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'Xi-fX-=c -:...,.:./~ '1. \Lf lb= r-1· 
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S~ S:o\.u..~ kJ X -=- A Go p-t + G ~r t 

~ Co~ ( ?t -<P) 

-=.(<. ~ (pt+'Í~) 

1 ' • 
t--1 X +- k 'f\ -= o 

\ ~ ~ (t'\ c... ~ M p ~ &... u po 11 é!-k. u:d. p vte...k ro I\Jl.1 .. k. { d.&Ji l--i Ca..v..,g.-u R 
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~rr "f. --¡) f e~wt 
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VlJ'Co.t O· 
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(~ ~~~ r"'~ 

M ~ 
Fe.._""e-

L.~ e.~~~"' eh ~(.<..\l\0-M ~': 

Yl X + C. X + ~ >' -:: Fe 4.1..&lt-. 

~~~~~rk~ 
'X-=- X e ~'-4t · S<. h.~ ?< = X .w ~ e ~<.lt 

0t.- w'" H) X: + l.) J.. c. X = f 
F x= ~z- w' M j + w 1: c. 

~'X-= Ze;wt-"' felwt 

(k.-v.)'LK \+. W..i'C 

o!.- \ ~ 
- l~-t.u""M} +~cw 

k Sol\oC.c:,lo~ 

·~ '\7, _, '\,. .¿,'-Ut . 
• " -,::::. - .6.._ e 
J 

1 ~~,~..., 1.-.. l--A.., 



o 
o 

,_· 



o 



o 
o 



(_) 

X= l-;=::=:= l_ -l F 
\~ ( t- l.&.~ ... )~~ 4))'-~ J k. 
\ ¡;.¡_, 1 ~')l. 

l i 

s~ h>.s. ~u,w{-(.d 4!.-ó,.'Ü'Y\ sec..~:-..1--o..r d-<... ~ . tted""-a.vit.c..s 
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lt.: \('1(' •••••• <ll 11(','1'\,1 \1() ~\\11'!'> e 1' 

a rh! ,. 1! 1 ¡,,. '.:1 k<l t 1 ;,· d · 11 '/'' ,/ 1 ': r.u ,¡/ 'it' ull'' ¡1, t1u, 111 y 1 Ll ;- , Y" t·.l~: , \\ 1 t: 1 k ,, t 11 .. ·1 

-:11 ¡·.•· e:.::! <.!'!c.,,:\ d .. ll,¡1'1.~:. llt<: l't.:,ll'<.lH•rl in ll.tlll!,.! frt.:c[llt.:l:<.y 1, ~L'>'> !!1.11' 1() pt.:r 

-..:nt. 1 Ll: :~n:.1ta ,,tlu.;, of d.t111p1ng. tltt: r.:duct1on rn n.tlll!.tl ft~,l~ . ..: . ..:) ,., n:orc 
pl(lll(lll.k..:;l. 

R..::"..:rr¡¡l; lO J'l¡; 2-10, thc ;t•nphtud<:'> of [\~0 <;UCC.:'>'oi\C r.:: .. :.. ... o: o~c:!L:io!l 
;,re i::d . ..:~:,,! b) : 1 anJ :_. Th.·,; Wllllk'LLII .11 time~ 11 •• mi'~· I.:·p..:...tl'cl). 1 \.du .. t· 
Íl•; h¡ (2-3-l) .11 r 1 .1nJ r. ''·' t;,·t • 

( < Uh ,.,,.f¡J (2-Jú..i) 

(2-36b) 

2 r;- .1nd !>en ce 

!>11) (c· •. 1r1 ' 2rr) ""sin w..¡t 1 

• 1 
(2-37) 

(2-38) 

Thc /i~:;au.fm/1,· d,•cJcmclif 1s dcflnc,J a-; thc n.ttt:r.tl lo_;;Jnthm of two succc<;srvc 
amp!itudc~ of n:oti0n, or- · 

:, 
ci -'In-

2 rr [) 

.J 1 ... [)~ 
(2-39) 

lt c;.n h·~ ~L.:n th .. t onc of th<: propcrti.:'> of \i;cou-; d.u;1¡1ing ¡, t!tat thc dccay of 
V!J, t::u•¡-; "~~!l 'tt!u: t!t·~ .ultplttl.!lk of .tny t\•.,1 -,ucc<:~'l'c p.:.·.., tS a const.·nt r..1tio. 
1 h~:~ thc k.:;.tr~thnti.:: J.:-.~c~: . .:nt c.tn be oht.un..:J fr,tm a:1y two peak <:mplitudc~ 
.;¡ ~nd :¡," from til<.: r<.l,,tlOthfllp 

1 :¡ 
-ln
ll = 1.-u 

(2-40) 

lt ~~ .•!-;o ¡,npurt.1nt to r.otL. that tf tht.: p<.·.ü:. .11npiituJc of v1bra:ion ~~ ~lott..:J on J. 
1 ... - ~.~~ ~ •:,,· ... '~c,d.: .. ~,nr;q ti·- -;'1...'t.: .u:·:!,lf' ~o..)tl .•n .lrllh¡, 1

' ... ..:•: ~'--t' ... , ¡i-..: nr.:r:s \\ill 
... ,¡_d, 

1
,·:_ :· tl'Ll! .... C.r' .... ~..d d,t · ··._.J~!, l~·T"-' ... ', .. -·-~ .: [,J \:-26) 

o 

!. 
1 

1 
t 

o 

',J ~ 1 ,1 J · \ t 1 ( , \' i 1 f IJ ¡ , 1 1 1 , '1 1' \ ' , 1 ! ' ' 

1 ,.,,, ,/ 1 tf,,,/11<·111 (!ndunl{'•·tf 

\\'e ~l1all n..:\1 Cllll~ide¡ the tl''·l'•'ll',l' PI lile '1'11111' llLI•'• ~)'1 r.¡ ¡., il: 

,lpplt .. :at¡on of a h.lrtnonic (o¡ u·(!,,¡ .l!llj>lt!u,k (},.. ;,.., ,J¡<'\1 11 1:1 1 1:: 7-1 i.t 
lhing Nt:\\loll\, ~CL.'t>ll(l),l\\, \\t: ltnd lhl· dtllullltl.ll cqtt.tll"ll .. ¡ tll•"•"·' 1<' he· 

m:' 1 /,-

Thc ~olulhlll l<l thi~ cqttattnn llllldd,·-, tl.c o,o:1:ttut1 l·,,r fr,·c \thi.:i:,tll'>. '. 

(2-IC.), ~tlong wilh thc ~olutitlll \l¡,,,·h :-.tll'>i.L'> th..: lt~:ilt-h,,,h! ,,d,· "' 1 •¡. 
(2-41). In Ollkr lo obtain a phy-;it-.t! kt:f111~~ lo¡ thc.: pr.>bk-111, the 1'·'' liclti ,r 

Ftl:urc J-11 .. re" ced Vtbi.HIOilS of 

a •.tn¿:k-c:.•;,,l': -cf-(, ce don• ~y.tf'rn 

WltioOdt d-..ll;HIIÍ: (al S¡s!f',li 

(J..J?" 

t 

' 1 

' .'\ 

' , .. 

11• 11;' {\ 

' r. 

1 1 ¡ 1 ,_ • ' • ~ ' 

solut1on \\tll be ohla:ncd u~ino;_ th<: L<tllcL'pt ot t<'t.ltt::c~ 1ut<>1' S.:'ll' 1!.•: 
appi1cd f<)rl'C Í~ halll10111C, Ít j~ rt:.t\O!l:dtk lll :lS'-lllllC tlt.lt tllt.: j¡,[._, .1.d '!'·li·,: 
fprcc ac1d lllL'l tl.t fo1ce \\ti! abo h.: h:unlltiJIC ·1 hu~. tite tllottoll ot thc '\ ,¡, 1;1 
wt!l be ot t he fo1111 

= A sin wt (2--1!) 

\\lllch" n:p¡.;-.cnkd ¡;,r.tplllc.tlly 111 1 ~~ 2-1 lh ·¡he lurLC' acttn~~ ,111tlt~ 111 •• " 

are ~lww.t 111 hg 2-llc. Thc ~pttll~ r.)il<.: ;¡,-b ''flf1d'>i!<.: to tl.e di-..¡>I..LCol;l·lll 
and thc inerti.1 fL)ICC acl~ op¡Hhitc lo tite dt.LClillll of .ll'ct:lcr,¡t¡c~n ·¡h..: 

cxciting-fotct: \cctor of ;tlnplitulll· Q, 1~ ~ht>l\ n acti.tg i:1 ph.1~c \\Íth tite O !'o· 

plac.:mcnr vector Thus, f10m cqutl1brium rcqltttcmcnh, 

(2-·L\) 

giving 

A 

-- (".y 
,,., 1 o 

(2--l-i) 
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\"JBI~ o\TIO'- OF ltl \1( '-T,\f(\' SY'>rl:~t-. 

\ 
'. 

Tr.. ,. co,..,.."''-··· ·e·'···= ¡.,, ,: ,.~ f· E' - ... • • - d (-"-!~) ~·~ ·~ • ·":- .~.-. ~ ,_ .. on o. •-.r.~'-' .0m q~: l-·-t-.J .:.r. ,, ~ 

' 

Qo 

1.. • e . 
2 sm wt + 1 sm co,.t + C2 cos o,,.t 

(('¡) 
('1 ,~ 

Cll,\1'. ~ 

(2-45) 

Fo~ :l_fe.¡l S):.t,·m, thc vibr.tt!on" :1<-\oci.ll~otl 11ith the la!>l 11~0 tcrms of Eq. 
-ü:...;s) 11ill C\~ntl!:dly 1·:1n1sh b..:¡;-au'c of tlamping. lc.wing the so-called 
stea,~l-star.:: so!urion: 

/, . 
: =-= ~(.!:!_)-.: SI 11 l•JI 

(•J 

" 

(2-46) 

r ll\ csti..;.tt!On (lf Le¡ l~-7-1) show' th.:t for '" --.:: C•J,. A is po~itive, and that for 
w > b,,, .-1 h nc:;.·t¡\.; !1,11\C\'Cr, b) not:ng thal -A sin c·Jt ==A sin (c·J!- ;;-), 
thc ::·''!1;:wd.: of motion c:tn :i111:1)~ ht.: taf...C!1 as po~itivc by introducing a 
p~1:!'C ,tngl.: b~t.\t.:-!11 fcr~L :md di,pla.:cmcnt C'-1"al to ;-:- for f•J > O)n. If the 
ampliwd.:- A is d11 1d~d b) thc ~t:tW.: dispbccmcnt produccd on the systt.:m 

.by a force of am(lliwdc Q,.. thc dynamic nwgnijiwtionfactor .M is obtai11ed: 

Al = ..:!. '--- ---
Qo __:_ (~):! 
k w, 

(2-47)_ 

This b p!ottcd in Fig 2-12 a!ong. with the rclationship for the phasc ang!e 
bct\\CCn íorcc and d;,p!ac~mcnt. Thc magnification factor becomes infinitc 
whcn oJ =- w ,,, h~cau~c no d:un¡m1g i~ itu.:!uded in thc moJel. An important 
fc:!turc to point out in thc solution is th.lt for w < w,. the cxciling force is 
in ph.1sc \\ ith thc di!.pl.lcemcnt and oppll~t.:s the spring force. For ti) > w,. 
thc l'\Citing f(•rcc is 1 ~O' out of pha:.c '' ith thc di~pbc:.:mcnt and opposes thc 
inertia forc('. At co '-' ,.,,. thc incrti:t f¡,rce ~md !-pring force balance, and the 
exciti:1g fon:e incrcascs thc amplitudc of motion \\Íthout bound. 

Forccd Vibratiolls-Dampctl 

Th\.. intr;)ducticn of vi,cou<; d.unp¡ng in! o thc singlc-dcgrcc-of-frccdom 
m.:.dc\ V-•'>lCk, :! ::.:.-,·~:rt \ },,,¡¡ • ll':.d1 .tp¡•tO:,!rH:l!CS thc j)tor~Itie!.l'Í- m.~ny 

'- t 
l 

- J 

o 

• 

c:%1~ & 
11 1 o 
:e 

------'------------ ------~ -~-
1 O "'n "L ------~ ;_ ---· 

"' w~ o :o 

Figure 2-12. Dynarn1c mJ¡;rHficat1on :~ctor and phase ;lnzic betwccn force 
and d•splaccment of ~n unéamped s¡nzlc-c!(·zre:c-c.f-frcedorr. systcm 

real ::>y~tcnh. sincc d•~mpi01g b ;:lw~:)'> pr..:;,.:nt "' on.: ion-¡ or .tl'<·tl:.:r. 

Although th.: l'·;c ofa \i-,<..ous-typc d.unp1.1:; "'lor m:H!:.:m,ttlc.d .-on\L'ni.::Jcc. 
therc are surpri~in¡;ly lel\ in:-tance> \\ h~..r..: ¡¡ do.:~ not pro\ 1d.: a s:tti~Lh:l<Jr)' 
modc!. Figure 2-I3a shows tlw S)'>km to h~ an:.h1cd. A~.!ln, u~in~ thc 
reasoning descriocd for the undampcd C..::l'iC, thc pa'rtiCU!.tr ~O!UIIO:l t~ the 
diffcrcntial equation 

(2-4~) 

may be obt;tincd using thc concept of rotating \Cctors. Th.: uispl:t¡;cmcnt, 
velocity, and acceleration vcctors are shown in Fig. 2-13b. In this problcm 

08 Slll wt 

(o) Syslcm. 

,,,2A 

~o. A 

A 

(bl Mor,or, Vec!ors 

kA 

(e) Forée Vec:ors 

;=.gurc 2·13. ForcccJ v•!:r-t•c·.s o(~ ~•n¿:o-~~¡:n:e·o~·fr,·c~-'n, sy~tc·¡ v·;b 

V"COU$ d;~n•p¡n¡: 
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thc dtsplaccmcnt 1s assumcd as 

= '""' A 5111 (rl)/ - q.) 

Hcnce, \\hen thc fom: \CC!llf~ are drawn a.., in fig. 2-lJc, thc cxciting force 
''ill be r¡ dcgte~:s ahc~H.l, of tllc di~pl.tccm<:nt n:ctor. In this ca'>c thc c>.J'>tcnce 
of thc plnsc anglc 1s :i'pparcnt sincc the dampmg force C(,,A is 90° out of 
ph:1se with t_he ~e_ri1:g .~.n_J ~1c~tia _force~. S.ummat1on of_thc vcctors .m the _ 

·horizontal and vertical dih:ctioñs p10vidc~ two cquations wllh A and rp as 
unknO\\ ns: 

cenA - Q0 ~in'/ --"O 

(2-50a) 

(2-50b) 
Solving for A and r¡ ~i,·cs 

A 
=- ____ f!.J.. ____ _ 

,----------,r (k -- 1111•1~ )~ -:- C2(1/ 

Cf'i 
tan cr =-""' -----·. 

/.. -. /)j(·¡-

Subs11tuuon of thc cxpr~:~:.wn:. for D and rn" and rcarrangcmcnt g1vcs 

• • 1 ' A- · ·· 1 
A1 =- =-- . ---- ·--. :=-=== 

~· / [ l --- (~~)!l ~ + [2 D .E!..J
2 

\ ('j" .J .. ' . wn 

20.!.:.!. 
ru,, 

tan rp =---= ---(-
1
.'-
1 
-)2 

1- --
(1}" 

(2-51) 

(2-52) 

(2-53) 

(2-54) 

which are thc dynamic magniflcation factnr :¡nJ phasc anglc bctwcen force 
and d1~placem·:nt for stcacly-statc VJblation. 1 hc~e equat1ons ¡¡re plottcd in 
F1g. 2-1-l for various valuc~ of]) and will be n.:fcn ::d toas thc tcsponsc curves 
for consrant-for~·,•-amf'lítudC! cxcitatwn. Con~tant-forcc amp!itudc implics 
that Q" is indcp.:nclcn: of w. 1t í~ noticcd tlwt thc f1cqucncy at whic;h thl! 
maximum amplitudc occurs is not thc und.1mp.:d natural circular frcqucncy 
w,., but a frequcncy slightly lc~s than (1),.. Thc frec¡ucncy at maximum 
amplitudc,/,,, will be rcferrcd toas th..: rc.1·onant frequency for constant-force 
amplitudc and is givcn by thc cxprc~sioi1 

,---~~ --
/,,. ~-= /, \ 1 - 2 j)! (2-55) 

o 

'-"'i:. 

-1 

... ¡ \ 2 3 ~1.,_(,¡ 1-lil (,1'.11 ·UI·liU.IIJU\1 ~\':>11 ~h 23 

Figure 2-14 Response curves fcr a v•scous!y d:.mpcd singlc-dcgrcc-of-ir~cdo:11 sy~tcrn 

The valuc of .\1 at this frcqucncy i~ g1\'Cll by 

r • 
( 2-56) 

.-· 
Inspcction of the abow cqu:ni,lns r.:wal~ that for D "'' 1/, 2, j, =--'O .1nd 

- . the maximum response is thc stallc rcspon'>c Tbc cune~ sbo\\111~: thc Vílll~t
tion of cp with ú1jw, havc thc prop~.:rt1cs that thc po1nt of m,t\Íntum ~lop.:
occurs at thc rc5onant frcqucncy and all curve~ havc a valuc of ;r/2 al ,,¡ = 
w,.. Figure 2-14a is givcn in_ more dctail1n Appendt:\ F1g. A-l. 

o 

Rotating-Mass-Type 1-:xcitatioll 

For many systcms thc vibration~ a1c produccd by forccs from un
balanccd rotatmg masscs. ¡\ common typc v1b1 .1tion gcncrator, shown in Fi~. 

CoJntE:rrotonng Mos~<..z FNce Vectors 
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2-1 ~- '-'On'i~ts of l\\O count~:rrutatinl~ ccccntric masscs m
1 

at an ccccntricity 
c. Thc p!l;,¡~e rdatioJbhip h.:twc~·n thc mas'c~ is l>uch that tlwy both rcach 
thcu top pvsillo . .tn simultancou~ly. [ach mas::. produces a rotating-force 
\CCk'r cqual to m1 cr•.~. AdJ1t10n of thc:-.c two vcctors results in thc cancclla· 
tion of the horiwlli:::l cnmponc111s and thc addition of thc vertical com
poncnts. Thc vibr.1tur) for..:c is thm 

(2-57) 

\\f:ct-: m:."=--= 2m, ~ rora! ccccnCric ma~~ In ~lllltrast to thc constant-fOicc
am¡¡lit u de case di~ct:~-;~d pro:\ iou-;ly. thc rotating-mass-typc force has an 
~mpl:tu~e pro_r,onioni1!, to tk squan: of thc, licqu.:ncy of-Qscillation. The_ 
solu:ton' to thc d~unp.:,J ~mgl.:-dt"~to:c-of-fn:cdom !>)':>tcm actcd upon by the 
fon.:c dcfincd b) Eq (2-57) c..~n h.: ohtaincd by a sub~titution of m.;cw2 for 
Qo in Eq. (2-51). ~OiC that 

m,cr-¡
2 

=--- m,.~ Cr•/ =- ~(~)~ 
k m k m C•J.,. 

(2-58) 

Tl:u'>, rhc quantity 

111. e ( (•) )" - -- ,\[ 
(tJ J. 

(2-59) 

;¡¡ 

\\ h.::r~· .\! is the d_):n:!,J\1Í..;_ma.¿ntf,..:.ttion Lt~tm for .thc cons.tant-force-amplitude 
case. Tlle exprcssion for 'f obviou!.ly r~mains the samc. Figure 2-16 is a 

3 

1-- ---

o :--------~- ,!,!.. 
2 o .... ~ 

Fo;¡;urc l-16 Rcspcr.~'- c. U(' 'e" re.: Ho nr. llll~S t;r;o•o c.<cot toen of 3 voseo· sf ¡ 
'"'~rl;:.-<'~ ~, _!( C:tt:rf_j --:.' :~.' ~_,,, ~. ': ,,l 

o 

·' 

o 
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rl..r ,.r rq (2-59) ft•r \.Jriow. v~Jluc-. of D. "fh.: Cllf\'C!. ;trc !>imibr i_n :tppo.:.lf
.tlKC ro tho!>C ohtaincJ r,1r th.: c.:on~tant-foru:- ;un¡•li!udc cas::. An unport.:nl 
J1tl'crcncc i~ that thc n:~nnanl fn·qucncy lllTUr~ abo":: thc undamp..:d n.1tur.d 
frequency and is given by 

(2-60) 

The orc,iinatc at/111, is givcn by 

[II;C] 
111 

nta~ 

(1-61) 

Jt should be pointcd out that mis thc tola/ vibr,1ting ma~~ and illllw/,•s the 
mass m,. Thc ph)sical !.igni!icanCl.: of tho.: quan!it) m. c.'m can be int,~rpr..:::d 
in two \\ays \\!len the cccentric m.t~' ¡, r<ll:Itln~ at frcgu,·nc) ''',.• it is 
producing .1 f,1rco.: ha\ ing an .unphtud.: of m. e···~- lf thh fnr(<.: am,1l•:u:l.: ¡-; 

divid:.:d by the ~pring cnn~t~:ntof th~: ~;~t<:¡tl, th.: t¡tu:J~tty n·.t:/1,1 i; L'~'~" !'.cd. 
Früm :tnothcr. mL1fC pr.tC!h.:.d '.to.:W¡)(I·ill.ll C.ll' h..: lJ\;_,.:,\cJ th:tlt:: r.~ :.¡:. 
thc amplnud.: .lppru.ll:hc~ th~ valuc 1-',t-'n; .t'> !ltc fto.:l¡u~·:c; inct.:~h-' ;;..:)l'old 

thc r.:son.tnt cvndition. Thi' i~ rcl.tt.:d to tilo.: ph;~r •. ll ph~lllli11.:r111:1 th.•t a 
rotatin!! ma~s. if unrc~tr:uncd, \\ illt~:nd lll wt::tc ::bvt:t i;s c.:nt.:r of :;r::' ié) 

For thi: ca~.: thc \ ibration amplitud\.:¡, c:~!ncc·m, ~- lrl. 1-lu\\e\l.'r, for Ínc"i 
systcms m~ rcpresent~ only p:ut of thc total mass rcsulting in a lilliiting \ ibra
tion amplitud\! of (m./m)c. Thi-. phenom~·non is thc b::sis for <!dding mt•r.: 
rnass to a systcm \ ibrating abovc its rcsonant frcquenC) in order to r~·dl:Cc 
its vihration ampliwde. 

Up to this point therc have b.:cn t\\O natural frcquct~cies (undan~p..:d and 
dampcd) and two rc~onant frcqucncics (constant-fL)rcc-amplitudc and 
rotatin!!-mass) assocLucd '' ith a singk-degrcc-of-frccdom S) stcm. As a 
compa;ison. all four of thcsc havc hccn plottcd in tc~ms of D IP rig. 2-17. 
For valucs of D lcss than 0.2, all frct¡ucncics are \ltihin 5 pcr ccnt of rhc 
.umlampcd natural frcqucncy. r=or highcr valucs thc JifTct cn..:cs b..:t \\.:en 
the frequcncics beco me largc. f'or D :--.: 0.707, no p.:ak e\ists in thc e un e' f,1r 
forccd \'ibratit1n; for [) -;::: 1.0, o~cillatory motion doc~ not c~ist for d.unr.:J 
free vibrations. 

Gcom~trical Slrapc of Resommce Cw·re.f 

lf an e'\perimcnt is run to determine thc r~pon!>c curve! of a singlc-dcgre~
of-frccdom system. it is possiblc to deduce rropcrlic~ of the systcm frorl' thl' 
sh~lpC ofth..: cun .:. Somc of!iiC ~1fl11fic:;•t roinb ¡-_,'e-~ :¡Jrc.c(~\' b ·~n ":':~,l 1'1 
thc: rr.:vi lll'" \.it~._~..:\~h;n, but tl'.: \1 l..._S ~l'.'Cl1 h...._.__' ~~ .... ~:;ll ~ ,_"'~. !: ,, 
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F1gurc 2-17 Frcqucnc1cs of a Slnglc-dcgrcc-of-frcedom system 

apparcnt fwrn thc fa<..tthat thc cune ~l.llt~ at 1.cro ampl1tude that Fig 2-!Sa 
is thc response cune fo,r .1 rut.tt:n~-l'l:t~s -type cxutatron lf a line 1s drawn 
from thc clti_::ll1 t~tn_scnt to thc rc~pun-,c cu1 \'C, ll!> polllt of tangcncy comc!dcs 
Wlth th~ und.unpcd ll.!llli<ll frcl¡ucth:y or tii<.. ~y~tem In addil!Oll, for any 
linc drallll from thc on~~1n lnter~cL'ilttg tlw l'lll\'C at two potnts thc follm\ing 
rel:JtiO!l~!llp CXISlS' 

(2-62) 

\\ herc J1 and J~ arc.the frcc¡ucnC'lc~ at thc- pnint<, whcrc thc linc intcr~ccts the 
C~1f\C Thu~. !1 um a '1ngk c~ pu¡mcntal curvc <,cvcral indcpendcnt calcula
tw·•'> c. 11 be m.tlk. ·ci .111 .~-. .: ~~'L ll'>cd tu nht.un thc und.lmp,~d n.rt~.:ra! frc-

lt ! \ ~ l. ' : ' t 1 , \ \ ! 1 o 

s¡:-;c,¡ 1-11: c.1:1 1-<>1·11111 D•.>\l s~ s •1 w; 27 

F!g~1re 2-18b is a rcspomc curvc for a ~in¡;::.:-d~..~rcc-of-f!l:cdom S)StCPl 
actcd upon by a constant-forc,· :!mp]:td(lc, a·. I:Jdrcatc"C: from thc fln1tc >:duL 

of A atf=-= O. A cla~~tcal rPcthod of m-.:,¡<.unn~ darnping makes use of ti'c 
relatrve width of thc curve. u~ing thc qu:lnt11t:..s inc!Jctcd on the curve, thc 
loganthmic dccrcmcnt can be calculatccl from 

(2-63) . 

The equa.tion mu~t obviously be _cvaJu::tcd by tn~l aru c1ror, sincc thc c\
. 'prcssion i11volvcs D on thc right-hand ~!ele Whcn D 1:> sm:dl, thc last t-:1 m 

A 

L_ 
. 
1 

1 1 

·---t-o t, m f2 f 

(o) (b) 

F1gure 2-18 Gcomctnc sh;,pcs of rcspon~c cu·, ;es for the detcrm1not.on of 

dampmg 

can be takcl'as cqual to 1.0 /\n cxtrcm::ly s1mp!diccl e\pressrün 1'> obta1nt:d 
if D rs srnall andA !S choscn cqu,d to 0.707.-1""'". Then 

5[ 
-r:--

},,, 

Re~¡)(!/1\L' /)ue tu Monon (~/ 1/1(: Sllf!f'oll 

In many C.t">es thc vihratton ofa ~ystem1~ not duc tu force~ aét'B1g duectly 
on thc ma~~ but f'rum 1110l10ll of the b.tsc Thc ~olutton to t!l!S r·¿Qblcm \\ dl 
also bc·obt<llncd m.ü.~ng thc of'vcctor rcprc~cntation of motic)ll qnd forces. 
Ftgure 2-19a "hü\\S thc prüblC';n to be a,,,t!y1.ed. Thc motion of t!1e has~~~ 
t::lcn as ·1 ~In u,t .tnd thc rc.~p·-'·i:.~ e>f tLc !ll:.!<,s n1 rs :¡-;~umcd te> be ~ st·l 

(''>1 -- t¡¡) 1hc r·~·:llC>P,'L'Cit"•.-> ~ 1 on:; v:¡th ¡i;..: :¡.;.:l,.'.:t::c~ !'t•l·.cC)t~)''>.- l:c· 
.... },;-~\ !\ lj: f-t ~ ? l 1)) -~ ,;_;. 1 ~ .... • \t_:,, !t ¡ .. , l1í,~.._; 1 ,, ~ ' 1 ~,1'\LI..", .. :• ,, 
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Cbl W.ot•cr.. 

(e) Fr.rces. 

F.gure 2-19 Mot>on and force vcctors for thc case of a mcvmg support. 

su¡1¡1llrt c.t:!~:s .t fllrcc to b~· appJil·d to thc ma ... sin thc sam~ dir>!ction a~ thc 
·,f¡,p!.icc:1~~¡:t: \\he~~;!.; thc oppo~it~ b trul· for 41 di~pl.l~cmel!t of thc m..1ss. 
Thc forc~ \'Cctor.s "re ob:aincd from thc motion vcctors, as shown in Fig. 
~-I~c. lf thc force cv:nponcnts from tlu.: motion of thc support are resolved 
into a r.:su!tant, thc samc vector diagr,ml a~ in Fig. 2-13c is obtaincd. 

Hcncc, the_~qlution fvr A may be obtaincd by substituting A 1,lk2 + c2w2 for . -. - -.~.. . . Oo tn Eq. ( .. ·.)!), gtvmg 

(2-65) 

\\hich n:duccs to 

(2-66) 

[
2n !.:!..]: 

(rJ, 

rhc cxpr..:ssion for 91 is found frmn thc rdatiomhips sbown in Fig. 2-19c. 
rhc anglc '1' is gi\ en by. Eq. (2-52' and from thc vector diagram 

1 ~(~ 1, -·t.·.¡¡' 1 ~·'.:! ,,., -_ t:·:f -
i 1¡ k 

(~-t>7) 

o () 
; --· ---·~: ---¡---.------- r·-- :---,-¡ 
¡ 

~J--

20 

-~-

Col 

'' 

,J 
-----~----~50 :oo 

(bj 
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Als0 r¡ 1 =-=' r¡- r¡~ an<.l, from tlu: trigonol!lctrrc c:~.prcssron for thc tnngcnt 
ofthc dtfl-.:r..:n~·c oft\\O an~.k~, 

,-, 

2td t::..):l 
\rn, 

(2-68) 

('(O)~ " 1 - --- ( 1 ·- .-1/)-) 
(rJ rl 

Equat1ons (2-66) and (2-(i¡\) llave b¡;cn pl(1llcd in Fi!!. 2-20 for various valucs 
of D. Ln probk'ms uf vi!Jr.uion Í'itll.ttloll of scn~iti~:c ct¡tiip;ncnt, ti1e <thovc 
solutton a!Tords a guidc to thc ~oiLJtion of dl:>ign111g thc support1ng sy~tcm if 
the input fr1.l!ll thc ba~c h known. . '• .. 

Fvrcc: Trcml'l1zissicm 

When :~force i~ appli.:d lo a m:l'>S, it is M)IJlctimc~ ncccssury Lo considcr 
_ .Lbc_fn,-cctl;t;¡;;rnntcd l<.) thc ~uppo1 t. Th1~ c~'cntial!y uwolvcs thcc:ompulation 

of tllc rcsult:H1t of thc spr in~ r,liC\.' allll t/11..: d:unp111g force ca11scd by tllc rcla
ti'.r motio1; tJ.:tll•:cn thc m:1~s :11H.).ih ~up¡hli"L From Fig. 2-21 thc twnsmittcd 
foz ce 1'" b cqual to 

,--·--------- ¡-.-. -,-.-, -.• 
Po= ,./(1-.·lf -! (,",¡r -·Av k· ·r· c:·w· (2-69) 

¡ \ 'T'2 
l \ ~· 

1 

cw.~t...-

Ft¿ur~ 2-21. p¡,;,~c n:lation· 
sh:p bctvtccn :Jí)plit;cl force 

and tran:rn•tt~ct k,rc" 

o 

(2-70) 

wh1ch is c:~.actly thc san1c as thc rclationship for 
A/A 1 <lbt:~ím:d for thc case involving motion of 
tite support. 

Tlw phas~: rélati~1nship bctwccn Q0 und thc 
force tr~tn'sntitt~.:d to thc ~upporl may be dcrivcd 
from l:rg. 2-21, if we note that P0 is oppositc 
in dircc:rinn w thc f'Mcc applicd w thc mnss. It 
can he SC1:11 tlrat 

Cfi!t1 CUI 
(¡¡¡¡ r¡•~ """" -- ,_, 

kA k 
(2· 71) 

nnd 1¡ 1 ,_. lfi --- rr~. giving cxactly tite sume 
··xpri.'S!>Íon as Fq. (2-6¡.)), 

o 

'·'' :: l 

1
kc•r,·¡;-of·lll.'l.!dPII1 ')~ll.!lll, ít '~ cnnv,:JJllon:d lo ~:;.:pn.:~~ th~: rl:l:tlJLIIJ•,/lip~ 111 1~:r"1' 

- ¡---.. , ..... ~ 

0r tlt~ dlln,:Jl~;:onh.:ss par:IJIJd•;r:. ,)r I'/C2v 1.111) ami 111\) 111/!, wl1k:l1 s~:p:,r:tl.: 111.: l'ik~.·t-
or ~.L1111pi11g and fr~•¡u.:ncy llow~.:v~r, in tk~,ieo or analy~'~ pnlbil.'nl~ 111~ d.1n1pi11g 
factor is prob~1bly 1111: le,,~¡ u~'~d. In nwst (;:N:s i! ir. tlu.: 111,ts~ or spring c~olllstant uf 

4 

~·~' ~"-'". 1 ... ~ .. o o? 0.4 

Frgurc 2-22. kasponsc: CIH'vcr. for ~ ~in;:i~-cl~¡;rc::·(;of-fr~cdorn •r•a·111 ",_¡, 
thc ~:ffcct of n1~;5 ~lid fr~:r.¡ucn~y ~~pM;Jt~tJ (o{:t•r Lywrcr, 19~S) 

thc syst..:111 wluch can mo:;t c:1síly 11.: chaJ1¡_;,;d or ;;dj11~t.:J. U~.tng rur~c-; ~111:11 .h 

thosc m F1g. 2-14, ir is a v~:ry cumbcrsonl~: t:1~k tn dclcrmi:u.: thc '-',\,1'.:1 ~:fl..:..:t 01 

chuug~s in 111 anú '', srnc..: th..:y ¡¡r~ ull.:rr~:l.ttcd L1r.:1wc..:n thr.: ¡¡bci~~:l and ..::\..:h ,,r thc 
f.tmíly of curves. Ly~n·wr (1965) s.:p.tl:ltcú til~.: c!T.:.:Is of ma~s and frc'Jll..:ncy ami 
dcnvccl thc sct of r~.:httions giv~:n bclow (01nc.l shown m F1g. :!-2:!) in tcr111o of a 
dimcnsionlc ss-Jrequr:m'}' fuctor 

WC 
t1 =

a k 

and f/l(U~' fitctor lllk nu-,, 
e· 

Thc dyr1;1mic m;¡gnJtkalillll f.1ctor; pil:tsc angk, nnd olh~:r 

comlmlt-[orn·-:"cmrplitudr.: t'•I.H' .11'1: ¡¡s follow~: 

n 
Mntux "'' "r¡-(:::..---,'r 

r .. ~~ 
,_r 11 • ~ 
--- ·~ r;--·-

(2-72) 

(:.~-7 3) 

c¡uantitks for thc 

(:!-74) 

(2-7 S) 

(2-76) 

o 1)- '!) 



o 
2.4 Phc.s--::-PJan~ Ar;a!¡sis o[ Sir:g:c-Dcr;rcc-of-Frccéú:n 

Systu:1s 

( 1·1 \1'. 2 

Thc r: __ ,¡,.,,:; ~cdion. CO\..:'n:l:~ th.: solt:tl,llh 1¡) probh:ms involving ll:c 
sin;,·L:-,:.:-~·r.·,-,,:·-t'r~ur,,m sys¡,·m. m.td.: u~c of th.: m~tlwd of tot.lling v.:ch1rs 
in t!1: f,,rr •.. •i.t~l('ll o!" thc s,,!ut:,'L:>. Thi\ comcpt ts tht:ful for vi-;uali/ation 
of 1:1~ gr,,1,:1i..:.J pr,~c.:-c:wc, '' hid1 "i!l he dc-,r1r:11:d ncxt. Whc,l thc rc~ponsc 
of a\ ¡:,r.t:l:;.:; sy,tcm is pl,,¡¡,:,~ gr.1phica!ly in t\·;·¡~Js of: and :.feo,., wc ohtain 
a ct:n·c r..:f,¡:..;d toa-; ¡h.:- r!·.''l'·p!.II~c trajc.:li''Y· This ct:rvc is v..::ry uscful 

. f(1r pwb:,m~ i,1\ oh i11g tr.til,icnt moti,,n, !>llll'C it nllows lile cn3inccr to 
"scc" lh1'·' th:: p:-o¡1.:-r11C'i ,,r thc sy-,tc•n .d!~·ct its response to impnct or 
tr.<t1<;ic;:: L•:,d~. Th..: p!1 .• sc-pLrn.- 1 h:th,,d c.111 .tho be applicll t .. ) sy~tc1~1s \\llh 
nonhnc •• r p~op~nics such a~ i11~ ,ion d.t111ping, non linear spring for.::cs, 
and m .. 11:) ?tl~crs (~.:e Jaéübscn a1~d t\;tc. 195~). 

Fro·;¡ E\. (2-:t.) \'.C l:.th' :i1~ so!u.Í<>il to frc: Hl,r.ui,J:Js ,,;·· 2 s¡..i.:_:::-
n--.ass S) ~t·_r;L H; con1bi'"'.in.; iO:ta1~'\ in ~h.: \."(¡tz~l:!,:tn \·.e c ... ,n \\·rlte t:1e s~luttL)!1 

as 

(2-78) 

DifT~rcntbtion wnh rcsp.xt to tim..:: ~nd d•vi .. ion by rvn givcs 

(rJ,., 

'e··:-(., ( > -- -, ; -; ; s:n to,J -- 'f (2-79) 

Squaring Ec;s. (2-78) ¡wd (2-79) and adtling tivcs 

(i-)
2 

e-, e; 
(rJ ,, 

(2-80) 

which i~ tlie (;,~. :rinn of :! titck \\·,th ih L'l'nkr <ti l!H. Oll._'.lll ::nc.l f¡¡nir.g a 

radiu'i of ,.f ( i--7~ 'rf¡;: co.•'l.' ,;. e, .:n,l C: lr.t•~· k,·;¡ ,'\j)fC·:-__ .:l ln ki ms 
uf 111Ítial lc>~,·t.iWl'> h_,, f't¡;: (2-(i)) f'i<.!ti.,·~ ['¡1' (].],;'¡. ,,;1 í2·f'l) (l,J CC•· 
ordt ¡-, :t L.:.; uf: ~· r ¡(_. -:J{•I '· l •'..:; ~j¡ ... '\".: 1 h: r 1_5 2-:! -~' ... 'l .. : ': .. ~ ih J.: 1: ~u r .l' .. ' ... l :. ' (l '~~ 
;(1¡,1;" tr,t\i..';,¡·~ c!<.,c~.\''!'2 on llt....' lfrc~al:tí drc. d ... ~'-:I!J,."d hy i ·-: (~-~,:)/, .. ~. L: 
rnoving ,. ith ,m ,-¡,2u!.tr hioc ;~\' of W

11
• Tll~IS, •. i any !1'11::: t, th·~ ~t<·>~ul..~ 

d1stan;c l~.wd~d :,,:,un.J th:: C!l-dc i::. tu,/ ·¡h.:- (jl!d!I!Iti::S:: o.· ij1u,. e::,; b-: 
D'Jc::in1::d :·~ ,, fur:(..tio•¡' ('; '·Ift;. ! .. i·cl ¡o!·,i¡cd by C'.kncl. J Í¡,¡:_:s f;c;p !h~ 

o 

·r r----· 

! 

ftg. 2-23. Ph~oc·p'anc. solution for frce-vdor.lttons of ~n und~m;:-cd sin,,!c-
dcgrcc-o!-fr.:!c.d:.M ~yHcn 1 • v 

vibr.tiions of <~ spr:n~--m.:~s sy~r::m (,tn b.: ~~cn immc-;i.1t.:ly frorn fi!!. 2-2:; 
F.or cxaa1p!c. 1:1c m.t\intum di-,pl.!...('fli-:nt :tn(; ,.c:l,l,iiy in r.:rm~ of ¡j¡~ in!ri.:! 
dJsp!c~ccmcnt a1.d vc.Jo:.:ny ar..: r.·Lt:~.:d to r:-. .: raciw, of ¡b~ circ!c. 1 hat is, 

( 2-S 1) 

.: ( J, ( 
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th~ "'l)l! m~~"~ \'.lt(l \!1~~ ~i~1'h 1 U11~ ~·lf\.'('•!ll',1 ".H . .','~JI\ ,l\.·.:t!.. ~'110:' \\llfl r.td1a! dl:"'ll~lllCC 
' ' 

1'1 1..ll11 t!'; ltnc ._,r· pc'J11.:11 :.tJPil 1 l:c· p.ill;,'l 11 ni c'tlillp:tL'tc·d Ct'!lltlii:-; 10 bL! !.k-

,,J,'¡'-:,1 h_1 thi~ lllc'lil,,d Lkp;,'Jid' lll'''il till' IL'lJlii'Cd Icl.diiL! dc'll'illy. ! ··~: 

ch:trJLI\.'11<~<:-.. of th.:, (lfi~''l,l.ti d;,·p·"il., .111d. thL! eqttll'ilh.'lll avadahlc. 
D'r\p;','•:c>ili' I,I'J~~) ha-. tl•l'li ~1)111<.: (,'llil'II.I \lilll.:lt ¡lll' lt".:rut ror ('~lllll:tling 
thc l,'(j'.lt!Ccl '·f'·~':li1,2' l'\lt \ tl't<'P•ll pc·:h.:l:.:llllil:' 

. : ! '. 
In t:l.:oL! dt'L·u~-,inll) of Cl'lllr.tl'lion (lr L"oh.:,)()nlc>~ soils. it was cm-

pha~l7cd tlut a. parucul.tr \ •. du-: or r~.·i:l(l\'.: dl'lhity, ¡~. d,:~ITI.:d. For nor'n~al 
n'achtnc;; '1brat1ons, 1t i" thcl:tlly s"w,r~1CH11: 1( thc support.tng sotl t~ cotn
pactccl w 70-75 pt.:r CL!Ill r..:I:IL,\L! ~.kn~tty (~v·: 1>"/\pp'?lün'.t..l'))}). 1 lo':·C_\a, 
f,,r fot.:1c~:•t•on~ subj.::ctcd to l,nll.'it~l'.l' vibt ,tt,i~,n~ qr c.trthquak~ ')oa~._II!Igs, 
h1ghct ~~t!L!c'~ of D; ma) b..: r~CJUIIt:d. ] he lil):tl cl,tQ¡~~.\-!r.~cqlllr~·~ f?,,at, any 
partictllar. sn~ must be, ~sta_bl i ~h..::d by, t I)L:, d-:~¡gncr. ' · · 

•\ ", 

\ . ' ~. . 
1' 

__ ,,_.,.. ...... ._,. ..... 

o o 

------------------

1 ,, ·-

l'ill\'•1 1'1 \ ',' ,1 ,' 1'. '11 1,' 1 

í' 

r.TI-IEOJ'UES FOR 

1 \\ •', 

V!Bf~ATIONS OF FOUI\IDATJONS 
' ' 

\, .. _ ,-ON ELASTiC JV1ED!A' 
' . ' 

•. 1 

~ .. 

7.1 lntroduc:tíon 

In lhis chaptcr v•l! ious ~oltlliOilS ror lit'' dyn.unic b..:ll:tVIOI or ((ll!lld~tli!Jil' 
supportcd by un clastic mcdiun1 are pr.:s~nt.:cl :u1u discLI~v.:d. ThL: prtncip:tl 

elastic mcJium considc:rcd ¡., tllc ho'1Hl!;;L!llcotl~, ISOttopic, cl.1stic s~:mi

infinitc body which ÍS oft.:11 Caficd Silllj?l)' li1..: '\:!::C.tÍI.: ltalf·~r·lC'I:" in ro!J011 tllg 

sct:llons. t\ftcr :tc..:cpting d1c assumpt1ons 111\llhcd in con~id~.:ring a footing 
rest1ng on th~~ clastic half-~p:tcc, 1l Í5 pu~sibl~ tu J~.:n:lop math~ltwtical solu
tions for tite dynumi~.: n.:sponsc or f'ooting~ thus supponcd. sc,cr:tl solutions 
w!tl~·il d<:!l1101l~tratc tlt~ ímportanc..: c:·f th..: g~:om..:li i.:al v:lT i.lbks :llld typ~s or 
c.\Citing forc..:s :tr~o: pn:~cnll.'t\ lo for111 a balli:-. for thc d..:~1gn prl'l't.:Jurcs 11 hi•·h 
will b~ tr.:.tt~J in Ch:tr. 10. 

In Cll.tl'· GiL \l:t~ J...:,liOII~lratcd th~1L ~uif:.. rnav b~.: l:011~11kt1'd ¡,, ¡,~.¡,,~,·...: 

apprO.XÍllldl<:ly dS da~ti<; 111al!.:li;li~ l',Jl' ~111;\1! anqJ!.ItUdv:; 1•! ·.·¡:.111. ¡-:111'1~~-·r
lllOrt:, fairlv roliLi1r~o: n:~t!Hid:, for ~:v;tlu<l'.illl! t!l~ "~l:i~tl(:" ~·u,J;':•,·.t., o!' ~-~<h 
both in th~ laboratory and in Lhc tit.:kl 11;vc bccn c.Jcv~~lopl:cl ·nw du~li<· 
soil comt:lnts obt;~irll..'d nt a gtv..:n sitt.: ctn h-.: ¡¡¡r¡:,duc.:d into ~h..: ~tppr•'i'· ::1•.: 
thcory 1f' j .. , 1\'id~: ;1:1 l'~! lnLtt': r1r 11" .. .' 1..:) ~,·,¡:~; ~· r· .. ''"'{''~l~S~' or ;; ¡1~tl'' ~\::.;:· J~,. '" 

tinn Co::: .. ";t:~¡:ll~, t!h:~··:,' !'·'' ·•.1 ('1! ti·~· ..:"'1•.:¡::~ tl!. ,. ·'· :QI.,! .. : · 
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.:n_:.::J:.:I ,¡.~ •. ,t 1u..: 11hidt incn .. hc-. a.., ou1 f...llo11 kd·•.o: .:ll(konl1<knc.: in t'">ti:nal
::'~ :·¡.: L·:,,.:,c 1.1ltk'" ,,f tll.· d.z">!IC ~,•ti pwp.1t~o:... IIJCr~·.::-1-'S. 

1 •<'llloiil~ tite c ... !~!alit•'h uf fuoti11::> h.:'>tl'l~ on tilt.: ctl~lic half-~pacc, 
lh~· ~ h.1!1:;o: in th.: d_:. n.!lllil: 1 .:-,pon~.: 1:. cull.,id..:rcd 11 hcn tho: ::ia-;t¡c h.dl:.~pacc 
is r::/.,, •. J b; .:11 cl.t~!:c l::)::r n.:-,ttn~ 011 ~~ rigid ~uh-~u:-.c. lkc.n~:>.: th~... th.:orics 
~or ,;:,, 'llli,tlJOn u..: not :~> 1·.dl ú.:1 .. :l(lpcd, thc rc ... l'h~ 31..: ll'\cful p:im:l!i!y to 
111J..:.·:.: ,::.:;;.:~ot! 1'-.:,;J, !'or 11;.: (l)ll.tilltc ro:,pum.:. hn.tlly, a ~!1ort scci!Oil on 
th.:: i·:•i.!-lll'C ·l,f pi!.:-, on thc d,:.r:o~nuc rt·,p:Jil\C of found.ttron., i;; inclu,kd to 
in,1:::.:.: a rn.:thod of .:¡)¡):O.tch 11!1ich rnay b¡: mcful a:. a rougl! guidt.: lO 

d.:::-•.;.1 ,·ur t!ti5> <.·ondttt0n. 
Th.:rc ;Jfc ;¡!:,,1 \Cicral thcnnc~ ami dc''fll procedurcs 11hi.:h tre:lt thc 

b.:!':lllur of ft1ÜnJ.ni<~•h ¡.;,¡¡ng on •wnhn..:.:1 media (lo:..:nz, 1950, 1953; 
~,.\::~ •. ¡y;,(¡; \\ci~~nnnn, f<)(,r,, o~nd Futhton.u:u 11:111, 1967, for o .. nnplc:). 
T! ~~<.: r•::t!wd~ \lifl nut b..: ullh!dt:rL·d 111 tlw. ch.tpt..:r, butth~y n~av bz con
s:c.:: c.: e! ·a, st ppkmcntal r.: .• dlllg. S-:1 cr.tl uf tllc:-.c proccdurcs wiiÍ beco me 
m~'r.: us.::rul tn thc future .t~ mcth,"h for idcntifying thc nonlin:!ar "clastic" 
b.:!·r.:\ iur of sotls under higlt~...r ~trai:t amplitudes b~comcs :Hai!abk. 

7.2 Larn.b (190·1) ar¡d thc DynGr:11c l3oussincsq Problem 

·r he p~·p.:r h~, L!Ptb ( I'Jíl !) ha' b~·cn mcntt01H.:d prt.:\ toll!>ly in Chap. 3 
IIHU!. n.:Lliun ~' lt_h tL..: th..:or <..:il~.tl Jcv..:!opmcut of gt0unJ mntions associ~tt.::d 
\\Íth ti:.: Ra;k1gh 114t'.t:. Th..: Lunh papcr i~ alsu the comcr:.tonc oftl!coreli
cal ~olutton5 u..:\dopcJ from thc a~'>umption of an oscdlator rcslrng on thc 
!>t.rfo..~c..: o;' 3 hon~og..:nc.:ous, isolropic, cl:htic, scmt-infinitc body. In this 
papt:r Lamb fir~t ~LL:d11.:d thc rc~porh.: ofth~ cl.tslic half-~pacc as it w:ts cx.cilcd 
by oscillo..~l;ng \Crtical fon.:t..'> <tt:ting :tlong ¡t linc. Thus, he cstablishcd thc 
solut•on for 11\o-dim..:n:.ion.tl 1\:JVc pr0p.tgalÍ<lll. llc cxt.:nued th!s study to 
induJe th;: condltion or o:.ull,wng furcc"> <I(.'[Jilg 111 a horit.ontal dircclion on 
a l:n.: OP thc surface :~nd for ctlhcr tite vcrw.:.tl or honí'ont:ll !in.:: sourcc 
acting al an intaior potnl wuhin liJe body. ·¡ h~.: k1cation!> of thcsc oscillating 
lin~ load!-> ate tkSlTih..:d in ltg. 7-1. 1 k aho ~~~~1\\t.:J how a ~enes of vertic31ly 
o~~:illating f(•rcc' act1ng at ddlo:r.:nt lh:qucucic~ l·oul,l be combtncd lo produce 
a ~tngl~.: pub..: :11.:tin~ on ;: ltn:: on 1hc ~urf.tcc. '1111'> pu!-,c was th.:n'appltcd lo 
thc surf.tlc 10 pwdut·..: th..: :,urr;,t·c d1'\pbccn•..:ntii a~\t•ci.lll'd 11-ith thc com-
prt:'>~IOH, !>hcar, <Lild R.tyktgh 1\:llt:">. · 

Lam;, f(l!IO"o>'<.:d ti110U~·h thc !'. •• m..: hlll,.' or I'C:t\<)Jlillg r,)r thc lhrcC•UIIllCil
sional ca'>c 1n whicft a :.mgl..: o3ctll.ning fnrct: a..:tcd ;¡(a point on thc surf~cc 
and within lhc hall--:pacc, ami ag:1111 h..: dcvclopeJ thc solutton for both tlu: 
stcady-st:.!tc osc1lbtJon anJ thc tr.t'l~ient-pubo: i,wding. It is thc oscdlating 
vertical force at thc ~urfav~. whi-..!t h.1s ot'tt'll b..:cn tc1 m2d thc ''dyn:nntc 

o 
SIC. 7.2 

o 

{o) (b) {el (el 

Frgurc 7-1. Lamo·s problcms for st0Jdy-~t·~c o>cr!IJtrng force or p-.1!~c 

loJding acttng at .1 po1nt (thrC!c·dtmcns10:1 11) or :1!ong a l:ne (tv. o-C:: :cn-

510'1~1). (~) For Vi!'trc:ll !o~du>¿: :a thc ~u:f.·c<-. (b) Fo- h"~::c:"ol !o:.é.~z 

at thc sur(Jcc (e) For v.:nrc:.i lo;:,dtn~ wrtlwr t '1c body (d) ror horr:cn:~l 
load1ng w:thin thc bod¡ 

1 ~J? -

Bous<>inesq loading:· wnich furlll.> th..: b;:,¡., f'or ihi..! !.ll'dy ('l ll.>l·,l!:tlÍ.)!H ,,¡ 
foot1ng!> rc~¡ing on t!•c.: ... u, f.:~:.: l>l" :ltL· lt.lll'-·!l.tl't.:. B) u¡:~r.tt:Gn ,;¡'\l..:~··~-!
t¡on fur thc 0::\CiiJ~!~!:l~ \t..'ft::\~J f~JrL':: n· '-r ~l íir.:r'-~ .'!~~··~ ~.,f ..11. •. .' :-.t':-L1...:.:. t': 

co•Hact prc.,surc produo:o:d ll:J :liL half- .p.ll. h) th.: o~.Li:: ·.llt,S f'c,u·,,¡•g .. ·.•:1 : .• 
dc~cnhcd, ;JJlJ thc J):;;¡¡r,ic !l·~pon<.•: of tl•c f'oot111:; Oll ¡!J.: h,lf¡:~p-~~..: ca,¡ L'. 

CV3f ll:ttcd. 
Lamb abo notcd th.: co:J<Iitton of d:nm:tic Hnpto( i1y. \~ hic!1 ¡, :111 ~ \· 

lCllSÍOil of l\1;1"-ll<.:fl"~ f.!\\ Of' rcciprllC:d d:i'~l.'lÍu!l~ lO J) ll :·<:•C l'OiH~:itllil' 
M.txwcll's la l-.' for thc mu.ll SI:JtJC c:-t•.c l.t.ly be ~t:llcd :¡.; r._)!i<._l\1 ~: ·¡!l.· d.·
flcction al point 1 in an cla~tic body du~ l(l a tmit 1alu.: of I():JU at pc'int :'! J!l 

that body is cqual p;;:ci,.:Jy lo the dclkcthl!l al p<>Ínt 2 du..: t.) a unit 1;duc o! 
load applicd at po111t l. In u~in:; thi!> rd.tlJc)Jl it is n..:c.:".tr) to con~i,1 .:r 1!1-: 

componen! of cach ddkl'lt?ll 1\hich is in tlu: Jircctr<).J of thc appl1o:d fo¡-._..: 
at thc po111t undcr con~idcratil)Jl, such tltat lll..: produ~.:t l'f thc lo.t,! ,J'ld l~C
flcction gÍ\t'S \lork. In thc d;n.unic ca~..:. Lamb dcnwn~tJ.ttcJ th.ll th:.: lwn
zontal displacCillO:lll prodll(cd ,1! a point Oll tht· surf.¡~·~ of a ~cn;i-int:;:::c· 

. cl.~:>tic hody by an o~cJII:ttmg unll \Citic.d f,,rcc ,lt th.tt po!IIl h.1'\ th.: s.unc 
valuc a~ thc \crtical d1..,ph~..:m~o:nl at thc ~.un.: p<llnt c.lll~.:,t by ::n (l.,cil!.lttP;_: 
horizontal unit forc~ <ll."llll~ .11 lb.: po1n!. 1 k IHl:L·d furthc:r t!;,¡l thi~ d: 11! .,:,· 
rcciproctty co.tld b.: ll>.:d to <.:l.t!u.n~.· th<. d_:.'n.~mic nWt!,lll l'."ttllin ;:n ;l..< . .: 
body c.!ll ... .:d b) a pclllll l<•.td nn thl· ~urt'.•Lc:: b) l'lllhl(l,:~·n¿ t!,: cl.,¡-.' .. :c'.". :. 

at thr.: surfacc d..:wlop..:l) h) :111 o~cdlo~tlng i''''lli fo~c.: .td•·l~~ 11 :tl::.t tJ·, (· ·,. 
This conccpt ¡, il!ustrat.:,l lll Ftg'i. 7-l<t :111cl 7- h.. 11 !..:rl· •_l.·: 1 ut 11: .. 1 L1 

:\ 

mcnt al poi m O c~Ht>Cd b) thc 1 cri ical lo.td Q acunb at O', ~h011 :1 i '' l ::;. ~·-! .: . 
is equ.il to th~ ~t:rttcal di~placc:mcnt :lt putnt O' C..JliSCd by rhc \.,' t!,·.Ji ¡, •. 'e 
acti11g .1! O :.s sh011'•1 111 Fzg: 7-lc 

---------~-
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7.3 \'e¡ :·~al Osc!l!c:•o:l o{ Fu0~1n¿:; RcstJ:1:; o:J t::e 

Surfocc of the Elo~t;c Holf-Space 

Rci una ( N.76) 

C!IAP. 7 

Dt'J.'lg thc c:ul) ]lJJ(b LiJe Dcuhd1cn For:o.chungsgcsclhchaft fur 
Boci'l'l1h.liL.JllK (DLGL!JO) ltl\l~l.gatcd th..: use of mccktllic.t\ osci\Lttors 
to C\3lt•:!:c sollJ'<O:k'ílÍc~ •n th..: f1C'IJ ("'ce, for o:tmpk, HciL\\:g, Früh, :Jnd 
Lo•·cr.?. !C;JJ). D:c:l\1-iC of li1,, :lclJVIl)', L l~cis~m::: attcm¡,kd to provic!c a 

thcc,r_. for C\;du:lc~Pg thc J;.n<~nilc rc,rnn•.c o: a\ :h.u111g footug :~'> it was 
j¡¡l,¡;c·•·:cd by p:op~: IIC~ or t!H? >Cil He ll!O~. tb: \.'In!-J 1f:r.,,: !:onuscncocrs, 
I:loJo;;·c. <'~~:.~·e lwd_.• (<.:l .. ,,t:c kdr-~;'-•cc) t 1 rcpL·~:nt ti·_· ~oil m::,s. Thc 
pa::~r'J~tl2!'"5 nct Jc-d :l) Jc~cr il:-t: tl'C rropt:I Ll(.'~ o¡' th.s c!~''l!C boJ) \\~re the 
sh~ní il.JC'(1ult,s G. thc l'c;<,~r,n\ ;.:t1u :·, and th..: m:-~s d..:n.;;ity p (=-=y/g). The 
\Jbrc~tJ;Jg fc.:Jtlng \\,L\ rcpr<.:)·:ntLd by an mrllbl!ng nwss '.\'hich procuccd a 
p.::noc:Ic \UUcd pr~S'cllc d1st: Jt)Litcd und"o¡ mly o'.·cr a c•¡cul,:r 01ca of 
radii!<; 1 ,, on ti;c ~el! ¡";:~2 of ¡:;e h,d;-·~p.tc'<.: 

\\ 1tl1 th~ c-l::~~~c !nlf-s;>.:L;; ''' t'¡:__ m,ttk:I:nl•c:d Il'c~:.:L Re:s::r~·.:~ dc·\do¡-•cd 
~n ;:n~d~,r.c~:~ -.,:)L~:¡o,) fe,, r! e p._.T¡oc.' ... : \e~·t¡c._Ld d~~;)! .. lct:l'~ . .._~flr .:,, :-1t ~j1c ccn1t.?r of 

tf1;;:; C!1 ...... ·Ltl" lc.~l(!-..'..J .. '1 .. : .. 1 of :h~ Jl~l 1--~,_cc I ~L obLun~--J tLL:-. so!uuon LJy Jnt~¿;ra
l!Oil u~- L: 1 T•h'•, 1')0-f ~:¡! .:IJ<l:l e• ,'¡ ,: c.IL u:.1, .•re .. l k: m~<:,~m.tl,c.d Le :.t-

_mcnL-··d: no¡ be !Cp~:~tcd he-r2, bttc Il lll::y he fo:¡¡:d in tl1;:: ong .. ;:~l p:;per cr 
in tLc: P-T~,,~ by Qt11nlan (1953) or Sung (1953). Th;:: vcrti.::::~l dtsplac;::m.;nt IS 

ex pn:'>~cci by 

:,J =--
P., é\p (ir·Jl)( 
- -G--;----- -· /z + if~) (7-1) 

in which 
r o 

Po=--= aiPpl!ludc of thc total forct.: :rppl1cd lo thc cJrcu!ar contJct ctr.:::.l_ 

W =-= CIICU
1
.:í frcguc:lC)' of forcc .ipp!ic.ttion 

G =--= sh:.:a: .nodu!u::. o[ trc l!a!f-'l'-'l"C, 
f 0 ---= f,td!U~ of ti;c Clfetll.~r CO!ll.tll .tl"C::t, 

j 1 ,f:. ~-= Rcl,'>I1Lr's "dhpLtcLmcnt fun< t1on~.'' 

In Eq. (7-1) buth thc diópl.:cuncnt .ttld t11L' fo:l..: .1rc pos1tivc 111 tllc dvwnward 
dirt..Ction Th: e \r:c·~.,¡o,¡:, for j 1 andf:. .11-c cotnpl!c.ttcd functJL1115 of Poissu.1's 
rat10 ~tt1d a U1P1Cl1S!O:lko:,> fr~.qucnwy ki lll o,, (k~Lrib.:d lw 

l'p (U/' 
o ~~ (l)r - -- _.!' 

., ·\ G -- v
8 

(7-2) 

In Eq. (7-2¡ t:;; IS thc v~.-1oclt2· oi r;upag<~tillJ' of lhc ,r :., - ,\,e\'<. tll t1c e~':!.·.::,' 
~-)e!· 

•' 

o o 

SLC 7 3 

fíc;uttrg ¡,tu"s 
Ose il lo ror --

ElosltC Body 
G, v, p 

\ 1 ¡.:, 1 : ( \'' ( ,',/ 1 1 ¡ \::\ Í)l ¡ ( / , 

Ftgu .. c 7~] R:n:ttJng mJsS o:>ctll:ttor Wll;l C1rcu 11r fco~1~1~ 1 CStl·.¿; on semt

mf.nt.c "lzsclc .)cdy 

Rctssnct :!!~o c,t;:~,J:~h..:d <Í SL'Cond d!,11Lih'cHll:'~ tcrm 
"mas~ rallo" b, 11 h1ch ~~ d..::~c1 :bcd by 

b ,- 111 
'! 

pt o 

in wh1ch ¡,¡ ~~ t:1c to:.ll nus~ of thc VJbi.:llll~~ ¡-,,oung an,l C\Lil:";c mc:!'.ll:~->1'1 
which !CS!S 011 thc surfacc of thc cl::ts!IC l:.tlf--~r,l,(' (~c..; r:g 7-2) Lqu,tl'\ll' 

(7-3) csscnlJ,dly dc~cr:bcs a rclation b-:ll\c\_11 tlt..: nuss ofth..: n~td !Jc¡d) \dt~t.h 
undcn::ocs vertical motJon and a p,t 1 lJuJI,¡¡ m:>-,, of thc cb~ll.:! t.ody. 

R-ci~sncr cst.tbli~hcd C' p1 c~sions for thc ampLtude of osc:dl.:tcll" ¡nolJGI~, 

~-------;;---,-. ---
Q., 1 1 i - 1:! 

A.--= ¡------;--,-----.. --. 
Gr \• ( 1 --- ha· r )- -'- (ba-;,)-

{1 uj 1 O -

( 7-..\) 

thc ph:,sc angk í b..:l\\'<.:cll thc C\ll'f!t.tl furLc, Q ,_- Q,,c:--.p (il'l/) .• lncl t!r.: 

displ.!~cmcnt ::u \l.tS ..:\prcs,ccl a~ 

Lall '; 

and thc input pO\\CI rcquitcd \\';ts cxp1c~sn! ,ts 

I'R- ~_e{,_ -- -·------ -~~6_ _____ _ 

o 
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Th~ 1'.\krn:tii.N.:ill:tting fl•n.:c amplitud~ Q,. nwy cithcr he a comt.ull (i.c., 
in~k;'' nd~nt ,,f thc frc,¡trl'lll)' r·¡) or rl lll:t) h.: a !"urH.:tion of th..: l'r.:~¡ucncy of 
c~.:it.ttion. For thc r~..H<l!ing·masl.-t)'pc c.\citcr with a tot:tl ma!>s ·of me 
actin~ :u a radius dcsign;llcd as thl.! ccccntricity e, this force is 

(7-7) 

.F~r 1.~1c. 1\\0·,rua~~ ~N·tl.l.<.tlor ~ll<IWil in Frg. 7-2, thc total cc~:cntri<.: ma~s lile 

is cq••al IP ;,., 1• 

R.:b~n~·• \ th..:lH·y f'ormcu t!n.: ba,i~ f'or nL·arly .ll! funhcr ana!ytical studics 
,o,f 9SC¡!I\ttar~ rc~lii:,~: vn.th..: La!l'~:-.pa.:c. althungh hi~ thl!ory c.lid ·not rcccivc 
imm .. ·di:~tc •tdvptiPn by .. ·nginc..:¡, wo1 king: in thc fL·ld or ~oll u:, na m k·:. be
ca u ... ·· l,¡~ Lh~·<lr\!lrc:d r.·~~ill~ J¡d not Clln¡¡,ktdy agrcc \\Ílh th.: rc,u!b of fidJ 
h'5b. ·¡ hcrc :trc SC:\Cr:-!1 rc::~on:-. for tlus, !nd.rd111g (1) pcnn:111cnt s:.:ttlcmcnt!> 
d~' cll'p~d Junng many lC~h, thc1.::by \ ¡,,!.ning th~ conJi'tions a~~um;:d for 
:m c!:tstic mcdium; (b) thc <tmplauuc~ of llhltion sustamcu by thc moclcl fic!d 
,·ib:-.uors \l~!'c so largl! (a~ rcqll!rcd li..ll th~: in~.:nsitivc r~.·cc1rJing in!>tnuncnts 
tJ¡.:n :<· .. ti:.tb!~) th:~t thc acL:kr:ttiolh \H'•C llftcn vil th::: onkr of 2g to 3g, 
'' ll11,:h n!lv\1 cd thc vibrator to Jtiillp l'kar ~)r thc ground anú to ::ct :1s a harn
n~t:r; (3) tiH! a~s•rrnptivr~ of a uni!'orrnly (li,lllblltcJ prc~~u:c nt tllc oscilialllr
so:l cont:tct zonc \\aS not rc:di~tic, anJ (-1) th.:rc \\a:. an error in thc cakuln
tion of ~ \\ h¡cll inlh:cJH.:cJ tl:; n~::w:ric.tl ,:.tllll' of thc rcsults. ~.;vcrthcless, 

. tht- swdy by,Rcr;snc"ds tl.c ch:~~:e:· papcr iri this 'ftéld. · · ·- · . 

Qwi1lan (1953) al/(/ S1111g (1953) 

T\' o pa p!.!rs which appc~:rcd al thc !>:nnc time extended Reissncr's 
solutioit to considcr th<; clfcC"h of dwngl''> in pr~.·~'>urc d1stribut10n ovcr the 
Cill..'l!lar arca of Contact 011 !he ''lll f:lCl' of thc ha!f-sp.lCC. Quinlan CSt:~bltshed 
th.: cquations for O!>cilbting contact prc~-;ur~~ \\ !uch Vlry ucros~ a dwmctl!r 
ofthc cont:tct ~11\.'h \\lth 'l rnu.tbv!i-:: di~trrbu!l(lfl, \\&!h .l untfo~m distributlOn, 
and \\ith thc: distributio:1 corn.:-~pom!Jng toa rigid b;.~sc. He dc•clopcd solu
tJOn~ only for thc ri:;id-ba~(; c<:>c. Sung .lbll c:.tab!1shcd thc ba~tc cquations 
for the thrcc prc:-.$Ur~ d1~1r1but:on~ and ptc,cntcd soluuom for each case. 
Th~.: pn:!\)urc di:.tribution!) are id~.:ntificd as 

(a) Rigid ll•t:.c (approximation) 

Po cxp(imi) ,a.=------
2nr0Jr! - r2 

a ·. () 

o o 
su·. 7.3 Vlltl U' Al • o\( 'II.L\11<1-.; 01 1 \>O 11:'\(,\ l'i7 

(b) Uniform 
/', cxp (ir•1/) 

ú ""- ---------.; -- wr! for r :.:: r, 
(7-9) 

for 1' > 1"0 

(e) Parnbolic 

2P,.(r~ - r2
) cxp ( ¡,,,/) 

(1 - ------ _____ ,_ 

• --· rrr 1 
o (7-10) 

for r > r" 

Sung's !>ohrtiOil\ d~'>ll ihcd thc dic,plall'lll-:111 al thc I.:Cill\.:1' or tilc cin:u\.u 
arca hl:tdcd ¡,i \h!.! tlucc pic~~u•c dhlttbuti<llh. lor til.: p.11.t1w:1.: ;11:,1 
unifonn-p•~~::-urc drstrihuiion'> th.: loadcd :-.w ;',¡,;e d.:\dl1p-:d l.1rg~r d''pl.ll..:
mcms al thc ccntcr than at thc ..:d¡;-:~--a di,pl.tl·..:mcnt p.tucrn wiJir~t ~.:..:1 b..: 
dcvclopcd only by a lk.\.iblc f'ooting. Thc rigt,!-b:\~l" pr~~q1r.: di:.tn~JUli,1 ll 
produc.:d uniform Ji,placcnJo.:nt of th.: I<>.Hkd "t:t f.tcc un da ~1.1 t 1c I.:Oihl. i ,,l;¡:-.._ 

Thu'i, thc thr.:c ptc~~urc di,trihltli<lil'> d..:\cl,•p.-d thr.:c di!!á~nt :.h.cp-:-; n: 

surt:,.;c dic;pf:tc~ mcnt '>. 

/\Jtcr d~krl~linin~ tite ,e n:ntci dl-.p!.tl'L'Ill.:nh. Sun:;. cst.tbE~l:.:d th,: 
uyn.llllÍC l'.!!!p011'>C of ~~ Jl:,t% ó-Uppnrkd 011 lhl: li.tif-\¡1.\L.! lll: ,::,¡~,;h 1_\ }'~ llf 
contact-prcssun.: distributic111 by con:-td~.·Iir: 0 ih.1t :h.: cen:crol ~~ .. ~:ltY -'1 : rl!.: 
mass-movi:.'d thc s:~mc c!i:..t:~nc-: a~ thc ccntcr or thc h1.1dcd a;·cJ.. t h:::. ;¡y,t:':'p
tion prodttccd l'Xa:;scr.tkd r.:sp,Hl:-.C <"llr\L''> ft)! thc p.1rab,1!ic ami unll,l:lll
prcssurc d;stnbutions bcc:tuY.: thc ccntcr point has grl!atcr drsp!a.-cmcn.t t!J.an 
thc avr:¡ago!. HO'.\CVCr, tÍlC'i<.: rc'P')fl~C <.:un·c~ .trc instnh.:ti\C rwm..J ql:.:lrt.lli\C 
sta.nclpoint for vis~1alwng tite l!lllucncc of con:.tct,p:-cssurl! di~tnbuuon on 
thc vibration r~sponsc of tbc ~._y'ill!rn. 

tl"urc 7-3a shows th..: ;\~n 1 J!itudc-frcqul·ncy rc<>ponsc cunes corrc>pund
ing to ~he tltn~c prcssurc d¡;;tnbutions in ::n thcili.Jtor-:.oil S)!>lcm fvr \\bicl1 
b =--= 5, 1• = 1. and thc cxc1tin:; f,)rcc is t::.tu,cd by a rot.l!rng-ma~" cxct!cr 
(scc El¡. 7-7). F1om l'ig. 7-3a it i~ C\idc11l tll.tt as thc lo •• d 1, ·pwgrc~:-1\dy_ 
conccntrateJ ncar~r thc centct of thc loadd arca, thc pc.tk amplnuúc o! 
motion incrca"c~ and th..: din~cn:.ionk:-.-. l'rc•:uciK) a,. ai \\hi~.·h tl:i, p..:ak 
amplitudc occur'> is kl\\cred. :\n impro\cn~<:nt 011 th~ pr.:s.:'lt..Jtion of t!..: 
rl·spons¡;o of footing> \\luch u.:,dop tbc,l' pn:,.stm.: di~1ribut1on, \\,b prc
scntcd by llousncr and Ca->tcll:tni { 1969). ·¡he y dctcrmm.:J r ,:,pon~.: l'Ul'\ o 

bascd on a wcight~.:d avcra~c (bp!:lc..:rncnt \\ltich wa:- ba!>cd on thc \\Ork dan..: 
·by thc total dynamic forc..:. Thc pca"-s of.thc c,lrrcsponding r~·sponsc cur\'~~ 
for thc \\cight~d ot\'l.'r:tg'-" displaccmcnb are shown in Fig. 7-3a as .th::: solzd 
circh:s dcsígnatcd as P, Ü, and R. As might be anticipatt:d, thc rc,p?n~: 
curves for thc wcightt•cl avcr:!:;c dispbc~n:,··Jb fo:- th~ ?-'í~tb,,E.: :1nJ t:n·tor •'l 

1 ' ¡· ¡.. ' t • " ' ' ' 1' "'' • l - -. 
:.i,~!1f..tcc'-._l::tt., .. ~re e \)S~r to U'·.: curv\..· o1 t.·:-·::'~,-..; .. ).": L, .... - ·- l.~ • • --



198 VI!! K,\ TIO:--S OF f .._1Ul'.D \ TIO"-S 0:--1 rLASTIC MLDIA C!IAP. ·¡ 

E IGI 
<!.N E" 

25-
b=- 5 , 
~ =-

20 
4 

1 5 -

1 o[ 
1 o 5 1·-

o 

lo} 

05 

________ L 
o 05 10 15 

(b} 

F•.¡urc 7-3 Effcct of prcs;tu e d~;tnbut¡on and Po1sson"s ratiO on thcorct¡cal 
rcspons<. curvC's for vcrucal foot1ng mot1on (a(Lcr R•char! and Whl!man, 
1?67} 

Sung\ curve5; hü\\ever, thc trend_i:.. slrll thc s,lme. This diagr,un should 
inJicate lo a clv .. igner thctt he may inlluencc the dynamic re~ponsc of a 
found,ttion by hi:, control of thc flex.ibiilty of !he f,,urid:tl!Oil pad. :\ pr:lcticll 
arpi:l.lllld1 nftht~ type ofc.untrul!u.., hn.:¡ d,"·nhcd by r,.,_lh Cl05i), \vho 

o o 

---------------- ---

src. 7.3 

indicakd tlut adju~tntc:nt of liJe: re<,pn,tnt l'ret¡u~..·ncy of an eng1ne 01 co:n
pre~sor fouml,tlton C<)Uid h·~ .t':CilJ''f''''hc·d h) p•1'>l-tcn:,JOillllg ,t p;c~trc, ,~_d 

concrete ba~e pad. By ch,tng¡,¡g the c,llllbl:r of the b.t~e p.td, thc majl)r p.•, l 
of the soil-conlact pre~'>llle c<nild he lllO\ ed ltl\\,trd or <~"ay from the edgcs.-

Frgur e 7- 3b rllustr,tle\ 1 he 111 flur.:nce of a ch,1nge 111 PoiS'Ol),'.? r <~ t1o ,. of the 
clastic body on tile sl<:::ady-~.lale It:'>jlOihe fpr thc ng¡d-b.,~c·~,lilditlon ~1ml 
b = 5. Th1~ d1agram ;lwws tl~.tt tl'c <~nlplitutk ol' motlllll "g1~.ttt:r and thc: 
frcqucncy.at ma.\.1'111llrt1 arnplttuclc i~ lo,,cr \\hcn v -'~O. lkc.lll~c ~ümc solt'
tions for othcr mocle~ of o<.cillauon a1r.: aV,IIi.lblc: only f'or thc c,_t,c of 1' 7 -- ll. 
it is uscful to have this glllclc to ind1c:tte ho\\ the ~olut1on ft1r J' --· O m:g!1t 
vary -from •a ·more rc~rlistic conditlon of 1' o.-_ 0.33 or O :.JO G.:'lcr.dl). th•? 
solution for 1'- ~O wou!d represen! tl1e "\\Or~t ca._, ... of a gr2:<lCI mot:on at ,\ 
lower frcqucncy. 

Sung cstabli~hed value> for thc di~p!<~ccm.:nt luncti,llb/1 Jnd / 2 (L''lcc: :,1 

Eq. 7-1) í"or valucs of J' of O, l . . L and 1 J'or cach of thc thrcc b.bc-prco,ur.: 
distributions ovcr thc rangc c.f a0 from Oto 1 .5. ·¡bese c{¡spi.K.:m,"ll lun..:~'''·h 
wcrc thcn introclucccl into Lq. (7-4) to c.\,tlu.ltc the ~lll';J!.tt·cL:-!·r,~c¡u:,¡,·· 

(Az '11\, o,,) H'SpPll\C l'lii"VC\ fnr dlffefl'11l \,tlu~, of tlh.: m,¡,, r.~!i\l h l 1~:,•:, 7-'1' 
liltl'-lr<i!r.:S lhl' lllill!Cil<..'e of' lile lll,l" 1.1[1\l h llil lile ~!:.1p..: tlf' ti:. ,11'1¡1'•1, ,·_. 

freljllellC)' fC'>j'llll\C CUne~ foi th1.: Cl'1C of lile r(!!_ri/-hu~c pr,"L:re d,,[rlh ,,,, l 
ami Pol~son·~ rat1o ol l· By t.thlrJgth..:: valu.:~ ol'the dtmethlüt~ks' ~l>líli.tc:, _., 

A Ol ;/' and the frequ..::ncy r.~ctor a, at tlle p<.'.th. or cach respt\lbl' l~:I'.C, ,t 

Series OfCllfVC~ caiJ-l)CC>t,lbll~hcd t0 rcl.ltC .{, ~l)f .·f,:,). a;,,,. :lllli h. -1\h:ch ,,;.; 
uscful for e~tabli~lllilg.the nwx11num amplttude l'f lllO!:tlll :tnd th~..· IICL¡t:e:1cy 
at which it occurs Thr.:~c curve~ h.tv~..: lx:cn prcp,trcJ by R.ICh:trt (1%2) Íc)f 

us'e 111 analy~i'> or ucsign. Thé s-ómc infornÍ:IIIOil is pre:..cntcd 111 hg 7-11 lll :1 

more convcnicnt forrn 
By compartng 1'1¡;. 7 'l<r \\lth l-1g. 2-1-kl, aiHI Fig. 7-4b \\lth nc 2:10, 

we note thal the sh:qw:-. o[ tlll''>L' rcspoil'>e curve~ are c¡u1tc Sl!llll.ir. Thc cunes 
for the lower J,-\<illle:, corr,_-,pond lo the cur \C> \\ ith large damp1ng r.tl1os D 
Tllls 1~ a gr,tplllcal illustr .. tion that \l.'[ tic.tl O'>l'illat!Oil ot" a rrg¡d r,)Olillg 011 

an clastic scmi-ÍilfiiliiC body mclud-:' a "'gnii!L,llll lo~s of l.'llt:Jg)' by radlalll'll 
.of clastic wave:, from the foot1ng thr,Juglwut the h.!lt"-~r-lcr.:. 11m lo~' oí 
enC'rgy through piop:tgation of cla,tic \\,\\<..'~ \\,t'> dcllncd 111 ~ec. 3 3 a" 
gco//lc/1 ita/ dUIIljiÍII,'!,. Jkcall'll.' lllO'>l t'oot 111g :,y '>klll\ \\ Jnch lllllkt go \ Cl t tc,tl 
v1bration:, le.td to h-\alue~ of h,;,.., th.tn 10, rcrli< ,¡f mullufu)lt\ a11.: llllliiiÍI' 

high~l' da111pcd and <'.\fi"C/1/C wnp!itu.!c,\ of nrofl<lll du not U(< ur. 
In Sung's ~tudy he a'>'lllllled thal the prc,~ure tbtr 1but~on rclll.tlll<..'d 

constan! throughout thc rangc of frcL¡ucJKie:.. con~id..::rL'LI. .¡\ctu:\liy. th-.: 
rrg1d-base pre,~ure distnbuLIOn wh1ch corrcctly ptedicls a uniform di'pl.tc..::
mcnt of thc loaded surface undcr "la tic cond1ltons does not ptoducc unlf",lllll 
dt~placc-ment undcr dynamic co11cliuon~. 13ycrvft (!95ó) L·I:Jiu.'lé·' :l·: 

wcightcd .~ver,tge o!' the <!1~p!:tc_-.1~cLt~ bc.h:,lib thc fd,):J:'o; o L' •.•:,¡ <.:.! 
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(o-) -For ·Consten!--Amplitud~ 
of Exc1tmg Force 

(b) For. E~-é,i,ng Forc~ Am;"'~-de 
Dependen! on Exc1t/ng Frequency. 

Fogure 7-4. Amplitudc vs. frcqucncy rcbtions (or vcrt•cal oscillatoon of a 
rog•d circular footlllg on an clast1c haff·spacc (o• ~~ 1). (A(Ler R1charc, 
1962.) 

be!tf.:r \aiuc~ for lhc d1:-.placcmcnt functions f 1 and f~· His valucs of the 
¿,_sp: •• ct:mcnl functi•H•:> for thc r1gid bJsc and for ,. =-= O, }, and ~ are givcn in 
F1g. 7-5. 

Sc\crul important points m:ty be ohs.:ncd in Fig. 7-5. Ata
0 

=O (st:ttic 
;asc),h, = O :1nd thc value off¡ must produce thc correct sl~ttic displacemcnt 
.;.hcn introduccd it:to Eq. (7-l). For thc risid cm.:ular footing, the static 
lisplaccmcnt is 

P,(l - t•) 
z. = . 

4Gr,. 
(7-11) 

l &hou!J be nott::! that Lhc f, andf~ 1crn1s .:1~ l:'.'.,lu:ttcd en!; ovn t!~~ ran:;c 

o 
SLC. 7.3 
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f1gurc 7-S. D•s?bccmcnt func
toons for n¡:1d carcul~r foOtll•!: 

, , - .. VJbratong. vcrt1C:llly .on tfoc sur~acc. 
of an ciJ~t•c h:llf·spJcC (a(!cr 
Bycro(t, /956). 

t.¿;.; __ · __ .:___ ~ c.:_ __ ~L.....! __:_ 
n o:. 1.0 15 

Frc<;ucncy RG!IO, o0 

of (O< a
0 

< 1.5). This is tlw pr;tctical rangc ova \\h!ch thc r,;-on.:nce 
pcaks may occur iu thc r..:spon!>l: cu1 v~~ .tnú i:. ~:tlisfa..:tor) for lllO\l stea~tY· 
~tat.: r.:~on.111c..: ~tt.dics. Fina!!y. th~ dl:;pl.tl~nH:Iit fun..:tton / 2 c~~c,¡t¡,dly 
dc:,cnbo.:s da111ping 111 thc sy~tcm {<.ce Eq. 7-1(•). 

Jlsicl;'s D¡uat!uns · 

-By ·a rcorg.ltlintion of Rci:.~ncr·~ b.r-..it' cqmHioJb-. Lhich ( 1962) \\,:s 
ablc to improvc thc presenta! ion or lhc c:..prcs~ion for "gwmctncal d:1111j)lr!g" 

which dcvclopcd from thc cla~tic thcory. llc considcrcJ fir:,t a \\'cightl.:,s, 
rigid, circular drsk of iadiuo, r

0 
n:sting on thc surfacc or tllc clast!c h:tlf-space 

(F1g. 7-6a). The disk was subjr.:ctcd to a vertical pcrioc\¡c lo:tdmg of 

P = P0 c>..p (iwt) (7-12) 

From Eq. (7-t) it was shown that thc vcrtic.li displaccmcnt JS 

(7-1) 

By d1fl'crentiating with rcspcct to t1mc, he obtained 

(7-13) 

Thus, ,, 
dz P n(r) ... ,. Pro .., 6't 

f(I)Z- f: - = ·- ( {7-!- j-.) c\p (ir.,t) ,..~ -- ( r- ~- /~) 
t 2 A• ; .. ,. • - Gr J 1 • 

... • l.J u ) 

- ----------------~ 
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or 

we,c;nt less +jr 
Rrgrd Drsk \ 

y 

(

77 --,. ..-_, "TT/ 1 n: 
·-- -...; 
i ro ' 

~. o _G,v •.P ,1' 

~--~\ __ _ 
P =-e 9~ +K z 

¡ dt ¡ 

(o) 

,,,-
r 

cJ 2 z rn--=0-P 
dt 2 

(b) 

Figure 7-6. Not~tron for Hsrch's cquatrons. 

Gro J~ d: [, 
I' = - -- --:0 

;---:;-- -- + G 1'
0 

-,-·---, : 

(1) (J ¡· + !~) ¡/¡ fi. -:-/2 
[c¡u.llÍon (7-1-+) can be ~impldlt.:d lo 

·r,·- e · cJ: ,· K ... - o -o¡- ~ 

z dt z-

aftt:r sub~t1tu11ng 

and 

e·-== r! Jc -(· -----.r~ )· -• p •> ,, 

ao Ji+ J~ 

K = Gr _JJ__ 
• o~~+ n 

CIIAr. 7 

(7-14) 

(7-16) 

(7-17) 

Note thar hcc<lll<;c both C, ami K" incluJc f, and J~, thcy also dcpcnd on a
0 

and 1·. 

Now, tf a rig1d cylmdncal footrng of b.r~~ r.1dius r0 and total wcight W 
is placcd on thc lt;.lf-~pacc anc.l ~ct tnto vc1tic.ll osctll.ttion by an e;-,tcrn:::l 
pcriodic fotcc Q, wc may wn<c an cxpte,sion for its dynamtcal equiltbrium 
as · 

IV d
2
z = Q _ p 

g dt~ 

Aftcr sub~tituting Eqo (7-15) and m=- Wfg, th1s reduces to 

~ . 
d·z , , el: , , 

m---- C ----K ~ -=· Q "'" Q '"¡) (1( t) d ~~ ' z J { o _- O v,> /j 

o 

(7-18) 

(7-19) 

o 

":e 7 3 VI R 1 f(_ \L ( I'>Cil.l A'll< '' 01 !'<!< •ll' ,_,\ 20J 

f:c¡uatÍO!l (7-19) ha~ thc ~allle gciiCI:d 1'111111 :1\ thc Cl]llllibrilll~l cqu:lliOll for 
thc J.J:npcd-o~inglc-dct;r•:,> 1 ,1' f¡-.:_:rJ,,¡n ~·pk111 (\ce [q 2-~~)). ·¡he m.1jor 
utfl'cn:ncc i~ lhat tlic duilijilllg h'/1)1 e, and the .\j)/tllg-rc·acrum fL'¡¡¡¡ l\

0

, are 
both functl,lJI\ of thc rn.:qucncy of Vlblal1011. 1101\C\'Cf, Le¡~ (7-16) shOI' S 

clcarly that thc gcomctrical dan,ping rn th..: cLI,tlc S)Slerw,is govcrnecl by 
thc d1~pbc<.:mcnt funciion f~· Equat1011 (7-17) dcmnn-.,tl.ltcs that ~he ~t.tt1c 

displaccmcnl and cla~t1c-sp11ng respon~e of thc ~)\tclll is go1ernccl by thc 

. ; tc,nl'\f1• _ .. : , •. . o -, .. : ·, 

Hsich mcluJcd in ti11S study a dc~cr1ption of ¡(¡,· frcquc,Jcy-d:::pcndc>'
damplllg and spring functions for lwrttvnt.rl osctll.ltiO:l. roc!.;Ing, :md 

. t9rsiJ:maL .q:-,qllatl,()¡lS. and d,einomtr:!(cll t hc1 r u~c 111 G~t.tl:l: \hmg cc1; ,,;t:,.l :b 

for coup!cd o::.cillation~. Tht" \\di he comid-.:1cd f~trthcr 111 Scc. 7 o. 

Lysmc1 's Anafog 

To approXI!l!alC thc dyn:tll1!c IL''-(1\lil'-C ,1¡' .1 riglll l:.U,<-lll:il lonr::r;; ro 
vcrt1c.d llll.>ll\111. L)'>l11cr ( 1<)(,5) l'•llhllkrcd .1 :·ouun::; ili.lc:c 11 11 ,,¡ .: ,, 1 :,·, ,): 
Clllll'<.:nlrlc nng~. By app:y1ng lltlll.urm P'~·.,,liiL'' tlf dt:krcnl .~u:; ,:,u,;~, •Jil 

c,1ch 1111g, h..: 11a<; ahlc to 1kvdvp a C\llbt.ull det],·ct¡un unLicr th..: !'""•"'o; .:1·,! 
to cvalu,ttc th.: dynami.:: r.::-;pnn:;c t'i' th~· f'lKltoil~ lo~' pcnocl'c ~·\.Cill'l,S '"r~·c. 
ln_th~ pr.occS:,~ gf Jcvdoptng i~1s s~1JUtiOll, l.)~mcr fot~nt!_s,:\cr:!l_no~.tl!O.l~ t•) 
be convcnicnt for simplrficalltlll tlf !he pr~.::scntallon. 1 he dl~pl.ll'llii<.:lll 

function 

(7-20) 

includcs Pots~on's ratio. h1t if rt 1s mu!upltcd by-a fac-t-o'r 4/(1 - 1•), a 11cw 
d1splaccmcnt function 

F = _!__ f =--- F, + iF2 
1 - - 1' 

(7-21) 

is obt.~inccl 11htch ts c~~cntially indt'jlCIHknt 11f l'. F1gurc.7-7 illuqratc~ tite 
way rn 11 lnch B)croft\ d1,pbccmcnt t'ulll'lltlll~ collap<;c onto a nc,1rl) l'llll\lllon 
curve\\ hcn modilkd by Eq. (7-?.1 ). U:-.111~ tlw. not~rt1on. Lysmcr c.dcul.lkd 
valucs for F, ami "~ (l\'cr tite range 111' lrl·qucncy ratio (O -.::a"·< 8 0) ami. 
with an approx1m:ttion. nll'm!cJ tlm, ¡,1 a, --• u::. Thc cune~ in hg. 7-';) 
show thc F 1 amir~ curw~ owr thc rangc of' (Ü e::: an <X) lt jq¡~cfulto 1wtc 
that prcvious analytical solultons only con,idcrcd thc dr~placcn_¡cnl [unct1ons 
up toa" of 1.5 and drd not clc_:.trly ¡Jcnttf) th.:: pea" of the F~ cune 

With thc displaccment function r ~h .1Lltcclrn Eq (7-?.1 ). ami <!1c' po,lti\'C 
dlicet<c111!:> oft!-_. fo~cc P, .1nd the dbp!.t<:l';,;_¡¡¡.: oc,::;n.u,c! ·''d¡,,,l::'. ·~d. 
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hgurc 7-7. Van~tlon of compo

ncnts o( F W1th Po:sson's ratiO 

(a(:cr Lysmcr and R1chart, 1966). 

Eq. (7- 1) b~comcs .. -- ~ ~ ..... , ~ ~ .. ~ 

p 
z =-F 

k • 
(7-22) 

~ ~ - - • - • -::. -- - 1], 

'' hen.:i n thc dirú:tions ofr!t,~ ctpp/¡;:d forc·i· P tllíil tlic rl!.~it!í ing displacement are 
the same for statJc lowllflg. The spring f:tclür k. c:m be deH~Iop.?d from Eq. 
(7-17) aftcr sub~trtutwn of thc tcrms frorn Cq. (7-21). 

ratio 
Lysmcr furthcr notcd tLH by introuuc!llg a modiji.:d dinu:nsion!csJ llhtss 

1-1• 1-J•IIl 
B =---b=----

• 4 4 pr~ 
(7-23) 

for thc 'crtica! vr bration of thc rrgíd ctrct' L1 r footmg, th-: inllucnc.:: of Po:sson ·~ 
ratio \',.J.S C~'>cnti,'.lly cEmin.l!~.d. Thcn he Jc-vdo?cd r~~ponsc cu¡vcs by 
introd;.rCJng lm modd:cd c\prc~stom F (Cq. 7-2!) and 13" (Eq. 7-23) mto 
Eq. (7-4). Aftcr thL:~c sub~titutJOn:>, Ec¡. (7-4) c.1n b~ c.\prcsscd as 

A.= Q_-=-v)Qo M 
• 4Gr0 

(7-24) 

in which M is thc m:.gnification f~tctor by which lhc equival~nl static dis
p!.&c.-.. ~::. .. : ¡;~.)J,.c..:J hy C.'' 111 tltiplrc,: lu gtvl! th.: u:'>¡"L!,'c!''·:·:t .cr::pF•uJI! 

~---------------~ ---------

o 
St:C. 7.3 

7 8 

Figure 7-8 D1spb.ccrno.:nt funct,on F for , . ..,, uol vobrauon of a wc,gh:kss 

ng 1d '" culu dos k (no -- O) (a(ccr Lysn:ct and R1cliar:, /966) 

A •. Thc rc!-.ponsc curves coífc~pondtng Ln :& const,¡~rt-fo:cc C'\cit.tt;O:J_ ~o 
ar~ shown in Fig. 7-9 for scv¡;ral valuc\ of B= a~ :.o!td cune~. l:~:t:k 1-:0 

.. includc~ <rc:.po¡¡:;c cune~ whici1 ary pr~>J:.:~ ~d by_ thc .r:otatlllg-t~WS> ex< 1:;. l ,1:1 

{Qo ~"- m.e1•1\ Eq. 7-7). After subst&tutttlg Le¡. (7-7) wto lq. (7-24) .:Nl 
simp!ifying, 

- - IIJ,C M- ~~· -. 1/I,C_,T .. A. =-- -- Clu >. = -- ,. r 
• m · m 

(7-25) 

• --- 1 
in wh&ch .~:, is th·: nngnific-ttion factor b)' \\hich thc qt:,tn!lt) m,c¡m ¡<; 

mu!t 1p!icd to givc thc d&,placemcnt alllplituJ.~ A:. rrom 1.'3'· 7-9 and 7-10, 
thc valucs of \! and M, at thc p..:.tk ofc.tch rc~ponsc cun~ am! th·.:: \,du.: of 
a0 at thc peak can be cstab!ísh-:d. lh.:sc v.tluc~ may thcn be plottcd as 
B \·~ r1 (1:-tg ? .. !la) or IL vs . .\f or .\/ r¡:,~. 7-llb). lt!.!ur..:s 7-lla a,¡J 

.. .J• (1)1, ... '" f/1¡ \ .... -

7-·1 lb prO\ id..: a stmplc mc.\11\ for cv:!lu.tll.lg thc lllaXIlllllm J!11pÍ1tllll.: of 
vertical m•JUon of a ngid ctrct:l.tr foo¡j¡;g .t:Jd th~ frcc¡t:..:ncy at \\luch ¡/¡¡;; 

occurs ft'r both thc con::.t.tnt i'orcc a,¡J ro:.tllng-m:t::.s cxc1t:tttnn. 
After study111g thc vari,nions of thl' cl1'ccl!vc d:.:rnp:ng and s¡mng f,tcrors 

with frcqucncy (acJ a~ obt:tinccl from the cl.t~ltc-half-sp.tcL: thcOr). L) sm.:r 
disco~crcd that constan! valucs of th~sc qttantiuc~ (i.c., inJ~p..:ndcnt of a.,) 
could be uscd. He chosc thc spri_ng ~01)!-.l.an.t ,!:~y_al Jo the slauc \'alue 

4Gr0 k=--
~ . 

l -- J) 



3 

' 

J 
--- Hclf-s¡:;oce Thecry ro::;:~~ 

~1 o (V= s) a ' <l: o 
1 o-

.... "' S1mpl1 f .ed onolog <.:)¡ 
<:t::; 

n-r1 L~~~7:,,inm 
~ 

1 

1 G,p,v lr7i o 

1 
u 
o u.. 
e 
Q 1 1 
o ,. 
'::! 1 

e 
\ 

O' 
o 
~ 

1 

l 
·-- .. .--~.- __ ..Q -- -o-- o 5 15 

D•mens,oniess Frequency, 0
0 

Ftgure 7-9. Rcs?or.s;, cf rtgtd c¡rcL.Iar foottng to verttc;¡\ force dcveloped 
·by <:onstont force e.<CJt~tiOn (from L¡smcr and R1chcrt, /966). 

o 

1 

~ , ro ' 

Q¡mens¡onle~s Frequency, 0 0 

' 

3 

1 
1 
1 

~ 
1 

-1 

4 

o 

----------------------

~~ ,_; 7 3 VI Rl1C d • ( 'f \ '• ' '-' 

E~~ 

~l<:t 
N 

m 

.. 
CD 

5.0 

20 

o 

\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

For 0 0 = const -""\ 

\ 
\ 

\ 
\ 
1 

---------
__ ,...., 

Constant Force 
Ex.c1tatton 

(1-11)00 
Azm= 4Gro Mm 

0.5 

Oom 

(o) 

~. ---~-,--

,,,,[,,,(,,,],,,,,,,, 

i 

1 

~ H' r ', 

~ ~ 

l 
1 _. 

1 
l 

J 
1 

~ 
J 

10 15 

// ~ 
,;/ ~ 

0

~ -- ~ /-- -- ~ L 'm"- L>'m"'' Aoo:og ~ 
o __L__I~o~~--~--L-~L_~---L--~--~--L-~' 

2.0 3 o 
MogntfiCOtJon Factor Mm or ~lrm 

(b) 

Ftgure 7-11. Vcrttcal o~cdlatJon of n;:•d CJrcul:r foo¡,n~ on ·'i::.:.c. --
J l ...... 

o 



103 CIIAI'. 7 

and found th.: b.:~t fit for thl.! J.t111p111g krlll in thc rangl.! (O < U
0 

< 1.0) to be 

3.4r~ 1-'• = --- vPG 
(1- v) 

(7-27) 

Wh!.!n th.::sc \alucs of spring and d.unping corhtants \\Cr~ introduccd into 
Eqs. 1).-72), (2-73) •. _and (2-i-4.1, thc :.katly-:.tatc r.;\ponsl.! cun.::s shown as the 
dashcd cunes 111 Fig. 7-9 \\ere obt;uncJ. Ikcau:...: lhc agrccmcnt is so rc
r.l:lrk:!ble-. it is: :.~IT::.-c~ent. -for ;1!1 pr:tcucal purpos.::., to us~ thc approxirríatc' 
express¡ons ~i\en in Eys. (7-26) and (7-27) rn the equarion of equilibrium 
! Eq. 7-19) ior verttcal oscdbtion' of thl! ngid crrcu!::lr footing on the e las tic 
half-space. Th~ equ;uion of mot10n fur Lysml!r's .1nalog ts ' 

_ , 3.4r; 1- • • 4Gr., 
m:: , --- ...¡ pG :: , ---= = Q 

(1 - v) (1 -- v) 
(7-28} 

Using the spnng constant k, (Eq. 7-26) and damp:ng constant c. {Eq. 
7-27}, the fun:t10ns corr.::>pomJi,Jg lo ti~..: <;;ng!..:-d..:sr.::..:-of-frcedom systcm 
can be CSt:!~E;;hcd from t~·.-: proccó.rC\ e .::--cnix:J tn Ch;¡p. 2. The cxprcssions 
for r.:svna:l~ fr.::qu.:::"!CIC~ u;p-~nd on th~ J.lC!ping f;lt!O D, which is obt:uncd 
by dt\ 1dmg the d:1mp:ng co.:~tant '• ( Ey. 7-'27) b; the cntical dampmg e,. 
For tl:e ve-rtical oscillauon of thc ng1d ~.:¡rcu!.lr toot!ng, the crltlcal damping 

_ is obtamed by substttutmg._ ~q, (~~26_> tn!_() ~q. (2-31): . 

¡---

J- · -+Gr m 
e~ = 2 k,m = 2 1 --

0
-

\j ( 1-:-:. v) 
(7-29) 

(7-30) 

after substituting B. for thc expr~~~tons notcd 111 Eq. (7-23). For cxcttatwn 
by a force of consrant ampll:udc Q0 , thc rcsonant frequ~r.cy ¡:; 

(7-31) 

When the excírmg force is a fimctton of !Í1-é frcqucncy (Eq. 7-7), Lysme;-'s 
expre~ .:on for the r~~onant fn.:qu..:n..:y ~~ 

• V.-; l Ü 9 
J mr = .,- 1 B O ~-_trr., \: ~ - . ~ 

o 
Mt. 7.3 

lly !>Ub\litutin.;; !h~: vaiuc of D froan J.,¡ 7-]0 :n:u: .. ' ::-:' ::~.: ~-"!. 

can est::.b!ish cxprcs~ion!. for thc :n...tx1mum .w;p:i~uJc o:· v~-:.:: .. · .. .;:. ··' 

A = Qll- v} B= 
~.,. 4Gr., O.:i5,_:U&- O.lS 

(7-3.3. 

for constant-force excitation and 

A = _m_,e :-:-:--~n;-.:::' =:=:=::: 
am m 0.85,: U, - O.lS 

(7-33t 

for the rotating-ma~!> cxcitation. Thc ph.ht.: anglc 'P is <.kt..:r:nind fro~1 

o.ss,,,. 
tan rp = --.-"'

B,a~- l 
(7-3~ 

The most tmportant n.:::.ult of L;~nh.:r·.., ~tuJy \\..tS c~t.:bl:,:1•i'~ .:,,~ h~:c~_: 

bet•.v.:t.:n !he da:.tic-L1:r . .;p,!Lt.: ¡J¡_;;¡;·) and ~!J.: m:.b:.-sp~n:; --...!.: -:~ fJC: '> :· ·.--: 

and provtJmg valuc~ :'or th~ d:1:np1n::; ,¡,¡J ~prtng con~!J.n:, >·e\·'- tl:.:: ~ .. 
results for thc vcrti..:a!ly lvaJ..:J ng1u fLhJL:1g c:1n be c.\pr.:s,~J b; i:q. \ 7-:.c;; 
WC can CVUIU::ltC tbc fCSpOi!'>C of thl'i :-.y\tl.!lll tO C!thcr p~r,,;.2;.,: ,)~ l!' J.r< . ..;;: 

_--excuatwn. Further di:-.cu:-.sions oC thc dc\'do~rnenr ot th1s :-.tl!dy .!r.d t:<c us 
of Eq. (7-28) for conJÍi1ons of transrcnt lo:.~d;ng wcr<! gt\.:n b; Lj~m~r, l ~(•) 
and by Lysmer and R:chart ( 1966). Thc r.:~ponsc uf ng1d foot1ng:. tv tr ..:r.~.cn 
y_erJic:ü loadings will be: d1:-.cusscJ m Chap. 10, \\hcrc Eq. (7-28) will b, 
included in thc graphi.;;,l phasc-planc n~.:llhld. 

Example of Footmg Subjcllt'd to St._·w~r-Sratc Vcrtic·af 
Osci/lation 

Thc rcpmt by Fry (iW1:J) cont:Un\ J,!lJ from ficld \'Ibr::t!Oil t_:,:, 0: 
ctrcu!..tr cuncr.:te foo~lltg~ 1\lm:h v,mt.:d fr,)m .1bout 5 tu 16 !'t 111 J:.:" ..:·..:~ 

Foronc >Cíies oftc~b. th.:~c moJ..:! fvt'liil!;' r-:~c.:J cm tr.c ~~¡r,.~c.: ,1: -~, •.:· ,-,; 
b..:;d of loe~.:., cl,t:-.,,!:,·:1 ::,a ~t!t)' cL!y (CL). Fur th:~ s:;:! t~·: e::'.. _ 

wa~ 1!7 ib/ft 3 and thc prvpcn:c~ n..:..:u..:J fvr u: 'l., m . .;.:.,_:;:<·· :·..:.:-- .> 

through ~ct,mi.: and ,¡.;,tJy-~tatc-•, Ibr.ll•t•:J ,.;-,h ,:, ..;.,:-, -.. ~ : 1 '
Thcsc \~ere found tu be 1 • ..; .o. ·i6ú !'t/:..:..:. Ci = = 53..:.) ib. :.1 ; ~- · . 

Thc foo:¡ngs \\C~c C\.CitcJ into \~ru.:"'t • ,,--_,;:J¡• :)~ _ ._. .. -. :, , -

with ecc.:mric \\cigh~ arrangcd a .. :.hu\\ n '" fig. 10-5.: ~- . -
weight wa:. 339 lb, giving a total unb.!Lt·: --..: \\;.:,¡;:-.t o." · . : ~ 
Jcad .•ci~ht of th(; o:-.cLI.üor "-~~ ;:,:~': ~: ¡·h.: tot.:.. 



¡n_litd~d th..: (l.:.td I'.C:t!.!hl of th: Ü" .. :ILilor, ¡[,.; ".'l.i!.:hl of Lhc .:ot1Lrt:l...: roolltlf~, 
~ ~ ~ 

