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PRESENTACION 

La investigación, búsqueda sistemitica de nuevos conceptos, métodos, materiales y 
maneras de usar el conocimiento cientlfico en la solución de problemas de 
ingenieña, es uno de los pilares en que debe apoyarse firmemente la Facultad de 
Ingenieña. 

La participación de profesores y alumnos de posgrado en esa labor es de gran valor, 
pues gracias a ella la ingenieña puede mantener al dia su acervo de recursos 
técnicos. 

Los Anales de la División de Estudios de Posgrado, en su edición correspondiente a 
1987, reúnen resultados de algunas de nuestras investigaciones. Incluirlas en su 
totalidad seña excesivo; por ello, sólo se han seleccionado las mis representativas en 
sus diversas ireas. 

Estamos seguros de que la publicación de los Anales contribuye no sólo a difundir 
los resultados de nuestras investigaciones, sino también a reforzar la conciencia 
interna de la importancia de seguir estimulando esta importante actividad. 

DR. DANIEL RESENDIZ NUl'lEZ. 
Director de la 

Facultad de Ingenieña 
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INTRODUCCION 

Los avances que se lograron durante 1987, tanto en el campo científico como 
tecnológico, constituyen una valiosa aportación al desarrollo de la ingeniería en 
esta Universidad. 

Haber celebrado el 30 aniversario del establecimiento de la DEPFI, sirvió para 
apreciar los esfuerzos que sus profesores e investigadores realizan diariamente en 
cada una de sus áreas, cuyos resultados han sido fructíferos. 

Como muestra de lo anterior, los Anales de esta División contienen algunos de los 
trabajos más sobresalientes que durante 1987 se realizaron en nuestra institución. 

La difusión del presente documento tiene como propósito fundamental, difundir la 
labor de la División y a la vez fortalecer los conocimientos de los profesionales en las 
distintas ramas de la ingenieria, así como contribuir a la práctica oportuna de los 
avances logrados, en favor del progreso. 

DR. GABRIEL ECHA VEZ ALDAPE. 
Jefe de la División de Posgrado 

de la Facultad de Ingenieria. 
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Estructura 
Académica 

La estructura acadEmica de la DEPFI, esti integrada por cuatro departamentos: 

INGENIERIA CIVIL 
INGENIERIA ELECTROMECANICA 
INGENIERIA DE RECURSOS DEL SUBSUELO 
MATEMATICAS 

Esta organización que cambia la estructura anterior, no ha sido aprobada de 
manera oficial, sin embargo funciona operativamente desde el mes de noviembre 
de 1987 y de acuerdo a ella se ha ordenado la secuencia de esta publicación. 

Los primeros tres departamentos se componen de secciones que llevan a cabo los 
programas acadEmicos y la investigación cientffica, ambos ajustados a los 
requerimientos de nuestro pals, lo que permite a la investigación especializada 
practicarse como una disciplina seria que requiere de una metodologfa completa 
con estudios profundos. 

El departamento de Matemiticas presta apoyo acadEmico a los otros tres. 

Entre los proyectos de investigación que se realizan en la División de Posgrado, 
algunos son patrocinados por instituciones oficiales o privadas que proveen los 
fondos para su operación y permiten adecuar el conocimiento cientlfico y 
tecnológico a la realidad actual y a las necesidades nacionales. 

ORGANIGRAMA DE LA DIVISION DE ESTUDIOS DE POSGRADO 
DE LA FACULTAD DE INGENIERIA 

SECCION ESCOLAR 
BIBLIOTECA 
SECCION EDITORIAL 
DIFUSION ACADEMICA 
SERVICIOS EDUCATIVOS 
SOCIOCULTURALES 

INGENIERIA 
CIVIL 

- --,--
• Ambiental 
• Construcci6n 
• Estructuras 
• Meclnica de suelos 
• Hidrlulica 
• Aprovechamientos 

hidriulicoo/DEPFI Moreloo 
• Sistemas 

SECRETARIA 
ACADEMICA 

JEFATURA 

DEPARTAMENTOS 

INGENIERIA 
ELECTROMECANICA 

• Mecinica 
• Elktrica 

- - - -- - - --1 CONSE;JO INTERNO 

DELEGACION 
ADMINISTRATIVA 

INGENIERIA DE 
RECURSOS DEL SUBSUELO 

• EnergEtica 
• Exploraci6n de recursos 

energEticos 
• Petrolera 

MATEMATICAS 

• C6mputo 



Personal 

Formación 
Académica 

Las personas que prestaron sus serv~~ios en la DEPFI durante 1987 fueron: 
,_..,.. 

Profesores de carrera de tiempo completo 
Profesores de carrera de medio tiempo 
Profesores de asignatura 
Ayudantes de profesor 
Tfcnicos acadfmicos 
Trabajadores de confianza 
Trabajadores de apoyo administrativo 

Alumnos de la DEPFI en 1987 

Semestre 

87-1 
87-11 

ler. Ingreso 

132 
105 

47 
9 

178 
64 
11 
12 

103 

TOTAL 424 personas 

Reingreso 

379 
418 

Total 

511 
523 

15 

Recibieron diploma de especialización 4 alumnos, se otorgaron 69 grados de 
maestrfa y 3 de doctorado. 
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Superacl6n 
Académica 

CATEDRA ESPECIAL "ENRIQUE RIVERO BORRELL" 

En el mes de junio de 1987, fue otorgada la Cátedra Especial "Enrique Rivero 
Borrell" al Dr. Jorge Abraham Dfaz Rodñguez. 

El Dr. Diaz Rodñguez es mexicano, actualmente profesor titular en la División de 
Estudios de Posgrado de la Facultad de Ingenieña en la que fundó el Laboratorio 
de Dinámica de Suelos. 

Creó el grupo Dinámica de Suelos para vincular la docencia a la investigación y 
coordinó la propuesta de creación de la Maestña en Construcción. Sus principales 
lineas de investigación han sido: Comportamiento sfsmico de suelos granulares 
finos, compresibilidad dinámica de suelos blandos, resistencia dinámica de suelos 
blandos y desarrollo de equipo exp,ªrimental de la dinámica de suelos; sobre estos 
temas ha publicado artkulos y presentado ponencias en eventos nacionales e 
internacionales. 

CATEDRA ESPECIAL "ANTONIO DOV ALÍ JAIME" 

La cátedra especial "Antonio Dovalí Jaime" fue ocupada por el M en C. Arturo 
Delgado Rodñguez, de nacionalidad mexicana. El M. en C. Delgado Rodñguez es 
actualmente profesor de tiempo completo en la DEPFI; de los 38 años que ha 
entregado a la docencia, 25 los ha dedicado a la Facultad de Ingenieña de la 
UNAM. Hizo sus estudios profesionales en la Universidad de Yale (1946), la 
Maestña en Ciencias en la Universidad de Harvard (1948) y la Maestña en 
Ingenieña en la Universidad de Princeton (1949). 
Los últimos 20 años se ha dedicado al estudio y a la enseñanza de las matemáticas. 
Su actual línea de investigación es la de ecuaciones en diferencias. 



Departamento de 
Ingeniería Civil 
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JEFE 
Dr. Gabriel Auvinet Guichard. 

COORDINADORES DE SECCION 

AMBIENTAL 
Dr. Pedro Martínez Pereda. 

APROVECHAMIENTOS HIDR.AULICOS/DEPFI MORELOS 
Dr. J• A. R.aynal Villasefl.or 

HIDR.AULICA 
M. en I. R.enE Autrique R.uíz. 

CONSTR.UCCION 
Dr. Gabriel Auvinet Guichard. 

ESTR.UCTUR.AS Y MECANICA DE SUELOS 
Ing. Juan J• Hanell Campbell. 

SISTEMAS 
M. en I. Gonzalo Negroe PErez. 



Secci6n de 
Ambiental 

Programas 
Académicos 

Profesores de 
Carrera y 
Lineas de 
Investigación 

Convenios 

COOllDINADOll 
Dr. Pedro Martínez Pereda. 

ESPECIALIZACION: 

Ingeniería Sanitaria 

MAESTllIA Y DOCTOllADO 

Ingeniería Ambiental 
Con opciones en: 

Ingeniería Sanitaria 
Control de calidad del agua 
Control de calidad del aire 
Control de reaiduoe a6lidoe 
Manejo de sistemas ambientales 

Tiempo completo 

19 

FERNANDEZ VILLAGOMEZ, GEORGINA. Maestra en ingenieria. Universidad 
Nacional Autónoma de Mbico. Control de calidad del agua. 

FUENTES GEA, VICENTE. Maestro en ciencias. Universidad de Texas en Austin, 
E. U .A. Control de contaminación atmosférica, simulación de procesos. 

GARCIA GUTIERREZ, ALFONSO. Doctor en ingenieria. Imperial College, 
Inglaterra. Procesos biológicos de tratamiento, evaluación de calidad del aire, 
manejo de residuos sólidos y peligrosos. 

MARTINEZ PEREDA, PEDRO. Doctor en ingenierla. Universidad de Wisconsin, 
Universidad de Michigan, Universidad de Texas en Austin, E.U.A. Caracteriza­
ción, manejo y disposición de aguas residuales, calidad del agua en rlos, formación 
de recursos humanos en ingenierla ambiental. 

MOELLER CHA VEZ, GABRIELA. Maestra en ingenierla sanitaria. Universidad 
Nacional Autónoma de Mbico. Microbiologfa aplicada a los procesos de trata­
miento biológico, bioqufmica de la digestión anaerobia, biodegradación de de­
sechos. 

MONTEJANO URANGA, FRANCISCO. Maestro en ciencias. Universidad de Ca­
rolina del Norte, E.U.A. Manejo de aguas residuales. 

IZURIETA RUIZ, EDMUNDO. Maestro en ciencias. Universidad de Michigan, 
E.U.A. Calidad del agua. 

SARH-CONACYT-UNAM. Fortalecer la docencia e investigación en ingenieria 
sanitaria. 





Sección de 
Hidráulica 

Programas 
Académicos 

Profesores de 
Carrera y 
Líneas de 
Investigación 

Publicaciones 

COOllDINADOllES 

APROVECHAMIENTOS HIDR.AULICOS 
Dr. J• A. R.aynal Villaseflor. 

HIDR.AULICA 
M. en l. R.enE Autrique R.uíz. 

ESPECIALIZACION 
Obras hidriulicu 
Obras marítimas 

MAESTR.IA Y DOCTORADO 
Ingeniería hidriulica 
Ingeniería de aprovechamientoe hidriulicoa 

Tiempo completo 

ARREGUIN CORTES, FELIPE. Doctor en ingenieña. Universidad Nacional 
Autónoma de México. Obras hidráulicas e hidráulica general. 

AUTRIQ.UE RUIZ, RENE. Maestro en ingenieña. Universidad Nacional 
Autónoma de México. Hidráulica general y fenómenos transitorios. 

ECHA VEZ ALDAPE, GABRIEL. Doctor en ingenieña. Universidad Nacional 
Autónoma de México. Modelos hidráulicos y mecánica de fluidos. 

JAIME ALARID, RODOLFO. Maestro en ciencias. Universidad Estatal de 
Colorado, E.U.A. Planeación de recursos hidráulicos. 

MARTINEZ AUSTRIA, POLIOPTRO. Doctor en ingenieña. Universidad 
Nacional Autónoma de México. Métodos numéricos y teoña de la catástrofe. 
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RA YNAL VILLASEfilOR, JOSE A. Doctor en ingenieña. Universidad Estatal de 
Colorado, E.U.A. Hidrologfa determinfstica y estocástica. 

AUTRIQ.UE R , Comments on a new cn·terion Jor stability analysis and design of 
simple and restn·cted onfice large chambers, Intemational Simposium on hydraulic 
structures, Fort Collins, Colorado, E.U.A., agosto. 

ECHAVEZ G, ARREGUIN F, Polyhedn'c surfaces, Proceedings of the 1987, 
National Conference on hydraulic engineering, Williamsburg, Virginia, E.U.A., 
agosto. 
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Convenios 

ECHA VEZ G , Model Study to locate aereators in tunnel spillways, Proceedings of 
the 1987, National Conference on hydraulic engineering, Williamsburg, Virginia, 
E.U.A., agosto. 

ECHA VEZ G , FRANCO V , CAGIGAS R , Estudio en modelo para diseñar los 
aireadores del P.H. Carlos Ramírez Ulloa, Informe 1.1., diciembre. 

LEVI E, RODRIGUEZ N, ECHA VEZ G, Fluid-structure Jnteraction, Civil 
Engineering Practice, Encyclopedia II Vol., Cheremisinoff P.E. Editors, 
Technomic Publishing Company, Inc., Lancaster Pennsylvania, E.U.A., 
diciembre. 

RA YNAL J, Multivariate extreme value distributions in hydrologic analysis, 
Proceedings of the International Symposium on water for the future, IASH 
Publication 164, Roma, Italia, abril. 

RA YNAL J , Remarkable hydrologic works in the aztec empire, Proceedings of 
the International Symposium on water for the future, IASH Publication 164, 
Roma, Italia, abril. 

RA YNAL J , The General extreme value distribution applied to drought 
frecuency analysis, Engineering Hydrology Symposium, Williamsburg, Virginia, 
E.U.A., agosto. 

RA YNAL J., La trascendencia de los estudios de posgrado de la DEPFI· UNAM en 
el aprovechamiento integral del recurso agua, Simposio Nacional sobre el uso 
integral del agua, la Paz, B.C., agosto. 

RA YNAL J , Análisis de eficiencia en la estimación de parámetros de la 
distn'bución GVE para mínimos, XIII Congreso de la Academia Nacional de 
Ingeniería, Guadalajara, septiembre. 

RA YNAL J , ECHA VEZ G , Investigación y desarrollo en hidráulica, XV 
Congreso Nacional de Ingeniería Civil, México, diciembre. 

SARH-CONACYT-UNAM. Fortalecer la docencia e investigación en hidráulica y 
aprovechamientos hidriulicos. 

ESTADO DE MORELOS-SARH-UNAM. Establecer una extensión de la DEPFI en 
el Edo. de Morelos. 

CFE-UNAM. Establecer criterios de optimización en sistemas de bombeo 
considerando flujo transitorio. 
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POLYHEDRIC SURFACES 

DR. GABRIEL ECHAVEZ* 
DR. FELIPE ARREGUIN** 

ABSTRACT 

A new design for spillways is proposed. The basic idea is to substitute 
the traditional shape of the continuous vertical bends by polygonal pl~ 
ne surfaces. In this way ít is possible to construct spillways with pl~ 
ne surfaces which are easier and cheaper to build. 

Aeration system to protect the spillway against cavitation are also ea­
sier to construct. 

Schwartz-Christoffel transformation is used to analyse the flow on the 
polyhedric surfaces. The theoretical results agree with the model mea­
surements in the concave curves. For convex curves flow separation pr~ 
eludes its application. 

General results that support the new design proposed are shown. 

INTRODUCTION 

~ormally, hydraulic works are designed using criteria derived from mo­
del and prototype studies of a few daros. This means that the results 
obtained from specific situations are adjusted to a particular problem 
without generally implying its best solution. 

A new design criterion that seem to offer possibilities of development 
as well as aseries of advantages over the traditional ones is the poly­
hedric design of spillways (Refs 1 and ~). This criterion is based on -
the idea of changing the traditional vertical curves for polygonal sec­
tions (see fig 1). This imply the construction of plane surfaces in 
spillways, reducing the use of complicated forros, labor, and, in gen~ 
ral, of special construction procedures; besides, in high head works it 
would facilitate the colocation of aereation devices. 

THEORETICAL MODEL 

To analyze the flow behaviour on polyhedric surfaces with two or three 
sections, a model based on the Schwartz-Christoffel transformation was 
developed. The following hypothesis are accepted: 

a) The influence of gravity is negligible on the polyhedric surface. 
b) The effect of viscosity is negligible 
e) A uniform velocity distribution upstream the polyhedric surface is 

assumed. 

* 

** 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
Dean of the Graduate Engineering School, UNAM. Alborada 412, Parques 
del Pedregal, Mexico 14010, D.F. 
Head of the Hydraulics Department. Graduate Engineering School, UNAM 
Alborada 412, Parques del Pedregal, Mexico 14010, D.F. 
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Polyhedric concave or convex surfaces with two or three sections may be 
mapped in the upper semiplane, fig 2, by means of the Schwartz-Christo 
ffel transformation. 

The value of the complex potential for each case is given by: 

Concave surface with two sections 
TT 

( z -P(z) = u 0 )a 

Convex surface with two sections 

in which 

• TT 
z-a.,{_"'7 

P(z) = u( 6 _ a 1Ja 

U is•the upstream velocity 
a, b constants 
a deflection angle 

In the case of a concave surface with three sections the Schwartz-Chris 
toffel tranformation is: 

dz ª - 1 aw = A(w + 1J1r 

in which 

A is a constant 

From the abovementioned equations the complex velocity and its magnitu­
de are found and, finally, the pressure distribution along the surface 
is obtained through Bernoulli's theorem. 

EXPERIMENTAL SETUP 

For the concave curves the hydraulic model, scale 1:50, of the La Ango~ 
tura dam was used. Pressure measurements were taken with piezometers at 
the traditionall flip bucket and one built with three straight sections 
with the same exit angle of the original design. 

Far the two sections concave curve a small lucite spillway model, 0.50m 
high, was used. 

The convex polyhedric surface was studied by means of a channel with -
the bottom built of two lucite plane sections, joined with a rubber 
hinge, that allowed to change the deflection angle. 

Besides the piezometers, limnimeters and calibrated weirs, a quartz 
pressure cell, model 603, andan amplifier model 504 both from Kistler 
Instrument Corporation, a Gould plotter model 222 anda spectrum analy­
zer model 3852A from Hewlett Packard was used. 

EXPERIMENTS 

Concave curves: 

In the traditional flip bucket and for seven different discharges, bet­
ween 1400 m3/s and 4000 m3/s, the upstream depths and velocities, the 
exit velocities and the mean pressure along the model were registered. 
The polyhedric design was adjusted to the original geometry keeping the 



Concave surf ace Polyhedric design 

Convex surface Polyhedric design 

Fig 1 Q>mporison betwen the troditionol curve surfoces ond the polyhedric surfaces. 
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Fig 2 Application of plane Z on plone W. Concave surface 
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exit angle of 30°, and six piezometers were instaled in homologous pla­
ces to those used in the smooth flip bucket. In fig 3 the pressure dis­
tribution for a 4000 m3/s discharge is shown. 

To measure pressure fluctuations the quartz cell was installed in five 
points for both the smooth and the segmented flip buckets, and records 
were obtained for three discharges 1400, 2300 and 3300 m3/s. For each 
point the spectra were obtained to see if there is significant differe~ 
ces between the two designs. 

In the small spillway model twelve piezometric openings were located -
close to the corner of the bend and measurements for five different 
discharges were registered. 

Both convex curve were studied for six discharges, that covered the ra~ 
ge above and below a supposedly design discharge, and the velocities -
and pressure distribution in a total of 15 piezometers were recorded. 

RESULTS 

With reference to the results of the flip buckets at La Angostura moaei 
the following was observed: 

1) The velocities measured at the entrance and exit of the traditional 
flip bucket differ in up to 28%, with higher values at the entrance. 

2) The maximum pressures in the traditional bucket take place at its lo 
wer point. 

3) In the polyhedric surfaces there is a normal stress concentration at 
the corners, especially in the. downstream one. Therefore, the final 
section should be designed so that it can withstand the thrustings 
it will be subjected to. 

4) The velocities measured at the entrance and exit of the flip bucket 
constructed with plane surfaces differ in up to 16%, with greater -
values upstream. 

5) There are no considerable differences in pressure fluctuations at -
the lower point of the curve and the midle of the polyhedric flip -
bucket. 

6) In the sloped exit section of the polyhedric flip bucket are the -­
greatest pressure fluctuations. 

The results obtained in the convex curves show that: 

1) On the polyhedric surfaces there are negative pressures in the ups­
tream section approximately 30% greater with respect to the smooth 
surfaces. 

2) Far velocities which correspond to discharges of above the 75% of -
the design one there are no negativé pressures on the upstream reach 
of the polyhedric surfaces. 

3) The negative pressures on the polyhedric surfaces are not very sensi 
tive to the angle changes between the two plane sections. 

4) The polyhedric surfaces presenta pressure increment in the down---
stream reach dueto the impact of the water on them. 

CONCLUSIONS 

The sustitution of the traditional smooth vertical curves by polyhedric 
surfaces was presented. 

For concave curves the Potential Theory gives good enough results. The­
re are a concentration of forces at the corners of the segmented curves 

1 



that can be considered in the design. 

The pressure fluctuations at the surfaces, as shown by their spectra, -
are substantially the same for both types of design. 

For convex surfaces there are negative pressures that preclude its use 
without an aereation system. 

REFERENCES 

l. Echávez G, Arreguín F., "Superficies Poliédricas en Obras de Exceden 
cia", VII Congreso de la Academia Nacional de Ingeniería, Oaxaca, MI 
xico, Septiembre• 1981. 

2. Echávez G, Arreguín F., "Diseño Poliédrico de Obras de Excedencia", 
X Congreso Latinoamericano de Hidráulica, México, D.F., 1982, pp 270 
278. 
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The GEV Distribution in Drought Frequency Analysis 

Abstract 

Jose A. Raynal-Villaseñor** 
M. ASCE 
Jose C. Douriet-Cardenas** 

Three decades have passed since Jenkinson (1955} found the general so­
lution to the Stability Postulate, which is the condition that all the 
extremes must meet, and after him that solution has been callea the ge 
neral extreme value (GEV} distribution. 

The GEV distribution has been widely used in flood frequency analysis, 
but rarely has been applied to drought frequency analysis. This is the 
topic of the paper. Furthermore, estimátion procedures to obtain its -
parameters are included in the text of the paper. The methods depicted 
are: moments, maximum likelihood and probability weighted moments .. 
Finally, the results of application of the GEV distribution to a re­
gion in North.Jestern Mexico are reportea, too. 

Introduction 

Among the most common distributions used to perform drought frequency 
analysis are: 3 parameter Log-Normal, Gumbel, Extreme Value type III 
and Pearson types III and V, (Gumbel, 1958 and Matalas, 1963}. The -
usual methods for parameter estimation of such tlistributions are the 
well-known methos of moments and maximum likelihood.\ 

Recently, the so-called GEV distribution has b~en applied to flood -
frequency analysis successfully, estimating its parameters by the me­
thods of moments and maximum likelihood, mainly. Dueto the property 
that such distribution can represent extreme valu-~ distribution types 
II and III directly, andas a limiting condition when the shape para­
meter goes to zero, extreme value (EV} distribution type I can also be 
represented, which it makes the distribution a good. candidate among -
the possible distributions to model extreme values. 

The method of probability weighted moments has been proposed in the -
literature a few years ago (Greenwood et al, 1979}, and dueto the -­
straightforward expressions that usually are produced for the estima­
tors of the parameters of directly invertible probability distribution 
functions and the unbiased condition of the estimators in this method, 
constitutes a powerful tool for parameter estimation. 

** Water Resources Program, DEPFI, Universidad Nacional Autonoma de 
Mexico, Cd. Universitaria, 04510 Mexico, D.F., Mexico. 
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General Extreme Value Distribution for the Minima 

• The distribution function for the GEV distribution for the maxima is, 
(NERC, 1975): 

F(X) = exp I - 1-(X-Xo) S) l/S] 

a. 
(1) 

where Xo, a and S are the location, scale and shape parameters, respeE 
tively. Now, using the simmetry principle, (Gumbel, 1958): 

F . (X) = 1 - F ( -X) 
min max 

(2) 

the corresponding GEV distribution for the minima can be obtained as: 

F(X) = 1 - exp [ - (1- (W - x) s/1B (3) 
a 

where W, a. and S are the location, scale and shape parameters, respeE 
tively. The probability density function of eq. (3) is: 

F(x) =--
a 

The probability distribution function contained in eq. (3) has two -
branches: 

EV type II distribution s < O; -OC< X< w·-

EV type III distribution f3 > O; W - X 

a -ª-
< 00 

and taking the limit when f3 goes to zero, the EV type I distribution 
is obtained and this distribution is unlimited in both sides. 

Estimation Procedures for the Parameters of the GEV distribution for 
the Minima 

Method of Moments 

Using the well-known method fo moments for the GEV distribution for -
the minima, the following relationship can be obtained: 

~ r(1+3f3l -3r(1+2al r(1+Bl + 2 r 3 (1+~l y = ( - 1) 

cr(1+2al 

(5) 

where 'Y is the skewness coefficient, i=l for f3 < O and i=2 for a> O, 
and r (.) is the complete gamma function for argument (.). 

