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Abstract

Structural analysis of ancient masonry constructions is a complicated task, generally this
is due to the mechanical characteristics of masonry as a structural material and the irreg-
ular geometry of these structures. Nowadays, a solution strategy is the use of numerical
methods which approximate the solution using computational tools. These methods ide-
alize the irregular geometry of a structure through its discretization as an assemblage of
elements of simpler geometry. For masonry structures, its complex mechanical behaviour
is implemented by ad hoc constitutive models. Obviously, this strategy involves a high
computational cost, which generally leads to the use of simplifying hypothesis upon the
behaviour of the problem, which may, nevertheless, drastically impact the accuracy of the
results obtained.

In this thesis, two alternatives for the reduction of the computational cost of the structural
analysis of historic masonry are investigated: the use of rigid block models and the use
of solid finite elements based on a sub-integration scheme with hourglass control. Both
investigated approaches reduce the computational cost, nevertheless their foundations and
approximation obtained are different. In the former alternative a structure is modeled as
a set of rigid blocks interacting through plane interfaces and that, in a two-dimensional
case, each has three degrees of freedom, which can be a macro-block composed by a por-
tion of masonry with similar behaviour. Under certain conditions, this modeling process
is simpler and the computing time is lower than in finite element method. Nevertheless,
this strategy still involves some unsolved issues, discussed in this thesis and for which the
formulation is reviewed and applied to one example.

The alternative of using sub-integration in the formulation of solid finite elements is stud-
ied, implemented, validated and applied. Considering that the computational cost of
forming a stiffness matrix of a solid element is proportional to the number of integration
points used, using a low-order integration rule is optimal. However, the use of such a rule
may lead to instabilities, known as the hourglass effect. To eliminate this effect and take
advantage of the use of sub-integration, a needed stabilization procedure is used. Further-
more, due to the improvements on the characteristics of the stiffness matrix of an element,
as the better representation of the strain-energy contributed by the flexural modes, this
strategy allows the use of coarser meshes. A full study of this strategy is presented, in-
cluding a review of the formulation, its numerical implementation in the Finite Element
Analysis Program (FEAP) and validation examples. The advantages of using this strategy
are described and discussed throughout this thesis.
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Resumen

El análisis estructural de construcciones antiguas de mamposteŕıa es una tarea compli-
cada, generalmente esto se debe a las caracteŕısticas mecánicas de la mamposteŕıa como
material estructural y a la geometŕıa irregular que presentan. En la actualidad, una es-
trategia de solución es el uso de métodos numéricos que aproximan la solución mediante
herramientas computacionales. Estos métodos idealizan la geometŕıa irregular de una es-
tructura mediante su discretización en un ensamble de elementos de geometŕıa más simple.
Para estructuras de mamposteŕıa, su comportamiento mecánico complejo se implementa
mediante modelos constitutivos ad hoc. Obviamente, esta estrategia involucra un costo
computacional alto, lo cual generalmente lleva al uso de hipótesis que simplifican el com-
portamiento del problema, que puede, sin embargo, afectar drásticamente la exactitud de
los resultados.

En esta tesis, dos alternativas para la reducción del costo computacional del análisis es-
tructural de mamposteŕıa histórica son investigadas: el uso de modelos de bloques ŕıgidos
y el uso de elementos finitos sólidos basados en un esquema de subintegración con control
del efecto hourglass. Ambos enfoques reducen el costo computacional, sin embargo sus
fundamentos y aproximaciones obtenidas son diferentes. En la primera alternativa la es-
tructura se modela como un arreglo de bloques ŕıgidos interactuando mediante interfaces
planas los cuales, en un caso bidimensional, tienen tres grados de libertad y pueden ser
macro bloques compuestos por una porción de mamposteŕıa con comportamiento similar.
En ciertas condiciones, el proceso de modelado es más simple y el tiempo de cálculo es
menor que en el método de elementos finitos. Sin embargo, esta estrategia involucra al-
gunos inconvenientes aún sin resolver, analizados en esta tesis y por los que se revisa la
formulación y se aplica a un ejemplo.

La alternativa de usar subintegración en la formulación de elementos finitos sólidos es es-
tudiada, implementada, validada y aplicada. Considerando que el costo computacional de
formar una matriz de rigidez de un elemento sólido es proporcional al número de puntos de
integración utilizados, el uso de una regla de integración de orden inferior es óptimo. Sin
embargo, esto conduce a inestabilidades, conocidas como efecto hourglass. Para eliminar
este efecto y tomar ventaja del uso de la subintegración, es necesario utilizar un proced-
imiento de estabilización. Además, debido a mejoras en las caracteŕısticas de la matriz de
rigidez de un elemento, como la mejor representación de la enerǵıa de deformación con-
tribuida por los modos de flexión, esta estrategia permite el uso de mallas más gruesas. Se
presenta un estudio completo de esta estrategia, incluyendo una revisión de la formulación,
implementación numérica en el programa FEAP y ejemplos de validación. Las ventajas
de utilizar esta alternativa se describen y discuten a lo largo de la tesis.
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Chapter 1

Introduction

In architectural heritage, are reflected both evolution of construction techniques and
knowledge acquisition of structural conception by the human being. The study of struc-
tural analysis strategies of historic masonry is justified through the interest of preserving
this patrimony, which represents a way to build at a specific time and at certain place.
Moreover, many of these buildings are a success, from the architectural and structural
point of view, for the time that they were erected (Garćıa, 2012).

In Mexico and around the world are scattered pieces of this majestic legacy, which is im-
portant to be preserved. For instance, the Mayan Observatory (fig. 1.1a) and the Pyramid
of Kukulcan (fig. 1.1a) in Chchén-Itzá, Yucatán, México. This preservation should not
only be from an aesthetic viewpoint, actually the essential factor is the structural stability
of the building.

(a) (b)

Figure 1.1: Two examples of ancient masonry buildings in Chichén-Itzá, Mexico: (a) the
Mayan Observatory and the (b) Pyramid of Kukulkan

Commonly, several historical constructions are structurally vulnerable, since they have
been damaged by strong earthquakes. Therefore, the structural assessment and reinforce-
ment of these buildings have attracted the attention of many researchers and engineers
around the world, who are focused in the development and application of new analysis
strategies, or the improvement of existing ones.
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1. INTRODUCTION

Regardless the strategy selected, a high computational cost is required for performing a
structural analysis of this type of constructions. The study of techniques for reducing
this computational cost is justified by the need of having practical tools for the structural
diagnosis. Furthermore, the computing-time reduction can lead to the development of
more sophisticated constitutive models to obtain better approximations. In this thesis,
one of these techniques, based in the use of reduced numerical integration within the
finite element method, is studied, validated, implemented and applied to problems which
represent ancient buildings. Also, an additional strategy based in rigid block models, is
briefly studied and applied to one example.

1.1 Outline of the thesis

In the following paragraphs, a general description of the content of each chapter is pre-
sented.

In chapter 2 the problem statement is defined. A general review of some existing strate-
gies for reducing the computational cost of performing a structural analysis is included,
remarking the drawbacks and advantages of each one. The main objective and specific
objectives of this research, are listed.

The chapter 3 is an overview of the formulation of rigid block models. These models are
aimed to the structural assessment of historic masonry. A problem with known solution
is analyzed with this strategy. The results of a convergence test and an eigen-analysis are
showed and discussed. Finally, interesting remarks are commented.

A study of the selected sub-integration scheme within the finite element method, for the
computational cost reduction, is presented in chapter 4. Undesirable effects of using a one-
point integration rule, for obtainig the stiffness matrix of a 4-node quadrilateral element,
are discussed. A comparison between the eigen-analysis results over the fully-integrated
and sub-integrated stiffness matrix is included, focusing in the zero-energy deformation
modes. A method to control these effects is studied and validated at level of a single
element. The results are widely reviewed.

The numerical implementation of this method is described in chapter 5. An analysis of
each step of the algorithm coded in the FEAP (Taylor, 2014) program is included. The
plasticity constitutive model, employed for the simulation of nonlinear material behaviour,
is briefly summarized. In order to validate the reduced integration scheme and the im-
plemented algorithm, for both linear and nonlinear cases, two examples are analyzed in
chapter 6. For validation purposes, the results in linear case are compared to the known
solution of the problem, and for nonlinear case the comparison is to the ones obtained with
full-integration. Highly attractive advantages and interesting remarks are extensively dis-
cussed.

Application examples are included in chapter 7. Two buildings, aimed to represent an-
cient masonry constructions, are analyzed with nonlinear material behaviour. The assay

2



1.1 Outline of the thesis

of these examples is performed by using the sub-integration scheme, studied in this work,
and the full-integration scheme conventionally used. A thorough discussion of the results
comparison is presented, focusing in the advantages and drawbacks of each scheme.

In chapter 8, final remarks and conclusions derived from this research are discussed. Sug-
gested future works, which can be developed from the results obtained, are included in a
final section of this chapter.

Finally, an overview of the framework method is added in the appendix A. Here, the
formulation is briefly reviewed and applied to one example with known solution. The
results of a convergence test and eigen-analysis are discussed.
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Chapter 2

Problem Statement

2.1 Introduction

Historically, masonry has been used as the main structural material in diverse buildings
or monuments. Along the time, these constructions have deteriorated due to multiple
reasons, including the seismic events to which they were subjected. For this reason, it
is necessary an assessment of the constructions that are still preserved and determining
whether they are stable or no, in structural terms.

Although empirical rules were enough to built these admirable constructions, the appli-
cation of modern concepts of mechanics and the development of tools for the structural
analysis of ancient masonry constructions have been the topic of very active research
mainly in the past decades (Orduña, 2003). Generally, this is due to their geometry and
the mechanical characteristics of the masonry as a structural element.

Both the properties of the constituent materials and the geometrical arrangement define
the masonry overall performance. Masonry is a building material composed of pieces at-
tached by joints with or without mortar. From a geometrical point of view, the historic
masonry can be classified into regular and irregular. While the former has a definite-
periodic arrangement, the latter does not have any particular geometric pattern (Orduña
et al., 2004a).

Generally, the unreinforced masonry presents a very low resistance to tension stresses and
a quasi-fragile failure mode, which implies a nonlinear behaviour from small load inten-
sities, not only compared with ultimate loads, but also with the service loads (Orduña
et al., 2005). Furthermore, it is a heterogeneous and orthotropic material, due to weak-
ness planes that the joints form (Dhanasekar et al., 1985). These mechanical properties,
combined with the size and geometry of the historic buildings, lead to that the analysis of
these problems becomes complex and with overly large calculation volumes.

Nowadays, there are many strategies for analyzing this type of problems, for example
those which are focused in this research: the Rigid Block Models and the Finite Element
Method. These strategies include the implementation of constitutive models to simulate

5



2. PROBLEM STATEMENT

the mechanical behaviour of masonry, and also they solve the issue of irregular geometry
through the discretization of the structure in an assemble of elements with simpler geom-
etry.

An analysis of an application example and a comparison between the two strategies men-
tioned above, were performed by Orduña et al. (2004a). In this example, a part of the
arcade of the monastery of São Vicente de Fora, located in Lisbon, Portugal (fig. 2.1a),
was analyzed. A model of rigid blocks interacting through interfaces is showed in fig. 2.1b,
while in fig. 2.1c a finite element mesh is illustrated.