: 1nd ¡i·~ 1'...:·::; 111 u:'¡l¡c_ !:...td lulll'-l 11!::~.!1 11 .. ~ ng•dly :~.t.u .. li..:d lo ti\(; fooltng 
To t!lu:,t~.c[\' tll..: rr...:tlwJ f'or calcul.lt!Ol1 or thc .::--!p~iLUd..: _, ,,¡ frcquency 

ofre~onant vtbr.iUOn, constd(!r a foottng lltti¡ a G2-:n oi.uncta (r, = 31 lil. = 
1.583 ft) \dlich h8.s J. total 1\Cight W of 30,970 lb. Thcn, th~ mass ratio for 
this te~t conditton 1s 

B = 1 -V~ = 1 -o 355 30,970- = 2.48 
• 4 yr~ 4 117(2 583)3 

Fr_í)ql_ F¡g. ]-l J;¡, Jh~ cj¡m.::nsiOnle~s frcqucncy at ffi:.lXJmum amplitudG aom 

is 0.67. Then t!"!e frcqucncy at ma:-.t:llll'll .unp!ttudc may be obtain..:d from 
Eq. (7-2) after rc:.lnangtng and sub~tltu!tng quant!tles: 

f = .!!.!.... = ao,..'-'s = 0·67 
>: 

460 
= 19.0 cyclesjsec 

mr , , , ("> -s3 _-;r _1Tro _-rr __ ) ) 

The approx:mJtc: v:1!u.: o~- rc:,o:1am r't-..:éj•J..:'lcy obtatncd from Eq. (7-32) IS 

r_, : O 90 
fmr = -- ¡-----

?.rrr0 \1 B"- O 45 
18.9 cycksfsec 

íhe ampl1tude of vertical o:,ct!l.ltLon J..:p..:ncb on B= and the magn1tude ofthe 
exciung (orce. From_ f1g. 7-ll b th.: :11:1gnlf;c,!tton factor .1\fnr; 1~ f0und to be 
1.86 for s; ~-2.48. Thcn for thc iC~t 1tl \\';11-.:h the radJUS ofeccentricity ofthe 
unbalanced \\cights was 0.105 1n., thc ..!11lplitude of mot10n 1s calculated as 

m,e W.e = l356 x 0.105 1_86 = O.OOS 6 Azm =- _!yfrm = -· ,\;[rm 
m W 30,970 

in. 

The approximate solution obtaincd from Eq. (7-33b) is 

A.,.. = 
111

' ~!'\ - - = O 0088 
- nt(O.SS),; u;-- o 1 ::-> 

m. 

Vcrfll(/1 Oscdla!I0/1 o( RI:;ul aat<II/gular Foonng 

AnJ.lytiC:ll ~ulution~ for v..:rt1c~tl o~ct!'.:tlng lo:1ds on <1 r..:ctangu!.tr LOr!C 

)ft~~:; 'lu,·f.\C~ Jflh~ t.;!._t-.,:Lc h .. df-~p.u.:""' h.J\~ .. d~o :; ..... n .J~\'1 .. .'lL•0 .... L! by tnrc:; .. ~~::Tl~ 

o o 

- -----~---------,-------
----------

'>1 ( 7 J 

Lamh"-. -,olulJlJíl. Sung ( 1()5 l.t) dcv..:lo['ul !he llt.Lii.L'" < , •i e '-i'"c ,-,J.'I , :.-: .1 
un1formly J¡··''IULdcd oo,~..dl.tiJIIS ln.1d ,lcllll::; <,n :1 r~.-ci ¡,·~ : · ·'"'l , ::é, ,,: 

not obtatn nurn..:nc·al V«i:...~.:, Koi><ltl ( l 11G2) and T hur>·'·'i1 ," ,_ L.:_,,~,_,,, 

(1963) fol!O\\cd the ',;JlllC prmulurc .111d oht:uncd thc J¡~p!.¡..;..:;11-.:ill t",.:k.'•' ·S 

/ 1 andf~ for thc ca•,¡; of a un¡formly lli•,tJibutcd loau O\c:f thc rc<..t,:r:;·:l,¡r 
surfac~.: ::trca. Thcy cv:lluatcú thc'>~.: !'t:tl<..II•>t1., only ¡n tcrrr,~ ,,fth.; Óhp·:,lcc'r,·.: 
at the cel/[er o[ th.; loadcJ znnc, 11ht<..lt ,'rc><lu..:cJ rcodl:~ :n~:calt·lg n-:~,¡¡,,,; 
damptng al SOOl\!. V::t!LIC'> of thc l'r..:qucm:y f,t(IO. ( :--.:cgati\C d::mp:ng ._;::¡--¡,~0; 

occur for th1~ vibrattng "Y~lcm) ,\ rt:l.cnt p.tpcr by ElorJuy, );teto, ~:1d 

Szckcly (19G7) prco;cnt..:J solut10n~ l'ur tl1c: vc:\"tic,ll o-,cdLllJ'_:n uf J. n ;ul 
_rectangular b.to;e 1.1th ,t kn,;t!1 2c anJ a 11 ¡,\¡h 2d 011 th.; )urLt:·:; o! t!H.: c!.t ,:1c 
ha!f-sp:t..:c. By )up.:rp,J>tn¡; thc cJf,:ch ll!-t:n,:,¡rmloaJ:r.g ,):1 .,,¡cur..: -:1::1.~: ns 
of thc ~url'ac..:, thi.:)' 1C·.::r~ .tbk lC' p~OÚJI..C Utlll-,lr:-,¡ dt,¡JL:::C'11C!'L ·c.lt.tl:;; !o:·d,.:! 

area. They found, as d1d Ly,mcr, that thc rrc.,c,urc ci,·,tr:bulk'll iClJu,rcC.: .n 
mamta111 this un1form Ji~p!accmc,lt \.lricd 111th tll.:: l'r·~.:¡ucn<:;. \)fo)c:l!al'·-'n 
They eva!uated severa! of thco;e di'o!nhuti\Jil~ ;:¡f p:-c.,surc .:nd .1:-;o e,;':> 

puted tht: displac.::mcnt functtom / 1 anJ I t'or a squarc (ci,í --~ l) ,:;¡J r x-. 
tangubr (c/d-= 2) !o..tdtng .trc:t on ..tn ci.:-.,Itc i:.llf-~pacc !'or .,., ht..:h th..: Po¡, .. _·q', 

rat1o \Va~ ~· Th~sc fL:Ih.::_¡on, .trc ~llh>\' n ~t" th..: "ol1d 1:t~·.:: Jil F:~ 7~: 2 -\·--.,J 

shown :n f¡g'7-l2.uc t:lcc:"rrc,pll•llit,\):;<-ll7\~> l·ru.n St •. ::;( lCJ_i~) ,v,•.' ;~)-:,u:·~ 

(1956) ._¡j't:;;: th~ rad1US had hccn aUJL~->tc:u ¡,, ;;11~ .1 l:Lrc ... d.lr .1r.:,t ..:c:~i.d tv tlut 
for the squ:1re or ré:clJt~g!e. Bcctt: ... c ti1-.:·c CJnc-, J.r..: ..!;.pr.•\i :, __ ::':· t!:c 

same-, for-al! pract1c.1l purpost:s 1t ¡;, :,,ttt->f:tctory to use thc solcnLon f.Jr ,t 

circubr ngid base of thc ~am..: Jr..:a tu r..:rr~:,cnt the c::.,c of ~~rttc::l u- :d
latJOn of a rig:d rectangular base (for , /d L•P to 2.0). 

The !im1tmg condnion of a rcttangu!ar four~c::won occurs 11 hcn tht: 

osclllating body is treateu as an 1r.tiniiciy long ngtd stnp. QutnLul (1953) 
has g1ven a solut10n for the rt:sonant fr~qu~ncy of such a stnp fo,)tlng of 
wtdth 2d oscillating vertica!ly 111 rc<;pon~.: to excttation of the rot.ttJng-nu~s
type excitation (Eq. 7-7). For thts two-dimens1onal case thc mass r::.t.o 
is 

b'=~ 
pd~ 

In Wfllch m' b the lll:l>~ p~r Ll11\[ lcngli1 of L:-t<: fJO'.! '3 a:1J d ,, o::,:- ;.:•f 
its totJ.! '.IIUlh. Ft~urc 7-13 l':>h,w .... :i·..: m.:-,-r..t .. u-J:.:',,J>:vn!-~y,,.:~.--.: .,_. 

re(atiOn~hipS for thc [1\U conJttiOI1~ of V=- ~ JnJ V= ~-

for a rectangular footlng of t!n.t~ lcn¡;th-to-width ratJ,o, tn.: r.:<· .· 
frequcncy shou!d Ji~ b~.:tiiCen the llmits gt~'t:n by the thcor; f0r ,.-_ r:; 
ctrcubr lor squ:1r~.:) footing and that for : 11c ng1d stn? ,):· \\·:.::· -. 
111finJtc i..:" gtb. 

o 
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Figure 7-13. Mass rat•o vs d•mcns1onless frcc;ucncy for vert1cal osc:IIJtlon 
of.rig1d strip of infln•te lengch (ofter Qu,nlan, /953). 

7.4 Torsional Oscillation of CJrculor Footings 
on the Efostic Ha!(-S,bace 

Reissncr ( 1937) :1.1d Re1 -,sncr and S:.~goci ( 1944) prc~~nkd an~l!) t.~:ll 

solutions for thc tors¡on::~l osci!lat10n ot' ;.: circul:J.r fo,)tlng rc~ung o;¡ t!1;: 
surf.lce or the ela5tic !l.!!f-space. In thc lir~t papcr RCI>>ih'f con~.lLr-:J J. 

line:1r variati,)n of sh;::mng strcs., \;lf) 1ng Cro::1 zcro :lt thc .:cntci of thc c:;c1;: 
toa max:mum at th.:: r,· .. :1.1~ r, \\ h:ch b,>u.ldcu .~ . .: !oJ.dcd zo:1c. Con:-..:..¡::.:.::i.·. 
thts rcprc,cntcJ a fk"-1b!:.: foot:ng. [n the sccvnd approc.cl1, R<::::~,.~.:r ~~:-:J 

Sagoct con~tl!.:r:.:J a l:r:c:.¡r \J.r.ac:on m JJSjli.:cemcnt from the ..:cPtcr oC,;-.= 
circle to the pen phery. Ti liS r:p~ cs..:~!'~ th.: movemcnt of J. n:;ui ( lfL .... 1 

footing o~cillat¡¡:::; aboLt a vcrt,c.!l ax:s through the c..:n:.:r of the cor.. · _ 

arca. Under ~tauc conditions t!1c ta:1::;;n~:al ~hearing stress '•a' \\h:-::1 .' 
developed by the applied torque T

8
, 1::. gtven by the express:on 

.3 T.,,. 
.,. .a = - --;-:-=. , 

~'::' ,.·, ~- - .. forO< r < 
,¡ • 



-- ----..,------------ ---~ ------------~-- --- --

214 \IIIR\11<1'.\ Ul lll:l'.ll,\1111'.\ <>:"< 11..\\11(' \IIJll\ ('IIAI'. 7 

Equ,ltlllll (7-36) dt:mon-,(r,lk'- tktlli1-: ~ilc:.tring '>11<.:\\ i~ ;.,:¡u at ti:..: e,:¡•nlt.:r uf 
th-: fooung :lteú b;ul·1:~~ lllitl\11-: .lt tll..: p-:riplt-:r¡. ln r·:·.u,\..~1 c.:a:;cs thc 
inlin,re she:mng Slr-:s,-:::. can:~ot be: J-:\d\1p..:Li by \Oib. !ltus. 1t coutu be 
anttctpJt.:!d th.ncalcul:.:n..:d vaiu..:s offrcqu..:ncy wou!d be l!iglli.!r and amplitudes 
ofmot1on \\Ould be IO\\Cr than tho-,.;: occurnng for r..:al footin¿~. Thc rclation 
bct\\ e en apphed torq u e T 

0 
and thc rc~ulltng rotation o. undcr !>tatic con· 

dttions dctermme~. th.:! stattc sprtug_ cú!l.stant 

(7-37) 
.· 

[n the dynum'c soluttons Rctssncr, :.1nd Reissner and Sagoci again 
employed the dirnenstonlcss frcqucncy a0 (Eq. 7-2) anJ the "mass ratio.'' 
For torsional oscillatiun the mas~ ratio 1:. 

in which /
0 

is thc rnass morncnt or in..:nu of th~ footmg about thc axis oC 
rotation. Again. lhc analyt:c:J.l r12sulrs can \:':; pr~s~ntcd in u sirnpliftcd form 
by plottingJhe pe.ak. valucs of thc ampl1tudc-fr~qucncy response curves as 
relations betwe:.:n B~, a0 ,. (thc dimcnsionlcs~ frcqLtency at peak amplitude), 
and the dynamic mngnification factor, which for constant torque excitation 

_ is .. · 

.... ·-- ---- o,~· Anm 
IVlOm = --

8, 
(7-39) 

For the case of excitation by a rotating-mass systcm, the ex:.citing torque i~ 

(7-40) 

in which x b thc horizontal-momcnt arm ot' thc unbalanc~.:d wdghts from the 
center of rotation. With tlus cxcitation lhl.! pl.!ak amplitudc of motion is givcn 
by 

III,.CX 
A o,,. = -- ,\[ urm 

lo 
(7-41) 

Val u es of .\! 0111 , /1{11,., and a0 "' are givcn in Fig. 7-14 as functions of Bo. 
Thc thcorctic:d solution for thc torsion.ll oscilbtion discloscd severa! 

sign:Rca!'t d.tT'::·~r...:c·: Cr<.rn thc case l'vt' ,·..:1'1 i .. '.t! v~jl!~ttiO!': ( 1 l th1~ osci\btion 
1:; :10t ¡¡:;!,,·~¡;~,..:J by i'o:,. nn\ r.ltio, ~2) it" :111 un..:¡_JL:¡··kd motion ·¡nJ m.ty 

o o 

:,¡ (... 7.4 Cllt('(Ji.,\U. 1 (H111".',,:: ''"~ 'lid 1 J ', ' ' ,, ¡j '.,' ',' \ 

.,¡~o - .... <1.. 

11 

"' 1%1 

6 

4-

~ Rorct inq ~~.:;ss 
~ E~cirotion 

:::-.... \ 
Consront Force .- "' ._ .. 

Excr~.'JTIOn· -··· -!l._ 

-·-
o 2.0 

iil Asm"' 3 Mam 
~ 

Grg j 
2 3 4 5 6 7 a 9 10 11 

Mam or Merm 

Figuro 7-14. Tor~ior1~l oscill~tlon of ri¡;id circulnr footing on ol~stic 
ho1lf·sp~c:o. (:~) M.1;s rltio vs. dim~mionl·~~s frcqu(lncy olt N:on.\11~0. 
(b) M.1ss ro1t1o vs. rr.:.gndicltron fJ,:or Jt rc~or.olnco. 

12 

2 i ') 

(o) 

(b) 

be trcatcd itHkpcrHll!rHly of thc po~~iblc v..:ni¡.:al rnotion ol t·h~ Ú.lo1i11~: :1::..! 
(3) encrgy is dis~ip:.ucJ by prop:.1gation of l.!!astic slu.:ar ll':n·•·s. ,,ni;., frc·111 :i..: 
fcotittg: no compr.:ssion or Rayki:;h W..!VCS are Jcv.:lvr.:d. r·.:r::: .. ·¡·::t·•:..:. 
bc(;aliSI.! this i~ a f•J:,dit.lll:11·ty:lc u;.;iiLui:.)ll, thl! gcon:.:::·:.: ,;"::1:.•. >" ·•· ... 
contribut-:J !;1 ')f(li?::::·:t:o:~ or· ·:::L'ti~.: "::·, .s is ~·1::1!: .. · Q 
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\c.:r:ic~l o~cil!.ltion. N·Jtc.: in Fig. 7-1-tb th:lt th.: m.tgndi.cation f.1ctors ir.crl.!.lsc 
r.lpid:;. .lS Bu II!Cr.:a--.:--. 

1.5 Rocking Osclilacion o( Footings Resting on the 
Elastic Half-Space 

Rigid Circular Footi11; 

Analytic:!l solutions fur th1s problcm \\l.!fC prcs.:ntcd by Arnold, Bycroft, 
and \Varbllrton ( 1955) and b} !3)cioft {1956). Ttic--dimibul'ioll of vertical 
prcssurc on thc c:rculu zu:.c o:" cont~ct was assumcd to vary as 

3T,.rcos0 "= = exp (iwr) 
21rr!J r~- r2 

for ,. :::;; ro (7-42) 

for rockrng ,th•1t:t th.: }-axis and wnh O mcasL:r..;l! from the x-axis tn the x-y 
pbrc. Thc or.cnt:ltto:l of rod.tng ts indic.ltcJ in Ftg. 7-16, in which t!~e y-.axts 
is pcrp.:ndicu!ar to the pbnl.! of tl":c.: p.\;c th~ough pomt O. Rocking of the 
foottng o..:curs ;!bO~.;t thc y-aXIS ( pollot 0) \\ tt!l an ansul:lr rotation V· u nder 
st:H:c Jpplic.:won of thc c.\tan.d moml.!nt T . th..; static rotat10n is (from 
Boro\\ icka; 1943)' ---

3(L - v) T~ 
lj), = -

8 Gr~ 
(7-43) 

Under dynamic conditions the amplitudc of rock:ing is a funcrion of the 
mass ratiú, which now takes the form 

3{1 - l') ¡~ 
B = -

"' 8 pr~ 
(7-44) 

and ofthc d:mer>ior.k's fr::qu<.:ncy a" (Eq 7·'2). In Eq. \)-4~) !~. Jenctes thc 
mas, mo:ncnr or ¡¡;.;~t:~ of tk: fúoUng tn ~()t.:lt!•)r1 acout po:nt o (':><.:.: Eq. 
0-~9) :0r 1 or' ~ ctr.::ubr fooun!.!). \Vtth con:.unt .:unpittL!dc of the e'\..;:tmg 
' ' ~ 
mom,;r.t T rl::: rt.:>nor.sc cunes ar..: >hO\\ 11 J., so!id lmes i:1 Ft!:!: 7-15 for "'' ._ ..... 
s.;:vcral \,du.:~ ofB . Th.: ordmacc ofth.: gr..JPÍI lll r,g. 7-:5 IS e:~Dr.:sseJ .,l<; the 
dynamtc ma¿;ntl!c;uon factor m rod.lllg, . ~ ' 

. A~. 
fy["' =

tp, 
(7-45) 

SLC. 7.5 
~ 

- l 1 -

:-:---- .----- -l 
B.¡,= 5 

-- Exoct Soluhon 
- -- Anolog Solullon 

Figure_ 7-IS._~agnlficatiOn facto~ ~s. ~1mcn_s~onless _ frcqucncy rcL1t1ons_ 
for pure rocking of ng1d c1rcular foot1ng on elast.c half-spac~ ífrom 
Hall, /967) 

inyolved. Figure 7-15_ illustratcs thc sharp -p.:aks for thc respon>c.: cunes, 
even for small valucs of B.,. Thc sh.1pc or th~::.c ct:rvco; as \\dl as thc hi.;~ 
values of pc:.1k amplitudes are typic.!l of ..1 '>tmplc vibrating S)St.:m \\hi.:h h.:~s 
!ow dampi!lg. From this wc may mfcr tiJ.¡t rclativcly ltttk cn.:rg) is dts'>,ZJ.tt.:d 
into the c!astic !·¡:tlf-sp:tc.: by clastic wa\cs but th:ll thc cla~t:..: stra1n .::1-::rgy 
in thc :.upporting ha!f-~pacc.: IS tran~fcrrcd b.1ck and forth b~;·;:.ttll thc l\lu 

halvcs of thc rod.ing c:rcuiar fuotrng. 
The peak valt:cs of Jtmcnsioni.Js, frcqucncy and nJJg;-:fic.::t,1n f.¡ctor 

from ftg 7-!5 p;·o\ 1cic: mfornuu0n fo¡ í1g 7-16. In Ftg. 7-16:! t!:c frcq::c'l-..; 
at ma:(l m u m a ntpl •tt:dc i:. '>h'l\\ n a~ a fe. .~..:tton uf B~. Ikc:w~.: 01. t!1e sL.t · 2 

' ~ l F - ¡- . t F 7 '6' p.::1r:S O! t lC fL:>p011~C CUf\CS 111 ·¡;;_ 1- ), lllC \10 Clil\C~ In 1_;. -¡ --

which d.:notc th.: c.t'>c~ ¡'ur con~tant mom<.:nt ;.¡nJ ro:~t1;1g-m.:'s mo:ncnt-.lr.: 
es,;cnttJ.Ily rdc;-o;:¡..:.ll. Tb.;: pe.'.'-: v.!IL . .::, of th..: m..¡gndlc.,::on :.!c:o~ 'r, 
are shown tn Ftg. 7-l6b as a funcuon of n,.; thc same di.!gr:!m :ndt.C:.:_ .. ·
curve of Af..,,, vs. B..,. 

In ordcr to dcv.;lop a momcnt about thl! y-axis pro.:iL:c.:d b; :t ~ - - _ 

mass, it is conveni::nt to express the momcnt as 

T =m r::_: •• ," 
•' e 
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F1;:-rll 7-16. Rodo.1n~ ;;l( r•gid c•rcl.llr fo ... e~ngs en elast'c h~'f-splce. 
(11 :--\."~ r:o.t•o "~ (l,:-r .•. r .. en!...· fr.::'lL•cncy .lt rc>onar.c:c. (bl '~;:.:; ra: J vs. 

o o 

-------- ---- ---

SLC. 7.5 -, 1 ~~ 

iu which 1. rcprc,.:nt~ thc vcrti ... :.tl Úl,tane<.: abo\';; F"''1l O (<. -~ ., ...... ' . 
o~ciiLlllllg force lll, Cf<J~. By U~l ng T, r Jo, t he C\l:ll111!:; 1110111..: !il, ,\..; •• '~ '- ... : -" '~ 

a purc momcnt by a rnomcnt dcvc!opcll by aa cccc!ltnc fot~..c. Ti: .... ~ .. <.•, ... :·
tion requircs tllJ.t thc:rc b1~ a honzontal force ;,¡ppitcd to til..: b:h.: 0,· t:·;; 

foot1ng to n1atntam thc ccntcr of rod.tng .1t pvtnt O. HOIIC\..:r. 1,:1•2:1 

wc start by assumtng th:.tt rocktng O·.:cur' .1bout i'''Jilt O, 1\<.: ::J.UtO·'l.'.:.·~.cl') 

assumc that tho;; requtrcll n:~tra1nts c\t'>l. Scc<ton 7 ~ \'.,;! trc:.tt t!1;; proh:..::n of 
couplcd rockwg and sltd1ng, wh1ch h:!ppcm m real SituJ.tions wlh.:n <.:\-:'t:HIGn 

is provided by a moment d~'>cnb..:d by Cq. (7-46). Wnh thc: 1:\Ctlin::; r::on·..:nt 
as mdicatcd by Eq. (7-46), thc amplltuJI.! of rotation A,, n1.1y b~ :::v:.¡~: ... ct.:d 
from . 

111, Cl 
A.,=-- ,yt~·r 

1 ~· 
(7-·+7) 

Rocking of the rig1d Clrc,IIar foot1ng on an ':Lt~tlc half-~p:J.c..: cl.:lclop~ 

an infinitc v¡,;rt1cal strcs~ undcr thc cJgc: o!' thl.! footlllg (:;c.: [q 7-~2) RcJl 
sotls cannot ~u~ta1n this strc-.~; thcrcforc:. a ~o:l ~urport ~~ notas --~i!i ~' ri:.: 
tdcal clasltc nH.:ÚJum hav1ng thc s.tmc C. T!Ht>, thc ~!Cttt~,l nl:!\l!llll.n :l.l•¡'i:tctdc 
of rotatton wdl be somC\\ h.tt htgha o.~nJ tho;; fr<.:L[L!Cil<.. y at r h ~~ nL, · 11: L • n 
amphtudc wtll be lo\~cr than the valuc~ co.~lcubtcd from F1g. 7-16. 

Hal/'s Analog 

Hsieh (l962) showed that al! moJes of vibration of l rig¡d ctrcul:lr 
footing resting on an da~ttc ho.~lf-'>p.tcc could be rcpri.!~Cntl.!ll 111 thc form of 
Eq. (7-l9), in whtch th..: datnplllg and ,pn.1g t'acturs ::.r..: fut~won~ ut' th\.! 
frequcncy of oscillatHJil. lkcausc Ly~mcr h:.J bccn succc~st'ul 1:1 liclcl,)plng 
a mass-spnng-dashpot analog to th..: >..:rttcal vibrauon ora foo~tng rcsu1:g 
on the half-spacc, Hall ( ,967) followcú tlm approach to ~tuJy t~;.:: rod-111g 
problcm. This rcquircd \.!Valuattons of lh..: damptng and spnng constants for 
use in thl.! equation of motton: 

( 7--IS) 

In Eq. (7-48) thc ma~s momcnt of !!1..:rti:1 of tf:.:: t',)utl~~· .+l)l't e~;: C"''·:r l't 

rotation is d..:~ign.H..:Ú /~,· Fur a C> ~¡¡:Jnc.tl 1,;.)(111::' el.' r. ·.::·.:. ~- .: .·.: ~ '. 
with uniformly distnbut~,;d ma~:.. thc <.:\pl.:,:.~eln iur 1,,. :~ 

~·¡' 

o 
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lt W~h fountl com;;r.;c:-:t to introJt.cc ti!..: ~t.tt:c ~pring con~taat as kljl. m 
Eq. {7-..tS}. \\h<.:r~: !.:\. i~ obtain.:J fr .. lm E4. (7--D) as 

T.., 8Gr~ k.,. = - = __ .::__ 
'lj1, 3(1 - v) 

(7-50) 

- Thj:n jt_ \ya~ iwcc_s~ir-¡: tQ proyipÚ d~n1p; •Íg éonsb:lnC\~h~ch mai be exprcsÚd 
-~S 

4 ,O.SOr.,, Gp 
e = 

.,. (1 - v)(l + B,,.) (7:_51) 

The damping t::r:n c!<::>cribcd by Eq. (7-51) is adcquate for establ.shing 
the m.n.imum amp!itudc of rocklflg motion or the maximum dynam!c 
magnificauon f:.1ctor .:s g1>en in Fig. 7-l6b. This can be checked by inrroduc
ing the exprcssion for critica! damping for the mass-spnng-dashpot system-

e -?fk¡ 
~e - -'\ ""'' r.v (7-52) 

-mto the c.::dcul:won for thc:: damp;ng ratiO 

D = c._.= - 0.15 

'P C.,_c (1 + B'I')JB'P 
(7-51) 

and noting that for srnall damptng thc maximum magnification factor for 
rocking is 

(7-54) 

In the ma'i<i-'>pm:ó-dashpot ,y·,tcm thc amplitud.: of mot!on at reso
ndnc;: is controlkJ by thc (.Í.trnp11::;. \'''h'r<.:,1- th.; fr..:c1ucncy :1t maxJmu;n 
amplJtu~,~-or •·r,:so.1 ,:nt f"r..:q,:.:ncy'"-- 1. ·2~l.th!:~k:J by thc Incrl:a.rcrm and 
spnr:g \..Omt.l'a. -\ J: ,-:.L· ,,:on uf th·; 'll~tlwcb of v:uymg tn..::~-: two quanut:,·s 
to <:ccount :·;)r tl-:.: fr~':u- -.__.-JLp-.:nJuH..::l"..:ct I!> g1\<.:n !.-: Cl~:rp 10. Hov,..::\..::r, 
ior tt1·, p :r¡:.;u!.:r e,:,_ ! ¡_;¡ fc,und Jt -.JI11¡1l<.:~t to ..::o:lSicLr tl:J.: ..111 :tdJ,uu;,:;.l 
m...r.:>~ mcm..:nt o!' :::~..·.·.t -:;·_ .:JL..J ttJ til..: r,:d \..,.lii<.: for th.: ro::l-.1n!! footin:2: m 
ord..:r to fon.c th..: r..:_,,J::.,:.c fr..:L¡u..::ncy to .t~r..:..: \\ 1th thc val u.: obLlincd f;om 
the half-spacc th..:or;·. Th,·, m:1y be c\.pr..:~~cd by a magn:ficJ.tion factor by 
~hich n .. (or /\) ll1U>t bc mulupllcd to !;;!VC n,.ctr (or I.,.e:r), or 

(7-55) 

o 
~·c. 7.ú (JI~fCLAR IJI'-.~ HI\¡J'~(, ·~ •• , .. 1! \',, r ¡; ,-

Valucs of n., are •nd;catcd in thc tahk bclow: 

~~,_s __ ~ ___ 2 ___ j_~ __ , __ o_.s_ os 1 o.: : 
n~¡~ 1.079 1.110 I.I·H 11.219 1.251 '-1-.3-7-8-¡ 16GO -¡ 

. _ .. Y'{itfl this. modi[¡ed'>'~~l!c ~f l!.,,__,r (or l.,.,rr) and thc damrir.g tcrm_ !<un 
-Eq: (7-51),- Hall found good agreem.;ntbct\\ccn thc ana!og .>OiutiOil anl! th• 
elastic-half-spacc solution, as tnd:cat.;d by the dashed curves in Fig. 7-15. 

7.6 Sliding Oscillation of a Circular Disk Res•ing 
on the Elastic Hclf-Space 

Rigid Circular Disk 

Thls problem can C'{I.>l o11l) :n J. t:~ .. :t!:cm.ltlc.d s..::l,..:. f,Jí n r..:c¡<ll<<:~ liJ:l 

translatÍOn Of thc J¡~k 1.KCUf 111 th~ i;,,~,?Gllta( L!:r.::ct:O!\ .. :tÍWll r~1·_t,¡,;d 

Physic:1l!y this r..:qu1rc~ th.lt t:lc nl.h o: thc Jis!-.. be c0 .. :· :~J -. .• ~ -,¡,¡ .li 

mfiniteh thm bycr rc:.tm3 on tc;1 ,¡¡" :: . .; c!.tst1c h.l!f-,.,:~.:..:. O-.[, :-- .. ..:;,,~::~·:1 

tratino thc ma:.s of th;: d1:o.k 111 t:;:~ ¡;¡;·1 !:l'.cr can th..: ~-:.~ter o~· ;ra\.iiV o.';;: o • - • 
disk be on the llnc of .tct1on of the rcs:rJintng forc;: P ll.:\c!,)?~u h:. ¡:¡e ::.:ii 
spacc on thc bottom facc oft!1c d1,k. Thccv.cittn.; force Q, th.:: tl1i•1 <,l.,:.: . . \n1 

the rt:straining force Pare ~h0\\11 in thc ..,kctch in F1¿. 7-17. 
In the mathcm::ltic::il trcatm~ílt It ~~ r..:l2.t;vcly e::.sy to 5;JCc:f~ b,n:nJ:tr 

condition~ for osol!~:1on of tht.: di,k. v.ll:ch d::m:1n¿s only !~or1Lür1t.il tr .. u:sb 
t10n without rvtation. The ar:alyuc.t! solution for ti.ln~l::tiOil of ih·~ r::o•• 
circular disk was prc>..::nt~d by Arnold, Gycroft, and W:.1rbuiton tl955l. au· 
by Bycroft (1956). with rc:.u!ts expn.:,scd in terms of thc dirr-.:ns•or.l..:s 
frequency a0 (Eq. 7-2) and the m,tss rallo b (Eq. 7-3). Hall (1967) founJ th:J 
the modified mass rat•o 

7-i'l¡• lll 
B.r= -

32(1 - v) pr~ 
(7-56 

e!imtnat:.:d thc dJ'.·c; uf Po;>'>0•1';; ratio .b a Similar n;oJ.'i.::j m::os r.:: l) ;:.1 

for the C:1>C of \'CflÍc::ll OSC:ll.lt/00' Ct)rh..:ql.!<.:ntl;. Ü:..: r.;:,?,ns.:: ¡>..,.;,¡ :~.::.:r 

wdl b~: cxprc:,s.::J hcrc In tcrm:, o:"~~- f.gur.; 7-17 ¡;'u<r.t:~~ t:··.: .> 
curves for thc horizom~l tran:,IJ.tion •f !he disk whcn c;.,.c¡~.;c b) ..:. :-,.-· , 
for-:e 

Q = Qo exp (icut) 

for wh · ¡.;h Q0 is a constan:. Thl! J.b~ .... , .1 of Fig. 7-
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Figure 7-17. Magn.ficatron factor vs. drmcnsronlcss frcquency relations 
for pure s!Jdrng of ngrd crrcular footing on clastir: hali-spar:e (from Hall, 
1967). 
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frequency au, and the ordinat~ is thc dynamic amplítudc magnification factor 

M -A, ,-
x. 

_ in which thc~static defkction (from Bycroft, 1956) is determíncd from 

(7- 8v)Q0 
X= -

o ' 32(1 - v)Gr0 

(7-SS) 

(7-59) o 
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Figure 7-18. Slidrng osr:rllatron of rrgrd c:rcular drsk on c!Jsrrc half-soJce. 
(a) Mass raer o vs. drmensron:css frcc;ucncy .u rcsonJnr:c. (b) .~• ;s:oo v~ 
magnrficatron faccor at rcson:~nce. 
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Note in Fig. 7-17 that !h.: nug•utud~~ of ·~! ... m: rcbtl\cly sm..11l and that the 
p~·aks of r:1c r.:~p.:;ns.: c:.Jnc5 .:r.! r.:!.ttl\..:lj tlut. p:.Hticui.Hiy for thc smaller 
valucs oi B.r. Tlm indi.:atc, that th:: mo:l:: of Vlbration 111 horizontal trans· 
lat1on JS assOCl:ltcd '' ith ~~!Jtivdy high Ú:!mping, as was the case for vibra
tion by tr:1nsbtion in thc '~rtic:!l dircctJOn. 

Figun: 7-1 S a ag::.¡n shO\\ s thc rcbtions. betwcen thc mass ratio and thc 
valuc of a,, at tPc m:!\imum amplitud·~ of osc:dl::ltion for both thc con~tant-

;:;- ... /9rc.~ :.g.n,~.~~~;a¡¡ 1u;:;fn~~~ ~m~~ .P~-~x~' ~a t) oJt.,_g~8!:!!'-G.;G:~&!>- sJ.\~' ~ d~ . .m<1g!!i-:·, 
tudes of thc dyn:.1mic magntilcat1on factors as functions of B.,. Thc fact that 
the frequency at peak :1:nplitudc (f1g. 7-18a) develops t\\-o distinct curves 

J!lnlf_c.r:!Q.$_G:~.1!~.l~#tr:; ,tilaJ. ~¿¡gnif¡cant damp,¡;¡.g,_~IW,ct js_ a&soc;.iAted- 'l.vith .this 
mode of v1br:uion. 

Hall's Ana/o:; 

For the sl[dmg oscilbllon of a fi'E'd C1rcu\:1r disk it was again found 
possibie (f!Jil. 19ó7) to dc:scr:hc th:s mo;,on 111 terms of thc mass-spnng
dashpot ;.tl1,i1Ll:;. The r.1ass for thc anJ.!og \'. <~> <.J;ain takcn ~qua! to the mass 
restln3 .on the h::llf-spJ.ce, :1nd the spnng con~tant was establishcd as equal to 
the static response of the rigiJ disk to a honLOntalload (see Eq. 7-59), 

k ·= 31(1- ·v) Gr 
'u 7- Sv 0 

-Then the · dimping·· ~onst:uiT requi-réd to· provide satisfactory dynam1c re
sponse for the modcl was found to be 

18.4(1 - v) 2J-G 
c.,= - 7 - Sv ro p (7-61) 

The dashccl curves 1n Fig. 7-17 illustratc how wcll the response curves 
for the analog agrc~ wnh thc r..:spon:.c ~.:un..::, for thc lJ;:¡lf-space mode!. 

7.7 Geometrical Damp1ng Assoc10tcd ·.vich V1brations of 
Rigid Circular fooungs on the Elasttc Hclf-Space 

lt.is_instructivc to <¡top at this point J.nd rcvicw thc rc~ults so far dc
scribcd for thc ::.ingh:-J~:gr~cs-of-frc..:d,¡¡n vJOrat&un of thc rigid circular 
footi'lg suppurh:d by thc c!:.l,¡il; h.ilf-~pac~:. \Ve ha•.c considcrcd transl.ttiun 
along :n.: v.:nt.; ¡f anJ hurilollt.tl ax~-.. rot._;t,,.¡¡ .1bout thc vcrti.::.tl ,¡·_¡s through 

o (] 

SIC. 7.7 

the ccntcr, and rotation about a diamd~r through thc b::~.:: c•fth.: foG<~n:; .. \!i 
six dcgrccs offr~.::dom are r~pr..:">~ntcd h¡ thc'c: four sulutli:'ih bc:.:.n:-. .; tr.lr:s~:t
tions and rotatrons with r.:sp.::ct to thc x-.1.xis are idcntical to simi!Jr mvtwns 
with respect to thc y-axis. 

From the magnification-factor-fr~:t¡u~ncy (M vs. a) response e un e:. 
(Figs. 7-9, 7-15, 7-17), it has bccn d.:nHllhtratcJ that thc "resonam:-:" con
dition is associated witha finit<; a1npltLud:.: o( mo_tion, \\ h1ch inJic..lt•;'i t!J;:¡t' 

,~..darn~ng" is:--pt-e!iellt i.fFt1lc -.::;':> stcrt1.;' 1-fiP.vcvc.:r .--u:·e- asslihiption' bf 'añ 1acal 
c!astic lwlf-spacc prcc[ud~~ los<; of encr¿;_\ bccausc of inda~t1c bchav,or of t!1c 
material which con~titutcs thc h.df--.p.~,·.::. Th~ indi.:.1t10n of dampn-:g JS 

I)VFckncc -t!u;~ cncr-gy ·ís ·Jost' in·-tlk · .,., hf.1 t1:1g s;·~t.:ni, ':iñd 1ri the: ca'Sc-óf'.thc 
footing o~cdbt1:1g on th:.: :>urf.1cc of th.: ~cmi-infinitc d.1-.tic bvdy, or h.:~f
space, the lo~s of cncrgy occur,; throL1;;ll tr.:n~nli~~Ion of :.:b~t;c-wavc c1~:.:~::;y 
from thc footing to infinity. This gcolllctllcal distnbution of '"ia~l!C-\\ :J.\ e 
energy has bcen d~~1gnat~d as gcuntclllc.ll d,mtping. 

From cdch solutwn for vtbrauon ~.>f tn.: fooring on rh.: iJ:J.lf-~p.\1:~ :; IS 

possibh.: to c:,tabli~h a \ .. du.: of th.: cc¡ull.tknt dampin:; r::.t:o D. \', 1,.;!1 c.:n 
thcn he mctl in thc IumpcJ-par.tm~t<:r .L.L'l:~·~- .\ C0'1\.::~·..:nt r.L~;;v.:.: ,·,Jr 
ev:dualln¡; Disto ClJll:.lt~· Lh~o: pt.:.l:.: :nnpl:tuJe of 1:10t10n ¡·~om the h.\li·~p .. c.:.! 
solutivn to lhc :!mpiitudc ol1t~:11.:U frum thc m.ls~-spnng-J.:~!1pot ;;;,;2:n 
and thcn to salve for D. Tnís proccdun.: ll.1s bccn folJO\\..:d 11~ pr::p.m:1~ tllc 

. _<;:Jl~Y~~.$hQ!~D_i.l1.EJg. 7:-Jg·-A.:l'..P.J~~i_!l~~\ldy thc s~r~l~ rcs:.J_~s c;¡n..be ob~n~~· 
by calcl.l.lating D from thc d:1mpmg constants obtainc:d in thc a::a!og solutiuns 
and the expression for critica[ damping, 

(2-3 i) 

With this approach the dampmg ratw i~ 

(2-32) 

Exprcssions for thc da:npmg rat1o ..1rc 

For vertical oscilbtion-

( 7-62) 

For horilout,tl o:>:::ill.tl~<•n-· 

for rocking oscillations-

D = 0.2X8 
., JH.z 

(7 -63) 

D~. = 
(l 

. ·~------~~--



For tor~ional o~u!l.ttiOih·-

D -~-
0- 1 + 2.30 

( IIAI'. 7 

(7-65) 

., , -., T~c nriattons of the cfTcctivc-damp111" ratio D with B for thc various 
''"'' ·m~é!tf of \~loriti6í<·arl!''~l1o\vn·1n·-rú.!:?7..:-!9( Th~Yel1m1:1"1:-;~~fo.r~ n. 1° Bo ...... • .... ["' .. _ .A,t$'1. 9J1'fl! .. !_1 

- and B.., are gi\1!11 by Eqs. 7-23, 7-56, 7-38, and 7-44, rcsrcct¡\ely; and it 

,?~~.uJ..c! ~<;-~.~~~~~.7a?,~,'-~.,t;~a;,}~ ~~~~t ~~ :~~~son's ratio ts incorporatcd into 
the compL1latton for 13. · · ""' "''"-n,..,..,..._.,n '"~" '""'•r•nJ'·" 

From Fig. 7-19 tt is evident that apprcciablc damping 1s as~octatcd wtth 
a wide rangc of B for the tr:.tnslat10nal moc!t.:~ of V1brat10n. On the othcr 
hand. d:J.mpmg is qu;te low for the rotat1onalrnodcs ofvibratiOn, p:1rticu!::trly 
for values of Bu > 2 in torsional oscilbt1on and for B > 1 in rockincr ~ :;>• 

Because m::my machine foundations are subjcctcd to sorne overturning 
forces, tt is probable that sorne osctll:.!uon tn thc rocking mode will occur. 
Consequcntly, the results shown on Fig. 7-19 should mdtcate to the designer 
that he should providc thc lowc~r poss1blc valuc ofll for h1s machme founda-

"' tion in arder to min1mize the rocking mot10n. 

o 0.1 

o 04 

0.02 

B,, B., B0 , or B.¡, 

f,g:rc 7-19 Q,valcnc damp1ng r~t•o far o~cdl:ltlon of nc;1d c•rc~:Jr foo~mg 
nn rt--.• ,.f,r.t.r h,/Lc-..,...,,...~ 

o 
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T.'8·\ff:io1'1pléd ·Rocking and SIJd1ng o( tl1c R1g1d (¡rculor 

Footing on the Elast1c Ha/f-Spacc 

As notcd in the prcccding .Hlli...k, thcrc are :,ix uc~rcc~ of frccJum po~
siblc for thc motton of a rig1d body: translat10n tn thc tlm:c t:uord1na.~c 
directions-. .:, y, :llld .:-and rotat1on ahout cach of tiH.:,c ,l\c·,. \V:tll ¡;;~ 

inforfiia:tl6'h~¡:ire~.:nted>-l+l thi~:cluptt:r,.Jt t~_,po:,sil1lc to W!:.!_l.::~ tll~ CCJLLIUO:l'> of 
motion for each dcgrcc of frccdom. thcrcby c>tablJShl;1t: ~~-.; cr:u"''Oih uf 
motion. Although th1s proccdurc i~ po\'iihlc, \h: u5ually do nut h,!\c cn<.'l');ll 

-¡i'iJorma~icm· 'Orr~<~:U:IIt~;>foocea:. ru. sod p.lr..tnldcrs to JUStd~) thc c;:·~)rr 

invo!vcd. Furthcrmorc. lt-is"oftc'n toúr:J th,tt thc vcn,c.tl mod..: uf \):.-.:d!J
tion, the tor~tonal modc, N ~oth, occur as uncouplcd m•1liOih C>·i?k:l 
ffiOlÍ0!1 ÍS most frcquently eUCGUnlen.:d In tiJc dt:SI~Il of ma..:htnc fuu:HJ.!t:or:; 
as rockmg and slidtn¡;. Therefore, thc followmg d~scu~51on of coupbl \1 hra
tions wtth dampmg will be restrictcd to thc ca~c of combin..:d rod,ml! anJ 
sliding. ~ 

Figure 7-20a shows a ngid c.rcular fooung which rcsts on th..: surf.tc..: ,-,; 
the elastic half-spac.::. lts ccnt..:r of grav1L~ ¡:; as-,umcd to l1c o:1 th..: '.c.:r:•..::.:I 
axis through the ccntcr of thc Clrcul.tr h.t:.Q ::J.·nd is a J¡st..ln<.:·! /¡ abo•.:; t~1c 
surface of the halr-spacc. We (.an cxpr..:-.s thc mot1on of tb1~ n~td bod\ 1 1 

. -·-!~f.W{/~~ 1~~~ h?ri~_ontal translat1on x,, of 1ts ccntcr of gr:mt:_v (cC:J), and. the 
rotatiOn lp. of the. ootly' ab'oü1 thc- CG .: ·'flrc-.srs'lrcn:n:l.tc.n tion cho,;cn 1~ dl U$· : 

trated in Ftg. 7-20b, wh1ch rndicatc;; that .:..x and +P act to thc rt~hr ar.d 
-~~M. +.lf' and -t-R.., .uc clockwise. Thc forct.: P• and the momt.:nt R -art.: d.:
velopcd by '¡'he 'ioil ré':.J'Cfi'o'rt on the ~aS l.! o f. thc footine-f'-rotn·-fig.· 7~20..:: 1 t !S 

see~ that the result111g mot10n of the foot111g can b~ estahltshcd by super
postng the translatiOn xa {)f the CG and thc rotat1on 1tJ about thc CG. In 
this diagrb.m both motton;> are + (mpha~c), which forccs thc cenlt.:r of rota
tion to líe belon· the CG; tht~ ts dcsignatcu as thc first moc:e uf dmuion. lf 
the translation is + whilc the rotation rs - (motions out of phasc), th:.:n the 
centcr of rotatiOn líe:. abol'e thc CG and the motion is dcsi!!11:.lteJ as thc s;:cond 
mode ofuibration. Thcsc dcsignattons of first and second -moJes follow frorn 
the fact that rcsonance in thc first modc of vtbratiOn occurs at a lO\\Cr 
frequency than docs rc~onance m thc s~..:cond modc. 

In ordcr to e-st..tblish thc cquations of mot10n from wh1ch thc ampl1tuJcs 
oC motion and the frcqucn;;tCs at m.L\IOHJm amp!ttudc (reson,tfH frt.:guciKI..:-,) 
can be calculatcd, it is useful to Jcsignatc thc transbtton of thc b:.be o( rhe 
footing as 

. Xb = XQ - h0 lp (7-66) 

as noted i~ Fig. 7-20d. ~hen the_horizontal force on th~ base (8e footing 1> 

expressed m terms of thts base otsplaccmcnt and velocny :l'> 
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Frgure 7-20 Nota~rc:J for rock.n¡: and sl1drng modc of vrbratlon. 

Thc force d-:scnbcd by Eq. (7-67) has t:.r: >ám..:: formas th:lt gn-en 10 Eq. (7~15) 
for verucai \'Ibrauor. beco.use tk:_;: :,c:'1 ~nvolve transbtory mot10ns. The 
quantity e, rcp~cscnrs a d.1mpin~ coc::':c:c·nt ::tnd k" n:prc~cnts a spnng
re:lct!on cocfTI~·c·Jt \'é!k~.) of ce .1r.d 1:, \Jbta;ncd Crom thc half-space th~~ory 
by 1-l:;Ich (l%2) ..!.!"C frl.q-l:::ncy-Jr:¡-::.::-:·-.:.:H. We h.1"C .1lso :;een prcviOus\y 
that thesc qu.HJli~•·.:~ C..!.:l. bt: rcpr-2"":-::.;r_ c:t.:<tc '\,ü:sf.tc~tonly by thc d.1rr:p1ns 
(Eq. 7-61) ~wd spr1ng c.m.:;!.:n!s (Ec;. 7J,O) for thc: analog The e\prcssio:J 
for thc r..:SISlaílC<: of th,:. r.'-"lf.'>?·!CC tu :vd.Ing of th<: footln:;-

R., =--= -·C._'¡I- k.,lp (7~68) 

-also indudes the dar.1p:n,; (e,) and >pnng- (k"') terms whieh may be frc
quency-dc.:pcndcnt or n.:?re~cntcd t:, th~ •. mo.log v.tiuc::; (Eqs. 7-S 1 .wd 
7-.50) 

o 
S[C. 7.8 COl,rLFU llOCK!'-G 2'2.9. 

The cquation o) r,,otion for horl/.ont.JI tr . .Hislation of t!tc..: ccn(er vf 
gravity <;>f thc footing i~ 

(7-69) 

After substitut1ng Eq. (7-66) ..:.nd rc:urangmg tcrms, Eq. (7-69) b..:comcs 

(7-70) 

Tl_1c cquat19n ,of motlon for rotation .tbour thc CG is 

(7-71) 

in which /~ is the momcnt of mertia of thc footing about thc CG. Sui:lstitu
tions for R"', P~, and '" change Eq. (7-71) to Lhe form 

Wtth the substitution of 

(7-73) 

1p = A~¡·t sin r11t -:-- A~·z cos wt (7-74) 

(7-75) 

into Eqs. (7-70) anci (7-72), four cquation~ In four unknO\\llS ..:re c)t..lbit~heJ. 
\Vhcn thc vlbr.lttr.g sy~lcm ¡~ n.:prc~cntcd Dy tl:c lump..:d-p.l:-..ltllck:- J.:'.:>.lo:_>:. 
the spríng :wd damp.n~: coc.:Jf:c;eras are co!bt.lnts ;:¡nJ t:H! solut1on of ~11c 
fonr siml!il~~neou~; '~qu..Jt!OI\S :Jl cach \aiu~, of thc fr..:c¡u~ncy prv\JJ~ t',1r 
c<,;alu:ltion of tliC r<.:~pO!bC. \Vhc:J tiic ;0l1llil:;--soil S)SL..:;n IS rcrrc~..:n~-:8 O) 
thc footing on thc da~llc h:df-~.p:tc..::, th·c J:un:)!ri:; a'1d spr11~~ co..:!L;¡.~¡;h .lr.: 
frcqu~ncy-d:::p·:ndcnt .tnd th<.: v •. duc~ uf tli.: c.:>d~icJcnb n:c;st b.: c.:k~:.::..:.i 

at any :;1v.:n frcqL:cncy bc:for..: tf-tc four -,¡mul:"'-n..:ous cqt:JllG:-:~ .1r.: su!1<..--: :·,,r 
that vJiu·.:: offrcqucncy. !n Cithc.:r c.t~c thc.: c.:ku!.Hwns ::trc me.,~ ..:o:nc•t:..:!Hly 
p•~rform<::d \\lth thc hl' 1 p of a hJ ¡;h-spc..:d d ,::_;¡ t:~l computa. E..!.:~ ( l 067) :us 
est:.-,biJ-;hcd that for .1 ng1J circubr footwg thc calcul..ltt:li r.:spv:1sc b .• ;;cJ on 
the lump.:ú-paramctcr 3!1.dog agrc.:s vcry wcll \\tth thc '"c\J.ct"' soluuo:1. 

Equ.:t:.~.l (7-7:)) aPJ ( 7-72) dc:::o:-:~t:-J:c t~:.:: cou.;!· '~ ._·,,:.~' · 

P ....... ~ ' ,~,., 
., •V''•'- ' 
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l1r.e of .:cuon of t 1 l~ hunL,)nul for..:~ P"' of the hellf-spelcc on th~ boLlo m of the 
füoung ff /·L, !..., L~ ... r.J. no cu~~~?ll:~:; ~~ pn,;~Lnt, ... 1s dcril0!1J~rJ.r·_::d 't··v thc con
d,uon tlut 111 t!m Ce!\~ [q (7--;-0) mcluucs only mol!oa rd:1tcu -tu thc cu
ordJr.ate x, a~1d Eq. (7-72) mcluJcs only mot1on rcL.1ted to thc coordwate ~J. 

7.9 Qsc¡Jiattan of thc R1g1d (¡rcu!or Foot1ng 

Su~po!_ted by e~ Elost1c Láyer ' 

. _ 

1 

F~r, th~s prohl,ci~l- th,c ~C2-ül1ng fC!>ts on the surface pf :J byer of th1cknes:> , -
H of J~otrop1c, hnrno;;cncous. cla~tic nntcnal \~h1ch cx.tend:. to infin:Ly In thc 
honzu"~:d d;<-::d·un.> only. Th:s bycr JS supponcJ by a scnl!-mfinlle body 
wh1ch 1s ¡nfmltc!y r:g,J 

Re1~,sner (! 937) outÍn1cd the mcthod of ~o! utton for the case of torstOn.ll 
oscd!J.:ion of <1 ctrcubr foot1ng on laycred mcJ1um ..tnd Arnoid, Bycroft. 
and \Varburton (1955). am.! Bycroft (llJ5G) havc prc,cntcJ !>Omc solutJons for 
th¡s probkm. The problcnl of \:O::rl!C![ osclil:J.tl0!1 of t:lc f'gld CifCulu rootmg 
on the e!J~tl<.. L': cr \\,1> tr;;.;.tc:J 'oy t~rnolJ t:t JI ( !955), Bycroft tl05S), ::md 
W .:rburton ( 195 7). Th..:: fol!owmg J¡~cus~¡o n;, 1 nJ 1cate only the gen·:ral 
trcnds for'tl-¡c dynam1c response of foot1n¡;s on el Singlé: !ayer under restnctcd 
condttJons. Th.: gcner:.1.l problcm of thc Jynam1c behavwr of footmgs on 
layereQ m_cdta oLon elastic bodtes w1 th stdfnc<;s varying with depth- ne:::ds 
further mvestigation, both theoret1c<1l and expcnmcntal. 

Torsional Oscd!atwn 

In Re1ssner's (1937) d:scuss1on of the tor!>IOIWI oscilbtwn of the c1rcu!ar 
footmg on cbst1c b.ycrs, h·,; cst:tbl1shcJ thc ba~1c equat1on~ for the solut!On 
and nokd that thc <1p?ltc:.ttlon of tors1vnJ! v',:lll..ttJon at thc :,urface provtdcd 
one method of csttmatin::; t:1•:: Ltycr lh1cknc~s. 1-lc Jtd not cstab!Jsh thc dls
pbccment functJonsf1 Jnd.f nceJed for cvaltutJon oftllc dynam1c response 
of the fooling Tht:~c funcclvns '.\t:rC prc-,cntcd by ArnoiJ ct al (1955) and 
Dycroft (105ú) for :l fe\\ \,duc:, of lh..: la_1a tludncss wtw lf¡r,, m wh1ch H 
IS thc li-:I.:knc~:, of the ~!..::>tiC Llycr whJch ¡:, ¡j,cJ tu thc flcld :,upport ellld ro !S 

thc fool!ng r..¡J¡u~ (»~oc Ftg 7-21). TII..:y computc,d \aluc-; of/1 ard J" for 
Hfro C'1dal to 10. 1.0, and 0.5, anJ .1!so lllUic..llcd lllC ct~rc;:mcnt bct\\ccn the 
theorcl!cal preJiCliOn3 :~nd lc:,t rc~ult~ uSill" a moJel~ footin" rcsl!n" on a o o o 
!ayer of foam rub_ba. f¡::;ur\! 7-21 was pn:p.1rcd from informat:on g¡vcn m 
thcs\! two petpcr~. 

Frv:i1 ::lüth thc,}[y and t~s:~ thcy foc~nJ r::.lt J. rcson:1nt c.:.JrL.: t.Jn _x=~~~ 
•!ven ·;.hu: r:;·~ ;;-:.t.> 0f ti~,; CJOli1·:;; .:. .-:~-ro lBu ~-O; Thc (~cc.¡u..:r.c.:;. Cor ''"" 

o o 
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F1gure 74 '21 Mass rat10 vs d1n1c;¡s,onlcss fr-L.quency ac rcson;1ncil for 
tors1onJ.I oscdlat.1un of r1g1d c,r;:uiJ.r foc..t.ng on an c!J.sc.¡c /ayer (c.(~er 

Bycroft, 1956) 

cond1t!on 1s shown in Ftg. 7-2! as thc a,,\ ,tluc for B0 =O. :\!so note ll1 F1g. 
7-21 that for fin1te >alucs of Bu the frcquency at ma\rmum ar1piituJc !S 

higher than for thc c::;,c of thc sem~cmlin¡t.:: c!.:bllc mclliLlm (lf¡r" = :x:). 
Th1s mdrcatcs that thc pr.:scncc of thc n.:;1J !O\\er bound.try ¡,¡¡;,)Jucc-; a 
stdf.::mngciTect, therchy mcrea'.III~ rlusfrcc.¡ucncy. F!llJily, thc prt.::scnc<.:: -.1r'rhe 
lower rig1d bounuary acts to reduc.:: th<.. gcumt:trical Jan<r111g lll tbc S)-il~m. 
Th1s is IllustratcJ by an tncrc:J<;c 1n lll.l\lrnum .:mpiJ~u..!c of mot1vll d .. nng 
vibration. For tllc foounc: ''n the scm!-111finac mcdt~lnl thc d\ n,t,r.·c rnJ.c:n:~!-

~ ' -
cat10n f.tctor M 0 !!> 1.0 for l3,J =O. Thc dyn.tmic m:tgnlli.:.l!Jon !.tctor \'.JS 

compute<.! to be 1.6 for l!fro = !.0 etnJ 2.6 for 11/ru =O 5. Thus. :.1> tl't: Lt:.t:r 
becomcs tl11nncr \\Jth rc-,pcct to thc raJ!LI~ of tltc footing. thc.: dTcUI\c Jamp
ing JS decrcascJ 

Bycroft (1956) nudc spccl:li note of th.: lir.~1tin_:: conJ:uon for thc 
frcquency of tors1on.il o~<..IlL.Jcion of ,, n::;:J c;¡rcLLtr fo,ll,''o; Jn ..111 c[,¡,t·c 
!ayer. He dcmon~tratcd th.!t JS 1-flr, bcc.tn~~ \~-.:!!·~r ¡\•:-; r-~-1' ~ -.:~ \'. ,-,·'d 
appro.lch thc natural frcc¡uc!H.y (ur a roJ of rJ.J:us r

0
, of icn~ch JI. '.\ h·.::; 

oscJI!.:ltcd a~ a tor~¡on.d column th.::d at thc base and free . .lt th.: top The 
natural frequcncy of the resonant torstOnetl column 1s -

. ~ _') 
J = ---,, .¡¡.¡ o 
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anJ th-: dimcnsioe1'c~~ fr·-:lJ~:cr.cics (a,) C•lmputcd frum th:s cxprcs~10n :!re 
a,== 1.57 for lf.r" = 1, ::.'J a,.~- 3.14 for llfr" ~= 0.5. Th:~c va!ucs may be 
comr.t~~·d lo ao = I.S7 for l(ro ~-= 1, and av = 3.55 for llfr

0 
= 0.5 as com

putcd from thc di::-placcmcnt funrtiOn~J¡ andf!· 

V efll.-al O scillurion 

In tht: thcor-:tic.ll ~tuJrc'i of vcrtic,ll mo-tiOn of a ::irct.!Jr footing rcoling 
on thc surfacc of th-! ci:J.~tJC la)t:r. thc prc~~urc distnburion corre~ponding to 
thc ri~i~-q:lsc condJttor. for thc ldf-~¡xtcc (Ec¡. 7-8) \\as a~-,umcd. lt wa:> 
rcco_:;;lJ!-:d tlut this Jocs not corr..:,ponJ to th-: corrcct prc,surc UL-tributio•1 
for a ngtd foot:ng on ::n c!:;:;uc l.ty..:r :ttlu B;croft (1950) llrclud.:J a J¡scusst<.:>n 
of th1~ puint. In his study c;f thc dí~?l.tccmcnt of thc foot11Jg, rcprcscntcd by 
the rig1d-b·1sc prcsst.:rc distnbution, nycroft computcd thc average static 
disp!accmcnt for s~va..1! v,tlucs of Lhc laycr-lh¡d,ness rat:o H/r0 • Figure 7-22 
'ihows thc a\'cra;;c J¡~pl~ccmcnt C\ prc~scd in terms of t:1c ~tati·~ displ:lceme:1t 
of thc footm~ on ,,n ci::F,t.c h~!lf-sp~:cc·. Th1s d!J~r:J.m shows cle:2rly th:lt the 
prcs:::n::e of t!1.: u::J.:rly:n,:; rig1d bounLI,t;y p:-o\ 1d..:s :t s1gntficant s¡¡ffen::lg 
effect to thc footi:-t:; rr.oc:on. Thc d:J.shcu curve 111 th1s S:J.1~1c diagram ¡lfus
trates thc 1ncrc..1se of thc static spring con-,tant as thc iaycr thickiless ratio 
Hjr0 dccre.ts..:~. No~~ th.!t th:s doc-. not rcach a factor of 2 untJl Hir. JS 

"'1 e ..... .. 
"' 

1.0 ,-,-, --:--r---..,---.,-----,--,--..,---~----,--,-..,---,10 
1 
1 
1 
1 
1 
1 
1 
1 

\ /-

021 <~: __ 
r ~~~~~~~~-~, re_. ___ . -~---'- 1 __j___..j _ _.!,__..,L__L-_l o 

o 2 4 6 8 10 12 

H 

'o 
Figure 7-2'2 ~tltiC c.:,o'c:cc•nent J.r"d ~pnns :cr.o•an: ~or vcrtrcal loJ.drn¡¡ 
,.,.f -.?,.:! ,,~--vJ.r tr, :.:¡ .. ¿ '=-'• , ,-.--::_,.: !1¡4.!- (r;flr.!r 3; :r.Jr:. 1956l. 
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rcduccd to about 1, bu: that thc sprin_:: comt.tnt incr..:.hc~ r.tíliJ!; .h 1/.'o 
bccomcs snl.!llcr than l. 

fn thc studiC'> uf thc d)l!:lllllC bduvior of th..: c1rcuLtr fc>Ollng on thc 
elastrc !aycr, llycro:r (1956) co!l'>llkr,·d onl) tfu: C..l~C for b =O. \\:1d-: \\.:r
burton (1957) prc'>cnt..:d solutton~ fnr b >O. Bulh nokd tlut true r..:,onanc~, 
with an,plirwlcs of mot:on he~ oming injimte, occurrcJ f vr b ~-= O. Thi > reso
nant vibmtion for b -==~O occurrcd whcn / 1 _,. :e at nlues of a

0 
as ir.dic;¡tc,;d 

below: 

for v =O, as Q
0 
H- 2.1582 
ro 

for v = L as (7-77) 

for} < v < L H 7T /2( 1 - J') 
aa--•- ,----

r'o 2 \J 1 -- 2v 
as 

By.-;ro:·t nokd tl:J: th~ e:_:.;¡; ~or b -=O corr.~\¡::o.Jt!s to th~ \ 1::-ration of :1 rod o: 
elasnc mat..:-~i:!l tl'.ed at thc b:c:,-:, free .1t ti'e lup, and cc-,'s:•:..!n ... J :.: t::: ,:..::~ 
so tbat no latera! :notion occur~. Thc r-:son..1nt frcqucnc) Ol\!br;:.¡¡on ,)f thl.> 

rod 1s gtven by 
f. (2n - l)rr (2n - 1 ks ;':( 1 - l') 

o = 4H = -4i/- '1/ 1 - :; 

which may be rearr..1nged to 

(2n - l);;rn b 1 - 1') 
a = ------- 1 0 

2!1 \i 1 - 2v 

(7-78) 

( 7-7'}) 

Note tha' highcr n!OC<o.~ of rcsor:.wt fr..:quc:1cy (i c., 11 = 1, 2. J, · · ·) ::1rc 
pos~1bk ior this \C.fJC:tl r.h)Uon of thc \'-CI:,:htks.; r.gtJ rl.nc on ti,.: .:L~~t.:: 
str.ltLll1L Thc vert¡cal di~pLtcc.n2IIts oC p.ma.:ks at J¡iTcr..:nt d·:pth~ ~r: ;h2 
stratum are rc;)rcs..:nrcJ by thc cunes in r1_s. J-8 for th..: ddTcrcnt nwuc~ ,,~· 

vibratton. 
for to0Ln.s.s \\!o~ch h:1vc '-'-CI¿ht (!J > 0), thc ;¡¡:¡p!.tuJ.:, of n:o.~o,¡ .\~..: 

ñn~tt.! at thc ft..:l~~..:r;c) \t....., C'l~to~:1Jflly lL . .:")Cf.~).; aJ ··r~.-.:>O:L1:1('.;n ll C'. (:.:.~ 

qucncy for m.t:-.i:1;u:1' .tmp1.•.u.Jc or· \IDLll:on). \\,.rbu~Ll!1 (J\'5-) ... _s 
pt·=~c'•lt.·d cun.:~ fur ¡l¡¡~ r..:~on.::H fr.:yu..:nc), ur f;:qL•:::c:. J.t m:.• .;·,,:::; 
ampi!tud.:, :1s the u~u.tl :nJ~s r:.tt1o b-v:>.-a

0 
plols for dJI:·cr..::-.t v:.¡il:.:s of l( ,·,. 

Ht: pr..:parcd on•.: ~uc!J tk:gr,!m for., =O anda scconJ (or ¡·=-..o l. v .. !Jich .~ 

rcproJuccd l•crc a~ F;:;. 7-23. 
W.1rburt0n ::].;) .;.1·.:Iu:.it~d thc r.1..1\!IT::!;·: dyr.:J.-~1.: v-;-: .\:: ·: ·:

expr~;:,~..:J th_m !.1 r .. :-;:·~ cf .. t rr:~-~;1.!~,..~:·~-J-1 uf t ... ,,.,': .. ~: -- .~ 
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Figure 7-23 Var~at•ol e' : :>ens.cnlcss frcqucnc¡ at rcsor.ancc Wlth mass 
rat10 and th1ckr.ess e: :e: e'c:¡¡c bycr for ve;tlcal oscillaclon of ng1d 
ClrcuiM foctl'lf, (Q(¡,r .'l:·:"::on. 1957) 

Refernng to Fig. 7-22, !t is ::· ·d~nt th...tt th.:: Iar;;c magrtflc:n.on factors he 
prescntcd are not quttc as ::::.J .1s thcy ...tp¡J-:..lr at Ílrsl. g!J.nce b~cause tbey 
amp!Jfy a statté dJspl..1::e::-:2-:: ,,bich ~~ rcducd in magnitL:dc as the l:lyer 
thickness decrcases. The -. 2.;.:.e5 mdtwl.cd m Table 7-1 relate Warburton's 
values for dynamic morw:1 to the statlc value for d!splacement of the rigid 
footing on the semi-infinne b"Jdy, or ·· · 

Table 7-1. Magnifi-::z:,~:l Fc.ctors for Vcrt1cal Vibrat1on of Rigid 
Circular Fc:;:.:;g Supportcd by. ;¡n Elastic Laycr (v = }) 

¡-/1 
1 

i 1 
2 
3 
4 

b=O b = 5 

5 3 
3 o 
.:.7 

(3.4) 

1.21 

M, .. for 

b ~~ 10·-, b = 201 
11 ~ :ws . 
16.1 30 6 '¡

1 

9 5 23.7 
5.9 15.6 . 1 

b = 30 

23 9 
40 8 
36.0 
27.9 

'2.72 2. ~2 1 

'-----------------------------' 

o 

(7-80) 

o 

SFC. 7.10 

in which J/ Lm 1~ thc m:lt;nificat:on Ltctor lor Uhfll.!ccmcnt at r..:"'-'·':lllC.:: t-o~ 

thc Llycrc'U ~ystcm 

\\'J.rbunon's an,tl)~'~ trL·,,tcJ lile 1dc.t! cl,t>UC mc.:ulllm w:1L:h h::1:> no 
tntcrna! darnping. For J. real fooun.;:-sod systcm, thc rcbtivcl; sma!l amour.t 
of mrrtcn:1l or hystcrcs1~ J.1mpm; >\III b..: 1mponant in rcJu..:1.1g thesc h.::;h 
magndlcallon L1ctors v,l¡¡ch havc bccn ¡ncl,c,¡tcJ by tht.: thcolcti..::Jltrcatn'c:;t 

7.10 Vtbrations of ,q_igid Fóundations Supported by 
Pi/es or Ca,ss,Jns 

Pdc~ v,ill be cfTcctiv;: 111 rc~l'>tlng vibr.tcc~y loaJ1ngs only ,f th:;. c.cct 

develop apprcci,lblc force:s a~ ti:.::1r tor-, !11\l\C: throu_:;h vc~y -,null dJs,.w..::.:·,. 
As notcd In Ch lp. 10 unJcr D,·st:;n Cutcua. th..: p-:r;~JI~SihL Jyn.tí11!C mor ,>qs 
of machine foundat:ons . .1rc oftcn of tl!c ord-:r oí Jei:>t ::1 r·.w thou:-.tn .. • :te. •:!f 
an 1nch. Conscc¡ucntly. the p.il~ muq contnbutc ll> rco.:-.t:n;; f·J-.::.::s ·Jt.~·rg 

thiS kmd of mo\cmcnt or :t ~~ 11<)t cn·ccli\C Rcs~:,t:t·•.::;:s to \;:rt:..::.LÍ m.J:: .. •; 
;nay be pr•1\:dcd b) Cllci hcar,ng. :,J..•n fr:l.liOP, or by,\ C< 1 1l~h:;Ll•<);-· C. l!:~ 

two. Thc fC'>ISI,UICC dcvcl,lpccl b) pil.:~ lo lwr:zunt,\1 force:, IS r .. v\ ¡,;c;J by 

horizont..1i bc~:n11; of thc pdc :::g.11nst thc soil. In c.:c!1 of th.:sc c::Y~S l;l;: su,l 
propGrttcs tnvolv;::d c.lepcnd upon th-. m.tgnlluJc of tl:c !o,·,¡J (.i.;:·o: 111 .. '.10:1 

deve!opcú by thc pdc clClln_:; ..l!;c!I:lSt thc ~O:i ,\!ll.lllllbt be C\J.[U.HcJ fror.1 ~~StS 
involvmg the same ordcr of m::.gr.¡tuclc Of ~tr.11r. In rhc so!! as occurs 1:1 t~·e 

prototype situation. Fortunatcly,. fnr thcs<.: ::.mal! strams many so:ls cüllb:t 
an approximatcly elastic response wh1ch nuy be C\a[uJ.tcd by laboratory or 
field tests as descnbcd in Chap. 6. Thus, cla:,ttc soluttons \~sil agam be uscd 
to estimJ.te thc response of pdc-<upportcd foundc~ttons. 

Vertical VibratiDns of a Founda!ton Suppnrted b_v 
Polllt-beanng Pd.:s to Rock 

Polllt-bc..lf111g pdcs provid.:: Slipport for ,\ roui1dation by tr:tns!crnng :h.: 
verLical loads LO .1 st~on;a soii stratum at ~ome dcpth h.::nc.'t!: th,; sur:·.l ...... 
Undcr st:1ble d) n.1m1C cnnd:Ltons lor wiuch no funhcr scttkmc·llclCCL'~' .:-e 
dynan:tc lo:-tds Me transl'crr..:d through thc ci.J'>I.'- p:!c tu t::..: e,,<..: ~.:0:' .. ~r 

zonc at thc ttp of thc p::.: \',llc~c :h..: lo,1ó c~r..:: ..tb~.L'Ib..:J b) ¡:~-: ,:··.,~-: 

C<lil CSt,tbiish tli.: r>':l\1/il!'u! IOÍ1ll.:PCC of pi!.::. iur ~llltl.!l~l:l,:: éhC 5.'¡'¡·' . ,·,,-.e 
found.1tion ¡f w..: lirst COii.>td-.r th::tt th<.: ;,lral 1tll! 1s ng1J ..tnC: no ,;,jotJr:: 'w:r 

occurs at thc pile up wh..:n dyn:.t:n!c luads :~re tr:.t:1sfcrr~d frorn ;L.: pdc. T;~,, 
would be approximatcly truc ¡f pdes werc drn'en througil soft s'o,!~ t•J ro..::-:. 

:he thcorcti..:.ti pmc.::durc rcquircd for t111s ,u . .:Jy \\,h ,L,,·~ ,,_ 1 ··• C 1
·., 

3 ::tnd b r.:?rCSL.::~J b: t';.: s .1.!:·::1 :'1 F ;;;. 3-ll. !t :,,·;,J:\..:o .::::: · · -o 
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at t!:.:: b.t~c ar.d fr~c :!! r!-,_ fop, w:rn a mass m rcsttng on thc top. Wh~n 110 

'hc.frt r.:-sb on top '·'~ h:l\.: a soliJ r.:- ... on:ml column wtth tite fixcd-frce 
cond¡¡w:-:, \'. hi.:h h;;:. ::: r<!so:unt fr..:quc.1cy 

in which 

f =Ve=.!._ @. 
" 41' 4t\}; 

E= Young's modulus of cbsticity of the pile, 

.o(= i) = ma~s dcnsity of thc pile material, anJ 

t = length of thc pilc. 

(7-81) 

For the intc:rmcdial~ C:!SC m '><:hlch thc s~pported mass (i e., th~ portwn of 
the total lo.1d a~s1::;::2d t::l .:c:cb pdc) i· of thc ~ame orc·~r of m..1gn1tude :2s th..:
we¡ght of !l~·.: p:lc lts<!:f, th.: frc:qu..:ncy cl¡u.tl!on 1-]_¡s ~cc:1 g:\ 1:n by Eq. (3-33). 
The :>Qiution fur Eq. (3-33) !S ~hO\\n grJ.plttc.!lly by Ftg 7-2-+, from whJchfn 
:n:1y be cakl!!atcd. Of CJLl!'~~, wh~n the wcig:ht of thc pdc is negligtbk \\ 1th 
r~spcct to thc suppon~,~ \•.c:sht, thc n:.~tural frequcncy ts g1vcn by Eq. (2·I7b). 

~· L ~~~>u cal 
0.6[ 
0.41 
0.2~ 

o 
0.01 

1 
1 

.~~,.~~~~~~~Ll~L--~~~~~~~·'~'1~~~~~~~'-'~''~'1 
0,1 10 10 lOO 

A .ly 

w 

o 
scc. 7.10 

E 
Q. ... 

'E 
-J 

o z 

F1gure 7·25 Resonant fc¡;,c,•.•cnc¡ 
of 'lert~eal cscillac:on lor a po.nt 
bearrng pde c:1rrymg 3 s~at•c lo.ld 
W. (lo:~d~d straturn IS ngod) 
(From R1c!wrc, /962 ) 

~11 Qfó:""IOi 

S!eel 
Concre!e 

Wood 

E, r:lt"'l 2 y, ~~;r: 3 
---

20 4 • :J 5 4SJ 
3.0 .,o6 !50 
1 2 xl0 6 40 

-1 

J 

In arder to !llusl! .1k th.: !i1.1:.:c>h'C of .1.\:al 10.l~ll:~ 0.1 :!:.: : .:~·.:: .. :: 
frl!qu·.:ncy t,f <!nJ-b..:.mn; [ll!.:~; tO r11:.:~ •• R • ..:::.•rt (l'Ju2J pr..:p.:r-:J :t -.:.:o··· · 
which mdudcJ ttc p.Jra:',.:t.:r~ of .1\i.d lo.tJ, p:l.: l..:no;th, ..1::J ptk .: .: . .:~ ' 
Tlus diagram is rcproJ~J.:-cJ h:.:rc J.S F10. 7-'25. 1 h·~ thrcc curv..:s ..1t th:: •-=?.: .' 
the Jiagr::~m Iilustr.ltc tll..: r..:·;o_¡ant frcqucncic:. of unlo.H.i..:<..i ~ . ..:~!. c·,1.::~--

::md woudcr: p:'..:s, .JS ¡;,11:1putd fr,)nt [l.j (-:'-'~!) . .-\s :>.: ;l'' '-' ... : 

~ .... ........ ........ ... 
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In tht.., an .. l:':' ,.r .>. rdvsurrorkd round.\lton, only th: rc.:-;o:t.ult rrc
qucnc.~ \\,JS Ct..)'l-...JJ..:r~_~ I fUl~1 ..... n cLl\llt.... ,ln .. ll)::>lS ora i.JV·,~ ~...1 r...~,')t,;rn corrc
spunutn2:! to th1..; 0.1-.:, ru 2c:or:<ccrtc:d d:t<nptng o<.cur~ .L 10 : ':_,-; ~lrl'plttud,'· ,;
motion 2-t rcson::lll<.c: are rr.~orcttc.I!ly tnfitwc_ Actu..:_lly, :n:ncn,l!ur hystcrcsts 
d.:tr1p1'1g \\Jll re~tr,ct thc mol!on> somC\1•h:lt, but thc rc~ornnt motwn wd: 
sttll be of lar~e nugnttuJc rcLltt\C to thc st.tuc dtspl2.cemcnt. 

Torsional Vtbratioll of a C1rc;dar Fowu!atwn 
Supported by Pt!es 

Thc problcm or torSIOinl vtbrc~uon of a Clrcubr fooung supportcd by 
p!les ts tncludcd to tllus•ratc thc cf!ccttvcnc·,:, of pt!cs 111 reststtPg l:.J.tt:rc~l lo:HL 
For thc follo\\lng di~cussron tt will be .t>wmcJ tlut the b.1sc of the footi!1:; 
is in contc~ct \~tth tlle soil throughout trc dyn.:tmtc motions ar.d tbat no 
s!tppage occ~rs bc,\<.ecn thc b::1sc of tl'c found~lt!on and the so1l. The p:ks 
ar~ con,1dcred to be ~tLib pdcs 1nsn:kd lo 111crcas~ wrs1on"d rcststancc o'1!) 
Thc rnc:l10d of Jn,:d;.s '> ':woh :s (!) J.n c-,t:m,,:c of r:1c rot.~llOPcd mott0'1 o: 
the sotl !J.:n;:ath thc footJII,S as tnc foot1n~ t\~L>cs ::1nd lf11p:.1ns shcanng forccs 
to the sod surL!-::c, (::!) ,ll1 csumc~tc of th•; rc:lcHI\C mot10n of a ptk ctttac!-..:d to 
thc footmg \\Ith rc>pc:ct to the ,ot! mott,)tl, .:tm! 0) u,c of the thcory ot sub
grade renctton to ~~t¡matc U1c rcstr<~in111g torquc provi<.lcd by thc lateral 
mouons of the ptlc agJ.1nst thc sol!. 

In their stud1es of tors10nal osctll.lltons of ngid circular foottngs resttnt; 
on the surfacc of thc cbsuc half-sp.tcc Rctssncr and Sa.:;oci ( 1 9-14) dcvclopcd 
solutions for the ~tatic rot,Hlonal dbpl:tccments (refcrrcd to the vert1cal ax.i; 
through thc ccnter of thc footmg) wttlíin thc half-space. Thctr so!utton \V<H 

de\cloped ustng oblat<.:-srhcro¡dal coordmau.:s. The t1ngentwl <.J¡spl.tcemcnt 
s dm:ctly bclov, thc penphcry of thc dt>k h,ts becn evalu:1t:d and !S tllustratd 
m F1g. 7-26 as sfr"u, vs. ::/r0 • Thc '>~alic rot;:l!on o, rcprc~ents thc anguL1r 
rot.:.uon of thc dtsk J.t the surf.tc<.:, and thc <.J¡spl:.lcerncnts vary linc::¡rly with 
thc rJ.dtus. 

If 3. pt!e IS attJched to thc footlng, lh rotnt of atl:lcln1C11l mov;;s the 
samc U!St.l1CC a!ong .l Clrcumfcrcnli,tl are el~ UOCS a püiill 011 ti\;; footing b.tse 
oras doc~ a potnt on thc surr_tcc of thc ~od at thc s:tmc rJ.dtu~ r Thcr:.:forc, 
at rhe fooun¿-sud cont.tct zo•>e thL· pdc L1uc, not h:.1ve :wy rdallh' mot!on 
v.tth n:~pcct to thc -,ot! and doc:-. not dc:v<.klp ~ny Lttcral for.;c. Thc only 
std't'cnmg c!Tcct of thc ptlc !S through tramfcr of shectr by bcnd1ng from .1 

de.:.per loc..ltton wh..:rc the ptlc movc:-. ag.11mt thc sod. Thc amount of 
honto:1t.tl force dcvclopcJ on thc ptlc :tt e.tch dcvatton depcnds on thc 
r.:l..:• .e: l''o:,on oft!.·_ pilc .1_;.~tn-,t th..: ~otL For .111 infinttcly n;;:d ptle .ltt:tc~'ed 

o o 

h/(,!/J l(,lf'.IJ/\II•J,, \\¡,rl[\,¡¡¡ hY 1(1! 

to tite fouung. t!1c nwttun of lht: ptic 
a gai!lst thc so ti wouid b~ 

1 S \ 
srct -== ro,ll - --} (7-82) 

\ ro,. 

wherc thc quJ.nt1ty sfru, ,., '!!\•Cil tn fl~-
7-26 for cach dcpth. Ho11~cvcr, a r~;! 
ptle will bcnu bccaus,: ,¡f th:.: force~ uc
veJoped along tts le::gth and tl:c r-.btt'. c 
motton of pt!e ::tgam~l thc sod wt!l he 
reduced 

The force dcvclopcd by the pt!e 
mot1on 3.f!.J.tn"t rhe so!l cJ.n be c'ittmc~t
ed by using thc theory of honzOI:t:.:.l 
S:Jib_srade rc.:t(:tton. From thr:. ;1pproJ.ch 
the honzo,,t.llA'orcc: P' pcr un1t !eJ:¡;th 
of ptle JS givcn by 

m wh1ch 

r0 O, 

F1gure 7-26 Tangcnt!.:Ll d~~?b._e~r,: .. ~::. 

alang !tnc o-o o~r:c.::.h ::b~ ce¿•-:! c.f J. e ~ 

culJr fooc:1ng wn1ch h;s :,een ro;--.:::!d 
through an anlle r~~ 

(7-83) 

Kh = coeffic1ent of honzonta! subgrade reacuon, and 

d = pile d1ametcr. 

The critica! factor 111 this typc of analyst~ ¡, thc propcr sclectiOn of K," \\ h1ch 
relate~ lhe prcssure devclopcd a~ thc surf.1cc of thc pllc movcs a un 1t dti>tance 
into the sod; that ts, 

K -!! h-
s 

(7-8-1) 

The va! u e of K,. nwst he rc/alcd !o tÍic u1 dc1 of ma;nu·.:ic' of t/,e 1110 nons 
lllt'olccd, .111d for \'tbraliOii problcms th.;,c t:hl~:o:1s ~tre \Cf'. .,., 1.til. fkcJ~t;;.: 
methods are av.td,tbl-.: for cv,du,llíPg thc ··c:Lt-.t:..:" COlbU-nts fur Sd::, for 
thesc sm,tfl strains, tt 1:> u~cfL:! to c,J,

1
oio.: thc 'h ,,.rv of ,,¡ ,_¡ 1,.,.., , 0 , 1, 1

1 c, 
J ...... "J ..... ~~.J .... ~. ........ ~ _ • ._t .... !l 

K¡¡. rr we constdcr first the b-::1:lvl0r of a C!~LLII.lr ¡Jik, w.; C.ln-.:?? 0\ .. : .... .; 
thts by con~tLknng thc pn;~~urc tcyutrcd to C\p--'nl! a c¡I 11:,:~:c.d hok ¡:1 .111 

elasttc medtum. Westerga::m.l (!952) g1vc, thc rad1al expan~1un or ..1 hol..: of 
d1amctcr das 

t.d pd 
-=-

., 4C 
{7-S5) 

o 



e 

4G 

d 

CILW. 7 

(7-86) 

Tlm .tpproa.:h k::; bccn followcJ bccaus..: thc inaccuracics introduccd by thc 
gco:11.::try of thc problc:n ''-ere con!>idcrcd to be les~ import,ult than the 
potcn'üal crr,)r;; in G. -

Now if \\C r.:::urn Lo ,1 COINLkr,ttion of th..: infina.::ly rigid cylindncai 

pd.:: \\ hich C\tcnt.h downw:!rd frum the b.t~..: of a c;rcu!.tr foot111g, th1s pdc 
\V!!l"mo,¡:(:!é\:r:lll) -a Ubt,tllLC s" :ts th..: fóoting n'l:it~s"througl: 3n angl~ ü" 
as shvwn in thc sh...:L...!l in F1g. 7-27,t. At th~.: same time, tite sod mo·,cs 
ÍJ.tcr::dly bcc,w~.:: of thc ~he.:rin~ forces tnlt oduced by thc footing on thc 
surf.!ce (Ftg. 7-27b). The n:.:t motion is illus~rJ.tcd in Fig. 7-17c. Thcn, 
accord111g to Eq. (7-83), th.:: !J.tcral foí..:c devcloped at cach clevation 1s 

P' =- ro,dll --4G 1 S ) 

d \ /"03 

(7-87) 

m wb.!ch thc rJtspl.lccm.::nt s is a functio11 of the dcpth mvol\cd-or t!1e 
lcngth of the p.le. l3y iflt:.::;r.!t:ng Eq. (.7-87) from ::=--=O to :: = t w.:: ca'1 
e;':J.Illate thc ·cfficicncy ofrig¡,f pi k~ 1n de,Clop1ng resist:mce to later:.!! mot10n 
as they penetrate to grc:ncr d..:pth~. Thc cfl!ciency factor 1s desisnated by 

~il. 
P'dz 

(EF) - ~0'-
Jt - K rf 

¡¡S0l' 

(7-88) 

and n:prcscnts the total horiz,,ntal force d.::,doped as a fraction of the tot:J.[ 
force which c(lu/d bc dc\dopcd 1f thc o.otl d1d not move. Fi:-;ure 7-28 dlus
tr:Hes thc variat!O'l of this cl'[c¡cncy fa1.:tor with lcngth of rigul pt!c for the 
condit1on of K" con>fan: l>lih d<'pllz. 

For real p:ic:s t!1c 11. \tod:ty of thc pile itself 1s of ttnport:wcc b:.:cau~.:: 

p11:: h~·nJ:ng w!ll n.:Jdc.: t~1c rcLtl\ e mot:on of pi k ag.t: O\t thc s01l. Thus, thc 
C::\Jbilit) in~roJuccs .111 c.T:u::ncy f.tctm \\h1ch d:.:crc:..bcs :.:<> the ptlc kngth 
tnc:-:,bcs. 

EX \\1PLC. To ¡Jl¡:~t _,¡~.: th..: comb ~:cd c!T..:c:s of sod n:ouon :tnd p1k t~.::xi

b!ltt\". con~1dc: 6-m -d•.tmctcr stub pile~ loc.1kJ. J.!ong :l 50-m -CIJmctcr Clrck on 
th.:: b.1-.;: o!· .1 6::!-:n -JI.1m.;:1c:r circul.tr ... oncr.::t~.: foo!lng. Thc footing is to be sub
j~.:~ ~~! '•_J t ,_ ,'d'' .t l ,_ ·' .. • )'t-• ..,_, .J th~ ,tuh r¡f~.., J.r~ f . .:'r th ... ~·ur .. "'ü'~ of 1n~:\.: .. ~':1l'lg 

tl~ ... - :. ~ ·~·' 1 ~l \ 1' - ... i .. " ...... · .. ~ 4)' 

o 
SlC. 7.10 

4
! ,.-~--~-, 

- 1¡ = ,, 
~-· ...... ¡..... 

1 1 , 1 1 
P1!e Soll f:.cvement 

Movement of P.ia .nto 
Soil 

(a) (b) (C:) 

Figure 7-27. Acllon of stub poi~:; 

Eff.c·ercy Factor 

(E F )~~ 

O o 5 !O 
·-=----,-----, 

f1gurc 7-2B Effi~•cncy f:ctor for 

ng•d stub pd.;,s attoch"d to ;:¡ 

C1rcu1Jr footll,6 cw,s;:cd .l,Z.l¡n;;t 

the sol!. 

For tht;; cxamrk lh..: >h(;ar modulu-> C of th,; sod is tak.:n ,t~ -+500 lo, .r: ~ ..:r . ..: 
the fovttng IS not p..:rm1t!..:d to ;:,!tp. Th..:n thc st.ttic torSI0:1:ll ,:dTn~ss of tJ.-,;: :-.,;·..: 

footmg on th.:: soil 1s grvcn by 

(
Te) 16 16 
- =- Gr~ =- (4500)(31)1 = 7.15 " ws 
e. F 3 3 

m.-lb/r .. Hl 

When the stub ptles are introcluc.::d on .1 50-in. diame:er, the contnb:.ltlon to th~ 
torsional stiiTnes.s of th<ó s¡~tcm by each pilc ~~ 

(!~) = P0r
2 

, O, ;; S0 

(7-S9) 

in v..,'hich .t.
0

0 :1nd S0 ~~rt! lhr.: l1oriz.ont~! for .... ..:! ar"ld dbpl~~cc.:m~:1Lt rcs~..::~!\C!y, J~ ~·-~ 
top of the pil~. Bcc .. ll..l'1~ \'.C }:ave útr..;.~·J; cons:dL!r~J th~ c~;cct of j¡J,! n·..J:1._1'! . 1 

red~!;;1n; the p~k. ~tTt~::~'"':y ~;~kr.\ tl-::1~ fur th~ 1nt~=:ttcly ngLJ p.:.:: :1:.0\ :n,:; .. _:;..1r~1s: ). ·~ 
so11, wc m..1y cxprcss E•¡. (7-::l<J) as 

(To) K1dr.tr2 

- ~ -· -"- (EF)):(EF)p 
e, 1) s., 

(7-90) 

' ~.-
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mv:.c.-'n, -~.J \Ef')¡ ~~ th-.: ct~;~.c:nc; f.tctut wluch ukcs ll1to ~~·:cc)um thc pllc fkx

Jbdn. 
Ín ordcr to C\J.Iu..1tc thc cfT..:ct of prlc flc"<rbillly, wc must first cvalu..1te K,. from 

Eq. (7-86). 
4G 

K . 
4(4500) 

3000 lb/m 3 (7-91) .. =-;¡ 6 

Then thc sldTncss for thc infinitcly ngrJ prlc movmg agarnst stlll soil is ------ ---

( To) ~~ K1Jr~d = 11 25 :· 10r. -rn.-lb/rad 
O:r n 

(7-92) 

r-;ow, ¡f thc 6-m.-diJmclcr ~lub ptl<.: p, a>'>Um<.:d to be mad..: of rcinforccJ. con
crete with E= 5 x !06 p~i. thc ciTcct of prlc lk\tbtltty mJy be cv..Jluatcd from thc 

... o 6~ 

~oJ 
1 

0.2 L_J._~-::'::--:;-' 
O 5 lO 15 20 25 30 

Ptle Length, tn 

(al 

_.J[ 1 1 1 1 j 
~ 06 
~ 1 

~::v=== j 
o 5 10 15 20 25 .!0 

Pile Length, ,n 

(b) 

F:g.rc 7-29 Eff1c•cncy foclc r fa~ s1x:~nch 
c•~"T'r:-2"' C. : .. Ct~ 'i~L~ pt~l..!.- ,;\) tffcct: 

. c.: 

thco:-y for bc~.ms on .. m clastrc founclation 
(Hctcnyi, 1946). 1-or Kh constant v.tth 
dcpth "nd J. constant El pd<.:, we first c .. tl
culatc thc v.1luc of) a~ 

} = ~1-1-1 = 0.0613 ÍK el ( 1 ) 
\j 4EI ,in. 

(7-93) 

For a prlc of finite lcn;th, Hctcnyt g·vc-; 
scpJratc solutions for clcncct10n and ~:lopc 
for ..:nJ ~he::~r only, ~.nd dcncction ::tnd 
slopc for cnd momcnt only. Thcn, for a 
stub prlc assumcd fixcd mto the circular 
fooling, it 1s only ncccssary to calcul::~te 
thc force rcqUtrcJ. to produc<.: umt trans
lat!On of thc pomt of fi,ity Tl,c ratio of 
thc ~tlfTnc~s of the ncxtblc pt!c to thc sttff
nc~s of a ngtd pr!c, both movmg agJinst 
sor! at rc~t. grvcs thc cfficicncy factor for 
flcxtbthty (Er) 1 .•. The Jccrcasc of this 
qu .. tnlit) wtth lcngth of thc 6-tn.-d1..1metcr 
stub p•k ts shO\\ n 111 Ftg 7-::!9a. 

Thc combmcd ..:!Tcct of s01l mot10n 
Jnd prlc !lc'.rbrl•ty 1"> ,lww'1 by thc curve 
111 ftg 7-:~'Jb 1 J:u,, ¡;~-.: l..lt..::r..Jl r..:st~t .. lnce 
ro rotJtton provJJcJ by a 6-m -diamcter 
stub ptlc 20-m. lung 1s gtv<.:n by 

(T'') (To\ _ 11 .,. -- -1 (EF)J;(EF)p = ,_) 
\,, J1 ,), '1: 

o 

..,, c. 7.! 1) 

Frorr: th1·, .. trl"d]'Í' 1t" ''-en r!>.,r. c.•r :1 "0-tn -Ion:_; -.,¡ub rric cuntrJt.u:c'. a tvi'>•(>r. !l 

st!ITn-.:>'> cqu,d to about 13.X r:.:r u:nt of th.tl ULIL to thc cont .. tct b<.:t.•.cc.:n thc urcu!.li 
footmg :1m! thc sod "lhu·-, tL~ lor~ron..tl stlffnc'>'> of thc found,ttton sy,tcm could :_,,; 
doubkd, thccrctrc..illy, by adútng -.,~:ven of th·~..,c ~tub pilc~. 

Thc forcg01ng Jt~Cll~'>!Oll WJ'> rc'>lflC~cJ toa cotNJcr .. ltl0:1 of stub p¡lcs 

which Jo not ..1bsorb ..1ny appn.:cJ..rhlc v..:rt:c:d loaJ. He"> e\ cr, tl ts pu,..,:\1!.: 
for real pilcs to absorb thc c.nllrc \Cíllcal!.nJ of thc fuoling tf thc ~ol! ~e~~!.;, 
away from thc foottng. [f this happcn'>, thc tnr:.ron,d rc''"t"u1cc of th..: fc1ut

ing again~t thc so!l is lost and thc cnttrc tor.,tOnal re,¡ .t.trJCc mu~t b·.: prd\ td-:J 

by thc pdes. !t should be cv1dcnt frum :lll~ c.\:trL~llc: th,tt tJ . ..: lüh10r1.d 

rcstraint providcd by thc footm~ Lwtsttng ,t~ .. linst tl:c ~od :~ 1mportJ 1: J;-:J 

should be maintained 1f tors!On..il O>L.tiiJt!On~ of th..: footrn·• .. :.re anttCtCI:tt-:J. 
:;, ' 

o 
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DESIGN PROCEDURES FOH. 

D YNAM/CALL Y LOADED 

FOUNDATIONS 

10.1 lntrod uctton 

A des1gn rroccdure must dcal with thn:c m:ljOf qu;~stions: {!) What is 
he C,1nd!t!Oil for L!ilurc of thc Jcsl~ll runt:l!On ,ll\d how IS ~~ defincd? (2) 
1\'h;:¡t o.rc th•: loaJ, or c\t.:cPJl cond1tion~ wh1ch produce the fadur·~ '? (3) 
1\'hat b ¡;¡e ,lll:.J!) t•ctl rr,lCCdLJrC tO be fo!lowed for rei:;i!llg the appltcd 
v;:Jdmg~ to thc f:.ullll<:: condll!c1,l? i\n0thcr t"~tUor, 1ntroduccd ;:¡[ter cvaltJ..tt
ng the uncert,unt~:.:s reLttcd to c,tt:h of fore~~omg, is thc factor 01 saf.::ty. 

In thc dc>lgn nf lll.lCiltnc follndatiOih or othcr d)ll.lmtcdll) loadcd 
·oumLHiO•l>. ~u ce~~''\.: l'l'rn.:ct ion<> are U\Cd lt) J rn v.: at thc final physic,tl 
;_;stcm. A.. SC( of rh_\"C.d r.i~.ol1 1 clCI~ are d\S~If11Cd ,(11U tbe11 dll:J.lyzcJ (O 
i:::tcrn'il~t.: tf tl~e J~-;¡g:J .._:,11ldllln:,~ .m: ':'ll~ticJ lt thcy :.1rc not ~:cusficJ, 

hc•; ,,)f'\.: of th:.: r!l_\,ICJI !U~:lmC:l~r::. .In.: V:lllC:l! anJ th<.: procc:::.S IS r..:re:,ted. 
1\ tlh ¡j¡,, ..!ppr•l.,(ll tllc: , 1 ;le"/¡¡; jor fu/u¡ e uf E/1( dc.>.:-;'z funt"/1011 an.l thc 
2pp!tc·d !aadu:g~ nw.,: b..: ~·.Jrcfully dctt:fli'tnt.:J, l">cc:l!•>C th.:sc cstabltsh :1 

:ontrol of tht.: pru-:c:clurc. Thc: .1n.tly\1~ :.lwuld Jc:scnbc: ck~J.rly tht: mí1u·:-ncc 
)f c.H.:h of tht.: n:.ljur ph_,~· .. -_11 \ari.tblc-, ir.vvlvt:J, 111 orJ..:r th,tt :111 IIllclligcnt 
:bote.: c..:,; ~•.: m.•,!.: dut1ns ~uc.;c,,lvc currcct:ons m Jc·ign 

1 t":: ~ .. -,'~1 11 ;'r~...~~. i"rL·.., t~... t._ d1-..t.:~~ .\,.: 1 .· th1.., ~!1~~: u..:r r ..:'L .: PL.l:~tf' 1 ' tu 

() 
SIC. 10.2 

/ 
tr,IJhlcnt lo.1d1:1~~- G~·nLr.tlly, tltt.: '>up¡H•rll•lg .>o!l 1, cu:: ,i·.:cr~..:J :o b·.: ¡¡¡ ., 

st.tblc C0llc;lllon :-.u .. :h lh.tt 11 Joc:'> not c.un.p.t<..t or cl!,tnl!..: g •. .Jr:...:ti") unk:ú th..: 
dcs1go CQIIUillon.., a:~.: cx.cc..:<.kJ. Th..: t:mph<~.,i=> of th.: ,;jt.:ptcr l:t:~ in thc 
proccJurc for c.1rrying oul !he Jynamic J.rt:d) ,:.:s aficr thc Jc,l!.!n conJniom 
ha\C bccn C!>l.tbli~hcJ. -

10.2 Destgn Críteria 

Thc cm! proJut"t o!" !he J...:-,lgn p1ucn!ur,; i~ thc dc!L"~n¡,.;,.t1on uf .1 
found.tll<ln -·;oil sy•.tcm wi:1...:'1 ':llhi",tdord_y ~ur•í'orh t.:t¡lllp:ncnt ,,.~ :· 1,1cl.u:av 
Thc '>llpported llllil n;a) be: th..: '.<Htrc .. ..: ,¡¡" d} .:.: ... :...: lu.tcJ, .:¡pl:.:J lcl th:.: ~\ ,,..:;11 

or 11 nuy rcqurrc l~ol::u.:.p r.un: ..:\l...:rn.d t \Cil.!I!Llll. In ..:.Jc!l C.\'.0: t!J~ C;I[Cf!J. 

for ~.tlt'>Liclury up<.:1at1nn uf thc un1t dicl.dc: titt: J..:,1g:1 r.:qu¡rcni.::ll: •. 
In T:~.hlc 10-1 art: II',Lt'U \U lile t.TilCtl,l "J¡,..-!1 ma) bt: c.:orhld...:~c,l Junn!.! th..: 

dco,tgn of thc fotmd:llion '>)''>!t.:III Ch1\ l..hLckiht i-. incluJ..:J n::'\ :1" ,1 ~~~·d..:, 
:J.!J lOpiL'> l\1,l) Oül !11:: •lí'rlicable lO;¡ r.trtlclll.tr j1í0b!crn. ,¡;al :tJd~lll)l<::l•illrlC~ 
may b..: 111cluJ..:J to ':O\l!f "P'-'t..!.d 111'.i.t!l.tll,,fi,. 

1 he dc~IJ;Il entena Phht t>llcn c:.l··_l,J!<i...:rcJ relate iv th..: d'.ll.t.;:,c r•> 