If eq. (5) is inverted by polynomial regression, the following o/re~ 
sions provide a direct estimation of the shape parameter: 



B > O; -1.1396 <? < 11.35 . 
" B = 0.2794 + o.3335 ? + 0.0403 ? 2 

- 0.0244 '?3+ 0.0031 ?.. C6> 

-2.6316 X 10 - 4 '? 5 + 7.0135 X 10 - 6 <¡ 6 

B < O; -19.04 < 1 ~ -1.1396 

B = o.2466 + 0.2866? + 0.0124 <¡ 2 + 0.0101 '?3 + 0.0000 '?4 (7) 

+ 3.6385 X 10 - 5 '9 5 + 8.6489 X 10 - 7 <¡ 6 + 8.1446 X 10 _g ?7 

and the location and scale pararneters are estirnated as follows: 

" (l 
W = X + --;;:-

B 

" " "' 

e 1 - r(1+Bll 

a = a B 
-cr-(..:-1-+-2"-)--r 2 (1+A)1 112 

B B 

" " 

(8) 

(9) 

where X and cr are the estirnated mean and standard deviation of the 
data. 

Method of Maxirnurn Likelihood 

The likelihood function for the GEV distribution for the rninirna is: 

L(x,i.; w, a, B>= 

( 10) 

and the corresponding ~og-likelihood function is: 

LL(X,¿,w,a, B)= - N Lna - ~ (1-(w-X iats +(~ - 1) ~ Ln(l-(W-)(_¡ la) 
,<.=l Cl ,<.=l a 

(11) 

Now, using the approxirnation to rnaxirnurn likelihood estirnates provided 
by the rnethod of scoring, the following iterative scherne is used to -
obtain the rnaxirnurn likelihood estirnates: 

w -i-+ 1 = w . .,. éw ,{, 

a,)._ + 1 
:: a, . .,. 

ºa ,{, 

B .l + 1 = B . .,. ºB ..(_ 

where ów, Ócx and Ó(3 are 
hood estirnates at stage 

the 
i. 

(12) 
(13) 
(14) 

deviations frorn the true rnaximum likeli­
They are computed as: 

Ó a. h ( ) f (R (P + Q )) w=Ñ[bQ-8 P+Q -$ - B (15) 
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ºª=a ( h Q - a (P + Q)- g (R - (P + 2) 
Ñ a s e 

(16) 

ºf3 = .!_ [f Q - ~ (P + Q) - a (R - (P + Q) 
N a a a 

(17) ,. 

where Nis the sarnple size, a,b,c,f,g,h are teh coefficients of the -
variance-covariance of the pararneters of the GEV distribution for the 
rninima, see table l. 

Table l. Coefficients of the variance-covariance rnatrix of the pararn~ 
ters of the GEV distribution for the minima. 

a b e 
0.10 0.2043 0.5109 -0.7818 
0.20 0.1714 0.7273 -0.3862 
0.30 0.1846 0.8461 -0.1998 
0.40 0.2398 0.9298 -0.1147 
o.so 0.3185 1.0109 -0.0731 
0.60 0.4214 1.1004 -0.0484 
0.70 0.2675 0.5012 -0.0299 
o.so 0.0794 0.1575 -0.0577 

and P, Q and R are: 

N IJ· - ,{_ 
p = N - ¿ e. 

.i=l 

N N r {a-1) Y,¿ í: f3 Y,¿ º = .i= 1 e. - ( 1-a l .i= 1 e. 

N N Y,¿ 
R = N - }: 

.i=l 
Y,¿+ E Y,¿ e. 

;._ ... 1 

where: 

y· 1 Ln (1-(w-X¡ )S) 
,{_=-a a 

and the convergence criteria are: 

,au1.=º '\,Q aw ,{_ a '\, 

(aLL) = 
as ,¿ 

'\, '\, o 

f g 
0.9519 -o. 7132 
0.5063 -0.4679 
0.2667 -0.2944 
0.1425 -0.1638 
0.0628 -0.1034 
0.0085 -0.0798 
0.0310 -0.0317 

-0.0094 -0.0419 

h 
0.3231 
0.3531 
0.3952 
0.4722 
0.5674 
0.6810 
0.3661 
0.1118 

(18) 

(19) 

( 20) 

(21) 

(22) 

(23) 

(24) 
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Method of Probability Weigthed Moments 

The estimators of the parameters for the GEV distribution for the mi­
nima are, (Raynal-Villaseñor, 1987): 

,. 

w = Mo - [l - 1 ] [Mo- 2M11 2 

r(1+f3l (25) 

[Mo + 4M3 -4M11 

"' "' 
a. = f3 [Mo - 2Mi1 

2 

r ( 1 + f3) CAio + 4~h -4M11 
(26) 

"' 

[
Mo-2M1VL112 f3 = Ln 
2M1 -41\f 

(27) 

Examples of Application 

The proposed GEV distribution for drought frequency analysis has been 
applied to the data of the gauging stations contained in table 2, and 
the computed parameters for the three methods depicted in the article 
are contained in there. 

Table 2. Parameter estimates for the methods of moments, maximum like 
lihood and probability weighted moments: 

Station 

La Huerta 
Ixpalino 
Huites 

Conclusion 

"' w 
l. 74 
1.11 
4.08 

Moments 

"' "' 
a. f3 

0.78 0.42 
0.70 0.91 
2.22 1.04 

Method 

Maximum Likelihood Probability 
Weighted Mom 

A A A A A A 

w a. f3 w a. s 
l. 74 0.74 0.40 l. 78 0.81 0.49 
1.11 0.64 0.94 1.20 0.79 0.98 
4.10 2.24 1.05 4.12 2.65 l. 30 

The GEV distribution for the minima has been presented and methods to 
estimate its parameters have been provided. Dueto its flexibility to 
be adjusted to actual extreme value data its usage is recommended. 
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Catastrophe model for the forced hydraulic jump 
Modele de catastrophe pour le ressaut 
hydraulique forcé 

SUMMARY 

P. M. AUSTRIA 
Associate Professor, 
Graduare Division o.f the Engineering Faculty, 
National University of Mexico 

In open channel flow, when a hydraulic jump is forced, an hysteretic behaviour is observed in a particular 
range ofvalues ofthe governing variables. In this paper, the catastrophe theory is applied to the study ofthis 
phenomenon. Toe geometry of the cusp catastrophe is used as a descriptive model and, with this basis a 
calculation procedure is proposed, in which known hydraulic equations are used. Toe results are experi­
mentally verified for a simplified study case. 

RtsUMÉ 
Dans certaines circonstances, lorsqu'un obstacle perturbe un écoulement supercritique dans un canal 
ouvert, un ressaut hydraulique apparait. Dans cet article, le probleme est abordé a l'aide de la théorie des 
catastrophes pour laquelle on utilise la géométrie de la catastrophe fronce comme modele descriptive; on 
propose une méthode de calcul basée sur équations bien connues de l'hydraulique. Les résultats sont vérifiés 
par une expérience faite sur un probleme simplifié. 

1 Introduction 

The existence of an hysteretic behaviour in the transition between subcritical and supercritical 
tlow, upstream oían obstacle, is well known. This problem has been studied by Muskatirovic and 
Batinic [6] and Abecasis and Quintela [l. 2, 3, 8) among others, who have proposed sorne calcula­
tion methods. 
On the other hand, the elementary catastrophe theory, developed by Thom [10), is specially 
useful for the study of phenomena with a discontinuous and hysteretic behaviour. 
In this paper, sorne concepts of the elementary catastrophe theory are used in the study of the 
forced hydraulic jump formation. Toe use of the theory is mainly descriptive. 
Sorne fundamental concepts of the elementary catastrophe theory are presented here, because 
they are not of a common background. A catastrophe model, of a cusp type, is proposed for the 
forced hydraulic jump and a computation procedure is proposed, in which the momentum and 
specific energy equations are used. A simplified case is studied, and the analytical results are 
experimentally verified in a laboratory flume. 
Despite the importance ofthe forced hydraulicjump itself, another main aim ofthis paper is to 
show how the elementary catastrophe theory can be used as a useful descriptive modelling too) in 
hydraulics. 

Revision received November 15, 1986. Open for discussion till November 30, 1987. 
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2 Fundamentals of the catastrophe theory 

The catastrophe theory was introduced by Thom in 1973 [10). Almost immediately, the subject 
arose great interest. Zeeman has published severa! papers on the theory and its applications [13). 
There are sorne books on the catastrophe theory and its applications to science and engineering 
[e.g. 5, 7, and 9). 
Toe catastrophe theory has given rise to contrary opinions, including sorne amongst mathe­
maticians, above ali in relationship with its applications. In a strict mathematical sense, the 
theory is applied to the study of the gradient systems stability. Nevertheless, the geometries ofthe 
catastrophe functions can be very useful as descriptive models of phenomena with hysteresis and 
discontinuities, among others, grouping them ali in one single geometry. This use isjustified only 
when experimental results corroborate the proposed model. 
Considering its use as a descriptive modelling too!, in this paper are presented only sorne funda­
mental concepts of the catastrophe theory, without any special attention being focused to its 
mathematical framework. 
Let us considera system whose state can be correctly defined with Xi, X2, X3, ... , Xn variables, that 
are hence called "state variables". Its value, and with them the system state, will be modified as 
the values of parameters a¡, a2, ... , ak are changed. These are called "control parameters". 
Por the majority of the state variables-control parameters combinations, the system state will 
change continuously, but in sorne of these combinations a discontinuous behaviour can be 
observed. With the catastrophe theory, for sorne type of functions, it is possible to study the 
system behaviour under any condition. 
Toe catastrophe theory has its main support in the "Thom's classification theorem", which states, 
in very simplified form, that ifthere are up to 5 control parameters (K ~ 5); and ifthere are up to 
2 state variables (n ~ 2}, a change of variables exists such that the function can be reduced to a 
canonical form. These canonical forms are called "elementary catastrophe functions" or, simply, 
"catastrophe functions", and are presented in Table l. 

Table l. Elementary catastrophe functions 
Catastrophes élémentaries 

catastrophe function 

n K germen perturbation name 

1 1 x3 a1X fold 
1 2 ±X4 a1X+a2X2 cusp 
1 3 xs a1X + a2X

2 + a~3 swallowtail 
1 4 ±X6 a1X + a2X

2 + a3X3 + a~4 butterfly 
1 5 x1 a1X + aiX2 + a~3 + a~4 + asXs 

2 3 xiy-y3 a1X + a2y+ a3y 2 elliptic umbilic 
2 3 xiy+y3 a1X + a2y+ a3y 2 hyperbolic umbilic 
2 4 x2y+y4 a1X + ª2Y+ a3y2 + ª~2 parabolic umbilic 
2 5 x2y-ys a¡X + ª2Y+ a~2 + ª4Y2 + asYJ 
2 5 x2y+ys a¡X + ª2Y+ a3X2 + a4y 2 + a5y

3 

2 5 X3 ±Y4 a1X + 02Y + a3Xy + a3y 2 + asXy 2 

In many cases it is very difficult to find this change of variables, beca use the governing equation is 
complicated; it is a differential equation with unknown solution or, in the worst case, the govern­
ing equation itself is unknown. Under these circumstances it is possible to suspect the existence 
of a catastrophe if the phenomenon exhibit certain characteristics, known as "catastrophe flags". 



So, when one or more catastrophe flags have been identified, then one may proceed to propose a 
catastrophe geometry or model, of qualitative nature, which will be corroborated directly by 
experimental results. When a catastrophe model is proposed thus, that is, taking directly in to 
consideration the phenomenon behaviour; in fact the catastrophe theory applicability itself is an 
hypothesis, because the theory application range has only been demonstrated for gradient 
systems, and hence the model can be only verified experimentally. 
Toe main catastrophe flags can be observed in the cusp catastrophe geometry, which has proveo 
specially useful for engineering applications [ e.g. 7, 12]. 
Toe cusp catastrophe equation can be written as: 

(1) 

Toe geometry of this function will be modified as the parameters 01, o2 change. For the majority 
ofthe values of o1, o2 the function has only one critica} point (that is, a point were the derivative is 
zero), a minimum, but for sorne 01, o2 combinations the function has three critica} points, two of 
them minima. We must consider that, between all the values of the function for any, o1, o2 

combination, the system can only remain in one of those minima. Hence the minima of the 
catastrophe function defines the state of the system. 
Toen, the state surface of a catastrophe function is defined by the equation: 

1 ~i~2 
l~j~S 

For the cusp catastrophe, the state surface equation is obtained by deriving Equation (1): 

(2) 

(3) 

Toe geometry defined by this equation is shown in Fig. l. Toe region where .nultiple solutions 
exist is knownas "singularity subset", and its projection over the control surface, that is, the plane 
formed by the control parameter axis, is known as "bifurcation set". 

Control 

Plane 

81furcat,on Set 

S,ngular,ty 

SubSl;lt, 

Fig. l. Geometry of the cusp catastrophe. 

Géometrie de la catastrophe fronce. 
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Fig. 2. Catastrophe flags in the cusp catastrophe. 

Signes de catastrophe daos la catastrophe fronce. 

Toe catastrophe flags observed in the cusp catastrophe geometry are shown in Fig. 2. They are: 
Sudden jumps: In the singularity subset limits, a smidl change in the control parameters can 
cause a significant modification in the system state. 
Inaccessibility: Toe surface which joins the inferior and superior sheets is unreachable. 
Bimodality: In the singularity subset, the system can have two different states. 
Divergence: A small modification in the initial state can give rise to a very different final state. 
Hysteresis: In the singularity subset the system state is not only defined by one particular com­
bination of control parameters, but also by the phenomenon's history, which determines in which 
sheet, superior or inferior, of the catastrophe surface, the system remain. 
When in a phenomenon sorne one of these catastrophe flags are identified, it is possible to 
proceed with the search of others that could be present, and define thus a catastrophe geometry. 

3 Catastrope model for the forced bydraulic jump 

When an obstacle is opposed to a supercritical open channel flow, under certain circumstances, a 
forced hydraulic jump is produced. Let us consider, for the sake of simplicity, the installation 
shown in Fig. 3, provided with a vertical sluice gate anda sudden step, placed in a rectangular 
cross-section flume. According to flow rate (Q) and step height (aZ), an hydraulicjump will be 
formed between the step and the gate. 

Gate 

l ____ º....J--1 -~ _____ j_ 
----rmnnnrr---------m~mn:mr-----✓ /111/1 "'----, ___ T"" Az 

tltq¡/UIH/lf/UII l/1//I/IIII/III/ Steo 1/IT ¡ 

Fig. 3. Geometry for the forced hydraulic jump analysis. 
Géometrie pour l'étude du ressaut hydraulique forcé. 



In case that the flow is supercritical in any cross-section, condition that can be called "super­
critical configuration", the depth, and hence the specific energy in Section 1, upstream ofthe step, 
will be defined by an upstream control section, the gate in Fig. 3; while the depth in the Section 2. 
over the step, can be calculated simply by applying the specific energy equation between both 
Sections, 1 and 2. For a rectangular cross-section it results: 

2 

Yi - Yi( E1 - dZ) + '!__=O 
2g 

(4) 

Where E¡ and y¡ are the specific energy in cross-section i, ÁZ the step height and q the volumetric 
flow rate for channel unit width. 
Toe depth in Section 1 is a function of the flow rate, and can be calculated with relative easiness 
from the upstream control section, for instance, ifthe depth in the contraction, downstream of the 
gate, is known, and then the water surface profile until Section 1 is determined. Hence it is 
possible, to write a relationship between the flow rate and the depth in this section: 

Y1 =fi(q) 

and also between flow rate and specific energy: 

In this form, Equation (4) can be written as: 

2 

Yf-Yi(f2(q) - dZ) +'!__=O 
2g 

(5) 

(6) 

(7) 

This equation is valid, for a particular value of ÁZ, for high values of the volumetric rate q, such 
that it is possible that supercritical flow over the step occurs. lt can be viewed, with a change of 
variables, that a bifurcation point beyond which the equation has not physically possible solu­
tions, exists. 
With the well-known change of variables [e.g. 5, page 155). 

W=Y-Kfi(q)-ÁZ) 

Equation (7) is transformed into a reduced equation of third degree: 

2 

w3 + H.fi(q) - dZ)2w-A{.fi(q) - dZ)3 +'!__=O 
2g 

(8) 

(9) 

Toe advantage of this presentation is that it is simpler to determine the range in which three or 
less real solutions exist. This can be done by considering the discriminant: 

q ( q2)2 D=0.04[ -(.fi(q)- dZ)]3 -+0.25 -
2g 2g 

(10) 

If D> O, there is only one negative solution, without physical signification. 
If D < O, there are three real solutions, two ofthem positive. Toe point D = O is a bifurcation point. 
In Fig. 4, the qualitative form ofEquation (9) is presented. Toe point beyond which no positive 
solution exists defines the limit where the equation governs the phenomenon, and physically 
corresponds to the condition when, due to a continuous decreasing of discharge, the depth over 
the step becomes critical. 

41 



42 

w 

Bifu rcat,on 
Point 

Fig. 4. Qualitative representation of Equation (9) solutions. 

Représentation qualitative des solutions de l'équation (9). 

q 

In this condition, any additional decrease will cause the occurrence of an hydraulic jump 
upstream of the step. This flow configuration can be called "subcritical configuration", and at the 
sudden transition between flows, "subcritical catastrophe". 
If after a subcritical catastrophe desiderable to return to the supercritical configuration, a small 
flow rate increase is not enough. Due to the energy dissipation in the hydraulic jump, a signific­
ative increase in the system energy, and then in the volumetric flow rate, is needed. This increase 
in the energy only can be performed by increasing the volumetrical rate. 
Hence, there exists a range of discharges at which both flow configurations, supercritical and sub­
critical, are possible, that is bimodality and there is hysteresis and suddenjumps too; ali of which 
are catastrophe flags observed in the cusp catastrophe. 
Toe change from subcritical to supercritical configuration, that is when the hydraulic jump is 
forced to cross the step and disappear downstream, can be called "supercritical catastrophe". 
In subcritical configuration, the step section is a control section, and hence here the depth is 
critical, and the specific energy the IPinimum: 

,3fi2 
Y2=Yc=vg 

3\3[;2 
Ei=Em¡n= 2 V~ 

(11) 

(12) 

Toe upstream depth, in Section 1, will be determined by applying the specific energy equation 
between both Sections, 1 and 2. It results: 

2 

y/-y{(Ei+áZ) + ig =0 (13) 

and from the Equation (12): 



Y[ - Yí G f; + l1Z) + 1; = º (14) 

Toe discharge corresponding to subcritical catastrophe can be calculated both by solving Equa­
tion (1 O) with D = O or looking for the point where the depth, calculated with Equation (7), is 
equal to the critical depth. 
For determining the discharge corresponding to supercritical catastrophe, dueto the discontin­
uity in energy because ofthe hydraulicjump is not possible to analyse Equation (14) as we did 
with Equation (7). Toe supercritical catastrophe takes place when the conjugate of the depth 
obtained from Equation (5) is the same as the depth calculated with Equation (14). 
In Figs. 5 and 6 the relationships between q and y, for the sections over the step and upstream of 
it, are presented. In Fig. 7 the relations y¡f y2 vs q is presented. Both Figs. 6 and 7, can be viewed as 
cross-sections of a cusp catastrophe surface. 
Introducing the usual nomenclature in catastrophe theory applications, the existence of stable 
and metastable supercritical and subcritical flows can be established, as well as hysteretic ranges 
and catastrophe regions, among others, as shown in Fig. 7. 

H,steres,s 
Range 

I• 

Supercr1t1cal 

Catastrophe 

Cr1t1ca1 

Oepth 

Supe re ric,cal 

Flow 

q 

Fig. 5. Depth variation over step. 

Subcr1t1cal 
Flow 

Variation du hauteur sur l'échelon. 

1 
1 1 
1 1 
1 1 

'=-L_ 

Fig. 6. Depth variation upstream of the step. 

Supercrit,cal 

Fiow 

q 

Variation du hauteur en amont de l'échelon. 
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Subcr,t,cal 
Stable 

Subcr1L1cal 
After 

Cata st roph e 

Hysteres,s 

Range 

~ 

1 

1 
1 
1 sJpercr,t,cal 
1 Metaestable 
1 

1 

Fig. 7. Catastrophe nomenclature for the forced hydraulic jump. 

t,z 

Nomenclature de catastrophe pour le ressaut hydraulique forcé. 

Supercr1t1cal 
Flow 

Fig. 8. Catastrophe model for the forced hydraulic jump. 
Modéle de catastrophe pour le ressaut hydraulique forcé. 

Supercr1t1cal 
Stable 

q 

As the Figs. 6 and 7 show, the flow rate is a control parameter, and in both Equations (7) and 
(14), it is possible to see that the other is the height ofthe step, and hence the catastrophe geo­
metry is as it is presented qualitatively in Fig. 8. 
The computation procedure, as proposed herein, is easily programmable in a microcomputer, 
which can trace cross-sections of the catastrophe surface, for different ll.Z values, and for each 
gate opening. 

4 Experimental verification 

In order to corroborate the proposed catastrophe model, severa) experiments have been made in 
a laboratory flume, in the Hydraulics Laboratory of the Graduate Division in the Engineering 
Faculty, National University of Mexico. 



1 

l 

1 
l 

1 

Toe flume cross-section is rectangular of 0.30 m width. Toe volumetric rate is measured with a 
flowmeter in the supply pipe. 
A device as shown in Fig. 3 has been mounted in the flume. Experiments with several gate 
openings and step heights were made, finding in ali cases consistency with theoretical results. As 
an example, in Figs. 9 and 10 the results obtained for a 4 cm gate opening and aZ = 4.4 cm are 
presented. 
In Fig. 9 the y2 vs Q and y1 vs Q relationships are presented and in Fig. 10 y¡/y2vs q. Inall cases the 
continuous line represents the analytically obtained results. 

y 16 
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12 
Sect,on 1. 
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70 so 

.03 Q 

Fig. 11. Catastrophe geometry for the example. Gate opening 4 cm. 
Géómetrie de catastrophe pour l'exemple. Ouverture de vanne 4 cm. 

Toe difficulty of attaining in the expetiments the theoretical volumetric flow rates of catastrophe 
must be emphasized, which is dueto the fact that in its proximity, small perturbations can easily 
produce the transition between supercritical and subcritical flow. 
Toe whole catastrophe geometry, analytically obtained, for a 4 cm gate opening, computed with 
the procedure befare sketched, is shown in Fig. 11. 
Dueto the fact that the system behaviour is hardly dependent ofthe depth-flow rate relationship 
in the upstream control section, it is not possible to obtain a general catastrophe surface for ali 
cases. 

S Conclusions 

In this paper an application ofthe elementary catastrophe theory concepts to the forced hydraulic 
jump has been made. 



Toe cusp catastrophe geometry is used as a descriptive model, with which it is possible to gather 
certain behaviour peculiarities in the phenomenon, such as hysteresis, suddenjumps, bimodality 
and divergence. In addition, a nomenclature in accordance with the usual one in catastrophe 
theory has been introduced. 

Toe cusp catastrophe geometry has been used mainly as a descriptive model, the quantitative 
solution procedure consists essentially in applying well-known equations such as the specific 
energy equation, with the aid of the qualitative model, and considering the control parameter 
variation. 
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Notations 

X¡ state variable í = 1, 2, ... , n 
aj control parameter j= 1,2, ... ,K 
ll.Z step height 
Q volumetric flow rate 
q volumetric flow rate for channel unit width 
y¡ depth in í-cross-section 
E¡ specific energy in i-cross-section 
g gravity acceleration 
Ye critical depth 
Emin minimum specific energy 
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PRF.LIMINARY STUDY' OF THF. COLLAPSE OF 

THE PINO SUARRZ BUILDING 

*E. DEL VALLP. 

INTRODUCTION 

On top of the Pino Suarez station of the Mexico City, line 2, 

"Metro, and in order to have enough load on it to avoid emer­

gence of the station dueto overcompensation caused by the 

deep excavation in soft clay, five huildings we~e constructed; 

two of them, oriented. in the north-South direction, located. 

at the ends of the station, and 14 stories high, and three lo­

cated on the central part of the station, oriented Past-West, 

21 stories high, fig 1. All of them had rj.~1<.'I. frame steel 

structures with diagonal bracin9s and li9htweight concrete 

slabs. Facade walls and interior partitions were "non struc­
tural" and there were gaps between them and the structure to 

allow for motion of the buildings dueto lateral wind or 
earthquake loads. 

One of the taller buildings collapsea. during the September 19, 

1985 earthguake that affected Mexico city, and while collap-
sing swept away one of the smaller buildings, figs. 2,3~ The 

other two taller buildings were seriously damaged, the smaJ.ler 
was less affected. This problern has attracted the interest of 
many engineers, dueto the importance of the build.ings involved. 

DESCRIPTION OF THF. BUILDINGS 

The taller buildings were 12m wide, 28m. lon~ and 73.25m. tall, 
with two bays in the short direction and four in the long one. 

Diagonal bracas were used in three of the bays to reduce late­

ral deflections caused by earthquake o r wind forces, see fig. 

4, however, the layout of the bracerl bay in the lon~itu~inal 
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direction produced important eccentri.ci ti'.es in plan. 

