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PREFACIO

Dentro de los fines de la Universidad Nacional Auténoma de Mé
xico se encuentran los de docencia, investigacién y difusién
de la cultura.

Uno de los medios importantes para el logro de estos fines es
la via impresa, ya que la expresidén escrita es una de las prin
cipales formas de registro y preservacién por tiempo indefini
do del conocimiento. -

El avance de 1la humanidad ha dependido, en gran parte, de la
utilizacibn de los desarrollos cientificos y humanisticos como
fuerzas orientadoras y de soporte para 1la innovacién y el cam
bio. Por tanto, 1la informacidn cientifica y técnica es un re
curso acumulativo, ya que el conocimiento se construye sobre
conocimiento; y la posesibén y aplicacién oportuna y adecuada
de éste es esencial para el progreso. Con ésto se resalta la
gran importancia que tiene el difundirlo ré4pida y fielmente,
so pena de perderse o distorsionarse.

La Facultad de Ingenierfa, motivada por reflexiones como las
anteriores, se enorgullece de presentar 1los Anales de la Divi
sién de Posgrado, que en su primer nimero corresponde a 1985,
en donde se encuentran algunos de los trabajos representativos
de la labor cientifica que realizan sus profesores-investigado
res.

Con ellos se pretende el doble objetivo de difundir articulos
y tesis presentadas cada afio, asfi como el de contar con un me
dio de presentacién de la labor de la Divisién en los ambien
tes académicos y profesionales, tanto nacionales como interna
cionales. -

DR. OCTAVIO A. RASCON CHAVEZ
Director de 1la

Facultad de Ingenieria

UNAM
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PREFACE

Education, research and dissemination of culture are among the
objectives of the National University of Mexico (UNAM).

Printed work is one of the most important means to achieve
these goals, because knowledge is effectively recorded and pre
served by man's written expression.

Scientific and humanistic developments, as the essense of chan
ge and innovation, have been the driving force for the advance
ment of mankind. Therefore, information of all kinds is a cumu
lative resource: knowledge is built upon knowledge. Its posse
ssion and adequate application is fundamental for progress.
This points out the 1importance of a fast and reliable spread
of knowledge, in order to prevent its distortion or destruc
tion.

The School of Engineering, motivated by these reflections, is
proud to present the first volume of the Graduate School
Annals, which corresponds to 1985.It includes some of the most
relevant work done by the Faculty of the Graduate School as
well as by some of the graduate students.

With the Annals a twofold objective is intended: to present re
search papers and theses elaborated during each year, and to
promote the Graduate School at a national as well as an inter

national level. B

DR. OCTAVIO A. RASCON CHAVEZ
Head of the School of Engineering
UNAM
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LA DIVISION DE ESTUDIOS DE POSGRADO

En la DEPFI se preparan profesionistas para la docencia y para
la investigacidén creativa, a través de la transmisién eficien
te y motivadora de conocimientos a las nuevas generaciones, 1o
cual origina la investigacidn para el desarrollo de la tecnolo
gia adecuada a nuestras necesidades. o

GRADUATE SCHOOL OF ENGINEERING

The Graduate School of Engineering prepares professionals for
creative research and teaching, through the efficient and moti
vating transmission of knowledge to the new generations, which
originates the research for the development of the proper tech
nology for our needs. -




LA DIVISION DE ESTUDIOS DE POSGRADO

La Divisién de Estudios de Posgrado, DEPFI, es una de las sie
te Divisiones que conforman la Facultad de Ingenierfa. Fue
creada en 1957 vy por sus aulas han pasado mids de 5,200 alum
nos, de los cuales el 79% han sido mexicanos y el 21% extran
jeros, principalmente de Centro y Sud-América. La formacién
de los estudiantes ha estado a cargo de 510 profesores: 129
con grado de doctor, 235 con el de maestro y 146 con el de 1i
cenciado; de ellos, 7% extranjeros. -
El Posgrado consta de tres niveles: Cursos de Especializacién,
Maestria y Doctorado. En la Especializacién se busca el mejo
ramiento y actualizacidén de los conocimientos en una rama es
pecifica; en la Maestria, ademids del objetivo anterior, se ca
pacita al alumno en la investigacibén y en 1la docencia; y en
el Doctorado, 1la meta es formar investigadores creativos de
alto nivel que compartan los nuevos conocimientos con sus
alumnos.

GRADUATE SCHOOL OF ENGINEERING

The Graduate School of Engineering, DEPFI, is one of the se
ven Divisions that constitute the School of Engineering. It
was created in 1957 and more than 5,200 students have passed
through the institution: 79% mexicans and 21% foreigners,
principally from Central and South America. Aproximately 510
professors have been on charge of the students' formation:
129 with a Doctoral degree, 235 with a Masters degree and 146
with a Bachellor's degree; 7% of them foreigners.

The Graduate School has three programs: Specialization Cour
ses, Master's degree and Doctor's degree. The aim of the Spe
cialization Courses is the improvement and actualization of
knowledge in a specific field; in the Master's degree, besi
des this objective, the students are prepared in research and
in teaching; in the Doctoral program the aim is te form crea
tive researchers of high 1level with abilities of sharing
their knowledge with the students.




ORGANIZACION ACADEMICA

Académicamente la DEPFI se ha estructurado en seis Subjefatu-
ras: Civil, Recursos del Agua y Suelo, Recursos del Subsuelo,
Ambiental, Mecédnica Eléctrica y Sistemas.

Actualmente se ofrecen nueve especializaciones, trece maes
trias y nueve doctorados, en los siguientes campos: -

ACADEMIC ORGANIZATION

Academically the Graduate School of Engineering is structured
in six departments: Civil Engineering, Water and Ground Resour
ces, Subground Resources, Environmental Engineering, Systems,
and Electrical and Mechanical Engineering.

Nowadays nine Specializations are offered, thirteen Master's
degree and nine Doctoral programs, in the following fields:




ESPECTALIZACIONES EN

- Construccidn

- Métodos artificiales de produccioéon petrolera

- Perforacidén de pozos petroleros

- Recuperacién secundaria del petrbleo

- Proyecto de instalaciones eléctricas

- Proyecto de instalaciones mecanicas

- Obras hidraulicas

- Obras maritimas

- Seguridad de instalaciones industriales de explotacidn
petrolera

i ettt

SPECIALTZATION TN ENGINEERING

- Construction

- Artificial 1ift methods for hydrocarbon production

- Petroleum well drilling

- Secondary recovery processes

- Design of electric instalations

- Design of mechanical instalations

- Hydraulic works

- Maritime structures :

- Industrial safety engineering for petroleum exploitation :
facilities ‘




MAESTRIAS EN

- Ambiental

- Aprovechamientos hidrdulicos
- Construccidn

- Eléctrica

- Energética

- Estructuras

- Exploracidén de recursos energéticos del subsuelo
: - Hidraulica

1 - Investigacidén de operaciones
- Mecdnica

: - Mecdnica de suelos

i - Petrolera

| - Planeacién

MASTER DEGREE IN ENGINEERING

- Environmental

- Water resources

- Construction

- Electrical

- Energetics

; - Structures

1 - Exploration for energy resources from the subsurface
- Hydraulics

- Operation research
- Mechanics

- Soil mechanics

- Petroleum

- Planning




DOCTORADOS EN

- Ambiental

- Aprovechamientos hidréulicos
- Eléctrica

- Estructuras

- Hidrdulica

- Investigacibén de operaciones
- Mecdnica de suelos

- Mecéinica

- Petrolera

DOCTORAL DEGREE IN ENGINEERING

- Environmental

- Water resources

- Electricity

- Structures

- Hydraulics

- Operation research
- Soil mechanics

- Mechanics

- Petroleum




SERVICIOS DE APOYO ACADEMICO

- Dentro de las secciones académicas estd la de Matemdticas
que no ofrece grado, pero brinda soporte a las demds.

- Los laboratorios permiten el desarrollo de habilidades es
pecificas y la observacién directa de prdcticas y experi
mentos.

- La Biblioteca <conjunta de la Divisibén de Posgrado y del
Instituto de Ingenieria, mantiene al dia 1la informacién
para las tareas de docencia e investigacién.

- La Unidad de Cémputo presta servicio a la actividad aca
démico-administrativa de alumnos y profesores. -

- Difusién se encarga de establecer 1los canales adecuados
para mantener una comunicacién eficiente de la DEPFI de
manera interna y externa.

- Seccibn Editorial da apoyo editorial a las publicaciones
producto de la investigacidén y de la elaboracidn de tex
tos en la DEPFI.

- Servicios Educativos se ocupa de la actualizacibn y supe
racién pedagdgica del personal docente y del alumnado.

ACADEMIC SUPPORT SERVICES

-  Among the academic sections, Mathematics does not offer an
academic degree, but gives support to the other sections.
- Laboratories allow the development of specific abilities
and the direct observation of practices and experiments.
- The Library of the Graduate School and The Engineering
Institute keeps the information for the research and edu
cational labor. -
- Computer Center gives service to the academic and adminis
trative activity of professores and students. B
- Diffusion Services are commited to establish the adecuate
channels in order to keep an active communication inside
and outside the DEPFI.
- Editorial Services give publishing support tc the publica
tions of paper which result from the research projects.
- Educative Services are incharge of the actualization and
improvement of professors and students.
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A. Buzo, F. Kuhlmann, C. Rivera.

RATE DISTORTION BOUNDS FOR QUOTIENT BASED
DISTORTION FUNCTIONS WITH APPLICATION TO LPC SYSTEMS
Proceedings Twenty-Third Annual Allerton Conference

on Communication, Control, and Computing.

Allerton House, Monticello, Illinois
University of Illinois at Urbana-Champaign
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RATE DISTORTION BOUNDS FOR QUOTIENT BASED
DISTORTION FUNCTIONS WITH
APPLICATION TO LPC SYSTEMS

ANDRES BUZO, FEDERICO KUHLMANN, CARLOS RIVERA
Universidad Nacional Autdnoma de México
Divisién de Estudios de Posgrado

Facultad de Ingenieria
P.0. Box 70-256
04510 México, D.F.
MEXICO

ABSTRACT

In many linear predictive coding (LPC) speech compression systems, the
encoding of the LPC parameters is performed using a product codebook scheme
One approach is to organize the set of reproduction LPC models as the
Cartesian product of a vector codebook describing the shape of each repro
duction LPC model and a scalar codebook describing the gain or emergy. In
this paper, we obtain theoretical bounds of the rate distortion function
for the gain term of LPC systems (which used about 10 to 25 percent of the
transmission rate), as well as an asymptotic approximation to the perfor
mance of the optimal scalar quantizer of these gain terms, when the overall
fidelity criterion is the Itakura-Saito distortion measure. These approx
imations and bounds are compared with experimental results.

1. INTRODUCTION

In an LPC speech compression system the speech frames are characterized by
an all-pole filter described by its z-transform o/A(z) (or simply o/A),
where o is the filter gain,

m
A(z) =1+ %

a
K k

1
and the excitation signal is either a periodic pulse train with period T,
Zero time-average mean and unit time-average energy for voiced sounds
(where 1 is equal to the pitch value), or a zero-mean,unit variance se
quence of independent random variables for unvoiced sounds. The set of
parameters Apsr-es 85 05 T that define this model have to be extracted
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from the sampled speech signal, quantized and transmitted to the receiver.
The rate of such parameter extraction is usually on the order of 50-100 Hz
to follow the time varying overall characteristics of the input speech sig
nal. At the receiver, speech can then be synthesized using the above all-
pole model and the voiced-unvoiced information.

From rate distortion theory [1] it is known that, in order to achieve a low
rate at a given distortion, it is better to quantize the whole set of
parameters A15-05 2, 0, T 35 3 single vector or block. Since there does
not exist a meaningful distortion measure for LPC systems that explicitly
uses the pitch t, this last quantity is usually encoded separately, which
results in a suboptimal compression system with a product code scheme.
Coding of the excitation parameter is therefore not considered here. In
[2], Gray et-al proposed a system that quantizes a vector which includes
the parameters a and o of the above model, using the modified Itakura-Saito
distortion measure [ 3 ] as the fidelity criterion. Even though this dis
tortion measure is not universally accepted, it is used explicitly orimplic
itly in LPC systems and it has the form -

2

drllo/Al%, 1o/R1%) = % - gn & -1 (1)
ag (o]
where
i)
A 9By ,2 G 2 do
«=| A (eI 132, (2)
[-‘n A(eJe) 2'IT

o/A is the all-pole model to be quantized and S/ﬁ is its quantized version.

A suboptimal system which allows relatively large rates to be simulated
with reasonably small memory requirements was proposed in {4],

using the same distortion measure as the one in [2] and (1) but with a
different expression obtained by adding and subtracting 2n o to the right
term of (1), that is,

[¢3 o4 o4
én —2->+<:2——2nq- 1) (3)
ag ag g
1ms expression reflects the so-called "gain separation" property of the
[takura-Saito distortion measure. The first summand in (3) does not depend

~
on o, while the second is nonnegative and equals zero if and only if 32 = Q.
Thus the first term is the gain-optimized distortion (i.e. Itakura distor
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tion) and is the value of the distortion when o/A is enceded as /&/K. The
second term is the contribution to the distortion when v is quantized as
G. Thus, appropiately defining d' and d", both of the distortion measures
(1) and (3) have the form

a (o/alZ, 18/K1%)=a (Josal?, [1/R1%) + T 8y, (a)

where

S opt = Y- (5)
Using this "gain separation" property, a scheme to encode the LPC parame
ters is presented in [ 4 1. It basically consists of encoding the normal
ized all-pole model 1/A, using d' and computing the value of the optimal
gain va. Then the optimal gain /& is encoded with distorticn d". We will
refer to d" as the scaflaxn Itakura-Sadite distosticn.

Algorithms to design the quantizers of the all pole model and the gain term
using d' and d" respectively are given in [4].

A further simplification was proposed later for designing the normalized
all-pole model quantizer. It consists of using 5% - 1 (called the gain-
normalized Itakura-Saito distortion) instead of gn f% {called the gain-
optimized distortion). The approach was successful, in the sense that a
system based on vector quantization with 10 bits per frame for the normal
ized filter 1/A, scalar quantization with 5 bits per frame for the optimal
gain, 5 bits per frame for the pitch (at 50 models per second this yields
50 (10+5+5)=1000 bps) resulted in quantitative and subjective quality close
to that of an LPC system with approximately optimal scalar quantization and

optimal bit allocation at a rate of 2150 bps.

Thus, it can be seen that the gain plays an important role in these en
coding systems [4] (25 percent of the transmission rate). Furthermore,
when the parameters of the normalized all pole-model (or a transformation
of them) are scalar-quantized, then the value of the optimal gain,
using the Itakura-Saito distortion as fidelity criterion after they are
quantized, is given by (5), and the fidelity criterion that should be used
to design a quantizer for the optimal gain is the second term of the right
hand side of (4). The gain usually requires about 107 of the transmission
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rate in these systems.

Another possible application of quotient based distortions can be found in
the encoding of the excitation signal of LPC systems. Since the excitation
signal Sy for voiced sounds is a nondeterministic periodic pulse train,
(sn=sn+r) for a particular speech frame it can be represented in terms of
its Fourier series as

s, = L 3 ¢os E%E»n + bk sin g%h-n .

Encoding this waveform can be done using a variety of fidelity criteria,
and in particular, it can be done with a criterion closely related to the
one used for encoding the LPC models, that is, a discrete version of the
[takura-Saito distortion [ 71]:

o Sy Sy
dy =5 Z{x -Ang - ,
k=01 % X

where Sk = E{ aE + bE % This measure, as well as its continuous version,

both are based on cross-entropy concepts [2,7 I.

In this paper we present bounds for the rate-distortion function for
quotient based distortion measures, and in particular for bandwidth compres
sion systems that use the scalar Itakura-Saito distortion as fidelity crite
rion. In addition, an asymptotic approximation to the performance of the
optimal scalar quantizer of these gain terms is derived. Finally, we use
these bounds to evaluate the performance of an LPC gain quantizer in a
product-codebook environment as described above, when the overal encoder

performance is determined by means of the Itakura-Saito distortion function.

11.B0UNDS TO THE RATE-DISTORTION FUNCTION FOR THE SCALAR
ITAKURA-SAITO DISTORTION

A. Quotient based distortion measures.

let the n-dimensional vector 5:(X1""’Xn) be the output of a continuos am-
plitude, discrete time source. Assume that the components of x are indepen-
dent, identically distributed {i.i.d) random variables with absolutely con-
tinuous probability distribution function and density function P(x). Llet

X=(Y1,---,yn) be an n-dimensional vector which is a member of the reproduc-
tion alphabet. The distortion that results from reproducing x as y is given
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n
<

1
== I d(xk,yk) where {dn, 1¢

by d.(x,y) n <=} is the single letter fi-

delity criterion generated by the nonnegative function d. We know that the
rate-distortion function R(D)[1] is a tool to determine the least rate at
which information about the source must be conveyed to the user in order to
achieve a prescribed fidelity as measured by the average value of a given
distortion function. In particular, for a quotient type distortion measure,
d(x,y)= p(x/y) and a positive source (P(x)=0, x<0), from Berger's results
[1] and [10] it follows that:

Proposition 1.

For a positive, discrete memoryless source, using a guotient based single
letter fidelity criterion, the rate distortion function R(D) is parametri-
cally lower bounded by

fos]

. L(DS)=h(P)-J dx P(x)en x - h(F,) +J( szs(x)SLnx, (7)

o 0 0
0= | ax (x)e(x), (8)
0
where h(P) is the differential entropy of the probability density P(+), F_(x)

s
is a probability density function defined by

o -1
O TR < | gz‘e'sp(zv (9)

z
0

and s is a positive real parameter. In addition, for any positive value of
this parameter, the Tower bound RL(D) (called the Shannon lower bound), co-
incides with R(D) (i.e., (7) is a equality) if and only if the random vari-
ables x associated with the source output can be represented as the product
of two independent random variables, one of which is distributed according
to the probability density function Fs(x), as given by (9). This in turn
is equivalent to the fact that the integral equation

P(x) = jo AR (10)

has a solution Qs(y) which is a valid density function.

Proposition 2.

For a nonnegative discrete memoryless source under a quotient single-letter
distortion measure, the rate distortion function is upper bounded by

R(D, ) < Ru(Ds)zh(QS)—Jooodes(x)znx— h(FS)+( “dxF (x)in x, (11)
6]
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where (e

QS(Y)= }0 dx qs(ylx) P(x) (12)

qs(yﬂx)=FS(x/y)x/y2,

and D is given in (8).

Wwe now turn to the particular case in which the single-letter fidelity crite

rion is the scalar version of the Itakura-Saito distortion measure.

B.1 Scalar version of the Itakura-Saito measure.

let the scalar Itakura-Saito single letter distortion measure between source
and reproduction symbols be given as in the right hand component d" in (4),

namely by,
dIS(X’y) = x/y - wn x/y - 1, (14)

and let
olz)= z-an z-1 (15)

Substituting (15) iato (9), it can be easily concluded that for the scalar
Itakura-Saito measure and for any source distribution, the density Fs(x) (of
the multiplicative noise see Berger,[1,pp 94])is the gamma density with unit
mean and second moment given by E(xz) =(s+1)/s, that is

s°  s-1 o SX

Ix) =
Fs\x) “Te) X

where T(s) is the gamma function

) (16)

Using this density in the last two terms of the right side of (7) yields

h(FS) =s+2n T(s)-ans - (s-1) w(s) (17)

[0 dsz(x)znx= Yls)-4ns-= -D, (18)

where D is given by (8) and y(s) is the psi function. Therefore, upon sub-
stituting (15)-(17) into (7) and (8), the parametric equations for the lower
bound of the rate distortion function result in

D) =h{(P) - E{anx) - (s - sy(s) +an r(s)) (19)
D = n s-y(s). (20)

It can be observed from (19) that this lower bound is, as expectea, & func-

tion of the source output probability density function P(-). We now turn to
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the analysis of particular cases.

B.2 Gamma source.

As it will be seen later, the gamma distribution plays a similar rcle in the
context of the scalar Itakura-Saito distortion measure, as does a Gaussian
distribution in the context of mean-squared-error encoding. Thus, assume
that the density function P(x) of the discrete memorvless source is of the
gamma family with parameters (a,8), that is

P(x) = ___T_)_“'u X(;',ie_xm ,x20, (21)

with positive parameters o and 8

Thus, (19) can be reduced to the form

. o T(a)

RU(Dg) = (u-s) + anggy - (o wle) - s w(s)) (22)
let Dmax be the minimum average distortion at zero transmission rate. Then
Doay = Min E {dIS(x,y)}= E{dls(x, E{x})} = - E{enx}+2n E{x}, and for the
gamma source this yields

Dmax = qn u-ypla). (23)

An interesting property of gamma sources using dIS as the single letter fi-
delity criterion, and the Tower bound defined parametrically by means of
(22) and (20) is given in the following proposition (all the proofs are
given in [10]).

Proposition 3.

The Shannon lower bound RL(D) to the rate distortion function of a discrete
memoryless gamma source with parameters « and 8 (see (21)) under the scalar
Itakura-Saito distortion measure, coincides with R(D) on the interval

0<D: Dma

- This rate distortion function will be denoted by R u(D).

B.3 General source distribution.

Consider now the case where the discrete memoryless source has an unknown
distribution, and only the mean value and the maximum distortion at zero
rate is known. The following propositions give the greatest Shannon lower
bouna and an upper bound for the rate distortion function.

