echa

Uj?n
unio
unio
unio

unio

26

27

28

29

DISERD CINEMATICO DE MAQUINARIA

Temario

Definicicnes y Conceptes Bisicos
Clasificacifn de Mecanismos

An&lisis de Mecanismos de Pares inferiores
introduccién a la Rpb&tica

Sintesis de Mecanismos de Pares Inferiores
Optimaci&n de Mecanismos

Mecanismos de levas

Mecanismos de engranés

Ejemplos de aplicacidn

1584

Horario

9 a 13:30 h

15 a 17:30 h.

9 a 13:30 h

15 a 1%:30 h

% al3:30 h

15 a 17:30 h
9 a 13:30 h
15 a 17:30 h
9 a l3:3C h

15 a 17:30 h

Profergar

Dr.Jorge Angeles Alvare
Dr. Jorge Angeles Alvar
Dr. Jorge Angeles Alvar
Dr. Jorge Angoles Alvare

Dr. Carlos L&pez Cajtn

M. en I. Angel A. Rojas
S5algado



EVALUACION DEL PERSONAL DOCENTE
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EVALUACION DE LA ENSENANZA , @
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EVALUACION DEL CURSO

®

CONCEPTO

EVALUACION

APLICACION INMEDIATA DE LOS CONCEPTOS EXPUESTOS

2. [| CLARIDAD CON QUE SE EXPUSIERON LOS TEMAS
3. Il GRADO DE ACTUALIZACION LOGRADD CON EL CURSO
4. [l CUMPLIMIENTO DE LOS OBJETIVOS DEL’' CURSO
5. || CONTINUIDAD EN LOS TEMAS DEL CURSO
1l ]
' &. || CALIDAD DE LAS NOTAS OEL CURSO
7. || GRADG DE MOTIVACION LOGRADO CON EL ..CURSO I

ESCALA DE EVALUACION DE |

A

0




1. 2Qué le parecid el ambiente en la Divisifn de Educacién Contirma?

[ MJY AGRADABLE

\ AGRATABLE

| DESACRATABLE

|

|

|

2. Medioc de comunicacitn por el que se enterd del curso:

PERIODIOO EXCELSIOR
AMJNCIO TITULADO DI
VISION DE EDUCACION
CONTINUA

PERIODICO NOVEDADES
ANUNCIO TITULADO DI
VISION DE EDUCACION
CONTIMIA

FOLLETO DEL CURSO

CARTEL MENSUAL RADIO UNTVERSIDAD COMUNICACICN CARTA,
LEFGNG, VERBAL,
ETC.
REVISTAS TECNICAS | FOLLETO ANUAL | CARTELERA UNAM ''LOS GACETA
UNIVERSITARIOS HOY“ LUNAM

r I

3. Medio de transporte utilizado para venir al Palacio de Minerfa:

AUTOMOVIL
PARTICULAR

METRO

OTRD MEDIO

4. (Qué camblos haria usted en el programa para tratar de perfeccionar el

Curso?

5. ¢Recomendaria el Curso a olras personas?

51 MO




¢{Qué cursos le gustariz que ofreciera 1a Divisidn de Educacifn Continua?

La eoordinacién scadémics fue:

EXCELENTE BUENA REGULAR MALA

1

Si esti interesads en tomr algln curso intensive (Cufdl es el horario
mis conveniente para usted?

(LUNES A VIERES | s A TYUNES, MIFRGOLES [ MERTES Y JUEVES - |
DE O A 13 H. Y | VIERNES DE [ Y VIERNES DE DB 18 A 21 H. _
DE 14 A 18 H. 17A21H. | 18 A 21 H.
(CON OQMIDAS)
i
H. 1 OTRO

rVIERNES DE 17 A 21 HY VIERNES DE i7A2
SABADIS DE @ A 14 M. | SABADOS DE 9 A 1
DE 14 & 18 H.

1
Y

iQué servicios adicionales desearfa que tuviese la Divisitn de Educacifn
Continua, para les asistentes?

Otras sugerencias:
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YLOFTWARE PARA EL ANALISLIS DIGITAL DE SISTEMAS MECANICOS™

Jorge Angeles Alvarez
Frofesor

DivisiSn de Estudios de Posgrade

Facultad de Ingmoigria
Aparcade Postal 70-756

HEzico 20, D.F. HEXICO

Manuel Callejas Caytro

Ayudante de Frofceor
Dupapramenta de lngenieria Mecinica
Facultad de Ingenierfa, UNAM,

Abatract

Subproprams for digloal computer gre pre-
sentéd that allev, by their coyupling within &
main program, the apalysis of wultiple-loop

linkagow. Yech mubprogremsanalyzee binpmatically

2 wingle-loop-mingle-degrep-of-frevdom linkage.
The subprogran developsed thus Far sodlyze plans
EERR, RFER xnd KRHY linkagws. As an exaople,
the analysis of the driving linkage of a machan
icul slwvel ia inclwled,

Koz

S¢ prescentan wubpIcgramap due computadora
digiral yur permicen, wediante du acoplamiento

en un programa peinclpal, el aniliuis de mecanine
mos de relabones rigidor dv malla wmiltiple, Cade

subprogruml apaliza cipemitlcamente un pecanis-
mo planog de grado de libercad simple ¥ de una
yole malla. Los subprogrampw ha#ta ahora desa-

trollados aralizdan mocanizwos RRRE, RFRA y RRRP.
Coma ejemplo, s¢ iucluye el anilisls dul mecanis

& accionaddr de una pala mecinica.
!ntroduce idn

El andlisin cinemsdtico de kistemap meclni-
coy mediant# computadors digitsel cobra imparran
cia en vl procese de disefio o de 1edidefio de
Laluey sintemus;, pues & Cravds de este gnilisis
£5 porible +valuar su operacidn min necegidad
de construirlao, En wfecco, mediante espw ankli-

pis puedo deperminarse la svolucidu de varighles
talve como aldcime aceluracifin (linsal a engular)

de pattes erigicas, la yenzaja weclnicg de 1a
traniminiin, o bien detefCwrses Lituacignes sd-
Yersas talen como interfarancias. Adiciopalmen-
te, tabe sedalar gque el andlisis medisnie com—
putadora digital permite examinar la operacifn
de gistemis meclnicos con [odo wl detalle depes
do y con tanta precigifn comd ega nuceaario,
1N LEner gque consbruir ¢os(odol prototipos,
con el Whorro consccuente an econen¥a y en cuan
to & Ligmpa.

Los sifcewas mechnices a los que ew aplica
ble el Ypofiware™ aqui preaentads consisten de
gcoplapientos de mecanismoanr planos de grado de
Libertad simple ¥ de une sala malla,

Exiscen programas taley cowa el KAPKA o ¢l
THF (1] que #irven para analizar cinemdtica ¥
dingmicatrenle siciemas wecanicos de ma)las wl-
tiples y de maltiple grado de liberiad. lnclu-

give, un [2] e cunmigna ampliamwente ol soft-
ware dispopible para el propdsite mcncionado

El objero que me peraiguw al deparrolldr el
softwars aguf presentado ed milleiple, Pur up
lado, orientarla hacia la aplicecidn de tEcoi-
cas inteTactives de gralicacidn. For orro lade,
Jemartallarlo en forma modular, lu que permiti
T3 au utilizaciln en forma mhs viicienle, pues
451 ¢l digefiedar puede COODLAr COR uRa progrimo
teca de la que puede seleccionar silo los wub-
programis gque &1 requiera, aln tener que wtili
zar memoria de computadora que tendifa weiowa,
en cake de recurrir a un progrema du propisite
geocral, Fipalmpente, ¢l dewsrrolle de un solr-
wATE propio es deseable, puss esto conttibuye
4 la creacidn de una tecnoloyla prepia.

Bewcpippion dol sollware

Los &ubprogramas qua $€ deacliben & cunti-
nuacidn, RESCIL (RESpuesta Clnemitica), RESCLY
y RESCLY, mirven pars el anilisle de mecanismos
de los tipos RERR, RPER y RRAP, rvespectivamen-
te, ESLunl mecanismos e muesttan en law Fips.
1-3. Cada yne de¢ egou aubprujratue se describe
a contingacifin.

RESCIL1. Algorirme de cileulo

S& mupone que ad Conpce per fectimente low

valored 4,0 08g ¥ B de la Fig |, ani como la

excitacifin del mecapiomo, 4} aul, we cyn
txn tembidn f0r), ¢0e) y derivadas de qrden
superiar de este fupcibn, El andlisis compren-
de la obtencidn de la 1pspuiafs clnemitocs del
mecanisme, gue sncluye #(t), #le), ot
sy, 6icy, Boed, =(ed, kfrd, #{ed, yic), F(OD
yied, ulc), para valores de ¢{r) comprendidun

1344 ‘nin ¥ *mix que, cn general, son diferen

tes ¥ 65lp coinciden &i el eslabiio de entrads,
el de longitud Ay glra wuvlty complera.

El dngulo ¢ se obtiene de la ecuacifn de
Freudenstein [3):

~k.C : AT 1
EI kzLUlt+k]Lusuwculii yi=0 (11
donde

li—;f-az-a? a .1
e e L L L.
1 nza; 4, 4

Vil Congrmd s |8 Acaderus Neconal ow Ingsnoerfs, Ogaacs, Mésco, TGE1



Escribiendo la ec. {1] eo la forma
kl-kzcuu¢+k]uuaw-—cun¢cul¢~ SROYEER S

(L'

¥ duslituyendo Jas diguicntes identidedes trlge
- nomdtricas:

2

2 -

D4~ giﬂﬂjtf*l‘- , CUBg= i—Eﬂﬂiiiig} (1
lttan™{§/2) I+van (/2]

lé ec, (1") e tranaforms &n
A tan (e/2)ob tan(s/2)+ Cnd {4)
donde '
Aok vy - (1-k ) cow {5a)
BeZ2ging {5k}
C-kl-k2+(l+k31uuaw L5c)

Apf la ec. (%) es cuadrdcica en taoe/f2), ¥ su
paluclbn su, dencillamente,

-8tV g
ranle 5/2)= -___EEEJEF {6a)
da daonde
=1 [-Bx ART=Lar
‘1.2 & Jrun t———*ii*——* ] [£:1.%

La ®olucifn (ta) & la cuadrftica {4) e# oo
rrectd desde vl punta de vista alpebraico. Sin
EmbaT gy, STl amente puede caoear dificulta-
des catasiraficasn, como e apunts en [i . En
efucte, si B2e» 4AC, la primera ruiz {touwando
el iignnlpouiuiuu en la solucidn (Ga)) 3¢ anula
a cau@d del error de redondec. Para evitar esta
Bituacifn, se calcula &n wate cano la primeca
raiz como

S A ——
B+ -;&-ﬁac pgn (By (7a)

tau{;lfzjn-
¥ lu sggunds, como

C
tan{*zf?li II:ET;;?ET {Th}

lLaw dirs ralices anteriores corcesponden a
lav poulcivues conjugddas del becanises. Eo wn
punta muerto del celabln de entrada, claramenca
lan don posicicnes copjugndas se reducen a una
sold, lo cual] Wocede cuands sa anula &l tadical.
i vete Tadical no se anyla pata cingin valor de
¢, sl aslabdn de entrada po tiene ninguna posi-
cifip de punlo muerko, eabo es, CORSLituye unae
man{vela. En eaCiw condiclones, vonviene en pri
mer lugdr derwrminat wi aste 4elabdn ew del ci-
pe balancin v del Lipe manivala. Esto me puede
dererminar Jel coplerip de Grashalf [5]; pETO
Com en eatwe ruso intereds CORNOCer, alempre
que Re tTat+ Je un balancin, sus confipuracio-
ned extremar:, He procede de la sipguiente forma:
Ya que ¢l mecapiomt va entuentra en una cenfigy
facidn extr.mw ol anulares el redical, se Jdebe
determinar fara quf valores de ¥ warcde witw,

v decir, e pecesdCio dedpejar ¢ de 1o woua-
cibn

iy} = BE-4aC = O {8)

nr

Al sustitwit los vatores {5a-c} en la ec,
{8) ae cisne

coniy + Iheosy + £ = O ("
donde
k.+k Kk
L = 2 1 [10a)
h?
3
kEads
PR St 2 (LOB)
L?
]

Law rAalces de la we. (9) son, eatuores,

cauy — b+ - ¢ (113
1,2 -
Haciendo la suscitucifim de b y c wen la
ecuacidn (11} en términos de h b ¥y k) ¥y &0
segulda sustituyendu €stas por dyy B By ¥ 3,

se tienu
az + -2-{l ¥a ]2
conp, | =2 -3 & {12)
1,2 2a 3,

que, come gy ve, da lugar & rafcas redles, Sr
Licne, cntonces, las slguivnies s1Caa. LMIEE
ptaiblen

i) El walur absoluto de smbaw rafced ea’ menor
qua L.

ii} 56lo una ralz CLiene valor abwoluld BoReT
gue 1,

i1i) Anbas taices cienen valor absolulo mdyor
gue 1.

Eo el cawo 1) ¢l eslabdn de encrada em del
tipe balancin, estande dadag wus ! coaligura-
cionms xtrumas por lam rafces (12). En el cawo
i3} este malabtdn tambifn es baluncio v, supa-
niendo que la primera rais tenga walor abzoluto
oot que b, law configuracioones vsEIemas csbin
dadaw puot esra reiz y son sizfirices, vsto oo,
$, =t En el rase iii), el eslubdn vi dol

tips manivelsa. Una ver determinadas las confi-
guraciones excreman, se definen imbn ¥ Ymix
(pars ewlabones del cipe buelancin) de acuerdn
cen los valores que adqulera ("{8} en e=an con
figuracienes, segin el critvrio cencclde Je la
scgurda derivada, esto ox, ¢ o zipnima donde

P (¢ em anulae y ¢U0edx 0F 4 es mixima donde
+'{4) se anyla y ¢M{g): O

Los varisbles #{t) y 3(L) me obtienen de
las formulaa

: . 47 13
#ict g T ¥
d 22 d
fy = 2552y {14)
dy

donde lag derivadas con Icsparlsd 4 4 o CAlCU=
lan de la ecuwacion de Frewlenstvin o1) que de-
fine, bBajo lus cundiclenes yi tarslelvia del

CARD E&], a ¢ cone Funcian ieplicica de &, En

Wi Congresc cut la Acscme Nacwngl o Ingenisris, Desech, WMiswo, 1991



efecto, la ve. (1) s pyusde mseribie como

E{g, 90 = D (13}
de donde

de __ 3tfey N

T fes O (16)
¥
s 1 fa, ae D)ag_ a w n
A B R T R T ¢

Las variables B{T}, (L) ¥ 6{t} =a celculan
tli:u}urla ecudd i8n wopejants a la de Fregdenstwin
Iy

L:+L2cuu¢+L3tnnﬁ-:a;{!-ﬂ}-ﬂ i

El dngula 8¢y} se calcule ¢n forma aniloga
8 romo se Caleuls ¢i¥) de las ecs, (7a y b)),
obteniéadosw asl dos poelcicows coajupadas.
las variables o(c) y bit} ae ghiienen, anilogs
MENCE, COBO

§= a3 ¥ (19)
¥
dzﬂ -2 di -
- e ¥ +-d—** (20)
dw

donde las derivadas parclales con cespecio & ¥
g€ obrienen de la ec. {12} qua define ankloga-
mepte & 8 cowe Funcidn implfcice de ¥. Ea efoc
to, ascribiends la ec, (18) como

h(#,4)=0 (21}
#e ohLyene -
de ahid N '
v T e T (22}
¥
alo [N asan) 3 Nn Ly
gl L30Tk a8 Ty W

Lag variables x{t}, y{t) am calculan d= la
geomecrfs de la Fig 1, sencillacents cooo

x-&z:du¢+lscn-(5+u}

gen(fHe}

[(Ha}

 yma_ ptaits {24n)

F 3
calculiinduse wus derivadas por dearivacifa di-
Tects de #ntas ecusciones, Lag flrmulas cofrem
pondlanies avn Eicilmentsx obhienlblas y poar la
falta de espacic no s« {ocluyen. Finaloente,
]l dngulo da transmisifin me calcula sencillae-
mentm de

L u=4—H »
RESCTZ.

58 aupone que gm COOOCER peTiscramcnis loa
valores &) ¥ Ay, anl como la excitacifn it} y
kUE ndarivadsg. "Se dessa decorminar (e}, elc),
e(c), of{t}. ¢ft) y #{c). De la Fig 2 ma obtim-
rue 2

2 z
o= a4 Ly

(25)

Alpuritomo de cllewlo

+ EIllznn|¢ {16]

-1t

de donde ;3 22
L[ ey
¢ = cos g% {17}
38,
adicionslmente, | ‘2‘!“‘
- Pl e A 8
4 = fan I2€ﬂ3#+il (29)

Laa deTivadaw e cRlculan derivande direc-
tamgnts lad [elacivmes: t

ptapde |2cnl¢+ a, {294
spand= ajaend (298]
Asf, ne abtienc
. =d
oo (!
—_s
" etan(g-8) (n
={n-a con{y-0))
b 7 I -
- - - o {]2]
lzutiu{tvﬁ}senzli-ﬁ} aZ"“[’ 8
5 '2““'{"5}[1*‘°‘2(*'a]}".zr - £33)
. '25‘“][¢_a} stanig-o]}
KESCYY, Algoritmo de cSlcule

S supone que se conccen perfeciamente law
dinensiones 8. 2, By y a., asf comd el Ingu-

1o a del mecanisws BREP da la Fig 3, adewis de
la excicaci®n wit) y sus derivadis. Se deses
calevlar olt), &5c), ¥{e), #{c), $lc), ¢le),
xicd, xf{ch, (L), yle). %ie) ¥ r{l}. De la
geomscria de la Fig 3,

(Jha}

8=, CORKHE L CORY
u]--laaen¢—nzlan¢ {24b)
Da 1a xc. (34b),
FRraR T
. -nn_l[--l!—z-—] £33}
1

5L a +a, roay, la manivela oscils de |J.|I a
;. donde
St
¢, = sen [——*-——] {36a)
lz ,
y -
¥, =%, +160%) (3sb)

Derivando {J4b} con reapecro 4l tleopa,
. -lzc:u“.- .
‘- -—-———1

(Jra)
a,toss

CDarivende (3ia) con cespecto &l ticmpo ¥
suscituyenda {37a) wn 1a expresifin ani chreni-

da » cont
i = (& sebita veng)d :—;;;;i (37h)
3

Derivando las eapresiones (31u) y (17b)
con respectic 4l Cciempo 3¢ obricne

Vil Congrag oo ls Acsdemis Macongd o [ngenle, Oenaca, hsice. 1681



3
; ) u§ cuﬂ«&uent-lzliuﬂcnﬂ L 2 lz:nlq.- (384)
‘f“!‘ lfaq
. Rpeenpasny (li:u-zﬁ- lgtul!i}-l:l_a{cu'zp-}
Fa
) .gmlt
:ul"'p} .2 gzcoli(lzmﬁl!lm}_ {18b)
ajco0¢ *

lam variablea x{t), ¥{t) s« calcolan da la
gaometria de la Fig 3, sancillawents como

x - IZCﬂltflﬁl:GI (4ria) (39a)
¥ = 'z"ﬂ'i"*ﬂh“ﬂ“ﬁ} (39n}

Caleylipdose aup darivadas por derivacifn
dirscta de setas-scusciones. Las f8rmulas co-
rrespundientes son facilesnte chtanibles y por
falta de espacic mo me incluysn.

Ejvaplo;

Detarmine #{c), ${t), #it) ¥y uit) del maca
oiwe¢ accionador de la pals macanica da la
Fig 4. E} modele clpematico y la daficicifn de
lag vaciables aateciores we indican en 11 Pig 3.
La sntrada del mecanismo sa s{t)=%0.5 yen® xc,
Sa acoplaron lam sybrutioes JESCI] ¥ RESCL2 L
en vB programa principal ¥ && obtuyvirer les cup
vas da la Fir B,

Pix.y)

Fig 1. Hacanisnc XERR plano.

|
L

B
Fig 1. Mecanjamo VRN plano

Fig 1. Mecanismo RAZF plapa,

Fig . Hacanigmo acdicnedor ge una
gals wacknica,

VI Congramy s Acacernia Neciorsl o8 ngenierle, Canecs, Wwics, 1581
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Fig 5. Hodelo cinemftice dy]

319

sivtena macinico de la

Fig &.
- - ‘
TR *#Df,
il Bla il

= ——
- -
T .

~204 ¥ gradod
!l--i'l---ll- rp-’

=—r—= CRR/E
'l.u = _qr-ﬂdﬂﬂ

-404

Fig 6. Respuiata cinemdtica dal wistema
mecAnicy de la Flg 4.
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Abstract

Sets of constraints on analytic functions of linkaoe perameters, equivalent
to those of Grashof's mobility criteria are derived. These inequalities
represent necessary and sufficient mobility conditions for the {nput and the
output links of planar 4R linkages, as well as for its coupler link. The
application of the foregoing constraint relations to linkage optimization
using gradient -dependent methods is shown with an example that is fully

solved resorting to Newton-Raphson’s method and an interior penalty function.
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Introduction

Grashof's mobility criteria for RRRR plane linkages establish the
condilions on the ru]htive maynitudes ot the Tinks fur the existence of
double-crank, crank-rocker and double-rocler linkages. The proof of such
criteria can be seen in either [1] or [2]. A recent reassessment of such
criteria was given by Paul [3], who proved necessity and sufficiency of
those. Paul also showed that two types of double-crank linkages should be
distinyuished, namely those with fuily-revolving coupiers and those with
oscillating ones. The mobility Ef the coupler Tink is alsp analyeed in the present
paper. Indeed, necessary and sufficient conditions for a fully-revolving and for
an oscillating coupler are derived. Litvin [4] has established gcneral condi-
tiens in algebra{c form for the existencé of cranks in closed kinematic -
chains of any type., He does not provide, however, specific formulae for
specific types of linkages.

Grashof's conditions for the existence of the aforementicned types of
linkages take the form of inequalities in which the lengths of the different
links appear linearly. In synthesizing RRRR plane linkages for funclion
generation, however, a system of linear equations not on the linkage lengths,
but on a different set of parameters, arising from Freudenstein's equalions,

is to be solved, Given the RRRR plane linkage of Fig 1, let

al 42l - a4t a a
_ 1 2 3 i 1 _ 1
ky = v kp 23T Ky =g {
2a2a4 2 4

The problem of linkage synthesis for function generation consists of
finding 2 set of values {8y A54 A4, aq} for the Tink lengths that produce

a prescribed set of input-output pairs {(w}. ¢i)}? . where o and ¢ are the



input and the output angles, respectively.

Freudenstein's equation [5:6, p 297] allows one to compute the sot

{kl. kz, ka} for the prescribed input-putput values. This eguation-is the
following:

o=l {2)

kl + k? 0S¢, -k3 CDS*,_i = cos(*i - ¢
Since the problem contains three unknowns, three input-output values
can be prescribed, eq (2} thus leading to a linear algebraic system of the

form
Ak = b (3}

where A is a 3x3 matrix, k and b being the 3-dimensional vectors given
next:
A=l cosp,  -cOSpyl, k =ika| , b= cns(¢2_¢2) (4)
1 cosp; -Cosyg ky cos(yz=¢3)

By inverting the system of equations {3} one can obtain the unique
seét of values {kl. kz, ka} that solve the proposed problem. Given the
simple structure of matrix A and the low number of equations, matrix A can be
ihvertedz explicitly. In fact, formulae are available in the literature

[i6, p 298] for the computation of k from {3). Once the value of k ha; baen

computed, the lengths a; can be computed by inyversion of eqs {1} as:

¥ ..
Here it is assumed that the synthesis problem leading to eqs {1) is well

posed, 1 e cases rendering either matrix A singular or yector b zero are
discarded.
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In the above discussion nothing prevents k2 and k3 from resulting
negative, thus producing negative values for either @, Or a4, which
situation is next dealt with; a, is arbitrarily chosen unity, for a scaling
of all lengths by the same factor does not alter the input-output
relationship, whereas 84 can always be made positive by a proper choice of
the sign of the square root. Negative values of either a, or a, indicate that
the angle ¢ or, cérrespﬂnding]y. 4 » should be measured to an extension of either.
the input or the output 1ink as shovn in Fig 2.1f itis necéssary to verify
Grashof's conditions within the Qynthesis process, then a, and a, should
be computed using the absolute values of k, and ky. Introducing such absolute
values, however, removes the smoothness of one side of Grashof's inequalities,
which might be undesirable if the foreqoing computations are to be performed
within an optimization procedure reguiring the computation of the gradient
of that side of the inegualities. An alternative approach [?]. consists of
determining lower and upper bounds for the length of the coupler tink if either
the input or the output 1ink, or both, is to be a crank, For RRRR plane
linkages, however, this approach leads to Grashof's unsmoolh inequalities.
Waldron [a] and Waldron and Stevensen [g] have proposed alternate approaches
based on graphical methods, whercas Gupta has proposed sufficient algebraic
smooth inequalities [10, 11] guaranteeing the existence of an input link of
the crank type. HNecessary and sufficient algebraic smooth inaqualities hLave

been proposed for the exislence of an input crank [12].
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In what fallows, a set of smpoth incqualities is obtained, that is
necessary and sufficient to produce an input, an output or a coupler iink of
either type, crank or rocker. This set of inequalities is meant to be adjoined
to uptimizakion programs to produce linkages whose 1inks be of a given type,
while meeting prescribed func{junal requirements for the classical problems
of linkage synthesis, nameiy rigid-body guidance, path gensratiun and funciion
generation. By incorporating further requirements on the transmission angle,
additionally, as discussed in [13] , the aforementioned prablems of ]iﬁkage
synthesis can be treated as nonlinear programming problems, which can be
readily solved using standard optimization packages, normally available in

any program ]ibrary.

Derivation of mobility conditions

First a set of mob{lity conditions for the input link is derived. To
do this, indices are dropped from Freudenstein's equation for simplicity.

Next, the following identities are introduced:

cosé = 1° tanz'(¢32} , sind = 2_tan ($/2) (&)

1+ tanE (#/2) 1+ tan2 (842}




Freudenstein's equation is thus transformed into

A lan2{¢f2} - 20 tan (¢/2) + C =0 {7}
where

Axkieky+ (1-k,} cosy {Ba)

B = siny : (Bb)

C =k +ky - (1tks) cosy {8&c)

Eg (7), then, defines a quadratic equation in tan{¢/2) for a
given value of ¢. IT none of its coefficients vanishes, this equation produces
two values of ¢, given by

SN o

¢1;2 = 2 Fan

The two values of ¢[¢i given above can be: i) both complex, in which
case the input Jink is of the rocker type, the corresponding value of ¢
]yiné outside of the mobility range of this 1ink, ii} both real and distinct,
thus corresponding to the two conjugate configurations of the linkage, or
iii) both real and identical to each other, in which case ¥ attains an
extremum vaiue, i.e. the output link attains a dead-ppint position,

Now, if A{y}=0 and B{w}#0, the set {kl’kZ’k3} must observe the
following relationship:

lky - kol %11 - Ky
In this case, the left-hand side of eq (7) degenerates into a Tine. Viewed
this line as a particular case of the general quadratic function, its twe
Adeasections with the tan {4/2) - axis can be thought of 1ying at tan {¢/2) =
C/2B and at infinity.which thus produces the two following values for
corresponding ¢onjugate configurations:

9, = tan"! (C/2B), ¢, = w * {9}

The two values of ¢ appearing in (3b) can also be derived Formally by taking



the limit,as A - 0, of both values appearing in (%a).

Should both A and B vanish simultanecusly, then C would
necessarily vanish, as well, in which case, for this particular value of
¥, e§ (7) vould hold identically, foa any vatue of ¢. The zeroing of B
implies, from eq (8b}, ¥ = Q0 or =, which then yields ky = k3 and kz = 1,
or kl = - k3'3"‘1 Ky = =1, respectively, in view of egs (8a & ¢). In
2 2

either case ag = al and 34 = a§,

type and either at ¢ =0 or % = 1m, the input and the fixed links are

i:e the linkage is of the change-point

¢oincident, as well as the coupler and the output Tinks. The Tinkage
thus degenerates into a two-1ink open chain, for which ¢ can attain

any real value, as predicted by eq (7).