(a) (b) (c)

Figure 2.1: Arcade detail of the monastery of São Vicente de Fora: (a) photography, (b)
rigid block model and (c) finite element mesh (Orduña et al., 2007)

By comparing figs. 2.1b and 2.1c, it can be noted that the modeling process is easier in
the rigid block model. Furthermore, in a rigid block the number of degrees of freedom is
smaller than in a finite element. These observations suggest a lower modeling and solving
time in rigid block models. Nevertheless, as can be seen in the chapter 3 of this thesis,
the convergence of strain energy and displacement is not always to a real solution.

The use of computers, for creating finite element meshes and the numerical analysis, sim-
plifies the development of more sophisticated constitutive models which give results closer
to reality. Although the computers are becoming more capable, the computational cost
for performing a structural analysis of a complex problem is high, especially in nonlinear
cases. Therefore, the development of strategies which reduce the computational cost in the
finite element method, is attractive for structural engineers and researchers. For instance,
the use of reduced numerical integration to obtain the stiffness matrix.

2.2 Reduced integration in the finite element method

The 4-node quadrilateral isoparametric elements are widely used in computational mechan-
ics. Optimal integration schemes for these elements, however, present a difficult dilemma
(Flanagan and Belytschko, 1981). A lower-order quadrature rule, called reduced integra-
tion, may be desirable for two reasons. First, the reduction of computational cost. This
reduction is because the number of evaluations of the compatibility matrix, commonly
denoted by a B, is reduced substantially, especially in non-linear algorithms (Belytschko
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2.2 Reduced integration in the finite element method

et al., 1984). Second, a low-order integration rule tends to soften an element, thus counter-
ing the excessive stiff behaviour associated with an assumed displacement field. Softening
comes about because certain higher-order polynomial terms happen to vanish at Gauss
points of a lower-order integration rule, so that these terms make no contribution to strain
energy. In other words, with fewer sampling points, some of the more complicated dis-
placement modes offer less resistance to deformation (Cook et al., 1989).

In addition, it was pointed by Wilson et al. (1973) that the isoparametric element, com-
puted by a full-integration rule, does not accurately represent the flexural deformation
modes. These fully integrated continuum elements tend to lock if the behavior of the
material becomes incompressible (Belytschko et al., 1984).

For these reasons, for large-scale calculations, one-point quadrature elements are attrac-
tive because of their speed and accuracy. However, these elements require stabilization.
The principal drawback of a reduced integration is the instability that presents in some
deformation modes, commonly called hourglass effect. The hourglass effect first appears
in hydrodynamics applications of the finite difference method (Belytschko et al., 2013).

The hourglass modes are often a nuisance in numerical codes in which the stiffness ma-
trix is calculated by a one-point quadrature integration rule. This is because the stiffness
matrix is singular with respect to the hourglass patterns and is non-singular only with
respect to the constant strain modes. The obvious way to overcome this problem is to
use a full-integration rule. However, a large increase in computational effort is entailed
(Kosloff and Frazier, 1978). Numerous techniques have been developed for the control of
this effect (Belytschko et al., 1984).

Attempts to deal with this phenomenon appear first in finite difference literature where
Maenchen and Sack (1964) added artificial viscosity to inhibit opposing rotations of the
sides. Furthermore, the hourglass viscosity were not independent of the uniform strain
and rigid body modes of the element, which could degrade the solution (Flanagan and
Belytschko, 1981).

Wilkins et al. (1975) developed a triangular hourglass viscosity for the hexahedron ele-
ment. This technique is quite complex, involves considerable coding and computation, and
is not independent of the deformation and rigid body modes (Flanagan and Belytschko,
1981).

Kosloff and Frazier (1978) proposed a simple scheme to control the hourglass instabilities
by adding an hourglass response term to a non-point quadrature stiffness matrix. This
derivation is for the isotropic linear elastic case and appears to be relatively economical
for even in the most severe cases.

Flanagan and Belytschko (1981) developed a technique for precisely isolating the orthog-
onal hourglass mode shapes for both quadrilateral elements of arbitrary geometry. This
technique is studied in this research.
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2. PROBLEM STATEMENT

2.3 Objectives

2.3.1 Main objective

The main objective of this thesis is to numerically implement, validate and apply to nonlin-
ear structural analysis problems of ancient masonry constructions, a 4-node quadrilateral
finite element formulation, in which a reduced numerical integration scheme with hourglass
control is used in order to obtain an improved stiffness matrix.

2.3.2 Specific objectives

• Study and apply a structural analysis strategy of ancient masonry constructions
based in rigid block models.

• Study, numerically implement in the FEAP (Taylor, 2014) program environment
and validate, for linear analysis, a finite element formulation based in the use of
reduced numerical integration.

• Formulate, numerically implement in the FEAP (Taylor, 2014) program environment
and validate, for nonlinear analysis, this scheme of sub-integration with a constitutive
model of plasticity with hardening.

• Apply the strategy studied to models which represent ancient masonry constructions,
discussing the advantages and drawbacks of its application.
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Chapter 3

Rigid Block Models

3.1 Introduction

In this chapter, a formulation based in rigid block models is reviewed. All the information
summarized in the first section is proposed by Orduña and Ayala (2016). An application
example with known solution is analyzed, applying the formulation described, in order to
show the advantages and drawbacks of this strategy. The results in energy and displace-
ment convergence to analytical solution are included. Furthermore, an eigen-analysis is
carried out over the stiffness matrix, and the resulting deformation modes are compared to
the ones obtained with the finite element method. Finally, several remarks are discussed.

3.2 Formulation

This strategy consists on modeling a structure as a set of rigid blocks interacting through
plane interfaces. The blocks are perfectly rigid, therefore, they do not contribute to the
deformation of the model. The interfaces concentrate all the strains into their relative
displacements. From an structural modeling point of view, the blocks are regarded as
extended nodes and the interfaces are the structural elements (Orduña and Ayala, 2016).

The virtual work principle is established at eq. 3.1. Here, ε̄ are the virtual strains
inside blocks; q̄ are the relative virtual displacements at the interfaces; ū are the virtual
displacements inside the blocks and ūSf

are the virtual displacements at the model surfaces
subject to external loads, fSf

. Also, σ are the stresses inside the blocks; Q are the tractions
at interface surfaces, SI , and fB are the body forces acting inside the blocks (Orduña and
Ayala, 2016). ∫

Vm

ε̄T σ dV +

∫
SI

q̄T Q dS =

∫
Vm

ūT fB dV +

∫
Sf

ūT
Sf

fSf
dS (3.1)

For a two-dimensional case, the kinematics of each block is defined by 3 degrees of freedom
of its centre of mass, two of them are translational and the other rotational (Orduña
et al., 2007). In a three-dimensional case, per block there are 6 degrees of freedom, 3
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3. RIGID BLOCK MODELS

translational and 3 rotational. The relative displacements at any interface point are given
by the following expression (Orduña and Ayala, 2016):

qe = Be Ue (3.2)

where Be is a compatibility matrix which depends on the geometric characteristics of the
involved blocks and interfaces and Ue are the displacements of the adjacent blocks. Eq.
3.3 expresses the relationship between tractions and relative displacements at a point in
the interface, through the constitutive matrix, Ce (Orduña and Ayala, 2016).

Qe = Ce qe (3.3)

The displacements of an arbitrary point inside a particular block relate to the displace-
ments of the block centre of mass by eq. 3.4. Matrix Hb depends on the block geometry
(Orduña and Ayala, 2016).

ub = Hb Ub (3.4)

Using eqs. 3.2, 3.3 and 3.4 in eq. 3.1 and simplifying, eq. 3.5 is obtained. This expression
is the characteristic equation of the displacement method (Orduña and Ayala, 2016).

K U = FB + FSf b = Fext (3.5)

where:

K =
∑
e

∫
SIe

BT
e Ce Be dS (3.6)

FB =
∑
e

∑
b

∫
Vb

HT
b fB dV (3.7)

FSfb
=
∑
b

∫
Sfb

HT
b fSf

dS (3.8)

Thus, the stiffness matrix of an interface element, K, can be obtained with eq. 3.6.
Fig. 3.1 shows a generic interface in the model between two blocks i and j. This figure
illustrates the linear degrees of freedom of these two blocks. The rotational degrees of
freedom, not shown in the figure, are superposed to the linear ones. The displacement
at these degrees of freedom constitute the vector Ue (eq. 3.9). Variables u, v and w are
the displacements of the block centre of mass in the global coordinate directions X, Y
and Z respectively. Also, rx, ry and rz are the rotations of the block about the same
global coordinate directions. Figure 3.1 also shows the positive directions of the relative
displacements of a generic point p(x, y, z) at the interface. Vector qe gather these variables
(eq. 3.10). Here ∆S1 and ∆S2 are the tangential displacements along the local coordinates
x1 and x2, respectively, and ∆n is the relative normal displacement, positive in tension,
when pointing from block i to block j (Orduña and Ayala, 2016).
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3.2 Formulation

Z

Y

X

wi

vi

ui

∆S2

∆n

∆S1

wj

vj

uj

block i

block j

Figure 3.1: Interface element and adjacent blocks i and j (Orduña and Ayala, 2016)

UT
e =

[
ui vi wi rxi ryi rzi uj vj wj rxj ryj rzj

]
(3.9)

qT
e =

[
∆S1 ∆S2 ∆n

]
(3.10)

In eq. 3.6 appear both, the element compatibility matrix Be and the constitutive matrix
Ce. The former, according to eq. 3.2, relates the displacements of the blocks next to the
interface, Ue, to the relative displacements at a point in the interface, qe. Equation 3.11
provides the part of this matrix used to obtain the contribution of the block j displacements
to the interface relative displacements (eq. 3.11). Here, Tg

e is the transformation matrix
from global to local coordinates; also Xj , Yj and Zj are the coordinates of the block j
centre of mass. The whole Be matrix consists of two sub-matrices like this, one for block
i and other for block j, as indicated by eq. 3.12 (Orduña and Ayala, 2016).

Bj
e =

1 0 0 0 (z − Zj) −(y − Yj)
0 1 0 −(z − Zj) 0 (x−Xj)
0 0 1 (y − Yj) (x−Xj) 0

 (3.11)

Be = [−Bi
e | Bj

e] (3.12)

Regarding the constitutive matrix, Ce, which relates the relative displacements at a point
on the interface to the corresponding tractions (eq. 3.3), eq. 3.13 is proposed by Orduña
and Ayala (2016). Here, E is the Young modulus, while G1 and G2 are the shear modulus
along the local directions x1 and x2 respectively. Also, Le is a characteristic length,
calculated as the normal to interface projection of the distance between the block centres
of mass (Orduña and Ayala, 2016).
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3. RIGID BLOCK MODELS

Ce =

G1/Le 0 0
0 G2/Le 0
0 0 E/Le

 (3.13)

Finally, the integrals indicated in eq. 3.6 are performed by standard numerical integration
techniques common in finite element procedures (Orduña and Ayala, 2016).

3.3 Application example

The problem of the Cook’s membrane (Cook, 1974) was selected as application example,
due to that its analytical solution is known for a linear case. The geometry and restraints
are shown in fig. 3.2. For analyzing the membrane, a Young’s module E = 1, 000 MPa, a
Poisson’s ratio ν = 0.33 and an applied load P = 1, 000 N in the free end were considered.
This load has a parabolic distribution, as shown in fig. 3.2.

44.0 mm

16.0 mm

48.0 mm

P

Figure 3.2: Cook’s membrane geometry

Five models were built, with 2, 4, 8, 16 and 32 rigid blocks at the end where load is
applied. As mentioned above, these blocks interact through plane interfaces. An unitary
thickness of the membrane was considered, in order to simulate a two-dimensional problem
for comparison purposes, since the analytical solution is given for a plane stress case. The
formulation, summarized in the former section, was applied through a software developed
by Orduña and Ayala (2016) based on the program PyFEM (De Borst et al., 2012).

