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2. FUNDAHENTALS OF RIGID-BOO'l THREE-DlNENSIONAL KINEAATICS. 

2.1 INTRODUCTIOtl. The rigid body is defined as a continu~m~ for which, under 

any physic>11ly possible motion, the distanee between any pa.ir of its paints 

i-e!ll!lins unchanqecL The rigid body is a mathl!lll4tical abstract:ion w!"Jich OIOdels 

very accurately the behaviour of-a wide variety.of.natural nnd rnan-made 

mechanical .uyt~tentS: under certain conditions. HOwever, .as.such.it does not 

exist in-nature,-a& neithcr-do the elastic-body-nor the perfect fluid.-Thc 

thcorem.s related to rigid body 1:10tions aro rigorously proved and the founda 

tions for the analysis of the motion of systerns of coupled rigid lxxlies 

(linkages) ire laid down. 'l'!le main.results.rin this- ch.apter are tne theorei:IS. 

of Euler,·Chaales,'the one on.the existence of an··inscant screw,-t.'le Thcorem 

of Aronhold-Kennedy and that of Coriolis. 

2.2 NOTION OF A RIGID BOOY. 

Consider:a-:subset- u·of -the Euclideañ ·three-dinensional·.·physical·~spa.ce occu­

pied by a'_riqid body, and let.l_;!·be the position vector of·a r.oint·of that' 

body.-~ A rigid body· motion .is·a• ~:~apping ·~:_: .which maps"cvery point x of ·D into 

a unique point X of a sct D', called nthe i:o.age"-of o·under r-;, 

M:x*y 

a11ch that, for any pair x
1 

one has 

., ' mapped by ~~ into y 
1 

(2.2.1) 

""' rcspectively, 

(2.2.2) 

The syrnbol ) ) • ) ) denotes the Euclidean nonl\• of the space under consider-

ation. 

It is_next shown that, under the above difinition, a rigid-body motion 

preserves the ang~e bctwecn any two lines of a body. Indeed, let ¡_c
1

, ¡_c
2 

• See Section 1. 6 
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and !!j be three ncnoollinear ¡;><>ints ~f" rigid body. Lct M cap tl1en point! 

