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DISE~O ClNEMATICO DE MAQUINARIA 1984 

echa Temario Horario 

unio 25 Definiciones y Conceptos B~sicos 9al3:30h 

Clasificación de Mecanismos 15 a 17:30 h 

unio 26 An~lisis de Mecanismos de Pares inferiores 9al3:30h 

Introducción a la Robótica 15 a 17:30 h 

Unio 27 S!ntesis de Mecanismos de Pares Inferiores 9 al3:30 h 

Optimaci6n de Mecanismos 15 a 17:30 h 

unio 28 Mecanismos de levas 9al3:30h 

15 a 17:30 h 

unio 29 Mecanismos de engranes 9al3:30h 

Ejemplos de aplicación 15 a 17:30 h 

. •. 
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Profesor 

Dr.Jorge Angeles Alvare 

Dr. Jorge Angeles Alvar 

Dr. Jorge Angeles Alvar 

Dr. Jorge AngclesAlvatce 

Dr. Carlos L6pez Caj~n 

M. en 1. Angel A. Rojas 
Salgado 
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EVALUACION DE LA ENSEfJANZA 
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SU EVALUACION SINCERA NOS ' e• o 

~-AYUDARA A MEJORAR LOS NW -w ~~ < 
PROGRAMAS POSTERIORES CXJE ~~ o 
DI SER !IREMOS PARA USTED. ~~ 
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TEMA 
~o ~o ~w 

o o o~ o~ ~~ 

y concepto• b&aico• . 
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'" 

. · 

" ' '" 
I~troduccidn a la robótica 

- f! de IIIGc&niamo• de pare& h 

. -
~'· leva• 

- ' . ,. 

ESCALA DE EVALUACION: 1 • 10 
. . .. .. . ... 



EVALUACION DEL CURSO 

CONCEPTO EIIALUACION 

. 
1 . APLICACION INMEDIATA DE LOS CONCEPTOS EXPUESTOS 

2. CLARIDAD CON QUE SE EXPUSIERON LOS TEMAS 

' . GRADO CE ACTUALJZACION LOGRADO CON EL CURSO 

4. CUMPLIMIENTO OE LOS OB..!ETIVOS DEL. CURSO 

5. CONTINUIDAD EN LOS TEMAS OEL CURSO 

'· CALIDAD CE LAS NOTAS OEL CURSO 

7. GRADO CE MOTIIIACION LOGRADO CON EL .. CURSO 

ESCALA DE EIIALUACION DE 1 A 10 



1. ¿~é le pareció el ambiente ~n la División de Educaci6n Continua1 

MJY AGMOOJLE 

2. ~dio de cOliD.lfl.icación por el que se enteró del curso: 

PERIODIOO EXCELSIOR PERIODIQ) NOVEIW:lES 
A.~CIO TITULADO DI ANUNCIO TITIJL<\JXl DI FOU.EJD DEL CURSO 
VISION DE EruCACicN" VISION DE IDX:ACIOO' 
OONTJNUA CONTINUA 

CARTEL MENSU.U. RADIO ~IVERSI!lW CCMJNICACION CARTA, 
TELEFO'Kl, \WIAI., 
m:. 

REVISTAS TEOIIü'IS FOLLETO ANUAL CARTELERA 1J'\AM ''LOS GO.CETA 
UNIVERSITARIOS HJY" UNAM 

3. Medio de transporte utiliZado para venir al Palacio de Minería: 

PARTJaJJ.AR 

1 

AUTC>IJVIL 

4. ¿Qué canDios haría 
curso? 

METRO OTRO />II'lliO 

usted en el programa para tratar de perfeccionar el 

S. ¿Recomendaría el curso a otras personas? 

Sl 

4 



• 

6. ¿~é cursos le gustaría que ofreciera la División de Bdu<::aci6n Contim.J.a1 , 

7. La c:oordinaci!Sn aca<Mmica fue: 

MALA 

11. Si está: interesado en tonnr alg(m curso intensivo ¿CUál, es el horario 
más conveniente para usted? 

~DE !'E 9 /'13 H. Y '-~' DE lB '/z¡ H. • 
Y VIERNES DE 

DE 14A lB H. 17AZ1H. 18A21H. 
(CON o:MI!}II.S) 

VIERNFS DE 17 A 21 H. VIEtNES DE 17 A 21 H. OTRO 
SABAJX)S DE 9 A 14 H. SABAOOS OS '9 A 13 Y 

DE14a18H. 

1 

9. lQué servicios adicionales desearfa que tuviese la Divisi6n de Educaci6n 
Continua, para los asistentes? --------

10. Otras sugerencias: 

. . 
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DIV/S/ON DE 
FACULTAD 

OISE~O CINEMATICO OE MAQUINARIA 

SOFTWARE PARA EL ANALISIS DIGITAL OE 

SISTEMAS HECAtiiCOS 
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. 
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. UNJO, 1984 
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Mf~IUEL CALLUAS CASTRO 
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"' 

Jocge /.ngol .. Ahuoz 
frofooor 

Oi•ÍoiOn de lotudioo de 'o•¡rado 
focUI<4d do ln¡onter[a 
~porz•do Poot•l lO-l>& 
Hhico 20, C.F. HEXI~O 

K.nuol Callejoo Cootzo 
Ayudan« d• ProfuO< 

Oe~(t .. ontO de lngonierta Koc¡nico 
Faculto~ de lngent&<!o, U~A>I. 

So.bpro~,·~• for digitol co~pul.r oze pre
oeoted that alloY, by tbeiz oouplin¡¡ within o 
.,.¡n ~ro~'"''• th• anolyoio of ~ultiple-loop 
ltn~agoo. I:O.oh oubprogz_o .. lyuo kin ... tlcal)y 
• oingh-loor-• tngle-dogroo-ol-f<codo~ ltnkoge. 
tho •..Opro¡h• devoloped <b"" lar oo.aly<e plano 
~RR~, RPRR ond kRHl' Hnlcogoa. A• an exa~ple, 
tho analy•Í• of tbo <1d•io1 linl:oge o! a •'h,a!!. 
icul aloovel ia tndu~ed, 

Se pz••cnt • .,l oullprogr•••• Oc computa4o<> 
digiral que P"<•it...,, -dhfl<o ou ocoph•lento 
en un 1""~'"'"" l"tndpol, ol anHiou de mooconh 
.08 d~ ••l~bonc~ rlgidoo d~ ... ua oiatiple. CodO 
oul>progru~., •n~\üa oineO>litlca•ente un ""coni•
.., plano du gr~do do Uhortod OI~Pl• y de una 
•olo =11•. Lo• •ul>pro¡um ... hootd ahora dooa
«olladoo onali<•n oOcUÍ<IlOO RRIIR. RPRJI y lRRP. 
Co~o •J••mplo, "" i10cluyo o! anHiBI• old ,..canlo 
- ~«lonador de uno pala -c.i.nico. -

lntroducc!6n 

H aniilio" dneúüco de US«.,..o mechi
coo mudounto cooputudoro dl¡t<ol cobra ioperran 
cia en ,.1 proceoo de dioefio o de '"disofio do -

talu• "'"'"""''• pu .. .o '"'"''" do eote an~lioio 
es po•ible •·va)uu ou operodOn oln ne,oaidod 
de con•trulrlo. t.n ofoc<o, o.edionte osto an.ilt
oio puedu doreriOin.roe b ovolu<!Ó.O d< variabho 
toluo '"""' ,.;,¡ ... ~<elonci6o (llnool o ongular) 
de por«• crfti-"'• la von<aja mec5n!Oa de h 
tran&oloJUn, o bien deto~toru oit..a<lon .. od
V«••• tole" <0<1>0 intorforonci ... AJlciuo>•hen
te, cab~ •eoloi., quo el atdl!sh -iante coa-
putodor. dc~itdl ~ermito euoüur la o~orod6n 
de,,,, .... •eclntcoo co~ todo ol ~etolle dooea 

do y '"" '""'" ¡><eoioiOn «>010 ••• ""'"""''"• 
"'" tenor que con•truir <ootoooo pcototlpoo. 
con ol toho<ro conSL'CUente on econom!a y <>1 cuan 
<o o ,, .. po. 

Loo •iote""'o ..,dnlooo o loo que eo aplica 
ble el ~ooltvo~ro" aqui preaoncaJo con•loten ""
ucopl.J~ion<o• d• me<oni...,l planos de Rtado de 
bbertaJ .i~1>le y Jo uno ooh ,..,u,, 

E•>a<<n pTOJr-.oo <oleo '"''"" el KAPKA o d 
TMP(I) qu<· "'"""pura onolizar ''""""tica y 
di.Joic•-<><e •i•tea .. -únlcoo de ... !los oOll
"Pl'" y dL mUltiple 11<odo do liben•.!. ln<lo-

"'""• "" (1) •• conoi&n" amplio~""'' •l •o!t
""'" duponible pau el propO•ito acnclon•do 

!1 objuo qu• •• p<r•<~u~ •l dcoarroll•• d 
ooftwau aquf prooentado •• múltiplo. Pot "" 
lado, odentado h.aci• 1• ~~lic•cJ6n do tócnl
<ao tnt.ractiuoo do ,roric•<IÓn. Por ol!" hd<>, 
de .. nollado on !onoa ..,dula<. lv qu< P"•in 
r~ ou utili<•<16n <n lo<= mis d><Hn«. puc;; 
o•! ol dioeñodo< puode conto< con u~ pi<>&<~ 
lOCO de la que pu<do ••lc<clono< s~lu loo oub::
prog<ama• qoe il roqu><u, oln tuer qu< utill 
rar ""'""'" de rompu<•dora que ten<lda uciuoo, 
en cuo do TO<urrH a un progu .. do p1opOono 
~eneral. f!olol~un'"· d deoorrollo d• un sol<
~~« pr<>pio u d•>uhle, puoo eoto cont<lb>ol< 
u lo croac16n do unu <ecnolu~(o propld. 

~os oubprogro=• quo se deocciOen • cuntl
"""ci6n, HSC!l (RI:Spuuta Clneútico), ·~~12 
y ·~~C!J, oirven pato el anOiiou <lo mer;ni•""' 
Jo loo tlpoo ~RRR, RPR• y RRJP, •••p~rtlv••••

<•. r"'"' ""''"'•••• •• ~ueotr•n en l•• f¡~·· 
1-l. rodo uno d• eoo• oYbpru¿raOdo o• dooc<lb• 
~ con<in...,dtn. 

~[SCll. Al~"'"IJIO d• cUculo 

Se oupono ~u< •• conoce per!ect••cnl< loo 
valore• o 1, .•.• •s y Q de la Fig 1, .. t co110 la 

excitad~n dd o«•n••~o, <lo•i(<); ... r. •• '""~ 
«n t-l~o ~(<). j:(r) y d<flndoo d• ordon 
ouperJD< de"''" funciÓn. El •n.llioi• comp<on
do lo ob<cne>ón d• h "'FU<~!~ CÚ<ft••H"'"" dol 
~ecunis100, que ¡ncluy• j(t). tlt), 41<). 
f(<). (l(t). l(t), •(<l. >{<), i<(<), y(<) •. ii<l 
fi<), u(<), para vdlor"• de ;lt) <O~pronJl<ioo 

onuo f • y ~ ' ~""• en t<nord, oon d<l<!•'" "''" ,., -
tes J o6lo coincldon 01 el eol•~6n do ont<•d•, 
el d• long•tuJ o

1
, gira vudt., •ompl<to. 

El ln11ulo 1 oe obt;one de lo ocuoci6n de 
f«ud••"•in [l), 

<
1
-l< 

1
<oot+ k

1
, os~<tcoo ( 1-~)-0 ( 1 ) 

., 

., 



~cril>i~ndo b oo. (!) on h jo,_ 

<¡·0¡<0• .-+k 1coo~•-coooooof· ••••••M 

1 ouotit"yeo<lo Jo; <igut~nte• idontid•·l•o 
I>Oa.it<ic~•: 

:!.ó_-~<:I '"L. 
!+tan· ( ;./ J) 

1-tn
1
(t/2) 

IH4n
2

(./2) 

l~ oc, (1') •• tr4nofo.-.. on 

A tan 2(o/1J•• •~•<•12)+ e-o 

.Woóe 

h-k¡+<~·(I->¡Joo•• 

B•2ocM 

C•k¡ • k2 + (lHJ) e••• 
Ad h ••. (4) "" Lu•drhloo 
oolucl6n ••• .. n<lil...,..ote, 

OoB(t
1

, 2 /2)• 

k O..o.le 

•¡,¡ • ltun _, [-" f•""T:i:Ac" 1 
" 

( l ' ) 

td~ 

'" 

, .. 
()a) 

(6•) 

(ób) 

Lo o.oludD" (ó•) o lo tuodrltico (4) •• oo 
necto deodo .! punto de v>ota algebuico. Slo
-hrg~. 1\oon<'rtoa,.,nt• pue<lo cau•••r diftculto
de• u<oot<~!ica., co- •• ·~"""en (~). l.n 
<h<to, >l "'" •AC, la ~fÍmota '"i' üu•llln<lu 
el oi~no 1"'0Uivo <D l• oolue16n (óo)) oo onuh 
• couoo ~.1 <·rcor d~ redoodoo. raro '"it~r ••<• 
aitu•ci6n, 80 <~l<ulo on oote <aoo la pd•uo 
cal, ('OmD 

.•L·~,_.~,,-,-·<C•co~,,,,,,,c)oCIL t•u(¡ 11ll•· ¡~ 

y ¡. .. ~,.~ •• '""" 

' •••<•zl?l• A<•n<o
1
/¡¡ 

(lo) 

(lb) 

l..ao """ roic•• anterioroo '"""'""ndon o 
hw poo.ciu""" '~"!""""'" dol ~ecoouo.o. Oo un 
pu.nto> ""erto d•l ~•l•bÓn de ontraJo, clacomon<o 
l•• do• poo!donoo con¡u&du oe <•ducen o""" 
..,¡_., lo> '"',¡ """·d• tuondo oo onuld el ••dicol. 
Si <Ot~ Cdd<c•l no •• do..,).o pO<a DinsW. uolar do 
K ol oolot>~n d~ o·ntfoda no tieno "'""""" pooi· 
cih do puuto ou•r<o, ooto> eo, constituy< """' 
'"'n(v<lo. ~" •><·l• cu .. dt<ionoo, <>lOVtvne "" pri 
""" lu,¡.¡.r ""'"'"'""' oi eote .. lobón oo del ti":' 
po bdlondlo u d<·l tipo mantvolu. bto •• pu.Ue 
det.roinOT <lel cntor><> do GrooboU (~); p••• 

""""' •~ ••<~ '""' int<reoo <onocor, "<rnp" 
que 50 tut~ <lo un bahndn, ow. conilgutottO· 
neo """""'', "" procede de lo """'~"'" fo.,..., 
h qu~ <l "'"'•ni•""' •• oneuontra on uo"' cunf>gu 
rae<6n •~"""" o! anuhroo el rod!cal, •• <lebe
dotoro¡nar pu qul valore• do p Ou"<·de oatu, 
"" d~Clf, •·• <'<'«•ono de•pejar ~ 4• )o"'""" 
ci6n 

r(~) ~ •'·4AC • 0 

m 

Al •u.otHuh loo volor•• (5a·<) •·n \ .. •<· 
(i) ae ti••• 

'" 
no.¡ 

(JUb) 

( l ) ) 

Hoden<lo lo ou•titud6n do l• y e on l& 

"'U&ClÓ!• 111) en th~tnoo de ~ 1 ,1.¡ Y lo¡ 1 en 
oo~ulda ouotituy•ndu htoo por o 1, ·~· 'l r • 0 
o• tien• 

' ' ·'-<• -, •' •¡ 1 ·~ , •••. ,, - ·-'---i"eco'---' ' ••¡a¡ 
( 1 ~ J 

q~<, co010 oo v•, da lu~ac • ,_.¡,,, r•ole>, Se 

t1<nr, cntoncoo, 1•• •L•u""'"" """"' '"""' 
p<othl .. 

i) El v•Jur ot>holuto d• •~boo tdi<<O <O «enof 
quo l. 

iÜ SOlo una ,,¡, tion~ "'lor •Oooluto s.vr.or 
qu• l • 

tii) ""b•• ,.¡,._ tien~n vo\or oboolulo .._.,·or 
qu< L 

En ol cooo 1) <l e•lah6n ,¡,. rnr<aolo ·,., d•L 

·,;.., bolandn, o>L•ndo JdddO ""' 1 con!t""""
<conoo ntr<o.aO ""' lao ,_{ce, (1!). f'n el <a•O 
»)este eolahón ta,.bt~n •• boloncfn >• '"•'"
ntenolo que la ,,~.=ero rol< '""'" voloo •hoo:uto 
'"''""' quo J, l"o ronh~uraotono·• """""" ,.,,:,,. 
Jadoo ""' eota roi< y oon ol~~trl<d<, "''" ~•, 
~¡ ·-~ 1 . En o!'"'" i>tl, ol eal.ob6n •·• do•l 

tipo .. nivelo. Uno ve< dotetmii>->Joo l•• confl· 

guradon .. "'''""d'• •• olef<nen 'mln' '.,;¡, 
(¡;aro eolat>on•• del <1p0 b•h!\de.) ole ncuerolo 
«n lo• valo<eo quo •Jquloro ~"(o) <n ••·" '"'! 
figurae>Oneo, oo.Ún e) <rH<rW <OOO<J.Ju J< l• 
"'gunJa dorivodo, eoto •·•, t •• ,.¡,,.,.,. donJ• 
•' (O) oo anulo 1 ;-"(¡)> O; O •• m.ium.o donJe 
¡'(f) •e •nula y o"(o)< O. 

LAo vartobleo f(t\ y i(t) •• obt><n<n do 
J .. /ónoul .. 

' d 2.·l d; 

""¡ •;¡¡t 
dond• loo dor>vool•s oon 

f ll) 

( 14) 

... , .• , .. ~ .... '"""" 
Ion dr lo <<u>eJÓn oJ< l"ovuJo·"''''" <1) qc< do• 

fine, bajo lo• '"""'''"""" ,, ''"'""' •·• ,¡, l 
cooo (ó), a o'""" tundUn •~olt<><• d< <. t:n 



de~to, Ja '"'-· (1) oo puodo ooo<J.bi< c._, 

f(~,j)- o {1') 

do donde 

" llfl! " (16) 

" ¡¡¡¡~ " ' 
"' ' [2.!! + .'!t ¡Dl !!t. ¡ H (11) ... " ij d. 'ii ~~- a;"'"ii 

L&o v•n•blco ~(t), ilt) y ~(t) oo oo1culon 
do una ocu.&< ión •"'lojonto a lo do 'reodo""ui.n 
( 1} : 

L
1 
+L2coo,..L3coo~-coo(t-0)•0 { 1&) 

fl &ngulo ij(~) oo <dculo Ofl lo,... onilo&" 
a coooo u c•lcul6 o<t) do lu •e•. (lo y b), 
obton>~ndoao ••1 doo fOoicionoo cooju¡od ... 
L..o variobl<o io(t) y li(t) •• obtioneo, ooálOI!, 
men< e, ooOIO 

' 

... 
a-~~ 

. i~ ·l . -- .. ... 
( L 9) ' 

(20) 
donc!e la• d~riv•doo pordoloo con reapooto o f 
oe obtionen ~e h oc. (12) quo defino oMlogo
mente a e co"" fund,6n implícito do ;. L:o ofoc 
to, Oo<rlblondo lo ec, (U) ....., -

h(j•,1J•O 

oe obtuene 

Oh¡at N' ·-[1 

' -'
" 

(71) 

(22 ¡ 

(2l) 

Lao variable• o!t), y(t) oo cdculoo de lo 
BeOOOetrfo de la >1¡ 1, ocndll-nto e,_, 

x•o¡coo~o~coo (&+<,) 

y•• 2 oooo+~~·en(e+~) 

¡ 24o) 

{24b) 

c•lcuUndooo """ do<>vodao por dorivoci6n di
recto de Utoo •cu.o.non ... L .. f6"-lo• co<«,! 
pondiontoo •~n fádl,..nu <lbtenibloo y por lo 
lolto de oopodo no oo incluyen. Fin.tlaento, 
ol in~ulo do tranuioi~n •• calculo Undlh
*eo<o de 

"-~-8 (2~) 

JESCU. Alg~ritmo do cllculo 

So oup<loe quo u coooc.., p<HIO<OI-o<o loo 
volo<eo o 1 y o1 • oo! '"""' lo e~cHad~n ol<l y 
ouo'\lorivadao. Se duoo dotor..iiMir 6(<), ~(<), 

i(t), t(t}. ~(<) y ~(t), Oo la Fl1 1 o~ obtio-

oo ·' ' ' - "¡ + o¡+ 2o¡O¡<••• (1b) 

... 
do .tondo -1[•2·oi·•~J 

•• cos ' {¡1) 01°2 

a~id<>nol-nte,_ 11020•0 f 
1 

6 • tan (29) 
•¡<••~'+•¡ 

Lao derivadao oe calculan ~erivond~ dir•<
<.-.oto loo rolo<>Dnoo• 

•<ool• o
2
coot+ •¡ 

ooon6• o1aent 

Ao!, •• obt1one 

-· • "2"""(o 1) .. ,,,,,;~;.,,,,_,,,, 
(2h) 

O~l>) 

,., 
(ll) 

.. -(•-o¡coo(t-6)) ¡ ,~::..-.o.-. 
•• , ',_ ,,•(ll) 

' 

., ... 1-1 
o otn(f-l)uo (o-t 

o
2
co0 {f·l) {l+coo2 (t-e) )-o. 

1 
l• 2 l 

"2 •••• (t-1) 

kESCll. Algoritmo do cllculo 

• (ll) 

" 
So oupooo que oo conocon porfect~m•nt• loo 

di110naionoo o
1
• a

2
• o1 Y o4, •d co- el 1o&<>

lo o del ""'conio~o !UtJ.P do lo fig J, oJolllll• do 
la oocitoci6n ~(t) y ouo dorivod••· So dooeo 
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Abstract 

Sets of constrafnts on analytic functions of linkil')e parameters, equivalcnt 

to thost: of Grashof's mobility criteria are derivcd. These incqualities 

represent necessary and sufficient mobi 1 i ty condltfons for the fnrut and thc 

output links of planar 4R linkages, as well as for its coupler link. The 

application of the foregoing constraint relations to linkage optimization 

using gradient -dependent methods is shown 1~ith an exa1::ple that fs fully 

solv,ed resorting to Newton-Raphson's method and an int.:rior penalty function. 
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! n t n._d_u_c_ t i on 

GNshof's mobility criteri~ for RRRR p\<:ne link~\)CS cstablish the 

conditiOliS on th~ r~lative magnitudc~ ot tlw links for· t11e cxistenc~ of 

double-crank, crank-rockcr and double-rucl.cr· 1 ink~~cs. The pr-oot of such 

criteria can be seen in eithe.r (1) or [2). A rccent rcdssessment of such 

criteria ~:as given by Paul [3), r~ho provcd necessity ~nd suffícicncy of 

those. Paul al so shoNed that two typcs of duuble-crarrk 1 inkages should be 

distinyuished, namely those with fu11y-rcvolving couplers and those with 

oscillilting ones. The mobility of the coupler link is al so analyl~d in the pn1scut 

• paper. lndecd, necessary and sufficient condítions for a fully-revolving ami for 

an oscillating coupler are d~rived. Litvin [4] has established general condi-

tions in algebraic fonn for the existence of cranks in closed kinenratic 

chains of any type. He does not provir.le, htiWevcr, specific fonnulae for 

specific types of linkages. 

Grashof's cqnditions for the existencc of the aforementioned types of 

11nkages take the forrn of inequalities in which the len9ths of the different 

links appear linearly. In syntlwsizing RRRR plane linka~es for function 

generation, however, a systan of linear e()uations not on the linka<Je lengths, 

but on a diffcrent set of parameters, arising from Freudenstein's equalions, 

is to be sol ved. Given the RRRR planc linkage of Fig l. let 

' ., ., . -., ., 
k • -
3 ., 

(1) 

The prob 1 em of 1 i nkage synthcs i s tor funct ion gt:nCr<l ti on cons i sts of 

finding a sct of values (a 1, a
2

, a
3

, a
4

} for the link lcngths that ¡woduce 

a prescl"ibcd sct of 1nput-output pnil·s {(f¡• <j>i)l~, wherc ~' and ~,~r-e the 



input and the output angles, respectivcly. 

Freudcnstein's equation [5;6, p 297] alloNs one to cor;rpute thc sct 

fk 1 • ~ 2 • k3J for the prescrihed fnput-putput valucs. This cq11iltion·is tlle 

follovling: 

(11 

Since the problem contains three unknowns, threC! input-output values 

can be prcscribcd, eq (2) Urus leading toa linear algebraic system of thc 

(O~ 

Ak ~ b (3 1 

where A is a JxJ matrix, k and b being the 3-dimensional vectors given 

next: 

1 cos~1 -cos¡,1 ' cos(w1-•1 Jl 1 

A • 1 COStz -cos~2 • k • ,, • b • cos(~z-~zl 141 

1 cost3 -coso¡.3 
,, cos(,¡.3-•3¡1 

By inverting the system of e qua ti ons (3} one can o~tain the unique 

set of valucs fk1 , k2, k3J that solve thc proposed problem. Given the 

simple structure of matrix A and the low number of equations, matrix A can be 

' inverted explicitly. In fact, fonnulae ar·e available in the literature 

(:6, p 298] for the computatton. of k from (3). Once the value of k has been 

computed, the lengths a¡ can be computed by inversion of eqs (l) as: 

~llere it is assumed thilt the synthesh pro!!lcnr leading to C!qs (1) is wcll 
posed, i e cases rendering either lll3trix ~singular or rector~ 7.cro are 
discarded. 



' 

. [k~ ... k~ 2 2 1/2 
• k2 k3 2kl k2k3] 

1 ' 1 a
1 

~ 1, • 1 51 a2 - r . ,, . 
' '• . -. 2 k2k3 ,, 

In the above discussion nothing prevents k2 and k
3 

from resulting 

negative, thus producing negativa vulues for either a2 or a4 , which 

situation is next dealt with: a1 is arbitrarily chosen unity, for a scaling 

of all lengths by the same factor does not alter the input~output 

relationship, whereas a3 can always be made positive by a proper choice of 

the sign of the square root. tfegative val u es of either a2 or a4 indica te that 

the angle ~ or, correspondingly, + , should be measured toan edension of either

the input or the output link as sho•¡n in Fig 2.Jf itis neccssary to verify 

Grashof's conditions within the synthesis process, then a2 and a4 should 

be computed using the absolute values of k2 and k3. lntroducing such absolute 

va 1 u es, however, remo ves the smoothnes s of one s id e of Grashof' s inequa 1 i t ies, 

which might be undesirable if the fore~oing computations are to be perfo11ned 

within an optimization procedure requiring the computation of the gradient 

of that si de of the inequalities. An alternative approach Pl_ consists of 

determining lower and upper bounds for the length of the coupler link if either 

the input or the ou.tput 1 ink, or both, is to be a crank. For RRRR plane 

lin~ages, however, this approach leads to Grashof's unsn~olh inequalities. 

Waldron [8] and Waldron and Stevensen [9] have proposed altcrnate approaches 

ba>eJ on grapllital methods, wliercas Guptu t1as proposed sufficient all]eb¡·aic 

smooth inequalittes (10, 11] guaranteeing the existencc of an input link of 

the cr3nk type. Nccessary Jnd sufficient al!JebrJic smooth inequ¡¡lities 1~<1'1(' 

bcen proposed for the existcnce of an input crauk [12). 
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In o1hat follws, a set of smooth incq~illities is o~taincd, that is 

necessary and sufficient te produce an input, an output ora coupler lin~ of 

ei~her type, crank or rocker. This set of inequalitics is meant to be adjoinetl 

to optimization programs to produce linkages whosc links be of a given typc, 

whil e meeting prescri bed functiona 1 requ i rements for the e lass i ca 1 probl ems 

of linkage synthesis, namely rigid~body guidance, path generation and fu~ction 

generation. By incorporating further requirements on the transmission angle, 

additionally, as discussed in [13] , the uforementioned probll'lliS of linkage 

synthesis can be tre~ted as non linear progra~ing problcms, which can be 

readily solved usfng standard optimization packages, nontti!lly available in 

any program library. 

Derivation of mobility conditions 

First a set of mobil ity conditions for the input 1 ink is derived. To 

do this, índices are dropped from Freudenstein's equation for simplicity. 

tlext, tlle followtng tdentHies are introduced: 

cos~ K 
1 tan2·(t/2) , si nQ = 2 tan (f/2) 1 6) 

1 + tan2 (~/2) 



whcrc 

frcudenstein's cquation is thus tran~foTl!l('d into 

A tan2 (~/2) - 20 tan (~/2) t C ~ O 

A • k1·- k2 + (I-k3) cos~ 

B • sin1jo 

e • k¡ • ., - (ltk3) cos¡p 

{7) 

{8a) 

( Ub) 

(Be) 

Eq (7), then, defines • quadratic equation in tan(~/2) for a 

'· 

given valuc of o¡,. If none of its coefficíents vanishcs, thiz equation produces 

bto values of ljl, given by 

( 9a ) 

The two values of ij>(ij¡) given above· can be: i) both complex, in which 

case the input link is of the rocker type, the corresponding value of 1jo 

lying outside of the mobility ra_nge of this link, ii) both real and distinct, 

thus corrcsponding to the two conjuga te configurations of the 1 inkage, or 

iii) both real and identical to each other, in which case 1jo attains an 

extremum value, i.e. the output link attains a dead-point position. 

Now, if A(lJJ)=O and B(lJJ)fO, the set {k
1

,k2 ,k3l must observt tl1e 

following relationship: 

lk1 - k21 ~ 11- k31 
In this case, the left-hand si de of eq (7) degenera tes into a 1 inc. Viewed 

this lineas a particular case of tl1e general quadratic function, its ti<W 

.UJ.te114tc.tú'M with the tan {41/2) - axis can be thought of lying at tan {4l/2) m 

C/26 and at infin1ty.wliich thus produces th~ two foll0111ng values for 

corresponding conjugatc configurations: 

-1 
41¡ : tan (C/2B), 41z m w (9b) 

The tl~n values of cp appearing in (9b) can dho be derived formally by taking 



the lil~it,as A -• o, of both values appe~ring in (9a). 

Should both A and !1 vanish simultaneously, then C would 

necessarily vanish, as well, in which case, for this particular value of 

'Ji, eq (7) would hold idcntically, 6oJt .Vl!J ua!ue. o6 .p. The zeroing of B 

7. 

implies, from eq (Bb), ~ • O or n, which then yields k1 " 1:3 and k2 

(8a & e). In 

• l, 

or k1 =-k 3'andk 2 ~ 

either case a~ " af 

- 1 • 

'"' 
re~pectively, in view of eqs 

1 1 
a4 = a3' i;e.the lin~age is of the change-point 

type and either at "41 =O or '4' = 1r, the input and the fixed links are 

coincident, as well as the coupler and the output links. The linkage 

thus degenerates into a two-link open chain, for which 4> can attain 

any real value, as predicted by eq (7). 

Furthennore, if the discriminant of eq (7), i.e. the radical of 

expression (9a) is negative for all real values of ~. then thc four lengtlis 

a1, a2 , a3 & a4 do no-t de6.bte. a el.oHd q~l'.IWil. 

In establishing Grashof's mobility criteria. it is always assumed 

that the linkage lengths define a quadrilateron, that is to say, each length 

is smaller than the sum of the remaining enes. Such closure COlldition is 

next derived in terms of the set {k
1

, k2 , k3l. This is more easily done if 

the non-closlng condition is established, inst~ad. The set {k1, k2 , k3l 

_wíll define a set of link lengths that do~s not constitute a qu;!drilatcron 

if the ¡-adical of eq {9a) is negative for all real values of o¡. , as already 

remar~ed. A rigorous analysis of this situation, that is not presented herc 

dueto space limitations, leJds to the following set of incqualitics; 
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The following has therl been preved: 16 ~~~~- ~r..t {1;• 1, 1: 2, ~ 3 ¡ , a.1 

¡¡.iven ~!{ e.q¿ (1), ve!U6.ir:1> WhM -6ct o~ .inequaf-itü..o, (lO¡¡) i.'-\ 1 JOb), 

.thcn the Unk twgtili> a..(,i • J, ••• , 4) do nu-t de.6.iHe. a Unlutge. . < 

8. 