Proposition 4.
Let & be the family of positive discrete memoryless sources with mean value
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equal to a and minimum average aistortion at zero rate equal to Dmax’ i.e.,

-E{tn x} + 2n E{x} = Dmax'

The source that achieves the greatest Shannon Tower bound of the rate distor
tion function has a marginal density function which is a gamma functionwith
parameters (u,B), where q is given by the solution of the equation

, and B=a/a. That is, RG,a(D) = max RL(DS).

on o -{w) =D
ma PE:’x

X

Proposition 5.
Let a positive discrete memoryless source be such that the mean value of the

output and the minimum average distortion at zero rate are given by Ei{xi=a,

-t{snx}+gen E{x}= D .
max

Then the rate distortion function is upper bounded as

- I-‘(r‘) - ) - | =9 - 24
R(D_) < R (D)= (r-s) +2on T (ry(r) ~sy(s)), D=tns -i(s) (24)
for all s>1 or equivalently, for distortions DS< £=0.57721 ... (Euler's
constant), and the parameter r is the solution to Tn r ~u(r) = Dmax' DS +
s t > >
tanT Furthermore, when D 0, then Ru(Ds) RG,a(Ds)' It can be

concluded that if R(D) is the rate distortion function with respect to the
scalar Itakura-Saito measure, of the worst source with minimum average dis-
tortion at zero rate equal to Dmax’ then, RG,a(D) < ﬁ(D) < ﬁu(D), and so,
asymptotically, the gamma scurce &8 the wonst case to be encoded with the
scalan Ttakurna-Saicto measure, when only the mindmum average distontion at

zeno nate 45 hnown.

In the next section the bounds that were derived in the previous paragraphs
are used to evaluate the performance of Lloyd's scalar quantization of a
memoryless gamma source when the distortion is measured by the scalar
[takura-Saito function. A better evaluation is one based on lower bounds
derived as asymptotic performances of optimal scalar quantizers as Noeo,
These results are based on Berger's derivations [2, ch. 5] and [ 8].

B.4 Asymptotica11y optimal quantization

Given a fixed N, an optimal quantizer minimizes a distortion function over
the N reproduction points and over the boundaries between the levels. Gish
and Pierce [9 ] derived asymptotic approximations for the distortion, as N
is large and when the distortion is a function of the difference between
source and reproduction symbols. This was later generalized for other dis-~
tortions and to several dimensions. In particular, we follow [8 ] to obtain
an asymptotic lower bound for the quantizer which minimizes the scalar

344
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&takura-Saito distortion. Let a discrete-time memoryless source generate
positive, i,i.d, random variables with density P(x) whose sypport is (a,b).
Let T, be the thresholds of an N level scalar quantizer (a=TO,b=TN). If the
single letter distortion from reproducing x by y is of the quotient type,
p(§§, then the average distortion_is

N k N
0= oy = £ Pl plRim) ox. (25)
) k=1 Tk-l
1f N is large and p(=)is ghe scalar Itakura-Saito function, then the average
distortion can be bo¥nded as shown in the next proposition.
Proposition 6.

Under the above set of hypotheses, and if P(x) is gamma with parameters
{c,B), then [10 J:

- —2k+1
= 1 1 1 a

III.EXPERIMENTAL EVALUATION

Two_sets of eight scalar quantizers were designed with Lloyd's Algorithms
[10] : one was based on a training sequence of gain terms, generated from
11000 frames of pre-processed sampled male speech. The training sequence of
optimal gains was obtained from 11000 sets of LPC coefficentes, quantizing
the normalized all-pole model coefficients using [ 4 Jand computing the gain
for each frame using (5). Dpax was estimated with arithmetic means. Since
our results are interesting when applied to a gamma source {the LPC gains
are not gamma), a second set of scalar quantizers was designed, using a
training sequence of 25000 samples from a memoryless gamma source, with Dyax
as computed from the LPC optimal gains of the first training sequence. We
also compute the bounds for R1(D) of a source with a fixed butunknown distri
bution {(we omit the subindex 1). From the experimental Dnax» using proposi-
tion 4 and 5, we compute the worst case Shannon lower boun RG’&(D, and the
upper bound Ry(D) of (24). The functions RG,Q(D), Ry(D) are presented in
Fig.1l, from which it can be seen that the worst caserate distortion function
for the optimal LPC gains source is practically known in the range D<0.1 or
R>2.5 bits/gain term (R(D)-Rg, ,{D)<0.06 for D<0.1). The worst case rate
distortion function is within 2% of the rate distortion function for the
above memoryless gamma source, Rg D). The performance of Lloyd's quan-
tizer for the source which generafes the optimal LPC gains, inside as well
as outside the training sequence is also shown. The quantizer performance
is within 3% of the worst-case source with the same Dpax (from 1 to 8 bits/
sample). Fig. 2 shows the rate distortion function for the gamma source
with scalar Itakura-Saito function, a Tower bound to the asymptotic perfor-
mance of the optimal scalar quantizer, and the performance of the scalar
quantizer designed with [ 5,6 1. Note that for a fixed distortion, the best
scalar quantizer is at least one bit/sample above the rate distortion bound
for large rates. For lower rates (5 bits/sample) the performance of the
designed quantizer and the lower bound to the asymptotic approximation coin-
cide, (but the validity of the asymptotic approximation is questionable in
this region). It can be seen that scalar quantizing a gamma source at 5
bits/sample, a reduction of 1.3 bits/sample is in principle possible for the
same D.

IV. CONCLUSIONS

Some information theoretic results, previously applied to difference distor-
tionscan be extended to measures based on quotients. The Itakura-Saito dis-
tortion, used in speech coding [2,3] , has a scalar version which is quotient
based, and shares the above properties with the original Itakura-Saito func-
tion. The performance of Lloyd's quantizer (sca]ar? for a source of optimal
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LPC gains using the scalar Itakura-Saito distortionz 1s‘comparab1e to the
rate distortion function, with the same fidelity'cr1ter1on, of the wqrst—
case source (gamma) with the zero-rate minimum distortion (for R>2 bits/sym
bol). The worst-case source for the scalar Itakura-Saito distortion and a

given D is gamma.
max REFERENCES

(1] T. Berger, Rate Distortion Theory: A Mathematical Basis for Data Compres-
sion, Prentice Hall, Englewood Cliffs, NJ, 1971. [2] R.M. Gray, A.H. Gray,
Jr., G. Rebolledo, and J.E. Shore, "Rate distortion speech coding with a
minimum discrimination information distortion measure”, IEEE Trans. Inform.
Theory Vol. IT-12, pp.708-721, Nov. 1981.[3] R.M. Gray, A. Buzo, A.H. Gray
and Y. Matsuyama, “Distortion Measures for Speech Processing", IEEE Trans.
on_Acoust., Speech, and Signal Processing, Vol.ASSP-28, pp.367-376, Aug.1980.
[4]M.J. Sabin and R.M. Gray, "Product Code Vector Quantizers for Waveform
and Voice Coding", IEEE Trans. Acoust., Speech and Signal Processing, Vol.
ASSP-32, pp.479-488, June 1984, [5] S.P. Lloyd, "Least Squares Quantization
in PCM", IEEE Trans.Inform.Theory Vol.1T-28, pp.129-137, March 1982. [6] Y.
Linde, A. Buzo and R.M. Gray, "An algorithm for vector quantizer design",
IEEE Trans.Commun., Vol.COM-28, pp.89-95, Jan.1980. [7] J.E. Shore, "Minimum
Cross-Entropy Spectral Analysis", IEEE Trans.Acoust., Speech and Signal
Processing, Vol.ASSP-29, pp.230-237, April 1931. [8] R.M.Gray and A.H.Gray,
Jr., "Asymptotically Optimal Quantizers". IEEE Trans.Inform.Theory Vol.IT-
23 , pp.143-144, Jan.1977. [9] H. Gish and J.N. Pierce, "Asymptotically Effi
cient Quantizers", IEEE Trans.Inform.Theory, Vol1.I1T-14, pp.678-683, Sept.
1968. [10] A. Buzo, F. Kuhlmann, C. Rivera, "Rate dictortion bounds for quo-
tient based distortions with application to Itakura-Saito distortion", IEEE
Trans. Inform. Theory, to appear.

3

Fig. 1 \ ° -

Rate (bits/sample)vs.
Distortion (logjp{aver
age scalar Itakura-Sai

to)
—_ RY. Rste distortian funatien
: Lowar bound o the quantrger perforasnce .
Quentiyer performencae A
2 v \
‘5’ 7» A T TYY A A - v Y‘YTWJ
. —
{
f a a 1
i - Fig. 2
| Rate (bits/sample) vs.
| .. Distortion (]oglo (aver-
| age scalar Itakura-Saito)
T 0a i
;* =~
1 L. Re D). Upper bound ‘\,‘ ,
. — Re.. 0, . Granteand Shennan lewer beund “".
:Ounllur porformuncs. fn2.de. the trefning saquenas
, Quentizar perfermanca. sutside the treining ssguenss
: " R - )

346




H. Cinco-Ley, F. Samaniego, et al

THE PRESSURE TRANSIENT BEHAVIOR FOR NATURALLY
FRACTURED RESERVOIRS WITH MULTIPLE BLOCK SIZE.

Society of Petroleum Engineers. September 22-25, 1985

SPE 14168







ANALES D.EPFEIL 1985

17

SPE 14168

SPE

Society of Petroleum Engineers

The Pressure Transient Behavior for Naturally Fractured

Reservoirs With Multiple Block Size

by H. Cinco-Ley and F. Samaniego V., Pemex and UNAM, and F. Kucuk, Schlumberger

SPE Members

Copyright 1985, Society of Petroleum Engineers

This paper was prepared for presentation at the 60th Annual Technical Conference and Exhibition of the Society of Petroleurn Engineers held in Las

Vegas, NV September 22-25, 1985,

This paper was selected for presentation by an SPE Program Commitiee foliowing review of information contained in an abstract submitted by the

author(s). Contents of the paper, as presented, have not been reviewed by the Society of

Petroleum Engineers and are subject to correction by the

author(s). The material, as presented, does not necessarity refiect any position of the Society of Petroleum Engineers. its ofticers, or members. Papers

presented at SPE meetings are subject to publication review by Editorial Committees of 1

he Society of Petroleum Engineers. Permission to copy is

restricted 1o an absiract of not more than 300 words. ilustrations may not be copied. The abstract should contain conspicuous acknowledgment of where

and by whom the paper is presented. Write Publications Manager, SPE, P.O. Box 833836,

Richardson, TX 75083-3836. Telex, 730989 SPEDAL.

ABSTRACT

A new analytical model is presented to study
the pressure-transient behavior of a naturally frac-
tured reservoir composed of a fracture network and
matrix blocks of multiple size. Matrix blocks are
considered to be uniformly distributed--through a
reservoir of infinite extent. A general model for
fluid transfer between matrix and fractures is esta-
blished; this model justifies the use of both the
Warren and Root model and the transient matrix flow
model for double porosity systems.

The multiple block size situation 1s handled
through the use of a distribution function f(h_ )
that represents the fraction of matrix pore volume
contained in blocks of size h It is demonstrated
that classical parallel semilgg straight lines can
be present under these circumstances and the transitiof
zone may exhibit the characteristic half slope straigh{
line when there is no flow restriction between matrix
and fractures; --however, the transition between
the end of the second and the third semilog straight
line appears to be longer. It is found that the
behavior of this type of systems is dominated by
matrix of smaller size and the matrix blocks size
computed from well testing by using the semilog straigi
line intersection method corresponds to the weighted
hﬂgmonic average; that is, in discrete form 1/h

fi/hmai where NB is the number of block sizes.

i=1
On the other hand, the A value from well test anal

ysis corresggnds to the arithmetic weighted average,

that is A “r fiki. These findings are important wheJ

applying I=1 the transient pressure result

to waterflooding project design.

INTRODUCTION

A significant portion of the world hydrocarbons
reserves are contained in naturally fractured reser-

References and illustrations at end of paper.

voirs. An optimum development an exploitation

of these reservoirs requires a complete characteri-
zation of the system. One of the most important
methodsltg achieve thils goal is the pressure transient
testing *" which 1s used to determine the degree

of commumication between wells and the fracturing
characteristics of the reservoir among other things.
Several models have been developed for the analysis
of the data collected through this kind of testing;
these models include the anisotropic medium, the
multiple zone medium, the single fracture system
and the so called "double porosity reservoir™.

The double porosity reservoir has received SPeCi§145
attention through the publication of many papers .

In general, a double porosity reservoir is consi-
dered to be composed of matrix blocks and fractures
uniformly distributed throughout the medium. Although
the matrix possesses a permeability such that fluid
is transferred to the fractures, the flow of fluid
towards the well is assumed to occur via - the
fracture network only. Models with different matrix
block geometries have been studied including slabs,
cylinders, -- spheres, cubes and parallelepipeds.

It has been demonstrated that the pressure

tbehavior in these system is drastically affected

by the way the fluid is transferred from matrix

into fractures. Based on this aspect, the double
porosity reservoirs can be classified as: a) matrix
pseudo-steady-state flow model (Warren and Root)
-and b) matrix transient flow model (de Swaan and
Kazemi). The former characterizes the behavior

by using two dimensionless parameters w and A,

the fracture storage ratio and the interflow parameter,
and the later uses three parameters, w, T and

Af HIRS represents the dimensionless hydraulic
d1?fus?€?ty of the matrix and A_, is a parameter
related to fracture area per unit of rock volume.
One of the main assumptions of these models is

that matrix blocks are of the same size and shape

in the entire reservoir.
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The purpose of the present work is to develop
an analytica model to study the pressure behavior
of a double porosity reservoir composed of matrix
blocks of multiple size. Special emphasis is given
to the effect of a flow restriction between matrix
and fractures because this situation appears to justify
the application of the pseudo-steady-state matrix
flow.

RESERVOIR FLOW MODEL

Let us consider a naturally fractured reservoir
composed of matrix blocks of multiple size uniformly
distributed throughout the medium. Let f(h__) be
the frequency function for matrix blocks of"31ze
hma in such a way that

I max

AL ()
min

or in discretized form
N8
DRI L (2)
il

where NB is the total number of block sizes.

The function f,  represents the pore volume stored
in matrix blocks of 'size h a expressed as a fraction
of the total pore volume of %he matrix in the reservoi

The model studied in this work is shown in Figure
1, where the fracture network has an equivalent per-
meability k_, , a total compressibility c £ and poro-
sity ¢fb' fge subscript b indicates thaE the para-
meter 1S defined by using the bulk volume (matrix
and fractures). On the other hand, the matrix blocks
have a permeability k , a porosity § and a total
compressibility Cema’ hese parameters are the in-
trinsic properties defined by using the matrix rock
volume.

A parameter, defined in a earlier vork34, that
deserves special attention since is directly related
to imbibition rate calculations is the fracture area
per unit of rock volume Afb (or per unit of matrix
volume A )}, that is, the area of interaction between
fractures and matrix per unit of rock volume.

Slab matrix blocks

ma

A - 2 ——= (3)
b

hna‘"f hma vb

Fi‘ (4)
A - 4
fma na

Cube matrix blocks
6 h;\a

Ay (5)

(hma“'f)’

(6)

A, .=
fma
Pna

both h_and h. are defined in Fig. 2 and Vb and
V__ are the bufk volume and the matrix volume, respec-
tTvely.

For a reservoir with multiple matrix block size
A, and A__  are:
b fma

b
O el (LSO ML LU
"min

(n

and

h
Afml.Ihma‘ f("ma) Afma(hm)d"m

min
(8)
which in discretized form become:
NB
Rep™ I fi0gy, (9)
i=]
and
NB
Afma™ i fi‘fmai (10)
j=1

In the following, matrix blocks are assumed
to be slabs., Other block geometries can be considered
in a straight-forward manner. Also, a finite number
of matrix block sizes are present in the reservoir.

Let us now assume that the flow in the reservoir
occurs under the following conditions.

Fluid flows towards a well only via the
fracture network.

- Flow in the fractures obeys Darcy's Law.

- Pressure gradients are small throughout the
reservoir.

- Gravity effects are negligible.

- The fracture network behaves as a homogeneous
and isotropic porous medium.

The transient flow phenomenum in this type of re-
servoirs is described in cylindrical coordinates
for radial flow 1in terms of dimensionless variables
by:

1o ap
L2 oy
rg 3rp ity

N8 L

1] (1)

-80w) I finpaps f —

izl LI 2
T - {zne1) wingypgltgr0) - 20gp
n=o0 aty (11)

where the dimensionless parameters are defined
as follows:

Dimensionless radius
r

R
L (12)

Dimensionless fracture pressure drop

.k ho8p
fb hd
pepe 2 —— L
07 6w (13)

I
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Dimensionless time
B ke t
tpr ——— (14)
(Bcy)purd

Fracture storativity ratio
|
wa CfbEEF
(fcy)y

(15)

Dimensionless matrix hydraulic diffusivity

kgy (fcy)y ry

"mabi” (16)

kf‘h (‘ct)ml h:ui
See Appeuaix A for derivation of Eq. 11

According to these equations the multiple block
size characteristics of the medium are handled through
the use of the functions f, and n .3 this last
parameter considers the ma%rix blggglsize. Notice
that values are required for f, and n

block sizes for the problem to be comg

ig%ely defined.
All t_, w and Noa

are defined by using (éct)t
which 1s given by:

Di

(Bee) o™ Peper * Pranema (a7

and « and B are unit conversion constants given in
Table 1.

PRESSURE _SOLUTIONS FOR THE FLOW MODEL.

The pressure behavior caused by a well producing
at constant rate in a naturally fractured reservoir
with multiple block size is given by:

1
537 ’[u'(l-u)g(fi.n

1
peplrpe to)e L [ —

Ko [rDs* [w+(1-w)9(fi.nmani.5)]s

%, Ls*[wo(l-u)g(finmbi,s]*] J

(18)
where
He ¢ tanh

f., ;18)=2 N n an H
9 i*"mani s) %-1 i miDi (”maDi)
I

(18)

See Appendix B for derivation of Eq. 18.

An analytical inversion in Eq. 18 yields a rather
complex expression which can be difficult to evaluate;
however, short, intermediate and long time behavior
may be readily examined.

Short Time Behavior

matrix blocks
is produced

At very small values of time t_ the
contribution is negligible and the ?luid
due to the expansion of the fluid in the fracture
network. Under these conditions s + =; the function
g(fi, nmaDi’S) goes to zero and Equation 39 becomes:

for different

K lrpstat)
s’;’ullfslui]

Prp* (20)

this equation is similar to the solution for radial
flow in a homogeneous system; that is, 1f large
values of r are considered, inversion of Equation
20 yields tge well known Line Source Solution:

2

Peplrpmatyl= 3 El[ (21)

o]
4(tp/e) |

The pressure drop at the wellbore for practical

values of tD i1s:

t
D
-1+0.80907] ()

ND“"D” tiind

this equation describes the behavior of a semilog
straight line. Both Equations 21 and 22 give the
reservoir pressure of the so called fracture network
dominated flow period.

Long Time Behavior

At large values of time the expansion of the
total system (fractures+matrix) contributes to
fluid production and the flow in the matrix reaches
a pseudo-steady-state like condition. Under this
situation the g function becomes unity and Equation
18 simplifies to give:

KO[rDsi]

Peplrpss)= —;T7;;;z;;;

(23)

the Laplace inversion of this equation is the solution
for radial flow in a homogeneous infinite reservoir
which for large values of LN produces the line

source solution:

.
Prolrpty)= ;51(4—’:) (24)
0

For practical values of time, the pressure at the
wellbore is given by:

PuD* i[IntD+0.80907] (25)

which also is the equation for a semilog straight
line. Notice that Equation 22 and 25 are similar,
the only difference is the parameter w. These

two equations correspond to the two parallel semilog
straight lines.

Intermediate Time Behavior

At intermediate values of time, provided that
w 1s very small, the pressure behavior is dominated
by linear flow in matrix blocks. Under these circum-
stances the function g is given by

n i
622 (26)

NB
g(fi‘nmani'5)= Zz fi
1=1
the Laplace inversion for times of iInterest and
rD=l (wellbore) for Eq. 18 is:

fi/n_)+0.2602

1 1 NB
Pup™ 7 1Mtp" -Z\n(Zg=l napi

(27)

RGBT AT Tk
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this equation shows that there is an intermediate
semilog straight line whose slope is equal to one
half of the slope of the parallel semilog straight
lines.

Approximate Solutions

For practical values of dimensionless time,
some simplifications can be made. For instance the
denominator of Equation 18 can be simplified by con-
sidering that

xKy(x) X lwhen x«o

hence:
Peplrpss) &

4 NB
0 rps (uf(l-w)zl‘z'lf

[mas zannP))*J
Ty ¢ mali

(28)

furthermore, the pressure at the wellbore may be
expressed as:
=1

Pyp® ° 3

* s

N RTT "mani ;
[1n(%i(m+(l-m)2§-lfi n”:"‘tanh( :’D'))’)+(
(29)

since K (x)y -(ln(-;-)*’v) when s=o
Yy is the Euler's constant (0.5772...)
From the computational point of view Eq. 29 appears
to have advantage over Eq. 18 since evaluation of

Bessel functions is not required.

Extension to the case of matrix-fracture flow

restriction.

Mineral deposition at the fracture face can
reduce the interaction between matrix and fractures
in naturally fractured reservoirs. This situation
delays the flow from matrix into fractures and can
be handled as a skin damage (Fig. 3). Appendix C
shows that a general model can be developed to conside
both transient matrix flow model and pseudo-steady-
state matrix flow. It is shown analytically that
the use of the Warren and Root Model is justified
by this situation and the parameter y can be expressed
in terms of a skin factor, A and nm as follows:

fD aD
Aggn
A= fD"mal (30)
SmaD
where S is a dimensionless parameter introduced

to handT& the matrix-fracture flow restriction. This
variable is defined as:

s - ma*d
maD 31
LFLEN f31)
k X4 and h are the matrix permeability the

damageg zone permeabllity, the thickness of damaged
zone and the matrix block size, respectively. Figure
4 illustrates this type of model.

Equation 18 can be extended to take into account
flow restriction between multiple size matrix blocks
and fractures (Fig. 5) by redefining the function
g as follows:

EAARTL NIRRT

oot
zgs . -2 tanh((:/nmau,)’lz}
i

=1

. tanh((s/ Y2y

s
Nmapj mabi maDi

(32}

A model defined in this way allows to study the
behavior of multiple matrix block size reservoirs

in general fashion because conslders both the transient
matrix flow model (S =0) and a pseudo-steady-

state flow like modeT3

It can be shown that the parallel semilog
straight lines do exist for this case. Furthermore,
if w is very small and n << 1, the transition|
period exhibit a stabllizeg pressure drop similar
to the single matrix block size case. The stabilized
pressure drop is given by:
NB i
Pup 1ML/ T TiRepy "mani/Smapi) ) ¥

(33)

or:
o

NB 4
P 1n(2(1/ g.lfi Aty

(34}

Evaluation of Solutions

Solutions were evaluated by using the Stehfest
numerical Laplace inverter in a programmable
calculator (HP41CV). It was found that ten terms
in the series of the numerical inverter provided
excellent results.