Figure 3.3a shows the convergence to the analytical solution of strain energy, and in fig.
3.3b to the analytical solution of the free-end displacement. An undesirable behaviour in
both figures is observed, since although the solution is converging to a stationary value,
this value does not correspond to the analytical solution neither of the strain energy nor
the free-end displacement.
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3.3 Application example
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Figure 3.3: Cook’s membrane convergence to analytical solution by rigid block models in
(a) strain energy and (b) free-end displacement
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3. RIGID BLOCK MODELS

In this example, the difference between the strain energy obtained with the model of 32
rigid blocks at the free end and the analytical solution is 6.90 %. Although this difference
does not represent a major problem, the main drawback is that the stationary value of the
convergence curve is numerically higher than the analytical solution, which implies that
the method is not mathematically optimal for analyzing this type of problems.

The characteristic equation of the global stiffness matrix, (K−λI)Φ = 0, was also solved.
In figs. 3.4 to 3.6, three deformation modes of the model with four rigid blocks in the
free end, are compared with the corresponding modes obtained with an analogous mesh
of finite elements. Both problems were solved with the same mechanical properties of
the material and same boundary conditions. In these graphical representations, same
scale factor is used and the out-of-plane modes of the rigid block model are discarded, for
comparison purposes.

(a) (b)

Figure 3.4: Deformation mode 1 of Cook’s membrane analyzed with: (a) finite element
method and (b) rigid block model

(a) (b)

Figure 3.5: Deformation mode 2 of Cook’s membrane analyzed with: (a) finite element
method and (b) rigid block model

In these figures, a similar mechanism can be seen among all modes. In the modes ob-
tained with the rigid block model, it can be noted that the blocks are detached, something
expected since the blocks are rigid, or they are overlapped, which may be difficult to
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3.3 Application example

interpret. However, from a strictly structural viewpoint, this may be interpreted as a
compressive strain, since the blocks are regarded as extended nodes and only the inter-
faces are structural elements, concentrating, as mentioned before, all the strains into their
relative displacements.

(a) (b)

Figure 3.6: Deformation mode 3 of Cook’s membrane analyzed with: (a) finite element
method and (b) rigid block model

An important fact for explaining the issues presented in this application example is that
the Cook’s membrane represents a continuum structure, optimal for being solved through
the conventional finite element method, that is perfectly aimed to represent this type of
structures. Nevertheless, the rigid block models, from their conception, are not focused on
continuous structures, since the perfectly rigid blocks are interacting through interfaces,
which combined can simulate the structural behaviour of a highly heterogeneous material,
as the masonry. Moreover, the fact of considering the masonry as continuum material is
under discussion, because in several historical constructions the joining material used to
attach the masonry units is strengthless, due to the poor quality materials or the lack
of appropriate construction techniques, and in other cases, there is no joining material
and the masonry units are attached only by self-weight forces. Orduña and Ayala (2016)
validated positively this method through a comparison with experimental results.

In spite of the drawbacks presented at this example, the rigid block models offer a use-
ful result for the structural engineering labor field, especially for the analysis of large
structures, in the absence of other computationally economical methods offering an en-
gineering practical application. Even if the results do not represent a real solution, the
collapse mechanism approximate in this strategy, can be utilized for detecting where the
structure needs to be reinforced.

Several sophisticated models, developed within the finite element method, have demon-
strated that they can accurately represent the behaviour of ancient masonry constructions.
Nevertheless, the computational cost of carrying out an analysis with these developments
is quite high, which makes that their application is only justified in research works and
not in the structural engineering labor field. This is one of the reasons for studying a
computational cost reduction technique within the finite element method, in order to have
an economical and highly-accurate strategy.
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Chapter 4

Finite Element Method

4.1 Introduction

In this chapter, a one-point integration scheme for the 4-node quadrilateral finite element,
is presented as an alternative for reducing the computational cost in structural analysis of
ancient masonry constructions. This scheme is based in the control of the hourglass effect
by adding a stabilizer matrix to the sub-integrated stiffness matrix.

First, a brief review of the isoparametric formulation for the stiffness matrix obtaining
is included. In order to identify the drawbacks of a full or reduced integration rule, an
eigen-analysis is performed over the fully-integrated and sub-integrated stiffness matrix of
a single element. The effect of the integration rule in the deformation modes is analyzed,
and the appearance of hourglass modes discussed.

Finally, a stabilization method for the one-point stiffness matrix is studied and applied to
the same element. A discussion of the hourglass modes control is presented.

4.2 Isoparametric formulation of a quadrilateral element

Figure 4.1a shows a 4-node quadrilateral element in global coordinates x and y, and fig.4.1b
shows its representation in natural coordinates ξ and η.

4.2.1 Kinematics

As it is an isoparametric formulation, the same shape functions, N, are used to approxi-
mate both the displacement field, u, and the geometry, X, of the element. The displace-
ment field and the geometry interpolation approaches to:

u =

[
ux
uy

]
=

[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

]
d (4.1)
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x1, y1

y

x

x4, y4

x3, y3

x2, y2

1

4

3

2

(a)

(-1,-1)

η

ξ

(-1,1) (1,1)

(1,-1)

(b)

Figure 4.1: 4-node quadrilateral element in (a) global coordinates x and y, and (b) natural
coordinates ξ and η

X =

[
x
y

]
=

[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

]
χ (4.2)

where d and χ are vectors which contain the displacements and the coordinates, in the
global system, respectively (eq. 4.3).

dT =
[
dx1 dy1 dx2 dy2 dx3 dy3 dx4 dy4

]
(4.3a)

χT =
[
x1 y1 x2 y2 x3 y3 x4 y4

]
(4.3b)

The shape functions for the 4-node quadrilateral element (fig. 4.1) are:

N =


N1

N2

N3

N4

 =
1

4


(1− ξ)(1− η)
(ξ + 1)(1− η)
(ξ + 1)(η + 1)
(1− ξ)(η + 1)

 (4.4)

Element kinematics are enforced through strain-deformation equations defined by the sym-
metric gradient of the displacement field:

ε = ∇s u (4.5)

εxx =
∂ux

∂x
εyy =

∂uy

∂y
γxy =

∂uy

∂x
+
∂ux

∂y
(4.6)

Equations 4.6 and 4.1 yield eq. 4.7. By convention, a comma preceding a lowercase
subscript denotes differentiation with respect to the global coordinate system x or y.
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4.2 Isoparametric formulation of a quadrilateral element

ε =

εxxεyy
γxy

 =

N,x 0
0 N,y

N,y N,x


︸ ︷︷ ︸

B

d (4.7)

For a finite element this means that the strain-displacement relationship is defined as
ε = B d, where B is the compatibility matrix that contains the shape functions derivatives
with respect to the global coordinate system. Since the shape functions are defined in
natural coordinate system, ξ and η, it is necessary to perform a coordinate transformation
to obtain the compatibility matrix, B, with eq. 4.7. The Jacobian matrix, J, is required
(eq. 4.8). 

∂Ni

∂ξ
∂Ni

∂η

 =


∂x

∂ξ

∂y

∂ξ
∂x

∂η

∂y

∂η


︸ ︷︷ ︸

J


∂Ni

∂x
∂Ni

∂y

 (4.8)

The derivatives of the shape functions with respect to the global coordinate system are
calculated as follows: 

∂Ni

∂x
∂Ni

∂y

 =


∂x

∂ξ

∂y

∂ξ
∂x

∂η

∂y

∂η


−1 

∂Ni

∂ξ
∂Ni

∂η

 (4.9)

Finally, the compatibility matrix, B, is obtained by performing a rearrangement of the
terms of eq. 4.9.

B =

 N1,x 0 N2,x 0 N3,x 0 N4,x 0
0 N1,y 0 N2,y 0 N3,y 0 N4,y

N1,y N1,x N2,y N2,x N3,y N3,x N4,y N4,x

 (4.10)

4.2.2 Stress-strain relationship

The constitutive matrix, C, relates stresses and strains (eq. 4.11).

σ = C ε (4.11)

This matrix depends on the material properties and the type of problem to be analyzed.
For a two-dimensional formulation of linearly-elastic solid, the constitutive matrix is:

C =

λ̄+ 2µ λ̄ 0
λ̄ λ̄+ 2µ 0
0 0 µ

 (4.12)

where λ̄ = E ν/(1 − ν2) for plane stress, and λ̄ = λ for plane strain. The parameters λ
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4. FINITE ELEMENT METHOD

and µ are the Lamé constants, E is the Young’s modulus and ν is the Poisson’s ratio.

4.2.3 Stiffness matrix

The stiffness matrix, K, for an element with thickness t and area A, is obtained through
eq. 4.13.

K = t

∫
A

BT C B dA (4.13)

Due to the complexity of solving this expression analytically, numerical integration is used
to evaluate it numerically. Since the computational cost of this numerical evaluation is
proportional to the number of integration points utilized, the selection of the optimal
integration rule is highly important.

4.3 Numerical integration

Quadrature is the name applied to the rule used to evaluate numerically an integral, rather
than analytically as is done in tables of integrals. There are many quadrature rules. The
Gauss-Legendre rules are most appropriate for 4-node quadrilateral elements. An integral
having arbitrary limits can be transformed so that its limits are from −1 to +1 (Cook
et al., 1989), as follows:

I =

∫ x2

x1

f(x) dx =

∫ 1

−1
φ(ξ) dξ (4.14a)

I =

∫ y2

y1

∫ x2

x1

f(x, y) dx dy =

∫ 1

−1

∫ 1

−1
φ(ξ, η) dξ dη (4.14b)

I =

∫ z2

z1

∫ y2

y1

∫ x2

x1

f(x, y, z) dx dy dz =

∫ 1

−1

∫ 1

−1

∫ 1

−1
φ(ξ, η, ζ) dξ dη dζ (4.14c)

where φ(ξ) incorporates the determinant of the Jacobian matrix of the transformation.
To evaluate numerically the integral, the expressions φ(ξi) of eq. 4.14, are evaluated in
the sampling points and multiplied by their corresponding weights factors (eq. 4.15).

I =

∫ 1

−1
φ(ξ) dξ =

n∑
i=1

wiφ(ξi) (4.15a)

I =

∫ 1

−1

∫ 1

−1
φ(ξ, η) dξ dη =

n∑
i=1

n∑
j=1

wiwjφ(ξi, ηj) (4.15b)

I =

∫ 1

−1

∫ 1

−1

∫ 1

−1
φ(ξ, η, ζ) dξ dη dζ =

n∑
i=1

n∑
j=1

n∑
k=1

wiwjwkφ(ξi, ηj , ζk) (4.15c)
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4.3 Numerical integration

where wi, wj and wk are the weight factors associated to the n sampling points in the di-
rections of coordinates ξi, ηj and ζk, respectively. Data of the Gauss-Legendre quadrature
appear in table 4.1

Table 4.1: Sampling points and weights of the the Gauss-Legendre quadrature (Zienkiewicz
and Taylor, 2000)

n ξi wi

1 0 2

2 ±1/
√

3 1

3
0.0 8/9

±
√

1/3 5/9

4
±0.861136311594053 0.347854845147454
±0.339981043584856 0.652145154862546

5
±0.906179845938664 0.236926885056189
±0.538469310105683 0.478628670499366
0.000000000000000 0.586888888888889

When K is evaluated by means of a numerical integration, it contains only the information
that can be sensed at the sampling points of the quadrature rule. If it happens that strains,
ε = B d, are zero at all sampling points for a certain mode, d = φ, then the strain energy,
Ue, will vanish for that mode, in the sense that Ue = (1/2)φT Kφ is zero. It is expected
that Ue = 0 if φ is a rigid-body motion. If Ue = 0 when φ is not a rigid-body motion,
then an instability is present (Cook et al., 1989).