(lOa_¡ 

(JOb) 

lt can be readily verified th~t if the second relation (IOb) holds, 

then a
3

, as. given by eq (5), turns te be imaginary. The non-existe11te 

of a link_age can thus be due te either of two tJOSSibilities: i) One of its 

links turns to have an imaginary length (if all three k's in (5) are real, 

only a
3 

can have an imaginary value); ii) Even though all four lengths are 

real, they do not meet the closure condition. 

tlow, if the k's are obtained as the solution of eqs (2) 1;ith n ~ 3, 

then the said k's will yield a closing real quadrilateron, i.e.neither of 

relations (lO) will hold. Althcugh this is not formally preved here, this 

fact can be realized from tile continuity of both sides of Freudcnstein's 

3 equation, the real-valuedness of !(*;• ~;ll 1 and the (assumcd) nonsingularity 

of rnatrix A appearing in (4). 

Tbe application of fonnu1~(9) to obtain the real valucs ~ 1 • ~ 2 corre

sponding to one single valuc of t shou\d be FRadv taking into acwunt possib\e 

cancell,.tions due to roufli.off errors." This can be taken carc of if formula 

(9) is rewritten in~ fom that is more suitablc for numericdl stability, as 

indicated in [14] . Tl1is topic, howcver, is not further discusscd hcre 

for it falls without thc scope of thc paper. 

The two real valucs obtained fro1n cq (9) a¡·e distinct, except at dNHl-

point positions of the inpLjl link. Those distinct values corn'Spond to thc 



9. 

hro conjugate configurations of the lin~age. Next, condition5 for th!! full ro

tatability of the input link ne obtained. To this end, the discrinoi11~nt 

of eq (9a) is expanded Md then z.erved. This leads to 

cos2~ + 2b cos• +e~ O (lla) 

with 

(llb) 

The real roots cos-¡.
1

, cos~2 • of eq (111l) then yield tbe two extrema] 

values of "f>· These two roots are <llw<~ys real if a
3 

is, but nothing pre

vents them from having absolute values larger than unity. The roots of 

eq (11~ are, in far;:t, 

b lb ' - ,¡1/2 cc;os~l.2 ~- :!:. (l2a) 

which, in tenms of the link lengths, produce 

COSojl¡,z" ( 12b) 

from which it is clear that both roots are real 1f a3 is. Now, if the input 

link is to be of the crank type, then these two roots should yield complex 

values of •i. and • 2, which is only possible if both roots (12~ ha ve 

absolute values larger than unlty. This is exactly tne neccssary and 

sufficient condition for an input link to be of the crank typC!, provided 

the k's were obtained from <1 well-posed synthesis proble1n. This condition 

is, then 

- 2- l/2 
)-b2"_(b-c)_ I>I (1 3 ) 

which, if squ11red, still ~1olds, for Uoth sides of (13) are positive. Thus, 

1t is equivalent te the rollowing two inl.!quJliti;,s: 



1 o. 

2 2 1/2 ~ 2b -c-1>2b (b -el ,n-c-1>-Zb (14) 

which arc, in turn equivalent to the single ene given next: 

(15) 

which requires that its left-hand side be positive, i e 

1 
1 . 

b - e - 1>0 (16) 

Nu•1. given 'lnequal ity (16), re1a.tion (15) still holds if its both 

sidts are squared. This leads to 

(1"7 ) 

lf definitions (ll~ ue recalled and substituted intu rclations (16) and 

(17), the next two inequalities are obtained, in the space of k1, k2 , k3: 

- 1) > o ( 18 a) 

( 18 b) 

Su!lTIIarizing, then, ene has preved that: Tite. n~c~.4<Vt!J and <lu~6icivtt 

CullcUüaw; 6M .tiJe .o~yn.thc,¡.U, ¡vwb!!'JII ten.d.:ng -to t<(il (2) ~o p.'Wduce rul .input 

cM.JJ!~ « tha-t bo.th .ij¡e_qualiüu ( 18 a and b) ho(d, 
The full rotatability conditions fur the output crank can be obtained 

analogously. It is far simpler, however, in view of the symnetry of definitions 

(Jlbh1ith .respect to a2 and a4 in Freudenstein's equation, to exchange the 

roles of variables k2 and- ~J in inequij}itie~ (18 a and b). This yields 

(19 ~) 

( 19 b) 
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One then has: Tlu!. necUAM!J f'.Jid .~>u~6iticu.t C!JnditúJJUo 6oll .tru! .IIIJo<íhMú 
• 

(1 9 a aud bl lw.td. 

Conditions for the existence of rockers are next dcrivcd. One possible 

way of establishing the~n is saying that "an input link is of the rockcr type 

if inequalities 18 a and b) dO not hold simultancously, whcreas an output 

link is of the rocker type of inequalities (19 a and b) do not hold siw.ulta* 

neously". Since the violation of the said inequalities presents various 

·alternatives, it does not guarantee the existence of a rockt!r link. An 

alternative approach, specifying the extremal values of thc variable of 

interest, either 1jJ or .¡,, is presented next. 

If an 1npu; rocker is required to have mobility only within the rar.ge 

lj¡l ~ ~ ~ 1j¡
2 

• then the discriminant of eq (9a) is zeroed at these values, 

i . e . 

cos
2 '~'i + 2. b eos '~'i +e • O, i "'1,2 (20) 

The two given roots of eq (20) satisfy 

b "-} (cOS!I'l t COSfz), e" eOS~•¡ COsolo2 
( 21 ) 

In tenns of k
1

, k
2 

and k3, eqs (21) lead to 

2(k2 - k1k3 ) +k~ (eos~·¡ + cosolo
2

) "o (22a) 

(22b) 

[qs .(22) constitute a nonlincar al~cbraic systPm in tl!o cquations and 

threc un~nowns, i.e .. it is undcrdctennined. Thesl' are subject to the second 
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ord~r constraints guarantecing that .¡.1 be a mínimum and ~·2 be a maximum, 

whii:h are 

lj¡" (<j¡ ) < o . 2 ~ 
( 23) 

where, ~i , defined as <!>(~ti) can be obtained by substitution in eq (7). At 

a statiunary value of lj¡, oj¡' vanishes, .¡."(<:>) ¡-educing to 

(24a) 

with A and 8 given as in definitions (8), and 

(24b) 

Relations (23) thcn can be expressed as 

or, from definition (Ba), in terms of k1, k2 and k3, as 

(25b) 

'"' 
(25c) 

Relations (22a <md b) and (25b & e} a lene do not allow the computation 

of k. These should be incorporated into an optimization problcm, e.g. one 

minimizing a norm of the structural error or maximizing a norm of the 

mechanical advantage within the rango of moti en. 

Now, 1f an output rocker is ' re(]ui r~:>d, whose ~tion be defincd in the 

this can be accomplishcd parallelin9 the 

forc~oing procedure. lt is far simplar, ho~1cver, to dr.rivc tia' corresponding 
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relations by exchanging the roles of k2 and -k3 in relations (23a & b) and 

(25b & e). This produces 

(26a) 

•' 1 - (2Gb) 

'"' 
(27a) 

(27b) 

Mobility conditions for the coupler are next derived. An analysis 

similar to the one leading to Freudenstein's equation yields 

with 

with 

(28) 

. '¡ 
• m =-

J ., 
(29) 

Substitution of identities (5) for angle ~ in the latter equation yields 

J tan2(\>/2) - 2K tiln(~/2) + l " O 

K ~ sine 

One then has, for a given value of o. from eq (30). 

(30) 

(Jla) 

( Jlb) 

(Jlc) 
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2 l/2 
'4'
1

,
2 

~ 2 tao- 1 [K!.(~ -Jll ) (32) 

Eq (32) thus yields two diffcrcnt valucs of 11>, corresponding to the 

conjuga te configurations of the lin~age, except 3t extremal positions of the 

cou¡¡ler, where the radical vanishcs. If the coupler is to ha ve full rotatability, 

the radical should not vanish for real valucs of e. The cOnditions undcr which 

thi S happens .are deri ved para 11 e 1 i ng the procedllre 1 e<Hii ng to re la ti ons 

(IBa & b), which produces the following set of iner¡ualitics: 

1 ti -
1 (J2a) 

(3'?b) 

One then has proved: Tl!e wdt-po.;ed .l>!ln.thMi.l p!l.obtem pwduWg mi' m2 

cl.lld mJ ~!Wm eq ·(.ti) !1-ú!.!IU a. cou.plvl. Uttb. pow• . .~>.;.utg 6ull JWtMa.bii'M!I .i~, 

and ou.ty .i6, !Ltl.a.tiorn. (32a. & b) hold. 

lo\obility conditions for the coupler, considering its motion with respect 

to the output link, are derived analogously. These are obtained from the 

equation 

( 33) 

with 

1341 

Eq (33) lt:ads to 

M tan2
(9/2) 2N tan ('lo/2) t P = O ( 34) 

whcrí! 



where 

(35a) 

N " sinO { 35b) 

(35c) 

The roots of eq (34) are, thus, 

{3G) 

The conditions sought are then dcrived trom the zeroing of the radical 

of eq (36). This leads to the following set of inequalities: 

2 
1 .¡- ll¡ 

. 2 2 22 2 (1 - n
1 

- n2 + n) - 4n 1 > o 

(37a) 

( 37b) 

That is: The couptVL Unk. oá a_ Unlutge. wlw..le tengtJ¡,¡ Wtt deAlved 61t0m 

eq 1331 luu 6utl ll.o.ta.tab.Uü.y nt.Uh JLUpect to tl•t outpu.t Un/:o .i6, and outy 

.i6, il..l. tenfjtllh ¿a.:t.{A6y JLe.ta-ti.oiU> (37n S b). 

h'hat is meant in the last paragraph under full rotatability of the 

couplcr with respect to the output link is that o'(<t) docs not vanish,. 

for any real value of . .¡.. This does not mean, howcver, that this is equiva

lent to full rotatability of the couplerJint .. In hct, if .thc output link 

does not possess full rotatability, thcn ~·(~} vanishes for two distinct 

values of ~· Hence, evcn if 0'(4-l does not vanish, O'(.¡.) e O'(<p)q,'(~·) 

does, the coupler link thus lacking full rotatability. 
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On thc other sidc, conditions for oscillating couph:rs can be obtaincd 

pJ.ralleling thc procedure followed for the input and thc output links. The 

obtention of such conditions is straightforward from the foregoing analysis, 

for which reason the subject is not further discussed hcre. Finally, changt>-

point mechanisms are charactcrized within this context ~s those for which 

the left-hand side of at least one of inequalities (18a) or (IBb) (or, 

equivalently (19a) ·ar (19b» vanishes. 

The inequalities derived in this paper are now uscd as constraints of 

Íln optimization problem of lin~age synthesis. This is sol ved using Newton-
. 

Raphson's method, which rfquires not only first, but al so second derivatives 

of both the obje~tive fun~tion and the constraints. Thc procedure is 

illustrated with one fully sol ved example. 

'Example 

Synthesize a RRRR plane linkage, os the one shown in Fig l,to produ~e 

thc input-output relation appearing in Table l. This linkage should 

approximate thc synthcsis equations with the lcast possible r.m.s. error, 

while its input link should be a crank. 

This Problem was sol ved in [15] without considereing the crank-type 

restriction. The least-square error linkage thus obtained turned to be of 

the rocker-rocker typc. 



The synthesis problem ~t ~1and is formul.:~tcd as follows: The 

synthesis equations are of the type of eq (3), except that A is now a 

5 x 3-mdtrix, whereas vector b is S-dimensional. The ;th row of matrix 

A and the ;th_component of vector b are, respectively, 

17. 

( 38) 

Th i s prob 1 em thus 1 eads to an overdetermi ned sys te m of 1 i near equilt i ons 

which, in general, has no ex~ct solution. In this case, a vector k is sought 

that minimizes a norm of the error e, defined as 

e·A~-b (Jg) 

which is clearly a S-dimensional vector. lf the Euclidean noiTil is to be 

minlmized, without imposing any further constraint, then the mini~izing 

value of k can be cxpressed explicitly in terms of the ~ioore-Penrose 

generalized inverse [16], which can be computed very efficiently using 

Householder reflections as already shown in (17, 18] .. S~ould a further 

constraint be imposed on the synthesis problem, then the above-mentioned 

generalized inverse is not applicable any more. A possible way of solving 

this problem is vla a penalty function [19], which is .next lnti-oduced. 

Tlle problem is now fonnulated as: "Minimize, under k, the objective function 

z given as· 

(40) 

i.e. half the square of the Euclidcan nonm of the error, subject to 

ine.qualities (l8a & b), whose holding is necessary and sufficicnt for a 

crank-type input link". 
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Solution: 

Let f
1 

and f
2 

reprcscnt the \eft~hand sid~s of inequalities (I6a & b); 

~espectlvely, Now assume a feasible linkage Í':. givcn, i .e. one defined 

by a ~articuhr vector ~o;0 that satisfies both given inequalities, which 

in general is not optimal. This linkage can be improved by minimlzing ttn~ 

· ne~1 objetive function 

¡p(k; r 1 "'z(k) + r1( f~ t ~) (41) 

subject to no further constraints. 

The second term ilf the right-hand side of eq (41) is referred to as the 

penalty tenn. This 1s the product of the positive weighting factor r 1 

times the sum in parenthesiS, referred to as the penalty function. Criteria 

for selecting a su1table value of r 1 are given in (19, rP 156-196), but 

the simplest one is to choose lt so as to render the penalty terma given 

fraction of :Z(k0). Next, the value of k minimizing ~. 1:.
1 , is usecl· as a 

"guess" value of k to mlnimize a new objetive function with a new penalizing 

factor, r 2, a fract_ion of r
1

. The procedure ,, re pea ted a few number of 

times, say p, which produces an equal number of palrs {(k i • r i) }~ with 

r 1 > ri+l > O ; these can then be fitted to a suitable function, as shown 

next, the solution to the original constrained problem being obtained by 

extr~polation, wlth r ~O. 

Since both function z and the penalty term are lnfinilely many times 

differentiable, each unconstralned optimization problem me<~.nt to minimize 

1/1; = "!'J(k; r 1), for i s 1, ... , p can be solved uslng a g1·adient method 

or evcn the Newton-Raphson method [20, pp 249-2~l].lnany instancc, l11e 

1-oots of the gradit!nt of 1"¡ with respect to k, are to be comruted. lhe 

said gradient iS given as 

W•¡ = AT(Ak- b)- r¡ ( "';!~ t'~2 )·, i a 1, ... , p 
f l f 2 

(42) 



wi th 

Vf ~ 2 
1 

vt2 • 2 ( 

• 

1 

2 2(k
2

- k
1

k
3

) + k2k3 

(kf t k~ 2k~ t 1)1:3- 2klk2 

kl t k3 
-1:

2
-1· 

kl t k3 

19. 

( ~3), 

{ 44) '. 

The ~pplication of Newton-Raphson's method to the computation of the 

roots of ~i requires computing the Jacobian matrix J of V1P;, i .e. v21jJi, 

with respect to k. This is readily computed as 

22 T 22 T 

'

2, . T f l V f 1 - 2f 1 V f 1 ( Vf) .f .~2 _v_,f 2c__2_f 2~v_f~2 (_V_f~2 1_ 
1

•AA-ri[ +- )• 
f4 f4 

1 2 

•if <if T T 
T 1 2 Vf

1
{vf

1
) vt

2
(vt

2
) 

ll " A A - '¡ [---=z+---:z- 2{ • 

f 1 f 2 f1 '2 

(45) 

with 
. 2 ., -2 1:3 2 (klk3- k2) 

1 • 1 2 t 1:2 2 (1:21:3- kl) V .f l 
3 

( 46) 

2 2 2 
1 1 ,,. (kl+kz-61:3+ 
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2 '2 '2 Z(k3 ~ k
1
k
2

J Z(k2 - k1k
3

J -¡ 3~1 - 2 3 - 1 

,2, • 4 2 2 2 
2(k¡ - k;hl (47) 2 -k

1
-rJk

2
- kJ - 1 

,,, ,2 
- 1 

,2 • 
2 •' 3 - 1J 

The Newton-Raphson method with damping, implemcnted with subroutine 

tlRD.Il.r.P [18, pp 39-5~ was usad to sol ve the foregoing problcm. The results 

obt~ined are shown in Table 2, where k0 was chosen randomly so as to 

20 

produce a linkage of the input-crank type. The successive values of r; (i•l,2,3) 

employed were 0.1, 0.01 and 0.001. 

Table 1 

' . 140° .. 130~ . li0° 100° 90" 

• • a o• 74" 64°. 58" so· 

Table 2 

0.205592 0.206277_ 0.195852 

~t 1 • o.sn5o7 • 1t2 • o.79J62I k3 • 0.843946 

0.195602 0.220257 0.208259 

The values of Table 2 were fnterpolated to the curve 

k(r} e a t Brl/Z + yr 

which produced the following: 

0,189301 

a a O, 918406 , 

0.199494 

0.224439 

a~ -2.496524 

0.309335 

-0. 546832 

y .. 4. 4!l6709 

~1.01705~ 



21 

Thus the opt1miling ~alue k* was obtained as 

k* ~ k(O) " a 

whi eh produced .. thc 1 i nkage 

• a3 m 5.024554 , a4 : !>.012682 

for which the least-square error is 
T 

e = (0.001602, 0.011487, -0.034524, -0.032521, 0.013597] ; Uell : 0.050685 

Conclusions 

Mobility conditions for RRRR planar linkages have b~~n derivcd, that 

are equivalent to Grashof's mobility criteria. The conditions presented 

her"e differ from the usual ones in that they are established as relations 

on analytic functions of variables that are nonlinear combinations of the 

link lengths, rather than on unsmooth (because of the absolute-value 

function appeari_ng there) functions of the link lengths. The incorpor-

a~ion of the condftions derived here as inequality constraints of optimizatioo 

prob 1 ems a 11 ows thei r so 1 ution vf a gradient-dependent methods, as shown wi th 

an example of constrained least-square approximate synthesis. This problem 

was sol ved using the Uewton-Raphson method, for both the approximation error 

aod the constratnts are readily differentiable iofinitely many times. Hence 

the computation of second partfal derivatives, as required by the Ncwton

Raphson method, !s quidly t>xecuted. Finally, the quadratic-conver<JCnce 

property of the said method, close to a solutioo, was made apparent by the 

quick convcr'!jence of each of the three non linear systems of equatioos that 

were solvfd in the example. In fact, each solutlon was obtained after at 

most three iterations. 
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lnV«oo of A". M """''"""" """'""'nt of tho \)ne.r 
looO<-oquui p<obl~• '" !~u<>d 10 (~). 

Tho oonlinoO< pmhlc-• ••1 od~lt ...,¡tiph !ocd 
•ini ... : tho .. con be lound by opp\ioa<ion M the 
N,·w<on·-Rnpl,.on m<tlwJ (1), which ot .. oh lt<f'tlM, 
"""""'"" tbo ca«~«iun~•cctor ~- ao tho \e.,t
•quue oolu<1<>n lO <llU •••t4o<eriine<l lin··~r oy•••• 

!'(!\)~~.--!(~) <'l 
nu• io o a)OleO Uko tllot oppurlo& lo eq.(l), Tbuo, 
ito leu<-OQ"-'<0 oolutlon u 

~. ~- !!:' {!¡,) r!' ( ~ >r 1!. '!·,/ !1~) (S) 

rno now ••lue of tho anknown ve<tO< lo '"-" 

!J..¡·~.·~~k 
,., 

Tbo prooeduu io .ropped when <he ~uclidoon 001111 o( 
"'" <o<ro<tlon u<to< io ouHidontly o .. U wlthio 
th< >"f'C>Otd oeeutoty, i.o. whon 

11~11~· {6) 

e b"io~ o "u""'!\" , .. ¡ pouülvo nuobor. 1ho p<obl.,. 
thut, Wothor Hnur or nonlin .. r, uduceo to C-uto 
the mimmldn" vdue • glvoo by oq. (3). M o!U
""" ~•Y of «~utini0thb va!ue, ""tliood n .. t, 
doe¡. no( re~uira t<> Jnve« ""1 "''"'"· Tho co~putotlon 
i• """" ~y application of Kouooho!dot tall.etioo.. 

An ~"enoivo account o! thio <opio can ~e foomd 
in tOo op•doH .. d lhouturo (~,i). FoT thh <Uoon, 
thu thoory lo not uoatoJ hoto.A Hou•oholda< nlfoc
non u o Hnut, ;..,ropo< onho~on.ol ond oy-td.c 
trondor...,tion, J.e .• if !1 is ito """"..Ot<h np<•••.'l 
ta<IO<I, th- . " 

'" Whon n oueh tunlot11>0"""' on dohned ouitobly. 
bly, thelr ef!oet oo ...,,,¡, A oppoadn& U> oq. (l) 
lo tO t•h il lnto uppe< triaJ;cula< fo<~. l"Ms .. y, 
the t<an.to .... od cqu>.tlon• oto oqulvalont to tho 
loUouin' Ux •e --o -

~ .. --· - '" (lO) 

wbero U h ~n uppot tri..,¡ui.t ""' ,...,¡, 0<14 O i.o 
tho (m'nhn '"'" .. trh, r onJ d boln" n·onJ (==nl· 
•ltoen•ion~~ ""<toro, u>th"J;O. Thuo, ~•· (9) lo 
dcte<Mlned an~ can <~adi!y"b~ ooh~d by b•ck .ou~ati• 
"'"ou. it; aolutlon • b•in¡ tho looot·•q,..ro oolu
<>On :o the O"O<dote .... fnod oyst•m. f.q. (10) h lncon· 
""'""' """ IIJII tepreO<•nU tho Euclidooo no•• of 
tho crrot in t~e approoi...;tlon.Sincc tho original 
"'""~ (l) i• tr•notot~t·d luto (9),(10) V!a o &ol<COS• 
""" ol oTtho&onal t<uofot.,dono, tho ar<O< In tbo 
tran.{or~eJ 'oordinatoo, d, hao tho ooma Euclidoao 
""'""' •• that lo tho odgiií•l eoordinotao. 1\oftce, lldll 
10 tho etl<>T oo>odotod with tho oduinol oyo<..,, -

Atthoooh in -•• pro" leo! •>Pli<atlono tho proS 
l•m• uf hn~,li< oy<>thoou lnvolvo tneq,..lity cono
""'"'"• •<lll • con•idc<ohly IOTBO elaoo o! oynt~
"" I"Dblo~• RTO uncono<ro•nod, 'l<><oovor. offidoo< 
op<>•«•<>on '""hnlquoo nlat th•t 1\.>ndlo inoq..ality 
'"''"""into by intro<l!1<lrt~ •ulto!blo ponolty lunctlono 
(l), thuo turnl~g ,:,e r<•l•l.,. on "''"'"''"i~O<I oM. 
··~, <h•oo uaoon•, tho •tuJy o/ uncououoinod optl=iJ, 
•<>on pTo~le"" lo of aubot•ntio) toe,.,itol totouot. 
Applitotiono to l_inl.o~o •yntheou pruble~• ata noxt 

"' 

illuacrotod ~ith two .,. .. ploo, 

E<•~plo J. Synth .. lo of an RSSR /unq ion genuo!u 

Tbo layout o! oa ISSR lln .. ,o, o~ in Fl¡ 1, 
indleotu tho dHfotent ¡oooet<ic potametoto of thlo 
link.aao< o , o , a , oro tl>o len¡chs ol tho outpq<•, 
coupler-anA in~ut linlto, <eop«tively: o4 h tho 
dlot&n<O bot""on tho ano of tho input Arid tho oo>tput 
lin••: "¡ h th• an1lo bot~o•n tho afo<oroontionocl 
uoo, pO itvo obout !D: •¡ ond •o oro diotoot,.. of 
polnto e ond O &Ion¡ che ~·• of the output-•nd <h• 
input link.o, uopottlve\y. ~11 OVO<, tbe ol'o ooov-
ti"" ol Donavit &nd ILo<t""b"'' (l,pp.J44·]1~) lo 
oboorvod. The input an¡lo is ~ ond tho output oo¡lo 
io t. For -tebiOI ola p.alto ol lnput-outp.>t ••1_. 
(~J'~J) vith thlo lin .. ¡¡o, Donavl< &nd ILoTtonb~<l 
(l,pp.l~·l61) ucobllshocl tl>o foll.,.in¡ nloti<>o 

k
1 
coo~ l +k1olttf J •k 3coot J H 4 oint j + 

+k~ ( oio~ j cos~ j -eo0<1 4 slnjl j ~••t J l +k 6" 
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lD tho lott .. d~fioitiooo, 00 .. oouus tl>e loeoti"" 
of tho '""" ol tl<o output Oial !rom tho dottod Uu 
ponlo¡ tb<o~Jh e, p.anllel •• lin• I:D, •• ·- l.tt 
Fia 1. 

Fi¡ 1 An lSSl liok.oge 

Fo< olx ptoeiolon·polot oyochoaio, aqo. (11) 
yield o •1•<•• ol &lz llneot o<¡uotlono in oh '-"l<ruNao 
whieh, whan nonoio¡•lot. proJ,..oo ""l~vo vol .. • 

'¡·'¡""""'&' lli<k choso voluoo '""""• th• link.o1o 
p ra ocon ore co•putod fto• oqo. (ll) lo< a 1h•• 
voh,. of o • lf -TO tlo.on oh ptocloi.on pointo ot& 
coqulrod, ~owove<, tho oyotoa bocoaoo ovordotor.ioo4, 



in wh;c>. '"'" '" cHio1•"' no•ll·"'l t<> o~toi" i" 1<'"''
oqY&<o oolwtlon •• vio ~ooohol~< rol!o<<iono. 

In (.1), Suh <nd Moülon~urg ooho th< ovor
dotnalo«< ""•••tralocd ~toblta of thio linkogo with 
l9 p<OO<dbod tnput-output volu~o. Fo< comparioon 
putpoooo, <h< oo!ut ion dovolopod In thb OIOOI>h -..<u 
uoo of th• ••~• p<oocdbod vol'"''· T"oooo O<o oloo"" '" 
Toblo 1 

Th• ,.¡,thu<i •'"l'luyed in (a) io thot o! rowol!'o 
(2), vhlch doeo not roqui<O ,¡;. ••"''•Utioo ol dorivo
tivoo ot1d ludo quidly to conver¡oooe !or qu•óntio 
fun<tiono of tho independont vorioi>l<O. At thio point, 
t- <o .. <Q Ote in order~ hrot, <ho do<ivouvoo nf 
tho oynthulo ''"atioo• ore eooily co~putod /ro~ .t
tho< (;oovanh &od !lartonboi<S'• for.,.htlon. oqo. (ll). 
or fro111 Suh on~ ~oddiffo'o forouhtion (>.1, tho !itot 
ono bolng o.dvonto~•r·<> bouuoo of ~<odOJ.cin¡¡ o Hn .. < 

1 •Y""" of oq .. tion•. Seoood• toe ob.i•otive fun<tion 
of Su~ on~ ll<ülonburs'• (!) lo q"'droti< in tho oyn
thooh wbioh, in turn, au quo.dtoti< in tho li>dop.n
<l<nt vorlabloa; tloua, thoir objeotivo funot!on lo 
quonio in tba lndepondent vo<iobln, lo< wloitb , .. ,.., 
tho qu!ü oonvot¡ento p<opottioo of Powoll'o ~otMd 
ato not lully >tt!Hu4. Fur<h<r..,ro, oq,..rin& tho. 
•ynth"lo l>tnct!on• ,..y intToduce opurioua local ~in
;,.., u ia opporoot lora th< he< thot throo optl•d 
·~lutiono oro reporto<! i111 @). 

tloiiU 1. sp .. U!od ioput-output paito for tbo •yntbo
oio of the US~ lunotlon 1o.neutin¡ lloko¡o. 

' ' ' • 
' • 
' • • 
" u 

" " u -, 
" " " " 

opptoxiution 
"""" in T•blo 

"t(degtoeeo) 

••• '·o 
10.0 
lS.O 
20.0 

,, 

l s.o 
••• 
lS.O 
,o.o 
u.o 

"·' ss.o 
"·' 6S.O 
10.0 
n.o 
80.0 
n.o 
90.0 

t(dOI<ooO) 

••• 
"' .., 
'·' ll.S 

IS.l 
a.1 
H.l 
21.1 
Jl .l 
ll .1 
u.; 
u.s 
SJ.O 
SI. 1 
&4.6 
70.9 
Ja.o 
90.0 

.. 
Tbe root 100an oqu>co orcoro wero ooo••tloll1 the 

•••o= th•t obtunod by Powoll'o ""''~"" woo O.OOlSSZ6i! 
whe<<•• <~• ooo obta;oe4 by ~~o•h014•t tolioctiono, 
0.001!211•! llovovor, tho dillet•"•«• in ttlo TooultLn~ 
linkote por ... toro VOTO .oro no<oriouo. Tb<oo oro 

SOIOJllon by 
Powo\i'a .. ,bo<l 

!.~11801 

1. 7S9S66 
n.41S003 

Solutlon by 
llo"'ol>oldor' o .,,hOoi . -
·i· •,-

o.9ll269 
2.6!0SU 
o.BOJ\77 

"' 

•¡" Z.!6lll0 
o

4
•-l.llSZ10 

lo ttlh p<oblem, 
~ ... 1 •• 90! 

o
1
•-l."iS6!'0 

o
4
•-l.•USS6 

o
4 

no oot .qua! to 1, whu.,o a
4

, 

lAliL! 2. Approai .. tion orror in ovordotudnod UU 
linko1e oyothooio 

AFlOliiiiiTIOK UROI USING AFlOlliiiiTIOK UlOI USl>lll 
PQIIll.L'S 1<ETIIO!l HOIJSOIOWF.l'S I<ETIIOP 

' ' ' • 
' • 
' • • 
" u 
u 0.02270000 
u -.04220000 
a -.00020000 
IS • O.Oll>OOOO 
16 0.01600000 
17 0.00020000 
.a -.ousoooo 
19 . 0.0!980000 

(do1ruo) 

o.oUWJ69 
O.OOIOOU~ 
-.OJ"~J4l 

-.0449JS4! 
-.OOIS\>44 
o.o:l434ZOO 
0.01}!461• 
o.ooll92o1 
-.0197()1;01 
0.00412193 

A dsid" I>Ody (oh&dod toetonshl oppoon lo U¡ z • 
ln "to!nonoo" conli¡¡utotion Cp ond In o d!ffo«•lt 
OC>IIfi&uutloa C .. Eocb confiru otion lo dehno<l by 
tho pooitlon o!la pOint, ~. ond anglo, ~. lo tb&t 
fi&uto, o ••P•••*"'' tho otl&io of <~• coapleo plooo, 
ond tbo '''ovo roprooent oo•ploa nu•b•<• ooooc>ated 
~lth th• IO<ation ol tho lob-ollod pOinto. TM purJI<>OO 
o! thlo olooo ol O)"l>thooia peobln lo to locoto point 
A vhooa roferonoe onol o""coeoivo pooit!ono, A,,A.(j•l, 
... ,nl lio on o d.toum.la<enu contorK et !, o..-l.,.,lch 
rouon, A.,.. •nd 1 oro oolleO, <oopootholy, "drueulo<" 
ond Mcent~ol" polnt<, vithin tho !~oter rboo., (10). 
"Miuo, All11 <an conodtuto • d8id Hn~ tO ¡uido tho 
ti¡id bol!y. Thio io eo U; plotl• dyo<l. 