DISCUSSION OF RESULTS

Several cases were run to study the effect
of different parameters on the pressure transient
behavior of a well producing at constant rate.
One, two, three and five block sizes were considered
in addition to the restricted matrix-fracture flow
situation. The matrix block size is included in
the dimensionless matrix hydraulic diffusivity
n in such a way that different values of this
parameter must be provided to study a multiple
block size case.

First, a single matrix block size case was
studied. The differences between the transient
flow model and the model with flow restriction
of the matrix-fracture interaction are shown in
a semilog graph in Figure 6 (n = 107" and S D=l).
Notice that the first model yleigs a lower dimén-
sionless pressure drop exhibiting a straight line
during the transition period between the two semilog
straight lines; the slope of the transition straight
line is one half the slope of the parallel semilog
straight lines. The matrix-fracture low restriction
model exhibits a rather flat transition zone; this
behavior resembles the behavior of the Warren and
Root model. In addition, it can be observed that
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the lower the value of w the flatter the pressure
curve in the transition zone.

Figure 7 presents a semilog graph for the behavioq
of naturally fractured reseggoirs with different
values of S for n 10 © and w = .01. A high
value of § gives gagigher pressure drop during
the transi@ign zone. The minimum value of the slope
during the transition zone depends on' n ; that
is, the higher the § value the 1owerm%ge minimum
slope of the transit?g% zone. This fact is also
illustrated in figure 8 where a graph of t dpD/d
(semilog slope) versus t. is presented. In general,
the presence of skin between fractures and matrix
cauges the fracture network dominated flow period
to last longer because matrix-fracture interaction
is delayed.

The results for a case_vhere two maEEix block _
sizes are acting (n =10 “, n aD2" 10 7y w =10
are shown in Fig. Q?aD}ive cases"aré presented for
different values of the block size distribution functid
f . It can be noticed as shown by the approximations
o% the solutions, that the transition zone exhibit
a straight line portion whose slope is one half the
slope of th parallel semilog straight lines. The
pressure behavior is independent of the block size
distribution function for small and large values
of time. Furthermore, the pressure curves are cleser
to the curve repgssenting the behavior of the smaller
blocks (“maD= 10 ).

%

The curves in Figure 9 are smooth and it seems
to be dif icult to detect from the shape the multiple
block size nature of the reservoir; however, as indi-
cated by Figure 10, the semilog slope curve shows
a strong effect, that is, these curves exhibit two
flat portions during the transition zone; again,
the curves tend to be closer to the curve-representing
the smaller matrix blocks. It should be pointed
out that the cases considered in Figures 9 and 10
include two block sizes, being the size of the larger
blocks around three times the size of the smaller
matrix blocks.

The effect of a high contrast between block
sizes 1s presented in Figures 11 and 12. Notice,
as in the previous case, the curves tend to be closer
to the curve representing the case of the smaller
block size. Although the pressure curves (Fig. 11)
are rather smooth to characterized these cases, the
semilog slope curves (Fig. 12) appear to have a strong
character.

The effect of the number of block sizes on pressuy
behavior is illustrated in Figure 13. Curves for
one, two, three and five block sizes which are evenly
distributed are presented. Although each case has
a different curve, the shape of the pressure behavior
curves 1s similar being difficult to identify each
situation. The semilog slope curves are presented
in Fig. 14, we can see that the curves for three
and five are quite similar; however, for one and
two block sizes the curves are completely different.
It appears that as the number of block sizes; increaseg
for uniform distribution function f, the behavior
approaches a smooth curve for both pressure and semi-
log slope.

The effect of the shape of the block size dis-
tribution function is shown in Figures 15 and 16.

(g™ 1078, 521078, 1077, 5x1077 and 107%) end

the teraction between matrix blocks and matrix

is not restricted (S = 0). Several sets of
distribution functions were studied, they include

the even distribution case and cases where a particular
block size is the dominant one (see upper left

corner in Figures 15 and 16). It can be observed
that different cases exhibit pressure curves of
similar shape; the pressure behavior ig given by
rather smooth curves all of them showing the straight
line portion in the transition period. The curves
for the semilog slope (Fig. 16) are different for

the cases included in this study, and they exhibit
oscillations indicating the multiple block size
nature of the reservoir.

Figure 17 shows the pressure behavior for
a reservoigscompgged of matrix blocks of two sizes
(n = 10 °, 10 ) with matrix-fracture flow restric-
tion (S i~ 10, 1). The curves for different
sets ofmggock size distribution function f_ exhibit
msimilar shapes during the transition perioé; however,
the semilog slope curves (Fig. 18) show again different
shape for different cases.

From the results for the cases examined in
this work we can say that a naturally fractured
reservoir with multiple block size may exhibit
the classical parallel semilog straight lines.
The behavior of this system differs from the behavior
for a single matrix block size system only in the
transition period and it 1is difficult to identify
the multiple block size nature of the reservoir
by using the pressure alone, because the pressure
behavior 18 a kind of average of the corresponding
behavior of the components of the system and generally
represented by a rather smooth curve.

On the other hand, the pressure derivative
function (t,dp,./dt,) does show oscillation, related
to the different matrix block gsizes of a reservoir.
In general, it can be ovserved that the smaller
matrix blocks (high n ) dominates the wellbore
pressure behavior dur?ng the transition period
because small blocks have a high degree of interaction
with fractures as a result of a large fracture
area per unit of rock volume exhibited by this
situation.

An interesting situation vccurs when the reser-—
voir has a wide range of matrix block sizes. Under
this condition, the first semilog straight line
does not exist. This is due to the fast matrix-
fracture interaction exhibited by the very small
leblocks. TFor these cases, the transition period
of the pressure cause is rather smooth approaching
the correct semilog straight line a symptotically,
resembling the behavior of a well intersected by
a single fracture.

APPLICATIONS TO WELL TEST ANALYSIS.

The results obtained in this work can be applied
to improve the analysis of pressure transient data
>for naturally fractured reservoirs with double
porosity behavior. Several are the parameters
of the reservoir estimated by well test analysis
such as the fracture storativity ratio w, the inter~
flow parameter X, the matrix block size h__ and
the fracture area per unit of rock volume b

Here, five different block sizes are considered
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The theory presented in this work, for the behavidr 5) The parameters w and A{b calculated from single
a

of a naturally fractured reservoir with multiple matrix block size model are correct for a multiple
block size, allows a better physical interpretation block size reservoir.

of the results obtained through the application of

methods for single matrix block size models. From 6) The parameter A calculated from the single matrix
the results obtained in the previous section we can block size model corresponds to the arithmetic

say that both w and A b obtained from single matrix weighted average for a multiple block size

block size model can ge interpreted as so for the reservoir,

multiple block size model; however, the physical
meaning of both X and h__ obtained from single matrix 7) The matrix block size h estimated from the

block size model has to"be modified when considering *  ‘single matrix block size model corresponds to

a multiple block size model. the harmonic weighted average for a multiple block
size reservoir.

From Equations 29, 30, 32 and Appendix C, the

estimated value for X through well test analysis 8) The multiple block size nature of a reservoir
appears to be: can not be identified by analyzing the pressure
N8 alone.
S IRSLY (35) i

9) The pressure derivative functions is a powerful
tool to identify the multiple block size nature

where X, is the interflow parameter for the ith matrix of a naturally fractured reservoir.
block size. Equation 35 indicates that the value
for X estimated from well test analysis corresponds ACKNOWLEDGMENT' S

to the arithmetic weighted average.

The development of the present work was supported
The matrix block size for a single matrix block by Schlumberger Well Services and UNAM,

size reservoir can be estimated in well test analysis

i from the time of intersection of the transition semiloq NOMENCLATURE

straight line and the final semilog straight line.

: For a multiple block size reservoir, in accordance A = Fracture area per unit of matrix volume
1 . fma
H to Equations 25 and 27, a parameter calculated in A - F £ it of bulk 1
i this fashion yields: ¢p = Fracture area per unit of bulk volume ;
AfD = Dimensionless fracture area £
NB £,
Pna™ [1=lh -1 (36) B = Formation volume factor.

mai

c = Fluid compressibility

this equation indicates that the matrix block size Cef < Fracture system total compressibility

estimated from single matrix block size model repre- ¢, = Total compressibility
sents the harmonic weighted average. In this type .
of average, the smaller size blocks have an important £ = Block size distribution function
influence. h = Formation thickness
It can not be over emphasized that it is difficul hma = Matrix block size
to identify a multiple block size case by analysing k = Permeability
the pressure alone, the semilog slope (pressure deri- -p
vative function t dp/dt) seems to be a powerful tool |3 = Pressure
when analyzing data in this type of reservoirs. Py = Dimensionless pressure
CONCLUSIONS pﬁ = Dimensionless pressure derivative
Py = Initial reservoir pressure {
From the theory and results presented in this A -p h :
work the following remarks are pertinent: P = Fressure change |
q = Well flow rate :
1) An analytical model is presented to study the - pi 1 :
pressure transient behavior of a naturally frac- r = Distance to production we :
tured reservoir with multiple size matrix blocks. r, = Wellbore radius ;
2) The use of the Warren and Root model for double s = Van Everdingen and Hust skin factor é
porosity systems can be justified by comsidering SmaD = Dimensionless damage parameter for matrix ;
a damaged zone between matrix blocks an fractures. fracture flow restriction. ;
3) The pressure behavior of a well in a multiple s = Laplace transform variable ?
block size system may exhibit the classical beha- t = Time i
vior of single block size double porosity systems. £ = Dimensionless time ;
4) The first semilog straight line does not exist in | V = Volume
the behavior of a well in a naturally fractured
b'S = Distance, thickness

reservoir with a wide range of block sizes includ-~
ing very small matrix blocks. Y = Euler constant (0.577216)
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By taking into consideration Equation 3 of main
where qm is the matrix-fracture flow rate per text we have L s an
unit of"fock volume and is given by: — —(r )
rp 3 D arD
. N8 Kna
B SN . - VO T D S o
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Equation (A-2) can be written as: w (2Dl “‘t“'w(t -1)dt
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“n ~ {#c, ), at -
ma I 'i(vP(hmai))surfAfb‘l' t't °FD {A-8)
Kep =1 If Equations 15 and 16 are used, Eq. A-8 yields
Eq. 11 of main text.
Sepfef 2Pr
k at (a-3) APPENDIX B
here (Vp(h is the pressure gradient at the

face of a ma%rlx Bfock of size h
mai

In order to obtain general a solution it is
necessgary to use dimensionless variables. By using
Equations 12 through 14 of main text we obtain:

ap
1 3 fD
T ls )
rp orp D ary
k NB
_ ma_, fb ’
Tf_brw gxl i7fpi 80y (Mg i gyt
_ BeSer PPeo
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The relationship between the matrix pressure gradient
and the fracture pressure is:
(va pma(hmai))surfz

ot

| 3226ed (oup (hgg ) (2or ) or
[

surf, unit

(A-5)
., 1s the pressure gradient
it
1133 Y8alised by a unit pressure
For the strata case:

where (VAp ( b))
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Hence, Equation A-4 becomes:
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DIMENSIONLESS PRESSURE CONSTANT RATE IN AN INFINITE
MULTIPLE BLOCK SIZE DOUBLE POROSITY RESERVOIR.

The boundary and initial condition of Equation
11 of main text for this case are:

Initial conditions

Peplrps tp=0)=0,lcr <= (8-1)

Boundary conditions

3p
(rp =2y = o1, g0
arp rp=l

(8-2)

and 1im (8-3)
o

. pr('D"n)so :D>0
0

Equation 11 can be solved by using the Laplace
Transform method. Let us consider that:

Lo {pepltylds Bypls) (B-4)

A}
Hence Equations 11, B l B-2 and B-3 become
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It can be shown that
)

(2-8)
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Equation B-5 can be expressed as:

]
Tma0i J mani )]-o

. us
=sbep w(l-w)2f lf1 <
i

g
P D,

— (r
Ty f 0 3Ty

(8-9})
The solution for this equation with boundary conditiong
B-6 and B-7 is:
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APPENDIX C

PRESSURE BEHAVIOR MODEL FOR A NATURALLY FRACTURED
RESERVOIR WITH MATRIX-FRACTURE FLOW RESTRICTION.

Let us consider a fractured porous medium compose
of two parts: matrix blocks and fractures. Let
us also assume that matrix blocks are of equal size
and that the flow interaction between matrix and
fractures is restricted by the presence of a low
permeability medium (mineral deposition). This flow
restriction causes a flow rate dependent pressure
drop between matrix surface and fractures.

The reservoir contains matrix blocks uniformly
distributed in the reservoir (Fig. 3). All assumption
regarding the flow conditions in the reservoir presents
in the main text for a multiple block size condition
are also valid in this single block size model.

For this case, Equation 11 describes the flow
behavior if we take NB=1l. The relationship between
matrix pressure and fracture pressure can be found
by considering Fig. 4, where k, and x, represent
the damaged zone permeability and thickness, respec-
tively. By assuming that the flow in this region
occurs under steady-state flow conditions (i.e. the

pressure changes are instantaneous and storage capacity

of this zone 1s negligible) we can write:
uXy
8pg® (APpy ) surs? Kepkg nant,b {e-1)

or
4Py = (Apmn)surf

+

By [: 28p (1) ¢ (t-ridn

—_r) G- 1
fbd o EX3 surf "ma-f,un

(c-2)

In dimensionless form Equation C-2 becomes:

2 (Ppaa)surt®

t
5 D ap,,pl1) -1)dt
nnuD (=220 ) e Flinaprto™)
maD ],

{c-3)

where F 1s defined as:

T . Bt to-
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(c-4)

-
~4nx2n . o (tg-1)
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3
1 3 0y, =
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where fn . ;.s)* L[F(nman.tv)]

The transform of Equation C-3 is:

S
- - mab H
an'(pman)surf.* nmanf(nmuo's)(pmaﬂ)surf.s

d
(c-8)
hence:
By Po
(Pap?surt. 1+5ma0 Tinggpss)s
"mad
(c-9)

Equation C-7 can be written as:

12 3P (1« Japfng o081
et .} ) f£0__"mad B eps
fp % (l,_gggf(“ pr8)s
maD ma
(c-10)

The solution of this equation for constant

by Equation 18 of main text for NB=1, where the
function g has to be defined as:

(¢-5}
Sma 1s a dimensionless variable to consider flow
resgriction and is defined as:
k . x
Smaf na_d (c-6)

Application of the Laplace Transform to the partial

production rate in an infinite reservoir is given
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Ao’ (nnap™)
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wehre f is given by:
strata: s +
n D (n D
flnpypss)s (—222)deann( 522

{c-12)

spheres:

3
)
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Short Time Solution

For small values of time (s+ «):

uO(l-u)g(nmuD.SMAD.A'D)x w

{C-14)

Thus, the Laplace inversion of the solution for the
wellbore is:

t
pup® 3{Ta(~zE-}+0.80007
(¢-15)
Long Time Solution
For large values of time (s> 0):
wt(1-0)9{ng 005, p0A )y 1 (c-16)

inversion of the solution for the wellbore yields:

.l c-17
Pun E[1n:Doo.aosn7] (c-17)

Notice that Equations C-15 and C-17 represent the
two classical parallel semilog straight lines.

Intermediate Time Solution

If w is very small and smaD/nmaD>>>1:

1~w}A 's) Acon
. (-u)Aepflag,p v f0'mab (¢ gy
1+7maD flng,p.8)s Smad®
"mad

Thus, the solution for pressure drop is:

. roA.on
Bep~ 1 Ko[( 2 f:.:’n)'] (c-19)

By inverting this equation we obtain:

(rDAfD"IuD)Q]

Pep® "o[ = Saan (¢-20)
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For rD=l and practical values of AfD’nmaD and SmaD
J -h-[z(,—-s““ )‘]-v tc-21)
0 f0 "maD

These last equations indicate that for intermediate
values of time the pressure drop stabilizes like
in the Warren and Root model.

A comparison of Equation (C-21) and Equation
16 in reference 26 shows that the parameter X is:

A= AfD"nD
wal {c-22)

This equation establishes the relationship between
Warren and Root model and the model presented in
this work.

A similar study was developed by Moench['5
who reached the same conclusions. He also examined
the solution for observation wells.

TABLE 1 - SI PREFERRED UNITS, CUSTOMARY
UNITS, AND UNIT CONVERSION CONSTANTS
USED IN THESE SYSTEMS

Parameter Customary
or Variable SI Preferred Units Units

k um? md

h m ft

90 m*/d STB/D

u Pa.s <p

B m?/m? RB/STB

[} fraction fraction

¢, Pa”! psi™?

p kPa psi

t hours hours

o 1,847 141.2

B 3.6x107° 2.637x107"
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High head stilling basin
reduces excavation costs

By G. Echavez and F. |. Arreguin

Research Professors”

An aerated stilling basin, designed to reduce excavation costs and operate under high heads without cavitation
problems is proposed. Model studies carried out on two open-channel spillways are described.

HIGH capital costs and new developments in the design of

hvdraulic structures make it increasingly necessarv for
engineers to opt for less expensive and flexible designs.
The stilling basin proposed here (see Fig. 1) has an aeration
step. a ramp. two rows of baftle blocks and. at the end. a
combined weir that gives the required tailwater for each
discharge. It functions in such a way that the hydraulic jump
starts tor all discharges. between the end of the ramp and the
first row of blocks. Stabilization 1s improved by the ramp and
the blocks. and cavitation problems are avoided since the fiow
is aerated. and 1t 1s accompiished by keeping adeguaie water
denth in the stilhing basin with a combined weir downstream.

Maoasi mvestigation

Two onen channel sprways were used 1 the researcii. i ney
were 2.7 and U.21 m high. and can be considered as 1230 ana
1400 scale models. respectively . Atter several tests the step
heroht ramp length. jocation of the first row of blocks. and
ROV 0L e WeIT Al T aonRisireani ona of WIC spiiiway
were established. Jhe results obtained 1rom e two modets
Were ClOse Citougn (o De WK us DY Cyliui.

Step heieht. A 1.8 m-high step was proposed to ensure good
geration 1n all the spiliwav wadth. {t seems possible to reduce
this height and to relate 1t with the water depth. ¥y, at the toc
of the soillway. In the cases wested the tollowing ratio was used.
ahere s the step herent

tor v. corresponding to the design discharge. In particular
cases. tor very narrow or verv wide spiifways this neight mav
be reduced Or mereased 4ccoramely.

Kamp. 1his is necessary 1o stabiiize the pydrawic ump.
Since the 1t 0 waier 1S verv sensitive to pressure gradients

‘Fardlte of Engneenna Natiana Auteromons Universsity of Mexico, University City . Mexico
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5. Water profile for five discharge rates.

normal to the fiow. 1tas essential to prevent the beginmng of
the hvdrauhce jump from moving upstream., becoming
submerged. and preciuding 1ts tunctioning as an aerator. For
the authors research a ramp with a length of 21 m, that 15
10.7 v, for the design discharge. and a 0.121 siope was

LNt

Baffle blocks. After tests with one, two and three rows of
rectangular blocks. 1t was tound that the best results were
obtained with two rows ot staggered blocks. The geometry
and spacing of the blocks was estimaicd using  Burec
criteriat. but taller blocks should preterably be used to
prevent the water trom jumping over them. 1he ninal geometry
i chown in Fie. 2.
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Downstream weir. With this weir the proper y, versus ¢ — e otk
ratio is maintained to keep the hydraulic jump in place for all w0 T RN i
discharges. Although the influence of the jet striking the floor obsgoendofame |
and the drag on the blocks is difficulty to evaluate. a o+ 2 3 4 5 6 7 8 9 i
plezometer

preliminary geometry, using the proportional weir theory:.
was established analytically. This geometry works well up to
a given depth but for greater depths the hydraulic jump is swept
downstream. To avoid this it was necessary to narrow the weir
crest, so finally the geometry shown in Fig. 3 was obtained
experimentally. For wide stilling basins, for example wherc
b/v,=30, it is recommended that two identica] weirs be
provided, as shown in Fig. 4, to keep the hydraulic jump
bi-dimensional.

One advantage of this arrangement is that the stilling basin
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i Fig. 7. Pressure distribution between blocks

Fig. 8. Pressure distribution along the centreline of a block.

drains itself after operation. avoiding the creation o/ a iarge
pool of water and the pressures and inconvenience associated
with it.

With the geometry previously mentioned, the hydraulic jump
remains almost 1n the same place for all discharge rates. In
Fig. 5 the water profile for five discharges is shown, and Fig.
6 is a graph showing the efficiency of this stilling basin as
compared with vajues reported by Rand’.

One of the problems associated with this kind of stilling basirs
is the structural design of the blocks and the zone adjacent
to them: Figs. 7 and 8 show the pressure distribution along
a line between blocks and at the centreline of one of them.

Conclusions

The aerated stilling basin with baffle blocks which has been
described does not have cavitation problems and can be used
for velocities higher than those generally considered safe until
now?. that s 15 m's.

Although the basin functions adequately 1t will be necessary
fo continue model studies, to improve performance. The
general design. however appears acceptable in view of tbe
advantages demonstrated, which can be summarised as
follow:

® The basin requires much less
traditional high-head stilling basins.
® It is cavitation free so it can be used in high-head water
works

® Energy 1s dissipated adequately .

® The basin drains after discharge.

