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PREFACIO 

Dentro de los fines de la Universidad Nacional Aut6noma de Mé 
xico se encuentran los de docencia, investigaci6n y difusi6n 
de la cultura. 

Uno de los medios importantes para el logro de estos fines es 
la vía impresa, ya que la expresi6n escrita es una de las prin 
cipales formas de registro y preservaci6n por tiempo indefinI 
do del conocimiento. 

El avance de la humanidad ha dependido, en gran parte, de la 
utilizaci6n de los desarrollos científicos y humanísticos como 
fuerzas orientadoras y de soporte para la innovaci6n y el cam 
bio. Por tanto, la información científica y técnica es un re 
curso acumulativo, ya que el conocimiento se construye sobre 
conocimiento; y la posesi6n y aplicaci6n oportuna y adecuada 
de éste es esencial para el pr6greso. Con ésto se resalta la 
gran importancia que tiene el difundirlo rápida y fielmente, 
so pena de perderse o di~torsionarse. 

La Facultad de Ingeniería, motivada por reflexiones como las 
anteriores, se enorgullece de presentar los Anales de la Divi 
si6n de Posgrado, que en su primer número corresponde a 1985, 
enaonde se encuentran algunos de los trabajos representativos 
de la labor científica que realizan sus profesores-investigad~ 
res. 

Con ellos se pretende el doble objetivo de difundir artículos 
y tesis presentadas cada año, así como el de contar con un me 
dio de presentaci6n de la labor de la Divisi6n en los ambien 
tes académicos y profesionales, tanto nacionales como interna 
cionales. 

DR. OCTAVIO A. RASCON CHAVEZ 
Director de la 
Facultad de Ingeniería 
UNAM 
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PREFACE 

Education, research and dissernination of culture are arnong the 
objectives of the National University of Mexico (UNAM). 

Printed work is one of the rnost irnportant rneans to achieve 
these goals, because knowledge is effectively recorded and pr~ 
served by rnan's written expression. 

Scientific and hurnanistic developments, as the essense of chan 
ge and innovation, have been the driving force far the advance 
rnent of rnankind. Therefore, inforrnation of all kinds is a curnu 
lative resource: knowledge is built upon knowledge. Its poss~ 
ssion and adequate application is fundamental for progress. 
This points out the irnportance of a fast and reliable spread 
of knowledge, in order to prevent its distortion or destruc 
tion. 

The School of Engineering, rnotivated by these reflections, is 
proud to present the first volurne of the Graduate School 
Annals, which corresponds to 1985.It includes sorne of the rnost 
relevant work done by the Faculty of the Graduate School as 
well as by sorne of the graduate students. 

With the Annals a twofold objective is intended: to present r~ 
search papers and theses elaborated during each year, and to 
prornote the Graduate School ata national as well asan ínter 
national level. 

DR. OCTAVIO A. RASCON CHAVEZ 
Head of the School of Engineering 
UNAM 
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LA DIVISION DE ESTUDIOS DE POSGRADO 

En la DEPFI se preparan profesionistas para la docencia y para 
la investigaci6n creativa, a través de la transmisi6n eficien 
te y motivadora de conocimientos a las nuevas generaciones, lo 
cual origina la investigaci6n para el desarrollo de la tecnolo 
gía adecuada a nuestras necesidades. 

GRADUATE SCHOOL OF ENGINEERING 

The Graduate School of Engineering prepares professionals for 
creative research and teaching, through the effícient and moti 
vatíng transmissíon of knowledge to the new generations, which 
originates the research for the development of the proper tech 
nology for our needs. 



LA DIVISION DE ESTUDIOS DE POSGRADO 

La Divisi6n de Estudios de Posgrado, DEPFI, es una de las sie 
te Divisiones que conforman la Facultad de Ingeniería. Fue 
creada en 1957 y por sus aulas han pasado más de 5,200 alum 
nos, de los cuales el 79% han sido mexicanos y el 21% extran 
jeros, principalmente de Centro y Sud-América. La formaci6n 
de los estudiantes ha estado a cargo de 510 profesores: 129 
con grado de doctor, 235 con el de maestro y 146 con el de li 
cenciado; de ellos, 7% extranjeros. -
El Posgrado consta de tres niveles: Cursos de Especializaci6n, 
Maestría y Doctorado. En la Especializaci6n se busca el mejo 
ramiento y actualizaci6n de los conocimientos en una rama es 
pecÍfica; en la Maestría, además del objetivo anterior, se ca 
pacita al alumno en la investigaci6n y en la docencia; y en 
el Doctorado, la meta es formar investigadores creativos de 
alto nivel que compartan los nuevos conocimientos con sus 
alumnos. 

GRADUATE SCHOOL OF ENGINEERING 

The Graduate School of Engineering, DEPFI, is one of the se 
ven Divisions that constitute the School of Engineering. It 
was created in 1957 and more than 5,200 students have passed 
through the institution: 79% mexicans and 21% foreigners, 
principally from Central and South America. Aproximately 510 
professors have been on charge of the students' formation: 
129 with a Doctoral degree, 235 with a Masters degree and 146 
with a Bachellor's degree; 7% of them foreigners. 
The Graduate School has three programs: Specialization Cou! 
ses, Master's degree and Doctor's degrec. The aim of the Spe 
cialization Courses is the improvement and actualization of 
knowledge in a specific field; in the Master's degree, besi 
des this objective, the students are prepared in research ana 
in teaching; in the Doctoral program the aim is to form crea 
tive researchers of high level with abilities of sharing 
their knowledge with the students. 



ORGANIZACION ACADEMICA 

Académicamente la DEPFI se ha estructurado en seis Subjefatu­
ras: Civil, Recursos del Agua y Suelo, Recursos del Subsuelo, 
Ambiental, Mecánica Eléctrica y Sistemas. 
Actualmente se ofrecen nueve especializaciones, trece maes 
trías y nueve doctorados, en los siguientes campos: 

ACADEMIC ORGANIZATION 

Academically the Graduate School of Engineering is structured 
in six departments: Civil Engineering, Water and Ground Resour 
ces, Subground Resources, Environmental Engineering, Systems~ 
and Electrical and Mechanical Engineering. 
Nowadays nine Speciolizations are offered, thirteen Master's 
degree and nine Doctoral programs, in the following fields: 



ESPECIALIZACIONES EN 

Construcci6n 
Métodos artificiales de producción petrolera 
Perforaci6n de pozos petroleros 
Recuperaci6n secundaria del petr6leo 
Proyecto de instalaciones eléctricas 
Proyecto de instalaciones mecánicas 
Obras hidráulicas 
Obras marítimas 
Seguridad de instalaciones industriales de explotaci6n 
petrolera 

SPECIALIZATION IN ENGINEERING 

Construction 
Artificial lift methods for hydrocarbon production 
Petroleum well drilling 
Secondary recovery processes 
Design of electric instalations 
Design of mechanical instalations 
Hydraulic works 
Maritime structures 
Industrial safety engineering for petroleum exploitation 
facilities 



MAESTRIAS EN 

Ambiental 
Aprovechamientos hidráulicos 
Construcci6n 
Eléctrica 
Energética 
Estructuras 
Exploraci6n de recursos energéticos del subsuelo 
Hidráulica 
Investigación de operaciones 
Mecánica 
Mecánica de suelos 
Petrolera 
Planeaci6n 

MASTER DEGREE IN ENGINEERING 

Environmental 
Water resources 
Construction 
Elcctrical 
Energetics 
Structures 
Exploration for energy resources from the subsurface 
Hydraulics 
Operation research 
Mechanics 
Soil mechanics 
Petroleum 
Planning 



DOCTORADOS EN 

Ambiental 
Aprovechamientos hidráulicos 
Eléctrica 
Estructuras 
Hidráulica 
Investigaci6n de operaciones 
Mecánica de suelos 
Mecánica 
Petrolera 

DOCTORAL DEGREE IN ENGINEERING 

Environmental 
Water resources 
Electricity 
Structures 
Hydraulics 
Operation research 
Soil mechanics 
Mechanics 
Petroleum 



SERVICIOS DE APOYO ACADEMICO 

Dentro de las secciones académicas está la de Matemáticas 
que no ofrece grado, pero brinda soporte a las demás. 
Los laboratorios permiten el desarrollo de habilidades es 
pecíficas y la observaci6n directa de prácticas y experi 
mentas. 
La Biblioteca conjunta de la Divisi6n de Posgrado y del 
Instituto de Ingeniería, mantiene al día la informaci6n 
para las tareas de docencia e investigaci6n. 
La Unidad de C6mputo presta servicio a la actividad aca 
démico-administrativa de alumnos y pr0fesores. 
Difusi6n se encarga de establecer los canales adecuados 
para mantener una comunicaci6n eficiente de la DEPFI de 
manera interna y externa. 
Secci6n Editorial da apoyo editorial a las publicaciones 
producto de la investigaci6n y de la elaboraci6n de tex 
tos en la DEPFI. 
Servicios Educativos se ocupa de la actualizaci6n y supe 
raci6n pedag6gica del personal docente y del alumnado. 

ACADEMIC SUPPORT SERVICES 

Among the academic sections, Mathematics does not offer an 
academic degree, but gives support to the other sections. 
Laboratories allow the development of specific abilities 
and the direct observation of practices and experiments. 
The Library of the Graduate School and The Engineering 
Institute keeps the information for the research and edu 
cational labor. 
Computer Center gives service to the academic and adminis 
trative activity of professores and students. 
Diffusion Services are commited to establish the adecuate 
channels in arder to keep an active communication inside 
and outside the DEPFI. 
Editorial Services give publishing support to the publica 
tions of paper which result from the research projects. -
Educative Services are incharge of the actualization and 
improvement of professors and students. 
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RATE DISTORTION BOUNDS FOR QUOTIENT BASED 

DISTORTION FUNCTIONS WITH 
APPLICATION TO LPC SYSTEMS 

ANDRES BUZO, FEDERICO KUHLMANN. CARLOS RIVERA 
Universidad Nacional Autónoma de México 

División de Estudios de Posgrado 
Facultad de Ingeniería 

P.O. Box 70-256 
04510 México, D.F. 

MEXICO 

ABSTRACT 

In many linear predictive coding (LPC) speech compression systems, the 
encoding of the LPC parameters is performed using a product codebook scheme. 
One approach is to organize the set of reproduction LPC models as the 
Cartesian product of a vector codebook describing the shape of each reprQ 
duction LPC model anda scalar codebook describing the gain or energy. In 
this paper, we obtain theoretical bounds of the rate distortion function 
for the gain term of LPC systems (which used about 10 to 25 percent of the 
transmission rate), as well asan asymptotic approximation to the perfor 
manee of the optimal scalar quantizer of these gain terms, when the overall 
fidelity criterion is the Itakura-Saito distortion measure. These appro~ 
imations and bounds are compared with experimental results. 

I . INTRODUCT ION 

In an LPC speech compression system the speech frames are characterized by 
an all-pole filter described by its z-transform 0/A(z) (or simply 0/A), 
where a is the filter gain, 

and the excitation signal is either a periodic pulse train with period T, 

zero time-average mean and unit time-average energy for voiced sounds 
(where T is equal to the pitch value), ora zero-mean,unit variance s~ 
quence of independent random variables for unvoiced sounds. The set of 
parameters a1, ... , ªm' o, T that define this model have to be extracted 
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from the sampled speech signal, quantized and transmitted to the receiver. 
The rate of such parameter e.xtraction is usually on the order of 50-100 Hz 

to follow the time varying overall characteristics of the input speech si_g_ 
nal. At the receiver, speech can then be synthesized using the above all­
pole model and the voiced-unvoiced information. 

From rate distortion theory [1] it is known that, in order to achieve a low 
rate ata given distortion, it is better to quantize the whole set of 

parameters a1, ... , ªm' o,, as a single vector or block. Since there does 
not exist a meaningful di stortion measure for LPC systems that expl icit ly 
uses the pitch ,, this last quantity is usually encoded separately, which 
results in a suboptimal compression system with a product code scheme. 
Coding of the excitation parameter is therefore not considered here. In 
[2], Gray et-al proposed a system that quantizes a vector which includes 
the parameters a ando of the above model, using the modified Itakura-Saito 
distortion measure [ 3 las the fidelity criterion. Even though this di~ 
tortion measure is not universally accepted, it is used explicitly orimpli~ 
itlyin LPC systems and it has the form 

2 
( 1 12 I"' "'¡ 2 a o ct 15 o/ A , o/ A ) = ;.z- - In ,.,

2 
- 1 

a a 
( 1) 

where 

(2) 

,._,. 
o/A is the all-pole model to be quantized ando/A is its quantized version. 

A suboptimal system which allows relatively large rates to be simulated 
with reasonably small memory requirements was proposed in [4], 
using the same distortion measure as the one in [21 and (1) but with a 
different expression obtained by adding and subtracting In a to the right 
term of (1), that is, 

( 3) 

1n1s expression reflects the so-called "gain separation" property of the 
ltakura-Saito distortion measure. The first summand in (3) does not depend 
on ~. while the second is nonnegative and equals zero if and only if ; 2 = a. 
Thus the first term is the gain-optimized distortion (i.e. Itakura disto.!: 
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,. 
tion) and is the value of the distortion when o/A is encC'dEd as /&/A. The 

second term is the contribution to the distortion when ✓Ú is quantized as 
,. 
o. Thus, appropiately defining d' and d", both of the distortion measures 

(1) and (3) have the form 

where 

0 opt = /2. ( 5) 

Using this "gain separation" property, a scheme to encade the LPC param~ 

ters is presented in [ 4 l. It basically consist.; of encoding the normal_ 

ized all-pole model 1/A, using d' and computing the value of the optimal 

gain /&. Then the optimal gain la is encoded with distortion d". We will 

refer to d" as the ~ccda11 Itaf~u•w-Scuto d,¿6totüc11. 

Algorithms to design the quantizers of the all pole mor!, l dnd the gain term 

using d' and d" respectively are given in [4]. 

A further simplification was proposed later for designing the nor111alized 

all-pole model quantizer. It con:;ists of using ,~ - 1 (called the gain­

normalized Itakura-Saito distortion) instead of Qn 1 (called the gain­

optimized distortion). The approach was successful~ in the sense that a 

system based on vector quantization with 10 bits per frame for the normal 

ized filter 1/A, scalar quantization with 5 bits per frame for the opti111al 

gain, 5 bits per frame far the pitch (at 50 models per second this yields 

50 (10+5+5)=1000 bps) resulted in quantitative and subjective quality close 

to that of an LPC system with approximately optimal scalar quantization and 

optimal bit allocation ata rate of 2150 bps. 

Thus, it can be seen that the gain plays an important role in these en 

coding systems [4] (25 percent of the transmission rate). Furthermore, 

when the parameters of the nonnalized all pole-model (ora transformation 

of them) are scalar-quantized, then the value of the optimal gain, 

using the Itakura-Saito distortion as fidelity criterion after they are 

quantized, 1s given by (5), and the fidelity criterion that should be used 

to design a quantizer for the optimal gain is the second term of the right 

hand side of (4). The gain usually requires about 10. of the transmission 
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rate in these systems. 

Another possible application of quotient based distortions can be found in 
the encoding of the excitation signal of LPC systems. Since the excitation 

signal sn for voiced sounds is a nondeterministic periodic pulse train, 
(s =s +T) for a particular speech frame it can be represented in terms of n n 
its Fourier series as 

t-1 2nk 2nk 
I ªk cos -t- n + bk sin -t- n 

k=O 

Encoding this waveform can be done using a variety of fidelity criteria, 
and in particular, it can be done with a criterion closely related to the 
one used for encoding the LPC models, that is, a discrete version of the 

Itakura-Saito distortion [ 7 l : 

d = J_ t~l1 ~ - in~ - l , 
D 2t k=O ·5k Sk 

wl:.lere \=E{ il~ + b~ }- This measure, as well as its continuous version, 
both are based on cross-entropy concepts [2,7 l. 

In this paper we present bounds for the rate-distortion function for 
quotient based distortion measures, and in particular for bandwidth compre~ 
sion systems that use the scalar Itakura-Saito distortion as fidelity crite 
rion. In addition, an asymptotic approximation to the performance of the 
optimal scalar quantizer of these gain terms is derived. Finally, we use 
these bounds to evaluate the performance of an LPC gain quantizer in a 
product-codebook environment as described above, when the overal encoder 
performance is determined by means of the Itakura-Saito distortion function. 

11.BOUNDS TO THE RATE-DISTORTION FUNCTION FOR THE SCALAR 
ITAKURA-SAITO DISTORTION 

A. Quotient based distortion measures. 

Let the n-dimensional vector x~(x 1, . .. ,x) be the output of a continuos am-
~ n 

plitude, discrete time source. Assume that the components of ~ are indepen-
dent, identically distributed (i.i.d) random variables with absolutely con­
tinuous probability distribution function and density function P(x). Let 

t=(y1, ... ,yn) be an n-dimensional vector which is a member of the reproduc­
tion alphabet. The distortion that results from reproducing x as y is given 
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1 n 
by dn(~,y)= - E d(xk,yk) where {dn, 1 ~ n < 00

} is the single letter fi-
~ n k=l 

delity criterion generated by the nonnegative function d. We know that the 
rate-distortion function R(D) [l] is a tool to determine the least rate at 
which information about the source must be conveyed to the user in arder to 
achieve a prescribed fidelity as measured by the average value of a given 
distortion function. In particular, far a quotient type distortion measure, 
d(x,y)= p(x/y) anda positive source (P(x)=O, x<O), from Berger's results 
[l] and [10] it follows that: 

Pro pos it ion l. 

Far a positive, discrete memoryless source, using a quotient based single 
letter fidelity criterion, the rate distortion function R(D) is parametri­

cal ly lower bounded by 

R(Ds) ~ RL(Ds)=h(P)-J ~X P(x),Q,n X - h(Fs) + f ~xFS(x),Q,n X' ( 7) 

o o 

Ds= f ~xFs(x)p(x), ( 8) 

o 

where h(P) is the differential entropy of the probability density P(·),Fs(x) 
is a probability density function defined by 

(9) 

and sis a positive real parameter. In addition, far any positive value of 
this parameter, the lower bound RL(D) (called the Shannon lower bound), co­
incides with R(D) (i.e., (7) is a equality) if and only if the random vari­
ables x associated with the source output can be represented as the product 
of two independent random variables, one of which is distributed according 

to the probability density function Fs(x), as given by (9). This in turn 
is equivalent to the fact that the integral equation 

P(x) = J
00

~F (~} Q (y) y s y s 
o 

( 10) 

has a solution Qs(y) which is a valid density function. 

Proposition 2. 

Far a nonnegative discrete memoryless source under a quotient single-letter 
distortion measure, the rate distortion function is upper bounded by 

R(Ds) :'.: Ru(Ds)-=h(Qs)-fo
00

dxQs(x)llnx- h(Fs)+(ccdxFs(x),Q,nx, (11) 
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where ( C() 

Qs(y)= j dx qs(y\x) P(x) 
o 

2 
qs(y\x)=Fs(x/y)x/y , 

( 12) 

( 13) 

and Os is given in (8). 

We now turn to the particular case in which the single-letter fidelity crite 

rion is the scalar version of the Itakura-Saito distortion measure. 

B.l Scalar version of the Itakura-Saito measure. 

Let the scalar Itakura-Saito single letter distortion measure between source 

and reproduction symbols be given as in the right hand component d" in ( 4), 

name ly by, 
ct

15
(x,y) = x/y - ln x/y - 1, ( 14) 

and let 
o( z) = z - ln z - 1 ( 15) 

Substituting (15) i1to (9), it can be easily concluded that for the scalar 

Itakura-Saito measure and for any source distribution, the density Fs(x) (of 

the multiplicative noiseser Berger,[1,pp 94])isthe gamma density with unit 

mean and second moment given by E(x2) =(s+l)/s, that is 

SS S-1 -SX 
Fs(x) = rTsT x e ( 16) 

where r(s) is the gamma function 

Using this density in the last two terms of the right side of (7) yields 

h(Fs) = s + ln r(s) - ln s - (s-1) iµ(s) ( 17) 

( 18) 

where Os is given by (8) and iµ(s) is the psi function. Therefore, upon sub­

stituting (15)-(17) into (7) and (8), the parametric equations for the lower 

bound of the rate distortion function result in 

R L ( Os ) = h ( P) - E ( 9 n X) - ( s - s '~ ( s ) + ln f ( s )) 

D s = in s - l)J( s) . 

(19) 

(20) 

It can be observed from ( 19) th,lt '.hi s lower bound is, as eY.pectea, il func-­

tion of the source output probabi1ity density function P(•). We now turn to 
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the analysis of particular cases. 

B.2 Gamma source. 

As it will be seen later, the gamma distribution plays a similar role in the 

context of the scalar Itakura-Saito distortion measure, as does a Gaussian 

distribution in the context of mean-squared-error encoding. Thus, assume 

that the density function P(x) of the discrete memoryless source is of the 

gamma fami ly with parameters (a,B), that is 

-a u-1 -x/B 
( ) B X e 

P x = r(a) 

with positive parameters a and B 

Thus, (19) can be reduced to the form 

, X :'. Ü, (21) 

(22) 

Let D be the minimum average distortion at zero transmission rate. Then max 
D = min E {ct 15 (x,y)} = E{ct 15 (x, E{x})} - E{tnx} + tn Etx}, and for the max y 
gamma source this yields 

Dmax = Q,n a-1µ(a). (23) 

An interesting property of gamma sources using ct 15 as the single letter fi­
delity criterion, and the lower bound defined parametrically by means of 

(22) and (20) is given in the following proposition (all the proofs are 

gi ven in [ 1 O J) . 

Proposition 3. 

The Shannon lower bound RL(D) to the rate distortion function of a discrete 

memoryless gamma source with parameters a and B (see (21)) under the scalar 

Itakura-Saito distortion measure, coincides with R(D) on the interval 

O 5 D ~ Dmax· This rate distortion function will be denoted by RG,)D). 

8.3 General source distribution. 

Consider now the case where the discrete memoryless source has an unknown 

distribution, and only the mean value and the maximum distortion at zero 

rate is known. The following propositions give the greatest Shannon lower 
bouna andan upper bound for the rate distortion function. 

Proposition 4. 

Let •. be the family of positive discrete memoryless sources with mean value 
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equal to a and minimum average oistortion at zero rate equal to Dmax' i .e., 
-E{:n x} + 2n E{x} = O . max 
The source that achieves the greatest Shannon lower bound of the rate disto~ 

tion function has a marginal density function which is a gamma function with 
parameters (cx,S), whereais given by the solution of the equation 

tn a - ;i(c,) = Dmax' and S=a/o. That is, RG. (O) =max RL(Ds). 
, :X PE 1, 

Pro pos iti on 5. 