. n.o eonotoo<y o! tho lonBth of hoa U th<o~¡h
Out \to n confi¡utotlono loo~o to 

w' ,, ,, 
1• Ho

0
-r

0
l<"<jb ·1•0-b ,J•l, ... ,o llll 

~h•n a•zc
1
-e0. Eqo. (IJ) '"""!tu« '''' oyo<hosh 

equotlo~o or th<o ptobl .. , "o ~4 b bolo& tho 
"·'"'''"'""' lt io "el! kn""" (1,p.l4ó) thot th!o prob
lo• a))owo ro,.,.....,, o ti&IG bo4y thtou~h llve opK
tiie.l toniiBur&tl""o- So100 UtMitol ptobl• .. , h.,.... 
•Yot, -'Y <o~Yito tO suido tho body througb .. ,, than 
Hvo conU¡ut•üono, oo ohown io Iobh J. Dilf.ront 
oynthuéo woro obt~\no<l lor th .. o, otortlog (roo Uoo 
'""' 6 e<>ofigutotiono, lile., od<li<IK tho OH( <>neo,one 
•< oach <loo,·untU the H confi,urotlono "'"'"in
du.!ed 

T,\BtE '· heco ... lva tonligurotiooo of a tigid body 

l ~j (ca) yj(co) OJ(do&rou) 

o 1.880 -0.260 113.110 

' a.uo -l.no lli.UO 

' 1.680 l- 820 lH-910 

' 6. :lOO 4.ll(l JlJ,l&O 

' ~. Sf!l '-'UO 1!9.&10 

' 2.140 !.010 l!S.a..\0 

• 1.010 4.410 l!6.JOO 

' o .119 J.880 3.900 

• -C.4CIO -3.090 3.610 

' c. no -l-760 J.UO 

" 1.000 -4.290 •. 1~0 

" l.HO -4.890 J. IZO 

" '. !60 -4.810 6.810 

" 6. 2!0 --1.090 10.000 

" 1 • 660 -1.100 1).000 

" 6. "0 -0.610 U.OOO 

" 1.m1 •2.690 U.270 

Tho ~roceduro conver¡od for all slvon lnltol 
¡;uoouo, pro<luood by Mano of o n<>dOOO nual>n -o<
•< in& out>pro¡ra=, In luo thon !O 1torotlono (uouolly 
uound 20)hntruy to U.o detor.!nod con (~ pro
<cribed eor.fl¡urotiono), for whieh '"" dlfforaot mU_!!. 
in¡lul oolutlnno oxlar, for tbo couo trlod hoto tbo 
proe~uu converlod olwoyo to tbo uae oinslo tolu· 
tion, oxcept lor 6 ancl 17 conH¡uratlono, whldo pro· 
dU<od tVO dltferont .olut!O<Io.Tllo e<ror In tbo •¡>prO~ 
ÍTTU><ÍOn ••• non,..li>od, to yiold a dhoenoJ.onlo,. o.,... 
~or, in tho foilOWlOI -71 Le.t 

t j"l•'8l<o0-r 0l+r J-bl'-1•0-ol' ,J·l, ••• ,,. (14) 

11 the oyn<hooio ~•ro O,..<t, thu oH f wuld 
be negU¡Ibly ,,..u. In approxluto oyn<hooeÍ. Oowov 
er, tbuo f""e<lona a<toin finito vol"""" Tbe Ho..:O:_t 
le ,.._<oin& of thue >olueo lo that th•y topro .. ot thO 
diflor•nce botweon tho len&th of the l1l dyod b lto 
iftltiol con.llz.u.!:!_!.'on, and that In lto jth fon!lgu<a
tion, l. e, Aj&-A0B,!I the oynthoohod linl<a&e ••« to 
••tlo;y the reofrlbed eoMit>ono euet\y. Tbo dl-
oioo)eao ortor '" ti!• opptod ... rlon, "i' uooolorod 
with tho jth eonfiiU<O~ion, lo tbet> 
•j·lfiltl•0-bi'.J•t,...... ltll 
who<• o ood b ••• thooa abulnod f<- tbo 1 .. .,. 
oquore ~~lut1on to tho nonllnoor oyoro• o! equadono, 
Not<cc thot tho orrou thwo doflned oro qu.>drotle. b 
obtoln o repteuntot••• vohe of tho ove<a\1 ortO<, 
the overo¡e of tho ·~uore rooto of the o orroro defl
ned lo (UJ ohould be toke~~, Lo • 

• 
•;~lfljT 1 nlo0-bl 

S..,. o! t11• <OOul<o obtoloed oto .¡,.,....out. 

'" 

TAlLE 4. Ovotdetonoinod synthoolo o! tbo ll dyod fot 
<IAld-boOy guidaneo. 

Yot 6 eonfl¡urotion.o, 
Ylrot oolutlon: 
o
0

•-0.96I461*1z.al6960 
b --1.64l~90-iJ.99JliO 
Er<o< • lJ.OU 
Yot 17 eoofl&u<otlDno, 
Ftrot oolution: 
•o -1.111 1 1o+12. 254ólo 
b -0.~49416-17.03117 
Error • J.S. 1'~ 

Seeond ..,lutloa! 
•

0
-1. 690l91i+t2. JOOOJO 

b -cl.74B466-10.60'1UI 
Error • 1l.41~ 

Soeond oolutoon: 
o •l.UJ~!0-1~.704)20 
~0-6.l10SIG-19-ll5060 
Erto< • 60.1" 

• 

llowoeholdo< ufloctiono appaor 10 bo fot -•• of
fi<lent lo oolvln¡ linear prohl- uloi ... vlthln tho 
fiold ol uneonstrolnod opti~l oynthooto ol linko¡oo. 
""- tO o""lin .. r probloN, thO eounoloo. lo otrol!htf ... 
w.rd. Re¡ardlna <onotrolnod problema, tOooo eould be 
ho~41•4 uoiD• tblo .. thod by i11uoduclo¡ oultobl• olo<lo. 
varhl>loo ancl ponolty functlono, Ao tO pro<eooor Uooo, 
""" Hut •n'"f'IO eono,_d 11.8 uc, whorooo the tl
roponod @)uoin¡ 1ovoll'• .. chod io 2.2 alo, tho -tb· 
od ln<roducod hero thuo appo•<in¡ ro be """ oeonodeol. 
Witb ro¡ord to <b• oynthoolo for <i&ld-Oo4y suld&neo, 
it jo no<oooory to iovooti¡ote "hothe< lo< ovordotot• 
minod problO&O, i1l IO<IOtal two dllfotoot ulutlo.,. ••• 
bo ·-cood, thuo •oabllna tho dooi¡not to oyntohoho 
IU<U. plano llnko¡oo for ovorcleto...,inod <l¡id-body •~'~ 
donoo probl ... 

thlo rouoroh projoct ,. .. oponooud br tho Soh,..l 
of tn¡>nnetios at the Notioool AutooQmnuo Volvorolty 
of lle~ioo. Tllo eoaputor pro&ro-ln¡ """ pot!or- b1 
>!r, ~orlo Slllor. ltouooholdor'o o.othod v,oo lopluentH 
~io oubl'Outlnoo HECiltll' ud IIOLVE, duo to IIOhr (l1} 

uroa•~c~s 

L 

'· 
•• 
'· 
•• 

•• 

•• 

"· 
u. 

A.W.,"Optt,..¡ !l<>ei¡o of 
ol Hatricoo 011d Le.oot 

ll<"houio•!-~•.!.!:!.'-'.hino !hoo<x, Voi.S,pp • 
• 

.. 

' ' 
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TEOREMA 

Un CUO<II'J C, que g"a con re>pec1o a un cuerii'J B. que a"' vez 
e!lá an•mado do un mov1mien10 de ro1acion con re>pn<1o a un 
1erce< cuerpo A, <ione un eje in.,an¡jneo de ro1oción con 
re>pec!o a A oi. y oolo "· lo> ejes irmant;neoo de e con respec
to a B. y do B con re>pec1o a A oon concurren les; ontor>ceo, el 
eje inoUn!ÓfiOO de e con reopec\o a A, también es concurronte 
con los dos ontorioreo . 

• 
Para su domostrac16n, se d1v1dlri _el teorema en dos partes: en 
la pnmora se oupondra Quo o•iston loo lrnoj ... y,. demow• 
ni que oon concurren1e-<: on la segund!, "' considerorá'quolos 
dos primero> o¡e-< oon concurrenles, y, como conoOC\JOOCII de 
ello. se demostrar.! que o•i>!e el tercer lje, y que es concurnn· 
te con les doo anteriores 

Ol,.érveoe que como lo quo intereso eo ol movimiento rela1ivo 
de loo treo cuerpOS. puede considofarse que Uf\0 de ollos1ione 
una voloc1dad arbitraria. Si por ejemplo, la velocidad an(JJIIf 

de! cuerpo A con respeclo a un sistema de ojeo inercial o 
newtoniano es nulo, la velocidad angular de cva\quior cuerpo 
rdenda a A eo ab•olu1a. 

S..~ún te on1erior, too ejes instantineos do S v de C con respec· 
10 a A oon conjuntos de puntos d• ••tocidad absoluta nula. 

Se.,n: x·v z, un marco newtoniano al que está l1jo A; Ws¡A 
Wc 1" v Wr 1,._ la> velocidades •n¡;ulareo de B con respecto a 
A, C con respecto a B, y C con respecte a A, respecti.amente. 
En la tig \,se mue<lfan loo tres ojos instantónOCI. 

Et punto O """ alojado •obre ol eje inoi-Ontlineo do e con 
respec1o • A; por la tanto, puedeconsiderarwcomo punte de 
e o de A •nd"llntamonte, y 1iene, en canoecuoncia, veloc1dad 
abs-oluta nut•- El punto P ená alojado ocbre el ojo ins1antónoo 
de e con respecto e B, por lo que puod• considerarw atajado 
on B o en C indi>tintomeo1e. 

Lo__' vectores de posici6n de P y do O oon, reopeclivamonte, ¡;; 
V rq. 

Llamando 71, al vector do po,iciOn de la intor .. cción do los 
ejes B con reopecto • A v C con respecte o A,¡: 1 1 al >OCto< de 
posici6n de lo intoruCCIO'ln de los ejes B con respecto a A y e 
con respecto. e B. y r, 1 • la intersecci6n de loo ojos C con 
respecto • A y C con re•pocto • B, la primero parto del <e<>re· 
ma quedará demcmoda at eumpli,... los oi~uient"' igutldadro: 

''" 

' 1 

\ 
1 

\ "" 
\ / \ 

/ 
'Y 

' \ ·~ 
\1 '• / 

/ 

Fig 1 

En otocto: 

Poro: 

'" 
Por lo tanto 

Pero como O os un punto do A. "'velocidod abooluto •• nula, 

por lo que 

Multiplicando ambos miembros por WB/A , Mlier>l . . ' ,- .-

El "'1\Und<> térmif\0 del miembro 1 lo derecha do La ULtima 
expreoibn n nulo, p<>r lo que 



Pero, de la oc 1: 

Multiplicando lo •~P'8Srim onlencr por Wc¡A. y tomando en 
cuenta quo WqA = Wc¡H + W"l": 

Dvurrollondc ol pflmOr térmir.o, v eliminondo ol tórmino q"' 
se anula 

Electuando una'rot.-c•On nc ciclica con leo factores del oeq.Jn· · 
do miemb<o do esto upresi6n para elrminar el signo nogsti"o. 
"'t¡ene 

'" 
Pero 

Sult<tuvendo W,· 1 ~ P<>r su valor en functón de lasctrn "elo• 
cotJodes Bngulareo, Or\ ~1 pr~mor tórmino del miembro a lo dere
cho de la últimaexpre<iOn. ,.,tieno 

Dosarrollao~do el parén<em. y eliminando el término que "' 
anula, se tiene 

Efectuando una rotación no ciclica cc.n loo ldCt<>r<-< dol segun
do término del miembro a la derecha de la ec 5, o fin do 
cambiar so oigno, 

Según la ec 3 el miembro de lo derech.a de esta úlloma oxpr .. 
siOn e< cero, por lo que 

'" 
Do lo oc 4 resulta 

Dolaec2, 

Sustrtuyendo en esta última •~presión Wc•¡u por su valor 

Wt;¡A - Wu¡A."' llene 

Pero el segur>do termrnc de esta e~prooi6n.., onuls, por loq<>e 

'" 
O. lao oc. 6, 7 v 9, oe doduce que loo ejes se intersec:an doo a 
dos_ Falla aMera demostrar que se intersecan on un pYnlo 
común. Para ene. bona vtrilicar que el vector de po~icoón H el 
m«mc paro las""' inloroecciono•; os dac>r. ij¡ =7, =713 • 

En la notaci6n anterior, se si~uo la mi<mO nomenclatura que oe 
e•P<J'!' al enunciar el teo.-..ma. 

Fnvio,....nte,. dete<m•n•.! lo o•presi6n <1"" defil>lll coda uno 
do leo ""ctcres de posico6n antorioros, para lo cual debe .-...:u· 
rriroeolo fig 2. 

Apare<;en doo ejes <¡ue M interwcan en el punte l. E11meias 
están delerminadoo por lo• pYnto• 'L y M, d,odos o 11J vez por 
W> V..Ctoreo de pooocuin TL y f., roopecti"amonto, v por loo 
wctoroo u ni tonos que don su drtoccrón,-1 y ;;;_El problema"' 
determinar el vector T1. 
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r1 "''L -rLI 

fL"'dato;li 1 "'-LIT 

El oegmento U ., dt<ermino por el teorema do 1m lenCO, 1 
parll! de la l1g 

ll LM sen B 

" do dondo ll "' -- CM 
senil senA ""' 

La long,tud del segmento LM e• dato, pueo I)IU dado por loo 
oector01 de ~ición de L v de M, que tombión oon datos; loo 
<ene• de Av de 8 se determinan do la ¡¡guiont• manera: 

sen B • "'"A .. ¡r mi 

)ru.1 m/ 
j T ñi) T 

)rLM m) 

IT ·1 
T 

l•u• ñi) 
)T mj 

E"a expre.,6n "'"'"" para determ ·,nar el •actor de poOoc'¡On do 
cada inlorsecÍ:ión. 

En la l1g 3 aparece nuO\Iamente lo dioposidOn do lo¡_ treo ejes 
in.,antaneco 1 que se haca mención, mootr&r.dose los intorsec
cioneo do cado par dO ojeo y loo •octoros do po>i<ii>n do cada 
una do tillO. 

Los vectores unitarwo T1, T1 v T, ootón dados por 

Oe la expr.,.ión que do'' , se tiene·. 

j r;, Wc¡A) 

¡- l )wa1A Wc 1AI 
• 

' 1 

'í'/ ,/ 
' 

1 ' 1 
Fig 2 

Fig l 



Sunplofocar>da 

Sompliloca~do 

de donde 

,., -

Ir. Wcral w"'" 

1
- ¡IWa¡~ wcral 1"'"'"1 
wc¡s 

lwa¡AII"'ctnl 

Ir. Wcrul 

lw"'" Wc¡sl 

1•.., Wc¡ul 
IWc¡A wcrul 

Pnmero <e domostroró q~o 'i"11 • ru 

'" 

11 0) 

(11) 

En euu exprosionn. por comodidad so ha in....,rtido el sentido 
<le lo• lactorn do lo• productos ••ctorial•;, invo,.i6n quo re
s.ufta de un.c.ombio de sogno al prod~cto; ¡MilO como se mane
iOn mbd~los. el cambio do sig"" no afo.;ta • ktoo v lo >Nnipu· 
lacii>n os justilicaoo. 

Pero'" = O. como y~ .. vio en un princopoo Do donde 

~/8 '• a 'iic¡A '.· Y ol tomar módulos 

liZI 

(13) . 

00>idi8!1dO (12)entre (13). !e!.UitO 

rq WC¡A r0 iiic¡11 
: _ _ con lo que se d•muemo quo 

W&/A WC/A Wp¡A Wc¡a 

u..mando 1 a nu interoección comUn. " tiene que 1 nlá.,.. 
loo ejes 1 y 2, al mi<.mo tiempo que en los ejoo 1 y 3. por lO 
qyo. 1 n¡' en los eje!. 2 y 3; por lo tanto 

:le lo anterior " concluyo que si oxiston 1011 V« e¡n. "too 
cor":'"ren en ~n punto comUn, con lo M se ha demowado la 
primer~ parte del taorema. 

Folta domowar la SI!JUnda pano. en la que"' S'-!'OMquo dos 
dt los ej01 se interse<:an en un punto. v que como COMKUin· 
do de olio exilio el torcer eje. domonr!ndos-e odom .. , quo ntl 
es concurrente con loo dos ontoriorn. 

Supl:mgase q~o los ojos de B con respoc:to a A. y de e con 
~toa B.,. int......:O.n...., un punto c¡uo. por comodidad," 
ccn•ide<ari como el Ollgen de coordenados. Seo x·y·: un mor· 
co new~oniano. con origen en la Intersección do los dos o¡n: 
Debo demostrar .. que exilio un ConJunto do puntos con •oiO· · 
cldad absol~ti nula quo ostín en el eu..-po C v q~o...., con,..· 
cuoncia, conllituyen el eje instant.lneo de C eon riSI*'tO o A. 

Seo P un punto cualquiera de C. Su •olocidtd obxoiute ;en 
M¡>••"o o la >elocidad de un punto de B. como Q por ejomplo. 

"'' 

- - -
v.,¡q = wr;¡a rqp 

Pero do lo lig 4, Tq .. m Wc¡u . en Que m .. un HCOI..- c:u&l· 

~ion Que h.:o quo 11 m6dulo def• "'"m • .-el <MWc¡1 . 
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Entonco• Wl'/H 70 = Wc•¡u m Wl'/S• quo tsevidontomentoce· 
ro. Por tanto 

Para que iip "'" cero como condrción poro' que oeo eje in"an
táneo do rotación de C con re<pe<;tO 1 A." requiere que 

e, decir, .. requi.ere que 

Esta última exprP<IO'ln puedo pone roo en lo forma 

S.cond<> como Joctor común a W~/ll: 

i!JJoldod que .., cumplo oi '• - m wa¡A = O, o sea, oi 
'• =m w.1,., lo cual quiere decir que P. punto ele C, ..,,á 

· alo¡ado sobre el eje imtJntáneo do roUCI6n dt B con """""lO 
• A. Eno seda un caso ~tivial. puos entoncf!S e y A wr.., .,¡ 
m,.mo cuerpo. También se cumplo la iguoldod anterior <i 
'• -m"""~" ~ n Wc¡ll- on qu• n es un ...:alar. S. teoddo 
entonceo que 

,,, 

p 

X 

' 
O. .. u monora. todo• lo• puMM como P, on que''" voctorn 
de posicr6n '• son lir>eatmmto dependie"'n con Wu¡A y 
Wc¡u , cumplen con la condición do tener volocodod abwluto 
oola. Es decir, constituyen el eje •nst..,tánec ele rou•:ión de C 
con ,...,..,o a A_ Ademá1 se observo que cuando m V n .on 
¡imultáneamente nulas, el lugar gecm6trico pa•o pcr la lnter
MCCoón de lO> deo p"meroo e¡es, que fl le que "'quorfa de
m<»trar. 

COROLARIO.· Los trfl ejes oon caplan.are< v ~ardan la rola· 
ción: Wc¡ ~ ~ wc18 T Wa¡il . v corno "' dem<»trO que lO>. 
ojeo concurren en un mismo punto, 10 desprendo que ton co
pllnaros 
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· 'Abstrnct 

A novel approach, based on invariants, is introduced, that leads 

to cfficient slgorithms for computing the screw parameters of rigid

body motions. Both finitely and infinitesimally-separated positions 

are trented, The computcr implumentntion of the algorit~ allows the 

real-time computation of the parameters d~fining the poaition and 

orientat:lon of a dgid body, 
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Introduetion. 

Robotica opplientions, calling for efficient olgorithma for the 

dcte~inotion of the position nnd orieritation of a rigid body from s 

reduccd set of mcasurements, hove motivated current rcsenrch·on this 

topic [1-4] Although this subject is well known from a theoret 

;i,cal standpoint [5,pp 1-25,6, 7 & 8, pp 35-62] , the need of me.ans 

for ~he efficient real-time computation of the parameters defining a 

rigid-body motion, commonly referred to as the ·.IC!tew paAame.te-u, hao 

called for 11 revisitotion of Che underlying theoretical baaiá. In faet, 

-os pointed out in [2, pp85-ll8]generally acepted formulae can fail to 

Bpply under special, though rather frequent, circumstancea. 

Presentcd in [2) ore algorithms that cake into account all poasl 

ble particular cases. These algorithms, however, are rather lengtb~. 

and lock symmetry, in the scnse of considering one particular point as 

a body-fiJ:ed referente. The latter itcm is diaadvantageous in applit!_ 

tions, as pointed out in [3]. 'the approach introduced in [3] salves ,che 

problcm of latk of aymmetry, but introducen apurioua singulsrities; it 

ia, ndditionally, limitad to the infinitesimally-separated-positioua 

case. lntroduccd in the preaent paper is au algorithm baaed upon 

invariant toncepts that allow a fast and reliable computation of the 

.ftcrc~ parnmetors, for fioitely-aeparated positiono, Infinitesimally-

aepuroted poaüiot\B are discussed in an accompanying psper. Given the 

reduced number of operations involved, this algorithm can be spplied 

to the real-timo cornputation of the aaid.porsmetera, as required in 

robottcs opplicatiouu, Thc procedure, however, is based upon an exact 

--



• 

knowl~dB~ of the coordinares of three ncncollinear pointa in two die-

tinct configurotions of the rigid body which they belog to. In prac-

tice, such coordinates are knawn only up to random measurement errors. 

Thus, filtering off of these errors requires either taking measurements 

of over three pointa of che rigid body or perform redundanc computations, 

aa outlined in the papar. The principles preS.ented here, nevertheless, 

can be applied even if the computstions are based upon messurements of 

over three points. This subject, however, is not discussed here, but 

only proposed for further reSearCh • . ... 

Des~ription·of"che"algorithm 

The motion a~socíated with two finitely-separsted posiciona of a 

rigid body io fully described by the following [2,pp 85-119} :a) the 

axis .of che screw, given by the three coordina tes of one of its points 

(preferably the one lying closest to the origin). snd three direction 

c~sines, b) the sliding of the screw slong its axis, and e) the angle 

of rotation about the axis of the screw, eupplied with eign, given a 

positive dircction defined on the axis. The set of acalar ecrew parem~ 

ter:¡ ot the r_igid-body motion is, thue, "the following: the three co"'P!'. 

nents of a vector r
0

, loceting point R
0 

of the screw axis L, that liea 

thl! closest to the origin; the three componente of a unit vector e, 

parelel co L and defining the poaitive direction elong L; . . two ecalara, 

u Rnd 9, represcncing the sliding along and the rotation ebout L. This 

givee 8 scaler components, whicb are subject to the following two scalar 

constraints: 



. 

' l (la) • • " 

' o (lb) '•' • 

th~ superacript (T) standing for- trsnapoaition. Thus, ths nu¡¡¡ber of i.!!_. 

depend,•nt acrew paramcters is aiK. The computetion ia baaed upon that 

of the orthogonal matrix defining the rotation involved. The latter ia 

based, in turn, upon tha co~putation of the principal directions of the 

second-moment tensor of the three pointe, about their centroid. This h 

equivalcnt to the momcnt of inertia of a rigid nyatem composed of three 

unit-mass particles. · Let P¡he the position·vector of the ¡th point, snd 

e, that of their centroid." Hence, e is givcm by 

' . l 3 
3 

); p . . 1 < (2) 

whereas ita aecond-momcnt tensor with respact to ita centroid, by [9 1 pp 

393-397 1 

3 ' I-t<o¡l 
1 

-~ith 

P¡:;; 1'¡- "¡ 

T 
P¡P¡_) (3a' 

(Jb) 

The second-rank tensor I is invariant, eymmetric and poaitive defi . -
ni te. The last t~o properties are obvious from definition (3a). lnva 

' r:isnce, on ita behalf, ~ans thst, under a chnnge of coordinatea"the 

three pt:oper values of 1 do not change,. its proper 

original configuration, {e
1

, e
2

, e
3
J, and those in 

_f 3J, being related by 

vectors both·in the 

the new one, (f 1, ff, ,. 

(4) 

~here Q is the 10.11trix asaodated with the rotation involved. Ths Í'Orea2_ 

ing ia illustrated in Fig l. Horeover, if A denotes the 3 x 3 matrix 

ccmtaining Lhc component$ of I in the original configuratioo, ~hereas 



' 
Fig 1 

., ' 1 

,. 
1 

P' 

' 

Proper vectors of the second-moment tenaor of a three-point 
rigid syatem 



11, thoae in the new one, then 

B•QAQT (S) 

Clearly, all ~arrices appearing in (5) ahould be expreaae~ in the 

aa~e coordinate frame. Now, if the three "given ~oints arf: noncollinear, 

it ia 11 simple lllllner to vcrify th11t tensor l, and hence either lll8trix 

A or 11, ia nonain¡¡ular, The aforementioned matrix Q ia, of courae, prot_ 

er orthogonal. 

The algorilhm dcacribed next requirea the computation of the three 

proper values snd vectora of tensor I. Although thia c0111putation leads, 

in general, to the solution of a nonlinear problem which has to be 801 

ved iteratively, for tho probll!lll 11t hand a direct aolution ia posaible, 

as shown next. Furthermore, once the foregoing eigenv11lue problem has 

been solved, tensor 1 ia expreaaed vith reapect to ita proper vectora, 

indentified in vhat follow vith the twn orthonormal ttipleta. {el, ez, "3) 

-~nd ~f 1 , f 2, f 3), of eq (4). Given these two tripleta, the CtrnlpUtlltion 

of Q is a simple matter. The prOcedure to co~pute the three proper value$ 

and vectora of Q directly(aa oppoacd to iteratively) is, thua, fundamental 

to thia algorithm, for vhich reason. the said procedure ia deacribed 'fiut, 

Let all coordinatea be given with riapecr to 11 Jte.6eM:nce. ~Jtame., hence 

for~h referred eo as X, Y, Z. Moreover, let A and B be the matrices 

representing 1 vith respect to the refcrence frame in the original and 

the new configuration of the rigid body, rcspectively. Since tenaor 1 

i11 a&&ociated vith a plllll.l! bcdy, the ona dcfined by the threa given pointa, 

two of ita proper vecrors lie in the plana of the body, the remaining_ 

one being perpendicular to this plana, as ahown in alementary mathematica 

and mechanics texts. Furthermore, the proper value asaociated vith tha 

third Vffetor, r 3, equals t~e ~um of the·proper vsluas, 1¡ and IÍ, aeso 

c~ated with the firat t~o proper vectors. Thua, 

(6) 

• 



• 

• 

N~xc the first two invariants o~ 1, tr ( 1) ,and tr (12), also 

called the t\olo íirot momen.t.; of l [ 20, p 67] are expressed both in tert~~s 

of thc proper valuea of 1, 'and in tetliiS of lllllttil<'A, and then equaté<l, 

which leads to the follwing,systec~ of ec¡uations for 11 and It: 

2 ( 1¡ + 12l " tr A (7a) 

1~ + 1~ + (I¡ + 12 .)2 ;. tr A2 . (7b) 

with a similar set of equations for matrix B which, if no roundoff nor 

measurement errors were present, would be identical. If these are 

prescnt, then both seta can be used ro filter che asid errors, Since 

(7a & b) representa syatem of two iUdependent equations for two unknowna, 

1¡ snd 12 , they suffice to compute these; 

Eliminarion of ~ between eqs {7a & b) produces the followin¡ qua-

dratic equation for 1 1: 

.whence 

U '- 2 (erA) . 1 

· trA".+/acr A2-·3·cr2 A 
1¡'" 4 

'(8) 

Aasuming.thst the three proper values of 1 are ordered auch that 

'" 
then 

I 1 " 
A (lOa) erA· 

4 

From eq (7a) it is readily realhed thst the aecond root of eq 

(6) equsls 1
2

, i. e, 



' 

' 
(IOb) 

and hence 

(lOe) 

In order to compute thc proper voctora of I, two possibilitieB 

are considerad, ñamely either 1¡ < r 2 or 

r,~ 12 {noturally, to·machine precision}. 

·In the first case, the null space of A- 1_¿1, for _¿ ~ 1, t, 3, 

1 equala the 3 X 3 identi~y matrix, is of dimension l. Thus, any vector 

f the asid apare can be normalizad to produce e_¿, the problem thua 

reducing to the determination of this space. This is ~st effic~ently 

done wüh the a id of llouseholder reflections [11, pp 111 - 118 ], ·which 

reduce matrix Ato a rov ec.helon.form. That is to say, if H hthe 

produce of che three involved reflections, theD 

•' H(A-1_¿1)•.¡ 

T ., 
T 

with ., 
., • 1 a 1 1 , 8 12' SJ3)T 

1 o' a~21T ' ., • atl' 

., . 1 o' o, OJ' 

Hence, 

e ~ . s 1 x a~ 

./.. / la¡x "2il 

(lla) 

(llb) 

(llc) 

(lld) 

(lle) 



Jn practice the foregoing computationa need be executcd only for 

two proper vectors, the rcmaining one being coroputed aimply as the crosa 

product of thc rwo previoualy computed ortO?. 

Now, if I¡ • r2, thiS meana that the three-particle Úgid ayatem 

hao a cylindrically symmeLric inertia tensor. Sínce each particle has 

been aosumed of un.it masa, thíR can only happen if the three particles 

are located at the verticea of an equilateral triangle. Hence, any 

vector lying in the plane defined by the three points ia a proper vector 

of J. Thia means that "¡ and e2 tan be chosen arbitrarily vithin that 

• 
plane, though mutually orthogonal, In order co uniquely define theae 

vectors, e 1 can be thoseri, for instance, as 

. -P¡ .- t 

.eJ !j P¡- "11 
(12a) 

Since e3 is uniquely defined perpendicular to the plsne of the 

given points, e 2 can be readily computed as 

e2•e3 xe
7 

(12b) 

Nntice that symmetry is not deatroyed by the fact of dafining 

arbitrarily vector e¡ as appearing in eq (12a), for the inertia tensor 

itself is cylindrically s~etric, as said previoualy. 

case ~ ¡ < ~ 2 < 

' if e¡, A¡,. '2' 

should be computed co"rrespondingly, i.e. for the 

>3, f. should correspond to A.; for the second " . " 
case, 

and e2 ore cOmJ>Ilted as .. givo:m .by _eqs·. (12 a &h),. then 

P' - e' 
f 1 • ,. ~'0--:=-e 

li'¡-''11 
(lJa) 



a ud 

Pl U~ 1,Z,3) nnd e' bciug the position vectors of the giv~n points 

and their centruid, r""P~Ctively, in the new configunltion. 

'Ihe en tries of matrix Q, 'l).j (A., j • 1, Z, 3), representing the 

rotetion in the {a,¿l~ basis, ore now computed by simply recdling 

the dcfinition of the matri~ representation of a linear transío~tion 

/ 112, p 65]. Thus, if both .fe,¿l ~and {f¡lj ore given in reference-

frnme coordinat~s, then 

(l4n) 

The rotation expressed in refercnce-frace coordinates, referred 

toas matrix QR' _ia obtained as 

(l4b) 

vith 

(14c) 

Parametcrs e, in ref~_rence-frame coordinares, snd 9 can now be 

obtaincd as 

e sin e • vect cose. • ' . '2 tr (Q) -1 (l5a) 

N~, denoting by '1,¿ <>• A.-th component of vect (Q)' the foregoing 

invariante m given by 

' '. -' 2 
C).j/;_ ,, . 

J ' "· (Q) "'l,u (lSb) 

and so 

e sin e - E q 
:. (ISc) 



Tlle indcx convcntion hus been used in eq (15b), € .ijk being the 

al.tMna-ting te./14011. comonly use<l in tensor analysis. The ret~aining serew 

paremeters are now computed: Líne L ía defíned here by the poaition 

vector r
0 

of one of ita points, ~O , 1o1hose dístance to the origin (of the 

reference frsme previously introduced) is s mínimum, snd by Vector e, 

giving ita direction [2, pp 85-119] . Vector r 0 can be eo111puted, in 

turn, using either a closed-fonn expreasion or the minim~norm solution 

to sn underdCtermiñed' linear algebrsic system. ln che firat case, the 

formula is [2,p 91] : 

1 • 
.r0 ~ 2 cot2ex (p' - p ) -!.e x 

' ' 2 

+ P¡) (16) 

snd P 3' . The threa 

resulting formulse are, of course, redundant and, if no meaaurement nor 

roundoff errors were prea~nt, all three would yield one snd the same 

Since such errors sre alweys present, the asid three formulse 

do in fact produce slightly different resulta. The involvad error can be 

filtcred by tsking the mean of the three computed values. Alternatively, 

vector r 0 can be computed ss the solution of s linear algebreic systeq. 

lndeed, sny point R, of position vector r, lying on L aatisfies the 

following equation ,, . p 89] t 

(Q ..: 1 ) T (Q 1 ) ' - ' . p '· ) (17) (Q - 1) .<Qp .¿ < 
which is valid for .i - 1, '· '· None of the three equtions (17) 

~· b• 

aolved for r, however, for matrix Q 1, and he.nc:e (Q-I)T(Q- 1), is 

• 
si~ular. In fac:t, were thia matrix nonsinsulsr, then ~<¡(17) would define 

not a set of pointa R of L, but one single point. Eq (17) esn now be 



expresscJ in a roore compact form as 

A r • b (lBa) 

i i ~'. ' .. ' 

·r T - · 
,\O::(Q-1) (Q-1), b- (Q-1) (Qp.c 'P) (18b) 

The point of L whnse _diatance to the origin ~s a mínimum h now 

nt-~·-"( ,. ·. rh" ;,Uowing mini.mization problem 

Min I ~ l r l[2 , aubject to eq OBa) 

' 
(19) ' 

.n,,_·~·•lut:i~on to problem (19) is velllcnovn and can be given in 

cloeed fom if constraint (18a) ia eXpreased through iu two linearly 

independent equations 

A'r .. b' (20) 

Vith A' being a full-rank 2 x 3 matrix. Katrix A' can be readily oh-

tained írom {IBa) .if it is taken into a ra... echelon fom, aa discll!lsed 

before, via llous10holder reflections. Thia would imply a correaponding 

tranaformation of Vector b of eq (IBa); for which reaaon, tbe right-

hand si de of eq (20) is changed to b'. 