spon~c of tltc fou,1d,ttloP. Thc'e are c\rrcs~..:J 111 tcrm~ of tÍk ltli\:llllO.: 
amphtudc of vihrat1un ata r-tritut!.tr frt.:q11<.:n.:) ora !tmn,n_:: \ :duc· of p.:.:C 
~vdoc¡ty or peak accclcr.ltJO.l Figure 10-1 llh:lc..tt..:s thc ,~rJ..:r or :1!:l!_!lllll,J..: ... 

':'"hl_ch Play be ~~-~\ulvcd 111 lhc cntert,t fur J_:.n,lmlc rc~ponsc ll\~ cun..:s 
hm1t th<:: ?:úllCS tor J:ffcr<.:nt ~Cil\ili\ltiC'> of rc'opüil~C lw r.::r~O.!S, f:ll1~1::o_: 
from "no• llOtlc~ablc" lo ··~..:vcrc." Thc:...: c.tk;,~oncs are r:x pcr~l):l~ !>l.lnJlll~ 
and being subjcctcd lo \Crt1cal \ 1hr.1t:on" Thc bound.in bct\l<.:en "n0.¡ 

nottceablc" :tnt! "h.trc!y nottLc,tblc' ,.., Jdincd b_v a ltnc ..11 :; slop,· ,,r -- t on 
th>~ lo~-log plot wh1ch rt.:prc><.:nts .t pc.1~ 1c!uur) of ab,Jut O 01 lll.,~c..: Th.: 
lme dtvH1mg the zonc::. of "ca,tly not1ccabie" anJ ''troub!c..,omc'" rcprc~:.:nt-; 
a peak ¡,efaCJty ofO !O 1n.j~<:c 

The er:vdopc dcscnb .. :J by th.: ,h.tdcd l111c 1n Ft!.!. !0-1 ,h "it 111 :t fllf 
machtnt:~ artd mach,nc fount!.ttlon..,·· lflJIL.Hc:-. a limll ~for .wf·r 1 ,111 d 110 ¡ ,, 

lnnit rur saltl 1"actorr ''fl'l;tr¡c¡¡: o(nwc !un,·\ O:.··r'ttn" ill''lt'· '"or 1:¡,·-'1•1 , - 'r' j( 'J ~ .- t .... \..1. - '' -~~ IL•I,..,¡JL"' .. •~. 

di~cu~~cd 111 ~hc n.::\t ~..:cttvll. Thc ..,h,;cku L.<LI lur ;:.tl..'lilh.'> 111 F 1 ~ !0-1 ~~ 
con•ro~~d of t\'/O "tr.t1giif !:n~:". B~!~...,--.~ .•• ho~.~ : . .Oi~0 \_\...:: . .:"' 1 !Pt.l t!~~") ~~~~~ ~ 
rcpr...:..;cnt\ ~t PL"~tk vci·J..:It.\ or ro ¡;1 ¡-.,..:.r..,~ ... tnd L~~l0\~ 2~Joc"' C\\.:"l~s/¡~1¡¡) lt Ldr: ..... ·-
~pond~ tc1 a p.::• ~ .t..x.::k:· .. : llüP o: (0 5 )" · . 

Two curve\ are ..1bo tnd11Jcd 111 ·¡.!.! 10~1 ;0 ::Jd·~.tt<.: •. :nill•'.é e• :• '· 
conJitions as ... (;ci.H•.:d wnh h!a.,ru;" T~, . ., · q • ·a·u1 ., L,,· 111 .1 1-,,,,·. , 

._., 1 .... ' ,,._,_,:: 1 .... J l '- ' • ._l 

spond to rfl'cc.:h ..tppiit:d once, or -1t mo<;t r..:;-¡.:..~;~,.;:; a fcw t:mc~. 1"::...:·. , _ 
n1tcly do nüt ,tpply for st<.:,tdy-'>t.ll<.: v¡br .. ~.o;,_, The f·ne ,:! th..: ¡.,".:~ ¡, 
of th~ 7,)r;..: --.....,~1 ... -~{':I\ t.J .")tru<.:t~ .. ..:., · .... ·.-:- .... ~-"~:...J:'..::) ¡~ _: ?-~·~ \_\--~ 
t~ :: :.:. 

-------~-- ·---- ·~--------~- -~·- --------
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T:1ble IQ.f. C~o;2_'.._.l·s: tor St:s1&n Cr1tC~'"Il 

~--~--1-u~-:;:,•,o.¡' l_'''h;'k~.\tl"fl' uf lll,t.l!l..llh>~ , _____ _ 
--- -\ 

A ~1í.. ... ~~.: ... td ' ... 1:.111..: .lrh.i dh. Jc..:"'Sn ob1 c:.;tt"~~ 
B ( .llh\..'1 ~._l;· f.!1h.r~ 

e T ot.J! ''1-''·'"''''..:1 .:m lfU[lr1\~ll[ 
D lnil!:tl <.:v<l ..Jnt.l ll> rcl.llltln l<l itcrn A 
E. c,Jst ut rt.U:1lcfl.H1<..C 
F Clht l'f rcp!.!ccn•cnt 

_U. Dcs.;n Con,,_!,·rJ.tiOn' for !n,taii..Jtions m \Vhich th.: 
Equrpmcnt Prcl,lu.xc :::\citmg Force, 
A. St.ltiC b.::u·no: é:tpac!ly 
8. St:ltlc scttkn;..:nt 
e Bc:mflg C..l¡'.léll). Statlc .. Dynanm; lo..Jt.IS 
D Scttkmcnt StatiC ·- Rcp..:.ltcd dyn..Jn\1<.: loads 
E. L11nrtmg t.l~ n.HlliC condruon' 

l. Y1brativn amplitut.lc: at opcr..Jt•ng frcqu..:m.y 
2 Vclocny 
3 Acccl..:rauon 

F. Po,-;:bk nwJ..:, of \¡brJ.t:on--coupl!ng .:lfects 
G. I J.t1g.u~ ~· .. ulur~::-. 

:1.1adlif'C <..l 1 11lp•lfl>.:ll\S 

2. Conn~...:ttí..'n:o, 

3. Supportmg structurc 
H Envifl.'nlllcntal J..:•n.tnth 

1.., Phy"ulogi<..:JI dlcct> on pcr >on' 
2. p,)chok'gi-:.:l d;-c<..ts on pcrsons 
3. Scnslli'-•: cqu•pm..:nt nc.u by 
4 Rcson..Jncc nf ,,ruLtural compuncnts 

lll D.!s•gn Com>~t.kr.ttiOns for ln,r:rll.lllon of S.:ns1tr~e Equrpmen._t 
A. Lrmrtrng drspiJ.ccmcnt, vcloclty, or acceleratiOn amplitudes 
B. Ambrcnt \ibratron' 
e PO>'Ibk cll..lngcs In amba:nt VibratiOns 

l. by con,r ruct :<Jn 

2. by fl<!\\ .:qlllpmcnt 
D. lsolJ.uon of fuunJJ.UL>n' 
E. Local I~<'l.ltron of mJrv¡Ju .. d rnachrnc, 

ft 1s important to IWt.: frum Fig. 10-1 that thc m .. !gn¡tudr:~ of v1brat10n 
mvuh;;:d 1n thc.:~c cntr:n .. t .trr: much -,m .. tllcr th.tn th.: J¡~pLtcci'ICnts u-,ually 
comtdcrr:J 1'1 th;; d-.:~•glh of fL1UI11.btiOII'> for st.tt:-.· I••.:J~ For -c\..r1:1pk .. :rt :1 

fr.:ljl!Cn.;y of 1000 l.)dt.:~/llll!l. Jil ~llllplillllk: of o GOOl 111 111.1)' re.: 11c'(!....Cd by 
pc.:r"Jn-... \\ h.:rr: .. t~ 1t t.1kcs a tliOtiün of O 01 ill. at th..: ~.u>.c.: frcqucncy to c .. tusc 
d.u~~..tg.: to n1 ach111<:r~. ~1r .n .. H.:h1nt.: found .. ttiOth. Thcrcf~1rc. thc ordcr of 
mJ.gt'.tudc of V1hr .. tt1on .. l1~1pl1tuJcs to b~.: conmkrcd tn this cl1J.ptcr will 
ncJ..ly ,t\\\:.1\~ be k-..s th.tn Oll! 111 and \,Il( ·.twally be ofthc ordcr of0.005 
i o ) (''.:ti. 11' 

o Q 

SéC. '0 2 ()¡ ')¡{."\. CL{! ¡' ' ·\ 

+- Frorn Rether on-: rt1f.:IStt.r ~!931)- \Stec:-~¡ Sto~e VlbíGtiOnsJ 

o F-~rom Rcu~ch \19t-;. )) - (Srt>r:·:l'/ ~, .nr~: V::;rat.ons) 

c:. From Crcndell (19~9)- (Duero S:cc,t,ng) 
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Figure 10-1. General l•m1ts of d•~placement ampi•cudc for a parc•cular 
frequency of vrbrwon ((rorn Rrchart. 1962) 

Srcady-Statc ! 'tbrarwn .. l of .\/achlllcl_t 

The dc~ign Cfltcn,l rdatcd lo opcrJ.l1on of m.H .. ·),¡;¡~,.·ry c!~T~'ilJ nn 
prime function of thc CllllfC mstallatton 'and thc tmport .. tllCC nr L',l~;l ,; ,•,. 

·:rtt to th., funct¡,1,'. Tht:'>. th.: de-,::; .. .:~·:-:í•..t 1'1\(•h,· ,·,1 -,"'-~.ll. 

tritiJ.l co-...t. co~t of r:1.1. 't2;1,,¡:._:._· \\\:1 ~:· ,r, ••• ... ~·" t:~..; ... 

o 

3 1 1 
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'd,mn ti•:~:''). ,\nL! th.; e,,,¡ of r..:pl.t~·L"rn..:nt of thc unit. The fouml.ttíon 
:,¡,:m 1!1<.!'! l'.: Jc,•;;n~J tLl .t~·~unl!11P\1,th.: th.: kh:l of operatlon dc:.rrr..:J by 
h;; o.\na. 

For rutating m.tchrn.:ry thc l!lformation pr(.'!->L"nted by Blal..e (1964) may 
1c uscd ro co;t:~bli~h thc p.:rmr~~rbk .1mplituJr..:~ of motron al thc opcrating 
p.:..:J. Fi~urc 10·2 illu~tr.ttcs th;;; c.ttcgorrc::. of pcrfornw.ncc A through E 
n thc amplttuJc-·. o; .-freyucncy dragram. Note th.tt the amplitudc of \ rbw

on rcfc~:s to horiwnl.ll mvtron~ mc .. lSlm.:d on thc beanng (not the shaft) 
f the machrnc. [Jbkc (196-0 has Jbo mtroJuccd thc concept of scruce 
1c1or (sec Tablc 10-2), wh1ch indrc .. ttcs thc rmportance of thc partrcular 
¡achrne io thc pnmc functton of thc plarrt. Thc l11ghcr nun~encal valucs for 
te sen ice factor i nd tC.ltc 1 he more cnuc:.~l m.tclll:lt..S. 

Wnh the mtroducllon of tilC servrcc factor, Fig. 10-2 may be used to 
1aluate thc perform2.nce vf a wrdc var icty of machrnes. Severa! examplcs 
'rom Blake, !96-+) an." rncludt:d bdow lo rl!ustrate the use of the se;vice 
.ctor. 

A. Mca~urt...nl·nt-; 0:1 • .In cl<xrn.: motor ~ltllw ! m ti~ (0.002-tn. srnglc ..1mplnuJc) 
at JlíOO rpm From T..1blc 10-2 the; ,,.:rv¡cc f..:ctor rs 1, and thc eiTecuve 
vtbratron 15 2 · 1 - 2 mtls Entcr hg 10-2 J.t 3600 rpm ..1nd go up to 2 
mrls. Th1~ p.1•'1t f..tll> tn cl..s-; D S.:..: "l~'<pi.ln.Jlion ofCases·· at the bottom 
of Frg 10-2 for n.:comm.::nJ.:d .JCllun. 

B. A stiff-sh..tftcd ccntnfu~c ~ho>·.~ 7 nub (0.007 in.) at 1000 rpm Thc scrvr..:e 
J~L"tor is 2. Thu~. thc d'!cct~>c \¡br.tt1on ~~ 7 >. 2 = 1-+ mils. From Frg. 
10-2 at 1000 rpm ..tnd 1-+ mtl, (0.01-+ 111 ), thc potnt falls m C!.J.Ss E. Sce 
notes to Fig. 7· 2 for rc.:ommcmicd at..tton. 

Table 10-2. Serv1ce Faccors"" 
-, 

Smglt!·St.lgc centrrfug.ll purnp. ck<.rm: muror, f.u1 \ 
Typrcal chcm.cal pru<:L,>rng cqurpPH:nl, nLmn:ucul 1 1 
Turb1nc, turbl>.,;..:ncratol. l<:nrrri"ug'al compll">llf 1.6 
Centrrfugc. stllf->ilaf<t, nwlt"l.lf:C c..:ntrri'ug.1l pump 2 
M 1 ~~cllan..:uu, cqurpm.·nt. <.haraLl<:ri\IIL' un',mJ\\n 2 1 

1

1 

Ccn:nfugc, ~h,¡f¡.,u,j'end.:J. un,¡ .1ft rH:J.r b.l:,kct 0.5 
Cenlrlfugc lrn;...,u,p~n.k,f. ~lun¡; 0.3 1 

Etk~;~-\-C~-, h~~~:;)--,;~~~~~·;"'~-,tn,;•7.:~;,~;/~; t~u~~ rbrat 101~-1nt:h~ ---,¡ 
nnilllpl•'"'d by rt1c h.,l,<c(u't(n 

:\lachL1.,; tOLl:> ,¡r..: c\.:lud~,J YJ.Iu..:, :He: f<>r ilc.lh.d-down .:qu,rmcnt, 
1.1.h~n not bolt~.d, mulliply thc.: ~cr~r~..c f.u.tor hy O 4 aml u,c thc 
pn>Juct as a ><Or>'ICe f.H:tor 

Caw:on VJbratt,>>l ~~ n:c::nun.:J on thc b.:.mng housmg. c"ccpr as 
stalcd 

.. ~;1~1 R 1 "' ( ; e; ..:, , 

SLC. 10.2 lli \1< • r<. (. K 111 IU A J ( ) 

o 0001 ~-'---~....L..J.-l...LL.ó.... __ _.____,_ 

100 :coo 

E•plonal•on of case; 
E Oongerous Shut •1 do.-m now ~rJ a·,o d daj;er 
O Fa•lure •S neor Cor, ecr wilh•n 1 _..o tl·1'JS ~o c'0•d brem~:dow., 
e Foul~y t:'"OffPCt w.~n~n 1() doy'l :o SQ•¡e ínQ¡n~enGnce dollcrs 

a Mtror fau:ts Correc'IOíl wo;tes cta:tars. 
A ~o fa1Jifs. T¡-pl<.al ne.Y eqw•cmo1r 

>=;gur~ 10-2 Cnt"''~ for v•brati0'1S of rotacrn¡: machrnery (a{ter Blake, 
1964). 

C. A lrnk-su-.pcmit..J ccntnfugc op..:r .. :¡n_,; ..1t 951) rpm ~htms 2 5 nuls. \' 1!h t:.c 
b..1~.kcr cmpty Tnc~ >er\lcc f.1ctor" (¡ 3 .1110 ¡he ..::r~d~>c vtbr.!li,1J, ·' ll ~s 
md~ (0.00\175 m) Thc pornt ..tl 951) rpm _,nJ O lluU75 1 1 ::1 F ~ -;-.: :.: .. , :.1 

e¡,,~~ s. · -

For spccial typt:s of machines, th·~ or ¿.:mi..c:J.t:.)n:, .:,1ncc~.1-:J \\ ,¡:~ t!~~:r 

manuf.tcturc, instJ!Iat¡on. and op.:ratton oftcn d..:\ clü¡.> r::t:n:;s ~"~·~ J.::·.:~.:n: 
opcratrn;; ..:ondrtions. For cxJmp!c. Parvr> ..1rld Apper.d¡~o ( ILJó6) !;' .: \,!il•c·_, 

for \';~~-.1.'•,)0~ ,tt rh~ h¡,::-:·~; ... üf tu~h·_~ l~' .... ;-¡ 1 ~-LÜ:" ->~·, or ~;- J~ 

. ' ..:: . d ~.=-! ! • ' :- ~· ,_ l.: 

-------------·-------



T:;.~!e 10-3 RJnge of V:~lucs oí V1brJt10ns for Turbo:.lternJ.:ors 
Operat1ng :\t 3000 rpm' 

,--------------,------------------ ---- ---
1 V¡br.tllün (~¡n:;lc-Amplilu,k) 
: ----- --,--------- --------------

! On llc,lrln¡; . On \lld.ft ! On TL.rbtnc 
Ratln" of c-

Turboaltc.:r:utor 

; C.1p' (111) 1 (111) : Tabk (m) 

I--E-,-c~-~1-le_n_t --~--0 000;---:l,---0-~~-1 0--~--0 0000:! 

Op..:rJuon 

Good O Oll04 

1 

O 00:?0 1 O 00004 
Fa1r O 0008 O 00-1-0 ! O 00008 
Bad O 0016 1 O 0080 ¡ O 00016 
Dang'Tr_ou~ O 0032 1 O O 160 1 O 00032' 

• After Parv" ,lf1d App~nd1no ( 1966) 

AddltiOn:J.I inform.ltton rcl.tt111g to tite npnat1011 of rot:J.tt11g m:1chmery in 
general is noted 111 Tablc 10-4 (from f3.t.xtcr a11d Bernhard, 1967). These 
IImltS :J.re ba~cd on rc:lk-\clocily cntcn.t :done .lnd \vould be represented by 
stra1ght !1ne:, 011 plots ~111\ll.tr to tho..,c of F1gs. 10-l and 10-2. !\lote the 
s1milanty 111 v;:¡iucs of pc.d ... ,-c!ocny for thc lowcr l1m1t of the range for 
m:J.c!tmcs a~ "smO<)th" (0.010 1n /s~:.c 1n l .tbk 10--1) :lnd rhe lowcr l1m1t of thc 
ra'1ge "b:.He!y 110llcc.tblc to pcr~om" (O 01 111 !~ce 111 F1g. 10-l ). Slfllilarly. 
note the lower l1m1lS for '\lightly rQ_ugh" for IT''lcl1111es (0 160 111 ;~ce 111 

Table 10--l) and ''troubbom.:: to p~:.r..,pr~~" (0.10 1n./~ec 111 F1g. 10-l ), :tnd the 
danger lim1ts of •·very rough" (>0 ó3 1n./~cc 111 Tabk 10-4) and tbc Rau>.ch 
ltm1t for mach1nes (lO in./sec 111 F1g 1-i}-1). The "dangerous" r\.itmg for 
turbo:Litcrnators of 0.0032 111. J.t 3000 rpm (Table 10-3) also corresponds to 
1.0 in./sec. 

Baxtcr and 13ernh:ud ( 1967) havc abo g1vcn a te11tat1ve guide to V1brat10n 
tolcrances for macl11nc toob--thts mformatton 1s ~hown In Table 10-5. The 

Table 10-4. General Machincry-Vtbratton-Severity Data* 

Honzont.JI Pc:.1l-.. Vclocny 
(tn /s..:<..) 

o o 005 
0005-0010 
0010 0020 
o 020--0 0~0 
o 040 o oso 
0.080--0 1 (¡Q 

o 160-0 315 
0.315-0 630 

>0.630 

M.Jch1nc Opcratton 

Extrcmcly smooth 
Vcry smooth 
Smuoth 
Vcry good 
Good 
Fatr 
Sltght1y rough 
Rough 
Vcry rough 

---------------------
11 Aft~..r r..~,.r. .. r ~-'l 1 lh.rnh.uJ (llJ(l71 

o o 

-------------

5tC. 10 ~é 

Tab!c !0-5 Tent2:1ve Gu1dc to Y1bration Tolcrances 
for MJchtnc Tools* 

r----------------- ------ -----------------, 

Typc Mac!11nc 

Dtsp1ac.::mcnt of Vu.br .JtiO:lS a> 
Rcad v.nh P1ckup <lln SpmJlc

Hcanng Hvu<;m:; m .:.'le DtrccttOn 
of Cua 

Grmdcrs ------------~---~f~lcran;;~ ~:n~~Cmtlst) l 
Thread gnndcr ¡ O O 1--0 IGo 1 

Profilc or conlvur gnndcr 1 O 03--D .08 ¡ 
Cylmdnc.:ai grmd..:r 1 O 03-UJ 1 

Surfac..: grmdcr ( •crttc.tl rcadmg) 1 O 03-0.2 
Gardncr or !k,! y typc O 05--0.1 ; 

Ccntcrk,>, ¡

1 

O W-O.H JI 
Bonng machmcs O 06-0.i 
Lathe 0.2-1 O 

• Trese v .. duc<; c.tmc frorr thc C'P~flcncc or pcrsonnc: v.hu 1-.ave becn rro•Jb!,·
shootJng m..1chmc tou!\ for ov~r ten }~..lf) Thr...y mere! y lntlJI...~t~.. rr.hc rJ.n¡;c m ,.., ~~~.:h 
sattsr~ctory purt\ tuve bccn proJuc~J .1nd wdl '.1ry dcp"nd,n¡; .on \IZC ~r.J ¡¡r,.,h 
toler~r.cc Aftcr 13."tcr .111d 13crnh..!rd (1967¡ 
t t mil= O 001 1n 

motions ltld!cated 111 th1s table rcprc~ent only general m.tgn¡tuJc~, ..:ctu.1 
operaung tolcrJ.nce~ mu~t dcpcnd on thc '>IZC and ftnish toicrances of tll\. 

parts to be machmcd. 

Vibrations of Stntctl/1 es 

Although the top1cs of v¡brat1o11~ of \tructurcs and thc allm\able l11111l> 
for such vtbrJllon~ are bcyond the scopc of th1~ book, 1t ¡s uscful to 1nclud.:: 
a few commcnts 011 th1s subJCCl. Th1s 1s particul.uly 1mportJ.nt 1n rcl.tt1on to 

the problem of prcvcnti11g damage to ~tructun:s bccau~t: of m:J.ch111e opcra
tions or construct1on opcr<~tiOI1~ 111 the tmmcdiate \lcmity. 

In F1g. !0-1 and 111 thc tcxt dcscnh1:1l! thi~ fi>!urc. 1t \;,1s notcd :hat !1:n1h 
havc becn cstab!Jshcd (Crand..:l!, 19--19) l~r mot;ons of '>auctUIC> C.lll>c·J h\ 
blast1ng. Although thc lower llllllt for th.: zo11e (111 F1g. !0-l) J-::¡,,,cJ 
"caution to ~lructurc~·· rcprc ... enh J pc.tk \cloc:ty of 3 in fscc. 1t '' :;c·nc'.t! 
prJ.ct1ce to lrm1t the pc.tk ve!oc1t)' to 2 111 ¡'se..:. bcc \\ .... ~. !9(,S¡ T:" L ..; 
Burcau of !'vl1ncs entena for structural <.af..:tv a:.::.un<;t d~:'"l.ll!e from hL•-;·:·1'! 
involve both a llmlllllS peak vclocll)' anJ a i1;n:t~ng pc.ch. . .I:c~kr.llll'd IL:, .. : 
3 cyclcs/sec thc h nu t 1s 2 1 n./sec peak vcloc1 ty, and :J.b0~ e 3 cydc:>_·,,-~· t'l

Iimit is (O.IO)g peak accclcratiOn. 
For failure conditio11s govcrncd bv hmitm" valu('s of pc.1h. \;:lo::t\ ,,r ..... .; e b 

:J.ccelcr.ttlon, 1t ~~ ~,),nctlr.lC'> nhHc '-L)r.\cn:..:n: to pkH ¡;-;, 1nfc>rm. 't·'.: ··; .1 

o 
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F•gure 10-3. Rcs¡..o:ue spcctrl for vtbr~tlon l1m•ts 
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dia~rarn s¡nul.t r to F1~ 1 0-J. wlnch ~how\ \tlllul tan,;ou~ vd U<:'> uf d,;.plac::
mc; t 1 cloc1l y ~nd .~:c-:lt.:J.i t:on Thc : 1111:! 11H: cundtl!Oil for ca..:h uf thcsc 
threc,quantltl~: furnh .111 c:nvdor~ on thl'> J¡,t,;~·:l!lL f'otnh falltng :lbvvé thi:, 
cmclcp-: \'tol.tk thc "L11lur:.:" condltlnno,, whdc tho~c pu111b fallmg bclow 
the en-elop.: 1 ... p~c~.:nt ~.:t:,f.:ctory cundiliOih. In r·,g 10-J .trc ::.h0\\:1 thc 
limtttng c~mJ¡t¡on' for ( l) tht: "pcoplc" IJtmts of "barcly notJccable" and 
"truuhlc,omc to .pcrson;.," (2) thc H.1usch llmllS for m.tchmcs and mach1n~ 
found,:t!On~. anJ (J) thc U.S. Burc,tu of rvtmcs cntcri::t. Abo shown in Ftg. 
10-3 ~:·.: 1\'.n sh<tJcd /ll'l<.:' whicl1 dc,cnh,; :he po~,,bilttv ofstructural danu:;c, 
n ~ .. t _¡L- b, \, ~r: r··_:: ¡'L \' ~)· .. : L".l ,t:d hJ ... '~~ .. 1,!'.-~t .. ~~~ \~b.-J.tiOn~ l'h!C' 

(~ 
"-.../ 

!>!C. 10:! lll'olt,..._ \IUIIIZL\ Jl] 

mcful forcv.till,ltÍ•Ig ti!.: tl)'ll.llll!C..: n:,¡lllll\t.: uf,¡ \Íbfd1ill~: '>)'>ll.:lll ,¡:¡u are oí",,:,; 
design.ttcd a-. 1/ioci; 01 rc'f'OII\C-If'CC f1a diagram1·. 

Ejfects of Vdnalioll.\ nn Pet.1o111 

Whcn thc dc::.ign of a foundat1on -..od ')"tcm imohc~ th-: LOil\l(.kr.t~J~)Il 
of pcople in thc in.m-:dJ,ttc VJCIIJity, tl:l." pr,,h!cm m,t) bcco1~1c wmpkx. l he 
first point to be ·~.;!.l h!I.,hcd 1', thc tol..:r.~ hit: le\ el of 11 br ,ltion for t he .tr<:.l \1 h..:1.: 
persons are to bl: loc,¡(I.;J. Thc llC\l \ter 1\ to ascertalll ¡f thi~ IC\CI ¡<., ro~>ibk 

withir: thc r:tngcs ofvihr,tllon 1nput. d¡,•:,nc·:~. and sod com!1tion-. ant:cip.tll'd 
ln Fig. l0-1 ~c~cral rango:-. nf hum.tl tokrancc~ tll ''hr:ltJon~ 11cre :wt~J 

v.h1<..:h had bcc-n c-.tahlJ-..11cc.! cxpcnnlcnl.dly hy -..ubj.::Cling ;)..:<)pie to \tJliC.d 

vibration<> a> thcy ~tt•otl o n a ~h:d, lll(; t.lhlc (~ce Rc1hcr :u:d \ ll."¡,¡cr. 1 iJ 3 i). 
Genera!ly. pcople <trc mmt 'iLbccptthlt: to \ibr,tl!Oih .Jppl:l."cl 111 thc J:rc~~ .. >11 

of the long ax1s of thc body. Thc l11:m.tn tolcrancc limtl~ ,,¡ R.::thcr .1:1J 

Meister have bc.::r. confirmed hy suh~.:quL.nt ÍllV<;;:>!If,ltiOilS anu ,m: :;cncr .. ily 
acceptcd as u~t:rul í·,!J_y~JOiogtcal v,!•r.tli(lll lir1llh for rcl•pi.:. For .1 con::•r<..:
hensrvc discu'>SIOI! vf thc c!Tcct nf ;;IHh .. k .:.1d vthr.llton~ ,)n m.tn. ,..;.; Char ..;.¡, 

by Goldman anJ von GJcrkc, rn tll.: blhJk cJilctl b; H.trm ,ltlll Cr~~~c ( i ''(• i ¡ 
Thc phy~:iologtca 1 \ 1 h~.t uon l11n1t, rcprc,-:n l o ni) t :1c fir~t ,t,;p :11 C\ .1: : •. : t

ing the effccts of vtbr.tliOth on p.:r,un'. Thc ncxt .tnJ t>ft:.:n more tmpo¡ Udt 

ccnsidcr<!tJOn ts thc p>yLlwll>gll:.d c:rcct nn p.:r~otb. lf th.: \ dJr-1t1on ,, h:1::;; 
gt::naat~o.·d "rn h1~ tn!crc<. · thc:n a pcr,o:1 nuy acccpt thc ph)'Jolog:~.-.:t 

vibmtwn lrm:t. Ho\~cvcr. 1f thc v¡hr.tllt>n 1s gcm:ratcd "for ~Oilll:l111C c~,c·~ 
bcndit," a v1bration \\lw.:h '' "b,trdy not¡ccab!t;" may be di'cctJ\..:ly tJ.trh

formed into thc "troubk~omc" c.ttt:gor). Anothcr C'\.!llllple t1f th.; r~_:..:ho

logical cfTcct ü~Cllf~ Whcn a OC\\ foullti.llWn -:.oJ! ~)~lClll !S dcsl_:;tH;d !or a 
dynamic un1t. lt 1~ not sJll~factory to pro~<ídc thc s.unc k1 el llf \'lhr.ttJ,)n t,> 

persons in dtc ncighhorh.JoJ of thc llC\\ unit a~ hau C\1\tctl frl)tn thc 0!J 

installat1on. Evcn thvut.ll thcy h.1d :tt.cl'pt..:l1 thc prC\Iilll~ vJbr,tlt,Hl 1.::\cb 
and po~~:bly evcn found them tokrahk. pcoplc '"expl."ct" thc nc11 JthUI!Jtton 
to p..:rform bct:a. Co:hcqucntly, the rc,IL'tiv.ls of p.:oplc 111 thc :m.<lcJt.1te 
viC1111ty of VIbr.ttiOII-_,;cn-:rating cqutpmcnt rnay tntrodt: ... c .t Sl~~lllfic.l'lt L:d\1r 

whcn cstablt:.h,no: Jc~:gn .:r1tc:na it -..huuiJ be po>~tblc to m<th.c up .t t<:h!c: 
s¡mdar to 1"':.tb!c !0-2 (-.,r.:rvr<..\." L:ctor~ for nl~chtncr)) (\,) 111tLlL~tc tilL \~~;"t.L:'"1:1::, 

in sen~ittvíty of pa~ons to vtbraliott~ .. tccording to thc1r p>yc!,o:o:,;:l·..:al r..:

spomc. 

Critcria for Tranli<'nl Loadt•1g.1 

----------



Tablc 10-6. Sorne Typical Vibrauon Data"' 
------------,--------¡~0~:-C-ri-VC-d;---------

o 

1\fc.¡surements of v1brat10n m 
T1mc; fituldmg (N Y ), subway; 
fioor Vlbrattons 

(1902) ttons dueto subwdy 

------- ---------------1 

15-20 Clcarly perceptible 1 

10-15 1 Cle.trly perceptible M,111ock llyde P.~rk arc.1; butldmg vtbra- 0.001 1 

------------ -----
Ratlw.¡ys C C. Fretght tr.un at 65ft; 0.0009 ! 

o 003 

85,000 o 0~4 

78,000 o 01 

Wlll1.11ns 1 p.!s,cngcr tr.11n .11 25-30 ft 0.0037 1 

----- -----------------'-- -------¡---- -----
~~:~ --,nR.s ____ -CI~~; to occup1ed butldmg o 00053 ¡· JO Ckarly pcrcepttble-- 1

1 

100,000 , o 049 
1 ''. • 1ng 1 annoytng 1 

ll-1~,: 1 ng - -- HRS-~~d-~~-Mc."urcmcn~~-;;¡;-omb-d,¡~.tged , 0
0 

1
0
)0
00

1
0
5

7 
1 

80
6 -- Clwl;~~;~~;b-!e--- 1~---57,5·00--;--0

0
-0
0

1:6)_ ---
RAL tunncl, no d.tm.tgc c.1uscd by 

1 

CleMiy pcn.cpt1blc 36,000 ~ 
(1950¡ i bl.tsttng vtbr.,tton 1 

-------- ____ l____________ ----,--- ------------ ---- ----
1\1 .,ung U Morm 1 \'lbt.lllOil> 111 \lll.t 1100 ft ,l\\.iy; 1 000017 : 9 4 1 Clc.><1y pcrccpublc--- 100,000 0.015 

( 1950¡ 1 tmng 2000-lb C\plü>!\C 1 : 1 annoy1ng ¡ i -- -------- ------ -¡------ -- -------- --- __ 1 _______ -- -------------'------~---- -----

\J.¡cl. ncry Tlllmollt , V1br,,t1lln from chocol.itc f.tctory; O 00056 1 42 1' Annoyu•g '¡

1 
147,500 1 O 0\l 

(19JJJ 1 mc.l\urcmcnh m ncarby house 1 1 
- ---- ----- -- -----------------1---~--------- ---------- _: ________ , ______ _ 
~l.~cluncry ¡llllm.ut 

1 
V•hr.IIIO!l m lhHtS''' (JrJ >torey). ¡· O OOOS ) 3 5 

1

1 Ju:.l pcrccpuble 17,500 o 01 
__ _ _ 

1 
(193 1¡ j 40U lt from 120-ltp J1c'd 

1 
o j ! 

\1.,, ltu;;:;;TH~( ~--- --:-~~ •. ~,,~g-~~blc ~~;~~~~~~-m~n~~~-o 005 --¡ --25 --~--;,;-,~~~---------~ --:;~:O~o---:-·---o ;;----
! t.tbl..: ! 1 ; 

- ------------------------------ ---------'----- ----1----- '----------·----'-----
1\l.,chulcry 1 J!lntJll VJbr.illoll 1n 70-y~.¡r-uiJ huu>c Oo00031 l 6-1 ,. Annú/Jng 1 125,000 J O IJ) 

(I'J33) ~J¡.u:cnt 10 "' llthogr.tpluc0o 1

1 

j 
1
1 

prC'l')C~ 

0\ ",.,·,,·111 II~C lorc~'o¡flg fl,,,,ih JI \\OUid .tpp~oH th.Jt thc Ol.l~lnlUll] ~dUCJIJC\ IOVOI\cd ,![ tite V,¡[IUU' >Lig~' uf f>CfCCplohJI.Ij .lfCo ( tpprO\InlJ(CI\) Jll 
llHCrUIIh.h'--,' p~.!l ..,l C4.)nd 

Ju>t pcrccptJblc IOOOilO lll l\loOOil 
C'lc~rly pcr.:cpllblc 1tloOUO l•l lllll,llilll 

, Annoy1n¡: lhcr lllO,OOO 
( 1 1 l¡t:h) ['1\c o 1 1111. lllcc-\ lhfolliOil \.:IOciiY üf H6,000 to 25llo00ll nucrOJlldt<' pa ~CCtJnJ .•nJ ,¡ I.!'Pily 

i !~dll ~tt..lh ll'l ( l ';' _1 j 

pcr _, Jlli\.'Jc-; •hr.tl1on uf 25,000 to O ,000 
1 

w 

00 

~ 
V 

/ 

r 
~ 

e 
;':'· 

r: 
7 
e 
:> 

~ 
/ 
V 

o 

o 

o 



e 
<I!AI'. JO 

1·> ,•,\: ':.td\ of hu1k!111é! \lhr,ttill,h \\'1th rel,l!i<Jil lc1 !h.; ..:ff..:..:f Of Vthf,t!ÍOll'> 

••:: ~·~··¡··:c. 1:-: c.•>lki:ldc.d !h.ti tll,_ u ;J,·r 1.1 prt.''t.'lllt·d h) Rul1..:r .tnd l\h:1~l..:r 

( !•J.~ l) fllf .111_:. p.trtiO.:l!l.:r (¡ ..:c¡u..:llC) CO\\:r r..:.l~Llll:tb!y wdl !he \alucs g¡~¡;n by 
oth:r Jfl\C~t1~ator~. Thc Rcli1cr .1nd M..:i<t..:r !tnllh, c~tabf1,hcd by tt::>ts. are 
shO\\ll Hl l-1!!~ 10-1. Stdfcn-; o.~l,o 1ndudt:d tahks whr~.:h d..:~cnbc thc r.tngcs of 
Jlltl.'lh!l\ fo; the ''7\lodiliod \lcr.:.tll1 Scale" of 1931 (abndged), SC!l>crg's 
":\lcr.:,;l!r-Ctnc.tnr Sc:tlc" (abndscJ). tiH.: ''Re>o;~t-Forcl Sc<Jlc,': and thc 
~·omoP Sc:!le .. (:\brtdg .. ~d) for cartht¡u.tkc' .tnd at~cmpt.:d ro :.tppl;' •hesc to 
industnal \ i brations. Gencr.tlh, he: found thJt thc infonHJtiOn provided 
by the carthqu:.tL: c.calc~ \\a~ Gr"lntk u~c for thc ll!du~lr.ial-v¡br.ttlon problcrn. 
He fotHld thc R<?lhcr ·and 1\-k,.,tcr <.l.tt.t u~ei'ul un~! ~uggc!>tcd- thaL the Zeller 
;cale. b:1~cJ on a unit .:.tllcJ tht: "P.tl," nught h;l\c pot~:ntwl. The Pal ts 
.ietcrm1ncd by !O!Gg 2X (,ce for c-.;.ampk Zdkr. 1933) 111 wh1ch X is equal to 
l6rr: =! f 1 01 ! Grr 1 (,t'nplltuck)! ·.- (frec¡uCIIC)')1 ot' thc C\Cltlng motion. Thc 
nbrat10ns ..:ons1daed bv Z..:llcr ran!!cd from Oto 80 Pal; ..1 v1bration cqll!va

~r'll tv 55 P.d cau~e::. ~;..t~1cl..n..:~s a~d a v¡hrat1on of 70 Pal causes a painful 
>ensauo·¡ to pcopl.;, f¡nall;. StdT..:n~ tncludcd a rabie r:ont::unmg typ1cal 
!lbrJtiO!l d.1l.t from tr.11lic. bl.t~tlng. ,¡nd m.lchtnery. Thcse data are repro
iuccd ilcrc::n as Tabk 10-(l. 

The prubl.;m of v1br::tt1om proJuu.:d by 1111p..1ct load::. on soils or soil
.upportt:d structur,'s i~ of considerable llllp,nt.tncc. In Table 10-6 only onc 

:asefor pd..: cln•ing anJ t\\r.) c.tse~ for bl.1~ting are notcd, but thcse ar.:; rou_tme 
:onstrUC[IO!l p-roceJllfCS, .tnd n:any C011SUitll\g firm~, COntractors, and Ín
urance com:1an1::s h.l\C e'l.tcn~Jv..: files rcl.lttn:,: to v1brations !:!;cneratcd by 
1ile d_min!! .t~ú bla~ttn:;. Onc entena forcv,t)u:~mg thc l!lfluenc.; ofimpJ.ct or 
·ibratory ~nagy on soils and '>lrunures 1s. thc "encrgy rat10'' (Crandell, 

949) givcn by 

E. R.= ( o\cccierattOtl~.! { Jl.Y(~)2 

(Frcqucn.:y)" 1scc} cyclcs 
( 10-1) 

·he encrgy r<Jtlo dcc:",'a'c" wtth dlst.J:lcc from thc sot..rcc w!th th:! rate of 
t!cay dcpendlllg on th~.: lJrC of ~od and lo~.:.t! cond1t1ons; bur Crandclt 
1dicatcs a !!c:nt:ral trcnJ t'fdccrc.t'>l.' o!'t::lcr!!y r,¡¡¡\) ;tccordmg to (dJ~tanc..:)-~. 
·rom h1s ,7ud) Cr.tndcil culklud..:J th.tt d~tn~:s..: to .;tructurcs dui nct occur 

-hen thc cn.:rgy r.lllll r:t>duc.c:J by bl.t .un:; \1,'~ lc!>S th:J.n 3 Th..: concc:pr of 
;e cnt.:r!..'\ r.tll!' h.t, ,¡\,,, !'o:~·n ,..;J..:ct<:d ,1\ a cr 1tcr:on for ..:valu;:ttng the cxctt.t
on rt::qt~l-rcd to ull"p.~e:t u,h ... ,¡,wk.,-. ~otl, ( [)'ArpLl!Oill.t. 1()6(>). Howcvcr a 
l\\t::f llmtl o! <..nt:r _ v : .tllu 1' h,,_J¡ do..:-., not alkct sod ~tructurt: Joc~ not '-CI.!Ill 

> bt: v.dl-Jc!inc<.t'.H thc p::.:-.,..:nt t1111c: {1%9). TschcbotarwfT (!965) h..ts 
0111ted out ..tt k:tr;t onc: l!bl~!nce for wl11ch c:nc1gy ratio•, of 0.01 to 0.001 
ndopcd by r..:pcatcJ t111po~d;; from p1k Jriving h:l\'e cau5cd ~crious scttlc
tcnt .. :< ,,,,;, 111 thc •, ¡._:¡.uty of tite cothtruction. Conscr1ucntly. the total 
tllt; ,, _ ... 'r.ll,,:; ¡, ,Jo11::; •"l ~oil 'tn1, lt.!<.. ••• ,; ., :1-.: ,_ .. :1J:ttc:J b) a simple 

!'.!(. 10:! 1 )1 \lt.. .... ~ ' 1'' ¡ ¡ ¡ \ 

,~. 

J) 1 

limil ind1c,1tcd hy lhL: ..:ncr~y ratiD ht:L.tu><.: th..: mulli>,·J ·1'•'f'<'i111< 111\ ¡\ .:: •l 

importan l. 
Severa! b1t~ of mfürm:ttic.n on thc Vlll! alÍllll'· r..::,.ultln¡; fro1n trdfllc: .trc 

no!cd in Tablc 10-6. lt ~~ tmponanl tn <.:v.IÍ,•all' lhc 1nllucnn.: of tr.t11ic .tnú 
oth¡.:r back~rounu \ ibrJllorJ:-. whcn con~•dcnn~ thc llc>tgn cntcn.1 lor .1 

particular l·;lstal!atlü:l. Thc cvalu.:t:un 'IIL1U!J ~IKic·dc a r.lllt:C of thc ro
tential vanablCS imo!vcd, \UCh aS thc lypc ,¡¡¡J frt:l!ll-:"ncy_of_vc!J¡d~~ r:h' n:,;; 
the rougitness of thc road surfacc. 1ncludtng thc t:!Lch of 1cc 111 cold cl¡m.:tc), 

the influcnce of chari~l!li!: ~oil cond1tion~. IIH.:Iudtng fro~t :tnd sc.hon.ll mo¡.,. 
tu re vari .. wons; anú thc ros~ibk cfTcu~ ot' t h~· <.:h.u&!:t'' : n ~od ¡:comctr) . d un n g 
construcuon; orr rhc w~tvc-..:ncrgy :r.tn~IPÍ~\:\Jil fr,)f11 thc tr.dl:c SlHircc to th..: 
sekcted s1te. Scq:rai of th..:'>C factor~ werc: ¡¡n..:-..t:gJtcd h) S·.:thcrl.:nJ( 1950), 
who [ound the etTcct of irregulanttc!> :n th..: ro.1d to o.: thc: nwst ~1_;•11!ic:J.::l. 

Thc arnbient or b<!l.:k:;round vtbr,tti<'ll !..:vd ..11 a p:Jrti<.:lliJr locJt,o:¡ 1:, of 
particular signrficancc v.-h.:n foundauons for s<:n..,I!I>C .:quipment are to be 
desi~ned. 

Foundations for Scll~t;ic~.: Etflllplllcllf 

OccaslOnally 1t tS nect:~~ary to d..:::.1gn a found:tlton \\'lllch IS ''1 tbr.tlll>ll

free." This ~~ trnposstbk, ofcour!>c, hut11 li!,.Lc::lt:' ~n ntrc:11dy lc1w \,tlu..: 
of pcrmis~1ble motton. Th;!> tcqlllrc:nc:nt rs oftc:1 ~¡,c..:t!ic:d f,)r SCil'>l~l\•' 

eqUipmcnt !>UCh .1s clcctron m:~.-ro~copc:,, c.!lthratton tc~t <.t.Jnds, p: .Xl't!Jil

machining opcration!>, .1nd radar tmq:r-,. For tn ... tall.ttions in whtch thc 
equiprncnt itsclf is not a 'tgntficant sourLc uf vibr.tt:Pn. 11 1'> nc..:cs,,try to 
~~valuatc the amb;,~nt \'tbr..lllon, al tht: ~:t..: .uH! tht:n to1 ¡'1,1\ 1u..: ISOLttt,1,, of t!l..: 
fOL'llU::lt!On and 0f tht:: !fiJI\'IÚUal p1.:cc~ of <.:'fllljlll'Clll b) th..: IilCthod\ tlld!

cated in Chao S. G\:nerallv, lh..: d.:•,t!.!.!l crtrert,l ~~w~dd i1c .:~t:t'olt-;h..:d bv 1;:..: 

owner cr ec¡~npmt::nt ma:n;facturcr b~c.au~c thcy mu't he >.ttl.,ficJ \\IIJl ~11.:: 
eventual opcr,1t10n of th,:'cf]Ulplllcnt In thc <.use o!' thc d.:ltron nm:ro,cu¡'c, 
a !tmitrng cnt.:n:t or ;o- 1g at thc mucl11ne b.b bt:cn e,~:tbii~ht:u by t.:~ts (5..:11 
1963). !;z ti!!S ¡1:lrliCLd.t: l!ht.IIKC, local I\Glat:Oil r.td~ lll:t:• p11.l\1Li..: ,\bOUl 
one ordcr of rll:.t:!n:tuJ~.: ,1f reducti,lll 111 g v,1lu ... ~. ClltL'II.t luí c.dltJ:.tt:,,n t,·,¡ 

~tands :1110 Sltnll~r !.t..:dttl.;, ,¡;,; oftc!l of' tht: orJcr (>f ! l) -•,_;- '.\ lli: "ü:ll: \.11 ,.\

tlOilS <Jccordtn:; to thc t't :,¡uency or·ll)rut \ :br .. t10n~- Th'.: tnt.::r..:,t:n:; ¡.'rt L1f 
thc rcqurr.:mcnt of man) of tltc~c ''\:br.~t,.->n-fr,·..:" f:,ul:tlc' '' ti:aL tb.:\ .t:.: 
often locatcd rebr,.,cly clo~c toa m.tjor ~oun:c of \'tk.Halih, \\ llic:h c,,.::;,!·
cates tlle isobtion prob:Cm, 

Radar tracking towcrs are onc typc facility which rc:qu1r.: st.lbk fGund::
tions :wd J.L .. t thc: s:11w: time oftc:n locat..:d ncar ro..:i-.et-laun;-:J,r:; :·.¡_.·.: .' 
F0r s:uisf~ctory .,:o0_r:1.10n of .h..: cc!u'pm.:nt, P;chunJ.:r (19.),,¡ :::h .• ,::·:e,~ 



!ll.l!th.: [,>t.d .111,>\\.tbl..: tdt P! thL· {,>111.:1 h ul thc ordcr ol \ ol tire l<>Ld ¡wtnl-
1!1~ erro". Tltt> 111LluJ..:~ thc t:lt lllUliLcd bv the lk\1btlttv of thc tow..:r struc-

~ ' -
turc 111 .1dJttton to the ttit tntroJuc:cd hy rocktng of th..: foLli1d..ttion t'·:-L. 
M:t\1\ell (1965) llJs notcd th,tt typtcal vJ.Iue~ for thc angular rotat1on 1n 
tilt111g of r.td,tr t011er~ 1-i often of thc orckr of 0.02 mtls (1020 mil~-=- 1 
r:ack111. c>r 1 mil= O 05617.'); ~tmil.tr 111111h apply to thc tors1on:J.I mot10n~ 

_,_,~.--In additton. en ten::~ for r Jdar-towcr foundat1ons usually 1nc!udt: a range o~ 
resonant freyucnc1..::-. to be ..l\Oidcd bcc.1usc of rc~onance in the structural or 
ekctncJ.! sy~tems. EJ.ch pMttcular typc radar tower has tts own set of de~1gn 
entena wh1ch must be sat1sf1ed by th..: foundat1on des1gner. 

10.3 Dynam1c Lo.Jds 

Before a sat1sf:J.ctory dcs1gn can he madc for a machmc foundauon, 1t 
is nccessary to obtain as much inform.tt1on as po,s1ble about thc magn1tuJc 
and characteristtcs of thc d; namic load<; involved. Oftcn this ts a relativcly 
d11ncult t::~sk. bccau~c manufacturcr~ may not wi~h to admit that any un· 
b..li.lnc..:d forccs occur from op..:r.tlion of the1r cqu1pmcnt. I-IO\\cvcr, there 
are certa1n ba,,c t) p..:s of eqUipmcnt f,>r wh1ch the unb.1l.tnced forces can be 
calcubtcd, and a brícf d~:>cus~1on of ~OI11t.. of these are mcludcd in the follow
ing paragraphs. Th..:rc 1s a dcfinitl! nc~.:d fo:- rcliable me.tsuremcnts ofmachine-

-mduccd ·forces wl11ch are transmJtkd ~o foundatwn~. and the readcr 1s 
encouragcd to obt::~in this ktnd of mformation at evcry opportumty. 

- Rotating llf aclunery 

Rotating machincry dc<>i-gncd to op~.:ratc at a constant speed for long 
periods of 11m.:: includ.::~ turb1nc~. axial comprcssors, centrifuga! pumps, 
turbogencr J.tor set~, and fans. In thc case of cach it is poss1blc, theorctic::~lly, 
to ba!Jnc~.: thc 111oving p:Jrts to produt..~o: no unbalanccd force~ dunng rotation. 
HO\\<.:\cr, in pr.tcticc, ~ornc unbal,1ncc always cxi~ts, and its magn1tudc 
includcs factor~ introduLcd by de-.1gn, m •• nufacture, in~taliJtion, and mam
tcnancc Thcsc Ltctor~ m,t; 111cludc an ax1~ of rotation which docs not pa~s 
through thc ccntcr or gr..:.11ty of <1 rot.lllng component; ,tn axis of rotat1on 
whu.:h doe~ 11LH p.t,~ thr.Jugh th~.. pnnup.d axis of 1ncrt1.l of .1 un1t, thcrt:by 
in trod uetng long1 t udm..tl couph.:~; gr.1 v1 ta!IOnJ! dcncct 1011 of t he ~haft; 

rm~alignmcnt durtr•g liht.dl.:tloll, d.:m.~g~.:, corro:-.1on. or \v~o:.:r of I110V111g 
parts; 1mproper t1ghtcn•n3 of componcnts; or unbalanc~.:s mtroduccd by 
movem..:nt of nMteri.tls b¡;mg procc~~cd. Thc cumulativc rcsult of thc un
babnccd force~ must not be grcat enou¡_:h to cause vibratlons of the machme
found.ttlon ~ystcm sh1ch ..:x..:ccd thc d~o:~1¿n cntcri:t. \Vhcn cxces~ive vibr:l
tlüns <!o o..:cur, t:1c ub·.tou> r~..t.:L:Jy '" to rcJucc th. uni:>..tLtnccJ forccs. 

o ·o 

In L<.:lldill l)JlC' <>1 '''·'Lhlill". llllh.il.llicu! lull.L'- .tr'- d'-\LI,>pcd nn ¡'ur
po>c. Comp.h.llüll lll.l ... illiH".) uft<..11 llllll.llll\ Ullh,li.tnccd n:.:,:-...:-, 1\ l.ic:• rl~:.,:c: 
at a fixcd c..:ccntnc rad1u~ .1bout L"lllicr ,1 hon1ont~d or \Crti..:.tl .L\15 Th.:: 
v1bratory rollcr:> for surl.t..:c comr.tct1on h,t\e a hon7ont~:l .\XIS of roL\tll)n, 
whereas thc Y1hroflot h,l'> .t vc1 t1cal a.\1'>. In ctthcr c..t-,c thc C\Ciling-fon.:e 
amplttudc c:w he C1 .tlu.itcJ fro111 

(IG-2) 

m wh1ch 111, 1~ the lot.tl unhJI:¡nccd ill.t'>o, ande ro, thc ccccntnc r.td:lh to thc 
center of grav1ty of thc tut.d unh~iLlllu.:d 111..>'> Th..: fu1'-.: tr,¡¡¡-,:Jlilt..:d ¡,,.:.e 
soil by thiS l) pe comr.iCllll_,; lll. 1lhlncrv l!L:lc:¡Jo, Llll t!.~· r..:-;L,I:iil!.: ,¡,~,,¡,),; uf 
the contJ.ct facc~ of thc m,tLhttlc .1g.tlll>; tltc.sod. lt ~~ thc í\liiP<)-,c~of tlli~ L; pe 
dev1ce to produce ln~o:la-,tlc dcform.ttl<'l~> 111 thc '>Oil, and much ur" the 1nput 
energy is ab~orbcd 111 chan,;111g thc -,od '>lructurc. 

Another typc rot,try nH:chani~m \\ illdt 
often dcvclops unbalanccd force.;; '' thc 
solid-\\,lStc shrcddcr. rutary rock cru-,hcr, 
or hammcrmill. In th1<> kmd of llt.ldunc .1 
row of hcavy 'ilcel \\cights or "h,lmlll<.:l'> .. 
are attacheJ to disk~ or arm<> wluch r<ll.tlc: 
at rclutively l11gh spccds (Sec F1g 10-4). 
Whcn sol1d wastes, rocks, or automobilc 
bodies are fcd into tl11s machzne. thc 

f•gure 10-4 Elcmcnts of a hammer-
matcri..ll i~ ~mJ.~hcd aga111St ,¡ slottcd am.d m111 
by the rotat111g hamm<.:rs, thereby f1.tctunng 
or shrcdding the matcnal becau~c of thc high shcanm: stre~o,cs 111\'vh cd. 
During th1s shr ..:dd111g opcrat1on the hamntcrs-are \\ orn JO\\ n. Th1s c:h::t n ~e~ 
the total rotat111g wctght and pos~1bly the ccccntncity 1f th..: hammcrs \\:Jr 
unevenly or are not mat.::hcd dunng rcpla<Xmcnt. Bccause of the nccd for 
frequent replaccment of the hammer'i 111 this k111d of mach111e, the op..:r.1llng 
unbalanccd forccs depcnd on thc O\\ lh:r·~ maintenance proc..:dure. 

Afultima:..1 Vibratur;, 

The c:entrrpct.d foiL'C dc1clopcd hy a ~:.1gl..: r<>Lltitlg 111.1'" Lq ( !O-:n 
is a vector forc..: Q" wluch act<> out\lard fro:n thc c..:ntcr uf rot.1t1on ( 1 1>.:. 

10-5a). 13y cornb1n1ng two rotat111g masst.:s on pJr.tllcl shafti w1th1n th..: ,.In;-: 
mechan1sm, 1t 1s poss1ble to produce an osc:tllatmg force \\lth a cor;trulkJ 
dircct10n. As ~hown 111 F1g. !0-5b. countcrrot:ltln!.!. r.u"-·~ L".!"l be so .1rr.1n~~·d • 
that thc hor¡¡,¡:;~.li-fllrc:c c,)lllpJn..:nt:> can: .. ! ~Jut ~ 1 e \C:~oiL"..: ~·,m;·wn.:·;l.· ~1r..: 

~o . 
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(u) S1ng!e Mass. (bl 1 wo Counter-Ro•ot1ng Masses. 

(e) Vert1cal (d) Tor• 10n (el Rock1r.g. 

F•gurc 10-5 Forces fro1'1 rotat1ng mass excltcr> 

addcJ. lf ea.:h m..1~s 1111 has an t:cLcntriuty e, the vertical force prouuccd I' 

Q = Q,, sin r·¡{ o-c 2111:Cr•J~ sin wt (10-3) 

·In ordcr to 1mprove thc llcxibdlly of th1s typc of vibrator,Jour ma~ses 
mav be arran~cd \\Ilh onc .tt cach cnd of thc two par::IIcl shafls. A \-CrtJC..li 
osc~ll.ttrng ¡,)(ce ~~ Jc.,.c.:lopcd by thc arrangcmc-nt of wcights shown in F1g. 
I0-5c. a tor:>Jnnal coup~c ,,bout a vcrtJc.d ax1s rcsults from the arr;¡ngcment 
of F1g. I0-5d, 2.nd a rolkrng coupk ~~ produccd when the ma~ses are loc.ltcd 
as m F1~ JO-Se. Y1brators of th1~ Jc-,¡gn oftcn mclude mcchamsms v\!Hch 
permit d~trcrcnt '>Cll1ng~ of Lile ccCCillfi<:..JtJc~ of thc wc1gLts (see, for 1.!:\amp!c, 
Bcrnh2.rd and Spacrh. 1928: Hcrtw1g, 1-rüh, anJ LorenL, 1933; or Fry, 1963). 
Note that !'or tne rod.ing o; tor~10n .. d forées dcvcloped from thc four-mass 
excrtcr, ttc torqut: or r.'omcnl :s g¡v·~n hy 

X • T = 4m 1c- ,.,- s:n ,,¡f 
'") 

( 10-4) 

in \\ hu;h x n:prc>cn ts th<.: Jist.!n<.:..: bct w..:cn thc wcights at thc CIH.ls of e.tch 
shafL 

L!-,tJ.lflv th.:';<.: r.JU!:ml.'-.'> vJbr.tlor, '"'' dt.:~igncJ -,Jch dnt .... JjL•.tr.1·:nts of 
.i:c .,¡ 1 ..: .:: ~h<.: \' .1_:hh oro:' t~t..: thr<~·· ,,f th_; cc..:cntn-: ...:.r-: 1i:-:t:J t.:.:for-: .: .. eh 

() 
SEC. 10.3 DY:".A \liC LO.\Ih 

...... , r 
Ji.. ... 

test and thcn maint.tÍJH:d con~t<lllt dur111g thc test. Fe., this s:tuation thc 
exciting force lf1Cfi;aSC'> a~ !he ~c¡uarc of thc rolating spcd. 

Single-Cyi111der Engincs 

Tntcrnal-.:ombust10n c'lg111c~. pi~ton-typc comprc~sor~ ami pum p. ste.tm 
cngmco., and oth:.:r m.~~·hl!lcry in\ olv:ng :1 crank mcch:11nsm p•ol!ucc re
ciprocating forccs. Tht: crank mcchan:::.m transfcrs a rccipro..:..1t1n~ mot:on 
toa rotary mot10n, or v 11.C versa. After lile \\Cighl ami ccntcr of :;r:n Itj of 
each of thc movmg p.trt:, are d~tcrn11ncJ, t~c forccs rcsu!ling t'rom c¡.;-r.ltion 
of the macbinc can be C\.tlu.itcJ. 

The bas1c cr,mk r.wch.tnl'>n1 ::, show1, 111 f:g !0-6. lt con~:sh 1.1! .: pl~t,)r. 

which movcs vcrt11.:.dly wJir;¡n a ¿;uJJJn¡_: l..)lllldcr, a crdnk uf k1•~ !1' \\luch 
rot<Hcs about ¡:;uu1t O, anr.l .:1 conJICCling rod of lcngth L. au.:,:ilcú to rhc 
pis ton at potnt p J nú <o thc era nk at po11t t C. Thus. tbc cr .1nk r1 1 e fol!o\\" :-t 

circular p:l!h, wh:!.: tlu; wn:.t pinp O'>cil!<~tc, along a lmc;,r p.1t;1 Po:nr-, on th.: 
conncctmg roJ bcL\,C<-!:1 e .1nd p fo!lcm clli¡->tJcal p:1th., 

lf the eran!-. 1s a~sumcd to roUttc ,¡t ,¡ const;tnt an:;.J!.,r ,:;\,c¡:y ''· \\.! 

may evaluate the ac~..ckratJon of thc p1-,ton a!ong tts a\t~ of tr.:ml..ttiL'il Ir: 
Fig. 10-6 the vertical d¡spí..1ccmcnL of thc p1ston is ="' mc.tsurcd fro~1 t.::.: l·'P 
dead-center po~ttion at \\h1ch wt Í!> t..1kcn as zcro. The total mvt1o:1 of l"-' 
pistan is 

= P = D B + L(! - cos cP) 

·2 r 
lp "' ( r.,. ~l -r( COS wl + 4 L COS 2 wl) 

. ' r 
Z¡¡ = rw \ s.n w: .,. ZL s•n 2wl) 

.. ?.¡ r 2 ' Zn = rw • cos wt +Leos wl¡ 

(i0-5) 
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From thc gcornclr) of thc dt.tgr.tm (F1~. 10-6), 

DB = r (l - cos wt) 
and 

r 
SIO cp =- ~1!1 wt 

L 
(l0-7) 

WJth the introducuon o·f exprcss10ns obtauicd from Eqs. (10-6) and (10-7) 
into Eq. (10-5), thc displacernent bccomes 

( 
/ - r

2 
• " ) = P =- r ( 1 - cos c•;t) + L 1 - ..j 1 - U Sln"u¡t ( 10-8) 

Because thc ratio r¡'L ~~ scldom grc.lta than l, the express10n bcneath the 
radical in Eq. ( 1 0-8) c.tn be r..:pl.tccd by the first two terms of the expansion 
into a power series by the btnon11al thcon.:m, or 

(10-9) 

and after substJtutmg, Eq. (10-8) becomcs 

(10-10) 

- ~ - -- -

The sin 2 term in Eq. (10-10) c.m be rcprcsentcd by its equivalent expression 
for the double angle in order to simpltfy the differentJation of the displace
ment expression; thus, 

(10-lla' 

Then the vclocity and accelcration are 

( 
. r . ) 

ZD = rw Sin lU( + ~ Sl!l 2wt 
-L . 

(10-11b) 

and 

= P = rw
2 

( cos (tJl + Z cos 2wt) ( 10-llc' 

Thc exprc~"1ons for vclcctty and .u.:cd.::rat10n provtd-.: thc momcrtum dll 

tr.crt¡,, 'ur~..~..~ fur thc pi~Lon afícr :uulttplytn::, by 1ts m.t~s. :'-!otc th.tt on..: tern· 

o o 

---------

::;¡e 10 3 

vanc~ \\lth thc \al/le" jicc¡ucnn· as thc rut.t!lllll; th;s '" c:tl!.:d t:.c (J/"'"Ir_\ 

tcnn Thc tcrm \\hiLh \,tnc~ .1t /11111 tite ir~..·~..¡licn~..y of f<lt.:t¡on 1~ c.1lkc' t!1c 

secondwy tc/111 Thc 1111port.tn~·c of till' >L'L•HiU.try l\:fll' 1'> c,t:thJI,hL'd b) :h-: 

ratto r/L. lfthc conncctlllg rod ~~ tnfttllkly long thc sccond.tr:¡ t(;r::idls,trpc.lrs 
arJd th(: ri'>ton cxccut_;<; h,trnH'l1lC lllOl!Oil For a COI111Cll1110: fL)d of finttc 
length thc molion of thc rl~ton IS rL'rtUdiL but nol ILtr.::ll'liL' rt;;urc 10-7 
¡\lustrat.::~ thc 1n!lucn..:c uf thc sccond:uy tc~m on thc i'"to1: .tcccl..:r.~t:L)Il fur 
a eran k mcchamsm ha\ tng rj L ~· l. 

With Eqs. (10-11) to dcscnbc th-.:: uyn.trnic char,lctcmttc<; of thc pt,tL•n, 
we m ay now constdcr thc rol,lli ng pc1rts of thc eran k. 1 f thcr-.:: ¡_, ar y Ul' b.dan..:c 
in the crankshaft, this may bc rcrLtccd hy a ma5~ concentr,tlcd Jt thc crank 
pm C, whtch produce~ thc s.1mc tncrtl.t forccs a~ thc ongtn:d systcrn Thc 
vertical ll10llOI1 of p0111 t C IS 

Zc = r(l - cos mt) 

from which the veloctty and accclcrat10n :nc 

and 

The horizontal components are 

Y e= -r sin (IJI 

Yc = -un cos r"t 

Yc = rw 2 sm !•JI 

(I0-12a) 

( 10-1 ::!b) 

( 10-l:!c) 

(10-IJa) 

(10-IJb) 

(10-IJc) 

The motions of thc pistan and the crar.k havc now bccn cst.1bhshcd, 
leaving the charactcristlrs of thc conncctmg rod to be dctcrm111cd. Bc.::ause 
the WfÍSt pin p fo!IOWS a linear path, thc crank pin Ca ClfCUiar path, and a!l 

F1gure 10-7 P.ston accclcratJon 

as functJ.Jn of crJnk anglc for 

r'l = ¡ 

wl 
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pomts in bctwc..:n :~n cl!Jptít..ll p.~th, thc c\.tet evaluation of thc motions and 
rc.:;ult1ng forccs d.;\,:lop.:J by tih: Clllllll..'lling roJ ¡, f.tiriy complicatcd. 
HO\\Cvcr, 1! ¡s s:-tt¡sf.t:tor) to r..:pl.1cc thc Cl>nnccting rod by an cqu¡va!crt 
~tructurc consi~tl:~g of a m:~~:- aL thc vm:.t p111 :111d a mass at thc crank pi·1 
uh1ch produce tb..: <>.tn:c tot.t! ma~~ ar.d thc ~ame ccntcr of grav¡ty. Tl11s 
proccdurc i~ cor~..:.:t f.J~ cvalt::tt:ng thc Incrti.L force;, but is an :lpproxim:tlll • 
\\hcn c~ub:t~i·.!n_s th.; Incrt¡a couplc. 

After adopt1ng th:;, proccdur..: of dividing thc connccting rod into tw.J 
masses, onc llll)\Íilg WÍth the p1ston (rcclproc.tt:ng) and OilC r!lOV!Og with thc 
crank pm (rotJting), tlw total rcctprocating and rotattng masses may be 
dcsignatcd by m,cc anJ m,,,, rc<;pccttvdy. Thcn thc total vert¡cal-uh;:rt.a 
force F. and tot..:! honwnt .. d-tnerlta for~.:c Fu are givcn by 

(10-14) 

and 

(10-15) 

lt should be notcd th:It tr.:: \crtJc.t! for~.-c ha~ both a pri111ary component :1c1:ng 
at the freq ucncy •)f rut.l tJon an~.! ,, .1n ondw y componen t actlllg a t twtcc tha1 
frcquency Thl: honzonul force h:1;, only thc pnmary component 

Thc torque of thc tncrtt::. for.~-:?'i c.tn a !so be cvaluat.:d from the arrange 
ment of the masscs and thc gr:on,.;try dc;,cnbed in thc prccedíng p:.1ragraphs. 
The torq u e 1:> a bou t the !on::;itud 1 'l:J.I .1xis O (perpendicular to plan e of fi¡;t..:re) 
in F1g. 10-6 and represcnts thc torc¡uc ..lcttng vn the shaft in th<~ dtrection of 
rotation or thc torque on the framl.! 1n thc opposlte d,rcction. lts magnttude 
is given by 

M= ·-mr. w·r• Slll (tJ/ - + cos (•Jl + - cos wt • • . ( r 3r 2 ) 
"' 2L 2L 

( 10-16) 

By "countcrbéll~!ncing," thc tncrl1.1 fo:~.:cs :itie to the rotatmg masscs can 
be r(:duccd or cltinJnatcd c0mrlct..:ly. Ust!aUy th:s IS done m lhe desrgn of 
tnternal-combu~tion cng¡ncs Oí pt\(011-l) p..: P'Jmps or cornprcssors. ríowever, 
rhc rct:tprocatJng nu~;, ~tdl proJuL-~5 unb.d.tnc.: in .1 str.1p!e systcm corre
!:.ponJ,n!! t.:> th.tt o!Hw n tr. F1!!. 10-(> Thus, <1 smgle-cy!111Ju eng!llc is m-

~ ~ 

Ílerentl} unbo!unccd 

The·follo\\Jr.~· c'Z:lm¡Jic Jllust~.ttc\ thc c.1kul.ll1on for thc primary and 
sccond.H) ur.b::Llr.c;cd fcm .. c-; f,)r .1 ~ingk-•. ylltH.I...r cnglfl<.:. Typical data for 
two stnglc-cylindcr cng1nc~ a1c gtvcn 111 Tablc 10-7. 

1t will bc ::mumcd that thc rotating m.t'is 1:. balanccd. Thcn Eq. (l0-!4) 
i: reduccd to 

F, ~-= m,,, rw~ CO\ ( ¡{ -1 

SiC. 10.3 

Table i'J-7. O;¡ta for SmgiC'-Cyiinder EngJPCS 

For the 5~-by~8-in. singlc-cy!inckr cng111c thc amplttuJe ofthe primary for.:e 
IS 

19 4rr2 

F'= -4 --·- (rp •. l)~ ·= 0.00216 (rpm)2 
• 

386 (60)~ 

and tl:e- ampl1tude of thc second~líY fo;cc: i::. 

1 
F" =-= !:.. F' = (O 267)F' = 0.000576 (rpm)~ 

L 

Thtn atan opcrati<1g spccd of 1000 rpm, thcsc force amplitud-:; amcu.1t to 

F' = 2160 lb 
and 

F" =--= 576 lb 

which are sienificant when comrarcd witl¡ thc rnachinc w..:ight of 2270 lb. 
Note that fo~ this machinc 30.6 pcr ccnt of lhe conncct:ng-rod wcight \\.lS 

consid<:red to acta~ p:1rt of thc rcciproc.tttng \\c1ght. 

/II ultícylmder ¡\[ uchincs 

(f' mu!ticyltndcr C!l!.!lilCS ,tnd CD11lprcsSN5 lt l~ ro~Sihic. t0 :lffdtl:;t.' ¡[.,,-

~ J · T bl ' 11 ~ c;•líndcl'i in a m,wncr wi11ch lllil'if1l:Z<.:'> thc unbal.ti1Ct:' torce<;. :t ~..: 1v·ú 

l!lu:>tLJic'i t!Jc Lm:c~ dc._cl,lpt:d l>y llluiliC)'!J,lllcr m.lcllill2' fur J:fr\:r~·nt crJnk 
arranl.!•cmcnb anJ m .. nb.:r-, <)f C)lmd..:rs. For a parucuL:r mach111c :i1..: un
ba!an7:cd prim.uy and Sc'CLl'lÚ.Jry fon .. c-; a' 1\cll as thc torques shv .. J,; h.; 
availabk· fcum thc lil,lllllf.Jclurcr h..:c.Ju\c thc,c qu.lllttt:..:' \lt.:rc f>.:ljdlr..:d l'vr 
the on0111.1l dcsr.:;n uf thc rnach:nc. . 

[t should be nou~d th:J.t TJbk lO-S il!.,~.tr .• k'> thc unb.d~wcc:d tor..:..::> 

dev.Jopcd for mu!ricyltndcr enginc<. havmg thc ~ame bore and stroke fl,r 
eu-::h cyli.1dcr. For th1s comhtion thl.' si:-.-cylinJcr cn;:11.: ~.111 ~~ cor~1p~ct;·!y 
Jat~nccJ Cvn'-.-.:C' .;ntl\. a \'~1~ ~:¡t:ln~ ~'~h .. ~~ 'Jf' ..)~""t\\\l .nJ;p,: :. 'n ~-~·, ,: •'-V 

¡ • - ' :' 

b·!~ .. i!.t..l\,i~d. I!.,\ ... ~\ ..... ,d .. L\.:,__·\:"~ .. :.·~..t~trc,~.:._)~·: ... : ... ',,~h._':- '"':".'l(·j 
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Tablc 10-8. Unbal:~nccd Forccs :~nd Couplcs for 
D1ffcrcnt Cr;¡nk Arr:wgcmcnts 
(aftcr Ncwcomb, 1951) 

Crar,l( Arron::;en">en rs 
Force- C ·e o C(~_, 

S•n<;;'e :ro·k 
~ 
~ 

k TVwc crc•~s cr 180° 
!n-lrne C):,~c~rs 

O;¡:mea éy1.1de,;_ 
-

~ 
_T:: ~=~k~~~ 9~~ -t- k 

Two cy11nCers on 

~ ore crcnk 
Cy' .rce·s ot 90• "-V 
T .vo e y: •nders on crr~:J or.e cr:r." 
C:;;;:s:c cy! n~ers 

Thrae crcnks or 120• 

), k1-
---Focr cyl •nders 

JJll-I Vc1kS Of 180° 

Cronks or90• + ~ 
Sil cy:rncers 

~ J-. 

r = eran k roO rus ( '") 
L = connectrn0-rod length (rn) 
? = Cy•rnder-ccnrer c!rsronce (rn) 
.Y= recr¡¡ -..• cf one cyl•nd¿r (lb) 

~r1mG,.y 

F'w•rhcut 
counrerw:'S 
(0 5lF' w•fn 
counrerwrs 

o 

o 
(1 41) F' w•thour 
counrerwrs 
(0.707)F'wrth 
counrerwrs 
F' w1thoct 
coumerwfs 
O w.t~ 
counter'lw ts 
2F w :~out 
cour:fe"w~s 
F'wrrn 
count~rwts 

o 

o 

--- o 

o 

"= (0 0000284) r W (r¡¡m) 2 = ?wnory 
··= fF'= Sec;:;nd::ry 

~C~.::onJQ"Y r p,,,.,:::~,. 

1 
F" 1 

None i 

1 

F'O w•'hout 1 

2F" counterwts. 
1 F' 20 wrth 
1 

ceunrerw!s ' 
o Nd 1 

1 1 
(141) F'O w•lhcur 1 

o counrerwrs 
(0707)F'D wrrr.our: 
counterwrs 1 

1 

1 
(141)F" Nd 

1 1 1 

o 
1 

Nene 
1 

1 

(3 46)F'D w.rncur 1 

1 co.;nrer.vrs 
1 o 

! 
(: 73)F'D Ylllh 1 

1 counrerwrs 

o o 
(I41)F'D wrthour 
counterwts. o (0.7()7) F'D .,.;,m 
counrerwts 

o o 

CHAP. lQ 

S 

Sc:.:::~ucry 

Nene 

Nene 

NI! 

F·o 

NI! 

Nil 

(3.46JF"D 

o 

40F"D 

o 

samc, thcn T:-~blc 10-S ~lwuld nnt be u~.:d. but th.: unb:1LtnceJ forces shouiJ 
be computcd for ~o:.tch cyltnlkr at11.! tl1c rl:~ulb supcrpo~l:d. 

1 1 
' 
: 

~ 
1 

~ 
1 
1 
1 

i 

1 

j 
__j 

Table 10-9 illustratc~ thc orJcr of m.tgnttudc of forc~s v.hich may be 
dc~clopcd by one- ~nd two-cylinclcr cnginc~ or comprc~sors. For the singlc
:ylinckr ~n:;mcs_ on..:nted -...cnically, hoth thc ¡mmary and ~c:condary verttcJ.l 
,r, :···::re 't;;ntflc.tnt .\•1 .:1'g'1le t.~u.dly dti\~·. so:;•c adc .. J·~nal m,:chin.:ry, 
..tn.; .! /'-'-)'r>l -'"lr nc:•_d~ ~ )!l1dhJn_:: tu J~ . .-.;: It Cun).:c¡u~:nl/, ih:...c :'urc.:s Q 

\,___~ 

SFC. 10.3 

Table 10-9. Ordcr of M:~gn1tudc of Forccs Dcvclopcd by Onc- and 
Two-Cyhnccr Eng1ncs 

Srngle- CyilnCer Enq.ne -:~er llcal 

Sor e 
Stroke 
r 
L 
Total Wt 
Recrprocalrng 
Werghl 
Operallng 
Speed 

-= 5 125 In 

= 6 5rn 
= 3 2S rn 
= 10 75rn 
=_2270 lb 

= 11 871b 

= 1800 rpm 

Unbalanced Forces 
Pnmary = 3450 lb al 1800 rpm 
Secondary = 1075 lb al 1800 rpm 

Smgle- Cylmder Compressor- Vertical 

Bare = 14 ') 1n { F'nnnary =9180 lb 
Stroke = 9 111 l V"t 

SeconCary =2210 lb 
Total Wt = 10,900 lb 

Farces at Operotrng Speed f'or1z 
{ Prrrr.ary =310 lb 

of 450 rpm Secondary =O 

Honzontal Comprcssor- 2 Jnequol Cylr;"~ders 

Low Presswre Cyl Bore = 23", Stroke = 14 ",Un !:Jo! Wt = 1!30 lo 
Hrgh Pressure Cyl Bore = !4", Stro~e =14",Unbal Wt=8901b, 
Wt Compressor = 22,400 lb 

Unbalonced Forces at 277rpm 

Honz i {
Prrmary = 61901b 

Secondar ¡ = 730 lb 
1 

Unbalanced Moment e~ 277 rpm 

{

Pnmary = 22,400 ft lb 
Honz 

Secondory = 11, 300ft lb 

r { Pnmary = 5300 lb 
Vert 

Secondary = O 

1
1 

{ Pnmary 
Vert 

1 
Secondary 

= 19,300 ftlb 

=O 

1 ~ t 
----:-c...=--==:;-.!..~-~-

shown on Tablc 10-9 consututc only a part of thc loads acting on a p.!rtll. 
foundation. Thc rcspon~c of thc found.tti011 mil JcpcnJ on thc rc~ul 
forccs dcvcloped from th.:: cnt1rc p:-tck.1g.c of machincry and thc local:,) 

thesc forccs. 
The two-cyhn,lcr honzontal comprc,~or Jc~cnbt;d ün T.tbL~ 10-9 1 

trates the additional problcms ao,socl.tkd \\llh thc mO.tJ,)Il of t\\O honzo 
in-line cylindcrs of ddTcrcnt borc. Bccause of the la[gc rnov1ng 111:1'-SC~ 
volved, the vertical componcnts of thc primary force .l!ld mom.::nt are 11c 

as largl~ ac; thc horizont:.tl compl'n..:nts. F,.~,: :r::; ,.- ft'r..:c' .trc· -'.:' ,:~ 
whic.h wdl C.ll!SC hOf17,-,ntal and \Crt,..::d ¡,,,,,;,,- ·o .. ::l 1 ¡, '-
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t\\i~tin:; of thc f,Jt::hl.nion for thi~ nw.:hin..:. lt i~ abo prohanle th;;t pitching 
and !.1t..:r.ll llh.>tÍ,lll\ \IOUlJ occur hcL.Ili'>C of coupling. Consct¡ucntly, rhc 
force:, tkvclop.:J b~ thh two-cylindcr ccllnprc~\or wou!J C\CÍlc vibrations of 
its found.ltiOil in a!J SÍX JcgrccS o( fr.:cdom. 

In gcnerJI. mulucylllldcr cnginc:-. ha ve :,m,lllcr unbabnccd fon:cs than do 
thc one- ar.J two-c; !ind..:r cnginc~ and cornpr•.:s~or;;. Hl1w.::'<cr, in .::ach case 
it is neccssary to e' a!u.ttc thc intlu.:m.:c of thc un balan-: :J forccs and couples 
on the respomc of the maclunc foundation in al! six moJe:, ofv1bration. 

--· 
Forces from Vibratory Conn'JVrs 

'hbratory com eyors are oftcn thcd w tran~port rnJ.sscs of sol!d p:1rticies. 
Fi!!ure !0-8 dlustratcs thc elcmcnh nf th1~ typ..: ;nachmc, whtch cons1sts 
cs:cntially of thc (On~cym trough. ~urr•llllll~ c,pnngs, a rc,tction block. and 
a motor-c.ranl-.-Jnvc mech.tnl~m. Tlw ~rnn~s m:!) be c1ther Jc;:¡f springs, as 
shown, or coil spnn~s Honzont.d nHJ\cmcnts of partJclcs in thc conv,:yor 
trough are dc\clor..:J by O>cilbtton of thc trough a long :1 p.1:h \\h•ch produ-:cs 
a fonvard a:1d up\\,!rd :tccckratton pf 1 ).trt::.k~. thcn a b:tckwarJ and down
warJ accclcrJ.t.on. T!m c.w~.:-. thc p.1rt1 .... !..:~ to nwvc fonYarJ In a small 
"hop'"cach oscdi:ttiO:l Thc sh.ct..::ll ¡¡¡ ri~. !0-8 ~hO\vS k:.d' spnngs 111CIIflCd 
at 60~ frorn thc hon1ont.tl, ,vh!Cil t'o1cc~ rhc convcyor trough to move along 
a path rnclint:d ,\t 30° from thc lwn:ont.d. ;\ crank :rlcchanisrn providcs thc 
input oscillauon J.l a g1vcn LJ.IIIplitadc of n1otion. Usu<l!l) ti1crt! is a specd
reductwn ~;stcm bctwo.::.:n thc motor .tnd cr:tnk-dn>c rncchan1~m to prov1de 
a wiqe rangc or opcr;.:t'n(! frcqucnc;, of o~cillatJOn. ff th~ opcratmg frcqucncy 
IS "tuned" to thc fl~Sonant frcc¡ucncy of thc ma'iS-spnng system. then mÍni
mum 1nput force is requm::d to m.unt:un thc oc;cillat10n. The movmg mass is 
pr;manly thc \\c1gbt of t11e convcyor trough out may inclLJdc a pomon of the 
tran">po. tcd mate na!. 

Tht: found.ll!or: block 15 r..:q u1 ¡ cd to absorb an incli ncd oscilhti ng for¡;e, 
indicatcd as Qa 1r1 F1g. 10-8. Tll..:r..: rn:ty abo be a pttching morrcnt developed 
if the !In e of act 1011 of thc rc>ult;,n t 1'01 ce Q,, ducs not e o: ncide \\ 1th thc ccnter 
ofthe resistancc Jcvclopcd by thc fvWllbtJ(•J1 block. fn any case, a hon,,0JI!Jl 

s~c. 10.3 ll)'-\\;¡, 1<•\1>'> 

::\nd a vcrtic.d force will t .• ~ ti.Ul\!llÍllcd !,\ til<' ... upp(lrung ""'· and ,,,¡,, ..:r • .:r,:y 

will he prop.tg.tl<'U from thc found.ttltlll hiP~k nutwarJ. !1.:.-.n: .. ~ ih.: h~>r:í~J:I
tal comp<>Ja:nt of t!1C forc..: appl1..:d to tln: ,.,¡J ¡.., ¡•rcdo;n¡n,ult, tl11.: ..:!.ht!C 

wavcs propag.ttilig ouiv.::•rd from thc fvllnd,tiÍOtl \\Íll havc· a gr..:.tt..:r lilklh:ty 

along thc axis of conv,:)or vibr.ttJOn. llw. dtr..:ctJOnal dfcct ~hould h.: l•Hl

sidercd in lhc i:lyout of vib,·J.tin~ con\'t:}llf ~y>tcms if thcrc is any v¡hr.ttt,)r;
isolation problcm in thc vici1uty. 

fts indicatcd in Fig. llr8, thc o"cilbtmg force is inc:mcd atan anglc ro 
the horizontal and has :l 111.1gnitudc 

(10-17) 

in whicl't m 1s thc tot'JI oscdlJ.tJng m::~s. e~~ th..: crank throw or ccc.:n::-,ct<y, 
and ¡;, 1s t!le op::rJ!¡;¡g frec¡ucncy üf v1br.ttion. Thi~ forc-e ~~ t:.cn broh.~:n 

down tnto its honzontJ! ,\r~d vertical componcnts in orJcr to csum.Hc thc 
dynamic motions of thc foundauon blo•:h.. 

Loads :Jerelopcrl !•) [¡¡fcmutlcnt \fue/une 

Operatwn--Pul.1c l.oadr 

M:¡ny typ::::, ot· machn1c::. pr.JJucc ltllcr~llltt.:nt ioad, '' hich llll''>l ~,e 

tra:-~~nnttcd through thc foundJt1on blo~·k to tl:c support1.1¡; ~~,11 1 )le llp,·r.t
tion of punch prc~~C'> forg:ng hammcr-.. dr,lp :.:st~, .1nd stan1p111!; n.t-:lllnc-,, 
for exdmpk, prmlucc nnpul-,¡ve ln.td•. 11 i11Lil rn.t) be con•,¡.Jcrcd J.~ s:n¡,:L: 
pubes hec.lU~c r.hc cfE:ct of one toad J¡~:-, out h.:forc tl!c ¡;c.\t lo:--.J occur'i 

In order to _.v,du.tt..: thc r.::.pon>c uf a roundauvn blud, lll :: publ-t)p.: 
lo;;d, it i~. nccc~sary to havc rcll.tbk 111for rnc~lion about tih' furcc-tn:1::: rci,_¡!:v:' 
oi" the pvbt:. Tl!IS infvrm.Jtlon 1\ often nut rc:.tddy <1\;uLtb!..::. :.tml thc rc.\l!cr 
ÍS encoura~•cd to ob!:t1:1 th:~ l:1Corn1.lliP!l cxpcn!l1C:Jt,tlly lllJC.JC\ef po'-'!hk 
Two pulsc.ÍoaJ~ wlil be ck:,cnncJ to Jiiu·.rr:tl.: thc nccd..:J Ini.orm.tt:o,l .tnd [o 

· prov¡dc IO.l(b \dl!CI' w,Jl be cmplü)CJ Lttcr (1:1 SL·c. 10 (>) 1n thc C\',du:tll,'fl of 
thc Jynanl!c rcspon-.c ot'f,,,lli:lg~. Thc pu!,:.; ~iwhntn ~~~~ lO-lJb \\,b llht.llf;cJ 

ex.pcnm..::ntnlly from .1 !o.tJ--.cll'>i!i\C <:<Jlumn \\h•ch ~up¡,on..:J :1 Jc .• t,!.·. 
plakn on :.¡ mocl:.:l footmg ('>CL' Dmc\JLli .tnJ H.dl. l'!(,r,¡ IIC'IIrc l\1." 
Illu:-.tr.llc'> 1h.: ¡,_.;¡:..:r.d k,l ~.:tup 111 11 ::11 .. h ti•..: ll1:1J \l,h .1p,1i: .. ·J ¡,\ ,!', ,·r, 

a 5-Jb s,wJb::g .1 J.~t.lllCC of l ft OJito thc lo:tJ¡n¡; pi.Hcn el¡¡;: 'il'-1:': ,\; ·_' ... 

pulse ~nd In parti_;tdar thc ri~c tanc wcr.; ,;omrolkJ b_: p:.:..:L1! •. 1.' _, · 

thickn:::'>~~s of fo.un-rubb:::r shc..:b 0n thc ~urf.!c~o: o( thc ¡,),tJ1ng í'! .• :~.: l.~ 
SOIJd Cli;"YC Jfl f\g. (0-9b rcprC~<.!Ilh t!Jc I . .'X¡>.;mn.:ntaJ J¡l,iJ-t,n'..: r~:,_. ¡',;r 
p'"'): Q .. = U.'J ~"-~ J~.t'h..:~ r~~,..~ :· .. ~·-" c~-ll~~h:'~l.t.: ~l .)~,:? .. ¡\p: .t:)r~ .. ~.J \~=~~ !', 
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__ .....- . ----....__....--' o 0020 

T1me, sec 
(b} 

o 030 

(a) 

flgure-10-9. -lmp~ct load on modcl footmg (a) Test setup show1ng sandbag 
droppmg on:o loadm¡: platen to force mass m to load soil through c1rcular 
foot1ng hav•ng r., ~ 6 m. (b) Load-t1me pulse measured in load-sens1t1ve 
column for test Q-2 (a(ter DrneviCh and Hall, /966). 

the loading pulse wh1ch will be used in the phase-plane solut10n for the foot
ing response. 

F1gure 10-!0a shows the ekmcnts of a punch prcss-a machine which 
punche:. shapcs from sheet metal by forcing a mov1ng upper die against a 
fixed IO\\Cr drc. The upper dre movcs vcrtically rn ¡;urdes and 1s actuated by 
an eccentric eran k and conncct111g rod:.. As thc uppcr die is forccd downward 

_. agrurnst:l'h0, met:tl._t{).bc procc:,scd. compressiun-loads are bmk up iiU-hc con
necting rods. The:.c force:. are rc:,1steJ by developing tension 111 the structural 
frame; thus, the lo..tds are containeJ witlun the m:1chine. However, whcn thc 

. uppoc d(e-punches.-through the sheet metal, _there is a suddCfl relcastrof this 
compre:,sive encrgy in thc conncct111g rod:. along with a loss of support for thc 
weight ofthc uppcr dic. Thesc two t'on.:c:. acceleratc the mass ofthe upper die 
in a downward direction. This rc..,ult::. in a tcns10n shock imparted to the 
connecting rods a!. they stop the mot10n of thc die. Beca use this tension shock 
in the conncct1ng rods i::. developcd hy u1ertia loads, it is an externa! load on 
the machinc. Thc rc-;ult is a downward force on the cranl,shaft which then 
causes motion of thc cntirc machinc and foundation block. 

Figure 10-!0b !>hows thc tcnsik forccs dcvclopcd in the connccting rods 
of a punch prc~s v. hich ha~ a capacity of 250 tons of compres::.¡ ve force 
bctwccn the Jrc'> In th1s ca:.c. it i~ :.ccn that the m:l'\.lmum transi.::nt ten::.ile 
load in the conn.;ct111;; rods (or do\\'lmard force on thc machine and founda
tlOn) was of thc orJer of .:tO p..:r ccnt üf the ratcd capacity of the machmc. 
This transicnt-load pulse rcaL:hcll a max.1mum of about 100,000 lb, but the 
pulse duration was only about 0.010 scc. Th1s Ioad1ng pulse, the weight 
of the machinc and its moving parts, and soil data obtained by one of the 
mcthod::. describcd in Chap. 6 providc the informatlon needed to design a 
fr11mdatron whrch wJ!l re:.trict th..: moLron of the m::chin::: to acccpt:tble 
11 ~, '/'"-. .... U o 
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Random Vtbrarions 

Eanhquakes, \\ 1nd, and certain manmaúc forccs ha ve a random pattern 
wh1ch providcs c,c;::n;ol1 to structurcs :.111d foundatio11s. , In orJcr to cstab
llsh force or di~pi~::..::.~cnt patt~:rns to be applicd as dcsign loads, tt is 
necessary to obra:'n rcfiable ji('/d data from prc1>ious cxcitalions col!Sl(/ercd 
simrlar to the proposcd dcsign conditions. For example, ground-motion 

- -~ L.r~cs>r?.~.,.fr,o_,rp_ .. Rr~) ipt:;;, ¡;::ilrthq u:~kcs_are o.~t,;?n,' l,lp,r;d .~o.):-c:pr~cnt cf}_íQbablq 
_ earthquake excitations when analyzing thc dynam1c response of a propcsed 
structure. 

10.4 Brief P.ev1ew of N.ethods for Anafyz¡ng DynamH. 

Response of Machine Foundations 

DEGEBO 

A11 r~'tcns¡vc stu..;:.' of thc ciTcct ·)f v1bratwm on found.ttron re~ponsc and 
upon soll propc::rt¡c, .,,z:s urncJ out by lile Dculschcn FOL'chungsgcscllscluft 
fúr Bo~knmc...:h1n.!-:. \ DEGl:I30) m B..:rlm pnm.:m!y dllnng the pcnod 
1928-F>36 Tlm group ce:• clcpc:J a rol:'UPg-11l.iS~ rnc,.:hanic~·! oscdl.llor wtth 
(Oll_(J!~Lcntp~,¡n~s}~?. :.o,9..cttc. r.1_!Jdd.fooring-; ¡;:tv the-vcrtJcd! ami ,tomor; 1!
mod~s of vibr..ttion. Tl·c dnvc mc:chan¡sm for the .:ecentnc masses \>as 
arraDgt~d r.s shown ~n Fi,;. 10-1 !, w¡th four :.hafts dnven by bevcl ge.us-
jr¡stc.;a(,l, qf fottr . ..nt:Jss;;"l_Q_q twoparallci shafts as shown- !ll Flg.--10-S_c and_d; _ 
but the pnn.;iplé 1s Ú~c sar.¡c_ 

In the first major report on thcir 111vc::;trgation::; (DEGEBO No. !) 
Hert\\lig, Fnih, ami Lorcnz (1933) dGscnbcd the test cqu¡pr~lCill a11d mcludcd 
an cxtensivt; cvaluJtion of the d) narmc rc~ponse of thc oscdbtor _.nr.i footing 

plate in vertical vJbr'-lt:CJn. Thcy :J.ttcmptcd to ftt thc test re~tdts mto the frame
work of the singlc-dcgree-of-frccdom m:t~s--spnng-dashpot sy:.t..:m and found 

it possibic todo so for any particular 
test. However, the dampmg constant, 
in rartlcutar, \\las appr~o:C:!:lbly d¡fi'c:f
entfordiiTercnt test~. They notcu that 
thc dyn.unic r..:~ponsc \\as nonl!ne¡_¡r 
and that pro_sn:ssivc scttlcments dc
velopcd dun11g v1bration tc~.ts wh<':n 
the oscillator was !:.upportcd on san d. 
Thc dyn:tmic response was found to 
dcpcnd on thc total weight of thc 
os~illator and base platc, on thc arca 

F'é:"'" ¡r..¡ t. CECE::S Ci.~•:~:cr (tcp ~·~w) oftl:..: h.J'>..: pl:th:. J.nd on ¡f-:,: d¡namic 

o SiC. !0.4 

fon:t> applicd a3 wdl a~ on thc char.rclcmtll·, uf thc wd. ¡\t lile cnú nf tllc rl:'
port is a tablc whidJ ;ndicat..:!-o tli.: '\:har.td..:ristic frcqu..:ncy'' f·•r ,¡ \,lfl<.:l)' or 
soils. This tablc h;:c; bccn rcprodu~·cd lllany limes in thc l¡t.:r.ttur..:, to thc 
point tha! many ¡::coph: bciicvc that !>oil ha~ :¡ '"P:ltl:ral fr..:qucn<.y" anJ 
at:crnpt to use th;~ valuc 111 Úc->i::;n. l h.: tahiC' rcprc~cnts ¡nformal!o11 ob
tained from a pJrucubr ~el of tc~t condrtions and should be com¡dcrcú only 
as int.crcsting qualitauvc lllforn~<ttron. 

rn subseguc:nt puhl!caltons (for cxamp!c, LorcnL, 1934) the ciTcct of 
oscillatcor wcight, ba~c-pl-utc arca, and cxutJ'lg force wcrc stud1cd for thc1r 
influcnce 011 thc rcsonant frcqucncy. lt wa~ found that for thc samc b,1::.c
pl:ttc <n-e:J and ~xCJting force, lncrca~Jng ilh· total wc1:;ht !ou ere.! th .. ¡¡:~.on

ant fre:1ucncy For a con-;tant total \~l!l¡)il .wJ C\C!llll,:-! ~orLe.' ar. incc.:·;c :n 
Í)aó.e-ptatC :lfC,ll(//.I"C'd :!.e n:~Oilalll fr<.:qUCIIL)', and fclf J CO!l'il"tflt \,,_:¡~:k .J!lJ 

consla'lt b<.~:,c-piall' arca, .111 Incic.t~c 111 C\ut¡¡¡g furu: !oncrcd th,; rc~on"•:•~ 

frcqucncy. Hcrtwig .u1d Lorcnz {llJ35) obLuncd ólnlllar rcsult~ for botlt 
veniral and torsio:·.tl k~ts of fooun.='> on ~"trld and on c!ay. 

The chang.! ::1 !-I..:q•J.:ncy Witi1 a ch.111gc 111 cxc¡l¡n~ force indic.Hcd th.n 
the sol! r..!..,pon~,c w.1:-. noniincar. Th1~ J:> Lruc and It ~~ pJrt!culariy Jmrort.::--.t 
at the (,ngnn.ude of mouon' ¡nvol\cJ 111 lh,; D[G[BO k,h, \~hrcil ,>(t-".1 

inv0!vec! v-;:1 tic:J.I acccicr:_lfron:. ot th:.: o~.,·dldt0r of mor.: tlt"1n ~:: lg. Thu' (l•r 

many tc:sb rhc osci:;,¡!or w:r ... <•.ct.ng J~ a !:.unma. :\ d¡-;cusston of:br.: Iniluc''\~\.: 
o!"r:.tngc nfstrall< ;::,,. [h•: c'Tcc~rvc moJulL•S ofdastrr;[ty of~oils \1a:; pícscn:,;.! 

_m (:h~¡:¿_. 6; _tr..~. inii,¡;;n~:c en _tk dc~1gn of machwc founJJtJuns \\JI! L;~ 

disct~s'icd :n Sec. 10~7. 

IVI.ethods Based on tlze "ln-Piwse .!fws" 

From the DEGEnO tests and subscgucnt a11alyscs thcre devclopcd th.: 
concept th:~t a r.~as5 uf so¡! mo·.cd With lile foutmg. Tlus 1s Jilustrated by thc 
zone bi);:olcd m. b~:neath thc footmg rn Fig. 
10-12. By v.orh.mg o::td,w:~rd fro:n thc cquatwn 
for che ~e:;o,1ant frcq ucncy-

J
--¡ k 

f ='- -----
n "> 

""'fr IH -f- lllcr 
( !0-18) 

-one !!> abk: to cvaluatc ;,¡s for c.tch tc::.t. 
Howcvcr, 1t was fot.nd that m, vancJ with the 
dead load, eJ.citing fo¡cc, basc-plat~ arc..t. :nodc 
of vibration, ar1d typc of so!l on which the 
oscilla tor rcstcd. 

In spitc of th.! d1'!icultrcs 111 obt.limr.g 
spccific vafu¡,:~ uf m.. rhc m,¡y; nf ~.).1 :~;.tt 

F1gurc ¡o .. ¡: "lr .. ?h .. !:! m .. :· 

of so.: 
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suppo~~dly mo\cs with thc footing. or i~ "in phasc" W1lh thc footing, 
th~ conc.:pt has app.:arcd pcriodi..:ally in thc litcraturc. Crockett ano 1-lam
mond (1949) and Rao (1961), for cxamplc, ha\e aucmptcd to estímate a 
weight of soil \\Ithin a "bulb of prc:-~urc" in order to force Eq. (10-18) to 
fit test rcsults. Thcse proccdur.;s are principally intuitivc; rcliablc numbers 
are difficult to obt:!Ín for dt:s1gn purp0s.:~. E ven if thc "in-phase mass" could 
be determined satisf2ctorily, this information would not lead directly to an 

. evaluatwn of the amplitudc of vibr~Hi_on nccded for dc~i_gn purposcs. Con
sequ~ñtly, ·at%is StagC '(Íf déVe(op1TICI~r'of1:Í&~g~--pr-bcedurCS for=(iynamically 
loaded foundations, thc "in-phasc mass" is not a significant factor. 

Tsclzebotarioff's "Reduced Natural Trcqucncy" 

In an attempt to improve thc methods for evaluating the resonant 
frequcncy of machine foundations supportcd by different soils, Tschebotarioff 
and Ward (1948) and Tschcbotarioff (1953) dcveloped an expression for a 
"reduced natural frc.qucncy" of thc ::.y:,tem. Beginmng w1th the DEGEBO 
expression (Eq. 10-18) for the rcsonant frcq ucncy of a foundation (including 
the effect of an "in-pha~e mass"), thc ::.pnng constant k was replaccd by k' A, 
where k' is the dynamic modulus of sub¡;radc rcactwn (1.e., lb/ft3) and A 1s 

the contact area (ft2) of the foundation a0atn~t the s01l. With this substitutwn 
- -:&p- (t0-1-8} tate-en !te- forrn--

1 f!f;'A f,--