Let a positive discrete memoryless source be such that the mean value ofthe 

output and the minimum average distortion at zero rate are given by E{x;=a, 
-C:Unx} + 9.n E{x}= D max 
Then the rate distortion function is upper bounded as 

R(Ds) < Ru(Ds) = (r-s) + tn ~gj - (r1,(r) - sij!(s)), Ds=Qn s -;(s) (24) 

for all s>l or equivalently, fordistortions Os< C=0.57721 ... (Euler's 

constant), and the parameter r is the solution to ln r -:,,{r) = C\nax- Os+ 
+ tn-~1- Furthermore, when O ➔ O, then R ( O ) -► RG ( O ) . It can be s- s u s ,a s 
concluded that if R(D) is the rate distortion function with respect to the 

scalar Itakura-Saito measure, of the worst source with minimum average dis­

tortion at zero rate equal to D , then, RG (O):: R(D):: Ru(D), and so, max ,a 
asymptoti ca lly, the gamma MU/te.e .í/2 the, woMt C,Clóe to be e.nc.odcd wüh ·tite 

MataJL Itab.uJta-Saüo ml:'aóUfte, whcn only the, m.úúmum avvwgc dúto'l..tion cd 

ze•w !tate ú b.nown. 

In the next section the bounds that were derived in the previous paragraphs 
are used to evaluate the performance of Lloyd's scalar quantization of a 

memoryless gamma source when the distortion is measured by the scalar 

Itakura-Saito function. A better evaluation is one based on lower bounds 
derived as asymptotic performances of optimal scalar quantizers as N➔ «>. 

These results are based on Berger's derivations [2, ch. 5] and [ 8]. 

B.4 Asymptotical1Y optimal quantization 

Given a fixed N, an optimal quantizer minimizes a distortion function over 

the N reproduction points and over the boundaries between the levels. Gish 
and Pierce [9 J derived asymptotic approximations for the distortion, as N 
is large and when the distortion is a function of the difference between 
source and reproduction symbols. This was later generalized for other dis­
tortions and to several dimensions. In particular, we follow [8 J to obtain 
an asymptotic lower bound for the quantizer which minimizes the scalar 
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'rtakura-Saito distortion. Let a di serete-time memoryless source genera te 
positive, i,i,d, random variables with density P(x) whose s~pport is (a,b). 
Let \ be the thresholds of an N level sea lar quantizer (a=T

0
,b=TN). If the 

sin9le letter distortion from reproducing x by y is of the quotient type, 
p(X), then the average distortion is 

y N f Tk A 

D=E {p(x/Q(x))} = i:: P(x) p(x/xk) dx. 
k=l 

\-1 

(25) 

If N is large and p(~)is ;t1íe scalar Itakura-Saito function, then the average 
distortion can be bo~ndea as shown in the next proposition. 
Proposition 6. 
Under the above set of hypotheses, and if P(x) is gamma with parameters 
(a,S), then [ 10]: 

¿ 1 
k=l (2k+l): 

1 
( 2N) 2 k 

III.EXPERIMENTAL EVALUATI0N 

Two sets of eight scalar quantizers were designed with Lloyd's Algorithms 
[10] : one was based on a training sequence of gain terms, generated from 
11000 frames of pre-processed sampled mal e speech. The training sequence of 
optimal gains was obtained from 11000 sets of LPC coefficentes, quantizing 
the normalized al 1-pole model coefficients using [ 4] and computing the gain 
for each frame using (5). Dmax was estimated with arithmetic means. Since 
our results are interesting when applied to a gamma source (the LPC gains 
are not gamma), a second set of scalar quantizers was designed, using a 
training sequence of 25000 samples from a memoryless gamma source, with Dinax 
as computed from the LPC optimal gains of the first training sequence. We 
also compute the bounds for R1(D) of a source with a fixed butunknown distri 
bution (we omit the subindex 1). From the experimental Dmax• using proposi~ 
tion 4 and 5, we compute the worst case Shannon lower bound RG,i,(D) and the 
upper bound Ru(D) of (24). The functions RG ::x(D), Ru(D) are presented in 
Fig.l, from which it can be seen that the worst caserate distortion function 
for the optimal LPC gains source is practically known in the range D<0.l or 
R>2.5 bits/gain term (Ru(D)-RG 0 (0)<0.06 for D<0.l). The worst case rate 
distortion function is within ~% of the rate distortion function for the 
above memoryless gamma source, RG a(D). The performance of Lloyd's quan­
tizer for the source which generates the optimal LPC gains, inside as well 
as outside the training sequence is also shown. The quantizer performance 
is within 3% of the worst-case source with the same Dmax (from 1 to 8 bits/ 
sample). Fig. 2 shows the rate distortion function for the gamma source 
with scalar Itakura-Saito function, a lower bound to the asymptotic perfor­
mance of the optimal scalar ~uantizer, and the performance of the scalar 
quantizer designed with[5,6J. Note that for a fixed distortion, the best 
scalar quantizer is at least one bit/sarnple above the rate distortion bound 
for large rates. For lower rates (5 bits/sample) the performance of the 
designed quantizer and the lower bound to the asymptotic approximation coin­
cide, (but the validity of the asymptotic approximation is questionable in 
this region). It can be seen that scalar quantizing a gamma source at 5 
bits/sample, a reduction of 1.3 bits/sample is in principle possible for the 
same D. 

IV. CONCLUSIONS 
Sorne information theoretic results, previously applied to difference distor­
tionscan be extended to measures based on quotients. The Itakura-Saito dis­
tortion, used in speech coding [2,3] , has a scalar version which is quotient 
b~sed, and shares the above properties with the ori9inal Itakura-Saito func­
t,on. The performance of Lloyd's quantizer (scalar) for a source of optirnal 
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LPC gains using the scalar Itakura-Saito distortion, is comparable to the 
rate distortion function, with the same fidelity criterion, of the worst­
case source (gamma) with the zero-rate minimum distortion (for R>2 bits/sy!l_! 
bol). The worst-case source for the scalar Itakura-Saito distortion anda 
given Dmax is gamma. 
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ABSTRACT 

A new analytical rnodel is presented to study 
the pressure-transient behavior of a naturally frac­
tured reservoir composed of a fracture network and 
matrix blocks of rnultiple size. Matrix blocks are 
considered to be uniformly distributed--through a 
reservoir of infinite extent. A general rnodel for 
fluid transfer between matrix and fractures is esta­
blished; this model justifies the use of both the 
Warren and Root model and the transient matrix flow 
model for double porosity systems. 

voirs. An optimum development an exploitation 
of these reservoirs requires a complete characteri­
zation of the system. One of the most important 
methods1t2 achieve this goal is the pressure transient 
testing' which is used to determine the degree 
of counnumication between wells and the fracturing 
characterístics of the reservoir among other things. 
Severa! models have been developed for the analysis 
of the data collected through this kind of testing; 
these models include the anisotropic medium, the 
multiple zone medium, the single fracture system 
and the so called "double porosity reservo ir". 
The double porosity reservoir has received specij~45 
attention through the publication of rnany papers 
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The multiple block size situation is handled 
through the use of a distribution function f(h ) 
that represents the fraction of rnatrix pore voT~e 
contained in blocks of size h . It is dernonstrated 
that classical parallel semil~~ straight lines can 
be present under these circumstances and the transitior 
zone may exhibit the characteristic half slope straight 
line when there is no flow restriction between matrix 
and fractures; --however, the transition between 

In general, a double porosity reservoir is consi­
dered to be composed of matrix blocks and fractures 
uniforrnly distributed throughout the rnediu,n. Although 
the rnatrix possesses a perrneability such that fluid 

the end of the second and the third sernilog straight 
line appears to be longer. It is found that the 
behavior of this type of systerns is dorninated by 

is transferred to the fractures, the flow of fluid 
towards the well is assurned to occur via - the 
fracture network only. Models with different matrix 
block geometries have been studied including slabs, 
cylinders, -- spheres, cubes and parallelepipeds. 

matrix of smaller size and the matrix blocks size It has been demonstrated that the pressure 
computed from well testing by using the sernilog straigltbehavior in these systern is drastically affected 
line intersection method corresponds to the weighted by the way the fluid is transferred from matrix 
~amonic average; that is, in discrete form 1/h a= into fractures. Based on this aspect, the double 

E fi/h . where NB is the nurnber of block si~es. porosity reservoirs can be classified as: a) matrix 
i=l mai pseudo-steady-state flow rnodel (Warren and Root) 

On the other hand, the A value from well test ana -and b) matrix transient flow model (de Swaan and 
ysis corresfü!nds to the arithmetic weighted average, Kazemi). The former characterizes the behavi_or 
that is A = f. Ai. These findings are important wheI by using two dimensionless parameters r;:, and A, 
applying i=l 1 the transient pressure result the fracture storage ratio and the interflow parameter, 
to waterflooding project design. and the later uses three parameters, w, n aD and 

Af0 ; Po D represents the dimensionless hydraulic 
INTRODUCTION dirfus~~ity of the matrix and AfD is a pararneter 

related to fracture area per un1t of rock volume. 
One of the main assumptions of these models is 
that matrix blocks are of the same size and shape 

A significant portian of the world hydrocarbons 
reserves are contained in naturally fractured reser-

References and illustrations at end of paper. 
in the entire reservoir. 



18 
ANALES D. E. P. F. l. 1985 

2 PRESSURE TRANSIENT BEHAVIOR FOR NATURALLY FRACTURED RESERVOIRS WITH MULTIPLE BLOCK SIZE SPE 14168 

The purpose of the present work is to develop 
an analytica model to study the pressure behavior 
of a double porosity reservoir composed of matrix 
blocks of multiple size. Special emphasis is given 
to the effect of a flow restr iction between matrix 
and fractures because this situation appears to justif 

(7) 

the application of the pseudo-steady-state matrix and 
flow. 

RESERVOIR FLOW MODEL 

Let us considera naturally fractured reservoir 
composed of matrix blocks of multiple size uniformly 
distributed throughout the medium. Let f(hma) be 
the frequency function for matrix blocks of size 
h in such a way that ma 

max J
h 

h . f(hma) dhma•l 
m,n 

or in discretized form 
NB 
l f;(•ma;l• 1 
i•l 

(1) 

(2) 

where NB is the total number of block sizes. 

The function fi represents the pore volume stored 
in matrix blocks of size h expressed as a fraction 
of the total pore volume ofªhe matrix in the reservoi 

The model studied in this work is shown in Figure 
1, where the fracture network has an equivalent per­
meability kfb' a total compressibility e f and poro­
sity \lfb. Tne subscript b indica tes thaf the para­
meter is defined by using the bulk volume (matrix 
and fractures). On the other hand, the matrix blocks 
have a permeability k , a porosity \l anda total 
compressibility et .~hese parametef~ are the in­
trinsic propertiesmaefined by using the matrix rock 
volume. 

A parameter, defined in a earlier work34 , that 
deserves special attention since is directly related 
to imbibition rate calculations is the fracture area 
per unit of rock volume Afb (or per unit of matrix 
volume Afma), that is, the area of interaction between 
fractures and matrix per unit of rock volume. 

Slab matrix blocks 

(3) 

(4) 

Cube matrix blocks 

(5) 

Afma'"' _6_ (6) 

"•• 
both hma and hf are defined in Fig. 2 and Vb and 
V are the bu k volume and the matrix volume, respec­
t'f~ely. 

For a reservoir with multiple matrix block size 
Afb and Afmaare: 

(8) 

which in discretized form become: 

and 

NB 
Afb" l fiAfbi 

i•l 

NB 
Afma• Í f i Afma i 

i•l 

(9) 

( 10) 

In the following, matrix blocks are assumed 
to be slabs. Other block geometries can be considered 
in a straight-forward manner. Also, a finite number 
of matrix block sizes are present in the reservoir. 

Let us now assume that the flow in the reservoir 
occurs under the following conditions. 

- Fluid flows towards a well only via the 
fracture network. 

- Flow in the fractures obeys Darcy's Law. 

- Pressure gradients are small throughout the 
reservo ir. 

- Gravity effects are negligible. 

- Th~ fracture network behaves as a homogeneous 
and isotropic porous medium. 

The transient flow phenomenum in this type of re­
servoirs is described in cylindrical coordinates 
for radial flow in terms of dimensionless variables 
by: 

( 11) 

where the dimensionless parameters are defined 
as follows: 

Dimensionless radius 

(12) 

Dimensionless fracture pressure drop 

(13) 
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Dimensionless time 

S kfb t 

to• (llct)tµI"': 
(14) 

Fracture storativity ratio 
Jl:fbctf --~ (IS) 

Dimensionless matrix hydraulic diffusivity 

kllll (,lct)t '"! 
"maof• kfb (illct>ma h~af 

See Appeuaix A for derivation of Eq. 11 

( 16) 

According to these equations the multiple block 
size characteristics of the medium are handled through 
the use of the functions f 1 and nmaDi; this last 
parameter considers the macrix blocK size. Notice 
that values are required for fi and n Di for different 
block sizes for the problem to be coml\'!ecely defined. 

All t 0 , w and nmaDi are defined by using (~ct)t 
which is given by: 

and a: and S are unit conversion constants given in 
Table l. 

PRESSURE SOLUTIONS FOR THE FLOW MODEL. 

The pressure behavior caused by a well producing 
at constant rate in a naturally fractured reservoir 
with multiple block size is given by: 

Pto<•o· '•)• L-'1-~--,_1 _____ _ 
S JI 2 [w+(l-w }g {f i •"maOi • s} Ji 

where 

(19) 

See Appendix B for derivation of Eq. 18. 

( 18) 

An analytical inversion in Eq. 18 yields a rather 
complex expression which can be difficult to evaluate; 
however, shortt intermediate and long time behavior 
may be readily examined. 

Short Time Dehavior 

At very small values of time t the matrix blocks 
contribution is negligible and the ~luid is produced 
dueto the expansion of the fluid in the fracture 
network. Under these conditions s ➔ 00 ; the function 
g(f 1 , nmaDi's) goes to zero and Equation 39 becomes: 

(2D) 

this equation is similar to the solution for radial 
flow in a homogeneous system; that is, if large 
values of r 0 are considered, inversion of Equation 
20 yields the well known Line Source Solution: 

(21) 

The pressure drop at the wellbore for practical 
values of t 0 is: 

P.e<•. ,
0
¡. 1[1,c~¡+o.ao901J (22) 

this equation describes the behavior of a semilog 
straight line, Both Equations 21 and 22 give the 
reservoir pressure of the so called fracture network 
dominated flow period. 

Long Time Behavior 

At large values of time the expansion of the 
total system (fractures+matrix) contributes to 
fluid production and the flow in the matrix reaches 
a pseudo-steady-state like condition. Under this 
situation the g function becomes unity and Equation 
18 simplifies to give: 

Ko(rosi] 

s J/ 2Kl (st) 
(23) 

the Laplace inversion of thís equation is the solution 
for radial flow in a homogeneous infinite reservoir 
which for large values of r 0 produces the line 
source solution: 

Pt 0 (r0 ,t 0 l"' H 1(+) 

'o 
(24) 

For practica! values of time, the pressure at the 
wellbore is given by: 

(25) 

which also is the equation for a semilog straight 
line. Notice that Equation 22 and 25 are similar, 
the only difference is the parameter w. These 
two equations correspond to the two parallel semilog 
straight lines. 

Intermediate Time Behavior 

At intermediate values of time, provided that 
w is very small, the pressure behavior is dominated 
by linear flow in matrix blocks. Under these circum­
stances the function gis given by 

the Laplace inversion for times of interest and 
r 0=1 (wellbore) for Eq. 18 is: 

NB 
Pwo= ¼lnt 0- ½ln(2t

1 
t 1 ✓ 11mao;l+0.2602 

(27) 

19 
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this equation shows that there is an intermediate 
semilog straight line whose slope is equal to one 
half of the slope of the parallel semilog straight 
lines. 

Approxirnate Solutions 

Far practical values of dimensionless time, 
sorne simplifications can be made. Far instance the 
denominator of Equation 18 can be simplified by con­
sidering that 

xK 1 (x) ~ lwhen x•o 

hence: 

½ NB lnma □ i ~¡! K
0

[ r s (w+(!"'"')2¡ f. 1-- tanh( . ) ] 
o 1•1 ,'1 s ~ 

(28) 

furthermore, the pressure at the wellbore may be 
expressed as: 

Pwo • t -,-

[ 
5½ ~B TlmaDitanh( "m2 a □ i¡¡l¡+yj. 1n(~(w+(l•w)24 f; 
c. 1•1 

(29) 

is the Euler's constant (0.5772 ... ) 

From the computational point of view Eq. 29 appears 
to have advantage over Eq. 18 since evaluation of 
Bessel functions is not required. 

Extension to the case of matrix-fracture flow 
restriction. 

Mineral deposition at the fracture face can 
reduce the interaction between matrix and fractures 
in naturally fractured reservoirs. This situation 
delays the flow from matrix into fractures and can 
be handled as a skin damage (Fig. 3). Appendix C 
shows that a general model can be developed to conside 
both transient matrix flow model and pseudo-steady­
state matrix flow. It is shown analytically that 
the use of the Warren and Root Model is justified 
by this situation and the parameter y can be expressed 
in terms of a skin factor, AfD and nmaD as follows: 

(30) 

where S D is a dirnensionless parameter introduced 
to handT: the matrix-fracture flow restriction. This 
variable is defined as: 

S = kmaxd 
maD k. h 

d ma 
(31) 

k , k, xd and h are the matrix permeability the 
ai:ageg zone penn~~bility, the thickness of damaged 
zone and the matrix block size, respectively. Figure 
4 illustrates this type of model. 

Equation 18 can be extended to take into account 
flow restriction between multiple size matrix blocks 
and fractures (Fig. 5) by redefining the function 
g as follows: 

(32) 

A model defined in this way allows to study the 
behavior of multiple matrix block size reservoirs 
in general fashion because considers both the transient 
matrix flow model (S D=O) anda pseudo-steady-
state flow like modeI~ 

It can be shown that the parallel semilog 
straight lines do exist for this case. Furthermore, 
if w is very small and n ./S aDi << 1, the transition 
period exhibit a stabili~~B1 prWssure drop similar 
to the single matrix block size case. The stabilized 
pressure drop is given by: 

NB 
Pwo" ln(Z{l/ f.,/iAfDi 11 maDi 15maD1)

1
)- Y 

(33) 

or: 

(34) 

Evaluation of Solutions 

Solutions were evalua~~d by using the Stehfest 
numerical Laplace inverter in a prograrnmable 
calculator (HP41CV), It was found that ten terms 
in the series of the numerical inverter provided 
excellent results. 

DISCUSSION OF RESULTS 

Several cases were run to study the effect 
of different parameters on the pressure transient 
behavior of a well producing at constant rate. 
One, two, three and five block sizes were considered 
in addition to the restricted matrix-fracture flow 
situation. The matrix block size is included in 
the dimensionless matrix hydraulic diffusivity 
n Din such a way that different values of this 
p~~ameter must be provided to study a multiple 
block size case. 

First, a single matrix block size case was 
studied. The differences between the transient 
flow model and the model with flow restriction 
of the matrix-fracture interaction ar=

8
shown in 

a semilog graph in Figure 6 (n = 10 and ~maD=l). 
Notice that the first model yiWfHs a lower d1111en­
sionless pressure drop exhibiting a straight line 
during the transition period between the two semilog 
straight lines; the slope of the transition straight 
line is one half the slope of the parallel semilog 
straight lines. The matrix-fracture low restriction 
model exhibits a rather flat transition zone; this 
behavior resembles the behavior of the Warren and 
Root model. In addition, it can be observed that 
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the lower the value of w the flatter the pressure 
curve in the transition zone. 

-8 ~ -7 -7 -6 
(n aDi• 10 , 5xl0 , 10 , 5xl0 and 10 ) and 
th: lrtteraction between matrix blocks and matrix 
is not restricted (SmaDi= O). Several sets of 
distribution functions were studied, they include 

21 

5 

Figure 7 presents a semilog graph for the behavio 
of naturally fractured reseE~oirs with different 
values of SmaD for n = 10 and w = .01. A high 
value of S gives Jr'Righer pressure drop during 

the even distribution case and cases where a particular 
block size is the dominant one (see upper left 

the transiff<ln zone. The minimum value of the slope 
during the transition zone depends on· n D; that 
is, the higher the S value the lower~he minimum 
slope of the transit~ zone, This fact is also 
Ulustrated in figure 8 where a graph of t 0 dp0 /dty, 
(semilog slope) versus t 0 is presented. In genera1, 
the presence of skin between fractures and matrix 
causes the fracture network dominated flow period 
to last longer becauae matrix-fracture interaction 
is delayed. 

comer in Figures 15 and 16), It can be observed 
that different cases exhibit pressure curves of 
simifar shape; the pressure behavior is given by 
rather smooth curves all of them showing the straight 
line portian in the transition period, The curves 
for the semilog slope (Fig. 16) are different for 
the cases included in this study, and they exhibit 
oscillations indicating the multiple block size 
nature of the reservoir. 

Figure 17 shows the pressure behavior for 
a reservoiE

8
comp~ged of matrix blocks of two sizes 

The results for a case_,here two maE§ix block_2 (nmaD ~ 10 , 10 ) with matrix-fracture flow restric-
sizes are acting (n O = 10 , nmaD2= 10 , w = 10 ) tion (S 1= 10, 1). The curves for different 
are shown in Fig, 9~ª Pive cases are presented for sets of"'Í}~ock size distribution function f exhibit 
different values of the block size distribution functicnsimilar shapes during the transition perio!; however, 
f . It can be noticed as shown by the approximations the semilog slope curves (Fig, 18) show again different 
oÍ the solutions, that the transition zone exhibit shape for different cases. 
a straight line portion whose slope is one half the 
slope of th parallel semilog straight lines. The 
pressure behavior is independent of the block size 
distribution function for small and large values 
of time. Furthermore, the pressure curves are closer 
to the curve repE,senting the behavior of the smaller 
blocks (nmao= 10 ). 

The curves in Figure 9 are smooth and it seems 
to be dif icult to detect from the shape the multiple 
block size nature of the reservoir; however, as indi­
cated by Figure 10, the semilog slope curve shows 
a strong effect, that is, these curves exhibit two 
flat portions during the transition zone; again, 
the curves tend to be closer to the curve-representing 
the smaller matrix blocks. It should be pointed 
out that the cases considered in Figures 9 and 10 
include two block sizes, being the size of the larger 
blocks around three times the size of the smaller 
matrix blocks, 

The effect of a high contrast between block 
sizes is presented in Figures 11 and 12. Notice, 
as in the previous case, the curves tend to be closer 
to the curve representing the case of the smaller 
block size. Although the pressure curves (Fig. 11) 
are rather smooth to characterized these cases, the 
semilog slope curves (Fig. 12) appear to have a strong 
character. 