All columna had 60 x 50cm box sections forrr.ed by weld1ng .four 

plates, the thicknesses vari'ed from 32mm to 19mm at the bottorn 

=loors· to 8JT1.rn at the top f loors. Beams were 70cm dee:r;,, wi th 

open web sections, formed by angles and cover plates; in the 

longitudinal,direction they had two webs, in the transverse 

direction only one web. Diagonal bracing rnembers were 20 x 

20 cm wide flange sections, see fig 5. 

The structures were designed using the 1966 version of Mexico 

C~ty's code, with seismic· coefficient of 61 gravity and 

allowable stresses for the coJl'.l.bination of vertical and fl.orizon­

tal loads 50% greater than those required for c::rravity loads 

alone. Design eccentricities for the calculation of torsional 

effects were computed increasin~ 50% static eccentricitíes, to 
take into account dynamic amplification, and adding or subtrac­

ting an accidental eccentricity of 5% of the dimension of the 

plan perpendicular to the direction of analysis. The design 
~pectrum specified by the code to rnake ~odal dynarnic analysis 

had maximum ordinate of 6% g for periods between J. and 2.5 sec, 

PREVIOUS BFP.AVIOR OF THE BUILDING$ 

Tne steel structures were cornpleted in 1969 but the wh.ole cons­

truction was finished until 1972. An earthquake that occurred 

in 1973 produced sli~ht cracking in partition walls of the tall 

building located at the center of the station: the problem was 

attributed to flexibility of the structure as well as to ampli­

.fication of 111otion dueto interaction with the station, that was 

the common foundation of the five buildings. Periods of vibra­

tion of all the buildings were rneasured by the author with. a 

portable seismometer under ambient conditions, to see if there 

was any difference between similar buildings and for further re­

.ference, see fig. 6. The were no significant diffP-rences in th.e 

periods of the different tall or shorter buildings, see ~able l. 



Another earthquake that occurred on March. 14, 1979 (ref 1) 

stronger than the 1973 shock, produced cracking of partition 

walls and gypsum ceilings of the five buildings and damage in 
expansion joints between the buildings in the lower levels 

where they were connected by simple supported spans. 
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A thorough ~nspection of the buildings, uncovering several 

connections and column bases for inspection was made. It was 

not found any structural damage, but it was recommended to the 
owner to check the original computations and to study the con­
venience of an increase in stiffness in order to reduce de­

formations; it is ignored if this study was made. A new measu­

rernent of the periods of vibration with the same instrument 
gave values very similar to the ones obtained in 1973, see fig 
7 and table 1, from which it was confirmed that there was not 

structural damage. It can be observed in table 1 that measured 
periods were fairly similar to those computed, showing small 

collaboration of non-structural elements to the stiffness, for 

small displacements. 

Dueto differential movements of the station the buildings were 

our of plumb. In 1979, the building that collapsed hadan in­
clination of 20cm to the South and 3cm to the West, values 

which were near the tolerance specified in the Code for buil­
dings of this height in the North-South direction; it was esti­

mated that the inclination reduced the capacity of the building 

to resist earthquake forces on the order of 10%, and it was 
recommended to correct the problern. 

PRELIMINARY STUDIES OF THE COLLAPSE - -- -----

A check on the strength of the buildings after the collapse 
revealed that they satisfied the Cede, although the eccentri­

city caused by the braced frame of the longitudinal direction 
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was on the order of 20% of the dimension of the plan of the 

buildings in the transverse direction, because the stiffness of 

that frame was nearly three times larger than that of the oara­

llel unbraced frames. Accidental eccentricity specified by the 

1966 Code was modified by a factor of two in the 1976 Code, in 

an effort to improve the consideration of torsional effects. 

The emergenpy rules after the 1985 earthouake limit the maximuni. 

static computad eccentricity to 20% of the plan dimension 

perpendicular to the direction of analysis. 

It is considered that the collapse of the buildings was caused 

by a sUIProation of different effects; probably the main cause 

was resonance, as the dominant period of the soft soil rnotion 

is on the arder of 2 seconds, very clase to the periods rneasured 

in 1973 and 1979 as shown in figures 6 and 7. Figure 8 

shows the response spectrum obtained from the record of SCT for 

5% damping, where the large amplification for structures whose 

periods are near two seconds can be clearly eeen with maximum 

values on the order of lg. If it is taken into account that 5% 

damping is a value relatively large for welded. steel structures, 

the maY.i~tlrn amplification increases even more¡ therefore, 

there is no doubt that the forces induced by the earth~ua 

ke on the building were much larger than those used to design 

it. It should also be taken into account the probability of 

larger accelerations in the Pino Suarez area, as the destruction 

and number of collapses in its vicinity were larger than around 

SCT. Another possible causes are overloads in severa! floors, 

out of plumb effects, possible defects in the structure or 

hidden damage dueto previous earthquakes. Interaction with 

the station and the surrounding soil might have also contributed 

to the collapse. 

Severa! observations can be rnade in the two similar builél.ings 

that did not collapse, but wcre very seriously damaged, figs9, 

10. The first one is that almost all of the colurnns of the 



braced frame in th.e longitudinal dírection had buckling problems 

see figs 11 and 12. This might have happened f.>eoauee that frarne 

attracted nearly 60% of the east-west forces of th.e earthquake 

(this was the strongest component in the SCT record). 

Outriggering action (ref 2l of the braced óays in the transverse 

direction may have increased the stiffness of the lon9itudinal 

braced frame, developing very h.igh axial forces in the columna 

dueto overturning effects. It can be seen in fi~ure 11 that 
buckling of the columns occurred at different levels, this will 

have to be studied in future investigations of. this buildings. 
Very high stresses developed in the diagonal bracings, with lo­
cal buckling in sorne instances. 

Diagonal rnembers of the webs of the bearns haa also buckling 
problems, reducing the ductility of the frarnes. Fmergency re­

gulations reduce the global ductility that can be used in the 

case of open web beams to a rnaxirnurn of 3, unless special preca~ 
tions to avoid buckling are taken, in which case a value of 4 

can be usefl. 

In the longitudinal frame of the unbraced facade, it was found 

sorne interaction between the bearns and the "non-structural" 
walls. ·rhe [shaped walls occupied the central part of the soan 
and werc independent of the bearns, but dueto the very large 

displacements that occurred, oue to torsional effects and forces 
larger than those used for desi~n, sorne contact, that reduced 

the span of the beam and producec. buckling of the web c.iagonals 

in the zone of the extremes of the wall ocurred, producing also 

torsion of the two webbed beams with separation of it frorn the 

slab, fig 13. 

CONCLUSIONS 

Several conclusions can be obtained fro~ this prelirninary ana­
lysis, as follows: 

59 
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l. It is very difficult to obtain reliable seismic design 

coefficients, because the infomat1on to predict the stro~ 
gest earthquake that might occur is scaroe, and even wh.en 

there is some information about past strong earthquakes, 

their impact on modern structures is difficult to assess; 
strong earthguakes than have occurred in Mexico city in 

the past have shaken very different "cities", with other 

types of structures th.at have other dynamic properties and 

therefore were not affected in the same way, as modern 

buildings. Dueto this reason, satisfaction of the Code 
is not enough, as design accelerations may be exoeeded, 

and thestructures should develop very large ductilities to 
survive. 

2. A building that has periods of vibration clase to th.e dom! 

nant periods of vibration of the soil on which it is cons­

tructed, will respond in a violent way to relatively small 
earthquakes, producing at least damage to "non-structural" 

elements. I consider that the building 1s "sending messa­

ges for help" that should be clearly understood, and some­
thing has to be done to modify their dynamic ch.aracteris­

tics. Stiffening of the structure, elimination of unnece­

ssary weights or addition of externa! dampers might be ne­
cessary. 

3. Torsional effects dueto static eccentricities in plan are 
not well taken into account assuming elastic behavior of 

the structure; additional studies have to be made in order 
to take into account, in a practica! way, the inelastic 

behavior which may lead to drastic changes in the position 

of the shear center. By the mornent, th.e best recornmenda­

tion is to try to avoid static eccentricities, using symm~ 

trie layouts, especially in tall buildings. 

4. Out of plumb should be avoided in tall buildings, because 

they may reduce the strenght to resist lateral forces, due 

to asymmetric histeresis loops. 



5. Open web beams should be carefully designed to avoid local 

buckling of the diagonal elements, that may reduce ductili­

ty. 
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MEASURED PERIODS*, SECONDS 
(1979) 

Transverse direction Longitudinal direction 
BUILDING 

Tl T2 T3 Tl T2 

A l. 48 0.45 - l. 32 0.50 
(1. 46) (0.44) (1. 27) (0.42) 

B 2.0 0.60-0.63 - l. 9 0.59 
(2.28-2.35) (0~65) (0.27) (1.94) (O. 5 9) 

e 2.38-2.50 0.65-0.68 1.95-2.07 0.64 
(2.45-2.47) (0.66-0.68) (0.30) ( 2. O ) (0.67) 

D 2.30 0.62 0.35 l. 93 O.SS 
(2. 37) (0.62.:.0.64) - (1. 88) (0.57-0.60) 

1.39-1.45 0.40-0.42 - l. 32 0.40 E 
(1.40) (Ú.45) (1.33) (0.42) 

* Values indicated in parenthesis are those rneasured in 1973 
Cornputed values, far the first rnode are: 
Buildings A and E, T transv.= 1.465 sec, 
Buildings B, C, D, T transv.= 2.393 sec, 

T long.= l. 4 5 2 
T long.= 2.026 

sec. 
sec. 

T3 

-
-

-
-

0.33 
(0.35) 

0.32 
-
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INTERACCION SUELO ESTRUCTURA DE CIMENTACIONES PROFUNDAS EN EDIFICIOS ALTOS 

SOIL-STRUCTURE INTERACTION DF DEEP FOUNDATIONS IN TALL BUILDINGS 

L., Zeevaert 
Profesor Emérito. División de Estudios de Posgrado, Facultad de Ingenierfa, 
Universidad Nacional Autónoma de México. Cartagena, Colombia, Agosto 18, 1987. 

SINOPSIS 

En regiones sfsmicas y sujetas a hundimiento regional 
de la superficie del suelo, se presenta la necesidad 
de soportar el peso de las construcciones sobre pilo­
tes o pilas, apoyados en estratos profundos. Para 
justificar la acción de estos elementos que trabajan 
a la flexocompresión, es necesario llevar a cabo 

cálculos de interacción suelo-pilote como los que se 
indican en esta disertación. Sin embargo, la sismo-dj_ 
námica de cimentaciones se encuentra aún en embrión 
por lo que hay necesidad de ejercer mayor apoyo en el 
futuro a la investigación básica, asf también en el 
campo por medio de la instrumentación y obtención de 
muestras inalteradas y finalmente perfeccionar en el 
laboratorio el equipo y la técnica de los ensayos con 
que se cuenta en la actualidad. 

I INTRODUCCION 

El autor ha tenido la oportunidad de observar en va­
rias cimentaciones piloteadas el dafto motivado por 
las fuerzas sfsmicas en estos elementos. La fotogra­
ffa (1) muestra el desplazamiento de la junta en un 
pilote, debido al refuerzo defectuoso en ésta. La fo 
tograffa (2) muestra un pilote de concreto reforzado, 
el cual falló debido a altos esfuerzos de cortante y 
flexión. La fotograffa (3) muestra un pilote reforza 
do solamente al centro de la sección, que fué daftado 
por altos esfuerzos cfclicos de flexión en la cabeza 
del pilote los cuales originan la rotura que se mues~ 
traen ambos lados de la sección del pilote. Final­
mente, en la fotograffa (4) se muestra un pilote, cu­
ya parte superior falló al extremo de que el concreto 
podfa retirarse de ese lugar a mano sin dificultaa. 

SYNOPSIS 

In seismic regions subjected to ground surface sub­
sidence there is the necessity to support the weight 
of constructions on piles or piers bearing on deep 
firm strata. To justify the action of these elements 
working under flexo-compression, it is necessary to 
perform calculations of soil-pile interaction as 
those indicated in this paper. Nevertheless, the 
seismo-dynamic of the foundations may be found in a 
early stage, therefore, the need to give more support 
in the future to the basic investigation, also in the 
field by means of instrumentation, the obtention on 
undisturbed samples, and finally to improve the 
testing methods used today. 

I NTRODUCTION 

The author has had the opportunity to observe in sev­
eral pile foundations the damage motivated in this 
elements because of the seismic forces. The photo­
graph 1 shows the sliding of a pile joint, because of 
defective reinforcement at this section. Photograph 
2 shows tension and diagonal tension cracks in a rein­
forced concrete pile, that failed because high flexion 
and shear stresses. Photograph 3 shows a pile 
reinforced at the center of its section damaged because 
of high flexional cyclic stresses induced by moment 
at the head of the pile, which created the failure of 
the concrete at both sides of the pile section. 
Finally, photograph 4 shows a pile that failed in its 
upper part to the extention that one could withdraw tr,e 
concrete by hand without difficulty. 
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El llll!!todo de construcción de pilotes o pilas coladas 
en el lugar puede cambiar en cierto grado los par4me­
tros de diseño. La experiencia de parte del contra­
tista en la construcción de estos elementos es neces! 
ria para prever desde un punto de vista estratigr4fi­
co, hidrlulico y de las propiedades del suelo la for­
ma mis económica, segura y expédita del método de 
construcción que permita conservar las propiedades ffl! 

c4nicas del suelo utilizadas en el diseño de estos 
elementos, y en algunas ocasiones inclusive, tratar 
de mejorar para obtener su mejor comportamiento. El 
profesor Lymon C. Reese en su trabajo titulado "Cons­
trucción de Cimientos Profundos Colados en Sitio"(l), 

ha discutido ampliamente varios procedimientos conve­
nientes que pueden usarse en diferentes condiciones 
estratifrlficas, algunos de ellos pueden aplicarse 
al problema de pilas o pilotes de gran dilmetro que 
atraviesan sedimentos blandos bajo el nivel del agua 
superficia 1. 

En Rusia se han utilizado fundas de bentonita para dis 

minuir la fricción lateral de fricción neoativa en la 
construcción de grandes pilas(Z)_ La iny;cción de ce­

mento a alta presión ha sido utilizada con éxito en 
Argentina para mejorar la capacidad de carga en la ba­
se de oilas orofundas(Z) En otros pafses, como en 
Colombia, las pilas o pilotes colados en el lugar se 
ejecutan satisfactoriamente por la combinación de 
equipo meclnico y excavación a ~~no cuando el proble­
ma del agua no es muy crftico. Cuando el estrato so­
oortante es arena fina bajo el nivel del agua, puede 
presentarse el fenómeno de licuación, este problema 
podr! resolverse bombeando de pozos profundos para 
crear un flujo descendente del agua bajo la base de 
la pila. En el caso de usar el método de desplaza­
miento bentonftico para la construcción de pilas bajo 
el agua, serfa necesario inyectar a presión morteros 
de cemento para asegurar buen contacto entre la base 
de la pila y el estrato soportante(Z) ,(3). 

El ingeniero de cimentaciones debe de prever el método 
de construcción y modificar convenientemente los parl­
metros del suelo para efectuar el diseño de las pilas 
o pilotes. Los parámetros deben considerarse a largo 
plazo después de que la cimentación ha sido construfda 
y de acuerdo con las condiciones ambientales. Por 
ejemplo, en caso de fricción negativa en pilas profun­
das, la reducción de los niveles piezométricos del 
agua con el tiempo aimientan considerablemente esta 
fuerza. Este fenómeno no puede omitirse en el diseño 
de estos elementos de cimentación profunda. Asf pues, 
las fuerzas ambientales no pueden estimarse de reglas 

The method of construction of piles or piers cast in 
place may change to certain degree the design 
parameters. Tne experience of the contractor in the 
construction of these elements is necessary to foresee, 
from a stratigraphical point of view, hydraulic and 
soil properties, the most economical, safe and speedy 
method of construction preserving the mechanical 
prooerties of the subsoil used in the design of these 
elements, and in ocasions trying to improve them to 
obtain a better behavior. Professor Lymon C. Reese in 
his paper "Construction of Drilled Shafts"(l) discusses 
with length the various convenient procedures to use 
in different stratigraphical conditions, sorne of them 
may be applied to the problem of piers or piles of 
large diameter going through soft sediments under the 
surface water table. 

In Rusia bentonite has been used applied at the pile 
shaft to reduce the lateral friction or neoative 
friction on the shaft of heavy piers(Z)_ ~he injec­

tion of cement at high pressure has been used with 
success in Argentina to improve the base bearing capaci 
ty of very deep piers(Z)_ In other places, like in -

Colombia, the piles and piers cast in place are con­
structed very satisfactorily with the combination of 
mechanical equipment and hand excavation when the water 
problem is not very critical. When the supporting 
stratum is fine sand under the water table the 
phenomenon of liquefaction may be present. Thisproblem 
may be solved by means of deep wells pumping water to 
create a dawnward water flow under the base of the pie~ 
In case the method of bentonitic displacement is used 
for the construction of piers underwater, it is neces­
sary to inject under pressure cement mortars to assure 
a good contact between the base of .the pier and the 
bearing stratum(Z),(3)_ 

The foundation engineer has to foresee the construction 
method and modify conveniently the soil parameters to 
achieve the design of the piers or piles. lhe 
parameters used should be considered to be those on a 
ldng term basis after the foundation has been con­
structed in accordance with the enviro1111ental con­
ditions. In case of negative friction of deep seated 
piles or piers, the reduction of the water piezometric 
levels with time increases this force considerably. 
This action can not be omnited in the design of these 
elements in deep foundations. Therefore, the environ­
mental forces can not be esti~~ted by means of 
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prácticas obtenidas de la estadística de otros lugares. 

La acci6n de estas fuerzas en cimentaciones profundas 
dependen en gran parte de las condiciones estratigrSfi 
case hidráulicas locales del sitio en cuesti6n y de 
las propiedades geotécnicas de los sedimentos del sue­
lo a través de la profundidad. El método para la coni 
trucci6n de cada uno de estos elementos cuando son co­
lados en sitio juega un papel muy importante en el com 
portamiento futuro de la cimentaci6n. Más aún, un edi 
ficio queda soportado generalmente sobre varias pilas 
o pilotes cuyas cabezas quedan sujetas en alguna fonna 
con la éstructura de cimentaci6n. Cuando se presentan 
fuerzas de arrastre lateral como las que aquí se dis­
cuten, siemore deben unirse estos elementos para que 
la cimentaci6n trabaje como una unidad. 

La cimentaci6n con pilas es un método milenario de Ci 

mentaci6n usado en todo el mundo y ha demostrado ser 
bueno cuando se aplica correctamente. En la actuali­
dad la mecánica de suelos proporciona una poderosa~ 
rramienta para la interpretaci6n, del comportamiento 
y construcci6n de estos elementos. Por tanto, los i!!_ 
genieros están tratando de entender cada vez mejor el 
comoortamiento de las cimentaciones con pilas y los 
métodos de construcci6n mSs seguros y económicos en 

diferentes condiciones del subsuelo. Los métodos 
de construcci6n se están desarrollando rápidamente 
en todo el mundo, asf también los medios para verifi­
car la teorfa con las observaciones, dejando siempre 
un amplio margen al ingeniero estudioso para futuras 
investigaciones e interpretaciones del comportamien­
to de las cimentaciones donde se usan pilas o pilotes. 

Una pila es una columna de concreto annado o de acero 
generalmente de diámetro importante si se compara con 
un pilote hincado de diámetro pequeño. 
perfmetro y la rigidez que proporciona 
transversal y el m6dulo de elasticidad 

Por tanto, el 
la secci6n 
del material 

usado, son factores importantes en la magnitud de las 
fuerzas de arrastre originadas en estas cimentaciones. 

Los elementos mecánicos a los cuales queda sujeta una 
pila se muestran en la Fig. l. En la cabeza queda 
aplicada una fuerza axial Q

0 
que representa el pesode 

la estructura o edificio incluyendo cualquier incremeE_ 
to ocasionado por momentos de volteo producidos ya sea 
por viento o fuerzas sfsmicas en la superestructura. 
La fuerza cortante V y el momento M representan las o o 
fuerzas que accionen en la cabeza de la pila que en 
conjunto con Q

0 
mantienen a 

cimentaci6n en equilibrio. 

la estructura de la 

Las fuerzas Qb' Vb y 

oractical rules obtained from statistics of other 
locations. Tne action of these forces in deep foun­
dations is an important function of the stratigraphical 
and hydraulic conditions locally found at the site in 
question, and also of the geotechnical properties of 
the soil sediments with depth. The construction method 
for each case of these elements when they are cast in 
place plays a very important role in the future 
behavior of the foundations. Furthermore, a building 
will be supported generally on several piers or piles 
where the heads of these ele~nts r.~y be connected in 
certain way with the structure of the foundation. 
When horizontal seismic drift forces are presentas 
the ones discussed here, these elements should be tied 
together to achieve a unit action of the foundation 
structure. 

The foundation method with piers is a milenary method 
of foundation used throughout the world that has demoE_ 
strated to be a good method when it is applied proper­
ly. Today soil mechanics gives a powerful tool for 
the interpretation of the behavior and construction of 
these elements. Therefore, the engineers are trying 
to understand better the behavior of these foundations, 
and by the same token, the most safe and economical 
construction for different subsoil conditions. The 
methods of construction are developing very fast around 
the world, also the meaos to verify the theory with 
observations. However, there is always and ample 
margin for the studious engineer in future investi­
gations and interpretations of the behavior of pile or 
piers foundations. 

A pier is a column of reinforced concrete or steel 
generally of an important diameter if it 'is compared 
with driven piles of small diameter. Therefore, the 
perimeter and the rigidity given by the cross section 
of the pier and the modulus of elasticity used, are 
important factors in the w~gnitude of the drifting 
forces originated in these foundations. 

The mechanical elements to which the pier is subjected 
are shown in Fig. l. At the head an axial force Q

0 
is applied representing the weight of the structure of 
the building including any increment created by an 

overturning moment produced, either by wind or seismic 
forces in the suoer-structure. The shear force V and • . o 
the moment M

0 
are representing the forces acting at 

the head of the pile that in conjuction with Q maintain 
o 

the foundation structure in equilibrium. The forces 
Qb, Vb and the moment t\, at the base of the pier 
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rromento Mb en la base de la pila son representativas 
de las condiciones de apoyo de la pila sujeta a las 
fuerzas de arrastre y cargas del edificio. Su valor 
es función de los siguientes factores: el número de 
pilas, del peso y geometría de la superestructura, r.!_ 
gidez de la cimentación, de la fonna en que la pila 
se fije a la estructura de cimentación, de la sección 
transversal de la pila, de la profundidad al suelo 
finne, y finalmente, de las propiedades geotécnicas 
del suelo alrededor del v~stago de la pila. 
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reoresent the support conditions of the pier sub­
jected to the driftting torces and building loads. 
Their value is a function of the following factors: 
the number of piers, the weight and geometry of the 
foundations structure, the rigidity of the foundation, 
of the form the pier is fixed to the foundation 
structure, the rigidity of the foundation structure, 
of the cross section of the pier, of the depth of the 
firm soil and finally of the geotecnical subsoil 
properties around the shaft of the pier. 

SUPl ... lCIC DCL SUELO 
GROUIC) SURl-&C[ 

\ 
\ 

\ 

FIG I• FUERZAS SOBRE UNA PILA. 
FORCES 0N A PER 

Las fuerzas de arrastre debidas a la fricción negativa 
y rrovimientos sfsmicos fuertes deber4n analizarse sep!_ 
radamente para investigar sus efectos máximos sobre el 
vástago de la pila y el apoyo sobre el suelo finne. 
Debe reconocerse, sin embargo, que la capacidad de ca_r: 
ga de una pila cuando estas fuerzas ambienta les se pre­
sentan deoende de la resistencia al esfuerzo cortante 
y de la defonnabilidad del suelo bajo la base dela pi­
la, esto es, de las µropiedades mec§nicas, est§ticas y 
dinámicas, del suelo y de su preservaci6n durante la 
construcci6n. 

En ambientes sfsmicos y con hundimiento regional donde 
se encuentran suelos superficiales de baja resistencia 
y alta compresibilidad se hace necesario cimentar usa.!!_ 
do pilotes o pilas. Generalmente, las pilas se dise­
ñan a manera de columnas para tomar grandes cargas, 
por tanto.,su apoyo deber§ efectuarse en estratos resi!_ 
tentes de muy baja compresibilidad. Los pilotes de 

The drifting forces because of negative friction and 

seismic strong motions should be analyzed separately 
to investigate their maximum effects on the shaft of 
the pile and its support on the firm soil. We have to 
recognize, however, that the load capacity of a pier 
when these environmental forces are present is a 
function of the shear strength and the defonnability 
of the soil under the base of the pier, that is to say, 
of the mechanical properties of the soil and of their 
preservation during construction. 

