo y o>loton técnico o """' o&locc<oMrlo ~pttmom.,¡oS on 

codo e Ido d• •<u>tc do loo vor!o~loo do control. 

CONCLUSIOI.'IS 

ltloos y loo oho• oostoo """loo eo..blootlbloo ll>olloo I>On olcan .. do on Loo 

cJ-.o dc "'""l' qu• porrnlton .. u,rocot lo dernondo o w> mlnlmo eco !O. Loo 

oc onees t«:noi&¡Jcoo '""'""'"' quo t.>n dado J>Ou"' o la ...Wl=clón do loo 

co~pu'-'"""'' di•,J:.>l•• """' ol control on uornpo ...,¡ Oo loo olltornoo do I'Q 

ouo "'"'"' ol """"'' Y <n conooc""nclo loo P"•tbllldodol do ol>t.,or m• roro o 

" 

' . H, COI!n, •control of tntorc<>:Uloeto<l ""'""' 8yo,..,,., copltulo 17 

WUoy, 1!61. 

l, E"odlo AJDCD-DLP-7730, Olle!no do Dotudtoo topoO!oloo do lo Gonl!:! 

clo do t.,udl.,. o Jnoonlodo l'>olllOIMr, en: 'Booo do coo- .,.., 

loo totudloo do t>ponlldn do lo. Cenoro.,¡ao.•, tnero 1977, 

, . 
W!loy, B•B. 

•• A, M, Sanan, 'Optlrool Loo.rl f1""' o 1'>1lctlcal Ootloot, • .. Appllca· 

uon o! OpUmJ .. uan Mothodo In""'""' Sy.,om tn~lnoortno, n:tE 

Totot'lol c ...... o T .. t, no, 76 Cll 1107 - l • Pm, 1 976, 

•• II,W, Dommol y w .f, :nnnoy. 'Optlrool ""'""' n"" SoluUMo', 

n:tt Tr•no., vol, !'AS 87, no. lO Oetub"' do 19!.1, 

•• 
Copl<olo l, Mo. (;to.w KlU, 1971, 
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J. ~,..olu 
Civioi6n "" .. tudio• do l'ooqrodo 
do la focui<ad do lnqonieda, \JNM. 
>.pdo. PDot.ol 70·2~~- Hhico 20, C.F. 

J ,).. Uern.ll'>do& 
Foe<l Motor <:ooopony, S.A. 
Cuotlt)b, E&>. de ,.¡;~10:0. 

'rhe linkoge-oynU...oio p<'Obl- for flll'~ticn 

gen•ntlon J,o &p¡m>oehod fro11 th<l vl-int of 
• oyst"" opti;.!>otlon. ""obj.cti_.., funetion io" 
propooid, vl>o•• ainilo.iuUon o;uuant-• añ 
<>pti.,.l tr.n .. l .. lon. n.e optl.al .... tion -~ 
resortod t<> io U.o <»aoplex IMthod, w!oieh 
ohowed e~oOl!@nt ruulU oo to opee<l of convor 
gonce, Tho p...,C@duro is illuotnto<l ,.¡u. an -
ex""'''le of •ppllcoHoo to o plano.r llnh9e, but. 
U... utenU"" t<> ""'""" Hnkoqu io nnight­
forvord. 

El probl"""' do la dntuis de -••nis..,o 
qeneu<loreo do func:illn •• U>ordo.<lo "-"*de el 
punto do visto do h -.,.,ti1Me16n de obu .... a. 
Se propone'"'" func16n objetivo cuy. "'lnimho• 
ci6n qaeont!H """ tron..,ioi6n 6ptb10. ¡:]_ rnlito 
<lo de opti.,.ei6n utili:udo oo el c&oplex, 'J'IO­
O<>strli .. colentu ro.oult.odoo •n =antA a rapJ­
du de 'oonver<;enda .. Se.Jlunra uta pr<><edJ­
rnlento ~on un ojo!Oplc de aplleaei-6n a un ""'ea• 
nis.., )>laOO;-~ro.la extend6n a -••nio..,.. 
eopaelalao ea INOedlata. > 

• 
En o! probl~,.. do olntooio da -•anloO<>o 

para qo•noración de fune>cn oo trata do hollar 
un c<>njunt<;o de valeros p

1
,,,, •Pn de por-trea 

<Se un -canu""' da t.o¡x>loo¡la dacSo, q.,. pr<><lu<­
can un ~•Junto do P"•e• do valcrPO ontradO·O!. 

Hda {1~ 1 .t1 ))~, donde t y+ son variables 

que re¡oreo<nt.on la utra<la y la ..,114& del -­
cenia..,, reopectlvaooomto. Eat .. vorlo>olu puo­
den ser do•Plaz...,lentos an9ulare• o Hnoaleo. 
lqualO\too\t~. leo par.tmetroo p.l1•1_. • .,n) pue­
den oer diot~ncUa Q inqulco~ l'or oj""'l'lc, 
dado &1 _..,anl,_ de la r19 1, loo porbHroo 
oon loo lcnqitudeo a , a , a y a do loo 
e~lobcnoo, mientras .j... ~. Jntu!. y lo oall­
da ocn leo &nquloo ~ y t , rupectiv&P>Onte. J..o 
ocuae16n que relaCiona loo pori•e<roo ooon 1 .. 
vorlaJ:olu do.ontrad.o-y do aau.sa oo Ja.uoplia• 
..,.,~ e<>fl<lclda ",..ci6n .S.. rrendenHoln 
(rd. llo 

., 

., 
., 
•• 

"' 

D&do.'l"" lo"" 01 <;»ntia"" UPO par~..,. 
. ,,...,, 1.-.:lepend.Jontoo, ~,.•, y k 1, .Ole u puP· 

do 9nerar l pore& de vol~TU l0
1

,fjl por 

-lo de ello. En ef..:t.e, •w.tltooyendo ~• J 
pouo ~e valoreo en la ..e. 111 •• ohde.,. ~1 
&lqulente olote.,. lineal de PCUoclonu 019~-
brolea~. ' 

' 
··"'· .•.. ,) .... ~.,-~>,.!. 
. ..-.., -•, 

1' ·1 ,, . t-

l.'i 
\ '; - 1 

.... .-,..,. 
""'"">''' , .... ,,,.,,, 

"' 

"' 

El not- de ecuaelo,..o U) oe purdo re 
oo\ver por varl-<>s too!<Odoo, de loo """""leo .,¡­
Ño ~flcionte u ol do Gauoo o deO"""'P"Oi-
d6n W lrof. :11, En cooo.de noeeo!Ut qonc·.~· 
'"' mh del parP• do valcrU 1~ 1 .~ 1 ~. ¡nr 

oj-r>lo a>l, la ,..trh ~de la .e. <JI reou! 
to roetanqular, de ..,.¡y el 5Ut ... de • ....., • 
clono• eo oobradcto<"llllnodo. ~n eote cooo, 
9en•<•t-nt" no e•loto uno oolucJ6n que oao!o 
1•9• ~ianolt..lneament" todao lu o.,...clenoo, -
poro &e puod~ hal~ar aqud·valor de~. ~O' 

qu" '"lnim!c .. la """"' cua<!rhlca d<•l error 

"' 
t..o solue16n ~o •a pu..d" r..lior de """ 

..,MrO '""Y otlclonte -•llaM" •1 ai'CO<!o de 
refleeioneo d" ><au.,ehcldor lref.JI, que yo 
l>a aióo apllcado con fodto o h olnt.,oh de 
-••ni...,o-pora "" nC...-o ueulvo d• P""""" 
do pr..eal&. hd.,l. 

V<>tvieOOO O lo .oc. (ll, y ooonoldolondo 
ul cooo on •1 qua oo ~enqa !qua¡ n~ru d~ 
"""'""" de ptO"<'h16n qu~ de porPotroo • 
.S.Oto..J.r.u, ••«> co."l,.e• M•" oal>ido 
trd. 5) qua al olot- de ceuae!"""& ti e"" 
,..,. OOluci6n Gnlca, por lo <¡DO ol -can!,_ 
olntH!udo aarl Gnloo .._..,un. Por oou 
uú.n, ea poolble qua ..,,.., -.:anlo.., teno¡a 
..,.. operad.S.. pobre, ..->por •J.-pie, ..,... 
aoJa <ranaa1o16~. La trana•l•Um de "" ..ca· 
ni,_, eo """ <Oualldad aooe>o.S.O a la ~ent.ajo 
-dnka dal .,....,, o aeo, la ••laci6" onu~ 
•1 .-ntQ obtenido o la ullda y al -nto 
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""""'"'~"~""a t. entrad.>. Un.>. fo,.. de cuan~.! 
f>cor ~"" <ran->016n, amplia..,nce acept..oda, 
•• .,.dionto el ll..,_,o inqulo de U&nooo.io>i;n, 
"· q~e aporece en h n9 1. Mientro~ oSte .in~u 
1<> m.i:s prlixil>o ~·d de un valor do 90" o do -
nn•. lll&y<>r oerl h vent<lja ""'cln•••· •nutan<lo 
oe ~.ca cuan<lo •'l"el if>91.llo val o o• o 180". EO 
d~oeablo. entone..o, '<"e~~ ino¡ul.o e!<, <ronoml­
si6n od1uiou valoreo que oe desvhn lo ""'""" 
pc•ible de 90" o de 2"lo•, oeqGn el cooo. En 
oeq~id.& •~ dacute e<>lOO modif¡car lo ecuación 
de Preuden•te;.n par~ poder «>nvert>r el probl~ 
ma en uno de Optl.maci6n. 

U p.-obl.,.. du s!n<esh 6Etima 

Lo "cuan5n ~e Fienden5tein. t.al e"""' Of'a­
rece en 1~ ec. (J), ""p<m..l<e ni"'!un& opti.mo­
ci6n. S>n embor<J"', si los lnguloo de entrada y 
de oalida ·~ miden "" desde la llneo detenoiM 
d.> por el e5lA1>5n 1, dno desde linea• que fo'; 
""'" ónqulos n y a con est..o Une~. r~opectivo-­
""'nte. la e<:uod6n de FreUdenstein •e tranofor -.. 
donde. debido o qu~ los ángulos ~ y ~ eotb 
aUn Üwlete,.,.inados. se tiene un eonjunto de 5 
ino6-,naos. Pora el preblema d~ qenerari6n de 
J pares de v~lores entrada-sahd.&, (~i'Oil' 

""tonces. SS pu"'-'e aoiqnar libr.._nte valores 
a dos de esa• inoÓ<¡nitao. Si esas dos inc5gni 
t.as son ~ Y ~' in .. se puoden •oeo<¡or de -
.,.nor~ q"" produzcan d mejor &,.,ulo de trans· 
o¡foión, •· Uno funoi6n posHivo dehnido cuya 
m..inlmlución prodU<Oe valores de " pr6xJ...,o a 
90" o a 180" eo 

" 
> • ;,Jcos

2
"dt (71 , 

<londo se !>a supuesto que el ••lah6n de entrada, 
2, qira vuelta CO!IIpleta. La eondicl6n que de­
ben oatisfarer loo lo1>9itu.des de }OS .. !abones, 
paro que el de entrada qire vuelta eompleta. 
e•tii dado pcr lu desigualdades (ref. 1,p.6JI 

·~'", .,. . ' ., ... ··.-·, 
·,•a,>o,•a:¡ 

'" 
'" 
(101 

(, 1 

por (ref.61• 

(' 21 

~sl. d probl=d de optimac>6n reoult.onto es 
ol siqu><nt~• "M.in,,.izor & dad& pcr la ec. 171 
•~_J«• a 1•• Te>tricclones de igualdad (ll y 

• 

a 1 ... de de•iqualdad 181 a (111"-

L<>o ,.¡;todos dapcnibles ¡>O.<a resolver el 
probl...., de Optimaci6n propue5CQ son básico­

""""'" de do• t>pco' 

il ,.¡;l;Odoa do funciones do pcnaliud6n y 
j.¡) ,¡;tDdos dlrecC<>•. lDs milCQ<los d~ f~nClO· 
no• de penoliuci5n consioten en Ho.r.sformar 
el probl....._ dodo. que cont>ene rcstncciones 
de des>qualdo.d, en ~na oecuen~>• de problema~ 
sin ••te tipo de reotri~ciones, y hollar los 
valore• 5pHIOOs de las vorJ.ables de d<!~J.oi6n 
lo y 6 en este easo) para cada ~"" ~. esos 
probl""'"''· E] 6pt>mo del pro<>le"'" ongin.al, 
'!"~ contiene res~riceiones de desi.u.oldad, se 
ob~i~M por extropolod5n (ref. "11. El ..etQdo 
de func>ones M pen.ah•ar;.6n ya se "" ~sado 
con exno en la ointe•i• de u-e~•nio..,s 
frH.BJ. lD> ,.ÓC<>do• direcws Olane¡on las res 
tricciones de deoigualdad dire~ta~~nte, coto­
es, 00 tran•forllll>n ol problema en uno Slh 

este tipo de restricciones. 

En cualquier c~•o el .,¡;<<>do de Optima­
ci5n o s<>quir depended de cu:Ontos derivados. 
eon reopecW ~ lo• vniables de decisión, se· 
tengan disponibles, este es 

i) ninguno derivada •~ puede calcular. 

iil se pueden calcular s6lo primer .. deriv~ 

••• 
;tii) oe tiene acee•o a denv,.das hosca de 

orden· 2. 

Dentro d~ los ..ewooo apli<ablos al pn­
mer caso se tiene.el de Po><ell y el C6mplox. 
U de Povell (ref.91 colcul~ el Opti.., de 
uno flll>ci6n sin restricciones do disiguald.>d 
y sin <equer.ir d• derivadas, m¡.entros que el 
c&.plex (r&f.IO) calcula el óptl.., de un.a 

funci6n sujeto a restricciones de desigual­
dad, tan!bi€n sin ré<juerir de derivadas. 
Ambos m~<odoo ya han o¡do probado• en la orn 
tesis de "'ecanis..,o (ref~.11 y 121. 

S¡ oe tiene accsM> o primeras derivados, 
se tienen los ..,;t.o<lo~ de qradient<! y de 
eua•1 ~•~ton !refa.ll y 14). Finol..,nte. si 
se dispcne ~utA de S"']Und.&s denvad ... se 
puede aplk~r el .,¡;todo d~ Newton-R.op~son 
(rH. 151 funcione• de pe,..llzoei6n pora cal­
cular las ralees d~l gradiente de l.o función 
Objetivo a la qu~ se ha aumentado lao f~neJ.~ 
neo de penalhación adeeuadas. 

En el e)emplo '!"" si9ue ,e utiliz<i el 
.,¡jtodo c&oplex. 

Ejemplo de aphcad6n 

Se duea sintetizu un meconis,., plan<> 
RRltR como el que aparece en la Fig 1. que 
to,.,a una tran.,io16n 5ptima, en el sentido 
de que Alini~ic~ el valor RHS de «>•~. do.;o 
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1 • 

p<>r Lo...::. (7), do.-.oera que .u oolablin de 
enu..X gire .,.,.¡t& .-plet& -deoto¡ualdedeo 
(8) o (11)-y genere b lunei!l.o. 

•• • 30•' •• • .,. ., • 1 s.o•' ., • w ., • 21o•, ., ~-

COOio h ocu.oci6n de rre..S.Mtein ..SI<> .,.,.,. 
tiene l parlDouoo :lno:lopendio~t&o, a .,... de 
l"-" • lo..,.it..Seo o

1 
oo le p<Mdo dar Wl nl.or 

u-bH>"*>'io. Jl.l,¡aoe, p<>r ej-lo 

o, • 1 

yo que cu.olquien quo oeo lo oolU<:i6n del -
bl.-., oot& ¡ongitu4 oia.pro u -1Uvo. U 
eeuaei!l.o. de rroude,..tain "" utiliu, do.oda 
luooqo, en lo fonoo do la ec,16), eon o y ~ 
001110 ,.,_,.a¡,¡ .. de deeioién, que P"nol.tan lo 
optt.aei6n dol ...,an.IP<>. 

r 
··-·"'- ~ c.on el objeto de oillplUie...- loa cllcu.i.oo, • 

1 
• 

. . 

• 

uer~o lo tunoi6n objaU'"' o y loo root:ric 
don .. 18) o tll) en tbminoo de loo par--.-
t.roo ~ 1 • Ao!, · 

' ., • 1<2 

., ·"--
"2"1 

•• • L . , . •, ~~-:: ,.mJ . 
~ 

• • ~o 

- . tal . 