4.3.1 Full integration

For numerically integrated elements, full integration is defined as a quadrature rule suf-
ficient to provide the exact value of the integrals for all terms in the element stiffness
matrix if the element is not undistorted (Cook et al., 1989). In this case, for a 4-node
quadrilateral element, a 2 by 2 quadrature is required for a full integration.

Consider the 4-node quadrilateral element of fig. 4.2 with a Young’s module E = 2, 000 MPa,
a Poisson’s ratio ν = 0.20 and a global coordinates xT =

[
0 1 1 0

]
and yT =[

0 0 1 1
]
. Applying the formulation explained in section 4.2 and evaluating eq. 4.13

with a 2 by 2 quadrature, the fully-integrated stiffness matrix, K(4), is obtained (eq. 4.16).
Hereinafter, the subscript in parentheses indicates the number of integration points used
to obtain the matrix concerned.

K(4) =



972.2 312.5 -555.6 -104.2 -486.1 -312.5 69.4 104.2
312.5 972.2 104.2 69.4 -312.5 -486.1 -104.2 -555.6
-555.6 104.2 972.2 -312.5 69.4 -104.2 -486.1 312.5
-104.2 69.4 -312.5 972.2 104.2 -555.6 312.5 -486.1
-486.1 -312.5 69.4 104.2 972.2 312.5 -555.6 -104.2
-312.5 -486.1 -104.2 -555.6 312.5 972.2 104.2 69.4
69.4 -104.2 -486.1 312.5 -555.6 104.2 972.2 -312.5
104.2 -555.6 312.5 -486.1 -104.2 69.4 -312.5 972.2


(4.16)
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(0, 0)

y

x

(0, 1) (1, 1)

(1, 0)

Figure 4.2: 4-node quadrilateral element

The deformation modes of the element can be obtained by solving the characteristic equa-
tion of the stiffness matrix, (K(4)−λI)Φ = 0, where λ is the vector of eigenvalues, I is the
identity matrix and Φ is the matrix of eigenvectors. In fig. 4.3, eight deformation modes
for this element can be identified.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.3: Deformation modes of the fully-integrated stiffness matrix, K(4)

The first three are rigid-body modes (figs. 4.3a, 4.3b and 4.3c), i.e., modes for which
the strain energy is zero, Ue = 0, as it is expected. The next two modes, figs. 4.3d and
4.3e, are bending or linear-strain modes, for which Ue > 0. Modes of figs. 4.3f, 4.3g
and 4.3h are constant-strain modes, for which Ue > 0 (Cook et al., 1989). There are five
strain modes (linearly independent) and three rigid-body modes (linearly dependent). By
definition, the rank of a matrix is given by the number of columns or rows that are linearly
independent. Therefore, the rank of the fully-integrated stiffness matrix is 5.
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4.3 Numerical integration

4.3.2 Reduced integration

A lower-order quadrature rule, called reduced integration, may be desirable for two rea-
sons, as described in the chapters 1 and 2. First, since the expense of generating a matrix,
K, by numerical integration is proportional to the number of sampling points, using fewer
sampling points means lower cost. Second, a low-order rule tends to soften an element,
thus countering the overly stiff behaviour associated with an assumed displacement field.
Softening comes about because certain higher-order polynomial terms happen to vanish
at Gauss points of a lower-order rule, so that these terms make no contribution to strain
energy. In other words, with fewer sampling points, some of the more complicated dis-
placement modes offer less resistance to deformation (Cook et al., 1989).

Consider the same 4-node quadrilateral element that was analyzed with full integration in
the preceding section (fig. 4.2). Applying the same formulation, but evaluating eq. 4.13
with a 1 by 1 quadrature, the sub-integrated stiffness matrix, K(1), is obtained (eq. 4.17).

K(1) =



729.2 312.5 -312.5 -104.2 -729.2 -312.5 312.5 104.2
312.5 729.2 104.2 312.5 -312.5 -729.2 -104.2 -312.5
-312.5 104.2 729.2 -312.5 312.5 -104.2 -729.2 312.5
-104.2 312.5 -312.5 729.2 104.2 -312.5 312.5 -729.2
-729.2 -312.5 312.5 104.2 729.2 312.5 -312.5 -104.2
-312.5 -729.2 -104.2 -312.5 312.5 729.2 104.2 312.5
312.5 -104.2 -729.2 312.5 -312.5 104.2 729.2 -312.5
104.2 -312.5 312.5 -729.2 -104.2 312.5 -312.5 729.2


(4.17)

In fig. 4.4, the eight deformation modes of the one-point stiffness matrix, K(1), are pre-
sented.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.4: Deformation modes of the one-point stiffness matrix, K(1)

The last three are constant-strain modes (figs. 4.4f, 4.4g and 4.4h), for which Ue > 0,
as it is expected, regardless of the quadrature rule used. For the first five modes, figs.
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4. FINITE ELEMENT METHOD

4.4a to 4.4e, Ue = 0, but they are not rigid-body modes. So, an instability is present and
these modes are called spurious or hourglass modes, because of their physical shape when
an assembly of elements is performed. Therefore, the rank of the sub-integrated stiffness
matrix is 3.

To take advantage of reduced numerical integration, this instability must be eliminated.
Through a comparison between fig. 4.4 and fig. 4.3, it may be seen that the modes
affected by the hourglass effect are the rigid-body and linear-strain ones, while constant-
strain modes are not affected. This is an important fact that is used in the stabilization
procedure.

4.4 Hourglass control

An hourglass-control method developed by Belytschko et al. (1986; 1991; 2013; 1984;
1981) is studied and implemented in the FEAP (Taylor, 2014) program, for the 4-node
quadrilateral element analyzed in the preceding sections. This method consists in the ad-
dition to the sub-integrated stiffness matrix a stabilizer matrix. This matrix contains the
effect of two generalized strains added to control the hourglass modes. Mathematically,
the objective is to augment the stiffness-matrix rank from 3 to 5 without affecting the
linear fields.

For simplifying the formulation and the expressions utilized, a unique expression that
degenerates in the shape functions for each element node can be built using an orthogonal
set of base vectors (eq. 4.18 and table 4.2).

N =
1

4
(1 + ξ ξ)(1 + η η) =

1

4
(Σ + ξΛ1 + ηΛ2 + ξ ηΓ) (4.18)

Table 4.2: Base vectors of the 4-node quadrilateral element

Node ξ η Σ Λ1 Λ2 Γ
1 −1 −1 1 −1 −1 1
2 1 −1 1 1 −1 −1
3 1 1 1 1 1 1
4 −1 1 1 −1 1 −1

The above vectors represent the displacement modes of a 4-node quadrilateral element.
The first vector, Σ, accounts for rigid-body translation (fig. 4.3a to 4.3c). The linear base
vectors, Λ1 y Λ2, may be readily combined to define three uniform normal strain modes
(fig. 4.3f to 4.3h). The vector Γ gives rise to linear strain modes which are neglected when
using one-point integration (fig. 4.3d to 4.3e). This vector define the hourglass patterns
for the element. Hence, ΓT =

[
1 −1 1 −1

]
is the hourglass base vector (Flanagan and

Belytschko, 1981).

Evaluating eq. 4.10 in the sampling point of the one-point quadrature (see table 4.1), the
compatibility matrix, B(1), results:
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4.4 Hourglass control

B(0, 0) = B(1) =
1

2A

y24 0 y31 0 y42 0 y13 0
0 x42 0 x13 0 x24 0 x31

x42 y24 x13 y31 x24 y42 x31 y13

 (4.19)

where:

xij = xi − xj yij = yi − yj (4.20)

This matrix can be expressed in terms of two vectors, bx and by:

B(1) =

 bx1 0 bx2 0 bx3 0 bx4 0
0 by1 0 by2 0 by3 0 by4

by1 bx1 by2 bx2 by3 bx3 by4 bx4

 (4.21)

where:

bT
x =

1

2A

[
y24 y31 y42 y13

]
bT
y =

1

2A

[
x42 x13 x24 x31

]
(4.22)

Since xT =
[
x1 x2 x3 x4

]
and yT =

[
y1 y2 y3 y4

]
, it can be easily verified that:[

bT
x

bT
y

] [
x y

]
=

[
1 0
0 1

]
(4.23)

Equation 4.23 is an important requirement for the rows of the matrix B(1). It is the
counterpart of the consistency conditions in finite difference equations; the gradient of a
linear field is evaluated properly only if it is satisfied. Additional conditions which can
be easily verified are in eq. 4.24. For any undistorted quadrilateral, bx, by, Σ and Γ are
orthogonal and linearly independent (Belytschko et al., 1984). Eq. 4.24 implies that the
matrix B(1) contains only components of the constant-strain base vectors Λ1 and Λ2 (see
fig. 4.4).

bT
x Σ = 0 bT

y Σ = 0

bT
x Γ = 0 bT

y Γ = 0

ΣT Γ = 0

(4.24)

The deformation of the element is characterized by velocity strains ε̇ = B(1) ḋ. Here, the
superposed dots designate time derivatives, and the one-point compatibility matrix, B(1),
for a 4-node quadrilateral is given by eq. 4.21. Using the orthogonality properties of eq.
4.24, it follows immediately that the null space of B(1) consists of the vectors of eq. 4.25
(Belytschko et al., 1984).

Each column of eq. 4.25 constitutes a separate vector, ḋ<i>, so that ε̇ = B(1) ḋ<i>

vanishes. The first two vectors are obviously rigid-body (translation) modes (figs. 4.4a
and 4.4b) and the third is a rigid-body rotation (fig. 4.4c). The fourth and fifth are
spurious singular modes associated with displacement fields for which the strains should
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4. FINITE ELEMENT METHOD

not vanish (figs. 4.4d and 4.4e). Hence the space spanned by the first three vectors of
eq. 4.25 is the proper null-space of B(1); and the remaining two columns constitute the
improper null-space, which is of dimension two (Belytschko et al., 1984).

ḋ =



Σ1 0 y1 Γ1 0
0 Σ1 −x1 0 Γ1

Σ2 0 y2 Γ2 0
0 Σ2 −x2 0 Γ2

Σ3 0 y3 Γ3 0
0 Σ3 −x3 0 Γ3

Σ4 0 y4 Γ4 0
0 Σ4 −x4 0 Γ4


=



1 0 y1 1 0
0 1 −x1 0 1
1 0 y2 −1 0
0 1 −x2 0 −1
1 0 y3 1 0
0 1 −x3 0 1
1 0 y4 −1 0
0 1 −x4 0 −1


(4.25)

Therefore, to control the hourglass modes, two additional generalized strains, q, are intro-
duced to the constitutive matrix, C, which combined with B(1), span the complement of
the proper null-space. The resulting matrix and formula for generalized strains is given
by (Belytschko et al., 1984):

B∗ =


bx1 0 bx2 0 bx3 0 bx4 0
0 by1 0 by2 0 by3 0 by4

by1 bx1 by2 bx2 by3 bx3 by4 bx4

γ1 0 γ2 0 γ3 0 γ4 0
0 γ1 0 γ2 0 γ3 0 γ4

 (4.26)

q = γT d (4.27)

As mentioned before, it is required that the additional strains do not affect linear fields.
This requirement automatically leads to a form in which rigid-body rotations are included
in the null space. It can be shown that the rows of B∗ are linearly independent for a
non-degenerate geometry, so B∗ is of rank 5 and spans the complement of the proper
null-space (Belytschko et al., 1984). So, the hourglass shape vector, γ, is required. The
method for controlling the hourglass effect, that is described below, is computationally
optimized, i.e., it considers the effect of the hourglass shape vector inside the normally
dimensioned compatibility matrix.

