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2. FUKDAMENTALS OF RIGID-BODY THREE-DIMENSIONAL KINEMATICS.

2.1 INTRODUCTION. The rigid body is defined as 2 continuum for which, under

an} physically possible motion, the distance between any pair of its points

repains unchanged. The rigid body is a mathematical abstraction which modals
very accurately the bshaviour of - a wide variety.of.natural and man-made
mechanical pystems. under certain conditions. However,.ag.such. it does not
exist in: pnature,.-as. neither-do the elaﬁtic.bodY-nﬂr the perfect fluid.—The ...
theorems related to rigid body nations are rigorously proved and the founda
tions for thé analysis gf the motion of systems of coupled rigid bodie;
(linkages) aAre laid down. 7The main.results:in this. chapter are the theorens.
of Eulerf'chasles,*the ane Dn.the-ﬁxiﬁtenCG of an-instant screw,-the Theorem

of Aronhold-Kennedy and that of Coriolis.

2.2 MNOTION OF A RIGID BODY. - .

Consider:a-subaet D-of -the EBuclidean -three-dimensional-rphysical ‘space occu- -
pled by a‘rigid body, and let x-be the position vector of-a point:of that'

body.-- A rigid body motion.is-a'mapping '¥.which maps-:every point x of-D into

a unitgue polnt y of 2 sot D', called "the imﬁﬁe“vof D 'under I,

H:x-~y . ' - {2.2.1}
such that, for any pair X, and Ay map@qd by M inte Y and Yor respectively,
aone has

- = - ' 2.2.
[z, ~x b= 1y, = ¥,1l . (2.2.2)

The symbol Il.ll denotes the Euclidean norm* ©f the space under consider-
ation.
It is.pext shown that, under the above difinition, a rigid-body motien .

preserves the angle betweeh any two lines of a body. Indeed, let %, x

1 =2

* Lep Spction 1.B
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and L3 be three noncollinear points of a rigid body. Let M map these points

into y., y, and y,, respectively. Clearly,
||x- ||2 o (XK XK. ~K.) = (H_-x ) - (x.-%,), {x_—x }-(x,=%. )] =
237X, %3 7%y X3, = (Ey7y, ¥7¥y)r WyTEI Y,

2 F4
-I|E3-§1II '2{§3_§1'§2h§11+||E2'§1||

Similarly,
2 2 2z
Hyymy, 117 =tgymyarysmyy) = lysmy HO-2ty5my o ppemyyd + Hhypeyy |
From the definition of a rigid-body motion, however,
2 2
I|¥3-¥2|| - |if3_§21E
Thuc,
Y ? 2 2
|!53-§1r|‘-2t§3_§1’§2-§1} +||§2—§1[| -II¥3_¥1JI '
2 ’ -
“2yyty ¥ ty) oyl (2.2.3)
However, again from the rigid-bedy motion definition,
2 co2 R
g2, 112 = Ly oy 112 - (.2.4)
and )
' 2 2 .
(=%, 1% = [lyg-y, 11 (2.2.5)
"Thus clearly; from (2.2,3)7.(2.2.4) and (2.2.5);
- GyE R = YY) (2.2.6)
wnich states that the angle (5ee Section 1.7} between vactors xs—x‘ and
X,mK, remains unchanged.

The foregoing mapping M-is, in general, nonlincar, but there exists. 1 class
Q of mappings M, leaving one point in & body fixed, that are lineayr.

In fact, let D be a point of g rigid body which remainsg fiwed under ;, its
position vector being the zero vector 0 of the space under stuly (this can
alwayé be rearranged since one h;s the freedom to klace the origin ¢
coordinates in any suitable position). Let x

and x, be any two poirnts of

1 2






‘this rigid body,
From the previous results,

e 1] = Hotx, ¥ ||, 4 =1, 2 - (2.2.7)
X; Qixy

(650%,) = (Q0x,Y, Qlxy)), 4,371,2 | (2.2.8)
Assume for a moment that Q is not linear.
Let
e=Q(x +x,)-{0lx,)149lx,))
Then
2 2 2
[ell™ =Hgpe [+ 1tx p4@tx ) |]°-2Qex +x 0 . 0tx 140 x 0

2 2 ; 2 .
=[xy, [+ s I [T+idQtr) ™4 2¢0tx0,00x 0,
- 2000 +xy) 906,17 2(0 06 1,9 08,))

where the rigidity condition hams been applied, i.e. the candition that
gtates that,lunder.a éigiélhody:mntiun}iany two points.of -the body remain ..
eqﬁiﬂistantErﬂpglyingrﬁhis'conditinn again;"tﬂgether-with,the condition.: @
of cnnsténcY.nf-the aqgle.butw&én any two lines.of the rigid body {eq. .-
(2.2.6)},

g2 2 2 2 p
[lef %=1l 1 xgl 15320 o0+ x4 |5, | [ P42 02 0xp)

EERtShc UL JO Rt de s PV 0

2
2] |, 132l [, )| Feacr, 0= (2] |, 1 1242( |5, | | P44 05, 0,))
=0 |

From the positive-definiteness of the norm, then
e=0

thereby showing that

Qx +x,)=Q (140 (x5
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;.e. ? is an addlitive operator*
On the other hand, since Q preserves tﬁu angle between any pair of lines
of a rigid body, for any given real number a>0, glfl and glufl nr; paral-
lal, fi.e. linearly dependent {for x and ox are parallel as well)}. Hence,
Q (eex) - BQix), B>0 o (2.2. 9}
Since Q preservea the Euclidean norm,
Hetax) | |=| Jax|[={a].[|x] (2.2.10)
-On the other hand, from Eq: {2.2.9),
[letexyt|=|[r@ex){|=]2].[loer]|=}8].{]x]] (2.2.71)
Hence, equating (2,2.10) and {2.2.11), and dropping the absclute-value
brackets, for u,E>D,r
a=8
and
g{uflz- ng{§}+;<} ’ . (2.2712) .
and hence,*g-is_a'hggggeneﬂus:cperatnr.ﬂaeing;hcmnqeneous and additive,...-,

¢ is linear.- The fellowing-has thus-bheen proved. .

-~

THEOREM 2.2,1 140 {8 a nigid body molion that feaves a point fixed,.
then Q 4is a Linear transformation.
From the foregoing discussion, @ is representable by means of a 3x3 matrix

referred. to a certain basis (theorem 1.2.1)

If B={ei,ez,e3] iz an orthonormal**basis for the 3-dimensional Euclidean

M This proof is due to Prof. 3.5, Sidhu, Institute for Applied Mathematics
and Systems Research, U. of Mexico

L [gi;gj] = 5ij (The Kronecker delta)






space, the ith columnh of the matrix Q is formed from the cocfficicnts of
Q(_ei} expressed in terms of B according to Definition 3.2.1. In fact, the

resulting matrix is orthogonal. Since ¢ is linecar, Qix) can be expresscd

Eimply as Qx. wow if

y = ox

then

[Ty ll=l x| ;

lence .

Tthx = xTx, for any x

-

T

LA s
Hence, clearly’

Qg = 1

the identity matrix.” This result can then be stated as

THEORDH 2.2.7 A ndgid bedy riotion Leavding one point fixed is epiesiited

with respect Lo an onthononmat basis by an oathogonal mairix.

2.3 THE THEQREM OF EULEﬁ AND THE REVOLUTE MATRIX.

In tha pruv%ous sections it was.shown that the motion of a rigid body which
keeps one of its points fixed can be represented by an orthogonal 3 x 3
matrix, In view of Sect. 1.9 there are two classes of orthogonal mazrices,
deﬁenﬂing aop whether their detorminant is pius or ninus vnity.’ Ortkogonal

matrices whose detezminant. is +1 are called proper orthooonal and those

whose detorminant is-i are called improper orthogonal,

Proper orthogonal matrices represent rigid body rotations, whereas i-rroper
orthogonal matrices.represent reflections., Indeed,. cansider. the rotation

of axes ¥ ,Y_,Z into X_,¥Y

1 Y% P a5 shown in Fig 2.3.3

2183






Fig 2.3.1 BRotation of axes

The matrix representaticn of tha above.rotation is obtained froo the

relationship

x2=x1* . {2.31.1)

¥

Ezr_--—y‘l L

where X0 Xy represent unit vectors-along the b and §2'axe5.irE552ctively.
etc. From egs, (2.3.1},
- 1 o o
fo},=[0 o - , (2.3.2)

Q I a

[Q01 means the rotation expressed in terms of the basis {31,y1,§1}.

"

Clearly,
det O=+1
and thus it is a proper orthogeonal matrix.

On the other hand, consider the reflection of axes §1,y1,§1 inte

r






{xz,yz,zz}, as shown in Fig 2.,3,2
2
1 Z.l 2
F'Yi
x1
Fig., 2.3.2 Reflection of axes
MO, ’
Kym=-x (2.3.3)
Y2=Y‘ L
22-2.1 !
Hence, - . .
-1 0 o] . . ‘
[g]1 - 10 1 1] '
0 0 1
and so0, .
det 0 = =1

i.e., Q0 as obtained from (2.3.3) is a reflection. Aprlications of reflec-
tions warae studied in Sect. 1,12,

From Corollary 1.9.1 i1t can be seen that a 3 x 3 proper orthogonal matrix

has exactly one eigenvalue egqual to  +1. How if ¢ is tho eigenvector of






Q corresponding te the cigenvalue +1, it follows that
Qe = e
and, furthermore, for any scalar o,

1 'Quesqe

Hence all points of the rigid bedy located along a line parallel tc e

passing through the fixed point O, remain fixed under the rotation ;. Hence.

oL

the following result, due to Euler [2.1} :

THEOREM 2.3.1 [Fulen). 1§ a nigid body undengees a displacement Lea.ing onl

04 LL4 pointa ﬁiizd, then thene exdsts a Line passing thiough the Lixed

point, such that all of the points on that Line remadn {ixed dutinc the

displacement. This Ling is called "the axls cf-rotation" and the czle of
rotation L& measured on a plane peapendicular fo Lthe axis.
The matrix representing a rotation ig sometines referred to as "the revoluta".

-
Clearly, tha revolute is coppletely.deternined by:a.scalar parametcr,. the .. .

angle ofrotation and a-vectar,“thEudirﬂctiﬂn af-the axis.uf::otati::*..FrEE -
the foregoing.discussion it is clear that.the direction vector'of tha

revolute is obtained as the (uhigue linearly independent) elcenvect:zz of

the revalute associated with its + 1 eigenvalue. The angie of rotzzion

is nhtain;d as follows:

From Euler's Theorem, it is always possible to obtain an {orthonorc=1}

" basis B=s {Ei'PE'yE} such that, say EJ' is parallel te the axis of roiaticon,

E and ? thus lie in a plane perpendicular to this axis. The rotzzicon

would then rotate the vectors through an angle 8, Let g; anc ?é be the

corresponding images of 91 and b, after the rotation under considerstion,

2
represented graphically in Fig 2.3.3

* Thesce parameters are also-called "the invariants™ of the revolute, for

they remain unchanged under different choices of coordinate axes,






Fig 2.3.3 'Rotation throush an angle 6 about axis 93.
Then

bi=cosfh +sinfb, ‘ .

bi=-singb +cosdb, ' T (2.3.4)

1
2y7hs. .

and it follows that::v.- -
cog 8 -sin 8'0 .
(@), = |sin @ - cos 6.0|- | ' L {2.3.9)

¥ 0 1

Due to its simple and illuminating form, it secms justified to call matrix

{2.3.5) a "canonical form" of the rotation matrix.

Exercise 2.3.1 Devise an algorithm to carry any orthogonal matrix into

*

its canonical form (2.3.5).

Let a revolute matrix Q be given refered to an ardbitrary orthonormal basis

A= {§1.32,§3} , different from B ac defined abowve, Furthermore, let
. . \ .
[E}l = [91 . Ez ‘ 93] {2.3.6}






whare

- T
Ry " (?13"’21'1’3:‘] r3 =123

h1 being the ith component of b referrqd to the basis A, i.e. ,

3 3

Ry = BygBatPy21y2

Since both A and B are orthonnrmal,-[EJﬁ is an orthogonal matrix. Thus,
the canonical form can be cbtained from the following similarity transforma

ticn

&

{E.‘)B"[fijﬁ[‘?_]ﬂ@]h {2.3.7)
From the conopical form given above, it is apparent that -
Tr (g) ;3=1 +2¢0s8

fraom which

=11 - . . . .-
8 = cos” {5lTr(g) -1} : (2:3.8)-

is readily obtained:;.It should:be pointed .out.that, since.the trace is

,
invariant under simillarity transformations, i.e. since
L Tr 1:
(o) - = (o),

one can compute the reotation-angle ;ithﬂut-trnnsforning-the-revolute patrix
into its cancnical form.

Eg.-(2.3.8}, however, yields the angle of rotation through the cnsh1*function,
which is even, i.e. CDS_TI'XIECEE-?tx]} hence, the said formula does not
provide the sign of the angle. - This is next determir:ed by application of
Theorem 2.3.2. The proof of-this:theorem needs some background; which is

mow laid down.

In what follows, dyadic notation will be used®. Let L be the axis of a

Al——s.

* For readers unfamiliar with this hotatien, a short account of algebra of
dyadics is provided in Appendix I.
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rotation about peint O, whose existence is guarenteed by Euler's Thecrem,

+

Moreover, let € ke the corresponding angle of rotatien, as indicated in

Fig 2.3.4, and ¢ a unit vecter parallel to L.

Fig-2;3.4 . Rotatlion about.a point. -
In. Fig:2.3.4 P'. is the 'rotated ‘position of point P, .If PR is rerpendicular’ -
to L, so is P'Q, because rotations preserve -angles of rigid bﬂdies-; Thus
points-p;: P, and-Q:datermine:a.planE;perpéndicular_to L, on wkich_tkz. angle..
-of.rotation, §, is measured. . From that figure,

b
EI - GQ +I-§§!

and
— -_—
. 00 = ¥ - QF -
Hence
©' =1 -~ QP + Qb (2.3.9)"

“"Lat"QP* be a line contained 'in plane FP'Q, at right angles with lipe PQ ang
a P .
of length egual to that of QP. Thus, vector QP' can be expressed as 3 ligear
. . ’ — b )
combination of vectors QF and QP". But

v '-Q_I:n . E X T [ T - {2_3'10]
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"whereas

— % —

QF = ~ & x QP"= ex (9 x E.] {2.3.11)
wvhich c¢an readily be proved. ~ Besides, Eﬁ' can be exprossed as

EE' = EF cosﬂ+ﬁ$“ sinf
which, in view of egs. (2.3.10}) and (2.3.11), yields

" P =- cosBex(e x r ) + sinfe x r (2.3.12)

substituting egs.- (2.3.31) and (2.3.12). into eg. -{2.3.9) leads to

r'*'=r+ex (exr) ~cosbe x (e x £ ) + sinbe x ¢ (2.3.13)
EBut

L@ x-lgx = fe. e - (e elx = (ee-1).r. (2.3.14)
where~;-15|the identity dyndic,*i.e._a.dyadic_that is isamceriC'tn the
idonti;:y matrix. Furthermorae

exr=1.exr=.1 x.E S {2.3.15)
where.the dot and the.point have.been:exchanged,.what is possible to do. ~.
b:.r virtue of the nlgetl:—ra-af-cartesian vectors. Substituting egs. {(2.3.14)
and {2.3.15) into.eq. (2.3.13) one obtains
r' = r '+ (1-cosh) (ee-1)-r + sinf) x e.r = -

= [(1-cosglee + cos61+ 5inf1 x e).r =

- Q.r " ' (2.3.16)
i.e. r' has been expressed as a linear transformation of vector r. The
dyadic ? is ' then, "isomorphie: to-the rutaﬁiun‘matrix'deéined'in Section
2.2, That is
Q= ea + (l-gejcozb+sind) x e (2.3.17)

Cne can now prove the following

THEOREM 2.3.7 Let a aigid body underge a pure xetation about a fixed
point & and Zet A and 4’ be the initial and the {inal position veclons

of a point of the body [measuwred grom @) not fying on the axis. of rolaticn






Furtheamohe fet & and e be the angle of rotation and Lthe unit vector
pointing in the direction of the rotalion. Then

agnfaxa'. el=sgnid)

Proof.
Applicaticn of eq, (2.3.16) leads to

rxr'={1-cosB) (e.rlrxeteinfrx{exy)s

={1-cusﬂ][g.EJExg+aina[rzf-(f.e}r]
wvhere
2_ 2
rz]|z|{

Thua,

;x;'.g-sinﬁ[rz-[g.glz)
which can be reduced to

2 . . 2
rxx’.e - r 51n351n_(£,g}

‘where® (r,e}fis- the’angle between.vectors:r.and e.. Hence, . —

sgn (rxr’.e)=sgn (sing)

. But

sgn (sin8)=sgn (0}

for sin{ ) is an odd functicon, i.e. sin (-x =-zinix}.

Finally, then

sgnig=r'.el=agnif) ,q.e.d {2.3.18}

In conclusicn, Theerem 2.3.2 allows to distinguish whether a rotation in

"

the specified direction e is either through an angle @ or through an

angle -4.

|Exercise 2.3.2 et p and p' be the initial and the final position vestors

of a point P of a rigid body undergoing a screow motion whose rotation matrix

is @. Show that the displacement p"-Qp lies in the null space of QO-I.

-






Exercize 2,3.31 show that the trace of a I;Iatrix is invariant under similar

ity transformations.

Exercise 2.3,4 show that a revolute matrix Q has two complex conligate

eigenvalues, i and I[T. - cooplex conjugate of A).

Furthermore, show that
Re{1} --%— (TrQ-1)

What is the rclationship between the complex eigenvalues of the revolute

"lmatrix and its angle of rotaticon?.

In the foregoing paragraphs the revelute mt;:.'i.:c was analyzed, i.e. it

was shown how to obtain its invariants when the matrix is known.

The inverse-problen -i5-discussed next: Given the axis-and the angle of
rotation“chtain' the revolute -matrix referred-to.a- specified set cf
coordinate axes.

It. is.apparent-that- th? most convenlent basis -[or con;éinate awes ' for —
ropresenting- the revalutn:mtr{ix iz the opne for which this takes oo its
cancnical ‘form. _Let B = {15':1,]35,1_:':5} be .this-basis, where 1_2-3 coipcides.

with the given .revolute.axis,.and b

i and b, .are any pair of orthonirmal

vectors lying in the plane perpendicular to b .

Hence, [Q]B appears as in eq. (2.3.5}, with given @8, Let A ={al,a2,a3}

be an othopormal basis with.respect to which O is te be representesd, and

let
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{p),={r,
bo a matrix formed with the vectors of B. Then, it is clear that
. T
c o @)=2), (9,7,

Example 2.3.1 Let

B, ! by,

1
1
L]
1

Verify whether it is orthogonal. If it is, does it rppresent a4 rotazion?.
If so, describe the rotation

Salution:

1
ha
iy
ka
t
%)
|
—t

W
=
=

o
o
o

Hence Q@ is in fact orthogonal. Next,

X -] 2 1 r 2 Jxr ooz .
2] 3 3 23 3 1z 3
4+ = -
WERF-2 28 T3z 2] Fz o
a’ 3 ' i 3 3 3
24 2 2.2 4 1.1 4
At S+ EE D) - == - = -
st tygrg -3 =+

Thus @ is a proper orthogonal matrix and conseguently reproscnts a rotation.
To find the axis of the rotation it is necessary to find a unit vecior

'EE(E‘ rnzrn‘_—i]T enuch that






-2

fe = &
i.e.
r 3 r A "I
2 1 2 E1 e‘
LN 5 3 e, (=|e
E| . 2 2
-1 -2 2 e e
N F L 3. 3J
Eenco
-al + ez f 2e3 =0
—2&1 - ez + ez =0

€ = %
o T T
and so .
7 f |
e =1-1 Je..
1 3
s
_ﬁnttipg-l|efI=1,*it.fallawﬁtthat_ej- —%—, and - -!
Vi

e - — -

Thus, the axis of rotation is parallel to the vector e éiven above,
Ty find the angle of rotation < is an even simpler matter:

Tr Qep (24242) = 1 + 2 cosO
Thus f = cush1{%i = —50°

whire ufse was made of Theorem 2.3,.2 to find the sign of 6.
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bt
Example 2.3.2. Determine the revoluts matrix representing a rotation of

90° about =an axis having thres equal direction cosines with respect to

the X,¥,2 axes, The matrix should be expresged with respect teo these

axon.,
Solution:

let B = {b 93} be an orthonormal basis with respect to which the

14227
revolute is represented in.its ranonical form. . Let 93 be colncident with

the axis of rotation. Clearly
by 3 |}
-3 31 )

It remajns.only to determine-§1-and Ej;Jrcleurly,nthese,must-satisfy

. b bo=0,
b, B~ -bowb,.b =0

2 *1°73 =2

.F
e ]

€ T o

o) 8], (5)i=.

Thus, the cofpocnents of b1 mst satisfy
a+f+y=0, -
2 2
a +E2+T =1,

It is apparent that one cocmponent ¢an be freely chesen. Let, for example,

a =0
Hence,
B+ y=0
8% y2 w1
from which
"2 g%a1. Thus B =if%;7-1 fg

Thus, cheosing the + sign for B,






I;:r’

0

1

=3] 72
'z

b
-1

-

b, can be obtained now very easily from the fact that b_,b, and b, consti-.

2 1°-2 3

tute an orthonormal right-hand triad, i.e.

/6 T
by=byx By~ ~g (-2.1.)

With respect to this basls, then, from éq. {2.3.5) the rotation matrix
has the form
O -1 ¢
flg=lr o o
e 0 9
Thus, letting A be the £asis defined by the given X, Y and Z-axea,
q -76/3 /373 |~
. (#),- -"'ijz-- 766 - V373 !
32 fEse VA ) ol

and,.fromueq. ={1.5.12)., -d&fining:athﬂ-:fﬂllﬂwing -gimllarity. transformation;
. T
(9),~ (=), (), (¥"),
With {5_2_']5 in its canonical form, the revolute matrix Q, expressed with
ragpect to the X,Y,2 axecs, is found to be
1° 1= /3 143
[?} w143 173
A2
1-¥3 1+ /3

Exercise 2.3,.6 If the plane

X+y+z+1w0

iz rotated through 60°about an axis passing through the point (-1,.~1, -1}






’F

and with direction cosines’ , what is the eguation of zhe pla:e

L

1
o

@ |-
:-TIIIH

in it new positien?.

Fxercise 2,3.7. The four vertices ¢f an equilateral tetrahedron are labellaed

A, B, €, and D, If the tetrahedron is rotated in such a way that'hk, B, C,
and D are mapped into C, B, D, and A, respectively, find the axis and the
angle of the rotation. .

What are the other rotations similar to the previous one, i.e., whizh map
every vertex of the totrahedron into another vertex?.

All these rotations, together with the identity rotation (the one ltavinc

the vertices of the tetrahedron unchanged), constitute the symmetr:r Jrousn*

of the tetrahedron.

. . . 2 1 1
Exercise 2.3.8 Given an axis A whose dlrection cosines are | —%-, = ,-5},

with respect to a set of coordinate axes XYZ, what,is the matrix resresen-
]

"
an angla 2n/n? ., - .

Exercise-2.3.9 -A-sguare matrix-Aiis-said-to-be-idenpotent of-index x-when--
: .

evey * k- is tho smallest’ integer-for which thE-kEH-'power of A becctes the -

iﬂaptity"matrix.;Explnin:why the matrix cbhtained in Exercise 2.3.8 zhouléd
be idempotent of ipdex n.
Exercise 2.3.10 show that any rotation matrix ¢ can be expressed as

28
p=e

where A is a-nilpotent matrix and & is the rotation angle. W%What is the

relationship betwesn matrix A and the axis of rotation of Q7

Sep Sect. 2.4 for the definition of this term, '

tatjon;rwithirespect-to: thesercoordinate:axes;~of arotationrabout isthroughz -



-



20

iExercise 2,3.11 The equation of a throo-axes ellipsoid is given as

2
x_

2
a

.2

. + 2 mq
+ 2

%M

L8|

Ywhat is its equation after rotating it through an angle 8 about an axis of

direction numbers {a,b,c)?

2.4 GROUPS OF ROTATIONS.

A group iz a set g witﬂ a binary cperation ¢ such that
§) if a and b ¢ g, then acbeg -
ii}y 4if a,b.c then ac({bdcl={aoh) Oc
" iii) g contains an element 1, called the identity .of g under 0 , such -
tﬁut, for every a € g
a0l = joa = a
iv)- for Evnry-au€ é,*thuru-exists-anJelament.dunuted a-1Eg*.callesthe -

~--- inverse. of a‘under ¢ such that .

. - aﬂa;1-=‘nhia; = i '

Notice.that-in-the above definition-it-is: not required.that. the group be

comuutative, i.e. that acb=boa for all a,bed.' Coomutative groups are a

special class of groups, called abélian g?uups.

Soma examples 0f groups are:

a)l ‘he natural numkers 1,2,..., 12 on the face of a (mechanical, not
quartz.or- similar) - clock and tﬁe operation: kom corresponding to. ..
"shift the clock hamd from location k to location k + m", thre k
and = are natural numbors bﬂtweeﬁ 1 and 12, of course, if k + n»l2,

»

the resulting cperation iz meant to be (k + a){mod 12).

b} The set of rational numbers with the usual multiplication operation.

r 4



-



'E} The set of integers with the usual algebraic addition operation.

The set of integers with the multiplication operation do not constitute
a group (¥Why?)

Exercise 2.4.1 Show that the set of all tho rotations referred to in

Exercise 2.3.5 actually constitute a group..

Exercise 2.4.2 What is the symmatry group* of

i) an icosahedyon?
ii} a regular pﬂntagnnal.prism?

iii) a circular eylinder?

iv) a sphere?

It is ¢lear; from the above discussion,-that the set of-alllurthugnnal
‘matrices constitute a graup underlmatrix multiplication,~ In particular,’
the set of proper orthogonal maérices constitutes a group under matrix
multiplicetion;<but the imprnper:set_dnestnnt.{ﬂhy?l;; .

As nnfapplic;tiontcfrthe qrnup-prnpertywofnrutatinns-cr,,equi;alently,t_,
of proper-orthogenal matriceg,.arbitrary.rotationsican.be_formed. by -the -
cunpﬂ;ition-éf-5uccessiversimple_rctatiuns {Ses Example 2.4.1).
EnutherxappliCation.is found in the compositon of rotations using Euler's
;pgles (2.2}

Example 2.4.3 Referring to Fig 2.4.1, find the matrix representation.

with:respect to. the xj, 11, ZI axes , of the rotaticon that carries vertices

A and B of the cube'into A" and B', respectively, while leaving vertex

0 fixed. A' and B* lie in the le1 plane and points A', 0 and D, are

¢ollinear, as are B', F and E.

* See Exercise 2.3.5 for a definition of a syrmetry group.
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Salution:

Let {Q1iJﬁ be the:matrix-representing-the rotation-of axes-labelled 1 into
those labelled ‘2 {referzed to axas:i}.s:Then;-letting1§i,EIi and;gf ba unit -- -

Vﬂctﬂrﬂ.dirEEtEd-alﬂng"thE.xi_4.!i‘i,and_zi.IKES, respectively,

% =X "2y

212}:1 = 22 - 21

. g1251 = 32 -_§1
from which
(¥ Q -1
1 9] g

Next, rotate axes labelied 2 into axes labelled 3, Call this rotation
sz- This rotation would leave axis X, fixed wherecas it vwould carry axis

¥, into 2, and axis Z, into.-Y, .- Hence, o






%23%,

t
—

Pay¥, 7 2

- r

L}
—

-

Q3% T
and so,
1 0 a

[Q23}1_=tﬂ g -1

o] 1 C
Let QIJ be the rotation meant to be obtained. Its fmatrix can be ccoputed
then as
0 G -1
. = m =1 -
[913]1 (923}1[91:}1 0 O
aQ 1 0

which could als¢-have been:obtained-by:noticing- that--.+

2,5%, 7 %3 5 7Y

Bia¥y =¥ 7 &

Q3% T EH T

Hatrix'[glj}i represents a rotation through an angle 2 = 120%abour an
axi=s with direction cosines -a,a,a. Although in thizs exanple the rotatic:
could bea obtained by an alternate method, in many cases, such.as tie one

in Exercise 2.4.3, the use of rotaticn composition :scexs to.be the siople::

method.

Exercisc 2.4.3 Determine the axis apd the angle of tle rotation carryinc

axes X,Y,Z2 inte axes E,n,I , as shown in Fig., 2.4.2






£
- T
v 120°
io®
. ——l— Y
&60"
X
£
. ' Fig 2.4.2 FRotation of axes

Exercise 2.4.4 The cube appearing in Fig 2.4.1 is rotated 43* abous

diaganal -OC.1Find the: matrix.representation,.with-respect:to xl'Y1':t' of -

Eoawe e . this=rctatinn-nnd=the!distanCErthat'vertexfEaiE‘displaCEd;thrGugh:-“L
l .
2.5 RODRIGUES' - FORMULA AND-{ARRTESIAN DECOMPOSITION-GOF TEE ROUTATION HATRIX.

The .image r, of anCnrtesian-vectur*ri under.a.rotatlon hrouch: an éngle

2
8 about:an axis parallel to the unit.vector e -passing through the crigin
of coordinates was shown to be ([See Section 2.3}

r, = [(1-cost)eereosd 4sindlxe).r, (2.5.1)
Multiplying both sides of eg. (2.5.1) times g¢x vields

B
r,-r mtamgex(r,+z,) {2.5.2)

which Is called Redrigues’ formula {2.3,2.4]

Form {2.5.1) of the rotation dyadic is advantagecus Sipce it shows

explicitly the invariants e and 8 of the rotation,






Other useful expression of the rotation matrix is now derived. Letting

e B{u,v,w]T

the rotation matrix can be written as {2.5}

Q=R+
where
u2
R = Juv
uw
and
0
E = | =
-

In fact; computing:the dyadics.involved.in expression (2.3.17}), -

" ee m-(ui + vi + wE](ui + v+ wk) =

= uzéi + uvij + wwlk
+ uvli + vzjj'} i

+ uwki + vwkj + w

=

7

1 =i+ §3

Hence

1T wes= (il + 37 + kk) x {mi+vi+wk)=
= niixi+viixg +wiixk +
+ ujixitvjixd + w

+ uixd + Vi + widods

Put

% x 1

cosfl + P ging

uy uw
2 .
v uw .
2
v w
- v
] -1
i1 )

*

2

+ kk

- -

Lo

= jxj = kxk = O

- -

¥

"
o

+'

+

33k +

{2.5.3)
f2.5.4)

-uv —yw )

2
2+w ey {z.5.5a}
5 .

- u +v

{z.5.5b)

{2.5.6)

{2.5.7)

2.5.8)

(2.5.%)






and
in-'jKi-k,iXk-'kx:i-:—j [2.5.%2a)
ixk=-kxj=1 {2.5.3.b)
s Thus
1 x e = wij + vik
+ wii -ujk
- Vth.. + ukj {2#5-:.:]
Dyadics (2.5.6} and (2.5.7) can be written ib matrix form as
2
(M uv uw o - v
{ec] - v vz uw|, {lxg} = | w0 -u (2.2.!3}
2
uw W w ¥ * A O
and
2 2
v 4w ~av -uy
{! - EE] = [=yy -u2+w2' . —-yW - : ' - (2.5.211)
. 2 2 . !
=W . =W u +v

Substitution' of matrices- {2:5.12)amd -{2.5;13} into-eg; -(2.3.17) . eads-. ..
directly to-eg., (2.5.4),.._This.expression of:matrix:Q-is very useiul,.
becauss it allows one to determine the sign of & without reguiriry te

compute the image r' of a vector r under Q.

L}

Indeed, frem ogs. (2.5.5a) and (2.5.5b), it is ;lear that natrices R and
I are symmetric, whereas P is skew symmetric. Hence, and from Thfoécm
1.7.1, ¥ sind can be obtained as

P sind = %{Q - QT} {2.5.34) .
i.e. eq, (2.5.4} can be ragarded as the cartesian decomposition [zee Section
l-?i of matrix g. Mow, calling ei the ith cﬂménnent of vector e , ﬂS_

given by cqg. (2.5,3) and taking definitien (2.5.5b) and ec. (2.%.14) inte






-

_acmunt, ohne obtalns
1
-e,5ind = 5 {9,,-9,,) .

3
. i L -
0,51n8 = 5 {q,4-q,,)

' 1
—easinﬂ = E—{q

332799,

Introducing the alternating tensor Eijk defined as

+ 1,if i,] and k are in cyclic order

Gax = - 1, if i,) and k are in acyclic order

4

0, 1f at least one index is repeated

eqs. {2.5.15} gan be written as
. 1
eSind == o & {9y ey’
from which, if e, does not vanish,

q -J.

k k

sgnf = €55k sgn[—je—l—}
; i

follows-directly. "-.

bl

297 -

(2,5.15a)

(2,5.15b)

(2.5.15c)

Exercise:2.5.1.:Given matrices T and P,:as defined-in:eqs..(2.5.3a)-and -

L

(2.5.5b}, prcve:that:g -—;E?-and device- an- algorithm. to:compute-p-given-T.: -

Exercige 2.5.2 :Use eg. (2.5.16} to determine the-sign-of- 8- for the rotation
L

matrix of Example 2.3.1 and verify the result thus-cbhtained with-the onz

‘|ehtained previously.






2,6 GENERAL MOTION OF A RIGID BODY AND CilASLES" THEOREL!

In tho previous sections only the motlon of a rigid body about a fixed point

was discussed. There are rigid body motions, however, with no fixcd point.

Such motions are studied in this section,

¢

Consider a motion under which one polnt is displaced from A'to A' and another
one is displaced from E to R', as shown in Fig 2.6.1 .
This motion can take place in any of thres different wavs, namely i) any

palr of points A,R of the body underge a displacement to A', R*', respectively

in such a.way that.line A" R' is parallel to'line AR; this motion is referrod

to as.piire.translaticn;._ il) a_lipe.of .the body remalns. fixed,.in, which.case, -
according to-Buler's-Theorem (Theorem'2:3.1); the motion l1s referred-to as:

pure rotaticn;

Fig 2.6.1 General motion of a rigid body






1il) no point 0f the body remains fixed under the motion, in which case it

4

is referred to as gereral motion.

The motion from configuration 1 to configuration 2 can be regarded as the
composifiun of two motions: first the rigld body is displaced from 1 to I
without any rotation. Hence,_the lines connecting any pair of puinfs in
are parallel toc those comnecting them 'in the lntermediate configuration I.
Since this iz a rigid body motlon, the length of each segment remains
unchanged. Thus, letting a,a’, r.r' and ¢* be the position vectors of
Pints AA', R,R' and R*, respectively,

. f"-a'=p-a {2.6.1)
Hext, “to tﬂkEﬂthE'hﬁdy;int;hitE final-configuration;: 2;.a-rigid: body-rotation— s,
Q, about point A', must be performed. -
Thus,

r'-a'=g{r"-a*) . . ) (2.6.2} . ..
.Substituti;n:nfﬁ{2;5.1}%intnE(?;E;2lgand_rcarrangEmentTnf;the tefms:yield:‘"f-
r'=a'+Q(r-a) | (2.6.3)

. which-is-an-expression:for-the-finalposition-R'-of any -point:R:of -the rigid—=—-~ _
body-in-terms-of: i} its initial-pesition,-r, -ii) the-initial- and-the
final position of Eny other point A,.and iil) the rotaticn g accompanying
the motion. The above expression could have also been obtained considering
first a rigid body rotation about ;nint A .from l.te an iptermediate configu
ration:I' in which-all lines-connecting.any pair of points-are parallel.to.
the corresponding lines in 2 and, since the motion is rigid; the segments
thus defined are of equal lengths; then, perform a pure translation frem
I' to 2. Summarizing: The general motion of a rigid body is completely
defined by the initial and final positions of any one of its points and

the rotaticn inveolved.



.



Exgrcise 2.6.1 Obtain eq. (2-6.3} by performing first a rotation and then

a translation,

The main result in this sectlon is Chasles'Thecorem, which states that, given

any rigid body displacement, it can always be obtained as the rotatlon about

*

a line of the body, known'as “the-screw axis“;-followed by a translatieon' -
parallel* to the rotation axis. Moreover, the displacements of all points
of the body aleng the'screw axis are of minimum magnitude, " The'displacenment
vector of a point is cefired as the vector between the final and the initial
" positions.of the.point,.&.g.-the.displacement.of. point.®.in.the-previcus
discussion is
umrl-pealagir-a) -1 .-

=a'-Qa+{p-I}r .- L {2.6.3a) -
FProm eg. (2.6.3) notice that.u:is a linear function of one-single-wariable, -
r, ﬁHence,uthﬂ:nurm-ﬂflg.ia ailinear:function of r nqu.m;Thersquare4nfmT;
this-nnrmbis quadratic:in r...and_is given.as _, '
s =y g DT (@D ez g (g Dretatgn T2 -ga) (2.6.4)
The thecrem 15 how proved viaothe:minimization 'of ¢{§].-=Thislfunctinﬁ has....
one extremum at the 'point fé vhere ¢'{56}=9;-;The derivativc:¢'[51-is next -
computed, and zerced at EG'

Applying the "chain rule" to ¢,

au] T34

TN

* The direction of a pure translation of a rigid body is understood here as
the direction ¢f the displacement vectors of the points of the body.
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whera, from eq, (2.6.3a),

2

El; - ?—E - [2.'5.53-}
and

2 (2.6.5b)
Thus, letting u=ulr ). the zeroing of the gradient of ¢ at r=r, leads to

T

(g1} u,=0 {2.6.6)

or
, QTED'“C. (2.6.6a)

Row,"if both sidesiof-eq (2.6I6)care wultiplied:by-Q,-one obtains=
Qu,sl, . (2.6:6b) °

thereby-concludingthat tha'minimum-ncrm displacement u, lies in the real
spectral;spacu.ofrg;:iwe.;:it is'parallel-to:the-axis-of-rotation-of Q.. ..
What:is' now-left-to:complete=the-proof- of-Chasles' " Theorem-is_to-determine -..
the set of points of the rigid*bodY‘hzving'a'displncement-vectnr—pagallalLu”
to the rotation axis._:-This“is Jdonz next. .
Suhstitutipg:5,:e?aluated-at-Eu; as;given:by:.eq. (2.6.3a) into.eq.-{2.6.6),
aﬂd rearranging terms leads to

t?p"‘" (Q-T1r = :g—fﬁga-a; ) (2.6.6c)

- = e —

fram'which'gﬂ canngt be solved for, since EQ—I], and hence [Q-I]TIQ—I} is

singular.” In fact, it can be readily proved that this matrix is of rank 2,

|Exﬂrci$e 2.6,1 Prove that {QnEIT(QPEI is of ramx 2, except far Q=I.

Although Yy cannot be solved for from the latter eguation, interesting
results can be derived from it, Indeed, given a point RG' with pesition
voector LY of minimum-magnitude displacement Uy definc a new point 5g¢






-,

with positicn vecto? %0 given as .

g, =y * ¢

where € is the unit vector parallel to the axis of rotation of =]

Multiplying 5,, as given before, times lQ—E]T{Q-!J_ gives
T T ' T N T
{-1) 7 {Q-1}s = (Q-1) " (Q-1) (r +oe)=(0-1) (Q—I]rﬂ+ ig-1) " {p-T)e
but ¢, being parallel to the rotation axis ¢f O, is in the mull space of
O-I, hence, in the pull space of {Q~I]T(Q4113 ‘Therefore, the sccond term
in the right-hand side of the latter equation vanishes, the latter equation
thus reducing to
. . S ‘ T
(-I)-{Q=I) 85 = {Q-I} (pa-a')

i.e..gn.dg}snisatisfies:eq.:{E.E.Ec}.vuIn-conclusiun;sallgpqints1gﬁ-af-q,

minimum—magnitude=displacemcnt;fyﬂ,“lie:cn-a'line*parallel“to the-axisg ---

of rotation of Q.

Exércise:rz-ﬁ.ziiShaw?fhat—theigﬁ satisfyingreqg.=(2.6.6}-actually . yields=Z + -

a ﬂinimum.
From:Exercise 2.6,1, if Q¥I,-theSrank of Q-ITis exactlyi2. :Therefore;mtwoit-,
of the-three-scalar equaticns-of- (2.6.5) are. linearly-independent. These

two equations can be expresged in matrix form as

Aru = O . {2.6.7)

where § iz a 2 x 3-~rank-two matrix and vectors rCI and ¢ are 3-and I-dimen-

gional,-respectively: Now, since the'rank of a is 2, nﬂT . being .2x2, is
nonsingular and hence, the minimum norm sclution to eg. (2.6.7) is {Sce

Section 1.11)

ro=at (") e {2.6.8)

The geometric interpretation of the previous result is that r., as given

DJ
by {2.6.8}, is perpendicular to the sought axis. This axis is "the screw






axis” and is totally determined by the rotation axis, which gives its

directlon, and the point r

"whose position vector, r ., is given by cq.

0 g

(2.6.8). The name "screw" comes from the fact that the Lody mévcsraa if
it were fastened to the bolt of a screw whose axis were the screw axis.
Cther facts motivating the namo of the screw axis will be shown later.’
Anather method of finiding a peint on the screw axis is via Rodrigues'
formula as it appears in [2.6&. This procedure can boe developed as
fellows: As was pointed out from eqg. {E.G.é}, the minimum-norm displa-
cement is pa;al{el to the axis of rutatinq:"ﬂencu, the displacement of Rﬂ

pust_satisy

=ag, - ' f-zcﬁ.gj'._.'.-.

where o-is.a scalar... Subatituting the initial and the final position
vectors of.R:ln Rodrigues®.formula,_eg. (2.5.3},.. . .
I C
. | . = ¥ - . _ . .
Eﬂ En.tafi?xtfﬂ+fﬂ} - {2.6.1ﬂl_na;
which;  together:with.eg:;--{2.5.3) - for VEctorstg.hnd a', dencting. the —+

indtialiand the:final positions ef point A, yields : -

a'-ry-(a-rgtetantex((a' -l +lar )} o (26,91

0
From eg. [2.86.9),
ex (r -r )=0 {(2.6.12)

Hence, eq. (2.6.11) becones

e'*e=ﬂ§'tﬂ"§?xfé'*éi-Zta“g?xfh 281
Multiplying both sides of og. (2.6.13) times cotggx, -
]
cotgex(a’-a)=ex (ox(a*+a) ) -2ex (exr =
ncx[exta‘+a1]—2{e.rnle+2iﬂ+ﬂlr (2.6.14)

To determine r. from eg. (2.6.14), it is necessary to impose one extra

¢






"condition on it, which is dopne next. Let it bo the particular peint on

the screw axis which is closet to the origin; hence,

EG‘E'U

* and 80, substituting this vector inEﬂ g, {2.6.14) and snlvipg far s in

the same equation, leads to

r

18 1 , :
G--cnt55%[5 —e}-igx[gx{g +§]} (2.6.15)

which is an alternate expression for ¥

g * The foreqoing . result is

summarized next.

THEOREM 2.6.7 [CHASLES). The most general displacement.of a rigid body

44 equivalent to'a itnanslation togethen with-a. avkatfion-about-an. axis
-panallel Lo the Lranslation. ...

Alernatively, Chasles'Theorem can be-stated.a;’fnilcws:
"Glven:ananbiinany displacement ofi a.adigid body, there-exisis .s; sel o
pﬂiﬂtﬁf;ﬁ‘ihﬁ*ﬁﬂdy.—éﬂﬂdiiiuiﬁﬂg’a=ﬂiﬂﬂ,féuﬂhliﬁﬂifﬂft.pﬂiﬂtétﬂﬂ'iﬁﬂt-_h
fine;undag,gu-mdaphf:mznt—pmnuﬁt?{o the ~Line;-which .48 of minimum . .
Euclidean nosam" : | .

A property-of.the ;crew+axiﬂ ig;established:in:the next:itheorem...-.

THEOREM: 2. 6.2.+The displacement:veclons.of-all the points:of: a rdgdd.-. .

body-undergeing an arbitnary motion have the same-projection aleng the
.a-mmu aXLS . '

Proof :

Let P be an arhitrary point of a'rigid-bady and 5.a point on the scrauw
axis; let P' and 5" represent the corresponding oeints after the
digplacemeht. From egq. (2.6.1), the displacenent of P, gp, is given in
terms of the position vectors of P, S and 5°, Wy

EPBE--QEHQ-E]P ) {2.6.16)






1= tan s,

-

The projection of gp onte the s¢rew axis is computed now by obtaining the

scalar product of gp times U+ From eqg, (2.6.16) this bacomes

; T A T T T 1
nu =50 0s) Tu tp (Q-T) ug - (2.6.17)

where the second term on the right hand side vanishes because, as already

shown, Ug is an elgenvector-of Q‘and QT.“'Thuﬁ?‘eq.*12.ﬁ;17J'becnmﬂs-um
T ” T T T T

= " - - L.
upu=is') u g u ={s"-5) g _su,

From the above expression it fellows that the projection of EP onto the

screw axis has lenght ||ES|{, q.e.d

Using .theisama notation as above,«the.final - position.vector-af a-point of :-.

2 rigid-bedy-undergoing an.arbitrary.motion. and_its displacement_can_be _.
express=ed as -

g'=g+gp : ' ) {2.6.18)

g U 1itpes) ' {2.6,19}

IExér=13e-2-E-Za Derivefeq.xIZ.E.Jﬁlx;a

Hencelit is clear thatIthe displacegent-of-any_point-of-the-rigid-body-is—-

known.if the following cuantities.are.given:. .:

i}'fTﬁE-magnitude-nf-thn-ECIGWﬁﬂisPlacement,legéfLHE; .

Ai) « One point of the screw-axis, R, -whose position vector is

a Q

1ii) The axis of rotaticn, €
iV} The angle of rotation, 8 ' .
Given the above data, vector U, is obtained as

_——. e - l‘,SEHES”‘_aL e mn, . ' {2.6,20}

and matrix Q is given by egs. (2.5.1} or (2.5.4}. Point R, and veoctor g
completely determine the screw axis, henceforth called L, From Theorem

2.6.2 it ig clear that a rigid body undergoing an arbitrary motion, moves

LS






ﬁs if it were welded to the bkolt of a screw whose axiz whare L and whoss
pitch were given by

F: 2“”1‘35”

[ I " a

{2.6.21}

For this reason, the fair {L,Q), which completely determines a rigid. body
motlon, is called a "screw", and rigid-body motions are thus roferred to

as “screw mnticns“.1 It was shown in section 2.3 how to obtain tlhe matrix

?: given a rigid body motion with a fixed point. Vectors I, and e which
define L, are obtained from egs.-{2.6.15} or, alternatively,. from.cg. (2.6.7}

*

and eg. (2.6.20).

The following-interesting:resultsis derived! immediately from Theorem:2.6.2.%. 7

Conollary’2:6. 1 Anigid. body -modioniis.a: notation about.a:fixed: point:if 4

and onfy if the displacement 0§ one point ﬂﬁ- Zhe body {4 perpendiculan ic¢
the scnew axis-o4-the métion.

Anotherruseful--result .is-the-following ' -

Conottany: 2.6.7. The differencetvecton ofrthe displacementssof.any twe.of* -’
the pointaof-a !;:{.g{d..badg:um_fmgu,i;tg;angmbx.‘.tmmg-moiian-.f.ﬁ-.spcﬂpﬂnd;eutm—- -
Lo the ascrew axis.-

IEinciSE 2.6.3 Prove corollariez 2.6.1 and 2.6.2

Clearly, the motion of any one plane of a rigid body completely determines

the motion of the body. Fathermore, three noncellinear points detcrmine

4 plane; -thus it follows that tha AGtiﬂn of any three noncollinear points -
of a rigid body determine the motion ¢f the body. In other words, knowing

the initial and the final positions of three nopoollinear points of a rigid
body, one can determine the axis, the displacement and the rotation of the

corresponding screw. In the following, formulae are derived to compute

the screw parameters of a rigid body motion in trrms of the motion of



g -



three noncollinear points of the body. It will be shown that these formulae
- require that the displacements Df-thu.invulvuﬂ peints be ncncﬂﬁlanar. Now, .
-~ «1f three points of a rigid body are collinear, the.ir displacencnts under
' any motion are coplanar. The conyerse, however, is not true, for three
noncollinear points of ‘a rigid body could hnve-, ‘phder special circumstances,
coplanar-displacenents,-as.is .-prwed.in-mmrm.zl.lﬁ.d. . -To ;I:rn'.re this,
a previous result is derived.in the following

THEOREM 2.6.3 14 the displacemenis of thaee noncollinear points of a

o e n v igidibody anerddentical,- the-body undergoes a pune translation:

Proof:

Lot A,B,nc.he;threa1nnncullinear;pnint$:nfsa:riéidibéﬂy;:and:E,E,E;their:ﬂzr
e s T ‘“reépectivé—ﬁééition:veatnrur::Using;hq;.{2.5:19];Tthe=displﬁcementszof:'Fr :
these points can be written as

Upugt @ famm =

Upmugt QD) (bes)

e Y
S WHere'Etiﬂjthﬂdquition'VEqur'“f'E*Pointws:anithe-aarew;axis. L=
/ Subtracting the third:equation:from' the.firstiand.the second,-and recalling:: ™.

that. the.three displacenents are identical, one ohtaines

= {Q-I}{a-r.:lhn

"{Q-1) {b~c)=0 ' )

Hence both a-¢ and b-¢ € N{Q-I)*, i.e. a-¢ and b-c¢-lie in the same one~dimen -

- -

sional =pace spanncd by the real eigenvector of Q. This cannot be 50

* N{T) and R(T) denoto de null space and the range of T, as defined in
Section 1.3
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Ibecause A, B,C were assumed to be pongollinear, Thus, the only possibility
for the two latter ecquations to hold is that Q=I, j,e. the motion contains

np rotation and hence is a pure translation, ‘g.e.d,

" THCOREM 2.4.4 The mon-identical® displacements of thrce points of a aigid

body.ane. coplanan.if and onfy if.d0ne of. the follawing. three condilions is. .-
met: - - ' |
4] The motion.is.a.pure xotation - -
i} The motion is general, bul the points are collincar
LiL] The maiinn.iq generad and the podnls axe noi-colluiean,. bul L{E:ala
plane.paxaliel Lo the screw:axis: -,

Froof: .

{"if" part)
i} If.the motion is .a. pure.rotation and the origin_of.:coordinates is
Ilncatedzalung-thé-aiis-uf,rutatiun,Lthe displacenent.-u’of any point. _
of position vector-r-is-then-'--

u={0~I)r s

i.e.4gcﬁfg~zlt~SincqiH{g-f]uis-cf~dimeﬁsiun-1;unamely1the-axisiof cad
ratatinn;'then-frnm-eq:tfi.J,1],'R{Q;E}fisiﬂf:dimuﬁsinnx!,"namelyiniﬁ
a plane passing through the origin, normal to the axis of rotatien,
Thus, all displacements are coplanar,thercby proving this part.

1i) Let A,B and C . be the given threc.collinear points of  the rigid bady
undergningla general‘maticn..Let a,b and ¢ he their  respective
position vectors. Kenge, vectors c-a and b-a are linearly dependent

and they are related hy

*If the displacements of the three noncollinear points were identical,
. the motion would be a pure.translation, according te Theorem 2.6.3.
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N

¢-arg (b-a) - {11.1}
From.cq. {2.6.3),
ucnn'@{c-a]—c
mp ! —at+o+ (O-T) (o-a)-c
-uhﬁ {g-1}(b-a) -+ (ii.2). -
But, also from eqg. (2.6.3),
(e-1) (..b'-f‘}'.':'g_yg (ii.3}
Hence, eg. (11-2'1 can be written as .
B 110 v, faty
thus: r:'m-king ‘evident -that- the ‘three involved-displacements ~are:Coplarnari... -
" iii} -Using eq.~(2.6.19), the.dlsplacements af points.A, B and.C.are

v, =u H(Q-1) {z-5)
Ug=u H (O3 {b-s)

Bt {2-F) (g5) = . .

v

Ly
- \.

. Since A, B and Cilie-in a:plane-parallelito-thersgrewsaxis, vectorsnb-a,2.--

TorRnte phasandtuiTare coplanar and _hence-they.can-be-related. as —..
=< = 3 :

5

-

c-ama {b-2) +6Ug
or

c={1-g)a+ab+fu_

Substituting:the-latter.expression rintu:ué,-aftﬂrq cancellatiors.and.

rearrangement of terms,
u=ua_+~ -1} [a~h
el ufg _}I_ ﬁl

But, from the abowve expressions for u, and EB'

3
4,-Ug= (@I a-b)
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and 50, from the latter expressions for ucr
B (1w duyhasy -
thercby showing the lineay dependence, i.a. the coplanarity of the three
displacements invalwved.
{"only if" part)

IfP.rP

5 B and EC are coplanar, thon

et g 80

Introducing ea. {2.&.3}, u and yc can be written as

gyt QD) )

-

UoTu,t{g-1h (c-2)

Héncerkthe:cnplannritf€c¢nditibnfbah:be-written,-aftar-érnporfBimplifica—4"-
ticns, as
- det~{us7 (Q=1) (b2ak-(Q=1)(e-2)] =0 - .
or,-in Gibbs:notation. - .
1

(@-I)(bzalxlg=Ille=a) sy =0,
?run;[2-E}p:ﬁ}:Téha:first:product::an:be:expreszed-as -

(Q-T) (bl (g-1) (-al=ag
where

a=d{1-cosb)ex(b-a), {g-a}
] nnd-g being the angle:of rotation-and the unit'vectué Parallel to the‘

axls of this rotation.

|Exﬂrcise 2.6.4 Derive the above expression for a

The double preoduct thus-can vanish if any one of the following conditions

iz oet-

i} e.u =0






F{

which, from Corocllary 2.6.1, Etates-that the body undergoes 2 pure
rotation - - ‘
i) a=0
which is satisfied uhider ‘cne of the two following conditions:
'11.11 1-cos{=0
which.implies B=0; i.e. the motlon reduces to a pure translation. This
casa, however, has been discarded in the present analysis, for the
displacements have:becn asEumed: to be-non-identical--{See- Theorem - .-
2.&,3)
£1.2) {b-a).{g-a)=0 , '
which*in‘éurn'is,satisfied"under-unerofﬁtha’fulluwing:twa-conditiuns:. -
ii.z;a]4§,§+e-§n§ E—§~ar?—énplanan,‘i.e..pcints,ﬁ,-nnd.C_lie cn a. plane
‘ parallel. to. the intatiun,axis,tPicture_it!];_:}
1i.2.b) {b-a)x{gc-a)=0
which-impliﬂihthat#ﬂ;E-and-C=are;cﬂllinear:;thus,CQMPletinqz; -
the prmf:. I -

COROLLARY~2%6. 3~ Assume - a- 2igid-body-undergoes san arbitrany:motion:and. =

chooserany threeinoncollinean:points: of: the. body,~A;B-and . Coi letting-u; +
ug and aq ‘be the-three-acsuliing:-displacements,. thensthe fwo difference oo
veelond u)-t, and gl - Qe pa.:;taﬂat-iﬂf.and only if-the points Lie in a
plane panaflel Lo the scraw axid {f the moldion {8 general. 14 the motion
i a pm_z.‘ﬂ.nmtiun, these points- Lie <in-a plane pmmtte.a to the axis of
mmﬂan;.

~|E§prcise 2.6.5 Prove Corollary 2.6.3

I-‘urf:her cénse::_[uences cf Theorem 2.6.4 are next stated.

Conollany 2.6.4 The displacements of any Lo peinds of a rigid body eannot
¥

be parallel and different, witeds the body undergoes a pure rotation
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Exercise 2.6.6 Prove Corollary 2.6.4. Hint; Use og. (2,6.19) and the fact

that the two terns of its right-hand side are linearly independent; in fact,

orthogonal.
Conoflany 2.6.5 1§ twe, and onby Lwe, d&ﬁl&cmzm 04 three noncollinear

points of @ rigid body are paratlel, then eithen £) the paratfel displace
ments -are -identical and belong ,ta.-.;:mintd:zying on a Line parallel to the
senew axds, o4 if] the paratlfel displacements-ane-different-from each - -
othex,. in which_case .the motion is a pure rolation whose axis i& parallel
ta--ﬂlé-&inbcnnnaﬂ&ﬂg the ﬂm-‘pain,ta.,oﬂ paratfet displacements.

Cofwamy:é:'&.—éﬁzlﬁ one, zand-only:one o threepointa-ofa-aigid: body has =

.a zm:di.sptaamznt-dnd.n.thm..m:o;paim,_mnanMnm.m..tha_ﬂamu, -

- have parafled: bu;d{ﬁgmm.mmmm,qz&zﬁ:ma body:undergees a pure
rotation;: whose axis.{s: determined by. the L{ntersection of the plane
eontainingthe-thieegiven-poinitssuithia second-plane.defined-by: the
ﬁﬁmammﬂmiaﬂi‘tﬁa points. b,

IExefcise:2:6-?:aPrnve'Corullnries~2.E.5-and—2.6.64~r=

The formulae:that-allow the computation.of:the-secrewparameters. are noxt %

_derived It will:he=assumed-thatttha'displacements.afqthree;ncncnllinear -
po}nts-nre known. and .the two éascs*that cauld:arise are dealt with. These
caseg-are: i) the resulting'displacemééts are noncoolanar, - 1i) these
displacements-are coplanar and -the. motion is either pure rotation or

_general but the three points-lie iﬁ a’ plane parallel.to the screw axis.