From the results for the cases examined in 
this work we can say that a naturally fractured 
reservoir with multiple block size may exhibit 
the classical parallel semilog straight lines. 
The behavior of this system differs from the behavior 
for a single matrix block size system only in the 
transition period and it is difficult to identify 
the multiple block size nature of the reservoir 
by using the pressure alone, because the pressure 
behavior is a kind of average of the corresponding 
behavior of the components of the system and generally 
represented by a rather smooth curve. 

On the other hand, the pressure derivative 
function (t0dp0 /dt0) does show oscillation, related 
to the different matrix block sizes of a reservoir. 
In general, it can be ovserved that the smaller 
matrix blocks (high n aDi) dominates the wellbore 
pressure behavior durfng the transition period 
because small blocks have a high degree of interaction 
with fractures as a result of a large fracture 
area per unit of rock volume exhibited by this 
situation. 

An interesting situation occurs when the reser­
voir has a wide range of matrix block sizes. Under 
this condition, the first semilog straight line 
does not exist. This is dueto the fast matrix­
fracture interaction exhibited by the very small 

The effect of the number of block sizes on pressu1eblocks, For these cases, the transition period 
behavior is illustrated in Figure 13. Curves for of the pressure cause is rather smooth approaching 
one, two, three and five block sizes which are evenly the correct semilog straight linea symptotically, 
distributed are presented, Although each case has resembling the behavior of a well intersected by 
a different curve, the shape of the pressure behavior a single fracture. 
curves is similar being difficult to identify each 
situation. The semilog slope curves are presented 
in Fig, 14, we can see that the curves for three 

APPLICATIONS TO WELL TEST ANALYSIS. 

and five are quite similar; however, for one and The results obtained in this work can be applied 
two block sizes the curves are completely different. to improve the analysis of pressure transient data 
It appears that as the number of block sizes; increases,for naturally fractured reservoirs with double 
for uniform distribution function f, the behavior porosity behavior. Several are the parameters 
approaches a smooth curve for both pressure and semi- of the reservoir estimated by well test analysis 
log slope. such as the fracture storativity ratio w, the inter­

The effect of the shape of the block size dis­
tribution function is shown in Figures 15 and 16, 
Here, five different block sizes are considered 

flow parameter A, the matrix block size h and 
the fracture area per unit of rock volumemifb' 
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The theory presented in this work, for the behavic r 
of a naturally fractured reservoir with multiple 

5) The parameters w and Afb calculated from single 
matrix block size modelare correct for a multiple 
block size reservoir. block size, allows a better physical interpretation 

of the results obtained through the application of 
methods for single matrix block size models. From 
the results obtained in the previous section we can 
say that both w and Afb obtained from single matrix 
block size model can De interpreted as so for the 
multiple block size model; however, the physical 
meaning of both A and h obtained from single matrix 
block size model has tolllj¡e modified when considering 
a multiple block size model. 

From Equations 29, 30, 32 and Appendix C, the 
estimated value for A through well test analysis 
appears to be: 

(35) 

where A. is the interflow parameter for the ith matrix 
block size. Equation 35 indicates that the value 
for A estimated frorn well test analysis corresponds 
to the arithmetic weighted average. 

The matrix block size for a single matrix block 
size reservoir can be estimated in well test analysis 
from the time of intersection of the transition semilo 
straight line and the final semilog straight line. 
For a multiple block size reservoir, in accordance 
to Equations 25 and 27, a parameter calculated in 
this fashion yields: 

h • ma 
NB Í¡-1 

'
¡•! 

hma i 
(36) 

this equation indicates that the matrix block size 
estimated from single matrix block size model repre­
sents the harmonic weighted average. In this type 
of average, the smaller size blocks have an important 
influence. 

lt can not be over emphasized that it is difficul 
to identify a multiple block size case by analysing 
the pressure alone, the semilog slope (pressure deri­
vative function t dp/dt) seems to be a powerful tool 
when analyzing data in this type of reservoirs. 

CONCL US IONS 

From the theory and results presented in this 
work the following remarks are pertinent: 

1) An analytical model is presented to study the 
pressure transient behavior of a naturally frac­
tured reservoir with multiple size matrix blocks. 

2) The use of the Warren and Root model for double 
porosity systems can be justified by \Onsidering 

3) 

4) 

a damaged zone between matrix blocks an fractures. 

The pressure behavior of a well in a multiple 
block size system may exhibit the classical beha­
vior of single block size double porosity systerns. 

The first semilog straight line <loes not exist in 
the behavior of a well in a naturally fractured 
reservoir with a wide range of block sizes includ­
ing very small matrix blocks. 

6) 

7) 

The parameter A calculated from the single matrix 
block size model corresponds to the arithmetic 
weighted aver~ for a multiple block size 
reservoir, 

The matrix IAock size h estimated from the 
·single matrix block sizfªmodel corresponds to 
the harmonic weighted average for a multiple block 
size reservoir. 

8) The multiple block size nature of a reservoir 
can not be identified by analyzing the pressure 
alone. 

9) The pressure derivative functions is a powerful 
tool to identify the multiple block size nature 
of a naturally fractured reservoir, 
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NOMENCLATURE 

Afma Fracture area per unit of matrix volume 

Afb Fracture area per unit of bulk volume 

Dimensionless fracture area 

c 

Formation volume factor. 

Fluid compressibility 

= Fracture system total compressibility 

Total compressibility 

Block size distribution function 

Formation thickness 

= Matrix block size 

Permeab ility 

Pressure 

Dimensionless pressure 

= Dimensionless pressure derivative 

Initial reservoir pressure 

Pressure change 

q Well flow rate 

r 

r 

s 
w 

Distance to production well 

= Wellbore radius 

Van Everdingen and Hust skin factor 

SmaD = Dimensionless damage parameter for matrix 
fracture flow restriction. 

s 

t 

Cu 
V 

X 

y 

= Laplace transform variable 

Time 

Dimensionless time 

Volume 

Distance, thickness 

Euler constant (0.577216) 
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Je = Interporosity flow coefficient 

n = Hydraulic diffusivity 

µ = Fluid viscosity 

t = Porosity 

w = Dimensionless fracture storativíty 

SUBSCRIPTS 

b = bulk, beginning 

d = damaged zone 

D = Dimensionless 

f = fracture 

fb = fracture referred to bulk volume 

i = ith matrix block 

ma = matrix 

surf = surface 

t = total 

urna = unitary step pressure drop at matrix surface 
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APPENDIX A 

DERIVATION OF FLOW MODEL FOR MULTIPLE BLOCK SIZE 
RESERVO IR. 

The transient flow phenomenum through a double 
porosity system is described far radial flow by 
the equation: 
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!. l..-(r l.e.+)+ uqma_•_fi...l! ., 

r ar ar k.fb 

(A-1) 

* where qma-f b ís the rnatrix-fracture flow rate per 
unit of rocl volume and is given by: 

Equation (A-2) can be written as: 

lL(r ~) 
r ar ar 

t NB 
---1!!.! I fi(Vp(hmai)lsurfAfbi" 
kfb i;l 

~f~~ 

(A-2) 

tfb at (A-3) 

here 
face 

(v·? (11 . ) ) is the pressure gradient at the 
of a hl~fri~u61ock of size h .. 

ma1 

In order to obtain general a solution it is 
necessary to use dimensionless variables. By using 
Equations 12 through 14 of main text we obtain: 

~fbctf ~ 
(;ct)t ato (A-4) 

The relationship between the matrix pressure gradient 
and the fracture pressure is: 

(Vt. Pma(hma"i))surfz 

,t 

j ~ (VM (h .))(t-,)d, 
0 

d-r ma ma 1 surf, uni t 

(A-5) 

~here (V~pma(h ai))s rf unit is the pressure gradient 
in the matrix ll'iock '.t'acé caused by a unit pressure 
drop in the fractures. For the strata case: 

Hence, 

(A-7) 

By taking into consideration Equation 3 of main 
text we have 

- 8kmar~ Vma IB ~ 

k.fb vb i-=1 h~ai 

= pfbctf ~ 

'o ¡ ~ " o 

(d,,I, at 0 (A-8) 

If Equations 15 and 16 are used, Eq. A-8 yields 
Eq. 11 of rnain text. 

APPENDIX B 

DIMENSIONLESS PRESSURE CONSTANT RATE IN AN INFINITE 
MULTIPLE BLOCK SIZE DOUBLE POROSITY RESERVOIR. 

The boundary and initial condition of Equation 
11 of main text for this case are: 

Initial conditions 

(6-1) 

Boundary conditions 

(B-2) 

(B-3) 

Equation 11 can be solved by using the Laplace 
Transforrn rnethod. Let us consider that: 

-1 

It can be shown that 

¡ l 
n=o s+( 2n+l) • 112 nmaOi 

l __ l __ tanh( 

4~ 

(B-4) 

(B-5) 

IB-6) 

(B-7) 

(P-8) 

25 
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Equation B-5 can be expressed as: 

1 apfD 
roro(ro~) 

• [ 
118 ~ fr,rn:ot ] 

""fo ••(1-w)2¡_/ 1J--"f'"'-,-tan~ --z-l •O 

(B-9) 

The solution for this equation with boundary condition 
B-6 and B-7 is: 

tanh(/~))ll 

(B-10) 

APPENDIX C 

PRESSURE BEHAVIOR MODEL FOR A NATURALLY FRACTURED 
RESERVOIR WITH MATRIX-FRACTURE FLOW RESTRICTION. 

Let us considera fractured porous medium compase 
of two parts: matrix blocks and fractures. Let 
us also assume that matrix blocks are of equal size 
and that the flow interaction between matrix and 
fractures is restricted by the presence of a low 
permeability medium (mineral deposition). This flow 
restriction causes a flow rate dependent pressure 
drop between matrix surface and fractures. 

In dimensionless form Equation C-2 becomes: 

(C-3) 

where F is defined as: 

(C-4) 

(C-5) 

S O is a dimensionless variable to consider flow 
r~~triction and is defined as: 

Application of the Laplace Transform 
differential equation yields 

1 a 0Pto 'ro 7"rñ (roaro)•w Ptos 

The transform of Equation C-3 is: 

(C-6) 

to the part ial 

(C-7) 

The reservoir contains matrix blocks uniformly 
distributed in the reservoir (Fig. 3). All assumption 
regarding the flow conditions in the reservoir present d 
in the main text for a multiple block size condition (C-8) 
are also valid in this single block size model. hence: 

For this case, Equation 11 describes the flow 
behavior if we take NB•l. The relationship between 
matrix pressure and fracture pressure can be found 
by considering Fig. 4, where kd and xd represent 
the damaged zone permeability and thickness, respec­
tively. By assuming that the flow in this region 
occurs under steady-state flow conditions (i.e. the 
pressure changes are instantaneous and storage capacit 
of this zone is negligible) we can write: 

or 

♦ J:'Xd j'( 3tr.p•1 (t) 
~ -...-'~-) f q•••·f,unit (t-t)dt "fbir;d 

O 
3't sur 

(C-2) 

Pto 
( Pmao l su rf. • - 1 .,1-.-.-0 -f~(~n.-.-

0
-,-,-l, 

nmaD 

(C-9) 

Equation C-7 can be written as: 

1 a aPfo [ {1- )AfDf(nmaO's)]· ro a;<r ~)- 111+ smao pfOs 
( l+-;:;f( nmaO, s) s 

(C-10) 

The solution of this equation for constant 
production rate in an infinite reservoir is given 
by Equation 18 of main text for NB=l, where the 
function g has to be defined as: 
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wehre f is given by: 
strata: 

spheres: 

(C-11) 

(C-12) 

" [ (¡;1-¡I " ] f(" s)•( maD¡I Coth( maD ) 2( ••D¡I mao• -,- -Z- • -,-

(C-13) 

Short Time Solution 

Far small values of time (s+ w): 

(C-14) 

Thus, the Laplace inversion of the solution far the 
wellbore is: 

(C-15) 

Long Time Solution 

Far large values of time (s➔ o): 

(C-16) 

inversion of the solution far the wellbore yields: 

(C-17) 

Notice that Equations C-15 and C-17 represent the 
two classical parallel semilog straight lines. 

Intermediate Time Solution 

If w is very small and s.naD/nmaD»>l: 

w+ {l-w)AfDf(nmaD"s) :t A,0111111D 

l+~ f(nmao•s)s srnaOs 
(C-18) 

"■ao 

Thus, the solution for pressure drop is: 

p • ! K ( D fD maD¡I 
[ 

r A " ] 
fD so~ (C-19) 

By inverting this equation we obtain: 

(C-2D) 

Far rn=l and practical values of AfD,nmaD and SmaD 

[ ( 
5

aaD 1] p 0- l n 2 x:::ñ:::":) -r 
w fD 11■aD 

(C-21) 

These last equations indicate that far intermediate 
values of time the pressure drop stabilizes like 
in the Warren and Root model. 

A comparison of Equation (C-21) and Equation 
16 in reference 26 shows that the parameter, is: 

(C-22) 

This equation establishes the relationship between 
Warren and Root model and the model presented in 
this work. 

A similar study was developed by Moench45 

who reached the same conclusions. He also examined 
the solution far observation wells. 

TABLE 1 - SI PREFERRED UNITS, CUSTOMARY 
UNITS, ANO UNIT CONVERSION CONSTANTS 

USED IN THESE SYSTEMS 

Parameter Customary 
or Variable SI Preferred Units Units 

k µm2 md 
h m ft 
qo m3 /d STB/D 
µ Pa-s cp 
B m3/m3 RB/STB 

-
frac ti on fraction 

C1 Pa- 1 psi-, 
p kPa psi 
t hours hours 
a 1,842 141.2 
I! 3.6xl0- 9 2.637x10-• 
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High head stilling basin 
reduces excavation costs 
By G. Echávez and F. l. Arreguín 
Rec;l":arch Protessors ~ 

An aerated stillin¡:¡ basin. designed to reduce excavation costs and operate under high heads w1thout cavitat1on 
oroblems is oroposed. Model studies carried out on two open-channel sp1llways are described. 

HIGH capital costs and ncw dcvclopments 111 the dcs1gn o! 
hvdraulic structures make 1t mcreasmglv nccessarv tor 
em,meers to opt lor lcss expens1ve and tlcx1blc ocs1gns. 

The stilling basin proposed here (see Fig. 1) has an aeralion 
step. a ramp. two rows ot baftlc blocks and. at the end. a 
combined weir that gives the requircd tailwater for each 
dischar2e. lt lunctions in such a wav that the hvdraulic jump 
stam tor ali d1scharl!es. betwecn the cnd of the ramp and the 
firs.t row of b!Pcks. Stab1!1zdl1011 1s 1mprovt:d b, the ramp and 
the blocks. and cav 1tat1011 nroblems are avo1del1 s111ce thé fmw 
1s aeratell. anLi !l 1s acco111pi1sheo bv KccnnH, aocq11att: "art:r 
dcntb in thc st1llm2 lxism w1th ,, como1nctl we1r uowmtrcam. 

Moae1 1nvest1qat1on 
L'.1.-\0 oncn '--'hannc-l '.'-.Ot!lv .. a\:1 \Vt_·rc lhell m ltll' ri..::-,,l'íin'I: i i1l'\ 

,,., ere _'.. í aii...i t J._: l 111 tHgt1. anJ can oc ,_,_ons1dcrcú a~ 1. Ju anu 
1 -lfll.> ,cal,· rnndels. n:spec·t1vc:i\ Alter -.cvcrai tests tl1c stcp 
ht?10hr ran~n icni¿rh. :ocatinn (1f th-..' first ru\\ 1,f bioch::-,,. and 
,r,• )Tl":l"Tr\' IIT ttll' \\.'i.:]! ,tt t/11: LL'\\ ¡;,.,[rt·itlli t'llU l¡f 1nc ,...,pJil\\';.I\ 

-.-ere .:.stabÍ!shcll. l he rc,uns onta1ncu llorn ,nc· two modcls 
"v\-:rL ....:10:-..L'. CilC,Li\;.:.tl LU he lal\Lfl a~, f~Cl!li.:. CUU<.11. 

Srer> he1~h1. A 1.8 111-h112h ,tcp wa.s proposcd l() cnsurc ;.:ood 
acratmn 111 ,ill the ,nillwav w1dth. lt sccms poss1ble 10 reduce 
th1s hc1¡!ht ami to rclaie ll wllh thc water dcpth. _Y,. at the toe 
c,t thc ,nillwa,. ln thc cases tcstcd thc tollow111g ratHi was Lbecl. 
.i .. r1, •r, • t'- :~it· -..tt'l' t1c1 \211l 

tor v- corrcspond111g to the des1gn d1schargc. in particular 
cases. tor \Cr\ narrow or vcrv w1de sp11lwa,s th1s hca,nt mav 
Oc rcc1ucen nr 1qcrcasc(l acc-Prll1111'1V 

lúmw. l n1, 1s ncccssar, to statllliLC tnc nvorau11c 1ump. 
:-.111ce the 1et ot water 1s ven scnsn1ve to orcssure ~ra(llents 

u,11v,,:c,1ty ot Mex1co. U11,vers,1y C1t>, Mex.co 

aerator 

-"~~---r· ¡:, 1"--
_,,,/· lJa! rle DIOC!s.S \2 1:¡ 1 '-.._ ' 

~J.il.~O~g 

F1g. 1 Suiiiny bas1n w1th an aeratur. 

- proport1ona1 we1r 

4.9" -1-- 41 V 

1 hg. 2 f-inal arrangemeflt of ttJe st1//1n9 bas,n w1th an aerator 
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1 F1q 5 Water prof1/e far f1ve d1scharge rates. 
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\ 

o . ..e 795·12 m 2 /s 

q7 "-' bl!-J 07 m"'1s 

qJ - .. :IL 1·'4 m- /S 

normal to the llow. 1t 1s csscnl!al to prevent the bcg11111111g ot 
the hvdraul 1c iump frorn moving upstream. beconÍing 
submerned. and precludrnl! ns tunct10111ng asan aerator. tor 
the authors research a rarnp wnh a length ot 2 i m. thal 1s 
IU.7 v,. fnr the des1gn d1scharge. anda O.i21 slope was 

Baffle block.1. Alter tests with one, t\\o and three rows of 
rectanl!ular blocks. Il was tound that the best n:sults werc 
obt;nned w 1lh tvv o rows ot stag¡::ercd blocks. l he geometr) 
and ,racm~ ot thc t1locKs was est1ma1cu usmg burcc 
critnia'. but taller bloci--s should prefcrahlv be u,ed to 
nrevcnt the water trom ¡umnmu over thcm. l he llllal geometr, 
;, '-:hn,.,:n in Fi~. :: • - ... • 
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1 Fig. 6. Energy loss ,n the aerated stilling basin and as reported by 
Rand3. 
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Downstream weir. With this wcir the proper _v, versus q 
ratio is maintained to keep the hydraulic _jump in place for ali 
discharges. Although the influence of thc jet striking the floor 
and the drag on the blocks is difficulty to cvaluate. a 
preliminary geometry. using thc proportional weir theory'. 
was established analytically. This geometry works wcll up to 
a given depth but for greater depths thc hydraulic jurnp is swcpt 
downstream. To avoid this it was necessary to narrow thc weir 
crest. so finally the geometry shown in Fig. 3 was obtained 
experimentally. For wide stilling basins, for examplc wherc 
b/v1=30. it is recommended that two identical weirs be 
pr.ovided, as shown in Fig. 4, to keep the hydraulic jump 
bi-dimensional. 

One advantage of this arrangement is that the stilling basin 

2000 

-- ---~- -1 --1 
+- + - ' . 1 
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Fig. 8. Pressure distribut,on along the centreline of 3 bloci<. 

draim, itself after operation. avoiding the creation rn a ía,ge 
pool of water and the pressures and inconvemencc associated 
with it. ' 

With the gcomctry previously mentioned, thc hydraulic jump 
remains almos! m the same place for ali discharge rates. ln 
Fig. 5 the water profile for five discharges is shown, and Fig. 
6 is a graph showing the efficiency of this sti!ling basin as 
compared with values reported by Rand 1 

One of the problems associated with this kind of stillmg basí1; 
is the structural design of the blocks and thc zone adjacent 
to them: Figs. 7 and 8 show the pressure distribution along 
a line between blocks and at the centrelinc ot one of them. 

Conclusions 
The aerated stilhng basin w1th baffle blocks which has been 
described does nothave cavitation problems and can be used 
for velocities higher than thosc generaliy considered safe until 
now". that is 15 m's. 

Although thc basin funct1ons adcquately n will he necessar, 
to continuc rnodel studies. to improve performance. 'Ihc 
general des1gn. howevcr appear, acceptable m v1ew of the 
advantages demonstratcd, which can be summarised as 
fnllow:, 

• The basin rcquires much ks\ excavat10n than the 
traditional h1gh-head stilling ba.,ins. 
• It is cavitation free so it can be used in high-head water 
work:. 
• Energy 1s d1ss1pated adequatcl,. 
• The basin drains after discharge. 
• The dramagc pipe of the spillway can surface in the 
vertical wall of the step. 
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lntroduction 
Reliable information and economic studies about disas­
ters are scarce. However, sorne gross estimates allow 
them to be considered a "formidable obstacle to econo­
mic and social development." 1 The direct losses - in 
terms of cost in the us alone - caused by 30 common 
natural calamities constituted about 1 percent of the GNP 
in 19792 ; and the damag~ caused by natural hazards 
between 1964 and 1970 in the countries of Centroameri­
can Common Market, reached, according to the estímate 
by the Mexican office of CEPAL, 2.3 percent of their 
General Domestic Product without taking into account 
the indirect and secondary effects.' 

The situation is aggravated by the 1ncreasing magni­
tude and frequency of disasters which are usually 
attributed to the growth and concentration of population in 
!arge cities and the consequent complexity and deteriora­
tion of services necessary for their maintenance. How­
ever, considerable human loss is caused t>y the excep­
tionally high vulnerability4 of human settlements in devel­
oping countries, resulting from the poverty or margin­
ality of the population and the overall socioeconomic 
conditions, which make the frequently used concept of 
"natural disaster'" meaningless. Natural events become 
disasters only when human settlements are not prepared 
to withstand them; very often, because of lack of 
precautionary planning. 

Conditions in Mexico combine both of these factors, 
natural and social: geographically, the country is located 
in a zone prone to a variety of natural hazards -
earthquakes, hu rricanes, torrential rains; and socioeco­
nomically, it is a developing nation with a rather high rate 
of population growth and a much higher rate of popula­
tion concentration in several cities. 