Furthermore, if the dis¢riminant of eq (7}, i.e. the radical of
expression (9a) is negative for all real values of ¢, then the four lengths

dys 85, 83 83, do not define a closed quadrilateron,

In establishing Grashof's mebility criteria, it is always assumed
that the linkage lengths define a guadrilateron, that is to say, each length
i5 smaller than the sum of the remaining ones. Such ¢losure condition is
next derived in terms of the set {kl, kz, k3}. This is more easily done if
the non-closing condition is established, instead. The set {ky. ky, kil
will define a set of link lengths that does not constitute a quadrilateron
if the radical of eq {9a} is negative for alt real values of ¢ , as already
remarked. A rigerous analysis of this situation, that {5 not presented here

due to space limitations, leads to the following set of incqualitics:



2 .4 2 2, .2 2 2 2 2 2
(kp ~kyky}™ 2 Ky, (k] <Ky + kg = 107> 4{ky - kikq)® L K] =Ky - 1> k5 (102)

(p ~kyky)? e i, (g <k pky)? < K508 d - 1) (106)

The following has then been proved: 1§ the set {hI, kf, hj} , s
given by-Eq& (1), verlfice efthen sct vf incqualitics, (10a) en [100),

then the Link Lengths @il = 1,..., 4) do not define a Linkage.

It can be peadily verified that if the second relation {10p) holds,

then a4, 85 given by eq (5), turns to be imaginary. The non-existence

of a linkage can thus be due to either of two possibilities: i) One of its
links turns to have an imaginary length {if all three k's in (5) are real,
anly ap can have an imaginary value}; ii) Even though all four lengths are
real, they do not meet the closure condition,

Mow, if the k's are nhtaiﬁed as the solution of egqs (2) with n = 3,
then the said k's will yield a closing real quadrilateron, i.e.neither of
relations {10} will hold, ATthough this is not formally proved here, this
fact can be realized from the continuity of both sides of Freudenstein's
equation, the real-valuedness of {{¢i, *i}}i and the {assumed) nonsingularity

of matrix A appearing in {4},

The appiication of formulac (9} to obtain the real values ¢,. ¢, corre-
sponding to one single value of w should be made taking into account passible
cancellations due to rourdoff errors. This can be taken care of if formula
(9) is rewritten in a form that is more suitable for numerical stability, 3s
indicated in [)4 ] . This topic, however, is not further discussed here
for it falls without the scope of the paper,
| The two real values obtained from eq (9) are distinct, except at dead-

point positions of the Tnput Tink, Those distinct values correspond to the



two conjugate configurations of the linkage. Next, conditigns for the full ro-
tatability of the input link are obtained. To this end, the discriminant

of eq {9a) i5s expanded and then zerged. This leads to

cnszﬁ + 2b cosg + ¢ = ( (11a)
with
2 2
LRkl KoK (115)
At S
3 3

The real rogts COSP) . COSYy, of eq (118 then yield the two extremal
valves of p. These two roots are always real if a; is, but nothing pre-
vents them from having absolute values larger than unity. The roots of

eq {1149 are, in fact,
oSy 5 == b # (b% - c)1/? ' (L2a}
which, in terms of the 1ink lengths, produce

aj + a; - (a3 2 3y)°

CoOSyy o = %%, (12b)

from which it is clear that both roots are real if R 15, Now, if the input
Tink is to be of the crank type, then these two rocts should yield Cﬂmp!ﬂx
vaiues of ¥ and ¥as which §s only possible if both roots (128 have
absolute values larger than unity. This is exactly the necessary and
Sufficient.canditian for an input Tink tntbe of the crank type, provided
the k's were obtained from a well-posed synthesis problem, This condition

is, then

b 4062 - )2 5 (13)

which, if squared, stil) holds, for bolh sides of (13) are positive. Thus,

1t is equivaTlent to the following two inequalities: :



. 10.
sz -c-13 2b (hz - }IKE,?bE- c-1>-2b {bz - c)]fz (13)

which are in turn equivalent to the single one given next:

2 1/2

20° - ¢ - 1> 2] b](b% - &) (15)

which requires that its left-hand side be positive, i e

2

2b” - c-1>0 {18)

Now, given fnequality (16}, relation {15} still holds if its both
sides are squared. This leads to
2 >

(c+1)% - 4% 5 0 (17)

if definitions (11D are recalled and substituted into re}afinns (16) and

(17), the next two inequalities are obtained, in the space of kis ks, k3:

2 2

TN 3 L Y I S VY (18 a)

[{ky - k3]2 - {k;y - 1}2; [(k, + kz}g - (ky +1)%1 >0 (18 b)

Summarizing, then, one has proved that: The necesdany and auﬁﬁiciaut
conditions for the syntheads problem Peading te cgs (2) fo produce an Lnput

cranlt is that buth inequalitiesd (1§ a and b] hold,
The full retatability conditions fur the output crank can be obtained

anaiogously. It is far simpler, however, in view of the symmetry of definitiens
{11D)with respect to ay and a, in Freudenstein’s equation, to exchanye the

rotes of variables k, and - k, in inequalities (18 a and b). This yields

- kg -1} »0° (19 a)

2 2 .2 .2
2 (ky + kykp)© - K5 (K] + K5

[tk + ko) = (kg = 1] (i) - k) = (kg + DZ) > 0 (19D)
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One then has: The neeesdary and saffieient conditions fon the symthesds
~
problem feading to eqs (2) to pasduce an owtpul caanl 46 that both ingqualities

(19 a and ©) hotd,

Conditions for the existence of rockers arc next derived. One possible
way of establishing them is saying that “"an input link is of the rocker type
if ineqgualities 1B a and b} do not hold simultancously, whereas an output
1ink is of the rocker type of inequalities {19 a and b} do not hold simuita-
neousiy”. Since the violation of the said inequalities presents various
-a1ternatiqgs, it does not guarantee the existence of a rocker Yink. An
alternative approach, specifying the extremal values of the variable of

interest, either ¢ ¢or ¢, is presented next.

IT an 1nput recker is rEquirea to have mobility only within the range
by 2V 2 ¥y s then the discriminant of eq (9a) is zeroed at these values,

i.e.
cos’ gy t2bcosp, te=0, i=1.2 (20)
The two given roots of egq (20) satisfy
b =- %-(cos¢1 + oSy}, © = cosyy  cosy, (21}

In terms of kl' k2 and k3, eqs (21) lead to

2(ky = kikq) + kg (cosyy + cosy,) = 0 (22a)
and

Z

k - kg -1- kg cosy; cosy, * 0 (22b)

Eqs'EEZ} constitute a nonlinear algebraic system in two cquations and

three unknowns, 3.e. .t is undordetermined. These are subject to the second
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order cOnstraints guarantecing that ) be a minimum andg ¥y be a maximum,
which are

Pl > 0, 9" <0 (23)

where, ¢i

a statiunary value of ¢, ¢' vanishes, ¢"(¢) reducing to

. defined as ¢{¢;) can be obtained by substitution in eq (7). At

Cppe 2.2
¢u(¢,] - _{ﬂ + B } A [24ﬂ)
2 6°

with A and B given as in definftions (8), and

E-[EE{1-k)-AE{1+k3]]sin4¢+2ABcos¢- (24b)

3

Relations (23) then can be expressed as

Aly) 20, Aly,) <0 . (250)

or, from definition (Ba), in terms of kys ko and kq. a8

ky = ky + (1 = kq) cospy >0 (255)

and

k1 - kz + {1 = k3] cas¢2 <0 (25¢)

Relations (22a and b) and (25b & c} alene do not allow the computation
of k. Thesg shouid be incorporated into an optimization problem, e.g9. one
minimizing a norm of the structural errer or maximizing a norm of the
mechanical advantage within the range of motion. |

Mow, if an output rocker is required, whose motion be defined in the
interval ¢, < ¢ < ¢, + this can be accomplished paralleling  the

foregoing procedure. It is far simpler, however, to derive the corresponding
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relations by exchanging the roles of k, and -k; in relations {23a & b) and

(25b & c). This preduces

20k kg = ko) + k5 { cosgy + cose,) = 0 (263)

k2 k8 - 1 - kD cose) cos, = O {26b)
and

ky + kg + (1+ Ky} cosg; > 0 (27a)

ky+ kgt (1 + ky) cose, < 0 . {27b}

Mobility conditions for the coupler are next derived. An analysis
similar to the one leading to Freudenstein's equation yields

my +m, cos O+ my cos Y= cos (§ - 8) (28)
with

- El . ﬂl {
m. = m, = — , m, = — 29}
' 2 . a, 3 24

Substitution of identities {6} for angle ¥ in the Jatter equation yields

D tanf(9/2) - 2K tan(¥/2) + L = 0 (30)
with ‘

Jo=m 4 mzccse-[maltosﬁl : (A1a)

K= sind {3ib}

Lam +m,Cosd+t my ~cos0 - (3lc)

One then has, for a given value of §, from eq {30),
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L2 172
¥, e 2 tant [RELK I s (32)

1, J

Eq (32} thus yields two differcot values of ¥, corresponding to the
conjugate configurations of the linkage, except at extrema) positiens of the
coupler, where the radical vanishes. [If the coupler is to have full rotatability,
the radical should not vanish for real values of ©. The conditions under which
this happens are derived para]]giing the pracedure leading to relations

{18a & b}, which produces the following set of inequalities:

2 2 2 :
1+m -m,+ny >0 (3za)

2 2. 22 2
(1-m - my+m3)® - dnf >0 . (32b)
One then has proved: The well-posed synthesis problem praducang my, my

and my  faom eq l-28) yields a coupler Link posscssing fubl actatabilily L,
and only {4, relations [32a ¢ b] hold.

Mability conditions for the coupler, considering its motion with respect

to the output Yink, are derived analogously. These are obtained from the

equation
ny + NoC058 -~ nacosd = cos{p-8) (33)
with
a2 - a0+ ol 4 g a a
n = 1 ; 3 4 . n = _.]L ' n = —1 (34}
1 LR 2 ay 3 84

Eg {33) leads to

M tan(o/2) - 2N tan (5/2) + P = 0 (34)

where



where
M= ny + nzcnsﬁ+ n3+c050 _ (35?}
il = sind {35b)
P = n, + nzcasﬂ-[n3 +c050) {35¢})

The roots of eq (34) are, thus,

W, . ® 2tan 3
1,2 . M

The conditions sought are then derived from the zeroing of the radical

of eq (36). This leads to the following set of inequaiities:

2 2., 2 - (37a)
1+ n - n2 + ny > 0
. 2 2.2 2.
(1= ni L n3] - 4n1 > 0 (37b)

That is: The coupfer Link of a Linkage whose fengths ane dendved from
eq [33] has {ull roitatability with respect to the oufput Link i{f, and only
Lg, <la Pengths satisdy nelations (37a § b).

What s meant in the Jast paragraph under full rotatability of the
coupler with respect to the output link is that 0'{¢) does not vanish, .
for any real value of ¢. This does not mean, however, that this is equiva-
lent to full rotatability of the cuupler;1;nk.. In fact, if the cutput Tink
does not possess full votatability, then ¢'(¢} vanishes for two distinct
values of ¢. Hence, even if 0'(¢) does not vanish, 0'(p) = 0'(¢)e¢'(y)

does, the coupler link thus lacking full rotatability.
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On the other side, conditions for escillating couplers can be obtained
paralleling the procedure followed for the input and the output Tirks. The
pbtention of such conditions is straightforward from the foregoing analysis,
for which reason the subject ié not further discussed here. Finally, change-
point mechanisms are charﬁcterized within this context as those for which
the left-hand side of at least one of inequalities (1Ba) or (18b) (or,

equivalently (19a} or (19b} vanishes.

The inequalities derived in this paper are now used as constraints of
an optimization problem of linkage synthesis. This is solved using Newton-
Raphson's method, which réquirés not 6n]y first, but alsc second derivatives
of both the objective function and the constraints. The procedure is

ilTlusirated with one fully solved example.
'Exﬁmgle

Synthesize a IRRRR plane linkage, as the one shown in Fig 1, to produce
the input-output relation appearing in Table 1. This linkage should
approximate the synthesis equations with the least possible r.m.s. error,

while its input link should be a crank. ~

This problem was solved in [15] without considereing the crank-type
restriction. The least-square error linkage thus obtained turned to be of

the rocker-rocker type.
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The synthesis problem 2t hand is formujated as follows: The
synthesis equations are of the type of eq {3), except that A is now a

th

5 x 3-matrix, whereas vector b {s 5-dimensional, The i~ row of matrix

A and the 1th.cumponent pf vector b are, respectively,

Ay = D1, cosg,, - cosy ], by = cos(y - ) ( 38)

This problem thus leads to an overdetermined system of linear equations
which, in general, has no exact soTution. In this case, a vector k is sought

that minimizes a norm of the error &, defined as

e=Ak - b ( 3g )

which is clearly a 5-dimensional vector. 1f the Euclidean norm is to be
minimized, without imposing any fu#th&r constraint, then the minimizing
value of k can be expressed explicitly in terms of the Moore-Penrose
generalized inverse [16], which ¢an be computed very efficiently using
Householder reflections as already shown in {17, 18]. -Should a further
constraint be imposed on the synthesis problem, then the above-mentioned
generalized inverse is not applicable any more. A possible way of scliving
this problem is via a penalty function [19], which is .next introduced.

The problem s now formulated ds: innimize, under k, the objective function

z given as:

z =3 (A - b)T(AK - b) ' (20}
i.e. half the square of the Euctidean norm of the error, subject to
inequalities (18a & b), whose holding is necessary and sufficient for a

crank-type input Tink".
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Solution:

Let f, and f, represent the left-hand sides of inequalities {182 & b),
respectively, Now assume 2 feasible linkage is given, i.e. one defined
by a ﬁarticu]ar vector ku that satisfies both given incqualities, which
in general is not optimal. This 1inkagé can be improved by minimizing the
“new cbjetive function

Wk 5 orp = 2k) + r %+ .%] (41)

subject to no further constraints.

Tha second term of the right-hand side of eq (41) is referred to as.the
penalty Ferm. This is the product of the pusitiie weighting factor 1
times the sum in parenthesis, referred to #s the penalty function. Criteria
for selecting a sultable value of r, are given in [19, pp 156-196], but
the simplest one 15 to choose it so as to render the penalty term a given
fraction of k(kn]. Next, the value of K minimizirng ¢, kl, is used-as a
?guessﬁ value of k to minimize a new objetive function with & new penalizing
facter, ;2, a frac?ion of e The procedure is repeated a few number of
times, say p, which produces an equal number of pairs {{ki . ri]}? with
> Figg ? ¢ ; these can then be fitted to a suitable function, as shown
next, the solution to the original constrained problem being obtained by
extrapolation, with r ~ 0.

Since both function z and the penalty term are infinitely many times
differentiable, each unconstrained optimjzation problem meant to minimize
v = vk rfl, for i = 1, ..., p tan be solved using 2 gradient method
or even the Newton-Raphson method [20, pp 249-251].Tn any instance, the
roots of the gradient of ¥y with rospect to k, are to be computed. The

said gradient is given as

Vi, . of
Vo = A(AK - b) - P, (= 42 )0 i1, ey p [42)
i i fE fz .

i 2
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with
(kyky = 2k, Dby
. 2
Ve, = 2 2(k, - kyky} + koky ( a3},
2 2 2
(K] + 4 - 23 4 1ky = 2kpk, |
ky = kg
v, =2 (] 1k, | [k, + ka)® =(k, + 1)%] +
2 2 17 % 2
%, - k
kl + k3 .
ey = 1[Gk - kg)P - Gk, - 1PD) (42)
+ ky = 1 .L{k1 k3} (k, 4}
kl + k3

The application of Newton-Raphson's methed to the computaticn of the
roots of ?wi requires computing the Jacobian matrix J of vwi. i.e. ?Ewi.

with respect to x. This is readily computed as

. T 2 .2 T
f>9f, -2f9 f (9] £ T F, - 2f,9F,(VF,)
?zwi N P L (A AR L S Sl 1AF A4 L
! 4 £
1 2
2 2 T T
A vof vf, (vf, ) vf, (vf.,)
e I R il | St L 2f3 ARERY (45)
i f3 f 2
with = )
ke -2 & 2 (k. ks - k) ]
3 3 153 ~ %2
2o _
v, =2 | 2+k-3? 2 {kyky ~ K} (46)
sym (K2 +kE - 6 k2 + 1)
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(2 2 2 -
F . 2 2 2
a .|'_|_ - - L - -
vt K+ 3k = K2 o1 2(ky = kok,) (47)
Sym ‘ -kf il K-

The Hew;nn-ﬂaphsun metﬁad with damping, implemented with subroutine
NRDANP [lﬂ, pp 39-50_] was used to solve the foregoing problem. The results
obtained are shown in Table 2, where kG was chozen randomiy so as to
produce a linkage of the fnput-crank type. The successive values of ry (171,2,3)

employed were 0,1, D.01 and 0,001,

Table 1
v .| 10° | 130° 110° 100° 90°
¢ | pgo° 74° 64° 5§° 50°
Table 2
0.205592 0.206277 0.195852
k! =} 0577607 | . k2 | 0.793621 |. &2 = | 0.843045
0.195602 | 0.220257 0.208259

The values of Table 2 were interpolated to the curve

1/2

k{r} = a + fr + rr

which produced the following:

0.189301 0.2244239 -, 546832
a = |0,918406(, B =|[-2.496524), Y = 4, 486709
0,159494 0.309335 -1.017054
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Thus the ¢ptimizing value k* was obtained as

k* » k{0} = a

which produced the linkage

2, = 1, 32 = 1,088843 )2y 5.024554 = § 012682

laq
for which the least-square error is

T
e = [0.001602, 0.011487, -0.034524, -0.032521, 0.013597] ; |jej] = 0.050685

Conclusions

Mobility conditions for RRRR planar 1in5pges have been derived, that
are Equiva?eny Fu Grashof's mobility criteria. The cundiéiuns presented
here differ from the usual ones in that they are established as relations
gn ahalytic functions of variables that are nonlinear combinations of the
link lengths, rather than on unsmooth (because of the absolute-value
function appearing there) functions of the link Tengths, The incorpor-
ation of the conditions derived here as inequality constraints of optimization
problems allows their solution via gradient-dependent methods, as shown with
an example of ccnsﬁrained least-square approximate synthesis, This problem
was solved using the Newton-Raphson method, for both the approximation error
and the cuﬁs@rain@s are readily differentiable infinitely many times. Hence
the cumpupatiun of second partial derivat{ves, as rEquifed by the Hewton-
Raphson method, fs quickly executed. Finally, the guadratic-convergence
praoperty of the said method, close to a solution, was made apparent by the
quick convergence of each of the three nonlinear systems of equations that
were solved in the example. In fact, each solution was obtained after at

most three iterations.
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Fig 1 RRRR planar)inkage
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Fig 2 Synthesized RRRR planarlinkege with a,ka, < 0
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ABSTRACT

The yncoscrained overderernined preblem of
Finemaric linkage synthewis {a solved in an «ffi-
clant way paing Hocseholder teflacrions. The probles
Formulation Iwads Lo 3 A¥srem of alcher linsar wr
ponlleacar pjuaticne in m0re squalicom then wnkoowna.
The linear probles ia salveg directly by applicazion
of & linita piaber of successive tellecticna to che
space of ypknowme wicth the purposa of taking ctha
s¥scam of gquations ince upper crisngular form, which
allows for tha cowputation of cha unknowns by back
tubstitution.The nonlinear problam ie solved via cha
Hewton-Raphgon method which computes, at each itar—
ation, thy correction £ the vector of unkpnowns &
tha least-square solution te an everdotermined linear
SYstem im exactly tha sawms vay as described befors
for linear problesa. Introduccion of the said mathed
producen pccyurate Tesules io relacively shorte prec-
asging tipes, 4a shown in ctha examples prasented.

IUE AMMERFASSUMNG

bae upeingeschrinkte und Lberbestiomie Problem
dcr EKinemapischem Gecriebesynthess wird affizlant
galost oit Hilfe dar Housgholder-Spisgelungen. Dim
Froblesstellung leicer zo einem Syxtem von entwedar
linearen ader sichelinedren Cleichungen mic mehr
Cleichungrn als Unbekannten, Das linasrs Problem
wird direkt guldst mitfels Anvendung winer Moicen
Zahl auleipandertolgenden Splegelimgen zup Raum der
Unbekannten mit da® 21lel des Lberrragens des
Clelchunganystems zu siner hoheren dreieckipan Form,
velehe dise Rechoung der Unbeksnnten durch Rucker-
acteung srlauki, Der nicht-linoars Problem wirg
mitteles der Vawton-Raphson-Merhode geloge, die zu
jeder lteration dia Besserungen det Unbekanofon sus
der watipeten fhuadraten-Ldsung 2y eines Uparbascimmben
linearun Glefchungeayaten arrochnet, auf dar glaichen
Welse wie bei der Hethuxde fir linaare SyYetams achon
beschrieben wurde, Pie Einfihrung diesec Hothode
fuhrt zu devtliches Etfolgen 10 relativ hurzen
Fropessierzeiten, wie mitcels der singeschlofonen
Brinpielen gerelge wird.

BOMENCLATULE

A B per-case vderlined chatastet, an Exn matTiz.
-1

ﬁ ] the Inveprse of n when h is square And ACGnAin-
T failar

Ay Lye. ceanspose of A

L 1ywor-case wadallined latln characcer, an o

timenslonal veepor
|4|T tw abaglute valus of a, when & ig reali che

m

Mixlca

podulus of &, when & is copplex.
Flal]:the Eucliesn nore of vector a, i.e. the square
roct of the yum of rhe squares of it compenaurs
detAt the detertiinenc of the Bquare mAETiX A
fix]: an m-dimtngional vector [merion of the a-dimen
T T sional wcrer ergument X
f'(f]ltht Jacebian wxp marrix af E with respect o x

PEOBLEM FORMULATION

The equations srising in the realm of kinematic
aiynthesia of linhai?' conafitute sithar linear aor
nonlinkdr algedrajc’ eyatems (1,7, whoss uokndums
aTh the peomeirle paranectazs [langthe and aogles) of

tha linkage, 1f thess parswknters are &Tranged wichin
“tha n-dicensiural vacter 2, che apid aguations arae of

the form
Axnb

- -

{1}

whare &k wnd b are & Lnawvn &mxn satrixz and sn o—dimen-
sicnal™known veeroy, respectively, vhan the sylcem is
linwar.If it is poglinear, thec che synchesis equa-"
tione ;ra of the form t{x}-ﬂ (23

f h.in; an B-dimengional vector containing & aec af w
scalar [umecions f,{x) whose aTguments ALk thd pnknown
par:met-rn of tha iink-;e ¥hen the number of spogifil-
ad condiciona to ba »at by the linkage matchas thatk
aof the unknowns, matrix A in (1) Iim mquare and wvecreor
f is of dimnsion 0. In most Technical problems, howvew
aC, the pumber of presccibed conditiona surpasses =
chat of gecwetZic parvamenters available, the linkign
pyathenia problem thuya leading ro an overdecoroinad
aystam of equacions. This ¢lass of ayacesa in genavel
does not adoic an exacr solutiop, but ir lo posgible
ro fiod & vectoy x that Tendars tha quadraric erceor a
minlmoa. Thud, chi®laast-aquarcs probles can be staced
ITY:

"Find the valus af x that minimizes che Euclideon
norm” of either Ax-b, ar “that of fiw), dependlng an
whether che saysgém Is linzar of nénlinsar".

The linear overdecerminod ayacem {1} mdmite »
uniqua soelution x  that recders T|n;-h{| a miolmes,

provided A im ofFull rank, L.e, if rdoki=r. Thig veluw

Lo givim aa () T

Il'UL ﬁ} l b
vhers (ﬁ A} AT in callied & "Monre-Penroae jenacalized

(1]

lnlglbratc as oppoasd to differgnrlal or intepral
cqult;on-

51- tha nnllﬂtlltutt for the defivition of this term,



invergs of A™. An cEEénsive creactment of tho 1lnear
lesskc-squrod problem is found in (4).

Tha monlincsr problom may adwic sultiple local
minira; chese can be found by applicacion af the
Mewtoo-Raplneon method (5), which st esch ltoraclen.
compuyted the corTection wectar agp Lha least-
s5quare golubicn Lo che uvardn:e?;[ned linvar sysLed

I‘l',x.k}hx --H:k} {&)

Thi+ {m & aystem lika that appearing in eq. (1} Thus,
ics ltlll‘lqu4rl laluliun in

B[ 1) T2 (0] 71 00 The) )
The new value af ths unknowm vecter i then

1% +ﬁ: (62

Tha procedurs i atopped when the Futlidean nerm of
the coreection vector i sufficiently zmall ulth:n
the imposed accuracy, 1.4. when .

blex |lsc (6}

£ belog & "small" real positiva number. Tha problez
thur, whether linear or nonlinear, reducey toc SOBDUCE
the minimiring valoe x given by eq. [3). An aff{-
ciert way of compuring this value, outlined next,

daer, nof require fo inverec any maccix. The computation
iz uone by application of Householder reflactions.

HOUL EHOLUER REFLECTIONS

An #xtensive aceount of chis roplc can be feamd
in the specialired Lipevacture (4,6). For cthis redaon,
thieg thegry i nor trsdted hece.d Rousaholder alfac-
tion is a linear, ioproper orthogonal and eymsetric
trandformacion, l.e., if Nl is lta mm matrliz cepressn
tation, then ' v -

o4 et ®)

Whon n such tranformaticns ara dafiped auitably,
bly, their affect oo mncrix A sppeating in eg. (1)
in to take it into wvpper triznpolar Form. This way,
the pransformed equations are sguivalenc co thae

Icllauxn;. Efq'f (9
0, (10)

whete U is an upper Crianguolay nzn mateiz wnd § ip
the (m~oiwn zarc matri=, r and d balng n-and (==n)-
dimeasional vectors, with Jf3. Thus, =q. (%) im
detctmined and can readily be selved by back _subati-
ticion, its wolutien x_ belng (he leant-squarse salu-
tion to the averdetermlned aystem, Eq. {10) in incon-
SiRLeRt And ||d|[ represents the Euclidess norm af
the creor in rhe approxination.Since che orlginal
system {1) is cransformed doco (9}, (10) wia & apccens
s1on of orthogonal transfnrlatinns, tha azrer in tha
traneformed cocrdinaten, d, haw cha sama Euelidaan
rnerm an that in che origifial coordinstes. Hence, ||dl|
io tha errer awsoclated wich the eoripinel eystem.

APPLICATIONS TD KLMEMATIC LINKAGE SYNTUTRSLS

Atthough in wany praceical applications the prob
lems  of Iinkage syotlasis invelve inequality cons-
trainte, =t ill & conuiderahly large clasa of aynthe-
418 pyoblomd are undonalrained, Moreover, afficleat
optimitacion Lecloiques rxist that handle Inequalicy
capscreinee by interdvicing suitable penalcy funcrlons
(1Y, thus turning Lue problem an wcosntrained one,
For  these rcamons, the srudy of uncoustrained oprimig
acion problessx is of aubsAtancial techoical lotareat.
Applicacionm to ljnlngl synthewin prublems are next

illustrated with twe examplew.

Examplo 1. Syntheals of an RSER_ funciion gentrafor

The lsayout of an R55R linkago, shown in Fig 1,
indicates the diffarsnc geometric parameters of this
linkiget 4 . arm the lengchy of cha ourput=,
coupler-nna in%u: inke, respoctively; 3, is tha
digcancs batwesn tha azes of the input and Che oufput
links; @, is the sngle betwden the aboremantioned
FTTT pﬂiitvl about ¥D: m, and a, arte distances of
paints € and 0 along che ixe: of the output-and cha
input links, respectively. All over, the slgn convan~
tign of Berawit end Hartembery {1,pp.3ed-143) 1a
vhaatyad., The input angle is ¥ and che output anglas
il #. For matchipg six pairs of input—Output values

$,,0,) with this linkage, Depavit and Hartenberg
(_‘!ppé]“-}&!} sacablished the following telstion

k cu|¢ *k aintj 3l:ollt +t#'1"‘j+

+k5(linﬁj:oswj-cnluisin#jcol¢1]+kﬁ-

-tﬂﬂéjﬂﬂﬂij+ﬂﬂlﬂﬁliﬂﬂjli“¢j (11}
whare .
" |i+1ﬁlinn ttn#o - lﬁllnﬂﬁ-l*tlniu
1 4y s .
. :1atnn (123

4 [
k . : k stang
k| ;?cnl¢n . 4 11=an¢a 5 Q

al t+n’+l'+i'+:’+2l ", coed

" __l it B i M 14 4
& 211 Jcnu¢u
By being aspigned.

in the latcer deficiticon, ¢u meagyTas che locatiom
of the taro of the output dial i{Tom tha decced line
passing through ¢, parallel co lins ED, a5 ehown in
Fig 1.