First Case. The displacements are noncoplanar

Let A,B,C and A',B",C"' be the ipitial and the displaced positions of three

noncollinear points. Denoting by a,b,c, a',b’ and ¢" the corresponding

position vectors, the displaCtment.vectors are, then






uh=a'-a : ' {2.6.22a)
u=b'-b (2,6.22b)
* uCFCI_E ] [2-6 .225]

Now, the direction vecteor, e, of the screw axis can be cbtained as feollows: -~
Theorem- 2.6,2 suggests one way to . obtain e, namely, determine the unique
vectﬂr'alﬂng-uhich~gﬁ,yﬁ-and HE;all—hava-the-sama—pznjections.—lf-the—ﬂ—

tails of all these vectors are attached to one point, say O, then it

becomes-evident "that' the vuctar'g*is*perbendi:ular-tn-the-plane-determined-u-:
by tha -tipééaf:- the three-vectors ;uﬁ..yﬁ,ué-;ﬁ‘hus a:is_parallel,.to. tho. ..

cross product of vectors u -u_ and Eﬂ*u Mormalizing-e te have unlt.

by Y 5 R o

lenght,-one immediately has

(up=2e) > (ug—2?

e= . v _ (2.6.23}- -
Hfui_-u(':}xtuﬁ-ué[ ] -

To deternine:the magnitudes: of: the:screw.;displacemnt;::]-lgsl |-all_that-is—---
nEEdEdEiszto?project;any;nnuiofzgi,_Eh_nr'-g& [+11] 1 - PRI

Hence, ..

Flugl1=lo, . e] _ (2.6:24)

where the absolute value has been-takern because eq. (2.6.23} dctermines
the vector-e up to a change-of -sign-{the.order.of. the vectors.in tho cross
product could have been changed}. Vector us can now be computed as

) ES'J|ESJE3 sgnlu, .e) . {2.6.2%)

where sgn is the signun function, i.e., sgnix) is-1 if x«<0; it is + 1
if x>0 and it 3is irrelevant if x=0, The latter idecterminacy of sgnl(0}

causeos nog difficulty for, if ER'E”“' ||ES||=G, and, from corcllary 2.6.1,
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tho motion is one of rotation about one fixed point,
How, notice that, if vector g is subtracted from the vectors defined in

(2,6.23), the new vectors ui, ué and ué lie in the same plane (Wh:?}. To

completely determine the screw, the rotatien angle 8 and the locazion of

the screw axis are next determined. Since gi,g'

p and ul are coplarar, ther

can be-regarded- as the-displacements.of-three points.of.a.rigid.bdy.. ..
undorpoing pure-rotation,~-Lot A" ,-B" and-C"-be-the final.zositic:s . of. .

points A, B and C undergolng displacements gﬁ, gé and gé. iince T:hase

vectors are coplanar, the mediator planes‘:;‘and wé-of gecoents- Rt oand— .

BB"-can be‘brojected'as=the dotted-lipes-appearing in.Fig 2.6.2 ..

Then.the sgrew_axis L is defined by the intersection I of'-i“nnd 5 This~

intersaction.is_next determined, . ...

Fig 2.56.2, Determination of the screw axis.

let M and N be the middle points of segments AA" and EB”, their pesiton

vactors being denoted hy m and n, respectively.






Clﬂarly,
,_,.EJ,%EA {2.6.26a)
1, '
o n-,b+5uB {2.6.26b)

The equations of planes ", and ¥, are thus

Ig-gl.gé-n , l2.€.27a)
{z-p) -y =0 ' (2.€.27b)
raspactively,

The set of points r, satisfying both egs. {2;6.2?], yield line L, the screv
#ﬁis. The angle of rotation,- -8, is then simply, angle.AIA" (or equivalently,
angle.BIE":or ;ngle.CIc“}:?Thia?apgle:is'reaéily:nbtainedrnnce:the*line:Lw -
is known,-for.it can-thenibe camputedtfram:thefﬂuttpruduct:ﬂf.vectcrs:fz s
and TA"; both lying in a plane normal-to L. -

Fxample-2.6. 1+~ betermine-the-screw -of-the.displacement:of..the_cube of

Fig:2.6.3:as it is mavéd-frﬂm~cunﬁiguratinn=13tuacunfiguraticn:Z:;lL
Agsume:the-sides.of -the-cube-haverlenght:h. '

Solution I:

The:problean -is first:solvedﬁviaﬂavﬁinimizatinn.prncedure.

Step i) :-Determination:of. the revelute. 'For-this:purpose, assume:a:rigid--.

body rotation about peint B, as shewn in Fig 2.6.4

From Fig 2.6.4 it is clear that the cube undergces a2 rozation about line
ER, - thereby -saving the analysis performed-in example.2.4.1 to determine
the axis of rotation. Thus,

——
ER

¥3i
—_ 2_E,28)
STl 55 E e ‘
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Fig 2.6.4 fotation of a cube about a fixed point

-






or, in matrix form,
B

-1

u
=3
1

let M -be-the intersecticn-cf-the line'BE-‘and-a-plane'perpendicular to it
but containing point A (the ﬁlane alsc contalns point A", since AA" is
perperndicular to BE, as can readly be checked).
Let m be the position vector of Mi~Now p-p-is éerﬁenﬂicular to BE, and M
ig cnntﬂinediinulinﬂ{BE;35BE*isfaﬁecifiedtaslthe:intersectiun%cf:the planes-
x4zed——-: . ) iz.6.29a)
 y-ze0 ' , (2.6.290)
Since AM is perpendicular to BE, m-a must be’ perpendicular to vector . e of
{2.6228).-. Hencea,-the coordinates.of-Mix,y,z).must. satisfy.the relation. .
. x+£-y-z=ﬂ ' ce s -‘ . (2.6.29¢}) -

which;® togetherwith egs.~(2.6129), determinas M, namely - =

et
T3 ¢
y= 3 (2.6.30)
Wy
3
Hence,
e Dee te + e ) : (2.6.31)
= 3 ~x -~y ~Z :

It ¢an also be readily checked that m-a* is perpendicular to e, as expected,
if point A" were to lie in the plane perpendicular to EB. The angle of
rotation, 8, can now be computed from the relationship

{a-m) . {a"-m)

. 2
ila-n] |

CoG0=






1 3
. cuth-E}sinE- -

Knowing the axis of rotation, EB, and the angle fo rotation, &, the revolute

matrix is now readily‘cunsﬁrpcted form equ. (2.5.4), where

V3 /3 3

'I.l-——':-;', v o= ‘—3, W om —3-
and so

c 1 -1 1 =1 -1 2
[E}“-“—g -1 0 =1, [13]-% -1 { 1 1 {g]-% 1,2
1.1, -0 : -1 "1 1 . 11

Therafora,—--
o 0 -1] - -1 0
@)= |-1 "o of, [g-1)=[-1 -1
-ﬂ-j—-.“ ._G ____‘? . n_'_;.___1

Stepii)::Determipation:of:the screw.axis.=‘The ninimwm-magnitude.displace=- .

-1

45

{(2.6.32}

(2.6,33)

ment-gR?cftpoint‘R-is-cbtainedifrnm"eq;-i!.ETJa}f:axprassed-in;terms of the

coordinate-axes-of Fig.2.6.3...Thus, - .
2h—g-z
(ug) = v-x-y
~hty-z
and
¢{;}s|]uﬁ||2-2x2+zy2+z=2+th+2xy-2}z-ﬁhx-4hy-2hz+5h2
tence
Zx '+ y +z -3h
(o1t )= 2

x + 2y -z =-2Zh

x - ¥y +2z - h

{2.6.36)

(2.6.37)

(2.G6.38}

-
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and, eguating ¢'(x) to zero, a set of three lincarly dependent equations

is obtained, from which the following linearly independent set is sorted

2 1 1]
3
vyl = h ’ {2.6.,39)
1 2 r
1 2 -1ylz) : )

This has & minlmum-porm solution {according to eq.{2.6.B) given by

ot

X - |
- . h
[Eﬂ}.. Yol =7 |2| .- {2.6.40)
g
' ] MR £ ST

therehjidete:nining the screw-axis; which-passes:thruugh:paint RG-{whuse .
poaition vector is EG}' as given by eq. (2.6.40} and is parallel te vector
e, agﬁgiven:hy;eq. {2:6:28}.-~In order-to:-compute.the:pitch of:the screw, --

x,-it is.nécessary-to cnmpute;|1usl|,_whi:h,;frcmehenrem.2.6.2,715 given

ak
[lagl]-=lu,-el= i_fh | + (2.6.41a)

and
ug = -"_‘%é" ‘ : (2.6.41b)

The pitch is, then, from eg. {2.6.21a),

A=2/3 b ' {(2.6.42)
Solution II
An alternative solution is now given, using egs., (2.6.23), (2.6.324) and
{2.6.27). In order to simplify the computations, choose the displacements

of peints C, D and G to determine the screw. Thus,






4

-t — -
yomgl-grhig-e.)

umdt-d=2he | S (2,6.43)
U3’ ~gmhe,

fo_=u_)xiu_ -u ]=2h2[—e +e +e )

EC EG -0 -G =X Ey -Z

-from which

o 3.
||lyc~gﬁ}x{yn-gs}||=zfi h

and ao, -1
3. 3 Co
g= '—3_,{_51+Ey+gz} ' Q_I e= -—-3— 1 . {2.6,44)

el

which:is -identical with-the value previously-cbtainediin- {(2.6.28},...; -

*I|Es]|:inrohtained from .
g I=lggeel= 230 ¢
and-go. -=-.
gsﬂéh{é;:éyfgéilf_- : {2.6.45] %"
whern‘:the—sign*c:fﬂgs"- has.been-reversed,.as compared.with-that of e,

because-uﬁ.eqq.--ant>fﬂrn.the vectors,

1 1 2 .
Ecsuc u. h{E?x—Egy+§g=] : (2.6.46a)
4 2 2 : .
'n -
A N T W N, FY (2.6.46b)
4,

2
—u_mhi-Ze +2e 2.6.46
ST Bsmh S, e, 3e,) ¢ el

“which can be readily verified to be coplanar, as expected. Next, the

raquations of planes n1 and “2 aro obtained. Let

t h '
— Ve + +12 -
~-E+EEC Gt?gx EEy '-zz.:I 2 a)






1 h
o W6,.47h
ﬂ‘d‘??_."lﬁ 3 lﬁgxfdﬁy‘tgz} . . {2 b

- ™

The equation of plane @, is, then,
. x~y+2z-h=0 {2‘.6.43'&}
'
and that of plane T, is
2x+y+z-3h=0 {2.6.48h)

_Next, a peint I on the axiy of rctati;n, contained in a plane perpendicular
to this axix and passing through'polnts g and-C";'ix located:—Let Ei‘be -
the pnsitioq vector of this point, Then; r clearly must satisfy egqs.
(2.6.4Ba and b), for it is.a ﬁoint of the intersection of =

and w In

1 27

addition, r _-c-must-be: perpendicular:to-thatwintersection,-whose -direction -

I
cosines:are-alreadyfknnun=frammaq.n{2iﬁ.dd}.-_Thishlatter;conditian_is
expressed then as - -

- =Xty t+zeld ' ‘ - . ~ {2.6.48¢)
which,-togaether.with eq&.'tz.ﬁiaaiaiandtb}i;ﬂnstitutes a 1inaa;=algehraic~ -

system of 3-equations‘and 3 unknowns.--Jtg solution.is:

e '
[EIJ"'% _" | : {2.6:49)
1] - ' :

which-is a solution identical to' that-obtained in eq. (2.6.40).

The !ngie of rotation iz now ebtained from the relationship

- . eyt -
(g-x }. (grui-g}

cogl= < . (2.6,50)
ez || -
-where
(4] 1
(e 8 1}, enger b o






One: third method to.cbtain.the point:r

Thus,

n? -
i e jme L 2.6,51
ic x111{5+g& EI] 5 i )
and _
2 2 2 . -
- 2.6,52
Hle-z 1170 ( )

Substitution of -egs. (2.6.%1) and {2.6.52) into:ecg. {2.6.50).yiclds, then,

t
casﬂ-—i-ur g=-120" . (2.6.53)

where the minus sign was found by application of the result of eq. {2.5.18)
The screw-di$p1acement;u||EE|1=iE obtained from eg. {2.6.45) as

-

. 2 2.6.54) .
|il'.‘l_lsll ‘_3 . '[ -&v ] e

and~thﬂfpitch,ri,-islohtainad-irun.eq._LZ.E¢21a]_554.._,

11=2#3h
which resultSare identical to those of egs. (2.6.4%2) ard (2.6,.42}
d.ug}the'screwuaxisfclnscst:tn.thq:;__

origin is-now prescntEd:as~it-appﬂar5-inw(2-219-11}-—*;

Let-a-and-a'~be: the initial-apd-the-final positicn.vectors,.respectively,. |

. of a given‘pﬂint'h‘nf:a*rigid*hudy,—which-aée-knnwn;—4hlsa:let.Eqand r’

be-the-initial-and the-final-position vectors of -another point.R;-both-yet
unknown: If peint R is to lie on the vcrew axis, then ER-E'-E is_parallel

to the axls of rotation, e, as.was.found previocusly. From Rodrigues'Formula,.

eq. (2.6.3),
a‘'-grtaniox (a'+a) ' (2.6.56)

and

Subtracting eg. ([2.6.56b) from eq: {2.6.56a) amd taking inte account thgt

r'-r is parallel te &, i.e., writing E'-gnég, a being a scalar,



heil

k™ -



5‘-g—ng-tanggx{g'+51-tan%?xEE'+r] {2,6.57)
semme e swes Since r'-r=ce,. it follows that

‘Hence, egq, {2.6.57) can be written as’

il T B O T T E‘—E—QE-taﬂ%?x{é.I"‘gj"Zt:an'g*ng' {E-E-E?ﬂ}
Multiplying.both, sides.of. eq. 12.6.5?&]_times“cotggx,_one'cbtains
mtzigxtg'—gi-gx(gx (a'+a)}-2ex(exr)mex[ex (a'+a} }-2(e.x) e+2r {2,€.58)

1f r.is-chosen.to.be:the position.vector.of. the point on the screw.axis

closest to the origin, then . '
. é-!'n "
and -vector-g.-thus can be.cbtained.from eq. .{2.6,58).as
r -1¢atgexia'-a]-l;x{axEé'+a]] - {2.E.59)
=0 27 2T R SR et T e TR L T

Se;nnﬂ-Case;-The-displacements-are coplanar .
Th155c0u16-bﬂ1duakto-tmn:passihilitieszLeiéher'the,puint:riie:in.a plane .
parallel:to-the screw.axds:(or:to-the-axie-of. rotatlon_4f.the motica is a
pure rotation)?or they do“not;~but-the motion-is-then-recessarily-a.pure...
rotation. . - _ '

First possibility. The three points lie in a plane vrallel either +3 the

Ecrew’axis or-to the axissof-rotation:- From-Corollary 2.6.3 the difference:. .

of displacement-vectors are parallel- and.hence .the cross. product arrearine
. in eq. {2.6.23) vanishes thus rendering the computation of e indeteminate.
This vector can be computed, nevertheless, attending the aforementioned

Corollary and the fact that it is perpendicular to vector u Yoo according

;1
to Corollary 2.6.2. The condition that ¢ is cantained.in the plane of the

given points 2,8 and C is expressed as . -






4
exg (a-c)+B {b-¢c} ' (2,£.60)
The perpendicularity condition between ¢ and Ut is expressed in turn as

{yn-yc}Tgtﬂ £2.€.61)

Substitution of eg. {2.6.60} into eq, (2,6,61} yields
T T -
u[gﬁ—gcl IE'EHB{Eh'EQ} (b-c)=0 {2.6£.62) .
Hence
T
{u,~u.) " (b-c}

g = —-B T (2.£.83)
- (w,-u.) (a-¢)

prnvidudlgAE is .not orthogonalrtoia-c,:If this-isy:so,_ then:from eqg.—:.

Yo
£2.6:62)7:B=0'and,:- since g-has -been:defined-assof :magnitudesecval~to unity 7= .

than -
a-¢ | ’
a-c

Now,~since points-A; 0 and C-are not collineay,~then- iiacanmtﬁhappe& dhaty. ==,
and Yo be orthogonal:to’both:a-c and b-ci— If,-however,: gg-gé-*is-or:hogunal

to b-c,-then.a=0,.from-eq:—({2,6:62},:and,.in. this_instance,  .;,

B-c
am e {2.6.65)
Y -

mee iy emame =a If neithar & nor -B.vanish, then from.eg. (2.6.63) and the conifition. imposed

on & as being of magnitude unity,

T T
; fu -u_J]" (b-¢} (o ~u. ) {b-c)
1 2 SATC ol T “a ® ol
- L IS T _z-l lE‘El r t A < T } -2 té-g-} [b""_:} A c T
: (u,~u,)" (a-c} (u -u ) (a-c)
+| |l |? (2.6.66)

Eg. {2.6.66) yields 8. With the value of B known, a 1s then computed



e ——



+

"from eq..(2.6.63). Thus, e if finally coxputed frm eq. (2,6.60),

Second possibility. The motion is pure rotation, If the three points are

noncollinear and the dispiacments are nonidentical apnd parallel but

veotors U, 0 and up~u, are nopparallel, then, f£rom Theorem 2.6€.4 and

Corollary 2.6,3, the motion is one of pure rotatiem. In this case the axis
of rotation can be obtained simply from the intersection of the mediator

planes of Segments AA' and BB'. The perpendiculars to the axis of rotation,

traced from A and A' intersect that axis at a comon point, I. The angle
+

of -rotation is.then, simply AIAl!}~thereby-completing:the-moticn:paxametars. ...

P -

The.computation of the screw-parameters is.realised '= by SUBRQUTINE-SCREW, -

e b " n - -

whichiconsiders-all cases-that could-arise‘regardingrthe-ralationships amongst, .

L r Y
]

all three-displacement vectors, These possible cases are shown in the -

- LS

"tree” diagram-appearing in.F_ig_z.E.E:.._ SCREW use: the following auxiliary. -

. subroutines:- -
1. -SUBROUTINE-COPL'.1.- corputes the-screw-pnramet.ers-iwhan:the'matior;.' isani-

pure-rotation.iIt distinguishes-amongst-the.different.particular-cases..—

A oama e, b

e - N

“" ™ ywith'the aid of the integer variable INDEX . .
2. SUBROUTINE COPL 2 computes the-screw-parametsss.when:the points’ lie in

a. plane parallel either to the screw axis or to the axis of rotation.

.
2 v iwe

“Two 'a{fferent cases could arise, which are distinquished with the aid

- -

of the integer variable INDE.

3. SUBROUTINE GEHMOT computes the screw parametms when._the motion is
general and tHo thiés given displacements are moncoplanar.

The computation procedure for each case is pext dsseribed. All over, the

and u_, of

vectors referred te are the given displacenent vertiors, e Yg o

r - Ttk T

L

i the three given points, A, B -and’ C,” whose'positicn vectors in the refercnce

configuration are 8, ]'?1. anc Qe whereas those inp their displacead confiqura






. Y ' l.;*th
T A I .

Three diaplnuﬁment . 0

vectors are gi'.rEn v

‘ . 'Jecturs are noncoplanar.
Use GENMOT

L
L. - - .

Sy
Ly '
Three veoctors are

zero. No motion

o

LR I
One:vectory 415 2ero, '
Pure rotation.
No vector is zerg T Twm — 'I‘wa vactora are zerﬂ.
: o e Pure rotation., Use

" 7 COPL. 1. INDEX=4 :

!

' Vectors are nonparallel ’E'vcctnrs ara All three vectors are parallel
/\ parallel
The two difference The two difference Tt
vectors ara noncol- vactors are . o P
linear. collinear, . M fmt_-all three" vectors They are identical
Pure rotation. Use Polnts lie in a S Smp e P are-identical, although Pure translaticn
COPL . INDEX=5 plane parlallel & Y T-I'..*r. - i SR T thera|may he two
cithor to the sgrow They aro ook, . Thoy arae ” 1dvntlcal voctors, Pure
axls or to the axis idéntical identical rotation. Use COPL 1. ]
of rotation. Purejrotation. Use COPL 2. INDEXw? )
' Usu Lupl 2, INDEW2 uselcopy, 1 INLE=1 )
- INDEX=6 : . - .

.r ; . _l.r.“-F.q.F "'J:f R ,-.'IE ; T .]__-: i].‘:".ﬁ :- ;; ok LI o
|_ T *f‘- i l -

Fig 2.6.5 Tree dlagram Ehawing the different pﬂssible relationships amongst the displar:mer:tn af three

puncallluvar jasluti doflnlisy a clygli=laely mol o,
1

Cog
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The remalning two vectors

are not identical

They are neither They are parallesl,

parallel, Usa however,
COPL 1, INDEX=3 COPL 1.

Fig 2.6.5 l(continues)

sa
INDEX=1

[
Tha remaining.two:vectors
are identical
Usa COPL 1, INDEXm2






{n
.u

tions are a_, b and o

2" =2

a

?.
INDLX = 1, One vector is zero and the remaining two vectors arc¢ not
identical; they are parallel, huwuverl It follows from
Corollary 2.6.1 that the motion is ﬁurn rotation, The location
of the axis of rotation follows from the fact that the axzis of
rotation is contalined in the intprsoction of wwo planes, :1 ard
Hz, where-H{+is the-plane-of- the-threa-given.coints_and :zdis
rdﬂfined by the disﬁlaced positions of these points. Notize
that the ooint of zero displacement is contained in both :1 and
LPS .

Proof _ .0

" Let C be tha point:of -gere displacement-and the origin-o-

cﬂordinates.#'?urthermnrﬂ;~the-diip1acemants-gh-anﬁ u_.are givez. __

B

ag .

csalg-DBy (2.6.57)

E"ﬁ- fg-{!f?.’- HB

Since'g;*and-gﬁdare-paralleli*there-Exists-a-scala:ravsu:hxthatgé.,

u, * ngﬂ-g . ’ {2.6.53)

Substituting egs.. {2.6.67)._into eq. {2.6.68) yields _

(Q-1){a, + ab,}=0, {2.6.59)

P

+ . -

which means vector a ™+ GEI is parallel to tie axis of rotatior.

1

i,er the axis of -rotation is:contaired- in-the plane Qetermined.
by A,B and . Moreover, since

92 -'E1 + EA; Pi = P1 + EB ) {2.6.70)

The displacenents of these points are given by

vy = (Q-I)a,, up = (Q-I}b, {2.6.71})

. Introducing egs. (2.6.70) into egs. {2.6.71) and then sinolifying






~

T T

INDEX (=2

e m = wd md

awn

.the resulting cxpression with the ajd of egs, (2.6,67), one

obtalns
! t 2,6.12
Uy T QU Up Py ( }

eas. (2.6.6B1 and (2.6.72) lead to

u, + aup = Qo tou ) = 0 (2.6,73)

But, intreducing egs. (2.6.731) into eg. (2.6.73),
(Q-1){a, +ab,) = O ] {2.6.74)

whlch implies that vector a, +eob, is parallel to the axis of

2

rotaticn,ii.e.~this:axis:is:contained.in the planerdefined by

the points:hé. Bz‘an§ Cz' thereby - completing - the proof.

Other'parameters. ara.computed.using:the genezal:proceduramm:

Previously cutlined.

57

One vector.is-zero:and the remaining:two are.identical.-:The <=

motion is:pure.rotation,:due .to'Corollary 2:6.1;-and the axis--- .

of rotation-is-defined-by:a-line: passing:through-the point-ofi -~z

zero.displacemeant-in-the.direction.of -the.line. connecting the res

other two points. .

Proof

Let ¢ be.the point of.zero.displacement., .. The displacenents of

tha other two points are -

Up T D2y =Dy (2:6:7%)
Since n, = U, it follows that

L {grgltg1-§1} - D {z.ﬁ.?ﬁl

which implies that vector a,i:—};_l is parallel to the a..xi$‘ of

- 1

rotation, i.e. the linc connectirg points A and B is parallel

to the axis of rotation, g.e.d.






o3
INDEX = 3, One vector is zero and the remaining two vectors are not
parallel., The motion is pure rotation, due to Corollary 2.6.1,
and the axig of rotation paeses-through-the point of zero
disﬁlacemEnt, in the direction of the cross product of tha

two nonzero displacement yectors, which is a conseguence of

Theorem 2.6.4 amd Corollary 2.6.1.

[
INDEX = 4. Two vectors are zero. The motion is pure rotation and tie -

axis of rotation ig defined by the twe points of rero

displacement.

INDEX'= 5. HNo-vector is zero and all-threa vectors. are rohparzllel -smohgeat—- -
them:-but: coplanar .—Furthermore ,~the-two-arising-differercg —— .

vectors are noncollinear. ~According to Thecrem 2.6.4 arnd

Corollary 2.6.3, then, the motion.is pure rotation and the
] surew:parﬁmetershcan be:computed using the-general-proceiure. -

IN#EX = 6, _No vector is zero but twn-vectQIS-gre par;llel-and different.

Moroover, the vectnrs;are;caélanar.—vThe motion-is: pure.rotaticz .

due- to ' Corollary.2.6.5 . and-the:axis:of, rotation- is: porpezdicular-.:-
« to the plane of the given vectors. Its location.can be

determined using-the gener;1~pfa:edure; already cutlines for

Purc rotation, . -

Let v’ and u, be parallel but different. Then the follewing

B
relationship holds

U = eU, . (2.6.77)

Let o be the unit vector along the screw axis. Then, from

Thearcem 2.6.2,






g

-

EB'EEE .g . (2,6.78)
Substituting eg, (2,6.77) into eq. (2.6.78), one cobtains
(1-e)y, g0 - {(2.6.79) _. ..
which vanishes if either aw) or if ER‘EED: The first conditieo:
is iméassihle to meet because v, and vy have been assuc:d to be

different. Hence the only possibility for eg. (2.6.78) to hold

isg ..

-u_.e =
~p" = 0

which-indicates_that the motion is one of pure retation. -

according "to Corollary-2.&.1, g.e.d.

INDEX ==7.—Ho-vector—i6- zérotand-all .three:vectorscare parallel: te-each s

L]

other. Furthernore;-not all.three vegtors are identiga: to gach
other, although.there ﬁay be a pair of identical vectors. The
mﬂtiaqLiEJnna'nf:purE1r¢taticn%and the axis-of-rotatior is
determined-hy:the.intersectinnquAthe plaﬁﬂldefined by the
given.points.in. their .reference . configuration-with-that:definel
by the points in,their.fina).configuration,

Broof

It was chown in the case for which INDEX=6 that the: existence
of at least two parallel nonidenmtical+wvecteors guaranteces that
tha mntiﬁn ig one of pure rotation.

It will be shown first that the plane of the three givex points

_ contains the axis of rotation. In fact, the correspondisg

digplacements are given by

- = - - _Bﬂ
9 0-D1a,, u=(0-Ilb,, u =(Qp-1)c {2.¢.80)

which are all parallel to cach other. Thus, the difersnces






By e (@I} (a,-¢,). EB—EC={Q-}?_(§!-§]] (2.6.81)

are also parallel to esach other. Thus, there exists a scalar
such that

-— + i — = ﬂ E-.B
u, Ut afyu) = 0 {2.€.82)

c

But, substituting egs, (2.6.81) into eq. (2.6.82),

Q1) 272, + aty,c,))= 0. (2.€.33)

which implies that the vector a, -¢

a,-¢ *atb, ~c ), containel in the

plane ARC, is parallel to the awis of rotation. iext, I=nsider
the position vectora:ofithe points.in_theiy,.displaced.zcsitions ___

a.=a:+u

P M b, = b +u- c +u_. (2.€.34)

Aty ™ Rrfle S TS

The-displacenents_of-these points are,~afterssubstitutizns_andsm:
cahcellations,

' . et R - 11 oy .
Eh an' . EE QEH' E’C -_ QE’C L . {2.5.35}__.._

| i.e.rgi_,dyé_and g&ka;g;all parallel tuh;ﬁch+uther?“ﬁe::e;:the.

differences.
. e . oy ? e | A fle ._ . . ot
Eh ‘:.‘c ':Q_!l tf‘g' Ezl"gn‘ Ec' '[9_1:} {132-132}"‘"" {2.€:86)

are also paraljlel: to.each other.” Hence, there exists_a.fgalar

f such that
9;" -EE: +B‘[E‘é -Eé} = E] - [2.'.:.31} -

Substitution of egs. [2.6.86) into eg. (2.6.87) vields then

(913 {a,mc *Blb,c, ) )= © | (2.¢.88)

which means that the vector az—c2+5{b2-52], contained in the

plane hz Bz Cz, is parallel to the axis of rotation. Mcreover,

both planes, ABC and h, B, C,, are nonparallel. for the vectors






1w
ot

WUy and u. haye been assumed to be not all throe identical

te sach other, Hence both élanes intersecst along a line which
‘ ie the axis of rotation, q.e.d. - : :
Sc far-all-cases leading necessarily.to.a.pure.rotation motion have-zeen
discussed, Next the case.in which the given displacement.vectors are
coplanar but the motion is éither a ﬁure rotation or general, is disc:ssed.
» -In this case the arising.difference.vectors are. parallel and hence tis giver
.. __points lie.inla.planerparallel™either’to_tharaxis-of-rotation-or to tie
L~ gorew-axis.--This:.case is. handled . .by-subroutine:COPL -2, . which~identiZies
- ==~ pach possiblh-éiffarent-' subcazqerwith:=the aid:of. therinteger variable=INDE.
-—=INDE = 1.._Noivector.is-zero.and.two'vectors are.ldenticali™ The'motisn is
r—~~either:genera1=crea:pura—ratation,—butlthafscrEH-axis.cr,
. correséondingly} the-axis:of rotation, "is:parallal.to the _ line
-« defined by ihe points with identical-disélacements.

L"--Prﬂﬂf

. Let BE and T be the two points.with: identical:displacements:. These
”‘"'diﬂpl&cﬂmenta-can=be'cxpressed-using egs.(2.6.3a) as

C gD () e)) (2.6.250)

- rueme . 1.542.6, 83
usmus+{0-1) (-2 ) : {2.6.55b)

Subtracting eq. (2.6.95b) from eq.. (2.6,95a) one obtains

-u = - = 6.0
0™ Q1) {2,7,)=0 (2.6.55)

which statea that the vector connecting points B amd C is
parallel to the axis of rotation of matrix . Hence, line BC

is parallel to the screw axis. This axis is located follcowing

the general procedurs previously cutlined.
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"INDE = 2,. No vectgr is zero and no two yectors.are éarallnl,.hut they are
coplanar, The motion is either general or a pure rotation and
the given peints lie in & plane parallel either to the screw = -
axlis or to the ax{s of ratatian; according to Tﬁeorﬂm 2.6.4 and
Corollary 2.6.4. ‘The directlon of the screw axis or, correspon-
dingly, of the axis of retation, is found using egs. {2.6.80)-

(2.6.65). Summariging,=one-has-the-fol lowi ngre— - -

" THEOREM 2.6.5 The motlon of a rigid bedy 4is de.tm{nad,‘ L.e. L8 senew
parametens: can be:computed;. if, and onby:if;- the posiiions’ pg: three ==
noncoflinearpointaof. the body.are knoum {nibofh, L24.neference . and L&a .~
final configurations -+

-

SUbIoutines-SCHEW,fCOPL"I;'bDPLTZ;Land GENMOT,~implementing the foregoing- -
T computations!iuse -LOCAT. ¥, LOCAT - 2;=ANGLE,~“CYCLIC~EXCHGE CROSSTand . S i

as subsidiary-subroutines..listings-of-all-these.subroutines-appear in-

Figs 2.6.6 - 2.6.16

Exercise-2.6.B-:In a=ﬁanufacturing"prncesa=it=is'requirestnEpositicn the

1

wuz%piuce=uf-Fiq 2,617 in configuration 2.starting.from-configuration 1;

1
by means.of an arm fastened:to_the bolt.of.a.screw,.-Determine the location

of ﬁha axis of this screw as well as its pitch. If the operation is to
+ '
také place in n screw revelutions plus a fraction, what iz the value of

thié fraction?






SBO SUBKROUTINE SCREW(AINsEBINsCINsAFINsBFINsCFIN,ErRHOrTHETA+DISFL)

90 C

i C
ol C THIS SURROUTINE COHFPUTES YHE SCREW-PARAMETERS DF A& RIGID BODY HOTION
420 C .

430 C

450 C INFUT:

450 C *THE ¥.Y AND Z-COURDINATES OF THREE NONCOLLINEAR FDINTS OF THE

&40 C RIGID RODY IN BOTH ITS INITIAL (ATINsEHINCIN I-DIMENSIONAL VECTORS)
&70 C ANDt IN ITS FINAL (AFIN;BFIN,CFIN 3-DIMEHSIONAL VECIURS)

480 C CONF IGURATIONS.

690 C :

700 € QUTFUT;

710 C 1.} THE DTRECTION Er OF THE SCREW AXIS

720 C 2.} THE LOCATION RHD OF THE FDINT OH THE SCREW AXIS LYING CL.OSEST
730 C TO THE ORIGIN. ,

740 € 3.,) THE ANGLE OF ROTATION (SIGN WITH KRESPECT TO THE DIRECTION OF E
750 C INCLUDED) r THETA.

760 C 4,) THE SCALAR DISFLACEMENT LISFL» ALONG £ (SIGN WITH RESFECT TO
770 € THE DIRECTION OF E INCLUDED),

780 C '

720 C SUBSIDIARY SUBROUTIMES:

800 C

810 C COFL1{t*x%%).- CONTAINS THE SAME PARAMETERS AS SCREW FLUS INNEYX AND
g20 ¢ INs WHICH [DEFINE EACH PARTICULAR FOSSIMLE CASE.

830 C COMFUTES THE SCKEW FARAMETERS WHEN THE HOTION IS FURE
840 C ROTATION.

S0 C COFLZ{xxX%%).- COMFUTES THE SCREW FARAMETERS WHEN THE GIVEN FOINTS
d&0 C LIE IN & FLANE PaRALLEL TO THE SCREW AXIS. THE MOTION
g/0 Cc - ‘ IS EITHER GENERAL OR FURE BOTATION. '
880 C GENMOT(x%%%).- COMFUTES THE SCREW FARAHETIERS WHEN THE MODTION 15
890 C GENERAL AND THE GIVEN NISFLATEMENTS ARE HONCOFLANAR.
00 C CKROSS(A/EsC).- COMFUTES THE CKROS5S FRULUGCT OF VECTORS A aND Bs IN THIS
210 .C - GROER: ANDI STORES THE PRODUCT: IM VECTOR C.

900 C SCal{ArReC} .- COMFUTES THE SCALAR MRODUCT 8F VECTORS A AND H AND
930 C STORES THE PRODUCT IN THE SCALAR S.

240 C

950 C _ ,

240 C JI-DIMENSIONAL VECTORS a4rEsC ARE AUXILIARY FIELDS.

970 C

¢80 REAL AINC(3}yRINCI),CIN(3) ,AFINC3)+BFIN(3Y+CFIN(3),UA{3)  UB{3)
o0 - rHCCII v A(3) $BU3) ¢ C(3) v E(Z) f RHING)

1000 LOGICAL LD(3)

1010 COMMDN ZERO

1020 C

1030 C ¢ COLLINEARITY DF GIVEN FOINTS IS VERIFIET. WHEN FOINTS ARE COLLINEAR,
1040 C - ZERD IS SET EQUAL TO -1, AND SUBRDUTINE RETURNS TO MAIH FRDGRAH.
1050 LO 10 I=1,3

# '

Fig 2.6.6 Listing of SUBROUTINE SCREW (first part)






1uB0
1070
1100
1110
t120
1130
1140
11590
11440

11700

1180
1150
1200
1210
1220
1230
1240
1250
1240
1270
1280
1290
13090
310
.:
30
1340
1350
1360
1370
1380

1390

1400
1410
1420
1430
1440
1450

1460

1470
14080
14%0
1500
1210
1520
1530

s R wNolely

46

LO(T)=,FALSE.
ACII=AINCII-CIN(I)
10 B(ID=BIN{I)-CIN(I) _ .
£ALL CROSS(AsE,C)
CALL SCAL(C+C+S)
S=50QRT(8)
. IF(S5-ZERD)Y 20+20,30
20 7ERO=-1.

WRITEL4¢1000)
RETURN
TIONE

COMFARILITY IS VERIFIED. IF THIS IS5 MDT METs, THEMN ZERO IS S5ET EGUAL
T -2.+-3.0R —4.s DEFENDING UFDON WETHER DISTANCE nAC-BCs OR AF DIIDES
NOT REMAINM LCONSTANT THREDUGHOUT THE MOTION.
20 ng 40 I=i:3
CiIY=AFINCI}-CFIN{IY
40 CONTIHUE
caLL SCAL(ArArS1)
Si=SORT(S51)
CaAlLL SCal.{CsC+S2)
S2aSQRT{52)
IF{ABS{51-52.LE.ZEKC? GO TO SO
ZEROD=-2. -
WRITE(A»1010)
RETURHN
o0 ng &0 I=1¢3 .
CCI)=RFINCII-CFIN{T)
&0 | CONTIHUE :
Call. SCAL{ByL+S51)
call. SCALL{C-C+S2)
S1=5QRT({(E1)
52=50RT(52)
IF(AES{S1-52).LE.ZEROY GO TO 70
ZERD==-3
URITE{&»1020)
FETURHN
70 nogd I=1.3
. ALI)I=AIN{T)-BIN(I) . .
80 BL{Id)=AFIN(TY-HFIM{I}
CALL SCALCArArSL)
CALL SCAL{EsB.S2)
S1=80RT{5L>
S2=SRRT(E2)
IF{AEBS(S1-52}.LE.ZERD)Y G0 TD 70
ZERD=-14
WRITECSL&+ 10300
RETURNM

Fig 2.6.6 Listing of SUBROUTINE SCRE¥ (sccond part)






%

NUMBER OF ZERO-DISFLACEMENTS IS DETERMINED AWD GTORED

TD 110

N\*" -
1540 C .
50 C "NCONE
40 € NISPLACEMENT VECTORS ARE COHPUTED
1570 ?0 00 100 I=1,3
1580 UACTII=AFIN{I)-AINCI)
1590 UR(I)=BFINC(II-RIN(I)
14600 100 . UC(I)=CFIN(IY-CIN{I)
1410 C
1620 C  DONE
1630 C
1640 C DISPLACEMENT MAGHITUDES ARE TEHFORARILY STORED IN
1450 © THEW MHUZE IS SET ERUAL TO 4.
1640 CALL SCAL{UAsUA ECL))
15670 CaLL SCAL{UB,UH,E(2))
1480 CALL SCAL(UC,UC,E(Z))
16%0 NUZE=0
1700 Do 110 I=1.3
1710 E{I1)=SQRT(E(I))
1720 IF(E<1).GT.ZERDY GO
1730 HUZE=NUZE+1
1740 ) ) LO{I)=.TRUE.
1750 110 CONTLNUE
1760 IF{HNUZE.EQ.0} HUZE=4
1770 C
1780 C [ONE
1790 € EACH CRSE(NUZE=0s1,2:3) IS NOW INVESTIGATED
00 , GO TO{111,2131+»311+411)NUZE
10 111 00 120 I=1.,3 .
1820 IFCLOLIY)Y IN=I
1830 120 CONTINUE )
1840 GO TO(121,131,141)+IN
1850 121 CALL CROSS{UBsUCsC)>
18460 po 130 I=1,3 :
1870 ACIY=UB(I)-UC(I)
1BBO 130 CONTINUE
1890 GO 7O 160
1900 131 CALL-CRDSS{UA-UC!LC)
1910 0D 140 1=1,3
1920 ALTI=UACT I -UC{T)
1930 140 CONTINUE
1940 GO TO 140
1950 141 CAlL CROBS{UAsUEsC)
12460 0o 150 I=1:3
17270 A(LY=UA(I)-UR(I)
1?80 150 CONTINUE
1990 140 CaLL SCAL(C(C+51}
2000 CALL SCAL{asAarS2)
2010 S1=SART{(S1)

7 2.6.6 Listing of SUBROUPTINE SCREW (third parti)
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IN NUZE.
IF “UZE.EC.Q






2040
2050
2060

2070 .

2080
2090
2100
2110
2120
2130
2140
2150
2140
2170
2180
2190

22007

2210
2220
2230
2240
2250
2240
70

D
2290
2300
2310
2320
2230

2340 .

2350
2340
2370
2380
2190
2409
2410
24325
24390
2440
2450
2440
2478
2480
2499

"L;E

aoaonnD

[y

52=5ART(S2) ‘ .
INDEX=3 - :
IF(S1,LE.ZERD) INDEX=1
IF{52.LE,ZERD) INDEX=2 .
60 TO 230
11 INDEX=4
DO 221 1=1,3
IF<LOCI)) GO TO 221
IN=1

221 CONTLINUE
230 CALL EDFLI(ﬁINrBINrEINrﬁFIthFINrCFIN-ErRHD:THLTﬁrDIHPlrINDFK-

- IN)
" RETURN
311 ZERO==-35
! WRITELS,1040)
RETURN
DONE

ONEr TWO AND THREE-ZERO-DIS PLﬁCEHENT CASES WHERE ALREADY DEALT WITH
NO-ZERD DISFLACEMENT CASE IS NEXT INVESTIGATED.

PARALLELISM DF DISPLACEMENTS IS FIRST DETERMINED. CROSS PRODUCT
MAGHITUDES ARE TEMFORARILY STDHED IN E.

411 CaLL CROS5{ua+UE:4)

CALL CROSS(UAUC:E)
CALL CROSS(UER-UC:C)
CALL SCAL{ArA-EL1))
CALL SCAL(BsEB/E(2))
CALL SCAL(C,C E(3})
DO 10 I=1.3
10 LO{I)=.FALSE.
D0 520 I=1.3
ECI)=SORT{E(I))
IF{(E{1).GT.ZERO) GO TO 520
LOCI)=.TRUE.,

520 CONTINUE

Oonnon

cOoon

IFCLOC1) . 0R.LOCZY.OR.LOC3Y) GO TO 525

LONE
HO TWO DISPLACEMENT VECTDRES WERE FOUNMD TO BE PARALLEL . COFLANARITY
15 HEXT VERIFIED.
cCat.l SCAL{UCs&,S)
IF(ARS(S).LE.ZERO)Y GO TO 523
CALL GENHﬂT{ﬁINfRINrCINrﬁFINrBFINrﬂPIN?ErRHG:THETHIDIqFL}
RETURN

COLLINEARITY OF DIFFERENCE WECTORS IS5 VERIFIED.
DIFFERENCES OF DISPLACEMENT VECTORS ARE TEMPORARILY STORED IN A
AND B, THE CRCSS FRODUCT OF THE LATTER IS STORED IN C.

.6.6 Listing of SUBROUTINE SCREW (fourth part)






29500
7510
20

. 430
2540
2950
2540
a570
2580
2590
25400
2510
2420
2530
DEAD
24650
2450
2470
25480
2490
2700
27:0
27220
2730
2740
2750
27240
‘70
,/"Bﬂ
2790
2800
28149
2920
2830
2840
2850
26840
2870
2840
2590
2200
2910
2220
2930
2240
2¢50
2940
29720

C
C
C

C

523

524

DONE

DETERMINES WHICH VECTORS ARE FARALLEL BY SETTING LDII) EQUAL

525

528

530

C DONE
INVESTIGATES IF ALL THREE VYECTDRS ARE FPARALLEL

C

C
C
C

40

NONE

Do 524 1=1:.3
AIII=UACTI-UCC(I)

B{I)=UBCI}-UC{I)

CALYL CRDSS(A:B:L?

CALL SCAL(CsC,S)

S=SQRT({S)

IF{(S.LE.ZERD) . GO-TO ?GQ

INDEX=0

[
-2

CaLt COFLLI{AINsEBIN:CIN, ﬁFINrBFIN:CFINrErEHDrTHETﬁ DISFL e IHOEX,

I
RETURN

ng s3I0 i=1.3
IF(LO{I»Y GO TO 528
GO TO 530
IN=1
INDEX=4&
CONTIHUE

D0 S4¢ I=1,2
) IF1=1+1
DO 540 J=IFis3 -

IFCLOCI) .ANDLLOC]Y ) INDEX=?

CONTINUE
JHDEX=INDEX-5
GD TO(SS50+&00) » ANDEX

DETERMINES IF:, FOR TWOD PARALLEL VECTDRS:

550
=0 |

GO TO(SS1,5415710 1IN

DO 352 1I=1+3
ACTI=UACT)
C(ly=uccI»
UafI =C{I)

-UC{I)=ACI)

GO T 571

00 S62 I=1,3
AalI)»=Ua{I)
B(I)=UR(I)}
Ua(II=B{1)

UB(TI)=A(T}

Do 372 I=ts3
ATTI=UR{IY-UCCT)

CONT INUE

‘g 2.6,6 Listing of SUBROUTINE SCREW (fifth part)

THESE ARE IDENTICAL

TG

+ TRUE







980
2990

3000
3010

3020
3030
2040
3050
3050
3070
3080
3090
3100
3110
3120
3130
3140
3150
3140
3170
3180
3190
3200
3210
3220
1230
3240
3150
32460
3270
3280
3290
3300
3310
3320
3330
3340
3350
3340
3370
3380
3390
3400
3410
3420
3430
¥

C

L DONE

=&
>

Calt SCAL(ArArS)

S=50RT(5)

IF{S.LE.7ERKOD)Y GO TO 7350

CALL COPLECATH HIN CIN:AFIN HFINCFIN ErRHOr THETA DISPL » I9DEX
INM)

RETURN

C DETERMINES IF ALL THREE FARALLEL. VECTORS ARE IDEWTIEAL

&00 o &10 I=1.3
ACTI=UACTI-UC(I)
&10 B(Iy=UB(TIY-UEC{L)
CALL SCALCAf+S1)
CALL SCALCB, EsS2)
S1=50RT(51)
S2=80RT{52)
IF{S1.LE.ZERQ.AND.S2.LE.ZERD} GO TO %10
CalLL COFL1(AINsBINy CINrHFINrBFIHrCFIN!ErRHDrTHETHr'ISPL?-'UEX!
- IM?
‘RETURN T ’
C .
C NDNE
7¢0 INDE=2
GO 7O 200
750 INDE=1
Q0 LALL CDFL"(QIH!FIN CINSAFIN BFINCFIN+ErRHOs THETA-CISPLy I5DE,
- I
RETURN
E *
C IF HMOTION IS5 PURE TRASLATIDNr ZERO IS SET EGUAL TO -4
F1¢ ZERO=-&
WRITEC(A&,10T0(UALLYI=1+3)
RETURHN
1004 FORMAT(SX, *PDINTS ARE COLLIMEAK. MOTION IS UNLGEFINZD®*/2
1010 FDRHﬁT‘ﬁXr'HDTIDN IS WOT RIGID,., LEHGTH AC IIDES HOT REMAILL-*»
- * CONSTANT. "/ .
1020 " FORMAT(SX: "HOTION 15 NOT RIGID. LENGTH BC DOES MOT REMAINR',
- " CONSTANT.*/?
1630 FORMAT(SX, "MOTION IS HOT RIGIN. LENGTH AE LOES HOT REM&IR*.
- * CONSTAHT. "/}
1040 FORMATI(SX r *HD KROTION,., ALL THREE DISPFLACEMEMTS VECTCLRS ARE*s
- * ZERD."/3
1050 FORMAT(SX » "THE HOTION I5 FURE TEANSLATIOH,. *//15Xs*THE ~»

*GISPLACEMENT HAS THE FDLLDNIHG X-sY-AND Z CT HPUNEF-a -
15Xy F12.5r 04 :F 12,509 F12,.5/ )
EHD

'ig 2.6.6 Listing of SUBROUTINE SCREW (sixth and last part)
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ONOMeEODO0OMANORO0DANNOOE00NA0000 00

o

SUBROUTINE COPL1{AIN BIN:sCIN-AFIN:BFINSCFINSE,RHOyTHETA+DISFL
- rINDEX s IN) )

i
THIS SURKOUTINE COMFUTES THE SCREW FPARAMETERS ErRHOr THETA AND DISFL
WHEN THLE RIGID mHODY UNDER STUDY UNGERGDES A PURE ROTATIGH.
THE SURROUTINE FARAMETERS WERE DEFINED IN SUBKOUTINE SCREW:; EXCEFT

‘FOR INDEX AND0 IN. THESE ARE DEFINED NEXT.

INDEX = 1, IF ONLY ONE D1SFLACEMENT IS5 ZERD AND THE OTHER TWO
DISPLACENENTS AKRE FARALLELr BUT NOT IDEHTICAL.

INDEX = 25 IF ONLY ONE DISFLACEMENT IS ZERD AND THE OTHER TWO
DISPLACEMENTS ARE INENTICAL

INDPEX = 3+ IF ONLY OWNE DISFLACEMENT IS5 ZEROD AND THE OTHEHR TWh
DISFLACEMENTS ARE NOT TDEHTICAL.

INDEX = 4y IF EXACTLY TWD DISFLACEMENTS ARE ZERD.

INDEX = 5+ IF NO DISFLACEHMENTS IS5 ZERD aAHD AlLL DISPFLACENMENTS RRE
NONFARALLEL y PROVINED THE TWJ NISTINCT DISKFLACEMENT
DIFFERENCES ARE HONCUOLLINEAR.

INDEX = & IF NO DISPLACEMENT IS ZERO AND EXACTLY TWO VECTODRS ARE
FARALLEL BUT DIFFERENT.

INDEY = 7y IF ALL THREE DISFILACEMENTS ARE FARALLEL BUT WNDT ALL THREE

ARE TLENTICAL.

INs DETECTS WHICH VECTORS ARE PARALLEL OR IDENTICAL. IF AT ALL.
SURSIDARY SUEROUTEINES i .
LOCATL (x¥%%%) ,— COMPUTES VECTOR RHD. WHEN NO TWOD
OISPLACEMENT VECTORS ARE FARALLEL.
LOCATZ (¥¥k¥¥¥x) .~ COMFUTES VECTOR E AND RHO WHEN AT LERST
TWO DISPLACEMENT VECTORS ARE FARALLEL.
ANGLE (%¥X¥%x) .- COMFUTES THE ANGLE OF ROTATIQOM.
CYCLIC(ArE»Cy.— FERFORMS A CYCLIC CHANGE OF VWECTUORS ArH
ECy I.E.» A4 IS SET EQUAL TOQ By B I5 SET
ERUAL TO Cr...
EXCHGE (AsB) .- EXCHANGES THE LOCATIONS OF FIELIS A AND B

REAL AIH{3) +EBIN(3)+CINCZ) rAFIN{(3) +BFIN{ 3+ CFIN(I)HE(3)+RHOC(3 ) »
- HAT3) rURC3) »UC(3)yPERP (3 rACT) s B 3D

COMPUTES THE DISFLACEMENTS

no 19 I=1.3
UATTI)=AFTHC(IY-AIN(I)
UBCI)=BFIN{(I)}~HINCI)
UC(I}=CFINCII-CINC(T}
GO Y0(t00-100+100+400,500-400,700),INDEX

DONE :
IN WAS SET IN SUDRDUTINE SCREW EOQUAL TQ 12 DR 3s DEFERIDING ON WHICH

.6.7 Listing of SUBROUTINE COPL1 (first part)






5. -0
1930
3940
3950
IPAD
3970
3980
3990
4000
4010
4020
4030
4040
4G50
4050
4070
4080
4070
4109
4110
4120
4130
4140
4150

0

0
4180
4170
4200
4210
4220

4230

4240
A250
4250
4270
4280
42920
4300
A4310¢
A320
43130
4340
4350
4340
4370
47360

43907

»

C  VECTOR 1S ZERO, UAs UBr OR UCr RESPECTIVELY
100 GO TO(120,110,110)+IN
110 CALL CYCLIC(UArUR,UT)
CALL CYCLIC(AIN,RIN,CIN}
. IFCIN.EG.2) GO TO 120
CALL CYCLIC{UArUH,UC)
CALL CYCLICCAIN,RINsCIN)
120 GO TD(130:200,300) s INDEX
>
C  COMFUTATION OF RHO AND E WHEN INDEX=1
130 WRITE(&r1000)
CALL LOCAT2C(AIN;BIN,CINrAFIN;BFIN,CFINRHOE)

GO TO 320
C
C  DONE
C COMFUTATION OF THE DIRECTION: OF THE AXIS OF ROTATION WHEN INDEX=D
200 URITE(6:1010)
D0 210 I=1,3
210 E(I)=RIM(I)-CIN(I}
CALL SCALCEsErX)
X=SART (X)
GO TO 305
C
C  DDNE
C COMFUTATIDN OF THE DIRECTION DF THE AXIS OF ROTATION WHEN INGEX=3
300 WRITE(&»1020) .
CALL CROSS(UBsUC,E) .
CALL SCAL(EsEsX} - - -
X=SART{X)
309 10 307 I=1+3
307 - E{I)=E{1)/X

C
C LOME
C COMFUTATIDON OF THE FOINT OF THE AXIS OF ROTATION LYING CLOSEST 7O
C THE ORIGINM.

CALL SCAL{AIMNsE.S)

DO 31¢ I=1+3
3140 : RHO{I)=AIN{I)-S¥EC(I}

C LONE
C COMPUTATION OF THE ANGLE OF ROTATION
320 CALL ANGLE(EIN:UB,E:FKHO, THETA)
OISFL=0,
KETURN
E - [
C~- DONE - -
C INVESTIGATES THE CASE WHEN TWO DISFLACEMENTS ARE ZERO. IN wunS SET
c IN SUBRROUTIHE SCREW EOQUAL TO t»2 OR 3r LEPENDING ON WETHER UArUEr OR

Fig 2.6.7 ¥ Listing of -SUBROUTINE COPL] (second part} .






4400
A410

bl
-

. 430
4440
4450
4440
4470
4480
4490
4500
4510
4520
4530
4540
4550
4540
4570
4580
4590
4400
44510
4520
44630
A540
4550
14640

70
LSB0
4590

4700

4710
4720
4730
4740

4750

4740

4770

4780
47%0
4800
4810
4520
4830
4840
4850
4860
4870

cC
C
400

410

420
430

DOoonn

500

OoDonmf

75

UL RESPECTIVELY, 15 DIFFEREMNY FROM ZERD. THEH THE SCREIW PARAHETERS .
ARE COHMFUTED,
WRITE(LS e 1030}
GO TO(420:,410,4103IN
CALL CYCLIC{AIMN HIN:CIN)
CALL CYCLIC{UA-UE,UC)
IF(IN.EG.2Y GO TO 420
CALL CYCLICC(AIN-BIN,CIN)
CALL CYCLIC{(UArURLUC)
DO 430 I=1:¢3
E{I)=CIN{I)-RIN{I)
CALL SCAL{EsEr X}
X=SORT(X})
IO 440 I=1,3
E{IX=E{I}/X
CALL SCAL(EBIMN.EfS}
DO ASO I=t:3
GHOCI }=BIN{I)-SXE{I>
‘v CALL ANGLECAINsUAsEsRHOs THETA)}
LISFL=0,
RETURN

DONE
CONMFUTES THE SCREW PARAMETERS WHEN NGO DISPFLACEMENT IS ZERQO, AN
AlLL THREE VECTORS ARE HOMFARALLLEL. FURTHERHMOREr, THE TWD DIFFLEREHCE
VECTURS ARE WOMCOLLINEAR. HENCE THE HMOTION IS A FURE ROTATION.
WRITECS1040)
GO TO &149

COMFUTES THE SCREW FARAMETERS WHEN HO DISPLACEMENT IS ZERD DUT
EXACTLY TWO VECTORS ARE PARBLLEL AND LIFFERENT. IN-IS5 SET IN SuB-
ROUTIHE SCREW EQUAL TO 1.2 OR 3 DEFENDIHNG UFON WETHER UE.UB DR UA IS
THE HOHFARALLEL VECTOR.

500 WRITE(L+1050)

410

IF{IN.NE,2) GO TO 410
CALL CYCLICC(AINSBINsCIN)
CALL CYCLIC(UAsUB,UC)
CAat.L CROSS(UA,UCE}
CalLL SCALIE(E,S)
S=50RT(8)
DO 620 I=21,3

. E(I)=E(T)/ A

a320 CONTINUE e T - .-

CALL LOCATI1<(AIN:CIN:UAsUC-RKHDO)
CALL ANGLE(AIN:UAE-RHO, THETA)
DISFL=0.