( 15) 

Lo. ... t:rh • ' ·al· vector ' •• t;rfltl.lfo..an . 
dor.,.onta •• -·· 

¡: '""'"•'"' ""'•"'] ....... , .. ,~-"] 
' . ....,,,,,., ..... , ... ' • • ..,. ... , .. , ..... ,., 

'"""'•'" ., ... , .. , ....,.,,, .. , ... ,., 
- Lo.o root:rieci<>noo (1) o (11) •• r.oduc:OJ> •· 

"2~· 
",~1 

"•'"2 -~<l•o 112 ""2"1~0 
(17) 

11-ttanso loo o&lono de 
Aoloo Uo<>On-., ~ 

• 

"' 

oiguient•• dooi91»ldadoo 

0_!<>_!2• 

rüo la .01uci6n del p10bl- de optt-­
ei6n propueoto oo utU!o6 ol poqu.t• 01'1'111 
Crool',\6), quo dio .,.,., ooluci6o 1000 OlfW.on­
""" -lor .. -dooo 

•,- o.ln• "· .. lo..,it..S .,- o. 7450 •• .. l""''itl>d 

••• 1,001 . •• .. lol>!litud 

• • 227.6' 

• • 157,1' 

al ...,..,!o.., ooruop<>ndiO<Ito oo -•<ro 
"" h Fig 2 y lo """"o ~ vo. '' &ri lo r!g J. .. 

n Mto<lo c&opl.,. -u6 ...... buon.o np!­
doo do convor<¡enc1o, """"" el nilloono oob!.o 
<lo 1tarocloneo re<¡U<Oriclo fue do ll, ain-.., 
go, dob<o tenoroe en o:uonta quo ol p«>bl_. -
puoont&do o61o COJ>t!OJ>O <lo• vadobloo do 4.­
ciot6n. Si d n(ioooro do eotao vui•l>l•• .,_, 
ta eo p<>o1blo que •1 -'t<>c!o pro .. nta <11f1cu.l.­
tadeo po.ro convor9or. En ••• """"'• doM .,..& 
yor .. d M te>& de RoWton•aop~>oon <>o>n · fur>eiii" · 
n .. do po.nal1u.ci6n y ...,rt!g....,lonto, lo -
"""1 ocoloro ""tal>l-nta lo oonvorg..,do. 
Lo..runcl6n objott,.,.ut.iliud.o..oo c~>&dritlca 
y p<>oa!vo dd1n1<1o, lo cwo..1 l>r.co que tono;o 
prU..ru y oo-gun<loo derivo4&o C(Ontinl>&o, por 
lo quo oo tecilita ou """ paro ol Ñto<lo do 

-~:~Nevton-ll&pM.on. U Mto& C6ooplOJ< .., roquio• 
ro tal ""ntlnuldod on oooo <lorlvodoo y •• 
pudo hot.or uooclo, ""c&O<blo, otro func:16n 
objoti"" ..,.. .. 

• - ooblooo~l 
El hoeho do loobor uooclo """ fWici6n .,..... 

drlt!co tu• IJOOtlvoclo p<>r roaonoo do """''"r&• 
• ei6n, on cooo de quo •• du .. onooyor con el 

m.lt.oclo de N-t~·""P."""'• por oj-pl~. 

.. 

VI C....., do lo _ .. -- do ._ ..... \11110 

. . 
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-'""' of "" ''"' '""'" Co" .. "" on '"'"' ol ~""'"" '"" M"'"'"'"' - '"" 
""bl nl"d Of Tno Am"""" So( ••tv o 1 Mo "'""""' E 00•0.<" 

OPTIMAL SYNTHESIS OF LINKACES USING HOUSEHOLDEA AEHECTOONS 

1- ................. .. 

M.,;.,..~ U""'"'" ol "•••<oiUNA"I 
""•~o.D F. ""ca 

no un<ou .. inod ovefd«u~inod pmbloo o! 
ktn .... tie ~<••••• oyO<"coi• es,,,.,.'" on olfi­
dont ""' usin• Houoohold« ""''"'"'· Ih• p<obl•o 
fonoul&<ion loods to o oysteo oi oit~<f hnea< •• 
.. nun .. r oq ... tlons ¡n =<>'" eqcauMo thon vn'•n•""'•· 
lho ¡inur problom;. ,¡,¡,·od "''""'-'by •crl><otion 
of o finito n~b<< af ••o<ossivo oefl•e<>On< to tho 

opooo of ""'"''''" ~ith th< put??>< al ""'"' '"' 
oyo<o~ ol <quotlnn< into •>P" <t<angvl" lot~. uhieh 
oll""• lo< the •omputH><>" of <i>< unkno""' by book 
oobodtution.no nonl>oo" ?'""•~ i< >olved vi• <ho 
Nowton-1\.oph•on method "'"'"computes, ot "''" Ho<­
ation, the co"oct>on ce <he vecto< of ""'"''''" •• 
tho l .. •t-oquore •ulut>on to •n o•.r•.cec~iooJ lino" 
oyoto= in o .. ctly tho sam• -•Y ., ¿""""•1 bdoro 
for !in .. < pmbl•""· lntcoducnon of tho ,.,.~ sothod 
ptodutoo '''"''" uoults •~ rolaüvdy sha<t ptoc· 
uoin& tlkl, •• '"""" tn <he •••"1'1 .. ptnont<J. 

D.n unoini<l<h<4n<.to und ~><<b•"•=« Pfablofl< 
du kin_.tiochen Cotneb••ynche;o •«d effici<n< 
&olo¡< .,¡, Ni !fe Mr llou••hal"«-Spiogolun<<n· O!< 
Pr""L""•<•l!un& l<H« '" ocne~ S)stOo von entwtd<r 
llnuron odn nichtlinoa<'n Cleichun;:<n ~>t :<Ot 
Ciolchunoen o\ o Unbekonnt<n. Thas lino••• Pco>l•• 
wicd dirokt gelOot mi <tolO iLo•eodon~ """' hniten 
Z.hl oufeinonJecfol•••'•• Spiogelun"en '"~ 1\.oum doc 
Unbokonnt•n oit do~ Zce; Ó<O Ube<<<••en• d<s 
~\olchunc••1••••• '" eine• hOh,cen dce>eokigen Form, 
~eltM dio Jechnung do< ~nbe,.,nten Jucoh ''''"­
O«•u•J ocloubt. O.ts nioht-l<ne.cro Pcoblem ,.¡,J 
mittol<S d.r Newton-ll.•ph,On-"•<hode g<-IO<t, die"' 

jodoc lt•<Hlon deo'"""'""""" dec Unb•"'·'""''" "'" 
OO< ~•nigoto" Q"•Jcateo>-lO,,..,, '" cinem ~b"'''"'1fllhten 
l!nuton Cleithun&<•1•tem •««lonet, auf Jec gltt<hon 
Wo(oo vio b•i d•r "•thode fÜc ltno•r• Sy•<••• othun 
b<oohrlobon ""'""· Oto E>"fÜhtcng ~io.o< M"hod• 

f~htr '" doutlich•n Erfolgon en <<l<tlV ""''"" 
ho.o•oiouoüon, vio m" tolo doc einge.ohlotlonen 
lo!oplolon cnoig< w><J. 

.. 
;, -1' 

uppor-caoo un4orlinod chacactor, on oxn .,,,¡,, 
tho Inverso of A, ~h<n A ., oqu.,e and. nono in-

•'· ¡, 

cut.. -
tho <••nopooo of A 
¡.....,,.,,., "ndctl;n<J latin ch.>t>ctoc, on o-
4loenolona! voeto< 
rho •booluto voluo o!&, uhon o» tul; tho 

'" 

aodulu• o! ~--"'-•~ a is cocol«· 
lloll:rh• Eucliean no<~ oi oecto< •• i.o. th oq .. « 

" rwt of <h• •= o! <he ''"''"' al ito co=pononti 
dotA• th< ~««=lnant of ''' •q>U« OOt<" A 
f(•l• an m-dicon>>Onal yec,o< functton o! tOo n-OLov~ 

oion•l voeto< "''"~en' • 
f'(>),.h• Jacobian """ """"."' t with tolp<tt to < 

nOILEM rOII.'!UL\TfO~ 

Tho <quations anscng in the to•lm of l.loom.•tic 
''"'""" of lin<•ge. con«ilute •«h•< llneH o< 

nonlin•a' •18""""' '''"""' 1! • .1_1. """" """"'"" 
oro the •••••«>e P"'"''""" (lengtOs ooJ ·lDKlUI ot 
<h• ltn<•••· !f th•se pacaoeotec• "' •«•n,¡•O ·oithin 
tho n-Ji~'""""" vecto< '• <he s;cd "'""'"""o<< uf 
th< foro 

'" 
wh«~ A ond b .,, o kno.n ""~ "'"'"" =J oo c-Ji...,n­
•lon•l-kno•n-voccor, oe;;;ecd".ty. whon '"" •Y•<•= ;, 
linou. !f it i• non Lic . .,,-, '''" Che ovnch<•« oqLL.t· · 
tiono are of <he for::. ~(x)~O (2} 

f boin• •n o-di,..noiond ve""' contoinin~ o <« of a 
icolu fun<tions f_(<l ohaso "<"=•nts '" "" """"""" 
p•<>=•<•" of the Í>~<oge. \,'ten ''" """"" of op•cifi­
~ con,itlon< tO ~· ret by th• 1>"1-..>gc ""'""•• th•t 

of tho "";."'""""'· ""'"''' '" 01 ,. >~v•« •oJ ••«o< 
f lo of dimonoion o. In ~ost tethnital ptobl•~•. ho~•~ 

u, tho numbec of p<OO<abed tondit>ou '"'P·"""' 
thot of &•O~ot<ie "'"""'"" ovada>le, <"• !in<•~,. 
oyn<h••" ptoblc~ ""' l<-'<lic.g to an ovecJotot~Jnod 
oyote~ of eq""ions. Th>S el'" of sy>t<m< in i•"'<"l 
do., not od~ct an ""ct sol""""• but " ;, po.,iHa 
to finJ o Vt•<tor x th-H <•·t>d•·<> toe quoJc.t>O •""' ,, 
~io!mv~. Thos, <h, 0 lea.<·•gv·"" rcoblo~ ''" b• "'·"•J ... 

""Fiod th• valu< o! x tha< mt"'mi'"' tho ¡.,olió<"' 
non11¡ of oi<hec Ax-D, o,~,.,., of [(xl, dt~o·nJtn.; on 
whotOot th< 'Y"¡,;;;, lcnoa< ot nOn[ in•-"""· 

The 1\o<at ove<dote=io•J svsc<m (!) ·'~'''' o 
""'~"" oalut.on x <h>t t<oJ<<> IIAx·•ll • ~'"""'~• 
P<Qv>d"ed A i> o['~v\1 <•o<. i.<. ,["t.io;A•n. fM• v•Lu• 
lo I\VflO ¡, <1) 

T -1 T 
""''' (~ ~) ~ 

~~·(~r~ 1-1~T~ "' 
¡, c•ll•d • """''"""'""'~"" .;<"M<OltuJ 
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in .. uo o! A". M .. '"""'"' "'"''"'nt o! th< li•••• 
1•••<-oqvro; p<obloo lo fovnd io !il· 

Do nonlinoor p<Obl.., .. y •'~" ..,¡.,pie lo<ol 
olni .. ; th••• <>n bo fovnd by oppl><~<>on of the 
Movton-'-"phoon ... thod (_~). vhich ot •OCh """"""· 
C-vtU tbO COHO<t\00 V<O(Of tx_ 00 th< !tU(+ 

oqo.,e oolv<lon to tho ovordouni.~ned Jinc.r oyotea 

!'(~)~~.--!(!1._) (4) 

Thh h o opto~ !i>.o.that oppo.ring in oq.(l), Tbv•, 
loo ) .. ot-oq,..re oo\uticn io 

¿~-- L!' f!J,.lr!, <!klrl!, <><,.> r !<";.> m 
Th< nev >&lo• of th< on<nmm Vo«or is thon ,., 

Tilo p<o<Odv<o >< >topped vhon tho rvclídcan no<= O! 
tho cotrortion vector ¡, <vfliciently o .. JI v<thln 
tho iop<>ood oe<uucy, i.o. uhon 

11~ 115:< ,., 
< boin• o "•..all" rul pooiti'" nvrnbo<, 7h• ptoble~ 
thuo, vhothcr Jinoor ot non)¡noor, r•dveos to <OWPvt• 
<h• Dinuohtng v•l•• x ''"'"by oq. (l). An off1-
dont ~~y o! cooout1n¡¡",¡,,. "''"'· oo<Jined n<«. 
dooo not r<q~üe to 1noHt &ny m;>tnx. The co~putanon 
lo don< by opplitotion ~f Hou•cho1det ,,¡¡,,tiono. 

'" o><<noivo "''"""' o[ th>s toplc can b• !ovnd 
In the opociolhod 111<'"'"" !i.§). Fot th"· <eo,on. 
thh thooty ,. "'" Lto><ed hon. • ~~ou .. ooldot ••lf•c­
t>On io a Jin••<. lo¡> tope< onhogonal ond O)'-tt1o 

lt&nofot"'"don, 1.0 •• d H" '"...,.,.<ti>''"'"'"~ 
t&1ion. th•n • ,., 

llbon n ouch t .. n!o<O.ations a« d<!in•' Ou1tobJy, 
hly. tl,.it elfect nn •·"'" A •ppeatin< '" •·q. (1) 

lo <o tako it into •I"P" "''"""]&' fotm. Th" ••Y. 
tho ¡unofotmcd •q....,t<ono Ot< oqu<vo1ont to <h< 
follo"in& u, •e --· -

Ox •d --· - (lO) 

»hoto l' lo an upp<T trun;u1ot nxn ...,ttix and O i, 
tho (~0n)xn ooro •ot<ix. < ond e bc1ng n·and (,.::n)­
di~cn,.onal '"ctau. vHI.-~/0. thuo. ·~· (~) lo 
dotonnined '"" '"" t«Oily¡,, ,o1v•d b)· >•ok ••b•u· 
totioo. tt• so1u<ion • beln~ the lont-squ><• •olo· 
tioB to tko O•<tdot<,..;;~nod ., ... ~. fq. (10) U lnoon­
ofotent and [[d[[ t<p«5<nt& the [u<l>dc>n nNm el 

the cttor '" t~e "'"''""'""''""·''"'" ''' o<>oinal 
''"'"' (1) i• 1<•noforned into [0).(]0) ,.;, • '"«"· 
&ion of ottt.ogoo~J ttaodo<eatioos. the '""' 1n <he 
tr•n•!ot~od cOOtdin•t••· d. h<o th< ·~~• Fo<l>doan 

no,.., •• that io the on,;l.i•l tootO<n.""· ~'"''" •• 1[•11 
h <he <rtot ~"od&t<d •Hh the od'"·'' 'YOl•·~. • 

Altl""''" in """Y"'""''"¡ •prli""""' thc r<o)! 
lo,.. of lin'>t• ''"'""" lnvo1ve in•·qual>ty coo•­
tuinto, otlll • co.,id<t>h1y ¡.,~.'''"o! oyntho­

oh ptohho> "• "'"""" .. lncd. ~Ot<OVct, •ffl<i<•nt 
opti~"<tion t'<lm1quoo <X10t th>t handlo 10•·ou•l'<y 

<Onotubno by '"'"''"dng "'itabl• ~··no1ty [""'"""' 
Q). thuo tmn•n; <h• e<ohlo·m an un<oontr4lO<·ol ono. 

fo< thue tc••·•no. th< ot,.jy of ~"'""""'"'"" """~" 
otion r•o~looo io o! •vbotoonal "'""'"' ln1<«'1. • 
Appl;catlon• l" lin'·'~' >Y•tloo>is ptoblem• """ noxt 

"' 

Uluuut<O vith tW uompleo. 

touplo L Syn<h .. io of on OS'" fun<too<. ¡cO•ta(Ot 

Tho iO)DUt ol on ~SSI Jinkooe. o-.un ¡n Fi• !, 
lnd<coto& th• dt!!eront t•Omot••• p••••ct••• of th1o 
lln<..g" & • • • & • "' tho I•·O&tho of th• outpuc·, 
toup\o<·on! ,J., ltnh, toop•cu~.ly: o. 1& th 

,¡foUn<< bot•eon the uoo <>f tht >r~ot aOd tho ""'""' 
llnko: ~. <o the •n8l• botwoen th< ol•••~•ntioned 

''"· pooüve •Oout ED: • onO o "' d"""'" of 
pointo O onO O o long tO< l,,, of'th• output-•ne th< 
Input lfn~o. reopo<t<v.Jy. All ovo<, <h• s!¡n '""""­
tion of Don~v>t ond "''""b«g (_)_.pp.J,,.J,~l u 
ob"''"''· Th• <nru< on;¡lo io \."ano! th• ov<pvt •n&;• 
io ~. For '"'t<h1n1 oi• poito el input·ovtpvt vol u., 
{~ .• 1 ) vith thio !in\<>&•· DenovH ond HattonbetS 
Q!oo!Jl8·Jil) ooubli•"«l tho fol1•~••• t<l•t•on 

k
1 
coo~ J +k

1
• in~ j ·\ 

3
co•;·J +k0 O in~ j + 

••s (ün; {"": i -<o$0., >in:·J 00., jl"'•­

•<o•~j'"'-'·+cou,,;,.; •In~ 

' ' ' 

'•'·•'••'•'•'"••' •1- l l " •¡ •, • 1 ,co•··.¡ ·-• ~a1 .. J'"':o 

•, boln' •ssign,d. 

(11) 

(11) 

In the lott" ddini<ion•• <o "'H"'" <~< loc>t1on 
of th• ,.,, of t~ ""''""' d<al fto~ :he do<:•d l<TI< 
cas~'in;. •"•ough C. patall<1 to !>no m. " >1•"'" 10 

fis ' . 

., 

• 
., 
.~ 

~,¡ ~o 

1 

fi& 1 An RSSR 1inkagc 

Fot 51X p«<i<ion-pofnt •ynthe•"· eq•. (11) 

yi•ld • ,,.,.~ of '" l>n•·•• ''""' '""' '" ,¡, ""'""•"' 
uhich, '"\H•n "OO•.ing· . .J.'I. pto,juc<• vnlqu.- '"''"" 
• ·" ....•. ,,,,, th"' "''"" '"'""· '"" 1,., ..•• 1 , . ó • 
...... ,.,. "' <c~ru«d ¡,~., eqo. Ol) '"' • ,,.,.,., 
•·aluc of • . U ""'" th.;n .,, \"'""ion ruin" a<o 

""'"'"'· /.o-<>or. th< •r••··~ "'"'"~"' ""'"'''''''~'"'"· 
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,><)"'""'· •l¡o.noodu> •r•tt•' "" ll puo "v •non•• 
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1. MIITHEMATICIIL f'R!:LIMI::;IIliCS 

1.0 INTROOUC'I'IotL SO<t-e releV.,nt mathematic"l results are collectcd Hl th"" 

chapter. 1'hese results find a wide application wit.hin the realln o,f an<~lysis, 

.ynthesis and opt~iration of mcchanisms. Often, riqorous_proofs are no~ 
• 

provided¡ however a reference list is qiven at the end of the chapter, where 

the intereSted reader can find the required details. 