Fig L &n L55R linkage

For six precision-point syechesis, «qs. (L1}
yield & system of ailx linear squaticns in six unknowme
uhi:h, whan nenmipngular, produces unigue valuas
....k . Wich chasa values knowm, the linhags
piraie:irl ara computed fram oqu. {11} for a given
valus of a,. If wore than sia precision pointm aie
required, ﬁnugver, the ayirea becomss overdertarmioed,

112



in whick rawe n Cfflalent netled re obtain frn leusc-
squary woluflon iz via Howseholdet rellfmctions.

In (8), Sub and Meckleénburp molve Lhe over-
determined wucouprained probles of this linkage with
19 prescribued input+eutput values, For comparison
purporar, the solutlon developad in chis example makes
uké of the samt prescribed valuaa. Thess Arg shewn in
Table 1

Tha sechod raployed in (B) is chat of Powrll'a
{93, which does pot raquira cha cowputacion of deriva-
tives mnd tands quickly o convergemce for quadretic
functfons of the independent warialles. AL this point,
two remazrke are in order: First, the derivigives of
the eynthesin eyyarions are essily computed From ei-
ther Cavaoly and Harceobesg's Forwelacion, eqa. (112,
or from Suh sod pedcliffe's formulatdon (20, the Eirst
ona bwing sdvantagec:s basaunw of produciog a limear
systeq of equations, Secopd: The obiective Function
of Suh and Heckleaburg's (8) la gquadratic in the ayn-
thawis which, in turn, azs guadratic in the ipjapeo—
dent werlablea) thus, thair objective funcbion im
quartiz in the lpdependent warisulas, foz which reasem
the quick convergance proparcies of Fowall's method
ara not fully ut{lized. Furchermore, squaring the
eynthenls functions may intreduce ppuriove locsl oin-
ima, a» is apparent form che factc chac chres optlmal
eplutions are reported in (B},

TADLE 1. Spacifiwd ipput-putput pairs {or the amnthe—
als of the ASSR function generating linkags.

t{degraees) di{dagraeh)

0.0 0.0
2 5 0 2.4
i 10,0 L]
4 15.8 8.1
5 0.0 11.%
& 5.0 15.2
¥ 0.0 131
& 15.0 23,1
9 40.0 1.7
10 5.0 .3
11 0.4 LT
12 35.0 42.3
13 &0.0 7.5
14 53.0 51.0
=15 0.0 58.7
16 75.0 19
17 BD,.D 0.9
14 &3.0 TR.q
19 90,0 90.0

Cone advancage of using Houssholder veflecrions
is rhat no esplicic squaring in required, apd tha
uplque soluclon 1e obrained direcrly by tha appliza-
tion of n{=&) refleccions. Another advactagse 1s thar,
pince less computations ara trequired, A8 compaced co
Fowell'w methed, the vound-off stror {s lowerad. Tha
approximation erypr obfdiced wsing edch wethod is
shown in Table 2,

The root Bdan square errors wers exddnrcially the
samg:! thet obfained by Powell's method wam O 0015289
wherras the onk pbraioged by Wouseholder twflaccions,
0.001822547 However, the differvnces in the rasulbing
linkage paramaters wvare mora neioricus. Theps ara

5olution by
Howaehaldar'y marhed

4" D.911269
ayn 2.620560
2 O, BO3sY?

Solution by .
Towell's mechod

as 1, 253803
&yt 2.759566
4, M. 435003

- 113

w, = 2.162110 ll--l;lﬂﬁzﬁu
lﬂ'-1.3?52?ﬂ lh'-l.*1?55‘

In this problem, 5, woe set aqual to L, vharsas Ay
equal e 997

TABLE 2. Appromimaticn error In overdetsrained E5IR
lickage syonthesin

APROXTMATION ERROE USING APROYIMATION FRROR DEING
BOWELL'S KETIOD ROUSEHOLLDFR'S METUHOD

(dagreas) (dugreas’

1 0. 00000 0. 01420364

1 =, £012 0000 £.0010078%

3 = Q3060000 =,0351534)

4 0. 027100000 o.0189C82)

5 -, 02680000 -, 034515603

.1 0.03245000 Q.02596072

T 0. 01640000 0.010792484

4 .0 3830000 Q.034404 34

9 0.Q1 520000 0.01196148

10 =. Q3794600 -, O 10666
11 — . D65 GO0 -, M0FRBAGT
12 0.02270000 0.01%32a9
13 -~ 02200040 - 4 4g7 542
14 . 00020000 =, D015 564
15 0.01350800 Q.0 K200
1& 4. 014600000 0.01324614
1y 0.00020000 0.00139267
14 = 01250000 = . 01FTOE0T
13 " o.02%8p000 0.00413793

Fxawpla 2. Svnchesla of tha AR plane dyad for Tigide
bedy guidancy

A rigid pody (shaded rectangle] appears in Fig 2.
in "reafucence" configuration C and in a differant
configuration ¢.. Each :nnli:u?ltiun in defined by
tha poeiction afla poine, R, and aocgle, €. In chat
figure, O represumcs the origin of the complex planm,
and the *rrowa represent complex nuabers assoclated
with the locarien of the laballed polncy. The purpoas
of this clana of synthesis problem im to locsta peint
& whosa raferance and suscmamive positions, A, A_(]=l,
ee-p) lia on & circumfearenca centersd pt R, oriwhich
TRAECD, and b ate called, cespectivaly, "cirucular®

and “centPal™ points, within the Burméacsr Theory {10},

ol

een ¢conacitute 8 cigid link ro guida the
- This is an BE plene dyad,

Thus,
rigid

Fig 2 An RA plane dyad to gulde a rigid body chrough
R auctaadive conflgurstions



. The conscency ¢f tha lengrh of lipa BA through-
“ul ita n configuracions leade to

o
R T o D WS PP “y
where 8%z0,-8 ., Eqa. (13) conuticuce rls syothesis
gqu;;inﬂs *uruthil problem, 5, and b being the
wakcowns, 1t im well known (2 p.14A8) chat chix prob-
lea ajlows co conduct & rigid body throwgh Elve spec-
il{ied ronfigurations. Some tachnical problems, how=
ever, may cequire Lo gulds the body chroegh more chan
tive comfigutationn, £a showm in Table 3. Differant
aynthases Wera obtained for these, scarting from Ehe
lirst & coofigurarions, then adding the pext ones,cne
at pach time,-until the 16 configurariens wura in-
cluded

TAELE 3. ESuccassiva configurations of a rigid body

i x, lem) yj(:l} ﬂjtdt;rcea}
] 7.88D =0 . 2ed J13.7I0
1 8.490 =1.190 311.3%0
3 7.680 2.820 J4g.930
3 6. 300 4110 153,180
4 &, S0 &.593%0 1810
3 2.740 5.010 135840
] 1.010 & .40 3134300
1 0.259 3.B&0 3. 700
& —C.&00 =%.0%80 1670
9 0. 250 =-3.7E0 3.590
10 1.000 -5,2494Q 4.150
11 1.7% =& 590 3.120
12 4.5360 4,530 6,510
13} B.180 =&, 090 10 000
14 1.660 =-1. 704 131.000
15 B.L&0 =0.5610 18,000
16 7. ra0 «1.6%9) 45,270

Tha procedurs converged for all given ipicsl
Fussaen, producad by means of a random nuaber pengr-
acing subprogram, In leas than 50 Lltarations (ususlly
around F0Moncrary to the decermined cupe {5 pra—
scribed corfiguracions), for which two differsnt maan
inglul splucionm mxiag, for tha cases trisd hate Ehe
procedure converged alwayw to the mame single solu-
tian, axcept for & and 17 configuracions, which pro-
ducad two differant soluriona.The arret In the approx
imafrion wesa norbalized, to yield a dimenslonless pum—
ber, in the following way: Let

(14)

If the synthagin wers sxact, thea all [, would
be negliglbly scall. 1o approximata l!nthli#l. hawey
er, cthesae funccions actain finite valurs, The kioemat
ic mecning of thase values 1w that they capragenot cha
differance batwean tha leogth of che EE dyad ip lpa
initisal configuration, and that in ite jth fonllgura-
tion, f.e. A, B=A_B,if the synthesized linkage were [o
Eatisly the artssrihed copdicions exactly. The dimen—
gignlean errer 1o the approximacion, ., associsced
with the jth configuration, is theo
rj-Ffj|I|lu-b[=.j-1.+...u {15)

where s_ #0d b ace those obtdiosd frow rha lessr~
Equare ?ululinn to tha nonlinsar sysres of equacions.
Morice that the srrord chuas defined ace quadraric. To
obtain & representativa value of the overall ercer,
the nverage of the aquare roots of the w scroce defl-
ned in (14) ahould be taken, l.a.

n
.'-Flfil ! I'l-iln'hl

cai
fj-|.151{.0-r0)+rj-b['-[aa-h[’,j-l.....n

Scma of Lhe Feaults obtained are shown mext,
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TABLE 4. Dverdetermiged aynthesis of tha LK dyad ez
ripid=-body guidance.

For b configurations,

First molution: Second solutiomi

 a=(. 961461~ 826960 10-1.690393+i2.?ﬂﬂ03ﬂ

bPact, 643590-17.997150 bO=0, 7a8465-i0.609952

Eryor = L7.01% Error = L. 45K

Fer 17 configuratiocas, .

Firat sclution: Second solutodn!

lu-5.12!?50+12.255520 1u-l.iﬁ395D-iE.?Di52ﬂ

b=, 5404 76=-07.03377 b =56.3208:0-i%. 315040

Error = 38, T4X Ervor = &G, 718 '

COACLITS LONS

Householder twflwctions appesar (o ba far sora «f-
Ficlent Im aolwing linear problems arieiog wichin che
fiald of unconacrained optimal syntheais of linkages.
As to ponlinsar problams, the extensico is strsightfor=
watd. Begarding constrainmd problems, thess could be
handled using this wmechod by introducing sultable alach
varfablas and penalty functions. As te processor timas,
tha firvsr example conpumoed 11.5 aec, wherass the cime
raporcad (§lueing Powell's mathod 12 2.2 min, the math-
ad inkroduced hers thum appaaring ro be more econamical.
With tegard ta che synthesis for rigid-bedy guldance,
it la necaseary to Investigace whether lor ovardacerw
winad problass, in genarsl two 4ifferenc moluripms can
be sxpacted, thus enabling the dasigner to syotahsinn
ERRA placa linkagss for ovavdetermipad cigid-body gpui~
danca problemss. .
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Una generalizacion del teorema

de Aronhold-Kennedy

Jorge Angeles Alvaraz”

* Prodasin e | Fasaltad do [ngemietis, LR

INTRODUCCION

En & presente trabajo ¢ hace una ganerglizacién del teorema
da Aronhold-Kennsdy, cominmente conocida &n las Textos
glementales de metanismos comD fmoremd de fof tres centros

Esie tecremna establece que cuando tres cuerpos estan en mavi-
miento, tienan tret centros instantinezos de movimientc ralati-
vo, los Cuales se sncuentran alinesdoi. Carece de precivén,
pues en &l caso mix genersl de movimiente de un cugrpo rigido
no £ posibie hablyr de gentros instantineos da movimisnty
relativa, quadands reducido este térming al cato particuler de
movimisnto plano, que no es el Unico que s& presenta en pro-
blamas de ingenier(a; baste citar ef caso dal movimiento da ung
junts univerial o ¢l de un tren de &ngranes conicos, hipaidales
aCorons sinfin,

Surge entonces la necesidad de hecer un2 generalizacion de
aste. teoremd que camprends al movimientoy tridimeryionegl,
por lo que en este trabsjo se wstablece la condicibn necesaria v
sficiente para gus ex(¥a Movimiento di rotacicn pura entre
los elementos de un mecanismo, vy al Hevar o 1=orama & tres
dimensiones, se habla, wn términos miat genersles, de ejes ins-
tantaneos de rotaciGn.

Camo en geperal, al diseliar un meCanismo, $4 reguiers Gue
e sed lo mis eficients posible lhay casos Bn que no importa
tanto |a eficiencis como 13 ventaja Mecinical, 85 NeCKTario &vi-
tar ¢l deslizamiento de |as superficies de contacto, el que es
nulo cuando hay movimiento de rotatién pura,

Existe gtra generalizacion de) 1eorema, que gerantiza lu exiy-
tancia de ejes de deslizamisnto minimo ¥ que as 0Tl &0 sl
ditef o de mecenismos an 108 Cuates o5 imposibie gviter g! desli-
amiento, Como Sucede en {ok acaplamientos hipaldses v en
los corona-sinfin. Esta generil'lzac-'.ﬁn # pusde contuliar en
libros avanzados de mecanismos raf 1),

. Al

En su farma més genersl, el tegrema de Aronhoid-Kennedy
wtablece que existen Bjey dn veiocidad relativa minims {[lama-
dos gjas de tornillo instantineol y qua dichos ejes, pars tres
CURTpOs rigudos en MOViMmianto, son tres ¥ tieoen | propiedad
de w61 normales 3 un ajm campn.

La originalidad dal prasante trabajo estriba en que we llsgs 2 la
forma generst del 1eorema utilizando veciores cartes!ancs, en
lugar de métodos matricisies.
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TEOREMA

Un cuerpa C, que gira con respecto a un cuerpl B, que 3 su vez
eitd animado de un movimienta de rotacien Son respocie a un
tercer clerpa A, tiane un eje instanténeo de rotacién ¢on
respecto a A i, y 5040 si, 105 Bjes instantdneos de C con respec-
10 a B, v de B con respecto a A son concurrenies; entonces, el
eje instantinea de C con respecio a A, también es concutrente
con los dos anlericres,

[ ]
Para su demostracién, se dividird el teorema en dos partes: £n
I3 primera se supandra que axistan los tres ajed, v 3¢ demotird
rd que fan cancurrentes; en la segunda, se considerard*gue los
dos primeros Bjes won concurrentes, y, ComMao consepuencia de
gllo, sa demgstrard que existe el 187Cer PjE, y QU& 25 CONCUITEN:
te con |os dios anteriores.

Cibsérvese que come |@ Qua intaresa ey al movimiento relativo
de 1ot tres cusrpos, puedes considerarse que uno de ellos tiene
una valocidad arbitraria, Si por ejemplo, la velocidad angutar
del cuerpo A con respecia 2 un sistema de ejes inercial o
newtaniano es nuta, la velocidad angular de cualguisr cusrpe
relerida 8 A e absoluta,

Segan lo anterior, 165 ies instantdneos de 8 y de C con respec-
to a A son conjuntos de puntgs de velocidad absoiuta nuia.

Sean: x-y-Z, un marco newtanianc al que estd tijo &; WA
Wegn ¥ Wrga  las velocidoedes angulares de B con respecto a
A, C con respecte a B, v € con raspecic a A, respeclivamente,
En la fig 1. se mugstran los tres sjes inslantanecs.

El pumio O esta alojado sobre ei eje instanténeo de C con
respecto 3 A; por lo tanto, puede considerarse Coma punto de
£ o de A indistintaments, ¥ tiene, en consecuencia, velocidad
absoluta nula. El punto P esta alojado sobre el eje instanténec
de C ¢on respecto & B, por 10 qua puede considerarss alojado
an B a en C indistintamenta.

Los vactores de posicion de P y de O ton, respectivamenta,
art

Liamanda 7;; 2l vector de posicion de la interseccidn de los
gjes A con reapecto 8 A y Ccon respecto d A, Ty y &l vectar de
posicién de la interseccian de los ejes B con respectoa Ay C
con respecto_ a B, y Ty, a la interseccidn de [os ajes C con
respecto 8 A y C con respecto a B, 12 primars parte del teore
ma gquedard demostrada al cumplirse las siguientes igualdades.

au r

Fig 1

i{.‘.‘ﬂ iﬂj‘ﬁ ?P i I]
Wya Wi a Tg =0
Wepg Woga Tep =0

flz =Ty3 = r) .

En eferta:
Vg =vp + Vg
Pare:
;p - ﬁﬂfu‘\ Tp ]
Y:
Vaip = ¥y {Tg = Tp) . Al
Por o 1anto

?ﬂ = EHIA‘FP + i’C,‘ﬂ?q - WCIB_FP

Farc como (I 85 un punte de A, su valocidad absoluta ed nula,
por lo que

Woa T+ WoypTg —Weya T =0

ECIBTFP = ;th?p + ﬁﬂj‘ﬂ?q

Multiplicando ambas miembros por Wpya - 38 liene

Wg /s Woja Tp = Waya Wuga Tp T Waya Wein Tq {2

El segundo tSrmino del miembro a la derecha de la Htims
expresidn €3 nulo, por lo que

Wi s Wojn Te = Weja Weia T, {3)



Fero, de laec 1: ?q_;p = ic;u?q.*p

por lo que ¥, = w4 Ty + Woym fgp =0

Es dCir Wy;a Tp = — Wopp Tofp

Multiplicando 1a expresién antencr por %, s, v 1omando en
cuanta gque WL‘M =ﬁu;n + "_"'H.M:

Wiy + wWpgal Waga Tp = — Woia Wopp Typp

Desarralignda b primer término, y eliminando al 6rmino que
sz anyla

T 'Ec;u Wyra Tp =— WL‘M Wi qup

Electuando una’ rotecion no ciclica con los factores del segun- .

do riembro de #sta expresion para eliminar el signe negativa,
e liene

Worn Waga Tp = Wopp Wepa Ty ' (4}
Pero

W T WO A Typ = Wo g Wepa Tq — e Wy a Tp
Sustiluyendo Wy Por su valor en fungidn de las otras velg
cidades angulares, en ¢l primer tdrminoe del miembro a la dere-
cha de la Oltima expresion, se liens

Wi Wega Tafe = (W pa — Wisga b Wopa Ty —
—_ ';'_i"l;u ﬁ“f.ﬂ. ?F

Cesarrcllando el paréntesis, y eliminanda el 1érming gque s
anuia, sg tiene

W Wepa Tasp = — Wisga WO Ty = Weyn Wuga Tp (5}

L
Efectuando una rotacion no ciclica con los factores dal segun-
do irmino del miembro a la dorecha de fa ec 5, a fin de
cambyar su signa,

e ﬁl:,m. Typ = wiiA "‘-"'L'_m o — Wiga Wepa Ty
1

Segian la ec 3 el miembro de la derechs de ssta (iTima gxpre-
$i100 5 cerg, par lo que

"lT"QJru ||_"|-.I"’I_=-Ir|,-.| ?“pr - ﬂ {6}
De la s 4 resulta

Weyp Wupa Ty =0 i7)
De laag 2,

ﬁu-'fﬁ 'FI'L‘;“ ?q =ﬂ
Sustituyendo en esta Jllima expresign v_v.;w par su valor
-'I“C.J'A - EB{A- o tiene

'UTI'B:A ﬁclf-"' ?,* - ﬁu;ﬁ ."T"'HFA ‘Fq =0

Pero el sagundo término de esta exprasidn se gnula, por lo que

-

';"H.;A Fnl'c.ua?q =0 I.BI

Do las ecs B, 7 v 8, s& daduce que los #jes s& intersacan dos 3
dos. Falta ahora demostrdr que se intefsecan en un punto
comin, Para ssto, basta verificar gue el vector de posicion e el
misma para las tres intersecciones; es decir, fy; =73 =Tz3.

En la notacién anterior, $8 sigua 12 misma nomenclatura gque se
£xpuse Al enuskiar ¢l teoremma,

Previamenie se determinacd la gapresion que dafine a cads uno
de los vectores de posicitn anteriores, para |g cual debe recu-
rrirse a la fig 2. '

Aparecen dos ejes que st intersecan en el punto |. Estos sies
estdn determinados por los puntos 'Ly M, dados a su vez por
an veClores de pONCIGN T v Ty respectivamente, ¥ por loa
¥eCTOTSS unitarios gue dan su dirsccidng | ¥ m. E) problema es
determinar el vector ).
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| =TL =T
TLesdato; T =—LIT

El -segrnemo L1 s¢ determing por el teorema de los eencs, 8
pariir de Ia fig .

Ll LM
—— oy = dedonda L]l =
sen i3 wn A sen A

La longitud del segmento LM ex dato, pues gstd dada por los
vectores de posicibn de L v de M, gue también won datos; los
serios de A y de B se determinan de |a siguients manera:

sen B = ﬁl’ﬂﬁr ;Hl‘lﬂisll I"I‘I|

| Fim]

. _ |TLM m |'”" m
Por o tanto LI = [rLH IFLMI ]T E-.l |l ﬁj
Tu = - ‘ L_.u_m T

|I mf

D donder; =T + l == ﬁl T
, T |

Exta expresidn servird para determinar el vesior de posicion de
cada interseceidan.

En la fig 3 aparece nuevamente la disposicion da |og tres ejes
instantinecs a que su haca mencidn, mosirindosa (2 intersec-
ciones da cada par de efes y los vaclores de posicion de cada
wna da #11as,

Los vectores Unitarius Ty, 1z ¥ 13 estan dados por

WhyA Wi 4 e

— . — — respectivamante,
jwera] | Weqal | ¥cra)

De la expresibn que da ry |, s& tiense"

To T T, Weja =
F.:=—|-I_I"—_’i o= - ~Iqrﬁ“|ﬁc f o
y 12f : |y | i Ye7A |Woa)
[wayalfcsa|

2




Simplificando, se obtigne

WeB Tp = Woga fg. ¥ 4l tomar médulos

"'-"’C{B.?p = Wea Ty 1120
Por otra parte Wys Wep= s 1Woya "‘E_B.M]' '

de dande ir-glm Weom = W WoA N’

Dividienda [12} entre (131, resulta

Ty W T, Ww¢
a Cia 0 TEMon o que s& demuesirs gue

Simplificanda
N L Taga 9)
12 ]'ﬁ'u;n "'"I‘..MI
Ty e |7, 1] . b7, @l ‘fum ‘
| ) l-‘I ||.Tr 1|\7”3,m ﬁ1':.rul |w“”‘|
I gl [Fer)
Simplilicando
T”-—_l_ujﬂ Wy a (1ay
e
=7, |F‘1PT.J T =7, [Fae %ol Weya
-, . T lwr: | [Weia Wepu) | Wesa
wega Iwc;q
de donde '
?u=Fq——|:F-“—"-ﬁ_L"l- WerA (11}
[Weya we |

Primera se demostrard queryz =T,
En Efﬂ'{:lﬂ?q Wl—‘jk= ﬁcp\ ?q . ¥
fp Wep = We s fo

En estas expresiones, por comodidad se ha invertido el sentido
de los lactorss de los productos vestonale;, inyersidn qua ra.
sulta de wn cambio de signe 8l producto: eI como s& Mane.
ian mbdulos, &l cambio de signa no afecta a ktos v la manipu.
lacion e justificaoa.

Entanges

Wen Tp = Iweya = wigal 17, + _"-qpi =
=Wepa Ty T WoATap —Wiga Sy — Woya Tgp ™
= Weya Tt -V = WA Tqp

Perov, = 0, como va s vig gn yn principa. Dg dande

W{*ﬂ. l'p = Wl'jh rq - 'UP - WH.I'A Il'p - fq;

= WA Ty = Vp =

Dusérvese quit Wy, Tp = Vo Y Que dys 7, =V, =0

Woga Woa WA Mopa

iz =T

Usmandg | 3 esta intersaccitn ComUn, 1o tiend gur b ests en
los &jes 1 ¢ 2, 8l mitmg tiempo gue en los ejes 1 y 3, por la
que, | ®51d en 1o ejet 2 ¢ 3; por 1o tanto

T =13 =11y

De lo antarior s8 concluye que si existan los 1res @jes, esiod
CONCLIFTéN e Un punta comon, con 1o cus se ha demostrado la
primera parte del teorema. i

Falta demostrar 12 segunda parts, en [a gue s Supons que dos
cle 195 ejas se intersscan en un punto, y que oMo Consecuen:
riz de elio exnte el tarcer ejp, damostrindose ademds, que aste
e concurrente con |of dos anteriores.

Supdngase que los ejes de B con respesto a A, vy de C con
respecto a B, s intersetan an un puntc gue, par comodidad, w
considerars como ¢ origen de coordenadas. 588 X-y-z un mar-
co nEWloniana, con grigen an la interseccion de 1o dos ajes.
Debe demaostrarse que exista up conjunto de puntos con veln-
cidad absoluts NUla qQue esthn &n & CUERS © ¥y QuE 0 CONSE-
cuancia, constituyen el sje instantineo de C con respecto a A.

Ses P un punto cualquiera de C. Su yalocided zbsolute ¢on
retpecio a |a velocidad de un punto de B, ¢oma O por gjemplo,
sard

FP ::;q + ;PN

?q, = ﬁﬂfh'? Y

Vpia = Weym Top
Entonces v, = Wpza Tq — Weyn Top
Vo = Wiga T+ Wege Tqp ™ Waya Tq + Weye (G ~ 15

\'P - WH.;A 'Fq + ﬁCJB _r-p - ﬁc’in T-q

Perc de la tig 4, Ty = m e m . 8N Que M &1 un escalar cual-
Quiera qua hace que ¢l miduln da T, sea m veces £l de W p.
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Entonces Wy Tq = Wyl M We g, que as evidentemente ce-
ro. Por 1anio

Vp = "'T"Hf.l M +W|'-;H. T

Para que ¥, sea cero como condicidn para que sea eje instan:
tanea de rotacidn de © ¢on respecia a A, sy requiere que

Wha Tq ¥ Wy Tp =0
Es decir, s requisre que

W MWey b Wem T =0
Esla Gluma expresican pusde ponerse en (e forma
‘ "T"’L'J’B Fp = MW Wy, =0

Sacando como lactor coman & wepy:

'H_H'g:m [Fp - m Iﬁulmj =0

igualdad que se cumple 5i T, — M Wyys = 0, o sea, i
Tp = m Wyga, |0 cual guiere decir que P, punto oda C, estd
" dlojado sobre gl ¢je instantineo de rotacidn de A con respecto
a A, Eslo serfa un caso wivial, purs entoness C ¢ A serian ol
misme cuerpe. También se cumple |a igualdad anterior i
Tp — M Wi a =0 Woype 8N que n e un escalar. Se tendris
enicnoes que

I'I_. =m WIHA b ﬂwqa.

ird

Fig4

i r
D esta manera, todos los puntos coma P, en que sus veciores
de posicién T, son linealmente dependienies con Wysa ¥
Wern - cumplen con la condicidn de tener velocidad absoluta
nula. Es decir, constiluyen ¢l eje instantaneo de rotacidn de ©
CONn respetio 2 A, Adernds se observa que cusnod Moy 0 soN
simultaneamente aulas, el lugar geométrico pasa por 13 inter-
secciin da los dos primeros ejes, que 25 {0 que e queris de-
mostrar. .

COROLARID.- Los tres ejes san coplanares y guardan Ia rela-
cibn. WCIA = 'H-\Fcf“ T 'Wa't_* , ¥ COHTIY Se ernOstrt Gue 108,
&8I CONCUTTEN en yn MiSMEe gunto, 18 desprende que $on Cco-
elanares.
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A novel approsch, based on invarian;a, is introduced, that leads
to cfficient alporithms for computing the screw parameters of rigid-
body moticms. Both finirely and infinitesimally-separated positions
are treated, The computer implementation of the algorithm allows the
real-time computation of the parameters défining the pesition and

orientation of a rigid body.
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Introduevetion

Robotics applications, calling for efficient mlgorithms for the
determination of the position and orientation of a rigid body from a
reduced set of measurements, have mntivaéed current research-ca this
topic [1=4] .  Although this subject is well known from a theoret
#cal ﬂtandﬁoint '[S,ﬁp 1-25,6, 7 & B, ﬁﬁ 35-62] ; the need of means
for the efficient realﬁtimetcomﬁutatinn of the ﬁarnmetera defining a
rigid-body motion, commonly referred to as the dcked paramelers, haa
called for a revisitation of the underlying theoretical basib. In faet,

- a5 fointed out in [2, ﬁﬁBS—llﬁ]generally acepted formulae can fail to
dpply under special, thnygh rather frequentc, circumstances.