One way to obtain the hourglass shape vector, γ, is to expand the nodal displacement in
terms of the translation, constant-gradient and hourglass modes. Since the vectors Σ, x, y
and Γ are linearly independent (expect for distorted elements as shown in eq. 4.24), they
span R4 (Belytschko and Bindeman, 1991). First, the displacement field can be expressed
as:

u =

[
ux
uy

]
=

[
a0x + a1x x+ a2x y + a3x h
a0y + a1y x+ a2y y + a3y h

]
(4.28)

where:

h = ξ η (4.29)
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4.4 Hourglass control

This form is complete and satisfies the continuity requirements. The nodal values of d are
those given by Belytschko et al. (1984):[

dx

dy

]
=

[
a0x Σ + a1x x + a2x y + a3x Γ
a0y Σ + a1y x + a2y y + a3y Γ

]
(4.30)

Multiplying the dx expression of 4.30 by bT
x and bT

y :[
bT
x

bT
y

]
dx =

[
bT
x

bT
y

]
(a0x Σ + a1x x + a2x y + a3x Γ) (4.31)

Using the orthogonality conditions of eqs. 4.23 and 4.24, eq. 4.31 results:

a1x = bT
x dx a2x = bT

y dx (4.32)

Multiplying the dx expression of 4.30 by ΓT and ΣT :

ΓTdx = ΓT (a0x Σ + a1x x + a2x y + a3x Γ) (4.33a)

ΣTdx = ΣT (a0x Σ + a1x x + a2x y + a3x Γ) (4.33b)

Using the orthogonality conditions of eqs. 4.23 and 4.24 and substituting the a1x and a2x

values in eq. 4.33, the constants a0x and a4x are obtained:

a3x = γT dx a0x = ∆T dx (4.34)

where:

γT =
1

4

[
ΓT − (ΓT x) bT

x − (ΓT y) bT
y

]
(4.35a)

∆T =
1

4

[
ΣT − (ΣT x) bT

x − (ΣT y) bT
y

]
(4.35b)

Equation 4.35a is the γ-projection operator of Flanagan and Belytschko (1981). Repeating
the same procedure for the y-component, the displacement filed of eq. 4.28 becomes eq.
4.36 (Belytschko and Bachrach, 1986).

ux = N dx uy = N dy (4.36)

where:

N =
(
∆T + xbT

x + y bT
y + hγT

)
(4.37)

The symmetric gradient of the displacement field is obtained by taking derivatives of eq.
4.36, which gives (Belytschko and Bindeman, 1991):
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4. FINITE ELEMENT METHOD

∇su =

 ux,x
uy,y

ux,y + uy,x

 =

 bT
x + h,x γ

T 0
0 bT

y + h,y γ
T

bT
y + h,y γ

T bT
x + h,x γ

T


︸ ︷︷ ︸

B=B(1)+Bstab

[
dx

dy

]
(4.38)

The compatibility matrix in eq. 4.38 is stabilized by the additional terms. The stabilized
stiffness matrix, K, can be obtained through the following expression:

K = K(1) + Kstab (4.39)

where K(1) is the one-point stiffness matrix, obtained in section 4.3.2, and Kstab is the
rank 2 stabilizer stiffness matrix, obtained by solving eq. 4.13 and considering only the
additional terms of the compatibility matrix B (Bstab) in eq. 4.38. The resulting stabilizer
matrix is showed in eq. 4.40. It can be noted that each term in this matrix represents a
4-order sub-matrix.

Kstab =

[
(c1Hxx + c2Hyy)γ γT c3Hxy γ γ

T

c3Hxy γ γ
T (c1Hyy + c2Hxx)γ γT

]
(4.40)

where:

Hxx =

∫
A
h2
,x dA Hyy =

∫
A
h2
,y dA Hxy =

∫
A
h,x h,y dA (4.41)

The integrals Hxx, Hyy and Hxy must be calculated with a 2 by 2 quadrature, otherwise
they vanish. In eq. 4.40 the terms c1, c2 and c3 are the constants for the assumed strain
elements (Belytschko and Bindeman, 1991). These constants are listed in table 4.3.

Table 4.3: Constants for the stabilization matrix for assumed strain elements (Belytschko
and Bindeman, 1991)

Element c1 c2 c3

Quad4 λ̄+ 2µ µ λ̄+ µ

SRI 2µ µ µ

ASMD µ µ 0

ASQBI λ̄(1− ν̄)2 + 2µ(1 + ν̄2) 0 λ̄(1− ν̄)2 − 4 ν̄ µ

ASOI 4µ 0 −4µ

ASOI(1/2) µ 0 −µ

In this table ν̄ = ν for plane stress and ν̄ = ν/(1 − ν) for plane strain. Also, Quad4
represents a quadrilateral element without any assumed strain, ASMD is identical to the
mean dilatation approach of Nagtegaal et al. (1974), and ASQBI and ASOI are the opti-
mal bending or incompressible elements of Belytschko and Bachrach (1986).

Consider the same 4-node quadrilateral element that was analyzed with full and reduced
numerical integration in the preceding sections (fig. 4.2). Applying the stabilization
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4.4 Hourglass control

procedure described in this section, the stabilized stiffness matrix obtained, K, is:

K =



983.8 312.5 -567.1 -104.2 -474.5 -312.5 57.9 104.2
312.5 983.8 104.2 57.9 -312.5 -474.5 -104.2 -567.1
-567.1 104.2 983.8 -312.5 57.9 -104.2 -474.5 312.5
-104.2 57.9 -312.5 983.8 104.2 -567.1 312.5 -474.5
-474.5 -312.5 57.9 104.2 983.8 312.5 -567.1 -104.2
-312.5 -474.5 -104.2 -567.1 312.5 983.8 104.2 57.9
57.9 -104.2 -474.5 312.5 -567.1 104.2 983.8 -312.5
104.2 -567.1 312.5 -474.5 -104.2 57.9 -312.5 983.8


(4.42)

In fig. 4.5 the eight deformation modes of the one-point-stabilized stiffness matrix, K, are
presented.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.5: Deformation modes of the one-point-stabilized stiffness matrix, K

As in the fully-integrated stiffness matrix, the first three are rigid-body modes (figs. 4.5a,
4.5b and 4.5c), for which strain energy is zero, Ue = 0, the next two modes, figs. 4.5d and
4.5e, are linear-strain modes, for which Ue > 0, and modes of figs. 4.5f, 4.5g and 4.5h are
constant-strain modes, for which Ue > 0. There are five strain modes and three rigid-body
modes, therefore the stabilized stiffness matrix rank is 5.

It is proved that the reduced integration scheme, described in this section, correctly aug-
ments the rank of the one-point stiffness matrix from 3 to 5. It also controls the hourglass
modes, so the instability is no longer present.

29





Chapter 5

Numerical Implementation

5.1 Introduction

In this chapter, a review of the algorithm implemented in the FEAP (Taylor, 2014) pro-
gram is included. To establish all the actions that the routine must perform, for applying
the formulation described in the former chapter, a flowchart of the implementation is pre-
sented. Each step of the flowchart is explained. Finally, the algorithm of the constitutive
model employed is summarized and briefly described.

5.2 Programming

For analyzing models, which represent real structural engineering problem, using the sub-
integration scheme described in the past chapter, a numerical implementation in a compu-
tational environment is required. For doing this, the open source software FEAP (Taylor,
2014) is selected. This program has the advantage of allowing the addition of user element
routines.

The implemented element user routine follows the algorithm from the flowchart in fig. 5.1.
All the actions performed in each step are described below.

5.2.1 One-point stiffness matrix

The one-point stiffness matrix, K(1), for each element is computed with eq. 5.1. As in the
former chapter, a subscript in brackets indicates the number of integration points utilized
in the matrix obtainment.

K(1) = ABT
(1) C B(1) (5.1)

Here, A is the element area computed with eq. 5.2, and B(1) is the compatibility matrix
evaluated in the sampling point of a 1 by 1 quadrature (ξ = 0, η = 0). This matrix is
calculated with eq. 5.3 (see eq. 4.19). Also, C is the plane-stress constitutive matrix (see
eq. 4.12).
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Start

One-point stiffness matrix
K(1)

Stabilizer stiffness matrix
Kstab

Stabilized stiffness matrix
K = K(1) + Kstab

Strain matrix
ε = ε(1) + εstab

Constitutive model
(fig. 5.2)

Residual
R

R ≈ 0
Stress matrix
σ = σ(1) + σstab

End

Yes No

Figure 5.1: FEAP (Taylor, 2014) user element routine flowchart

A =
1

2

[
(x3 − x1)(y4 − y2) + (x2 − x4)(y3 − y1)

]
(5.2)

B(1) =
1

2A

y24 0 y31 0 y42 0 y13 0
0 x42 0 x13 0 x24 0 x31

x42 y24 x13 y31 x24 y42 x31 y13

 (5.3)
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5.2.2 Stabilizer stiffness matrix

In order to obtain the stabilizer stiffness matrix, Kstab, the hourglass shape vector, γ, must
be computed first with eq. 5.4. In this equation bx and by are two vectors composed by
terms of the one-point compatibility matrix, B(1) (see eq. 4.21), and Γ is the hourglass
base vector from table 4.2.

γT =
1

4

[
ΓT − (ΓT x) bT

x − (ΓT y) bT
y

]
(5.4)

An algorithm for performing a numerical integration, with a 2 by 2 quadrature, is needed
so as to compute the Hxx, Hyy and Hxy terms (eq. 5.5). Here, h = ξ η (see eqs. 4.29 and
4.41).

Hxx =

∫
A
h2
,x dA Hyy =

∫
A
h2
,y dA Hxy =

∫
A
h,x h,y dA (5.5)

Once the hourglass shape vector, γ, and the Hxx, Hyy and Hxy terms are calculated, the
stabilizer stiffness matrix can be computed with eq. 5.6. It can be noted that each term
in this matrix represents a 4-order sub-matrix.

Kstab =

[
(c1Hxx + c2Hyy)γ γT c3Hxy γ γ

T

c3Hxy γ γ
T (c1Hyy + c2Hxx)γ γT

]
(5.6)

The values of the c1, c2 and c3 constants, for an assumed strain element, are in table 4.3.
Since the full procedure for the stabilizer matrix obtaining must be performed in a local-
coordinate system, a transformation to the global-coordinate system is needed in order to
add this matrix to the one-point stiffness matrix, K(1). Furthermore, a rearrangement of
terms is required for being consistent with the FEAP (Taylor, 2014) envinroment.

It is important to note, that the procedure described above, is analogous to solving eq.
5.7.

Kstab = t

∫
A

BT
stab C Bstab dA (5.7)

Here, Bstab is the stabilizer compatibility matrix (see eq. 4.38) and can be computed with
eq. 5.8.

Bstab =

 h,x γ1 0 h,x γ2 0 h,x γ3 0 h,x γ4 0
0 h,y γ1 0 h,y γ2 0 h,y γ3 0 h,y γ4

h,x γ1 h,x γ1 h,x γ2 h,x γ2 h,x γ3 h,x γ3 h,x γ4 h,x γ4

 (5.8)

5.2.3 Stabilized stiffness matrix

The stabilized stiffness matrix, K, is obtained by adding the stabilizer stiffness matrix to
the one-point stiffness matrix (eq. 5.9).