® The drainage pipe of the spillway can surface in the
vertical wall of the step. -

excavation than the
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Introduction

Reliable information and economic studies about disas-
ters are scarce. However, some gross estimates allow
them to be considered a ‘“‘formidable obstacle to econo-
mic and social development.”! The direct losses — in
terms of cost in the US alone — caused by 30 common
natural calamities constituted about 1 percent of the GNP
in 1979% and the damagg caused by natural hazards
between 1964 and 1970 in the countries of Centroameri-
can Common Market, reached, according to the estimate
by the Mexican office of CEPAL, 2.3 percent of their
General Domestic Product without taking into account
the indirect and secondary effects.’

The situation is aggravated by the increasing magni-
tude and frequency of disasters which are usually
attributed to the growth and concentration of population in
‘large cities and the consequent complexity and deteriora-
tion of services necessary for their maintenance. How-
ever, considerable human loss is caused by the excep-
tionally high vuinerability* of human settlements in devel-
oping countries, resulting from the poverty or margin-
ality of the popuiation and the overall socioeconomic
conditions, which make the frequently used concept of
“natural disaster’” meaningless. Natural events become
disasters only when human settlements are not prepared
to withstand them; very often, because of lack of
precautionary planning.

Conditions in Mexico combine both of these factors,
natural and social: geographically, the country is focated
in a zone prone to a variety of natural hazards —
earthquakes, hurricanes, torrential rains; and socioeco-
nomically, it is a developing nation with a rather high rate
of population growth and a much higher rate of popula-
tion concentration in several cities.

Over recent decades, substantial effort has been made,
particularly in the field of engineering, to reduce the
negative impacts of natural hazards. Antiearthquake
precautions in human settiements have been improved by
the introduction of construction codes and by the
strengthening of the surveillance in their application.

Major technological works such as the deep drainage
system in Mexico City and other special hydraulic
structures appear to be substantial measures in reducing
floods.® Furthermore, increased attention has been paid
to the study of the destructive phenomena and their
effects. But the practical application of many high quality
studes® 7 ¥ has been frequently impeded by the fact that
they were too specialized, by the lack of a unified
terminology and the absence of a general conceptual
framework. These weaknesses make the transference of
methods and resuits from one area to another® nearly
impossible, particularly when the studies do not solve
problems, - therefore implying the need for adaptations
and interpretations in order to be of any use in dealing
with disaster conditions.

Frequently, disaster responses have been oriented
toward the immediate necessities of rescue and relief,'’
and are restricted to corrective actions” during the
occurrence of a disaster. This points out the necessity to
give more attention to preventive and planned measures.

It has been pointed out'' '>'* that to fortify human
settlements facing disasters, it is not enough to better any
of the existing means and to implement new ones. It is-
also necessary to plan, organize and coordinate a set of
activities that has to take place systematically before,
during and after the disaster.

The planning of these activities anu tneir execution, as
well as the evaluation of their success and their adapta-
tion to changing conditions, mean the necessity to
prepare a conceptual framework which will also permit
the fixing of priorities and the coordination of studies and
actions in order to establish and improve upon policies
and strategies for the safeguarding of human settlements
facing disasters.

A conceptual framework

The elaboration of a conceptual framework, ie a system of
basic concepts that permits the posing of problems, and
a set of adequate methods to resolve them, is a crucial
stage in the process of planning, developing and imple-
menting any study in generat. It is particularly so when
dealing with interdisciplinary research on disasters.

The development of a conceptual framework is based
on certain paradigms,'* ie cognitive tools, in order to
recognize reality as well as identify, choose and study its
relevant fragments in order to represent them by
constructs and, consequently in the case of research, to
substitute these with models. Thus the paradigms deter-
mine the whole cognitive process, searching to describe
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During Tensile Testing of a Ferritic
Stainless Steel

A. Grinberg*, R. Colas** and
D. M. K. Grinberg*

*Divisién de Estudios de Posgrado, **Divisién de Ingenieria
Mecanica y Eléctrica, Facultad de Ingenieria, UN.A.M. 04510
Meéxico, D.F.

ABSTRACT

During tensile testing, stress-strain irregularities were found in a 17% chro-
mium stainless steel (AISI 430F) that was specially heat treated to develop a
dual structure. These irregularities were put in evidence when plotting the
work hardening coefficient as a function of stress and in a logarithmic stress
vs. strain plot. Scanning electron metallography and microhardness studies
were conducted in some of the specimens that have shown the irregular behav-
inour. These studies put in evidence that both phases were deformed at strains
as low as 0.1 and, at the same time, the volume fraction of a precipitated
phase increased. Moreover, it was found that the chromium content in the pre-
cipitates varied from 20 to 50% depending on the parent phase and the testing
conditions.

KEYWORDS

Stainless steel, tensile testing, mechanical instabilities, mechanically indu-
ced phase transformations, warm working.

INTRODUCTION
In the recent years extense research has been carried out on the deformational
behaviour of low alloy dual-phase steels (1-3). In them the contribution of
each phase is deduced from logarithmic stress vs. strain plots (1,2) or from
metallographic observations (3). One characteristic of these steels is the
supression of the yield point phenomena.
In this paper we explain some stress-strain irregularities observed in an AISI
type 430F stainless steel that shows dynamic strain ageing (4) after being
heat treated to develop a dual-phase structure.

EXPERIMENTAL PROCEDURE

Tensile specimens (4 mm diameter, 40 mm long) from an AISI 4307 stainless
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steel (16.5% Cr, 0.1% C, 0.07% N, 0.2% Ni, 0.53% Si, 0.8%Mn, 0.1% Mo, 0.015%
P, 0.25% S) were annealed for four hours at 850°C in nitrogen atmosphere in
order to develop a dual-phase, around 15% martensite, structure (5,6). The
resulting ferritic grain size was around 30 um, the martensitic of around 10
um,

The specimens were deformed in an Instron 1125 testing machine at different
temperatures and strain rates. The tests were carried out either in air on in
a nitrogen atmosphere whether an Instron environmental chamber, with tempera-
ture stability of 20.5°C, or an Instron three zone furnace, with a temperature
stability of *2°C, was used.

The resultant load vs. displacement chart was digitized with the aid of a Hew-
lett Packard 9825 desk top computer and converted into stress vs. strain curves
up to the UTS. The work hardening coefficient (0=do/de) was calculated by suc-
cesive interpolations of five points parabola.

Metallographic examinations and chemical analysis were carried out in a scan-
ning electron microscope at 25 kV. The proportion of the different phases was
calculated by point counting; microhardness tests were conducted on a leitz
tester.

RESULTS AND DISCUSSION

tress-Strain Relationships

Due to their physical meaning (7,8) @ vs. ¢ curves, Fig. 1, were used to docu-
ment the temperature and strain rate dependence of the mechanical properties.
In the figure the dashed
0 line corresponds to Con-
sidere's criterion (0=0).
It can be seen that the
curves from tests at the
higher temperatures devia-
te from the linear (expec-
ted) behaviour implying a
change in the regime of
deformation (9). Two of
the curves from Fig. 1 are
represented in the loga-
rithmic way in Fig. 2; it
can be seen that the rela-
tionship progosed by Lud-
wik (o=0cg+ke ) is not fol-
lowed, as would be expec-
0 200 400 600 ted from a dual—phasep
o] [MPa] steel (1). Moreover, the
Fig. 1. © vs. ¢ curves for the present material. stress level at which the
A) T=22°C, £=4.2-10"2 571, B) T=400°C, é=4.2:1072 curves deviate from li-
s~1, ©) T=475°c, é= 8.3-10"5 57!, p) T=600°C, nearity in Fig. 1 (arrows)
¢=2.1-10"3 71, corresponds to the one at
which the logo vs. loge
bends down.

[MPaj
e

©/1000
-

Rashid (1) has shown that on dual-phase steels the strain at the onset of
necking (¢ ) corresponds to the value of the exponent of Ludwik's =vnation
(ni) measured close to this strain. In our case the value of n, is almost twice
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Metallography

Fig. 3 (a) shows the undeformed portion of a specimen tested at T=475°C and
€=8.3+107° s”1, Fig. 3 (b) shows the deformed region of the same specimen. 1
The structure consists, in both cases, of ferrite plus a second phase plus
abundant precipitation and sulphur inclusions which were dissolved by the
etchant. Table 1 shows the proportion and hardness of the different phases.
From Table 1 we observe that the volume fraction of the second phase (y) tends
to decrease and the precipitated phase (o) tends to increase as straining
progresses.

14 R A
Fig. 3. Scanning electron micrographs from a specimen deformed‘at T=475°C and
£=8.3-10"5 s~ showing the (a) undeformed and (b) deformed regions.

The hardness of the different phases is plotted in Fig. 4 as a funct%on of a
parameter that takes into account the time and temperature involved 1n.the.
deformation. This fiqure shows that in both major phases the hardne;s is higher
after deformation indicating that both phases were deformed at §tra1ns as low
as 0.1, and this might be due to the hard ferrite in the composite (10)}.

The very hard value of hardness of around 600 VHN observed in some'of the
samples indicates that the second phase has transformed to martensite as a
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TABLE 1 Relative Phase Percentage and Vickers Hardness as a Function
of Rate and Temperature of Deformation
a-phase y-phase og-phase
Undeformed | Deformed | Undeformed | Deformed | Undeformed Deformed
82.3 % 84.5 % 11.5 % 8.7 % 6.0 % 6.8 %
A 339 VHN 471 VHN 402 VHN 613 VHN - -—
77.4 % 75.7 % 14.7 % 16.8 % 7.9 % 7.5 %
B 185 VHN 284 VHN 413 VHN 561 VHN -—- ~—-
79.3 % 79.4 % 13.6 % 12.2 % 7.1 % 8.4 %
¢ 162 VHN | 228 VHN | 369 VEN | 407 VHN ——- -—
A : T = 600°C; & =2.1x 10'?s‘f
B : Ts=475°C; ¢ = 8.3 x 107's ™"
C: T =600°C; & =2.1x 10757
T —r —
oo+ ]
~
.\
= R \ ]
o \
> N - \
P S il \
400F o~ ~ o~_ e J
: ~ \O
(g T
= ~— .
~ - \.\ -{
oy ~. ~m
200 Undeformed O o ~o. -
Deformed me ~O
—t A L
-2 0 2[ (t ts] )4 6
oq | ——=
I\

Fig. 4. Microhardness in the two major phases
as a function of a temperature compensated

time parameter.

Fig. 5. Higher amplification
of Fig. 3 (b).

result of the concurrent deformation (3). This idea is further reinforced by
Fig. 5 which shows very similar features to the martensite found in low carbon
dual-phase steels (3). X-ray diffraction studies are being carried out in
order to prove this idea.

In table 2 the chromium content of the different phases is reported. Althought
all the values are within the scatter band, the chromium content is higher in
the matrix, denominated alpha, than in the second phase, denominated gamma,
indicating the limits of the a+y region in the phase diagram (5,6). It is more
important to observe the variation of chromium in the precipitates, denomina-
ted sigma, Fig. 6. By comparing this last plot with Fig. 4 we deduce that at
low values of the temperature compensated time parameter the precipitates ar:
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TABLE 2 Chromium Distribution
Sample a-phase ¢ 1n a-phase Y-phase G in y-phasec
A 17.1 % 21.4 % 15.1 % 25.1 %
B 16.1 % 35.9 1% 15.0 % 45.2 %
C 17.7 % 47.5 % 16.4 % 43.7 %

1.

2.

4.

The values are averaged over the deformed and undeformed regions

T T T =
a -y !
50 } Undeformed o o . |
— Deformed m @ -o. |
O\o // \\§
_ 7 I
(3 / —O’/
o A
40F CT .
/ / s
/ /
;s 7 /g
s 7 /s 7
L7 s
- - A
3() /// P v ./- A/ b
.’/ // /»/'/ v
2:/"/ - ./'/
20 o— "
) 1 1
-2 0 2 4 6
lo (’r [s
9 ( T/t
CONCLUSIONS

Fig. 6. Chromium content in the
brecipitates present in the two
major phases as a function of the
temperature compensated time pa-
rameter,

small with a low chromium con-
tent and a high strength, and
that coarsening is accompanied
by chromium enrichement. Re-
search in TEM is being conduc~
ted on this point.

Instabilities develop in our stainless dual-phase steel at strains lower
than that of necking.

The
and

The

The

abundant precipitation might be responsible for dynamic strain ageing
the lower than expected ductility.

hard phase is deformed at strains as low as 0.l.

increase in hardness in the second phase can be attributed to defor-
mation, martensitic transformation and precipitation, whereas in the ferrite
it can be only attributed to deformation and precipitation.

5. The chromium concentration in the sigma phase precipitates ranges from 20
to 50%.
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General time volume change equation for soils
Equation générale de variation de temps volume pour sols

E. JUAREZ-BADILLO, Research professor, Graduate School of Engineering, National University of Mexico; Technical Adviser of
the Genera! Director of Technical Services, Ministry of Communications and Transports, Mexico

SYNOPSIS Traditicnally the time volume change behaviour of soils under isotropic
and confined conditions has been divided into instantaneous and delay deformations. This
time a general unifying equation for soils is presented. The time volume change behaviour of
soils is described by 2 parameters: the "coefficient of volume viscosity &" and the

"characteristic time t*".
"rTavta pel”

INTRODUCTION

A general compressibility equation for soils
has already been presented by the author
(1981) using some general philosophic
principles. These philosophic ideas have also
been used to obtain a general permeability
change equation for soils (1983a). This time
the same philosophic ideas are used to obtain
the evolution of such volume changes with
time. It includes the instantaneous and delay
volume changes in dry coarse soils (sands and
gravels) and the delay or secondary
compression of fine saturated soils (silts
and clays). Primary compression or
consolidation due to the retardation caused
by the dissipation of pore pressure in
saturated fine soils has already been the
subject of previous papers (Juarez-Badillo,
1983b, 1385; Juarez-Badillo and Chen, 1983).

BASIC CONSIDERATIONS

Let us consider a sample of dry coarse soil
subject to an isotropic stress o; for a very
long time. Let now the stress o; be
increased "instantaneously" to ¢,. The
problem is to find the infinitesimal changes
in volume dV taking place in the
infinitesimal times dt. Let V; be the
initial volume for t = 0 and Vf be the final
volume for t = =, The relation between 4V
and dt should produce an equation satisfying
the following philosophic principle:

"The equation relating V and t may exist
only through a non dimensional parameter and
should, independently of critical points,
satisfy the extreme boundary conditions,
namely: V = Vi for t = 0 and V = Vf for

t = "

The connection between dV and dt can be
obtained through the following steps which
are thought to be philosophically supported:

1) The real domain for t is complete,
that is, from 0 to =, while the real

(Heraclitus)

domain for V is incomplete and
inverse, that is, from V; to Vg. We
need to find a function %(V) with
real domain complete and straight,
that is £(V) = 0 for t = 0 and
f(v) = «» for t = w., FPig 1 illustrates
the obtention of f(V: that results
to be
p 1 1
f(‘/’) = = = p— (1)
v Vf Vi Vf
2) Now f (V) and t are ready to be
connected. For philosophic reasons,
which includes the philosophic
principle enunciated above, the
relationship should be

as{y) dt
T - ¢ T (2)

where § is a non dimensional parameter
of proportionality, called the non
linear "coefficient of volume
viscosity". .

GENERAL EQUATION
Let V,; be the known volume for t = t;

(t; # 0). Integrating eq (2) between the
limits (t;, Vi) and (t, V) we get

v t
1n f(V):] =38 1n t ]
Vi t,

§
S fr < (8) S

Introducing eq (1) into eq (3) we obtailn

[
[

£ i f=(_t_) (4)

(R
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Multiplying numerator and denominator of the In order to feel the progress of compression
first term by Vi - Vf, this eq (4) may be with time Fig. 2 shows the graphs of eq (9}
written as for the special case that t; = t, ¢ for
U, = 0.9. Different values of § are shown.
V. -~V V. - v s The Terzaghi's linear solution for onedimen-
i £ .44 ( i £ _ l)(ji) (5) sional consolidation is shown for comparison.
v - Vf vy - Vf t, Fig. 3 shows the same curves for the case
that t;, = ty,, for U, = 0.1 and Fig . 4 shows
also the same curves for t, = t,,; for

In practice, a simpler and more convenient
way of writing eq (5) is using alternatively
the symbols

U, = 0.5. From Figs. 2, 3 and 4 it appears
obvious that they are not very convenient
plots to deal with in practice.

v —Vf= (AV)T = XT (6) o
S=00
where 4V = x is the volume change at time t 0.1
and (AV)T = Xq is the volume change at t = o, v 5
Introducing eqs (6) into eq (5) we obtain 0.2 — o= Torzaghi

che (@) o
. X _ X, t 8

ot T Xp = X1 <tl)6
. xT - - Xm — X (EL)

- X X1 t

and therefore we arrive at the useful

equation
§
X, X t,
T _ T _ _
7-1+()—(—l— 1)(1:) (8) 1.0
t
1 1 ty 8 0.1
Fig.2 Graphs of & = 1 +(g- - 1)(T) for
Uy = 0.9(ty = to o) !
Op———yp———— O] — — — ~— O — — ———- ©
[ ”
} g g { !
3 8 8 1 g1 _ 1|8 °
2 VIRV VgD v [ IV E 5=
e g = e ®
2 | U - g v
——ee g ey b — i
Vi =Vt Vi-vi 0 0.02 =2
[— - - ,
Time Volume
Fig.l Scheme for the obtention of 0.08 3=1
1 1 §=0.5
fV) = 57— - =
V- Vg Vi Vf 0.06 |—
If the degrec of compressionU is defined as 0.2
= fL , then eq (8) may be written as :
T
3 co8l— =0.1
Lo (o ) 9 R
v=1+ (g - (%)
A further simpler form for eq (9) is defining $=0 I n '
the "characteristic time t*" as the time for 0.10 Py oa o8 o8 t Yo
which U; = 0.5. 1In this way eq (9) may be o 0 - - e _t
written in the very simple form tor
§
6 Fig.3 Graphs of + = 1 + (L - t
Lo+ () (10) g PRs Ot T gy - O(F)
[§] t for U, = 0.1(t; = ty )
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0

0.2

t
s 0.5

t
i 1 _ 1 1
Fig.4 Graphs of g - 1 +GTT-1)(¥—) for
U; = 0.5(t; = to,s)

Fig. 5 (a and b) shows the same curves than
Fig. 2 but in a semi-log plot, that is, the
time in log scale.

If the "time factor 1" is defined by

§
- (&)
then eq (10) may be written as
1 _ 1
g=1+ T (12a)
or in the form
=g =T (12b)

Fig. 6 presents the graph of eg (12) as well
as the values of 1 for different values of U,

<]
0.1 - 3:0
[y] Bes
0.2
0.3 Terzaghi

04
035
0.6
0.7

155 tos B
3 1 ‘4_Fr=§§

0.8 =01
- U=z0.9 for t=1gy

0.l8:0

1.0 Lo el by

0.001 0.01 0.1 w0t 100
to.s

. 1_ i to.ay®
Fig.5a Graphs of H——l-+(BT§ 1)(-E—)

et SR B A A U e

1/A, 28

t
t

OIO‘" 10-1° 10-* 1079

TTIT77T

l]l'l”! T

1677

qol—ttutyel vt b sl g gt
1077 107¢ 107® 0 4w
to.s
1 1 RS
ig.5b Gr £5=1 +(ghg - 1)(2)
Fig Graphs o g 1 73 1 =
o
o1l u) T vl T
: ° 0 0.50] 1.0000
ozl 005 Jo.o526 05512222
u 0.0 {01111 0601 1.5000
o3l 0.15/0.1765 0.65]1.8571
. 0.20 {0.2500 0.70{2.3333
04l 0.25 03333 0.75]3.0000
- 0.30 [0.4286 0:80|4'0000
0.35 {05388 0.85|5.6667
os|- 0.40 06667 0,90 | 90000
0.45 (08182 095 [19:0000
0.6} 1.00] ©
0T~
0.6f-
o9
1.0 Lol om0 g sl 3 1
001 02 ) 0 100
6"
T=lf—0
'I
. U _
Fig.6 Graph of g7

In order to ascertain in practice the values
of § and t¥*, some characteristics of the
semi-log plots follows.

1) The semi-log plots are anti-symmetric,
Ehat is if U, = 1 - U,, then
*
E; = %—. From eq (12b) for U = U, we
have
v,
T, = T, (13)
For U, = 1 - U, we similarly have
U, 1-U0, 3
T, = 7= =T ———— = (14)
2 1-70, U, T,
that is, from eq (11)
8 §
t £*
(&) - (&) (15)
therefore
tZ
tt
™ (16
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In the semi-log plots, therefore, symmetrical
values of U with respect to U = 0.5, have
symmetrical values of t with respect to t*.
See Figs. 5 and 6.

2) The middle third of the semi-log plots
resembles very close a stright line.
The slope of the curve in Fig. 6 may
be found using egs (12)

UZ UZ

du _ du _
3 ogT = 2.31 It " 2.31 :r—z = 2.3 '—'T

. au_ _ _

. EITgT' = 2.3U(1-U) (17)

The maximum slope occurs at U = 0.5 (t=t*)
and its wvalue is

( dOUgT)max - 2_‘-13 (18)

Similarly, the slopes of the curves in Fig 5
are as follows. From eq (11l) we have

dt _ dat (19)

and therefore, we may write from eqgs (19) and
(17)

du du _ du _ U?
dogt' 2.3taE— 2.35‘['3?— 2,38 <

. dau -

.. mg—t'— 2.3480(1-U) (20)

The maximum slope occurs at U = 0.5 (t=t*}
and its value is

(35, - 2

The ratio of the slope at any point to the
maximum slope is therefore given by

du

d 2?t = 4U(1~U) (22)
(atoge)

dTogt

max

The values of this ratio for U = 0, 0.1,
0.2, 0.3, 0.4, 0.5 are: ratio = 0, 0.36,
0.64, 0.84, 0.96, 1.0 respectively. For
U= 1/3, ratio = 8/9 = 0.89.

Finally, the ratio of the slope of the
stright line passing by the extreme points
of the migsle third of the graph {(secant
slope = }to the maximum slope is, using
eq (12b) 2097

AU 2/3-1/3 . 1/3 _ 1
FogT = = = $To57 (23)

log :—I-/-?—’ log -
7

The ratio is, therefore, from egs (23) and
(18)

= 0.96 (24)

_ 2
3x 2.3log2
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The above shows that, in practice, the
middle third of the time curve may be
congidered, without serious error, as a
stright line. See Figs. 5 and 6.