1,1, VECTOR SPACE, LINE.illi DEPENDENCE ANO BIISIS OF"II VECTOR SPACE. 

A vector space, also called a linear space, over a field F (1.1)* is a 

eet V ¡;,f objects, called vectors,- having the following propertics: 

a)' ~ each pair {~ , rl of vectors from the set, there corresponds one 

(.nd only ene) vector, denoted x + X• also from V, called "the adclition 

• 
1 

y• such that . . 
of x and 

1} 1'hia addition is commutative, i.e, 

x+~·~+x 

' ii) It is associative, i.e., for any element z of V, 

:a: + (~ + z) • (x + y) + z 

iii) There exists in V a unique vector Q, called -"the 'z~ro 

such that, for any ~ t V, 

of V", 

iv) To each vector x t V, there Corr<lSponds a unique vecto~ -x, also 

' in V, such that 

• Nlll:'.bers in bra.ckets designate references at the end-of each cha!?ter. 
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. ' .. 
' 

);)) -:o ea~h p~ú. {e .~},"'~ere a t F (usually_ called "a scaL;r"J ,\nd ~e·,¡, 

tbcrc corresponds one vector a~ &V, ~alled" •::.;-,., produ~t of 'tha scatar 

a times ll'"• such.that: 

J) This'product is associetive, i.e. for any 11 e F, 

ll(i!X) • (O~)X 

ii) For the identity 1 of F (with respect to multiplication) Che !ollc'oli:.-, 

holds 

1x • x 
• 

e) The produce of a scalar t~es a vector is distrillutive, i.e. 

i) a(x + y) • wc + o.y 

ii) (o._+ lllx•o.x+ i3x 

Example 1.1.1. The set of triada of real numhers (x,y,~) constitute ~ 

vector space. To prove·this, define COlO such triads, namely (x,,y ,z,J 
. ' . 

(x2 ,y 2 ,~2 ¡ and show that their addition -is.also one such triad and i~ is 

commutacive as well. TO preve associativity, define ene third triad, 

Example 1. 1. 2 Thc set of all polynomials of a real variable, t, of !egree 

less than or equal te n, forO <t ::1, constitute a vector sp'ace over the 

field of real nu.bers. 

EXample 1.1.3 The set ot tetrads of the forrn (x,y,z,1) do not const~tutc 

a vector _space {Why?) 

Givcn the set of vectors 1•, ,,,, ... ,x } e: V _and the set Ot scalars 
~ • .n 

{o
1

,o
2
,.,. ,o. } e:. F not necessarily distinct, a lineior cornlliMtion ~! the 

. . " 
n vectcrs is the vector defined as 

• ·" 



all a's.ar<>·.:cro "" wcll. Oc!'""''is~. thc sct ~s ,. 
linearly depcndenc ({. d.) 

E1<~ple 1.1.4 The set cont<>ining only one nonzero vector, (xl.is Li. 

Exacole 1.1.5 The sct cont<>lning only t~o vcctors, one of wh1ch is the 

• 
origin, {x,O), is Ld. 

'I"he set of vectors {~ 1 ,~2 , ••• ,~,} e;: V spans V if and only if evcry'vcc10cr 

v E: V can be .!xpréssed ~-s a linear combin,.tion of the vectors of the se:. 

A set of vectors B • {x
1
-,x

2
, ••• ,xn}<= V is a basis for V if and only if: 

i)'B is!linearl_Y independent, and 

il) D spans V 

Al.l bases of a given space V contain the sarnc nu:nber of vectors. Thus, ~f 

Bis a ba.sis for V, the number n of elCI:Oents of B is the dimension 

ot V (abreviated: n•dim V) 

Ex~ le 1. 1. 6 !n )-dimensional Euclidean space the (;(lit vectors { i, j} 

lying parallel to the X and Y coordinate axes span the vec:ors in t~.e X·Y 

p~e, but do not span the vectors in the physical three-dimcnsional sp<~ce. 

Exercise 1. 1.1 Prove that the set B 9iven above is a basis for V if and 

only if each vector in V can be expressed as a unique-linear combination of 

tho element& of B. 

1.2. LINEAR TRi\.NSFORMA'l'ION.A!lD ITS MATRIX REPRESE:>TATIC~l 

Henceforth, only finit:o-dÍlftcnsional vector spacos will be dl!alt: wilh oor.d, 

when necessary, the dimension of the space will be indicated "-S 11:1 ""F""""t 

ot the space, Le., vn r.~eans dim 'J•n. 

A trwsfonn<ltion T, from an 'm-dimensional vector SP"-ce U, t:o an n·dimension.li 

vector space V is a rule which establishcs a correspond~nc-e bctw"':" 'un 

element of U und,. uni<1ue element of V. It is r!!prcs<>nted as: 



lf u ¡; urJJ. and v e ..f ... _., · ....... :, Uo.,t T: u 

.... 
. also be denoted as 

V '" T(u} 
• 

T is linear if and only if, for any u, 

i) !{~1 + !,!l) .. !(!.!1) +·!(\!21 an<l 

ii) Tla!,!l " a!l~l 

~~ and 

• 

" _, 

(1.:.1) 

(1.2.3al 

cU,andoc 

(1.L3bl 

(L<.lcl 

Space J"" over which ! ia defined is called the "domain" ot T, wt:ereao the 

subspace of ,f' ,containing vectors 'i for which eq. (1.2.3a) holds is calleC:. 

the ~range• Of !· A aubs¡;..ce of a qivon vector. s~ace V is a· subset o:: V anC:. 

" i11 in turna vectcr space, whose di111ension is less than or equal to :..'tat 

of V 

Exercise 1.2.1 Sl\o'll th.at tha ranqa of a qiven linear transfoi."m<~tio~. of" 

vector spa.ce U toa vector spa.ce V contitutes a subspace, i.e. it sa~i~fic5 

propcrties a) and b) ot Section 1.1. 

Por a qiven E. e U, vector y, a.s detined by (1.2.21 is called the "ir-~9'" of 

"!,! I>J\der !"J or, Bimply, tho "imac¡e of 11" if ':¡: is selfunderstood. 

An example of a linear transfo::ma.tion is an orthcgonal projcct::on or.:::> a 

planc. Notice that this projcction is a. transf"onnation of tha :hr~e-..:lin<On-

of l" in this case is the physical 3-di.coensiona.l space, while its rir.;~ ~~~ 

the projection plane. 

-----· 

If !,_iiiS detined in (1.2.1), is suc:h th¡¡t all of V contúns v's ~-.;~h tha:.. 

(1.2,2) is satis!ied· (for sorno !,!'9), 'l' is said te be "oiltow. ·rf r is , .... c-. 



• 

thilt, for . ..Lll distir.cc. " :' ie".d "~· :'\;:,1 .. - ' 

said'.to ba o:~e-to-one. If T ~~ onto and one-tc-or.~, it ui s<ud to l-., 

~r:·.·e~tible. 

,If'T is invcrtible, to each v ~.V.there ¡;:or~esponds-a unique u e Ll such th~~ 

\C ... !(\!). so one·can define a ~app1~9 ., 
u • T (v) 

_, 
T is c:alled the "inverse" of T. 

_, 
T : •; + o such that 

Exerci:;c 1.2.2 Let P be the projection o~ ±'e t.hree-d1::-.ensic:~al E~:C~d.,a.'l 

space onto a pli!Tle, .sey, the X-'t plone. Thus, v • P(u) is Sl!Ch th~: the 

vector with CC!tlponents (x, y, z)', is mapped into,>o."le vector ~<lth ce;>one:~c. 

tx, y, OJ. 

1) lB P ,. linear transfotmation? 

ii) Is P onto?,one-to-one?,invertible? 

A very important fact concerning linear trans~ormations of finite ¿~en-

sional vector spaces is contained in the following result: 

LetLbea linear transformation from um to \ln. 

" . V , respcctively. Tilen clearly, for cach 

E V CIU\ be expressed as a linear combin¡¡tion of the 

and 

U. E B 
-' o 

" ., 
·' 

Consequently, to represent >che ~mages of the ""' veccors of El , o 

!l · be 

" 
~ases 

(1.:<.5) 

like those appearing in (1.2.5) are requircd. These sc<~l5rs c;o.n t:o 1c·r.1r.;e:. 

in the following manner: 

[•] -

"u 
., 

• .. . lm 

• 

Clnl lln2 • • • Clnm 

(1.2.ó) 

• 



• 

whet"e t.hc bracl<cts cnclosinq ~are ~:~eant to denote ·a mat:nx, Le: '"' array 

of ~urnb~rs, rather than an abntract linear transfo~tion. 

[~]- is c:.o.lled "The r.atrix Of L referred to B and B • 

" " 
Thia result is 

sw=.adzed in t.he following: 

OEF1.'!1T1011 !.Z.! The. J..'.th c.otw:Í11-o~ .the. ~x JtenltM~n.út..Uon o6 !;, 
~te.6Vllle.d w_ 8

11 
~d Bv, co/l.ta..ú1.4 .the. .~>caLM c.oe.6&.:cie.n.t.l "ji. oQ :th.e 

Mpt.Uvt.ta.tion (in t:CJ~m¡~ oQ B ) o6 :che. .irn:tge oQ tite. J.. .th vectolt o6 B n 
" . - u . . 

Example 1,2.1 What is the representation of the reflexion R of the 3-dimen 

sional Euclide~ space E
3 

into itself, with respect te one plana, say the 

x-Y plane, referred to unit vectors parallel·to the X,Y,Z axes?. 

Solutiori, Let. i, j, k, be unit vector.s Pl'rallel to the x, Y and z·axeS, 

respective! y. Clearly, 

' o o 

[~) • o ' o ,(1,2,7) 