K = K(1) + Kstab (5.9)
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5.2.4 Strain matrix

Once the stabilized stiffness matrix is calculated, the displacements vector, d, can be
obtained by conventional procedures that are already implemented in FEAP (Taylor,
2014). For computing the strain matrix, ε, eq. 4.38 is required. It can be seen that in
this case the compatibility matrix, B, is composed by B(1) + Bstab, in order to obtain a
stabilized deformations in each integration point for a 4-point quadrature rule (eq. 5.10).

ε =
[

b1 b2 b3 b4

]︸ ︷︷ ︸
B(1)+Bstab

d = ε(1) + εstab (5.10)

where:

bi =

 bxi + h,x γi 0
0 byi + h,y γi

bxi + h,x γi bxi + h,x γi

 (5.11)

5.2.5 Stress matrix

For obtaining the stress matrix, σ, eq. 5.12 is used. Here, C is the constitutive matrix.

σ = C ε = σ(1) + σstab (5.12)

5.2.6 Constitutive model

A return mapping algorithm for plane stress elastoplasticity, developed by Simo and Tay-
lor (1986), is used to simulate a nonlinear material behaviour. This model considers a
nonlinear isotropic hardening and the Von Mises yield condition. In fig. 5.2 this algorithm
is summarized. Although this constitutive model is not optimal for quasi-fragile structural
materials, as the masonry, is useful for the sub-integration scheme validation in nonlinear
cases.

It may be important to note that in FEAP (Taylor, 2014), the constitutive model is applied
to each integration point of a 2 by 2 quadrature, instead of the one integration point of a
1 by 1 quadrature. Then, the constitutive model can be used without modifications.

5.2.7 Residual

The residual must be obtained by the sum of the one-point and four-point stabilizer forces
contributions (eq. 5.19).

[
K(1) + Kstab

]
d = ABT

(1) σ(1) +

∫
A

BT
stab σstab dA (5.19)
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• Update strain tensor. Compute trial elastic stresses

εn+1 = εn +∇s u

σe = D [ εn+1 − εpn ]

ηe = σe −αn

(5.13)

• Consistency at tn+1: Solve φ(λ) = 0 for λ

φ(λ) :=
1

2
φ̄2(λ)−R2(λ) ≡ 0

φ̄2 :=
(ηe11 − ηe22)2

2

[
1 +

(
E

3 (1− ν)
+

2

3
H

)
λ

]2 +
(ηe11 − ηe22)2

2

[
1 +

(
2G+

2

3
H

)
λ

]

R2(λ) :=
1

3
κ2

(
ēpn + αλ

√
2

3
φ̄(λ)

)
(5.14)

• Compute modified (algorithmic) elastic tangent moduli

Ξ =

[
D−1 +

λ

1 + 2
3 λH

P

]
(5.15)

• Update stresses and plastic strains at tn+1

ηn+1 =
1

1 + 2
3 λH

Ξ(λ) D−1 ηe

αn+1 = αn + λ 2
3 H ηn+1

σn+1 = ηn+1 −αn+1

ēpn+1 = ēpn +
√

2
3 λ φ̄(λ)

εpn+1 = εpn + λPηn+1

(5.16)

• Compute consistent elastoplastic tangent moduli

∂σ

∂ε

∣∣∣∣
n+1

= Ξ−
[ Ξ Pηn+1 ][ Ξ Pηn+1 ]T

ηT
n+1 P Ξ Pηn+1 + β̄n+1

γ1 := 1 + 2
3 Hλ γ2 := 1− 2

3 κ
′
n+1 λ

β̄n+1 := 2
3

γ1
γ2

(
κ′n+1 γ1 + H γ2

)
ηT
n+1 Pηn+1

(5.17)

• Update ε33 strain

ε33+1 = − ν
E

(
σ11n+1

+ σ22n+1

)
−
(
εp11n+1

+ εp22n+1

)
(5.18)

Figure 5.2: Return mapping algorithm for plane stress elastoplasticity (Simo and Taylor,
1986)
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Chapter 6

Validation Examples

6.1 Introduction

In section 4.4, a method for stabilizing a stiffness matrix obtained with reduced integra-
tion was validated at level of one single 4-node quadrilateral element. In this chapter, two
examples composed by an arrangement of these elements are analyzed, in order to validate
both the formulation and the numerical implementation of this procedure for linear and
nonlinear cases. Furthermore, a wide discussion of the results is included, focusing in the
attractive advantages of this strategy.

As in chapter 3, the problem of the Cook’s membrane was selected (Cook, 1974), due to
that its analytical solution is known for a linear case. The geometry and restraints are
shown in fig. 6.1.

44.0 mm

16.0 mm

48.0 mm

P

Figure 6.1: Cook’s membrane geometry
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6.2 Cook’s membrane (linear case)

For analyzing the membrane, a Young’s module E = 1, 000 MPa, a Poisson’s ratio ν = 0.33
and an applied load P = 1, 000 N in the free end were considered. This load has a parabolic
distribution, as shown in fig. 6.1. Five meshes were built, with 2, 4, 8, 16 and 32 4-node
quadrilateral elements at the end where load is applied. A plane-stress problem was ana-
lyzed with full and reduced integration, and with the stabilization procedure for different
cases of an assumed strain (see table 4.3).

These problems were carried out in FEAP (Taylor, 2014), using the implemented algo-
rithm that was described in the former chapter. The characteristic equation of the global
stiffness matrix, (K−λI)Φ = 0, was also solved, in order to perform a comparison among
the deformation modes obtained by full and reduced integration with and without stabi-
lization. In figs. 6.2, 6.3 and 6.4 the first three deformation modes of the 16-element mesh
are shown. In each figure, there are three sub-figures corresponding to the three cases of
numerical integration solved.

(a) (b) (c)

Figure 6.2: Deformation mode 1 of Cook’s membrane analyzed with: (a) full, (b) reduced
and (c) reduced and stabilized numerical integration scheme

(a) (b) (c)

Figure 6.3: Deformation mode 2 of Cook’s membrane analyzed with: (a) full, (b) reduced
and (c) reduced and stabilized numerical integration scheme
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6.2 Cook’s membrane (linear case)

(a) (b) (c)

Figure 6.4: Deformation mode 3 of Cook’s membrane analyzed with: (a) full, (b) reduced
and (c) reduced and stabilized numerical integration scheme

In these graphical representations the same scale factor is used for comparison purposes.
Here, it can be noted a quite similar deformed configuration and a clear control of hour-
glass effect, which is more evident in the free-end elements of the membrane and along
the vertical lines of the mesh.

In addition to validate the control of the hourglass effect, a convergence analysis was per-
formed. In fig. 6.5a it can be observed the convergence to the analytical solution of the
strain energy, and in fig. 6.5b to the analytical solution of the free-end displacement, for
each mesh mentioned above. Here, FEM means finite element method, FI corresponds
to a full-integration scheme, SI stands for a sub-integration scheme and SIS for a sub-
integration and stabilization scheme. Also, the letters in brackets are for the assumed
strain case (see table 4.3).

Several remarks can be done from fig. 6.5. First, a change in the convergence direction
is presented when using sub-integration without employing any stabilization procedure.
Hence, it can be concluded that while in full-integration the larger the number of elements,
the more flexible is the membrane, in reduced integration the opposite occurs. Second,
when applying the stabilization procedure, the convergence direction is the same as in full-
integration. Third, an acceptable solution is reached with fewer elements in comparison
with full-integration, even when the most deficient assumed-strain scheme is applied.

These remarks imply that the stabilization procedure is not only faster in computing-time
terms for a mesh-to-mesh comparison, besides it is more accurate and it need coarser
meshes for a good-enough approximation, which means an even greater computational
cost reduction.

Forasmuch these results, the formulation and the numerical implementation are validated
for linear cases. In spite of that the advantages studied in this example are clearly attrac-
tive, they are so much more attractive for nonlinear cases, especially when the problem
involves large computation volumes, as in structural analysis of ancient masonry construc-
tions.
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Figure 6.5: Cook’s membrane convergence to analytical solution in (a) strain energy and
(b) free-end displacement
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6.3 Cook’s membrane (nonlinear case)

To validate the algorithm implemented in FEAP (Taylor, 2014) for nonlinear cases, a
problem with the same Cook’s membrane is proposed. Instead of loads, displacements
were imposed in the free end, in order to avoid convergence troubles. Two meshes, termed
A and B, were selected from the five used in the linear case in the former section. The
A mesh is composed by 64 4-node quadrilateral elements, while the B has 1,024. These
meshes are shown in fig. 6.6.

(a) (b)

Figure 6.6: Cook’s membrane (a) A mesh and (b) B mesh

For analyzing the plane-stress problem, the next mechanical properties for the material
were considered: a Young’s module E = 2, 000 MPa, a Poisson’s ratio ν = 0.20, a yield
stress Y0 = 50 MPa and a hardening variable H = 1.

The nonlinear behaviour was simulated using the return mapping algorithm form fig. 5.2
(Simo and Taylor, 1986). The mathematical nonlinear problem was approximated by ap-
plying the modified Newton-Raphson method, imposing a 5 mm displacement in 200 steps.

Both meshes were analyzed with full and reduced numerical integration with the stabi-
lization procedure. Figure 6.7 shows the zones in which the yield stress is reached with
the Von Mises criterion. It can be noted that the stresses distributions of the Cook’s
membrane are similar for both cases. An interesting remark of this comparison, is that
the stress distribution in the A mesh solved with reduced integration is more similar to
the ones in the B mesh.

In fig. 6.8 reaction-displacement curves are shown, in order to validate in a more repre-
sentative way the general behaviour of the membrane. Several remarks can be done from
this figure. First, the results between both types of numerical integration are very similar.
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Figure 6.7: Von Misses stress distribution of Cook’s membrane analyzed with A mesh by
(a) sub-integration and (b) full-integration; and B mesh by (c) sub-integration and (d)

full-integration

Second, the similitude in a mesh-to-mesh comparison is better when the mesh has more
elements. Third, the behaviour approximated with the A mesh using reduced integration
is closer to the ones reached with the B mesh. The highest difference between these two
results is 2.96 %.

This last remark is the most attractive advantage for using reduced numerical integration
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Figure 6.8: Cook’s membrane reaction-displacement diagram

in the approximation of nonlinear problems. Since the computational cost for analyzing
this type of problems is proportional to the number of elements composing the mesh, the
analysis is much faster. In this case, the computing-time reduction is 40.73 %. The main
impact of this computational cost reduction, is the possibility of employing more sophisti-
cated constitutive models for the practical engineering analysis, and not only in research
works.

In spite of that the real solution of the nonlinear problem is unknown, it is known that
a finite element approximation is closer to the solution when the number of elements is
higher. So, a comparison between the results with both schemes of numerical integration
should be enough to validate the algorithm.
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Chapter 7

Application Examples

7.1 Introduction

In order to apply the sub-integration scheme with hourglass control studied and validated
in the former chapters, two examples of historical masonry buildings are analyzed. The
first one corresponds to a shear wall that represents a typical house facade. The second
one is a section of the monastery of São Vicente de Fora, which is a very important historic
monument in Lisbon, Portugal.

Both problems were solved with nonlinear material behaviour through full and reduced nu-
merical integration, employing two meshes with different number of elements. A compari-
son among the results of yield stresses distribution is included. Also, reaction-displacement
curves are incorporated, so the structural behaviour of the building can be compared.