n- 27T m_+ m. 

This equation was further rcarranged to 

f = {l. J_ J k'g = _l_f 
n "W21T 1 +m. .Jqo nr 

m 

(10-20) 

in which q0 is the average vertical contact prcssure betwcen the base of the 
foundatwn and thc soil, and the rcma111ing tcrms are lumped togethcr and 
callcd the "rcduccd n:1tural frcqucncy ¡,.,." Thcn from an cvaluation of a 
limitcd number of ca~e histories avail:tblc at the time (1953), Tschebotarioff 
prepared curves wl11ch rclatcd/,., to the base arca ofthe foundation for severa\ 
soils. These relatwns appc::tr as straight lincs on the log-log_ plot of Fig. 

·· lO·lJa.' In order-to- calcula te-me rbonant frC<¡l.fcñcyTor a: given size footing 
on a particular soil, Fig 10-I3a gives a valuc offnr which ther: leads to fr. by 
t:1c use of Eq. (!0-20) and of thc dcsign valt.:c of Cfo· It should be noted tbt 

o o 
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Fagure 10-13. Tschcbotanoff's .. Rcduccd Natural_·~.rcquency .. 

1 

this method givcs only an estímate of thc resonantfrcqucncy and te: 
nothing about the amplitudc of vibration. " -

Figure 10-l3a may be replotted a-:,fnr vs. A-1/4 to g1vc the diagrarn sf 
in Ftg. l0-13b. It is of inte!·c'-,t '- note :b.lt rd.ltlvns si~1d:1r r,, :!HX 
Fig. 10-13b e::tn be prcdictcJ from thc cl:!sttc-h.lif-oc thexy <.!.-,c~¡b. 
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Ch:tp. 7. For \Crlic..tl \Ibr..ttions thc m.l~!> r.tuo b (Eq. 7-3) c.:n be cxprc!>~cd as 

111 w w q b = - =- -- = ~, __ = -...!!. 

pr! yr~ yrn ~ yr0 - rrr0 

(10-21) 

7T 7T 

_ and thc dimcnsionless frequc~cy a ... (.Eq. 7~~2_as 

(10-22a) 

and 
. y~ . () a· = 4rr" -,.- '-on .... , o G (l0-22b) 

Then, 
3 .-,? ¡-

2 47rr
0 2 4.,.,.·'-vA 2 

ba =--q r -----qf 
011 gG OJ " - gG o ,. 

(10-23) 

1f we substituto:: A = ;;r:. Equat1on (10-23) reprc~cn!s th1' reduced n:ltural 
frequency: 

¡---
! 

,- _ , gGbn.~" 1 _.. Jc 
.tt¡ -- 1----K-nv o \l _ ., ·¡- - • ,_ 

·471','"·~,... V'A'' 
(10--24l 

For any particular b, ao),. i> ílxed. T(,;¡s, Eq. (10-24) iflustr:lle:. tiw;: for a 

·C<111~ant value- of G -we- gct a lin~~ar Ic!ati·o-n_:bet\\ieenf,¡r·(=fn-/q:) and 
A- 11~. Thcrcfon:, thc llnc~ i;-¡ f-rg. I0-!3b designatcd as pc:1t, pi.lsttc clays, 
sands, ar.d :>:1ndstonc~ actually rcprc~>cnt typical values of shear modulus C 
for these matcrials. 

,\fethod Buscd on thc D) 111!111/C S!ibgradc Rcaction 

One mcthod fnr c~l111::1tmg thc clclkctron of a loadcd structure restíng 
on soi! ¡nvobc;, rcpl.t'~rng, the sor! by a sct of rndcp·:ndr.::nt ch,;tic >prin~s whrch 
produce an cqurvalr.::nt rr.::.tctivc force to tllc dlspl.tccmcnt devdop.::J. Th,·, 
conc.::rt has b,~cn dc~r~n.ttcd a~ tire thcory of cbsuc subgr:1de rcactwn. lt 
is di>Cll'>~cd in thc bool-.~ by H.1y:t~ln (í<J21), Tcrz.t~hi (1943), ;~nd Hctcnvt 
(1946), for cx::tmplc, and :1 comprchl·nsrvc Jiscussion~ofmcthods for e·;alu,;t
ing the cocfficientJ. of cl:lst1c subgradc rqctLo11 was givqt bY, Tcrzaght 
(1955). 

~1gure 10-14l!lu~tr.llcs thc ap¡mJ\Im~.tions :nvolvcd in repbcin¡; thc soil 
bcncat~. a r1gid ic:UIHl.ttion by :1 ~crics of ~pr111gs. Onc:.· :he rr.::prcsentative 

o 
SI<': 10.4 

valucs aro; diO'LII for 1:rr.:: rt'.illlo:r '>pri11~·~. thr.::~c 

valuc~ are li.\cd ami thcn.: Í~ no furlhcr 111\,JIIic.l-
t . {' th . b 1 ton 01 1 e1r .._,n;nwr a·, a con..,cqucncc of 
ch;1nging <he total wei¡;ht of thc o:.crllaltt•:; hlo.:l,. 
(i.e., changc in t·onfining prcs~urc in th~: '>nrl) or 
of thc ampltllld,, of vrbr;~tJOII (cfl'cu of ~tr.tin). 
Furthermorc, Lhis el a~! 1c su bg raJe re\t\ on a rigid 
ba:>e, :!na for.the dynarnic conJrlion 1t rcpn.:,cnb 
a c!osed systcm. Whcn thc s)·qcrn sli~mn 111 Fig 
IO-l4rs set 111to vcruc::d v¡h·at1on. 1! r..:-,poi~Js as 

an elastic unda•np<"ci S_y!>icm With am¡¡{, · ;(•5 of 

F1gurc 10-14 Spr•ngs rc;J'Jc

•ng soll sup?ort to pro11de 
"dynam1c subgrldc rc3~~.o.1 " 

motio'l ut ·csonan<.:c w!->ich ap,moa(/¡ 111/i'llf_l'. Such a closed ')~km_;,;;.:~ í~O~ 
mcludc thr darnp~:tg of cncrgy by r.td1al1011 a~ doc> rhc :Lhtic-h .. :i-~p •c.: 
theory and gives >lO uscfu: inforrnauon on thc ampltllla.: of m•J:!On ,,¡ ~·r..:

quenc!es nc;!r •eso.;.~n¡;c, Tlus thco¡y ~il'C\ uscful resu!ts Ol!l) joy the un
damped naruralfn.qucn<:!' of cifn atton. 

As ind:cuted ín thc prcv10us ~ccuon, thc cocfnc!Cnt of sub~radc rc,lct:~Jn 
ÍS re(;1t(·d !O a spr:n:; constant for -1 cl\0::11 sy~lt:l!l by ~ 

k oo= /..:'A 

in w!nch rhc órr.r·g c·Jn,:.uH (!hírtl :s rcprr.:: .~nterl a~ tl:c P' <J:h-, t ,:.f k' 
(ib/lr~ or pre~surc: pt:r" <llllt cbp!.:ccme1H) multrpl1cu tJy thc fou,\CL:•¡,m
;:ontact J.rca (A = ft~). Thercforc, :f we can obtam t·..:~t :nformc~t 1 on :-.:L.t.::g 
thc .:ppi:cd lo.t(! 1 o t!1c el i~pla::cnv.:n t 1\ e l1a ve cvald..!tcu /..:, .1r1<J from Eq (¡O- ·ú') 
'.':t.: can obtai'l. k'. 

[nformation froq¡ platc-bcaring tc~t~ and fidd t.::~t' on fuunJat1ons h.~> 
been uscd to e~tablish!.: for m.tciJinc founda!lon:o.. l:$c~rL111 (1962! j¡~¡;; ,· 1tc<.l 
numcrous_ ficld test!> \'.'~ttcÍl dcmonstr.w..: that thc ~pnng con~l.tnt appl:c.1hlc 
to dynam1c mot:on 1s c'>scnt!ally cc¡u.t! lo thc r.1t1o l)f lllLrcmcnt of k1aJ to 
incr~mcr:t of dcllc-:tron (or rnomcnl co rotatronl durrn~ stat1c rcr,·.u..:u· 
load!ng tests. Thc rcsonant fr~qu~ncy ob:.cncJ dunn:..: J\',:,u:uc tt:sts <)!l ..1 

found:tli~ln ~to..:"- w:15 com pared w:th t he urH.l:unp•-J n;;t ¡:(al f¡ ..:q uc11<-: C,l;n

putcd w;¡ng ;ust thc lll.ISS dÍ thc fouml.1t1on bloc" plu, m.rd11n<.:ry .1r~d ll'>rn¡;, 
fhc valuc of /.: mcJ<>t red dur¡¡¡g a ·-l.tli.: lcp..:.ucJ-Io.t,!rn~ tc ... t on th.- ~.une 
fot•ndat!Oil block. f'rom 1 :i ,!,tU po1nt~ fr,li!J t.:>b on !'uunJ.ttl01b r.t.JC:'Il:.! 

from 5-ft~ Lo lól-ft~ b..t,<.: are.t r.::,t:ng on s.1nJ. cl.t), or ¡,¡¡_;..,·,,he f,1u1:,i ~!J.t~ 
thc obscn cd frt.::ljl!.:nc; ,t\ cr,t:;..:d 97 pc:r ccr~t of thr.:: ..:onq1Ld1.J fr·~c¡u~n'.' ,¡,¡J 

that thc c>..tremcs rangcd from 85 lo 121 p~r ccnt Thcr..:f,Jre. 1i. \l,b ~.Jn

sickred that the pro~::"?durc \~a.~: ~·ttt:l4ct~1ry ún ..;:,t: n:.wr:,; n.:son.111t frc'i : . ..:r.c:..:' 
The kcy to th.:: proccdurc dc~cnb.;d by BarLw 1s thc us..: of f'<'!'<'<;!c·d 

loadings in •he st:.!tic. tc~ts. Funhcrr.:orc. ¡¡ is tmporL:nt th:J.t thc m:-~g 1i1uJ..:) 

of lne "ck.1d !o.H1" .li1J ef thc "li1c 1,J,1J" !Jc :.Ir.~.·--~ ,o r1:'''-' :11~,, _,-.u,~: 
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1 

CHAP. 10 

undcr thc actu.!l foun+Ltion lkcau~c of thc small mcwcmcnl~ anticipatcd 
(note Ulspla-:cmcnts ,tll,n,c<.l for pwlotypc foun<.l.tt!Oib !!,lvcn in Fi~. 10-1), 

1 ~ ~ 

thc procc~s of obl.ll lllllg rcl!.tblc lllad- dcformal1011 da t.t fr,)lll moJel or rroto-
type footmgs 1s not c.;tsy. SpccJ.tl lllstrumcnlallon IS usually rcqum::d for 
these mcasurcmcnb .tnü p:tr!Jcul.\r carc 1s nccdcd in carry1ng out thc tests. 

1 

Aftcr ficld d.tLl are obt:uncd from tc~h on modd fool111~s. thc ncxt 
problcm involvcs cxtr.ipolaung this tnformat10n to prototypc ~dimcnswns. 

- ~The_d,is<;_ussl_s)f!_ Qy_Tcrh.,ghi (1955) ano othcrs c.oncerning thc choice of a 
- / rnodulus of sub grade 1 rcaction for stJ.tlc loadlngs applles as wcll to thc 

machine-foundatton problcm. Suggc~tcd methods for extrapolating test 
information are g¡vcn by Terza¡rh¡ ( 1955) and are !nd1cated below for vertic.tl 
~ot-io~s. ~ 1 ~ 

For cohcsive soils: 

For coL;onlm so;ls: 
1 

---~in~w..,h:..::.i.:.ch:.:_~.--.---J---~---- --
1 

k' = k' _!_ • ., 2d (10-26a) 

k' = k' (2d + 1)2 
• ., 4d 

. (10-26b) 

2d :;= width of a bcam!, or least dtmcnsion of foundatton base, 

k~ = coeffic1ent of vc1tical subgradc rc.tctlün for base of least d1men~jon of 
__ 2d(lb/ft3),and 1 . , _ _ _ ___ _ 

k~, = coefficient of ve~~tical subgrad.: rcaction for base of least dimension of 
1 ft (lbjft1

}: 

1 

Thus, the test data pr~v1dc inform.ttton for establtshing the JJaJ.ues of k~, for 
the unit dimcnsions, thcn Eqs. (I0-26a) and (10-26b) are used to adjust the 
subgradc coemc1ent t~ corrc~rond to thc protvtype dtmcnsions. This pro
cedure is reasonablc dnly whcn both thc model footing and the prototype 
footmg produce cquiv~lcnt strcsscs in similar soils. 

Bar kan ( 1936, 1962) has utdizcd thc concept of elastic-subgrade reaction 
1 

extcns¡vely and has ind1catcd spnng cq-nstants for the various modes of 
vibration of rigid fou+ations in thc following form: 

1 

For vertical mottÓn: 

For honLont..d motiL)l1. 

For rocktng mot1~n: 
1 

. 1 1 For tors1on:~ motton: 

o 
1 

k"= k~A 

klp = k~/' 

k o ~- /...(-, [" 

( 10-27) 

o 
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in which 

A = contact arca hctwccn foundation and soil, 

1' = second momcnt of contact arca ahout a hori.wntal a;...i> normal to thc 
plane of rock1ng through thc c.cntro1d, and 

!" = sccond momcnt of thc contact ar-:a ahout a vcrltc.tl áxis through th~ 
centroid. 

The coefficicnts k;, k:. k;r• :1nd k;; are cocO'icicnts ofsubgr"dc rcact10n ,tnu .1r~ 
funct1ons of soil typc and of stzc .tnd sh:1pc of thc foundatton. Howc\<.:r, 
these are often as~urncd to be funclton<, only of soll typc. B.trkan ( 1962~ 
provided the data m Tablc 10-10 for f...~ and has suggcstcJ that thc rcr.1.1ll11ng 
coefficients can be cvaluatcd as 

k~~ 0.5k~ 

( 10-::~8) 

k'o ~ l.5k~ 

Thc spring con~tanb computcJ on thc ba"1s of [q (10-2:1) .~1:d TJ~lc 

10-10 could be uscd for prc!lmtnJry dc:-1gn whcn rcli.tblc sod lnf,mn.ttton !S 

not avadabk. Howcvcr, 1t 1> rccommc.n<.lcJ th.H thc proc..:~urc:. outl!ncJ ,n 

Secs. 10-6 and 10-7 be u sed for dc~1gn purpo'i..:s. 

Table 10-1 O. Recommended Design Va!ucs for Subgracie Cocffictcnt ,!. :' 

Allo\l.ablc Slatlc 
Cocffictcnt /..; 1 ---

Soil Group Bc:mng Stress (ton¡f1 3) 
(tonlfl ') 

Weak sotls (clay anú sllly clays w11h sanú, 
m a plasttc state, claycy anú stlty ~ands) 1.5 95 

Sotls of mcdtum strcngtn (clays and silty 
clays wtth sand, clos.: to Ihc plasuc 
hm1t, sand) 1.5-3.5 95-155 

Strong sotl~ (ctay and ~t!ty clays \I.Jth 
sand, of hard <.:onstslcncy. grave lo; and 
gravelly sands, lo-:~s and loc~stal o;otb) 3.5-5 155-310 

Roe k o; S 310 

• Aflcr Barko.~n ( 1 %2) 

Elastic-lfa!J-Space Theory 

The reprcsentation of a foundation on sod by a foot1ng rcstln.':' on a 
semi-infir.itc <.:Í.l~ttc boJy was dl<;cu~-;cd cxtcnS!\cly 111 C'h.::1 7. Th1, _1.•-;r¡c-o 
ha1f-sp:1CC thcu·y lllL!L,J.:.., th<.. di~':¡>.tt.vn .)~-cr~.'r,:: .; •11 ü:' :l: :."; -_.: ,; 
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by "~wmctrical damping." This thc\•ry pcrmits calculatwn of flnik ampli
tudc' of \ 1brati1m at thc "rc~on.llll" fn:c¡ucncy. Thc en tire arnplitudc
frqu;:ncy rcsronsc cune m~y be ob!;J.Incd as wdl as the phasc angle bclwecn 
the exciting force and fovting motion and th.: input powcr r;:quircd. Bccause 
the e!astic-half-spJcc thcory 1s an ana!ytical proc.::dure, certain mathcmatic;;l 
simplifications h.,vc bc.::n 1ntroduco.:d whi::h are not qu,te rca!istic. The foot
ing-i'> assu med to rcst 011 thc surf,1cc of thc ha!f-,p.lcc .111d to ha ve si m pie gco
merric:¡l areas·Qf co-nt3'cl, u:-.uany_circular _but occasionalv rectanoular or a • o 
long strip. The half-space ibclf is asswm;d to cons1st of .w 1dcal elastic, 
homogeneous, isotrop:c material. Howt:ver, thc analyt1c.1! ~olutions scrv.:: 
as _a useful·g:uide for l!v:üuat¡on of the dynam1c rc~pon<>c of stmpk: fooungs 
undergoing singl~ modes ofvibrat1on. Thcy .tlso providc a rat10nal means of 
evaluat,n¿ the spnr.g and Jamp1ngconstants which m..ty thcn be incorporatcd 
into the lumpcd-p.lrameter, ma~s-spnng-d.tshpot vJbratJng system. 

10.5 Lurnped-Parameter Vibrat1ng Systems 

In a study by R1chart and WllltllJJn (1967) 1t \\as shown that thc 
dynamic behav1or of a~.:tual found.ttlllil~ could be preútctcd by the clastrc-h.tlf 
space lheory. furthermorc. Lysmcr {1965) h:::d ~hown that vertJca[ nhr.'· 
t!Ons of a r,gid cir~u!Jr footing on thc el.t'>UC half-space cculd be: rcprc<:ent.;-J 
qlllte s.ltisfactonly by a rna%-spnn3- dJ.shpot systcm 1Í the dJmpir.~ consta.li. 
and spring ,con~tant-'~··~rc cho,cn corrcctly. Thcrcfore, tl followcd that the 
lumr-ed-paramcter system rcpr.:~c_nt..:cl by a ma~s. spr_¡ng,and d:óhpot could 
be uscd to represcPt ~he mollüll of íigid foundations. T!íe lumpcd-par,lmet~r 
system trcats al! thc masscs, sprirtgs, ami damping componcnts of the systcm 
as ¡f they werc lurr:pcJ into a 5Ínglc m;_¡:,s, single spnng, ano slllglc damp1ng 
constant lor each modc of vtbration. A dcscnption of t~.e lumped-paramctcr 
system eq uivalent to the half"spacc rnodd for C..!C.h m o de of v1 bt ation was givcn 
in Chap. 7; Fig. 10-15 tllustratcs typ1cJ! cqlJJvalcnt lumpcd systems forfounda
tio:ls subjcctcd to vcrtJcal, horizontal, and torsionnl exciting forces. Note 
that in Fig. 10-15 thc vertical aml tor~tcnJ.l e'..citati()ns produce motion wtth 
a single degrcc of frecuom but th,lt thc twriwr.ta! cxcitation produces a 
couplcd motion imolving bo.th mck.ing and ~liding · 

For a smgk dcgr.:e-of-frc:::dom systcm thc Iumpcd p_are1.mctcr!> kad to 
an cquation of 1110tlOn of the typc 

m! + ct + kz = Q(t) (2..48) 
in which 

m = cq uivalcnt m.tss, 

e= effccti\.: dampin:; constant, 

k ' c!I:l·t,, ~· ~rring con .. :·.:lt. 

o 
SE.C. 10.5 

ACTUAL FOU~íDATION EOUIVI\~HJT SYSTE\1 
R1g.d B::::>ck havmg 
EQUivc;¿n: :J:ass 

1 re;--=] 
EqUivalen: __ ~l ~ 1 -}; Equ•vale:lt 
iJamp1ng -;:-::--~~~ Spnng 

R1g1d Block hcvmq Eqc~n:a!ent 
Mas:; and i/.orr:ant of lnertia 
about 1-lorizonal Ax1s 

Honzon:ol ' 
Excltar 1011 _ EqUivalenr '· Equ,valant 

_ Honzonro: Spr.ng 1--:\~ t-Jor_'Z0:11al Dam;J,.,g 
¡::~----~ . . 1 1 ..!' • 

"'""" .• ' ~ ' S·'"" }"-M·BtkJ H 
1 / /' ,·.-:;y 'o-7+7 

' E,aUivclent .. -- - ....... \! Equiva!ant 
Ro.a,¡onol Spr:ng Rorar,onol Oamp.nq 

Tors1cnal 
E~ci!Ot,on Plan C"VIt:W 
~) 

R1c¡:d B:oc~ l'l0111ng E.qU1vo!e:1t 
Mo,r.enr cf 1rart10 acout 
Vert,cal A .. os 

/fJ-\f"~ 
1 L ' j ~ \ 

( 
\~~_//~S . ~- "-./~ \ 

EquiJGient ---------------- Equ:valant \ 
Tor Slanal Spr.r.g Tor:,•oncl OorT'p1r1g 

f•gurc 10-1 S. Typ1ol cqulvalcnc lumped sysccms. 

Q(t) = timc-dcpcndcnt exciung force, and 
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z, i, z = displacemcnt, vclocJLy, and acccl·~ratJOn. rcspcctl\cly. of thc mJ'>~ 
m the d1rection uf thc cho~cn coordlilatc (in th1~ cxarnpk: thc \.;rt:(..ll 

Jirect10n was choscn). 

Ana!yt;c.:d and gr:rpl11,:::d Iih;thod; for trc.1t•ng thc lunl;lcJ-?ararnclcr -.: ~t::·•~~ 
were tks<.:nhet1 111 Ch.1p ~. and m,:ny book-, are ,1\..JJL:bk '.\h:d1 ,,,,:¡,,,;~, ··:> 

prehemlvC di~.Cll'-.~10!1'> o( thl~ ll>pic. Cun_.-:qlll'ndy. :111) rr,)..__;J~·r~ \1:, ,.,, 
perrnits n d) namicdl) lo.1d.:J f ounJ J~J,)Il ~ú ::,e r :p~•>-:n t,;,! 0) lu :11 ¡· :J i'·' -.. · .
etcrs simplilics our .uu!ysb of th.: fvudtLt.o:1 rc~pon,c. 

In Chap. 2 it was notcd that thc e\ciun.:; f0r.::<.! Q(t) ,n Eq (_2 • ..;.:-;, ..:.e<: 
be cxprcsseó :ts (Q0 ~in cot), in which thc fon.:l! :Jr.-.p!itt:úc Q" ~~ <.:ilÍ•:r:: c,':1· 
stant ora functioP cfthc circular frcc¡uency e·' \Vhcn thc force a:-r1pl-rud.: :.; .1 

func-t1on üf the !;·..:c;ucn•:) ;¡ is cval~:::ttcc1 früm Eq. : ¡(L.2; T!.·: l'' -,, ,·;:, 

-.vL·.:h ,le~ .. ~:''; ti~: n.~ .. r·.):··;.: nf .1 ma-,s n. te) "'':i: .. -r :· ,'- ,,··e,, .. · 

-------------- ------ -~ ---- --- --------· -- ~-- --
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Table 10-11. Summary of Paramctcrs Rcquircd for 
Dynam1c Analysis 

Analys1s 

Approximatc cs11matc for 
resonant frcqucncy k and m 

r---------------- --------¡ 
1 '"f j <~JG Appro,.,1ma1c cs:m•aic for 

mot10n at frcqucn..:1c~ 
\\CII away from rc~onancc 

Uppcr limll for mot1un at 
--frcqucnc1cs ncar rcs0n.1nt 
frcqucncy 

¡--
1 >J. 

k 

m 

D and k or m 

CJJ/,1'. 10 

summarized in Table A-1 m thc Appcnd1x for the single-degrec-of-freedom 
system. Note tha t thc relations in Table A-1 apply to each of the six modcs of 
vibration, but that thc vertical coordinatc z was chosen for the cxample 
From Table A-1 1t can be sccn thJt thc lumpcd parametcrs 1nftuence difTercnt 
expressions rdating to the res pon~..: of thc mdss m; these effects are sum
marized in Table l 0-11. 

Choice of M G!>S for Equicalent Lumped Systems 

The mc!h()d r.cCOf!1!1lCndcd 111 th1s tcxt for establi_s~ing thc_ tu_mpe_d param
éfc·rs for- thé equi-v:.ilcnt máss=-spnng:_d.1~hpot sy~tem is based on the elastic
half-space theory. Tlze lumpcd mass is clwsen as tlze mass of tlze foundation 
and supported maehinery. Thcn thc dampmg and spnng constants are devel
oped through the thcory and havc valucs as tndicatcd 1n 'Table A-2 for the 
case of rigid circular foot1ngs. 

The mcthod bascd u pon thc com:cpt of an "m-phase mass" of soillcads 
only to an cst1matc of thc natural fr..:qucncy of thc systcm and gives no in
formatJOn rclat1ng to th..: ampiitudc ofvibratJOn at resonance. Consequently, 
this mcthod is not satisfactory for d..:tcrnumng thc lumpcd paramett:rs for :.. 
vibrating systcm wh1ch includ~s d.unp1ng. 

Chotee of Damplllg for f.'qu11 alcnt Lumpcd Systems 

1 

The dashpots of fhc lumpcd ~y~tcm rcprcscnt thc damping of thc soil 
in the foundation-soil systcm. Thcrc are two typcs of dampmg in thc real 
:.ystcm: onc introduccU by thc loss of cn~rgy throL:g!-1 ¡1r0p:t.;..!t1on of c!a~tl._ 

o o 

~~ ,. 10 S lli\11'11) I'J\1•\MIIIR \IL1\\II"'~· \\'-.1!'.1\ j•'r/ 

wav.:~ .1\\a)' from tlt~ Íllllll~tiJ,¡[¡; VIUillly of tl1:.: f.outlll~. li!L' olh:.:r ,1\\!l(..l,dl'U 
-' n· w1th Inll:rnJI ~.-n..:r¡;y lo<.~~s wrt!un tl11 .. ~uil du:.: lo h)c,t._¡~.-tll ,lllu VI'>COL!'> c,,_:~b. 

The cqu¡valcnt damp111g con..:~ponJing lo thc cla:>llí..·Wa\~ prupa¡;.lliOil 11:1s 
bcen dc<.I!:!natcJ a~ "gcorn:.:tncal darnpiil¡!" (Ch.tp. 7) or 1s o.cc.1~•onally calkJ 
"radial10;1 d,tmp¡ng" Exprc~\1011'> for lh~ damp1ng r.1t1o D.obt.ttn:.:cl thruugh 
the half-~pacc thcory and corr.:~pund1ng .1n . .J,¡g<. for ugul ,u w/,,t fi,,,fi!.gs 
are :.umman;:cd 111 T.1blc A-2 ·r lw, 1nformJLion ~~ :1bo sho\\ n 111 gr .. :pll1cc~l 
form 111 F1g. 7-19. 

The eq uatiOI1S and diagr c1111S for gcomclncal da 111 plng d:.:\ do P~-~ b; 
VlbratiOns of a ngid CircuL1r foOling 011 lhc :.:b~tiC h::lf-~pacc m.:y_ ,¡J,o be: lbd 

to prov1dc estimatcs for thc ~comclncal Jamp111g J.::vclop:.:d by !OL1:1n::s '.\ .lh 
rectangubr-pl.1n form. Th1s~ 1~ accompii~l11.:d by ~.-onv~rl1113 th.; ¡:.:cL.I1::;u\1r 
base of d1mcnsions 2e-'oy-2d uno an cq LII valcnt cifí:uLu ba~c h..!\ 1 ng a r.,Jills 
r

0
, determined by thc follow1ng · 

For translation: 

For rock111g: 

For tors1on. 

in which 

¡--0 

f t6cd' 
ro=~ 3rr-

( 16cd( e~ ..L ,e¡ 
ro==~ 6rr 

( 10-29a) 

f I0-29b) 

(l0-29c) 

2c""' width_qf_thcJpumlatJOn (.1long axis of rot.ttion for the c.1se of rock1ng), 
and 

2d = (ength Of thC fOUI1datÍOI1 (111 thc plai1C Of f0l.ltÍ011 f0r fl>Lhlll,:C:) 

The interna! damr-1ng 111 sotb ha~ bccn Jiscu~s.::J 111 Chap. 6. Tah',; 
10-12 summaritc:- sone of th:.: avad<tblc informat1on r:.:l.tlin~ to Int..:mal 
dampmg of soil<> at thc leve! of ~trc~'> changcs occurnng und.::r m.1..:h11J.: 
foundat1ons. (\Vhac thc t~~t r:.:~ulb are: giv.::n as u.1111p111= c.1p.1<.:!l) or k\g 
dccn:mcnt. thcy are c\prc~~.::d 111 tt.:rlll'> of an equl\,tl..:nt d:unp111~ r.!llc~ /J ~ 
From Ta'olc 10-12 It 1s C\ 1dcnt that a typ1c.1l vJiuc of D IS on th..: orJ.::r ()t O lb 
for Intcmal <.Lunp1ng 111 ~od~. 

The lumpcd damp1ng par.un:.:lci for any p.1rtt..:ul.1r found.Hiv•l .,,,!1 
systcm wiii 1ncluuc bolh thc clfcct~ of gcomctnc.tl .Jml .I~H:.:rn.tl c!.un¡'' 1'.:! 
If wc takc thc valuc of 0.05 to rcpn:~cnt a typ1cal lntcrn:tl:d.tmpiil_:! r.1l1''· 
thcn by companng thi~ v<tluc v.1th thc g.:omt:tncal dampiil!; frvm Íig. 7.-l'J. 
wc can e:.tunatc thc contnbut1on of ..:ach. lt is cvidcnt from th1s C\,1nlll:.:,lc'n 

· 1 d 1 • • 1 c1 1n'p'11"0\C''1
• • 

1
0\<::.o that for v1br ..ltlc111S 111 tram atory mo es t h. gcomc .'JC:l .• · · "' • ...... 

thc rnt..:rnal d.1mp1r,g to th·; po1n' wh:r..: th:.: l.1ttcr ¡;¡,l)= d.,~:c: :~,:.:.: '' 
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T:tble 10-12. So'Tlc Typical Valucs or Interna! D:~mping in Soils 

Equi~.!knt 1 
Rcfcrcnce 

----~yr.:_s_o~-1 --¡-~---~-----· 
Dry ~andan<' ~rav.:l 1 O 03-0.07 1 W..:b~mann and Han (1961) 

D~~~d satur J:~J 1 O 01-0.03 1 llall a'lJ R1chart (1963) 

Dry sand 1 0.03 1 Whuman (1963) 
Dry and saturat.:d 

Sand< ~nd 1 1 o 05-0 or¡ ¡' , u graves " Barkan (1962) 
Cla) 0.02-0 05 \ Barkan (1962} 
S1lty ~and 0.03-0 10 Stl!v.:ns (1961i) 
Dry s:md j 0.01-0.03 J H:1rd1n (1965) 

·-----------------~---

prei!mtnary analy<;.:s. On thc othcr hand, for thc rotary modes ofvibrativ::
tors:on and rockmg-the gcometrical damping is small and, for rocking in 
particular. thcse tW\) damping tcrms may be of thc same order of magmtwL:· 
In this case. thc 1ntcrn.ll d:unplllg 1S 1mportant and should be includcd. 

· · -~his co¡np.trl'>Oil ofrhc dT.:cliVI:IH:o..,~ of gcomctnca[ d.unping ami Internal 
damp1n_g ¡Jlustr.tt<:~ th..: valuc of thc d.,~tlc-h.1lf-'pacc thcory 1n c.::.t:.Jb! 1shing 
value:> to.r ~eomctncal damp111g fM <llotwn:, of Simple footings In each of the 
mo~cs ot v1brauon. Thc \alucs of gr.:o~H.:trrcal damring thus obt:uncd should 
?e c?nsidaed as a first approxim:llion, ho'-'l~ver. bcc";usc the rhcory tre.1b 
f?'-)t!ng:. r,~s~; n g on r/zc mrface of t he el a" t1c h.::di-spa<.e; \\ hcrcas actu.tl fnund::!
-~~_ons are: o!te,n _pa~tral_Iy _cmb~ddcd. Barkan,(I962), Pauw _(195,2), and Fry 
( t96~) ha ve re poded on tests of footrn~s púiially 'emoedded as wc1I as· on 
footrngs restrng on thc surfacc of thc ~oil. In general, p::1rtial embedmcnt 
reduced the amplrtudc of motron at thc resonant pcaks and incrcascd thc 
value of thc resonJnt frcqucncy. This ind,cates an mercase in the ctfcct¡vc 
spring constam as wcll as a prob.tblc incrcase in thc etfcctive damp~ng ratio. 
Howe\cr, thc ciTecrs on arnplrtiH.k .tnd fn:qucncy 1n thc ksts d.:pended upon 
the modc of v¡bration and m.tgnitudc of the motwn. For motions withm th.:: 
range of dcs1gn critcna for mad111H.:rj. it ::~ppcar~ th:~t this reduct10n m 
amplit~Je fL·~ultlll~ from_ p.trlla( Clllbl..'dmcnt !!> nn thc Ofd(!r of 10 tO 25 p..:r 
cent 1 hcrcforc. thc dc~1g:1 cakul.1t10n:, \1.1ll err on thc conscrv:.Jlll:c sHk tf 
thc foot1ng ~~ coll'>td.:r.:d lo rc .. t üll tlr·..: '>url'acc. Furth.:r field tcsb are nc-..:d.:d 
to c~tJ.blt~h tl~c tntlucncc of partt.d c•":,~clmcnt, p::trl1cularly for thc rocktng 
modc. 

A .second major di~crcpancy bdw·~cn thc .1ssumptions madc in t~c 

thcorctical tn.:at_m.:nt .t_nd rc.d condttlOns ~~ thc a!>sumption that thc :.oil i:. a 
homogcncou<>, ¡s,)troptc, clastic body. Oitcn a soil stratum is laycrcd and 
m:~y ha1·c a h.trd ~rratum of Süd or rock ata shallow d.:pth below thc foot
l:-.g. 1!:~~ !''' ~-~ · 1 II:J.S d•,..:u,-...:J lm ... lll :11 Scl. 7.Q, in wh:ch il 11:1~ r.oted t:1.1t 

o 
src. 10.5 

~) 
uw:·ti•·!'AR\\IIIIR '.ll<<t-\11'-t• ~'~~~~~~ ?-~9 

thC amp!tlLH.JCS ',lf vihr~:!ÍOil at fC\Oi'.ll!<..,' \',l'rC ÍllLfl'.!<.u! hy th.; r;,·o..:nct: ('( 

thc ll!lllcrlying fÍ[Icf fay1!f. ·1 !J¡-, llld,L".Ill:' tlut r,tdl.t[IO!l of ~o'l!c·r~·· f1,>111 t: ~o' 

footing W.lS l!npdcJ by thc í'rl..',.;m:c of tl:c· r:::;:d 1:.1,·r and th:l: 'p.lrt of t:'" 
elastic;-\·¡avc cn..:r~:y ,.,,~;, rdledt·d b.td .. t,J th.~ fl'uli<l:.:. 1 u~th~o·r ~tud1c~ shou!l! 
be dircctcd towJ.Hl ev,1luati•1n'> of thc ~..:l\m..:tm;al ;l.unplll!! rcl:!tcd lL' 1 In~..!
tions ?f foo_Iings supportcd oy lay..:r~d lllL'dÍa a~ \\CJI a'> of f~Oliii,:C~ st:¡~:)nr:..:cl 
by sotls which vary 111 ~trlfn~~s \IJlh tkpth or confin:ng pressun:. 

Cho1ce of Spring Conswnt fur l:'qui1 alcnt Lumpcd S_t st(•JIIf 

The spríng con-,t¡; nt k 1s thc mo't l'lltlc,tl fac.:tor in thc lumpcd-¡1,¡, .::., ;. r 
analysis. It govcrn~ thc 'it:.Jtic di~pLtL..:IllL':Jt of tl:c found"tion 11 l.tdl '-'·._)::!el bl? 
dcvclo~cd by appl:.:<tllon of .r >la tiC fprcc Cllll,ll to thc J; n.tnw.: fl,rc:,· Q .. ; 
and this sta!tc d1splaccm..:nt ~~ multtpl1cd hy a magnific.!IIO!l f.t..:tc- 1! to 
est<J.b!tsh thc m.rxímum am¡1litudc of dynamic moti(Jil. Thc lol.t~·::l.k.t1:0n 

factor (Ec¡. 2-53) ts inftuenccJ by k throu;:;h zts contrdH:tion to thc crJt:c:.ll
damptng cod1ic1...:11t cr ([q. 2-31 ), anó thus to th~ d.lollptn~ r.!l!l) D (le¡ 
2-32). Fmally. k ís. tht.: s1gnific:tnt unh.n0\\11 111 cstahli~h111:.: thc r:··l':;,¡nt 
frequ!'ncy ( Eqs. 2- r 7. 2-55. or 2-60). :\1clllLlUS for C'itabli'il11n!! ~k 1 tll! <nk , .. \(oC 
ficld ter,ts of prototypc iound.t11om, ~tat1c or dynamic tic!J t..:-.ts ¡__1f n:<•lkl 
found.ttions, or thcorctic:ti mc~ho'-h 

Te'it!. 0!1 protot~pc foun,I:Jtion<,. Te .. [·, on thc rrotOl)pC fuu ld.ll!011'> .. r..:, 
of cour~e. prcfaahle If thc tc~t~ are c.trl.'ft•!ly condudcd to Includc r·.n:.:.:c of 
load and deforrn.tt1on~ corrcsjxmuing lo ,h.:ccptJblc opcr~1t111~ Cll:,d~~~''il~. 
Pi_Ic-load1ng tests .tnd test~ of foundat1on:. supportcJ by pdc 'gmur's h.:~c 
often bccn C,:mductcd, but USUaJiy tiJc,c h,l\'C becn for the purpose of C\ ,tit:,!:
ing the load-carrymg c.tpac¡ty rathcr than thc ::.pnng con~tant. Thc ~.tmc 
type of tc"t can prov1oc 11~cfu! infor:natron about thc k rcqwr.::d flJr d1 n.lnliC 
an~lysis ifrcpc,ttcd stat ic lo.tú: ngs or v 1br .ttory loadJ n::;-; are applied .tnd ;c,d:, t:c 
rat10s of stc..Jd) load to a!tcrnatrng lo.td are malllt:uncd. Tests of prlJfnt; pe> 
are rccomrncndcd 1f ~cvcral found.lt1on~ of ~rnular charJ.ctcristlc, ar..: to t">c 
built at onc COibtructn):l '>llc. Hnwcvcr. if only onc structurc 1s pl.1nnc,!. th.: 
te~t an tnc pwtolypc m,,y ¡nd:c.ltc ctthcr a ~ati~fJcl('fV or un,,ttl\f.t~·¡,,,\ 

pcrfor.ll.lllCC. 1\11 llll'>.t!l\f':tCtllfY pafor!ll.HIL'C may rct(uirc Cl''>lly rc¡,.m·~ 
that could h.tvc bccn nllllimtzcc.! by amo~~.· carcful d..:'1~:1 In thc {ir,t pl.'u: 

Tc!>tS on llloHld footin~'i. St.ttic or d)ll:llllÍC te~[<; (lf moJd rl)'):fl::_:' .. re 
mcful for c:~t.tbl!-.hin~ rcl~~tiom bd11ccn t!lc anpl'-~d ld,ld~ and r..:'P"Ii'.: of 
thcse footing~ for p.trlicu!ar sub;o!l L-Oildtl:ons. 'A compr~hcn'iÍ\'C pr:'_:'r:tm of 
carcfully controllcd modd test$, cxcmridicd by thc •:ihr.1t1on k'>h r:p.,nc.! 
by Fry (l'J;Jl), pr\1\'l,;c.._ .1ot o:,ly in~·.._,rn'.:t·oól J.h,,u¡ th.: rc'i''', , uf 1: . .: 

D 
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ind1\iJua! f,\0(111~~ but .11-io p-:r1111h cv:duallO!l of thc bc:-.t llll.:thoJ" for 
extrapll!.tting tlllS infornl.ttion for ll"C 111 thc dc~1gn of prolotyp: foundations. 
lt is thc cxtrapolation proccdurc wh1ch govcrn-> the \aluc of modcl-fc·ntíng 
tests for design purpo"cs. 

' 

Formulas for ~pring' con ... tants. Thc spnng const:.tnt rcprcscnts a linea1 
relat1on bct\\CCn applicd load and c..hsplaccmcnt of thc foundat1on which 
imph~s.·a-Jtnear· strcSG..:srrain rclat1on for thc :soi-!; Th12rcforc, 1t follows that 
thcory of elasticity can providc uscful formulas for thc spnng constants for 
footP1gs 'of simpk shapcs. Tablcs 10-13 and 10-14 1ncludc s1mng constants 

- · obtn~ned' througl:! thc vheory of clast1C1ty for-circulur:and rectangular footings
resung n11 the sur(ace of thc cla~t1c lulC-spacc. Thc~c exprcs,lons have been 
obt:uncJ for rigul foot111gs cxccpt for thc case of horizontal mot1on, for wh1ch 
the spring constant was obta111cJ by ::~~suming a uníform distribution of 
sheanng stress on thc contact arca anJ computing the average horizont;,; 
displaccmcnt of this arca. Thcsc formulas apply for situations corresponding 
to ngid block or mat found:lt1on~ w1th ,hallow embedmcnt. 

Table 10-13. Spnng ConstJ.nts for R1g1d Circu!J.r Footing Rest1ng on 
Elast1c Half-Spacc 

Mouon Spnng Constant 1 Refcrcncc 1 

1 
4Gr. 

1 

-
Vertical k,=-- T1moshcnko and Good1cr (1951) 

1 - V 
- 1 Horizontal 

/..z = 
32(1 - ¡•)Gr. Bycroft (1956) _ 

7- 8t• 

1 
Rockmg 

1 

· se,: Borowicka (1943) 
k=---

1 
Torsion 

VI 3(1 - 11) 
Rc1ssner and Sagoci (1944) kf) = !;Gr~ 

(Note: G = 2(!! v)) 
\.... 

Table 10-14. Spring Constants for Rigid Rectangular Footing 
Rest1ng on EIJ.stic Half-Space 

Motwn Spnng Cmht.tnt 
1 

Rcf.:rencc 1 

------ -----

G ·-
Vcrucal k, = -- ¡i, \ 1 4u/ B.tri-.an ( 1 962) 

1 - 11 

Horizont.tl kz ==- 4(1 ¡. ¡•)G¡J, Ved Bari-..tn (1 %2) 

Rock1ng /.. = ~{3 Bcd' 
Gorbunov-Possadov 

1¡ "' 1 - l' ~· (1961) 
L-. 

o 
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Thc dTcct ofcmhcJmcnll~ lolilUcd'>c tlu.: ::.od rc~¡q,tnLc tu rnot1on nf ti•· 
found:ttion, thus. thc dTcdl\\~ ~pr~n~ cnn,;t.tnt is ¡ncrc.t~cd. 1"1:;urc i()-i 

illustratc~ thc cktngc 111 vertical ~pn11<; con"tant<; for ClrLul,lr fpotln~s .l~ ¡¡,, 
dcpth of cmbcdmcnt 111crca~c~. Cune a rcprcscnts a ngid foot1n~ \\ h1cl 
adhcrcs to thc soil a long thc vertical ~urf<~c.c. thcrcby dc\dor1n~ sklll-fncliUI 
resistancc to vcrt¡cal mnt1011 of thc blod-. as wcll a::. ..:~'- 1 Pr!n.:; rc<;¡<;tan~: b. 
pre~sure on thc b,t'ic. Ct:rvc h corn.:·.ponJ-. ;tpprox1111.1:cl; to thc snu::ctJon o 
an embcdJcd foundat1on wh1ch is Í\ol<~tcú from th..: sod along thc \crt¡ca 
surfaces. lt is 111cludcJ to po1nt outthc 111cr..:~bc 111 ~pnr1~ con<;tant dc,,.:ln:1c 
only by base prcssurc appl1cd .H JifTcrcnt J.:phs. Thc ~pnn:; con~t:lnh C.<.)írC 

sponding to curve h wcrc ohta111cJ fro111 L!:..: avcra¡;c .,cuknl~i!L í1, L••llic,·d b: 
a uniformly Jistnbu~cd load :.1ppl1cJ ::t thc ddTcrcnt Jcptih <J( ,;;Jlt . ..:J:,,~,-~ 
By companng thc :-pnng co1:~t:lnt~ for lurvc a (\•.nh ~:de .tdltcslon ¡ a:<d Cclt\ e 1 

(w¡thout sidc .:tdhcsion), 1t IS po~~1blc to .,cp..!rJ.tc th.: cfTcct~ of cnd b~.mn; 
and sktn f11ction. Thc lllformat1on ~lwwn in F1g. t0-17 \\J.5 prcp.u.:J b_ 
Kaldj1an (1969) from a solut1on of th..: clastic¡ty pro~1l.;m by tht: fin1tc 
elcment mcthod. 

The dcpth of cmbcdmcnt ~houlJ rr•Jducc C\C!1 mor.: ~1'2llltl<:.lllt .:fTcct 
on the spnng con~Ltnb for rockm~ .tnJ -;liJm:; m-.1t1on~ oC ih.:: ~-L,l!l~,;.:u~_)n 

Howcvcr, by thc cnd of thc t960s, .,at1~factor~ "olut10n., for thcsc p<,)bkr:l' 
were not known to thc \\fltcrs. 

Anothcr e!Tcct which prov¡Jc~ .t st1fTcnin,g to thc spnn~ const:IIH ol th, 
foundation is thc prcscncc of a rig1d boumbry b.:ncath an d.t::.~1c Lt) cr Th.1 
is, a thin elast1c !ayer supportcd by .t ngid base pcrm1ts :l -;m::~llcr J¡-;pbcc 
rnent of a footing for a given load than does the clast!C h,ttf-sp:.tcc. Th1s wa· 

.. 
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r•gure 10-16 Cvcffic:ents ,;,, ~". anc 1!,. for re~:,ngular fc~,:>n¿> (cr·e· 

Wn1tmJn and í'.:cr.art, '967) o 
o 
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l 

j____j___j__ o __L,_--L._.J 

o 8 1 2 1 o 2.0 2.4 2 8 3 2 3 6 

Depth to Rad1us Ralla, H/r0 

F1gure 10-17. Effect of depth of 
('mbedrnent on the spr.ng con
stant for vcrtlc~l:y loadcd c1 rcular 
foot1ngs ((rom KcldJwn, /969). 

.llustr::w:d by Fig. 7-22, in wh1ch thc 1ncre~se 111 k (f0r vertic:1l !oading) was 
shown to be sign!llcant as thc v~!uc of ll/r0 (where H is the th1c-kness of the 
elastic l:lyer) decre.:sed below about 2. 

Elastic constan!<;- for soils. In thc preccding section, which discussed 
formulas for spnng constant~. 1t w,¡~ ind1catcd that thc:.e were dcri>ed from 
solutions by the thcory of cl.tstic1ty. lt should be emph:~sized th:J.t thc eb~t 1 C 
mediurn was a~sumcd to be isotropic and homogcncous; ther~:fore, only two 
elastic constants ~re rcqlllrcd 111 thc solution. Throughout this book the 
ela->ttc constant5 chü~:.:n ha ve bcen the modu!us of elasllclty in shcar, e, and 
Poü.son's rJIIO l'. Conscquently. 111 ordcr to -:valuate sprrng constants for 
founda!ion5 ffJnl th.: t"ormul.JS, WC necJ rcf¡:¡[Jlc \U!UCS fnt e .1nd l' for the 
soil bcnc..:ath the proposed found.ttion. 

[t tS po~sible to compute. Po1~>.on's r.ttto for sods from m·.:a~ured valucs 
of thc comprc-;-,¡ofl-\l..l\1! :J.nJ shea!-W.IVC vcloc1tie'> throu:;h the sod (~ce 
Chap. 3). Howcq;r, t!J<.:-;c compuUtlütb lllVolve ~null dtfl"t:rcnc<!, of rathcr 
largc numhen, and '>zgl'tfic:!llt error-, an; po-;~1bic. Gcncrally. 1t has bcen 
found that Poi~'ion's r,Ltlo vo.ne~ from about O 25 to 0.35 for cohe::-.ionle:-s 
sods anJ from about O.J5 ro 0.45 for cohcsiv~.: soils wh1ch are c:.~p:~blc of 
supporting block-t) p•:: found~lt,ons. Comcqucntly, for desiga pt•rpoée-S httle 
error is introdt•ceti 1f Pois·,on's r.ttio is assumed as ~ for cohcsionlcss soils 
~ ',~;:.,O ~o for coh<!~i>c ).OI;s. 

--------------- -------------------- --· 

o 
SEC. 10.6 VliUICAI. \'1111<.·\ll<J-....\ Oí 11Jl¡'ll\11•J-....-; 

Va!ucs of thc !>hr;ar IIJOdulu~ e lll.l)' 0(. e\aluat<!J in tlle ticiJ or frn.n 
samples takcn to the Lthordtory. St,tll<.: plat¡; -bc.u 111g r.:~t~ in tite ti..: Id c.1:1 
cstabl1'ih an c>..perimcmal v-duc of tit~.: <..pring comta:1t k, from \\ !11d1 t!JL· ,l\c.lr 
modulus can be c .. dcul<~tcd (Tahle 10-13). ln-~itu st<!ad;-st.ll<!--\.'lbratlvll tL·sts 
may abo he U~ed lO C'>tabli,.h '>aluc:, of e al the COnS!fUc.llOrl Slk ('>.:'<.:Se~·. 

4.3). In thc labor.1tory tbc rc\Gnanl-Lolumn test be.: S.:e. 9.6) 1S ;JO\\ a 
10tandard ITICthoJ for dc-termÍ11111g thc cfh:CllVC e Of ~Orl !>:-illlplcs for dc~1:;n 
purposcs as wcll ,a'l b~;Ing.a rescarch too!. Con:;equentl), ~e\ eral mdhod~ .m: 
avai!<Iblc for obtain111g useful value~ of e by kstir.g th-.: a~.:tua! sod v. hich \\ :ll 
support thc proposcd foundation. In the cvcnt thc dcs:gn ~tudy rt:prc:;c,H~ 
only a prclim:nJJry eswnatc ora fc.hrbtl"y .;tuJy, rc;.¡:;o;-¡,¡ol.: v.duc~ of C for 
soils can be c~timated ¡f we h.we :.om¡; 111format!On on tia: \Oid ratro of i!\c 
soil and of the prob.tblc confin1ng pro;..,:,urc iJ". F1gurc 6-S lllu->tr.tt.:~ th.: 
dr.pcndcnr.e of tlw ~hc~H-w..tve vdocJty of quanz s:J.nJ on the vord r~rtio .1rd 
confining pressure. The she..tr modulu> c<~n be obtamel.l from ¡;,.-: shc~r-w:l\ e 
ve!ocity given in Fig. 6-8 clnd thc rcbt10n 

G == pv~ (6-17) 

For round-grained sands (e< 0.80) thc sh.:.1r moJuiu:; can b~.: cstim.11<:J frorn 
the err:pirica! equatíon 

,., 2630( 2 17 - e)2 
( _ 0 5 

V= l + e (J'o) 

and, _for angular-gramed materials (e > 0.6), from 

G 
l230(297-e)2

(_ 0 -
=- 1 ' ao) .• 

Te 

(6-19) 

(6-21) 

in which bottl G and ii0 are ev.pressed 111 lb/m.2• HarJin ~nd l1bck (!'~;13) 

have indicatcri tíMt lq. (6-21) 1s also a rcasonablc ar-proxim:won for ¡h:: 
shear modulus of noi m:t'ly cunsoliJ~tcd c!ays w1th !ow surface a cm ll). 

10.6 Analysis ond Des1gn for Vertical 
Vibrations of Foundations 

In many cases m:.lcluncs 1\ hic!J prodm.c vcrtlCJl for~cs co.n b.: lo(-.~t~J 

centra!!y on founJatwn bkcks or mab wah tiH~ rc>ult r: .. tt only \cn:-:-d 
vibrattótls uf tl1c n1athiñc-four1dation system are ímportant. 'rhh s~c:¡,m 
includcs eX:J.mplcs of an.1!yscs of ~uch .;y~tcms b.•scJ u!l bJtll ¡he d.t~': ;-h.df
S2.lcc thcr>ry (Ch.tp. 7 ~ ::l!IC: o.-. tík !:1;~.;1:..;-pg; .. ·L. r ,:;_.:._,_, 

-------- ------ ------ - --

o 
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Stcacly-Statc l'tbralto/1\ of ,\!ocle! Fooltngs 

It JS uscful to beg:n th1s ~c:ction w1th a compari~un of the v1brat10n re
sponse c-,!llnatcJ b) thcor; and that nH:a~urcd tn carcfully controllcd ficld 
tests on modcl fooun.=~- Fr; (1963) ha~ reportc:d on te~ts conductcd on model 
footing:. from about 5-ft to 16-ft cJ¡amc:kr constructed at the U.S. Army 
Waterways [>..pcnmcnt Stat1on tn Vid.sburg, Mississippi, and at Eglm Ficld. 
Florida. Thc bas1c dímc:rs10ns and we1ghts of the footings are gtven in Table 
10-15. All of these circuiM footmgs wcre constructed on the surfacc of thc: 
soil, except for base 5 at the Eg!Jn Ftcld stte, which was embedded 25 in 
The sotl at the WES ~1tc was a stlty clay (CL), for which l)'pical parameters 
needcd for dynam1c ar.al)''ilS are 

y= 1!7lb/ft3 

Vs = 460 ftf-:,cc 

G = 5340 lb/tn.2 

V= 0.35 

The water table \\;.b approxrmately 16ft from the surface At the Eglin Freid 
sitt: thc svil \\as a nonpla>trc unrform lrnc sand (SP) wrth untform conditions 

inJ¡cated from borings to 25 ft bclow thc surfJ.cc as wcll as rcasonably uni
fbrm condttron-s rndicatcd throughout thc test arca: The w<.ter tablc was dcep 
and was not cncount.:rcd rn any of the boreholcs. For this matenal a typrcal 
void ratio was e = 0.70. 

--- The f6ót1ngs-were excitcd by a rotating-mass vibrator-of-Uie ·type illus
trated in Fig. I0-5c. The four eccc:ntnc masses each hada wcight of 339 lb; 
so the total eccentnc weight was 1356lb. Thc total stat1c wctght ofthe vibrator 
"Was 5600 lb. Four eccentric settmgs wcre used in the testing program: 
0.105 in., 0.209 m., 0.314 in., and 0.418 in. Values of force output from 

Table 10-15. Daca on WES Test Bases 

Base l':o. ~~~ Thtd.m:ss (in ) 
Wt of Base + Vtbrator 

(lb) 
---

1-lst pour 1 31 14.3 12,820 1 
!-2nd pour 1 31 2<J 7 25,640 
l-3rd pour 31 36.0 30,970 

2 4381 20.5 18,465 
3 54.0 24.0 24,315 
4 62.0 24.5 30,970 
S 43 31 25.0 18,465 

1 
:6 %0 24 o r-~,961 ¡ ' ' - ·------

o o 

SEC. 10 6 

Tablc 10-16. Vcrtrcal Forccs from Four-Mass WES Oscdlator 

Rot.ttrn~ rr~ljlllll<-Y ¡ 1 \ 30 ~ 
{cyZks/>c<.:) , 15 20 25 

~Ob) r~r.e _:~~~rn ~~~ ~,,~-~JS4o ['·"'J 13,140 

Q.(lb)fori!=020<Jrn l 6,5~! 11,620 ¡ 1~.1(.0 i 26,160 

1-Q. (lb) for e= O 314m ~-~25 \ 17,460 ~-~7.2~~-~ 39 ~-~ 
Q. (lb) for e = O 4~~~~-¡--;;-.·~-0---~-~;;- ¡---;;~~---¡·- ;·;·,0~;;-·¡ 

this vrbrator can be cllcul,ltcJ i'w111 1 e¡. (10-2), and -;c.,'-·r,!l \,liu-:-, ve ,,1d1· 
cated m Tablc 10-l(í to e~t.lhlr'>h the ordcr of m.rt:nituc.L.: pf f<Jrcc' lli\C': .. eJ 

By cornpanng the ~tatic weit:hl'> of the foolings rn T:1l'!.: 10-15 \\Ith t11e 
dynamiC forces avadable rrom the Vlhr.ttor at the hrt:h<.:r '¡'.:ed<> from Tat>lc 
10-16, it is ev1dent that thc vrbrator \\,\.., L.qnble of lrft:nt: ~,,,n.: of the l::;ht.:r 
foottnf!S free of the ~round dunn~ \ rhr.tlil'll. ConscLlll.::lth í,,r S~);¡•..:: o;' t~;e 
test~. ~ddit!On.ll we1shh \\ere ng(dly -ttt.tchcd ¡,, th.:'¡·,,,,:r;,~ - , 

For thc purposc of comp.mng thc<)relrL;t! 3nd tcq re~ults. thr.:e tcsh .tt 
the WES sitc and thrce tc~ts at thc E~lrn F1cld -,¡te \\ere c.[¡,)sen. In e.kh of 
these ll:StS thc vibra lor h:HJ ;; n eccen l fiCI t )' ~ctl 111g O f Ü i 0) In., \\ l11Ch p r,)d ;¡LeJ 
the smallest set of cxcrtrng forces and thc 10\\Cst :J.eccler,JtiOrh ;n each p.:ttcrn 
oftests. Figure 10-18 (after Fry, 1%3) dlu!>trates thc ciTect on the a:npl:tuJc
frequency response curve devclopcd by chang111g thc ccccntrre settin_!;s of thc 
totating weights for particular test condillons. Note th~t for \VES test 
3-6 in Ftg. 10-18 a mot10n of about 0.0037 in. was Jc\clopcd at 20 c~clc!>.'~cc. 
Dashed curves are shown m Frg. 10-18 which correspond to p..::ak. :~ccckr,l
tions of (0. 1 )g and (O.S)g. Thc rc!>pon~c curves sho'' n rn Fig. 10-18 could abo 
ha ve bcen plotted in Fi~. 10-3, wh1ch \\o u Id pcrn11 tan (\lSÍcr e\ al u:H1on of tnc 
peak velocJties and ac,~clcratiOn~. r rorn Fig. 10-18 11 can be noted th,t t the 
peak acce1eration~ for· tests 3-7, 3-8, and 3-9 \\ere gre,tter than (0.5),;'. 
The largcst valuc of peak accelcrallon for test 3-9 \\ 3S (0. 7)g. 

The test results for the modcl footii:gs can be ev:tlu:Hed b..::aer \\ hen thcy 
are prescnted on dimensionlc!>s plots For c\amplc. \\C nu) consrdcr three 
tests at the \VES ~rte, tests 2-18, 3-6, and -l-5, for \\hidl the m.bs r.ltiOS \\C:fc 
b = 3.12, b = 2.83, and b =-e 3.1, respecli\cly. Pornts r..:rre:-...:,1~\rl::; tc't ll.tu 

are shown 111 r 1g. 10-19,\ for Cülllpan~Oil \•,:th thc tllC~'re,:-.·,¡[ CLlf\e~ ¡,,, b J 

and v = ~ (or B.= 0.5) .. Theorctlcal cunes for thc n_:;.J:b,:s..:: pr-:"ur..: (.~) 
and the unrform-prcssurc (U) drstnbut1on (from S un~, ;í"953) are ~hu\\ n. 
From Fig. 1 0-19a it is ev1den t that the agrccmcnt bct\\ ec~1 the test res u! b .1:1J 
the R-curve !s reasonably good wrth res!'cct to amp!It-tdc of '.~)f lliO:l. bc::o 
that thc th¡;:orett"'.:l cu;ve indic.ltes a ~-I;_.,..::r ,·r..:ql:..::1:; :::t :---:!\::·:,'.-: .:-:' o 
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CHAP. 10 

----
32 

1 

F1g. 10-18 Typ cz.: am¡:;l:tude-frcqucncy r•~sponse curves for tests on model 

foot•ngs (after F•¡, /9ó3) 

than that shown bv tc~t For thc'ie tests, in which th<! foot1ngs wcr<: sup
portcd by a cohcs1v~ ~oi!, 1t appc..,r~ that lhc ng1d-b.1sc cond:t!On is ::lpproxl-

matcd. 
Tests 2-2, 5-1, a•id 3-5 run at thu Eglin ficld si te pro\idcd thc dír~1cn-

sionlcss test datJ. shovm m F1g. JO-J9b. For thcse tests the b-valucs wcrc 4.5, 
4.5, and 3 61, rcsp~ct.·.'ely~ so thcy wcrc compa~cd wirh the thcorctical valt:cs 

for ú,, 4. 

e 
scc. 10.6 

WES Test 

9 2-18 
"3-6 
o 4-5 

W,lb ~~ 

18,465 3 67 
30,970 4 50 
51,280 5 17 

(a) 

~lg•nT.:st~ W,'o 

o 2-2 25,640 

o 5--1 25,640 

• 3-5 38,460 
(b) 

3 .os 
45 

F1gurc IO-i9 Compar.son of cese results W1th theory for vcrt1ca! oscdi;J.t,on 

(a) Oata from WES test SJte. (b) Data frcm Eglm F•crd test SIC•' 

Jn ordcr to in!erpn:t the test frequcncy in terms of the dtmcns1on!ess 
frequency 

27Tfro 
a=-o 

L's 
(7-2) 

it is ncces~a.ry to ob~.1in a repn.:~erllati~c valuc of C~;,. At th..: Eglrn hcld :>tt..: 
the footm:-;5. wcn.: pourcd on thc <;,md ~urLrc..: (e~.ccpt for b.1sc 5, \\hr.:h \\,tS 

embcddcd). Thus, th.:: s.:nJ bcn..:.tth tla: footmg was lo.1dcd by thc wcr:;ht of 
thc footrng and balbst as wcll a:> by 1ts own w.;ight. ror :111 :!?pro\lm:¡¡¡on ro 
thc pn·s::.ure dcvelopeJ bclow t!l•.: p..:nphcry of thc foot:f'g. thc th..:,1r~..k.:1 

solution obtain..:d by Prange (1965) for a rig1d cin.:ul.1r fooung on thc ,,,)
tropic. hor:wgerwou>, claslic half-spacc was uscd. Thcse re!:1t10ns ;1r..: S11c:1 

below for v = {. lt 1s obviot:s th::lt .1 b~d of sand dc\clops a drfY.:r:nt 

11 
• j ., O 1 'O : 

..J i .... 1 .} j 
' 1 1 

1

----,---!-- --
OC% 006' ')03~ 

j_l~~-· _¡_~_.z_I1~-~---~~~-~J 10 

~. o 642 1 0.4-lO 
1 

o.::~J 0.222 l o.l7i! ! o r-t7 
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d!SlrtbutÍOll of pr~S~UfC UlldCr lo,tdtng than dOCS thc Ld~.tl half-spacc, and 
furthcr inform:llton IS nccd~d on th~ clfcct~ of rcp-::.ncd lo.ld:ngs on the 
d1stnbutLOn of COilt-lCl pn:~~ur~ at thc foottng ba~c, .1::. \\di as tnform<:t··;r; .:m 
the vcrttcal and honzontal pressures within thc soil mass. 

Figure 10-20a shows a rigid Circular footmg restmg on thc surfacc of a 
soil m.b'i Tl1 c r,:dJUs and \\ctght of thc footing corrcsponJ to that for base 
3 u~cd 111 thc Eg!m Ftcld tests. Thc average contact prcssure was q = 604.6 
lb/ft~; F 1g. 10-20b sho\v s how the a ver .1ge confinmg pressure iiaq caused by 
this surfJce pr-::s~ur-:: dccrcascs with dcpth below the periphery of the footing 
according to Prange·s solut1on. 

The ·umt weight of the sand at the Eglin Field 'si te was approximately 
sq.~-9¡!f(fan(rit\\a5 assumed th<~t Poisson's ratio was t for this material. Then 
the vertical and honzontal stresses at a dcpth in the soil mass were 

a. = y:: (10-34a) 
and 

a = a = _v_ a = yz 
"' u 1-v • 3 

(10-34b) 

These stresses establi'ihcd iJ
0

, as (I.ó7j3)y::. 
The total average coníintng prcs~urc at any depth below the perimeter e 

the footing is thc sum of c"ioq and ii"'' as shown by F-ig. 10-20d. A mínimum 
value of ii0 tot usual! y occurs ata dcpth of ::fro S: l. This m1mmum value of 
_ii_,-tot.a_n<! Ü}e vo.1d_ qtio of thc sand (e = 0.7 ~t.Jn~ E~)jn_ F::h~ld ~.it~ wcre 
introduced into the-équJtion for vcloc1ty of the shear \\ave- - -

(6-18 

By this procedure, values of V::; of 460,470, and 500 !\'sec \\ere determined for 
the soil directly b..:ne.Hh Eglm F~t:ld bases 2, 3, and 5, rcspcctively. 

Note th:>.t error~ in thc calculation of L's (or G) havc an important in
fluencc on thc \alue of a, for maxmmm amplltude of\1bration. Converscly, 
if the theoretica! curve~ are to be u~ed for prcdicting the frcquency for dcsig.1 
or analysis, this also dcpt:nds on the valuc of u8 . [n Fig. 10-19b the peak 
ampl1tudcs are ata IO\\cr value of a0 th:tn InJic.ltcd by thcory, and the shjpcs 
of the rc~pon~c ._urvc~ 111d1c:J.tc lc~s d:tmp111g than might be mdiC.ltcd from 
theory. Part of thi~ difTcre:,¡cc could be assigned to a probabk change in 
prcssurc distribution b~neath thc footing from thc ..1ssumcd rigid-basc (R) 
condition to onc more ncarly uniform. The thcoretic.ll curve for thc uniform 
(U) rrc'>SIIre d!~tnbuti.m for b = 4 ilnd V= i is shown In Fig. I0-19b ~or 
con.p.l:l,on. Tr.c .trnr!,•uJc'> of o~cdLtuon für the k~. footm:;" ag~cc Ltirly 

-11 ····th t'Q r~,_;.!:~t.:d :·rüm th..: unif<)l'll pr.;,~,.~ ':,trt:O'->é!Dn conl!.tlon. o 

SEC. 10.6 VI H 1 W,\1. \ LBRATIO"S Ol FOU~D,\ ll<;"'> 359 

O:aq• lo/ft2 Cfas' lb/f12 O'" a ToJal> lb/ft 2 

500 o 500 

1 l 
1 J 

J :-~ 
_j ¡-

5~_1_:_ 
(b)~ + (el (d) 

F1gure 10-20 OIStnbut•on of average confinmg prcssure. ,;.,, bcneath 
periphery of ng1d foot.ng. (a) Vcrt•calload on footTng (b) ir,,,, from foottng 
load (e) a •• from Unlt wctght of sod (d) Total r70 = r7.,. ,- r7.,, 

. The _entir.e test program of vertical vibrat1on:> of thc moJel footings 
included 94 tests. Figure 10-21 itlustrat..:s th~ rdattons bctwccn the ma'\imum 
amplitudes of motion as computcd from thc half-spacc thcory and those 
meas u red in the WES tests. The ab~ctssa of F1g. t 0-21 reprcscnts the maxi
mum vertical acceleration of thc footmg as compared w1th the accelcration 
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ofgr<l\ÍL) g. From f1g. 10-21 it 1s \Ccnthat thc lhl.!ordical and test valuc!) for 
tests ~~ thc \\'ES s1Lc ~grcc closcly for A:,.r•J2/g les!) than about 1. As thc 
accckration r.llio incn:.1-;c~. thcsc lc'it and thcorctical valucs diiTcr more. Thc 
test results from th~ Eglu1 Ficld si le show considcrably more scattcr through
out th~ cnttre r<!ngc of ac..cclcration ralios. Howcvcr, thc ovcrall agrccmcnt 
bet\\ e en test and theory is withm a factor of about 2, which is considcrcd good 
for dynamic p~oblems. 

Onc item ,which should be notr:d with regard to thc tests at the Eglin 
Field si te is thc matter of total settlemcnt of thc footml!s o ver thc coursc of the 
vibr.ttion tests. For each pattern of tests, thc respon~c curves -...'ere obt::11ned 
by incrcasing thc,ecc.:nt:-icity. of thc rot;:ting mass succcssivcly through the 
four sellings; thcn thc d~.1d load W<~'> changcJ :1nd the next loading pattern 
was app!icd. By thts proccdurc thc sod bcnc.lth thc footing had bccn sub
jectl!d toa complcx load-hi5tory hy thc tune thc sccond loading pattern was 
applicd. Converse (1953) has !>hown that vibrating footings on sand tend to 
develop a "hard zone" bencath thc ccntcr of thc footings: .1frer sustained high· 
amplitudc vibrat!on~: so 1t would be arlliclpatcd that thc pressure distribu
tion beneath thc footmg woufd ch:u:,~e a~ the Ioad¡ng h1~tory of the r,and 
changed. Fmall;, scttlcrnent records wac kcpt and thc avcr;.:ge total settlc
ments at the end of thc test progr..tm werc about 4~ in. for ba:-c 2, 1 ~ in. for 
base 3, ~ in. for ba:..c 4, and 3 in. for ba'ic 5. Consequently, thesc fvotings 
produced local failurc::-. and comp:ll.lton vf thc suppcrtlng soil during sorne 
parts--of the- test= progrJ.m. For an actual ma'chine foundntion, :i proper 
design would prcvent this progn:~sivc scttlcr,¡el"t, and it could be anti..,ipated 
that the soil would bchave more ncarly like the elastic half-space. 

Vertical Single-C;·Iuulcr Com¡ncssor 

This typc of machinc dcvdops vertical pcnodic forccs which can produce 
a vertical motion of th~.: machtn¡; and its foundat1on block. This motion 
must b~: re!)trictcd to acccpt..1hlc valucs, as noted in Scc. 10.2, to providc for 
sati~factory opcratton of thc machinc. Thc fol!owing discussion trcats a 
method for establi-;hing thc found:!tton-block s1zc for a vertical single-, 
cyhndcr comprcs~or having thc follow111g charactcri::.tics: 

Bore = 
Stroke = 

Opcrating frcqucncy = 

Unbalanct:d forccs 

14.5 111. 

9 111. 

450 rpm 

prm1ary '- 9,! SO lh 

o 

----~--- ----- ------

:OLC. 10.6 

scconJary =- 2,220 lh 

Horizontal. prim:try o= 3!0 ib 

se<::ondary = o lb 

Weight of compn.:::.<oor 

+motor= 10,900 --lb 

The verttcal primuy and '>Ccondary forc.:> produce a pcnod1c \crttc::l t'orc; 
as indicatcd in F1g. 10-22 by thc hca'y ~ ¡¡J cune. l!o\\C\cr, fcr ¡'u~pv>CS 
of analysis, thc rcd:..~ced lowcr portJ:l!l of thc r<:~l-forcc-tJ!l1C cL:r· . ..: ,,¡J¡ be 
ignor::d and thc cxcaatJort \\lll be Cllll~>lc.kn:d. lO be t!cH·kJp,::¿ by a ~Jrlu,,),J.,! 
force having ;¡n amp!itL:úe of Qq ~~ 11.400 lb at 450 rpm. 

This compn:ssar ¡., to be supporkd by a foundat:on biock rc~ttn>! 
directly upon the so1!. From rcson~lllt-column tests of sampk~ of th¡; st!ty 
clay at thc proposcd ~nc, the slH.:ar-\•.,nc vcloctty c8 i\JS fou:1d to b.:: SOó 
ft/s'.::c. Th15 '.~lile of u8 and the un1t \\•~1ght? of 100 lb/ft 1 estahitsh th~ ~:¡;:ar 
modulu~ G a~ 14,000 lh/in.~. Po15 . .;on's rat10 v was cho~en as J fc•r thc f~_lilo"l\
ing calculatwns. 

The first stcp in thc dc~1gn proccdurc ;s to cstabl1sh thc acccnt.lb!c
limits of motion (cr:tcrion of "fadur.::"). For this cxampk it 1s .l~'>u:::,/(J tn:Jt 
vertical motions equal tu the honzontal mot10ns not.::d <'.S "cas.:: e·· m F 1 ~. 
W~2 are acceprable. At 450 rpm thc uppcr limit of case B corrc:>pond~ to ~J. 

Fogur~ 10-22. Unbalanccd vcrt•cal 
forc:e from vc:rtocao songlt'-c:ylmd.: r 
c:um?rc~sor. 
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single amplitudc ofO 0021 in. Thus, thc dcsi:;n cnt<.:rion for thc foundation
soil systcm reqUircs thc maximum amphtudc of vertrcal mot:on to be lcss 
than 0.0021 in. 

The first approxim:.!lion for thc foundat10n-piJn dim.::nsions may be 
obtained from thc base arca rcqlllrcd to lim1t thc swtrc displ:.!ccment, caused 
by Q0 = 11,400 lb, toa valuc of 0.002 m. Thc equrvalcnt ngid circular foot
ing will be u sed_ m both the static and dynamic analysis, although a rec
tangular foundation plan is needcd. Thc st.1tic deflectron 

z
8 
= (1 - v)Qo = 0.002 

4Gr
0 

lll. = _ } X 11.400 

4 >< 14,000 X ro 

1eads toa requircd radius r 0 = 67.9 in. = 5.66 ft. For con emence m further 
calculations, assume r0 = 6 ft, which determines a base arca of 113 ftZ. 
With thrs assumed value of r0 , the com~ctcd static d1splacement 1s now z. = 

0.0012Jn. ----- _ 
---~-The rigid cir~ubr footing of ro o= 6 ft will be used in further calculations 

to representa rectangubr foundat1on block !6-ft long and 7-ft wide. For a 
hlock 3-ft thick the total werght rs 

Wb = !6 X 7 X 3 X 150 = 50,400 lb 

Tl1e total oscillating werght W, which includes the block and machinery 
supported upon it, is 

w = 50,400 + 10,900 = 61,300 lb 

Then for the'equivalcnt circular footing, 

B = (1 - v) W = ~ X 61,300 = 0.473 
• 4 yr! 4 x 100(6)3 

From Fig. 7-19 the damping ratio Di~ 0.60 for this value ofB,. The natural 

frequency fn of thc ~ystcm dcpends u pon the oscillating mass and the spring 
const:mt 

4Gr0 3 6 
k. = -- = - X 4 X 14,000 X 72 -=-= 6.048 X 10 lb/in. 

1 - V 2 

Then 

J .. = _!_Jk• = _!_J6.048 x 10
6 

x 386 = Jl.l C)Clcsfsec 
27T m 2 r. 61,300 

o: 

o fn = 186-t cycks/r..·i;; o 

VI IU IC AL VIIIRI\TIOSS O~ f OlJ'-IJ \ 110:-.'> )63 

Thus, the opcrating frcqucncy of 450 rpm corresponds to (0.24)/n· From 
Fig. A-1, 

A,= 1.02 at Lo~ 0.24 
fn 

for D = 0.6 
z, 

which pcrmits calculation of thc maxrmum ampl1tude of vertical motion 

A a ~ 1.02 X Z 8 "'= 0.00194 111. 

This value of mrJtion :,,1t1~fie:; thc dcs1gn cntenon. 

For thrs exampk thc 16-by-7-by-3-ft concrde block and the sor! '.\ ,¡]¡ 
G ~e= 14,000 lb/in. 2 form a ~atisf.1ctory foundat1on for vcrtrcal \¡b- J.t·~•n. 
However, it ha<> b<.:cn ::~s~umcd 111 the ,¡n,t!y-.rs that the 1n;1l!l force. cc:r re~ of 
gravrty of thc o~crlbtlllg ma'>s. and thc c<.:nlcr of prcssur..: of thc sod on ¡f¡.; 
base ofthe foundation block alll1e alon!! thc: s.tme veruc.d l1ne. l11 :h,.;,nbllnc: 
the machinery on thc found tllon block, carc should be taken to a!I!.!Il thc~~ 
exctting and rcsisting forces as closciy as po~s;ble to rcJu..:<.: CLH!plin 0 hct,,~,·i1 
the vertical and rock.rng or pltChing moJe~ of >rhratrnn 

The so!utron for the 01..1\lnlllnl amrlitmk of 'v<.:rlJC.tl \ibr...ttllli1 \\,lS 

obtatneJ from thc response cune (Frg. A-l) for con~unt arnplituJe 01 Cor..:c 
eXC1tat10n (Qo = con~t. = 10,900 lb) It could h:l\c bc<.:n obtar:1c:J al-o 
from F1g. A-2, which corrcsponds to the frequcncy-dcr<.'mknt ~\Cit:lt~on 
(Qo = m,.eo>2

). In Chap. 2 it was notcd that the ordrnate of c~ch curve on 
Fig. A-2 may be obtarned at cach frequency rat1o from thc ordinate of a 
similar curve on Fig. A-l by 

A="- i2 7T )2u} A _mc•J 2 A _m 

Qo(27T)2 ~ 
m 

= --- = -·-

The force of Q0 = 11,400 lb at 450 rpm is dcveloped by 

Thcn 

or 

Qn 11,400 z 
m.e = 2 = 

2 
= 5.13 lb-sec 

w 4n2(~~) 

1.02(0.24 )2 = 0.0587 = A: X 6 l.JOO 
386 X 5.13 

A,= 0.0019 m. 

·.J .. 
'1-

as w~s obtaineJ 111 Ü'c prevrous c.l!cu!Jtior. );ore th.:t the ult:. of ..t,,,!:n,e 

o 
D 
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is usl.ullv obtain.:d dir..::ctly from Fig. A-2 -:ttf/f., = 0.24 on thc cune for 
D =--' 0.6~ Hü\\C\cr, in thi~ lo\\ fr.:qucr;cy r.wgc (j/J,. < 0.3) thc curv..:s are 
very stccp on th..: scrnito; p!ot and more accuratc v.ilucs art.: obtaincd by 

calcu!ation, as indicatcd abovc. 

Response of Fouwlc!ions to Tramícnt Vertiral Loads 

In ord-cr to C\:llu:ltc th~.: motions of fcund.1tion5 n:sponding to trar~~ic:1t 
loadin!!s, it rs ncccs~ary to havc rcli:Jb!c rnformatron on thc load-tim~-pulse 
to bt ;pplrcd. Tbis pulse is thcn applicd w thc lumpcd~par:-t?Jcter analog of 
thc foundatron-soil sv,.rcm ancl a solutron can be obt::uncd Ir om thc phase-

p'ane m~thod. 

Drop test on modcl footing. The first cxample to be considcred here was 
illustratcd in Fig. l0-9a. A footrng of 1-ft diamctcr rested on thc surfacc ofa 
bed of compacr~d Ortawa s:1nd. Thb footing supportcd a dcad weight anda 
loadin;.; pbtcn onro wh1ch a 5-lt !>~l'Jdbag wa~ dropp.:d. For test Q-2 the 
force-timc-pctlsc shown by the <;Ol!cl curve rr. Frg. 10-9b \US dcv.:Iopcd, and 
the rectangular force-~11nc-pul~c approxrmJ.tions, also shov.n on th1s figu.re, 
w~re us.::d in thc pha~c-p!anc analy~is of thc footrng rcsp'-1nsc. The followmg 
quar.t 1t•cs rdat.::d to thc foot¡ng-so;\ systcr.'l cntercd rntc th·c C•1:nput:.:._.:.,. 

r = Radius ofthc circular fo;:,ting 
o 

= 6 in. 

W = We1ght of the footing = 150 lb 

y = Unit weight of thc sand = 109 lb/fe' 

w . 
b = -

3 
=--= Mass ratro 

y ro 
= 11.0 

B = ~ b = Modificd m.1s:> ratio 
: 4 

= 2.07 

o 425 D =-== -=- = D.unprng ratiO 
"'lB= 

= 0.296 

G = Shcar modulu~ ofsoil = 3-tOO lb/in.=• 

- \ - .. 

4Grn S . · t t k = --- = tatlc spnngcon~ an 
~ 1- 11 

= 108,800 lb/in. 

--.Th.: cfT~;; 1 v.: e for thc s.tnd b.:nc:.11h thc footmg was c:.ublishcd by thc proc.:durc 

.!. _r.t.·.! ¡.: r:;;. l'l-=•J 

--------------

o 
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m = W = Ma.;s of footing 
g 
,-

wti = ~~ = Undampcd naturai frcqw.:ncy 

r¡:- ,---
W,;; = /'"% -Jl_- D2_= Dampcd fn:qucncy 

\)m . 

Td = ?.!!. = Natural pc-riod of footi11g 
wct 

= 529 rad/scc 

= 505 rad/s~c 

= 0.0124 scc 
-. 

q¡1 = an:~in 1) = Ang!<: of i;1;:ln1<~ t 1011 of ordinatc ~ 17.2' 

Thc rectan¡;ular forcc-t•n·,c.-pulsc appr:n.imatrons to thc pul~c-loadmg 
curve indicate :1 <"On~tant-forcc amplitudc ovcr an intcrval of 0.002 scc 
(.2 rr.sec}. "fhis time interval corrc~ponds to an angular movcmcnt '''a j.r on 
the phase-plane of 

The valucs of input force for casli tlrr.c rntcnal c-.rab!:sh thc st.:t1.:: dr~pbcc
ments .:,~. :,6 •••• shown in lhc ph::hc-pl.rnc solullon tf rg: l0-'23.tJ. 

The phasc-p!anc so!ution ~hown 111 Frg:. I0-2:1a rs con'>truct..::d hy thc 
procedurc ckscribcd in Chap. 2. Thc crrdr:d numbcr s. @ , @, ... Jcs¡~:natc 
the point~ on thc pbase p!anc frorn which thc dispLtccmcnt and \Clocrt)· can 
he eva.luated, corrcspond:ng to thc tirm: of 4. 6, ... m scc. For c\amplc, to 
find the disp!J.cement at point @ (cml of 10 mscc. of [o:J.ding). a linc rs 
drawn from @J paralld to thc tfron axis until it intcrsccts thc :-a\1::. at po:nt 
@. This value of z is 0.0005 in. Thc crrclcs in Fig. 10-23b rcprcscnt the 
displacemcnb at thc end of the time rntcrva!s as obtai:1cd from thc pilasc
plane solution shown in Fig. !0-2J,t. Thc lcngth of the I111c (@)-@) rcprc
sent~ thc valuc of i/ro., at tlle cnd vf lO mscc of loadin" from \1hid1 a vcloc1tv 

J ~ -
of 0.09 in.fscc rs calcul.ttcr..t. 

The accclcration at thc cnd nf ~ach lome intcrv:Jl couiJ a!so be C\ .t!ua!c'd 
from Fr~. I0-2Ja by thc mcllJOd dc>c:-rhcd 111 Ch:1p. 2, but bccau~c rath..:r l.tr~:.: 

instanfan..:ous-forc..: Jlliotp., ar._· ~cprc.,cntcJ by thc rcct.tngk-; u~._·J w .:ppro\1-
matc thc furcl! puhc (1 ig. 1 0-9b), th..: va!uc~ of accclcr.lt.on wot.dtl b.: f.:.r!:. 
crude. In onkr to rmpro1c !he calcul.ttwn:. of accckr.ttr.•n~. 11 '" pr.:. -_,···e 
to use srna!Jcr tin'c Í•ltcnals for thc force-pulse blocL. Thc pr,,bk.n . r:
scnbed by the graphi~al phu!>.:··planc m·-.:thod c!1ll also b~ sJl\~ó fc,¡dJ!y ·.1Jth 
a d¡gital computcr, which makcs it e as y to cut down thc time dur;1tion on tl!.: 

force-time-pulse blocks. Figt.:rc 10-23c show::.tl·c a~cclcratwn-t•mc c..L.J _ _:~.· ::;~ 
obtain..:d iro.n the co;nput..:r ~olution :.wd thc crrrvc ob •. :ir~d f: ,1;:' .•.. "· 

D 
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(o) Phase-Piane Soiut:on 

- Computer Solutton 
o Phose-Piane Solutton 

(b) Compensan of Cornputer ond Graph1c01 Solut1ons. 

---- Observed 
------ Computed 

Foo11ng r0 =O 5 ft 
w: 150 21b 

Sod G == 3400 lb/1n2 

y= 109 lb/ft 3 

(el Acceleral10n- T1me Curves 

V= 0 25 
b = 1 i o 

CHAP. 10 

f¡gure 10-23. Dynam1c response of modcl footlngs-trJn>IC:lt load1ng test Q-2. 

o o 

SI C. 1 () 6 

1 hi.., goou ag1c..:mcnt bctwccn l<.:'ol .JIHI L011lf11Jicd valt•c' 1\ l);'IL.:I pf th..: 

rcst:lh r.:port.:J by Drncvtch and ll:dl ( I'J(1(1). 1 he co101puLd \.Jiu<.. ,,¡· t!1·: 
dlsplaccmcnt-ttmc curve 1!'. '>ho'~•l a\ thc ,u!Jd cune 011 1 1¡; I0-23b. Jnd 1t 

should be note<.! th.tl thc ph.t~c-planc ~olut1<~11 proJuu.:'i a dhpl.!ccmcnt-~llllc 
curve wl11ch agrccs c!P>cly w1th thc compukd solut1nn. 

Fron1 trarhicnt-lo:tdlng lc!>h on 111<l,!cl footl!1_:!~ ~rmd:1r·· to thc onc 
dcscnhcd for Tc'it Q-2, 1t \v.l'i c!cmon..,tr.ttcd th.tt thc0rcl~<.::d m,·th,1d~ m:1y 
prcclict tlH! Sl~¡tlaccmcnt-t,mc ::lild accckrallon·-tlmc bch.n:or of tl;;:: footm,;: 
quite sat:~factoniy. Thc pha~c-pl.mc ~uiut1011 pro\ :dc'i approx1111~lt·~ a11~11 ..:~s 
in a rebtJvcly sho;t l!mc, and thc :~ccuracy m:ty he 1mpru>cd by t.tl,¡nz ~m:1.l!cr 
time mtcrvals m thc forcc·-tinll:-pul\c appro:-.JI11,1tlons. 

impact on punch-prc~'> fouml:!tion. 1 h·~ lnad111g pul'ic dc'icrw.::d in F:g 
10-íOb rc~ultccl from a sudúc11 rcl.:.t-,c of cla-,tlc cncr~1 ::ts thc L:r'lpcr :.i1c of a 

'- ~' f 1 

pu.nch prcs~ ;,hcarcd lhrough J. mct.1i bl.tnf.. Th!., lo.td1ng puhc ,., i .:p;oÜL1ccd 
in Fig. !0-24a ::tlong 11!lh thc rccl,tngular forcc-pul'c ·'rpr<.J\m::tll<llb to th.s 
curve. Thrs pul ... .:; is a~sociatcd \ltth a 11uchinc h:l\ 1ng .t Jc.td llctght of 
30,000 lb \\htch rc~h 011 a concr..:t.:-bi<.Jc!, found.ttt<lll Thc blud: ¡., st:p

porkd dtrcdly 0~1 a sod for Which G ~' \U con P" and !' '~~ l 
rabt~ lü-17 mcludcs thc ;,tgnJ!icant <.jll.lJltltiCS nc.:l!,·d f<.lf .t plt.l;;>p!.ti1 C 

solution for tbe rcsronsc ofa machlnc-fou,¡,J.:tJon .. sod S)'-km .;ct 'litO li1•)t:G:1 

by this ia.:tJin; pub.:o Thrc:.: chol-:co, f,)r ~~: ¡"ot.nJ.ll!,l'o ~-.:,x:, .. ·.:: :1.Jt ;J 1:1 

Table 10-17 h:w:ng dimcn,lons of \8 by !8 by 3ft. lS by 18 b; .+ ft, and 
15 by 15 by 3 ft. Thc ph.lsc-plan<! so!ulion shown 111 F1g. 10-2-lb anJ thc: 

Table IO-t7. Data for ·Analysis of Response of Block Foundat:on to Transicnt 
Vertical Loading 

Block 
1 18 ?o 18 X 3 ft 

Dimcn~10ns 

'-~· wo 17S,XOO (lb) 

effect1ve r. 10 16 (ft) 

b 1.40 
B, 0.26 
D o 83 
k 6.5 .. 10" Oh/m ) 
rp, 56::: 

w. 119 5 (r .1d ''ce) 

Ul" 6(, 6 (:.¡J\c:c:) 

T" O O<J-13 ('ce) 
o 3.82° 

Zma.x 0.0042 (m ) 

time for =mn 0.0125 (scc) 

• W = wt. oí found"''"''1 b!o,k + m.¡ch1r.c 

22-1.-100 (lb) 
10 16 (ft) 

1.78 
0.334 
0.735 

6.5 v IW (lb/m) 
47 3' 

105 8 (r o~J¡',c..:) 

7l S (ud1;;c,¡ 
0.0~76 (se.;) 

4.11 o 

o oo41 <:n.> 
O 0130 (s.:c) 

15 ' 15 / 3 ft 

¡--------
' 131,250 (lb) 
1 8 -16 (ft) 

1.81 
o 339 
o 730 

5 41 lO' (lb/m) 
4(, <)" 

126 2 (!.',',-") 

S\~3 .:.: ... :,._ ... ) 
O 072•> (se..:) 

.i 04° 
O 0048 · (:n ) 
0.0126 ;,~.:) 

o 
o 
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f.gu~e 10-24 Tr.¡ns,cnt load1ng al 18-ft-by-18-ft-by-3-fr. foundc.tiOn blor.k. 

(a) forcc-c 1me d 1agram (b) f'hJsc-pbn<' solut1on. (e) D1sp!Jcement-t1mc 

G1agram 

o 
src. 10.7 

Howcvcr, thc con-,trudion linc~ ha.·c !leen dim:na:;:G frll!ll I 1g. iO-~ !!1 to 
simpl1fy thc draw1n:_;. Tl11o;; ph.t'>c-pl.~nc ~olulion \'.'..¡'> d,~.c·.>JitÍIIl!,'d :lftc:r ~i;..: 

displaccmc1t h:trt r.:achcd tll': ma.<Jmum dil'p!z~m:.·. :.; llll for coiJv,·nic:·,cc 
in i!h.:~trnlio:l. A~ blfore, thc d,,p!accmcrl! z IS C\~lu.lf<.:O fiOill rl:;. 10-2-ib 
by fo!lowmg fro111 a point vn thc cl!rvc- -for cxamp!-::. pümt @- Jo\\n alo1;g 
a !inc pard!ld to thc.: if(IJ,. a-,;~ to :he ab··U'>\:1. Thus. t!;c clr';pl.!cr:•.:nt i.,l~íl'

S?onding to pouH © fat cnd of 6 m'.c<..) 1'> 0.0015 1:1. Th..: \clocn¡ :J.t th1s ttmc 
is reprcsented by thc kngth of thc lwc ®- ® li.c., .:,;w n) multiplicd by w,., 
which gives a valu.: of z '-""' 0.621n,jscc ~1t thc cntl of6 rns-:c. Th·.: '-'Ccckrac~on 
at this time is obta:ncd by projccting a llnt: at -56.2° from thc \',:rti~·~l 

through po1nt ® to thc aboc1~'1.l Ti:,_; ;~,tcrc.-~ct;on :!t = = 0.010 111. 1:> a 
dist1ncc of -IJ 0029 m. w the lcft of z,r,. fmr-1 \\hich th~.· ac..:dcr:.ltlon :~t tr.c 
<;nd of 6 msec i.; ca!culatcd to be 

z = (0.0029)(1);. '"" 41.4 ln./s::c~ 

Data from phasc-pt.mc soluuons of thc thrcc b)o.:!.- foumL1l1or;:. !oad:J 
by thc. samc pu!>e are g1ven 1n Tablc 10-!7 for co;:;;-.Jrl~on. Nct-: that th-: 
ma;,;ímum dispbrcm:.:nt only rr,crca~cs from 0.00-+.2 Jll. to 0.00~3 1n. ~y 

decreasin¡; the side of thc squarc bl0d .. from !S io !5 ft. Thc fin .. ll chOtcc of 