o o _, 
Notice that, in this case, U "' V and so, it is not necessary to use two 

different bases fcr u and V. Thus,- ~) .• as gives~ by (1.2.7), is the 

~~~atrix representaticn cf the ret"lection R under c::col8ideration, referred 

to th11 b"sis {i, j, k} 

. '' . - .. -- . 
. ...... 



\ . '/ 

As stated ~n Section 1.2, the set of 11ec:tors 11 e V for ·..;ni.c:h thenl ~s .,: 

least ene u ~ U Sllch thae 11 " L(ll) is called "the range of L" and lS rcpre-

sentcd "'s P.(L), i.e. P.(L) • {llooL(u): u e u}. - - -
• 

The set of vectors e U for which O t V is c ... lled ''t. he nllll ~pace 

o! L~ lltld is represented ~ tl(L), Le. N{!-) • ·¡~0 ::;-<~0¡~~}. 

It is a SÍD".ple matt.er to show that P.(L) and N(L) are subspac:es of V and u, 

respectively•. 

'The diJllensions of dom(L), P.(L) <Uld N(LJ are not indep~ndent, lmt they are 

rel..,ted (11ee 6. ~ ) : 
dÍIII. dom(L)-dim R(L) + diln N(L) 

EXample 1.3.1 In considering the projection of Exercise 

(1.3.1) 

. . ; 
1.·2.,, U ~sE 

thus R(~) is the X-'i pl<Ule, N(P) is the Z "'"is, hence of diJllension 1. The 

J:-Y pl<Ule ia two-d!Jnensional .v>d dom (L) is three-dilllensional, hence ( 1. 3. 1 l 

holds. 

I
Exercise 1.3.1 Describe the ranga and the null space of the reflection of 

Eltal!lple 1.2.1 ....W. verify that eq. (1.3.1) holds true. 

1,4 ElGENVI\l.UES NID EIGEtlVECTORS OF A LltlEAR TRANSFORHATIO!l 

Let L be a linear transformation of V into itself {such an L is called an 

~endornorphiSrn"}. In general, the image L(v) of an elemo>nt v ot V is lirooJ~rl\' 

independent with v, but if it happens that a nonzero vector v antl ;ts i•n~·J'-' 

under L are linearly dependent, i.e.- it 

L(v) "' ~V (1.4.1) . . 

• The proof of this statcmcnt can be found in any cf the books Usted "' 
the rcference at U; a end of this chapter. 



• 

l. I! [;,.} i~ t~.e 010.trix rep:esent"-ticn of L, rcfetrcd te a: p.>.~ticul;,r 

basís then, drc.,píng the bracltets, eq. (1.4.1) can be rewritten as 

Av " ~V (1.4.2) --
or else • 

(A -li)v • o. (1.4.3) 

• 
where I is tho ídentity matrix, i.e. the matrix w~th the unity on its 

dia<JO!llll and zercis ehewhere. Equatíon (1.4.3) states that the e~genv~ctor~ 

of L{or of A, clearly¡ lio in the null &pace o! A - 11. One triv~al vector 

v satístying (1;4.3) is, of course, O, but since in this contuxt O has been 

discarded, nontrívial solutions have to be sough-c. The o;:ondítion for (1.~.3) 

to·hava"nontrivial solutions is, o! course, that the detÚ"TIIinant of ·· \; 

vani5hea, i.e. 

dat (A -. U) • O (1.4.4) 

which i!l an nth arder polynoi!Ual in 1, n being the orde: <Jf the squaru 

The polynomíal 

.P(~);det (A- Hl 

is called ftthe characteristic polynor.'lial"' of :.. ,{otíce that its roots 

the eigenv•lues of A. These roots can, ot ..,_.-...rse, be real or c=plex; i" 

case P ( ~) ·has ene comp htx root, say ~ 1 , then ;. 1 is al so a root of P (.\) , Al 

being the complex conjugare of A¡. Ot course, onc or sevcral roob couh~ 

be repeated. "The number o; times that " particular "i'.lenvalue \ i~ •~l'<'~~<-l 

ís called the algebraic multipÚcity of l .. 

' 
In general, corre~pondíng to """h A. thcre ar~ ~.;veral line.,rly ind.opcndcll~ 

' 
eígenvcctors of A. It is not difficult tQ preve. (Try it:) th~t th~ t.L 

eigenvectors assocíated with a partícull!lr eigenvalue span a subspace. Thi,; 

subspace is called the ·~pcctral spacc~ o! li' and its dimensíon is called 
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IEI<ereise 1.4.1 

v•lue eannot be 

show that the_ 9eomet.ric =ultiplic:ity of a pu:ticula..r eigen-

gre.Íier than it.s~-a_lgebn.ic:mU:ltiplicity. 
• 

A' H8rmitian matrix. is one ~hich equal.a its tr'a~spose eonjugate. 

• 
lf .. m.~tr"-< 

equa1s the neqative of its transpose cc;~njugate, it is said to be ske~· Hen:oi~:an. 

matrices ve have·the veq imoortant result: . .,. __ ,_' ' - -·- ---

THEOREM 1.4.1 
' .,;.._,¡¡. . • • - ' 

The. dgVIvaluM .o6 a__H~ ma..t.>Ux <1/te Jl2.a.t and .i;t;. 
--. ,. . ... 

~enuecto.u a.u. r1•:dMfl!{ o!!.th_ogotUIJ. IL e . .the. .úutVL pll.!lduc..t, uiUdt' iJ -

'rhe_ proof of the foregoing 
'" • theorem i11 v_ery widely known and is not pnsenteO: 

here. 'I"ne re.ader = find a procf in any of the books liste<! at the ~c.::l of 

the chapter. '. 

1. 5 CHANGE OF BAS!S 

. . )T f d a :::asis v
2

, ••. ,vn re erre to 
.. 

. Given a vector ! , its _representation (v 
1

, 

B .. ··rp,,a, .... ,B} ·, is defined as the ordered set of scalats that p~~cuc:e 
- • -n 

v as a line¡¡t c:Of!!bination of the vec:tors of B. Thua, 

y .. v,•,••,•,+ ... +v a 
• • n•n 

(1.3. 1) 

A vector v and its repreaentation, though isomorphic:* to eac:h othet, ~e --
essentially diffetent entities. In íact, y is an abatract algebraic ~O'ctity 

satisfying properties a) and b) of Sec:tion 1.1, whereas its represent~";on 

ia a::1 array of muobers. silllilarly, a linear trans!ormation, ~· and i~; 

repreaentation," (rJ
8

, are essentially different entities. 1\ questior. that 

could arise naturally is: Given the representations ~) 8 and le) "' v - ' 
and L, respec:tively, teferred te the bllsis S, what are the c:orresponC<ng 

• TVO seta are isamorphic to oac:h other if similar operations can be 
detined on their elc:=ents.-

' 
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¡-cpres.,ntaüons referred to the ba.sis e • {~ 1 .~ 2 •..• ,~"}? 

Lo< (A) be thc ma~;rix rclating both B il.nd e, referrcd t;O B, i.e. - . 
.,. a11;, • ., . 
., . , .,. 

(A) • 
' .. , •,, • = 

• 

• 
• o,_e1 .. , •,+ ... +a e ..... n. nn.n 

'l'hue, c:alling vi the ith coaoponent o< 

v• - v•y +v'y + •• ,+v'y 
1.1 2.2 n.n 

and, fram (1.5.3), (1.5.4) leads to 

Ol", us~g index nota.tion• for c~pac:tness, 

v • o1jv!fl. 
- ) .J. 

eomp"ri.ng {1.5.1) with {1.5.6), 

!.e. 

(1,5.2) 

(1.5.f,) 

{1,5,5) 

(1.5.6) 

(1.5.7) 

• Ac:cordinq te this notation, a repeated index ioaplies that a SUIII:llation 
over all the possible Values of this index is perfonned. 
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' cr, e"quiv • .llently, 

(1.5.8) 

·~· 
assuming ch~t ~ is thc.:~.r.ag.,· of " ur.<'..-.:r ;. 
(,), -(;), H, (1.5.9) 

• 
O<, re!erring eq. (\.5.9) to·the basis '· instcad, 

(1.5.10} 

Applyin9 the relationshiP (1.5.81 te vector w and intrcducing it intc eq. 

(1,5.10)' 

·(~- 1 )8 (':')a" (!:-le (~J; 1 (·::)a 

tr=i which the _next relationship .-eadily follows 

(1.5.11) 

Finally,'compadng (1.5.9) with {1.5.11). 

or, equivalently, 

(1.5.12) 

Relation~hips (1.5.8) and (1.5.12) are the answers to the question posed at 

the beqir.ning of thi~ Secticn. The riqht hand side of (1.5,12) i~ a sllnitar­

ity tn.nsfo=ation o! (!;o) a 

Exercise 1.5.1 Show that, under a similarity ti"ansforil.ation, the charac-

teristic polynomial of a rnat.-ix .-emains.inva.-iant. 

Exercise 1.5.2 The trace of a matrix is defined as the sum of the elemcnts 

on ita diagonal. Show that the trace of a matrix remains inva.-iant unC~r 

a simUarity transformation Hint: Show fir!lt that, if ~· B ande <>rl! nxn 

matrices, 

Tr(~~) "Tr(~~~). 



• 

o! which <:ould be .-eoeat.,d. ASsume ~ has a set of n linearly inCcp.'rodent • 

¡,igenvectors, !2
1
1 so that 

• (1.6.1) 

1\rrangin<¡ the eigenvectors ot A in the matrix 

Q • (e ,e,, ... ,e) (1,6.2) 
• ·1 - -n 

and its aigenvalues in the diaqonal ~atrix 

diag (~ 1 .~ 2 ••••• ~ 0 ) 

eq. (1.6.1) can be rewritten as 

¡¡_;,_;) 

(1.6.4) 

Since the set (o,:i) has bcen assumed to be Li., Q is non-sin~"ldi'lr; hc.~cc 

trc= (1.6.4) 

_, 
~~ ~ 

• ,, ·• . 
(1.6.5) 

which states that the dia~onal ..atrix cont¡uning the eigenvalues of a m~·":-i • 

~ (which has as·many !.i. eigenvector!il as its number of colc.mn~ oc ro"s') 

is a similarity transforf!'ation of e;i furthermore, the trilnSfor.;~alion ""'::i:. 

is the matrix <:ontainin~ t~e components of thc eigenvcctors of A as its 

columns. On the ot..,er hand, if ~ is u .. rn~itiar>, its eiger>values aro '""l 

and its eiqenvectors a:e "'"'tually ortho<_¡on::ol. lf this is the case iln.i ~h" 

set {~i) is normalized, i.e., if ll~ill m 1, for all, i, thon 

' o
1
e.•o,i;.j 

• •J-

' !!i ~i . ' 
(1.6.6.\) 

(1.6.61>) 

• S= square matriceo¡ have le-"" tha.:t n Li ei'Je,wectors, but thc'"' ''-''"' 
not con~id~nld here. 
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~ ' 

{1.6.7) 

where r is the 11"\atr-ix with unit.y on ir_s di~gcnal "-~el zeros el;ewh<"n. Eq. 

{1.6.7) states a very important fact "bout Q, n=cl¡, that it is an. 

orthogonal matrix. Su(Miaril:ing, a sy:: • .,..etdc n:m ~d~ri~ <> c"r. ::e <'•a,·.nal· "<: 

via a similarity transfo,.,.,atlon, thfl colu!:lns of ~T.OSP '"~crt~ are tr.~ etcc:~·.·; 

tors of {\ 

The eigenvalue problem stated in (1.6.1) is solv<..-d by flrst l'tndino; :he 

eigenvalues {)..i}~. Th~se values are found from tt.e followin~ proceO!re: 

lllrite eq. {1.6.1) in the fon:1 

(11- ~ Ile.•O 
- i. -~ . 

(1.6.3) 

This equation states that the set {~ 1 }~ lies in U.e null soaco of ~ -A.r.--­' ~ 
thi.s matrix to have nonzero vectors in its null s~ace, its deten:-.in!.·.t sr.oc:::: 

vanish, Le. 

det (11-Ai!) EP (.l. .)cQ . . ' (1.6.}) 

whose left hand sic!e is its charactedstic polync:-.ial, lo"hich ~·as ir.:~oJuc:e¿ 

in section" 1 • 4. This equation thus contains n roots, some of ·•h1.ch :: :c1ld 

be repeated. 

11 very uscfC~l result is next sllf!'.ma.rizcd, though n<1t pro,·~d. 

equa.t..c:on, .i..e. • .i5 PIJ,_¿I -W W chct•tac.te.:t..i.\tl.: ¡.ll'fc1o:i'r>:ictf, 

P(~l • O 

11 prOQ! ot this teore:n c:an be fc>Jnd cithcr in (1.1. pp. 148-15~) or in 
• 

(1.4, pp. 111-115) 
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. '· 
~er~:ise 1.6.1 

.. 

. ' 
• . ~ .. 

........ 
' ... ,_ 

. . •. , .. ,_ 

·-' .. *::"'" . . . ., 

{SLT) if '\j-o; fe>: 

nil.lpot_ent of index 

On the otlu!r hand, this matrix is said•to be 

·. 
k if k ie tha lówest inteqer ' for which 1\ '" o. 

'1) Shov that an nxn SLT matrix 1~ ñillpotent of index k~n. 

11) Show that an ' = SLT matri~~A ~tai,fies 

(X. A) -~~r (-1) k-1A k-\ 

the foll.owinq indentity' 

1 • --l.- -. .,: . ., :: ··-· .. 
The inverse of :+!'- appean very oft~ñ''tñ the solution of lineai <Jlqebrúc 

. . 
~steo:>S by iterative rr.ethods .. 

1. 7. BILI!l'EAR FOR1'S M 'O SI Gil OEFitllTIO.'J 0F ~TRICES . 
. ·-Given that t....,e space of ~trices does not constitute an order...:l ser· (as is 

the case fo" the real, rational. or inteqer set.s), it is not possible to 

attribute 11 sign toa 1114trix. llowever, it will be shown th<lt, ií a bilir.e~c 

form (in particular, a quaclratic fonn) b assocbted with a =tri><, ü-en 

it aakes sense to speak of the siqn of " ...,trix. Befare proceed~n-, !urt..,e::--, 

saoe difinitions are needed. Let u and v & U, U beinCJ 11 vector space d.,fir.~~ 

over the ·complex fied F. A bilineer fonn of ~ and '!• represented as 

+ (!!,yl · h ·a IO.ilppin<J fro111 U into F, hevinq the followinCJ propertles: 

i) It is linear in both u and y: 

+IC!~,yJ•C!*('!•YI 

·+f!!,a!:l'" I$1!!,yl 

(1.7.la) 

(1.7.lb) 

(1.7.lc) 

(1.7.1d) 

where Cl,and a ~F. their c:onju<Jateo b<>ing o; aml. .a, respec:t:!.vuly. 

" , 
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(1,7.lc) 

The !oregoinq propcrLies of conh:gate bilin<!il:r ó~=s sw::gest thdt onc poss~~lc 

• 
way of constructing a bilin~ar form is as follows: 

• 

(1.7.2) 

IE><ercisc 1.7.1 Preve thot definit.ion (1.7.2) saLisfi·:~ pxopertics l1.7.1l 

If, in (1.7.1), v • \!• the bilinear fonn beco,..es the auadr"tic fonn 

!){u) • u•A u (1.7.3) 

It will be shown "that the bilinea.- foi"III {1.7.2) defines a sc .. la.- product 

for a vector space. under cert;,in condi tiona "" ;:. . 

Definition: A scalar product, p(y,~l, of two elements far a vector space U 

is a complex number with the following properties: 

i) ·It is Hei"!IIitian sym:netric: 

iil It is conjugate linear in both u and v: 

P(a\!•Yl • ap(\!•Yl 

P<\!,6yl • iiP<\!•Yl 

iii) It is red and positive definite: 

Ph.!•l!l>O, !or 1!• ¡l g 

p(\!•\!l • O, if and only if u • O 

* Note: conjugate linear in y 

(1.7.4a) 

(1.7.4bl 

(1.7.4cl 

(1."1.4cJ)• 

(1.7.4e) 

{1.7.40 

{1.1.4g) 
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" -· " 

-.,_... . . ,.., 
·;:."'· --~- -~. 
•• 

~ . . . . . . -.-r,· .. , •. _··· ~,---·:.·_¡,," J) .•.• ,··:-~--. --- . • ...... ~-~ ~ "··'\"ú":"·-·· 
" ' . 

definition ll, 7 ,2) and pl'OJ?GrÚea l1 ;7 ,1) 1 it follows T.ti~i: al! 

'· . ' 

that 

is · needed ter a bilinea:r foDII to constitute. & sc:al.ar p:r:oduct for a veo:t.or 

ap.ac;:e is that it ia posit1ve def'i.nit.;,·(and hence, real). Whether a bilinear 

• 
defi_nite Qr not _c:learly depends entirely on·_ itS"".,atrix and tont i!l positiva 

• 
not cm ita veetors. The followinq def:inition will 00 needed, 

A squue nxn llllltrix is said to be posith·e definite if (il!ld only ifl, the, 

·, quadratic for::l for any vector ':! yl O as!ioeiated to it is .-ea! and positive 

and only vanishes for the zero vector. A positiva definite =atrix ~ is 

symbolically designated as A, O. If the said quadratic form vanishes for 

' scme nonzero vectors, then Ah said to,be.positivil semidefinite, ~ymbol-

ically ~esignated as ~ > O. Neqative definite and negative semidef:!.nite 

~trices are similarly defined. Ncw• 

Proof. Write tha matrix ~in the form 

AE 
1 . 1 . 
21~ .. ~~) + 2(~-~·) (1.7.5) 

Clearly the first ten;~ cf the right hand side is Her:nitian and the seccr.d 

one is skew uer~~~itian. 

THEOREM 1. 7. t The quaci'<.lttic. a lltl.Ót.Ú. A .ú -tea( i6 tm1 . -

p¡,oof. 

{"if" part) Let A be Hermltianr then 

' 

• 



• 

' 

··--·-- ... . ' -·· 

Sine e 

"' ... 
md 

"'"" 

. . ' , - ' 
(ojt(!;!}l:2 ('l'l!;!l-'H!;!l) 

. -, .. -.~ ,. ..•.. ~:. ~- .... .. 

-~.0.>.':_-' .. ¡:_ 

. . 
other hand, H A '" skew-llermitian, then, 

" 
.. 

$1yl~y·~·~--~·~~ 
• . ; ·-! ' . ' 

•. J ,_ 
... .-. . . . . ' "' ,, .·:;,:;.,_;, 

thus proving the "if" part of the theorem. 

!Exercise 1.7.2 Preve the "only i_!" part of ':"heorem 1.7.2 

. ' 

1.17 

What Theorem 1. 7.2 states is very important, namely that flennU.icin matrices 

are qood Í:=didates. for defining a scalar product for a vector space. sin ce 

the asaociated quadratic fo~ is real. What is now left to investiqate is 

whether this form turns out to be positive definite as well. ThoUgh this is 

not true for ~ flermitian matrix, it is' (obviouly!) so for positive defin1~c 

llennitian matrices (by dcfinition!). Futhermore, ~ince the quadratic fonn 

of a positive definite matrix must, in the first place, be real, and since, 

for the quadratic for:n assochted with a matrix to be real. the m.•tri~ rnust 

~Hermitian (from 'nleorem 1.7.2), it is not neCI!SS!'ry to refei' toa positlve 

definite (or semidefinitel mdtri~ as being flenniti~n. 

·sumrna>:h:ing: In order for tha cmadr11tic fo::m (1.?.2) to be a scal~r product, 

A mu,;;t be positive definite. 1/e~t, a ver:y itr.portant .-esult concerning ~n 

easy cbaracte>:ization of positive dcfinitc (scmidcfinite) matrices is givcn . 

. ' 

. ,, . ~ 
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nrEOREM 1.1.3 A mcttotb . .U. pc:6.uivl!. deQ.in.Ue. (4vni.de.6(n.i.t:e.) ¡Q 1I11d Gn.llj 

i4 .it4 Ugwvaluu a.u.. a.U .ud lUid_ g.te.a.UA" titan !o11. t.qual. .te) ze.-'!0. 

• IDdeed, it a ""'trix A ilr positive def'inite (semidefinite), Ú. I!!USt be 
. ~ ....... 

Barmitilln, Thus, it can be diagoiuali:z:ed (a consequence Ot: Theore10 1 .4. 1) • 

!'ll.rthermore, once the matrix is in diaqonal .. form, the ele...,nts on its 

diagonal are its eigenvalues, which' are real and g-reater than (or equal to) 

aro. :tt takes on the tonn 

•, 
., 

•• 
• 

'· 

1
1 

> 1,::,1 o, 1•1,2, •.. , n 

!?or any vector 1: -¡1 Q, by definition, 

(1.7.10) 

(1.7.11) 

where the c010ponents of ~ (with respect to the basis formcd with the 

COIIIplete set of eigenvectors of Al are 

{1,7,\2) 



Substitution Of (1.7.1:~.1 ctr.d (1,7,12) into (1.7,11) yit!l<!t.; 

(1,:',13) 

Now, assume u is su~h tr.at all but its kth com¡_>onent vanisil; 1.n tl:is tJo:e, 

(1.7.13) reduc~s to 

from which 

;\ >(>)0 ' -

• 

and, since ),k can b~ any of th<! eigenvalues of ~· r.bo; pt<>nf of th>S part is 

done. The prOOf "of the .. •if" part is obvious and is l•lf•. ns an exer~i~e :'Or 

the reader. 

Exer~ise 1.7.2 Show that, if .the eigenvalues of a s•Juare "'atrix are all 

real and greater than (or equ"l to) zero, the matrix 15 posite definí te 

(setnidefinite). 

A very spec1al case of a positive definí te matrix is the irlentity m3tr:x, 

!• which yields the very well ·J<nown scalar product 

In dealing with vector spaces over the real field, the. aci~in<:> inner produc~ 

is real and hcnco, fro¡:¡ Sd.warz's inequality {1.4, p.125). 

thus ~t~aking it possible to define a "geo~etry" for then, the cosinu of thu 

angle between vcctors u and v can be defined as 



• ! 

' 

1 
L_ 

'·"' .. 
" o, : T 

.• ··- .. 
f'or· vector Sp<ICU ove:r the angle cannot be d~fined, 

ter thon the inner product Le a COJDPlex number. 

1,8 NORMS, ISo:-re'rRlES, ORTHC(;CtJAL ANO UNITARY MTRICES • 

• 
Given a vector space V, a~ for y E: Vis defined as a real-valu~~ =ppi:; 

• 
trom 'i into a real nu!!lber, represented by·[[y[[, ~uch that this no= 

i) ia positive deUnite, Lo!. 

lh:l\> O, fcr any y rl Q 

[[y[[• O i! and only if v .. O 

ii) is linea>: homogeneous, i.e., fcr some e E F {the field ater 1.-h::h V is 

4efined), 

[o[ being the ll!Odulus (or the absolute v<>lue,. in case a is real) o• "· 

iii) satisfies tha triangle inequality, i.e."~for u and v t V, 

Exarnple 1 .e. 1 Let vi be _the ith: cOJilpOnent of a vector y of_ a space ~ver tJ-_, 

oomplex field. The follcwing are well defined norms for v: 

lh·ll-ax[v11 
· 1<i<n 

(1.6.1) 

• 1 rr,rH, .,rP¡¡; 
' 

lolhere p is a posi ti ve integer. For p ., 2 in ( 1. 8 .2) the corresponC:O;,~ no"" 

i.s tha Euclidean nonn, or the "maqnitude" of·v. 

Nor= (1.8.1) is easy and fast to compute, and hence it is "'U-cly u;od in 

numericat· cot:tputaticns. flowever, it is not suitable for physical e~ gco.,.::o-

rical Problem.s since it is nct invariant*, i.e. it depends on the :vor¿in~:<> 

axes·being used. 'rhc Euclidean norm has the advantage that it is i~.vari,.n:. 

• Be&idcs, tl\ero is no inner produet associated 'With it and hence ->lViOI.ls: · 
no "<;¡cooetry" 
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' ' 

Koweve~, computing it. requires "n (the dimension ot t.he npace te which t.he 

vec;tor uode~ considerat.ion belO;n!JS) ~~~~ltiPlicat.ions (i.e. n nquare raisings), 

n-1 addit.ions and ene ""';'"re root. computation. In order to proceed furth.er, 

'•..., more det:initions are needed. . . ··- •. 

M inve~tible linear transto=aticn is•cai,J;ed ¡on 'iscmetry• if it presenoes 

the t:ollcwing scali>r prcduct . ,. 
. p(x,yl • p(Ax, lly) -~·~·~y . . i ,, 

• 
(1 .8.3) 

lt is a very si~ele mat.ter te shcw that, in"orcler fcr a transfcrmaticn ~te 

be an isot:>etry, it is required that its transpose ccnjugate, !."• equals ~ts 

inve:rse, i.e., · 

., 
P*•P· • 

'• 

' ' ' 

{1.8.4) 

It: Pis defined over the co-...plex field and ""'ets condition (1.8.4), then 

it is said te be uni tary. If ~ is defined over the real fillld, then P*~~ T, 

the transpone of !': and; i! it. nathfies iJ.8.4), ~tia said te be crthogonal. 

Exercise 1.8.1 Show that" in order for ~ te be an is"""'try, it is necessary 

that P satisfies (1.8,4), i.e., show that under thc similarity transforrnat>on 

the following scalar product is preserved: 

1,9 PROPERTIES CP U~!TAAY ANO OR'!"HOGO:IAL ~.ATRIC!:S. 

Sorne important facts about unitary and orthcgonal matrices are discussed i" 

this section. Noticc that all renults conccrning unit<:~ry mdtriccs apply U> 

Orthogonal matrices, for the lattl!r are a special case of thc formcr. 

THEOREM 1.9. 1 The. 6e,t"o6 Uge.1tva.fue.6 o6 a. WI.UM(! n•tCtt.¿:t ¿¿~ on l.he 1111-U 

eillde. !z! 2 
• 1, ceJt.t.('.ll.l'..d ILt .t.he. 011.LgUt o6 tite. co,,p(ex p!<tne. 

' ' • 

" .. -. ·. 
·-~ -----. -· ---

. ,.-... 
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Proof: Let 1:f be an nxn uni,t=y matrix. Let ~ lx! ene of its ciycrwo1lu"-~ olml 

! a corresponding eigenvector,_ so that 

Oe - ~e (1.9.1) 

TAking· the transpose conjuga te ot both sides of (1.9. 1), 

• 
(1.9.2) 

Performing the corresponding product~ on, both sides of eqs. ( 1 • 9. 1) snd 

(1.9.2), 

But, sinCe U is unitary, (1.9.3) lead!l to , . 

e*e • 1~1- ~·~ 

tra~~-which , 
1~1 • 1,q.e.d. 

(1.9.3) 

C011.oUa!t:[ 1.9.1 I6 a.n nut u.nJ.tM.y ma.Ot.ó: .U, o& odd OJtdVt (i.e.. n U ;;;·J), 

.then U h<U. a.t lw..~t: one JtfUtl. elgenvah.u~. wMch .U. t.Uhe~~. • 1 011. - 1, 

IExei-cise 1.9.1 Preve Crollary 1.9.1 

1.10 STATIOI•ARY POIN7S OF SCAr.AR FL"'NCTION OF A VEC':Q!t Ai!Gt;:-:EW;". 

Let + • ·(~)be a {scalar) rel>l function of a"veetor argut:tent, ~· assut!led 

to be continuos and differentiable up to second derivatives within a ccrtain 

neighborhood around soce ~0 . The stationary points of this funetion are 

de~ined as those values 'So of x where the gradient of •· ~· {'::') vanishes. 

Each stationary point can be an extrl'!r:n.tm or a saddle ooine. 1\n extrcmum, in 

turn, can be either a local ""'ximum or minimu1:1. The function ~ attJ.ins J. 

local maximum at 1.<o if and only it 

tor any ~ in the neighborhood of ~O, i. e. , tor any X !IUCh that 

~ beinq an arbitr,.rily small positive number. A local 10inimum h 'corraup-

ondingly dcfin~d. If an extrenum i~ neithar a local mludmum nora local 
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• 

llinimUI:I, it h said to be a sa.ddle point, Criteria. to decide ..-hether an . 

extre~um is a ~ax~u~, a minlmum ora s~ddle point are next derived. 

An expansion of t around ~O in. a TaYlor series illustrates the kind of 

•tationary point at hand. In fact; "the Taylor expansion of t is 

t(xl • t(x l - ., • R (1.10.1) 

vhere R i!l the residual, .,hich contdns terms of t:hird and highe~ orders. 

Then the incrern•mt of 1 ·at x , 
. ' for a given incrernent: t.x - ,., ,. is given by 

t.t•t ' (!!o) T ¿~ ·~!! T ~" (!!o ) _A!! {1.10.2) 

if terms of third and higher orders are neglected. 

Fro= eq. (1.10.:p it can be concluded that the linear p;mt of 11* vanishcs 

at a stationary point, <Nhich makes clear why such points are called st:ationary 

Whether !!o constitute_s a.n eJ<tre""'m or not, d<!pcnds on the s¡e¡n of ~~. It l.S 

a maximum if t.~ is nonpositive for arbitrarv ~15· It is a minimum if the said 

' increment is nonnegative for arbitrary 11!!. · !f thE sign of the increment 

depends on llx, then x is a saddle point for reasons which are brousht up - ., 
in the • following. F.q. (1.10.2) showa that the sign of ~$ depcnds entirely 

on the quadratic term, at a stationa.y point. ,.'hether this term is nonposi-

tive .or nonnegadv~. it i!l sufficient that the Hessian matri>< $"(><) be sign 

S"emidefinite at x
0

. Notice, however, that this condition on the Hcssian 

matrix is only suffident, but not nec.,ssary, for !.t is based on Eq. (1.10.2), 

which is truncated after third-order tenns. In fact, a function whosa 

Hessian at a stationary point is siqn-semidefinita can constit.utc a~ü.er " 

~aaximum, a mínimum, or a Saddle point as shown 11exL. 
" 

Froin the forcgoing discussion, the following theorem ~s concluded. 

OCCWl a.t 4.t<l.UOI1(l.'Uj poútU. FDIL a; 4~1l.t.ii.'>UL~[/ polnt to COMtltiLt~ a loca( 

~r~a.dm¡on [m.út..imwn) .U .i.4 4U6óic..lcn.t, ai'.thoug'L not n~Cehii<VU/, that th~ 

:· : . 
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eoMuporuU.ng He.M.i.<ln ma.tJt.ú: bt. n~WÍie • (po.~>..i.tivd 4emidt.6in.Ue.. : Fo!t 

ZAr. .4a.id. poin.t .to c.oMU.tu.te. a 4addtt. poi.nt., .U .U. 4w66icú.n.t .tha.t thi 

eoNLUponding He&4.iaii llllt.tl!h: 4-ign-indr.&.inilt 4t .th.i.l. 4.t<I.Uona!U¡'poin.t. 
1 • 
1 A hypersurt'ace in an n-dime':'sional space reselllblea a hyperbolic parabolc~d 

! 

1 

at. a saddle point, tbe resemhlánce lyj.l'lq:in the fact th.at, at its stationary 

point, the sign cf the curvature o! the surt'ace is different for each 

direction. _Te illust.rate this, consider the hyperbolic parilboloid.of Fig. 

1.1~.1 for which, when seen from the X-axis,.its stationary point (the 

originl appears as a ftlinimwa (positive curvature), 1o1hereas, if seen from 

the·Y-axis, it.appears as a maximum (negativa curvature). In fact, it is 

none ot these. 

z 

Fiq. 1. 10.1 Saddle point o! a )-dimensional &urface 

Co!toU!UU¡ 1. l 0. 7 Tite qu.ad!ui.t.i.c. 6011m 

•I!J • !T~!~bT!'C 
' -' . x.0·-r1 é. 

y 
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equatioi\S involved, Only n aro line;u:ly indopendent, the r.._inin9 e-n bei"n'1 

l.iJI.early dependent on the n !,i. ~ations. As an l!..ll:41nple, consider the 

toll.owinq •iystel!l •• 

• '(1,11.24) 

x -x •3 
1 ' 

.. , (1.11.21:>) 

3x1+x2•1l (1.11.2C) 

imose (uniquel· solution :is 
• 

• • 

:~< 1 ...C,x2mt 
.. 

• (1.11.3) 

Here equation- (1.11.2c) is linearly dependent on (t.l1.2a) and -(1.1t.2b) 

In general, however, for m>n it is not possib~e to satisfy all the equations 

ot a system with more equatio:~s than wU<nowns¡ but it is po9Sible to "satis!:'" 

them with the minimum possible error. Ass\lllle that ,, does not satisfy alL 

the equations of an mxn system, with m>n, but satisfies the system with the 

least possible error. Let e be the.said error, i.e. 

e-Ax -b 
- --0 ~ 

'l'he Euclidean norm of e il1 

(1.11.4) 