Over recent decades, substantial effort has been made, 
particularly in the field of engineering, to reduce the 
negative impacts of natural hazards. Antiearthquake 
precautions in human settlements have been improved by 
the introduction of construction codes and by the 
strengthening of the surveillance in their application. 

Major technological works su:;h as the deep drainage 
system in Mexico City and oihar special hydraulic 
structures appear to be substantia! measures in reducing 
floods. 5 Furthermore, increased attention has been paid 
to the study of the destructive pnenomena and their 
effects. But the practica! application of many high quality 
studes• 7 

' has been frequently impeded by the fact that 
they were too specialized, by the lack of a unified 
terminology and the absence of a general conceptual 
framework. These weaknesses make the transference of 
methods and results from one area to another• nearly 
impossible, particularly when the studies do not solve 
problems, therefore implying the need for adaptations 
and interpretations in order to be of any use in dealing 
wlth disaster conditions. 

Frequently, disaster responses have been oriented 
toward the immediate necessities of rescue and relief, 1" 

and are restricted to corrective actions· during the 
occurrence of a disaster. This points out the necessity to 
give more attention to preventive and planned measures. 

lt has been pointed out 11 1
' 

1
' that to fortify human 

settlements facing disasters, it is not enough to better any 
of the existing means and to implement new ones. lt is· 
also necessary to plan, organize and coordinate a set of 
activities that has to take place systematically before, 
during and alter the disaster. 

The planning of these activities anu meir execution, as 
well as the evaluation of their success and their adapta­
tion to changing conditions, mean ·the necessity to 
prepare a conceptual framework which will also permit 
the fixing of priorities and the coordination of studies and 
actions in order to establish and improve upon policies 
and strategies for the s•afeguarding of human settlements 
facing disasters. 

A conceptual framework 
The elaboration of a conceptual framework, ie a system of 
basic concepts that permits the posing of problems, and 
a set of adequate methods to resolve t~em, is a crucial 
stage in the process of planning, developing and imple­
menting any study in general. lt is particularly so when 
dealing with interdisciplinary research on disasters. 

The development of a conceptual framework is based 
on certain paradigms, 14 ie cognitive too Is, in order to 
recognize reality as well as identify, choose and study its 
relevan! fragments in order to represen! them by 
constructs and, consequently in the case of research, to 
substitute these with models. Thus the paradigms deter­
mine the whole cognitive process, searching to describe 
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ABSTRACT 

During tensile testing, stress-strain irregularities were found in a 17% chro­
rnium stainless steel (AISI 430F) that was specially heat treated to develop a 
dual structure. These irregularities were put in evidence when plotting the 
work hardening coefficient as a function of stress andina logarithrnic stress 
vs. strain plot. Scanning electron rnetallography and rnicrohardness stuñies 
were conducted in sorne of the specirnens that have shown the irregular behav­
i0ur. These studies put in evidence that both phases were deforrned at strains 
as low as 0.1 and, at the sarne time, the volurne fraction of a precipitated 
phase increased. Moreover, it was found that the chrorniurn content in the pre­
cipitates varied frorn 20 to 50% depending on the parent phase and the testing 
conditions. 

KEYWORDS 

stainless steel, tensile testing, rnechanical instabilities, rnechanically indu­
ced phase transforrnations, warrn working. 

INTRODUCTION 

In the recent years extense research has been carried out on the deforrnational 
behaviour of low alloy dual-phase steels (1-3). In thern the contribution of 
each phase is deduced from logarithrnic stress vs. strain plots (1,2) or frorn 
metallographic observations (3). One characteristic of these steels is the 
supression of the yield point phenomena. 

In this paper we explain sorne stress-strain irregularities observed in an AISI 
type 430F stainless steel that shows dynarnic strain ageing (4) after being 
heat treated to develop a dual-phase structure. 

EXPERIMENTAL PROCEDL1RE 

Tensile specimens (4 mm diameter, 40 mm long) from an AISI 430P stainless 
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steel (16.5% Cr, 0.1% e, 0.07% N, 0.2% Ni, 0.53% Si, 0.8%Mn, 0.1% Mo, 0.015% 
P, 0.25% S) were annealed for four hours at 850°C in nitrogen atmosphere in 
order to develop a dual-phase, around 15% martensite, structure (5,6). The 
resulting ferritic grain size was around 30 µm, the martensitic of around 10 
µm. 

The specimens were deformed in an Instron 1125 testing machine at different 
temperatures and strain rates. The tests were carried out either in air on in 
a nitrogen atmosphere whether an Instron environmental chamber, with tempera-· 
ture stability of ±0.5ºC, oran Instron three zone fumace, with a temperature 
stability of ±2°C, was used. 

The resultant load vs. displacement chart was digitized with the aid of a Hew­
lett Packard 9825 desk top computer and converted into stress vs. strain curves 
up to the UTS. The work hardening coefficient (0=dcr/dE) was calculated by suc­
cesive interpolations of five points parabola. 

Metallographic examinations and chemical analysis were carried out in a scan­
ning electron microscope at 25 kV. The proportion of the different phases was 
calculated by point counting; microhardness tests were conducted on a Leitz 
tes ter. 

RESULTS AND DISCUSSION 

stress-Strain Relationships 

oue to their physical meaning (7,8) 0 vs. cr curves, Fig. 1, were used to docu­
ment the temperature and strain rate dependence of the mechanical properties. 

ro a.. 
~8 

© 
4 

2 

o 200 400 600 
O [MPa] 

Fig. l. 0 vs. cr curves for the present material. 
A) T=22°C, É=4.2•10-2 s-1 , B) T=400ºC, É=4.2•lo-2 
s-l, C) T=475°C, É= 8.3•10-S s-1 , D) T=600ºC, 
c=2.1•10- 3 s-1 . 

In the figure the dashed 
line corresponds to Con­
sidere's criterion (0=cr). 
It can be seen that the 
curves from tests at the 
higher temperatures devia­
te from the linear (expec­
ted) behaviour implying a 
change in the regime of 
deformation (9). Two of 
the curves from Fig. 1 are 
represented in the loga­
rithmic way in Fig. 2; it 
can be seen that the rela­
tionship progosed by Lud­
wik (cr=cro+kE ) is not fol­
lowed, as would be expec­
ted from a dual-phase 
steel (1). Moreover, the 
stress level at which the 
curves deviate from li­
nearity in Fig. 1 (arrows) 
corresponds to the one at 
which the logcr vs. logE 
bends down. 

Rashid (1) has shown that on dual-phase steels the strain at the onset of 
necking (E ) corresponds to the value of the exponent of Ludwik's 0 --rnation 
(n.) measu~ed close to this strain. In our case the value of n. is almost twice 

1 1 
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600 
500 ºº º: the strain at the UTS, and this 

ºº mig~t be dueto dynamic strain 
OQ¡..\'! 

+ + + 
....... 400 

agerng (4). 

&. + 
o 

L o 
o+ 

300 +º 
o o 

+ 
o 

200 + Fig. 2. Loq Cl vs. log E plot for 
A) T=475ºC, e= 8.3•10-ss-¡ 

+o B) T=475°C, ¡;= 2.1•10-3s-1 

Test íl¡ E 
o A 0.205 0.100 

o .¡. B 0.156 0.093 
100 

0.01 0.02 0.05 0.1 
E 

Metallography 

Fig. 3 (a) shows the undeformed portion of a specimen tested at T=475ºC and 
t=B.3•10-s s- 1 . Fig. 3 (b) h th s ows e deformed region of the same specimen. 
The structure consists, in both cases, of ferrite plus a second phase plus 
abundant precipitation and s· 1 h • 1 • u P ur_inc usions which were dissolved by the 
e'-~hant. Table 1 shows the t ah propor ion an ardness of the different phases. 
From Table 1 we observe that the volume fraction of the second phase (y) tends 
to decrease and the precipitated phase (cr) tends to increase as straining 
progresses. 

Fig. 3. Scanning electron micrographs from a specimen deformed at T=475°C and 
i:=8.3•10-5 s-1 showing the (a) undeformed and (b) deformed regions. 

The hardness of the different phases is plotted in Fig. 4 as a function of a 
parameter that takes into account the time and temperature involved in the 
deformation. This figure shows that in both major phases the hardness is higher 
after deformation indicating that both phases were deformed at strains as low 
as 0.1, and this might be dueto the hard ferrite in the composite (10). 

The very hard value of hardness of around 600 VHN observed in so,ne of the 
samples indicates that the second phase has transformed to martensite as a 

535 

45 



t 
1 

1 

1 
t 

46 
ANALES D. E.P. F. l. 

TABLE 1 Relative Phase Percentage and Vickers Hardness as a Function 
of Rate and Temperature of Deformation 

a-phase y-phase o-phase 

Undeformed Deformed Undeformed • Deformed Undeformed Deformed 

82.3 % 84.5 % 11. 5 % 8.7 % 6.0 % 6.8 % 
A 339 VHN 471 VHN 402 VI-IN 613 VHN --- ---

77.4 º5 75.7 % 14.7 % 16.8 % 7.9 % 7.5 % 
B 

185 VHN 284 VHN 413 VHN 561 VHN --- ---

79. 3 % 79.4 % 13.6 90 12.2 96 7. 1 % 8.4 % 
e 

162 VHN 228 VHN 369 VBN 407 VI-IN --- ---

A T 600°C; É 2. 1 X 1o·'s·1 

É ' 1 
B T 475ºC; 8.3 X 1 O • 's -. 

e T 600°C; E 2. 1 X 1 o ·" s -l 

. 
600 ·- - - - - - - - ---

' • ' z ' ::I: ·- \ 

> \ 
:::.- --------- ~o, \ 

400 o-- - -- • -- .... 
..... 'O 

□- -- -- -- • • ..... 
a.y ..... ..... 

200 .. Undeformed o o ..... □-
Deformed ■ • -□ 

-2 o 2 ( t [s] )4 6 
log T [Kl 

1985 

Fig. 4. Microhardness in the two major phases 
as a function of a temperature compensated 
time parameter. 

Fig. S. Higher amplification 
of Fig. 3 (b). 

result of the concurrent deformation (3). This idea is further reinforced by 
Fig. 5 which shows very similar features to the martensite found in low carbon 
dual-phase steels (3). X-ray diffraction studies are being carried out in 
order to prove this idea. 

In table 2 the chromium content of the different phases is reported. Althought 
all the values are within the scatter band, the chromium content is higher in 
the matrix, denominated alpha, than in the second phase, denominated gamma, 
indicating the limits of the a+y region in the phase diagram (5,6). It is more 
important to observe the variation of chromium in the precipitates, denomina­
ted sigma, Fig. 6. By comparing this last plot with Fig. 4 we de~uce that at 
low values of the temperature compensated time parameter the precipitates ar~ 
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TABLE 2 Chromium Distribution 

Sample ci-phase o in 

A 17. 1 % 21 

8 1G. 1 9ó 35 

e 17. 7 ºó 47 

The values ar(' avcraqed over 

50 

L 
u 

40 

XJ 

20 

-2 

a. y 
Undeformed o o 
Oeformed ■ • 

/ 
/ 

/ / 
/ 

/ 

-- ;' 
/ / 

.-
/ 

--- -· 

/ 

o- .-· - ---■- --
□-

o 

CONCLUSIONS 

/ 
/ 

/' 
/ / 

/ 
/ 

/ 
/ / 

/ / 
/ 

/ / 

/ 

2 4 

lag ( !....l&) T [K] 

a-phase y-phase o in y-phasc 

.4 % 15. 1 % 25. 1 o 

. 9 % 15.0 % 45.2 ?5 

. 5 O- 16.4 ºo 43.7 ·b 

the deformed and undeformed regions 

-
6 

Fig. 6. Chromium content in the 
precipitates present in the two 
major phases as a function of the 
temperature compensated time pa­
rameter. 

small with a low chromium con­
tent anda high strength, and 
that coarsening is accompanied 
by chromium enrichement. Re­
search in TEM is being conduc­
ted on this point. 

l. Instabilities develop in our stainless dual-phase steel at strains lower 
than that of necking. 

2. The abundant precipitation might be responsible for dynamic strain ageing 
and the lower than expected ductility. 

3. The hard phase is deformed at strains as low as 0.1. 

4. The increase in hardness in the second phase can be attributed to defor­
mation, martensitic transformation and precipitation, whereas in the ferrite 
it can be only attributed to deformation and precipitation. 

5. The chromium concentration in the sigma phase precipitates ranges from 20 
to 50%. 
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General time volume change equation for soils 
Equation générale de variation de temps volume pour sois 

E. JUAREZ-BADILLO, Research professor, Graduate School of Engineering, National University of Mexico; Technical Adviser of 
the General Director of Technical Services, Ministry of Communications and Transports, Mexico 

SYNOPSIS Traditio~ally the time volume change behaviour of soils under isotropic 
and confined conditions has ueen divided into instantaneous and delay deformations. This 
time a general unifying equation for soils is presented. The time volume change behaviour of 
soils is described by 2 parameters: the "coefficient of volume viscosity li" and the 
''characteristic time t*''. 

"1TC<VTC> PEl" (Heraclitus) 

INTRODUCTION 

A general compressibility equation for soils 
has already been presented by the author 
(1981) using sorne general philosophic 
principles. These philosophic ideas have also 
been used to obtain a general permeability 
change equation for soils (1983a). This time 
the same philosophic ideas are used to obtain 
the evolution of such volume changes with 
time. It includes the instantaneous and delay 
volume changes in dry coarse soils (sands and 
gravels) and the delay or secondary 
compression of fine saturated soils (silts 
and clays). Primary compression or 
consolidation dueto the retardation caused 
by the dissipation of pore pressure in 
saturated fine soils has already been the 
subject of previous papers (Juarez-Badillo, 
1983b, 1985; Juarez-Badillo and Chen, 1983). 

2) 

domain for V is incomplete and 
inverse, that is, from v 1 to Vf. We 
need to find a function f('J) with 
real domain complete and straight, 
that is f(V) = O for t = O and 
f(V) = 00 for t = w. Fig 1 illustrates 
the obtention of f(V, that results 
to be 

f(V) = _l __ 
V - Vf 

1 
(1) 

Now f ('.') and t are ready to be 
connected. For philosophic reasons, 
which includes the philosophic 
principle enunciated above, the 
relationship should be 

(2) 

BASIC CONSIDERATIONS 

where li is a non dimensional parameter 
of proportionality, called the non 
linear "coefficient of volume 
viscosity 11

• 

Let us considera sample of dry coarse soil 
subject toan isotropic stress a 1 for a very 
long time. Let now the stress a 1 be 
increased "instantaneously" to a 2 • The 
problem is to find the infinitesimal changes 
in volume dV taking place in the 
infinitesimal times dt. Let Vi be the 
initial volume for t = O and Vf be the final 
volume for t = 00 • The relation between dV 
and dt should produce an equation satisfying 
the following philosophic principle: 

"The equation relating V and t may exist 
only through a non dimensional parameter and 
should, independently of critica! points, 
satisfy the extreme boundary conditions, 
namely: V= vi for t = O and V= Vf for 
t : oo" 

The connection between dV and dt can be 
obtained through the following steps which 
are tl,ought to be philosophically supported: 

1) The real domain for t is complete, 
that is, from O to 00 , while the real 

GENERAL EQUATION 

Let v, be the known volume for t = t 1 
(t 1 t O). Integrating eq (2) between the 
limits (t 1 , V1 ) and (t, V) we get 

ln f (V) ] V = 1i ln t ] t 
v, t, 

f(V) 
f (V1) 

Introducinc¡ eq (1) into eq (3) we obt.ain 

1 1 
V - Vf v. - vf 

( tt, / 
1 

1 
v, - vf v. - vf 1 

(3) 

(4) 
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Multiplying nurnerator and denominator of the 
first term by Vi - Vf, this eq (4) may be 
written as 

(5) 

In practice, a simpler and more convenient 
way of writing eq (5) is using alternatively 
the symbols 

Vi - V= 6V = X 

Vi -V f= (6V)T = XT (6) 

where 6V = x is the volurne change at time t 
and (6V)T = xT is the volurne change at t = oo 

Introducing eqs (6) into eq (5) we obtain 

XT 
1 + ( 

XT 
-1)(tt¡)° X - X XT - X¡ T 

X X¡ 

(tt¡ / XT - X XT - X¡ 

XT - X 
( ttl) 

6 
XT - X¡ 

X X¡ 

and therefore we arrive at the useful 
equation 

(7) 

(8) 

]r-v:r1:~::r1 ~~2v, 
00

11:~-v~!:11 
i ! ! g g 

1 ... -
---V¡ ----V¡-Vf --- V¡-Vf ------Q 

--.,.., 
Time Volume 

Fig.1 Scheme for the obtention of 

1 
f(V) = V - Vf 

1 

If tl1e degre0 of ccmpression U is defined as 
U= .1L, then eq (8) may be written as 

XT 

(9) 

A further simpler form for eq (9) is defining 
the "characteristic time t*" as the time for 
which U1 = 0.5. In this .,,ay eq (9) may be 
written in the very simple form 

1 
ü = 1 (10) 
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In order to feel the progress of compression 
with time Fig. 2 shows the graphs of eq (9) 
for the special case that t 1 = t 0 _ 9 for 
U1 = 0.9. Different values of 6 are shown. 
The Terzaghi's linear solution for onedimen­
sional consolidation is shown for comparison. 
Fig. 3 shows the same curves for the case 
that t1 = t 0 • 1 for U1 = 0.1 and Fig. 4 shows 
also the same curves for t 1 = t 0 • 5 for 
U1 = 0.5. From Figs. 2, 3 and 4 it appears 
obvious that they are not very convenient 
plots to deal with in practice. 

0.2 
-·---Terzaghl 

0.7 

0.2 0.4 0.6 o.e t 

(
t¡ )º ~ 1 +(..!_ Fig.2 Graphs of iJ 1 1) t for 

U¡ = 0.9(t¡ to. g)U 1 

0.2 0.4 0.6 o.e _t_ 
to.1 

Fig.3 Graphs of 1 
1 ( ..!_ - 1)(~1) ó u = + 

for 
U¡ 

U¡ = 0 .1 (t ¡ to .1) 

,_,. 

1.0 
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0.2 0.4 0.6 o.e 
t 

1.0 

o ~ 
Fig.4 

1 
1 +(u1. -1}tt' ) for Graphs of U 

u, = o. 5 (t 1 t O• 5 ) 

Fig. 5 (a and b) shows the same curves than 
Fig. 2 but in a semi-log plot, that is, the 
time in log scale. 

If the "time factor T" is defined by 

T = (&)º (11) 

then eq (10) ·may be written as 

fr=l+¼ (12a) 

or in the form 

u 
1-U = T (12b) 

Fig. 6 presents the graph of eq (12) as well 
as the values of T for different values ofU. 

0.01 0.1 1.0 t 10.0 
lo:; 

Fig.Sa Graphs of != 1 + (-1--1)( to.•)ª 
U o. 9 t 
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0.7 

o.e 

0.9 

10-10 ,o-• 

1.0~~~~=--~~~-~~---'---''-L.U..,CU., _ __.___._~ ........ ,.., 
10-1 

Fig.Sb Graphs of fr 

o 

0.1 

uº-2 

0.3 

0.4 

0.5 

0.6 

0.7 

o.e 

0.9 

1.0 
0.01 

Fig.6 

0.1 

u Graph of r=IT = T 

T 
o 

0.0526 
0.1111 
0.1765 
0.2500 
0.3333 
0.4286 
0.5385 
0.6667 
0.8182 

u ?" 

0.50 1.0000 
0.55 l 2222 
0.60 1.5000 
0.65 l.8571 
0.70 2.3333 
0.75 3.0000 
0.80 4.0000 
0.85 5.6667 
0.90 9.0000 
o. 95 19.0000 
1.00 C0 

In order to ascertain in practice the values 
of o and t*, sorne characteristics of the 
semi-log plots follows. 

1) 

For U2 

The semi-log plots are anti-symmetric, 
that is if U2 = 1 - u,, then 
t, t* 
:¡:;, = f-;-. From eq (12b) for U= U1 we 
have 

u, 
TI r-::-u;-

1 - U1 we similarly have 

u, 
T2 = r-=-u, 

1 - u, 
-u-,-- 1 

TI 

(13) 

(14) 

that is, from eq (11) 

( 15) 

therefore 

( 16) 
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In the semi-log plots, therefore, symmetrical 
values of U with respect to U= 0.5, have 
symmetrical values of t with respect to t*. 
See Figs. 5 and 6. 

2) The middle third of the serni-log plots 
resembles very close a stright line. 

The slope of the curve in Fig, 6 may 
be found using eqs (12) 

dU dU U2 = 2 . 3 u 2 

dlogT = 2,3T ITT = 2.31" ~ T 

dU 
~ = 2.3O(1-U) (17) 

The maximum slope occurs at U 
and its value is 

2,3 
-4-

o. 5 (t=t*) 

(18) 

Sirnilarly, the slopes of the curves in Fig 5 
are a.s follows. From eq (11) we have 

dT = ó dt 
T T (19) 

and therefore, we may write from eqs (19) and 
(17) 

dU dU 
dlogt = 2 • 3t dt 

dU 
2.36,a-r 

dU _ 
dlogt - 2,3óU(l-U) 

uz 
2.3 ó 

T 

(20) 

The maximum slope occurs at U 
and its value is 

0,5 (t=t*) 

( 
dU ) _ 2. 3 ó 

dlogt max - --¡-- (21) 

The ratio of the slope at any point to the 
maximum slope is therefore given by 

dU 
dlogt 

( dU ) 
dlogt max 

4U(l-U) 

The values of this ratio for U= O, 0,1, 
0.2, 0.3, 0.4, 0.5 are: ratio= O, 0.36, 
0.64, 0.84, 0.96, 1.0 respectively. For 
U= 1/3, ratio= 8/9 = 0.89. 

(22) 

Finally, the ratio of the slope of the 
stright line passing by the extreme points 
of the mii51e third of the graph (secant 
slope = ~)to the maximum slope is, using 
eq (12b) og, 

liU _ 2/3-1/3 _ 1/3 _ 
Ilogt" - log #4 -~ -

T J../.> 1 

1 
rrog2" (23) 

'7" 

The ratio is, therefore, from eqs (23) and 
(18) 
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tiU 
lilogT 
( dU ) 
cliogT max 

2 
3 x 2,3log2 0.96 (24) 
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The above shows that, in practice, the 
middle third of the time curve may be 
considéred, without serious error, as a 
stright line. See Figs. 5 and 6. 