In seismic environments with regional ground surface 
subsidence and where the upper subsoil is of low 
strengthand high compressibility, it is necessary to 
use foundations supported on piers or piles. Generally 

the piers are ~esigned as colU11Jns to take large loads, 
therefore their base bearing should be made on strata 
of high strength and very low comµressibility. The 



gran diámetro siendo m!s rfgidos Que el subsuelo Que 
atraviesan, oponen resistencia al desplazamiento horj_ 
zontal de la masa del suelo, haci~ndolos trabajar a 
la flexocompresHln y fuerza cortante, adkionada 'de 
la fuerza de arrastre vertical generada por la fric­
ci6n negativa, y el peso del edificio. Finalmente, 
la respuesta sfsmica de la cimentaci6n depende también 
en forma importante del momento de volteo sfsmico el 
cual puede aumentar en forma considerable la carga 
axial sobre los elementos extremos de la cimentaci6n. 

II FRICCION NEGATIVA 

Los pilotes o pilas son usadas para soportar cargas P!_ 

sadas sobre suelos firmes a trav~s de sedimentos sua­
ves del subsuelo. Las fuerzas de arrastre son aqué­
llas relacionadas con las condiciones ambientales del 
lugar en cuesti6n. La acci6n puede analizarse por S.!_ 

parado para cada condici6n ambiental, y después estu­
diar la acci6n de los diferentes fen6menos para encon 
trar la respuesta m!xima. 

El procedimiento de construcci6n es importante para 
asignar los parámetros de resistencia al esfuerzo CO_! 

tantea lo largo del vástago de la pila, cohesi6n y 
ángulo de fricci6n interna. Cuando se coloca concre­
to en una perforaci6n no ademada la resistencia al e.!_ 

fuerzo cortante aumenta en la interfase del vástago 
de la pila con el suelo por la inclusi6n de lechada de 
cemento en el suelo circundante. Cuando se origina el 
movimiento relativo entre pila y suelo debido a la 
consolidaci6n de los sedimentos alrededor del vástago 
de la pila, la superficie potencial de deslizamiento 
puede quedar localizada a cierta distancia del vástago 
de la pila hasta una superficie vertical no afectada 
por la lechada de cemento del concreto utilizado. Es­
ta distancia de la pila depende de la permeabilidad 
del suelo alrededor de la pila. Por otro lado en el 
caso de pilotes hincados desde la superficie del suelo, 
el vástago Queda rodeado de un anillo de suelo amasado 
por el desplazamiento del suelo al hincar el pilote(4) 

Cuando los estratos del subsuelo se encuentran en es­
tado de consolidaci6n $Obre el suelo firme donde se 
apoyan los pilotes. se desarrolla la fricci6n negativa 
debido al movimiento relativo entre suelo y pilotes, 
Fig. 2. Esta fuerza friccionante es funci6n de los P.! 
rámetros de esfuerzo cortante a largo plazo represen­
tativos de los sedimentos a diferentes profundidades y 
de los esfuerzos horizontales Que actúan sobre el vás­
tago de la pila<4>. Sin embargo, el esfuerzo 
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large diameter piles or piers being more rigid that 
the subsoil, they appcsed resistence to the horizontal 
displacements of the soil mass. Therefore these ele­
ments are forced to work under flexo-compression and 
shear. added by the vertical drift force created by 
negative friction and the building load. Finally, the 
seismic response of the foundation is an important 
function of the overturning moment that increases very 
considerably the axial load on these elements at the 
edges of the foundation. 

II NEGATIVE FRICTION 

Piles or piers are used to suppol't heavy loads bearing 
on finn ground, through soft soil sediments. The 
drift forces are those related with the environraental 
conditions at the site in question. The action can be 
analyzed separately for each environmental conditions, 
and to study separately the action of the different 
phenomena to find the maximum response. 

The construction methods are important to assign the 

shear strength parameters along the pier shaft; co­
hesion and angle of internal friction. When concrete 
is placed in an unprotected shaft excavation, the shear 
strength increases at the interphase of the pier shaft 
and soil because of the inclusion of cement slurry in 
the surrounding soil. When the relative movement 
between pile and soil takes place because of the 

consolidation of the sediments around the pile shaft, 
the potential surface of sliding may be localized at 
certain distance from the pile shaft to a vertical 
surface not affected by the cement of the concrete 
used. This distance from the pile ts related with the 
permeability of the soil around the pier. On the 
other hand, in case of piles driven from the ground 
surface, the shaft of the pile is surrounded by a ring 
of impervious remolded soil, this is originated during 
pile driving because of the soil displacer.ient. 

When ti!€ soft soil strata above the firm ground where 
the piles are bearing is encountered in a ..sta.te of 
consolidation, then negative friction is created 
because of the relative movement between piles and 

soil, Fig. 2. The friction force is a function of the 
shear strength parameters based on a long term basis, 
representative of the sediments with depth, and of the 
horizontal stresses acting on the pile shaft(4). 
Nevertheless, the horizontal stresses may take 
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horizontal inmediatamente después de la construcción 

puede tomar valores imprevisibles que p~eden ser en 
parte función del procedimiento de construcción. Sin 
embargo, a largo plazo y debido al relajamiento de 
las deformaciones horizontales durante el movimiento 
relativo entré· suelo y pilotes, se puede estimar con 
seguridad el esfuerzo horizontal cerca del vástago en 
función del esfuerzo vertical, según la siguiente 

ecuación 

unforseen values inmediately after construction re­
lated with the method of construction. However, on a 
long time because of consolidation and relaxation of 
the horizontal strains during the relative movement 
between soil and pile, we can estimate safely the 
horizontal stresses clase to the pile shaft as a 
function of the vertical stresses, according to the 
equation 

(1) 

llamando ca 11 ing 

1 + sen2~r 
(2) 

1 - sen2~r 

el esfuerzo horizontal que se ejerce sobre el vástago 

de la pila es 

AACIU.AJ 1 

1 -o 
Ñ~ z r 

CLA'Y 

a __ ¡ NF,. l--
1 

the horizontal stress acting on the pile shaft is 

"SUf't:IIFICIE DEL SlLLD. 
GROUND SUll'Aa: 

Co .... 

(3) 
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11 AFTER tEGATIV'E 
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FIG- 2r FRICOON NEGATN'i SOBRE UNA PILA. 
NEGATIVE FRICTION 0N A PIER. 

Donde o es el esfuerzo vertical efectivo que actua en . z 
un plano hGrizontal cerca del vástago de la pila a una 
profundidad z, durante la acción del fenómeno de la 

fricción negativa. 

La integración de la resistencia al esfuerzo cortante 
totallll!!nte movilizada a lo largo de la superficie po­

tencial de deslizamiento darl la medida total de la 

In which ºz is the effective vertical stress acting on 
a horizontal plane clase to the pile shaft at a depth 
z, during the action of the negative friction pheno­

menon. 

The integration of the totally movilized shear strength 
along the potential surface of sliding gives the total 
111easure of the negative friction transfered to the base 



fricci6n negativa transmitida a la base del pilote o 

pila. 

en donde 

w perfmetro de la superficie potencial de 
deslizamiento. 

ci. 4i parámetros medios de resistencia al esfuerzo 
cortante del suelo. representativos del es­
trato de espesor /;Z.., a la profundidad media 

1 

zi. 

esfuerzo efectivo vertical residual cercano 
al vástago de la pila, obtenido por la tran~ 
ferencia del esfuerzo inicial ºoi sobre la 
pila. Fig. 2. 

La fuerza total (NF)d de arrastre vertical o fricci6n 
negativa sobre el vástago de la pila a la profundidad 
d está dada por la ecuaci6n (4). la que representa la 

transferencia de esfuerzos de la masa del suelo al 
vástago de la pila durante el hundimiento del suelo 
circundante(4 ). 

Supongamos Fig. 2, un elemento de pila cortado por dos 
planos horizontales a las profundidades (i-1) e i, re~ 
pectivamente. Debido a la transferencia del peso del 
suelo al vástago de la pila, el esfuerzo vertical efe.f_ 
tivo inicial o. 1 sobre el plano (i-1) se reduce a 

01-

(oi-1) y en el plano horizontal i se reduce de ºoi a 
o .• respectivamente. Por consiguiente, la resistencia 

1 
r:iedia última por unidad de longitud es 

o bien 

donde 

of the pile or pier. 

n tan e; 
I: (c + o. ___ r). /;2

1
. 

1 1 Ñ~r 1 
(4) 

in which 

w perimeter of the potential surface of sliding. 

ci, ♦1 parameters of shear strength representative 

of the soil for the strat1,J11 of thickness t.zi. 
at middle depth zi. 

residual vertical effective stress close to 
the pile shaft, obtained because of the 
transfer of the initial vertical stress o . 

01 
on the pier, Fig. 2. 

The vertical drift force or negative friction (NF)d 
on the pile shaft at depth d is given by equation (4) 

representing the transfer of the subsoil vertical 
stresses on the pile shaft during the ground surface 
subsidence. 

Ass1111e Fig. 2, a pier element cut by two horizontal 
planes at depths (i-1) and i, respectively. Dueto 
the transfer on the soil weight to the pile shaft, the 
vertical initial effective stress o. 1 on plane (i-1) 

01-
is reduced to (o. 1), and in the horizontal plane 1 is 

1-
reduced from o. to a., respectively. Therefore, the 

01 1 
average ultimate shear strength per unit of length is 

(5) 

or 

(6) 

in which 

m. = 
1 

wi tan ♦; 

2 "ij$i 
(7) 

El equilibrio de un se!JIIE!nto de pila en términos de la 
fricción negativa y resistencia al esfuerzo cortante 
del suelo cercano al vástago de la pila, Fig. 3. se 
lee como sigue: 

The equilibrium of a pier se!,11lent in tenns of negative 
friction and the shear strength of the soil close to 
the pier shaft, Fig. 3, may be written as follows: 

19 

1 

1 
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(8) 

Asf también la transferencia total del esfuerzo vertj_ 
cal (o. 1 - o. 1) a la profundidad z = (i-1) es pro-

In the same way, the vertical stress transfer 

01- 1-
porcional a la carga de fricci6n negativa sobre la pj_ 
la (NF). 1. Llamando a. el área tributaria equivalen 

1- 1 -
te cerca del vástago de la pila donde se efectua la 
transferencia del esfuerzo podemos escribir(4) 

y en fonna semejante para la profundidad z e 

combinando las ecuaciones 6, 8 y 9 se obtiene el es­
fuerzo vertical residual debido a la transferencia de 

carga 

donde los coeficientes son 

Ai = 

B; = 

ªi 

ªi 

(e 
1
- 1 - o. 1) at depth z = (i-1) is proportional to 

O - 1-
the negative friction load on the oier (NF). 1. 

1-

Calling ªi the equivalent tributary area close to the 
pile shaft where the transfer of stresses takes place, 
we write 

(9) 

in similar fonn, for depth z = 

(10} 

canbining equations 6, 8 and 9, we obtain the residual 
vertical stress because of the load transfer 

(11) 

in which the coefficients are 

ªi 

+ mitizi 

mitizi 

+ mitizi 



Ci = 

Di = 

Los coeficientes A., B., C~ y D. representan los valo 
l 1 l 1 -

res medios del estrato del suelo de espesor t>Z; pue-
den calcularse de las propiedades mecánicas del suelo. 
Las condiciones de frontera en la cabeza de la pila 

son oeneralmente o. 1 = O y {NF). 1 = O. Por lo tan-
- 1- 1-

to la transferencia de esfuerzos en la base del pri-
mer estrato puede calcularse por medio de la {11), ei 
to es {e. - o.). Con este valor se obtiene la fuer-

01 • l 
za de fricción negativa al mismo nivel i, según la 
ecuación (10), tenemos 

Los nuevos valores de ºi y {NF)i se usan en la ecua­
ción {11) para obtener ºi+l y en la ecuación-(13) para 

el valor de (NF)i+l" La integración se hace paso a 
paso hasta alcanzar la longitud total de la pila ex­
puesta a las fuerzas verticales de arrastre, obtenii~ 
dose asf la fricción negativa total (NF)d a la profu~ 
didad requerida d. La reducción del esfuerzo de con­
finamiento vertical a la elevaci6n de la base de la 
pila se estima de la transferencia de esfuerzos 

(o
0
d - od) y se revisa la capacidad de carga estática. 

La distribuci6n de esfuerzos bajo la base de la pila 
debido a la carga axial en conjunto con la fricción 
negativa puede utilizarse para estimar los desplaza­
mientos verticales estáticos de la pila. Sin embargo 
se hace notar que cuando las pilas o pilotes se encue~ 
tran muy separados y las áreas tributarias equivalen­
tes no se interfieren, la reducción del esfuerzo ver­
tical medio de confinamiento sobre el estrato finne 
de apoyo deberá investigarse para fines de capacidad 
de carga, como se indica en Ref. (4),capftulo VIII p. 
361, sección 3.2. 

III COHPORTAI-IIENTO SISMICO DEL SUBSUELO 

La valorizaci6n de la respuesta sfsmica de la cimenta­
ci6n se efectua por un análisis cuantitativo del com­
portamiento sfsmico del subsuelo. Para lograr loan­
terior será necesario conocer las propiedades estrati­
gráficas, hidráulicas y dinámicas del subsuelo. Consi 
deremos oue las caracteristicas estratigráficas del 

----
ª; 

ªi 

+ m.t.z. 
l l 

(12) 
-
Uli . Ci 

+ mit.zi 

The coefficient Ai, 81, Ci and Di are average values 
representative of every soil stratum of thickness t.zi 
and may be computed with the soil mechanical proper­
ties. The boundary conditions at the head of the 

pile are generally ºi-l = O and {NF)i-I = O. Therefore. 
the transfer of stresses at the base of the first 
strat1111 may be computed by means of (11), that is 
(a. - o.). With this value one obtains the neoative 

01 1 • 
friction forces at same level i according to 
equation (10), we have 

{13) 

The new values of o. and (NF). are used in equation 
l l 

{11) to obtain ºi+l ar.din equation (13) for the value 
{NF)i+I· The integration is perfonned step by step to 
the length of the pier exposed to the vertical drift 
forces, obtaining with this method the total negative 

friction (NF)d at depth d. The reduction of the vertj_ 
cal confining stress at the elevation of the base of 
the pier may be estimated from the transfer of stresses 

{o0d - od)' and the static bearing capacity is revised. 

The stress dist~ibution under the base of the pier 
because of the axial load added by the negative friction 
rnay be used to estímate the static vertical dis­
placement of the pier. Nevertheless, on~ should notice 
that when the piers or piles are widely separated, and 
the equivalent tributary areas do not interfere to 
each other the reduction of the vertical average stress 
of confinement on the finn strat1J11 where they are 
bearing should be investigated for bearing capacity 
purposes as indicated in reference (4), Chapter VIII, 
page 361, section 3.2. 

111 SEISMIC BEHAVIOR OF THE SUBSOIL 

The seismic resoonse of the foundation is achieved by 
means of a quantitative analysis of the seismic be­
havior of the subsoil. In arder to proceede with this 
analysis it is necessary to know the stratigraphical, 
hidraulic and dynamic properties of the subsoil. Let 
us consider that the stratigraphical conditions of the 

81 
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subsuelo son COIIIO se muestra en la Fig. 3. Para el 
anflisis dinlmico es indispensable conocer la risidez 
dinlmica del sueloµ, representativa de cada uno de 
los estratos que lo forman. Este parimetro dinimico 
del suelo ~uede determinarse ¡>or medio del "Pindulo 
de Torsi6n Libre• diseñado por el autcr para este 
objeto,(S) Foto S. 

La definici6n de m6dulo din&mico de rigidez del suelo 
es 

subsoil are like those shown in Fig. 3. For the 
dynamic analysisit is necessarytolearn on thedynamic 
soil rigidity µ, representative of each one of the 
strata forming the subsoil. This dynamic parameter 
of the soil may be determined by means of the "Free 
Torsion Pendulum• designed by the author for this 
purpose,(8} Photo S. 

The definition of the dynamic soil rigidity is 

µ • T/y (14) 

en donde Tes el esfuerzo cortante y y la distorsi6n in which T is the shear stress and y the angular dis-
angular inducida en el suelo por las ondas sfsmicas 
equivolinétricas o de cortante que viajan del suelo 
firme hacia la suoerficie. Las ondas sfsmicas tienen 
diferentes velocidades vs según los valores deµ para 
cada estrato. La velocidad de la onda estf dada por 
vsi • ~µ1Jo1, donde pi es la masa unitaria. Asf pues, 
el tiempo que toma la onda para recorrer el estrato i 
de espesor di es d1/vsi' y para recorrer todos los e_! 
tratos del suelo suave tomarl un Mempo igual a 1/4 

del perfodo fundamental del dep6sito del suelo, esto 

es: 

n d. 

tortion induced in the soil by the seismic equivo­
l1111etric or shear waves that travel from the firm soil 
to the surface. The seismic waves have different 
velocities vs according to th~ values of µ for each 
stratm. The wave velocity is giving by v . =~~. 

S 1 1 1 
in which pi is the unit mass. Hence, the time takfng 
by the wave to travel the stratum i of thickness d. 

1 
is di/vsi' and to travel all the soft soil strata will 
take a time equal to 1/4 of the fundamental period of 
the soil deposit that is 

Ts•4!--1
-

l vsi 
(15) 

El valor de T reoresenta el 1111yor perfodo libre de 
s 

vibraci6n del suelo, el cual genera esfuerzos cortan-
tes y desplazamientos mlximos en la 1111sa del suelo. 
Por consiguiente, cualquier elemento rfgido que se 
construya en el subsuelo quedarl sujeto a los desplaz!_ 
mientos horizontales originados por el eq,uje dinlmi­
co de la masa del suelo(S) 

Consideremos, Fig. 4, el desplazamiento relativo de la 
asa del suelo apoyada sobre la base firme. Se obser. 
va que un estrato a cierta profundidad se distorsiona 
por las ondas sfsmicas que producen esfuerzos cortan­
tes en planos horizontales. El equilibrio dinlmico 
de un elemento de espesor di requiere: 

1) por distosi6n 

2) por la fuerza de inercia 

The value of Ts represents the largest free period of 
vibration of the ground, that also creates the largest 
shear stresses and displacements of the soil mass. 
Therefore, any rigid element constructed in the subsoil 
will be subjected to the dynamic drift induced by the 
horizontal displacements of the soil mass(S). 

Let us consider, fl9• 4, the·relative displacement of 
the soil mass supoorted on the finn base. We obserye 
that the strat111 at certain depth is disturbed by the 
seismic waves producfng shear stresses in a horizontal 
plane. The dynamic equilibri1111 of an element of 
thickness ct, requires: 

1) for distortion 

(16) 

2) for the inertia force 

(17) 



FIG.4• COMPORTAMIENTO SlSMICO OO.. 9.IBS~LD 

SEISMIC BEHAVIOR OF SUBSOL 

Efectuando arreglos algebrafcos se encuentran las ex­
presiones que gobiernan el movimiento del subsuelo P!. 
ra una frecuencia circular p determinada y acelera­
ción asignada de la superficie del suelo(S} 

en donde 

1 - N. 
A. =---1 

1 1 + N1 • 

c. = ½ (pdi) p2 
1 n 

Con las ecuaciones (18) y (19) y conociendo la acele­
ración asignada a la suoerficie del suelo se puede 
encontrar la configuraci6n de la masa del subsuelo 
durante el movimiento. La aceleraci6n máxima de la 

superficie del suelo se des-igna por ªm y pn la fre­
cuencia circular, por consiguiente el desplazamiento 
en la superficie serf 6so = am/p~. con esta infonna­
ci6n se efectúa la inte9raci6n paso a paso por medio 
de las ecuaciones (18) y (19) hasta encontrar que el 
desplazamiento relativo del suelo sea nulo en la base 
finae donde se generan las ondas sfsmicas, obteniind~ 

se asf la verificación de la frecuencia circular 

B; 

Ni 

llaking algebraic arrangements we find the expressions 
governing the subsoil movement with circular frecuency 
p for the assigned surface acceleration(S) 

(18) 

(19} 

in which 

=-1-
di 

l + Ni Ui 

2 2 .. l)Cli • Pn 
4u1 

(20} 

With equations (18) and (19) and ltnowing the assigned 
acceleration at the ground surface we can find the 
confi9uration of the subsoil mass durin9 the movement. 
The maximum acceleration of the 9round surface we 

desi9nate ªm and Pn the circular frecuency. therefore 
the surface displacement will be 6 = a /p2 with this so m n 
infonnation we can proceed with the inte9ration step 
by step by means of equations Jl8) and (19) until we 
find that the relative displacelll!nt of the soil is 
zero at the fina base where the seismic waves are 
generated, obtaining by this method a confirmation of 

the free circular frecuency of the soil mass and the 

13 

1 

1 

1 



84 

libre de la masa del suelo, la configuración de des­
plazamientos y los esfuerzos cortantes generados por 
la aceleración asignada en la superficie. 

IV. PERIODO EQUIVALEl'ITE ESTRUCTURA-CIMENTACION 

La respuesta sfsmica de la cimentación depende del co 
nocimiento de las prooiedades estratigrfficas y dinl­
micas del subsuelo, asf como del espectro de respues­
ta sfsmico de la región. 

Con el objeto de fijar los conceptos para el diseño 
sísmico de una cimentación con pilas, supongamos que 
la Fig. 5 representa la cimentación de un edificio a_! 
to cuyo centro de masa se encuentra localizado a una 

altura hM del desplante de la cimentación. Se consi­
dera que la cimentación es rígida de tipo cajón que 
alberga un sótano fonnando una estructura rfgida de 
cimentación. Las descargas se efectúan directamente 
sobre las pilas de gran capacidad apoyadas a cierta 
profundidad sobre un estr~tn resistente. 

r--t , .... 

di~olacements and shear stresses configuration created 
by the assigned surface acceleration. 

IV. EQUIVALENT PERIOD OF THE STRUCTURE ANO FOUNOATJON 

The seismic response of the foundation is related with 
the knowledge of the stratigraphical and dynamical 
properties of the subsoil, and from the response 
spectrum of the region. 

With the purpose of fixing the seismic design concepts 
of a pier foundation, let us asslllle, Fig. 5 represents 
the foundation of a tall building with the center of 
mass localized at height hH from the foundation grade 
elevation. We considera rigid foundation of the box 
type holding a basement and fonning a rigid foundation 
structure. The building loads are acting directly on 
the piers of large bearing capacity at certain depth 
on a strong stratUIT,. 

AG.!>•CIMENTACION RIGIOA IX UN EDIFICIO SOBRE 
PILAS. 

RIGIO FOUNOATION CF Bll.l)ING 0N PIERS. 

Para detenninar la respuesta sfsmica de la cimentación 
se hate necesario conocer el espectro envolvente de dj_ 
sel'lo sfsmico de la zona en cuesti6n, Fig. 6, en térmi­
nos del factor de amplificación fa• de la relación 
T /T • y de la fracci6n del amortiguamiento crftico 
o s 

equivalente c
0 

de la estructura y cimentación. En do_!!, 
de T es el perfodo acoplado de la estructura y su ci­

o 
mentaci6n y T el perfodo dominante del suelo. Este s . 
último se investiga como se ha descrito en la secci6n 

In oroer to determine the seismic response of the 
foundation it is necessary to know the seismic design 
envelope spectrum of the area in question Fig. 6 in 
terms of the a~lificat~on factor fa' against the 
ratio T

0
/Ts' and the equivalent fraction of critical 

damping c
0 

of the structure and its foundation. Here, 
T

0 
is the coupled period of the structure and its 

foundation and T
5 

is the dominant period of the ground. 
The last one is investigated as already described in 



anterior. El perfodo acoolado T
0 

Puede obtenerse co­
mo sigue con apoyo de la Fig. 7. 

~ ,,, t • 

.. 

1 1 

o 
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1 

the last section. The coupled period T
0 

may be ob­
tained as follows with help of Fig. 7. 
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FIG.6· ESPECTRO ENVOLVENTE ~ OISEÍ«> SISMICO­
ENVELOPE SEISMIC DESIGN SPECTRUM . 

w •• 

FIG. T• COMPORTAMIENTO DE LA CIMENTACION. 

FOUIUTION BEHAVIOR 

Al venir el empuje sfsmico sobre los pilotes se oca­
siona un desplazamiento de la cimentaci6n 6x en el 
sentido opuesto al empuje sísmico. por la inercia de 
la masa del edificio, asf también, un desplazamiento 

When the seismic action on the piles creates dis­
placements of the foundation the value 6x has an 
opposite sense of the direction of the seismic action, 
because of the inertia of the mass of the building, 

15 
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le por giro de la cimentaci6n 68 por flexi6n de la 
estructura del edificio. por consiguiente el desplaz_! 
miento relativo total en el centro de masa es 

also the displacement 6e because rotation of the 
foundation. and é8 because the flexibility of the 
structure of the building, therefore the total rela­
tive displacement at the center of mass is 

6 e 6 + 6 + 6 
o B e x (21) 

Llamando w a la frecuencia libre equivalente del sis o -
tema estructura-cimentaci6n se encuentra que la iner-
cia de la masa M del sistema producirá un momento de 

volteo 

Por otro lado. la fuerza de restituci6n de la ciment_! 
ci6n por el giro es o

1 
e K8 • e. En donde K8 es el ~ 

dulo dinámico por balanceo de la cimentaci6n y 8 es 
la amplitud del giro. asf pues 

Adem!s. designando por K¡¡ la rigidez de la estructura 
y K la del suelo para el desplazamiento horizontal 

X 
de la cimentaci6n se obtienen las siguientes ecuacion 
es: 

La ec. (23) puede escribirse en forma conveniente 

Sustituyendo en (25) los valores de (24) y arreglando 
ténninos se obtiene 

de la exoresi6n (26) se puede observar que 

M _ l - -z Ka Ws • 
donde Ws es la frecuencia circular de la 

estructura del edificio 

Calling w
0 

the equivalent free circular frecuency of 
the structure-foundation system we find theoverturning 
moment because of the inertia force induced in the 
mass of the system. 