block size d.:pcnds on rhc Jc;,ign c-r1tcna, whd1 Jllc!udc~ cost for a parw;
ul:lr instJ.llatJOn. 

10.7 }.1'1/ysi:. :md Des1gn for Rockmg V1brations 
of Foundations 

fn CO•Hras.: to lhc !ugh '-'aiU\!S t'f gcomdricaf d<.1íll["Jng g.::ncí:t!iy aSSC.('J
atcd with v:::r~1cai osci!!a11ons, rock11r¿ oscd!.1tions J..:\dop r.:l.ltl\cl)' low 
valvcs of gcomdnc;J! damprng. Thi~ wa~ d!u-,tratcJ in Fig. 7-19, whcr.: !t \'~rs 

shown that ~·,r rigrd crrcular foot1.1g'> a valuc of B, of 0.75 or ks~ was rc
quircd in on.lcr to r..1i~c D ahovc 0.10. Tllc con,cq~.:nc..: of low d.lmp!il;_! :s 
exh1bitcd by largc valucs for thc magnl:ic.!tJon facror .H .. , sho\\n 111 F1L~ 7-16. 
Conscquently, thc uyn.rnllc r~'>POll\C ~·t tl 1 C n::.onant frcqL\CiiC)' for rod.rng 
w!ll rcsu!t in largc ancp!rtt,Jc, of nr,HIO!l. 

D~:s1gn proccdun:·. l'nr fvut1ng\ \L,hjcclcd to roc\,¡¡:g r¡iL'Irtllh mLht c1thLr 
providc ~uch a !ow v.tluc for B,, (Le., B, :.: 0.5) th:Jt ih-: m t;,:nrlr\..tl{()n f.:cklr:. 
bccomc ~;rn di or a'~urt.: th;,t thc rc,on:Jnt frcqu.::ncy fo~ .-.·.k1n!; ¡, \\dl .lht.l'•c 

(by at lc.t~t a factor of 2) thc pmpo~ccl op .. r.rtíng fr.:qucill.:y. 

Rocking Tc.\ls uf Mude/ Footings 



370 Dr-.¡v-. 1'"'-';_LDLRI" IUR llf ,,\\I[C\1 LY LOAD! D FOU-.;DATIO'-S CHA!'. Jv 

\'lbrator to op.:rate as indicatcd 111 Fig. 10-Sc. rvcn though a purc couplt! 
\\Q.S gcna.tt.:d by thc vrbr,ltor, thc n:spon-.e of thc footrng invol\ed both 
rockmg and a honzont.d tran~Lttton bcc.tu~e thc centcr of gr.1Y1ty r.f tl:c 
footing was abovc the cen1cr of ~!iding rc~lsl,lncc (scc F1g. 7-20). Thcrcforc, 
a couplcd mot1on rcsu1tcd, and L\\O modes of rcsonant vibrat1on wcre 
poss1b1c, as indicatcd in F1g. !0-25. Thc IO\\cr-frcqucncy modc is dc~ignatcd 
as modc l. Another rc~onant f1cqu~.:m:y, modc 11, o~.:curs ata highcr frcqucncy 
and corrcsponc!s to an out-of-pha~c rclat10n bctwccn rotation ami transla
tion. In modc 11 thc footing rotatc~ clod.wJsc about thc center of grav1ty as 
the ccnter of gravity mo•c~ to thc lcft. Thus, thc footing movcs about -;omo;: 
centcr of rotation which 1s abo" e thc c~.:ntcr of gravity (F1g. 10-25b). 

The dcs1gn rcstm:tiUns placcd on thc modcl footmgs by thc limtlcd rangc 
of frcquenc1cs avaibblc from thc mcchantcal oscdlator, as wcll as the dcs1re 
to ltmlt a!l resonJ.nt v¡brattono. to rcl.tt!vc!y srn.lll amr!itllllcs, afTccted thc 
response of the foot1ngs in the rod.1ng mude of vibratwn. Only base 1 (see 
Ftg. !0-26b) had gcomctrical cor.tigurations wh1ch permitted mode-II 
rocking vibrat10ns lo dcvelop wJthm thc range of av:ldable frequencies. The 
other footings devclopcd only mode-I rocktng V1brat10ns. 

For base !-test 36 .1t thc Y1cbburg ~lte, thc test rcsults for the rocking 

(al 1 

Rockmg 

Tronslol,on of 
CG 

\ 1 1 
\. 1 
~ 
~,, 

1 \ 
Rotot10n About C G 

!bl n 

F1gure 10-25 F1rst (1' and second (11) co•Jplcd modcs of rock~r1g v¡brat1ons of 
rr.od..:l fcot1ngs 

o o 

Si:C. 10.7 

Figure 10-26 Coupled rockmg and 
s!iding vJbratJOns of WES Base 
1, Test 36 (a) Response e u rvcs. 

04 

0.1 

o 

(b) Foot1ng geometry. (e) Vcn,cal 
pressure d1smbut1on on foot1ng (el 
base (A(cer R1chart and Wh1tmun, 
1967.) 
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mode of VIbratJon are ~'10\VIl by thc dashcd curve in Fi~. 10-26,1 Thcsc 
val~cs were obtaincd from thc vertical d1splacemcnt mc.1sur-cd 2 in. from the 

p~n~.hcry of t~1e upp.:r su:face of thc concrete b..t~o.: on a di.tmctcr papcr:
dicu.,u to thc ax1s of rock1ng. Thc~c vcnrcal dl~placcmcnts \\ere di\ idcd by 
the r~~dius to thc ccntcr of thc crrcular top ~urfacc of thc ba:.c t<l dc~cr¡bc th:: 
ampl!t,udc ofro,t.t~IOn .-1 ... A _thcl:rctlc,d cune for thc corrc,ponJ 1,1g ,1mpliludc 
of rotatron IS al~o <;]wwn 111 f-rg. 10-2(la, as obt,1111c¿ b·: t~c :tn.tl\-.1, fL,r 
couplcd rocJ..¡ng anJ s!¡J¡ ng Jc~cn bed 11 1 Scc 7 8 lku 1:~<..' t ht! tf:c>"'-'' :·:··! 
solutiOn for rocJ.-IIlg 01. thc fl);iJ di:-.J.- W.lS av.ul:.tblc onl) for thc ca,c or ¡· -- O. 
thc th:orct!Cal couplcd soluuon .1pplics only for v =o. _ · 

F1gure I0-26b shows thc general conti~urat1on ofWES b::~s~:¡ wh1ch h:1d 
a circular base of 62-In. d1amctcr rn con~tact wrth thc so:! ;:nd aJJ:uo:ul 
~yli'ldrical concrete ma~sc.> á188-1n. and !12-in. d 1 an~ ,;; add.::L1 :~hu1:: Tt.,' 
5600-!b IllCChan¡c::J! Vlbr.ttv~ \\,1S ''1' ¡ '!'•'•! t•) ti'•' -,1 ~ ·¡¡' ,.l- ·o-" ,, ·, : ~· ~.. .... .... ... \_ O.... l."-'¡ l 1 l _ 1 \,. \,. 1 • > L 

D 
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(b) Elevation 

o o __ ,_ 
(o) Plan 

Total Weir¡ht = 272, 100 lb 

IVioss Momer.t of ,nert,o 1n Rockmg a::Jowt 0 o1nt O 

[.¡."' 
4 ~k~~07 ft lb sec 2 

Eleva tion of C G cbove Po1nt Q = 11 2ft F1gure 10-27. Machme foundation. 

top of the ba!>ernent slab. For this inst:.JlbtiOn the soll properties ncedcd i~ 
the dynamic analysis of thc foundat10n--soil system are: G = 12,300 psi, 

lis = 720 ft/sec, v = 0.25, anJ /' ~-= l I O l b/ft3
• • 

Thc problem is to cvaluatc thc dy:1am¡c response ofthis foundalion to thc 
horizont:J.l and vertical force<; gr.:11cratcd by rotatmg machmery. This wdf be 
carried out by r:.nalyscs b.1scd on the cla">tic-half-space thcory (Chap. 7) for 
sep:uate singlc-dcgrce-of-frccdom rc'>poD~cs of the founda~IOn to the 
vertical and to thc honzontal (or roc.kHlg) forces. For the vertrcal response 
the first step is to calculatc thc radiu'> of the equivalent ciréu!at arca (Eq. 

10-293)-

-to be used in thc calculation for th<.: modificd mass ratio, 

B = (l -.-!) ~ = O 75 / 272,100 = 0 _58 
• 4 ¡·,·.~ 4/110(<.1.3·! 

o 
S[C. 10.7 • ·, ~ ¡:;> 

.J• ' 

From Flg. 7-11 thc dyn,¡rnÍt: llldt:llifi::.lliOil f.tclnr l'i al'Ollt 1.1. ;uld from ri~: . 
7ql') or .Cq. (7-30) thc dam¡mtg ratio [) i~ O.Sú. Thi~ tkmon.,tr.llC'> th.tt tllc 
vertical motion 1s h1ghly dampcd ami that tl!~ m.nmwrn amplitudc or 
dynamic motion \\¡¡¡ b<.: oPiy ::.!ightly grc,llcr ¡han thc stat1c cli~pbccment 

pr9duccd by the inpat forc<.:. Thcrdorc, for thc prdmlill:!ry caku~at1vn. it 
a?p-;ars that íhis found<~tion 1s S:J.t;~f.tctory from thc ~t,tndpo111t of \ crtical 
vibrat10ns. 

For rocking vibr<~tlot.:. e.\citcd by thc hon.wntal componcnt of che 
machir.e forccs, ag.>.!:i wc caltulate thc r,tJ¡u,' of .1.11 cqu¡o,alcnt circul.:lr bas..:, 
this time [rom Eq. (l0-29b), as 

r::-::-.-- ¡---· -· ·-

r •• ""' ~ f ~c( 2 dl~ = :! ~!._~_:r = 6.55 ft 
\1 3n \J ];; 

Then 

B = ~(1 ·- v) !.'!.. =-= 2 25 ~~~: 10
7 = 10_2 

\? 8 pr~ 8 1 !0(6.55)'' 

Figure 7-!6 indicatc:; th:J.t thc liynan11c ,unp!itudc m,lgnific,tt!On Ltctor for 
this valuc of B,. is grc,ltc.- rhan roo. l'rO!ll [q. {7-6-l), 

D = __ O_I_? ___ ~""" O 004., 
~· (l+B~J,jB~ . -

from which thc magndlcatíon f;¡¡;tor can be calcu!akd 3'> 

1 
¡\tf~.,,"""- = 119 

2D 

With this lo\~ valuc cf cl,unptng f,l(IO, or hq;h masnJicat.on factor, thc p.::ü .. 
of th::: ampllluJe-frcqucncy response curve will occur .:1t a frcqucncy alnHht 
identic:tl with thc nalural frcqucncy. Tite dimens10nfc~s frcqucnc.:y a.,, ._·.tn 
be esl;mated from f1g. 7-!Ga as 0.30, l"rom which the rcsonant frequ-::1~.\ 1'> 

As a check, thc rc•wn;d~t frcqucnc:y for thc lumpcd-m .. bs ~:stcm c .. tn ix ..;I·:J!L:

ated through Eq. (2-!7). For th.s c.tlc:uLttton thc c\¡-¡rc,,¡,m for :h~ ,:··~· ·.:: 
const,tnl of thc r~-. .. t:tngu!.1r foot:n¿ rn.ty b.: l.tl..:n from T.1:1\: :O-!-i :- ,,! . :" 

P.., from F1g. 10-16, 

k = _t¿_!] 8cd2 = 12·300 ~< 144 0.40 '• 34 :: s~ 
~· 1 - V J V Ü. 75 

= 2.055 '-' 10' ft-lh/r~d 
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Thcn from I:q. (2-17), 

fn = _J_ ¡k . .-= _!_J2.055 X 10
9 >, 32.2 

2rr \¡ 1~. 2;r 4.81 X 107 

= 5.90 cyclcsfsec = 354 cyclesfmin 

The dlficrcncc b:::t,•.ccn thc rcsonant frcquenc.i~s calculated by thcsc two 
methods is duc pnmarily to thc diflcrencc~ in the k~, valucs computcu from 
Table 10-13 anu Table 10-14. Howevcr, these are re:1sonably closc, and eithcr 
~s satisfactory to 1ndicatc thc arder of magnituuc of thc rcsonant frcquency. 

From th1s prcllm1n:uy analy~is, it is Cvldcút th:lt thc foundat1on will 
expcnence a scvcrc rockmg o'cdlation ata fr~qucncy in thc r.111gc of 320 350 
rpm. Th1s part1cular foundat1on was ~chcdulcd to support ~c\cral dltTcrcnt 
combinat1ons of rot..1t1ng machincry at ddTcrcnt t1mcs. and all of the 
machmes opcratcd around tlllS r.tngc of frequcnctc<> or highcr. When 
operat1ng at the h1ghcr frcqucnc¡c~. thcrc was always the ncccssity for pass1ng 
through thc rc'>01Lint condit1on dunng starling up or ~topp1ng. Conscqucnlly, 
th1s configur,It•on w.!s con<.1Jcrcd umun:;blc for thc purpo'ie of resrstmg 
rock1ng mollol'~. In th1s p..!rlH .. u!ar <.:.1~.:. ::.C\Cr3l propo::.cJ foundations of 
th1s general t; p.:: wcrc loc,ttcd para!lcl anJ rcl.1t1vc!y clo;e togcthcr. Thcre
fore. tt w.1s c\rcJ1~nt to t1c thc~c togcthcr wnh a shc.1r 1\::lll at each cnd to 
devclop a bo\-typc founclat1on wh1ch was stabk agam::.t rock111g. 

It should be fa1rly obv10us that foum.Ltt1on~ ncedcd to rcsist rocking 
forces induccd by machines should be km .l!ld wide. Th1s is demonstrated 
by-the dep::ndence.of thc dynan11c response of foundat10ns to the mass rauo 
B._ (Eq. 7-+4) for rocking. Whcncver poss1ble, the best procedure for reduc
ing the value of B

1
. 1s to 111crease thc sizc of the footing, beca use '• enters the 

computation as r~. 

Rvcking of a Raclur Tmrer 

Thc supporting 'tructurc for a radar antcnna mu'>t have dynamtc re
spomc~ wluch do not llltcrfcrc wilh thc opcrat10n of thc clcctron¡c cqu1pmcnt. 
The rad:tr dh"- 1hclf Illl!\l hc n~1d cnough ~o th:ll 1t. docs not J¡~tort unduly 
as th~.. n.cí.:h..!lll'>ill I'.:JI•;<, 111 .t7111lllth .uhl .:L:v.tti01l, th.· 10t.lt1ng mel·h.!lll'>nl~ 
mu ... t h,\\'e clo~c t.dcr.l1tl..:,, the vt.:rl1\..li l\li\Cr mu't b,· ~tiiT .111d mu-,t not 
d~.:vck>¡\ rv.onanl rc·.p••n'>t.:'>, .~nd lin:lily, thc foundatl<lll wh1cll bc.tr~ .1gainst 
thc :,oll mu~t not p'-rm1l largc mot¡on::. of thc c.1t1re tower. 

As notcd in thc J¡scu~~lun of de~1gn entena (Scc. 10 2). pcrnH:,:,tble 
rotat1ons of ra'I.Ir-to·,vcr fl,und.ttiOil'> :~re oftcn of thc ordet of O 05 mil (or 
a~out 0.00005 r::cl) ri¿L.'<.. I(;-2S d!u-.tr.tte·; thc roLtt1C'lll):· thc L > ',\:" ,\ lll:11!1J 

o o 

s .... e-. 1•• í 

F1gL1re 10-28. Rolk1ng of radar 
t~.,wer. 

H.O( ~1,,<, \'litH.r\110""' ''' lt•l,'..ll'flll"\."' 377 

in clcvatiOn about a hon7ontal a.\1~. Th1~ llll)tion 1ntroJL:..:~~ a trJih:~nt 
rocki,¡g pulsL' 11110 thc towcr \lllilh th-:n may c.tu~c the tL)\\Cr to rod: ,tl 1ts 
natural frequ.~ncy bcc:lllsc of thc f1c\1blc conncct1on bct11..::cn thc founJ.ltton 
and thc soil or becau~c of the vanou' flcxiblli!Ies in thc structur.d S\ ,te m. 
Obviously, thc enttre radar tower h:1s m.tny Jcgrccs of frccJom 1n \, b;.l t 1l'rl. 
but a standard des1gn can be prcparcd for thc structur.ll sv~tcm to a1o1d thc 
critica! resonant frcqucnc¡cs. It is the foumlation-sod flc.\lbrlity \\h1ch ''di 
vary from si teto si te anJ which mu~t be c\aluatcd for c.1ch tower in>t:lllation. 
This secti~n will cons1~er only the rockmg of thc rad.1r tO\\cr. cons1Jcnng 
thc tower tbelf as a ng1d mass and all thc llcxibility to b.: conccntr3tcd 111 thc 
supporti ng soil. 

The radar towcr ~hown 111 f-1gur.: 10-28 is supported h) a nfid c1rnd.:r 
concrete base 60ft tn d1.1mcter wluch rc'h dircctly on th.: ,od. l·1c!J mc.t.,u~..:
m:nts wcrc maclc of thc dyn.llll!C ... od rrl1jk'rlle> (~c~ \\ l S \L ... c. 1\l¡->..:r ~ll. 
4-:l84, July 1963), .tnd valuc-; ofth..: :o.lll.:.tr modu!u~ bc:t\\cc:l 12.000 :1:1d 20 ¡lu() 

pst anJ .t Po¡-;:-,on's r.1t10 nr' O -.U wcrc dl·tcrm1ncd hv thc "t~.tdv-q,llc-villl ,,. 
twn mcthod (,ce Sec -l.3). Bcc.tu'>c sl1ghlly h1ghcr ~ontii:IIÍf i' .. rt.:"u~c' 1\cr-: 
to be Jcvclopcd In thts sod undcr the completcJ structure, th~ lin11tlllg 1.:lt:..:, 
of G = 14,000 ps1 and G = 20,000 ps1 wcrc uscd 1n the" ong1na! Jc~1gn 
computations. 

Thc :JnJlysis for roe k! ng of thc towcr as ;¡ n ·~id bo.l v i, a:;.•: '- .:J h..:-~ D 

by th..: lt•1:1pcd-p:1r.lr~.ct:..r .tn.~!0b to th.: LL!•.t¡.; titc:e>-r) f,,r rQw~: •' ·' . ~: . 

V 
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circular foundation. For thi~ towcr thc circu!:.~r foundation was 60 ft in 
di .• meter, or r~ =- 30 ft. Thc m.hs momcnt of incrti:.1 in rocking about a 
diamct.:r through thc b.bc (po1nt O, fl:;. 1 0-23) was calculatcd to be 

l.., = 80.545 >< 106 lb-ft-scc2 

Wi!h ti1c unit wcight of thc sod of aprro,\ll"'latcly 100 lb/ft3, thts lcads to thc 
caiculation of the mass ratio in rod.mg as 

B~. = 3( 1 ::- V) so 5~.5 < 1 ('/' = (! ·-- V )0.400 

8 10(J (JO)" 
32 2 

Caku!::rtions f,)r the m:~xnm:m J.rn¡-dllud..: of rot:J.tiOn and the frequency at 
which thrs occurs for :111 ovawrn1ng mow-:nt of212,000 ft lb, consrdcred as a 
constant-:nornent cxcitation, are shown 111 Tablt! !0-19. 

FJCid test~ wac conduckd on th1s towcr after con!>tru,::tiOn to cvaluate 

the- prototypc pcriorrnancc (~ee 8al!arr., ;:nJ Fowkr. 1967). A summ~ry ofthe 
test rc~ults fror:1 c,\Crtal!on of tnc LO\>c:r m th.: rock;ng mode are g.vcn in 
Table' !0-20 along w:th thc ortg1nal dc.::,r¿n csll!'',lt~~. wh¡ch were prcp<!red 
wlth thc a id of thc cla!>ttc-half->pac.; Lh~or y ( wiLh thc J.~sum¡;tron of v = 0). 
Note that tnerc !S rca:.on:.tbly sood agrcnr¡cnl bc.:t\\.;o:n rhe c:-tlcuiated an~ 
measured arnpllludes and fr,~quc!lCIC~. 

Tabfe 10-19. Cakul3tJo_ns for ~odr¡ng of Radar Tower 

Con~tant-Force [xcuauon, T = T. sm <JJt, T0 = 212,000 fe-lb 

:~·~-:~- ~~~-~-0-¡-~-::-;~-~ Eq. N,;, 

-.-.------;:---~---~¡ 0.24 7-44 

,~-- o 169 1 o 247 7-53 

1 
~: ~ ~2~ 11 ~-~~~ 1' ~:~;~ 1 

-----~~~~~ ____ _\ ____ 2.\1~---! __ 2 o-=.___ __ ~~-~ 
1 ' 

~~or _G_ --~ _l·l.i?_U_O_p_~ 1 J · 1 · 
1 ,., (r.a.l) 1 I.-;6 /, iO • 1 o o76 A 10 ' 1 7-43 1 

1 ,;.., l>a..!J ! 4 :!ú _, 10 • 1.72 >. ¡o-• ¡ 7-45 j 
1 f,., (cyo..k,;~cd t 6 56 8.2 2-55 

lrr \;:~;,ooop.. ';·~¡ ~ :~ : •,'i~ : :~= 11 ~~~ _j' 
[... (cycl<.:~fsc ... ) 7.8 9.8 2-55 

o 
SEC. 10.8 

1\ 
....,__) 

CO'>L LUS!O'-S 

Tabie l J-20. Compari~on of 11c.l~urcd and C1lcul:ncd 
Valucs for Rocking of Radar Towcr' 

r-------;rc<¡JJcnc~-;;tngc --r·--;:t:.-:;;-1 
{cvdc\/'cc) 

1 

( 1 O • rad) 
------ ___ - --- -------- - -----

Dc~l:;n 6.0 'JO ¡ 3 (, -5.1 

t__ Mc~~~~~--------4:!__~7-~--- i I 60 J 
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The dc~;gn of 1:1c f~_nl!ldatton for a rdd,ir ltHH'r shou!d ab<) 1m.:ludc: ccn
std.~ration of thc tor~wn_d r._·~r:,'aJoCc (': t11 .. fol'ncLtttOil .1:, \\'' ll ..!S roc!"ol:;. 
nnd ~houlJ uKluck :Hl ..:v.du.lliOll of til-.: u>L:pl111!;! bch\.::n th..: >truct•:ra! :111d 
foundal!on 11cxtbdittc~~- Addtl!lHLti ck-,,::;n ~..r.tLn,l m,l) b..: foul'd--!n Fu ,lt1fi 

Jep.wr. (1959), Horn 1 1%4), tlld PsdlllnJc.:r {1966), for C\dmpl..:-and u~efui 
data on found:.won and wwcr st·ffne~:-.cs ;¡,re ~1vcn by \\'ct::.srnann ano \Vhae 
(1961), Wcissmunn (I%G) and Pschu;¡do.;r (1965, 1966) 

10,8 Con el usions 

Thi:> charter has trcatcd lllL thllch of :tl-:.ti: ~.!S anc dO:'llgií uf d y¡¡,¡ m !C:d 11 

loa-:!cd found:1tíon~. 1 h•>•.' m.:tLoJ'> dcpc:nd on th..: clc~J¡;n crttcrt:J. :l('j'!l,·d 

fo:-ct:s, soii rcsromc. and an,llytlcal proccdure~ for rci.H1ng thc:se c¡u.::.tlltc:.; 
Thr::: dcs!~!:f' cntcn.1 wc.:rc b:.t~cd o•: a f.1tl11rc cntcrt0i1 of alllll!tln•; a:'irí:

tudt> of mc:tion, or :.t lirnitmg vc!oc1ty or J.ccdcrauon of tb: t'ounJ.ttto1:. In 
ncarly al! cases thc rnotions rnvolvcd wcre <.Hl ll:c ordcr ;:_1f a f..:l'. tl:o,1'-.lndths 

of an inch up to pcrhap-. a fe\~ hundr..::Jth~. c~:HJ ~~'I!Cr.tl gl1ldel1n..:~ n.l'..: bc·~n 

establishcd. 
A cntical pan of the study of thc U) n.:nuc re~ronsc of a ;;1\ c:n s; ~te m 1s 

to cvaluate thc typc ano rnagnitudc of rilo: :nput force-, to b<.: r . .>:,tcd Tk·-,c: 
may be c.a:culatcJ rcadily for ccrt.un l)pC\ of lll.ldll!lcr) .tnd .. :.tn u~t:.d~) h<.: 
CVU!U<Jtt.d CXpCrÍI11COtaJiy for 111adlii1C'l rr,)dUCI'lg lf:lll\le,ll Jo.:;:!~ Jt ~'•L'.'flh:S 

more dlfftcult to cst:m:Jte tne load~ n:trodu.:cd by n.1tur.li r'orc~·, ,1:· ,., :nJ, 
water Wdv•.:s. or e:.!rtliqua~c~. Thus. il lil.t) be conc:llldc,! tiut lll'ch.il ·~·,,re 

inform.:t1on is nccJcJ on thc force~ to he app!~<:J to fuuo~d.llJon~ ~·;: ,::.:, .:.• ~' 
or externa! ~ourcc~. 

Cha pt..:r 6 incluJcJ :.t úi'>Cl~.,,ion of tl.c r ·:\1UihL' o f.;,),¡, tt) J; :' ·' :·· - '· '· · ,·' 
whicil pro._fl:._..: !>•it • .llu.:fvl ill:tuv!l:>. tk, .. ll!.,_ ... ..: ,•~,.~1;;.: -.r1t..:;,., .-l& ,J .... iJ ... •' · 

bcha\'IOf fC;,lrtC[ illOllllll~ tO sm,dJ v,dtk"~, ll f,1iiO\\~ i 11,1llÍl.: SUí'[lDfll•l_:; ,,J:,, 

will norm.!lly b•: ~ubjcctc.J lO ~m.tll ~tr::.1h v.:!y. Co~:~ .. ·-:.:.:•Hi), 1:1·~ J; .::::. • 
soil par..lmct..:r:, Jc:.crtbcd in Ch,!p. 6 <~tld thc mctltod:- dcscnb..:J 111 Ch...!:"· 
4 anJ 9 for dctcrnunmg thcs..: ch.1ract..:ristics constiturc a rc.b0!1.Jbly ,..~t:'
f .. t..:rury p.1rr of the dc~1gn pro~~Jurl! ~! i.hc prc~._':-'t (196')\. f-f,J\.~\,:·: ~ '' 
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dllllt.:l p.ttcd that a con~ilkr ..1blc amount of cffort will c~.1ntinuc to be Jircctcd 
toward l.tbl1fator) ami licld cvalu:tlwn of sol! bchavior undcr dynamic load
mg. 

The analyt:c.ll proccJurcs for cst<~hli~hing thc dynamic bchav10r of a 
roundatiOn reble thc .tpplicd .forccs, ~oil propcrtics, <wJ foundal1011 wc¡ghts 
and g<'omctry to thc r..:sponsc. By ~uccc-,~ivc corrcctJons of thc dcsign pMam
etcrs. thc analyt1ca! proccdurcs prov1dc a mcthod for dcvcloping a dyn:nnic 
rcspon~c of lh<: foun:.btlon wl11ch Ldls wllhtn thc d..:~1::;n linats. Severa! 
Slii1pll!i~d method;; of .tnaf)Sl~ ha\ e hccn di~cusscd m Chap~. 7 and 10: thcse 
have hccn founJ s.lt1sfactor) whcn thc prototypc comfltJons corrcspond to the 
assumpt1ons n1.1Je in cst,tblt-..hln~ thc thcory. Much more work is requtred 
in develop111g ana!ytJcal proccdurcs lo covcr thc vana bies of shapc of founda
tton. dcpth of cmbcdmcnl, vanatJOib of ~oil propcrt1cs with dcpth, gco
mctncal 'vS. hystcr..:~L'i dampmg. coupling cffccts, and etT..:cts of adpcent 
footin2~· Vcry lntk mformatlon ~~ .tv.ubblc on the dyn,tllllC beh.lvtor of 
found:wcr.s suppc)rl..:d b; pilc~ or c..::-,-..on~. or on f1cx1blc mats. 

A linal coPdu~1on r.:latc:-. to thc ~...ontJnu¡ng nccJ for tl~fd data from tests 
on prolotypc fuundat1on~: Thc only JU-;tdicauon ior u<stng any dc;,1gn pro
cedurc is that 1t providcs a 1cli:~blc cstLm:,tc for the bch.lvtor of thc prototype. 
Thu-:;, it is nccessaryto comparc prcJtct..:J and_measurcd_ vp.j'ues at_alloppor
turÍJttcs- ¡n arder to providc a rea!i~t1c basis for subsequent efforts to lm
prove the methods of des1gn. 

o o 

APPEI'-JDf)( 

Information that is nccdcd fn.:qucntly ín dc~1·rn or ~u~::dy~¡__, 1::> t!l· 

cluded in the folbwillg two tablcs·and four figure~. 

o 
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a:.do!i • ,Jf,y tl1e i!l!¡•.•• !• r•f ;, 1.1111 f...\ Ílt:! a \',• ::.:J.t rol )l,fl k~ :1:1d d."l·i" ,j 
ir10111 a J,, i;!l• t ,,f 1 to l.l ra. 

:-;imibr inl·l'!-lÍ~ation ... '-'liillllldl'd UI!tlt-r di!í1·n·ut 1-oil I'OIIllitier¡,._ !-llo\u ti 
th:H a floating p:le ba:"t' hatl a n·ry fa\·orabl<• ('ffl'et 011 d)"uarnic 
~<>tt!eml.'nts. 

The \':l!IIP<, of fouudation :.C'ttl<-rnl·ut."l (in lidd cx¡wrimcnt...):tftPr 1,.i00 
b!ows on pilu, prP~cntcd in Tablc Il-:!, :-how that in :di c·a:-1'" the rl'iu-

1'.1.111.~ Il-2. IhT.\ 0:00 DLC.HLA"L (JI' D\''.A\IIC SL'I'II J.\11.\1'-. 

BY Tllt. (;¡-,(. <JI 1'11.1.'< 

Chnrnctcnstic~ of t!.c L:~;c 

Lo(~5 111 n::t.:r:ll ~tate 
Loe!'~ ro·mforLcd by sen n ~o1l pil··~ ·l ,') rn long 
I.c•t''" I'('Jn!orccd Ly ~C\ éll "oorlen pJi,,, ·1 .i m 

Ion!,: ...... . 

:\[(dit!:ll-¡::r:!Í:'r•! \'. ¡>_¡¡ ~-<.1t ura t('d ydlu11 ' L!1<l 
oi mcduun .¡, n>:ty 

:\fctl!u:n-;::rulll'.' l 1\:llcr-•:~tur:tf<'<l yellow <ar:d, 
l't'Jnit.:ecd L~ JI,·,: 11 uu•lf.n ¡.:1• , ;¡ lll !un¡:: 

::\íul.t:r::·J!r:-tw.:.! 11 •• t< 1'·' tttJr.:tr'd ,¡,.11'·<· g1 .:¡ 
~:wd ...... . 

::\fc<.hum-gr:~incd 11 :tlí•r-~aturatPd clt·n~,. ¡.:1.oy 
sand rciniorccd h)o four \\ oork11 ¡nlc-~ 3m lo u¡.: 

Foull<htion nrca 1 Settlcm• nt of thc 
in contact. 11 ith ioundatlr•n aftcr 

so1l, m: 1 •. ~oo h!u,, ~. mm 

2 o S 9 
2 o 3 e 

2 o 1.0 

5 .¡;¡ 7 

G !1 o 

1.5 J!) o 

í 5 o 5 

forccmcnt of thc b~t..,c lllukr tite fouwl:ttion by mean<; of !'hort pilcs 
re;;ultcd in :t t'Oil'-Íclcrahlc dC'c·rca~c of :-,f'(lll'llH'Ilis indtH'f'd by vihmtion~. 
\\'hcn t},p iouncbtion \\'U'-' Pri·r·(p¡( on lroc.~o; reihforl'cd by \\OOc!Pn pik;;, 
thc "ettlement of ti1P foundation t111<h-r thc :trlion of ,-ihrations w,: J 

rrdul'cd to ont•-niilth its v:dw· on nat ur:d ;:oil. A foumbtion Nedcd on 
short woodrn pi le" dr i n·n in to ch•ns1· )!:r:-,y ~and:-, hnd sd llcmcntf> ec¡ual to 
appro'l.imately one-tl1irtif'th nf tlw i-f'lt!c·ntcnt. ra!ltf' 011 natural ~nml. 

A dcerc:.!1-f' ih n·:-oiüual ¡,eU!cmPuts m:ty abo lJc adücved by dcnea!-ing 
thc umpli tu de of vcrtieal vibratious by &clcctirig ratio na! dimcn;,ions for 
the founu:.J.tion. 

o o 

111 
THEORY OF VIBRAT!ONS OF 

MASSJVE MACHINE FOUNDt\TJONS 

Íll-1. Vertical Vibrotions of Founda~ions 

a. Ha.,ir .ls.":m¡,f¡,n~. 111 J.!.l'i••·Ltl. 1lw lll\1·-::~ ,t;r,n of 1·ihrat;on" r.i a 
lll:J-.-..i\'1• fPtllld.lllílll ¡d:1• 1·.! 011 iiJ" -r,¡j 't.l : ... , , ;,;, L<: n .[ 1;,.,.,¡ tn dw 
Íll\'r','li;!,.tfinn of ,.¡¡,l,tlinl•'- of :1 "'!:d ¡,¡,,,l. 1•' ,,;,~ 11; 1 a 'l'lllÍ-oldl!ilk Pl.c-,it 
~olid. To d:t!<• 110 ,.,,)lit ion ¡,¡· ! )¡¡, i'• ,¡,), 1:: ¡,_, .. ¡JI', ;

1 
; 0 ,n.d ·¡¡,, 1 ,.¡,. 1 ,. 

l'-1'\ <'ra! ,'-llllpl;tylll¡.:: ;¡,-.,.,,¡¡npr ion- 'IJIJ<'\'II.l:.;c; , ¡!,¡ :• ¡ iuJJ'i or' -.oJ¡d ¡,¡., 1 ¡__, 
piar •·d 011 :-oil an· n<·<·f'~~al \'. 

Fin-t of :dll!'l it ... a ... -..inw~ that tlwrP i-.. a lnw:.r rclation lwti\<'CII thc f-oil 
l<':ti'!Íiig; on :t vihrating foundation :111d thc cll-pl:!r·,·mf'ut of thi-, founda
tion Thr¡¡ thf' n·l:tti''JI lwt\ll'r·u tl](' di--p!,,,.,,¡,;r·nt ... and th<~ lf':\tlion~ 11 ¡¡¡ 
he dct!'rmiw~d in tetm,; of tlt<· t'<ll'fflc'l"llt-- oi c i,,,¡ ir· tlllllr>llll aud tH>Illllli

form c·ompn•.-..:,iorJ, :t!- l'.c•!l a:, a f'l<f'lii,·wl:l ,,¡ r·L.-tw -!lí':ll'. In C'h:.p 1, ti:,• 

dc·p<'lldc•l)r'(' of tl1c!-C !'OP!iii'Ír·nr,. ''" flw t·l:o-IÍ·· foioJj•''ltr•·- of th!' ,.oil :llld ••n 
tlw :-111~ of fiH· fouudatiou wao., c·-ta!>IJ-l.r·cl ... J-•,, t lw lllli:H·r ¡,al 1 ,,: 111 ,, <'l : ¡1,. 
<'OI'fiH·i¡•ut~ for \'ariou,.. :-oí!" \11'1<' g11< u ¡¡, .•drl;r¡rq1, it ¡ ... JH'< , . .._,, 11- l<l 

a:-;,_l!IJI(' tl~:tt 11H• :-oil llli!l<·ll_rill:,:: !lit' llliliHI.Iil•ll¡ doo'• 1111! !J:J\(' lllí';fi:d 

propl'I'!ÍI':-, !tut 011Jy t'ia"'lll' f'I'Oj){'l'lli'" :1,.. dr·-r ;¡l,,,d io\' tl11• 1 OI'IIH l\'ltl'

TIJ!I'-, IIH• forrndntiou i:-; r·nll ... i~ll'lr·d lo lla\c· o¡¡¡J·' IIJI'lll:li prn¡I('J!(,,,,, 11 d :,; 
l:u·k da.,fit• !ll'llPI'I fit'!-, 1\lailo• tl!f' :-ni! j,, ,,¡ 1-;,! 1 ¡,,.¡ fo han• oJd\· ('¡_1, 1¡,. 
~l'!lJII'l lw:-o :111<1 1 o J;¡ i k p1 o¡ H'l 1 i1·- .,f i 11< ·1 1 ia ·¡ 1" ,, . .r .... ! llll pt j1111 • ; ... 1,,.1•111 • 

111:,!; fot1111b( lntl a lid ~·•d J¡¡-.J.,. i: ,.., .... ;L¡,. :11 i lw ;...<'l¡o 1.d 1 a-l', f!l ;u, di'/<' 
foll!ld:tiU•Il tiloratlloll:-o .1:- a pnol.lr·111 ul a '(•lid ¡,.,.¡y n:-iÍllg 011 \\ 1•¡;;ltr!v•-. 
spr~n~><, 1 h~· !a_t lt'l' f-c•l·\·iug a" :l IIHJdd for 1 hl' :-,,¡¡_ 

I•'rcc¡ucntly r.ounuations uhder machiucry nrc cmbccldcd into soil to a 
ccrt.ail! d<'pth; In Hús l':t~(", thc <'i:t;;.lil' rc•nction-, of thl' soil ac·t not only 
:don:,!; !he lwn:.:onf.¡l •·oulad ;,~tl'f:lf<·L.·hl·r·c·• ~,,¡¡ ar11 1 tr, 1¡1ub: o: l•t•: :1!-o 
u:"n~ thl' :<¡de !'O.!rÍ:a , -' of t:,.· ¡' "'"l'tt: ... ·;·!,. 11n 11 -. :1 ¡¡: ', ,. 

8$ 
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con-':dcrablc efTcC't o:t 1itt· •t,·q;:.·rtr ll'' pf fr,'<' \ 1111.' .1011 of thr !otli' !ation 
nnd un thC' cocfl:,·icnt uf d:llll[llll~~ TlH'It·fol<', Ical'lton::, :!long tite ::-1dc 
stui.u·C's of the foundation h~t\l' C'UII~Id<'t.dJ!e-c!kct on amplituJe::, of free 
Or fn¡ l'CU \·ilJI :1 t !Oll U!IUl'r condi l ÍOIIl:> do~c t O l'C"lOI\,llll'C. 

It i, diflit ult to e\·alu:ltC' in e~1r h r·a ... c· thr' cflt·d of :-idc rC'adioll:-; on 
found.ttJOn \·ih1at10n Th1-, r·!Ter L 1:-- tenb!l\l'ly bkcn into .tt·r·ouriL in 
dc~¡~n computatlOlt::, by inctc:1:-ing thc vallll':- of tht: eorflieicnt:-; of 
cb-,tl<'Ity of thC' ha'C'. For c\amp!C'. tlri-, :ncthorl i-.. .1pplicl! Ill ¡·omp1tl.t
tion:3 f1l foulld:l!IO!l.', for futgl' h:tl11T\1t'l'- If a iOlltlll:diO!l lllldCl)!;<l!'S 
only fml'ed \·ihr:nion:, (:h, for <'\:~mpk, found.tllOih um\0: :et ip1oc.ll1!1g 
m:whlllc'ry), nml thc dc-ign \·,du¡·.:; of f1<·qur·nr Í<'s of n.ltUJal \·ihrations 

Fll. 1![-1. 
\ tbrat l"ll ,,r 
a crntcJcJ 

oí tl11-, fountLu,:m :11e !ar¡.;<.'I th:m thC' o¡wution.ll frcqucncy 
of rot:ltÍon of thc ma('hin<', th<'H t!tP t.ffrct of thc :-ide re.te
tiOn" i.., rcl:tti\<·ly -..m.dl :trH! un be Iwg,kctcd. In thc"o 
<..be::-, di-trg, ~rdrn'.!; tltc :.Lr1\!' c(ltlrl·anion:-. i;:: con:oct\',ttivo, 
:;incc 11 IC:-:al,., 1rr .t dr '-1:-,It dy1:,t'tiH' 'll:tl1il:ty lnwcr tkm !he 
actu:tl :ot:tllll¡:y. 

b. Fcilzrn' \'d,tulu'"'> uf F(JUlrrllllltin:; Ncglccting thc I>wnp-
UIIJ E!fccl ¡,,· .'iuli 1/l'al'!iulls Ll't 1!'1 con;,ilkr vibi ation-; of 
t he fot:nd:,: :r 'il , :•ti'-• ·d !.y :1 \·r·r t lf :11 l'\l'! l rng fo1 <e [' (/} \'. 1t r··h-
eklr1;;r'- \\1th ti.nt• \\',: :J'-ctillH' th.tl ;l1c center uf 111:1'" of 
thc founclatton .u.d nul'Linl' .llld lhl' u·ntrnid of tlw .uca of 

n'~"-') rL-...tl''g: foundation in contaC"L '\Ith '"'oll lh ... on a VPlliealline \\'hu h 
on o. sp_rlilg 

coincides wlth thr di1odion of ar Lion of thc cxeittng force 
P(l). In thio;-case, the foundat10n \\Íilumll'r¡_!;o only \'C'Itical vibr:ttions 
Since the foundntion i<; ::t"'ollllll'd to be an ah-.olutdy 1igicl body, it;, cli"
pbccmcnt 1'i dctermincd by !he di-.placcnwnt. of its <·f'ntri of gt,wity. :\.,., 
mPntiOnl'd :d1o\·c, \\C'ightlC'~::, --piingc, é-CIV<~ a-. :1 mr,c]d fn¡ thc soil. Thu', 
the prol¡\un of vet trcal v:br at ion;; of a [l)undat ton i!'. Icducc<l to t he 
im·c-ottg;:llton of \·ibrations of a cc·ntetc·d lll:t'-;-, rc·:-.lillg on a s¡ning (Fig, 
III-1). Lct u~ deno!t~ Ly z tlw v<·rli('al <lt-.pl:tt'<'n:ctlt of thc fouml:ürort 
com¡mtcd \\ ith rc:--pec:t to tite r·qu1l!l11 ium po,tlion \Ve f'h:Lil considcr z 
to be po:-1ti\·f' in a downw.ud drtL•ction. Tf the cli:;pbroment of the cf'nter 
of gra vity of thc foulltlat!On Pt¡ual-, z, tiH·n th<~ rc.tdion of thc spt'ing (1.c., 
the founda t ion ba::,e) will cr¡ual 

R = W +e,:: 

where lV = weight of fotl!ld:ttion :.md m:u·hine 
e, = cocíltcicnt of rigidtty of .he b:hc 

c .. 
A. 

Cr = c .. A 

cocfft 0 Ít'ltt oí Li:.sti~ unifo• rr. ,- .-.mprcs,ion of <-e:! 
hol.t::.t! 'c.!,L.d .H• .. c r,f iu.::cd tlll·'' \\¡rL :J l 

(III-1-1) 

(III-1-2) 

--------------

If c .. l1a::.; tllt" <!':tl 1 • --,1 '·' t()~..., [)[ :- 1.: ll' r ~~ :( r .: ~,: .t ¡ 1 ~· 1 ~~ ~~ 1 r1 

~qu:.tre mcters, thl'n <, \\liln·idenllj lJ,l\t llw dt:n• IJ':<>:h ltJih Í't·r ::,uer. 

U:-,wg d'Alcmbert'o. pt11H:1plr, \\e rn:.y ())¡Lur•r [J¡r; dl!fuential cqu:t11on uf 

vertical found:ltion vibration;-,. Accu: dmg to Lhi<o prin<·1plc, the t:r¡.ution 
of m o tion m ay be wn ttc·n in the .'-:tlrlr "ay a-, 1 hl· r·q u a t 1on of·~t.tt 1r> :i r,rte 
adcb thc incrtbl force to thc C'...tl'tllal ior<·(·;-, '~r 1¡:,:.; r1n a rn·L·J\ :::;, ¡,,,,[y 
Thcn the cquation of motion fur tlw fr,uJ~<!.LttrHI \\dl L<~ 

-mz + JI' + J>(t) - R = O 

or, using Ec¡. (HI-1-1), wc obtain 

rnz + c,:z =~ J>(l) 

whrrc m = ma:-,,.. of foundation nrtd mnr l11nC'. 111 = !!'/!) 
g ~ :1C't'Clcr a t tnn of g;r a\ i t y 

(I JI -l-3) 

D1\·1d:11g bo~h part~ ,,j' J:q (IIf-1-';) hy th(~ rna:,,-, 1ll
1 

\\(' ~c;~:~rt~' t!1:~ 

equat1tm ;¡, fol!o\1 s: 
z + f.,/z ¡> \!) 1! l I -: - 1) 

\\·hc·rr j .. / 
r, 

/11 

C.,. 1 
tI ! l -t-:1) 

111 

Ji (1) 
/'( 1) 

·-
11! 

Equ.~tron (l!I-1-1) dr•-..r·ttlw-.. thl' \'Cltll'al \Ihr:.ttlt\11' ol :t l<~ttl:r:.:rro:t 

undrr thc a'·ttou uf :w C'\.l iting; fon·e 
Lct us <·on-.idcr the <·:1:-.f' in whil'h 110 C\.r·iting fmr r• :1d!> on tll<' fottnda

tion, but thc motion r0~ulh ftom an impal'! or from nn initi,tl dt-pl.lcc
ment of thc fouHdation. SC'tting ]J(I) = o in J·:q (lii-l-1), \\(' out:tin 

(fl[-1-ti) 

Thi" P([ll:ltion cmtc•:-pond" to tllf' ¡·;¡-r_• in \\ltt'h tlw ¡¡¡ntton 1\t ''llt- nr:!~· 

undcr thl' :ll'li•lll of thP Illl'lt!.tl fo:·u·~ of l\t¡• fottnd:ttiOII and 11:<' cL-t¡,; 
1'0:1(' t io !1 () r t h (' b.t '-C' ¡;;; \!(' h \ i ]¡ l :t t ion" :l! p 1 : d 1 ed !l. d lll : t! () l' f! ''(. \ ¡[ 1! . ' 1 '1) ¡¡.;; 

For C':O..:Ilnplc, found,ction-.. under fn1 gl' h.tmmcr-.. ni:• y lJr· -..ulJjCd··d to 'l•• h 
vibra t ion o.;. 

Tiic gt·ne:-:1! c.olution of thr hnmogr·riC'011c.d!11<'rr·nt1:tl t:r¡ ¡[[l-l-1•) tiJ:Iy 
be wnttl'n a,.. follo\\'-

z = J "tn (.,,t + H ('()-.. j.,,l (Ill-I-7) 

Henrc it is ::;rcn that frl·l' \ ,!,r.ltir1n ltnrkr thc a~"t1on of f'la;:.tH' rr·:~< i ¡,¡r,.;; 
and inertia forccs i ... a h:ll 111011!(" motion \\Íth frcqur.nry j ... ~- ral!rJ thc 
"natural circular frcqucury of YNiil'::t! vibrations of thc foundJtion." 
According to Ec¡. (III-1-.i), this frcr¡uenry is dctcrmined only by thc 
foundation m:1ss ami thi' 0b::,tir·ity o' the ¡ .. ,:,· anrl df,c~ n1t dcp-:nc: vil t.>c o D."_:ur~: or CtW(Et:, ·Il ,-,¡' Lhc. ~Xt:i.:t..; i · ,.. o 
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SinL'i' the frt'f[LH'llL')" uf \ ;br:dion ¡.., th,. lltl!T:l.er of osdl!·ttiMt"> per 
:";ceonJ, thc pc~rioc.l ot' thc natural \'Íh:atiou, i.c., lhc time for o11c o.,c·illa
tion, is rebtec.l to the circular frc<¡uc¡¡c·y J ... by the following equatiou: 

Thc numhr;-..; of oscillatioJt:• [H"I' IuinutP :tiH!¡wr :-etond are rcbtcc.l to the 
lin u!.ll' ilcqt"'IIC'Y of 1·i!Jration.' !,y tlw fcJll0\1 ing ,.,imp!P formula;;: 

;\" = (i(lf. 
•) 11 .. _rr 

Onr o~. ilht:nn prr "'CC'Olld ¡, c·:t!lc·d ,t lwt t z 
ThC' c:or·i::c·ic•!tl'- .1 :tnd N in l.q (111-1-7) IC'Jllf'~ciiL tiH' amplitudes of 

r.:l!t:::.l \IIll.dtott" ni tlt(' foitnd tfÍ'l!l Tlwir \:dtw~ ck¡wncl only on thc 
ir<:i. 1 ,c,::rl!t¡on~ uf mcdÍ•llt, tc·, '•lt tlw n,a~i•Íit:d('~ oi tlt(' \'C'ltwity (or thc 
dt-;ll.l•'l'I:·• •::,> u! tl1t· fotll'd:ttÍ>~ll :.:a ,.,.rl:lltt It:otuc•nt of time takc·n ,l,., thP 

Íl'l t l:t! r,li?ilh'll t. ); :tt ur:d \'Í hr:t tlorh of f<llllt< h l ion" un(kt· mac:hinrs are 
tt,:t:tl;y ,._,:¡,,,¡ hy a11 Ít•~p:t··t, i.l'., tltc• fotlllll.tiÍott' C''\(H'tÍC'llt:<.' a tcrt:lin 
initul \ c·lr•t·ity. Tltrrdr,rc· l,•t 11• r·<•fl'-idn only thl'~ ¡w.rtindar ea,e. 

Lt•t t., a"tt::1c• that at t e_- O, 

z =o allll "' ::=: L'o (III-1-8) 

DifTcrcntiatir,g both part'i of 1he i-Ollltior¡ (1 U-l-7) with rc:-.pcct t.o time, 
wc obtain thc following c-.:pH'i-'-Íon for thc· VC'lrwit.y of thc foundation: 

(III-1-9) 

Sctting t =O in F.q'i. (III-1-7) :uuJ (Il[-1-!)), \\'C obtain thc following 
exprc~;:,Íons for con;-tants ..1 ~~~~d n: 

1 Vo 
il = -:;-- rl=O 

} "' 
Thu:;:, \dH·n \'r•ni<·alnannal vii!laiíon" (¡i' the toumLtt!ott are l':-tu:,cd hy 

an impac·t, t:1c c.E~pLu enwnl ¡,., d<·kr rnitwd l1y the C'qt:ation 

l'o . J z = J-·- !-olll ,,( 
u:; 

(HI-1-10) 

\V nile the frcqucn-:·y of n~,tm:d v:r·ntio;t-, of a foundntio:-t dcpcn:is onty 
on tite mcrt1a and thr: (•b·t;c prr,,;•! .. ·~s. thr> :w1plttuJe, i c., thc rn.t"imum 
dcf;cttion from thc c:;.li!tbr:urn; > ·r_~::J1~, dcpc·nds al'·o or. thc iniL'.l r:omli
tion·o of thc motion. hcin;:, ¡aor::~,·~ ;,_rui to iuiti:ll 'clo~ity. 

R(tLn.:n¿- to r, :rrr-t-:) f.,r lifl"((d \'('t'IÍ• ::1 \'ÍL¡•;J.tÍOI!->Offc1lr<l'btion:', 

h·t u-, r:()I!:Ilt· til( ' .. t~, .!! \\·.~'~; t!h l';..,·.tin·~ t'r,r:·0 [lit/) Í:"' :l f1'llrao'1i{ 

o 
o? 

funetÍOII of (\,¡ 1 lllt' ~,,. t\_·,,;lf•k, r(t) = ji .'111 L•l (w Í'i C\1 it••: f: ' "'; '.' 
anc.l 

whC're fl i;; thc Pxriting force). 

p 
p=ñi 

An l'Xt'Íiing; for,·c whieh c h:tngp. \\'Íth t.itne ac·c orrlil•!'; to ,¡n c...·l orco, c...•t 

is of ;-pe<·ial intc:rr~t in thc :-.tmly of fon·Pcl \'Íl,r:tlion"> of founrLt! Íllil", .::incc 
in dt•,.Í¡.!;ll \\ork, c·xc'iting load-, impo:-t·c:ll1y rn:u·hinc·o.., are lhll:tlly lt.~rmoitie 
funi'IÍ<lll:- of tinw. Sub:-,litutiu¡.; into tite' ri¡.!;ltt-!t:IJicl part nf Fr¡. (lfl-1-1) 
thc c:qm•:-¡.Íotl 

p(t) = p ~in wt 

"e oht:1in tltf' c·quation for forc·rd \ertil':d \ ihr.t\io:h of follnd::linnv 

1111-1-11) 

Tite :,;c·m·t·al ,.olt1tion of thi-. rliffc·r('nt: ,1 ··c¡t: . .ti.-.n rrc·-r·~:t- :1·• - •• r-: "f 
t\\'o soltllion-;, c·clrtt''[Hllldin¡; :o ftf't' ;,¡,.¡ 111 llll( t·d 1 ihr:tt!<111- · .t:,-, ,; -:· :l 

gÍ\'('11 C'Xt·itin¡:; forc·c·. l)w· (1¡ thr ,¡e,;,.,, ni d:tlllflll::; :-od ¡,·.u ::•·•·-. !:,'t' 

vihration,.. are d:tt•lJH'd nut a :-ho~rt llltt'' ::;lo'J tht: !w~iuni1tg ,,¡ i
11• :·,,, ,.,¡ 

motion of fntuHI.:tiou,., and thc·tt· lt'lll:ttlt t,:tly t<•IC'Cd \ ihr.:: .•. ::- Tlw 
:-:olution of Jo:q. dll-1-11), tOII'I''P"II(lin~ only l<l thPo-l' ,¡,·,·d: ... ~ .. t.: 

vilHation::-t, j,; a:-; fnllm\::,: 
z = .1. ~j¡¡ wl (111-1-1:.?) 

We obtnin thc e'\prP:-.,ion for thf' arnplil11dr .1, of forced 1·illl.ttion" hy 
sub:-.tituting the formula for z [F.c¡. (Irf-1-1~)] into c:ldTt·tC'nti.tl Fr¡ 
(III-1-11); thcn \\(' havr 

p 
A' ==- 111 (!,~2 -::_-~~) (IIr-t-!:)) 

ThC' :-olullo¡¡ (fl t-1-1:.?) :-!tO\\, t!tat tltl' flt''!llf'll! y of fnit r·d \ tk:ttio:t- ¡, 
cc¡u:d to thc f¡f'qtWII<'Y of t!H' t'\t·iltlt~ fo••·•·. Thtl', unlik<• d~<· irPqucr" y 
of natut:t! \ illr:diort,.., tltt' fll'<¡tl<'lH'Y of fonC'd \ I1Jt:ttinn-.; do('' 1111~ ,¡,.p,·wt 
011 thc l!H'I ti:tl attcl ela.-llt· p:opt'l ti<•-. of lit<' fo¡¡ndatinn ,11:d it.:: i..t~r· 

Si:tt'(' th1• <'\!'ÍIÍil;.!, lund~ of r:udtur• ._ :tH' ll'-tl:1lly I<'P<':tll'd P<': !<>di, .t!!:· \\ ,:h 
CVNj' !'t'u>lution (\¡ !he lli:v·!tirw, ín ma11y c·:t"''" tlw fr<·<,llt'll' :· oi th; 
cxdting; fot<·r• <'qu:d,.. th:d <,[ rot:tlion of lltf' m:ll'hinP 

In~!:""' r;d, t\tL.; u;n,·l¡¡,,¡,,n ¡.; \·,di<l fnr :d!lt!H':tr mrl'hani•·al "Y'h·m-: :,,t. 
r·arJ--.:bk of J'l ndttc in~ .. -r:[f-:·.-..c it<·d \'ihralion,. Thcrdorc, thc ldPill ity nf 
the Íl C'C]~'· .;;ey of fot,·cJ vibralion~ and t.h<• Ircqtlcncy of cxt·il:n:; lo.1d, o.d
ing or: '.k' ~CJ\wd:Lnon holél-o so long; <ls thc rclationship bch\t:cn cbstí~ 
fúund;,:.icm éh:pl.tí'é'mc¡lts ;1nd soil rcn.ctions is linear. !'{ume:rous co:-n~ 
par: .. (}~~~ )f ~~~ _ ::. i_ltrncy of f0':1'~/l Vlb~·-·.t:on~ o~ n"\~tf"hin~ :o~·r'l..tL:.:·, ·,: 1 ~ 

,.,..1 t L . ~ ~ t__.,_ l ' l 1 i '!t.':~\ ~· ~ ~ .. e .l. i IL 1 \'- • ' •. e! t V~ :\ 1; h' _! t >y ~ : ~ {.... .. . ¡ ll.1 \ ~ ' • • \' ( o.; ' :'. 



90 

t !.1· t f•.J1f idnH-c: of t!.t·,,· Íl• <¡,:. 111 1• ~ '1 !111~ 1!. l.'- C"!<-ar tlt:tL 111 fott cd 
\ Jln.lltnn-.. of a found:tttott, t!t< lt' tt-.dly t'\1'-l:-- a lu:t':ll 1cbLion<oh.p bet\ll'l'll 

thc fouuJ:ttlOII di-,pbLCll1Cllt :llld tite ~011 JC,LC(lüll 

Figure II I-:2 pn·,Pn b gt :tpb., of the dTect of thc magni tu ele of t he 
eviting forre on the amplitudc of f()n c·d \ t•ri wal vihraLion·, of :t tt•:-.t 
found:lttt'll ThL''C' g:·.tph:-. :-uhot.:nll.:k tite lin<':ll chat.u:tct of the 
rcl.ltion:ohtp e~t:lb!t,hcd by E1¡ (Ili-1-!.l). 

It fo!lo11" t!Orn thP :-ame ('f[ll:tlton that thc :tmplitude of iollPd liht.t
tio:¡:, dcpcwh :~ho on thc m:t~" of thc found:ttwu and the dt:"tc·t<'llt e 
bet11cen thL' frcquencic, of fiCL~ :.md fnrcTd vtln.ttum'S. 

In ordc:r to bcttcr undcr-,t:mLl the inllu<'ttt'e of the mat>s and thc n:ttur.1l 
frcquency of the foundation, 11 e tra:¡:,fot 111 ~:-....prc:=.,ion (III-1-13) into 

S mee 

p 1 
(III-1-H) 

mfn=z 1-=-~qf,_,z 
p 

= .:1,, 
rnfnz."2 

.\,, i.;; tLt~ c!i--pbcerncnt d thc fo1:nd:Ltt()n undcr tl:e ,tcl!on o: f()u·,; 

zco 4'JO 600 seo 1000 ~zoo 
pl 

/' it tht~ l:Ltter \\"C'IC app~i<'J ,u:t
(',llly, 1'\.jllt':-oion (lH-1-H) n'..l)" lw 
IC\IIlltCJl ,1:-; 

(III-1-L>) 

whcrc 11 Í'3 a dynamic moclulus (or 
magnifie:.ltion f uct01) 

1 
77 =1-e 

(III-1- Hi) 

ami~ =- w/f,., ¡., lhc tlcqt:erH y r:dro. 
Tbc value of the dyn.unÍt' mod11-

lus <.kpl'll(b only on thc intctrcLl-
Frr. III-..! ll.!Ütlnthlllp bC't11ecn the f f tÍOll'hip !H'l\\I'Cll thc rcqUt'llCY O 
~wplitl!<!cof\crlJ< ~1 nbrullon~.t.~ntllbe 
exc

1
twg force[', thc cx•·1Li•1~ force aml thc natural 

freqtt('ll< y of tht: f1JUlld:tt !Oll 
If thr f¡cqucnc-y of thc ¡·:o..('itcLI vihr:dion-., ¡.., ;-null 111 < omp.lt!'Oll 11ith 

thc uatuul frcquen('y of thC" foul'd.ttÍ•)II, tiH·n tlw valuc of th..: dyn.!r.lif· 
modult:-. i-, cltJ.,c.; lo unit.y and tlw .tmplrltrdt· o! fo¡,·(:Ll vihratron.:; oi thc 
found:ttion drJes not uiff<'r much from :1,1; thc btté r repte:-:r:tt-; a ~t.-...tic 
dispbcemcnt of the found:,tiou uncl_·t thc aetion of thc cxcitll!g; force P. 
With an increasc in thc frequcnl'y of the e...:citing force, ~abo incrc~ocs; 
thus thc dcnominator in cxprc:-:"in·t (III-1-lG) dccn;ases, lcading; to .1n 
in''l"<':t'c in thr. valt.!r of tL•· dy:: .1:1i,· m."!ullt- ',\ !.,·¡¡ ~ ~, l, i.c, 11 hcn 
thv !·J,:.¡<Itr:•_yQt!:..: •J.c·U¡¡::; r•>·l<~ ,·qud- t:1c .utur:,I f:equ,-H'Y oi tl~e o 

[ ~~· ;.J,\•¡C>', J 

f () llll( 1.1 l 11) l \ J 1111' , , , 1 ¡ • \¡ i 1 lt i 1' ( 1 i. , ¡ l l 1 li 1 f 1 r 1 '-, 1 • e \ ~JI i ( ll 1 1 l 1 
, • • , • 

1
' ' 

1
' 

1 
l• L j ¡ ~ 

equ:tls inf1nity 'litis t•otrc.,[>I¡Jid'· 111 11 ·.ldi'Lllt <' \\ tt!t 1 u:: h· 1 lltr'I•_:.-'~ 
in thc fr<'r¡liCIH'Y of tite C:O..l'IlÍtl~ foi<:c, ~ Lecomc'> l:ug;er t

1. tll 1; thc 
dyn:unil' mtJUIIlus l'Ontinuotté>ly Jcc·l:<'a'-r:c; 11itlt an i,n<·rc:l'e of ~- :'111l 11hcn 
~ = V~, tltl' dyn:unil' moduJ¡¡, ::!..!;:ltll cqtt:t!_:o 1 l·or rar¡;_::¡' 1•, :ríf¡tl•'li''Y 
ol 1..'\.1 itill" ÍOL"CC' C(JIIU--(Ifltldiil;.': t!l ~>y~, (}¡,. d) !1,1!!11 1 ' ¡¡ .. ,.;¡![¡:- ll!il
fmmJ\" d<~IC':l:-t':', n"ymptollt':1lly :tppP>:l<lltll!..!; z•·ro. ll•'ll'•· ll f,J!\nll
th·tt ·~n 

1
.-....,.itirw forc·c thr· fnq:t•'IIf)" ul 11h:• :,¡, l.ltl!,<' in f·•.tn¡ ·11-· 1

lt \'.tllt 

th;, n,:d.\IJ:d f 1 <' 1~ 1 tr'n<·~-', nl.ly Jttdtt<f' l<>il"''rl·,¡],¡:liÍillt' 11·it!1 .tll 'tt::;,;:l"•\·· .,¡ 
inlirtitt''-ll!l:d 1·:Jll<'. Tht- cf;J¡rlt:-:on i'> l:,,·d :t~ t!w g_lll•!t,,·..: !•'lli·l!'k :r.'r 

l . t . 1 . 1" • ' 1 ' '1 ' 1 • ' • \" thC dl'-,J~Il nf \"!ll"ll)lJ;, ( (;\ li'C"> I¡J llhll :tll<•'t ,;OI:l \ llll!l lt1
11',_··· · • ·' "'"' '·· 

for ¡11 ..,,d:tti 11 :.': n:.wLitH'" :111d Clli!,lfH'- \\ 1.<'11 tllf' i;\.< tlllt:.': ltr·r:'ll'llt'.\. t~ 
' 1 l rrt\""ll thc tk'"'i"II of a d"l'll'(' f1>1 lll'ld::t:ll;..!; :L 111'1' h111P nr :111 ,.:,_.:·,,· ,.,,,;¡., 

h ~ • ~ • 

be tnad(l in ~tt<·h :t \\:ty tl1at the ftr'!!!l('J\1'\ (d n.t1:t.1! \I:)r ,:l'''l'"' ,¡¡ 
1 :~·· 

dr\"lt'C' ¡._ :1, -m:dl .1 .• )11>"!1.1.· cll!11; ·¡Jrtl ¡,, :!1•' •·\e::.::~ Ir·····' 11•'\" ···•1 
... !! •• •1 1 : 'r 1

: \ 
(''\:llllpk. til<' (l('(,i\('1\t::: 0( (.-1 t.l.ll,fl \- 1 ,.,, • '• '.\ 1 .l<li' 1 " 

].'na:~r!.ttinn-... und\·t l1'1'lllitH' Lllll'~ :.1 ~~ ::11 •: \ .11'
1 1, ...... :1:· ·~ -~·.•·': " 

~ll< h .l \\a\ th ... l th<' n~tlltl:ll lrt {¡\tt'll' .'· 'll ;h,. !ll\::;.!.tfj,t:, 1-
1 r •' ''" 

tlH· op<·r:tl;•¡g: ft<'<¡ll•'li<'~· o! tl1r' !l1:tc·httl('. 1 e·, t < l [[ <lli!' 111• i• _.,,._ :':'r' 

f
01111

d ttlnu lll:t'-' 1\tll:•ll!l di:lllc;ltl!.'. l!tt ltillli•l.tll<•ll .llt'.t, tl1r ::···¡::":t• ,· .,[ 
r ' , 

n.tflt!.d \- 1\llall()ll' ,:,., 1<',1•1, .:tlf! !\ir• " .. L:t!l' 1•: ~ i!ll lt',1·•' ,: l · •' '¡r. 

thc d<'!lotntn.t!or 111 f''·i'tf "lflll (11 1-t-1 fj) dr·r·rc·.t-1'-, c:¡¡,-:11;, • : 11:1 J<· r-r; 

in th<· dl"ll.'lilll' mndidll·· 'J'h1t..,, ulhc•r <Olldltlflll' hc·in;.: • 1[11.:1, .1:1 .lll'."•·.·-<' 

in thr f;¡undatiort lll'i~:;lll ic. acl'omp:li!Í<:d hy :w incre:l"<' in tlw .llllp!tl udc 
of fmced \iln:tlio 11 ..,_ Tlti:-. i:-. tlll' rca<oou '\ hy nwd(•itl fmutcl.tlltllb for 
machinr,s (<':olwct:tlly for r<·eipr<l(":llÍll~ m:lchint·ry) are dc':~rH·tl :<., blnck~ 
with br~e h:tsPs and minimllul hc·t~ltt _ . 

e !"c¡/ÍI'ILl !"z/1111!11111~ n( f.'r''"·''u 1ulll'i (',,w¡.J, rl!iU !l:t !J,Uiif'•' '/ 1 .:: 1 ('{ u! 
• 1" 

801 ¡ f:!"nctwns. .\-; nw1tt ront el 111 thc f,¡¡,·~".t''"- dt..-• ll"ltlli, ~.: .\,: ('tl.i\.1-
tionl" of rc-on:uwr th<' .1mplrttr.!r. c¡f l<>rr·('d \·illlatro.t- tl.\''"'-¡¡, .t!ly 
appto:tC'h('s infintly lloi\PIN, tltr..; ('fi!III:Idid.' P\.p•·1Íldt'll1.d d.\t.t 
\\hil'h :--hm1· tlut tll!lll'l" condrtirll\'-. of rP-1)1::1111 <', ti11• :un¡¡lrr.¡.J,• nt nln.t
tion;- ;-,ti!! 1em:tÍ1l'-' fllltlt· '1 hi, rr>nlradlf iÍ•nt IJ<'IIIí'C'II i''\\H'IÍr'\lf'f' :tnd 
tlwory ¡.., c'...:pl:im('d l.y th(· f:ll'l. tlut :tlllp;t::~.!r·., nf \¡¡,¡,¡\• . .¡:- '.\Jilr .l 
fH'<¡Ilt'll<'~' 1 ln..,t• lo tiH· tl.ll\1: .1 i:t'l[ilt'll<"Y ni tl.r· \1111!\ll.tli•>l\ .'.1<' .. 1:• 1 l<·_d i.~ 
d

1
·1 i:tfton,-, of tht' lll!'l 1: :1111 .ti p1n¡H'l lÍ<''- 1,f !l1, -nt! fl.,ltl JI,,,,,."¡ ,''1 1,1,· .. 1 

T "1 1 1 1 • ' 1 ¡" '' 1 ; ,- 1 .. 'lll: "1 rl.,:--111 1ll,dv .I"~':ld\.Jt'.l, .. ~~,.\.--11\tt.!\l.\t·-.!rHII •. ,~l·.l ,¡ .. , • 

I"PJlli'"f'lltec.l hy an ul, .. tlh 1 l.t'll< ,..,,¡rd In t<'.dtty, ir~•·1~0~,¡l,¡,. !'"'· 1'." 1 '~· 
C"h:tr:t.rtrrizcd by en(': ¡.:,y dh·lp:tl ron. occtu· in ::-orl Tbi<\lt'\"t.tl.·-111 ot '•Jrl 
propcrtic:-. from tho:--e of an idc.1lly cla.,tíc solid may he t:Íkcn wLo :1-CCOitnt 
¡f onr. a"~ 11 rw'-i th.lt thc rendion of thc ~oil d~p.-:nds not on1y on the ch.:;-

- r ,l · :,. \1 ,,, 't --~ ·--\'.::::. 11' ~e pl...u en'~~:;,, ,,¡ ;lh' ~ntill·t.tt~or., ~)llt, ..... n ·,~)t,rl ¿-- .\~_.,)( ) • r ·: • 

V~lOl'l'._~l~:J •J{ ~·:_,,..¡:;,_: .. ~li•)~L \'Ü):,.!~ lHl-., ,l\• ~-L:_,,r,•:" l )\\", 1, '~~ .... _..-)(l '-'
1

'"'" L"' l. 



o 
f:~~- q•p:-n·.j u!il):• th.tf :'~t' cl.r:¡~,;::·~ rr-.w!ioro-,': ~oil :1rc p.o;'ür·;0!\~ll to 
thc !lr::-t p•,\H'I' ,,f tl:r- \'(.¡,,,·:ty r¡f \ÍI•r.tlion. '1 ucn thc CL¡uation of irce 
viLratiou., oi fuunJ.ttion, may he \llttteu as follm1·s: 

z + 2ci + f .. :2z = O (III-1-li) 

Thi,.. cxptc.;;::-:ou Jiti"cr::. from Eq. "(Ill-1-o) by thc prc~cuec of thc tct m 
2ci. Ilcrc 

a 
e = '2m (III-1-lia) 

i~ c:d!cd t!12 J:tmping e on-,tan:. th doubl<· \·,du<· <'<¡ll:tl~ thc c·oeflic!Pnt of 
t.::·~:~r:<ll•'C a 1wr unit nf fottnd.tttr•H m:t'-~. l":>~tally e < f,.=. Tlw :;olution 
of Er¡ (IIT-1-lí) co~tc~pondtttg to thi;, <":t'-l' ¡.., a:oo follm1~: 

z = cxp (-ct)Cl .,..inj.,,l +U !"o:-.f .. 1l) (III-1-IS) 

\\be: r· f 1 :~ tlw n:-ti t.: .d fn·q:!f'n('y of \"PIIll".t! \ t!Jt.tlliln" nf fot:lld.t!i()ll'- ia 
< .. ~( ~ \\ l.• n· tlw Ic.u 1 iun of ~nJ! d.·p¡•¡¡c[ ... nol o1dy 011 dw d.~p!.u <"!1:•_ltl, hut 

. 
~: 

al-,o ~o,, thf' 1·clcwlty :-:;t:h~ttlltting 

:,olution (l 1 l-1-IS) l!tlo thc kft
hand p:1rl of diiT< rvntial Eq. 
(111-1-lí). 1\(' f1nd th.tl ¡J¡, ~olution 

11tll >-:di:-f.r thi:-o rqualion tor any 
\ allw-, of J :llld n ¡f 

Ui~n<·r it follr11\·s that the <lamp

iug; ptoprr !ir, of a 'ni! clrt•J c·:br thc 
n,l! mal freq uet~<·y oi 1·ibt .t t i<lll of 

thc• foundatton. If tht· d:unpi11¿; 

Fl'< Hl-:1. L!:r¡t ofd:ullpÍ•¡gon 1dJl~dHlll 

!lidt·l.tltll'· .1 ~ (llf\ e lr d::.rrq11n~~ r.oefli
l'l• d e ¡, 'i'"dl, l'tlfi"C 2, C .o ¡.pno"ll•:.ddy 
('(! :.1, n:J.tl.I:tl frcqurucy J •. , Clll\C 3, eh 

l:.r:.:•·r tLan f,, 
con~.tant is "m:dl in <·omp,lri ... on to 

tb' natur.d frf'queur y of tla· fonllrl.ttioll, !ll<'n tlu' inOilC'lli'f' of tlll' d:n11ping 

pn,p<·t tir·-. nf t!J" :-ni! 011 tltt• n:d t:r·:d frl't¡il!':t,·y ma.r lH' l•<·:;lo-ded. 
Hr)\\'1'\t'l, d.<' cficr L of tite d:mlp;!l;f, n·aC"Iicm;, of :-o<J¡I un 1111• .unplitudcs 

of fr<'<' \"Íht,¡fir.n- ni a fotliH!.dÍ()II 1.., talll('l' I'OIL-id<·t:I.Ll<", C'\ t'll in 1 :l~l'" nf 
:-:m .. ll 1 .dl!f'.., c,f c. It follu\\,.., d.u·txLly i"wl!l l :q. (I [f -l-!S) t\u1 :tlllplitttrl•'" 

of \ iL!:liÍIJW· rkr tl':r"'' P'.(IO!i• ntí:tlly \li,h i!nlc Tbi" i" d!•l-t".\rccl by 
e· un e 1 u l l : ~ l ¡ I- :-; 

Ii e ~f.,_, ¡!ten th<: f'h:tr;,<·~r.·r d t 1 1'<' 1 itJI".t[Í<JilS o! loutHLI ;_lO!l'i \1 di 
c·r,rrc<;pond to C'il ve '2 I'or ¡_,,~_·. v:di1CS oi d:unpj¡,g cou~Ulli, wfwu 
C > f,

1
:, free vihrJ.tiOrlS ( ''C ·-~n¿,, ,-~~)~.,.j1Jlc~ and, Und<·:: thc. t.~C', ir rl Df -'~( 

ir.ípad. or [lll Í:-¡i'ía! di-placcr;w:,t, ihr> fountl:Jtion \\i!l ttPc>:·;;o tH!n

pr•.icdw mc,f¡t,:t, ~' ·L·- ,•:n hy ":• n· :; r,f Li!;. IIf-3. 
... i!, .. l., .-1:·~· p>,g l'' • ..< ~u):: ... r)f U··· ""111l h.t\e LL.H;,!do2:~ .. '~:· c!:~·e-:.. ;")~~ fr~..·e 

\'l}H.tti~\z~ ..... of fnu: t~: tl·'~~"' .l! 11 1 '"' .tr qdt!t:dc·-.... nf foH·f'd ·\·i!.::l:'¡,¡;,,. ''¡

('blly llltdll' I"Olttlil Íoll~ dc, ... c lo 11 :-oflll.lll• ,. 

\Ve obt:liu au N¡uatiou for forn·d \ ilHatious of foun<.lations, indudtng; 
thc ciT<'c:t of d:m1piu~ reactions of !h<· :-coi!, if \H~ inscrt into the right.-kllld 
p:nt of Eq (III-1-Ii) thc vailw of tlw 1':\C"itltt~ fcll'l·c; a-. hcfor,·, \\f' :t".~ttllH' 
thc latter to c·qual p >-in wl =' (/','m} :-.in w/; lh<·tl 11c hav<' 

(Ill-1-l!l) 

Thc :-olution nf t!ti:-: (•quatiott, eol'l<'~IH>tt<Lll;!; only to ... (<".tdy io¡,·,,d 

vibration::-. of fouudaf ion--, will I1P 

.t.; ¡· 

Thc plta"c ;,hift l)('t\\P<·n the 1'\l'lt:n:; l~>t• , •. illd tlw 
induced by tlti,., forl't' l'<¡lt.d:-o 

:.?e u) 

tan 1 

Sunilarly, Eq (III-1-:21) may be redlt< t·d to tll(' form 

The dynurnie rnodulus r,* in t!.i"' <"a'>c 11·ill rqual 

l 
----- ----- --

,l(r=-{")2 + L..J.2e 

wh<"l'c .l = -~ 
fn, 

(.U [-l-:.!0) 

n r 1-1 -:.:; J 

Fig,urc III--1 pll'O'C'IIi.-, C\11\"f''· of ¡¡Jirttt•l.lilliii..,¡IIJl hl'l\1'•'11 r¡· :tnd ~; tk· 
l:ttll'l' Í" ([¡(' l.ttio tlf (j¡¡• f¡¡•qtl('IU'}" ol f<>lt l'd 1 j}¡J.t(lOII" IU tht• ll.lllit.tl 

in·qw·¡wy ni" t[¡c iiHttit[tl 111" TI!,·-<· :;r.tph-, :tlt' plut kd lor d:!l•·t'<'l't 
111:\gttil ttdt•:- of .1, !J'''PDI (¡¡¡:¡;\\ to tlu• <;.,rnpitt;.!: r on~t .tllt 

TiH· p:¡l'[t• ul::t• (':1"(' _\.e~ () ('Ot'!('~JH>rld~ (o t}¡¡• flil'\ Ílll!'-!,\" di··(¡¡,.,.,¡ t',\'L~ 

of [rntt.d:dLlll v:l•l:t'lll!'~ \".ho•Jt• tht• d:t!liJ!!Il.!.', t"!lr•r·t·- ,,¡ ,.o¡J¡,•:rr·l orr-, \\,·!t: 

!tuL il'lt:olll:·rcd. U1tly 11\'tl· 1\lll tlu~ tllllpl:lude at r,•,.rq,.,a.·¡' ::,, ''''1'•-' 
\\"ltbotd lí{ni:_., :\t ailol~u~r~ iin~c:-,, '/~,ht~Il j, :;.-: G, ~-he ~L!npt:1L2dl' t<·~~1,t!J~l", 
fimtc. Th,, brgcr th: ,-,,tur of Ll, thc '>mallcr thc J.mp!ítud~ r;nJ~·" 
corodi~iu~5 cf cLmil;n~~~ \he nw.ximum vuluc o~ thc J.mplitucl::: ;-:or:rspo:tJ, 
to 

\ ! -- :2~.: 
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T!11::< 1f d.nnp:n~ nt·( ur:-,, thP t r·;-rnt:tt1l P ft r·c¡ucney decrC'l'5CS ..oOinC\', ktt, 
and thc Jynamit.: modulu,; at rc:::'Jl1:.ttlcc cquab 

1 "'!ax = ------
2~ yl- ~2 

(III-1-24) 

Ilcncc it fol!(m,; that thc !:u gPr tbc cl.1mptng con1:>tant, thc sm.lllcr the 
dynnmic modtdu~ at tt·~r,n.tur·P 

1 t,:0--~--1/!¡ 1 : 
' 1 

501 1 ! llll-~¡\ : 1 

.::s.,-----:-~:~~~~ ifi' \\\~.~-~o r ---¡---r-
1 ' ' 

' ¡·¡ \.'~ 6 =o{)).] 
4 o r----•---- ~~ - -; 1 '\\\¡ A -e "5 

1 _L ____ L_ 
1 1 ¡ lii ~ - /' i 

_ , . , : li 11 - t.. , e! 1 () 
3 J ~--- -- • 1 \:. - l 

i, ' 1
1 

/¡, ('r\''¡ :.~CI:5- ! --
3C: -~---- -- j___ !1/ \ •\ 

! ' : A' ¡j 1 \ \\ 1 U o el ~r} 
7J" 2 5 f- -- ·----- ¡- --ff; r\- \1\l : -- ~ ' ' \,'t' t;,(}?) zc¡--- ~- ~v~\'~\ ---

!Se¿---_;. )· \'-, 
1 ' 1 \'\ 

1 1 .\. 
' 1 \\ 

1 o -- - ---- -- . ~ 

o:t±~-1--Y!- . 

i__~_:_ 

o 05 10 15 

f'IG III-1. Hr!.J!tor,·l•tp IJCI\\ll'n th•· ·1:-n.ltlli< llt<•<h1h:~ nf rLn<fH'd \tL::tttoas ~· anJ 
thc ratio~ o: 'I•Iu.tlto n.llur.!l frtqtl<'II\Il'~ "'!Jr:, for \llr):ng vahwo.. r,f the rcdll<l'd 
d::unprng l'' <·:1~uent ..l 

Thc grarh~ pn·-.<·nt<•cl in Fig;. III-1 al~o :-ho\\' t ktt thP gu:ate-,t cfferL of 
.JamfJÍng ll'!ldtPn<. of i--OÍl Í~ oJ¡~¡•n·pd 11\ fht• ZUll(' of ll·~OllallC'C'. 1\JH'll the 
~·alttr' oi ~ i-.. :tJJjJ!O\Itn!dl !y t••¡t::d !o llllil_\· \\ Jl('ll tfte dd'i• l'l'lh ('] - e 
~llCIC'a~C'-.., tllt' inf\u<'tll l' of d.u:.¡•Íit:-:; "'" Jll<l[Jt'l tw-.. 011 :unp!.ttllll'~ nf 
foncJ IJLJ .. t:tJtt:'. dt'C'l'l':t:-c·-.., 1dt<'ll ~ t~ l.tt;.':' 111, otnp:tiÍ-lll1 t<> tt•ltty, tht-. 
CÍJCl t nwy J,c· nr·~!PdC'd Sttll'e !ollttd :iln:t.., :tnd•·r r.-,;,, lt::,c·:o 11:th a 

stcac.ly l'<'i!,Í!IH' of wmk :1.rc u:-;ually d(·;-t;.!_twd 111 :-t!C ha way tltat thcte 1"' a 

signifw:wt dllfL•ren<·e hdwceu ~ :ull: llltJty, 1 ltP (•[fc:cL of ~nd damp111g nuy 
be ncglrctcd in m:tny romput::ttion.; of :tmpliLtlllc', of fnrccJ vilJ1J.\IOll" 

rl T/,r l~{Trcl of Snillnr1tia na {."¡¡('tcL TlCT!ical Vilnalzons r.f /o'r¡¡¡ndoh'o¡n::; 

The fon·;:;r .. ;¡~ thf'(Jt v nf 1 ('Il ;, :d 1 dlt.LfÍIIll·· ,,:· :m:r•d 1 ¡. ,¡,. 1~ ¡, .. , .1 011 : lw 
~~'·1:-::•J..t•,, ;!,;o,¡: lc',tt éi(•fl'· f11,_/ (,, 1< 1 :,·,¡ .Lt<.d ,y \',u::;Lc·. o'c 'I' .!.,_,' 

th.lf'll'(l'IÍZt'd J,~· tJ.¡· t'!ll :!tl':> ¡¡( 1, J it,. 1!.11.\t 1,, ¡,,, • •,¡,.,,J¡·I:::,'_:; 1: 

t!Jc real propct Lic,.. of ~utl 'llwrdu1c, tlw ll'-ttlh oLt.IIII('J :-J.:¡¡tld be 
consic.lcrccl ::ts ::t fir~t ap¡Ho:-.imat1on only. ,\.., !::-t:Llul pll'viou~ly, an 

aceurate solution of Lhc p1ohl<·m of \'l'l'lll':d \tl,rationo., of fou1td tlt<~tt"> 

rPsting on ;..oilnccc:;<.itatl•-, a l'Oil"ickration of tlll' p1r,Llr-m of \;J,r,tl1rJrh 
of a soltcl rc:;ting on an <·1.1"ttr' L:hP, \\hit !t in tll<' "iltqd('-.\ ,·a~P P···-.r·!lh :t 

scmi-infinite da~t1r f-.olid. Lit•IIIÍit~ Otlr :tlt.!ll·~¡-.. l.y l'Oi1~:df'tlllg o1:ly 
vcrt te al forr·('d \ tl 11 :d ioneo i nd t¡u·d l1y t lit' fon·¡· ! ' ~t: 1 wl 1\ !tu l. ¡,,11 11', >11 :r .. dy 
changc;, 11ith timP, \\1' m:1y 111it<J tlw l'r¡ttation !•n t!.h .. :,~r.: a'> f,,)¡,".,·~ 

mz + R <''.:P (iwt) = [> (~-.;p [t( .. d + t)l (III-1-:2~) 

whcrc R = nw~nttuclr of ;.oil rcac·liolt :1~.1inc..t foll:td.tti":t 
f = ph::H' ~h1fl Ld\ITC!l (''.l'lltrt~ folcP ;\11'1 ''111 l•':t• tinn 

Tn otdc·r to eoohí' l<q. (TI [-1-:!i) 11 i~ ::•'''''".ll.\' ¡,¡ ,¡, i•·: 1::i11' th' t!r•;""ld
l'llt'f' of thr' ,;¡j¡¡¡• /( \!!Jilll th· dl~jll.ll('lllt"ll, llll' l !1.tll,1 1 l !l~ilt · ¡,, .. r; 

[Ol!!l(J:t[Jt>ll, JIJld []IC' ~1>:1 [l!•l~ll'IIIC-,, 

J.: Jt,.¡,_..,IH'l ; :c,.t\ <' .111 
tious of ~t -...(¡l:d lJI ti'.· l\'---lt:t~ on ~111 < l.t-ilt ..... ~ lli!-~ .r •,: 1 ~ •1 •- .... ¡, ~n..: 

('Onlpttl:t!lllll ol /,', ]H' ll~l·d i\H' ll''•:C.I'j¡ ::d•· ,,¡ (!,r· '•:, l, :.:r t•l "1 ;]• ··••1 
1111dt·t t!IC' 1 l'"il'l <li .l illt\Í<li ,,¡;,- lr, ,,]: r: .:h-->lr•i• 11· ¡;, ,. ! · 

Ú \,t ~!i{ :\.!11l'f ,J .._¡\l11\('1.i ~· ,: ,~ '-... 1 11\L)l',((: \J¡ i:r, '1.' ~ ~ ,;,: 
1 ,, 

~ol\·rd the :--arre pi·tddcnl r.d:uq.:, thr n-:~t~J:tLltdc· r): -..r·~~: ·:i.l'~;t 'J: .... dd 
(necdcJ for thc l'Oll1pul.lt!llll of thc v:duc R) a-, clll :lltihnwt lC lll .lll 

bct\\'rPt1 thc magmtudp:o; of ,.,·ttlcmcnt unclC'r tlt(' C'l'lt!(·: oi .l ÍlC\ILlc 
circular arc,t and unJ!'r ih ¡•d¡!;r. :h a re<oult of ralhcr complteated 
comput:::t.ltonc, \lhidt ar<• ormtt(·d lw1c·, thc follo\\'mg 1:>1mple rC'!:lti0n"lup 
bctwccn U nnd z \\':1." p:,tabli;-hl'd: 

whcrc G 
ro 

z = - _H, ( (¡ + 1/J ('\Jl (1wl) 
!,¡{, 

modttluc. of eL:o..!tt it) in :-lll':tl of -.otl 
wd1u=- of a l'inlc o~ V-f ;" 
r·ont:u t ,\l'l'a Lt·ll\l't'll ll!lllld.llion :wd ~ot! 

(f! I-l-:2t~) 

ftl:li'tton~ tk¡wndi:q . .; 011 l.t!io Lc:11r'l 11 r:ultti-. 1., nf l irr k :111d 
l<'n~th of ;-hc:tr 1\:,n•-.. p10p,l!.;!lll'd hy lotlltd.tli<>l1 undl'r 
m:t<"ltitH', :tnd aleoo dPjif'llllilti-!, on i'ot-..-on',, r:lllil .,¡ o..n1l 

Thc follo11 tn~ f01 mul:t-. !:1\ ro \ ·1ItH'" nf r: :•nd f· , ""''~'"""r 1 •:: _.- '-. .e 
Pot;-o.,()ll I:tliil of" = o .. i, \\llh .l t!q:,u•e (\[ pll'('1eol0ll o..ull:t IClll ior !JUL'I1t .tl 
compulatinlt< 

f¡ = -0.130 +o O.í:3GK~ - 0.0078)(~ + 
jz -=- O.O.i4.)J 1(1.0!7)()[1 + Ju(l.0-171()] + 00171!1 O 00Gi'í 3 + · 

,: ~-~:-· ··-o· .. : 
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where " = '2::-ro/ L, 
L, = length oí shear waves propag;atcd from foundation 

Jh Jo = Bessel's functions of first kind, of order one, zero 
The length of the shear wa ves is 

L.= 2r~ 
~ 

.'WJk(M!'fl:liB ;the- '!:.reloo1~11(1~ ~.fia"i"-w€1: V'Cs ..¡ rli'SI1W.-"-'JF'<'fi' Mfivon tiorr::!:l' dési'gn~ ·; 
of machincry foundations thc valuc x is con~idcrn.b!y smaller than unity. 

0.4 0.6 -0.8· . 1 o 1.2 1:4 
1(. 

F1a. III-5. A~},.iiinry dia¡;ram for the solution of Eq. (III-1-::!ü). 

Figure III-5 prcscnts graph'i of ft ~m(l f 2 dcpcnding on magnitudes of 
the indcpcndC'nt ,-ariabk x, thL"C graphs are piottcd for Poi;;'ion's rntio 
equal to O, 0.2.S, and O .. ) ami makc it po,~iblc to ::woid c:omputation., 
when dC'tt•rmining \·a!uC';, of j 1 ~t:1d J~ cmr<'><ponding to sclected vulues 

of x une! of "· 
Sub,t!tuling thc valuc of z dct<'rmined hy I:q. (III-l-2G) into the left-

hand part of Eq. (III-1-2.)), wt! olJLuín: 

Rmw2 • -
0 

U1 + ¡f~) cxp (u..:t) + R c:-.:r (twt) = P •2xp [i(wt + .:)1 
ro 

From this we obtaín two ce¡ U á' •Oii' (u~ Üd.enníning n s.ncl f: 

p cos ~ 

·-t. 

¡ 
¡ 
! 

1 
1 
' 

THEORY Of VISRAnONS OF MASSIVE MACHINE FOUNOATIONS 

Solving ~hi.s system of cqun.tions, wc find 
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(III-I-27) 

(III-1-28) 

_ -.. The:.exp_rttR:;;iQn: Un~s fqu 11d for R:is:iuh~ttitu ú::-d. i r.ito.ihe rTgn t-.hnnd ¡;:;;.t- , .· 
oí Eq. (III-l-2G); by ncglcrting thC' imaginary part, m~ obtain thc follow-
ing formula for the nmplituJc a of forf'CU vibration.-.; of the found.ltion: 

p 
a=

Gro 
(1 II-l-29) 

The phusc shift bctwcf'n tlw f'\:c iting fo1c-e /' and the cli-;pb('t·mcat ¿ 

equals <P = a+ E, whcrC' tn.n u = -ji!h (p!Ja-.e ~hift bct\\CCll ck.pLtlc
mcnt and rcaction of s01!). l.J::;mg Eq. (I!I-1-:!1), wc obtain 

tan <P = 

Let us introduce a dimcm.ionlc-.:, valuc b; 

where 'Y is the soil density. 

b = m 
"(ruJ 

Thcu 

2 -

mw = x2b 
Gro 

(III-1-30) 

(III-l-31) 

and formtlhh for the amp!itudc and pha:-:c of vibr:üions will be rcwrittcn 
as follow:;. 

aOro 
p= (III-1-:t?) 

tan <P = ( I II -l-33) 

Figure IIf-í) prC'-f'lÜ3 g1'.1ph::. of ch:ill"lll" r¡{?rol r Ul'p(•f'dlll"' on ,::, ro:. • ·.") 

chang;cs of H, or, what. is thc :-arn<' thing, ch.ul~<·s ¡¡¡ thc f¡cqt:C'tJr'v- of 
excitf'nwnt.. Th~é;( ~raph,; ha>·c mu('h- w comrrwn \l"ith rc~ot::~Jl2C 
CUr\·C., for a ;,ystcm wirh OllC cJcf!;rl'C O[ flf'('(]om '<UbJ"Ctcd (O dampinr:,. 

Thus, altlwr¡¡;h tho iui: i..tl I'q (Trl-1-2;i) doc~ 1:ot takc int'J ace,)\lllt 
-dampin&: prr:pe:-ties of .s.)\!, an.1pi!tud.c:;, of vibrafion::; nen:r rcn.ch inimity 
with chang;cc; in frcqucncics of exeitcmcnt as is the ca.:;e in an idcally 
~lastic .sy"~e n i1·ith onc dcgrC'c of frc<'dom. This mean:-: th::'.t C\'C:l an 
rdcally cl.·::ot!i' :,nJ has :1 ci.tmpiL¡; ,·IT~ct on thc am~.i .• ~ld..: c;i tou:": ,,,on 
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vibratio~s. This is cxplained by the fad that thc cnergy of a viura.ting 
fo-undation, d~~·to its propagaiíon ·¡·~-~to tf1c -;Óil, is coi1tinuously &,-::;ip:.ücd; 
thcrcforc thc ,·ibi:ations of a founuatio:1, c\·cn of one rcsting on an ideal 
eJastÍC soJid rcprcscnting :1 c;rmi-inflnite rJastÍr ffi:1SS 1 :ue damped with 

)l. 

FIG. lll-6. Am.ihary chagram for thc solulion of Eq. (Ill-1-32). 

tir.-1c. Sincc, other conditions being equal, amplitudes of rnaximum 
Yibrations dcpcnd upon the v::J.!uc of Poisson's ratio, it follows that the 
cbmp;ng c,f íoundation vJhr~,tiorJs :llo:o dcpcnds i11ercon. A comparison 
oí ~'~'pl.~ n: rig. lli-G, 'J!ut tcd for scn·1 :.1 va]urs of 1';.::-,o,on'::, r::ttio, shows 
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th:tt. :m i_nerr~sc in thi~ r:1tio. kads toan irH'l'<·asr in di-,sip:dion of cncrg;y 
--- ·from a v1bratm~found:t\Hlll 11111> thi•-:-,ciil,-:llld-fJcniP t<i a'rPstift--é<íuívalcnt' 

to nn im:H·a;;e in tlw d.tmpilll!; p1o¡u·¡ !if'~ of tlw :-mi. 
Thc faet tl1:1.t a m pli t u<k, of ,.¡ hra t ion'> d!'¡)('nd ron-;idrra hly on the 

v:dur• of ¡, ~hc,ws thaL thP dampilll!; plo¡wrtÍP:-, of -.,q¡J :tH' tk1Prmined not 
only hy it:- <'ll:tl.Jc teJJ,IH':, (inPJ tia :llld f'!:t:-,I.Íe prop<'l ti<·~) but al:-o l>y the 
:-izc :uHI J:1.h,., o! tlw foundation. 

Tlw wtPt n·lat.ion:-hip ll('LWPPn rn.,ollallc'<' 
b is illtl"tr.ticd in Fig. III-7 by 
dashcd lincs. It is ¡;ecn t.hat this 
rcl::J.twn:-hip is clo::,c to :1 linear one 
of the type 

Gro 
a, p =k+ pb (JI I-l-3-1) 

. ,~·he.rc a, ,js tJHJ.-.Qmplitude lU)Oí'r 

eomh tions of 1 esonam-e. 
The \':lluc b is dctrrmincd by Eq. 

_(.111=1.=3.1).._,_-'Ll.k.iu.g into-.-~l.ec·tj.1,}H-í-- -_ 
that 

m= 

1·aluC's aGro/ J> .111d lhl' Yaluc 

10 
b 

20 
1V 
g 

ro= r~ 
\- r. 

1\lwrC' 1r i" t he wci¡::h t of t hrf o u nda
tion ilnd m~H.:lnnC' ~md A i'l tl1c 

FI<. IlJ-7 llcjl<'!ld<'JJ<'<' of p<.tk (t<·,o

n;,,¡¡•C') v.tluPs of F.;:; lii-u on Pol'>:>L•n's 
rat1o "· 

<'0111 tr·t ilrr::¡ of thr foundat1on 1111h :-,oí!. Eq. 
as follo\\'s; 

whcrc -y = nnit wcight of soil 
p,, , H~l sta-tic prc>~rc-

(III-1-31) m.1y be rewritten 

(III-1-35) 

Sub"tituting this value of ú into Eq (IJI-1-34) we obtain for the 
amplitude of vibrations undcr eondition:-- of rc .... onan~c (for p = 1) 

--'.::: J 7--
.. ~ - _- -k71'l~ --_ {¡r2 p-----~ --~---- -- ---- -~~- ~ -

Ur = GA h + G-y Ál (JIJ-1-36) 

Sincr thc unit wc>ight of ~oils vari~<> within a comparativrly narrow 
rangc, the v::l]ll(• of -y in Eq. (III-1-%) mily he ron"id~rrd to be constant 
equaling, for cxnmplc, l.iO tons/m 3• Ilcncc thc con!'!u~ion is possibl~ 
tbat the incrti:-d <:h:nactcristics of soil have small cfTect on amplitudes 
under conditions of rcsonance. 

Eq;¡::¡tion (III-l-3G) also shows thn.t thc resonanre arr..plitude (reduced 
to unit of :.:xcií!ng force) incrcasc" with 3::1 incrcasc in normal st.:ltic 

--~------- ~~---------- ~-~- -----------
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pressurc on the foundation ba~e and úccrca'>cs with an incrcasc in the 
foundation contaC't arca. Thus, unucr othcrwi~c cqual conditions, the 
dumping of foundation vibrutions by the soil decrcascs with un increase 
of the static prc;:;sure bencath the foundation. With an increase in the 
foundation contact ur<'a, rc:::onancc amplitud<':; dccrcasc, i.e., dumping 
increa"<'.S. Con>'cqucntly, damping propcrti0s of soil depend not only on 
its phy::-icomcchanicnl propcrtics, but also on thc foundation sizc and 

e 
---------.. - ------- ---
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wherc a: refcrs to E(t. (III-1-l ia). Thcn 

Let m1 = {3m, whcrc f3 is thc cocfficient oi incrcase iu foundation mass 
due to participation of soil. 

2 

.... ~a::":-~1!;-~ii -~~ i~::.~g~t~,na~;~Jf ~}!l~<k<l~~Wl?i~~-.:~~s~~e1ti\ilMs,_lw~.- .. 
·di! th'c~ba«Ts· oftifc rc~onancc ¡•un·c or1orccd nGratwm; or on thc bus1s of 

- :·:~;;-·, ~ J(~bf3 
~·'·-.!~- ..... Llliil-d-=-J77'"~"--W7 : .. "J..-: .....}_- ~.....:..._--~;J. ~ ,.t:(! .. IJ_...¡ • -*"' 

Consequently, 
obsen·ation of natural vibrutions of a foundation dcpcnds on thc chz..rac

teristics of thc foundution itsclf._ .. __ ··-t=-""""' --'<= ,._~~=v;é""~-.,. ~-- -~ . 
7'''fnord~~to~c~mp~rc1orniuG:~-ÍoÍ"l:~mwutati~ (III-1-32) and (III-1-33) 
\\ith the rcsults of thc thcory of vibrations, Jet us rewrite expression 
(III-1-21) for thc amplitudc of vibrations of a foundation on a base of 
zero inertia, considering the ba:':'E' to con::-i:-.t of wcightle&s springs. 

(III-1-37) 

where m, dN1otes thc totu\ ma::-s of foumlation and soil, 

m,~= m+ m. 

~----~~:=r7r~r*==·¡,t::_ "~bí3~ + t.:l;;"~t'tW(r..::=":) .,..~~-LklrvW~ ~ 
Taking thc dcri,•ativc of the right-ha11d '"ide of Eq. (III-1-40) and 

equating it to zcro, wc finU that rrHJII:IrJc·r· r·orrc~ponds to thc follol\ir.; 
value of thc inc..lrprnckn t. van:t 1>1(' '{ · 

• ~-~ '"' r - 1 ~ 1 ~ .f...t).J_.-:, 01 t~,hl..J..-..b-:;~tllJ-..~.i~hr~>t • .... J.-:1·-L-:--~J~¿. .. c:}¡fC-,.:J(d,,~ 
'KsHitlílH~'th:tt"thb''fólldiUt'ihr•'cohto>:r, Mea !s a c1rcu!ar area Wltli rautus 

Let us as& u me that for ~ell'df'd \ ~d tl!"~ ,. :Htd IJ, t hl' v~d u e of t he ampli
tude Of YÍbrarÍOll COnlpUtCd frolll f·:q (l![-J.;;~) \IÍi! :tlt::llll Íh nl:l'-inlllnl 

at" = x 0 • .\:-;;,uming tktt. thc m.t\iilllllll:-, crf .unplltudc" l'Omputc'd fron: 
:::.. Ew;, :~1J!-::l.·!O.J,. ;.m~L ~[LLJ .. :J:.'.);_;correspcnd tG ,-tfie ·sfrffic ·•\•::d[te ,;of~ üw· 

indcpcndcnt variable H, wc ohtain 
ro, we transform Eq. (III-1-3-;') by introducing H and b as variables. 

Multiplyint? (III-1-37) by (]ro, wc obtu-,1!} . ,..,-: _1 :.L L 1 ::~.í.·~-~:...r. ·""-•"'~-~ -'-- · = 
·,: ~J.._l. _.----. ___ .,...Jt.-.r ...::..:... .- --- _ J-..,. ,1 1 • l ,.1 1 1 -~ - • 

"~ _-,,·:!> .. ; , -~' UW-·L !::·~:t8*i ; ::)~;[{3).::: ii(¡-.T -., {IH-i4C· 

* Gra 1 (III-l-88) 
A. P = [(c,jGr~) - (m,c...I 2/Uro)F + (o.w/Gro}: 

Accordin;; to (III-1-5), if m = m, wc v.·ill ha.ve 

Further, uslng (I-l-9), (I-2-12), :wd (I-2-13), w.~ obbm 

R '\/:,¡ 2 ,¡; Grc, 
e, = c. n:-.::-

11
2) = c.-¡·=-;-

He. e, a:;: in_ (l ,2-l ,¡_.);Ca· it. !l. eoc:Jf,,·i~· w~ 1\·hieh depcnds un the geomeLl ic: forro 
of tl1c foundation cont:J.r·t arc:.t; l.ot ;;, t:ÍrcuLtr arca it equals l.OS3 ii one 
considers settkmcn~ as thc Ullt\,mclic mean of ;,cttb:nents u.dcf the 
"eUter of the circular ::¡;reCe ;:¡_n6: ¡t;-.cdge:. ·' Wc denote 

O; 

<_,:;;-:;jo' 
(HI-1-"!9) 

----------~- ··-· --------

Let us assume also t.hat the m:tximum nlluc" of amplitudes of ,·ibra
tions computcd from Eqs. (III-1-·W) anJ (III-1-:32) coineide with c.1ch 
other. Thcn we obtam: 

V[3.8.fí(l - 11) - ;,u~bJ]i + 13 ;).')}(~!!J~ 2/(t - 11) 
= a, (III-l-42) 

Equa.t.ions (III-1--1:0) and (III .. l-1:2) may be tran-.,formcd as foliO\\·,_;: 

< r rr-1 --±3) 

l Fig;mT l_H-3 ;:¡re~entt'-. ~rc.phs of :; :::.nd f3 as iunctwn, of-b for svil~ _v..·ith 
. ···¡- ·-· ' ... ~-- ' . .. . . . ·-···· . · ¡ · -different •,·ak;;;s of Poisson's ro.Lio ll. 

! If we tal-e from t.hf'eoC gmphs va.lues of the cocfficicnts E and {3 COr-
responding tv t•:1ri0:." >:dne,J of b and "' ami thcn. using Eq. (Ili-1-10), 
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plot rc~onarwc curvc'i of fol( t'U \'Íhralions, \\'(~ l-h.dl ~Pe that Lhe!--<: <·un·es 
coin<:iJc faidy \\cll \\lth gtapl1.,; plolled on the ba::,Í'i uf Eq (lli-l-:).2). 