Presented in (2] are algeorithms that take into account all possi
ble ﬁarticulnr cages. These algorithms, however, are rather lengthy °
and lack symmetry, im the sense of considering one particular point as
8 body-fixed reference. The latter item is disadvantageous in applica
tions, as fuinted out in [3]. The aﬁpiuach intreduced in [3] salves :the
ﬁ&nhlﬂm of lack of aymmetry, but introduces sﬁurinus singularities; it
ig, additionally, limited to the infinitesimally-separated-positious
caé:é Introduced in the prenent paper iz an algorithm based upon
invarlané ccncepts that allcw a fast and reliable computation of the
.BCTey parameturs, for finitely-separated pnsitinns. Infinitesigally—
aeparated énsitinna are digcussed in an ;ccom;anying ﬁnper. Given the
reduced number of aﬁeratians involved, this algorithm can be applied
to the real-rime nomﬁﬁtatinn of the mpaid .parameters, as required in

robotics applicatious., The procedure, however, is based vpon an exact



@

knowledge of the coordinates of three nencollinear points in two dig-
tinct configurations of the rigid body which they belog te. In prac-
tire, such coprdinates are known only uﬁ te random measurement eTrIOTE.
Thus, filtering off of these crrors requires either raking measurements
of over three pointa of the rigid body or ﬁnrfnrm redundant computationa,
ag outliped in the paﬁer. The princiﬁlea presented here, nevertheless,
can be apélied even if fhe computatipns ﬁra based upon measurements of
over Lhree ﬁainta. Thie guhject. however, is not discussed here, but

¢nly proposed for further research,

"Descriptinn'af'Ehe‘algﬂrithm

The motion sssociated with two fininly—seﬁarated ﬁouitinns of a
rigid body is fully described by the following [2,pp 85-119} : a) the
axis of the screw, given by the three coordinates of uné of its points
{ﬁreferably the one lying closest to the origin) and three direction |
cosines, b) the sliding of the screw along its axis, and c) the1angle
of rotatien about the sxis of the serew, auﬁﬁlied with sign, given a
fuaitive direction defined on the axia. The set of scalar screw parame
ters of the rigid-body motion is, thus, the following: the three compo

nenta of a vector r,, locating point Ru of the screw axis L, that lies

o'
the closest to the erigin; the three components of a unit vectu£ e,
paralel to L and defining the positive direction along Ls t?n_scalarn.

u and §, represcnting the sliding along and the rotatrien qbuuL L. This
giveﬁ B scalar camﬁuﬁents, which are subject to the following two gcalar

. |
. ronstreints: .



e =1 (1a)
rze = 0 (1b)

the guperseript {T} standing fnr-tranupns'itiﬂn. Thus, the number of in
dependent eerew parameters is six., The cotputation is based upon that
of the orthogonal matrix defining the rotation involved. The latter is
based, in turn, upon the camputation of the principal directions of the
second-moment tensor of1tha three pointe, about their centroid. This in
equivalent to the moment of inertia of a zigid eystem composed of three

unit-mass particles,. - Let

E{be the position vector aof the th peint, nn§

c, that of their centroid. Hence, ¢ 18 given by

‘e m

3
B Py (2)

whereas its pecond-moment tensor with respect to its centroid, by [9,pp

393-337 ]

. 3 .

. 2‘ ..T r .
I= I]: { ﬂ"{-. [ - ﬂi p_-{: ) . - . (3'&'}
with .

pp SR - g (3b)

The second-rank tensor I is invarient, symmetric and positive defi
n?te. The last two proﬁertiea are obvious from definicion (3a). -Inqi
riance, on ite behalf, means that, under a change of coordinares the
three proper values of I do not change,. its proper vectors both-in the
nrlglnal configuration, {e » By, @ } and those in the new oue, {fl’ g

3} being related by

foQe; ' (4)

where Q is the matrix associated with the rotation involved, Tha forego
ing ie illustrated in Fig 1. Moreover, if A denotes the 3 x 3 matrix

containing the components of I in the original configuration, whereas
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Fig 1 - Proper vectors of the gacond-mpoment tensor of a three—poin

rigid asysten
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B, those in the pew one, then

B=QAQ (5)

Clearly, all patrices appearing in (5} should be expressed in the
dape coordinate frame. How, if the three given ﬁuints are noncollinear,
it is a simple martar to verify that tensor I, and hence either matrix
A or B, is nonsingular, The aforementioned matrix ¢ is, of course, prop

er orthoponal.
The algorithm described nexc requires the computation of the three

proper values and vectors of tensor I. ﬁlthnugﬁ this computation leads,
_in general, to the solution of a nonlinear %rnblem which has to be wsol
ved iteratively, for the preblem at hand a direct solution ie possible,
as shown next. Purthermore, ounce the foregoing cigenvalue problem has
been solved, tensor I iilexprgssed vith resﬁect to its prnﬁer vectors,

indentified in what follow with the two orthonermal tripleta {ef, eg, &3}

fnd {f], f!' fi}' of eq (4). Fiven these two triplects, the cuméutatiau

of Q is a siwple matter. The procedure to compute the three proper valueg

and vectora of Q directly(aa npﬁnaed to iteracively} is, thus, fundamentel

to this algorithm, for which reason the said ﬁrncedure ig deacribed ‘firsc,
Let all ccordinates be given with respect to a Aefersnce frame, hence

forth referred to as X, Y, Z. Hnranvér, let A and B be the matrices

refreaenting I with resﬁe:t tc the reference frame in the original and

the new configuration of the rigid body, respectively. Since tensor I

ig assoc1ated with a plunE body, the one defined by the three given points,

two of its proper vectors lie in the plane of the body, the remaining

one being perpendlcular to thia plnne, as ahuwn in elementary mathematics

and mechanica texts. Furthermore, the proper value associated with the

third vertor, IS' equals t1:;e Bum of the-;r:lrr::;-:ner values, II end Ié' a8sg

ciated with the first twe proper vectors. Thus,

13 ™ 11‘ + IE ) (&)
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Next Lhe firat two invariants of I, tr { 1) and tr (I%), also
called the two firat momends of 1 [20, p 67 are expressed both in terwus
of the proper values of I, and in terms of matrix'A, and then equatéd,

which leads to the follewing system of equations for II and Iﬁt

2 11 + IE]. e rr A _ . {Ta)

I3+ 1+ (I + )7 « or A2 (71)
wlcth a similar set of equations for matrix B which, if no roundoff noy
measuyrement Errors were prisent, unuid be identicnll If thease are
present, then both sets can be used ro filter the said errors. Since
(7a & b) reéreaent a system of two iundependent equations for two unknowns,

*

I; and 1y, chey suffice to compute these:

Elimination of IE between eqs {(7a & b) ﬁraduces the following qua~
dratic aquation for I]:
41 ?u 2 {crA} It {te?2 A - 2 tr A2 ) = 0 (8)

-whence

*oerA ot /Eﬁ_;:r A3 tre A
Iy :

Apsuming that the three érnper values of I are ordered such that

I« Ip<ly - . (9

then

I. - trA" = v8tr A - "3tr? A . {10a)
! g -

From eq (7a) it is readily realized that the second root of eq

_(B} equalsg 12, i, e,



s 2 2 :
12= tr A + B&tr A= Yrt A (10b)
and hence :
1= % tr A ‘ (10¢)

In order to compute the proper vectors of I, two possibilities
era considered, namely either II < I2 ar

I'- 12 {noturally, tu-machiﬁe pre:isiunj:

‘In the first case, the null space of A - L1, for £ * 1, 2, 3,
1 equals the 3 x 3 identicy matrix, is of éimensinn !. Thus, any vector
f the said space can be normalized to produce @ the problem thua
reducing to the determination of this space. This is most efficiently
done with the aid of Householder reflections [11, #p 111 - 113}. -which
peduce matrix A to a row echelon.form. That ias to say, if H isthe

product of the three invelved reflections, then

a
H@-1h=1 (11a)
T
4y
T
with _EE
ap = [897: 859, alﬁlT ’ o (11hb)
- T
ag = [0, ag), g9 , (11c)
ag = 10, 0, 0] (114)
Hence,

PR L . (11e)
SRR =1 S



In practice the forepoing computations need be executed only for
two pfuper vectars, the remaining one being computed simply &8 the cross

product of the two previcusly computed gdes.

Now, if II - Ié, this means chat the three-ﬁarticle figid aygtem
has a c¢ylindrically aymmetric inertia Lengor. Since each ﬁarticle has
been amsumed of unic mass, this can onlylhaﬁpen if the three particles
are located at the verticen of an equilafqrai triangle, Hence, any
vector lying in the plane defined by the three ﬁbinta is a proper vector
of T. Thie meane that ey and €, cau be chosen arbitrarily within that
plane, though mutually nrthnéonal. In orﬁer to uniquely define these
vectors, &; can be chogen, for instgnce, 88 -

it S R 6 €15

—

ST
Since ey is uniquely defined perpenﬁicular to tﬁg.plane cf the
given pointe, EE can be readily computed as
By €3 X B’ . ' {12b)
" Notice that symmetry ia not destrﬁyedxhy the fact of defining
arbitrarily vectar c, aa aﬁﬁearing inkeq (12&}; for the inertia tensor
icself is cylindrically eymmetrie, as said previously.

The set Ei]? should be computed correspondingly, i.e. for the

case ll < 12 < 13, fi sheuld correspond to 1£; for the second case,

hy = 12, if ey . and e, are computed as.given.by egs: (12 a &b), .then

£, p} - e’
f-'_‘._..._.._

TR

{13a)
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Pi (= 7,2,3) and ¢' being the position vecters of the given paints
and Lheir centruid, respectively, in the new configuratien,

The cntries of matrix Q, 9 (£, § = 1,2,3}, representing the -
rotation in the {Ei}? bagig, are now ﬁumputed by simply recalling
the definition of the matrix representation of a linear traomformation

£12, p 65). Thus, if both feiJ ?and fﬁi}? are given in reference-

frame coprdinates, then

T
poom g .

The rotation expressed in reference-frame coordinates, referred
to as matrix QR,_iu cbtained as
Qp = EQE ' (14b)
with :
E = [ﬁ]: eyl eg] {14c)
Parametors e, in reference-frame coordinates, and 8 can now be

ohtained as
e sin 8 = wvect {QR], cosfl --%-.tr (@) -1 (15a)

Now, denoting by q; the 4-th component of vect (Q}, the foregoing

invariants are given by

"4k i, et (@) = a; (15b)

o

fa
[

ral

and g0
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'  The index convention has been used in eq (15b), € ik being the
allernaling fensoh commonly used in tensor analysis. The remsining screw
pﬁrnm&ters are now computed: Line L is defined here by the position
vector r, of one of its points, Eﬂ , vhose digtance to the origin {of the

reference frame previously introduced) is a minimum, and by vector e,

giving its direction [2, pp 85-119) . Vector v, can be computed, in

0
turn, using either a closed-form expreasion or the minimum-norm solution
to en underdétermined’ linear alpgebraic ayatem. In the first case, the

formula 15 [2,p 91] ¢

0

T = %-cné g-ex fp; - Py ) --% e X e'x {pj + p:] (18)
with gimilar expiessians for vectars ff; bz', 53 and Ps'. The three
resulting formulae are, of course, redundant and, if no measurement nor
roundoff{ errors were preasnt, all three woyld yield cne and the sape
vector To Since such errﬁra are alway; ﬁresent, the gaid three formulae
do in fact ﬁruduce slightly different results, The involwved €TIoT can be
filtered by taking the mean of the three computed values. Alternatively,
vector t, can be computed as the solution of allinear algebraic syetem.
Indeed, any point K, of ﬁoaitinn vector r, lying on L satisfies the
following equation (2, p B9]:

@=1) T @-1)r= (-7 @, - 1) an
which is valid for £ = I, 2, 3. Rone uf'the three equtions (17) can be
uﬂlv;d for r, however, for matrix.Q = 1, and heance {Q—I}T(Q -1}, ie

sigéular. In fact, were this matrix nonsingular, then 8q(17) would define

not a set of points R of L, but one éingle point. Eq (17) can now be
]



@)

expressed in a8 more compact form as
Ar=25b ) {18a}
. ) . .T s . .
AT(Q-1)7(Q-1), b= (@17 (Qps B2 (18b)
The peint of L whode distance to the origin is a miniom is now

oaslved g fhe fellowing minimization problem

Hiﬂ %-lk r }{?, subject to eq (l8a) o9y

« ot Thee = lution én problem {19) is well knowm aﬁd can be given in
closed form if constraint (18a) is eiﬁréssed through its two linearly
independent equations .

- Ar = b! ' | (20)

with A' being s full-rank 2 x 3 matrix. Matrix A’ can be readily ob-

taipned from {18a) .if it is taken iptu a tow echelon form, asm discussed
before, wia louseholder reflections, Thia ﬁnuld imﬁly a ;orreuponding
transformation of vector b of eq (18ai; for which reason, the right-
hand side of eq (20) is changed to b'. -
ceea Benggnoblom (193 should be reﬁhraaed exchanging eq (18a) for eg

{gp?.. The selution to tﬁia pfnhlem, rp, is ﬁiven in closed form by the

n“ﬂ'ﬂjkﬂihﬁiﬂlﬁlLt.Hirmﬂtrix A', namely aa- -

- . . ]

. LMD

T {.&'}T b! (21a)
NERITSS LR (UL PURITU L St S ' (21b)
Cubpuling (a’* - explicitly, as given by eq (21b), however, is ~

' not recommended, for the matrix in brackets is usually ill-conditioned;



. @
in fact, its condition number is the square of that of patrix A',which
is a numbet larger than 1 lli, p 223 . A safe weans of copputing T,
from eq (20) ig now outlined, as re¢ammzpded by Lawson and Hanaunil&,pp'
74-76]. Ler H be the product of the two Houpehelder reflections reducing
- (AT ]T to row echelon fnm.r Since matrix H.is oerthogonal, Hy = I, and
hence, eq (20) can be rewritten as

A'HTHE = b - (22)
Let

HADT - T, B =y L ‘ (23a)
wicth T defined am 1 g .

+ +

. v 2 .

T= _“.E " Y""'J"'
] Y, i1

+ +

Z {23b}

P2
the 2 x 2 matrix U being upper triangular, Eq (22) can thus be expressed

as

(v' . o) Yy = . (z4a)
) .
Y
2
ar, alternatively, as
qT’: + 0y, = b (24b)

Eq (24b) can be resdily solved for ¥y by forward substitution, for
HT ik iuwnr triangular, Yy being 1eft undefined S0 far. 'chever. ainca
y% is-being multiplied tiwes a zero mgtrix. it can be given any real
value. Since the minimum norm solution te eq {22) is being sought, then



the proper choice of ¥g ig

jl'z = 0 . {25}

Thus, the oinimwm-norm solution to eq (24b}, Y, + 18 Riven as

" h‘ | .-
}!p - - = e
o | , (26)
Vector r, i now copputed simply as
T !
- H (27)

Again, each value of [ produces one cerrespending system of egua-

tions (17}, or, alternatively (18a). All three systems cemr be solved

]

unknown, out of which the mesn wvalue would be the cne containing the

for r , which would produce three mlightly different values for this

minimum error.

It is pointed out here that the foregoing computations, simple as
they are, are sought to be execuéed with the highest efficiency, for
they are mimed at aﬁplicatiuns demanding real;time computationa, while
ke;ping the roundoff err;r low enouph, Finally, the single parameter
that is to be computed is y, the slidiné_nf the srew., This is readily
computed as the projection on L of the diaﬁlacemeut undergone by any of
the three piven points, i, e. as |

T

u" e (P,:_ - P‘L} 23}

which is walid, again, for all three points. Hence, the likeliest u

can be taken as the mean value of those'three, thereby completing rhe

L

e

computation of the parameters sought,
In the foregoing discussion the only source of singularities is

tengor I. In fecr, if the three given points are collinear, then the



orientation of the body about the line defined by the three points is
undefined. Practical applicationa, rather frequent, c¢all for the
deterpination of the position and orientation of a line of & body, and
not of the body itself. Such apﬁlicatinns arigse, for instance, in the
positioning nf axially-symmetric workbiecea or tools. The problem &f .
the decerminacion of the serew ﬁarameters for such a situgtion and others,
referred to anm iﬂcnmﬁletelyusﬁecified'mn;ions, haa been studied in [15],
¥hereas the motion of a rigid line .in two infinitesimally-separatad pos
itions only, has been treated jn [l16],

Apart from the aingular cases mentioned, i11- conditioned problems
ghould be considered, aa well; ?hese ariée whenever the ratio IEIII
.becqmé& very large, as compared to unity., Such a ratio becomes large
when the legs of the triangle defiped by the three different points have
very different lengths. Hence, the more such a triéngle "approaches"
an equilateral cne, the better conditioned is the ﬁrublem. -113- condi
tiu?ed problems may lead to cancellations in the cnmputntjan of Il’ a§
given by eq {lﬂg}. for vhich resson the cnm@utntinn of II and 1, should be
executed in the following order, according to [17,pp20-23): I2 ias first

computed with eg {10b); next I, ia {:umputeld as

tr?s -2er A2 (29)
I, '

I?-

An example is next included, that illustrates the foregoing proce

dure.

”
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Example

Determinzg the acrew parameters of the motion of a rigid bod}rwhnse

original and fipal configuratioms, }eferred to as Cand (', respectively,
are given by the coordinateg of three of, its peinte, }H, l% and P3 in
Qland ﬁ}‘, ﬁ} and Fé‘ in O'. The ﬁasitinn vectors of these éaintu |

are given as:

PI- [11 nn ﬂ] T'I .'. FII - [2| nl —1] T

PE"‘ [l-r 1| u] T- - . PEJ - [ 2: u: u'] T

" - 2 1 '-I]T ' r = [3 1 u T Ll
'Ps [ ¥ ] ¥ P3 ¥ ~ Ly ]

Hence,

edth,2,0T, w307, -t

¢ mnd &' being the #nsitiun vectors of the centroida in and '', re=-
Bpect?ﬁely. Vectora Pir pi s defined as Pi-“pi_ ¢, and pl - bi -c'y.

4i=1, 2, 3, are thus _
' T

= 3 1-2,-2,07) o= 3 [, 1, 2)
pr 310N et (-1, 1,0 T
.n. T L] .
pg FI21,-2 1 pg'= 3 12,7-2, 11 7
HatFicen A and B are thus camﬁutnd as
4§ -1 2 [4 2
Aﬁ%-—lﬁl ,.n-%z-ﬁl

2 1 & BECE PN R Y'Y I v

- Bence,
' trh = 4, tr Az = 20/3



Eqs (10a — ¢) thus yield @

'% =147

L= 1- g 3+ Ig™ 2

Now ez, the unit vector spanning the null space of A- 131, ia

determined. This matrix is

-2 -1 2

o 1 . -

A-1 1= 1 -2 ’
2 1-2

which can be taken to the followinp row echelon form via Householder

reflactions: 1 2 .3
H (A - 1) _-% 0v2 0
¢ 0.0

Thus, letcing

TJ

o= 6,2,-37) ap b0, /2, 017

in eq (1lle}, one readily obtains
e =[0.7071, 0, 0.7071)%"
Similarly,

e, « 10.3251, - 0,888, - 0.3257 |

and

e~ ey x ey = [-0.6280,.- 0.4597, 0.6280)"

S5imilar results are obtained for macrix B as follows:
£« F0.6280, 0,6280, -0,4597] E
£, l0.3251,.-0.3251, -0,8880)"

t

5 la.7071, -0.7071, n.u]T ’
%

Hence, the rotation matrix § is nhta%ned from formula {14) aa

..



-D,1833  -0.6124 0.769
q=|-0.6124 0.6833 0.3980

st =0,3980 0.5000

and
o o -l ,
0 1 ]
Thusa,

i.a
- o )
e --ﬁg[ -1, 1, 1], @ =4 x/3
.--Eq.{17).4is now written for £ = 1, which yields eq (18a) with
rZ 1 3
Am 2 -1 b=
1-1 2 1
.. -Bwnrholder reflections aéﬁlied to 4 and b yield
-/6 -/a/2  -B12| - [-3/872
ﬁ' - IIP|= -
e @ -WE2 W ~/2/2
e Hesee, - the minimum-norm eolution of eq (24a) is
' e vz T
_ FERE A S S 1
_:mm'[_.-m, o o “, 2 l]T 1 v
. to 33

Finally,



1l .
T .. 5 ol -_ 2 /3 (EE)

umneg (P] - P]} = E‘['ls 1, 1]

thereby cumpleting the golution

Conclusions

An algorithm was presented, that allaﬁs the efficient computatien
of the mcrew parametcrs of the motion undergone by a rigid body berween
two finitely-separated positions. The efficiency of the alporitha refers
to its low number of operationg, as well as to its avoidance of large
roundeff errors and of spurious sinpularitien. Means of avoiding ill
_ conditioning were discussed. Ways of filtering roundoff andfor meas—
TYrement Errors were outliéed, hut not treated in detail, since this
fali'nutside the scope of the paper. The computation of the ascrew pnraﬁetern
for two infinitesimally-separated positions is discussed in an accompanying

paper [l181].
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AINTDMATIC COMFUTATION OF THE SCREW PARAMETERS OF RIGID-RODY MOTIONS.
PART II: INFINITESIMALLY-SEPARATED POSITIONS.

Jorge ﬁn321=51
Abstract

The approcach Introduced in an accompanying paper, simed at the computation
of the screw parameters of a rigid-body metion defined by two finitely~
separatod positions, 1is now applied to that defined by two infinitesimally-
BEP;ratEd positions. Given the economy of computation of thie algorithm,
it ghould allow the real-time computation of the acrew parameterg undar
atudy. The alpeorithm assumes perfect knowledge of the position and the

" velacity of three noncollinear points of the body.

1
Professar, (ASHME Member), DEPFI-UNAM (Universidad Nacional Autdnoma de

México. Apdo. Postal 70-256. C. Universitaria., 04510 México, DP., MEXICO).



‘Introdyction

A novel approach, aim;d at the cnmﬁutatinn of the screw parameters of a
rigid-body motion defined by two finitely-separated positicns, is introduced
in an accompanying paper [1]. Many an application, either im robotice or
in mechanisy design, however, require the computation of the said paramat;rs
when the motion is defined by two not finitely-, but infinitesimally-
separated pogitions. Hnre;ver, sin:e infinicesimally-geparated poesitions
giée rise to linear problems, whereas finitely-separated positions, to
nonlinear ones, the latter are polved frequently by first solving the fareer,

and then performing a time integratiom,

The elgorithm introduced here is based upon that presented in [2], but
‘modifies it in ﬁhe sense of eliminating the rspurious singularity contaioed |
therein. Moreaver, the cumputatinn; are pimplified and the procedure extended |
to the computation of‘nll the independent parnﬁeters of the screw motion under

- gtudy.



Description of the-algoriggg

The motion defined by two infinitesimally;sepgrated positions of a rigid
body is fully deseribed by the following [;. pp 119-148]: a} the axism of
the instantaneous screw, given by the position ﬁector of one of its points
(preferably the one lying the closest én the origin) and three direction
cosines, b) the sliding of the screw along its axis, and c) the rate of
rotation about the axis, supplied with eign, given a positive direction
dafﬁned on the axis. The set of scalar acrew parameters of the rigid body
motion is thus, the fellowing: the three components of a vector tu' locating
point Eo of the screw axis }, whosie distance to the origin is & minimum;:*
the three components of a vector e, parallel to [ and defining the positive
d?rectiun along L: two scalars, u and 6, representing the aliding along and
the rate of rotarion about L. This gives 8 acalar components, which are
subject to: ' "

Iére =1

r a=0
the agperscript {T} standing for transfoaitian. The nunmber of Independent
scalar parameters ia, thus, six. The computation of the foregoing paraneters
has been treated in detail in [3], the algorithm implementing the correspond-
ing procedure becoming lemgthy and complicated. A simplified algoritlm ie
presented in [2] that ia eymmetric in the eense of giving no preference
to any of the three given points. It introduces, however, a. jepurioua

singularity, dependent upon the location of the origin of the coardinate frame.

---fol-



To describe the present algorichm, 1et‘gi (L ; L, 2, 3) be tha positian
vectors of three noacollinear pincs Pi (L =1, 2, 3) of a rigid body, their
?élncities boing denoted by 5£ (L =1, 2, 3). Now the angular velocity « is

computed am follows:

Let c be the centroid of the thres points, v baing ite velocity. These twvo

vectora are clearly given by

-‘L.

1 ’ 1- 7,
=g Een velih 2

‘The velocity of any point of the bOdFICIﬂ be expressed in terms of that of
ooe point A, 5, whose position vector is represented by a, and the anguler
velocity w of the body. If the angular velocity matrix 0 is used 1nutea§ of

vector w, then the foregoing relation, written for each point P and C, is

- Y

p = +ﬂ(pi- a),.i- 1, 2, 3 : {2a)

v -

+ 0(c - a) ‘ : @1

The relation between y and § is

w = vect (2) ‘ {3a)
oT 1 L
1 {3b)
Wi " T2 SiikRky

* where the standard index notation is being used, Eijk being the alternating

temsor. Subtraction aof ag (2b) from eq (2a) yields

P;=v ™ ﬂfpi -e), d=1,2, 3 : | {4)

otl!lii

1



Following the approach intreduced in [2], matrices P and P are next

défined as

-

J.":i-..‘.é.‘E.%{I.ﬁ-:v.:'l ;12 - \FE '5‘3 - ] » P -[Pl - CE PE - C-E ps - GJ{E)

All phree relations {4} can thus be expfeﬁsed as
Feap : ' (6)
wﬁiéﬁuis an équatinn not depending upon éhe location of the originm, Thus,

L the alenrithm is not sffected if two of the threa gigen points turn to be ‘
collinear with the originaThe algorithm,. moreoverndoes not depend vpon the

regularity of matrix P; indeed, this matrix, as given by definitions (5),

iz identically singular, but this is no drawback, as shown next.

quing the vector of both sidea of eg (6) producea[j&]_:

1
5-{1 trP - Plu = vect(P) (7}
which can be solved for w provided matrix M = 1 e¢r P — P is invertible. If

this is the case, then

we2 (1trP -P) L veer (B) (8)

“mRtTIN ‘h becoming eingulav only if P becomes a-rank-one matrix which, in furm,

:iﬁpli:ﬁ.that tﬁe three given poiats are collinear. This fact is nuppurécd by
" rhe ¥oliuvwing

Theorem V. The trace of mattix P, as defined in eq (5), is identically differ-

- .t from xero.
- Proodt:
With no lose of generality, axes X~Y-Z are assumed to be orientated mo that 2

Iia parpéndicular to the plane defined by the three given points. Furthermqre,.

Y S

w i



the origin is placed at €, wvhereas X is oriencated parallal to line PJPI' 8o

that Xy ¥ 0. Hence, Y1 ™ ¥3 < 0, yg = —Zy]. > 0, the corresponding layout appear-

ing in Fig 1

Fig 1 X-Y plene containing the three given peints

L)

N’
Matrix F i=a th}/s; given by ) '

Henc:,

trP-xl—-Eyl

whigy, under the foregoing assumptions, 1s the sum of twa positiye Teal numbers,

and ience, never vanishes, 4. e. d.

Theciem 2. Mateix 1 ¢xP - P, with P defined as in eq(5), is singular if, and

only if the three given points P, (L =1,2, 3) are collinear.
Prosf: ) i
;:!n.y necessity will be proved, for sufficiency can be proved by inverting the

n.cessity proof given. Te thie end, let 3 and M be the proper valuea of P



and M = 1 tr P = P, respectively. Given the definition of M, thesa values

are related by
ug = tr P-T, i=1,2,3 | ' (%)
Huwevéﬁ, the three columns of matrix P represent the components of three

coplanar vectors, hence P ig singular. Thus, at least one proper value of g

venishes., Let Ny = 0. Hence,
H

REETEE o (10a)

anld I ) . * ) . B _ .

Wj =T P -7, U mtx b - Ty, Mg ® LT P {10b) -

Therefora, the determinant of M, ‘det{M), is given by

det (M) = Wy Mg ug = ", Ty tr P ] (11)

Hhere relatione {l0a & b}'have been taken into account. From eq(1l} and

Theorem 1, it is clear that det(M} vanishes only if at least ;na of T and

Yy does. However, both of them camnot vanish simultaneously, for this would
laply ?I! Py= PS' The vanishing of, say. s, , impliea that matrix P has two
vahinhing praper values.-i: e. that it is a raok-one matrix. This implies, in
turn, that the three column vectors of F are bnrallel to one single vacter, 1. e

that the three points are collinear, thereby completing the proof.