(22) 

0n the other hand, the restitution force of the foun­
dation because the rotation is o1 = K

8 
• e. In which 

"e is the dynamic rocking modulus of the foundation, 
ande is the amplitude of the rotation, therefore 

(23) 

Horeover. calling Ka the rigidity of the structural 
frame corresponding to the center of mass, and K that 

X 
of the soil for the horizontal dis~lacement of the 
foundation we obtain the following equations: 

(24) 

The eq. (23) may be written in convenient fonn 

(25) 

Substituting in (25) the values of (24) and arranging 
tenns we obtain 

(26) 

From expression (26) we can observe that 

where Ws is the circular frecuency of the 

building 



1L h2 =-.!,-, donde w'- es la frecuencia circular por 
K¡; 11 _ • 

~e rotaci6n de la cimentaci6n 

donde w es la frecuencia circular por 
X 

desplazamiento horizontal de la cimen-

taci6n 

De lo anterior la expresi6n (26) toma la fonna 

pero como w = 211/T, se tiene 

Asf pues, conociendo el perfodo acoplado T
0 

estructu­
ra-cimentaci6n y el dominante del suelo Ts se encuen­
tra la relaci6n T /T y se entra.al espectro envolven o s -
te de diseño sfsmico, con el amortiguamiento equiva-
lente t

0
, Fi9. 6, de donde se encuentra el factor de 

amolificaci6n f. La fuerza cortante en el centro de . a 
masa es 

V = (f a ) • M m a m 

y el nonento de volteo 

1L h2 = -1..r, where w6 is the circular frecuencf for the 
Ke r.-, c. 

..,e foundation rocking 

1L = ~ , where wx is the circular frecuency for 
~ lllx the horizontal displacement of the 

foundation 

From above expressions (26) we obtain 

but w = 211/T, then we obtain 

(27) 

Hence, knowing the equivalent period T
0 

of the 
structure and its foundation and the dominant period 
of the subsoil T, we find the relation T /T and 

s o s 
enter the seismic design envelope spectrum with the 
equivalent fraction of critical damping t

0
, Fig. 6. 

There we find the amplification factor fa. The shear 
force at the center of mass is 

(28} 

and the overturning moment 

O = (f a } • M • h 
T a m m (29) 

Aquf a representa la aceleraci6n máxima que se le 
11 

asigna a. la superficie del suelo. De los cálculos ª.!l 
tes expuestos se puede reconocer que para valorizar 
la respuesta del edificio y su cimentaci6n ser4 nece­
sario determinar los valores de los perfodos indivi­
duales de la cimentaci6n t 8 , Tx y el de la estructu­
ra Te• asf como el amortiguamiento crftico equivalen­
te ta el cual se puede obtener por medio de la si­
guiente ecuaci6n 

en donde, te es la fracci6n de amortiguamiento crfti­
co del edificio, que puede tener valores del orden de 
21. a 10~ o mb, dependiendo de la estructuraci6n del 

Here ªm represents the maxim11R assigned surface 
acceleration. From the above mentioned calculations 
we can recognize that in order to estimate the re­
sponse of the building and its foundation it is neces­
sary to determine the values of the independent 

periods of the foundation T8 , Tx and that of the 
structural frame Te• also the equivalent critical 
damping of the system to that may be obtain by meaos 
of the following equation 

(30) 

in which te• is the fraction of t.he critical damping 
of the building, that may be between values on the 
order of 21 to 101 or more, depending on the structure 
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.. 
edificio y elementos de relleno. Por otro lado te y 
tx son las fracciones de amortiguamiento crftico del 
suelo. que puede alcanzar los siguientes valores: 

SUELOS % AMORTIGUAMIENTO 

Muy blandos 40 % o mayor 

Blandos 30% 

Semi-blandos 20: 

Rfgidos 15% 

Muy rfgidos 10% 

Duros 5% o menor 

V. INTERACCION SUELO-CINENTACION POR BALANCEO 

Para detenninar el perfodo T8 y las recargas axiales 
sobre las pilas durante el sislll) por momento de volteo 

O,.= eK8• será necesario formar la matriz de flexibil.i 
dad de las pilas y del suelo donde éstas apoyan. Pa­
ra lograr esta acci6n es necesario conocer el m6dulo 
dinámico de rigidez u del suelo y del material de las 
pilas. La matriz tiene la forma( 6) 

en donde [6 .. ] representa la matriz de flexibilidad 
Jl 

unitaria del suelo bajo las pilas y [l/K
0

] 0 es lama-
triz diagonal que representa la deformabilidad axial 
unitaria de las pilas. Si llamamos Xi las reacciones 
incógnitas axiales sobre las pilas por el momento de 
volteo. entonces se puede escribir, 

T 

design of the building and secondary elements. On the 
other hand te y ~x represent the fraction of critical 
damping of the soil, they obtain aproximately the 
following values: 

SOILS : CRITICAL DAMPING 

Very soft 40% or more 

Soft 30% 

Semi-rigid 20: 

Rigid 15: 

Very rigid 10: 

Hard s: 

V. SOIL-STRUCTURE INTERACTION FOR ROCKING 

To detennine the rocking T
8 

and consecuently the incre 
nent of loads on the piers or piles during the seismic 

action because of the overturning moment Or = eKe it 
is necessary to form the flexibility matrix of the 
piers and soil strata where they are supported. To 

achieve this action it is necessary to know the dynamic 
soil rigidity uand that of the material of the piers. 
The matrix has the following form( 6) 

(31) 

in which [6 ji] represents the unit flexibility matrix 
of the soil under the piers and [1/Kp]D is the 
diagonal matrix representing the unit axial defor­
mation of the piers. When we call Xi the unknown 
axial reactions on the piers because of the overturning 
moment then we can write 

{[6 .. ] + [1/K ]
0

} 
Jl U p 

(32) 

·• 

aquf joil representa el vector el desplazamiento verti­
cal de las pilas. El momento de volteo de la cimenta­
ci6n rfgida queda representado por una rotaci6n simé­
trica, Fig. 7, por tanto se puede escribir para el 
desplazamiento vertical en un punto i; 6i = eL1. Su! 
tituyendo en la expresi6n (32) se tiene 

resolviendo la ec. (33) se obtienen los valores de 
X· 

(~). de donde el momento de volteo es 
t, 

here 16il represents the vector of the vertical 
displacements of the piers. The overturning mornent of 
the rigid foundation is represented by a synr.1etrical 
rotation. Fig. 7. Therefore, for the vertical dis­
placement at point i we have l1 = 9L1. Substituting 
in expression (32) we have 

(33) 

solving the equation (33). we obtain the values of 
X· 

(-¡-). and the overturning moment is 



n X. 
o = r (_!_) 
T l e 

El módulo de cimentaci6n por balanceo por definici6n 

es Ke = Orle, por consiguiente 

Ke 

y el período de balanceo 

El valor de Kx se obtiene como se indica más adelante. 

VI. ARRASTRE HORIZOHTAL SISHICO SOBRE LA CIHENTACION 

El arrastre horizontal sísmico sobre la cimentaci6n se 
origina por el eq¡uje que la masa del suelo ejerce so­
bre las pilas y en el caj6n de la cimentaci6n, Fig. 8. 
Consideremos que las pilas se encuentran empotradas en 
la estructura de la cimentaci6n y en el estrato resis­
tente donde la base puede girar de acuerdo con la rigi 
dez dinimica del suelo donde apoya. Consideremos que 
el empuje del suelo sobre laspilas queda representado 
por las fuerzas horizontales inc6gnitas Xi aplicadas 
en tantas secciones de la pila como sea necesario para 
obtener la precisi6n requerida. Haciendo Xi= O se 
obtendrá el desplazamiento libre de la pila y del sue­
lo. Llamamos a ésta acci6~ la Condici6n Xi= O, Fig. 
9. El desplazamiento libre del suelo y de la pila en 

un punto cualquiera i será (b. + 6s1.) y en el apoyo 
( ( 

. 10 
(b) el giro es ebo 7), 8). 

Los desplazamientos anteriores deben ser compatibles 
con las acciones que en el punto i produce~ las fuer­
zas o reacciones inc6gnitas X .. Por tanto, la acci6n 

1 
de una fuerza unitaria aplicada en el punto (i) es la 
Condici6n Xi = +l, Fig. 10, que induce los desplaza­
mientos (S .. + 6 .. ) en el punto i y en la base un giro 

11 11 
eb .. En un punto (j) es (s .. + 6 .. ). Asf también al 1 Jl Jl 
aolicar la condici6n unitaria en (j), para X.= +l se 

- J 
obtiene en el punto (i); (Sij + 6ij). Y en (j); 
(S .. + t .. ), en la base el giro es eb3 .. Por otro lado 

JJ JJ 
al aolicar un monento unitario en la base, Condici6n 

Xb = +1 se tiene en (i) Sib' en (j) Sjb y en (b) un 
giro (sbb + ~sb). en donde ~bb representa el giro uni­
tario en la base de la pila, y esb = 1/~ en el suelo. 

The rocking foundation modulus by definition is K6 = 
OT/e, therefore 

(34) 

and the rocking period 

(35) 

The value of ~ may be obtained as indicated in further 
paragraphs. 

VI. SEISHIC HORIZONTAL DRin ON THE FOUNDATIOH 

The seismic horizontal drift on the foundation is 
created because of the soil mass displacements on the 
piers and on the foundation box, Fig. 8. Let us con­
sider that the piers are fixed to the foundation beams 
and supported on the finn ground where their bases can 
rotate according to the dynamic rigidity of the soil 
where they are bearing. Let us further consider that 
the action of the soil on the piers is represented by 
the unknown horizontal forces Xi applied in so many 
sections of the pier as necessary to obtain the 
required accuracy. When we make X.= O, we obtain the 

1 
free displacenents of the pier and of the soil. Call 
this action, the Condition X. = O, Fig. 9. The free 

1 
displacement of the soil and the pier at any point i 
will be (biQ + 6 .), and at the base (b) the rotation 
will be eb

0
{7),(A}. 

The above mentioned displacements shall be compatible 
with the actions that ata point i are induced by the 
unknown reactions force X1. Hence, the action of a 
unit force applied at point i, we call the Condition 

Xi = +l, Fig. 10, and produces the displacenents (Sii 
+ 6 .. ) at points i, and at the base the rotation e'b .. 

11 1 
At point (j) we have (Sji + 6ji). When we apply the 
unit condition in (j), for X. = +l we obtain at point 

fF - J /'F -(i); ,., .. + 6.
3
.), and at (j); ,s

3 
.. + 6 . . ), and at the 

lJ 1 J JJ 
base the rotation ebj" On the other hand, when we 
apply a unit moment at the base; Condition Xb ~ +l we 
obtain in (i) Sib' and in (j) S.b and at (b) the 

r,; - 1 rotation ,~bb + esb)' in which ebb represents a unit 
rotation of the pier base elements, and esb = 1/~ in 
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El valor de~ es la rigidez del suelo al giro. por 
el momento unitario Xb = +l aplicado al suelo. 

the soil. The value of ~ is the soil rigidity to 
the rotation of a unit moment Xb s +l. applied to the 
supporting soil. 

[STUTODt: -
l[ARING S111&T ... 

SILIDCIM'll6e..l 
Cl)UPIIUSIILL --

FIRM SOL 

... , DCSPIAU .. lf•TO MOllllOlff&L DEL SutLO •• 1101at­
MOR110NTAL DL IXSPLACU~NT NO ROTITIOllf fS F'Dl,.aOITION 

FIG.8• ARRASTRE DEL SUElD SOBRE LAS PILAS 
SOIL Offln AGAINST THE PILES. 

COOIDICION "i .O 

OESPI.AlAMl[NTOS 
OISl'L&C[ .. [NTS 

PILDT[ 
PIL[ 

SISIIICO SUl:U, 

Sl ISMIC O, --

FIG. 9 • DESPLAZAMIENTOS HORIZONTALES. 

HORIZONTAL OISPLACEMENTS. 

Por el método anterior se pueden escribir las condi­
ciones de compatibilidad para todos los puntos (i) y 
(j). y para la base de la pila (b) respectivamente. 

Using the method just described we can write the com­
patibility equations for all the points (i) and (j). 
and for the pier base (b). respectively. 



• 

Pts. i (Sii + 6ii) xi+ ~ij + 6ij) Xj + SibXb = 6io + 6si 

Pts . j (Sji + ¡ji) xi+ (Sjj + Ijj) Xj + SjbXb = bjo + lsj 

Base b 8bi X. + 
l 

en fonna matricial 

Resolviendo la ecuaci6n matricial (36) para las reac­
ciones horizontales xi. se podrán calcular los elemen­
tos mecánicos de la pila. asf tambi~n los desplaza­
mientos horizontales por medio de la matrix de flexi­
bilidad unitaria del suelo 

6ii 6ij o 

¿ji 6 .. o JJ 

1 
o o ~ 

Asf pues. de la Ec. (37) se encuentra el desplaza­
miento horizontal 6 de la pila en el apoyo con la es-x 
tructura de la cimentaci6n. Llamando v8 la fuerza co.r 
tante sfsmica que actua en la cabeza de la pila se ob­
tiene el valor 

V 
~ = / 

~ la Ec. (38) se puede calcular el perfodo por despl!_ 
zamiento horizontal de estructura de la cimentaci6n 

T = 
X 

X 

ebj xj + (ebb + (>~ = 8bo 

X 

in matrix form 

X 

X. 
l 

b. + l . 
JO SJ 

(36) 

Solving the matix equation (36) for the unknown 

horizontal reactions Xi. we can compute the mechanical 
elements of the pier also the horizontal displacements 
by means of the unit flexibility matrix of the soil 

X. 
l 

6 

xj =' 6. (37) 
J 

~ eb 

Therefore. from Eq. (37) we find the horizontal 
displacement óx of the pier at the support with the 
foundation structure. Calling v8 the base seismic 
shear force acting at the head of the pier we obtain 

(38) 

from Eq. (38) we can compute the period because of the 
horizontal displacement of the foundation structure 

(39) 
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CONDICION a 1 ■♦ 1 

FIG.0- INTERACCION PIIDTE-SUELO 

PILE- SOIL INTERACTION. 

VII. RESPUESTA SISMICA 

Por medio de los procedimientos de cálculo antes indi­
cados se encuentran los valores de Te y Tx. El valor 
T

8 
se conoce del análisis estructural sfsmico del edi­

ficio, por consiguiente 

de la Ec. (40) conociendo T /T y e se obtiene del es o s o -
pectro de diseño sfsmico el factor de amµlificaci6n 

fa' Fig. 6. 

Con la aceleraci6n ~xima ªm asignada a la su~erficie 
del suelo se encuentra la fuerza cortante en la base 

Y8 = fa(ªm M), y el momento de volteo C,. = v8 • hm• 
de donde la amplitud del giro de la cimentaci6n es 
e= 0T/K8 y los incrementos en carga axial sobre las 
pilas por sismo son 

Por medio de la interacci6n sfsmica suelo-pilote, Ec. 
36, se podrá ajustar al valor Kx y por iteración dete.!'.. 
minar el ajuste final para la aceleraci6n asignada. 

VII. SEISMIC RESPorm 

By ;;ieans of the computation method here indicated we 
find the values of Te and Tx. The value of T8 may be 
obtained from the structural frame seismic analysis of 
the building, therefore 

(40) 

from Eq. (40) knowing T0 /Ts y c
0

, we enter the seismic 
design envelope spectr&D and obtain the amplification 
factor fa• Fig. 6. 

With the naximum assigned acceleration a of the ground 
m 

surface we find at the pile head a base shear; v8 = 

fa(ªm M), and the overtuming manent <,- = Y8 • hm' 
from which the amplitude of rocking of the foundation 
is e= C,.!K8 and the axial load increments on the 
piers because of the seismic action are 

(41) 

By means of the seismic soil-pile interaction Eq. (37), 

we can adjust the value of ~ and finished the final 
adjustment for the assigned acceleration. 

j 1 



Incluyendo la carga en las pilas por el momento de vol 
teo sfsmico, las pilas extremas quedan sujetas a una 
carga axial máxima de 

A la acciOn axial sobre las pilas deberán incluirse los 
momentos flexionantes y fuerzas cortantes generadas en 
las pilas por el desplazamiento sfsmico del subsuelo, 
los que se obtienen con los resultados finales de las 
fuerzas horizontales de interacción ocasionadas por el 
empuje sfsmico de la masa del suelo, Ec. (36). 

VIII. CONCLUSIONES 

Del análisis aquf presentado para obtener la respuesta 
sfsmica de una cimentación con pilotes o pilas; de las 
acciones sfsmicas axiales sobre éstas, el arrastre ho­
rizontal sfsmico, y la fricción negativa, se reconoce 
la necesidad de obtener con precisión razonable las 
condiciones estratigráficas y geotécnicas del subsue­
lo y en esoecial las propiedades dinámicas; o sea, el 
módulo dinámico de rigidez u representativo de todos 
y cada uno de los estratos hasta la base firme. Este 
parámetro dinámico del suelo puede ser obtenido con 
precisión práctica haciendo uso del "Péndulo de Tor­
sión Libre• diseñado por el autor( 9) para este objeto. 

La precisión de las matrices de flexibilidad se en -
cuentra dentro de la precisión con que puedan conocer­
se los parámetros del suelo y el módulo de deformación 
elástico 1/Ec del material de las pilas. La flexibili 
dad del suelo tanto en sentido vertical como horizon­
tal tiene una precisión que queda dentro de los proce­
dimientos ortodoxos para la determinación de esfuerzos 
en la masa del suelo usados en la mecánica de suelos 
convencional. Se hace notar que en el diseño de cime~ 
taciones se deberá lograr que los esfuerzos inducidos 
en el subsuelo por la arci6n sfsmica sean del orden 
cuasi-eUstfro para evitar las deformaciones permane~ 
tes y asf el desplome del edificio durante el sismo. 

Se concluye además, que para poder calibrar las teo­
rfas y procedimientos de cálculo se hace necesario 
la investigación de campo a escala natural en pilotes. 
instrlJllentados, asf también como mejorar los procedi­
mientos de muestreo inalterado, las técnicas y equipos 
de laboratorio que permitan en el futuro obtener pará­
metros del suelo más cercanos a las condiciones de 
campo dentro del rango del estado de esfuerzos sfsmi­

cos esperados. 

lncluding the load on the piers dueto the overturning 
moment, the edge piers are subjected toan axial 
maximum load of 

(42) 

To the axial action on the piers given by Eq. (42) we 
shall add the moments and shear forces on the piers 
generated because of the seismic horizontal dis­
placements of the soft soil mass, obtained with the 
final results of the interacting horizontal forces X. 

l 
created during the seismic action of the soil mass, 
Eq. (36) 

VIII. CONCLUSIONS 

From above mentioned analysis presented here to obtain 
the seismic response of a foundation on piles or piers, 
the axial forces on them, the seismic horizontal drift 
and the negative friction, we can recognize the need to 
obtain ltith reasonable precision the stratigraphical 
and geotecnical conditions of the soil mass and 
specially thesoil dynamic properties, that is to sa1, 
the dynamic soil rigidity u representative for each one 
of the strata to firm base. This dynamic parameter of 
the soil may be obtained with practical accuracy making 
used of the "Free Torsion Pendul1111" designed by the 
author for this purpose. The accuracy of the 
flexibility matrixes of the piers may be found under 
the same precision that may be obtained in the soil 
parameters and the elastic strain modulus 1/E of the . c 
pier or pile material. The soil flexibility either 
in the vertical direction or the horizontal direction 
have a precision that is within the ortodox procedures 
for the determination of stresses in the soil mass 
used in conventional soil mechanics methods. It may 
be noticed, however, that the stresses induced in the 
subsoil by the seismic action should be considered 
within a quasi-elastic behavior, to avoid large perma­
nent plastic deformations and damage or tilting of 
the foundation and building during seisrnic action. 

Furthermore, we conclude that in order to calibrate 
theories and methods of calculation it is necessary to 
investigate in the field on natural scale in 
instrumented piles or piers the seismic action, also, 
to improve the methods of undisturbed sampling, the 
laboratory equipment and the test techniques, that 
will permit in the future to obtain soil parameters 
closer to the field conditions within the expected 
state of the dynamic stresses. 
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DESPLAZAMIENTO DE JUNTA POR FALTA DE REFUERZO 

JOINT DISPLACEMENT DUE TO LACK OF IEINPORCEMENT 

ROTURA POR FLEXION Y CORTANTE 

FAILURE DUE TO HIGH BENDING ANO SHEAR 
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FORMACION DE JUNTA POR ESFUERZOS ALTOS DE FLEXION 

JOINT FORMATION DUE TO HIGH BENDING STRESSE:S 

ROTURA TOTAL DEL APOYO POR ESFUERZOS EXCESIVOS 

TOTAL FAILURE OF SUPPORT DUETO HIGH STRESSES 
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ABSTRACT 

A method for obtaining the optima! veloci­
ties of a dam wall curtain construction procesa 
has been elaborated to minimize the total expen 
ces including the proper cost of construction -
as well as the expected darnage by floods. A 
markovian model and a finite dynamic program­
ming algorithm has been employed. 

L INTRODUCTION. 

In the last stage of dam construction, i.e., 
during the wall curtain final closure, a problem 
of the determination of its optimal velocity is 
appearing. From one side, with the velocity in­
crease and the h~gher altitude of the curtain, 
the hazard of its destruction by the flood is de 
creasing but the consequent cost of damage is -
higher¡ form another, with the decrease of the 
velocity, the altitude of the curtain is smaller 
and the hazard is higher, but the cost is lesser. 
Moreover, the own cost of the dam construction 
depends from its velocity. 

Thus in the practice of dam construction it 
turns out to be very important the solution of 
the problem of the velocity optimization of the 
procesa of the wall curtain erection under the 
usual cost and time restrictions, taking into 
account the hazard of the floods that could ove 
rrun and destroy it during this stage of the -· 
construction process. 

2. PROBLEM CONCEPTUALIZATION. 

Using the conceptual framework developed in 
the area of the Interdisciplinary Disaster Re­
search (lJ, it has been import_ant to distinguish 
the Perturbating and Exposed Systems (fig. 1). 

The Perturbating System (PSI, i.e., the one 
that is producing the destructing phenomena, is 
formed by the rain that being integrated by the 
river basin is transformed into flood that in­
creases the water level in the storage reservoir 
and thus could destroy the constructed part of 
the curtain. 

The curtain is a component of the Exposed 
System (ES) that is composed by the both front 
and back cofferdams, personnel, machinery and 
construction devices, as well as by the people, 
goods and productive zones allocated in downs­
tream area. 

To define the optima! velocity of the cur­
tain construction it is important to evaluate 
the risk related with the dam failure dueto the 
surpassing of its actual level by the river raí-

sing water, i.e., the expected whole damage that 
includes the construction costas well as the va 
lue of other damaged components of the ES. 

Moreover, the risk assessment implies the 
necessity to take into account the hazard of the 
failure, i.e., the probability that the water le 
vel would overtop the wall curtain dueto the 
rains. 

To assess the hazard of the dam failure it 
is important to define the states of the PS and 
ES at the corresponding moment of time t. 

Let's introduce the following denominations. 
According the discrete approach, the whole time 
T of the wall curtain construction is normally 
considered in the rnonthly periods (k = 1, 2, ... ,TI; 
likewise, the whole elevation H of the wall cur­
tain that would be reached b.y volurne w of the fi 
lling materials to assure the struck capacity v­
of the water storage reservoir are divided into 
s levels, respectively. Thus: 

... ( 1) 

where 6V = V/s, i = 1,2, ... ,s and the func-
tions g(v) and e(v) are allowing to calculate the 
curtain elevation tt

1 
and the volume of the fi-

lling materials w1 that are corresponding to a 
certain capacity V of the storage reservoir 
(fig. 2). 1 

Let • s denote by Xk the variable tha t deter 

mines the level of the wall curtain that corres­
ponds to the construction period K. Another va­
riable that defines the system state is the ac­
tual water level Nk that is measured in the es-

tablished sea le (1 l , of the wall curta in al ti tu­
des H1, i.e., its domain is 

The wall curtain could be in two main sta­
tes: normal and failure. The failure at the pe­
riod k means that the water level Nk overtops 
the wall curtain, meanwhile it has not been sur­
passed befare, i.e.: 
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FIG 1 PERTURBATlHC (PS) AND EXPOSEIJ (ES) SYSTE:-1S 

> 

< (m < k) .•• (2) 

As far as Nk depends from random factors 
such as the intensity of rains in the basin and 
evaporation, as well as other factors that are 
defining the hydrological balance, it is aran­
dom variable that could be described by the pr~ 
bability vector Pk: 

.•• ( 3) 

where, 

r~ is tbe probaui li ty that Nk=il 1 
for i=-1, ... , s 

l 

pk is the probability that Nk= 11 
o ,, ,, 

p~ and ¡; l 
i= i 

1 

Supposing that the set of vectors 

IP: k = 1,2, ... ,Tl determin"es il Milrkov chilin 
with s+l states [2], a usual technique of the 
transition prol,ab1lities ~j coul<l Le utilizad. 

k Let w ij is the probability of the transi-

tion from the state i at the periotl k-1, to the 
state j at the next one, i.e., 

k 
w ij •.. (4) 

This probability has been calculated ta­
king into account, in the first approximation, 
the probability of the water income to the stora 
ge reservoir: 

Fv (Vk) = Pr [vk~ vk], for k=l, •.. ,T ••• (5) 
k 

that is supposed to be known, as well as the 
quantity Q of water that is leavinq through to 

r------, 
1 

I ' 
1 

FIG 2 THE BASIC SCALE 

diversion tunnel and could be estimated easily 
by the conventional hydrological rneans [3]. 