The stright line (middle third) of the time
curve extends over certain number of cicles
in the log scale of time. The number of
cicles may be found as follows. For Fig. 6
and from eq (12b) we have that for U = 1/3,
T = 0.5 and for U = 2/3, 1 = 2, therefore,
the number of cicles given by Alogt is

Alogt = log %—//% = log 4 = 0.6 (25)

Similarly, for Fig. 5 and from eq (11) we
may write

- t2/3 _ 1 12/3 _log4 0.6
Alogt = log 77 §log 73 =7 (26)

For example, for § =0, 0.1, 0.3, 0.6, 1.0, =,
the stright lines extends over «, 6, 2, 1,
0.6, 0 cicles, respectively. See Fig. 5.

All the above characteristics of the time
curves are very useful to determine, in
practice, the parameters § and t* from the
experimental data.

Once the values of 6§ and t* are known the
time for a give degree of compression may
be found. From eqgs (11) and (12b)

t 8 U
(&) == (27)
For example, for U = 0.9

1/s
t0.9
Rk (28a)

Observe that for (1-U) the time is just
reciprocal. For the above example, for
U= 0.1

to.l 1 %Q
- =(3) (28b)

Fig 5 shows the values of eq (28a) for the
different values of §.

The rate at which the degree of compression
progresses xmay be found as follows., From egs
(12a) and (12b)

au _ vt _ iz
™o s (1-U) (29)
From eq (11)
_ t \6 dt
ar = 8()" E (30

Introducing eq (30) into eq (29)

du 5§ t\S
® - (a-n? E(F) (31)

For t = 0 (U = 0) we get
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If

o
A
=
Qal o
(1=}
[l
o+
[}
o
il
8

du

vos-a [ -

(32)

&

If 6 >1 E?ﬂ =0
t=0

From expressions (32) we see that only for
the case § < 1 we may expect to have "instan
taneous" or "simultaneous" deformation with
the "instantaneous" increase in stress.
However the amount of this instantaneous
deformation depends on the value of § and on
the time we take to register it. See Figs. 2,
3 and 4. For § = 1 the rate of deformation is
finite and therefore any deformation needs
some time to take place. For § > 1 the rate
of deformation is zero.

The above theory, developed for soils under
isotropic stresses is thought to be also
true for triaxial conditions if the principal
directions of stress and of strain do not
change and if the ratio of the principal
stresses are kept constant, as for example,
in confined onedimensional compression.

The determination, in practice, of the
parameters § and t* depends on the type of
the experimental data. Using the semi-log
plots we will refer to the three thirds by
(e}, (s), (c¢), that is, curve, stright line,
curve. Data with points in the three thirds:
(csc). Data with only in two thirds: (cs)
and (sc). Data with only in one third: (c,),
(s) and (c,). The best experimental data is
(csc) . The worse experimental data is (s) if
it is a "short™ strignt line.

For obtaining § and t* from an experimental
curve, the author has found convenient to
proceed as follows. The procedure is general
but, for simplicity, imagine we have an (cs)
type data.

Let t;, x; be an initial point (See eq (8)).
Let t;, x; be an intermediate point. Let t.,
x, be a final point. The last two points
located in the initial and final zones of the
stright line. Observe that the values of the
x may be any quantities proportional to the
volume changes.

1) Guess a value for x,, making use of
the characteristics of the semi-log
plot. Find the value of x = a for
the point where the stright line
starts. Then, Xp = 3a.

2) Compute § using points 1 and 2 (they
are usually better points than point
3). Points 1 and 2 satisfy eq (10)

lU-1U1 =(g)6 (33)
Love (gt 34

U,

1/A/28

Dividing eq (33) by eq (34)

1-u, U (tz)‘s

u, T-1;, “\g (35)

solving eq (35) for § and writing the U,s
in terms of the x,s we get

X, Xm - X
2 °T 1
log %y Xp - X7
§ = T (36)
lo
98T
3) Check the value of x, using the

initial point 3. ThiE point should
satisfy eq (8)

X X t 68

T T 1

ﬁ'lJ'(’T_l)(:) (37)
4) Repeat steps 1 to 3 in case eq (37) is

not satisfied, changing the value of
x7 in the correct direction (a grater
Xp results in grater calculated x,).

5) Compute t* using preferable point 2.
From eq (10)

§
* X - X
(%_) = I 2 (38)
2 X,
6) Introduce xp, 6 and t* in eq (10). The

time equation is ready for use

§

-1 +(tt_*) (39)

I
X
Equation (39) written in terms of volumes

and in terms of heights (for onedimensional
consolidation) are as follows

(AV)T
Vv, - av ey - —— gt (40a)
1+( )

t
(AH)

H= Hi - AH = Hi_ mg (40b)

t

For the case of (sc) type data use the
antysimmetrical points.For (csc) type data
use the extreme points of the stright line
for points 1 and 2 and check two points 3
located at the extremes of the intire
experimental curve.

For the case of (s) type data, the
parameters may be determined if it is a
"complete stright line". Intervals for xrg,
§ and t* may be found otherwise.

For this case let x; and x, the values of x
for the initial and final points of the
stright line. The stright line is complete
if x, = 2x,. If x, < 2x, it is incomplete.
In this last case x7 shoud satisfy the
unequality
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1.5x; & X, S 3x, (41)

T

Assuming for xp the extreme values given by
eq (41), the corresponding values for § and
t* may be found using egqgs (36) and (38).

If the value of § is known, xp may be found
solving eq (35) for Xp. It results

2 :_l § X, (42}
(&) -

The value of xqp found should satisfy
unequality (41?

PRACTICAL APPLICATION

The above theory is now applied to some
experimental data.

One of the earliest "Time curve for a typical
load increment on sand” is Fig 10.4 in
Taylor's book (1948) (Not included here).
Comparison with Fig. 2, indicates approximate
values of § = 0.1 and t* = 1 sec,

Fig. 7 presents the experimental (Vesic and
Clough, 1968) and theoretical curves for
"medium, uniform, slightly micaceous sand,
composed of sub-angular quartz grains”
between 0.1 to 1.0 mm sizes, Chattahoochee
River sand, during isotropic compression.
"The volumetric strains are plotted as
percentages of total volumetric strains
under the particualr load increments (degrees
of consolidation) versus time". The
deformation in question "predominantly
breakdown of particles" situates these
curves on the second phase (virgin) of the
compression curves (Juarez-Badillo, 1981).
An inspection of the curves obliged the
author to make an allowance of 10 sec for
primary consolidation for the first 3
increments of load, and to make an allowance
of 3% for further compression for the last
increment of load. With these "corrections"
eq (10) was applied using § = 1 and the
characteristic times t* indicated for each
laod increment. It is to be observed that t*
increases with the level of stress.

Fig. B8 (a and b) present the experimental
(zepeda and Diaz, 1982) and theoretical time
curves for Mexico City pumice sand, between
0.84 to 4.76 mm sizes, under the particular load
increments indicated. The loads were sustained
from 2 to 17 hrs. Tests were made on a very dense
state of the sand and on a very loose state. The
experimental data includes the types: (csc), (cs)
(sc) and (s). Thevalues of x_=(AH)p, § and t*
were ascertained as indica tha above, using
eqs (36), (37) and (38) and eq (40b) was

used to plot the theoretical curves. The
check was almost intirely within 0.01 mm
with few zones (at the beginning of the
curves) where the check was within 0.02 mm.
It was necessary, however, to make 2 small
"corrections" to Hj, as indicated in Figs. 9
and 10.
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Fig.8a Time Volume change of Mexico City
pumice sand

Table 1 presents the time parameters of all
these time curves. Figs. 9 and 10 present
the compression curves for both, very dense
and very loose states. Note that for stresses
below 1 or 2 kg/cm? the experimental data
was of the (s) type, and they were "short"
stright lines with x2 < 2 x;. However, by
interpolation in Figs. 9 and 10 it was
possible to choose the "correct" values for
x7, 8 and t*. Fig. 11 shows the variation of
§ with the level of stress. Zepeda reported
he believed there was breakdown of particles
at all increments of load. The author
believes there was not breakdown of particles
for stresses below 2 kg/cm?, due to the
constant small value of § = 0.1. The feeling
of the author, at present, is that, for
granular soils, § is small and constant

(6§ £ 0.1), before the breaking of particles
and that & is large and constant (0.5< 8 <1)
when the level of stress is already in the
virgin.curve where a generalized breakdown
of particles exists. In these experiments it

ey
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appears that the "critical zone" where there Table 1. Time parameters for Mexico City
is partial breaking of particles extends from pumice sand tests
2 to 8 kg/cm?. Fig 11 also shows that for the T OT
very dense state the values of § were State| 9 loading B X H_ t*

3 somewhat smaller than for the very loose kg/cm? min gmﬂl mﬂ{ mh § lmin
:d state. Observe also from Table 1 that t* 0.125] 120/48.50]0.03]48.47]0.10]1.0
appears to be constant (~ 0.5 min) before 0.25 | 120(48.48{0.08(48.40l0.10[0.5
the breakdown of particles. 0.5 16048.430.22(48.21]0.10{0.7
;3 1 850({48.29]0.40{47.89/0.12{0.2
: 465 2 120(48.00|0.75(47.25(0.12|0.6
. Very| 3 120147.51{0.70146.81{0.17{9
; H,mm gz6kq/em?,8-0.38,(CS) o=4kg/em?,B=0.28,(CSC) dense| 4 270(47.08|0.65|46.43|0.22|18
4 a0 T el 5 1000 (46.66/0.55146.1110.28747
P ——
6 240146.20(0.45145,.75)0.38|310
=ThgAmt, 3=043,(L5C]
7 Thakm?, B0 4,(-50) ot 7 940(45.99|0.45]45.54]0.43(33
ﬁ.s-“‘—‘zf\W 8 1000(45.62{0.50(45.12/0.44{300
cr=.'»llg/crn’-,8=0Z'AFCS?)?*“\-.\‘\\<
0.125/ 340|49.00{0.28(48.72{0.10]0.2
= 25 . .
450 g8 ra/em?,8:033,(CS) 0.25 | 790{48.81]0.35]48.46/0.10|0.4
. ~ 0.5 380(48.57)0.55(48.02(0.11]1.2
aas o:Thy/cn,B-046, (CS) Not registerse pornt 1 18048.21{0.80(47.41]0.11]0.65
’ o 2 925147.69]1.05{46.64|0.13]0.15
o =Bkg/cm?, 8=045,(CS) Very| 3 1701{46.8910.90145.99(0.19{6
440 loosej 4 215(46.30{0.80(45.50{0.287.5
(el 5 1000)45.74{0.75(44.99{0.33[15
6 1010)45.14(0.70|44.44|0.41110
435 : 1 . 7 340144.6110.70(43.91{0.46]110
o 10 8 1000{44.17/0.85]43.32]0.46| 140
t,min
# ¥ First and last readings
Theoretical curves
Characteristic times t*indicated Hi=Previous last reading
Data type indicated { ) Follow dense and loose states .
separately v, kg/cm
Experimental points { After Zepeda and Diaz) 49
e Very dense stote {Ho=48.5 mm) €
x  Very loose stote (Ho= 49.0mm) E
Fig.8b Time Volume change of Mexico City T
pumice sand 48
v, kg/em?
a9 1 48.5 a7
€ E
E E
X — I'.
a8 <0 o, 0 N, e mmmm—mee 46
- —{48.25
a7 a5
Experimeniol points:
8.0 (After Zepeda and Diaz) *==—1)_ Corrected Hi
' D Initiol points Hi N
a4 |t Flrst lectures Hy at =10 sec ?
46
X Lost lectures Hy at t=2 10 17 hrs.
Theoretical points:
o Calculated tfinal points Hf (1= a0)
a3 - 1 1 1
a5
5} 2 “ 0 [ 2 4 6 8 1©
o 2
Experimentol points: v, kg/cm
(After Zepeda and Diaz; Fig.l0 Compression of Mexico City pumice sand.
o Initial polnts Hi Very loose state
4 First lectures Hy o ' sec
x Last lectures Hz at =2 16 17 hrs
Theoretical paints
lated final paic1s Hf =
© Colculated final poits {1=c0) A similar experimental work (Porras and Diaz,
Fig.9 Compressior of Mexico City pumice 1984) was made on Guadalajara pumice sand
sand. Very Jense state (Jal) in a medium dense dry and saturated
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states. The load increments were sustained
one day but the "short" stright lines were
more abundant making somewhat difficult their
analysis. However the author found that the
values of 8§ for the saturated sand were, in
the average, 1.5 times the corresponding
values of § for the dry sand.

Ov, kg/cm?

0.5 T T

0.4} X Very loose state
8 © Very dense state

0.3

>

\

\
e

o2}~ ge ] o
8% 8
ongg &
° | 1 1 1 °
[ 2 4 6 8 10
Ov, kg/cm?
Fig.1ll variation of § for Mexico City pumice

sand

Fig. 12 presents the time curve for a long
time oedometer test made on a typical sample
of Mexico City clay. The sample was 15 mm
height. A vertical pressure of 0.96 kg/cm?
was sustained 250 days. The previous load
was 0.74 kg/cm? sustained 8 days. The
increment load ratio was therefore 0.30. Eq
(40b) was applied with H; = 12.12 mm,

(4H)q = 0.84 mm, § = 0.73 and t* = 7.2 days.
After 90 days the experimental points pres-
ented some inconsistencies and bacterial
growth was very noticeable. A second test
was made in identical conditions and its
behaviour was practically identical but with
higher inconsistencies after 90 days. It
should be observed that, for this test,
orimary consolidation was almost
unnoticeable. Probably it was very small and
took place in less than 0.1 day making the
"secondary compression" data very consistent.

12.2

F— Hj12.12 mm Varticol presswre oy =0.96 kg/cm?

K, mm sustained 250 doys

120 Previous oy=0.74 kg/cmt sustained
8 days Ao
Therefore o.v: = %% :0.30
N8 = AM)y =0.84
Typlcal sample of ;12“; T =089 mm
Mexico City cloy After 90 days

thare were some
inconsistencies in
the exparimentat

1.6 |-from 16m depth
Confined compression

Originol height of somple =15 mm points.
1n.4 1 .,
f— Hf = 11.28 mm H¢
ne AT T SR U RTT1 S A AT R17] B B 11
0.1 1 0 100 100¢

e Points representing the
experimentol curve

Theoretical curve
8=0.73, t*=7.2 doys

Fig 12. Time volume change of Mexico City clay
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A "coefficlent of secondary compression”

that may prove to be useful 1in practice due

to its similarity with the ones already in

?;e)(nesri, 1973) is the following. From eq
1

(AH)
4 aH 1 _ 2.3 T
E:on‘(angt ﬁ') =g S (43)

where H* is the value of H for t = t*

In terms of volumes, eq (43) would read

& =T 8 v (44)

For the test on Mexico City clay of Fig. 12
we have, therefore

* _ 2.3
€y = 71— 0.73

0.84 _ '
a 75 = 0-030 (45)

Note, however, that this parameter is not
enough to completely specify secondary
behaviour.

Several time curves were made available to
the author by his colleague Leonardo Zeevart
(1983) using 20 mm thick samples of typical
Mexico City clay, with load increment ratios
from 0.30 to 0.75 in the recompression branch
and from 0.15 to 0.40 in the normally
consolidation branch. The loads were
sustained from 4 to 24 hours. An inspection
of these curves clearly showed that in the
recompression branch primary consolidation
took place for U = 0.3. In the normally
consolidation branch the author could not
determine the termination of primary
consolidation.

Mesri (1973) has published a very extensive
experimental data on onedimensional tests
using Organic (liquid limit wp = -70) and
Inorganic (wy; = 54) Paulding clays.
Thixotropic ﬁardeninq has not been considered
in the above theory. Therefore, remoulded
samples are not considered. Only sedimented
samples behaviour on the normally
consolidated branch will be considered

(Ko is not constant in the recompression and
swelling branches). The data is mainly
presented in terms of Cy and eygp defined by

Ca hAe 1
€op ¥ T3 © Alogt T+e (46)
p P
where e = void ratio at the beginning of the

linear Eortion of the e~logt curve.

For our analysis let us substitute expression
(46) for the equivalent expression

1

o (47)

where Hp is the value of H for e = ep.

Comparison of eqz (43) and (47) leads to
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™
*
]
%

a €ap (48)

The tests were made on 25.4 mm thick samples,
using load increment ratios %g = 1. The
loads were from 0.25 to 32 kg/cm? . The
level of stress was reached "with only
sufficient time allowed for excess pore
pressure dissipation”. Let us assume, in
order to continue with the analysis, that
this ocurred for U = 1/3.

Fig. 13 presents a scheme illustrating
primary and final compression curves in
clays using the above assumption. The data
was suggested by Organic Paulding clay.
Approximate values of its coefficient of
compressibility y and of its void ratio e,
for ¢ = 8 kg/cm? may be found using the
expressions (Juarez-Badillo, 1975)

Yy = 0.0016(wL - 10) = 0.10 (49)
and
ey = 7.5y = 0.75 (50)
The primary compression curve would,
therefore, be (o in kg/cm?)
—~0.10
v (a0
v = (%) 51
or in terms of void ratios

1+e_(0‘) (52)

The void ratio for o = 4 kg/cm’? is, from eq
(52), e = 0.875, that is (4e), = 0.125, and,
therefore, (Ate)p, = 0.375, ang for the total
compression curve, we get,for ¢ = 8 kg/cm?,

es = 0.5. The equation for this curve is,
therefore,

1+ —0-10

v =(g) (53)

The value of Eg , entering in eq (48), is
given by (See Fig. 13)

{4H)
pp | BiT O 1 - —®

2P = = (54)
_ 3 — 3 (AH)
H* Hy T(AH)P 1 3 __E;n
where, for our case
-y
p ) (2 =1 - 27
- 1 (01) 1 -2 (55)

1

Introducing egs (54) and (55) into eq (48)
we obtain

(56)

1.4
-0.10
R For tztp: ex175(F) ~ -1
t=tp e Ty -0.10
For t= @:e=150(F) ~ -1
121 {oy in kg/cm?)
L (ae); '
(Ael  (Be)p 3(ossumed)
1.0 " o
(Ae)p
1 o
0.8 (Ae)y (Ae)p
Yo
(AE)T ‘1
AE)T
oe} t=@ —
Doto suggested by Organic
Paulding Clay (Mesri, 1973)
1 1 i |
0.40 2 4 6 8 10
ay, kg/cm?

Fig.13 Scheme illustrating primary and final
compression curves in clays

(AH)
The value of ——ETI-entering in eq (43) is
given by

(AH) 3(AH)p 3 57)
— = = —
H H.-%(AH) Hi 3
1 © (AH)p 2

Mesri has reported that for Organic Paulding
clay, €4p = 0.013, and that for Inorganic
Paulding clay, eqp = 0.0035 (Fig. 5 in Mesri
paper) .

Applying eas (49), (55), (56}, (57) and (43)
to Organic Paulding clay we get

Yy = 0.10
e; = 0.0135 (58)
§ = 0.10

Similarly, applying the same equations to
Inorganic Paulding clay we get

Yy = 0.07
E; = 0.0036 (59)
&, = 0.04

Observe that there is no practical difference
between €* and e€__. Observe also that these
parameter% can notPbe used in practice
without the t* parameter.

Mesri et al (1975) have published a very
extensive experimental data on secondary
compression of typical samples of Mexico
City clay. The samples were 19 mm high. The
applied pressures were up to 30 kg/cm?. "The
samples were loaded in increments to a final
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pressure using a load increment ratio of
unity and a load increment duration just
sufficient for completion of primary
consolidation determined by Taylor's method
{(Taylor, 1948)". For undisturbed samples,
first sustained loading, they report a
constant value tg4p = 0.033 (their Fig. 25)
for the virgin branch of the compressibility
curve, From the compressibility curve (their
Fig. 16) the author obtained a
compressibility coefficient y = 0.43. Making
the assumption that primary consolidation
ocurred for U < 1/3, application of egs (55),

(56), (57) and (43) give
Y = 0.43
e* = 0,040 (60)
a
§ = 0,06

The value of y coincides with the value
reported by the author (1975). Observe now
that e¢* 1is 20% higher than e, . Compare
also “this value of e with “the one given
by eg (45) for Fig. 12. Compare also the
small value of § = 0.06 with the high value
§ = 0.73 obtained in Fig. 12. This great
difference, might be due to the fact that
Fig. 12 is still in the recompression branch
of the compressibility curve. Future research
should clarify this point.

FINAL DISCUSSION

It has been shown that the time volume
change behaviour of soils (when no retarda-
tion exists due to pore water pressure
dissipation) under isotropic and confined
conpression (if Ko = constant) may be
described by a single eqguation containing
two parameters, the coefficient of volume
viscosity & and the characteristic time t*.
The coefficient § has to do mainly with

the form of the time curve while the time t*
has to do mainly with the rapidity of the
phenomenon. See Fig. 2.

This general time equation is identical in
form to the general compressibility
equation (Juarez-Badillo, 1981). Compare
Fig. 3 of the present paper with Fig. 2 of
the above mentioned paper. The coefficient
& in the volume time curve has the same
significance than the coefficient vy in the
volume pressure curve., Similarly, the
characteristic time t* has the same
significance in the time curves than the
characteristic pressure o* has in the
pressure curves,

The compressibility equation reads

v (&)

1+ (ﬂ) (62)

Gl
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If U' is defined by

U''=1-10 (63)

1 =1+(t_t*.) (64)

and the similarity of eqs (61) and (64} is
evident.This is so because they satisfy the same
philosophic requirements. Because of this
similarity the time curves of Figs. 5 and 6
may also be interpreted, using eq (63), as
the compressibility curves of granular
materials before the braking of particles,
that is, in the unvirgin curves.