Such comp:ui:::on:; \\ere m:1de fo1 /., = 2.,), 10, :,nJ :.W anJ 11 = O, O:.?.), 
und 0.30. Thc rc::.ulb of compulalll)ns ftom Eq. (III-1-10) u"ing value:¡ 
of cocfTieicnts ~ and ¡3 t:J.kcn from 1· ig. III-Sa ami. b r:oim:iJc o,o wcll \\ tth 
the resulb of computations from Eq. (III-1-3:2) tha_t the two curves 
merge completcly. _ _ _ _ __ _ .. _ __ _ 
;:;Bi-t!s.-:.i~Ti;_~t;;iwh;hcd:bh:JJtv;rf•:nañ'ltr-i~t1.1' 1vctl'tré.~:oll tfi'é'"fdmicccFcdcffi~it'ift. 

of d.1mpin!,!. ~ t~nd tite coellictctlt of iucrc,t"e in m:ll-::. {:J are takcn from t.he 
graph<> of l"ig; III-Sa anJ u, then thc rcsulh of eomputations of amplitudes 

1 ~ -1 L -- -~ • - • - --

(a) (b) 

FrG. III-S .\U.\Jlw.ry d1:1grams for thc d( lerrnin:ttJOl\ o( thc redJILC'(l d::unp•ng codficiCnt 
'7'~'antLthe t:.oeHí'C'fc.nr-'"'Cif i't.fu"iS2-iR5tfCa:..Je-#. :" ~ ~-:, -~~ ~..~,•¡,·"'-~·-.·, '~·; -'¿~ 'J-). .. L l-, ; ...-::- L .r 

of fonwl \ ihration.., from thc appro~imatc formub (III-1-4.0) (thc bttcr 
obtaiucd on tite ba::-i:; of :tn a«~urnptiott t!tnt. l'<ud is rcprc,cnted by 
weightlf ,....; :-pnng ... ) <"oinC"ide fairly wcll '' ilh the rcsults of a more precio.c 
thcory \\ hi< h tak"s into ~l<'('f1\lllt lllCrtial propcrlics of o,oil. 

An analy~io:, of Fig. Ili-Sa ami [, kads to ~omr; general eonelu::.ions in 
rcspe<:t to thc cfl('ct of :,oil iucrt;a on founcbtion viLrations It follows 
dircdly from Fig. III-S/1 tlut, for all valuPs of v, with a dccrca:--c of b thc 
codfi<:ient of i11r.:rea-..c of ma ... .., ;3 \1 ill itl<'t<'.t"l', h<'tH'<~ thc cfTed of <>Oil inertia 
on fon·<·d vcrti¡·al vibt:ttioth of thc found:tltott \\di ~ww. 

According to Eq. (Uf-1-:J.)) lhe valuc of ¡, ¡,., propurttonal to thc prcso,urc 
- p.1 ,on tlw .founJation conta< t- :J.re,L ~llHl invcr:--cl.Y proportional to Uw 

square root of thc arca. Small valucs of b conc,..pond to fouw.laLion'i wiih 
sm::dl hcq;ht and brgc contar.:t ar~~t. Sw:h fuundations are iuflucnecd 
-rno.re: :S.trongly: by::th~~o-ff-eet o f. SOÍ! ÍnCl"-th-tl-8:fi' :.üe· fótind:ttÍOÍ1S- \\'íth con...
sidcrablc hcig;ht ::tnd rcbtivcly snaii cont1.ct arc::t. Thus founrlations 
hn.vinf; thc :,hapc of thick ::bb;:; r:llhC l.trgpr n ct-::ocs of soil to vtbn~Lc th:w 
de foJ.:J.c!:.uo:lG;ir:::;; thc ::h pe ul !tt::;;b blo ·L 

. ,-----~·---------"---------- -~---~.--------- ____ ... _,_ ~-----
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Nun1eri~al valu<':; of u for m~v hinc foutJcl.lflorl.., ai.1,1Ítt 7 to l."i. For 
thc"'c valucs, thc cocfiicient of mnca:--c of ma~~ /3, cw11 for 11 = 0 .. ), does 
not surpass thc vnluc 1.~3. IIcncl', !IH' smlma:-.-.. partic ipating in iouncb
tion vibrations docs not cxcecd :.?:~ ¡wr <·cnL of tllf' fnltmlation ma""· ;:,wr.:c 
thc p<'t iod of natural vcrti<·al vibmtion'> ¡,., Í!l\ C'I':--Ply JlfOiJ(lrtÍ(Jt:al to thc~ 
sr¡uarc root of mass, it follows thnt thc rco,ult~, of C"alt·lli:ttlon'> nf lhe pt·IF>(l 
o[ natural vibr.ttion:. of a fotwd.~twn \\ hid1 in< ludt· :-qil Ílll'l LtJ.l c[fcdo, arl· 

- ·rlot 'iho't:c' th'::t'tVf<Jl'pc-F I-C·!lt-'l--rñ!.tlf(·r'tlrrí.n 1 Ll\~>-~~:\\'hi('h rk:.;lc·('t ~.,ilír{<·rtl . .l 
prupc~rtiPc.. Tbu" a coz rcction :u·c·ount111g for thc influcn<'c 1,[ :-o:! incr~ta 
will not be signir[('ant. EttOl~lll eompul.tllot,~ of natural frrqllcnrirs or 
ampl11t~'dcs ·tff''rur'C'f~·d.,.'Tdúildritícrn"~1:-hhlfio¡¡-.,- :.J.Ye __ -,U-'itútltY:c r\ot-=--¡t":;~,\1\'in' 
10 to 1.1 ¡)('r ccnt.; thcrcfore thc cfTect. of '-OIIl!ler!i:t on ma<·iltl\cry found.-;,
tions may l1c c:on"i<lclcd to be "o t>ltght thllltt may he rw:.;l,·l't<·J u: r¡,any 

enginc('l ing calcula! ¡on~ 
1~hc totcgoing dL--c·q-...-...ton oil tlu· f·t:~·c t t)f ....,od lr.~·:~t::l rrf('i'"' :u~~ fn:._tndo..-

o 

tion rco,tÍit~ on lhc· HHI :--ltif.u t'. \\.ht·ir· tlw fuund:tlton 1- c·n:hcz.!tkd J.nJ 
the soil 'cacle, no\. n;dy ,¡¡¡ tlH' ltotitrlllt.'l t<~liiJd,c!,on h.~~~· dll',l bllt :J.Lu on 
the foundatin¡: :,;~,P~,, tlwrc <':lll he .t 'IJII'Idc• :~i1\c '-<Jil-:r:.,·r·¡ ;,¡ L':l··:l.L. 

111-2. Rocking Vibrations of Foundatioi<s 

Lct llél cun,.Hlci ,,.!l,r:tiH:::- 'Jl ioumlatwns dcic l<l thc :·,('ttoCJ of :_-:. rod:HJ:!, 
,'-e;<tern:.d mnJn~· n.Jc,\.\J ur,b.i.~·(\.w g\:':< . \\ 1 tb. . .time _ J-Cr ·r JrJtn~ t o l!1 n f ur:.ctt0!L 

!JI ,in wt a!lll \\·hií'h lt<•s m O!lC' of 
the prinr·ipai n:rtwal planP~ of thc 
f_9u,ncl~tt~on Jl:ig __ -lf.[-iJ)---::- It:---iil. ... il§-: -· 

sumcd th:l.t thc e(·ntct of mcrt1a of 
the mn.ss of thc foundatlon aud the 
ccntroid of it" horizontal ba-.c .m·a 
líe on a vcrti('al linc !omtl•<l in th~ 
plano of the ro('king, momt~ut. 

Ld n, fltl tllC'r a:--~11me tlt:d thP 
elu'>tic n·~i,tuH·e of thc !--011 ai.tin-t 
sliding of t.!tr foundal iotl i-. -.o lar!!,c 
in cornp:u·i..,on hl th•: 11'-i~t.lltc t' oi 
thc foundattoll ~q.;.tin~t tol'ldll\.!, lhat. Fll: 1 fl-'1 .\n:dy~t-; uf r<>d.;Jng; mollOn 
it may be r.:on-..icl,•¡('rJ to 11t' lttftnitcly uf a fou 11 .IatJon 

grc,tt. 
In this c:t-..t', the mol ton indtl<'ccl by an extPrnal momcnt JI sin wt will 

be n. roeking aronnJ tite :t~is p:b:--ing through tite ecntroid of thc :tn'a of 
founil:itiun-1-n confacf \\'ftt1··s1:Jit; p(irpcndicubi· to-·tfiéphñc of Yibi·ú.tton~:~::. -~· 
Thc position of thc found.üwn jo; dctcrmincd by onc indr,pcndcnt variaLle: 
:he angk of roL,tt•d~.; of t,hc fou:1ci::J.tio:-:. ~1rounc.i th•) axis py-·~\,_-; through 

thc P·~Íct O (l':g ~I~-0). \..___S 
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Let us u:;:;umr that nt a cNtain in'>t:lnt thc foundation has rotatcd a 
small anglc -.;: around thi.s axi:'. 

The equation of its motion will be 

- W o~ + ];Jtl, = O (III-2-1} 

where TV0 = momcnt of inNtia of mass of foundation and machine with 
-- - --respect to axi..; of rot:..r.tion - - - - - --- ----- ----- ----

t { . ti .' -_ 

~Jf'( =-su m ·bf'atl c\.'t¿í:r~arn1~~·Aic·i·tt~ '~1tf1·· l·¡~~~~~{ t~..,~:i'm; d~~~-· -
In this ca,c, the foundJ.t!on \\l:ight and the :;oil reaction are externa! 

forccs. 
= tl. "f'o1i,i1/á:ií.Jh YV~i(Th{' Thé. morrieit~- ~rtili~'f~/c;'~ "lv ¡'~ "r~sp~~tt~ -the: 

axi,; of rotatron is 
LIV.p 

whNe L i-, th,• di..,tarH'e lwl\ll'f'll tf.c• axi!- of rot.1.tion and thc ccntcr of 
grr!lity oi thl' ,-¡¡JL.Ltiug m:l:-o'. 

&. Sr¡zf araction .\n e!cmcut d.l of thc fu!DJation arca in contact 
with ~oi!, ¡,,, J.tcd at J. Ji-talle(' l ft(}rn thC' a\.t~ ot rotation, is actcd upon 
by thc so:! reaction 

dR = e,.!.; d.l 

\\_hP.r?-~'i ~? ,tl)r .. cocflw~ent o~yJ.v;(ie ,í!OnumJor,_~lL;,fl:tl.N&PJ:CSSÍ,On. · , __ . 
Th~ momcrtt of thc clcmcntary force dU with re¡,pcct to the axis of 

rotation is 

If it ¡, :l"<;ltmcd that thc found:.dF>IJ docs not lo<>c contact with thc soil, 
then thc tot~l reactive momc·nt ag.tin'it thc foundution arca in contact 
:-.·i th soi! is 

,1/, = -c.p.; {
1
' d,t = -c.plcc 

•• 1 
(III-2-2) 

~·hrrc [ is thc momcnt of Ílll't tia ()f thl' foundati(ln rrrra Í.1 contact with 
oil with rt''íA'Ct to thc n\.t'i of ror.~l·o:1 f,¡ th,~ fuundation. 

By adding 1 hr: cxc¡tittg ruorn1 rrt .1! <n w/ 1<' t1w two othN momeuts, wc 
~htain rhc ('qtution of for('¡·d 1 ibr.1ti•Jth of ilw fot,ndatic:1: 

r 

- ll'v<:- + Wf.,.,:- .:~!,: .,, .F :-•n A 

!Vol'l + (' .. / - WL)"' M .:;\n w[ 
(III-2-3) 

n 

By equating J·/ to zero, we ottah •he equátion-óf free rocking v\~:ra
.ons with respect to the y axis: 

(UI-'2-4) 

o 
Tt':EORY OF VI3RAT1ml~, Cf .V.ASJIVE M \CHINE FOUNOATIONS 

The solution of this cquaf.ion is 

t; = e sin (f".,t + q>o} 

whcre f = c ... l- WL 
"" Wo 

IJ5 

(III-2-5) 

(III-2-6) 

' ' .-. .;-_;antr.[;,-:~~g-;_ifr,ft:il ,fr-cqucm·y or ró_ekin~ vibr:i;uons of::.fowiditifí.U,' '' - -
e, ¡po = arbitrary coustant:-. ddcrmiucd fwrn imtial condition:-, of 

motion of fotuH.I:Ltion 
' :The solution of.Es¡. ,(LII -~-:)) will ha ve a for Pl .~imilu.r tocthat for.forced 
vertical vibration:s [Eq. (IH-t-t:l)j, but in.~t('ad of P, m, and f.,, the 
valucs of 111, lV0, and J,., ::.hould he Íll'\'1 t.PJ. ' 

In thc easc undcr c-ot.~itkration, t}¡p follo\\Íng c\.prc::,:'Íon 11ill be 
obtai:rcd for thc amplitudr of vibration~: 

(III-2-i) 

Sinrc thc produn rr !, i::- u..,rr:ill.r ~mall ill comp:trison with cJ, rh:1.t. 
tcrm may be nrg,!C'ded in I·:q (III-:2-ü); wc tlwn obtain for thc frcqw·ney 

_of, ~.att~r::r.I ro:.:kjng \'i.br:J.ti~n¡; , . ".- .. ,. :c. , :'- .• , é. _, :. 

fn~~-= ~V~ (III-2-8) 

If the ioundation ba'-'c are~ h:1;, a rcdang;ubr forro with sidc<> a and b, 
anda is thc side perpendicular to ihe :ni::; of rot:1tion, we have 

It fol!O\YS from th:> l,lti:t'•' ft¡t'nlltb tbat t be l\•ng;th of thc <de of the 
founc.Ltwn an~;¡ i1; <·nn·,ad. 11 .th :-<!l! all(l pl'r¡wnJtt¡-~.rLtr to thl' ,i\.1, .,¡· Jot:;..
tion ha:-. f':Ji¡~jd,•rah:,, e!Crrt on 1 lh· na\ tll:tl frcqttc·n<T of ro('kin:; nbr.dtnt:~ 
of thr found.tlic;tL Dep<ct!ilr:H;, <'11 !he,¡ iectcJ lt.:ngth. :lw u::tL"\'l irc:
quency m ay rhcLI:.g,e conc;icb:I~Jiy; brncc thc n.m¡.;!tttidl' of fe· ·cccl vil:>r:J.
tions will :1lso chnnge. Tbc- i<:n¡;,th of thc p~hcr. '3iJ,; _oL thc fouacbttOn 
are:;, :Ü., ü:c (¡:-¡¡; p.;,n~!:l'; to tÍ1C :1\ÍS Of fOtQtlO~l~-dOC-S not IT;UCh influence 
the valucs off~., and A.,. This lcngth is usually sclected oa the b::s.~is of 
dc~:~n co:1.- (jr·:·~t.tion~~ 

l.'hc :.Il!p!ilu·:ir: .:/ ;h:> 'T! t:.·~.: \O .. lpOnt•r:'. ·-:· \ ¡b:-.tL•JnS c,f :(:,_ c~;c C ,:; 
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the foundation area in contact with sotl is 

or 

a 
A= 2.:1" 

A 
M a 

Rocking vibrations occur mo~tly in high foundations undcr machines 
~hav!n¡:nm.?a~fnre~ .. ~PI.Í.7?r~tal_ (,9r:;tpon\:~t9 _o_f~;_xt,~t-~l};:!;"f.orccs und c:,CJt ~tH.g; 

· · -· moments. I•or example, such vtbratwns 

lo occur in foundatwn::, unJer sawmilllog-"awing 
6 o framcs. , Thl;.;;Q. f.ow1ecbtücms. are· t~H:\.U'y -high 

FIG III-10. \"arin.tmn of the 

n.nd projcct abovc tite f1r::ot floor of lhc :oawrmlL 
Figure III-10 illu::,tlate;; the dtstributLOn of 
amplitudc'i of hot izont:Ll forced vrbr:.ttions 
u.!ong thc hl'i~ltt of tlH~ fnttll(hlion undcr a log 
fr::une It is :-rcn !rom the graph tlwt the 
cent:md of thc founJ~tlton :11 ra m cont.u:t with 
:SC:H[ ts "t:h]ccted to lorl'Cd !()( king; \ ilJr"ctttOWi. 

Thcrcf0re Ec¡. (IIf-~ -7) may be uscd fot ~he 
t·omputJ.tu;n of lhc ampltL•:de oi fon·cd nbr.J.
ttoas of foundatwn-, uwlcr log franws mdn·:ed 
by thc horiwnlal crJrtlponenL of excitln_g for('cs 
dcvdopeJ irÍ thc:oc framcs. 

111-3. Vibrations of Pure Shear 

-If the. rc:-bt:(nce of· f:>OÍJ to comprrssÍon ÍS 

lar gc in comparic.on with the resisüuH·e to 
shcar, then di~pb<·<'rnent of the foundation 
unJcr the adion of horizontal forces \1 ill occur 
mamly in tltr dite<:tinn of the adion of hori
zontal cxn t 1 tt;; fot ('e~. 

honzontul amp!itudc of roe k
in~ for('CU vdmJ.tion<, ,dong 
the hctght of a foundation. 

LcL us a:->-ttnw that. a horizontal cxciting 
force PT ::.in wt aets on the foundatiotL ThP t•qnat.ions of for('cd and free 
vihration-, will be analog;oth to th<: eqtta!ion-; of \'Prti(·al vibtation-; of a 
founJ:ttwn, e.g., Eq. (Ilf-l-ll), tn 11hidt e, ~hotdd be in,crt('d in,tcad 
of cu; tlnt'> tlH• equation uf fott"(·d !torimnlal vihrutious will be 

X = J.,/r = 71r :-,Ín wl . (fri-:3- L) 

whcre x is the horiL:ont:.tl displ:[('cnwnt of thc cent.cr of graviLy of th0 
foundation n.nd 

i:.A 
=- . (IH-3-2) 

m 

fu is thc n:1t~1ra! :nu.cr-.c.y of ·:Lbr.J.tion::, in shcr..r 

THEORY Of VIBRATIONS Of 1 lAS SI VE MAC'1.;,E fO~NDA:IOe<S 

The solution of Eq. (III-3-l) is 

A,= Pr 
m(fn_,2 - w?) (III-3-3) 

All conclusions and formula~ oulainrd \\hile con-.idering; verticd 
vibra.tions of foumbtiono:; app!y abo to \ tbr,LI!on-., in shPar. 

-r!J, a.d¡litiQn. to tite f¡¡¡cgoiu;:; type oí- •·¡hr:Ldton~ <1f fn11nJ:ttion.~, ,·har
a~-tdri;,cd by houzontal dt-plaf'cl1H'ItL of lhe <·<·nlcr of gr.;xi~y of U1e 

vibrating rna::,s, vibrations in '-hl~ar may havc a for:u of rotc~ti•m:t: vibr:.t
,tjpns. \Vith ~CSpC_c;t_ to thc V('l ttcal a:..i-, )l:.L.-''-IIlg thro<t;!;h c-{1C C<..'Htl'f OÍ 

grn.vity of thc founJat10n anrl tite ccntrotu of tite arca uf it;; b~L'c. Lcclmg 

~V.= momentofitH't iJ:tot' \11>::-atlllg rr •. L-- \\tth rc:opect t0 ,ll,o,·e ..,,,,s 
J.= polar nlontetd ()f Íol!tuLttion f,,,,l. aiLk 
~~ = .wgk of tn: -1r11t ol ¡,,¡¡r,rL!Hll\ 

lif. sin wt C\.C!tll1~ IllOJl¡r·~~L :11 titlg I!l [¡r,~I/.O!lt.d p!Jlh~ 

cocJ!tucnt. uf c!.t.-,r 11: nouu:!1:-u1 ~., '-hcar 

we obtain the fol!oWll1!2; equatton ot for('eJ vi!Jr,Ltwns oi ,, foc~t~JJ.t:cn 

induccd by il!l. cxciLing momcnt. 

W,,¿. +c.¡..l¡.f; =.M. sin wt (liT-3--±; 

A particular solution of this cqun.tion ma.r be prcscnted in the form 

llfz 
"' = w-:u .. .- 2 - w~) (III-3-5) 

wherc / .. .¡,~ = c,.~.J,jlV, Ít' thc sqttarr of thr nat u tal frcr¡uency of 1·ihration" 
of a foundat.ion for lhe v1urations undcr ('(),¡ 'ldcration. 

111-4. Vibrations of Foundations Accompanied by Simultaneous 
Rotation, Sliding, and Vertical Dis;:¡lacement 

a. !~'q11alions of l"t/11 alwn. Th<~ forc;;oin¡_!; ([t..,,:u:-..,ion r·on<'l't'tlC'd ca ... cs 

of vihration" of ma'-'-i\'P foltttd.tttOII'i in 1\hl('lt tlw :-oil \\,1"- l'!l:tr.t<·ll'tin:d 
by infini!P rigidily 11 it h tr·:-¡H'd. <·it lwr to ('Oill[li<''-'IOII orto ,¡l(':tr Ld u-; 
consi(kr Jt0\1 tlw :--imp!(•c;t. <":t"l' of \ thralion:- ol f<Htlld.t!tntl', \\ l\1'1!' t!H' ,oil 
is nble lo ofl!'r da-..! 1!' lf':,l.-.,l;lll!'C l1ot h lo I'Ofll¡>l<'"'tOll :llld lo-,lll':lr ,\-; 
l)(•fot<', it. is a .... "llfiH'd th::L tlw <'L'tii<T of ¡.!;I.LI 11.)' of tlll' toilltd,Lit~>ll and 
madliiH' and !lt(' ('('ti1toul of thP fotttld.tltlllt li.t:-.<· aH·:t al<' lo( :tl!'d on :L 

vrrtiJ'al linc _11hil'h: Ji¡•:-, in lhc mattt c·entr:d-:-pl.lltc of the found:Lttott. 
--_ -- r~xt(.r'¡]:i_¡ CX!'Í!tn·~ Jon·es indll<"Pd hy thr ma('hinc· al~,) Jj¡• in (t"lpbnc; if 0 

O (Fig. III-11) is tlw ('<'ntrr of g;t':Lvlty of ihe vi:lratin¡!; m,l'\....../rhi'•.1 thc•,,• 
forr·c:-. may lw rc·o_.tlt'(•,l to !.!te ('\.• .-,n;.;. in:<'!' /'(1) :q>¡•L•·d :tt.IJ ,,,, ¡ :. <'<>1'1'':· 

T , , t • • . ·~ • • ~ J ! 
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thc centcr of g;ravity of thc foumbtion nnd macl1inc mass nt an instnnt 
when the foundation is motionlc.::s; thc dircrtiou of coordina te uxcs is 

Ehown in Fig. III-11. • 
Undcr thc action of loads P(t) and M(l), 

the foundntion will undcrgo n two-dimcn
sional m o t ion tldc rm i ncu by thc values of 
thrcc inJcpcndC'rlt pnramctcrs: thc projcc-

11 r' t~o_n;; J¡,-.lpd?. qf-i_lij,¡_l,ia~K'.meu.Loi.-thlll ÍO!Uilflu-., fl } 

--lr---1-"-=-1++4-'-'-c,.:---x twu <'cntcr of gravíty on thc coordinalc 
axcs and thc :wglc <P of rotution of thc 
founch"Ltion ,with :rcstleet to the y axis\\ hich"
pa;;,.c-, through tlw r-entcr of gru1·ity of the 
founcb.tion amlmadrinc, perpendicular to 
tlw pLLIW of \"Íbrat ions. 

g,. •,Jl'OJ.édin•or al! forres actin!! on tbc Frc li I-1 l. .\n:1lysi> of com- J ~· 
bmed typcs of foundatwn mouon foumbtion at timr t on the x and z 

a'\e,; and ad,liug; to thcm the p10jcetwn!i 
on the same axes of the inertiu force~, 11 e obtain, accordinó to d' Ale m oert' s 
principie, 

-m:c +~X.= o 
-mz + ~z. =O 

(III-4-1) 

lfhere m = foundn.tion.~!':>S.. 
X,, z. = projcct:~ns on x, z axes of al! external forces acting on 

fouudation 
;.Tl,l<,~g,uaJ~.TJ..f.Jf..t~erA1Q!ll!='Uts with rc:.;pecUo thc y axis should alsobe .:..._.· 

:.dded to Eqs. (HI-4-1). 
(III-4-2) 

vhcre M"' is the moment of incrlht of lhc ma~~'> with rcspect to the y axis. 
, he follo\\ !ll;; for<'C'> ::¡re acting, on l!w founJ.Llwn ut time t: 
l. WPight IV of founc.btiou aml m:u hlllc. A projcdion of the force W 

,n tbe x axi:-. cr¡uaL-. zcro, that. on t he z a xi:; ec¡u;,b 

Zt = -W 

2. Soil rf':.tdlf•n (·an~cd by ~eltlcml'nt n[ ll•C' fuli!ld,t!.ion Lcrldcr the action 
f \\"C'Í¡!;ht ,\ ¡li"'JJ"dton oi tlu-, force on tlw x uxío., abo cqu.tl:> zcro; 
:lC projec:tion of thi-, f,¡rcc ou tl1c.! :1\:'- c(;u.t~:-. 

b"-'n; Cw ::: coel!idcat of cla~tíc uniform (:,m-.prcssion·of soil 
.4 = arca of foundatwn in conL"let •.dth soil 
zo~ = .-1,:-,tie f>dllcmcnt t"tl!'t ,¡ Ly adiou ('l \\cig,ht of foundatio:1 

... ',t -n~u·¡,iu~~ 

o 
10? 

The soil reaction is upplicd to the C<'llt:·oul of t!t<~ c:f•llLll.l. :trca of found:;,
tion and soil. It produces a momcut \\ ith rc::;pcct to the y axis: 

M,= WL~' 

where L is the distnnce from the center of gr~wity of the mass to the 
foundation base. 

If nt n givcn instant of time t, llte founcbtion ha<> n. disp!J.rcment z 
• ' l. _;,niewsur~l+ f.rom-tl'le .e<!{llilii:Íriurn po~ition, lthrn the-!:i(}jj re'action i"ndticed by 

this displuccm<'nt is 
Z3 = c .. Az 

3~ 'Ilo~i~ontúl 're~cÚon -of- e !a& tic ~~::.ista~~~ ¿( -~óá.' It.'> ~rojeetion :~n 
the x axis is 

where Cr = roeffiricnt of pJa,tiC' uniform .'hC'ar of ,o!l 
x0 displaecment ccutro1d of eout:wt are:L of fo¡¡¡¡rJation 

Xo =X- L.p 

where x is horizontal displ::wcmcnt of thc common cenlcr of gravity of 
foundation and ma1·hin<'. 

Substituting this ,,.aluc of J"u into tbc cxpn• ... sion for X1, 11c obbm 

The moment of this force with rc::.pcet to the y axis is 

4. Reactive resistuncc of >-.oil imlu('cd IJy rotat.ion of founfbtion ba;;P. 
arca. In ot·dcr to compute the mom('nt rau,:ed hy thi'> resistallcc, lct ll'> 

single out an infinilcly smn.ll c!erw·nt d.\ uf lhc fottndation area in con
tact with ~oil. The rcaction di: of ;.oil ou this clcmcut Í!':> 

dR = eJ.; d.\ 

wherc e, = cocfliciPnt of cb~tif' rwnt1uifor m ('ompre;;:-.ion of ;.oil 
l = distancc bctwe0ct an·a !'!!'mcnl d:t ami a:-.¡s of rot,liton 

The mom('llt. of Ibis dcnwutary n'a<'tion 11 ith rc-;pcl t to tllc !J .uis is 

By íntegru.ting m·cr thf' whok icmnd:.:tio:l arc·:, 11• 1 '>Zlí.lct. \\Ítl: :soil. \\C 

obtain the total reactive r:wmenL of ~oil dcn·lnpcu \\hcn the foundat10n 
base contact aren turns an n.nglc ,.~. Tlus mom<'nt is 
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to ~he a:-..is passing through thc ccntroiu of this arca, perpendicular to the 
plane of vibrations. 

To thesc four forccs thc:·c should be addcd thc projections P x(t) and 
P.(t) of thc externa! exciting force P(t) on thc coordinn.tc axcs and thc 
momcnt M(t). 

Substituting into Eqs. (III--±-1) and (III-4-:!) thc establl'ihcd valucs of 
the projections of forccs on the x and z :1xcs, as \\Cll as the valucs of 

_ m?me~ts _ w~th respe~t }~ t~lC y a~is, we ob~aVt1 g.f~er, so,rn~_clcmcn tury 
tninsfórm-ation-., a system of thrce díffcrentiJ.l cquations of forccd vJbra
tions of a foundation: 

. mz + c .. A-z =o P,(t) 
mx + c,Ax- c,:iLcp = Pz(t) 

Mrncp- c,.1Lx + (c,I- IVL + c,AV)cp = M(t) 

(III--±-3) 

(III-4-4) 

X. P. P:.wl!uk 3 ~ was thc first to giv:e tltc~e equations of foundation 
Yib:-ation 

f:qttatwn=- (III--t--1) an· inl<·rtkpcndt•nt 1>1'( .. tt,(' c,u lt of thcm indudcs 
x and .;. Equ::üion (III--1:-:3) m no \Lty d<'pclld" uport Ec¡s (III--~--1) 

Heme it fullo\\s that H'l'tl( .ti \"li•r~d 1011"' ol founJ,ttion O<'cur l!l.!c
prndcn tly of v1bra t ions :h"OI'J:t t cd '' 1 t h t lw r) lll(~l t \\-o eoordmatc-;. If a 
founcl.tion ¡., at·tccl upon by <''-1 irin~ I<J.1d~ h.tv¡¡•:-; no vctucal compOII('Ill", 

thcn no \-eltit·~d \ !lll·,ttious of thc iound:tt 1011 ,\ndnp In this <'<l'C thc 
f0undcriiuu will unclcrgo rot.ttinn arou1úl thl' -!/ :L\.1:-J :1i1d hori7:otltal dis- · 
placemcnt in thc direction of tite x a.:-..1::> [[a foundation l::>~ll;tcd upon by 
an exciting load ptoducing only ;1. vet tic:dly <Tutcred force, then the 
foundat-io-rnnn undcrgo onty vertical vibt\ifioi!;~---

In thc same way, if thc equilibtium of a fottndationtÜ· a certain inst:cnt 
of time is Ji.,turbecl only by a wrtic:t! displ.tn•m('Jtt of its centcr of gr:wity, 
or if at this momcnt thc fou1Hhtion i~ ¡;ivcn a \'ClocJt.y in tite vertical 
dircction, thcn thr: founchtion \\ ill lltHkt¡.;o only vertical n:l.lural vibr:c
tions. If thc equilibrium of a founúatwn ¡-, di..,t mbcd by a Ji,pln.ecmcnt 
of its center of gt avity in thc horiwntal Jircdion or tf it Í:'> givcn a vclocity 
in thc horizoma! direction, then 110 ver! ic:d vilH a t ;on~ :1ppear. In thi~ 
case thc foundation motion \lill be cltar:11 !Pttzcd by changrs in two 
coordtnate~: x and '>'· The same coordin,tks <"har:tdcrizc thc founJation 
motion if it'i cqutiibrium i:- di:-!mbccl by ch.ttlt!;t'" 111 cither x or ¡p. 

Thc fad. that \"Crtical Yibrations nf follrtd:ll ion" :trc inclepcndcnt.of 
Yibr:dirm, in tltc dircctions .r and <; gt\'<'" u" a l'll.tlu'r to cousidcr each 
type nf \·ibratwn ~cparatcly. An im-r:'>tig;:dion of Hrt.teal vibrations has 
alrcady bccn mude m Art. III-1. Thereforc it rcmains to invcstigatc 
vibra tion'i corrcsponding; to thc sys1 cm of Ec¡s. (III--1--1). 

b Free FihraLion~ If thc cr¡uiliLatum of a !oundation is d!stw::wd by 
st..!,,ectin~ it :;.L Ütf' u,itial in;;unt ,)f time LO ccr tuin clL.1ll6l'~ in ',he 

o 

" ' ¡ 

o 
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coordina tes x ancl cp and the vrlor·ilic--, .i; and <P, litf'n dunn~ the tirr.c .,, l~tch 
follows the found:ction mll be ~uhjcdcd to cla~tic soil reactions and 
inertial forces and will undcrgo free vibrations. Thc equations of thesc 

vibrations are as follows: 
mx + c,Ax - c,:tL~? = O 

M mfP- c,ALx + (c,l - WL + c,AUho = O 

Partioubr soltüions .of thcsc cr¡uations may hr· wt-i'ltcn !n th~ form 

x = Aa sin (f,.t + a) 

where A a, Ba, ando:- are arbitr~try eon"tant'i 
Sub::;t!tutmg; thc:,e solulion::, into (III-~--.) :llld reuuciug all tcrms by 

el!minating ::,Ín (J,.t +o:), we obtatn t110 honw:-;('neous eyu:ttlons: 

(c,A- 111j"~).\"- c .. tLRa =O 
-r,,\L•la + (cJ- WL + C,.1U- .1/mfn~)IJa =O 

(IIl-.J:-G) 

The con~t.wt" :la, R .. , and f .. "hould -.~! ¡,fy tl1'''P cq.uattn'l" tf :.lw p.u
tieular snluti<ltl:-. :u e to :-:a(¡,fy thc sy.-,tc•m of dl!!Ncrdia[ equ.ttl<Ht" c.f free 

vibrat ion-. ol t ltP found:t f ton 
Sy:-JC'nt (Ill-·l-ü) doc,; noL ¡wrrmt thf' rl· U'!itllll:dton of ,-,el,:,, nf al! 

thrcc ¡·on;-,t:lut,; .la, Ba,.:1ndf" In otdt·r· [,¡do :lll-. t! i'i w•cP--.t:} to know 
thc init.i::tl COllditiou:;, of (J:t: iound:ll llJll [ ÍO\\ C\ l'l, li WC l'Oll;-,iJ¡_·r tb:lt lll 
Eqs (III--1-lj) only A a and Un (that ¡.,, ollly thc amplitutlcs of \-ibratwns) 
are unknown, then we obt::-in from lhe [iro;;t Pquation 

Aa = _0__..-lf, - n .. 
c,A - mj,. 1 

Substituting this expression for Aa into thc sccond equation, "·e obtain 

If Ro docs not c·qual zero, tiwn, in ordcr to c::tu.,fy the :1bovc 0quation, 
it is nrrc,-,ary to a:-,.,ltmc t ktt t!H' factor in hrad-:cts er¡uals zc10. Then 

wc obtatn the frcquenry cquatton 

JI mf,. 2 )(c,A - mf"'~) = O 
(Ili--±-7) 

This equation contains only one unknown con,.,tant fn, thi: natural fte

quency of vibrations of thc foundation. 
Lct us transform Eq. (lii-4-7) by opcning brackets and grouping 

mprni,N" r·ont.lining the qmc powers off" Ther. wc obtain a scco:1J-

o 
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----<-\:ftcr di\·iding .11! mcmbcrs of thc new eflu:J.tion by rnJ.l! ,., it ma.y be 
rewritten as follows: 

¡,.• _ (c,l- WL + c,A Vm + Jf,)¡,.2 +c.,!- WL c,A =O 
.:.1/,. m •11,. "ll,. rn 

Lct us denote by M mo thc momcnt of I!ICI tia of thc total vibrating mass 
_ (the foundation and machinc) with rP:,pcct to t.hc axi~ J)USSlJ10' throucrh. ~he 

'Célll'roid M 11H' b:isc 'cÓIÍt:let arca' unJ p'erpcwlicu!ar to \he' pl'ln~-of'~iora: 
tions; this momcnt equals 

Let 

where 1 > "Y > O. 

JI mO = M:,.-+ mb'l- < 

¡l/"' 
--=-y 
.~/ mO 

Suh:-titut.ing J["' -yJ/ mO iutü thc CítUation for frcc¡ucncics, wc rewrite 
itas follo'' s: 

¡,. 4 _ (c .. ,l -=-_TVL + c,.1) J .. ~+~.¿--~. WL ~.::!_=O 
JI .,,o ''' "Y -y.lJ mo m 

But accordmg to (Ifi-~-G) und ([[ [-:_;-:~) thc cxp:e:,swn.5 

c.J - JI"{, ... 
·JI = ),."'· 

... ~~9 
ancl 

repre;;cnt limiting frcqucnt:ics of the foumlatwn whcn thc rc;;istance of soil 
to ~hcar is VCI y Lrge in compan-..or1 to ib rc-,istancr Lo rotat.ional vibra-

-tiGxis-ór'vicc'vc·r:::.t. · · ----· ·-- --- · - · · · . -- --

Csing thel"c two cxprcssions wc obtain thc final cquation of frequcndes 
in thc following: form: 

r ·+f2 ('f2 ·'(j 2) -J.¡ n:~"'· '•x ,... '1 1 ,.~,,.,- nL - O 
'-" " - n - ------ J n T --- -

-y 'Y 
(III--t-8) 

Th:s cr¡uation will han· tr.u pcNlin· woh (,. 1 ancl {,. 2 r·orn:=-pouding to 
thc two princ·1pal natmal f¡cqllPliC'ÍC;-, of thc f(lctnrta(ÍoJt 

It r:an be pro\·cd that thc n:Ltw:d ~~--·rpwnc·H·-.. wln('h arv rlw mots 0f 
Eq (1 II-1-S) ha\'e the foll011 IIIJ.!; !!tl('t l'('l:tLtc>¡¡,h[p \1 i!J1 lile llmit11tg fre

quen<:tC'i f,,~ :wd f,.,: thr> ~malkr of thr· tll'<l !tatut.d flf'<¡tif'ni Íc:'i (for 
C'\.111lf'Íí', f,.~) i . .., ': uller th.Lll lh,• -.rn •!Ir ,¡ of l.iw 1.110 hml(tn:.; lt•:c¡ttct~llé's; 
thf' l:trt;"r n.tlttr:tl frr:t¡W'IIf y; ... d\ .. :.1'' ¡_,, ''' 1 tl1:l1, f.,,. :wd fnr 

Itt thr~ ('a,c• t.rtdcr UJ!l·-a!I·I.IIÍ[)ll, Prl"lltng :t fnund.ttron wtlh two 
dl'gt('r·~ of frceJum, S[ll'c·if1c fnr P'" 2i vll1t .tttnll-, <:OI tc:,pond to Lhc fn·
qucnrics f,. 1 and j. 2 cf thc fotlltd:tti•ln; tllf'H' "dJr.lt.rCins are ('h.tr,H:tcrit.cd 
by n. I"Crtaín intcrrPbtion<..hip lwL\\('( n thc· .tnqllttttdC':-, .-t., and R, whieh 
dc;::¡cnr!~ on th•· [o,~:~r:.,tíon :-i'l' :tad t,\¡·.· ~rn! pro:1,'".ic-s, bt1~ .loe,; not 
d ·~;· rd r)¡¡ tb..: :~,:L ... ! ,_.,;,dil-.r,_¡~ 0f luun,hltull ¡;-,r,~IOll. 

o 
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Let us deícrminc from thc fi.rst C11u:.ltion of ~y~tcm (III-4-G) thc ra~10 

A../ B .. : 

(III-4-9) 

If thc foundation vibra tes at thc lower frcqucncy /n 2, thcn, according to 

the _ab_oyc_ s~at~men~, _ ___ ___ _ _ __ _ _____ __ _______ _ ____ _ _ ---------~~ 

and p also is larger than zcro; conscqucntly, thc amplitudes Aa and BQ 
havc thc_ sam.e ~ign, It. mcans that during vibrat. m at frcquency 
f,. 2, when the ccntcr of gravity deviatcs from the cquihbrium position, 

(b) 

Fw. III-12. Two types of founJunon vtl>ruttous \duch corrc,pond tu Er¡ (!H-4-9). 

-· for cxamplc, in tite pos.i.tin~ dircc-tion of t.hc .e a.-...i:-., thc rouJ.tion of the 
founrhtion wdl be also po"itt\'P, aud ch~ut:.!;C"i of amplitudr,.: .la anJ !J,, v·ll! 
be in phasc. Thc form of vibra! ion'-' in tl:!, r·.t,c \\ ill ÍJe analogot:-. to that 

1." 
~hown in Fig. III-12a; Le., thc fnund:ttion \\ ill umkr:.;o rockin:,!: \·ihrations 
with rcspcct tn a point ~itwtrrd at ~• dist.aucc p 2 fro:n t he !'Cntr'l' of J,!;l'a vity 
of thP foundation. Thc valuc o[ p2 i.;; ddc·nnincd by t.he :d··olutt· \'alttP of 
expr0~sion (III--~-0) if f,. 2 i.-; ~uh..;titutcd for f,. IIowevcr, if a foundat10n 
v1lmttc~ at thc highcr frcr¡rwney f,.t, thcn, sit.cP fnx 2 - f,. 1

2 < O, p \\ ill he 
nc~:ttiw, and ;la and fla \\ ill be 180° nut of pha:oc Figure IH-1 :2{, Il!u:;
tl~lh'ti thP form of vibr;¡,\.ior::< ('Orrcc-ponclin~ to this r::"c. If,'JG rhe 
founc!.ttion vibr,Jtes around ~\ p(¡int. whidt !tes hi;c;her than thc c,':¡ter of 
;,;ra\·ify ancl 'lt a distance p 1 determincd from exprr~_,ion (III--1-'j) ii fn1 is 
sub-.titutcd for f. 

Thcre ¡s u :-,trnpk relat!')n"htr brt\\ cPn pz antl Pt: 

whcrc 

PIPl = i~ 

·t M,. '=rn 

. - ' . ~·_: ~i .. 1.~-: J: ~ ~...!~.(:._4, ,t.:l 
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If thc m a in climcn~ions of a foun~btion \\ hidt d('tcrminc its mass, base 
arca, and momcnts of itlcl tia are ::clcl tcd, thcn thc limiting n:1tur:1l frc
qucncics J., and fnz will dcpcnJ only on t!H~ cocfTicicnts of elastic non
uniform comprcssion and :;;hcar c., ami e, of lhe soil. 

OftE'n the exact vJ.Iuc'.;; of the~e cocfTic:ient:-; are not known and only the 
range of thc most p10bablc valucs of c., and e, may be assumcd. Then 
the comput:l.tion of thc natural frcqucnc:ics f.t andf. 2 should he pcrformed 

:-~for the \\·Íwlc r:mgc of valUP$ of thc;-,c eoelllr'H'HI.-,.' · . - . 

The natural frc(],ucncic'> f,.¡ and fn! of thc founJat10n are dctermincd as 
the root:> of Eq. (III-1-8): 

- - -
f,.u2 = <>1 [J.,z + J.~2 ± y'(J./ .... t-.}:;2r - -hf.,2fnz2] 

-'Y 

If it is nccP:3"ary to compute a wngc of po-..-.ible values of frcqucncics 
corresponcling; to tlw mo-.r p:oL:tl>lc vo.llll':-. of r b-,tic col'fÍlcLCnts of thc ::,oil, 
then it is mote conv0nicut to tran~form thc Ltter e'l.prrs-,ion as follows; 

fn 1 2
2 1 [ _ ¡ ( ) ·, ] 

{31,2 = -1-~ = -;¡- 1 + ¡.¡. ± v 1 + ¡.¡. - - ·h¡.¡. 
n.; -'Y 

whcre ¡;. is the ratio of thc ::,qu.m:s of th(• llmiting natural fre4uencws: 

fn} 
J.l. = --.; 

fn.p" 

If the dimen,ions of a founclation ate ~clr·('tcd, then thc v::tluc; {3 dcpends 
only on the ussumecl vulucs of the C'ncrrt(icnh of Pb,..tiL· compre::.sion nnd 
shear. Aftcr thc ;,clcction of a rangc oCvalu¡•;.; for t.hcsc coefiicicnts, it is 
ea.;;y to c:aleubtc al! pos-;iLlc valttc::. of frcqm'nc·y. 

Figure.., III-l:{a a.nd u ptC,C'nt gt ~tph:-. of t3u as funetion::> of ¡.¡.. Thc 
valucs of í3 1 ami {3 2 are p!ottrd :tlon!.!; thc y a...:1.~, tlw valuPs of ¡.¡. aiong thc 
x a-..:is. Cun·cs are plntlr·u fnr Jilfc·rr•tlt values of 'Y, frnm 'Y = 0.4 (high 
fouudalion,) up to 'Y = O 0 (low found:ttiott-i). 

\\"ith thc<>c graph-; Jt i~ c:t'i,Y to ddcrminc a po',:-.tble 
1 in fn 1 and f,. 2, u<,in~ a gtven rangc 0f v.duc:-. of c., ande,. 

are dctcrmin1'd frum thc fOl mula 

Jn1.22 = fn,/(3¡ 2 

rn.ngc of changcs 
Thc frcqucncies 

Sinr·e thc v:tltH'" of J..~~ <11-¡H'nd not only on /'lu. hut abo on !""' 111 ordcr 
to clt:tc:rminc the smallt--.t .Lnd thc brg; ~L v.dttc <rf f,.r ancl j .. 2, tt i::. llf'r·cs
!::>:lly to cornpttk thc mtmmum :u1d m~ntmutn valLH'S of thc rig,hL-hanJ part 
of thc ahovc cxpres:-.ion. 

c. Forccd Vthra~irms H.cturning to Eqs (TII--1-1), üc~r:1 ibiug krcccl 
' vibration'> of iuumbt:')•,-., lct ll'> ron:,i~kr éc'p u.ttt·ly :-cvcral p.:.rticubr 
' ..:ases of thr; :H:::.J::. of ,_. :t.iu~ !u..tJs. 

o 
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Assumc that a horizontal force of rna¡;mturk P -,in wl i~ ::.ppiicd at the 
centcr of gravity of thc founrlation a:u.l mar·ltine. Thi" ca:-c is of thc 
greatest intcrest in cngincering praeticc. E e¡ uations (III-4-1) (forced 
vibrations of a foundation accompanied by changr~s with time in thc 

10.0f-:---l---+----+~ 

PI 

20 30 4 o 

la) 

r=05. 
r=06 
r=07 

'r=08 
-v=09 

-·-1' 

1 

50 

1.oo..---,------,,----. Fe 9 -~ -i' = 08 

o 40 

o..._ _ __,_ 
o 1.0 2.0 

ll = f,~;f2 
r , JL" 

(b) 

40 

,=07 
y~0.6 

5.0 

Fto. III-13 ViLrHttton of thc cocfTirt<•nl~ ¡3, :tnd ~' (\dll< ]¡ ~'"'.' :n :he t\\O mnin nntural 
frcqucrH'IC'~f., :1.nrlj., uf thc fountlaLHlH '-110\\llm hl!: 111-l~J ''llh thl' 1.1t10 ¡;. of 
n:1.tur:;l honznntal HIHI roebn¡.!; fn·quenr-H·~ unrl !he rnltu.., of lllt,n.l'nls of IIH: ¡ :.1 "hwl. 
invcrscly rcllccl9 th•~ heq;ht of a found:ttlon. 

angle of rotation <P and thc hon7ontal componcnl x of thc r.oordinatcs of 
the centcr of gmvity) will be rcwrittcn as follows: 

o 
mx + cTAx - e, A L.; = PT sin wl 

M .... <;- c, .. lL: + (c,.T- WL + c,..tu·,., =O (III-·1-10) 

o 
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Wc sbll ;,ech. particular solutiohs of this ~y;,ll'r-n, corrcsponJing only to 
the forccd vibr:J.tions of a founuation, in thc form 

z = A.,sihwt 
<P = A., sin wt 

Substituting thcse f'Xprcs~ions for x unJ ¡pinto Er¡s. (III-1-10), we find 
thn.t sclcctcd particular solutions \\ ill ::atisfy this systcm if the coeffi.cicnts 

-----A_ .. and A.., ~r~ t9 be thc, roots of thc, ff:lllon,ing syl:ltcm of· cqu{lti<3ns: ' 1 • 

(c,A - mw2)A .. - c..'1L.4., = PT 
-c,A.LA .. + (~.,! -_ W L + c~~:Aft.~ ~.J( ,.c.J2)A,..,, ==r .Q .. ,. . h.-, 

Solving this system, we find thc following exprcssions for the amplitudes 
of forccd vibrations: 

4 = c'~'l- lVL + c,AL2- M.,w2 P 
• " .ó.(w2) r 

A = ::~1_!:_ Pr 
~ .1.(w2) 

(III-4-11) 

whcre 

If vibmtio!1" are t:au.scd tJy un (·Xlitrug monwnt J!., the cquations of 
forced Yibrution::, of thc foundaLio11 \\ il! be 

mx + c,Az - c~AL¡p = O 
M m'P - c,.ALx + (c.,I - W L + c,.:1L2)¡p = M, sin wt 

For the amplitudes of forccd vibralions \\"C obtain 

A c,Al, 'f 
., = A(w2) il • 

A., = c,:lt:.(d?~~ M, 
(III-4-12) 

Changcs in thc frcqurncy of cxtitin¡; forcrs lcad to changf's in the 
amplitudes of \·ibra tio11;;;, <:'.en 11 lwn ma~~m t udf's of c.\ci tmg; forccs rcmain 
the same. Thc phcnO!]I(.'llOI! of I'C!>Otl:ll!t:C IS ob--cn·..;d \\!ten onc of the 
natural freqtrcncrc-s r:oinr idr.-. 1\ irlt llw frcqucncy of C\:l'Itrn~ forccs. 
Sincc in the ca-,e ll!lll('r cowsidc-ratiun th(• foundatíon ha:> f.\1 o nutur·d 
frr:quc:n~ir -,, ti'. O rcsouarrr:l''> :trc po~,iL!(' \1 hcn amp!1tucks g.ro11 r;¡pidly. 
ri~tlfl.: I l f-1 l J!lu:--tr ·,[t·-, thc gl'ncral d,,u:u·t.cr uf r¡·,..onatHT curn's for 
t!Jc forc.c.J ntJrutwn·, oi iGUfld,llhn-, lllllil·r discu::~-ion; hcrc an cxpcri
mf'nt<ll rcsonancc: curve is ¡:iottt:cl l n Lhr• h:1:oi:::: of d:l.tJ. cbtnwcJ by r,he 
.author during invc&tig'J.tions of a test fouuclation with n -1-m 2 base arca 
in contact \vith soil. 

To <:!\'cry frcc¡uc:ncy of f0rcrd vl~Jr:1tions of :1 found::t!ion thr:rc co:-rc
sponcl-= a. p~t:t .. cl:!· .. :-- crrn oí' viln .. t l1Jl~'J '.\l11c~1 i..., c~t t: .. :v:tcn:~. ... J hy tlv· 
n,:J.guit.uúc .. ! :"lL~!I ,.,· thc radi"'' r<t<li p cu·wcc::ng the r:c:,t:·r of 

-----------

;1 

i ,, 

gravity oi lhe foundation anJ 
which thc foumlation rotatcs. 
mined from thc cquatiou 

th1~ point O (F:;; III-1:2a ami IJ), arottnd 

TIH· mugllltlH..lc aruJ 1-Ígll of p are ueter-

-- A, 
p = -A;. 

<III-4-t :n 

The charact<'r of thc cxciting load~ 
Icausi-ng forGr!d \:ihrat.ioi~s of a foundu

tion also has un dTcct on the drpcnd
ence of the form of vibnttions upou 
changes in the frequcncy of thc- cxcit
ing force. 

lf a foundution 1~ ¡.,uhjretcd only to 
the action of tlw c·-.:cit.in¡z; motMnt M,, 
thcn according lo (IIÍ--1-12), 

(Ilr-1-H) 
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\Vhcn w is :-mal! in romp:tn~o11 11 •lh 

f .. r. p dors 11ot diffcr much from [.,, 
Ft< .. lll-!·1 (;l'll• 1.d 'li tr.lf'lt'rt'i r· ·<l

i.e., at. lrm c:-.r·itin~ flcr¡trc•rH·ic-.., the 
u ll:llli'l' < ur\l';-, lorn·-..pt~IJdJn!! t,) J .q 

foundation 11 ill ,-il>r~Lte 11 itlt rc·-p¡·c·L to (ti 1--l-1:!). 

thc n -.:b pa:-::-rng through thc ccnt¡~r of 
gravit.y o[ thc ba<;P contact n.reu, pcr¡)('Jl(!Icubr lo tllf' pl:.tnc of nlnations 
With art inerca~c in cxc(ting frf'r¡ucney, thr· J!'nomiilafor of.(f[[-1-l-1) 11lll 

1' 
dr·r-rr-aH' rapiuly and p •1 itl ~row, 
i ('., tll<' fnundation ,-ihr.tt!Uill- \lill 
be acrompanil'J not only IJy c·}¡angf'.s 
in p, lmt :d~o hy dJ:t!l:;<·:-- i11 .r,.; rn 
othf'r 1101d-... t\11· found:ttiun cur.taet 
:tt!'a 11 !11 1111drr¡::o :--lldlllg'. !f 
w = J,or, thi'IJ p 1rill he i!l!!l'Íill:ll'ly 
lar é;C I 11 1 hi-, ('[l'iC the folllldat IUII 

\1111 und<t~o only \rlJJ.lc!ol~' uf 
-..lll':u ( ... l,dttl~) \1 ith a Cl'' t.lllt .dl'

plltuclf' \\ ¡rJ¡ a fttJtl:l·t tlt< 1('.1·<~ 

in tlw r\cit 111g- frrr¡tr~"'ll<'Y· o' lt:, :~r ,.:; 
Fw. III-1,3 Ct:nt'rat ckJr.tc:trr ui ,·l<.t•:gcs JI'- c-Jgll, 11 ¡[\¡ .l!l !11\'lf'.l't' ¡¡ 1 c.:. p ,. :J-
in thc ra.dtus vcctoA o ,,, Hh tl1c frcqucuc-;.. t. , ¡ , 

lllll0ti.S1,Y L..__'t_~'LC!..~t'"'- 1 :~ppiOaClUU~ 

of v1bmt 1ons "'· zcro as w bccomcs iufi¡¡¡tcly l:lr;;e . 
This mcans thut at cxéiting frcqucncirs éolt"-iclcr.':tuiY brgcr th::lti thc 
limiting frcc¡u~n~y f,z, a founrbtion 11:'l p:·:•, ;pally lw·kr~o roi:tt:·.·; 
arounu thc ::C\.h r·-'-<;i:.:; r.i;rnu::;h 1[~ ,;e::~' r (J: ,;l :tvicy. l ::;u re :~!-.) 

illustr:Jti'S t:·:c ;;··:: ... ra! r;h";act<:r of (;. __ ;··::'e r:, p, i •·¡.c:t¿in6 <l:< w 
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Figure 1 II-lfl g:1vc~ po~ition of the r:1.llll \ •:1 tical axis versus ircqurnry 
w, pl0ttcJ fur :L :c"t founJation and l'OIII(l~tlcu from Ec¡. (Ill-l-ll) on the 
ba-;is of an cxpl'nmcntal valuc off., ami .t selcdcJ valuc uf w Circlcs 
plottcd on thc same figure iohow amplitudes of thc horizonLtl component 
of vibmtions corrc;,ponding to so me magni tudcs of exci ting; freq ucncy. 
These amplitudes \\ere mcasurcd at variot:s founclation hci~hts. The 
expcrim<'ntal points ag;rec wcll \vith valucs c;,tab\i-,ltcd on thc bnsis of the 
forcgoing thcory. _ _ 

- - -.~d .. J:.h-e;:, Effi'c.L o_n,-lhe. NatU.r:al. Frequencics Y![ liJcccnü ic Di,:<;[:riJnction- of the- · 1. 

Foundation and M achine .lfass. An ececntric di>-tribution of th~ machine 

L 
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"' 
Fw. Ill-1()-•\"anatinns in thc po,ition of tlH• tll:lln \'•·rtlUtl axts (F1g; III-12) with 
change~ 111 1 he frcquency w. 

mass may o~cur whcr. a machine ancl a gPnC'rator or a motor are couplcd 
on thc same ;,haft. Somcttmcs an P\'centri<'iLy in thc muss distributwn 
is cau~cd by a~ymmctry of tlw fmmdation n·>-tlltiu¡.; from \'arious cavitíc<o, 
channcb, etc. Thc :t'-ymmcLry can ofkn b<.! elimin[tted by moving thc 
centroid of thc íourHbtion arca in c;ont.tel. wilh thP soil. Sometimos this 
cannot be done; thcn foundation vi bralion;, :-.hould he (Qmpntcd with 
thc ac;ymmd ríe dist rilmt ir m of m a;.,..; takcn iuto aecoun t. 

Lct us con'3idcr thc ~impk..,t ca-.P of a:-;ymmdry of foundation m::tss, 
that in which the ccnter uf gravity of thc• fouiHbtion antl m[tchinc mass 
and thc rc•11 t ro id of t he· fo11 ndat ion <'011 t :te t :m·a !ir in onc of thc m:tin 
foundatíon planes, but not on thc· samc vcrtic:tl lwc. \Ve shalluwcstigatc 
foundation v1brations m thc main pbnc, in whích both the ccnlcrs of 
gravity líe. 

Thc fo,mdation motion is ngain dctcrmincd by thrcc paramctcrs: the 
projectio:~s x and z ')[ thc d1sp!:-:.cc·mcm of tltC' found:üion c;:nter of 

o o 

1 ,~ 

gr:1.víty •>n tlw eorrP>-pol.d:··;:: "•rdinatc· ~~·-•" :llld l'l~lc.,:: of rotation of 
thc founJatiou around thc '! :t ,'-, p:t-,tt:;.; throu;;lt the ccntcr of g1..1\ll~ 
a.nd pcrpcnJicul:.tr to thc planr: 'Jf \ liJI·atiOtl" 

Lct us as:>umc that foundation mvlíon ha::. bt·cn causcd by an initial 
di::.turbancc (for cxamplc, an impa¡·t) and examine thc force"> acting on 
thc foundation during its motion. Thcn IH' ~h:dl set up tlw difTcrí'ntial 
equations for this motion taking into con..,idcratiort tite >-oil rcadions 
produccd by foundation Ji;,plac:emc·n ts __ ottly _ 

As -bPfore; we rnatch -thc origin of the coord'i1tate >-p,tem u..,e¡l for thc 
study of thc foundation \\Íth thc ccntcr of gravity, \\hcu thc foundation 
is at rcst . 

Wc -assutnc that at a certain' ih::.tant of tirñP, the projcctions of thc 
displacemcnt of thc ccnter of gravity of thc foundation 11 1li cqual .L and 
z, and the projcction of thc 1 o tal ion \'Pdor on thc: y axis 11 ¡]l PCJ u al ¡p. 

'vVe mcasur~ thcsc v.:tlucs from thc: cqui!ilHittm po-.ition of thc founJ:LttOll 
wh0n it is subjcc;tccl to thc actiou of 'll'l!!ht and to ,..LJ.tic ~oti rP:Lc'tlons. 

Thc horizontal dispbccrneu t of t he c·¡·n t1 o id <Jf t he founcla uon :11 ra in 
contad 11ith s01l cquab 

Xo = X - [,._, 

whrrc L, as befare, is a di~tarteP hdl\cc·n thr ccntN of g;1:.t1 1ty r,f thc: 
founclation and thc founcl:.tLinn ll.H·, hcncc, the ::.oil rcadro1t cau:-í•d by 
horizontal tli:-plaecment of the e,;nlioid o! the eont:H·L ar0a ,·r 1tt.th 

Rr = -c.A (.e - L.¡;) 

The vertical componcnt of thc clisplacrnwnt of thC' cC'mroid of the 
contact arca cquals 

Zo = Z - E<;J 

wherc E is the ccccntricity of tlw foundatHlll anJ !ll:.tchinP m .. ,~ 
Thc soil rC'aetion ea u sed by tbi"i (hsplarcnwnt of t he <'PHtl'l>lll i::. 

R, = -ct (z - E<;) 

Let us compute thP motnc·nt.., of all fon·p:-, \IJth Il'"PCCt to the y a-..:i3 
Thc momc~n t of t hP forcP of gr a \"Í t y t•q 11ab 7.<'l'O. 

·Thc momcnl of lh<' ~oll rc.tction C':t\l;,l'd hy thc :-,tatic action of wci2,ht 
equals 

.l/¡ = 11"! • .,., 

whcrc W is thc total 1\ri~ht of tlll' fr>ulld:iiion and maelunc. 
The horizontal componcnt uf thc ..,oil rcal'tion produces the moment 

M2 = c.A(x- L~,.o)L 

The momcnt duc to the vertical componcnt. of the soil reaction is 

M3 = c,.;l(z- t¡p)t 

o 
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Thc rracttn• mor•1cnt produecd hy suil ÚUP to rot:Ltion of thc found~~tion 
by thc aug!c .~ cq u.1b 

M.= -c.,IIí' 

where l is the momcnt of incrtia of the foundation contact area with 
respcct to thc axis pa~:,ing through it:, ecutruid, pPrpcndicular to the plane 
of \·ibrations. 
. __ ?u~stitunng thc abovc rxpre~:-oions for forcC's and momPnts inJo Eq~,
{UI.:-!-J} and .(III--l-Z), wc-obtain -thc-foHO'td1lg diffát:ritfah~quations ror· 
thc ecccntric distrilmtion of masscs now undcr considcratiun: 

~::z; ~ c.~J,c -:-;- C.,I~L¡o = 0 
mz + c.Az - c •. 1e¡o = O 

.lfm<P- c,:\Lx +(e,,[- W/, + c.AE2 +e,.\ U).;- c,AEZ =O 
(III-'1-1.'>) 

I:quatir11r~ ([11-l-l.",) ~hm1 that---unlrkt• tite pr<'l"lOll'-' ca:-<', in 11·hich the 
cf'ntPr of irH 1 ti.L of lll:L''- a11d thr· ¡·pnlt'r of gra\ ity of thc foundation 
conttlr:t :t:r·:.t by on the ~artH' n lti1·al lrnc----hctc• tlw thrrc differPntial 
eqtration~ ot· mution .u·p it,LI'tn·Lu d Tltcrdot , ¡f at thc wittal momcnt 
a cbange took plac·c in on\y one p.H.tnll'l('l' HÜtPd tu thc motion, tlwu 
as a CO!I'if'l[llC'tlr r: thcrc \\ould L(' e h.tll),:.h m :tll tlllce p:tranwtf'fs dPLcr
minintr tlw jl(J-fllr•rt oi thc foulldatioll Thu~. it :d t}l(' Ílllt!.d in-,tant tht: 
frnrnJatio!l 1- "uh¡.'dcd tü ih<· ar tio11 uf a di~( ttd>:tnrc irtdt¡ciu~r OJlly a. 
hMizotttaf di-pl~lrciríe.nt-of it:s ccntcr of !'.r-:t\'Íty,-the~·itLwill r;~ovc not 
only iu thi~ direttion, hut abo in thc wrtieal dircction and \lill undcr"'o 

' t:> 

rotationa! \ ibrations :11 ouml thc y axi,. n" \1 el\. _ _ 
1f thc asymmctry in thc di"uibution of ·ma:o;-,c~ i:; vcry small (e:::::: O), 

thcn Er¡-, (IIr--1-l.i) at thi~ límit \·aluC' of f an' transformcrl into the 
systcms (HI-t-:3) anJ (III-1-l). . 

We sha!l proeccd as bcforc in o1dPr to oht:tin tlll' fiw¡ucncy cquation for 
the asymmctlir·al case umkr con~ideratiuu. 

First of all,lct us simplify tlw difieren tia! cquationh of motion by dcnoting 

Cr.l1 = ('z 

c,..-1 = e, 
c.,l- WL+ (c .. f!+c,U).t =e 

In:-crting thc:-oc 11otatron" into I:r 1 ~ ([11-l-1.-~), 110 obtain 

1t!.C + c,:r - CzL<P = o 
mz + c,z - c,f.p --== O 

i.V ,.p - CzLx + r·\, - c,a = O 
(III-4-16) 

\\ie w!ll thcn seek a patticubr soll.tion of Eqs. (III-4-16) in the forro 

:e = Aa sin J,.t <P = C., sin j,.t 

-- -~ --- ------ ------
-- -----------------
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Rubstituting thcsc <>olution'- i1~to Eqs (!! {-1-lG), wc obtain thrce 

bomogcncous equations: 
(c.,- mf,2)A., - c,LCa = O 

(cz - mj,.2)Ba - C,ECa = 0 
(e - M "J .. ~)Ca - c,L·1" - <.Efla = O 

(II I--1-17) 

The ronstants A., B., C., and f,. ~hould >=ati:-.fy th('~f' cqt::Ltions if our· 
.. --- selecl:<'fi:; partieulnr solutions· are :to -,ali~·.SY- tht: 'sY.:.ieril- cr 11--1-l G) of 

differentiul e<¡uations. Equations (III--!-17) arl' tirwarand homog;cncou<;. 
In arder for thcsc cquations to have :oolutiun:-- othcr ~han zcro for J., n., 

· Í -· ·'··· and- Ca;.thcir dcterminant should be icknlic:tf!y r~duéf'¿¡ tó z¡·ro: . 
(c.., - mf,.2)(c, - mf,. 2)(c - M m/ .. ~) - (e, - mf.,')c/f 2 

- (e,- mf,. 2)c~ 2U = O (Ill-1-18) 

If the cccPntric·ity in distlihution uf nH~.., c•qtl:tb zcro, thcn thi'> cquation 
of frcquencies is redtt<·Pd to thr C'c¡uation 

(c.- mf,. 2)[(cz- mj. 2)(c, - Jf..,j .. ~) - c, 2Uj =O 

Thus, whcn E - O, 

f 2 - f 2 - C: 
" - no~ --

111 

whcrc 

C.(/n 2) =(ex-- mf,/)(c,- Mn.fn 2)- r, 2U =o (lli-4-10) 

c1 = c'Pl - W L + c,.L2.1 

Equation_ (III-4-19) is iucntieal 1\ith Eq. (IIf-l-8) Dcnoling the 
natural frequcucirs of vibra tion:, of th0 foundn l ion 11 hic·h corres pon el to 
the limit.ing ca.:,c E = O by ]nt aml ],.2, and :lN·lltnÍng that ]nt > Jn2, wc 
may rewritc Eq (III--l-1\l) in the form 

On the bafis of lhc g;crwra\ dwractC'!i:--llc, of thc intcrrd:1twn-hips 
bebrc0n frcr¡ueneic:s of sy!:!tems 11 ith a ltmttPd number ot dl';:!:rccs o! 
freedom, wc muy .;tate that thc fol\o11 ing dcpcmll-ncl~ cxists bctm:cn the 
frequcnrit>S fnt, fn2 unJ fn3, cotresponcling to ~ ~O, anu thc lrt:qucncies 

Jn11 ]nz whcn E = O. 

fn3 <J.,~ < J,.¡ <}ni < f,.¡ 

We rewrite Eq. (lli-·l-18) 111 thc form 

(cz - mj,.')c,2 e2 

- (c.- mf,. 2)cz2Lz = O 

Dividing by m, wc obt:'in 
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from whicb. wc find 

where 1 = M,. 
m 

(III-4-21) 

The right-hand part of Eq. (III--!-:n) doc:, not dcpcncl on e. Lct us 
dra.w a graph of this mcmbcr, taking j,. 2 as nn Jndcpcndcut variable 
(Fig. III-17). This gráph ·will be forméd- by hi o\cparate curves with an 

asympt.otc eorrc~ponding to thc 
value fn 2 = fnz 2 • I3mnch A mcets 
'thc.ra'\i~at'¡)O\n(rn; = ]n 2

2.' l3ranch 
B cro~"c" thc :=-ame axis at point 
fn

2 = ]: 2 and point j¡.~ = fn~ 2 (Fig. 
III-17 !s plotlcd 011 thc asbumption 
thut f.,. > ].,¡) Straight linc C cor
rro::ponds to thc lcft nwmlwr of Eq. 
(III--!-21). Thr a!J:,(·is ... a,., ol point, 
at whil"h thc' c:urvc;, ero:,, thi, ~t.r:tl;.:_Lt 
linc givC' tht~ unknown rootsfnJ 2.fnJ\ 

F1<. Ill-17 t:raph t!I"~''" 1 , 11 :; Er¡. awl f.,,! of ELt (III--1-:.n) Thc 
( lll-1-21) gr:lph f'!,·arly t[¡,,,_..trntc.., thf' P!Tcd of 

er¡·cntnnhy. ~.1m the -n:ltu-r.d frc
qucnci<'s o( foundation viu~:ltion. It 1-; :-,pcn that in the rase of an 
eccentric di':ltribution of ma:-,s, thc two smaJJ,,r ftcqueneics fna and fn

2 
becomc somcw~at lowcr, \\hile thc largc::;t frcqucncy bccomcs highcr. 
If the ccccntnc:ity t is small, thc fre:qttCIH'll'~ fn 3, J .. ~, and fnt do not diffcr 
muC'h from],¡,],,z, und]nz, and at the hmil, whc•nt = O, thcy bccomccqual. 

For foundation<, h.wíng a a·lati1 ely :-:m.dl ccePul rieity, say ,) pcr c:cnt of 
. thc length of a sidc of thc foundution contad arc:1, ít,; effect may be 
neglcctcd and compdt:tlím:, rnay bP ba~cd 011 formulu:::. Jcrivcd for t =O. 

111-5. Experimental lnvestigations of Vibrations of Massive Foundations 

, a. Verzjicatzon oj thc 'l'hcrm; of r·utiml l'1lmrtions. Thc fir,t field 
,invcstigatir¡¡¡.., of vibra(J()Jh <•llottr"Jáli,,lt'> 1\Ctc• ¡wtfotnwd !,y llw author 
togcthcr \IJth .\. ~Iikitakhtli;' un:, ;.r,:'''h \\alc•t-"-~ltllral<'d :-,ilty elay \\Ílh 
:-,nmP ~and On thc 'JIP of liiH·-::~alt<;J:-, tite· ( i:Ly hada thiekitC'~, of 
4.5 m a'H! \<.a~ undf'l :a1d !"· :1 ~:.:,J Le d h.L\ Íll:.!; a i!Jil·kt.cs:, of about-! m. 

1 ' 

,Tiw ~:111d ll::-!' d on a l Lick !.~) ct cJf e !ay TlH: gruunJ-watcr leve! was 
20 to 30 cm lnghcr tl:~lll tl:c L.1~c cJ:· tnc tc~t foundations \\hich wcrc all 
pl:lccd in thc samc cxc:wation o.t a depth of nbout 2.5 m: For dynamic 
im ccti¿::ltirms thrcc 1.c:"L füdncbt¡c:.<o ···c·¡e cmploycd wii;h a.rc::ts i:1 cont:J.et 
'' .th soi! of :2 O, l.O, .llll_! ~ m 2 ::11d · .. 1 ,~!.:-. t:[J tr• .~() tr,rl~ 

!n aud!tivil (O dyn::< .. ' ·'- lll\'C:::.tÍ;•.::ltvl':O uÍ ÍO<CCU a:1J free \'Ú¡fJ.tÍOn~, o .o 

iHF.ORY OF VIBR.>.i:ONS .:1 ,,.M~c VC MACHINE fQI_;·-D,;TiOt.S 

st.::üi·, invf':,ti~:Hion:, \\ele,¡~,;:·,, :',,¡;,H'd :n onler to dc:.,·::nJt:c tLc co;·t ~
clCnt of cbstH.: uniform compll>:oton ()[ ~otl. 

Figure III-18 prcscnts rcsonancc curves of vertical vibrations of a 
foundation \\Íth an arca in contact \\ ilh ~oil of S m 2 fur cliffprcnt ccrcn
tricitics e of unbalunccu mass of a vil,ronuc·hitH'. An.1log;ou" c·uJ"\"rs \\rre 

·obtaincd for other foundaLions. Table JU-l ¡m::-,cnb d.1ta ~,:1 <·omputr·J 

o 
<11 
-o 

~ o 3 o. 
E 
< 

01 

09 

0.8 

07 

06 

r-· . - -

1 1 t~ 1 ! 
11 ! .1 1 1 

1 ~-;¡---;--¡----; 

~T 
IJ ~~ ! 1 j -T-. ,-r~-·--~-, 
1 1 \ ! 1 : 

1 ! \ 1 : 
1 

' 1 l 1 

FIG. III-IS. !11'~onam·¡• runc·:-. of '''rtw1ll f¡r,. Ill-l'l !:,•,on:mr<· C'll!\"t• oi 13-m' 
vibmt1nn' for lhrt·~ ddTl'rl'nt I'<'Cl'llll!t !llC~ t<·~t oí T.tLI,• lll-:.!. 
of unh:dan' 1·d 1.1.hS of n. \ thto!ll.ll h1nf'. 

and C';q)('ri m en tal! y ('"(ah! j,j¡rd \ ::t!ttCii of n::t[lll":tl f l"('t¡ ll('!H'ÍC'c- 11f fo\! l ·' \.¡¡ 101: 

vihration:':>. Thc romput:tlinn \\::t:; p('tforrn('d on tltr !.,¡.._¡., of l.<lil•'> "t 
e" e,.;tahlishcd by :-talle 11\\"('~tlgation'-' 

Thc author ancl Ya -:\. Smoltko1· ¡w:fornwd an.tlo~oll' 111\t'-t:~:,ri,l:b 
on a wat.cr-saturatcd soft gray clay 1\ ith nn ndmi,.Lurc of nq.,;u:Jc :=-lit. 
Inv,•sti6ations 1\ rrc prrformcd on t0:;t foundations with l':hC an·.t:- of 
0 .. :¡, 1 O, nnd 1 .1 m 2• 

Fi..::u:,· ·~:-!·l ,.·;",<"1b '•!lC ot" Lhr :·:·-.,-,, :-., ' .t"\TS llÍ fnl•'f'du·l.•·,;. ·,-
- .. - ~ 1 l • " o~t.llll'~d ivr ,t :··- .nd ,tion \' 1th :L c:ur,t.l· L :,. :-e.:·, :1 ot 1 u a~-. ·.:.:.,:.) .. 
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TAnLE III-1. Co\!PAniso:-. OF XATI.i!L\1, PnEQLI:..:>.cr,:'> Co~u·u-rt:o A!"D 

Ons:~::n•Eo ocnixo TEsT., o:-. WATLn-sATUHATI;D CLAi" WITU A 
4-lt-THICK S.\:-.D L.\ n.n AT 4 . .3 M DErTn 

Frequcncy of natural vertical 

Foundation :\fas'l of c. from static 
vibrations, scc-• 

contact systcm, ÍD\'CStigations, 
- area,-m 2 tons X Sf'C 2/m kg/c;u 2 - -- - Estaulishcd from -- --

.. Compüted- : óbserv-ations {)r 
' torced vibrations 
1 1 -------

2 1.06 4.40 72.~ 88.0 
4' '- ' 1 92 2 45 71.4 60.0 
8 3.05 2 05 73 2 69 o 

TABLE III-2. Co\IP.\!a,o:-. o< XATt:nAL FncQcE:-.cn:s Co\IPUTED ANO 

On,En\co otrm:o.o TE:,T., ox SI,,.T S.\1'1 H\n.o Su.Tv Ct.AY 

1 Frcqucr.cy of natural \'crlacal 

Found:.tion 1 :\[:h'i of c. from ;.t:llw 
v1bratious, f>Cf'-1 

cont·•ct urea, 1 sy,tcm, m ve'itign.twn ~. ! 
1 j Est:\bli'>hcd from mz ton'> X s~c 2/m ¡ kgjcm 3 

Computcd ' obscrvations of -- ....,_ -. forccd vibralions 
-----

0.5 o 332 3.5 72.5 72.8 
l. O. 0.520 2.52- - ~li9.5 69.0 - . . 
1.5 O.G85 2.1 67.8 70.2 

TABLE HI-3. Co\!rAm:,os oF XA'l'URAL FnE<.¡UF.~>cms Co\IPUTED Aso 
ÜBsER\ ED Dl'RIXG T~o:sT~ o:> LoE~s 

i•'rcq11.rncy of l•Jtun.! Vl'fllcal 

c. from 
~-ihrations, ser-• 

Foundat10n ~l:h'i of ~l:!.! IC 
1 E~tabhshcd 1 Ü;t.doli,hcd 

contatt sy~t.•rn, ínvc-,ti-
ar,.--..1, m 2 tr.w,; X se<. 2/ m ~al:on.,, 1 

frnm ()bser- fwlll ohscr-

k~/<'n•' ¡ Compu !<'el v.üwn~ of val i<o n:. of 
' ' natural forced 

! vtbrattons viur.o taous 
--------1------ -----

o 81 o H !4 2 Hl~ 158 15!) 

l 40 l os IOB 118 11!1 107 
2 00 1 !O 103 1:17 117 117 
4.00 1 1 8.2 ·- : ~ q ¡ 1':!1 l . 

' 
. " 

--~ ------- -~~----

e 
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to dynamic im·esti~ation..,, tht: ( •JI ~ru:i,·flt r,. \l:t-, a!'o Jctt-rmincd by t~1~ 
static mcthod. Ucsults are prc's•'UlPd in T:ll,fe III-2. 

Similar invcstigations wcre prrformccl by t!JC author, Ya. X. Smolikov, 
and P. A. Saichc,· on locssialloams and on loe:-::s. 

Tablc III-3 p;ivcs valucs of e" ~rr·urPd frorn :-.tatie im·c-;tigations :1nd 
nn.turul frrqucneies uf vertical ,·ihrations (•,tahli:-.hcd hy t11·o difTL·tcut 
dynamic JTlCthods. - · . -- -- - --- - --- -- -

Table III~4 gÍ\"CS f(':mlts or :-i'mi!ar inn·-.lí¡;"ation~ rwrfcírnwrl 011 \l:.ltcr
saturatl:'d ¡!;I"UY fine dPil::.r' sand .... ronlaiui:1¡;, in pl:u·cs, p¡•at :tllC! org:wic 
silt. Tho first t\\"o.fouudation:;li:-,tl'u in T.tl•il' lrf-l \1\'l"l' p!a('Pd on S:.111d 
with ü.ll nuinixturc of pcat u.nd orgauic ~¡j l; t he n:mainiug thn:c rc:-,tcd 

on purc sand. 

TABLE ITI-4. Co~ll'ARhOl' oF ~A TL fl·''· F Hl '' 1 1.:-.<·n:-, c .. \11"1 11 " ''o 

Oost.R\<Í:I> IHJHI:>.n TL-.'1'., <•" F1:--<: ~lllll\11" ~,,¡,, 

c. f¡om 

Foundation :\[a~' of tlu: 1 
,(.¡f 1(' 

coutact S\ ~t<'m, ¡ lll\'U••t1 4 

11re11, m 2 ton~ X ~,·¡· 2/m g.tl ion.,~ 

kg/l'm 3 

. 
l. O o 38 3 !)¡j 

4.0 o 8·1 4 .j;) 

4 o- 0.8{ i 54 

8 o 2 iü J.5.j 
15 o 3 tiO 4 00 

1 

Fn'qlii':IL'Y ,,¡ 1Lo\11r:.I \,·~ti( :tl 
\ Ji. ra t It.n.... ~t < - 1 

1¡·------:--¡~,~~~-,·,:- --:; ,¡,:,-... 
frou& , ... J, ... ¡•r- fro:11 (¡~l~l x-

1 Co!llput<·d \:di""' of \,,::u::- oi 
nat•a:d 

i 
fnr.- d 

\"lhr:1l1orh ' 
\ 1hr.d ion., 

- ----
102 103 g;¡ 

1-lj l:~G 143 
18!) J;),j. 181 

i2li 12<> 130 
¡·•--1 

! 
1:.!1 l '2 1 

In all tc~ts thc foundalions \\Nt' pl:u 'd t·it!wr dir"' t!y o11 tlw ~uil 
surfnr<'. or at the hot!oms of P:>..{':t\·atil>!i... "l !wtdon· t!,t· '""t! tt·act~'d 
only along tbl' foundalion hnsP :tn'a. Tlw ft11' \·crtit·.t! \i 1

.\ tlioJt" 1n·re 

cxcítcd hy impa1·t~; thP for('!'d \'ÍI1ration.~ !.y ... ¡,e·, i.tl \·ilo:"t:l.l' hJtll'.., 

Frcqrtt'IH'Íes of Jt:ttlll al n•rtic:tl \·iill':tt toll'- 11f t 1·,t !lltttld:t t Jotl'ó ",,, t' 

complllPd from J·:q. (III-l-.-•), 11ltil'h dut·;-. tttd takP Íttlo .t••·•·llll tltc' 

inNti.d pi o¡wrt ÍP~ of :-.oi! 
Error·, iu C'\·ulu:tlion ol t('-.,¡jt-.: nf I'Xjll'lllllt'lil' an· :tlotil.! il) ¡11'1 •·r·¡·¡ 

Th0 ::waly~is of T.lhk~ 1!!-:2 f(l 111-1 il'ad, f·• t\.1' ,·,.¡11 ]a,intt tk,\ :l.r·:·· t

only a "mal! di!Tt•l'f'ttcc h('tllt'('fl tlH· 1·:tltw-. of natutal lt('<¡ttc:wic·- .,¡ 
vertical vihration" a~ ¡·om¡,ul•·J l>y t lw t 1\ o llll't hod,, i.t'., 1 ro:n thc d.tt:t 
of sln.tic invr;:;tiget.tióll~ :u,d from tho.se L':>tublif>hr·d on thc b:1:-Í" of oll:o<'!'l .t
tion of frcC' ami fon:cd dhrat.lon<.. Jfp¡u·c. Eq (flÍ-J-.1) ¡,.in ra:hcr p;otl::! 

:L,!:rP• mcnt 11; · h t·Xp•'limrnbl cl:t! ··. 
-"C'L.\-. cv·~'--'--·.; ... :~ t.:.~ ... c; P·J~.:::.:.·:\ ~: .. 1.t 1. :l: :. __ adatlo. s ~t·.LL.cd .·-

-----~~----- ------- -------
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inC'J1J:l h:1d f:lll:-!ll cfiPct on the Jt:lltll'd I!I'Cjli<'JH'Í(''- of n-rli¡·:il vibr:1fion~ 
oi founchtion:::. .\pp.ucntly thi-, i~ c",]ll:tJ:wd Ly t he f:tC't Lh:lt for thc~l: 
f ]lt;o, · 'l1c ·.,,],,e 0, foul!d from Lr¡ (,Jll-J-·:.i) .. \\':¡;, C'Cilll]l:'"tratilc]v ;el\llh ... ·:.' ' ' . .J 

l:·rc"e Jr";;-l:lll,:r ::!0 !n :=nJnP r·:-~~cs '] lw:¡·ful<' tlw 1·ÍT1·1'l 11i eooJ! Íilcrti:l on 

1 lw 11 :; , ,. .11 !1 r·• p:t :; , ,. of \'C'J ti u 1 f o 1 111d :t t 1011 ' 1 b r.1 1 JOJh 11 :t" ¡·om p:ua t JI'<' !y 
"!:1:!1!. lJ¡•,¡¡~ \\!!lnn thP 1:mg;c of <'JJor~ ÍllVOhi·d 111 tlw (''\j)i'lli1Wll!s anJ 

th•· e-. .:!1! .. tJnn ol J'<'~llll"' 

u Lrpcn·ncn~.7! !ltl'<'~~;:;rz/¡r,ns (,¡ fi,r Cür[Ticzcnt of Damping. Tab!P 
III-! c::Jnm:1:Í;.¡·s t!lC' !<'-ult-; of 1lH· rkt<•Jmin:Liion of Llw <'ocffH:JC"J1t of 
G.1i11J'lll6 r,f YÍblatÍOll'3 ~. ThC" \:1]11(· ... of ~ \1('](' c11'!C'l'il1JllCd from the 
nw:,-t,r<'d :llnplnudc~ of forccd \Íl•r:l1JOJ15 at r••-;onanec. This was done 
as follO'.\ S. at rc~onanec w = fn:, anJ Eq. (III-1-21) bccomcs: 

p p 
A:=A,"=--)-1-=? tj2 

¡¡¡_('• 1.: -lll, nz 

;,iucc irom Eq (III-l-17a), e = a/'2m :wd from Eq. (III-1-39), 

a 
~=---

('2m.j,.,) 

1f 01:c '"'!"m, = m (i C' .. if o:tr· 'r,,¡~:dt•J, o11ly thc mas<> m of thc founda
LUJ! .:·.J ¡,,·¡_;let ts thc m.:,-, 1.1, of tlt<· ;-1.:!). Thcn: 

p 
t = ------· ---
' :1,,'2111j,,/ 

T!Jc l.:]t:r-: of i; \lf'n· <·"l:~hll~lwd f1orn J:q (llT-1-~.i). 

Thr :1:: ·h ~i~ ,,f Tal,],. 1!1-.:. ll'::d, 1<1 11ll' .. ,,n, 111.'1()11 ilut thc ('OCfficient 
0f d.1:npn::.;. ¡:;,m u< l1 --m:1llcr fq¡ .,,¡ L gJ.l.Y .sdt; e by-, \\Íih ;.,omc sancl th::m 

Ti.Jllr IJI--, :3. \!\J;r:y oF T1 ,'J' H1 '-ll'h IOn ·¡¡n; ])¡;n:rr\ll"ATJON 

'"' 1Jll: EJ.,t<LII f:<JLil'l<lL'\J' ,,¡· D\\!P!;>;G ~ 

So·l r1o:b< nption sy "'1t rl1n, b 

i T' 1 ( 1 . our" 't 1on 1 

1 ronbet \ 

\\'t·tght of 1 

1 arca, m' 1 tons 

1 ~------1-----!---------~----------- --· 
i Sl!Ly í \\ .ltl'~->1tur; t<'d l.ro\\n 2 J(j ;¡ 

('b) "JtL so me ~and 1 1 18 8 1 

1 
8 :w o 

\\' :11 rr-~::llu r:11 "el soft ¡:!;r ay clay l o 5 1 ·r -·l 

"nh sar,d and orgamc SIJt 

1 

1 o .i JO 
1 [j G -·) ,_ 

----
se gray ¡ \Y'·)~('r-~~tur~tcd ~r.e den 1 (, :-e 

~ ... nc1 1 6 i {_~ 

e iL 
1 ·~ 

,, 
~ 

-------------------------· --------

1 

! 

' 

16 5 
G 7 
4 o 

2G O 
H 5 
!lo 

1\J o 
::!O 
:.o 
"l 

o 145 
o ¡:~3 
o 181 

o 071 
o 0.j8 

o Q.j) 

o 132 
O lfiO 
o ¡¡;, 
o ()~, 

i ·-------· 
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for hro\\'n ::.iliy cby 11ith C.i!TnC' f--:llld and for {¡¡¡¡• '"'l\' ,.· 11 ,1.. }¡¡ f 'l J · ~"-''. · .~ .. -.. o. 11 a-
~Jons pl:tf'C'U on s:11Hl'-, !11\](·h !JJ~hr•r \':tllli''- of /1 111 ·rc 0 ¡,"''l'l<'d tJ

1
:tn in 

fot;nd:1tion'i pl:lf'c·J nn h: Ol\ n silt~· e h.v \\'Jt h '-OJJH' ":tnd. Ill'ncc ¡1 follows 
that for "nml.tr \·:1lue'i of b, thc r'Of'{fw¡r·nt of d:1mping \\Í]] Le l:lrgcr in 
san<b tk1n in ]¡rr;\I'JJ l'hyo; 

ThC' \':tltJC' o~ t lw c·o¡·lli<·ÍC'JJI (¡f darnpin~ 1~ "t 1 or1gly infltH'JJr'<·d hv H'\'Pral 
fa('tor-. ~·('J'Y dJn-icult to Llkc llltn :l<'<'i!llllt (for P\amplr', IIH• lw·l~frllinrr of 
foundatwn cxcal'ation.;) Fi)!:nrc IJ f-20 prr>.-,C'nt<; t\\'o l'C'sr

1
n:J:wr: eur~·c& 

of ver! Í<·al forr:ecl vih1 :tt Jons of a fouuda-
tion \l·ith a contaC't arc:-~ of J.O m2;cun'<' 
1 eorrC'"Jl•)JJdc, to tlw :-itnati<>n in whi<'h 
thc fonrrJation is C''\po~<·cl alnn~ all ib 
height; run·c 2 c·har.t!'t~'nze::; thc .c,anlt' 
founclation, hut hack-fli!C'cl. Thc dC'pl }¡ 
of baekfilling was arouncl 2 m. TIH: 
íoundation 11·as p][¡cwl on s1lty f'lays e 

o 

o 9 

o 8 

0.7 

06 

(i 

l~1 
_\' .. 

\ intcrhcJded \\ith sands; tlw ¡.';rnund- ~o 5 

"·:1.tcr ]0vPI \\':l' ron~idC'rahly hP!Q,, tlHl ~ 
founclation ba'-'C. - · · 04 1 j_j - 1 ~~-

-+--r---
1 

' 1 
1 1 1 L 

1 1 :· /i¡ 
03 

02 

o 1 , w---+l·¡ i 1 
1 1 1 

It follen\·-; frorn thP r·ompari.~on of 

gr:~phc; 1 :liHl :? of rl~ IIT-:!0 j}¡;¡j 

:lmplitudC';;; of \'Jhr.:tii)J¡~ (Jf :1 L.t< kiiJJ¡·d 
fo11nd.ttrun at Jc-.on:tiH <' •• J,• :dlo 11 t, :; .) 

timc-, "lllallr-r th:-~n tho-.P ot ;111 <'\IHJ"I'cl 
fouJHbtrnn ~J:J<·t· 1!''' 1 o,•j],, H'JJ! of 0o q 9 12 

16 20 24 d:1mping i~ irn·r'hf'!y p1opo1 ¡¡,, 11 ,¡] 10 ihC' hertz 

nmplitude of \'Jhr:lti<lll~ :-~t rC'-.oll:trH·t· Fll: 1 11<?11 H"-••n·
11

¡¡ 
1
• ,., 11 \'f·~ of a 

it follo\\·c; th:tt in thC' <':l"f' undt'l' 1 . 011 ~ 1 O·rn' 1<'"1 fo¡¡¡¡,J ,¡¡, 11 <'llne 1, ~!des 
sidC'r:JtJOn, thc V:1]Uf' of thC' ('<i(•lTi<·H·nL of fnnl¡ng fr(e, <'lln(• 2, '-Id<"'.' oi 
of dumping~ for :lll:lCkhiiPd funndat.ion found.IIJon h:wJ...I¡JJ,•d 

will be a¡~plO'\JI11~ltC"Iy :1 tí timC'c: largcr th:-~n th;¡t fl)r :111 eXJ)(l'-'Pd f
0

unrbtion. 
. -~ f'on.,~dn:lh]p C'lfC'f't nf h:1r·kfillmg on the \ ;J]u¡• ¡,f ~ \\ :J<,_-a];.;n ohc;t'lTC"d 
Jn lll\'<'Sll~a!Jons of found:ttions' pheC'd on j!r:1y i"nnds For example 

~ 1
_
11

c'JC':t<:Pd from O.J!I io 0 .. '32 ldH•n a fmurdatinn \\:ls har·kJIIIPtl to th~ 
hPJ¡.;h t of 1 m. 

E\'.C'!1 wlwn foundation sidec: arC' nnt :<UhJC'i'lC'r! to thC" innu<'rH·e of ::;oil 
r~actwnc;,_ but ~re _fioor!C'rl hy ground ll':l!Pr, 11ll' valuP ~ g;r

011
s For 

C'Xamp!P. mvcsiJgatJOn~ on tlw '-:tnw fin<' g;ray ..,: 111 ¡]~ r•:-taiJ!j,_!Jed th:lt ;,ub
mNgmg of :he fo;mda:J~'J1 ton h<'i!!IJt. c,f ¡ to Li m j-; :H·companiC"d by 
an mcrcn:oc nr tllC' coC"[T¡rwn1. of d:-~•n]Jin" hy 1 'i to ') t' 't 1 

1'1 • ' ' ..., . ' - ll11C'S l S \'!1 llC. 
.w mcrcn~e 111 thC' ror'J~1CJC'Jlt r1f e' - · ] • J · · , . , ' , .. ul.prr.g \\ wn lot:n1 a1ron sJdi'= rC' 

nnl!rC'rh''rhn.cdh\·' 1••·Jnc"c1•·i·,'l ,_. )f ¡ · f .. . 
• • \.. ~, ·• ¡,¡r_ •. Jl.-, i)\li¡f {ttznn ~11r .lcP (;, ... ~~-

;J:..ttng Cl.Pr;y .nto tl1C" ~o:1. 1 Lcrc ~~ an llWI ,.l~C" ir. tlrc d:.,~i¡:¡a!iun of 
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enrrgy r¡f f,'lll<lation ,·jf,r:tfJr,r¡,, .llld t!wr· fun· a11 JJ!!T<'!l">~' ;n tite: oclli
cic!lt of d:~mping. Hc<-idc,, t!w yaflw (¡i ~ i·, allcctcd IJy the foncs of 
friction, '' iw~c magr.i tu de in creases wi th an incrcase of thc aren of uack
filling of thc foumbtion. 

E'\:perimcntally cstahlishcd \'alucs of ~ werc in most r:bcs :;,rnaller than 
computcJ \'[l!UC::, takcn fr<Jill graplt:-; uf Fig. rii-Sa, corrcspondiug to 
5Clf'ctcd \'aluc-; of the COI"'Ifif:it·nt b. For foundntÍOII::i eharactcrizcd uy 
data prescntcd in Tab!P IIr-:i, no c'\:pcnmcntal ,·aluc of ~ was grcuter 
ili:m- O;:ro.< I--Tü\\'C.i;l'r1-aer·ordi Ji<6 to · tke- gFaph::-,' of Fi~. TH-Sa/the \·ni u es: 
of this coefficicnt (corre:~po11dillg to the \'::duc of b for thc tl"'st founda
tions) shouiJ n.lmost al 11 ay'> he largcr than O.::W. .\pparently the absolute 

--vn;lucs--oi -thc-computc-<1 cocffiéicJits are Cfose to tne~·alués typícal for 
backfillcd founcbtions. 

T<~.BLE I II-6. DATA o:i nrE VIIIHATw:; oF PILI:: Fou:o<o \Tro:-;s 

Fou:ld:J.-
tion :-.r ... ~;: of 

cont:J.ct 1 sy~tcm, 
area, m 2 ton,. X bCc 2/m 

!O 8 3 o 
'' ·B. u· ·'' 2 3"" 

8 3 l 7 
G ,::¡ 2 o 

Datn on pilc 
f l oun< :lt10n 

1 
1 

1 
---

1 11 l"-1 

1 Xurn-
t :trJC'I' 

J .Pn¡.:,th 
IH·-

1 
bcr of of pdcs, 

1 

pi le¡, 
t\\('1'11 

pil!·-<,_ 
111 

~ 

m 

--- --- -----
lü o 81 5 4 
li O Rl ~·G 

1~ o 81 !i ·1 
!1 O SI .-. (j 

K, from 
static 

invpst.l-
~:.l(IOIIS, 

k~/em 

o., 
~ 

153 X lO' 

1 Frcr¡ucncy of n.ttural 
1 forccd vthrattons, 

scc-1 

Est:J.hll~hed 

Com- from oLscrv:l-
putcd twn of forced 

vibratJoml _ 
), 

__ , .. 

--- ------
~:a :.!01 

10-r x: -IO" ~!'1-iJ 186 
105 X 10' :!17 :?.15 
:i:i X 104 l(i(j 138 

If onc plots a fi''-Oil:l!IC'C ¡·¡¡n·¡· of fm·f·f'd \ p¡·(j¡·al vihrationo;; of a founclu
tion on thc ha:--i.., of C'Ornputf·J valtt''" of thc <'ocffi<'ic·rlt ~ at rC'sonancf', it 
\1ill turn out th:tt tlw c·c¡rn¡HII<'d arnplitlldl'" of fnrr·ed \ihralionFo: arf' not 
in full agrl"'cnH·nl 11 ah (·xpr'I'ÍIIlPilt:dl.'r' ¡·~tahlic-llf'd amplitude::;. This 
divc>rg.~ncc ¡, p.trtly r·>..pbJIIr'd J,y cnor~ invo!\cd in tite opNation of 
frN¡< l!'ll<'j'-Inf':t:>lll"Í 11)! dr'\' l<'< ·' f 11 :tdd j 1 illll, val !¡e,. of ~ ;1 pparrut !y d (' [WnU 
ou tll<' fn·qul"'tl<·y of 1 tln.trilill"> :•11d, po.,~ihly, ,¡¡: thr· amplitlldc; thrr,{ore 
tltf' \~,)ul'~ r1f ~al<' dif'f< Jl·nt fut d!lk~t·r¡t ,,cn;nn~ of the rc~onarH'l' C'ttrve 

Con-• qn<·ntly. :unp!1t ,,,¡,.,, cu:np1!1cd 011 tlw h.t'>i" of :1n :"Ls:<umpf.lon 

that ~ n·m:J.Íllo., e oll-,t.wt r,¡,l\· :.lppl'oxirnatdy r·orrc::,pond to thc tnw ''alu""· 
Avatbble C\.l)('l"l!lH·tll:d tLt t:.J pcrmit thc as:ocrtion :h:lt if the cocfT,dC'nts 

of clasticity oftflf' ~-v1l :::.re r·orrcctly ~rlcctcd, thcn thc divergcucc bctwccr, 
computl"'d and t<•:,l v::ducó, of amplitud\"' oatsidc thc rcsonance zonc will 
not c.:xcecJ !O tu '20 pc r ccr,t. 