Thus considering that the change frorn the 
state i to state j is a result of arriving of 
(j-i) AV anda lcss of Q quantities of water: 

vk = (j-i) AV+ Q, 

it has been obtained: 

P[vk = (j-il AV + o] 

P[ (j-i)llV+Q ~ Vk ~ 2(j-illlV+0] ••• (6) 

F r2(j-i)AV+O]- F [ (j-i)AV+O] 
vk - vk 

For k=l,2, ... ,T; and i,j = 1,2, ... ,s,a 
k the w Jj constitute T Markov.· matrices of the 

(s+l)X(s+l) order, and for the condition (2) 

k 
11 Mr ••. (7) 

r= 1 

Now it is possible to evaluate the probabi­
lity of the failure Pf(k), taking into account 

( 2) for all Xk=lln' where n=l, 2, ... , s 

Pf (k) Pr [Nk > Xk = H 1 
n 

n 
r. k 

1 l: pk ..• (8) P. -
i=n+l 1 i= 1 i 

For other sic.le, every possible set 
(Xk: k=l,2, ... ,TI permits to obtain the veloci-

ty of wall curtain construction by its monthly 
increments: 

(Xl,X2-Xl, .•• ,Xk-Xk-l'" •• ,XT-XT-1) 



To facilitate the consequent analysis, the 
construction velocity is determined as a vector 

Ui ( 1 1 i ( ) .. xl,x2, ••• ,XT) ••• 9 

where x! is a level of the wall curtain reached 
to the end to the period k, and x1 = H for 

T 
every i • 1,2, ... ,1 2 • 

Th~s, according (2), for every velocity u1 

at the r.10ment k, the set of all possible Nk 
could divided in two subsets, one of which is 
responsible for the failure. 

Defining the state of the general system 
that integrates PS and ES as: 

(i,j) ... (10) 
where i and j = Xk 

it could be seen that the set {E(k)} is forrn­
ing the bi-dimensional space that could be divi­
ded in two subspaces of normal {P.N(k)} and 

failure {EF(k)} states, respectively (fig 3) 

•• 
(H. TI 

O 1 

FIG 3 EXAMPLE OF THE DISTRIBUTION OF THF. NORMAL 
AND FAILURE STATES. 

The velocity u1 implies certain cost ci 
k 

of the construction procesa that has permitted 
to reach the altitude x! at the moment k; as 
well as the cost of damage CF! dueto the po­
ssible failure. The last one could be estimated· 
by: 

CR1 + CL +CE+ CA1 
k k 

... (11) 

where: 

C~ is the cost of rebuilding of the destro­
yed part of the wall curtain H1 , 

- CL is the cost of cleaning of the destructed 
zone from debries, 
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CE is the cost of personnel, machinery, cons­
truction devices and material damages, 

- CA! is the cost of the third party damages, 
produced by the flood in the downstream 
area. 

The previous definitions are permitting now 
to evaluate the expected cost of the wall cur- -
tain construction with the velocity u1, consi­
dering itas a sum of the costs of every stage k 

W(Uj.) 
T 

w1 = kE·1 ... (12) k 

where the cost wi is formed by two parts: 
k 

ci the proper cost of the construction k and the 
expected damage, i.e. 

w1 
k 

c1 
k + CF1 P (k) k f ••• (13) 

Thus the problem could be stated asan opti 
mization problem to obtain the optimal velocity­
U*, ot well the values (Xf,X;,, .. ,x;) that 
~inimize the expresion (12) 

under next 

l. o < T 

2. o ~ xi 
k 

3. ci 
k 

< c 

T 
min { I: 

i i•l 

w1 
k 

restrictions 

< T max 

< X for all i=l, .. ,s,o - and k=l, .. ,T 

for all i=l, .. ,I max 

3. PROBLEM SOLUTION. 

.•• (14) 

... (15) 

The solution of the equation (14) could be 
realized by different techniques. llowever, con­
sidering the markovian procesa that has been 
used it is convenient to a~ply the finite dyna­
mic programming procedure 1.4]. 

According this approach, let introduce 
B

0
(i), that corresponds to the minimal expected 

cost of the part of the construction procesa, 
calculated for n consequent stages, beginning 
with the wall curtain altitude H1 (fig 4). 

The next step consist in the determination 
of the vector U*= (X*,X*, ... ,X*) that in case 

of i=O is producing BT(O) as the desired to-
tal cost that minimize 
the giv~n restrictions 
necessary to solve the 
l 5J • 

the equation (12), under 
(15). To find it, it is 
next optimal equations 

min { w! + B
0

_ 1 (j)}, 
i~j_~s 

i < T, ••• (16) 

o for all k < T 

Considering that the solution of equations 
(9) y (14) for the practical problems is very 
complicated, two computer programs compiled in 
Basic for pC and denominated PROFALLA and VELOP 
have been elaborated. The first is calculating 
the failure probability and the second the 
optimal velocity. 
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... 

FIG 4 EXAMPLE OF TIIF. DYNA.'IIC PROCRMIMrnG PROCEEDltlG. 

The total process of the model elaboration 
as well as the optiffial velocities calculations 
is shown in fig 5. 

.,,1c.1,(&l 

1 ~ e e:, 

FIG 5 OPTIMAL VELOCITIES CALCUI.ATION 

4. CONCLUSIONS. 

This research is forming a part of a Pro­
ject sponsored by s·ARll (Mexican Ministery of 
Agriculture and llydraulic Rccourses), responsi­
ble for the najor number of mexican dans. This 
project has been dedicated to study the engineeE 
ing and management aspects of the dan closure 
process [ 6] . 

Based on system approach and the Interdis­
ciplinary Disaster Research a problem to optimi 
mization of the wall curtain construction velo= 
city, has been formulated considering the impor 
tance to minimize the total expences that are -
including the proper cost of construction as 
well as the expected damage that could be prod~ 
ced by floods. 

The conceptualization of the Perturbating 
and Exposed Systems has permitted to develop a 
markovian model and its study implied the use 
of finite dynamic programming algorithm. For 
the practical applications two PC programs in 
Basic have been elaborated. 

The method has been employed for a concre­
te case of The Sabinal dam in the Sinaloa State 
of Mexico. 

NOTES. 

H corresponds to the level of water that 

are overpassing the full dam altitude H 
(H

0 
> H). 

I is a maximum number of all possible alter 
natives of the dam construction velocities: 

A total destruction is considered like the 
worst case. 

The maximum level of the restrictions (1), 
(2) and (3) are corresponding to the limit 
of construction time, the raaximum level in­
crease that could be reached during one pe­
riod and the budget available, respective­
ly. 
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A Linear-State Feedback Plus Adaptive 
Feed-Forward Control for 

DC Servomotors 
RAFAEL KELL Y 

Abstract-Thls paper proposes a linear-state feedback plus adaptive 
feed-forward control to control position for DC senomotors. The alm is 
to control DC servomoton submitted to lnertla and Coulomb friction 
variations. Condltions for stablllty dependlng on the frequency rlchness 
of the reference input are presented. Experimental results show the 
improvement wlth respect to classlcal tachometric feedback. 

l. INTRODUCTION 

THE DC motors used in robotics and sorne industrial 
applications are submitted to frequent environment 

changes. As a consequence the motor model has time-varying 
parameters; therefore, the performance is poor when linear 
controllers are used. 

Position control of DC servomotors is considered in this 
paper. It is assumed that the motor is submitted to inertia and/ 
or Coulomb friction variations. 

Adaptive control was motivated to treat plants with uncer­
tain or time-varying parameters [l]. In this paper, an adaptive 
control for OC motors is proposed. This consists of a linear­
state feedback plus an adaptive feed-forward. It is derived 
from an adaptive servo-controller proposed in [2). Adaptive 
techniques for DC motor control have been considered before 
[4)-(8). The proposed scheme differs in the adaptive control 
law that is used. Sorne advantages of the adaptive scheme 
introduced are die following: 1) the inclusion ofthe adaptation 
feed-forward on classical tachometric feedback requires sim­
ple modifications; 2) the adaptive feed-forward operates only 
in servo mode; .and 3) in regulation mode, only the tachome­
tric feedback is used. 

Conditions that assure boU:ndedness of all the signals in the 
adaptive system are presented in terms of frequency richness 
of the reference input. 

Experiments were performed with the adaptive scheme on a 
DC servomotor submitted to Coulomb friction value changes. 
The results obtained show the improvement in position control 
with respect to classical tachometric feedback. 

The p1tper is organized as follows: a DC motor model and 
the tachometric feedback are presented in Section 11; Section 
IIl describes the tachometric feedback plus adaptive feed­
forward control; the adaptive system analysis is performed in 
Section IV; experimental results on a DC motor with 

Manuscript received July 18, 1986; revised October 22, 1986. 
The author is with DEPFI, the National University of Mexico, C. 

Universitaria, Apdo. Postal 70-256, 04510 México, D.F., Mexico. 
IEEE Log Number 8613357. 

tachometric feedback and the proposed control scheme are 
shown in Section V; and sorne conclusions are given in Section 
VI. 

11. DC MornR MoDEL AND T ACHOMETRIC FEEDBACK 

A classical description of an armature-controlled DC motor 
is given by the following set of equations [3J: 

JO(t) + fó(t) = K;l(t) 

Li(t) + Rl(t) + e(t) = 11(!) 

KbÓ(t)=e(t) 

(la) 

(lb) 

(le) 

where 11(!) is the input voltage which drives the angular 
position output 8(1), /(t) is the motor current, J is the total 
moment of inertia reflected to the motor axis, and f is the 
friction torque. The constants K;, Kb, R, and L are electrical 
characteristics of the motor. 

For most purposes, the inductance effects are neglected (L 
= O). The reduced model can be rewritten in a state form 

where 

B(t) =A 18(t) + b111(t) 

fJ(t)=cT(J(t) 

BU>= ceu> óU>V 

A,-[: _ N::,K;] 

b,= [o :~] T 

C= [l O] T 

The motor transfer function Goc(s) is given by 

(2a) 

(2b) 

(2c) 

(2d) 

T -1 K Goc(s)=c (s/-A 1) b,=---- (3a) 
s(rs+ 1) 

where 

K; 
K=---­

Rf+KbK; 

0278-0046/87/0500-0153$01.00 © 1987 IEEE 
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T (3b) 

Notice that the first-order model (3) depends on the values of 
the inertia J and friction f. 

A. Tachometric Feedback 

The tachometric feedback is a commonly used strategy for 
DC motor positio,n control. This corresponds to state feed­
back. The control law i!- given by 

(4) 

where kp and kv are the position and velocity gains. The 
reference position is 0,((). The dosed-loop system composed 
of the motor model (2) and the tachometric feedback (4) is 
given by 

Fig. 1. Tachometric plus adaptive feed-forward control. 

2. Reference Model: 

(7b) 

(8a) 

(8b) 

Ó(t) =A8(t) + b8,(t) 

O(t)=C 7 8(t) 

(5a) whose transfer function Gm(s) is given by 

where 

A= (A 1 + b1 [ - kµ- kv)) 

b=b,kp 

whose transfer function G(s) is 

with 

~= l +Kku ¡r. 
2r -\)Kk¡, 

(5b) 

(5c) 

(6a) 

(6b) 

When the motor characteristics K and r are known, the 
designer parameters kp and k,. may be chosen to assign 
arbitrary values to w! and ~- However, when the motor 
characteristics, which depend on the inertia and friction, are 
unknown or time varying, we do not assure good performance 
with a tachometric feedback. In the next section, an adaptive 
feed-forward will be incorporated to the tachometric feedback 
to treat this case. 

III. T ACHO\IETRIC FEEDBACK PLUS ADAPTIVE FEED-FORW ARD 

CONTROL 

Thc control of plants whosc parameters are unknown or 
time varying is a major objective of adaptive controllers [l]. 
Adaptive techniques for DC control have been considered 
before [4]-[8). This paper differs in the adaptive control law 
uscd. 

The proposcd adaptive systcm, depicted in Fig. 1, is 
composed by the following. 

l. DC Motor Model (2): 

(7a) 

(8c) 

The reference model (8) is the desired transfer function from 
the reference O, to position output O. 

3. Control Law: 

with 

(9b) 

(9c) 

where i/J(t) and g(t) are the regressor and parameters vectors, 
respectively. 

The control law (9) is composed of a tachometric feedback 
term anda feed-forward one (g 7 (t)i/l(t) + Om(t)). Notice that 
by choosing 

[ 
2~ 1 ] T 

g(t)= - 2 
Wn wn 

(10) 

the closed-loop transfer function matches the model reference 
one (8c). However as wn and ~ depend on K and r (6b), the 
latter being unknown by assumption, the constant vector (10) 
is unknown too. A constant-gain (gradient) [141, [15) adaptive 
law will be used to estimate vector (10). 

4. Adaptation Law: 

(11) 

where e(t) = Om(t) - O(t) and 'Y is a positive scalar, called 
adaptation gain. Equation ( 11) is used in most of adaptive 
systems to update the parameter vector g(t) [14]-[i6]. 

The adaptation gain 'Y is a design parameter which regulates 
the adaptation rates. However, small values are recommended 
to assure a stability margin [ 17]. In the next scction, an 
analysis of the adaptive system in (7)-(11) will be prcsented. 



IV. ANALYSJS 

Sorne preliminaries will be presented before we analyze the 
adaptive system. 

1. Definition [9/: The closed-loop adaptive system in (7)­
(11) is said to be Bounded-Input Bounded-State (BIBS) stable, 
if uniformly bounded references (8,) give uniformly bounded 
states (8 and g). 

In many works on adaptive systems, the following linear 
time-varying differential equation arises: 

; [;] = [ -y!(t)6 T pwrit) T ] [;] (12) 

Many properties of (12) have been reported in the literature 
[10]-(12). We presenta result on stability of (12) whose proof 
is given in (12]. 

2. Theorem 1 [12/: Consider (12). Assume that w(t) is a 
vector of periodic functions of time, i.e., w(t) = w(t + T) 
with TE In+ and Fourier representation: 

00 

w(t)= L akei"'k' 
k= -oo 

2Ilk 
Wk = T ' (13) 

where a; is the conjugate of the complex vector ak. If 
00 

L 00e[6 7 (jwk-A)- 1 P] • 00ea,a;7 >0 (14) 
k= -oo 

then there exist y0 > O such that, for all y E (O, y0] the zero 
solution of (12) is uniformly asymptotically stable (UAS). 

Notice that the sufficient condition for UAS is trivially 
satisfied when w(t) contains enough frequencies and OOe­
[ ,V (jwk - A)- 1'1] > O for each Wk· 

A. Main Result 

Using theorem l, our main result given by the following 
proposition, can be proved. 

J. Proposition: Consider the adaptive system in (7)-(ll). 
Assume that the reference input 8, is a periodic function of 
time, i.e.: 

00 

8,(t) = L akei"'k1 (15) 
k= -oo 

if 

Then, there exists y0 > O such that for ali y E (O, y0], the 
adaptive system is BIBS stable. 

2. Proof: Adaptive system (7)-(l l) can be described by a 
linear time-varying differential equation: 

[!~~~] = [-y~t)r 7 b\b~t)T] [!t~] 
+ L:(t)J 8m(t). (17) 
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From condition (15) and equation (9c) we have 

\b(t)= [<l>i(t)] = j; ak [jwk] GmUwk)e1"'k'. 
</>2(t) k=-oo -w¡ 

(18) 

Applying theorem l to (17) and (18), we obtain the following 
condition for U AS of the homogeneous part of (17): 

00 

L lakl 2 IGmUwk) 2 ine[c 7 Uwk/-A)- 1b] 
k= -oo 

or 

00 

L lakl 2 IGmU1h)l2~e[c 7 (jwk/-A)- 1b] 
k= -00 

-jw2 
k] >0 

w4 
k 

º] >0. 
w4 

k 

The proof is completed from (6a) and the fact that UAS of a 
homogeneous linear equation implies BIBS stability of the 
nonhomogeneous linear equation (13). 

When the adaptive system operates in regulation mode, i.e., 
the reference input 9,(1) is a constant 8,0, the adaptive system 
equation becomes asymptotically a linear invariant one: 

[
B(t)] = [A O] [fJ(t)] + [b] fl,o• 
g(t) o o g(t) o 

(19) 

Equation (19) means that the motor model is controlled by a 
tachometric feedback with 8ro as the reference input. 

V. EXPERIMENTAL REsULTS 

In this section, sorne experimental results obtained on DC 
motor control are presented. The aim of the experiments is to 
compare the performances of tachometric feedback and 
tachometric feedback plus adaptive feed-forward control when 
the DC motor Coulomb friction is changed abruptly. 

A DC motor with a permanent magnet was used in our 
experiments. Such motors are commonly used in robots and 
precision servos. Assuming a hypothetical linear armature­
controlled motor model, the gain- and time-constant (3b) are K 
= 247 rad·s-1.v- 1 and T = 150 x 10- 3 s. A magnetic 
break was used to charige the Coulomb friction coefficient. 

The control strategies were implemented in an analog 
computer. The reference input 9, was a 55º amplitude square 
wave. Initially, the DC motor runs freely. At t = 21 s, the 
magnetic break was set up. The goal was to have a second­
order closed-loop system with low overshoot (see Fig. 2). 

A. Tachometric Feedback 

The first experiment was performed with the tachometric 
feedback control (4). The design parameters kp and k. were 
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'•• H MIJf\J\ílMM 
-55 

-55 

o 20 40 sec 

Fig. 2. Model reference output. 

1---- Additional friction ~ 

o 20 40 sec 
Fig. 3. Tachornetric feedback control. Motor position output. 

¡---- Additfonal frfctfon -

_: MIJf\J\ílMM 
O ~ 40 sec 

Fig. 4. Tachometric feedback plus adaptive feed-forward control. Motor 
position output. 

(a) 

o 

0.005 

o 20 40 

(b) 

Fig. 5. (a) and (b) Adaptive parameters. 

chosen to have a second-order closed-loop system with low 
overshoot. The design was carried considering magnetic break 
on the DC motor. 

The experimental results are shown in Fig. 3. Clearly, bad 
performance is present when the DC motor runs without the 
magnetic break, that is until t = 27 s. ·-: 

OJ057 

o L--------1------------
o 230 sec 

(a) 

o 

0.008 

230 sec 

1--- "ddttional frtctton ~ 

(b) 

Fig. 6. (a) and (b) Adaptive parameters. Additional friction at t = 230 s. 

,,,,_, 

o 

-· o---------+-----------
0 

Fig. 7. 

230 sec 

~ Additional friction ~ 

Experimental error. Additional friction al t = 230 s. 

B. Tachometric Feedback Plus Adaptive Feed-Forward 

In this second experiment, the adaptive feed-forward was 
added to the tachometric feedback. The same values kp and ku 
of the first experiment were kept. The adaptive gain -y was 
0.01. 

The experimental results are shown in Figs. 4 and 5. The 
output position O is depicted in Fig. 4. Compare it with Fig. 3. 
The improvement on a tachometric feedback is noticeable. 
Fig. 5 shows the evolution of adaptive parameters 

1
g1 and g2. 

To show adaptive parameters convergence, the experiment 
was repeated but placing the magnetic break at t = 230 s. The 
result obtained, see Fig. 6, shows that after a transient, the 
adaptive parameters converge. The experimental error e, that 
is the error between the reference model output and motor 
output positions is depicted in Fig. 7. 



VI. CONCLUSIONS 

A linear-state feedback plus adaptive feed-forward control 
for DC motors has been proposed. The usefulness of this 
adaptive scheme appears when variations on inertia or friction 
are present. A stability analysis is also presented. Experimen­
tal results show improvement in precision with respect to 
classical tachometric feedback control. 
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'l'he purpose of this papar is to present the design of a Vitex·bi decode1; 
for moderate data transmission rates (hundreds of bits/sec), using a 
sartal implementation based on a 16/32-bit mioroprooessor. 

This design is only one experimental phase_of a final version which will 
be constructed to operate ata data transmission rate of 32 Kbits/sec, 
utilizing principally MECL and 'l''l'L integrated circuits. 

l, IN'l'RODUC'l'ION 

The Viterbi decoding algorithm has been widely used in communication 
systems, As a maximum-likelihood decoding scheme, it is the most prac­
tical forward-error-correcting (FEC) technique to achieve long coding 
gains in Gausaian channels, specifically in satellite channels [lJ, 

In Mexico, with the place in orbit of the "Moreloa" mexioan domestio 
satellites, there is a plan to integrate data transmission, telephony 
and 'l'V services with a KU-band earth atations network, throughout the 
country. 

As a first step of this work, it started with the study of several 
channel coding achernes only• for ·data transrnission ata very low rate, 
which could be usea in the above stations in ita experimental phase. 
As a result of the present study it was stated that convolutional codea 
with Viterbi decoding give excellent perforrnancs, with relatively low 
compl~xity. furthermore Viterbi decoders can easily be adapted to take 
advantage of ~oft demodijl1tor decisions which will be a possibility in 
the final version of this error control system. 

Published at LNCS by Spr,inger Verlag 
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Karlsruhe University, GERMANY 
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Pnly convolutional codea are considerad here. Block codea which were 
common in early applications of digital space communication are so 
definitely inferior both in required complexity and in resulting perfoD­
mance that their further t~eatment is not worthwhile for the systems 
under consideration, other than as outer codes in a concatenated coding 
system. 

2. GENERALITJES 

To clarify sorne concepta used in this paper, we next present briefly 
the well known structure of convolutional codea and describe the Viter­
bi decoding algorithm, which is well known too [2] 

Figure 1 shows a coder for a binary convolutional code of rate m/n and 
constraint lenght k. The information bits are fed in m-bit shifts. 
The code constraint lenght is defined as the number of information bits 
that influence tbe n output ohannel bits. 

The shift regiater ,is initially loaded with zeros, after which the in­
formation message ta coded, and' follbwed by a "ta1l" of k-m zeros to 
resynohronize the ooder. 

xi 

(m-btt-shiftsJ 

1 2 

Fig. 1 A coder for•a convolutional code of rate m/n and 
conatraint lenght k. 

To generate'a n channel ~ita 9utput, the coder considera m input 
information bita and the preceding k-m information bits. 



Hence the memory of the coder is k-m. Since the coder is. a lineal and 
time-invariant cirduit, ita state is given by the contenta of the k-m 
memory elements and together with the m input bits uniquely specify 
the output bita. 

The structure of a binary convolutional code allow us to draw the out­
put bit sequence using a trellis diagram shown in Fig. 2., for the 1/2-
rate k•3 aode. The trellis diagram is a transition diagram between the 
2<k-m) s,ates of the coder. The branches indicate the state transition 
due to an input bit. Co,nveritionally, a •zero• input resulta on an upper 
branch, whereas a·•one• input resulta on a lower branch. The output 1s 
indicated above the correspondi.ng branch. 

The Viterbi decoding algorithm takes advantage of the repetitiva struc­
ture of the trellis diagram. 

X1 
---ill 

1nformat1on bits 
ch1nnel bita 

(o) 

State 

~ 

@] 

~ 

0 
(b) 

Fig. 2 (a) Codfr for the convolutional code of rate 1/2 . and oonatraint lenght k•l. 
(b) 'l'J"ellia diagram. 
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?rom the trellis diagram we observe that it has a repetitive atructure 
after k-m consecutiva bita. 

The Viterbi decoder computes the diatance to the received path of each 
of 2m paths that arrive to a given state, and selecta that path with 
maximum-.Ukelihood, eliminating all other paths. This procedure is done 
for each atate, in a given trellia depth. This is known as a decoding 
step. See Fig. 3 for the block diagram of such algorithm. 

When eliminating the leas likely paths that ~rrive to a state, the Vi­
terbi decoder doea not reject branohea that might be part of the trans­
mitted code path. 

To compare paths entering a given state, we use the path-likelihood 
funotion given in (3) 

where i is the total received,path and. y<m) is one of the possible 
transmitted paths. 