The stright line (middle third) of the time 
curve extends over certain number of cicles 
in the log scale of time. The number of 
cicles may be found as follows. For Fig. 6 
and from eq (12b) we have that for U= 1/3, 
T = 0.5 and for U= 2/3, T = 2, therefore, 
the number of cicles given by tilog, is 

tilog, = log ~fj~ = log 4 = 0,6 (25) 

Similarly, for Fig. 5 and from eq (11) we 
may write 

tilogt = log ~fj~ ll ,2/3 logd 0.6 (26 ) 
6 ogTiyr=-5-=-ó-

For example, for ó =O, 0.1, 0.3, 0.6, 1.0, oo, 

the stright lines extends over 00 , 6, 2, 1, 
0.6, O cicles, respectively. See Fig. 5. 

All the above characteristics of the time 
curves are very useful to determine, in 
practice, the parameters ó and t* from the 
experimental data. 

Once the values of ó and t* are known the 
time for a give degree of compression may 
be found. Fr.om eqs (11) and (12b) 

(-h)° u 
r-u 

For example, for u = 0.9 

(27) 

t, .• 1/ó 

t" 9 (28a) 

Observe that for (1-U) the time is just 
reciprocal. For the above example, for 
U= 0.1 

t 1/ó 
o. 1 _ ( 1) 
t" - 9 (28b) 

Fig 5 shows the values of eq (28a) for the 
different values of ó. 

The rate at which the degree of compression 
progresses rr.ay be foun..i as follows. From eqs 
(12a) and (12b) 

dU U
2 

(l-U) 2 01 = 'iT = 

From eq (11) 

d, = o(f;-)ó ~t 

Introducing eq (30) into eq (29) 

dU 
at 

For t ·= O (U O) we get 

(29) 

(30) 

(31) 
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If 

If 

If 

l [~]t=O 
1 

'ET 

ó > 1 rdu] = o 
Lil.t t=0 

(32) 

From expressions (32) we see that only far 
the case ó < 1 we may expect to have "instan 
taneous" or "simultaneous" deformation with­
the "instantaneous" increase in stress. 
However the amount of this instantaneous 
deformation depends on the value of ó and on 
the time we take to register it. See Figs. 2, 
3 and 4. Far ó = 1 the rate of deformation is 
finite and therefore any deformation needs 
sorne time to take place. Far ó > 1 the rate 
of deformation is zero. 

The above theory, developed far soils under 
isotropic stresses is thought to be also 
true far triaxial conditions if the principal 
directions of stress and of strain do not 
change and if the ratio of the principal 
stresses are kept constant, as far example, 
in confined onedimensional compression. 

The determination, in practice, of the 
parameters ó and t* depends on the type of 
the experimental data. Using the semi-lag 
plots we will refer to the three thirds by 
(e), (s), (e), that is, curve, stright line, 
curve. Data with points in the three thirds: 
(ese). Data with only in two thirds: (es) 
and (se). Data with only in one third: (c 1), 
(s) and (c 2). The best experimental data is 
(ese). The worse experimental data is (s) if 
it is a "short" strignt line. 

Far obtaining ó and t* from an experimental 
curve, the author has found convenient to 
proceed as follows. The procedure is general 
but, for simplicity, imagine we have an (es) 
type data. 

Let t 3 , x, be an initial point (See eq (8)). 
Let t 1 , x 1 be an intermediate point. Let t2, 
X2 be a final point. The last two points 
located in the initial and final zones of the 
stright line. Observe that the values of the 
x may be any quantities proportional to the 
volume changes. 

1) 

2) 

Guess a value far xT making use of 
the characteristics of the semi-lag 
plot. Find the value of x = a far 
the point where the stright line 
starts. Then, xT = 3a. 

Compute ó using points 1 and 2 (they 
are usually better points than point 
3). Points 1 and 2 satisfy eq (10) 

1 - u, 
( ~: ) ó (33) -u-,--

1 - U2 
( ~: ) ó (34) 

U2 
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Dividing eq (33) by eq (34) 

1-U 1 U2 (t 2 )ó 
-u-,-- r=u-;- = ti"" (35) 

Solving eq (35) far ó and writing the U,s 
in terms of the x,s we get 

3) 

x2 X - x, 
lag 

T 
xj" XT - X2 

ó 
t2 

lag t¡ 

Check the value of x using the 
initial point 3. Thi¡ point should 
satisfy eq (8) 

1 + (XT 
x, 

(36) 

(37) 

4) Repeat steps 1 to 3 in case eq (37) is 
not satisfied, changing the value of 

5) 

XT in the correct direction (a grater 
xT results in grater calculated x 3 ). 

Compute t* using preferable point 2. 
From eq (10) 

ó 

( ~: ) = (38) 

6) Introduce xT, ó and t* in eq (10). The 
time equation is ready far use 

(39) 

Equation (39) written in terms of volumes 
and in terms of heights (far onedimensional 
consolidation) are as foilows 

V v. - /W v.-
(/W)T 

(40a) 
l. l. + ( \* )ó 1 

H H. - tiH H.-
(tiH)T 

(40b) 
l. l. + ( \*)ÍS 1 

Far the case of (se) type data use the 
antysimmetrical points.For (ese) type data 
use the extreme points of the stright line 
for points 1 and 2 and check two points 3 
located at the extremes of the intire 
experimental curve. 

For the case of (s) type data, the 
parameters may be determined if it is a 
"complete stright line". Intervals for xT, 
6 and t* may be found otherwise. 

Far this case let x 1 and x 2 the values of x 
for the initial and final points of the 
stright line. The stright line is complete 
if X2 = 2x,. If x 2 < 2x 1 it is incomplete. 
In this last case XT shoud satisfy the 
unequality 
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( 41) 

Assuming for XT the extreme values given by 
eq (41), the corresponding values for ó and 
t* may be found using eqs (36) and (38). 

If the value of ó is known, XT may be found 
solving eq (35) for xT.It results 

The value of xT found should satisfy 
unequality (41). 

PRACTICAL APPLICATION 

The above theory is now applied to sorne 
experimental data. 

(42) 

One of the earliest "Time curve for a typical 
load increment on sand" is Fig 10.4 in 
Taylor's book (1948) (Not included here). 
Comparison with Fig. 2, indicates approximate 
values of ó = 0.1 and t* = 1 sec, 

Fig. 7 presents the experimental (Vesic and 
Clough, 1968) and theoretical curves for 
"medium, uniform, slightly micaceous sand, 
composed of sub-angular quartz grains" 
between 0.1 to 1.0 mm sizes, Chattahoochee 
River sand, during isotropic compression. 
"The volumetric strains are plotted as 
percentages of total volumetric strains 
under the particualr load increments (degrees 
of consolidation) versus time". The 
deformation in question "predominantly 
breakdown of particles" situates these 
curves on the second phase (virgin) of the 
compression curves (Juarez-Badillo, 1981). 
An inspection of the curves obliged the 
author to make an allowance of 10 sec for 
primary consolidation for the first 3 
increments of load, and to make an allowance 
of 3% for further compression for the last 
increment of load. With these "corrections" 
eq (10) was applied using ó = 1 and the 
characteristic times t* indicated for each 
laod increment. It is to be observed that t* 
increases with the level of stress. 

Fig. 8 (a and b) present the experimental 
(Zepeda and Diaz, 1982) and theoretical time 
curves for Mexico City pumice sand, between 
O. 84 to 4. 76 mm sizes, under the particular load 
increments indicated. The loads were sustained 
from 2 to 17 hrs. Tests were made on a very dense 
state of the sand andona very loose state. The 
experimental data includes the types: (ese), (es) 
(se) and (s). Thevalues of x =(LiH)T, ó and t* 
were ascertained as indicatid above, using 
eqs (36), (37) and (38) and eq (40b) was 
used to plot the theoretical curves. The 
check was almost intirely within 0.01 mm 
with few zone-s (at the beginning of the 
curves) where the check was within 0.02 mm. 
It was necessary, however, to make 2 small 
"corrections" to Hi, as indicated in Figs. 9 
and 10. 
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Fig.7 Proqress of volumetric strain wi th time 
during isotropiq compression, 
Chattahoochee River sand 
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t* 
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Fig.8a Time Volurne change of Mexico City 
pumice sand 

Table 1 presents the time parameters of all 
these time curves. Figs. 9 and 10 present 

1000 

the compression curves for both, very dense 
and very loose states. Note that for stresses 
below 1 or 2 kg/cm 2 the experimental data 
was of the (s) type, and they were "short" 
stright lines with x2 < 2 x 1 • However, by 
interpolation in Figs. 9 and 10 it was 
possible to choose the "correct" values for 
XT, ó and t*. Fig. 11 shows the variation of 
ó with the level of stress. Zepeda reportea 
he believed there was breakdown of particles 
at all increments of load. The author 
believes there was not breakdown of particles 
for stresses below 2 kg/cm 2

, dueto the 
constant small value of ó = 0.1. The feeling 
of the author, at present, is that, for 
granular soils, ó is small and constant 
(ó ~ 0.1), befare the breaking of particles 
and that ó is large and constant (0.5< ó !'.l) 
when the level of stress is already in the 
virgin.curve where a generalized breakdown 
of particles exists. In these experiments it 
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appears that the "critica! zone" where there 
is partial breaking of particles extends from 
2 to 8 kg/cm 2

• Fig 11 also shows that for the 
very dense state the values of 6 were 
somewhat smaller than for the very loose 
state. Observe also from Table 1 that t* 
appears to be constant (- 0.5 min) before 
the breakdown of particles. 

46.5~----------------------~ 

H,:.o~:::::":=~6~kc¡~/c;m~•~•~8:::

0

;<=l~-=38r~•=(rC~S~);1::*~~~jt"~'~4~k::Q~/i~c:m=:.~•~•~8~-;':-=0:".~2:83,::~c:•S~C~):j 

45.5 

45.0 

cr=7kc¡/cm',~=0.46, (CS) 
44.S F"r--'r--'--~----

cr' Bkg/cm',8•0.4'5,(CS) 
44_or,__......,¡._..:......_..:...._~_ 

10 

" First ond los! reodings 
-- Theoreticol curves 

100 1000 

Chorocteristic times t• indicoted Hi = Previous los! reoding 

Doto type indicoted ( ) Follow dense ond loose sietes 

seporotely 

Experimental points { After Zepedo ond Diez) 

Very dense stote { H0 = 48.5 mm) 

Ver y loase stote { H0 = 49.0 mm) 

Fig.Sb Time volume change of Mexico City 
pumice sa;id 
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~ 
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Table l. Time parameters for Mexico City 
purnice sand tests 
Time of 

State a, loading H • ~ 
H_ t* 

kg/crn 2 rnin mffi rruli 6 min 

0.125 120 48.50 0.03 48.47 0.10 1.0 
0.25 120 48.48 o.os 48.40 0.10 0.5 
0.5 160 48.43 0.22 48.21 0.10 O. 7 
1 850 48.29 0.40 47.89 0.12 0.2 
2 120 48.00 0.75 47.25 0.12 0.6 

Very 3 120 47.51 0.70 46.81 0.17 9 
dense 4 270 47.08 0.65 46.43 0.22 18 

5 1000 46.66 O.SS 46 .11 0.28 47 
6 240 46.20 0.45 45.75 0.38 310 
7 940 45.99 0.45 45.54 O. 43 33 
8 1000 45.62 o.so 45.12 0.44 300 

0.125 340 49.00 0.28 48. 72 0.10 0.2 
0.25 790 48.81 0.35 48.46 0.10 0.4 
0.5 380 48.57 0.55 48.02 0.11 l. 2 
1 180 48.21 o.so 47.41 0.11 0.65 
2 925 47.69 1.05 46.64 0.13 0.15 

Very 3 170 46.89 0.90 45.99 0.19 6 
loose 4 215 46.30 o.so 45.50 0.28 7.5 

5 1000 45.74 0.75 44.99 0.33 15 
6 1010 45 .14 0.70 44.44 0.41 110 
7 340 44.61 0.70 43. 91 0.46 110 
8 1000 44.17 0.85 43.32 0.46 140 

crv, kg/cm2 

49.-------------~~---,e---
0
,-2-'-5----ºc.,.·5'---~49.o 

a 
E 
E 

I 

48 

47 

46 t=OJ 

45 
E xperimenlol polnts: 
(Alter Zepedo ond Dloz) 

a lnitiol polnts H i 

44 + Flrsl lectures H1 ot t=lO sec 

x Lost lectures H2 ot t=2 to 17 hrs. 
Theoreticol polnts: 

o Coicuioted fiJlol polnts Hf ( t = OJ) 

+ 

HI 

E 
E 

I 

48.5 

46.0 

43~---~~--~-----'------'----~ 
o 4 6 8 

CTv, kg/cm 2 
10 

Fig .10 Compression of Mexico Ci ty pum ice sand. 
Very loose state 

A similar experimental work (Porras and Diaz, 
1984) was made on Guadalajara purnice sand 
(Jal) in a rnedium dense dry and saturated 
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states. The load increments were sustained 
one day but the "short" stright lines were 
more abundant making somewhat difficult their 
analysis. However the author found that the 
v~lues of o for the saturated sand were, in 
the average, 1.5 times the corresponding 
values of o for the dry sand. 

rrv, kg/cm2 

o.~ 
t 

0.4 X Very loose 1tate 

8 o Very dense ■tate 

0.3 
~e(!,;,-- o 

0.2 ~<>1e,,,.,,,. e'° ~ X o., 
X 

i 
~:t,,. ~ b 

0.1 X 

o o 
o 2 4 6 B 10 

rrv, kg/cm 2 

Fig.11 Variation of 6 for Mexico City pumice 
sand 

Fig. 12 presents the time curve for a long 
time oedometer test made on a typical sample 
of Mexico City clay. The sample was 15 mm 
height. A vertical pressure of 0.96 kg/cm 2 

was sustained 250 days. The orevious load 
was 0.74 kg/cm 2 sustained 8 days. The 
increment load ratio was therefore 0.30. Eq 
(40b) was applied with H1 = 12.12 mm, 
(~H)T = 0.84 mm, 6 = 0.73 and t* = 7.2 days. 
After 90 days the experimental points pres­
epted sorne inconsistencies and bacterial 
growth was very noticeable. A second test 
was made in identical conditions and its 
behaviour was practically identical but with 
higher inconsistencies after 90 days. It 
should be observed that, for this test, 
primary consolidation was almost 
unnoticeable. Probably it was very small and 
took place in less than 0.1 day making the 
"secondary compression" data very consistent. 

H, mm 
12.0 

11.B 
Typlcal sample 
Mexlco Clty cloy 

11.6 from 16m depth 
Confl ned compre 
Origino! height of 

11.4 

V1rlical prtHUfl C'y :i: 0.96 kQ/cm2 
1ustaintd 250 CI0JI 

Pr1viou1 crw = 0.74 k9/cm2 1ustain1d 
8 dGJI 

Th1r1for1 6'7v = O.ZZ = 0.30 
O'y1 0.74 

8 

,, .2 .__,__,__,_...,_. ........ _ _,_......_..._..,_,_,_~-~~~=~~~ ........ ~-
0.1 10 100 100( 

• Polnts representlng the 
experimental curve 

-- Theoretlcol curve 
8 = 0.73 1 t• = 7. 2 doys 

t, days 

Fig 12. Time volume change of Mexico Ci ty clay 
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A "coefficient of secondary compression" 
that may preve to be useful in oractice due 
to its similarity with the ones·already in 
use (Mesri, 1973) is the following. From eq 
(21) 

* ( dH 1 ) 
e:ª= dlogt if t=t* 

(43) 

where H* is the value of H for t = t* 

In terms of volumes, eq (43) would read 

(44) 

For the test on Mexico City clay of Fig. 12 
we have, therefore 

0.030 

Note, however, that this parameter is not 
enough to completely specify secondary 
behaviour. 

(45) 

Several time curves were made available to 
the author by his colleague Leonardo Zeevart 
(1983) using 20 mm thick sarnnles of tyoical 
Mexico City clay, with load increment ratios 
from 0.30 to 0.75 in the recomoression branch 
and from 0.15 to 0.40 in the normally 
consolidation branch. The loads were 
sustained from 4 to 24 hours. An insoection 
of these curves clearly showed that in the 
recompression branch primary consolidation 
took place for U= 0.3. In the normally 
consolidation branch the author could not 
determine the termination of primary 
consolidation. 

Mesri (1973) has oublished a very extensive 
experimental data on onedimensional tests 
using Organic (liquid limit wL = 70) and 
Inorganic (wL = 54) Paulding clays. 
Thixotropic hardening has not been considered 
in the above theory. Therefore, remoulded 
samples are not considered. Only sedimented 
samoles behaviour on the normally 
consolidated branch will be considered 
(K0 is not constant in the recompression and 
swelling branches). The data is rnainly 
presented in terms of Ca and E:c,p defined by 

e 
C1 

ITe p 

~e 

Kiogf 
1 

I+e o 
(46) 

where e = void ratio at the beginning of the 
linear i\ortion of the e-log t curve. 

For our analysis let us substitute expression 
(46) for the equivalent expression 

( dH) 1 
dlogt t=t* Hp 

where HE is the value of H for e= ep. 

Comparison of eq~ (43) and (47) leads to 

(47) 
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(48) 

The tests were made on 25.4 mm thick samples, 
using load increment ratios 60 ~ l. The 
loads were from 0.25 to 32 kcj/cm 2 

• The 
level of stress was reached "with only 
sufficient time allowed for excess pore 
pressure dissipation". Let us assume, in 
order to continue with the analysis, that 
this ocurred fer U= 1/3. 

Fig. 13 presents a scheme illustrating 
primary and final compression curves in 
clays using the above assumption. The data 
was suggested by Organic Paulding clay. 
Approximate values of its coefficient of 
compressibility y and of its void ratio e, 
fer o= 8 kg/cm 2 may be found using the 
expressions (Juarez-Badillo, 1975) 

y= 0.0016(wL - 10) = 0.10 

and 

e, 7.5y 0.75 

The primary compression curve would, 
therefore, be (o in kg/cm') 

or in terms 0f void ratios 

(49) 

(50) 

(51) 

(52) 

The void ratio fer o= 4 kg/cm 2 is, from eq 
(52), e = 0.875, that is (6e) = 0.125, and, 
therefore, (6e)T, = 0.375, anS fer the total 
comoression curve, we get,for o= 8 kg/cm 2

, 

e,; 0.5. The equation fer this curve is, 
therefore, 

l+e 
T.-s-

The value of ~, entering in eq (48), is 
given by (See Fig. 13) 

Hp 

H* 

where, fer our case 

(53) 

(54) 

(55) 

Introducing eqs (54) and (55) into eq (48) 
we obtain 

E* 
(l 

E 

ap 3 - (~1 r 2 (56) 

59 

1.4 
r, -0.10 

e t=tp 
Fort=lp:e=l.75(,r) -1 

For t= a,: e= 1.50 <ifº·10
- 1 

1.2 (crv in kg/cm2) 
(l>e)T 
(l>e)p = 3(ossumed) 

1.0 

e)p 

□ 

0.8 (6e)p -
elr 

0.6 

0.40 2 4 6 8 10 

<Ty, kg/cm2 

Fig.13 Scheme illustrating primary and final 
compression curves in clays 

The value of 
(6H)T 

entering in eq (43) is 
given by 1P' 

3 (6H)T 3(6H)p 

1P' 3 Hi 
(57) 

Hi - 2 (6H)p 3 
(6H)p 2 

Mesri has reportea that fer Organic Paulding 
clay, Ean = 0.013, and that fer Inorganic 
Paulding"clay, Ean = 0.0035 (Fig. 5 in Mesri 
paper). • 

Applying eqs (49), (55), (56), (57) and (43) 
to Organic Paulding clay we get 

y O .10 

0.0135 

0.10 

(58) 

Similarly, aoplying the same equations to 
Inorganic Paulding clay we get 

y 0.07 

E* 
ex 

0.0036 

0.04 

(59) 

6 . 

Observe that there is no practical difference 
between E* and E . Observe also that these 
oarameterg can no~Pbe used in practice 
without the t* parameter. 

Mesri et al (1975) have published a very 
extensive experimental data on secondary 
comoression of typical samples of Mexico 
City clay. The samples were 19 mm high. The 
applied pressures were up to 30 kg/cm 2 • "The 
samples were loaded in increments to a final 
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pressure using a load increment ratio of 
unity anda load increment duration just 
sufficient for completion of primary 
consolidation determined by Taylor's method 
(Taylor, 1948)". For undisturbed samples, 
first sustained loading, they reporta 
constant value Eap = 0.033 (their Fig. 25) 
for the virgin branch of the compressibility 
curve. From the compressibility curve (their 
Fig. 16) the author obtained a 
compressibility coefficient y= 0.43. Making 
the assumption that primary consolidation 
ocurred for U~ 1/3, application of eqs (55), 
(56), (57) and (43) give 

y 0.43 

s* 
a 

0.040 

6 O. 06 

(60) 

The value of y coincides with the value 
reported by the author (1975). Observe now 
that s* is 20% higher than sap· Compare 
also ªthis value of s~ with the one given 
by eq (45) for Fig. 12. Compare also the 
small value of 6 = 0.06 with the high value 
6 = 0.73 obtained in Fig. 12. This great 
difference, might be dueto the fact that 
Fig. 12 is still in the recompression branch 
of the compressibility curve. Futureresearch 
should clarify this point. 

FINAL DISCUSSION 

It has been shown that the time volume 
change behaviour of soils (when no retarda­
tion exists dueto pare water pressure 
dissipation) under isotropic and confined 
compression (if Ko = constant) may be 
described by a single equation containing 
two parameters, the coefficient of volume 
viscosity 6 and the characteristic time t*. 
The coefficient 6 has to do mainly with 
the forro of the time curve while the time t* 
has to do mainly with the rapidity of the 
phenomenon. See Fig. 2. 

This general time equation is identical in 
forro to the general compressibility 
equation (Juare~-Badillo, 1981). Compare 
Fig. 3 of the present paper with Fig. 2 of 
the above mentioned paper. The coefficient 
6 in the volume time curve has the same 
significance than the coefficient y in the 
volume pressure curve. Similarly, the 
characteristic time t* has the same 
significance in the time curves than the 
characteristic pressure o* has in the 
pressure curves. 

The compressibility equation reads 

y 

1 + ( aª* ) 

while the time equation reads 
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t* )6 1 + -
t 

(eq (10)) 

(61) 

(62) 
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If U' is defined by 

U' 1 - U (63) 

then eq (62) may be written as 

.2:... = 1 + ( A)
6 

U' t 
(64) 

and the similarity of eqs (61) and (64) is 
evident. This is so because they satisfy the same 
philosophic requirements. Because of this 
similarity the time curves of Figs. 5 and 6 
may also be interpreted, using eq (63), as 
the compressibility curves of granular 
materials before the braking of particles, 
that is, in the unvirgin curves. 