RETURN

g 2.6.7 Listing of SUBRQUTINE COPL1 (third part)






4280
20
a0

AS10

4920

4930

4940

4950

4940

4970

4990

4990

5000

5010

5020

5030

5S040

S050.

5060
5070
5080
5090
5100
5110
5120
5130

"40

C

C

c
700

100G

1010

1030

1040

1040

=21

COMFUTES FARAMETERS FOR NO-ZERO-DOISFLACEMENT-CASE WITH ALL THREE
VECTORS FARALLEL EUT MND TWO VELCTORS IDENTICAL TO EaACH OTHER.

WRITE(&r104&0}

"CALL LOCATZ2(AINSHIN:sCIN:AFIM BFIN,CFIN,RHD,E)

CALL ANGLE{AINsUArE:RHO:THETA)

DISFL =0, X

RETURN _ ‘

FURMAT (5Xs “ONE DISPLACEMENT IS ZERO AND THE OTHER TWO ARE ',
"PARALLELY 25X, "BUT DISTINTCT. THE MOTION IS FURE ROTATION.*:
* INDEX=1"/)

FORMAT(SXr *ONE DISFLACEMENT IS ZERQ ANB [HE OTHER TWD ARE *
*IDENTICAL."/5X>*THE MOTION IS FURE ROTATION, INDEX=2*/)
FORMAT(SX, "ONE NOISFLACEMENT IS ZERO AND THE OTHER TWD ARE *+
"NEITHER [DENTICAL®/SX»*NOR FARALLEL. THE MO1ION IS FURE °*»
'RDTATION. INDEX=3°/)

FORMAT(SX, *TWO DISFLACEMENTS ARE ZERO. THE MOTION IS FURE®.,
* RGTATION,"/5X: *INDEX=4"/)

FORMAT (5Xr " THE DISFLACEMENTS ARE COPLANAR:THE TWO DISFLACEMENT"»
* DIFFERENCES®/SXr "ARE NONCOLLINEAR AND NOQ DISFLACEMENT IS "y
"ZERO. THE MOTION IS FURE"/SXr*ROTATION. INDEX=5"/)
FORMAT(SXr"TWO DISPLACEMENTS ARE FPARALLEL BUT DIFFERENT AND®,
' ND DISFLACEMENT®/5X,"IS ZERQ. THE MOTION IS FURE KROTATION.®:
* INDEX=4"/) : .o
FORMAT(5Xr " THREE DISFLQCEHFNTS ARE PARALLELs RUT NOT ALL THREE’,
* ARE IDENTICAL.*/SX:'THE MDTION IS FURE ROTATION. INDEX=7'/)
END

'Fig 2.6.7 Listing of SUBROUTINE COPL1 (fourth and last parth

-






o - : _ - _ ' A5

-

$150 " SUMROUTINE COPLZCAINeBIN,CIN'AFIN;BEIN,CF 1N E e RHD» THETA s DISFL
5160 - » INDE s IN)
"0 C

10 € TH1S SUBROUTINE COMFUTES THE SCREW PARAMETERS E,RHO.THETA AND DHISPL
.90 C  WHEN THE DISFLACEMENTS OF THE THREE GIVEN FOINTS ARE COFLAHAR, IN
5200 C  WHICH CASE THE POINTS LIE IN A FLAME FARALLEL EITHER TO THE SCECW
5210 C  AXIS OR TO THE AXIS OF ROTATION.
S220 C  THE SUBROUTINE FARAMETERS WERE DEFINED IN SUBROUTINE SCREW EXCERT
$230 C  .FOR INDE ANI IN. THESE ARE DEFINED NEXT,
5240 C  INDE = 1, WHEN TUD OF THE SATI' NISPLACEMENTS ARE IDENTICAL. INo
5250 C DETECT WHICH VECTORS ARE FARALLEL: IF AT ALL.
5260 C  INDE = 2, WHEN ALL THREE DISPLACEMENTS ARE NONPARALLEL BUT THE
5270 C CORRESPONDING TWO DIFFERENCE DISPLACEMENT VECTORS ARE
5080 C COLL INEAR, -
5290 £  SUESIDIARY SUBKOUTINES WERE ALREADNY UESCRIBED IN SUBRDUTINE SCREW,
5300 C .
S310 REAL AINCI)+EINCI)sCINCE) pAFTNCI) ,BEINCI ) sCFINC3)+EC3), RHO(T) »
5320 - UAC3) sURC3)  UCCT)
5330 COMMON ZERD
5340 C -
5350, C  COMFUTES THE [I1SPLACEMENTS
5340 C
5370 DO 10 I=1,3 -
5380 ~ UACTY=AFIN(I)—AIN(]

G390, UBCI)=BFINCI)~RINCI)

Lt 5400 10 UC(II=CFIN(I}-CINCI)

=410 GO TOC(100:200) s INDE
*az2g C
0 C LONE
-+«40 C COHFUTES THE SCREW PARAMETERS WHEH INDE =1
c

5450 RELARELS THE FOINTS AKD THEIR DISPLACEMENTS
54460 100 WRITE(& 10000 -
5470 GD TOC11C.12CG,130) 1IN oo
5480 110 CALL EXCHGEC(AIN.CINI
S470 CALL EXCHGE(UA.UC)
5500 GO To 130
5510 120 CALL EXCHGE{AIN,BIN}
S520 . UhALL EXCHGE(UALUH?
S930 130 00 140 I=1-3
oS540 ’ E{I)=CIN{I)-ERINCI)
5550 140 CONTIHUE
5540 CALL SCALCE-E+5)
9970 S=SURT(5) -
STBO Do 150 I=1.3" " iy ’
5570 E{I)=E{I)/S '
5400 150 CONTINUE
5610 CALL SCAL{UArErDISPL)
s620
& -
*

7 2.6.8B Listing of SUBROUTINE COPL2 (first part)






430 ©  DUNE + N
440 ©  ELIMINATES THE TRANSLATION FART GF THE HOTIDN
S450 C
5660 L0 140 I1=1,3
54670 S=DISPLE(L)
5680 UACII=UA(I)~S
5690 _ UB(I)=UEB(I)-§
5700 140 UC(I)=UC(I)-%
5710 G0 TO 310
5720 C
5730 C  DONE
5740 C COMPUTES THE SCREW PARAMETERS WHEN INDE =2
5750 C  DIFFERENCES ARE TEMPORARILY STORED IN AFINs, BFIN AND CFIN
5760 C
5770 200 URITE(&r1010)
5780 DO 210 I=1,3
5790 AFINCE)=UACI)-UC(I) .
SB00 BEIN(I)=BIN(I)-CINCI)
SH10 210 CFINCIY=AINCI)-CIN{I)
%820 CALL SCALCAFINsBFINsPRODL)
S830 CALL SCAL{AFIN,CFIMN,PROZ)
S840 CALL SCAL(BFINsBFINsEC)
5850 CALL SCAL(CFINyCFINsAC)
S860 BC=SORT(EC)
S870 AC=SART(AC) _
~q80 IF (ABS{FRO2),GT.ZERD) BO TO 240
90 po 230 I=1,3
4700 E{I)=CFINCI)/AC
910 230 © CONTINUE ,
5920 GO TO 290
5930 240  IF(ABS{FRO1),GT.ZERD) GO TO 260
5940 1D 250 I=1,3
5950 E{I}=BFINCI)/BC
5940, 250  CONTINUE
5970 . 60 TG 290
5980 260 QUOT=FROL/FROZ :
5990 CALL SCAL{BFINsCFIN,PRD3)
© 6000 KETA= (AC¥ACKQUOT-FRO3I-FRO3 Y ¥QUOT+ RCKEC
6010 RETA=1,/BETA
4020 HETA=SART(BETA) ,
L8030 ... ALFHA==BETA¥QUOT ... +.%00 = . . Can Y e
4040 00 280 I=1,3
5050 ECI)=ALPHAXCFIN{T)+BETAXHFIN({I)
4060 280  CONTINUE
4070 C
4080 € COMFUTES THE SCREW DISFLACEMENT
5090 290._ CALL SCAL(UAsEsDISFL) - : VPR
6100 C .
+

L ) - LEL

“Fig 2.6.8 -Listing of SUBROUTINE COPL2:{scecond part) -~ Rl Bl
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{

4110 C
46120

5130

5140
4130 300
41460 310
5170

6180

46190 1000
4200 :
&£210

G220

=y

EgIHINHTES THE TRANMSLATION PART OF THE HMOTION
ng 300 I=1,3
’ S=DISFL*EC(I})
UA(I)=UA{I)-S
UE(IY=UR(I)-5
CALL LOGCATIC¢AINsBINsUA,UBsRHD)
CAllL ANGLECAIH.UA E+RHG, THETA)
RETURN -
FORMAT (SXr "TWO DISFLACEHENTS ARE IDENTICAL. THE FOINTS ',
- "CORRESFONTIING" /75X "TQ THESE DISFLACERSEHTS LIE ON A LINE *»
- "FARALLEL TO THE SCREW*/SXr"AXIS (OGR TO THE AXx:5 OF *
- + "ROTATION, IF THE HMOTION IS PURE'/35X,"ROTATIO=). INII=t"/)

o

6230710107 FORMAT(SX: "THE - TWO DISFLACEMENT DIFFERENCES "ARE COLLIMEAR. "HE ™ »

-

4240
4250
5240
&270 C
&280 £
&290
& -

-

| 2.&.8

- *GIVEN FOINHTS*sSXe"LIE IN & PLANE FAR&ALALEL TO THE SCREIW "
- "AXIS (OR TO THE AXIS OF*/3Xs"ROTATIOH» IF THE A0TION IS *»
- "FURE ROTATION). INDE=Z"/)

IONE
END

Listing of SUBROUTINE COPLZ2 (third and last part)
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4300
190
220
6330
4340

e .""63 50

e k2] O

o e -

360
63?0
&380
AZF0
4400

4420
5430
&440
4450
£4460
5470
4480
5490
&500
&310

520
4530
&540
&550

60

+70
£580
45920
55600
4510

54620,

44630
5540
5650
H560
6670
&HEB0
55670
&700
5710
&720
&730

L &740

&750
&7&0
&770
4

—

Oomaoaon

co0ono Don

[ I I |

cig-Fie. 9

SUBROUTINE GENHMOTC AINsBIN(CIN AFIN BEIN'CFIN'EsRHD, THETADISFL)

THIS FROGRAM COMFPUTES THE SCEEW PARAMETERS WHEW THE HOTION
1S5 GEHERAL AMD THE RESULTING DISPLACEMENIS ARE HOMCOMPFLANAKR .
SUEBESIDIARY SUERD TINES WERE ALREANDY LESCRIDED IN SUDBROUTINE
SCREM., oo = e . -

-

REAL AINCI) +BINC3) pyCINCI) »AFINC(3) r RFIN(IY rCFINC3) rEC3 2 e RHO (T )
REAL UA(I)r UB(3),UC(3)
COoMHON  ZERO

7 &

EDHF‘UTES ' THE DISPLQCEHEHTS' Laan LI T e O N Al hall A RLF w [—rY faaf W1 ETTEE P taf3

U0 10 I=1.3
UALIX=AFTIN{I)Y-AIN(I)
UHCIY=BFIN{I}-RINCI)

10 UC{II=CFINC(I)I-CINCI)

LONE - ' - "
COHFUTES VECTOR E
STORES DIFFERENCE VELTORS TEHPGRQRILT It AFIH AND BFIN .
LO 20 I=1:+3
AFIN(II=UACT »-UCCE ) -
BEFIN(TI}=UB{I}-UCC(I)
20 CONTINUE -
CaLL EﬁﬂSS(ﬁFIHiBFINrEFIN}
CALL SCAL(CFIN+CFIN(S)
S=S0RT(S)}
g 10 I=1,3
. E({I)= CFIH(E)!E
30 CONTINUE -

NONE
COMFUTES DISFL
Cal.L SCal{UA-EDISPL?

DONE
STURES DISFLACEMENT VECGTOR (UA%EYXE TEMPORARILY IN RHO AHD COMFUTES
VECTORS UA’s UB’ AND UC‘r AND STORES THEM IN UAr UE AND UC
RESFECTIVELY.,
0 40 I=1:3
RHO(I)=DISFL¥E(T} | “
UALT ) =UACIY-RHOCI) S R
URtI)=UR(IY-RHOC(I} .
UC{I)=UC(I}-RHO(I)
450 CONMTINUE

IIONE
DETECTS FakalLLELISH QHDNGST THE HDDIFIED hISPLﬂEEHENT VECTORS AND

Listing.of SUBRQUTINE GENMOT. {first.part). . e e e






4780 C

4790
&B00
4810
AB20D
5830
4840
6850
6860
a870
4880
ABZD
4900
A710
&920
5930
59240

C

"L -

S0
&0

4950 C

5940
4970
49580
49720
7000

T

100

.

> 7

COMPUTES THE SCREUW FARAMETERS.

CALL CRUSS(UAsUB-AFINY
CALL CROGSE(UER,UC:BFIN) T
CALL CROSS{(UC+UAICFIN)
CALL ‘SCAL{AFINrAFIMNRHOCL1Y)
CAall. SCAL{EFIN,HBFINsRHD(2)}
CALL SCALI(CFIN(CFIN,RHO{(3})
0 &40 I=1,3
SRHO(IY=SQRT{(KHO{I ) ' £ - - Ber Foe=
IF(RHOCI}.GT,ZERDY GD TQ 350
CaLL CYCLICCAIMLEINSCIMND
CALL €YCLIC{UA UE,UC)
I=3
CONTIMUE
CaLlL LOCAT1{AIN BIN.UA-UE .RHO) -
CALL AHNGLE{AIM+UArE+REHO+THETA}

i

DONE

WRITE(S,100) )
FORMAT(S5X,"THE HMOTION IS5 GENERAL AND THE GIVEN DISPLACEMENTS ARE®

SS5Xy "HONCOPLANAR® /)

RETURHN
EHD

Fig 2.6.9 Listing of SUBROUTINE GENMOT {second and last part)






SUBKOUTINE LOCATI (AIM(BINsUA UE:RHOD)

¥o

. =70

7400 C )

74610 C THIS SUBKDUTIHE COMFUTES VECTOR RHDr I.E.s THE FPOINT ON THE AXIS OF
7520 £ *A FURE ROTATION LYING CLOSEST TO. THE ORIGIN,. s e riw
7630 C PEOCEOURE @ _ )

74640 C THE PFSEYDO-INVERSE FORMULA (BEN~ISRAEL A. AND GHEVILLE T.M.E.»

7650 C CENERALIZED INVERSES THEGRY AND APFLICATIONS: WILEY N. YDRKs 1974)
74640 C 1S AFFLIED TO FINDL THE MINIMUM-NORM SOLUTION TO THE OVERDETERMINED
7670 C LIHEAR 2X3 SYSTEM AkX=R, THESE EQGUATIOHS EEING THOSE OF TWO NOH-

C e B0 Cor PARALLEL-PLANES . THIS.FORMULA -THUS. FINRS THE FOINTLOF..THE LINE.. e
7690 C NEFIHNED EY THE INTERSECTION OF TWO NOH-FARALLEL FLANES LYING €CLDSEST
7700 C 70 THE ORIGIN. :

7710 C THESE PLANES ARE THE MEDIATOR PLANES OF SEGMENTS AFIN-AIN AND BFIN-'
7720 C BIN.
7730 C
7740 C :
7750 C COMFUTES THE FDSITIDN VECTORS OF THE HID-POINTS OF THE GIVEN
7740 C SEGMENTS. EACH IS THEN TEMFORARILY STORED IN RHD AND TEHFr THEN
7770 C CONSTRUCTS VECTOR H.
7780 C
7790 C . . ' .
Bl 28007 0" REAL 'AIN{(3)yRINC3) ,UA(3) +BR(3) RHO(Z) , TEHP(3) -
7810 Do 10 I=1+3 .
7820 RHOCI)=AINCI)YFUACTIIXO.5
10 TEHMP(I)=HINCI)FURCI}%0,S
BT 10 CONTINUE
7850 C ) .
R 2R40CT "EUTILDS MATRIX-AXCATRANSP) Y = -2 W o chiviin — vl o0 | 51w 0w nm oAl
7870 CALL SCAL(UA-UArAll) '
7JBEBO CalLl SCAL{UBrUER-A2Z)
759G CALL SCAL(UA»Uk:A12)
7500° CALL SCAL(UAsRHO»F1)
A7910 CALL SCALC(UK: TEMPrE2) v
Tt 7920 DEN=A11%A22~A17%A12 -
7930 1IFCARS(DENY . LE.ZERD) GO TG 30
7940 X1=¢{B1%xA22-R2%A123 /DEN
7950 2=(H2%A11-R1%A12) /DEN
7940 DO 20 I=1,3
7970 RHOCI)=UACLIAxX1+UBC(I)XX2 A . . x
7980 20 CONTIHUEY - ‘ - o — - - e e
7990 RETURN
8000 30 WRITEC(SS0)
8010 00 40 I=1+3
BO20 RHOCI)=UACIY{UE{I )
8030 . RHOCI)=RHO{I)%0.5
8040 40 CONTIHUE =~ _— .
BOSO S0 FORHAT(/75%s "HATRIX A%(AT) IS SINGULAR"/)}
BOAD RETURN .
P~70 END
& # " -
Fig 2.6.30 Listing of SUBROUTINE LOCATY’
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goeo
8070
0100
w8110

3o
@
g140

8150
140
A170
8189
B120
8200
8210
B220
BZ30
8240
a250
8240
8270
a:80
B270
A300.
8310
8320
B330
8340
B350 C
8340 C
8370

nroaontObhonoo 6t

8320
8400

“B410°
B420D

8430

84490

8450
8440

B470

8480

8490

BS 00

8519

A520

8530

8540

8550

85460

6570

A580

8590

8400

B&10

B

i

8440

B&S0

Fig 2.6.
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SUDROUTINE LOCATZIAIN+BINY)CIH AFINBFIN'CFINsRHO+E)

THIS SUEBRODUTIME COMFUTES VECTORS RHO AND E WHEN ALL THREE RESULTING
DISFLACEMEHTS ARE -FPARALLEL BUT NOT. TWO VECTORS.ARE IDENTICAL .TO.EACH
OTHER.

FROCEDURE 3 ' '

EACH PLAME IS DETERMINED EHY A TRIAD OF MONCOLLIMEAR POIHTS CAIN-BIM»
CEHs —AFIH:EBFINSCFIH}. VEEI0OR E IS DETERHMINED BY THE CRC35 FPROLUCT
OF THE MORMALS TO THE FLANES. EHO IS EOMFUTED EXACTLLY AS IN LOCZATI,

REAL AIHCIYyBINCIYrCIN(I Y e BFIN(SY 2 BFINLZY yCEINCTY e DIF1(3)»
- NIFZ2(2):FPROD{Z) +RHOCI )+ E(3)
po io I=1.3
DIFLLI)=BTIN{LI-AIN{I) .
DIF2(I=CIN{L)—ATHN{T) s : - -
CONTINUE
cCaLlL CROSS(LIF1:DIF2,FROD)
00 20 I=1:3 -
DIF1CT)=BFIN{I}-AFINCL)
DIF2{(I)= EFINII)*&FIN(I}
CONTINUE -
Call €ROSS{LIF1»DIF2,RHD)
CaLlL. CROSS<{FPROL:RHD:E)
ChALL SCAL(ESE+S})
S=SORT(S)
IF{ABS{S).LE.ZERD) GO TO 490%

BUILDS MATRIX AX(ATRANSF) AND VECTOR B.
CALL SCAL{FROD.FRONsA11)
CALL SCAL(RHOsRHOrAZZ)
CALL SCAL(FROD,RHD+A12}
.CALlL. SCAL(PRODsCIM,BL)
CALL SCAHLCRHOsCFIMsE2) ~ o
DEN=At1%AZ22-A1D%4812 S
IF{ABS(DEN) .LE.ZERO} GO TO 40
T1=(RIXA22-HZ2kA12}/DEN
T2=(HE2¥A11-H1%A12)/DNEN
0 30 I=1.3
E(IY=E(I)/5S
"RHO(I)=PRODC¢IYRTL4RHD(I)XT2

- - s v—c = - -

30 CONTINUE

40

S50

60

RETURN
Do S0 I=i1,3
DIFI(I}=CFIN{I}*CIN(IJ s . . . A -
v CONTINUE v i T "y

CaLL CROSS(DIFL1.FROD+ED
CaLl SCAL(E,E-S)
S=S0RT(8)

0o ﬁD I=1+3

T T UTTECIN=E(INS v

CONTINUE
CaLi, SCALLAINYE»T)

no 70 I=1.3
RHOCI)=AIN(I)-T*E(I)

70 CONTINUE

11

w RETURNM - : ’ -
END : -

Listing of SUBROUTINE LOCAT2
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L

- - - - merecma o - v - -

SUBROUT INE ANGLE(AINUArERHO+THETA)

THIS SUBROUTINE COMFUTES THE AHGLE OF ROTATION DF A FURE-ROTATION

MOTIDM.

FROCEDURE D ) .
UsE IS MADE OF RODRIGUES® FORMULA (RISHOFP K.E..*RDLRIGUES’ FOFHULA

AHND THE SCREW HMATRIX®"» JOURNAL OF ENGINEERING FOR INLDUSTRYr TrANS.

ASHMEr SERIES Es VOL. 91¢ FER. 1949) ! _ L
R2-R1=TAN(THETA/2)EX(R1+22)

WHERE R1 AND R2 ARE THE INITIal AND THE FINAL FOSITIDH YECTORZ OF

OHE FDINT OF THE BODY HOT LYIHNG ON THE AXIS OF ROTATION. THE SRIGIN
1§ ASSUMEDR TO BE LOCATET AT ONE FPOINT OF THE AXIS OF ROTATIOH. THET:
AND E ARE THE ANGLE OF ROTATION ARD THE UNIT VECTOR PARALLEL 70 THE

AXIS OF ROTATIONs RESPECTIVELY. -

REAL ATIN(IY+UALS)ISE(3Y yRHD(3) » TEMF(3)
PO 10 I=1,3
AINLT ) =ATN{I)~RHO(I
URlI)=AINC(IY+UA{L) ) -
TEHP(D)=AIN(II+UALT)
UACL)=UACI)-ALINIIY

10 CONTINUE '

CALL CRUSS{E+TEMPrAINHY
" RUDT=0 e
I"D 20 1=113 * ’ e - .
IF{ABRS{AIN(I}).LE.ZERC GO TO 20 . )
QUOT=UACT) FAIRLTL)
THETA=ATAN{QUOT }%2.0
GO To 30

20 CONTIHUE '
30 IF(ABS(QUOT}.GT.ZERD)Y RETURN .

THETA=ATAN(L . D3 ¥4.0
RETURN
END

w1l

Fig 2.6.12 Listing of SUPROUTINE ANGLE
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e S (2-.'?
7010 SUAROUTINE CYCLIC (ArEsC) ‘

, 7020 C ) '

1 ?0303? THIS SUBRGUTINE PERFORMS A CYCLIC RELADELLING DF VECTORS Ar Bre Co»
7040 C I.E. VECTORS A+B AND C ARE RELABELLED By T AND A RESFECTIVELY.
7050 C )

7040 C
7070 REAL AL3)H(3),C{3)AUX(3}
Z0E0 ng 10 I[=1.3 .

. & 7050 AUXCIY=ACT) ' wa
7100 ACT)I=B(I)

7110 BE(Iy=C(I}
7120 C(IY=AUX(I)
71320 10 CONTINUE )
7140 RETLRN
7150 END
¥
Fig 2.,6.13 Listing of SUBROUTINE CYCLIC
7140 SUBRQUTINE EXCHGE (ArB)
B8 E s somour
ROUTINE EXCHAMNGES THE FI
7190 C RETURNS B AS A AN 4 AS B . FLDS OF & AND Br L.E.. 1T
J200 C
7210 C -
7220 REAL A(I)sB(3),AUX(3)
7230 DO 10 I=1,3
7240 AUX{I)=ACL)
7250 ACT)=h{1}
7240 ; B(Iy=aUX{I) - . .
7270 a10- CONTINUE -..- T T PR L P T TR
7280 RETURN
7290 END
- Fig 2.6.14 Listing of SUBROUTINE EXCHGE  _ N






7300 SUBRDUTINE CRG3SS (ArB.CY

7310
7320
7330
7340
7350 .
7340 REAL A(3)+E(3)sC(3)

7370 DO 10 K=1+3 . : .
73B0 . CiK}=0. ’

7390 D0 10 L=1,3

7400 DO 10 M=1,3

7410 ‘ N=(L~K) % (M-L )% {K-M)

7420 C{KI=C(K)—NKA(LIXB{H) /2,

7430 10  CONTINUE .

_7440 RETURN

7450 END

THIS SUBROUTINE PERFORMS THE CRGSS FRODUCT A AND By IN THIS DRDER,
AND STORES THIS FRODUCT IN C.

pulaNally

L]

rig 2.6.15 Listing of SUBRCUTINE CROSS

7460 SUBROUTINE SCAL (A-B,8)-
©.7470 C
74B0 C  THIS SURROUTINE FERFORMS THE SCALAR FRODU :
. 7490 C  AND STGRES THIS FROLUCT IN S. ©T OF VECTORS A AND B
7500 C
7516 C
7520 REAL A(3)+B(3)
7530 S=0,
7540 © DD 10 I=1,3 : :
7550 . & 2 .S3SFACTIXR(IY - i T
7560 10  CONTINUE
7570 RETURN
7580 END
&

Fig 2.6.16 Listing of SUBROUTINE SCAL
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.Fﬁé.'z;ﬁ.i? Motion of a workpiecs

a

a =0 w4

4

Fxercise 2.6.9 (Taken from [2.?} ) Let a,r,a' and r' be the positica

vectors of the initial and the displaced positicns of points A and R of a

rigid body under the screw moticn . ..
r'=at4oiz-a) : -
o being the rotation of the screw. Show that the set of points of the

body that, under the given motlion remain equidistant frem a fixed point P,

-’

_1i£'in a plane.

2.7 VELOCITY OF A POINT OF A RIGID BODY ROTATING ABOUT A FIXED POINT.

In the previous sections the motion of a rigid body when toving between two
Finitely sepa;ated cuhfiguratinns was analyzed, In this section and the
following onés,‘the mction of a rigid body between two infinitesimally
scparated configurations is analyzed, The wvariables involved in the body

motion are considered to be functions of time and results concerning their

time darivatives are obtained,

Let y(t} be the image of vecter x under a pure rotation it} . Clearly,

-






6

X is an independent variable; hGWE#Er, its.im;gc, y{t),is a functien of
time. 1I1f the origin of cco&dinates is placed at‘the fixed point,_then
. E{t}=?{tlf . ’ [21?.1}
Diffefentigtinq the aﬁave equation with reséect to timé, cne ohtains

y(£) =0 (t)x ' : o 12.7.2} -
which isian cxpression for the velocity of the foint located by vector X
in its initial configuration, at time’'t. Exéresaion [2l?l2}, however, is
not practical to compute the velocity of the said éoint; for it requires

knowledge of the point position in its initial configuration. Solving for
x in eq, {2.7.1) and introducing the corresponding value in eq. {2,7.2)
yields

g(t}=gtt1=g{thT{t:ytt} ) ' (2.7.3)

whicﬁ is an expression for the velocitr of a point of a rigid body moving
about a fixed point, in terms of the current écsiticn vector_ of the moving,
rnint; The matrix poduct, Q{tJQT[t}, called éhe angular velocity* ofrthe-
rigid body, rcpreﬁFnted by {1{t}, is a skew gymmetric matrix, Then-, the
velocity f{t] can be expressed as -

ftt}-g(t]glt} . (2.7.4a}
where . t ‘

RLE3=3(e)Q" (t) - . .

Exercise 2.7.1 Show that, if ot} is orthogonal, then étt}QTttJ is skew

symmetric.

. * Truesdell [2_5] prefers to call it "the spin™ and so it is found also
“under this rame in the literature “x ser






. . SE;

Exercise 2.7.2 Show that the yeloclity of a point of a rigid body moving

about a fixed point is pexpendicular to its position vector {directed from
- = the fixed point}. Since Ot} is skew symmetric and 3x3 it is totally
determined by three indepunﬂént scalars, thus heing isomorphic to a

cartesian vector, w(t), called also the:aqgular velocity of the rigld bedy.

Dsing cartesian vector notation, the velocity v{t} then can be expressed as

vit)=witixr(t) _ ' {2,7.5)

Exercise 2.7.8 Obtaln the components ¥, of vector w in terms of the

v

- . - -

- ) cnmpcnents:ﬂii of matrix . -

Fguation 2,7.5 makes the result of Exercise 2,7.2 apparent.

Bince {l{t) is skew symmetric and 3x3, it has one zero eigenvalue, as is
shown below, Furthermore, its other two eigenvalues are complex {and
conjugate, of course). Indeed, assume Qit} iz in its canqnical form, i.e.

cos@ -sing O

{ptt)}= |sin8 - cosé 0 (2.7.6)
¥sinB ] -1
r =
-sing -cosf O
[btt))= | cosg -sing 0B {2.7.7)
1 Q 0 DJ
e =* From the above expressions, = . ' —
0 -1 0
T - ) .
H{t)g () = i 0 0 (8 (2.7.8) -
0 0 0 -

. T .
which makes evident that all vectors of the farm [E} = [G,O,u} + @ being

any Scalar, cu;respand te a zero eigenvalue. The other two eigenvalues






A

are readlly found to he

A y=8ih,=-01 o : (2,7.9)

where 4 is the imaginary unity, -3,

The null space of g{t) {ace Sec.'1.3) is, from the forugu;ng dliscussion,

of dimension 1, i.e. a line. All the points lying on that line have zero

roorudl

velocity, the line thus being called ' "the instant axis of rotation" of

the rigid body.

A cone rolling without 5lip§ipg on & ﬁlnne is a simﬁle Examéle of a rigid '
body rétatipg about a fixed peint, its aéex: its instant axis of rotation

is clearly, th; element of ;ﬂe cone touching ingtantaneously the plane.
@guther'exa@ple wnulé”FE:a sphere rutaFing_un a plana in.;uch a way that

the contact point remains fixed; the instant axis of rotation of the sphere
is thus the diameter passing thrﬁugh the Fﬂint of contact,

Exercise 2.7.4 A cone of reyolution rolls on a conic surface, also of

revolution, without slipping, in such a way‘that both appices are coincident.
el '

What is the instant axis of rotation of the ¢ones in motion?.

4

Excrcise 2.7.5 ' Show that the spin matrix §t can be written as

ar - - -

0=A8

where A is a constant matrix and § is the time derivative of 8 ; the

- jrotation angle., Cmammr et o g ' Pwm e e wm g

2.8 VELOCITY OF A MOVING PQTNT REFERRED TO A MOVING OBSERVER.

In what follows, an observer will be understond te be a set of coordinate

axes provided with a clock [z.a,p.ze}_ Assuyme a point Pg, located Ly

vector X is the origin of a coordinate system in motion with rezpect to
another coordinate system, which will be arbitrarily referred to as "fixed”.

7 - L]
-






-

The latter system constitutes a fixed observer, whereas the first, a moving
one,

Let x be the position vectux,o:_a éuint P, in mntiop with respect to both
'nﬂservers. Vectors and matrices expressed with respect to the fixed
observer will be indexed with letter F, whereas those expressed with

respect to the mowing one will be indexed with letter M. Let £ be the

A
position vector of P in the moving observer and Q the rotation dyadic from

the fixed observer to the mov;ng one. . .
Hence, - - . -
{E)F =(x.); +(§]F _ , 12.8.1)

where it is understcod that all three vectors are functions of time. -

The velocity of P is obtained differentiating hoth sides of eg. (2.B.1}

with respect to time, i.e. -
S () IR (0 M (9 ¢ (2.8.2)

where v ig the velocity of point PG arndd, singe
EAR o

(&);

(o), (e, | (2.8.3)

then

(€)e

(@) (), + (@,(8),, =

. = (@0 + @0, S (2.5.4)

a - -

Thus, eq., {2.8.2) becomes
[E}F = [Ya}r' +[?}F{E}F+{E}F [EJM =
= (v ), +(2),(0) (e), + (). (2),, . {2.8.5)

- -

- -

where the first two terms of the right hand side represent the vilocity of

P as if it were one point of the rigid body defined by the moving obsexver*

-
B - - - - =

* Sge Section 2.9






and the last term is the velocity of P as measured by the moying observer.
Matrix [Q}F transfers the description of vﬂlocity[é}ﬁ.to tha fixed

- Ee-- - - gbseryer.* Thus, eq.={2;B,5) states that the velocity of point P equals.

that of point P as if it were fixed to the moving coordinate axes, plus
the velocity of point P as if the moving observer were fixed.

Given any'two points, P, and P and v

1 3 moving with'velocities v

1 2!

with xespect to P1" ix defised

respectively, “the relative velocity of F2

ak

o - e - 2.8.6
Y2772 { )

Similarly, the relative angular velocity of body 2, moving with angular
wvelocity 92
definéd as

. with respect to body 1, moving with angular velocity ﬂ], is

Ry 70,0, : (2.8.7)

»

or, altermatively,’

“w_—w L ’ - (2.B.7)

Pas17¥2 Y

* 2.% GENERAL MODTION OF A RIGID BODY

Let a rigid body B underge the most general motion, l.e., in general, no

point of B remains fixed. Let v, be the velocity of one of its points,

r

P, with poesitien vector Xg and angular velocity Q.

" .

e Thus, the relative ﬁélccity, y*fp;uf any other point R{located by x } with

raspect to P, is given by .

y-yp=x-x,) (2.9.1)

for v-v, is the velocity that R would have if P were fixed, From eq.

{2.9.1},

R i [“-"--.---.-‘ 'J“E‘EP-*ﬂ :E'EF} -? A—an k=, -:.'-.---r--p....-nq ' . - - gy [2.9.2]“_A . )






S

is the velocity of point R, and is giyen in.terms of the velocity of another

point, P, the angular velocity g and the position vector of R with respect

to P, . . .

‘Given two rigid bodies in motion, body 1 rolls without Sliép%ng with

respect te bedy 2 if, and only if, there exists a set cf éoints an both 1
+=+~and 2 such-that the relative vaiccity of fcints on that set is zero.

Regarding the velocity v, as given by eq. {5.9.2} as the relative velocity

of ana point R of body B with respect to body ¢, the fixed Gbserv&r; the

cnnditicnnf;r B to roll without slipﬁing on T is that there exists a ;et

of points, whose position vector is given by x, for which v=0, But for

this to happen, the condition is

Ve =—§{§—§P] ) | ) | . {2.9.3)
which states that L is ip tha r%nge [SEE section 1.3} of . However, it
was shown in Section 2.8 that the null space af g if oé dimensicon 1; héﬁce
—gg. (1.3.1)- the ;ange of § is of dimension 2, thereby existing vectors
in E3 rot belonging to the ra;ge of 0. If,Yp happens to lie outside the

- range of §, it is impossible to find a vector x for which eq, (2.9.2) is

- gatisfied. Thege vectors lying ocutside the range of n lie necessarily
on it; null spage, i.e., on a line parallel to the eigne;ectnr of g
. cnrrespagdgng to its zero tiganvalue orp, eguivalently, are parallel to
" the vector w a@ssociated with 1. _in case Vg has a noenzero component along
the null space of 9, bady B is maid to slide on body €, which is the case
of the worm-gear or of the hypoid gyear couplings. In these couplings there
are power losses due to the involved sliding and, since the dissipated
power is proportional to the sliding wvelocity, the contact between the
~e. tw0 mechanical elements under consideratinn should take_ place along points

"

of minimum magnitude of sliding velocity. For hypoid gearz this set

._,?ri

.
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of points liec on a line which, Parallelipg.Chasles' Theorem, is called

“the instant axis of the screw motion of body B with respect to C" or, for

=+ -« .- . short, "the instant screw axis", Indeed,- letithe sliding velocity be giver o

by eq. {(2.5.2), Pindipg the points of minimum magnitude of sliding

velocity corresponds te finding the vectors x of expression (2.68.2) which

+

4+ e < -minimize the quadratic-furm"¢ix]=ETE; which has a stationary value
{section 1,10} when ¢'(x) vanishes.

Applying the "chain rule” to ¢(x},
° a‘:r T . )
v =2 (g o Gsam
D-" - .
where, from eg. (2.9.2},

. e DY . -L i e ard - . G
'a'f.: ?'.. {2.%.4b)

a

Thus, points X yielding an extremum of $({x) satisfy the equation

Ry = fv=0 (2.2.5)

|[Exerci=g 2.9.1 Show that the gradient of 4{x) is twice the left he=d side

of egq. (2.2.5).

Since { has one zero eigenvalue {(and only one), w3. (2.9.5} stater that

the minimum-magnitude velocity, given by

(2.9.6)

LYoo=y o+ -3
Yo T ¥p t 8l
;\""’*F'=*“-‘-is=in‘thegnu11£§pace;nf-rg,~i.e.;i5+a=ve:gg;-pa;allel tﬂ.m.,_thic&_thatﬁ_vrru___7£

cg. (2.9, 6} does not vield a unigue vector Xq for, 1f any vector o. {in

the null space of ) is added to %

given by . . .

o the velocity Yy of the new poi-t, is

) " —x J=v - -
VTt T ixgrewxp) Syl ing-xp)

Hence, the polnts of minimum-magnitude velocity lie in a line passing

T ur;nnun:m:—thrnugh.unc Pointt'fﬂn::in-t_hen.directj_nn;nf-.:.!‘.thi_;:1ine;beil‘lg|thﬂni.".$ta.nt;nl..-_..j*m- vaa
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screw axis of the motlon under study, The particular point Pﬂ on the

scrow axls, located by x_, is chosen . sugh that Xe ke normal to tha screw

axisy thus, x_ happens to be the mipimum-norm vector satisfying (2.9.6).

o

This vector can he found in 2 similar way as vector s of eg. {2,6.8) was
found, namely, choose two linearly iﬁdependent equations cut of eq (2.9.3)
and form the system

Bx, "b (2.9.7)

where A is a 2x3 matrix and b is a twg-dipensional vector. Hence, the

minlmum-norm soluticn X5 is given as

x,=d (321 'b | -' (2.9.8)

An alternative way of finding X igs now presented, expressing egq [2.5.5)

Q

in carteosian vector form, namely,

~wx (vptexirg-x =0 o (2.9.9)

which can be cxpanded as

ey b {ux (2 rp 1] =0

or, expanding the double crass proeduct®,

2
ll’xvp+ [‘i"' . {ruqu}}@-w {EQ_EP] _g

1f now r

o is specified to bhe normal to w,i.e., to be the minimum-norm

vector of all those satifying eg. (2.9.%), then it can bo cbtained from
the above equation as -

1 -
r=rpt 3 loxv oz )u) , {2.9.10)
w

whic¢h is an expression similar to that appearing in eg. (2.6.15}.
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The foregoing‘results are summaxized in a theorem similar to that of
Chasles!',

"THEOREM 2.9.1 Any ndigdd bedy motion <& equivalent Lo a screw motion,

: composed of a velocity Vg and a spin about an ‘axds pa/mﬁlﬂﬂ 10 v, - The

points whose veloeity is v, dre Located on @ Line parallef to vor called
the instant schew axis and Vo 48 of mindmum magnilude. The ‘scrhew axis
paAAM threugh point P whose position vecton L& glven either by eq.
(2.9.5) ox by eq. (2.9.14]

The counterpart of Theerem 2.6.2 now [ollows:

"THEOREM E.Q,E_IThe; velocitdies of all the pairms 04 a rigdd body undergeing

an arbitrary motion have identical wj‘ecﬂﬂm along the instant screw
axds.
Froof:

Tﬁe velerity of any point ;f the ;igid body can be written as
Y=yptiex (r-r.}
Dot;multiplyiﬁg both sides of the above oguation times w(a vector parallel
tc the screw axis] yields
VoWV wtex (o) e
But tﬂe second term of tha ;igh£ hand side clearly wvanishesz, Hence
V.w=V_ . . . g-e.4,
By virtue of the latter result, the projection of the velocities of all
the points of a rigid body in motion along the screw axis is given by
|Ifg|| » which is called "the sliding“. The pitch of the instant screw

iz given by

2x [Ty, ||
Am— 2 - 142.9.11)

]| -







0
‘|

which is the counterpart of eq. (2.6,2la}
. hfter Theorem 2.9.2, there folliows one method of determining the crientatiza

e, of the screw axis of a rigid body motion when the non-coplanar wrlociti=a

of three points A, B and C of a rigid boedy are known. Indeed, para.leling

" the derivation of egq. {2.7.24) ¢ne cobtains
{y ~v. xly_-v.}
e = RoCT =B C (2.5.12)
Iltfﬁ-gcjx{YB-YC} TI

Exercise 279,17 Show that the velocity-of-all-the points of & rigiZ body, -

three of whose points,a, B and C have velocities v , v_ and ~

resopctively?
“A' +B -c' : ol

hava identical projections along vector e, as given 5y eqg, [2.9.12].
The sliding velocity, Vgr San then be obtained as

voo(v,-ele sa0 (v, .e) (2.%.13)

L

where the signoem function has been introduced in order to make the lirectizas

of both Yo anpd ‘e ceincident. .
To-complately-determine-the instant screw,_only_the.angular veloecizy w

needs be computed. This is done in what follews, after deriving soc

results similar to those of Section 2.6

Conoflany 2,.9.1 If at Leasi one point 0§ @ sigdd body has a veloeily wiic:
s nonmal Xo 41y angufan velocdlly on zeno, Lhe body undergoes a pute
rodalion,

The foregoing Corollary is a direct consequence of Theorem 2.9.2 ard so

its proof is left as an exercise for the reader.

|ExErcise 2.9.2 Prove Corollary 2.9.1

TﬁEﬂREH 2,8.3 The d{fference veetor of the.vefocities of any Buo points

o4 a rigid body undergoing an arbitrany melion is peapendicudar to the

instant sconcw axis, ) - -






Proof . y

Let v, and y, be the velocities of two points, A and B, of a rigid body.

From eqg. (2.9.2) these are related by -
VpVat@ib-a)

Hence, the difference, d, is given by

d = YB-E_&=E {E}-'-a:}

which makes it clear that d lies in the range (See Scction 1.3 ) of 4,

-

thereby.being.normal.to. the.null space of_ E,ji.e:,_nﬂrmal_bo the screw
axis, Alt?rhately this result can be érnved resorting to Gibks' notation.
This way, d can he written as

d=ex(pra) | , : :
and hence

d.w= yx(b-2).u

which vaniszhes because the double product at the right hand side contains

two identical vectors, g.e.d. X 'x

v

" THEOREM 2.9.4 T{ the velocitdes of three noncollinear points of a adgid

body are identical, the body undergoes a pune translation.

Proof : '
Let Yur Y and Yo be the respective velocities of points A,B and C. Referr-
o - . -
- == ling these to-the velocity of an arbitrary point P, one obtains

VaTYptRia-p)

= ¢ h-
¥y YP+E{_ P

veTvptRicp) :

Subtracting the third equation from the first two yields

B A LSS

o vgERmae0 - Lo
L . . ' ' . y






-
ty

~)
i

X .
which implies that both a-¢ and b-c lie the null space of 1. . This space,

however, is of dimenszion 1, as discussed in Section 2.7. Since points

4, B and C are noncollinear, vectors a-c and b-c are linearly independent

and hence cannot be simaltanecusly in the null space of I, unless O 0

-

the motion thus reducing to a pure translation, 'q.e.d.

THEOREM 2.9.5 The nonidentical vefocities of three points of a higid body

are coplanan L§ and only L{§ one of fhe foflowing conditions is met:
£l T.f.ua moltion Lb a pure holation
i£) The motion is general, but the points aré eollinear
LLL) The mo.tia;t 45 general and Zhe .pm‘n,tb are Mol collinear, but Rie in
a plane panatlel to the screw axdis. ' _ :

Proof -

2 -

"if" part:

i) If the moticon is a pure rotation, the velocity of any point with
position vector r is given by

v o

L

1lwhi'-::h states’ that v lies in the range {(See Section 3. ") of §§ , which
is of dimensicn 2, as was discusaed 1n Section 2.7. This means that all
vélucity vectors lie in & plane perpendicular to Lhe null space of 1,
i.e. éerpendicular to the axis of rotation, therchy showing that these
velocities are copla;e;.

_ii) Let A, B apd C be three collincar points of the rigid body and a, b
and ¢ be Ehe%r respective position vectors, The velocities of these
points, referred to an arbitrary peoint wi£h position vegtor p are

v =¥

Vi +0(a-p)

P
YB?HH (b-p}

- = o an » - “. . A P »

Ye~vptitie-p

- A






iid}

given aboye, leads to

Since the points are collinear, thelr position vectors are related by

. E'ET“‘?"E}

‘How, adding fla’to Yo and suybtracting it simultanecusly Irom the sane

expression, one obtains .

VoY +#la-p) +n{c-a)

" whose first two terms can be readily identified with Y- Mocetver,

substituting c-a in the third term of the latter equaticn by alz-a), 2=

Ve Vatalib-a)
But
2{b-a)=y,-v,

Hencpe, the expression for is transformed into ,

Yc

v_=v_+aly_-
I~B

- -A }\

Ya

or, equivalently,

v.=(i-alv_+gv .

-C -k "_B
thereby proving the linear dependence,:i.a.'the'cuplanarity'uf"fh '
and .
vg and v, .

The ‘velocities of the three given points, A,B and C, are referr2d to
that of a point P on the screw axis. These velocities take on the

form appearing-in.ii. Thus, the velocity of P, v . is paralle. to

Pt
the screw axis. ©n the other hand, the fact that A, B and C 1liz in
a blnne parallel to the screw axis allows one to establish the
following relationship

c-a=a (b-a}+By,
or, equivalently,

E-{1—h1§+u§+ﬂgp'

T






.F7

Substituting the latter expression in Yo a8 given in ii .leads to

Yo =YptRle-pl«

=3P+§{u-gl-uﬂtb—a}+ﬁ_ﬂvr,

whose two first terms gan be readily identified as gﬁ, itz fourth term

vanishing because it lies in the null space of §. Hence .
Vv, maft(b-a) : .
But

(b-2)=v,Y, W e e o ee

Thus,' the latter expressicon for Yo is transformed inkte

YA a 2 T,

which shows the linear dependence of the three given velocity vectors,

' L}
i.e. 1lts coplanarity.

"only if" part:

Assuming that the velocities Ea' EB and yc of threq given points A,B and

C are coplanar, the following relationship holds - s
detly,, ¥pr ¥.1=0

- - L]

eferri and t
Referring Y Yo te ¥, one has

v +i1 {(b-
YRVt (b-a)

YoTatR{c-a) Lo . - ¥

LT Q - L - . = e o w a ow
- Thus, the above expression for the determinant becomes '
et v, Yy 2. vyHRiga))= 0
- *Subtracting the first column of this-determinant from the remaining anesw- jar
dogs not change the value of the determipant. Hence

 det{v, , f{b-a), {c-2))=0




-



D rad

wﬁi:h is eqpivalent to

Q-gieBlc-al.ye0 -
JIntroducing Gibbs! nutaéion, and exéandipg the-resultipg exéresaion,

2(b-a)x{ (g-a)= {@x tlg-g}}x_[gx (c-a} ]F

~(axtomat (- Ju- (g (om0 ) (o)
where thF expression in brackets in the secomd term of the rightmost hand
gide clearly wvanishes. Hence
e e e s Q) xR (g-2) Y (ux (08 < (2D )wev, e E
which vanishes under one of the following copditions:
. i) v, =0
which implies, under Cafnllary 2.9.1, that the mntinn i a pure
) - rotation
i) (praixlg-ai=0
' which means that points A, B and C are collinear —
15 wx {b-a}. (c-a}=0

which indicates that vectors w, b-a and c-a are coplanar, g.e.d.
A direct éonsequence of the foregoing result is the following
Conoflany 2.9.7 Assume a nigid body under motion and chodse any three
noncoleinear points A, B and C of the body, Letting vy, vg and V. be the
three invilied Vélocities, then the difference veetons yy-v, and ygyo -
land, consequently, v,-vgl are paraliel if and only if the podnts £ie 4n a
plane parwallel 1o the screw axis when the motion is genenal, 1§ the motion
aeduces to @ pune notation, then the said plane is parallel io the axdis of
rotadion,
|Exercise 2.9.3 Prove Cc}rclla;ry 2.9.2

1 ' T

More results connected with the present discussion are the following






Ca-wﬂ.’a.n'y 2.9.3 The pelocities of any {wo poinds of a adgdd body cannod

be panallel and diffenent, unfess the body undergoes a pure agfalicn

" e Conollany 2.9.4 1§ two, and only fwo, velocliies of three nonccflinean

pmnu o4 a réigid body ane parallel, then eithen il the I;:ra,'wtzeﬂ viloedtdes
ane {dentical and belong to points Bying on a Line parallel to the screw
am; or (i) the parallel velocities ane diffenent §acm each other, in
which case the motion is a pure aotation whose axis {4 panallel ic the
Line connecting the fwo points of parallel velocities.

" Coxnollary 2.9.5 Given three noncoflinean pocnts, A, B and C, of a uigdd

body {n motion, such that Vo0 and v, and vp ane panallel pul distinet ,
L.e. Vo =gv,, Zhen the body undergoes a pure neoiation and (L3 axis passed
through C and <4 panallel to vecton b-pa, a and b bedng the ppsiliin

*vecdord of A and B, 'nupemuzfy_ I vy=vg. then the axis-of rotatizn La

-

. T e paxallel to Line AB.. e e e me meee S —— e e e e m e
The computation of w giwven the veloclities of three noncollinear points is
next discussed. 7Twe cases are considered: i} the arising differenza vectors

vim +mws wwewe  aro.nioncollipear, .and ii) these vectors are.collinear.

- r L TEIT -

In what follaws let A, B and € be the three inveolved points, v#, v_ and
: : Iz

v being their corresponding velocities. Then,

.

wmut s Siaa® i JaThe-dif ference.vectors are  nokicollingdr, cmw s suvesin gpaivboadd b fus cdioe g .

- - ]
Yo/a wx (g-a} | {2.%.14}

Hehce

Pahu nrcdmm b T - EHKAxECKAEEBKHx {L-l:'l.x {E-ﬁ-]}- ‘J'-._'“_' - - - = " e
“[‘:’BKA'{E"EJ} EI-{EB,’];'E} {c-a) {(2.£.15)

-
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- . L - - -
But- ' h . )
*m.u @xtb—a]] = 0 U
. - \ - . Y-~ i - I .
. Thus, w can be solved for from eg. (2.9.15} as - t
v - .xv ' . . . . E. . .
] w F3 ﬂiif{_?. . . - J. . {z:g_]-”
v . , R LL =T S EB{’H' E'E . P - L] ] v reas - .

which is the desired expression for w, inrespective of wihether the

+

mﬂtion is general or a pure rotation,

1iy ThE dlfference vegtors are c6llineaf ™ In this case .the pnlnts lie in e . -

a plane parallel to the instant screw axis, Due to the collinearity ’

-| Ty

of the difference vectors; the ¢ross product of the left-hand siﬂe of " ’

eq. .(2.9.15) VﬂﬂlshEE, thus maklng it impnssible to compute w using

the procedure of casa-ll. Thus, a d1£ferent-apprnaqh is-introduced. - -

According to Corollary 2,.9.2, the.given peints lie in a plane parallel

to the instant scfew'aﬁis,*i:é. to uJZ'Hencef'the foellowing holds.
: m = ala-c)+B(b-¢) R SR &34 P | -} I
According to Theorem 2.9.3, - .

-
T oL, .

X v,- Yc] b= 0 - e " (2.9.19)

or, substituting egqg. {2.9-18}_intq eg, [(2.9.19),
L]

. 12.9.20)

. o . 1 '.:;I‘ iy - . -

e . G{EA'EC} (a- c]+ Elv -V } {h-c} :"':'

Now, several possibilities can arise, namely

: ili.1) The relative velocity V¥

e is perpendicular to a—¢, in which case

+

weatrbe e eeme .0 (2.9.20) holds only Af B vanishes. Indeed, vn_vc cannot be simultancously | |
_perpendicular ta both a-c and b-¢ for these vectors are nonparallel,
given the assumed nongollinearity of points A, B and C, Hence :
/ -
" w % e L wmnw =afa-c) - P S . P

- 3 = - - o

where ¢ 16 computed from P

;I-Il-
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- . .- . .- e
EB{C - ;ilx[]f—E] . {2,9.21)
i.e, .
. . EB'_EC = uta_g}x{P_E} {2.9.21&]‘

Dot-multiplying the latter eguation times Ver

‘{EB~EC}.YC-u{§-E}x[§-E}.EC
from which

o leged v

la-gix ib-c}.v,
. —

follows, In the latter equation‘it might have happenei that

read 1;.‘}7
the dot product vanishes. In this case, ﬁ cannét ke solved for due tc
the arising indeterminacy. This indeterminacy, however, can te
reggl?ed by dot multiplying times ¥, né Yo eq.{2.9.21a), inszead,

ii, 2} The relative velucitf EH_EC is perpendicular to b-g, in which case
eq. (2.9.20) holds only if @ vapishes, resorting to the same argument
.-as in 4i.1. Hence L T,

1 F]

w =B lprg}
the  constant B being determined as in ii.1.

H ]

ii 3] No inner product in (2.9.20) vanishes. Hence B can be solved for as

v, -¥.) . (a-g)

B =- a :
w.' - . W I“YA_ECT'“E-E} - ‘,3 —-n - ® - . -_‘ -k
’ Substituting the latter expression into og, (2.92.18}),
(v -v_).la-c)
w =(la~e)- 25— b-ci}a (2.9.22)
- oyt -l o~ | -

where ¢ can be computed as before, Indeed, substituting eqg. {2.9.22)

. into eg. (2.%.21}, one_obtains .
LY






[gﬁjrci.ig—gl

{Yﬁ-}: ] r U-E_E}

¥y o alla-g)-

Vg s (R-¢)) x(b-g) (2.9,23)

v

a Honce . Tl . '

- [ TR N -

EB;"C e u!g-—f}xilj—e} . {2,9.24)

Dot-multiplying both sides of eq. (2.9.24) times Yo @ can bo solved

for as . -
. v v
a = —BC (2.9.25)
(a-c)x(b-g).y. o
T | : -ﬁgalﬁ?rif fh!é;fé'hébpéﬁh to hanisﬁ'tﬁéﬁ'ﬁﬁ.12.9:25}shcu1d'ha dot-multiplied -

-’

- ‘tiges either v for v, instead

The computation of the instant-screw parameters (the instant-screw axis, the

gliding yelocity.and the spin} is carried on by SUBROUTINE INSCRU, which . .
parallels SUBROUTIHE SCREW and thus-gonsiders- all-cases. that.could.axise_

regarding the relationships amongst all three velocity vectors, These possible

cases are shown in the "tree" diagram appearing in Fig 2.9.%, - INSCRU uses -

the following auxiliary subroutines:.

1. SUSROUTINE CCOP1 computes the instant-screw parameters when the motion is

.
- . .

pure rotation. It distinguishes amongst the different cases with the aid’
of the integer variable INDEX

2. GSURROUTINE CCP2 computes the instant-screw parameters when the points
- L]
lie in a plane parallel”pither to the instant-screw axis‘or tosthe

instant axis of rotation. Twe different cases could arise, which are

distinguished with the aid of the integer variable IRDE.

- - - -

). SUBROUTINE GEMO computes the inétant—screw parancters when the motion
‘is general and the three given velocitles are noncoplanar.
The computation procedure for each case is next described. all over, the

- + -

three given points are A, B and C, their respective position vectors helng






" Three velority voctoxs
are m
3 _i .i ) . \“’l\- -

H
1

-
4 -

. Vectors are noncoplanar. Use GEMO Y,

Vectors ara coplanar

S A2 Zeyo.

Two vactors ara zero,
Pure'rotation. Use
COP1. INDEX=4

1

one vector 1ls zaro.
Pure rotation

ector is zerc

aw

" Ho

ﬁecturs are
nonparallel

1

. i
The two diffarence Two vectors are parallel
vectors are | ¥ : 1 A
collinear. : ’

The two differance
vectors are
noncollinear.

Pure yotation. Points lie in a They are not  They are They are not ldentical
Use COPi.INDEX=»S planefparallel identical. parallel, Pure rotation.
) either to the Fure rotation. Use COP2 Use, COP1, .
scrow.axis or to Use' copi INDE=1 IHDEN=T
tho axis of INDEA=E ' E

) : rotation. ) b +
Use COP2.IKDE =2

[

; - .
¥ n
r q
. - , N 3
1 1 -
- Fig 2.9.1 Tree diagram Shﬂwlng all possible relatlonmhips*
. . amongst the velocities of three nﬂnccllinear
points of a rigid bndy 1 }
5 .
i
4 ]
r LS
. h - 1
. . - .
T 4 '

. . I
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No motion

Alllthree vectors are pnrnllel

They are identieal.
Pure trMIElatiDn.