Now, if the three pointa are given along the edges of a right-angled

trihedron, so that their distances to the apex are identical, and vector ¢

ia defined now not as the centroid, but ae the poeition vector of che apex,

£heﬁ s proper normalization renders matrix P orthogonal. In this case, natr?x

1 trx f - P can be inverted explicitly as [4]:

oy

CLE P



Ger-mt =—21-—{P tr P+ PD) (12)

tr P-l
In this case, matrix 1 tr P - P turns to be aingular if, and only if, P
represent 6 a rotation of the trihedron, with respect to the given rafereﬁéa
frame, of an.angle of rotation 8 = w/2, w or 3s/2. This singularity can be

readily removed by introducing a redefinition of the Cartesian axes attached

to the reference frame, as discussed in [4]).

In general, however, snd particularly if ¢ is defined as in eq (1), matrix
P is not orthegonal. The computation of © can be executed safely if oatrix |
1 tr P - P is not only nonsingular, but also well conditioned., Il1 conditioning
of this matrix arises anly-when the three given points, though not collinear,
are close to it. A measure of the clopeness to collinearity can be given, thus,

by the inverse of the condition number {5] of this matrix. Most linear~equation

Bolvers supply the user with a good estimate of the said number,

The remaining parameters are now computed. Given w, it is a ‘simple matter
to construct . Symbolically they are related by
ft=1xuw : {13)

where x denotes the standard cross product, in dyadic notation.

How, vector r  defining the pogition of point Ru on the instantaneous screw
axis, whose distance to the origin is a minimum, can be computed in two
altemate ways, one resorting to an explicit formula, the second one, via a

minimization problem. Both approaches are now discussed.

vasfans



The formola giving r, is [3, p 129]:

1
ranp“:-l-—w—z— mxpi—{m.pl_-']m B (Lﬁ'}

which 75 valid for £ =1, 2, 3. If no roundoff nor measurcment errors were
present, formula (14), as applied to all three points, would yicld cne and
the same value for Yo Io practice, this 13 not the case; thus the said ervors
can be filtercd if the Eurm;la is applied to the three piven paicts, then
defining T, as the mean value of the three distinct values thus obtaigpad.

Alcernatively, r_ can be computed wia the following optimization problea

)
[3, pp 126-129]:
Min e ox - . (158)
subject to
ﬂ[pi +(r ~p)) "0 . {158}

Matrix § being 3 x 3 and akew—symm;tric, is singular; hence r cannot be '
Bnlveg for from eq {15b). In fact, if r could be sclved for Erﬁu that equation,
then the said equation would produce one single value of r, not a set, that
defining the screw axis., Eq (15b) contains exactly ? linearly independent
equaticns, for rank (ff) = Z. These can be resdily extracted from eqg (15b) -
if Householder reflections are applied.to both sides of eq (15b), as discussed
in [1]. This would yieid: )

A =b : ' | (16a)

svedans



witin _
F = —
331" By 83 b,
ae|o ay oay, bl b,
0 0 0 0

10

Eq (16a) vepresents then an underdetermined linear algebraic system

posseasing infinitely many solutions, its minimum- {Euclidean} norm

solution being given by the generalized inverse of tha upper 7 x 3

pubsatrix of A, referred to as A - inalogausly. let by be the upper

2-dimensional subvector of b. Thus,

A+ b
-
rﬂ [F I
with
U
TR T,.-1
&u = ﬂu (Auﬁu]

(17a)

(17t}

Given the frequent i1l conditioning of matrix AuﬂE! it is not recommended

to invert this matrix explicitly. In fact, r, can be more efficiently

computed resorting again to Househclder reflections, as diacussed in [1].

This would produce ¢

g
reflections rendering Ai upper triangular. Then
+ 2 .
0
2
HAL =T = |-
L
0 1

U being upper triangular. Vector ¥y, is computed from

oy 1
- -_E 2 UT -I h
Yo : » ¥y u
0 1

i

from which the ?-dimensional vector y, <an be reagily

4T js lower triangular. Then

T *
r, H Yo

a3 follows: let H be the product of Householder

{1Br)

(18b)

computed, since

{18c)

ek
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Pi and Ei (< =+, 2,3 would produce one pair {ﬁ; f},
."-

Glearly, each value of
to form then three different minimization problems {15a & b). Again, iF no
roundoff nor measurement errors were prepent, then all three problems would
ptoduce one and the same value Lyt Since such errors are always preseat,.

the likeliest value of r_can be chosen as the mean value of the three

o

values thus obtained.

Having determined w, e and B can be reaﬁily computed from

=a b . . (19
with e defined as a unit vector. Thus, only parnmetér L need be computed,
_Thia is done simply by projecting any of 5i {4=1, 2,3) on e, thus
obtzining

u = eTﬁi N {20)
which would again produce three ﬂligﬂtly dif ferent values, out of which

the likeliest would be their mean value.

Exaggle

Given.the three position vectors p, of poincs EE’ as well as their |
corresponding velocities, ﬂi,.for L =12, 3, all vectors referred to the
gme ccordinate frame xrf—z, and shown next, detemnine the parameters

defining the instantaneous screw of the corresponding motion,
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. ' T

B~ [, L 72 g =7, -5 1)
T . T

PE - f."l ?l 14 ] » PE -[' stt 4, 'ﬁ']
pg = [7, 10, 107, $, =« [, -z &I

The vectors given above ara taken from Example 1 of [2] for comparieon

purposes, They define in fact the positions and the velocities of three
pointa of a rigid body. Indeed, the following compatibility condition holds
‘for the said vectors: |
G2 (o -pp =0, 4l 2,3 fal,2,3 jid
Now ¢ and v are computed as given in eq (1):

e= (4,6, 6, ve[t,-1,37

_Hatrices P and ﬁ, defined in eq {5), are given next:

I- 3 0 5] i & -6 D-

P = ‘ -5 1 4, Bei=4 5 -1
I -5 4 -2 . | I
| d REEEIEY
Hence, _ _ - T
5 0 -3 18 =15 3
(Qere-Py =| 5 1 =4 | (ttee-p)"" -ﬁ 4 -13 S
N 3 S T B 26 -125 5

vcct{i} - tl, f, l]TI

R .
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Substicution of the foregoing matrices and vectors in eq {(B) produces

" . . 1o it

welt, 1,170
thus obtaining the same valve of w as that reported in [2]. The remaining

parzmetere are now obtained, To this end, matrix G is now computed. From -

eq (13},
o -1 i
L O o -1

|-, @ 1_J

Now eq (15b) is expressed, for 4 -.l, as
-2 1 1_'| l'x_\ |_n'\

1 -2 1 ¥ 0

1 1 -2 z .| |0
x, y and zlbaing the components Of vector v of that equation, as yet
tP be determined. This ia done as the solution to probtlem (15a & b},
which is readily obtained by applicatiun.nf H&useholder teflections to
both sides of the last equation, te render it into row echelon form.
Letting H and A be the product of the two reflections required for the.
aforementioned traneformation, and the matrix of the system involved, one
has - . ) ; 1‘E

2a -a =g

HA - o 5 - o =

i o o o]

Hence, eq {(15b} represents the null space of matrix HA given above. ﬁng
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vector ¢ of that space has clearly the following components:

r=lelily 1, 11" - '
il z |l representing its magnitude. Hence the minimum-norm vector L
solving problem (15a & b) is simply
r, ~[o, 0 0]°
for the axis of the instantanecsus screw, given by vector r, as found
above, pauseﬁ through the origin.

Parameters 8 gnd e are readily obtained from vector w, am

Salloli=3 e=2eB [y 0,110

] 3
Finally, parameter u is found simply as the projection of any of ﬁ
on a. For instance, for < = 1T,
{l-eTp'i-u
and hence the motian is a pure rotation about the origin. The following

remarks are now in order:

a) This problem turned to be vary simple to solve, given that it reduced,
in the last stage of computing t, ko findiné the null space of a rank-2
? x 3 matrix., In the peneral case, it would.have given rise to an under-
decernined -linear system of 7 eguations in 3 unknowns, whose miﬁimum-nnrm'

golution would have been decermined as ouclined in [1].

-} Thé solution reported in [2] did not make evident that the maotion

of this example is a pure rotation about’the origim.

N ' .-.’tsa



Conclusions anc

}, method was presented that allows the automatic computation of the screw
perameters of & motion defined by rtwo infinitesimally-separated ﬁﬂsitiunh..
This method is simpler than previously reported ones, mak@ng use of a smaller
nuzber of npératinna. The latter feature can allow the real-time cumputnéinp
of the said parameters, whieﬁ is essentially necessary in yobotics applications,
The mefhnd does not depend on the location of the origin of the coordinate
reference frhme; but its erientatiom can produce a «spurious singularity,

that can be readily removed. Furthermore, it gives no preference to any of * -

- -

the three given pointa. It fails only if the three given points are collinear,
but in this cage no method can provide the parameters sought, for they aée
undetarmined: A posaible ;ource of numerical instability is contained uniy

in watrix 1 Er P - P, this matrix becoming ill conditiomed as the threa

given points approach ceollinearity, HEncé. thia matrix is better conditioned,

the more triangle P'PEP3 approaches an.. equilateral triangle.
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MODELIZACION DE CADENAS CINEMATICAS CON PARES DE ROTACION Y PRISHATICOS

A&, ROJAS S,
J. ANGELES A,

Facultad de Ingenierfa, UNAM,

México,D.F.

Abstract

A model of kinematic chains with pr%xmatic and revolute pairs s presented.
The model is based upon an algorithm using invariance concepts and soives the
arising kinematic equations via the method of Newton-Raphson. The aplication
is illustrated with a fully solved example, namely the amalysis of & spatiai

RSRC )inkage

Resumen

S5e presenta un modelo de cadenas cinemiticas con pares de rotacion y
prismiticos. E] modelo estd basado en un algoritmo que emplea conceptos de
inveriancia y resuelve las ecuaciones cinemdticas resultantes mediante el
método de Newton-Raphson. La aplicacifn se jlustra con un ejemplsc que con-

siste en el 2nflisis de un mecanismo espacial RSRC.

Introduccidn

£1 problema cinemdtico inverso consiste en determinar los &ngulos o los

desplazamientos en una cadens cinemitica compuesta por n eslabones acoplados



mediante pares inferiores, suponiende conocidas las historias de posicitn,
veTuciqad ¥ qceTerqciﬁn Qé ynn.de los eslabones. Esta cadena puede ser gbier
ta {manipu]aanesl o cerrada (mecanismos). Dada la importancia que tienen
actuztmente los manipuladores industriales y la complejidad del problema
inverso, numerosos investigadores han propuesto diferentes soluciones, prin-
cipalmente en forma cerrada, para casos particulares simples, empleandc matri-
ces de 4x4 que contienen rotacidn y desplazamiento simultineamente [1,2,3],

0 bien reduciendo las ecuaciones cinemdticas involucradas a un polinomio en
una incdgnita. Este aparece expresado como un determinante de una matriz de
12x12 con e1emént05 de 42 grado en la tangente de Ta mitad del 4ngulo de en-
trada [4]), o bien de una de 16x16 con elementos de 22 grado en el mismo argu-
mento [5,6]. Alizade y Duffy [7] proponen 1a relacidn entre los datos y lag
inéﬁgnitas a través de un conjunt& de 30 ecuaciones, algunas de eilas depen-
dientes de la topologia, las cuales no son de ficil aplicacién para el cdiculo
de velocidad y aceleracidn. Whitney [8] orienta su trabajc hacia la selucidn
del problema inverso aplicando cambios diferenciales en la pesicifn, con lo
gue se obtiene el jacobiano gue relaciona los cambigs en posicidn y orienta-

¢10n dados, cum% variables dependientes, con las variables de los pares con-
siderados indep;ndientes. calculdndose ficilmente $6lo la velocidad. Un méte
do para calcular la aceleracién en cada par.conocidas la posicidn y 2 velocidad
en cada und de Estos, asf como el momento o fﬁ fuerza de entrada, ha sido pro
puesto por Walker y Orin [9]. En este trabajo se presenta un modelo genera)
aplicable en tiempo real a manipuladores con 7 eslabones con arqguitecturd ar-
bitraria, conocienda las historias de posicién, velocidad y aceleracion del
droano tEﬁminal'[ﬂT} del manipulador. £1 modelo es una generalizacidn del

'

expuesto con anterioridad [10,11], el cual no tiene 1a flexibilidad de susti-

tuir un par prismdtico por uno de rotacién. €1 presente modelo es aplicable



r
4

a cadenas con seis pares de rutgciﬁn o bien a una combinacién de cinco pares
de rotacién y un prismitico, el cual puede estar ubicado en una posicidn
arbitraria ca;.rESpectu a los de rotacibn. Esta dltima topologia se emcuen
tra en una gr;n cantidad de manipuladores, tales como el brazo stanford (USA}
[1], e! ¥WR30 (RFA)., el ACMA Cribier H-80 (Francia) y el Komatsu RCA70 (Japdn)
[12]. |

pescripecién del algoritmo generalizado

De acverdo con el método ¥ la notacidn de Denavit y Hartenberg [13]. que
se¢ resume en la Fig 1, los n eslabones de una cadenz cinemdtica se naumeran
ordenadamente de 1 a n y al .i? esiabfn se fij2z el sistema coordenado Kee Yoo

Ii cOmo sigue:

zi se¢ dirige a 10 largo del eje del par i , que une los eslabones i e i+l,

si e5 de rotacidn, o alineade con 12 traslacifn del par ¢ cuando 8ste

es prismdtico.

X, se define scbre la perpendicular comdn a Z; ; y I, dirigida de Z, , a Z;.

Yi "completa el sistema coordenado dextrigiro del i2 eslabdn.

La posicidn relativa de dos eslabones adyacentes estd completamente definida

par 105 siguientes pardmetros:

a., distancia gntre los ejes 2i Y Ii+1

a., snguio entre Ii ¥ Ii+l' medido eﬁ 12 direccidn positiva de Ii+1.

,constante cuando el par es de rotacidn.

b., coordenada entre o3 ejes Ii y X

i’ i+]
B5» dngulo entre l10s ejes Ii @ x1+1 medido en la direccifn positiva de Ii,

constante cuando el par es prismitico,

Sean
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[Qi i+1]1 ¥ [ai i+1]i' abreviadas como Q. y 2., respectivamente, representan

una matriz ortogonal referida a Jos ejes Ii' Yi, Ei‘ que gira Bstos 3 una

posicidn coincidente ¢on los correspondientes X. ¥ z

i1 ¥ un vector

i+]" Titl!

que une 1os urfgenes ﬂi y 0 dirigido del primero al segundo y referido

i+1°’
a los ejes del ¥ eslabbn, respectivamente,

Las condiciones de cerradura en orientacibn y desplazamiente son:

G0+ QeQe= Q {3)
{aljl f £az]1 LRI [36]1 = r . id]

que constituyen un sistema de 12 ecuaciones escalares en 6 inclgnitas, siendo
independiehtes sflo 6 de ellas, Llas cantidades conocidas son Q y r, que re-

)
presentan €] giro necesario para sobreponer los ejes X Tl, Il con X5, T?,

1!
¥ , .
2,y g) vector gque une el origen del sistema inercial con un punto R del 07,

Al obtener el vector axial [14]) de Q se tiene:
vect [Q) = ¢ sen ¢ (5)

§



k

donde e es e) vector caracteristico real de 0 asociado con el valor caracte-

ristico +1 y $ » ] dngulo de rotacitn. Al combinar (3) y (5) se tiene:
N ! : )
vect {qi uz..u qﬁj = g SEN § (6}

]
Las ecuaciones (4) y (6) constituyen un sistema algebraico no lineal de
sexto orden de 1a forma:
f (e
f{a) = - » D {7)
f (8]
'
donde g = [51; Eé' . HE]T representa cince valores diferentes asociados
con pares de rotacidn y uno que puede estar asociado com un par prismético,

o bien, con otro par de rotacidn; ademds:

J

fele) % 2 vectllly )y [, 3 +-[Gg 7)) -2 sem ¢ = 0 (8a)
foled = lay ol # 3y 5)y # o # fag 5]y - U]y 2 0 (8b)

ta solucitn de {7) se obtiene aplicando el método de Newton-Raphson, que

COnverge cuadféticamente con valores proximos a la solucidn (15]. E1 esquema

i
iterativo de Newton-Raphson es el siguiente:

okt - Bk + 86" {9a}

donde .ﬂek es' 12 solucibn del sistema

J{ak} aB = - f{ak} (9b)

re =r

R k
¥ J{Ek} es la. matriz jacobiana evaluada en 6= 0 del sistema (9b}, que se



i
i

calcula a partir de:

af {e)/3
J{a) = |- (10)
af (8] /30
Cuando 6 estd asociado a un par de rotacifn se tiene:
T—af"{m ( ) (112)
=It'|"'F'P qq -ttq_ e Ila
B, Arabi B Ot
siendo
Py 20y 10,505 -0 [0 76 (11b)
ei:'vectnr unitarie paralelo ai eje z,
I : matriz identidad
af (8) ail 9x,
— = * = 0.0, --. 0, _,(e. x x,) (11c)
aﬁi aéi aai 172 1-1'73 1

xi'se calcula aplicando el algoritmo de Harner [15] para evaluvacién de poli-

nomins, eston 85, COmo:

xg = Lag 71
{11d)

T B el P [0 D Xy KR 50403020

Cuznds el par es prismitico, b; es una traslacifn {ver Fig 1} ¥ se emplea:

Hfr(E]

Bﬁi

= { {12a)




af {6)
*;,ﬁ‘ = QIQZ SRR {12b)

La velocidad se calcula a partir a Jas siguientes expresiones:

ax

‘gﬁl 6 = (13a)
vect{F‘FT],T w {13b)

siendo v 1a velocidad lineal del punto P del OT en el sistema 1 y w, la
velocidad angular vectorial del OT. Después de algunas manipulaciones, las

ecuacicnes (13} quedan como [11i]:

J(@) 8 = ' (10)

donde

. w
r= [] ¥y w'={ItrP-P)uw {15)
R

valida sin modificaciones para pares de rotacidén o prismiticos.

L2 aceleracidn se cbtiene a partir de:
1

" ' - - . " .
o = o vect {PPT)=3—?E+%5”—'-_‘-" 5 (16a)
96 ae
" 37k
- a T .
= 5;;7 B+ i ] (1Eb)
an?

Se requijeren ahora las siguientes expresiones cuando se tiene un par de

‘rotacitn .

T

E'U BUJ = [E ] IIEjJI i= 1. ceas B [l?ﬂ}



+

ale - X,
—— = [e.7, X ——— (17b)
2,08,  Sil1 % 55,
Cuando se tiene un par prismitico en la i? posicidn se tiene
i
320 ‘
— = (18z)
3!?:1 ' o
99,36 = [e]; * [ej) 1<] {18b)
Despues de algunas simplificaciones {11], se tiene:
)
Jo)g=r . (19)
donde
—
. . 20
. (I tr P-P) [w - %ET H—Mé]] (20)
r o= a!x 3‘52
. oT l -
v-08 —9
3e?

E3 méae1u cinemdtico aqui propuesto estd formado por las ecs (Ba y b),
{14} y (19), que proporcionan los valores de las variables asociadas con
Tos pares cinemdticos de la cadena, asi como sus dos primeras derivadas.
Las ecuacicnes dichas se realizaron en un prugrama-de computadora que es

aplicable indistintamente a cadenas cinemiticas provistas de seis pares de

rotacifin o bien de 5 pares de rotacién y uno prismitico.

' Ejemplo
Se desea simular el mecanismo mostrado en la Fig 2, que es del tipo RSRC.
El punto U? permanece fijo, cambiando de orientacién a razfn constante de
1 rad/s. En la Fig 3 se muestran los sistemas coordenados involucrados,
asi como la sustitucibn del par esférico por tres pares de rotacidn con los

ejes cencurrentes en el centro del esférico, en tanto que el par ¢ilindrico,



por un par de rotacidn y otro.prismitico. Para este mecanisme particular
se gbtiene ficilmente una expresidn que relaciona el giro ¢ con el despla

zamiente S [16] mediante:

s(t) = a sen ¢ + ffb’ -¢? - a? cos? ¢ {21)

no siendo asf para las demds variables
El error obtenido al comparar el valor calculado de s con el dado por la
ec (21), se muestra en Ja Fig 4. Se emplearon 105 siguientes valores gque

aparecen en la Fig 2: a =10, b=3.0yc * 2.0 en unidades de longitud.

Conclusiones

Los resultados se nbtyvierﬂn én una microcomputadora Apple Ile, siendp
580 el nimerc tota) de operaciones requeridas para el cdlculo de g, & y 5
por posicién, en base a una iteracifn en e] método de Newton-Raphson, cuando
todos los pares son de rotacidn, reduciéndose este npimere a 556 el introducir
un par prismitico. E1 algoritmo presentado se puede aplicar por lo tanto al
control de manipuladores como el brazge stanford (1] o al andlisis de mecanis

mos de las mas variadas topologfas, como se mostré con el ejemplo.

!

Jom,
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1
voph L ISLs CHISENTING Ly i WIPULALORES COH ﬂRTfCUL&CIGHES

RELLLDARTLS HACT WD Y20 D MINIMIZACION COLORATICA ® .

Resumean e

‘e disarrolila un prograra de conputadora para la solucién de sis-—

]

' A-,,'_: )
temus de ecuaciones no lineales subdeterminadeos, haclendo uso de minimizacidn

cuadrfiiica. Cono aplicaciones particulares se pres:nta el problema del

ae

anfiliziy cinembtico de nonipuladores con articulaclones redundantes. .
El pragranalgque se presenta puede resclver, asimisme, un problema’

. - -

donde la iuncién objetivo, a minlmizar, no sea de norma cuadrética,

Introduccibn
oebldo o oque en vl estudio de manipula&gre; se puede presentar el caso
de nrticulzclonss redupdintes, es decir , que se tengan grados de lipertad
extra, obtenichdéose un sistopa de ecuaciones subdeterminado es Qecesariqlr
recelver el problema tratarde de extremlzar alguna funcién de los parame-
tres del mecenlsme, en este cuso, se toma la norma cuadrbtica de sus En1:
gulot. Ll programa desarrollado puede aplicarse a cuialquler otre tipo )

e problemas de slstomas de ecuaciones no lineales subdeterminades, extremli-

zando funciones cuadriticas o no cuadriticas,

4

Desurrollo

at

El pioblema consiste en hallar una solucldn particular de un sistema
algebraico noe llneal, de la forma:

. £ix} =0 . .

doade £, 2 v O son vectores de dimensidn my, n y m, respectlvamente,” con

(1)

m € n. Dedo quz el problema es subdetceminade, se diSpone, en general, de,

»

nultiples soluclones, por lo que es necesarlo proponer una funcién nbjctive

v



z = nix) a extrenlzar, siendo z un nfisere real, FPor lo tanto, poderos
Ilaptear ¢l problema como:

min z =-2(%)
.

-y

sujeta a
flx) =Q ' .

Para establecer un métode que resuelva este problema, se recurren o
argunentos geométrices, Cada funcibn fiig} representa una superficie en
un especlo Rn, al que pertenece x. El conjunto de ecuaciones Fepresentadn '
por (1}, es declp: .
f1{x1,x2....,xn} = 0

fzixi,xz.‘..,xn} = 0
"ua . ‘e
fm(xl’xZ""'xn] e Q
define un subconjunte de puntos de r" que satlsfacen simultaneamente las
n ecuaclones no lineales. Asi, pues, esas ecusciocnes definen u;a curva [
e Rn, de grado de libertad n-m, gue represénta la interseccilén de esas
m superficles. .

supﬁngasﬁ que &€ conoce un punto P0 de I én Rn, con vector de pﬁsici&ﬁ
ﬁ?, que zatlsface el sistema (1}.| Je desex ahora determinqr un nuevo pun-
to 91 de T para el cﬁal i; fu%ciéﬁ nhjeéivc tenca un ;alorlmenar qﬁe paré
50. esto ©s, se desea delerminar un vegctor 5; tal gue:

£(x7) =0

y zl;il <& zfgaﬁ
1 t=1 punto no exlste, §° es un minimo local del problema.

Debido a que M es una curva en Rn. no es posible, en general, definirc
un pinto P‘l de I gque estd muy lejodo dejPG. S5e buscars, entonces, un
Fuﬁt: cercano » Pn, linealizands el problems y buscanco un punto ui, da

. u '
vector d¢ posiclén Ei que este contenide en la tangente de P en b, oricen-

L4



todo en 1. direccién opuest:s a ¢z, Como G1 pucde estar tan alejado de P1

como sem, €& necesario dmponzr una condicidn adiclonal, es decir, guo en

1
&y = alcunee su valor minimo a lo lurge de la tangente, Para esto defini-
moEz:
1['1 - 151 - hJ'E'l ” (2]
dondc ﬁgj » - af (3)
- . ' i

siendo ¥ un vector (no necesarlamente unlitario) contenido en la tangante

-

de I | siendo parpendicular a'les m vectores {Ffii y 1= 1,2,.0.,m. Tal-

vector satlsface, entonces, el sigulente .slstema de ecuaciones:

T

(¢ fl}
T

(v fZ}
anae 5-0 ' J% w O {4}

T :
(v£) .

] r—

‘La ecuacldn (4] eatablece Gue £ se encuentra en el espacio de J y de-~

Tine un plano perpendicular a la tongente a P, come se muestra en la fig, 1.
. : K %
Si;JTé es el vector del planc més prbximo a ¥z, entonces

{ « ¥z = JTa C (5)

asf, X sc obtlene como la soluclin de minimos cuadradps da

JTb - Y2 . . (&)
quec es -
, » = 9370 92 , (7

por lo gyue, sustituyendo (7} en (5)

' g = 00T ez (8
y de {3}“ ‘
8%, «{atash)™l - 1192z T
dﬂndeﬂ % se¢ escoge como el valor gue minimiza z{EG + n£1 ), ent;nces.ncse
determipa como la solucién al problema: .

m_icn z{&o_ HE ) {10

donds tanto EG COmD E 58 COROCUI.



Pora ¢l cose nos general, cn el quo 2 sea yna funcidn arbitraria de x,
w. s¢ puctde determlpar resolviendo un prublemé no lineal de minimizaclén
en una dirzccifn,  Una forma eficsz da rcsolvur-tal.prcblema as mﬂdianté
le subrutins rurh (1.

51 en perticulzr, la funcibn abjetiva es ruadritica, es decir, pora
algdn X fljo se tiene:

Z %l§ - E}th;-gi : ‘ - (11

clendo ! positlva definida, se tlene que z tendra un minime a lo large d=
la tangentc en un punto donde se anule dz/da , es decir, el problema ze re-

duce a la bScjueds del minimo en una direccién; pero

dz = Taxt . .
T A 1 . ! {12}
L a! Y4 r
_siendo Eiﬂa{ug-_x_n- ﬂ.&-—_ﬁ_-:zcn-g-dﬁ. (13}
|
por lo que vy Wi - E] . H{§° - % - 4t ) {14)
bx
Y ?xj.i{D_aam.-'g {15)
D ok PR * " '
por lo tanteo dz _— BTE{EQ _ E _ *E Y = 0O {16)
d = - ) ' ’
s> . «EHE = EW(x® - F) ‘ T .Gm
pero wfgb - %) = vz : o o (18)
T .
‘por lo tanto £ uez
A o = ——T—_ {19}
§wi
gz a (1271 - 33" wes (20)

tTwg o (edTs - ST Llwie ™ - WD en
. . . W L

Si adcmls, W o= 1
1 Ths a (92 {1- 0T 3a ] 2 vz -
NS TR G LY LTt (22)
pm; 1o Lanto oom -

Una vez determinada » , se tiene g§} calculando 3§ de la ecuacién ()



por medio de las subrutinas Hecomp y Holve L 2] . Sin embarge se tendrd
la confljuracibn de la fig. 2, de donde se observa que,'Eunque 3{51}-: z{ED},

Fi’ cuyo vector de pusici&n_es 51, esta fuera de r ; esto es,

£(X,) 49 ' - (23)
O sed, EI no satisfaca el sistema (i}. Es necesario detorminar ahcra una
corraceidbn bgi a §1 tal que

Xy Boxy ¢ &;1 (24)

s1 satisfaga a (1), Para EESaivcr este problema exlsten varias alternati;
vas que sont

Caso 1,- Como hEl estd en el complemento del plano normal a N ,si Fl no
estsa mu} alejads de Po’ se puede pensar gue, sl sec pasa un plano per 51.
paralele a 12 npormal a ™, ese plano cartaéé_a " , como se muestra en la

fig. 3. Lo zimplificacibn estriba en que agl sc habri obtenido mediante

la solucién del sistema

Elg, + 0x0 = 0 (23%)
dondsz 31 = J?ﬂ (26)
Como Si ‘conocen gi y J, 1a incdynita es 4 , de dimensién m, Asi la

ecuacifn (25%) 5o reduce a

;oue es ﬁn sistema hlg&braicc-nﬂ lineal de m ecuaciones en m inc&ﬁnita;,
r;:que se pueds reaolyer por e;-métadb d2 Hewton - Raphson para 5istemas_de—
5iterminadas, esto se hace mediante la subrutina NRDAFP (231 que ; su vesz |
~ roguiere.de 1is subrutinys DECOIM y SOLVE para la selucibn de siztemas
SR B t :
dz 2cuacionss deterpinados en base a la descomposiclon LU de matrices[ 4},
i
Caso 2.- Otrg a{tegnntiva es seleccionar P,1 como e% punte de ' mis prbxi-
mo a ﬁa, gsto e¢s, como ol punto de tangencis de una esfera centrada en Fl

con ™ , IZIn cste caso, h%1 s¢ pucde obtener como la soluclén al problema

{fig. 23:



o gl .-

min 1/2 E.ifbi_'cl . (28}
sujeta a _figi + hg‘l] = 0 _ 29y - ) !