~~~~~2 e (~0-~)T {~0-~) (1.11.5) 

Expanding 11!!11 2 
, it is noticed that it is a quadratic' fonn of !.'o• i.e.' 

11 11 2 T T T T 
+C~o 1 .- ~ "'!.'o!: ~"o- 21? ~o+l? 1? (1.11.6) 

The 1atter quadratic form ltas an extremum where t' (:!
0

1 vanish~s. 

The corre~ponding value of ~' :!o• i~ found by setting ~· (l!ol equal to zcro, 

i.e. 

+'(X )"'21\.TIIK -2ATb"'0 
-o - --o - - -

(1.11.7) 

If A is of full rank, i.e., if rank (A)•n, then an nxn matrix, is also 

of rank. n (t.4), i.e. ATA is invertible and so, fiOl\1 eq. (1.11.S) 

T -1 T I 
~o<~~)~~ .. ~~ {1.11.8) 

where A1 is a •pseudo-inversa" of ~· called the ~Moore-Penrosu gcner.:~lio<i:<.l 
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• 
J.nve'"se• of A, A method to determine ~O that does not ¡:ccquire the 

c:o=put;~.t.ion of ~~ 111 qiven in (1.s) and (1.6). In (1.1), an iterative 

method t.o COlllpute A
1 

is propoaed, 'The nU~~~erical solut.ion of this prob~= 

is presented in s~ction 1,12, This problem arises in such fieds as 

control theory, curve-fittin9 (re9r~ssionsJ and mechanism synthesis. 

iil Jll<n, In this case the nu:ober of equations is less than that of unl<no~·u. 

Hence, l.f the system is =nsitent*, it has an infii'l.ity of solutions. I:r 

instance, the system 

X-tY'"l, (1.11.9) 

in which m•l and n~2, admita infinitcly ~ny solution, namcly all poin"• 

lying en the line 

.Y'"X+J (1.11.10) 

Now consider the system 

x+y+&•1 (1.11.11a: 

x+y-&•1 (1.11.11b) 

with m"2 and n•3. This syst= ad.·:litS an infinity of solutions all witl'. 

In case a system with m<n admits a solution, it in fact ad!::its infintel:,. 

~y, which is not difficult to preve. Indeed, partition matrix ~ and 

vector x in the forl!l 

A•h hJ m, 

¡. .i. •l 
m n-m 

Tllus, eq. (1.11.1) is equivalent to 

A X ·+ A X •b -1·1 ' ·2·2 • 

• i.e. if b ~ RI~J 

(1..11.13) 
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111 tha latter e<¡~~ation, if rank(A
1
J •_:=, 

_, 
•, exiats and & ~olution te (1.1:.13) 

.. 
' . .. • (1.11.14) 

wheie !!'
1 

is unique, as will be·shDYn fcr the case m•n, an.d' ~2 is a 71!C"tor 

lyinq in the null space of ~2 . _ Clearly, '.there are as- many linear!:'· indep~c-· 

dent aolutions (1.'11.12) as J,inea:rly independent vectors in c.'le r.u:l spacE 
• 

f'rom the !oregoing diSC\ISSion, if m<n, system (1.11.1) adl:lits an ic.:inity ·' 

aolutions. !iowever, ="9' those infinitely many solutiOns, t.'ler"- i• exac:tl·--

one whóse Euclidean norm is a minl.Jm..u:¡_ That -optimal• soluuon is :ound 

ne~t, via a quadratic pro9r~ng problem, namely, 

(1.11.15) 

&uhject to 

(1.11.<6) 

Applying the Lagrange multiplier technique (i.e), let A· be an m-di:•nsi.cna: 

vector ~o·hose compcnents .ore called Ll!.grange iaultipliers .. ce fine, ::·.en, U .• 

new <;¡1.111.drati.<: torm 

tf~J-~T~+~T{~-~) 

-
{1.11.!7) 

vhich reduces to the o:<iginal one {1.11.15), whcn {1.11.16) is sat:shcC. 

•(!) h11.s an extrcmUtl where its gradient "t' C=;:l v11.nisbes. 

, 
*' C=;:.J .. ~+J2 ~~~ 

from wbich 

This cor.Q:~ion is 

(1.11.:8) 

(1.11;19) 

However, ~ is yet unknown. Substituting the valuas of x qiven in 11.11.19". 

in (1~11.16), one obt.o.ins 

(1.11.~0) 

.. 



FrOO"l which, ~f 

Fin.ally, subst.ituting tha lattcr valua of A into eq. (1.11.19), 

T T -1 + 
x•A (AA ) b•ll. b • (1.: 1.22) . - - . . 

• 
where 

• 

Exercise 1.11.1 Cilll both pseudo-inverses of ~· the ontO gLven en (1.·:.8! 

and that of (1.11.23) exist f<>r a sr~vcn matrix ~? Explain. 

The foregoing soJ.ution ( 1. 11, 22) Itas many interprer:atton5: in ~ontrc~ oheo::; 

it yields tb.e conuol taking a sy:;~em frOill" known ~nitül se~:e to • ¿es:r''-

final. one while spending the minimwn a:oount of en<ln;y. In Ki~-~::.at.~c; i.t !'~:.::~ 

.. 
• two interpretations which will be given in Ch. 2, togehter wi~:: appl~:at~on; 

• 
to hypoid g~ar design. 

Exercisc 1,11,2 Shcw that the image of the error (1.11.4) is ?erper.:c.:ular 

to ~O as g~ven by (1.11,8). This result is known as the "ProJ~Ctlo~ :heo::oe::' 

an4 finds extens:ve applications t'n optioüzation theory [ 1.9). 

iii) m=n. This is the best known case and an extensive disc10Ssion ~= it 

can be found in any elementary linear alg~bra textbook. Th~ ~~•t 

important result in this case states that if ?!- is of ful: r-.:1k, :__.,_ 

if det A ¡1 O, thcn the syste:n has a unic:'-'e solut.ion, ,.~_:.:h ü ;"-''"· 

1.12 NtiMERICI\L SOLUTIOtl OF LltlEI\R 1\LGEBRAIC 5Y51'10:.'lS 

Consider the system {1. 11.1) for all three cases discussed in o~ct>o,, 1. 11. 

i) m•n. The first case that will be discussed here is that fo:: m"'n. 

There are t:ta.ny ~:~cthods to solvc such a linear al<;cbr<>ic systo:.~, tr.:~ .ül 
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1. JO 

of thc<:~ fall intc. ene of two c"ccgor-ics, n.L":Icl¡, a) _dir-uc:t mett.-:.d~ .>.n.J 

b) iter-.>.tive mcthods. Because tbe first oncs are more suitabl~ to te 

•Ppliecl in nonlinear alqebraic systems, which will be discusn~ in 

"section l.lJ, only direct methods will be treated here. -:-nC.-e :s 11 n 
• 

extensiva literatur-e dealinq with interaUve methods, of -..hich :c.n 

tre•tise by Varga {1. 10) .disc:usses the tapie very extensively. 

Asto direct rnethods, Gauss'algorithm is the one whidl h<1s .-ece:·,cct 1:10,-. 

attention (1.11), (1.12). ln (1.11) the LU dec:omposaion algo.-:~h::-. :~ 

presented and, with further .-efinements, in ( 1. 12) . The solut:~n is 

obtained in. t"'<< steps: 

In the tirst step the matrix of the system, ~· is factore<! into :he 

product of a 1ower triangul11r maLrix, ~· tim<;s an ut:~er tdang~.:~;~ · .. -., 

!!• in the fotDI 

A • W (1.1~.;) 
. --

·where the diagonal of L oontains enes in all its ene::-ies . .'!at.-:..X U 

oontains the sincrular values of A on its" diagonal, and •ll ies ür=.,r.o; 

below the main diiigonal are ;¡:er-o. The singular values of a l:lat~:.X !, ,._·: 

the nonnegative square roots of the eig"envalues of 

-and nonnegaeive, which is not difficult to preve. 

Exercise 1.12.1 Show that if ~ is a nonsinc:~ular nxn rnatrix, ATA is ¡:osiu_,., 

definite, and if it is singular, thcn ~T,} is posieive se...""li-de~ir.it<. (H~"t' 

Compute the norm of ~. for arbitraty J!). 

The !;,1! Cecornposieion of ~ is perfonoed via ehe ~!:COM? suhrroc:~r-ar; -'Pf'<ur·-o.q 

in (1.12). If ~ happcns to be sinc:~uhx, DECO.'-!P deteces thi.s by :o:npu~lo.;; 

det ~' which is done pe~forming thc produce of the su·.gular valc~s of ~-

&nd if this produce eurns out to be zero, sends a rM.Ssac:~e eo the use.-

thereby_ w~rnin9 bim thae he c:annot proc:eed any fureher. 
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lL ~ ia not singular, the uscr callG the SOLYE sdbprogr~, ~hich computes 

tbe soluticn to the aystem by bac:k substitution, i.e.'fro= (1.12.1) in ... !'ollowing manner' "'' equation ---,.. .. 
!-!?""'!? 

... 
• 

~ "" Written •• • -

by setting Ux•y. Thus 

where 

_, 
y-L booc 

_, 
~ exisu since det L (the product of~the ele::.ents 

(1.12.~) 

(1.12.3) 

on the diagonal 

of ~) 111 equal to on~_(t.tt). Suhstitutino; (1.12.3) into id«~z, ene 

obtains thc final solution: 

where 
_, 

U exista be<::ause 11 has been detected to be nonsingular•. 

'l'he flow diagram of the whole program appears in fig 1. D.l and the 

listings Of DECOMP and SOL VE in Figs. 1. 1 2. 2 and 1. 1 2. 3 

ii) m>n. Next, the numerical solution of the overdet.emined linear system 

Ax~b is discussed. In this case t.he number of equations is 9reat..-r than 

that of unknowns and hence the sought "Solution• is that !:'o whLch 

IO.inil:!izcs the .Euclidean norm of the error .1\x -b-
--0 -

This is done hy ap~li-

cation of l!ouseholder reflections (1.s) to bod. ~ and b. " Householdc~ 

reflection is an orthoqonal transfonnation H which has the property t.!;at 

., T 
!! •!:! "!:! (1.12.-l) 

Given an tt-vector a with components a
1

, a
2

, ..• , 

retlection 11 (a fu!lction of ~) defincd as 

• In fact, th<·rc is no neod to cxplicitely compute 

•• •• ~~e Houscholdcr 

_, 
!!:· and 

_, 
u for the 

triangular structuro Of L ¡¡nd U p.:H·mit>; a recur.:in· solution. 
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• • J ' 
. . . 