1

b
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. The remaining two vectors
are not identical

[ PR
1

_

They are nelther parallel. - They are paralle],
Use COP1. INDEX=3 however. Use

COPY. INDEX=1

Fig 2.9.1 [continues)
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- 1
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The remaining two
are ldentical.
Use COPY.INDEXwZ

LT}

4

vectors

falre .
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a, b and ¢. Their velocities are v_, ¥

¥or Yp ard ¥

c -

[

INDEX = 1, One yector is zero and the remaining two vectnxé are not.jdenti
- cal; they are parallel, hcwever:; The moticn iy pure rotation ~
aﬂcﬂrﬂipﬁ to Corocllary 2,9.1 and the axis of }utatinn ig.located
. following Corollary 2.9.5 :
. INDEX = 2, | One yector is zero and thae Eemain;ng two vectors are identical.
. The motion is pure rotation again and the axis of rotation
passes through the point of zero wvelocity in the direction of
RNy P - ---:?u;the-line jeining the nther,two.puintsl,acccrd%ng to Cnrnliary:,“;zhump__
. 2.9.5 )
INDEX = 3. One vector is zerc and the remalning two vecteors are not parallel.
=~ . The motion is pure rotaticn as beféga, attending Corellary 2.9.1, .
and the axis of rotation passes through the point of zero
Iveluﬂity in the direction of the normal to the plane defiped by

T LR - -. the-other two-velocitiles, . — - cuee oz 2 - 2 . .- . fme 3.

-

INDEX = 4, Two vectors are zero. Thelmnticn is pure rotation and the axis

y of rotation is defined by the two points of zeroc velocity.

INDEX '=‘5_ - HNo vector is-zere and all three vectors are n?nparallel amongst
them but coplanar. Furthermore, the two arising difference

vectors are noncollinear. 'Rccnrding to Theorem 2.9.5 and

. dm i Y.k ndr, b
i

G 4ﬂh**"‘““““’Ccrcllary*?:B.21thenﬂﬁghe-motiun“is-pure'rutation:and;the-~—h-*";ﬂlwhﬂ-ﬂ
instant-screw parameters can be computed using the general
-  procedure,
T T—IWpEX s &, The vectors afe}coplanurfand no vector is zerc but two-wectors
are parallel ;nd diffarent. According to Corollarxy 2.9.4 the

moetion is pure rotation and the axis of rotation is perpendicular

to the plane of the velocity vectors. This axis is located



- et =

-

.
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- .
using the.general pruceduié.
INDEX = 7. éo vector is zero qndlall three vectors arxre parallel to each
amwr ot 4 wrEm e Other..Furthernor&;1ﬁﬂtuall;three vectors are.identical to eachno
] othér, There may ﬁe, nevertheless: a couple of identical vectors.
The motion 1s ane’ of ﬁure rotation and the instant axis of
T oar we = e e - S rptation is-determinedby the intersection cf-the plane of the - T
_glven points with a second plane defined pext. Let A', B' and
C' be points whose position.vectors are
g er e T et =gty bt = by, g = ety s - - " :
‘ Thé seuon& plane is that defined by the poncellinear points A',
i B' and C!' X
‘According to Corollary 2.9.3 the existence of at least two
' parallel and distinct velecities guarantees that the motion is
,; - Fure rotaéion. Thus, there exists a fﬂint o in the body whose '
h ;E#i veloclty is zerco. Placipg tha origin of Euﬂrqinates at €, then,
' Yp = UX2e-Yp M 9XDs Vo T oewg S
From the parallelism condition, cone has
EB = BEE' ‘.'.rc - ﬂh .
- Tag = Hence e BLIE R | - e veats

wx{b-fa}=0 and wx{c-ya}=0

which implies that vectors b-fa and c-ya are parallel to the
-7 s meeedasiscaf retation. In Dther'wcrés,,éhe planes defined by points P *
] A, B, O and A,C,0 contain the axis of rotat?nn. gince g; ¥ 0,

AD cannot be the awis of rotation; hence, points A,B, € and ©

j~— - - - o=t~ —=se—-“-are coplanar and-their-plane-contains the-axis of rotation.- w-» -o=e .






*\; - J' . . . Fe 5 .

on the other hand, recalling the definition of peints &', B"
and C', whose position vectors are
: . 9' = E+Eﬁ' y' L §+EB r E' = oty wnt -

The velocitiles of these points are then

v, =wxlarv, ) = v, oy,
o . . L e
TS cux (b} = V. gy G “Er L
EE - = =R ~B - =R ’
1?;: EI:'IX[E+YC] = EC +E;xvc

i.e. these velocities are parallel and related bth_

- - [ ' r .
Vp." By e ¥ T YY

-

Henca
=t s : wx{b' - ga') = 0, wx(c' - ya'} =0 -
which, by arguments similar to those resorted to previcusly,

L imply - that points a*', b', C' and D are coplanar, thelr plane

R RS ERR S e cwbls s ccpniaining .the-axis of ;rotation,. Furtherimore,  since not all,, . .o ;e

. . .
three vectors Yar Ya and Y. are identical to each other, planes

. AEC and A' B' C' arc not parallel., Their intersection, clearlw,
ST FIT  FTaT 1 P anl P is t_he axis of rutation‘ q_e_d.--,

-

S0 far all cases leading necessarily to & pure rotatien motion have been

- o4k

discussed. Next the case in which the given velocity vectors are crplanar

walsmem e but *the motion ie either “aspure-rotatien:or general,; ié:discussed.w In.this s praen .
case the arising, difference vectors are parallel and hence the given poirnts
lie iﬁ a plane parallel either to the instant axis of rotation or o the:-

W2 w2 T e = {nstant screw'axis,sdepending upon whether the motien.is a pure roiation - e

or general. This case is handled by Subreoutine COP2, which identilies

each possible different subcase with the aid of the integer variable IKLE.
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INDE = 1. HMo vector is zero and two ye:tﬁra are identiéal. The meotion is
aither_ gcneral ©r a pure rotaticn, but the screw axislcr:r:;
cnrxesfondinglyr the axis of rotation: is barallel to the line
defined hf the éoints with identical velocities.,

et B and C e the two foints with identical welocities. These
- - can be ¢xpressed as

- Y T Y, fowx(Bra), v, = Y, b ex(ema)

- _Subtracting the latter from the former equaticn,
Vg¥p= wxib-c) = 0

m " e ame - . which implies that line BC is parallel to w, i.e. to either the
instant axis of rotaticn or te the instant screw axis,

INDE = 2, Ho vector is zero and no two vectors are parallel, but they are

- at b e mrres s ke manen e COPlanar. .. The motion.is.either _general or.a.pure rotation.anda. . oo

the given peints lie in a plane parallel either to the instant
bt

screw axis or to the instant axis of rotation, according to

T R s T . Thenre_m.z_g,ﬁ mtcﬂmlhr‘j’ 2.9.2. 'I'h_e a_ngu].ar vElC}Cit}r is- FEIEM L

found by application of egs, .(2.9,18) -(2.9.25)

Tous, one has the following

asracsspmamumoessin THEOREM 12,9 26 vaThen {nsiant modion 0§ -aaigidibody is-detormined, 4. e - idh »mepatiessns

{nstant-schew paramgiens can be computed, &f, and onfy £f, the veloeitdies
of three noncelfinear points of the body are known

cavtw wees s Snbroutines s INSCRU,~ COP1,-COP2, and¥GEMO rimplement the-foreqeing -computations., aw «
They use LOCAT1, LOCATZ, SPIN, CYCLIC, EXCHGE, CROSS and SCAL as subsidiary
subroutines. Listings of INSCRU, COP1, COP2, GEMO, LOCAT}, LOCAT2 and

= o= = SPI“”BPPEEI inFigz‘g_z_zig:a' - = - r aAa N F T - . Lo = T —_—_an
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. 2,10, THEQRENS REIATED TO THE YELOCITY DISTRIBUTION IN R MOVIMG RIGID BOLDY.

Some results concerning the velocity field in a rigid bedy in motion are

now obtained, the main result of.this section being the Aronholg-kKennedy

Theorem. First a very useful result is praved,

THEOREM 2.10.1 The velocities of fwo points of @ aigid body have identical

- components afong the Line conneciing them,

Proof:

Let a and b be the position vectors of two points, A and B, of a rigid body

in motion. Thus, for any conflgyration,

\ {?-5].{§-Ei=cnnst {2.10.1]

from the rigidity condition. Differentiating both sides of eq..{z.Jﬂ.;},
(b-a). (b-2)=0

or, alternatively, '

ot EB‘{E-E}=YH‘{E_§}'q‘e'd' ) - f2.10,2)

This theorem is used to check the compatibility of the given velocities of
a rigid bedy in subroutine INSCRU of Sect. 2.9,

Exercise 2.10.1 The triangular plate of Fig 2.10.1 is constrained t¢ move

in such a way that vertex C remains on the Z-axi=, while vertex A remains
on the x-axis and side AB remaing on the X-Y plane, Veriex € has a velocity
[ Msspeo .
Yo SEZ V-1
[}
i) Determine the velocity of vertices A and B
ii) Determine the angular welocity of the plate

1iii] locate the instant screv axis of the motion of the plate, and compute

" the pitch of its screw.







e . : Lk

-y

Fig 2.10.1° Triangular plate in constrained motion

we THEOREM 2.10.7 [Aronhofd-Kennedy). Given three rigid bodies in motion, th: .

Aesuliing three {rnttant schew axes have one camren nomwmal intevseciing all

. three axes.

Proof: .

Feferring to Fig 2.10.2 let SE and SC ba the instant screw axes of 2odies

B and €, respectively, with respect to bedy A; let Ve and Yo be the relativa
&2 .U sliding velocities of the instant.screws SE and SC' with respect LG.A,
Finally, let a5 and §  be the rélative-angular velocities of bedies B and
C, respectively, with respect to body A and ¢, the common normal to EE and
"EET joining both axes, It will be-shewn that the third instant screv axis,
SBXC' pasgses through the coamnon normal B*CF.

Let P be any pointof the three-dimensional Euclidean space, with position

- vector r. Points PA' F and PC of "bodies A, B and T, coipciderat P.° Let
- B






o~ - o VA1

Yopt ¥ and VPC be the velecities of sach of these points. Furthermore,

let ¥ be the relative velocities of pﬁ with respect to P and let B* and

+

il PR C* be the peints-in which . the common normal intersects EB and SC'
' ' 8

c

. C ey

B*‘ l—_—_‘-'-'h
B T
Fig 2.10.2 Ipstant screws of two bodies in motion ~B
with respect to a third one,
Thus, . ' -
T ¥pp e
. e - —_ - » .-. . —_ - - T = *
W L (vt .2} [Ec+§tt5 g}}_ * _ C {2.10.3)

Tnsct et 0cE

It ig pnext shown that, if p is a point of the relative instant Screw axis

SBIC' then it lies on the line defined by points P* and C*, This is done
.. EB!C is to be interproted as the relative velocity of B* with respect
v m

- _-:-:' to C*. a T . [






P -

-5_“';1:.1_-- -

via the minimization ©f the gquadratic form -

oo
plri=y ¥ (2,10.4)
$ {r) bas antextremum at a point s whera its-gradient vanishes. -
The said gradient is, applying the “chain rule" again, .
¢" ='LﬁT - 2
(i_r} z chr . (2.10.5a1)
Thus, at point p_, LI ., - - - . .
Eﬂfc{fafc+?cc+93fc50}=9 (2.13.5b)

from which r. cannot be solved for, since ﬁB is singular, of rarx

FC

two. One possible way to.find rd'is impasing on it the minimus-nore condi-

o

tion, as done Pruvicusly in similar ipstances. Another possible way is to

write-eq,

{2.10.5%) in Gibbs' notation as
Eﬁfcxﬁfﬂfcx-r o) ®pc* [Ychﬁi’cxf =0
. Expanding the first term and imposing the condition that @EIC'EO ks zero,
ane obtains
2 ) . .
- 4 L] - -

Wp cF o™ Wp ot =0 . _
from which,
: o1 |
T FmT Tz Wty (2.13.6)

Yrrc

which .is parallel to vector c.

"

Since EG is parallel to vector ¢, the

common normal to axes S

B and Sc. then SBHC passes through line B*C*t, g.e.d.

wd

Ll sEae e -'"1Exercisu;2rin:37 Show that-gdyhas-given by;eq_fl;;1u.6],uis~parallelatc G- mpa

Ope application of the Aronhold-Kennedy Theorem arises in the pitch surface
synthesis of the coupling of two bodies whose relative motion is tha ‘
compogition of-sliding and rotatien, as is'the case in hypoid gears. This
is shown in the following example.

Let L, and L

 Example 2.10.1 ; 2

be the non-intersecting non-parallel axes of

two shafts required to be coupled. These axes are shown in Fig 2.10.3. -~

ik






W

o - bt e ] —————

e -

Fig 2.10.3 An ipplication of the Aronhold-Kennedy Theorem

In crder to have the most efficient coupling, it is regulred that this takes

place along points of minimum-magnitude relative velocity, i.e,tuf the

instant screw axis of shaft 2 with respect te shaft 1.
From the A-K Theorem, that set of points constitutes line Ly, normal to the

¥-axis, a distance g from L,. Hence, line L, is determined by distance a
-«
and angle a. Point Q, the intersecticn of line L3 and the Y-axis is found

from the minimality condition on the relative velocity magnitude. Let v

Mo}







and EQZ be the velocities of points Q1 and 02, with respect to the fixed
axes X, ¥, Z,
-Thus;
Yanam1fz ' {2.10.7a)
Ygz-td—a}mﬁx _ . (2.30,7b)

Assuming a required reduction m, i.e.,

'd,zrmw_l ! (2.90.8)
eqg. (2.10.7b) can-be rewritten as - L
ggz-td-a}mmigx‘ & (2.10.7c)

. Hext f:hr.t quadratic form ¢ {a), obtained squaring the relative velocity

magnitude, is minimized.
¢tﬂ}=t‘:{gz-'{g.‘} LAY Y )=

= (n? (d-2y%s0%) (2.70.9)

#{%) has an extremum when ¢'{ad] becomes zZero, i.e.

2
4" () =u) (~2m° (g-q) +2a)=0 C (2.90.30)
from which the minimizing value of g is obtained as
2d
a=2 5 {2.10.11}
- t4m
angle @ is now obtained from the relationship
- 'I‘i’z,n"fx* - L. i 2
cosh i )
[l /, 11
Thus
COSdo—————— - . A2.10.12) !

Summarizing, the pitch surface {on 1) is a ruled surface whose elezcnts aTs

““lines a‘distance & form the X axis,~making an angleiﬁ!with this axis.. .






B

P

This is a cne-fold hyperboloid of revolution. Hence the name "hypoid" given

te such gears.

-

.One very important conscquence of the A-X Theorem now follows,

Conollany 2,10.2_ Glven fhree rdigid bodies .in motion, A, B and C, there

exists an instant axds of:pure Aotation {i.a.p.i.} of B with respeet fo C
if, and only if, there exist i.a'sp.n. of both 8 and C with respect to A
and these intersect, the i.a.p.&. 0f B with aespect to C passing thacugh
the said intensection. Furthenmone, all threeiaxes ane coplanar.

|Exercise 2.10.4 Proye Corollary 2,10.2.

As an application of Corollary 2.10.2, solye the following problenm.

Example 2.10.2 .{Kane[z.g )}. A shaft,.terminatipg;in a truncated cone C of
semivertical angle 8, see Fig 2.710.4, is suﬁéc;téd by a thrust béaripg
consisting of a fixed rage R and four identical spheresls'nf radius r. When
the sha?t rotates abogt its _axis, S rolls on R at both.of its points of

coptact with R, and C rolls on 5.

- Proper choice of the dimenslon b allows to obtain pure rolling uf C on 5.

Determine b -







s

' Solution;
From Corollary 2.in.2, if all C,
motion, then Fhe i.a's.p.x. ali
*i,alp.r. of € with respect to 8

contact point {between € and §),

" ‘ CHF

F and R move with pure rolling relatiye

coincide at one common point. Clearly, the

is the cone element passing through the

whercas the f.a.p.r. of C with respeet 1o . .. _. &

R is the symmetry axis of C. The intersection of those two augn—is the

cone apex, which hepceforth ie r

eferred to as point 0. Length L is now

determined by the condition that the i.a.p.r. of C with respect to R passes

through 0.

But two points.of this axis are

-

already known, namely, the twe points of

contact of 5 on R, henceforth referred to as points EJ and 52. Then, thea
_ geometry of Fig 2.10.5 follows
. 5
cs
L
- L SR s . _ . .
. ¥
i .
| -
t
. '
|
1 -
|
L) Il .
S N —_——— ] Lk ; o s . . -
Lt X D! ITI It !_ -m,T.- . _:_..'- —
| 1 |
" b e |
[
+~=.-+Fig 2,10.5 Instant axes of pure rotation of bodies C, S .

5 and R of Fig 2.10.4,

makes a 45® angle with axis 5__.

F Fig 2.10.5 it i 1 . t [
rom Fig it is clear that axis SSR CR

Let T be the contact point between C and S. From a well known theorem of

plape geometry,






o o- o, OF, ' (2,10,
Appliying the Pythagmreanp?hcurem to triangle OT'T;
o = ol 4 TT ’ ' (2.10.
) But
OT' = b - rcosd. : ) (2.30.
" and
T T = b + r + xsing - (2.10.
Hence, ; ) -
EEQ - 2:2(1+sinﬁj+2hr{;+sin5-cusa}+2b2 }2.1&.
hlsn,: . ) :
(:'r_pj = /35 (2.10
":.'—Pz = Y2(btr) . ' (2.10.

Substiﬁution of egs. (2,10.16) and .{2.10.17 a and b) into eog. (2.10.1

LTI

yleldas =~ . - 2 s ' -iovas
r{1+sin®)+b{5inf-co=0)=0

from which,”

- .- 1 4+ s5infg e e aeas -
. r T sing ) 10,
b= cosf-sinfA (.10

o

7
13}
14)
15a} _

15b])

1%)

-17a}

17b)

3]

1B} ¥

One more consequence of the A-K Theorem is Summarized in the following

Conellany 2.10.3 {Thice center Theprem|. In plane motion the thiee instant

axes lcentens’ in'this context) of three nigiﬂ‘badia&*in motion £ie on a

£ine {2.10)

2,11 ACCELERATION DISTRIBUTION IN A RIGID BODY MOVING ABOUT & FIXED

POINT

-

It was shown in Section 2.7 that the velocity of a point of a rigid body

woving about a fixed point is given by

W )=RIE)y (¢)

{2.11.

1






. . ;A2

where q(t) is the rigid body angular velocity and y{t) is the

currant position yector of the point under consideration, :

sides of eg. {2.11.1) with respect to time; thus
a (ty=f e}y {t)+a(tdy (t)
‘But y(t) is v(t}, the above equation taking on the form
- - 2
af(t)={Rer+0° (£} )y (£} A2.11.2}

The matrix in brackets appearing in eg. {2.11.2} is referred tn; by analogy

v

of the point under study is formed by two components, as appearing in eq.

{2.11,2), namely, the "tangential acceleratieﬂf, ﬁ{t]y[E}, and the "normal

. 2 . . . ; .
-t acceleration”, I [(t)y (L), the former being tangential and the latter being

pormal to the velocity.

»

Exercise 2.11.1 Show that é[t}y(t} anﬁ_gzlt]y{t] are, respectively,

iy
- 1 . -

o —

parallel and normal to the yelocity.
There is one implicit fact in the above result, pamely, in the square matrix

Iy " . T
vertor spaces one-scalar—prudggt {See Section 1.7} can.-be defined as Tri{kE ),

A and B being matrices of the same space.

: . - 2 ' .
In this context, matrices Q{t) and & {t} are orthogonal, i.e., its =calar

product \;Eniﬁhﬂs .

|Exerci5¢ 2.11.2 Ehow that Tr{ﬂgzjnﬂ bee . t.

Result (2.11.2) can be expressed, in Gibbs' notatien as

glt}=@ttlx5{t1+git1x[9{t1xg{t}} (2.11.3}

theraby making the result of Exercise 2.11.1 apparent

- n—_ Thé'dﬁcelératién‘e{tr‘of’thu“said'pﬂint“in'now obtained differentiating ‘both*- +

” with eq. {2.11.1), as*"the angular acceleration matrix”:’ The acceleration ~ .~
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2.312 ACCELERATION DISTRIEBUTIOH IN ‘A RIGID EODY UNLER GENERAL MOTION.

S Consider now the most general case of rigid body motion, in which none of

the points of the body remains fixed.

L

From eg. (2.9.2), the velocity of a point-whose position vector is ylt)- -

= mrwcmae 4= 0f a-rigid. . body. under general moticn is,

. i A e EHLIS f R . e omwmdar R m Lk D
V{Er=y (e)+p (0) (y (e) -y, (6} {2.32.1)
where yP{t] and Yo {t} are the position vector apd the veloclity, bnt.h kmwn,

b et gy —mof a-given po:..nt P-of..the J:L.g:.d body. The acceleration of a geperal P-Dlnt .

AW T LW R, T R AT

E[t], of the body under consideration is next cobtained differentiating both

sides of og, (2.12.1) with respect to time, ie.

v T T

..___ wnta .lLH;a.ra.tt}Ba {t}-ﬁ-ﬂ{t] [Y{t}_YP{t}]+ﬂtt} (Y{t}-yptt]] } . 1"2_-.!_2_:.2_]_

v . . LT e 0 -

and, from eg. (2.12.1),

: .
g{t:—gptt}-:Y{tJ-EP{t:-gft;{E(tj—EP{tj] o _ zaz.d

which, when substituted in eq., -(2.12.2)}, leads to ww : - -

glt}=§P[Ef+(@lt}+g2{t}}[glt}ugpft]} : (2.12.4)

k k " L]
[

- which,  except for the term g.P{t} ;mis-identical to eq. [2.11-2]:-;with
ytt}-—yP {t) ipstead of y(t} of that Equatinﬁ.

Thé relative acceleration, g{t}-gp{t], of the general point with respect

e T i . at0.P.i5 . ¢learly glven as«

-
- l...-u'-u",L Fanr WAL - Ll LY A ':.;..p-i..'..,,__._“.-_,,_._,.,..___. PP, - -

alr}-a_(ti=(g(r)+g’ ) [yt~ yP{t}} {2.12.5)

which again, is seen to be conpﬂsed of both a tangential and 4 normal

e - oomponett. - Cete e o2 s

o '

Parallelling previous sections, the set of points of minipum-magnitude
acceleration is now determined. Thus, the function ¢ defined as

~(2:22:8) .

- mavrams -y -4;{?}:&__ - __,...;-" m‘v.:_-;‘_-ﬂ - .t “_"._r 12.81

- -t o
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is now minimized oyer y. Applying the "chain rule" to.it,

: T

n - 2 e . i . 2‘12‘?

¢ [E] [ dy ] Z . A )
~vhere, from eg. (2.312.4),
. oA .
FYrailael : ' : {2,12.8)
dy - -~ .
MmNl — s tie Rence  the minimm-nagnitude-acceleration SatiEfieSe. arcmawmam it e« o —
{'§+921§=9 {2.12.9)
' 2

i.e. the minimum-magnitude acceleration is in the pull space of 4n“.

bt & tjuﬂi"!it'and" I_;z“hnvt ‘the*same-null-space,-then.that.mionimum-magnitud@,, o oo .

acceleration lies in that space. Since both [ and {1 are skew symmetric,

vectors é and w lying in their null space, can be defined in such a way

that, for any vector r,

freyxr, fir=axr (2.12.10} .

Henpe it becomes clear that for ? and ! to have the same null space, w and

.y, a3 Ay Eas r-"' ¥ T o da Rl Tg—— - L "~ 2 § '1 )
Ty w should ‘be parallel' "Fuythernore I and-Q‘have -the same:null space e e

(Prove it) and hence, for % apd nz to have the same null space, w.and &

should be parallel.” A simple’caselfor which'fI~and- 02 have-the-same null-

A rmh o= — "

space is that for which”the rotation axis, e, has a constant directien. .

In fact, iIf this is =0, then,

- - e

le=0 . (2.12.11}

Foatk

A frm kA g ) . - . . . . B . - . . -
T T for all time t. Differentiating tha latter'expres1cn with:zespegt to time v
vields

ferning

- Ca oy " - L] v A . . i, . - . . ) »
But, since the magnitude of e is’*unity and its direction is constant, &=0

and hence, the latter egeation leads to '
) - -

fe=0 ) (2.12.32)

+ - -



Y YT —

P =



v e ™ . = -r =z . . - . P » . . - /,.-’._5 . '
thereby showing that, under the conditions stated, if e is in the.null
space of {, then it is also in the null space of Q. Hence, when the
_instant =Ccrew axis has a contant direction; the nininun-pagnitude accelera
ticn is parallel to that.directiﬁn. If the involved matrices do not have
a cemmon (non-empty) null space, then the only possibility of eg. (2.12.9)
te hold is if a=0. The latter condition is equivalent to
. - 2 :
+ - =
2pt () 7~y )=0
or
) {ﬁ-l-ﬂz}y ={fl+ﬂ2}}' -3 . (2.12.11) -
P—. -..ﬂ - o -P -I-P -
which has & unigue solution if é and Ez d¢ not have a comnon null ssace,
for then, the =2um of them becomes of full rénk, i.e. in that case rank
L
r rank{i#+f1 1=3, and hence this sum is nponsigular. In this case, then, one
- single point of the body, located by the position vector Yo has a :-erc
- acpelefation. This point.is.called an acceferation pofe and its position ;
vector is given as -
: ' 1 T - ‘ (2.12.14)
X ! Yo Tpz't"N ! %p_ - . : T
v iee -—Example 2.12.1., Fér“a“;igid,cifculéf‘chne rolling without slipping ena =~ . _ _ |

i sl e PR e

P 1o = K — B S m

-
O, Tl X S T e PR T

plane, its acceleration pole is its apex {prove it)

Exercise 2.12,2 The system shown in Fig 2.12.1 is an inversion of the

wOrh-gearRechacism.and is,conposed -of -a.rigid-arm.CA.of  lenght b_tkat can. .. 3.,
rotate freely about the axis EE', this axis being normal to the plare of

motion of OA. A rigid wheel is coupled to OA at A in such a way that the ﬁheel
lcan.rotate .freely about.axis.FF'..passing.-though. A; .this axisiiS_pErPEﬂdiCul;r -y
to beth OA and EE'. If.ﬂn rotates at a constant rate p and the wheel rotates

about FF' at a constant rate g, show that the point of the disk on Ci, a

distance d«fro &, has .zera.acealeration,.the.distance.d-being . given by sloumame w e
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Fig 2.12.1 Inversion of the worm- gear mechanism

An extensiye account of this topic is presented in [2,11}
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-2.13, ACCELERATION OF A MOVIKG PQINT REFERRED TO A MOVING OBSERVER.

CORIOLIS' THEOREM.

In Section 2.18 it was shown that the velacitf {Ei; of a moving peoint,

'referred te a fixed observer, given in terms of its position vector, (E]H'

referred to a moving observer is glven Ly

i L . R T j--1. orm B r NN v}F “[ cJF+(ﬂ}F [E] +[Q} M L LI LT e . ri..{g-:ll-?r:-l};--. n XTI

- where Q.and §§ are-.the_rotation and the.angular velocity matrices, respec- -

tively, of the moving axes with respect to the fixed ones.
an -tht-hﬁh-ﬂmm 'H.CI:'EI Eratiﬂﬂ:"‘[a}}—‘}-— Df'ﬁle’::w’ing Fint ""in‘ t‘h.e‘ fixed 'Ghmr'll is1 TH O =i o e

obtained differentiating eq. (2.13.1) with respect to time, namely
(2) (20} ¢+ (R) £ (8) 1+ (0] £ (8) o+ (@) p{EDpr (21 () NTRERT
where . | l .

(e (¥dr | S (2.13.3)
But | _

(5~ () ~ (2.13.4) -

Hence

@y Qw@,© - -, e

- FER

Suhstitution of egs. [2.13.4) and (2.13.5) into eq. (2.13.2) yields

(2) = (2} + (@), (&) o+ () (@), (8] (o) [E} ?+[°] [5} *f‘?} [ Mo (2.13.6)

But .

o D@0 @,

* All vectors and matrices appearing in this section are functions of time,
vrmenT Ay cmemeen shutrfor 'gimplicity therargument~(t)-has-been dropped . rreren oo tmeaen m e e




1+



and
(80 85 (8, ) 9 (07 (00 (6,7 () (@1 (3, (7 ()
exa mma ﬁhT=:5ﬁbst1tutt1nq‘the two - Yattaer ExPresﬁlnns into- ﬂq*‘fz 13.6)  one-obtaing ——+ e,y

fa} = (2 )+ (842°) L (0) L (6], (o) . [;] +2{n} (E} C(2.33.7)

which ié an expression for the acceleration of a ﬁoint in terms of

measurements of its position, velocity and acceleration, taken by a mu;ing

cbzserver. The first two terms of eq. (2.13.7) are identical te the right

hand side of eg., .(2,12.4} with Y-¥p substituted for £; hence, the two sa%d
.- terms constitute the accaleration of a point fixed iﬁ the meving obser;er.

coincident with the moving peint under study, at a particular time, The

third ferm stands for the acceleration of the moving point, as measured by
- .the moving observer, and the founth term is an acceleration term arising

from the rotation of the moving obhserver, as is apparent froo eq.{2.13,7};

this.term is known as "Coriolis’.acceleration". Equation (2.13.7) constitutes,

then, the Theorem of Cnriolié.[2.11] - -

Exercise 2.13.1 The mechanism shown in Fig 2.33.1 is a component of a

vawd tgquigk-return mechanism used.in a crank shaper. Assumingithat disk 2 rotates
at a constant angular velocity m2-1anu TEE, determine,graphifally the angular
acceleration of link 3, for the given canfiéuration. .

Hint: Two points, 82 and 83, ¢oincide at B. Find.the acceleration of B3 via

eg. (2.13.7), referred to an observer fixed in 2,
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Fig 2.13.) Drivirg system of a guick-return mechanism

Exercise 2.13.2 The rectangular plate shown in Fig 2.13,2 is displaced

-

ww mewie =ws o ofrem ~configuration ) te-configuration 2. Determinc the:locus of the points . . _ =

of the plate that underge a displaﬁement of minimum magnitude frem 1 teo 2.

What is the value of this displacement?

- . -
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3., GENERALITIES ON LOWER = PATH MECHANISMS.

3.7 INTRODUCTIGN

The term mechanism has maltiple meanings, depending on the context in which
it is found, In the present context, a mechanism is a coapnrection of elemants
intended to produce a certain action, generally related to the transmission

of either power or information, For instance, power transmission is the main

objective ¢f a mechanism such as the universal joint or tha differential

~gear train of a vehicle whereas information transmissicn is the main good

of a Watt regulator mechanism, In any case, the basic idea is that of motion
transfurmation:

The interest for the study of mechanisms arcse coriginally in mechanical
engineering. The underlying theory, however, has been found to embrace other
areas such as blomechanics, and so, it finds wide applications in the study
of some living entlties like the locomotion systems of humans and animals.
The wide variety of mechanisms as defined previously, can be divided inte
two c¢lasses, namely, lower—-pair and upﬁér-pair mechanlsms. These terms are
discussed in the present chapter, together with gther related terms such as

degree of freedom, Kinematic pair and kinematic chain.

3.2 KENEMATIC PAIRS,

A kinematic palr is the coupling of two mechanical elemants. If these two

olements are rigld bodies, the pair can be either one of two kinds: i} lewer
pelr or ii) upper palr. A lower pair exists when one element is coupled to
tha other via a wrapping action and contact takes place along a surface. If

contact takes place along a line or a point, the resulting coupling is

referred to as uEEer-EEir. when a set of elements 1s connected in such a

way that each element is coupled to at least two elements, a kinematic chain
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1a formed. A link supplied with one kinematic pair at each of two ends is |
L]

referred to as a dyad.

3.3 DEGREE OF FREEDOM,
The degree Oof freedom of a mechanical system is defined as an integor number
corresponding to the minimum number of generalized [3:1} coordinates required

to specify geometrically a configuration of the aystem, If the degree of

freedom of a system is positive, it constitutes a mechanism; if it is =zero,

it corresponda to a statically determined structure, whereas, 1f it is

negative, it corresponds to a statically undertermined (hyperstatic) structure,

the negative uf‘its degreo of freedon heiné referred to as its redundancy.
The deggee of freedom of a rigid b&dy free to move in space is thus equal
to six, namely, a translatinnlnlnng each of three nnn-cuplanar.directimns;
plu; a ratation {e.g, Euler's angles) about each of three non-coplanar
directions (not necessarily corresponding to the three previous directions}.
Constraints are imposed on rigid bodies to make their motion useful for a
certain purpuse, thus diminishing their degree of freedom. Xinematic pairs

are in fact constraints imposed on the invelved bodies.

1.4 TYPES OF LOWER PRIES.

All possikhle lower pairs can be put into one of six different types, namely,
1) Revelute (R), ii} Prismatic (P}, 1ii) Screw (H), iv) Cylindric (C),

¥) Spheric (5) and vi} Planar (E), physical models of which are showno in
Fig 3.4.1, their kinematic models appearing in Filg 23.4.2.

The revolute pair only allows rotation about one axis, therefore imposing

fiye constraints: preventicn of translation aleng three directlons and of

rotation about two axes, .






bl Prigmatic

Cia
. )
",7\
d)} Cylindric
1
by
P
1y
E
512 12

e) Spheric - * "+ ) planar

Fig. 3.4.2 Kinamatic models of lower pairs
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The prismatic pair only allews translation along one @irection, also Imposing

five constraints: prevention of translation along two directions and of
rotation about three axes.

The scrow pair allows translation along one direction and retation about
the same direction, both ba{né related, Thus, five constraints are also
imposed by this pair, namely, prevention of translation along three f{ar,
alternatively, two) directions and of rotation about two {or, alternatively,

three) axes, ’ .

The cylindrical pair allows two independent motioos, namely, translaticn

about one axis and rotation about the same axisr This pair imposes clearly,

four contraints.

The spherical palr allows rqt;tiOn about three nom-coplanar aﬁea, thus
impﬂﬂ%ng.three constraints: preventlon of translation along tﬁree non~coplanar
directions,

The planar pair allows translatien along two independent directions and
ratation about one axis perpendicular to the plane of those directions.

Thus, this pailr imposes thres constraints.

A dyad supplied with a revolute palr at each of twoends is referred to as

an B-R dyad. sinlilarly are R-P, R-5, C-5, etc. dyals defined.

3.5 DEGREE OF FREEDOM OF A LOWER-PAIR MECHANISM. WME KLI‘TZEP.CH-GRE.;HLER

FORMULA ,

With the foregoing backgroud it 1g possible now toabtain an expression for
tﬁe degree of freedom of a mechanism composed of mily lower pairs, also
called a "linkage". Let a linkage ba composed of mzigid links.

Since only the relative motion of the links, with maspect to a given one,
is of interest, one link will be arbitrarily assummd to be fixed (to the

¢bserver under consideration). Hence, the degree - frecdom of the set of
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links previously to any coupling im 6{n-1}, .Now, 1f the links are ccupled
via Pg pairs of any of the threec types, revolute, prismatic or screw, Py
cylindrical pairs and Py pairs of any of the last two types, then ths nucber
bflcﬂnstraints imposed is
5
c-gipi
Hence, the degree of freedqm of the linkage is given by

g
F=6{n-1}-Lip, (3.5.1)
3 i

which is the so called “Kutzbach-Gritbler formula*. The topopogy {i.e. the

descripticn of ;he different couplings, regardless of the dimensions involwsl
of a linkage is usually referred to as a listing of the different pacrs
involved. To llustrate this description, different types of mechanisos,

RRRR, RCSR, RSSR, are shown in Fig 3.5.1.

Applying the Kutzbach-Griibler formula to the mechanisns of Fig 3.5.1, it is
reaﬁily chtained that, whereas the degree of freedom n£ the RCSR typ:? is

one, that of the RRRR type 1s -2 and that of the RSSR type is +2. Heowaver,

1f the four revolute axes of tha RRRR linkage are made parallel, thez a
planar four-bar linkage is obtained, which is a well known mechanism with
degree of free@om + 1. Alternativaely, 1f these four axes are made to interse::
in one single polnt, a spherical linkage ia obtained, one particular -ase

of which is the familiar universal joint, also known to have a degre: of
freedom + 1. The rpeason why the XK-G formula does pot apply in these

instances is that, in the first case (all revolute axes being parallel),

all the points of the linkage move in gne plane, wlereas in the gecord case, |

"

they move on a sphere. In any of the previous instances, however, a rigid .

body before coupling has a triple degree of freedm, i.e. two translations

and one rotation; hence Grilbler'm formula for plame mechaniszms (3.2] should



23

a] RRRR

-.E} RSSR

Fig 3.
5.1 Some types of linkages

b} RCSR
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be applied. One more interesting case of linkage whose degree of fresdom
‘cannot .be obtained from the X-G formula is the Bennett mechanism. This is
ﬁ'ﬂné—dﬁgrﬂe of freedom RRRR linkag; that is neither plane nor spherical,
.bpt its links have pnrticular.ﬁroportions and its revoluts axes have partic
.ular orientations [3.3}, as is discussed with more detail in section 5.3.
Regarding the RSSR linkage, it is apparent from Fig 3:5.][c} that, if the
rotation of the crank 2 is specified, the rotation of the follower 4 is
uniquely defined, thus contradicting the result cbtained by application of
thé Kutzbach-Griibler formula, which claims that ([due to the double degree
" of freadom of tha mechanism) two variableg of the linkage motion should be
specified in order to render the motions of the other links determined.
This rﬂ;ult arises from the fact that an indeterminacy e*ists'in the motlon
of the coupler link 3 which, because of being ccoupled to the other links via
two spherical pairs, shows the peculiarity that its motion is undetermined
beEause it is a line rather than a body, i.e. no threc noncellinear points
can be defined on this link. This indeterminary arlses from Theorem 2.6.5,
after which the motlon of three noncollinear points determine the motlion

of a rigid body. More on the motion of bodies defined by only two points

¢an be found ip [3.4]

3.6 LINKAGE PROBLEMS MEANMT TO BE SOLVED By APFLIED RINEMATICS.

Broadly speaking, there are two kinds of problems in Applied Kinematics

regarding lower-pair mechanisms or linkages, namely,

i} Analysis

ii) Synthesis

The analysis problem is conCerned with cbtaining the different variables
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of interest inyolyed in the motign of a given linkage, What is mear:t by the’
M
latter term ls that not only the topology of the mechanism' (whether it is

RREE ox RSCR, etre.) is glyen, but alseo its geﬁmetry, l.e. its relevant

‘dimensions. The problem is said to be solved when all the variables of

- L

interest (output} of the linkage motion are obtained in terms of otner
arbitrarily assigned variables (input), If the linkage has a degree of
freedom one, then the input of the linkage contains one single variable,
sufficient to render the other variables determined, If the linkaqe has a
double degree of freedom, then the input contains two variables, arl so on.
The wvariables of Ilnterest can be obtained wia difforent means, namely, 17 =
Systeﬁ of algebralic* equations expressing explicitly the outrput in erms ol
the input (Thls is very seldom obtained), ii) a discrete set of dic:ital
values of the variakles involved** {most commonly being the case), :ii} an
aralog readeut {oscillogram), i.e. the cathode ray tube graph obtaized in
the oscilloscope of an analog computer, or iv) the actual plat cbtzined by
mechanically recording the cutput of an Existing linkmsge. In the fi-st
three cases the output does not exactly gorrespond ta the mechanisn ltsell,
but to its mathematical model; the output is thus obtained via simulation.

-

In the fowthcase, the output can correspond to the actual mechanisz if it

1 accessible for measurement=, or if-it is pot acceasihle, then tr its
physical model. An exampla of the latter arises in the cass of trving to
mea sure Jjoint motions in a living being, as is recorded in {3.5] wiere an
expariment was made to measure rotations of the human subtalar apd ankle~
joint complex throgh the rotations of its physical médel, an RRRR srherical
linkage.
F1_EI§EE;;1E equations as opposed to differential or integral egquations
glnce ho inertia is inyolved in a purely kinematic analysis.

** This set could be obtained in tabular form oz, Lf a mechanical rlotter
is used, in graphical form.



v

The synthesis problem is concerncd with obtaining the relevant dimensions

. - v ‘
¢f a linkage of a given topology to perform & giyen gperation. In this re-
h :

spect, the synthesis problem can alss be thought of as one of aystem

identification [3.6],-sincn it is intended to cbtaln the parameters defining

it starting with an input-output relatjonship. The eynthesis preblem can in

turn be subdivided into two wide categories, namely, 1) exact synthesis and

ii} approximate synthesis, In the first case the obtained system of

equations 1s meant to be solved exactly, whereas in the second one it is

intended to obtain a "golution" satisfying the system with a minimum error.
A :

In either case; three basic ;ynthﬂsis problems can be defined, namely,

i} Funetion generaticn ’

ii) Rigid-body gquidance
iii) Path generation
The function-generation s}nthesis problem is one of finding a linkage (of
a given topology) =uch that its input- apd output- links have given
coordinate motions, The rigid body guidance synthesis problem is concerned
with finding a linkage (of a given topology) such that one of its links
follows a preacribed set of configuraticns. Finally, in the path-generation
problem, a mechanism of a given topology is sought, with the property that
one of its links contains one point passing through a prescribed set of

!
pasitions.

{ .
In any case, the term finlte is associated to the synthesis problem if the
data are finitely separated. Otherwise, the synthesis problem is said to

be of an infintesimal character, as would be the case when trying to satisfy

conditions imposed on veolocities or on aceelerations. The analysis problem
le discumzed in Chapter 4, whureas.thﬂ three aynthesis problems both exact

ard approximate, are discussed in Chapters 5 and 6, respectively.
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4. ANALYSIS QF LINKAGE MOTIONS

4,1 INTROGDUCTICN.

Twa methods of analysis oftlin&ége motlons are presented in this chapter,
hoth of them based on matrix comﬁutatinns. Methods based on Carteslan vector
algebra or descriptive gecmetry can also be applied, as shown in [4.1},
Howeaver, thesa ;re usually ad hoc methods and become cumbersome in many
instances, The main aim of this chaﬁter is to establish the methods required
to obtain a (usually implicit) relationship between the input and the gutput

variables of single-degree of freedom linkages.

4.2 THE METHOD QF DEMAVIT AWD HARTEMBERG !4.5}.

This method flrst appeared in (4.2} o (4.4] and is based on a closure

rolationship of successive affine transformations, An affine transformation
i3 a change of ccordinates involving a translation of the origin and a rotatien
of axes, Let xi, Yi' 21 and 32. Yz, Zz be two sets of goordinates related by

an affine transformation, as appears in Fig 4.2.1

Fig 4.2.1 Translaticn and rotation of
coordinate awxes.



Thus, the position vector of any point P, referred to coordipates ; amd 2,

can be expressed as

I CPURI I S d.2.13

where 25 and 912 are the translation vector and the rotation matrixz, from
axes 1 to axes 2. Eq. (4.2.1) indicates the general form of an affisze tran:
formation. Symbolically, the transformation of {4.2.1) can te writzan as*
[E]]E[T12]1{E]2 4.2.2)
Affine transformations contitute a group under the compesiticn operaticn

defined as

?13’T23T12 - {(4.2. %)
Tyq is given through vector a,y 4nd matrix 0oy a8
[E'}z“{i‘za}z +[?23}2(I_*]3 (4.2.4)

and ?13 i3 given through 213 and 0,47 correspondingly, as
[E]|=[§13J1+[?13}1[E]3 (4.2.3)
Substitution of eg. (4.2.4) into ag. (4.2.1) vielas

(p)=(212) 1+ 02), ay0) 5+ (055) 5 (B) 30 - |

=(2,201400,2) 5 (330 5424504 (850) , o) (4.2.3)

Hence
(913}1=[E-‘12]1+[?12]1[E23}2 (4.2.7)

which, alternatively, can ba written as

(2,50, (2, )) 1+ (2530, (4.2.72) -

b [?ij]i should not be mistaken a3 a matrix, It is in fact a nonlirsar

oparator.



in agreement with tlo geometrical meaning, that is to say, the yector
connecting the m:_:i..gin Dj to the origin GJ equals the sum of that connecting

01 to O, plus that cunnnntlﬁg Q,.to Q_, Also, from ey. (4.2,6),

2 2 3t
(@)3)1=(2,2) (2], (4.2.6)
thoreby showing that the composition of twe affine transformations is also
affine. Let the identity affine transformation T, be dafined as
[EJ i [Tii}i [‘1‘}1 _ {4.2.9)

i.e., ?ii is the coordinate iransfnrmaticn from coordinates 1 into themselves,

Clearly, its vector, iz the zero vector, and its matrix, Qii‘ is the

IR
ldentity matrix, To show that affine transformations in fact constitute a
group under the composition previously noted, all that remains to be estab-

. lished i1s the existence of an inverse transformation, 2'1 such that

i)
(15303 (r ) () = (3ey), (7305 0y (4.2.10)
where
{_13} [x)j [ij)i+[?ij]i[f}j
and '
[":.:I}J[ )i-[?ji}j[E]in[éji}j+[?ji]j'[§]i {4.2.11)
Thus

['ij} ["ij} [) [EjiJj+[gji}j.E[Eij}1+[gij]i{§]$}"

“(aggdsrlogdy (o) log) Mo ) () w212
Substituting eq. (4.2.12) into eq. (4.2.10} one obtains

[fji}j+[9jiijfij}i‘ {4.2.13a)

(o]

and

| [?ji}j[?ij}l': {4.2.13]&]

i
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Hence
T .
Ll 4.2,
[gjl)] {?ij)i . . (4,214
and
(2, ). =(o,.}7(a.7. (4.2.14b)
~-ji‘y =ijfiteigi "
Hext, & general composaltion léw for n transformations is derived.
Assuming that expressions similar to (4.2.7) and {4.2.8) hold for k trans-
formations, it will be shown that they hold also for k+!, thereby obtaining

general relationships by induction, Thus,
[?‘Ik].-"[e;z]1+[§23]1+‘“+[Ek_1rk]1 . {4.2.15)

[?1].;]1:[?12]1[ggalz"'[?k._j’kjk_1 ! {4-2.16}
Then,
(2, ,k+1] 1"[?11;) 1+{‘3k,x+1]'(i‘1z] 1 [523} A '+[§k-t,k] 1+[5k,k+:}1
and .

2, ,k+1] ™R, i1t @) 4

Introducing a similary transformation to refer Qk

to k- dina
R c?or tes,

{?1.k+1]1=[g1k)1(?k,k-l-l}k[?lk}lf[?ik]1-(?1}:}1 (Y -

"{?12}1 (9325 (@ ,k}k—1 @k,kn]k

Thus, in general

r

1 . .
[§1HJ1= 1‘:: (Ei,1+1}1 {4-2.1?]

and
[?1n}1“{912]1{?23]2"‘£?n,n-1]n T (4.2.18)

which are useful relationships because they cnable the analyst, firse, to ..

compute the fipal rotation, from 1 to n, referred to coordinate system 1,

in term of successive rotations, from i to i+1, referred to coordinate system i,



-

In general, however, a

iAe will be more readily referred to coordi-ate
r

system i, but the transformation te system 1 is easily perforned as

and |

L

[51,1+1J1 [~11} [.1 1+1]

911 1 cah be gbtained from (4.2.18} with n=i, The method of Genavit

and Hartenberg (MDH)} is based on the closure eguation

T T23T12%044 - (4.2.19)

ér, equivalently,

[512}4*[523]3+---+ 2het, n} +[§nl},- 0 {4.2.20)

together with

{?12}1[?23]2‘ [Q -1,n n-IG?n1]n' I (4.2.21)

where, acgording te the relationship (4.2.14a),

T
ORI . wem

Kext, the MDH iz applied to a linkage composed of n links (rigid bodles)

coupled by any of the six lower pairs {R,P,H,C,5 or E) introduced ir

Chapter 3. Let the axis of the pair be defined as

1)

i1)

“1i4)

iv)

the awis of rotation, if tha pLir iz R,

the direction of traslation, ié the pnir is P,

the axis of rotation, which is identical to the directicn of traslaticz,
if the pair is H or C.

the direction of the normal to the plane of contact if the palr is E.-

Only if the palr is spheric no single axis can be defined. In this cas:z,

Fhere is freedom to choose the axis of the pair and so, the anzlyst cas

n

¢hoose it to his best convenlonca.

To implement the MDH, number the links successively ?1,2,...,n. Then

a) Lat 2, Le the axis of the palr coupling the first link {(the fixeZ one}
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with the second one {the driv;ng or input link), in such a way that the
variable denoting the fnput be positiye along z],

b) In general, let Z, be the axis of the pair connecting linka i and i+1.

i
el Lat X, be the common perpendiculax to z, , and 2y directed from 241
tclzi .
d) . Let ai ke the distance between zi and zi+1, always pozitive,
e}l Let s, be the coordinate of the intersection of axis xi_] with axis Zi,

in frame Ki—Yi-z Since it is a coordinate, its sign can be plus or

i
minus, depending on the positicn of the said intersection. The absolute

value of 5, iz the distance hetween ¥, and X

i 1417

£) 1at'ui be the angle between Z, and 2, ., measured along the positive

direction of xi+1

g] Let Ei be the angle between X, and xi+1' measured along the positive

direction of zi.

h) "Construct the translation vectors {g ]i and the rotation matrices

i,441
[Qi,i+1}i’ as ia desc?ihed next,

i} Apply the closure conditions (4.2.20) and {4.2.21) and from them chtain
the sought ipput~output relationship.

In order to constructthe translation wvectors [gi,i+1]i' it is necesaary

first to construct the rotaticn matrices {gi,i+IJi' which is done next.

The relationship between ccordinatp systems i and 1+1 is shown in Piyg 4.2.1,

4

in agreement with the notation of £} and gq).

s



Zy
P ~ Y41
z“‘mhhh oy ,"J’
i+l S —~ ( -~
- o
. ¥
6, A}
N\
\\
X
1 Xl

Fig 4.2.2. PRelative positlon of coordinate gystems i and i+1
Since xi+1 is perpendicular to zi {by definitlcn), Xi and xi+1 lie in a
plane perpendicular to Zi' Thus, xi can bhe made coincident with xi+1 by

means of a4 rotation through an angla Ei about zi, as chown Iln Fig 4.2.3,

where X!, Y, Z; are the original axes X0 ¥y after the said rotation,

i i
g5 that zi coincides with zi.
2 1%
L}
- Yi
..--""#1'3
L Y
\ 1
\
Bi "\
xi \
I =

Flg 4.2.3 FRotation through an angle ﬂi about axis Z;.
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Hence, f£rom Section 2.3,
cos§, -sinb; O ]

[?ii')i= sing,  cosé, 0O (4.2.23}
0 0 1 }

1 i 1 1 L]
Mext notlce that 2y 1 {i.e.xi} i3 perpendicular to LTI R zi{i.e.zi]

and . Hence, Yi and Zi can be made coipncldent with Yi

141 ard 2. ] by

+1 i+
means of a rotation through an angle EH about xi. The relative posizion
cf axes 1' apd i+1 is shown in Pig 4.2.4,

From Fig 4.2.4 aml secticn 2.3,

1 () (1]
g?i'.i+1)i. =|0 casa, -Einﬂi {4.2.24)
] sina cosn
! 1 i
SRR 2y .
Ny

\ _ i
AN -

\ ..-'"""1\“1
¥y

xi{=xi+1}

Fig 4.2.4 Relative position of axous i' and axes 141

Flpnally, from eg. (4.2.18),
[gi,i+1ji‘£giri‘]i[gj:lri+1]j_! " (4.2.43)

the desired matrix iz obtained as
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' rconai | Fsinalcasqi sineisinqi ]
@h,i+l]i = sinai cnsaicnsui -cosﬂisinai {412.25}
1] : uinui cﬂsui ]

Now it iz possible to construct vectors E The relative conflguration.

91,1+1)1'
of three successive links appears in Fig 4.2.5, where the notation of a} to

T
g) lhas bean follawed,
T

i+l

Flg 4.2.5 Three successive linkas of a linkage

anm Pig 4.2.5,

[Ei,i+1]iz[@1'}i+ [?i:i+1]i(0i'ci+'l}i+'l {4.2.27)
with ) 1

Fazai-]i'[ﬂrﬂ*’iJT : (4.2, 28}

and

GEIai+1}i+1_[ﬁi'°-GJT . | {4.2.29)
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[?iri+1}i bﬂinq Elsl giVEn by ﬁq. _{4‘2‘251 .

Substituting (4.2.26), (4.2.28) and (4.2.29) into (4.2.27),
[ﬁi,i+1}i;[“i“°3°1‘ai$i“ﬁi'“ijT {4.2.30]
Expreasions {4.2.26) and EA.?.JO] enable the analyst to systematically
construct the affine transformations required to estahlish the closure
condition (4.2.19),
As is ghown in Examples 4.2.1 and 4,2.2, it 15 not always necessary to
apply both cléﬁure conditions (4.2.20) and (4.2.21) arising from (4.2.18},
since only cne suffices.

Example 4.2.1. Analysis of the universal joint. The layout of a universal

{or Hooke's) joint appears in Pig 4.2.6, whare the DH notatian has been
used. The universal jeoint is a special class of RRRR spherical linkages.

Oktain an input-cutput relatlonship of the form E{Hi;64} = 0,

Fig 4.2.6 Universa)l Joint



L

gince all coordinate axcs involved in this linkage have a common crigin,

the closure condition on the translation vectors is irrelevant and anly

that on the reotation matrices will be employed. The rotation matrices

appearing in the present analysis are constructed from the fact thic, in

this cage,

- - &
a, =00, 90

Constructing the rotation matrices acccrdipg to eqs. (4.2.26) and 4.2.20),

anae obtains

[?14)1'-(?12)1 [?23}

Thus,t

rcﬁ'jcﬁ

2[?34)3

g_+
2¢ 3 551553

(912)1(953) 5(034) 3= [s0,c8,00,-c0, 50,

LY

sﬁzc33

cﬁ1sﬂ

2

g8 =5
lE!|2

-c32

caicﬂ

sH1cB

2

2

59 _-sf ¢
3 551 &

553

§ﬁzsﬂ

+CBICB

3

b

3

3 1.2.31]

On the other hand, from (4.2.28) and noticing that, for i=p, i+tel,

c&i
(R49) o |58,
0
But, from {4.,2.14a},
T
[?14}1'(?41]4
Hence,
rcﬂ4
[?14}1' ~80,©

Hads

=88 .cn

4774

cﬁqcu4

5'14

58

c8. c
oy Il

4:1,4 -C 345{1

5E4334

-c94un4

Cﬂ4

80

Ca,

(4.2.32}



Equating the (1,2}-3nd the

{2,2)-entries of hoth forms of (Qld]i -es,

{(4.2,31) and {4,2,32) - one obtalns

cosﬁisinﬂz-sinﬂ4

sinﬂ‘}sinez-cusﬁ4

(4.2.33a)

cosn {4.2,.33b)

4

Eliminating &2 in the above expressions,

tnnalncnSu cotﬁ4

d
which is the ipput-output

Example 4.2.2, Analysis of

{4.2.24)

relationship meant to be cbtained.

an RERC linkage. A typical RSCR linkage is shown

in Fig 4.2.7, where the DH
variahles have the values

a

1 1 2 2 3
8, -4 0,=8, B,=8
a1 = a a2 = h nj =0
®;=¢ 520 By =0

For ?he analyzias of this 1
tion vectors will bhe neede

have to be expressed in on

will alsoc be constructed.
i o s¢cu1
A I
| Q sa,
[ cﬂz -sﬂzcuz
(9,30 ,7] =0,  cty0n,
l 0 8a,

notation has also been used. The Parameters and

T ™
7 %7
3 %78

B, = -5

inkage, only the closure conditicn of the transla-
d. Since these vectors, as given by eq. {4.2,20),
e single coordinate system, the rotation matrices
THhus,
-24850

1

-cdBEO {4.2.35al

1

CEI.1

552502

- 4,235}
cﬁzsuz L

{‘:32



033 0 —553
’[g'ﬂj}— s, 0 efy {4.2,35c)
Lo -1 o )
r;:Etl= 0 st )
(9,,), =158, © -c8, {4.2.354)
L0 1 0 |
and
(a,,), = (ace,-ass,+c)” %, (4,2.36a)
(2,4}, = [bﬂﬂzrbsﬂzrﬂ}T ' :f (4.2.36b)
(230)5 = (02 0. )7 R (4.2.36¢)
(ag))4 = (00 0,-)" B (4.2.364)
b.