into r,· X2 and ~3' respectively. Clcarly, 

~~~3-<!)1 2 
"'{lfJ-¡¡2,¡¡3-¡¡2) .. ¡(¡¡J-¡¡1)- 1!!2-¡¡1), (¡¡3-!!t)-()!:2-~1)) .. 

-llh-!!1 11 2 
- 2 t¡¡ 3-!! 1 ·!!2-¡¡,J+11!!2 -!! 1 11 2 

Si.milarly, 

From the definiticn of a rigid-body mction, hOwever, 

Thus, 

11!!3 -¡¡,"11 ~ -l ~~3 -!!, •!!2-!!1) 

- 21rJ·r,•r:;¡·r,> 
¡¡owever, again from the rigid-body motion definition, 

'I'hus clearly; fr0111 (2.2.3)";. (2.2;4) ·and (2."2.5); 

(;:.2.3) 

¡;:.2.4) 

(:<.2.6) 

which states that the angle (See Section 1. 7) between vnctors >:
3
-x

1 
1nd 

The foregoing mappinq ~-is, in general, nonlinear. but there ~~ists s class 

Q of mappings ~· leaving ene point in a body fixed, that are l~near. 

In fact, let ')be a point of a rigid body which :n$1ains fixed 'Jnder ;, it!l 

position vector being thc zcro vector O ot the s~e under st~~y (tt.:s can 

a.lwa.ys be rearra.nged since one has the trcedom to ¡:lace the origin c~ 

coordina tes in any suit4ble p:lSition). Let ~\ atE! ::c
2 

be any t>.-o poi.::ts of 
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this rigid body, 

From the previous results, 

• 

(JS.,JS.l- CQCx,r, Qcx,JJ, i,j•1,2 
. .l.J ~- •• 

Assume for a macent th~t Q is not linear • 
• 

1 J.: 11 2 ~11 ~e'!! ~2 1 11 2 +11!? e'!! 1 J+~CJ!2 l 11 2
-2 e gel!, +'!21 .gc:<, ~~ 1:<2 1 J­

·11:<1+:<2112+1 !gc:<, l 11 2+1/?C:<2l ll 2+zcpl:<1l ,gC:<2l l 

3 

(2.2. 7) 

(2.2.8) 

where the rigidity condition han"been applied, i,e. the condition that 

&tates · that; :.under.a rigid' body :1:10tion>, any two points. oí ·the body .remain ·. 

equidistant; ·Applyingc·this ·condition again; · togetJwr >:ith. the r::onditionc" 
' 

of constancy.cf.the angle betweon any two lines:of the rigid body (eq .. · 

(2.2.6)), 

From the positive-definiteneos of tloe non:., thcn 

thereby showing that 





'! 

1 

i.e. Q is an additivc operator* 

On thc othcr hand, 6ince g preserves thc angle betwecn any pair of lines 

pi a rigid body, for any given real numbcr a>O, ~~~) and g1a~) are paral­

lel, i.e. linearly dcPendent (for x and ax are parallcl as wcll). Hence, 

(2.2. 9) 

Since g preserves the Euclidean norm, 

llg!a~>IHia~ll-laJ.II~II ¡z.2.1o> 

On the other hand, from e<;¡. (2:2. 9 ), 

11"'"' 11-ilao<•J 11·1•1-IIO<•J 11-1•1-11•11 ·- --- -- - (2.2.11) 

Hence, cquatinq (2.2.10) and (2,2.11), and dropping the abaolute-value 

bracketS, for ,.,B>O, .. ' 
gl~l --- C19(!) ,._,! (2.2:12) 

and hence,- g is. a· ha:.ogeneous' operator. '· Being . homogeneous and addi ti ve, .•• ~ • 

Q is linear ,• 'Ihe following- has thus- be en preved. 

THEOREM Z.2.1 l~ 2 ,U a l!.ig.i.d body mo..Uan tha..t.tea.vu a po.w.t &ü~d, . 

.then Q .U a Uneo.A. .ttut11.6&o!!nntWn. 

From the foregoing dis~ussion, Q is representable by rneans of a 3x3 matrix 

refcrred to a certain basis (theorem 1. 2. 1) 

·• 'I'his proof is duc to Prof. G.s. Sidhu, Institute for Applicd Math"'<latics 
and Systems Research, U. of Mexico 
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&pace, the ith col~ of the ~tr1x g is fo~cd fro~ thc cocfflclcnts of 

\?(!;i) cxpresscd in terms of B according to D<>finition 1.2.1. In fac~, thc 

resulting mntrix is orU>oqonal. Since Q is linear,~(~) can be eA9resscd 

simply as ~· Now if 

Uum 

llene e 

T T T T 
y y•x Q Qx • x x, for any x 
~ ~ ~ ~ -~ 

ffence, clcarly · 

{g .. : 
the identity matrix.- This result can then be statc<l as 

2.3 THE THEOREI-1 OF EULER MID THE RE;VOLUTE '"!_ATRIX. 

ln the prcvious scctions it was.shown that th" motion of a ri~id boC.y whic:l". 

keeps one of its points fixed can be rcpresentcd by an orthogo~al 3 x 3 

matrix. ln view of Sect. 1.9 there are two classcs of orthogonal ~~rices, 

dcpending on whether thcir detcrminant is plus or Binus unity. · Ortl:=<¡onal 

!!liltrices whose detercinant.is +1 are called prop<>r orth=onal anC tl".~se 

whose dctcrminant is~l are called i~propcr orthoganal. 

Proper orthoqonal owtrices represent rigid body !'otations, whereas :C:::-pror-~r 

orU>oqonal matz:iccs.z:epresent reflections. lndccd,. consider .. t..'"le rot~tion 

of axes as shown in Fig 2.3.1 





{ 

,, 

Fig 2.3.1 Rotation of axes 

'11le ma.trix representation of the above.rotation is obtaine¿ free e_e 

relationship 

x ~x (2.3.1) 
- 2 - 1 ' 

y "Z > -2 _, 

z ~-y 
-2 -1 

"'here l>,' ~2 represent unit 

etc. Fro01 eqs. {2.3.1), 

' o o 

o _, 

o ' o 

(2.3.2) 

(g)
1 

!lleans the rotation expressed in tems of the basis {~ 1 ,! 1 ,;; 1 :·. 

Clcarly, 

det Q-+1 

and thus it is a proper orthcgonal matrix. 

On the other hand, consider the rcflcction of axes into 
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Fig. 2.3.2 Reflection of axes 

X a-x 

' ' 

. -· ' ' 
l!ence, 

and so, 

_, 

detQ,.-1 

(2.3.3) 

' 

i.e., Q as obtaincd from (2.3.3) is a reflcction, Aprlications of roflcc-

tions ""ere studicd in Scct. 1,12. 

From Coroll<~ry 1.9. 1 it can be sccn that a 3 x 3 prorcr orthogonal matrix 

has cxactly one cigcnvalue cqual to +1. Now if ~ is thc cigcnvcctor of 

.,.2 
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Q corrcsponding to the cigcnvaluc T1, it tollows that 

Qe •• 

and, further=ore, for any scalar a, 

Qac .. ce 

aence all points of the rigid boüy locatcd along a line parallel te ~ 

passing through the fixed point o, re:main fixed under thc rotation L" He.,c6. 

the following result, dueto Euler (2.1) : 

THEOJ1EJ.l 2. 3.1 (Eule!t). 16 a l!.(.g.W body undeJtgou a d.Uptaccme.t.t .(ec..Ut.g en~ 

o~ .i..t6 po.i.n.U. óücd, thea .thVle eW.U a tú1e pa.lú.ng .tiiii.Ottglt,the :.:_n:d 

po.i.nt, &uch tha.t a.U Oá .tite po--i.1tá on .tho..t Une keJJ>:t.út ~üed dW!.{;¡E .tlt"­

ci.Uphtcement. Th.U tút"- .U c.a.Ucd ".the aW c6-JWt.t.UD1:" a>Jd the C.·::rt"- Di 

JW.ta.t.Wn .U me<:Uwtcd o u a plane pMpendi.culalt to .Vze a .t-U. 

'l'he matrix representing a rotation is SOI:Ietir:~es referrcd to as "tl•"- :-evolu:•". 

' Clearly, the revolute is cottpletely.dete=ineC by:a.scalar para:o1et~:-,. the .... 

angle of• rotation and a vector, the ·direction of · the axis. of. :-otat~o:-.~,- Fro:: - ... 

the foregoing.discussiOn it is clear that.the direction vecto:-·o! c.a 

revolute is obtained as the (unique linearly indcpendent) ei~envect::- of 

the revolute associated with its + 1 eigenvalue. 'l'he angle of rota:~on 

• 
is obtained as follows: 

F"r0111 Eulcr's Thcorem, it: is always possible to obtain an (orthonorr-=-11 

basis B,. {~ 1 ,~2 ,~3 1 such t:hat:, say J::>
3

, is parallel to the axis of r:tation, 

J::>
1 

and ~2 thus lie in aplane perpendicular to t:his axis. T!:e rota:ion 

would t:hen rotate the vect:ors through an angle e. Let b' anC b' be the • 1 • 2 . 

corresponding ir ... gcs of J:>
1 

and J:>
2 

after t.he 'rotation under c:cmsi<'ier~tion, 

representcd graphically in rig 2.3.3 

* 'l'hesc para:neters are also•called "tha invariants" of U1c revolute, for 

t:hey rcmain unchanged under diffcrent choices of coordinate axes. 

' 
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Fig 2.3.3 Rotation th~ouqh an angle 

>,'·-sineb +cosab, 
- -1 -

and it follows'that······ 

cose -sin e' o 

(g)
8 

.. , sin e cose o 

o o 

' 

' -' 

e about axis b • _, 

• 

(2.3.4)' 

(2.3.5) 

Due to its simple and illurn.inating form, it secms justified to call rnt~trix 

(2.3.5) a "canonical form~ of the ~otation ~triK. 

E><ercise 2.3.1 Devise an alqorithm to carcy any o:cthogor.al matrix into 

its canonical form (2.3.5). 

Lct a revolute matrix Q be given refered to an añitrary orthononnal bnsis 

A• {~ 1 -! 2 -~ 3 1 , different fr01:0 B as defined abo,.. Furthermore, let 

;, . 1 . ' . _, (2.3.6) 





. ' 

' 

where 

J?j"' (~lj'bZj'bJj)T, j"' 1,2 13 

hij bein~ the ith ccmponent of !?j referr~ to the basis A, i.e. • 

l:!j .. b1j~1+b2j~2+b3j~J 

Since both A and B are o.-thonormal, 

' 

(') is en ortho,onal ~atrix. , A 

- /tl-

Thus, 

the canonical forn¡ can be obtained fr0111. tlle following ~imih.rity t.ransfonna 

tion 

' 

Fr01:1 the cononical form given above,- it is apparent that · 

Tr(Q) :.1+2eose 

- ' 
from which 

_, ' ( ) . e • coa {¡<Tr_ g ~-1l/ 

(2.3.7) 

(2;J.B)· 

is readily obtained;"lt should•be pointed out-that, since.the trace is 

' invariant under similarity transformations, i.e. since 

,.,¡,¡ · - "' (o) • 
• B • A 

one can c=pute the rotation ·angle without· transfonüng -the -revolute l:l.atriJ< 

into ita canonical form. 

Eq.-(2.3.8), boweve.-, yields the angle of rotation through the 
_, 

co11 _function, 

vhich is even,' Le. 
-1 -1 ' -

COS (·X)'"COS . (x); hence, the said formula does not 

provide the sign of the angle. This is next determincd by applic~tion of 

' Theorem 2.3.2. The proof of·this•theorcm needs somo background; which is 

now laid down. 

In what follows, dyadic notation will ba used•. Let L be the axis of a 

• For roaders unfamiliar with this notation, a short ~ccount of algcbra of 
dyadics is providcd in Appcndix I. 



• 

• 



• 

. . . -

!1 

rotation about point o, whose cxistcnce is gu~rcntccd by Eulcr's Theorem, 

Moreovcr, let e be the corresponding a_ngle of rotation, as indicated in 

Fig 2.3.4, ande a unit vector parallcl to L. 

1' 

' 
,. 

Fig·2.3,4, ROtation about.a point. 

In. F_ig ;2.3.4 p•; is the 'rotated ·position of point -p, .lf PQ is perpe,.::icular · · 

to r.,• sois P'Q, because rotation.s preserve·angles of rigid bodies. · Thus 

points-P;• P', and-Q determineoa.plane,perpendicular .. to L,· on wl:ich.tte.angle .. 

of•rotation, e, is measured •. From that figure, - -r' ~ 0Q +-QP' 

llcnce 

r' ~ r - QP + QP• (2.3.9)' 

~-Let'QP" be a line containcd ·tn plane PP'Q, .,r. right angles wit:O, line PQ anC - . of length eqUal to that of QP. Thus, vector QP' can be express~ as ~ l~near 

comhination of vectors -QP"•exr 

- -QP and QP". 8ut 

" (2.3.10) 
' 
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whereas 

-,, • 
~x(~x;;l . -

-which can readily bo prov'od. Besides, QP' can be exprcssed as 

QP• - -• QP cos6+QP~ sine 

which, in view of eqs. (2.3.10) and (2.3.11), yields 

-,,. ·- cose~x(~ x ;; J + sinee X r 

(2.3.11) 

(2.3.12) 

substituting eqs. (2.3.11) and (2.3.12).into eq. -{2.3.9) leads to 

r' • r + e x {~ x r ) - cose!! x (! x r ) + Sin6c x r (2.3.13) 

'"' 
;; J. - • {ee-1) .r--- - . (2.3.14) 

where 1- is' the identity dyadic, .i .e .. a .dyadic .that is isomorphic ·to the • 
idontity matrix. Furthermoré 

e x r • 1 . e x r • .1 x e . r . (2.3.15) 

where.the dot and the-point-havoobeen•exchan.¡ed;"what is.possible todo. 

by virtue-of the algebra·of·cartesian vectors. Substituting eqs. {2.3.14) 

' 
and (2.3.15) into•eq. {2.3.13) orie obtains 

r' •;; + {1-cos6) (.,;<_;-!l~;; + sin61 x <]!.;; • 

• (fl-cose)~~ + cos61+ sin61 x ~J ·'!: • 

- Q·!; (2.3.16) 

i.e. r' has been expressed as a linear transformation of vector r. The 

dyadic Q is."then.·isomorphic·to·the rotaÚon·D~atrix·defined· in section 

2.2. Tbat is 

{2.3.17) 

One can now prove the followlng 

THEOREM Z.3.Z Let. <l "--i.g-i.d body wtdVtgo <l pw¡.e IWtll.tion abou.t a 6-i.\e.d 

po-i.n.t O o.nd le:t. 1- a.nd 1-' be the ..i.n-U.iP-1 and tl1t !inal p<J<I-i..t-i.on vccto!t.l 

o6 a po-i.n.t oQ the body r~rCLWW!.ed 6-wm O: no.C: ty-Vrg 011 the a:t-U. o6 ltD.ta.t.icJt 

' 





FtL'LthCMICIU! lú e and ~ be .tite a_ng!e. o6 M.t!t.Uon and the. wtit ve.ctolt 

pobt.t0g .in the. d.Vtec.Uon o6 the. IW.to..ti.Qn. Th~ 

. .o~grd~~'. ~J •.agn (a) 

Proof. 

Applic:ation of eq. (2.3.16) leads to 

n:r' • (1-cosa) (e. d rxe+sin9rx (exr)" 

~ ( 1-c:os8) (e. r) rxe+sin8 ( r
2 
e- (r. e) r) ---- - ---

where 

Thus, 

which can be reduc:od te 

'"' 
sgn(sina)•sgn(OJ 

• 
for sin( ) is an odd function, i.e. sin (-x •-sin(x). 

Finally, thon 

,, , 

(2.).18) 

In conclusion, Theorem 2.3.2 allows to distinguish whother a ro,atior. in 

the spacified direc-tion e is either through an anglc e or thrOu'Jh an 

anglo -e. 

~erciSe 2.3.2 Lot ~andE' be e1c initial and the final position vo~tors 

of a point P of a rigid body undcrgoing a scrow motion "'hose rotntion matrix 

is Q. Show that thc displac~ont p'-Qp lics in thc null spacc of Q-I. 





Exercise 2.3.3 show that the trace of a matrix is invarlant undor slmila~ 

ity transformations. 

Exercise 2.3.4 show tloat 11. revolute matrix Q has two cotnplcr. con:·J9atc 

eigenvalues, A and ACA • oocplax conjugate of A). 

Furtloenaore, show that 

Re{ A) • ~ (Trg-t) 

What is the rclatio:u;hip bet\o'een the CO!llplE!X cigcnvalu<>s of the rt·oolute 

matrix and it:.s angle of rotation?. 

In the foregoing paragraphs the revolute matri~ was analyzcd, i.e. it 

\o'all shown how to ol>tain its invariante when t/¡e matri~ . . u; o:nown. 

The inverlle·problcm·ill·discussed next, Given the axis·and the an~:e of 

rotation,•obtain•the revolute•Qatrix referred·to.a specified set e! 

coordillll.te axes. 

It is-apparEont·that.the J:Klst c:onvenient basis (or c:oorCinate a>:-es' for 
' 

representing-the revolute'~natrix is the one for which tilis takes ce. its 

canonical'forrn._.Lct a~ {b ,b,··,b;J 
- t - ... 

be .this-l>asis, vloere b coinc:~:ies. _, 
with the given.revolnte.a.xis,.and ~~ and ~2 are any pair of orthor;:=al 

vectors lying in tho plane perpendicular to ~3 . 

Hence, (~)B appears as in cq. {2.3.5), with given e. Let A ~{a 1 ,a 2 ,a3 J 

be an othonormal basis with. respect to which Q is to be rep,es<mtc.::, anci 





o _, • • o 1 
' •3 A • 

be a matrix formed with the vcctors of B. Then, it is olear ü..o.t 

EJuu:tple 2.3.1 "" 
' ' ' 

' Q . - _,. 
' ' . ' _, _, 

' 
Verify whether it is orthogonal. If it is, dOes it represent ! rota·.~on?. 

If so, describe the rotation 

Solution, 

' ' ' 
_, _, 

QQT_2. 
-- ' 

,, 
' ' ' ' 

_, 
_, . _, 

' ' ' ' 

' o o 

' ' o· ' ... ' o .. 1! 

o . o ' 
Heno e Q '" io fact orthogonal. Next, 

' ' ' ' ' ' ' ' ' ' ' ' ' ' ' det~ 

' ' _, 
' 

_, 
' ' ' ' ' ' ' ' ' ' 

" ' -(-+ _, 
" ' ' ~(.! " ' "' ' ' -(--

' " 
i, 
' 

•• ' 
Thus Q is a proper orthO<Jonal ::~atri..x and consequ.,ntl}" rc;orcsc,-.ts a :·.;>tatior .. 

To find th" il><ÍS of tho rotation it is necessary te filld a unit vcc:.;>r 

!"'(e
1 
,,

2
,.,

3
)'1' such that 





º" -,. 
i.e. 

' ' ' 
' ' 

_, 
' ' _, _, 

' 
Henco 

-·, • ., • 
_,, 

' 
•, • 

-·, -23 . 

' 
·~ which 

., -., 

., --· ' ' 
""' ~ ·-H ¡.,·· 

·- "[-: l - ' ' 

•, 
., 
., 

,., -o 

•, -o 

., -o 

., 
-., 
., 

r, 

' 

Thus, the axis of rot~tion is parallal to the vector ~ given nbove. 

To find the angle of rota. don~ is an even Gil:lplcr rnatter:· 

'h ~ (2+2+2) ~ 1 + 2 cosO 

Thu" a _, ' 
• cos (-) - -60" 

' 
whez:e use"'"" rnade of Theorem 2.J.2 to find tho sign of e. 

ló 





• 

¡_.:: 

' Examplc 2.J.2. Deteminc the revolute mat.rix representing- a rotation of 

90° ahout an axilr havi_nc¡ three eq;ual direction CQSines with rcspcct to 

the X,Y,Z axes, '!'he 11111.trix should be exprcssed with rcspcct to these 

axes, 

Solution: 

Let !,1"' {~ 1 ,~2 .~3 ) be an orthonormal basis with respcct to which thc 

revolute is.represented in.its canonical rorm. _ Let !?J be colnc:idcnt 

the axis of rotation. Clearly 

rt.remains•only to detemine-Q
1
-and e2 ~ .hclearly •. thcse must· satisfy 

Thus, the cot:~pCnents of Q
1 

must satisfy 

e+l!+y~o, 

' ' ' o +ll +y •1. 

with 

lt is apparent that onc component can be freely chosen. Lct, for exarnple, 

Menee, 

' ' . ' 
rrom which 

' 2 ¡¡ •1. Thus a fi 

' 
Thus, choosing_ the -1- sign ror ¡¡, 





~.-ü] 
• 

!;>
2 

can be obtained now very easily trom the fact that !:',·!?2 

tute an orthononnal right-hand triad, Le. 

" _, consti--

With respect to this basis, then, frOID i.q. (2.3.5) the rotation rna.trix 

has the fo:rm 

o _, o 

(o) - ' 
- ' o o 

o o , 
'I'hus, letting A be the basis defined by the_ given .X, Y and Z axes, 

o fi/3 

16;6 .• fi/3 • ' . 

and,~from.eq. -(1 .5. 12), .defininq-the 'foll""'ing .sinoilarity- transformation,-

With (~) 8 in its canonieal fo~, the revolute matrix Q, expressed with 

respect to the x,Y,Z axes, is found to be 

, . 1- 13 

, 
HIJ , 

Exercisc 2.3.6 If the plane 

x+y+z+l•O 

is rotate_d through 6o•nbout D.n axis passing throuo;h the point (-1, · -1, -1) 

' 



• 

' 



' 

' 

,, 

' and with direction cosines' ' ' fi ' ' , Vhat is the equation of ~e pl~e 
fi 

in its new position?. 

Excrcise 2.3.7. The four vertices of an equilateral tetrahe~ron are label:~d 

A, a, C, and D. If the tetrahedron is rotated in such a way that"h, B, C, 

and D are mapped into e, B, D, andA, respectively, find the axis a.-m. the 

anqle of the rotation. 

What are the othe.- rotations similar to the previous one, i.e., ••hi':h """? 

every vertex of the tetrahedron into another vertex?. 

All these rotations, tagether with the identity rotation (the one leavinq 

the vertices of the tetrahedron unchanged), constitute the s;,~etr.· :¡ro'""'• 

of tlu! tetrahedron. 

Exercise 2.3.8 Given an axis A whose direction cosines are ( r; 
with respect toa set of coordinare ~es XYZ, what.is the matrix r~;rese~-

tation~~wi th>respect ·te· these•coordinate :axes;•of a ·rotation:about _;:.throu;::c_ · _ 

1 
an angle· 211/n? 

Exerdse :2.3. 9 -A·r;quare matrh:,~· is •said- to ·be ·ideopOtent ot-ind.ex :.: -... hen-· 

evc;r ·k· is tito smallest· intcger·for 'ohich the-kth -pe.,er o~ ;>.. becces t:~e · 

idel}tity matri.x.:.Explllin why the matri.x obtained in I:xercise 2.3. 8 •!:loulC 

be ide:.potcnt of index n. 

E><:ercise 2.3.10 Sho" t.l:tat any rotation r:>atrix Q can be expretsed a; 

" <F• • 
. . 

"here ~ is a-nilpetent ~~~atrix and 6 ir; the rotation angle. ·~1\at is the 

relationship between ~atrix A and the axis oí rotation of Q? 

•see Sect. 2.4 for the d"~inition of this terc. ' 
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EXe~:ciso 2.3.11 """ equation o~ a throo-axos ellipsoid ,, givcn •• 

' ' ' X L ' ' ' • •' • -,-• 
• o 

what is its equation after rotating it ~~rough an anglo 6 about an axis of 

dircction nwnbers (a,b,c)? 

2,4 GROUPS 0F ROTATtONS. 

A group is a set 9 with a binary operation o such that 

i) if a and be g, then aobcg 

ii) it a,b,c. 

i:ii) •_·9 contains an el=ent i, called the identity.cf g unde.- o , such · 

that, for cvery a e g 

aoi .. ioa ~ a 

iv) - · for evcry a. e_ g, • th.,rc exis ts • an ~ olw:~ent _ denoted 

.. -- inverso. of a·under o such that·· 

..:, ' -1 
aoa- .. aoa'"i . . 

_, 
a ,cg, called.the 

Notice"that ·in- the above definition· it-is: not requircd .!;.ha t. the group be · 

COinr.lutative, i.e. that aOb-bOa for all a,b_cg.· C<rmutative groups are a 

special class of groups, callcd abclian groupa. 

Somo examplos of groups are: 

a) The natural numbers 1,2, ... , 12 en tho face of a (mechanical, not 

quartz or·similar)"clock•and the opcration-kOJn corrcsponding to .,, 

"shift the clock hard frODt location k to location k + m", whcra k 

and 111 are natural numbcrs bt:!tween 1 and 12. of course, if k + 1:1~12, 

the resulting operation is meant to b(! (k + !11.} (mod 12). 

bl The set of rational nu::tbcrs uith the usual multiplication opcration. 
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e) Thc set of int.cgcrs with the usual <~lgcbraic addition opcration. 

Thc sct of integcrs with thc multiplication opcration do not constitutc 

a_ group {~lhy?l 

Excrcise 2.4.1 show _that the set of all tho rotatiom; rcferrcd to in 

Excrcise 2.3.5 actually constitute a group._ 

Excrcise 2.4.2 What is the synunctry group• of 

i) an icosahedron? 

ii) a regular pentagonal prism? 

iii) a circular cylinder? 

iv) a sphere? 

lt is clear; from the above discussion, · tlur.t the set of. all orthogonal 

"matrices constitute a group under m.atrix "'ultiplication;- In particular,· 

the set of proper orthogonal matrices constitutes a group under matrix 

multiplication;-but •the improper- sot-does 'not -nlhy?) ; _ 

As awapplication,of··the qroup. propcrt~·--of. rotations.o", .oc:¡uivalently,. _. 

of propcr.-orthogcnal rnatrices,.arbitracy.:rotations;ciln.be.·fonned by -thc­

cODposition•of.successive·simplc.rotations {Sea ExaQple 2.4.1). 

AnOther,application.is found in thc compositon of rotatioñs using Euler's 

angles (2.2) 

EKample 2.4.1 Refcrrinq to Fig 2.4.1, find the matrix represcntation. 

withcrespect to the x
1

, Y
1

, z
1 

axos, of the rotation tl1at carries vcrtices 

A and B of thc cubc"into A' and B', respectivcly, whilc lcaving vcrtcx 

O fixcd. A' and B' li<l in.the y
1

z
1 

plano and points t-.', O and D, are 

collinear, as aro B', F andE. 

* Sce Excrcisc 2.3.5 for a dcfinition of a synmctry group. 
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SOlution:" 
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~1g.2.4.1 Rotation of a cube 

,,, 
' 

~' (o ·)- be theom.!ltrix-representing-the rotation-of axes-labelled 1 into 

"' 
those 'labclled •2 (referred to axes -_1). · .'I'hen¡- letting,x. , ·'r· and- z :-

~.t 1 ".1 
be unit --

vectors.directed-alonq-~~e x,-,. Y.- •. and.Z. axes, respectively, 
' ' ' 

Q • • 
-12-1. • _, • ' -' 
1?1:1-1 • ~, . ' _, 
Q ' - ' ·-· -12-1 

_, _, 
from ..tJ.ich 

o o _, 

(Q,z) ,· o ' o 

' o o 

Next, rotate axes labclled 2 into axcs lal>cllccl J, Call this rotation 

This rotation would leave a.x_is x
1 

fixed whcrcas it ~~uld carry axis 

.. "'" 





!?23~1 • • _, 

'?23~1 • • . , 
Bd'El • r, 

and so, 

' ' ' 
(Q23) 1 ... ' ' 

_, 

' ' ' 
Let ~ 13 be the rotaticn Gle.ult te be obtaincd. lts ~atrix can be cc::~putcd 

then as 

o o -1 

' 
' ' ' 

which could also-have. be en: obtained ·by ;noticing- · that· . . 

'?t3~1 • ,, • ., . _, 

B13~1 • ¡, • • -' 

Matrix· (Q ,) rep.-esents a rotation throu9h an angle ~ • 120"abo-:..::o an 

-' ' 
axis with direction cosincs -a,a,n. Although in this exa.cFle the ~otaticc. 

could b<1 obtaine<l by an altern.o.tc 10ethod, in many cases, such as "'-.\e ene 

in Exercise 2.4.3, the use ot rotatlon coG~EOSition sc~s to.be the simple<~ 

method. 

Exnrcisc 2.4.3 Dntnnn.J.nc the axis and the angle of tl:c roUJ.tion :01rcyin<; 

axes X,Y,Z into axcs t.n.~, as shown in Fig. 2.4.2 
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' 
Fig _2.4.2 Rotation of 01XCS 

Exercise 2.4.4 The cube appearing in Fig 2.4.1 is rota~ed 40" libe~~ 

di~gonal oc. '-Find • the ·matrix,representation, -.with- respect <tO x
1 

, Y 
1
,:

1
, of --

this •rotation-and.-the 'distance-·that· vertext B. is "displaced~through.- . ' . 

2.5 ¿ RODRIGUES'---FORMlJLA ANIJ•OIRTI:SJAN DI:COHPOSITIO!-I·OF ":":~E ROTATIOt: }:A"l'P~X. 

vector•>:· unile>:.a-rotation t...":.rougl! an a:-.:;le _, 
O llbout,an axis parallel to the unit·vector ";: passing t.~.IougC. the c:·igin 

of coordinates was sho>:n to be (See Section 2.3) 

(2.5.1) 

Hultiplying both sides of eq. (2.5.1) tine~_gx yields 

(2.5.2) 

which is callcd Rodrigu~s' fonoula ( 2. 3, 2 .4) 

Fonn (2.5.1) of the rotation dyadic is advantageous sincc it sñows 

cxplicitly thc invariants e and e of the rotation. 
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Other uscful exprcssion of thc rotation rn"trix is now derivcd. Lot~ing 

~ m{u,v,w)T (2.5.3) 

the rotation matrix can be writtcn as (2.5} 

Q•R+Tcos9+l'sin6 

where , , , 
" "" "" " •• -·· -·· , , , 

' • "" " •• ' • -w " •• -· -w (L.5.5a) , , , 
•• ~ • -·· -.w " •• 

'"' 
' -· , . ' (~.5.5b) 

' 
In fact¡ c~puting~the dyadics_involved.in_expression (2.3.17), 

" ··(ui • "i • W/!-) (u! • "i • wk) . ' • 

• u2!! • uvij .. • uw!~ • 
• uvj! • 

, .. 
" " • vwjk -· • • 

• uwki • vw1!-j 
, 

• wU: (2.5.6) 
• 

' -H • jj • "" c:.5.7l 

Hence 

" • -Ch! • jj • ~1!-l • (ui+vj+wk)• . . . 

• uiixi+viixj +wiixk • • -- - -- -
• ujjxi+vjjxj -- -- - • wjj~ • 
• ukkxi • v~~xj • w(.Jsxl$ e:. 5.9> 

- • 
'"' 

i • i • jxj • ""' • ' (2.5.9) . . 





""" 
' • j -- j • i -k ' i • k -- k • i --; (2 .s. na) 

j • k -- k • j - i (2.S,;~b) 

• Thus 

·- + vik 

+ wji -ujk 

v.~ +u~ (2.5.::) 

Dyadics (2.5.6) and (2.5.?) can be w~itten in ~trix fo.m as 

' " "" "" o -· " 
{~~) '" ' {lx~) o - " "" ' - w -· (2.5.:2) 

• ' "" "" • "" " o 

' ' v +W -uv. -uv 

-w ---
' -.w 

Substitution · of. matrices· (2;5, 12)• and -(2 .5; 13) into·e<;; -(2. 3:17), :eads~. --

dircctly to .eq. (2. S .4) •. _This -expression of•~:~at:dx' Q· is ,vcry ose::'ul •. 

beca use ,, allows ·~ m determine "'• sign ., ' without rec::uirir.;- " 
eO<opute "'' Uoage ,. ., • vector ' under Q. 

·-
Indeed, ,,~ ""'' (2.5.5il) 000 (2.5.5b)' " 

,, clear that na trie~• ' a:1d 

! are &Y"""ett:ic, whereas !.' is skew syr.unetric. Hcnce, and f•om Tl-.~orcc.~ 

\. 7. 1, P sin8 can be obtained as 

p sina i T 
a-(Q-Q) ,_ - (2.5.1~1 

Le. eq. (2.5.4) can be re<Jatdcd as the cartcsian daco::>posnion (sce s .. c:~on 

\.7) of matrix Q. Now, calling e
1 

the ith co~:~pon.,nt of v~ctor ~, as 

given by cq. (2.5.3) and taking dctiniticn (2.5.5b) and C<::. (2.5.14) int• 





~ccount, one obtains 

' -o
1
sina .. l (q

23
-q

32
¡ 

' . o2sina "2 (qll-qJl) 

' ~ 2 (ql2-q21) 

Introducing tho altornatin9 tenso~ tijk defined as 

+ 1,if i,j and k a~e in cyclic o~der 

1, if i,j ~k a~e in acyclic o~de~ 

O, if at least onc index is repeated 

eqs. (2.5,15) can be written as 

' 2 tijk(qjk -qkj) 

(2.~.l~a) 

(2,5.15b) 

(2,5.15c) 

Exe~cise- 2, 5. 1.;, Given ""'trices !· and-!', • "!'. definod~in- eqs ,-o.(2, 5 ,5a)-and...:-.... > 

. ' (2.5o5b), prove;that·! •--F--ard t!evice- an· alg-orithm. to • computc---f.·-given-r. · 

Exercise 2.~.2 Use eq. (2.5.16) to det:on~ine,tho-sign·of·a-:for the rot:at:ion 

' 
matrix o:f Example 2.3.1 and verify the result thus·obtaincd with"thc one 

obt:ainet! prcviously. 
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2,6 GENERAL I>OTION OF A RIGID [IQDY AND CUASLES' THI:OREI! 

In tho previous sections only the ~:~otion of a r_iqid body aboUt a fixed point 

was discussed. There are dgid body motions, however, witl1 no fixcd point. 

Such motions are studied in this section. 

Ccmsider a mction under whieh or.e point is displaced from A· to A • and <tnothcr 

one is displaced from R to R', as shown in Fig 2.6.1 

This motion can take place in any of three different ways, namely i) any 

pair of points A,R of the body unde~:go a displacement toA', R', rospectively 

in such a.way that.line A' R' is parallel to·line AR: this mction is referrc<l 

to as .pure. translation;. _ .ii) a.lir:e.of. the body remains. fixed,Min, which.c;a:;e,.,. 

acco.-ding to·Euler' s "Theorem· (Theorem· 2;3. 1)-; the motion is refe,rcd·to 'as· 

pure rotation¡ 

' 
--, 

-· ' ll: .. 1 

1 
' 1 

Fi9 2.6.1.General notionofaric¡idbo<lY 





iii) no point of the body remains fixcd under the motion, in which case it 

is referred to as general motion. 

The motion from cont_igurat.ion 1 to configuration 2 can 00 regarded as the 

eOiilposition of two motions: tirst the rigid body is displaced frOJo 1 to I 

without any rotation. Hence, the lines conneetinq any pair of points in 1 

are parallel to those oonnectir.q them 'in the intermedia te CQnfiguration 1. 

Since this is a rigid body motion, the length of each segnent remains 

unchanged. Thus, letting ~·~·· !•!' and r• be the position vectors of 

points A,A', R,R' and R~, respectively, 

(2.6.1) 

Next, ·to take·.the body,into-its final-· confiquration;: 2¡. 11- rigid• body ,rotat:ion--•--

Q, about point A', must be performed. 

Thus, 

(2.6.2) 

- . ~' Substi tution: of--, (2. 6. 1 )' into c;(:2. 6~ 2):, an<Lrearrangementc of'. the term.s: yie ld- -- ·.-

r'~a'+Q(r-a) 
" " - " - (2.6.3) 

which·l$- an:expressionofor-the-final,position·R'~ot any -point>R;of .. the rigid--.-- -. 

body- in·term.s ·of: i) its initial ·posi tion, -!, · iil the ·initial- and -the 

final' position' of any other point A,. and iii) the rotation Q accompanyinq 

the motion. The ahovo expression could have also been obtained considering 

first a rigid body rotation about point A trom 1. to an i'!ten:oediatc config!!_ 

ration:I' in which-all lines·connecting.any pair of. points·are paralleLto_ 

the corresponding lines in 2 and, since tha motion is rigid, the segl'tcnts 

thus defined are of equal lengths; then, perform a purc translation frcm 

I' tq 2. S\li:Ol\ilrizing: The genoral motion of a rigid body is compfetcly 

defined by the initial and fin<ll positions of any one of i_ts points and 

the rotation inVolved. 
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Exercise 2.6.1 

a translntion. 

Ohtain eq. (2.6.3) by pcr.t;oroúng first" rotation and thcn 

The 10ain result in this section is Chaslcs'TheorCill, which sta.tes that, given 

any rigid body displacemcnt, it can always be obtaincd as the rotation about 

a line·of the 'body,_ lmown ·aS "the·screw·ou::is,.;""fOllO'ded' by a ·translation · 

parallel• to the rotati<:m axis. Morecvcr, the displaccrncnts of all points 

of the body alo_ng the'screv axis are of minimum magnitude. The"displacer;,cnt 

vector of a point is Cefined as ~~e vector between the final and the initial 

positions- of the.point,.e.g. -the.disp:lacCIOent.of point. !(.in .the-previous 

discussion is -

(2.6.3a) 

PrarQ eq. (2.6.3)· notice that·"!:'cis a linear function·of one·single·.variablo, 

this-nor:c~.is c¡uadratic.~ !--and.is given.as -· 

T-T,·T. T• T·· 
H~:lg':!:·'c!-~ ,12-!l- <Q-!l~t2<~·~~l-.(~~J:t_(~!~l- ¡~·-~¡ (2.6.4) ;:_, 

The theorem is now preved via.tbc·minimization 'of f(fl·. 'This,fum:tio:i. has ... _ 

ono extr= at tho'point !O o:here $' c:¿J~~' -.The derivative,q,• (!;') ·is next · 

oomputed, and zeroed at :o 
Appl}•ing the "ohain rule" to ~. 

+' (xc) " ['')Ta.o~> 
ar au 

• The dixceotion of a pure tril.nSli!.tion or a rigid bod}' is understood here as 
the rlirection of tlw displac<>mcnt vector,; of the point.s of the body. 
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where, t<= cq_, (2,6.Jal, 

" -· .,._, ,, 
• . (2.6.5a) 

' 

""" 
.!L "' '" 

(2.6.5b) 

Thus, letti_ng ':!o~l!(!"ol, the zeroing o! the <_;radient of ~ at :·:o lcads to 

<g-~lTl!o·~ (2.6.6) 

(2.6.6al 

NoW,,•if both sides<of ·eq; (2.&:6)~are l>lUltiplied•bycQ,~one obtains=,· 

(2.6:6b) . 

thereby·concluding,that tha minirn~-norm displacemcnt ~O líes in the real 

&pectral"Spaco .or·Q;-: i ,c.,:. i t is: parallaloto; the-axis-of"rotation·of Q. _ 

What, is • now -l.eft-;.to' c=nlet.e ;,.the-pzooL or.- Chasles ~ -_ Theorrnn; is. to ·determine 
' ' 

the:set of Point.of the rigid"body·h=ing·a·di1;placer.tent•Yector-parallcl;:.._, 

to the rotation axis., This··is done ncxt. 

Substitutinqo!;',~~aluated-at -~0 ·, a~:given· by :eq. (2.6. 3a) . into- eq .• (2. 6 .6) , 

and rearranging terms leads te 

<g--~J T ('?"-~) :o• (~-~) T {~-:') (2.6.6cl 

fr=· wbich cannot be solved for, since (Q-I), and henco . -
singular.~ In fact, it can be rcadily proved that this ¡:-,at.-ix is of .-ank ~ 

1 Excroisc 2 • ¡:,. 1 Prove that 2, e><ccpt for Q-I. . . 
Alth_ough !:o Cólnnot be solvo:l fo.- frOl:l the lattc.- ec¡uation, inte.-esting 

rcsults can be derived fror.~ it. Indced, givcn a point R
0

, with position 

vector Eo• of minim~~rnagnitude displac:cmc.nt u , define a new 
·O point 'o' 
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with rositicn yc~tc~ !o givcn as 

!o "·~o t aa 

whe~e e is thc unit vccto~ pa~allel to the axis of ~otation of Q, 

Multiplying !o• as given bofo~c, ti.Jnes (Q-!l T (Q-!)_ gives 

(?-~J T tg-~J ~o"'('?""~) T (g""~l (~O...:.~)~ <g-~J T tg-~J ~O+ (~-~) T (?"~) ~ 
but ~· being parallel te thc rctation axis of Q, is in thc ~ull space of 

Q-1, hence, in the null spacc of (Q-I)T(Q-1)', Th"refore, thc second te= 

in the right-hand side of the latter equation vanishcs, the lattc~ equ~tion 

thus rcducing te 

. T . 
(Q-1) -(Q~I)· 

T . 
11' ~ (Q-l) (Qa-a') _o . - - -- - -

i, e, . !!o . -" o:olso _satisfies : eq, : (2, 6 , 6c) , ,., 2 In con e lus ion , o all, peints' l!Q of -· ,. 

minimum-magnitude -displacemont, · 1¿
0

, -·liecon·a ·linc•p.,~allcl ·te the ·axis e;_-· 

of rctation of Q, 

E>:ci~cise:• 2. 6 . 2:' Sh<IW"'that- the • !:(¡ sa tisfy inq = eq,--: ( 2 , 6, 6 )-- actually . yields -=-~ • -
a nil.nil!llllll. 

of thc •three.scal"~ cquationsoof·-(2 .6. 5)- are. linearly -independent. ·Thcse 

two egu<1tions can be expresscd in rnatrix fo~ as 

(2.6. 7) 

vhere A is a 2 x 3-rank-two matrix and vcctors :o and e are 3-and 2-dimon-

sional, -respectively .- · Now, s~ncc. thc 'ranl: of 11 is 2, liA T being 2x2, is 

nonsinqular and hence, the ntinimu:n no= solution to cq. (2.6. 7) is (scc 

Section 1.11) 

!'o"'~T(~T)-\ (2.6.8) 

The ge<xnetric intcrprctation of the previous result il; tha't :;
0

, as givcn 

by (2.6.8), is perpendicular to the sought axis. This axis is Hthc scre"' 





~~ and is totally dct,.,rmined by the >:ctation axis, which_ gives its 

di>:ection, · and the point !:o" whose position vecto>:, ~O' is_ given by cq. 

C?-6.8). The name "sc>:ew" comes f>:om tho fact that the Lody moves as if 

it we>:e fastened to th9 bolt of a sc>:ew whose axis we>:e thc sc>:ew axis. 

other facts rnotivati_ng the nar:~e of the scrcw axis <till be shown lat.,r.· 

Another 1:1ethocl of finiding a point on the scrcw <llds is via Rodrigues' 

fonnula as it appears in (2.6). This proced=e can be d"veloped as 

follows: As was pointed out fror.1 eq. (2.G.6), the min;,r.uOt-ncrm displa-. 

cement is parallel to the axis of rotation~·Bence, the displacement oí R
0 

l!nlSt.satisy 

u "r'" _, •ae -o-o--o-· (2.6.9)· ___ _ 

where o.-is.a scalar.-substituting the initial and the final position 

vectors oLR :in "Rodrigues! .. fonr.ula ,.eq. (2. 5. 3), .. 

which;' together :withc eq;·-(2. 5:3) · fo¡:: vectors :l! _ and l! • , denoting. the ·-.--

initialuwd-the,final-ópositions:of poin_t.A, yields· · 

a'-r'-Ca-r )•ta~x(Ca'·r')+(a-" l) - -o - -o 2- .- -o ~ -o 

FI:om eq. (2.6.9), 

ex(>:'-r ¡ .. o 
~-o-o-

Hence, eq. (2.6.11) bccOI:l<!S 

' ' a•-a~ae-ta~x(a'+a)-2ta~xr 
--- 2·-- 2·-0 

~:Ultiplying both sidcs of cq. (2.6.13) times 

cot~x(~'-~l,~x(~x(~'+~l)-2~x(~x~0 ¡ .. 

~~x (~x (~ '+~)) -2 ¡~ ·:oJ ~+2 C~-~J :o 

(2.6.11) 

(2.6.12) 

(2.6.13) 

(2.6.14) 

TO" determine from eq. (2.6. 14)"; it is ncccssary to impose onc extra 
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· oondition on it, whii:h is done ncxt. Let. it bo the (>ilrticular point en 

tho scrcw axis which is closot te the or.igin; honcc, 

!:"o·~·o 

and so, sub,;tituting this vector into cq. (2.G. 141 "nd solvi_ng for !:o in 

the swne equation, leads to 

(2.6.15) 

which is "" alternate e~prcssion for r
0 
.. The foregoing-result is 

summarized ncxt. 

Alcrnatively, Cbaslos'Theorem can be·stated as'follows: 

"CUven:WI•aAb..i.tJIMy Wpta.c.vne.n-t "6'a..!Ug.ui b()dy, .thcJU!.-exMU. a t.c>..t ()6 

poi.n.t.t.:()6•.the·body,-Cont.~g·a. Une,-'t.u.c.h.-.tlut-t:a.lt pc.inU·.on .tho..t _. 

Lóte..wtd~o a•cU.!.pL:l.~v.oent-¡xvw.Uel.'.to .the -.une;-whi.c.li.M o6 nt-ú-W>IUill.·-­

fucl..i.dean ·nol!m" 

A property•of.tho screw.axi!l is.establ'ished:in~the next,thaorern.•,,·•. 

THEORB!:1, 6.1. :';~he dMpla.c.~ent-.vect.D1t6~o6' aU .die poútn: o 6~ a ll.(g.uf:::· • 

body·undVlflOÚI!J an Mb,¿t;¡.w-.y· mot-i.on· ha. ve. .tite h~ · pM j ec.-ü.o11 al.o119 t.lic 

t. C/1. ew a.u'.b • 

Proof: 

Let P be an arbitrary J?Oint of a rigid-body and S. a point on the screw 

axis¡ let P' and S' ropresent thc corresponding peints afler the 

displacement. From eq. (2.6.3), the displac~t of P, ~p' is givcn in 

torins ef the position voctors of P, S and S', t,-

U zs'-Qs+(Q-I)p -p------ (2.6.16) 
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The projec;:tion of u onto tho scrow axis ., is comput<>cl now by obtaining . . 

scalar product of ~P times ~s· FrOQ eq, (2,6.1G) tbis bccomes 

T · T T T 
U U '"(S'•rk) U +p (Q--1) U •• 
·P·S • ~~ •S• •• .s (2.6. 17) 

whcrc the sec;:ond term on the right hand side vanishcs because, as already 

shown, " ., 
, . 

is an eigenvector ·of Q' and Q -. ~ Thus:·· eq, · ·l2. G; 17)- becomcs~---- -
T T T T 

u u ~(s') u-su •(s'·s) u"'" u 
·P·S • ·S • -S • - •S ·S·S 

From the above expression it follows that the projection of 

screw axis has lenght 11~5 1/. q.e.d 

e onto the ., 

Usil'l<J .the;same. notation as above,~thc·final position-vector•of a-point of ,:, 

11 rigid-body.-:J,mdorgoing_an arbitrary.r:tOtion and.its .displacement.can_bil -
e>cpressed as -., 

(2.6.19) 

(2.6.19) 

IE>cb-cise.2.6.2<> Deriveceq,.-(2.6. 19) ,_, . . 
lience :i t- is · clca:t'.. tha t: thc: displa.ce;;,.ent:of · any:--pQint·of ·the-rigid-:bod y~is--

known, if, thc .following .c;;uantities .are ,given: . . . 

i) ··'l'hc m~~gnitude-of- tho. scrow o-displa.ccment,"-~ j u ·11: : t -s ~-. 

ii) One point of the screw-axis, R
0

, ·whose position vector is ~O 

iii) The axis of rotation, !!-

iV) The anglc of rotation,-e 

Givcn the abovc data, vector ~S is obtaincd as 

~5'"111:'5 11!' ·-------. (2.6,20). 

and matrix Q is givcn by cqs.(2.5.1) or (2.5.4). Point R
0 

nnd vector 2 

cornplctely determine thc scrcw axis, hcnceforth ealled L. From Theorcm 

2.6.2 it is clear thnt a rigid body undergoing an arbitra.-y ~tion, moves 



• 



. . . . . ' -

. . . 

as if it wcr:e welded to tbe bolt of a scrcw whose rucis whor:c L and whose 

pitch wcr:e g-iven by 

(2.6.21) 

For this r:cason, thc pair (L,Q), which complctcly determines a rigid.Lody 

motion, is called a "scrcw", <~nd rigid-body motions are thus rcferr:ed to 

as "scr:cw motions". It was shown in scction 2.3 how to obtain the matr:ix 

Q, given a rigid body motion with a fixcd point. Vector:s r: anU u , which - -o -s 
define L, are obtained fr:om eqs,,-(2.6.15) or, alter:nativcl}·,- fr:om.eq. '(2.6,7) 

and eq. (2.6.20). 

'I'hc following "inter:osting. r:esult,iB· dcrivedi inuncdiately :fromCTheorem.2 ,6, 2. <c--. _. 

Co}¡_oUw!.r{ 'l ; 6 .-J .... A. •!Ugid, body- mo«on; .úo., a !t.O.ta..U.oll: abou:t .<n 6,ix~d, pa.in.t: i6- , ·' 

and onty -i6 tite. d.U.placetle.nt o6 one point d the. body·{A pe~tpend.iculWI. to 

.tlte. <lc.l!.ew aW; o 6- .tite. mO.Uon. 

Anothcr•uscf.ul-·r:esul t .is•-the -followi_ng 

.ti! e po411U ;o6 -a ll..i.g.W .. body. W!de~tgo.ing· an¡WI.b.i.:buug-mot.ion _u, pCJtpertd:i--eul.vt- _c. 

:to .the. .&MCW axM,.- ' ' 

[Excrcise 2.6.3 Prove corollaries 2.6.1 and 2.6.2 

Clcarly, thc motion of any ene plane of a rigid b:>df complctely detc=incs 

the motion of thc body. f"-..Jthcnnol:"e, thrcc nor:collinca.- points determine 

aplane; ·thus it follows that thc motion of any three noncollinear: poir:ts 

of a r:igid body determine thc motion of the body. rn other: wor:ds, knowing 

the initial and thc final positions of thr:ee noncollinear: points of a r:igid 

body, onc can determine the ax~s. the displacemcnt and thc rotation of thc 

co.-r:c5ponding scr:cw, In the following, formulae are der:ivcd to compute 

thc scr:ew pararneters of a rigid body motion in t"-llllS of the J:IOtion of 





.. " 

1 

1 ¡ 
1 

' -.. 

three noncollinear points of the body .. ¡t will ha sbown that these fomulae 

require that the displac~ents of tho.involved points be noncoplanar. Now, 

.- ,if threc points o! a -r_igid body ~<re collinear, their displacec~Cnts und<>J: 

. . . ' 

any mction are coplanar. The conver~e, however, is not true, for three 

noncolLinear points of a rigid body could have,·under special circumstancee, 

coplanar •displaceroents, -as. is ·preved .in-Th<l<lr.,. .2. 6.4 ... To preve this, 

a prcvious result is derived.in the following 

THEOREJ,I 2.6.3 16 .the dWpla.cemen.t.l <>6 dvte.e rnincoUú'leaJL pof.n..U o6 a 

·• 1!.4J.<.d;lwdy aAe•.«:fen.tica.t,-.tlte-body wtde!lfjoM a pwtt. tJu:ut..\l.a..tion: 

Proof: 

-- reSpectivC-Pó"Sition ·.vectoru~·;:, Usinq :'eq; . (2.6: 19) ;; the· displacements:of::- ~':: 

these points can be written as 

u ..., -+(Q-1) {a-s)· 
-A -S- -.- - -

' .. wllere ·~·-.i.s~ the• position -vector o f. a-point .¡¡ -on -the -screw. axis. 

f Subtracting the third,equation · fre<:~" the. firsti and. the ·second, .and rec:alling::. · .. 

' 

thnt the.three displac:cmenta are identical, one obtaines 

(Q-1) (a-c)o.o 

"(Q-1) (b-e) -o 

Hencc both ~-2 ~nd ~-2 ~ N(Q-Il*, i.e. ~-e and ~-2·lie in the same cne-dimcn· 

sional space spanned by thc real eigcnvcctor o! Q. This cannot be so 

"* N(!l a.ncl R(T) denoto de null sr>ace and the rangc of" !• as defincd in 

Sec:tion 1. 3 

. ' 



" 
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' " ' ' " " ' ·' • • ~ ' 



because A,B,C wcre a~sumcd to be noncollincar. Thus, thc only possibility 

for the two latter cquations to hold is that ~!· i.o. the motion contains 

no rotation and hence is apure tran~lation. "q.e.d. 

'Tff[OREJ.! 2.6.4 Tite non-.i.den.üMf.• d.U.~cemen,U o6 .tlvtee po~ná. v6 a .Ug~d 

body.M..e. cop.fann;t. -~6 and on.ty . .i.Q . Óne o 6. .the QoU01\l.Utg . .tillr.ee cotUÜ.ü.on.li _.(.S. 

mM:: 

.i.l The mo.t.Wn . .U. a pw¡e-M.ta.U.on--

.U) The mo.t.Wn .U. genCJt.al., bu.t -the poúl-t.! Mi c.ou..i.nCJ1Jt. 

.i.-U) The mo.tion .U. gen.etul.t and .tite po.ln.t6 Me no-t-c.oU..i.JtCJ1Jt.,. bu.t üe .(JI <t 

("if" part) 

i). If. the motion is .a. pure .rotation and the origin.of .. coordinates_ is 

located '"-long- the- axis-of.rotation,:.the displaceru~nt-!;':of _any _point. 

of position vector·::·is· then- · --, 

U"-(Q--l)r 

.. , i .o.' ~c~(g-,:) ; -since; N <g-,:J- .is of-dirnetision 1 •"narnely.the -axis;of 

rotation, · then · from • cq;--:: ( 1. J • 1 ) , · R {Q-'- I)-~ is; of-_ dimension• 2," namely •~ · 

a plano pa~sinq through the origin, no~al to thc axis of rotation. 

Thus, all displacerncnts are coplanar,thercby proving thio part. 

ii) Let A,B ande be the given three.collinear poinu of.the rigid bociy 

underc¡oing.a general·,otion. Let !:'•t' ande ba thair respective 

position vectors. ñcnce, vectors c-a and b-a are linearly dependent 

and they are relat<!<l by 

0lf the displacernents of the three noncollinear points were idontica1, 
. the motion -..-ould be a pure .. translalion, according to Th.,orem 2.6.J. 
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(ii.1l 

From.cq. {2.6.3), 

u aa'+Q(c~a)-c 
~e ~ . . . -

~a•~atc+(Q-I) (c-al-e 
" -~--~ 

(ii.2l --

But, also trom cq. (2.6.3), 

(ii.3l 

Hence, eq. (ii.2) can be written as 

thu8'rn>rkil>9 :evident ·that· the' three involVEd .-Qisplacernents ::are:coplar.~r; -•· 

iii) ·using "eq:·-(2.6.-19)', tlie-dis'placl!l"ents ot points.A, B an<LC.are 

u ~u t(n-r)('-'' 
·A-s "' -

t:-a -and"!!Sa:r:,e-coplanar and.hence'-they" can• be -relat"<l. as -·· 

c-a-"{b-a)+Bu ---- -s 

Substi tuting •the -latter. expression- into,u -,-after- cancellatior.s. and. _, 
rearrangerncnt of tcnns, 

u ~u -"CQ-l) (a-b) 
·C·A···-

But, frorn thc above exprc5sions 

u -u •(Q-Il(a-bl 
-A-a---~ 

foruandu, 
~A ~a 
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which, from Co.-ollary 2.6.1, states th .. t thc body unde_rgoes apure 

• 
rota ti en • 

HJ ,., 
which i"s satisficd ui>der ene ot the two following conditions: 

ii. 1) 1-coss .. o 

«hich.implies_e,O¡ i.e. the motion reduces toa pure translation. This 

case, howcver, h4s been discarded in the present analysis, for tho 

displacements have •becn alisurn<>d · to be· non-idcntical··(Sce· Theorem -

2.6.3) 

ii. 2) 

which • in· turn · is -satisficd· under• ene ·of • the' tollowinq • two . condi tions : . , 

parallel. to· thc rotation .axis_(Picture.it! ) __ :! 

\ihich · impli e&'-tha t--A-¡ B -and-C :,are -collincar ,',. thus. compl.etinq = 

the proof .. r 
' 

chooJ e· any -thu.e.'; non"-o.U.úteaA; po.in.ú -~o 6"- .t.ht.. body ;-~A,- B- t:iiid. C; .: . L e.:ttútg · !f:A' _ ·: 

% ami ~C :be.,_ the · tlvte.e. •ltU u.tt.i.ng e di.!, p(.ac.emen.t'.h;- .thw: .t.h~ -.two d.L6 ~CJ¡_enC'.e .. :·: · 

ve.c.toM ~A-i::c a.nd !!s-~c-Me pa.il<l.Ue..t-.if.and orth¡ .i6-.the. poin.U Ue .i.n a 

pl.ane pti.M.Ltc..t to .the ~r.Aew aW .ió .tl1e mo.Uo11 b. 9e11vw.l. l 6 .the moUoa 

.U. a pWte:JLOt<ttioll, .thu.e·po~-Ue .in-a ptan_~ pa.'w . .UI'l.to the <t.u"..l o6 

M.t.aüon •• 

·IE><ercise 2.6.5 Prove Corollar~· 2.6.3 

Further consequences of Theorcm 2.6.4 are next statcd. 

Co~toUMy 2.6.4 TI.~ d.úpl.a_c.~u!ILU o6 any .two pchi.U o6 a .Ug.id body camto.t 
• 

bi>. pMaile.t itnd rú:He.-tcn.t, w-itc.IJ .t.he body u.ndc\sDc.l a pwr.c "-O.t.aüon 



• 

' 
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Exorcise 2,6.6 P::-Ovo Coroll;u;y 2.6,4. l!.int; Use oq. (2,6.19) and the fact 

that the two"te~ o( its risht-hand sido are linc~rly indepcndcnt1 in fact, 

orthoqonal. 

COILoUo.!ty 2:6. s- r 6 twc, a.nd only .two, d.Upi<tc0ntn.t.l o6 tlvtet noncoWnMII. 

pobt.tl. o~ ¡¡ !i.i9.Ld body Me pa;to.Uel, .then WhM. i) .tht p¡¡!!a.Uel. d.Upl.o.c~ 

men.U·MI'. .i.den.tic.a1 <tnd bdo_l'r.g to-po.i.n.U:lying on a Une paAo..U.I'.l to .the 

4MW ¡¡x.U,, O"- .U) .the pwutlle.t.·d.Upta.cemen.u.·Mnt.i66umt-6ttom e.a.ch----

tD-.tht--Une-c.oll!lec.Ung .the two.po.in.t&-.oá ptl)Lallel d.Upla.c0nent.s. 

CoM.tlo.JU¡ ~ 2~ 6 ~6 '7: 1 á one,; and: only' une ":ti~ :&ee~po-in.-tl 7 o 6 :.a.-~gid _ body ' luu, -·~­

¡¡ zUth d.Upla.c.-011e11t -dnd. o-thPA--.twc, po.WU. ,-tWnc.oll.i.nM/1.. wlih. . .the _ 6MmM-, _ . 

M ve·- pll.-'l.r:t.Uel.· bu.t-di66M-en:i-d.Upla.cJ>men.tl> .~.then~.the body-undvr.goM a. ~e 

M.ta.t«m;' who.ae, cu.U. . .U, detvun.Ur.ed_ by . .the in.tVU>ection--o6 the plan e 

c.o~g~-.dvr.et :-given · poin.t.s :Wilhc a: 4 e.c_omiop&ne-, de6iñedc.by' .the-----' 

ciU pta:Ced • pru.U.Wn.i>" o 6 • .the po-in-U • ~ • 
' 

jExelcciseo2:6. 7. oProve·Corollaries 2.6. 5-and-2. 6.6 ~-.·• 

'11l.e formulae• that-:-allow .the-=put:ation .of, the·Screv:parameu~rs are _next ·--• 

.derived;=-lt "ill ,be- assumed-that· the displac<!:!:lents.o!, three:noncollinear-

points ar-e known and-the two cascs•that could•arise are dcalt with, These 

cases·aro: i) thc resulting·displacemcnts are noncoplanar, · ii) these 

displacements•aro coplanar and·the.DOtion is oithcr puro rotation or 

qeneral.but the thrcc points .lio in a· plane parallel.to the screw axis. 

First Case. Thc displaccments are noncoplanar 

Let A,B,C and A',B',C' be tho initial and the displaced positions of three 

noncollinear points. Denoting by~~~~~· ~··~' and ~· the correspondinq 

position vectors, tho displaccment vectors are, thcn 

• 



/ 



u ~;~•-a (2,6.22a) 
~11 - -

u "b'-h (2,6.22h) 
·B • • 

u "'c'-c (2.6,22c) -e - ~. 

NOw, !che direction vector, ~, of the screw axis can he obtained as follows, "' 

Thcorl!lll-2.6,2 suggcst.s ona way to obtain ~,na~~~ely, detendne thc unique 

vector·alol'l<J• "'hich-u · ,u~and u-all-have ·the -sar.~e-p"ojections.-lf- the---
·A -B •C 

tails of all these vectors ""'" attached to one point, say o, then it 

hecames·evident·that· tho vcctor·~·is•peiPendicular·to·the·plane•determined---• 

by tho tips>of:.tho three·vectors.u , u·, u
0 

...... '!'hus ,.,e, is.pa¡::allel, to. tho ·--· 
·A -B • . -

cross p¡::oduct'of'vecto¡::s'u -u and 
-A -e· 

lenght,·.one ilorncdiately has 

to have unit 

(2.6.23)-

~ detornine -tho 01agni tudes:of; the:screw .displacemcnt;-:::ll!:!s 11·; .all_that::is-.~-­

needed:is~to:project,any~ono¡of~'.:.i\:':'ii'- o_r · ':'é onto:~~~ ---

Hence, 

whore the absolute·value has·boen-taken because eq. (2.6.2J) dote~ines 

the vector.! up to a· cha11<3e·of -sign: (the- order--of, the vectors in thc c"oss 

product could h~vo been changcd) . vector u can no~1 be crnn;>uted as ., 
(2.6.25) 

whero sgn is the signuro function, i.e., _ss¡n(x) is-1 if x<O¡ it is + 1 

if x>o and it is irrelev~nt if A•O. Thc latte" idoterminacy of sgn(O) 

cause~ no difficulty for, if ':'A'="'O, lll'sll~o, and, frorn coroll~ry 2.6.1, 
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' 

tilo motion i,s one of l'Otation about one fixcd point, 

Now 1 notice that, if vector u ,, is suht:ractcd fro::~ the vectou def:Oned Ln 

(2.6.23) 1 the ncw vecto:rs u', u' and u• lie in the 
~A ~a -e 

completely dDtcrmino the sc:re~<, tile rotation anqle e and tl-.e loca-:!.on of 

the sc:rcw axis aro ncxt dete~ined. Since u' ,u' 
·A 'll 

..,, u' are coplao.ar, -e 

can be ·re<.¡arded· as the- dispfolcements -o f. th:rcc .poin.ts.of. a. :riqid.b:<Oy. _ 

undcr-going· pure·rotation.---Lct A" 1 ·B" and -C"·be -the final- ;;osi tio;:c.;; of. 

points A, B and C undc_rgoi_nq Cisplacoments ~~· ~a and ',!~· 5ince -:...':ese 

vectors are copl,anar, the mediator planes--:o¡-and ""i·of se~ents·.Z...'."" 

BB"·can be·projected·as•the dotted-lines·e.ppearing in.Fig 2.6.2 - •. 

'I'hen.tile screw.axis Lis defined"by the intersection I of·- "and 

' 
intersoction is.next determ.ined. _ ... 

' 

/ 

o' 
·A/ 
/-

Fig 2.6.2, Dete:rmination of the scrow axis. 

' . 

•""-

Let M and N be tilo ~:~iddlc points of segrncnts M" and BB", their f"Sito:; 

vectOrs bcing dcnoted by m and n, respcctively. 
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Clearlf1 , 
'l'-~~). (2.6.26a) 

~~-~i (2. t. 26bl 

The equations ot planes "
1 

and • 
2 

are thus 

(r-lll).u'•O .(2.L27a) 
- - -A 

<r-nJ.u• .. o (2.C27bl . ., 
respec:ti vely. 

The aet of points 10• s_atisfying both eqs. (2~6.27), yie~d li:-:.e L~ t..:;e acre• 

axis. The angle·of rotation,-e, is then &imPly, angle . .;I11" (or eql'~valen~::¡, 

-and lA";- both lying in a plane·normal-to L. • 

-vcctcrs:IA '" 

Exlli!Ople- 2 .6. 1- Determine-the-screw -o f. the•displacement of .. the.cubc of 

Solution It 

The:problcm ·is first- solved•via-<hminimization.procedu~~. 

Step ti) ::·oetermination:of the' revo-lute.:CFor=this -purp::>se,-.·assu:ne: a::-igid--::--. 

body rotation about point B, as shown in Fi"g 2.6.4 

Frorn Fig 2.6.4 it is clear tha.t the cube unde.-.,oes a ro:atio:-, abot..-t line 

EB, · thereby- saving the analysis perfonned•in examplc _ 2 -~. 1 to dote~--::-~ine 

the axis of rotation. Thus, 

" llrnll (2.L2B) 
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Fig 2.6.4 Rotation of <1 cube about a fixed point 
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"'• '" ma.tri.x form, 

' _, 
(•) ,r, 

' • . - ' 
' 

but containing point A (the rllane also contains point A", since M" is 

perpendicular to BE, as can rcadly be checked). 

Let!? be the posit.ion vector of M;-Ncw u>-l!'·is perpendicular to BE, and M 

is contained; i~ .lino tBE;=>: BE· is ·specitied,as '.the :intersection•of :the plane~-

(2.6.29a) 

· y-z"'O (2.6.29b) 

Since AH is perpendicular to BE,~-~ must be· perpendicular to vector.~ of 

(2.6:28) ... Hence,--the coordinatesoof"M (x,y ;z). must.satisfy. the relation .• 

· x+h-y-z~o (2.6:29c) ··-· 

which;~ toqether' wi th • "'Jll • .,; (2. 6; 29) ·,-o deteullinea -M," nam.ely _ ., ~-

h • 
~3' 

h ,..., (2.6.30) 

h •• 
' 

Henco, 

h ,. -(-e +o + e ) 
- J ·x ·y ·z 

(2.6.31) 

It can also be readily checked that ~-!~ is perpendicular to ~- as expecte~. 

if point A- were to lie in tho plana perpendicular to·EB. The angle of 

rota~ion, e, c"n now be cornputed frol!l the rel<ttionship 

cose• 
(~-<E-) • <!! "-'.,0) 

11!!-~11 2 





i.e. 

,Knowing the axis of rotation, ES, and the anglc" fo rotation, a, the rcvolute 

matrix is now readily"constructed form cqs. (2.5.4), where 

"13 13 u-;¡, v- 3 , w 
r, -, (2.6.33) 

and so 

' ' ' 
1 -: 1 2 

_, o _, 

(o-,)· _, _, o 
o....;_, _, 

Step e ii) : ¡ Oetermination: of ; thc screw' axis . ,._' '!'he . c.inimU!:I-1!111gnitude; displace- -

ll!ent· ~R: o f. point · R .is -obt.ained: from ·eq; ·.(2.6-:-Ja) ,-:expressed.in.ten~~s of the 

coordinate :axcs·of Fig .2. 6.3 •.. Thus,-· 

2h-x-z 

(2.6.36) 
• 

-h+y-z 

2222.. 2 
~ (f) ¡¡ 11 "R 11 ~2x +2y +2z +~xz+2xy-2yz-6hx-4hy-2hz+6h (2.6:37) 

llcnce 

2x + y +z -Jh 

(t'<rJ)~ 2 x + 2y -z -2h (2.G.38l 

x y +2z-h 





and, equatin~ ~· (r) te zere, a eet ef three linoarly dopendcnt cquations 
. " 

is obt<~ined, frot11 which thc follolo.'ing lincarly indcpcndcnt sct is sortod 

' ' ' . 
(2.6.39) 

1 2 -1 z 

This has a minimum-norro solutien (according to cq. (2.6.8) givcn by 

., ' 
¡,,)• ' ' (2.6.40) ,, -' ., ' ' .. ' 

therebj. deteroining t.".e s<::rew-:-axis¡.- which · p~~.sses_ threugh :point Ro" (whoso 

poeition vector is !:al, as qivcn· by· eq. (2.6AO) and is. parallcl to vector 

'ó• 11~ _given:by.:eq. (2: 6;2S). ·-~ ln ordcr·to •compute •the,pi tch of-' thc screw, -

l,.it. iscnecessary-to cO<opute_~l-!~sll- which,cfrom:'l'hcerern 2.6.2,:·is givon 

•• 
(2.6.41a) 

2./i .. •• =oo, • 
"' 

(2.6.41b) 

'l'ho pitch is, then, from oq. {2.6.21a), 

(2.6.42) 

Solutien U 

11-n alternative seluticn is ncw givcn, using cqs. (2.6.23}, (2.6.24) and 

(2.6.27). In erder te silnpliíy the cornputations, choo~c thc displacemcnts 

of pcints e, D and G te dntcrminc the scrcw. Thus, 





u "'9''-g•-2he 
-G - - .z 

-from which 

and so, 

r, . 
-(-e +e +e ) < 

3 ·x--y --z 

,. 

(2.6,43) 

{2.6.44) 

whichcis identical · with· the value· previou&ly ·obtainedi in- (2. 6. 28). ---; ; 

·JJ~5 J his,obtained from 

,r, 
11'!5 1 1-l'!c·!l- 7 

' 

• 
' 

(2.6:45) -~~--

vhero!ethe-sign·of··~s · has.becn.r<!'Versed,.as COI':'Ipared- with~t.hat. of !:• 

because-~. ~<~--- N ex t. forn .the vectors, 

• 

• ',, ' ' 1 ., •• ,-.,-,. -:;') --:;o +-;'<' - - - ... x .. -y ... z 

' ' ' u•-u -u "h(--e ....,.., ~ l -o -o -s J-x 3-y 3-z 

' ' ' u'""' -u •hf-= +::-e -::-e ) 
~G ~G -S 3->< J~y 3-z 

(2.6.46al 

(2.6.46b) 

(2.6.46c) 

which can be readily verified to be coplanar, as cxpectcd. Next, the 

rqualions of planes n
1 

and .. 
2 

are obtained. Lct 

' " m=c~, •o-
6

(7e +5e +2e ) 
• - -e -x -y -z 

{2.6.47a) 



• 



(2,6.47h) 

The equation of plane n
1 

is, then, 

- x-y+2z-h..O (2,6,4Ba) 

and that of plane :rr
2 

is 

2x+y+:i-3h•O (2.6.4Bb) 

_Next, 11 pOint len the AXi~ of rotation, contained in aplane Perpendicular 

to this axis and passinq throug-h'points·c and·c"¡·is located:·--~t r··be _, 
the position vector of this point. Then, r olearly must satisfy eqs. _, 
(2.6.4611 and b), for it is.a point of the intersection of :rr

1 
and n

2
. In 

addition, r -c-must -be perpendiaular 'te ·that~intersection,• whose -direction · ----·· 
-I . . . - . 

cosines o are -already, k.nowthü·om.,eq, -<2- 6. 44) • --This" la tti!r. condi ti en is 

expri!sSed then as 

·-.x+y+z.O (2.6.4Bc) 

system·of. 3·equat~ons',and 3 unk.nowns.·--•lts solution.is· 

' ' ; . ¡ 

(,,)' " ' (2.6:49) ·-· . 

' . ' 
' 

' 
i: 

whioh ·is a solution identical to· that obtained in eq. (2.6,40). 

The an,.-Ie of rotation is now <'>btained from the relationship 

cose (2.6.50) 

where 

o ' o o (o-' )• 
' ' ' c+u'-r "' 

' 
- _, - -e -I 

o 
_, 

' 





5? . 

'nlus, 

,(c+u'-r )m-- -e -r 9 
(2.6,51) 

(2.6,52) 

Substitution of cqs. •(2.6.51) and (2.6.52) into:cq. (2.6.50).yiclds, thcn, 

' cose~-- or e--120° ' .. 
(2.6.53) 

whcro tha minus s_i9n was found by application of the result of cq. (2.5.16) 

Th<i sc:rc..-·displacernent; -ll>:sll-is obtained fr<m. ce;:. (2.6.45) as 

11"11'-'ff _, ' (2.6.54) 

and · theopi-t.ch, _-A-,. 1s: obta.ined ..Lrcc..eq. -U. 6. 2-1a). as_._ 

whic:h rcsultsare identical to·thosc of eqs. (2.6.,1a) ar.d (2.6.42) 

One' third method te• obtain -the· point •¡;
0

-.or:, the scrcv_ ruo:is·c:loscst: te. th"= _ 

origin· "is 'now prescntedoa!l--it·appears-in--( 2, 2;r .11) --- _; 

Let·~·and·~ '·be· the ini tial· and ·the ·final: posi tion.vec:tors ,_,rcspactively,. ,----~ 

of a given·point· A· cf ca·ri;¡id· bod}' ,-.... hic:h·a;e.J:nown:-Alsoc let.::-•md ::' 

be- the·initial•and thc- final-position vec:tcrs. of ·anether-·point. R;-:oboth- yet 

unkncwn: If point R is te lie en the sc:rew a~is, then u •r'-r is.parallel 
. -R • -

te the a><iS Of rot:atoion, !• as.was.found prcvjously .. Frorn Rodrigue5'FQnnula,_ 

eq. (2.6.3), 

(2.6.56) 

Subtracting eq. (2.6.56b) fror>. eq. (2.6.56a) :~nd taking into account that 

r'-r is parallcl te e, i.c., writing r'->;~0.!;!• O bCitx) a SC:<>l<>r, 
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Y· 

(2,!;,57) 

Since !'-~o!, .it follows tha,t 

• 

llence, eq, (2.6.57) can be written as 

....... _ .... ~--
e · · e . 

a'-a-oe•ta~x(a'+a)-2ta~r (2.C57a) 

. -

--- 2·-- ·2--

Hultiplying. both.sides. o f. eq. (2.6. 57 a) _ tUnes .. C<lthx, one ·ob~ain:s 

{2,CSB) 

If r- is· choaen. to ,be,the position .vector .. of .the point on the ser e••. !.Xis 

close5ct to the odgin,_ then 

•• 

and·vector·:ro·-thua can be-obtained .. frot:t eq .. (2,6,5BJ..as 

(2.E.59) 

Sccond ·Case;- The- displacements· are coplanar_ .. 

pure rota.tion)' or they ~o'not;-obut·the·motion·is·then-r.ecessarily-a-¡;mre •. 

rotation. 

First possibility. The three poinu lie in aplane ora 1lel eithe• ~J the --
~crew: axis or · to the · axis•of ·rotationo··Frot:t·Corollary 2. 6. 3 :he di::'!erer.ce¡ 

ot displace.:oent-vectors are parallel· and.hence .the cross.prc¿uct a;;-eari,..<; 

in eq. (2.6.23) vánishes thus rendering the ccr.o.put:atio:~ cf !' inC.cte=inat<". 

'I'his vector can be computcd, ncvertheless, attending tlte aforemcnt:~ne<l 

Corollary and th<" fact that it is perpendicular to v<"ctor ~A-~C' ac:ordin> 

to Corollary 2.6.2. Thc condition tha.t e is ccnlaincd in tl:.e plar:e of tll<" 

• 
given points A,B and C is expressed as 



·. -- - -. ' . ' 

1 

• 



(2,!.,GO) 

The perpendicularity ccndition between . '"" is expressed in turn as 

Substitution of eq. (2;6,60) into eq, (2;6,61) yields 

T T ~ 

a(~A-<:cl <!--o;;l+B(<:A-!!cl <!;o;;l•O (::!.(.62) 

Uenc:e 

a - -B (2.€.63) 
.. 

prcvidad~ !!A""!!(:'· is .not orthogonal:;tol!-~o;;•;: If. thisci.s, :so,.;.ther.;from'<>q. -=:, 

(2. 6;62)7..oB:-O •ii.nd,: 11ince: !.''has.beenodefined' aa•oLmagni tudeoequal"-t~· uni ty, :e= ••• 

then · • 

• (2.E.64) 

Now,-since' points·A;B and l':-·are not colH1\eer, • then · i t., cannot 1 happe..., .tha, -::. 'i;.-~-.-•• 

'' 

o·o 
·- ,-:._e___ (2.6.6S) 

11>-oll 

., -·lf neither o. nor.B.vanish, then from.eq. (2.6.63) and the coO.:.ition.imposeC 

en ~ as being of magnitude unity, 

• - • • p 

+llb-cll
2 

(2.6.66) 

Eq. (2.6.66) yiclds B. ;!ith the valuc of B known, o. is thcn computed 





-

, ~ . . . 
~ "'. 

·---·~~--

. ~-- . ······ .. 

.. ., 

' 

fr01:1 eq._.(2.6.63), 'I'hus, o:; h finAlly c=putecr·fra::~ ec¡:. (2,6.60), 

Sccond possibility. The 010tion is pure rotation, If the threc points are 

noncollinear and the displacements are nonidentical and parallel but 

vectors uA-uC and u
8
-uc are nonparallel, thcn, fraa Theorom 2,6,4 and 

Corollary 2.6,3, the notion iS one of pure rotatian. In this case the axis 

of rotation can be obtained $imply from the intersection o[ the "'ediator 

ss 

planes of s_eg¡oents AA' and BB'. The perpendiculars to ~he a><iS of rotation, 

traced from A andA' interseo;t thllt axis at a caracn point, r. The angle 

• 

'I'he.c=putation of the screw·parameters· is .reali....:l !.:...by SUBROUTINE·SCREI'I;---

all three·displac=ent.vectors .• These possible c:iS<l!l aie sho"'n in the · 

"treefl diagram·appeari_l\9 in.Fig.2.6.S •. SCREW uses the following aW<iliary-

subroutines:- ·· 

puro_· rota tion.at _ di5 tingui shes •mnongst~ the, different . particular~ cases,~ 

"· - ~'With 'the" aid of the inte.,er _variable INDE:X 

2. SUBROUTINE COPL 2 c:Onlputes the·screw·par=etn:s-when:the points'lio in 

a. plane parallel either to the screw axis orto the axis of rotation. 

~'iW'iiffíeii>'rit'(:&SCs could arise, which are ditl1inguished "'ith the aid 

of the integer variable INDE. 

3. SUBROUTlNE GENMOT computes the screw parame~ whcn.the motion is 

<3ener..:1 a'rid tliC' thi"ée··.,iven displac-ements are noncoplanar. 

'!'he computation proc:edure for each case is next dl!lcribed. 11.11 over:, tho 

vectors referrcd to are ~~e givcn displac~ent v~rs, ~11.' ~B and ~e' ot 

-· 

.. • .... o 

the threc gi".;.,'r,' p,il.i\t;:~~~: "a'-.lild" C.· WhOs·e · positian vectoxs in the referÚ1ce 

con!igunition are !!¡, 1;?1 and ~; 1 , wheroas those in their displaced confiqur~ 



• 



vectors 

The two difference 
vectora are noncol­

linear. 
Pure rot.ation. Use 
COPL 1. INDEX,.S 

• 

No vector is zero 

~· "\nU•' 
The two difterence 
vectors are 
collinear. 
Points li'e in a ·,. 
plane parallel _¡ 

oi th"r to' thn acrcw 
axis or to the axis 
of rotation. 
U~u t..'<J!•L 2, 1NU!,•2 

• 

'i 1' !•''''' r ¡ r• · ' ;. 1 ,, 
Three dis~lac~ent . ' ' ,._ 
vectors e given • • ··-

' . "··1 

-•¡: :¡:·: 
,, i' ·, ... 1 . 
One;vec r is zero, 

1 ' 1 « ¡ir ~¡ . ' :. ,_ 

" 
' ,, 

Vectors ere noncoplanll.r. · 
Use GENMO'I' 

' ' 

!/ . 
vectors are 
No IOOtion 

Pure rot,.tion ¡ ._., 
~~ • ¡¡ • 

· •· ··• " • TWo vector& ere zero. l 1 
,-··· 1 '- .... ;·,······ Pure rotation. Use 

e:.¡ --. COPL 1. INOEX•4 

';¡¡-~·;. o., 
r - : -¡-

, • 11 . ' ., 
i• ' 1 '· 

• 

'I"oro!vcctors are 
parallel 

All three vectors are parallel 

' '! 11 ,· ., 

: 11 !' ;. '' 
'l'hey aro not, 
idi.ntical. 
PÍlr.,'t rotation. 
u:lclt·u;o¡, 1 
JNDEX-6 

' 

' 
' 'l'tloy aro 

identic'al 
uee COPL 2. 
lNUt:•l 

Not·all three·vectors 
are·identical, 'although 
thereJmay be two 
i<h'ntic"l v,•ctm·~. Pur<> 
rotation. use COPL 1. 
INDEX"7 

·J'·;n·,. f ~'""; 
.·. ,;¡;_ ,·' • " .. ·:·:· ·¡-

1 1 1 • 
.. '-

Fig 2.6.5 'I'ree diagram showing th" different possible relationshipe amonget the displacementa of three 

1 ; 

are identical 
translation 



• 

' 



' 
• 

---------------------····· . 

The remaininq two vectors 
are not identical 

They are~re parallel, 
parallel. Use however. Use 
COPL 1. lNDEX•J COPL \. INDEX•l 

' 

"'" • ... , .. 
.. 

·¡- ¡, .. · ·: ·;·..-' 
1 

ret~~aini_nq , two. vectors 
identical 
COPL .1. INDEX•2 

' 
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~· ........... .., 

.the re"sulti_ng cxprossion with the aid of cqs, (2,6,67), one 

obtains 

u' ., Qu 1 u' ,. Qu 
~A .·A •B ··B 

e<¡_s. (2.6.681 and (2.6.72) lead to 

But, introducir>g eqs. (2.6.71) into eq. (2.6.73), 

<g-:> (~2 +a~2) • O 

(2,6,72) 

(2.6.74) 

which inplies that vector e2 +a~2 is parallel to the ru<is of 

rotation,' i.e. •. this;axis: is: contain<>d. in· the ·pl<me:defined b¡· 

the points' Ai, n
2 
-~ c

2
, t:"-ereby· c=plf!ting· the proof. 

Other · parametez:s. ara. cc:cputed, using :. the genenll·: procedure =. 

previously outlined. 

sr 

One vector. is ·:~:ero: an::l tha re:rr.aining: two are. identical,_,_., The e,..., 

lllOtion.is~pur6.ro.taUon,,due. to· Corollary 2;6, 1-.~-and the axis--

of. rotatiob·is·defined-by'a-line- passing•throu<Jh-th<l point-of-·- .. 

:~:ero-displscernant.in.the.direction.of-tho.line.connecting the 

other two points .. 

Proof 

Let C be. the point. oLzero. displacc:oent .. -':'he displaceoents of 

the other two points a,-e 

u -- ("·I)a,,·" -A li - • ·B 
,.. (n-l)b·· ··• 

li - - 1 

Since u • u 1 it follo .. ·s that 
·A ·B 

u -u ,. (Q-I) (a -b ) • O 
•A -B • • -1 -1 -

(2.6.75) 

' (2.6.76) 

which ic.plies that vector !
1

-1?
1 

is parallel to the ~U<is of 

rot<>Uon, Le. the linc conncctil'g points A aricl B is parallel 

to the axis of rotation, q.e.d. 





.• 

' 
INDEX • 3, Onc vector is zero and thc re:naini_ng two vect.oiCS are not 

~rallel, Thc motion is pure rctation, dueto Corollary 2.6.1, 

and the axis of rotation passes·through·the point of zero 

displacement, in the direction of the cross pro<luct of t:.! 

two nonzero displacement vectors, which is a cons~uence of 

Theorem 2,6,4 and Corollary 2,6.1. 

• 
INDEX ~ 4. TWO vectors are zero. The-motion is pure rotatio¡¡ and ·t.\"-

axis of rotation is defined by the twc ¡:oints of ::ero 

displacement. 

INDEX'~ S.·. tlo·vector i!1 zero and all".threa.vecto¡:s """ r.onpa=o.llel-~ngst--· 

vectors are noncollinear. •·According to Theorem 2.6.4 ar.! 

• 
Corollary 2.6.3, -then, the 1110tion.is pure rotatio<. and e.e 

INDE;X • 6, .No vector is ::ero but two·vectors-are parallel an<! different. 

MOroover ,. the ~rectors. are.coplanar.- The mction·is- pura.- =tlltic:._._ 

due-to· Coroll11ry .2. 6. 5 .llnd~the"axio:of, rctation· is: pcrpt~."<iiculc-_-o-

v to the plane of the qiven vcctors. lts'location.can be 

dctcmined usinq- Ul<! general· procedure, already o'Cltlinc¿ fcr 

purc rotation. 

Proof 

Lct ~A and !!a be parallel but different. Then the follcodng 

relationship holds 

u .. ou 
•S ·A 

(2.6.77) 

Let e be the- unit vector alonq thc scrcw axis. T!len, fl"Oin 

TheOr"-"' 2.6.2, 



1 
1 

1 



u .e=u .e 
~a ~ ·A • 

-(2.6.78) 

Substituting eg:. (2,6. 77) into eq. (2,6. 78) 1 one obt.!!ir..:: 

which vanishes if either a~1 or if u .e~o. _, . 
(2.6.19) .... 

The first co:nditio:. 

is impossible to meet because u _, have been ass~~d to b• 

ditferent. Hence the only possibility for eq. (2.6.79) to holt: 

_u .e -o ., . 

which·indicates.that the motion is one of pure. rctatio:-.. 

accordinq·to Corollary!2.6.1, q.e.d. 

IND8X_:_,_~7 .-No·vectoro-is. zero:and-All ..three~vector.s~are parallel~ts• ea eh_., 

other. f'llrthern>:lre;··not all·three vectors are identica.i to eac:·. 

other, althouqh.there may be. a pair,of identical vectoro. ~~e 

motion; is- one·of~pure,rotation and the axis·Of· rotatior. is 

detennined-by•the.intersection of~the plana.defined by ~e 

qiven- points .in. their .¡::eference .confic¡uration·wi th·-tha:· defi::1e~ 

by the points in,their,,final.confiquration. 

Proof 

It was shown in the case for which.INOEX~6 that the-ex:otence 

of at least two parallol nonidentical•vectors gu~rantcoo that 

the motion is one of pure rotation. 

It will be·shown first that the plane of the three givo:> poi:JU 

contains the axis of rotation .. rn fact, the correspond~~c¡ 

displaccments are given by 

which are all parallel to cach other. Thus, the difcrc~ces 





u -u,_ (n-r) (a -e ) , u -u ~{Q-I) (b-e ) 
-A -e ~ - -1 _.1 -a -e - - -1 -1 

(2.6.81) 

are alsc parallel to each other. Thus, there existS a ;calar 

sueh that 

(2.6.112) 

aut, substituting eqs. (2;6.91) into ec¡. (2.6,82), 

~~:>b-:1 ~-"(~l-:1>)~ ~- c2.caJ¡ 

e,; 

which il:!plies that the vector ~ 1 -~ 1 +o(!;! 1 -~ 1 ), co~tain<.~ in~· 

• 
plane ABC, is parallel to the axis of rotation. :;ext, ~:onsiC:.e: 

the po9ition vectore,·of 'the points, in. their~dis¡;lacet!. ;:-:sitio>'o-5 

a~a·+u 'b "'b+u·· e •c+u 
·l-·.1-·A~·:·l- -.~1 --a'.:=2- --1 -e- ·· (l,L34J 

The: displace~:~en ts=--of.:.thl!se :points. are.-: after:: .,ubsti tut~:ns. anO_.. ... , 

canee lla tions, 

u'~ nn-;-·-u• ··~-,--u' •-QU -
·A lf::A · -B •B -e · --e -

(2.L85) ___ _ 

i.e.• 1'' -·"11•' -and Yc'-·ar_l! :all parallel to ,each•other:--He:::e; ctl':e _-
A ' 

difference!l. 

u' -u'---(<>-1) (a·-c ¡·,_u•.-u' 
·A -e "' - -l -l -B -e (l.E:86) 

are also parallel·to-each otller.· Aence, there exists.a.•calar 

11 such that 

u' -u' 
-A -e -u') "'O 

•C • 
(l.L87) 

Substitution of eqs. (2.6.86) into eq. (2.6.87) yields :hen 

(2.E.88) 

which means that the vector o -o,+S(b,·e,>. contained ~~ the 
.l - . 

plane A
1 

B
2 

c
2

, is parallel to the a.><is of rotation. Mc-:eover, 

both planes, ABC and A
2 

a
2 

c
1

, are nonparalleL !or th~ vector• 



1 
. 
' 

1 

1 

' 
1 

1 

1 

1 

1 

1 

1 

l 
• 

,. 



~ .> 

u, u and u havo been ass~ed'to be not all thcoe identical 
·A -B .C 

to each other, Hence both planes intersect a long a line ohich 

ia the axis of rotation, 'q;e,d. 

So far·all-cases ·leading necessaril.y:.to a.pure.rotation motion have·:t~en 

discussed. Next the case--in which the 9iven.displace1:1ent.vectors are 

coplanar but. the 1:10tion is eit.her a pure rotation or general, i~ disc-;ssed. 

-In this case the arisinq.difference.vectors are.parallcl and hence tt.~ qiver. 

__:_.points lie.inCa .plane~parallel":either!to.the,axis · of·rotadon ·or to ue 

'"----='ser....,. axis.~ This' case' is. handled , by, subroutine' COPL 2, -- whi eh- id en ti: ~es 

~o.-• each possibl"EI ·different- sub<;ase•with~the a id ,of. the.-inteqer_ variable=:I!DE: 

--INDE., 1---No~vector.is-zero-&nd-two~,..ctors are.identical:- Ttle'J:IOt~on is 

--- · ei the~general, or~ a~pure-rotation .- but e the' ser e"'. axis . or, 

correspondinqly; the· axis •of- rotation, · iB- parallel- to the.:.ine 

defined by the points with identical displacemomts. 

- Proof 

Let B ande be the two points.with·identicalcdisplac<!!:lent~o.ThesE 

'"""displacemcnU·can-be·expressed•uslru¡ eqs.-'-(2.6.3a) as. 

- -·u•-u•-+(<'>-1) (c•-a ) 
•C-A"-·1·1 

(2.6.93a) 

.::.;(2.6.é5b) 

Subtractinq eq. (2.6.9Sb) fr~ eq.- (2.6,95a) one obt.ains 

u -u -(Q-I)(b -e )=O -a-c---1-1-

which states that tho vector connecting points B and C is 

parallel to the axis of rotation of matrix Q. ¡¡ence, line BC 

is parallcl to the screw axis. rtlis axis is located foll<.--•lnc:~ 

the qeneral procedurc previously outlined. 

. 



• 



-rNDE- 2 •. No yec:tQr is zero and no two yec:tors.are )?arallr!l, .but they are 

c:oplanar. The ~tion is eithor general or 11 pure rotation and 

the givcn points lie in~ plane parallel cither·to the screw 

axis or to the axis of rotation, ac:cording to Thoo.,cm 2.6.4 and 

Col'ollary 2.6.4. Thc direction of the screw axis ""• c:olCrespon-

d1ngly, of the axis of rotation, is found using cqs. (2.6.60)-

(2.6. 66). &>mmariBing ,.one-has-the -followillg--•-

HIEOREM 2. 6. S The mo.t.icll o6 a Jt:i.gi.d bcdy i..& de.teJuni.ne.d, -i.. e • .i.U 4CJt~ 

paltllme.teJt..!: can. be' computed; . i.6, and cH.ty: i.6, - -the ptMi.:ti.cM • o é .tlvtee .,_-~ • 

·~ noncoUine.vt' poi.n-tó --o 6 ·. the - ~ 

Subroutincs SCREW, 0 COPL '1 ;- COPL': 2 ;:.and GENMOT ,--:-imple::.entinq the foregoing · 

- COIIlputations; ·.use.LQCAT. 1 ,-, L0CAT~2~AllGU:,~CYCLIC~EXCilGE,-cROSS'and .SCA.L::::-. . 
as· subsid1ary: subroutincs~. Listlngscof- all-these, subroutines· appcar ·in-

Figs 2.6. 6- 2.6. 16 

Exercise _·2.6. 8,-.. In a• manufacturing·procesa• it' is' required• to: posi tion the 

' workpicce' of- F1q 2. 6.17_ in configuration 2 .starting. from -configuration lO 

' ' by moans.of an ano fastened.to.the bolt-of_a.screw ... -cDeten:Une-the location 

of tho axis of this screw as well as 1ts pitch. lf the operation is to 

take place in n screw rcvolutions plus a fraction, what is the valuc of 

' this fraction? 





500 -, e 
•O e 

"" e 
620 e 
ó30 e 
6<0 e 
650 e 
660 e 
670 e 

"' e 
690 e 
700 e 

'" e 
720 e 

"' e 

'" e 

'" e 
760 e 
770 e 

"' e 
790 e 
000 e 
810 e 
820 e 
030 e 

'" e 

" e 
060 e 
070 e 
eco e 
090 e 
900 e 
9>0 . e 
920 e 
930 e 
9<0 e 
950 e 
960 e 

"" e 
900 
990 
1000 
1010 
1020 e 

SUBROUTINE SCREWCAIN.~IN,CINrAFINr~INoCFIN,E,RHOrTHETA,~ISPLl 

THIS SUBROUTHJE COMPUTES THE SCREIJ-PARAHETERS OF A RIGIIo &ODY HOTION 

INPUT: 
'THE X,Y AND Z-COORDINATES OF THREE NONCOI..LINEAR POINTS OF THE 
RJGID [IODY IN BOTH IT'S INJTII'IL <AJNol'IN•ClN 3-DIMENSIONAL VECTOF(S) 
AN[> IN JTS FINAL tAFIN,BFINrCFIN 3-DIMEttSIONAL VEClOF<Sl 
CONFIGURATIONS. 

OUTPUT: 
1. l THE [oJRECTION [, OF THE SCREW AXIS 
2.l THE LDCATION RHO OF THE f'OINT ON THE SCREW AXIS LYltiG CLOSEST 

TO THE OIUGIN, 
3, l THE ANGLE OF ROTATION CSIGN WJTH RESPECT TO THE DH(ECTIDN OF E 

INCLUDE!I), TllETA, 
4,) THE SCALAR DISPLACEMENT to!SF'L• ALONG E CSIGN WJTH RESF'ECT TD 

THE DIRECTION OF E INCLUDEDl, 

SUBSIDIARY SUBROUTINES! 

COf'Ll(Utt>tJ,- CONTAHlS THE SAME PARAMETERS AS SCREW PLUS INfJO' AND 
IN• WHICH DEFINE EACH PARTICULAR F'OSSIE<l.E CASE, 
COMf'UTES THE SCREW f·Af\'AME::URS' WHECN THE MOTION !S F'U~·E 
ROTATION, 

COPL2(t:I<*U).- COMPUTES THE SCREW PARAMEURS WHEN THE GIVEN POIIHS 
LIE Hl A f-'LANE PARAl.LEL TO THE SCREW AXIS. THE t!OTION 
IS EITHER GENE::RAL OH F'URE ll!HATION. 

GENMOT<tttt),- COMPUTE::S THE SCREW PAF>AMETDI:S WHEN THE MOTION 15 
GENERAL AND THE GIVEN [IJ~W!Aí:EMENTS AIIE NONCDPLANAR. 

CROSS<A,B,CJ,- COMf'UTES THE CROSS f'R(I[•UCT Cl~ VECTDRS A AND B• IN THIS 
ORDER, AND STORES THE PROI•~¡¡;J, IN VECTOR C • 

SCAL<A•B,C) .- COMF'UTES THE SCALAR f'RODUCiT llF VECTORS A AND B AIW 
STOfiES THE PRDDUCT IN THE SILALAR S. 

3-L•IMENSIONAL VECTOFiS A,EI,C ARE AUXILIAFiY i!IELDS. 

REAL AIN<3) ,BIN<3) ,CJN(3), AFIN< 3).BFIN<3l, CFJN< 3l, UA< 3l .uB< 3) 
dJC(3J •A<3J tE!(J) ,C(3J ,[(3) ,RHDW3) 

LOGieAL L0<3J 
COMMON ZERO 

1030 e 'COLLINEARITY OF GIVEN F'OINTS IS VEFnFIEliw WHEN POINTS ARE eOLLINEAR, 
1040 e ZERO 15 SET EClUAL TO -1. AND SUBROUTINE RéTURNS TO MAIN f·ROGRAM. 
1050 [¡Q 10 1"'1·3 

• 

Fig 2.6.6 Listing of SUBROUTINE SCREW (fi~St pa~t) 





·o 

' ¡uSO 
¡Q90 
!100 
!110 
!120 
11 30 
!140 
¡¡SO 
060 e 

. 1170• e 
!180 e 
1190 e 
1 ~o o e 
1210 
1220 
!230 
1240 
1250 
1260 
1270 
!200 

!::090 
!300 

i: o 
1340 
1350 
1360 
1370 
!380 
1390 
1400 
1410 
1420 
1430 
1440 
1450 
1460 
l 470 
1400 
\490 
1500 
!SI O 
1 ~20 
1530 

• 

l.OCIJ,,rALSE, 
ACIJ=AINCll-CIN(ll. 

10 B(Jl~DINCII··ClNCII 
CAl.L CI!OSS((l,B,Cl 
CALL SCAL(C,r.tSl 
S=SOFiTCS) 
IF<S-ZEROJ 20,20,30 

20 ZEF<0=-1· 

T<ONE 

WHITE(6,1000J 
RETURN 

'· 

COMf'A!<lLITY 15 VERlFlf.D, IF THIS IS NOT NETo TllEN ZERO IS SET EllUAL 
lO -2,,-3, ,QR -4, • DEPENDl/IG urON WETHER DISTANCE AC,[<Co OR 1\!< rtOES 
NOT REMAH< CCINSTANT lHfmUGHOUT TtlEC HOTION. 

30 DO 40 I=lo3 
CCil=AFINCil-CFINCIJ 

40 COIHit<UE 
CALL SCALCAoA,Sll 
Sl=SQfiTCSll 
CALL SCAL<c,C,S2l 
S2»SORTCS2J 
IFCABSCS1-S2J,LE,ZEROJ GO TO 50 
ZEV\0=-2. 
WRITEC6,1010l 
RE::TURtl 

50 DO 60 I=lt3 
CCll=BFINCil-CflNCll 

60 CONTitJUE 
CALL SCAUBtBtS1l 
CALl. SCAL(C,Ct52l 
Sl=SQRT(Sll 
S2:StlriTCS2) 
IF(ABS<S1-S2l.LE.ZEROl GO TO 70 

WRITE(bt1020) 
RETUHN 

70 DO'EJOI:1o3 
ACil=AINCll-BIN(ll 

80 8( 1 l=AFINC I)-HFINCll 
CALl. SCAL.CAoAtSll 
CALL SCAL_<B,(l,S2l 
Sl"'SORTCSll 
S2=SCiRT {52) 
IF(ABSCS1-S2).LE.ZERDJ GO TO 90 
ZER0:-4 
WRI1EC6,1030) 
RETURN 

fiq 2.6.6 Listin9 of SUBROUTINE SCRE~ (sccond part) 
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t540 e 
-:¡o e ·ltONE 
60 e DISPLACEMENT VECTORS ARE eoMPUTED 

1570 90 [10 100 1"'1 .3 
1580 UA(JJ=AFJN(IJ-AIN(l) 
1590 Ull(J)=IIrlNtlJ-lllN<IJ 
1600 100 UCíiJ~eFIN(IJ-CINíl) 

1610 e 
1620 e [tONE 
1630 C NUMI:<ER OF ZERO-ItJSF'LACEMENTS IS DETERMINEn AND STOf<E[t IN NUZE. 
1640 C IIISPLACEMENT MAGNlTUtiES ARE TEHf'ORARJLY STORED IN E, IF ~;uzE.EG.O 
1650 e THEN NUZE IS SET EOUAL TO 4, 
1660 CALL SCAltUA.LJA,E<l)) 
1670 eALL SeAL(UD,UI1tE(2Jl 
1680 CALL SeAL(UCoUCoE(3)) 
1690 NUZE""O 
1700 DO 110 1=1•3 
1710 Eí ll=SORT<E< IJ) 

1720 IF(E(JJ,GT.ZEROl GO TO 110 
1730 NUZE=NUZE+t 
1740 LO(l)=,TRUE. 

"1750 110 CONTINUE 
1760 IF<NUZE.EO.OJ NUZE=4 
1770 e 
1780 e ItONE 
1790 e EACH CASE(NUZE=0•1•2•3l IS NOW INVESTlGATED 
"<lOO GO T0(111,211o311o411ltNUZE 

10 111 DO 120 I"lo3 
,820 IFílO<JJ) IN=l 
1830 120 CDNTINUE 
1840 GD TO( 121.t31.t41l .IN 
1850 121 CALL CROSS<UB,ue,eJ 
1860 DO 130 1=1•3 
1870. A(l)=UBtll-Uetil 
1880 130 eONTlNUE 
1890 GO TO 160 
1900 131 CALL~CROSS(UA,UeoCl 

1910 DO 140 1=1·3 
1920 A(ll,.UAtlJ-UeíiJ 
1930 140 eONTINUE 
1940 GO TO 160 
1950 141 CALL erWSS<UA,uB,eJ 
1960 ItO 150 J=to3 
1970 A(J)=LJA(JJ-UEHll 
1980 150 eONTINUE 
1990 160 CALL SeAL<C•C•S1> 
2000 CALL SCAl.(AoAoS2) 
2010 Sl=SilRT<Sl J 

• 
1 2.6.6 Listing of SUBBOvriNE SCREW (thiTd part) 

• 





'• 

' ' 2040 
2050 
2060 
2070. 211 
2080 
2090 
2100 
2110 221 
2120 230 
2130 
2140 
2150 311 
2160 
2170 
21ao e 
2190 C DONE 

S2:oS(lRT e 52 l 
INDEX"3 · 
IFCS1.LE.ZERO) INDEX"l 
1FCS2.LE.ZER0) INDEX=2 
GO TO 230 
1NI•EX"4 
DO 221 1=1>3 

IF<t.DCIJ) GO TO 221 
IN=l 

CONTHIUE 
CALL COF'LlCAIN•BIN,CINoAFINoDFINoCFINoE•RIIO•Tt!ETA•DlSPl.•lNI:•EXo 

IN> 
RETURN 
ZER0=-5 
WR1TEC6o1040) 
RETURN 

2200" e' ONEo TWO ANI• THREE-ZERO-DISPLACEMENT CASES WHERE" Alf([ADY DEALT WITH 
2210 C NO-ZERO DISPLACEMENT CASE IS NEXT INVESTIGATED. 
2220 C PnRALLELISH OF DISPLACF.MENTS 15 FIRST DElERMINf.D, CROSS PRO!•UCT 
2230 C MAGNITUDES ARE TEMPORARILY STORED IN E. 
2240 411 CALL CROSS{UA,UI<,Al 
2250 CALL CROSSCUA,UC•Bl 
2260 CALL CROSSCUB.UC•Cl · 
-~70 CALL SCAL(A,A,ECll) 

lO C~Ll SCAt.<B,B,E<2lJ 
CALL SCALCC,c,E<3l) 
DO 510 1=1•3 

510 
DO 520 

"290 
2300 
2310 
2320 
2330 
2340. 
2350 
2360 
2370 
2380 e 

LO<IJ=,FALSE, 
1=1•3 
ECll=SQRT<EClll 
IFCE(ll .GT .ZEROJ GO TO 520 

520 

e DONE 

LOCIJ=,TRUE, 
CONTINUE 
IFCLOC1l.OR.L0(2l,QR.L0(3)) GO TO 525 

2390 
2400 e 
24to e 

NO TWO DISPLAeEMENT VECTORS WERE FOUND 
15 NEXT VERIFIED. 

TO BE PARALLEL. COPLANARITY 

2420 
2430 
2440 
2450 
2460 e 
2470 e 
2480 e 
2490 e 

• 

CALL SCAL<UCtA,Sl 
IF<ADSCSJ.LE.ZEROJ GO TO 523 
eALL GENMOT ( AIN • [<IN, CI N, AF IN ,l:<F l N, CF IN, E, RHO, THET A, Dl sr·u 
RETURN 

COLLINEARITY OF IIIFFERENCE VF.eTORS IS VERlFH:D, 
DlFFEf>ENCES OF DISPLACEMENT VECTORS AfiE TEMPOf>ARlLY STORED IN A 
ANO B, THE CROSS F"ROl•UCT OF THE LATTER IS STURED IN C, 

2.6.6 Listing o! SUBROU'I'lNE sc¡u:w (fourth partl 

' 





.. 

2500 523 
?'>10 

!O 524 

DO 524 1"1•3 
A(ll=UACil-UC(l) 

BCil=UIHil-UCCil 
CALL CROSSCA,B•Cl 
CALL SCAL(C•CrSl 
S=SORTCS) 
lF(S.LI::,zEROJ .GO·TO 700 
INDEX=S 

' '/ --

2540 
2550 
2560 
2570 
2580 
2590 
2600 
26to e 
2620 e 
2630 e 
2640 
2650 
2660 
2670 
?.680 
2690 
2700 
2710 

CALL COF·L 1 (A IN, HIN, CIN, AF IN, BF l N, CFlN, E, RHO r THETA • U 1 SPL ,¡ tHIEX r 

RETURN 

DONE 
DETERMINES 

525 DO 530 

528 

lNl . 

WHICH VECTORS ARE PARALLEL BY SETTING LO(ll (QUAL TO .TRUE 
1=1·3 
IF<LO( J l l GO 
GO TO 530 
IN=l 
INDEX=ó 

TO ~28 

530 
e 

CONT!NUE 

e DONE 
2120 e 
2730 
2740 
2750 
?760 

INVESTIGATES IF ALL THREE VECTORS ARE F·ARALLEL 
DO 540 1=1•2 

'" 

DONE 

1P1"'1+1 
DO 540 J=l~1,3 · 

IF<LO(J).AND,LO(J)) ItlDEX=7 
CONTINUE 
JNDEX=1tWEX-5 
GO T0(~50tó00)tJNDEX 

I•ETERMlNES lFr FOR TWO PARALLEL VECTORSt THESE ARE JDENTICAL 
550 GO TOC5Slr561r57ll.IN 
551 DO 552 I=1r3 

552 

A(ll=UA(J) 
CCll=UCCI) 
UA(llo:C(J) 

- UCCil=A(J) 
GO TO 571 

'70 
/80 

2790 
2aoo e 
2810 e 
2a2o e 
2830 
2840 
2850 
2860 
2870 
2880 
2890 
2900 
2910 
2920 
::!930 
2940 
2950 
2960 
2970 

561 [10 562 1=1 r3 

• 

562 

"' 
572 

A< l ).eUA< 1) 
Il( 1 J.eU[I( 1) 

UA(J).eD(Il 
UD(J)=A(I) 
DO 57:! 1"'1•3 

A<ll=UB<Il-UC<l) 
CONTHIUE 

9 2.6.6 Listin9 of SUBROUTINE SCREW lfifth part) 
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e 
e DONE 

CALL SCAL<A,ArSl 
S"'SORT(Sl 
lf(S,LE,ZEROl GO TO 750 

~·e ' 

CALL COPL1 ( AJNrBIN, CINrAFHlr !<FIN rCFlN rE, RHO, THET .~, DJSPL, ¡,'I!JEX t 

W) 

RETURN 

.'980 
2990 
3000 
3010 
3020 
3030 
3040 
30~0 
3060 
3070 
3080 
3090 
3100 
3110 
3120 
3130 
3140 
3150 
3160 
3170 
3180 
3190 
3200 
3210 
3220 
1230 
d240 
3::!50 

e DETERMINE::S IF ALL THREE F"ARALLEL VECTORS ARE lDENTICAL 
600 VD 610 l"'1r3 

A(ll~UA<Il~UC<Il 
610 B(J)~UB(ll-UC(!) 

e 
e l•ONE 

700 

3260 e 

750 
900 

CALL SCAL(ArArSll 
CALL SCAL(BrB,S2l 
51-"'SORT<Sll 
S2=>SORT(S2l 
lf(Sl.LE.ZERO.ANO.S2.LE.ZEROl GO TO 910 
CALL COPL1 (A IN, B IN, CIN, AFIN, BFIN, CFIN, E, RHO, THET H, :• l SPL,' ·•l•EX, 

W) 

·RETURN 

lNOE"'2 
GO TO 900 
INDE"'1 
CALL COF"L::! (Al N, I<I N, C IN, AFIN, BF Hl, CF IN, E, RHO, THET .l:o.: ISPL, : ·i[l[, 

'"' RETURN 

3270 C IF MOTION IS F'URE TRASLATIQN, ZERO IS SET EOUAL TO -6 
3280 910 ZER0=-6 
3290 
33ÓO 
3310 1000 
3320 1010 
3330 
3340 1020 
3350 
3360 1030 
3370 
3390 1040 
3390 
3400 1050 
3410 
3420 
3430 

• 

WRITE<6,10SOl<UA(l),I,lt3l 
RETURN 
FORMAT<5X,'POINTS '" COLLWEAR, 
FORMAT<SX• 'MOTiotl )5 NO' RIGJ[I, 

• CONSTANT. '1) 
"FORMAT(5X,'MOTfON )5 NO' RIGID, 

• CONSTANT.'I) 
FOF."MA H SX, "MOTI ON )S NOT RIG![I, 

' CONSTAtH, '/) 

MOT!ON " UtJliEFIN~[I'/l 

LEIIGTH " liDES llOT REMAlt·', 

LENGTH " DOES tWT REHA 11· • , 

LEUGTH M< I•OES "" R[líi.JI,', 

FORMAT<SX,'NO MOTION, ALL THRF.F.: DISf'LACEMEIHS V!CCT~RS AR(', 
' ZERO, '/l 

FORMAT(SX,"THE líOTION lS PURE TRANSLATION, '/fl~X,'THE '• 
'[lJSPLACEMENT HAS THE f'OLLOWJIIG X-•Y-AND Z CCMF'Of.IEI-~S :' 

EN[I 

'ig 2,G.G List.ing of SUI!ROUTINE: SCREW (sixth and last part) 
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• ·-

.,~bo e 
3470 e 
3480 e 
3490 e 
Jsoo e 
Jsto e 
3520 e 
3530 e 
3540 e 
3550 e 
3560 e 
3570 e 
Jsao e 
3590 e 
3600 e 
36tO e 
3620 e 
3630 e 
3640 e 
36So e 
366o e 
3670 e 
3680 e 

.iibg g 

1 

SUDROUTINE COPL 1 (A 1 N, BIN • C 1 N • AF 1 N, BF IN, CF IN, E, RilO, THE t A• J<l SPL 
· ,INflf.XtiNl , 

THIS SUf<ROUTlNE COMF'UTES .rm: SCREW PARf\METERS E, f(flO, TllEl A AND [l!SPL 
I.JHEN THE RIGID HODY UNIJER STUDY UNDERGOES A PURE ROTATION. 
THE SUBIWUTINE PARAMEtERS WERE DEFINED IN SUUFWUTINE SCt;EW, EXC[f·T 

· f'OR IN[IEX r,ND IN, THESE ARE J<EFINED f!EXT, 
INDEX = 1• IF ONLY ONE l<lSf'LAC:EMENT IS ZERO ANII THE OliJO; TWO 

DISPLACEMENTS Af(f. PARALLEL• BUT IWT IDE/HICAL. 
INDEX = 2• IF ONLY ONE [oJSPLACEMENf IS ZEf;O ANlo THE OlHER TWO 

I•ISPLACEMENTS rtRE li•ENTICAL 
INI•EX = 3, IF ONLY ONE l•HWLACEMF.Nf !S Zf.F¡O AND THE OTHUt TWO 

[llSf'LACEMENTS AfiE NOT JDENTICAL, 
INDEX = 4t IF EXACTLY TWO DISf'LACEMENTS ARE ZERO. 
INDEX "' 5, IF NO DISf'LACEMENTS JS ZERO 1'1/Hl Al.L DISPLACf:MENTS ARE 

NONF'ARALLELr PROV!DED THE TWO l.llSTINC! DISI•LACEMEONT 
DIFFEfiENCES ARE NONCOLL!NEAR, 

INDEX = 6o IF NO DISPLACEMENT !S ZERO AND EXACTLY TWO VECTORS ARE 
F:ARALLEL BUT DJFFERENT, 

INDEX = 7o IF ALL THREE DISF·t_ACF.MENTS ARE PARAL.l.EL IJUT NOT Al.L THREE 
ARE IHENTICAL, 

IN• DETECTS WHJCH VECTORS ARE PARALLEL OR IDENTICAL, lF AT ALL. 
SUf<SIDARY SUBROUTINES : 

LOCATlC*****l,- COMPUTES VECTOR RHQ, WHEN NO TWO 
t•ISI'LACEMENT VECTOR S ARE f'AIIALLEL, 

l.OCAT2C*****l .- COMf''UTES VECTOR E ANl> RIW WHICN AT LEriST 
TWO DISPLACEMENT VECTORS ARE F"ARALLEL. 

ANGLE (*****l·- COMF'U!ES THE ANGLE OF ROTATION. 
CYCLIC (A, Bo C) ,- f'ERFOfiMS A CYCLIC CHANGE UF VECTCIHS A • !.< 

l Co I.E,, A IS SET EQUAL TO B, 8 IS SET 
EOUAL TOe,,,, 

EXCHGE (A.fl) ,- EXCHANGES THE LOCATIONS OF FIEl.[IS A AtiD B 

REAL AltH3J, I<IN( 3), CIN(3l • AFIN( 3) ,[(FIN( 3l ,CFJN(3), E(3) tRHO< 3) • 
UA( 3l tUI<(3) .UC< 3l, PERP(3l .rH3 l oBC 3l 

COMPUTES THE IIISPLt\CEMENTS 

DO 10 1=1•3 
UACll•AFlN(Jl-AINCI) 
UH(Il•HFINCJ)-BlNCil 

'!Jto e 
3720 e 
3730 e 
3740 e 
3750 e 
3760 e 
3770 e 
3780 e 
3790 
3800 
Jato e 
Ja~o e 
3830 e 
3840 
3850 
3860 
3870 
3880 
3890 e 
3900 e 
3910 e 
• 

10 UCCil~CFJN(Il-CIN(J) 

GO lO< tOO, lOO o lOO, 400,500 ,600o700), HHlEX 

I•ONE 
IN WAS SET IN SUf<fiOUTlNE SCREW EOUAL TO 1•2 OR 3o DEf-'EI<liiNG ON WHICH 

_ ~9 2.6. 7 Listing of SUllROUTINE COPL1 (first p"rt) 





:>.-O e 
3930 
3940 
3950 
3960 
3970 
39BO 

VECTOR IS ZERO, U(l, U8, OR uc, 
100 GO TOC120o110•110l•IN. 
110 CALL CYCLICCtJA•Uf!,UCl 

CñLL CYCLIC<AIN,E<IN,CJN) 

3990 120 
400o e 

IF<JN.E0.2) GO TO 120 
CALL CYCLlC(UA,u!I,UCl 
CALL CYCLJC<AitltBIN,CINl 
GO TOC 130,200•.300) t INDEX 

f<ESPECT IVEL Y 

4010 C COHPUTATION OF RHO 1\ND E WHEN INDEX=l 
4020 130 WRilE(6,1000l 
4030 CALL LOCAT2 (Al N, te IN, C IN, ñF IN, BFIN, CF I U, RHO, E) 

GO TO 320 

DONE 

4040 
4o5o e 
406o e 
407o e 
4080 
4090 
4100 
4110 
4120 
4130 
u4o e 

COMPUTATJON OF THE DIRECTJQN- OF 
WRITE(6ol010l 

THE AXIS OF ROTAT!ON WHEtl INDEX=2 
200 

210 

DONE 

DO 210 I=lt3 
E(ll=Bitl(!J-CIN(l) 

CALL SCAL(E,E,Xl 
X=SQRTCXl 
GO TO 305 

'4!50 
o 
o 

4180 
4190 
4200 
4210 
4220 

e 
e COMPUTATION OF THE DIRECTION OF THE AXIS OF ROTATION WHEN INDEX=3 

300 WRITE<6o1020l 

30'5 
307 

[IONE 

CALL CROSS ( UB, UC, El 
CALL SCAL([,E,Xl­
X=SQRT(X) 
t10 307 I=lt3 

E(ll=E(l)/X 
4~30 e 
4240 e 
4~so e 
4~60 
4270 
4280 
4290 
4300 
4310 
113~0 

4330 
4340 

e 
COMF''UTATION OF THE r·oiNT OF THE AXIS OF ROTATION LYING CLOSEST TO 
THE ORIGIN. 

310 
e 

CALL SCALCAIN,E,Sl 
DO 310 1=1•3 

RHO< I l=AIN( I l -S*E< l l 

C IIONE 
C COMPUrATION OF THE ANGLE OF ROTATION 

320 CALL f\NGLECBINoUB,E,FiHOoTHETAl 

DONE 

DISPL=O, 
f¡ETURN 

• 

4350 
4360 e 
437o c-
43Bo e 
4390- e 

• 
ItlVESTIGATES THE CASE WHEN TWO I•ISF'LACEMENTS ARE ZF:RO. IN WAS SET 
IN SUl<ROUTHlE SCREW EOUAL TO 1,2 OR 3, I>EPENI1ING ON WETHER UA,UB, OR 

Yig 2.6.7 1 Listing of-SUBROUTINE COPLl (second pa.-t) 





• 

44ÓO 
~410 

" - i30 
4440 
4450 
4460 
4470 
4480 
4490 
4!:;00 
4510 
4520 
4530 
4540 
4550 
4560 
4570 
4580 
4590 
4600 
4610 
4620 
4630 
4640 
4650 
"660 

70 
.680 
4690 
<1700 
4710 
4720 
4730 
4740 
4750 
4760 
4770-
4780 
4790 
4800 
4810 
4820 
4830 
-'1840 
4850 
4860 
4870 

• 
. . . 

C UC ftESPEeTIVELYt 15 lllFfERENT 
e ARE eoMPUTED, 

FROH ZERO. THEN THE Scm:w PAf>AHElf.ftS • 

e 

400 IJIHTE<6d030) 
GO T0(-'1~0.410t410),JN 

410 CALL CYeLie<AIN,BIN,eiNl 
eALL CYeLie<UA,UI!,Ue) 
lF(lN.EG,2) GO TO 420 
eALL eYeLIC(~IN,BIN,ClNl 
eALL CYCLIC<UAtU!:I,UCl 

420 DO 430 1~1,3 
430 E< I )"'CIN( I )-BIN( 1) 

eALL SeAL<E•E•Xl 
X"'SGRT(X) 
DO 440 1=1 ,3 

440 E<1l>=E(Il/X 
eALL SCAL<BI~l,E,Sl 

DO 450 1 .. 1,3 
450 RHO<Il"'BIN<I>-S*E(I) 

eALL ANGl.E<AJN,UA•E•RHO,THETAl 
D1SPL=0 1 
RETURN 

e DONE 
e COMPUTES THE SCREW PAR~METERS WHEN NO DISPLACEHENT 15 ZERO, All[l 
C ALL THREE VEeTORS ARE llONPARALLEL. FURTHERMORE, THE liJO I!IFF!:REUCE 
e VECTORS AF.'E NONCOLL!NEAR. HENCE THE MOTION 15 A f·Uf\'E f.."OTAriON. 

500 WR1TE<6•1040) 
GO TO 610 

e 
e COMPUTES THE SeREW r·ARAMETERS WHEN NO DISPLAeEMENT 15 
C EXAe'ILY-TWO VECTORS ARE PARALl.EL AND foiFFERENT. lN""IS 
e ROUTINE SeREW EOUAL TO 1•2 OR 3 DEPENDING UPON WETHER 
e THE NOtWAfiALLEL VECTOR, 

e 

600 WRITE(6,1050l 

' 
620 

IF<IN,NE,2l GO TO 610 
CALL CYeLie<AIN,BINtClNl 
eALL CYeLIC<UA,UDtUCl 
CALL CROSS(UA,UCtEl 
eALL SeAL([,[,S) 
S=SQRT<Sl 
D0"6:>0 l-"1>3 

E(1l"'E(Il/S 
CONTINUE ' 
CALL LOCAT1CAINtCINtUA,Ue,RHOl 
CALL ANGLE<AIN,UA,E,I\HQ,THETAl 
DJSPL=O. 
RETURN 

' 

ZEf\0 DUT 
SET IN SUB­
UC,UiJ OR UA IS 

g 2.6. 7 Listing of SUE!IOUTINE COPL1 (third pilrt) 



• 

• 



4880 e t•ONE 
?O e eOMPUTF:S PARAMI:::TERS FOR NO-ZI:f~O-!ITSPLACEMENT-CASE WITH ALL THREE 
DO C VECTORS PARALLEL HUT NO TWO VECTORS H•EtHICAL TO EACH OTHER. 

4910 700 WRITE(6,1060) 
4920 
4930 
4940 
49:;i0 
4960 1000 
4970 
4980 
4990 1010 
5000 
5010 1020 
5020 
:5030 
5040 1030 
:5050. 
5060 1040 
5070 
5080 
5090 1050 
5100 
:5110 
5120 1060 
5130 .,. 

CALL LOCAT2<AIN,"<t!NtCIN,AFINtBFIN,CF1/I,RHO,f.:) 
CALL AUGLE<AIN•UA,EoRHO,THETA) 
DISf"L'•O, 
RETURN 
FOfmAT(:iX•'ONE DISPU'oCEMENT IS ZERO AND THE OTHER TWU ARE ', 
'PARALLEL'/5Xo'BUT !IISTINTCT, THE MOriON"Is F"URE ROT>'ITION.'• 
' INDEX=1'/) 
FORMAT<5X, 'ONE [oJSF"Lf'ICEMENT IS ZERO Atm THE OTHER TWO ARE •, 
'lDENTieALo'/'!iX• 'THE MOTION IS F"URE ROTATION. IN!•EX=2'/) 
FORMAT(5X,'ONE fiiSF"LACEM~NT IS ZERO AND THE OTHEI\ "fWO ARE: •, 
'NEITHER IDENTICI\L'/5X• 'NOR F"ARfiLLEL. THE MOl ION JS PURE ', 
'ROTATION, INDEX=J'/) 
FORMAH5X, 'TWO DISPLACEMENTS ARE ZERO. THE MOTION IS PURE', 
' ROTATION,"/5X, 'INDEX=4'/) "" 
FORMAl ( 5X• • THE DJSF"LACEMENTS ARE COPLANAR, ·rHE TWO DISF"LACEMENT •, . 
' DIFFERENCES"/5X,"ARE NONCOLLINEAR AHD NO DISPLACEMENT IS •, 
"ZERO, THE MOTION IS PURE'/SXo'ROTATION, INDEX=5'/l 
FORMAT(5X• 'TWO IIISPLACEMENTS ARE f"ARI'<lLEL BUT DIFFERENT AND' • 
• NO DISF"LACEMENT'/SXo'IS ZERO. THE MOTION IS f"URE ROTAT!ON,'• . . . 
' INDEX=6 '/) 
FORMAT<SX,'THREE DISF"LACEMENTS ARE PARALLEL• HUT NOT ALL THRI::E•, 
• ARE I!IENTICAL. '/5X, 'THE MOTION IS PURE ROTATJON •. INDEX=7'/) 

'"' 

• 

Fig 2.6, 7 Listing of SUBROUTlNE COPLl (fourth and la.st partJ) 



1 

1 

1 

1 
' 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 
' 

,, 
i 



;?S 

5150 SUI•fWUTINE COPL2 CA IN, B IN, C IN, AFIN, E<Fl N, CF Itlr E, RHO, THET A, D ¡ SI'L 
.INPEtiNl 5160 

·7o e 
10 e 

_.:;>o e 
5~oo e 
5210 e 
5220 e 
s230 e 
5240 e 
sz::;o e 
5260 e 
sz7o e 
52BO e 
5290 e 
sJoo e 
5310 
5320 
5330 
5340 e 
535o e 
s360 e 
5370 
5380 

• 

T!HS SU!JfiOUlltlE COHf'UfES THE SCREW Pl'lRAHETERS ErRHOoTHETA r,N[I fJISPL 
WfHCN THE [IISF'LACEME-:Nl'S OF THE lHREE GJVEN f'OlNTS AFa: COPLAtiARt !N 
WHlCH CASE THE POINTS LIE IN A f'l.f'\UE PflRALLEL E!HlER TO THE SCH:IJ 
AXIS OR TO THE AXIS OF ROTATIQN, 
THE SUfiROUTWE f'ARAMETERS WERE I•EFINEI• IN SUBROUT!NE SCREW EXCEPT 

-FOR !NDE ANH IN, THESE ARE [IEFTNED NEXT, 
INFE =lo WHEN TWO OF THE SAIH IIISPLACF.Mf.NTS ARE IDENTICAL. {N, 

IIETECT WHICH VCCTORS ARE f'I\RI'\Llf:l• IF t.T ALL, 
INL•E "' 2r WHEN ALL HIREE [IJSPlflCI:MENlS 1\f(f. NONr'ARALLEL I<UT THE 

CORRESPONDWG TWO DIFFERENCE I<ISPLACEMEilT VECTORS 1\RE 
COLL I IIEAR, 

SUI<GH<IARY SUlcfWUTINES WERE ALREI\I<Y DE:SCRUIEI< IN SUBRDUTINE SC~EW, 

REI\l AIN<Jl•BIN(J),C!N<JlrAFIN<JlrBFIN<JltCFlN(J),E(JJ,RHD<J) 1 

UA<JlrUB<JlrUC<Jl 
COMMON ZERO 

COMf'•UTES THE. DISPLACEMENTS 

-·_.-.5390, • 

DO 10 l=1r3 
UA(ll=AFIN!Il-AIN(J) 
UD< 1) =l<FIN< 1) -BIN ( 1 l 

UC(ll=CFIN<Il-CIN<Il . . 5400 
5410 
"~20 e 

30 e 
- ,40 e 
5450 e 
5460 
5470 
5480 
5490 . 
5500 
5510 
5520 
5530 
5540 
5550 
5560 
5570 
5580 
5590 
5600 
5610 
5620 e 
• 

. . 
• 

10 
GO TO< 100t200l, INI•E 

DONE 
COMPUTES THE SCREW-PARAMETERS WHEN INDE "1 
RELAflf.LS THE POINTS AND THEIR I<ISPLACEMENTS 

100 WRITE<6r1000)' 
GO T0(110r120r1JQ),JN 

110 CALL EXCHGE<AINrCINl 
CALL EXCHGE<UA.UCl 
GO TO 130 

1~0 CAll EXCHGE(AJNrBJN) 

130 

140 

150 

CALL EXCfiGC<UAtUfll 
DO 140 I=1 r3 

E<Il=ClN(J)-BIN<Il 
CDNTINUE 
CALL SCAL([,f.,S) 
S=SORT<Sl 
DO 150 I=l ,3·· • 

E<ll=E<Il/S 
CONTitiUE 
CAll SCAL<UArErDlSPll 

1 2.6.8 Listing of SUBROUTINE COPL2 (first part) 

• 

• 



• 



<'1,30 
,<O 

51:.50 
5660 
5670 
:>680 
5690 
5700 
5710 
5720 
5730 
5740 
5750 
5760 
5770 
5780 
5790 
5800 
5810 
5820 
5830 
5840 
5850 
5860 
5870 
~qao 

90 
·-"" 00 
5910 
5920 
5930 
5940 
5950 
5960. 
5970 
5980 
5990 
6000 
6010 
60:.'!0 ..... 6030 
6040 
6050 
6060 
6070 
6080 

" • 6090 
6100 

• 

e DONE 
C ELJHINATES THC TRANSLATION PART OF THE !10TION 
e 

e 

IJO 160 I=1o3 
S=oiSPLtECI> 
UA(I)=UACil-S 
UBCil=UBCil-S' 

160 UCCIJ=UCCIJ-S 
GO TO 310 

e DONE 
C COMPUTES THE SCREW PARAHETERS WHEN INliE =2 
C lllFf'ERENCES ARE TEHPOfMR!LY SrDriE[l IN AFINo BFIN ANJI Cf'IN 
e 

200 URITEC6o1010l 
110 210 1=1.3 

AFINCil=UACll-UCCIJ 
BFINCJl=BINCil-CINCil 

210 CFINCil=AINCll-CINCll 
CALL SCAL(AflNoDFINoPR01) 
CALL SCALCAFINoCFINoPR02l 
CALL SCf\L(BfWoBFIN.I<Cl 
CALL SCALCCFINoCFINoACl 
BC=SORT ( tcC) 
AC=SQRTCACl 
IFCABS(PRD2l.GT.ZERO) GO TO 240 
IlO 230 1=1,3 

ECll=CFINCil/AC 
230 - CONTINUE 

GO TO 290 
240 lFCABSCPROll.GT.ZEROl GO TO 260 

ItO 250 1=1o3 
E<I>=BFJN(Il/BC 

250 CONTINUE 

260 

. .. ,, 

280 
e 

-GOT0290 
QUOT=PR01/PR02 
CALL SCAL<BFIN,CFJN,PR03l 
f<ET A=< AC*AC*OUOT -PR03-PR03 l *OUOT H<C*BC 
BETA=l,/B!OTA 
BF.TA=SORTCDETt"tl 
(ILf'Ho~=-DET(It(lUOT , .· , _•,¡¡ 
110 280 1=1,3 

ECll=ALPHAtCFINClltBETAtBFINCJ) 
CONTINUE 

C COMPUTES 
290 _ C(ILL 

e 

THE SCREW IIISPLACEMENT 
SCAL < Ut"t, E t fl I SPL) 

.... ,_¡¡.-

'Fig'•2.6.8 ·Lie-ting of SUBROUTINE COPL2• (second"part) -·- •:r .- ~-
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" 
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·-

300 
310 

61tO e 
6120 
6130 
6140 
6150 
6160 
6170 
6180 
6190 
6200 
6210 

1000 

6220 

-- -

ELIMINATES THE TRANSLATION PART OF THE MOTION 
DO 300 I=lr3 

S=DISPL*ECIJ 
UA(I)=UACIJ-S 

UBCil=UEI(lJ-S 
CALL LOCt'\ T1 ( 1\1 N, Bl N'· UA, UB • RiW) 
CALL ANGLECAitl,UAoE,RHOtTHETAl 
RETURN 

• 

FOfmAT(5X,"TWO DISF'LACEMENTS ARE IDENTICAL. THE POIN~S , 

-?> . 

'CORRESPOND 1 NO '/5X o 'TO THESE D ISPLACEMENTS L I E ON A L: IIE • o 
'PARALLEL TO THE SCREW'/5Xr'AXIS (QR TO THE AX:S OF 
o'ROTATIONo IF THE MOTION IS PURE'/5Xt'ROTATIQ·;), IN!~=l'/l 

. -6230-1010- FORMAl ( sx; 'THE-TWO-DISPLACEMENT-D l FFERENCES-'ARE COL L.:: .•IEAR, -HE ., t ·­

'GIVEN POitHS'/5Xo'LIE IN A PLANE PAr~ALLEL TO 0 HE SC~-~W •, 
'AXIS (QR TO THE AXIS OF'/5Xo'ROTATiotl. IF THE .10TIOF 15 'o 
'PURE ROTATIONJ, INDE=2'/l 

6240 
6250 
6260 
6270 e 
6280 e 
6290 
• 

DONE 
END 

• 
• , . 
• 

l 2.6.8 J..isti!l<J of SUBROUTINE COPJ.-2 (third and last part) 
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• 

.. 

• 

• 



.t.JOO 

" e 
~20 e 

6330 e 
6340 e 

";~6350 e 
6360 e 
6370 
6380 
6390 
6400 e 

"~ ~ 64to··e · 
6420 
6430 
6440 
6450 
6460 e 
6470 e 
6480 e 
6490 e 
6500 
6510 
6520 
6530 
6540 
6550 

>60 
_j]O 

6580 
6590 
6600 e 
6610 e 
6620. e 
6630 
6640 e 
6650 e 
6660 e 
6670 e 
66BO e 
6690 
6700 
6710 
6720 
6730 
6740 
6750 e 
676o e 
6770 e 

• 

SUI<f\OUT I NE GENMOT ( A 1 N, I<I N • CIN • AF IN, l<F;lN, CFIN, E, RHO .1m: u., D! SPL) 

THIS t·ROGRAM COMPUTES THE ~CREW PARAHF.TF.RS lJHEN THE MOTI ON 
IS GE~JERAL AND TfiE Rf:SUU INli DEif"l.ACEHENrS MiE NDNCfiMPLflNAR. 