It is the feeling of the author that for 
granular soils like sands: 

l. In the first mechanical phase of the 
compressibility curve, unvirgin, 6 is small 
and constant, say 6 = 0.1 and t* is small 
and constant, say t* = 1 to 30 sec (Taylor's 
figure, Fig. 11 and Table 1). 

2. In the transition or critical zone, 
where partial breakdown of particles exists, 
6 and t* increase when the stress increases 
(Figs. 8 and 11 and Table 1) . 

3. In the second mechanical phase, virgin 
curve, where a general breakdown of 
particles exists, 6 is high and constant, 
say 6 = 0.5 to 1.0 and t* increases when 
the compressive stress increases (Figs. 7, 
8 and 11 and Table 1). 

Similarlv, it is the feeling of the author 
that for~plastic soils Jike clays: 

4. In the recompressioh branch 6 is 
constant, apparently with high values (Fig. 
12). Is t* also constant? 

5. In the normally consolidated branch 
6 is constant, apparently with low values 
(eqs (58), (59) and (60)). Is t* also 
constant? 

The above corrunents are mainly made to 
promote future experimental research. The 
published data does not allow the 
determination of t* in clays. The author 
believes that a reconsideration of sorne of 
the experimental data of the pa3t is r.ighly 
desirable. 

It should be noted that, in clays,primary 
consolidation will make necessary to 
introduce a modification in the time scale 
after the termination of the excess pore 
pressure dissipation,Fig. 7. Future 
research will indica te how this should be done. 

It is important to realize that primary 
compression curves are functions of the 
loading programs while the final (t = 00 ) 

compression curves are postulated to be 
unique fo~ given soil samples under monotonic 
loading, Figs. 9, 10 and 13. 
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It should be noted that, according to this 
theory, the parameter E~, eq (43), very 
similar to the traditional Eap, eqs (46), (47) 
and (48), is nota good gar~meter to study_ 
secondary compression. 1 68 1T is constant as 
far as the load incremen~ratio is 
constant and no previous sustained loads have 
acted (eqs (57) and (55)). 

It is suggested that eq (10) is also 
applicable to solids, liquids and gases. It 
should be very interesting to know the 
parameters o and t* for water. Very surely 
they both are very small. 

CONCLUSIONS 

The main conclussion are as follows: 

l. A general time volume change equation 
for soils is presented,eq (10), It consist 
of two parameters: the coefficient of volume 
viscosity o and the characteristic time t*. 
The parameter o has to do mainly with the 
form of the time curve while the parameter 
t* has to do mainly with the rapidity of the 
phenomenon, Fig. 2. 

2. We may expect to have "instantaneous" or 
"simultaneous" deformation with the 
"instantaneous" increase of stress only when 
o< l. However its amount depends on the 
value of o and on the time we take to 
register it, Figs. 2 to 4. 

3. The semi-log plot seems most appropriate 
for the time curves, Figs. 5 and 6. In this 
plots, the time curves are antisymmetric 
and its middle third is very close to a 
stright line. 

4. For sands, it appears that, for the 
unvirgin branch of the compressibility 
curves, the values of o and t* are small 
and constant, while for the virgin branch 
of the compressibility curves, the values of 
o are high and constant and the values of t* 
increases when the compressive stress 
increases. 

5. For clays, it appears that the values of 
o are constants, but different, in the 
recompression and in the normally 
consolidation branches of thecompressibility 
curve. 

6. In clays there is a high need of 
experimental data to study the t* parameter. 

7. There is a need of experimental data to 
study the factors that influence the values 
of the o and t* parameters in soils. 

8. It is suggested that eq (10) is also 
applicable tosolids, liquids and gases. 
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Abstract-The problem of preserving slability of discrete-time adaptive 
conlrollers in spite of reduced-order modeling and outpul disturbances is 
addressed in this paper. Conditions for global stability (convergence of 
the tracking error with bounded signals) are derived for a discrete-time 
pole-zero placement adaptive controller where the parameter estimator is 
modified in terms of normalized signals. Following an input-output 
perpective, the overall system is decomposed into two subsystems 
reílecting the parameter estimation and modeling errors, respectively, and 
its stability is studied using the sector stability and passlvity theorems. 
First the analysis is carried for the class of disturbances and reference 
inputs that are either decaying or can be exactly nulled by a linear 
controller of the ch osen structure. In this J3 2-framework, it is shown that 
the only substantive assumption to assure stability is the existence of a 
linear controller such that the closed-loop transfer function verifies 
certain conicity conditions. The convergence speed and alertness proper­
ties of various parameter adaptation algorithms regarding this condition 
are discussed. The results are further extended to a broader class of J3 oo 

disturbances and reference inputs. 

J. INTRODUCTION 

THE fundamental practica! issue which motivates the entire 
body of feedback design is how to achieve desired levels of 

performance in the face of plant uncertainties. Two aspects of the 
problem must be distinguished: choosing a mathematically con­
venient representation of the modeling error [generically referred 
to as model-process mismatch (MPM)] and capturing both the 
uncertainty and performance aspects in a single problem state­
ment. These constitute the essential difficulty of a successful 
design technique. 

Manuscript received February 9. 1984; revised August 28. 1984. May 14. 
1985. and June 26. 1985. This paper is based on a prior submission of 
February 7. 1983. Paper recommended by Pasl Associate Editor, H. Elliott. 
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Autonoma de Mexico. Mexico P.O. Box 70-256, 04510. 

L. Praly is with the Centre d'Automatique et Inforrnatique, Ecole Nationale 
Superieure des Mines de Paris, Fontainebleau, France. 

l. D. Landau is with the Centre National de la Recherche Scientifique, 
France. 

In a very general way, we can distinguish three specific classes 
of MPM leading to different mathematical problems. Optima! 
control of stochastic models when disturbances arise from small 
independent linearly combined fluctuations. Adaptive control, 
where MPM is represented in terms of a set membership 
statement far the parameters of a suitably choosen structure, 
e .g., an otherwise known linear time-invariant (L TI) system. 
Robust control theory which characterizes uncertainty by a set 
membership statement far the input-output (//0) operator, 
e.g., the process transfer function. 

Intense research activity has been devoted to the control of 
stochastic models with parametric uncertainty. Single-stage opti­
mization schemes for scalar L TI invertible systems have been 
shown to be globally stable under fairly reasonable assumptions 
provided the system noise dynamics verifies a positivity condition 
and the underlying model structurc has been suitably chosen. 
Equivalence of single-stage optima! stochastic and pole-zero 
placement deterministic adaptive controllers is now well estab­
lished; see, e.g., [11]. It has been shown in [25] that bounded 
output disturbances (BOD), and more recently in [4], [21], that 
reduced-order modeling (ROM) could make the closed-loop 
adaptive system unstable. Since such violations are the rule and 
not the exception in practice, these results raised the interest of 
studying the controllers ability to retain adequate performance 
when faced with other classes of MPM besides parametric 
uncertainty. We will refer to this case as the mismatched case in 
contras! to the matched case where no disturbances are present 
and an upper bound on the process order is known. 

Since in the mismatched case it is no longer possible to ensure 
convergence to zero of the tracking error for ali BOD and 
reference sequences, a revised notion of acceptable performance 
is required. Three fundamental, if modest, requirements are the 
following. 1) Assure tracking error cancelation with bounded 
signals for ali BOD and reference sequences for which a linear 
robust servobehavior is possible, i.e., the tracking error can be 
exactly m,lled by a linear controller of the same structure. 2) 
When perfect tracking error cancelation is not possible, preserve 
its boundedness for "sufficiently small" BOD. 3) Since the key 
property of an adaptive regulator is to track variations in process 

0018-9286/85/1200-1179$01.00 © 1985 IEEE 
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dynamics. gain decreasing estimation schemes should be dis­
carded. Convergence to a constan! value of the estimated 
parameters and the capability of reflecting th(,! MPM leve! in the 
stability conditions are further desirable oroperties. 

A. Background 

Robustness results of adaptive controllers were first available 
for the output disturbance problem [25], [ 18], [ 19]. Fairly 
complete results in a state-space setting were obtained in [21] for 
the case when the reduced-order model residuals are a parasitic 
system. Ad _hoc modifications to the adaptation laws were 
presented in [18], [19], [21]. Although in the latter the MPM is 
characts:rized by a well-defined scalar parameter (the ratio of the 
dominan! versus parasitic frequencies) in none of the aforemen­
tioned schemes is it straightforward to establish the validity of the 
prior information required nor to incorporate a priori knowledge 
about the process. Any attempt to treat "less structured" 
uncertainties from a state-space approach se~ms doomed from 
the outset not to yield use ful results. 

In contras! to adaptive control theory, research in robust control 
[!], [2]. [17] has preceded from an operator mode/formulation. 
This allows natural accommodation of uncertain model order and 
provides an adequate framework to incorporate a priori knowl­
edge to quantify the MPM. Conic bounded transfer functions to 
deal with coarsely defined systems are used to characterize 
uncertainty. In this approach the input-output map is assumed to 
be in a ball in the frequency domain, whose center is the plant 
parametric model and the radius defines, by a known frequency 
function. the error induced hy the unstructured uncertainty. 

Thc key to thc successful application of the powerful 1/0 
stahilitv theorems 191 in an adaptive context is to find, as was done 
for thé nominal stability analysis of model-reference adaptive 
controllers 16]. a suitable operator-theoretic description of the 
systems isolating the parametric error. To treat robm,1ness 
problems. the effects of the modeling and parameter estima/ion 
error mus/ be effectively isolated. This was first clearly stated in 
[ 10] for a class oí continuous-time adaptive controllers leading to 
stability conditions given in terms of passivity requirements of an 
MPM-related operator. Stahilizahility oí the process hy a fixed 
gain rcgulator (with thc samc structure as thc adaptive cine). which 
is an ohvious requirement. is used in 1101 to cnsurc houndedness 
oí the regressor vector. The first discrete-timc rohustness results 
using an 1/0 approach were reported in 18]. There, a small gain 
formulation is proposed to study the robustness of the selí-tuning 
controller. Unfortunately, the results are incomplete, since 
besides the small gain requirement an intricately signal-dependent 
assumption has to be made, specifically, it was assumed that the 
regressor signals are a priori known to be bounded. The same 
flaw is present in [5], [15] where sectoricity theory was proposed 
for robustness analysis. The J32 results of [8] have been translated 
to an .Coo framework in [23]; however, the signal-dependent 
assumption remained unsolved. 

Departing from the operator-theoretic approach, a signal-to­
noise ratio formulation of the robustness problem was introduced 
in [28]. It allows one to derive results for both ROM and BOD 
(24] using a modified version of the adaptation law introduced in 
[25]. The results obtained are however more of a qualitative rather 
than quantitative nature. 

Sorne local stability conditions have been reported in [22]. This 
type of approach, which may lead to more practica! results, 
complements the global one where the goal is to define the limits 
o(the adaptive schemes in its widest possible formulation. 

B. Contributions of the Paper 

The purpose of our robustness studies is to determine a class oí 
modeling errors (besides parameter uncertainty) for which the 
adaptive scheme retains acceptable performance (as defined 
above). 

The framework proposed in this paper, largely inspired by 
[ 10], is of the system theoretic type and is based on conic sectors. 
Our main technical device is the sector stability theorem [2], [ 17] 
which states that the feedback imerconnection of two conic 
bounded operators is globally stable if one is strictly inside a cone 
and the inverse of the other one outside it. This theorem is applied 
to the error model deriveci in [5] which is similar to the ones in 
[8], [ 101. The operator representing the parameter adaptation 
algorithm (PAA) is in feedback interconnection with an LTI 
operator. The latter operator is the transíer function from the 
delayed reference sequence to the system output. 

In order to apply the conic sector theory, conic sector 
conditions must be established for the PAA. In [7], [14] these 
tools were applied to analyze the stability of the self-tuning 
controller. The conic sectors derived in those papers are critically 
dependen! on the J3 00 norm oí the regressor vector. The 
assumption of a bounded regressor vector leaves the results 
incomplete. To remove this defect we use, as in (25]. normalized 
signals in the PAA and following the approach of [24], we modify 
the least squares algorithm by regularizing the covariance matrix. 
In this way, signal-independent conic sectors are established for 
constan! gain (CG) and regularized least squares (RLS) estimation 
schemes. It is worth mentioning that the regularization in the least 
squares algorithm is required only for the .Coo-stability analysis. 
For t,he J3 2-stability analysis oí the weighted least squares PAA, 
see [31 ]. 

J,;,-stabillty, that is tracking error cancellation, may be ensured 
for reference inputs and disturbances that are either J32 signals or 
such that linear robust servobehavior is possible. To treat the 
more realistic situation of arbitrary reference inputs and BOD, an 
.C 00 formulation is required. Analogously to (23], we use 
exponentially weighted techniques (9] to extend the J3 2 result to a 
.C 00 framework. In both cases a tradeoff between altertness of the 
P AA and robustness arises. 

Direct application of the sector stability theorem to the 
normalized error model allows us to derive conditions for the 
stability of the normalized signals. To be able to conclude stability 
of the adaptive scheme from stability oí the normalized error 
model. two additional results are needed. First, the conditions 
ensuring stability oí the normalized scheme, which are given in 
terms oí normalized operators, must be translated to the original 
operators. Secnnd, conditions under which stability of the 
normalized sch~me implies stahility of the original one must he 
established. This is done by reíerring to multiplier theory [9, p. 
202]. The problem basically reduces to proving that the regressor 
vector is bounded, which ensures that the normalization factor 
qualifies as a multiplier. Arguments similar to the ones in [24] are 
used for this part of the proof. 

The main contributions of the paper are the following. 1) An 
extension of the 1/0 approach pioneered in [7]. [8], [ 1 O] for 
analyzing the effects of ROM and BOD in discrete-time adaptive 
controllers. 2) Establishment of a well-defined class of ROM 
errors and BOD for which robust stability is ensured. 3) Use oí a 
normalized approach to parameter estimation for improved 
robustness. The latter completes the results of [5], [8], [23]. 

The paper is organized as follows. The type of MPM and the 
regulator structure studied are presented in Section II together 
with the error equations. The implications of the presence of 
'APM in the PAA selection and the 1/0 properties oí a class of 
PAA's are discussed in Section III. In Section IV the need to 
normalize the PAA signals is motivated. The main stability 
theorems are given in Section V. Sorne concluding remarks are 
presented in Section VI. 

11. PROBLEM FORMULATION 

In order to carry out the objective presented in Section 1-B we 
must isolatc the effects oí the modeling and parameter estimation 
errors. This is done l'iy reconfiguring the adaptive system into two 
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subsystems: the parameter adaptation algorithm (PAA) and an 
L TI subsystem independent of the parametric error. 

In this section we will first define the MPM representation 
considered in the paper. A standard pole-zero placement adaptive 
controller is introduced later. Before proceeding to describe the 
PAA, which is left to Section 111, error equations suitable to the 
robust stability analysis are then established. Assuming linear 
stabilizability of the process, the stability problem of the adaptive 
case is reduced to the analysis of a feedback arrangement around 
the PAA; this arrangement is suitable to the application of 1/0 
stability theorems [2], [9], [17]. 

A. The Plant 

It is assumed that the plant to be controlled is described by 

(2.1) 

where A, B are polynomials in q- 1• A is monic, U,, Y1, tare the 
input, output, and disturbance sequences, and d is known. The 
order of each polynomial and its coefficients are unknown and ~ 1 

is bounded, i.e., ~1 E oC~. 

B. The Controller Structure 

We will pursue a pole-placement all-zero canceling objective 
with the desired closed-loop poles being the roots of a polynomial 
C R· Defining a filtered tracking error 

(2.2) 

1181 

this assumption simply states that the system may be stabilizcd hy 
a linear regulator of the chosen structure. lf 0is is ernpty the plant 
cannot be stabilized even when ,t is perfectly known. 

C. Error Equations 

Combining (2.5) with (2.1) and using (2.4) 

CY,=88:</>1 d+S,~, 

CU1 =A0:<i>,-R*f,. 

Define 

(2.6a) 

(2.6b) 

(2.7) 

where 01 is the difference between the actual parameters ¡ see 
(2.3)] anda vector of stabilizing parameters. From (2.2), (2.3), 
(2 .6), and (2. 7) we see that the error model may be expressed as 

where 

e: é:,(H2-l)w,+CRc- 1s,f1 

H2 ;.cRc-- 1s. 

The regressor vector can analogously be written as 

</>, d= - W1f1 + <P:-d 

(2.8) 

(2.9a) 

(2.9b) 

(2.10) 

our objective is to ensure that e1 tends to O as t tends to infinity. where 
Choosing two integers ns and nR we use the regulator structure 

where S1 and I?i are polynomial functions in q - 1 of degrees ns and 
nR, respectively, with time-varying coefficients and w1 is the 
reference signa! assumed known d steps ahead. In compact 
notation the control law may he written as 

(2.3) 

with 

</>,=[U,, U,.i, 

Before proceeding with the process reparameterization, Jet us 
introduce the following stabilizability assumption that will justify 
the choice of the regulator given above. 

Assumption A./: Let S*, R* be polynomials of given orders 
ns, nR. Let µ E (O, 1) be a scalar. Define the polynomial 
coefficients vector 

and the polynomial 

(2.5) 

With these notations, we assume that there exists a nonempty set 
fhs defined as 

where n éé n5 + nR + 2. 1 i 
Remark 2./: The set 0Ls defines the fixed gain regulators 

which ensure that the systems closed-loop poles are within a disk 
of radius µ 112 , where µ is a designer chosen parameter to be 
defined later. The elements of this set, which we will call the 
linear stabilizing set, the corresponding polynomials and associ­
ated signals will be denoted with an asterisk. Notice that for µ = 1 

(2. lla) 

W, i,;, c- 1¡A, q-'A, --·, q-"RA; 

q·dB, q-d- 1B, .. ·, a d-nsBjT (2.llh) 

w, c-'¡-q dR,, -q·d-lR,, "', -q·d-nRR.: 

q ,Is •. q-d- 1s •. -• -, q· ,1 "ss,1. 12.11c1 

Remurk 2.2: Notice that in the matched case there exists s. 
and R, such that C, = CRB, see (2.5), so that H, = i'. 
Furthermore. since f, = O, then e: = O. It is reasonable to expect 
that the stahility conditions in the mismatched case will require 
"H, close to J'" and "'small" e¡. Our problem is to formalize 
these notions and to provide conditions to ensure its verification. 

In Fig. 1 the complete error model is depicted. H, denotes a 
relation defined by the PAA. One importan! difference arises with 
respect to the continuous-time error model developed in [ 10), 
namely that defining ,/,1 in terms of the delayed signals [see (2. 7)), 
allows us to obtain a transfer function H 2 of relative degree zero, 
i.e., proper. This will prove to be of fundamental importance in 
the analysis of the stability conditions implications. 

Remark 2.3: It is easy to show that H2 = CRY¡lw1+d; that 
is, H, represents the transfer function of the process in closed­
loop with a stabilizing regulator. e¡ and </>¡are the corresponding 
tracking error and regressor signals for that linear scheme. Notice 
that they can be interpreted as inputs to the error model [ I O] which 
are bounded in view of Assumption A. l. Henceforth, thc 
establishment of tracking error convergence conditions for the 
overall system reduces to ensuring stability for the feedback 
interconnection of the blocks H 1, H 2. Boundedness of et,, will 
follow if the former conditions are </,1-independent. 

lll. THE PARAMETER ADAPTATION ALGORITHMS 

We intend to obtain stability conditions in terms of conic 
bounds in the presence of MPM. In addition, we will attemrt to 
satisfy performance requirements. Our key technical device t<l 
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Fig. l. 

siudY the feedback interconnection is the conic sector stability 
1heo.rem [ 17] (see also [2]). It is required then to choose a PAA 
such chal sector conditions may be established for the relation 
H 1:e, .... ,t,,. 

11 will be shown below that to obtain </>,-independent properties 
for che PAA (see Remark 2.3) normalization of e, and ,¡,, are 
compulsory. In the following ("') will be used to denote 
normalized variables and corresponding operators and are 
defined as: 

The normalization factor p, is introduced in Section V. 
To gain sorne insight into the problem of the selection of the 

P AA we will consider first the approaches and motivations of the 
macched case, that is when no ROM or BOD are present. A class 
of PAA for which suitable 1/0 properties have been established is 
later presented and its properties stated and pro ved. 

A. The Matched Case 

Most adaptive schemes reported in the literature use an integral 
P AA of the forro 

(3.1) 

wh_ere F, is a time-varying matrix (the matrix gain) and e'; is an 
es u mate of the prediction error. The increasing complexity of the 
treated cases required increasing information fed through eP into 
the PAA. Therefore, the choice of eP may be thought ~f as 
reflecting the evolution of the adaptiv~ control theory. lt was 
m111ally taken equal to the tracking error to salve the unitary delay 
case_ - Later it was shown that using this same error, a physically 
realizable globally stable solution was still possible for d = 2, by 
proper replacement of 0, by the multiplier operator PL(0,). 1. This 
last modification was required to ensure the positive real condition 
of the error model. The ingenious inclusion of the augmented 
error model allowed proof of convergence of the tracking error by 
takmg 

(3.2) 

However, this new form of e,; posed the new stability problem of 
ensurmg boundedness of the auxiliary signa!, which was later 

. 
1 

Thir., ~ection's discussion, although restricted to discrete-time systems, is 
tunhcr _ ,1mplified bJ choosing the following structure for the operator: 
Pf, :P, (&,¡ " q"O,q • (see [131) so that the operator retains the basic concepts 
'> <.:ontmuous and hybrid schemes. 

proved for invertible systems [13] by showing that ~0, E ,i; 2, 

Similar results were obtained in [25], [26]. 
The introduction of the a posteriori error representation [6], 

(11] allows a clear-cut interpretation ofthe stability proofs, either 
Lyapunov or Popov based, available in the literature. Due to the 
structure of the integral P AA it is easy to show that in the matched 
case e'; as given in (3.2) is equal to -"ii;,¡,,-d, the a posteriori 
error. Since the operator H 1 :e; --+ 0; q,, _ d is passive (for a 
constan! gain matrix), even for unbounded </>,, direct application 
ofthe passivity theorem leads t~the stability ofO'<i>,-d· The proof 
is completed by showing that O;<i>,-d --+ O impÍies e, --+ O with 
bounded </>,. A similar procedure will be required below when we 
will seek to prove stability of the adaptive scheme from the 
stability of the normalized signals. 