It 1is the feeling of the author that for
granular soils like sands:

1. 1In the first mechanical phase of the
compressibility curve, unvirgin, § is small
and constant, say 6§ = 0.1 and t* is small
and constant, say t* = 1 to 30 sec (Taylor's
figure, Fig. 11 and Table 1j.

2. In the transition or critical zone,
where partial breakdown of particles exists,
§ and t* 1increase when the stress increases
(Figs. 8 and 11 and Table 1).

3. In the second mechanical phase, virgin
curve, where a general breakdown of
particles exists, § is high and constant,
say 6§ = 0.5 to 1.0 and t* increases when
the compressive stress increases (Figs. 7,
8 and 11 and Table 1).

Similarly, it is the feeling of the author
that for plastic soils like clays:

4., In the recompression branch § is
constant, apparently with high values (Fig.
12). Is t* also constant?

5. In the normally consolidated branch
§ is constant, apparently with low values
(egs (58), (59) and (60)). Is t* also
constant?

The above commnents are mainly made to
promote future experimental research. The
published data does not allow the
determination of t* in clays. The author
believes that a reconsideration of some of
the experimental data of the past is highly
desirable.

It should be noted that, in clays, primary
consolidation will make necessary to
introduce a modification in the time scale
after the termination of the excess pore
pressure dissipation, Fig. 7. Future
researchwill indicate how this should be done.

It is important to realize that primary
compression curves are functions of the
loading programs while the final (t = =)
compression curves are postulated to be
unique for given soil samples under monotonic
loading, Figs. 9, 10 and 13.
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It should be noted that, according to this
theory, the parameter €%, eq (43), very
similar to the traditional Egpr €4S (46), (47)
and (48), is not a good ?ar?meter to study .
secondary compression. AR)T is constant as
far as the load increment ratio is
constant and no previous sustained loads have
acted (egs (57) and (55)).

It is suggested that eg (10) is also
applicable to solids, liquids and gases. It
should be very interesting to know the
parameters § and t* for water. Very surely
they both are very small.

CONCLUSIONS

The main conclussion are as follows:

1. A general time volume change equation
for soils is presented,eq (10). It consist
of two parameters: the coefficient of volume
viscosity 6 and the characteristic time t*.
The parameter § has to do mainly with the
form of the time curve while the parameter
t* has to do mainly with the rapidity of the
phenomenon, Fig. 2.

2. We may expect to have "instantaneous" or
"simultaneous" deformation with the
“instantaneous" increase of stress only when
§ < 1. However its amount depends on the
value of § and on the time we take to
register it, Figs. 2 to 4.

3. The semi-log plot seems most appropriate
for the time curves, Figs. 5 and 6. In this
plots, the time curves are antisymmetric

and its middle third is very close to a
stright line.

4. For sands, it appears that, for the
unvirgin branch of the compressibility
curves, the values of § and t* are small

and constant, while for the virgin branch

of the compressibility curves, the values of
§ are high and constant and the values of t*
increases when the compressive stress
increases.

5. For clays, 1t appears that the values of
5 are constants, but different, in the
recompression and in the normally
consolidation branches of the compressibility
curve.

6. In clays there is a high need of
experimental data to study the t* parameter.

7. There is a need of experimental data to
study the factors that influence the values
of the 8 and t* parameters in soils.

8. It is suggested that eg (10} is also
applicable tosolids, liquids and gases.
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Robustness of Discrete-Time Direct Adaptive
Controllers

ROMEO ORTEGA, LAURENT PRALY, anp IOAN D. LANDAU

Abstract—The problem of preserving stability of discrete-time adaptive
controllers in spite of reduced-order modeling and output disturbances is
addressed in this paper. Conditions for global stability (convergence of
the tracking error with bounded signals) are derived for a discrete-time
pole-zero placement adaptive controller where the parameter estimator is
modified in terms of normalized signals. Following an input-output
perpective, the overall system is decomposed into two subsystems
reflecting the parameter estimation and modeling errors, respectively, and
its stability is studied using the sector stability and passivity theorems.
First the analysis is carried for the class of disturbances and reference
inputs that are either decaying or can be exactly nulled by a linear
controller of the chosen structure. In this £ ,-framework, it is shown that
the only substantive assumption to assure stability is the existence of a
linear controller such that the closed-loop transfer function verifies
certain conicity conditions. The convergence speed and alertness proper-
ties of various parameter adaptation algorithms regarding this condition
are discussed. The results are further extended to a broader class of £,
disturbances and reference inputs.

1. INTRODUCTION

HE fundamental practical issue which motivates the entire

body of feedback design is how to achieve desired levels of
performance in the face of plant uncertainties. Two aspects of the
problem must be distinguished: choosing a mathematically con-
venient representation of the modeling error [generically referred
to as model-process mismatch (MPM)] and capturing both the
uncertainty and performance aspects in a single problem state-
ment. These constitute the essential difficulty of a successful
design technique.

Manuscript received February 9, 1984; revised August 28, 1984, May 14,
1985, and June 26, 1985. This paper is based on a prior submission of
February 7, 1983. Paper recommended by Past Associate Editor, H. Eiliott.
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Autonoma de Mexico, Mexico P.O. Box 70-256, 04510.

L. Praly is with the Centre d’ Automatique et Informatique, Ecole Nationale
Superieure des Mines de Paris, Fontainebleau, France.

1. D. Landau is with the Centre National de la Recherche Scientifique,
France.

In a very general way, we can distinguish three specific classes
of MPM leading to different mathematical problems. Optimal
control of stochastic models when disturbances arise from smail
independent linearly combined fluctuations. Adaptive control,
where MPM is represented in terms of a set membership
statement for the parameters of a suitably choosen structure,
e.g., an otherwise known linear time-invariant (LTI) system.
Robust control theory which characterizes uncertainty by a set
membership statement for the input-output (I/0) operator,
e.g., the process transfer function.

Intense research activity has been devoted to the control of
stochastic models with parametric uncertainty. Single-stage opti-
mization schemes for scalar LTI invertible systems have been
shown to be globally stable under fairly reasonable assumptions
provided the system noise dynamics verifies a positivity condition
and the underlying model structurc has been suitably chosen.
Equivalence of single-stage optimal stochastic and pole-zero
placement deterministic adaptive controllers is now well estab-
lished; see, e.g., [11]. It has been shown in [25] that bounded
output disturbances (BOD), and more recently in [4], [21], that
reduced-order modeling (ROM) could make the closed-loop
adaptive system unstable. Since such violations are the rule and
not the exception in practice, these results raised the interest of
studying the controllers ability to retain adequate performance
when faced with other classes of MPM besides parametric
uncertainty. We will refer to this case as the mismatched case in
contrast to the matched case where no disturbances are present
and an upper bound on the process order is known.

Since in the mismatched case it is no longer possible to ensure
convergence to zero of the tracking error for all BOD and
reference sequences, a revised notion of acceptable performance
is required. Three fundamental, if modest, requirements are the
following. 1) Assure tracking error cancelation with bounded
signals for all BOD and reference sequences for which a linear
robust servobehavior is possible, i.e., the tracking error can be
exactly nulled by a linear controller of the same structure. 2)
When perfect tracking error cancelation is not possible, preserve
its boundedness for ‘‘sufficiently small’”” BOD. 3) Since the key
property of an adaptive regulator is to track variations in process

0018-9286/85/1200-1179%01.00 © 1985 IEEE
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dynamics, gain decreasing estimation schemes should be dis-
carded. Convergence to a constant value of the estimated
parameters and the capability of reflecting the MPM level in the
stability conditions are further desirable properties.

A. Background

Robustness results of adaptive controllers were first available
for the output disturbance problem {25], [18], [19]. Fairly
complete results in a state-space setting were obtained in [21] for
the case when the reduced-order model residuals are a parasitic
system. Ad hoc modifications to the adaptation laws were
presented in [18], [19], [21]. Although in the latter the MPM is
characterized by a well-defined scalar parameter (the ratio of the
dominant versus parasitic frequencies) in none of the aforemen-
tioned schemes is it straightforward to establish the validity of the
prior information required nor to incorporate g priori knowledge
about the process. Any attempt to treat ‘‘less structured’’
uncertainties from a sfate-space approach seqms doomied from
the outset not to yield useful results.

In contrast to adaptive control theory, research in robust control
[11. {21, [17] has preceded from an operator model formulation.
This allows natural accommodation of uncertain mode) order and
provides an adequate framework to incorporate a priori knowl-
edge to quantify the MPM. Conic bounded transfer functions to
deal with coarsely defined systems are used to characterize
uncertainty. In this approach the input-output map is assumed to
be in a ball in the frequency domain, whose center is the plant
parametric model and the radius defines, by a known frequency
function. the error induced by the unstructured uncertainty.

The key to the successful application of the powerful I/O
stability theorems [9] in an adaptive context is to find, as was done
for the nominal stability analysis of model-reference adaptive
controllers (6], a suitable operator-theoretic description of the
systems isolating the parametric error. To treat robustness
problems. the effects of the modeling and parameter estimation
error must be effectively isolated. This was first clearly stated in
[10] for a class of continuous-time adaptive controllers leading to
stability conditions given in terms of passivity requirements of an
MPM-related operator. Stabilizability of the process by a fixed
gain regulator (with the same structure as the adaptive one), which
is an ohvious requirement, is used in [ 10] to ensure boundedness
of the regressor vector. The first discrete-time robustness results
using an 1/0 approach were reported in |8]. There, a small gain
formulation is proposed to study the robustness of the self-tuning
controller. Unfortunately, the results are incomplete, since
besides the small gain requirement an intricately signal-dependent
assumption has to be made, specifically, it was assumed that the
regressor signals are @ priori known to be bounded. The same
flaw is present in {5], [15] where sectoricity theory was proposed
for robustness analysis. The £, results of [8] have been translated
to an £, framework in [23]; however, the signal-dependent
assumption remained unsolved.

Departing from the operator-theoretic approach, a signal-to-
noise ratio formulation of the robustness problem was introduced
in [28]. It allows one to derive results for both ROM and BOD
[24] using a modified version of the adaptation law introduced in
[25]. The results obtained are however more of a qualitative rather
than quantitative nature.

Some local stability conditions have been reported in {22]. This
type of approach, which may lead to more practical results,
complements the global one where the goal is to define the limits
of the adaptive schemes in its widest possible formulation.

B. Contributions of the Paper

The purpose of our robustness studies is to determine a class of
modeling errors (besides parameter uncertainty) for which the
adaptive scheme retains acceptable performance (as defined
above).

The framework proposed in this paper, largely inspired by
[10], is of the system theoretic type and is based on conic sectors.
Our main technical device is the sector stability theorem [2], [17]
which states that the feedback interconnection of two conic
bounded operators is globally stable if one is strictly inside a cone
and the inverse of the other one outside it. This theorem is applied
to the error model derived in [5] which is similar to the ones in
[8]. [10]. The operator representing the parameter adaptation
algorithm (PAA) is in feedback interconnection with an LTI
operator. The latter operator is the transfer function from the
delayed reference sequence to the system output.

In order to apply the conic sector theory, conic sector
conditions must be established for the PAA. In (7], [14] these
tools were applied to analyze the stability of the self-tuning
controller. The conic sectors derived in those papers are critically
dependent on the £, norm of the regressor vector. The
assumption of a bounded regressor vector leaves the results
incomplete. To remove this defect we use, as in [25], normalized
signals in the PAA and following the approach of [24], we modify
the least squares algorithm by regularizing the covariance matrix.
In this way, signal-independent conic sectors are established for
constant gain (CG) and regularized least squares (RLS) estimation
schemes. It is worth mentioning that the regularization in the least
squares algorithm is required only for the £.-stability analysis.
For the £,-stability analysis of the weighted least squares PAA,
see [31].

&,-stability, that is tracking error cancellation, may be ensured
for reference inputs and disturbances that are either £, signals or
such that linear robust servobehavior is possible. To treat the
more realistic situation of arbitrary reference inputs and BOD, an
£, formulation is required. Analogously to [23], we use
exponentially weighted techniques {9] to extend the £, result to a
£, framework. In both cases a tradeoff between altertness of the
PAA and robustness arises.

Direct application of the sector stability theorem to the
normalized error model allows us to derive conditions for the
stability of the normalized signals. To be able to conclude stability
of the adaptive scheme from stability of the normalized error
model, two additional results are needed. First, the conditions
ensuring stability of the normalized scheme, which are given in
terms of normalized operators, must be translated to the original
operators. Second, conditions under which stability of the
normalized scheme implies stability of the original one must be
established. This is done by referring to multiplier theory [9, p.
202]. The problem basically reduces to proving that the regressor
vector is bounded, which ensures that the normalization factor
qualifies as a multiplier. Arguments similar to the ones in [24] are
used for this part of the proof.

The main contributions of the paper are the following. 1) An
extension of the I/O approach pioneered in [7], [8], [10] for
analyzing the effects of ROM and BOD in discrete-time adaptive
controllers. 2) Establishment of a well-defined class of ROM
errors and BOD for which robust stability is ensured. 3) Use of a
normalized approach to parameter estimation for improved
robustness. The latter completes the results of {51, [8], [23].

The paper is organized as follows. The type of MPM and the
regulator structure studied are presented in Section 1l together
with the error equations. The implications of the presence of
MPM in the PAA selection and the /O properties of a class of
PAA’s are discussed in Section III. In Section IV the need to
normalize the PAA signals is motivated. The main stability
theorems are given in Section V. Some concluding remarks are
presented in Section V1.

II. PROBLEM FORMULATION

In order to carry out the objective presented in Section I-B we
must isolate the effects of the modeling and parameter estimation
errors. This is done By reconfiguring the adaptive system into two
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subsystems: the parameter adaptation algorithm (PAA) and an
LTI subsystem independent of the parametric error.

In this section we will first define the MPM representation
considered in the paper. A standard pole-zero placement adaptive
controller is introduced later. Before proceeding to describe the
PAA, which is left to Section III, error equations suitable to the
robust stability analysis are then established. Assuming linear
stabilizability of the process, the stability problem of the adaptive
case is reduced to the analysis of a feedback arrangement around
the PAA; this arrangement is suitable to the application of 1/0
stability theorems {2}, [9], [17].

A. The Plant

It is assumed that the plant to be controlled is described by

Alg™HY,=q Blg YU, +§, 2.1

where A, B are polynomials in ¢ ='. A is monic, U,, Y,, &, are the
input, output, and disturbance sequences, and d is known. The
order of each polynomial and its coefficients are unknown and £,
is bounded, i.e., £, € £..

B. The Controller Structure

We will pursue a pole-placement all-zero canceling objective
with the desired closed-loop poles being the roots of a polynomial
Cg. Defining a filtered tracking error

e 2 CrYi—w 2.2)
our objective is to ensure that e, tends to 0 as 1 tends to infinity.

Choosing two integers n1g and n1; we use the regulator structure

§1U1=wud'1?t Y,

where S, and R, are polynomial functions in g ! of degrees ng and
ng, respectively, with time-varying coefficients and w, is the
reference signal assumed known d steps ahead. In compact
notation the control law may be written as

(2.3)

Wiy = 0,”1’4
with

& = (U, Uiy, o, U Yo Y s o, Yo ,)T 2.4)
Before proceeding with the process reparameterization, let us
introduce the following stabilizability assumption that will justify
the choice of the regulator given above.

Assumption A.1: Let S, R, be polynomials of given orders
ng, ng. Let p € (0, 1) be a scalar. Define the polynomial
coefficients vector

b, £ 15§, ST, -~

. * * . I * T
s Snsv o, I, s ’nR]

Ite>

*

and the polynomial

C < S,A+q 9R,B. 2.5
With these notations, we assume that there exists a nonempfy set
0,5 defined as

O = {0,ER": C(q)#0, vV gEC, |g|>p'?} %0

where n & ng + ng + 2. Ui

Remark 2.1: The set 6,5 defines the fixed gain regulators
which ensure that the systems closed-loop poles are within a disk
of radius p'”2, where p is a designer chosen parameter to bc
defined later. The elements of this set, which we will call the
linear stabilizing set, the corresponding polynomials and associ-
ated signals will be denoted with an asterisk. Notice that forp = 1
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this assumption simply states that the system may be stabilized by

a linear regulator of the chosen structure. 1f ©, 5 is empty the plant
cannot be stabilized even when 1t is perfectly known.

C. Error Equations

Combining (2.5) with (2.1) and using (2.4)

CY,=B8ls, 4+S,k (2.6
CU,=Ab6,— Rk, (2.6b)

Define
U2 Bra=007¢a £ 8 0,y @7

where §, is the difference between the actual parameters |see
(2.3)] and a vector of stabilizing parameters. From (2.2), (2.3),
(2.6), and (2.7) we see that the error model may be expressed as

e=—Hy,+e! 2.8)
where
e} L(H;—Duw+CrC 18,8, (2.9a)
H, 2CrC"'B. (2.9b)
The regressor vector can analogously be written as
b a=—~Wi+é! 4 (2.10)
where
oF ¢ = Wi+ Wat, 2.11a)
Wi £ CIA, g4, -+, g TRA;
q—le, qfdle, RN ar—dfnSB]T (Z.Hb)
W: 2 C'l-qg "R, —q"" 'Ry, ~~, ~q"“"RR
g S, g S, e, g ™S,) (2.1

Remark 2.2: Notice that in the matched case there exists S,
and R, such that C, = CiB, see (2.5), so that H» = 1.
Furthermore. since ¢, = 0, then e} = 0. It is reasonable to expect
that the stability conditions in the mismatched case will require
“H, close to 1™ and “small”” e*. Our problem is 1o formalize
these notions and to provide conditions to ensure its verification.

In Fig. 1 the complete error model is depicted. H, denotes a
relation defined by the PAA. One important difference arises with
respect to the continuous-time error model developed in [10],
namely that defining y, in terms of the delayed signals [see (2.7)],
allows us to obtain a transfer function H, of relative degree zero,
i.e., proper. This will prove to be of fundamental importance in
the analysis of the stability conditions implications.

Remark 2.3: It is easy to show that H, = CgY*/w,,; that
is, H, represents the transfer function of the process in closed-
loop with a stabilizing regulator. e* and ¢ * are the corresponding
tracking error and regressor signals for that linear scheme. Notice
that they can be interpreted as inputs to the error model [10] which
are bounded in view of Assumption A.l. Henceforth, the
establishment of tracking error convergence conditions for the
overall system reduces to ensuring stability for the feedback
interconnection of the blocks H,, H,. Boundedness of ¢, will
follow if the former conditions are ¢,-independent.

IIl. THE PARAMETER ADAPTATION ALGORITHMS

We intend to obtain stability conditions in terms of conic
bounds in the presence of MPM. In addition, we wiil attempt to
satisfy performance requirements. Our key technical device to
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Fig. 1.

study the feedback interconnection is the conic sector stability
theorem [17] (see also [2]}. It is required then to choose a PAA
such that sector conditions may be established for the relation
Hye = ¢

lIt will be shown below that to obtain ¢,-independent properties
for the PAA (see Remark 2.3) normalization of e, and ¢, are
compulsory. In the following (%) will be used to denote
normalized variables and corresponding operators and are
defined as:

d;r—d = P;l/zqsl—d» é, éﬂfl/2€.1 ‘Lr 2 P,_l/z‘/’l (3.0a)
H; £ p " Hp}? -1 i=1, 2. (3.0b)

The normalization factor p, is introduced in Section V.

To gain some insight into the problem of the selection of the
PAA we will consider first the approaches and motivations of the
matched case, that is when no ROM or BOD are present. A class
of PAA for which suitable /O properties have been established is
later presented and its properties stated and proved.

A. The Matched Case

Most adaptive schemes reported in the literature use an integral
PAA of the form

b.=8,_+Fig_ge? 3.1)

where F, is a time-varying matrix (the matrix gain) and e is an
estimate of the prediction error. The increasing complexxly of the
treated cases required increasing information fed through e into
the PAA. Therefore, the choice of e” may be thought of as
reflecting the evolution of the adaptwe control theory. It was
initially taken equal to the tracking error to solve the unitary delay
case. Later it was shown that using this same error, a physically
realizable globally stable solution was still possible for d=2,by
proper replacement of §, by the multiplier operator P,(8,).". This
last modification was required to ensure the positive real condition
of the error model. The ingenious inclusion of the augmented

erior model allowed proof of convergence of the tracking error by
taking

eP=(CrY,—87 6, a)/(1+ T Fib,_a). (3.2)

However, this new form of e? posed the new stability problem of
ensuring boundedness of the auxiliary signal, which was later

' This section's discussion, although restricted to discrete-time systems, is
further simplified bﬂy choosing the following structure for the operator:
PrPib) & qBq-? (see {13]) so that the operator retains the basic concepts
of continuous and hybrid schemes.

proved for invertible systems [13] by showing that A8, € £,.
Similar results were obtained in [25], [26].

The introduction of the a posteriori error representation [6],
[11] allows a clear-cut interpretation of the stability proofs, either
Lyapunov or Popov based, available in the literature. Due to the
structure of the integral PAA it is easy to show that in the matched
case e? as given in (3. 2)is equal to —8/¢,_4 the @ posrerlorl
error. Smce the operator H: el — 07¢, 4 is passive (for a
constant gain matrix), even for unbounded ¢,, direct application
of the passivity theorem leads to the stability of ] Td:, 4 The proof
is completed by showing that 67 J¢:~q = 0 implies ¢, — 0 with
bounded ¢,. A similar procedure will be required below when we
will seek to prove stability of the adaptive scheme from the
stability of the normalized signals.

Remark 3.1: It can also be shown that when d > | an
interlaced version of (3.1) avoids the necessity of using the
augmented error in (3.2) since for that scheme

€

N |
1+87 Fidi_a 1#i-a

B. PAA Sector Conditions

Given our objective of uniform asymptotic stability we disre-
gard proportional components in the PAA. In addition, gain
decreasing PAA are discarded to preserve the alertness of the
adaptive scheme. Extrapolating from current usage we consider
integral interlaced PAA of the form

91_—'917‘1*’ S:q;hdél (3.3)

where §F takes one of the following forms.
1) Constant gain (CG) PAA: §F is a scalar

F & />0, (3.42)

2) Regularized least squares (RLS) PAA: & is a time-varying
matrix

F 2 F (3.4b)

where (see [24] for further details)

Ao Fi_abi-abi-oFi-a
F={1-=|[|F_g—~———"""" + X/ (.4c)
! ( )\1>[ e )\‘*"b;r,dFrqust—d
and Ay < A, A are strictly positive scalars.