Incorporande la ecuacldn (29) a la funcidn objetivo, mediante multipiicado-

res de Lagrange « Asl, se definae:

. = ‘1 H.T = T e =

"Hb;l} .- bX, AX, 0+ v -f-{Ei + L.':gi] (30)
que tiene un extremo cuandeo

T
.d"’_zhgl+(3f=)g.o (31)

dhiji 331 - ;
donde L ox e E o+ X , : (32)
Ast 2L . Bf PX Lg1.g (33)

r-Th Dby .
l}i ] i in N

Sustituyendo (33) en (231) f despe janda, 5£ftiene
8%, = 37y : ' (34)

por 1o tantos f (33

Sl
1
"
Lt
o
el
|
(L=

gue s un Sistoma nallineal de ecuacione; N m incégnitas como en &l ¢cAso
enterior, por lo gus tambiin pueds resolverse mediante ia subrutina WRDAMP.
Cace 3.- Por Gltime, se puede usar |

J AX = =f ' {36}
o bien Cax = 2Taah e o : e {am
actualizande J, En cullquler caso, se alcanzard un minimo cuaqdu se sam
tisfagan los criterios de primerlo y de segundg orden, nbteniéhdase a con—
tinuvacifén, Adjuntando la restricciédp (1) a 1la funcidn objetivo z = =z{x),
obtenidndose

4 . oo -

tWix) = 203} 4+ A flx) t}E}
52 tlens uo punte esticionarlo de ¥ cuando se  anull su gradlente, esco;

glcndo » de manera gue produzca una x que-satisfaga {11, asi,

) eX e Pn o+ JTL = g (39}
D x =

—




o bien, JT?_A = -z Tole)

gue son las ecuaclones de normalidad, o sea la con@ici&n necesaria de pri-
mer orden pura la existencia de us minimo. La, interpretaciédn geométricade
la ecuacidn {(40) es gue, en un punto estacionario, ¥ 2 se encuentra eﬁ.el

plano normal a M, La interpretacidn «lgebreica de esta ecuscidn es que,

i 1 m
en un punto estacionuric, 9z estd en el codominle de J7, un subespacio de

Rn, de dissnsién m< n. : . ) .

La tolucifin dz la ecuncién (36) puede obtenerse medlopte lz subrutina

SUBDEL gue resuslve un sistema algebralco 2dneal subdeterminade, auxiliade

1
)

por la subruting HECOIP.

Descripelén del programa

El programa desurrollado, SZKLSU, pusde resclver el problema seqln
los casos 2 vy 3 deserites anteriormente, En la fig. 4 se muestra el dla-
grama de flujo del progroma, Los listados del pregrama y las subrutinas |

L]
para cada cjemplo resuclte se muestran en el apéndlce A.

Una vez obtepidos los resultidos del problepa; se almecenan en un
archivo de datos que es lelds por el programa GRAMAN que d%bujn el meéanis-
me en pantalla cén opcibn de graficar en papel empleande la subrutina
SCRPRT, El listzdo del programa GRAMAN también se encuentra en el apfn-
diﬁeia. .

. -

La computadora crpleada en lz scluc}ﬁn de astos problemas &5 una

APCLE TIe dé 6<K de ﬁnmuria, con lo que ;e dempuestras gue no es necesarla:

wf

gran cantldad de memorla-para resclver eate tipo de problemas,

Elemplos
Ejemplo 1: - Considere el slgulente problema en el que m=1, n=2 ¥ £ ¥ 2

estan dadas, respéctivamente por:



i 2
m F 5 — -
f{xl,xz} Xy o+ ey 1 o

z 2
atxi,le & 1!2(x1 * le K

Determinue los puptos de coordenudas {xi’XE} que, satisfaclendo f(xl.le =0,
' 1

minimicen =z,
Solucion:

La interpretzcifn geonftrica del problema se 1lustra en la fig. 5, don-
de 12 ellpse esta representada por la funcldn F y Z representa la mitad del
cundrads de la distancia deo un punto al origen., Como 5e puede Gbservar de
la figur:, en los puntos &, By, C y D z alcanza valores estacionaries gue
rapresenten la solucién del préblema.

* La matrlz Joccoblana de f y el gradiente de z son, respectlvamente:

*y

Jw [ 2x, 8x, ] ¥z = |

2

En los puntos &4 ¥y €, J y = toman los sigulentes valores:

_ 1
a=12 o1 | z =
¥ en B Y D:
. 0
J = lﬂ 4] zZ =
0.5

De estos resulticos se verifica la ecuacibn {6), es declr, la estaclonari-
dad de los puntes A, B, £, ¥y 0. Las Egsultaﬂcs del problema se muesiran:

-en 21 apfndice BT = % ' Lo

, mpe e
L}

Fiemnle 2; 5Se requlere posiclonar ur punto en un plane madiapte una cade-
: g9 P punt P
[l

»

na cin:mitica abierta (menipulader articulado) de triple grado de libertod,

con guatro ¢slabones erticuladeos, mostrada en la figura 6. Lo longitud de



L

5 @4 @, son unitagias. Determihar los 4ngulos

entre sus eslabones para que el punto £ tenfja las coordena- .~

sus ezlebones ndviles a
By B3 ¥ Oy
das del punto G(0,1), His aln, se requiefe que ¢l punte P genere una tra- -
yectoria prescrilta. 1 | v
Solucidn:

Debldo a que en el problems exlsten infinid;d de soluclonzs que
posicionan gl punto P en G, se debe qﬂleccinnar la mejor de estas segin
algin criterio que permita esébger uny funcifn z a extrenizar,

Ce la fig. & se puede ver que la ecuaclion f{x) = Q0 ez :

fifﬁl,ﬂ o) = a cle }'+ a,c(@ +62] + n:_.’r:[ﬂr,lfez-i- 93} - x = 0 I.

3 1 1 2771
g;ﬁi,ﬂ 8,) = a, 5{9 ) + a,s(0, 48, }ox 8,50 48,46, ) ~y=20
e puede elegir 2 cono
z = 1!2{92+E§+931 . "donde: cl)=ces() y s{lesen{)

que plode representar una funcibn de costo, donde se deses minimizar las
rotnciones de los eslabones., En base a lo anterior, pﬁdemns fnrqﬁr el ja-

cobleno 'de £ y el gradicnte de z gue son, eﬁtunces:

Lo (@~5(@aDd- SLBYBUAY - a0}~ 5(2,048) - 5042 EL
3> LR +L LB 0 YO Lo O 82) C (0,4 BL) b LG BLIG ) cloAfde)
e
9 : | o,
Lt g’

Los resultades nunérlcos, =32 cormo las grificas de los manipuladores

r
™

s¢ mustyran en ol apfndice B, En prirer lujar se reselvié el problema se-
gln el case 2 zntes duscrito {fig, T},~lats ;iguras 8 y 9 representan alh
manipulador siguiendc una trayectoria recta, habléndose resuelto el pro-
blemu. segiin el case 3,hen la‘figura 9 s&lo se nuestran algunas de las

conflguracionus que se siguleron para llegar al punto miximo,

Otru problema gue 5: resolvid fue ¢l de generar una trayecteria alca-



1G

torin. £ lo flgura 10 56 mfiiran los resultzdos 5ﬂgﬁn al cis50 3 vy oo la
figura 11 5r m%tre 19 configurzacldn original y el priver purto de la tra-
yectoric, ya guu €] ¢ase 2 no conv¥rgld deblide a la gran separacién entre

los puntos de la trayectorla.

Ejemple 3: Obtener la posicibn Sptima de un manipulador de & esiubanes are
tliculndes, o« partir de una posicién dada.
Solucién:

La confiquracién g.neral del mecanismo se puestra en la filg. 12. Las
ecuaclares para el anflisis de desplazamiento de una cadena cinemftica pue-

den obtunerse nmediante las condiclones de cerrudura de desplazamients y de

rotzcibn., De acuerdo con el métode g-la notacién de Denavit y Hartenberg LS]T

. 1os n eslabonos de una cadena cinem&tica se numeran ordenadarente, 1 anvy

z ast {a 1

1,4+174 %7
que glra £&s-

d
a i ezlabbn se flja el slstema coordenado ki‘ Yl, 't
presenta uneg matrizc ortogonal, referida a los ejes xi, Yi' zi

tos a una pasiciénlcaincidentu con les correspondientes xi 10 Yy.q0 21+i;
[+ ] 1 =
per su parte [ai 1. 111 es al yvector gue une 1DJ orlgenes 01 ¥ Gi 1 de lo=

cjrs anteriores tdirlgidos del primere al segunde y roferido a ejes fijos

¥

al 1% eslabén. hsi, las condiciones de cerradura son:
1
Qi,El‘l lqz,alz i [u5 611 T [Q]
para rotaclén vy
[aj'E]Jl * [a2|311 + rm e+ [as E .1 Lr]
para desplazamiento, donde 1§11 es el vector de posicibn del punto P del .

orgnne terminal.

Debido a gque en nuestro cass ﬁu importa la erientaclén del orgono ter-

1minnl, podames considerar unicenrnte las condlcleores de cerradura para des—

plazanientio v, haclinde colncidir el punto B con el A, tendremos un sis-

tema de 3 ecuacionres c¢on cinco Incognitas, es decir:

£66 ,6 16,0 ,0) = la, ) v oen v g gl - (2] = O

a r =l T
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Fatra vl cdlevic dn Of/p 6 definamos:

fg}ngi-rﬂp AL Loag + G GG, .

419283525

donde & @, = iai.i«rili
gy = Loy 40y
gue svets coaloularse pnedlante ol algorltmo de Hprner para evaluascidn do po-

linmsios [El cong!:

Xe = Be

o= 8+ 9kI§k+1 . k= 4,3,404,1
aols  RE 2%, |

e Ry

segln 1lu fig,13 ¥ la notacién de Denavit y Mertenberg se tienc
' .

-aiC[Ei] \
A, = aislﬂi}
L Py

cIBiJ —stﬁi}c{ﬂi) . s[ﬂi?a{dil
0, = slﬂi} ciﬂi]ciﬂi} -c(ﬂi]s{-‘ti}
0 8(x,) ' cl=,)

b, £5 la cecordencada de

- -
donde &, es la distancia entre los ejes Zi Y Zi.1t Oy

1

la intersecclén de X,,q Con 2, en el sistems X, ¥,

medlido en la direccidn positiva de X

2y, o8 el &ngulo

entre 2

R EIY 1e1"

Para la solucldn de este problema se utilizarcn, ademds, las subrubi-

nas VECX y rzopa [7].

Las resultados se muestran en cl apéndice B, asi comoc las conflgura-

i

clones del manipulador en las figuras 14'y 15. °



Concluclioncs

Como g pucde cbserver, ol nftodo més eficiente fud el implezentado
para el couo 3, yu uue no es necesario gque los puntos de la trayeck-rion
esten puy cercanos, come se rejulere para el caso 2; adenbs, el tiempo de
proceso pora el caso 2 fue mayor que para ¢l tercer caso,

Hay gque hacer notar que este progrima puede ser implementado en cual-
guier computader ya gue nu reqguiere d; grén capacidad de memorla.

El programa puede meodiflcarse fﬁbilmente-paza resolver cualguler pro-
blema dr este tipo, eg decir, solucidn de sftemas ne lineales de ecuaclo-

fics osUialeterninasdos.
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[FCARSIAFINCEY- wrarid ) .GT. . GE=&)}Y GO TO 1Z

COMTIHUE

B0 TO 1%

Do 13 Ial,H .
XL miF T}
G0 YD 11
WRITE A, " 08 "}

WRITE 7,500 ALFG _
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END
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GUIDANCE OF AXIALLY-SYMMETRIC RIGID BODIES USING FIFTH-DEGREE-OF-FREEDOM-
-REVOLUTE-COUPLED MANIPULATORS.

Jarge Anguﬂes1

Abstract

A kinematic mode) is constructed that allows the computation of all
joint  angles associated with fifth-degree-of-freedom revolute
~coupled kinematic chains quiding an axi&]ly-symmetric rigid body
through a set of prescribed_cunf1guratiun5. Moreover, 1f velocity
and acceleration specifications are introduced, the model also
provides the first two derivatives of the joint angles. Finalily,
. the appY{cability of the algorithm presented here, to the analysis
of single-degree-of-freedom single-loop-6R closed chains 5 shown

with an example,

1
Professor, University of Hexico. DEPFI-UNAM, C. Universitaria.
Apdo. Fostal 70-256., 04510 México, D.F. HEXICO.
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CONDUITE GE CORPS REGIDES AXIALEMENT SYHMETRIOUES AU MOYEN DE
. MANIPULATEURS A CING COUPLES ROTOTDES

Jorge Angeles

Résumé

L'auteur presente un mod2le cinématiqué permettant de calculer tous les
engles associs aux cing couples rotoides des chaines cindmatiques 3
cing degrés de liberté, destinfas 3 guider des corps rigides axialement
symétrigues au moyen d'un ensemble de configurations préétablies.

En cutre, si des specifications de yitesse et d'accélération y sont
introduites, le mod2le fournit aussi les deux premi&res dérivées des
cing angles. En fin, 1'applicabilité de 1'algorithme présenté ici 2
1'analyse des chaines fermées 3 un degré de libertf comportant six

couples rotoTdes est montréd par moyen d'un exemple.
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Homenclature

Xt n-dimensional vector aver the real field
X: min matrix over the rcal field

X., Y., Z.: Cartesian axes fixed to the ith }ink of the chain

[x].. x.: Ixl array containing the components of 3-dimensional vector
X referred to IL' Ti’ Ei
[x]., X.: 3x3 array containing the components of 3x3 matrix X referred

to Ki‘ Ti‘ Ii'

tr (X): the scalar invariant of x matrix X, x:r t ... Xnn
Ri: the axis of the ith revolute pair of the chain, ¢oincident
with Z..
AL
Ei: the angle of rotation of link i+7 with respect to link ., its

sign being defined by the positive direction of I{.
a.: the angle batween RL and RL+I , its sign being defined by the
positive direction of axis Xiep o which is directed in turn

along the common perpendicular to Ri and R, » from H{ to

Rior
a: The distance betwean axes Ri and R£+J , hence always positive
bi: the coordinate of the intersection of axes Ii-I and EL in
frama Ki. Ti‘ Ei
[Qi' ifI]L‘ Q;: the matrix rotating axes X, V., Z, into an orientation

parallel pairwise to X Y

i) Al EL+; , respactively, referred

to X., Y., 2. coordinates
A £ 4

[as.,)]

8, the vector connecting the origins of Ki. Y., Z. and

At]L" A 3
Kiep 0 ?iﬁr v 2,7 » directed from the former to the latter,
- in¥., Y., 7. coordinates.
Fes I X K IR . -
A* B the position vector of points A and B, rvespoctively, in the

specified configuration, measured from the urigin of xr_ YI’ II‘

Var ¥pi the velucily of poinis A and B, respectively

a,, a

A g the acceleration of points A and B, respectively



Introduction

Industtrial robot panipulators .1n use are frequently required to perform
tasks Invelviag the guidance of rigid bodies with axial symetry, €.9.
turned workpieces, painting snozzles, arc welding pistals, etc. Host
If.if the tipe, however, (hese tasks are realized with s*lnth-dqﬁe-of- ]
=freedom manipulators. 5ince the guidance of axially-symmetric rigid
bodies does not invglye their orientation about the axis of symmetry,
1t seems patural - to perform these tasks with a 71fth-degree-of freedom
manipulator. [f, on the other hend, a sixth-or greater-degree-of-
=frasdoa mnipulit.ur is to be used anyway, the redundant degre; of
fresdom can be used m;-. optimize some given performance index. Hence
the interest to establish a kinematic model allowing the computation
of the Joiat angles and their tipe derivatives, associated with .
pultiple-degree-of - Freedon unipuhtturs in the presence of {ncomplete

specification of the hand motion,

Following the approach introduced in {1], the set of desired eguations
is derived regarding the problca as one Ynvolving the guidance of &
segoent of a rigid 1ine, by spocifying the displacement, velocity and
accelaration of any two points of that segpent. OFf course, these
sp¢c1f1¢d.urhh1ﬂ should meet the compatibility condition guaranteeing
that the distance botwoen these goints fs preserved throughout any
physically possible wotion,

The kinematics of rigid scgrents has baen considered in (2] regarding

only the velocity and acceleration analyses. A complete account of

the kinematics of rigid segments, 1ines and points 15 given 1n [23]. &
Furthermore, an analytis of GR open kinematic chains to guide
axially-symuotric rigid bodies appeared in [4]. The approach followed
in this paper differs from these, baing aimed at devising a real-time
Implementable algorithm oriented towards the compiter-control of SR |

robot manipulators, applied to the guidance of axfally symwetric
rigid badies,



Displacement analysis

In this Section, referénce is made to the fifth-deqgree-of-frecdom
kinematic chain depicted in Fig 1. Morcover, the notation and method
of Denavit and lartenberg [5, pp 343-355] s applied throughout.
Thus, 2 set of Cartesian coordinate axes {K{, ti‘ Ei} ie attachea
to the £ th link. According to Denavit and Hartenberg's notation,
axis 3{ 1s placed along the axis of pair R;» its positive
direction denpting the direction in which angle 0, is measured,
Axis xi is defined as the commen perpendicular to the axes of

R;.y and R, directed from the former to the latter. HNotice that
there is absolute freedom to chose X, @s any line in & plane per

pendicular to Z The orthegonal matrix rotating axes labelled <

'z
into an orientation paralel to those labelled i+], referred to axes

£, 1% represented as [ ﬂi Ry,
¥

Finally, the vectar connecting the origing ﬂi and 0.4, respectively,

or as Qi‘ for compactness,

directed from the former to the latter, in .{-coordinates, is represented
a5 [a; 4yl oras a, for compactness. According to the

nomenclature, these are?

cd. -s0.ca. 50 .5a.
A 4 A LoL

#U Sui cui _
- T 2
Ca; apd = [ac0, ash, b.] (@)

tet Yine AB af Fig 1 be the axis of symmetry of the rigid body, not

"shown there, that is meant to be guided. Furthermore, Jet ra and

Z,Thraughuut, ¢l Y zcos ( },s() z=sin(}.



ra be the presenibed values of the position vectors of A and B,
respectively, lelting x; and ¥y be the synthesized values of the

same position vectors, Thus, and e are known constants,

)
ereas y = X, (v}, ¥y <Yy (¢}, are functions of @, where 6
denotes the 5-dimensfonal vector whose 4Lth component is 6,-

Vectors  x, and ¥; can be computed recursively as follows:

Xy = Ay + (3a)
Xy =8t QX R=3,2, 1 (3b}
Yo * ag (42}
Yp =2, * Qe k=4, 3,2, (ab)

_The digplacement equations are, then,
Xy = Fpy ¥y =Ty ()

How, the six-dimensignal vector f is defined as

‘ f] and fE being the threc-dimensional vectors defined in turn as
fll=x-.| ‘rﬁi f{!:y-‘l - I‘B . {5}

Thus, the displacement equations lead to the following sixth-order

nonlinear algebraic system in five unknowns:
fle}) =0 (7}

This system can be solved using Newlon-Raphson's method [ 6, pp 248-253]



as follows: Let g° be an initial “quess” for the solulion, Then
generate the sequence UI, cens Gk, ... which, if converges, will do
s0 quadratically [ 6, pp 222-226 3. This sequence is gencrated

recursively from Newton-Paphson's iterative scheme:

LA ok 4 ﬂah (8)

where ﬁﬁk is computed from the Taylor expansion of {0} at B=Bh,

?hich leads to
Aoty aek = _f(oR) (9)

Equation (9) s a sixth-order linear slgebraic system in five unknowns,
its Jacobian matrix J being 6x5. Thus J cannot ba inverted

properly speaking., However, from the nature of the problem, out of the
six scalar equations appearing in (5}, only five are independent. In

k is, f{ﬂk}, and hence -f(ﬂhlf

fact, no matter what the value of 8
1ies in the range of J, if the motion of points A and B is not to
vinlate the rigidity condition. As a matter of example, consider the
one-dégree-ﬂf-freednm 6R Jinkage® depicted in Fig 2 for the particular
vajues By = - By =0 " 120°, 0, = 6 = 0¢, The motion of this

linkage can be analysed as one of an open 5R kinematic chain, as shoun

in Example 1. For that configuration,

— —

-1 0 0 01
0 -1/2 0 -12 0

. —

—
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How assume that the Tink connccting O, with O, is rempved, thus
gbtaining an gpen chain. Morcover, it is desired to compute the angle

increments 40, (£ =1 , 5) for the following value of Af:

PR

¢ ﬁKI -
& Ey;.ﬁxl- EI;,MJ" g

b, being specified parai]e1 to the Ej axis, otherwise arbitrarily.

This motion clearly complies with the rigid-body condition,
for &y, - Ax,, the displacement increment of B with respect to A,
is perpendicuylar to AB, as it should be if the distance between A
and B i5 to remain constant. Hence Af lies in the range of J.

Eq (9) thus yields, for the assumed values of 0

Fat -] [ m = - = °

1f, on the other hand, af is specified as

0, ({3
Af = [= -] = , By, ®

which ‘clearly violates the rigid-body condition, then eq {9} leads to
an inconsistent equation system producing, from the first equation

N

and, from the {ourth equation,

10,



which quutradicts the former one ,  This is due to the fact that Af
dozs not lie in the range of J because it does not comply with the

‘pigid-hudy cundition,

Thus, except for singular configurations, i.e. those leading to a rank
-def{ficient Jacgbian matrix - one for which rank {J} <5-, &uk can he
solyed for from eq (9). Since this equation contains, in general, 5
consislent linearly independent scalar eguations, but one does net
knew which one is redundant, "Gauss' algorithm or, equivalently,

the LU decomposition [7, pp 27-33] cannot be applied to it
directly. The salution proposed here is to regard eq (2) as a  &6x5
gverdetermined linear 5y§tem and compute ils "least-squere” solution,
This will be, in fact, ¥4 sofution, given the consistency of the
involved system of equations. There are several ways of computing

the teast-square solution of eq (9), but the one preferred by the
author is using ilouseholder reflections [8], which produces implicitly

the pacudo-inverse L9, pp 103-1133 of 3, oL, Thus

agh = - o (6" ¢ (o1 - (10a)

With
ob (6% = [aT (6% 0 (0B 172 4T (oB) (108)

" Pseudo-inverses have bheen already used in connection with the analysis
of multiple-degree-of-freedom manipulators {1071, though their use is

not very papular.

i1,



Velocity analysis

12

In this section, a system of six linearly-dependent consistent equations
is derived that allows the computation of* G, given the velocities of

A and B, henceforth denoted by the 3-dimensional vectors v, and Vps

respectively, These are, clearly

XtV ¥yt t1)
with
&y, A,
Xp = w0, ¥y = =5 0 (12)
which thus Tead to
J(0) b=v {13)

with the 6-dimensional vector v given by

¥ = -vf] . {14)

s

Recalling eq (10}, & can then be obtained as

5 =4a% {15}

gt

being given as in eq {10b). It is pointed out here that, since
JI was already cumpufed in computing ©, it need not be recﬁmputgd.
In fact, using subroutines HECOMP and HOLVE [ 1] to obtain the
Teastesquare solution (10}, HECOMP .is first applied to J in order
to rcﬁdering it upper trianqular. Hext, HBLfE is applied to the
transformed J and the righi-hand side of eq (%} to produce saiution

(10}, _ This. gegns thot _HOCOIE_ is applicd_only once, whereas HOLVE
wirce.  Hostof the wporations Tinvelved in the aforencntioned prucedure o

ere performed i GIFCGHP;  thus, O is obtained at virtually no

additional ¢ost,



Accoleration analynis

Next the computation of € is outlined. This is clearly obtained

by differentiating eqs (11} with respect to time:
X; =2y, ¥, =3 (16}

whera a, ang a, denote the accelerations of A and B, respocti

A B
vely. Furthermore, from eqs {12},

. 3%y . E’x] .

with a similar one for ¥,. Substituting eq (17) and its ¥; counter

part in egqs {16}, ona obtains

J{0) 6 = a (18)
with
I a!x -
2 [ )
ag?
g M fe == = = m - (19)
azy]' .
a0
L .

Hence, § is obtained as
o I .
g8 =J {9)a {20)

and, as safid before in connection with &, at virtually no additional

cost.

14,



Example 3.  Analysis of a 6R single-degrec-of-freedom closed kinematic 4o

- ———

chain. The parameters defining Lhe architecture of the chain are
given below. Regarding links 6 and 5 as Lhe fixed and the input
link, respectively, determine the histories nift}, éi[t}’ El{t}

(£ =1, ..., 5, 8,0) = 0, &, =1 rad/s and Gﬁ = 0, The parameters are:

a‘i.t ll big ﬂ! '14'_- guul L= I; “aay 5; UE a -0 .

Fig 2 shows the kinematic chain described by the foregoing parameters,

for the configuration

9 % - 852 v, = 120°, 6, = B, =0, = 0°
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Solution:
Due to ‘the symmetries of this linkage,

G, m -8, = @ a, =-0,=1

! 3 57
vectors x, [k 4, 3 7,11 are readily computed as

T T

I4=ﬂ4“ [Cd, 54’ D] -. {cz,-sﬂg ﬂ]

Xy £ Az t 0z x," [ c]{1+cE], -51{1+c2}, -84 ]T

F
¢, [ l+eg(l+ey} 3 -5

2 =8ty xgm sy [ e (le,h Jeys,

-sl[{+c21

-;]{1+c2[|1+c1[1+cf}] -SE} -53{14c,)

Xy =ap + Oy x, " 51{1+c2{ 1+CI{1+EEJJ -5;} +C]SI[1+C2}

sf[ 1+cI[1+c2}] tC,8,

Yectors Yy (b =5, 4,3 2,1] are similarly computed as

' T T
¥g ® 55.' [CS’ S¢v 0 1 =L ¢ys 51, 0]

34 x 3'4. + Q4 .‘-"'5 = [Cf .{1+CI}' ‘52{1+E}]: 511 ]T

¢, {1+, {1+¢;) 1 -s]

Yy Ea Oy, = sy [1+c?{1+cj} ] ¢y s,

3

-s,{1tc,)
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EIC?[ c,+14c2{1+c11]' - s;[1+cl} ]

Yo = 2y + Qpyg = o5, 0eptlecy(l4e,)] + gps,(14c))
Lo 51[ ¢yt e, (1)) ] |
CI{1+EJE?[ ¢ tiec,(14¢))] - S;{1+cj}} - 570 ¢ rlte, (1))
—_ N 2
Y} SI{HCICE[-CI+1+CE{1+CI}] - ﬁz{l"ﬂzl}} + EIS][ c]+1+CE{1+CI}]

A c1+1+c2{1+cI}] + Cy5,{1+cy)

—. —

The displacement equations are now gbtained equating X wilh Fa and

Yy with rg» Ta and rg being the position vectors of points A and

B, respectively, in X,, ¥,, Z; coordinates. Hence

eyl ey d1e)) - s} - s¥(iacy) = - (ivgy) (4)

51{1+cf[ 1+EI{1+CE]] - 5;} + c?s]{1+c2] =0 (id)
S [ Ivc, (14c, ) 1+ €48y = Sy (Lii)

cl{1+clc2 £c1+1+c2{1+5;11 - SEL1+CJ}} - 5? [c]+1+c2[1+:,]] = - 1 {iv)

sl{liclcz[lcr+1+c2[1+c1]}l - 5;{1+¢I]} +5151[ cI+1+CE{1+cI]] =0 (v)

clsf['c]+1+cffl+c]]} + €,8,(14¢,) = 0 (v}
From eq {iil}, with S, ¥ 0 and ¢ 7§ -1

{1+é}} (1*c,) = 1 (170}

vhich is the input-output equation, valid for ¢y f - 1. For ¢y = - 1,
5 = 0.