·-· .,¡¡,,,._(,.,,¡_,¡, '" (19) should be rephrased exchanging eq (lBs) for eq 

(20). TJ_:e so~~tlon to thia problcm, r 0 , is given in closed form by the 

·.".'. ·,>.J...-.:!L,.,je~,,,, ~,- -.1 matrix A', nnmely as 

r ~ (A')-t b' ,, 
-Wth 

(2la) 

(2Lb) 

Cv!L.putlng (A')-t · explicitly, as given by eq (2Lb), however, is " 

not recomrnended, for the matrix in bracketa is ususlly ill-conditioned¡ 

' . ' 



@ 
in fact, ita condition number ia the sqasre_ of that of ¡o.atrix A' ,which 

• • • 
ia a n=ber luge• than 1 ld, p 2231 . A safe mesns of c.omputíng r

0 

from cq (20) is now outlined, as recommended by Lawson snd llanson {14,pp 

74-7&}. Let H be the produc.t of the two Householder reflec.tions redueing 

(A ')T llf to row ec.¡o on orm. Sinee 1118tril< ll..i.s orthogonal, ll'IR m 1, and 

hence, ,, (20) can be rewritten " 
A'IITHr • b' 

Lo< 

H(A')T • T, Rr . y 
whh T defined as 

[ r + 

" . ' y·[~l ' T • -o i + 
f 

+ + 
if 

"' 2 X 2 catrix U being upper triangular. .. 
[ ,T O} ¡;j 

ot, slternatively, as 

u"~1 + Oy - b' . 1 ' ' t -

• b' 

(22) 

(23s) 

(23b) 

,, (22) "" thus be CIJlresa'ed 

(2~a) · 

(24b) 

Eq (24b} can be readily solved foi y l by fontard aubstitution, for 

UT is lcwer triangular, y
2 

being ~eft undefined $0 far, Rowever, oince 

y~ ia·be.ing multiplied times a zero matrix, le cal\ be giveu auy real 

vnlue. Siuce the !Dinimua~ norm aolution t'o éq (22) is being sought, then 

' 



rh~ p~oper choice of y2 ~s ,, - o (25) 

!bus, ths minimtm~-norm solution to eq (24b), y0 , h given sa 

Yo M tu::_b~:--
(26) 

Vector r 0 is now computed simply as 

•' '• ' - (27) 

' 
Again,, each value of i produces one cotrespondíng aystem of eq"-!1--

tions (17), or, alternativcly (18a). All three systcms esa be aolved 

for r
0

, which Would produce" three slightly different values for this 

unknown, out of which the mean value would be the ene containing the 

mínimum error. 

lt is pointed out here that the foregoing eomputstions, s~ple as 

they are, are sought to be executed with the h_ighest effici~cy, for 

they are aimed at applicatioos demanding real-time computations, while 

keeping the roundoff error law enough, Finally, the single parameter 

that is to be computad is u, the aliding of the arew, 'rhis is readily 

computcd as the projection on L of the displscement undergone by any of 

the three given pointa, i. e. as 

" - - p.) • 28) 

which is valid, again, for all three pointa. Henee, the likelieat u 

can be t~ken as the mean value of thoae'three, thereby completing the 

computation of the parsmeters aought, 

In the foregoing discussion the only source of aingularities is 

t~nsor l. In fact, if the three given points are c.ollíne11.r, then the 
' . . 

' -.. 



odentacion of the body about the line defined by the three pointa is 

undefined. Practüal applicationa, ratheT frequent, call for the 

detenninacion of the position and orientation of a line of a body, and 

not of the body itself. Such applications ariae, for instance, in the 

positioning of a¡cially-sy¡nmetdc workpieces or tools. The problem of, 

the deterrninntion of thescrev parameters for such s situation and others, 

referred toas incompletcly-apecified·~tions, has been atudied in 115~, 

\ihereas the motion of a rigid line -in two infinitellimally-separsted po.! 

iUons only, has been treated in IJ6). 

Apart from the singular.cases mentioned, ilf- conditioned problema 

ahould be considered, as well, Theae sriae whenever the ratio r 2/t 1 

.becomes very large, as comparad to unity, Such a ratio becomes large 

1olhen the lega of the triangle defi~ed by the three different pointa have 

very different lengths. Hence, the more such a trisngle "approaches" 

"11 equilateral one, the better conditioned is the problem, :.:111- condi 

tioned problema may lead to cancellations in the computation of 1
1

, aa 

given by e<¡ (lOa), for vhi~h resaon the computation of 1
1 

ftnd Iz should be 

e~tecuted in the follo;dng order, according to l17,pp20-Zl]: r
2 

ia first 

cómpu~ed vith eq (lOb); next I¡ is computed as 

tr2A -2tr A2 ,, - ,, (29) 

An example ~B ne¡ct included, that illustratea the foregoing proc~ 

dure. 



Exuple 

• 
Determine thc aerew parnmeters of the ~tion of a rigid body wboae 

original and final configuration~. referred toas Cand C', respectively, 

are given by the coordinates of three of,~ta pointa, P
1

, r
2 

and P,3 in 

C, and ,r1•, ,P2 and P3• in C'. The position vectors of theae pointa 

"" given as: 

P1" ( 1, o, 

,2. ( 1, 1, 

,,. ( 2. 1, 

Hence, 

O] 
T 
• 

O] 
T 

• 
-11 T • 

T 2, 1] 
' 

1 
e' .. 3 

p;. -
.; -

• ,, -

[7, -1, 

( 2 • 

( 2. 

( '· 

o, ._ l] T 

o, O] T 

-1, 0] T 

e and e' being the position vectors of the centroida in and 

apectiVe1y. Vectora P¡• Pl , defined as 

<· 1, '· '· are thua 

1 T 
P¡'" 3 1-1,-2,1 1 p 1 ' .. ~ [ -1, 

1 T p '. .!. [ -1 • p2- 3 l-1,1,1. 1 2 J 
. 1 T 

p ' .. .!. "· p3• 3 (2,1,-2 I 3 J 

p.•f'.

' ' 
1, 2] T 

1, 1] T 

-2, 1] T 

e, and 

Matrices A and B are thus computad as 

. Hence, 

4 -1 
. 1 
AJ -1 4 

2 1 

2 

1 

4 

trAe 4, tr A2 • 20/3 

r , 2 -1 

. ·' -~ l.: : : 

p '· .. 
' 

.. 
P• - • 1.. e • . 

.. 

• 
\. 



(lOa - e) thus yield 

1+13 
3 

Now e.J' the unit vector spanning 

determined, This IIIBtrix "' -2 
A-l . 

·' 
1 1 -1 

2 

"' null space of A- 131, io 

-1 2 

-2 1 

1 -2 

which can be tskeo to the following rov echelon form vis Houaeholder 

. 1 
.- 3 [

3 2 ~3~ o 12 o 
o o . o 

reflections: 

Thu¡¡,,letting 

in eq (llc), one resdily obtains 

SWlarly, 

e 2 • 10.3251, - 0,888, - o.J25~T r 

'"' 
[-0.6280,.- 0.4597, 0',6280)T 

Similar resulta are obtsined for matrix ,., follOYB: 

,,. ~0.6280, 0,6280, -0.4597] T 

,,. 1 o. 3251,. -:O. 3251, ·-o. 88801 T 

~0.7071, T ,,. -0.7071, 0.0] 

' 
Hence, "' -rotation matrix Q " obtained f<= fonaula (14) " ' 



-0,6124 0.769 r-0 "" 
Q _- -~--6~-~~. 

0,6833 0.3980 

.. -0,3980 0.5000 

"' 

"•" 

i.e. 

ro o 

l: o 

l 

Thua, 

e sin 

-1 

. o 

o 

[ l; -1, ' -l],coeQ 

·IJ ·_T 
e • )1 -1, 1, 1], C:l • 4 ir{J 

-... 

..•. Eq.(l7).is nov writt'en for i: l, which yields '"1 (18a) with 

- r2 1 1 

A •ll l -1 
1 -1 2 

,b· [j 
.IVII•~rhol<!cr reflections applied to A and b yield 

· [-16 -1</z -161~ '·[-316/J A' ~ .~ . 
. .. ) o -JI'i/2 3/'i/ -12/2 

··Ue~>'-'';·UO<,·minimum-nom aolution of eq (24a) is 

c:.nno l. . .,, , 

Finally, 

-/6 /2 T"-
yo• {- z• -6· O] 

2 1 T 
1 

:·,-0 .. [1, J• 31 ' 
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P¡}•3[-l, 

thernby completing the aolution 

1 ' 1 1 

ConclUIIions 

- ,r, 
3 

An algodtlull was preaented, that allows the efficient co~~~putation 

of the mcrew parametcrs of the motion undergone by a rigid body betveen 

two finitely-aeparated positions. The efficiency of the algorithm refera 

to ita low number of operationa, as well as to ita avoidance of large 

roundoff errora and oí spurious singularitiea. Means of avoiding ill 

conditi.oning were discuased, Wnys of filtering roundoff and/or 111eaa-

- 'ltement errara were outlined, but not tres red in detail, since thia 

fall' outsidc the scope of the pape t. The computation of the sc.-e>~ parametel'B 

for two infinitesimally-aepsrated positiona is discuaaed in an accompsnying 

paper [lB]. 
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AU1m!ATIC COMPUTATION OF THE SCREW I'ARAMETERS OF IUG!D-BOD'l HOTIONS. 

l'AllT II: INFINITESIMALLY-SEPARATED l'OSlTlONS. 

Jorge 

Abatract 

The approach introduced in an fi.CCCI!Ipanying paper, aimed at the cOP.putation 

of the screw parameters of a rigid-body motion defined by two finitely

aeparatad positions, is now applied to that defined by two infinitesimally

sepsuted positions. Given the economy of computation of thh algorithm., 

it should allow the real-time computation of the ocrew parameter• under 

atudy. The algodthm assumea perfect knowledge of the position and the 

velocity of three noncollinear pointa of the body. 

Proíessor, (ASME Member), DEPFI-UNAM (Universidad Nacional J.utÓnCDS de 

MbÍ.cn. Apdo. Postal 70-256. c. Universitaria. 04510 México, DF., MEXICO). 
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'Introduction 

A novel approach, a~ed at the computation of the serew parame~ers of a 

rígid-body motion defined by two fioitely-separated positions, is introduced 

in an 11ccompanyin¡ papar [¡], Many an application, either in rebotica or 

in roechaniaw design, however, require tha computation of the asid par~tera 

when the motion is defined by two not finitely-, but infiniteaimally

aeparated poaitiona. Moreover, sioce infiniteaimally-8eparated poaitiona 

give risa to linear problema, Whereas finitely-separated positions, to 

nonlinear anea, the latter are solved frequently by firat aolviog the formar, 

and then performing a time integration, 

The algorithm introduced here is bued. upoo that presented 'in [2), but 

modifiea it in the senae of eliminating the ·.apudous ain¡ularity c:ontaioed 

therein. Morecver, the computatioas are aimplified and the procedure ~tended 

to the computation of all the independent parameters of the yerew motion u"nder 

· sttidy. 

.. 



Descripeion of the algodthm 

The ~tion defined by tvo infinites~lly-separated positions of a rigid 

body i.o fully described by the folloving (3, pp 119-148]: a) the axb of 

the instantaneoua sc:rev, given by the poaition vector of one of ita pointG 

(preferably the one lying the doaest to the origin) and three di.rection 

<OOBines, b) the sliding of ~he sc:rew along its axis, and e) the tate of 

rotation about the axis, aupplied with sigo, giveo a poaitive direetion 

defined on the axis. The aet of acalar screw parameters of the rigid body 

motion is thus, the following: the three camponents of a vector t 0 , locating 

point R0 of the screw axis 1, whosa distance to tha origin ia a minimum: · 

the three components of a vector e, parallel to L and defining Che poaitive 

direction along L: t~o scalara, ; and 0, repreaentíng the sliding along and 

the rate of rotation sbout L. This gives 8 scalar tot:lponenta, ~hich are 

aubject to: 

' e e • 1 

'• 'o 
the superscrípt (T) standing for tranapoaitíon. Tbe ~ber of independent 

a~lar parametera ia, thus, aix. The computation of the foregoing parametera 

has been treated in detail in [3], the algorithm implemanting tha correspond-

ing proc~dure becoming lengthy and complicated. A simplified al.¡orithm h 

presente~ in [2] that io aymmetric in the oenae of giving no preference 

to any of the three given pointa. It introducea, bowever, a. 1 spurious 

3 

8ingularity, depen~cnt upon the location nf tbe origin of the coordinate frame • 

. . . / ... 

-' 
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To describe the present algorühm, let· P.¿ (i ':" t., 2, 3) be the positian 

vector& of three noncollinear ¡oints Pi (i • 1, 2, 3) of a rigid body, their 

velocities being denoted by P¡ (.i • 1, 2, 3). Now the angular velocity ~ ia 

COD~ted a~ follows: 

Let e be the eentroid of the tbree pointa, v being ita velocity. Theae t~ 

vectora are clearly given by 

' _ _!_ 

' ' t p ., 
1 < 

• p. 
< 

(1) 

!he velocity of any poin¡; of the body an be expresaed in ten!ll of that of 

• 
oDa ~int A, a, whose position vector ia represented by a, and the angular 

velodty Ol of the body. lf the angular v.elocity matri.s a is u1ed instead of 

vector "'• then the foregoing rellltion, written for eac:h point P and C, h 

p "B+II(p¡-s), i• 1, 2, 3 

v • a + ll(c: - a) 

Ihe relation between w and ll is 

., " vect (11) 

where the standard indcx netation is being used, ti..jk 

te11110t. Subtraction of eq (2b) from eq (2a) yield6 

• '. -< v • ¡¡(p.- e), 
< 

1..•1,2,3 

(2a) 

(2b) 

(la) 

(3b) 

boing the alternating 

(4) 

• .. ¡ ... 



• 
Followirig the approacb introduced in [2], !llatrices P and P are next 

detined as 

' .. 
' 

,P•(p1 -c: 

All three relations (4) can thus be expressed as 

j. -· ¡¡p 

' p2 - e' ,, - e )<S) 

(6) 

which is an equation not depending upon the location_of the origin, Thua, 

~ ... ;>.Jgt>rithm ia not affected if tw of the three given pointa tum to be 

' 

collinear with the origin.IThe:algo_rithm,.1!_10reov~!Odoea not depend upon the 

regularity of matrix P; indeed, this matrix, as givcn by definitiona (5),' 

ie identically singular, but thia is no drawback, as shown next, 

Taking the vector of both sidas of eq (6) produces[ 4): 
1 • . 2 (l trP -- P)w • vect(P) · (7) 

..nich can be solved for «1 provided matrix M • 1 tr P - P is i.nvertible. If 

thia il the case, then 

•• 2 -1 
(1 tr P - P) vact (8) 

' 

·.-tr~·n becoming singular only if P becomes a·rank-one matrix wbich, in turn; 

;:i&~.tba.t the three given points are collinear. Tbis fact ia suppnrted by 

Theot"""' '1.-l'he trace of matd.x P, as defined in eq (5), is identically dUfar-

. ,att. Íl:alll .u<TD • 

:l'nnd: 

With no loas of generality, axes X-Y-Z are aBSumed to be otientated 10 that,Z 

is perpendicular to the.plane defined by the three giveo points. Furthe~~re, 

... / ... 
. ' 



the origin ia pla~ed at C, whereas X is orienrated parallal to line p p .., ' ,. 
that "¡ > 0, 

ing in Fi11 1 

Fig l 

MB.trix P ia 

Hence, Y¡ • y 3 < O, Yz • -2y¡ > O, the eorr...,pondin¡ layout 

y 

X 

X-Y plllne containing the three given poinu 

,.... 
th;Vs given by 

• . 1 
-{:~<+x) 

1 ' 

P • Y¡ -2Y¡ Y¡ 

o o o 

llene!, 

trP•x
1

-2y1 

' 

lolllic>, under the foregoing ausumptions, is the liUIII of two positiye <Ul DIDiben, 

and ience, never vanishes, q. e. d. 

~;,!""' z. Matrix 1 trP - P, with P defined as in eq(5), ia singular if, and 

onl:· if. the three given pointa P¿ (i • 1, 2, 3) are o;:olline.ar, 

Pro>f' 

On.y necessity will be proved, for sufficiency can be proved by inverting the 

n.cessity proof gíven. To thü end, let ..-. and 11· be the proper valuu < < .. ' 

• 



• 
and K~ l tr P - P, reapectively. Given the definition of M, thesa Valuea 

are related by 

11).. • tr P - n¡_ ..[. • J, Z, 3 (9) 

Uowever, the three cnl\llllns of mttrix P represent the camponants of three 

eoplanar vectoro, henc:e P i~ singular. Thus, at least one proper value of P 

vanishes, Let ~ 3 • O. Uence, 

rrr-, 1 +112 
(lOa) 

""' 
11 ¡- tT r- 11 1 , 112 "rr P -_w2 , • tr P {lOb)' 

Therefore, che determinant of M, 'det(li), is given by 

( 11) 

where relaciono (lOa & b) have been taken into account. From eq(ll) and 

Theore¡¡¡ 1, it ia clear that det(M) vanishes -only if at leaat ona of •¡ a11d 

7 

112 does. llowever, both of them cannot vanish simultaneo\lllly, for tbis vould 

imply ~ 1'" P2• P 3• The vani6hing of, o ay, 11 1 , implies that IUtrix p haS two 

vaniahin¡ proper valuea, i. e. that it ia a raok-ona matris, Thia ~plias, in 

turn, that the three eohan vsctora of P are parallel to one single vector, i. e. 

that the three poiots are collinesr, thsreby co.pleting ths proof. 

Now, if the thres pointa ara givan along the edgea of a right-aniled 

trihedron, so thst their distances to the apex ara identical, and vector e 

ia defined now not al the centroid, but as tbe poaition vector of the apex, 

then a proper nonulization rende:ra mat:ri.s P orthogonal. In thia c.aae, ~Mtdlló 

l tr p- P can be inve:rted explicitly u [4): 

... /" . ........ 



-1 --,l'--{1 t.- P - P) • 
2 

tr r-1 
(12) 

ln this case, matrix l tr P- P turna to be singular if, and only if, P 

rep.-eaents a rotntion of the trihedron, wixh respect to the given referente 

friUIIe, of an.angle of rotation O m ~n. 11 o.- Jn/2. Thia singularüy can be 

readily removed by introducing 11 redefinition of the Cartesisn uea atta<:hed 

to the rcference frame, as discussed in [4). 

8 

In general, hov""er, and particularly if e in defined as in eq (1), aatd~ 

P is oot orthogonal. !he eo111putation of Ol can be cx;ecutoed aafely if matrix 

1 tr p- Pis not only nonsingular, but alao well conditioned, 111 conditioning 

of' this matrix arises only when the three given points, though not eollinear, 

ar6 Clase to it. A mensure of the closeness to collinearity can be given, thus, 

by the inversa of the eondition number [5] of thia matrix. Most linear-equation 

solvers supply the uaer with a good estimate of the said llW!Iber. 

The remaining psr8l!leters are now COlllputed. Giv.en U)' it is a 'simple IIIBtter 

to conatruct 1'1. Symbolically they are related by 

fl • 1 X W (13) 

where x denotes the standard croas product, in dysdic notstion, 

Now, vector r
0 

defining the position of point R
0 

on the inatailtaneoua sc.rew 

axis, whose distanc.e to the origin is a minim~, can be c.omputed in two 

altemate ways, one resorting to an explic.it formula, the aecond one, vi.e a 

minimization problem. Both approachea are now discussed, 

... ' ... 



' 
'the fonn~ la giving ' ' 

,, [ 3' p 129]: 

'• • P¿ 
1 

'2 .. '" - (o p.)¡¡¡ • (14) 

• 
wllieh ís valid for i." !, 2, 3. If no roundoff nor mesaurement errors were 

present, formula (14), as applied to all three points, would yiuld one and 

the same value for r 0. In praetice, this is not the case; thua the asid errara 

can be filt.ered if the fonnula is applied to the three given point's, theD 

defining r 0 as the mean value of the three distinet values thua obtainad, 

Alternatively, r 0 can be computed vis the following optimizar ion problem 

(3~ pp 126-129): 

Mio 1 T _, 
' z (15a) 

subject ,, 
n[p .i + 11(r -p.)) •O • (l5b} 

Matrix n being 3 x 3 and skew-aymmetric, is singular; hence r eannot ba 

sol ve~ for from eq (lSb), In fact, if r could be 110lved for frca that equation, 

then the said equation would produce one single value of r, not a set, that 

defining the acrev axis, Eq (lSb) eontains exactly f linearly independent 

equations, for rank (fl) • 2. These can be readíly extraeted from e<¡ (l5b) 

if Housl!holder reflections are applied,to both sides of eq (l5b), as diacussed 

in [1). This would yield: 

Ai • b ( 16a) 

.. • J ••• 

. . 

' 



witn 

' "JI . ., "" bl 

A • o •u 8 13' b • b' 

o o o o 

,, (16a) representa then an underdetenained linear algehraie aystar. 

possessing infinitely many soluciona, ita minimum- {Euclidean) norm 

aoh•tion being given by rhe generalizad inversa of tha upper f x 3 

subutrix of A, referred tO aa Au· Anslogously, let hu, be the upper 

2-dimensiDnal subvector of b, Thus, 

• 
r 0 •Au.bu 

with 

(17a) 

(17b) 

lO 

Given the frequent ill ccmditioning of 111atrh AJ>~. it is not rec=ended 

to invl'rt thia matrix explic:itly, In fact, r 0 can be more efficiently 

computed resorting ag<1in to Houaeholder reflections, as discussed in [¡], 

This would produce r 0 ,as followa: let H be the product of Householder 

refl~ctiona rendering A~ upper triangular, Then 

• '+ 

[ -;-
' 
' (18a) 

U being upper triangular, Vector y 0 is computad frcm 

'• ·[ -~'):;u',, · b" 
( 18b) 

from which the Z-dimension"a.l vectDr y u. can be re~~dily computed, tdnce 

· UT is lower triMgular, Thl!ll 

ro "1\'l'yo (18c) 

' 



" 
Clearly, ench vnlue of ""' (.i. ••1, 2,3) would produce one pair (A, b), 

' 
to form then threa different mini.mization problema (lS'a & b), Again, if no 

roundoff nor measurement errors were preaent, then a11 three probll!mlil would 

produce one and the aame value r
0

, Since such errara are always preseat,· 

the likcliest value af r
0 

can be chasen as the mean value of the three 

values thus obtained. 

Having determincd ~. e and e can be readily computed from 

(19) 

• 
with e defined as a unit vector. Thua, only parllllleter u need be cot~~puted, 

Thia is done simply by projecting any of P.¿ (.i. • !, 2:,3) on e, thus 

abt<!ining 

'. u ~ e p. 
< (20) 

whi~h would again Produ~e three alightly different values, out of which 

the likcl.iest would be their mean value. 

!xa!ple 

Given.the three po~ition vectora af paints P., aa well as their 
< 

correaponding velodtiea, P.¿, for .{ • !, 2, 3, all vectora referrcd to the 

Bftml! coordinate frame X-Y-Z, snd shown ~ext, dete~e the parameters 

definins the instantaneous acrew af the carresponding ootion, 

.. . f ... 

.. 

' 

' 
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[ l ' 7 T [7, - 5, ¡T ,, • l, J ' ,, - l 

,, • [ 4' 7 ' l J'. ' ·(- 5, ,, 4, 4 J' 

,, • [ 7 ' lO, 10 ]'r, ' ,, • [ l ' z, 4 J' 

Tha vectors given above are taken from Example 1 of (2] for ccmparison 

purpoaea, 'l'hey define in fact che positions and thl! velocities of three 

poiuta of a rigid body, lndeed, the foll~wing compatibilicy condition holds 

·for the said vector&: 

' T p-) (p. -p.) 
J < J 

-o,¡,.!, 2, 3; J .• ,,,,. 
' ' 

Now e and v are computed as given in e<¡ (1): 

[4 
' ' 

)'. ' ' • • 

• 
Matrices P '"' '· de.fined in ,, (5). "' given next: 

r_ 
3 o ~ 1 ' ' o 

p • 5 l 4 • 

' • 4 5 l 

L l 5 '.J L 
z l l 

llanee, 

,l 5 o 

(1 tr P-P) " 5 l 4 ' ( l 
-1 l tr P-P) ·-lZ 

18 

l4 

.:.!--- 5.---=-2- -·- L" 

j ; .i. 

l5 3 

l3 5 

25 5 

... / ... 



Sub.stitution of the foregoing matrices and vectora in eq (8) produces 

w'"[l,l,l]T 
. ' '" ,,, . 

thus obtaining the same value of w as that reported in [2). The r~ining 

par meter a are now obtained, To thia end,- mstrix n ia now computed. From 

,, (iJ) 1 

r o 1 

o " 1 o 

L- 1 .1 

Now eq (15b) b expreased, for ¡_ .. J 1 •• 

' 1 1l í X l ÍO l 1 ' :j l: J l: J 1 1 
x, y '"' ' being '"' componente Of vector r of that equation, as '" 
" b• determined. This ia done ss the aolution to problem (15a & b), 

W.ich is readily obÚined by application of Householder reflections to 

both sidea of the last equstion, to tender it into row echelon form. 

Letting H andA be the pro&.!ct of the tw reflections required for the. 

afor<!llentioncd tranBfQtmation 1 and the matrix of the aystem involved 1 one 

h .. 

1' 
• -. :l . . 

HA " o • ... . - , .. 
' • ' ' ' ' L o o oj 

l\ence 1 eq (l5b) representa the null spsce of matrix HA given above. Any 

... / : .. 
. ' 



ve~tor r cf that space has clea.-ly the following ca.ponenta: 

. - llr/1(1,1,1]1 

11 ;:: JI representing ita I!Wgnitude, üence the min:Uwm-norm vector r
0

, 

soLving problem (15a & b) is simply 

-[o,o,o]T 

fo: tbe axis of the instantaneous sc.rew, given by vector r, as found 

ab<~ve, pasaes through the odgin . 

Para!Deters 
• 
8 and e are readily obtained fr0111 

T 
(1,1,1] 

vector "'• as 

• 
Fill4lly, parameter u is found ai.mply as the projection of any of p 

on e. For instance, for i. • 1, 

. '. u•ep.•O 
< 

and hence the motion is a pure rotation about the origin,_ The following 

remarks are now in arder: 

14 

a) This problem turned to be vary simple to sol ve, given that it reduced, 

in the last stage of computing r
0

, to finding the null apare of a rank-Z 

2 :¡¡; 3 matrix, In the general casa, it wculd,flave given risa to an under-

decermined ·linear syatem of Z equations in 3 unknows, lolboae minimum-norm 

solution would llave been determined as outlined in [1), 

b) The solution reported in (2) did not mak.e evident that the motion 

of this ~ample ia a pure rotation abaut; the origin. 

' .. / ... 
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Conclusions 'j ;i . 

1, method was pre~ented that allows the autcmati~ eomputation of the screv 
• 

parameters of a rootion defined by two infinitesimally-separated position's, 

This method is simpler than previously reportad Ones, making use of a smaller 

number of operations. The latter feature can allow the -real-tima e0111putatio':' 

of the said parameters, whíeh is essentially necessary in robotic~ applications, 

The method doea not depcnd on the location of the origin of the toordinate 

referente frame; but ita orientation can produce a•_ •spurious singularity, 

that can be readily removed. Furthe~re, it gives no preference to soy of• 

the three given points. lt fails only if the three given points are collinesr, 

but in thia case no method can provide the parametere sought, for they are 

undete~ined. A possible source of numerical instability ia containad only 

in fii.Btrix 1 tr P - P, thia matrix bec0111ing ill conditioned as che thre3 

givrn points approach collinearity, Hence, thia matrix ia better conditioned, 

the more triangle P1P2P3 approaches an:. equilateral t_riangle. 
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¡o.,,, 1""9<> ~~""'"''' ¡x;dt1v~, y L¡ ~• 1~ 
'-'"''-J''"''~'' J•J 1" intPr••cd6Jo do x¡.1 cnn "'i 
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q<!o "" ,¡., <ll10ons.iJn ~ y oo c~lcuh en tt.OI¡ np 
e~ la to.>.td~ J~=l>><>n~ ~G h "" (1) ~ d~ diO>cn 
si6ol <>•6 y ~e c,,Ic·ula en l>~ll~. L~ •oluci&. ~;;: 
{&lo) IW ob<i'-'1c p<.or to<>dio d<l l~• o,!m¡tin~~ 

\J~L>\IP y SOLVI: 'I"'C •o dc•crit.cn l--<'.tcrio,...,.,nle. 
'ml.X ~~l .. l.ú)~runcio ln\;>uC•L• "" lu ·'1"""¡''-' 
c16n ~ 1• oolcdr~,, en tMIM '1"" TDLr "" l" i'O 
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d inMco ¡>lvut.l 011 la ~e~c ... ll¡u•oJdCa LU, 

11Jil 1 1111:rA, l', J•, N) 

l'ormo la" <'cu~clonco de Jc•¡•lu~u"""'" Q y Jc 
rotadOO que, al .•nul.uoc, ¡•r<>l<><'~«"""' d v::, 
lvr ole lu• ¡¡,,.;ol<>n~ !"'r~ >I<M 1-"'I•>CJ(.,, ,¡,.,),,, 

c•c ¡~3 ¡, """' e"te
1
t>n •• "''l"'"reh L>~ , ... ~'!!. 

ün"' PKID y H'C<, l . .O~o 1<-'•1'""'"" ~ ~., "'· 
.,¡ ~ll~•¡l<> T<:S, drfuudu ~"""'' 

1•1, ... ," 
TCS!Il ~ '\'!IL,.l,(\) 
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Abstract 

A model of kinematic chains with prismatic and revolute pairs is presented. 

The model is based upon an algorithm using invariance concepts and sol ves the 

arising kinematic equations via the method of N~ton-Raphson. The aplication 

is illustrated with a fully sol ved example, namely the analysis of a spatial 

RSRC linkage 

Resumen 

Se presenta un modelo de cadenas cinem!ticas con pares de rotación y 

prismáticos. El modelo est<l: basado en un algoritmo que emplea conceptos de 

inv~riancia y resuelve las ecuaciones cinemhicas resultantes n1ediante ~1 

método de Newton-Raphson. La aplicación se ilustra con un ejrmplo que con

siste en el análisis de un mecanismo espacial RSRC. 

Introducción 

El problema cinem.Hico inverso consiste en determinar los ángulos o los 

desplazamientos en una cadena cinemática compuesta por n eslabones acoplados 
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mediante pares inferiore_s, suponiendo conocidas las historias de ' 
po~ici6n, 

velocidad y aceleración de uno.de los eslabones. Esta cadena puede ser abier . . . 
ta (manipuladores) O cerrada· (mecanismos). Dada la importancia que tienen 

actuclmente los manipuladores iñdustriales·y la complejidad del problema 

inverso, numerosos investigadores han propuesto diferentes soluciones, prin~ 

cipalmente en forma cerrada,,para e~ particulares simples, empleando matri~ 

ces de 4x4 que contienen rotación y desplazamiento sinrultáneamente [1,2,3], 

o bien reduciendo las ecuaciones cinem~ticas involucradas a un polinomio en 

una incógnita. Este aparece expresado comó un detenllinante de una matriz de 

t2xl2 con elementos de 42 grado en la tangente de la mitad del ~ngulo de.en· 

trada [4], o bien de una de I6x16 con elementos de 22 grado en el mismo argu· 

mento [5,6). Alizade y Ouffy [7] proponen la relación entre los datos y las 

incógnitas a través de un conjunto de JO ecuaciones, algunas ~e ellas depen-

dientes de la topologfa, las cuales no son de fácil aplicación para el cálculo 

de velocidad y aceleración. Whitney [8] orienta su trabajo hacia la solución 

del problema inverso aplicando cambios diferenciales en la posición, con lo 

que se obtiene el jacobiano que relaciona los cambios en posición y orienta-
'• 

ción dados, como variables dependientes, con las variables de los pares con· 
l 

siderados independientes, calculándose f.!.cilmente sólo la velocidad. Un mét.Q. 

do para calcular la aceleración en cada par. conocidas la posición y la velocidad 
-en cada unb,de éstos, asf como el momento o la fuerza de entrada, ha sido pro 

puesto por Walker y Orín (9]. En este trabajo se presenta un modelo general 

aplicable en tiempo real a manipuladores con 7 eslabones con arquitectura ar· 

bitraria, conociendo las historias de posición, velocidad y aceleración del 

órgano tenninal (OT) del manipulador. El modelo es una generalización del 

' expuesto con anterioridad [10,11]. el cual no tiene Ja fleXJbilidad de susti· 

tu ir un par prismático por uno de rotacilin. El presente modelo es aplicable 
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• 
a cadenas con seis pares de rotación o bien a una combinación de cinco pares 

• 
de rotación y un prismático, el cual puede estar ubicado en una posición . . -
arbitraria con respecto a los de rotación. Esta última topología se encue!! 

traen una gran cantidad de-manipuladores, tales como el brazo stanford (USA) 

[1], el ~~RJO (RFA), el ACMA Cribier H-80 (Francia) y el Komatsu RCA70 (Japón) 

[ 12). 