Let us consider the binary symmetric channel (BSC). The difference 
between the N-bit z, and y<m) paths is dm bits (where dm is the 
Hamming distance) The probability bf ¡(m) being transformad into i 
is given by: 

(2) 

where p i■ the BSC tranaition probability. 

Using a log-likelihood funotion we have: 
. 

log ~<ili(m) ,]- - dm log [u-p)/p]+ N log (l-p) (3) 

it is clear from (3) that in arder to minimize the error probability in 
a ase, we must choose the code path with minimum Hamming distance from 
the received path. 

As for the memory required to atore the history of the selected paths 
in each atate (survivors)'; it has been shown [3] that the 2<k-m) survi­
or paths tend to be equal in the preceding levels of the trellis, 

approximately Sk levela away from the preaent level (for 1/2-rauecodes). 



Therefore, the amount of memory required is about Sk•2(k-m) bits, in 
addition to the one nee~ed to atore the distance of the aurvivor paths, 
which is of s,2tk-J1) bits for 1/2-rate codas. 

This path memory truncation, resulta on avoiding the tail of the paths 
and permita a continuous operation, with negligible degradation in pel'­
formance. 

8TU Oa OUQATI-ALL JOSSDI.I PATHS 01 (k1) llTS AHD 
CONPU'l'I THBIR HAMHINO DIITANCI TO 'rlll UCllVID 
PA'ftl., 

I
ISTII' 11 mlllD TUI 2(k~ Sll&YIYOJ. PATIIS, a IUI 

lfflP 2a ,COMPUTB AHD ~IZI TRI iwidNG blstlNcl º' 
_ THB BXTBNDBD~. 

l 
DICODINC 

SHP 

Fig. ~ 

STBP 31 CÓHPAU THB DISTAIICBS or TIIB PATHS ADIVDIG TO 
1'118 SAMB STATB. SILBCr 'rlll -HXNIMUN DUTAHCI 
PATH AS THB suav1voa. UPIAT FOR THB 2(k-11) 
STA1'BS. 

U 'tHI 1ATB LBNGTH BQUAL TO. L llTS. t 1 

YBS 

DBCODB THB ■ OLDBST 11'?8 11l0M THB MlNDtUK DlSTANCB 
SURVIYOl PATH.AND SHIFT.ALL.PATHS .11 BITS 

1 

Block diagram of the Viterb1 decoding algorithm. The 
9ecoding leng~t is L bits. k bits constraint lenght 
and m/h-rate code. 

J. CONVOLUTIONAL CODE SELECTED 

A 1 x 10-7 bit ··error rate (BER) corresponding to a theoretical 7. J dB 
energy per bit-to-noise ratio (Eb/No) (not includes 0.5 dB margin), is 
one of· the requirements for KU-band data link. In order to accomplish 
this, a 1/2-rate k•7 convolutional code was selected using a hard-dec~ 
oion Viterbi decoder. The code generators are those obtained by 
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Odenwalder 1n [4] , whoae generato~ coefficienta are 171, 1331
8 

• 

• 1111001, 1011011. Theae code generatora were choaen to minimiza the 
bit prob~ility of error at large Bb/No ratioa, which is the ranga of 
Bb/No'a uaed here. Theae yielda acode with a minimum free diatance of 
10. 

In thia veraion w~th hard-decisions,. there is no need neither to co111-
pute more oqmplioated likelihood functiona, nor to use soft-dcciaions 
(usually of 3 bita) from the dembdulator. 

The choise of a rate-1/2 code allow ua to use the_availábility of mod~ 
ate bandwidth expanaion, d~~ toJ)OWer limitation in the aatellita. 
Thia rate also reduces aignificAntly the decoder complexity, and we can 
exploit tfte fact that from thia aoh•e, higher codea ratea could be 
obtained with punctured codea [5] 

As for deco~er'a architecture two approximations -were analyzeds paral­
lel implementation-and serial implementation. 

With parallel imp~ntation, 2<k-m) proce■•ing unit■ are needed for 
each atate (each uoit performing the operationa of likelihood metric 
computation, comparing, adding, aelecting and updating the aurvivor 
path). Utilizing principally MBCL and TTL integrated circuits, this 
approach achieve very high data tran■mi■aion ratea (up to 10 Mbita/sec), 
at the co■t of larga number of logia and memory eleaenta. Thia acheme 
is auitable for VLSI designa, obtaining a whole decoder in a single 
integrated oircuit, whereae traditional electronic designa would re­
quire exoeaaive apace and would be i■practioal. 

On the other hand, the serial approach permita significant saving in 
the number of devicea required, but at the cost of reducing transmis­
aion rata (aeveral hundreda of Jebita/sec). In thia kind of acheme a 
single proceasing unit ia required for all the 2<k-m) aurvivor paths. 
In thia veraiCU\ we conaider the serial implementation as the most suit­
able for aatellite data communications, because the present needs in 
data transmission ratea are not to larga -32 Kbits/aec using a SCPC/ 
QPSK/FDMA system, only for data tranamission, nor telephony and TV ser­
vices neithe~, and aleo because it is a scheme eaay to build with re­
duce numbe~ ot comp~nents 

This type ot arcbitecture also has the advantage of being able to in­
crease data transmission rate, by means of hybrid configuration -serial 



and parallel--, in which aevoral procoaaing uni ts ahare the ducodiny task. 
'l'he progreaaive decrement in both price and size of electronic devices 
i■ a valid juetification of our aelection. 

4. PRBSBNT VBRSION OP 'l'llE DBSING 

Thia preliminary vera.ion has been deaigned around a microproceaaor for 
two reasona principallya 
* To meaaure the performance of a relatively recent 16/32-bit micro­

procesaor in this kind of applicationa. 

* To test the correct operation of the decoding system accordingly to 
our theoretical calculationa. Awaiting for the final version. 

The key element in a serial impleaaentation ia tha proceasing unit (PU), 
becauae it muat perfora the Viterbi de0odin9 alg9rithm efficiently. 
High operation apeed1 efficiency in data addre•~ing and tranafer, and 
good inatruction set are deairable featurea of the pu. 

In the last few yeara more pow~rful microproceaaora have appered, among 
which we find Motorola'a MC68000 series that present_all characteristics 
mentioned above. We therefore aelect a microprocessor-baaed serial 
implementation uaing the MC68000 family. 

Being the 11icroproceaaor tho hoart of the design, the architooture muat 
alao conaider three baatc elementa: a. read-only-memory (ROM), to atore 
the set of instructiona to implement the Viterbi decoding algorithm; a 
random-acce■■-11e1110ry (IUUOt for the path diatance storage and the path 
,nemory1 and the input (from tha damodulator) and output (to the user) 
interface circuits. The block diagru of the proposed design is shown 
in l'ig. 4. 

The system waa cDns~ruct.ed as a single board utilizing an Educational 
Computer Board (ECB) from Motorola systems. The principal features of 
this board are, 

* A 16/32-bit mioroprooeasor in ita version of l'0•MHz and N-channel 
technology. 

* 32K bytes of dynamic RAM 
* 8K bytes of system monitor ROM 
* Two serial I/0 ports wifh RS-232C interface. Baud rate, strap 

selectable: 110, 150, 300, 600, 1200, 2400, 4800, 9600, 

119 

1 



130 

READ-ONLY INPUT FO& 
HEMORY <--e> 16/32 .. bit <--> INTBUACB ,.__ DBHODULATOR 
(ROM) NICIOPROCISSOI 

ClllCUIT. 

(MC68000 family) 
RANDOK OUTPUT TO ACCJSS MPU INTERFACE <---e> <---> USER MBMORY CIRCUIT 
(RAM) 

Fig. 4 Block diagram of the microprocessor-based serial 
implementation of Viterbi Decoder. 

Therefore our choice is software implementation, using an assembler 
language program executed by the microprocessor. In a straight-forward 
implementation two seta Óf registers are uaed, containing the survivor 
paths and their distances, for two consecutive levels in the trellis 
diagram. After each docoding stop, the microprocessor updates and 
transfers the conúents of the registers sets. 

The disadvabtage of ,thia p~ocedure, a■ waa pointed out in [6}, ia the 
reading and rewriting of long registera (32 bits in our case), which ro­
quires two buffer&. Nevertheless, the speed and power of the new gener­
ation of microporcessors allow us to design without considering any 
restriction in memory size. Therefore, there is no need to remove dou­
ble buffers for transf~rs between registers. 

A very important feature of any decoder is the synchronization of sim­
bols. In our case, branch synchronization is achieved by detecting when 
received data contain excessive number of errors. Whenever this hap­
pens, it can easily be detected by the microprocessor who shifts one 
bit the received branches. 

To update and atore the path distances we take advantage of the trellis 
structure, to determine state transitions (7] 

The basic trellis structure is used when comparing and updating both 
the survivor paths and their distances, as shown in Fig. 5. 

In each decoding step, a new bit is added at the beginning of each path, 
and the oldest bit of the minimum distance path is decoded. In our 
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Fig. 5 Basic atructure of the trellis diagram. 

deaign, a path hiatory ot .31 bita was taken, and the 32nd bit is the 
decoded bit. At the end of the decoding step, the content of the reg­
isters 1s shifted right one bit. 

With thia implementation, nevertheless we could obtain a maximurn data 
transmission rate of 495 bits/aec, which is about ten times faster than 
a previous work in which the Viterbi algorithm has been implemented on 
a Zilog Z-80 microcomputer for the (21 1)8 convolutional code (8]. 

Unt11 now our deaign has been tested in our laboratories with a aimula­
ted channel and data transmission, the resulta are very encouraging, 
but much research still has to be done for this application, in particu­
lar with reapeot to the real data transmiaaion rate (32 Kbits/seo), 
which will be obtained only with a logic deaign utilizing MECL and TTL 
integrated circuita ora VLSI realization. 

S. CONCLUSION 

In surnmary, a 16/32-bit rnicroprocessor-based serial implementation of a 
Viterbi decoder has been designad. The scheme has the advantage of re­
quiring a reduced number of components, and permita an increased data 
transmission rate by a serial-parallel approach. This work was done in 
the context of the design of KU-band earth stations for data transmis­
sion, telephony and TV services, using the mexican domestic satellites 
systems. 

Nevertheless this deaign constitutes only one experimental phase of the 
final version, and although we could obtain a data transmission rate of 
495 bits/seo wbich is about ten times faster than a previous work, it 
is not aatisfactory for our present requirementa which are of 32 Kbits/ 
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seo for the data transmiaaion link. To obtain this final ratea defl.nitj¡.. 

ve version will be constructed utilizing MECL and 'l''l'L integrated cir­
cuits ora VLSI realization. 

For the reason that has been explained in paragraph 1, only convolutio­
nal codea have been considered here, a 1/2-rate k=7 convolutional code 
has been chosen to accomplish one of the reguirements for KU-band data 
link 1 To choose the code generators we have been highly influenced by 
the CCSDS recornmendation for telernetry channel coding. 
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ABSTRACT 

An algor1thm 1s presented to pred1ct transient 
discharge phenomena at micropressure and m1crogravity of 
cylindrical vessels durfng short periods of tfme. The 
present work improves previous ones (1,2,3), with the 
fncorporatfon to the analys1s of the heat transfer 
phenQHnon frm the vessel wall, when the system 1s 
depressed to vacu111 conditions, causfng a transient 
tellperature varfation at the vapor-lfqufd interface and 
specially at the triple lfne bOundary (solfd-liqufd­
v1porJ, where an instantaneous evaporatfon resulta from 
the transfent phenomena caused by the dfscharge process. 

NONENCLATURE 

a Thermal dffusfvfty 
A Area 
Cd Ufscharge Coefffcfent 

CV Specff1c Heat at constant 
vol1111e 

h Specffic enthalpy 

hfg Evaporatfon enthalpy 

k Theraal cohductfv1ty 

• Mass 
p Pressure 
q heat flux 
R Ideal gas constant 
T Temperature 
t Time 
u lnternal Energy 
u Spec1f1c 1nternal energy 

J/kg K 
J/kg 
J/kg 

W/m K 
kg 
Pa 
W/m2 

J/kg K 
K 

s 
J 
J/kg 

Greek S,Yllll>ols 

6 Penetrat1on depth m 
y Spec1ffc heat ratfo clcv 
Subfndexes 

d Dfscharge 
e Exft 
i Interface, 1nner 
R. Lfqufd 
p Pressure 
sat Saturation condftfons 
V Volume, vapor 
w Wall 

INTRODUCTION 

The thermocl,Yn•fc behaviour of fluids bound by 
cylindrical pressure vessels, that·are IIOllentarily 
depressed to space conclfttons, 1s very flll)Ortant for 
propulsfon purposea. The ob,jectfve of this paper 1s to 
predict the internal pressure response of a saturated 
liquid-vapor closed syst• when depressed to vacu111 for 
very short perfOCls of time, Ttle figure 1 depfcts a 
schematfc typfcal vessel showing a hemispher1cal lfqutd 
vapor interface, which is ass..-cl in accordance to pre­
v1ous experimental results (2). In figure 2 a schematic 
of·the modal is presentad with a flat interface but w1t 
a hemispher1cal surface area, The surface 1s a two-phas 
mixture Wfthfn the vessel at equil1br11111 under saturati 
condftfons for a vpor pressure Pv just.before the disch 
ge t<O, Once the d1scharge fs started t>O, the fnterfac 
temperature drops dueto depressurfzatfon of the vapor 
space and the te■perature grldfent so created induces a 
heat transfer both from the lfqufd and the solfd wall, 
whfch evaporates part of the fluid in a natural tendenc 
to restore the sys• to ita prevfous cond1t1ons. The 
analysis coPsista of applyfng tite governfng equatfons t 
three d1fferent control voluas (open systems), namely 
the vapor, vapor-11qutd interface and the liqufd. The 
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vapor 1s cons1dered a un1fonn control volume·(F1g. 3) 1 where uss and energy conservation equations are appl1ed~ 
At the 11qu1d-vapor interface, the energy equat1on 1s 
applied to determine the interfacial mass transfer, 
cons1der1ng transfer of heat from the vessel wall. F1na1-
1y, for the short periods of time under consideration 
and very small penetration aepths, the 11qu1d 1s con­
siderad as a sem1-1nf1n1te solid boundary. 

.VW.YSIS 

Dueto the very short periods of d1scharge, the 
fo11ow1ng assumptions hold for the model: 

l. The vapor internal energy varies only with time. 
2. Changes of the ullage volume are neg11g1ble. 
3. The interfacial surface area rema1ns constant. 
4. The mass of 11qu1d 1s very large comparad to the 

evaporated mass 
5. All of the vapor properties are uniform and def1ned 

by Tv and Pv. 
6. The interface temperatura is Ti • Tsat at Pv. 
7. Initially the liquid-vapor mixture is saturated Tv• 

TiaTsat Pv. 
8. Very short periods of time are modelled· (t~3sJ. 

A different model should be considerad far longer 
test times. Far the vapor region of the vessel: 

(1) 

The t1me variation of mass w1thing the 
vapor volume is then given by the continuity conditions: 

(2) 

Whereas, for the liquid region: 

dm • 
dt 1 =. m1 (J) 

The mass var1at1on rate in ll) 1s subst1tuted by 
the cont1nuity conditions (2), and the derivatfve of the 
1nterna1 energy 1s then evaluated as a funct1on of the 
qualfty parameter: 

uv =uf+ x ufg (4) 

Substftuting l2) and (4) in (iJ: 

m\d(uf +. x uf
9
)/dt) + mi (uv-hi) + m8 (hv - uv) 

.. o (5) 

The mass flow rate through the vent 11eis calcula­
ted by using a clasfcal choked flow analysis (4), and 
therefore the exiting mass flow rate is only a function 
of upstream vapor properties, or: 

~ = P C JLK (R r)·112 
e V d .. T d (6) 

Where Cd, is an experimentally detennined coefficient, 
and 1/2 2 

"y fify+l) 
Kd 2 y+l (7) 

S1nce no heat transfer to the vapor 1s assumed, 
all energy transferred to the interface by conduct1on 
1n the 11qu1d and from the wall, results 1n vapor1zat1on 
in this region: 

(8) 

If the 11qu1d 1s regarded as a semi-1nf1n1te so11d 
with one-d1mens1ona1 heat conduction, then: 

ql • • k1 Al cllx■O (9) 

and for the vessel wall: 

(10) . 
then, solv1ng for mi: 

(11) 

A1, is the hemispher1cal surface area aná A is the 
radial conduct1on area fo the vessel wall. w 

Therefore, in order to detenn1ne the 1nterfacia1 
mass transfer, two temperature grad1ents are required, 
one in the lfqufd and the other one at the vessel wall. 

In view of the previous assumptions, the temperatur 
distributfon for the 1fqu1d reg1on can be obtained frorr; 
the solution of: 

2 
(i)T/at)•a4 (12) 

~X 

Initially the system is at the unifonn temperature 
To, with a sudden fncrease to the value Ti, therefore 
the 1n1t1al and boundary condft1ons are g1ven by: 

T(x,O). Ta 

T(O,t) • Ti 

T( .. ,t) • To 

lhe solution to equation ll2J 1s then given by: 

where: 

~ • erfc (XJ2(at) 112, (13) 
ª1 

8\x,t) • T(x,t) - T0 
81 " Ti - TO 

The equatfon for the temperature d1stribution at 
the vessel wall 1s g1ven by: 

(14) 

For the followfng fnitfal and boundary cond1tions: 

e(r,O) •o• T(r,OJ- To 
8(R,t) • ª1 • T(R,t) - Ta= Ti - Ta 
8l .. ,tJ •O• T( .. ,t) - T0 



The s01ut1on 1s g1ven by: 

.!í.!:.a!l \'f - lJ (at/R
2
)
112 

[ Í - 1 ] 
. 81 • 4(r/R)3/2 ierfc 2(at/R2)1/2 

(15) 

The temperature at the interface 1s equal to t~e 
saturatfon temperatura corresponding to the d1scharge 
pressure Pd. Since there 1s a 

pressure change assocfated w1th the d1scharge,then a 
time varyfng boundary condftfon Ti(t) is fntroduced fn 
the solutfon. By usfng Duhannel's superpositfon integral 
(5): 

f de (s) 
e(z,t) • e1(o),.(z,t) + b ;\z,t-s) +s • 

where: 

e(z,t) • T(x,tJ - t 0: or e(z,t) • T (r,z) - T0 
e1(t) • T1(t) - TO 

Then for the 11qu1d: 

+<z. t> • m___._u a,m-
and for the vessel wall: 

cz. t> • :~f d) 

(16) 

(17) 

(18) 

~z,t) 1s the unsteady temperature resultfng from 
a stepwise unit fncrease in surface temperatura, 1n 
relatfon to a unfform 1n1t1al temperature. The new 
t8111)8ratur. ;(x,t), may be expressed fn terms of (x,t) 
as: 

{º· t s ;(z,t) • 
(z,t-s), t s {19) 

The solutfon for (z,tJ comes from equatfon (13) 
for the 11qu1d and from equatfon (15) for the vessel 
wall, therefore: 

ljl(z,t) • «x,t) • erfc [--x ] (20) 
01 2(at)f/2 

The other expressfon fs rather large and cumbersome: 

[ r/R - l ] • 1erfc 2 l/Z + 
2(at/R) 

2 
+ 7(r/R) +2~r/R)-9 (at/R2)1/2ferfc [ r/R - l ](2l) 

32(r/R)5/ 2(at/R)l/Z 

The solutfon of the system of equations has ·to be 
carrfed fn dfscrete tfme steps, so that the dfscrete 
fora.of equatfon (16) is: 

n 
e(x,t) • a¡(O)',t1,(z,t) + • t 68 . •<z ,t-sm) (22) 

m•l fm • 

where: 
A8fm • e1(s•) - e1(s..,1) (23J 

n, fs tht total nwaber of t1111t steps, m fs a 
runnfng tf• 1ndex 1< • < n áncl Aef•' 11 the fncrement, 
changa fn surface taiperature, 

The solutfon gfven by (22) does not fmply a prec1s, 
temperatura gradfent, therefore a thfrd order polynomfa 
wfth a least squares fft 1s fmposed: 

T1 •A+ 8 x + C x2 + D x3 

Tw • A1 + B1r + C1r2 + D1r3 
(24) 

Tha rilspectfve temperatura gradfents for 1 fqufd and 
wall are then gfven by: 

dTI • B ax x•O (25) 

dTI 2 ar r•R • 81 + 2C1R + 3D¡R 

To evaluate the efght constants 1n tha equatfons 
(24), a penetratfon depth was estfmated for whfch the 
dfmensfonless temperature changa gfven by equatfons (13; 
amd (15) fs 961 for the ffrst case, or substftutfng fn 
the Gauss' error functfon: 

0,95 • erfc [ 8
172 ] (26) 

2(at) 

• 1.39 (2(at) 112) 

Equations {26) refer only to the liquid interface, 
a sfmflar procedure fs carrfed on for equatfon (15), 
only the estimatfon fs attained by means of a dfgftal 
computer. 

The actual penetratfon.depth will be somewhat less 
than the value predfcted by (26) on the computar estfma­
tfon for equation (15) due to the transfent change fn 
surface temperature. Sfx equally spaced nodes are taken 
to be wfthin thfs penetratfon ·depth, a schematfc dfagran. 
fs shown fn Ffg, 3. The same procedure fs accomplished 
wfth tha vessel wall. 

RESULTS AND CONCLUSIONS 

The present paper takes fnto account the evaporatfo 
phenomenon at the triple interface bondary (solfd-lfqufd 
vapor), resultfng from the transfer of heat from the 
vessel wall to the liqufd, whfch was fgnored in a pre­
vfous model (lJ, This results in a largar evaporation 
anda pressure drop lower than the ona predfcted fn 
previous models (1), (2) and s0111e experimental results 
(6). Figure 4 shows transient vapor and saturation tem­
peraturesl while Ffg, 5 shows the general system transfe 
response pressure, flow rate and interface evaporatfon) 

135 

The computar álgorfthm was also modiffed fn order t, 
incorporate the prevfous effects, a flow dfagram fs fn­
cluded in Ffg. 6. 

Thre pressure drop predfcted by prevfous models was 
too large compared to experimental condftions. This mode 
predfcts values.closer to the exper111&11tal data and even 
fmprovess a prevfous one (lJ, dueto the consfderatfon o 
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the evaporat1on along the triple inter11ne at the solid 
boundary of the vessel. Heat transfer from the container 
wall1 was only considered at the triple boundary for a 
depth twice as large as the one considered as •penetra­
tion depth•, for 1ncreas1ng of the evaporation effect. 

The results are sunnarized in table 1 and scme runs 
are shown,where a comparat1on 1s 11111de w1th two prev1ous 
IIOdels (1), (2). Inspection of the table can lead to the 
conclusion that this model better approóches prev1ously 
reported experimental data (6). Thennodynam1c data for 
perfonunce evaluation and for the evaluation of ther-
110dy111111c propert1es, were taken from reference (7). 
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ABSTRACT 

This paper presents the transient pres­
sure behavior for a well with a low con­
ductivity vertical fracture, {kfbf)DS 0.1; 
these cases include low kfbf fractures, 
long fractures or wells in relatively 
high permeability formations. 

It appears that this type of systems ex­
hibits two flow periods only: bilinear 
flow and pseudo-radial flow. It is de­
monstrated that for these fracture con­
ductivities the effective wellbore ra­
dius is given by r~ = 0.28 {kfbf/k); 
that means that there fs a maxfmum value 
of the effective wellbore radius achieved 
by hydraulic fracturing for a given value 
of (kfbf/k). 

A new single line type curve is present­
ed for analysis of pressure transient 
tests. 

INTR0DUCTI0N 

Evaluation of hydraulic fracturing has 
been attained successfully through the 

analysis of pressure test in the last 
few years. These has been possible be­
cause of the introduction of new models 
for fractured wells such as the finite 
conductivÚy fracture 1• 4 and the frac­
tured well in a layered reservoir 5•6 

among others. 

The use of the pressure derivative 7•9 

hasenhanced the interpretation reducing 
the uniqueness problem when the type 
curve matching procedure is applied. 
Pressure transient analysis allows the 

• estimation of fracture half length xf, 
fracture conductivity kfbf, fracture 
skin sf and effective wellbore radius 
r' w· 

It has been established4 that a well 
intersected by a fully-penetrating finite 
conductivity vertical fracture exhibits 
in general the following flow periods. 
InitialJy, there is a fracture linear 
flow; after a transition flow period may 
or may not exhibit a bilinear flow period 
might develop. Eventually, in all cases, 
the system reaches a pseudoradial flow 
period. 

145 



146 

2 BEHAVIOR OF 

All cases published in the literature co~ 
sider. fracture conductivities equal to or 
higher than 0.1. Solutions for smaller 
fracture conductivities are not reliable 
when obtained through the use of finite 
difference simulators mainly because for 
these cases, pressure gradients within 
the fracture become extremely high as 

fluid is approaching the wellbore. 