Remark 3.1: it can also be shown that when d > 1 an 
interlaced version of (3.1) avoids the necessity of using the 
augmented error in (3.2) since for that scheme 

B. PAA Sector Conditions 

Given our objective of uniform asymptotic stability we disre­
gard proportional components in the PAA. In addition, gain 
decreasing PAA are discarded to preserve the alertness of the 
adaptive scheme. Extrapolating from curren! usage we consider 
integral interlaced P AA of the form 

(3.3) 

where 5' takes one of the following forms. 
1) Constan! gain (CG) PAA: 5' is a scalar 

5' is!, f>0. (3.4a) 

2) Regularized least squares (RLS) PAA: 5' is a time-varying 
matrix 

5' is!, F, (3.4b) 

where (see (24] for further details) 

F,= (1-~) [F,-d F,-d</>~-dt{,;_d~t-d] +A;Jl (3.4c) 
A¡ A+</>,_dF,-d<i>t-d 

and A-O < A1, A are strictly positive scalars. 
The eigenvalues of F, are ali contained in the chosen interval 

[A-O, A1l-
Equations (3.3) and (3.4) define an operator Íl1:e, --+ ;/;, (see 

Fig. 2). Besides this operator we will con~ider for th_e RLS/PAA, 
its exponentially weighted counterpart Hf=e~ --+ ,/¡~ where the 
superscript a denotes 

The 1/0 properties of the two operators are summarized in the 
following lemma. Similar results wcre obtained earlier in [7], 
[14), [IS], [24]. Notice that fl~ = Íl1 when a = l. 

Lemma 3.1 (/10 Properties of the PAA): 
1) CG/PAA: If 5' is given by (3.4a), then 

- 1 
H1 + 2 IJcG is passive 

for ali IJca such that 

acG2:f\\<1>; t/J,ll~-
2) RLSIPAA.: If 5' is given by (3.4b), (3.4c), then 

Hf is outside CONE ( - 1, ✓ 1 - ¡jRLs) 

(3.5) 
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for e, verifying 

(3.6) 

and ali üRLS satisfying 

-T-
- > A1c/>1c/>1 

11RLS-A + }..,.¡;;.¡;, • (3.7) 

Proof· The proof is given in two parts. The passivity 
property for the CG/PAA is first established. The conic sector for 
the RLS/PAA is later derived. 

1) Consider the quadratic function 

direct manipulation of (3.3) and (3.4a) gives 

It can be readily seen that 

\~ ücae,+,f;,le,) N ~ - V_d- • • • - v_, 

which completes the first part of the proof. 
2) Let the matrix F

1
' and the scalars V,, V; be defined as 

1183 

vanish. It is exactly al this point that our result differs from [5], 
[8], [15], [23]. 

Remark 3 .3: Another interesting property for our study would 
be to have e, > 1 in (3.6). Clearly from (3.4c) we have 

Therefore, in any case 

(3.10) 

In sorne circumstances, the stronger property "e, > I" is also 
satisfied. In the Appendix we show that, in the case d = 1, this is 
achieved at least for il,1 persistently spanning in the following 
sense: rhere exist O < /3 < l, f > O, N 0 such rhat: 

,V 

¿ ¡3N-1.¡;1.¡;;~d (3.11) 
t=O 

Unfortunately this is a signal-dependent condition. However, 111s 

usually satisfied for }.. large enough (slow adaptation) and for ali 
period of time such that 9, E 0,5 provided the reference input is 
persistently exciting. 

IV. STABILITY OF THE NoRMALIZED ERROR MODEL 

oC 2 and oC~-stability results for the normalized system are given 
below. Discussion on the stability conditions is deferred to the 
following section, where stability of the adaptivcly controlled 
system is derived from the stability of the normalized error model. 

(3_8¡ A. J: 2-Stabi/ity 

We have (see the Appendix) 

V,:s}.. max (F,-'F:J • v; 
and after sorne algebra (see [30] for example). 

Now from (3.4c), (3.6) it follows that: 

c,M).. max (F,- 1 F():s 1, ,jj;_dF,_d.¡;1-d:s}..,,jj;_d.¡;1-d• 

Hence, 

Summing from O to N leads to the result 

Remark 3.2: From (3.5), (3.7) we see that the PAA's 
properties are critically dependen! on the boundedness of efj1. This 
indicates that the normalization factor p1 in (3.0) should ensure a 
finite .,C~-norm for efj1. We will assume from now on that p1 is such 
that 

(3.9) 

A sequence p1 giving this property will be presented in Section V. 
With (3.9), the radius of the cone for the RLS/PAA does not 

Combining Lemma 3.1 and the sector stability theorem we gel 
the following J:, result for the normalized system. 

Lemma 4.1: Consider the feedback interconnection 

(4.la) 

(4. lb¡ 

If R2 is strictly inside (t = CONE (CA, RA), where 

[ 
(1/ó'ca, Iló'ca) for the CG/PAA (4.2a) 

(CA, RA)= ~-- ºb 
(1/ó'RLS, Y 1 - ó'RLs/ó'RLs) for the RLS/PAA (4.- ) 

for any 

then 

Proof- This is a straightforward application of 117. Theorem 
2a p. 234). r : 

B. oC~-Stability 

The oC~ extension of the previous result using the RI.S/PAA 
follows below. 

Lemma 4.2: Consider the feedback system (4.1) for the RLSi 
PAA. Assume p1 is bounded away from zero. Under thc,c 
conditions, if 

fí~ '= 0i'H,[0i '] • is strictly inside et lwith et a, in (4.2hJ/ 

with a > 1 satisfying (3.b), then there exists a scalar K, such that 

,¡;,:s___!3_ //ei'II~ . 
' ~in Pr (1 - &-) 

69 



70 
ANALES O. E.P. F. l. 1985 

1184 IEEE TRANSACTIONS ON AUTOMAT!C CONTROL. VOL. AC-30, NO. 12, DECEMBER 1985 

Proof: J?-i-stability of the map (é¡)" -• f ," (see Fig. 2) is 
ensured from Lemma 3.1 and the sector stability theorem. That is, 
3 K2 < oo such that 

(4.4) 

Notice that 

(4.5) 

and 

(4.6) 

since a > l. Combining (4.4)-(4.6) we can conclude that 
uniformly in N 

where 

p = min p,>0. 
l 

(4.7) 

D (4.8) 

Remark 4.1: The same types of arguments were used in [23] to 
prove the boundedness of e, assuming a priori constraints in the 
regressor vector. 

VI. MAIN RESULTS 

In this scction we will determine the conditions under which 
stah!i!, ,, rr, ,ervcd for the plant (2.1) in closed loop with the 

r------- M, ------7 

L-------------- __J 

Fig. 2. 

From (5.1) 

(5.3) 

Applying the truncated J:- 2 norm to the exponentially weighted 
version of (2.10) and taking into account A. l 

(5.4a) 

where 'Y;, 'Y{' are J:- 2-gains defined as 

'YÍ ~ 'Y2{ W,[(µl/2q)-ll}, 'Y2 ~ 'Y2{ W2[(µ112q¡-11}. (5,4b) 

From the definition of -.{;,, (3.0a) and (5.3), (5.4) we get 

, 2> µ-N,¡,i 
¡,¡,, I - Po+µ ·Np + 2{1-y{] 2(H!I i+ ll,/;¡II ii + bi 1211~:'lli • 

Since f, E J:- 2 by assumption, f, ..... O, so that for alió > O, 3 N 0 
such that for ali N 2: N0, 

(5.5) 

ti11k , ,, ) mg ·gulator (2.3) and adaptive law (3.3), (3.4). For Therefore, 
thh : , , . nsc ··, • , ill introduce the following normalization factor: 

P, = ;,,•, , + max (lt/>,-ril 2
, p), p>O, µE(O, 1) (5.1) 

which toget\icr with (3.0) completes the description of the PAA. 
Remark 5.1: This type of multiplier was introduced in [25), 

and its importance for robustness established in (24], [30). p is a 
small posit1vc cnnstant that defines a lower bound to p,. The 
choice of the time constan! µ will prove to be a compromise 
between PAA alertncss and robustness. 

The problem is solved by analyzing the error models depicted 
in Figs. 1 and 2. lt should be recalled (see Remark 2.3) that under 
the stabilizahility Assumption A. l the key point is proving 
stabilit) of ,/;, [sce (2.8), (2.10)). The proof proceeds as follows. 
First wc prove using the Bellman-Gronwall lemma that J?-,. 
stahility nf ;¡;, (given hy Lemma 4.1) implies ,/;, E J?-oo, This in its 
turn assurcs that the rcgressor vector is bounded. As a conse­
quence. thc normalizing factor p, is bounded and proceeding from 
the multiplier theory J?-,-stability of the normalized error model 
implies J?-,-stability of the adaptive system. For thc J?- 00 -stability 
proof. houndedness of ,!,, as shown in Lemma 4.2, is used to 
establish boundedness of ,/;,. 

The stability conditions derivcd in Lemma 4.1 and 4. 2 are 
translated in tern1s of the dcsigner chosen parametcrs (ns, nR, CR, 
µ) and the MPM (H2, U. 

A. J?-,-Stability 

Theorem 5.1: Consider i{;, given in (3.0), (5.1) and ,j,, as in 
(2.10), (2.11 ). Under these conditions if Assumption A. l of 
Section II-B is verified, then 

f,E J:-2 => ,t,,E cC~. 

Prooj: Define the exponentially weightecl signals [9, p. 251] 

(5.2) 

µ-N.¡;isó{p,+µ Np+[-yí]2llwtll~ 

t- 2[-y{' J211~:"II ~+ 2[-y {] 2(µ -N,¡,i+ ll,/;¡II i_ ,) }. 

lf we choose ó such that 1 - 2ól-y 212 > µ, we get 

2/i[ 'j2 N-1 
-N,¡,2 <ó2K -N+ 'Y2 °" -,,¡,z (5.6) 

µ N- ¡µ 1 - 2ó('Yí] 2 .t., µ 1 
t=N(¡ 

where we have used the fact that Po, p, w, { ,/;, }~º, l, E J?,oo to 
bound them by óK1µ --N_ 

Applying the Bellman-Gronwall lemma to (5.6) 

2ó[ ']2 N-1 
-N./.2 <ó2K -N+ 'Y2 "' 

µ 'I' N- ¡µ 1 -2Ó[-yí]' .t.,_ 
!-=,\in 

[ 
1 ] ' / 

l -2ó[-y2]2 

1 

ó'K,µ l 

which may also be written as 

The term inside the brackets is smaller than 1 and the series is 
convergen!, therefore, we can conclude that ,/;, E J?, 00 • O 

Corollary 5.1: if,!, E J:-2, w,, ~' E J?,oo and A. l holds, then ,j,, 
E J?- 00 and consequently p, E J?,oo, 

Proo.,f:f:ollows immediately from Theorem 5. 1. (2. 10). and 
0.1). n 

The following lemma will help us to find the conicity 
conditions over H 2 ensuring the ones required in Lcmma 4.1. 

Lemma 5.1: Let us consider the operator H: -y, • ~,- If 
H)(µ 112q)- 1] is inside the CONE (C, R), then H = P, ''2Hp¡i 2 
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(i.e., H:-y,-+ ,¡,) with p, as in (5.1) is inside the same CONE (C, 
R). 

Proof" See also [14]. Define 

Z, iis(-y,-C,¡,) 2 -(R,¡,) 2 

z, iis(-y,-o;,J2-(R,¡,J 2 =p,- 1z,. 

Taking the sum 

/V '\' N 

L Z,= Í: µ1P1-1µ-'Z,=pN+1P~~1 Í: µ-,z, 
t=O t=O t=O 

The proof is completed noting that µ'p,- 1 is decreasing since 

µ-il+IIP,+1=µ-'p,+µ-u+1¡ max [p,[c/>,-d+ll2l 

and the implications 
N 

H[(µ 1,zq)- 1]ECONE (C, R) ⇒ ~ [(µ • 112,¡,-Cµ,· 112-y,)2 

N 

-(Rµ· 112-y,)2]<0 ⇒ ~ µ-'Z,<0. 
tea O 

We establish that ¿~ªº Z, < O, and consequently RE CONE (C, 
R). □ 

We are now in position to present our main J.; 2-result. 
Theorem 5.2: Consider the process (2.1) in closed loop with 

the adaptive regulator (2. 3), (2 .4), whose parameters are updated 
according to (2.2), (3.3), (3.4) with the normalization (3.0), 
(5.1). If for given ns, nR and µ, Assumption A. I holds and 

i) Hi[(µ 112q¡- 1] is strictly inside A (as defined in Lemma 4.1) 
ii) w,, ~, E J.; 00 are such that d E J.;2 then 

Proof: Condition i) and Lemma 5.1 ensure the stability of 
the normalized error model (Lemma 4.1). Stability ofthe adaptive 
system (Fig. 1) may be concluded using multiplier theory [9] if p, 
qualifies as a multiplier, e.g., p, E Loo (Fig. 2 with a = 1). This 
is ensured by condition ii) ~nd Corollary 5.1 since e¡ E L 2 => ~ 
E L2 , and consequently if,, E L2 . LJ 

Discussion: 
1) Theorem 5.2 may be stated in the following way. Given an 

LTI process of known delay, choosen ns, nR, µ and desired 
closed-loop poles, the adaptive system will exactly cancel the 
tracking error if there exists a value for the regulator parameters 
(an element of 0,sl such that for this linear scheme. a) The 
Nyquist locus of the closed-loop transfer function ( Y¡lw,+dl is 
"sufficiently close" to the desired one (1/CRl• b) Robust 
servobehavior is possible. The notion of "sufficiently close" is 
precisely defined in terms of disks in the complex plane for the 
locus of the transfer function evaluated at I qf = µ 112

. 

2) The key modification to the PAA used in this paper is the 
normalization. One of the main stumbling blocks to establish 
robust stability results for the RLS/PAA was the impossibility of 
proving that aRLs, in Lemma 3.1, is strictly smaller than I (see, 
e.g., [25], (14], [8], [23], [15]). This is necessary to disallow a 
vanishing radius for the cone. Normalization removes this defect, 
but then the error model is only in terms of normalized signals. 

3) Notice that the cone Ct depends only on designer chosen 
parameters [aca and aRLs in (4.2)]. In the limit the conicity 
condition i) coincides with a positivity condition. Thus 
robustness enhancement occurs at the expense of reducing the 
speed of convergence of the PAA 

4) The coefficient µ establishes an a{ertness-robustness tra­
deoff. Its robustness effects appear in thc conicity conditions. 
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PAA alertness is directly affected since µ is the normalization 
filler time constan! (5.1). See [24] for further discussion. 

5) The restriction on the tuned tracking error: e¡ E J.; 2 imposes 
requirements on H2 - 1, w,, and ~,. If the nature of the reference 
and disturbance signals is known, incorporating an interna! model 
in the design [16] allows one to ensure that this condition is met. 
In particular, it is verified for constan! reference input and BOD if 
the open-loop system is type-1. In the following section we carry 
the analysis for the more interesting and practica[ case of e;' E 
J.;00• 

B. J.;oo-Stabifity 

The J.; 00 result is given for the RLS/PAA (3.4b), (3.4c). 
Theorem 5.3: Consider the adaptive system analyzed in 

Theorem 5.2 with a RLS/PAA. 
Tf for ns, nR, A, Ao, A1, and µ. 

i) Condition i) of Theorem 5.2 holds 
ii) (~\;1,nF,-IF/)2 $ µd 

then there always exists a p (5. I) such that 

for ali w,, ~,EJ2oo, 

Proof Considcr the normalized exponentially weighted 
feedback interconnection of Fig. 2. Notice that for a 2 = µ _, i) 
and ii) abovc imply the conditions of Lemma 4.2. Hence, 

-, /{, *21 
f;$·,

1 
·-¡ lle, loo• 

¡;_ - µ 
(5.8) 

The Bellman-Gronwall lemmtl •,1ay be now applied as in Theorem 
5.1 proceeding from (5.5) with ó substituted by the right-hand side 
of (5.8). It becomes clear that the condition ensuring the 
boundedness of if,, becomes 

1 - 2 P/~ µ) (-yí)2¡¡ e;'2II ~ ~µ 

which may be rewritten as 

(l -µ,) 2 >2K2 ~ lle;' 21ioo<,,i)2. 
p 

(5.9) 

Since ali the terms in the numerator of the right-hand side are 
bounded and µ ranges in (0, 1 ), there exists a p which will make 
(5.9) true. This completes the prc¡of. D 

Discussion: 
1) Condition ii) has been discussed in Remark 3.3. We know 

that it is met if a persistence of excitation condition is satisfied. 
2) Inequality (5.9) defines the class of (non-J.; 2) disturbances 

under which J.; 00-stability is preserved. Notice that K2 quantifies 
the stability margin ofthe H,, H2 feedback interconnection (4.7). 
-y2 is the gain of the map t -+ e/>,*-" (2.11), (5.4b): that is, it 
measures the effect of the BOD on the regressor in the linear 
scheme. The conicity condition and (5.9) impose contradictory 
requirements in the choice of µ. The scalar p defines a lower 
bound for the normalization factor, hence directly affects the gain 
of the PAA. From (5.9) it appears to be interesting to have slow 
adaptation. A contradictory requirement would be given in case of 
a time-varying plant. 

3) In a recent paper [29] J.; 00 -stability of the error model has 
been established incorporating into the PAA a parameter projec­
tion operation analogous to the one in (25]. This requires 
additional prior knowledge but allows one to extend the stability 
analysis without condition ii) and without the restriction (5.9) on 
the_ J.; 00-norm of e¡ 

VI. CONCLUDING Ü!SCUSSION AND FURTHER RESEARCH 

To conclude let us summarize the results reported in the papcr. 
A proof of robust stability for a discrete-time adaptive controlkr 
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with a normalized estimator has been presented. Systems with 
arbitrary relative degree may be considered (in contras! to the 
continuous-time robustness studies [ 1 O], (21)) however we re­
quire the latter to be ktiown. The stability conditions reduce to the 
existence of a linear regulator (of the chosen structure) such that: 
1) the closed-loop tracking transfer function "approaches" the 
desired closed-)oop behavior; 2) "good" disturbance rejection 
properties are attainable. Increasing the speed of adaptation 
renders these requirements more stringent. 

Although the two previous conditions preserve the essence of 
the usual performance (in the sense of pole-placement) and 
disturbance rejection design objectives, they unfortunately do not 
offer any engineering design guidelines. The primary culprit here 
is the notion of transfer function vicinity (as stated in 1) above) 
which requires that the phase-shift between the attainable and the 
desired transfer functions should not exceed 90', at ali frequen­
cies. This has been referred to in the literature as the positive real 
condition (of H2). 

One fundamental difference arises at this point between 
continuous and discrete-time robustness results. In the latter the 
a<,sumption of known delay permits us to obtain a parametrization 
where /12 has the relative degree zero. In terms of the Nyquist 
locus this implies that for ali stably invertible processes the overall 
phase shift contribution is zero, i.e., the locus starts and ends in 
the same ,ide of the complex plane. Therefore, since phase 
modification (usually phase lead) is only required over a limited 
frcquency range. it will always be possible by proper filtering to 
satisfy the positivity condition. Two importan! questions remain 
however to be solved. How should we incorporate the available 
prior knowlcdge to convert the conicity conditions into tests for 
robustness'' The second question is more disturbing. How should 
we deal with nonstably invertible process, very likely to appear in 
a discrete-time context? 

APPENDIX 

rrnm (3.4c). (3.8). (3.9), d = 1, we have the following 
propcrty. 

Lemma: lf there exist , > O and N 0 such that 

,\' 

~ !3'· 1ci>,ci>¡2:,I 
1 =0 

with 

then we have 

Proof: Let us remark sorne facts. 
i) F;, F, are invertible for any finite t and 

- -T 

F ·-1=F-1+ ¡/,,¡/,, 
p 1 , A , 

F,= (1-~ )F; +>-oI, 

ll 1M:s1. 

Hence, by induction, if we choose F0 such that 

>-. max F0 <>--1 

then we have for any finite t 

>-. max F,<>--1-

(A.1) 

(A.2) 

(A.3) 

Therefore ">. 1F,- 1 - I is positive definite for any finite t. 
ii) F;has a symmetric positive definite square root F; 112 and 

we have 

Hence, if we Jet: 

we have 

xrF,- 1x yTF;112F,1 F;112y 

xTF;- 1x yTy 

This proves that: 

x 7F1-'x _
1 

, 
max~=>- max F, F,. 

X X F, X 

iii) lf A is a symmetric positive definite matrix, then 

xTAx:s(I +>-. max A)xTA(l+A)- 1x, V x. 

This is proved by noticing that we can choose a symmetric 
positive definite square root A 112 which commutes with (/ + 
A)- 1• Then with 

y=A i12x. 

The inequality becomes simply 

Let us now study the matrix G, defined as 

G,=l-F,- 1F(. 

From fact ii), G, is symmetric, with eigenvalues smaller than 
[see (A.2)]. With (A.2), we have 

F =-!+- 1-- G. -1 1 1 ( >-o) 
' >-. 1 >-o >-. 1 ' 

Hence, from fact i), G, is positive definite. We have also 

Therefore, since 

we have 

F:+-1
1F1+1 =l+ (1 -~) G,+~ c/J,c/>; -(I-G,+1l­

This proves that 

We remark that, with the properties of G, and (A.3), we have 
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Then with fact iii), it follows that (in the sense of quadratic forro) 

This implies 

AQA1 
>-,O,+Ao)+A(>-,-Ao) <!,;<!,[. 

The conclusion follows from the assumption and the properties of 
~ o 
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SEISMIC RESPONSE OF PILES IN FINE SAND 

Leonardo Zeevaert (1) 

SUMMARY 

The piers of the Navy Yard in the State of Veracruz, Mexico, located 
at the Coatzacoalcos River Bank suffered large permanent displacements dur­
ing an earthquake 6.5 magnitud with epicenter at about 35 Km from the site. 
The author describes in the papera tentative quantitative correlation of the 
phenomenon using the geometry of one of the pier units and based on the sub­
soil conditions available. 

The problem is analysed theoretically from a practica! engineering 
point of view establishing the pile-soil interaction, and considering that 
during the strong ground motion high pore water pressures developed in the 
sand deposit, thus reducing the lateral rigidity of the sand supporting the 
piles of the pier. The results of the theoretical c9 lculations obtained by 
the method proposed by the author are confronted with the damage observations 
at the site. 