Descripción del algoritmo generalizado 

' De acuerdo con el método y la notación de Oenavit y Hartenberg [13]. que 

se resume en la Fig 1, los n eslabones de una cadena cinemática se numeran 

ordenadamente de 1 a n y al .¡2 eslabón se fija el sistema coordenado x1, y., 
. ' 

z
1 

como sigue: 

z
1 

se dirige a lo largo del eje del par i , que une Jos eslabones i e i+l, 

si es de rotación, o alineado con la tra,slación del par i cuando ~ste 

es prism.itico. 

se define sobre la perpendicular común a z1_1 y z1, dirigida 

r1 · c:ompleta el sistema coordenado dextrógiro del i~ eslabón. 

deZ.
1

az .. 
' - ' 

La posición relativa de dos eslabones adyacentes est~ completamente definida 

por los siguientes parametros: 

a1, distancia .entre los ejes Zi y Zi+l 

u 1, ángulo entre z1 y Zi+l' medido en la dirección positiva de Xitl' 

b1, coordenada entre los ejes x1 y Xi+l'constante cuando el par es de rotación. 

e1 , ángulo entre los ejes x1 e Xi+l medido en la dirección positiva de z1, 

constante cuando el par es prism~tico. 

Sean 



1 2) 

dond~ e( ) :: ces( ) y s( ) o; sen( ) 

[Oi,i+l]i Y (ai,i+l]i, abreviadas como O¡ y a1, respectivamente, representan 

una matriz ortogonal referida a los ejes X¡, Y1, z
1

, que gira éstos a una 

po'sición coincidente con los correspondientes Xi+l' Yi+l' Zi+l' y un vector 

que une los or~genes 01 y 01+!' dirigido del primero al segundo y referido 

a lo~ ejes del ¡2 eslabón, respectivamente. 

las condiciones de cerradura en orientación y desplazamiento son: 

0t0z- · · 0s06= O 

[al ]1 ~ [a2]1 + .•• + (a6]1 ,. r 

IJ) 

1 4) 

que constituyen un sistema de 12 ecuaciones escalares en 6 incógnitas, siendo 

independiehtes sólo 6 de ellas. las cantidades conocidas son Q y r, que re~ 

' presentan el giro necesario para sobreponer los ejes x
1

, Y1, z1 con x7, Y7, 

' z7 y el v~ctor que une el origen del sistema inercial con un punto R del OT. 

Al obtener el Vector axial [14) de Q se tiene: 

vect [Q) ·= e sen 4· (51 
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dond~ e es el vector característico real de Q asociado con el valor caracte-

rfstico +1 y ~, él ángulo de rotación. Al combinar (3) y (5) se tiene: 
1 

1 6) 

• Las ecuaciones (4) i (6) constituyen un sistema algebraico no lineal de 

sexto orden de la forma: 

(7) 

con pares de rotación y uno que puede estar asociado con un par prismático, 

o bien, con otro par de rotación; además: 

• 
fr(e) •, 2 vect([~l. 2 J 1 (02 ,3]2 , . [Q6 , 7]6 ) -2 sen ~ ~ O {S a ) 

¡ 

ft(e) • [al.2~1 + {a2,3]1 + ..• + [a6,7]1 [r]l ~O (Sb) 

• 

la solución de (7) se obtiene aplicando el método de Newton-Raphson, que 

corweq¡e cuadráticamente con valores próximos a la solución (15]. El esquema 
i 

iter~tivo de ~ewton-Raphson es el siguiente: 

donde Mf es• la solución del sistema 

y J(eh es 

• • 
• 

la. m.J.triz 
• 

jacobiana evaluada en 6: 

(9a) 

( 9 b) 

k 
& del sistema (9b), q~e se 



• 

calcula a p~rtir de: 

Cuando e1 est~ asociado a un par de rotación se tiene: 

3f r( 6) 
!íe¡ =(1 tr P-P) 0 1Q2 ... o1_1 e1 

siendo 

e1: 'vector unitario paralelo al eje z¡ 

l : matriz identidad 

•.• Q. 
1
(e. x x.) 

1 - 1 1 

6 . 

(10) 

( lla) 

( l1 e) 

x1 se calcula aplicando el algoritmo de Horner [15] para evaluación de poli-

nomios, esto es, como: 

(J Id) 

Cuando el par es prism.1tico, b¡ es una traslación (ver Fig l) y se emplea: 

(12a) 
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ilrt{a) 
.ael : QIQ2 ··• 0i-l e; (lZb) 

La velocidad se calcula a partir a las siguientes expresiones: 

( IJa ) 

{13b) 

siendo v la velocidad lineal del punto P del OT en el sistema 1 y w, la 

velocidad ang~lar vectorial del OT. Después de algunas manipulaciones, las 

ecudciones (13) quedan COOIO (11]: 

. . 
J(e)e=r 

donde 

v~lida sin modificaciones para pares de rotación o prismaticos . 

• 
La aceleración se obtiene a partir de: 

' ~= ddt v~ct (PPT) = ~w¡;+iGT~~ e 
ae aiJ 

3x •• '.- , .. 
" 

( 14) 

( 15) 

( l6a ) 

(JOb) 

Se requieren ahora las siguientes expresiones cuando se tiene un par de 

rotación 

o¡W 
• (e)l x[ej)l ' l • • 6 ( 17a) ao¡a5j .... 

• j • ' . 6 . ... 



Cuando se tiene un par prismático en la ;! posición se tiene ., 

Despues de algunas simpl_ifícaciones [11], se tiene: 

' 
J(o)e•r 

donde 

r• a'x ae 
1 1 • 1 •T o2W J 
I tr P-P [w- le --:-;J. 
• • T 1 • v-e -e 
· oe' 

8 

( l7b ) 

(IBa) 

{ !Bb) 

(19) 

( 20) 

El modelo cinematico aquf propuesto est~ fonnado por ]Qs ecs (8a y b), 

(14) y (19), qÜe proporcionan los valores de las variables asociadas con 

los pares cinem~ticos de la cadena, asi como sus dos primeras derivadas. 

Las PCUaciones dichas se realizaron en un programa de computadora que es 

aplicable indi.stintamente a cadenas cinemáticas provistas de se1s pares de 

rotación o bien de 5 pares de rotación y uno prismático . 

• 
' Ejemplo 

Se desea simular el mecanismo mostrado en la Fig 2, que es del tipo RSRC. 

El punto 07 permanece fijo, cambiando de orientación a razón constante de 

1 rad/s. En la Fig 3 se muestran los sistemas coordenados involucrodos, 

asi como la sustitución del par esférico por tres pares de rotación con los 

ejes concurrentes en el centro del esférico, en tanto que el par cilindrico, 
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' 

por un par de rotacf6n.y otro-prismático. Para este mecanismo particular 

se obtiene fAcilmente una expresión-que relaciona el giro~ con el despl! 

zamiento s (161 mediante: 

( 21 ) 

no siendo asf para las demás variables 

El error obtenido al comparar el valor calculado de s con el dado por la 

ec (21), se muestra en la Fig 4. Se emplearon los siguientes valores que 

aparecen en la fig 2: a a 1.0, b : J. O y e ~ 2.0 en unidades de longitud. 

Conclusiones 

Los resultados se obtuvieron en una microcomputadora Apple Ile, siendo 

560 el número total de operaciones requeridas para el cálculo de a. e y a 

por posici6n, ~n base a una iteración en el método de Newton-Raphson, cuando 

todt;~s los pares son de rotación, reduciéndose este número a 556 el introducir 

un par prismático. El algoritmo presentado se puede aplicar por lo tanto al 

control de manipuladores como el brazo stanford (1] o al análisis de mecanis 

mes de las más variadas topologías, como se mostró con el ejemplo. 

' 
• jom, 
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" ,· . .' ... ;..r;;;~ C;:;¡.:;;.;:.l':Lé.'O L"!:. ,,;,J:IPUL.<.:;.on;;s CCI/ f,R'!'ICULnClOIIO:S 

, .. 
Resumen 

' A ' • 

tc:n~s ó~ ""''"cbnes no lineales subdtlterm!n-.dos 1 hacie~do uso d.!' minimi1,Clci6n 

cuúJd;t-!.c,. Con.:> <lplic~cionen p«rticulares se pres"nt.i el proble111a del 

an~ ll!;ie' cinrm~tico de J.1~ni!Jul<>don~s con articulaciones redundaotes. 

~l p:'lc;rana ;que S<.> present;,. puede resolver, aSimismo, un problema· 

donde la iunci6n o1:j.,;,tivo 1 a ¡;:inimiz.1r1 no se., de norma cuadrf.tlce. 

Introducci6n 

• 

;:.c<:J.<Jo ~ t,u<> 'm ·:·i .. ,etuclio <i.o m·lnipulo.dores se puede presentar el caso 

de :,rticu!~cion~s l:""'duud"ntes, es"decir 1 que se tengan o;¡rados de libertad 

necesurio 
' 

rc•:.:olver el problema tn;.tnr.do de extremizar ;;~lguna ~nc16n de los pa:r:ama- . 

tn.3 del in<.'c~nismo, en este. c~~o, se toma le. norma cuadr6tica de sus ln-... 

go..lol;. Ll pro-:~rsCI'l dt>sarrollado puede aplicarse a cu;:¡lquier otro tipo 

u" problemds de sist<>mas d" ecUaciones no lineales subdeterminlldos, extrt'mi-

zando funcion<>s cuadrl.tica~ o no cuadrltica~ • 

.... 
1::1 p<C'bh:ma consil;t<! en h!lllar una soluc16n p;:,:r:ticular de un sistct:~·"l 

'" 
doml« f 1 ~y O r.on V<:Ctore~ de dimem,;icl'n m, n y m1 respectiv;:~ment•l 1 " con 

"'< n. l)._,d.;. r;u=: el problmo··• a:: suJ:dotormin;:~do, se dispone, en g•mcral, d~. . . 
r,ultipl~s ~olucion·,~, por lo <¡UI! es neccsnrio pl:"oponer una función o~jetivo 



' 
z ~ ~.(>d " c;<t:cc~t.izar, ~iendo z un nlhero re111. Por lo t'lnto, pode~.os 

' ' 

Para est'lblecer un m~todo que resuelva este problema, se recurren n 

;,r9uMmto~ geom6tr1cos. CJ.da función f 1 (_l!') representa unn superficie en 

un esp~.;io ,n 
' 111 que pertenece ~· El conjunto de ecuaciones rep.resentado 

po¡:- ( 1) 1 es decir: 
' 

.... 
fm(x

1
,x2 , ••• ,xnl ~O 

dei'inc un subconjunto de puntos do Rn que satisfacen simult~near:1ente las 

1:1 ecuaciones no linellles. Asi, pues, esas ecu~.ciones definen un.l curva {' 

'"' Rn 1 de <;r<!do de libertad n-m, que representa la intersección de esas 

m superficies. 

supóngase que se conoce un punto P
0 

de r on ,n 
' 

con vector de posición' 

o 
~·• que satisf¡oce el. si~tcma (1), Se desea 11hor.a determinar un nuevo pun-

to P 1 de r pora el C~3l Ía !'uilci~~ objetivo tenga un valor menor que para 

r:0 , (!Sto as, se desell determinar un vector ~1 tal que: 

f!¡s1) ~ o 

y 

si te•l punto no existe, 

r •• 

o 
:d¡s ) 

o x es u.1 minimo local del problema. 

n una curva en R , no es posible, en Debido a <]UC 

un p1.·nto P 
1 dc r que cst~ muy .. o .lr.jc>do de,P. 

general, definir 

entonces, un 

run"t: cerc~no 11 p
0

, Unasli~"n<l:> el probletri3 y buscando un punto ' o ' " 
vect..r de posici6n que este con~enido en la tanqentc de r ,,o 

' 
oricn-



taCo en l.· di~ecci6n opucst.; a v::. Cor.1o c.1 puede estar t.an alej<Jdo o:!e P1 

como """• es ncc"sari" i:npono:r un~ condici6n .:.dicion<ll, .es o:!ccir 1 qU<> en 

' \.1 1 ::: ;,lcuncc ::u v . .lor minill'o " lo lurgo de la tnngente. !'ar" esto dctini-

mos: 

donde 

~1 .. :S; • ll.lfl 

l!.X "-"\i ., 
'" 
(3) 

!<icn!!o r; un vector- (no ncces<lrim:'!ente unit<lrio) contenido en la tanyente 

de r' , ~ir:ndo perpcndicul:,~ a'lo5 m vectores (9'f1l , i" 1 02, ••• ,m. Tnl 

ve~tor s~tisL1ce 0 entonces, ,, "iguiente sistema de ecuaciones: 

('i'f1)T 

('i'f2)T 

. . - ¡- o J ~ • o ,, ) 
(Vfm)T 

. '"" "cuac16n "' e:lt::>blece que !< " encuentra '" 
,, e.spacio ,, J y de-

fine un plllno perpendiculaJ:" a la tangente e 1" 1 como se muestrl'. en 111 fig. 1 • 

Si· ,JT~ es el vector del pli:lno m&s próximo 11 

(•Vz-JT~ 

• V z, entonces 

,, 
as!, ~ se obtiene corno l<J soluci6n de minimos cuadrados de 

JT ), • '" (5) 

que es ·. 

' -1 a " tJJ ) J Vz (7) 

por lo que, sustituy•m<lo (7) en (5) 

(6) .. 
y de (3l 

'" 
donde ~ se escoge como el v~lor que minimiza z(~0 + ~~l ), entonces,~ se 

determina como la &oluc16n al problema: 

( 1 o ) 

dond,,t.~nto ~o como~ ~e connc""• 

, ... 



Par.J. el c.oso mas guneral, en.,¡ quo z sea una funci6-n arbitraria de x, 

...:. :;e puc:!u detcr:r.in<~r resolviendo un problema no l~neal éc m1nimizllci6n 

1¡;:_ :mbrutin~ n;n¡ (11. 

Si en p~rticul~r, la funci6n objetivo es cuadr~t1ca, es decir, pura 

alg6n X fijo se tiene: 

- ' -¡¡) W(~-¡¡) ( 11) 

Ehmdo \·1 po5itiva definid"-, se tiene que z tendra un minirno a lo largo d .. 

la t .. ngcntc- cr. un punto donde se anule dz/6& , es decir, el problema ~e re-

duce a h bÓ::.c,uedu dc!l mini1.10 en una direcci6n; pero 

siendo 

por lo qu.:. 

y 

por lo ttmto 

pero 

·por lp tanto 

por lo tl>nto 

u 
W(~ ~) -, -

'" • , 1 
:L • ,, ' • o• .. 

dz T o 
-~ -~ \•,'(~ 
d. • 

( 12) 

-
' 

wtac e ., - ' 
o( ~ ) • - ¡ 

' -<ll .. o 

.q:;TW! • ~ T.,.(¡¡o 

-&J•.'?Z 

' ,, ' .. . 
¡ w ¡ 

lT~¡ qz ~ ("'l Z>Tlt 

l TI-..! 

•• 1 

_ JT(JJT)-1J} ~~ '?z 

.JT(JJT)-1J] 1'."( q zlTlt .. ' 

' '" . 

( 13) 

( 14) 

( 15) 

( 16) 

( 17l 

(16) 

( 19) 

( 2 2 ) 

Una ve;, detennin"d" o<. , se tiene c,~1 calcul.mdo !. de la ccuaci6n (6) 

' 

(21) . 



S 

por o::edio dt! l~s sui>~utin,~s Hec:O"'P y Holve L2\ , Sin embar'<JO se tend:d . 

111. conf 1 )Ur.~ci6n de la f ig, 2, de donde se • observa que, aunque 

i'
1

, cuyo v .. ctot de posición es E
1

, esta. fuera de r 1 esto es, 

( 23) 

o sea, no satisface P.l sistema (1). 

( 24) 

d. S<Jtisf~g., 1:1 (1), Parl'l resolver este problema existen varias alternati-

vos que som 

Caso 1.:. Co!!'.O el complement~ del plano normal a 1",511\no 

esta muy alejado de P0 , se puede pensar que, si se pasa un plano por P
1

. 

par.llelO a li! normal a f' 1 ese plano cortará o f' 0 como se muestra en l.• 

fig. 3. L..:. dr..¡llificaci!>n estriba en c¡ue ~~l S<: h"br! obteniC!o mediante 

la solUción <l'Cl sbtc;na 

• 
f(~t ' G ~1 J 

dond" -,, • .JT !l 

Co~o S<~ conocen ,, y '· " ' 
eclloci~n (2SJ se re,!uce a 

• º 
incÓ<;nita •• ~ 

(2 ~) 

( 26) 

de dimensión m, As1 la 

f(-'l) .. o {27) - -
., que es un s.i.stemd illgebr~ico no lineal de m ecuaciones en m incÓgnitas, 

'' .'• c¡ue se puede .:e~olver po¡:- el ¡o~todo d~ l!awton - Raphson pan• sistemas de-

:.' 
te••minudos, esto se h:~ce mediante 111 subrutina NRD-'J·:P 131 qua a su ve¡-. 

r<lc;uiero .do li.~ ~ubrutinJr. DECo:-:t• y :::OLVE pn, r<. 111 ~oh.ici6o ~e si,.temas 
' ' 

U~ ~cuacion<~:'l U.:!terminlldos en base a la descomposicion LIJ de r:~atrices('H, 

Caso 2.- Otn, ' 
altern~:tivd 

mm m ' ' ' esto es, 

es seleccionar P
1 

como e~ 

de tangencia de una 

punto de r m!s pr6xi-

esíera centrndu en P 

' 
ce>n r :.:n este Ci1So 1 -6~1 ~e puede obtener cor:~o la solución al problemu 

(fi<J· 2): 

" 



' ' 1 

rnln "' 
! ooT ~ 

(28) b~!b~1 
A;t 

suj<~la o !'~1 • t..~) " Q ( 29) 

Incorp"orendo lo ecuaci6n (29) ' " funci6n objetivo, mediante multiplicado-

res de L.:.grange • As1, se define: 

(30) 

qu~ ti~ne un extremo cuando 

d • - (~' ) 'y o ( 31) • ·~1 • -
d .. ~1 >. -

'1 

donde .. • •1 • • 
b~1 02) 

A>i ';)f " f " J•1 ' (33) • • • 
~ .. ;. ' • ~ t..Xt • 1 • 

Susli tuy<.mdo ( 33) '" (31) y despejando, " ' tiene 

t. ~1 • ,, y ( 31\) 

,,, ;o t.mto: !<;1 .,. JT ~ ) - fC YJ - o (35) 

que CJS un sistcmn n:> lineal. de ecuaciones en m incÓgnitas como en el caso 

enterior, por lo qu" tart.bi~n puede resolverse mediante la s\lbrutina NRD;x;>. 

Ca~o 3.- ror 1iltimo, se puede usar 

J bx • -f { 36) 

actc:nli~au<lo J. En CU:Ilqui!!r cnso, ne .,¡can:tt.r! un m1nimo cuando se sa-

tisfagan lo~ criterios de prir..erio y de segundo orden, obteniéndose a con-

tinuaci6n. Adjuntando la rcstricci6~ (1) a la funci6n Objetivo z • z(xl, 

Obtnni,;ndO$e 

<1 '·. 
"'f(;) ~ Z(2S) _, ( lSl · 

n.;, ~hm·~ u" punW est.<cionc.rio dtl '1' cue~ndo sn anulj su gradiente., esco-

gicndo ~ de manera que produ~ca una 5 quc·satisfagn {1). Asl, 

" ' ' -
" o (39) 

' 



' 
(40) 

que son l:>s ecuaciones de norm~lidad, o sea la condici6n necesaria de· pri-

mar orden ¡>dr" la exi,;t<;ncia d" ur. mÍnimo. • La .. interpretaci6n geom6trieade 

1" e=a-::16n (40) es C¡Ue 1 en l.ln punto estacionario, V z se encuentra en el 

plano n:>~·n:.~l a r • La interpretilci6n "l<;Jebr,·ica d"' esta ecu:.ci6n e¡; <JU"• 

en u~ punto estacion~rio, "''.Z estl> en el codominio de un subespecio de 

• 
Le;¡ ~oluci6n d~ ln eci.H>ciÓn t36) puede' obtenerse mediante la subrutina 

SUBDEL que resuelve un sistema algebraico d~neal subdeterminado, auxiliado 

por la subrutin·o Hf.:COI1P. 

Descripc16n del programa 

El programa des~rrollado, Sf.l:Lstl, puede resolver el problema seg6n 

los casos 2 y 3 descritos anteriormente. En la fig. 4 se muestra el dia-

grama de flujo del progr~ma, Los listados del programa y las subrutin5s 
• 

pi<t'il Cild~ ejemplo resuelto se muestran en el aplndice A, 

Una vez obtenidos los result~dos-del proble~a, se alm¿cenan en un 

;uchivo de datos que es leido por el proql'ama GRAM.AN que d~bujn el mecanis

mo en pant~lla con opci6n de gr~ficar en papel empleando 1~ subrutina 

SCRPRT, 0:1 listado del progr~lll.:t GRAHAII tar.~bilm se encuentra en el apén-

dice A. 
/ 

La computadora empleada en la soluc16n de estos problemas es una 

Al'PLE IIc de G·:K do memoria, con lo que sc demuestra que no es necesaria· .. 
qran cantidad de '"'~tr.oria·para rcsolver cato tipo di! problemas, 

Ejemplos 

<;j.,mplo· 1: · Consideru el siguiente problema en el que m-1 1 n•2 y f "f ~ 

.. 



f!x
1

,x
2

l 

z(x
1
,x

2
J 

- 1 - o 
2 .,, 

D"tc,;minur los punto e de c:oordcnu<!os (x
1

,x
2

) que, satisf.1ciendo f(x
1 1

xz) E O, 

miniooicen z. 

Solucior.: 

Lo intcrpretec:i6n gco~~trica del problema se ilustra en le fig. 50 don-

do 1~ <Üip~c est.o. repr<!sent.'!d3 por la func:i6n I' y 1! representa la mitad del 

cuudr:>d' de la dist<l.ncia do un punto al origen. Como se puede observar do 

la fisur~, en los 'puntos "• n, e y D z alcanza valores csta.:ionil.rios que 

r2prcsent.::n la Soluc:i6n <h:l problet:la. 

· La matriz j.:c:obiana de f y el sradiente de z son, respectivamente: 

... [::] 
!:n lo~ puntos A y e, J y z toman los siguientes valores: 

o] . -t J 
yenByD: 

J • \o ·{J 
De estos resulto~os se verifica la ec:uaCi6n (6) 0 es decir, la estacionar!-

dad de los puntos A1 B, C, y D. Los resulta<!os del problema se muestran' 

-en <'=1 ap6ndice"B!"f ~~ ;~ 

!:jem:;>lo ~~ Se requien' posicionar ur. pun~o en un plano mediante un•• cilde-

na C_in·-'m~ticil abiert'" lm~ni¡mbdor <lrticuladol de triple grado de Ubert,'d 0 

con cu~':rc <!5l.1bor."s CL"ticulados, mo~trnda en 1<> figur<l 6. L" lon,.itud de 



f,us ;;. 2 , a 3 , ",¡ son unit~rias. Determin3r los ~ngulos 

e
1

, e
2 

y e
3 

"'ntrc ~us e~laboncs p.1ra que el punto? ten~" 1•.-s coorc!ena-

d .. s d"l punto C,(0 1 t). 1·\!.3 aGn, se requiere que el punto P genere un'! tra-

yacloria pr.,scrita. 

Soluci6n: 

Debido a que en el problema exi~ten infinidad de solucion~s que 

posicior,nn el punto P en G1 se debe seleccionar la mejor de esta~ segGn 

algGn c1·iterio que> perr:~ita esco~er un~ fune!6n z a extret.,izer. 

"" la fig. 6 se puede ver que " ecuacion '((¡¡e) • o •• ' 
')_(et,a2,&3l • "lc.(at> .... a2c(~1+02) • a3d"1•a2• ,,, . ' . 
~<e1,e2,a3¡ • a

1
s(G

1
l • e2s(01+&2) • a

3
s<e

1
.e

2
.e

3
J -.Y -

'donde: c(),.cos() y s()csen() 

que pQc¿e representar una fur.ci6n de costo, donde se desea minimizar las 

rot,,ciones de los eslabones. En bese e lo enterior, pode~s 

cobiano'd~ f y el grsdi~nt"' de z que son, entonces: 

forr.~ar el ja

' 
- ~.~G,)- &le,•O,\Q,\ 

J • 
e lO,\ lh\ \ t,lO,\oGo.\01) 

Lot rusultildos nur.:~rJcos 1 '<S!. cor:.o las gr~f'icas de lo5 mani¡.uladores ,,. 
se mustnm en el llp~ndic<: ll. En pr~L•er lu;¡ar se resolvi6 el problem~ se;-

gGn ul ca~o ~ ante:; d~~Crilo (fi,". 71,· 111 s fi<JUI'dS 8 y 9 representlln al 

m~nipulador siguiendo u~u trayectoria rect11 1 h;;.biéndose resuelto el pro-

blema,se~ún el caso 3, en la figura 9 sólo se muestran algunes de las 

configur~ciónus que se siguierOn paril llegar <~1 punto m~ximo. 

Otru pro'>l!lma quu s, resclvi6 fue el de gener"r una trayectoria <l.lca-

. . 

o 
l. 

o 

i 



fis¡-.r::l 1l ,.,., M.~;tr .. ld confi~u~~c!.6:; orig~nal y el pri~.·~r punto de la tr<1-

yectorL:., '1•~ qu" El c"so 2 no conv.'!rgi6 debido 11 la gran scp11raci6n entre 

los puntos de la trayectoria. 

Ejemplo 3: Oblo;onet· la posici6n 6ptima de un manipulador de 6 esl11bones ar-

ticul~:dc·~, " pi!rtir de unü posici6n dadil. 

Soluc16r.: 

La configuraci6n g~neral del mecanis~o se muestr11 en la fig. 12. LIIS 

ccu~cior.cs pc.ra el an~lisis de despl:..zemiento de una cadena cinem!tica pue-

-··- . . ... 
''·-:r-~ ... '' ........ ' - ' ,,. 
' ," ' -· . \, ... 
' ~ ., . ....... 
_:·:::·· . 
. -_;' ~ ,. 

>' ... 

. . '···.'· 
¡' .. 

' 
'; -.· ·' 
;_,e,'_; 

·'-,_' :"-

... . ; ; ·'·i 
den obl~nel:'~e mediunte las condiciones de cerr.•Jdura de despla;o:amiento y de ·t.'; .-. 
rot11ci6n. De acuel:'do con el mlitodo y-'·la notaci6n de Denavit y Hartenberg [s1·)-} 

' ._ .. ,, 
_los n eslabon:Js de un11 cadena cinernfttica se nuomran ordenaddll'.ente, 1 a n y 

ll id cdab6:1 se fi_ja el sisteca coordenado )ti' Y
1

, z
1

• As1 lOi,i+
1
1

1
. re

pr•'~<mta una matri:: odogonal, refcl:'ida a los ejes Xi, 1 Y
1

, z
1 

que gira és-

to,; u un~ posic16n colncidc>nt<! con los corro,;pomlient"s x
1

•
1

, Yi•l' zi;
1

; 

por .:u patte (a1 , 1 , 1l 1 cs el vector que une lou origcnes 0
1 

y 0
1

+
1 

de lo" 

cj11::; anlari<n-es (lir1gidos del primero al segundo y roferido a ejes fijos 

'l l o l "6 es "" n. hsi, lus con~ieionP.s de cerradura son: 

' 
(o1,211 lal,312 

pnra rotaci6n y 

P<'"" dcsplazmr.iento, donde \;:1
1

_ es el vector de posici6n del punto P del 

or<J"ll'? termin<:l. 

Debido a que en nuestro car.o no importa la orientaci6n del orgnno te!:'-

tcmil de 3 "CU::tclor."s C<>n cinco lncognit¡¡,; 1 es decir: 
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según ltL fig,13 y ,la notaci6n d!l Denavit y Hertenberg se tiene 

- -_, 
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[ ""<' 
-s(9i)c(o<i) s<a

1
)s(.t

1
J 

g, " s(9
1

l c(Oi)c(~i) -c(9 1 )s(~il 

o s(>'~i) c(ol.i) 

donde al es la di~tancia entre los ejes z 1 y Zi+l' b1 es la coorden~da de 

en el sistema es el fmgulo 

~ntn! z1 y zhl' •~edido en la dirección positiv" de Xi+l. 

Pilra ld soluci6n d~ este problem~ s~. utiliz~ron 1 además, las subruti-

n:.s VEC\ y P?ODO. (?), 

Los t·u:;ultadQs se ::n_u,stran en el apéndice B, asi cor:lo las configura-

cionc:o <..lul ~:~aniptÜ;•dor en l"s figur11s 14 y 15, 
1 



Con e lu ~.lonc!: 

Co::~o te: puc:!c <.:b::crvcr, "1 ¡,,';todo o:ts eficiente fué el irnplot::••nt;:¡do 

perr. el c~~o 3 1 Y" t;UC no es n<::cus,.rio c¡ue los puntos de 1~ traycc'-~Liil 

ct;tcn n'.uy ceccanos, col:lo ae ::e,uierc para el caso 2, adel.tl..s, el tie!llpo de 

proceso pc.r¡, el ca:>e 2 fue maYor que par .. el tercer caso. 

Hay que hacer not"r que este progruma puede ~cr imple::~entado Pn cu;~l

quiN- cc,~ .• puL.1<lor ya G""' nu tc<!<¡Uiere de gran cJp:lciddd de memoria. 

El proyr<~ma puede rnodific"rse flcilmente para resolver cualc¡uier pro

blema d<; este tipo, es decir, soluc16n de sf'temas no lineales de ecuacio-

ne:: ~Ul.>t!etcrlllin:.~dor.. 
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GUIOANCE OF AX!ALLY-SYMI'1ETRIC RJGID BODIES USitlG FIFTH-DEGREE-OF-FREED0t1-

-REVOLUTE-COUPLEO MANJPULATORS. 

Jorge Angeles1 

Abstract 

A kinematic model is cons"tructed that allows the computation of all 

jol nt angles associated with fifth-degree-of-freedom revolute 

-coupled kinematic chains guiding an a~ially-symmetric r1gid body 

through a set of prescribed configurations. ~1oreover, 1f veloc1ty 

and acceleration specifications are introduced, the model al so 

provides the flrst two derivatlves of the joint angles. Finally, 

the applfcability of the algorithm presented here, to the analysfs 

of single-degree-of-freedom single-loop-6R closed chains is shown 

with an e~ample. 

' Professor, University of /le~ico. OEPFJ-Ut;AI-:, C. Unhersitaria. 
Apdo. Postal 70-256. 04510 ~~xico. O. F. HEXICO. 
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fOUDUITE DE CORPS REGJDES AXIALH'.Ua Sm~ETRI~UES AU /~OYEN DE 

t-IANIPULATEURS Á CII>Q COUPLES ROTO!OES 

Jorf}e Angeles 

Résumé 

L'autturp~seilte un modl!le cinématique penilettant de calculer tous les 
• 

angles assodés aux cinq couples rotoides des chaincs cinématiques ~ 

cinq degrés de 1 i berté, des ti nées :!. gui der· des corps ri gi des ax ia 1 er.rent 

symétriques au moyen d'un ensemble de configurations préétablies. 

(n outre, si des specifications de vitesse et d'accél&ration y sont 

introOuites, le rood~le fournit aussi les deux premil!res dérivées des 

cinq angles. En fin, l'applicabilité de l'algorithme présenté ici:!. 

l'analyse des • cha1nes fermées ~un degré de liberté comportant six 

cw~lesrotoides est montré par moyen d'un exemple. 



t!omenclaturc ------
~-dimensionill vector ovcr ttw reJl field 

X ' mxn matrix over the real field 

x.i' Y;.: Z.¿: Cartesian Jxcs fixcd to the lth link of the chain 

tr (X): 

3x1 array containíng the cornponcnts of 3-dimcllSional vector 

x referred to X .i., Y .i.' Z .i. 