~~~~~;IARY SUB!~~ES WERE ALREADY l<E$C~¡~~E~N SUi~ROUTI!lE ,-

REAL AJN( 3) oBHH3) ,CJNI3J, AFIN<3) 'BFIN13J oCFINI3), E<3 J oRHO ( 3) 
REAL UAI3), UB(3JoUCI3J 
COMMON ZERO 

COMPUTES"THE DISPLACEMENTS" 
DO 10 1"1•3 

UA<IJ=AFINIJJ-AINII) 
UB( lJ=BFIN< J)-l<IN< I) 

UC(ll=CFJN(I)-ClN<Il 

DONE 

' ... oH- o o '·~-·· 

-. . 
COMPUTES VEC.TOR E 
STORES DIFFERENCE VECTORS TEMPORARILY IN AFIN AND BFIN 

DO 20 1=1o3 
AFINIIJ"UAII)-UC<I> · 
BFIN<IJ=UBIIJ-UCIIJ 

20 CONTINUE 
CALL Cfi•OSS<AFIN• BFIN• eFINJ 
CALL SCALICFINoCFINoSJ 
S"SORT<SJ 
DO 30 I=1o3 

E(l),CFINIIJ/5 
30 CONTINUE 

DONE 
COMPUTES DISPL 

CALL SCAl.<UA ,[, DISPLJ 

DONE 
STORES DISf"LACEME-:NT VECTOR <UA*D*E TEMPORARILY IN rato AND COMF"UTES 
VECTORS UA', UB' AND Ue'r ANr< STORES THEM IN UAo UB ANO UC, 
RESf"ECTIVEL Y. 

DO 40 I=1o3 
RHO< 1 )=I<ISPL:*E( J) 

UA< I l=UA< l )-F>llO( 1) 
UB< 1 )=Uf<< I )-RilO( 1 J 
UC<Il=UC(l)-RIIOII) 

CONTINUE 

[<DNE 

' ... 

DETECTS PARALLELISM AMONGST THE MODIFIED I•ISPLACEMENT VECTOr;S AND 

:..._.-á<¡- Z; 6.. 9 _ Li!¡ting. of SUBROIITINE. GENMOl',. (f i:rs t. part). ----- ~-;- . _____ . -~"'--o--- ------

--~------





67BO e 
. 6790 

~ ::.~. 6800 
6810 
6820 
6830 
ó840 
6850 
6860 
6870 
6880 
6890 
6900 
6910 
6920 
6930 
6940 e 
69so e 
6960 

., 

COMPUTES THE SCf(EW PARiiHETERS. 
CALL CROSSCUA,UD,AFINl 
CALL CROSSCUD,UCoBFINl 
CALL CROSSCUCtUA,CFINl 
CALL ·SCAL CAFIN r AFIN,fillO C 1 l l 
CALL SCAUBFIN,[<fiNoRHOC2l) 
CALL SCALCCFIN,CFINrRHOC3l) 
DO 60 I=lr3 

-RHOCll=SClRTCRHO(ll) ' ~ 

IFCRHDCIJ,GT.ZEFWl GO TO 50 
CALL CYCLICCAINoBJN,CINl 
CALL CYCLlCCUArUB,UCJ 

50 1=3 
60 CONTHIUE 

CALL LOCAT1CAINoBINoUA·UB,RH0l 
CALL ANGLECAINoUArEoRHQ,THETAJ 

DONE 
WRITE(6,100J 

- ~· . 

6970 100 
6980 

FORHATCSXo'THE HOTION IS GENERAL 
/SXr'NONCOPLANAR'/) 

ANO THE GIVEN 

6990 
7000 

RETURN 
END 

Fig 2.6.9 Listing of SUBROUTINE GENMOT (second and last part) 

• • 

. . . ' . -

DISPLACEHENTS ARE" 

• • 





yO 

'~lO SUI<ROUliNE LOCf\T1(AlN•DlNtUA,UD,RIIOl 

7600 e 
7610 
76:::!0 
7630 

e e .. 
e 

HIIS SUf<~'OUTitiE COMPUTES VECTOR RHO, J,E,, THE POINT ON nu: AXIS OF 
•A 1-'URE -ROTATION LYJNG CLOSEST TO. TIIE DRIGJN, .•... , "~ ~­
J>F\OCf;DURE : 

7640 e THE PSEUDO- I NVERSE FOf\MULA ([<EN-ISRAEL fl, AND GHEV I Ll.E T, N, E. , 
7650 e GENERALJZ[[< INVH\SES THEORY f\ND f\PPLieATIDNSt WILEY N. YOW\• 1974) 
7 660 e IS APPLIED 10 FIND THE;: HINIMUM-NORM SD.LUl ION TO THE OVEfWElERMINED 

7 670 C LltlEAR 2X3 SYSTEM A*X:o[h THESE EOUATIOt!S I<EING lHOSE OF TWO NOII-
···7¿ao·•C·•··"f"f\RAl:LEL·PLAtiES. THIS.FOF\MUU'\ -THUS FINnS THE POHH .. OF •.• THE LHIE._~ 

7690 e I<EFIUED BY THE INTERSECTION OF TWO Notl-PARALLEL F"Lf\NES LYHIG CL.DSEST 
7700 C TO THE ORIGIN, 
7710 C THESE PLANES f\RE THE MEDIATOR PLANES OF SEGHENTS AFIN-AIN ANI< BFIN-. 
7720 e DIN. 
773o e 
7740 e 
7750 e 
7760 e 
7770 e 
7780 e 

COMPUTES THE POSITION 
SEGMENTS, Ef\CH IS THEN 
CONSTRUCTS VECTOR B. 

VECTORS OF THE MU<-POINTS OF THE GIVEN 
TEMf"GRAf<ILY STORED IN RHO AND TEMP• THEN 

779o e . 
..... 7800' .•. 

7810 
7820 

REAL 'AIN(J),BJN<3l,UA(3),U[I(J),RH0(3),TEMP(3) 
DO 10 !=1,3 

" " 7aso e 
··~· 7B6o··e .. 

7070 
7880 
]¡j90 
7<;'00" 

·'7910 

RllO<Il~AINCiltUA<Il*O,S 
TEMP(J)=&IN<IltUB(ll*O,S 

CONTINUE 

'I<Ull.DS 'HATRIX·A*CATRANSPl ·' ~ 

Cf\t:L SCAULJA,UA,Alll 
CALL SCAL<UBtUBtA22l 
CALL SCALWAtUE<,A12l 
CALL SCAUUAtRHO,B1) 

. ,, ~· ·'~!'" 

eALL SCAL(UB,TEMP•B2) 
DEN=A11*A22-A12*A12 
IFCAI<S<nENl,LE.ZERO) GO 
X1=<Bl*A22-B2*A12)/DEN 
X2~ ( B2*A11-f<1 M 12 l /DEN 

TO 30 

DO 20 1=1•3 
f<HCH 1 l=UA( I l*Xl+UB< I l *X2 

CONTINUE!J' " 
RETURN 

30 WRITE(6,~0) 

DO 40 I=l ,3 
RHO(Il=UAClliUB(ll 

. RHU<I)=RHO(l)*O,S 
CONTIUUE ~ 

··- . .. 

·-

-. 7920 
7930 
7940 
79:';0 
7960 
7970 
7980 
7990 
0000 
8010 
8020 
[]030 
8040 
8050 
8060 
P"70 

<O 
so FOHMATC//5Xt 'HATRIX A*(ATl IS SINGULAR'!) 

RETURN 
END 

• • 

f'ig :2,6.10 Listing of SU9ROUTINE l.OCATI" . . 

. 
~·- -" 

• 

-··.··· .. ·~-·~ 

' 



' 

• 

• 



BOBO 
8090 e 
0100 e 

... atto e 

"!j e 

~1 o 
e 
e 

8150 e 
0160 e 
8170 e 
8180 e 
8190 
8200 
8210 
8220 
8230 
8240 
8250 
8260 
8270 
8280 
8290 
8300· 
8310 
8320 
8330 
8340 
8350 e 
8360 e 

ll 8 o 
8400 

.~8410-

8420 
8430 
8440 
8450 
8460 
8470 
8480 
8490 
8500 
8510 
8520 
8530 
8540 
8550 
8560 
8570 
8580 
8590 
8600 
8610 :• 8640 
8650 

"( ,-, . 

SUI<ROUT I NE LOCAT2 (A 1 N, El IN, CTN • A FIN, BF IN, CF 111, RHO, El 

THIS SU[<f(QUTHIE I:OMPUTES VECTORS RHO AND E WHF.N ALL THREt:: fiF.SULTING 
!'oiSF'LACE11EtHS ARE ~PARALLEL DUT NOT. TWO VECTORS .. AHE 1 [l[t-11 JCAL .TQ EACH 
OTHER. 
f'IWCF.r<UFiE : 
EACH PLANE IS DETERM!NED BY A TRIAD OF NOilCOLLHIEhR POI/115 lAI!•dl!N, 
CIN, -AFlNol<FINoCFINJ, VEClOR E IS DCTEriMINEO EIY THE CRO-;S PRO:IJCT 
OF THE NORMALS TO THE F'LANES. RHO IS COMPUTEO EXACTLY AS IN LOC;;l1. 

REAL AIIl(J),DINCJ),CJNCJI•AI'INCJJ,BFIIIC3ltCFlN13l•Dlfl(3l• 
DIF2C 3 l tF'RODCJl tRHO( J) ,[(Jl 

DO 10 1=1 ,3 
DJFlliJ=DTNCil-AIN(l) 
DIF21Il~CIN(lJ~AINCll 

CONTINUE 
CALL CROSSCIIIFltDlF2,PI<ODl 
!<O 20 1=1o3 

[<IF1CIJ=BFIN(ll-AFINli) 
DIF2Cll=CFIN(IJ-AFINCil 

20 CONTINUE 
CALL CROSSI[IJF1•DIF2oRHOl 
CALL CRDSSCPROD,RHQ,[) 
CALL SCALIE,E,Sl 
S=SORTCSJ 
IFCABS(SJ.LE.ZERDJ GO TO 40 

BUILDS MATRIX A*lAHiANSPJ AND 
CALL SCALCPRQD,PRDr<•Alll 
CALL S CAL< RHOo RHO, 1'<22) 
CALL SCALIPRQD,RHO,A12l 

.CALL SCAL(PRODoCINoBll 
CALL SCALCF,HOtCFIN.!:<2) 
DENcA1l~A22-Al2*A12 

VECTOR D. 

IF(ABSCr<ENl .LE,ZERO) GO TO 40 
TI"' ( B 1 *A22-B2*A12 l Ir< EN 
T2=CR2*A11-B1*A12l/DEN 
DO JO 1=1•3 

Elll=E(IJ/S 
~ RHO ( I l=PRODC l lHltRHOC I )U2 

JO CONT l tlUE 
RETURN 

40 DO 50 J=loJ 
" DIFllJJcCFINlll-CINCIJ 

50 •-· CONTINUE -,. 
CALL CROSSlDIFl,PROD•El 
CALL SCAL<E,[,Sl 
S=SORT<Sl 
DO 60 1=1•3 

·-- ---- --' ·--··Ec I>=E( I>/5 
60 CONTINUE 

CALL SCAL(AIN,EoTl 
DO 70 1=1•3 

RtiOCIJ=AINCll-T*Elll 
70 CONTINUE 

.. RETURN · ' 

'"' 

- ·----·-

... 

Fig 2.6.11 Listing of SUBROUTINE LOC/I.T2 



' ' 

• 

' 



' 
' 

8660 
8670 e 
8680 e 
8690 e 

; 87oo e 
, 8710 e 
• 8720 e 
: 8730 e 
¡ 87<~0 e 

8750 e 
a760 e 
8770 e 
8780 e 
8790 e 
88oo e 
8810 e 
8820 
8830 
8840 
8850 
q860 

170 
~ea o 
8890 

. 8900 
8910 
8920 

'8930 
: 8940 

8950 
8960 
8970 
8980 
8990 
9000 
• 

• 

SUBROUT INE ANGLE t A IN, UA rE, RHO • THET Al 

• 
THIS SUBROUTINE eoMF'UTES THE ANGLE OF ROTATlON OF A PURE-ROTATlON 
MOTiotlo 
f•ROCEDURE! 
US~: IS MM• E OF RODRIGUES' FORMULA ti<lSHOP N.E., 'RODRIGUES' FOf t'IULA 
MID THE seREW Mr.TRIX'• .JOURNAL Of' ENGINiiERING FOR INDUS1R'(o T~~NS. 

ASMEr SERIES Bo VOL. 91, FEB. -19691 : 
R2-Rl=T AN ( THET A/ :2 l EX t R-1+-~::! l 

WHIO!~E Rl AND R2 ARE THE lNITlAL AND THE FWAL POSITIOU •JEeTOF·5 OF 
ONE f•OlNT OF THE BOL\Y t<OT LYlNG ON TllE r.XIS OF ROTATlm~. THE üRIGlN 
IS ASSUMED TO BE L.OCAlE[I AT ONE POltH OF THE AXIS OF ROTATIOU. THET;. 
ANDE ARE THE ANGLE OF ROTATlON AND THE UUIT VEeTDR"PARAt.LEL i"O THE 
AXIS OF ROTATIONo RESP~CTJVELY. 

REAL AINC3loUAt3loE(3l,RHOC3l•TEMPC3l 
DO 10 I=1o3 

AlNCil~AlNtll-RHOtl) 

UA ( 1 l=AltH ll+UA< 1 l 
TEMPtl)=AlN(ll+UA(ll 
UA(l)=UAtll-AlNCll 

eONTINUE 
eALL CfWSS<EoTEMP•AlNl 
11UOT=O ....... 
DO 20 1=1•3 

lftABS<AIN<l)),LEoZEROl Gú TO :!O 
t:lUOT=UA t l) /AHH 1 l 
THETA=ATANtQUDTl*2.0 
GO TO 30 

~ ..... -·-

•• 

20 
30 

CONTINUE 
If(AliStOUOTl.GT,ZEROl RETURN 
THETA=ATr.Ntl.Ol*~·O 
RETURN 

'"" .. .. -
1 • 

• ' . 
' 1 

' ' 

' 
' ' 
1 
' ' 
i 

f'1g 2.6.12 Li~ti~9 of SUBROUTINE ANGLE ' ! • ',• 

' -~~ " _,, .. -' ': 

• 



• 



7010 
7o2o e 
7030'-e 
7040--:-e 
7050 e 
?OóO e 
7070 
7080 

~ ... ····7090 
7100 
7110 
7120 
7130 
7140 
7150 ,_. ' 

10 

. -

SUBROUTINE CYCLIC CA,B•C) 

TH1S SUl•FWUTINE f'(RFOf<MS .A CYCLIC fiELAliELLING DF 
J,E, VECTORS ArB AND C ARE RELABELLED B• e ANDA 

REAL AC3),B(3),CC3),AUXC3} 
DO 10 1:1,3 

AUXCIJ:ACil 
ACJ):IJCil 
BCil,CCJ) 
CCI>=AUXCil 

CONTINUE 
RETURN 
END 

Fig 2.6.13 Listing OÍ SUBROUTINE CYCLrC 

·-~ .. ' --- .. ' .. .. - -
7160 SUBROUTINE EXCHGE (A, B) 
7170 e 
7180 e THIS SOBROUTINE EXCHANGES THE FIELDS OF A ANO 
7190 e RETURNS ' A' A AND A A' • • 7200 e 
7210 e 
7220 REAL AC3),BC3lrAUXC3) 
7230 DO 10 I=1 ,3 
7240 AUXCil=A(l) 
7250 ACil=BCll 
72ó0 DCI)=AUXCil 

VECTORS A• Br Cr 
RESPECTlVELY, 

,, I • E. , IT 

7270 ... 10· CONTINUE . . . - . ~-· ' u,;; • - ... • O, ' '"' . .. , . 
7280 RETURN 
7290 END 

• Fig 2.6.14 r.isting OÍ SUBROUTINE EXCHGE 





7300 
7310 e 
7320 e 
7330 e 
7340 e 
7350 e 
7360 
7370 
7380 
7390 
7400 
7410 
7420 
7430 
7440 
7450 

• 

10 

SUBROUTINE CROSS (A•B•Cl 

THIS SUf<ROUTlNE PERFORMS THE CROSS f'RODUCT A AND B, IN THIS OR[oER, 
ANO STORES THIS PRODUCT IN C, 

REAL A(3),f<(3),C(3) 
DO 10 K=1•3 

C<K>=o. 
DO 10 L=1,3 

CONTINUE 
RETURN 

'"" 

DO" 10 11=1, 3 
N=(L-Kl*CI1-Ll*CK-11) 
C(K)=C<K)-N#A(Ll*9(11)/2, 

Fig 2.6.15 Listing of SUBilOUTlNE CROSS 

. . ' 

7460 
·7470 e 
7400 e 
7490 e 
7500 e 
7510 e 
7520 
7530 
7540 
7550 
7560 
7570 
7580 
• 

10 

SUBROUTINE SCAL (A,f<,Sl· 

THIS SUBROUTINE PERFORMS THE SCALAR PRODUCT OF VECTOFIS A ANO D 
ANO STORES THIS f"RO[IUCT IN S, 

REAL A<3hB(3) 
s .. o. 

. DO 10 I=lr3 
: ,.5=-S+A(l)*ft(l) 

CONTINUE 
RETURN 

'"" 

. -

Fig 2.&.1& Listing of SUilRDUTlllE SCil.L 

•• 



• 



• 
• :s 

' / 
• >--' .............. -----....... 

....... b...-; ... 
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. Flg. · 2:6. 17 MOtion of a ""'rkpiece 

E>;ercise 2.6.9 (Takcn írom[2.7)) Let.~,[,~' and f' be the p:ositiO:l 

vcctors of the initial and the displaced positions of points A and R of a 

rigid body unde.- the screw motion 

!:'~~·~(=-~) 

Q being the rotation of the sc.-ew. Show that the set of points of e.e 

body that, under the given motion remain equidist:.a.nt from a fhed point P, 

• lie in a plane. 

2,7 VELOClTY OF A POINT OF A RIGID BODY ROTATING ABOUT A FIXED POINT. 

In the prcvious sect.ions the motion of a r_igid bor;.y whcn r:1ovin~ bet~·een two 

finitely separated configurations was analyzed. ln this s~ction and L;e 

following enes, the motion of a rigid body between two infinitesimally 

separated configurations is analyzed. The variables involvcd i<_~ the body 

motion are considered to be functions or time and results concerning their 

time dcrivativcs are obtained. 

Lct y(t) be lhc i!n.age of vector '!!' under " pure rot.at:ion g!;l. Clearl~·, 
-··-



1 

1 



-

' -

~ is an indcrcndcnt variable; however, its i.m_<~gc, y(t), is a [unction of 

time. H thc or_igin of coordinatcs is f>laccd at the fbcd voint, then 

y(t),Q(t)x 

Diffcrentiatinq the above cquaticn with respect to time, ene obtains 

y(tl..Q(t)x (2.7.2) - .. 
which is an cxpression for the velocity of the point located by vector x 

in lts initial conf_iguration, at time"t. EXpression (2:7.2), howevcr, is 

not practica! te compute the velocity of the saíd point, for it requires 

knowledge of tl)e point position in its initial configu.-atiOn. Solving for 

x in eq. (2.7.1) and introducinq the correspondi_ng value in eq. (2.7.2) 

yiclds 

(2.7.3) 

•:hich is an cxpression fo.- the yelocity o[ a point o[ a _rigid body moving 

about a fixed point, in te~ of thc current position vector.of the ~?ving. 

point. The matrix poduct, Q(t)QT(tl, callcd the angular velocity• of the 

¡::igid body, represente<! by !)(t), is a skew symmetric matrix. _Then·, the 

velocity v(t) can be expressed as 

!!tJ .. !!(tJr(tJ (2.7.4aJ 

who¡::e 

, T 
!!(t)-QttlQ {t) '. 

Exercise 2.7.1 show that, if Q(tl is orthogonal, then Q¡t)QT(t) is skew 

sym¡netric. 

• TrÍ.>esdell (2.s) p10cfers to call it 
· unde¡:: this nrune in the literatura 

"the spin" and so it is found also . . ._. " 

'b 





-·-
---

Exercisc 2. 7.2 Show that the yclocity of a point of a r:i9id body =vi_ng 

about a fixed point is pex;pendicular to its poSition vector {directcd f.-01!1 

~ ~ the fixcd pointl. since Q(t) is skcw symmctric and 3x3 it is totally 

.. ~ 

determincd by three indepcndent scalars, thus being isrnnorj,lhic toa 

cartesian vector, ~(t), called also the·angular velocity of the rigid body. 

Using cartesian vector notation, thc velocity ~(t) thcn can be cxpressed as 

v(t)•w(t)xr(t) (2.7.5) - - -
Exercise 2.7.8 Obtain the components ~i of vector ~in terms of the 

components. ll .. of matrix tl. 
. .. -~J· 

Equation 2.7.5 makes the result of Exercise 2.7.2 apparent. 

Since Q<tl is skew symmetric and 3x3, it has one zero eigenvalue, as is 

shown below. Furthermore, its other two cigenvalues are complnx (and 

conjugate, oí course). lndeed, assume Q(t) ia in its canonical form, i.e. 

cosO -sin(! o 

(Q<t>}~ sinO· cosll o 

sine o ' 
-sine -cose o 

(Q(t))z cose -sine o ' 
o o o, 

Fr= th<> above expressions, = 
o _, o 

0(t)QT (t) • ' o o ¡ 

o o o 

which oakcs evidcnt that all vectors of 

(2.7.6) 

(2.7.7) 

• 

(2. 7.6) 

.T 
the form. (=) • [o,o,o.) , o. bcing 

any scalar, co~respond toa zero eigcnvalue. The other two eigenvalues 

• 

• 

. . 





' 

~ ,. 
' "·· 

are re~dily found to be 

), ~lit,), ---h ' . ' 
wlicre i is the im.aginary unity, M, 

l2,7.9) 

The null space of 11(t) (se<. Sec. ':1.3) is, from the forogo1ng discussíon, 

of dimcnsion 1, i.e. a line. All the points lying on that line have zero 

• 
vclocity, the line thus being called""the·instant axis of rotation" of 

the ·ri9id body. 

A cone rolling without slil'pin9 on a plane is a simple example of a rigid 

body rO:tati_ng about a fi:<ed pOint, its apex; its instarit axis of rotatien 

is clearly, the elemcnt ef the cona touching instantaneously the plane. 

?"._lotller- cx"-'!'ple would. be :a sphere rotating _ on a plana in auch a way that 

the contact point r~ains fixed¡ the instant axis of rotation of the sphere 

is thus the di<•meter passlng through the point ef contact. 

EXercise 2.7.4 A cene of revolution rolls en a conic stlrface, also of 

revolution, without slipping, in such a way that both appices are coincident! 

instant axis of rotation of the co~es in motien?. 

EXerci9e 2.7.5 Show that the sl'in ~trix 11 can be written as 

where A is a constant matrix and a is the time derivative of e , the ' 

rotation ~ngle •• . . ... ..- ......... --
2.B V~LOclTY Of A MOVING POlNT REfERRED T0 A MOVlNG OBS~RVER. 

ln what follows, an observer will be understood te be a set of coordinate 
• 

axes provided with a clock [2.B,p.26}. Assume a point P
0

, located by 

vector x , is the or.igin of a coordinate system in motion with respcct te ·o 

another .:=oordinate syst,.,, ,.-hich will be arbitrarily referred te as "fixed" . 

•• 

• 

• 



i 



The h.ttcr s;tstcrn constitutes a ;Eixcd obscrver, .whcreas thc ;Eirst, a rnovir.g 

• one, 

Lt!t x be the position vector,ot a ¡:x>int P, in motion with r~s¡::oect to both 

observcrs. Vectors and matrices expressed with respect to thc fixed 

observer will be indexed with letter ~. whereas those cxpressed with 

- .. -. respect to the movlng one.will be indexed with lettc..r H. Lt!t.t be the - -- .... -
' position vector of P in the movi_ng observcr and Q the rotation dyadic from 

the fixed observer to the movi_ng one. 

Hence, 

(2.8.1) 

where it is understood that all three vectors are functions of time. 

'I'he velocity of Pis obtained diffcrentiating both sides of eg. (2.8.1) 

with respect to time, i.e. 

' (2.8.2) 

where v
0 

is the vclocily of point P
0 

and, since 

(2.8.3) 

• . -. (2.B.4) 
• • 

Thus, eq. (2.8.2) becomes 

(~)F ~ [~O)F +(~)F{~)F+{~)F(~)H,. 

~ (vo)F +(n}F(Q)F(¡;)H +(Q)F(~)H (2.8.5) 

where <"• first '" tenns "' <Oo r_ight hand side represcnt <"• vclOcity M 
• 

' 
., H " were 000 point oC "'• r_igid """' defined b' "'• rnovi.ng obscrver• 

-• 
• see Scction 2.9 

• 



• 

• 



.;..-•-· .. 

--- - -

and the l<>st tcrm is the velocity- of P as mel>'>u:r;cd by the moyi_ng obSel"Ver. 

trans!ers thc descd¡>tion of yclocity(i) t:o 
• M 

the fixed 

obseryer.· Thus, eq.•(2;B.5) states that the velocity of point P equal~. 

that of point P as if it were fixed to the moving coordinate axes, plus 

the velocity of point P as if the moving observer were fixed. 

points; P anci P', moving ' . 
rcspectively, ~the relative velocity of 

•• 
v -v -v 
-2/1 -2 -1 

with'velocities y 1 

P 
2 

wi th respact t.O p " 

' 
h defic.ed 

{2.8.6) 

s:Lmila.-ly, the relative angular velocity of body 2, moving with angular 

velocity {1, with respect to body 1 1 moving with angular velocity íl , Ü 
.2 -1 

defined as 

(2.8.7) 

or, alte.-natively,· 

(2.8.7) 

2.9 GE~ERAL MOTION OF A RIGID BODY 

Let a rig~d body B undergo the most general motion, i.e., in general, no 

point "of B rernains fixed. Let Yp ba the valocity of one Of its points, 

P, wilh position v"ctor x and angula.- velocity !l_. . _, 
Thus, the I"elative VÚodty, ::-:!p'of any othai" point R(located by X ) ~·ith 

raspect to P, is given by 

v-v ~n (x-x ) 
--P---P (2.9.1) 

·-· - _, is the velocity that R would have if P were fb:ed. From eq. 

(2.9.1). 

t-···-··~·v-v +r.(x-x ) ·-P-··p 
• ·---·····-· (2.9.2), •.• 

• . . . ..... 





.. • 

'is the yeloc:ity of voint R, i'Tid i_s, 9iyan in.tems of the yelocity of ¡¡,nother 

point, r, the angular vclocity Q and the pos~tion vector of R with respect 

"' '· 
Given two r_igid bodies in 1110tion, body l rolls without slippi_ng with 

respect to body 2 if, and only if, there exists a set of points on both 1 

···and 2 such-that the rel~tive velocity of points on that set is ~ero. 

Rcgard1ng the veloc:ity '!• as 9iven by ec;¡. {2.9.2) as the relative velocity 

of one point R of body B with respcct to body e, the fixed observer, the 

condition•for B to roll without slipping on e is that there exists a set 

of point'i, whose position vecto.- is_ given by~· for which v-o. But for 

this to happen, the condition is 

v ~-O{x-x ) 
.p • - -P 

(2.9.3) 

which states that v is in tl:ta range _, (see section 1.3) of n. Howeve.-, it 

was shown in Sectien 2.B that the null space of fl if of dihlension 1; hence 

-cq. (1.3.1)- the rangc of fl is of di.rnension 2, thereby existing vectors 

in EJ not bclongipg te the range of ¡¡_ If v ha~nens te lie outsldc the . •p .... 

range of ~· it is itnpossible to find a vector x for which eq. (2.9.3) is 

satisficd. Those vectors lying outside thc rango of ¡¡ lic neccssarily 

en. its null space, i.c., on a linc par~llel to the eignevector of ~ 

~ ... correspondi_ng to its >:ero cigQllvalue or, equivalently, are parallel to 

· the vector w associated with fl. _ rn case Yp has a non>:ero component along 

the null space of fl, body B is said to slide en body C, which is thc case 

of tho worm~goar or of tho hypoid goar couplings. In these couplings there 

are powcr losses due to the involvod sliding and, since the dissipated 

power is proportional to the sliding velocity, thc contact between the 

-----two mechanical olements under considcration should take_place along points 

of JD.Ínimllnl m.-.gnitude of sliding vclocity. For hyFOid gcano this sct 

.· 



' 

' 

• 



•• 

. . -

• 

oí points lic on a line which, paralleling Chasles' ~•eorcm, is called 

"the instant axis of the screw motion of body B "'ith respect to C" or, for 

short, "the instant screw axisn. Indeed,· let:_the sliding velocity ;,e give:. 

by eq. (2.9.2). Findi_ng the points ot mininmm magnitude of slidin<;e 

velocity corresponds to finding the yectors ~ of cxprcssion (2.8.2) which 

·minimize the quadratic form' ' $(~)~y, .. hich has a stationari valu~ 

(Scction l.10} "'hen ~·[X) vanishes. 

]lpplying the "chain rule" to <j>(~), .,, 
+'(xl~2(6i) y 

.• 

where, from cq. (2.9.2), 

- ' . .. "" 

(2.S.4a) 

(2.9.4b) 

Thus, points !'o yielding an extremum of t('!) sati.sfy the equation 

(2.9.5) 

Exercise 2.9.1 Show that the gradient of ~(!') is twice the left hc.=.d side 

of eq. (2.9.5). 

Sim;e O has one zero eigenvalue (and only onc), e:¡. (2.9.5} &tate~ that 

the minimum-~gnitudc velocity, given by 

(2.~.6) 

cq. (2.9. 6) does not yield a unique vector ~O for, if any vector "~ (in 

the null space of nl is added to ~O' 

given by 

. V ,., +{) (><
0

+ow-x ) "'V +{) (x
0
-> } 

-tl -P • • -P -P - • •P 

the velocity v of the new po~~t, is _, 

Hence, the points o! minimum-magnítude velocity ~ in a line pass~;g 

point • X •-;• in • thc• direction •of- "'•. thU. · l ine• being, the "-'-"s tant .• _-__ •·- •• 
-0 . . -



• 

' 



scrcw axis of the motion under study, The particular point p
0 

on the 

s~rcw axis, lo~at<>d by ':'o• is chosen such that ~O be normal to th~ scrcw 

axis, thus, ~O happcns to be the minimum-norm v~ctor satisfying (2:9.6). 

This vector can be found in a similar way as vector ~O of eq. {2.G.8) was 

found, nnmely, choosc two linearly i~dcpendcnt equations out of cq (2.9.5) 

and form thc systcm 

~ •b --o - (2.9.7) 

where A is a 2x3 matrix and bis a two-dicensional vector. Hence, the_ 

!!Unil!ltll:l-norm solution ~O is_ qiven as 

T. T" -1 
!:o"~ (M l !? (2.9.8) 

An alternative way of findinq ~O is now prescnted, expressing eq (2.9.5) 

in cartcsian vector form, namely, 

whicn can bé cxpanded as 

wxv +wx(wx(r -r J)~o 
- -P - - -0 -P -

or, expandinq the double cross product•, 

osxv P +(os. (r0 -~Pl )os-os 2 
lr0 -:;Pl ~Q 

.(2.9.9) 

lf now is specified to be normal to os,i.e., to be the minimum-norm 

vector·of all those satifying eq. (2.9.9), then it can be obtained from 

thc above equation as 

(2.9.10) 

which is an cxprcssion similar to that appearing in eq. (2.6.15). 





' ' 

• 

The f;or.egoip!l'rcsults are summ<u:ize<l in a thco.:crr¡ simila,.- te that of 

Chaslcs' . 

·rHWREM Z.9.1 Any i!ig.:d body motion .U e.qu.úmlen.t toa .lle/I.CW mo.t.Wn, 

compo.~>ed o6 a velocily !:'o and o. ,;pm abor.U: an 'a.x.U pMitUef. to !:'o • The 

pohl.U whoH veloc.il!f .U ~O aJte loca.te.d en a Une po.M.Ue.t te !:'o· ~iled 

the. in.6.ta>tt -6C/I.ew a.W and v0 .U. o6 m.ú·U:mum ~g~Utude. The. ·.:~CII.ew a:U!. 

pUMA thMugh po.&l.t P0 l<!hOH po.~>i..Uon Ve.ctolt .U_ .9-iven elilte~t by eq. 
. . 

{Z.9.8) 01t by e.q. (Z.9.Ja] 

The counterpart of Theorem 2.6.2 now follows: 

'TH[OREM Z.9.Z 'rhe v!Zl.oc.iliM o6 al! the. poln.u o6 a !Ugi.d body undeAgoi_ng 

an Mb.i.tlt.aA.y mo-tion ha_ve. iden.tieal p'W}e.etioru; al.D_ng .the. .ill.l>.ta.n.t <IC/I.I'W 

""'. 
Proof: 

The velocity of any point of the r1gid body can be "'rittcn as 

Y'"Yp +Ir!" (;:-'[pl 

Dot'multiplyiñ9 both- sides of the above equation timas \¡l(a Vector parallel 

to the .screw axis) yiel<ls 

But tlle second tenn of the right hand side clearly vanishes. Hence 

v.w-v .OJ 
- - -P -

q.e.d. 

ay v;rtue of the latter result, the projection of the velocities of all 

the points of a riqid body in motion alonq the screw axis is qivcn by 

JJ~0 JJ, "'hich is called "the_slidinq". The p;tch of the instant screw 

is <;¡iven by 

' - .(2.9.11) 
•. 

1 

1 
' 





which is the counter-part of eq. (2.6.2Jal 

After Theorem 2.9.2, lhe.-e follows one mcthod of dete=ini_ng the c~ientatio<>. 

e of t.he screw axis of a :.;:igid body motion when the non-coflanllr ·:~loc:iti=s 

of t.hree points A, S and C of a r_igid body a.-e known. Indee<!, para:leliog 

the derivation of eq. (2.7.24) one obtains 

(2. ;.. 12) 

F.xercise 2:9."1"" Show that the·velocity-of·all-the points of a rigi:. bod:.·, 

lhree of whose points,A, B and C,have velocities v , v and 
-A -B ::e• 

have identical projections alo_ng vector !• as given by eq. [2.9.12;. 

'J'he slidi_ng velocity, '!o• can then be obtained as 

v ~(v .e)e sqn (v .e) 
-0 •A - - ·A --

(2.~-13) 

e­

'" 

where the signu:n function has been introduce<!. in order to ma.'<e the ~ir-ecti::>s 

o< both v and e coincident. . -o -

To complotely-detennine-the instant screw,-only-the.anqular ·.-eloci-;-¿"' 

needs be c~puted. This is done in what follcws, after deriving s~~ 

results similar to those of Section 2.6 

CO"-OUMy 2. 9. 1 16 at te.wt ene po.út.t o6 a. :Ug.i.d body hu a ve.toc.¿t.y wh.ú:) 

.iJ> no!t!Ml. -fo i.t!. a.ngutaA vef»c.i..ty O"- zeJ<o, the body undVtgoc..l a pu:~ 

Mtctüon. 

The for~going Corollary is a direct consequcnce of Thcorem 2.9.2 ac.d so 

its proof is left as an exercise for the reader. 

IEXercise 2.9.2 Prove Corollary 2.9.1 

' THEORE.ll t. 9. 3 The. <k6 6t-te.nc:t veáoJL o6 .tite.. ••eloc.i.lie.4 o6 a~:y tJ;;o. f•"'-n.t:4 

o6 a !Ug-id body undeJ<go.útg an aAb~ ono-tian ,u pVtpcucUcui..VL to the. 

.UU.útn:t hVtCW o.W. 





' 

Proof 

Let v and y be the velocitics o~ tW<I points, ¡.. and B, of 11 r.igid body. 
·A ' 

~ From eq. (2.9.2) these are related by 

• 

Hence, the difference, ~· is given by 

which rnakes it el ca.- that ~ lies in the ra_nge (See Scction 1, 3 of e-
thercby.beipg.nonnal. to. the.null.space _of_ (!,_:i .e:, _normal_ to the screw 

axis, Alternately this result can be preved t:esorting to Gibbs' notation. 

This way, ~ can be written as 

~ a !!,»< (J:?-a) 

and hcnce 

which vanishes because the double prod_uct at the right hand sido= contains 

two identical vectors, q.e.d. 

THEOREM 2.9.4 1~ .the veloerl..üu o6 tMee noncou.&!e.M pa.{n.,U ot) a_ ";(-gid 

body aJte -id~cal, the. body undVtfJOM a_ pwtC tMMia.tiort. 

Proof 

and v -e be the respective velocities of points A,B and C. Referr-

to·the velocity of an arbitra~ point P, one obtains 

v =v +!l(a-p) 
7A·P---

V ~v +!l(b-o) ·B·p-- .. 

v =v +Q(c-p) 
-C-P---

Subüacting the third equation frorn the first two yields 

' 
v -v .. n(a-c)"O 
-1'.-C----

v -v •O(b-c)"O 
-B-C----

' 
'• 

1-6 

-



' 
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which im¡:>lies Lhat both a-e and b-e lia the null spaee of fl• This spaee, 

however, is of dimension 11 as diseusscd in Seeticn 2,7. Sinee points 

A, Bandeare noneollinear, veetors a-e and b-e are linearly independent 

and hence cannct be simultaneously in the null space of ~' unless o~ ~. 

the motion thus redueing to a pure translation, "q,e.d. 

THEOREM 2; 9. 5 The nolt.id=lic.a.l. vel.oc.Uü.!J o 6 .tM.ee po.úl.U o~ a I"Ug.<.d body 

Mi coplo.nM. .¿li and ont!t -ili oM o6 t.he. 6of.l'ow,{._ng c.omü..t.i.olt6 .U me..t: 

.¿¡ The. mo.ti.on .U, a ¡:>Wte JtO.ta.ti.on 

il) The mo.ti.on ..U, gene/Ul.t, bu.t .the po.¿n.t.l Mi col..U.nl'.ll}¡ 

-i.ü:) The mo.Uon «. g~nV141 and .the. poin.U Me no.t coU..C:nl'.ll}¡, bu.t Ue. bt 

Proof· 

"ií" part: 

i) If the motion is a pure rotation, the veloeity of any point with 

~sitien vector r is given by 

v·~ nr 

whieh states· that v lies in the range (See s..clion l. • ) of !! , which 

' 
is of dinension 2, as was discussBd in Secticn 2.7. This means that all 

velocity yectors lie in e plane perpendicular to the null spece of g, 

"i.e. perpendicular to the a><is of rotation, thercby showinq that thase 

velocities are coplane;, 

. ii) Let A, B and C be three collincar points of the rigid l.>ody and ~· !? 

and !:; be t_he~r respective position vectors. The veloaities of these 

points, referred toen arbitrary point with position vector pare 

~A~P~~(:-~) 

~B--:P~~(~-~) -.. 

Ve""' +O(c:-p) __ p __ _ 

·-·-

.. -

' 
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' ·-

..• 

since the points are collinea.-, their position vectors are rel~ted by 

. c-a~CI (b-a) - -- - - .. 
na·to it simultaneously ~rom t.: o sa::>e 

expression, one obtains 

Whose first two terms Can be readily identified with v • . , 
substituting c-a in the third ten~~ of the l11tter <'ql'aticc. by o. :~-~1, ~ 

given aboye, leads to 

'"' 
O(b-a)~ -v 
·--·B-A 

uence, tlle exp.-ession for !:'e is transformed into 

:!c~A +o. (~B -~Al 

o.-, cquivalently; 

~c~(1-0:J::rA+o:vB 

thereby proving the linear dependence, 1 i .e.- the· coplanari ty ·of 

vandv,.,. •B .,_ 

., ., 

iiil The·velocities Of the three given points, A,B and C, are refer~~d to 

that of a point P on the screw axis. These velocities take on ~e 

fono appearing.in.ii. Thus, the velodty of P, Yp•· is pa.I"Iolle: to 

the scn•w axis. On the other hand, the fact that A, B a~.d C E~ in 

a plane parallel to the screw axis allows one to establ üh U> e 

followin9 !elationship 

or, cquivalently, 

c•{1-"o)a+ob+Bv -
~ - - -P 



1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

. 1 

1 

1 



. --

Substituti"9 thc latter C><J?ression ~n re liS. <]iVen in ii .leads to 

y~ ttl(c-pl" 
-C-1'---.. 
~l't~(~-€)~a~(~-~)tS~p 

whose two first terms can be readily idcntified as v , its •A 
fourth tenn 

vanishi_ng because it lies in the null space of·n. Hcnce 

íl(b-a)=v -v 
----B-A 

'Ihus,' the- latter expression for is transformed into 

which shows the linear dependence of the three given velocity vectors, 

i,e. its coplanarity. 

~only if~ part: 

flssuming that the velocities yA, y
8 

and Yc of thre" giva_n points A,B and 

e are coplanar, the followi_ng relationship holds-

Referring ""' 
v ~ +fl(b-a) 
-B-A··-

v""' +tl(c•a) ,., - -e -A - - -

<o '!:'A one has 

. "' 
'!'hus, the above expression for tbe detenninant becomes 

det(~A' ~A+~(~-~), ~A+~(:-~lJ~ O 

.. , 

- ¡, - :Y 

'Subtracting the first column of this·deteDRinant from the rcrnaining ones·.-- .--

doos not change the value of the detcrminant. Honce 

det(v , íl(b-a), O(c-a))•O 
. -A - - - • - -
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. .,. . .. . ... 

1 

·¡ (":'l 

- . - . . ---·----·--
which is e~uiyalent to 

• 

·lntroducing Gibbs' notat.ion, and expanding the rosultin<;J expression, 

Q (2-~ l ><(! (¡;-ª) ·,. ('<'" (2"-!!)) >< ('!?' ( ~-¡¡.) ) ,. 
",(<dl<(b-a). (c-a) )w-(wx (b-·a¡ .w) (c-il) ------------

where the expression in brackets in the second term of the ci\lhtmost hand 

side cleacly vanishes. Hence 

which vanishes·under one.of the followin\1 conditions: 

U!, V ~ 0 .. , 
.which implies, under Corollary 2.9.l, that the 1:10tion iS a pure 

rotation 

which·rneans that points !l., B and e are collinear 

which indicates that vectors ~. b-a and e:-! are coplanar, q.e.d. 

A diceCt consequence of the for_cqoing result is the following 

eol<oll'.<Vt!f 2. 9. 2 A.l~ume a !Li.g-i.d body wtdM. mo.t.ion and choó.~>e any .tl1Al!.l!. 

noncottúieJl!l. po-i.n-tl> A, B and e o6 .V.e bady. L~ ~A'. ~B and !:e be :the 

.dvr.ee .úwO.C.Ved ·vaoc.U..ú?l>, .then .V.e cU6¡\M.enee vectoM 'tA-'!c and 't¡fl!c 

(and, eon-~>equell.t4f, '!_A-'!B) Me pa.!l1ll..(.e.t ió a.nd only 1.6 the po.út.t-1> Ue. .út a 

pl.ttue pa..'ul.tl.el. :to .the -I>CACW a.W when the mo.üan .il. _geneJta.l. 1 ó .tite. mo.üon 

Úducu .to a.. pWI.e. \D.t.a...üon, .then .tlte -!.CU:d Ptane .iJ, pa/ul.ll'.e.l. :to .the a.W Oó 

IExerciso 2.9.) Prove Cocollary 2.9.2 

' More results connected with the pcesent discussion are the following 

. . 

.. _ 

' 



• • 



Co.wUaJI.y 1. 9. 3 Th!'. v!'.loe.i..üu. o6 a.nv twc poin.ts o 6 a "-!-pi..d body ::anno.t 

be pa.!I.C.-U!'.l ¡¡11d d.i66eAe•l..t, u•U'-eA6. the body undVt901'A a p1L-'te !tQúl-Ü!:n 

,,. ... 'Co!toUMy 2,9,4 16 two, arnf only twQ, v!'.lou..t..i.u o6 tlvtee •:onecW.Jil'.aJI.. 

poinú ofo. !Ugid body o.Ju!. pallllll!'.l, thcn e.lthvr. il the pa.-•.a.Ue.l ~·:l.oci.t-ú>.!. 

Me id~ilic.al and bW_ng to po-U1.t.<\ l.yi_ng on a .Une pa.-w.Uel to t:Jt¡o_ lCI!.ett' 

o.x.U., oJt .UJ the.' pívr.n..Uet v"-t.oc:.itiu Me cU.ñ&vr.e'l..t 6Jtcm eo.eh o.thvr., .in 

wh.ic.h eMe .the mo.t.i.on .U. a. puJLe Mto..tio11 who.~>e o.W i..6 ¡:raJI1IUd U die 

lini comiectútg .the .two paint.l o 6 po.Mll.el v!'.loU.tú?-6. 