Tha glosure condition on the translation vectors rtquifuéégpigavectors (4.2.
nf:.'. ,.!
be all expressed in terms of the 31, Y1, 21 coordinata grltnnfﬁtn ylield
wg L{

",
i

A
I[EHE}"|+{523}1+{E’34}1+[e41]1:{9]'| :‘ {41..2-371
Performing the correspondling trasmformations,
htc¢cﬂz + s¢sﬁ2cu1 ]
[523 1-[g12]1[§23}2- bi-s¢cﬂz + c¢sh,cn, ) {4.2,38a)
bsb,sa, .;f
Since [334)3 vanishes,
{2,4), =(0) {4.2.38b)
o
[Eqi}] '{?14]1[§41}4 - (4.2.35%]
a

Substituting (4.2.36a) and {4.2,38a) - (4,2.3B¢) into 1';; ' 2.37), the
following scalar equatlons are cbtained

acos$+b{costcosh +sin¢cusu]sin52] L]

2

o g



q4.14

—asin$+bI-Sin¢cﬂ552+cos¢c03nlSinﬂzl-s-ﬂ {4.2.39b}

.c+bsina,sind =0 {4,2,39c)

which,” for every value ;f the input angle ¢(t), ylelds a nonlipear algebra:z
system for the corresponding threo unknownsu,(t) .152{121 and s(t}.

One method to solve the foregoing system is via the Newton-Raphson nethod,
as shown in Ssction 1,13, by aﬁplicatinn of the NRDAMP gubroutine. Zowewver.
in this particular case it 1is not necessary to spend soc much compuzar tine
for, by introduging suitable trigénum&tric igdentities, the system 1.2, 3%)

can ba reduced to

s{t) = asing + VA cn52¢ {4.2.40)
whichbexplicity provides the set of values of s for each valua of 3.
A table of values for s(t) was obtalned from a digital compurer ocu:put, fcr
the following values of mechanism parameters:

a=1.00m be300m cm2.00m
fér a value of & constantly equal to 150GIrpm. similar tables for Talocity
and acceleration values were obtained via &ifferentiatinn af a{t) v appli-
cation of msecond central differences. Curves appearlpng in Fig 4.2.1 were
obtalned from the sald tables.
Rotice that eg. (4.2.40) could have alsoc been obtained from the geimetry
of the linkage of Fig 4.2.7, due te the simplicity of the linkage.
In more gencral instances, however, the geometry is not so ;imple aad thke
MCH becomes essential.tc perform the analysis.
In addition te the digitai-¢cmputer method previmusly ocutlined, to abtaiﬁ

tho cutput si{t}, 5{t) and B(t) out of ag. (4.2.40), analog computer method:

can alsoc be applied.
An analeg computer is a (usuaily electrical} physical system whose Dehavieccs

is governnd by the same mathematical model govemsing the system
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Fig 4.2.11 An RSCR linkage



under analysis. The elcments constituting an analpg.computer perform the
usual mathematical opexations appearping in mathematical models, "i.e., i
algebraic addition, multiplication, division, integration and differentiation.
"Besides those vperationa, the analog cnméuter iz also supﬁlied with function
generators. All these elements are symbolically represented as appearing

in Fig 4.2.9. An analog computer representation of a mﬁthumatical model is

usually called "a realisation" of the model, because wia that representation

the model is taken into physical reality.

Equation {4.2.40) could readily be realized in an snalog computer, and two
differentiations would have to be performed to obtain the acceleration
5{t). However, due to the noise fresent in aevery physical system, and the
fact that a differentiater ls a noisa amplifie;, it becomes undesirable tP

perform more thap one differentiation. To avoid the second differentiation

to obtain E{t}, then, eq. (4.2.40) is firet differentiated to obtaln

ds _ & _ as cos¢ .
8' (4 5 T " 52 sind : {4.2.41)

which has to be integrated once, with"initial comditions s=s_ at ¢ =tgt

0
and differentiated snly cnce to obtain ;{t}. The analog realization of
aeq. (4.2.41) appears in Fig 4.3.10 B

Details about analog simulation of linkages can be found in [4.5}.
Concerning simulation of mechanical systersin gencral, the reader can see
(3.7)- . .

A digital computer-oriented algorithm, based on an iterative procedure,

to obtain the history of all variables of a linkage is presented in [4.3}.

Exercise 4.2.10 Given the RSCR linkage of Fig 4.2.11, obtain an input-

cutput relationship £(¢,4}, an analog reallzation yielding ¢,¢ and ¢

. " R
and curves ¢ vs, t, ¢ v8, t and & vz, t, for the following values:
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a=0.5m, bw1.0m, c=0.25m, d=0.75n, e=0,5m, ¢=1200rpm(const)

-

4.3 AN ALTERMATE METHOD {F ANAL¥SIS, Using the MO cone does not necessarily

abtain one single relationship for the input and the ocutput wvariables, but
usually a system of nonliqﬁgr algebraic equations invelving all the different
linkage variables which appear strongly coupled, as cccurs with egs, (4.2.3%9..
If the system is not very ccmﬁlicated, then it can hapﬁen that, after intra-
ducing appropriate trigonometric identities, one can obtain a single Input-
output relatioenship where the only variables appearing are the input and the
nutpﬁt. It ié is pot obvicus how to cbtain the said single relationship, ther
one is forced to solve a systom, instead of one single nonlinear equartion.
Gupta {4.10] has presented a method which does not require all the apraratus
of the MDH and ylelds a single relaéionship between the input arnd the output.
The methad is based on an Eéuatiun gestablishing the constancy of e%tha: a
link length or a link angle, throughout the linkage motion. The linkace is
assumed to have a single-loop which, fcrrsimplicity, iz assumed to he composel
of just four links*: the fixed link, the input link, the coupler link and the
output link. Let A be a point on the input axis; B, a poi?t of the pair
cnnnectind'the input and the coupler links; €, a point of the pair connecting
the coupler and the cutput links:; and D, a éoint of the qutput axi=z, Turther-

more, lot a b and a,b,c¢,d, denote the position vectors of the

35 Ror o0 o =
correspending points in both, a reference configuration arnd a current config-
uration, respectively,

Lot also 9 and R be the yotation matrices carrying the input and the output

links from the reference configuration to the current configuration, Then,

from tha lenght constancy of the coupler link,

*This linkage could be RS8R, RSCR or its inversions. Spherical linkages
are dcalt with next,



2
e - <l1? = iy, - g)12. (4.3.1)
where, clearly i
' ? - Eﬂ-+ ngﬂ - EDJ - {4.3.2a)
and
¢ =+ Rlg, - g, (4.3.2b)
Hence,

2 . 2
He-el1” = {lag0trgmag) - 4y - Rtey - 41|
vhich ylels the desired input-cutput scalar equation which was to be chtained,
after substitution into eq. {4.3.1), namaly

' 2 ' 2
lag + 0ibg - 29 - g5 = Rigy - 2117 = {lyg - gl 14.3.3)

Equaticn (4.3.3) coﬁtains only two unknowns, the input and the cutput angles,
thereby showing how one single scalar equation for thesa two variables can be
obtalned. The next example illustrates how to apply this method to spherical
linkages.

Example 4.3.1 hAnalysis of the general RRRR spherical linkage.

The MDH can be applied, of govrse, to general spherical linkages, following
the aame procedure applied to the univeésal joint.

The fact that the MDY introduces other variables besides the input and the
ouéput, however, produces very cumbersnﬁe equations, algebraically difficult
to han&le. The alternate method proves, in this case, to be particulary

helpful. Consider the RHRR spherical linkage appearing in Fig 4.3.1
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Let 8., B,. €4+ d, and a,b,¢,d be the position vectors of points A, B, C
and D in a reference configuration and in a time-varying confiquration,
respectively. Furthermore, let Q and R be the rotation matrices carruing

links 2 and 4, respectively, from the reference to the current configura-

tions. Thus,
- .3.4
13:-1213& {4.2.4)
and
Eﬂffg (4.3.5)

Clearly, a=a, and g-gﬂ. The cosine of a., in both the reference and the

0 3
current configurations ls

T

Ec05u3}rﬂf = EOEG {4.3.6a)
and
{cosa,} = ch {4.3.6h0)
Jeur S °
where 1[bu|[ and 1|cu[]. are assumed unity, without loss of generality.

since link 3 is rigid, a. remains constant throughout the linkago motion

k|



and, since |[5]] = {16 | ens [le|| = |le,||, one obtatne
e n T,

or, substituting the relations (4,3.4) and (4.3,5) in the above equétion,

T T ™ -
R - 4.5.8
Bo@ Ry = Bygymcosa, ¢ :

which is the scalar input-output relationship meant to be obtained,
Tha nniy variables appearing in eg. (4.3.8) are ¢ , captained in Q, :nd ¢ ,
contained in R. Define the coordinate axes appearing in Fig 4.3.2, with %5

and xﬂ directed along the axes of R1 and R41, respectively,

2

ziizn‘

E
12 Xo

Xy

Fig 4.3.2 Fixed coordinate axes containing the

axes of R12 and R41

Matrices 0 and R, referred to l- and o- axes respectively, are glver as
1 0 o 1 o Q
= -5 - -5] (4.3.9)
{?]i 0 £OS sinyg| [5}0 o cosd sing

0 slnop cOsyY 0 sing coad
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Yeotors Eﬂ and C, are shown .in Figs 4.i.3a and 4.3.3b

Hence,
cosa, cosa,
{QGJL ] sinuzcosnpID ‘ [:D]ﬁ f 5inu4ca5¢ﬂ {4.3.10)
sinuzslnmﬂ sinudsin¢ﬂ

In order to perform the products appearing in eg. (4.3.8) it is necessary (o
express all vectors and matrices in the same coordinate axes.

The transformation matrix carrying the i-axis into the o-axes, referred to

the l-axes, is given as

cnsu] —sinu1 0
[§]i " $1nui cosa, 0 (4.3.11)
o o] 1
z L]
i %5
YG
Y C
i C ’
20 ~0 o C
Fih -
£ o -
o, _ 4 ff?>,f
- — "Bo ’ o
- ]
- . j""u_ . S
[0
X5

(bl

Fig 4.3.3 Reference configuration of points B and C.
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QTR c

=

needed in eq, (4,3.B) is.next computed

od

The product b o

¥l < (o] (o), = ()7 (9, ), w312
.which yiedls

~50, BU ¢{¢+¢ }}+5u c{w+wﬂ}[sa cu4+ca 5a c{¢+¢uj}+

(ca 154,45, ;

TT
b Q@ Reg=ca,

+Bu25u43{¢+¢ﬂln{¢+¢0} {4.2.13)

When eqg. [4.3.13} is subatituted inte eg. {4,1,8) one obtalnes tha degjred

input-output equation

cuz[cu1ca4-nuisuqc{¢+¢ﬂ}]+su2c{¢+¢ﬂ}(§u1cn4+cuinu4ci¢+¢ul)+

+Eu sa 5{¢+¢ ]st¢+¢ ]ucu =0 {4.3.13a)

in which ¢ and ¢ are measured from the reference values Vg 20d 4.

respectively, as defined previously. If the gaid angles are measured from

the plane gf the axes of Ry, and Ryqe ingtead, then the latter equation

becomas

gS¥ad=ca =0 14.3.14)

o c
uzica a 3

] 4—5u]sa4c¢}+su2cm{sujcu4+cu1su4c¢j+su Be

.
The ipput-output eguation for the unlversal Joint can now be obtained as
& spacial case of eq. (4.3.14}), letting uzﬂuaiu4-gﬂ', thus obtalning
ca1c¢C¢+nws¢ =0 (4.3.15)

or

ca

tang

+ tanp = O

which is equivalent to eq. (4.2.34) previcusly obtained. In fact, e, of
eq. {4.2,34) corresponds to a, in eg, {(4.3.15) and

¢J - 130"‘ 'ﬂ1r¢-ﬁ4



4.26

The method of Denavit and Hartenberg, as presented in Section 4.2, is a

very .well structured systematic procedure for the analysis of "singla-loop

linkages", l.e. Those whose links aze all binary*; but problems arise when
"multiple-laup linkagas"” are to .ba analyzed, Sheth anpd Uicker [4.9} have
_generalized the notation of Denavit and Hartenberg, however, to overcome

the aforementioned situation and furthermore, to extend the application

of the MDH to the analysis of higher-pair mechanisms,

. * If a 1link is coupled to 2 other links, it is called binary; if it is
coupled to 3, it is ecalled ternary, and so on.
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G, AH INTRODUCTIGCN 'TQ T{E OPTIMAL SYNTHESIS QF LINKAGES

6.1 IMTRODUCTION, The problems of linkage synthaesls cutlined in

Ch. 5 lead in gereral to nonlinear systems of algebralc equationsa.

45 discussed in Section 1.13, these systems can admlt multiple
sclutions or none, the said solutions satisfyiné all the eguations
exactly, if roundecff errers are disregarded, which is done in this case
since the numerical eccuracy of the sclutions Is lrrelevant in -’

the current discussion. The resulting solutlons, however, were nat
evaluated regarding the "gquality™ of the linkage they produced, the
said guality being previously defined, of course. The guallty under
conslderation could be the overall "size" of the.linkage (this slize
could be in turn defined as the sum of the lengths of all the links,
for example), its minimum mechanical advantage or the maximum angular

acceleration of one of its links.

The several possibilitles that could arise, different to those studiad

irn Ch. 5, are:

i) the number of prescribed conditlions exceeds the maximum allowable,
thus yielding an overdetermined problem which in general cannet

be solved exactly

ii) the number of prescribed conditions 1s smaller than the maximum
allowakle, thus making it possibhle foar the designer to sclect

tha best linkage (in some sense} from a varlety of alternatives.

iii) disregarding the relationship betwean the number of prescribed

conditions and the maximum available, one chijective function

of the linkage (slze, mechanlcal advantage, ete,) 13 meant to

be optimized.

nll thase three cases correspond to problems of linkage optimizatian

and will be discussed in this Chapter.

6.2 THE OPTIMIZATION PROBLEN. The most gencral, hence most abstract

cptinizatlon problem, can e stateud as follows:

"Giwven a vwoctor space ¥ and a scbsek 0 oof 1t, find theo vector E'Cﬁ

such that a f{alse given} sgalar function £ defined over ¥V, attaing

tta opbtimal wvalug at =*"



The prohlem thus deflned has ngt heen solyved*, hut solutions have
been found to same special cases of 1t, many of which are applicable
to linkage synthesis problems.

To begln with, hte kind of problems that usually arise in the realm
of linkage optimization are defined over a vector space V of finite
dimension, l.e. the problems that wiil be handled in this coantext
contain & finite number of independent variables. Prohlems containing
an infinite {even mcre: a non-denumerable) set of unknowns arise in
areas such ag eptimal contrll systems [6.11 where the vector space V
is Q Banach =space [6.2], 1.8, a vector gpace wvhose elements are
continuous functiona of one real variable {(tlme) with some speclal

Properties that will not be listed here,

Furthermore, the subast ! 0f the finlte-dinensicnal vector spaces ¥
that will be handled in this chapter, is defined by a set ©of either
equakity or inegquality algebrale relationships {in the case of Banach
spaces, ,the sajld subset is dafined by differentlal egquation=z)., In
addition, the objective functien teo optimize iz a functional over V.
i.e. a scalar algebralc functlon (as opposed to integral functional
in the case of Banach spaces) of the n independent variables
corresponding to the dimension of ¥V, -Hence, the optimization praoblem

arising in linkage aynthesls can be stated in the general form:

optimjizae f=1f (x)
subject to
gix}=0 f6.2.1}
and
hi{x}>0

where X i3 an n-dlmenslonal vactor of.apace ¥V, £ 1is a vector-valued
scalar function, ) is an m-dimensigpnal {m<n} vector-valued vactor
funetian and D, a p-dimensional voeutor-valued vector functian, and
mtp>n.

Remark: Vector spaces ara non-ordered sets [B.3], hence no ineguallty
retatien can he associated to them. Therefore, the ineguality

appearing in (6.2.1) sheould be understood as a compact symbol to mean

B (x)20  i=l,...,p (6.2.2)

*in atl its generality



hi being the LEE component of vector h, A simllar symbology 15 used
to express positive definlte and positive semldefinite square

matrices A, i.e,

ArD (positive definite)

A2 (positlive semlidafinlite])

An extenslve discussion of the formulaticn of the problem of linkage
syntheais as a mathematical programming preblem appears in [6.4]. In

the mbstract of this paper the author states:

“"The synthesls of machanlams thus ceases to be o narrow and isclated
Scientific field but becomes part of a hroad sphere of secience
encompassing arecas obvicualy very distant such as economy, military

scliance, auvtomation, cyhernetics and others”.

6.3 QVERDETEEMINED PROBLEMS OF LINKAGE SYNTHESIS, It was shown in

Saction 5.2 that the synthesis of the RSSR linkage for function
generation leads to a system of up to eight linear equaticns in

eight unknowns, thus making it possible to satisfy up to eight
conditions <f the type ¢i-¢i[¢i] hetween the input and the output
angles, @, and ¢i’ respectively*. In Section 5.3 it was shown that

a rigld body can be gulded through up te three succesaive confilgurations
by means of an R-R dyad and reference was made to results appearing

in the literaturs ES.Il,lE,l?ulB]'shﬂuing that the sald three-pomition-
rigld-bedy guidance problem, when sclvable, has two real sclutions,
which constitute a Rennett (RRRR-single~degree-of-freedom-spatlall
linkage . The resulting syntheslas equations were shown to be twelve
nonlinear equations in twelve unknowns, Futher on, in Secticen 5.5

it was shown that, by means of an BRSS linkagae, a spatial path can be
tracad that passasg through up to elght points In space, the resulting
egquations being 39 [(according to Suh [5.2{]} ponlinear eguatiens Iin 39

unknawns.

There can arise technical problems, however, that requlre to synthusize

either: i)an RSS5R linkage that satigsfiles a discrete input-output functian

*It was also mentioned in that Section that, as Mohan Rao et al,
[S.chlaim, it is5 posalble to extend this synthesls problem to
10 precision points if agale factors bhetween the synthesjzed function
and input and output angles are not specified; but this possibility
will not be discussed here because the synthesiz-l functien is assured
to be definedonly at a discrete set of points, )

1



over more than eight points, or ii) an RRRR spatlal {(Bennett) linkage
that carries a zxigid body through more than three configurations, oOr
i414) an RR55 linkage that traces a spatial path passing through moroe

than eight polnts., In all these cases the number of resulbing synthesis
equations will exceed that of Avallable linkage parameters [unknownsa),
thus leading to anaoverdetermined problem, &his problem could invelve

& system of linear eguations, a3 in cass 1) above, or a system of

nonlinear ones, as In the remalning two previeously discusaed casas.

The aoverdetermined arising problem does not have a sclution in the
*usual" sense, i.e. in the sense of satlsfying the equations exactly.
As was discussed in Sectien 1.11 for linsar systems and in Secﬁinn 1.13
for nenlinear ones, a golution vecktor X, 1s sought that yields tha
minimum error (in the approximation to the said eguatiens ), in this
instance. The most comonway of measuring such errer is through the
Euclidean norm of the vector whose components are the involved
equations, ie. LIf this error Ls denoted by e and the system of

eguations is £fix)=0 (Ax-b=0 in the linear case), then

- -~

u2a|jf[x}|!2-£Tf (6.3.1a)
or

ezul|hx—b|]2=(E§uEthhx—b} ' (6.3.1h}

whether the aystem of equations 13 nonlinesar or llneax

cptimlzation resulting preblem c¢ah be stated as

‘ 1
"Mipnlimize fif ovaer ﬁ“ 48.3.2)

If cthe syztem of eguations is linear, f should he replaced by ax-b

in (8,3.2), of course.

Hlotice that problem (6.,3.2) 15 a particular case of problem {e.2.1), in
which no constraints are present, L.e. this is a so-called

"ynconstrained optimlzation preblem": furthermore, due Lo lts particular

ar



guadratic nature, it is referred to speclflcally as a least-syuare
problem. Tha nptimum-fa is found, as outliped in section 1.12 for

the linear case, by triangularization of matrlx A via Householder
reflecéicns and "back substitution", both of which are implementad,

in subroutines HECOMP and HOLVE appearing in Figs, 1,12.4 and 1,12.,5,
The nenlinear case, as discuzsed Iin Sectlon 1.13, is solved ltaratively
by Newton=Raphson method, which requlres the computatien of the

optimal correctlon at each stage, via the solution of a Llnear least-
sqﬁaru prnhlnm,.which ia done, as alroady mentioned, by means of
subroutines HECOMP and HOLVE. SUBROUTINE NEWRAMC, whose listing appears
in Fig, 1.13,2, comkines HECOMP and BOLVE to zolve the nonlinear

least-aquare problem (6,3.2}),

The least-gguare problem arising ln linkage syntheses has been already
dealt with in the litterature. Suh and Mecklenbury [6.5]sclved such
problem by application of Bowall's mothod. The said method is ons of
the sa-cﬁlled "direct search methods" and speclfically it performs
uni-diractional searches, i,a. it optimizesa the objective function
once at each lteration, keaping fixed all the wvariables but one, at
each time. More on direct search methods will be discussed in Section
6.5,

The linear least-asguare zolutionvia ilouseholder reflectiang la next .

illustrated with an exampla taken from Eﬁ.i] for comparissan,

Example &.3.1. Synthesize gn RSSR linkage so that its input ¥ and

its output. ¢ be related according te Table 6.73.1., Referring to

the nomenclakure of Fig 5.2.1, assumu

a4=l,u4-90“

Solutian:

Use is made of eq., (5.2.18) and definitiens (5.2.19), thus cbhtalring
l’kz""'kﬁ’ of

the Lorm : -

a syatem of 19 lipear agquations in the slx unknowns k

Ax~=hb {6,232, 3]

—
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whersa ﬁ ls a 19x6 matrix, x 1is a 6-dimensaional vector whose iEE
component isg ki and b is aHLE—dimensional vactor whose iEE

camponent is c¢i¢$i+cu4s¢is¢i. Both matrix A and vector E appear in
Table §,3,2. :

Subroutines HECOMP and HOLVE ware used to obtain the least-square

solution Xo? 1.e. the six values kl,...,k that approximate the

&
19 eguations {6.2.3) with the minimum errer, in the sense of the
Euclidean norm. Tha optimal resuvlting values and the corresponding

linkage, parameters appear in Table 6.3.3

The error abtained with Ppuell's method, reported 1in [6.{], as wall
as that obtained with Householder reflections, are shown in Table

£.3.4. The overall error, fer comparissen purposes is taken as

) ln L] - 2
e:f/nf{¢i'¢i*}

whare ¢I and ¢I* are the generated and the specified values of the
gukput varlable, respectively, torresponding te the value ¢i aof the

input variable,
The nonlinaar case solution is 1llustrated with the following example.

Example 6.3,2 Synthesis of a plane RRRR linkage for rigid-hody

guldance through 17 specified configurations.

The specified configurations are shown in Takle 6,3.5. The synthesis
efuations are those derived in Appendlx 4, namely, eqgs. (A,4.6}) which

ara next rawritten ans

i 2 2
fj=|]{l-e1 ]}an+bu-rj|] -]rbDI| 20,9=1,...,16 (6.2.4)

The objective function i3, then

T 16 2
=L £ 6.2.59)
¢(aﬂrhc}“£ E 1 j f
Hinimizing ¢, as given hy eq. (6.3.5) is, then, a nonlinear least-
square problem, already discussed in case 11} oFf seectlan 1.13. Thus.,
it can be solved using SUBROUTINE NERAMC. The 17 specified configu-

rations are shawn in Table 6.3.5.
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TARBLE 6,.3.5 Specified conflguratlons for rigld-bady guidance

R e e
O de L b D

WGy = LN e L B e O

THESE ARE THE SPECIFIED CONFIGURATICHS

XxicH)

7.880
8,490
7.680
6,300
4,580
2,740
1,010
0,259
=0.400
0.250
1.000
2.730
4.560
6.2B0

T {{H])

-0,260
-7.294%

2.820
1.210
d,950
5.010
4.410

3. 880
-3.090
-3,760
-4.,299
-4.630
-4, 830
-4.090
-2, 700
-0.610
-2.690

THETA
{DEGREES)

313,720
3zz2.330
349,930
353.18¢0
359.87¢
355,840
356,300
1.900
A.670
1,690
4.150
2.120
6,810
10,4000
13.000
18,000
46,270



A program was written to obtaln the least-gquare sclution to the
pralbem, which turned ocut te have two dlfferent solutions, one for
cach silde of the linkage, thus enabling the designer to construct
the whole linkage, The two solutions are shown in Table 6,3.8

TABLE 6,3.& Scluticns to overdetermined rigid-body guidance problem
of linkage synthesis

First solution Secaqd salution:
5015.124,2.255} . AG{1.444,-5.?651
50{0.549,"0-?03} EGEE.S?l,—B.JIS}

Thus, the linkage is componed of sne fixed link with input-and ocutput-
links hinged to it at each of both polnta B shown in Table 6.3.6. Tha
coupler link is hinged toe the input- and ocutput links at each of both

peints A; 2lso shown in that table.

Sinca the problem iz overdetermined, the solutlons obtained do Dot
zero each of the 16 fuctions fj shown in (6.3.4)., They minimize the
gquadratic norm i5.3.5},linst&ad. Since aach £, is in turn guadratlc

]

in a, and b ¢ is guortlic in these complex numbers. Thus, 4 has

2 0’
units of length ralsed te the fourth power. In order to obtaln a
dimensionless measure of the error in the approximation, the error

is computed as

L 16
an DA I - {6.3.8)
16[n, | .

Thiz way, the error of the first soelution resulted to be 38,74%,

whureas that of the second one, &0.77%

an ocverdsatermined preoeblem of the RR spatial dyad for rigid-body

guidance is presented In the next example.

Example El3.3. Syntheslis uvf the RR spatial dvad for rigid-hody
gi1idanaa.

In thls case, onc fourth poslitian of points A,B and C is added to

these threce already specified in Example $.3.1. All four positiaons

are thoe following:
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A t0,0,1) B,(0,1,0) €y11,0,0)

A, (0,0,0) B, (1, ¥2,1) lt.«’"zz YZ/2,0)
A,(1,0,0) 2{1+J"zz 0,7/6/2) 2{1+J" 0,0}
A,10,0,0) B_(0,/2,0) c,(0,V2/2,/6/2)

-

The synthesls equations are those of Example 5_.3.1, egs. {5,3.%3a)
ta (5.3.53h), except that egs. (5.3.53a) to (5.31.534) are now
written for i=1,2,3, thus obtalning a syatem of 16 equations inl2
unknowns. The first two screws were already gbtained inp that exampla.
The third one, corresponding to the fourth canfiguration, was also

obtajined via SQUBROUTINE SCHEW . All three screws are then

-0.7569] I 0_.454]
£, ©.590),a,=|0.787|, £ =0.245,8 =-56.600°
|-0.245] 0,470
_0.906] (0.305]
$,7 0.194,2,210.176],¢,=-1,282,0,2-129,736°
| 0.375] | 0.645
0.194 0.176
§,=(=0.906|,a.={0.216|, £,=-01.375,83= 129.736°

6.375 10,430

The nonlinear leask-square probhlem ariaing from this dyad-synthesis
problem was solved using SUBROUTINE NERAMC. The solutions obtained
are shown In Table &.3,7



6.13

6.4. UNDERDETERMINDED PROBLEMS OF LINKAGE SYMTHESIS. In thlis Section

thé preblem opposite to that presented I{n Section 6.3 is discussed

i.e. problems that will be treated here contain an excessa of ths

nunber of unknowns over that of aquations: hence, they admie infinitely
many scolutiona, If tha aystem 158 linear, thon a unigue solutlon exista
whose norm is a global minimum and can be found via the Moora-Penrose
{See Section 1.1l) pseudo-inverse matrix of the system. If the said system
is nonlinear, then all local minima can be found, as discussed 1in

Section 1.13 via the introduction of Lagrange multipliers, As Fox

and Gupta EE.E]puint it ovt, linear cptimlzetion problems arlae raredy

in mechanism synthesis, that is to say, although {(as was shown in Sectlion
5.2} linkage sy¥nthesis problems for function generation can be formulated
as linear proklems, in this case the linkage parameters do not

appear directly in the synthesls equationa in linearly. Hence, only
the nonlinear case will be discussed in this Section and the 3olution

prncadhre will be illustrated with one examplal

-

L

Example 6,4,1, Syntheslze anR-R dyad that conducts a rigid body through

the first two configurations shown in Fig4,4.3. Since the general

number of esquations for this problem iz 4dn+4 (See Section 5,41, and
for two conflgurations nel, the resulting number af agquations is 8,
but the number of unknowna 1s 12, thus oktailning an underdetermined

system of equations,

Solutinn:

[0 o 1] o]
The data are:
- - = -
gl U 1 ol. El 1 {6 1}
1 0 o o

where components are referred to the X Y 2 coordinate frame.

00
Tha unknowns are ; ' .
- - - - -
%01 ':’::al-| "1 [va1
20" |%o2)’ Po”™ |Poz|r % [%2{‘ Yo"{Yo2 (6.4.2)
_aCI'E_ Lbu 3~ *u 3] -UDE-
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Equation (5.4.3), written for jml, is
2 2 2
- +4 - -
(ag178gq) Hhagarl-ag,ra, ) +2b, (a ,ma, )+
+4(h__-1 + 2 - + - +1= 6=-4,
{ a2 ]anz bOJ{ a5 HDE} zboz 1=0 { lal
Equation (5.4.8), written for j=0,1 leads to
b + + =
B3P0t ¥Rt 3Rg 370 (6.4.3b)
H {ﬂ. - + 2 - - =0 E.d.
Wyt Bg gl PRt inag  ras Sl -y { 3e)
Equation {5.4.9), written for j=Q,1 leads to
b__+
Vo101 Y02P02 Y0 3P03"° {(6.4.3d)
- + + - + - G.4.3
Vo117 %03’ 2“5;“02 Vo3 (m291% 2% "2 "0 { o)
Egquatlon {5.4.10), written for j=1 1=
- 5= -
UiVe3 %2 Vez "Y1 M1 Vo1 Y Yot 5V {6.4,3f)
Finally, egs. (5.4.11) lead to
ruliuiag
U, tu = {6.4.3qg]
2 2
= B.d.3
le+v0,+v03 1 { hl
Equations (&.4,3a-h} constitute a system of 8 eguations in the
k ' : b he
12 unknuwns aﬂl’aDE'ﬂGB’hﬂl’ Dz'bﬂ3'u1'u The

01 Yoz Vo3"

ebijective Function that ¢an now bo introduced, meant to Le minimized,

is
¢{EDIEUI=

Menace,

Hi

2+b

2, 2
017023 Mg

2 2
1+h02+h0

the optimizatieon problem can be sated as:

{G.4.4)
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"Minlmiazao ¢{ED,EG] as glven by eq. (6.4.4), subject te egs. (6.4.3a-h)“
The sclutlon to the foregoeing probhlem praceeds aa follows: Lat f he

an 8-dimenslional vecteor whose components are the left-hand sides of
eqa, (B6.4.3) when all the right-hand sides are set egual to zera,

the non-zerc terms having been transfered to the left hand slde, of
courge, Let % be a l2-dimenslonal wvector whose coemponants arae

. .
jﬁl'aGE'nOJ'bﬂl’bDZ'bDE’ul'“Z’“E'“Dl'vﬂz'vDJI . Define a new obiective

function P as

b=g+ 2T E (6.4.5)

' 4T
whara 5-[11,l2.13,14.15,15,1?,lﬂj is a vector containing the Lagrange

multiplierg of the aystem. The staticenarity condition {See Section 1110}
applied to function P 1s

h=d
o
h

1]

%.‘Il 2 (6.4.6)

+
7

iw i
[

In

(g =

')

which ylelds a sygtem of 12 additional equations. Syatem (6.4.85),
togather with ayatem (6.4.3) constitute a system of 20 egquations

in 20 unknownn, which are the 12 components of vector X + the

8 ¢compeonents ©fF vector i. This iz a determined system whose rooka
can be found via the method of Newton-Raphsan,

Exercisn 6.4.1 Solve system {6.4.3a-hl,{6,4,6)

&£.5 LIMNKAGE OPTIMIZATION SURJECT TO IHEQUELI&Y COHNETRAINTS. The class

of optimization problems discussed 1n Bection 6,3. does not include
any constrajints, hence these are called "uncopnstrained optimization
problemsa”, Problamg presented in Section 6.4 were formulated as -
quadratic optimization problems subject to equallty constraints. There
are gsevaral methods of tackling this c¢lass of problems,but in that
Sectlen only the classical appreoach, i.e. the Lagrange multipliers .

me thod, was ‘preaented.

gptimlzation problems subject to inegquality constraints arise very
frequently in linkage syntheses, For example if the RRRR plane !

linkaye shown fn Flg 6.5.1 is synthesized So that its input link he
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2 erank, this conditlon (passibility of 360* rotation) 1s expressed as

[s-7]

- a_+a. *a_-
372 !

and

+a_<a_+
ayTaztayta,

Aa another example,'assume the tranamiszisn angle of the aame linkage,
H, defined as the angle betwean the coupler and the output linka, is

constralined to lia betwean ¥, and uh, then

<u<
M SHEHy

would be the said inequality constraint, The transmission angle

ig clearly glven by

H=¢-~8

where ¢ and & are defined In Pig &.5.1, except that in this insatance
$ iz measured from a line containing the fixed link, i.e. with ¢D=D.

Angles ¢ and B are cbtained fraom Freudenteln's equation as

kl-k2c05¢+k3cﬂs¢+cnsf¢-¢}=ﬂ

anil

rl+r2cu55+r3cnsw-cos{5-¢}=D

the involvod coefficients being definsed as

z2 2 2 .
a?—al-az—aq El.l a
k.= Za a _— k2=;—, ]‘{3-——
Y27g 2 %4
and
2 2 2
p wed 2172278 T T
_"‘2 4 ? - !
1 a2a3 A, 1 24



As a "rule of thumk”", § is usuq}ly conagtrained to lie baektween 40°

and 140", This class of prablems, then, is of the general type (6.2.1),
An oxtensive account of dliffersnt metheds to soelwve this problam
appears in [E.ﬁ]. Fox and Gupta in this reference classify the
different meahtods of solution to this problem as: i) penalty function
methods and 1i) dircct methods, These are outlined next. 1) Letting
¢(EI be the original chjective function, a new objectlive function Y

is defined, which "penalizes" wviolation of the inequﬁlity constralinta
thus ensuring that the optimizatlon search be carrled on within the
faasikle reglon, 1.a, within the subset ! whore all constraints are
satisfled, The new objective function can then be constructed either
via ap "interior" penalty functlon or via an “"exterior"one. In the

firast case, it is dafined as

_1
{x] .

P
bab () =x}

whereas in the second case, as

P
¢=¢{f]+rE£max{D,hiEEJl]2

whare the value of the scalar r is varied at each iteratlon In a

way that it leads to the optimunm, namely, assume that ¢ 1s to

ba minimized; then, Lif an interior penalty function Ia used, r is
decreased. Otherwlse, r is increased. A4n algorithm caplled "Scquential
. Uncanstrained Minimization Technique"” {SUMT), Llmplementing the
interior penalty functicn metheod, has been publisheq and pxtensively
tested. Yhe correaponding computer program, implementing this
algorithm as developsd by Fiaceco and McQormick, appears in [ﬁ.i]p

ii) Direct methods are those that handle inequalities as such. Tﬂ?rc
ara several of this kind, but the wmost ueilized methods In optimal

rmechanical dasign are: khe method of the feasible directlaons, tha

gradient projcetion matuod and the complex method. -

The method of feasible directions, developed by Zoutendijk [G.é}
is intended In principle to handle linear ineguality congtraints, ]
but nonlinear ones can also be handled Lf a previous suitable

linearization is perfourmed, This mothod reguires first a
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search direction ¢ and, second, a search distance, 5, 3o that when

both are determlned, given a current value %, of the vector argument,

~k

the next value, sl Lla glven by

Xer1™ 5 t8y 2y {6.5.1)
whers Ife ]i-l.

~K

Ta find the direction Ek assuma that the lneguality conatraints are
linear, $.e. of the form

Ax+h>0 (6.5.2)

4

A being anmxn matrix (m<n). There are two possibillities, namely,
alther X lies within the feasible region or it lies on its boundary.
IS it lies within 1t, then e, i3 3fust taken as tha gradlent of the

-k
objective function, i.e,

I|?¢|| - ) (6.5.3}

where the + sign is taken if ¢ is to be maximized; otherwise, the

- 8ign should be chosen, If, howevyer, xk lies on the houndary of

the feasible region, thenscme, say m', of the n lpequalitlies {(6.5.2)

become cgquations, If the new valua X1 1z not geing to violate the
~r

gonstraints {6.%.2), then the search direction and distance should

satisfy the inequalitieas

Ax_+8 Az +b> 6.5.°4
Ax g hAe +D ﬂ { }

-’

whlch counmtltute 3 set of m inequalitiesz. However, m! of the

compononks of vector Ax +L wanish, as assumed before, Hence, taking
. ) - g - -

Ly positivae, 1f {6.5.4) 15 to be satisfied for all 1ts components,

then the soarch direction ek shauld satisfy the follewing ineqgualltiy

ﬁﬁkbl i6.5.5)
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Since yoctor ek must satlfy a linear inequality, it is most

convanient to use a linearx neorm for Lt, instead of the Fuclidean

ane, i.e, lat .

- = 6.5.6
ilgkill m?x{[ﬁik]} 1 { }
whara ey s the izh compaonent of vegtor e, . In order t¢ turn thae
tinding of vector a into a s2tandard linear programming probklem,

~k
which requires the sought vecter to meet a nonnegativity conditian,

.the Eonllowing change of wvariable is introduced

N | (6.5.7)

where £ isan m-dimensional vector whose components are all unity,

Thus, iz found from the following linear program:

Sx
T
Max (99,37 (£, 1)

subject ta
—tk+2f3p

and £ >0

ar

Wwhere the 2n invelved inaquality econstraints arise from (6,5.8).
The forcgolng procedure to determir: ekla dug to Glass and Cooper
Di.lﬂj. If the inequality constralnts are nenlinear, then a local

linearization should be performed te find matrix A of (6.5.2) as

dh
BT x | x=x

™

which yields good rpaults 1f the fez2:ible region 1s convesx,

Qnce the direction search iz found, the di=tance secarch 5. ig

determined performling a unidirectional cptimization in the direction



£ oo,
oL %k

optimizing Bk carries x to 'a point within the feaslble raglon,

There can arise two possibllities: the first is that the

in which cace no difficculty is present) the othar posaibility

appears when Xeel

this case, lnequality (6.5.4) does not hold any longer for all

happens to fall cut of the feasgikle region. In

its conponents. Assuning that m' of the m inequalities (6.5.4}

are violated for the previously found optimizing 5 then there

exist S ik values smaller than 8, {im]l,...,m') for whilch the

corresponding relations {6.5.4) becomea eguaticons, 1.68. for which

bl

= - 1 5.8
aijxjk+51kﬂijejk+bi 0, im),2,...,m (6.5.8}

where a renumbering of the sald relationz might have neceded be

performed. Solving for Sy from (6.5.4),

a, x, +b
5 - - i X L {E-S-‘g}

ik nijejk
Henece, the Jdlstance search 13 then taken as

5k=m1n{51k]T _ .

thus compleoting oene lteration of the whole procedure.

The gradient projaction metheod, developed by Rosen 16.11,121,

performs the asearch {for the optimum) ilnitially aleng the boundaries

of the feasilLle region. The procedure 15, as ocutlincad by Beveridge

and Schechter{6,13], the following:

1, Given a polnt xp where r of the lnaguality constralants become

equations, cevaluate V¢ at xP. Thae sald set of eguations is theno |

written oy

gtfp{"? {6.5. 10}



2, Cleculate the projection of the gradient onto the plane tangent
to the surface (6,5.9), Thils projection defilnes a directlion e

in space lving in the sald tangent plane, Yestor e ls determined as

follows: i
dy .
Let Eg be the directional derivative of ¢ along dlirecticon e, thus
3_3"‘"‘”1'* (6,5.11)

Since e 13 contalned in a plane tangant to {6.5.9),

—=(Vg} e=0 (6.5,12)

e ¢=l (6.5.13)

Refine the ohjective functicn
w-%§+lﬂ{l-eTeJ+lT{?g}Te {(6.5.14)

which accocunts for econatraints (6,.5.11) and (6.5.12). Substitution of
of (6.5.10)} into (5.5.13} together with the stationarjity condition
for P vield .

dy

qo " VtVgr-22 e=0 (6.5, 15)
from which Vgh+T .

O -— {6.5..16)

- 2A
o

whieh, whoen substituted in {G,5.11}, vields an eguation for X,

name Ly

{qE}quiﬂ'f?EITv¢ ‘ {6.5.17)



la being computed fronm

. /WMTEEHI [vs])? (6.5, 18)

which follows from the substitution of eq. (6.%.15%) into eqg. (8.5.12)}

Hence, e is glven as
-

?E}+?¢

e= -

(6.5.19)
9y Togael | 98] |2

3. At this stage two possibilities can.arise: either e vanishas or
it does not. If it does not vanlah, intiate a search in this
direction until a constraint boundary is found, Let x! be tha

" intersection Df the line going fram Rp in the ﬂirectzzn of a,
with the boundary. Then, Lf ¢{§ﬂ} is better than ¢{§P}, ona
%taration is coppleted and the procedure isg restarted. If, on
the other hand, ¢tf;}is not batter than ¢{EP]' perform a
unidirectional search along the line connecting %o and f;. call

Xp.1 the sgought eptimizing wvalue, and return to atep 1 with Xpet

being set ogqual to Xo -
4. In case e vanishes, then 1t could happen that the components of
A have all the same sign or soma are zere, thus complying with

the Xuhn-Tucker conditions [E.l],p.ZBi].If thia slgn is nonnegative,

then a minimum has been reached; 1f nonposltive, then a maximum.

If not all compoanents of i bear the same sign, than some of these
compononts aroc deleted from i1, keecping only thosa lifisl,z,__,,qdrj
with the same sign, Hext, drop the last r-g components of g{fi, l.oy,
those corresponding to the A's with a sign different from those of
the A's that have been Xept. Then restart the procedure at step 2.
The PROJG proygram [5_&99.399-411]1mplements Rasen's algorithm. Ta
describe the complex method, duc to Box fﬁ,ld],'some definitions

arc in order:; GCiven a vector spaern V of dimension n, the {clased}



polyhedron imboedded in-it with the smallest number of yertlces (n+l)
18 called a simplex, A pelyhedron wicth a larger number of vertlces
iz called a complex, Simplexes in two and three dimensions are the
triangle and thne. tetrahedron, respectively. Complexes in thegse spaces
could ke the quadrilatercon and the hexahedron, respectiwvely, The

complex method of Box proceeds as follows:

1. A complex of 2n vertices itas defined within the feasible regian.
There exist gome technigues to define thess vertices in such a
way that they guanrantea that all of them fall dinte the seaid raglon,
bBut they aéﬂ applicable to only a few particular cases. In tha
abhaence of & criterion to choose the sald vertices, it is advised
to assign them randomly, rejecting those that fall out of the

feasible reglon, until the complex is completed,.

2. Evaluate the ahjective function at each of the 2n verticoes and

let X ba the wvartex where thils function attaing its worst value.

i, Compute the centroid, xc, of the remaining vertices, i.e,

'1 2n
# ow—— (L x —-x ) (6.5.20)
~c 2n-1 1 =1 =W

4, Replace the veartex at X, by a new one, x' in the following way

X'mx ~r(x -x }
-W g Juin, ¥ .

(6.5.21)
where ¥ ia a real Pcsitive number whose wvalue 1s recommendad by

Box to be Gaken az 1.3

5, Two possibilities can arilse at this stage: either x; lies within
the feasible region ar not, If it does, a new iteration can be’
restartad at stage 2.If it does not, then a new value, x;, is .

daflined as

xli_i[x +xl}
- A wC AW

If x: again happens to lie ocutside of the feasible region, a new -
value is again defined as the middle point between x and x;,.

~

until the safid new value Fills within the feasible region. Onee
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the rojected yortex has heen regeneratkted, the procedure can be
regtaxted at step 2. If the procedure converges, the camplex
becomes so small that 1t can be considered to sink te one single
point, which is then taken as the optimizing value X In practice,

the procedure is stoppad when the complex has sunk te a size less

than a preagribed finlte wvalue,

Box's algorithm has been implemented in some computer programs, for
example, the one appoaring in [ﬁ.ﬂ,pp.363—3551 and the QPTIM package
[6.15,16]. The latter has been applied very successfully at the
University of Mexico Iin several kinds of problems of mechanical design.
When the number of decision varliables (dimenslon of vector f} goes
beyond 5, however, it praesents convergence dlifficculties, in which case
@ther method should be used,

v

Evercise6.5.1. Repeat the synthesls of Example 6.3.1 imposing the

constraint that the tranamission angle (See Saction 5.2} lie betwoan

407 and 1407
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ABSTRACT. The applicability of both anelog and digital techniques to the

analysis and the degign of cam-follower pairs is presented. It is assumed
that either an analog or & digital computer is available for the analysis or

- the synthesis of follower motions produced by cams, fur.the corresponding
equations are so numerically involved that they are impossible to be solved
by any other means {e.g. geometrical methods). It is shown that optimal
designs of cams are possible to be cbtained by the methods here presented,
these designs being optimal in the sense of providing a cam of minimum
gize for the maximum allowable values of cert;ain para.meters such as the

pressure angle.

L

Symbols of operators for gnalog realizations are defined in the Appendix.

INTRODUCTION, The litterature concerncd with thepanalysis and the

design of cams mainly deals with geometrical methods ([1]* ‘to [5]} )
and only afew ( [6] to [8] ) introduce analytical techniques (i. e.
techniques dealing with equations). To the knowledge of the nuthor,

little attention has becn devoted to abtain congtraint equations of motion

* Numbers in brackets designate references at end of paper.



for any cam-follower pair, which aliow the aﬁalyst or the designer to use
the modern technigues available to solve the class of mathematical
prob]er‘ns arising from these analyses. It is the aim of this paper to obtai:n
the said constraint equations for two different types of followers and solve
them via analog or digital methods. Both the analysis and the design

processesd are discussed and, as to the latter, a’'procedure to obtain

optimal designs is outlined.

it is pointed out that, contrary to the case of linkage synthesis, where the
design parameters form a finite set, in the cam synthesis process, the
parameters to be obiained not only form an infinite set, but aciually
.canstitute a contingum, i. e. the tntality of values of pl{d ), for B
.contained in the closed interval [0,2m , p=p (0]} being the
polar eguation of the cam profile, as shown in Fig. 1. Thus, in the case
of cams, the degign can be obtained via a continuous process, as the one
provided by analog computers { of cm;rﬂe, the applicability of digital
computers i8 not discarded by this fact). The importance of this is two-
fold: - i) The output of an analog computer is inatantaneously read out via f
a plotter or an oacilloscope, thus allowing to adjust ‘design parameters
continuously to obtain optimal designg. ii} Many digital simulators of

dynamical systems arc programmed from an analog computer realization,

thus simplifying the programming labor and saving time and effort.

On the other hand, the numerical «Dutlput obtained from a digital computer

can be directly fed into a numerically controlled machine tool to 'produce
! l ;
the optimal design obtained via a digital technique.



Figure 1.

Polar coordinates of the pmnts on the profile of a
cylindrical com
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ANALYSIS AND DESIGN OF A CAM WITH A KNIFE-EDGED FOLLOWER.

Consider the cylindrical cam shown in Fig. 2, where e is the offseiting

of the follower path.

From this figure, the relations
B=p -8in ([ 9+ ¢ )} )
e=P cos{ 8+ V) (2}
follow. The variaiz:le s{ ¢} is the displacement of the follower, the
output of the mechanism. In the same figure, C is a line fixed to the cam,
thus revolving counterclockwise at the rate :p + ¥ being the angle
between lines C and F, the latter being fixed to the frame of the layc;ut.
For each value of ¢ contained in [0, 27] , equations (1} and {2)
constitute a system of nonlinear algebraic equations in the two unknowns
8§ and s (algebraic equations as opossed to other kinds such aa differential
or integral equations}, if the cam profile P = P [ § )} iz known, as is the case
in the analysis of a given mechanism. The unknowns are @ and p if the
desired output s{ ¥} is given, aa occurs in the design of a cam to provide

a given motion of the follower.

The analog computer realization of system (1), {2) for analysis is shown

in Fig. 3, whereas for gynthasis of a cam profile, it is shown in Fig. 4.
: !

On the other hand, egs. (1) and {2) c¢an be sclved numerically via Newton-
Raphson's method [9] or any other one to selve nonlinear algebraic

| .
systems. The algorithm suggested for analyais is the following:
| .

Choosge a get -{-41'} of valuea of ¢ in {0, an] preferably equally



. Figure 2. Cylindrical cam with a knife—edged follower
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spaced, but there is no reason to impoge this condition. For each value
y! , solve equation (2} via Newton-Raphson's method, thus obtaining the
et Bj =8 tbi ). In order to accelerate the process, choose the initial

¢' asthevalue 8 'mag (p'"'),

H]

guess é: to start the iteration- at ¢
obtained in the previous iteration eycle. Because of the continuity of
with respect to ¢ , o' iz closeto 8" if tJJi and IIJI” are reasonably

close.
Applying Newton-Raphson's algorithm, the iterative scheme is

s =8 - p {8, ) cos (8 +¥'} - e — 3

k+1 ¥ EI wk} cos (Ek + ¢l:| -p {Ek:l sln '{ﬂk + II-")

i
with 8, { v} given. The follower displacement a' =g {¢ )is then

obtained from eq. {1} as .
g = p{e Jsin(s' +y' ) ()

Example 1. Obtain the displacement s{¥ } of the knife-edged follower of
a cylindrical cam having the profile given by the cardioid P# =2 - coa 8

-

with ‘e = Q. 9, beth p and e having the same units of length.

Equations {3) and (4) were implemented in a digital computer, thus
cbtaining the values shown in Table 1, the corresponding plet appearing

in Fig. 3.
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OPTIMAL SYNTHESIS OF A KNIFE-EDGED FOLLOWER CAM. In the
synthesis pmneéa the unknown variables are @ {lﬁ yand p( 4y ) which
pruvid-e é=2p (0}, the polar‘equatinn of the.cam profile. In this case,
Newton-Raphson's iterative Scheme [8] for a nonlinear algebraic syatem
f(x) =0 isapplied, Letting x; be the k th value of vector X, the
{k + 1} st approximated value of the roots of the vector equation

_{_{3} = 0 -where f and x are of the same dimension- is8 .

_i .
,zgkﬂ“ﬁk-g_ {;gklf_{_:ggk}. | {5)

J {x) being "the Jacobian matrix of f with respectto x, i.e. thedymy

element of J is given by
af : '
Iy ¢ —d— : {6)

m ax
th

For the particular system under consideration, let

-l"rf

x, = 8 S (7)
Xg = P, ) (8)
f; = p 8in{® +y)-a, {(9)
fg = P cos(® + V)~ e, . {190)

in eq. {5), thua obtaining the following iterative scheme.

e{ v ) .
By s 1 B + --—-I-—--—- cos( 8, + IJJi } - -i;-— sin { pk + ‘I"l ), {11}
ﬁ'k+1 = 8{ ¥} sin{ Bk.+ '4'| ) + ecosf Bk+ v, ) {12)

4

Again, as in the cage of the analysis of a given mechanism, the initial

r
L
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i=i i-r

guess { 6, , Py ) for = y' ig taken as (6 , B }, the solution

to system (1), (2} for ¥ = ¥ |, inorder to accelerate the convergence.

The important parameter in this design is the pressure angle o, defined
aAa tl‘dxe angle between the follower path and line N, normal to the cam
profile, as shown in Fig. 6. Notice that the inclination of line N with
respect to line OF can be greater or less than 90°, the sign of © thus
changing accordingly . Since the abgolute value of @ i3 the relevant

parameter, the pressure angle is given by

a=|¢ +6 +y =71, {13)

From a well known result in analytic geometry {10], the following

relations are obtained

$ = tan”? __E{_} s (14)
p't e
or ,
6« tan} pﬁ;éi ; ' (14a)

where the chain rule has been applied. Equations (13} and (14a) 3allow one
to compute a{ 68 ) and hence control this variable, except that  p'( 8 )
is not Known in the synthesis process. However, this value can be obtained

in termsof 9, P, ¥, and s{¥ ), as is next shown.

Differentiation of eqs. (1} and (2) with respect to § and elimination of

' ( 9) leads to
ps' (¢ ) sin{e + ¢ )

15
s'{#rJICGS{E"*‘P}'P ’ {15)

ptio) =

which is the desired expression, needed to compute o { 6 ).



Figure 6. Pressure angle of o cylindrical cam with a-
knife —edged follower
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In cam design practice it is customarily recommended to keep the value
of o below 30° in order to ensure a good mechanical advantage of the
mecﬁanism. Experienced designersknow that if the maximum valuc of o
becomes too large, a way of decreasing this value is to increase the
radius of the 'base circle' [11] of the cam. How much to increase
this radius is something that is left to their expertise and, to the
knowledge of the auth;:)r, there are no systernatic means of performing an
optimal design. Thus, the designer has to proceed by trial and error

geometric designs which, in addition to being tedious, are very inaccurate.

An alternative to geometrical methods of design is next proposed:
i} Let ({ Elu : ‘-”1:' be the initial puess to start the iterates for

¥ = lIJl 0. Determine the cam profile for this guess, recording

the corresponding values of o« .

ii} If the maximum value of o bhecomes too large, increase ﬂi '
keeping Eé as it is. In case the s:aid maximum value of o
becomes too small, the cam size is too big, thus a reduction of

p]; 1§ possible, provided o is not made toc large.

iii} Proceed - of course, automatically in a digital computer - by trial and

error until the maximum value of ¢ is 30°, thus obtaining the cam

of minimum size for which the maximum value attained by the

pressure angle is allowable.

The advantage of the foregoing method is that it can easily be implemented

in a digital computer s¢ that the trial and EI"I':EIH" procedure is automated.

One more systematic way to proceed is to differentiate the pressure
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sngle and equate its derivative o zero, thus cbtaining, with the other
cponstraint equations, a nonlinear algebraic system of dimension three,

for unknown values IIJ*, Ei*, p*, &t which o equals Dy the
maximum allowable value of @ . Since a nonlinear algebraic system has
multiple roots, it may become very difficult to find the useful c-;m, i.e.
one which is kinematically acceptable. This procedure, though highly

systematia, will not be necessarily faster and more accurate than the one

proavigusly proposed.

Example 2. Synthesize the cam profile that yields the following displacement

of its knife-edged follower:

s{v)=c+ sin? —, (16)

keeping the pressure angle below 30° and the cam size as small as
possible. In eq. {18) c is the radius of the base circle, a parameter to be

adjusted to yield the optimal desing.

The ij:_e rative scheme wasg implemented in a digital computer with the initial
puess:
For W= 0,

A = 1 rad (17)

o = 1,2, 3, ..., 10. (18)

1t was found that the optimal design laid between p=1.0and p=2.0.
Thena search was performed between,1.0 and 2.0, with an interval length

of 0.1, the result being that the said aptimiziﬁg value of p laid between
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1.6 and 1.7. At each search, gne digit was gained in the optimizing value
of p , having finally obtained the optimizing value p= 1.6234. The
output of the procedure is shown in Table 2 and the corresponding cam

profile in Fig. 7.

ANALYSIS AND SYNTHESIS OF A FLAT-FACED FOLLOWER CAM.

Consider the mechanism shown in Fig. 8, comprised of a disk com and a
flat-faced follower, with offsetting e. Let lines C and F be fixed to the
cam and to the frame of the layout, respectively. Angles ¢ and 8 have
the same meaning ag in Fig. 2. Angle ¢ is that formed by the radius
vector OA and the tangent to the cam profile at A - i.e. the flat face of

the follower. Finally, s { @) is the displacement of the follower.

From-Fig. 8 it is clear that

§ = psin { 8 + ¢ ), {19)
¢ = - (8 + ¢l (20)
p' {(O)tan ¢= p{B } {21)

Substituting eq. (20) into eq. (21), one obtains

P'{B)sin{8 +¥)+ p{6)cos(@+¥ ) = 0. (22)
Equations {18) and {22} are the constraint equations for-both analysis and
synthesis. Consider first the analysis of a given cam and follower

mechanism, with p = p ( 9 ) known." As in the analysis of a kinfe-edged

follower cam, lor each value 1b' in [ﬂ, 211] , eq. {22) is u nonlinear

I
algebraic equation in the unknown 0 = 6/{ 11:_‘ }; hence, Newtan-Raphson's

method can also be applied., Substitution of the computed values &' into
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Flgure 7. Com profile that generates the displacement.

s2s5in” Y/2+C of a knife~edged follower, wnh
Q maoximum _Pressure angle of 30°

15

S{y)

Figure 8. Cylindrical com with o flat-faced follower
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eq. {19} yiclds the desired displacement s =8 (tpi J. The iterative

scheme for cg. {22} is the following:

p'(B,) sin (8 =+ ¥ pl8,) cos (8, + ¥°)
%+1° % - {23)
[ﬂ"[ﬁk] - ﬂ(ﬁ'k}] sin {Bk )+ Zp'(Bk] cos {Bk + wij

The initial guess B]; ia given by the analyst and the subsequent guesses
] .

I

Ei,:ar‘e given by the previously found values 8 ( LP‘ ) 1, as in the case

of the knife-cdged follower.