P'iq 1.12.1 

. ' 
' ' . '• . ..:, . ' 

' 

( 
. 

'·' ' 

• 

\ 
CALL OECOMP 
A - ' " - - -

•• 

j 
' 

" A , .. r 
STOf' singular? . 

' / ., 
. 

•• . ' .. 
' 

CALL SOL VE 

" • -' - - - _, 
~ • ' b -_, -
X • " ' - -

WRITE 
ESULTS 

...... 

r 
STOP 

" 
Flo~ diag~am for che direct solut!on of a linear algcb,·.,ic 
ayatem with.equal number of equations as unkno~ns. 
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" " " 13 e 

" e 
15 e 
16 e 
17 e 
18 e 
19 e 

" e 
- 21 e 
22 e 

" e 

" e 

" e 

" e 
27 e 
28 e 

" e 

" e 

" " 33 
34 

" 36 

" 38 
39 
40. ., 
" <3 .. 
" " " " 49 

" S1 

" 53 
54 
SS 
S6 
S7 
so 
• 

str&Fi'OCJI ;;;:: r .. :c~,,.,,-,, ;1, .,¡.;:, .... ,·,. Ii'l 
RE:AL :.(!li•!)1.1:1>!;,¡,-;-
lNTEüSf¡ li'(:IJII/11 

INPUT : • 
.. 01\LI(f¡ OF MAHilX 

1.33 

" NI>IH 

' 
"' Jl!::I,;LfoW:::n l!I11l:t1SlOrl UF ;,¡¡·r;:,';'( A, IN THE Mi,lN I'I.:OG!~AM 
= l\l"lfr\IX TO !tE lRliiNl~tiLfo!(LéCl• 

OUTFUT : 
A<I •• n. 1.u:::.J 
A(IoJ), !.c,r •. J 
Ii'\1\lt K.LT.I< 
!POn 

= Lli'F"EF' Tf\!ANGULAii Ft1CTOI(, U 
"'l~iiL Tti-'LIERS ~ UJWEI\ TRlAI<GliLAii C'i>i.:flllio 1··1.. 
='1'!.11,,( 01' t>:··rll 1-']')IJI I(OW 
= (-ll*J(NUMr<l:r: rw INTHiCHt\Nl;ESl llk o. 

USE 'SOLVE• 10 QTJTAitl SDLUTIOrl OF LU!L,)I~ ."llSIEH 
DEfERMIAl = IPCNl*A(l,tl*A(~,:•Ja .• ,*Aitlolll 
IF lf'HD"'Oo fl !'O SHII.1UL(Ir,:, ·~r;LV'-:." IJII.l Df'JHtF. l<Y lt::r.:O 
!NTERCHo'lllGF.S Flrll~d>CO!t :11 \J, WIL1 (,.,,-~!.Y Ill !. 

IPCNl=l 
[10 óO K""l•N 

!F(r\,l"O.Nl GO TO ~)0 

1\Pl=IOl 
H=K 
DO 10 l=KPl•N 

JF(I"IBS(At I rKl) .GT .AliSCA<M•Kl l l H=I 
10 CONTlNUE 

IP<Kl"'H 
IF<H.NE.I\) IF"CNl,-lr"INJ 
T=AtHolO 
AtHrKJ"fi(~,K) 

AtK,KJ=T 
IFCT,EO.Ol GO TO 50 
DO :!0 I "1\f' 1 , N 

20 flti•Kl,.-fiCl•l~l/T 

DO 40 .I=Krl•N 
T=ACH •• Il 
ACMo.)l"'t'\(1\,.JJ 
A 0\o J J =T 
IFtT,lCn.O.) GO TO 40 
00 30 I"'t\F·t,N 

30 AtirJl.,ACI,.Jltf"'!Cl.t\l-.t<T 
40 CONTINliE 
50 lFCACl(,Kl.EO.O.l IPCNJ=O 
60 CONíiNUE 

"[Tlii(N 
ENt~ 

Fig-. 1.12.2 I..isti;,g- of ZUOROUTI:n: O!XOitP 
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60 
61 
62 

" e 
64 e 
65 e 
"- e 

" e 

" e 

" e 
70 e 
71 e 
72 e 
73 e 
7< e 
75 e 
76 e 
77 
7S 

" so 
S1 
S2 
S3 
S< 
S5 
06 70 
S7 
SS 
B9 

" 91 ., 
93 so .. 90 
95 
96 

• 

SUBROUTitJE SOLVECNoNTITM•Aoiirlf') 
REAl. ACNI•TMoNT•lH),~INfi[Mlof 
INTEGER IPUH•IMI · 

SOLUTION OF LINEO:AR SY!iTtMo A*X = B 

INPUT.: . ·· .· .. "· :· "·..i~-- ·.' •· · · 

N "' OfWF:f~ OF MATRIX, 
NI•IM"' liECLr.f(E[I DIMEtlS!ON OF M(RAY A. Hl TIW M(.III l'f'' •'<'oM 

A = TRI ANGULAR 1 ZElJ MATR IX OD r,; I NO• FROM • foECfJ"''f"' 
B = RIGHT HAND SIIJE VECTOR 
IP = PIVOT VECTOR OBTAHIED FRllM 'DEC!IHF'' 
DO NOT USE 'SOLVE' IF "DECOMP' fli'IS SET lPCt!>"O 

OUTPUT 
B = SOLUTION VECTOR, X 

IF<N.ECl.l l GO TO. 90 
NMl=N-1 
DO 70 t\=1 • NMl 

KF'l"'t<+l 
M,.IPO\l 
TcB(Ml 
BHO=BOO 
D!Kl,T 
DO 70 1'='1\PloN 

Blll=BCl)l~lloKl*T 

DO !JO Kl!"'loNHl 
KMl=N-I(B 
l(cl\111+1 
BCKl=BCKl/ACKoKl 
T=-BttO 
DO 80 J:l,t(ttl 

Blll;BCiltAil,l(l*T 
f<Cl >~I•< 1 l/Al 1, t l 
RETURN 
ENO 

Fig, 1,12,3 Li,sting of SU!!ROUTINI:: SOLVó: 
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.. • • ., . (~,>11!11 (1.12,5a) 

u • ·~· . ., (1.12.5b) 

' • "> {1.12,5c) 

' ' ' • l-- uu (1.12.Sbl 
- fl --. 

Transforms !- into """ , and reflects any cther vector b abcut a hyperplane . ., 
perpendicular to ~· 

On the other hand, if defined as ... 
(1.12.6a) 

(1~12.6b) 

{1.12.6c) 

' "•1--
~·k - e (1.12.6d) 

! 

then !.'¡.~ is a vector whose first k-1 cO!:Opcnents are identical to those.of. 

'" !• its,k- cc::~pcnent is. ·ak and:its·re~:~ainingJn-k co.,poncnts.are all;zero •. 

Fur~e=on,, if·v.is·.any other vector-; then 

where 

y • 
' y Y. 
. ,. 

"nd if, in particular, V " 0, 
m 

Lot now ll . Le the Hcusehcldcr reflection wieh cancels the laGL c-i c~pOnents . , 
Of the ith 

Petting its 

column of !!1 • 1 ~ , 

.eh 

while leaving its i-1 components unch<>n~ed and 

,_ component cqual to -o., for iool, .... n. 

' 
By llpplication of 

the n Housnholdcr reflecticns thus definnd, on A and b in the fom 

lll! ... HHAx•HH ... IIHb 
·n·n-1 ·2·1••0 ·n·n-1· ·2·1· . ' {1.12.7) 
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,U.e original systero. is transformed into the followi_ng two 5!(Stems .. 

where 

,., . ,. 
-¡ o _, 

A'x m b' 
-2-0 -2 

A' is nxn _, uppcr triangular, wherens ~2 is (m-nh:n zcr~ matrü 

and b' is of dimcnsion m-n and diferent from zero. Once the s'lstco ~• in 
-2 . . 

upper triangular form, 'it ·is· a simple __ matter to find the valuts of. ;;;.e 

COI:Iponc>nts of ~O by back substitution. LCt arj and bk be the ·;aluc> Of the 

(i, j) elcment of A' and the -' . "' <- e<:>n>ponent of J:>;- rospectively. ?h.,n, 

'" from th!! n- equation of system (1.12.7), 

is obtained as ,. 
" • • " .. 
M 

Sub11tituting this value into.the.(n-1) !!_.!quation, 

from which 

b* •• 

" a• · x · ta* • - • 
n-l,n-1 n-1 n-1,na~0 

• o-' 
b• b* 

n-1 n 
a• a* 
n-l,n-1 nn 

b*·­

"'' 

Proceeding o;imilarly wit.h the (n-2)nd, ... ,2nd and 1st eguatior.o, th( n 

COI:Iponents of ~O '"'" found. Clearl}'• t.hen, ~2 is the error ir. t.he ~;proxi-

mat.ion and lle;ll- l.l~ ':! ell· 
The forcgoing l!ouscholder rcflcct.ion 1:1Ctllod can be readily iln;:!=.cr,u¿ ir, 

11 digitnl computcr vill thc IIECOHP and HOLVE subroutincs appear;ng H. 

(1.14), whose listin~s are rcproduced in Figs 1.12.4 and 1.12.5. 

E><erci~c 1.12.2 Zhow that, for any n-vector~ 

' ' dat(!t~ )•1+~ ~ • 

~ 

( 
-· 

e 

' 



e -

e 
--

-· • 

ca 

100 
101 
102 
103 
104 e 
105 e 

' 106 e 
107 e 
108 e 
109 e 
110 e 
111 e 
112 e 
113 e 
114 e 
115 e 
116 e 
117 e 
118 e 
119 e 
120 e 
121. e 
122 e -
123 e·. 
124-C 
125 
126' 
127 
1" 

/ SUDROUTINE HECOMP ( HI•IH, M, N • A r U> 
INTEGER HDIMoMrN 
REAL A<HDlHrN),U(H) 
RI::AL ALPHA, BE:T (1, GAHMA'r :~RT.' f' ,;,?;:·.':·'':;¿··f~: 

HOUSEHOLDER REDUCTION OF RECTANGULAR' HATRIX TO UPPER 
TRIANGULAR FORH, USE WITH HOLVE FOR LEAST~SQUARE . 
SOLUTIONS OF OVEROETERMINED SYSTEMS, 

HDIH~ OECLARED ROW DIMENSION•OF A 
M- • NUMDER OF ROWS OF A 
N ~ NUHBER OF COLUMNS OF A 
A ~ M-DY-N MATRIX WITH H.>.N 

INPUT : 
HATRIX TO BE REDUCED 

OUTPUT: •. f" '· ··¡· 

' 

. . 

1. 37 

' 

.. . . 
~· . ' 

' . 
' -' •w- REDUCED HATRIX.AND lNFDRMATION ABOUT REDUCTION 
u . -.... . . . ' ' ' ' ., • . .. INPUT :' • . . IGNORED • · . 

OUTPUTl ' .. . INFORMATION .ABOUT REDUCTION~;·· 

F"INII REFLECTI ON- WHICH :zEROES. A ( 1 tK) ,. I=•Ktlo,, ,""",,,,·,oH.-

D06K=loN 
ALPHA" 0.0 
DO 1 Jc Kol1 

U<I>= ACiot\) 
ALPHA= ALPHAtUCI>*UCI>. 

CONTINUE 

' • 

129.-
130~ 1'­

·131 • ALPHA:o. SOR.T<ALF'HAl.;~ " 
_,_ 

132 ··. 
133 
134-~ 

135:--.'- .-
136 

141 
142 
143 
144 

. l-15 
146 
147" 
148 
149 
lSO 
151 
152 

e .. 
e 

e 

2 

3 ., 
' 

153-C 
· 154 e 

155 

O"ü ~- IFCU(K);LT.O.Ol=-ALPHA=:·-ALPHA-
·-·· UCKl"' UCKltALPHA • 
4 BETA=· ALPiiA*UCIO--"" 
' ACKoKl=·-ALPHA '~· 

.IF (BETA, E el, O; O, 01~ .·K ;EQ-;N }:' GO .TO (6 ·-
• 

-· 

.... , ... ·. 
-' -· . 

· .. 
APPLY REFLECTION~TO·REHAINING·COLUMNS OF A·--

__ , ..... 
KPl., Kt1 ~ ·<:. 
[1Q 4 J= KPloN 

GAHHA= 0.0 .. 
110 2 I= KoH 

GAHHA~ GAHHAtUCil*A(JoJ) 
CONTINUE .f 
GAHHA= GAHMA/BETA 
[1Q 3 I= KoH 

' . 

J .•· . 

• l ·~ 
1 ••• 

. . 
... 

A(loJ)a ACioJl-GAHMAtUCil" ...... 
CONTINUE ·" , ...• ~ 

CONTINUE 
CDNTJNUE 
RETURN 

·TRIANGULAR-RESULT STORED-lN-ACloJ),.J,LE,J •. 
"VECTORS:loEFINING REFLECTIONS STORED IN U ANO REST OF A 

END 

• 

Fig 1,12.4 Li,¡ting- of SUBROUT!NE !lECOMP 

., ·. ''t 
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1 • 1 

i 
1 

1. )8 

::!00 
201 
202 
203 
204 
2" 
206 

. 201' 
209 
209 
210 
211 
212 
213 

e 
e 

' '., . .¡·-
' . ' ' . . .. ; 

5UBROUTINE HOLVECMDIMrMrNrArUrBl •· 
INTEGER MDIMoMoN 

~ REAL A(HHIMrNlrUCMlrB(M) 
REAL BETArGAMMArT 

.. 

e LEAST-sgUhRE SOLUTION OF OVERDETERMINED SYSTEMS 
e~·- FIND X ·THAT MINIMlZES NORMCA*X- [!) 
e 
e 
e 
e 
e 

' 

MDIMrMrNrArU, RESULTS FROM .HECOMP 
[1" M-VECTOR 

INPUT l 
RIGHT HAND SIDE 

•OUTPUTl -.. 

... 
•• 

214 e 
215 e 
216 e 
217 e 
218;C-
219··c·::: 
220 C· 
221 

FIRST N COMPONENTS ~-THE SOLUTIONr X 
.LAST M-N COMPONENTSc TRANSFORMED RESIDUAL 

DIVISION BY ZERO IMPLI~.S A NOT OF FULL RANK 
. 

APPL Y. REFLECTIONS .TO -B r .. 

2:!2 
223 
224 
225 
226 • 
227:;v 

. : ' 

22BC:: 1 :. 
229 .•. 

2 _-. 

r•o 3 K= lrN 
T= ACKrKl 
BETA= -UCKl*ACKoKl 
ACKrKl"' UCKl 
GAMMA= 0.0 
DO 1 I= KrM 

GAMMAa·GAMMA+ACloKl*BCil 
CONTINUE': . ' :­GAMMA=: GAMMA/BE-TA.::. · · • 
DO :2 .. 1" KrM-' ' 

BCll= BCI);;;.GAMMA*AClrKl:.' 
·coNTJNUE--
AO\riO" T 

CONTINUE 

230 -
231-
232 
233. 
23'l..: 3 
23:i.C 
236 e F•ACK SUBSTI TUT l ON 
237 e 
238 
239 
2.110 
2'l1 
2'l2 
2-13 
24.11 
245 

DO S 1([1= lrN 
K= Ntl-KB 
BCKl= BCKl/ACKrKl 
IFCK.E0.1> GO TO S 
KMl= K-1 . 
D0.4 1<> l•KMl 

Bfll" Dfll-A(IoKl*DCKl 
4 CONTitlUE 

.. 
246 S CQNTINUE .. 
247 RETURN 
248' '"' • . . . . : .. ,.· . ' . \ .- · . 

(,,,, .... ~ .... -' ·'····-:. 
Tiq J. 12.~ Listinq of SUBR0\1\'It:E HOLVE ' 

• ¡ 

' . . 

.. 

,. 

' " ' ... . ~ . 
~~-~ 

• 

., 
• • 

• 

~. .. 
·. 

• 

:-_ 
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Exercise 1.12.1• Show tho.t H, as d'=lfined in eqs. (1.1:2.5) is in fact a 

reflection, i.e. show lhat ~ is orthogonal and the value of its determinant 

is -1 • (Hint: use the result o'r Excrcisc 1.12.'2). 

:1-ii) m<n: tlow, the lineu ~ystcm. of equations ~-~ is studicd who·n the 

nurnber of \.:nknowns is greatcr that thc nurnbcr of equations, 

In this case, thc systcm is underdetermined and has an infinity of 

solutim1s, Howcvcr, as was discu!>scd in Section 1.11, among those 

solutions, there is onc, say !'o whosc Euclidean no= is a l!lini=. 

This is givcn by eq. (1.11.22), rcpeatcd here for rea<ly refcrence, 

T T -1 
xcA(M)b -0-·---

One possible way of computing 1!'o is given next: 

al 1·1rite eq. (1. 11. 20) in the fo= 

b) Using the LU decornposi tion method, find ~ from ( 1. 12, 9) 

(1.12.8) 

{1. 12.9) 

e) With A known from step ii), compute ~O by matri . .x multiplication, 

as arpearing in (1.11.19), i.e. 

' ~0-~ ~ 

1. 13 NUHERICAL SOLUTION OF NONLINr:AR ALGEBRAIC SYSTEI-IS. 

(1.12.10) 

For severa! reasons, nonlincar systei!IS are more difficult to deal with than 

are linear syotcms. Considering the simplest case of equal numbcr of 

equations and unknowns, therc i<> no guarantee that the nonlinear system has 

a uinquc solution; in fact, therc is no guarantee that the sy'>tcm has a 

solution at all. 