3x3 array containing the compon~::nts of 3x3 1natrix X rcferred 

to x.i' Y¡• Zc 

the sea lar invariant of x matrilr. X, x11 + ... X
1111 

the axis of .the úh revolute pair of the chain, coincident 

w1th Z .• 
< 

the angle of rotation of link .i.~r with respect to link .i., its 

sigo being defined by thc positive dircction nf Z¡. 

the angle between R.¿ and R.i.+l , its sigo being dcfined by the 

positive direction of axis X.¿,¡ , 

a long the common perpendicular to 

R¡, ¡· 

which is dirccted in turn 

R. and fl. 1 , from fl- to .(_ .(. + .(_ 

The distance between ~xes R_¿ and Ri+! , hence always positive 

the coordinate of the interscction of axes Xi-l and Z¡_ in 

frame x1 , Y1 , Z¡ 

[Q.¿, i+!]C Q1 : the matrix rotating axes X.¿• Y¡, Z¡ 1nto an orientation 

parallel p~in1ise to Xú! , Y¡.¡ , Zi+l , respectively, referred 

to X¡, Y¡• Z¡ coordinates 

a4: the vector connecting the origins ofX.,Y.,Z.and 
< < < 

dir~cted fro111 thc fonner to the latter, 

in );,. Y-, 7 _ coordina tes. 
thc posit'hm·¡.¡;ctor· or points A JnU n, rcs¡.~ctiv~!y, in the 

spcl·ificd configur~tion, measured from t!!c urigin of y y z 
¡• 1' ¡· 

the velociiy of points A o•d B, " respective/y 

the acccleration of points A and B, respectively 



'· 
Introduction 

Industrial robot 111nil"'laton 111 us~ are fr1'quent\y requtred to perfon1 

tuks tnvohtng the guidancc of rigld bodles wtth illlhl s~try, e.g. 

turned workpto:ces, p•lnttng IIOZll~s. 1rc wo:ldtng plstols, etc. Host 

of the time, however, these tasts are realtzed wlth sl~th-degree-of

·freedoQ .antpulators. Slnce the guidance of ••lally-s~tric rtgtd 

bocltes does not lnvohe thelr ortentatton about the illlh of S)'ID:Ietry, 

it seems n•tural·to po¡rfom th~se tnl:.s wlth a ftftll-de<¡ree-of freedtn 

anlpul1tor. lf, on tlle other hand, 1 shth-or greater-degree-of

·fi"'PdDIIIIIInlpulltor is to be used &nyway, the redundant degree of 

treta un be vsed to optl•llc sOIIII'! ghCII perforaan<;e tndu. l!erw;e 

the intei"Ht to establish a kln~ttc .:~del allowlng the CQIIP\Itltloll 

of ~- jolnt angles and thelr tiJII! dertvativcs, assoclated wtth 

multtple-óegree-of-frce~ lllnipul&tors tn the presence of lllcomplete 

' speclftcatton of the hand ~tion. 

Followtng the approach introduced tn [1], the sct of deslred equattons 

ls derived rega~tng tne problc. as one tnvolvt~~g the gulda~~ce of 1 

ug¡~~Ct~t of 1 rtgid llne, by spcctfytng tho dtsphceumt, veloelty &nd 

acgeJer&tion of any two polnts of that se~nt. Of course, these 

speclfled v&rlables should .eet the ~tibillty QOIIdttion gvaranteetng 

t.Jiat the dht1nge bctwcen these points ls presened throughout any 

~teally posstble .atton. 

The kinerw.tlcs of rtgid scgments hu been· conslóered tn (2] rega~lng 

only "tlle .,e\oetty and •cceler&tlon allalyses. A e<aplete accou11t of 

tlle klnemattcs of rlgid segments, lfnes ~nd potnts 1$ gtven In [3]. 

furtllenmore, '" an,Jysls of ~R open klncmJttc chalns to ~lde 

~111\y-s~trlc rlgld bodtes iPpGired In [4]. The IPP~ch followed 

In tllls p.oper dlffcrs fr1111 these, l>eing ai""'d at dcvhlng a nol-tl~~~~t 

lmpl=ent~ble 1lgoritlrl orlented toward$ the ccaputer-eontro\ of SR 

robot manlp~lators, applied to the guidance of axlally s~trle 

rig1d bodles. 

6 

• 



Oisplacf'llrcnt analysis 

In this section, refert!ncc is lllilde to the fifth-de!Jr·cc-of-frc~dom 

kinematic chain depicted in Fig 1. Morcover, the notation and method 

of Ocnavit and llartenberg fS, pp 343-J!i~) is applied througl10ut. 

Thus, a set of Cartesian coordina te ar.rs {x ., Y., Z .) is attacheci 

" " ' 
to the ,i th link. According to Dcnavit and Harlenberg's notation, 

axis Z..¿ is placad a long the axis of pair R., 

' 
its pos it i ve 

direction deuoting the direction in which angle O,¿ is medsured. 

Axis L is defincd as the c(mi;!On perpcndicuhr to ttle axes of 
' 

R.i-J and R,¿, directed from the fonner to the latter. Notice that 
. 

there is absolute freedom to chosc x
1 

as any line in aplane pe!. 

pendicular to z
1
. Theorthogonal matrh rotating a;..cs labclled .i 

ioto an orientation paralel to those labelled -i.+l, referred to axes 

-<., is represent~d as [ Q. '+J ) . or as Q1, for com~actness . 
.{.' .(. .(. .... 

7. 

finally, the vector connecting the origins O¡ and O¡t¡• respective.ly, 

directed from the former to the latter, in .t-coordinates, is representad 

" [a. ·.q]·· .<., <- <- or as a .i , for compactness. According to the 

nomenclature, those are1 

,, . -se .co. se .so. 
" " ' " ' 

[Q .. t¡]•~ <-' .(. .(. SO¡ ce -Leo,¿ -cO.S(<. ( 1) < ' 
o so¡ co .i 

(a .. ,,J." -t, .(. ~ 

( 2) 

let line AB of Fig 1 be the axis of ~ynm<:>try of the rigid body, not 

· shm;n there, that is rncant to loe !JUidcrl. F1.1rthcnoore, Jet rA and 

' .Thro1.1ghuut, e( ) _ cos ( ), s( ) s1n ( ). 



r8 be the Jl'li'.~!'Aibed vatue.s of thc position vcctors of A and B, 

respectively, 1c1..ting '¡ "' Y¡ bo tho synthcsized values of 

samc posítion n•ctors. Thus, 'A ood 'a are known constants, 

oh,r<.'~·. t1 • '¡ 1 u 1 • Y¡ " Y¡ 1 B 1 , are functions of '· whcrc 

d~notes the S-dimensional vector whose ith component is a ..C. 

Vcctors x1 and Y¡ can be computcd recursivcly as fol101·1s: 

Y k" all. + O¡,.Yk+l' 11.: 4, 3, 2, 

lhe d1splacem~nt equations are, then, 

Now, the si x-dimensional vector f is defined as 

o 

the 

( 3a) 

(Jb) 

( 4a) 

(4b) 

. r 
1 ilnd t2 being the tliree-dimensíonal vectors dcfined in turn as 

16 1 

thus, thc displacement equations le¡¡d to the following sixth-o1·der 

nonlinear algebraic system in five unknowns: 

f(O) = 0 (7) 

B. 

This system Cóll be solv('d using Ncwton-RJpll,-on's mcthod [ 6, pp 248-253] 



a~ follows: Let e0 be an initial ''nue~s" for lil<! soluliou, Then 

1 /,• genera te thc s~quence O , ••• , O , •.• which, if corrnTgcs, l'lill do 

so quadratic~lly ( 6, rP 222-226). This Sl'!p.wnce is gcner"t¡,d 

recurs l ve ly from Newton-P.aphson' s it••r·at ivc ~tlierne: 

where Mil is computed from the Taylor· exp~nsion of f(O) 

whid1 leads to 

( B) 

t O·o" " . 

Equation (9) is a sixth-order linear algebraic system in five unknorms, 

its Jacobian matrix J being 5x5. Thus J cannot be inverted 

properly spcaking. Kowever, from the nature of the problcm, out of the 

six sea lar equations appcaring in (9), only fi11C art indrpendcnt. In 

fact, no matt¡,r what the value of ak is, f(O~). and hence -f(O~). 

líes in the range of J, if the motion of poiuts A and B is not to 

violate the rig1dity condition. /ls a matter of CKample, consider the 

onc-degree-of-freedom 6R linkagc 1 depicted in Fig 2 for thc particular 

1' ,0110•• va ucs 1 = - 3 • 5 = The motion of this 

linkage can be analysed as one of an open SR Y-inematic chain, as shoNn 

in Exarnple l. For that configurillion, 

o o ll o o 
-1 o 1 o o 
o o o -1 o 

J • 

o o ll o o 
-1 o o o 1 

o -1/2 o -1/2 o 

-,-
'A wirc noHiel of this is fo,· ~.:.1~ C<l!\Jner·ci;~lly urrde¡· lhe t¡·ade IHJt'~ 

H[X!Fll:X 111 . 



/lo•,.¡ a:;sumc that the link connccting 06 l~ith 01 is removed, thus 

a!>taining an open chain. Horeover, it is desired to compute the angle 

incremcnts M¡_ (i."' !, ... , 5) for the foll.owing v~lue of M: 

L.:< 1 being specified parallcl to the z1 axis, otherwise arbitrarily. 

This motion clearly complies with the rigid-body condition, 

for t>y 1 ll.x
1

, the displacernent incrcrnent of B with respect to A, 

is perpendicular to AB, as it should be if the distance bctween A 

and B is to rcmain constant. Hence M líes in the range of J. 

Eq (9) thus yields, for the assumed values of B¡• 

lf, on the other hand, ll.f is specified ~s 

r~,~ 
~YU . 

• 

which 'clearly vio lates the ¡·igid-body condition, thcn eq (9) leads to 
' ' 

an inconsistent equation system producing, from the first equation 

and, from the fourth equation, 

t.O = o 3 

• 

JO. 



¡.¡)lidi <:untrudicls the fo,mcr oue . This is duc to thc hct that t.f 

do~~ no.t 1 ie in the r~n!)r. of J becausc it does not comply wi th thc 

'rígif!-l,udy Ctmdilion. 

Thus, CY,cept for si ngul J.r .confi gurat ions, i . e. those 1 ea di ng to a rank 

-dtfficicnt Jacobiau matrix- one for whidl rank (J) <5-, 6~¡¡ can be 

solv0d for from t'q (9). Sincc this cquation contains, in gener~l, 5 

consislcnt lincarly indC'pel'ldcnt sea la•· cquations, but one docs not 

knt!'.l \;hich ene is redundant, · Gauss' algorithm or, cquivalcntly, 

the LU decompo~ i t ion ~ 7, pp 27-33 ] cannot be app 1 ied to i t 

dirPctly. Tl1e solutton propo~cd herc is to regard eq (9) as a bJ:5 

overdetermin!!d 1 i near systt>m and compute i ts ~1 e as t-squere~ so lut ion. 

This will be, in fact, -LV.. .\olu.tion, 9iven the consistency of the 

involved systcm of equations. There are several ways of computing 

the l~ast-squdrP. solution of eq (9), but the one preferred by the 

author is usi11g llouseholder ¡·cflectlons [8], which produces implicitl)' 

the p.~cu.dO-.úlvCJI.le. [ 9, pp 103-113) of J, J 1. Thus 

\•li th 

{lOb) 

Pseu:lo-irwerscs have l.oeen already uscd in connection with the analysis 

of multiple-dcgroc-of-frcedolll manipulators [ ·10 ], though thcir use is 

not very popular. 

11. 



Velot~nalysis 

Jn this section, a systcm of s·ix linearly-dependf.'nt consistcnt ~quations 

is derived that allows the computa.tion of' e. given tlle velocities of 

A and B, hcnccforth denotcd by the 3-dimensiOiial vectors vA and v
0

, 

respcctivcly. These are, clcarly 

. • ,, • ,,. yl • 'a {11) 

with 

. ax 1 • • ayi • ,, • 1"11 o • yl = ae e (12) 

which thus lcad to 

J 1 o 1 o . ' { 13) 

with thc 6-dfmcnsional vector v given by 

'. t:;j (141 

Recalling eq (lO), a can then be obtained as 

. l 1 e~Jv (15 

} being given as in cq (lOb). It is pointed out here that, since 

J 1 was already computed in co•nputing O, it need not be recomputed. 

In fa.ct, using subroutines HECot1P and HOLVE [ ll) to obtain the 

lcast~square solution (lO), llECOMP .is first applicd to J in arder 

to rcndering it uppcr trí;m~ular. Next, HOLVE is applie<.l to the 

tr,nsformed J anrl thc right-hand sidc Of eq (9) to produce solution 

{1~1}._T_I,Ü~~il)l~_t]IOt •. JJr.(.Oiil'. iS appJicd OT!lY on(~, wh~'INS ltOLVE 
t"'lf.1'· l·~•~t of tlii! up~rot1on~ invulv~d in lht. JforL~iiUIItioned "rUledure 

' '' ar~ ¡..crfurm!!d in llfCGi·!l'; thus, O is obtained ;;tt ,,.¡ 1-tually no 

additiondl cost. 



A ce!! 1 er_~ ti 011 ~na l_y_;,_i s 

., 
1/ext the cornputation of e h outlincd. Tllis is cle~rly obtained 

by differcntiating eqs {11) with respcct to time: 

( 16) 

11here aA and a
6 

denote the accelerations of A and B, resp~cti 

vcly. Furthcrmore, from.eqs (12), 

"' " ¡•'• l il1 • -Jo + 30 ~' ó 6 ( 17) 

~lith a similar ene for y1. Substituting eq (17) and its Y¡ counter 

part in eqs {16), ene obtains 

J(o)fi=a (lB) 

wi th 

' . ( 19) 

a' 
[ 

Y¡ '] , .,---00 
ao' 

Hcnce, ii is obtaincd as 

'¡j.}¡oja ( 20) 

ond, as said befare in conncction with 6, at virtually no additional 

cost. 

' 

14. 



b.illllple l. Analysis of a 6R single-rlegr;:c-of-fr<'Cdl.lm dose~ t.in•!~'·lti_c. 15 

eh~ in. lile parameters dc.>fintny thc architccture of tlw ella in ure 

given below. Regarding link.s 6 and 5 as thc fixcd and thC' input 

link, respectively, !letcnnine thC' hi~torics O/t), 6.¿(t), 01(t) 

(.i ~ 1, ... , 5], o
6

(0) ~O, b
6

: 1 rdd/s and ti
6

: O. The paramcters are: 

a. '" 1, 
< 

b.¿ .. o, i • 1, ... , 5, "& ~ _goo. 

fi(l 2. shows the kinemJtic chain described by the forcgoing parametcrs, 

for the configuration 



Solution: 

Dueto ·thc SytllQCtries of this linkag!o', 

Vectors ~lz (k • 4, 3, t, 1) are readily computcd as 

~s 1 (l+c2 ) 

c 1{ l+c2[, l+c 1(l+c
2
)] ·s~} -s/(i+c2) 

x 1 ~a 1 +Q1 x 2 • s1{t+c2( I+c 1(l+c2)] -s;} +c 1s1(l+c2) 

,,¡ I+c 1(l+c2)] +czsz 

Vectors Y¡¡ (l.! • 5, 4, 3, 2, J) ¡¡re simihrly computed as 

T 
S¡ , 0 ) 

' _, 1 

16. 



Yz ~ a2 + Q2y
3

" c 1s 2( c
1
+lfc2(1-tc

1
)] + c2s 2(t+c 1 ) 

- s
1

[ c1+ l+c1 (ltc1)] 

The displaceme11t equations are ncr.~ obtained equat1ng x1 ~tith rA and 

17. 

Y¡ with r 8 , rA and r
6 

bcing the position vectors of points A and 

B, respectivcly, in x1 , v1 , z1 coordinates. Hence 

,·,{l+c
2

[,l+c
1
(l+c

2
)] 

s1{t+c
2

( l+c 1(l+c
2
J] 

s~} - s~(l+c2 ) ~ (l+c2l 

si} t c1s1(I+c2) = O (.U:.) 

s1{t-tc1c2 iJc 1+I+c
2

(1+c 1)J. - sl;(l+c1)} +c 1s 1[ c1+!+c2(l+c 1)] ~o (v) 

c1slc
1

+I+c2(I+c 1)] + c
1
s2(I+c

1
)" O (v.i) 

from eq (ii1), with s 2 t O and c
1 

t - l. 

( I/0) 

~1hich is the input-output equation, va lid for c1 1 - l. For c 1 ~ - l, 

s2 = o. 



Now, let { } and [ ] 1 
' (1-111). { 11 and ( ]1 

If (l¡o) ls substituted 
1+2c

1 
[ ) • 1tc

1 
' { 

{J._Í 
1 I+c 1• 

be the corresponding br~ckets appearing in eqs 

are correspondingly defined for eqs (ív - vi). 

into these, one has 

1 • 1 (v.U/ 

(vilil 

Substitution of relatfons (v.U j v.i..ü.J into eqs (i- vi) renders both sides 

identical, thus verifying the valtdity of the input-output equation. 

From (1/0) it ts clear that neither a1 nor a2 can attain the value w. 

In fact, a mobility analysis yields the following mobility ranges: 

-18. 

The program implementing the algorithm presented in this paper was tested 

with this linkage, its input-output equation (1/0) being plotted in Fig 3a. 

The program output was compared with the foregoing closed-form solution and 

the displacement, velocity and acceleratlon errors were plotted as shown in 

Figs 3b, 3c and Jd, respectively. 

As in the case of seven-ltnk chafns [1], the displacement, velocity and 

acceleratlon errors grow unbounded as the Jacobian matrlx approaches a sing~ 

larity wh:ich, in this case, manifests ltself as a deficiency of its rank. 

This,occu'rs at singular configurations of the linkage under study, i.e. at 

dead~pqint positions of its input link, e6 • et • t 120•. 



E~ample 2. Synthesis of a spatlal trajectory. 

Glven the SR manipulator whose parameters appear in Table 1, 

determine the histories e.(t), O.(t), for a~ t ~ T, i ~ 1, .••• S, 
< < 

io arder to guide line AB; as shoWTl io fig 4, through a given sp.1tial 

trajectory. The location of point B, in fifth~link coordioates, is 

given by (r] 5 • (a 5, a, 0]1 , whereas the trajectory is chosen as tlle 

upper brancll of the intersectioo of the sphere (S) witll the cylinder 

(C) given below: 

upper brancll: y> b 

( C) 

(B) 

the said surfaces being given in fixed coordinates, i.e. in 

x1 , Y¡, z1 coordina tes. It is required, rooreover, that 

x•-«cosa 

y• asina 

witll a being chosen as a smooth-enough function of time, i.e. one 

for whicll at least 6 and ii be continuous functions of time, in the 

interval [ O,T). Additionally, the following is imposed on a: 

a(O) • o, a(T) • 2n, 6(0) "á(Tl • o, ii(o) ,. ji(T) • o 

Sucll a a function can be readily synthesized using spline functions, 

a; shewn in [12, 13]. The following parameter values were assumed: 

a " 300 nrn, b • 2 220 nrn, T • 6a s 

The orientation of AB was specified as follows. Let unit vectors 



e.t' e
11

, eb denote the tangent, nonnal and binormal vectors of the 

trajectory. Then AB is to be orientated so that: 

Table 1 

(lengths in Rlll, angles in degrees) 

• • o 
1 b " o J Q = 90 

1 

af • O ., • 479 Q1 .. 90 

., . o . , • o . , • 90 

•• • 35.3 '• • 1016 •• • -90 

., • 146 . ' S • o ., • -90 

These values were taken fran. The sixth-degree-of-freedom manipulator 

described in (14], from which the sixth revolute pair was removed. 

Solution: 

The reference configuration was chosen to be the following: 

In order to_ guide line AB fi'Ol:l its position in the referente 

configuratfon .te the initfal conffguration a long the prescribed 

trajectory, detennfned by 5"'0, continuation was used, as donde 

in [1]; lo th1s end, point 8 was made to trace a stralght path 

· between its two posftions, that in the reference ene, aB, and 

that in B•D, B_l. Tllis path was divided into 10 segrnents in arder 

to ensure that the initial "guess" for the Newton-Raphson procedurt! 

lie clase enough to the solution sought, which guarantees and 

accele"rates its convergence. In fact, four fnterations were needed, 

20 



at most, in arder to reach convergence, in this sta9e. 

· Along the prescrfbed trajectory, one whole kinematic analysis was 

perfonned every O.Ss, i.e, 120 points on the gfven trajectory 
. 

¡.,4lere fully analyzed. At virtually all of these pofnts, convergente 

was reached after 3 iteratfons, whfch was the largest nunber of 

iterations required, for a tolerante of 10-6 imposed on t~e. At 

~ few points about ecO, convergente was reached after only two 

jterations. 

Computed values of e¡• il.l and ii,¿ (i•l, •.• ,S) are plotted in Figs 

S-9. From these f,fgures 1t becomes apparent that the smoothness of 

tunctfon e. synthesized wfth the afd of a cubic periodic spline, 

1S reflected in the smoothness of the e.¿ functions obtained. 

21 



Conclusions 

The method presented here, aimed at the complete analysis of 

five-link revolute-coupled kinematic chains, differs basically 

from other methods intended to sol ve the same problem. Contrary 

to the usual practice of analyzing open Unematic chains (ma!!_ 

ipulators) as closed ones by 1ntroducing a "fictitious" closing 

link, the approach follc:..ted here is oriented to the analysis of 

open chains, regarding closed enes (linkages), as particular cases 

of the forrner. It resorts to efficient numei-ical methods of 

solut1on of non linear ovf!rdetennined algebraic systems. The 

system obtained here 1s derived disregarding the orientation of 

the bo~ meant to be guided, while intending to position two of 

.. its points, which is al so an original approach. The results show 

quick convergence, which suggests the applicability of the algorithm, 

and the program implementing it, to the real-time kinematlc control 

of robot manipulators of the topology assumed here, i.e. SR, but 

of arbitrary architecture otherwiSe.'. 
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Joq•,•: "-"Gel.r.S ond C•<lo> IOPH·CAI,I.'< 
l'ac~ll•~ do ln~onlcrh, lll\iV«•ld.,l '><luna! 

A•"'""~" do '"'•''"· Apdo. rootol 10-1~t. 
"'l'l> "!'''~• n.r·. M.:nc:v. 

Ab>to•,·t -----
·' "ovd •r•pcn,.ch lo p«oontt·d, '''·'' "''"'"'· tloo '""·""''' ··>'''·••··· "' ,.,,,,,.,,.,,.,. 

e• j•IO!il.-, ,.¡,¡el, O<O tu pouJuc:·, O'l••n ,,.¡¡.,~,,-,llo¡·l'••·~ ... • ¡oc;< .. <~··•l.l. •••·t.nr. 
l'"''"''LcJ lunctl.•n>l oonot<•ll•t.. TI«•• "" ~ •. 1~;-u.-.1 '"'"·'' "'" tt .. C""'"'" •":le 
or "" tbo ,.,, • .,,, .. ,,, or '''" ou"'""' ~""'"' ,,,.,.,.,.,,,,, "''"" ,, ... '''"' ,., : .. :: .•. '' '' '' 
heln" o.rn<l•o•oioeO, Tho popor '• ]l.,loo·J too loe 'Y"'"'''" ol •·'' '''"''''' '"' 
tr,<nol.Hing rollor lol\o-•Ots, hot '"" »«> •Vl""'d' !ouo b.•.n '"·'<'-•fuli) .,•pli<"J l~ 
fl•t·f•.:e f~ll<»~<to, •• ro~ono·d rr.•vlously. H.• '"'"1<• o~'·'''""~ lor ;¡,_ ., .. ,,,,¡,. 
lnd .. oJcJ olr<>w <h• a¡oplic.1Uility u! tl.c ~«><•duro <O o loo ""'""'""" "'-'>" .,¡ Ll ·' '"" 
of e•~ lollow•< .cd,.nts .. , 

-'-· _1 ~ !..':::'!!!!'.s!.!E.::!. 
Tho· ;ynth•·•l• of <~11 uchonh•• to ~<O<lo<O • 

liV<n d<•r•la«*""' P<O~,,- uf th~ follo•" io 
dlvldol 1<1<0 t~o "'"S"• )1). lhe ¡¡.,, ono is 
~-.nt to plnJu<O an <•¡.)-<O-hondl• """"th-onou~lo 

tun<twu o/ lh< on[l• ol rotnlonof tlo<co~ dhk, 
«p<oco.,<ln~ tho dl•rloco•<n< o( <loo :ollowoL 

Tlo< '"'""' ono deolo wlth "" oyntlo<·oh ol tic• 
.-~ pro!! lo. Tho ''"th<>lo of the dlspl•<•,..nt 
pro~'""'"" h•s boon b .. oJ '"JI<Ion•lly on 1 !1~

Ho,J SOl o[ lunc!!M< ¡•lvln, rl>c "' ¡•or.•Onllt, 
h>r~onlc, oyclo!d•d, t<Opo•olJ•l an~ >ulyno~!al 

_,i.,n>. lu>od On tlo" l•o< "''"• Tho•p~ulu~ 
ond Knowl<> 111 prol'""'' ,, novo] o·.,·tl.od o/ di>" 

pl•<"~''"<-pr~gc~"''• "'""""'" u•I"S llnoH vru
gu-in&, bu< lt ls not uottl uery r~«ctly tloat 
o totally """ •ppro•ch h•• boon lnu·,.,luood ~Un¡: 
opllno tunotl<ono )l,•ll. 

As to '''" proflh oynthooio, th< tr•Oitlon•l 
opprooclo, biSod on ¡ropbicol •ctbudo, ha• b••n 
•b•nd""'d In fovout ol """''"icol ""'tl•o.to, <h·ot 
h••• be.·" <·•llod for llV<"D tO. "'"'""!•< uso o( 
co•pu!Ol> oo<l NC-.. cblno looh 1~1. Tl.c \l<n•· 
tu<• "" •<·•••htc&! ,..thodo ol F<Dflh •Y'"""" t. 
r.tl><r l•rood, u ton bo ooen In[&), Lloo< on com
pulot·orl<·oo!<d .,.,hodo b«O.,OI abouol~ln~, p•rll
tul•rlJ oi1oc• tloe l~70'o )ó-11). Thr ·~~rooch ln
tro<lu<ed In thb p•por,<oco;d[n" th• "i•tlm.,J oyn· 
<h<>i> ol <•• pro/!ho, is thu ol r ... thoaatfc>l 
pro~••-ln~, but, ., 10on In th< dh<""'""· lt 

do" n>< r<quho rhe •ppl!cotlon oí '""'''"'"'"~ 
•nJ lho•-oans...,ln' optl,.h>tlon •«lwO•. 

2. ~1!·. T<lLIO""~•-PlS~IJor.t~r!IT ~ROC·.~<ell 

~¡--,"¡;",, 5o<tlon • ~etlood 1• ,¡,,_¡:,¡¡,od .thot 

a\lo~> tu '''"""'''" follow••<-dlspl.•<nont pr~-
1<•-c., ot.<tln' fr- on ottolora<lon protro-. 
thll ls •l'•<iflod ovor a dio.r«• ""' of v•l•••, 
!~¡)'11 al <he •nglo ~ "'""rln¡ tloo rototlon of 

• 

tho .t!.k '·'~ lnvul<·<•i. l . ..t the '""'"'.'''"'uf 
"" foil"""' ~. gtvou ~y t•o(;l. vhoro·' u> 
••n•t~n< "l"'·;cnllOR t~.· "·'"'~uc val,-~~ th>e 
db]'\.o<,"""'• J(y) bd"ii > P"><liV• 'o!H.Llo• lo.,,~ 

timo who>o t.tnlo""' '"'"" 1> "'"' >l> ""'!oLO 1•; 
u< bolng h, ti~"'" ol t\,· !oll<·•«· <•·••••"' o 
io <O~put<ol 1ro• con•ll""""" con"'"''li clo" 
"rofllc o)ncl .. ·>!., » w!ll ¡.,, •,hv·>n Lo<•<, "" 

objc«lv• u! tloU S.clfnn bc1oo: '"" '''"'"'''' "' 
0\~). 7hlo u<!) ~o per(ooo.·J ""''"1 • '"'"'" 01 
n IJ.-uie ¡,,..,.,;,,. 1(,.¡ ulno·lo 1> '''"'·''"''''' ''"'"' 
opllno fun<tl""" >0 ohc.m le ¡q. tl\) Ir. '1·•· 
tl< .. loed by e<o·o«!btn&" '" o! .~:,c(,· .. :t,,·., 
,.,¡,,,., ¡, .. , .. ,Ji'J'•l•"l'!· '" "'·" ··r·=::. ,., ,,,,,, 
tu ob<>!O • rorlo ic lu.,ctl"" ',(;). l,i ''''',-.e, 

porludi< '''''""" •ro ""~· 1h,., ''·' ,,., '.<·1';• 
)" . !T(?··)' '' co•putcJ o, •ol"'"~ ,, Ion··•• 'J'•l<O 

'
•,., .... ,. 

o o·¡u>! ""'''"' "''""'"· • . <" ,.,. .. •< '·'" •,· 
,,,.,lfiod" h•v•Ot •n hat"''·'·i< ~!>t<l~•''"'·· '•'· 
i>loln~ •< ~~ '·'".,., thc ••"""''" u ••. ¡,,,.,,.,i 
o['"''"'"''· •loidi con ~ •. ,,,,,Jf"ol '" '"'" '' 
10,1•1· Mo>ouur, t" is ,,¡,., 'l"'t!lio·J tu V,Hol•h 
U lo•ner poinr> uf ¡!oh l<o!c<v•l. In u<dd '" ••
""'' lhO! tln• di>,.!>«o~·:.t fu11ot100 'J>)) ''"' > 
'"'" occoh•••t1o" .e "• lo!clooo puint, tl.,· .,,. 
loT "lot<h ll•• d'&¡l><e..,ut ottolno tho '·'~"'· <•t. 
l"u<tho<""''"• '""""'lo ••ecl ''" <onJILI"" thll 
th< vdoct" Oc~'""''""''"''"'"''''' vi'· ''"" 
... ulco aro ln«oJuco4 <1••< ,,uor.••<•• "" ,.,¡,,,_ 
tn¡ of the velo~l<y " t~c '"'" dwell lnt<•f."u\. ui 

: r~Q ~o:~~"::.~ 1: 1;~: •. :1on ~. ::::~~ 1 ;~' l J ~~· 1;' b: ':::: 
•••..,•<1 to be ¡-olloJ•< .,,¡ ''"''"'"' '"'' '"r"' 

• lf .:•ol·~l """'""" <1,. Jl•r'•"~'''" uf <IL< 
followe~ ti,,·.,,¡,, vdu<lo, •nJ o«oi<·<•<•"" ."« 

•~>rnby o' t,)~ .<.d o(;¡;•.,,"(;);, "''·••·o<l"·l,, 
~ .nJ ;; ~o·!l·c ti,. •·<l,.clt, "'" tht oc<dct,ot!"n 
o( the ''" JI••· 
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·Ir•" 00 Jl '14-'"'" d[!jOJ•I ~el "'il JO ']OO'[lUJoo 
l"'"::ln oop .,.¡~--"' p¡nnn "1H 'l>nU!lO) H]1°l 
·''ll "') o¡¡¡o>d _.,, •4> •1•>q~ 01 •-'"11• Cnll~• 
'>·•[lol 041 ¡n V >OJI•Ol ><p >O ]10.1 iO '»M] 
•IOJ '"Pl•O!t"1 lO[l lO) 011J0lo0 fiP> 0<11 ~OJMU~ 
''"' 114¡ ·.(1"·1 »>d"J '<>>·.o¡ [O] >~p•-•1!"1 
,.,., ») puo l>!lOl ,.p 101 'l')'"J o<> l'[1 un 
,,',.,.J ¡o'"'''" UOJll'"" "4l ·•>e •1 puo 1> •>·"1" 

tnn "••·'•·l' 
wo>¡ P-HOJOlqO ·'~ uc; ~o> !u¡puo•f'-"' 

•00 oq} JO .lpjOJJ "'" '1'!101 "11 JO ·~JpOl O<]l 

¡o 1• on¡•n 0 ~"I'J!"d• ••o• ·<¡.•n<>»dUl 'oln1 
-•··''"' ¡o <n¡pc·J >1 puo •tlJ"''' w•·o •<¡> 01 '"'' 

'

"" ,,., "''1U00'1rl•• ,, +,.,_, 1""'"" puv '"·''""' 1 • • 
P'" "·' •lo ¡~ <·>n;•., r>¡o¡nd'""' ·"11 ••t• '"'."P 
-OJJ o'J~Ul"""' o-¡¡, ''""""' "'l•''"'"J >1?0fl 
-.•J "" '11J"'" _., oq> "''I"J"''"' 01 """ P''" 
•t q."'l' •1:(.'¡,·~~')) >•• oql <>->npu>d 'U 1" '"1 .. 