Once B l}ri ) is found, the displacement s{ 1Pi ) is computed as given by

eq. (19}, i.e. as

s(% e ple)sin(e +y¢') (24)
where

8' = 8 (') (25)
Alternatively, egs. (19}, and (22) can be realized in an analog computer
diagram, as shown in Fig. 10, for the analysis of the motion of the {lat-

faced follower.

Example 3. Obtain the displacement s( ¢} of the flat-faced follower of

an eccentric c¢ircular cam of radius a = 1.0 and accentricity e = 0.5 {both
a and e have the same units of length), whose profile is given by the

ggquation .

g {8)= e cos E+,Ja2—ezsin25 {26}’

The iterative scheme {23) was implemented in a digital computer, the

corrcsponding results being shown in Table 3 and Fig. 9.
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Figure 9. Displacement of the ftat~faced follower of the cylindrical cam given by the
T profile p=0.25 cnsB+Jl—(O.2_5 sin §)2 , without offsetting -
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Figure 10. Anclog realization of the equations for the gnalysis of
the displacement of the flat-foced follower of @
cylindricel cam
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\
OPTIMAL SYNTIESIS OF A FLAT-FACED FOLLOWER CAM. The

synthesis process for this type of cams is essentially different from its .
analysis, for the synthesis equations {19) and (22) are not algebraic in both
g and p , since eq. {22) contains p' (@ }. Hence, Newton-Raphson's
method is not applicable any more, and a routine for the integration of
ordinary differential systems is to be used. For this purpose, itis
necessury to express eqs. (19) and (22) in standard form [12] , which is

done next.

Differentiation of eq. (19) with respectto V , together with eq. {22} leads
ta ] .
s { w)= plolcos( 8+¢ ) (2'?}_
Differentiating the latter equation with respect to ¥ once again, together

with eq. {22), yields

1k i E
6 (p) - s'{ ¢} +psin {8 + ) (28)

p*{B} cos (B +4) - p sin (8 + )

From eqgs. (19), {(22) and (28},
[s(e} + s (P)] sin (B + V)
p {8)

8'{p ) (28a)

p'{w = [s{p)+s” (¢}] cosl 6 + y). (29)
Equations (28a) and (29) constitute a nonlinear ordinary differential system
of dimension two, with the initial values

Bo= 8 (%), Po = p (Y ), (%)

given. [t is in the stundard form of state variables to be seolved by o suitable

routine or te he realized in an analog computer.
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The synthesis equaiions, (28) and (289}, are realizad in Fig. 11.

The pressure angle for this type of follower is zero for any configuratim‘i,
thus, it is not a relevant design variable. The counterpart of the pressure
angle, in this case, is the offset BA, of Fig. 8, between the point of
contact A and the axis of the follower wath. Denoting this length by x, it
is given by '

x = Pecos{ B +¥ )-e, {31}

For an optimal design it is reguired to keep the {abgolute} value of x below
certain allowable maximum Xpg s minimizing the cam size. In this case,
if x is made too small, the cam size is too big; thus, the cam size cannot
se diminished without any constraint for, if it is made too small, the offset
X becomes too big. For this reason, the opt-imal design is that for which

the maximum abhsolute value of the offset x is Xng

The procedure to obtain the optimal design for this type of follower is
suggested to be similar to' the case of a knife-edged follower, i.e.

i) Integrate system (28a), (2%) with the initial values 8y , p¢ and
]

record the value x.
i) If max x| > X, » increase
D<=z
i

p, . keeping 9, asitis. If that maximum value is below Xy o -

decrcase p, , keeping the same initial value 8.

-

iii} Proceed by trial and error until max |x| = X
: 0<5<n
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Example -i. Design the profile of a flat-faced fellower cam that yields the
fnlluw.-.;crf:irsplucem ent given by

s{®% }= ¢ + sin® —_ ,
go that this desipn is of minimum size and the offset x atizins a maximum
{uhsolute) value of 10% of the constant . This constant is the radius of the
basc circle of the cam. Assume e = 0.
The cam profile synthesis was performed via digital computation for the
following inilial values:

We=0° , B, =00°%, p, ='1,2,..., 10
It was found that the ap'?:imizing value of p, 18 5.0. The numerical results
are shown in Table 4, the corresponding profile, which turned out to be a

circle -as it should he - appearing in Fig. 12.

CONCLUSIONS. In Tables 1, 2 and 3 it is seen that the procedure converges

very quickly, in at most five iterations {except for a singularity at ¥ = 90°,
in Table 3 of Example 3}, when Newton-Raphson's algorithn} is used. Column
headed ITER gives the number of ite;atinns required o obtain convergence,
where the convergence criterion was takes as

-

Ixgoy = s« 1070 gl

the symbol || . || meaning the norm [137] of the argument. This norm was
" taken as the sum of the absoclute value of the components of the vector unr.‘.ie‘r

consideration. It is called TAM in the program.
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Figure 12. Cam profilz2 that generates the displacemept
s=sin® y/2+C of a flat-faced follower, so that
the contact point has ¢ maximum offsetting
of 0% . C was found to be 5.0 (u. of.length)
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APPENDIX
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Figure 13. Definition of symbols for opergtors in analog -
realizations )
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RKurzlar:vas: s werden die Amwendangst :jlich‘.u.-il-;.:n vein Anualegic und
Thgitalecciro e bel dur Losung vou Gleivhaozon vorgestelly, die qich avs der
Analyse uad Donthiese von aus Nochensehelne und Stossel polhildoeden
kinematischen Tanren ergeben,. s wird cinleuehtend dargelest, dass  der

Schallkreis vines Analogierechners cder ein Unicrorogramm, das nicht-

lincare alpeb vaische undfoder nicht-lincere Differentinlgleichungen zu 1losen

-
ir

vermag, adsreicehl, am die Devogpung des Stésacls von belicbigem Ubcrpaarciyp
4a Lerechnen oder um das Profi] der Nockenscheibe, die eine gewanschic
Rewegunyg dos Stdssels hervorbringen soll, zy bestimmen.

Dic hier vorgestellten Methoden zur Brlengung vou Synthesen fUbren
unrnittelbar 2o aptimalen Syothesen, oplimmal in dewn Sinne, dassg sie gewluase
jparamceter, wic . B.oden Druchyeinizel, wnierhalh cines gewigsen, fuyr cine
Nouclkenscheibe mil minimalen Dimensionen zulessigen Oberveries halten,

P Methodoen werden an zwel spezifisclien Panrtypen vont Nockenscheibe-
Stassel illustricrt: Analyse und Synthese von Nuckenscheiben mit Spitzstossel
und Stosscl mit stumpler Stirnflache. Die sich ergebenden Gleicinmgen
werden per Digitnlrechner errechnet, und die erlangten Synthesen sind von
optimalen Dimensionen. Die Ergebnisse verden sowohl in tabellarischer

als auch in grophischer lform gegeben.

Ausg den hier voprgesteliten Fakien kann der Leser schlussfolgern, dass diese
Methoden aul andere ‘I'ypen von Nochkenscheibe-Stossel-Paaren nnmittelbur

whertrafni e Sing,
-
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SINTESIS DE UN SISTEMA DE SUSPENSION PARA VEHICULUS DE
TRANSFORTE MASIVO CON COMPORTAMIENTO DIHAMICO PRESCRITO.

JORGE ANGELES?
ISMAEL ESPINOSAZ

RESUMEN

Se presenta un procedimiento de sintesis para obtener recomendacig
nes de redisedo de la suspensidn de vagones de transporte masivo,
E1 objetivo de este estudio es mejorar el funcionamiento del siste
mz de suspensign bajo condiciones dindmicas de cperacifn de tal ma
nera que 1as velocidades crfticas gueden fuera del intervale mds
frecuente de operacifn. Los resultades obtenidos indicaron que
s6lamente una de las dos secciones de la suspensidn requieren amor
tiguamiento, cuyo valor se gbtuvo a través del método de andlisis
del lugar geométrico de las rafces.

- "NOMENCLATURA

a,b,c,a’',b',c' = coeficientes da polinomios del dendminadar

a * coeficientes del polinomio caracteristico

A= ﬁatriz de coeficientes de 6xb de la ecuacién de

estado

hl = amortiguamiento dg la suspensidn primaria, en
N s/m.

h2 = amortiguamiento de 12 suspensidn secundaria, en
N s/m.

bij = glementos de la matriz de amortiguamiento B

B = matrlz de amortiguamiento de 3x3

-

d,e,f,d ¢, f

1

coeficientes de polinomios del numerador

! profasor Titular de Ingenierfa Mecédnica
. 2 profesor Asoclado de Ingenicrfia Eléctrica
Universidad Macicnal Autdnoma de México
Rpartade Postal 70-256, Méxicd 20, D, F,
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. la masa del cuerpo del vagén,

n

)

=

diametrc de la rueda en m,
funcign de disipacién
matriz de identidad

rigidez de los resartes que soportan Jos ejes, HN/m

ﬁididez de los resortes gue soportan el puente
motor diferencial, HN/m.

rigider de los resortes que soportan la mitad de
N/m.

rigidez del resorte del neumdtico, N/m.

Kk

-

elementos de Ta matriz de rigidez
matriz de rigidez de 3x3

masa del chasis (H), M szfm.

masa de cada puente motor diferencial, N szjm
mitad de 1a masa del cuerpo del vagdn, N szfm.
matriz de inercia da 3x3

energfa cindtica

velocidad critica en m/s

energia potencial

vector de coordenadas generalizadas

—

E

It

n

H

valocidad generalizada

vector caracterfstico asociade con el valor caracte
ristico mz.
valor caracteristico

" frecuencia natural, en s~
determinante de la matriz 51-&

1

INTRODUCCION

E1 sistema de transporte masivo en estudio ha mostrado dos ve
locidades crfticas abajo del valor mdxime de operacidn, de las cua
3 A
les, la mds alta se encuentra dentre del intervalo de operacidn mis
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frecuente, lo gue produce condiciones de vibracién indeseables que
afectan tanto la comodidad del pasajero como la vida de la estructu
ra de 12 suspensifn. '

Algunas de las laternativas que deben tomarse en cuenta para me
Jorar el funcianamiento del sistema son Tas siguientes: (1) cambiar
Unicamente la rigidez de Yos resortes, (2) sin modificar dichas ri
gideces, introducir amertiguadores adecuados y, {3} usar una combi
nacién de amortiguadores y nuevos valores de rigidez de resortes,
1urcuai equiyvaldria a obtener un disefio totalmente nueva. Por esta
razdn, sdloc se considerard la tercera alternativa en caso de que
las dos primeras no fueran factibles,

E1 primer paso en e)] procedimiento de sintesis es ol de modelar
con precisidn el sistema actyal, como se describe a .continuvacifn;

MODELADO DEL SISTEMA

Cada tren estd compuesto por nueve vagones (Fig. 1) de los cua
les, seis son de traccidn y 10 dem&é,de arrastre. Cada vagin, ya
sea de tratcidn o de arrastre, estd suspendido sobre dos carros lo
talizados en sus extremos, 1lamados comdnmente "bogies". Cada bo
_gie tiene dos ejes con das neumdticos en cada eje {Fig, 2). A la
vez, cada eje estd acoplado al chasis del bogie, deneminado "H",
por medio de una suspensién 1lamada "suspensifn primaria", compues
ta por ocho resortes idéntices, a razdn de cuatro por cada eje, de
rigidez kl’ y cuatro mds de rigidez ky, de Jos cuales cada par
soporta el "puente del moter diferencial". E1 "bogie" completo
estd esquemdticamente representado en la Fig. 3. El cuerpo del
vagsn se acopla a la "H" per medio de una “suspensidn secundaria”
compuesta de dos resortes idénticos de rigidez k5. Por otra par
te, 1a rigidez del resorte de los neumdtices es k,. Con excep .
cién del amortiquamiento interno de) hule en el cual estdn vulca
nizados los resortes, el sistema no cuenta con ninguna otra forma
de amortiguamiento. Con referencia a la Fig. 3,



My = masa de la "H"
m, = masa de ‘cada puente motor diferencial
My = mitad de la masa del cuerpo del vagdn

E1 modelo ic6nico que corresponde al esquema de la Fig. 3 se
muestra en la Fig. 4, donde

- T
E = E’-ls J"-z: xsj
es el vector de ¢oordenadas generalizadas.

Se tomaron medidas de campo [1,Z]%de las cuales se obtuyieron
dos ve1acidade5‘critica5. La primera tiene un valor medio 5.5 m/s,
¥ 12 sequnda se¢ encuentra entre 17.5 y 18.9 m/s, de forma tal que
Ta 01tima se localiza dentro del intervalo de operazcidn mis fre
cuente, entre 5,56 m/s y 22,22 m/s. Para propfsitos de disefio,
este intervalo de velocidad se denominard "regién prohibida".

EY modelo matemdtico que corresponde a 1a Fig. 4 tiene la for

Hi + Kx=0 (1)

duné; ﬂ ¥ E son, respectivamente, las matrices dg inercia y de
rigidez. ta masa ¥y 1a rigidez de los elementos involucrados es su
puestamente canstante, por 1o cual 1as matrices que aparecen en la
ecuacidn (1) se pueden obtaper como las matrices hessianas de la
energfa cinética con respecto a 1a velocidad generalizada %, Y

. de la energia potencial con respecto a las coordenadas generaliza
das X, respectivamente, o 5ea, '

i 2 '

1 a Vv
M= - s Ke 22 [2}
- HEE - 3‘_

lpos numeros en parfntesis rectangular indican las referencias al
final del informo,



sfendo T y ¥ las energfas cinftica y potencial, respectivamente.

Estas son p

_1 2.1 2 1 .2 -
' T=gmx +5 (2m)x; + 5 myxy (3)
Y
v=1 {8k, + 4k, + 4k }xz + l-{ak t 4%, + 2k }xz +
21“241.21 2 372
v 2ok o ek ¢ Ak, - Zkoux,  (8)
- ' 1 2/%1%2 37273
Entonces,
, 3 [
m, 0 0 Ryy Kqp O
p=]o m 0f £= [f1z ko2 Ko (5)
6 0 m 0 kyy ki
\ F, L]
donde

k11

k22 = Bkl + 4k2 + 2k3, k23 = -k33 - 2k3

= 8ky + 8kt Ak, Ky, T Bk - Ak )

Las velpcidades criticas se gbtianen del valor caracteristico
m2 derivado de 1a ecuacitn (1). FE} probiema de valores caracte
risticos correspondiente es, entonces,

Ky o= o By (7)

en el cual y es el vector caracterfstico asociado al valor ca
racterfstico mz. La relacidn entre las frecuencias;naturales

w ¥y las velocidades criticas v es

vy = 0,5 dy (8)



donde v estd dado en m/s ¥y w en 5'1, siendo d el didmetro de

tas ruedas en m.

Para determinar qué rigidez de resorte deberd cambiarse, se hi
zo un anflisis de sensibilidad de 1as velocidades criticas relati
-vo a la rigidez de cada resorte, _Los cambios de wvelocidad critica
se abtuvieron por medio de un modelo de computadora de 12 ecuacifn
{1} en donde se ytilizaren los siguientes valores nominales

4.9 x 105 W/m

k =

k, = 3.43 x 16° t/m

ky = 8.37 x 10° N/m
kg = 1.783 x 20° N/m

m = 1.871 x 1U3 N szfm

my, = 1.628 x 10° N s°/n

my = 1,578 x 10° N <%/m

. Las figuras 5 a 7 muestran las curvas de influencia de Ta ri
~gidez de cada resorte en cada valor de velocidad crftica, £Estas
curvas 5e obtuvieron utilizando un paquete IBM de sub-rutinas Eﬂ.

DETERMINACION DE LOS VALORES DE AMORTIGUAMIENTO PARA CAMBIAR LAS
VELOCIDADES CRITICAS.

Los resultados obtenidos del anflisis de sensibilidad establecie
-ron gue la simple modificacidn de rigidez no seria suficiente pa
ra cambiar las velocidades criticas en forma substancia), por Jo
-'que a5 indispensabie adicionar amortiguaderes.

A continuacisn, se analiza el nuevo modelo icdﬁibu, mos trado

. en‘la Fig. 8, en forma semejante a 10 hecho para el modelo de la Fig,
" 4; pere con la inclusidn de amortiguadores bl ¥ bz en las sus
.pensiognes primaria y secundaria respectivamente.
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De acuerdo con 1a Fig. 8, el modelo matémitico toma la forma

L

M% + BX + Kx = 0 {9)

-donde jas matrices My K son las mismas que aparecen en la ecua

Ll

cion {53) y B es la matrfz de amortiguamiento

I 3
bj; bp O
B = [by, Byy Dbyq {10
0 byy by

obtenida como 1a matrfz hessiana con respecto a x de la funcidn
de disipacién D dada como '

"1 . T . .
D= ?‘h1{‘z - xl? tyh, [x3 - xz?' {11}
Los elementas de B son

byy = bys by = By Byp = b

b23 = —bz, b b

+ b
1 2 {12)

33 P2

siendo bl ¥ b2 el amortiguamiento de las suspensiones primaria y
secundaria, respectivamente.

La etapa inicial del proceso de solucign fue tratar de deter
minar 108 valores Gptimos de.amortiguamiento; pero esto hizo notar
que uno de Yps amortiguadores tenfa poco o ningln efecto en las
velocidades criticas. Por esta razén, se dacidid analizar el efec
to simple de cada uno de tos amortiguadores. Para hacer esto, Se
considerd conveniente utilizar el método del lugar geométrice de
las rafces (4 .

Para efectuar tal andlisis, la ecuacidn (9) se escribe en la



forma usual de variables de eétadu

[ 4]
]

A | (13)

donde

{ ]
I

4 (14)

e 1 es la matriz de identidad de 3x3.

E1 polinomio caracterfstico asecciado con-la ecuacidén (13) es

‘sl - ﬂl = 5% ¢ a5s’ + aqs“ + aasz tas +a (15)

donde
I VI E 7!
5 amy, My My

VT R VP~ N N VIO Y S
Gy amp W Wyt Zmp M My
T IS T - R VE T B - N
] "3 M Mmoo
L 2o laa tes P ks K
2m,’ my . My 2y m m,
IS VA S S Wil A 7N S < BF
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Entonces, 1a ecuacidn caracteristica es

& 5 L] 3 4 -

8% + ags® + 3,8" + a,s ,+ ays% + a5 + a, * 0 {16)
y puede ser manipulada para que adquiera una forma adecuada para
el andlisis dal lugar geométrico de las raices. Se considerardn
tres casos: (1) b, = 0, PE $ 0, (2) by 7 0, by = 6, y {3) by # 0,
hz £ 0.

Para e1 caso {1), la ecuacidn {16} se puede eScribir como

b__s {ds* +.es? +.f) :
33 — 1 . El?}
st +as" +bs? e '
donde
Ky K kg3
2 1 K|
R T VU A S 2 km, K
mlm3 Zm2 .- My Wy img m1 m3
- (kg + kyp) kypkag
2m My
1, 1
d=*"—+'—
I'I'Il I"IT3 -
-k k.. +.k k
- 12,711 12y (1 . 1. 12 .1, 1
IR e T ny) ~ T, Gt g’



“kyp (K + Kgp)

Emlmgm3

f=

En la ecuacidn (17), usando bay < b2 como un pardmetro que va
rfa de 0 a =, se obtienen Yas curvas del lugar geométrico de las
raices, que Se muestran en las Figs, 3 y 10.

Para el case (2), la ecuacifn (16} se puede escribir como

el el 1
blls {d's" +.a's? + £') -

SE + alsh + b|52 + ¢!

donde
a' = 3
b' = b '
¢t F g
1 1

d' = =+ =

Emz m1
ee 33, fntMeoa L1 Fw Ky
) mlm3 m2 -m1 zmz m1 m3
o= Fan g T Re)

.?ml i, Mo

Ahora, b33=h1 es el pardmetro, y la curva del Tugar geométrico

de las rafces se muestra en la Fig. 11,

] Para hacer 12 curva del casc {3) se requiere de los Tlamados
contornos de las raices [5], puesto que hay dos pardmetros que con
- $iderar. Sin cmbargo, €1 resultado en el caso {2) indica que.el
amﬂrtiguﬁdnr b, <¢asi no tiene ningin efecto en la modificacidn
de las velocidades criticas. Por tal razén, se le dio un valor fi
jo a bl [bl = 1,632 x 103 Ns/m), ¥ b, se tomd como el parédmetro,



de 1o cual se obtuvo Ta curva que se muestra en la Fig. 12.
CONCLUSTONES

Las curvas que aparecen en Jas Figs. 5 a 7 muestran que cam
bfos considerables en las rigideces de los resortes noe modifican
substancialmente el comportamiento dindmico del sistema. De hecho,
las rigideces kl ¥ k2 no tienen ningln efecto en tal compertamien
to. Por esta razén, se decidif considerar 12 segunda alternativa.

Los lugares geométricos de las rafces, dibujados en las Figs,
9 a 12, myestran la variaci6n de las rafces caracterfsticas al cam
biar 1¢s valores del amortiguamiento. De l1os tres ramales que se
muestran, 5810 dos son de interés: los que se encuentran dentro de
la-regidn prohibida, Estas rafces estdn directamente relaciona
das con las velocidades crfticas por medio de la ecuacién (B) v,
por tanto, la posibilidad de mover las rafces caracteristicas del
eje imaginario a ¢tras posiciones en el plano complejo, implica la
modificacidn de las velo¢idades erfticas.

El amortiguamiente de la suspensién primaria (caso 2) no tiene
ningin efecto en la modificacidn de las velocidades criticas, ya
que el sistema se vuelve incontrolable y las rafces de interés per
manecen en la misma posicién {ver la regitn prohibida en Fig., 11).

-Per otro lade, el amortiguamiento en la suspensidn secundaria
(caso 1} genera una solucidn comprometida puesto que 1as raices de
interés se myeven en direcciones opuestas, de tal manera que mien
tras un ramal se aleja de la regidn prohibida, el otro se acerca a
etla {ver Fig. 10). Por tal motive, se escogid solamente un valoer
de amortiguamiento como la solucidn mds adecuada, siendo este:
bz - 2.471 x lﬂﬁ N s/m. Usando este valor de amortiguamiento,-1as
rafces de interds permanecen fuera de la regi6n prohibida y, conse
cuentemente, generan velocidades criticas adecuadas.

13



12

Con el uso de amprtiguamiento en las suspensiones primaria y secun
daria (caso 3} los resultados no se alteran puesto que, como sc puede
ver ¢n la Fig. 12, los ramales de interés an el lugar geométrico de las
rafces no sufren ninguna variacidn apreciable, dado que solamente el
tercer ramal, qué se enceentra fuera de la regidn prohibida, cambia
su forma. Es faci) inferir que este resultado es v&lido para todos
108 valores de bl en el caso {3}, puesto que se requiere de valores
muy altos de bl para obtener modificaciones muy ligeras del lugar
. geométrico correspondiente. Consecuentemente, 13 suspensidn prima
ria no requiere amortiguamiento,

En trenes de alta velocidad, el amortiguamiento no elimina la
condicidn vibratoria, perg se han determinado valores 6ptimos para
disminuirla [§].

5in embargo, en el sistema de transporte agui presentado,

el problema no es la alta velocidad y por tanto, el comportamiento
dindmico de! tren podria ser mejorado satisfactoraimente mediante
1a inclusidn de amortiguadores an la suspensidn secundaria. No
obstante, al igual que en [E], también serfa coaveniente estudiar
las propiedades del riel y su alojamiento, asf come Su influencia
en 1a dindmica vertical del tren para poder obtener un mejor conoci
miento del sistema, que parmita recomendar soluciones mis adecuadas.,
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5., SYNTHESIS OF LINKAGES

v i . 1 4 L

5.1 l;TREDUéTIGH. The problem of linkﬁga synthesis of Apélieq Kinematics
was outlipned in Chanter 3. In the present cﬁaéter, thF problem of exact
synthesls 1s discussed and cﬁ:xent methods of sypthesis are presented. The
three usual problems of synthesis are discussed, namely .

i} funtion generation Lo

ii} rigid body éuidan:ﬂ

1ii) path generation
and exact aolutions to the resulting design equations are meant toc be
obtained, these soluticna being exaét up Lo round-off and/for measuring

exyors. Chapter 6 deals with the problem where nc axact solution can hbe

found, in which case the best approximatien is sought, in the sense of

rendering the minimum guadratic error in the approximation.

5.2  SYNTHESIS FOR FUNCTION GENERATION

Due to the fact that a linkage is a coupling of rigid bodies, a finite

nunber of parameters {like those of the notation of Denavit and Hartenverg,
. o

L]

Ch, 1) defines it. Hence, the set of deslign eguations is of an alggbraic
character, i.e. no derivatives of the design parameters Qppear in them,
and:the number of thesea parameters is finlte. Hence, no 1inkage.can be
nbtained to produce an arbitrarily prescribed input/output function

pointwiEa in the whole continuum of values of the input where the function

i= prescribed. The said function can only be produced at a finite set of -
nh hafd 4 2] o+

. ' l':l AR [ 1 ) . ' -|:! .'-“I."‘1-"? e p ; :I-

L

input values, the number of this set heind Equai.tu tha'hu&ber nf'indepen-'

dent deeign parameters. Thus, the problem of linkage synthesis for function

generation can be stated as:

) n
*Given a fynction f-ftxi} {i=1,2,,..,n), defined over a discrete set {inl.



find thé relevant dimensions of a linkage o:la glven topology* to produce
nﬁ input-output relaticnship that coincides with iﬂﬂ function f at the
_given discrete sat1{xi}? of input valuas': Thn»maéhnd to solve this problem
consits of two étages, n;mely
1} Derivation of the infutvoutéut relatiunshiﬁ for the prescribed

topology, and | |
11} Determinaticn of the linkage parameters from the above relationship,
Tha flret staga is ncw.discussed. In cht 4 it was shown that the MDH** can
be aéplied to pbtain an input-ocutput ralationshi# that: hcéefully; daes not
contain other variables ‘than the 1n§ut and the outfut. It was alsoc shown
) that.an alternate method, less cnmélﬂx than that of Denavit and llartenberq,
. guarantees that enly the input and the output variables will appear in the
input—aufput relationshlp. That nathod;_hawavar, is restrictadltn single- |
locp mechanisms, whereas that of DH can be extended to multiple-locp
machanisms; Hence; aither method can be applied in the first stage of this
problem, for single~lcop linkaged. The second stage is carried out by two
different approaches, which are next discussed, It iz assumed that an
ipput-outeut implicit function has been cbtained, this function having the
_ general form

f(xi,yi,gi-ﬂ,i-1f2....,n {5.2.1)

whera.{{xilygl}; is & set of n pairs of wvalues relating .the ith value of
the input ¥ to the ith value of the cutput v, and P islﬁn_n-dimensiunal
vector econtaining the parameters of the linkage under consideration.

. h‘“ l'f.,q il f I |I | tem oy .~
Hotice that {5.2.1) rapresents in fact a system of n synthegsis eguations

"#Bne Bection 3.6
*#Mathod of Depavit and Hartenberg



i

in the n unknowns that constitute vector E; Hence, the synthesis problem
can be Bélvgd through eq, (5,2,3), Hnwa;er,_thels?stem i5.2.1) is, i=
general, nonlinear, and no unigque solution ie gua:anteéd b; exist; even
mbré, tha system might have no solution at alll If the system has ons or
" more soluticons, these can be obtained via the method of Wewton-Raphs:in, as
ehown in Sectiecn 1.33., This is the first aﬁpropch to the solurion of the

i
gynthesis equatlons.,
The second approach introduces a nonlinear t;ansfurmation of the syrzhesis
paramaters ;hi:h t;ansfarms the ﬁynthusis eguations lnto a linear syiten.

Lat ’

a=gip) - . {5.2.2)

ba this tranformation. When (5.2.2) is introduced into eg. (5.2.1}, the
following linear system is obtainped

M . (5.2.3
System (5.2.3) can be solved very efficientiy yia tha LU decompositizn
algurithﬂ, %5 was shown in Secticn 1.12. Onge the unigue soluticn gu (=)
{5.2.3} has begen obtained, this is introduced into eg..(5.2.2), which is
rnonlinear if the original system of synth#sis equations was nonlinear as
wall, and, if this tranformation =-eq. [5.2.2;- is chosen in such a wzy
that the synthesls parameters appear in 1t wery weakly cpupled, then the

' linkage parameter vect;r p can be obtained without the need of a num:rical
meéhod. The synthesis procedure is illustrated by means of the follecwing

example.

Example 5.2.1 Given the RSSR linkage appearing in Fig 5.2.1, determine

ite gecmetric parametors B 0B, 88,8, .8, and a, that prbduc& a given

input-output relationship



Pig 5,2.1 RSSR Function generating lin;aga

Nsing the method of Saction 4.3, define sets of axus_xi Yi Zi and X, Yn Z,

whose X-axes coincide with the axea of Ry, aml R, respectively, its Z-axes

4]

belng parallel to the common normal 0@, and define their positive directions
F

from O to I. Pinnally, tha Y-axes form with the preyious ones right-hand

rect;ngulnr sets of cogrdinate axes, as shown in Fig'5,2.2.

T Amyao



Flg 5.2,2 Cocrdinate axes fixed at input and output axes

Defina:

& = vactor directed from B to A

o

= vector directed from & o D
C = Yector directed from B to C
g = yactor directed from © o D

From the gecmetry of the linkage, then

a+puctd : {5.2.4)
Hence, .

begtd-a - (5.2.5}
and A

ET-ET+9TL§T T ' (5.2.6}

Lot a..by and d,{3=0,1,2,...,n) be the values attained by vectors z,b and

4 respectively, at the successive configurations 3,



Substituting the values of a, b and d at their current configuration j in

egs. (5.2.5a and b) apd multiplying termwise the .resulting eguaticons leads

to

2 2 2 2, T, T __.T
[y [1%<1igl 1% 418,117 2y )| *+2g"e - 2" 20T,

where, due to the rigid-body condition,

2 2
i|fj|| =2y
2 2
Ilgjll laz
.2 2
[PRTR:

From fig 5.2.2, vector ¢ ls glvan az
E-E-F_E?'FEE
whare, with reference to l-ccordinates,

E-[Sﬂﬂ

474"
of = (D, O, n¢}T

-8, 3a,. D}T

i5.2.7}

(5.2.3
{5.2.zb}

(5.2.

{5.2.3)

{5, 2.10a)

{5.2.10h)

where the notatlon cx, #x hag been introduced to represent cosx and &inx,

respectively, whanever the variable x has been nreviouslv defined am an

angle, Thus, eé. (5.2.9) lmadsr to
T

() = (s,c0,%s,,-5,50,.2,)

Furthermors,

[g}i - (G,-atsin¢,alnﬂs¢]T

[E)g = [0,—njsin¢,a3cn§¢]T

bafine S as the rotation matrix carrying axes labelled

L]

o. Thus ’ ' '
cosa, *  sinx, 0

(8}y = § -sinay  ©o%aq O

o 0 ]

{5.2.10e2)

{5.2.11a}

i5.2.11b)

1 ipto those lazelled

{5.2.12)



and 50 -sinu4sinw

al, = (8),(a} = a, |-cosa,sing ' -5.2,13)
=1 i'rp 3 !

COBY

Other terms appearing in eq. (5.2.7), besidea those of eqs. (5.2.8), can now

be computed, These are -

ilg|| - s + ': + 23 B cosa + ai ' (5.2.14a)
ETéj -a {s sinu :1n¢j cn5¢j} {5.2.14b}
éng = a3{aqcnstj s1sinnqnin¢j} {5.2.14c)
Eiej = n‘hllcﬂ5u4uin#jBin¢j+cusﬁjcns¢j} {5.2.14a)

Substituting expressions (5.2.8) and (5.2.14) into eq. {5.2.7) one obtains
2 2 2 2 2 2
a2 '.51 + 54 + 231a4caaud -+ a4 +ra1 + a3 +

+ za‘{a4¢os¢j + s4sinu4ain¢j]

- Zaata4cus¢ - s1ninn4sin¢jl

i
- 2a_a, {cosg

123 4 nin¢5+c¢s¢jccs¢j] . {5.2.15}

Iinﬁj

which is the desired input-output relationship. Now, if angle ¢ is

maasured from certain reference ¢D by latting

8, = 4o * Py ~ ' (5.2.16a)
8 =inn tan¢
K, =8+ ° (5.2.16b)
1 a3 .
; 8. 8lna, —a tang .
K a3 4 4 0 (5.2.16¢)
2 a,
a, . )
k&= — {5.2.164)
3 &4, cosd, .
s, B8ina -
x w4 , Ce , (5.2.16e)
4 a,cas4, .
k. = tand (5.2.16f)
3 02 2 2 2,2 '
L a, - a_+ a +8 +25 5 Ccosd .
K om ] DA A M At Mt 4 {5.2.169)
& 2a_a, cosd .



eg. (5.2.15) becomes
tk gind +
b R

sinpj—cﬁsuqsinﬁjcn5§5}+~

k,ﬂospj+kzsinpj+k3cnst
+k5{cns¢

i
+k_woos)

& jcnsp

+cnsu4sin¢ sinpj, i=1,...,6 £5.2.17)

] j

Eqa. (5.2.17) constitutse then-a linear algebraic system of six equations in
gix unknowns {k]....,kﬁ}. This aysten can be solved efficlently by applica-

tion «f subroutines DECOMP and SOLVE, of Sact. 1.12, In crder to Compute

the linkage parametors a , a,, a,, 2,, 8,, 5,, CO8%,

and cas¢n, howevgr,l
the nonlinear system (5.2,16) has to be solved for the said parameters.

The squations af_thin system, though nunlinear; are weakly cnuﬁled. for which
ranuo# lts solution can be performed without having to resort ta a numerical
method, The aforementioned nonlinear system, naverthelass,_ccntains a surplus
of two unknowns. One of these unknowns can bhe eliminated thrqugé divisian

by it, the nhrplus of unkﬁowna thus reducing to ono. In fact, the soluticn

8, = 0 1s ruled out, for thie would lead to a topologically different layout,

2
namely A cnnﬁling of three, instead of four, links. Scaling the linkage bg'
a factor 1;;2, i.e. metting a, = 1 dees not alter the inpput-output relation-
ship, for this dges not depend upon the absolute but upon the relative langths
of the different links. The remaining unknown in excess can be eliminated by

assigning a vﬁlue to 1t,

For tha linkage appearing in Fig 5.2.1 let

o] 0} as¢f'coef a0° | o0 | door|v

V1o | 30° | 45°] 60° | s0° | 1e0°




a, =1, a, = 1200

The arieing linear.nystnm af equaticns wag solyed using subroutines JECOMP
and SOLVE. The followiny results were obtalped:

kie- ©0,840173, k,u 0.301087, k=~ 1350247

k4-- 0.03}6659, k5-- 1.140727, kﬁﬂ 0,489926

- 1.000000, a.=- 0.724936

- Gt’?SGﬂjp ﬂ 3

1 ]

nd- Q.155768, s,= 0.007284, 54-— 0.684495

1
$g=" 0.851042 rad
witich is éha soletion to Exampla 5.2.7,

Mohan Rao et al, [5.2} have extended Depavit and Hartanberg'F idea v to
ten accuracy~p¢ini aynthasistrrbr seven-polnt synthesia, they int:oi:ce
the zaro location of thao ihput dial, *G ., a8 one additlenal unknowm in the
above formulation, andip; up with tha following hynthalis equations:

k1c¢j+kzs¢j+k3c¢j+k4a¢j-k5[cu4c¢js¢j-c¢js¢j}-k6{3¢j¢¢jc=4-c¢js$ji+

tk. -~k (ca,cd cf +ad sy Jeco sé ap.+cd . ep ,i=1,2,...,7 {5.'.20}I
7 kg (000 00 Tad, Sy Juca, sp av ved cuy, 1=l 2, :
whore
% 50, tand_-a .
k, = ! a4c¢ Q.4 {5.7.21a)
1770
a_tang _+s_so '
k, = 4 - c: 1 4 : (5.7.21b)
170
a4 +8 & tangd
ky = 4 adc¢4 o ' (5.7. 21¢)
30
£ 50 -a tand . . |
kg = = aqc*4 Yo , | | (5.2.21d)"
30
kg = tand, S ' (5.2.2%e)

-

ke = tank ) (5.2.21f)



“
/

n2—1+nz+a2+32132+25 5,00
1 3747712 174774
ky = 2a_a.cé ct (3,2.219)
173770770
KB m tnn¢otan¢° . _{5:2.21h1

Egs, (5,2.20) constitute a linear system of seven equatlons in aight

unknowna, However, the elght k, are not independent, for they are relsted

i
by

kg=k ke +15.2.22)

Thus, the synthesis equations camﬁriae the seven equations f5;2*201 plus
eq. (5.2.22), l.e. a gystem of aight equations in eight unknowns, out of
uhicp, seven ara linear and one is nonlinear.

Ta solve this system, the nfcremeﬁkionad authors Ercposed a method based
on the ﬁrinciplﬁ aof Superfnsitian of linear systems*, l.e. the ﬁrinciple
under which 1if %, and x, are golutions to 5§=§.and Ax=c, respectively,
then ﬂ§1+1§2
1} Write egs. (5.2.20) in the form

1a the solution to Ax=Bb+yc, The methed is next cutliped;

k ct + k:st +X c¢j+k 54, -k5[¢u4c¢js j—ct s¢ }—k (5¢, c#j -c¢js¢j]+
+ko = (co s¢jst +c¢jcﬁj}+k ica c¢jc¢j+n¢jsﬁj},j!1,2,...,?. {5.2.20a)
14} Dﬂtinn the following vectors
T
il LW SURPI
T
E—[h],bz;...,h?]
T
E'{c1'c2"“'ﬂ7}
where
bj‘f'-':l s¢jﬂwj+ﬂ¢ Ei! fj-1 2!4-'-; ) v t g0 r
- . P -1!‘2"--1'?
cj cu4c¢jct]+s¢js¢3 3

L] 1

* See Section 1.11
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114) Rewrite system {5.2.20a} in the form
AxmbHk e - .(5.2,208)

ivl Solve for g, and %, from

Ax,=b, hfz“c ' -

v) Write the solution to system (5.2.20b) as

wux +k_X . g {5,2.23})

--1.-.52

where kE is not known as yet

vi} Letting A, and My be tha 5th and 6th components of Xy reaspactively,

and dofining A, and u, analogously, one obtains fram (5,2.23},
. PR ' .
+
k5-11 kalz t5.2.2ﬁ}
. W ] '
_kEHP‘IHFBH.? - {b6,2.25}

vii) Substituta (5.2.24) and (5,2.25) into (5.2.22), thus cbtaining

- 12 zk +t1 u2+12u1—11k3111u1-G:"; b, .; 0y y (5,2.26)
from which two values for kg can ba obtained . P . fm -
viii) Hith ope real valus of kg, obtain the values ofhk Kyr- ek, from
og. {5.2.23) B 1

ix} The linkage parsmeters-can now be obtalned from egs. (5.2.21),thus .
completing tha propagad' aynthesis, @

"
By leaving o unspecified in the above f{ormulation, the same authgrn,[5.2]

4
gtate the 8-paint synthesls problem:ag !

k cb + s¢5+k3c¢j+k 3,k OO 8,k cIshIKonh oh ThgmOU GO

3z
j=1,2,...,8 .- . v oL . - {5.2.27) &

I
i]”t 1 ' . I'-t" .IH_ g ]
thus obtaining 4 lipear system of aight eguatione in eight unknowns,

which can readily be solved via the LU algorithm, In the above system

ytand sa, -a 2, K ,
k.= i5,2.28a)
1 aic¢ﬂi1+tnn¢ﬂtan¢ncu4}




ﬁ tany _+5_ asc .
4 0O 1 4
k. = {5.2.2B8b]
2 +& o
. n‘¢¢ntl an¢0tanwnc 4

n4+sdtan¢nsu4

kg (5.2.28c)
3 “3°¢G{J+t“"°nfa“¢n°“4]
& 8o -a tand =
K- —3 4 4 2 {5.2.28a)
4 a3¢tﬂ{1+tan¢utnn¢ncu4}
.tand _ca -tang
0™ 4 0
k= — (5.2.28e)
5 ‘.+tan¢°tan¢:ucu4
tan¥, ctl -tang
O 4 (4]
k.= {5.2.28E)
& 1+tan¢utan¢ucu4
ce +tand tany N
4 4] 0
k.= : {5-2.2391
o
7 1+tan¢ﬂtan¢uc a
2
af+a§+a§+a¢+sf+5323154cu4
kg™ 5, (5.2.28h)
8 2a143c¢ﬂcﬁn{1+tan¢ﬂtan¢ocu4}

The obtentlon of the linkaga parameters from eqs. (5.2.28) 1s not a sizple
ratter, for thess apﬁear strongly coupled-in ;hnée agquations. A methtd to
solve for the said parametersz iz also presentnd.in [S.Zj; In the sams pap=r,
the authors prepose that the RSSR linkage synthesis can be extended uz to

10 pointas LIf scale parameterg for the function intepded to he generatad

are introduced, -

S8ince the RSSR linkage lands itself very suitably to be used as a funition

. generator, it haz received much attention, Lugk presents in [5.3] a mathod

Iy 1
i |I5|

of synthesls of thie linkag?.that al}uws for uptiqi;atiﬁn,by the intreduction
. y . e e -

M L]
of a free parameter, Referring to Fiqg 5.2.3, this author writes the izput=-
cutput function of the RSSR linkage ip the form

f1{¢.tl-§ﬂc¢+nns¢+cn=n {5.2.29)
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5.2.3._&53R function generating linkage

Fig.

-~



whero

R, a2y tadsud aaca4=¢} . .[5,2.30a)
2a -4 .
BG- 1Ia4 35¢} . {5.2.30L}
2 2 2 2 22 ; )
cﬂ!ﬁ1+’4+ 1agtaqe 4—2[3 54Cu 5 nasn ¢¢+a3345¢] {5.2,30c)
Normalizing the linkage langths with respect to s,, the following variables
arnp defined N N L
ﬁ LLL] a n -E l"
"3 2 1 1 4 .
Hom ==, X & ==, x W —=, A= —-, g® ==, g =] (5.2.31)
1 8, 2 5, 3 54 54 B, a

The ipput-output functinn ir then transformed into

2
£ 09 ox -xTexse1ma - 2hcn te -3¢, (Asa cotesd)+2x, (esprea cb]

—2x1xzts¢s¢+cu4=¢c¢}-ﬂ _ . _ £5.2.32)
Moreover, defina

na+dd

(] .¢j=E+ﬂ¢j. j=1,2,...,n i5.2.33)

3 3

with
By, =89,20
Subtracting f[#u,tﬂl-u from f[¢j,¢jl=n {y=1,2,,..,n) leads to the following

linear homogenous system

f{ﬁ¢ ﬁ¢ HE ft¢j.¢j} Eid ,wnl n u +Bju +cju3+n u +Eju +Pju5=0 {5.2.34]
where
e E“a a
1 = — 'u=-—‘u — —— {5.2.353}
1 xl 2 x, 3 xJ
 hsa,
u =~ x, R P ca ./ uE=‘t {5.2.351?}
Aj-nlﬂ+ﬁtj}—sﬂ {5.2.36a)
Bj-c{ﬁ+ﬂ¢jl-cﬂ {5.2.36bF



c =s[uﬂ¢j]— a0 (5.2.36c]

3
njnci:;mq:jj— ca C(5.2.38d)
Ej=c¢;+n¢j}c:a+a¢j}— cacd (5.2.36e)

P omeg (@A }s{ﬂ+a¥“

j 3 j}+5usﬂ {5.2.36f)

System (5,2.34) has non-trividl sclutlons if and only if its determi-ant
vanishes, In the problem of synthesis for function generaticn, the values

af nﬁj and A¢_ {§=1,2,...,n) are given: Hence, the determinanc § is =

1

function of o and B only. This determinant has, in fact, the followixg

form
A, By +.. F,
Ry B3 -.. Ry .
. . = §{a, B8} {5.2.37)
Bp By Byl

The function &(a,B} vanishes along the curve B=B{a) defined over the plane

a-B, as shown In Fig 5.2.4

Luck prcpo;es in [5.3) a numerical method to find pairs of values {0;‘311
aleng which & vanishes, this methed being based on the "regula-falsi”
ulguritﬁm. A differantlmethnd is proposed here,
For a given value of 8, say Ei' § can be regarded as.a function of cne
real variable, namely, @, i.e.

6, =6, (o)
To find the roots of ﬁi, the method of Hewton-Raphson is applied, as

follows



-Fig 5.2.4 Sgt of valuas of o and B along which § vanishes.

1.i] Estimate {or gueas) a starting value of o, Bay uo, to begin the
iterative procedurse
1.31) From the current value ak of the sought root, @y of 61, Compute an

improved value of e, s Bay uk+1 ag

K, .
5. 15 TR
LN N S : (5.2.38)

k !
83 {a") )
. k X, .
1.i11) If the correction value ﬁiiu }fﬁi{u } is greater thanm a given
k
tolerence £, return to Step 1.11. Otherwise, verity if {Gitu l|i;1'
k
If go, stop the procedure and accept the current value a as the

valua of the sough reoot, Gy If not, repeat the procedure starting -

" at Step 1.4, with a different yalue of a°.



1 »

Exproseion (5.2,38) greaty simplifies when the formula for the deriyative
of a determinant 1s introduced, namely .

diiu}-ﬁiluiTr[g"1tn}y'[u}] {5.2l391
Where M iz the matrix whose detorminant is & and ¥'la} is the matrix whose
entries are the derivatives, with resbuct to ;, of the corresponding entries
of M. Since formula {5,2.3%) is not very puﬁular, jts derivaticn is presented

in Appendix 2, Subsgtitution of eg. (5,2.39%) into eq. {5.2.7) leads to

k+1 k 1

4} = e : {52.4‘]}
re(u” (@ (%)) )
to compute ypjtnkly'{uk}, let .
-1, k k
H {a lﬁ'lu }=H
i1.8., after dropping the argument for shartnugs,
MmN (5.2.41)

In egq. (5.2.41}, let EP and gﬁ donote vectors identical to the pth

columns of matrices W and M', reepectively. Hence, matrix N can he
L]
computed by solving the 6 linear aystems

. 599-95 ; P=1 2,...,6 (5.2.42)

which can be done via the LU degomposition algorithm, At this stage there
are two simplifications, namely,
2.1) Subroutine DECOMP need only once be applied at the kih iteration for,
once the LU decomposition of M is obtulned, this can be uged to solve
the 6 Systems appearing in (5,2,42}

2.1i) since hj and Bj do not contain o explicitly, the first two columns

of M' vanish. Thereforo, D=0 =} and subroutine SOLVE need be applied

2

only four times. Funthermere,

2,1il) If at any. of the iterations DECOMP deatects matrix M to be singular,



the system of {5.2.42) cannct be ﬂnived,,but this is not necgzsary
any more, for pracisely what one ik s;ek%nq is that valye of 2, for 2

_Qiven value of Bi, that renders matrix M singular, i.e. £hat nakes &
Zaro,

Ciice the value a, that, for a given ﬂi makos the determipnant vanish, has beex

i

found, & new value of Bi' say 8 is introduced and the process st:rting in

i+’
a
1.i. 15 repeatad, except that a new Starting value o need not he guzssed,

for a good estimate for a is, of course, . provided Bi and Bi+1 aTE

i1
sufficiently close to each other. This way, a set of discrete values {ui'ﬁi:'
that zera §, can be given in tabular form; however, 1f a continuous Junctdo:-
B=f [x) is neceasary, this can be approximated by interpolation. The zost
efficient way of interpolating such a function i5 by means of spline Func-
tions (5.4). T
SUBROUTINE ZERDET, nppa?:ing in Fig 5.2.5% implements the algorithm cutlined
in 1.i~1.iii. This subroutine was used tp find the graph B vs. o arising Ircm
the following problem for geven-polnt accuraicy synthesis (Example 1t -f {5.3:
ﬁ¢2"3ﬂ‘; ﬁ$2=-16.1‘
ﬁ¢3=?5“, ﬁ¢3=-11.5°
ﬁ¢4=135', ﬂ¢4f 22.5"°
b¢5-195°, b¢5= 53.59_ )
ﬁ¢5=24Q°, ﬁwﬁ- 57,597
5¢T=300', ﬂ¢?= 41.3°
This graph appears in Fig 5,2.6

Given one paly of values of the aforemsntioned sat {ui.ﬁi} and recalling thaz
uﬁ-1,tthe following linear inhomogeneous system is obtained
Gu=-f (5.2.43)

where § is the gubmatrix of M containing the first five rows and columns of

: T .
it, H'(E1;H2*'-'r25]T and qf[gg,g3,...,gﬁ} . Vector u can be obtained

LT



T

R

0 i 1 2n/2 21

Fig 5.2.6 Free-parameter relationship for the synthesis of a function
- generator linkage with seven specified points.



from eq. (5.2.43} via the LU docomposition algotithm, wWith u known, the

normalized lengths x1,xa,1,e and the angle a, can be obtained by substitu-
; Rt ] ;

tion into eqs, (5,2.15). The remaining lengkh, X,, is readily obtained from

2t
eq. {5.2.32} when, for convenience, the valués of #1 and ¢1 are introducad
in' that eguaticn. Thus, the synthesis ﬁrnhlam is totally solved,

Two observatlons are in order: i) This method allows to synthesize a function
- generator for ué to seven éracisiﬂn points and ii) since infinitely many
combinations of ¢ and g (that turn the determinant § zero) exist, that
;umhinatinn rendering the best transmiasion angle cap be used, thus allowing
for optimlzation.

So far no velocity nor acceleration nor higher-derivative conditions have

been considered. The introduction of such cnnﬁitinns, rendering a synthesis

problem for infinitesimally-separated positions i3, howevér, straightforward.

In fact, all that need be done is to differentizte the ipput-output function
wlth respect to time a8 many times as necesgary, substitute in the resulting
equations the prescribed values of the input, the cutput and their deriuativé;
and form a system of synthesis eguaticns similar to that appearing in egs.

{5.2.17). This is next illustrated with an example,

Example 5,2.2 Synthesis of the RSSE linkage for function generation with

pregcribed dead-paints.
It is reguired to determine the dimensions of the linkage shown inm Fig 5.2.1,

4" to producda an nsciilntion of link BC of 90°
|

in such a way that the return motion (under nc lcad) be performed twice as

faster as the firat half {(under full load}. The input link ahould be a crank,

for a given value of angle

i.e. it should rotate through 360°

Solution: .

In the synthesis eguation 5.2.17, let



vy

5] o a - 30
1 4 4 4
k=—,k=-—, k= —, k. m — (5.2.44a)
1 _51 2 aj 3 aa 4 a3
nf-a§+a§+a:+sfks§+2é1s4cu4
k_=— (5,2.44b)
5 2a &
13
thus obt&inirg-the-suitable syntheails equation in the form
kT5u45¢-k2c¢+k3c¢+kdsaqs¢+k5-Ec¢c¢+ca4s¢sw1 = 0 [5.2.45)

To meet the problem conditions, assume that the no-load mntiaﬁ ia performed
during a 120°* rotation of the Input crank, the lnaé motion being executegd
during the remaiﬂ}ng 240"rotation of the said érank. Thus, the fellowing
conditions can be impo;ed

¢1=n;¢‘-n.$1=u (5.2.464)
¢2=120',¢2=an°,&2-h {5.2,465)

These conditions do not suffice for the present problem for, even i they
are met, the output linkage could rotate through an angle of 270° and not
one cf 90°, as required, To ensure the proper motion to he parformed by the
linkage, the additional following conditilon is imposed

¢;-180‘,¢3=ET.5° ' (5.2.46c)

which arises from the assumption that, when the input link has rotated
through an angle of 6ﬂ°{=¢3 '-¢2 1 af tha load motion (1/4 of this morion),
the output link has rotated through an angle of 22.5°I==¢2—- ¢3 ) of :her
sams motion {1;4 of this motian, alﬁﬂ}:

Te specify the velocity conditions, the synthesis equation (5.23,4%)ix
differentiated with respect teo tima, thus ohtaining

ki¢$u4c¢+k2¢5¢-k3¢5¢+k4¢5u4c¢—I-¢E¢¢¢-¢C¢5*

+$cu4=¢s¢+@cuds¢c¢1=u - {5.2.47}
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It is thoen noticed that fiva synthesis aguationa can ke cbtained to producs
five unkpowns, thereby justifying the use of a2 synthesis equation of the form-
of eg. (5.2.45). The said five synthesis aquations are:
Far ¢ =0 and $ =0, eq. (5.2.45) leads to

—k_+k_+k_-180 ' ~ (5.2.48a)

27%3%%s
For ¢ =0, ¥ =0 and $ =0, with ¢ 40, which can then be dropped, eq. (5.2.47)

leads to

a -
k15 4-0 , {5.2.48b)

For ¢2-120“ and ¢2=90°, ag. (5.2.45) leads to

oy

- 1 I-3
a k1"—k' E+Sﬂ kl+k5- - o = ) (5.2.48c)

For ¢,»120°, ¥,=90° and b,=0, with 52#0 eq. {5.2.47} leads to
1 Y3,

1
+ =
’ 7B Kt R 3090

Finally, from condition {5.2.46c), eq. (5.2.45}) leads to

k_+c&7.5%%k_+ i +K_+o6T, 5%=0 5.2.484
5 ch 3 sﬁf 5 sa4k4 ks ol = { )

Sclving for the five unknowns in the foraqo%ng-System (5.2.48], one obtains

k1 =0
"3
k, =- 3%,

x, = — {1+ c+i§¢u4is-‘|l]

H
3 1-&
2/3
k, = =3vota,
V3 1 23
- - — —— + -
k5 1 —Eﬂud o f1 +c ——Eca4{3 1}1

where cEcos &7.5%, aSsin 67.5°



putting the above expressions intc a computer and computing them for
different values of o, yields numerous linkages, out of which the best (in
a glven sense, a.q., the oﬁe wi£h the best transmission angle) can be
Eelected,

The trapsmission angle, Y, defined ag angle BAD of the lipkage appéaring

in Fig 5.2.1, is a measure of the mechanical advantage of the lipkage, i.e.

the ratio of output torgue {H¢1 to input torque {H*}. From Fig 5.2.1, the

definition of vectors a,b,c and 4 following it, and eqs. (5.2.5),(5.2.11),

{5.2.14) and {5.2,16c), it follows that

T ' T
b e (c+d-a) a
coSHm= a_a - a’
2%3 8224
from which
a c¥-s so sf+a ca spadta cPcd-a
SO w— 14 1.4 ! 3 f5.2.49}
B

The reason why tha transmisaicn angle is a measure of the mechanical advan
tage of the linkage is the following: diaregarding the ipertia forces of
the {inks, the Ipput torgue, Hg' is transmitted from link CD to link AB
{Fig 5.2.1} through th; coupler link AD by means of a force collinear with
line an, If this force, P, is resolved into two cnmpunénts, one parallel
to line AB and the other perpendicular to it, the working component is that
perpendicular to AR and lts value is F sinp, whereas the.nnnworking compo-
nent is that parallel to AB n?q its value ig F cosy. Thus, for a “"good" -
force transmisaion, the parallel cemponent of F should be as small as
possibla, which is attained If cosp lies close to zero, i,e. if p lies
closa to either 90° or 270°,

An expression for the mechanical advantage of the RSS5R linkage can be

obtained via a static analysls of the linkage, thus finding an expression

2/



for H¢ in terms of the linkage paramoters, ¢.$ and H?. This approach would

be t9o tedious, A different approach is next pressented,

Disregarding the effect of friction forces for simplicity, the output sower

-

is equated to the input power, i.e.

M é =My ) {5,2.50)

from which, the mechaniecal advantage, m, iz obtailned as

]
'&E LE::

-4 (5.2.51)
¥

From eq. (5.4.47),

k;Eﬁ-k4sa4c¢-s¢c¢+cu4c¢st
k1su4c¢+k25¢+c¢=¢—cu4c¢5¢

{5.2.32)

An analegous procedure gan be followad to detarmine the mechanical advantage

of othar typea linkages,

Exerclsg 5.2.1 Datermine the mechanical zdvantage of the following lirkages:

Spherical RRRR, RSRP, RSRC

Exercise 5.2.2. Using the results of Example 5.2.2, find the direngiors of

the linkage whose transmission angle lies batween 40* and 1407 (or heiween

220" and 1§}§“} throughout the performance of the linkage.