Interesting remarks are presented in a final section of the chapter, focusing in the advan-
tages and drawbacks of using reduced integration for analyzing nonlinear problems.

7.2 Shear wall with openings

A shear wall with two door openings, tested by Bono et al. (1998) and studied by Orduña
(2003) with rigid block models, was selected for applying the sub-integration scheme stud-
ied in this thesis. The wall is 5.80 m long and 3.60 m high. The dimensions of the two
doors openings are 1.0x2.20 m. The masonry has a Young’s module E = 1, 750 MPa, a
Poisson’s ratio ν = 0.20 and a yield stress Y0 = 3.50 MPa. All these mechanical properties
were selected from the standards of the Complementary technical standards of the Con-
struction code for the Federal District (GDF, 2004).

Two meshes were elaborated, termed A and B mesh, with 1,284 and 5,140 4-node quadri-
lateral elements respectively (fig. 7.1). The problem was analyzed using the FEAP (Tay-
lor, 2014) program. The modified Newton-Raphson method was employed for approxi-
mating the nonlinear mathematical problem. Displacements of 5 cm were imposed in 200
steps, in the top-wall elements.
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(a) (b)

Figure 7.1: Shear wall with openings (a) A mesh and (b) B mesh

Reaction-displacement curves are included in fig. 7.2. The maximum difference between
both numerical integration cases for the A mesh is 1.57 %, and for the B mesh is 0.79 %.
An interesting fact is that, as expected, the computation time of solving the problem with
reduced integration is lower than with full integration.

Although the curve for the A mesh with reduced integration is slightly more similar to the
B mesh curve, for this particular problem both meshes have similar behaviour, regardless
the order of quadrature used.
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Figure 7.2: Shear wall with openings displacement-reaction diagram
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7.2 Shear wall with openings

In this problem, the linear-strain or flexural modes have an insignificant contribution
to the global behaviour of the wall. This is the reason for the high similarity between
both numerical integration schemes. In other cases, in which the flexural modes are
more participative, the results with reduced integration are better in comparison to full
integration ones. As in the Cook’s membrane problem studied in the former chapter.
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Figure 7.3: Von Misses stress distribution of shear wall with openings analyzed with A
mesh by (a) reduced and (b) full numerical integration
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Figure 7.4: Von Misses stress distribution of shear wall with openings analyzed with B
mesh by (a) reduced and (b) full numerical integration

In figs. 7.3 and 7.4, the Von Mises yield stresses distribution is shown for both cases of
numerical integration and the analyzed meshes. A clear similarity can be seen among all
the cases.
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7.3 Monastery of São Vicente de Fora

Another selected application example is the arcade of the monastery of São Vicente de
Fora (see fig. 2.1a). This monastery, founded in 1147 by D. Alfonso Henriques, was built
on one of the east hills of the city of Lisbon, in Portugal. The Lisbon earthquake of
1755 caused very serious damage to the church and the monastery (Correia et al., 2007).
Because of the history behind this building and its architectural beauty, there is a high
interest in preserving it.

The main structure is conformed by columns and arches of stone blocks joined with mortar.
In the ELSA Laboratory, many experiments were performed on a real-scale model of one
section of the monastery that includes three columns, two arches and two semi-arches
(Correia et al., 2007; Pegon et al., 2001). In fig. 7.5 a photograph of the model is included.

Figure 7.5: Full-scale model at the ELSA Laboratory (Pegon et al., 2001)

Several researchers used the results of these experiments in order to validate or apply
numerical models proposed for simulating the masonry behaviour as structural material,
for example Meza et al. (2008) and Orduña et al. (2004b). In this work, no experimental
results are used, because the main objective is to validate the reduced numerical integra-
tion scheme. In future works, a constitutive model of plasticity and damage for masonry
will be proposed and applied with this scheme of sub-integration.

The geometry used for the analysis is consistent with the full-scale model (fig. 7.5). The
model is 7.45 m high and 10.80 m long. The three columns have 0.80 m width and are
spaced at each 3.60 m. The arches are 1.25 m high. The masonry has a Young’s module
E = 1, 000 MPa, a Poisson’s ratio ν = 0.20 and a yield stress Y0 = 100 kPa. All these
mechanical properties were selected according to the experiment reports, summarized by
Meza et al. (2008).

Two meshes, termed A and B, were used in order to show the advantages of using the
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reduced numerical integration scheme studied. Both meshes were elaborated only with
4-node quadrilateral elements. While the A mesh is composed by 1,323 elements, the B
mesh has 5,352 (fig. 7.6).

(a) (b)

Figure 7.6: Arcade of monastery of São Vicente de Fora (a) A mesh and (b) B mesh

The problem was analyzed using full and reduced integration in the FEAP (Taylor, 2014)
program. The modified Newton-Raphson method was employed for approximating the
nonlinear mathematical problem. Displacements of 5 cm were imposed in 200 steps, in the
top-arcade elements. Reaction-displacement curves are included in fig. 7.7.
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Figure 7.7: Arcade of monastery of São Vicente de Fora displacement-reaction diagram
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7.3 Monastery of São Vicente de Fora

Several remarks can be done from fig. 7.7. First, the results are very similar between both
types of numerical integration for the B mesh analysis. Second, the similitude in a mesh-
to-mesh comparison is better when the mesh has more elements. Third, the behaviour
approximated with the A mesh by reduced integration is closer to the ones reached with
the B mesh. The maximum difference between these two results is 3.04 %, and the average
difference is 0.80 %.
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Figure 7.8: Von Misses stress distribution of the arcade of monastery of São Vicente de
Fora analyzed with A mesh by (a) reduced and (b) complete numerical integration

As mentioned in the former chapter, this last remark is the most attractive advantage for
using reduced numerical integration in the approximation of nonlinear problems. In this

51



7. APPLICATION EXAMPLES

case, the reduction in computing time is 73.65 %. It means that when the problem involves
a larger computation time, the computational cost reduction is higher, which makes its
application more attractive.
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Figure 7.9: Von Misses stress distribution of the arcade of monastery of São Vicente de
Fora analyzed with B mesh by (a) reduced and (b) complete numerical integration

In figs. 7.8 and 7.9, a Von Mises yield stresses distribution is showed for both cases of
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numerical integration and both meshes. A clear similarity is noted among all the cases,
especially when the yield stress is reached.

7.4 Discussion of results

Although the Von Mises yield criterion is not optimal for quasi-fragile materials as ma-
sonry, the main objective of these application examples is to demonstrate that the sub-
integration scheme, studied and applied, successfully reduces the computational cost in
nonlinear analysis. Also, the results obtained justify the development of a sophisticated
constitutive model of plasticity and damage optimal for masonry, as a future work.

It was proved that this strategy gives high-accuracy results with large reduction in com-
puting time, and also allows the use of coarse meshes. Although the use of this type of
meshes is sensitive to the mesh configuration, since the strain-energy contribution of the
flexural modes needs to be significant, the sub-integration scheme is faster in a mesh-to-
mesh comparison. Thereby, the computational cost reduction is guaranteed regardless the
mesh employed.

Finally, in these two application examples, was demonstrated that the sub-integration
scheme with hourglass control was correctly implemented in FEAP (Taylor, 2014), and it
is applicable to any two-dimensional problem for research purposes. Furthermore, several
finite element developments can be implemented within this strategy, leading to novel,
economical and highly-accurate applications in different research areas of the structural
analysis.
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Chapter 8

Comments and Conclusions

In this dissertation, an alternative strategy for the computational cost reduction in the
structural analysis of ancient masonry constructions is studied. This strategy is based
in the use of reduced numerical integration rules within the finite element method. The
main objective of this research was successfully accomplished, since the resulting imple-
mentation is an improved finite element model, which reduces the computational cost of
performing a structural analysis. An important remark is that this reduction is reached by
focusing in the achievement of high-accuracy results with coarse meshes, instead of poor
approximations with fine meshes.

Chapter 3 of this thesis is devoted to the rigid block models. The formulation of these
models was reviewed and applied to one example. The major advantage of this strategy is,
under certain circumstances, the computational cost reduction, due to the condensation of
degrees of freedom in one rigid block, which can be a macro-block that contains a portion
of masonry with similar behaviour. In spite of the drawbacks, which were found in chapter
3, this method is useful in practical engineering, where the high-accuracy results can be
non essential in order to reach a faster decision making process. This is why these rigid
block models are aimed to the structural assessment of large ancient masonry buildings.

A sub-integration scheme with hourglass control for the 4-node quadrilateral finite ele-
ment was widely studied and applied. In a first step, the method was reviewed at level of
one single element, focusing in the mathematical issues generated for applying a reduced
numerical integration, as the rank-deficient stiffness matrix. This formulation correctly
augments the rank of the one-point stiffness matrix, controls the zero-energy modes and
represents better the linear-strain or flexural modes. Also, it is computationally economic,
since no large computations are required for its application.

Its numerical implementation was successfully coded in the FEAP (Taylor, 2014) program.
The routine and subroutines created were computationally optimized and adapted to the
software environment, in order to take full advantage of the method. The main impact of
this implementation is the possibility of employing it in any two-dimensional finite element
model, for research purposes.

Validation and application examples were included along the last chapters. In these exam-
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ples, interesting advantages were reviewed. The most attractive one, is the possibility of
using high coarse meshes in finite element analysis, which means an even higher reduction
of computational cost, especially for nonlinear cases. One reason of this phenomenon, is
the improvement in the representation and the strain-energy contribution of the flexural
deformation modes. It was demonstrated that, when this energy contribution is consid-
erable, the results with the sub-integration scheme are better than with full-integration,
and if this energy contribution is insignificant, both results are highly similar. Thereby, in
the worst case, the results obtained with the scheme studied are the same than the ones
computed with conventional full integration.

The results obtained in the two nonlinear application examples are highly remarkable. A
considerable computational cost was achieved in comparison to the full-integration con-
ventional procedure. This computing-time reduction allows the possibility for developing
future works with this sub-integration scheme.

8.1 Future works

As mentioned before, the results of this thesis justify the interest in development of future
works, in the area of structural analysis of massive masonry structures. In the following
paragraphs, a brief description of many suggested works is included.

Reduction of computational cost allows the development of more sophisticated constitu-
tive models, which simulate better the behaviour of the masonry as structural material.
Constitutive models of plasticity and damage are optimal for quasi-fragile materials, as
masonry. Also, it is important to consider the mechanical characteristics of this orthotropic
material, for instance its almost null tensile strength which leads to nonlinear behaviour
beginning with small loads, and its softening phenomenon characteristic of the quasi-fragile
materials. A constitutive model with this features, implemented with the sub-integration
scheme studied in this thesis, will lead to a full strategy for the optimal study of massive
masonry structures.

The dynamic analysis of this type of structures involves large computational cost. Accord-
ingly, the use of the sub-integration scheme becomes in a very attractive alternative for
these cases. This research topic is important, since the seismic events generate the most
critical damage to a masonry structure, thereby a dynamic analysis is required so as to
guarantees the structural safety of the construction.

For applying the reduced integration scheme in the practical engineering, the extrapola-
tion of it, to three-dimensional cases, is a necessary requirement. Although, for research
purposes, the two-dimensional cases should be enough for obtaining successful results in
the study of a problem, in the labor field of structural engineering three-dimensional anal-
ysis are necessary for performing a realistic study of the building. Also, in these cases the
computational cost reduction should be higher.