'.,. ' ,·,o 0o •. ,, """' ,. 10) pu• (''11)'"' ~ "'" • > 1'" " 
·,·,.,,.,.,.,~,,.~o "1' <.,npo1J '?o r"• •o •1~~ ¡u •·'" 
1•• ,. .. ,,1, <Ol '""" U>l1pn '"' lOO~OJdqno Y 

• "P·'"""ll''·"' 11-'" •T '"oponh> JO 

~""" ~"1''"' •11 '(n 1" ·"".-'''""""' • •··on 
'""""-'~~II'"''''''P P"" ¡ouo'"'"'" '>Pl·-<o 
., ""' '""""""' .-om¡ ¡o ~,•~• • ~n¡n¡o• 
,(q 1''"''~"' .\['""'' "' '"'·'~"'" 'f0'1l (TI 

_(><Jn>Oo p->oo<u¡ uon¡~ 

O ''";'~Jd 01 lj('Q'~O)] •on¡e~ 't""'"' JU 
,,, ¡o •"'1"' ¡¡o•::·,¡ ,,,q,nu '''1 < "1''~•• """ (l 

,., "'""'"'""'~'un¡ •~> "'"'! '-" {w:-¡¡;·~d'ot'll 
' ,,, ,,_, .. ,.,,. ''"""O'Od ll(>OpOJ P'-'>l• , .. " q o o u 

,,.., C·'""~ <J "'"!e·""""''' •< l'''ll ouo ·"11 '1•"' 
''"l•>qo <q> ·<lF]-'ollolUJ n¡ ~••npooo;J lO"l•JJ!P 
.•-;> '''"<'! -u~''-'"'old ,,,.,_~'"" 011 JOJ r-"~ 
l"·'l ·'"1'1'•-=-J•; e• ;ln¡p¡nJ >Ól'l "'" JO ~"1'1'"'"' 

·"1' r"'' ·•u;o1-l ~,., ""' !" ,-. .,,,.,!" "'" '""~ 
....,;;r p¡oo.> ><•ll '(0}.'-~ """'"") •~ooupu~> • 
,o.''pl~ 01 1>0110 "1 o"'lC[OJJ.>)U) "'! 0} >"'~ onop 

,, .. ~ •Ir<'-''•'<' <o¡od '' ¡n lO< ''"'"H '' '·'·'"" ' ' .. ' ' J • ' ';;¡ol •!'"'1> 010)"-"'>J 3u¡o,,OJO) ->ll '~OU1°l~n' 

,-, . .,, ,1 OF·-' ""'"""' oq> ·c.¡.¡~·· (.~¡.o~""" 
.otro¡,,,._,,.~ J,>J>'o•,ml o •• .;, '"" ""'""""~ 

'())¡:•,¡ ""\l>Un¡ O <">npoJJ •••P qop¡n 

11-'TJ "l ("<''O);b; ~UIUT'I~n> 
.\·¡ 1'"10').]" .(¡t¡·•" .>>U" ·•111"''1 Wc·> "IL 

ll'""'~. -~· 

'• ''· .. ,., 
' '" 

.. 

( rg¡) uo l _, '• 'voi. 0> 
-' '!'1H UOlJ "·'Plp onq 

oq> ¡o '"H<> """'"'" oq1 ou¡._.,,,,,p 111" "'"' u¡ 
qo¡q~ o, pue o, ¡o '""1•• ••11 "'""'" 1'"" .~o ~"" 
~O •Oo ¡u .on¡o. 0.]1 ~UJUJ~JOHP Ol P·•>>o1d u•> 
ouo pouJa¡o,.p uooq 00\[ 0.¡, ¡o an¡rn "'i> """' 

. ~""'' u ~o¡qo¡d oq1 >O] 0,~ 1u11r¡n~¡•> JO] ~~"'"" 
->>d O>O\ldo>ddr "'11 »•P• uro nu~¡oop >q> lo¡d 
>••¡¡ ~"'·' ·9·n¡,¡ u¡ ponQ¡<I pur r•uJ<'lqo """ 

n¡auo "'""'""' '"''"lJ'P '"l ·~ ¡o ''""'"' 
·¡·1u u¡ po,o¡d ., uo""''"l •lou; 

(¡¡) ("¡,oll,;;u•>~(~),O•(~)¡ 

uo1nun¡ oq1 ''"""' 4>¡qn ouo 
04> 01 O¡>Uodoollo> '(q7¡)bo 1u1~1'11"' ·~¡o 00 
-foA '1'"' 'HDJ"'""JP •u¡oh>o¡ oop ~"') '¡;o¡ u¡ 
•u...ou''"""'~ 10~¡ """""" '""' >i puo •1~1 Ol 

'l ¡o on¡rA ••a 
-¡u¡m o•¡> 01 •r••¡ ,¡n "'""'">P oq1 '(•J)<I Jo ''"\"" 
lOO>oO[ OO[l o¡ l •<nTooq o¡q¡•nol,j •T op1qn ••~•• 

oql ¡o "l"'·<-r •o 'J 'op¡p ••rq o»¡> JO OnJp 
·01 Oq1 ~O'J,O,\ •(¡OM,OU"l)Om¡• (q] ~UCO q~O~I)•h• 
.,.,,.., (J P"'' J ""10<1 "''11 '"·'!' "1 ll '""'"TI 
><•P •OJJ '1'1H u¡ p•llo]d oo¡o o¡ (91)b] 

(? 1) 

:(o'>)"""!"" Jo> lO• 
'"" 1o¡ Pl"'l nM 3u¡""TIOJ t~l '(lq o·w~d Jl>>o[' 
0011 ~"1"'1' 'o')) UDJ)J<Od "M((") }O.ono¡ .}ql 
}0 •on100 ÜOU0Jl010 0UJE1}0 "'JO,..., -'0UJ5 

•(q~T) •>¡o¡o¡A 1J JO] 'Popn¡oxo ~U!·>~ "op»• 
po~•or •"1' ''!"' > ••11 JO ""'""'11' '·''1"·' 'ln~ Wu 
>1~"" "' ""'l"'' z pu• 1 •'"'1¡ JO '"'I""'Jq o'n "ll 
Jq P'"'""l •1 1•• •r•t> '·""'11 •~4' "' .,.~lA u¡ 
P>11o[ol 'f 'l'IJ. '""C'Id oop -''" ""''"'' 'l'l"'l (n¡) 
\oOillP""·' op¡q~ •uo¡o ""IOn ¡o >~• "ll OuJJop 

O<> 
""PJI'Uo> oq> 

,1,~ '·"i>•ao, '(<1'1)~• "'"' "'"1''·' '"'"" ¡o u~p 
-nlJ,.qn~ ~ f• < ,yo.o 01 op.-1 -'"" .,.,,.~ ... 0,11 
•• ., .... ,_, ¡"•0 Ol 'PL'>j OUfOA 'A)II"Od 0011 •,;0 

puo ,\o ~1•'""" '"o JO"'"'"" l>UJl•IP ""' lU ~Pl"'l 
(~•l)b> '"'ll """" 0<\ ""t" ""' ll .,.,d ~'"4> •o•J 
't'"'-~ '" """'~" •• 'on¡n<o•l •J .<>pop• •·•nono¡ 
oq1 o..-•¡•1 >'p oql ~"I'"P 'ru••l -'-''1"' ·"P "O 

( ·~ 1 ) 

o> pr·'( .> ruu (-~)o ¡o 
0<0""11")¡.>~ OAJlJOOJ r>~MOe lOIJ i'UP f(¡)\,. OlUJ 
'-'·~·~ 1' P-'len¡oAo '(~,,)SI'" )o ''"1 ""li'''I"S 

f (
0
.\¡ ,o¡llcuo·>· f \"'-),.o 

'" 
01 r••1 

(r¡) P"" (q¡¡¡•~" '(•,\),C·(~).,• pou• PI ,ro•(·~),• 

""IS '{Jll 1"'"'1ltl '~ '''"''"'~" ~r•'»t• oo~ 
(11) UOilt'1'1 '

0
·1·~ 1• (.;),'J P"" 1•1),• '\·!·)• <q 

"'"'"'"' "·"'t•• "'11 "" l'·"'l}·•P ~' 1'"'' ?-''' '111~ 
(t!) •• -,¡! 

•-.• 



'·'~ r<w(!le lur t],. tolJ••· r~:Juu,.,, ,,, ••.• ,¡,-¡, 
h nC<'c .. aoy 1~ o!•et<fy In orJ,•r 1• AVU!J loo 

l•rr,,· ""'"'" ol ti•• <OOC.Ol '"•"•J. 
L"'- 'k ,.,,J •r bo <loo cu<Y.Hor. u/<).,."'" 

p¡w(Jh· lor ""' l.nlle-od~o J<Jl .. u« •nJ luo "'• 
rollcl !ollo••·•· '"'I••O<lVoJ,-, ""''" '''" ,,.;, 
'·"'••"l "''''"'" lo l.uth poolilo·; ·'" L,l,n<l<•<l, 
"'"" «OdJl)' oLl.dn• 

(/1) 

!f [he Jon,.alooLOr ol <ho tlrh<-h>nd <Ido· .,,
oq(ll) ,,,nhl""• ll.o curv.<t""" ot ''''- H•ll•·o-Jol
lo•u<-r < "' ¡.rultl•·, ,.,., w!ll ~'''~""' lll<'li>(IY· )l.! o 
..,.,,.., <h.•l, .H ,.,¡,., .. , ul ~ ~h,.,.. lhol Jooo~lu.,tur 

'·"''·'"·• ll• :.-•10 ''" poulll' lo,.,: d '"'•1•• "'"'h 
,¡,.¡,,¡ ¡,, ¡,,,_,., ·''· "'"!oAOII(/io.¡. ll•r,.,ver, bu;l, 

oh·· ¡-</,·Jo <"'•<'<' ·"'" '''" 1 ~¡¡,.,-¡,¡¡_,,, 1 <••¡.r~
flle •l<uuiJ l•.n·e, al <or«·>¡•on~l"o'. ~"'"'"• 1., .• 

'' tl,o "·'"" v.oluo of ~·. '""'·"""'" ,go thu ,,..,. 
>lr.·'· Tl•l• h thu> ~«olno~ 11 '""" only 11, 

l-a"1,.>o, o~,··~1u 

~d.Hlou (,!1~ boldo, In turn, 11 

a<(r ,,J ·. 
o, ••• 

or, O~<'iY•lontly, i! n h lpo·<!fl<J 
h•otlon f of {r,k)~¡,,. J.o. 

n•l (r ) ' , O<f<l <k ,. n 

( llb) 

n.o ~lnhum ,_,¡,. ol ' ' " """ , •• ~,,~. 
To ,¡,¡, tnJ, ·~~ '' .. -rod ""~ "'" ._¡,,, of •,, 

'' "'"''"""" r• •<••••<"••••··~. 11 '"" •• ,., -
fly •l•o<.'n tbat 'ck •<lolno >"tjonory voluvo ot 

oh• ""'11 """"'"'· lh•••· ''"""'''• "'" ""'• in 
¡enoral, &loba! O.tr•·,.., for whl<h ,. .. ,n tho 1\ob, 
ol •!ni•"" l> '""''" ~oth l\1 <1'0 r<•o •nd In <he 
ccturo pi•·"•''· l>oth '<k anO <~k(~) oro ¡ivo<' Oy 
1 j ~ 1 

""' 

!1Q 
' ,, U(f) 

• '« D:~¡IN' (~),< okU' (~) 1 

N(~) • !•'•C•'-c)'J'I, 
~(i'J • •'•!o'-o)(1o'-o)•oo" 
N' (i-J-l[h 'u"(o ·~o) J [o>, (s'-•J' 1'> 
P' ('\') •• (l.' -•'" )+lo "(o '-u) 

( 13) 

(2•\) 

(11•) 
(110 J 
(21c) 
(15J) 

Ttoc "'"' of <(,k c•nbo ••·"'"' coMpu<oO wtch 
1ho •'" of Subrou<tne ztKOI~ ¡10) or •n> o<Oor of
ff<J<nt '"'P'"I'"" lo10ndo~ lO JtnJ tho •oroo uf 
o nu,.lln<•< !un<ti.,n oforo•l •r,·u~•·nt. Th• Klob
ol ~1n1~umof '<k Lo thon oub«llutoJ Ln<o oq(11<), 
tl-ruo r<..Ouclft& th< deol<od voluo o( •<, thor•loy cou
plottt'' lhC oynlh•••h of the P'"P"'"" ~.,,¡,,,,¡""· 
Tt•·· •uftwor• •••\hlol ¡he d<><rllot·d oYnll><llo 
P'"""""' v.lueo of <echoital 10t•·lcot con<Otnln¡; 
tho "" prc[llo, ao uol!. Thooe oro: ""•• ¡,,,,_ 
<lonof H> «nUoid, pt!ntiP•l ~omento of !nonio 
ond OrlentH!On of lho prlntlp•l •••• o! 10'111<>, 
Al! <loe.-'''""' oro p<Dducod !nor•ler '"""" <loo 
l<otlc ,,nd Oyn,~l< onolyojo of ''" ovoroJL ...,,¡,,,_ 
nis~. 

Ai lhh polnl lt h ••><th Lontlon!og che 1~
POsslloilit~ of ll'loO 1 ood l, fl~.4, of ponlng 

lhroo¡:lo <loe O<ltln, ,¡,),•, l<> tU<n, '·'"lJ j, .• J O o• 
t•O, ¡, ¡,,u, lloL '""" !~¡·Ir 

o ·-· ' l .... ' 
o • " 

"""~'" 1 , 1 ro~ • •1 11 ''") "lJ t .olJ ,. ,', Jo· l ., ,,, '"""' 

'"" i"'''"l"' 
ploooo, or,e '·•• 

Joii"Jl•""·' ' ·• '··•'•• " ................ ', ... 
o ·¡o" 1 . " 

I>Jthou< lO» uf ~'''"'•11<¡, 
lh>< '(- "" .,.,,.,,,, ... , ,., ... l, ',·"' ''"' ,,¡.,,, 
,,,_, .. " r,,., ,,,. '"'·'''"'"''''"'" ,,,,,_,,. ,,.,.>el> 
lo,,··.!~'!'' .,J k"•'¡' r., '""'' •r'""' 11~., ... ., .. ,.' . • -.> , ··.;1-/J w<l• •··•" lo 

u"··" • ·.,¡ (1~) 

wl<ido Jn l~:·o-.l¡,jo t.• l••rr•·n, ~"· n tl•e '·'Y <l.c 
'"' {¡;)'¡' ''"" ... , ... ,¡, .. ,,'" ····-(1_,.,,¡. 

'" 1« <·•·• of " <>~"'"'a r .• JJ•l /"11"'"• 
••O, nonl '"'" •«"''"" ''""lD""' '·''"'' "'""'' 
"'"•• •'•O oc ··loe"'"" •."•._". ]1,, "'·' "'"J!
I!on 1""' lo • •<•1• . .,• ••'•·• o[""' :•••"""'•' •O• 
gh, "'""""" tlo• src.,nJ "''" lc>Os <o llo, r_,¡~,.~. 
Re<ollf"" thot o•ct-a, •'-o' u1•J >"•v", """ h>' . " 

u"•(V•do" "' L- ~ 0•0 C' 
(l9) 

S•"''""''"" o! ••¡{l'•l '"'" ,.,,9) 
fnc< II••L u'>O du<i"~ ''" ''" ¡.!, .... 

.. ,j <h• 
lc•d lO 

{)O,¡) ~~-•~•>H(~o«J 

"'he« o 0 , o~ onol o~"" dofl"eol oo ~ofo<O. ho~ 
<~(lOo) ooo obl•ln~ ti•• raJ'"• o! tho b-.o clrc\c 

•• ' • o~-~•'"""11 
o 1 "''"'H 

4. \L\.'11'1 [ 
:-------¡j"o-l::!n <1•• e•~ proftl< 
;olhr-lollovor c.• ~o<h.ooLsQ 
pla<o~tn< pro~<>- rlvo" in 

""~ 1""""'" """'" lo l!oooll«< 
produ<•~ ll·•· 

{JOb) 

ot thc ,.,,.><\•<In' 

P'"~"d"• 11.< et.
r .. ble ¡, Th, ~.,.¡

'" :;o•, l·~.ou. 
•?P<·"l"< 

Tl<e t•""""'"' propo<<!•< o/ thol <•• p¡oflle 
produ<oJ ¡,y tho ,,.bprut•·•~ >r<"' 

~¡c;o•J 'J\Jil.)<-' <:e"< roi.J•(-l0.~Y,-J9,))), 
E, on.J E¡"'" <he prin<ipol o••• o! lne¡<J~ •t ¡ho 
<e<!lroJJ, ti•• <or<UpOI•Olno m""'""'• of lo•r<lo 
b<lniJ 1 1 •<01~lJJD.O...,' onJ l 1•HJI01'.4,0m'. 

n pro<Pdoot•, l~plu•cn<<d vlth th~ 
a!d el.,,,,.¡ <o,,;<utor ""l>i•<o~r.·~•. "" J<vo]opo,L. 
ThU proce.Jure •llow• 1h• "'"''"¡ •nJ t,ra"hl<dl 
pruduc<lo" o! '"" •<o>ruoo-•Joo ,,~ prdtlo Ll«l 
¡cn«ot•·• ,, ~¡, . ., dl•¡•l"'"~""l pn·r••""'" lor • 
rollor loilovo·<•hl\ooL>e<•l•&bo•nJ• ~n <I><PI-"
'"'" on~lo .... JJ ni ,¡n~ "J 1 "'' [ oll <wo r • oo « r t•O> tJ
ore<!. )ootoln. Thc •oi<W>H' pre>onttd ''"'" ><•lOo, 
odOl<iO"nly, ll•• '""'"'o/ !he rol\or •> • h•«IOo 
ol <hct •tnl~n~ •al"" of lhc roJJuo ni '"""'"" 



• 

• 
o( <h•vltdo<'"''"• 1nurdo·rt" avo1d un.io·oo•l<ln,. 

'"''""""'· 11 r•"'"'"" f<'io•V,ll>( >;ColO•lfJo j•lVJHI' 

<1•·• of <he ,,,.,¡¡¡,., •udo "' lt• ~'"''• lteo ,,.nl,uld 
hc~tlon, tloc udo·n<~l1u" of lt• pr<o>el¡•.<l '""' 
a"d .,,,.,., ,.¡ tt> p.-lto<lp•l ....,_..," <>1 ""''"·'• 

Tlo, ""''"·''"'""'"' or(,·nLo·J '""' """""''' '"' olcep 
lo•uul•Jgo•ol ti•• •l~orlth" J<>,<lbed ho<o'ln, lt 1. 

• P-'" of • "'~"' P•u~r-•• "''"'• lnt~"Jcd kr '"' 
•><olhO>l•ul ,,,m t•rol!lc•uf »rlou• '""' ni lul

lu""'"· out"' "'''"'' ol,c vnu '"'"'''""""'> (n fl•t· ¡.,_,. folluwro u . .o prc><""I••J ptov!Ou<ly. 

". ~c~"m:1 ,_,,-~~•;n 

ti.>; .,,;,¡--~.;-,t,oljo.·J" tho CAIJ l..ob.,rn<uty 
uf tho G¡n-lu-"c U"i>lu:> of the fuculty ,.¡ >'•>•<
nue<ln&, U:IAH, nc ourpuH of \h15 fnulry h 
~r•«full¡ •Üuo~),d~cd. 

ilJ ~othb""·''·A:Co~>.John ~<ley, N.'i.,19~6. 
12] Tl>am?o~l"'•"·T· ond "'•Owl<>.r.~•,u,. o! Hno

or >•<O>''·"''"'"'~ fo< '"~ "'"""' lnt .. 1. li;cl,, 
Uo".1·>vl' 1'"'· Vol.l),~p.1,)-161(1,¡)), 

lll Cardo M Jaldn,J. aod ~J s¡n<~<>.II:Aprttca
tlon o! 0-opUno /onct1cno <O"'" '"'tlon 
>J.ocH>c•tla, o/ como, ASil<. I"P'' ~0-I>IT-21 
ti9SO). 

1'1 

1>1 

1'1 

1" 

1'1 

1' 1 

{lO) 

{11] 

112) 

I<Jl 

Anr.,J•·,,.l:1rntho•sh ol pbno e"'"'" ~<th 

~r•·.c!ILoJ locol C''"""'''c i"O)'<·rtl<> uoln¡ 
~oriuJI¡ "J>ilnc•.Co~J>U!el-o\i<le<l """'~"· Vul, 
Jj,¡op, I~J-l5~(19BJ). 
e,.,,. ,h. ond Son!. A.H:A '"""Y of e•• ,..no
lacto<•· n.•thaJ •. rr.m·>.Mm: J,Hoch,n;,,, Vol. 
101,¡-p,I,;S--64 (1979).' 
Ch<n,LYtA >»<Y<Y of tloO >tora of <~• on of 
oam >)>'<~ dyn;olc•.lkchooi;~ on<l ll><l•lno 
ThooTj, \'o] . 11 , pp, 20 1-?24 (1 ~ )J) , 
llhchko·,C.,OJ>Cloul olloet on tr~n•latlnt lo! 
lo~"' plate caoo.!rono,AS'"' J.l.n&ne.Jnd.Vo!-;-
91,~p.lll-l Jó(lno¡. 
Bud»b•u=,f. '"'1 FrouJ,n•tein.F:On , da., 
of <••-typo onauhr--..oon oom¡>eo.atoro. 
Tnns. ASI!!: J.l:ngn~.lod. lol.9l,pp,la7-096 
(l97l). 
Chon,l',r:<Jno..,t!c •yntl.o•is o/'"~ v<Oiil•• 
Jor pte><ribed accehratlon by a lit•! lo lnte-
~rorfon ..,th<><J,Tran•.AS'Ili J.f.nen~.l11d• Vol. 
?~ . p¡•. >1 ~ -~11,( 19/J). 
C!•en,l',l:~n.>ly>ls ond ~ .. il" of cam-drlv~n 
N<h•h 1 •~• '1 th non-1tn.,.r 1 t tu. Tr•n•, ASH[ 
J .tn&nb,]uJ. \'ol.iS,pp.óiS-&9' (19ll). 
rosol,P.A .• md Reho.J.J:'ll•o bull<ilu~ block 
'''" hud ol c.rn d .. t 1o.AS'I~ ~•P« J6-on- )(, ( 1 ?ló~ 
~ebor,Jr,T"fbo pruhl.., ol .. nolactutln~ of 
,~...,.A!mt: popo< ¡~D!:T-ll(\916). 
l•ngolc",j· ond A<teogo .O:Opti~•l oynthool>of 
e•~ ~•·<~anh,.. •la t!.o ~<t~od• ol ~<•ton-
koph•on on~ l~n¡e-~wua.PtoC•Odln~o of t~o 
~.con~ TI'T~I<>! lnternotlo<>ol S)'~p<-olu• on 
J.lnko,-.. ond C<>"Pwtor-.H<I•d ~''"" •«<hod•. 
""<hO«"< , Voi,JJ [-1 ,pp. 1-11 ( J 917). 

11~) C•nti•«,H.A. and Ulch<,J<.J,J<D .. tsn <horto 
lo< dl>k <•~• ~lth cocl~rocotlng rollt-r fol
lowe".h""'·'\SM! J,Moch.Dco, Voi.IOI, pp. 
'6S-4;0tl~l9). 

{11) M¡;oi<·•,J. ood 1.6po<-Cojóo.C,Disoño auto""
tl<•<i" ,¡,. mo<Onlo..,• do lova do ~l•co ton •o 
¡uldm tr••l->elonaldoco<o plan•.>lo•..,Jio d•l 
IX Cot •'"•o de h A.~IAC ,l~xlto. pp. 9 1 -~J(I96n 

llll 

( 00 1 

Hohio ,ll, ll, ,,,.,¡ U, • 1, el. , 1 . 1 ': "' cl,,m 1•~·. ·'"" 
u,,.,,,¡,, u!""'"'"''"'·'''" :.olo¡,:o,Y.I'J/1. 
~hl<wUI,RoC' ... "'" ,¡,.¡, ].".otl.on lo) ,.,_ 
>etttno.~"''' 1'·'0"'' t.!-II.:I·C·,.¡¡tl%1), 

>o•.lrh,II:SrJ.,-.-,\I,urltl.<·•" "·' ''"'"''"''!"" 
"'"''" ••·•····tn "'"' 11."·""· •.viJ,,, .... ,,;, 
ll•nlcl.,l\oJO. 

T•rou<ht,<. ,,,¡ []-Sh•'''"·"· ''' '"'•"'"' 
ol<io·<l '"'lh·•J '"' "'''''""'' •'· '•" o•t o•l.tl> •• '7 
OJte OVQiJ,'o" UUC"[<Utli•t 
¡ho·n-n.-l.:>o! .. <.,¡.,. "''1 
v .. J.IO,p¡o. 1 >1- ''JI""", 

'·' •.. , ........... . 
""''"'" "·'·">· 

¡,.,.,,.,,,..,<:.'., ,,,,,.,.¡~ ''·'· ,.,,¡ H.,I,¡,C,)·, 
"""''"'"' >kl! ... J, for )!.nl ..... l! ... l C•·•·•
<otton,,P'"·"'"''"Il>II,::.J., 1•11. 

(•mtlo oí 
l«•t<h) 

' 
•~do<llo lunotlon f.'"""""& tho foil,._,.,_ 
dJ,plo<o .. nt vr~~,•~ 

_.-ih, rt<,' 
' 

' ' ' 