INTRODUCTION 

In August 26, 1959 a mayor earthquake was recorded with epicenter in 
the Gulf of Mexico with latitude 18º27'N, longitud 94º16 1W and approximately 
at 35 Km from the mouth of the Coatzacoalcos River in the State of Veracruz, 
Mexico. The earthquake was rated 6.5 Richter Magnitud and its intensity esti­
mated on the order of VII M.M. with maximum ground surface acceleration of 
200 gal (Ref. 1). The installations at the Navy Yard located at the riVer 
banks close to the mouth of the river, suffered severe damage. Observations 
by the author just after the earthquake reported permanent relative displace­
ments on the order of 25 cm between pier units supported on steel pipe piles, 
Fig 1 and 2. The pipes used are 20 cm diamter standard steel pipes driven 
through the loose sand to point bearing on a soft sand stone. The geometry of 
the pier analysed, the mechanical properties of the pipe piles and the subsoil 
characteristics are shown reported in Fig 3. 

The phenomenon was analysed considering that during the seismic motion 
the maximum ground surface acceleration reached 200 gal at the dredge line. 
The following actions are assumed to have taken place: 

1) High pore water pressures in the sand deposit reducing the soil 
rigidity during the seismic motion. 

2) Ampl ification of the ground surface acceleration at the pier deck 
elevation. 

(1) Professor DIVISION ESTUDIOS DE POSGRADO, FACULTAD DE INGENIERIA, UNAM. 
Mexico 04510, D. F. - Consulting Engineer. 
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FIG 1. PIER AT THE COATZACOALCOS RIVER 

FIG 2. DISPLACEMENT BETWEEN PIER UNITS 
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The evaluation of points (1) and (2) permitted the computation of the 
approximate behavior of the pier to be compared with the observed damage. 

WEIGHT OF DECK O. 750 t/m2 

1.3 m 

o 
3.70m 

120 WITH SHELLS 
e""'I O S5 =267 

¡¡=756 45 (ºelº 63 

t/m 2 

SANO STONE 

1)- DECK ON 8"4> STANDARD STEEL PIPES !.5m 
CENTERS PROPERTIES: I= 1118.83cm4, 

A= 3.48 cm 2 , lle= 110.72 em3 

EI=240.55 t-m2 ,CHELLIS, D.R, PILE FOUND~ 

TIONS (SECOND EDITION) p. 585, Me. GRAW-

HILL. ( 1000 KILOGRAMS = 1 ton) 

2)- WEIGHT OF DECK PER PILE: 1.69 Ion. 

FIG 3. CROSS SECTION OF PIER 

SUBSOIL BEHAVIOR 

To estimate the subsoil behavior it was necessary to learn on the soil 
rigidity. The author performed in the past dynamic soil investigations for a 
similar fine sand at the mouth of the Grijalva River in the Gulf of Mexico, 
located in the State of Tabasco, (Ref. 3). The results of this investigation 
yielded the following value for the loose fine sand dynamic soil rigidity 

( 1 ) 

in whicho given in ton/m 2 is the confining effective stress at the depth 
where µ if required. Hence, knowing the maximum seismic pore water pressure 
Usis' the seismic sand rigidity during the earthquake may be estimated by 

= 756.45(0 -u . )0
•
63 

µsis e sis 
(2) 

The next problem was to determine the approximate maximum seismic pore 
Water pressure, The calculation was performed with the method explained in 
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Ref. 2, Chapter XI 1, Section 3.5, it was justifíed by means of a confronta­
tlon made wfth fíeld seismic pare water pressure measurements in fine sand 
reported by lshihara et.al, in Owi lsland, Japan, Ref. 4 and 5. 

The theoretical dominant period Ts of the sand deposit at the site, 
the maximum seismic relative horizontal soil displacements ºsi, and the ap­
parent angle of interna] friction during the seismic action are reported in 
Table 1 

TABLE 

-SEC DEPTH HEIGHT d y (J . 
01 

u . o <ji sis (J 
sis µsis oc SIS 

1 0.5 10. 75 1.0 0.85 0.430 0.275 o. 187 1. 589 163.61 10º.3 
2 l. 5 9. 75 1.0 11 l. 28 0.819 0.544 1 . 451 335.40 10º.8 
3 2.5 8.75 1.0 11 2. 13 1.363 0.869 1.305 485. 10 11 º. 7 
4 3-5 7- 75 1.0 11 2.98 1.907 1.157 1.144 631. 06 12 º. 7 
5 4.5 6.75 1.0 11 3,83 2.451 1 .406 0.978 777. 72 13 º. 8 
6 5,5 5,75 1.0 11 4.68 2.995 1.615 0.814 926.63 14º.9 
7 6.75 4.50 1. 25 11 5,74 3,674 1 . 821 0.576 1115.69 16º.4 
8 8. 25 3.00 1. 50 11 7.01 4.486 1.996 0.357 1343.96 18 º. 1 
9 9. 75 l. 50 l. 50 11 8.29 5,306 2.097 o. 158 1576.86 19º. 8 
10 11. 25 o l. 50 11 9,56 6. 118 2. 130 o 1808.24 21 º. 4 

m m m t/m 3 t/m 2 t/m 2 t/m 2 cm t/m 2 

cjld=34º, µsis 756.45(0 -u . )º· 63 T 0.56 sec 
C SIS s 

1 ton= 1000 Kg 

PILE-SOIL INTERACTION 

The second problem was to analyse the pile-soil interaction to deter­
mine the ratio of the free period of vibration of the pier Tp to the domi­
nant period of vibration Ts of the sand deposit. With the value of Tp/Ts we 
determine the probable acceleration ampl ification at the deck of the pier, 
(Ref. 6 and 7). The value of Tp may be determined knowing the static horizon­
tal deflection at the deck, therefore 

T = 2✓ ºst (4) p g 

To estímate the value of Tp it was necessary to calculate the unit 
soil flexibility matrix and the unit pile flexibil ity matrix. These may be 
obtained assuming unit pile-soil horizontal reactions in so many horizontal 
sections as necessary far accuracy, Fig 3. 

From conditions Xi= +1, Fig 4, we obtain [ S .. J the pile flexibility 
matrix and [ 8ji J the soil flexibility matrix. Hencé: the total horizontal 
displacements are 

{[s .. ]+ [l .. ]}. ¡x .. ¡ 
J l J I J 1 

(5) 
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a 

b 

S¡¡ 

CON O I T 10 N X¡ = O 

X· 1 

X J 

CONO X¡=•I 

+ 1 • 1 

- - 6~ --

t ' - -- -
ji 

CONO X-=+ 1 
J 

FIG 4. PILE-S0IL INTERACTI0N C0NDITI0NS 
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In which /X¡/ is the vector of the unknown horizontal reactions. Assum­
ing X¡= O, and the load per pile at the deck of 1.688 tons applled horizontal­
l~we calculate the static deflections of the pile 6io , Fig 4. Therefore, we 
establish the matrix interaction equation for the static condition 

1 SJ· i + 8 .. ] • /X. 1 = 6
1
• 

0 - J 1 1 (6) 

Solving this equation we determine the values of X¡, and thereafter the 
pile configuration by 

1 S.. ·¡ • / X • 1 - 16 · 1 = 1 S · 1 
'' 1 J • 1 1 O 1 (7) 

The maximum static deflection at the deck leve! is found to be 0.128 m. 
Therefore, the free period of vibration of the pier is approximately Tp = 0.72 
sec, and Tp/Ts = 1.29. Using this value and assuming a fraction of critica! 
damping of 5% we obtain an ampl ification factor on the order of three (Ref. 7). 
Therefore, the estimated dynamic maximum force at the deck elevation is Pd = 
(3),(2), 1.69/9.81 = 1.034 ton. 

The dynamic behavior of the pier in its maximum amplitud is now calcul­
ated with Pd = 1.034 ton at the pier deck elevation and with the maximum hori­
zontal soil displacements ºsi dueto the seismic action given in Table l. 

The following matrix equation may be establ ished to investigate the 
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seismic maximum response of the pier (*) 

r s .. +6 .. l•lx.l=lt. +o.l 
- JI JI - ' 1 10 SI 

(8) 

The method in the application of equation (8) is iterative, because 
during seismic deformation the soil assumes a plastic condition at the upper 
sections. The pile and soil was divided in 10 sections as shown in Fig 3. The 
analysis indicated that the upper three sections enter into plastic condition 
with the fol lowing values: 

Section 1 
Section 2 
Section 3 

0.20 ton 
0.70 11 

1 . 1 o 11 

The results of the final cycle of the pile-soil interaction calcula­
tions are shown in Fig 5, where the bending moments and deflection of the 
steel pipe are reported.The method used is called "IIEMISES" it may be found 
in Ref. 2, Chapter XII, pp 567-588 or Ref. 7, Chapter IV. 

From the results of the analysis reported it may be observed that the 
stresses of the steel pipe pile at the support of the deck increased on the 
arder of 3450 kg/c 2 and ata depth of 8 mts into the sand deposit 2250 kg/c 2

• 

r-- _276 cm -1 
3.82 t-m 

(3450 KK) 

--l ¡ 
Fl~-5¡-~~~ 

1 1 
~-y---·+---

~~~- [1575m 

' DISRLACEMENT 
OF PILE 

5 

4 

3 

2 
• 1 

~.,.....,..--,-,.....J,.-~_.,.,_~~1-r-~-+-,~---,--.,~O 

20c 10cm 2 4 6tm 

Fig 5. MAXIMUM AMPLITUDE SEISMIC BEHAVI0R 
0F STEEL PIPE PILES 0F THE PIER 

(*) The inertia of the mass of the pile is not considered 
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The elastic limit of the steel pipe material is on the arder of 1900 kg/c2 

(27,000 lbs/in
2
). Therefore, as the pipe pile reached these hígh stresses it 

was forced to yield, not recovering its original posítion. 0n the other hand, 
at this moment the free period of vibration of the pier T increased, and con-
5equently the acceleration ampl ification at the deck elev~tion decreased, (Ref 
2). The calculated double displacement amplitud of the pile head reached as a 
mínimum 28 cm. Fig 5, showing a reasonabl~ good agreement with the relative 
d¡splacements and permanent distortions observed in the pier, Fig. 2. 

C0NCLUSI0NS 

A tentative interpretation of the seismic damage observed in this par­
ticular pier has been given based on the following working assumptions. 

1) The maximum seismic pore water pressure in the soil is attained 
at the maximum ground surface acceleration of 200 gal. 

2) The sand rigidity µ expressed by equation (2) based on the fine 
sand at the mouth of the Grijalva River is assumed to be val id 
at the site close to the mouth of the Coatzacoalcos River, far 
the same index properties. 

3) The plastic forces in sections 1, 2 and 3 were estimated by the 
conventional plastic theory under instantaneous loading conditions. 
Deep sections show an elastic response. 

lt is recognized, however, that an 11exact solution" cannot be obtained 
dueto the approximate values of the parameters. Nevertheless, the analysis 
may be considered with¡n the accuracy of engineering practice. 

0ne may conclude, that following the method of analysis herein explain­
ed a designer could find that the size of the piles used were not suitable for 
the expected seismic ground surface acceleration. This method of analysis, 
however, was not known at the time these piers were designed and constructed. 

In the present, the behavior of similar piers may be forcasted, and with 
a nominal factor of safety a safe design achieved. 

Marsa! R.J. 

2 Zeevaert L. 

3 Ref 2 

4 Zeevaert L. 
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HACIA UNA METODOLOGIA PARA LA PLANEACION INTEGRAL DE LOS SIS 

TEMAS DE DISTRIBUCION DE ENERGIA 

TOWARD TO A METODOLOGY POR INTEGRAL PLANNING OF THE ENERGY 

DISTRIBUTION SYSTEMS 

Alejandro Afuso Higa 
de Operaciones) 

Asesor: M. Cobián S. 

RESUMEN 

Doctor en Ingeniería (Investigaci6n 

La planeaci6n de sistemas de distribuci6n de energía eléctrica 
constituye un problema muy complejo por la cantidad de varia 
bles e interrelaciones a considerar. En la Última década se 
han desarrollado diversas aplicaciones de la programaci6n mate 
mática a este campo. Sin embargo, se presentan fuertes pro 
blemas de dimensionalidad y, por lo tanto, de requerimientos 
de cómputo. Esto resulta dispar con la creciente tendencia al 
uso de equipos de c6mputo pequeños, además de que en la mayo 
ría de los trabajos sólo se resuelve el problema a corto pla 
zo y se omiten sus implicaciones a largo plazo. En este tra 
bajo se utiliza una estructura multiestrato que permite elabo 
rar programas de corto, mediano y largo plazo, integrándosi 
un conjunto de algoritmos que permiten reducir notablemente 
los requerimientos de cómputo; se desarrollan los programas re 
queridos y se hace una aplicaci6n a la Ciudad de Managua, Nica 
ragua. 

ABSTRACT 

Planning systems of electric energy distribution is a very com 
plex problem dueto the large quantity of variables and inter 
relations that have to be considered. In the last decade, va­
rious applications of mathematical programming in this fielu 
have been observed. However, strong problems of dimensionality 
and computational requirements exist. This results in contra 
diction with the rising tendency to use small computational 
equipments. Moreover, in most papers the solution is given on 
ly for a short term, that is, long term implications are omit 
ted. In this papera multistrata structure is used, which per 
mits to design programs for short, medium, and long term, a 
set of algori t~1ms is integra ted so computat ional requirements 
are remarkably reduced, the required programs are developed 
andan application to the city of Managua, Nicaragua is made. 



S·IMULACION NUMERICA DE FLUJO SUPERCRITICO TRANSITORIO 

NUMERICAL SIMULATION OF TRANSIENT SUPERCRITICAL FLOW 

Francisco Javier Aparicio Mijares 
(Hidráulica) 

Asesor: C. Cruickshank V. 

RESUMEN 

Doctor en Ingeniería 

Algunos esquemas de diferencias finitas usuales en la simula 
ci6n numérica de flujos transitorios a superficie libre pre 
sentan comportamientos an6malos no siempre atribuibles a de 
fectos esencialmente computacionales de los mismos; se obser 
va que tales anomalías se presentan en esquemas basados en 
ecuaciones de energía y no en aquellos que usan e1 principio 
de conservaci6n de la cantidad de movimiento. Además, las ano 
malías aparecen cuando el número de Fraude es mayor de tres.­
Se demuestra qu~ el programa radica en cambios hruscos de 
energía a través de ondas de choque, presentes en prácticamen 
te todo flujo supercrítico, cuyo valor es proporcional al cu7 

bo del número de Fraude, lo cual invalida el uso de formula­
ciones que impliquen la conservaci6n de la energía y explica 
las razones de las anomalías. 

ABSTRACT 

Sorne finite-difference schemes frequently used in numerical 
simulation of transient, free surface flows show abnormal be 
haviours which are not always attributable to essentially 
computational defects of such schemes; it is observed that 
these anomalies appear in energy conservation-based schemes 
and not in those using the momentum conservation principle. 
Morever, the anomalies appear when the Froude number is grea 
ter than three. It is shown that the problem is dueto sudden 
changes in energy across shock waves present in practically 
every supercritical flow, whose magnitude is proportional to 
the cube of the Froude number. This invalidates the use of 
formulation which imply energy conservation and explains the 
reasons for the observed anomalies. 



AIREACION Y SUPERFICIES POLIEDRICAS 

AERATION AND POLIEDRIC SURFACES 

Felipe I. Arreguin Cortés 
(Hidráulica) 

Asesor: G. Echávez A. 

RESUMEN 

Doctor en Ingeniería 

Se presentaron los resultados obtenidos de un estudio teórico­
experimental con flujos con velocidades de 22.S m/s. 
El modelo te6rico está basado en las ecuaciones de transporte 
de sedimentos y de la longitud de mezcla de Prandtl, los resul 
tados obtenidos son similares a los presentados por Straub y 
Anderson. 
Las mediciones se hicieron en una instalaci6n de alta veloci 
dad en la cual pueden alcanzar velocidades de hasta 42 m/s. Pa 
ra hacer las mediciones se emple6 una versi6n modificada deT 
equipo de Viparelli, que después de calibrado demostr6 ser 
útil para mediciones de concentraci6n de aire de hasta 0.64. 
Se analiz6 la difusi6n turbulenta en una dirección y se ob 
tuvieron los coeficientes respectivos. 
Se estudiaron las superficies poliédricas cóncavas y convexas. 

ABSTAACT 

Results obtained from an experimental and theoretical study 
with water velocities of 22.S m/s are presented. 
The theoretical model is based in the equations of sediment 
transport and in the Prandtl's mixing length, the equations ob 
tained are similar to those presented by Straub and Anderson.­
Measurements in the high velocity water flume of the National 
University of Mexico, in wich velocities up to 42 m/s can be 
reached, were done. A modified version of the technique used 
by Viparelli was applied to measure the air concentration. Af 
ter several calibrations it was found that the method is use­
full for air concentrations no greater than 0.64. 
The turbulent diffusion of the entrained air in one-dimensio 
nal chute flow was analyzed and the equation of diffusion was 
solved. 
The use of plane surfaces instead of the traditional curved 
once in spillway was probed. 
Results of both, convex and concave changes in direction are 
presented. 



AISLAMIENTO DE CIMENTACIONES MEDIANTE BARRERAS DE PILOTES 

ISOLATION OF FOUNDATIONS BY THE USE OF PILE BARRIERS 

Javier Avilés L6pez Doctor en Ingeniería (Estructuras) 

Asesor: F.J. Sánchez S. 

RESUMEN 

Se presenta un método para resolver el problema de aislamiento 
de cimentaciones, de vibraciones generadas en su cercanía, me 
<liante barreras de pilotes. El problema se formula bidimensio 
nal y tridimensionalmente como uno de difracci6n múltiple de 
ondas elásticas y se resuelve al satisfacer las condiciones de 
continuidad y equilibrio en las interfases suelo-pilote con la 
ayuda del teorema de adici6n de Graf. 
Para el modelo bidimensional se obtiene la solución exacta, 
construyendo el campo difractado por cada pilote mediante ex 
pansiones de funciones de ondas cilíndricas que forman u~ con 
junto completo de soluciones de la ecuaci6n reducida en onda~ 
Para el modelo tridimensional se obtiene una solución aproxima 
da, en el sentido de mínimos cuadrados, pues se supone que eT 
campo difractado por cada pilote está dado solamente por ondas 
de Rayleigh. 
Se realiza un análisis paramétrico para estudiar la influencia 
del diámetro de los pilotes, la separaci6n entre ellos y su 
longitud en la efectividad de la barrera. Se define un índice 
de transmisibilidad como medida de la efectividad de este sis 
tema de aislamiento. Finalmente, se discuten las posibles ex 
tensiones de este trabajo. 

ABSTRACT 

A method for solving the isolation of foundations, from sour 
tes generated in their neighborhood, is presented by the use 
of barriers of piles. The problem is solved in two and three 
dimmensions by multiple diffraction of elastic waves, taking 
into consideration continuity and equilibriurn in the interpha 
ses of soil and piles, with the help of Graf's addition the~ 
rem. 
For the bidimentional modelan exact solution is obteined, ge 
nerating a diffracted field for each pile by expansions of func 
tions representing cylindrical waves that forma complete set 
of solutions for the wave reduced equation. 



For the three dimmentional modelan approximated solution was 
obtained in the sense of mil .. lmum squares, because the diffrac 
tPd field for each pile is given by Rayleigh's waves only. 
A parametric analysis was developed to define the influence of 
the diameter of the piles, their separation and the effectivi 
ty of the barrier depending on their length. A transmissibilI 
ty index is defined as a mesure of the effectivity of this iso 
lation system. Ppssible extensions of this work are also dis 
cussed. 



SIMULACION NUMERICA DEL FLUJO EN ACUIFEROS SEMICONFINADOS CON 

CARGA Y DESCARGA 

NUMERICAL SIMULATION OF WATER FLOWS IN SEMICONFINED AQUIFERS 

TO LOADING AND UNLOADING 

Carlos Cruickshank Villanueva 
(Hidráulica) 

Asesor: J.L. Sánchez B 

RESUMEN 

Doctor en Ingeniería 

Se ¿esarroll6 un método aproximado para el cálculo de intercam 
bio de agua entre un acuitardo y los acuíferos que tenga en 
contacto, que toma en cuenta el comportamiento histerético del 
material sedimentario saturado cuando se descarga su estructu 
ra después de un período de carga. El método propuesto se re 
comienda para la evaluaci6n del flujo y del hundimiento del te 
rreno debido al bombeo en acuíferos en contactos con formacio 
nes compresibles con variaciones cíclicas de carga. 

ABSTRACT 

An approximated method for the computation of the interchan­
ge of water between an aquitard and its aquifer was developed. 
The method takes into consideration the hysteretical behavior 
of the saturated sedimentary clay when its structure is unloa 
ded after a sustained loading period. The method is recommen 
ded for the evaluation of water flows and of the land subsidan 
ce caused by µumping in aquifers in contact with compressible 
formations and with cyclical variations of load. 
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APLICACION DE LA TEORIA DE LA CATASTROFE AL ESTUDIO DE FENOME 

NOS CON HISTERESIS EN HIDRAULICA 

APPLICATION OF THE CATASTROPHE THEORY TO THE STUDY OF PHENOME 

NAE WITH HYSTERESIS IN HYDRAULICS 

Polioptro P. Martínez Austria 
(Hidráulica) 

Asesor: G. Echávez A. 

RESUMEN 

Doctor en Ingeniería 

Se presentan los conceptos fundamentales de la teoría de la ca 
tástrofe. Se aplica al estudio de estabilidad de flujos poten 
ciales, como el flujo alrededor de un cilindro con circulaci6n 
y de flujos permanentes e incompresibles, como el flujo de Co 
vette. Se analizan sus posibilidades de aplicaci6n como técnT 
ca de modelaci6n descriptiva, a condiciones como la transici6n 
flujo laminar-turbulento en tuberías, o el comportamiento del 
coeficiente de arrastre de cuerpos inmersos, entre otros. Se 
analiza el problema del salto hidráulico forzado, proponiendo 
un modelo de catástrofe que se corrobora experimentalmente. Se 
analiza el problema de estabilidad de cauces, y se propone un 
modelo cualitativo de catástrofes, basado en la teoría de míni 
ma potencia de corriente. Se presentan conclusiones y se propo 
ne una primera clasificaci6n de procesos de catástrofe en hT 
dráulica. 

ABSTRACT 

A summary of fundamental concepts of the elementary catastro 
phe theory is presented. The theory is applied to the structu 
ral stability study of sorne potential flows, such as the flow 
around a cilynder, and of sorne permanent and incompressible 
flows, such as the Covette flow. The possibilities of the theo 
ry use as a descriptive modeling tool are discuted, and applied 
to flow conditions as the laminar-turbulent transition in pi 
pes, problem of the hydraulic jump formation is studied and pro 
posed a catastrophe model which is experimentally verified. The 
problem of river regimen is studied too, and a qualitative ca 
tastrophe model is proposed, based upon the mínimum stream po 
wer theory. Conclusions, anda first catastrophe clasification 
are presented. 
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