• sce Section 2,3 for more actails on rcflcctions. 
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' 

_, - , 

Fig 1.13.1 Non-intersecting hyperbola and circle 

---:-f-----t---1!----+--1----' . 
' _, -, , 

Fig 1.13.2 Intctscctions of a hypcrbola anda circle 



e 

• 
(_ 

1 • 4 1 

E><ample 
., ··~ ~--· 

1.13:1 ·'l'ha 
• • • , -. • J 

2nd 'ordoi'r' nonlinea,: algebraic systc:m 
... 

. , ' . ,, • ' ' .. ·r " ' .. 
" • y • 

'? ,, .•• ~- - J-' 

(o) 

' ' • + y ' , - (b) 

has no solution, for the hyperbola (a) does not intarsect the circle (b), 
.. 

•• '" shown in Fig. 1.13.1 
• 

E:><am121e 1.13.2 "'" order "linear' a'lgebraic 
.. ' . . 
system 

•' ' , y • 

' ' • + y • ' 
.• 

hes four solutions, nllr:lely 

' 

.· 

• .• J<.; ,, .... JI, e L.f.2- 72 

·. 

' 

¡¡ • f.,,· .... ' .. ' 
.· ' 

' • 

(e) • 

• 
"' ' 

• ' ' . 

• . -~-
. ..:--

which are the-four points.where the 
' 

hyperpola ~(e). :intw::sectu -. the .. 
(d). These.intersections appcar .. in Fig. 1.13.2 ' 

circle :; , 

Thc ~ost popular rnethod of solving a nonlinear algebraic syst~ is the 

so-callcd ~ewton-Raphson rnethod. First, the system of cquations has to be 

..-ritten in. the for= 

~ (~) a Q (1.13.1) 

where ' and·!!' ·are·m- an.d-n- dimensional vectors. ,o. e~ple, system {a) ' .. 
(b) o< Example 1.13.1 000 

,. written in "'" <o= 

' ' 
.. . ' " ' f

1
(x

1
,x

2
J • • ., . "" ' (a ' ) , 

!2 (x1,x2J 
, , 

• . , • ., - , • ' . (b. J . ' 
Here't

1 
and f 

2 
are "'" c=ponents o< "" 2--d.ito.ensional vectorll t ;,nd ., •"" 

--. 

. " 
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1 

1 
' 

1 
1 

1 

1 
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_._. 

., (clearly, 

-
x and y have been replaced by x

1 
IU\d:x

2
, 

' . ,. -· ',_.,.<t .•. , 
respcctively) are the · 
·- ,, • :..-: .. ~....:.1::.""' 

COI:lponcnts of t.!le 2-di:ocnsional vector x. Ncxt, the three cases, m•n, m~n-
' .. -

and<m n, are discussed 

:'o he known to be a "good" approx:lmation to the solutions ora "guess". 

. . . •• . -'"~ . The expansion of ~(~) about ~O in a Taylor series yields 

· ! 1~o+ 11~¡ g !<~ol + E'•<:co>ll~ + ~ 
' ' 

If ~o,+ 

,;.(1.13.1) ,. 
llx is an even better "pproJdmation to x , then Ax must be small and _, -

110, only linear terms could be retained in (1.13.2).and, of ;coursc, f ¡X +/IX) -.-o.-
~st be closer-.to ~'than is !f!¿J .. Under,theae 

be aasUllled to be :.ero and (1.13.2) leads to 

assumptions, 'f(x +llx) 'can---
. - -0 -

In the 

• 

above equation f' (x ) is tho value of the gradient of !<x_>, - -o 
This-sradient is:an-nxn matrix, J ¡.whose ~(k;!) .. element Tia~ 

~ . . ~ 

(1.13.3).. 

!' (~) ;,t 

' :-

• 

"' ' .. , --~ • ' [1.13.4) ~ 

If the,Jacobian·matri.x J is nonsinsular, it·c= be.inverted to yield. 
_, 

~ .. - ~ c~0 l!(:!'0 J (1.13.5) 

Of course, q need not actually be invCrted, tor ~x can be obtained via thc 
_, 

LU'decomposition met.hod fro¡¡:¡ eq. (1.13.3) written in the ton. 

(1.13.6) 

With· the value of ID< thus obtained, .thc i.mproved value of x, is computDd ... 
• ' -. -_, 
. ' ::. 

In general, at the kth itcration, the new vaiue x.. i11 
~ ... tl_ 

computcd fro¡¡:¡ thc 

., 
fon:~ula 

., 

~ .. , -~ - (1,13,7) 

- •• ' •• o:. 
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which is the Ncwton-na¡>bson iterative scheme. The procedure is stopr.'Od 

wl>cn n convergcncc critcr-ion is m"t. One ¡><>~siblc C~Citcrion is that thc 

norrn of f (>< ) rcaclocs - _, a value bclow ccrtain prcscr-ibcU tolcrancc, i.~. 

whcre e is thc sai<l tolcrancc. On lhe othc.- hauU, it can also happcr. that 

nt; itcration k, thc nonn of thc incremcnt bccomes smallcr than thc tc:crancc. 

ln thin case, evcn if the convergcnce critcrion (1.13.8) is not mct, ~t is 

uscless to períorm mor" lntcr-ation~. l'hus, it is more reasonable. to ,-~d!¡: 

!h·st U1at the norm of lhc corrcction does not bccomo too small befor~ 

procceding tur-ther, and stop thc proccdure if both 11 ~ (~klll ar.:! 1: .1~-.-i 1 

~re srnall enough, in "''hich case, convergcnce is rcachcd. 

If <>nly l)t.~k)l goes bclow thc imposed tol~rance, do not accept thc c'rre-

sponding x as the solution. Thc conditions undcr which thc procedur• -· converges are discussed . in ( 1 . 1 sJ . Thcse condi'tions, howcver, cannot oe 

verified easily, in general. Hhat is adviscd todo is to try differe~.t 

initial guesses ~O till convergcnce is reach<id and lo stop the ~roccd·.:.rc if 

either 

i) .too many iterations have been performcd 

O< 

If the method of Ncwton-Raphson converges for a givcn problem, it do,·• so 

qulldratically, i.e. t;wo dlgits are gaineU per iteration dur-ing :he a¡:·oxi-

rnation to the solution. It can happen, howcver, U,¡¡t; thc proceJ.ure d~e~ 

not conver-ge monotonically, in which case, 

thus giving risc to strong oscillations and, possibly, dive.-gcncc, C'n~ way 

to cope with this situntion is to introduce drunping, i.e. instc:>.<l of using 



,, 

' • 
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tho wholo computed incrc~cnt ~k' use a fraction of it, i.e. at thc kth 

itoration, for i•O, 1 , .•. 1 IM.X, instoad of using formula j1 • 1 J. 7) to compute 

thc next valuc !':k+ 1, use 

. ". -k+1 -k (L13.9) 

where a is a real nwnber betwecn O and 1. For a given k, eq. ( 1. 1 J. 9) 

reprcscnts thc d=ping part oí the procedure,_ which is stopped when 

Thc algorithrn is ~!I1Miarhcd in the flow ch<:~rt of Fig 1.13.3 and il'lplC.,cnte<l 

in the subroutine NRDAI-IP <>ppearing in Fig 1 • 13.4 

Second case: m>n 

In this case thc "ystem is overdetcnnined and it is not possible, in general, 

to satisfy all the equations. 1'/hat can be done, however, is to find Lhat 

~, which mini.,izcs 

This problem arises, for ex=ple, when one tries to dcsign a planar tour-bar 

linkagc to guide a rigid body through 1:>0re than five configurations 

To find the minimizing x , 'define first which .;o= of f(x) is desired to -.o - -
minitnize. Onc norm which has several advantages is the Euclidcan nom, 

alr<:ady discusscd in case i of Scction 1.11, ,.•here the linear least-square 

problcm was discusscd. In UJe contcxt of nonlinear systemS of equations, 

minitnizing the quadratic norm of ! ('.") le .. ds to the nonlinear least-sqnarc 

probl=· The problcm is then to find the minitnum of the scalar funcl ion 

(1.13.10) 

As already discu~fied in section 1. 10, for this function to reach a r.>ini¡::¡wo,· 

it must fir"t rcuch a stationary [<:Jint, i.e. its gradicnt must v;,nish. Thus, 

, 
~· (x) g 2 J (x)f(x) 

.. 
(1.13.11) - - - -

whcrC J(K) is lhe Jacobian rnatrix of f with respcct to x, i.e. an rnxn 

Zlllltrix 
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1 
K>KMAX7 '"' '·. ""' 

computes ' "' " 

" ¡ 
] 

' " " o . 
1 K•K+ 1 " • 

• • o . DFDX No conve.-genc .. 
" computes "' Jacobian rnatri>< ' "' currcnt value of -"' " ~ -
' & 
' " o 

' ' 
DECOIU' . 

' ' roo 
LU-decomposes th~ Jacoobian . 

' 
~ -. 
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J singular 'ro' . " " ·~ 
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o converq-
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i~O ........ 
P.-ocedure 

><""x+flx convergei:l. . - - -
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. 'ro' 
~' 

computes ¡ " '"' cu.-rent 
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•roo ,. x+nix 



• 
1."'\6 

1<190 
1<190 
1500 
1510 e 
1520 e 
1530 e 
1540 e 
1550 e 
1560 e 
1570 e 
1580 e 

"1590 e 
1600 e 
I61g_c 
162 e 
1630- e 

• 

• . . 
SUBROUT lNE NIWAMP (X, FUN, Df"DX ,¡.• • TUL tltl'lMf•, N, I1 EH • HI'\X, KMI"\X l 

REAl X<NJ,F<Nl•DF<N•NioDElTA<NloP(20l 
INTEGEf\ JP(NI 

o 

THIS SUBROUTJNE.FJNDS THE ROOTS OF A NONLINEfoR ALGEJIRAIC SYSTEM DF 
DRDER N, VIA NEWTON-RAF·"HSON METHl1D(l5MtCSON E, ANll KELLER·H,)t, 
ANALYSIS OF NUMElilCoil NE-THODS, JDHN WILEY AND ~OIINS• INC,- Nt::W Y!Hil(, 
1966oPP. 85-123) LHTH IJI"lHPING. SUltRQUTINE F'ARMLF.:TEHS : 
X "' N-VECTOR OF UNKNOWNS 
FUN = EXTERNAL SLJBRDUTINE WHICH COMf""UTES \,'[i:li.)H F, ,._ 

I•FDX · 

p 

CONTAINING THE FUNCTIONS \JtW!OE ~:DOTS f\lil.:: TO BE Ul<T(llN[ll 
=EXTERNA!. SUFIROUTINE WHICH.COHPUTES Ti-lE JflCORlo)N M.'oJI-(1); 

OF VECTOR F WITH RESPECT TO X 

16"'\0 -e:-- . TOL: 

"' IS -AN AUXILIARY VECTtm OF SUITABLE l•!MENSHJN, lT 
CONTAlt/S" THE. f'flRt)METERS THr,l" EACH ~"1\QI!LEH HAY fi!O(HilHf.. 

""'POSITIVE" SCALAR• ·TDLENANCE JMI'OSED IN THf> APPROXltiriTJOJ'!-"'c 
"' THC [tAMPING -VALUE• .PROVIIJED BY THE.USER SUCH THAI 1650 e 

1660 e 
1670 e 
1o::.eo e 
1690 e 
1 e 
t. .. -J e 
1720C-
1730_ c. 
1740: e:: 
17SO e 
1760 C· 
1770 e 
1 7BO C. 
1790 
1800 
H110 
1920 
1830 
1840 
1850 
1860 e 
1870 e 
1880 e 
1()90 
1900 
1.910 
1920 
1930 
19'0 

• 

.1. 

2 

DAMP 

ITER 

""' KHAX 

O.LT. liAMP .LE.l 
= NUMDER OF JTERflTlON BEJNG 
= MAXIMUM NUMBER OF ALLOWED 
., MAXIHU~\ Nlli1BEF.: OF ALLU~IED 

PROVIDED ltY 1HE USEH 
FUN AND DFDX- ARE SUPPLIED BY THE-USER 

EXECUTED 
ITERATIONS 
F•AMf·JNG!:l PER 

SUllkOUll NES- 'DECOMP" ~ ANll' "SOL~'f." SOL VE- THE NTH • - ORDER LINEI'IK-
ALGEBr<A I c~SYSTEM- DF (X l * i<ELTA=F (X l , • r•Ec:T A .l!E ING~ l HE- CORkECTI ON. TO 
THLK-TH ITERI'ITION. THE METHO[t-l!SED ·IS-THE-LU l"•ECOni•OSITIOrH-~MOLER== 
C.B, Mf\.TRJX• COMPUTATIONS-WITH-FORTRAN· AND PAGING. COMMUNICATTüti!;' (jf--
THE A.C.M; VOLUME.15>·NUMBER•4 •• APRJL_1972. l. --; 

ITER= O 
CALL FUN<x,F,F·,NJ 
ITER= JTEid 1 
IF<IlER.GT.MAXl GO lO 10 
FNORl =FNORM t F, N l-
CflLL IIFltX(i\olif-"•P•Nl 
CALL DECOHPCN,N,DF,IPl 

IF THE Jt\COE<lflN NolTI:lX lS SINGULI'lRo THE SUl•f(OUTl/IE 
NAIN F"ROGRt\H, 01HEhWISE• !T. t"J\OCEEI•S FliHTt\[R, 

IF(lf"(Nl,[(l,Ol GO TO .11 
CALL SOLVECN•NoDf"oF.IPl 
DO 2 l"-loN 

IoELTrt<JJ.-Fill 
COIHINUE 
DELNOk=FtWr~M (DEL T t'l • N l 

~. ·1 
~.--- ·-~ ___ .... 

.. 
. 

·, 

• 

RElURNS TO lilE 

.. (_¡ 

Fig 1.13.4 Li&ting o! SUBROIJTINE NRDAHP 

• 
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3 

' 

• 

JF(Dl:::UI()f¡,LT.TOU GU TO 8 
1(" 1 
!JO 4 l=<l•N 

XIJI•X(I)-I•ELTAI!) 
COtHitJUC. 
CALL FLJOI(X,r,p,NJ 
FJIOR2'-'rtlORH C F, N) 
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1950 
19MI 
1'170 
l'i'flO 
lY90 
2000 
2010 
:!<·:!v e 
:<r,3o e 
~.')t,o e 
no:;o 
2060 
;!(!70 
:!VOO 
~090 
:(J(¡Q 

2110 

TESTJ!W THE NOfiM DF HIE FUNC'fliJN F Al ClllmENT Vf'\LUC OF X, • Tfll!; 

21 :!O 
2130 
?.1<10 
21:i0 
::!160 
2170 
2180 
2190 
2200 
2210 
2220 
:~230 

e 
e 
e 
e 

5 

' 
7 

a 

DOES IJOT liEI:REtiGI:•- THEN !IAHF'lNG IS ItHRODUCED. 
IFIFNOI~2.LT.TOLl GO TO 8 
IFIFNOfi:!.LT.FNOFnl GD TO 1 
lFIK.GT.I\NAXl tHJ TO 7 
!!U 6 1=1 tll 

1FH:,GE.2) GO TO 5 
I<E::LTAI I l=lliAMF'-1, I*IIEL. TAC .t) 
GO TO 6 
IlfOLT A 1 1 ) =DAt-'.Pio:DEL TA 1 I) 

CONTINUE 
K"Ktl 
CiD TO 3 
WRITEC6,J01) 

lT AT THIS HERATION TfiE NORH OF THE FUNC:TrON CANNOT [<E I•EC.~:EASEIJ 
AFTER KMAX DAHPINGS, DAMF' IS SET EQUAL TO -1 ANLI TH[ SUBROCTINE 
RETURNS TO THE HHIN f'ROGRAM; 

DANP"'-J. 
F\ElURtl 
WfUH:':U,lO::O) FNOR2,1TER,K 

~~40 [10 9 I:-1 •N 
~~::'~0 WR!TJ::(6, 103l I •X( l) 

9 :~:'60 CONTINUE 
;·~70 RETliRN 

10 2280 WR1TE(6,104l 
2290 RETtJr..;N 

11 ~300 WRITI0(6,10::>J 
2310 [IANP"'O 
:?320 RETURN 

101 :~~30 FDRMAT<lOXo"NO CDNVErWENCE WilH THIS fii'\MFING Vr.LUE'/l 
102 :•340 Ftlr>MAl (~!X, • CCJNVEJ~(jf.NCE HEACIIELI, NURM UF THE: FUNC 1 [UN' • ·:.;.,, 

2350 6HFUN .. Fl5,9//2Xt"NUN!JER OF ITERATION~i '"' '.I5o'.:•X• 
:!360 'NLINDER OF liAMF'JNGS =',13//SX,"THE SOLUTION JS:'lJ 

103 ::0370 FORMAl ( t·;x, :!Hlo:I6, lO X t2HXo:Ft0, 4/ l 
10< 2300 FUI~M.~T ( l OX, ·NO CONVI.iRGENCE • / J 
10~ 2390 FDfo:MAlllOX,'JACOBI MAHUX lS SINGULAR"/) 

2'400 END 

• 

Fig 1.13.4 Listinc¡ of SlJBROUTINE NRDI\MP (C::mtinued) 
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!EXercise 1.1).1. Derive the exprest:ion (1.1).11) 

In ordcr to compute the value of ~ that zeroes the qrndicnt (1.13.11) proceed 

iierD.tively, D.S next outlined. Expand ~ (~) around ~o' 

~(~o+~~J ~!(~al +!'<~o>~+ R (1.13.12) 

lf ~0+t..~ is " bcttcr approximation to the valuc that minirnizes the Euclidean 

norm of ! (l!'), and if in addition 1111~ 11 i" Gmall enough, ~ can be neglccted 

in cq, (1.13.12) andas trying to set the whole cxprcssion equal to >:ero, 

the following equation i~ obtained 

or, denotin9 by .J the Jacobian natrix !' (>s), 

•.!<'Sol ~'S ~- f (x ) - -o 

which is an overdctc=ined linear system. As discussed i!Í Section 1. 11, such 

_11. systec. has in general no <Oolut~on, but a \'aluc of t..x can be COJ:Iputed 

whi~h mini~:~izes cl>e quadratic norm of the error J (x ) t..x + f (x ) • This value -o---o 
is given by the expression (1.11.8) as 

In general, at thc kth itcration, compute llx as _, 
( , ¡-' ' 111:\"'- ~ (~k)i!(~k) :'! (~klf(~k) (1.t3.l3)· 

""' stop procedure whcn [[11~k 11 becomes smaller than a prescribed 

toleranco, thus lndicating that the p"ocedure converged. In !act, if !\~k 

vanishcs, unless (J T J) -
1 bccc't:les- infini ty, this !l'lcans that ;zT! van~~hcs. 