... .. . . .... -

Ca!tol.lnJr_y 2.9. 5 Given tJvr.u. nortenfl.ineaJt poút.U., 1<., B O.rtd C, o6 a -Ugid 

body in mo.Wm, .~>uch th4.t ~e-~ a.nd !:A and !!s Me po.iwlle.l bl!.t d.i.U.-'..Jtc.t , 

'Le. !:6 -~!:A• tllen .the body undvr.goM a pWI.~ 11.0t.a.tion and ,ij:.j <tU..\ ,M.6.6e.!l 

.tlvw.ugh e and « ¡xvr.o..U!'.l to vecto11. tra.z-, q. a.nd ~ búr.g tite po.~>i.ti:'l. 

vecto-U o6 A tUtd B, Jtu,per..t.i.ve.ly. 16 ~A-~B· tlr.CJt .the axi.ó-o! -to.t:a..t-:.m .U. 

~- .. -- . - -~----' 

The c:omputation o! ~ given the veloc:ities of thrce nonc:ollü.ear po:."lts is 

next discussed. 'I'Wo cases are c:onsidered: i) the arising differena vect.o:::; 

are-nOncollinear, and ii) thesc vectors arc.collinear. 

Jj, what follows let A, B ande be the three involved points, 

v being their correspOnding veloc:ities. Then, _, 
v",vand 
•A -¡; 

' 

• 

• ,..__________, .'...--~="~ i) ~ The- di f f erence . vectors, are ' not ~ collinoar. ~·----'-'""""·-~ ">"'"' ~:.. •. ü~ .. e ,. r,., •~ •-"-• -.... 

(2.~.14) 

Hence 

........ ,~ 
·- Ya;AxyC/A~B/Ax(~c~-~l)• --· ~ ·-· 

~(yB/A' (~-~)) ~ CyB/A -~) (~-~) (2.;.15) 

' ... 

- . -- .. 



·----~--- --·-- -----~~·- - ·----

"' • ~ .. ,. ·- . . 



~ ...... _ 
' .. -- - ··- l ' -. 

. - • 

I!Ut-

.'!'IJ./A"~,:~,.¡~~l).'!'" o .(2,9.16) 
' . ... -- -· Thus, "'can be solved for f:t:om e,., (2.9.15) liS 

---~ ·-·· .. 
which is the desired nxpression for '!!• _inrespcctivc o[ '"hether the 

~tion is general or apure rotation, 

'ii) Th~'~'diffeience vecto"rs ;Úe ccillin.:.a'r:--tn this case .the pointe'lie in-;~ .. 

• 

--··---·-.-~. 

aplane parallel te the instant screw axis •. Due to the collinearity 

of.the difference vectors, the cross product of the left-hand side of 

' eq •. (2:9.15) "vanishes, thus ¡na}(i_ng it impossible to compute \!' using 

the procedure of case· i) • Thu8;" a different·approach is -introduced.-

According to Corollary 2.9.2, the_ given point':; lie _in aplane parallel 

to tl!'e instant screw ou;is,-i.·e. te o;-. 'Hence;·the followipg holds. 

According to Theorem 2.9.3, -
(y-v·l.w•O 
-A ~e -

or, substituting eq. (2.9.19) int~ eq. (2.9.19), 

o(v -v_..l.(a-c)+ S(v -v ).(b-"c) .. O 
. • ~A ~.... ~ ~ _ ~A ~e. - ~ _, .. 

.. 
Now, several possibílitics can aríse, namely 

_(2.9.19) 

- (2.9.20) 
• • 

•. (2.9.20) holds.only.;if.B v'!n~shes. Indeed, ~A~!'c·cannot be ;S~JII;>ltaneously _ 

• 
perpendicular to both a-e <lnd b-e for these vectors are nonparallel, . ~ - - ~ 

given the <lssumed nonco11inearíty-of points . ' 
A, B <lnd C. Hence 

• ' - -·- . 
where 0 is computed from 

-' 

' 

' 

• 

. . . 



-· 



'. 

. -

'!a¡c '" lill< (b-e) 

y8-yc ~ o(n-c)x(b-c) 

DOt-multiplying the latter cquatlon times '!e• 

• (y B -yCJ • 'fe •o {~-~)X CJ;-~) • '!e 

from which 

-{2,9.21) 

(2.9.21a) 

~ . ~---. ~ 
rcndiiY follows. In the latter equation 'it might have happene~ that ~· 

the dot product vanishes. In this case, ,. ci'nn<>t t:e solved ro: due te 

the arising indetenninacy. This indeterminacy, ho,.,ever, can !oe 

' 
resolved by dot multiplying ti.J:Ies yA o:: y

8
, eq.(2.9.21a), ins~ead, 

ii,2) The relativo velocity v -v 
-A -e is perpendicular te e-~- in which case 

cq~ (2.9.20) holds only if o vanishes, rcsorting to the sarne ~rgument 

• 
asinii.l. llence 

• 

the'.constant fl beins detennined as in ii. 1. 

• 
ii,J) No inner product in (2.9.20) vanishes. Hence B can be solved !or as 

•• 

' •-
<yr.-ycl. ({1-!<l 

<:r~~. -ycr ·<e-~>. 
o ., 

. , - ~ . ' . 
Sul>stiluting thc lotter expression into cq. (2.9.18), 

(y,.. -yc>. (e-::l 

(-:A-':"c> · (Ji"-:;l 
(b-e) )a 

, ·-. . .. 

{2.9.22) 

whcre a can be comput~d as before. Indeed, o;ubstitutirq cq. (2.9.22) 

into cq. (2.9.21), 
• 

one:_obtain<> 
• 



o 



'. 

V • a((a-c)-
•B/C. • -

<y -ycl. (a-e) 
A . - - (\?-el) xt!?-sl 

(y ·•el. (b-cl 
Fl • . ~ -

llcnce 

" . -aje Cl(a-C)x(b-c) - . 
Dot-multiplying both sides of eq. {2,9.24) 

for as • 

o • 
" .. -1!/C -e 
l!!·!:;)X(~-!!l ·Yc 

.(2.9,23) 

,,. .. -
.(2,9.24) 

times v , a can be solved ·e 

(2.9.25) 

• 

- _Ag'.iiñ'f'if i~¡~-!f¿ h.;j:.pe"n's to 'vanisti ·u;e.;-aq_ (2, g: 25) shoutd· be dot-oml tiplied 

timas eit.her yA' or y
8 

instead 

The computation of the ins~nt-scr~ parameters (the instant-screw axis, the 

sliding yelocity-:iñd,_the Spii,f is carried on by SUBROUTINE INSCRU, which 

parallcls SUEROUTINE'SCREW and thus·considers all-cases that-could.arise_ 

regardirq the relationships amongst all three velocit.y vectors, These possible 

cases are sho,..n in the "tiee" dia\ii'am appearing in Fig 2.9:1. INSCRU uses 

the following a~iliary subroutineS:. 

1. SUBROUTINE COPl computes the instant-screw parameters when the motion is 

... 
pure rctation. It distipgui5hes ¡uno_n.,st the dif!erent cases with t.he aid' 

of the inte.,er variable INDEX 

2. !>UllROUTINE COP2 computes t.he inst<>nt-scrow parruneters when tha points 

• 
lie in aplane parallel'"eit.hei 

• 
to the instant-screw a~is"cr toothe • 

instant axis of rctation. TWO di!ferent cases could arise, which are 

distinsuished wit.h t.he aid o! the integer variable INDE • 

• 
3. SUBROUTINE G~~ co~putes the instant-screw par~eters whcn tho motion 

· is general <1nd t.he three given velocities are ncncoplana,;. 

The ccmputation procedure for each case is next describcd. ~11 cver, the 

• 
three given points are ~. B and e, their respectiva position vectors being 

.. 
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1 
1 
1 

. 1 
,__ ' 

1 

. 1 
1 
1 
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' vector is zero 

Vectors are 
~Onparallel 

The two differonce 
vectors are 
noncollineiiX". 
Pure rotation. 
Use COP1.INDEX•5 

' 

' 

l 

' 

,, ' 

The two difforence 
vecto.-s are 
collinear. 
PointS lie in a 

' plaM parallel 
ei ther to the 
screw-axis or to 
the axis Of 
rotation. 
Use COP2.l~~E =2 

J 

Three velo,..ity vector e 

ur 
m 

vectcrs m coplanar 

• 
one vector is zero. 
PUro _ro)~tion 

·0 

NO ve:Y ~~llel 
They are not They are 
identical. parallel. 
Pure rotation. Use COP2 
Use' COPl lNDE:•l 
INDEX•f> 

' • 

,; ¡ 
' Ve<:tors u• non~planar. 

' ' , 
' ' 

Theree "" rs are zero. 
' 

Two vectors are zero. 
Pure'rotation. use 
COP1 • INDEX-4 

"' 

"" G""' 

NO lliOtion 

1>-ll!~ree vectors •u:e parallel 

J 

They are not identioal They are identical. 
Puro rotation. Pllre tran.slation. 
Use,COP1. 
INDEX"'7 

Fig ' 2. 9. 1 Tree diagram showing all possible relatiodships · 
amongat the velocities of three noncollinear 
p0ints of a rigid body. 1 ' 

' 

• 

' 

1 
f 

' ' 
' 



• • • 

• 



;, 
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• 

' 

They are neither p4rallel. 
Use COP1. IND0•3 

Fig 2.9.1 (continues) 

• 

' " • 

• 

" 

. . 

' 
: ---------~~ 
rernaining two vectors The rcmaining two 
not identical are identical. 
~ Use COP1 .1NDEX'"2 

They are parallel, 
however. Use · 
COP1. INDEX"1 

• 
•• -

' 

'" -

vector& • 

• 

• 

J 
f. 

1 



• ' 



!!• 1_? and O::· Their veiocitics are v , v and v 
, .-A •B ·C 

INOEX • 1. One vector is zero and the rema.ining two yectors are not.identi 

cal; tbey are parallel, bowever,~ The rnotion is pure rotation 

accordi_n~ to Corollary 2.9.1 and the axis of rotation is.located 

. following Corollary 2,9.5 

lNOEX • 2. -.One vector is zero and tho remaining two yeclors are identical. 

The motion is pure rotation _again and the axis of rotation 

passcs thro_ugh the point of zero velocity in the direction of 

•· - ~'i,...the line joining the other .two ,points ,, accordi_ng to corollary_ ... -":t.-.~-

2.9.5 

JNDEX ,.· 3. One vector is zero and the remaining two vectors are not parallel. 

The rnot_ion is pure rotation as beÚ»:e, atlending Corollary 2.9.1, 

and the axis of rotation passes thro_ugh t.he point of zero 

velocity in the direction of tho normal to the plane defined by 

the-other two-velocities. . ' .... 
INDEX "' 4, TWo vectors are·zero. The motion is pure rotation and the axis 

of rotation i,. defined by the t~o poi.nts of zero vclocity. 

HIDEX'•'5. ·No vector is-zero and all three vectors are "'?nparallel arnon-.st 

thcm but coplanar. FUrtherrnorc, the two arising difference 

vectors are noncollincar. ~ccording to Theorem 2.9.5 and 

=----• ','Ulr'"'- ·---'-- -- --· Coroll ary "2; 9, 2:.then ,"ti the -motion- is · pure • rota tion¡ and _-_the • ---~- -----
instant-screw paramete'rs can be computed using the_ general 

procedure, 

- ---rmEX ,. 6, The vectora aie 'copl-anl!'r~and no vector is ;::ero but two--c:tors 

are parallcl and diffcront. According to Corollary 2.9.4 the 

motion is pure rotation and thc a~is of rotation is perpendicular 

-.. 
to the plane o! tlie veloCity vectors. This axis is located 



• 

. - .. 

·- .. 

·-· ---· • --·--· ·- • ·~ 



- - -. 

··-' 

using the_ . general ¡>rocedure • 

No vector is ~ero and all thrce vectors are parallel to each 

~ ,__,= _-_, •• other. Furthcrnore,.not.all.three vectors ared.dentical to each~ 

-. 

i 

---·-

othcr. Thcre ~Y be, nevcrtheless, a couple of identical vcctors. 

The motion is one'of pure rotation and the instant axis of 

- - rotation is 'determined•by •the intersection of·the plane- of th« 

<¡iven points with a second plane defined next. Let A.', a• an<! 

e• be points whose position.vectors are 

a' ~ atv •;· b' • btv , e' • <;;+'{ 
- -A • - -a - e 

L •·• • 

The second plane is that defined by the noncollinear points A.', 

B' and e• 

Proof -· 
According to eorollary 2.9.3 the existence of at least two 

parallel and distinct velocitics guarantees that tho motion is 

pure rotation. Thus, there exists a point o in the body whose 

velooity is zcro. Placi_ng tho origin of coordinates ato, then, 

v,- wxa,.v "wxb, ve~""'" 
- - - ·B· - • - - -

From the parallelism condition, one has 

Hence -- ! 

which implies that vectors ~-6~ and ~-~! are parallel to the 

.- .. -<axis ·of rctiltion. ln other "''ords, .the planes defined by points 

'· a, o and A.,e,o contain the axis of rotation. Sinco 

AO cannot be the axis of rotation; hence, points A,B, e and O 

-- -·-~---·~-are coplanar and· their'¡llane ·contains the-.,xis of rotation:-- ---



' • ' • ' ' 



1 
'..{.. 

• 

oV'-'""•T~oo"" ··~ 

on tha other ha.nd, reca.lling the dcfinition o[ points 

a.nd e•, whose position vectors are 

a' ,;, atv ; b' • btv 
- - ·A - - -s e' ,.-·c+v 

- - -e -· 
The velccities of these points are then 

"' =OJX (a+v l - YA ·~ •A • - -A . •A 

-#..·~··· "• ~. -.,x(b+v") -' ·-'• • • ·B ·• . ·• 
"' ~~~><<:+~el -,, +~e _, 
i.e. these velocities are parallel and related by--

v' ~ Bv' -a· -A 

Hence 

""'{b. . 

V' v-yv' -e ·A 

¡>a' ) -O, w>:(c' . . . ya ' ) • o 

. ' 
" ' 

,. 

which, "" a.r~ents similar Oo ""'"" resort;od to previc'-lsly, 

i.mpl y "'"' pointJ< A • • b' ' 
,. 

""" o ., . coplanar, theó.r plan e 

t.hree vectors " ., are identical te ea eh othe"", planes 

ABe andA' B' e• are not paralleL Their inter"section, clcarl,·, 

is the axis of rotation, q.e.d.··· 

So far all cases leading necessarily to a pure rotation motion hav~ been 

discussed. tlext the case in "'hich the. given velocity vectors are c~planar 

Cil58 the ilrising, difference vectors are pa.rallcl and hence the gi·.-en poir::s 

lie in a plane parallel either te the instant axis cf rotation or ~o the. 

o-.•-:- •• ~-· ·- ··- · 'inst.ant screw "axis·,'•depending u pon whether the motion.is a pure ro~tion 

or general. This case is handled by Subroutine COP2, ""hich identi:ies 

each possible differcnt subcase with the aid cf the integer variab~e Ih"DE. 

•• 

• 



- ..... 

- • .. 



-- //V -

lNDE • 1. No vector is zero ~nd two yectors are identical. The motion is 

either general or a ?"re rotation, but the screw axis _or, 

co¡::rcs¡><>ndingly, tbe axis of rotation, is parallcl to the line 

defined by the points with identical velocities. 

Proor -
Let B ande be the two points with identical vclocittes. These 

can be"cxpressed as 

- "' v + ""'(c-a) 
-A - • • 

_ Sub~racti_ng the li>tter fr0<11 the fonoer ••quation, 

v -v "'wx(b-c) ~O 
·B -A - - - -

which implies ~t line BC is parallcl to w, ·i.e. to eilher the 

instant axis of rotation or to the inst.ant &crew axis. 

INOE • 2. No vector is zero and no two vectors aro parallel, but they are 

the_ given points lie in a plane parallel either to the instant 

' screw axis or to the instant axis_ of ~otation, acccrding to 

>o>~n• -.. ........ ~· .. • ·--• Theorem.-2.9.5 andoCorollacy 2.9.2 • The a_ngular veloci ty is .. -· 
íoun~ by application of eqs. (2.9,18) -(2.9.25) 

'J'hils, one has the following 

~"·~~·~~·-~· ,;,. THEORW • ~ ,H ."1> ,,.,y¡.,(?., inót.cu«: -moüon •O -~ . ~g~ bod.y i.J, • d~ed,., -i. e.~ ..:.U_,.. H.,;~"'· 

.(Mla.n.t:·<~Citew paJtame.-teJL6 can be_ compu.t!'.d, .(~, artd onl!J .C6, tite vd'.()cl..t.(u 

o~ th;tee_ otoncotünw.-''- pc,(n.U o6 the body Me .lmoWll 

,, SUbroutínes .lNSCRU,~ COPl-,• COP2, ""d~GEMO •implcm~nt lhe · foreqoi_nq computations. -.111 ~ 

They use UJCATl, LOCAT2, SPIN, CYC.LIC, EXCHGE, CROSS and SCAL as !:iubsidiary 

subroutines. Listinqs of INSCRU, COPl, COP2, GEMO, LOCAT1 1 LOCAT2 and 

·-r.···· SPIWappe=r in'F.ig"2.9.2-2.9:S. •. -•.. -.-,..~r· • 



• 

.. -•n- •··---·- -~ - 'tl!l -····~----· - . -· . -~ --· ···-~ ·-

• 

• 
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2, JO . T!IP.O)l..EMS REIJITEO TO '!'HE VEU>CITY DISTR!BUTlON IN A MOYING RlGID llODY. 

Some r_esults concerning the velocity field in a r:igid body in !llOtion are 

~w obtained, the main result of.this section being the Aronhold-~enncdy 

Theorem. First a very useíul result is preved, 

c.omptmen.U a.iong .the li.tH'. c.onnec.Ung .them. 

Proof: 

Let ll and !;> be the position vectors Of two points, A and B, of_ a rigid bc>Cy 

in motion. Thus, for any configuration, 

{b-a). {b-al=const -(2.10.1) 

from the rigidity condition. Differentiating both sides of eq. {2.10. 1), 

or, altcrnatively, 

(2.10.2) 

This thnorem is used to check the compatibility of the given velocities of 

a rigid body in subroutine INSCRU of Sect. 2.9. 

Exercise 2.10.1 The tria_ngular plate of Fig 2.10.1 is constrained to lllove 

in suCh a way that vertex C remains on the Z-axis, while vertex A remains 

on the x-axis "nd sida IIB >;<omo.in:> on the X-Y plane. v..,rt_ex C has a velocity 

v ~-se m/sec. -e -z 

il Determine the velocity of vertices A and a 

iil oetcnnine the angular velocity of the plate 

iii) Locate the instant sérew axis of the ~tion o! the plate, and compute 

thc pitch of its screw • 

• • 





/ /¡}-. 

' 

' -----
' 

Pig 2.10.1· T~iangula~ plate in constraincd motion . . . 

~-- · THEOREM 2. 10.2 IM.onhotd-Kennedy). G.ú1M .t!vtee !Ug.<.d bocf..ieh .U1 mo.tion, .tl:~ . 

.\MuU..<jtg .tlvt.ee. V~.tant hC!tW lt>:eh have one c.amwn 110!uM.l. .in.tc.uec<ing a.U. 

.tM.ee. a>:e.L 

Proof' 

Reíe~ring to Fig 2.10.2 let s
8 

and Se be the instant sc~ew axcs oí ~dies 

B and e, respectively, with respect to body A: let v and v -s -e be the relath·~ 

•· sliding velociües of the instant screws S
8 

and Se' with ~espect to.A. 

Finally, let Q and n be the ~elative·angular velocities of bodies B and 
.s -e 

e, ~espcctively, with ~espcct to body A and :. the cormnon normal to 

·s¡;. joining both axes. It will be·shown that the tñird instant sere~· axis, 

SB/C' passes through the ca:moon no=al n•e•. 

Let P be any point·af the thrce-d:ii:Icnsional ruclide<>n sp¡>ce, ~·ith rosition 

Vector r. Points ' . • ' ' 
<>nd Pe <>f'bodies A, B ande, coincide•at p.• L<:t 

• 





. ----· 

-. 

v , v and v be the vclocities of each of .these points. Furthermore, 
-PB ·PB -PC 

let v be the relative velocities of P
8 

with respect toPe and let B' and 

e• be 

Thus, 

the points- in >Ohich .the common nonoal intersects 

.. 
' 

Fi<J 2.10.2 Instant screws of two bodies 
with" respect to a third one. 

Y"'Y1, 8-Ypc~ 

~(v +!l rl_:(v +0 (r-cl)• • -a -a- -e -e - - . 
=v +!! rHI e 

·B/C •B/C· -C-

• 

'e· 
'e 

' 

"{2.10.3)* 

!I.S 

It is next shown that, if p is a point of the relative instant SCrew axis 

SB/C' then it lies on the line defined by points P' and e•. This is done 

• • •B/C ,, .... is to be interpretad as 
to e•. • 

the rclative velocity of B' with rcspect 





. -

.. 

- . 

via thc minímization of the quadratic form · 

' . tcrl~y (2. 10.4) 

t ~) has an~extrrunwn at a point !o where its·gradient vanishes . 

The said gradient is, applying the "chain rule" again, 

(2.JO.Sal 

Thus, at point ~O' . • 

(2.n.Sb) 

from which fo cannot he solved for, since O is singular, of .-.. ,~~ 
•B/C 

two. One possihle way to find r' is _, imposing on it the minim=-nor.r:. condi-

tion, as done proviously in similar instances. 1\.nother possible "'ay is to 

w:r:ite·eq. (2.10.5) in Gibbs' notation as 

. '!' B¡c"' ~a;cx!o 1 ~a¡c"' (~a;c"1Ecx:J~? 

Expandi_ng the first term and imposing the condition that .., .r b~ >:elOO, 
·B/C ·O 

ene obtains 

from wbich, 

{2.1J.6) 

which.is parallel to vector c. Sine e is parallel te vector e, t.=:. e 

COJ:liiiOn normal to axes s
8 

and Se' then s
8

/C passes thrOUg"h line s•c•. q.e.d. 

-

·-¡EXerci se ; 2 ~-¡o; 3 ~ that•r · ·as 'iven 
~· 

by;eq.,l:(2;10.6) , .. is-Farallel•to c. ~:r." - -
Onc application of the Aronhold-Kenn.,dy Thcorem arises in the pitch surface 

synthesis o~ the coupling of two bodi"s whose relativc O>Otion is tl".~ 

compoSitiOn of-&liding and rotatio_n, as is "the case in hypoid qcars. This 

is shown in the following cxamplc. 

_Example 2.10.1 Lct r.
1 

and r.
2 

be the non-intersect.ing"non-parallcl """"s of 

two shaítS rcqÚinid to be couPlcd. ·Thcsc axes are shown in Fig 2.10.3. "" 
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• 

' 

• 

' 

Tig 2.10.3 Jl.n .lpplication of tha Jl.ronhold-Kennedy Theorem 

In order to have tbe most efficient coupling, it is required that this takes 

··.·-·"" place al~ng point;; of minimum-~»gnitude relative velocity, i,e.,on the - .. ~ 
instant screw axis of shaft 2 with respect to shaft 1. 

From the A-K Theorem, that set of points constitutes line ~· normal to the 

Y-axis, a distance a. from L
1

. !!~nce, line L
3 

is determined by distance a_ 

• 
and angle "· Point Q, the intersection Of line r.

3 
and the Y-alás is found 

from the minimality condition on the relative velocity magnitude. Let ~Ql 
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• • 

and ~Q2 be the velocities of points 91 and Q2, with rcspect to the fixcd 

axcs X, Y,, z. 

Thus, 

v .. aw e 
•Ql 1·2' 

v •(d-a)w e 
·Q2 2-X 

Assuming a required reduction m, 

"'2-"""1 

eq. (2.\0,7b) can·be rewritten as 

v •(d-a)mw..e · 
•Q2 ¡-X 

(2.10.7a) 

(2.;o,7bl 

i. e.' 

(2.;0.8) 

(2.10.7c) 

Next thc quadratic fonn ~(a), obtained squaring the relative velocOty 

magnitudc, is minimized. 

~(<1) has an extrcmum when $' (<1) becomes zet;o, i.e . 

"'hich the 

·'' 
minimizinq value of a is obtained as 

•• ' Hrn 

nnqle a is now obtained frorn the rclationship 

.1<:>2/l''!xl '·· . ' ~'" 
11~2/1 11 

"'"" 
cos" ' 

/¡+,,.2 

(2. ;o.10l 

(2.l0,11) 

' 

.(2.\0.12) 

Suxr<rklrizing, the pitch surface (on 1) is a n~led surface ..,hose cl=~nts 

• a·distance a·torm the X <lxis,•maki.ng, an this_axis,• 

l/6 

' 



• 
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Hence, 

Also, 

_, 
.OT ,. " . ' 

_, _, __ , 
0T ~ OT' + T'T 

OT' - b- .-cose_ 

T'"r - b + r + rsine 

-2 2 . . 2 
OT • 2r (1ts~n&)t2br(l+s~ne-cos8)t2b 

- /2b 

(2,10,13) 

(2.10.14) 

{2,10.15a) 

(2.10.15b) 

(2.10.16) 

(2.10.17a) 

(2.10.17b) 

Substitution of eqs. (2.10.16) and.(2.10.17 a and b) into cq. (2.10.13) 

yiclds • .... ' ~-

r(ltsin&)tb(sine-cose)•O 

from'which; 

. .. . ~ . '" (2.10.18) 

One more conscquencc of the A-K Theo:rem is 'summari:<ed in the follo~·!..~g 

CCJlotlJv¡_y 2.10.3 ~Tk~ee cente..'l- Thec!tem]. 1n ptane. mo~on tlLe .thee. .U. .. u:an.<: 

axM lcen.telli"út':t:fu:h con.tv:t) o6 .th!i.e.e !Ug,id'bodi.u•.tn mo.UO!l Ue Cll a 

Une (uo) 

2.11 ACCELERATION DlSTillatiTION IN A IUGID BOOY OOVING I'.BOUT A FIX<::.' POI:IT 

-
rt was shown in S"'ction 2. 7 thilt the velocity of a point of a rigid body 

tx>vi_ng about a fixed p0int is givcn by 

.v(t)~rl(t)y(t) . -- - - .. (2.11.1) 

//'1 

. - .. 

• 

• 

. . 
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' 

• 



~- --·- . ....__ .-

. ··- .• 

• 

where Q(t) is thc rigid body ~~9ular velocity and y ( t) ~s the 
• 

cuiCrent position vector oí the point under consideration, 

Th.i- icceláati6n -.. (t)" ·ot 'tbe ·said point·'i.ll· now obtained diffenmtiating 'botb ~ 

sideS of eq. (2. 11 . 1) wi th rc!lpe<;'l to time; thus 

a (tJ-ñ lt)y (t) tnttlY (t) - - - - --·aut Y<tl is v(t), -the abOve ,;qui.tion takinij'_on tho roim 
.. .. 

~ (t) ~ (~ (tl +~2 (t) h: {t) .(2.11.2) 

The matrix in brackets appearing in eq. (2.11.2) is .-eferrad to, by analogy 

with eq. (2.11. 1), as•"thé angular accelerátion matrixn:• The acceleration 

of the point under study is formed by two components, as appearing in eq. 

(2.11.2) 1 nan~ely, the ~tanqential acceleration", ~(t)y (~_J, and the "noml 

.,cceleration", f_}2 (t)y(~l~ the former bei_ng U~:ngentill.l and the latter being 

normal to the velocity. 

~ercise 2.11.1 ShO'<' that ~Ct):._:(.t) are, respective! y, 

and normal to the 
-·--· yelocity. 

There is ene implicit fact in the above result, n~ely, in the square matrix 

veétor ~pace; one-~calar-produ?t (See Section-1.7) can-be defined as ' Tr(AB ) , 

• 
~ and ~ being roatrices cf the s=e space. 

In this ccntext, matrices glt) and g2 (t) are orthogcnal, i.e., its scalsr 

product venishes. 

IExercise 2.1 i .2 
• 

Show that . ' Td99 )mQ 

Resul t (2. 1 1. 2) can be expressed, in Gibbs' notation as 

~·(t)-~ (tlx>; {t) +~ ( tlx ('!;'(t)x>; (t)) 

lhereby making lhe result of Exercise 2.11.1 apparent 

(2.11.3) 

-

¡ . 
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2.12 ~CCELERATlON DlSTRIBUTJON IN A RIGID BODY UNDER GENERAL MOTIQN. 

Consider now the ffl?St general casa of ri9id body motion, - . . - in which nene of 

"ihe points of t.he body_ remains fixo!d. 

J'rom eq. (2.9,2), the velocity of a point-whose position vector is y(tl-

. -·~··· ----·· _, __ _ 
':ce>~~ te> "'1! ce> (y te) -rp te>) (2.12.1) 

where :P(t) and ~p(t) are the position vector and the velocity, both known, 

~(t), of the body under consideration is next obt..ined differcntiating both 

sides of cq, (2.12.1) with respect to time, i.e. 
- --··· 

~~-n,zJ ·-- -· - -· .-
and, from eq. (2.12.1), 

.(2.12.3) 

which, when sUbstituted in eq .. (2.12.2), leads te.....,. 

(2.12.4) 

which;"" cxcept for the term a (t),~is·identical _, . to eq. 

~(t)-;Pttl instead of y(t) Of that equation. 

'rtlé .-clalive acceleratio.n, ~(t)-~P(t), of •the_ general point with respect 

---. ~·-~ ~-,.t.o.P.is clearly qiven,as~;,_., __ ------· ·--- .... •• 
--~-· .. -·-·------ ' -' 

~ (t)-~p (tl- (!_! (t)+!_l
2 

(tl) (~ (t) -:~ (t)) -{2.12.5) 

which again, is seen to be COI:Iposed Of both a ta.ngential and a no=al 

......... componen t . . ..... . . 
Parallclli_n9 previous seetions, the set of points of rnini~:>=-=gnitude 

acceleration is_now dete~incd. Th~s, tho function ~ dcfined as 

. . .. 



1 i • ' 1 • ' 1 ! 1 ' ' ' i • ¡ 

' ' 

1 1 



' 

' - .. 

is now minimized oyer y, ApJ?lying the "chain rule" to.it, 

q,• (y) - 2( ")'· • ay -. 

,wheiCe, from eq. (2."12.4), 

a!' . 2 
~·o ay •• 

-

(2.12.7) 

.(2,12.8) 

Le. the lftinirnWII•rna.gnitude acceleration is in the null space of 

(2.l2.9) 

. ' !lHl . 

acceleration Ilcs in that space. Since both Q and !l are skew symmetric, 

vectors ~ and ~ lying in their null space, can be defined in such a way 

that, for any vector r, 

Hence it becornes clear that for !l and ~ to have the same null space, ~ and 

1 -----··· 
• • 

and · 9'have ·the s=e null space -'-· 

1 
lProve it) and hence, for !l and n

2 
to have the same null space, ~ and w 

shculd be parauel7"A . ' simple'C.,se:for which·n·and· (l have·the·same null-

, _______ iP.,ce is that for which"ilie·rotation ao<is, ~·has" constant direction. 

ln fact, if this is so, then. 

(2.12.11) 

-1.bt> •·-f¡;~·all Úme t. ·oiff.;renl!iatih<j the'latlcr'expresion withaespeo;:t to time 

yi.,lds 

• - . Eut, 
• direction is constant, sincc the 

and hencc, the lattcr equation leads to 
•• 
(2.12.12) --

• 

-

• 



. -- -- -

• • 
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thm:eby showing- that, undc~: the conditions stated, if e is in thc .n:~ll 

space of ~~ then it is also in the null space of ·o. Hcnce, whcn ~e 

in&tant screw axis has a contant direction; the minimum-ro_aqnitude a=celer!!_ 

tion is parallel to that direction. If thc involved matdccs do not have 

a com:non {non~=ptyl null space, then the only possibility oí eq. (2.12.9) 

to hold is if a~o. The latter condition is equivalent to 

. . ' a +(!1+0 l (y -y l•O 
-P - - -0 -P -

(2.12.13) 

which.has a unique solution if ~ and Q2 do not have a oommon null s~ace, 

for then, the sum oí th~m becames oí full rank, i.e. in lhat case rank 

. ' rank{~+9 J-3, and hence this sum is nonsi9ular. rn this case, then, one 

si_ngle point of the body, located by the position vector ~O' has a ~ero 

~- -- acceleration. This point.is.called an a.cce.l'.elw..U.ott po~e_ a.nd its 

vector is givcn as 

(2.12.14) 

·~ . Exa,.ple 2. 12. 1., f';r' .. a-- rigid.circ;ular> cOne rolling_ wi thout .slipping en a 
~ - -- --~--··---

plene, its accelcration pole is its apex (preve it) 

Exarcise 2.12.2 Th<> system shown in Fig- 2.12.1 is an inversion of -::.he 

------
rotate freely about thc axis EE', this axis bcing- normal to the plao.e of 

motion of OA. A rigid whcel is coupled to 011 at A in such a way tha'C the ,;,r.tel 

to both CA and EE'. rf OA rotates a'C a constant rate p and the wheel rota tu 

about FF' at a constant rate q, show that the point of thc disk on C'.,., a 

• 
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F_ig 2.!2. 1 Inve~sion of the worm-. gear mechanism 

An ~tensiye account of this topic is prescnted in (2.11} 

• 

/~ 1 

~-

" ._-
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2.13, hCCELERATION OF A MOVING POINT REFCRRED TOA MOVING ODSERVER. 

CORlOLIS' THEOREM. 

In Scction 2,19 it was sho~n that the v<!locity (~) • 
- . . F 

of a ~:oovi_ng point, 

_•¡::efcr.-ed toa fi><ed observcr,·given in tenns ot its posi~ion vector, (§)M, 

:referred to a moying observer is_ given by 

{2.13.1) 
"·-~~ , ...• 

whe.-e Q· and ¡¡ are. the -rotation .and .tho.angular .velocity matrices, .. respec- -• 
·-

tively, o! the movi.ng axas with respect to the fhed ones. 

-obtained diffÚentiating eq. (2. 13. l) with respect to ti~:~e, namely 

.(2.13.2) 

where 

¡,J,"[;J, .(2.13.3) 

M 

[~),"[?), [!). (2.13.4). 

Hcnce 

[i],·[o), [~k[o),[~) _, (2.13.5) 

Substitution oí eqs. (2.13.4) and (2.13.5) into eq. (2.13.2) yields 

(2.13.6) 

• • 

'"' 

- -

• hll vectors a_nd ""'trices appearing in this section ,.re functions of tiro..,, 

' 1 

.. '. " . 

. .. 

.· 

' ·-~.,~~ __ _,__,.,., ·but • for • !Jimpliei ty the • ".rgumcnt- ( t) ··has ·bcen dropped •• ..--- - ...,... : ,_,~-~-~-··-·-·u: 



' 
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' 

(2,13.7! 

which is an expression for the acceleration of a point in lerms of 

measuremcnts of its po~ition, velocity and acceleration, taken by a moying 

observer. The fii:st two tenns oí eq. (2,13,7) are identical to the right 

hand side oí eq, .(2,12.4) with ;t-l::p Substitutcd for ~~ hence, the two sa~d 

tenns constitute tite accaleration of a point fixed in the·movi_ng observer, 

coincident with the moving point under study, ata particular time, The 

third tenn stands for the acceleration of the movlng point, as measured _by 

the movi_ng ohserver, and the fount.h tenn is an acceleration tenn arising 

frOII'I the .-otation of t.he movlng observer, as is apparent fro::1 eq.(2.13,7); 

,.,. ... '. ,, 

thilhte:r;111 is known as "CoriOlis'-accel.,ration'•. Equati'?n (2. 1 J. 7)~ const.i tute~, 

tllen, the Theorcm o[ Coriolis·. (2.11) 

Exercise 2.13.1 Tbe mechanism shown in rig 2.13.1 is a component of a 

•-' quick-return me<:hanism use<Lin a crank shaper. Asswning~that disk 2 rotates 

ata const:ant anqular velocity ..,
2
•1800 rpm, determinc,graphically the angul= 

acceleration of link 3, for the_ given configuration. 

liint: TwO points, .-62 and B3, coincide at B. Find.the.acceleration of B3 via 

eq. (2.13.7), re[erred toan observer fixed in 2. 

' 

\ 
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2.13.1 Drivino¡~ system of 11 guick-return mech•mism 

F..xercise 2.13.2 Th~ rectangular plat" sloown in F,ig 2.13,2 is displaced 

. .: ~ -.. 

'- - ·~~· •· -~ ~· •fr-<>m «><>nf;i-<Jura tlon ,-1- t.o -oonfigura tion 2 . _ n~tcrlllinc th_.,_:locus of . the points ,,._. • 

of t.he plate that undergo a displacernent of oüni.J:mm m_agnitude from 1 to 2. 

What is the value of this displaccment? 

\ 
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-
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Cl (in the Y-ll plane) 

' • • 
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b 

y 

X ' 
c

2 
{in the x-z plane) 

Fig. 2.13.2 Rigid plate unde~going a general displacement. 
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3, GEtll::RAl.lTI!:S ON LOWER- PIIIR MECl!ANISMS. 

3.1 INTRODUCTION 

'rhe_terrn rncch11nism h~s multiple meani,ngs, depending en the context in which 

it is found, In the present contaxt, a mechanism is e connection ot elemcnts 

intended to produce a certain action, generally related to the transmission 

of either power or information, For instance, power transmission is the maill 

objective of a mechanism such as the universal joint or tha differential 

gear train of a vehicle whereas information transmission is the main good 

of a Watt regulator mechanism. In any case, the basic idea is that of motion 

transfonnation. 

The interese for the study of mechani~ arose originally in mechanical 

engineering. The underlying theory, howcver, has been found to embrac<> othPr 

arcas such as biomechanics, and so, it finds wide applications in the study 

of sorne living entities like the locOI'<IOtion systems of h\IWinS and animals. 

The wide variety of mechanisms as defined previously, can be divided into 

two classes, namely, lower-pair and upper-pair mechanisms. These te~ are 

discussed in the present chapter, togcther with other related terms such as 

degree of freedom, kinematic pair and kinematic chain. 

3.2 KENEMATIC PAIRS. 

A kincmatic ~iris the coupling of two ~echanical elementa. If these two 

olements are rigid bodies, the pair can be either one of two kinds: i) lcwcr 

pair or ii) uppcr pair. A lower pair exists when one elcment is coupled to 

tho other via n wrapping action an~ contact takes plece along a surface. If 

contact takes place along a line or a point, the resulting coupling is 

referred to as upper-pair. When a set of eleMents is connected in such a 

way that each clement is couplcd to at least two elemcnts, a kinematic chain 
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a) Revoluta b) Pri!l113.tic 

e) Scrcw d) Cylin:l.ric 
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e) Sphcric f) Planar .. 

Fig. 3.4.2 KL"'l01Utic m::Cels of lower pairs 
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The prisma tic pair only allows translation alonq one direction, al so imposing 

fiye constrnints: preycntion of translation along two directions and of 

rotation about three axes. 

The scrcw pair allows translation along one direction and rotation about 

the same direction, both being related, Thus, fiva constraints are also 

imposed by this pair, namely, prevention of translation along three (or, 

alternativoly, two) direotions and of rotation about two (or, alternatively, 

three) axes. 

The cylindrical pair allows two independent motioas, ~ely, translation 

about one axis and rotation about the same .u.is;- 'lhis pair imposes clearly, 

four contraints. 

The spherical pair allows rotation abcut th.-ee UOZ>-coplanar axes, thus 

imposi_ng three constraint.!l: prevention of translatkon alo_ng three oon-coplanar 

directions. 

The planar pair allows translation along two indepmdent directions and 

rotation about ene axis perpendicular to the plans of those directions. 

Thus, this pair imposes three constraints. 

A dyad supplicd with a revolute pair at each of tl<ll ends is referred to as 

an R-R dyad. similarly are R-P, R-S, e-s, etc. dy¡dll defined. 

3. 5 DEGIU:E: 01' I'REEIXl.'l OF A LOWE:R-PAIR M....""CHANISM. 'r!E KU'I'ZBACH-GRU!!LER 

FORMULA. 

With tho forcgoing backgroud it la possible """' toobtain an expression for 

the degrco of freedom of a mochAni~m composed of tniy lower pairs, also 

called a "linkage". Let a linUge be composed of :n z::igid links, 

Since only t.hc relative rootion of the links, with l:liiSpect to a given ene, 

is of intorcst, ene link will be erbitrarily ass\lllll:llld te be fixed (to the 

observar umlur considcration) • f!enco, the degrce uft' frecdom of tho sct of 



'.6 

links ¡oreviously to any couplin9 is 6(n-1) •. Now, 1f the links are cc•Jpled 

via p
5 

pair$ of any of the threc types, revolute, priSJQatic or screo-, p
4 

cylindrical pairs and p
3 

paira of any of the last tw types, then tt.e nu¡::be: 

Ot constraints imposed is 

Uence, the degree of freedorn of the lÜll<_age is_ given by , 
f•6(n-1)-tip. (3.5.1) 

' > 

which is the so c111led "Kutzbach-GrUbler formo.lla~. The topopoS"J (i.E. the 

desci:iption of the different couplings, r_egardle5S of the dilo"-nsions involv<e:O) 

of a linkage is usually referred to as a listing of the different paors 

involved. To ilustrate this description, different types of mechani~s, 

RRRR, RCSR, RSSR, are shown in Fig 3.5.1. 

Applying the Kut~ch-Grlibler formula to the mechanisms of Fig J,S.1, it is 

readily obtained that, whereas the degree of frecdom cf the RCSR tyf~ is 

ene, that of the RRRR type is -~ and that of the IISSR type is ~2. Ho•~ver, 

if the four rovolute axes of the RRRR linkage are ~de parallel, the~ a 

planar four-bar link.age is ebtained, which is a well kne'o:n mechanism «ith 

degree of fre~em + 1. Alternatively, if these f<>IU: axes are rr.ade to i.nterse:>: 

in ene single point, a spherical linkage is obtained, ene part1cular :ase 

of which is the familiar universal jeint, also k~n to have a degre< of 

freedom + 1. The reason why the K-C fennula dees DCt apply in these 

instances is that, in thc first case (all revelute axes being Farallcl), 

all the points of the linkagc move in one plane, ..e...reas in the secor.,J case, 

they move on a sphere. In any ef the previous ins~ces, however, a r1gid 

body before coupling has a triple degree of freedaa, i.e. two translations 

and ene rotation¡ hence GrUbler'~ formula for pl~ mechan~sms (3.2) ~heuld 
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Fig 3.5.1 5crne typcs of linl<ages 
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be a~plied. One more inte(eStinq case o~ l~nkaqe Whose deg(ee Of freedom 

cannot.be Obtained from the K-9 formula is the aennett mechanism. This is 

a· one-degree of freedom RRRR linkaqe that is neither plane nor spherical, 

but its links have particular p¡;oportions and its revolute a><os have l'"rtic 

ular orientations (3.3}, as is discussed with more detail in section 5.3. 

Regarding the RSSR linkage, it ia awarent fr01n f'ig J.S.l (e) that, if the 

rotation of the crank 2 is speoified, the rotation of the follower 4 is 

uniquely defined, thus contradicting tho result obtained by application of 

the Kutzbach-GrUbler formula, which claims that (due to the double degrce 

of freedom of the mechanism) two variables of the linkage motion should be 

specified in order to render the motions of the other links detormined. 

This rosult arises from the fact that en indoterminacy exists"in the motion 

of the coupler link ) which, because of being couplod te the other links via 

two sphorical pairs, shows the peculiarity chat its motion is undetermined 

because it is e line rather than a body, i.e. no threc noncollinear points 

can be dofined en this link. This indeterDinary arisos from Theorem 2.6.5, 

after which the motion of three noncollinear points determine the motion 

of a rigid body. More on tho motion of bodies definod by only two points 

can be found in (3.4) 

3.6 LINKAGE PROBLEMS MEANT T0 BE SOLVED BY APPLIED KINF.MATICS. 

Broedly speaking, thero are two kinds of problems in ApPlied Kinematics 

regarding lower-pair mechanisms or linkages, namely, 

i) Analysis 

""" . 
iil Synthesis 

The analysis problc~ is conccrned with ohtaining the different variables 



'·' 

o~ interest involved in 

latter te~ is that not 

the .aJ?tiQn O( 11 given llnkage, Wha,t is Jllear.t. by the · 

' only the·to~logy of the ~echa,nism· (~hether it ~s 

R.R.RR _or RSCR, etc,) is giyen, but also its geometry, i.e. its relev~nt 

'dimensiona. The problem is said to be solved when all the variables of 

interest (output} of the linhge motion 11re ohtained in ten:IS o! ot:·.er 

arhitn.rily assigned variables (input), If the Hnkage has a degre& of 

fre~dom one, then the input of the linkage contains one single var,•ble, 

sufficient to render the other variables deterwined, If the linkago has a 

double degree of freedolll, then the inpUt contains two variables, ar.~ so on. 

The variables Of interest can be obtained via difforent means, nam~~y, il ~ 

system of algebraic• equations expressing explicitly the output in ~enos o' 

tha input (This is very seldom obtained), ii) a discreta set of di~~tal 

values of the variables involvedu (most oommonly beipg the case), ~ii) an 

analog readout (oscillogram), i.e. the cathode ray tuba grap..'l. obta~:ed in 

the oscilloscope of an analog computar, or iv) the actual plot obta~ned by 

mechanically recording the output of an existing linkage. In the f~:•t 

three cases the output does not exactly correspond to tha mechanisr. itsel;. 

but to its mathematical model¡ the output is thus obtained via sim~lation. 

In the fooxthcase, the output can correspond to the actual mechanir::> if it 

ie accessible for measurements, or if·it is not accessible, then te its 

physical model. An example of the latter arises in the case of tr;-~ng to 

measure joint motions in a living being, as is recordad in (3.~) ~.;¡ere an 

experiment was made to measure rotations of the human subtalar and ~nkle-

• 
joint complex throgh thc rotations of it~ physical modal, an RRRR •;herica: 

linkage. 

• Algebraic equations as opposed to differ~ntial or integral equat~ons 
since no inertia is involved in a purely kin~matic analysis. 

"* 'I'his sot could be ol>tain~d in tabul"r for1n or, if a mechanical rlotter 
is used, in graphical form. 
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The synthesis problem is ~Oncerned with obtaininq the relevant dimensione 

' of a linkaqe of a given tOpQloqy to pef!OD:I a, !liven operation. In this re-

spcct, the synthesis problem can aleo be thought of as one ot aystem 

identÜic.ition (3.6) ,- sinco it is intended to obtain the parameters dcfining 

it starting with an input-output relationsbip. The eynthesis problem ~an in 

• 
turn be subdivided into two wide cat_egories, narnely, i) exact synthesis and 

U)· apprcximate synthesis; In the f irst case tho obtained system of 

equations is meant te be solved exactly, whereas ' . in the second one it is 

intended to obtain a "solution" 

In either case, three basic 

i) Punction generation 

ii) Rigid-body guidance 

iii) Path generation 

' ' synthesis 

system with a minimum error. 

problerns can be defined, narnely, 

The function-generation synthesis problem is ene of finding a linkage (of 

a given topology) such that its input- and outp..It- links have given 

coordinate motions. The.rigid body guidance synthesis problem is concerned 

with finding a linkage (of a. given topology)" such that ene of its links 

follows a prucribed set of conf_igurations. Finally, in the path-generation 

p~oblem, a mechanism of a given topology is sought, with the property that 

ene of its links contains one point passing tbrough a prescribed set of 

positions. 

In any case, the term finite is associated to the eynthesis problem if the 

data are finitely separated. Otherwisa, the synthesis problem is said to 

be of an infintesimal ~haracter, as WOuld be the case when trying to satisfy 

conditions imposed on volocities or on accelerations. The analysis problem 

is discussed in Chapter 4, whereas the tbree synthesis problema both exact 

and approximate, are discussed in Chapters S and 6, respectively: 
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4. }'.NI\.LYSIS OF LINKAGE MOTlQNS 

4,1 INTRODUCTION. 

'I'.ro methods of analysis of _link_.>.se 010t1ons are presented in this chapter, 

both o! them basad en matrix computations. Methods based on Cartcsian vector 

•lsebra or descriptiva geometry can also be applied, as shown in (4.1), 

flowever, these are usually a.d hoc methods and become cumbersomn in rnany 

inetances. The main aim of this chapter is to establish the methods required 
• 

to obtain a, (usually implicit) relationship between the input and the output 

variables of s1ngle-degne ot freedom linkages. 

4. 2 THE l>'.ETHOD OF DENAVIT AND HI\RTENBERG ( 4, 5}. 

This method first appeared in (4.2) to (4.4) and is based on a closure 

rnlationship of successive affine transformations, An affine transformation 

is a changa of coordinates involving a translation of the origin and a rotation 

o< axes. Let x
1

, Y1, z
1 

and x
2

, Y
2

, z
2 

be two sets of coordin.atea r~lated by 

an affine transformation, as appears in Fig 4.2.1 

Fig 4.2.1 Translation and ro~tion of 
coordinate axes. 



Thus, tho position vccto• of any point P, rcferred to coordinates ; and 2, 

can be exprc~sed as 

{4.2. 1) 

where • _, and g
12 

are the translation vector and the rotation ~natr:.:c, from 

ues 1 to ues 2. Eq. (4.2.1) indicates the general fonn of an aff::;e tran¡¡ 

for~:~ation. Symbolically, the transforraation of (~.2.1) can be writ~~n as" 

Affine transfor~:~ations contitute a. group tu>der the COIDposit~on opc••tion 

defined as 

-
: 23 is givon through vector ~23 and matrLx 8

23 
as 

' -u is given through ~13 and g
13

, correspondingly, as 

Substitution of eq. (4.2.4) into eq. (4.2.1) yields 

-
llene e 

which, altcrn~tively, can be written as 

(4.2.3) 

(4.2.-0 

(4.2,;) 

(4.2.;) 

(4.2.7) 

(4.2.7al 

* ('!'ijJi should not be mistaken as a matrtx: It is in fact a nonlir."lar 

operator. 

. . 



in .agrcf.lll\ent with ~.o. gcomctrical mcani,ng, that is tQ Sa)(, the yector 

oonnocti_ng the or.igin .ol to the origin o
3 

e<¡mlls the swn 9f that oonnocti_ng 

0
1 

to 0
2 

plus that connccting o
2

.to o
3

, Also, from eq. (4 • .2,6), 

(4.2,8) 

thoroby showing that tho composition of two affine transformations is also 

affine. Let the identity affine transformation T .. , be defined as 
-a 

(4.2,9) 

i.o., !u is the coordinate transformation from coordina tes i into themsclves, 

Clearly, its vector, !ti' is ths zero vector, and its matrix, Q
11

, is the 

identity matrix~ To ahow that affine transformations in fact constitute a 

group under the oomposition previously notad, all that rcmains to be estab-

lished is the existence of an inverse transformation, 

whcre 

"'"' 

_, 
!ij 

Substituting eq, (4.2.1.2) into eq. (4.2.10) ene obtains 

'"' 

suoh that 

(4.2. 10) 

(4.2. 11) 

(4.2.13a) 

(4 • .2.13b) 



• 

••• 

Hence 

.... 
(•,). ·'(o,,J',( •.. ¡. •J J • •l.J l. 

(4,2,14b) 

Next, a general COIOpouiticn law for n transformations is derived. 

Assuming that exprossions similar to (4.2.7) and (4.2.8) hold for k trans-

formations, it will be shown ~~at they hold also for k+l, thereby obtaining 

general rolationships by induction, Thus, 

'I'hen, 

('! lk) _,- ¡~; 2) 1 + (~,) 1 + ••• + (~k-1) 1 

(g¡ kl, .. (?1) 1 (s23J 2· · · (gk._ 1 ) k-1 

(~1 ,k+J 1m (~1JJ 1 +(~k ,k+J)a (~12) 1 + (~23) 1 +'' '+ (~k-1) 1 + (~k,k+J) 1 

'"" 

(4,2,15) 

(4.2.16) 

lntroducing a si!!rllary transformation to refcr ~,t+l to k-coordinates, 

(?t ,k+l) , .. (?u) 1 (?k, k+l J k (glk) ~ (glk) 1- (glk) 1 (gk,k+l)k­

.. [Q,2)1 (Q23)2 ••• (9k_, k)k-1 (Qk k+l)k - - - ' _, 
Thus, in general 

"-' ¡; (a, . ,J, 
1 - ,1+ 

(4.2.17) 

(4.2,19) 

which are useful relationships because they enable the ~nalyst, first, to 

compute th~ final rot&.tion, frorn 1 to n, referred to coordinat<'l sy~tern 1, 
• 

in term of ~uccessive rot~tions,frorn i to i+l, re!~red to coordinare systcrn i. 



• 

• 

In 9eneral, however, a. i ' will be more readilr referred to cQOrd~te 
. ~l, t 

syst~ i, but the transformation te syst~ 1 is easily perfo~ed as 

r ' l.~ti: 1 
can be obtained fr0111 (4,2.18) with n•i. 'I'he ..ethod of C.:w.vit 

and Hartcnberq (MDH) is based on the closure equation 

T ... T,,T,,~ ' -n ~ ~ -1 
(4,2.19) 

or, equivalently, 

(4.2.20) 

toqe~ with 

(4.2.21) 

where, according to the relationship (4.2.14a), 

(4.2.22) 

Next, the MDH is applied te a linkage composed of n links (riqid bo¿i.es) 

=upled by any of the six lover pairs (R,P,H,C,S or E) introc!uced i::. 

Chapter 3. Let the axis of the pair be defined as 

i) the ixis of rotation, if the is R, 

' ii) the direction of traslation, if the pair is P, 

iii) the axis of rotation, which is identical to clle directicn of c-~slatic:., 

if the pair is 11 or C. 

iv) the dir~ction of the nomal to the plana of contact if the r-ai~ is E.· 

Only if the pair is spheric no single axis can be defined. In ~'.is caSo, 

there is f~ecdoDl t:o choose che axis of the p4ir an.i so, the an~Cyst: ca: 

choosc it to his best convcnicnce. 

TO iDlplcrncnt the MDH, number the links successively 1,2, ••. ,n. Then 

a) Let z
1 

toe the axis of the pair couplinq the first link (the fixe! ene) 



• 

with the second ene (the d~iying o~ in~ut link), in sucb a way that the 

variablC! denoting the input be ¡¡>O!Iit~ye alo_ng z
1

, 

b) l"! general, let _z
1 

be the llXis ot the l'air connecting links. ;i. ¡tnd i+1, 

ol Let x1 be the common perpendicular to '· ' ·- from Z. 
1 ,_ 

d) - Let ., be the distance between z. • and z. , 
Hl 

always positivo. ,, Let s
1 

be the coordi1!4te of the intersection of axis X. 
1 

wi ~ ·-
in trame X.-Y.-21 . Since it is a coordinate, its sign can be plus or • • 
minus, depending on the position of the said intorsection. The absoluto 

value of s 1 is the distance between x1 and Xi+l" 

f) Let·a1 be the angle betW<!en z
1 

and Zi+l' measured along the positivo 

direction of Xi+l 

,, the angl!! betwecn Let e
1 

be 

direction of z1 . 

and Xi+l' rneasured along the positivo 
• 

h) Construct the translation vectors (~i,i+l)i and the ro~ation matrices 

(Q .. 
1
)., as is descrihed next. 

~J.,~+ l. 

i) Apply the closure conditions (4.2.20) a~ (4.2.21) and from the~ ob~ain 

the sought input-output relationship. 

In orde" to constructthe translation ve~to~s (<>.. . ) . , it is necessary 
•J.,J.+1 l. 

first to construct the rotation matrices (Q . )., which is done next. 
·i,J.+1 1 

The relationship between coordinate systems i and i+l is shown in Fig 4.2.1, 

in agreemen~ with the notation off) and g). 

.• 



\ 

'·' 

Fig 4.2.2. Relative position cf coo~dinate systems i and i+1 

Since is perpendicular to z. (by definition), X. and 

' ' 
lie in a 

plane perpendicular to z
1

• Thus, x
1 

can be made coincident ~ith Xi+l by 

means of a rotation through an angla e
1 

about z
1

, as shown in Fig 4.2.3, 

where Xi, Yi• z;_ are the original axes x1 , Y1, z1 after the said rotation, 

so that z;_ coincides with z1• 

z ,. 
i i 

\ 
\ 

\ 

Y' 
~- i 

Xl (=Xi+l) 

Fig 4.2.3 Rotation through an sngle e
1 

<lbout "xis zi' 

; : 

.. 
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Hencc, from Scction 2.3, 

cos~J. -sine1 o 

1 (gii.Ji .. sinO J. cose
1 

o (4.2.23) 

J o o ' 
Next notice that Xi+l (i.e.XJ..l ~s p<>rpendicular to Yj_, YJ.+l' z

1 
(i.e.ZJ.l 

and Zi+l" Hence, Yi and Zi can be made coincident with Yi+l ar.C Zi+l by 

rneans o< • rotation through = angle o. about x;_. "'' relath·e pos! ~ion 

' ., axes ,. •oo ,., ,, '"~ io Fig 4.2.4. 

F):"ODI. Fig 4.2.4 "'" section 2.3, 

' o o 

cosa
1 -sinai (4.2.24) 

sina
1 

cosa
1 

o 
zi+l 

,. 
\ 1 

\ o, 

\ 
\ / 

/ 

Xj_ {=XHl) 

Fi9 4.2.4 Relative position of axos i' and axes i+l 

Finally, frorn eq. (4.2.18), 

[gi, i+JJ i m (~]j.' i ,) i [g¡ 0 ,i+J) i 0 
(4.2.25) 

the desired matrix is obtained as 



4. 9, 

coset ~sin a t coso;\ sine1 sin<:~ 1 

(gi,i+l)i. sine
1 cose1cosoi -cosa

1 
sina

1 
(4.2.26) 

o ainc.
1 cosa

1 

Now it is possible to construct vectors (• · ) The relative oonfiquration. 
~i,i+l i. 

ot three successive links appears in Fiq 4.2.5, where the notAtion of A) to 

' 
<J) jhas beon followed, 

' 

•• 

Fig 4.2.5 Three successive links of A link_age 

Frcm Fig 4.2.5, 

{4.2.27) 

with 

(4.2,28) 

(4.2.29) 

• 



4. \0 

(o,. 
1
). bcing as given by ~~ •. [4,2,26), 

~ .~~ ~ ' 

Substitutinq [4,2,26), [4.2.2B) arul. (4.2.29) into (4,2.27), 

(~i' i+\} i ;_ (ai cose i ,ai ~dnQ i' si} T 

Expressions (4.2.26) and (4.2.30) enable tho analyst to systematically 

constroet the affina transformations requircd to establish the closore 

condition (4,2. 19). 

AS is shown in EXamples 4.2.1 and 4,2.2, it is not always necessary to 

apply both closure corul.itions (4.2.20) and (4.2.21) arising from (4,2.19), 

since only one suffices. 

EXample 4.2.1. hnalysis of the universal joint. The layout of a universal 

(or Hooke's) joint appears in Fiq 4,2.6, where the OH notation has been 

used. Thc universal joint is a special class of RRRR spherical linkages, 

Obtain an input~output relationship of thc for.n. f(0
1

,e
4

l ~O. 

z, 

3 "'' ----- --<;;> - z, z -
,~, x, 

n., 

" 

Fig 4,2.6 Universal Joint 

• 
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Sin~o all ooordinato axcs involvod in this linkage have a co~n ~~1gin, 

the closure oondition on the translation vectors is irrelev&nt and only 

that on the rotation matri~es will be employed. The rotation matria11 

appearing in the present analysis are ccnatructed from the ta~t \J"...;.~, in 

this case, 

o "'CI •a •90 o 

' ' ' 
Constructing the rotation matrices aocording to eqs. (4. 2. 26} and ~. 2 • .JO), 

one obtains 

Thus, 

~&,~e2ca 3+ae 1 sa 3 ~e 1 sa2 c3
1
ca2s9

3
-se

1
ce

3 

(~12) 1 (?23) 2 (?34) 3- so
1
ce

2
ca

3
-ce

1
se

3 
se

1
sa

2 sa,ce2sa3+ce,ce3 .1.2.31) 

se2c83 -o e 
' 

se
2
se3 

On the other h.and, from (4.2.26) and noticing th.at, for i.~n, 1+1•1, 

''• -se
4

c(l
4 

se
4
sa

4 

(~41) 4- .. , ~ 84""4 -ce
4

a .. 
4 

o .. , "• 
But, ''" (4.2.14al, 

(?,4) ,-(?41]: 

Uence, 

''• .. , o 

(?14),- -se
4

c'l
4 ce4""4 .. , (4.2.32) 

904 sa4 -e e4s"4 "• 

:-'· 



4. \2 

Equl\till9' tho. u,2l-<~nd tho. (2,2)-ent;r:ies of both foi1't)~ of (~14)1 -cqs. 