The eigenvalues of F; are all contained in the chosen interval
o, M _ R
Equations (3.3) and (3.4) define an operator H,:¢, = ¢, (see
Fig. 2). Besides this operator we will consider for the RLS/PAA,
its exponentially weighted counterpart H:é* — J«" where the
superscript o denotes
X¢ e a'X,: a>0.

The 1/O properties of the two operators are summarized in the
following lemma. Similar results were obtained earlier in [7],
[14], [15], [24]. Notice that H} = H, when o = 1.
Lemma 3.1 (I/0 Properties of the PAA):
1) CG/PAA: If § is given by (3.4a), then
S S .
H1+§ dog 1S passive
for all 6,5 such that
GczS)|9] b/ (3.5)
2) RLS/PAAIf § is given by (3.4b), (3.4c), then

H¢ is outside CONE (-1, V1 —6pis)
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for « verifying

Fo_a®i_abl_oF.
1 _Fi-a9-ad-glia Y 6
A max [F/ <F,_d —_—_———)‘+<5,T.dFlAd¢l~d>] at<] 3.6)

and all d, s satisfying
NGB
aRLSZ)\+)\1<51T<£’. 3.7

Proof: The proof is given in two parts. The passivity
property for the CG/PAA is first established. The conic sector for
the RLS/PAA is later derived.

1) Consider the quadratic function

1 .
Vi & E g,TfA 10,
direct manipulation of (3.3) and (3.4a) gives
1 _
Vi=Vi_a= ‘ple-l+5 ¢,T_df¢l—d(ét)2'
It can be readily seen that
| R
<" ”CGel+‘Z;t|et> z2-V_4— =V,
2 N

which completes the first part of the proof.
2) Let the matrix Fand the scalars V,, V', be defined as
E~d<5wd<5:r-ﬂ{::—d
N+@T Fiqbi_a
8/ F; g,
N .

Y

[ & F 4 3.8)

_— 87 F 18,
= A )

in>

v/

We have (see the Appendix)
VisX max (FJ'F)) - V/
and after some algebra (see [30] for example).

A 52

— — &2,

)\+¢,T‘dFl—a¢r——d !
Now from (3.4¢), (3.6) it follows that:

V- Vt—d=(\Ll+ét)z"

o\ max (F,_IF:I)SL ‘5,7‘_4F/~d‘£1—d5)‘1<5,r,4({’f~d-
Hence,
¥V, <a=DY, ,+a 9| (fo+ e“?z——_——-)‘——_-— oo
! ! )‘+¢,T—dFl—d¢l~d !

Summing from O to N leads to the result

N N —-d
Y Frenz Y D i
1=0 t=-1

Remark 3.2: From (3.5), (3.7) we see that the PAA’s
properties are critically dependent on the boundedness of ¢,. This
indicates that the normalization factor p, in (3.0) should ensure a
finite £ »-norm for ¢,. We will assume from now on that p, is such
that

[éello=1.

A sequence p, giving this property will be presented in Section V.
With (3.9), the radius of the cone for the RLS/PAA does not

(3.9)
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vanish. It is exactly at this point that our result differs from |5],
(8], 151, [23].

Remark 3.3: Another interesting property for our study would
be to have ¢ > 1 in (3.6). Clearly from (3.4c) we have

F=zF/.
Therefore, in any case

azi. (3.10)
In some circumstances, the stronger property ‘o > 1’ is also
satisfied. In the Appendix we show that, in the case d = 1, this is
achieved at least for ¢, persistently spanning in the following
sense: there exist 0 < 8 < 1, € > 0, N, such that:

N
S BN 1@ dT=el ¥ N=N,. (3.11
=0

Unfortunately this is a signal-dependent condition. However, w 1s
usually satisfied for A large enough (slow adaptation) and for all
period of time such that 8, € O, provided the reference input is
persistently exciting.

IV. STABILITY OF THE NORMALIZED ERROR MODEL

£, and L£..-stability results for the normalized system are given
below. Discussion on the stability conditions is deferred to the
following section, where stability of the adaptively controlled
system is derived from the stability of the normalized error model.

A. £,-Stability

Combining Lemma 3.1 and the sector stability theorem we get
the following £; result for the normalized system.
Lemima 4.1 Consider the feedback interconnection

\‘T’l:[-_llél (413)
€= “H:¢1+é7‘- (4.1b)
If H, is strictly inside @ = CONE (C,4, R,), where
o R (1/6cg, Véca)  for the CG/PAA 4.22)
DT (1/6as, V1= Gmis/dris) for the RLS/PAA (4.2b)
for any
Gc=f and § >N 4.3)
CG =, RLS—)\+ )\I .
then

&, Yy, €L, for all efEL,.

Proof: This is a straightforward application of 117, Theorem
2a p. 234]. !
B. £.-Stability

The £. extension of the previous resuit using the RLS/PAA
follows below.

Lemma 4.2: Consider the feedback system (4.1) tor the RLS/
PAA. Assume p, is bounded away from zero. Under thesc
conditions, if

H;‘ Loo'Hyfo ] - is strictly inside @ [with @ as in (4.2b)]
with a > 1 satisfying (3.b), then there exists a scalar K’» such that

Ky Jerllw
min g, (1-@a?) ’

vis
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Proof: £y-stability of the map (&F)« ~ ¢ (see Fig. 2) is
ensured from Lemma 3.1 and the sector stablhly theorem. That i is,
3 K, < o such that

a3 =sKliteh=2, v N=0. (@.4)
Notice that
[ = (@™¥n)? 4.5)
and
ZN
fiteHyfi= E a¥<)ef n,, — (4.6)

since « > 1. Combining (4.4)-(4.6) we can conclude that
uniformly in N

o K, 2
“’Sp(l pEE leF e 4.7
where
p = minp,>0. 0 4.8
{

Remark 4.1: The same types of arguments were used in [23] to
prove the boundedness of e, assuming @ priori constraints in the
regressor vector.

VI. MAIN RESULTS

In this section we will determine the conditions under which
stahility s proserved for the plant (2.1) in closed loop with the
timz « wying  gulator (2.3) and adaptive law (3.3), (3.4). For
this ¢ crimse o v il introduce the following normalization factor:

or=my 1 tmax (16,_41% p),  p>0, k€O, 1) (5.1)

which togethier with (3.0) completes the description of the PAA.

Remark 5.1: This type of multiplier was introduced in [25],
and its importance for robustness established in [24], [30). p is a
small positive constant that defines a lower bound to p,. The
choice of the time constant p will prove to be a compromise
between PAA alertness and robustness.

The problem is solved by analyzing the error models depicted
in Figs. 1 and 2. It should be recalled (see Remark 2.3) that under
the stabilizability Assumption A.1 the key point is proving
stability of ¥, {sce (2.8), (2.10)}. The proof procceds as follows.
First we prove using the Bellman-Gronwall lemma that £,-
stability of /, (given by Lemma 4.1) implies ¢, € £... This in its
turn assures that the regressor vector is bounded. As a conse-
quence. the normalizing factor p, is bounded and proceeding from
the multiplier theory £.-stability of the normalized error model
implies £,-stability of the adaptive system. For the £-stability
proof, boundedness of V., as shown in Lemma 4.2, is used to
establish boundedness of .

The stability conditions derived in Lemma 4.1 ard 4.2 are
translated in terms of the designer chosen parameters (715, g, Cx,
1) and the MPM (H,, £).

A. £.-Stability
Theorem 5.1: Consider y, given in (3.0), (5.1) and ¢, as in
(2.10), (2.11). Under these conditions if Assumption A.l1 of
Section II-B is verified, then
VEL= Y EL..

Proogf: Define the exponentially weighted signals [9, p. 251)

X SptX, 5.2

From (5.1)

s on=po+ 10k N3+ u Mo/ (1 - ) (5.3)

Applying the truncated £, norm to the exponentially weighted
version of (2.10) and taking into account A.1

s lv=yilobn+ |2 nl+ys E4N (5.42)
where v, v, are £,-gains defined as
Y5 Ly W)}, v7 & vl WAl )1} (5.4b)
From the definition of ,, (3.0a) and (5.3), (5.4) we get
M
pot+ Mo+ 2{ [y Pl L+ I ) + v 1241,

Since ¥, € £, by assumption, J, = 0, so that forall § > 0, 2 N,
such that for all N = N,

l¥nli=

¥2,<6. (5.5)
Therefore,
wM s 8{p,+u M+ [y 12wkl
2y F PEH S+ 20y Ve M+ IS )03
If we choose & such that | — 28[y,]? > p, we get

. _20[y3)? & .
M2 62 Z 2 :
poM <82 K N 1—2617 ]2 Vi (5.6)

where we have used the fact that pg, p. «, {¥,}}", & € La 10
bound them by 6K u .
Applying the Bellman-Gronwall lemma to (5.6)

28[viP N
1-21vi1° 4

1 Nor--d
. —— Y 4 -1
- 280yi? o
which may also be written as

N ANt
$2,=8%K, {1+26(n’) 2 [1-25(72)2] } 6.7

The term inside the brackets is smaller than | and the series is
convergent, therefore, we can conclude that y, € £... 0
Corollary 5.1: 1§, € £, 0, £, € L., and A.1 holds, then ¢,
€ £, and consequently p, € L.
Proof“Follows immediately from Theorem 5.1, (2.10). and
(5.1). N
The following lemma will help us to find the conicity
conditions over H, ensuring the ones required in Lemma 4.1,

T L L

Lemma 5.1 Let us consider the operator H: vy, -» p,. If

Hi(u.'"q) "] is inside the CONE (C, R), then H < p;'2Hp|?
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(i.e., H:4, = 9, with p, as in (5.1) is inside the same CONE (C,
R).
Proof: See also [14]. Define

Z, £(y,— Cn)?—(Rn)?
Z, &0y~ Ci)? - (Rﬁz)zzp,_ 'Z,.
Taking the sum

N N N

> — - -1 ~
E Z’=E ,u-,P, ‘P- IZl=pN+le+| E I 'z,
t=0 =0 =0

N j
+> [(2 u‘%)(u’p,"—u"'p,lll)] .
j=0 =0

The proof is completed noting that p'p "' is decreasing since

p Doy =M7IP1+V->(H]) max [Pvl‘bhrﬂl | 7]

and the implications
N
H{(x'"?q)"'1ECONE (C, R)= 3 [(n "= Cu~"Hy)?
=0
1 N
~(Ru™"y)?<0 = 3 p~Z,<0.

=0

We establish that =% | Z, < 0, and consequently H € CONE (C,
R). O
We are now in position to present our main £,-result.
Theorem 5.2: Consider the process (2.1) in closed loop with
the adaptive regulator (2.3), (2.4), whose parameters are updated
according to (2.2), (3.3), (3.4) with the normalization (3.0),
(5.1). If for given ng, ng and u, Assumption A.1 holds and
i) H[(u'?q) ~ "] is strictly inside A (as defined in Lemma 4.1)
i) w,, £, € L., are such that e} € £, then

¥, 6E€L; and 9, €L,

Proof: Condition i) and Lemma 5.1 ensure the stability of
the normalized error model (Lemma 4.1). Stability of the adaptive
system (Fig. 1) may be concluded using multiplier theory [9] if p,
qualifies as a multiplier, e.g., p, € Lo (Fig. 2 with « = 1). This
is ensured by condition ii) and Corollary 5.1 since e* € L, = &
€ L,, and consequently ¥, € L,.

Discussion:

1) Theorem 5.2 may be stated in the following way. Given an
LTI process of known delay, choosen ng, ng, p and desired
closed-loop poles, the adaptive system will exactly cancel the
tracking error if there exists a value for the regulator parameters
(an element of ©,¢) such that for this linear scheme. a) The
Nyquist locus of the closed-loop transfer function (Y F*/w,, ) is
“sufficiently close”” to the desired one (1/Cg). b) Robust
servobehavior is possible. The notion of *‘sufficiently close’" is
precisely defined in terms of disks in the complex piane for the
locus of the transfer function evaluated at |g| = n'?.

2) The key modification to the PAA used in this paper is the
normalization. One of the main stumbling blocks to establish
robust stability results for the RLS/PAA was the impossibility of
proving that og.s, in Lemma 3.1, is strictly smaller than I (see,
e.g., [25], [14], [8], [231, [15]). This is necessary to disallow a
vanishing radius for the cone. Normalization removes this defect,
but then the error model is only in terms of normalized signals.

3) Notice that the cone @ depends only on designer chosen
parameters [ocg and ogis in (4.2)]. In the limit the conicity
condition i) coincides with a positivity condition. Thus
robustness enhancement occurs at the expense of reducing the
speed of convergence of the PAA

4) The coefficient u establishes an alertness-robustness tra-
deoff. Its robustness effects appear in the conicity conditions.
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PAA alertness is directly affected since p is the normalization
filter time constant (5.1). See [24] for further discussion.

5) The restriction on the tuned tracking error: e/ € £, imposes
requirements on A, — 1, w,, and £,. If the nature of the reference
and disturbance signals is known, incorporating an internal model
in the design [16] allows one to ensure that this condition is met.
In particular, it is verified for constant reference input and BOD if
the open-loop system is type-1. In the following section we carry
the analysis for the more interesting and practical case of e}* €
Lo

B. £.-Stability

The £, result is given for the RLS/PAA (3.4b). (3.4c).

Theorem 5.3: Consider the adaptive system analyzed in
Theorem 5.2 with a RLS/PAA.

1f for ng, ng, A, Ao, Ay, and p.

i) Condition i) of Theorem 5.2 holds
i) (o FUIF))Y < pf

then there always exists a p (5.1) such that

Vi, €, [ASE for all Wy f,elﬂm.

Proof: Consider the normalized exponentially weighted
feedback interconnection of Fig. 2. Notice that for a? = ')
and i) above imply the conditions of Lemma 4.2. Hence,

s K. .2
\L‘\,Sp{] B fief ta- (5.8)
The Bellman-Gronwall lemm: ‘nay be now applied as in Theorem
5.1 proceeding from (5.5) with ¢ substituted by the right-hand side
of (5.8). It becomes clear that the condition ensuring the
boundedness of ¥, becomes

K
pll1—p)
which may be rewritten as

1-2 @) e |uzu

( —mbm}) leF2fluly ). 5.9
Since all the terms in the numerator of the right-hand side are
bounded and g ranges in (0, 1), there exists 2 p which will make
(5.9) true. This completes the proof.

Discussion:

1) Condition ii) has been discussed in Remark 3.3. We know
that it is met if a persistence of excitation condition is satistied.

2) Inequality (5.9) defines the class of (non-£,) disturbances
under which £.-stability is preserved. Notice that K, quantifies
the stability margin of the H;, H, feedback interconnection (4.7).
v, is the gain of the map £, — ¢* (2.11), (5.4b); that is, it
measures the effect of the BOD on the regressor in the linear
scheme. The conicity condition and (5.9) impose contradictory
requirements in the choice of u. The scalar p defines a lower
bound for the normalization factor, hence directly affects the gain
of the PAA. From (5.9) it appears 1o be interesting to have slow
adaptation. A contradictory requirement would be given in case of
a time-varying plant.

3) In a recent paper [29] £ -stability of the error model has
been established incorporating into the PAA a parameter projec-
tion operation analogous to the one in [25]. This requires
additional prior knowledge but allows one to extend the stability
analysis without condition ii} and without the restriction (5.9) on
the £..-norm of e¥

VI. CONCLUDING DISCUSSION AND FURTHER RESEARCH

To conclude let us summarize the results reported in the paper.
A proof of robust stability for a discrete-time adaptive controller
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with a normalized estimator has been presented. Systems with
arbitrary relative degree may be considered (in contrast to the
continuous-time robustness studies [10}, [21]) however we re-
quire the latter to be known. The stability conditions reduce to the
existence of a linear regulator (of the chosen structure) such that:
1) the closed-loop tracking transfer function ‘‘approaches’’ the
desired closed-loop behavior; 2) ‘‘good’’ disturbance rejection
properties are attainable. Increasing the speed of adaptation
renders these requirements more stringent.

Although the two previous conditions preserve the essence of
the usual performance (in the sense of pole-placement) and
disturbance rejection design objectives, they unfortunately do not
offer any engineering design guidelines. The primary culprit here
is the notion of transfer function vicinity (as stated in 1) above)
which requires that the phase-shift between the attainable and the
desired transfer functions should not exceed 90°, at all frequen-
cies. This has been referred to in the literature as the positive real
condition (of H,).

One fundamental difference arises at this point between
continuous and discrete-time robustness results. In the latter the
assumption of known delay permits us to obtain a parametrization
where H, has the relative degree zero. In terms of the Nyquist
locus this implies that for all stably invertible processes the overall
phase shift contribution is zero, i.e., the locus starts and ends in
the same side of the complex plane. Therefore, since phase
modification (usually phase lead) is only required over a limited
frequency range. it will always be possible by proper filtering to
satisfy the positivity condition. Two important questions remain
however to be solved. How should we incorporate the available
prior knowledge to convert the conicity conditions into tests for
robustness? The second question is more disturbing. How should
we deal with nonstably invertible process, very likely to appear in
a discrete-time context?

APPENDIX

From (3.4¢), (3.8). (3.9), d = 1, we have the following
property.
Lenmma: If there exist ¢ > 0 and N such that

with
_ A = Ao)
A = Ag) + A+ 2g)

then we have

-1
xTF, X _,
max————=<
« XTF] " 'x

_ €NoA
NIYESWESINOWE

Proof: Let us remark some facts.
i) F,, F, are invertible for any finite ¢ and

- oT
F,';',‘:F;w“s—f!, A>0 (A.1)
F={1-2)F 2
=U % [+ X, 0< <X (A2)
=<1 (A.3)

Hence, by induction, if we choose F; such that
A max Fy<)\
then we have for any finite ¢

N max F,<)\;.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. AC-30, NO. 12, DECEMBER 1985

Therefore A, F! — [ is positive definite for any finite ¢.
ii) F/has a symmetric positive definite square root F,'"? and
we have

F'F/=F/\2F 'F/\i=F|F",
Hence, if we let:
¥ =F,I 12y
we have

xTF; ' ._yTF’/l/ZF'—l F”l/z},
xTF)"ix yTy '

This proves that:

-1
n}ax%:;,'—_;;=)\ max F'F/.
i) If A is a symmetric positive definite matrix, then

xTAx<(1+ X max A)xTA({+A4) x, 22
This is proved by noticing that we can choose a symmetric
positive definite square root A!? which commutes with (I +
A) ~'. Then with
y=A2x,

The inequality becomes simply

yTy<yTI+A )y, (1+N max A4), vy,
Let us now study the matrix G, defined as

G,=1-F['F/

From fact ii), G, is symmetric, with eigenvalues smaller than 1
(see (A.2)]. With (A.2), we have

1 1 N
_(—_ —_— ———
F; —)\)1+ <1 )\]>G,.

Hence, from fact i), G, is positive definite. We have also
SN U AR AR
Flol=eI+—(1-22 xany

t+1 )\1 +)‘0<1 )\1>Gl+ d

Therefore, since

. " .
F/oF,, = <1 ”Y)” MNF, o

1

we have

,’+_11F,+1 =1+ <1 —‘;\\i:>01+)\ﬁ; Q§1$,T_(1_Gr+l)~

This proves that

(1 Mg N Nger|™
Ga= [(1 )\I>G,+)\ ¢,¢,T] [1+ <1 )\1>G,+)\ ¢,¢,]

We remark that, with the properties of G, and (A.3), we have

N max [(1—%)0&% qw] 51—:—‘1’+¥.
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Then with fact iii), it follows that (in the sense of quadratic form)

>.—-————)\1)\ Mo ho - ;T
Ot o)+ M) [(' 'E)G X o

This implies

: A=) o
G/+13§) ()\l()\+)\0)+)\()\l_)‘0)>
NP+ ANy P00

The conclusion follows from the assumption and the properties of
G,. a
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SEISMIC RESPONSE OF PILES IN FINE SAND

Leonardo Zeevaert (1)

SUMMARY

The piers of the Navy Yard in the State of Veracruz, Mexico, located
at the Coatzacoalcos River Bank suffered large permanent displacements dur-
ing an earthquake 6.5 magnitud with epicenter at about 35 Km from the site.
The author describes in the paper a tentative quantitative correlation of the
phenomenon using the geometry of one of the pier units and based on the sub-
soil conditions available.

The problem is analysed theoretically from a practical engineering
point of view establishing the pile-soil interaction, and considering that
during the strong ground motion high pore water pressures developed in the
sand deposit, thus reducing the lateral rigidity of the sand supporting the
piles of the pier. The results of the theoretical calculations obtained by
the method proposed by the author are confronted with the damage observations
at the site.

INTRODUCTION

In August 26, 1959 a mayor earthquake was recorded with epicenter in
the Gulf of Mexico with latitude 18°27'N, longitud 94°16'W and approximately
at 35 Km from the mouth of the Coatzacoalcos River in the State of Veracruz,
Mexico. The earthquake was rated 6.5 Richter Magnitud and its intensity esti-
mated on the order of VII M.M., with maximum ground surface acceleration of
200 gal (Ref. 1). The installations at the Navy Yard located at the river
banks close to the mouth of the river, suffered severe damage. Observations
by the author just after the earthquake reported permanent relative displace-
ments on the order of 25 cm between pier units supported on steel pipe piles,
Fig 1 and 2. The pipes used are 20 cm diamter standard steel pipes driven
through the loose sand to point bearing on a soft sand stone. The geometry of
the pier analysed, the mechanical properties of the pipe piles and the subsoil
characteristics are shown reported in Fig 3.

The phenomenon was analysed considering that during the seismic Totion
the maximum ground surface acceleration reached 200 gal at the dredge line.
The following actions are assumed to have taken place:

1) High pore water pressures in the sand deposit reducing the soil
rigidity during the seismic motion.