C.OMtry of • <U o•<h>n<>" wlth • t<an>
l•«n& kollo-,dge tollo•« 
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Jorso ~ngolo• onO Corloo L~•••-Cojún 
raeultad d• Jn¡;onlcda, Unlvord~od Noe!011al 
h<6n0400 de H;:;xleo 
~~~o. ?oual 70-ll6 
O~llO )l;¡dco, D.F. 
lliXICO, 

fh• oynthoolo of tho ••= pro!11e producln1 o &lvoo 
dlop\ooo..,nt prO¡¡r•~ of U• oocllloein¡¡ rollec loll<>wOT, 
vh1h endo>lns o ~lnl""~ orca ond hovln¡; o p<eocrlbcd 
... d ... m pro<<uco ··~te, lo prooen«d, rhe dlspla«~•nt 
pro¡¡,.~ of tt.c !ollowcr 1• <yntheo!zo~, In <urn, u•lng 
eub!c pul«''' oplinco, llhlh tho oothe-.elcol pro
~<OOL-.in¡¡ nprooch 1s foll""cd th<ougbout, lt 11 oho<m 
lot tho pr<•l>lcicon he oolvcd udn1a olm¡>lcroot-Hnd

,01 rout!no applhJ to o nonlinoar •••~<ion In one un
~"""·'· Thc procoduro h illuot rotod wt th o lully-oolved 
oxu~le •l«>•ln¡ lt> applica~tllty <o thl aut,..tl< ~c
oiJn of u..:.lolloue< meehonUmo. 

llhilo thc l!tnoturo on oo~ fDOO~onlo.,. hao vldo
oprcad oin« ttle !nO' a, lneocparatin¡ oo•putoT-orl<nted 
-tbo.lo of ooalyUo, oyn<huto ond Nnufoctu<o [1-17), 
.... o<ohont•m• vlttl osolllotlnH {oll""'"'' hove rocoivod 
~0<1 U u lo •u•ntlon, ••«pt for [2] on<l •om• otl>or 
rof•nncoa not tul!~ dcvotod to thU typ• o/ •ecn..nu•• . 
lhh p•per /olio•« '"" pnvlouo onu [1~.19) ooncunlng 
¡he optl•ol synth<als o! •••••<h&nlo•• ultlo tronoU<Ins 
Uot-tsoo ""d roll<r tollowon. !tlo opproooh lntrO<Iueed 
In tt,ooe p•P«• <• now oppllcd to tho oyntto .. to of dhk 
caaovlthoo<illot!ng rollo: follouuo prO<Iuctnt thl de
ol<<d &ngul.'< "otlon oi thc !ollown, wlo1l< onclooln~ • 
•In!""" oro.t on<l hovlnl o proocrlbod ond~um puuuro 
••llc. Uoportln~ {roootho¡¡oual proctlcc o! pnocrlblo~ 
cho loll,...,r -•••• vb """"""le, <~<lotdol or pol1n.o-
,.¡a) hnott•n•, o U 0f vhloh conroln • llml«d nu~b« of 
!toe paro~<'"'" ~ho;o voluc• oro ohooen oo •• co .. oeh 
c~o dlfforonc .. uon ptlaou (lowu ctwoll. tl<o, •ppu 
d""ll ono! ceturn), tho outhoro ••• c~blc por!o<ll< 
opll•••· To chh one, tho oonc<pt oi: fun<tlon anO '"""" 
oYntheob tntroducoO In /~O.ll) 11 «OO<«d <o, Thlo 
VOfo o c-ut« pro~C·'> lnCe<><tiU wtth th< uoor on•
h)co tho lo<l« ro ob<>ln o o~ooth follow« m<>t!on wlth 

e 4<Ucod phooco, A co~plote turno! th<<>= pUto ia 
•WO dlvld<<i In <o th• iour pha••• havlng on~ulor lon~ttoo 

t~·. for .i.•l,l,J,j, The U<<r con oupplr tho•• l<n&ttoo 
othu In do¡;rou o< •• p<rcentogu.of tho total turn. 

lo ardor tO oflor th• u5er o vhual v«Hlontlon o! <k 
lollowor Oiopl.oe"~'"' prur,ra~, tho oofo~uro ~ra~l•l•.ol 

c•p•b!lltiu provldc • dhploy olthcr oo ·' CU '" "" ·' 
plottcr. On« the ¡oll""o'-~Upl..c~~"'" P'""'~" '" ,,,,. 
thcohod, tho •othO.l P'"·'•"t<d hcro p<O'"'~' '" .¡,.,,,_ 
mino the o•~ diok polltlon at ~hlth ti« P'"""" ·'"t'~" 
ou•lnt ltl .. .,"""" •b•olute "luo. Thh t• """• by 
fln<lln3 tbc root• of o nonlioc"c oqv•ttOn In""" •t•,;l" 
uolno"", """•ly th~ """''"'" •lof!nln~ <he o,or, U!•'· ; ,_ 
oltlon, Thlo vdue tl«n proviO<s th< c<ooctrlc ~·''•"•'
<«•of thccaaocohanha. ,\JI In al!, a •l•v>l ver!ll
totlon of lotcno<dt•tc TO>vl" h po"l~lo, bu< '''" 
ooft..,oro U oo dc>lgncd oa to •n•b!c o totoll;¡ auto•·•< 1< 
aodo of operot!on. 

SYlilllUIS OF 111E f'OLLOI/ER-lllSPU.C~HClT PK(>GMA.~ 

Tho ontul•r dHplooc~cnto of tho <>~ pi•<< o•.d thc 
lollowcr oro donoted by ~ ond ~, rc•pcc t i>d y. lloccu-.·T , 

t lo ""'"""" to be the ova ol o '"""""' <. •• ,,., •• b, 
d<tu~lncd, ond o pool ti'" dcflnit' !un< <Ion u(¡-),"'""'"' 
minl~o• v•luo lo O, lt> ,.>!~'"" vol~• be in" A, tho .,.,_ 
plltud• o! tho follow« o•<lliotion. 1,<. 

t(~) • o +o(~) "' 
Punorlon o(~) 11 oynthu!,.d voto~ oootlon rQ of 

tho cuhlc pcrlodlo opllno 1(0) •ho"" In lit l. Thlo h 

T (~) 

•• 

-o.~ 

ria. ¡ Por!odlc oplinc <•<"<< 

' ' 



oyn<Molzed, In turn, by op«lfyln; 0 kanoon!c dlo<rt
bu<1on O( r"($) •t o '"' or L'quolly opacod n po!nt> in 
<he lncorvol (O, 1~ l. \ Thc ro lat !on;h ip boo~oon r"(~ · )•r '1 
nd t(~,.:)•r,.:, lor i•l,!, ... ,n h llnur [12]. ~neo~ 
ne un~n~ ord!not•o of <he oupport!n, polntl o/ the 

opllne con be obtotnod 01 tho ooluCion too llneor oyo• 
11m, o/ equ•n•n•, oO oho><n In [10&21]. lloroovor, In 
ordn to obta!n o .. nJ.ohln& olope of tho ruultln& 
opUo.o, ot both P ond Q, 1(~) 1> p<OO<tlbod tO bo"o<ld 
wlth rupoot to ~-n ond oven v!(h «•pe« to ~·n/2, )n/1, 
tho lrtt<><lu«lon o! tho •••• oy...,.«lu r .. ulto tn 0 
a .. u., o.,..bcr of indopon~cnt ordtnuu r,.:, In fo<t, 
<><1ly {">l)f,, The l<Oultlr.; oyote~ of o~uotlono h oo
oocl.,<l to a """' ~•<rl• that 18 oy-o<rtc, pooltlvo 
<ioflo!toood trtdi>tonol. dl prb~ortloo ol ~htch rcndor 
H "dl coo<I!UoncJ ond vory ot..,.le co bo<>dl~ In obtoln
!nJ the '"~"""" ordJnotu. A propor ocolln¡ of the oe<
llon rQ of flg !, plu• • r<gld body tronolatton ponoU 
tho obt:ntlon o/ th<> rtoc phooo, ~ •• o! !unctJon o(~). 
al fi& l. Finolly, the Hturn ph•u, .l;. of o($).1o 
oyn<hcriUd by H<>t ,.flcotln~ ocotion ~Q 01 1{$) vlth 

· nopc~• •~ ~-w, thon oooltng it ond oMitln1 1t exoccly 
... lo •yothcot.lng R1• Connon< e of luo«lon t(~) lo 
••nt <otor.Jncd oo u <• pro<luco o pnocrlbod ...,xl•u• 
prouu•o onglo~~l·•·htlo •oklnc thc aroa of <loo tom dtok 
o ll.inl~""'· thio Proo.duro lo outitood lo oext Soctton. 

• (t) 

., 
r 
• 
1 ., • 

' 
. , '• 

1 ,,. '• ., '•--< 

S\'l<TilU!S Of Til[ CAM PllOFIU 

no loyout of ch<o oochonloo thot U bcln& oyn<b
zbod Jo ohovn In Hg l. Frorn thot f1Ju<O, tho follo,... 
lo& rolotlon• oro reodUy dulvrd: 

1 
( 

p0•o1tb1-lobcoot _,. 
6•o1n [- olntJ-W • 

' / / 

' 1 

- ·-

,,, 
{3) ' 

fll J c .. aechonlom ~lth oo<il!otln¡ roll«-(ol!ovor 

In ordor <o obto!n o ll""d <orquc tnn••h•Jon,l<loe 
P'"'""" onglo n, <hoW'O In He ), lo boundod •• 

"' 
l!ovooor, doto.,.lnlnJ <h< •••« poolt!on ot ~hlch 

1<>1 ortolno J<• ~•d~u~ voluo h 001 •tr•l~l,.f«w•rJ, 
''"'" <ho he• o/ '""othnc"' ol tho ob;o1u«-voluo (un<
< Ion o< tho orl~tñ. Honco. tho "''••• o/ •n '""" (unc
tlon of ~ tho< l>o •~ooth onou~h oro oou¡,ht. A• olr<.<Jy 
Jone In (18119), tho valuoo >·o o(~ • . ot wloido '"'" H
tdnolto•lni.., ue """ /ound. Fr- Flg l, cu» h ob
ulnod hos the lnnor produ<t o! th Vc«O< toonoccln~ 
r ~lth r ond thu unlc ton~<·nt to <he ¡u¡,!, o"·"'" ohwn 
<lott<d In chot fl¡uro, thl• t., In <u<n. tl•o «.;¡octory 
Uocod by tho «neo< of <he rollcr on tho ••• "'""· 
'!huo, 

"''" 

... .,... cc-:;-:-:-c-''C' "''':e::--:,--""~ 
( HS' (l<~' J'-ZJ( 1<1' )<OH)' 

B • .!! • 
,., 

At thh -••< 1t 1o polnt<d out thot tho radico! 
of th< rl~ht·hand ololo of •d~) 1• pool<! ve dofl<>lto. 
In hct 1t oqu•lo the square.J l<n~th o! o <don¡,lo hav
ln¡ o!Ou 1 ond B{l+9'), bo<h ...,kln¡ on on~le ~. 

... ~ ... 
tecoln¡ o/ dco.o./d~ h>d< to 

cs'+va+t-o 

.;-~' (1 +~' ) • ,.,~-~" (1+4') dnO 

1)-t' { l+f') (2coo '~•In 1 ~) -~"oln~coa~ 

I·~'ooo~ 

(lo) 

(lb) 

{le) 

(Id) 

l<ov, ¡~¡ otta!no lto aoxl•o •t voluu of ~ vh<ro 
oooo otcotno lto •In!~•· Lot 

fJJ. 4 oh""' o •cehonh• conll,urotlon o< vhl<h 
tho follavor lo ot 1<> tov<r dwoll. ~enoo, 

"' 

cose • 8 {~) 

••• • - !1-8'1" 

r¡1 4 fo11<wor o< lt• )ovor ~wo1l 

(lO) 
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ra• + 1ca• + H'• o 
r-tl + '•'~' • • 
G•K,.I> -1o~Kl 

H·c~ - •' 

l, •• ! -e~-·· ro...,;>' -2 ( !+<l~)c. 1 
K1 •(1t~¿>•'-c0 

o,;..,;c•0 J, c0 •cooa0 , 'o""'""• 

ludo to 

(!lo) 

( 1\b) 

(ll<) 

(lldj 

Oto) 

(lll) 

fro~ oq(llo) ono obtatoa e •• o fun<tlon of ~ • 
..tllch the1 1s ouba<ltut~~ lnto oq(l>) to&ethor vHh 
oqo(l,a,9110), thuo prod«<:ln~ o nonlln,u equotlon, 
t(1,10 )•0, In ono Untlo unkno ..... , ~0 • 

~ -" 

' " 
o • 
o 
o 
o 

7+-~_;~~~~~-r~ 
g.~o 1.00 t.<D I·SD l·lD 

ANCLE OF ROTA! ION CRAOJ 

fi&, } Plot o! fun<tlon f(~) 

n~} ohowoaplot of f('tl fu the cond!Uo"o ¡tvn 
In tho r•o~plo, Thc voluo of; ot uhlch f(•) vonlst.e,, 
~o. con bo ol>tainoJ eUhor viouolly fr"" thot plot or 
lte<otively, uUnt a •uluble ol&orlt...,, "" proviOuoly 
dono [18&19), •wbroutlno ZI:ROlK (2l) h uocd ulthln th~ 
pro¡r~~ "'<itton for the oynoheo!o of thto typo uf fol
lo>~~er, Onco ~o il dc<om<ncd, oo ond honoo o[, on<! ojj 
un be nodily dc<onofned fe- hnu1on o(tl, o! fls 2. 
1/Uh "o ond o.; •l<<.>dy detono1nod, puo~otu 8 h ob• 
tdned fro~ e~(lla), Conoront c oon tOu• be to~putod 
fram ·~(~), runoolon O(VJ io tlwroloco totally doter• 
•1ned, Subot1tutlng theOo val""• 11j,to ~q•( 2~)), 1~< o 
dio<Tot" oet of voluu of t. f~¿)¡', o ootofpaü• 
(o,¡_/o,O¿)'/ con be '"adlly '""'P•to~. Ihc .. dotn•lno n 
pointo of the puct. cucvo, vhlch uo now uocd u tho 
ouppen<nc poln« of • cublc por!O<Ilc po<O,..t<lc oplino 
u .. d to troce the nonoall .. ~ ooH curve, !,e, for o•L. 
tho octuol Ol>e of thlo cu<Ye lo thon obtolned onco P•· 
T&Mtero o and <, ,...,..,. lo Flt ), uo dofJocd,Tho 
rad!uo of the cnll« for o un1t lon~tO o, c/a, c•n bo 
C011opu'<d fro"' '"" pUch OU<VO for o Unit length o, by 
preocrlb!n¡ c/o to Oo • ''""" frootlon q of the olnloUII 
rodluo of cu.votur~of tho .. Jd pUrh cu<Yo, In ordr< <o 
·vo¡d und<r<Uttlng, rhe•o<d froctlO!\ConOo doto.~lnod, 

turn, fro~ <ont.10< >t<on conUd<rotion•. •• ~olnted 
-<in (2], the udlv• o( evrvoturoof tho pi«h <O<'<<, 

<p, ond tho P«•ouro ••;lo, "• on 11ven b1 ]2) 

r • oln°f 

P·(l-f')c<>o'<tl~!~~ +;:Jo oin(<>t~)h~;,J''""(.,...)J 
(12) 

(1)) 

tho oo!tvoro r<>IUinG tho oc<hoJ pr< .. nt<J hcro 
producu rp(Vl botO """"'rl<>lly ""J 8tO~hicnlly, fl<>«
ovor, u.ylrld• <he'''""""' of thio '"""'"" vltt. tho 
oid >1 nbrootine!~L'I~l], 11, ~'""""o plot ol r 1,/o 
for th<! oond!tlono ¡;lvon lor th" ~xoo~\o, L,·t r., bo tho 
~1nl~u~ volucol rp/••• p , i•o """ n d•,otlng tho ¡>ooltlon 
vocton 0 ¡ eorr«ponJIJ'~ po1nto "'' tho ¡•l«h '"'"' dnJ 
on tloe ••• prollk, •••·olln• th< unlt nor~•l •~ctor~of 
both <urvu ot '""'-'"""~'"" polnt•, «•P<«tvdy .. hu 
com p~ofilo 1< thuo "'"'''""'"" ltn~ the <<bt!On ]19]1 

(U) 

Tl•o co• prof!lo obto(ncd fro~ oq(l<) corr.·oponO• to 
au~1tvoluoolp•«<,..tcr o, ThUc>nbo cl•ooen, In turn, 
!ro• oonol~orotlono ot "'"'" ""·'"•""'Y to,clloer olth 
oo>i~lUn ollouoblc v.<]uo o/ tl>o ccntoct """"' U.'Co 
th1o pno•otor lo <l<tetmln<J, tho octual '""' prul!l" h 
doteno1ned by ocoll •t t he 1 orcKQin& ~••••\! ,.J por.-toco, 
vhich lo dono by • oimplo ••l<lpll<><ion, 

$yntheol<e o ca~ fo\lowe< ~tchonloa lor on OI>Cil• 

)otinz rollO< foll.,.oc, vlolch vtll produ<O rhc loll'""' 
¿loploco .. nc pro•u• appon«n& In To'>le !. T~c pr.;ouro 
on1lo h to ottoln o ~.nl•un ab,olut< ••luo el )C', <h• 
aopl1tudo of <h< fol!owcr ooclll>tlono l>o1n~ pr<·ncrnoo 
o H' • 

' " 

' 
' o 

o • 

Phue 

., (dvoll) 

• (r1u) 

•, (dvoll) 

• (<cturn) 

Antlc ol Ultplac••"• 
To>t.o!lon ' . ' 
"" 

,. 
n• +4)' 

1'4' ,. 
¡oa• -41' 
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ra, 6 Plo< of <~1• 



.. 
'""' •Yn<h••'" 

d<!Yeloped for tl.o 
ho<e. The v•lu<o 

uu u~rutod uHb tho o<>f1uore 
la~lc•ontntJ,.,oof tMBet~6<1 prount<d 
obt.JneO, foro unlt voluo of o, uou 

PreoulblnG 
thuo '" .. 

~ •• 82.61' 

•• ,~.64' 

• • o. $1 

' 0.38 • 

• 

q•O.IS ,., radlut 

•1• • 0.28S 

ot tho rollor "'" 

f\¡net!on f{~), ond tho u•li•t of CUI'\Iaturo of the 
pUeh eu<Ve oTO plotted in Fl~o S ood 6, reope<tholy. 
tho oynth<OiaO '""' proflleb """"' In F<r. l, l'!nnlly, 
thooq{luo« pro4uecd ti•• lolloulnt~eoiNtrteparo...,toro: 

Aruo of the ••• dh~ • 1.096) 
Centrold uordlnotu: • • -0.1817, 7 • -O.OMlS 

Prlnolpol ~"'"""" o( 
!nortia ot tho ccntToid: 1

1 
• O,~S44, 1¡ • 0J3H6 

Tbe 1ríodpol ·~•• o! lne<t ta, e
1
, e2 , ecneop<>n41nc 

to 1
1 

ond 1
2

, aro oho"" In flg ¡, 

. , 
'· -. - '· 
~ ' • 1 • 20 -o.ao 

I;ONCLUSIOIIS 

' 

1 

r. 
- ¡o 

•• -<0 'e"'/- 'J::·OO . " . 
./ • • ' ! 

1 
1 ' • ' 

1 

' 

1 

1 

-

;. 

o.oo 

-- -

n~. ' ·- pro! U< 

D-IO 
X 

-• 

n.o •ethod pruonud hon l~p!lcHly producu o 
M.tnlm.,....ohe ••• d l•k fo< on o•cill><IOS roll•<-f ollo~H, 
..,Y!n& occotdin& to • proocrJbed on~~lat-<ihplaco .. nt 

pro~rooa. In fo<t, by Jopodn& t~o condHion chor tl\o 
"-"'•""' obooluco value of cho prouuro on~lo •"olno o 
&!ven voluo o.,., tho ,rocodun pro<lu«O tl>o mlnlmu••oUo 
""" dUk, Thii uoe 0 ¡ cublc pulO<! le opllnoo, for !><>th 
the oyntheoh of che •n;ulor-dloploo...,nt pro~roo ol tho 
follow« >nd tho oyntM>IO o! tho plich ourve, ond h•n« 
lo< thOt o! tht com protllo, allowo • rclotlvoly ol~pla 
CO"''ut"lon of thc ¡ 00morrtcol potomct<ro of tOe on<tto 
u~ -chonho, TOe oofcvou uopl ... en<inl che lonsol•i 
otthod lheo thc deol¡nH cho froodo~a ro choo•• che 
rodluo of th~ <oll<r br ollowln¡ hl,.¡ho< to o pool! y 1t 
u • (Uctlon, q, fruly ol>ooon, l:oc•ovu, tho de<11not 

con dotomlno l«e!y tho ov.·<oll oho o/ tl"· ""'''""'"' 
by propody '''"~dnt ""'"-•·Ir< o, llo/oh< '"" ~" "''" 
cuna!olodnl •1•·«" ov•<l.,ldllty ood ~.,.In•"• '""'"" 
""""'' Sin<• <ho pupcr h con«<nt•d ~lth r:,. ~"''' 
..... ,<lo oyn< ¡,.,¡, of rl•~ ,..,,¡~,ni •~, •o oh '"""M"' nt 1 """ 
W<to lcft uldo !O<r., Tho ""ÍUM<O <on "' 1n<<h<Ot<d, 
ho,over, co o ~••• &<nor•l cw "'~r.ro10 • on.ololln• <1« 
<looign<r tO coupl• it to " IW ""'bto oilu•·ln~ hl~lh<< 
<o conold<T ou<h dfec<o •• oonr>or '"""' .,,, • ., con• 
O<Otro<!On> ond l•tlurc <rlt<oj,,, l'ln<>l]y, ""'"~f<wn<e 
l=pl<montlnl ,¡,¡, .othod prnolu«o [•'""''''" 0·"""'"'" 
luohoo O<<'• CP"troi,J locnLi"n lORd pclnciP•I ''"'"""o/ 
lnectlo, "'"' M< noouoo<~ io< o orotlC ""'' d)R•odt 
ondyoio o! tko m•<honho, 

'!hct no~>r<h,.tO.coporteJhecowoo po<fOn•"d at 1~0 
c.u> !.oborotory o! thc Cu•ho.oro DI,UlM or cioo f . .cull)' 
o! [n&lnoo< In"-~'' t lon.1l Aut'"'O"""" U'll u,·" 1 t )' ~! >'•·• 1 <•, 
lho outhoto S<Ot~!ully ocl.uuwlo~g< tho full ourpoft o! 
thio Dlvtdon (bnil-L'!ll..'l), · 
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Jor<¡~ Ae.~h• l.l><nl 
C..d~1 ~. l6~r: to¡;j~ 
DtvhiVn de L<t~tl.'O! ~· l'osQro4~ ~. 
l• F•~ult•d d> Jn.,,norrf~. UIII.H 
Apo». ~ost. ·, 701-?:.G 
0151~ ~.ó•tco, ~.f. . 

St ¡:•n•"t• lo s:Me~h •ut...:ltlc• d~ r·~e.r.ls.o-<~s 
d• '•·• <~n •~~u:o:r trasl•c;or •. :l ~- t••·• plono. 
L• <,,..., ~e d•·~l<l""'hr.to dol '~~ui~or ¡e sln
t<o\1" r•~lir.te ~.,,.,.,spline ,,.-.,{,:!ic .. , 1•< 
e> ole• <Hiolovnco;.olclun•< P•<"·Crlco; de otO· 
hro.1ln. tn b,;r o lo ontonor so d<t••.oiN ol 
rfd!~ l~:\r:t; dol ;frculo bUo P"l un ~<<eon· 
tr•-:olonto "'"""" <!o~o. fln.:~h"nte. el ~orf>l de 
¡, ¡.,,se o~O:IIr·, codllnU tH/00 <p11n~ ~rA
O>tt>l•., PHI~~'C'~· ~uo lntor,~l'n los pont?S 
g•~•·e~O< por 1a< •<u•clonol Oo •intosi<, 

A~ltr•ct 

i'he c"--;l~ter-al~.-1 :.;•th~•t• ef dh~ co:o ooed>t
nb•>s.dth \<On,lot!o.nal flat fO<o l~llowor h 
poa<••-<~~. lh~ lcll~•or dl,plococoMt ~,..,,, . .., h 
lynt"•"••~ by ;.u;cdit <pl!..., c\o<oo>. ~hich 
~~t!;fy O>O<crj~<-1 O<ColorUi<•a <O·•~lt!OI>I.Dol!d 
on t•J fcrvgoino, V-f o~tl- r.\\llu' el :lr~ Wse 
cír:!e ;, Mt¡,...,,_,~ for • gi•~n ••••"'"" ccnto" 
p-ofnt «C"ntr:c>:y. ílr.•lly, ti.~ co~ profil• h 
Obt•'""d ~1 flt>.loo; p•rlod!c ~·•<>"<tnc ¡~lino 
'"'""" tnrou9'• tho ~o1nts 9•Mrll~d by lh! syn. 
thoo1s •"'-'•t!on•. 

!ntr!'!lu<e loln 

"' Con o\ to!Ytnhoi<nlo do las,.¡....,, .. , h~<r-•tMI 
d~ Cootro\ nr:>~o·lco, h .,•nufacl.uo-¡ do hus e• 
•.is :~Mu~lo 1 ••-•<U [1]. ror ut•·• P"~'• d~
rant~ lu ~>ur.,, <~<'<Id" •• lo"" r~•l1udo dl••r
¡ns o<tu~los sr.~ro ol an~li<h y 1·1 •lnt"h do 
•c~ols~•• do l<>t [l],-..,chol •• los rullos ln
•ol.c-•n ti uso do \o ~o:opulo~""· [n ¡>art!eul~r,· 
•ob•·• d\<oAo 6~ti"o ~~'lovu, pucd••n el torso lo1 
truo;o• de t~><u•el [J), Hho~<e [4] y ""~"1~• 
:¡ ~rto•9• ~5], o"tro ~tros. (n .s:~ trob•J~ •e 
~-•••nta "" c•<o ¡.rtlcul" de •lnt~"' do lo•••· 
poro, • dlf~r::o.CIJ C<' b rrlttl<• traolo<lanol, ' 
GOf •• ~ ... en,e\ "'"de"" n(o,ro ¡,¡tod~ d~ 
furu:loors quo <OOt>•non • '" '"' "" .,,_¡,...,,0 t\•11· 
Ui!O ~·· ror'-""tro< indepcr•no:·t~<. ~qul se..,,..,. 
Vo ~~"'"de,.,-,., •Pltf"l<' f"-.-oio:loc•·· •intol1lo
dH •" ten.,. \ol '-"" s•ttsfoc, 0 e~""'' Iones d• 
occlu•e>~n ~r""1tr.:! qo~ ""\r,onlil'n <on:IU'Ii· 
~>d :n lo •oln""·'~ od s,•o¡uloioo· [0,1). lo >nt•·o· 
duc"~" Jo func•or-cs SPI!tll! r-•nolt• c-•nt•r CM 
un r.:,..o O>loitl·.•o·:o olt: p.or¡.,..lto"OS lnM;••ndlcnt~; 
(lo• '~<IIC>oot,•l d" h $plln•·l. "''•' ;•c,.<lle!< ••
t!" •ce•· "" ,..._,,," l~oul.,nt•· ... ~1tr.-•o ~-con
~lo;•ne• ••ore el ucsplu«<<woou ol.-1 ,~c~oaor. 
1., ."J.-." split.~ l•»> •Ido util11•"•> ¡1ur ~ó ~.ln
•l"k•; 1 ;;_,,·<f• ~-· .1•\IM [6) pJ>• ''~1~•·r le< P">
~,,~ ... J•l ¡cjuiJ.>r. S1n ,...;,.,-.,o, •~ ··•lo u-,~~
J~. ~1.;1"' e"'"'"',.. •'"cuento""" ,,].,,_ "''"~''·"' "" 
1>•"'-' do' IU~O< •, ""-"CIII"t~ ~~<oi...,ICn<B (JjQ ·~-

11••t6n), 1"'"''~" ~""''•'" 1~• t•<GJ'""'' d~ du
ploz:~l•nlo "" "'•"i.J<.r '''"~"'·"'• Oc le• cu•· 
ln '" p<n>~cn o~ttnc• lo' O><r.IO$ ~' vc.k~id•~ 
mhi<> y ~orlo Lr.tc, el •·~'.10 ~~-\~'" n<l dr· 
culo l,o;e ~it< '" cc•<ont•'~'''"'" ,.j,wo 0"'''"· 
t1~0. ror Uhi"", cO<oOoi,..,~·, ~~ u~io ~~\cfr. 
culo 0•••••1 p<rfj\ <l~ ;. 1••• ••oO:"" .1 lnt.r
pohr lO!; ~urt~< ~CO"Cod~· por \.t¡ 01"'"""" "' 
~!oto·,\,, ~~'<li•"te c.r .. ~• s,:Hno , __ ,.,._.,,.",. 
vcrUJtc••· l" tun•.lor.o< <oh no <»r!~~"'~ uu
dn o:JI PH• n:pr.,!<•'«••' ol dcopiozt"•er\? d~l 
<O'I"i~'' >oo dC J, ~0.-:.1 , 
• ( tl ···~ ( •· -~-l i ·' ·~~ (, · u;o "•<~{ ~- ~ 0 ) •ol~ 
n.r.> Ok.!.'.!.'V! 
don~,·~-~~·'> (l•l,. ... n) ·~ c~t!ee:" d. h< 
cor.dlduuc, d< ~eroodiuO>J <(O)••l=·):"(OJ•s" 
(Z.),•"IQ)•s'(O:•) y co to•tl••dd.:~ <""J,;z, ••• , 
~n to..to •n s(•) "'"" •• s'I·J r•n >'(',:,! .. ro 
.. t,.f•c~r vaiO'<II""'Hril~< de ~·:•') on .,, 
l<?•····tn. (los d~:alks ¡nJ<~on •~•·•~~ <n [)]), 

0•11nlclén dr~c!~ 

O•do¡ :"' intor,,Jo• t¡,tz.tl y t¡, :si c~11o la 
elt>Jd~n ~el seg•JI4"r. n, ~~o ~< "·"' e\ i'• o, ro• 
... ~~ c .. plouc:le¡oto ~" Cl'.c, nr 1>~ 1, e:'~"" 
el ~orlil do h lcv• ~e .Ir•• ,;.,;.-,,, ~··• ~;:o?<<• 
UO ~rO<Irb• J GU~ (('<O"" c!c\C<Otr<•·"nln -;¡,¡,¡ • 
.., ~•ao d~l ¡nJnto a1 <Ont.:no, PA,d~ 1• rt9 2. 

Slnto_~l P""''""' dt ~••phu»_!!•tn d~l •~
_i!!I¿Jr 

~e l"t'ctU\er~ 1int~dur lo tuna,.¡~·, .t. t di! h 
fl9. l. co••·<ta"o~ h1 l~.r> do n:;·~•o ~~ 1 f.o, 
do fGrtt.r 1..11 que (y¡; '"•" Un?OC-to> • ; 1 .' ~Z 
en~).~~. "l· Y '•· r.cn •• pao-a e_.ronttur q•• 
lo •·clccl<lo~ ~el •~!"i~~r 1"- CO.oton"J ~n los 
~unto, ~e <Meth:n. /.o~.--1•., ~.Jo Q•¡c IJ l<;•l••·•· 
cl6n ~~~ '~qu1~Ur ~' ""' '"""~" lmo.•l de>" 
C•l v con el lin ~~ '-'·'"<"t::or lo c~"oio;.;d•d C< 
~1C~I;.colco-;;c1V".-.'~·~~- ::; y;-4, ,··(•) ~,·b~ ., ... 
h"" "" """' ~""'""· r .. ;; 4.¡.,, <• J,-,., Q"" 1~ 
.otolor~d6n t>u·~1~ •u··•eo..,•n:c rnt•-""1 J'l y en. 
<re 'J1 t4. LO Ont~r>or '"' f<r>•M Oc.¡ror [l] ,...,. 
d!~nto· •1 ~tcow.~,·oto t~<:••d~ ~.-1 u•-=c rQ do 
la'"'"" tpllno Pero;~1c,o ;.,_• lo f"l· l. lo cu•l 
<o ••~-~~ntr. ol'""«~-•-1• '"" •~ O•n:o ~ .. ~•to•. L• 
<1>>1·'"' do l• ,,,..., L ~•I'"LI' e<ot•o·-J y¡4. 
u lo,, N'UIJnte l• rofl .. oún r ~«•l•~•.,•<o 
rlel ,.,,_.., ,,.- PQ. 

Jlnt!!_!..L!I'_1_¡~·r.f•l de 11 1••• 

Cu,li~erondo lo rH. 1, •••• 11 y 1 ltno:. l!j., 
•• ">o-to Uol """""'~·" 1 • l. lP•c, """"'<tlv•
'"""'''· (1 .1"-"'\c ~ oud•· 1• roto._ len ~" 1.& k>'·' 
con ,-.'""'<lo ti~·"'"'"·"' tontn q•oo •(.) ru .. ~le 
<'•n•i~_.,.,.,~ cooa u'"""' e~ ur.J """'une.:.-.~~ 



radio d~l dr~u)o b•~~. 14• una funcl~n ponttlv• 
Hflnld~ •!d, ~uyo ••lor •lnt110 ~~coro, •tcf>do 
IU ulcr ,.,;.., lguill 1 h. 

Do! h ~o,...trh de 1• Ft9 •. 2, 11 tlo"": 

llt)•~(~)•cn(o•tl {1) 

lgual•r.do ¡., .. Joctdad~• en 11 dlrecc16n vertl· 
cd del punto A, se tlono: ,,, 
~Mdu '~L ~s h CUOI~On~nto nrtlcal dQ lo velo• 
cld4d de A e'""'-' punto do 14 lovo.J •As '" l•. 
.~eloo:l<!"d d~ A'"""' punto dol s~ldor; por lo 
unto: 

__ __c>o) 

• 
~ (~) cos(,•t) •s' (~) 

Do! {1) Y !lb) SI tiene: 

(lb) 

o 2Ctl • • 2Ctl • s• 2(t) (4) 

{5) 

c-t ... ooo (4 1 ..,.. (5}-so OlltlYn.e·!f p.rnrc~e-li 
lo., da.1o poro • o ("1], 

O..tc,.,tnoéi.~•...E!!_r_odlo ~?tillO dol cjrculo bHe 

Oc h ge"""'trfa ~e h Flg, 2, se tlon.: 
D"X•occ•C••t) · (6) 

Solstltuyondo (6) en (la) 1 dn~>eJando !l: 

"' • 
; ••• "' ; ¡¡;-

' Pu.sto ~ue: ,., < !1\llh 
,., 

. 
!lttdo c.,¡, el ••~<l-e~ &:!sCtntr .. r•nt~·(por uni
o•d do lonyt•ud do roJio Jcl circulo >•~~) por-· 
=lt·do, se tiene: · 

:r:o: ,.-~.c.~;· 
('l. 

• y ••.• · .. 

de eondo ~'""oiQ obton~r<e el rodlo 6pt·""' d~l 
el"•!o b¿so 

(9) 

(lO) 

(111 

tu v~loo:ldJ··c• ...:;,¡ ... ,, corl"ll!PC'nd~n ., lo• wn~o• 
do ·~t l~"i~n ~~ l.t~ CUL "" l y~. o<(,, O\, "·r•un• 

, tes d~""'' 1 .. olccl.-c.Lci>•n 1C ooul.1 y .,u.: r"r con•
tru• ~IOn~. '·'' ,.,,..,,,. Cut"o"<'<¡>ondon d lo• volo,·co 
t • h¡••2)/2 1 (. (~J·~·4)/2 

" 
Dfurrpel~rt d~l iloorlt,!! 

1. Leo lo• lnter>olo; t¡,t?,IJ,!j, 1• <levodón 
h 1 o! d•ILOO dcscen<r<LOI~"'~ p~r:oni~.~~h 

2. Genera lis "'"'H de elevación y do•co••o do! 
seq~IJor o.edl•nto e.c•lcc"cnto ~~""~"~· ~"
flco e•U c~rv• 

l. Obtlono 'dpt 
4. Obtleneo(~l 1 P (o) 

. 5. r..neroof•J. to qroftca f'ediante cu.-.n ·~li
no por....;trlcu pertMicu 

EJ""'P lo 

ObUn~uo el rorfll do lo 1~•• que prc~uzco el 
.,...,¡~trnto d"l lequtdor ~c•:··,.~c •• 1• r,~ro 1 
p.ora un d<.C·'ntro,.rento ...0<1<.<' ~· so>. 1 """ 
olevaciOn n•5 unld.lde< ~o bt.¡ttud. El perft! 
obtenido se "·"cotro en la ftq. 4. 

Conc:luslone. 

S. n>ltró un pl"<lcediOIIonto Nrl obt'"""• rn lor
, .. •~tootJtlca, tanto ti pro"F'~' ~~ ~o:.;I.»~"Oit,_ 
to del """l~o~ c~.o el f"'rl>! de 1.1 r ... , do 
lrea ~rnl..a con un ~~sccntco"'""to ,.J"'"~ pros
nito del ¡:-unto de contoo:o. i:l ol,ori~-~ utill
ullo <o ,..,.r;,~ ~n un pn;rc .. de ,.,_~~ul>~Ofl, 
11 cuol t!en~ accuo al "'""'~o .o ~un"L..: ccnvcr
ucion11 y prcp"rclono ro, ro;ulto!o• t•'·:~ ~• 
te ... """"""'""" ~rHic•. fn ol últ•r~ coso, 
" wodtn c~ton~• ~<t~• rn r•':llll o en '"~ia 
duro meCtlntc el uso de un ~.';flcldl'. ~~ utl
lluron p•r• oue fin 1J1 lc<!ll '"c"os ~.r l•· 
boratorlo ~e C;llculc AutOIL.ltt;">Jo '>" el Olso
t'MI d~ 1• OhhiJn <e E:t•.~lo• ~· PosQriCJ do 1• 
foculud de ln;onlerf•, U/tM. 
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1. A"'leln J., "Synthelh of pl•n• ev••~• .. lth 
~rucrl~t<! loul 'JI',_trle pr<:pertl•·• u<l"!!l 
pori011o WllnU', C""'¡mt~r-AioJod l•e>!.!l!!.• 
llay ~~~}. .. ' 
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1 fnt 
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~~ 1 

1 
.L 

TABLA 1 

lnloNolo Tipo do ~loolonto 

t¡ • J~' rel>(lso ( R ¡l 
t 1 • 1oa• tl..,aet~n 

" l 
tl • !«" reposo {R2) 

t• • n· dt"enso (!. ) -

• 

' 
••• 

1 ---k---'---ir-• o.ol- , , 

.o.5 

f\g, 3 Cur.o sp\tno pu\6~1u 

' • 
" 

• " .-{,-...,..,.,.-,.::-h--.--::¿.., • 
-as-o -·~·•• -s.oo

8 
s.ou os.~o 

" • 

• 

Notl fl111l: El perfil do 1> 1••• •• obturo con 
l1 p¡¡ntos de •I'OYO diUrlbuioJos oJ~ h sl~oo,.,to 
N~ra: 9 puntu• do •royo •• "d• podad<! ,,, ,,..... 
poso y 10 punt~• do •poyo on h•• poriooot "" •~
Ct"" O =oconso, 

.. _.~ .. _ .... ___ .... ...,_ 