(4,2,ll) and (4,2,32) - onc obtl!.ins 

co~o 1 sin~2-sin0 4 
sina 1 sine 2•cos64cos~4 

Eliminating a
2 

in the llbove expressions, 

(4.2.33a) 

(4.2,33b) 

tan6
1
-cosa

4
cote

4 
(4.2.34) 

which is the input-output relationship meant to be obtained. 

Example 4.2.2. Analysis ot an RSRC linkage. A typical RSCR linkage is shown 

in Fig 4.2.7, where the DH notation has also b<i,en used. 'I'he parameters and 

variables have- the values 

" " o, • o, o, • o, o, -- o, -, , 
•, --· ., • ., ., -., •, -., 
•, -. ., • b ., -' ., -' 
', . ' ~, . ' ., . ' e • -s 

' 
Yor the analysi~ of this linkage, only the closure condition of the transla­

• 
tion vectors will be needed. Since these vectors, as given by eq. (4.2.30), 

"""" to be expressed in One single coordinate system, the rotation matrices 

Will also be constructcd. Thus, 

•• s-.ca
1 

-stsa
1 

(?1)1- .,, c,.ca
1 

-c .. sa1 (4.2.35a) 

' •o, '", .. , -se
2
ca

2 se2so2 

(g23) 2- ,,, ce
2
ca

2 
-ce

2
sa

2 
(4. 2. 35b) 

' ""' oo, ._ 



.. , ' -s.eJ 

'(1:!34) 3· .. .. , ' .., 
• 

' 
_, 

' .. , ' .. , 
(g4,)4 ~ ''• ' -ce4 

' ' ' 
=· 

¡,,2), • (ac+,-as+ ,+e) 1' 

(!23} 2 • (bce
2 
,bse 2 ,o) T 

(!34) J • (o, ·o, o)T 

(!4,)4 • (o, o,-s)T 

be all expressed in terms of the x1, Y
1

, z
1 

coordinste 

(!,), + (~2) 1 +(!34) 1 + (~4,) 1 .. ¡~) 1 

Pertorming the corresponding trasformations, 

Since (!
34

) 
3 

vsnishee, 

Substitutin9 (4.2.36a) and {4,2,38al - (4,2.3Bc} into 

following scalar equations are obtained 

4 • 1 J 

{4,2,35c) 

(4.2.J5d) 

{4,2.36a) 

(4.2.36b) 

(4.2.36cl 

(4.2.36d) 

' ' (4.2.36), 

yield 
,j 

(4,2.37) 

(4.2.3611) 

(4.2.38b) 

(4.2,38c) 

. "'' 
--

(4,2.39") 



(4.<.J9b) 

(4,.<,J9cl \ 
.c+bsina

1
sin6

2
•0 

which; for every valua of tha in¡>ut anqle 1> ltl, yields a nonlinear .!.lsebra.:.::: 

:.ystem for the correspondinq threo unl<no .. "Tls .:.
1
(t) ,e

2
(tl and s (t). 

One method to solve the for_egoinq system is via the Newton-Ra.phson l\etliod, 

as shown in section 1.13, bY application of the NRDAMP subroutine. ~owe•·ar. 

in this particular case it is not necessary to spend se much comp~~~r t~e 

for, by introducing suitable trigoncmetrJ.c identities, the system .~.2.39} 

can be reduced to 

sltl ~ asin~ ' • (4.:.40) 

which explicity provides the set of values of s for each value of :. 

A table of values for s (t) wss obtained frO!ll a digital COillpm::er oc:;;ut, fe~ 

the follcwing values Of mechonism parameters: 

a m 1.00 m, b ,.·3.00 m1 e" 2.00 m 

for a value of 1> constantly equa.l to 1500 r¡::co. Sl.JIIila"r tablu for 7Üod.t}" 

snd acceleration values were obtained via differentiation of sltl :y appli-

cation of eecond central differences. Curves ap~arlng in Fig 4.2.E were 

obtained"from the said tables. 

NOt.ice that eq. (4.2.40) could have also becn obtained fro~n the g<':Uietry 

of the 1inkage of Fig 4.2.7, dueto thc simplicity Of the linkage. 

In more general instnnces, howc'!er, the geomctry is not so simple 1-.""Jd tl:.e 

MDH becomes essent;ial to pe,·~onn the analysis. 

rn addition to the dlgit.al-computer method p~cviausly outlined, to ~btain 

tho output s(t), ii(t) ond Sit.l Ollt of oq. 14.2.4~) 1 analog compute: met!::oC' 

can also be applicd. 

'An analog cowputer is a (usuaUy electricall ph~cal syste1:1 whose :.ehavic::::: 

is governnd by the ssrne Ml'them>\lical modcl govc:uaing the syst!ll!l 
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la~o.~, b-1.Dm. c•0.2Sm, d-0.7~, e~o.~. +•1200rpm(const) 

4,3 AN" ALTERNIITE METHOO OF ANI\LYSIS. Usin<; the MDU one does not necessarily 

obtBin ono sin<;le relationship for the input and the output variables, but 

usually a system of nonlinear al<;ebraic 
~ 

equations involvin<; all the d~fferen~ 

linl<age variables which appear stro_ngly coupled, as occurs with eqs. 14.2.39: 

If the systew is not very complicated, then it can happen that, after ;ntro-

ducing appropriate trigonometric identities, one can obtain a single :nput-

output relstionship where the only variables appearing are the input ~~ the 

output. If it is not obvious how to obtain the said single reladonsh:p, the~. 

one is ·forced to sol ve s systero, instead of one single nonlinear equa"ion. 

~~pta (4.10) has presentad a method which does not require all the a~;aratus 

of the MDH and yields s single relationship between the input a~.d the out¡::ut. 

The method is haeed on an equation establishing the constancy of eithar a 

link length or 11 link angle, throughout the linkage ootion. ~he linka,e is 

aseumed to have a single-loop which, for siroplicity, ~s assumed to be compostj 

o! just four links*: the fixed link, the input link, the coupler link and tht 

output link. Let A be a point en the input axis¡ B, a point of the pa~r 
• 

conncctinq~ the input and the <X>Upler linl<s; C, a point of the pair co~.nectin;-

die coupler and the output links; and o, a point of the output axis. rurther-

.rore, lct ~O' ~O' ~O' .~O and !!·~·~·ª· denote the position vectors of ~e 

corresponding points in both, a reference confi<;uration an¿ a current config-

uration, respectively. 

L<lt also g and B be t.he rotation matrices carrying the input and thc output 

links from the reference configuration to the current configuration. ~hen, 

from the lenght constancy of the coupler link, 

*This linkage could be RSSR, RSCR or its invcrsions. Spherical linkages 
are dc<>lt with next. 

1 

'. _ .. ~ 
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(4.3.1) 

where, c:lcarly 

(4.3.2a) 

(4.J.2b) 

Henc:e, 

whic:h yiels the desired input-output scaler cquation which w~s to be obtained, 

after substitution into eq. (4.3.1), namaly 

(4,3.3) 

Equation (4.~.3) contains only two unknowns, the input and tbe output angles, 

thereby sbowing bow one single scalar equation for these two variables can be 

obtained. The next exa111ple illustrates bow to apply this method te spherical 

linkages. 

Example 4.3.1 Analysis of the general RRRR spberical linkage. 

The MDH can be applied, of coursa, to genaral spherical linkages, following 

the same proc:edure applied te the universal joint. 

The fact that the MOH introduces other variables besides the input and the 

output, however, produces very cumbersome equations, algebraically difficult 

te handle. The alternate method preves, in this case, to be particulary 

helpful. Ccnsider the RRRR spherical linkage appeaxing in Fig 4.3.1 
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llnd, aince 11~11• 11~0 11 and 11~11"' 11~0 11. one obtains 

{4,3, 7) 

or,.substituting the lelations (4,3.4) and (4.3,5) in the abcve equa:ion, 

(4.J.8) 

which is the scalar input-output relationship meant to be obtained. 

The only variables appea:dnq in eq. (4.3.8) are o¡,, containeil in Q, ~nd ~ , 

oont11ined in R. Define the ooordinate axes appeerinq in Fig 4.3.2, ~:th x
1 

11nd X
0 

directed along the axes of R
12 

and R
41

, respectively. 

Fig 4;3.2 Fixed coordinate axes containing the 
a.xes of R

12 
and R

41 

Matrices Q and !_!, referred to 1- ando- axes respectively, are giver: as 

o '. o o 

('?Ji- o cos,¡. -sino¡. , (~) 0 • O cos~ -sin~ (~.3.9} 

o sin"jl o sint cos; 
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Vcctors b and e 111:11 shown in Figs 4.J.3" and 4.3.3b -o -o · 

• Hence, 

cosa
2 

cosa
4 

{!;>O)i" sino
2

cos.¡,
0 (oolo " sino

4
cos,

0 
(4.3.10) 

sino
2

sin1jJ
0 

s,ino4sin~0 
• 

In order to perform the products appcaring in eq. {4.3.B) it is necessary to 

express all vectors and matrices in the same coordinate axes. 

The tr:ansformation matrix carcyi_ng the i-axis into the o-axes, referred to 

the l-axes, is given as 

o 

(~Ji .. o (4.3.11) 

o ' 

• 

-
--- }

_-, 
- o • o - -----

,., 101 

Fig 4.3.3 Reference configuration of VOints B and C. 
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' _. 
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'I'hc product needed in ~· {4,3.9) .is.next computed 

(4.3.12) 

. which yicdls 

(4,3.13) 

When aq. (4,3,13) is substituted into eq. (4,3.9) ona obtaines the desired 

input-output equation 

{4.3.1Ja) 

in which ~ and ~ are measured fram the referenca values w llnd o •,. 
respectively, as defined previously, If the said angles are measured from 

the plane of the axes of R12 and R
41

, instead, then the latter equation 

becomas 

(4,3,14) 

The input-output equation for the universal joint can now be obtained as 

a special ca5e of eq. (4. 3. 14) , letti.ng 

oo, 
--+ tanljJ • O 

~·· 

a ~a •e •90" thus obtaini~ 234' ··~ 

(4.3.15) 

which is equivalent to eq. (4,2.34) previously obtained. In fact, e
4 

of 

eq. {4.~.34) corresponcb to a
1 

in eq, (4.3.15) and . -19o•- a ,;•a ' . 



4.26 

The l!lethod of Dcnavit and H¡~,rtenbe_z:g 1 ;~s ~resented in Sect.ion 4.2, is a 

vecy .w~ll stiCUCtUICed ~ystem!ltic ~ICOceduu tor the a,n¡¡.lysis of "singla-loop 

linkaSes", i,e, Those whosa links are all binary*; but pz:obl~~s ;~rise whcn 

~II!Ultiple-loop linka9es" aro to be analyzed, Sheth and UiokeiC (4.9) have 

generalizad the not..~tion of Denavit and !!artonberg, howevor, to ov.,::-cOJne 

the afor"'!!entioned situatioh and furthcnnore, to extend the applica~ion 

of the MDI! to the an<~lysis of higher-pair meohaniSI!Is, 

• If a link is couplod to 2 othcr links 1 it i& called binacy¡ ii it is 
couplcd to 3, it is callcd ternary, o.nd so on. 
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The p~oble~ thuu de~~ned hAS nQt been ~olyed*, but ~olut~on~ h~ve 

been found to sqme speci~l c~see of it, m~ny of which are applicable 

to linkage synthesis problums. 

To begin with, hte kin~ of problems that usually arise in tha realm 

of linkage optimization are defined ovar a vector space V of finite 

dimension, i.e. the problems that will be handled in this context 

contain ~ finita number of independent variables. Problems oontaining 

an infinita (even morP.', a non-denumerable) set of unknowns arise in 

areas such as optimal contrll systems [6.1] where the vector space V 

is a Banach space [6.2], i,e, a vector space whose elements are 

continuous functions of one real variable (time) ·..,.ith soma spcciai 

properties that will not be listad here, 

Furthermore, the subset n of the finita-dimensional vector spaces V 

that will be handled in thia chapter, is defined by a set of either 

equa~ity or inequality alqebraie relationships (in the case of Banach 

spaces, ,the said subset is de finad by differential equations). In 

addition, the objective function to optimiza is a functional over V, 

1 .... a scalar alqebraic function (as opposed to inteqral functional 

in the case of Banach apaces) of the n indcpendent variables 

correspondinq to the dimension of V.·Hence, the optimization problem 

arisinq in linkaqe syntheaia can be stated in the qeneral form: 

optimiz" f,.f (x) 

sul>j.,ct.: to 
(6.2.1) 

h(x)>O -. 
where x is an n-di1nensle>n<>l vn<:tor oLspac<> V, f is a vector-valuad 

sea lar function, g i~ un m-dimensional (m<n) vector-valuad v"ctor 

function and h, a p-dimensional vo~tor~valued vector funct~on, anrl 
• 

m+p_::n. 

Remark: Vector spaccs are non-orde~ed sets 1}.3], hcnce no inequality 

relation can be associnted to them. Therefor.,, the inequality 

appea~ing in (6.2.1) should be understcod as a·compact symbol to mean 

h.(x)>O ' . - (6.2.2) 

•tn all its generalit.y 



hi bcing thc ith componcnt oí vector h. ~similar symbology is u~ed 
to expr_ess positive definite and positiva scmidefinitc square 

matrices A, i.e, -
A>O (positive definitel - -
A~O (positive semidefinite) --

An extensive discussion of the fonnulation of the p.-oblem of link;o.ge 

synthesis as a mathematical programming problem appears in [6.4], In 

the sbstract of this paper the author statcs: 

"The synthesis of mechanisms thus ceases to bo a narrow ""d isolated 

scientific field but becomes part of a bread sphere of science 

encompassing arcas obvioualy very distant such as economy, military 

science, automation, cybernetics and others". 

6. 3 0Vt:RDETEIU1INED PROBLEMS OF I,INKI\GE SYNTHESIS, lt was shown in 

Section 5.2 that the synthesis of the RSSR linkage for function 

gcneration leads to a system of up to eight linear equ.~tions in 

aight unknowns, thus making it possible to satisfy up to eight 

conditions of the type $
1
•$i (~ 1 ) between the input and the output 

an<Jles, $
1 

and .¡,
1

, respectively*. In Section 5.3 it was shown thnt 

a rigid body can be guided through '-'P to thrca successive configurations 

by means of an R-R dyad and reference was made to resu1ts appearing 

in the literatu.-e [5.11,12,17-19} showing that the said three-poaition­

I"igid-body guidance problam, when solvable, has two real solutions, 

which constitute a Bennett (RRRR-single-degrec-of-freedom-spatiall 

linkage The resu1ting synthesis equations were shown to be twelvc 

nonlinear equations in twelve unknowns. Futher on, in Section 5.5 

it was shown that, by means of an RRSS linkage, a spatial path cnn be 

tl"<lced that passes through up to eight points in space, the resulting 

equations being 39 (according to Suh [5.22]l nonlinear equations in 39 

unknowns. 

Thurc C<ln "riso tcchnical p<"oblems, howeve<", that requirc to synth.,size 

eith.,r: llan RSSR linkage that satisfies a discrete input-output function 

•rt was also ment.ioned in th-lt Section that, as Mohan Rao et al. 
[s.~]ct.~im, it ifl possible to extend this synthc~is prob1em to 
JO prtlcit<ion point3 if sea le facto.-e bctwecn the synthesJ zc<l functio" 
and input and output anglus are not specificd; but this possibilil¡ 
will uut be discussed hen• be cause thc synthcei?.,f function is assuo•ed 
to be u.,finedonly at a di><crete set of pointt<, 



over more th<1n eight points, oc ii) an RRRR spatial (Bennett) liukage 

that carries a rigid body through more than three configurations, or 

iii) an RRSS linkage that traces a spatial path passing through mo.-e 

than eight points, In all thcsc casts thc number of resulting synthcsis 

equations will exceed that of &Vailable linkage paramete.-s (unknowna), 

thus leading to <UlOVerdeterrnined problem, This problem could involve 

a system of linear equations, as in case i) above, or a syotcm of 

non linear Onlls, as in the remaining two previously discussed cases. 

The ove.-detllrmined a.-ising problem does not have a solution in the 

"usual" sense, i,e. in the scnse of satisfying the equations exactly-. 

As wns discusaed in SectiOn 1.11 for linenr systems and in Section 1.13 

for nonlinear ones, a solution vector >< is sought that yields the 
-o 

minimum error (in the approximation to the said equations ) , in this 

inst'"-nce. The most comnonway ot measuring such error is through the 

Euclidean norm of the vector whose componente are the involved 

equations, ie. if this er.-or is denotad by e and the system of 

equations is f(x)~O (Ax-b~o in the linllar case), then 
~ ~ -- ~ ~ 

O< 

whether the aystem of equations is nonlinf:\ar or linear 

optirnization resulting problem can be stated as 

"MinirnJ.:<e e'l'e o ver - -

(6.3.la) 

(6.3.lb) 

-{6.3'.2) 

If the sy¡¡tem of equations is linear, f should be replaccd by A>\-b -- -
in .(6.3.2), of coursg. 

tlotice that problem {6.3.2) is a particular case of proble!ll {6.2.1), i:> 

t>'hich no constraints are pre,;ent, i.e. this is a so-called 

"unconstrainnd optimization problem"; furthe>·more, due to lts particul.-.r 

' .. 



quadratic n"'ture, it is referred to specifically as a least-squarc 

problem. The optimum x is found, as outlined in section 1.12 for 
-o 

the lineat" ""se, by triangulari"-ation of matrix A via uouseholder 

reflections and ''back substitution", both o! which are implementad. 

in subroutincs HECOMP and HOLVE "ppearinq in Figs, 1,12.4 a.nd 1.12.5, 

'J'he nonlinear case, as discussed in Section l.lJ, is solved !terntively 

by Newton-Rapheon method, which rcquiree the computation of the 

optimal correction at each sta.qe, via the solution of a linear 1ea.st­

~quare problom, which is done, as nlroady mentioned, by means of 

subroutine~ HECOMP and !!OLVE. SUBROUTitU: NEWRAMC, whose listing appears 

in Fig. 1,13,2, combines HECOMP and HOLVE to solve the nonlinear 

least-square problem (6, 3,2), 

The 1east-equare prob1em arising in 1inkage syntheses has been already 

dealt with in the 1itterature. Suh and Mecklenburg [6.5]so1ved such 

problem by application of Powell's method, The said method is one of 

the so-called "direct search methods" and specifically it performs 

uni-dircctionsl searches, i.e. it optimizas the objective function 

once at each iteration, keeping fixed al1 the variables but one, at 

adch time. More on direct search methods will be discussed in Section 

6, S. 

The linear leaet-square solutionvia !touseho1der ref1ections ill neKt 

illustrated with an examplc taken from [6.5] for comparisson. 

~Kample 6.3.1. Synthesize anRSSR linkage so that its input ,P and 

"' output_ <1> be ralated according to Tnb1e 6, 3.1_- Referriny 

the nomenclatura of fig 5.2.1, assumu 

Solution: 

a ~1, a •90" ' . 
Use is mad<! of eq, (5.2.18) anrl definitions (5,2.19), thus cbtainillg 

a system of 19 linear eqllations in the six onknowns k
1

,k
2

, •.• ,k
6

, 

thc fo.-m 

(6,3,3) 



J 
•• 
3 
.¡ 

6 

' 8 

9 
J. O 
J' 1 ,., 

1J 
1·1 

" Jó 
J7 
J8 

" 

TADLl': 6.3,1 

:'HE:;~ .~,f;!.' ':!1::: :ot'l:t.:tt" ¡,:._¡, PU::![C: 
I'·:HíOf·.l:f:LI·.•J l'l:::·(¡:l"O:I•II·t;l 

¡, • 
-' :500001'•0(\10 {o 1 
- • 1 \1(1 00000 f.+ •.) ;~ 
-, 1 :50•)0000f. +O~ 
- , .2 000(•1.-0\lf: +O 2 
-, 2~•CC\l000S ~O:! 
-, ?.00(>0(•00f:-Hj:' 
- . :;-:;oooooo:~ +·:·:~ 
··, 40000UlOI'.l-0'2 
'"'' •1:.10000001: f{,",> 

"". :'j()\)¡\()()()()1.': (¡;.~ 

--, :;~:;()()()()(l/)1-' 1 !)2 

-, ¿oo,JoOI~\ll:-1 o:! 
-, t.:;ooooooE+02 
··, 70000000f.-HI2 
-.?:::;OOOOOOE+02 
-.HOOOOOOOE+02 
-, O:iOOOO()O~: tC•:! 
-. 'lovoooom:; o~~ 

• ·:~ (l(ll •()i¡i)[ : :)1 

, :l l IJOIJOI>•.)r: fe:. 
• a ;!(l oo1•0 :. r: ~ ;. 1 
.tJ:l00000t::102 
,1;i:.!Oúu00E+02 
, l '11 0000•,¡ E +e•:, 
, 2:J:<:OOO<JtlFC 102 
.-~77'.)Q()Oéll' hl?. 
, 3:!:lOOot.:J:. l-02 
, ·,r¡;·_:OíHHJO:c: lo:~ 
, ~:-~;.I()\)00('1C-!-O:' 
• 4 '/ ::'•000' ,.;) ;:: -!- ,., 2 
• ~j3(l0000·)[ ~(J.~ 
• ;;1 ¡ 7000 1) •>E ·f 02 
, (,4600(lVOE ;.02 
.'J0900000EtC:~ 

, 71JOOO•J00El-0;.! 
, ';ooooooor:: 1 o;~ 



where 11 is a 

component is 

19x6 matrix, x ia a 6-~imcnsional vector whosc 

an~ bis a~l9-~imensionel vector whose i~ •, 
component is 

'l'able 6.J.2. 

c9ict1 +cn4 s!Jtis<f. 1 • Both matrix ~ and vector e appear in 

Subroutines l!ECOMP an~ HOLVE wore used to obtain the lcast-square 

solution !o• i.e. the six values k
1

, •.. ,k
6 

that approxi!llato the 

19 equations (6.3.3) with the !llinimum error, in the sense of the 

Euclidean norm. The optimal resulting values and the correspon~ing 

linkagc, pnrameters appear in Teble 6. J. 3 

The error obtaine~ with P?well's method, reportad in [6.5], as well 

as that obteined with Householder refloctions, are shown in Table 

6,3.4. The overall error, for comparisson purposes is taken as 

where 9i and ~f• are the generated and the specificd values of the 

output variable, respectively, corresponding to the value ~i of the 

input variable. 

The nonlinear case solution is illustrated with the following example. 

Example 6, 3, 2 Syntloesis of a plane RRRR linkage for rigid-body 

guidance through 17 specified configurations. 

Tha specificd configurations are shown in Table 6,3.5. The aynthesis 

e~uations are those derivad in Appendix 4,_naccly, eqs. (A.4.6) which 

are next rewritten a9 

(6,3.4) 

The objective function is, then 

(6.3.5) 

tlinitnizing '~>• d!l givcn by eq. (6,3,5) is, then, a nonlinear least­

squ<>r" probletn, alr.,a<'ly disclls<>cd in case ii) of section 1.13. Thus, 

it C'-'ll be ~olve~ using ::iUBROUTINE NERIH1C. The 17 spccified COI~figu­

ration« are shown in 'i'"ble 6.3.5. 
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6.10. 

Tl\llLE 6.3.5 Specifi.ed confJ.<;ur¡¡,tlon~ for rigid-bo<.ly <Jui<.lance 

THESE "' T" SPECIFlEO COHFIGUR"-TIOHS 

THET.¡\ 

X(CH) Y (CM) (DEGREES) 

o 7. 880 -0.260 313.720 

' B. 490 -7.290 332.330 

' 7. 6 80 2. 82 o 349.930 

' 6. 300 ~. 210 353.180 

'· 4.5!10 4. 9 S O 359.870 

' 2. 740 S. o 1 o 355.840 

' l. 010 4.410 356.300 ., 
o. 259 3. 8 80 3. 900 

' -o:4oo -3.090 3. 6 70 

' 0.250 -3.760 3.690 

" 1.000 -4. 290 4.150 
H 2. 730 -4. 890 5.120 

" 4.560 -4.830 6.810 
u 6.280 -4.090 10.000 

" 7.660 -2.700 13.000 

" 8.440 -0.610 18.000 

" 7. 790 -2.690 46.270 

' .•. 

1 
r 
' 



6.11 

A program was written to obtain the least-square solution to the 

prolbem, which turned out to have two different solutions, ono for 

each side of the link11.ge, thus enabling the designer to conatruct 

the wholo linkage. The two solutions are shown in Table 6.3.6 

TA8LE 6,3,6 Solutions to overdetermined rigi<1-body guicl.ance problem 
of linkago synthesis 

First solution 

A
0

(5.124,2.25S) 

80(0.549,-0.703) 

Second solution¡ 

1\0{1.444,-6.705) 

80(6.371,-9,315) 

Thus, the linkage is componed of one fi:<ed link with input-ancl. output­

links hinged to it at eech of both points n shown in Table 6.3.6. The 

coupler link is hinged to the input- and output links at each of both 

points ,>.0 also shown in that table. 

Since the problem is overdetermined, the solutions obtained do not 

zero ea eh of the 16 !uctions f. shown in (6. 3. 4), They minimize the 

' qua<"lratic norm (6.3,5) •. instead. Since each turn quadratic 

in a
0 

nnd b
0

, ~ is quortic in these complex numbers. Thua, ~ has 

units of lcngth raised to the fourth power. In or<1ei: to obtain a 

dimensionless measure o[ the error in the approximation, the error 

is compute<"! as 

" r. 1¡ [ . 1 

' ' 
{6.3.6) 

This way, the error of the first solution re9ulte<1 to be 38,74\, 

whereas that of the second ene, 60.77\ 

An overdctcrmined problem of the RR spatial dyad for rigid-body 

<JUid<~nce is·presenteJ. in the next example. 

Examnle 6.3.3. Synthesis uf the RR spatial dyad for rigid-body 

in thl9 """"' onc four\:h posltion of points F<, n and e is a<1<1e<1 to 

those thrce nlrca.!y ~pecifi"d in Example S.J.l. 1\ll four positions 

a>·e the follo,áng, 



6.12 

A
0

(0,0,l)' 

A
1 

(O,O,O) 

A
2

(l,O,Ol 

A
3

(0,0,0) 

s
0

(0,l,O) 

B
1

(1,/2,1) 

!!2 ( 1+12"/2 ,o' /6/2) 
B

3
(o,/2,o¡ 

e Cl,o,oJ 
o ' c
1

(/6j2,/2j2,0) 

c2 rt+l2,o,o¡ 

c
3

(0,f2/2,/6/2) 

The synthesis equations are those of Example 5.3.1, eqs. (5,3.53a) 

to (5.3.53h), except that eqs. (5.3.53a) to (5 • .1.53~) are now 

written for 1~1,2, 3, thus obtaining a system of 16 equations i~ 12 

unk~ow~s. 'l'he first two screws were alrea<ly obtained in that example. 

The third one, correspon,\ing to tha fourth configuration, was also 

obtaine~ via SUBROUTlNB SCREW • All thr"e screws are then 

r
-o."'] ¡o·"'] ::1- 0.590 ·~¡"' 0.787' 

_-0.245 0,470 

-. J 0.194 0.176 ,,J0.906 ·e,-f: J. 
lo.J75 L0.43~ 

The non linear least-square prob1em arising from this <lya~-synthesis 

problcm was solvcd using SUBROUTI!lE NERAMC, The solutions obtaine~ 

are shown in Table 6.3,7 
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6. 1 4 

Eqttntion (5.4.5), written for j•1, is 

(6-4. 3a) 

Equation (5.4,8), written for j .. O,l leads to 

{6.4.3b) 

(6.~.3c) 

Equ.l.tion (5.4.9), written for j-0,1 1ead¡¡ to 

(6.~.3d) 

(6.4.3n) 

Equat1on (5.4.10), written for :1"1 ls 

(6.4.Jf) 

Finally, eqs. (5.4.11) lead to 

(6.4.3gl 

(6.L3h) 

Equat.ions (6.4,3a-h) constitute a system of a equations in the 

12 unknuwns: The 

objcctive function thnt c;an now b., 1ntroduced, meant to be mininoizccl, ,, .. 

Jlence, the optimi.zatton problem can be "ated '"'' 
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"Minimize f,l(an,b) as given by eq. (6.4,4), l!ubject to eqs. (6.4,Ja-h)~ 
_u ~o 

'!'he 9olution to the foregoing prob1em proceeds as follows: Let f be -
an S-dimensional vector whose components are the left-hand sides of 

eqs, (6.4.3) when all the right-han<l sides are aet equal to zero, 

the non-zero terms having been transfered to the left hand side, of 

course. Let x be a 12-dimensional vector whose componente are 

[a 01 •"o2'"oJ~b 01 ,b 02 ·b 03 ,u 1 ,u 2 ,u 3 ,v 01 ,v02 ,v0 JT. Define a new objective 

function ¡p as 

"T 
where ~-[A 1 ,A 2 ,>. 3 ,A 4 ,A 5 ,A 6 ,A 7 ,A¡rl is a vector containing the Lagrange 

multipliers of the system. The stationarity condition (See Section 1,10) 

applied to function ~ is 

(6,4.6) 

which yields a sy~tem of-12 additional equations. System (6.4.6), 

together with syatem (6.4.3) constitute a system of 20 equations 

in 20 unknown~, which are the 12 components of vector x + the -
B component!l of vector .1.. Thill is a determined system whose roots 

can be found via the method of Newton-Raphson, 

iexerci~D 6.4.1 Snlve system (6,4,3a-h) ,¡&;4,6) 

6,5 LINK110F. OPTIM17.F<.TION SUBJECT TO l!lF.QUIILITY CONSTRhiNTS, 1'h<! class 

of optirni:tation problems discussed in Section 6, J, does not include 

any conotrainta, hcncc these are call~d "unconstrained optirnization 

problema", Problema presented in S<>ction 6,4 were formulated as 

quadra.tlc optimiz,ltion problems subject to equality constraints. ¡'here 

are s~veral methorls of tackling this class of problcms,but in tha t 

Section only tho classical approach, i.e. the Lagrangc multipliers, 

method, w.,s·'prosm•ted. 

Optimi:<.,tion probl'""s sul>ject to inequality constraints "rise vory 

frc<'¡uently in li"k<'g" syntheses, Po_r ex<>mplc if the HRRR plane 

Hn<.11ye ahown iot r'lq 6.5.1 is synthc~i~cd so t.hat its input link be 
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., 

Fig. 6.5.1 Plane RRRR linll.ac¡e 

.. 
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a crank, this condition (possibility of 360° rotation) is expreseed "" 

000 

a +a >a -a 
3 4 2 1 

As another example, assume the transmision angla of the same linkage, 

1-J, defined as the angla between the coupler and the 

constrainad to lie between Pa and pb, then 

output linka, is 

would be the aaid inequality constraint. The transmission anqle p 

is clearly given by 

IJ-<P-8 

where 9 and 8 are defined in Fiq 6 .. 5.1, excapt that in this instance 

9 is mcasured from a line containing the fixed link, i.c, with .p 0 ~o. 
Angles $ and G are obtainod from Freudentein's equation as 

the involvod coefficients being defined as 

2 2 2 2 
a-a-a-a 

4 1 ~ 1 
rlg--·2a

2
;;--

., 
' --. ' ., 
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.. 
As il "rula of thumb", ll i,; uUUillly conatrained ~o lie botw~en 40° 

and 1<10•. This class of px::>ble'""• then, is of the general type (6.2.1) 

~n extensiva account of different methods to solva this problc'" 

appe.:1rs in [6.6]. Fox and Gupta in this reference classify the 

dlffercnt mehto<ls of ~olution to this proble'" <1S: i) penalty function 

'"ethodr. and ii) dircct methods, These are outlined ne><t• 1) Lctting 

<Jl(.:!) be the oric¡inal objective function, a new objective function ~ 

is dcfined 1 which "penali>:es" violation of thc in.oq,{ality constr<~.ints 

thus ensuring that the optimization search be carried on within the 

fo<~.siblu rugion, i.o, within the subset P. whcro all constraints ¡¡,re 

satisfied. The new objcctive function can then be constructed cither 

via an "interior" penalty function or vía an "exterior"onc. In the 

fir~t case, it is dofined as 

whereas in the second case, •• 

whorc the value of th() sc¡¡,lar r is varied at eilch iteration in a 

way that it leads t;o the optimut>, namely, assume that 9 is to 

be minimizcd; thon, if an interior penalty function is used, r is 

decreas,¡d. Otherwis,., r is increased. An alc¡orithm callad "Scqu.,ntial 

Unconstrained Minimization Technique" (SUMT), i'"plementin'] the 

inte•·i.or penalty function method, has been publiahcd. and cxtcnsivcly 

test.,d. 'l'hc corrcsponding coraputer program, i'"plementing this 

alqorithm as dcvclop<H.l by Fiacco and MoCorinick, appcnr~ in [r •. s] 

ii) Direct l1Cthods are those that hilndle inequalities as such. Therc 

are sevcral of thi~ klnd, but thc ¡nost utilized methods in optimal 

~:~echllnical c!esign are: thc method of the fell!<ible directions, the 

cr<~.client prnjcetion motl!ocl and th" oonoplex method. 

Thc '"cthoJ of fensi~l." dircction~, developnd by Zoutcndijk [6,9] 
is intended in principie to handlc linear inequality conotraints, 

but tlfJnlJ.nG:~.r onco c.:>n also be hilnclled if a previous suitable 

lin<>ari:.:;.¡tio,, is pec·fvr>•eJ, Thi<> n.cthod (cquir"s first a 
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saarch diractiotl ~ and, second, a search distance, s, so that when 

both are determlned, given a current value ~k o! the vector argu~ent, 

the next value, ~k+l' is given by 

{6.5.1) 

whe r<l II;,II•L 

To find the direetion ~k' assume that the inequality constrainta are 

linear, ~.e. of the form 

Ax+b>O (6.5.2) 

A being anmxn matrix (m<n). There are two possibilities, namely, 

either x lies within the feasible region or it lies on ita boundary. _, 
If it lias within it, then ~k is just taken as the gradient of the 

objective function, i.e, 

' -· _, -
,, 

11 '•11 (6.5.3) 

where the + sign is taken if ~ is to be maximized 1 otherwise, the 

- Si<Jn should be chos.,n, If, however, ~k lies on the boundary of 

the feasible reglan, then~ome, say m', of the m inequalities (6.5.2) 

become equationa, If tha new value ~k+l la not going to violate the 

con~t;rttints (6.5.2), then the search direction and distan ce should 

satisfy the inequaltti~s 

Ax +s Ae +b>O 
~-k k--k ---

{6,5.'4) 

which collntitute a set of m inequali.ties. However, rn 1 of the 

com[lOn<lnt~ of V•lctor l'lx +1.> vanish, as asaumed befare. Hence, takin•:_¡ 
--k - ·-

' ck pocitiv~. if (6,5,4) is to be satisfied for all its componente, 

then the sn,,rch direction e should satisfy the follo•dng inequality 
-> 

A.,,_:.o __ ,.. - (6.5.5) 
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Sirlce voctor e must ""tify a linear ineq<.~ality, it is most 

"' convenient to use t1 linet~r no~:m for it, instead of the ~~uclidean 

one, i.e. let 

(6.5.6) 

"' whero. "tk J.s the i-

finding of vector e _, 
component of vector !!k" In order to turn the 

into a standard linear programming problem, 

which requires the sought vecto~: to meet a nonnegativity condition, 

the followin<J change of variable is introduced 

t ~e +1' 
-k ~k ~ (6.5.7) 

where f is an m-dimensional vector whose c:omponents are a11 unity. 

Thus, ~k ie found from thu following linear pro<Jram: 

subject to 
-t +2!>0 
-k --

' >O _,_ 

whcre the 2n invofvcd in<!qut~lity c<>nstraints ari~e from (6.5.5). 

The forcgoing procedure to dctermir.~ =kie due to Class and cooper 

[0.10]. If thc inequality con~trninc:s are nonlinear, thli!n a local 

lincarization should be L'orfo.-med t•: find mat.-lx l\ of (G.5.2) as 
" 

whlch yialcl~ good ronult~ if the fec;iblc rcgion is conve><. 

Once the di.-eccion se3rch is found, thc distanc:o scarch sk is 

dctcrrnino>J pcrforJ;~lng 3 unidirection,,l optimization in the direction 
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of "' 'l'here can arise two possibilittcs, the first is that the _, 
optimizing o k carrics >< to ·a point within the feasibln rogion, 

in which ""~" no difficculty is pressnt¡ the other possibility 

appears when ~k+.l happens to fall out of the feasible region. In 

this case, inequality (6.5.4) does not hold any longer for all 

its cofllponents. Assuming that m' o! the m inequalities (6.5.4) 

are violated for the previously found optimizing sk, then there 

exist sik values smaller than sk (i•l, .•• ,m'l for which the 

correspondiÍtq relations (6.5.4) becomo equations, i.o. tor which 

(6.5.8) 

where a renumbering of the said relations Qight havo nooded be 

perforl'ted. Solving for si k from (6.5.8), 

"ij"1k+bi 

nij"jk 
(6.5.9) 

Hcnce, tho distance search is then takon as 

•• sk'-ndn{s 1 k}l 

thus complcting one iteration of the whole proccdure, 

1'he gradi" "t pro j ., ction rncthod, eleve lopcd by Rosen [6, 11, 12], 

pertorrns thfl '""'"eh (for- the optimu•n) initially nlong the boundaries 

of the fea$iblu region. The procedurc is, as outlinnad by nevcridge 

and Sch<'cht•·• [u.1iJ, the following, 

l. Givcn a point x where r of the inequality constrainta become 

cquati.ou", 

•-•ritt<><l ·'" 

_, 
~did set of cquntions is then 

!6.s.10l 



2, Clcula.te. the. pr:Oject:lon of the gr:a.dient onto the pla.ne tangent 

to the sur:face (6,5.9), This projection defines a direction e 

in space lying ln the said tangent pl<me, Vector e is Ueter:mined ,.9 

follows: 

Let *be the directional dcrivative of <j> along direction e, thus 

(6,5.11) 

Sincc e is contain<ld in a· plane tangent to (6,5,9), 

(6.5.12) 

vector e being defined as of magnitude unity, i,e, 

T 
e e•l (6,5.13) 

Define thc objective function 

(6.5.14) 

which a~counts for con:~traints (6,5,11) and (6,5.12). Substitution of 

of (6.5.10) into (6.5.13) together wi'::h the stationarity condition 

fo~ >jJ yi<dd 

f~om which 

, . 
• 

whicll, whun sul>t:t:itutod iu (G.S.ll), yie.lds an 

11 ame 1 ,¡ 

{6. 5 ,15) 

{6.5 .. 16) 

equation fa~ A, 

{6.5.1~). 
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polyhedron imbcd<le<l in it with the snallest number: of vcrt.ic:cs (n+l) 

is c~llcd a simplcx. A polyhe~ron wit.h a lar:ger nu~ber of vcrtlc:es 

is called a co<nplax. simplcY.es in two anJ three dimensiona are the 

tri anglo and thn. tctrahedron, respectively. Complexes in thecc spaces 

could be thc <¡ul!ldrilateron and the hexahedron, respectively. The 

complex method of nox proceeds as follows: 

1. A complcx of 2n vertices is defined within the feasible region. 

There exist sorne techniques to define theso vertices in such a 

"'"-Y that they gu.e.l!-antee that all of them fall into the s.e.id region, 

but they ar:<l .e.pplicable to only a f<lw particular cases. In the 

absence of a cr:iterion to choose the said vertices, it is advised 

to assign them randomly, rejecting those that fall out of the 

feasible region, until the complex is compl<>ted. 

2. Evalunte the ohjective function at each of the 2n vertices and 

let x he the vnrtex where this function nttain~ its worst value. 

' . 

' . 

-w 

Compute the centroid, x , of the remaining vertices, _, 
· 

1 
2n 

x oo-(E x.-x) 
-e 2n-l 

1 
-1 -w 

i • 1! • 

(6.5.20) 

Replace tha vertex at x by 
-W 

a, new one, in tha following way 

x'•x -r(x -x) 
-w -e -"'-e (6.5.21) 

where r is a roo.l positivo numbor whose value is recommendcd by 

ncx to be to.kun o.s l. 3 

5, Two possibilities can arisc at this stage: either x' lies within 
-w 

the fe<>siblc reyion or not. If it: does, a new iteration can be~' 

restartnd at ~tage 2.If it does not, then a new value, X " ' -w 
i• 

dP. flned as 

r f x•• 
-W 

vo.lue 

><"•l(x +x') 
-w2-c-w 

.1gain happens to 

i:-; ,~güin de finud 

li<l outside of the fQasible r:cgion, a new 

lhc mid<lle point b<ltween olnd ><", 
-w 

until tl1o1 sc<id new VC<ltw f.>ll'> within t.hc f(>(lc;ible rcqion. Once 
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thc .:cjcctc<l ynrtcx has been regenerated, the p>:Qcedure c{\n be 

rc .. ta.rted .~t. ste¡> 1. lí the ¡>tocedur:e conve.:ge9, the complex 

becornes so small that it can be con3idered to sink to one single 

point, which is thcn taken as the optirnizing value " . -o 
In pra.ctioe, 

the pr:ocedur:e is stoppod when the co.mplex has sunk to a si~e lcss 

than a pr:escr:ibed finite value. 

Box's algor:ithm has b<:>cn implcment<:>d in soma computer: programs, for: 

cxample, the one appoaring in [6.8,pp.36S-385] and the OPTIM packago 

[6 .15' 16] The latte.: has been applied very successíully at the 

University o! Mexico in sever:al kinds oí problema oí mechanica.l design. 

When the nurnl>er oí decision variables (dirnension of vector x) goes -
bcyond 5, however, it presents conve.-gcnce difficcultie9 1 in which """" 

other method should be usad, 

E><ercise6.5.1. Repeat the synthesis of Example 6.3.1 imposing the 

constr:aint that the trllnamJ.ssion 11nqte (see Soction 5.2) lie betwcan 

•lO • and 140 ~ 
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"COMPUTER-AIDED ANALYSIS ANO SYNTHESIS OF CAM MECHANISMS" 

Jorge Angeles 
Facultad de lngenierfa 
Univers1.dad Nacional 
Autónoma de México 
Apdo." Postal70-2¡)6 
México 20, D. F., México 

ABSTRACT. The applicability o_f both analog and digital techniquea to the 

analysis and thc design of cam-íollower paira is prcsented. It ia assumed 

that either an analog ora digital computer is available for the analysis or 

· the aynthesis of follower motions produced by cama, for the corresponding 

cquations are so numerically involved that they are impossible to be sol ved 

by any other means (e.g. geometrical methoda). lt is shown that optimal 

designa of cama are possible to be obtained by the methods he re presented, 

these designa bcing optimal in the sen se of providing a cam of mínimum 

size for the maximum allowable values of certain parameters such as the 

pressure angle. 

l 
Symbols of operators for qnalog realizations are defined in the Append>x. 

INTROriUCTION. The litterature concerned with the~analysi.s and the 

design of cams mainly deals with geometrical methods ( [l]* ·to [5] ) 

and only a·rew ( [eJ to [8] ) introduce analytical techniques ( i. e. 

tcchniques dealing with equations). To the knowledge of the o.uthor, 

' little attention has becn devotcd to obtain conatraint equations of motion 

* Numbers in bracketa designate references at end of paper. 



for any cam-follower pair, which allow the analyst or the dcsigncr to use 

the modcrn techniques available to sol ve the class of mathematical 

problema arisíng from these analyscs. lt is the aim of this paper to obtain 

the said constraint equations for two different typcs of followers and sol ve 

them vía analog or digital methods. Both the aiialysis and the dcsign 

processes are discussed and, as to the latter, a "procedure to obtain 

optimal designa is outlined. 

lt is pointed out that, contrary to thc case of linkage synthcsis, where thc 

design paramcters form a finite set, in the cam _synthesis procesa, the 

parameters to be obtained not only form an infmite sct, but actually 

constitute a contínuum, i. e. thc totality of values of p(O),fure 

.contained in the closed interval [0, 21T] P : p ( O ) beirig the 

polar equation of the cam profile, as shown in Fig. l. Thus, in the case 

of cama, the design can be obtained via a continuous procesa, as the one 

provided by analog computers ( of course, the applicability of digital 

computers is not discarded by this fact). The lmportance of this is two-

fold: · i) The output of an analog computer is instantaneously read out vía 

a plotter oran oscilloscope, thus allowing to adjust design parameters 

continuously to obtain optimal designa. ii) Many digital simulators of 

dynamical syatems are programmed from an analog computer realization, 

thus simplilying the programming labor and saving ti.me and cffort. 

' On the om~r hand, the numerical ou¡put obtained from a digital computer 
' 

can be di rectly fed into a numericall)r controlled m achine tool to 'produce 

' 
the optimal de~ign ' obtained via a digital technique. 



Figure 1 • Polar coordinotes of the points on the profile of o 
cylindricol com .. 
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ANALYSIS AND DESJGN OF A CAM WITH A KNIFE-EDGED FOLLOWER. 

Consider the cylindrical ca.m shown in Fig. 2, where e is the offsetting 

of the follower path. 

From this figure, the relations 

S = p ·sin(O+"') {1) 

.. ' cos(8+11>) {2) 

follow. The variable s { o¡. ) is the displacement of the follower, the 

output of the mechanism. In the same figure, C is a line fixed to thc cam, 

thus revolving counterclockwisc at !he rate ¡jo • ' being the anglc 

between linea C and F, the lattcr being fixed to' the frame of the layout. 

For each value of o¡. contained in [0, 211] ; cquations ( 1) and ( 2) 

constltute a system of nonlinear alg~:braic equations in the two unknowns 

e and s (algebraic equations as opossed to other kinds such as differcntial 

or integral equations), if the cam profile P. = P ( e) is known, as is thc case 

in the analysis oí a given mcchanism. .The unknowns are e and P ii the 

desired output s ( 1/1) is given, as occurs in the design oí a cam to provide 

a given motion of the follower. 

The analog computer rcalization of system ( 1 ), ( 2) for analysis is shown 

in Fig. 3, whereas for synth~sis of a cam profile, it is shown in Fig. 4. 

On the other hand, eqs. ( 1) and (2) can be sol ved numerically vía Ncwton-

Raphson's method [9] or any othcr one to salve nonlinear algebraic 

' syatems. The algorithm suggested fo'r analysis is the !ollowing: 

' 
Choost! a aet ·{1/11} of values of 1/1 in [o, 211] , preferably equally 
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spaced, but thcre is no reason to impose this condition. For ea eh valuc 

¡¡. 1 , sol ve equation ( 2) vía Newton~Raphaon's mcthod, thus obtaining the 

'"' 
guess 

' ( 1/1 ) • In arder to o.ccelero.te the process, choose thc initio.l 

é1 to start the iteration' at .p ~ .p 1 

• as the value 

obtained in the previous iteration cycle. Because of the contmuity of e 

wiili respect to 1/1 e' • is close to e ~- ' il ;' ' . ' and 1jJ are reasonably 

e lose. 

Applying Newt~m-Ruphson's algorithm, thc iterative acherne is 

' .. , • 8 
k 

p(9)cos(6 +¡j¡'}-e 

,. } 
{3 } 

with ' The follower displacement a ' = s (ljl ) is then 

obtained from eq. (1) as 

' • • {4 } 

Example 1. Obtain the displacement s ( ojl ) of the knüe-edged follower of 

a cylindrical cam having the profile given by the cardioid P = 2 - coa e 

with e~ Q. 5, both p and e having thc same units of length. 

Equations (3) and (4) were implemented in a digital computer, thus 

obtaining the values shown in Tablc 1, the corresponding plot appearing 

m Fig. 5. 

-

.. "' . ' .. 

.. 

.. · -... ,· 
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OPTIMAL SYNTHESIS OF A KNJFE~EDGED FOLLOWER CAM. In the 

synthesis procesa the unknown v;¡riables are e (1/1) and p ( 1/J ) which 

provide P,. P ( e ), the polar equation of the.cam pro!ile. In this case, 

Newton-Raphson's iterative Scheme [9] for a nonlinear algebraic system 

.!. (~)'" ~ is applied. Letting ~ be thc k th value ol vector ~ the 

{ k + 1) ,!!. approximated value of the roota of the vector equation 

I (x) = O - where l and x are of the same dimension- i11 • 

-1 . ' 
:!. (~k ) !_ ( ~k) • ( 5 ) 

:!.. (~) being ··the Jacobinn matrb: of.!. with respect to ~, i.e. the J¡m 

element of J is given by 

" J lm • 
''m 

For the particular syatem under consideration, let 

/ ,, • ' • 
x, • ' • 
e, • ' sin ( ' + ' ) - '· ,, • ' coa ( ' + ') . • • 

in eq. (5), thua obtaining the following iterativa acherne. 

p • 
k+ 1 

l - . ...L. sin ( Pk + W
1 

), ,, 
a( "4'1 ) sin( &k+ 1/11 ) + e·cos( Gk+V1 ) 

• 

( 6) 

(7) 

(9) 

(9) 

( 10) 

{11) 

( 12) 

Again, as , in the case of the analysis ~f a given mechanism, the initial 
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guess ( 61 , P, l for lj¡ =\ji¡ is takcn as (61"' i . ' p }, thc solution 

to system (ll, (2) for i-' \ji = '/1 , in arder to accelerate the convergenc~. 

The important parameter in this design is the pressure angle a , defined 

as the angle between the follower path and line N, normal to the cam 

profile, as shown in Fig. 6. Notice that the inclínation of Jine N with 

respect to line OFcan be greater or lesa than goo, the sign of o thus 

changing accordingly. Sine a the absolute value of a is the relevant 

parameter, the pressure angle is given by 

o= )<ll + 9 +\ji - Tll ( 1 3) 

From a well known result in analytic geometry [10], the following 

relations are obtained 

• -1 p • 1•• • 
p•( 6 ) 

(14) 

., 
• tan -l ee· <;!! ) 

• o•< ¡p 1 • (14a) 

where the chain rule has been applied. Equations (13) and (14a) qllow one 

to compute a (S ) and hence control this variable,·except that P '< e > 

is not known in the synthdsis process. However, thia value cun be obtained 

in terms of ' • p • .P, and s (f ), as is next s~wn. 

Di!ferenti~tion of eqs. {l) and (2) with respect toe and elimination of 

oj¡' ( e) leads to 

ps' ( ~) sin (e + .¡.. ) 
p' ' o ) • -:-c'7-cé+:~:7:-,:+:::- . s' ( lj¡)cos( a+ ljl)-p 

{15) 

' ' 
whieh ls the deaired expression, needed to compute a ( e). 
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Figure 6. Pressure angle of o cylindrical cam with O· 
knife- edged follower 

13 



14 

In cam design practice it is customarily recommcndcd to kccp thc valuc 

of u below 30" in arder to cnsure a good mcchanical advantage of thc 

mechanism. Experienccd designctsknow that if thc maximum valuc of n 

becomes too large, a way of decreasing this value lB to increasc thc 

radlus of the ''base circle" [11] of the cam. How much to increase 

this :radius is something that is left to thcir expertise and, to thc 

knowledge o! the author, there are no systematic means of performing an 

optimal design. Thus, the designer has to procced by trial and error 

gcometric designs which, in addition to being tcdioua, are vcry inaccuratc. 

An alternative to geometrical methods of deslgn ls next proposed: 

i} ~t ( 

'

l 
o ' 

l 
' o } be the initial guess to start the iterates for 

lj¡ = w1 = o. Determine the cam profile for this guess, recording 

the corresponding values of Cl 

ii) lf the maximum value of Cl becom~s too large, increase 
l 

'o ' 
keeping e! as it is. In case 1he said maximum value of a 

be comes too small, thc cam size is too big, thus a roduction of 

l p
0 

is possible, provided Cl is not made too ¡arge. 

iii) Proceed - of course, automatically in a digital computer- by trial and 

error until the maxim~m value of ll is 30", thus obtaining the cam 

of mínimum size for which thc maxímum value attained by the 

pressure angle is allowable. 
. .. 

Tho advantage of the foregoing method is that it can easily be implomented 

in a digital computer so that the tríal and errOr procedure is automated. 

One more systematic way to proceed is to differentiate the pressure 
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:;.nglc and cquatc its d<:>rivativc to zcro, thus obtaini.ng, with the other 

constrnint cquations, a nonlinear algebraic system of dimension three, 

for unknown values ,., ,, 
' 

P '', at which a equals· '1.! , the 

maximum allowable value of o Sinc,e a nonlinear algebraic system has 

m u! tiple roots, it may be come very difiicult to find the useful one, i.e. 

one which is kinematically acceptable. This procedure, though highly 

systematic, will not be nccessarily raster and more accurate than the one 

prcviously proposcd. 

Exomple 2. Synthesizc thc cam profile that yields the following displacemcnt 

of its knife-edged follower: 

• --,- ' (16) 

keeping the pressurc angle below 30" and the cam size as small as 

possible. In cq. (16) e is thc radius of thc base circle, a para meter 'to be 

adjusted to yield the optimal desing. 

The iterative scheme was implemented in a digital computer with the initial 

guess: 

For ~= O, 

e,.lrad ( 17 ) 

' . 1, 2, 3, • ••• 10. (18) 

lt wns found thnt the optimal design la id between p= 1.0 and p= 2.0. 

Thena ~earch was performed between 11. O and 2. O, with an interval length 

of 0.1, the result being that the said optimizing value of p laid betwccn 



l. 6 a.nd l. 7. At ea. eh search, one digit wa.s gain<!d in the optimizing vnlue 

of p , having finally obtained the optimizing value P= 1.6234. The 

output of thc procedure is shown in Table 2 and the eorrcsponding ca m 

profile in Fig. 7. 

ANALYS!S AND SYNTHES!S OF A FLAT~FACED FOLLOWER CAM. 

Consider the mechanism shown.in Fig. 8, comprised of a disk cam anda 

flat~faced follower, with offsetting e. Let lines C and F be flxcd to the 

cam and to the frame of the layout, respectively. Anglcs y and e have 

the same mcaning as in Fig. 2. Angle $ is that formed by the radius 

vector OA and the tangent to the cam profile at A - i. e. the flnt face of 

the follower. Finally, s { oj.o) is the displacement of the follower· 

From-Fig. a it is clear that 

' • psin ' a • • ), (19) 

• • , - ' 6 • ' ), {20) 

,. e) tan •• ' ' 6 
{21) 

Substituting cq. (20) into eq. (21), one obtains 

P' ( e l sin ( e + .¡.. l + p ( e ) cos ( e + I)J l = o. (22) 

Equntions (19) and (22) are the constraint equations for·both analys'is and 

synthesis. Consider first ti1e analysis of a given cam and follower 

• 
mechanism; with P = P ( e) known.· As in the analysis of a kirúe-edged 

• 
follower c'am, for cach value '" [o, 211} 

1 
algebraic equation in \he unknown 0

1 
= 6 ( I)J~ 

method can also be applied. Substitutiol of the 

, eq. (2~) is a nonlinear 

); hence, Newton-Raph¡¡on's 

computed values 6 i into 

·' 
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Figure 7. Com profile that generales the displocement. 
s= sin 2 lf!/2 +C of o knife-edged fo/Jower, wilh 
a moxtmum ~r-~~~I._~ angle of 3,,o,__• __ 
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Figure 8. Cylindrical cam wilh o flat-foced follower 
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cq. (lO) yil'lds thc d(,Aircd displaccmcnt s 1 ~ s ( 41 ). The itcrative 

schcmc for cq. {22) is the following: 

' . . p' (ak) sin (ak ... 4 ) + p(ak) cos (ak + 4') 
{23) 

[p"(9k) - p(&kl] sin (ak ... 41 l + lp' (ak) cos (ek 

Thc initial gucss o' • 
ia givcn by the analyst and the subsequent guesses 

' e; a re given by the previously found values e ( lj¡1 
·' ) , as in the case 

of the knifc-cdged follnwer. 

Once 9( lj¡l ) ÍS found, the displacement S{ Wi ) IS COmputed as given by 

eq. (19), ¡.e. as 

(24) 

where 

a~~e(wl> (25) 

Alternatively, eqs. (19), und (22) cun be realized in an analog computer 

diagram, as shown in Fig. 10, for the analysis of the motion of the flat-

faced follower. 

Example 3. Obta!n the displacement s ( ~) of the flat-faced follower of 

an eccentric circular cam of radius a" l. O and accentricity e= 0.5 {both 

a ande have the same units of length), whose profile is given by the 

cquation 

(26) ' 

The itcr¡¡tivc 5chcmc {23) was implcmentcd in a digital computor, thc 

corrcspnnding results being shown in Table 3 and Fig. 9. 
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ANGLE OF ROTATlON OF CAM 

1 

DISK 

Displocement of the flot-foce·d· follower of the cytindrical cam 

p~ofile p=0.25cos8+jl {0.2_5sin8) 2', without offsetting 

gtven by the 
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synthcsis proccss for this typc of cams is essentially differcnt from its 

nnalysis, for thc synthcsis cquations {Hil and (22) are not algcbraic in both 

a and p • since eq. {22) contains p' (e ), Hence, Newton-Rap_hson's 

method is not <:~pplicable any more, and a routine for the integration of 

ordinary differcntial systems is to be used. For this purpose, it is 

nccess;.¡ry to express eqs, (10) and (22) in standard !orm [12 J , which is 

done next. 

Diffcrcnliation of eq. (19) with respect to 1jJ , together with eq. {22} leads 

s • < ¡¡. J = o< e > cos < e + w J (27) 

Diifcrentiating the latter equation with respect to 1jJ once again, together 

with eq. (22), yields 

,, 1 ') • -__ •c'c'lcJ>~lc•ei'C!'c'"~i~'cc•~>~lc_ ________ ___ 
(28) 

P'(e) co~ (e+ !Jl)- p sJn (e+ 1/1) 

!•'rom eqs. (19), (22) and (28), 

e•(ljl)=-
[s(ljl} + s" (.Pl] sin <e + Wl 

(28a) 
p (6) 

p' ( op ) = [s ( op) + s" ( op l] cos ( e + op ). (29) 

Equations (28a) and (29) constitute a nonlinear ordinary differential syste!fl 

of dimenslon two, · with the initi.al values 

e,= e e ,¡., ), Po ~ P ( !loo l, (~(}) 

given. It i~ in the st:mdard furm of state vnriables to be solv<~d by a suitable 

routine orto be rcalized in an analog computer. 



The synthcsis cqua:ions, (28) and (29), are realizad in Fig. 11. 

,. _, 

The pressurc angle !or this typc of followor is zero for any configuration, 

thus, it is not a rclevant design variable. The counterpart of the prcssure 

angla, in this case, 1s the offsot l'Dl., of Fig. 8, bctwcen the point of 

contact A :md the axis of the follower path. Denoting this length by x, it 

is given by 

x = P cos ( a +'Ji ) - e. (31) 

For an optimal design it is required to keep the (absolute) value of x bclow 

cena in a!!owablc maximum xM , minimizing the cam size. In this case, 

if x ~~ mado too small, the cam size is too big; thus, the cam size cannot 

Jc diminished without any constraint for, if it is made too small, the offset 

x becomes too big. For this reason, thc optimal design is that for which 

the maximum absolute value of the offset x ts xM 

Thc procedure to obtain the optimul design for this type of follower 1s 

suggested to be similar to' the case of a knife-edged follower, i.e. 

i) lntegratc :;ystem (28a}, (20} with thc initial vulucs So 

record the value x. 

ii) lf max jx 1 
0<€<21'1 

> xM , mercase 

Po 

p o , kccping asitis. lf thnt maximum value is bclow 

iii) 

dccrcase p~ , keeping thc saine initial value e. 