18,

Now, et { } and [ ]r be the torresponding brackets appearing in eqs
!
(1-111). { }, and [ ]f are correspondingly defined for eqs (iv - vi).

If {170} 1is substituted into these, one has

1+2cI
[ 1 = T {1 =1 [uidl
I
c
S R - ¢, (viid)

Substitution of relations {uwii § viii] into eqs [{ - vi) renders both sides
identical, thus verifying the validity of the input-output equation.

From (I/0) it is clear that neither &, nor 8, can attain the value .

!
In fact, & mobility amalysis yfelds the following mobility ranges:

120° < 8, <120°, 441, L, 6

The program implementing the algerithm presented in this paper was tested
with this Ianage, its input-output équatiun (I1/0) being plotted in Fig 3a.
The program output was compared with the foregoing closed-form selution and
the displacement, velocity and accelerattfon errors were plotted as shown in

Figs 3b, 3c and 3d, respectively.

As in the case of seven-1ink chafns [1], the displacement, velocity and .
accelerafiun errors grow unbounded as the Jacobian matrix approaches a singu
larity wh}ch. in this case, manifest; itself as a deficiercy of its rank,
This, occurs at singular configur;tions of the linkage under study, i.e. at

e ——

dead-point positions of its input link, 6, = 8, =t 120°.
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Example 2. Synthesis of a spatial trajectory.

Given the 5R manipulator whose parameters appear in Table 1,
determine the histories aiit], éift}, for 05t5T, £=1, ..., 5,
in order to guide iine AB, as shown in Fig 4, through a given spatial
trajectory. The lpcation of point B, in fifth-link coordinates, is
given by [rj5 = [35' 0, D]T. whereas the trajectory is chosen as the
upper branch of the 1ngeraect1an of the sphere (5) with the cylinder

(C) given below:

{x - a]2 + {y + b]z + 12 = 1542 {5)
xz +'12 = az _ {T)
upper branch; : y>b (B}

the said surfaces being given in fixed coordinates, i.e. in

X;s Yyu I, coordinates. It is required, moreover, that

X ® - co5 B

y® asing

with B being chosen as a smooth-enough function of time, i.e. ohe
for which at least £ and B be continuous functions of time, in the

interval[ 0,T). Additiomally, the following is imposed on B:
8(0) = 0, 8(T) = 2n, B(0) = 3(T} = 0, B(0) = A(T) = O

Such 3 B function can be readily synthesized using spline functions,

as shawn in [12, 13). The following parameter values were assumed:
a=30m, b=2220m, T=605s

The orientation of AR was specified as follows, Let unit vectors
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€, e, € dengte the tangent, normal and binarmal vectors of the

trajectory. Then AB 1{s to be orientated so that:

g~y " 2 &,

Table 1

{1engths in mm, angles in degrees)

a, =0 b, =0 a, = 90
a, = 0 by = 479 a, = 90
a; %0 by * 0 ay = 90
a, = 35.3 by = 1016 oy = -90
a; = 146 by = 0 ag * =90,

These values were taken fpom. The sixth-degree-of-freedom manipulator

described in {14], from which the sixth revolute pair was removed.
Salution:
The reference configuration was chosen to be the following:

9 = 90°, 8, = 1680°, 05 = 90°, 8, = &g - 0o

In order to guide line AB from its position in the reference
configuration to the injtial configuration aleng the prescribed
trajec?uny, determined by 8=0, continuation was used, as donde

in [1]. To this end, point 8 was made to trace a straight path

- between its two positions, that in the reférence one, B#, and
that in gs0, B!, This path was divided into 10 segments in order
to ensure that the initial "guess® for the Newton-Raphson procedure
lie close enough to the solution sought, which guarantees and

accelerates its convergence. In fact, four interations were needed,



at most, in erder to reach convergence, in this stage.

- Along the prescrihgd trajectory, one whole kinematic analtysis was
performed every 0,55, {.e, 120 points on the given trajectory
where fully analyzed. ﬂt'virtua1ly all of these points, conyergence
was reached after 3 1teratfons, which was the largest number of

g imposed on Ad. At

fterations required, for a tolerance of 307
5 few points about B=0, convergence was reached after only two

1teratiuns.

Computed values of 6, é{ and 'B'i {<{«1,...,5) are plotted in Figs
£-9. From these figures it becomes apparent that the smoothness of
function B, synthesized with the aid of a cubic periodic spline,

{5 reflected in the smaoyhness of the Ei functions ¢btained.
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Lonclusions

-

The methed presented here, aimed at the compiete analysis of
five-link revolute-coupled kinematic chains, differs basically
from other methods intended to solve the same problem. Contrary
to the usval practice of analyzing open kinematic chains (man
ipulators) as closed ones by introducing a "fictitious" closing
Iink, the approach followed here is ariented to the analysis of
vpen chains, regarding closed ones (1inkages), as particular cases
of the former. It resorts to efficieat numerical methods of
solution of nonlinear overdetermined algebraic systems., The
system obtained here is derived disregarding the urienpatinn of
;he body meant to be guided, while intendino to position two of
; i@s points, which is also an original approach. The results show
quick convergence, which suggests the applicability of the algorithm,
and the program implementing it, to the real-time kinEma§1c control
of robet manipulators of the topology assumed here, {.e. 5R, but

of arbitrary architecture otherwise..
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CAutfnera de Mealoo, Apde. Tostal TO-25%6
Btk M3sice, DOF, HEXILY,
AbsLyAcy

A ovel appreoach fo prescated,

Ehal sl lows

Lhe eonpute bt wyitlacnss wl mlode-mn=ilee

cau prolibea, which are tu powlucs A piven tollower-d sl acvm .t progbarde whi o barling

P 1 Tbed [uncilonal conptratole.

elog nyvgpesised,  The paper 1.

These can ba lepoaed Cillan 2w L 71er wmia
or wih Ahd vorenlrdeliy @f the conlact paion demmading upan 1l

Llalowd to vhe synthends ol oo

an e
Ly oF Jaaidewoy [l im
praliltes Jur

trinelacting roller followers, but the sace appivdch baed becn racces dully pplicd e
flat-fuce Tullovers, as teported proviowsly. The rezelts clbioadied Tor il vaongle
lncluded glew the applieabilicy ol the procedure £o Lhe sutumalfe dewlpn ol Llia pype

of cam f[ollewer meclanismn,

Keywarde; wptimal wynchegls, ciom fechaniema optimun degign,

1, IWIEMMICTION

T &yn:h¢iiu of cam pachanisng lnprndu:n a
piven dizplacement programew of the follower is
divided Inte ewe stages  [1f. The [lrsy gne is
pudnl Lo produce gn ocopy-to-handle  snoveh-enoagh
function af the erple of cotacion of the cam di1sk,
represonting  the dieplacencnt of Lhe fallower.
The secvnd ene deals with the symthwsds  af tle
cam profile. The synthesis of the displacewent
programmy has baen baced ceadicionally on a 1im-
ived ser ol funcolons piving rlec wva parabalic,
harmondice, eyelofdad, trapezoddal amd polynemial
worlons. Based on the lawr CLyfr, Thompoulus
and Knowles |2]  propewcit & novel  pethod of dis-
placemat=programne  cyulhesles uwsing linunr pro-
gramming., bur it is pot umtil very recectly thac
* tutally new approach hds  baen Introduced weing
spline tuncoions |1,4),

As to the profile syuthemie, tlhe traditienal
appraodach, based on  gruphical mecthods, has been
abandied  In fawaur of numerical mechods,  that
Iteve bewn called for given the cxLomdlve use of
computcis and NC-machins tools [3]. The licera-
ture v graphlcal mechods af profile synchepin i
ruther hroad, as catn bo seen in (6], Lhat on com-
puter=arlenied nechods becoming abounding, parti-
culacly wince the 1570's |&-14]. The approach in-
truduced 1o this paper,regarding the ovptlmal syn=
Lhesiz of cam profiles, is char af ruthematical
programming, bul, a3 3een In the dlscuscion, it
dovs o2t tequite che applicatien of sopliipticated
and time-gonsuming optinisation metheds,

2. THE TOLLOVER=DISPLACEUEHT PROCYAMME

I Lhiie Scction a4 meihad 16 duscriled that
allpws  tu synthesise fellower-displacement  pro-
Brawmes, silartilng from an accelerarion prograses
that 1s wpecifivd over & diecrote el of wvalues,
{QL}T vl the angle ¢ mpeaguring the rotaclion of

auipbablle desfen

the disk cum  fnvwleod, Lot the digplarerent of
the Follewer Le gilven by c+1{i), whaeTv & 16 2
vonsfant reprvicnting  the rRiniawe valus of dhac
displocceent, #{yp) Belnp a posibive colinlle fhhi
tlen whuse miikloud wvelue J§ dera, 10 oealzem Val
we beilng h, the rise of the 1ellewer. Crvasmtanr 2
ies computcd drom conwl.lisalions conceraning vl
proflle synilw-sla, as will be shown Later, Lhe
ohjectlve wi this Zection being the syurbgsie ol
arxy, This will Le perfored  walerg & guotien ol
A bdses Sencddier v{p) whieh s pyntheatned  uuiae

spline functiions as eheoen in [&]. 1(y} I wyu-
thesiged by pre Lc:ibing a srt ef asocftiles
valugs®, so that 1y=r, an e

L adiein}
Lo obraio o rLriuji: func:tuu Shod. Twr this ind,
pecivdic splines are wsed, Thew, the wet I1;0%
lTl:\,. J}" 14 computeod by sulving a Liacar wywwan
of c]untion...}.:u Inatanee, '.". L), 2 0k can e
kpecliiied as havang an Laroc™de clstribeaz b o wal
Ishing at ¢, and %, the ceticmes of the Inteival
ef fnteient, whilch €an ke spevifleal 10 tuin as
J&. 2], Hovvwvwer, ™ is alsa wpecdibed to vanlah
at dnner poincs of chis Julerva), in urder Lo uh-
pure thar  che displaceraint fanction ]l e a
zara acceletratdon  at ite biphey puint, Lhye €0
for which the digpiacement atraing the waluc g1k,
Furthermore, fIn prder toc mecl the condiLien ©hix
che velociey Le o centipuwouws Janetion ol &,  kyR-
metricy Aty Intvaduced bthat yudrabbee the vanlsi-
fng of the welociny at the tww dwell Lmiervula of
the [ollower, Thus 7 13 epezstded  such thae
‘I:'I'-IJ. the wlwle fynctIon, &hown in Flg. 1. bebug
dvkuscd 10 Be purlodic dad syemetrle wIth robpet

ALE ehuin) repivsentd  the dlwplacewent of che
fallawer Llouw L5 veluelly and atcelvration fle
giutnhy B,y wid D0} e o Ve rvhprci beely,
$ound ¥ Lueing the velucily amd the acceletatlon
of the cam Jiak.
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ta line ¢'r -H. the midpolnE wf Lhe Lintocval
[o,2a). tFL funefivn 1% [wrther assuwed o be
odd with rL‘PLuE 1o Lipea §od onf aud gedu-Z=Jn/l2,
than 1™ will wlwe vandsl 4T b and ©, Fedtouwct ,
lh1§ L2t T: will #lsg vandal gt A, B and C, The
basde fosciivn ro pradiceu() ean be ublalned, [n

turity  Liww Lhe curwe shoan in Fig.] Ly wLifeiap
the ¥ aald Lo the  1fue Te-14. i pruper vay [
prescribe 1% 13 ax fo0]lows:
1”-Rhin?. del, ... ,m ()
wirh <
. ?{ ?(. 7 (i-13 . {1b})
where censtanl b 1w clioeen so 35 E& nolpalize T,
low, wuch that  1gelfd. Uedpg o pecledis spline,
with m=ll, the curve appeaciog Io Fly.l was eb=

taloed with k=0 E519].

The dinplacement progranme dor the follower
of & cam oy linism la now gisumed te Lave 2 lower
dwell 10w Intepval [04;]. then a rise 1n the
Incatval Ig{.t 1, next & higler dwell in fhe ip-
teeval Ihg . pq) and, finally, a return iu the dne
ftcrval [gi.ln] Let

BTy B0y bamty, D4 =hy=0y, b9, PE-g,(a)

* Ul fovegoing displucenenr profranmo can bow
ke pyaithevlsed  from che Mo fudcfidn t ve ¥ of
Fig.1 by properly scaling sepatately fte dnter-
vale |0,7f. To this end, tedefdne ¥ Az

h¢z . .
w:-—;""fl. .DE’S_I {20}
nwd
Vim—— (-l i p s (2c)
Now [yncilon Of(f) 1s defiped as
] ~0 P 0s v sy {1a)
alybaht e, LR by {1&)
a{ileh P B W Iy {3c)
G{Pl=ni(g}, 632 ¢ ¢ ¢ (3d)

A suhptogran wes written that allows [he au-
tomat1¢ rynthesis of tullnuer—dilp!acnuenl prg-
grammci Ly fuputging the (ollowing data:

and . 1tk outpur £3 0 wf9), 2'(p) and é“(wi
1?: precedure introduced 1o compute  the  basde
gt Ciosl 1{3), on the ocher hand, need not be
thaoged 1f oo aecelevation digeribution different
from the voa glven in {(lndb) 1s chueen. ln fact,
onty the set [T9}] has eo by clanged as data  in-
put tw the wpline subroutines synthesising [ung-
tion 1{¢). HMovcovar, {f the (ollower in of the
Lranglating Ltype, ofg) and hemce ¢ and h will
have wnlts cof  lengih, They will be measured in
radlant 407 the Eellowsr Qs ul the oscillacing

Lype. The seyntheais of the cam profile for crang
latingp followers of the 7oller type is nenr dix-
c¢usacd, That of the cam prulile [or tranalating

folluwers af the Elat-face type 18 reporied else-
where [13].

3. OPTIREAT. EYNTIESIS OF caM PROFILES FOR
TEANSIATIRG LOLLEN 10N, |.CWE RS
in thiuv $ectien L. 1% ascu=ed chat the dia-
Hacemcnt propracas a8 specilled wp to 8 fonstant
€y Lowy Tunctlon ofp) {3 knuvwn, whiereds congtant
cils ro be deteroipad. Ler the displacerent of
the fallover be denotwd by afgd}, L.e.

s {p)r=ciay) (4

and hance

‘tlon is noc differvniiable 2o the warjgin,

LRl £ ERAN 3 PR £ RN {51
Refrteme 1o wide 0w fua Fip, 2, showing Lhe
Llayour of o com with u trenslating balte—cdge 1ol
lower, The Jimed--st ol il fagedng sin oo o
profiie lles  dn the Pact thal this bu 1The poicek
cav for o rollet follewer,  tle pres.air angle
Lur bogh types ol Todlowers Pelng Llentieal [ o],
Im Fig.2, Yime [ In the panh ol the  (al-
Tuwer, Lines T aani ¥ are the Langent an! Y -
fial to the cam prodile, v by 1la pulal oguallan
3, At the cowlagh pormmt 4, Hezcatel, L lhes
UF  and o are fi%cos B0 Lho 070t and Lo the 4w
disk, reepectdvelys o besig e vveninbodny ot

tliw {0lluwer Jrebting Angle: w o Lke Erobnmle gople,

Frum Clw pewectey ot Fig, 2,
slp)=pL0hsiu(Cel) (ia}
cop{rpvus ol {10)
LY T ] {uc})
whers
e B0
$-tanT oo {&d)

In ordec to keep the ecchonieal advantape of
the mechaniso wichia acevpiable Jietrs, O $5 wiu=
ally bounded propwily. Since o can be ol Lher ug-
Itive or negative, 164 absolule valug Iz baunded

a |uf £ HH (7}
where o §6 narmally chosen to lie "gloge' o O°,
far & welue of Y0* would render the eechanical
advantage rova, A value thar s widely acoepted
is 30°. Finding the value ol § au vhich {a) at-
talng ife extrems lo wot 0 wimple for this Tunc-
whore
it atcaine 1ts zinicus.  kenoe & diffloient cwen
function of o Lhat be smopth cnowph has Lo be cx-
tremised., & pood cdndidare ds €osa, Vsing rela-
ciont (Leb&d), Lhis Ewrmns Oul [O be

cusi= 2} {8)
Ll ) -c]P P (3315 :
Kow cosa will Lu kopt within boeunds am
posa & tu:aH - ¢" (9}

1.4,
winlcosn]=v {1

g
The eatzcma of ()
ite dertivative willh Tespoet oy,
ly obrained as*

M

ate uogw lound by rvrwing
This la teadi-

deoun  fs'-e Li&_:p?u -uqu (L

Ty PSS HTHES

viileh vanishezs wteder aither of the next [wo cnndi
Lions:

i} l"e - " {I:d]
1) (2" -#)u'=53" @r relairyl {11t]
Condition 1) leads to (hye mawimum ), 4 can

be Teadily ver fflvd [rom eg (A}, slereds conditlon
il) leade te Ll ainloum cy. Let g be the valuy
al f, not ae yet decernlned,  produclug the winl-
Lum.,  From ey(g), then

* lencaforth, a pries on & variable means its de-
rivacive with peepuct co Y, 1.e. ¢'Zdefdy, Sinl
lerly, a"=d7s/d;.



u;-n

I=— | = vaau, (13)
witl n,, u& and 5F definad ag Elin valucs altalnog
by o3}, R'CE) and £(4) at Y=g Relatton (13)
H?l wlready oblalowd by OChicurel [i7). Since
ROEret [} il eI, ens il 2y and (L4}

lead ta " (n)
Syl tany, e
ar
t u"{;'ﬂ‘]"“'nuhlul[';Iﬂ}} (esd

Subslitut bun ol eas{iab}, evaluaecd g1 e,
into eqi bl and Lhe assgeed posicive gefimbtenees
of 0%} and ¢ Jead to

|u$-u[-tnnﬁﬂiﬂ+dﬂ} (15a)

On the other band, during tha rise phise tha
follover welocily I8 positive, as shewu un Fig, 3,
From those plels it Can alsa be zeen 1hat cq(l4b}
hﬂldﬁ ac tuw dictinel values of @, namely of and
v The positlve valuya leads to 0+ whereas
the negilive oo leadg te a-dai'> u& . fubstitu-
tlen of tiwse valoes 1uio eq(l3al, logetlier wilh
the con.licdon

£> 0 (L15b)

dalirne Lhe ket of values along which (enditlon
(10} twadds dusing the rlee phase. This ju ploceed
in FEg.4. Iu that Tigure, this pet §s Furmed by
the two brooches of lines 1| and 2 wmaking an angle
Oy WEth wvithes ddeeelion of Lle o e, the Jdaghed
se¢tion being exeluded, for iL vielstes [L5h).

S5ince cosn 4lse artalns statlonary values at
the leweer follower positiea {i.e. during the
teell phare 1)), the follewing mual hold for any
set af valocs {g,0):

. t-cun-::H (16}

Eqilé) is also ploteed In Fig.d. From chat
[lyuze, $U fa cleaT thar polnts P oand § savisfy
eqeilbatlb amd 1b} sdimultancoualy, Taking Lhe ra-
divs of the base citcle, r, 35 2 Deasure of Che
ared,  which 1a plousible becavse © 15 the lowest
walue af pif}, the divtance OF lesds (o the mini-
Bul valpe of .,

Te thls end it way asgumed Chat Y was known,
In Emct, from Lhe [orapoing discusaion, snel val-
ud of ¥, sutlsiying eq{lib), corrcsponds Lo cChe
one which zerocs the funcclon

f{wj-a“{¢}+tnnnhp'tw} (12}

This funccion 1s pleccad in Fip.3.

¥aluck of ¢5 For  diflerenc prosgure anplas
were oblajned and platted in Fig.b. From that
wlot the designer can sgelect the sppropriace per-
centage for caleuwlating 4§y  for the problem st
hand .

e the value of ¥y has been deferoined one
can procecd to determinlog Lhe values of Oy, op
ard O amd  thence Lhe values of ey ind ey which
in twrn will detveming che minimos codius of the
bake cirele. From Flg,q,

| =—
- . A, -
tu 3 on

Ca (16a)

vhere ot

- [n
DA = —— . — - i
g 2, {1t}
H
And _
DS = p' - o tamy (18-}

[ [y H

The ¢anm profille is new [1.'.I-.H.I}' JE1 0N ST RN | Iy
cumbining eqs(ioabd tw yleld

pobttitaet ) (b}

chich producew 1 valus of D Tar carh sdwen salie

of {, L.g. 1t produes  the fowpdem 2o {00 10
grder Te oblayn the Junclbon papged, egedl 5,
ape again coobing e Lo produney
o = e bl Clyh)
-

which thug produces a function =32},

Reparding now  as a parageier betwerd fupe=
tluns p{y) and B£3), che [unction Fao(E) 3 Tewdl
I¥ vbrained, Tie forvgedng provedure cleiarly pin
Cuces 1 odiscrely wel vl 0 opalry [':-".{-34'.}”' whien
tiwu have to bBe dnterpolated o pader te predoce
a comrinvows fupckicrn o-0(¥).  Lhar vould alipe
buth  the plotegg of  the ca=s profdlde sod fhe
punchlng af e tape gulding o SC-=achine ool
usud Ear ite  aulv=wlic Piovaciinn. Duircl ple
diffecent procodures Lo INtorpcluale Che pbtaingd
prt, bl ooe tlheat fe propesrcd Lora §s based open
pevledic paramerrie splines, uwhich have feeved
1618, pp.27=2B] Lo have the folliwing advania ca:
1} they rteguice a Jow nueber {aoall value at ool

of mample walues [fni.ﬂ{}}T Lo preduec a
glven impowed accuracy
§LY thedy parameicts  are  readily  fompulec by
galviug 4 mysten of linear s quations Lhat us
symbric, Lridia,onal and diapaenslly dovinaar
14idwa » conscquence of 10}, the arisipg tvstrenm
of equations Is well comdipjoued. .

A Subpraptan vag wrioien clal, 107 gliven yval
uis f “H- Jg and v:lt-’,,, productes (he opoimielos w.-.;lll-:
wed g ainl o pleen by cas (il and JI'Im’ A flven
value of f, produces the sel (60,9005, which 4n
used next Lo laverpalate the caz profile wilh pe=
riodle paramotie splines.  Jle subgengbd: pro=-
ducrs  mlae the {ntcrpulated valves of egy v and
re tepregencing  the wnlt tanicol and noieal vee
tors £o the cam prulile and s radius o1 futwea-
rure, reApectively, BKod, specifving a walue 4 ol
the radius &f Lhe rallec., the prefile of the co-
rrespending cam can be obtadved from

r =71

. L T A, o

wlere 1, and Yy are the paosition wecters of prLgta
on Lhe cam prufale for the roller and (oT 1ha
knife-edge  fallowers, reapectivcly. This varv,
knowing the can prufile fer the knlte-cdpe [pl-
lewer, a8 wel]l as  fhe radius 4 of the reller,
ct(20) allews va vhealn the o profile (o the
twllor [ollower, This wuuld fonplece the wpiimal
synLheels o0 the cam prabile woephe, B0 o odli-
timaal constralncs were ta be issesed. There are,
Iwrwewer, Ew0 Boare jifea® thal necd be caken into
account, namely LY ke maxdows gllukadie value ol
the tadiug of the roller, 4, Lo avord Che phetua-
e bnevn @6 pedeicudiing,  amd 1ilthe Eiuiom
allowabla value of the radius of curvatute ©f the

o



tan pluel{le fur the roller {folluwez, Ceps vhilvh
Is npecesgary to specify In arder 1o Avadd Lo
Large waluga gt the contact sbivsd,

Ler vy W be the curvature uf the cas
proflle for tlw knlfe-edge fcllower and for tie
taller  jolluwes,  wepeciively,  Siecc {le enit
Ladig et wegtwi s bo both puuliles vee Ldentical,
uie read]ly wbtailng )

L T::.T: (20}

If vhe donemipater of che ripht-hand £{de of
ci{21) wvanlubes, the curvature at ple rwdler—foel-
hower voam perol vl vy Wil Becomo hrlnley. Thin
moamz Pty At wvalues @l @ wherw thal dengEinglur
vl o b nald dim oprol Tl Bug o vuspe, whidh
et Tu v s m...’.-n:u{.h':.:}. Hireover, butl
o gaidede coeey ond Lhe zellec=fullowsl ¢um pro-
M{le shoyld bave,  at correspendiog, podnte, 1.¢.
AE the same valud of @, cwivaeores with (he sume
slpa., This is thus atrained 1f jong only 18,

I-aﬁh,bﬂ, O 2 (27a)
Felation (22 holde, in turn, §f
' a‘{rck}ntﬁ (220}

ar, fequivalently, 311 A 1s specified 43 2 piven
Fragelon § of Orepdpgy,. 1.0

nal (rckJ‘h‘. Qefel (2icy

The minimum value of T,
To thic end, r', 1% zeroued and the values of v

Bl u:ariunJrr Pu?nt&ali cumpulyd. IL cdn bLe read=
1ly slgwn that v attalng srotivnary valocs ot
the duell ]:lh.u_l.uutf These, lwdever, are nol, in
general, global extrema, for which reasvn che glob-
al minimum 1% spueht both {1 ehe eiee and In the
return phascs.  hath rooand o (i} ave given by

i now fcompured,

[1%]
Ht;i
Lok T D{y) (23
and
I;h -TET!H izx, U'(ﬁ)l (24
with %
Ny} = {n +(- -=)?) {¥5a)
DI(? = 5T+ ia'~e) (e -nJ--a“ " {250)
WY {p)=3[ss vn"(a =ed ] le +{s'-e) |7 {25¢)
P () es (it -5 )4 e ("= {254}

The zeres of r":k canbe readily computsd with
the aitd of Subroutine ZEROLY | 20] or any other ef-
ficlent suppTugfam intended to f1nd Lhe Zerps of
a nupdlnear function of a real atpument, The gloh-
al minimumof r ) L4 then subsrituccd Loco eq (e,
thus pruoducing :he desired valye of &, thereby coo-
ploting the syntheeds of the piuvposed meclanism,
The suftvare TFeallsing the deecribed synthesls
pruduces  valued of technfcal Saloruenl concepilng
the cao profile, Ag well., These ate; ared, Jogn-
tlonof its gentrodd. princlpal wyments Oof inertia
gnd orieniation of the principal axes of Inertia,
All thewe walues proe produced Inapider tovase the
Btovic aod Jdynamie anatysis of che overa)l oecha-
nisn.

AL this paint 1t ia worih wentioning the im-
posslbilticy of ligew 1 and 2, Flg.4, of passing

throweh vhe wriglua,
r=0, In fact,

which 1o purn,

Ehis wawy ) leply
LR RN Y

Uﬂ .vl.l.l

wibtld Jegd 19

I
4]

Howevat, from cqflaa) and takls
the puiglve delio)t v ul o'
pliase, ofe haa v

AR w acotnnl
durbong the £ lsy

a,teul tary

Blchoot  [0ss of proerelity, on? 00 apsuses

thar ¥ s o wppactien twlie, € uf the  epling

curve,  Froo ohw eeladsonzliipesn o Beedt Uy S0Lp

(v }1 i2;) i and P fur cuble aptines  FLE,) .
J?-"hl u,i, 7)1 word in'-u: lu

Ly ag

e,y (22}

whiich In Imposedlle (o happen, glven the vay the
wet (10U wan pweeilicd inocns{lakhl,

I bhe Ca,we of » €an with 3 codlal [ellower,
end, el g ALtalae  xfatiomary valups clthe
when =0 ar oiwe wlon v f ™. The 11rst comldl=-
tlon Leads o g mindige valwe of Ll prossury wds
gle, vhoteas che second one ledds tw the rosfamun.