Hnﬂility analysis

In eynthesising funccion- generating linkagess one is inFarested in procuacing

2 link with certain mobility conditions, These conditions refer to the ;i;qﬂ
of motion of either the input- or the cutput link or of both, With this
respect, one of these links is to be either a crank [possibility of ratation
through 360°} or a rocker (poesibility of rotation through a fraction of a
complete turn}. The conditiong under which these mobility specificaticas

are mat are next digcugsasd,

haferring to Fig 5.2.1 the following analysls is performed to establigh



K}
tho conditions under which tha input 1link, CD, is a crank,
for a given position of the input link, i.e. for a given value of 4, the
relative position of the paira D and A 15 depicted in Fig 5.2.7. In that
Pigure, the locus of % is the circle centered at B with a radius 2,. B
being the unit normal teo the plane of the circle, i.e. the wvector paralel

to the axis of the the revolute pair R4

1

Fig 5.2.7 Relative position of pairs A and D of Fig 5.2.1
In what follows the following Theorem will be resarted to

THEOREM 5.2.1 Given a cinefe and a point neti Lyding on {48 cincumference

and not recessanily in the plane of the cirele, the points on the clrean-
ference Lying fhe closesl and the gfanthest from the podint, 0 and P, nespec
Lively, ﬁaua the propeaty that Lines QU and PP are peapendiculan o the
Langent Lo the cirele passing through @ and thaough P.

Exercise 5.2.3 Using the method of the Lagrange multipliers, prove

Theorem 5,21
From Theorem 5.2.1 it follows that P and Q are determined as the intersec-
tions of the circle with line IB. Line IB is in turn determined by the

center nf the circle, B, and the intersection of the plane of the circle



!

with its perpendicular from D. Let £(¢) and L(¢} be the lenght of segments
Fr

DY and DP, respectlvely. Hence, the condition for the input link to be a

crank iz that 4, the lenght of the coupler link, lie within the maximum

valus Of-f-and the minimum value L, 1.e.
Lpax“®2ain

Exercige 5.2.4 Derive the following expressions.

. sz 2, 2 2 2
+5 +a "+ - -
£l¢]={[ 2 51 2, 2p4u1cos¢ {s1cusmdfa15enu4aen¢1 aa]
2,172
+ +
+ tu4 ‘1F°'“4 a1nenudsen¢] }
2 2 2 2 2.
L{¢}={[ #£‘+a1+a4+2n4a1co5¢ - {=1c05q4+a1senu45ﬂn¢} +aa] . -
2.1/2
+ +
+ ts4 s1cntu4_atsenndsen¢] }



5.? MECHANISM SYWTHESIS POR RIGID-EODY GUIDANCE,

-
'

A complete account of the theory and applications of thls subject appears
in [%-5—5.12]. DiffeEEnt appraaches to this problem are presented, all of
th;m regarding the calculation of geometric parameters of one dyad* at 2
time, but the most unified treatment is that of Tsal and Roth [5.11}. The
method introduced by thesze authnrs iz based on formulae relating the
different screw angles and displacements of comﬁosed metions (carrying zhe
rigid body intended to be guided from its reference canfiguration te its n
speclfied successive configurationsite the dlrections and1pcsit10ns of =zha
BCEEeW aXes invclvﬁd, ag is shown next, |

.Lét a rigid body B occupy configuration By initially (henceforth called
"the reference configuration”) and assume it is intended to conduct this
rigid body through n successive configurations Bj{j=1,2,...,n], all af zhem
being finitely separated, i.e. the screw motions relating one of these
ccn{iguratinns te each other and to the refergnce ona cuétain parameters

{angla and displacement} with only finite values {Fig 5.3.1)

The motion carrying B from Eg to Bj can be regarded as the composition cf

two motions; ona, given by a screw Mj** carrying B from B, to Bi, followed

by a second one, given bv a 5SCrew Fj' carriylng B from B% to Bj. The axa3

of hoth screws Hj and Pj are lines Hj and Fj' shown in FPig 5.3.1, where Fj

ia fixed in space, i.e. lts position relative to Bu doez not change after

the motion is completed, whersas line Hj iz a moving ono. Let Uj and Wj ba :

the scalar displacements of Ej and Ej' respectively, and uj and Tj their -

*Sea Section 3.2, )
"ﬂj denotes a screw, whersas Mj' its axis.



L

reapictivo angles. The screw §j resulting from the composition of yj and Fj

Fig 5.3.1 Successive configurations of a rigid hody

has an axis 5, passing through point hj, its displacement being denocted by

3

1:j and 1lts angle by aj. All three screws form what Roth ecalls a “screw
triangle”, Mext, relatlonships among the screw displacements, angle and
axcs are obtatped.

In what follows, let o fj and 5 be unit vectors parailel to the axes

3 3

of Hj' F, and Sj. Moreover, let g ,gj, and a, be the position vectors of

)| 3

polnts Qj* Gj and A located on Mj* Fj and Sj, respectively. For short,

jl‘

the indices are dropped from the screw parametars ln the follawing

derivations.



Starting with Rodrigues' formula {2.5.3) the following relation ia readily

obtained {5.13,5.14)

a o
tan—g+tan§§+tanwtan%{xg

tan%g - 2 = 2 {5.3.1}

) 1-tanstanim. .

2 2.7
™
Multiplying both sides of the above eguations times xf yields
_tan%@xf+tan%tan%[§xg}x§
tanigxg - -~ {5.3.2)
1—tan5tan%@.f

Multiplying both sides af the above equation times.g, the left hand side

clearly vanishes thus leading to

tan%{gxf.§+tan%{fxg}xf.g =0 (5.3.3)

which, for non-zerc values of «, vanishes only if the term in brackets
does, 1.e, if

m£. 8 r

Y -
LRSS TRxE) . Lfx8] (5.3.4)

which is one of the relations sought.

To stablish a second relation, multiply both sidas of eq. (5.2.1) times xm,

thus obtaining

tanxfxm+tan5tan11fxm}xf
-8 2=~ 2 27T,
taniﬁxmﬂ - a {5.3.5}
T 1—tan§tan§g.§

Multiplying both sides of the latter equation times .2 renders its left

hand side zerc, thus leading to
tan% fxm.5+tan%{fxglfg.§ =0 {5.3.6)

which, for non-zerc values of ¥, vanishes only if the term in brackets

does, i.e. if



LANS & e {5,2.7)

thercby obtaining one second relationship

Te cbtain a third relationship, one connecting B to g;f and s, proceei as
fd1lows :

Eg. (5.3.1) was obtainsd by firnt rotating B through an angle 2 about an
axis parallel to m, and then through an angle ¥ about an axis narallel to
f. The resulting rotation is eguivalent to a single ope through an a:qlel
& about an axis parallel to s. If now configuratien Hé is regarded z: the

reference cne, B, ¢an ba reached from B! through Ej.B can be resaches from

0 3 3

B! in exactly the same way as described previcusly, i.e. by means of =

3

rotaticn through an angle y about an axis parallel to f; but now Bﬂ czn be

reached from B, by meéana of the jnverse of the rotation carryirng By t: Bj'

3

i{.e., via a rotation through an angle -8 abcunt an 2xia parallel to s.

Writing the equation equivalent to (5.3.1) for this composition of rolatiors
tAnIf-tanIs-tanEtanxﬁxf
2- 2= 2 2=
8 (5.3.3
1+tanitanst. s

© o eant*dime

Proceeding in a fashion analogous to the one used to obtain (5.3.4) arnd
(5.3.7), i.e. multiplying both sides of eq. (5.3.8) times xs5.m, one flinally

abtains

P {5.3.9)

a5 the third relationship sought.

In the fallowlng, expressions for u, w and t are sbtained, The ¢omposision
of screws H and E is shown in Pig. 5.3.2. In This figure, r is the orijinal.
position vector of a polnt P of a rigid body undergoing first 2 screw notion
of scalar displacement u, parallel to vector m, and rctation o about

an axis passing through @ and parallel to m. After this screw motian the



pesition yector of P is E'. Hext, the rigid body undergees one second screw
motion of gscalar displacement w pagallnl to f, and rotation 4 about an axis
passing through G and énrnllel to £, The final éosition vector of point P

ia r". |

The ccmﬁﬂsition of bath E;rﬁws is equivaleﬁf to one single screw of scala;
displacement t paralliel to 5, and rotaticn £ about an axis passing through
A and parallel to s. This screw.is shown in Fig 5.3.3.

Lot Qj and Qz be the rotations of screws M and F, respectively, QE being
that of the equivalent screw S. Thug, applying eqa, (2.6.18) and (2.6,19),

5“-5'+ﬁ§+{Q2—§}{§‘;ql - (5.3.10}
where, applying the same result again,

¥impdumt (9 -1) (r-q) {5.3.11}
Substitutiegn of {5,3,11) inte {5.3.10) ylields, after cancellations and
rearrangement of terms,

ptepewi+ug mHQ, -1 r-(Q,-1)9-0,9+0 g {5.3.12)

Z2:
in which Q3-QEQ1. has been substituted,

On the other hand, using the equivalent screw to compute c",

wpitss (Q,-1) (r-a) _ (5.3.13)
Equating the right hand gides of {5.3.1i] and (5.3.13), cne ochtains

w+uQ m-ts+(Q.-1) {g—3}+{g27;} (g~g)=0 (5.3.14}
from {5.13,p.5),

Q:E‘T+{1'¢T]f“‘fx@}+5foT : 45.3.15)*

*Cy=cosy, syEainy
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{92*51Ig—glﬂ[1-crlfx[§#lg-g}]+5751Ié-?] {5.3.186}

(©,-1) (a-g) = (1+cO) s [ax {a-q) }+565x (a-q) (5.3.17)

A dm

Subgstitutdon of {5,3.15)-(5.2.17) into (5.3,14) yields

w{—t§+u§#u{1-c7]Ex[£x§]+usfoTf{1+cﬁlgx[§x{a-q]]+sﬁfxﬂg*gl

+{1-cy) Ex {£x{g-9) ) +syfx (g-g) =0 (5.3.:8)

Multiplying both sides of edq. [5;3.13} times xf.s yiélds
ugx§.§+u{1-c1}(fx{gxg]}x§.§+usyffxg]x§:§+
+[T-CE]{gx{gx{g-g]]}xf.§+53[§xf§-q}fol§+
+{1-cT}{fxffxtgﬂgl]}x§.§+51[§x[g-gf}x§.§¥ﬂ (5.3.:9)

Define

D -gxg.g;p2={gxfl.ifxf]:pa=ifxs}-tsxm} {5.3,20)

1
From eqg. (5.3.4}, the corresponding trigonometric identities and defiritions

{5.3.20), one obtains

2 2 2
P, P, 2p 2p,p,
3 ¢ I-CT-E_E_' BY=—>3 (5.3.21)
+
Py*P, B Py PIYE,
2 2 2
P3~Py 2py PPy
cﬂ'rz—-i , 1=-cB =z f B& 7 2 {5.3.22)
Py7P,y 2 Py*Py
Substituting egs. (5.3.20)-(5.3.22) into eg. (5.3.19),
2
p, ap,p,
ulp, + ——5 [(fx(Exm)xf.s + 55 —{fxmixf.g +
PytPy Py*P,
2
P, | p, P,
+—§"—§{fx[fx{3-gl}}xf.§+ —E——E—h{fxtg—g}]xf.f+
PPy Pythy
2
2Py °P1P3 5.3.73)
g lexlsxia-a Ping. o —5(ox (amg) Jx£.5=0 (6.3.2

Py *Py Py *P,

52



vhera

(£xtgoem )xg . gmmus . 5=-p,
and

(£ € . 8= Exm) . (£x3) -,

Let A be tho coefflcient of u. Then,

A 29:1’ 29#’2 ) 29? Epi
Pi" 2, 27 2 2 - p, - 7, 2 2, 7"
P*P;  PyTPy Py*Py  PyTPBy
2 2 2 2
] P1+P2'“F1+F‘z’_ _
2y 2.2 By
Py'Py

Lat B ke the sum of tha next twe terms in (5.3.23). Then

2p

Hm
PytPy

)
5 3 {P1Exf+pzifx§}xf).{5~g}

Let T be sum of the lagt two terms in {5.3.23),

o= ——5(p,fuatp, (fxe)xs) . (a-g)

PPy

Substituting (5.3.26)-({5,3.28} into aqg.

p, in it and solving for u/2, one obtains

71 (391 -¢,- (a-9)

2 A3
where
o — (p, sxf+p (Exs)xf),c
-1 2 2 1=7= T 0

P1+Pz

1

173

= m——

5 2{p1fx§+p3ffxs]x§}
3 T

(5.3.

{5.3,

{5.3.

{5.3.

{5.3.

(5.3.23], dropping the common

(5.3.

{5.3.

To simplify expression {5.3.29), expand the terms in the denominators

thoge ipn the brackets of expressiona (5.3,.30).

24)

25)

26}

27

28}

factor

29)

and

pf+p§={935.512+[lTxfl.tfxs}]z-tgx§.§}2+]lgxft]2|]£x§||2¢osz{yxf.fx§1{5.3.31l



But

) 2 || tmigyxxe ||
cos {mxf,fxs)=1-sin {mxf,fxglpih 5 > {5.3.32}
[|mxs |]7] | £x8] |

Subatltuting expression (5.3.32} into (5.3,31), one obtains

Pf+P§=[@xf.§12+|Iéxf||2i|£x5||2n||{Tx£]x{£x§][|z {5.3.33)
whare

Hlmoce ] |2 (o) . () = (mxg)oam. £ (=€) . £=1- (. £1 2 (5.3.34)
and, similarly, | . .

xs] [2=1-ts. 012 - {5.3.38)
Furthermore,

| Vemxgy xtgxsi 11251 | ax . 58- tmie) ]2
-1l g
= tuxg.0) 2| [£] | %= tmxg .5 2 (5.3.36)
Substitution of eqgs. (5,3.34)-(5.3.38) into eg. {5,3.3]) leads to
2,2 2 2
91+Péf[1-{g.f} J(1-ts.£37} (5.3.37}

and, similarly

2 2 2 2 '
po+p =(1-(e.£17) [1-{e.2)7) (5.3.38)



Maorecwvar,

P EXE+p, (fxs)xf=p xftp, (g-3.££)=mxf, saxtt (wxf) . {£x) (5-5. )

Fm. Exgaxfim, fx (fxs) s, (1-££)