Procecd by trial and error until max 
0<6<271 
~--

lxl 
.. 
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Examr>lc .¡, !:tcsign the profilc of a flat-faced follower cam that yiclds thc 

followcr<liHplucemcnt g1ven by 

s ( Q ) " e .,. sin2 ' , ' 

so that this de,ign is of mínimum sizc and the offset x attains n max1mum 

(;.b>;olutc) valuc of lO% of Ul.: constant c. This constant is thc rndius of thc 

base circ!<) of thc cam. A~;sume e E O. 

The cam profilc synthcsis was performed via digital computation for thc 

following initial valucs: 

e. :90'. Po =·l,2, ... , 10 

lt was found that thc opÜmi:>.ing valuc of p
0 

is 5. O. Thc numcrical results 

are shown in Table 4, the corresponding profile, which turned out to be a 

circle -as it should be- appearing in Fig. 12. 

CONCLUS!ONS. In Tables 1, 2 and 3 it is seen that thc procedure converges 

':ery quickly, in o.t most fivc iterations (exccpt for a singularity nt 1jJ "[)0°, 

in Table 3 of Example 3), when Ncwton-Raphson's algorithm is used. Column 

headed ITER gives the number of iterations required to obtain convergence, 

where thc convcrgcnce critcrion was takes as 

11 "k 11 

thc: symbol 11 • 11 meaning thc norm [13 J of the argument. This norm Was 

taken as thc sum of the absolute value of the components of the vector under 

considcraticm. lt is callcd TAM in thc program. 

i\h:!\IOWI.I·:I)GI·:Mr·:NTS. This rescarC'h projcct was eompletcd undcr the 

sponsorship of thc Gradu¡¡tc Division (División de Estudios Superiores) and 



28 
T,[;LE 4 5YIIT!IFS!S cr ' FU.T•f"/.CEQ FC':..LcWER CAl:, 

• r· e ' T!IEH RKC oFfSET ~ . 
(¡)[C.f<L[~ C¡¡ECP.(l"S) ' u • or LEr:GTH) (?ff:CEIITl 

o. .~Q0t!00~(+02 o5Qo:>000UOI o25f.J)I¡h["09 
, 1 OOOL0~(+02 • 790066~[+02 o5Co5349(+Ql oi736~8JE+OI 
,2100VOL~+Q2 o669ól1l~+02 o5QJ6398[+(1! ,J5LJ682[+QI 
,3!00{;0(.[.;.02 ·~609)10<_+02 o50779So::+ot o5!5Q)6~[+Ql 
.~¡oovvc.::+~:2. .~5:036Q~l+O? .S¡J3137(+ot o656Q595[tOI 
.510000(i[>-02 .)1¡7141¡4[+1;.2 o5!99b79r+ol o777¡45S[+Ol 
.~!(JQ(!ü(.¡[+:JZ o<!42452~E+02 o527575IE+o1 .874t.204[+Q1 
0 7lú0U00[~02 oi)938Q7t+o2 o53S5113E+ol o945Sl9)[+Ql 
.tOOOCIOCE•02 o~SC24Sf·E+Ol o5435!l26E"ol ,9'848085[+01 
.~Q(J(J(¡Q(i[+Q2 •,s¡94432E .. Ol o5522~8t[+ot o!OOQOOIE+02 
olO(,Q(¡QQ[ .. OJ ··IS03!-b5[+Q2 o5608482E'~-OI .9848085(+01 
ollQO(¡CJ(¡[+CJ ·.24736¡7[~02 o56904.q(~OI o9)9!,933[+QI 
oi200LOCE~Ii3 ·.3~3066?[+02 o5766282[~QI oÓ6Ó('260[+0I 
.J30Q(¡(¡(..[+03 ··~37643h+o2 o51B39E!E+ol o76GQ45('[+0l 
,ji,QQ(,0(,[+03 ··5312700[+02 o58<;179SE;+o1 o6427B8JE+QI 
ol SOOúOOE+C 3 •ot.2412S5E+Oí' o593ó278E~Ol .sooooo4E+Ol 
ol6úOLOL(+IiJ ··716~063[+02 o5972296E:+01 .3~í'C2011E+Ol 
oi7(JQ~01i(+D3 ··t10ó30¡f•(+02 o5993034[~01 ol7364fi3[+QI 
ol31JQ(,Q(;('"03 • • 'WOOOQC·[+02 o6QQ0001E+ol ol01SB89[•Q6 
,¡<;;.,()l0G[+Q~ -.~91699(·[+02 o5993C34~+Ql •,J7Jt4e3E+Ol 
.~Oli001iC.S.,.:J3 •,JQil3~92(+03 o5972296t+ol •,)42Q20~E+Ol 
o?lÜUUGC[+83 •,¡¡75[171[+03 o593S278E+ol ·.soGcOo4t+ol 
o2200COGE~03 ··1261173GE+03 o5891795E+ol •o6427a~l[+Ql 
o2300{,C{¡[+03 •,J3623SiiE+03 o583398H+ot •, 7HC~50[+0l 
o2IIOOCOGE•D3 •,14Só93~E+03 .5766262[+(11 • ~,86óQl'60t+Ol 
o250000C¡;+03 ··l55263er+o3 o561)01;4)[+0l -.939G-933[+0l 
.nooc..oo[+OJ ··16496)2[+03 o5t:.06482E+oJ •,964S08S(+Ol 
o2700000(+03 ··17~1l0S,·c+o3 .s~2268JE+o1 ·.toooool¡;:+o2 
.2800(.0C[+03 ··184!1025(+03 o54)5526[+0I ·.9a4eOasr+ot 
,21)00(!00(+03 -.194961~[+03 o5349663E+ol ·.939~933[+01 
o300Q{¡QQ[+Q3 ··205285~[+03 o5267827E+o1 •,86G026C[+Ol 
o3!0000Q[+Q3 ··2157700[+03 o5!92752[+o1 •, 766o4Sor+o1 
o3200(10Q[+Q3 ··226~060(+03 .s¡2706tE+ot ~.6427BB!E+01 
o3300VOút:+C3 -.<!371754[+03 .So73151E+ot ·.soocoot;t+ol 
.3400000[+03 ··2480529!;:+03 o5033060t+o1 •,3420204[+01 
o3500COG¡;+03 ··2590067[+03 .sooB349E+ot •,t7:H483[+01 
;3600C00( .. 03 ··2700000[+03 o50o0000E~o1 ·.t72oS9ct·o7 



j 

F 
' 
2 

1 

2 ' 4 5 6 ·X 

~-r-r+--+"-+-_,--4-~c--·~·--+--r--+--+·~,~ o 

Figure 12. Cam profil~ that generales the displacemefll 
S"Sin2 \f!/2+C of o flat-faced follower, so that 
the contoct point has o moximum offsetting 
of lO%. C wos found to be s.O (u. of.length) 



30 

thc Departmcnt of Mcchanical and Electrical Engincering of thc School of 

Enginecring of the Univcrsity of Mcxico (Universidad Nacional Autónoma de 

;'\fé)cico). 

Refcrenccs: 

1. Prentis J, M., Dynamics of Mechanical Systems. L)ngman Group 
Ltd., London, 1070, pp. 22·42. 

2. Tao D. C., Fundamental¡¡ of Applicd Kincmatics, Addison-Weslcy 
Pubhshing Company, Palo Alto, Cal., 1967, pp. 151-22.3. 

31 

3. Molían S., The Dcsign ofCam Mechanisms and Linkages, Constablc & 
Compnny, Ltd., l.ondon, 1968, pp. 9-110. 

4, Shigley J .• Theory of Machines, McGraw-I-Iill Book Company, N. 
York, 1961, pp. 272-304, 

5. Mabie Jl,IJ, and Ocvirck F. w., Mechanisms and Dynamics of 
Machincry, John Wiley and Sons lnc., N. York, 1953, pp. 44-50. 

6. Cowie A., Kinematics and Design of Mechanisms, International 
Textbook Company, Scranton, Penn., 1961, pp. 325-376. 

7 · Mischkc C. R., An Jntroduction to Computcr - Aided Dcsign, Prcntice­
Iiall, Englewood Cliffs, N. Jersey, 1968, pp. 134-14_7. 

B. Mabie H. H. and Ocvirck F. W. (opót.) pp. 61-82·. 

9. Isaacson E. and Kcller H. B., Analysis of Numerical Methods, John 
Wiley and Sons, In c., N, York, 1966, pp. 85-123. 

10. Ayres, Jr. F. Calculus, McGraw-Hill Book 
Company, N. York, 1964, pp. 102-103. 

11. Tao D. C. (op.cit.}, pp. 217, 218 

12. Isaacson E. and Kcller H. B., (op. cit.), pp. 418-420. 

13. Jsaacson E. and Kcller H. B., (op.cit.}, pp. 1-17. 

• 



' 

·~ ·-'­Y~ y 

x~slnx 

l~f(t) 

A PPENDIX 

x~cosx 

Figure l3. Definition of symbols for operators m onalog 
realizotions 

32'. 

.. 



;; :¡ 

-· "lln rJ,,;¡ ,.,,, " 

'
",."·~·--·· '-lJ.7-><l .. c. •'-·-·.:. 

Schalll:l'(,is t:ine¡: Analogiercchr.et'S otlcc cin Untt:l'fli'Ogr<>:1ln1, das nicht-

H(:wcgun:; <ks Sti):;scl~; lH:ll'vorb:dngcn soll, zu bestímmcn. 

unmiltclku· zu C>ptim:..h,n Sy¡Jt\wscn, optimal in dCJit Simw, tbsu sic gowi'-'~lC 

p:n·amctc¡_·, wit: z·.B.dcn Drucl:\·:in]:e:l, ¡mterhalh cines ge,·¡i;;sen, !{\\· <.:inc 

~ocl:cnschcil•c mlt minirnalcn Di:ncnsil'"'-'11 zufñssigen Oben:cr-tcs haltcn. 

su·;sscl illustrio,·t: An:dysc und Synthcse Yon N'vd:enschciben mit Spitr.st0m"cl 

u•Jtl StOsscl mit s\um,,fcr Stirnfliche. Die sich crgebenden Gl,ichwJgcn 

wcrden pcr Dit~ilulrcchncr errcclmet, \liHl dk erlangtcn Synthesen sind von 

uptimahm Dimem;iom·n. Die Ergcbnissc ,-;erden sowohlm tabellru·ischcr 

al!; :J.uch in ¡_p·.1p11iseher J.'orm gegcben. 

Aus den hier· \Oi'IJI'Stcilten Fakten kann dcr Lcser sclllus~folgern, Uass i!icEe 

Me:thodcn :;J\If' anc\t•¡·,~ 'rypcn von Nocl:e!ld(:hcibe-St<issel-Paunm unmittclbur .: 
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SINTESIS DE UN SISTEI1A DE SUSPEIIS!OII PARA VEHICULOS DE 
TRANSPORTE IIASIVO CON COI,1PORTAMIENTO DI!IAI11CO PRESCRITO, 

RESUMEN 

JORGE ANGELES' 
ISMAEL ESPINOSAz 

Se presenta un procedimiento de srntesis para obtener recomendaci~ 
nes ~e rediseño de h suspensión de vagones de transporte masivo. 

El objetivo de este estudio es mejorar el funcionamiento del sist~ 

ma de suspensión bajo condiciones dinámicas de operaci6n de tal lfl!l.. 
nera que las velocidades crfticas queden fuera del intervalo más 

frecuente de. operación. Los resultados obtenidos indicaron que 

sólamente una de las dos secciones de la suspensión requieren amo_c 

tiguamiento, cuyo valor se obtuvo a través del método de análisis 
del lugar geométrico de las rafees. 

"NOMENCLATURA 

b ' b' ' a, ,c,a , ,e " coeficientes 

a1 ~ coeficientes 

de polinomios 

del polinomio 

del denominador 

característico 

A" Ínatriz de coeficlentes de 6x6 de la ecuación de 

estado 
b

1
" amrtiguandento d~ la suspensión primaria, ~n 

N s/m. 
b2 

~ amortiguamiento de la suspensión secundaria, ~n 

N sfm. 
bij = elern~ntos de la (lliltriz de amorti9uamiento B 

B " matriz de amortiguamiento de 3x3 

d,e,f,d',c',f' "coeficientes de polinomios del numerador 

1 Profesor Titular de Ingeniería Mecánica 
1 Profc~or Asociado de Ingeniería El6ctrica 

Universidad Nacional Autónoma de Mé~ico 
Apartado Postal 10-256, Mf~ico 20, D. P. 



d " diámetro de la rueda en m, 

o m funci6n de disipaci6n 

1 m matriz de identidad 

k1 " rigidez de los resortes que soportan los ejes, N/m 

k2 " r_igidez de los resortes que soportan el puente 
motor diferencial, N/m. 

k3 ~ rigide~ de los resortes que soportan la mitad de 

la masa del cuerpo del vag6n, N/m. 

k4 " rigidez del resorte del neumático, N/m. 

kij "elementos de la matriz de rigidez K 

K = matriz de rigidez de 3x3 

m1 " masa del chasis (H). N 52/m. 

m2 "masa de cada puente motor diferencial, N 52/m 

m3 " mitad de la masa del cuerpo del vag6n, N s2/m. 

M = matriz de inercia de 3x3 

T = energfa cinética 

V " velocidad crftica en ffi¡s 

V e ene_rgfa potencial 

x e vector de coordenad~s generalizadas 
• 
• x e velocidad generalizada 

y " vector caracterfstico asociado ''" rfstico 
2 w. 

2 
valor caracterfstico w " 

11) :" frecuencia natural, en ' 
-1 

ls~-tl =determinante de la matriz si-A 

!NTRODUCCION 

,, valor caract_g 

E1 sistema de transporte masivo en estudio ha mostrado dos ve 

locidades cdtlcas abajo del valor 1r.!ximo de operaci6n, de las cua 
' . les, la ma:s alta se el\cuentra dentro del intervalo de operac16n m~s 

. 



' 
frecuenle, lo que produce condiciones de vibración indeseables que 
afectan tanto la comodidad del pasajero como la vida de la estruct~ 
re de la suspensi_6n. 

Algunas de las laternativas que deben tomarse en cuenta para me 

jorar el funcionamiento de;l sistema son las siguientes: (1) cambiar 

únicamente la rigidez de los resortes, (2) sin modificar dichas ri 
gideces, introducir amortiguadores adecuados y, (3) usar una comb.i 

óación_ de arrort.iguadores y nuevos valores de rigidez de resortes, 

lo .cual equivaldrfa a obtener un diseño totalmente nuevo. Por esta 
razón, sólo se considerar~ la tercera alternativa en caso de que 
las dos primeras no fueran factibles. 

El primer paso en el procedimiento de síntesis es el de modelar 

con precisión el sistema actual, como se describe a .continuación: 

MODELADO DEL SJSTEMA 

Cada tren est6 compuesto por nueve vagones (F.ig. 1) de los CU! 

les, seis son de tracción y los demás, de arrastre. Cada vagón, ya 

sea de tratción o de arrastre, está suspendido sobre dos carros lo 

cal izados en sus extremos, llamados comúnmente "bogies". Cada bo 

gie tiene dos ejes con dos neumáticos en cada eje (Fig. 2). A la 

vez, cada eje está acoplado al chasis del bogie, denominado "H", 
por medio de una suspensión llamada "suspensión primaria", compue~ 

ta por ocho resortes idénticos, a razón de cuatro por cada eje, de 

rigidez kl' y cuatro más de r_igidez k2, de Jos cuales cada par 

soporta el "puente dei motor diferencial". El "bogie" completo 

es U esquemáticamente representado en la Fig. 3. El cuerpo del 

vilg6n se acopla a :a "H" por medio de una "suspensión secundaria" 

compuesta de dos resortes idénticos de rigidez Por otra par. 

Con CXCe_l!. te,· la rigidez del resorte de los neum.Hicos es 

ción del amortiguamiento interno del hule en el cual están vulc! 

nizados los resortes, el sistema no cuenta con ninguna otra fonna 

de amortiguamiento. Con referencia a la Fig. 3, 

J 
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1 
m1 ~ masa de la "H" 

m2 =masa de'cada puente motor diferencio.] 

m3 .= mitad de la masa del cuerpo del vagón 

El modelo ic6nico que corresponde al esquema de la Fig. 3 se 
muestra en la Fig. 4, donde 

es· el vector de coordenadas generalizadas. 

Se tomaron medidas de campo [l,2Jl,de las cuales se obtuvieron 

dos velocidades criticas. La primera tiene un valor medio 5.5 m{s, 

y la s.egunda se encuentra entre 17.5 y 18.9 mjs, de forma tal que 

la 11ltima se localila dentro del intervalo de operación mo!ls fre 

cuente, entre 5.56 m(s y 22.22 m/s. Para propósitos de diseño, 

este intervalo de velocidad se denominará "regi6n prohibida". 

El modelo matem.Jtico que corresponde a la FiiJ. 4 tiene la for 

1 1 ) 

• 
donde M y K son, respectivamente, las matrices de inercia y de 

rigidel. La masa y la rigidez de los elementos involucrados es su 

puestamente constante, par lo cual las matrices que aparecen en la 

ecuaci6n (1) se· pueden obtener corno las matrices hessianas de la 

energta cinética con respecto a la ~elocidad generalizada x, y 

de la energía potencial con respecto a las coordenadas generaliza 

das x, respectivamente, o sea, 

1 2 } 

1LOs numeras en par€ntesis rectangular indican las referencias al 
final del informo. 

• 

'" • 



siendo T y V las ene_rgfas cinHica y potencial, respectivamente. 

Estas son 
' 

(J) 

y 

1 ' 2 1 2 V-! {8~ 1 t 4~ + 4k4)x 1. + 2 (Bk1 + 4~2 + 2k3)x2 + 

1 1 
t 2 2k 3x3 - {Bk 1 t 4k2 )x 1x2 - 2k3x2x3 (4) 

Entonces, 

1'1 o o kll ,, o 

M • o '¡ o • K • '11 '11 ,, (S) - -
o o 'J o ,, ,, 

donde 

K
11 

" Bk
1 

+ 4k2 + 4k4, 

k22 ~ Bk
1 

+ 4k
2 

+ 2k3, 

k
12 

= -sk
1 

4k2 

k23 = -1:33 ZkJ 
(6) 

Las velocidades crfticas se obtienen del valor característico 
1 

w derivado de la ecuación (1). El problelll<l de valores caracte 

rfsticos correspondiente es, entonces, 

171 

en el cual y es el vector caracterfstico asociado al valor ca 

racterfstico ,}, la relación entre las frecuencias ·naturales 

w y las velocidades crtticas v es 

v=0,5dw (8) 

S 



donde v est~ dado en m{s y w en s-1, siendo d el diámetro de 

las ruedas en m. 

Para determinar qué rigidez de resorte deber~ cambiarse, se hi 
zo un an~lisis de sensibilidad de las velocidades criticas relati 

- vo a la rigidez de cada resorte. _Los cambios de velocidad critica 

se obtuvieron por medio de un modelo de computadora de lJ ecuación 

(1} en donde se utilizaron los siguientes valores nominales 

. 
k¡ • 4.9 x 106 N/m 

,, • 3.43 x 106 N/m 

,, • 8. 37 X 105 N/m 

,, • 1. 783 X 106 N/m 

'¡ • l. 971 X 103 N s2Jm 

,, • 1.628 X 103 N s2Jm 

'J • 1.578 X 104 N s2Jm 

. Las f_iguras 5 a 7 muestran las curvas de influenciad~ la ri 

gidez de cada resorte en cada valor de velocidad crftica. Estas 
curvas se obtuvieron utilizando un paquete IBM de sub-rutinas [3]. 

OETERMINACION DE LOS VALORES DE AI'10RTIGUAM1EtHO PARA CAMBIAR LAS 

VELOCIDADES CRITICAS. 

Los resultados obtenidos del análisis de sensibilidad est¡¡blecig_ 

-ron que la simple ~dificaci6n de rigidez no seríil suficiente pa 

ra cambiar las velocidades crfticas en forma substancial, por lo 
que es indispensable adicionar amortiguadores. 

A continuación, se analiza el nuevo modelo ic6nii:o, mostrado 
en-la Fig. 8, en forma semejante a lo hecho para el modelo de 1<~ Fig, 

: 4; pí!rO con la inclusión de amortiguadores b1 y b2 en las sus 

.pensiones primaria y secundaria r_espectivamente. 



De acuerdo con la Fig. 8, el modelo matCmático toma la forma 

Mli+BX-t "' • o (9) .. -
-donde las matrices ~y~ '" '" mismas que aparecen en la ecua 
ci6n (5) y 8 " la matrh de amo rt i g uami en to 

bll bl2 o 

8 • bl2 b22 b23 

o b13 b33 

. obtenida como la matrfz hessiana "" 
• respecto a ' ,, disipación o dada como 

Los elementos de B son 

bll = bi, bi2" -bl, bzz = bl + bz 

b23 e -b2' bJJ " b2 

• 

( JO ) 

de la función 

( 11) 

(12) 

siendo b¡ y b2 el amortiguamiento de las suspensiones primaria Y 
secundaria, respectivamente. 

la etapa inicial del proceso de soluCión fue tratar de dete~ 
minar los valores óptimos de amortiguamiento: pt!rÓ esto hizo notar 

que uno de los amortiguadores ten fa poco o ningún efecto en las 
velocidades crfticas. Por esta razón, se decidió analizar el efet;_ 

to simple de cada uno de los aoortiguadores. Para hacer ~sto, se 

consideró conveniente utilizar el método del lugar. geométrico de 

las rafees [4J . 

Para efectuar tal an~lisis, la ecuación (9) se escribe en la 

7 
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forma usual de variables de estado 

X " Ax .. (13) 

donde 

(14) 

e 1 es la matriz de identidad de JxJ. 

El polinomio caracterfstico asociado con-la ecuación (13) es 

l'! - !l 
donde 

' . 4 

'3 • 

'2 • 

'12 . -2• . 
2 

b 
+ __n. 2, 

(15) 

' 



Entonces, la ecuaci6n caracterfstica es 

s 6 + a s• + a s' + a s 3 + a s~ + a s + a ~ O 543.210 
( 16) 

y puede ser manipulada para que adquiera una fonna adecuada para 

el análisis del lugar geométrico de las rilices. Se considerarán 

tres casos: (1) b
1 

" O, ~2 ~ O, (2) b
1 

'1 O, b
2 

= O, y (3) b1 1 O, 

b2 1 O. 

Para el caso (1), la ecuación (16) se puede escribir como 

donde 

' ' 1 b
33

s (ds +.es. +.f 

s6 + as• + bs2 t e 

-(kll + kl2) .kl2k33 
2m1m2m3 

• - 1 ( 17) 

9 
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En la ecuacilln (17), usando b33 ~ b
2 

como un parámetro que vi!_ 

rfa de O a '"'• se ohtlen"en las curvas del lugar geométrico de las 

ra-íces, que se muestran en las Figs. 3 y 10. 

Para el caso (2), la ecuacilln (16} se puede escribir como 

donde 

a' " a 
b' e b 

e ' " e 

, .. 

b s {d's~ t.e~s 2 + f') 
~171--~----~--·- 1 
s 6 + a's' + b's 2 +e' 

• 

1 
'1 

' _L ,,, ' + ..ll¡ 
'J 

• 

Ahora, b
33

=b
1 

es el pariÍmetro, y la curva del lugar geométrico 

de las ra~ces se muestra en la Fig. ll. 

Para hacer la curva del caso {3) se requiere de los llamados 

contornos de las raíces 12:1, puesto que hay dos par~metros l]ue CO!!. 

siderar. Sin embargo, el resultado en el caso (2) indica que.el 

amortiguador b1 casi no tiene ningún efecto en la modificacilln 

de las velocidades crfticas. Por tal razón, se le dio un valor fi 

jo a b1 (b 1 = _1.632 x 10~ N sjm), y b2 se toniÓ c0010 el parc!metro, 

' 



de lo cual se obtuvo la curva que se muestra en la Fig. JZ. 

CONCLUSIONES 

Las curvas que aparecen en las Figs. 5 a 7 muestran que ca'!! 

bies considerables en las rigideces de los resortes no modifican 

substancialmente el comportamiento din§mico del sistema. De hecho, 

las rigideces k1 y k2 no tienen ningún efecto en tal comportamie~ 
to. Por esta ra26n, se decidi6 considerar ln segunda alternativa. 

Los lugares geométricos de las rafees, dibujados en las Figs. 

9 a 12, muestran la variación de las rnfces características al cam 
biar los valores del amortiguamiento. De los tres ramales que se 

muestran, sólo dos son ~e interés: los que se encuentran dentro de 

la-región prohibida. Estas rafees están directamente relaciona 

~s con las velocidades cr1ticas por medio de la ecuación (8) y, 

por tanto, la posibilidad de mover las rafc~s caracterfsticas del 

eje imaginario a otras posiciones en el plano complejo, implica la 

modificación de las velocidades cr1ticas. 

El amortiguamiento de la suspensión primaria (caso 2) no tiene 

ni_ngún efecto en la modificación de las velocidades cdticas, ya 

que el sistema se vuelve·i~controlable y las raíces de interés PC!.. 

manecen en la misma posición (ver la región prohibida en Fig. 11). 

·Por otro lado, el amortiguamiento en la suspcnsi6n secundaria 

(caso 1) genera una solución comprometida puesto que las raíces de 

interés se mueven en direcciones opuestas, de tal manera que míe~ 

tras un ramal se aleja de la región prohibida, el otro se acerca a 

ella (ver Fig. 10). Por tal motivo, se escogió solamente un valor 

de arnort i guami ente corno 1 a so 1 uci ón más adecuada, Si en do es te; 

b2 ~ 2.471 .~~ 106 N s/m. Usando este valor de amortiguamit'nto,·las 

rafees de intcr~s permanecen fuera de la región prohibida y, cense 

cuentemcnte, generan velocidades crfticas adecuadas . 

• 
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Con el uso de amortiguamiento en las suspensiones primaria y secun 

daria (caso 3) los resultados no se alttran puesto que, como se puede 

ver en la Fig. 12, los ramales de interés en e1 lugar geométrico de las 

rafees no sufren ninguna variación apreciable, dodo que solamente el 

tercer rilmal, que se encuentra fuera de la región prohibida, cambia 

su forma. Es fácil inferir que este resultado es válido para todos 

los valores de b1 en el caso (3), puesto que se requiere de valores 

muy altos de b1 para obtener modificaciones muy ligeras del lugar 

. geomHrico correspondiente. Consecuentemente, la suspensión pri~ 

ria no requiere amortiguamiento. 

En trenes de alta velocidad, el amortiguamiento no elimina la 

condición vibratoria, pero se han determinado valores óptimos para 

disminuirla [¡j]. 

Sin emba_rgo, en el sistema de transporte aquf presentado. 

el problema no es la alta velocidad y por tanto, el comportamiento 

dinámico del tren podrfa ser mejorado satisfactoraimente mediante 

la inclusión de arrortiguadores en la suspensión secundaria. No 

obstante, al igual que en [¡j], también seria conveniente estudiar 

las propiedades del riel y su alojamiento, asf aJmo su influencia 

en la dinámica vertical del tren para pOder obtener un mejor conocl 

miento del sistema, que pormita recomendar soluciones m~s adccuad~s. 
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S, SYNTHESIS OF LlNKAGES 

5,1 INTRODUCTlON. The problem of link_age synthesis of Apoli...:: Kinetttatics 

wa.s outlined in Chaoter 3. In the present chapter, the problem of exact 

Bynthesis is discussed imd current methods of sy,nthesis are presentad. The 

three usual problems of synthesis are diacu~sed, namely 

i) funtion generation 

ii) rigid body guidance 

iiil path generation 

and exact eolutions to the resulting design e_quations are meant to be 

obtained, these solutions beinq exact up to round-off and/or measurinq 

e:~:rors. Chapter 6 dea19: with the problem where no PX&ct solution can be 

found, in which case the best llPproximation is sought, in the sense of 

rendering the minim~ qUBdrstic error in the approximation. 

5.2 SYNTIIESIS FOR FUNCTION GENERATION 

Due to the fact that i. linkage is a coupli_ng of rigid bodies, a finite 

numher Of parameters (like those of the notation of Denavit and Hartenverg, 

Ch. Jl defines it. Hence, the set of design equations ia of an alg~braic 

oharacter, i,e. no derivatives of the design parameters appear in them, 

and the number of these parameters is finite. Hence, no linkage can be 

obtained to produce an arbitrarily prescribed input/output tunction 

pointwi&e in the whole continuum of values ot the input where the function 

is prescribed. The said tunction can 
'·" ,' '""'"'[' ' ~ 1 ,, ¡·· 1 " 

input values, the number of this set 

only be produced at a finite set of 
' ··;'''"1'1"'''' • • • L o ' ' being equal to the 'nurnber of indcpen-· 

dent design parameterS. ThUs, the problem of linkage synthesis for function 

generation can be stated as: 

~Given a function f•f(x
1

l (i•1,2,,,.,n), defined over a diserete set 

• 

' ' 



find the nleyant di.mensions of ,!, link.age o~ a. given topology* to J?roduc:c 

an input-out)?Ut relationshiJ? that coincides with tho function f at the 

given discreto . " sot {xi 1
1 

of input valuos•. The 111ethod to sol ve this problcm 

C7'n.dts ot two stagea, nlllllely 

"il Derivation of the input..output relationship for the prescribed 

topol<><¡y, and 

ii) Deter~~~.ination of the linkage parameters from the above relationship. 

The first stage is ncw discusscd. In ch. 4 it was shown tbat tho MDH**"can 

be applied te obtain an input-output relationsbip that, hopefully, does not 

ocntain other variables "than the input and the output. It was al so shovn 

that an alternate method, lesa complex than that of Denavit and l!artenberg, 

guarantees that only the input and the output variables w~ll appear in the 

input-output relationship. That ~~~ethod,_hovever, is restricted to single-

loop ~~~echanisms, whereas that of DH can be extended te =ltiplo!-loop 

mec~nisms. Hcnce, oither method can be appliod in the first stage of this 

problua, for si.ll<Jle-loop linkagea. The second st.ag& is carried out by two 

dif~erent approaches, which are next discussed. It is ass~d that an 

input-outout implicit function hes becn obtained, this function having the 

general tonn 

«•i ,y. ,pl-o,i .. l, 2, .•• ,n 
' - (5.2.1} 

where {(x1 ,yj_ll~ is a set of n pairs of valuas rclatinq.the ith value of 

the input x to the ith value of the output y, and pisan n-dimensional 

vector containing the parameters of the linkage 
··~.·~h'jl fl 

Noticc that (5.2.1) representa in fact a system 

-•see Section 3.6 
UMathod of Denavit and Hartenbor9 

-
under consideration. 

' 1" '1 . ~· 1 . .... 
of n synthesi• equations 

\ 

l 
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in the n unknowns that oonatitute vector e• Hence, the synthesis p~~bl~ 

can be solyed through eq, (5,2,1), Howayer, .the .~i(Stem (5,2.Jl is, it. 

<,~llneral, ncnlinear, and no unique solution i•. guaranteed to exht¡ ""'"" 

roOre, tha system miqht have no solution at al l. If the system has en• or 

lnO';'e solutions, these can be obtained via the method of !lewtonwRaphs:n, as 

shawn in Secticn 1.13, This is the first appro~ch te the solution ot the 

synthesia equations. 

'!'he second ap¡>roach introduces a nonlinea.- t.-ansfomation of the syr.:~esis 

parllmeters which transto=s the synthesin equations into a linear sy>tem. 

q"q(p) (5.2.2) - --
be this tranfonnation. When (5.2.~) is introduced into eq. (5.2.1), 0::1e 

following linear system is obtained 

(5.2.3) 

System (5.2.3) can be solved very effi~iently via the LU decompositi:~ 

algori~, as was shown in Section 1.12. On~e the unique solution ~ to 

(5.2.3) ha~ been obtained, this is introduced into ec¡ .. (5.2.2), whic~. i& 

nonlinear if the original system of synthesis ec¡uations '<lAS nonlinea~ as 

well, and, if this tranfo=tion -eq. (5.2.2)- is chosen in such a "'~Y 

that the synthesis pararneters appear in it vcry weakly coupled, then the 

linkage parameter vector¡> can be obtained without the necd of a nuro~ri~al 

1nethod. The synthesis pro~edure ie illustrated by ..eans of the follc··~nq 

example. 

Example 5.2.1 Giv.-n the.RSSR linkage appearing in Fig 5.2.1, dete=.one 

its geo1110tri~ par=etcrs a
1
,a

2
,a

3
,a

4
,a

1
,s

4 
and a

4 
that produ~e a giv~n 

input-output relationship 

' : ' 
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1"~9 5,2.J RSSR FUnctJ_cn generatinq linl:_age 

ll!lipq the method of Saction 4.3, define aets of a.><es x
1 

Yi z
1 

"nd X
0 

Y
0 

Z
0 

vhoa11 X-lllleS coincide with" the IIJIII9 of .11l 2 llnd_R4_, respectively, ita z-axes 

bei_nq paullel to the common noonJ.l 01, and define their positive directions 

' fr<llll O tQ I. Finnally, the Y-ax1111 fono wit:h the previ"!us enes dght:-hand 

rectangular seta of coordinate ~es, as shown in Fig"S,2.2. 

····-- .. ' 



Fig 5.2,2 Coordinate .xes f~ed at input and output axes 

Define; 

B • vector directed froJQ B to A 

b "' vector directed frc.m A to O 

e .. vector directed fZ'QJQ B to e 

~ '" vector directed from e to D 

F~ the geometry of the linkage, then 

Hence, 

'"' 

b=c+d-a .. - .. , 

T T T T 
b ~e +d -a - . -
and d.(j .. D,1,2, .. ·.,n) ., be the values attained by vectors 

~ respectively, at the successive configurations j. 

(5.2.4) 

(5.2.5) 

(5.2".6) 

:!·~ and 



G 

Subatitutinq the yalues of ~· ~ and ~ at thei~ cu~rent configuration j in 

eq,s, (S.2,5a «nd b) and multiplyi_ng tar:mwise the ¡::esulti_ng equ¡otiona hads 

Where, due to t.he r_igid-body 

1 ' ' ll!j 1 "'"J 

Jl~jll 2·a~ 

11~:111 2 
.... ~ 

aonditicn, 

l"X'o:m f_ig 5.2.2, vector !; h given as 

where, with reference to 1-coordinates, 

(5.2.7) 

(5.2.0a) 

(5.2.0b) 

(S.~.'lcl 

{5.2.10a) 

(5,2,10b) 

where the notation ex, llX has been introduced to ri!J)resent .:osx and sic.x, 

respactively, whenever t.h<;~ variable x hAs been nrevionslv ciefined as "'" 

angle, Thus, eq. (5,2.9) l~adA to 

(:Ji"' (s4c:'4+s1,-s4so4,a4)-T 

Furthenr.ore, 

[!!)o .. 

Detine S .. the rotation matrix carryinq 
• .. 

o. "'"' 
COBCI

4 
aino4 ' 

(~) 1 • -sina4 coso
4 ' 

' ' ' 

(5.2.10c) 

{5.2.11&) 

(5.2.11b) 

~ .. labelled 1 into ü.ose labelled 

(5.2.12) 



and se 

["""'•''"'] a
3 

~coso4ain$ 

~·· 

.(5.2.13) 

Othar ten:os appeari_ng in eq. (5.2.7), bellidas those ot eqa. {5.2.9), can now 

be coq~uted. These are · 

11• 11' ' + ·! + 2s 
1

a 
4
cosa 

4 
+ ' (5.2.14a) • ., •• 

cTd" - _, • _a 1 (s 4sina4ain,j+a4cos~j) (5.2.14b) 

T 
a3 (a4costj~s 1 sino4sin*j) {5.2.14c) 

~ !j • 

T a 1a3 (coso
4
aintjsintj+coatjcostjl (S.2.l4d) dja. -- ., 

Substituting expre_ssions (5.2.6) and (5.2.14) into eq. {5.2.7) ene obtains 

' .. , 
+ 2a 1(a4cos'j + s 4sino4sintj) 

2a3 <a4oostj s 1ainn4aimpjl 

2a 1a3 (coso4sintjsintj+costjcostjl (5.2. \5), 

which is the desired input-output relationship. Now, if angle t is 

maasured from certain reference t 0 by letting 

(5.2.16a) 

(5.2.16bl 

(S.2.16c) 

(5.2.16d) 

(S.2.1&e) 

(S.2.16f) 

(5.2.16<J) 

' 



eq. (5.2,15) bSCOI:IBS 

t 1oospjtk2sinp~+k3ocsV~tk4si~Vj+ 

tk5 {coeljl 
1
sinp j ~coso.4 sinljl jcosp"~ lt · 

+k~•cost1cospj+coso4sinljljsinpj' j~l, •.. ,6 

r 

(5,2,17) 

Eqs. (5.2.17) constitute then·a linear alqebraic system of six equatior» in 

six unkno~s lk
1
,.,.,k6). This system can be solved efficiently by epplica­

tion of subroutines DECOMP and SOLVE, of Sect, 1.12, In order to compute 

the linkao;~e par&llleters a , 
. ' ., ' and cos~0 , however, 

tha nonlinear system (5.2,16) has te b& solved for the said parameters. 

'l'he equations of this systetll, thouqh nonlinear, ~re weakly coupled, for. which 

resaon its solution can be parformed without hsving to resort te a numerical 

method, The sfor~entioned nonlinear system, nevertheless, .conteins a surplus 

of two Wlknowns. One of these .unknowns can be eliminated thro_ugh division 

by it, tha 1urplus ot unknowna thus reduci.ng to ono. In fact, the aolution 

a 2 ~ O ia ruled out, for thie would leed to a topologically ditferent layout, 

namely a conpling ot three, instaad ot four, links. Scaling the linkage by. 

a factor l/a 2, Le. setti_ng a
2

" 1 doas not alter the input-output relation­

ship, tor this does not depend upon tha absoluta but upon the relativa langths 

ot tho diftorent links. The r~ining unknown in excess can be eliminatod by 

aasigning a value te it. 

For the linkage"appearing in Fig 5.2.1 let 

·e ' ' ' ' S ' 
" 45° 

.. 
jo•' •• o "' 

,. 
"' 

' o "" "" "' ,. 180" • 



9 

"2 .. 1 ' \14 • 120• 

'l'he aridng linear •yst:"lll of •quations waa aolyed usinq subroutines :lECOKP 

aml SOLVE. The followino; resulta were obtained: 

kj- 0.840173, k2• 0.303087, k3-~ 1.350247 

k4-- 0.036659, ks'"- 1.140727, k6" 0,489926 

.. ,-- o. 175003. .,. 1 .000000, "3"- 0.724996 

.,. 0.155768, .,. 0.007284, s4-- 0.684495 

90•- o:asto42 rad 

which ia the solut.ion to Example 5. 2. 1. 

~han Rae et al. (s.2) llave extended Oenavit and l!artenberq's idea "? to 

• 
'"" ac:eurac:y-point aynthasis. For seven-point synthesis, they int:oC;ce 

the zero location of tho input dial, 'o , as ene additional ~kno~ Ln the 

above formulation, ending up with the following aynthesis eq~ations: 

whore 

•, . •,st:~4tan$o-"4 a
1
ct

0 
(5.: .21a) 

., . a
4 
tant

0 
+s 

1
sa 

4 
111"'o 

(5.:.21b) 

' . 
a

4
+s

4
sa

4
tant

0 

' "J""'o 
cs.:.21c) 

'• 
11

4
sa

4
-a4 tan!o 

• 
"J""o 

(5.~.21d)''. 

•, • tan~0 (5.:.21e) 

•, • tan.¡.
0 

(5.:.21f) 

• 



., . 2 22'22 
a 1 ~tta3+a4ts 1 ta2t2s 1 s 4~~4 

2"'t"'J"•o"'~~o 

1 

(5,2,21ql 

'•. {5,2.21h) 

Egs, (5,2,20) constitute a linear system ot seven equations in aiqht 

unknowns, However, the ciqht k1 ere not independent, for they are related 

.·(5.2.22) 

'I'hus, the synthesis equations oornprise the seven equations (5,2.20) plus 

eq, (5.2.2'2), i.e. a syatern Cf eiqht equat:lons in eight unknowns, out of 

which, seven are linear and one is nonlinear . 
• 

TQ aolve this aystem, the aforcmentioned authors proposed a method basad 

on the principle of auperposition of linear systems•, i,e. the principle 

under whic:h if ~ 1 and ~2 are solutions to Ax=b and Ax•c, respectively, .. . ·- . 
then e~ 1 ty~2 is the solution to ~cB~+y~, The method is next outlined: 

i) Write eqs. (5.2.20) in the form 

11) Detina the followinq vectors 

¡p(k1,k2' ,, , ,k7}T 

!?"'(bl ,b2' ••• ,b7)T 

~(el ,e2', '. ,e7JT 

whare 

-)' . 
bj -c:o4 stj slj¡j +ctj c"j, j~l, ,2, ••• , 7 

ereo.4e. jet t•• js,¡.j. :l"'l, 2, . -. , 7 

' 

• See Section 1,11 

(5.2.20a) 

,1 ' ,_ .. 



JI 

Ui) Rcwrite syatem {5.2.20a) in the fontl-

.(S.2.20bl 

iv) Solve for ~, and ~ 2 trom 

... . . 
v) Write the solution to syetem (S.2.20b) as 

·' (5,2.23) 

~here k
8 

is not known as yet 

vil Le~ting ~, and ~ 1 b<t the 5th and 6th components of ~ 1 , respectively, 

aod defini.ng A
2 

aml ~ 2 analogously, one obtains from {5. 2. 23), 

vii) Substituta {5.2.24) and (5,2.25) into (5.2.22), thu~ obtaining 

' ·. ~21l2ka+(?..lu2H2111-1)ka~~,~~,-o. ~ (5.2.21>) 

from which two v&luea for kg can be obtained -

• ' . 
ix) The linkage parameters·can now be obtained from eqs. (S.2.21),thus 

completing the propoaed· aynthesia. ,, 

By leavi_ng a
4 

unspecttied in the above formulation, the same authora, (s.2) 

state the 8-point synthesi& problem as 

j'"1,2, ... ,a • (5.2.27) : 

thua obtaining a 
' 11 r ' ' ' . . 

linear syatem eight equationa in 
·-r1- • • · ' 
eight unknowns, 

which can readily be sol ved via the LU algorithm. In the above systelll 

(5,2.28al 



.,. 

. ,. 
•,-

•,· 

•,· 

.,. 

••• 

a
4

tan0/1
0
tslaa4 

a 1c~0 (l+tan~0tan~0ca4 

&4+s4te~>téa4 
... 

a3c~0 {J+tant0tant0ca4 J 

a 4 sa ~:.a ~taii4> 
0 

· 

a3c~0 (1+tant0t~t0co4 l 

.tint
0

cci4·ti.nljl
0 

l+tant
0

tanW0=4 

tanV
0

ca
4
-tant

0 
1+tant 0tan~ o'"'

4 

\+tan~ 
0 

tanO/I 
0
ca 

4 

222222 a
1
ta

2
ta

3
ta

4
+s

1
ts

4
:zs

1
s

4
ca

4 

(5.2.2Bb) 

(S.2.2Bc) 

{S.2.2Sd) 

(5,2.2Bel 

(5.2.28f) 

(5.2.28g) 

(5.2.28h) 

The obtention Of tho Unkaga para...eters from eqs. (5.2.28) ia not a s!..:lple 

matter, for thase 11ppear strongly ccupled- in those equat.ions. A meth:d to 

ao:j.ve for the uid parillU!ters is also pruented in (s.2). In the sa.oe p~~per, 

the authon~pro¡:ose tbat the RSSR linkage synthesis can be extend"d u; to 

10 points if scale parameters for the function intanded to be generated 

are introduced, 

Since the RSSR linkage landa itself very suitably to be used as a fun:tion 

qenerator, it has receiva¿ much attention, Luck presenta in (s.Jj a m~thod 

of synthesis of thia linkag.., tbat allows for 
1 • :¡ . 1 

optimi¡:ation, by,, the intr.cc!ucti.or. 
-:;¡.,, 1' ,,..,,:, ',. 

' ' . ' 
of a free par~ter. Referring to Fig 5.2.3, this author writes the i~put-

output 'function of tha RSsR l.Ú>.kllge in tila for'lll 

{5.2.29} 
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J)_ b;~ 
• 

, .... 

' 

Fig. 5.2.3 .. RSSR function genorating linkago 

1 ' 

.. 



where 

.(S.2.30a) 

(S.2.JOb) 

(5.2.30c:l 

tlon>alizinq Lhe link_a9'e l<mqths with respect to s
4

, the following variables 

aro detined 

.,. ., . '· 
' 

., ,. - .. 
' ' ' 

., •• ' 
S·~¡ 

' 
Tho input-output function iB then transformad into 

2 2 2 2 
f t+,tl "'X

1
-x

2 
+x

3 
+ 1_+}.-. -_2~ca 

4 
+e -2>< 

1 
(),so 4 c9te~~;+l tlx3 

(es~Ba 
4

c'j>) 

-2x 1x3 ta,¡,st+co
4
ctc')•O 

MOreover, define 

with 

i11)J
0

·A+
0
so 

(5.2.31) 

(5.2.32) 

(5.2.33) 

Subtractinq f(.
0
,t

0
)•0 from f(+j'~jl-0 (j•1,2,, •. ,nl leeds to the following 

linear homogenous system 

where 

• ., 
u ,, 

' 

(5.2.34) 

(5.2.)5a) 

(5.2,J5b) 

(5.2.36a) 

(S.2.J6b) 

• 



Cj"sla69jl- so 

ojAc(a+~<j>j)- ca 

Ej~c(a+6~j)c(S+6~jl- cocS 

F j ,._s (o+M j J 11 (S+M':l )+sasB 

(5.2.J6c) 

(S.2.lGdl 

(5,2.36el 

(5.2.36!) 

Systcm (5.2.34) has ncn-triviá1 soluticns if and cnlv if its determi:•nt 

vaniehes, In the p~blem of synthesis for !uncticn gener~tion, the v•lues 

of l11j• j and M•jli-1,2, ••• ,nl a:re. given. Hence, the determinan~ 6 is o 

function of o and 8 only. This determinant has, in fact, the followl~J 

form 

A2 82'"F2 

A
3 

EI
3 

... F
3 

." ~{a,Bl (5.2.37) 

• 

• 

The function 6(a,Sl vanishes alcng the curve s~atol defined over the ?lane 

a-8. as shown in Fig.S.2.4 

Luck propases in (s.J) a numerical method to find pairs of values (n_,6 1l 

alcng Which 6 vanishes, this !IH>thod boing based en the "'regula-falsl' 

algcrithm. A different method is proposed here. 

Fc:r a given value cf S, say a
1

, 6 can be r~arded as a functinn of ~ne 

real variable, namely, a, i.e. 

6i .. 6i (<:<) 

To find the rcots of ~i' the method o! Newton-Raphscn is applied, as 

follo....,. 



' 

L---~------------------.. 0 o, 

-Fig_5.2.4 Set of valuea of ~ and B along which 5 vanishas. 

1. il Estimate (or gueas) a starting value of a, say 

iterativa procedure 

o 
o ' to begin the 

l.ii) F~ the current value ok of the sought root, c0111pute an 

itnproved value of a. , • 
k+1 k 

o ~o -

1. iii) If the corrcction value 

"' o .. 

' ' . '\ (CI )/6j_ (a ) 1!1 greatel' 

(5.2.38) 

than a given 

tolcrence t, J:eturn to Step l.ii. Otherwise, vcrity if !s
1 

(o.kll:;_~ .• · 

If 50, stop the procadure and acccpt the current ' value o as thc 

val \le of the co.ush root, a
1

. If not, repeat the procedure starting ,._ 

at Step 1,1, with a differe~t value of o0 . 



• 

l;:xpiCcn6ion (5.2,39) greaty simplifica wh<m lhe forii!Ula for the deriyative 

of 11. determinant is introduced, """'~ly 

~! (nl•ó _ (u)'l.'r (M-\ (olli' (~)] 
~ l ~ -

• 

(5.2.39) 

IYhere M is the matrix whosc detorminnnt is 6 and M' (a) is thc rnatrix whose 

entries are the dedvatives, wJth resp.,ct toa, of the corresponding entries 

of H. Since formula (5,2.39) is not very popular, its derivation is preeented 

in Appendix 2, Substitution of eq. (5,2.39) into eq. (5.2.38) leads to 

(5.2.40) 

t.o compute 

-1 k k 
M (a )M' (o )=U - - -

i.e., after droppin9 the argument for shOICtnu~s, 

(5.2.41) 

In eq. (5,2,41), let n and m' denote vectors identic"l to the p<' 
-p "p 

colwnn~ of matdces l! and 1.:.1', respectively. llcnce, rnatrix N can be 

• 
comouted bv solving the 6 linear systems 

Mn -·' p-1 2,. .. ,6 --p ·p (S.2.42l 

which can bA done via thc LU dccomposition algorithm. At this stage there 

nre two simplifications, n~ely, 

2.1) Subroutina DECOMP need only once bA applied at the kth itcration for, 

once the LU decompoaition of tl is obtuined, this can be u9üd to solve 

the 6 systems appcaring in (5.2.42) 

2. ii) Since A. and B do not contain a 
' j 

cxplicitly, the first two columns 

of M' vanish. Th~reforo, !! 1 ~!! 2 '"Q and 11ubroutlno CO!.VE need b~ applied 

only four times. ~nthermore, 

2. iiil If at any. of the iterations DECOMP datects ~Wtrix 1;1 to be singular, 



the _aystem of (5.2.42) cannot be sol ved, .but this is not nec~•sary 

¡my moro, for precisely what one i5 seel<~"9 is that value of ~, tor e 

qiven value of a
1

, that renders ~atrix M ainqular, i.e. th~t ~kes C 

roro. 

C~tce the value o
1 

that, for a_ givon 11
1 

makes the detonninant vanish, has bet::: 

found, a new value of 11
1

, saJo: lli+l' is introduced and t.he process st,rtir.g 

1.1. is repoated, except t.hat a new 
o 

starting value o need not be <)~;ssed, 

for a good estimato for a
1 

is, of courae, a., provided s
1 

and s
1 

. are 
' +1 1 +. 

sufficiently clo5e to each other. This way, a set of discreto value~ (e1 ,~1 . 

t.hat zero 6, cal) be given in tabular fonnr however, if a continuous :':.tnctio:. 

e•S(e) ·ts neceuery, this can be approdJ:~&ted by interpolation. 'I'he =st 

efficient way of interpolating such a function is by means of splin~ func-

tions [5,4). 

SUBROtn'ltiE ZERDET, appearing in Fig 5.2.5 implementa the algorit.hr.l c::tlined 

in 1.i-1.iii. 'I'his Bubroutino was used to find t.he graph 11 vs. a arisinCJ frcm 

the following problem for seven-point accura·cy synthesis (Example 1 :f (5.3: . 

t.t
2
-Jo•, t.-., ~-16 1° ' . 

ll+3.,7s•, AY3"-11 .s• 

llt4"'135", o,-

' 
22. s• 

t.t
5
·195", ,, -

' 
53. s• 

"'*6"'24~·' ,, -• 57,9" 

t.t 7~Joo•, A(! " 

' 
41 • 3" 

This graph appears in Fig 5.2.6 .. 
Civen one pair of values of the aforcmnntioned set (o

1
,p

1
J and reca!~lng th~: 

u6~1,_the follcwing linear inhomogeneous system is obtained 

Gu•-f (5.2.43) 

where C is t.he submatrix of ~ containing the first five rows and col·.=s of 

it, ~,~,-('!1 •'!2 , .... '!_
5
)T 8nd t:,-[~2 .~3 , ... ,f

6
)T. Vector!! can be obtainc..J. 
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Fi<¡ 5.2.6 l'ree-paramete:r relationship for the synthesis of d function 
- qenerator linkage with seven specified points. 

" ' 



from eq. (5,2.43) vil!, the LU docomposition <~l<;¡otithm. With ~ known 1 the 

no'n~~~~lized le.ngths x
1

,x
3
',A,e and the_a.ngla o

4 
can be obtained by substitu­

tion into eqa, (5,2,35). The remaining 1o,ngth 1 x
2

, is readily obtained !rom 

eq. (5.2.32) when, !or. convenience, the values of " 1 and • 1 are introduccd 

in that equation. Thus, the aynthesis problem is totally sol ved. 

'I'wo observations are in order: i) This m<lthod allows to synthesize a function 

· glllllll'lltor for up to aoven preciaion poinU and iil aince infinitcly many 

combinations of o. and S (that turn the detcrminant 6 zero) cxist, that 

oombination renderin9 the best transmission angle can be used, thus allowing 

tor optimization. 

So ta"r no velocity nor acceleration nor hiqher-derivative conditions have 

been considerad. The introduction of such conditions, renderin9 a synthesis 

problem for infinitesimally-eeparatcd positions is, however, straightforward. 

In fact, all that need be done ia to differentiate the ~nput-output function 

with respect to time as many times as necessary, subatitute in the resulting 

equations the prescribed values of the input, the output and their derivativos 

and form a syete~ of synthesis equations similar to that appoaring in eqs. 

(5.2.17). Thie is next illustrated wit~ an example. 

t:xa~ple 5.2.2 synthesis of the RSSR linkage for function generation with 

prescribed dead-points. 

It is required to determine the dimensions of the linkaqe ahown in Fiq 5,2.1, 

for a given value of anqle " , to produce an oscillation of link BC of . ' 
in such a way that the return ~tion (undar no load) be perfonmed twice as 

faster as the first half (under full load). The input link ahould be a c~ank, 

i.a. it should rotata through 360! 

Solution; .. 
In the synthesis equation 5.2.17, let 



-, ., ,,. ., •• ' ' . ' 
., 
., 

222222. a
1
-a

2
+a

3
+a

4
+s

1
+s

4
+2s

1
s

4
ca

4 
2a

1
a

3 

thus obtai.ni:ng"-the-=i.table syntheais equation in the fonn 

(5.2.44a) 

(S,2.44b) 

(5.2.451 

TO meet the p~oblem COnd~tions, ass~e that the no-load motion is perfo~ed 

during a 120" rotation of t.he input cra.nk, the load motion being cxecuta~ 

during the rernilin_ing 240"rotation of the said crank. Thus, the foll~wing 

ccnditions can be imposed 

(5.2.46a) 

• ~l20" 1 ~9o• ,· •O 
2 • 2 ' 2 

(S.2.46bl 

These conditions do not suffice for the pr~sent problem for, even if they 

are met, the output link_age could rotate thro_ugh an angle of 270" and not 

one of 90°, as required. To ensure the proper motion to be perfonned by the 

linkage, the additional following condition is imposed 

(5.2.46<:) 

which arises fram the assumption that, when the input link haa rotated 

through an angle of 60"(•.¡,
3 -· ' ) o! the load motion (1/4 of this motion), 

the output link has rotatcd through an an9le'of 22.5"(~t2 - 11' 3 J Of ~he 

samc motion (1/4 of this motion, also). 

To specify the vclocity conditions, the synth<=ais equation (5.2.45)>5 

differentiated with respect to time, thus obtainin9 

. . . . . . 
kj~so4c~+k2~st-k3 o¡.s~+k4 oj.sn 4 c0¡\-(-~s<j>ct¡.-~cfso¡. 

. . 
+q,cn 4cts~+~cn4 a~c~l~o {5.2.47) 

'y 

' 

' 



It is then noticed that five synthesis equstiona can be obtained to produce 

Uve unknowns, therehy ~ustifying the use of a synthesis equation of the 'form · 

of eq. (5.2.45). The Said five synthesh oquations are: 

Yor f
1
•0 and V1•0, eq. (5.2.4~) leads to 

-k
2

+k
3

+k
5
-, .. o (5.2.48a) 

YOr t
1
-o, "'

1
..0 and ~ 1 ·0, with +lo, which can then be dropped, eq. (5.2.47) 

leads to 

k
1
so

4
-o 

• •120" and 1 ~go• ' ' ' 
eq. (5.2.45) leads to 

For ~ 2•120", .¡.
2
•90" and ~2--o, with ~ 2;o10 eq. (5.2.47) leads to 

1 13 1 
~o4k1+ 2k2+ 2F04~o 

Finally, frcm condition (5.2.46c), eq. (5.;>.45) laads to 

(5.2.4Bb) 

(5.2.4Bc) 

k
2 
+c67. s•k

3 
+s6

1
7 .s•sa 

4
k

4 
+J.; S +c67 .s• .. o (S. 2 .48d) 

Solvin<¡ for the five \lllknowns in the foregcipg syste~~~ (5.2.4B), ono obtains 

,¡; ) --ca (e-1) 

' ' 

,r, ) (1 + e + ---3'"'.¡ (s-1). 

whe"" cEcos 67.5", s~sin 67.5" 



Putting the aboye expreesions into a c:ornpute..- and c:omputing them for 

different values of a
4 

yields numerous l~nka<¡es, out of whic:h the best (in 

a 9iven sense, e .. g., the ene with the be11t ttansmission ap<;¡lel can be 

5elected. 

The transmission angle, ~. de!ined as a_ngle !11\D of the linkage appearing 

in l'i9 5,2.1, is a measure of the rneehanical advantage of the linkage, i.e. 

the ratio of output torque (M+) to input torque !M.¡,l- Fro10 Fig 5.2.1, the 

definition of vectors !!!,!:?,\;; and ~ foUowing it, and eqs. (5.2.5), (5.2.11), 

(5.2.14) and (S.2,16c), it follows that 

o;os¡uo-

from which 

ces~ •-
a4c~-s 1 sn4s,+a 1 co 4s•s++a 1 c,c+-a3 ., (5.2.49) 

The reason why the transmission angla is a measure of the mechanical adva~ 

tage of the linkage h the tollowipg: disregarding the inertia forces of 

(inks, the input ,torque, M+, is translllitted from link CD to link AB 

(Fig 5.2,\)through the coupler link AO by ~ans of a force collinear with 

line AD, lf this force, F, is resolved into two components, one parallel 

to line AB and the other perpendicular to it, the working component is that 

perpendicular to AB and its value is F sinp, whereas the nonworking compo-

nent is that parallel to AB and itl value is F oosp. Tbus, for a "good" 

force transmission, the parallel component of F should be as small as 

possible, which is attained if cosp lies 'clase to zero, i.e. if P lies 

close,to either 90" or 270", 

An expression for the mechanical advantage of the RSSR linkage can be 

obtaincd via a sutic analyais of the linkage, thus finding an expression 

'1 



for M~ in terms of the link.age para!ll<lters, ¡j.,~ and M"' This approach would 

be too tedious, A different approach is next pressented. 

Disr<lgarding the effect of friction (orces for simplicity, the output ¡oower 

iS equated to the input power, i.e. 

from which, the mechanical adVantage, m, is obtained as 

-~~i "• . 
F~ eq. (5.4.47), 

k3s~-k4sa4ct-stc9~ca4c~st 
k 1 sa4c9+k2s~+c~s9-ca4c9s~ 

(S. l. 50) 

(5.2.51) 

(5.2.32) 

' ' 

1\n analogous procedure can be followed to determine the mechtwical adnntac;e 

of othar types linkages. 

Exerc!se 5.2.1 Determine the ~~~echanical aJ.vantage of the following lir.<oages: 

S¡;>herical RRRR, RSRP, RSRC 

Exercise 5.2.2. Using the resulta ot SlCIUilple 5.2.2, tind the db::ensior.s of 

the linkage whose transmission angla lies between 40" and 140° (or be!·-·een 

220" and 1:hÓ•¡ throughout the performance of the linkage. 

MObility analysis 

In synthesising function- generatinq linkagos one is interested in proC.-~dng 
~ 

a link with certain mobility oonditions. These conditions refer to the ranga 

of rnotion of either the input- or the output link or of both. Wit.h t:hi~ 

respect, ene of these links is to be either a crank (pessibility of r:>tlltion 

through 360") ora rocker (possibility of rotation through a fra~tion of a 

complete turn). The conditions under ~hich these ~bili~y specificaticns 

Referrinq te f'ig 5.2.1 the following analysis is performed to est11bl.i~~ 



• 
' tho conditicns under which tho input link,. CD, is a crank. 