The purpose of this work is to present 
the pressure behavior and welltest inter 
pretation for a well with a vertical 

fracture of conductivity less than 
or equal to 0.1. In addition a dis­
cussion on the maximun effectfve well 
bore radius is included. A new single 
line type curve is introduced for this 
kind of systems. 

MAXIMUN EFFECTIVE WELLBORE RADIUS 

One way to express the well conditions 
(damage or stimulation) is by using the 
concept of effective wellbore radius. 
Prats 10 showed that a well intersected 
by an infinite conductivity vertical 
fracture exhibits an effective wellbore 
radius equal to half of a wing length 
of the fracture; in addition he presen! 
ed a graph of effective well radius ve~ 
sus the relative fracture conductivity 
parameter a= nkxf/2kfbf (See Figure 1). 
Here the parameter a is inversely pro­
portional to the conductivity of the 
fracture. It can be observed in this 
figure that as the fracture conductivity 
decreases the r~/xf ratio decreases. 

As Raghavan 11 pointed out, the effec­
tive wellbore radius ratio r~/xf varies 
linearly with the parameter a in a log­

log graph for large values of a (Low co~ 
ductivity fractures), the straight line 
representing this relationship has a 
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slope equal to minus one. That means 
that, for these conditions, r~/xf can 
be expressed as: 

r' c w = .....1 ( 1 ) 
xf a 

r' • 2C 
l kfbf 

or 2!. = 
xf iílcx f (1-a) 

or r' = 
2C

1
kfbf 

w nk 
(1-b) 

where C is a constant. In Eq. 1-b we 
observe that the effective wellbore ra­
dius appears to be independent of frac­
ture length. 

In Appendix it is shown by using a 
model proposed by Muskat, for natural­
ly fractured reservoirs, that the effe~ 
tive wellbore radius for a well inter­
sected by a low conductivity vertical 
fracture ((kfbf)D = kfbf/kxf~ 0.1) is 
given by: 

r' w 
( 2) 

this means, as indicated by Raghavan 11 , 
that given kfbf/k there is a critical 
fracture length beyond which there is 
n9 increase in well productivity for 
practical purposes. The critical frac­
ture 1 ength is: 

( 3) 

From Eqs. 2 and 3. 

::: (xf)critical 
r ~ 35 (4) 
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FRACTURE FLUX DISTRIBUTION 

The distribution of low rate qf to­
wards a vertical fracture depends on 
both time and dimensionless fracture 
conductivity3. However, it has been 
shown that the flux distribution along 
the fracture becomes stabilized during 
the pseudoradial flow and appears to be 
identical to the flux distribution un­
der steady state flow conditions. 

For low conductivity fractures qf can 
be calculated from the model presented 
by Muskat 12 . The fractional flow rate 
q/q within the fracture ata distance w 
x from the wellbore is given by: 

q (x) 2Cosh E [Sin xz/bfSinh z/2 
-qw-- = --11-- z Si11h C½ + e: )dz 

o 

(5) 

k where e:= tanh ¡: . Hence the fracture 
flux distributibn in dimensionless form 
qf(x)/qw for large values of x0 can be 
approximated by: 

(6) 

herP. (kfbf)D is the dimensionless fractu~·e 
conductivity. Figure 3 shows a graph of 
qf/qw versus x0 for several values of 
fracture conductivity. As this parame­
ter decreases the contribution of flow 
from regions far from the wellbore be­
comes negligible; that implies that most 
of the fluid goes into the fracture near 
the wellbore. For instance for a conduc­
tivity (kfbf)o= 0.01 about 99 percent of 
the fluid produced at the wellbore enters 

the fracture within one third of the frac 
tute length close to the wellbore. 

It can be shown that reservoirs with low 
conductivity fractures exhibit radial flow 
pressure distribution (logarithmic varia­
tion) a long the fractrue beyond a distance 
equal to (xf)critical; this fact indicate 
that fracture tips do not affect the behav­
ior of the system under these conditions. 

TRANSIENT PRESSURE BEHAVI0R 

At early time, a well intersected by a 
finite conductivity vertical fracture exhib 
its the bilinear flow behavior4; that is: 

2.45 t ¼,. 
l{kfbf)D Dxf 

( 7) 

the bilinear flow period occurs when 

and 

t0ebf~-0.0205[(kfbf)D -l.5]-1.53 

for l.6~(kfbf) S3 

(8) 

A good approximation for the time of end 
of the bilinear flow, for low conductivity 
fractures ((kfbf)Ds 0.1), is 

*Definition of dimensionless variables 
is given in Nomenclature. 

147 



148 

BEHAVIOR OF WELLS WITH LOW C0NDUCTIVITY VERTICAL FRACTURES SPE 16776 

or (t0 ,) bf %0.03 rw e 

(9) 

(10) 

In terms of dimensionless time based on 
effective wellbore radius, the pressure 
behavior during the bilinear flow period 

is: 

¼ = 1.298-tor' 
w 

( 11) 

According to this equation a single curve 
gives the behavior of the system during 
the bilinear flow in terms of r~. 

As mentioned befare, the fracture tips do 

not affect the pressure behavior of the 
system; that means that the pseudoradial 
flow follows the bilinear flow after a 
transition flow period. 

0uring the pseudoradial flow a fractured 
well acts as a well with an effective 
wellbore radius r' given by Eq. 2. Hence w 

= ½ [lntDr' + 0.80907] 
w 

( 12) 

An analytical solution for the behavior 
of finite conductivity fractures 3•13 

was used to evaluate the pressure tran­
sient b~havior for low conductivities 
cases. Very small fracture segments had 
to be used to simu 1 ate properly the tra~ 
sient pressure behavior. Figure 4 shows 

¼ a graph of Pwo versus the group tDxf/ 
(kfbf)½, for several values of conducti­
vity; t"e curves for different (kfbf)D 
merge from the single curve representing 
the cases where (kfbf)D ~0.1 

At early time, as expected, the curves 
exhibit a straight line portian that goes 
through the origin representing the bili­
near flow period; the curves for (kfbf)>l.6 
are concave upwards, as pointed out by Cin­
co-Ley et al~, and the curves for (kfbf)D$ 
1.6 are concave downwards. 

According to Eqs. 7 and 8 PwD can be expres2 
ed as a function of the dimensionless time 
tDr' only. Figure 5 shows a log-log graph 

w 

of PwD versus tDr' for different (kfbf) 0• 

Here the curves are w between two 1 imiting 
cases, (kfbf) 0= 0.1 and (kfbf)o= 300. 

The beginning of the pseudoradial flow 
occurs at tDr' = 2000, in such a way that 
there is a w long transition period 
(five log cycles) between the bilinear 
flow and the pseudoradial flow. 

ANALYSIS OF PRESSURE DATA 

The interpretation of pressure test data 
can be accomplished with a high confidence 
if a flow regime diagnosis is included in 
the analysis. This basic step uses the 
type curve matching technique including 
both the pressure change and the pressure 
derivative function. 

Figure shows a type curve for a low con­
ductivity vertical fracture (kfbf) 0so.1 
in terms of dimensionless time bases on 
effective wellbore radius. This graph 
include both pressure and pressure deriv­
ative function. Two single curves represent 
all values of (kfbf)D less than 0.1. The 
application of these tehcnique requires 
that both curves must be matched to obtain 
data from a match point (4P)M, (PwD)M' (t)M 

and tor•· Hence we can estímate: 
w 

kh = 
aqBu(PwD)M 

( 13) 
(4P)M 
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we can also compute: 

k r' 
k b = w 
f f 0.2807 

(14) 

(15) 

A unique match is obtanined when data fall 
on either the transition period or the 
pseudo radial flow. 

If data exhibit the bilinear flow behavior 
only, the analysis can be achieved, as 
illustrated by Cinco and Samaniego4 

through the use of a graph of Pw vs t 114 . 
This type of graph yields a straight line 
of slope mbf inversely proportional to 

(kfbf)l/2, 

If data fall on the pseudoradial flow 
the semilog graph applies giving a strafght 
line of slope m inversely proportional to 
kh of the formation. The skin factor s is 
estimated using conventional methods, then 

(16) 

and ( 17) 

in addition a minimun value for xf cambe 
calculated from: 

(xf) min (18) 

CONCLUSIONS 

The results obtained in the present work 
indicate that: 

l. A low conductivity vertical fracture, 
(kfbf)D s 0.1, exhfbits three flow 
periods: bilinear flow, transition 
region and pseudoradial flow. 

2. The pressure transient behavior for 
the low conductivity fracture in given 
by a single curve. 

3. The effective welbore radius for a 
fractured well with (kfbf)D ~ 0,1 
is independent of fracture longth and 
can be estimated as 0.2807 kfbf/k, 

4, The use of type curve matching is 

essential to analyze pressure tran­
sient test in low conductivity frac­
tures. 

NOMHlCLATURE 

bf = fracture width, m 

B = formation volume factor, 
m3/m3 

et= total compressibility, 1/kPa 

c1 = constant of proportionality 

h = formation thickness, m 

k = formation permeability, md 

= fracture permeability, md 

dimensionless fracture con­
kfbf 

ductivity (~) 
f 

p = Pressure, kPa 
= dimensionless wellbore pres-

sure khtipw 
( aq 8µ ) 

qf = fracture flux, m3/Day/m 

qw = Well flow rate 

rw = Wellbore radius, m 

r' = effective wellbore radius, m w 
s = skin factor 

t = time, hours 

= dimensionless time 

dimensionless time 

( Skt ) 
~µC X 2 t f 

Skt 
(~µC r'2) t w 

time for end of bilinear flow 
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tDbpr = time for beginning of pseudo­
radial flow 

x = distance, m 

= half fracture length, m xf 

t porosity 

µ = viscosity, E-6 Pa.s 

Subscripts 

bilinear flow 

O dimensionless 

f fracture 

initial 

w = well 
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APPENDIX 

MAXIMUN EFFECTIVE WELLBORE RADIUS OF 
A FRACTURED WELL 

We can use a model described by Muskat 
to estimate the effective wellbore ra­
dius for a well with a low conductivity 
vertical fracture. Muskat assumed two 
porous media, one representing the fra~ 
ture and the other one representing the 
reservoir; as shown in Figure 2. The 
reservoir is produced under steady-state 
flow conditions. According to Muskat, 
the pressure drop between a point at the 
fracture located ata distance x f~om 
the well and the wellbore is given by: 

=~ 
2 kh 

where E= tanh - \~:) 
f 

(A-1) 

For large values of x and small values 
of ·e= tanh- 1 

(~) 

f 

For large values of x and small values 
of E(E$ 10- 3

) Equation (A-1) can be 
approximated by the following expression: 

or: 

Cosh e q µ 
Pf(x)-Pf(x=O)= --~- --[l.2704+ln( 0<)] 

L 21Tkfh 

(A-2) 

qµ X 

Pf(x)-Pf(x=O)= - ln(----) 
2Tikh -.2807 kfbf 

~ 

(A-3) 

This equation indicates th~t pressure 
along the fracture varies with the 
logaritm of distance for large values 
of x. 

The pressure drop equation for radial 
flow is: 

qµ re 
P(r )-P(r' )= -- ln -

~ w 2Tikh r' 
w 

(A-4) 

where r' is the effective wellbore radius. w 

From comparison of Eqs. (A-3) and (A-4) 
we find that a well intersected by a 
vertical fracture of permeability kf• 
width bf and of infinite extension 
(length) has an effective wellbore ra­
dius given by 

k b 
r~= 0.2807( : f) (A-5) 
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ENERO 

ACEVEDO ARREGUIN, L. ANTONIO 
M en I ambiental. "Simulación de la contaminación de un acuffero por inyección 
de aguas residuales". Mexicano. 

CARRO DE LA FUENTE, ADAN 
M en I aprovechamientos hidráulicos. "Estimadores de máxima verosimilitud de los 
parámetros de los modelos arma no periódicos y con coeficientes constantes". 
Mexicano. 

PEREZ GOMEZ, LAURA ELISA 
M en I investigación de operaciones. "La teoría de conjuntos borrosos como base 
metodológica, alternativa para el análisis de decisiones bajo criterios múltiples". 
Mexicana. 

REYES SANCHEZ, MARTHA LUCIA 
M en I hidráulica. "Fallas de presas". Colombiana. 

RIV AS RIV AS, HECTOR 
M en I petrolera. "Modelo de optimización de costos en redes de tuberías". Mexica­
no. 

RIVERA RIVERA, CARLOS 
M en I eléctrica-control. "Teoría de la información con aplicaciones al procesa­
miento digital de señales". Mexicano. 

VALDEZ DE LA RIVA, J. CLAUDIO 
Especialización I construcción. "Procesamiento de reciclado de pavimentos 
asfálticos en México". Mexicano. 

FEBRERO 

En este mes no hubo obtención de grados. 

MARZO 

BOCANEGRA NORIEGA, MA. GUADALUPE 
M en I exploración. "El paleomagnetismo y sus implicaciones con el origen y evolu­
ción del Golfo de México". Mexicana. 

ESGUERRA AMAYA, C. AUGUSTO 
M en I estructuras. "Confiabilidad de marcos de varios pisos ante la acción de sis­
mos". Colombiano. 

EUDA VE MUl'lOZ, JORGE 
M en I estructuras. "Vibración con balanceo en estructuras". Mexicano. 

GARCIA JARQ.UI, L.J. ALONSO 
M en I estructuras. "Análisis paso a paso del centro postal mecanizado con acele­
rogramo del sismo del 19 de septiembre de 1985". Mexicano. 

HERNANDEZ GUTIERREZ, J. ISSAC 
M en I mecánica. "Características del chorro incipiente". Mexicano. 

LOYO FERNANDEZ, J. AURELIO 
M en I petrolera. "Programa de cómputo para el análisis y el diseño de instala­
ciones de bombeo neumático continuo". Mexicano. 
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SANDOV AL GARCIA, MA. CLEMENCIA 
M en I hidráulica. "Ajuste de parámetros de modelos autorregresivos periódicos 
con técnicas de optimización". Colombiana. 

SOLIS GALEANA, GILBERTO 
M en I petrolera. "Análisis y aplicaciones de la teorla de interpretación de pruebas 
de campo 'minifrac' ". Mexicano. 

TRIST AN WONG, MARCELO 
M en I hidráulica. "Análisis y alivio de supresiones en obras de excedencia". Pana­
meño. 

LEON ROMANOS, ARTURO 
M en I electrónica. "Interpolación de áreas cromáticas entre puntos cuyos porcen­
tajes de colores son conocidos". Mexicano. 

VICENTE VIVAS, ESAU. 
M en I eléctrica. "Desarrollo conjunto de procesamiento digital de imágenes y siste­
mas automatizados". Mexicano. 

ABRIL 

ARMIJO PALACIO, G. ERNESTO 
M en I mecánica de suelos. "Potencialidad a la licuación de un depósito de arena li; 
mosa mediante cono eléctrico". Argentino. 

DIAZ CRUZ, ARMANDO 
M en I hidráulica. "Influencia de la zona de inmersión en la concentración de una 
corriente de densidad en un embalse". Mexicano. 

JARAMILLO FERNANDEZ, J. DIEGO 
M en I estructuras. "Torsión sfsmica de edificios". Colombiano. 

RUIZ CARMONA, VICTOR MANUEL 
M en I eléctrica. "Control adaptable de un canal de riego". Mexicano. 

MAYO 

A VILES OCHOA, JUAN S. 
M en I aprovechamientos hidráulicos. "Análisis de eficiencia de la estimación de los 
parámetros de la distribución general de valores extremos para el análisis de 
sequias". Mexicano. 

CABRERA BORBOA, LUIS R. 
M en I planeación. "Decisiones estratégicas en el procedimiento de plan empresa­
rial". Mexicano. 

CARDENAS ORDO~EZ, HAROLD G. 
M en I estructuras. "Estudio de un edificio reforzado con contravientos metálicos y 
muros de concreto". Colombiano. 

CONTRERAS L0:11EZ, ENRIQUE A. 
M en I mecánica. "Investigación experimental del efecto de la temperatura sobre la 
permeabilidad, la porosidad y la expansión térmica de rocas areniscas". Mexicano. 

DOURIET CARDENAS, JOSE C. 
M en I hidráulica. "Análisis univariado de frecuencias de sequias". Mexicano. 
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FLORES VIVEROS, JAIME A. 
M en I aprovechamientos hidráulicos. "Revisión del capitulo 7 del libro 'Mathema­
tical modeling of hidrologic series Advanidze' ". Mexicano. 

GARCIA MOLINA, GORGONIO 
M en I exploración. "Aplicación de la teorfa de rayos en el modelado sfsmico tridi­
mensional''. Mexicano. 

HERNANDEZ LLOVERA, LEONEL. 
M en I mecánica. "Construcción de la parte mexicana del puente internacional'', 
Mexicano. 

HERNANDEZ RODRIGUEZ, JOSE A. 
M en I planeación. "Modelo multicriterio para la evaluación social de proyectos de 
desarrollo regional". Mexicano. 

RUIZ CASILLAS, MANUEL E. 
M en I eléctrica. "Asignación de unidades hidroeléctricas en la planeación a cono 
plazo de la operación de los sistemas eléctricos de potencia". Mexicano. 

VALDEZ PALACIOS, JOSE ALBERTO 
M en I mecánica. "Concentrados solares tipo canal parabólico". Mexicano. 

JUN·IO 

LEON LOPEZ, SAMUEL 
M en I construcción. "Criterios para la reparación de estructuras dañadas por sis­
mos". Mexicano. 

LEPE CASILLAS, FERNANDO 
M en I control. "Sobre aplicaciones de la teorfa de información a procesamiento di­
gital de señales". Mexicano. 

MOJICA BARRERA, RAFAEL 
M en I planeación. "Deuda externa- mexicana. Estrategias de solución". Colom­
biano. 

ROJAS SALGAOO, J. ANGEL A. 
Doctor en I mecánica teórica aplicada. "Dinámica de sistemas articulados de cuer­
pos rfgidos". Mexicano. 

JULIO 

ALVAREZ HERNANDEZ, RAFAELA G. 
M en I aprovechamientos hidráulicos. "Obras hidráulicas y acciones institucionales 
en el control de avenidas". Hondureña. 

BEL TRAN GARCIA, JORGE LUIS 
M en I estructuras. "Influencia de los efectos de segundo orden en el diseño de co­
lumnas de marcos rfgidos para edificios". Mexicano. 

NAVASPABON,EDGAR 
M en I construcción. "Análisis de proyectos de construcción de una economfa infla­
cionaria: un ejemplo". Colombiano. 

LULE CERVANTES, GlLBERTO 
Especialización I construcción. "Utilización del concreto lanzado en la construc­
ción". Mexicano. 



164 

AGOSTO 

FERNANDEZ ANAYA, GUILLERMO 
M en I control. "Un ensayo sobre una teorla general de modelo de teorla general de 
sistemas". Mexicano. 

GOMEZ DE LUNA, RUBEN 
M en I aprovechamientos hidriulicos. "Estudio colectivo de metodologfas de anili­
sis de gastos mbimos". Mexicano. 

-LOPEZ DE LARA DIAZ, EDUARDO 
Especialización I construcción. "Empleo de las emulsiones asfilticas en 
pavimentos". Mexicano. 

MARTINEZ MORENO, BRUNO 
M en I estructuras. "Anilisis dinimico de un edificio por dos programas de compu­
tadoras diferentes". Mexicano. 

MORELOS ZARAGOZA, ROBERT H. 
M en I eléctrica. "Diseño de un decodificador de Viterbi". Mexicano. 

ROMO MILLARES, CESAR ALFREDO 
M en I energética. "Centrales del ciclo combinado, una alternativa energética". 
Mexicano. 

ZAMORA ARAGON, POMPILIO 
M en I control automitico. "Optimación en el dominio de la frecuencia para siste­
mas muestreados". Colombiano. 

SEPTIEMBRE 

CARRILLO GARCIA, MAURICIO 
M. en l. hidriulica. "Simulación del flujo en una red de canales para riego". 
Mexicano. 

CUEVAS SALGADO, JESUS 
M. en l. eléctrica. "Cogeneración industrial en México. Producción de 
electricidad. Estado actual y perspectivas". 
Mexicano. 

1-'AJARDO FAJARDO, DIEGO 
M en I planeación. "La construcción del objeto de estudio en la planeación. 
(Pautas para la aplicación al transporte)". 
Colombiano 

HERNANDEZ AYUSO, CARMEN 
M. en I investigación de operaciones. "Flujos y diferenciales: factibilidad y 
optimalidad". 
Mexicana. 

JIMENEZ RIOS, BERTHA 
M en I investigación de operaciones. "Anilisis de sistemas de producción­
inventario". 
Mexicana. 

OLIVERA MARTINEZ, CELIA MARGARITA 
M. en I planeación. "Conducción de proyectos de consultorla". 
Mexicana. 
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RODRIGUEZ PADILLA, VICTOR 
M. en I ener~tica. "Exploración petrolera en los palses en vlas de desarrollo frente 
a la evolución de 101 precios del petróleo" 
Mexicano. 

TURRENT DIAZ, RAFAEL 
M. en I investigación de operaciones. "Un enfoque sistémico en el sector 
comunicación". 
Mexicano. 

VARGAS BALLESTER, WALDO PERCI 
M. en I ambiental. "Esiudio preliminar de la capacidad de autopurificación del 
agua en el rfo Bravo cuenca media". 
Boliviano. 

OCTUBRE 

ALCANTARA GUTIERREZ ANA VICTORIA 
M en I, ambiental. "La cloración en la planta de tratamiento de aguas residuales 
en la Ciudad Univenitaria". 
~exicana. 

MOGUEL POZOS, E. ERASMO 
M. en l. proyecto de instalaciones elktricas. "Puesta en servicio de sistemas de 
protección y medición de una subestación de potencia". 
Mexicano. 

MORENO Q.UINTERO, ERIK 
M. en l. investigación de operaciones. "Problemas de apareamiento". 
Mexicano. 

NARRO RAMIREZ, ANA ELENA 
M. en l. investigación de operaciones. "Problemas lineales duales en redes de 
flujo". 
Mexicana. 

PALACIO PEREZ, ARTURO 
Doctor en l. meclnica teórica y aplicada. "Dinlmica de pozos geotfrmicos". 
Mexicano. 

P~A SANTANA, PATRICIA GUILLERMINA 
M. ~n l. hidráulica. "Obras hidráulicas en Mhico. Abastecimiento de agua 
potable hasta el porfiriato". 
Mexicana. 

OLA Y A BENITEZ, JESUS E. 
M. en l. petrolera. "Programa computarizado para optimizar el peso sobre la 
barrera, velocidad de rotación e hidrlulica para minimizar los costos de 
perforación". 
Colombiano. 

VERA BADILLO, FERNANDO 
M. en l. estructuras. "Análisis no lineal. Un enfoque por el método del elemento fi­
nito". Mexicano. 
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NOVlEMBRE 

AYALA SUERO, HECTOR ALEJANDRO 
M. en l. aprovechamientos hidráulicos. "Análisis crítico de la programación 
dinámica utilizada para definir polfticas de operación de plantas hidroeléctricas. 
Mexicano. 

CAMPOS ARANDA, DANIEL FRANCISCO 
Doctor en l. aprovechamientos hidráulicos. "Modelo de precipitación de un 
escurrimiento de eventos". 
Mexicano. 

DIAZ HENAO, CLARA CONSUELO 
M. en l. estructuras. "Evaluación del diseño de la respuesta sísmica analitica de 
estructura a base de loza plana aligerada". 
Colombiana. 

DIAZ DE LEON FERNANDEZ DE CASTRO, FELIPE 
Especialización l. construcción. "Análisis comparativo de vigas pretensadas". 
Mexicano. 

HERNANDEZ DELGADO, CESAR ULISES 
M. en l. estructuras. "Efectos de la variación de la carga viva en las fuerzas 
cortantes sfsmicas que actúan sobre un edificio". 
Mexicano. 

SANCHEZHUERTA,AL~ANDRO 
M. en l. hidráulica. "Análisis teórico experimental de las presiones causadas por 
separación de columna liquida". 
Mexicano. 

VILLARRAGA HERRERA, MANUEL ROBERTO 
M. en l. mecánica de suelos. "Respuesta aleatoria tridimensional de presas de 
tierra". 
Colombiano. 

DICIEMBRE 

BERUMEN CAMPOS, SERGIO 
M. en l. petrolera. "Análisis del comportamiento de yacimientos de gas que 
producen en condiciones de presión constante". 
Mexicano. 

FRAUSTO SOLIS, ARMANDO 
M. en l. potencia. "Inteligencia artificial aplicada al control de sistemas 
eléctricos". 
Mexicano. 

HERNANDEZ ALARCON, LUIS ALFREDO 
M. en l. energética. "Aprovechamientos energéticos del bagazo de caña en la 
industria azucarera". 
Colombiano. 

RAMIREZ PIMENTEL, ARNULFO 
M. en l. petrolera. "Análisis del flujo de fluidos a través de disparos". 
Mexicano. 



GARCIA CABANA, MABEL 
M. en l. mecánica de suelos. "Comportamiento dinámico de arcillas 
preconsolidadas". 
Colombiana. 
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