~~~~~~~~~~~~-- -------

G 
c. /?ll!t.\liyalion.~ nf l";/,;,:tum, nf l'tli: Flllllir/,,fl•lrl.), In.(",!Í~:uwrH of 

;,ertit:.d vibratiun-; \\l'rt' [lf rfuwwd on Lt.~L pd•: fou:u..l:niu!l:.. Hc~lllb 
are prCS0ntcd in TuLle Jl r -11. 

Pilcs werc drivcn into watc·r-:-;atmat<'ll fine dense sands. Thc natmal 
frcqw•nc~y of Vf'rlicnl vil,ratl(Jll'i of thr foundatiou was computcd from 
Eq. (Ifi-1-5); thc foUIH.l:lt ion m a;..:> 11 a" eon::,i(h:n:d to be thc cJ!l!y 1 if.rat
ing mas::; It is natural, t!H'rofcm·, that thc nat11ral frcrtucnt:ics of n·rtica[ 
vibrations rsta.blb!wcl l~y :-,iatic inv<·:-,tigat}oÍt:-; tnrucd out to be somr11 hat 

. highcr than thc frN¡tli~I¡!;ÍP~ ontaim·d •. .. -' -
r-~~~--r-,-~~--~ 

from im•c,tigations of for<'l"'d vibration:,. 
For al! foundut.ions in vt:stign.tl"'d, a 
rn:igniúÍdcof \~ibratlñ~ fl1:t">h wa-; ('()!ll-

pu tcd on thc bn.sis of v:d u e:, uf t IH· .._-
"' cocfficicnt of cbstic unifnrm <"ompn·:-,- .,g o.a 

sion, C'slabli,hcd by static in\·c:,ltga- i! 
'ü 

tions, aml on tite hao;is of t lw n·.~oll~lltcr· ~ 0 6 
frcqucnr:y of vertical forrTd 1 t!lr:tlion" ~ 

" This vil,raLing mass wn:'>, 011 tlw u'.·r·t- ~ -a 0.4 
agc, 30 ¡wr ccnt lurger than tll(• 111:1•~ E 

.q 

rest.rictrd to tho foundalion on!y. 
d. E.rpcrimcntal ln11cstigu!wll.~ oj 

Com p!icatcd Forms of FowulaLu'n l-thr!l
lzons.. _ Othcr ·forros of ,-ihratJOn,.; of 
foundations wcrc nlso inn·..,tig,ttcd. 

02 

F'or cxamplr, forccd dhrations in o11C' F1e .. III-:!L lt•·~ouanu· cunt's oC a 

of_ thc prin('ipal· planes., indu<·,•d hy u 

horiznntal for·ce, werc st.udif'cl. 1· ig11re 
III-1-l: givcs a rcsonanef' cun·p of forcl'cl 

1 !i-rn 2 tcbl found.L!lllll of silty é:ay 
with h:u{rl sui•Jrcted to forct'd f:or, .. 
7110 tal \'ihrat ions 

horizontal vioratious of a found:tt ion 11 1th n. <"out:wt. area of 4 m2 plarPd 
on brown silty day with ¡,and, Fi;.!;. III-:.n f>ho11s a :-imil.1r c·urTP fnr a 
foundation with a contaet n.r<'a of l..') m~ pl.1eed 1111 wakr-,:.:lttttakd ,_¡¡¡¡ 

silty clays 11·ilh sand. Similar invc<;t¡gation:- 11 <'re pc1 fornwd on !~>r·-- and 
on gray :-::wds. In thc tir~t two C:ISI'é., for :tll fot:ndatwns 1111 c ... t t;..:; 1 red, 
two fl'equcncics fnt anJ /n.2 11cre oht:uned 11 hif·h COITI':--pond 1t1 a -h:tt·;; 
risc in tite amplitudes of v;.hratwn!'. 

Tbu~i, thPrc i;:; i'Xperínwnl:d <"orrol•or.tfion of a thcor\"'lt<':tl <'lí:t.·l·:,!<lll 

ronecrning t1ro ma'..imnrn-, in thc rc,.,un:ttl!'C rurn·" oi f<:r< ni \ ¡hrutl<HI'
of f ound:ltionc.. ron e:.'-potHJ 1n¡.:; Lo t hr· t 11" f1<·<¡ ttcnf J<'" f .. t ,u;,; J .. , .'\ ,, 
static ti'sts for determinin~ c., 11·crc· pPrlorr.•rd duri:1~ thc w·;c~u;;a::n,,, 
of found:.J.tJOI1::, on water-,;atur ... tcd ,;iit.r cbys w:th !'Onlt' :c:and. Tl!crl'ion'. 
in this c::.sc thcrGc is no \~ay to vcrify dircctly how i::u thf' frcqHencics 
f~¡ and f,,z, computed írom valucs o: e,. aüd c. (cstahhshed by mr·~.r.c, of 
<>tr.tic ir: •;c.,tig;atioas), coincide wi ti. e! JO :oc; which \\e;..: c;:;tabli -!:e:, -:-_: ;1• .-:-



ment'l!l) s~atic teStS for dctt'lllll:'lll_:; r., :LllcJ Cr \\"CrC pcrfOI"r:'.Cu Oll 

found:l.tions rcsting on Ious .. l"":;in;; tL.· 1 ,t,t1>lt.-hul ,-alu~..,, it, is ¡; .o'.Uc 
to compute thc frcqucnc;cs fnt nnd f,., attc! to \ cnfy how closc thc co.n
puted "l:nlucs of lhcsc frcqucnc:ics are to tho<>c C'stablished cxperir:1ental!v. 
Results of this amlysis are prcscntcd in Tab!c III-7. · 

J.,, scc-• 

:;s -! 
7J ;¡ 
(\.-, .! 
3U .! 

E\p<>rlmcn tully 
hhb!t,hed 
vuluc5 of !no 

From fn·c 
vtbrat10ns 

{jj 3 
n 5 
C9 1 

'1 8 

Stalir i:~n·-·.;:..ctlOll~ !·r,r rirtetmtllllll!; e,. and Cr \\('!"(' rctformcd on gray 
~ilty <lay::. 111th ,..omc -~.:1d, ah0 ),. 1 a11d J., 11crc cxpt~rirncntal!y dctcr
mtttcd Sirwe thc:--c fru¡t!Cllctr'" ar.~ ''OIIIlcr·Lcd \\lth thc limiting; frc
quencics J • ., and J, "' tt 11 a~ pns..,tLlí' to c~t:tLih!t thc l:lLLcr an:tlytically. 

. Thcn, on thc ha-,h of thq v . .duc-; of / .. .;. and J.,, thc values of cT wcre dctcr
·mirícd. Ucsu!ts of tlu::. pro ... r~s:,ing of data from dynanuc invcstigations 
on gray silty cl.ty 1\Ílh sorne ~.tnd are ¡m·-ol'ntcd in T.tblc III-8. 

TABLE ÍII-8. DATA 0:-i TI!E CnLH!ClC;>.;T Cr OF EJ.\ST!C u~.!FOH\1 SIIEAR OF SorL 

Founcl:üion 
contact 1-----------------~~------------------
arc:l, m' From c-..¡w~mwnial From ~l.tllc 

frequcn< H''< }. 1 ami J.,, mv··~tl¡.o;,¡twn~ 

o ,) 
1 o 
l !i 

SR 
ü-! 
'27 

!lO 
38 
40 

It is SC<'n from tlw tah!r·-, t.hat th<· 1:dw·-. of r- <'ompu1Pd on tlw basi:; 
of ::t:...t:,· Íll\ ¡·,tigat io1h a•.rl tho-•· oll!.lltll'd :t- ,t n·,ult ol" IIH' Íli\'P"Ii~ations 

of vibmtion-. coin,·¡d¡· 11i::, [1 satr..,f:tl'!ury Jq:;r<'e of :tl'< ur.lcy 
Availahle d:.ttn, intlurJ¡:,;_!; t!w-,e <·tt<'rl uLovc, lcad to thr concluswn 

that thc_thcory uf v1br::..tiürh of foltnd.ttion-. for sevclal-dcgrcc::.-of-frcr
dom systems, as prc-scntr:d i 1 this chaptcr, is supportcd by expenmcnts. 

o o 

~V 
FOUNDATIONS UNDER RECIPROCATING 

ENGINES 

IV-1. General Directives for the DPsign of Foundctions 

a Drs¡gn ~·aluc~ PJ /'n ,,,,,,,~¡,{r· .\111 ¡¡{¡!ud' '- uf 1 "'""lu:1· n l·,•,rrr/1 
l\lany typc" of rr¡·ipro' ,\\111¡!, t'II~Iltt'• \., 1 <>11!.:, 1<> 1111' ~tuup ,,f 11:1 1 ... L'r ... d 
maehincs 11l1tC"h ate d.u1:.:,< tolt'> 111 11 'l'''' 1 to 1 :Lr.tr:.w., l' 1.t· !.t.·l tL.l! 

thesc cngine" u"'ually ''!1<':-.ttl• at cump.tt~Liin·ly to11 -¡wrd i111 ¡,·:¡,_,., ~¡,,. 
prohabiltty tliat vihralion-.; may dt lll<•P 111 adJ<llttl:l;.:: hutld1t1~- 111 ·11···~
ture:o-. Thudor<' a thoruu;..;h a11alych ut vtl•r.LI:,Jil~ ia ::..telt ioun.!.Lt .... :-. 

i~ of the 11tnw~t 1mpo1 t:utc·<· 
Thc ~reatL·r thl· arnpltl ud<• of l·ihr:ttiot~-o of the Íoundatiun, tlw rnote 

Jangr>r thcrc ir-, to :uljutt1111~ ... trudurc·"' In addition, ¡f the amplitttdc 
of fnundution vibrution;., i-. Lug,P, thc fotlnrlatron m.ty lo-:v it,- sul.¡ldy 
artd trndctgo a nonunifo!m -Pttl<'nwnt ct1dan!.!;t tlllg ~he norm:1l \\otk nf 
thc <'llginc. Finally, 1ibr.dton:-. of br~c· :utlp!ttildc m:t~· l<'::d 1~> t!tC' 
tk:--t ruc·t ion of th<' foundat io11 :wd 1 o dan 1:1 ·..::•· (1¡ t he <'li;.!:llll', fo 1 l''\:1 n. pk, 
it has hccn ob:scrvcd that :-ornc·limr" ct.ulL-haft., of ln:.!:-~:tll ttl~ Ít.lllll''i 

fail as a re:-ult of \·ibt alioli'> of thc•Jr fnund:tt 11111'- :llld fr:lll't'•, 111 11 hit h 1 h.· 
cranb,ltafts are rigidly tied. Sirll!brly, fr,nuchtion ~-:hrattou-, <,itPnc:,,:~,· 
dan:,wrou.., vihrntion-.; of machtne conrwt·t iotl'-. 

It Íli P"\l rC'm<'iy clifiil'ult lo e:-ta:~II·-It ;, !ttntt for th<' ¡w1 r11i--il,k \·.d1r<· 
of amplilude of fount:l:11intt ltl•J:tit<>rb ott lit< l>:1'-i~ of ).!: :l<':.d prt:wq•l,·-, 
Th P r<' a re: :-o m e e :1 é-< ·c.. 1 n 11 h !(' lt \ 1 h 1 : 1 1 i (l\1• 11 tl h :ill :1111 p l1 t 11 d 1 • ' : p 1 r • O 1 
t.o 0 . .) mm did nnt ha\ l' :1n_1 li:IIItlflt! • lit ,.h I!ml•'l l'I", Iti.IIIY c::-r" 

hnvc lwrn o!J..,pn·rJ irt 11ltlt lt flll!!td,ttr"'~' t\t'd' r <·::~:r:•·· 11:~11 1:•11-' ·
qucncy vibralion-.; u ndc1 11 en t vihrat ion;, a t smalln a m pi i tud0.., t ll:w th• ,,,~ 
c1tcd aboYe, but inducrd st.rong vtbr8.tion" of structt:rr'i Jocar,·d :lt a 
distancc of severa! tcns of mctcrs. It may h[l.ppcn that n;rn \\ hcn thc 
a.mplitude of vibration of a machinc foundation is sm::dlcr th:1n an 
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acccptcd prrmissiblc 1imit, thr adJOliilrl.L:; ~lructurc \\ill vibrate duc to 
rc>sonance. 

On the strcngth of data gaincJ by expcricnce it is possíblc to t>t/.~~e 

that if no rc~onancc> Í!:> to occur in :LUJoinin¡; huildings and structurcs, 
thcn the amplitudc of \ 1brations of a foumhtion ::-hould not cxcccd 0.20 
to 0.2.5 mm. Thi.~ r:wge r;f amplitudc value!:> may ¡,cn·c as a La:,is for 
evaluation of thc adrc¡uacy of fotrrH!ation-cksígn computations. 
· b.-JI achine Data Rcr¡11ircr! for Fn11111latinn Dcsign Data supplied by 
the makcr of the cngínc or rnntor i~ lhe ba:,ic information for a founda
tion dc>:igncr, togl'thcr \1 rth Jata un ::-oil condJtion:::. and úll tht> n .. citing 
l<?a~s impo.<¡cd_.by t{le, erq;H1c. Thc f oltcm ing infonn:.tt iDn ::-hould be givcn: 

l. The normal ~pccd ::wd pO\I('f of tlw engine 
2. Thc cbaractcr, ll!:t;;rlltUdP, nnd point of application of dynamic 

loads \\ hich \l·i!l dcn·lop lll tlw pro¡ e·~::- of opPration of thc enginc. If 
this dat:::. cannot he '11p pli<·d, t hP d<·..,it:;u<·r of t he m achine> f oundat.wn 
should !Jr _:,;1'."!'11 al! thr· lbia nr-ccl<'d lür ihf' (omputatwn of cxciting fo:-ccs 

3. The ,l!,.tnbution of ~wt1c load:- impo.:oed oy thc engine over thc 
founda t lO!! - driace 

4. Thc :_-;¡zc and ::ohapc of tlw cn;¿;Jn<· :-11pport.ing platc 
5. Thc localwn of opu1ing-.; and p;r CJ(¡ve:, in the foundauon pro\·idcd 

for ancJwr l;olb, p1pc line::,, tht• fly1o, !wel, el\'. 

-c. Foundalion 1~! atcrial. The fol!cJI\ ing loads are imposrd on a machine 
foundation: 

1. Thc weight of the machine and rr¡uipment 
2. The dynamic loads \\ hich dev elop in thc procrss of machine 

operation 

For dic!',rl enginc::;, thc total load is such tlw.t thc rcduced prcssure 
on thc upp<'f ~~1rface of thf' fotllldation usua!ly Joc>s not cxcc0d 3 to 
5 kg/cm 2

• 

For horizontal pi'>fon cn~inr·~ this valuf' is still sma!Icr. In any 
case, thc pcrmi~':il>lc L<·arinf,!; valucs of conrr<'te and masonry are con
sidcrably highcr. I t Í!:> na t ur.d t h:Lt ~i tlC'P pn·¡..~u re•:, impo!:>rd on founda
tions are sm~tll, the ~trr :-.- ~w:t!y~1- ::-h(Jilld hP ¡wrformcJ only for cross 
Sf'C:tions \\cakentd !;y lar~<· (J¡lt'lllll~" or ¡.!;rrHn·es. 

Thus t}H: r¡tw;.tion of ':r !Pctiou of :L maleri:l! for thc foundation-con
crctc or mac;onry--is fir:~t of all a quP~tion of co:-t. :wd of avaibbi!ity of 
material on thc !'ite Concrete typc lOOt is usually cmployed for founda
tions under reciprocatir:g machincry. 

t TnA:-o:<;LATIO:O. E1:1TOf< 1
;, :-..·oTI:: Thc fi~urc 100 ind1cntcs thc 28-dny cornprcs~ivo 

cui·,c lltrcn;;th u. Ldogr:J.rr,s p<.r llf[tll•r<· ('l'nlmwrcr of thc concrclP mn.turc t.scd ;100 
kg/crn 1 cr¡ua!~ :, ;~o pbl) 

o ,. 
d. Commcnls ut lt'r;¡n ·! l1• /h;tl¡n Founcl:d¡"r'" und•r r•f·::l'."'':.:;n 

engincs are U!'lually L:1J!t e~'- lll"'~ll·e l.l,,d .. -. ploiJtlcJ 11rth g¡t,l•lt:o :.111 
channc!s for madune Jetad" awl opening:; for anchor bolls 

Duc to thc rnn:,<oive ~ha¡H'~ of :::.uch foundatious, whcr1 studyin;; thci 
vibration:::. it is pos~il>lt· to con:-oidc·r tlwm a-. al;:-olutdy ri~id bodil'-' an• 
to u:::.c in the eomp1rtalwn-. of frcqucrwi<·:; and :Lmpiirt11k;, thc thcor· 
of vibratwm; of J. sol! el rf'~t rng on an cl:t'-(Jc ba~c, a::- prc·~r~ntcJ ¡• 

Chap III 
The main condition to ¡,,. nlJc.crn·d ,.,lwn 'tk-,ignin~ u. m:u hin•' fotlllfJo 

tion is as follows. thc minimum dlmcn:--ion" uf thc foulld:l!Jort ~hould b 
sclcctcd ill _!:>Ueh a ll':.l.Y tl1aL Llw ~,:nplltudc-.. oi its furcl'd ,·iijr,d"lii~ 1r;; 
not cxccecl thc perm¡"'JIJ[c vai.w 

If a fonuclation i.-. rn·c.r;:·d r11, a r:.ttur:il •<di kl'>c, ih •lf•¡.rl¡ ::;!:o.:>! nt; 
be tP~S than that ol fro'-t ¡wnt·t:atlllfl Tlwrf' ¡,., an ¡ ~t·:ld:~h,·d c·¡¡j¡¡¡(;I 
amon~ praf'!ÍC'ÍIIg !'ll~llll'<'h thal 111 tl!dl·t to dr·t·n :t'" tl1<' !Llll~rL'"'"¡¡" 
VIhratrou~, tite dcpth ola ru.1< httll' i,,IIHhf:riii ,i:u,.l,! Lv n'' ¡," ¡;,;.,• tf,, 
Jcpth ut thP fí•<~tttl!~:-. ol :tdJtlllilli¡..; ''·di, ~tl.d r·<d!1::11:- Till'<•'' ;,, ,d ,,.,, 
ex¡¡crirnPut~l cLua 011 \l:t\P pro¡¡;,~,,["'" 111 ~ •• ::-.. ;•n '''::t.•,( :11 \1 , \"Ii-~ 

!lfi(.I \'II-.J, !r-::d to dw ("Oll< !t!-Jilll .h.1: !""' ¡,¡,,;, ¡,,r : .. :. )¡;¡¡(, .,; ¡," ;,:,• 

tionc: Jce¡wr th:u' fuol in e;~ !or ¡¡ ,,'·!- ¡,;,., 110 <·lir'd •JI! ¡ ¡,,. tr.::,-E\1"1"" ,J: 
VJbratwns to ll:tl!s Tlwrl'fore íl" d,·prl: ,,¡ a lil.tl \::¡¡,· tou::d:i'i•ot' :::::·.
be selected \lithotd Ldi.!llp: intu a<·rulllll ill'' ll:trl-n::--1!;:: ul 1Jl•: ,,,,,,¡.-

In ordcr to obtaill lll!!!'orm t-cttll'!lll'lll ur thc iuunuat!Oll, t l;:, l<'('()ll!
mcndcd to pla<T thc ,·onunon rl'nter of granty of thP ~.r..,tcm (1 e, of 
thc foundation ami m:tdllrl(') 011 thc ~ame vvr Lic:ll lint) 11 ilh the r.:cntnmi 
of the founclation aren in c·u¡¡(ad 11 ith thc ~oil. In any ca~l' the C''r·r·n
trieity in the clhtnbution ot ma~,.:r·s ~hould !I(JI <'Xr:red ~í ¡wr t't'lit tli tltr' 
len~th of the ::.ide of t.f¡p <·c,ntad ar.·:L. ::-\atJ..,fyrnp: tln~ <'o!idrtiPn m.d-...·:, 
it possibk to c,irnplify ti.<• c·owputat.on oi fouml.tlion nhration;.. \\'ht·n 
thc common ccnt.N of g;ra\ it",' dor~ Jlot lrc on thP ::-ame \"t•rtir :ll l1ne •ts 
thc ccntroid of thf' ftHtndal,on contad an·a. it i,.. tH'l't''-'an·, :h ... t;tt, d 
n.bovr, to sol ve at lca~t t!m·c irltt·rn·lalt·d drlTt·n·nt ral f't¡tl:ttl<.'ll' of \ ¡}q :t
tions. In ordf'r to ~rmplrfy the lon·plttatwll:-., an atlempt ,.1w1:ld he 
mad(• to ac·hievc .t r·nndlllOil "lll h tl1:11 lhl' pl:tnc of .~.·tion o! ,!¡,• <'\( J1::1g; 

forces impo~C'd hy 1 lw rnaf'hine < Olfll'lt¡.., 11 1lh oru· ol r llt• prtll! ip.tl pLtll<, 
of inCI"tia of the fotrndal io11 

In onkr to dctJf•:J:-e t!H' trafl-llll"'l"ll ,,¡ \rl>l:tll<l!l' lo ,I.!J<•ll!I;I:.!: p:ut
of building:,, it ¡,., ll<'<'('~'-:try lo l<':t\t' :• g:q¡ lwi.IH't"ll thr fol:nd:lllllll uf :1n 
unbalanccd machinc and Lhc adJtHIIllig .'-lr ucture:; tiootli'll,!;,.., \\ all~, flours, 
and so on). As a rule, thc machinc fouudatwn '" not allowed to "'·n·c a~ a 
support for othcr parts of thc building or for mcchani<.ms not rebt<:cl ton 
given machinc. If it. is not po~.._¡¡,¡p to a\·oiJ placill~ unrrnp" tant parts 
of a !J~i:.Jing on thc m:H ¡,¡r¡¡; iol!n(btwn, mca:;u. •, shoulJ h~ L1.:.c:1 u; 
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softf'll. t~w Cl•,lllCc·tiou h); pro:.:illiu~ g:l~!.l·b mark (l[ tltblwr, r·ork, (clt, 
or otbl'r it:.-1:!.1ting material:,. 

If scnm; machine::. are to be iu::.tallc·tl iu thc same shop nnd if the 
di,;:tanccs bct-.n•Pn thrsc m:whim·~ are C'omparablc tu the founuation 
tlimrn,ions, thcn, iu soft so:h-1, it i~ n·c·omml'ntkd to plaec thr foundations 
undrr :-:imilar maehinrs un eme commou mat of ~ufiicirul thicknC'ss. Thc 
rigicllly of thi~ mat should he sdectPd so tb:l.t it;; pos:,iblc dcformn.t.ions 

rc·_nlain_ml:lil in comparison with thc· amplituclrs of vibrations. Only 
thcu ·may_n ~roup .o.t rnaebinc· fouudation-, in~-t:.tlled on thr s:llnl' mat be 
rPgardrd ~"' an ah:;olutcly ::-olid block rc::.ting un un clastic ba-;(' Thc 
computation of vibrations of such gr·uups of foundn.tion:; is vcry difficult. 

, If nn• :u:.pnmC'try,:md -:m nltcrnating phu:-;c~ :-.hift nrc obsN\'Cd, thcn com
putation-> :tr<' pructiC"ally impo.,._ib!P. 

T!wrdor<' ii ~L'\Tra! fouudation~ an• f'ri'<'IPd on thc sume mn.t, it is 
conditioPally brokcn up into ~r·tliom; c·orn'>·pondin~ to separatl' founcln.
tion;;; thc comptlt:ltions of vihration'> pnH·r•¡•d a;; if Pach foundation wcrc 
in<:t:dkd "Cparatrly. Thcn thP de:--i~n \':thll' fc•r thc pPrmi":-ihlc ampli
tudc oi \·ibr:tt iot> m ay br inC'rC'a~cd :-omr'\\ h:t t (J. y z.; to :;o pcr ('cat). 

To :woid a di-:ortPd ti!t c,f thc ma--h·r ,;haft of thc m:lthinc, it'i exl<'r
nal lwarin~ "!tou!d be plarrtl on thc! :-:une machinl' foundation. This 
dir~·r tin· ~drr, ::lso to thc in~ta!!ation uf motors couplcd dircrtly to 
nr·:;~:··:·atm~ t'!l!;'l!ICt; sudt as rlectronwtots and ).!;l'tl<'l'ator:-o. 

lu :wy ca-,r, thr fouuclation arca itt c·on)aC't with suil o::hould lw sc!ccled 
in !>Ueh a '';ay that ·prc~surc on thl' :,oil durs n;t cxcccú ~pcrmissible 
valucs. 

Thc largcr thc foundation contact :trea, tJ:¡r; smallS'r thc rcduccd prcs
surc on thr :;;c)ifanél thc highcr thc natural fí:c'quctH'Í(os of thr- foündition. 
This ¡._ of coll:-iúrrablc importancc for low-frcc¡Hc'nty machines. including 
mo;,t of thc rl'eiproeu.tin¡?; cngínes. Th<: rasi<'~L way to changc thc natuwl 
frrr¡urueiP~ uf a foundation is to inc:rP:t'-C or· dcercnsc thc dimcnsi01 . ., of 
thc fotuHhtiou rot~tad ::m.:a and dt:utgr its eunftguration in plan. Thcre
forr J. fmul sl'lcd ion of thc con tact arca ~hot.!cl be bascd on rcquircmcn ts 
obt:tinPd ns a rc~ult of Jcslgu computatíons rcg;arding vibrattonnl loads 
on thc foundation 

foundutions ur,dc·r low-f:í'fj\lf'tlry rnarhitws ~hnuld he d""igncd ~o 
thal th<'ir n:l!ur.d ftc·quPitCÍc::- an· mt:r·h L!gber than thc o¡1C'rationul 
fr('qucnc·i¡•-, c1f tlll' m:H:hinc:-. 

Thc na· ur~.! frc'¡tlC:ltic:" of foltndatiou~ are :Jt1rctcd 'uy thC' :::.bsolut<' 
\1llue of tlw ÍUUt1Lhlion m:l',-; actd t1y its distrihut10n in sracc. Tbe 
cle:;,igncr should try to dist1 ~bu le tltr m:t'-'\ so th:lt thc ~mal\c;,t possiblc 
value of its monwnt of incr1 ,e, is obla:ncd with rcspcct to thc principé<l 
axis. p:J...'ising thro,ugh. thc. cLntl:oLd Ol th.c f.ouB<:bti0n con.tact. ::w::ca., To. 
mect this rcquin:r::lc'lt, thc nünimt.m follnJation hc!ght should be sclectd 

o o 

IV-2. Unbalanced :nertiat Force.; in R.::ciprocctinr;; Engines 

Forccd vibra.tions in foundalions undc:r pi .... ton enginrs are largrly 
causcd by thc unbaluncetl incrtiu. forel's in thc moving p:.rt<; of crunk 
mcchanif>ms. 

a. Singlc-linc Machines. Figure IV-1 illusttatcs thc main fC"aturr;s of a 
rcciprocn.ting mcchn.ni~m. The pi¡.,ton J1 anJ thc pi~tnn rocl B <'-..:reutc 
an alternating motion; Lhc C:OilllPCtion rod e cxccutc:-, ::t <:omplicatcd 
pcriooic motion; nJl points of Lhc cr:1.nk D c¡.:ccutc a rotatinnal motton 
around thc main axis O. Any of thchc parts mn.y havc unhalnnecd 
inertial forces \vhich indcpcndcntly may caP".c foundation vibrations. 

~~--~--------- ----------------

According to tiH ht\\s of :--talle<., \'.í' may rr·pbc·e all tbP,-,c for1·•·~ l.y furL"<'5 

acting at point O ami plaee at tlu~ pmut the ori¡;;in of n. coutdinatc ~y:,tcm 
' x, y, z. 

Lct U!'! placr th<' z a-..:is in thr dirertiott uf pblon mo\·rmrnt, thl' .e ~1-xi·; 
pcrprndirular to this dtrcction, and th(· y :t':i'i pcr¡wmliC"ubr tu th!' pl,1r1C 
of the drawing. Sinec all pnints uf thP rTank nwdwni-m nwn• ut thc
pbnc xz,.thc !J urdinatrs \\ illrr'main c·on"lant. for a!l tlwsc polllh .\~ :1. 

rcsult of r·cplu('ing allunhalancl'cl incrliJ. for('l''> hy forc·cs :tdÍn!!, a t point ( i, 
we obtain Oll(' forct' !111(1 O!IC rouplc. Hv!->oh i11g tiH'::-C into tlwt~ < ornpn

neuts along tll!' eoordirmlc axcs, \\f' obt:tin thc fc)rce comp•nlf'itl" !'. 
and P. allll the monwut M u. 

The po:-;ition of an~· point of th<' er:mk nwr·hallÍ'-tn i~ dcll·¡ mi11r''l hv 
ono ínckpencknt. \;tn:d,k: tlw :llldr· of tiJt:ltton ..;: of t!tr' •· 1:utl-.'ktí; 
Thcr~forc the toordw:tlc-- 1,, y,, ant! z, oi any puint i o! tlt.· nw\·: .. :.:; 
maehmc parL. are fulll timt'i of the an¡.d<' ..;, tllP l.ltll'r llcin·~ n iu·1c::·n1 
of time. - ' 

Let us denotr- hy x, nnd. z, thc projrrtíom of thc [t•:rclcr~dwn of an 
e!_cment. i o!_thc cro.nk: n1echamsm on thr x and;; axcó'; thcn thc. projcc
twns of thc merti~l force& acting on this clcmcnt will be as follows: 

1n,.c, e .. m,z. 

o 
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The proj<'ctions of the incrtial forccs acting on aii clemcnts of the 
crank mechanism will be 

Pz = l:m,x, P.= Im,i, (IV-2-1) 

Considering the x, and z, coordinatcs as functions of t, we obtain 

but 

dx, d.x, d.p 
dt == d.p dt 
d¡p 
dt = w 

whcre w is thc angular vclocity of thP m:ll'hinc rotation, hcreafter assumcd 
constant Thcrefore, _ 

dx, dx, 
-=w-
dl d¡p 

Takin¿; thP dcriv:< ~¡ \'C with rc.;,pcrt to l, \\e l.nd 

similarly, 

Substituting thc values for T, and :::, into Eqs. (IV-2-1), we obtain 

(IV-2-2) 

Thc total r('sultant inrr!ial forc·c of thL' cr:wk mcehanism cvidcntly 
will cqual thc ~um of t!w inc·rti:d fon·('~ of it.s moving parts: the crank, 
thc pi!>ton, u m! thP ronnr e tw~ rod Co!l~c·qtl<'ntly Lbe c-omponcnt of the 
resultan( of thr; ir:crtial fun e·'> ar tw:.; i~: t.lw dirrction of thc piston motion 
can be dc,-r·riht·J by tlin ffJrmub 

P. = !'.1 + P.2 + P.a 

where P. 1 = projcctiorr of incrtbl forcC's of crank on thc z axis 
P.z = projPdion or in~:rtial forcp;; of rod, crosshcad, and piston 
P.J pro>-' ~1011 of inertw.l (or< c-., uf liL,'lCCtong; rod 

o 
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Furthcr, 

The first momC'nt, for examplc, of thc rna!',S of thc crank with rcspcct 
to the rotation axis will cqual 2:m¡,Z¡,. On U.c othcr hnnd, if .1[¡ is the 
mass of the eran k and x 1 ami Z¡ are thc (:oordinatcs oÍ ih ccntcr of gra v
ity, then 

Differentiating this equation t\\ ice \vit h rc·spPct to -~' \\·e ohtain ··' 

Using this relationship, wc fi11d 

similarly, 

The exprcssions for thc projcrt10n<> of thc rrsultant incrtial force will be 

(l\" -2-3) 

With.out límiting thc general va!idity of thc solutinn. ::wd without í:wolv
ing L!l\' ::,¡·~·nificuni. error, 1t is ¡L,-.:JiL ~o conccotr:.:0 the c.:.::. ~:·- -. .;~ 
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the t::rank mcf'!lamsm not ~t thrcc pni11t ~. u~ ha~ becn done abovc, but 
at two polllts. Thts will :;impl!f.J the (':-.¡,rr_-~¡r,rh ohtaincd for P, and P,. 

It has bccn assumcJ that thc eran k ( '..U:u!.cs its motion ata uniform 
rate. Thcrcfore thc rn:1gnitudc of its inertial force will be the ma"nitude 

Fra. n·-2. ltl'< 1pror at
ing enginc, dlu~l ralmg 
the dcnvat1un of Eq. 
(IV-~-.J.). 

of the centrifuga! force; i.c., 
1::> 

Pe= R1.~f 1w2 

· 'vhcre R1 is -thc di'-:~'?H'c 'bedvccn 't.hc ecnter of 
gravity of thc cr::wk and thc axis of rotation. 

This force will r,e; dtrrcted along the radius of 
rotation. Lct u~ c·r¡r,·oidcr that it is applied not 
to the ccn ter of gr~,·. 1 r y of the crank, but to point 
a, i.c., to thc cr:u,k¡-:.tr¡ (Fig. IV-2). In ordcr to 
obtain a force ccp::d t r, /'e and applicd at point a, 
it 1s ncec~,..ary toa-- :r•'r_ that mass Jlfu is conccn
tratccl at tlus potr.t :u:d t:o ~ma!lcr than .V 1 in the 
same proportion a~ /.': ·o :,mallcr than R; thus we 
"'hou!J set 

Sl!lce pOtnt u (d:'. · f<¡~:-hc•:1d) CXl'C\ltC's a recip
rocatillg rnotw11 ,., Í:t·· ¡; Jot·:, uot ddTer from thc 
motion of the (<'r,:r r ()[ gruvit.y of ma<,..., 1lf 2, wc 
m ay consi(kr th.t t rr.:J. -., J[ 2 is eonccll tratcd at 
point b; tbi" \\ il~ u<,t e hangc thc magnitudc of its 
ind uccd ir;crt i.d ;r,r< r~ 

Finally thc ma~s Jf a of thc conúi <"LÍII;.!, rr,rl m:1y be rcplacr:cl by ma,..scs 
.1! 01 and Jf a~ cnner·ntratcd al pnint;., a :t11d IJ Ilo\\'cwr, this distributíon 
of mass JfJ should he m:.l<k ~o ú'> not lo d1<J.Iq . .(l' thc n.agmLude of thc 
incrtial furre of thC' connec:tmg rod c·ouq,utr d on tite asc.umption that 
its mass i"> conccntratrd :1.t thc c:cnter of ¡..:.anty (.r 1,z3). 

Dcnoting thc coorc..lmatc:;, of pointc.. a :u:d i, rc•-;peetivcly by (xa,za) and 
(xb,zb), we obtain 

On thc other h:wcl, 

Equating the right-hand parb of thcsc cxprr;~=ions, wc obtain 

o o 

13 

Simtbriy, deri\·ing thc c;,¡>:<">"lor. fr¡r tLr· ptojer1J()CJ of thc mcr: ia! fo:-cr 
of thc ccnncctm;; Iüd or, thc: .r a'..h, \\e oiJlam lhc sccond cqt..:.:.tion: 

It follows from thc equatwns ohtainrd fo:- M JL a.nd M n that the \·al u e~ 
of thcsc masscs should he !->clcetcc..l so th:ü thrir ccntcr r:,f gmvity lics al 
point (x3,z3), i.c., thc ma~scs should be <.li!->tributcd in an invcrse rel:l.tion 
ship to their di~tanccs from ma:-:"' !vi J. Dcnoting thcsc distanccs by L¡ 
and L 2, we obtain 

MJ1 L2 
.1! n Lt 

On the othcr hand, 

Solving thc;,e equattn11~ fcH' :lL and M~~, \\'C fmd 

[.,, 
Mat=L·Jt1 

L1 .1/ 12 = --- ¡\[ 3 

L 

whcrc L is the lcngt h of tlw u :1.11 k 

L 

Thus lhc threc rr.as:oc·,, (;oac entra Lec! at thc ccntcrs of gr:v;t~·: corre
spondtng to thc p,lrts of thc ct . .rü .. mcch:u¡ism, may be repl..lccrl, ":.!101tL 

changmg the magnitudes oí thr incrttal forccs of the mceh.lm'>m, by 
two masscs: 

l. :i.\Iass .~fa, conccntratcd il.t thc cJankpm: 

H1 Lt 
Ma = MLl + Jf3L = ¡¡ .lf1 +y; M3 (IV-2-U 

2. l\Tass Jt.fb, concf'ntmtccl aL thc cro;,;--h<'ad: 

l> 
Thc proj cctions of thc inertial forcr of mass M a on thc ro0rdi lt:J.tC' a '\C'S 

will be 

The incrtia! force of m:1"s J[h \\'lll only havc a projcdion on the z a'\i-,; 
this will be cq ual to 

Thc projcctions of the rcsulta.nt mrrtial force of thc wholc mcchani,.,m 
will cqual 

P., = M .. w~R ~in <P 

P. = JL~'í~ l.C~. <;. - J~fr.w 2=~ IV-2-u) o 
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It foUol'.·s dircc.tly irom Fig. IY-2 that 

Z6 = R cos "" + L cos "" 

We have, írom thc triangle Oab, 

• R R . . 
sm ,.. :' z sm r.p = a sm <P 

from which cos fJ = y'I - a 2 oiinr <;; 

Expanding cos {J into a series according to Newton's binomial tbeorem, 
we obtain 

cos {J = (1 - a 2 sin 2 r.p)Ji = 1 V2a2 sin2 r.p 

- ~~a 4 sin4 IP - 7l5a6 sin6 r.p -

t;"sing thc formula eonn:rting an cvcn exponcntial trigonometric 
function into a linrar one, 

2"- 1( -1)":: ~in""' = cos u.,: - n <:o:; (n - 2)4P 
n(n - l) + 

1
.
2 

co1-> (n - 4).; -

+ ( -1) (n/2}n(n - 1) · · · (n/2 + O· 
2 · l · 2 · · · n/2 

we replacc po,\·crs of sincs by the c~1->iues of multiplcs oí 24P. · Thcn 

cos fJ = A o + A 2 <:Of> 2<;: + A 4 cos 4¡p + · · · 
where A o, A2, A., .· .. are constauts dcpcmling only on the charac
teristic numbcr a of t}l(' eran k mcchauism: 

.1o = 1 - Y.íaz - %4a 4 
- %s6a8 -

A 2 = 7,ta2 + Yrr-a• + 1)!. 12an + . 
A e = - (}i.¡a 4 + %.;r,a:~ + · · ·} 

Substituting th(• cxprP:,~ion (':,tabli:--hcd for em· {1 into Eq. (IV-2-6), we 
obtain 

Zb = R [('O!- <r" + ~ ( .1 ,, + . 1 2 e· os ~.; + .1 4 ('OS ·14,(' + · · · ) ] 

~~~ =--- -H(eoÍ>.., + n. ,.,,,~.,+JI, en:,4.p + ·) 

-r<hcre 82 = 4 '1 ~ B. = ~_!_· 
01 ex 

Substituting into th<·:-<· forrr.ulas t.lH• 1':--pr<'Í>'-ious for A~ and A~, and, 
in ·;i• '.1' ,,¡ t!.· .:-n.~!l v:.llll: oi e, di~n ""·'rdw;!; all term:, cont::.inu._, its 

o 

----------

o 
fourth or higher powcrs, wc oiJL:tin 

Bz =a (1 + ~
2

) Be= 

Therefore, 

~~: = -R [ros 4P +a (1 + ~~) cos 2\P- ~
3 

cos l~] 
Substituting the cxprcssion cstah!if>hcd for ,pz~/úr;J 2 into tlw formula for 
Po~~, we fiud thut . 

_. P., = Af6Rw2 
[ cos r;J + a ( 1 + ~) em .. 2.,- ~

3 

cos -11:'] 

Substituting t.his cxprPG~ion for /' :L i 11 lo E e¡. (1 V-2-ti) <k .... <·r~ihing thc 
projcction ou thc z uxis of thc re . .,ult:wt irwrtial forc<' uf the rnachinc 
and replacing IP by wt, whcrc w is thc ang11lar \docity of maehirw rota~ior!, 
we finally obtain 

Pa = Rw2.1f,. sin wl 

P.= Rw 2 [(M.,+ .1h) co:-. wl + a.llb ( l (1\"-:!-7) 

Thus the formula dest:ribing tlw e:-.,·rtrng loads <'all:-111;_; th¡· fun·~·J 

vibrutions of a foundation contains tcrms Jppcnding uot only on thc 
frcqucncy w of maehinP rotation, but a!so on t.hc douhle, q11adnrpk, etc. 
of this frcqucncy. Ilowcvcr, thr col'lli<·i<·nt-; prN'PUing ¡·o::-. :!.wt and cos 
4wl dccrca:--l' vcry <¡llil'kly, and the:-,P term!- rn.ty Le di:-:.r<'g;ardcd iu cn~i
necring cal<'ulations. 

The termH t'ullt:tiuir'g I'O!- ~~ ar•• c·:dlctl primary incrtial fol<'l'S (tlu' fir,.t 
harmoni<'s); t lw:-.e I'Oltlainin~ co,; '2wl, ¡.,pc·orHiary f(ln·r·s (;,t·<·ondary 
harmouies); ami :<o 011. 

Thc forcgoing dis!'ll~~ion 1<-ad::-. to tltc· 1·nrwlu-.ion that rot:dlll;,:!; m:whin
ery ma:o~sPH pro ti un• pr imary irwrl ia 1 fort'l' ..... , n•,.ipwl'a t in¡.:; m a:-.~1·" prud ur¡• 
both pt·irnary in<'rtial for<'I'S allll fmc<·:-- of P\ 1'11 IJi!.d•<'l' onkr:-

By in::-.talhug 1'0\lntl'ri\<'ÍI'.hts of rna"" .11: ••11 a .._ft,¡ft. ir ¡ ... Jlll--il•!P t1• 
b:d~UH'<' irtt•r ua! forn· ... indUi"l'd hy nza;- .... .1/,.. Jf .1/'. :, lixcd on ,!\,• :,.\:::ir ~,¡ 
that thc angle tH'L\1<'<'11 lhé radru'- \"('l'r":~ ,¡ n.:.---·.~ .llc ::::d .li~ l't¡;I.\l~ ,.., 

th<'!l, in r,r,lcr to J,a\·t· the Í!ll'fli.,l tlllt•·~ ul tlu· 1ul:d111¡,; ¡,.:;b I.JJ.l .. lll-...:, 

one of thc two foUowing coudi 1 ion~ :-.houlJ 1 1<' ~-;at i:-.fied. Eithcr 

l 
i'fe- R M~= o 

or 
DI l { 
O. ~ r , J1 f _ _ ¡r- () 
R "u 1 T" -¡-; J J J: • .. ,. = 
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In ord''f to babnc'C fully thr proJPrtion'> ,.i pnmary incrtial forccs in thc 
dircction of piston motion it ts ncec,sary to sclcct mass JI!~ and distance l 
(betwccn its ccntcr of gra,·ity o.nd thc a=-.ts of rotation) so t.h:.1t c1ther 

l 
Ma + Mb - R M: = O 

or ~~ M 1 + M 2 + .1/ a - ~M: = O (IV-2-8) 

If thc sclcctcd valucs of l o..nd M: satisfy onc of thc abovc cquo..tions, 
then in thc exprcssion for P. thcrc '' ill rcmain tcrms dcpcnding only on 
cos 2wt and cos 4wt, whilc thc cxpn':,"iOidor P" ,,¡-¡¡Le as follows: 

l:sually Jh is brgcr than Ma; thcrdorc thr ~rlcclion of a countcrwcight 
mo.ss sat1'f} ing Eq. (IV-2-8) lco..us to un cnlargr'n1Cnt of iuct t1al forccs in 

z thr ditcctinit pr¡¡wndiCu!ar to thc 

k th cylinder 

==-r---
1 
lr 

1 

tOlidin).!; nf thl' p1'-ton 
b. Jf ulllculwdr r Engincs The 

mcLhod of dctrtmtna t ion of exci ling 
[oads in multlry lindl'l' <'ngmcs is in 
prin('iplP thc "ame m, in singlc
cylindc•r rngines. 

Com-iLlcr a vertical cnginc in 
\duch thc cylindcis are c,ituatcd in 
tlw ~:mH' planc, p.lr:dld to car·h 
othN (thc so-ca!lcd !itH'ar arraugc
nl<'nt of cylindns). lJ:,ually thc 
numl>C"-r n of cylindcrs does not 
cxcpcJ 10. Cnb.tlanccd inNtial 
fon:r;q are ca!euLttcd .simil:uly for 
vertical aud honzontal tTeiproc:.lt-
in~ c·tl~inl',.. 

Fzr. !\'.;¡ \lulll< )imdPr ~'n¡;Ín<', dlu~- l.d 11 ., dir<"d. thP !l ao,;is (Fig. 
trat1n~ tl•1· dr rl\ at1on of l·:q (1 V-'L-0). 

{\·-::) :do11g; tlH' nauk-..haft of the 
cugtrt<', tlw .r a=-.ts ¡wr¡wndicubr lo tlw :--h:tfl :wd !.orií'Olil:d, thc z axis 
up,•.ard, al<J!¡~ LI1P a\h of ::-lidiu~ of tl1,. pi,tOIIS Lt·L u:-:. ¡,!:ll'l' tltc otigin 
at the ma<;'> cclltN of thc found:Llion auJ ¡·uginr ami ll't us assume that 
the yz pl:"tne pa-,ses through th.:: principal axis of engine rotation. 

Wc confine oursehcs to thc case in which the cnginc has only ma.in 
cylindcrs (u o auxiliarirs ~udt :ts c-ompn·,sor anJ c=-.hau::,t cylimler). \V e 
denote by {3;, thc ..1.ng!e Let\\l'Cn t~lC cr.wb.. of t.he 1-Lh cy!tr·J~·:- ..~.nd the I:r"'t 

o o 

FOlJNOA-;'ION:> Ur<:DE~ R~CIP~OCATI:lG E~:~iNES 

crank (the werl~ir1g :iT'i-;:e) By l!IC' r.-·a..,O!lll'¡..:: of .\rt. IV-~-:t \\8 ou:a:.1 
the following C\fHC"'-ions for tbe Clllt:uonent cxeitmg force o..long thc 
x and z o..xes for thc Hh cylinder: 

Prk = Rkw2llfak sin (wl + f3k) 
Pu = Rkw2[(Muk + fih,) ros (wt + f3k) + MbkCXIc cos' (wt + f3,)j 

ak3 

The tcrms ¡\[&, ·y cos 2(wt + f3k) 

and 

havc bC'cn ncglcctcd. 
In ordcr to obtain the rcsultnnt cxciting force transnlltlccl to the 

foundation from al! engtnC' cylillclcrs, it snffices to sum thc ::ÜiO\ e exprcs
sions for all n cylínclcrs. Thcn wc havc: 

" 
Pz = w2 L í?,Jfnl. ~in (wl + {3,) 

k= 1 

" 
P, = w2 L Ri.[(:lfuk + :l!bk) COS (ú.·t + ¡3;.) + JL,,a¡ COS 2":..:( + ;3_)] 

k=l 

In addit10n to cxriting forres, thrn' are eo,;cÍtlllg momcnts; l)¡¡•¡r m:-u;m

tudcs cq ual 
" n " 

JIL = L P,,luk 
k~l 

My = L P,.l,k 
k=l 

.lf. = 2: P ,¡[uk 
,¡,~¡ 

If the erank mcehani'-ms are idrntiLd in al! cy!inucr:-,, th('n the ('c¡uations 
for the cxciting ~orce \1 ¡[[ h<' :-,¡rnpl1ftcJ: 

" 
P:~: = Rw 2M. L ~in (wt + ¡3,_) 

J.: 1 

n " 

P. = Rw2 [(M o+ ilfb) L cos (wt + {3.) + Mba L co:; 2(wl + {3.)] 
k-1 k-1 

Iknep 1t fp[[o''" th:tt to l>:tla•H'0. the fir,t harmonics of thc rxriting force", 
thc follo\\ ing cqu.ttion:-. :-hould he :--at i,..fil'cl: 

" " I cos (wl + ¡3.) = O L sin (wt + /3•) =·O 
k-1 J.= 1 

The sccond harmonics will be satisfied if 

n 

L ros '2(wt ·-'- .:3.) = O 
L-: o 
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To bal.wcc thc f':>..c iti:¡¡::~ r.1omcnts of tbc first har!:.wnics, thc {o!Iowing 
equations :¡hould t.c :; .• tt;,{¡cJ: 

n 

L lz1o cos (wt + /3~c) = O 
.1:•1 

" L 1,, sin (wt + /3~c) = O 
lc-1 
n- -- -------

L lJI~c &in (wt + ~k)-~-0--
k•l 

S_i_n.:tihr conditions ho!J for tlw !>C'<·ond harrnonics. 
Lct us con,ider :-c·1·cral -parti<·til:tr c·omputatf;ns- of cxciting l~ads 

imposcd by multieylinder cugines, a:,>.utníng all cylindcrs are identical and 
neglecting all highC'r h.tl znonirs of extíting Joads. 

~' P.-2 

J,±J 
? . J·-·1, 

-- -
- --Fra. IV-4. Derivaticn uf <'quutwn~ for i• vertic.1l t\1ó-cjÚndcr engir.c.-

c. Vertical Two-cylirnler Rngines L0t us nssume that the enginc IS 

mountcd u~ymmctriealty on thc found;llion (Fig.· IV-4). Both cylindeí-s 
are identica.l. 

CASE l. CRANKS IN s,,:.tc DmECTIO:-:. Herc, 

{3¡ =o 
Assuming in Eq. (IV-2-0) thn.t :. = !.:!, \1 e ohtu.in 

Pz1 = Pz~ = Hr."' 2J!,, R[n wt 
P,¡ == l'.2 = Hw~(Jl! a + ilh) !'O~ wt 

The rc&u!t:l.llt compoornb of Uw n<·iting; fo;(',';, \di! be 

1'. = '2/t,o~:u .. ~.in wt 
P" ~~ '2fi<v'(t1!" +M~) CO::. wt 

The componcnts of tLe exr )¡ i:1g monH'ru; .:qtnl 

M,. = P. 1(l + '2l.r) 
lu W = '2f'Itl. 
1'!. ~' l' •• (l + 2l .. ) 

o 
fhc vall.r·~ o( l, l. and /, :.P :-110\\ n •11 !· ll; í.V- í 

Thc cnginc nn.icr rnn~¡c!c•r:1::on lwlonJ!:' tr, t:H: chss of i.i~i.ly ::nl,:¡:
anccd cngincs, dangrrous \\ i t.h rcspcct to vil ,,,,tions. 

CAsE 2. Two-cYLI:\DEn E:-<GINE wnu 90° CnAXK AxcLE. On the 
basis of Eqs. (IV-2-9), wc havo 

P:z:t = Rw2ftfa sin wl 

P:d = Rw 2Ma sin ( wt + ;) = Rw2Ua cos wl 

P. 1 = Rw2(llfa + i1h) cos wl 

P,2 = Rw2 (JJ1a + Mb) cos ( wl + ~) = - Rw_2(Ma + Mb) sin wt 

The rcsultnnt componf'nts of cxciting foree~ are 

Pz = Rw~M.(~in wl +('OS wl) = \./2 nw~.u .. ~in ( wl + i) 
P. = Rw2 (M .. + Mb)(em; r. .. ..t - ~ÍII wt) 

Hcncc it follows that thc rcst!lt:wt et>mpCJ:u·nt::. of cxcittng fon e:, :•::e 
1.41 times the rcsultant [orces in c·ad1 <"yli11tkr. 

Let us determine thc compollf'llt~ of thc e'I:Liting momcnt; 

Annlogously, 
M. = P,1 (l + lu) + P.~lu 
¡l/11 = (/',¡ + f'r~)[, 
M, = i'z~(l +fu) + l'z2lu 

This case, thc 90a crank nnglr, is thf' most chnractcristil· for t•.r0-

cylindcr cngincs. 
CASE 3. Two-CYL!t'\DEH E:-:1.1;1;E \\¡JII 180° Ca\'.K .\,c.u: IIrrc 

P1 =O, fJ2 = 1r. Aceording to Eq. (I\'-2-!1), thc rei>ultant componcnt8 
oí thc cxci ting f orces will l'c¡ u al 

1', = () 

The o::omponcnts of thc f'\.(·iting; moilll'IIt cq1¡,d 

M"=O 

d. R(Yiprocating JI nrizo;zfal Co111 prcss&i s Tiw"P ¡•¡ ''>' nf's U»ll:l !ly 11~1 n; 

two cylíndcrs with 00° cnnk angl<''-'. Thc cxpn'"·~wzts for thf' cxcnm,:; 
fcrcrr; lwrc are ü.e E:-..mc ns for a vertic-al cnginc; thc only ddicrcncc 1s that 
in tho c--1u::.Uoils "e ~>hoclld be ch:uzc:•rl to z and vice vcr;,,l. 
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TI::e exciting :noments will cqual (hg IV-5) 

~1:. = P.dut - P.2lu2 
~~~~ = P,l~ + P.l. 
M. = P •• lu• - P.2lu~ 

e. V criical Thrcc-cylindcr Eugútc. Thc::;c rnginc·s 
crank anglcs; i.c., {3¡ = O, {3 2 = 120°, and (3

3 
= 2-!0°. 

usually have 120° 
Siucc 

cos O + eo::; 120° + < u:-, 110° = O 
sin O + sin r::wo + ~~~~ 2-!0° = o 

the first harmonies of thc cxci ting force~ are babnccd: 

P:. =O P.= O 

I~ al! three cylimlers are spaccu alikP, thcn the cxc1ting moments of the 
engme are 

M. = l'z~(2l + lu) + l'.2(l + lu) + P, 3[
11 

JIU = o , 
M, = l\¡(2[ + 111 ) + f'dl +fu) + Pr3lu 

f. V=rlical Flmr-l"l;luula Enginc Th¡, e11 g¡ 11 e 1s so dcs1gncd that 
f3t ~-0·, {32 = lSOa, f3J = 180°, anu ¡3, = :lt;oa. Al! compoucnts of 
excttmg forces :l.lld mmuc·nts a.re balaHc'('d a" a n·sult of this arranrremcnt. 

- - 1:> -

Fw. IV-5. l>cnvalwn of cquat u m~ for hon¿ontal p1~ton comprcssors. 

g. Vcrlzcal Su-CI¡lindcr Enginr lll this cngine eran k anglos are 
usun.lly a<; follo11 :-.: 

•) ·11!' ·111' 8 {3¡ =0 132 -"' 
:! 

f3a .. ¡J 1 - {3;. = 211' /3G = :i 11' .. ;{ 

Fur Stt('h <'l,tllk pu:-.ition;-;, tlll' 111:-,( :uul :-.c·ro11d harHH>IIlf'S of dhturbing 
forec-s are b:darwt'd Th<· rxt·itw~ monwnt;, <·c¡ 11 a! 

llf~ = 0 J>,l Mu =O 

o 

FOUNDATIONS UNDER Rt:CIPROCATING ENGINES 

in drsig;n computalion:-. of foundat ion:-, umler ,,,_eylimlcr cng;inc" thcrc 1s 
no nccd to compute fur!'cd \ ihr.tlion,; 

If the cngirH'S have auxiliary !'ylindc:r:-, (a romprc,.,sor une! an cxhau:-t 
cylindcr in addition to thc main cylintkr,), tlwn iu thc comput:1tions of 
exciting forccs a load irnpo:-.cd by tlw auxiliari<·:-. ;.houlcl b: adclr-d to thc 
loadti produccd by thc main cylindcr:;. Il<l\1 cvcr, the P\.C"iting loads 
causcd by auxiliary cylinucis are srnall in c·c¡mp:Lrbon to loads eausPcl 
by thc main cylinc!Ns, anu thcy m:J.y oftcn l1e rwg;!cctcd in computations 
of foundation vibmtion:;. -

IV-3. Stresses lmposed by Belt Pul! 

In many casC's rcriprocnting cngine;. "< l intr1 rotary moiion sorne tYíJC's 
of opcrating machinPs, ¡r:-,ua!ly PlPrtric ¡.;. ·¡¡r·¡ .d or:'. by mco,.ws of a h·lt 

.- úr·..-en 
/ pu::ey 

Fw. IV-!i lli .• ¡::rHrn of forres tran1-1111tt¡·d to pull•·.}' hy hdt. 

drivc. On thr otlwr hand, ~omr rcC"ipioc·:\ting t·n~in<·s arP g;i\'Pn rot:Hy 
motion hy mf':tn" of a lwll clrivr from :111 t•lt·c-tronwtor. ~:tll' iutll\C''3 :111cl 
compn·~-..;lr'> lwlon~ to tlri-. !.!;1"011¡,. 'Q 

\Vh,•n a lH'\t dn\'1· r--. 111 op<·ratíon, tl11· forc-e· of tlw lwlt pul! ad~ on thc 
<'ngím• bParing:- :tlld c-on,c·qiJt·rdly o:. ti.(' fnlltttl.dion. 

Lct us c·.on:=;iclc-r n. rrcipnw:tlill;,!; c•rt:.!,!lll' :-.t·t Íll rotation hy nwans of a 
bclt drivP n.ncl f':>.arnirw thf' :-Ir<·:--.¡·:-, tr.ut~lllÍI tc·d (o thf' found.t!wn. 

If '1'. i;-; tlw ma~nillrck of IH'\t tc·n:-itlll in tlw -.la< k :-ick of a ll('lt (Flg 
IV-!i) and '/'2 is tPn-.ion in tl1e drÍ\ in~ :-ldt·, t!H' rcsul!:lnt fol('t· t.!' ptlll 
tran:--miltl'd to tlw hc:trin:,.; ... of tl11 ('ngint·, ami f:(Jit:,t·qu,·•:tly to th,· 
f o u nda Lion, cq u:d-. 

(l \' -:3-1) 

Thc pcriphrral tcnsion trn.nsmittrd by thf' hrlt to thc drivcn pullcy is 
thc diffcrencc l>etwccn tcn::.i::ms in tl:c d:-;vin;; nncl drinn hclts: 

P. =- Tt- 1\ 
o 



e 
148 DYNAMICS OF BASES ANO FOUNDATIONS 

n 
V 

If W is the cngine powcr nnd v ;., thc pcripheral :::pccd of thc belt, thcn 
it is known that 

Sin ce 

w 
Pr =-

V= Rw 

V 

211' 
60NR 

where N = spced of cnginc, rpm 
R = radfus of drivcn pullcy 

then 60 w ,...._ r:: w 
= 21rNR =··9·"5 NR (IV-3-3) 

The interrclationship bctwccn thc pull valucs in thc driven and driving 
belts is approximatcly cxprP!>!>Cd by thc formula 

Tz = T,c"'" (IV-3-4) 

wherc cp = smallr<-t nn~lr of are of belt contact 
~Jo = cocflir·icnt of friction !Jet\\ cen bclt and pulley 

Thc magnitudc oi ~Jo dcpcnds on ihc type of flexible conncction uscd. 
From Eqb. (1\'-3-2) and (IV-3-3) wc ~lave: 

Tx- Tz = 9.55¡~ 

Substituting hcrc the cxprC'ssion for T 2 from Eq. (IV-3-4), wc obtain 

T: = 9.55 -R-WN .. -=-¡_1_ 
-e"'" 

and conscqucntly, 

(IV-3-5) 

Substituting th('sc cxpr('-,,im1s for '1', and T 2 into the right-hand p:,rt 
of Eq. (I\'-:\-1), \\C obtuin tll!' following ,_,,¡;rrssion for thc force tran~;,
mítu·d U> the foundat;on by th(' !H'IL rnll: 

W 1 -1- e"" !?. = 0.55 --; --' _._ 
HN l - e"' 

(IV-3-6) 

Thc dircr' ion of thi.'> forre d0pr nds or. :he rcsprcti 1 •' lo('.Ltionq cf t:JC 
tlA(.,) cJ ::.L Uf!, i~~g ~tsd d:·r~ ~-~! !'dltt•y:,. 

i-49 

If thc str:ll!;ht li•w p:t~-rr,;..: :! rou~l, t)¡¡· ;,,_,., r,i rotarior: of thc d-l\-!l:,; 
and dri ven pullcy!-> forms a u an~l(~ "Y \\ i t h t he horizontal (Fi¡;. IV -C), thcn 
thc horizontal compoucnt of bclt p111l equals 

The vertical componcnt of pull ten:-.ion U!>ually may h¡• rwgl(·ded :-.irwc 
it is hmall in compari~on \\ith thc (•ugiuc \leight. In f'a:-cs in \\hich thc 
enginc is driviug, the cxpre~l>ion for 1', n·mainb the ~ame but thc dircctwn 
sign chan¡;cs. 

Thercforc if thc drívcn ami driviug; p1dlr,v.., are mountcd on the ~ame 
foundatiort, the fort·f':-. irnpo"cd by a úrt\ ing; gPar r<'prr·;::f'nt. iutf'rnal fortL'S 
and do not influence thf' dr<-plac('nlf'llt of tlH' foundation. 

IV-4. Examples of Dynamic Analyses of Foundations for Rec;procat
ing Engines 

Exa111plc l. Dr¡IIUIIl/C com¡JUl•diUil• of foundrtiU•II j1,r a ur/¡ra/ comprc,•or roup/erl '"'a 

shaft w.!h <11! 1'/u llfi/lrolor 

l. DESI(:N DATA A !11 <H·yfmder r·on1pn·c.,."r l. a-. 1 he· follo\\ 111¡,; r J.,¡¡ ,,c¡e-1-\ 1. ,· 

crnnk nn¡:;les, íJ 1 =O, ;3, = ,._;:.:, cor11pre~c.,or 1\CI~ht, 1~ tou,, clerrrun10tur 11< 1¡;\ '• 
4 tons; opera trona! ~pcPrl, ll-:0 1 pm. 

Thc fir¡,t harmonÍI's uf d1c f'\.< t!mg forcp¡, , qu.d (in ton>). rn the J;n.ct:on of ~lldtLlg 
oC thc piston, 

P., = 3.0 COS wl P,, = -3.0 MÍn wl 

and in thc horizontal dir;,ertion pcrp!'ndrculnr to the ~hnft nxrs, 

P., = 0.4 Hin wl P,: = 0.1 cos wt 

¿ 
wherc w is thc angular vclocity of rotntion of thf' comprn.sor, Pqualmg 

Tite bnsc of thc fuund.1twn <onsl,ts of .'>rlty .. la)' 111th somc s.~nrl rharartcnzeu br 
thc foliO\\ 111p: dc~ig:n dn~l1r· !'ol'II~<·H·nth: 

c., = :; n X !()' toll~/m' r, =:.! 5 X 10' tnn<;/m' 

~. f)V;:,i(;';. l'lf \(,L_ ,\¡O! I O! :'\IJ\lJCJ'\ ~J't; '-lfll!dl:\ ('0fl1Jlltfa1lt!fl•,, ti ,, [',,1\:-..:tf ¡,, 

tll shapc (hP lnur.d.rll<"! 1n pl.1n w. ~unpiJ "' ,,,,,¡!,¡,., :lloHIIn~ ::11 ''n:rr! ¡:_roon ., prp 
JC'Cl •\•fh 7 D':.Ynllltvtr:~, auct !-~~ on F1~urc 1\"-7 ~1\-l'S a c[,·~~q.:,n d1.q.:,r.uu for tLc fot.nd:!~ 
i.Wil uwlr-r eontord•·¡~¡,.¡¡,, ~r·i(·tteu on the b:t>IS uf thc fGr~¡;om¡; rcac;,,mn~. t;unr<'\,Jw.t 
largcr rl!mcnsionH 1\ NI' sdN·t,..J for thc pro¡eltÍun of tite foundatwn ~Jnb on tb•! lcft· 
hnn·l ~irle, ciur to thc ccrcntnc <Íistrrln:t:r,n nf thf' cc¡¡¡ipmcnt 0"1 tbP fom.rl.dinl1 

·- C1 ~ ~..:Tlzlti" .. - n¡~ 'YJ.l F(lt,,J\';:0\ \1'1 \ 1~ (, ~~T\. _¡'\l-r::u -:.¡!,: \,:, l)Lc~ ,",f:~~\ 
< • • 
'·'-~ l-4<., u'_L, -r ~ :: ¡¡d~ \'UL·,;-- -<.r ,_,, -·' .. ')-
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tbc rommon ccntcr of grnvity of thc ~y~tun (Lhe foundation und compressor 11 ¡,;, thc 
electromotor) '' itb rcspcct to thc n>..es ~lao11 u m F1g. IV-7: 

7:m,x, 
Zo = --

m 
l:m,y, 

Yo=-
m 

wbere m, masscs of smg;lc clcmchb of Hy:-.tcm 

zo = ~m,z. 
m 

.c., y,, z, = coordinatcs of ccntcrs of gruvity of ::,Ín~le clcrncnts 1dth rcspcct to axes 
m = ma"s of systcrn 

\\'e wlll cons¡dcr that thc mas~cs of thc cornprC'~oor and electromotor are contcntratcd 
at the bc1ght of thc leve! of thc mu'>tcr-::,haft a:..is (at u d¡,tancc of 0.8 m from the 
foundution ~>u.riacc). 

l' 

-- '(_ ..., 
o ,.,.-

i------6 o ______ ,.; 

:o?~----48-----: ;-os 
T r 

_t• 
""' 

12 rons 4 tons 

-----~--~--~ -

i_~L---------~~ 

O•mens•ons. m 

FIG. IV-7. Dt",ign d1agrarn of foundation, C'Xamplc 1: (1) foun<latwn slub; (2) upper 
part of foundat10n. 

The rcsult~ of computatwns of st:ttic n,orncnh of single clcmenb of thc systcm are 
given in TaLle IV-l. C::,wg thosc datJ., wc ol.t:tin thc coonlmatcs of the common 
centcr of gravity of thc óyólcm: " 

10.:35 
xo = t.. \J 1- "' 1.5 m = ~-~~-..., ng Yo tJ.\Jl - •. v m 

7.52 
zo = -- = 1.09 m 

6.\Jl 

Thc rcbtlvc valuLs of thc ct:ccntnc1ty 111 tl11! •lin·etwn:, of the x .u1d y axcs cqual, in 
pcrccnt: 

•• =o 3.0 - 2.\JS OO _ •• = --- :üi-- X 1 = 0.7 

Thc'>c vnlucs of e ere 11 tric1ty in the rlht nbut iCJn of thc massl.!s are so sm:t!l thnt they 
m ay be ne¡,;lcctcd in furthcr cornputatwm, of thc foundatwn Thus wc obtain: tho 
wcight of thc \1 hale ~:.y~tcm, 

W ~ mo ~ G !j, X !l ¡.;, ~ íi7 j ton~ 

o o 

FOUNOATIQ~S ·.:~~~.;;p RcCIPKOC/.Tit-. ~ ENG,NES 15' 

the foundntion nrcn in contad "1th ~ud, 

A "' G O X 3 O ~ 18m' 

and thc static prc~surc on so1l, 

p .. = ~ = ~lit = :3.8 tons/m' = O ~8 k~/cm 1 

4. Pos:-.mLE Fonw.; 01·· FouNI>AT!flN VwltATIOl\'> A",l• [)¡ ~ll.1'. \'.U.Li.~ oF ExciTI:\G 

LOADS. Thc forC'going data Jc:Ld tu thc conclu~1un t!.at honzontal cnH•ponPf'b of the 

· TABLE lV-l. Su~l~!AnY OF DATA ~un TII¡.; Sot.t.li!I:>: OF EXA\il'LL IV-·l-1 

Elcrnents of 
svstcrn 

Corn¡1rt'o~or 

Eleettotnotor 
Found.thon 

~lah 

Uppcr part of 
found.1tion. 

Tott~l 

1 

D1mcmions 
of 

c!t•ments, 
m 

Coordinate~ of \\ Stntll' :<,nrurnh 
Cl'tt!Cr of of l'i[l<<; of 
~rrn~ity of r !j•rncnt~, 

elenwnt, clcment, '·' \ lor.~ X ~,,,' 
tons X ~>cc'/rn ¡ ____________ _ 

a. ~~~ --------~~-!~1 ~~-~: '·~.r.: :~~~ :~_::__ 
l '2:~ \ l ;) 1 ') '.!. ., ) l :'--. ~ ";"(l ~ :"2 

¡ o 11 \ 1 ., ¡ 1 ~, u ···o 

3 G O ;, 1 ·• 02 [1 ' i 
3 4 8 1 O_ ~ 2.; __ 11 .') 

1 

:3 O LO 
ü \)1 

l .) !2 .1 ' lJ ,,~ 
1 1 : 

! ! 
: 

;¡ o o ')- u; _,), •J 
! 

• 
distnrbing forccs of th<· COII<[ln'<'-Or :tri.' ~rn:dlm con•p~r<'on 11 llh n!f:~t·al ¡·ompcnw~ts 
Thcrcfore thc dyn:l'iil<" anal~"'~ of thc found.1t1on m.t) he confined mc·rcl) to detcrmm
ing thc amplitudes of foru·cl 1 1Lrat1on" cau~l'd by v¡·rt••·•l !'ornponents of lhc C\.Cit 1ng 

forccs and of thcir mon,cnts. 
Thc rcsulta.nt vcrt1cal compuncnt uf the d"turJ,¡np: furccs l.'t¡Unls (scc .\rt. l\--2) 

P, = P,, COR wl - [',, sm wl = 3 O(cos c..l - sm c..t) 

"" 4. 2 cos ( wl + n 
The design vnlue of the vcrt1c.d cornpon<'nl of tlH· cxutmg lonrls 11111 be 

!', = ·1 2 ton-; 

This load will mducc vertical forccd \ ihrat1ono, of thc founda!lon. 
Dueto thc asymmctric pos1tion of thc comp:c,~or, thc foundatiOn 11 11! be sub)Cctcd 

to thc actwn of thc dbturbing momcnt M. w1th rcspcct to thc x ax1s. Thc magni
tude of tbts momcnt is .u.- P .. ;:-:- 1.1 + r. :. o 
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whcre l = d1stancc bct\1 c.cn c;.lm<lcr U\1·~; in thc ca.~c undcr considcration l =- 1.3 m 
lw == distancc bet" ccn ~lcond cyl111d<'r and vcrt1c:tl Il\is pas~ing thro¡;gh ccntcr 

of gravity of comp:dc sy-;tcm, m thc case undcr considcrntion /• = 0.2 m 

Thus M • ., 3 0(1.3 + O.:n cos wt - 3.0 X 0.2 sin "'t 

• 4.6 co~ ( wl + i) 
Thc dcsi~n valuc of thc UL«~urLing momcnt llhould cc¡ual its grcutc~t mngnitudc: 

.v. = 4.6 tons X m 

L~ndcr thc uctwn of tlus mo:c:"nt, vibrnt1on~ 11ill dcvclop 111 thc_plane puralll'l to yz; 

thcy 11 JlrbP tu•corup~llliPd U) :1 'l'nnltanPou, ~hd111¡.: of thP foundut:on in thc dírcction 
of thc y :n1, .wd a rot.lt~<•n c.: t!:f' lot:ndatlon 111th re~pcct to un axis ;:>o.rallcl to thc 
.r ¡¡¡,.¡s and pa-;,:n¡!; throu;.::h :!-.e common cPntcr of ¡!;ravity. 

5. Co\trl TATIO:\"S 01 1Ht: .\lll'L!TLil~. ot FnncEP Vt:nTICAL VIDRA1'10:\s oF 1'HE 

Fot::\0.\T!O:\". Frorn J:q \J[f.¡.,j¡ 11e dctcrruwc thc frcqucncy of vertical natural 
v¡br~t10ns of the foundauon: 

• 'J.Q X !0' X 18 
/ •• 

2 = ---¡;:¡T- --- = 13.0 X 101 sec-• 

Thc nwplltudt· of ion·lCl ".c:L·"d ,Ji,r.tiUHh 1s found from .Eq. (III-1-13): 

1 = _______ .:!_·~---- ---· = O 058 X I0-3 ~O OG mm 
. ' ti.!ll(l:l U- 2 ~~X ltl 3 -

Hcncc it follo11 s th:tt thc ::w,r.!::udl' uf\ e¡llc:d \ ¡!Jrutlolll> of tllc foundauon 11111 be 
much smallcr t h:•n p(•m.i-,Jh!t:: (O 1 il mm). 

6. DETJ::nm:o..\TIO:-ó OF THE :\Irn!!:'-TS o¡· I:-a:HTL\ rH TIII: Fo¡;:-:oATio:o. AnEA IN 

Cox'I'.\CT \\ ITII SoiL A:I:D ú~ Ti!<: .\L\~" OF THI: \\"um.E s,:bTI::~I. Thc momcnt or 
inertia 1 of thc foundation cor.t.?.d arp:~ wnh n·'I••·tt to thc a"is past-mg through its 
center of grarity pcrpPndteular to the piune of Y1hrat10ns 1a 

3 X G3 

la= -- = 51.0 m• 
1:.! 

Thc momrnts of inerl!a üf thc ma'-><•·.;, of ~<'pamtc ctcmPnts of thc systcm with 
rcspcct to thc ~:iiiiC :l'\1' ~re fr,: thc C<H!Iprc;.:,or, \1 ho~c mass 1s cons:dr:red to be cono 
ccntrated at thc hci¡,;ht oi the ~!.aít a"i:,, 

7.3 tons X m X M<:~ 

for tl1c ele!'! no~uotor, 

foz= m,(I..j• + 23'¡ = 01! X 7.5:; = 3.1 Wno> X m X sccí 

for the foundation slab, 

1 77!! ( ~ + i) + L ¡ --· ~.o.} (''·.o~ + a.rt} ~· = !:1 a,. ;::,. m,,,,.'- ,.:; " .. 
+ 2 02 X O.~:;a -= 6.1 tons X m X scc' 

o 

1 
1 

t 
¡ 

t 
1 

FOUNDAT:ONS UNDER P.ECIPí!OCATINC ENGINES 1.53 

(ha ¡5 thc di:itnncc bcLW('Pn liw ccnter of gro.vity of thl) mnt :md thl' foundat10n cor.
tnct nroa). 

For thc uppcr pnrt of tlw foumlnt1on, loentcd abo ve the mnt, thc mou¡cnt of mcr~ia, 
(rom an analogous formuln, ili · 

¡ 04 = ~¡~~ (4.8• + 1.0 1) + :J.25 X 1.01 = !>.8 tons X rn X scc' 

The total momell_t or inNt.ia or thc lllabl! of tlw \\ hoh· s,¡.;.l<·rn \\ ith f('~pi'Ct to thill 

axisis 
4 

Wo"" L ]0, ... 7.3 + 3.1 + 6 1 + !1.8 = 2h.3 tons X m X scc' 
o al 

Thc momcnt of lfll'rtia of th<' "holc syHtcm "1th rc~pcct to thc :t'\1~ pa,.s:ng through 
thc ccuter of gravity of thc "holc sy~>t<·m pPr}'<'nd.cular to th.: plan e of nbratwn~ 1s 

¡ = [ 0 - mh' = :.!!i:!- 601 X 1.0[) 2 = 182 tons X m X ~ce• 

since h = zo = 1.0!) m . 

Thc ratio bet\\ccn thc mom<"nt~ uf uwrt1n '" 

1' = 18 :.!/:.!h ;¡ =- () l¡!) 

7. Co\IPUTATIO:>. ot AM!'Llrl.!H.~ o~ Fow Ll• \':¡unTrox, o~ A Fol "d>\Tl••' 

AccO\IPAl';IED SniUI.TA:\"COt.I--I.Y u\· Suut'.c: A·"'' lto<'Kr:-.<;. Thc Lllutn.¡.; n:1turr.r 
frcqucncy of rocking vibrations of thr foundatwn, !lccordmg to Ec¡. UII-:.!-6), is 

1' 3 "" 10 X 103 X 5l - 67.5 X 1.0!> = :.!0.5 X lO' sec-a 
J•'l' • 26.3 

The limiting frcqu!'ncy of \"ihrntlon~ m ~hcar, frotu Eq (Il I-3-2), is 

The frequency ¡or¡uution for th<' foundntion [Eq. (IIl-1-8)1 is 
JI. 

• - (20 5 + ..Q-~~03 ,, + 20 !~ ... 2~-~~ wa =o 
/" 0.6tl • o w 

or /.' - 30 2 X JO'/ .. ' + 1 !J': O X 10• = O 

By solving thls <'qll:ttion 11 r flud t J¡,. n:ttur,d frer¡uc1a.ws of v¡I.Jran"II, of th,, ~) btcn.: 

¡ •• • = ¡'¡ 8 X 10' SC'G-J 

We compute thc coc!licwnt A(w 2): 

&.{w8 ) w ml(/n1 2 - w2)(/~a' - ..,t) 
"" 6.91 X 18.2(33.4 - 2.5)(5.8 - 2.5) X 105 

.,. 13.8 X lC' 

------------~--------
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Fro.11 Ec¡M (III-l-1:.:!) we dcLerzniCW th,· nrnplltllile, of ::,hdrng ~hear nnd rotn.tion of 
thc four:da~.Jn. Thc n npli;uc;c oi :,lid,.,¡;~:"·~ oi 1hc ccnter of grav1ty of the whole 
B) stem 1s 

A. 2.5 X JO• X 18 X LO? 4.6 = 0.016 X w-a m = 0.016 mm 
J3.8 X 10• 

The amphtudc of rotation 1:. 