Yor a. c¡iven positicn of the input link, Le. for a. given value of t 1 the 

rclative position of the pairs D andA is depicted in ~ig 5.2.7. In that 

Fi9ure, the locus of A is tho circle centered ata with a radius a3 , ~ 

being the unit normal to the plane of the circle, i.e. the vector paralel 

to the axis of the the revolute peir R
41

. 

' -- --- - D -- - .,_.,., ---...... --- / - / 
Q_ -- / -- / 

' / / 
'\./',.; 

i'" 

/ 

Fig 5.2.7 R.elative po"ition of pairs A and D of Fi9 5.2 .. \ 

In what follows the following Theorem will be' resorted to 

6MtJtce. !IJ-<-ng .the. c.liJHht ami .the. GM.the..~>t 6.\om the po.úl.t, Q Md P, l!.Mpe.~ 

;üvef.y, ha.ve .till'. pll.Ope/Lty .tho.t Une.~.· QV and PO Me. peJtpe.ndj.c.u.lM to .the. 

.tcmgc.n.t: te -tire Wcle p<U>h.&iíJ t!Vtou.gh Q and .tivJ.ou.gh P. 

Exercise 5.2.3 UGing the method of the La9range multipliers, preve 

Theorem 5.2. 1 

From Theorem 5.2.1 it follows that P and Q are determined as the intersec-

tions of tllc circle whh linc lB. Lin<> IB ia in turn dctencincd by tho 

conter ~f the circle, B, and the intersoction of the"plane of tho circle 

' ... 

' 

--



' 

t~ith its perpen<Hcular from O. Let !(•) and L(tl be. th& lenght of segments 

0Q and OP, respectively. llene&, the condition for the i~put link to be a 

crank is that a
2

, the le.nght of the coupler link, lie within the ma>Cimum 

va.iUii!'ct---l:-and the =inimum value L, Le. 

Exercise 5.2.4 Derive the following expressions. 

t (s
4
ts

1
cosa

4
ta

1
sen04sent) 2 }1

/
2 

' 
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5.3 MECIIIINISM SYNTHESIS FOR RlGlD-IlODY GUIDANCE. 

11 complete acccunt of the theory and applications of this subject appeara 

in (~.5-5.12). Different approaches to this Problem are presentad, all ol 

them r:egarding the calculation of geomotdc paramete.-s of one dyad* at a 

tiroe, but the most unified treatment is that of Tsai and Rot:h (s. 11). '!.~e 

method introduced by these authors is based on formulae relating ~e 

diffo¡:-ent screw angles and displ<~ccmcnts o.f <:omposed motions (carrying ':he 

rigid body intended to be g_uided trom its refenmce configuration to its n 

specifled succesaive configurationslto the directions and pcsitions of ~e 

sc)'ew ilXI!S involved, as .. is shown next. 

Let a rigid body·a occupy configuration a
0 

initially (henceforth cal leC: 

Hthe reference oonfiguration") and assume it is intended to conduct Chio 

r_igid body through n succesaive configurations B. (j .. 1,2, ... ,n), all 

' 
of :.hem 

being finitely separated, i.e. the screw motions relating one of these 

conf_igurations to each other and to the reference one contain parameteu 

(a_ngle and displacementl with only finite values {Fig 5.3.1) 

The motion carrying B from s
0 

to Bj can be r_egarded as the composition cf 

two motions\. one, given by a screw M.** _, carrying B from a
0 

to B~, follo~·ed 

' a second one, given bu a •crew F. , _, carriying B from Bj to Bj. The ax~l 

both screws Mj and F. are lines M. 
- -J ) 

shown in Fig 5.3.1, where Fj 

is fixed in space, i.e. its position relative to s
0 

does not chan~e after 

the ...,tion is completed, wherea~ line Mj is a moving ono. 'Let uj 

the scalar dis,lacements of M. and F , respectively, and 
. ) - j . 

*See Section 3.2. 
**H denotes a screw, -j "hereas its axis. 

a and 
j 

and w. be 

' yj their 
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' respective a.ngles. The screw :¡::1 resulting fr_om the eo:o.position of ~j ""d _rj 

•• 

:01 ' ., 
,, 

'o ', / 1 
+ 

"' 
., 

.¡-~ 

~~ 
,, 

j 

~ 
,, 

j 

Fig S,J.1 Successive configurationa of a rigid body 

has an axis Sj passing through point A., 
. ' it;; displacement being denotad by 

by 6 .• All three screws 

' 
form what R<lth '"'lls a "screw 

triangle~, Next, relationahipa arnong the screw displacements, angla and 

axes are obtained. 

In what follows, let •,, f. and s b<i unit vectors parallel to 
- •J -j . 

the axes 

"' "·' !'j and ' .. MOreover, "' qj,g,, wó ,, be the position vectors of ., ., . . ' 
pcints ,, ' ,, ""' .,. located on 

"'' ' ' '"' 
,, ' reapectively. ,,, short, 

the indicas are dropped from the screw parameters io '"' followin<] 

derivations, 



" 
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(5.~. 7) 

thereby obtaininq one aecond relationship 

~ obt4in a third relationship, one connectinq G to ~·~ and ~· proce~ as 

fdllowa: 

Eq. (5.3.1) was obtained by first rotating B through an angle ~ about an 

axis parallel to ~· and then through an angle y about an axis ~arallt~ to 

!· The resulting rotation is equivalent to a single one throu;h o.n <-c.gle 

' about an axis parallel to ~- lf now configuration B' is 
j 

regarded ~; the 

reference one, a
0 

can bo reached from Bj through Bj.Bj can be ::"eacheC from 

Bj in exactly the same way as described previously, i.e. by means of ~ 

rotation' through an an9le y about an axis pa>:all&l to ~~ but now a
0 

reached from Bj by Pleans of the inverse of the rotation ea.-ryir.g a 0 

e•" be 

t: B j • 

i.e., via a rotation through_an anglo> -8 abount an axis parall&l to s. 

Writing the equat_ion &quiva.lent to (5.3.1) for this composltion of ro:J.tior::s 

., . ') 
tan -m-' -

. ' ta~-ta+--~+-x! 

1+t .. n!tau~~-! 
cs. J. al 

Proceeding in a fashion analo9ous to the one used to obtain (5.3.4) a~~ 

(5.3. 7), L~- multiplyi~g both sides of eq. (5.3.8) times x~·'l'• one f::.."lally 

obtains 

>". sxm ta+- '<"~"·~;,,o:,,o;xrn=_,,, 

as the third relationship s?ught. 

(5.3.3) 

In tho following, expressions for u, w and t 11.re obtainsd. The com;;osi~ion 

of screws M and F h shown in Fig. 5.3.~. In This figure, ~ is the on;inaL. 

position vector of a point P of a riqid body underqoing first ~ screw nction 

of scalar displacement u, parallel to vector '!'• an<l rotation " about 

an axis passing throu9h Q and parallel to m. l'.!t~r thh screw trotion óe 



'­. 7 

position vector of Pi'~·· Next, the ¡:,i..~id l>Qdy unde_rgoes one IU!c:Qn:l screw 

motion of sc~lar dia~lacement ~ ra(all~l t6 ~~ ~nd rotation y ~bout an axis 

paasing throu<jh G and parallel to f• The final position vector of point P 

ia r~. 

'I'hc composition of both scrcws is equivalerÍt to ono sipgle screw of scalar 

displacement t parallel to ~· and rotation e about an axis passi.ng through 

A and parallel to s. This screw.is shown in Pig 5.3.3. 

Let. ~l and g2 be the rotations of screws ~ and F, respectively, g
3 

being 

thal of the equivalent acrew S, Thus, applying eqs. (2,6,19) and (2,6,19), 

(5.3.10) 

where, applying the same reeult again, 

(5.3.11) 

Substitution of (5,3,11) into (5.3.10) yields, after cancellations and 

rearrangement of terms, 

r"-r+wf+uQ m+(Q -l)r-(Q -I)q-Q q+-Q q 
- - - -2 .3 - - .2 - .J -2-

{5.3.12) 

in which ~3-?2~ 1 , has been substituted. 

On thc other hand, usinq thc equivalent screw to compute ~H, 

(5.3.1.3) 

Equatinq the riqht hand uides of (5.3.12) and (5.3.13), one obtains 

wg+uQ !9-t~+(Q -P ({l-q)+(Q -~) (q-g)-Q 
-2 -3 - -2· - -• 

from (5.13,p.5). 

(5.3.14) 

(5.3.15)• 

--



" - - - -- -
\¡ •' -

-,;." -

/ 

"' 



(Q -Il (q-g)m(1-c1lfx(!x(q-gl)tsyfx(~-g) 
-2 - - - • - - - • -

(Q - I ) (a-q) " ( 1-cO) sx ( 11X (a-ql J +se sx (a-ql 
_2 •• - - • - - • - -

SubGtitution of (5,3,15)-(5.3.171. into (5,3,14) yields 

w!·t~+~+u(1-cylfx(~~)+usy!~+(1-cSl!x(~x(~-~l)+sS~x(!-~) 

+ ( 1-c'¡ ¡ ~x (~x <'!-~¡) +~y~x <:nJ -~ 
Multiplying both sides of eq. (5.3,18) times"!·~ yields 

~!·!+u(1-cyl(!x(!~l)xf.!+usyCf~Jxf.!+ 

.¡ ( 1-ce) Í!X (~x (~-q)) )x!, ~+ser ~X (~·q)) Xf • ~+ - - -· 
+ (1-cy) {fx Úx (~-~)) )xf -!1+sy (~x (~-?i)xf ·!_;O 

Define 

(5. 3. 16) 

(5.3.17) 

{5, 3. :SJ 

(5,3.:9) 

(.S.J.:a¡ 

FrOl'!l eq. (5,3,4), the corrcsponding trigonometric identities and defir.:cion.s 

(5.3:20), one obtains 

' ' ' ' 2P1P2 p2-p1 ,, 
"' ' ' 

1-cy• 

' ' 
., 

' ' p,+p2 p1+p2 P¡ +p2 

' ' ' p3-p1 ,,, 2P¡P] 

"' • 1-ca '· , 
,, 

' ' ' ' p,+p) P¡ P 3 P1+pJ 

Substituting eqs. (5. 3. 20)- (5 ,3. 22) into .,. (5,3,19). 

' 
u{pl + 

,,, 
(f>dfx~J)xf·!1 + 

' ' p,+p2 

' ' ,, 
2 ~{!x(fx('!-?l)lx~.~+ 

P 1•p2 

' 

2P1P2 
if"'!')Xf • ~ 

' ' P¡ +p2 

2p, 2p1p3 

2 ~{~x(~x(~-~J)lx~.~-~(~x(~-~l)x:·!·O 
p1+p3 P¡+PJ 

• 

(5,3.::1) 

' : . 



whero 

( fx ( fX!!'l ) xt. s"·fi\Xf, s•-p 
.. ----- l 

(5.3.24) 

'"' 
(fxm)xf.e•lfxm). {fxs)•-p 
- - - - - -. - - 2 

(5.3.25) 

Let A.be thc coefficient of u. Then, 

(S,J.:lG) 

Lat B be the sum of the next two terms in (5,3,23). Then 

(5.3.27) 

Let ~be eum of the last two terms in (5.3.23), 

"' ' e-- 21 2(p,~x!!+pl(!x!lx:;!). <!!·s> 
P(tpl 

(5.3.28) 

Substitutin9 (5.3.2&)-(5,3.26) into eq. (5.3.23), dropping the co!lli'IIOn factor 

p
1 

in it and solving for u/2, One obtains 

(5.3.29) 

where 

(5.3.10) 

Te simplify expression (5.3.29), expnnd the terms in the dcnominators and 

those in the brackets of expre1sions (5.3,30). 

,. 
1 • 

·' 



' 
'" 

2 2 · IJC~t)x(:!~lj) 2 

cos {IIIXf ,fxs)-1-sin (mxf ,fxs) ,,_ 
2 2 ---- ---- 11,.'11 11!·~11 

Subutituting expn•ssicn (5,3,32) into (5.3,31), one obt¡dns 

whare 

11 mxf 11 2 
• (mxf) . (mxf)" (mxf)xm. feo (f-f.mrn) • f•1- (m. f) 

2 - - - - - - - - - - - - -- - - -
Rnd, sirnllarly, 

Further1110re, 

. 2 ... 2 11 (mxf) >dfxs) 11 ,jj (mxfl .sf- (mxf) .fs [j - - - - - - -- - - --
.. ¡¡ (rnxf.alfll - - - -

Substitution of eqs. (5,3.34)-(5,3,36) into eq. {5,3.33) leads to 

2 2 2 2 
p +p ~11-(m.!) J (1-(s.f) J 

1 2 -- --

llnd, similarly 

' '1 '1 'J p +p"' 1-(s.f} J 1-(s,m) 
13 -- .--

(5.3.32) 

(5,3,33) 

(5.3.34) 

(5.3.35) 

(5.3.36) 

(5,3.37) 

(5,3,38) 