Becallfag thar weetd, o'-5' umd o'=u™, wne has
[ s
vl " a .Y
gt Taf{dre)o” ur el {29}

Substlturfen of ey{l%a) inte o329} und the
Fuct Lol uf@ ducing the el gl lead tg

n;-taniﬂiunfcl {104)

where 0, T Lnd 9% gre dofined as pefore. From
¢r{J0a) one obrains the¢ radive of the base ciccle

s a'-uutanuH
£ {0b )
i ”H
L. PXAMPLE
ObL.in  the com profile af the Lranslatlng

rallec=follower cam vechanisa producing Lhe Sis-
placeniny programie plveo in Tabde 1. The faxi-
cum PreSsuye angla Is limdLed o :ﬁﬂ'. and F=f.50,
The subprogran produced Lle cas praltle appeacing

In Flg.?, vith.u wvalue of @ ul_tb, JOr 3.
Angl{, ol Hluplacement
Phage ratat lon (vl fou)

D (dvgll) we 0
A TSR 72" +50.40
b, {dwellj) laa® 0
- (regurnd) 104" =50.0

Table | Fullower—displacenent progrinwe

The geesetvis propefficvs uf the cum p:aflld
produced by the sdiipropram are:

Aruas= 9540, 2mm?  Centrotde{-10 8%,-19.53},
Ey and E; are Lhe principal axey of Incitia at che
centrald, the corresponding moments of  lnerria
being Ip=&0192170, Omm” and I;=~31370254&,0sm",

A autoratle procedore, Implemcnted wirh the
ald of scveral corpyuter subpropra@s, was Jevejoped.
This procedure allews the Jigltal and graphical
production of the winicum-size cam proflle  Lhat
genceates a  gleen displogezent pregh smizc for &
ruller follower whille by vieg bownds o the pres-
ture anfle, Kaddal gpad offuet foliuovery eofe rpnsid-
ered. terein . The Eefuwaps presenced lere ylelde,
addicionaly, thwe tadiusc! the roller asa {vaccion
of the sinfces wvalue of the rodlue vl curvatule



'

" L]

of the plich vurve, tnorder to avedd underewt ting.
Morwever 0 produges relovann geohulsle g
Cies af thwe prolile, suchiis les grea, fLs centculd
lpcatlon, thw vilentariva oF lts  princlpal azces
and  valwes of trs  pripclpal womencs ol [neibia,
The softwate I usay ordcanted ol teguleen no doep
kiowledpe of e algorichke Jesoribed hovwesn, TC ia
a part of 2 wides program tysces fncended (o7 Che
syuthesls ol cam profiles of vardous typer nl fol=
lungtd, vut i whiech e e cotreaponding Lo Elat-
Fawe [0)loweTr Wil presyented praviously,
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OPTIMAL SYNTHESIS DF OSCILLATING ROLLER-FOLLOWER CAM HECHANISHS WITI PROSCRIBED FLRCTIONAL CONSTRAIKTS

Jurge Anpeles and Carlos Lipez-£g]in
Facultad de Ingenlcria, Universidad Hacional
AutSnoaa de fduxico

Apda. Poscal 70-236

04510 Misice, P.F.

MEXICO,

ABSTRACT

The syntheain af the cam profilz producing 4 given
dlzplocement program of 1tx msclllaring reller [ollower,
whil: #nclosing & rirlmom orca and havieg o prescribed
maxloum pressuve anple, 1s presenced, The displacement
program of the follewer {3 synthesbzed, In tuen, wsing
¢ubic parfocdic splines. Vhile the mathemacical pro-
gramiing approach is follewcd throughout, 1t 1a Ehown

Y4t the prublemcan be wolved using a simple roge-find- -

AE Toutine applief to a nonlinear equatlon in one un=-
knowa. The procedure 15 flluscrared with & fully-solved
exanple phouing Ios applicabilicy to the suromatlc ce-
algn of cam-fellower mechanlisms.

INTRODUCTION

. While the literature on cam mechanlscs han wide-
apread since the 1970"'s, In¢grparating coMputer-griented
wathods of analyeils, 3ynchesis and manufoccure [1-17).
cés mochanisms wich escillating (ollewers have rectived
wvary Llitcle actentlon, except for [2] and seme Other
Faferences not Fully devoted to this cype vl wechaniama
This paper followe two previous ones [L4.19} conceTning
tha cprimal synthesis of cummechdniems with tranxlacing
flat-face and roller follpwers., Tha approach Inproduced
in those papers fa now applied ta cha synthesls of disk
cams withoscilleting rolles fallovers producing che de-
sived angular netlen ai the Eollower, while encloalng a
minimem arca and having o prescribed mialfuo predbiuTe
angle. Departing [rulthly:ual practice of prescriblog
tha fnllower morion via harmonic, eycleldal or palyne—
ewial functions, ail of which concain g limited number of
ftee parameturs whowe values ar¢ ghosen $o a5 to match
the different motlcn phases  (lowar dwell, rizs, upper
dwall and return}, the authors use cuble perlodic
spliney, Tochisond, the conpcept of function and curve
e¥nLhesis {ntroduced in (70,217 Lm resorced va, This
wiYy, A Computet progras interaccing with the ugal #na-
bliea the latter co cbtain a sonath folleweT wobion with

e desired phascs, A complece turnof the cam plate e
wa divided incg th: four phases having angular lengCha
&b, for Lel,2,3 4, The user can supply these lengths
liihir in deprews pr as percentages.of Lhe total fufn,

In ordar to offer ehe user 4 vizual wverifleatian af (e
followor diaplacement prupram, the pefivare graphical
capabilicies provide a display either oo a CRT of ou a
ploctter. Onge the {ollevwe--displaccacic progras Lz myn-
thesized, ctha method presented here peocoeds o delor-
wing the cam disk poslclon af whigh Le pressurce Ay le
atcaing 1tf maxtmys absplute vilueg. Thias lg Jusc by
tindlng rhe roocs of & nonlipesr equacion im wne alrgle
unknown, tamely the warioshle delining the can Jdlsh o=
sition, This value then provides cthe geomeirle potigoe=
cerg of the cam mechanisa, Al dm all, 2 wisuwal wrorigl-
cation of intermedlars resulls is pessibie, but Ul
software 18 $odesigned as to enable a cotally awcomakdc
moda ¢f operation,

SYNTHESIS OF THE FOLLOWER-DISFLACEMENT FROGHAM

The angular displacements of the cam plate and the
follover are denaced by ¢ and 3, respeciively, Mariover,
# 14 assumed cobe tha sum of 3 conswant €. as yor L& by
determined, and & pasicive delflnfte rtunclion J{), T
pinimum value i¢ 0, Lts maxioum volua belng &, che ome
pliteds of the [ollower pscillacion, i.e.

0 =~ e+ alg) L)

Function o(p] 1s synthesized usire section '] of

the cubic periodie kpline T{p) shoum $n Fig L. This s
Ti¢) q
0.7
N —
°.0 'TF) T nf2 by |
-0, 5

Pig. 1 Pariodic spline curve
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syntheslzed, in turn, by specifying a harmonic distyi-
butfon of Y"{#} ap 4 ser of vqually spaced o points tn
the incerval [O,2n]  {The relatlonship beeween L U TN
nd  t{bpdetg, for ie),?,...,% fis linear 122]. Henes,
ae unhnown  ordingtes of the suppoviing pelnce af the
spline can be obtained am the solution to & linent aya=

ten, of equations, as sbhodn in [Z0&21). Moreover, in
order to  cbtain a wvanishing slops of the resuliing
#plina, at boch P and @, 1(¢) Is prasgribed o be odd

with reapect to {=N and cven vith respect to Genf2, 3mf2,
The Areroduccien of Lhe sald symmetries Tazults in o
smaller  ousber of fndependent ordinaces T{, in fage,
enly {n¥3)f5, The repuleiog system of equatipne {3 go-
pocisted to & PM malcdx chat 1 symmatric, positive
dofieice and eridizponal, 21l propertive of which cender
ir well conditloned and very siwple to handls ip obrain-
ing the snknowm oxdinaces. A proper acaling of che aec-
tden PQ of Fig 1. plus a rigid bady translation permik
the cbtntion of the rise phasa. Ry, of funcrion o(9),

af Fig 2. Tinally, the recurn phase, .Bz. of oip) iz
eyntheritdd by fizse yoflecting wection PO of T{y) with
- xegpesl to B=m, then wealing it and shifring it exacely
45 10 1yathesleing RI. Constent ¢ of funcrion (2] 1
Reit  cetermined 10wy to produce s prescribed maximus
pressut e anglo oy, while making the srea of the coo disk
& uinirum.  This procedure s outliosd in nexe Scctien.

a (¢}

: Dy
Ll /. .
A " v

-{ "I" ty——— :JH.._}._ tk—-|

"Fig.2 Tollower dlsplacemsnt program

SYNTHESIS OF THE CAM PROFILE

Tha layour of rhe mechanism that is being syntha=
glzed i3 shown In Fig 3. From thot figure, rhe follow—
fng relations aro resdily derived:

p'=atebi-2abcond . {2}
B-nin—llg sing]-y . n'

v

— e

Fg 3 Cam mechanliem with onciliating roller-follower

In order te obhtain & good forque trancmlmalon, |che
preasury angle o, thown in Fip 3, 13 bounded oa

lal < o, (%)

- However, determining the cwact porltion at vhich
la| attains frs maximum woluc 18 Bor atraiphtforward,
given Lhe lack aof smoochncss af che abyolute-value func-
tiom mt che arigin. Henca, the entrepra of an cven (ung=
tion of o thae be emosch enough Aate goupht. 4w alrendy
done in [18419), the valuew v,y of . at which cgea Lt-
taing its minima at2 now [ound. From Fig ), cusa i ob-
talnad froa the inoer product ol the vopror  coaneccing
P with T and the unic tonpent ta the pdfolcudve  ehowm
dotted in chor Eigure, Thiw la, in turn, tlwe trajeccosry
of the rollexr on the com sluk,

_tratcd by the cenccr
Thus,
Laytm— xindg . (5}
1487 (Lep' )7 -23( 1w " Jeoss)
b
with ges te)

At thip mwoment It is pointed out that the radical
of the right-hand slde of eql3) 3 posicive defindte,
In fact it cquale the squared length of 4 trisnple haw-
Ing widew 1 and B{L+4'), borh making an angle o,

feroing of decsafdy leads Lo

cB’+ DS+ E - 0 {7a)
vhera 1

C=g' {1+4' Y conp-p" (144 ulnd 1)
=4 {Ll+g' ) (2canTorsin’e) -t ulndcoss {7
E=g'coag (1d)
How, {u| stcaina 1te maxima 3t wvalyes of § vhere

¢opn atcaing ice minima. Lec
ninlcozal=a (8}

L

¥y baing the paveicular velue of p 4 vhich coanen,

Fig. 4 showe a mechanlse configuracion at which
tha follover ix st its lower dwell. Hence,

conc = B ) (3
sine « =2 = (181" 010

Fig &4 Followar st 1tn lowar dwall



Substitutivn of cquil,8,%410) inte eq(5) leads to

shere F8* + 208" + W= 0 {11a)
F=k} + 292} . {iin)
G-ka b =207 K] ey
Hegl = m' . (114}
Ky t;-:;-:’E{lw;]’-it!W;Jcal {I1e)
Ke=f14a'Imi=

with PR e (113

Du-vfia}. Ué-u;{tnl. £oe0NR,, B saind,

From eq(lla) onc obtalna B a1 a funcclon of ity
which theq ds substituted ince wqf7a) tagethar with
#q4(1,8,9510), chus producing & nonlincar  equation
I{ﬁn}-ﬂ. {n one single unknown, L '

[
i -
"
-
=
1
~
=
——r
w
[+
- BT
o
o
L
K 1 *ﬂ
] I T F 1 T T 1 1
BED 1.00 I -0 1.80 2.20

ANGLE OF ROTAT!ON (RAD)

Fig, 5 Flot of funcrion f{})

Fig 5 showa aplot of F{f) for the conditions rlvan
in che Example, The value of ¥ at which £} vanishes,
Po. can he obrained elther visually from that plar or
dcecatively, using a suiteble mlgorirhm, As frevisusty
done | 18419), subroutine ZEROIN [23] is used within The
program written fer the wynthesis of this type of fol-
lowver., Once ¢, 1s derermined, Op ond hence g} end of
can be readily determined from funetion af¢), of Fig 2.
With 0, and 05 already decermined, parameter B in ob-
talned from eqflla}, Constant e fan thus be compuced
fram eq(%). Funccion &{y) is chersfarse totally decer-
mined. Subsriiuting thess valoes ingo eqal 261, for a
discrete ﬂet of wvalues of ¢, ?Ei}?. a ot of paira
{pi/a,0.}) cen be ruadily computed, Thess determtne n
Poinca of the pirch curve, which are mnow used at che
Eupparting peines of a cuble perledic paramstric spline
used to trace the normallzed sedid curve, i.e. for a=|l.
The acrual eize of this curve 1w then eheained ance pa-
Yamaters & and r, shown Lo Fig 3, are defiped.The
Tadius of the roller far o wnlt lengch a, rfa, can be
computed from  the pitch cucve for a unit length a, by
Preacribing rfa to be a given fraction q of the minimua
radius of curvature of the sald piich corve, 1n order Lo
“wpld undercutcing, The said fracticn can bo determined,

turn, from econtacr stream conaiderations, as palnted
- dn (2], The radius of ecurvatureof che pirch curve,
Tp, #nd the pressury angle, 0, are glven by |2]

rF= a lin‘¢ "
P (1-¢1lcﬂllﬂ[££§§-+ f&%r lin[ﬂ¢¢}1fg31jicnl{=*¢l}
] {12}

a=tan ~! [eaty- E-L:I:f-tl—l

sind ay

The aoftwarm rezlizing ctho method presspted hery
produces rp{¢} bath numcrleally wmld graphically, Hare-
ovar, 1L.ylelds the ¢xtrema of this funeclan with the
ald 3f subroutine PM1%[2)1. Fig & shows » plot of rpf.
for the ¢onditions plven [or the Cwzeple, Lok 1 be the
alnimun valuc ol rpfn, P e and n o dengtlng the position
wactorn of correaponding paintd on the plicli cutve  and
on the cam profile, aswell ns the unlt pormal wectar af
both curves st corresponding polnls, reupectilvely. Tha
cam profile ie chus syochaslzed from ehe relatian [19]1

F. " PP = m

Tha cam profile obralnaed Frowm cq{l&]:nrru;pond;:q
aunit value af paramater a,  Thiscan be chosen, In turn,
from conuiderations al spaca avallability fopcther with
waximun allovable walue @f the eontagt Struss, Uiga
this paramecer fa determined, the wctual ¢iam prafile Ls
determined by scaling the foresoing nprmalized puromctiers,
which 1a done by a eimple mulripllsacien,

FAMPLE

Syntheslze o coam follower mechanisa for an oncil-
lating rolletr follower, whiilch will produce che [olliver
diaplacesanc progpram appanaring in Table 1. The prossure
angle I3 to attain a manjoun absolute value ol J0%, rhe
amplitude of the follower oncillations bedng preneribed

ap 45°

Fhase Anglc of rlsplagymint
raration ()

DI (dwall)} it o"

X" (rise} 7 +45"

D, (dwoll) 145" o"

R° (return)| 10B* =45"

Table ] Prescribed ln;ular-di-p;ace-nn{ ProgTEm

il -
- J\I?JD

T

T T T T T
V6O . DO Yaa.00 jip.oo

T
00 [ 1-F9 ]
{DEGY

ANGLE DF ROTATION
Fig., & Ploc of tplé

(1)

1 1
199.00

'
H

fl
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Tha "¥nthesin uvas exccoted with the safpuare
doveleped for the implomentatlon of the methed presenced
here. The values ubealned, for s wmit valug of n, werw

. *ﬂ = 82,61

e « 35,64
B o= 0.52
r = 0.38
]

-

Prescribing q=0.75 the radius of the roller wvas
thus set ap -

rfe = 0,183

Function {(¢), and the radius of furvature af che
pitch cur¢e are plotred Ln Figs 3 and 6, respectively.
The eynthesized com profile 15 shewm in Fig 7. Finally,
tho software produced the followlng peoRetric pardogiersi

Aruas of che cam Jdipk = 2.0%61

Centrold coordinates! = = =0,1827, y = -0.0805
Principal monents of

inertia at the ceptrolds I - O, 4544, I, = 03596

The principal axes of in!rtil,Er Ez.:ﬂrrcipondin;
to I, and I, arc showm in Fig 7.

i
E
81 st
- !
L]
!
"
T T T T 1
0.40 b.Wg
[TH -
& b, X
] -~
e,
* - "
*

Fig, T Cam ﬁ:o!lle ;
CONCLUSTONS

The method presented heras {ipplicitly produces &
minlmun-elze com disk for anoacillaeing roller-follover.
moving #ccording to a prescribed angular—dizplacesent
program, 1In fact, by imponing the conditlon char tha
maxioun absolucw value of the pressure angle atcolna A
given valus o, the procedure produces the mininum-alZe
cam disk. ThE uie of cuble peclodic splines, for beth
the synthesis of the angular-displacemcnt profram of cha
fallower ang the synthesisof che plich curve, and heace
for that af the cam pratilz, allows & relatively simpla
cozputation of the ‘nqm&[fiﬂﬂl parasctern of the encira
caa machanism, The softvare implemgnting che foregoing
method [ives the deslgnar cha freedod o choosd the
radiuvs of the roller by allowing him/her to speeify it
as o [vaction, g, [reely chasen, MoreoVer, the deslgner

© Journal of Yechanlcal Deale-,

ran dwtwrmine frecly  the overall siza gf the mechan|pm
by properly choosulng parvscter a, lefshe com do thin
congiderdng  mpace avallablllcy nand  manlnue, congact
stresn.  Since che paper 13 concetned with [he pure
goomettie synithesiaaf (he mechant gw, such conutderat lunn
wvere left azlde hicre, Thu nofewace con Le integrated,
howvever, te a more general CAL propram * enabling  the
desipnat £0 fouple 1t e o FlH puckage alluvlpy himfher
to conyider such clfocos a4 conracr atceyss, sizcess Lons
centrations and failure erltesda. Finally, the waltware
igplemancing Lhis ceothod praduces peomeprld pargzgleTh
fuch oy aren, crntrold lecaliun and principual Fosenta of
inertia, thac sre neceagkary for o acacic omel  dynunlc
analyain af the mechaniam,
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OITERD AUTCUATIZADO DE HECAN]SKOS DE LLYA DU DISCO COx SECUIIMA TRASIACIONSL DE CARA £LAMA

dorce Arcwles Alyvares

Carlps &, tdorz Laddn
Divisidn de Litedrar da Mosgrodo de

14 Fagultad d» loreaieria, UM
) , Apda, Foste) 7-256 .
I . DAL Bixien, U.F,

Rogumen

S preventa Yo sTnlesis rutomlitich de eocanismog
de lewa ©fn seqguiosr traslavinn:l de taca plana,
La £urvd de dectlgzeaiento del senuidsr ge sine
teties radiante cumrar spline preifidicas, Jas
evaleg sabisfivrn sonticiunes prentritas de ace-
ltralvin. Cn bize & 1o antecior $¢ detevaina ol
rédic 55w del :frculo base pard on dcscen-
tratients masine ¢ado. Finalaontu. ol perfil de
Fe F=uy g pbiier: codiante curgis spline para-
mELricas perifichie s, que Interpoten los puntos
gensredos por las wiuscionss de wintesi«,

Abstract

The campgter-afeed 1 athesis of disk cim woch-
niskg kb Cranslational flat face follower it
prosenizy, The folloser displacouent program ig
gynbresised by pericdig spling curves, which
satindy preserided aogeleraticon conditions, Desed
an thy toregoing, the gpubiesa rodios of the Lage
circte is datermreed Tor & Qived mas o contoct
point t=centriciiy, Finally, the cam profile ts
dhtatrd by TILUIng perigdic pareretric 35line
CUFYCE TRTouyh the points yenerated by the syns
tirezis ecuations, .

[ntroduce i8a
L]

Con cl atveniniento de Yas micuinas herrgmienta
dg control nralvice, 14 manufactur: de levas os
mis spafiable y practa §1]. Por otea pirge, du-
Fante 1% Gltines Qécsdas s hen realrzado diver-
505 cstudios stire el Aadlists ¥ 15 sintoofs de
mecanisans de leve [2], euchoy ce los cudles in-
valucran £) uso da la Coopuladma, [n particylar,.
sobre disedo Gptima de'lovas, pucden citerse log
tracagos de Chicured [3), Hischke [4] y Angeles
¥ Artesga (5], ertre otros. £n uste Crabaja sc
pressnta uh cas0 partloular de sfnkesiy de levas:
pere, 2 diferzncia de 1a prictica trathictonal,
que s& dask en o) uso de un nimcro Dinitady Je
fungiores que conlienon @ Su vor ua nomery Hii-
A oo perfoctros independicstes, agul $o cawse
tra ¢t uso de cunvas spline peciddicss sintetiza-
dis dr terny cal qor gapisfacon condiv lones da
ageltracifin proscrivgs ¥ qur -ieanlizan Corzinni-
Cdad en ba welncidad acd sewuiitar [6,71. La anlrge
duccian de funcrtees 301ine poralte conter ron

un rorerd drbilrerio gz pardertrot indepeadionies
{lor coeticieates de Ta splined, que Sormiten Sg-
Lisircer un ndeery jaudloepty o biteario ¢e con-
dicimes soorn L) doiplagamienity del setuidar.,
Las Jardak spline han sido weilizaday por K& 53n-
whel 3 Garcis de Jalda [6] pava vlen-r 16q pro-
yeaaean del gegundae, S esberoo, wn oste preba-
Ju Vichas Cuivad e oncuentean o 1ndg nadAs en own
ik 2 g datos v, modlente vitaleainto {0 1e-

flenidn), ruslen ronerarss los progranas &= des-
plaziwiento dv Scguldor ralueriags, e los ceas
Tes s pucdcn 03LencT {on purleg o whlroidad
mEafes ¥ por 1a tirtc, ol roevo Snpira acl ¢ire
culd Lail pard Lh Sustonbrecionlo Ljvir? goimi-
tida., Far 4leixe, conscjendy 2zl vadio dul £0r.
cwlo Basy.el perfild de o leva teobivers o1 inter-
polér 105 yurids gencradas por lag ecuscicn:s by
stntesits, codiante Curvas SeVENS RarsriE-icas
perlfdicas, Lay funiiuvres soline berilaiozsl usas-
dzs zzaf pyra representor 2l dospiazenierin del
siyuidyr Lon B 1y forwy .

T E I L P SR L TR P S
PATY gpids"y+4

dondz ap. By .o (L1, . ,n) 12 ehtfepin dr las
cordicignes de periodicedsd s{Desil=12"(D)as’
(20)sm(@)es™ (2} y 20 coatinylded en 2y, 02,.0..,
ty Cbaeto en s{r Y oo oen 80000 oy en WY, para
setistacer valores Presecitos o V) on 9,
¥2ve.. 0. (Los detalles pucden versen cn L7]).

BefintciCn dr} Prohlomd

Dados Gus intervalos 1, tp.ty ¥ Ly, 227 como 1a
eltvacldn del seguider, hy, gue definun 81 poBords
e crsplazacienty 2a é3tc, wer Taq ), gSicror
el perfil de 1a Teva de drea ainiog, que onsre
BLQ proyrésa ¥ Guo CeUra unh gdescentremizatn wlxl-
ne dado A2t punty 49 Contects, BA,oe ls Flg 2.

sfntesls dut progra=y de desplenamissto drl se-
HUIEST

Se requlere sinbprizar Y4 cursd w27 vs. ¥ dr 13
Fig, 1, comctarou las fases doe roposo Wy r Bs,
de ferma Lal que € y G snan taneertos 2 7y ¥ Wp
entl. 22, w1, ¥ ¢ [yEp ro phra corantipar que
la vetlcefdad drl sequidar sea continud en 10§
puntoz de Cameriun, huccds, dadd que 1A arelergs
clfn el sequidor e una fongien Tenesl de u”
3} ¥ con e} fin do wiegntirar la gconcim idad g¢
dichd iceloricion e ety 45 yoq, 907 ) dibe -
Tarsu an estos Puntou, bai dun, te Jesea qui 1z
seelerastdn cHrhle SyoveREp entvroy 317 ¥ #n-
TR T3 ¥ P4, LO Anterior 4o bueds &3rar (1] re.
dignte ol cecalamyenta gdocunds 200 trimg £ de
la tuive SpHine geridica @ la Fopn 3. 12 cual
e elwuenite slv2conads on Lo banio g Setor. La
stnlouis de Ta Curva 0L delirisa entee - yug,
s Tod oediante ta roflenidn y ticaiaripnto
el Tiswd Troms PO,

Siatesis d21 pecfil de 1a levg

Comyidurandy 1o Fla, 2, sean Moy L Tinezs fias
Al ilreg gl mevsni e o3 la 18, iesectivas
cente, £ dupde - widic Ja rotaciln de Ta luwa
con roapeelo al Becco, o tanga @it <o) puods

Cany il rurse COm 12 Sukwy d2 wrd Lo taneg o, el

[E I T, I SRR Ry U ST 1 [
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radio del clrculo base, mis yna funcidn pasitive

definlda a{+}, cuyo vidor minimg o5 crro, sicnda

su valor mfx im0 §gudl a h,

De 1a geomatrfa de i Fi9..2, se tiena:
sle)vale)son{are) : (1)

Toualardo tas velocidades en Ja dircccidn verti-
cil del punro A, s& ticne: N

TYAL T Vas o IR £

gnndy v ps 1a cumponento vartical do la velo-
cldad de”A cremi punto de 12 leva y vae ¢3 12,

velocidad ds A cepo punte del sequidars por o
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__el¥)ecos{ore)es {3a}
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ce(s)cos(a+p)=st(p) {3n)
Dw {1} ¥ [3b) se tiene:
22() = s%(¢] « 5*%(w) {0
o(e) = tan” '[Eqﬂ :t {5)

Combinands {4)-y (5} se obttene ul perMT e 14
leve dado pore » 0 [1),

Determinccide del radlo 8ptimo del cfrculo bage

O 1a gecmervfa de 1a Fig, 2, se tiens:

X = 5 ¢os (e+y) {6}

Sustlicuyendo (6] en {3a) y despejando 8%:
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sierdo Lpg, el misimg dascentramients-[par uni-
aad de longitud de radio del cirevla base] pers’
mit-do, se tiene: - -
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de fonde pugile nhtuncrse‘ul radig dptimo del
eirrulo base :
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Lag velogida 2% miviwas correrpondsn 4 195 puntos
de ‘nffexidn de Tas curvis £ ¥ B, esio 05, J qun=
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tes  doncin (. decheracion 4@ gnula y wue for consa

brw Zk0n de a5 curvas corvesponden a tos valores
¥ o [aeeqdi2 yi= [v3rugds2

pﬂ:.ripc!ﬁn del 3looritrg

1. Lee los intervalos t{.t7.t),t4, 14 elevocidn
h y ¢) wixiao doscentraniente permitical, o

2. Genera las curvas de elovacldn y descensa el
segquldor cediante escelemientn adztuddd, Gri-
fica =3l curvi

J. Chtiene c4pr
4. obtieneo(e) ¥ o {¥)

.5, Gengras {#). Lo qrafics rediante curvas spli-

na pardmétricas perildicas

Elewplo

Dbténgase &1 rerfil de la leva que preduzea el
mov imrlrnts dnl seguidor rostrrdo en {8 Tabhle ]
para un descontragienta mislcsd Jde 507, ¥ una
alevacidn =5 unldides ¢x lonyitud, EF perfi)
obtenido 5¢ muestra en la Fig. 4,

Canclusfones ’
La mostrd un procedimiento pera obtzAwr, en for-
na automitice, tanto €1 prog-eaa de desilazaaien
ta del seculdor c2mo &) pertrl de Ta Teva do
drea mlinimd con un descentrpaienta mizira preg-
trito del puntg de contacto. El algorii-a utilks
zado te reddizd on oun proivrga de gotpuliiory,

A1 cual tteny acceso 2l Oswarto en Funl: COnYers

sacignel ¥ preporciond 1oz pesultadps Lenla en
forma numrica coma grifica. in el Gitira caso,
8 puedien cotenrr A4tos en rartally 9 en Zopia
dura pediante ¢l usa de un grifdcadir. Se utl-
llzaron pard pcsta fin Yas 1egty)lscrones el La-
beratorip de Colculo Automatizaldo oard el Olse-
Mg de la Olvisidn ¢e Ectudios de Posqracy de la
Faculead de Ingenierla, UHAM, ;
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Fig. 1 Procresa dedesplazamiento del sequidor

Fig. & FPerfi) de 14 leva
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Fig. 2 Leva de diico con sequidor de cara plama Nota Final: EY perfil de 1a leva sr obtuvd cOf

3?7 puntos de apayo Jistribufdos de 14 siguicnke
manerd: 9 puntos de apoye en cids periodo e re—
poso ¥ 10 puatos de apoyo en los periodos gu 4i-
cahild & desconin,
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