In this thesis and in these suggested works, the focused structural material is the masonry.
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8.1 Future works

Nevertheless, this sub-integration scheme is, obviously, applicable to any other structural
materials. So, several developments and novel applications can be carried out with this
sub-integration scheme to many areas of structural engineering, especially when large
computations are involved.
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Appendix A

The Framework Method

A.1 Introduction

In this appendix, a theoretical overview of many numerical methods is included, in or-
der to contextualize the evolution of the investigated in this thesis. The formulation of
the framework method, developed by Hrennikoff (1949), is reviewed and applied to one
example with known solution. The results in convergence to strain energy are discussed.
Also, the eigen-analysis of the model is performed and the resulting deformation modes
are compared to those obtained with the finite element method. Finally, several remarks
are presented.

A.2 Numerical methods

Numerical methods, as distinct from analytical methods, deal with the numerical values
of the significant variables at all stages of the computation. Variations in material prop-
erties and boundary conditions that are often impossible to consider by formal methods
may usually be considered quite readily by the cruder but more adaptable and flexible
numerical methods. In many respects numerical procedures are like experiments: to find
a functional relationship, for example, one may have to solve a series of problems and
examine or plot the results (Newmark, 1949).

Numerical methods may in general be divided into several types, and obvious distinction
can be made between those based on mathematical concepts and those based on phys-
ical action or analogy. From the mathematical point of view are the iterative methods
and step-by-step methods. From the physical standpoint a classification can be set up in
terms of the methods and concepts of stress analysis of a structure: relaxation, continuity
restoration and trial loads (Newmark, 1949).

A distinction must be made between those methods which involve operations on elements,
and those which involve operations on the whole. The methods described before are all
of the former type. The latter type include methods such as energy methods and proce-
dures involving the minimization of certain error functions leading to a set of algebraic
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equations. Important examples of such variational methods, in addition to the methods
of minimum potential energy, and the method of minimum complementary energy, are:
collocation, least squares, weighted least squares and Galerkin’s method. These methods
not necessarily involve numerical procedures, but they can be used numerically an they
can often be related to the more direct numerical processes (Newmark, 1949).

In general terms there are two types of problems that can be solved by numerical methods:
discrete joint problems and continuum problems. The first ones are problems that have a
finite number of degrees of freedom, where values of a significant variable are to be deter-
mined only at discrete points or joints. The solution of this problems has a counterpart in
terms of a set of simultaneous algebraic equations which may or may not be linear. On the
other hand, the continuum problems are problems in which a variable is to be determined
over a whole region generally involve differential or integral equations which may or may
not be linear (Newmark, 1949).

In general, the ordinary numerical methods are adaptable only to discrete joints problems,
and the variational methods to continuum problems. However, numerical methods may
often be used in variational procedures. Two principal techniques are available for the
application of the ordinary numerical methods to continuum problems (Newmark, 1949):

• Mathematically, by the substitution of finite differences for derivatives , or in general,
by the approximation of the continuum problem with a discrete joint or nodal system.

• Physically, by a lattice, framework, or other structural or mechanical model. This
physical analogy to the actual problem is not an exact one, but it may be made as
accurate desired except where discontinuities or singularities are involved.

The two techniques are related; it is often possible to develop a mechanical model for
which the exact solution leads to the same equations that are obtained by means of a
finite difference procedure applied to the continuum (Newmark, 1949).

A.3 Formulation

Hrennikoff (1949), developed the Framework Method. The basic idea of this method con-
sists on replacing the continuous material of the elastic bodies under investigation by a
framework of bars, arranged according to a definite pattern, whose elements are endowed
with elastic properties suitable to the type of problem. The criterion of suitability of the
framework pattern is equality in deformability of the framework and the solid material in
elasticity (Kotronis et al., 2003).

When the units are infinitesimal the framework of this kind is rigorously equivalent to
the prototype with regard to the stresses and deformations. Otherwise, when the units
are finite, the framework method is not exact, but it still gives a close approximation.
Size of the unit is arbitrary, as long as fits the shape of the prototype. The smaller the
unit the more laborious the solution, but the results are closer to reality (Hrennikoff, 1949).
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A.3 Formulation

The pattern in the bars of the framework is not arbitrary, although it is not unique. In
order to reproduce the faithfully the behaviour of the plate, the framework must have
the same deformability as the plate. This statement is the criterion of equivalence of the
framework and the plate; it may be conveniently stated in terms of the following three
conditions (Hrennikoff, 1949):

1. The framework is loaded uniformly with the normal load p per unit length on the
X plane and ν p on the Y plane. The normal unit strains in the framework εx and
εy are expressed in terms of the frameworks characteristics and they are equated to
the corresponding strains in the plate, loaded with the same loads. These equations
are as follows:

εx =
p (1− ν2)

E t
(A.1a)

εy = 0 (A.1b)

2. Reversing the planes X and Y , on which the normal loads p and ν p are applied, two
similar equations are set up:

εx = 0 (A.2a)

εy =
p (1− ν2)

E t
(A.2b)

3. A uniform tangential load p per unit length is applied, both of the X and Y planes,
and the resultant unit shear deformation of the framework is:

γxy =
2 (1 + ν) p

E t
(A.3)

Several patterns of the framework have been found valid, and the most convenient of them
is the square pattern represented in fig. A.1a, and consisting of squares of size a by a,
containing interior squares of the size 1

2 a by 1
2 a. Three kinds of bars enter construction

of each cell (Hrennikoff, 1949):

a
a
4

a
4

a
2

A
A2

A
A1

(a)

a
A

A
A1

a
A

A
A1

(b)

Figure A.1: Square pattern of framework for (a) ν 6= 1
3 (b) ν = 1

3
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• Bars lying along the sides of the main squares, except those coinciding with the
periphery of the plate, each have the cross sectional area of eq. A.4. Here t and ν
are the thickness and the Poisson’s ratio of the plate prototype. Marginal bars have
their areas only half as large as the areas A in eq. A.4.

A =
a t

1 + ν
(A.4)

• Diagonal bars have on their whole lengths the cross-section area A1 (eq. A.5), and
secondary bars of the length 1

2 a inside the squares have the area A2 (eq. A.6).

A1 =
a t√

2 (1 + ν)
(A.5)

A2 =
(3 ν − 1)

2 (1 + ν)(1− 2 ν)
a t (A.6)

The areas A, A1 and A2 are the functions of the Poisson’s ratio ν. For ν = 1/3 the area
A2 become zero, and the pattern reduces to the simple square type shown in figure A.1b,
with the areas (Hrennikoff, 1949):

A =
3

4
a t (A.7)

A1 =
3

4
√

2
a t (A.8)

The most practicable method of analysis of the square framework is an adaptation of the
method of joint displacements. If the elastic displacements of the joints are found, and
the joints are brought into their true displaced positions, the bar stresses and the external
forces acting at each joint are mutually balanced. Instead of finding these displacements
from equations, it is possible to guess them roughly on the basis of the applied loads,
displace the joints one by one by the amounts guessed, compute the bar stresses caused
by these displacements and then determinate the remaining unbalanced joint forces. This
operation is repeated many times until a close balance is established at all joints (Hren-
nikoff, 1949).

Applying the formulation described above, for a unit cell in which ν = 1/3 (fig. A.1b), the
stiffness matrix, KA2=0, is obtained with the resulting eq. A.9. Here, α1 = (

√
3 + 3) and

α2 = (
√

3 + 6). It can be noted that if A2 = 0 the number of degrees of freedom decreases
to eight, two per node as in a 4-node quadrilateral finite element. So, a stiffness matrix
for a unit cell in which ν 6= 1/3 (fig. A.1a), has eight extra degrees of freedom, because
A2 6= 0 and consequently the number of nodes are augmented to eight. Hence, the reason
for using ν = 1/3 is to compare, in the following application example, the deformation
modes of this formulation with the ones obtained with finite element method.
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KA2=0 =
E

16



2α1 0 −6 0 −
√

3 −
√

3 −
√

3
√

3

0 2α1 0 0 −
√

3 −
√

3
√

3 2α2

−6 0 6 0 0 0 0 0
0 0 0 6 0 −6 0 0

−
√

3 −
√

3 0 0
√

3 + 3
√

3 −6 0

−
√

3 −
√

3 0 −6
√

3
√

3 + 3 0 0

−
√

3
√

3 0 0 −6 0
√

3 + 3 −
√

3√
3 2α2 0 0 0 0 −

√
3 α2


(A.9)

A.4 Application example

In order to apply the formulation of the framework method described above, two com-
puter applications for the preprocessing, processing and postprocessing were developed.
The preprocessing is performed by one application written in C] language and works inside
the AutoCAD (Autodesk, 2015) environment. The purpose of this program is to extract
the geometric data of the mesh, drawn in an AutoCAD (Autodesk, 2015) file, and build the
input file for the processing and postprocessing application. A MATLAB (MathWorks,
2013) routine is written so as to solve the mathematical problem, applying the formulation
of the former section. Once the problem is solved, the application displays the results of
strain energy and eigen-analysis.

The problem of the Timoshenko’s column was selected (Timoshenko and Goodier, 1969)
as the exact solution of it is known for a linear case. The geometry and restraints are
shown in fig. A.2.

P

0.80 m

3.20 m

Figure A.2: Timoshenko’s column geometry
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For analyzing the column, a Young’s module E = 1, 750 MPa, a Poisson’s ratio ν = 1/3
and an applied load P = 1, 000 N in the free end, as shown in fig. A.2, were considered.
The load has a parabolic distribution. Five meshes were built, with 2, 4, 8 and 16 unit
cells at the end where load is applied. The mesh with 4 unit cells in free end is shown in
fig A.3. The shape of the each unit cell in this mesh corresponds to the one of fig. A.1b,
in which the A2 = 0 since ν = 1/3.

Figure A.3: Timoshenko’s column mesh with 4 unit cells at the free end

The characteristic equation of the global stiffness matrix, (K− λI)Φ = 0, was solved. In
fig. A.4, three deformation modes of the framework mesh with 2 unit cells in the free
end, are compared to the corresponding ones obtained with an analogous mesh of finite
elements. Both problems were solved with the same mechanical properties of the material
and same boundary conditions. In these graphical representations, same scale factor is
used for comparison purposes.

(a) (b) (c) (d) (e) (f)

Figure A.4: Deformation modes 1(a,b), 2(c,d), and 3(e,f) of Timoshenko’s column solved
with: (a,c,e) finite element method and (b,d,f) framework method
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In these figures, a similar configuration can be seen for all modes. The strain energy was
also computed for all the meshes. In fig. A.5, the convergence to the real solution of strain
energy for each mesh mentioned above can be observed. Several remarks can be placed
from fig. A.5. An undesirable behaviour in convergence is observed, since although the so-
lution is converging to a stationary value, this value does not correspond to the analytical
solution of strain energy. The difference between these results is 2.25 %. This phenomenon
is quite similar to that presented in chapter 3, in which the rigid block models are studied.

2 4 8 16
0

0.2

0.4

0.6

0.8

Number of unit cells at the free end

S
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a
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Analytical Framework method

Figure A.5: Timoshenko’s column convergence of the framework method to analytical
solution in strain energy

In addition to the convergence issue, the method presents many other disadvantages.
For instance that the unit-cell shape needs to be closer to a square, since the a dimen-
sion is fundamental for computing the area of the bars, which represents the mechanical
behaviour of the material, a highly-distorted quadrilateral can not be solved with this
method. For this reason, the method is not optimal for complex geometries. Nevertheless,
new unit cells can be developed from the existing ones and applied to this type of problems.

In spite of this remarks, the framework method represents the origin of several numerical
methods that are widely used. For example the idea of modeling a structure in an ar-
rangement of simpler units, which their mechanical behaviour is easier to approximate, is
used in strategies as the finite element method and rigid blocks models.
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