Moreover, 

(5.3.39)* 

Each of the two terms in tho brackets of e>:prossion (5.3.39) are ne>:t 

expanded 

fxsma,sxf•b 
~~~~~~ 

Thua, ~he dyadic ~>:!!X! can be written aa•• 

fxssxf~ah 

* j is the identity dyadic, i.e. a dyadic that is isornorphic to the 3»3 

identity matrix. Thus, in matrix notation, if the components of ! ~~~~ 

t,t2 '" ,,, "'"" 
1:. f

2 -r
1

t
2 -flfJ_ 

' 
h-!!)• -f1f2 1-f2 

' 
-f 1f 3 

-f
2

f 

' ' 
-f2f3 1-f

2 

' 
** For a short aocount on the algebra of dyadios see Appendix 1. 



rntroducing the usual index notation (5,15), 

(J;xsSJ<f)i_Da,b. (5.,3.4.1) 
~ ~~ - J l. ~ 

where, :f'rom definitions (5,3.40), 

• 

H<moe 

where, as is shoWil in Appendix 3, 

~ikltjmn-lij(Okm6{n-Oknó~)+Ójk(ómtó1n-óimó!n) 

+ójl(óin6kn-ókm0in) • 

Substituting (5.3.44) into (5,3,43), one obtains finally 

.(5.~.42) 

(5.3.43) 

(5,3.44) 

{5,3.45) 

Substitution of the latter expression into (5.3.39) and simplifying the 

resulting expression leads to 

(5,3.46) 

Similarly, 

{5.3.47) 

Substituting (5,3,37), (5.3.38), (5.3.46} and (5.3.47) into (5.3.30) and the 

corresponding exp.-essions for :
1 

and ~2 into (5.3.29), one obtains. 

~- 12-!!l 

' 1-('.!'.!J 
(g-ql+ . . 

~- (!-~:?) 

' 1-(~.!).l) 

(a-ql (5,3.48) 

which is identical to the corresponding cxpression obtainod ~y Rcth and 

Tsai (s.11}. 

' Multiplying .,q. (5.3.14) tim"s ~ 2 one obt!lins 

,, 



1 

T T T 
wftum~tQ s+(Q -Q l (a-ql-(Q -!) (q-g)mO 

- - .2- -1 .2 - - _2 - - - -
(5,3,49) 

Multiplying thc latter equation time~ xf,m ~nd proceedi~ in a manncr similar 

tO that lnading to eq, (5.3.48)'etarting fr<;>m eq. (5.3.15), ene obtains 

.s__ 

' 
s-(s.m)m 
• ··;.(q-al+ 
1-(s.m) - -

!-(~-~lf ,. 
~-(s.f) .. . . 

Now multiplying eq. (5,3.14) times º' ·' 
leads te 

(5,3.50) 

(5.3.51) 

Finally, multiplying eq. (5.3.51) times ""!!-·~ and proceedinq as befare, ono. 

obtains 

• -' 
~-<f-!:!l~ 

' 1-(!-!l 
·(a-gl-

f-(f.m)lll - - - - .(q-g) (5,3.52) .. 

Equ.ations (5.3.4), (5.3.7), (5.3.9), (5.3.48), (5.3.501 and (5.3.52) au the 

synthesis equations wbich "'ere meant to bo obtained, 

Remarks about the synthesis equations: 

i) They are useful to synthesise spatial linkages, but not plane ones, 

because in the latter cnse, f• '!' and ~are para11e1. Hcnce angles a, l 

and a'are undetermined in eqs. (5.3.4), (5.3.7) and (5.3.9) and 

displacements u, t and w are undertermined in eqs; (5.3.4B), (5.3.50) 

and (5.3.52). 1'hus, tu synthesise plane linka;¡es, ot.hcr cquations should 

be used, like · thosil developed by Suh (s. 16) or by Angeles [ 5, 17) •. 

Equations appearing in (5.17) are darived in th~ Appendix. 

ii) They enable the designar to synthcsise dyatls of any combination of the 

six kinrnnatio lower pahs introduood in Ch. 3, except for the planar 

one. Notice, however, that eince thG axis o! one of the two pairs of 



the dyad is fixed and !;he other ene is rnoving, the dyad is n<.>t o:¡r:metri;, 

for which reason the H-S dyad, for instanca, is diffcrent from ~he S-R 

dyad. Hence.' the total nwnher of dyads that can be deslgned wiü the 

foregoing equations is s 2-2s. The syntheses of all these dyads, except 

for the P-P ene, are dhcussed in (5.11), As Roth and 'rsai ¡:q!n~ out 

in (5. 11) , unless the IJUided rigid body unde.-goes pure transla:i.on, 

in gene¡:-al a l>-P dyad does not exist for an a.-bitrary rigid bod;.-

1:10tion. 

iii) If the different configurations of a l"igid body meant to J::e gu;C;,d are 

specified, · not via their screws (referred to a common or1ginal c:mfig-

uration), but via the successive positions of a set o! three nor.-col-

linear points of the rigid body, then the con-esponding screws :::·;st 

tirst be computed. This C.an..be done with the computar subroutine SCRE:".J, 

whose listing appears in Fig 2.6,6. 

ivf The path-generation problem of synthesis, discussed in Section 0.5, 

can also be treated using the equations under consideraticn. 

The outlincd synthesis procedurc is illuatrated by means of an example 

reqarding the design of an R-R dyad for rigid-body guidance. The syntr.~sis 
• 

of this dyad has been studigd aKtensivoly. lt was first shown t~at th~ 

mi!Kimum numher of specified configurations of the rigid body is three (See 

s~ction 5.4), if exact sclutions are to be cbtained, these solutíons ~üng 

ewact up to round-off and/or mcasuring errors. This statement can be r~adily 

preved by the reader; besides, it is reported in several papera, e.g. ln 

(5.11,p.94), Ro_th [5.18) showed that the aforementioned e~act srnthesis 

problem has .no more than 24 real solutions, whereas Suh (S.19) ~howed ~hat -. 

these solutions always come in pairs, ""''h pair forming a 

Bennctt mechanism [5.20), i.e. an RRRR spatial Jinkage with degrec o! 

' • 



froedom 1*. Finally, Roth and Ta&i (5.12) showed that this problnm has only 

one pair O( real solutions, which constitute a Bennett mechan~sm. 

Example 5.3.1 Synthesise an RRRR spatial linkag~ to guide a rigid body 

whosa points A,B and C attain the following successive positions: 

A
0

(0,0,1) A
1

(0,0,1) A
2

(t,0,0) 

80(0,1,0) s,o.fl,n 92 (t+fl/2' o ,16/2) 

c0 (t,O,O) c 1 (/6/2,12/2,ol c
2 

(J+fi,o',o¡ 

Tha two involved screws, @¡ and @
2

, transporting the rigid body from 

configuration O t"o confi<)urations 1 and 2, respectively were obtained with 

the aid of SUBROUTINE SCREW, the resulting parameters bein9 those obtained 

fram the computar printout of the program that was written for this purpose. 

These are the following: 

-0.769 . -
" ' 0.590 ' 

-0.245 

-0.906 

•• "' 
o. 194 

0,375 

In this problem,6., 

' 

. -
" ' 

. -., 

~ j • 

0.454 

o.'7B7 

0.470 

0.305 

0,176 ,t 2•-1.2B2,62~-t29.736" 

o. 645 

and w. (j•t, 2) are known. In fact, 

' uj-wj•O(j~t,2), for the corresponding motions are produced by revolute 

pairs, thereby not allowing for any sliding¡ the reamaining aforcmentioned 

parameters aro those obtaincd via SUBROUTINE SCREW. The synthesis equations 

that are applied are eqs. (5.3.9), (5.3.49), (5.3.50) and (5.3.52), all of 

.• tt lhe GrÜbler-l<utzbach 3. S fOrlllula ilf applied to this linkage, i t is 
found that ita dagrce Of fr,edom. is -2 

. ;)1 



the~ taken twice, once fo~ oach valuo of j. 

1\dditionally, the unity-rnagnitude U.<:!. normalj.tyl conditio;m on veca:>rs f 

and rn yields two more equations. Finally, specifying the location of points 

G and Q, on the aXes of the ~ and ~ screws, respectively, in such a way as 

to rendar GQ perpendicular to both axes, one obtains two additionel equations. 

Surnmari2ing, the problem laads to e system of 12 nonlinear algcbraic equations 

in 12 unknowns. Roth and Tsai (5.12) introducod an algorithrn that ~educas 

the problcm to finding the unique poaitive real root of a cubic equation. 

In the course o! the description of their alqorit~, they show that the 

system admits exactly two real differcnt solutions which, as Suh (5.19) 

proved before, are bound b:l constitute a llennett me~hanism. Hcth and Tsai 

also show that spurious solutions b:l the said system also appear, which 

ocntain, as solutions to ! or ~· either ~J The author has found, 

following a different approach, that other spurious solutions can also appear, 

' these solutions being inadmissibla in the senee of yielding, for instancé, 

point Q of the seognd solution identical to point G of the first ene, thus 

makinq impossib~o the construction of the link~go. 

The solution to the present prcblem is now obtained following a different 

procedure ss that proposed by Rcth and Tsai. In fact, slthough the algorithm 

proposed by these authcrs can be implementad even with a desk calculator 

(not necesssrily a programmable one), the author cculd not see how to extend 

it to overdetermined problema, i.e. problema that involve the guidance cf a 

riqid body through more than three diffe~ent configurations, thus not allowing 

tor an exact solution, in which case the bost spproximation (See Section 6.3) 

should be sought, The procedure followed here is based on the use of 

SUBROU"l'INE NRDAMP. First tho synthcsie equations are Bimplificd considerinq 

thst vector g~q is perpendicular to both ~ and ~· Thus, the synthcsis equs-

tions reduce to 



For 1•1,2: 

ei T T 
F1•ta~ (~-~1 ~ 1 Jm+dat(f,m,~1l•O 

, , 
'· •"""' (t-s 1o1J (a.-q~>•o l+ -.--- ·J.-

, ,, 
F •a (g-ql- -o 

i+6 -i - - 2 

, 
F •f f-1•0 o. . 

, 
F - (g-q)•O 

12 - - -

l5,3.53a) 

(5.3.53b) 

rs. 1. S3c:l 

(5.3.Sld) 

(5.3.53a) 

(5.3.53f) 

(5.3.53g) 

(5.3.53b) 

The Jacobian matrix of the systcm, which is needed by NRDAMP, is no~ ~)rmed 

by computing the partial derivativas of the above func:tior.s wicll respe:t to 

the unknowns f,m,g and q. Thus, 

For 1•1 ,2: 

ari+2 ,, 

. . . 

• o 

(5.3.54&) 

(5.3.54c) 

(5.3.54d) 

•• 

• 



.. , 
'/ 

ar i+l 

' <lFit2 --(l-a s.)f, -o ,, - -i-J. - ,, ' l5.3.54e) 

ar iH 
e. 

ar i+4 

' - -t,:-~i!'i l (~i -~) " •• (5.3.54f} 

ar i+4 
O, 

3Fi+4 

' - "-(I-s a )m ,, 
'" - -1-i -

arl+6 
e. 

ar 1+6 O, 
ar 1+6 ar HG 

• - -. ' --· " •• ,, _, 
'" 

_, (5.3.54h) 

", ar9 • ", 3f' ' 

"· O, e. ' o ¡¡- ~ - •• ag- 3q: "" -' -
(5.3. 54i) 

arlO 
e-

ar
10 

ar
10 2 • 

ar,o 
o --· á"'iil m ,. -· aq--" ,, (5.3.54j) 

ar 11 ar ,, 
2· 

or 11 
f, 

ar 11 
-f ~"' g-q, ~m ~~ --· 

'" - (5.3,54k) 

aF 12 ,_ ar
12 ar 12 ar

12 
~- a;- -. 2'-~- aq-~ m, -· -· '" 

(5.3.541) 

) 

Subroutines FUN and OFDX, required by Nrul»>P, comput" functions F i (i•l, ••. 12) 

and thc Jacobiao matrix. For this purpose, a vector x of twelve cornponcnts 

is 'defined in the folowing rnanner: 

Analogously, a vector p of given parametcra is dofinod as ' 



"' 
'o< i•1,2,J, 

piaali 

pi+3~82i 

Pi+6•ali 

Pi+9 .. a2i 

fo< 1 .. 1,2, 

P1+12"'8r 

pi+14-ti 

In oréler '" ' automat.a the calculations, the followin; arrays are defined: 

VE{I ,J) , for 1•1 ,2, ••. , 7 <!lnd J•1 12, 3 1 is the Jth componen t. of the Ith vector 

ot the array, where 

f• 1llt vector o< "" array 

!"' 2nd vector o< "'" e..-ray 

a -'l" . ' 3!9. vector of "'" array 

a -<¡"' ., 4th vector of "'" arra y 

a -q- Sth vector ., . - ., "'" Brray 

a-q-_, . 5~ vector of "'" array 

9-11 .. 7th vector of "'" arra y . 
M1\(I 1J,K), for 1"'1,2, and J,K-1,2,3, is the (J,K)th entry of the Ith matrb; 

of the array, where 

!-~1~~- the i~ matrix of the array. 

Other subsidiary subroutines are the followin<): 

SUDROUTINE MAVE (l ,MA,J, VE, PROV) computes the product of <natrix I of w, ..,.. 

times vector J of VE and stores this product in array PROV. 

SUBROOTlNE VEVE (1, VE, V, PROS) computes the inne.- product of vector I of VE 

times V and stores this product in PROS. 



suai!OUTWE CROSS (l 1X,J,P 1CROS) computes the. cross produce of eithe.- f(I•t) 

stored ip x, timos either S (,J•l) 

-' or :_;
2 

(J-2), both otOl'Ced in P. 

It. stores the p.-oduct in aq:ay CROS. The listi.ngs of tha afore:centl-Oc.ed 

¡;ubroutines appear in F_igs s·.3.4, 5,3,6, s:J. 7 and 5.3.8 

Tho two meanin;¡ful solutions tloat were obtairwd, using the Newton-R~:;ohson 

¡nethod, aro 

0.819 0,083 1 .048 0.246 

'. _, -0.569 /!!',K -0.349 ,'i!,- 0,31? •9' 1- -0.793 

0.073 -0,933 0,658 , .002 

-0.660 -0.866 1 .039 0.963 

' . _, -o. 744 •':'2- 0.480 •'ilz- o . 1 2 1 •'h- 0.388 

o. 107 -0.140 -0.761 0.624 

• 

"" conditions for the -"· linkage to constitute a Bennett !tkechanü:o (s.zC: 

are,_ according to Pig 9.3.9, 

/ 
/ 

' / 

Pig 5.3.9 A Bennett Mechanis~ 

1 

. ' 



si na 

• • 

•¡; 

aina 

' 
It can be readily preved th"'t the link.age just dedgned satisfies the abcve 

c:onditions and thus constitutes a Bennett mechanism. 

'l'he 11lgorith!o. of Roth and Tsai requires referring the problcm to a particular . . 
set of coordinate axes, in such a way that, letting !,j.~ denote unit vectors 

along new X, Y and Z axes, respectively, these vectors are de!ined as 

k•• 
" ' - 1 

l"urtheLll!ore, !:he orlgin of coordina tes is to .be placed at the intersectiun 

of the c~n perpendicular to the axes of screws ~ 1 snd ~2 with the axis 

of ~ 1 • "'" way, '" '"' "~ coordinatcs, 

,, • 

where h is the 

o o " o 

o ·~, .. o • • ._, o ••• _, > 

' o " o 

dietance betwecn the axas of S 
-' and ~ 2 times the sign of 

~,x!2 ,(~2 -~1 l. The BOlution obtained using the data in the new coordinate 

axes must be then tr~sformed into the original coordinates. This is done 

via.the followinq affine transformation: 



' 
.('i!J 0·- (~.¡)o+[~) o(':!) ll 

{<J) o • (~ 1) o.t (~)'~ (~) n 

whore ~ubecripta o and n refer to ori¡¡in~l and ne~ coordinates, respectively, 

Matdx (R) can be obtaincd via Detinition 1.2.1, as 
' ' ' ., .. , ' ' (•) (' ,, ' ' ' ) -o"' ~x_, lis XII 11•!1 

' _, -2 ' 

whcre the transpo~e of the given matrix ehould be taken because the matrix 

takcn aa euch (without tranepasing) reproeents lhe rotation of the original 

axee the now ene•, 

Exercise 5.3.1 Check the solution given above to Example 5.3.1, applying 

Tsai and·Roth's algorithm [5.12). 



5.4 1\ DIFFERENT 1\PPROACil T0 'l:!!E SYNTIIESIS PROBLEM FOR RlGit.-BOOY G':lDIINCE. 

Por dyads containing nny oombinstion of revolute and spherical pair•r th¡s 

prcble~ can be !ormulated in an alternative way, which formally resl'.~lcs 

the' plane Unkage synthesis proble~~~ (s.n) dhcussed in Appendix 4. Let 

,, 

x
0

Y
0

z
0 

ha coordinate axes attached to the r1gid body intend~d to gu~de, i.Jl 

it5 ~eference .:onf_igÜration,. and XjYjZj those attached to it in iu jth 

oonfiguration. FurthetliiOre, let s
12 

and s
23 

be s¡:.herical pa~~s con:-~oting ~~-1! 

dyad to syntheah.e to the frame of the mechanism (lin.l:age t) and te che 

rigid body (link_age 3) • Then, from p_ig 5.4. 1 , the next relaLionsl-.iF 

follows 
,, 

r+a+b .. a+b 
·j ·j ·j -o -o (;.4.1) 

(i.4.2) 

gj being the rotation matrix of the screw cerryi_nq the :rigil bod:,· f=om it.s 

reference to ita jth configuration. 

'o ,, 

F:ig S.-1.1 5-5 dy"d conductin<¡ a rigid tody 

' : . 



Introducing cq. (5.4.2) into cq. {5.4.1) and solving for ),?j 

b ~(I-Q )a +b -r 

ene obt.,ins 

·:l - .:l -o -o -:l 
(5.4.3) 

Since the dyad is rigid, 

Substituting eq. (5.4.3) into eq. (5.4.4) ¡uod squari_ng both !lides of the 

resulting equation yiclds 

{5.4.5) 

which constitute, in general, a nonlincar systcm of n synthesis equations 

to salve for the unknowns !o and ~0 . Since thcse unknowns contain 6 scalar 

cotllponents, for exact synthesis the la_rgest value that n can attain is 6,, 

and hence, with an s-s dyad, a rigid body can be conducted through 7 config-

urations, counting the reference configur¡otion as the seventh one. 

¡sxercise 5.4.1 If it is intended to conduct the ~igid body through 4 confi;­

urations only, then 3 Unknowns must be specified to rendcr the problem 

determined. These specified unknowns can be any coMbination of the six 

involved coordinates. Show that, if the three components of ~O are specified, 

the system of equations becomes linear. 

Regardi_ng the four-configuration syntheais problem discussed in Excrcise 

5.4.1; if ~O happens te be specified ineuch a way that for tloe kth config­

urations the next holds. 

(5.4.6) 

~ ' thcn the k- synthesis equation becol'l\tls an idcntity, thus leading to an 

underdetermined systern of equations, which can be rendered determined by 

either specifying one fifth configuration or by specifying one of the 

components of ~o· An alternative way of handling thia situation, amply 

discussed in Ch. 6, is to leave the system of cquations undertermincd but 

bnposing some optimality condiH~n like, for instance, to minimize 11~;>0 11, 



thus enablin9" the des.iqner to obtain the rninitnurn-lepgth dyad. 

Frorn the above discussion i t is app¡¡rent that i t is h.ighl y desirable to be 

able to specify ~O so as to satisfy eq. (5.4.6). However 1 it is not possible 

to solve for ,, fr~ this equation, for the matrix involved is sinqular, as 

diecussed in Section 2.6. In that section it was also mentioned that in a 

ayst~ of equations like the one "definin'>" a _, in eq. (5.4.6), two of the 

three equations are linearly dependent. tlence, this system is underdetartoined 

and, properly speakipg, does not actually define !lo· This vector can, howover, 

be define<l by imposinq the condition that its magnitude be a minitourn, which 

can be done via the pse~doinverse matrix of the system of 2 (linearly 

independent) equations in three unknowns obtained from eq. (5.4.6). 

&xercise 5.4.2 Show that if ck h par11llel to the axis of the·screv carrytng 

the riqid body fr~ its referenc11 eontiquration to its ~ eonfiquration, then 

it iG not possible to find a vector a
0 

satisfying eq. (5.4.6). 

If vector ~k is not on the null space o! !-?k(Sect. 1.3), i.e., if it is not 

can be parallel to the axis of rotation of ~k' then a minimum-norm vector ~O 

obtained fram the underdetermined ayatem of the two linearly independent 

equations eontained in eq. (5.4.6). This is a very useful result, becausa, 

as the length of vector a is malle the shortest possible, thc wei<,¡ht and _, 
the dimensions of the linkaqe are minimi~ed, thus allowing to construct a 

linkago with the smallest amount o! material, driving it with the least 

possible amount of power ancl placinq it in the narrowest space. MOre on 

link~ge opt~ization will be di~cuased in Ch. 6 

srnthesis of R-S dyads. ln this case 11 confiquration analogous to. the one 

shown in Fiq 5.4.1 is obtainad, except that pair s
12 

is replaced by poir 

R
12

. Similarly, for n+1 rigid-body conf_i,.urations, 

equations (5.4.5) !ollow. Since this dy11d can only 

the.same syntheais 
¡-

ro~ate ahount the aJ<is 

1 



• 

of R
12

, suitable constraints must be introduced in order to insure the 

no~lity between vectors l_?j (j..O, 11 .•. 1n) and the unit vector <;: 1 directed 

along the axis of R
12

• This normality condition 1s equivalent to the coplanarOty 

condition among all vectors·Qj. Algebraically, the 

stated as 

det (1_?0 •. ~ 1 ,1;?5 l•o',a.,2, ..• ,n 

latter condition can be 

(5.4.7) 

thus obtaining n-1 additional synthesis equations. The number of synth~sis 

parameters (unknowns) in this case is _again six, i.e. the t!>ree scalar 

components of vectors ':!o and Izo· Hence, in order to match the number o~ 

equations to that of unltnowns, one oruat have 

i .e. 

' n-

' 
lolhich, unfortunately is not an integer. 

From the foregoipg discussion it follows that sorne parameters should be 

specified beforehand. lf m parameters are specified, thém n I:!USt have ~~~ 

value 

Tbus, letting N•n+1 be the number of pi-escribed rigid body configurati~ns, 

the following table is obtained 

o N 

' . • 
' 

' ' 
' , 

It is pointed out, _again, that if three parameters are specified, these 

can be chosen to be tl1e three components of a aetisfying the two tinearly _, ' 

independent equetions of (5.4.6), for one k, such that the ~gnitude ef 

'.-



.. 
' 

~O is a minimum. If no constraint e~uations (5.4.7) were to be present io 

thb case, thia vould allow one to preacribe ene fou~:th cont_iguration of the 

rigid body under guidance. The presence of the said equations, however, does 

nót prevent the int~uction Of such an extra configuration, for, from 

equations (5,4.3) and (5.4,6), Ekm~O' !or thet k for which (5,4,6) holds, 

the kth e<:¡llation of (5.4.7) thereby baing identically eatisfied. In conclusion, 

the R-S dyad can be synthesised tor a maximum of 4 preecribed configurations 

of a rig~d body in such a way that-11~0 11 is minimhed, therefore allowing 

for a minimum-weight synthesis. Thll latter result could also be concluded 

fram the discussions o! the same problem appearing in {5.11) and (5.21), 

where the authors ehow that the said riqid-body quidance problem leads to an 

unde~determined system of equstions. The synthesis of S-R dyads is 6ssentially 

the •ame as that of R-S dyads 

synthesis of R-R dyads. Again the picture shown in l'ig 5.4.1 relatinq the 

reference-and the jth confiqurations for an S-S dyad, still holds for R-R 

dy~, except that pairs 5
12 

and 5
23 

are repla.ced by R12 and R
23

, respectively, 

' as shown in Fiq 5.4.2. In addition to the synt~esis equations (5.4.5), 

conatraint equations for these pairs should be introduced. In fact, if both 

revolut<i pairs are connected by means of a link of axis par<'lllel to the r;oDUOOn 

pe~pGndicular to the axis of both revolut"e p•d.rs, this perpendicularity should 

be observed throughout the different specified configurations. 

The perpendicularity of the axis of the link with the axis of R12 can be stated 
• 

•• " 
{5.4.8) 



b _, 

., 

Fig 5.4.2 Rigid-body guidance by .,eans of an R-R dyad · 

. ' .. 
" 1 ¡ 1 -

' 



Additionally, the pe~pendicularity of the said link axis with the ~is o! 

~23 can he stated aa 

' . y l!j•O,j,.0,1, ... ,n 

o~, int~oducing eq. (S .4. 3) , and the 'fact that 

y.-Qj"o•j'"0,1, .•. ,n ' . . 
the-latter perpendicula~ity condition appears as 

-~oE!·~o~o 

)a tb -r,J=0 1 j~ 1 1, ••• ,n -o -o -
(!:.4.9) 

Fro::o Fig 5.4.2, it is olear that vector$ u and v belo_ng to the sa.c>e :igid 

body, namely the R-R link to be synthesised. 

Equationa (5.4.8} and (5.4.9), howev.er, do not guarantae that these ·;~ctors 

unde~go a rigid body ~tion frcm the reference to the jth con!'i9urat:~n. In 

tact, a 180-degree .-otation of 

-thus producing a reflexion of 

vector yj aboiJt 

the link- could 

the link axis (vecto~ 

not be detecte~ fr~ i!q. 

(5.4.9), for this would.still hold after such a reflection. Hence, ~ addi-

tional con'átraint should be bnposed, namely the constancy of t..'le ang:~ 

between vecto.-s u and y, i.e. 

Finally, the normality·of 
! ' . . . vectors 

. :iJ 1' 
11' and 

1 ' 

(5.~.10) 

y0 leads, to 
.• 

(:.4.11} 

summa~idnq, eqs. (5.4.5), (5.4.8-11) constitute a syaten1 of 4"+4 eqw.tion.s . . 
to computa the 12 unknown cornponents of vectors ':lo·~o·~ and y

0
• Te ltl.!~ch tb., 

number of equations te that of unknowns, ene muat hava 



4nt4-12,i.e. n•2 

!!enea, by roeans of an R-R dyud, a :r::isid body can be. guided throu9h 3 conti-

gurations (countins the refarenca '"' thc third configuration), a result which 

was mcntioned in Seotion 5,3, Aa in the two tor_esoi_ng cases, it is possible 

to realiza en optimal synthesis of this linkage, In fact, instead of ob­

taini.ng the unknown vectorS from the 12 derived equations, find ~O from eq. 

(5.4.6) such that its m_agnitude be a mínimum. Hence, the nwaber of unknowns 

reduces to nine, but the nwaber of equations to satisfy is nine, too, thua 

' 
a.aldns it poSsible to obtain ona or, aeveral exact solutions. to the problem. 

In fact, find ~O frac e;· (5.4.6) for :j•:
2

, then the systero of equations 

is1 eq. (5.4.5) for j-1¡ additional equations are eq, (5,4,9a)- next derived-

for j~0,1, eq. (5.4.10) for j•1,2 and the two eqs. (5.4,11). Eqs. {5,4,5) 

(5.4,8) and (5.4.9a) are identically satisfied for j~2 if ~O is obtained 

f.rom eq. (5.4.6). Eq, (5.4,9a) ie an alternate fonn of the perpendicularity 

condition between ~j and ~j -cq. 

pendicularity betwcen ~j and y
0

, 

(5.4.9)-, which can be stated as the per-

Le. 

(5,4,9a) 

Excrciee 5.4.3 Show that, if ~O is chosen so as to satisfy eq. (5,4.6), 

witll :j·:
2

, then eqs. (5,4,5), (5.4.8) '!-nd (5.4.9al are identicslly 

satisfied for j•2. 

Usins the latter approach to the ayrithesis problC!tl under study would yield 

two of the specified configurations of ·the body 
• . • . ' J 

conjugate oonfigurations of the linkage, as can 

co!re~pq':'d~~!~ two 
. ' ' " be readily preved. Regarding 

thia approach, a word of caution is in order, however: As is proposed to 

ahow in Exercise 5.4.2, it is possible that situations arisc where it is 

not possible to. fir.d !!o from eq. (5.4.6) 



Ellample 5.4.1 SynthesiQ an R-R dyad to;> eonduct a rigid body -te whieh ll.xes 

x
1

Y
1
z

1 
(i•O,l,2} are attaehcd- thro_ught the three.¡?Ositions shown in Fig 

5.4.3 

' 
'o 

'o 

' 1 ,, 

1 
,, 1 

1 

----

' ;--., 
Fig 5.4.3 Rigid-body ' guidanee thro_ught three eonf1gurations. 

Solution, 

In what follows all veetors ' and matrices sre referred to X.Y,Z. axes. 
- l. ... l. 

Matrices g, and g2 rotating axes from the reference conf_iguration O to 

configura tions 1 and 2 are obtainod using nefiniticn 1 . 2. 1, as ia shown in 

Section 2.3. l!ence, 

o o o o o o 

Q- o _, o ; . 82" ' o o (5.4.12} 

-' ! .. 1 1 ' " ·-
' o o o ! ,\ o • 

" 
Theri !!o is determinad from the following equation, 110 that its le_nght is a 

• 
minim.WII 

. S::. 



(S.L13) 

As shown in Secticn 2.6, !~g2 is singular of rank 2¡ h~nce eq. (5.4.13) 

oontains exactly 2 Unearly ind~pendont equations, these bei_ng 

~01 

¡_: o -:) ., - (:) 

., 

whose minim~ no~ solution is ~eadily obtained via the Moore~Penrose 

pseudo-inversa (Sea Section 1.12). The computad solution is 

Let the unknown vectors ~o·~ and '!o havo the following components• 

b" ., ., 
b --0 b" 

,. ., ' . --o ., (5.4.16) 

b" ., ., 
Eq. (5.4.5) for j~1 takes en the form 

' . -
' (5.4.17a) 

• 

Vector• !;>
1 

;o.nd ~2 are computed frc~ eq. (5.4.3), from which it can rea~ily 

be checked that ~2-!;>0 , thereby satisfying eq. (5.4.5) for J••2 identica~ly. 

Eq. (5.4.8) for j~O,l then, takes en the fonns 

"' (5.4. ~7b) 

(5.4.17c) 

Eq. {5.4.9a), for j•O, 1 leads to 

S' 

' . . 



(5.4.17d) 

(5.4.17e) 

Ecf. (5.4.10), for j•1,2 yielde 

(5.4.17f) 

(5.4.17g) 

whero_yj wu computed performi_ng the product l?j'.:'o· Finally, ec;¡s. (5.4.11) 

take on the fono 

(5.4.17h) 

(5.4.171) 

The aolutions to ec;¡s. (5.4.17) provide the differsnt possible dyads that_guide 

' the rigid body through the different configurations shown in Pig 5.4.2. This 

systam of nine equations in nine u.nknowns, though nonlinear, 

can be solved without the aid of a digital computar, as ie shown ne~t. To 

refer to the for~ing equationa, only the letter attached to each is mentioned, 

for shortness. 

Subtract1ng (b) frcm (e), 

u -2u •O 

' ' 
Subtracting (f) from (g), 

u2 (v 01 +v o'2) +vJ·(v 02-v 01 lr,~ ,, ' 

Substituting (a') into (b'l,. 

Pirat solution: 

To satisfy eq. (e') there are two possibilities. One is 

(a' ) 

(~') 

(e' ) 



(d') 

(d') in (a') leads to ' 
i 

(a') 

(d' J and (e') in h yields 

(f' ) 

ln what tollows, thiu solution is developed taking only the plus sign of eq. 

(f'). Substitution of (f') into (f) yields 

(g' l 

Subtractinq (d) from (e), 

(h' ) 

Solving for v
01 

and v
02 

in (g'J.and (h'), in tenns of v
03 

and substituting 

the resulting expressions into (i), one obtains 

from which 

"" 

'"' V02~ 

Substituting (d'),(e') and (f') into eq. (b) leads to 

Substituting (i'),(j') and (k') into eq. (dl leads to 

(i ' ) 

(j ' ) 

(k' ) ' 

(1. l 

(m') 

'. 



Solving for b
02 

and b
03 

from eqs. (a) and (m'), 

' bo2"6 

·Hance, the first solution to this problem is 

b - -1/6 ' .., .. -o 

Second sol1.1tion: 

' 16/6 

-16;3 

16¡6 

{n' l 

(p') 

(5.4.'~) 

.. 
If now u

3 
is assllllled to heve a nonzero val1.1e, it is possible to divide .,q. 

(e') by i t and obtain 

f'rorn (h') and (a") it ~s possible to salve for v01 and v
03 

in terlllS of v
02

, 

. ' VQJ~02 

Substitution of (b") end (e") into (i) yield~ 

Hence 

Substituting (d"), (e") and (f") 

' 
into eqs. (fl snd (g) 

(d ") 

(e") 

" 
(f" ) 

·" 

leads to 

{g") 

(h" l 

L 
' '·'' 
• 

.. 



' 

from which one can solve for u
1 

and u
2 

in terms of u
3

, thus obtaining 

(iP) 

( j. ) 

substitutlon of (i"J and ¡y¡ into eq. thl leads to 

., -
Hence, 

( l " ) 

(m" l 

Substituting (k~l, (1") and (m") into oq. (b) one obtains 

(n") 

P<:~rforming a similar substitution into eq. {d), ene Obtains 

{r") 

Substitution of (r") into eq. (a) leads finally to 

' ' 
(S") 

(t") 

Thus, the second solution is 



where 

' 
b • 5/18 ., ' 

afil ., 
' 

" 
' . (5.4. \9) 

' 

Soth dyads defined by .!o as qiven by (5.4.13) and both expressions for p
0

, 

(5.4.16) and (5.4.17), ere optimal in the aense thst !'o is of minimlll:l length. 

HOwever, with respect to_~O' the first sol~tion is the best. 

In ocnclusion, re~ardinq R-R dyed synthesis, it has been shovn how to obtain 

an optimal dyad for e problem usually known to hava only two real solutions, 

thus not allowing for any optimisation • 

. ' 
' 1 j ; ' ' 

' ·.' ' 



5,5 LINKACE SYNTHESIS POR PATH GENERATION. This problcm can be stated as 1 

"Synthesise a linl<age oí a given topology such that a point R of one of ita 

links attains successively the specified positions R
0

, R
1 

••• ,Rn"· Tl:is 

problem can be regaided as one o! rigid-body guidance with incomplet~ly 

epecified displacements (5.22), for the motion of one single point o! a 

rigid body does not define the body motion (its orientation thus rem¿;_ns 

undefined). To formulate the synthesis equations, use is made of eq. [5,3.12., 

written in the form 

(5.5.1) 

where ~o•!:1 (j .. 1; ••• ,n) are the position vectors of points R
0

, Rj (j .. J, ..• ,ni , 

respeetively. Other variables indexad with j are parllmeters of the i:".·.-olved 

screws -defined in Section 5.3- relating the jth configuration of the rigid 

body under study te its reference configuration, indexad with O. Not~:e 

that vectors !·~·9 and1'2 are not indexed, this being due to the !act -:hat 

they remain the sama thro.ughout the r_igid-body IrOtion, except -.·han dnlin<¡ 

with spherical pairs, as is shown later. 

Differently from what occurs with the rigid-body guidance problem, ir. this 

case the dyads, constituting the linkage intended te design, are not 
• 

synthesised separately¡ the linkase is synthesised as s whale, insteaj, ln 

• 
fact, since in this case the rigid-body rotations involved are not sr=cified. 

the co=posed-acrew-axis directiona, ~j' sa well as the corresponding ~ta-

tions, ej, are 

the screw-sxes 

unknown. These are not independent, 
1 1 1 l. ,,.,,. . .' . . . ' . 

! and ~ are specified, for th~n ej 

once the diroJctio~• of 
1, • : ' - i .. t '': 

can be obtained fr'~ eq. 

r"""'ir. as 15.3,9), in terma of !j' f and ~· Hence, only the n ~:1 vectors 

independent unknowns. ,These vectors, however, remain the same, no matter 

what dyad is bcing synthesised, i.e. although in general the variable• 



wj,f'uj''!''~' and '! <::hapge fr<»a ene dyad to the other, the ~j vectors 

~n. The aynthesia procedure ia illuatr•ted vith one example, 

' Example 5.5.1 Synthesis of an RMS path qenerator linkage, 

With no losa of generality, it' canlbe asa~ that rQ•Q in·eqs, (5.5.1). 

Then, the R-R dyad synthesis is first formulated, although, a11 mentioned 

previously, this 
1 ''' 

synthesis cannot'be performed independently !rom the one 

ot the S-S dyad. This ie due to the fact that the aynthesie equations for 

both dyads are coupl&d via the !j vecto:rs. In pertormi_og the R-R dyad 

synthesis, the different variablea have the followinq_meanings (See Pig 

5.3.1 and ita de"script;_ion), u:l a~d wj are the, diaphcements auociated with 

the fU:ed and the D:~ving R paira of the dyad, respe<:tively. Hence, they 
' 

vanish. 

! and ~ are unit vectors pointing in the direction of the axes of the fixed 

and the mc>Vi_ng R pain of the dyad. ~j is the unit Ye<::tor pointing in "'' 
direction ot the axis ot the ecrew carrying the body trom its referer.ce.:. to 

its jth conf_iguration. 

'1 and ~ are position vectors ot points located alo_ng the axee ot the screws 

!j and ~j' respectively. As in Section 5,3, those points will be located at 

the intersections ot the said axes with their oo=mon normal. 

Under these cirucumatances, eqs, (5.5.1) take on the form 

(5.5.2) 

where, clcarly 

.. 

Tbe normality of vectore _!• m and. !!'j {j•1 ,2,,,. ,n) ia ezprese~ •• 
{5.5.3) 

. 



whereas the spccific locations of points G and Q along the screw axes are 

T (q-g) m .. o - - - (5.5."4) 

Thus, the synthesis of this dyad leads to A system of 3nt12 unknowns1 

!• !."• !j (3n unknown scalars), q and g, in the 4nH equations: 3n equstions 

(5.5.2) (one for each direction of thc physical space)+ n+2 equations 

(5.5,3) + 2 equations (5.5.4). 

The synthesis of the S-S dyad is formulated in the following wsy: Referring 

to Fig 5.5.1, let s
12 

and s
23 

be the spherical psirs ot the dysd under 

consideration. Let 8
0 

lUld Bj be tbe reference- and the jth configurations 

ot body a, and a• an intermediate configuration. NOw, the guidsnce of B from 
j 

a
0 

through Bj· is pertorned ~n hlo stages: first, 1.
0 

is rota~ed about point 

Q through a rotation ot axis ~j snd 

nelthsr E"j nor oj sppesr explicitly 

angle o . (i t vill be seen next that 

' in the resulting syntbesia equations for 

t.his dysd). Let B~ be the configuration ot B a!ter this rotation. Naxt, 

' fixing B. to tbe dysd, rotate the whole sssembly ~- one single rigid body 

' about point G through an axis f. ., 
configuration Of the rigid body. 

' ' 

and an angle "!"j' Bj being the tinsl 

' ' ' 



' 
' . j 

Fig 5,5,1 Displ~cement of a rigid by means of an S-S.dyad 

" 

. 

Since in thia case ¡;
0 

can be B<¡\Uoted toO, eq. (5.:.1) 

takes on the form 

whore 

~2j "'?2j C!j ,y j l ,y j'"Yj C!j '~j • ~j l 

?Jj~Jj c~j'ejJ ,&J-ej <!j ·~j'~jl 

(5.5.5~ 

Clearly, vectora f. end m. are diffarent from f and m_ appeadnq in e:;:i.·. 
•J •] 

(5. 5, 2)- (5. S. 4), Which ,lis ma~i> ¡qlfarl ,~;>ecause the',h.~te,r vect;ors are <.-=>t·•· . ' . 
indexed. Vector& s., appearing in eqs. (5.5.2)-(S.S.Jl, however, are :.dent,! -¡ 

' cal to those appearing in eqg, (5.5.5) ¡ hence they do not add extra ~:.:>J.:nolofl'ls , 
to the eynthe~ie problem of the overall linkage. 

Other •ynthesis equations are the followin9' 



'l'he normality of vectors ~j and '!'j _is exl?nssed ¡~.s 

lltjll-1, ~~~j11~1, j•1,2,.,.,n (5.5.6) 

Since the S-S dyad can rotate about axis GQ without changing either 

Configuration B' or B 
j j ' 

it can be assumed that the axes of ~tation, given by 

unit vectors fj '"' 1!' j ' are both perpendicular to axis GQ, i.e. 

" (q-gl f.•O, j•1,2, ... ,n 
• • -J 

(5. 5. 7) 

" . 
(~-2) ~jcO, j•1,2, ... ,n (5,5,8) 

'l'hus, the synthesis of the S-S dyad adds the following unknowns to the 

overall linkage· synthe~is p~blam: fj, ~j (j•1,: •. ,n), ~ and ;¡, La. 6n+6 

additional unknowns (Vectors ~j are not counted as new unknowns, aince the~e 

were already taken into account when discussing the synthesis of the R-R 

dyad). The additional equations are: 3n equations (5,5.5) + 2n equations 

(5,5.6) +n equations (5.5.7)+n equations l5.5.8). Summarizing, then, the 

RRSS-linkaqa·synthesis p~ble!O for path generation qives risa to system of 

11n+4 equations in 9n+18 unknowns. Matching thc numbcr of equations to that. 

of unknowns, it. is soon reali~ed that n should have the value 7, i,a. it 

is possible to ganerate a pat.h passing t.hrouqh 8 spacified points (counting 

t.he referance- as the 8th position), which coincides with tha result 

obtained by Suh [s.n}. 

Remarks on t.he formulation of t.he RRSS linkage synthasis problam for path 

gencration. •• 

il In t.he previous linkage-synthasis problem anglas y illnd e appeillr in eq. 

(5,5.1) and anglas yj and ej do in_ eq. (5,5.2). Thase angles, howevar, 

are not countad as additional unknown~, since they can be computed, 

viill eqs. (5.5.4) and (5.5.9), With the valucs of !• m 

""' 

(or f 
·j ""' 



ii) The problem, as just st11ted for 8-point synt_h~sis, lMds to a ~ystcm 

ot 81 equationa in 81 unknowns which, because of being nonlinear, ie 

ditf&cult to handle nurnerically, Suh's fo~mulation (5.23) leads to a 

system of 39 equations: in" 39 unknowna, in this instanc:e. ROth and Tsai 

(5.11) ~eco~m~~end that, for dyads containin9 revolute, p:dsmatic:, 

holic:al or cylinddcal pairs, ono point on the pair a><is (G or Q of the 

previous formulation) be taken as the intersection of the axis with, 

say, the X-Y plane, thus diminishinq the number of unknowns (one 

oomponent of the ~ and of the !;' vectors is t:hus zeml. This way, the 

number of equations and of unkcowns is reduced to 65 which, anyway, h 

about twice that of Suh's. Thils, it might SeellliiOre advantageous.to use 

the· latter apProach, 

Since Suh's formulation is amply disc:used in (5.23), it is not presented 

here. An alternativa approac:h, based on Section 5.4, is presentad instead, 

An alterna ti ve approach to the problem formulatioo eor the RRSS linkage 

synthesis problem. 

Referring to Fiqs 5.4.1 and 5,4.2, the synthesis equations are next written. 

To distinquish the position vectors of points ~ ~·B, in their reference 

configura.tions, belonging to the R-R dyad, frcm tbso belonging to the s-s 

dyad, tho lstter are starred. The synthesis equa~ons for the R-R dya.d are 

those derivad in Section (5.4), i.e. 

where it is convenient to express Q. as appearin¡o 1noeq. _, 

(5. 5. 9) 

(2.5.4), i.e. 

(5.5.10) 



Calling !'j unit vector parallel to the axis of ~j and "' 
componente "' the x

0
y

0
z
0
axes), the. matrices appearing at the dght·!'.and 

Gidc ot eq, (5,5.10) are, trona eq. (2,5,4a), 

' ., ' ojllj ..,, •• ujyj 

' 
!;~• ,, ' -·, • '-•j ojaj •' j Sjyj (5.5.11) 

-•, ., ' ojyj Bj'l' j y~ 1 

lldditional equations !or the R-R dyad are: 

(5.5.12) 

' ~O~j-0, j•1, ... ,n (5,5.13) 

' ' ~!j-~!o• j•1,2, ... ,n (5.5.14) 

(5.5.15) 

(5.5.16) 

Tha synthesis equationa for the S-S dyad are 

[5.5.17) 

Sum=arizing, the problem of an RRSS linkage synthesis ter path gener:tion 

leada ta a system of 6n + 4 equations in 4n + 18 unknowns. The equat~ons 

are' n equations (5.5.9)+(n+1) equations (5.S,12)+(n+1) equations (S.S.Il)+T, 

equations (5.5.14)+2 equations (5.5.15)+n equations (5.5.516)+n cqua;:ions · 

(5.5,17). The unknowns are• 

' . 

. ' ••• 



lf the numbe~ Of oquations is te be matchcd with that of unknowns, it is 

~eadily concluded that the linkago thus synthosised c~n t~ace a spatial 

path passin~ through 8 p~escribed points, which result coincides with that 

of.Suh's Vis the latter app~oach, however, the number of equations and 

unknowns (for 6-point synthesis) is 46, a number still greater than that 

of Suh's, yet smaller than that obtained usin~ ROth and Tsai's equations. 

5.6. EPILOGUE. The subject of linkage synthesis is far more extenso than 

has been presented here. Tapies that were not covered are, arnon~st others, 

linkage synthesis for rigid-body guidance and for path generation with 

infinitesimally-separated positions, i.e. to rneet prescribed conditions 

on velocities snd higher derivativas. The subject is treated in (5.9), 

{5.10] and (5.11) , but was r.ot included hcre dueto spnce lirnitations • 

• 
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?;!Q?l"EST;. JE ü~.\ SDIBOLOGIA GENERALIZADA PARA LA SI)I1'ESIS ESTRl/CTURAL 

~E "!EC;..'ilS:.;OS 

?or: Salvador 3RESO y Justo NIETO 

:l:ESU}IE:</ 

En este trabajo se propone una simbolOf>Íll generalizada para la re 
]'resentaoión i:ie las cadenas cinemá~ieas, de utilidad en el Análisis y­
SÍ:¡tesis de .l!ecanismos. 

l. INTRODUCC!Q,'l 

La topología de las cadenas cinemáticas es un tema abierto a la­
i:westigación. La razón por lll que los cinemáticos sienten par el mismo 
<.::-.a esp<:cia! predilecci.;n se debe, aparte de lo anterior, a que e~ el t! 
;;:o de'¡;¡ás contenii:!o lógico-intuitivo de la T.M:.M., teniendo, a demás,­
conexior.es con las teÓrias de Grupos y crafos, En este trabajo se preten ¿.,, . -

- Sacar·a luz una no"'enclatura. general para cadenas cinem;itieas'­
co:~ barras i-a"ias, y nudos i-arios, que tengan barras rígidas y í'lexi­
b:es. 

- ;;:r.con>;:"ar a pa"-cir-de esta no!llenclatura, todas las posibles ~o!! 

!'i~uracio:~es de nuc!os y -cedas las posibles configuraciones de cadenas 
e:; ::e111á ti cas . 

- Dete!"''inar ~:~.ohodos de a.,ál isi.5 de la a.ovil idad de estas cadenas 
ge::era!izadas, ~~?lea:~do estos resultados del análisis en la sintesia -
ex>;:ructural de cadenas cine~:~.áticas. 

2. SD!30LOG~A PROPUESTA PARA 'IL'!lOS 

Se asio11la el nudo a una "caja negra". Se emplea el termino de nu 
~o e:¡ ver de ~ar, para c!isti:¡guir precisamente este aspecto de caja ne-

, . ' ''J ' 1• " • gra, er. dor.de lo <¡ue importa son las '.'sal1clas" q a.permlte, o sea $\11110 
v::'..dad; sin que importe la configurtación interna de este, que hace po­
$ible es;:a ;c.ovi~~dad. Otra ra2ón es que se hace uso de concepto del gr_:: 
f~ dir~c;;o asociado a una cadena cinemática, en donde los nudos (v¿rti-

.. 



,:~~) del grafo se co~resporlde con los pare-s generóllizado;;, y las aristas 
c!el grsfo a !.as barras. 

b 

a 

¡o f 
a 1 b 

A 1 1 1 
-

B 

e 1 

o 

f 
Grafo directo 

e d e 1 ;1 
---- - ···--1 

1 1 

1 

1 1 

. 

Cede na 

Cinemdtica 
E l. 

. Matnz de mctdenc1a 

1 

_ Oe cada grafo direc;o .ae obtiene su matriz de incidencia nudos-ba 
rras, de 1:6n:~.ir.os a¡¡, unos, si el nudo de la fila i conecta a la barra 
de la co~u:o:J.a j, ee:-o en oa~o contrario. 
Alg~:.."\as a.e las propiec!aCes Ce esta ctatriz son: 

siendo: 

!.a su:~a de los elemer.tos de una fila es el orden del nudo. 
La s=a C:e los ele~:~entos de un'a columna es' el orden de iJ. barra 
La s=a Ce todos·· los elementos de las filas, o de las colu::mas, 
de ;.a catrlZ, o níul.ero total de incidencias es i&ual a: 

5 " 2n1 + Jn~ + 4o.,. , ......... b 1 + 2b" + lb; 

• 
~ ~ n~ total'de nudos • n~ ~ n~ + n~ ..•• 

a = .~i total de barras = bf + bJ. + b3 · • • • 

2 
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¡ 2n cccic combinación de libertades de !os nudos pueden exi•tir varios soluciones 
'~;:;responC::i<!r.les e !a situcci6n de !os e¡es. 

,!,:::-::;ti.1u=:::i6.~ ut muestran clgunas de esras soluciones. 
;:,..,__;·.-;;'?:-:=::.:on y constitucion de nudos 
//.;des r:;:'Cos binarios r: .. 

' ! ' 
! ! 

~-~':n•• · bl ~~---·,· : ~i;Jo s1m o o esauemo 
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~ ... :·c;>~···•,r.:.;;::'c~. "'"" s~ propone para las cadenas cinemáticas con 
sis;:~ e·· la~ .-,~·i.ón si=b.5lica de los nudos junto a la matriz de inci­

dencias. Ec '''-'''" ~:>r . ..l.~j¡O.::l<>S e,iemplos. 
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Se verá en pri::.er lugar el caso de cadenas con nudos rígidos. 
Se introduce la si¡¡:ui.ente terminología adicional a la. expuesta en 

el apartado 2. 

:.1 • :.lovilidad de la cadena cinemática • G + 6 

G • Grac!os de liber~ad del mecanismo 

rt( • ,'IQ e!<: n<1:ios i-arioa con :~ovilidad total j 

La covilida:i total de un nudo se define como suma de lu liberta­
des que permiten las ~arras que conectan. 

?or tanto, se puede hacer el siguiente esquema que representa laa 
posibles movilidades de los nudos i-arios, y para una "'ovi.lidad dada el 
tipo de pares parciales que la hacen pci~ible. 

binarios ternanos ·~., ·+-

'1 
!< ' 1 

. ' 
LI ' 2. 

•• • e----+:·___.,;;..---·· --1¡r~c=t----t' 
1 ,, •1 .I.T ... 

2 ·· ,? . I.TI . .._ 
' '-' 

1--f---o,----:-~' .. ;.. ~~--;, ------' ;';'~~=: 1, • -'3 '· J;, JI[ 1¡ T .T. IT i'JI.II.I 
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i E: I-IV •• ·tr.ltr , 

,-i~~~+-'~ TI i JI. n: K ,' 
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::lada u,-¡a r:cn!'iguraci6n arbitraria de nudos y barras la movilidad 
~~ de la ~:asma se puede obtener ccmo:' 

en donde: 

A
1 

• Grados de libertad de los nudos supuestos libres 

A
2 

= Grados de libertad que restringen las barras 

:o Grados de libertad adicionales en virtud de geometria espe­
cial (t!imensional y .direccior:al) 

Para'detercinar A
1 

se tiene que: 

Cada nudo binario de movilidad uno necesita 
queda!' de:'ir.ido. lue¡o si existen :~~nudos de esta 
rámetros será 7,-¡1 ' 

6+1 parámetros 
clase el total 

para 
de pa-

Cada nudo binari..o de covHidad dos necesita 6+2 parácetros para 
quedar definido. luego si existen n~ de esta clase el nUmero total se­
rá an; 

Ca<.!.a m¡do binario de movilidad tres necesita 6+3 parámetros para 
quedar.definido. luego si existen nJ de esta clase el nUmero total se 
rá 9n1 

Cat!a r.udo binario de ¡:¡ovilidad 
ra quedar definido. luego !li existen 
será 10 r.l 

CadD. nudo binario de movilidad 
'ra quedar t!e:'ir.idll. Luego si existen 

. ' !lera 11 r,,. 

cuatro 
n ~ de • 
cinco 

< 
n~ de 

necesita 6+4 parámetros 
esta clase el .nU:nero total 

necesita 5+5 parám.etras pa­
e!lta clase el nUmero total 

Cae!:;. r.<.::!o ter:~ari¡¡ de movilidad dos necesita 5+2 parámetros para 
;~e:~~ defino,¿¡¡, Luego ú existen n~d~· esta c:lase el nUmero total se-

Cada r.udo ternario de.< movilidad tres necesita 5.,.3 parámetros pa­
lue¡;o sí existen n\ d~ esta clase el nUmero total ra ~uedar de~:r.ido. 

será 9r.1 
para 
hl 

~ada n:..do ternario de movilidad cuatro 
~uedar ¿e::"inido. Luego si existen n~ de 

!lerá lOr.~ 

necesita 6+4 parámetros 
esta clase el número te-

• ·--'--------- --·---=------
------------------------·-- -------

ca¿a r.c:c!o r,un~<:rna:'io de 
¡;ara GU~dar· de:inido. !..,¡ego Sl 

tal será '.::: 

movilidad tre!l nec~si ta 6+3 

e~isten nz de esta clase el 

• 

parámetros 
número to-

Por tar.:r., ..,; r.U::!~~o de Q,rados de libertad de los nudos su¡>uestos 

1 ;: 



• 

A-:. :: 

~2/l'f! 
). \ 

----------------

' 
!'ara dete=inar A2 se tiome que: J • 
Cada .barr_a r:ona~ia no restringe los grados de libertad del nt.~do . 

al que esta ~onectada, por tanto no hay que tenerlas en cuenta. 
C2.c:!a barra binaria restringe en 6 el número de libertades que te!!. 

drían los :l<.ldos 'suyuestos libres. Luego si existen b2. de liStas barras, 
la reducción será 6b~ 

Cada barra ternaria restringe en 12 el número de libertades que -
tendr':an los nudos supuestos libres. luego si existen h; de estas barras 
la red~;.cciór. será 12b; 

Cada barra cuaternaria', pcntaria, , .... res tinge en, 18, 24, .... , 

el número Je libertades de los nudos que .. c.onec.t.an ..supuestos libres. 
Por tanto: 

Por "t:anto, la e;.:preaión de La movilidad de una cadena, prescindie!!; 

do del termino A; será: 

M = 
• 

-5 ( b~ .. 2~ .. 3b~ ...... .... ) 



L 

' ,,. ' . ¿.o-,-¡ 
¡. 1 

) n' ¿6{k-l)b 
' ,., 

:;ier.Co n el ::'~e:<;. de. ntid<>s de ll!Ovilidad i, y b el número de barras 
de orde:1 ft: 

Otr:~s e>:;:~esione,s para .'1 pt.:eden deduoir~e teniendo en cuenta la>­
relaciones :¡a ut!: ¡·:.~:l;~.a: 

N~ 

a =bbt + !1-.•b~+-­, 
n, 

n, 

--

' n-'= 

. . ' n, f.-,, T'"f! ~ 
• • . ' ' n-. +-n!.,. n 1 .. 

n ~ 1 1 1 
:n"..-ni~n'l 

--
¿n

1
+3n, .. 4:"1. + ... , . . . 

'ZNrn ... 'n "­, ... ~ . 

• 

a .. b¿ +lb, + ... 

• 

' ' . n ... n. n ... 

El ·•üor ce b moú::S.o.d :~así obtenido, representa un valor mlni-· 
mo do: la mnv!! ¡¿~,:, ya e; u~ :':..:~ores de geometría especial introducen gra 
dos de liOe,.~:..: :::::c;,;n,.:eJ. · 

Estos fac'::cr.-.« Il"'~~"-~ 5<H" de tipo direccional como ocu:-re en: 
el 'clás~C'J ~~:::ro - barrs~ pla.no que sOlo es m6vil por que tiene 

• 
lo~ c~.:a:r<>· .,_:.,~ ;!~ i.os nu.:!os paralelos. (al aplicar la fón:~ula 
da'(;* -21 

el cua~r~ - i:ar:-:~s esférico, que sólo es móvil por que los cuatro 



e,·~~<;!,. _,.,s r.o.:cb~ ~e cortan en Uii"¡:IUritO;-c-elltrOde--1.;_ esfera. 
e~ l:le~a·-~~-•::-. ., .!o 3.-:o_'\et 
;:mies ~os ::ecanismos planos. 

o de tipo di;;:en~_.,onal, po;- eje::;¡:>lo, cuando existen barras de igual longi 
tud {doble ¡:>ara~"lo¡rao~o de cinc"o barras) 

t;n cado ti?ico de C:ireccionalidad es en la oadena EE 

que al ser t:;-;.t::...;ú,; sus r.udos como binarios con 111ovilidad tres la O!Ovi­
lidl!-4 de la cae: e na reliul ta_s.er. _1i, .cUSDdo _en. realidad tiene 7 

La expli~ación de esta anomalía·se debe-a-qUe-un nudo binario en 
tres grado,¡ de libert~d seda, er. realidad, d de la figura 

' 
---il)[ 

/ I=TI--7 ---C. 

y evident.,~r.er.tt" a:.. coc;,x~onar dos pares de este tipo para formar- la ca 
de11-a 

' 

~t-: -,:---
A 

8 



.ia np"i.oac~6:l d<> la fór::~ula. es correcta, es decir, el número de grados 
d<> liben:ad del ::<~canis::1o e~ cero. Sin embargo, en los casos de los dos 
pa:-es <>Sf~ricos, sie::<pre exiote un· eje do:t rotación común (alineado) a 
~bes p~r~s, q~e es el que permite este grado de libertad adicional. 
Anilogame~.~= oc1.0rre ¡¡ara dos pares planos directamente unidos. 

Si la cadena esd f'or:::lada por nudos flexibles o mixtos la expresión 
que se propone para la :novilidad generalizada o:>stará formada por dos tér 
::ino~ di:'ere::dados, uno correspondiente a los 10ovimientos de cuerpo ri­
~ido y otro correspondiente a las flexibilidades. 

M,, M '· M ' 
5. SINTES!S ESTRUCTURAL DE CADENAS CINEMATICAS GENERALIZADAS 

tes:·-
Las ¡:¡osibilidades, camino,, de síntesis estructural son las siguie!! 

a) Si todos los nudos son rígidos 
a.l. A par~i.~ de La ex;>resión de la movilidad buscando solu­

ciones enteras de las variables que intervienen, cuando 
ó''"lldb .,.,, se .lJa e-n e. arras, movl l. a , etc .... 

a. 2. :'ara cualquiera de las soluciones am:eriores del caso 
a. l. cada n adl:lite diversas soluciones tanto·en el or­
den del nudo co>:~o en la c1ase do:t las conexiones parci~ 
les qce configt:ran "el nudo 

a.J. A su vez cada solución a.2. admite más variantes solu­
c~ón, segúr. la tabla· de enumeración de nudos ya vista 
en el apartado 2 según los subíndices 1.2.3. del par. 

a.-1. A partir de una macriz de incidencias especificada se­
gún convenga, se obdene el grafo, y a partir de las -
consideraciono:>s a.2. y a.J. se pueden obtener otras so 
luciones. 

b) Si todos los ñudos r.o son rígidos 
Val"en las 1:1ismas obse:-vaciones que en el caso anterior; solo 
que, la e>:presión de la c.ovilidad generalizada, tiene una coc.­
plejida~ q1.0e h. ;,ace ¡:.oco tratable. En este caso es preferible 
usar la ::<otriz de incidencia y el grafo asociado como elemento 
de síntesis. 

B Iill. I OGi'tt .. : ~ .\ 

A SU'!ve:; of Fie,-;~Ole Li:"!k !~echanisms. Having Lower Pairs, T.E. Shoup 

J .:.t. Vol 6 Pf) g~ - 105. t. 971 
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En es;;e·trolh:.~~ :;e obt!~ner: al,.,mas 
tri~u~C-5:: cie ~Js -:!.~ eH ~¡ 'l:OVimien~o plano 

de cua"·o oarr:>.~. :;:n ;a.rti~ul:>.r se::::::::::::;~ mis:•os pa:-~ cn~:-1d~ varü.:O!e, que viene 

e iOn :o:::c.eaC, ::.; ia ex¡:oasión del 
:-:-as cor,t: ;:¡<.:as. 

la cree!"lc:.a de ;:¡ue las propiedades de 
tres ir.st::.'lti..cm>s de aceleració:"', cv,, en el 
sic!o s,:;:~:. .. ,ne::::r.te utilizndos para el 

::os, r.o; ha .. h~c"-~ elaborar este traba.;o, 
tu~crial, es C:::ir, ::e in-.:erés .:iocente. El 

tro barras "'ano. pe;o, de ~odo análogo, 
oeeani.sr.:o, ;>.e. e! biela ;:lar.ivela. 

5ea el 4.b. de :a fi.'l.c;ra. Para 
:os C!:l, ~,p:ea::10e :"s dos n0r.eros de las 
ca~''"' en nr:mer lu~ar el :1'"--::oro Olayor. la 
t.i~.ec ~z. se ob;::.e~.e hac:endo uso de ·la 
:ae1on~~ :-e:a:i.·:3s: 

asociarlas a la dis 

situaci6n de los 
una transfor~:~a 

influencia en. ba-

-
de los ce:~­

plano, no han 
de rnecanis 

es otra que 
dedica a un cua­

extrapolado a otro 

a diferencia de­

repres~ntan, col~ 

centro instar:­

'''''''''" de las acele 



Q~ =5"= a..:. ..,..Q¡.:. 

~::19lea.~d~ la j"'a:~:!3.:! ;:o:a:~o ··~~todal-plano Cc<llplejo: l.AÓ.!!é.a . .i... 

/ 

/ 
/ 

A' / . ,; 
"' <' 

il-ii 'b 

1 ;; on 1 

' . ' ' ' 
w, -
e, 

/ ~ 
' " 

o 

41 

uniia¿ i::ag1~.aria.l, det'ir.iendq W\OS 

para lo.s i;arras '- _y 2 :!ados pOr 

' "'" , A '-W. 
o" 
M ~, • 

-... .;:: 
d (Lh 

-d 

coeficientes de influencia 

¡,¡ 

y saca:".do a '"2 ur. pari::et!'O de !a'entrada, con su siro!,no dependie:~te 

d~ é, d:>d;¡ ;:cr: 

-e- e_. 
- o..;:t 

se obtie:le, ~\!~·:··.•:·:.,~:In e·'> {l), - _, u-a l.~:. c. 
.:.. ( .::.·~~ ;:;.··;- "'~ 

~----­..... ~. ~ .. ~c.:ed" '>:'cced~,.. 
• 

U ... e ~:3 i 

(J) 

( ,¡ 

para el CIA 31. En este caso 

d (5) 

1?) 



'"' 
,.:;¡:.:...-,,;s ~Q :·~~ ..:~ns~~l!~llCl:lS abt.,nidas de las anterioras expresio­
son 1as ~~íiUi~r.i::4: 

a- D~ (4i ~e~·.,tta evidente· que Ü-Q y ;¡j no dependen, como es obvio, 

b-

~"' ~e::ti<.Jo d~ eJ. l;l. distl'ib!!dcln de.Ü-G y iíi no u siJ:létri~a 
con :a ento:-a~a e 

" cu, = c:e =>E_. =O = e "' e~toncflS • 

¡¡_¿ - ' a 
" e·- ---~ -.' . . "" ,L '-' 

G"~ ¡:>e~~~ te ~:~ter.e.- ::;. distribución de los CtA, en un caso bu­

tar.:"' en'·~~~--"'-"· 

e-~: :..:!,=:i ,<-,:ct"' ni,¿tesis v.i.lida, solo en el instante inicial. 
; - -"- -C = ' a ,. 

'" 
eJ ' d •• :¡:-¡ 

!o ;:¡:.:e im::c&. "" c;¡~!r.ealidad de las barras con los CIA 
d- S! la "ntrad;;. E u variable y la posicicin constante, la distri 

buc!én de :os c:A vi.,ne expresada por una transformación bili­

ne:..: 

' ' 

e 

1 -e¡_ 
{( A .. e-..-¡3~) _t.•' • 

.47 -¿(:~e ... s,l 

A~-< .¡.ifé'-Ae-8) 

r 
Prono ..fl: 

/ 

/ 



que tra..,s:"O.-::!'l e! eje real e en una circunf'erencia. tos puntos 

corres;>o:~d!en:es ae,.o."". A etc, y los inversos del plano ..fZ., 
así co~;;o las intersecciones raales, tangentes, etc se obtienen ' 

fáci!c:er.te hacier.do ctso de dioha tra..,sf'on::ación bilineal, p.c. 
e~ otro valor re a! de .f2: que o;orresponde a la colineación de .Ü:-0. 

5 ' ~ - ~'--c­
A"'(A~-J) 

--u-o. ,_r :.,~t(A'"-It~·s>~-~1 a 
1 ',. 1)' .<' "~· l\M- ).>, +s.>, D _ 

lo que :iice <¡l:e siempre esta opuesto a a 
e- S1 !a entrada es constante y la geometría 

ia dis:ribución de los erA, viene dada, supue$tO p.e, 

~or: 

- -u-a = a 
¿ 8 .. - .4•' 

- ¡J.1- i8 i/1 d -
A 1 -1 -i. 8 

~os coe:"icie,:e:; ~ecmétricos de influencia vienen dados, para el 

4.b.d~t la t'é~uc-a, ~or: 

. -
-1 "" ;:; :-· 

,, 
" ·-'-

B' ' 

' . 
:;: ·--· 

:1 0-o v, --' '-
e~~ 

" 

. ' . 
.:;\1-C:.I 

' ' ~o. A 

;.'(i-A) ~ A~(A'-!J..) 
~".!\~-~). ~ (~-St) 

(5.• 
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::.i'':':·~:ZAC~ON DE LA s¡l'i7E3!S :lf: GUIADO DE CUERPO R!GIDO POR EL !I!ETODO DE 

.A :.:z:-a:cA VAR:Ai!L:>: 

" . . . '" ..... . or .1..r.r .• ¡¡nac~" CL'.~'"'"'-'0, Javier FGENMAYOR V Justo NIETO 

E~oe traba,!.> trata de la aplicaciOn de un método <!e o;>ticlZación 
r,\:::.érJ.co, e~ ..:e :a .'l~trica Variable, a la sfntesis de ¡;¡uiado <!e cuerpo 

r'~~cio . 
• ce .. E~c.: ::.~~~C.l, ~.:.:!a"-"'" serie de posiciones de:. cuerpo rhtido, 

~" er.,·.c,~r<U"". ·'~·c.~ :.::: ;::-o¡>cadades de cínica Cistancia a rectas y cor 
co.:n~·e:<:r.c:ns, .~u::.:.er.::"sc po:.r ;:a:::;:o guiar al cuerpo con deslizaderas o 
::anlv":a~ aco¡>:;;.Cas respectivMI.ente a los 01ismos puntos. 

2. :.'ITRcu~·.:crox 

E: :pi.1•ic. ;:;; ~l.:er;:o rig:i.:!o, consiste en encontrar pu."lto~ especi.a­

·~• .:e: .::~::.· .. ~"'-""' ~"~ J;,¡ p"siciOn se en<.>uentre sobre trayectorias d" 

... u<;~J.!es son la recta y la cLrcunr'erencla . 
rectas se podrán generar media.~te deslizador~ y 

:.~e" cir~·c~.:·er<:c.~::>.s ~e<:::a~te b;;.rras ar·üculadas por ur.a parte a! ¡>u~:to 

c.::.e Ces'=.C'-t>C ~a -::-zye~torla ci.r~ular y ?Or otra parte a un cent:-o fijo 
q~.:e serli ei ~~.::,,.~ ~e :~ drcunferencia. 

E: pro":,.,:. s~ ;>:a~tea .:!e la siguiente for:aa 

~~.C<l:".:.:·;.,· ~- --.'.:0 ~"'"""~cient~5 al cuerpo rí¡<i.do, que ten~an "-'" 
):c~~e!:.: o!~ :· .-... r.::a =~:~ o ::.::n:ma, a -craye~:orias deter.:~~nadas tal~s 

.~· .. 
, .. -... 

..• , "" ~;>:::!l::~ar :::in~:::izando ""a :'une iOn error :;<:e >e -
_;:,e:;;,¡ .:!~ :~s ~C:.l:i:aC:os d~ ia5 dis-canc:i.as Ce un pur.:o cttal-

; .~ . .: ·- :a :'::.r.ci6n· error f, 'el proo:~~:l se puede so:u 

~ovr.ar ·;~ ~~~ :,.· .. -· c.'·;!'F.:<l~ • 

. ,,,· . .:.:"r .;: .• ; C:i~a. ;>lan-cenndo las conc::i~con"s de ;<.ÍrLo~ 



... ) 
• 

Ctr-il ·::.essi:..:oa c!e:'Onic!a positiva en los ;Hmtos anteriores. 
" .~.~.;,~'-'CiC:. cie las ecuac1one~ :antenores, se obtendrán tooos 

''· .... ----~ .:::~ :a f\.::.-~:.6: •. 
--~ .:e~·.'.r.:..,_'"- de cs~e :o¿~~do pa;-a ute probLema es la 0001plejidad 

:e: ~ .• :~::a .:e ec;,;..,c~or.<>i '<"~ :o hace dificil de resolver. 
o :;;::O:::i~a~16r. nu:;:hica 

E~:;e ~_. el ca~::ino elegido para rcali.zar este traba¿o 

;~~.- qc:e la f=."eión <!rro:- es no li:~eal', que se aborda el pro::.!el:'.a 
,;: . . -..-.:;-:c~:.o,..es, y qo.:e tatlt:O la func:ón coco las derivadas son r-ela!l 

.·..:..~ .. · .• : .... ci:es de eva!u .. r, se ha esc<>¡:ido cO<oo o:.étodo e! de :a "!ét:rica 
.: . ~= -~ y .:~ ~avidcr. - F~etcher - Powel~ 

.:!o er. 

.':.:~::.~r-:!:u.te, e~. el Ar.exo se hace ~a descripc~ón c!el ¡¡¡éto<;,:;. 

___ , ---

'/ ¡ .... -

y: 
··¡· 

' ; 

:i~ido, sistema de referencia móvil (x, y!, .!,.fir.i 
'as ~~ordenadas del origen X 0 ~ , Y 0.~ ) y,.: áng!'; 

i'\ 
\ - - - - -

• 

•• 

X,., 

- -.-·¡? 

'' ' ' ' ' ' 

••• 

' ' 
X, 

X 

U) 



lo de ll".c:;,,.~:ó:: ~e~ ~,j~ x corl respecto al X, e(.,¡ ; dado un punto P 
cua~.;ui~r~ d~t :::s:~o, d~ coorderladas (x , y ) con respecto al siste"'a 
cóvil, y á.1da :o~.o. rect:>. defirlida por lo~ pu~tos de corte con los ejes 
de refel"en~i:>. (.;,:;;. 

" CCl:a~lé:; "' la recta '" ' '" f o m a canón1ca será. 

X 1. j • - • ' A i3 

'" distancia del punto ' • '• recta sera 

~l?,r}: 
B X, T A Y, -A B 

VB'•A' 
dor.de se¡;é:n la figur-a-anterior 

X,, V 
/\ + x, c.os o<~.~ - "f, se., o(.n 

0.'1 d 

V "'" x sen :<,., · + fow i' 

La fur.ción error en este caso será. 

(BX,. • A Y,,- AB) • 
B .. + A-¡ 

~ u el nú::-.ero de posic~ones G•' cuerpo rí~ido 
En este caso los datos de par"t:ida son X0,. , Y0w , o(N de cada 

posición, por ta~to 

• 
A partir jc es;:a :'"ur.c!én hallada, se ha resuelto el prob"ema me­

dia.~t" :a apllcaci~r. <!el .-.:étodo anterior-mente seil.alado, ;¡¡inb'.:zando e" 

3 

' 



cuatro ,;;_.,, .. -.~: :::~s. 

D~ ;., ~~~o:·~ci~" !~1 p~oble:na se obtienen las coordenadas del -

;11.:,-¡~o ,:,~ ~"~~-"~ rr~i¿v :x,yj respecto al ,iste:na m6vH y los puntos de 
co:-te d~ ~a :-e~"Oa co:: ::~ <'Jes (A, S) 

~n ::¡~ :ni~Clas condiciones del caso anterior, 
circun:'erencia vendr;i. defir.ida por las coor<lenadas 

y por su :-aCio R 

y según la figura, la 
de su centro 

y l 
yL 
• ! 

1 

! 
y >-·-¡ 

' 

' 1 
' y 
, __ 

' 

y 
-- ~-

y. 

_/R 

X, X, 

•• 

" 

' ' 

X, 

x, 

La distancia del Punto P a una circunfere'lCia sera 

J (P. el - J~( x~p~_ x~J-=-' +~(~;;,~-~yJ 

: ' ' z 
' 

X 

X 

R 

' 1 ' 

los valores X ? 
en función de ~ , 

la f¡_¡ndón errgr 

Y
0

, pueden ponerse al igual que en el caso ante­

Y~·:o~• Yc• 1 "1.., 
3era 

' 

• 



X ~on 1os c!iversos puntos de ite!"ación 

Cl son las direcciones de mirlimb.ación 

' 

H es ur.a ¡¡¡atriz cuadrad-a )1 x N siendo N el nú.rnero de dimensiones del pr:: 
ble::la 

Esta :~atr-iz en la pril:era iteraci6n puede ser la CJatriz identidar\ 
v a !o largo de las diversas iteraciones tiende a la inversa de la ma­
triz He~siana 

En cada iteración a partir de un punto, se"halla una dirección de 
ou :uci zac i ón 

. i:1 siguiente punto de iteración ser:í el oun~010 de 1' en esta nueva 
:te ración - .. ·-

.:n este traOajo para minimizar en una dirección se ha dividido 
un intervalo grande en dicha di.rección, en subintervaloso en· los cuales 
~e ha ev ... luado la función cogiendo aquel en "que se hace OJÍnÍCia; se ha 
buscado e: ~:~ínico <!entro de él, cedi,;nte el método Golden. 

Lo an'terior se hace para evitar en lo posibl~ que converja a un 
!Jllr.to ;:¡u~ sea míni::>o n:,h.ti.vo 

t:n.a vez ha! laCa el nuevo punto d~ iteraci6n, se obs~rva su conver 
gencia y e:l el caso de no ser suficiente, se vuelve a evaluar una nueva 

'· 
' ,, z· 
' H ¡,~ o ~- • ' 2, y, 

' {H; y,) (H;·y,) 

d or.c!. e 

• 
' 

!:lespués se !'epi~e el proceso ~n cada iter3.ci6n 

5 



v· 

' d· 
' 

R) 
. . . : ' 

Luego tendremos una minimi:aci6n en cinco dimensiones 

5 • .:c~c u;s t CNES . 

E:~ este t:-aba¿O se h.a puesto a punto un programa en lenguaje BASIC 
p:-ocesao!o en :n:iqc.~na IB.\!-~100, que pen:~ite encontrar puntos d~ un cue!: 
po rigi~.:: qu~ siguen trayectorias casi rectilíneas o casi circulares -
para Ci:Je!'sas ;;osCcio:~es de este. 

· 5" ha t:•lmproba.!o la efectividad del método operando con las fun­
cior.es ¡;ropue~tas 

~s~" :~.r··,o ¿esc:-ibe la forma de oper3.oi6n con el método de la "'<i 
;:rica V¿r-i:::.t.: e de Davi<:!on - Fletcher - Powell 

~¡ d~a;r~a de bloques del cálculo por este método es el siguiente 

EMPEZAR 

ESTASLECER VALOR~S 
IN!CIALES DE X H Qf 

1 SELECCIONAR !.PARA 
1 MINIMIZAR f(X-;I,H<;¡~) 

.M~ N 

1 

1 

~., .~ 

1 X= X-fHVF 

' 

' ,,; , .. ...{:"H'~OUEAR 
CONVERGEÑC~ 

" 1 "' 
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• 
of_.l. ALGU)IQS RES:JL TADOS !EO!UCOS ?ARA BANDAS COr-1 GRANDES DEFOll..'IAClONES 

Por Salvador Bresó y J<1s't:o N"ieto 

!.a obte::cÍÓ:l de al~t>.::las ;:>ropiedades relativas a las defonnadas elá~ 
ticas en bandas con grandes defo~aciones, así como las ecuaciones elas­
todinbicas' son los resul't:ados ~:~ás significativos de este trabajo. 

En un trabajo !Jrevio se distinguieron cuatro casos en el estudio de 
t.:.."la banda flex~":>:.e, de es;>esor pequeño en relación con las otras dos di 
:le:lciones, ,;:llande aCg<.:..""!CS de sus puntos se v"en obligados a Oloverse a lo 

la:-¡:o de trayec~.:.r:"s especificadas. En el caso del mecanismo de la fig=. 
ra, los cuatro caso.~ '"'11 los siguientes: 

' 

' ' ' ' ' 
' ' • 

( 

' • 
' 

1 ) 

!:v 
r •,-

', -----

L 

' ' ' ' b ' ' 

' / 
' ' 

. 

"' '1-
• 



'E~ . .::u~:-_';.~<. ~ .. ¡¡os!ciiin del equili!lrio elástico 
qt:ier ?<J$;:;!ér, !'r~~i.ja..!a <.!e los puntos A y B 

' 

r"'~ 
de la bandalcual-

Er.~:.~ ... <~ra :01 re,.r•:..:esta din<imica a la defonuuda anterior, es decir 
super¡>.:."" e: .oaso a...""\,erio:- el ¡>roble::!a itlastodin3mico, (efectos iner­
.::ial~s. ece.' 

Con5is~~ er. obter.er Ca sucesi6n de defonnadas estáticas (caso a) 
cuando lo,; p~:r.;;.,s A y S tienen leyes de movil:dento preestablecidas. (El 

pun~-> .\ s~ ::.~:c•:e sobre "-~a circunferencia y el p<rnto 3 per<1laneoe fij_o) 

::~:,.c:iuc~ <.,¡s efec":os simultáneos de los casos b) y e) 

2. va::-:;;;;~:J.~ :·~:.AS !:Ct:ACIO~"ES DE CO:.!PORTAMIENTO 

M <~M 

~ ~ 

·~ flrd.ll. 

----- p ds p._dP 
' ' e' Q 

R o;:r ....... 

d« 

• 

' 



Las tr<!~ ~cu::c~iones de equilibrio estático del ele~:~ento diferencial 
en al!sen.::ia ~~ c:.:·ga scOre el ::~is01o son: 

( 1 1 

que junto cor. ~" r<::1a:~:in 

(1 1 

for::1a:1 "" si,;"::~IJ .. de C'-l2.trc ecuac~ones que permiten, entre otras posibf. 
lidades, i.:.r. .,:;.::~:.a~i5n de !',Q,.'!, obteniendo una ecuación en dos 
quiera .:!e¡;:¡~ ::r:Co var:a~~"" ~.-::.<:<,f.),que peruiten expresar la 
~;~.aCa .. ?:.o~ ej"' -~o, er:. :as 'ta.:oi..Z.les x, y la E.D. resultante es 

cuales 
defor-

,,,., "- ,' ~ ( );Y )11)-- ,. "' r L ) .. · 
;;¡• d":; t\Y:,;•')'Ild;.:. ' (l .. ~·')~·'}- t~~~·~J!t¡ d::c\(\·~·~)~ 

(>1 

'" las :<: .~ 
' 1 ' ( ' ' ( 1 . ¡ : '. 0[- e Róoc o, _, - d~ R ' -' '· 

1'1 

o bien 

, r .. , ,: 
o; •iw ~ 
iT ~ ...:--' -· 

(51 

y en las :<:.S 

d (;: ~-2 (~\\+ 
' . ~. ~ c5 ·· ds,! · J · 

~(-k_)co 
oS 

14), (5) y (6) se han obtenido en la hipót_! 

:;i ""'. ,..- . • -:. :..-:C io,, ,,.,~_..,,.¡", . ..,,, "" mocltfic.:tn lig.::ramcntc p.c. l.>. 
( ,¡ 1 qo..o.:.!.l: : ... 

r~ í ~ ¡\ .;.i_ ' ('J) (}) e ~ "--· d'' e ~· ' • 1 ' oS 



?e:- cto:::. r·'!'~e, s:: se conside:-a la ausencia do cargas sobro la­
ba.~.da~ó!,~<>r~:c_r.l.::~·:r ::;-ticulación ~in :-ozar.liento en A, tien" interés 
US::tr, <;.~ • .;,uc:-¡:;.:• libre .:!iferente, eon lo que las expresiones de !as de­
fo=alas se s:.(:?lifica:-. 

, 
~as ecuae~or.es 

¡~. -
' ' - - -~' 

,, 
' 

a emplear son 

(eJ 

que o:-i~inao: ""s si¡¡uie:-:;:es ecuaciones en dos de las cinco variables an 
ter'-~!'tlen._e <:or.~:.d.e:-a<!as que pe:"tli:;er¡ ob't:e:ler, c:!alquiera de ellQs, la 
defor~ac"Órl ~s:~tica 

" "' 
E:. 

1.. "=·'la (tc~C(· ~sa::.) R' .. 

Y2 .. 'Z f CJ>5 <>.:- C.oS <ll.) - - ' 
" 

(1 \ ) 

( 1 '2 ) 

p; 



a. se ':-..á:n preser.ta.:lo $Vl~ ~inco de las diez; posibles expresiones 
b. q,.., la~,;::.,:, ~<>lO ~res:las (S), (ll) y (l2l,pueden ser expres! 

.:!;;.~ ~:: :';¡:-= 'f<..ni'Oa, no diferencial, entre las variables, y las 
v tra. oi.,:;~ res~a.-:t~'l tienen como _solución integrales elípticas_ 

·c. [ie (; 1 '!21 

(1~ J 

' . ¡('r,.J. V ( 
~-----------":1 

a.. , o· 

1 



que ~~:-:::~ :., cO:er.er ,-:i¡>i<:!amente las pendiente~ u ordenadas para 
csda pcs:c:i6~. i:licial <:L. , En particular,si se conoce Y max y 
11(,. se :u::;:, para cualquier ;y el 0(', , y viceversa. Obse'rvese -
qu~ puntr.; :. 1. del ¡>lana liY" es de paso obligado para todo (!¿. 

y que \' so~o :r.;o:a vaCcres positivos y de valor Wlidsd como máxi ., 
e. :.a c~:·c.r:.la.!::~ e:.lstoesd.ti.;:a es independiente del producto E.r .. 

:Os .::,.~,,-, ,.;¡,,·ill.>.~ de igual t. y 1 pero diferentes geO<:letrít.as y 
ma:,:·~al t~cnen la rois4la defor~:~ada 
Cvi.:!~:;;:e::e:;te, ¡as ecuaciones diferenciales omteriores estin re 
~:~iti::!<.& a las de contorno del problema 

g. ~a i~for-ada es simétrica 

" .. 
• 

• n -" . ~. 

..--. h\Jt\. 
1 <t.':aP~ 

Q"..aQ• 

dei.' a: 

:..as ecu:::.;:¡,;,:;es e~ eq,.lilibrio elastodin.á:llÍCo a considerar serían: - . . . <2!:1. = Q 

"" ; .o· .. o'z,._~ =- ( iJ e os o;."'+ ,if "'en~ .. ) .A. J. d-1 L:... 
d C/,. p· ;:;.." .,( 11/ ca:...:- il.s.,no.!.•) . A .J. CH 1 

• M :::JI 
R' 

E.= d~- C·.s 
as 

Observe se o;uc: 

• = p -? 

(W 

{11) 

(lB) 

;::, 'las { Cíf• ... r.:1 ir:'":u:;i.:. la acciór. de ir.ercia de la masa distribuí 
• 

2. Se ."1:> ec,;-~,~~ ;;., .,,;,~-::c.'l:ia :::~ 

;;"a~~;;.s di r. :.·' ~-•• ~.-::, 



3. La i~.-!~1'¿~. Jc :"~ eto.:~os a.'1teriores es posible, asi por ejemplo: 

•• 

~a ::""""'~ rot¡;tor>a se ter:dr~a en cuenta sustituyendo en la (l6) M
6

• 

por: 

• N- { c:;rc. • 
'J (W) 

el_<u'"··•~tl~ ~l~r.~o estruct'-'!"<'ol se tendría en cuenta sustituyendo en 

•• . ' .. . 
l • ~ J ~: '"' 
"' • . 

") " . c. • ~ ,, o 
~-

' •• . '.1 1 ~ 
c;1=ul~5"-ft?:r) •(!f'~ar"la::;:;) ax 

' ' 
0e11 a-';{ :t'~ ~ 1{/il • ~wez) 7ff!:i'• ?!t) <~) '"·1 

...... ' pJ::. .1 

C os .,; :, ( 1 ·r ·'J:;.¡ a :r) (@ • Jo~Y-d!!'~ Pvrq;.: J') 
' ' 

(21) 

123) 
(2 ~) 

5". La ( D • ¡:;;...~-;:, tc,ar c~.:;o.~q_u.::.e:-a de las cuatro formas siguientes según 
s~ u~'.:l.c~ ·, ~ 

¿·¿.,·e 

' u."" ¡ :/ ~ f '!{ /:z 
'~J,"% 

5.3. i:i;:<;;:~s:.s r.o L;"\o>ai 

é""..:_,¿ 

IW 

(z1! 
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cor. -o ''"" 

¿ = j [1 i~ ~"'~~ ,.fy'r-1/~r] j( 1+ :t·~) 

5.4. :,;~¿~~-<is ~en<::-a: 

, l\ !r--_,,-,-.c.,,,-,-.-,--,-,~, 
G:;¡' ;.,."'"ª_. .... ~.v,, 

. t! '. 
+ :;¡·:!. 

-1 

8 

' 
lze) 

2 

(Z'IJ 

6. :..lS eco.:ac~""'"s a co::sh!c~ar son C!IICQ, n·es relaciones de equilibrio 
es--:;ático ..leC ~leme:~~<:> ciif'<!:"encial, la relación momento curvatura y, 
lar~~:!.:;;¿ •. ¿.,f"r-::::l.::~h despi.aza;¡¡ientos, en l:u variables P.,V,t,P',q:ff 
Co:~ lv ~-"~ "d """de co:e:'.e~ la defor-..ada dinimica para cada ,,,[,"le l: 
y cad<> pt.:nt~ ;e, y, ya c;ue la d.efon::ada estática es conocida·. 

CASO ELA57GC:C.'E,1A'tiCO 

Las •eyes 
se oOt~er.er. ¿d 

I=::~=Jco!.P 
i ",: . ., 

para 
' 

las variables x, y, P.Q.M. etc. 

se'")(X a"''e) 
. .(:.sp j a sen S 

8. !.S: f) ;;. 

O-a.c.oS9 

La~ ecua.;:; une>< ~ considerar son las mis!:las del caso 'elastodinámicc 
"" las ~Gr.¿ici<.""''·' del ~~se cla~tocincm:itico, introduciendo los valores 
a"osolctos .,:.,·:. i.a~ a~e~e:-aciones, asi, en !as (17). 

+ (- <il')( ""' lLj+(- 0){~ ~"~T) - 2 Vi5 
+(- ~')('j•11)t{(,il)(;~;+U)+2.U ¡i:\ 
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COEFICIENTE DE SEGURIDAD Y FIABILIDAD DE SIS1EMAS MECA~ICOS 

I~1RODUCC!ON 

El concepto de fiabilidad (reliability), expresa una medida de la capacidad 
de un equipo (desde un elemento al sistema más. cOII'.plicado) para funcionar sir 
fallos cuando está en servicio. En lenr,uaje sencillo, podrlamos decir que un~ 
cosa es fiable cuando estA bien hecha. Una <lefinici6n de fiabilidad es: "La 
probabilidad de que un equipo funcione satisfactoriamente durante un per.!odo 
de tiempo dado, y bajo unas condiciones de funcionar.liento especificadas''. 

Obs~rvese que le fiabili~ad se caracteriza por cuatro conceptos: 

es una probabili~ad 

por ello, la herramienta matematica forma parte de la estodística apli­
cada, por tanto, no puede predecir sucesos discretos, sino probabilida­
des medias. 

realice una función satisfactoria 

LB funció~ exigida es un concepto que demanda ser cuidadosamente defi­
nido y depende exclusivamente del caso bajo estudio, por tanto, es un 
~oncepto subjetivo. 

en un tiempo dado 

Que no ha de expresarse necesariamente en horas (unidades de t.iempo) 
sino, por ejemplO, en: No, de ciclos, No. <le funciones, distancias, etc. 

condiciones de funcionamiento especificado 

Estas condiciones pueden ser de muy variada naturaleza, por ejecplo, 
temperaturas, corrosión, desgaste, tensiones de tracción, flexión, etc, 
estáticas o dinámicas. 

Realmente, la fiabilidad no es algo que se haya inventado ahora; lo que es re­
ciente es la sist~tización de los medios y el desarrollo de técnicas para el 
estudio éle la fiabilidad, 

En el campo <le la electrónica, en donde primero se desarrolló (desde 1960), lB 
fiabilidad ha sido muy utilizada, La razón de Gllo es que un equipo elec-rronico 
es un conjunto de piezas elementales que realizan funciones de vida relativa­
mente corta y sometidas a solicitaciones sencillas, en donde la fiabilidad de 
cada componente puede ser bien conocida y por ello, la fiabilidad del equipo 
puede ser bien estudiada. 

En Mecánica no ocurre ésto. La Mecánica es d~ evolución más lenta que la elec­
trónica, las piezas que forman los equipos pertenecen a series peque~as, en 
donde las funciones que puede reillizar un mismo componente son muy variildilS 
(obsérvese, por ejemplo, la diferencia entre las funciones que puede realizar 
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y snlicitaciones que pueden afectat'le, en caso de un tornillo y de una 
resistencia eH!c:trica). Las solicitaciones son más compleja~ 'm Mecáni­
ca qlle en Eléctrica y, como m1a consecuer.cia de la falta de normaliz<l­
ción, no se djspone de datos estad1sticos suficientes. 

Otra razón de la lenta aplicación de la fiabilidad en ~ecánica es que 
el lngenier'O Mecánico, es un homLre que le gusta la concreci6n, es 
esc~ptico en relaci6n a la fiabilidad y no está dispuesto a juzgar por 
probabilidades si una pieza se rompe o desgasta, En Ingeniet'ia Mec~nica 
la eKperiencia juega un papel importante. 

Por todo lo am:el'ior, estamos en los balb11Ceos de la fiabilidad en Mecá­
nica. 

Pero ¿existe necesidad -de .introducir la finbilidnd en flec~nica? 

' Ol:rservar.dc, por ejemplo, cualquier ecuación emanada de 1<> resistencia de 
materiales, se comprueba en ella la existencia de tres ingredientes h~-
sicos: Propiedades del material, acciones {cargas), y geometria del ele­
mento solicitado. Ou~lquiera de los tres ingredientes tiene naturaleza 
aleatoria, es decir, las propiedades del material var!an seglln el lingote 
utilizado, las cargas presentan una variabilidad evidente, y ias dimensio-

··~ 

ne~ de la pieza est~n sujetas a las aleatoried~des de las tolerancias, En 
consecuencia, cualquier concepto obteniCo con estos ingredientes, por ejemplo, 
un <;:oeEciente clásico de seguridad, tiene dicho cardcter estadistico. As! 
pues, la t'i<>b:ilidGd (probabilidad de que un equipo !'uncicne, etc.) es una 
a!llpliaci6n natural del modelo mate:nático que rige el fenó¡;.eno Hsico, S?ro;cl_ 
mándolo a este fenómeno real, y en ning~n caso e~ un concepto intrusista o 
de forzamiento de las condiciones que rocleañ al fenómeno. 

En la deterrninaci6n del coeficiente de se¡¡;uridad cltisico influye: 

Probabilidad de que un fallo pueda causar lesiones o p~rdida de 
vidas humanas, 

Probabilidad de que el fallo sea de reparación costosa, 

La incertidllmt~e en el conocimiento de las cargas que se h<>n 
te~ido en cuenta. 

LBs hipótesis hechas en el análisis, asi c01:10 la detenninaci6n 
de los factores de concentración de esfuerzos, inducidos por 
fatiga e impacte. 

El conocimiento de las c~·ndicionQs ambientales. 

El conocimiento de liiS tensiones residuales inducidas en el 
montaje y conformación. 

Tnfl.uencia de la corrosión. 

VaHH·~s t1picos de n oscilan desde 

1. 25 1,50 3 ; 4 



Analicemos con máa'¿etalle el coeficiente clasico (o determinista) de se­
guridad. De tndas las fases del proyecto de m.1quinas (sistemas IT•ec~nicns) 
la elección del grado de seguridad ha sido la más importante que compete 
al proyectista, ya que de esta decisión dependen la economia del proyecto, 
riesgo de accidentes il'!'epaNbles, etc. Este tradicional mHodo de d.i.senar, 
involucre: lo. un pnsible modo de fallo (teor!a de rotura, de falle, etc.) 
2o. un posible valor de la acci6n aplicada y 3o. un valor representativo 
de una relevante propiedad del material·( por ejer.-.plo, energia de distor­
sión, resistencia última, etc.), la cual gnbierna la resistencia del ele­
mento bajo la carga aplicada y con el modo de fallo supuesto. 

Una expresión para tal factor de seguridad puede ser 

con n)l 

Aunque cnn estos prncedimieiltOs los resultados hasta la fecha no han sido 
necesariamente malos {qui~~ un cierto sobredimensionado).=Los hechos si­
guiGntes: 

a. La variabilidad aleatoria de las prnpiedades del mateiral, carga aplica­
¿a, y dimensiones, es algo cierto. Estas variaciones se han intentado resol­
ver introduciendo un coeficiente de seguridad m!nimo dado por 

S t. 5 
" . 

evidentemente 

y ,, 

S 
o 

G"" ~ - 6.5 
Otro coeficiente de seguridad usado es el cociente de ""ios 
las respectivas distribuciones de resistencia y carga 

valores medios de 

".---'e'--
1¡. 

(coeficiente central de seguridad) 

' 
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evidentemente, en este caso, manteniendo constante n los resul1:aUos puede!> 
ser muy diferentes para las distribuciones ¿e tensi6n y resistencias que se 
indican 

i r, " 
" 1• -

,· : ' 



La fiabilidad corresponde al caso de que 

es decir 

R o r,,, l ~ ~ 'l - f-'. ( S><>) ~::>?..l. ( s-'i' >o) 

El valor de R depende del grado de solapamiento de las distribuciones y 
se halla: 

S 
rr 

La probabilidad de que una tensión se encuentre en el ~rea rayada 

Las. probabilidades de que la resistencia 5 sea mayor que G;. es 

f~b ( S> <>,) 

La probabilidad de tener una tens\6n (j en el inTervalo J5' y que la resis-

- 5 

tencia S sea mayor que G"' es el producto de las dos probabilid.'ldes, y esto 
es por tanto la fiabilidad relativa a la posibilidad de una tensión (J" 

"" JR ~ f (u) dG" J, j\sl ~s 

La fiabilidad es la probabilidad de que la resistencia S sea ~yor a todos 
los posibles valores de if es decir: 

Se puede razonar de la misma forma considerando una resistencia S y la pro­
,babilidad de que la tensión (Í sea inferior. En este caso 

• 



- 5 bis -

b. Disenos con relativamente grandes coeficiente~ de seguridad, a veces fq­
llan en servicios, indicando esto que la incertidumbre, asociad3 con las 
entradas de diseno no puede ser ignorada. 

A menudo se piensa que un factor de seguridad mayor que una cantidad no ori­
gina fallos, Re11lmente, con altos factores de ser,uriCad la prohabilid.~d de 
fallo puede variar de un valor satisfactorio a uno inCeseable. Por ejemplo: 
Un coeficiente de seguridad de uno, seg(m el esquema clá~ico, indicaria que 
el fallo ocurre en un 100\ de los casos, porqne no hay seguridad, en ca:nblo, 
si las distribuciones son no~les el fallo ocurre en un 50\ Ce los casos. 

c. El metodo tradi~ional es incapaz de predecir el riesgo implicado por el 
coeficiente de seguridad, o la fracción de fallos de los elementos en ser­
vicio de und máquina. 

Estos hechos, eomo decimos, han originado una insatisfacci8n con el uso de 
este coeficiente clásico de seguridad. 
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L~ recria de la fiabilid~d permite abordar problemas tales como: 

a. Obrener la fiabilidad de un componente o de un sistemH, es decir 

R (t) = P (t<T) : probabilidad de no fallo en t<T 

b. Mejorar la fiabilidad de un equipo o sistema 

Reduciendo la complejidad del sistema al minimo necesario, eli­
minando los componentes complejos e innecesarios y las configura 
cienes complejas que atnr.eiÍtan la probabilidad de que el sistem,,­
falle, 

Aumentando la fiabilidad da los componentes en el sistema. 

Por redundancia en caliente (paralelo), o en frio 

Mantenimiento preventivo y de reparaci6n 

c. Diseno para una fiabilidad da~(sintesis de fiabilidad). Maximizar 
la fiabilidad de un sistema pora un peso tamafio o coste dado, o inver­
samente, para una fiabilidad dada obtener un peso m1niroo, ek. 

2. ALGUNAS BASES ESTADISTICAS DE LA FIABILIDAD 

Si f(t) es la función de distribución deldensidad de probabilidad) de la 
probabilidad de fallo en un tiempo t (o mortalidad del componente) 

Evidentemente =";! {(l•l es una función 
o 

monótona decreciente. ):· 

~iendo r(t) la iníubilidad a una edad inferior a t 

Sean N(t) 
funcionan 

el número de dispositivos 
de forma satisfactoria) de 

(relación de a~ar, probabilidad ins-

que sobreviven a un tiempo t (o que. 

"o 
es ur. .. stimador de la fiabilidad de los dispositivos en el tiem-

límite de N(t) cuando No_,._ representa la probabilidad de sobre­
No 
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vivir en el instante t y por ello La fiabilidad de los dispositivos. En 
el intervalo dt, dn dispositivos habfán fallndo. Se define lñ tns<~ de 
fallo o probabilidad instantánea de fallo por componente como el número 
de fallas ~n intervalo por unidad de tiempo y unidnd Ce componente 

·A(t) o -o! 
" ri t lim N(t) -N(t+bt) 

), ( t ) o 

" 

lim 
Htl o 

.., N( t) 

f( t) 
_ R( t) 

fiN(t) 
N(t) lit 

Po!' integraci6n de (i) 

_J).l•> J.l­
R(t) ~ 0 

. " 

si se expresa en el illtervalo t~, 

Rle '· '·· l,l;¡) 

¡e¡ e,) 

l((c,) Jf" 
Pct.,hJ)" th 

'"· Si A(t) es constante 

R Ct1 ,,, 
' (') 

( ( ' ) 
( ( ' ) 

lll/IJ~ 
o-
\~{Nu 

o 

o 

o 

o 

Nft) ~ ll(t-tllt) 

lim ti ( o ) 
dR( t) 

o ... o 
ll.t-+0 N( t l 

~-
R( t) . 

N( O) 
CD 

y representa el coeficiente medio de 
extinción del colectivo expresado en 
tanto por uno. 

se tiene 

Se llal:lil t;mto medio de fallo At correspondiente a un per!orlo-,.. 

) T 
At :- r A(t) dt. -,'• 

o 

" 

' 
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Se llama tiempo medio pam fallos (tiempo medio para el ler. fallo), 

= ;'"¡;. 
• f(t) dt = _ {\ dR(t) 

" 
dt =(R(t).dt. 

Se llamo tiempo meGio entre fallos,(Tiempo medio entre fallos consecutivos} 

- -'i' =f., R(t) dt. 

el HTBf se aplica a sistemas con n <le surd~ elevado 

el MTTr se aplica a componentes 

La rel<1ci6n entre ellos es 

".,'~· --'-iiTBf j=l ,, 
> 

Si el sistemu opera ·con todos los componentes nuevos ., y ~ T son 

MODOS DE fAL!.O 

id~nticos. 

En ~lec<l.nica, como en Electrónica, se distinguen tres categorias de fallo, 
que aparecen en diferentes fases de la edad del dospositivo. Estas son: 
periodo de fallos precoces, periodo de fallos accidentales y periodo de 
fallos por envej~imiento. 

(L 

Los fallos precoces son los que se producen en un p"ríodo inicial de fun­
cionnmient:o, Son debidos a fallos en unidades que pasaron ipdebidamente el 
control de calidad, o a defectos de fabricaci6n. Este tipo de fallos hay 
que reducirlos al mínif:IO a travÍ!s de END o del rodaje. ' 

"j¡.~~~,;~-;;:~t:!:!:":::':::',;'::atastr6ficos) son los que se producen aleato-r en del intevalo, so!Jrevienen de modo incsperaáo, 
motivados por un aumento violento de las tensiones o esfuerzos 
que actúan sobre las unidades. Las acciones ''fuel"'<l. de fl'llsi6n no se conside­
ran", por todo ello, se puede suponer que 

los fallos por envejecimiento son lo~ debidos n las perdidas de aptitud de 
las unidades por el uso, por ejemplo, desgastes, fcttigas, modificaciones 
de estructura interna, etc. Puede afirmarse que el envejecimiento es una 
enfermedad que gravita sobre ro¿as las unidades componentes o sistemas en 
funcionamiem:o, 

' 
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La t¡¡sn de f,illos ae obtiene como proposición de ambos tipos de l'allos. 

' ' 

Los fallos por envejedmiento, aparecen en Hecánica más t:arde, aunque más 
rápidamente que en la Electrónica. Si los CND son eficaces para eli~inar 
los fallos precoces y si las condiciones de funcionamiento son nor~ales y 
no exist~n sobretensioncs lmprcvistas, se puodu esperar una tas,1 de fallos 
OHlos, h"sta la aparición de las primeras manifestaciones d" ~nvejecimi<mto . 

• 
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3. l'IABlLIDAD Dt SIST!.MAS 

SERIE 

Sean n componentes independientes 

-o-Cl--'::r--
"1:1 sistema falla si 
si todos son fiables 

falla uno al menos" ')que el sistema 
al mismo tiempo. 

' " 
: tRi 

-¿tr. ,l.i(t) dt. 

' e 

. l' siendo ,l.i(t) 

es fiable 

OhsE:rvese la~a entre esta ecuaci6n y la expresi6n "Una cadena re­
siste lo que el eslabOn más débil". 

PARALELO 

"C.l sistema funciona cuando uno al menos funciona" 

: 1-

COMBINADOS SERIES PARALELO 

- Sistema m series en pa,•alelo 

Sistema n paralelos en ~erie 

·1 t&l--\!:1 C'_ 

r < t J ., 

R: (1 -(1-R)Jn 

- mixtos serie paralelos. Se reducen a los anteriores 

' : ' 
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S!STrMAS ~rt."~' (f:d~) 

Estas unidades no funcionan hasta que ellas son llamndas a operar, en con­
traste con el sistema en paralelo en que todos operan simult¿neamente. 

Caso de dos 

La fiabilidad Rsb del sistema es ieual = 

El equipo (1) ftmcione hasta el tiempo t 

Ll equipo (i) falle a partir de t~ y que @ no falle 

a P'lr'tir de t-j hasta t. 

'(Supon.iendo un 100% de 
' 

habilidad en el sensor· y contacto 

Suponiendo \ 

' 
~ constante 

e 

),, - '' 
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A y B na pueden considerarse en paralela 
con D y E ya que, no participan en ambas. 

Esto se resuelve a pnrtir de ln probabilidad 
condicional (teorema de Bayes) 

bien bien ' ' s/cmalo ·' 0wa1o 

La IJI'Ohabilidad de un suceso (fiabilidad del sistema mixto) es igual a la 
probabilidad de funcionamiento supuesto que el componente C funciona por la 
probabilidad de que este coo.ponente funcione más le probabilidad del siste­
ma supuesto que C no funcione por la infabilidad de éste. 

' ¡®-] . 
s/cbient_ua-[ 

Rs/bien 

luego 

' "('"' -sm u e 

R R R + e/c malo a e 

,·,.' 
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SISTEMAS MULTHlODOS 

Hasta ahora se ha supuesto que los sistemas funcionan o no funcionan. 
Sin embargo, algunos c~ponentes pueCen funcionar de muchas maneras 

La fiabilidad de un sistema de esta naturaleza puede determinarse por: 

a) Calculat todas las posibles permutaciones de los 
Mi modos de funcionamiento•para los Ni componentes 

Pe:rnmtaci6n = 

b) Hallar (escribir) (por un procedimiento sistemático) todas las 
permutaciones. 

e) Encontrar aquellos ~odoa que h3gan que el sistema funcione, es 
decir, se Uesechan loa incompatibles con el funcionamiento. 

d) Se calculan las probabilidades de todos los meCos posibles. 

e) La fiabilidad total es la suma de las fiabilidades. 

~. APLICACIONES DE Ll\ FIABILIDAD 

~.1 Hallar el coeficiente de seguridad (fiabilidad) de dos distribucio­
nes de resistencia y de tensión 

a. Distribuciones cualesquiera 

R = Probabilidad { 5 ;>Ó~Pn>!>. ( 3-G')~) 

Solución: 1 Por aplicación de l<:~s fórmulas del apartado, (1) 

2. Por palicaci6n de las Transformadas de _M:!.LI!I 

f ~J~::l"" 1 f-> \"Jrrl ( J}lds)M,y'"G 
G~_l, fr<ldo ·--

3. Método de Hontecarlo 



b. Distribuciones normales 

Aplicando el fllgebra de variables aleatorias independiente}~ ~ 

dist. normales 

Adici6n ( K t y) 

Resta {x - y) 

f!ultiplio. x,y 

Divisi6n ·f 

r,1 ~r.J', 

/'< N-/ ,, .r -o 
1 

J -
"'l 

' Cuadrado X !.' 
Raiz cuadrada r. , eL r; t 

-{ - f ~~ \ ' -~ lj'.-'-

' 
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x:s-lf 

La mediil es 

La derivación típica es 

de aqu1 .--

~~~ f~t,(K~+Lt, ( X:r 
() 

),.) 

l(l:. '; _______ ) 1) 1 1 

~'--~·~/- l.~'~/~·~·~/--
-l¡'if' 

Si se fija una fiabilidad, por ejemplo 0.99865 ~ que 

si se desea mayor fiabilidad entonces 

;"" " r,- /'o 73 

IJ / ~~+~~. ecuaci6n de sintesis é.e fiabilidad 



• 



-' 
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