qqqqqqq - =

. [fxggxf+ (£0-1) .55, 1-££)) (5.2.39)*

Each of the two terms in tho brackets of exprossion (5.3.29%) are next

expanded
Lat

fxs=a, sxf=b {5.3.40)

~~~~~~

Thus, ~ha dyadic fxssxf can be written as**

fxssxf=ah

- oA A dmdm

—

* 1 ip the identity dyadic, i.e. a dyadic thét is isomorphic te the 3x3

identity matrix. Thus, Iin matrix notation, if the components of £ ars

f1f2 and f3, then , ) 1
- -1 4%, 5155,
2 .
[1"2!}' *fifz 1'f2 . 'f-jfg
_2 : 2
--f1f3 f2f3 1-f3 l

** Por a short account on the algebra of dyadics see Appendlx 71,



Introducing the usual index notation [5.!5_},

4

(fxssxf); =ab, | (5.3.41)

L)

whera, from definitions (5,3.40),

. ai“EikﬁkaE *'banjmnsmfn (5
Hance
' (£5885E) 57 0 o3240 s
where, as is shown in ﬁépendix 3,
€1kt 5mn 013 Crm®enCknten) *E ik CmefinT imdpn’
) . +dj£{ﬁinﬁkn-6kmﬁin}- (5
Substituting (5.3.44) into (5.3.43), one obtains fiﬁally

fxssxg=1 ((£.5) "1} 4Efrans. £ (s54ER) (s

Substitution of the latter expression into (5.3.39) and simplifying

résulting expression leads to
: 2
P sxE+p, tExstxg=p. (1-1£.8) ") {£5-1) .8
S{imilarly,

plfx§+pEEEX§}x§=g.{1-{§.§32]{1-55] {5

.3,42)

.2.43]

LT

.3.45)

the

.3.46)

.3.47)

Substituting (5,3,37), {5.3.38}, (5.3.46} and (5.3.47) into (5.3.30) and the

cortesponding expressions for o, and ¢, into {5.3.29), one ohtains.

2
B 0-ED m. (1-33)
S — {g-q}+ —3% - {a-q) {5
1-{m.£f} Y A-{s.m) T

which is identical to the corresponding expression cbtained by Roth
Tsai (5,11}

T
Multiplying eg. (5.3.14) times Qz one obtains

.3.48)

and



wg+u@~tg§§+tg1-gzht§~q1-{9§uxl{q-gl-g (5.3.4%9)

Multiplying the latter esguation times xf.m and proceeding in & manner similar

to that leading to eg, (5.3.48) etarting from eq. (5.3.15), one obtains

¢ Sla.amim s-{s-f)£
7= 2.[q—a1+ 5 {g=a) (5.3.50)
1‘{%-?} T JF{EIE} v

How multiplying eq. (5,3.14) timas Qg leads to

T

a?';gﬂng-tz_;- {;:-3—5} ‘9'9'-""{?1'9';] (q-g) =0 {5.3.51}

Finally, multiplying eq. {(5.3.51) times xm.s and proceeding as before, ono

obtains

8 f-(f.n}m
5 - (a-g)- —-—-:2- . {g-g} {5.3.52)
1-(£.38) ST t-{f.m) T

Equations (5.3.4), (5.3.7), {5.3.%), {5.3.48), {5.3.%0} and (5.3.52} are the

gynthesis equations which were meant to be cbtained,

Remarks about the synthesis equations:

i) They are useful to synthesise spatial linkages, but not plane ones,
becavse in the latter case, £, m and 8 are parallel. ﬁenca angles o , y
and § are undetermined in egs. (%.23.4), (5.3.7) and {5.3.9} and
displacements u, t and w are undertermined in ega., (5.3.48}), {5.3.50)
and (5.3.52), Thus, tuo synthesisa plane linkages, other eguations shnuih
be used, like thosa developed by Suh [5.16] or by Angelas [5.1?}..
Equations appearing in [5.1?} are derived in the Appendix,

ii) They enable the designer to synthesise dyads of any combination of the
5ix kinﬂmat%c lower pairs intruduceé in ¢h, 3, except for the planar

one, Hotice, however, that since the axis of one of the two pairs of



e 1

the dyad is Fixed and the other one iz moving, the dyad is not symmetris,
for which reason the R-§ dyad, for instance, is different from the 5-R
dyad. Hence, the total number of dyads that can be designed witht the
foregoing equaticns is 52125. The pyntheses of all these dyads, except
for the P-F one, are discussed in (5.11]. &5 Roth and Tsai polnt out
in [5.11} , unless the guided rigid body undergoes pure translation,
in genaral a P-P dyad does not axist for an arbitrary rigid body
motion.

i1i} If the different configurations of a rigid body meant to te guid:d are

specified, not via thair screws [referred toc a common oricinal E:nfig;

' & .
uration), but via the successive positicns of a set of three nor-col-

linear points of the rigid body, then the corresponding screws rust
first be computed. This can.be done with the computer subroutine SCREW,
whose listing appears in Fig 2.6.6.
iy) The path-generation problem of synthesis, discussed ln Section 5.5,
. can also be treated using the equationg under consideraticn. -
The outlined synthesis procedure is illustrated bky means of an exump}e

regarding the design of an R-R dyad for rigid-body guid#nce. The synth2sis
af this dyad has been studied extensivaly., It was first shown that the

maximum pnumber of specified configurations of the rigid body is three (See
Section 5.4), if exact solutlens are to be obtalned, these solutions raing
exact up to round-off and/or measuring errors. This statement can be readily:
proved by the reader; hesidea, it is reported in several papers, e.g. in

[5.11,p.94}. Roth [5.13] showed that the aforementioned exact synthesis

v

problem has no more than 24 real solutions, whereas Suh [5.19} showed that -

these solutions always come in pairs, each pair forming a

Bennett opechanism [5.20}, i.e. an RRRR spatial linkage with degree af

L P



freedom 1%, Finally, Roth and Tsal (5.12} showed that this problem has only

one pair of real solutlgns, which constitute a Bennett mechanism.

Exampla 5.3.1 Synthesise an RRRR spatial linkage te guide a rigid body

whose points A,B and C attain the following successive positions:

Aufﬂ,ﬂ.1l R1{U,0,1l h2{1,0,ﬂl
B,{0.1,0) 31{1,J5,:J 92[1+JE}2.0,JE?21
Cyl1,0,0) cjtﬁﬁkz,ﬁikz,nl c2{1+ﬁi,n,n}

Tha two involved screws, §, and §., transporting the rigid body from

configuration 0 to confilgurations 1 and 2, respectively werae obtained with
the aid of SUBROUTINE SCREW, the resulting parameters being those obtained
from the computer printout of the program that was written for this purpoase.

These are the following:

(0. 769] (0.454]
g, | @.590|, 2,= 0.787 +£,70.245,8 =-56.600°
-0, 245 10.47¢]
f b r b
-0.906 0.305

¢,~ | 0.194] a,= [0.176),¢,

0,375) (0. 645

=—1.282,52=-129.?36“

)

In this prchlem,ﬁj, 5,, Ej' uj and wjtj-1,2] are known. In fact,

3

ujtw =0(j=1,2), for the curreSPOnding'mctinns are prnduca& by revolute

|

pairs, thereby not allowing for any sliding; the reamaining aforementioned
paramcters are those obtained via SUBROUTINE SCREW, The synthesis eqguations

that are applied are ega. {5.3.9), (5.3.48), (5.3.50} and {5.3.52), all of

* If the Grilbler-Kutzbach 3.5 formula {g applied to this linkaga, it is
found that ita degrea of freadom is -2
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them taken twice, once for each walue of j.

ndditicnally; the unity-magnitude (i.e. normaljty) condition on vectors f

and B yields twe more equatlons, Finally, specifying the location of points

G and 0, oh the axes of the F and M screws, rqaéectively, in such a way as

to render G perpendicular to both axes, one cbtains two additicnal eguations.
Summarizing, the problem leads to a eystem of 12 nonlinear algebraic equations
in 12 unknowns. Roth and Tsai (5.12) introduced an algorithm that reduces

the problem to finding the unique positive real rooct of a cubié equation.

In the course of the description of their algerithm, they show that the
system admits exactly two real different solutions which, as Sub (5.19]
proved before, are bound to constitute a Bennett mechanism. Roth and Tgal
also show that spurfous solutions to the said system also appear, which

. The author has found,

contain, as solutiens to £ or m, either s 3

y or s
following a different approach, that other séuriaus solutions can also appear,
these solutions beding jnadmissible in the senaa of vielding, for instance,
point @ of the second solutlon identical to point G of the First one, thus
making impossible the construction of the linkage.

The sclution to the present problem is now cbtained following a different
procedure ag that proposed by'Huth and Tsai. In fact, although the algorithm
Proposed by these authors can be implemented even with a desk calculator

inot necessarily a programmable one), the author could not see how to extend

it to overdetermined problems, i.e. problems that involve the guidance of a

rigld body through more than three different configuratlons, thus not allowing

4
13

for an exact seolution, in which case the best approximation [See Section 6.3}
should be sought, The procedure followed hére ls based on the use nf.
SUBROUTINE NRDAMB, First the synthesis equations are simplificd considering
that vector g-g {s perpendigular to both £ and m. Thus, the synthesis egua-

tions reduce to



For im1,2:
Bi T T
F =tany;—f {I-s, s, )otdat{f,m,a I=0

LT T T - - o=

T
Fget £-120

L
F1G-T 5-1—9
FyE (gg=o

T
2™ (g-g)=0

(5.2,

{5.3,

s,

(44|

{5.3.

(5.

1a1

(5.3.

{5.3.

{5.3.

£la)

53b)

-533c}

33d)

L33a)

53f)
33q)

53h}

ay

The Jaccbian matrix of the systom, which is needed by MRDAMP, is now Zirmed

by computing the partia) derivatives of the above functions with respest to

the unknowns £f,m,g and q. Thus,

- -

For i=1,2:

Efi'- taniirl-s 5T]m+mxg

3f ZrITE S I ETENE,

Ef—-- taniill ST}E-f

am 2 L TE{ R IITIxEy

ar, L, aF, L

3 S 73 ¢

aF ap
i+2 . i+

—= I- - —
it - e 5 0

{5.3.

(5.3,

{5.3.

i5.3.

3da)

tdb)

Ide}

Fad}



oy

a;;z - - (L2801, az;z -0 (5.3.54e)
)

:M - o a:;” e TRER (5:3. 549
:;i+4._ 0, E;%ii «-(1-5 a0 (5.3,54g)
:§1+E a 0, :;1+e - o, zgi+6 s, E;%tg -3 {5.3.54h)
-;gi - 2f, ;;3 -0, :;g -0, :;5 =0 (5.3.5i)
;;12 - o, :;‘” -, ;gla -0, ;glﬂ -0 (5.3.543)
;;ll - g-g, 2;‘1 - 0, ;gll = £, :;" - -f (5.3.54k)

y o7 " ;

Subroutines FUN apd DFOXN, required by HRDAMP, compute functlons Fi[i-1,...12]
and the Jacoblan matrix, For this purpose, a vector x of twelve components

is defined in the folowing manner:
xi=fi,i=1,2,3
Xy pq=® o im1,2,3
xi+6'gi,ii1,2,3

Xy gm0, sim1,2,3

Analogously, a vector p of given parameters ls defined as



For i=1,2,3,
Pi™%t
Fie3 021
Pive "14
F'j,+9‘ﬁ21
for i=1,2,

Piy12™%

Pi+1q" Ty

In order to automate the calculaticons, the following arrays are defined:

VvE{I,J7), for I=1,2,...,7 and J=1,2,3, is the Jth component of the Ith vecter

of tha array, where

Es 1at vector ‘of
p= 2nd vector of
§1ug= Ird vector of
Ez—g= 4th vector of
a, ~a= S$th vector of
a,-q= 5th vector of

_g-a = 7th vector of

MAR{I,J,K), for I=1,2, and J,K=1,2,3, is the {(J,K}ith entry of the Ith matrix

of the array, where

I-nis?t the ith matrix of the array.

- =yl

Cther subsidiary suhroutines are the following:
SUBROUTINE MAVE (I,MA,J,VE,PROV)] computes the product of matrix I of MA
times vector J of VE and stores this product In array FROV.

SUBROUTINE VEVE(I,VE,V,PROS} computes the inner product of veector I of VE

tha

the

tha

the

array

array

array

array

array

array

array

times V and stores this product in FROS.

4}



#1

SUBROUTIRE CROSS (I, X,J,P,CROS) Computes the. cross product of either f{I=t)
or g[1=2}; stored ip X, timos either 51{3-11 cr §2(J=2], both stored in P,
It stores the product in arpay CROS. The listings of the aforezentiocned
subroutines appear in Figs 5.3.4, 5.3,6, 5.3.7 and 5.3.8

The two meaningful solutions that were obtained, using the Hewton-Rachson
method, are

[ 0.819] [ 0.083] [ 1.048) [ 0.246)
Eom -0:569 ymo= [~0.349|,9. = 0,317 ,q =|-0.793
| £2.073 | ~2.933

| 0.658 | 1.002,

’ / F

(-0.680] (-0 .866] [ 1.039] [ 0.963]

52' =0.7%i4 B 0.4a80 195~ o.121 '™ 0.388

0.107 -0 140, —0.761, 0.624)

L 3

The conditions for the above linkage to constitute a Bennett mechaniza [5-2c:

are, according to Fig 3.3.9,

Fig 5.3.9 A Bennett Mechanism



"Ry . . y3

[sffz]f(aﬂf%z]
(g - )

gina - ginf
a k

It can be readily proved that the linkage just designed satisfies the above
conditions and thus <onstitutes s Bennett mechanism,

The algorithm of Roth and Tsai requires referr;ng the problem to a particular
set of coordinate axes, in such a way that, letting i,j.k denote unit vectors

along new X, ¥ and 2 axes, respegtively, these vectors are defined as

§——
Il’I 22|
1w )=k
Purthermore, the orlgin of coordinates is to be placed at the intersectiun
of the common perpendicular to the axes of gcrews §1 and §2 with the axise

t

of 5. This way, in the new c¢oordinates,

=1
o] . fo
-2l Al BT B P R R b
1 0

wvhare h is the distance between the axes of S‘ and 32 times the sign of

n1xn . la -§1]. The s¢lution obtained using the data in the new coordinate
. - -
axas must be then transformed lnto the originml coordinates. This is dene

via. the following affine transforméticn:

(£} =(R) (£)



G
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whore subscripts o and n refer teo original and nev coordinates, respectively,

Matrix [R]u can boe cbtained via Definition 1.2.1, as
£4%%

1 1
. T
R 1 L
where the transpose of the glven matrix should be taken becauvse the matrix
Laken as such (without traneposing) reproescents the rotation of the original

axes the new cnenm,

Exercisa 5.3.1 Check the solution glven above to Example 5.3.%, applying

Tsal and-Roth's algorithm (5.12).



E.4 A DIFFERENT APPROACH TO THE SYNTHEEIS PROBLEM FOR RIGIL-BODY TIDANCE.

For dyads containing any combination of revﬂiute and spherical pairz, this
preblem can be formulated in an alternative way, which formally resszbles
the plane linkaga synthesis problem [5.1?] discussed in Appendix 4. Let

X Y 2 ba coordinate axeg attached to the rlgid body intended to guide, in

000

its reference configuration, and X Y.Zj those attached to it in ite jth

i

¥E

configuration. Purthermoras, let 512 and S,. be spherical pairs contacting it

dyad to syntheslsze to the frame of the mechanism (linkage 1) and tc che

rigid body (linkage 3)., Then, from Fig 5.4.1, the next relationshir

. follews
r' v
T, +a +b_ma_+h {3.4.1)
372735 -0 %
a a {3.4,2}
247244,
Qj baing the rotation matrix of the screw carrying the rigid body fzom its
refarence to itas jEﬂ configuration,
z Y

0

542

Fig 5.4.1 5-5 dyad conducting a rigid body



7§
Introducing eg. {5.4.2) into eg. {%.4.1) and solving for Qj one gbtains

?j‘tE-?j}§G+§Q-Ej . {5.4.3

$ince the dyad is rigid,

Hpgll=lleg 1 (5.4,4)

Substituting éq. (5.4.2} into eq. (5.4.4) and squaring both sides of the

resulting egquation yields
[}iz-0.1a 40 -r | 12=||b. | [%,5=1,2,..0n {5.4.5)
=¥ %0 075 20

which constitute, in general, a nonlincar system of n synthesis equations

Since these unknowns contain 6 scalar

to solve for the unknowns a and b

o 0’
components, for ‘exact synthesis the largest value that n can attain is 6,1
and hence, with an 5-5 dyad, a rigid body can be conducted through 7 config-
yrations, counting the reference configuraticon as the seventh cne.

Exercise 5.4.1 If it is intended to cenduct the rigid body through 4 confij-

.urqtiuﬁs only, then 3 unknowns must be specified tc render the-pruhlem
determined, These specified unknowns can be any combination of the six
invoived cocrdinates. Show that, if the three componentz of a, are spacified,
the system of eguaticons becomes linear,

Regarding the four-configuration aynthesis proklem digcussed in Exercise
5.4.1, if 24 happens to Ee specified in such a way éhat for the kEE config-

urations the next holds.

={I- ' 5.4.6
n=1-g0 8, . ! )

¢

then the kEE synthesis eguation becomes an ldentity, thus leadiny to an
underdetermined system of equations, which can be rendered determined by
either specifying one fifth configuratlon or by specifying one of the
components of Pn. An alternative way of haﬁdling this situation, amply

discussed in Ch. 6, is to leave the system of gquarions undertermined but

imposing some optimality condikion like, for instance, to minimize ]llgnH;



sz

thus enabling the designer to cbtain the minimum-length dyad,
From the above discussion it is apparent that it i highly desirable to be

able to specify a_ 850 as to satisfy eq. (5.4.8). However, it is net possible

0

o solve for a, from this equatien, for the matrix invelved is singular, as

0

discussed in Section 2.6, In that section it waz also menticned that in a
mystem of equations like the one "defining” 2, in eq, (5.4.6), two of the
three egquaticns are linearly dependent. Hence, this system is underdetermined

and,; properly speaking, does not actually dafine a.. This vector can, however,

be defined by imposing the conditlion that its wagnitude be a minimum, which

Q

can be done via the pseudoinverse matrix of the system of 2 {linearly

independent} equations in three unknowns obtained from eg. (5.4.6).

Exercise 5.4.2 Show that if £, 1z parallel to the axis of the' screw carrying
the rigid body from its reference configuration to its kEE configuration, then

it ls not possible to find a vector a_ satisfying eqg. [5.4.6).

O

If vector r, is not on the null space of E—gkI5ect. 1,3), i.e., if it is not

parallel to the axis of rotation of Qk' then a minimgm-norm vector 8, can Lbe

obtained from the underdetermined system of the two linearly independent
equations contained in eg. (5.4.6}. This ig a very uszeful result, becausa,
Ias the length of wvector ic is made the shortest possible, tho weiyht and
the dimensicons of the linkage are minimized, thus allowing to construct a
linkage with the smallest amoun£ of material, driving it with the lecast

pessible amount of power and placing it in the narrowest space. More an .

linkage optimization will be discussed in Ch. 6

Synthesis of R-§ dyads, In this case a configuration analcgous to.the one

shown in Fig 5.4.1 is obtained, except that pair 512 is replaced by pailr

Similarly, for n+1 rigid-body configurations, the same synthesis

——

F.,Iz.
eguations (5.4.5) follow. Since this dyad can cnly royxate abount the axis



of R sultable constraints must be introduced in order to insure the

12°

normality between vectors thj=0,1,.,.,n] and the unit vector ¢, directed

along the axis of R

condition among all vectors-pj. Algebraically, the latter condition can be

12°

stated as
"'“"-:-':1191*‘-'?5}'“3"“2""'“ ) (5.4.7)
thus obtaining n-1 additional synthesia equations, The number of sypthasis
parameters {unknowns) in this case is again six, ji.e. the three scalar
) cn?punEnts cf vectors 2, and ED' Henqa, in order to match the number of
equaticns to that ofrunﬁnuwna, one must hawve
. 20~ 1=6
7

n=_—

2
which, unfortunately is not an integer.
Fram the foregoing discussion it follows that 8ome parameters should hbe
specified beforghand. If m parameters are speclified, then n must have the
value

7-m

n=———

2
Thus, letting Nen+1 ba the number of prescribad rigid body configuratizns,

the following table is ocbhtained

mn H
1. 4 -
| (I . '
1 3
5 2

It is pointed out, ﬁgaih. that if three parameters are specified, these

can be chosen to be the three components of 2, Bstisfying the two linearly

T

independent squaticna of (5.4.8), for one k, such that the magnitude of

This normality condition ls equivalent to the coplanarity

4

-



. - . . L’f'l

I
gﬂ'is a minimum. If no constraint oquations (%.4.7) wera to be present in
thiz case, this would allow one to prescribe one fourth configuration of the
rigid body under guidance., The prescence of the said equations, however, does

it prevent the introduction of such an extra configuration, for, from

o for that k for which (5.4.6) holds,

egquations {5.4.;] and (5.4.8], Ek-P
the kEE equation of (5.4.7) the:abg baing identically satisfied. In conclusion,
tha R~5% dyad can be synthesiged for a maximum of 4 prescribed gonfigurations
of a rigid body in such a way that'llgﬂlf is minimised, therefore allowing

for a minimum:weight syntheais. The latter result could also ba ccqcluded

from ihe dlscussions of tha same problem aﬁﬁearing in [5.11} and f5.21},

whare the authors ashow that the said rigid-body guidance problem leads to an
undardetermined systen of equations. The synthesis af S5-R d}ads is essentially

tha mame as that of R-5 dyads

Synthesis of R-R dyads. Again the picture shown in Pig 5.4.7 relating the

1 .
reference-and the th- configurations for an 5-8 dyad, still holds for R-R

dyads, except that pairs S .. and § are replaced by R12 and R respectively,

12 23 : _
as shown in Pig 5.4.2. In addltion to the synthesis equations (5.4.5},

21'

conatraint equations for these pairs should be introduced., In fact, if both

revolute pairs are connected by means of a link of axis parallel to the common
perphndicular ta the axis of both revolute pairs, this perpendicularity should
be observed throughout the different specified configurations,

The perpendicularity of the axis of the link with the axis of RI

2
-
| ¥

="|- . | oo N . .. ' ]
as . ! ' 1 ! 3 1 , .

can be stated

uw'b =0, j=0,1,...,n (5.4.8)

3



.
K

Vi

L)



=7

hdditionally, the perpendicularity of the said link axie with the axis of

?za_can ba stated am

T

v'b =0,4=0,1,...,n

3

or, introducing eq. (5.4.,3), and the'fact that
!j-gjfn,j-0,1,...,n
the latter perpendicularity condition appears as
T.T .
veQ (-9 1Eg*§n'fj}=nr3=ﬂr1r'*-r“ (£.4.9}
where

From Fig 5.4.2, it is clear that vectors u amd v belong to the Eame sigid

body, namely the R-R 1link to be mynthesised,

Equations (5.4.8) and t5.4.§1, hnwevgz, do not guarantee that these vzetors
underge a rigid body motion from the reference to the jEﬂ-cnnfiguratLJn. In
fact, a 1B0~degzree rotation of vactor ¥y about tha link axis {vector gj}
-thua producing a reflexion of the link- could not ba detected from z2q.
{5.4.9}, for this would. still held after such a reflection. Hence, &= addi-
tional cnnitraint.should be imposed, namely the constancy of the ang.2

betwecn vectors uand v, i.a.

uTv -uTv /J21,2,...,n .- {%.4.10)
i (v
Finally, the ncrm?lity'uf vecfors v and gﬁ laads to
' : J+‘. ‘:1'1‘- I L v g [
Huil=1. 1yt =1 | (2.4,11)

Summarizing, eqs. (5.4.5), {(5.4.8-31) constitute a syatem of 4dn+d equations

to computa the 12 unknown componente of vectors Eg’bg'“ and Eﬂ' To mazch the

minber of egquations to that of unkpowns, one must have



ol
o

dn+d=12,i.8, p=2
Hence, by means ;f an R~R dyad, & %igid body can be guided through 3 confi-
gurations (counting the reference as the third configuration), a result which
wag mentioned in Section 5.3, As in the two foregolng cases, it is possible
to realize an nptimaldsynthesis of this linkage. I; fact, instead of ob-
talning the unknown vectors from the 12 derived equations, find a, from eq.
i5.4.6) such that its magnitude be a mipnimum. Hence, the number of unknowns
reduces to nine, but tpe munber of egquations to satisfy is Pinarrtﬂﬂ; thun
making it possible to cbtain one or, several exact solutions to the problen.

In fact, find &, from Eq (5.4.8) for r =r_; then the system of egquations

S0 =3 ~2

is: eq. (5.4.5} for j-1; additicnal equations are eg., [5.4.%a)- next derived-
for jfﬂ,l, eg. {5.4.10} for j=1,2 and the two eqs. (5.4.11). Egs. {5.4.5)
{5.4.B?Iand {5.4.9a) are ldentically satisfiled fD£ i=2 1f a, iz obtained
Irom eq. (5.4.68). Eq. (5.4.9a) im an alternate form of the perpendicularity
condition between Pj nnd_fj -og. (5.4.9)-, which can be stated as tha per-

pendicularity between b and v, i.e.

| =0
[{I—Qj}a o*Bo- rj}no,jsa 1,....,n - (5.4.52)
IExurcise 5.4.3 show that, if 3, i= chosen oo as to satisfy eg. (5.4.6},
with Ej-EE' then egs. (5.4.5], (5.4.8) and (5.4.9a} are identicsally

gatlsfied for j=2.

Using the latter approach to the agﬁthesis problemn under study would yield
two n{ the specified conﬁigu;npiops afjthe body ca;féfpﬁp?%qquﬂ two
conjugate configqurations of the linkage, as can be'readil}lprnved. Regarding
this approach, a word af caution 15 in arder, howe;ﬂr= Be is propased to

show in Exercise 5.4.2, it is possible that situations arise where it is

not possible to find ED from eg. (5.4.6)

£



Example 5.4.1 Synthesis an R-R dyad +o conduct a rigid body -to which axes

X ¥g% o

5.4.3

i=0,1,2} are attached- throught the thres pesitions shown in Pig

|
zﬂ X,
Y
Nt | o
z/l
1 | 4
X, i
2
9 —= -
z
2

Fig 5.4.3 Rigid-body ﬁuidance throught three confiqurations,

Solution;:

In what follows all wvectors and mutriLes are referred to X Y .2 axes,
Matrilces g1 and Q, rotating axes from the reference configuration 0 to
configurations 3 and 2 are obtained using Definitia:1;2.1, as 18 shown in

Section 2.3, lience,

4] 0 0 0 0 i
Q1— 1] -1 o, Qzﬂ 1 ﬂ 0 ] (5.4.12}
f i ".. . ] 1 [ = e al .
1 o o "l 1 o .

Then 35 is determined from tha following equation, so that its lenght is a
L . '

minimum



(1- szn =r, (5.4.13)

As shown ln Secticen 2.6, 5—92 is singular of rank 2; hence eq. (5.4.13}

containg exactly 2 linearly independent equations, these being
1o -t ; 0
v o1 o |92 Ly

whose minimum norm solution is readily obtained via tha Moore-Fenrose

pEeudo-inverse (See Section 1.12). The computed solutlon la

2(-35-3)

Let the ‘unknown vectors hD (U and v, have the following components:

r L F \_ . r ]_
2o Yy Vo1
Ba™ |Pgzlr ¥=|atr ¥Yo=l¥02 {5.4.186)
b u v
03] 3 L 03]

Bqg. (5.4.5} for j=1 takes on the form

2 F-1 L
FPoz 503" 3 (5.4.17a)

02

w

Vectors b, and b, are computed from eq. {5.4.3), from which it can reaiily

be checked that bz-bu, thereby satisfying eg. (5.4.5) for j=2 identically.

Eq. (5.4.8) for j=0,1 then, takes on the forms

! I I + . 4.°7b
u1bo +u2b02+u3b03 =0 1 (5.4 ).

1
LA
u1b01+u2{3+h }+u { + bﬂjl =0 {5.4.37c)

Eq. {5.4.9a}, for j=0,) leads to



Y1501 Y02Pa2" Vo1 Poa=0

1 2 )
Ya1P01tV02 T g2l tVpa fry *hpyl= ©

Eq. (5.4.10), for 3=1,2 yields

- + = + i
Y ¥oa 2 Y02 Y0 1™ 1Y ™2V 02 3 Vas

' + +
U Y03t Va1 Vo2 ™ Vo1 T 2 Y02 ™3V 03

whero v

i

take on the form
22 .2
u1+u2+u3 1

PR R

o1 Vo2 Vpa™?

The solutions to egs. (5.4.17) provide the different possible dyads that guide

L
the rigid body through the different confiqurations shown in Pig 5.4.2. This

(5.4.17d)

{(5.4.17e}

{5.4.17£}

{5.4.179)

wag computed performing the product ijn. Finally, egs. (5.4.i1}

£5.4.17h)

{5.4.171)

system of nine equations in nine unknowns, though nonlinear,

can be solved without the aid of a digital computer, as is shown next. To

refor to the foregolng equations, only the letter attached to each is mentioned,

for shortness.
Subtracting (B] froem (¢],

uz-ZuJ-D

Subtracting {f} from (g},
2 %o1te2! Patvea Ve T

Substituting (a'] inte (L'},

+
Uy (v FIVp1=0 |

Pirst scluticn:

To satisfy eq. (c') there are two possibilities.

(a*)

One is

55



uanﬂ . (d'}

id'] in {a'} leads to . '

uzlﬂ {a')

(d') and {c') in h yields

u =t 1 .o ' (£1)

In what follows, this solution i3 developed taking only the plus s5ign of eq.

{£')}. Substituticn of (£f') into {£f} yields

Yo3"Vor (g*)
Subtracting {d) from {e), v

vuz-ivﬂ3-n '_ . qu

Solving for v_ ., and v__ in {q']land {h*'), in terms of ¥

09 02 and sphstituting

(v

the resulting expressions into {i), one obhtains
2
5?03-1

from which

vE
Yo3" "6 1
and
V6
Yo1" Tg (9
2/6
Yo" 6 (x'}.
Substituting (d*),{e') and lf'} ints eg. (b) leads to
Byi=C¢ ' * toooan :
Substituting {i'},{j") and [k'} into eg. {d} leads to
b _+h =0 {m') ”

02 03



532

Solving for b, . and b__ from egs. (a) and (m'},

02 03
b n*)
02" & :
1 [ ]
' Vo3 3 {p"}

‘Hance, the first solutien to this problem is

0. 1 N
bo®|-1/6;+ us[C}. v =|/8/3 (5.4.A)
1/3 o Y6/6
Second solution: - 4
If now v, iz assumed to have a nonzero value, it is possible to divide =q.

{c?) bytit and obtain

v01+3vu2 = {0 1 (a"})
From {P‘} and (a") it is possible to solve for Vo1 and Va3 in terms of Vage
Yo01™" o2 L (b™)
Ty n:-l-\r {c™)
03 2 D2 ]
Substituticon of (b") and (¢")} into {i) yields
T ' .
Yom T a1 - @
Hence
. 6Y41 (o™
Yo1 a1
V41 "
Yo3© a3 - L o '
Subetituting (d"),(e") and Eff} inte egs. (£) and fg) leads to
W m2u,-6u,mobu, 4 2u, b, {g.l
- [ 1. hll
u' 6u2+2u3 Eu1+2u2+u3 (h"}

I -,

.



from which one can sclve for u, and u, in terma of u_, thus ohtaining

3 et 3!
15 .
Uyt Ty ()
u2-2u3 : (37)

Substitution of (i*) and (j") into eq. (h) leads ¢o

7¥470 "
%3 = 470 (k™)
Hence, -
. 4 - 15/470 ' (")
1 470
14/470 "
u, = 150 {m")
Substituting (k*), {1") and (m") ints eg. (b) one cobtains
+7 "
15hu1+14b02 h03=0 . in®}
1
Performing a similar substitution into eq. (d), one obtains
h * + . "
~€b | +2b ,+b =0 (p")
Solving egs. (n") and {p*} for bﬂ:l and hﬂz in terms of hl]f.i'
H "
Baq =0 | . (q")
b= b ' ()
02 2 T3
Substitution of (r") into eg. {a) leads finally to
5 n
Po2mte I ! M (=)
5 b
-_—— t-
o3 9 {t"}

Thus, the second solution is



J
-hh

1 Re

(o ? -6
b,={5/18|, u=[15]a,v =l 2B (5.4.39)
s/g ) |14 1 :
whare . . - I
70 o a1

370’ 41
|

Both dyads defined byle.ﬂ as given by (5.4.13) and both expra&sions for bﬂ'

{5.4.18) and (5.4.17), are nﬁtimal in the sense that a, is of minimum length. '
'

However, with respect te b, the firat solution 13 the best.

In conclusion, regarding R-R dyad synthesis, it has been shown how to obtain

an opbtimal dyad for a ];roblem ugually known tc-- hava only two real solutions,

thus not allowing for amy optimlisation.

ey
+
1

—
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5.5 LINKAGE SYNTHESIS POR PATH GENERATICN. This problem can be statad as;

"Synthesise a linkage of a given topology such that a point R of one of ita

links attains successively the gpecified positions RG, R]...,Rn". Tkis

problem can be regarded aa one of rigid-body guidance with incompletely
epegified displacements [5.2i]. for the motion of one single point of a
rigid body does not define the body motion (its orientation thus remzins

undafined) . To formulate the synthasis equations, use is made of eq. [5.3.12.,

’

written in the form

r0+wjf+u szmﬂg 3 IJIlgnr-glﬂgzj-;l‘(g—gl*j-1,2,...,n (5.5.1)

ey

where rn,r {=1,...,n) are the position vectors of points R j{j =1,...,n},

3
raspectively. Gther varlahles indexed with j are parameters of the irrolved
screws -dafined in Section 5.3- relating the jEE-configuration af the rigid
body under study to its reference configuration, indexed with 0, Notize

that vectors f,n,q and, g are not indexed, this being due to the fact ‘hat
thef remain the same throughout the rigid-body motion, except when dealing
with spherical paira, as is shown later. -

Differently from what occcurs wiéh the rigid-body guidance problem, ir this
cage the dyads, constituting the linkage intended to design, are net
synthesised separately; the linkiage is synthesised as a whole, insteazl..in
fact, since in this case the rigid-hody rutatiung.involved are not speci;ied.

the tomposed-screw-axis directions, , ag well as the corresponding -ota-

3
3’ are unknown., These are not independent, once the directiors of

1 } ‘| 1 11 ,'\-..'II‘IJ "t' ii' - -| I"!:
the screw-axea f and @ are 5pecified. for then @, can be obtained freco eq.

|

{5.3.9), in terms of a,, £ 2and m, Hence, only the n 2 vectors remair as

-3

Independent unknowns. These vectors, however, remain the same, no matter

tions, @

what dyad is being synthesised, i.e. although In general the variables



v, £,u

3 ]
common, The synthesls procedure is illustrated with grna examplae,

(m.q, and g change from cne dyad to the other, the Ej vectors aro

Example 5.5.1 Synthesis of ;n RRSS path generator linkage.

-

With no losa of generality, it canlbe assumed that £,~0 in‘egs, (5.5.1).
Then, the R=R dyad synthesis is first formulated, although, as menticned
previously, this syﬁthhsis cannot’be ﬁerfarmed indaféﬁ&ﬁntly frnm'tha ona
af the 5-5 dyad. This im due to the fact that the syhnthesls eﬁuatiuns far
both dyads are cﬂuélad via the Ej vectnrs: In é&rfﬂrn@ng tha R-R dyad
synthesis, the differant variables have the following meanings (See Pig
5.3.1 and lta déscrip;}on}: u .

and w, are the displacements associated with

3 3 o
the fixed and the moving R pairs of the dyad, respﬂctivuly. Hence, they

vanish.

£ and m are unit vectors pointing in the direction of the axes of the fixed
and the moving R pairs oé the dyad. & ia the unit vector puintiné in the“
diréctian of the axis of the screw carrying tha_hody from ite reference to
its jEE configuration,

g and g are position vectors of points located along the axes of the acrews

Ej and Hj' respectively. As in Section 5.3, those peints will be located at

tha intersections of the said axes with their common normal.

Under these cirucumatances, eqgs8, (5.5.1) take on the form
-(Q,, -11g+(Q,.~1) {g-g)=z . {f,m,5_, ’ {(5.5.2)
Iy (Q34-118 192] 1) (g-q) z;if,m.8, g;g]

whare, clearly

]
1 i
14

Q23024 oyl gy (L85

=8 {f,m,s,)

.8
j .. - ¥

0347035155480
The normality of vectors f, m and Eifj'1-2***'r“} is expressed as

[ghl=t, [lmli=1. {lggli=1, 3=t0ooom (5.5.9)



1
-

whereag the specific locations of points G and Q along the screw axes are

exprassed as

{q-g]Tf=D. [q-g]Tm-ﬂ {5.5.4}

Thus, the synthesis of thias dyad leads to A system of 3n+12 unknownst

£, m, Ej {3n unkngwn scalara}, q and 9o in the 4n+4 eguations: 3n equations
{5.5.2) {one for each direction of the physical space)+ n+2 eguations
£5.5.3]) + 2 equaticns (5.5.4).

The synthesis of the S-E-dyad is formulated in the following way: Referring

to Pig 5.5.1, let S, and §,, be the spherical pairs of the dyad under

consideration. Let 8_ and B, be the reference- and the jEE-Gonfiguratiuns

0 3

of body B, and Bi an intermediate configuration. New, the guidance of B from

B_ through B

o 3 is perforned in two stages: first, B is rotated about point

R through a rotation of axis m, and angle uj {1t will be se=en next that

3

neithar Fj nor uj appear explicitly in the resulting synthesis equations for
this dyad). Let Bé be the configuraticon of B after this rotation. Naxt,
flxing Ej to the dyad, rotate the whole assembly as= one single rigid body

about paint G through an axis Ej and an angle v, ni beinyg the final

b
configuration of the rigid body.



&3

!
¥ig 5,5,1 Displacement of a rigid by means of an 5-5 dyad

"

Bince in this case alsb u_ =w, =0, and r. can be aquated to 0, eq. (5.3,1)

-5 3" 0.
takaes on the form
Ej-" {gaj_z}§+ [gzj-z} EE—E}'Ej IEJIEIj r!jxgrg} {5.5.5]
" whare

Qaj'gsj[“j'ﬂ 1,8 Bjtf T f L)

Clearly, vectors Ej and Ej are diffarent from £ and m appearing in ess.

(5.5.2)~(5.5.4), which|is made[qlpar|because tha'latter vectors are ot
- *i f. 1 ' ]
indexed. Vectors Ej' appearing in egs. (5.5.2)-{5.5.3), however, are identi
|
cal to those appearing in aqs. {5.5.5}; hence thay do not add extra unknowns
b

to the smynthesls problem of the overall linkage

Other synthesis equations are the following:



The normality of vectors fj and mj ie expressed as

Hfj“=1* ”r_“jr"’r I=1,2, .,.4n : {5.5.6])

Since the S-5 dyad can rotate about axis'sg without changing either

configuration B! or B it can be assumed that the axes of rotation, given by

| 3!

, are both parpendicular to axis GQ, i.e.

unit vectors Ej and @j
- ; .
[q_g} fj-a! I=1,2,...,n .- . (5.5.7)
T * S
(g-g) m,=0, J=1,2,...,n ' ' {5.5.8)

T

Thus, the synthesis ﬁf the 5-3 dyad adds the fo]lcﬁing UNknowns En the
overall linkage'synthe%ié problem: fj' Tj{j;1,r..,n}, q and'é: i.a. Gn+é
additiconal unknowns (Vectors Ej are nnt.countﬂd LS new unﬁnawns; eince thezg
were already taken into account when discussing the synthesis of the R-R
dyad). The additional aéuatiuns are: 3n equations [5.5.5) + 2Zn eguations
(5.5.6) +n equations {5.5.7)+n egquations (5.5.8). Summarizing, then, the
RRSS-linkage-syntheais problem for path gensration gives rise to system of
Tin+d equations in 9n+18 unknawns: Matching the number of equations to that
of unknowng, it is soon ;e?lizad that n ghould have the value 7, i.e. it

is possible to generate a path passing through 8 specified points [counting

the reference- as the Gt posltion), which coincides with the result

obtained by Suh (5.23).

Remarks on the formulation of the RRSS linkage synthesis preblem for path

generation, | ‘Y
i) In the previous linkage-syntliesis problem angles y and 8 appear in eq.
{5.5.1) and angles Yj and Bj do i? eg. [5.5.2). These angles, however,

are not counted as additional unknowng, Since they can he computed,

via eqgs. (5.5.4) and {5.5.9), with the values of {, m [or fj and Ej}

and B,.
~3

6



11} The problem, as jJust statad for 8-point synthesis, lea&sltu 8 system
of 81 eguatiens in 8! unknowns which, because of being nonlinear, is
diffecult to handle numeri;ally. Suhta formulation (5.23] leads to a
systen of 39 eguations) in' 39 unknowna, in this instance. Roth and Tsal
[5.11} recommend that, for dyads containing revolute, prismatic,
halical or eylindrigcal éairs, one ﬁcint on the palr axis (G or Q of the
pravious formulation) ba taken as the intersectlon of the axis with,
say, the X-Y plane, thus diminishing the number of unknowns [one
component of the f apd of the m vactors 1s thus zerol. This way, the
number of equations and of unknowns is reduced to 65 which, anyway, is
about twice that of Suh's. Thus, it might sees more advantagecus.to use
the latter approach,

Since Suh's forsulation is amply discused in [5.23}, it is not presented

hare. Ap alterhativa approach, based on Saection 3.4, ls presented instead,
1

An alternative approach to the problem formulatiom for the RR5S linkage

Eynthasis problem,

Referring to Figs 5.4.1 and 5,4.2, the synthesis epations are next written.
To diatinguish the position vectors of points A azd' B, in their reference
configurations, belonging to the R-R dyad, from thwee belonging to the 5-5
dyad, the latter are starred. The synthesis equations for the R-R dyad are
those derived in Saction (5.4), i.e.

[ €z0.ra+b -r, || 2| lb || %,4=1, ... n (5.5.9)
o R s M -0

where it is convenient to express Qj aa appearing inrag. (2.5.4), i.e.

Qj=-P§cnsHj+PjsinBj+R {5.5.10}



T

Calling e, the unlt vector parallel to the axis of Qj and [uj,ﬂj,Tj} its

3

componants (in the X axes), the matrices appearing at the right-hand

c’0%0
oide of eq. (5.5.10) are, from eq. (2,5.4a),

1 o s T [ 2 . 1
~y B o5 %P %373
| | ,
= - - L5011
BELs 0 e hTest By 575 5-5.10
2
R %575 By Y3 )

Additlonal eguatjons for the R-R dyad are:

ETEj=9- J=1,....n : (5.5.12)
T

:':Pj-'ﬂ' j-'l,...,n 15..5-13}
T - T - 1

u Ej aT G 3=1,2,....n {5.5.14)
Helb=1 gl]=1 | (5.5.15)
]|5j||-1, j=1,2,,..,n ' {5.5.16)

The synthesis egquations for the 5-5 dyad are

2 2
|29 vag + by - £, 1% [lggl?, g1, (5.5.17)
Summarizing, thﬁ ﬁrﬁhlem of an RR55 linkage synthesis for path gener:ticn
leads to a system of &n + 4 sguations in 4n + 18 unknowns, The equat-ons
ars: n equations (5.5.9)+ {n+1) equations {5.5,12)4(n+1) equations (5.5.13)+r
equations (5.5.14)]+2 equatlona (5.5.15)+n equations (5.5.516)+n eguatlions
{5.5.17). The unknowns arxe:

Eﬂ'ED'gjtj-1l'"ln]rajfEEYDfEa and Ea.



If the number of equations ls to be matched with that of unknowns, it is
readily concluded that the linkage thus synthesised can trace a spatial
path passing through 8 érescribad éuints, which.result golneides ﬁith that
éf.suh's Via tha.latter aép;ca:h, hOHEVer; the number of equations and
unknownz (for B-point synthesis) 15 46, a number still greater than that
of Suh;s, yet smaller than that cbtalned using Roth and Tsai's sguations.
5.6, EPILDIIGUE. The subject of linkage synthesis is far more extense than
has heen presented here. Topleca that were not coverad are, amongst others,
linkaga synthesia for rigid-body guidance and for path generation with
i-nf.i.nitaaimally;separated positiona, l.e. to meet prescribed conditions
on velocities and higher derivatives. The subiect is created in {5.9],

f5.1ﬂ] and [5.11] ; but was rot included here due to space limitations,
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PROPLESTA DE UNA SIMBOLOGIA GENERALIZADA PARA LA SINTESIS ESTRUCTURAL
SE MECANILNGS

Por: Salvadeor 2RESQ y Justo NIETO '
RESUMEN

En este trabajo se propone una simbologia generalizada para la re
- aresentacidn de las cadenas cinemiticas, de utilidad en el aAndlisis y -
S5intesis de Mecanismos.

L. INTROQDUCCIQN

v

La topoiogia de las radenas cinemdticas es un tema abierto a la -
investigacidn. La razdn por la que los cinemiticos sienten por el mismo
ura especial predileccién se debe, aparte do lo anterior, a que es el te
=a de mis contenido lag1co—1ntu1t1vo de la T.M.M., teniendo, a demas, -
sonexiones con las teorias de Grupos ¥y grafos, En este trabajo se preten
cde: - '

~ Sacar-a luz una nomenclatura general para cadenas cinemdticas’-
¢en barras i-arias, y nudos i-arios, que tengan barras rigidas y flexi-
bles,

- Encontrar a partir.de esta nomenclatura, todas las posibles con
Tiguraciones de nudes y todas las pesibles configuraciones de cadenas
cinematicas.

- Determinar métodos de andlisis de la movilidad de eatas cadenas
generalizadas, ecpleando estos resultados del analisis en la sintesis -
extructural de cadenas cinemadticas.

3. SIM3IQLOGIA PROPUESTA PARA NUDOS .

Se asimila el nudo a una "caja negra”. Se emplea el término de ny
50 en ver de par, para distinguir precisamente este aspecta ds caja ne-
gra, en donde lo gque importa son las "$a11das” qdu permlte. o sea su mo
vilidad; sin que importe la coafigurtacidn interna de este, gue hace po-
sible esza moviiidad. Otra razdn es que se hace uso de concepto del gra
s directo asnciado a una cadena cinematica, en donde los nudos {vépti-



<23} del grafo se corresponde con los pares generalizados, y las aristas
del grafo a las barras,

alblec|d]| e f‘
Al Tyl T
8 |7
c 17 T
D T N
Cadana E AR
Cinamdtica | , Matriz de incidencia B

Ve cada grafe diregcto.se obtiene su matriz de incidencia nudos-ba
rras, de Térmirnos a;; , unos, 81 el nude de la fila i cenecta a la barra

de la columna j, cero en case contrario.

Algunas

ce
Ta
La
La
de

las propiecdades de esta matriz son:

suna de 1os slementos de una fila es el arden del nudo.

suza ce los elementos de una columna es'el orden de 1a barra
sura ce tndasﬂles elementos de las filas, o de las columnas,
ia matriz, o nimerc total de incidencias es igual a:

5 = 2n

3 * Ing + 4n = b +2h=+3b5 .....

3 g P 1

Y = n? total'de nudes a n, A, + A, saes

3 = nt tnﬁfl de barras = b4 + hL ¥ h3 i



B:; = nd tetal de barras i-arias (que poseen o cdnectan, i
nudos }
n; = n® total de pudes i-arios { que conectan i barras)

~

Cada unién de dos barras puede poseer alguno o todos de los si-
guientes movimientos independientes.

- Tres rotaciones H{ , R

res traslaciones T, T, , Ty

+

Tres giron G . G, 4 Gy

Tres desplazagientos D, , D

i’ni

Dz este oodo, cacda nudo de dos barras puede posser, como mixima,
¢lneco de seis movizientes de cuerpo rigido y otros cinco come miximo,
de seis cualltativamente distintos que, inicialmente, se asignan a movi
mientos de barras flexibles.

- Los supindices 1, 2, J representan direcciones cualesquiera pudien
do ser estas ortogonales o no ¥ / o coencurrentes: '

Pgr tante, cada nudo de dos barras se representari por un conjun-
to de ietras R, T, 3, D y con los subindices correspondientesa, tantas -
como movilidad tenga el nude. Por ejemplo un par R seria Ry » unparC
s¢ria R,T,. Como los nudos pueden tener conexionadas mis de dos barras,
en &3tgs casos, en cada nude i-ario, formado por las barras 1, m, n, B,
+++. &3 suficiente y necesario, para fijar su movilidad, distinguir las,
libertades de las barras dos a dos, o sea, las lm, mn, np,... Estos i-1
subconjuntos lievan un subindice que indican las doa barras que repre-
sertan. |

Ir. generzl los nudos tendrin mévilidad, procedentea de conexionar
barras -iexibles y rigidas. A estos les llamamos MIXTOS, para distinguir
‘as de .05 rudos RIGIDOS, que son los pares clasicos con barras rigidas,
y de los FLEXIBLES que aon aquellos pares con movilidad de flexibilidad
arnicazente. I

Con esta idea es posible encontrar ripidamente todas las posiblas -
sorfiguracicones de nudos. Se tendra en cuenta gue:

a) Las rotaciones paralelas de dos barras son redundantes, e igual:

ocurre ¢on las traslaciones, desplazamientos, etc.

b) Dos barras solo pueden tener cinco grados de libertad relati-

vos coio mixioo,
_ Ccoo consecuencia de %odo lo anterior surge la siguiente enumera-
cidén de pares. _
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| €n codo comSingeidn de tibertades de los nudes pueden existir warios scluciones
torresponciactes @ la situocidn de los ajes.

‘costiaseidn se muestran clgunas da estes soluciones.
Shimersomen y constifucion de nudos
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3, SIMLDOLLUTA PHISUZTHTA PARA TADENAS

La ropre--uniacidn  cue 56 propane para las cadenas cinemdticas con
5iste o la ¢ ~o<idn simbilics de los nudos junte a la matriz de inci-
dencias., Zc¢ wyis <on algunos eiemplos.
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4. MOVILYDAD DE LAS CADENAS CINEMATICAS

Se¢ verd ¢n priaer lugar el caso de cadenas con nudos rigidos.
Se introduce la sipuiente terminclogia adicional a la expuesta en
el z2partado 2,

W = Movilidad de la cadena cinemjtica = G + 6
G = Grados de liber+tad del mecanismo
ni- N9 &e nudos i-arios con movilidad total j

La movilidad total de un nudeo se define como supa de las liberta-
des que permiten las barras quulcunectan.

Por tanto, se puede hacer &l siguientes esguema que representa las
posibies movilidades de los nudos i-arios, y para una movilidad dada el
tipo de pares parciales que la hacen pdsible.

moy - Pinarios ternarios  cuaternarios- pentarios -
[ = - —+ o

1 ==
] f ..
7 !f
L ;
| S H
i % = EE 1 !
| o & |
25, o @ LI -
- S § . |
! i oy T i~ E-;Fm !
23 9 o ,ﬂ '“]'j I.I.1 :
M ge Bo1n
H = v I R -
Y o & 4 u =
cig Y @ Lo g IO I LILG
p ; G ) |
t ; ;ﬁ — - ﬁﬁ f! -E
| §OLIV LI o] A~ :
i F v3 | - | . i
. Smom o j DIOII G o~
b 'Y T L ICH e
£ | ptvo il TTmd ;
' N S ¢ Fil ~ S
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Gada una configuracidn arbitraria de nudos y barras la movilidad
¥ de la pisma se puede ocbtener como:’

¥a Al.-.A + A

2 J
en donde:
A, = Grados de libertad de los nudos supuestos libres .
AE = Grados de libertad gue restringen las barras

A_ = Grados de libsrtad adicionales en virtud de geometria espe-
cial (dimersional y direccionall Coo

Para determinar A, se tiene gue:

Cada nudo binario de movilidad uno necesita 8+1 pardmetros para
guedar definidn. Luega sl existen wlnudns de asta clase el total de pa-
rdmetros serd Tﬁ¢ .

Cada nudo binario de movilidad dos necesita §+2 parfémetros para
quedar definido. Luego si existen n} deo esta clase el nimerc total se-
rd and
‘  Cada nudo binario de movilidad tres necesita §+3 parametros para
quedar definide. Luego 51 existen n‘ de esta clase el nimero total se
Té Sn -

Eada rudo Binario de novilidad cuatro necesita 6+4 pardmetros pa
ra quedar definide. Luego si existen n) de esta clase el .nimero total
serd 10 ni

Cada nudo binario de movilidad cinca necesita §+5 parimetros pa--
‘ra queda= cefinidn. lLuego si existen n de esta clase el nimero total
sera 11 n)

Cadz nucde ternaric de movilidad dos necesita 6+2 parémetros para
quedar definido. Luego =i existen n;dc esta clase el nimero total se-
ra Bni

Cada rude ternario de movilidad tres necesita §+3 pardmetros pa-
ra uuedar definido, Luego si existen n% de ssta clase el numero total
serd 9n

uada nudo ternario de movilidad cuatro nacesita 6+4 parametras
vara guedar deTinidg. Luego si existen n& de esta clase ¢l nimerv to-

tal seri 10:?

adz rudo cunternario de movilidad tres necesita 6+ parimetros
nara quedar definido. Luego si axistan nz de esta clase el nlmero to-

tal sera n

L

o

Por Tanzto, #i naoeTo de qrados de libertad de los nudos supuestos



/2
tibres es:
- T s oo ¥ w
Ay = 7nl-dnl =80 +3n, +H1n;
2.V
-J"::'-.L LI y 5
I::r‘.rgna-r.OnaH'Inat ..... +?5na
3 Ty 5 T
Sn’+10n +11n .. ... ... ... .-hZ’fr@
8 4 I it
L
Para deterzinar A, Be tiene que: /

Cada barra monaria no restringe los grados de libertad del nudo
al gue esti cnnhctada: por tante no hay que tenerlas en cuenta.

Cada barra binaria restringe en 6 el nimerc de libertades gue ten
drian los nudos ‘supuestos libres. Luego si existen b, de estas barras,
la reducecidn serd &b. _

Cada barra ternaria restringe en 12 el nimero de libertades que -
tendrian los nudos supuestos libres. Luego si existen b, de estas harras
la reduccién serd 12by -

Cada barra cuaternaria, pentaria, ..... restinge en.18, 24, ....,
el nimero de libertades de les nudos que .conectan supuestos libres,
Por tanato: ' o

A, = E(bi2by3brdb, . ...}

Por Tanto, la expreaidn de la movilidad de una cadena, prescindien
de del término A, sera:

3
' R S
M = 7 4 8lrjmnl)+S(nl+ngrnd +o

Gl beB 3O )



que puede gquedar ccna:

M= Y (5+i ) ot Zﬁ(k 1) b,

ko

Lok
L]
-

n [

siernde n el n'umere da nudos de movilidad i, ¥ b el nimero de barras
de orden i

Otras expresiones para M pueden deduclrse tenlenda an cuenta las
relaziones ya utilizadas: .

— L] ' +
-8_“—- -I-Ja + :}-"‘5.‘"- - L]
! -
1 i
na: N, 2, w0, + .
) & 3 N
n'ﬁ. = ﬂlf‘.ﬁ,_-rﬁxv
i 1
= f?z .
kY
o _ ot
= A
5 _ L] 1. 1 .- .
= ﬂé-l- ”1'*'?4 .

N, 43 edn L = b 42, v 3b ...

L

T 0 sen = = B+ b; b, t ...

+

El valor ce ta movilidad M asi cbtenido, representa un valor mini~
me de la movilided, ya qua factores de geometria especial introducen gra
dos de liverzal zdigion=les, ' '

Estos Jactores pusden ser de tipo direccional ecomo ocurre en:

~ el’eldsiza ciutro - barras planc que sélc es mdvil por que tiene
Jes 22 los nudos parzlelos. ‘(al aplicar la férmula

~ ¢l cuatr:z - Barrvas esférico, que sélo es mévil por que los cuatro



e e S5
efes d2 J29s5 nudss se cortan en un punto, centro de la esfera.
. +
- &L deilgnlamo fe Sennet .

- ToOCS 103 Zecanismos pLANDS.
o de tipo dizensional, por ejezplo, cuando existen barras de igual longi
tud {deole paraisclograme de cinco barras)
" Un cado tipico de direccicnalidad es én la cadena EE =~

que al ser tratados sus nudos como hinarios con movilidad tres la movi-
lidad de ia cgdena resulta zer.§,.cuapdo. en.realidad tiens 7

La &xpiizaciin de esta anomalia-se debe-a-qua-un nude binario en
tres grzdos de libertad serfa, en realidad, el de la figura

y evideatemente, al conexidnar dos pares de emte tipo para formar la ca
dena .




/
ia aplicacidn de la Térmula es correcta, es decir, el nimero de grades ¢
de libervad del meecanismo es cero. Sin embarpgo, en las casos de los dos
pares esiéricos, sieapre existe un'eje de rotacidn comin (alineado) a
acbos parcs, Gue es el gque permite este grado de libertad adicional.
Anilogamente ocurre para dos pares planos directamente unidos.

31 la cadena estd formada per nudos flexibles o mixtos la expresidn
que 8c propons para la movilidad generalizada estari formada por dos tér
zminos diferenciados, une correspondiente a los movimientes de cuerpo ri-
gido y otro correspondients a laz flexibilidades. ‘

MM ™M
G y;
. SINTESLIS ESTRUCTURAL DE CADENAS CINEMATICAS GENEHALIZADAS

Las posibilidades, camings, de sinteais estructural son las siguieﬂ
tesg: .- .
al 5i todos los nudns son rigidoes _ ==

a.l. A par:ir de la expresién de la movilidad buscando solu-
ciones enteras de las wvariables que interviensn, cuandeo
se¢ fija el nd de.barras, movilidad, ete ....

a.2. Fara cualouiera de las soluciones anteriores del case
a.l. cada n admite diversas solucicnes tantc en el or-
den del nudo coao en la clase de las conexiones parcia
les que configuran el nudo )

a.J. A su vez cada solucidn a.2. admite mas variantes solu-
cidn, segin la tabla de enumeracién de nudos ya vista
el ¢l apartado 2 segin loszs subindices 1.2.3. del par.

a.4. A partir de una matriz de incidencias especificada se-
gliin convenga, se obtiene el grafo, y a partir de lasg -
consideraciones a.Z. y a.J. 3e pueden gbhtensr gtras so

luciones, I

b) Si todos los nudes mo son rigidas
Valen las mismas observaciones que en ¢l caso anterior; solo
que, la expresidén de la movilidad generalizada, tiene una com-
plejidad gue la hace poco tratable. En este caso es preferible
usar ia zatriz de incidencia y el grafo ascciade como elemento
de sintesis.
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FOBRZ La EITUAUIIN A2 LE&3 TIa oW OVIMIENTO FLAHDA

Por: IGNAZIZ CUADRADO Y JUSTD NIZTD

RESUMEN
. 7‘1; L:-"

3 se chtizner algunas prnplcdadES gsociadas a la dis
i08 <74 en =1 movimiento plang dcﬁ?n mecanismo artlculadu
de cuatro barras. In particular se encuentra:ia)l la situacidn de los -
mismos para enirada varizhle, que viene expre;?gn por una transforma -
“eidn bilineal, 3; la expresion del cnef1c1ent¢ BT de influencia en ba-
rras Ccontiguas. 2

En estetraca
sribusiin de 3

L. INTRGOUICIAN

La creencia de gue las propledades de la d}!tr1bucién de los cen=
tros insTantincos de aceleracidn, CIA, en el mo¢131entn plano, no han
sido suflizientemante utilizados para el anallﬂluwi}nematzcn de mecanis
205, nos hae hacho elaborar este trabajo, cuyaifinalidadro es otra que
tutorial, es ds2ir, de interés locente. El trabajo se dedica a un cua-
Tro barras nlano, pero, de xedo anaiogo, Fﬂﬂriafﬁﬁf extrapclado a otro
metanisco, D.e. ¢l 3iela narivela, :”gﬁli

3ca &1 4.b. de la figura., Para nominar losiCIA| a diferencia de -
~a5 CIR, empleamos los des nimercs de las barrngique representan, colo
canide en oI imer lugar el Aui=ero mavor. La sltuac:an del centro instan-
Tiree 42, se ¢Dilene haciendo uso de la ¢l aslca_expr:sxén de las acel

ratlongs Te.ativas:



&)
{0

a,=5=C, -4,

7
fanleanda la Jualidad plano vecterial-plano compleje: Exa.=£.{l.{;

/ '\!‘1 -
- . _F:,,._a-/’

— 4 {o}

Z

A J
| = i
=ty
41 . 3

dados por

(zon i umilad iraginarial, definiendg unos coeficientss de influencia
i1y 2

x 2 . :
« B, para ias Garras

o
At 1
LLA = A LL@ '
AT o - -,‘.'! ["EJ
éiz = t:H *':j L{ﬂ
¥ sacande a luz un garimetro de la':ntrada; con su signo dependientas
de ¢, dady pur:
c :..% {3)
ﬂLé
se obtieneg, sus:itgyendn wn (1),
— e } R - _ i
u-a :.L'f '-.-_,, :.'-‘;_ e = = (4]

a, ﬁr',':‘.;ede mrocedes para el CIA J1. En este caso
{5)

Je igual Mo

7= _A =,
L le _Ae-B}



)

sienfe A ¥ 2 .lg Ceeilvientes de influsncia de las barras 1 y 3

2. COHSECLZNCT

algunzs fe i sonsecuencias ocbtenidas de las anteriores expresio-

nes SON las Sigulents4: — —
a- Do (4] reyulta evidenie que U-Q ¥ /ﬁ no dependen, como e5 obvig,

del sentide de &) . La distribucién de -8 y ¥ no es simétrica
con la entrada & . co

b~ si Wl =cle =E =0 &= € =0 enfonces

‘ b L}

EE 'EE': i ! " éf
A e

T N - R

' A!_: _iLE .

Gue permits ooterer ia distribucidén de los CYA, en un caso bas-

-
Tt e,

e- 2 whad , < zcfe nidtesis vilida, solo en el instante inicial.
.1 -

— — —
WL = -t a
Az
Fi *
—_ A — .
i = =~ - '
Al

io gue ind.ca :a colirealidad de las barras cen los CIA
d- 3i la entrada & es variable y la posicidén constante, la distri
bugién de i0s {IA viene cxpresada por una transformacidén bili-

nes.

f r Flano _Q

. Flano = :D

(7 -Ud-8_ t-ei

£' A*ET'E*)'-A‘:-
A% _ i fre«g)
AP i +ife_ne-8)

1




(v

que transforma el eje real € en una circunferencia. Los puntos
correspondientes a &ald, oo, A etc, vy los inversos del plano ﬂ,
asi ¢ooe i2s inferseccionss reales, tangentes, etc se obtiensn
ficilzente hacierds uso de dicha transformacidn bilineal, p.=.
el otro valor real de {7 que corresponde a la colineacién de -8
7 L

1

=2 cbtiezane por

”

e =2

AT (A7-1) :

I TS 2 | Y -
u-c:=.if‘t U—‘I't}"a Q
- 4 3
LAY £+ £8Y
10 que dice gue sismpre e€sTa opusstio a a . .
Si la entrada es conatante ¥ la peometria ALB variable,

ia distribucidn de los CIA, viene dada, supuesto p.s, 1=ﬂ R

-

aor:

——

I-a=

3. NOTAS FINALES.

Los coefipientes gecméiricos de influengia vienen dados, para el

L} -4
4.b.get la Tigura, gor:
- — LEL ] - == - == - roa= e - - T - - = rll
S &
- L bl
R e
A K +0
= -
-~ e
-u_‘: . - -..
H = L ‘_' -_ —\1!_'—:'
'el i 1
:'.:.'E :E‘fL
A e .
R I ST
e oy
Vet

= A

aoa) |, AR

v

1

0. G
=

Q1.
b3

t4(8;.67) ty(§-6,) )
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wPTUMIZACION OE LA SINTESIS DE GUIADO DE CUERPO RIGIDO POR FL METODO DE
-A MITRICA VARIAZLE
Por Juar Ignacio CUADRADG, Javier FUENMAYOR v Justo NIETO

1

.. RESLVEN

Esce trabajo trata de la aplicacidn de un métedo de vptimizacidn
Sumérico, el de la Métrica variabie, a la Sintesis de guiado de cuerpo
riz:.4o. . '

Jan dleon - Jida wna serie de pcsicindes de: cusarpo rigide,
do &pdleniral Doonus fon propledades de pinima distancia a rectas y eir
cunfersroias, susleéndose per tantoe gular al cuerpo con deslizaderas o
—antve.23 acotladas respectivamente a los mismes puntos.

2. INTRCOLZCION )

4
EL zaiaie d: sueope rigido, consiste en encontrar puntos especia-
.o del lszi. taled sus du posicidn se encuentre sobre trayesctorias de

41
L& A3%an Ta, &3 usvales son la recta y la circunrereancia.
TeviiTirias rectas Se podrdn generar mediante deslizadaras y

-
[
W
a1

a3 gircunferersias mediante barras articuladas por una parte al punto
gue desitipe lz Trazyectaria ¢ircular y por otra parte a un centro fijs
Gque serd =l centrz de La gircunfarencia.

E. problzzi se niantes de la siguiente forma

ERCOT.IYAT L innId pertenscientes gzl cuerpo ~igido, gque tengan una
a*tgleldir de IZ-itiniia 2ero o &inima, a trayectorias detsrminadas tales

ealyw -

LLIg Qo InTisen D3 Q Ieltas,

z2  wun..: ., al zatiBizar sinizizando ona funeidn error jus se -
Cwl@e w.Z3 .o Fuma J2 13 gadiredes de ias distancias de un punto cuale
Iuteéra Tv, zoerso riz.ii o2 la Trayectoria, cuando el anterior va varian
oo de Zos

AT ee.ion La funcidn error F, el proolema se puede solu
2lonar us lgr fr.uils sl turnentes,

o= siiie aceiizica, »lanteando las condiziones de minimo



iama definida positiva en los puntos anteriores.
1 ie las ecuaciones anteriores, se phtendrin todos

e S@EVeRlafa de esTe Z&todo para este problema as la complejidad

el a.ated S22 ecuafiones gua lo hace dificil de resolver.
oiimizasidén numérica

Eate 3 el camino elagido pare realizar este trabajo
juds gue la furtidén earror e% no lineal’| que se aborda el prohlema

ciones, y gue ranto la funcidn come las derivadas son relati
de evaluar, se ha escogido como método el de La Méurica
avideor - Fistcher - Powell

3. LA BEITILINIZ )

wemd -l iuerge rigido, sistema de referencia mévil (x, y), Jdefiri
4 1
- |

2o en 22 ncoiotin por las iaardenadas del grigen X , « Ygw J ¥ 2. &ngu
A

\

i

P g




lo de irncliracién del eje x con respecto al X, oty , dado un punto P

cuaijuiera del ziszo, de coordenadas (x , ¥ } con respecto al sistema
novil, y dade una recta definida opor 108 pugtns de corte con los ejes
de referencia i4.3

LT
.o L] - * F - -
La #clacicén 2& 1a recta e¢n su forma candnica sera

2.2y
A =
La distancia del punto P a la recta sera

BX, - A% -AB
R VE)L""AL

dande se3in la figura anterior

-\ -—
XF_ on + xF CO5 & JP Sen o,

z = XN;J{F s5en "(n"-"" Jpwsn‘u

La furcidn error en este caso serd

Sl 4 {BXp + AV~ AB)
-'T . = 1‘ 31+A1

[ E:

N es el nimero de posicicnes el cuerpo rigido .
En este caso los datos de partida sen X, . Ypou . %y de cada
nosicidn, por tanteo

F:F(x,v, A B)

N -

A partir de esta furcién hallada, ss ha resuelto 21 proulema me-
diante la apliczeidr det zitodo anteriormentes seflalado, minimizando &n



cuatro Silmens: nius. :
De la resolucidn del preblema se obtienen las coordenadas del -
aunto cel sugrss rlzide ix,y) respecto al sistema mévil y los puntos de

r|
-
2 recta ton tix elies (A,B)

corte da
4. GUIADES N UNA CIRCUNFZAENCIA

n las misoas condiciones del caso anterior, y segdn la figura, la
ircunerencia vendra definida por las coordenadas de su centro {Ic. Yc]
¥ por su radio R

Y Tl
- f
_-_-...__.._\-_--_.._.___..p;F
] __4-"" h3
i f
1 -_,,"' R
i .yi L

. I\'
r",l
i
i
LY ke m- - - -4 . A
I . [
! i
{ [ i
I
|
} !
I |
| [ .
{ ' '
: fﬁf}ﬁ? I !
T ! : _

[

X
X

X, X

G i e e A Al 1= . w1 i

La distancia del punto P a una circunferencia sera

(S

d,(P'c)i\/(XP_){c)l*' (X:.’)::) - R

Los valores X o Y , pueden ponerse al igual gue en ¢l casc ante-
riopr en funcidn de x . y X .0 Yo, ? Bw
L o .
La funzidn errbr 3era -



X son los diversos puntos de itéracién
D son las direcciones de minimizacidn
H @8 una matriz cuadrada ¥ x W siendo ¥ el nimero de dimensiones del pro
blena ' -
Esta zatriz en la pricera iteracidn puede ser la matriz idsntidad
v a lo largo de las diversas iteraciones tiende a la inversa de la ma-
triz Hessiana .
En cada iteracidn a partir de un punto, se halla una direccidn de
minimizacidn .

Dz~ HVF&x

£l siguiente punto de i{teracién serd el minimo de F en esta nueva
teracidn ) —ae e-

In este trzbajo para minimizar en una direccidn se ha dividide
un intervale grande en dicha direccidén, en subintervalos, en-los cuales
se ha evaluado la funcién cogiende aquel en que 3e hace minima; se¢ ha
buscado el minifo dentro de é1, mediante el método Golden.

Lo anterior se hace para evitar en lo posible gue converja 2 un
nunto gue sea miniamo relative J

Una vez hallade el nuevo puntc de iteracidn, se observa su conver
gencia y en el caso de no ser suficiente, se vuelve a evaluar una nueva
g, .

z; 2z} (H: v; ) { H: Ty, )
Hh{ = HL + -
dur_.dg
2.7 Xin ™ X ; y, 2 VFxu ) - V F(x.)

Despuds se repite el proceso en cada iteracién
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N

Fo St = 5 (XX () - R)

- F
LT |

En este caso

F: F(x.y, Xa,ll,g)

Luego tendremos una minimizacidn en cince dimensiones
5. CONCLUSTIONES.

En este trabaja s¢ ha puesto a punto un programa en lenguaje BASIC
procesado en miguina IBM-5100, gque permite encontrar puntes de un cuer
po rigide que siguen trayectorias casi rectilineas o casi circulares -
para diversas sosiciones de este. '

" Se ha comprobado la efesctividad del método operando con las fune
ciores propusstas

ANEXD

Tste ar’ g describe la forma de operacién con el método de la Mé |
trica Vaeriah: ¢ de Davidon — Flatcher - Powell

£i diazra-a de bioques del cdlculo por este método es el sigulente

EMPEZAR T

b |
‘3:}

[ |
ESTABLECER VALORES
INICIALES DE X, H OF

I

[ . ] -

| SELECCIONAR XPA

| MINIMIZAR FIX-AHVE)
f Az dL M N
| L= - HY= X= X-RJHYF

CONYERGENCIA
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€.1. ALGUNOS RESULTADOS TEORICOS PARA BANDAS CON GRANDES DEFORMACIONES

Por Salvador Bresd y Justo Nieto
RESIMEN ; '

La obtencidn de algunas propiedades relativas a las deformadas elis
Ticas en bandas con grandes deformacionas, asi como las ecuaciones slas-
todindnicas son los resultades mds significativos de este trabajo.

INTRGDUCIION )

En un trabajo previo se distinguieron cuatra casos en el estudio de
tna banda fiexIdie, de espesor pequefio en relacibn con las otras dos di
Jencionss, suando alzuncs de sus puntos se ven obligados a moverse a lo
la-go de trayectorias especificadas. En el caso del mecanisme de la figu
L

ra, los cuatro vasos san los siguientes: ;
: £

LS




r. ra

- cisn del eguilibrio eldstico de la bandateual-
quier susicidn prefijadu Je los puntos Ay B
bt

»

-

Erciueiira la rexnuesta dinamica a2 la deformada anterior, es decir
- - - L] - - F .
superpone A1 czso antericr el problema elastodindmico, (efectos iner-
siales, ste.’

¢V CAZQ SLASTGCINTMATICG

Consiste ern obterner la sucesidn de deformadas estaticas (caso a)
cuando 1os punius A ¥y 9 tienen leyes de movimiento preestablecidas. (El
punto A s¢ Fueves sobre una cirecunferencia y el punto 3 permanece fijo)

o Sal00 CARERALYELASTODINAMICO

Intrcducs 138 efectos simultdneos de los casos k) y ¢

2. QITENCION TZ LAS ZCUACZIONES DE COMPORTAMIENTO

CASQ ELASTIEETATIZO

M M+d¥
-i-'_"\-\\‘.\




3

Las tres cctuncionas de equilibric estitico del elemento diferencial
en ausesncia fe¢ carga scdre el aismo son:

LAy
(1)

| (2}

§
[1a

ia relas

que junto cor

I

.""1...._

forman un sisTtaps de cuztro ecuaciones que permiten
12 elininaeisn de P,Q,M, cbteniendo una ecuacién en dos cuales
nco variables «, 4, &,9.%,que perniten expresar la dafor-

entre otras posibi

lidades,
quiers de laz ~in
mada. Fur eje "io, e&n 125 variadles x, y la E.D. resultante es

g et 3t e ) g (3}
. ( l*'jl (\-&ni-lja'rt detl‘l‘H"‘ng

e krtv-V”ld::

-

o X \ y* L

L ‘5f L Cﬁf
e -
o bien ) )
LF, - e o '
a: et L4 ! ‘IQI)]I =0 ©)
77 T g E
v en las 2.5 )

F l? {{‘
éfaﬂ;(é‘\.féi(é)ﬂ )
ash 4z V) R =3

Lstan orpvesionys (31, Y4), (3} y (6) se han obtenido en la hipéte
bgsas e EI LRLELEE R R PR
L BTN TP I wal tus o wnberiures se medifican ligeramente p.e. la
(g, Quouar Lo
. . iy -"-'I"'." . '
g fee {3} +i ¢ (§) "
L R TR es



Fer giva parse, si 5e considera la ausencia do cargas sobre la -
banda;ELcurE:sﬂLc$~y srtigulacién sin rozamiento en A, tiene interés
usar, 4n suerpe libre Jdiferente, con lo qus las expresiones de las de-
formadas se si:::.:pl M

s

e
ey

ican

7=

r - o =
2 B3 | (®)

que originan izs siguientes ecuacionss en dos de las cince variables an
terigriente consideradas que permiten obTener, cualquiera de sllas, la
deforzacidn sztitica

2 - : ()
¥ ) -t Y Y .a | (i0)
s [T
1)
L =20 (tsy- s, . ‘
R (02}

},-'f - g_ {C.uﬁ“ﬂ-ﬂﬁswa)

o sénx = & (&% @(?ﬁ)‘;ia(msu-ms&.] !5‘3.)
Jg ' a8 .



Cbservese de estas <ltTimas que

. - - - 0
a. S¢ nan presentado solo cinco de las diez posibles expresiones

o

Que jar diez, =2olo tresrlas (8), {11) y (12),pueden ser expresa
das on Tarza finita, oo diferencial, entre las variahles, y las

ctra. ilete restantas tienen como solucidn 1ntcgralcs elipticas

¢. Ge (= J P12}

B, ¥ . -

[ Y = = a -2£;-{:ﬂsﬁf,)
Cox ":T-:__‘ a | j,.:-’r

d; De (iz) y': 14}
f Ca € - tosds

‘I.
‘; l;" C'D‘saii h ) *

Vi
L'
¥

)V
| V-mll+n

[Jeasa

{T{

L= ma‘)
i, 20" |
Nze covad,
| =Casly,

(i)



gue DeiTlte chrener ~ipidamente las pendientes u ordenadas para
cada pesicidn iaicial &, , En particular,si se conoce Y max y
o,, se nalla para cealquier y el & , y viceversa, Obsarvese -
que puntc 1.1. del plano UV es de pasc obligado para todo &,
y que V' 50.0 tcza valores positives y de valor unidad como mixi

e, La d=Tersada elastoestdtica es independiente del producto E.I..

Zs drear. variliag de igual L y @ pero diferentes geometrizas y
matzrial tienen la misza deformada

f. gvidantecente, las escuaciones diferenciales anteriores estan re
mxtjda 4 las de contorne del problema ' B

5
g. La doformada es simétrica

CASQ ELASTODINANMIT

T h

L

]
1
!
1
1
!
i
1
i

-
)
.

—r
o, ) -
T Bl dmTy deh X
. %'n E,{:’—:{_o‘iu‘ﬂ i1 4 HON

Las ecuaciones Se equilibrie elastodinimice a ceonsiderar serian:

oM Q' (el
a4 . .
_oP .03 = Ucasa_+-fﬂerm£ )AJ PEYE . {13)
DG+ Pl <L cosed— i saned’) . 24
-
M =57{- . (18)

ppft *

(14

Cosarvese gue: :

t. Enlag {11 se ra inciglds la accidn de inereia de la masa distribui
. 2
da ' .

152 .4 exisztensia Se



kel

rrizuamignia asoryoTurel

o Jalocariants
a inriosien Je 10§ efecios anteriores es posible, asi por ejemplo
&n cuenta sustituyendo en la (16) M

L b Il
la ingrcic ratztoria se tendria
por:
-,‘ - o .|- :;1 r yl ig 1
M-lad 2 (Eh‘-‘- 9 Aox ._.ar:.fjj (Eﬂ}
58t 1+ 2% '
e
el anurtig nlento estruyctursl se tendria en cuenta sustituyendo en
ia (183 ¥ aur
" iz (%) _ @)
4. Za ;f 3zl g ar;r,fa.*‘}f D= ' ; "o@2)
Y -
-1 . -
dﬂﬂa':{..?+¢‘f (”,.‘fﬂ.rfg)ffg,;wj) o {?3)
Co (2 4)
(GSL"(_, -.:;(.rr- aw&x:’(m 1‘;""/3,1:';] ﬂ"&ﬁ“’@ﬂ )
2 2
:r - r(—-———"r'-'j 12 ]z -
&’: i | 1+ olfax ) (23)
r D -1 aa
(5" X1 )(5' N 52 ,
l g
' 2
- !:JI‘I' a:._,__i
J. La {12 zuec: Temar cunpiguiera de las cuatro formas siguientes segin
¢ uiilicy 2 .
5.1. Hizgnesis lireal
- - . - ' r
e s e e Mo ! Ay iy Ve 2l
i gt
5.2, Hizmdtesis media
e £ e cotls el
. ) , ;
£ lx s S U fo (27)
fi"jn'z
ipetasis no lineal

Oy
#
Nz
™



z2g)

Hy T ":" £ ) \? (2&}

6. Las ecuaciones a considsrar son CINCO: Tres relacicnes de equilibrio
e5vdtico Jel #iemanto diferencial, la relacidn momento curvatura y,
la relacign deformaciin desplazanientos, en las variables Ji,WEE,FfQ?ﬂ*
fon 1o aue "¢ pueds cotener la Jdeforzada dinamica para cada mafanie &
¥y cada punt> X. ¥, ya gue la deformada estdtica es conocida’

4

CASO ELASTOCINEMATICO

Las ieyas Tuncida del tiezpe para las variables x, y, P.Q.M. etc.
LY
se gbtienen de (Fig. 1} ' :
[+ #r
L =i 1-.".'.) EQDC,E;Q
b
9‘=:'-‘EJ e e, Sroule

¥ =1 un Sistenz de refarencia X.Y.

fcn.s@' Sen ¢ K-amse

Y.
ST
t--f‘-'uQ cosdh 7_..(:15&&5
E.:_a_ ;.*: . =5 &
- T -acesh

CASG GENTRAL

.25 ecuaciones x considerar son las mismas del caso 'elastodinamiec
en las corndiciones del case clastocinemitice, introduciends los valores
apsoluteos pisu 1ds acseiz2raciones, asl, en las {17).

LLF—i.lf{-ﬂ”casﬁ) (- @) (=ujsl- B)yr) - 2V
seal) *(- @’}{6*1’1+(¢Jtz+ul+2u &

. v TR
'Y = -
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COEFICIiENTE BE SEGURIDAD Y FIABILIDAD DE SISTEMAS MECANICOS

INTRODUCCION

El concepto de fiabilidad (reliability), expresa una medida de la capacidad
de un equipo (desde un elements al sistema mis complicade) para funcionar sin
fallos cuando esta en servicio. En lenpguaje sencillo, podriamos decir que und
cosa e5 fiable cuando est& bien hecha. Una definicisn de fiabilidad es; “La
probabilidad de gue un equipo funcisne satisfactoriamente durante un periodo
de tiempo dado, y bajo unas cendiciones de funcicnamiento especificadas'.

Ohaérvese que le fiabilidad se caracteriza por cuatreo conceptos:

- es una probabilidad

-- por elle, la herramienta matemdtica forma parte de la estadistica apli-
cada, per tanto, no puede predecir suceses discretos, sinag probabilida-
des medias.

- realice una funcidn satiszfactoria

-- L& funcildn exigida es un concepto que demanda ser cuidadosamente defi-
nide y depends exclusivamente del case bajoc estudie, por tanto, es un
concepto subjetivo,

— en un tiempo dado

-- Que no ha de expresarse Necesariamente en horas (unidades de tiempo)
sino, por ejemplé, en: Mo, de ciclos, No, de funcicnes, distancias, etc.

- c¢ondiciones de funcionamiento especificado

-- Estas concdiciones pueden ser de muy variada naturaleza, por eliemplo,
temperaturas, Corrosién, desgaste, tensiones de traceldn, flexibn, ete,
estiticas o dinapicas. '

Bealmente, la fiabilidad no es alpo que se haya inventada ahora; lo que es re-
ciente a9 la sistepatizacidn da lo= medios y el desarrollo de téecnicas para el
estudic He 1a Ffiabilidad,

En el campo de la slsctrdnica, enh donde primerso se desarrolld (desde 1960}, la
fiabilidad ha side muy wtilizada, La razdn de =lle es gque un equipo elagtronico
es un conjunte de piezas elementales que realizan funciones de vida relativa-
mente corta y sometidas a solicitaciones semcillas, en donde la fiabilidad de
cada compenente puede ser bien conoeida y por elle, la fiabilidad del equipo
puede ser bien estudiada,

Ern Meclnica no ocurre ésto, La Meclnica es de evplucidn mis lenta que la elec-
trdnica, las pieras que forman los equipos pertenecen a series peguedas, en
donde las funciones que puede realizar un misms componente son muy variadas
{chsérvese, por ejemple, la diferencia entre las funciones gue puede realizar
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¥y solicitaciones que pueden afectarle, en caso de un tornille v de una
resistencia elfetrica). Las solicitaciocnes son més complejas en Megdni-

ca gque 2n Eléctrica y, como una consecuencia de la falta de normaliza-

cifn, no se dispone de datos estadisticos suficientes. -

Otra razén de la lenta aplicacién de la fiabilidad en Mecanica es que
el Ingenierc Mecinico, es un hombre que le gusta la concreeidin, es
escéptico en relacidn a la fiabilidad y no estd dispuesto a juzgar por
probabilidades si una pieza se rompe o desgasta, En Ingenieria Mecinica
la experiancia juega un papel importante.

For todo lo anterior, estamos en los balbucess de la Fiabilidad en Mecs-
nica.

Pero iexiste necesidad-de introducir la fiabilidad en MecAnica?

- i
(hservande, por ejempleo, cualguier ecuacién emanada de lz resistencia de
materialea, se comprueba en alla la existencia de tres ingredientes hi-
sicos: Propiedades del material, acciones {cargas), y gecmetria del ele-
mente sclicitade. Cualquiera de los tres ingredientes tiene naturaleza
aleatoria, e3 decir, las propiedades del material varian segfin el lingote
utilizade, las cargas presentan una variabilidad evidente, y ias dimensio-
nez de la pieza estdn sujetas a las aleatoriedades de las tolerancias, En
consecuencia, cualquier concepto cbtenide con estos ingredientes, por sjemplo,
un goeficiente clisico de gepuridad, tiene dicho caricter estadistico. Asi
puas, la Ulabilidad (probabilidad de que un equipo Funcicne, #t¢.,) es una
appliacibn natural del medelo matemdtice que rige el fendmena fisico, aproxi
méndolo a este fendmeno real, y en ningln casc es un concepte intrusista ©
de forzamiento de las condiciones que rodean 2l fendmeno.

En la determinacisn de} ecoeficiente de seguridad elfsice influye:

- Probabilidad de que un fallo pueda causar lesiones o pérdida de
vidas humanas.

- Probabilidad de que el fallo sea de reparazidén costosa,

- La incertidumbre en el conscimiento de las cargas gue se han
tenido en cuenta.

- Las hip&tesis hechas en el analisis, asi como la determinacién
de los fartores de concentracidin de esfuerezecs, inducidos por

fatiga e impacto.

- El conccimiento de las condicionoes ambientales.

- El1 conocimiente de las tensiones residuales iundugidas en el .
montaje y conformacidn.

- Influencia de la gorrosidn.

Valdres tipicos de n gacilan desda

m

1.95 * 1,50 a 3



Analicemos con mis”detalle el coeficiente clisice (o determinista) de se-
guridad. De teodas las fases del proyecto d€ miquinas (sistemas wecinicos)
ia elecciin del grade de seguridad ha side la més importante que compete
al proyectista, ya que de esta decisién dependen la econcmia del proyecto,
riesge de accidentes Ipreparables, ete. Este tradicional métode de disehar,
involucra: lo. un posible medo de fallo (teoria de rotura, de falla, etc.)
2o. un posible valor de la sccidn aplicada ¥y 3o. un valor representativo
de una relevante propiedad del material-{ por ejesple, energia de distor-
sidn, reaistencia Gltima, etec.), la cual goblerna la reslstencia de) ele-
mento bajo la carga aplicada ¥ econ el modo de fallo supuesto.

Una expresién para tal factor de seguridad puede ser

" Tensibn de rotura (o de fluencia}
Tensidn aplicada

con npl

dunque con estos procedimientes los resultados hasta la fecha no han sido
necesariamente males {quizd un cierte sobredimensicnado).:les hechos si-
guicntes:

a. La variabilidad zleatoria de las propiedades del mateiral, carga aplica-
da, ¥ dimensicnes, es alpo cierto. Eatas variaciones se han intentado ressol-
ver intreduciendo ur cpeficiente de seguridad minime dade por

n = > - AD Tensidén de rotura minima
G xAG Terzién aplicada nixima
evidentemente
5852 Can@
y el AR U P PRI mora . "AE
CrAf =D o '\ T
- =0+ — - =
S-e3 c = - as

L] 4 [ - :
Otro coeficiente de seguridad usado es el eonciente de los valores medias de
las respectivas distribuciones de resistencia y carga

Js

n = (coeficiente central de seguridad}

4




evidentem .
ser muy dg;te, en gste caso, Tantenlenda constante n los resultadoas puedseh
erentes para las distribuciones de tensifn y resistencias que se

indicanl
)"..":5

c'ﬂ

(s) _

LS Lk i v T

W
Fao. ML




La fiabilidad corresponde al caso de que Y _ -

es decip

R <ok (mma) e Fub(550) e frke (8-670)

El valor de R depende del grade de snlaﬁamientn de las distribuciones vy
se halla:

e |

5‘5) ‘( s)

peus TEM L

TEHS o
WPLACAOD

|~ 8
ﬂ'l
—
a T
o v

La probabilidad de que una tensidn se encuentre en el Arez rayada

!

Th (645 co2Gaag ) Nayde

Las_ brobabilidades de que la resistencia 5 sega mayor que G; es

finb (5> 62 ) L= HI

¢

)

ffs) ds

%
La probabilidad de tener una tensién ¢ en ¢l intervalo er que la resis-
tencia 5 sea mayor que U es el producto de las dos probabilidades, y esto
es por tanto la figbilidad relatriva a la posibilidad de una tensifén T

AR - f(ﬁ) clﬁ‘fgaws

La fiabilidad es la probabilidad de que la resistencia S sea mayor a todos
les posibles valores de § es decir:

R:j*ﬂz{G)fg?(s} ols) 46
—oo ¢

Se puede razonar de la misma forma considerandc una resistencia %y la pro-
babilidad de que la rensidn ¢ sea inferior. En este caso

. 0 _ flq# Yooy [ fsprﬁ"ldﬁf)ck%
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k. Disefios con relativamente grandes coeficientes de seguridad, & veces fa-
" llan en serviclom, indicando esto que la incertidumbre, asociada con las
entradas de diseflo no puede ser ignorada.

A menudo se piensa que un factor de seguridad mayor gue una cantidad no ori-
gina fallos, Realmente, con altos factores de seguridad la probabilidad de
fallo puede variar de un valer =atisfactoric a uno indeseable. Por ejemplo:
Un coeficiente de seguridad de uno, segfin el esquema clisico, indicaria que
el fallo ocurre en un 100% de los casos, porgue no hay seguridad, en camblo,
si las distribuciones son normales el fallo ocurre en un 50% de los casos,

¢. El método tradieional as incapaz de predecir el riesgo implicado por el
coeficiente de sepguridad, o la fraccidn de fallos de los elementes en sen-
vicio de una miquina,

Estos hechos, como decimos, han originade una insatisfaccifn con el uwso de
este conrficiente clisico de seguridad.



La tecria de la fiabilidad permite aberdar problemas tales rcomo;

a. Qbtener la fiabilidad de un componente o de un sistema, es decir

R(t) = P {t<T) = probabilidad de no fallo en t<T

b. Mejorar 1la fiabilidad de un equipc o sistema
- Reduciendo la complejidad del sistema al minime necesario, eli-
minando los componentes complejos e innecesarios y las configura
ciones complejas que aumentan la prababilidad de gque el sistema
falle,
- Aumentande la figbilidad da los componentes en el sistema.
- Por redundancia en caliente (paralela), o en frio
- Mantenimiento preventivo y de reparacién
c. Disefio para una fiabilidad dadk(sintesis de fiabilidad). Maximizar
la fialbilidad de un sistema para un peso tamafic ¢ coagte dade, o inver-
gamenta, para una fiabilidad dada obtener un pesc minimo, ¢ht.

ALGUNAS BASES ESTADISTICAS DE LA FIABILIDAD

8i f{t) es la funcién de distribucién deldensidad de probabilidad) de 1a
probabilidad de falle en un tiempo t (o mortalidad del componente)

' i
k!
Ry =4-Fe&r = V- L 'k{b] At = ﬁ(&)-—-\“
AT |
Evidentementa ff(ﬂlj == Q[h] e3 una funcifn monbtona decreciente, ‘k
=] =2

Sicndn F(t] la infiabilidad a una edad inferior a t

Tasa porcentaje de falleg instanténec {relacidn de azar, probabilidad ins-
tantanea de fallo por copponants)

Sean Nty €l nfmero de dispositivos que scbreviven a un tiempo t {o que.
funcionan de forma satisfactoria) de N '

4]
—ﬁihl. es un estimador de la fiabilidad de los dispositivos en el tiem-
o
po t. El limite de W{¢r} cuando No-»“" representa la probabilidad de sobre-
at H'D




vivir en el instante t ¥ por ello la fiabilidad de los dispositivos. En
el Intervalo dt, dn dispositives habfin fallado. Se define 1a tasa de
falo o preobabilidad instantéipea de fallo por componente como el nimero
de fallas en intervale por unidad de tiempe y unidad ce compenente

cAlt) = -
1? a . N Mlt) - H(trht)
gy & MM MCE) -NCerbe) | Lim Lﬁ _dR(e) ¢
At +0 HIt) . AT 7 At+0 Hi{t] Ak Rlt) . dt
H(Q)
_ &)
f
R {t) _  fit)
R (t) = _Rit}
lim AN L) ¥ representa el coeficiente medio de
A{t) = At+0 T ND) Bt extincién del colectivo expresado en
tants por uno.
Por integracién de@
_JAuydt-
R(t) = &
5i se expresa en el intervalo Ty tq 38 tiene
Y
0 ~J, A dE
) L - . '
Rig, v,) Bl = e
7 Res)
1 ﬂam
P{{-MIL = E‘_I z
1 t) &3 constante
_ }U”:-'l“i)
R (ty tp) = =
_Ak
R {1t} = = AL
r(ty = A —€
- -3k ‘
F(t) = &

32 llama tanto medic de fallo At correspondiente a un periocdo ™.

x
At = f_ A(t) dt.

=1
I
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Se llama tiempo medic para fallea (tlempo medio para el ler. falle),

T=u{T =/ ¢ flt)dac= - [t R o ={"R(1). dt,
dt

Se 1lama tiempo mecio entre fallos,(Tiempo medio entre fallos consecutivos)
F <Rt} at.
o

e} MTBF =e aplica 2 sistemas con n 4e sufitfﬂbdih elevadgs
el MTTT cse aplica 3 componentes

Lit relacifin entre ellos es , n

1 i
MTBE 371 =

51 el sistema opera '¢on tedos los componentes nuevos T y T son id&nticos.

MODOS DE FALLO

En Mecdnica, como en Electrdnica, se distinguen tres categorias de fallo,
gue aparecen en diferentes fases de la edad del daspositivo. Estas son:
pericdo de fallos precoces, periodo de falleos accidentales y pericdo de
fallos por envej@cimiento.

a.
) 1 !ullluuﬁ J
G| | e
/‘.md deukiles i:“;iﬂ}ﬁu witato.
MEBA gn L I _&dkéan#m{:.ﬂ,

|

Log fallos precoces son los que se producen en un periode inicial de fun-
cionamienta, Son debidos a fallos en unidades que pasaron indeblidamente el
contrel de calidad, o a defectos de fabricacién. Este tipo de fallos hay

que peducirlos al minimg a través de END o del rodaje. ’ .

Los fallos accidentales o (rcatastrdfiecs) son los que se producen aleato-
riamente en cualguier momente del intevalo, sobrevienen de mode inesperado,
motivados generalmente por un aumento viclento de las tensiones o esfuerzos
que actlan sobre las unidades. Las acciones "fuera de yisién no se conside-
ran™, por todo elle, se pusde suponer gue

los fallas por enhvejecimients son los debides a las pérdidas de aptitud de
las unidades por el use, per sjemple, despastes, fatigas, modificaciones
de estructura interna, ete., Puede afirmarse que el envejecimiento es una
enfermedad que gravita sobre todas las unidades componentes © sistemas en
funcionamiento.




La tasa de fulles =2¢ obtiene como preoposicién de ambos tipos de Fallos.

Los fallos par envejecimiento, aparecen en Mecinica mis tarde, aungue mis
rapidamente que en la FElectronica. Si los END son eficaces para elimipar
los fallos precoces y si las condiciones de funcicnamients sen normales y
no existen sobretenfsiones imprevistas, Se pusde esperar una tasa de falles
npulos, hasta la aparicifp de las primeras manifestaciones de envejecimiento.
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PTIABILIDAD DE SISTEMAS

SERIE

5ean n componentes independientes
OO

"El sistema falla si falla uno al menos™ :-..) quz el sistema es fiable
si todes son fiables al mismo tiempa.

R

55

fﬂi
-éfr AL (1) de. . siendolPh (1) =h
1 1 55

: e

vl.n'i!'u.ﬂk
Obsérvese lag;a entre esta ecuacifin y la expresifn "“Una cadena re-
siaste lo que el es)abdn mis débil',

A

PARALELD

"Bl sistema funciona cuande une al mencs funciona

' FSP =iFi(t} ==
E : ) . I
Ry = 4= F () = 1 1[1 Ri(t]]

COMBINADOS SERIES PARALELO

- Bistema m series en paralelo
O 0—0—
(v —

o R

1y

1- (1-r™)"™

1t

- Sistema n_ paralelos en seria

" 1 @Tﬁ R (1 -{1-R]“j“

- mixtos serie paralelos. Se reducen a los anterieres
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SISTEMAS iy (frigs)

Estas unidades no funcisnan hasta gue e2llas son llamnadas a operar, en ¢on-

traste con el sistema en paralelo en que todos eperan simulténeamente.

v {,.}__"'_
- /Q-—-h]’—’tJ—‘

_—

Case da dos ——\-———“'\3——1\’/
(e
R LS

U B Y

La fiahilidad Rsh del sistema es igual =+

- El equipon (i) funciene hasta el tiempa t

- F1 equipo (i) falle a partir de td v gue [2} no fallae
a partir de 1:,‘1 hasta t.

' (Suponiendo un 100% de habilidad en el sensor y contacto

Fasq; = gdtt} + 1-Hd{td} R, (t—t1?

( >\|| - ) i'.)

- }L{: o -
p\ae,z & 4 s ('@




SISTEMAS HMIXTOS

& ¥y B no pueden considerarse en paralelo
Yﬁﬂiﬁ"*“~=ﬁ____ con I' ¥y E ya que, no participan en ambos.

Esto se resuelve a partir de la probabilidad

/,—— condicional {(tecrema de Hayes]

R = R R + B .R
sm sfe bien < hien sfe

La preobabilidad de un sucese {fiahilidad del sistema mixto} e3 igual & la
probabilidad de funcionamiento supuesto que el componente € funciona por la
probabilidad de gue este componente funcione mis la probabilidad del siste-
ma supuesto que O ne funcicne por la infabilidad de éste.

8/ ie

Rsa’bien - Ré 'Rz: RER{:I -Rﬂfc malo RaRc+ Rde* RaRcRde

luggo

R5m=[ndge- RERHJ R, + [RaRc+ R.R.- RaRthRd]fl'Rc]
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SISTEMAS MULTINMODOS

- Hasta ahora se ha supuesto gue les sistemas funcionan o no funcianan.
S5in embargc, alguncs componentes pueden funcionar de muchas maneras

La fiabilidad de urn sistema de eata naturaleza pucde determinarse pop:
a} Calculat todas las posibles permutaciones de los
Mi modos de funcionamiente’para los Ni companertes
Fermutacidn = !Hi i =N
b) Hallar (escribir) (por un procedimiento sistemitico} todas las
permutacicnes.

¢} Encontrar aquellos modos que hagan que el sistema funcione, es
decir, se desechan los incompatibles con el funcionamienta.

d) Se calculan las probabilidades de todos los modos posibles,

e2) La fiabilidad total es la suma de lac fiabilidades.

N, APLICACIONES DE LA FIARILTDAD

4.1 Hallar el coeficiente de seguridad (fiabilidad) de dos distribucio-
nes de resistencia y de tensidn

a., Distribucicones cualesquiera
R = Probabilidad { S>8)e&spPerb. ( 3-92) (3, )
3
Solucifén: 1 Por aplicacifin de las férmulas del apartadso (13

?. Por palicagidn de las transformadas de H:LLIH

=) i

F :j:‘;ﬁ.{s)rls }__1} g*" {(ﬂ !'IW'EI‘(“J“)M‘FdG
G - §° feovar 5

3. Método de Montecarlo

w
e
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b, Distribuciones normales

Aplicande el Slgebra de variables aleatorias independiente) se tewhe

dist. noymales —

Adicin ( x + y) ):’*‘h - r"* Jh-‘ ; - é\ 4"5\?)
Resta {x - y) j':“] - ﬁ_}‘t} : E;“l:( 6‘,‘""6\)) z

Divisibn :T /b‘ y F‘ f

L t f ‘11&
Cuadrada)‘? /t:_-_— RN I G:":(&f}‘t‘fiﬁ:)

Raiz cuadrada }‘n - [ Lli_ (N )4! 1*16:1] |
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x=a-

La media es

N

La derivacifn tipica es

F o[ g
I = GS"GE

e - P T
R:PWL(_E‘?Q ..‘T-?valo ( ? = M- g ‘{-G;—T 6._.?]2

5i ge fija upa fiabilidad, por ejemplec  0.99865 ) que =

si se desea mayor fiabilidad entonces

/2 Ps- T 73

P ———

) {_OE/L:GL' ecuacién de sintesis ce fiabilidad
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