2) Amplification of the ground surface acceleration at the pier deck
elevation.

(1) Professor DIVISION ESTUDIOS DE POSGRADO, FACULTAD DE INGENIERIA, UNAM.
Mexico 04510, D. F. - Consulting Engineer.




78

ANALES D.EPEL

1985

FIG 1.

FIG 2.

PIER AT THE COATZACOALCOS RIVER

DISPLACEMENT BETWEEN PIER UNITS
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.The evaluaFion of points (1) and (2) permitted the computation of the
approximate behavior of the pier to be compared with the observed damage.

WEIGHT OF DECK 0.750 t/m?

~N

SAND WITH 975

///7/7A///)

SILT AND SILTY 3731
CLAY LENSES [

120 WITH SHELLS 575

e=l0 Ss=2.67 450

=756 45 ("C)o63 300

% in t/m?2 1.504 R J
0O 10 —

7 SOFT SAND STONE” 4

1)- DECK ON 8¢ STANDARD STEEL PIPES !5m DEPF!
CENTERS PROPERTIES: [=1118.83 cm¢,
A=3.48cm2, 1£=10.72cm?
E1=24055 t-m2,CHELLIS, O.R, PILE FOUNDA
TIONS (SECOND EDITION) p.585, Mc. GRAW-
HILL. (1000 KILOGRAMS =1 ton)

2)- WEIGHT OF DECK PER PILE: 1.69 ton.

S T15.75

&
O o~ mm‘b‘um—

b

FIG 3. CROSS SECTION OF PIER

SUBSOIL BEHAVIOR

To estimate the subsoil behavior it was necessary to learn on the soil
rigidity. The author performed in the past dynamic soil investigations for a
similar fine sand at the mouth of the Grijalva River in the Gulf of Mexico,
located in the State of Tabasco, (Ref. 3). The results of this investigation
yielded the following value for the loose fine sand dynamic soil rigidity

0'63ton/m2 (1)

p o= 756.45(c )
in whicho_given in ton/m? is the confining effective stress at the depth
where | is required. Hence, knowing the maximum seismic pore water pressure

Usis’ the seismic sand rigidity during the earthquake may be estimated by

Wi = 756.45(0C-U . )0'63 (2)

S SIS

The next problem was to determine the approximate maximum seismic pore
water pressure, The calculation was performed with the method explained in
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Ref. 2, Chapter XIl, Section 3.5, it was justified by means of a confronta-
tion made with field seismic pore water pressure measurements in fine sand
reported by Ishihara et.al, in Owi Island, Japan, Ref. 4 and 5.

The theoretical dominant period Tg of the sand deposit at the site,
the maximum seismic relative horizontal soil displacements §gi, and the ap-
parent angle of internal friction during the seismic action are reported in
Table |

TABLE |
SEC DEPTH HEIGHT d Y OOi OOC USiS 6Sis uSiS ¢SiS
1 0.5 10.75 1.0 0.85 0.430 0.275 0.187 1.589 163.61 10°.3
2 1.5 9.75 1.0 " 1.28 0.819 0.544 1.451 335,40 10°.8
3 2.5 8.75 1.0 " 2.13 1.363 0.869 1.305 L85.10 11°.7
4 3.5 7.75 1.0 I 2.98 1.907 1.157 1.144 631.06 12°.7
5 4.5 6.75 1.0 " 3.83 2.451 1.406 0.978 777.72 13°.8
6 5.5 5.75 1.0 " L,68 2.995 1.615 0.814 926.63 14°.9
7 6.75 4,50 1.25 " 5.74 3.674 1.821 0.576 1115.69 16°.4
8 8.25 3.00 t1.50 " 7.01 L4.486 1.996 0.357 1343.96 18°.1
9 9.75 1.50 1.50 ¢ 8.29 5.306 2.097 0.158 1576.86 19°.8
10 11.25 0 .50 " 9.56 6.118 2.130 0 1808.24 21°.4
m m m t/m® t/m® t/m> t/m® cm t/m?
e _ 0,63 :
d)d - 3l+ > Usis = 756°u5(oc USiS) TS 0.56 secC

1 ton = 1000 Kg

PILE-SOIL INTERACTION

The second problem was to analyse the pile-soil interaction to deter-
mine the ratio of the free period of vibration of the pier Tp to the domi -
nant period of vibration Ty of the sand deposit. With the value of Tp/Ts we
determine the probable acceleration amplification at the deck of the pier,
(Ref. 6 and 7). The value of Tp may be determined knowing the static horizon-
tal deflection at the deck, therefore

T o st
P 9
To estimate the value of Tp it was necessary to calculate the unit
soil flexibility matrix and the unit pile flexikility matrix. These may be
obtained assuming unit pile-soil horizontal reactions in so many horizontal
sections as necessary for accuracy, Fig 3.

(4)

From conditions X; = +1, Fig 4, we obtain [-g'i ] the pile flexibility
matrix and [ §;; ] the soil flexibility matrix. Hencé, the total horizontal

displacements are _ N o
30+ 08,00 1xgy (5)

g R
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FIG 4. PILE-SOIL INTERACTION CONDITIONS

In which lXi[ is the vector of the unknown horizontal reactions. Assum-
ing X; = 0, and the load per pile at the deck of 1.688 tons applied horizontal-
ly,we calculate the static deflections of the pile Ao, Fig 4. Therefore, we 7
establish the matrix interaction equation for the static condition E

[sj,-+sji] X = A, (6)

Solving this equation we determine the values of Xi, and thereafter the
pile configuration by
[ Sij J ¢ ,X;’ - lAiol = lsil (7)
The maximum static deflection at the deck level is found to be 0,128 m.
Therefore, the free period of vibration of the pier is approximately Tp = 0.72
sec, and T,/Tg = 1.29. Using this value and assuming a fraction of critical

damping of 5% we obtain an ampiification factor on the order of three (Ref. 7).
Therefore, the estimated dynamic maximum force at the deck elevation is Pq =

(3)(2): 1.69/9.81 = 1.034 ton.
The dynamic behavior of the pier in its maximum amplitud is now calcul-
dted with Pq = 1.034 ton at the pier deck elevation and with the maximum hori-

Zontal soil displacements Sgj due to the seismic action given in Table |I.

The following matrix equation may be established to investigate the
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seismic maximum response of the pier (*)

[Sji+6ji] . !Xi|~|A. + 8 .| (8)

The method in the application of equation (8) is iterative, because
during seismic deformation the soil assumes a plastic condition at the upper
sections. The pile and soil was divided in 10 sections as shown in Fig 3. The
analysis indicated that the upper three sections enter into plastic condition
with the following values:

Section 1 0.20 ton
Section 2 0.70 !
Section 3 1.10 "

The results of the final cycle of the pile-soil interaction calcula-
tions are shown in Fig 5, where the bending moments and deflection of the
steel pipe are reported.The method used is called "HEMISES" it may be found
in Ref. 2, Chapter Xli, pp 567-588 or Ref. 7, Chapter IV.

From the results of the analysis reported it may be observed that the
stresses of the steel pipe pile at the support of the deck increased on the
order of 3450 kg/c? and at a depth of 8 mts into the sand deposit 2250 kg/c?.

= 3.82+tm
(3450 KA?)

/Vi lI575m

| DISPLACEMENT
OF PILE

RGOS
10

-9

8

25pm |

‘ | (2258 K/¢?)
—- e R

FINE SAND BENDING MOMENT
—t—— S (| D R A a—

20c¢  10cm 2 4 6tm

Fig 5. MAXIMUM AMPLITUDE SEISMIC BEHAVIOR
OF STEEL PIPE PILES OF THE PIER

(*) The inertia of the mass of the pile is not considered
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The elastic limit of the steel pipe material is on the order of 1900 kg/c?
(27,000 1bs/in?). Therefore, as the pipe pile reached these high stresses it
was forced to yield, not recovering its original position. On the other hand,
at this moment the free period of vibration of the pier T  increased, and con-
sequently the acceleration amplification at the deck elevhtion decreased, (Ref
2). The calculated double displacement amplitud of the pile head reached as a
minimum 28 cm. Fig 5, showing a reasonable good agreement with the relative
displacements and permanent distcortions observed in the pier, Fig. 2.

CONCLUSIONS

A tentative interpretation of the seismic damage observed in this par-
ticular pier has been given based on the following working assumptions.

1) The maximum seismic pore water pressure in the soil is attained
at the maximum ground surface acceleration of 200 gal.

2)  The sand rigidity p expressed by equation (2) based on the fine
sand at the mouth of the Grijalva River is assumed to be valid
at the site close to the mouth of the Coatzacoalcos River, for
the same index properties.

3) The plastic forces in sections 1, 2 and 3 were estimated by the
conventional plastic theory under instantaneous loading conditions.
Deep secticons show an elastic response.

It is recognized, however, that an ''exact solution'' cannot be obtained
due to the approximate values of the parameters. Nevertheless, the analysis
may be considered within the accuracy of engineering practice.

One may conclude, that following the method of analysis herein explain-
ed a designer could find that the size of the piles used were not suitable for
the expected seismic ground surface acceleration. This method of analysis,
however, was not known at the time these piers were designed and constructed.

In the present, the behavior of similar piers may be forcasted, and with
a nominal factor of safety a safe design achieved.
REFERENCES
! Marsal R.J. (1961) Behavior of a Sandy Uniform Soil During the Jaltipan
Earthquake, Mexico. Proceedings of the Fifth International
Conference on Soil Mechanics and Foundation Engineering. Vol

I pp 229-233, Paris, France.

2 Zeevaert L. (1982) Foundation Engineering for Difficult Subsoil Condi-
tions, Second Edition, Van Nostrand-Reinhold Co. Chapter XII

3 Ref 2 Chapter Xil pp 553

4 Zeevaert L. (1983) Computation of Seismic Pore Water Pressure against
Field Measurements in Fine Sand.- Division Estudios de Pos-




84

ANALES D.EPFI 1985

5 lshihara K.
Shimizu, K.
Yamada, Y.

6 Ref 2

7 leevaert L.

grado, Facultaa de Ingenieria, U.N.A,M. Mexico 04510, D. F.

Seismic Pore Wa er Pressure Analysis Confronted With Field
Measurements in Fine Sand. To be published in Soil and Foun-
dations J.S.F.E.

(1981) Pore Water Pressures Measured in Sand Deposits During
an Earthquake. Japanese Society of Foundation Engineering.
Vol 21, No. 4

Chapter X1, pp 10
(1980) Interaccion Suelo-Estructura de Cimentaciones Super-

ficiales y Profundas Sujetas a Cargas Estdticas y Sfismicas,
Editorial Limusa, México 1, D. F.



GRADUADOS

Durante el afio de 1985, obtuvieron el diploma de Especialista
en Ingenierfa diez alumnos; el grado de Maestro en Ingenieria
55, de los cuales 35 realizaron tesis; y seis alumnos optaron
por el grado de Doctor en Ingenieria.
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HACIA UNA METODOLOGIA PARA LA PLANEACION INTEGRAL DE LOS SIS
TEMAS DE DISTRIBUCION DE ENERGIA

TOWARD TO A METODOLOGY FOR INTEGRAL PLANNING OF THE ENERGY
DISTRIBUTION SYSTEMS

Alejandro Afuso Higa Doctor en Ingenieria (Investigacibn
de Operaciones)

Asesor: M. Cobién S.

RESUMEN _

La planeacibn de sistemas de distribucién de energia eléctrica
constituye un problema muy complejo por la cantidad de varia
bles e interrelaciones a considerar. En la Gltima década se
han desarrollado diversas aplicaciones de la programacién mate
mitica a este campo. Sin embargo, se presentan fuertes pro
blemas de dimensionalidad y, por lo tanto, de requerimientos
de cémputo. Esto resulta dispar con la creciente tendencia al
uso de equipos de cémputo pequefios, ademids de que en la mayo
ria de los trabajos sb6lo se resuelve el problema a corto pla
z0 y se omiten sus implicaciones a largo plazo. En este tra
bajo se utiliza una estructura multiestrato que permite elabo
rar programas de corto, mediano y largo plazo, integrédndose
un conjunto de algoritmos que permiten reducir notablemente
los requerimientos de c6bmputo; se desarrollan los programas re
queridos y se hace una aplicacibén a la Ciudad de Managua, Nica
ragua.

ABSTRACT

Planning systems of electric energy distribution is a very com
plex problem due to the large quantity of variables and inter
relations that have to be considered. In the last decade, va
rious applications of mathematical programming in this field
have been observed, However, strong problems of dimensionality
and computational requirements exist. This results in contra
diction with the rising tendency to use small computational
equipments. Moreover, in most papers the solution is given on
ly for a short term, that is, long term implications are omit
ted. In this paper a multistrata structure is used, which per
mits to design programs for short, medium, and long term, a
set of algorithms is integrated so computational requirements
are remarkably reduced, the required programs are developed
and an application to the city of Managua, Nicaragua is made.




SIMULACION NUMERICA DE FLUJO SUPERCRITICO TRANSITORIO
NUMERICAL SIMULATION OF TRANSIENT SUPERCRITICAL FLOW

Francisco Javier Aparicio Mijares Doctor en Ingenieria
(Hidr4iulica)

Asesor: C. Cruickshank V.

RESUMEN

Algunos esquemas de diferencias finitas usuales en la simula
cign numérica de flujos transitorios a superficie 1libre pre
sentan comportamientos anémalos no siempre atribuibles a de
fectos esencialmente computacionales de 10s mismos; se obser
va que tales anomalias se presentan en esquemas basados en
ecuaciones de energia y no en aquellos que usan el principio
de conservacién de la cantidad de movimiento. Ademés, las ano
malias aparecen cuando el nlmero de Froude es mayor de tres.
Se demuestra que el programa radica en cambios bruscos de
energia a través de ondas de choque, presentes en préicticamen
te todo flujo supercritico, cuyo valor es proporcional al cu-
bo del nilimero de Froude, 1o cual invalida el uso de formula-
ciones que impliquen la conservacién de la energia y explica
las razones de las anomalias.

ABSTRACT

Some finite-difference schemes frequently used in numerical
simulation of transient, free surface flows show abnormal be
haviours which are not always attributable to essentially

computational defects of such schemes; it is observed that

these anomalies appear in energy conservation-based schemes
and not in those wusing the momentum conservation principle.

Morever, the anomalies appear when the Froude number is grea

ter than three. It is shown that the problem is due to sudden
changes in energy across shock waves present in practically
every supercritical flow, whose magnitude is proportional to
the cube of the Froude number. This 1invalidates the use of

formulation which imply energy conservation and explains the
reasons for the observed anomalies.




AIREACION Y SUPERFICIES POLIEDRICAS

AERATION AND POLIEDRIC SURFACES

Felipe I. Arreguin Cortés Doctor en Ingenieria
(Hidr4ulica)

Asesor: G. Echévez A.

RESUMEN

Se presentaron los resultados obtenidos de un estudio tebérico-
experimental con flujos con velocidades de 22.5 m/s.

El modelo tedrico esti basado en las ecuaciones de transporte
de sedimentos y de la longitud de mezcla de Prandtl, los resul
tados obtenidos son similares a los presentados por Straub y
Anderson. ‘
Las mediciones se hicieron en una instalacién de alta veloci
dad en la cual pueden alcanzar velocidades de hasta 42 m/s. Pa
ra hacer las mediciones se empleé una versidén modificada deT
equipo de Viparelli, que después de calibrado demostré ser
Gtil para mediciones de concentracibén de aire de hasta 0.64.
Se analiz6é la difusibén turbulenta en wuna direccién y se ob .
tuvieron los coeficientes respectivos. -
Se estudiaron las superficies poliédricas cbncavas y convexas.

ABSTRACT

Results obtained from an experimental and theoretical study
with water velocities of 22.5 m/s are presented.

The theoretical model is based in the equations of sediment
transport and in the Prandtl's mixing length, the equations ob
tained are similar to those presented by Straub and Anderson.
Measurements in the high velocity water flume of the National
University of Mexico, in wich velocities up to 42 m/s can be
reached, were done. A modified version of the technique used
by Viparelli was applied to measure the air concentration. Af
ter several calibrations it was found that the method is use
full for air concentrations no greater than 0.64. -
The turbulent diffusion of the entrained air in one-dimensio
nal chute flow was analyzed and the equation of diffusion was
solved.

The use of plane surfaces instead of the traditional curved
once in spillway was probed.

Results of both, convex and concave changes in direction are
presented.




AISLAMIENTO DE CIMENTACIONES MEDIANTE BARRERAS DE P1LOTES

ISOLATION OF FOUNDATIONS BY THE USE OF PILE BARRIERS

Javier Avilés Lépez Doctor en Ingenieria (Estructuras)

Asesor: F.J. Sainchez S.
RESUMEN

Se presenta un método para resolver el problema de aislamiento
de cimentaciones, de vibraciones generadas en su cercania, me
diante barreras de pilotes. E1l problema se formula bidimensio
nal y tridimensionalmente como uno de difraccién mGltiple de
ondas elisticas y se resuelve al satisfacer las condiciones de
continuidad y equilibrio en las interfases suelo-pilote con la
ayuda del teorema de adicidén de Graf.

Para el modelo bidimensional se obtiene 1la solucidén exacta,
construyendo el campo difractado por cada pilote mediante ex
pansiones de funciones de ondas cilindricas que forman un con
junto completo de soluciones de la ecuacibén reducida en onda.
Para el modelo tridimensional se obtiene una solucidn aproxima
da, en el sentido de minimos cuadrados, pues se supone que el
campo difractado por cada pilote estid dado solamente por ondas
de Rayleigh.

Se realiza un andlisis paramétrico para estudiar la influencia
del diametro de los pilotes, la separaciédn entre ellos y su
longitud en la efectividad de la barrera. Se define un indice
de transmisibilidad como medida de la efectividad de este sis
tema de aislamiento. Finalmente, se discuten las posibles ex
tensiones de este trabajo.

ABSTRACT

A method for solving the isolation of foundations, from sour
ces generated in their neighborhood, 1is presented by the use
of barriers of piles. The problem 1is solved in two and three
dimmensions by multiple diffraction of elastic waves, taking
into consideration continuity and equilibrium in the interpha
ses of soil and piles, with the help of Graf's addition theo
rem.

For the bidimentional model an exact solution is obteined, ge
nerating a diffracted field for each pile by expansions of func
tions representing cylindrical waves that form a complete set
of solutions for the wave reduced equation.




For the three dimmentional model an approximated solution was
obtained in the sense of miuimum squares, because the diffrac
ted field for each pile is given by Rayleigh's waves only. -
A parametric analysis was developed to define the influence of
the diameter of the piles, their separation and the effectivi
ty of the barrier depending on their length. A transmissibili
ty index is defined as a mesure of the effectivity of this iso
lation system. Possible extensions of this work are also dis
cussed. -




SIMULACION NUMERICA DEL FLUJO EN ACUIFEROS SEMICONFINADOS CON
CARGA Y DESCARGA

NUMERICAL SIMULATION OF WATER FLOWS IN SEMICONFINED AQUIFERS
TO LOADING AND UNLOADING

Carlos Cruickshank Villanueva Doctor en Ingenieria
(Hidr4ulica)

Asesor: J.L. Sinchez B

RESUMEN

Se cesarrollé un método aproximado para el cllculo de intercam
bio de agua entre un acuitardo y los acuiferos que tenga en
contacto, que toma en cuenta el comportamiento histerético del
material sedimentario saturado cuando se descarga su estructu
ra después de un periodo de carga. EIl método propuesto se re
comienda para la evaluacibén del flujo y del hundimiento del te
rreno debido al bombeo en acuiferos en contactos con formacio
nes compresibles con variaciones ciclicas de carga.

ABSTRACT

An approximated method for the computation of the interchan-
ge of water between an aquitard and its aquifer was developed.
The method takes into consideration the hysteretical behavior
of the saturated sedimentary clay when its structure is unloa
ded after a sustained loading period. The method is recommen
ded for the evaluation of water flows and of the land subsidan
ce caused by pumping in aquifers in contact with compressible
formations and with cyclical variations of load.




APLICACION DE LA TEORIA DE LA CATASTROFE AL ESTUDIO DE FENOME
NOS CON HISTERESIS EN HIDRAULICA

APPLICATION OF THE CATASTROPHE THEORY TO THE STUDY OF PHENOME
NAE WITH HYSTERESIS IN HYDRAULICS

Polioptro P. Martinez Austria Doctor en Ingenieria
(Hidr4ulica)

Asesor: G. Echdvez A.
RESUMEN

Se presentan los conceptos fundamentales de la teoria de la ca
tidstrofe. Se aplica al estudio de estabilidad de flujos poten
ciales, como el flujo alrededor de un cilindro con circulacién
y de flujos permanentes e incompresibles, como el flujo de Co
vette. Se analizan sus posibilidades de aplicacién como técni
ca de modelaciébn descriptiva, a condiciones como la transicién
flujo laminar-turbulento en tuberias, o el comportamiento del
coeficiente de arrastre de cuerpos inmersos, entre otros. Se
analiza el problema del salto hidriulico forzado, proponiendo
un modelo de catéistrofe que se corrobora experimentalmente. Se
analiza el problema de estabilidad de cauces, y se propone un
modelo cualitativo de catdstrofes, basado en la teoria de mini
ma potencia de corriente. Se presentan conclusiones y se propo
ne una primera clasificacién de procesos de catdstrofe en hil
driulica.

ABSTRACT

A summary of fundamental concepts of the elementary catastro
phe theory is presented. The theory is applied to the structu
ral stability study of some potential flows, such as the flow
around a cilynder, and of some permanent and incompressible i
flows, such as the Covette flow. The possibilities of the theo ‘
Ty use as a descriptive modeling tool are discuted, and applied
to flow conditions as the laminar-turbulent transition in pi

pes, problem of the hydraulic jump formation is studied and pro
posed a catastrophe model which is experimentally verified. The
problem of river regimen is studied too, and a qualitative ca

tastrophe model is proposed, based upon the minimum stream po |
wer theory. Conclusions, and a first catastrophe clasification ‘
are presented.
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