But if this product vanishcs, then frora eq. (1.1).11), the gradient ~·¡~¡ 

also. vanishes, thus obtaining a stationary.pOint of the quadratic nono of 

In ordcr to accclcrata thc convcrgence of the proccduro, damping can also 

-be introduccd. This w;,y, i11stcad of computin9 ~~k from eq. (1.13.13), 



' ' 

• 

1.4') 

compute it f~om 

(1,13.14) 

for i ,. O, 1, ... , rna.x an<l "top th!'! cl=ping whcn 

'Ihc algcritlun is illushatml wiU• tl•e flow dhgran of Fig 1.13.5 i!ltld 

irnple<:~c~.tccl "'ith the subroutine NRDA11C, app<:aring in Fig 1.13.6 

'11drd case: tTHn 

The &ystcm, in this case, i,; undcrdetermiru~tcd and infinitely ""'">' solutions 

'""' be e:<p.,cted t.o ex in L. Out oí thcse solution.s, howevcr, one can choosc 

Utnt'with a min~urn non:t, lhus co11vcrting thc problcn into a nonlincar 

quadratic prograr:r.ing problet:1, st.ated as 

Minimbe ,?x (1.13. 1Sal 

subject to ~(~) • O (1.13."15b) 

Onc w¡¡y to find the minit:~izing x, of problem (1.13.15) is via the method -o 
of Legrange multipliers. Thus, define a ncw objective function 

Whlch is r.tationary a: ~O where its gradient vanishes. Thus, 

T * <~o 1 
g 

2~o + ~· <~o 1 ~ - 0 

(1.13.16) 

(1.!3.17) 

The systems of equationo (1.13.1Sb) and (1.13.17) now rcprcsent a largcr 

syat= of r:o<n equations (m in (1.13.10b) .and n in (1.13.12)) in m+n unknowns 

(rn componcnts of .l. and n componcnts of ~). Hence, the problem now r•·duces 

to the firsl c~sc and su can be solved by application o! the subrouLine 

NROAJ\P. 

Excrcisc 1. 13. 2 
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-'-. 
lnitiul <JUI!S ' -

l. ~o !'o·>:-o l 
/ 

'"' '"" ~ 
. 

computes ' at ~o . 

1 KaK+1 

DFDX 
computes thc Jacobian lll!>trix 
J at the currcnt valuc of ' ..... ,...__ . . 

IIECOMP 
..._ 

triangularizes lhe Jacobian ') 
rn.~trix J 

.l 
HOLVE 

computes the correction 
• /J.x•- (JTJ) -1.:rTf . . 

.. 
11 <e? 

,, 
. 

,, 
,., 

x + x+.'.x . . . 
1' 

=L 
FU:I 

computes lit the currcnt 
YoÜUC of 

" 

J.. 

-~11•11!11 ,,, 
' 

' • ,., 
~ 

• ; ;' 1 
~-, . ' . 



'DO 
210 
220 

- ,_ .. ·, •'. ' . ' . 
.'•;· . _1.51¡·•-· 
'• ·· ·- ~_c,t~ ~ ,. . . ' .. ·'· .- .. ·'· 

' . . ' - . ' -

-- " ' .· •.. 

' .· 
.. ¡ 

,•' .. . .. -. .. ,, .. .. ¿.. ------~~ 

s-UI•ROUTINE . NRDAHc <X, FU~; D~·ox. P, roL, oAMP, .,, M.- ITER• M~x; K-~Ax >::' -:í._ 
REAL X (N)_ r F (M) , DF (M, N) r P ( 1 ) • U (M l , DELTA (tU r FNORIU r FNORÑ2 ;:J"t¡:'¡': 
DELNOR- ' · ·.: ~ \, •' - 'i''-· -. '•' • •. ' . :• -·e' ¡,_'l'> ·"' 1iiV ' . . .... . ·~. 

240 C THlS PhDGr;AH OBTAJNS THE.LEAST SOUARE SOLUTION r'o THE NONLINEAR !~>o. 
250 C SYSTEM 1-<Xl-= Ot WHEF'E F ANll X ARE H-At.¡D N-OIMEHSlONAL VECTORSo M ; . 
260 C BEING üF~EATER THAN tl, THE F'ROCEDURE 'IS ITERATIVE• AND AT EACH V•;, 
270 C .ITERATIUN FINDS THE LEAST SQUARE SOLUTION TO TH.E LINEAR SYSTEH ·· •. \ 
280 C . DF*DELToi·' -Fo WHCRE IIF 15 THE JACOBJAN M X·N HATidX OF THE ORIGINAL. 
290 C SYSTEMo COMPUTED AT THE CUf,f(ENT VALUE OF X, THE LINEAR LEAST SQUARE 
300 C SOLUTION AT ·EACH ITERATION JS FOUN!J VIA HOUSEHOLDER REFLECTIONS _{,:-
310 C · BJDEf\CI\ A. AND G. I•AHLQUJST• NUMERICAL METHDDSo PRENTICE HALL• •-· 
320 C. ENGl.EWOUD CLIFFS, N,J,r 1974P F·P,,20l-20~~ o44J-:-_444>.·,~ •:-;·· 

-330 e PARAMETER5 : .;;., : ;',•,;,' 1';· ·• 
340 e X , ,= N-DIMENSIONAL VECTOR OF UNKNOWNS, 'F·~·- '_,.,.. ·.~ -; 1 ·, 

'350 C F , ,= M-DIMENSIONAL VECTOR OF FUNCTIONS.WHOSE EUCLI;•EAN NORM.: 
360 C !S TO BE MltHMIZED,' . "· ~ .• ,.' '" . _ .. 
370' C- DF- ,',':·M X N· JACOBIAN HATRIX:DF:.:F :IJITH"RESPECT TO -x ,- ¡ ·:e» 
380 e P , , = VECTOR~ OF''F'ARAMETERS -AF'PEARING !IN' FUN. AND/OR ''DFDX .-; lTS :' 

- 390 e;. DIMENSlON:VARIES~FROM~PI~OBLEI''I;TO'PROBLEM,:: ~t¡-,? 
400 C TOL , ,= A REAL- POSITIVE -,SMALL"-;-'VAR!ABLE DENOTINEFTHE';IMPOSED-- -. 
410 C. TOLERANeE. IT !S SUPPLIED·BY·THE-USER, . ,:•· 
4:::!0 C DAMF' ,.=A REAL POSITIVE VARIABLE, O.LT. DAMP-,LT,1', IT-IIENOTES 
430 e ·THE'DAMPING FACTOR ANII IS"SUPPLIED BY THE USER.-

r"\ 440 e ITER , ,= AN INTEGER ·VARIABLE DENOTING THE NUMBER OF THE CUI\'F\ENT 
\. 450 e ITEF\ATION, . '' • · 

460 C _ MAX ,,=-AN'·JNTEGER:VARIIIBLE DENOTING THE HAXJMUM NUMBER.OF 
1 

470.e· ··_ALLDWED.,JTERATIONS.... _ ,J·.:-:r •.. A, ~.,~, 
4 80 -e ':' KMAX -_ -, , =:/'IN • INTEGER 'VARI ABl:E- DENOTlNGqHEfMAXUfUM·:NUMBER ·OF ·;;-··~-:-
490 C -"~ALLOWED:cDAMPINGS,- · •. • , . .' • :., ··.e·¡· .• ''- - <="';;-,;-;= 
::.oo-c-· SUBSU•JAf~Y.SUBROUTINES-•:. _ .-~¡,.;.-~;,·;_¡{)>:-·';'· ~.!'':.';' ,_,_ ,. (•·~¿_:e: 

___ 51 o e .... . .- :< ..-.;.,: t,: 
520~C :'. -: HECOMP~ :7-,TR I ANGULARIZES :A ·RECT ANOULAR-·MATRlX ;_¡¡y cHOUSEHOlDER=· ,. -.: ·.,:; ::: 
530 -C _-· • '"e'-· d ... ~- REFLECTIONS'· {MOLER C,. B, t • MATR!X,·EJGENYALUE -:AND~:LEAST ::-.: -
540 C SGUARE COMPUTATIONS,. COMPUTERO-SCIENCE- IIEPARTAMENT•- ·'! , __ , 
550 e· STANFORD UNJVERSITY. MARCH,-1973;) .. • 
560 C HOLVE "' SOLVES TRII\NGULARIZED SYSTEM 'BY BACK-SUBSTITUTION !MOLER:. 
570 C C, IJ,, OP, CJT,l ,' ,·:..·:._;.,_ ., • 
580 e FUN = COMPUTES f', · , J 
590 C DFDX "'COHF'UlES [>F, 'ít};.. •. _ ' ' 

· 600 C FNORM = COMF·UTE5 THE-MAXIMUM NORM'OF'A 'VECTOR, 
· 610 e 
620 e 

'"" 6<0 
6>0 
660 
670 e 
680 e 

G' 690 
.700 

no 
720 

lTER=O . - ' . ' CALL FUN<X•FoP•M,Nl 
1'_ lTER=Ilf:Rtl. 

'!''IF(lTER.GT.MI\Xl GO .TO 10 
• • • . . . 

,. • 

'FORMS LINEAR LEAST SOUARE PROi<LEM 
FNORH1=FNORM!FoMl 
CALL DFDX!X,uF,PoMtNl 

.:ycALL HECDMF'{M,M,N.-DF•U> 
CALL HOLVE!MoM,N•DFtU,F) 

" 

' . 

Fi9 1.13.6 Listin9 of !:UBROUTWE IHlDh.'t~ 
,¡_ '- !-- ··-J1 .. '- ·-. -· -.. .. 

---- . . ·--.. -- ----·---·-

• • 

1-t.. /' 

• 

' •• 

; : 

" 

' ' 

'" .. 
• • 

,, ' 
. ') r . 

' ' .. . 
. . • 

.. ' ' : 

. . " . 
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'- . 
f 

1 

i 
1 
' 
1 , 

' 
1 

l 

1 
1 
1 
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' ., .......... :·, .' ,_, . "' 

• 
• 

' . . . . . 
.. 

·-·."' ·.' 
O C,''li'.J'li-i•'t.'.l\ ,,., l,·<<'IH···• 

• 

COMPUTES CORREeTION BETWEEN 
DO 2'! 3 lrH 

HJO SUCCESSIVE 

e 

~.J DELTA<ll=Ffll 
2 CONTINUE 

• " • DELNOR=FNORM(foELTArNl 
lF(DELNOR,LT.TOLl 00 TO 8 
K=l -.. .. 

' 

.. 
' ITERATIONS 

. ' ' ' 

., 

C ' IF 
,_ 3 .•, 

DELNOR IS STILL LARGEr PERFORMS CORRECTION TO VECTOR X 
DO 4 I=lrN 

X<Il:.X(!l-DELTMll' • , 
CONTINUE . 
CALL FUN<XoF,P,MrNl • 
FNORM:!=FNORM ( F • M l · ' - . -

::..,·_~; . . ' . ' 

. ' . ' ... .. " 
• • . . ,~ ... 

' ' .. , .. 
.. ' . -,,_. "- ·., .• to.: .· 

.. 

·' ' ' l • . t• .. 

.. 

.· 
... 
' . 

/<lO e 
750 
760 
no 
780 
790 
800 
810 
820 
830 
8<0 
850 
8" 
870 
880 e 
890 e 
900 
910 -

e 
TEST I HG THE'!HORH -OF.~THE~FUNCTlON·:F·:ATc:CURRENT,_VALUE• OF :X, ·11' THI S 
DOES _NOT I•ECREASE r "THEN- DAMPING ; ISO INTRODUCED,' · 

IF.fFNORM:?';Lr;rou.--:oo_~ro.:8.""1:-:.,.f'~ :_._ .• - . !-. •• 
IF<FNORM2,LT,FNORH1>.-GOoTOil,,:,. ,,; ·>. ,·, 

• 

920 
930 
940 
9'50 

"' ">0 
o 

'>'90 •. 
5 
6 ,•_ 

IFO\.GT,KHAXl Go··,ro~7~_,. ._,•-•r..o. ' 
DO ó .I~1rN ·<._,_,, • • '"•...,1: 1 

IF<K.GE,2l GO ro··s •· 
DELTA(ll=<DAHP-1.l*DELTA<Il 
GOTOó , 

·DEl:TA<l),IIAMP*DEL_TA(l) ".· •. 
CONTINUE!.~ •• ...,_, ~· , 

' 

., 
. " 

' 

.. 
' 

-· 

' e 
. -1000-- ,. K"'K+l<·;_ '· -;;.:J ,·¡·-,:~.-._.1.;.• .·." . .J:..l.' 

-1010- GO::.T0;3.' _ _.,;, ·' •• ,. ,: el· .... . ,- - _r • ,._·~-r 
1020- 7-' IJRITE(6f101lDAHP-: _, ,· •• '•,,•;' <"·,'·.l-!J C~.~. - -.·:·~-~ 

lOJo.c.. , · .. ·. -r· 

~ ~;g :.g ~- -:!~~~~~~!~:~:~~~~~~~:~D~~:~~ ~~~~~~~~~~f.ng~~2~~~~ri~ i~~:·~~~=~~~~~~-.- -7 

1060 _e_ RETUJi:NS __ TO "THE:'MAIN .. PROGRAM,.,; ,. . · .. ' '-·· ~.',. • 
1070 DAMPoo-1,, ,,, ·,• ,. .. 
1080 f~ETURN .. .. 
1090 8 WRITEfór102lFNDRH2rlTERrK 
1100 DO 9 l=lrH 
1110 lrX(l)' 

. ' 1120 ' - 1130 

WRITEU>r103l 
eONTINUE -
RETURN 
WRITE(6r10-4liTER 
RETURN 

~\ .... ~~- ,_i :~: 

1140 " 1150 

·. ~ ·' ·' , 
• .. , . :. 

:-:: ¡.,¡ 

•' '• • 

·.· _-..-~ 

' 

• 

•• ,• . 
1160 >01 FOI\'MAT(5Xr'[IA.HP "''oF10,5r5Xo'NO CONVERGENCE WITH. THIS DAHPINO'o 
1170 
1180 
1190 
1200 
1210 

" ;o 
12~0 

103 

'" 

' VALUE'/l , ,, ¿ 
FOimA T < /5X, 'COIIVERGENCE REACHED , .. NORH OF . THE. FUNCT ION : '. r , , • • 

F15,6//5Xo'NUHFER OF ITERATIONS :~rl3o5Xo'NUMBER OF '• 
'DAMPIHGS AT THE LEAST ITERATION !'ol3//5Xr'THE SOLUTION 
,• IS :•n .. .1: ., .. 

FORMATC5Xr2HX<l2r3Hl.; F1S,51) • : , '1( 
FORMAT<10Xo'NO CONVERGENCE-WlTH'ol3r'"lTERATIONS'/l 

,· e 
. ' . : . 

E"D .,·•. ~., •• ,., " ........ ~ >1 , .. • • • 

Fiq 1, 13. 6•-.Listill<;~ of SUBROUTlNE,NRDAHC. (Contimsed) 
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stationary ¡;>Oints ;;md decide whethcr cach is either a maximum, a 

minimurn ora saddlc ~·c>lnt, for 8"' 1 110 150. 

tlotc: f(x) could r<'prcsent thc {'Otential en<'l-9Y of a mochanical systcm. In 

this casa tha stationary points correspond lo thc following equilib: ium 

statcs: minima yield a stable cquilibriurn st<1tc, whereas ma>:ima and saddlt 

points yield unstable states. 

Exarnple 1. 1 3.3 Find the point c:losest to all th.-ee curves of Fig 1 • 1 J.!. 

These curves are the parabola(P), the circle(C) and the hyperbola(H) with 

the following eguations: 

'. ' Y"--> ,, 1 

'·' ' • • y ' ' • (C) 

' ' X y • ' '"' 
Fieom Fig 1.13. 7 it is clear that no single pair (x,y) satisfies all three 

equations sirnultaneously. There exist points of coordinates x
0

, y
0

, however, 

that minimiza the quad~atic norm of the e~ro~ of the said equations. 

These can be found with the aid of SUBROUTINE NRDAMC. ,¡:¡_ program was 

written that calls NRDAMC, HE:COMP and HOLVE to find the least-square 

solution to eqs. (P), (C) and (11). Th<! found solutions weret 

First solution: x-~1.61537, y-1.17844 

second solution• x- 1,61537, y-1.17844 

which are shown in f'ig 1.13.7. These points haV(! symmetrical locations, 

as expected, and lie almcst en the cir.,le at abount equal distanc~s from . , and C. and B . 

' ' 
The maxirnurn error of th<! foregoing approxirnation waS computcd as 0.22070 





• ., 

' ' x -x ~1 

' ' 

Fig 1.13.7 Location of th<! point closcst toa par.~hol<!, "circlc "n<l ,, hypcrbola. 
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