2.5 X 103 X JS - 6 m X 2.5 X 10' 4.G = 0 009 X 10-a radians 
A,=- J:lSXIO• - -----

The maxml\lm honlfHHal <h,plr"'''IIH'Ilt of thc foundutwn suriace in the piune yz is 

A 
~ •_,- Au +h,.t., = (00!1i +.0.•11 X O~_QOO).X lO-:• 

O 0:.!0 X 10- 3 nÍ S: O 0:.! rnrn 

Thc forf'~omg; compntat1or~> -ho11 that thr· arnplltnrlc of hon?ontal v1hrntwns, as 
"ell :lo tiH• :tr11phtc~dr of 1 er t w:d 1 1hr.d "'"'• hr~~ ,, 1tlun t hf' range of pe!llll,..,lblc \':llur:l. 
Hcncc t lu· e o·l<'~ll'"':' b pu,_,),J¡· that thc dinltn"on::, of the fouudatwa ior the muchme 
untlcr CO!J>idt·l.ltlon 11 CIL' "'-'' Cl< d r•rop< rly 

It '" c'-2.1r t! •. a 111 th,• <'·'''' t,:,.Jr r ru ,,.,, an 1ncre.t-c m foundat1ou hc1ght 1\0tdci lcud 
to greatc r an:p!n¡¡dc•.., of 1 dor:J:I<Hi>, hcn< e: an 1neren..,e m he1ght IIOul<lnot only r:use 
the co-t of tl.•· CC•Ihlrtl<'l1<Jil, !out 1\0u!d al,o ha1·e a negat11 e etl,•et on thc dynarnic 
cond,:wll of tlw founrl:lt'on 

Tbt> (onelu-Ion hold~ for a·¡ c.,,,., ¡¡¡ l'.l.1ch tt·c natut ,l] fr C< 1 ~.;canr::. of u four:cbtwn 
ouppor~cd o u ... c.¡) are h1;.,dter t l1 trJ : }¡,_. <'P' r.u u,r .. d lrc c1uency of ti H.: en;.;tnc ntOllll te el on 
the iound.ttion Tbis occur, 1!: tl,e ovu 11 heiii,III!; fll.tJor:ty o[ 1ec1procatmg en:.:;1nc~. 

E.rutolplt: 2. D:¡namzc anai!J'l' ú/ r1 fuJmcltrlwnfor a rec;procallfl(f honzontal romprc,,.,or 

l. J)r;:,~r.x 1 lATA. The rcc¡procating; honron tal <'Ontprco,~or ha~ t11 o e y l.nd<·rs. 
The distance hct11 eC'n thc U\1~ of thc Cll¡!;lnc m a» ter »h.tft and tite foundalwn ~urface 
is 0.9 m. Thc oper:tt 1ou:tl l"!'''Cd ¡o¡ 1 fii rprn. 

:<.!a,1rnmn ':duc~ of unualar•L<-cl 1ncr11a force, of the cn~me are: hori;.ontal com
poucnt in !he dm·etiun of p1•tnn llilllwn /', = 1:.! 8 ton», vert1ral cornponcnt P, "" 
O.i.1 ton~. 

The foun<latwn rc,tH on a :;oil of trlf'dmm !lln·u:.:;th havmg ,\ permis:uhle bcnring 
value of 2 kg;/"m

2
• Thc dc,i¡;n v:duc~, of th!' coe!luaent::, ol' e!11~ticit.y of the soil may 

be selectcd ucwnlmg to Tal; le I-S a~ follcl\1 s: 

Coefficien t of cla.,tic uniform corn prc'i'>10n: 

c. = ·1 O X 103 ton~/ma 

Cof'fficicnt r¡f f!iast1c nonun1forn, rornprr·,..,ion 

c., = 8 O X lfJ' tons/rn 3 

Coeffic!Cnt of elast•c un1form sbcar: 

Cr "" 2.0 X JO• tons/m a 

Thc Ol!ncn~IOn~ of thc foundation are not lirnitct! by structur .. s, communication lm"~• 
or pbr.t cc¡1..:í' '·' ::t 

o o 

¡ 
-~ 

1 
1 
! 

FOUI'iDAltG~'') L·N..,t:P RECI:·oiOChm•G E::::,,·.ES 

SJ::T.CCTLO'I O!' A D,,,¡:,, D:-.•. tl'.t !<o!: 1111 I'<Ho:O.IJ\rtt•'-· T!tc <1:r1 l"•- ,-

thc fuun<LLtlo'1 are to be r-:.el('('tt d üt ,. Ji·ddlt-'; tu lit ...,¡~n con"t<lcr:1'luf.':t b~L'-\'l' u.~ t' 

rcqnm·rnf'nt~ of the pl:lllt mnn:t¡.;f'II>ft:t !I~nrc IV-8 l;1\"C'i the dc.,¡¡;n <.l:a::;rc. 
sclcctcd on thc bns1s of tlH' ... e con::,idcmtionY. Concrete type lOOt is to be crnployt 
for the founrlalion. 

3. CE:- n:¡¡¡¡;r; 01' TliE fo'Ol':\0 ~Tl():O, Attt' \ 1:0. cfi,TACT W!Tlt SntL A:-;o DETEIH!IX 

TION OF PltE'><>UHJ,; o:-.~ nm fio11. Lct U' tl<'!<·fllltnc the coonlin >tt•s x 0, y 0, and z0 . 

~-----------5440--------

.r, 

8~00-------------------~ 

SeciiOn o long long•tué.nol axi~ of tne fc:..n~~ticn 

r.; ' '1 - 1 -2 00 
</''</<""'(("/-'//1'/<V(C//t//C</(//(/1'(//, l(") f V 11 

.. ' 1 + :r , 

~--3000 ---++-· 3000---~ 

~-----------6000------------~ 

Sect1on along axis of main shoft 

Fro. IV -8. 1 k'1~n rl1.tgrnm of fnundation, cxnmple 2. 

!OCO 
"' r-" 

o o 
"-. 

the center of gr:n ity of the whole systcm (thf' founclation and engiue) 11 ith rcspcct t 
the axcs shown in F1g. IV-R: 

Io = 
!:m,x, 

Zo Yo = =:_711 •Y.• ~111,1!, 

TIL m 771 

where m, 111!1'"'' of ~•'Jl!lr ¡fe l'IPm<'nt' of ·'1 '("rn 
T,, lf,, :!, r·onnlinatt·, of ll'llll'f' oi ~r:t11ty oi tl.r·o(' ckmcnb \\lth r,•oplrt t 

r, 11, z :t'\.('-.; 

m = 1llll'' of co•n pl< te ~y~tl'm 
Separate l'l<'mcnb ol tlw fonnd::ltJon r.re rrwrkrd m fq::; n·-s by_tilc' n,.mb,•r3 1, ::!, :tn' 

fiO on. 
Thc fnundation ~hould be d1vidrd into clcrnents of such sh!lpc thnt the dnt'l o, 

ma¡!;niturles of mas~r" nnd coon!.nat.r·~ of rrntc1" of !l;ravity oi srpnrntc clcrr¡cnl> mn: 

'!' Sce foolaote 1n Art IV-l-.:, p 1:;2 o 
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be uscd lntcr, whrn thc momcnt of incrtio. of thc mn113 oC thc whole systcm will be 
compl!tcd. 

Thc data for thc computntion of coordmatcs of thc ccntcr of gro.vity of thc systcm 
are gi\·en in Tublc IV-2. :\Iasscs corrc::.ponding to cavit1cs in thc foundation are 
shown with minus signs. From thc data oC To.blc IV-2 we find the coordinatcs of the 
ccnter of gravity of thc systcm: 

89.14 
z~ = 2 1.5 = 4.16 m 

64.52 
11~ = 21.5 = 3.05 m 

28.55 
za = 21.5 .. 1.33 m 

Thc displaccrncnt of thc ccntcr of ¡;ruvity of thc mass of thc system with respcct to 
thc centcr of thc foundation arca in contact \\'lth soil is: 

4.16- 4.00 = O.lG m 
In the dircction of thc y axis: 

3.0.1 - 3.00 = 0.05 m 

The rcbtivc magnitudc of thc cccentr:cíty in thc dircction of the x o.xis is 

O.lG 100 = 2 p!'r cf'nt 
8.0 

v. hich is lc~s than 5 pcr ccnt Th1• {'CC!'ntrictty in thc dircction of thc y axis is evcn 
smallcr. 

~lnte thc~G<:entrici~y in thc mass dl~tnh11tion is ,;mall, its influcn1'~ on thc nmpli
tudc::. of forccd \ .Lratwn~ "di Le iii~Jg!.ili•·aut. Tbt'rcforc wc nc¡.;lcct hcrcnftcr the 
ecccntricity and cons1uer that thc ct>nter of ¡.¡r.n ity of thc mnss of thc &ystcm and thc 
centroid of thc ioumbuon contact :trl'a nrt loeutcu on thc sam!' vcrtlcalline. 

The prcssurc on-thc soil im r·"~cd by thc static load is assumed to be. uniformly dis
tributed over the foundation contar!. nrca anu cquals 

mg 21.5 X 9.81 4 l t 0 , k l , P•• "' A = --4-8-- = .4 tons m "" .4.., g cm 

Thus thc stntie pr!'s~urc on thc soil is !'oB-.i<INal¡!y ¡,mtLII<'r than thc pcrmÍS&lhle 
prcs~urc. 

4. Co\tl'tT.\Tlll': OF A\ll'l.ITl'UC<; nF Foun·J> \'WilATfo!<>c. oF TIIE For.lol()ATION. 

Smc!' 1111• l•orlt.Orttal• ornponl'ut of thr wd•alanl'l't!In<'rtml íortl'~ of the cnginc in the 
dirPclJon ¡wr¡)('rodH·ular lo thc 111otwn nf lite p1~ton l'l ZPro, and smcc thc vcrtícal 
cmnponcnt of thr· :t!>O\'C fnn ··~ is m·.¡gmf!, ,;ni, wc compute thc nrnphtll(kS of forcc·d 
v1brations or.l~ for fourll! 1l1nn 'lirration:i <'llll"''! t>y U": honzontal componcnt of 
•:nbabr~u·,! ,,,r¡¡¡ d fon·r·~ iu thr d!r<·ction or fl"lon motion (thc sy;,tcm \>I!l be suh 
JCCtul to 'llu,Jtl(¡[J·; in l!w :: pl:11w). \\'r! :.bu uq::l'·PL t!u! adwn o( cxctting momcnt¡¡ 
tcnd1ng to produrc rock.ng v1brntior>~ of thc founcbtion. 

We bcgin b¿· t::otaLll>lllng thc ¿,,~:• nc••rkd lor the computatton of amplitudes e/ 
founuation vibrat>on l. ThL frec¡\H'"u;y ot mnchinc rutu.tion cqual:> 

w"" 0.105.\' = O.A05 X IG7 = 17.3 scc-1 

"'" "" 300 s..c-• 
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1!3 OYNAM.CS CF MSES ANO FOUN¡)ATJONS 

Thc d:~tance from tho• :n.~ of the ma,t.·r ::.haft oi thc cu.;1nc .o thc common ccntcr of 
gr:n·:t} of thc.. mas:! of thc S) stcm 1s h, = 1 GJ m. Thc cxc1tmg momcnt of thc cogtoc 

is thcn 
M = Pzh1 = 12.8 X 1.53 = 19.6 tons X m 

The momcnt oí incrtia of thc foundntwn contact arca with rcspcct to the axis passing 

through its center of gravity perpendicular to thc planc of vibrat10ns equals 

1 = 6.00 X 8.001 = 256 m' 
12. . 

Thé weight of thc wholc systcm is 

W = mg = 21.5 X 9 81 = 211 tons 

l 

The mo;;cnt -of incrti~ of thc mass of thc 11 hale systcm w1th rcspcct to the axis 
passing through thc common ccntcr of g~<~.Vlty pcrpcno..hcular to thc plane of vibra-

tions equals 
lV., = ~'Í 2~m.(a., 2 + a., 2 ) + nz~(xo, 2 + zo.') 

= 80.6\l + 12.09 = 101.78 = 102 tons X m X &ce• 

Thc momcnt of incrt1a of thc rn:h> of th<' 11 hule S} stf'fn 1\ 1th rc~pcct to thc axis 
pnssmg; throup;h thc ccntrolll of thc found:tt1on contact arca pcrpcntlicular to the 

plllnc of \tbn,nnns cqu.1h. 

Tr0 + /,. = 1111! 2 = 10:! + :.!1..; X 1.:33 2 = HO tons X n1 X scc2 

The ratio belll('f'll tlw IIIO!IIl'lll'i of uHrli:t oi rhe m:t>~cs is 

1' = 107140 = 0.73 

The limit vnluc of natural fn·qw•r¡¡·y of rock1ng vtbrations of tha foundation is 
dctermincd from Eq. (IU-:!-fi): 

1 t = 8 X 10' X 2;~~~ =-..!...:..~ 211 = 14.5 X 1Q3 scc-s 
·~ 1 10 

The limit vnlue of thc n.ttuml frequ('ncy of slldmg shcnr Vlbrntwns, from Eq. 
(III-3-2), is 

2 X 10' X 48 G X 10, -• f 1 = --- -·--- = ·L-l scc •• 21.5 

We sct up th<' frcqucncy cquat1on of the fuunr.lat1on nccording to Eq. (III-4-8): 

¡.• _ 14.6 X 

Soh·wg Lbi, cquutwu, 

' Hcncc 

JO' + .¡ -lü X JO' 1-l fi X 10 3 X 4.4G X 10' =O 
--.,----- f" 2 + -3 O.í:l 0.1 

f.' - :W O X IO'f .. ' + 8!1.0 X 1? 6 
= 0 

(13 o ± .J\f:f"if,-=su:ü)¡w• 

(13.0 ± 80)101 

Thus the nntur:Ll frequencic~ of thc foundation '' ill be 

o 

( 

1 

---~-------
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We compute the cociTirwnt: 

ll(w 2 ) =mTV,.(/01
1 - w 2)(f.:2 - w 2) 

= 21.5 X 102(21.9 - 0.30)(4 1 - o 30) X 106 = 18.0 X 10 10 

We thcn compute thc amplitudes of forc<'u "tlJrntlon., mcluccd by thc honzontal force 
P~ and by thc momcnt M = l'zh,, nccord1ng to Er¡s. (lll-4-1 l) and (IIl-.J-1:.!) the 
bonzontal dt&placcmcnt of thc comlllon ccnlcr uf grav¡ty of t!.c foundatwn and tlle 
engine 1s 

(8 X 101 X 25G - 211 X 1.:1:1 + 2 X 10 1 X 48 X 1.33 102 X 17.:'1 1) l:.l.8 
18.0 x w'" 

+ 2 X 10 1 X 4S X 1 3:> X 
18.0 X lO'" 

1\J G 7 -=0.1 xw-•m=-Ol•mm 

From thc samc cquations \\C find th<' nm••iltudr· uf ror 1-..tng viurnuou,¡ ¡,f the founda
tion nbout thc hon7ontnl :1\Ís JlllhSill¡!; through thP centrr ,,¡ graHty of thc ioundatwn 
perpendicular to thc pl:wc of vtbrut&olls. 

A, 
(2 X 10' X ·18 X I.:l:l X 12 R + 1:.! X 10 1 X 18-21 ,')X ¡;·_:P)IG.6 

180 Xl0-1" 

= O.Ol!l X Jfr' rad1an1> 

Thus thc uu1phtude of forccol v&hrutrons of thc up¡H·r Pd¡_;c oí the foundat1on cqunla 

A = 0.17 X w-• + 1.0-1 X O.OIU X w-• =O. IV w-• m <O 2 mm 

TJ.r <IPslgn val¡u• of tl.c amplitud .. of nhrutiOll:l do!'~ nut CJ..<'<•cd the permisstb!e 
valut•, hrnce tlw <luncn'<!Oil~ of thc foundat1on are M·lr•ctNl ¡•r,rn·<·th· 

, Thc forq!;omg rolllputatwus ~how that v1hrntwn~ of thc found::rwn ar,. proJuccd 
nw.ully by llS horiiPnt.tl UISplarcmcullll lll<' dm•ciH•ll of thr nt tion oi thc ht•r&zontnl 
eomponcnt of lhr' <!1:-.t u&l•mg forec of 1 be 1 urnpn ~-or. "lln~ ~~ <''ipl.lll&<·d by thc bct 
thnt tbc dHIJ<'lblOII~ of lh<' foundntron m th·· <lu·Petron of thr nc..t1nn of tlu~ forre IS 

largc 1n rompan::.ou 1\11 h IIH• lu·igl&t of IIH· hurulntwr. Tl,rrdon• ror k111g r,•,ults only 
in srunll dyn:tllll<' d&spi:H'Pill!'ll ts. 

liPnC<' t he rnekiu)!; nbrat :ons of n fouru!at ir•n m.l) he nP¡.(!r•cl <'<1 "hcn rum put IIIJ::. t he 
ampl1tudc of furccd vtbrattr•ns rf thc found.111on ¡s <'lnngated m thc rltrPctiu:l of ar twn 
of th<' honwnl:d <''l'ltin¡!; forr·c, m tlu- ¡·,t~r thP vdllaltons of thc founrl.tt1o11 lllfl}" be 
con~rd<'lcrl .to he vll>r:tltons of slulmg ~hear. Tht'> a~'-lllllplton ~rratl} ~•mpld1e~ 
dynamlf' ton•putatwn~ 

Holl<'l"<'r, llus ~lmpldic:tiiOn of con•JllltallllllS ~hnuld br \C'r) c:lllllou~l) npplicd. 
For <'Xlllllpk, 1f ~uch :1 Rl111pltfif'alion W<'H' ¡n.l!lo• "' tlll' o:¡,,. of thl' folincla!te>n und¡•r 
COO'>Iller.tt!Oll, t h··n f ro m l :q ([ l r -:1-:l) \\ (' \\ ould ol, t "111 for t IH· <llll plit ll<h· oLhont.ontal 
J¡~plact•mcnts of thL· found:ttwn -, 

A. 12 R 
21.5(4.-lü _ "'o...,_3"'o'""')_X_l0' = 0.14 X 10-• m ~ 0.14 mm 
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nhr!ltlnri of Hliding shear a tlispl:u·.•rlluit tltoduccd by rocking vibratíons of thc 
fount!a:10n, conaputcd from thc formula 

A., = ,t~ 

whcrc A, is thl' ampliturlc of rocking vihmtions \\lacn no shcar is prcscnt dctcrminctl 
from Eq. (III-2-7), and h 1.:1 thc fui! lll'i!!;ht of tl.c foundation. ' 

A.ssumin¡; that thc horizontal I'Xritin¡.: forcl' acts at hcight h 1 from thc base of thc 
foundation, and assuming thu.t, w Eq. (Ill-:!-i"), M "" P.h

1
, we obtain 

1 · · /7-,M·l. 
1 

• = 1Vo(/n1 - w1) 

For the foundation undcr ronsltlcr.Ltwn, h =: ~·~, rn and h 1 ... 2:!) _m; con~cqucntly, 

A 12.8 X 20 X ~.!1 
'" - l.JO(l.J.ü - O.;>O) X w> = 0.0:38 X w-a m = 0.04 mm 

Thus the totul amplitutlc of thc horizont:d displaccmcnt of tlac ioundation will equal 

A = . t • + .1 r" = O. 1-1 + O 04 = 0.18 mm 

An amplitud•• coruput••d J,~ 1m•:aro' ,,( llu: :.r ... ," appw~iru:tll' rne:hod will raot di/Ter 
much from thc 1·alu<· ol.talla•··l :h :l r.•,ull uf • •-noputatwn, takan~ in lo :wrount nl>ra
tion.\ o( thc.: iuazalauon a<'<'lll!ap:llllt·d l•.1 ~rrnult:un:ou& :,lidw~ ~hcar am.l tod .. ing. 

IV-5. Methods for Decreasing Vibrations of Existing Foundations 

a. Countrrbalunciny (lf ¡,·.i.C//wg l.oad.~ lmpu.w:d by Engincs. As stated 
in Art. 1\'-~, thl'r0 nrr: difTf'l!•ut mPtlaods -o( balaneing primary iucrtial 
Corees by Illi'.Ulll of c·otu:tcn\c•ights. 

It is pos,iblc• to count<·rhalaucc <·ompletc•ly a componcut in 1hc direc
tiou perpendicular to piston motiou untl partlya-~ompon~nt in th<• dirPe

ti.on of pi:.:t on mol iou. Ot·, thc JinH·n~ions of cormtcm eights uuú their 
d1stanrcs from ax<•s of rolafiou may IJI• sPIP<'ted to rountPrhalancc com

plctt>ly thc fírst hurnwnic of tlw c•omponc·ut c•xciting forcl's iu the dircetion 
o( pistou nwtion. ThC'n thP c•or11poncut in thc perpendicular dirc<'tion 
will ilwrcn:.:e. 

l"su:tlly thf' fir,.,t mdhod j¡.: cmployrd for thc countf'rhaln!H'ing of 
Pngincs bccaH:-.t• ¡,(¡(':,.;,¡·::;in tllf' 1'11/.dw· Í1>-df ar<' ~malh·r than those occ·ur
ring whPn tllf' <•tlwr llh'th(ld 1:- tl:-t•d. A1wthcr adnlllta••(' of thc fir¡.,t .., 
mcthod is that il rt·r¡11in·~ a ~m.tllt·r <'<Hllll<'n\I'Í;!ht m:tf>s. 

Th<' cffici('CII'Y of a <'<·rt ai rr mt·IIH,d of cou n tnh:d:uwing- t.!1P C'Xf'Ít ing 
f·•rcf'.s indtl('Cd ¡,J' :111 <'llg:lnt· for t lw p111 po;..<· of dc·t'l'ca:;,in~ fotwdat ion 
Fibrations ckpC'mh ')!1 LlH• typr· ,)( <'IIJ.dnP and on !'>!H'<·inl ff•aturf's nf thC' 
fo11ndation. 

For a horizonl:tl rc"~Prrh:"<llll& ••ngi•w, t!w most dangerous foundaíwn 
':Íbmtions nre tho;;,c \> hirh cUt: [!('( omp:uric•J simuitanC'OU.'>!Y uy rorkmg 
t:ncl !oliding, 'In tii!~'C:lt,f', a Ul'('!'l':l'(' Íll lhf' vibration<; of thr found:!tion 
m:ty L<: a.d'·'- ·. -d by couutcll .. .\ . t ~. n.~ dw ¡, ··rt:al j, .n·P:. of thc cz~c;:m· 

o 

\ 
1 
i 
¡ 
1 

1 

() 

Ly thc sccOI'll ml'lll()d, cvc11 if thi, k.ttls lrJ ~·Hr:e incr:;:~.,c in \'ertu al 
\ibrations. Tlwrdore, if stwh au engilll: \\a:-, <·ouHtcriJalauceJ Ly means 
of thc first niC'thod hu t im perm h,,iblc h01 iwu t:tl vibra tious werc o!.:,crveú 
nftrr thc coul'itruetion of thc fountlat iou, thcn coun tcrbabncing by 
mcans of the s<'cond m<:thotl (i.c., hy chan¡!;in¡.; the charactcr of countcr
bulandng) may oc rceomm<'mled as une of tlac l>Ímpl(·st nwa:,urcs to 

dccrcasc thcsc vihrutions . 
. In cases in whieh vertical vihrations of an imrwrmi~:_.:ihlc amplitude are 

prcscnt in sy~tems with horizontal motor;.., thc secúnÚ mcthotl is unsuit
ablc, anú thc fir.st mcthod shoulú be nppli<·d. 

Similarly, for u vertical motor, thc mcthotl of eounterbabneing :-elcct<'d 
dcpcnds on thc typc of foumlation \'Íbratiou¡,-vcrtical, horizontal, or 
rocking. 

Thc installation of e o un ten' (•Í¡.?;h ts for hal:wring a motor dcws nrJt 
requirc dismunlling or prolongf'd iutc·rrtapfion of opcration The intl'r
ruption is only for thc time LH·('fkd to al ladt thc r·ollutPmPil!;ht to the 
sid<'s of t h<' r·t·:111 k. 

b. Chcltlirrd StalJi{i::fltion ¡,j St~z/s. lf a f¡¡tllcd:lf ion r,·-.t.· o11 ~.u:.Iy ~oil, 

thcu, in onkr 1 o tll·('l"l'!l~<· \ il •rat ion', ..f¡c lllÍ,·:,l "r r .-nwnt ,,¡,¡! •iliz:: t ion 
of tlu• soil umler tlw fotwdatiou m;t~· 11(' "'' d :-:wh ~oil :-:.d>:liz.ttion 
will rc.•sult in an in<"rt·aH' in lht· ri)!;idity of 111(' h:t>-P ami l'(lll't'<¡li<·rltly in 
an in!'rC'a~c in thf' natural fn·ql!c'lll'Í<'~ of th<' fouudation. Therl'forc 
this nwthod is \'l'l'Y dTc·cli\'!• \\lwn natural frcc¡tiPil<'H'S of tlw iot:ndation 
on a nm•~tahi!ir.C'u ~oil ale hi~IH'r !han thC' opNalional in·q11rawy of the 
f'rtgim·-- \\ laidr_is u:-ual!y tite c·u::;¡•, A11 ÍIH'n•a:-e in rigidity \\ ill inrrease 
still furtlll'r tite diiT<'I'f'IH'<' IH'IWC'f'll t!!C' frC'c¡tÍ<·nc·y of natur:tl vihrationo; 
and thc frPqw·rwy of tlu· c•ll¡.!;Ítw; c·on::-I'CJll<'lllly tll!' umplilluk~ of found:ld 
tiou vihration;, \1 ill dc·l'l'l'<lH'. \\"hf'll a fottndation rr!'.!Íil¡!; cm a nattantl 
soil hnr-; natural fn•qw·IH'Í<'s ~mallc·t· filan flrt' OJH'r:tlional frc'qtwnry of thC' 
eng;inr, thrn sc.il "!ahili~atintt nwy l':tll.'-t' an Ítll't<':t~f' in tlw :-rmplit 111k~ 
of vibmtions. This may IH' lllltksiml>ll' 1f a r-;oil ¡, "tal•ilil.< d to ~nch a 
dcgn'(' tlwt frequcrH·ics of natural dhrafion:;, of th(' fonralation nwrrl.\· 
approaPh llH' opc~ra 1 ion al frcq tH'IH'Y. Birt if a r-oil ¡, t hnro11¡.dlly ,, :1 hdi1<'d 

and natmal frf'qiiC'IIcÍei'l c>f t.he fotlttdation bPt·arnf' n111ch hi;.:.h1·r tltan ttw 
OperationaJ frc'f¡!ICClt')" of t!H• CllgÍIIP, titf'll "llC'h ~oí! Sl:af,jjj¡;¡(ÍO!l nl:t)" 

r<'slllt in a consic!Pralo!P dt·cn·:tsr· in amplit11th-:-. of \ illlalÍoll" 
('lwmica! :md ('f'mcnt :-(:thilt7:t!Írlll of :'-oil-. i.- pc·o:10lllÍ'':lll." arh :mf;l

gcnus, sinc'f' it..., co:-.1;; nrf' l,ll\. in compari;..on, for c\.amplP, \\llh :-.tructur:d 
mC'aMtn•s, 'i'hP print·ip;ll arh·::l!:lagr of thi:, mtf!lrH.l !\e:; in tl:•· fnct th:1t 
it can be nprli0d witlluut :1 pro!ongcd íntcrruption in thc work of thc 
C'ngiur. Thr intetruption is on!y for tite period of rlircct work con
nrctr<i ,., itb ,;oil !<l ahili7.at.ion a1.rl t !.en for 2 t 'l 8 day;;; more. Tl11::- t !.P 
(¡\'.-r-ai! r\~si..:t is th:.t thc cn~uw \\¡!J ¡,,. :: .~·:: .\·: _, .:;· <vr ~ :·,.~ .. <l.y~. 
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The limits of thc stabiiilcd zorw~ of :-ni! nnd thrir shnpc are cl<:tcrminPd 
by the ch:lr:lctcr of thc vibr:1tions. If, for cxamplc, a foundation is suo~ 
jccted mainly to rocking \'ibrations about un axis passmg through the 
centroid of the base contact are.L, thcn it sufficcs to stabilize the soil 
ncar thc foundntion cdg;cs, p!'rpcmlrcuLtr to thc planr of vibmtions, and 
it is uot ucce:--.,.try to stabilizc tlH' :,OJ! undcr thc cntirc foundation. The 
depth of t!tc stahilizc•d zone :--ltoul~ ~e uo l~·ss than 1 to 2m. 

This mrthoJ of decrL'::t<;ing vibration~ \\tts applicJ at onc of thc Sovwt 
plants \dlf'll i t bcGtlllf' IH't'c--..try to drne:t."P thc a m plit u de:=, nf vibrations 
of un, oper:,~.tmg hori~on_tal t'Ulltpl!':,::,or \\tthout a long tlltc·rruptioft in its 
work'. Soil \\·;:¡o; stablli;.cd tn :L d. pth of abnut l.O m; th!· /.OilC !'Xtc~ndcd 
horizontul!y :w t·m bcyond thL' inundation l'dgr,. Thc rc~ult...; uf founclu
tion vibration mt asurcmcnt, lwfon· and ,tftcr !'tabdization ;;,howed that 
the amplitlldcs of vibration..,, on th0. :L\'f'rngt·, dcrreaH·d hy .jQ pcr ccnt. 
Thc "ork of the cornprc ... :;or \\a~ '-lopprd only for thc prriod of injertion 
of the -ili(':J.tt'"; thc cnglllc w.1~ "~'' 111 mol1on imnwd1.ttcly at ter silie:ttii.:l-

.. ---·:!~:1 ;;,¡~ ~vllt!)ll'tPd. It l\1.ll t!lC'n·tiiiC he a.,_,umrd tha.t ~~~ten thc com
prc;;..;or rrltC'\IL·d 1h motion, thc -.l:thditl'd .,,¡,~ had nota~ _vct forrned a 
sufficicntly rig11l !,:t,r, U!ll! it ¡, pn-:-dde t hat foundatiou \'Íl,r:...tions aetcd 
unfa\·oru!.ty 011 tlw -.(.tJ¡iJizt•d ?<•Jlf' "f '-'oil, 11 lnch hnd not f111ly h.Lrdencd. 

c. Srruclural Jlca..:urrs ThP ''"''~ qf -,tnwtural mc·a:,l1fl''i for dccreJ.sing 
foundation \'tbrations oftcn rcqttin·~ a long tllt<'rruption in thc pnginc's 
opcration and con~idcr .tille cx¡><·n:-c of funds aud materials Thcrcforc 
the use of this mct.hod may be su~:,:c~tPJ only in rases in \\ hich for sorne 
reason no other ·mrthóds m ay lw appli•·J. ,\t thc sarn<.; tim<', it should 
be notl'd that thc eorre<.:t <han~!' in foundation Jcsign rnny provc very 
effecti\·c in d0crcasing the amplitud!' of 1 thrations. 

Struetural mc:ts11res are applird with thc purposc of ehanging thc 
natura! frec¡ul'neics of a fottndat ion in Sll(·h a way asto a<·hievc the !nrg1'st 
pos!'ib!P ditTcrence b0t wcPn t lwm :wd tlw operationJ.l frcc¡urncy of the 
enginc. T!IP f'!tcn('e of strurttir:d nH·a..;mr d<'p<'ndo; on thc natur<' of thc 
vibrations ami tllt' int<'1Tt'lation:-11ip,; J¡r-l\IT<'ll thl' fr<'<¡I!C'llf'Í<'s of natural 
~-nd for('l'd \ ihrationo:;. Tlw opn:tt io:tal fn'qtll'IH'Í<·s of rcciproc·ating 
enginrs :trf' ll"-ll:t!!y lmn·r t!t:m 1!1!' ft1nd:mwntal frcqticncic~ of fntmda
tions; tlwrd<Jrt' !110"-t of t lw ;;.t 11wt 11r:d nw:t-tl!'t'f' am dirri'\Nl tow~nls 
inrrra:;ing 'lill fttrlh!'f tlll' rut1•1:t! fn qtH'1WÍ''" of thP fr¡~¡nd:1ltofl. This 
is acltic·vcd hy incu·ao-1n¡..; llH fot11Hl:tl1on corilact arca ancl its monwnts 
of inC'rtia, a~ \\'<'11 a~ by inr·¡¡·,t,irr~ tlw 1 !gidity of 1h Lasc Ly nw.1n" of pilrs 

In arlJition, it Í'i po~.~ihk to liH-rr:l»C thc founchtwn maso; without 
induring rh:1n:;rs in thc fn•qurncy of fo11nda.tion Yibrations. This results 
in o. dc·rrt· .- i1: thc amplitud•'" of \'crli,·al vibrat!cns. 

\\'hrn L : •• ':~ c·,tirubt!o::-., nf tht lt.tl :.r.:.l fr,·qttf'llC'J(·- nf a v:hr:uirs 
foc:r,J . .ltib 1¡r,,\ th.Lt tl.<} :1: !t•ll•'l :! .. 1:1 ;_h ,,;)(:r .. :~o .. :! fr,:c¡.:cnC"ics of 

\ 

o 

FOUNDATIONS UN::lEP. ~[(,?r'.::CA:•··G EtlGir--ES 

h nrrinr n.n f'nla1''1?fficnt of thP r-,,. l(hiH>ll r;ontart arc:1. ora:: incrc::J.'l~.-
1 (' (' o ' o . - f ., . 
111 

thc soil rigiJity not only m ay not d!·t'1t::t ~< thc umphtudcs o \ wratwn_s, 
but muy evcn incrcusc thcm. In thi" ca"oe, it is brt~tcr to dccreas: sttll 
more thc natural frcqucncy of thc fottnclalion. Tl11s rnay be :lc_lHcvcd 
by enbrging thc foundation ma!',; wilhottt an incren.sc in its urca m con-

tact with soil. 
The sclcetion of particular ;.;tructural mra<;11rcs JcpPnds on loeal con-

ditions. · For cxample, if a \'Íhrating; fo1111!lation lics clo5e to anothcr 
foundation, it can be attacheu to t he lattcr. As an illu:,tmtion we will 

F1o IV-9. ~[achine foundataou 11 llH h de\'f·lo¡ll'd horawntal nhrnttc>n~ of high 

umphturlc. 

dcseribc herc thc strudmnl mea,. m<'~\\ hid1 11 NP applied toa founcbtion 
undcr a horizoutal r·ompn·-..-()1 in onkr to dPcrt'tl'-<' 1ts nhrat1ons 

Thc horiwnlal compuiwrd oi the cwiting f01crs induecd hy tl:r wholc 
sy¡.,tcm w:ts ~O tons. Tite· fol!lldnlion r n,ted on a nwdium-g;r :t Incd ~a nd 

wit.h c-!.1y !arninac. 
Tlw lound:t!ion con~¡·,tt·d of a bloc·k ahout . .t (i m hi;;h, \\Íih a hacoc 

arca 7 ],y S m2, pl:t1·<·d n11 .-,.i :-.itu-ca"t ¡nlr--; ThP kngth of th·· ptlr·'i \\:tS 
ahout 8111 h!.!;t1rt• IY-fJ 'l1mrs a rr"'" :-t·r·tion of th.· foullrLttlOI\ 

IIori;.onLd, dllation~ of t"\!Irnwly k! :..O:!' ampl1llitk (,uoiU''! O 0 It'...,\) 
wcrc ob&rrv('d \\ l1tll' 1 lt,· ¡·;,gÍII!' \1:1~ 111 o¡H"r.ltion .\l tht;,>::tlll<' ti::1", 
thcrc occurred se t 1 knw 111 o: tln: lJa¡.,cnH:n t uf an adj oi ni llg ::- ~ run u r•~, UIH k r 
which no pil<'s \\ <'l'C prcn Hlu.l. On thc Ó>idc ncarc»t thc foundatton undcr 
discussion, scttlcnwnt of thc basemcnt rcached iO mm. It appe:us thn.t 
this consid,•rable s~rtirn'.cnt of thr :,.' <'n'.cnt ' · · •",,t:sNl ·. \. 'c\:Jr::t:· -:::: 
~r:msmittcd irom thc founuat1on T;¡(;:,e nb.· _; :n;:s :ur~her,Q.c loes-~ .. -
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ing of tlu· soil and the rarryin~ a\\:ty of i>oil p:trliclcs from bcncath thc 
founc..l::ltion ano La:,cment !.y grou11d \\a ter. \Vhrn r0inforccmeut of thc 
foundation \\as sturted, it was fouml that soil untler it was washed out 
or had subsidcd to a depth of about 0.3 m. K o damage was found m 
the foundation block. 

Thc ground-watC'r leve! was apprO>.imatcly 1.5 m abovc thc leve! of 
thc foundation ha,.:c. 

Rcinfurc'Cmcnt of the· foundation \\·as ürülcrt~Lke1Í wit1i thc purposc of 
dccrcasing its ;-ilmtlions. AftPr thc grouml-watcr leve! had bcen arti· 

1

1

11\llii¡l illl 
), '1 l'i¡ !¡ 1''¡ 

r~~ 
Old piles 

F10. IV-lO. Rrinfúr<·cm<·nt of fo•H.rlalwn shown 10 F1g. IV-!l. 

fich:d!y lowrr('J, soil was rc'tnO\'('U from br·n0ath thC' fouudation toa dC"pth 
of O.i5 m. Thu,.; an ('\:l'avatioll of a total drpth of about l 2.'> m was 
fornwd. This cxeavation \' _,_.., filkd with concrete. Tllc foundation 
aren in rontact with thc soil \\:ls r :..tr·udcd on n!l ;;:idr<; and 3.1 ncw situ
cast pik~, wcr~· in'-ot:tlic,L Fir~<ll'f' f\'-JO llltt~tl .tlrs thc measurcs rcrom
rnr~tJrd for l'C'IIIfon ('!!l( nt r:, inf()rt <'lll•'nt !i[ t!.í' ll('\1' part of Lhr fotlll<b

tion prO\·iJr·d a gr•od ¡·ort!J('cl!olt 1\tlh thr old part. Tv avnid :-:dtkrHCt.'c 

of thc· fontilt,'-!;' IIPtlr-r tlll' fniddllt;I; v.<dl~ cl•~e lo ('\<'[('{,l:Í0Il of thc l'c,il, 
sh,.C'tpilw~~ :tru! r lt"nnr:d ,•,liéLili?:d tort :,[~o!! wen• usecl bt•t•cath t)h' Ír¡of, 
ing~ und<'r the \l:d!s. 

Thi'l rcinforcL·mcnt uf Jw loundatHm wns vcry dfectivc. Thr ".mp\;~ 
tudcs of founctat:ou l"!bration<; dccrc:J.scd frorn 0.0 te O 03 mrr:, ¡_,, ., 
; ~times. 

f:--._¡, -¡ ·crc:J..or in n.mpí1~u .. ks wns 
r..:. .. ~_,_~ - :~.. ~¡ uencics o: [ .. ~..~ ,~! .. tl\)lJ 

o 

¡ 

() 
FOUNDA'.ION5 UN~ER RCCIPROCATING ENGINES 

·"· foundn.tion arca in eontaet with tltr• soil, a-; \\'rll as loan inercn~c in che. 
rni.ímcnt of inrrtia of the contad :lJ(·:L lu addition, a con:--iclt-ralJIC dTcct 
WUS proJuced u y thc extra f Ullllda lÍO U Ill:L.'>;:, arttl thc Ínrrcasc Ín thc 
rigidity of thc base cluc to thc in:-.lal!:Ltion ()f suppkmenbry piles. 

To brilitatc thr applieat.ion of variou:-. :-.trueturn.I mra-;urcs for dcercas
ing foundn.tion \'ihrut ion~, it is reeornrnendcd in doubtful ra,cs to lc:wc 
projccting rc-inforef'rnellt \\ hich may be u~c·d, if llCee:,:-.ary, for thc attach
mcnt, of uu aduitiorml ma:-.s to thc foundation or for thc cxtcnsion of its 
arca in coutact with ::;oil. Thesc mca~urcs, of coursc, should be applicd 
only aftcr rccognizing thc fnct 
that ;thc foundation is undcrg;oing 
vibrations of an impermi:-;..iblc 
magnitud!'. 

Thc USl' of spc-c-ial 5lal>s, fi r:-.t pro
posPd by Profe¡o<,or I'{, P. Padiuk 
:wd Eugincer A. D. Kondi11,J 3 may 
be eon,;lllcrC'd a,.; a. ~tnJ<'turaJm,•a,.,
\lfC to lkrrease foundat ion ,_.¡]¡¡·a

Pr sin wt ... 

1'1<: 1\'.JI. .\n:.J_\,¡, ,.r r!u· dirrL oi nt
t •<'l11n~ .t -l:d• .1 toan P!l~lnt· iultrid[l.!tvn. 

tions. Dy nwans uf thc,.,¡• :--Jal,-.. Íl 1:- po.,,¡J,jp in ¡;omc c-a:-<-., to decrc·a-.l' 
the amplitudes of rof'kiltl4 and llPI'I/oJd.d \ Jl•:ati(JllS ol ló•UJHbttuk•. 

Lct liS assl!Jl1(' (Fi~. rV-11) that :-lah .l, 1<'-,!Jilg on :-ull. ¡, atta(-h('d lo :1 

foundation unJ~·r¡~oÍtlg ror·kiJJg 1 t!lr:tlloJJ;-; aroll11d tbr~ axi, pa"'in~ ¡Jt,mt;.:.l• 
the ccntroid of thn foundation aJ<'a in contac-t \\Íth soil. Lf't u:-, "'''t up 
thc c>c¡uation of forr:cd ror:king nbratious of the foundation. Thc follo>~ .. 
ing symbols \dll be usC'J: 

lVo = momPnt of incrti:t of foundntion mnss and of ma~:; of cn;:;in,, 
\\ it.h rr·:-p<'r-t t o a\ is of \JI •ra 1 ion :o 

l = monwnl (lf ÍJH'I tia of foundation arra in eo!ltad with soil, 
with re:-,¡l<'l't to :-ame a'\i-; 

Pr sin wt magnitud<· of hor iwntal cxci[Jng force inutJcPd by en¿,Hlí' 
nnt.l tnu¡•,rnit il•d to foumlation, whcrc w = ircc¡urnry ,¡¡ 

rnginc rot :ttion 
H di,Lnnr·r~ f:d\\('('Jl Iirt(' of adion of C'\;!'Ítlll~ furr·,• allí\ iout,cl:t· 

tL'Il 1 o o t.:>c<·t ~u·,·.t 
h 

nnd fo•lll\t'dtoll r·otll:u·t :11ra 
ln¡ = 'll.l.Só- ¡,f al t.H lwd :ola!. 
A1 conta< 1 .2rca of :tttnchrd s!ab 
H, di~;tn.ncé bnt'IITf'n plar·c of conncction of founda~io¡, 

attaeh:::d sbb, and foundation contact nraa 
W = foundntion wcight 

(.~,c. = coeC'!ci..:nt::; oi C'b::-tie n<~Jlllnifor~L cc:nÍ'rr-.--ion, shc::1.· e:' 

-~ ------
- ----------------- -· ---------- --· -- .-
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The d!ffC'rcnt:ai e<p. ll i<.rt of f<dTc<.l vibra~ions of thc foundntion 
togcthcr \\Íth thc attacheJ ::,Jab '' ill Le as foliO\\ S: 

From this we obtain in the usual wuy the expression for the natural 
frequcncy of rocking vibrations of the foundation with attached slab: 

(IV-5-2) 

• T -

The- amplitudes of rocking vihrations of the foundation will be foiu1d 
frorn the cquation 

(IV-5-3) 

Equation (IV-5-2) show~ that umkr certain conditions an attachPd 
sbb m ay han~ no cfTcct on the natural frer¡ucncy fn.., of rocking vibrutions 
of the fotmdation. To determine tlw!->e <"onditions, let us use thc fol-
lowing cxpre:::::,ion: 

(IV-5-4) 

OT SlllCC 

wc substituto into thc left-hand part of (IV-!i--1) the cxpression for /n~12 

from-~~l: (IY-~~~)¡_ther~,_ n0g!ecting th9-tcrrn containing Wh bccausc of 
its srnallness, ;ve obtain 

Hcnc~e 

or 

c"'I + li ¡ 2~,_~ > c..,! 
Wo + m¡// 1

2 - Wo 

c,A 1 > ~·!. 
m¡ - ll'o 

fn%1 2 ~ fn,/ 

(IV-5-5) 

(IV-5-6) 

Thus if onc :,c·kct:-o the att:J.cltC'd ~hh <;O that thc fr0q11ency of its natural 
vibrntions of purc ,Jtear ( r¡11als t lt<' fn•t¡tlf'ttl'}" of nwking vibration~ of the 
foundat10n, then the att:tclwd :--hl1 11111 ha\·c 110 0tTcct on the nwgnitude 
of tbc írequency of natur.1! vil.t:tt totl"> of the foundation. Bcsidcs, the 
amp!Itucle of forccd vibration-. ol 1 hl' ful!ndation '' ill Jccrc.lsc according 
to the ratio 

(IV-5-7) 

wh,;re 

o 

' -' 

o 

Usually in ioundalion;, undl'f t.:llgtr1es. /.~ 1 is com,idcrably lo.rgcr ü.:.:
w; thcrefore, appro:-..imatcly, 

Prll 
A 1 = ------

"' e~[ + 11 12c,A 1 

To determine thc amplitucle of foundation vibmtions befare the slab 
is attached, if fn~ » w and thc valuc of lV Il in compn.rison with e"'! is 
small, we ha ve from Eq. (IV-5-3): 

Hence 
c,.T 

c.,T+ -ll(ic,A 1 

1 {IV-5-8) or 

It follows ,fJOlll Eq. cn·-.-1-S) that. tiH' (·ITcct of the :ctt:trhcd 'ol.th úl\ 

tlH' decrP~l'C' in f~tttnd:ttion 'tl.t:tfttllh 11 ill !H proportioll:ll t<~ tltt' f:, q,:,·:H'.) 
f,.z of natural \·ihrntionc.. of -.Jt¡·,tr tri tll<' ,la!J :tnd proportwn:t! tu th•· ht•t:-;ht 
lf 1 of thr slah a hove th•· fotllltl:ttior. 
base. The founcbtion arca in t un
tact with soil shou!J always he as 
largc as possiblc; thc eontact arca of 
the ;;Jau ~t 1 is lirni teJ by local eon
dit ion;; and cconomic· eonsiJcra
tions. Sincc tlll' \:ti Uf' of fnzl 
dcpcnds also on thc c·oC'nic·ient uf 
h l · ¡ F11; 1 \" -1:! .\nnl) '" of 1 Íl<' f'n-ett of at-t e C' astlc s H'ar of sod e,, a pilc• 

!.t< h111~ d:illljl!'r:. m,j:! lo:¡¡¡ <·n¡;inl' fOhrl
ÍOUn<htiOll ID[ty be in.,lallc J tl'tdr·r d:d1on 71lt. 

thc ::-:!ah to inl'reah' f,,, 1 a.., nul'h 
as possihle. Short fril'llon:tl 1 \'lltforc·\ cl-roncrctc piks shoul,l be u<'rd. 

Profe:::"or X. P. P:L\·Ituk and .\ 1J K<rndin dcscrilJC' [t C:\~l' in \i hiclt a 
reinforl'ccl-c·orH:rC'tp "l:th 11 :1..; u-.1·d to d<•(·n·a.;,c the YibralÍ<ill" of a foun
dation umln a c·ompn•:--:--or By rn-.hll:ttion of the cl:tl1. fnund:ttton 
viLrations llt'l"l' ¡ll:t<'IJc:tli} n·dtli'!'d to ~('lo 

d. Dynnmn l"zlnn//IJ/1 nrrllljiCI ~ Ctili'ldl'l a fottl'cl:liÍ.Oil \'. •th :;\:\-~ '1 1 ¡ 

(Fig IV-1:2) -,u!lJ<'cH·d to ,}¡e· :tl'llOlt of (':-o.t0r•Ld C'üilt:1:::; lurte·~ ¡:¡cJu,·cJ 
by un rnginc and prncluc in.~ only \"<:! tic·al vibrations. Lt~i u-; ::l'"umc th:1t 
two m[tsses, en eh eqnaling, 111z/'2, are atüt.chcd to this ·_foumlation by 
mcnns of elastic tics (elabtic rods, springs, cte.). Thcn thc found::ltion 
with attachcd rnasscs will have not one but two dcgrccs of frccclom. 
Formul:l:s i;·orn thc thcory of vi 11r:.J.t:.;n, of a _,ystem "it~. t·,vo ¿,.,:· rs of 

o 
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frccdom m:ly be dircnly nppli('d '' hcn cou~iucring thc forccd vihrations 
of thc systcm. 

For cxample, for thc nmplitudes .·! 1 nnd A 2 of forccd vibrations of thc 
foundation and thc attachcd mnssl':-;, rl':-.¡w<"tivcly, wc havc: 

(IV-5-9) 

Al so, 

v:herc !na = nat llr;¡f frcrpll'nry of vibra t ions of attnrhcd mas:o;es 

c2 = coriTir·ient of l'!astie rigtdity of ti<' betwccn thcsc masscs and 
foundation 

p magnitudc of exeiting forcp ¡wr uuit of foundation rna~s 

(IV-5-10) 

\\lwrc /r. 1 and ! .. 2 nri' natural fund:l!lwntal frl'<¡ll<'nr·J<'S of thc foundation 
with damprrs. 

It follo'\\~ from thc fir~t of Eqo.;. (I\'-ü-U) that thc amplitude of founda
tion viorutiou:, bceomes zcro \\ lwu 

(IV-5-11) 

i.e., \rhrn thc frcquC'nry of nallu :.d vihrations of thc attachcd masses 
equals the ircqucn('y of thc C'X<"ÍlÍJl~ f~Jl'<·e. In ordcr tó determine thc 
amp!itudc of \'ibmtions of t.hc dazÍ1per ma~:-.cs, wc suhstit.utc fz" into the 
right-hand part of Eq. (IV-5-10) in pla('c of w; thcn 

Subs:ituting this c:-:pre,..,.,ion for .1(w~) into thc sceond of Eqs. (IV-5-0), 
we obtair thc fol!owirtg ex¡HT;-,:>-Íon fm thc amplitudc of vibrations oi 
thc da;;;per: 

Sin ce 

it follows that. 

11/ 1 A2 = --- p 
C'! 

P(t) 
'P = --

1/l¡ 

P(t) 
c2 

( 

1 
¡ 
1 
l 
1 

1 

! 
¡ 
1 

'l'l ti n ."rn¡liitude of \ il>t:diott:-, of !111' d.tii'Jh'f lllS, ¡. " 

:l..? 

r qtl:• l-, it-. - .. '·,e 
lo thr: 11:a •ti: ... rn ul'llcdiun ns prodtwed l.y a fot l'(' of lll:tgllit llcll' l'l¡ll:d 

vn.luc of thc cx,·iting foree l'(t). 
'Ec¡uations (I\'-ii-11) nnd (IV-f•-1:2) dl'lermiue tl11:. sd<'<·twn of the 

l. ,r J• "houlu hC' no!Pd th:tl IH·itll('r tlu' fn·qur·n<'H'" of tlll' dattlJH'f <. .tmpc . "· · ¡ ·¡ 
nor th(• amplitud<·~ of il:-. \ ii>J:dion,., d<·¡H·nd 011 tlll' ptop<·tlll''- of l ll' ~ot 

b·tsc or tlH· m.t:-." of 1 he founda tio11. 
• Jt foliO\\:'> from Fe¡. (1\'-.-•-!l) rh:d t!H·o¡, tit :dly it ¡.., pc,-.-.ddc· ln d:ti1 1 !~ 

vihr:tl ¡011 :-; of j 11 (1nitcly l:trg,<· fotltl<l.tlt"''" ~:ul•jc·c•t¡·cJ to t ltt' :u llllli <•1 

· d' 't fe,-;:,, J,v· ·tlt·t<·ltl.ll" ¡f·tJtt)H'I" lo thr''-1' f<'llllthllort~, <·1,':1 peno IC < XCI 111g J e '> _ • • n • 

damprr:; with smnll mas>-rs. lTo\\l'.n.'r, tll(' ~,nt:lfl,·r t hr.' 11::'" .of t:i:: 
' ti n '-'lll'lllr-r <..hould IH' th<' J'i<'ldity 1:·· nf lb d.t'·(lt' IH· \\llh t.¡, ann1pcr, 1.~ ,, , · ~ - •. 

found:--,tion, anc! eo!l:-,('fl\ll'lltly tlw l:trgt·r 11tll lw thr' arnp!ttt:dt• ol ¡, 

vibrations. . . , . 
At nducs of c2 >-lll:dlr·t th:•n a t·r·tl:till 111nit, :tllt¡dJ!t:dr:-- ,d \ll>l.dt<~l'· 

of tllC' uampc•¡· 111:ty :ll t~till lll!t!.:,!iÍiiid(·>- l'lld .• tll.';l'lill).:; j¡., ''1• ¡¡~~~ J¡ r~ J¡, .'·, 

forc thc minimum ,·:dttl' of tl"' dam¡·•·t n, .. ~., i~ limtt•·1l !,) 1'' i ¡¡¡¡,-"'' 

1 Of '-'(¡·e :-,r';.. "¡¡¡ th(• d·¡,fi<" lit· hr·t\\l'l'll tlw d:tlttpr·! .1ml tl11 tutd.d.t.:t," vn uc·s ., "· · · · . . . 
It hns :tlrcad\' b<'rli llll'Itlwnr·d th:tf, 11 h1'11 d.tll:fh'l' :tr, 11~1 r!, :m· l~>l•' 

dation has noL ~11<', hut t\\o t1atural flt'qll!'tl('il':-. of vih:atiOn>-, dr:tt t::·;·.·· 
as roots of thc equation 

whcrc 

The roots of Eq. (I,\'-.)-!:3) ;u·c. 

C¡ 

1/L¡ 

(I\' -.1- J:!) 

f 2- 1/(t 2 -J-f ·r·, -1- ,)+ ,;-tr.:::·=F7.:~~<·¡-::~-~Fl~--=-~(C;j--;..,z) n1,2 - /:l J n.:: n'l " r- - " • • 

h f fr('qUrll<'.V of n:ttur:d \<'It!('al \Jhr:lt¡on, of foundation w ere n: 

fna- w = :lVPra¡-:t• o¡wra!Í<l!l,d Itl.l• hitll' tut:tti<lll . 
Jl = 1ndm 1 =ratio hd\H'Pil !ll.t'-~,·s of d:tmpt'I:' nnrl !otHHI:ttre·. 

ma:-..3 
\Vh<'ll a d1c~npcr j-:; in~t:d!''ll,f, 1 1\illlw l:trg<'t th:tn !H.ih f,. :tltd ;·:, ar:·.~ 

fnz \\Íll IJ(' :-.mallcr th:tll tfw.,c' fr1·qtll'lt< it·~ He;;idt'~, t'ilhe! f.,¡ or J .. ~ \\l•l 

lie close ter w, and th<' o!lt<'l \', ill l"· ,.¡"'''lo f.,, 
LC't us n:-.SllrlH· tlwt. j,., > ú) Th,·n 111<' lo\\1'1' iund:\111\'lll:t~ flt'<¡\1('11 1 ) 

r will be clo:;,, tn w; tite ln:.)";r onc, ¡,,¡, \\ i!! k• cln:>l' tofr: JI tite 1' 11 f-: 1W' 

)r.

2 

• l ' 't' 1J t' f ti(' d~Ill'lf'r has vnrying uu~uhr frcc¡ucl!cy, t!tC'n, ''tUl t._ le 111~ .t.~ 1(\.ll o . l " : · ' 

thc dnngPr nrises th:,t onc of thc V[)fucs ol w '' 1!1 cmth'Jdc mtl!.f":, 1 e., 
. ·¡ 1 ' .• ro'•l\'~\·.;·c"~ fr·t·nc!:·-th:lt 1'•'!-:flíl:lllCC \\ !l! OC'f'lll' \\ ¡[ l t l~' 10\\ Cl ll<'(jUC'llC) · '"' '. 1 " 

1 I l . 11 .. t 1 • oi f-, t"J···w·1 -,¡,¡r.~t:ons tion [~::J d:.:rr1pcr." n t tl:3 C:l'-C', 1<' a1n;>ll UU<''; , ' .... , 
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\\ ill be shnrply inerea~cd n mi t h<· ll::l>-..,<·::; a t tn<'hctl to thc foundu tion 
will \\Ork notas d:m1JlCI!,, Lut. n~ inteii~rficJ::, of the vilJration:> 

In orJcr to avoid such nn intcJJ~iri('ation of Yibr:üiun::,, 111~ shoul;;' bl.:' 
selcc:tcd so that thc ma:-..imum dl'<:I"<'a!;e in opcrational frcr¡ucn<"y of thc 
cnginc, ns c·omp:m·d \\ ith thc ::1.\"l'Iag<' 'aluc• of this frcqucnry, is smallrr 
thnn thc difTc·rcnc·L• bct\\ crn tlic .n·eragc~ oprrat ional frec¡ucnl'Y of the 
engir1e w"' (<•qualing thc nntur.tl ficqurn<'y f~ 2 of tlte dam¡wr) and thc 
lm\·cr fn·c¡uciH')" Ir.: of thc foundalion. 1 Il'llc·e, thc follo\\ ing condition 
:;hould be satisfice! whcn thc d:unpcr ~ii.L'~ :uc sclectcd: 

Solving this incquality for ¡.¡. nncl noting t.hat 

fna 2 = Wav 2 

we obLnin 

f .2(w 2 _ '·' 2) -1- ,_, 4 
¡.¡. > _n_·-~~-~~---~-~~ 

o 2 - 1 
ú...'nun"'Wu.\ 

Lct us a~sumc that thc nonuuifu1mrty in t·uginc spccd is as follows: 

E = 1 -- :~u~~ 
Wn.v 

Hencc Wav(l - E) 

Sub:;tituting this expre:;:;ion for Wmm into the right-hand part of the 
ínequality obtained for ¡.¡., 

wherc 

{P - (J - E)2 
J1. > ---------.-- E(2 - E) 

( l - ~). 

P=/~"->1 
Wav 

1 
f 

1 
/' 

If 0 < ¡j < 11 then Wmux = "-'u• (1 + E) flll(! \\'C obt:-tÍn: 

(IV-5-14) 

The inrqualitirs obf:tillr'd :-,hm\ that ti}(' :;;rleetion of a proprr intcr
rcbtir,r¡~}¡rp hf't ween tlJI' dampc·r ma~!' and lh<' foundatron rn:l:-i:-i drprnds 
not only un thC' \·aluc:; of thc ir tl·gul:!r ity in thc <'nginc ~pc·Pd, but nho 
on thc intf'IJclntiono.;liip hctwccn thc natural frcquency of thc fuundatwn 
and thc average opr·raLiono.l spccd of thr rnginc. 

If thc frcqurncy of nat·nnl l'ihration.:; i~ bighcr than thc Opf'raLiona\ 
frequency of tholgiuc (i.c., {3 > 1), then tbc dampc·r mass should be o 
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sdcct<'rl in proportic,n to lhc v:-tluc üf (1 Jf (J < 1, tite ·:aluc of J.l dlllí,tsrs 
with an Íll<'l"C[li->C in {3. Jf (1 '0- 1 J fl ,_houlcl J¡[t\'C ih IO\\(·~t \ .:dur. 

Thc nonunifollnity in thr spr~uJ of ref'iprocating cng;incs lics in thc 
rang<' from O 01 to 0.10. Tbc rnrr-t llllÍf!ll rn !-.prc·d i" ol.,r-rn:d in n\lllti
ryli ndc r clicsc·ls \\ i Lh fl.P~ he el, \\ lwr e ( i., alJnll t O O l to O 02 ,; in ~:m f 1 .un'- -ó ( 

is 0.0.1 to 0.1 O. -
Thc frequrnrie:-. of n:~lllfal H 11 ir :d \ !l.r:d.i(Jr:.., of found:ttiun" :tH' \1'-l::d!y 

hi~hcr tktn the oprrat:on.:d f¡rq¡:rtll'l(--. nf llm-'-pr·r·rl rr•r¡p:or:tl<'l¡:'; 
en~incs, i l', u"ually (3 > 1 \\'¡¡ h \ :lr i.LI Ulih 111 t !}(' an~1rl:1r ~¡Ji'cd 'Jf 
thc c11girw, thr- fou11rlalir,n 1n.:ty d<;\·,·lllp 1<''-0li:tiWC \11th tlw lm\C'l :':,•
quency of tllC' "foundatwn-d:tu!prr" ~y--.t<·m. Jf onc· :í"tllll!''- tlut ti1r· 
averag,c :-.mrrlk:-.L irreg11hrity i11 r·rlt.;::Jr· :--.¡H'<'cl i" aro1r:.d O O/.•, tJ.,.¡¡ i;, 
orclcr to :tl·,,jJ rr·.;oll:lllr'l', it i.<. 111' r ~-:uy thal tlH· !o.\('l i:-.,¡w :.r·) u:· t:1L' 

f'y;.,L<•m cliffrr by at ¡,.a ... t :¡ ¡H·I cr nt. frc•lll tll(' :tvc·r:tgr· o¡H·¡·¡ti<,:l:tl '-lH~ l 
of thc rnginr•. Thus, in caklll:tl iorh r,f l ilf' ..,rn:dlr·~1 v:dt:,• oi J.l, t he· d•·-:~';, 
value of E ~ho1rld IH· takc•¡¡ 1101 Ir·'-', t 1 .tll O().). For 1 h1" 1 .duc· uf f •• e::._! 

l\ith {3 = 1 :), the L1hlf' ¡.¡.=O (Ji, if (-J ~~ 1 ti, tlwn tlll' rLil'liH'r i': .. -~ 

shou!d !H' .lholtt onc•-tr·nth llu· folil:d:cU<•ll rna..,-. ll !lw n:Llu1.d ir• q .. :·;¡, .' 
of vcrtil'al nln:tlllllh ,., 1\111 1111:<·" l.ug•·r t! •. ut lit•' o¡ll'r:drr.:¡:t\ :tl'<•t, i"''

of thc cngii•c, thc damp<'l rna--.--. c,J,r¡¡¡]d nol l•c !t--.,,; th:u1 :_!() jl<'l <'< nt o: : i~<' 
foundnt.ion Tllll""· 

Thr, \H·ighls of foandat1orh und, 1 1r·r ip1r•r·:ttin;2: l'llglrll·" 111.':• 1·, • h 
severa! hur;drcd ions. h)r thl· prc1 lr•ll--.ly llH'lltl<llll'd \ :tlll\''l uf e e,:,.: :) 
tlw d.1mpcr \l<'ight \\ ill cqual ;,t;\·cr.d tr-w .. of tons Iu practH·e 1l I·'· 

diffir~ult to atta<"h a mass of thi" ~lZP <'ia:-.tir·ally to th<· founclation so t!..tl 
thc frcc¡U<'IH'Y of mllur.II \ rhr.ttion.., of t!11;, 11l:t>-ii eorrr•:-pund" C''-::ctly to 
the avrragL' o¡ll'rational ~¡w<"d of tlw <'llgiii<'. For e'\:nnpl<', for a fnn11d.t
tion \\'<'ig,hill~ ::100 ton", fnr ~ = O ()'j a11d B = 1 .i, thr cl:trn¡wr :-.ho:.ld 
wc·i~h no-t ]c.;;-; th:111 Ti ton", for f = O Wl it ~hould \\t·igh ·l -,ton..; Thr 
dif!ieulty in al laí'hing :ur h ¡,Jor k ... (o tlw totrndation lrmit<. lhl• ll:-'1' r•f 

dynrrmif' dnrnpr•r,.. P\C'll for nw< !Jj¡¡r·--. 11 ith uníloim 'Jwrd Ji i,;; out of 

tlw qur~tion for :--uch m:ll hir1r·-., :t" :-:ti\ fr.Lm<·:-., lll \\'hi('h thr 1rn•gul:tr t.y 
in "JH'f'd :11 l:tÍ11--. O l. 

For hi~h-frr·r¡tlf'tlr-y rngin<'!', -ur L :1'- t 111 !.ogenrrntm <; and c>kc tromotr,~s 
with :-.m:dl irrq!,ul:trity i11 ~¡lf'c·d, tiH' c·rnploynwnt of dyn:trllir dampcr~ 
may br C'ffr.('(Í\'!' hc•f':Ju<.r• of thc· lrm \ .dtrr• of E nnd hr·r·:l\l..,f' ll'li:tlly ¡3 < 1 

for t hrn· founcl:t t ion" 
By introcltll'ing d.t~npir1g in(o ¡J¡,. "Y'I<·IIt of tlw d:llli!J,t'_:·, it i~ po~-o¡],¡,-. 

to incn·asc• tlw rllllr·rc·nr·<' w., -J .. ~ :111d dr·t re;¡.;;¡• thc :tmpli(udr of fo¡:n,l.l
tion vibr:l t ion<; \', h<'n w [lpprorrr hr" f,~ IfLH\'C'\'Cr, t hc"c-.~frccts \\ ill t :tke 
place only for f-.Olllr optimum valurs of damping. In ordrr to [lrhic\·c in 
practirc thcsr optimum valuc~. tlw dmnpcr ¡.,Jwuld k· th,l'-\'tf,l•':· Tl:r¡,•d 

1 '1 · t f ·~ t la '¡ · )'' )tj( 1'·¡· 1t t': ,·r up. 1c mai!l enance o cons,~n e .. npmg; s c::.¡l', '" ..,__j .. ,, .. 
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l\orl-..ing corH.litions. 1\:ml'r·J..ltlll(', mobLUrc, :md contamination may 
nffcet n uampcr's natural puiod aml its damping, thus upsctting its 
tuning. 

\\'hcn foundations undrrgo vibrntions tlosc to thosc of purc s1iding 
sh<>ar, nll thc aLo\·C' intl'rrdatiom.hips \\ ill be vulid, cxccpt tha_t J..,. 
shou1d be in8Nted <'\'l'l'.}'\\ he re in 1 hC' cquations instcnd of ¡,.,. Thcy are 
valid n1so whcn foundat ion \·ibration::; are dosc to lwtng purc rotational, 
~:ib-raÚon~ around un'a:..is pa--iíq.(tlirough thP ccntroid of thc foundation 
area in contact \\Íth soil. In thi-. case, IJ dl·::,ignntPs thc ratio betwccn the 
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16 

__ Flo.lY .,J3.. ExpNim('ntall,)· J.h:tcrmin•:tl ,¡,hiCt of rcsooa111:c peak liS .a rc:,ult.of the use 
of a \'ibration tl:uupl'r. 

momcnt of in!'rtin of the lbmpc·r mn:-sc·s \dth rcspert to thc axis passing 
thr;ough thc ('C'IItc•r of gra\·ity ,,f thP foundation p<'l'JlC'Ildil'u1ar to th<' pl:uac 
of Yibrat iow· U JI(! thl' nwn:c:ot c1f incrtia of both the foundation and <'uginc 
mn'~s '' ith rr!.pC'l't to thc !:ame axil'. · 

LC't us rwk in rnlldH•k,n tbat thC' authm· and his a~'iociatC's im·esti
~at!•d (·x¡wriuwnt:li1y thc- c:fi('r·t.'> ·of d:unpf'I'S ou mo~l<'l foundations 
Th¡·:-e C'XJII'I'ÍIIll'llts I'Oilfir:r.c d tlw fund:lllll'llt:tl thC'orl'lical coudn~ions. 
For c·:..a!llpl•·, tl11· c·xru•riuv 11t- \1·1·ifi1·d tlwr aftc·r lh<' dampcr is in~talkd, 
0111• of tlw n·:--ollalwl'~ of r he· l1r·1dy fomH'd "fouudation-d:tm¡wr" :;y~tC'm 
(Fip;. I\'-1:~) apJll':t!:-. 1k-•: 1() thr opr·lalion:tL frec¡llt'III'Y of tite cugilll'. 
This re:--onar1n9 i~ d:wgcrcJt.;" r·HU at w·gligif¡le <:lw.ngros in frcc¡ucncy of 
engiuc rota tion. 

iV-é. Anolysis and Design cf Foundotions with Vibrotion Absorbers 

Iu ~~.n.c· r·n·c, mw l, lowcr tl.:tll u~~t.: ¡w:·wi;-.:-ib!c 'l!:tplitwh: • .1hu•s of 
nu¡ch:r1o: ÍtJtU•d .• O:,.u •·il,!"::.i.h:.-, are 11• '-' ,,..¡,ry. h. is VNY •lil:i.:ult W 

¡ 
l 

' 
1 
i 
i 

dccr<>asr- thcsc amplitudt ,, l•y r:w:tn'- oi J•r<;JH'I ~· kr·ticn; oi tlu· m:::.~s or .: '
foumlation contact arPa or by iunc•af-illp; thc rigitli~.r of thc Lasr. 

Howcvcr, thc amplitucl!'s of foundation vibrutions untlr·r rr·ciproratin¡; 
cnginí's may be consitlerah1y dcen·a~1·d by mcans of spccia1 spríng 
absorh«'rs. 

Thesc absorbcrs are r•omparath·f'!y irwxpC'nl'i,·c, rí'liah!P in opcration, 
and cfTcctiv~ in dC'cri':Ll--Íng; thP amplitudt!i of forf'C'd ,·ibmtions of founfb
tions. Ah::;orhr-rs 1'011:--icll't a J,(y dc·c·n·:t:-:ro vihrations prothllw1 not only by 
thc mai11 (firl'>t) (wrmortÍI·:<, flut af:--o hy hi~llf'r harmonir·o, of r·:"o;I'ÍlÍII~ loaJ.;, 
as wcll as by loads U<'~Piopiug; a ... a re:-;ult nf \ arious f:tl't• '',.. not t:tkcn ir.to 
account by dC'sign r<mtplllatiou~. · 
1'hC'reforc ~<pr·iug ab:<orbc·r,. arc· :-olllP

timPs usctl to cll·c·rc·a:<t' vil oral ion:-. nf 
machinc foundn t ion:-.; ha \'Í ng- 1111 hal
ancl'd sccontl hurnwuil':-.. T1ri" i:; 
done in ordcr to elimina ti' c·omplt•Lt-ly 
thc tran:-,mb:.-;iou of th<' i:tC'\ i!-t!1lc: 
\;hmtions to ~lclja<'enf, :-olrw·t~rn·, a:Hl 
espt•cially to N¡llipml'nt and pn·1·i.·icm 
m<':tl'llring in~trurnC'nl:< llulll:lll 

hí'ill~'i (1•<>1 vibral ioll~"> of 1'\'l'll \'1'1'}' 

small amplitudc~. Sonwtirnl's "mall 
vihmtion¡., iut1•rfl·rc with lltP work of 

Fu;. [\'-14. Small onl'-~prm~ nLr:.ll·'·' 
.dl•urlwr. 

pri'I'Í,.:C' d<'\'ÍC'I'S or a¡·p tlu· r<·n:-:ou for· 1111clco:--imbl1• c.li~-otorticws in \'Urious 
.. t<'<:hno1ogil':tl proc·c·:-:-t•s (for· <·x:uu ph·, iu tlll' opl'rn t iorr of pr<'eil'ion d,.,.¡('f'S, 

in molding, etc~.). 
1'hcrc are \'ariuus ty¡ws of ab:-orhc·r:- c·naploy1·d, dqwudill!! o11 till' typr 

of madrinP to whidt thl'.}\ \\ÍI! hC'~altadu·d, on thc· :<tulil·lu.lcltr:ll::-mitt•·ti 
to thc nhsorb<'r, nud on speciall'l'l¡uin•nwut;. i11 rq!;ald to :l'-'c·rnh!i11~ und 
adjustiug. 

Figur<' IV-J.l ~hows a ~k<•tch of a :-rnall OIH'-~priu~ nh,..,orl•r·r 11sed fnr 
small Pll~iru•s prod111·in~ no <·ow-idt·raLIP uubalarwf'd 1'"\C iting ln.lll.., 

• ' o 
Th Íí- ah;-.orhC'r !'onsi:-:t,.: of :1. l'oil :-.pri n¡.o; 1 \1 1. ¡, !. fi t ... i ni o 1 h" :11 lJ u:- ti r :~ :-! .. !, :! 
Thl' r·<'~lllatin~ holt ;¡ 1'<'!--h ou rhi.- ;-.l:al, Tlw lranw 1 ¡ ... pl.1n r1 or1 th<· !i.! 
5 nf thl' ab:-.orh<'r. Tlrc• p1o:<itio11 ¡,f 1111' lr:llllf' ¡._ :1dju:-tc·cll'} llll'lllli'~ :í:.· 
r€'~tr!ating holt ~- To dirnin:1l•· lt:alllllld 1"\lll'll:d c·ffc•t t.- o,¡ tla,· .-p¡¡:,c;, 
tlw l:tttPr i~ r-ndoH•d in tlH' holl•IIIJ.!. !i, laa\ in~ in:-nlatir.~ ¡•::ol·, 7 , id.:<i(' 

o( rublwr or C'orl.) '' lrkh protc·d. tlw ~111 i11;.:; iwm \\al•·r :!!Id dirl. 
Suda liglrt ahi'Orbí·l'~ an· Ul\cd for ,-il•wibo1ation of ,.nwll Jic'b\.'1 C'llg!ll< ~. 

V('ntil:ttion Ullit8, pri'Si>C'l", pumps, nnd othcr mac·hiní'l\. 
f.or th<' vibroi:-olation of rpr·ipromting ··n~ines or medium nr.d ~-k::h 

e:•:' c"iticl\, ahsorbl'r:" ':.:1~.:iui::~ "í'\-.-;<,: -p: : .. :.:> ar<' ~: ... N!. :\t: ~.;,_ "' ... 
th:~ ~V pe \\ ith four .-~¡;~Í: ~S is ~}¿{)\\ I. .-t !~\- ~-- ltÍculJy Íz: ¡:-ig. ¡ -\ .. -: .- r: l 
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housing and parts of thc nb>orucr are madc of steel platcs and severa! 
other metals. 

The main eharactcristics of thc spring.s (i.e., thc diameters and number 
of coils) are sclcctcd according to thr.: rci>ults of dynamic computations. 

In addition to spring :;.bsorbcrs, rul,ber aLsorbers may also be employed 
for vibroisolation of light enóÍllcs and dcvices. In compa.rison with 
!;lpring. absorbcJ·s, .. rubbcr· ab~orbNs are simplcr and ·less expensive. 
Besides, th0y are chamctcrizf'd by a larger cocfficicnt of resistance to 
vibrations, uscful whcn thcy are u.~cd for vibroisolating machines of 

~---------5~~--------~ 

F10. IV-15. Four-,pring Vlbration nbsorbcr. 
--~- ~-.-

irregular pc>rforÍnancc. .A di'-:ul vantaw~ r¡f rubb_cr_ absor.bcrs .. is thc yaria
tion· in Hí~ir-modulus of ela.::ticity, '\ hir b ·uq)cnds on thc-load. Computa
tions rcbted to vihroi~ubtion ulwaj <; in vol ve rclativcly Iargc errors if 
rubber is uséd. 

Depcnding,·on thc balaw:c of thr: cnginc and -its operaÜ.onal specd, 
difTcrent arrangcnwnts may be u~eJ fr,r thc \"ilnoisolation of foundations 
by spring absorLcrs. I'undamcntally thc:-c arrangcmcnts can be reduccd 
to two types: supporting ar.d Sll'-l¡>Cn'-irm springs. 

'\Yhcn designing thc nbroic;olatH,n of a foundation for a high-spced 
engine (more than 300 rprn) \\ hid1 Í'i rdati\·cly wcll balanred, i.c., no 
first harmonics of cxciting lo:;.d<, :m: rm·!'r·nt, it is not llC'ccssary to providc 
a hea\·y found:ttion aLo\·c thc spdlli!;" It muy be designC'd as a rcin
fo:-rcd-concrl't<: ~!ah of comparali\t:ly ~r¡¡:,Jl thidmC'!'IS. In this caf'e, a 
"supporkd" typc of \ iLroi•r,l,ttioll Í'> r n:¡doycd, in \\ hirh thc absorbcrs 
are in-:ta!kd dir,·<·tly ullllr.r tlw m~:'- :.,Lr.n: thc springs. Figttrf'S f\T-1G 
awl I\"-17 ¡Jim-II.Lit· \ÍiJfiJI•r.l:dir>l:'- ,,¡ tlll~ typ0. Fig;mc IV-IG f'hows 
thc arrang('fll('ll L of ab~orl¡r r;; <'lllplr,/1 d for tlw vibroisolation of a six
c:ylindcr di('~c! rng;inc o;1r·r~· i j¡,g: ¡¡¡, <Jll'' :-haft \\ ith a gcncrator. IJcrc 
thc absorber& are in.;;talkd dtrenly t:nrlr'r a metal framc madc of rollcd 
stccl shapcs, uscd instcad d thc c:.<"t-iron f1 ame of thc diese! and gen
erator. Thr r:1::.ss abovr: thr· !'pri·1;::- cr¡:¡c!,t:> hrrf' of thc m::tss of thc 
motor \\Ít~¡ tl:• ~/·nerator anrl t.!,,.~ .;.;.,~~·.::;g; irarr.c; nn portilln of t!,.: 
founJ .:ir,n/·-<, .. ~ove: thr.: <:.pr::::;~. "l ::.- c.rr.tLb(·¡~;_, .it of aL:ourhcrs car. u: 

-~--
! 

o 

FOUtlDATIONS UNJER ~:::CI~~:)é ATII'<C E'lG11'<ES l7.S 

be u.sed only for high-spccd cngincs. Thc supporting frame should be 
very rigid to avoid the harmful efTccts of its deformations on thc conr.cctqr 

of the shaft. · c)"n 

FIO. IV-IG. ~urrorting-:>prin~ typc or vibroi'>obtion or a SÍX-C) lindcr dic~cl \\ ¡th 

gcner:ltor on thc '>:llll<' shail. 

Figure 1\'-Ii :-hmn; the "suppmted" vihroi:-ol:ttion of ahigiHopcl'll two
cylinder dicsf'l cnginc ha,·ing llllhalanccd flr~t harmonics of exciting loa:ls. 

In this casf', thc mass abon• the sp•·i11g'> \\:l" incrca~cJ by nwan::, o! a 
spccial thi<"k rcinforccd-concrc-tc slab undc·r '' hich thr: ahf'orlwr« wcrc 
placcd. Thcy rest on !'llpporting sl:J.bs which also support rollcd ~tccl 
beams embeddcd in t IH' lo\\ f'r part of thc foundution abo\·c thc ,spnngs. 

·'. 
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A rigid coupling brt\H'Cll tlw aln·orlwrs and thc bcams is formcd by 
bolting a tH:am to the eonr uf cae h ab:,or bcr. Spcdal cuvitics a.rc lcft. 
in t he conl'rl'tc ubon: lhc :,.l¡¡ illgs lo pcr mit ucccss to lhc ahsorbcrs. 

Thc installation of \ ibroisulntion of thc supportcd typc proeccds 
succcs5i\·cly as follows: fir:,t thc foumla ti o u bctu.:ath thc springs iR con
crelcd. r sualty it consists of a n·infor·(·cd-coucrctc ~lab with a thickncss 
of 0.20 to 1.00 m, dcpcndiug on th~ ty¡w and sizc of thc cnginv~.nd. op soil 
proptrtil's. ·-Aftc'r thcJ counde lú.1s hard<·ucd, thc surfacc of th<' ¡.,Jub is 
covercd \\'ith HuLcroid, lar papt-r, or· plywood, on which thc lowcr slabs of 
the absor!Jcrs n.rc plnc<·d in tbe propcr ordcr. J\bovc th.csc _ sla.-bs a. 
prc~hi'ira tcd frarúc of ti..ill<'d ,..t~·c;l !JP~ímr-, ~~ inbt;llnl. Thcn thc form work 
is prPparcd for thc conC'ret<' of thc fouwbtiou above thc springs; cavitics 
should Le lt<fl fol' <'ach ab:,orlll'r. ThC'n thc concrete is pourcd. Duc to 
thc prc~>cw·c of the layet· of Huheroi<.l (or tar papcr or plywood), thc 
cmwrctc of thc uppC'r part of tlw fotrnuation will not bind to thc concrete 
b<'lll''1 t h 1 he !>(>I'Íil!!;:O:. 

• \ft<-1' tlw c·olll'l'dC' of tlll' trppN p.·Pt of thc· foundation ha~ han.knC'd, 
thc a!,:::ollwr.~ a1e mount<'d. Tlw -.pl'lli:,!;S are pl:wed ou the low('r:--lab~> oí 
the al,!>or!H:r" :tll(l an· co\·<·n·d l•y t !le upper ¡,upp!ll'tiug ¡,Jabs, whkh are 
boltPd to g;inkn;. I"iually, tlw n·:--training aw·hor bolt ib inf-lt:dlerl to 
prrmit liftin¡; of thc mas.-. abou• tlu· ~>pri11gs. The lift.in~ is ('ardully 
rcgul:ltt·d by nw:ms of a levd. · If tlw ab¡,;orber:, are installcd corrcctly, 
thc-lifting and regulation of tlw lila~>~> abovc the springs do uot tukc much 
time ami do not im·oh·c :llly uiHieult.it·s. 

Thc viLroi.-.olatiou oC law-frJ.•qw·m·y C'nginc~:~ by mcans of absorbers 
·lcads to Ú1P uPccssity for providiug a hPavy foun<.!ation ahove thc bpriugs. 
'fhtm·forc, if thC' fountlation is plan·d dirP<'tly on thc absot·hcrs, th<' laltN' 
should hl' iu~>talk<.l ata. h•nl <'OII~i<kmbly lowcr thau thc floor of tf,c· shop. 
This hindcl's nC'ecss to thc o.hi>orb<·r¡; and thcir mounting, rcguln.tiou, und 
maintl'rlUIH'C, 

In such ca:o-.es, absorhcrs of lhP ";-u!-.IH'ndl'd" typ<' are lll'.Cd. It is sccn 
from thc skPtl'h oí a11 ab!-.orlll'r of tbi!-. ty¡w in Fig. IY-18 that it diiTcrs 
from thc pre\ ion:--ly dr·sl'! il•Prl ":-upporlfod" t y¡w only by t he f'Onsidentblc 
lPu~th of tlw 1'1':-1 rainiug :1rwbor ¡,,,¡¡ pa¡..si11g tltroup;h thc absorber" 
Projedíons cautllt•\'<'l'<'d f1um !h(' hody of llw founclation aho\'<' tho 
:-prings an' a t t :11·lwtl hy ¡;11 dr·1 ~ tu t!w loi\ ¡·r ~>t!!l of ti\(' !'C'sl raining andwr 
boit. T!w ah:-osl•<'l'' arf' pinn·cl o11 tlw nppt·r cd¡!;r•<., of t.hc foundation 
ma~s !.e lo\\' tiw :-p1 iuhs. Tbis flW~'-S ¡,.., dC'~ig;m·d in th" shnrc of a. box in 
whirh tlw ma::-.s !tw:dt•d nbovt• llw ¡..¡l!ing-~> Í:, iHH'rh•d. 

Thc procNlure for mountiug and rq~ulating absorber!' nf thc suspcnd<'d 
,ty:pn,dOf'S not difíer murh Ít'Offi ti.at liSI'cL for the suprortcd typc. 

Ocw·Ldly tltC dynamic· ~-.-.m 1' ut :t 1 '": , •'Jf a fuund:ltion wi~h uh:o.ol hers 
are ru.!uc· .... d to :u. iM'\'Shg.tUI•I' vi vtLratiow. r,f :. ~y:.tcm h~·.-ing u;• to 

i 
t 

1 
1 

i 
1 
1 

! 

o 
fOUNDAHON~ \.!dC(;, RL.Cii'I<OCAWIG ENGI~:tS 

12 dcgrccs of frccdom. !lO\\ e ver, ~in u· aL~~rbcrs are mo~tly u~cd for tl:c 
\'ibroisolation of cngincs with wrl il'a 1 rylmdcrs, ~he :u~~ly~~s m ay m 
mnny co.scs lJc limitcd to nn in n:--l i~aliou of vertical v1b:utww~ on.ly · 
Thcn thc proLlcm of foundalion \ ilJI:ttious is rcduccd toan mvcstlgatwn 

of a systcm with 2 degrecs of fre<'UIIm 

. .. 
..... 

• • 4 • .... : . 
•• • ·4 . 

• <lt ·.:. 

. .. . 
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:: ... ~ ~··:.o .... 

G ·,,· 

o . '" . ' . 

. ;. L ·~:. . ,o : • 
• ....J. _._.:.... 

F1G. IV-IR. ~li,IH'n<lt·•l-t) 1"' aJo,orlll'r. 

Let m; assumc t ha.t t !\(' ma~"<'S of tlw foundat ion ahon and betwath ~ hc
spríngN are <'OtH'f'lltrn.tcd in th<'ir n·lll<'l'!- of graYity, loratNI on ~h•• ¡;anw 
vcrticallinc. Let us fmther n":o,llllll' tltnt nn P:-..ritin~ forcí.' P(l) Hll ¡,:/ :H ¡.; 

on tht' mass m2 nbovc the spring;:; (l·i~. 1\'-lfl). Thc difff'.rcnti~l <'l[ll:•

tions of forr<'d vNt irnl vibrat iot1:; of t hP !-y:o,tcm undcr constdNatiOl\ 11 ¡l\ 

be as follows: 
m 1i 1 + c1z1 - r~(zz - Z¡) = O 

m 2: 2 + c~(z~ - z 1) = P(l) ¡.;Ín wt 
(IV-0-l) 

\'r'hCre J"(t) = lll:l~llittHk OÍ ('XI'iting fori'P 
w = frcqt~cncy of e:-..citin:; for<·c 

z 1 ,z;~ = vcrti<·al di::.placcmcnlf> of rcntcrs of ~¡avity of rna:-;¡;;cs hclow 
and n.bov() springs 111 ~; u~; 

c
1 

= cocfTiei¡·~lt Óf <'lastic rigidity oi base under founcb ~in··, 

-------
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c .. = cocfficicnt of clastic uniform comprcssion of baso 
A = arca of founuation bcm·ath springs, in contact with f .. ~i: 
ca = total cocfficicnt of rigiuity of all springs 

_ n1n2d' G 
Cz - 8nD3 (IV-6-3) 

;: -~~ ~--~--;- -:-.---;- ·_:--:_-nl-= num bcr of sp_rin,gs _in Clf-!:h.~apsorb_er , : ~ 
nz = numbrr of n.bsorbers 

_.-r~--- -· 

n = numbcr of eoils in cach spring 
d = diamctcr of spring 

D = diamctcr of coi! 
G = modulus of cla~ticity of material of springs 

Each spring shoulu be dc~igncu so that strcsscs dcvcloped thercin under 

IPsinlllt 
'-----t •" 

/ 

F10. IV-19. Dt>ri
vation of Eq. 
(IV-6-1) conrcrn
ing thc dhration 
o( founrlution 
ma.~scs ahovc ami 
below absorber 
springs. 

the action of static nnd dynamic loads will not excecd 
a prrmis:-iblc valuc. 

Limiting our discussion to forccd vibrations only, 
we takc thc solution of thc system (IV-G-1) in the 
form 

Zt = A1 sin wt Zz = Az sin wt 

>vhcrc thc· n:mplitudcs·71.1--árid A;· of forcci:l vibrations 
of thc foundation bcncath and above the springs are 

J.z2 
A1 = <l( 2) P(t) 

ln¡ w 
(IV-6-4) 

Az = (l + JJ)J.z. 2 + JJ.!.z 2 
- wz P(t) (IV-G-5) 

- mz<l(w 2) 

whcrc fnz is thc limiting frcqucncy of natural vihra
tions of thc founuution abovc the springs, computcd 
on thc basis of thc assumption that the foundation 
bcncath thc spring is infinitely large; the value of 
f,.z is dctcrmincd by thc cquation 

(IV-6-6) 

J.z. is thc limiting frrqucncy of natural viLrations of the complete system 
Whcn Ít ÍS llSSUlllCU that no aiJ:-.or!J('rS are USCd: -

f¡:-,ally, 

o 

f,.~a2 = __ el __ 
m¡ +mz 
m: 

JJ = -m, 

(IV -fl-7) 

1 
1 

1 

FOUNDAllúNS Ur-.;DER ~ECIPROCATING ENGIN~S 

The codñcicnt t.(w 2) is dctcrminPd by tbc cxprf's-,ion 

1'~'9 

Returning to Er¡. (IV -G-1), lct us invc,t igatc the dcpcndcncr of the 
amplitudc or' forccd vihrations of thc· founda t ion bcncath thc springs on 
J,.¡, which is proportional to thc rigidity e~ of thc absorbcrs. Thc value 
of the exciting force is proportional to thc squarc of thc frcr¡m·ncy of 
engine rotation; thcrcfore 

P(t) = ')'W 2 

where 'Y is a cocfficicnt which dcpcnds on pammr-tNs of thc cngine. 
Substituting this cxprcssion for /' into tite right-hand part of Eq. 

(IV-6-4) and dividing thc numrrator and dcnominator by w 2, we ohtain 
thc following cxprcssion for the vihration amplitude of the foundation 
beneath the springs: 

(IV-G-9) 

where 

If no absorbcrs are uscd and thc upper anu lowcr parts of thP founda
tion are rigidly conncctcd, thcn accoruing to Eq. (III-1-13) thc amplitudc 
of vertical forced vibrations will cqual 

(IV-6-10) 

The degree of absorption of vibrationli will he 

A. 1 - (i + p)(~~~ + ~1z 2 
- ~~~e~~z> 

71 = A1 = (1 + JJHEz, 2 - I)V 
(IV-6-11) 

Let us invcstigatc thc ciTcct of chanf_?;PS in thc \·aluc of ~~ on thc \"aiuc 
of '1· \Ve assumr that fn 1 is vcry :-,mall in comparison "·it.h w; i.c., thc 
value· Ez is abo vcry small. It follows uirPctly from Eq. (I\·-G-11) th:ü 

If e,-> O, thcn 11 ~ oo 

hence it follows that if thc natural frPc¡ucncy of found:tfion \'Íbratinns 
abovc the springs is small in comp::uison \\Íth thP frcr¡u·é~~y of cnginc 
rotation, thcn thc umplit4de A 1 of thc foundation with absÓrhcrs i;; snu!l 
in comparison with thc nmplitudc of vibrations of thc same foundation 
\\ithout absorbers. 
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can :"''C from .2r¡. (IV-G-1 1) thal iu t.f,¡, ra:-.c q- 1; i.e., ahsorbP.rs will not 
h::.\·c ar:y iuílucncc on the :unplitud'-. of foundation \·ibratious. 

Figure IY-~0 gi\"C•s a ~raph of <"hang;(•::, iu 17 dcpcnding; on ehang<'s in 
~~- It is e\·idl'ut that thc ahhorber:s <·ausc a dccrcasc in thc amplitudPs 

+t.O --------------- of vibrations only whPn 17 > 1. It is 
~ecn from the graph that thc zonc of 
uscfulncss of absorbcrs is limitcd to 

"1 o " n. vcry narrow rangc of valucs of ~~ 
lying bctween 

FIG. l\"-:!0 l>i:u;ram illu:.trating Eq. 
(lV-G-12) an•l thc limits of u~cfuln<·~~ 

~~=o 

(1 '+ #)~h2 - 1 
Í(1 + ¡.¡)(~z. 2 - 1) 

(IV-G-12) 

When ~~ > ~ •. the following incquality 
cxists: 

1'71 < 1 

Comwqucntly, thC' usC' of absorhers 
dOCS llOt uring Ull.}' :tc!Y:tnt:tf!;P, h11t Oll tht• COII[r.try Ís hartnfu[, bcC'ali.'>C 
whcn ;17¡ < 1 th<' amplitudt· of \ ibrations of the foundation \rilh nbsorhers 
is l:lrgPr than tlt:lt of thc sume founJ.dion without ubsorbers. 
~ :;Thc fQr<:y(Jjng .theq-ryof vibratjott<; qf- fm,ud~\tions ~dtlt uhsorbl.'rs kads 
to t he col! e lu~ion t ha t in onlc- r f or a h:;orbers to hu \"e u fa \·o rabie ciTcct 
on thc amplitudrs of fouudntion \·ihratious, thc following condition is 
ncPcS~'lry: thc frcr¡uC'"ney of natural .vibrations. of t he_ mass abo ve thc 
~prings f-ho11ld he as :-mall us po~"iblc in comparison with thc frcqucncy of 
enginc rotation. A. dccrrasc in thc frpqucncy of natural \'Íbrn.tions of thC' 
foundntion abov<' thc sprin:;;s muy he uchicv<'d by thc use of absorbcrs 
of n suit:J.hlc stiffncs'> und by nn inPre::tsc In thC' muss abovc the 
spring<. For high-fn•qm•uc·y c·ugitH's thc rcquirC'd rdationship bctwc<'n 
w aml /"' can })(' <':t~ily :wbic·\·,,d \\ ifhout a considPmhlc irwrcasc of the 
weight of thP fouudation abow_ tltP springs. For low-frequ<'nPy cnginC's 
the relatJOu-.hip b u:-ually diiTi(·ult to nl"hi<'vc by just decr<'asiug thc 
rigirlity of thc ab,.oriH'r h<'eau~-:P, duo to strength rcquirrnwnt.'->, t!t¡s 
deerra~c P::Jnnot <'xteud hC'Iow :1 c·(·rtain limit dr.tcrmincd by thc strcngth 
of thc '-r>rin~" In stH'h casPs n. rk<·rr:¡<;c~ in f., is achirvcd by providing 11 

ma-.~in.! fow,dafion abovC' tbc .~prit'~" 
If thc df'grPP of ab:,•xrtkHl nr foundation vibrations r¡ is Gpccificd, thcn 

from Eq. (IV-G-11) wc obt~~,in for ~~: 

(!V -43-13) 

-------

o 
E:ramplt. Oc~i'"' computrr.tuw" ¡,.r a Jo""'' :tion tl'tl!--. r.l,sor"ers t ... dcr a r, rt.c-: 

cvmprcssor 

1. DATA. A foundnllun for 11 1 :!0-lm \ •·rtlf·:tl t'••mpn ~~or is lo be dc·.,i¡.:ncrl. Foun
da.tion vihrations an• obJc'<'ltorml>lP, >-1111"1! a pn·f"l'l"n 11pparatus is ndJaecnt to thc 
(oundation. Thc base of thc foundation '' fom11·d hy a soil charactcrizcd by 11 cocf-
6cicnt of clast.i(' urufor111 I'OIIJ[Jff'"~ion c. of:! X 10' tons/rn 3

• 

In ordrr lo nvoid lwrmful inlluetlf'l'~ of the foundat 1011 on thc appnratus, thc ampli
tudc of foundntion vibratiuns :-.hould nol ('\f"("f'd ()o:¡ llllll. 

Thc main exciting for('c impo-;cd by lhc •·ornprP>-i>Or is thc vertical c>.ciling force 
P. = 2.G tons; thc comprc-~or 8pc•·1l is .JRO rp1n. '. - · -- · -

2. CoMI't!TATIO'-S. In ordN to ha ve nn aruplitudf' of foundation nbrat ions undcr 
the comprcssor smallcr thnn O o:¡ mm, thc fourulation hhould be vcry hcn.vy and 
uhould huvc o.lnrgc a~e:1. in conturt 111th the scul 

For exn.mplc, assurning t.hat. t.hc r:ttJO lll"llll·l'fl thr frcqu<·ncy of nnturn.l vertical 
vibrations of thc foundation and the ell¡_:IIH' fn·qur·rH) rr¡tJ,tl~ 2, for. \, = o 01 X w-J !11 

a.nd P.= 2.6 tons, \\C obt:dn from Eq. (llf-1-1:1) lh<· foll1ndng found.Lt1on wc1¡:;ht: 

W 
Vi X '>.R1 

11
• 

""0.0:1 X w-• X :i X:! 5 X w• = , tons 

Then the foundation nrC'a in cnnt:wt. ll"lfh ,,.¡J -.lrould c•c¡unl 

1 ,. ~,'IV = ~-~:.? :•_ X JO' X __ ~Li = -"•i 5 011 
' c,q :.! X 10' X '1 S 1 . 

For such a lo11-po11er f'fi~Jflf' as tlr<! '"'"f'r<'''"l IIIJdl"r I'OthJdl'ratrnn it \\Oll 111 !" 
unrcasonabiP tu c•tlfl'truet a fc,und.tttoJJ '' 1lh 1\l'!¡.:hl ancl 1limc·n<:,ron' :t'-. l.rr¡.::c· a' 
thosf' ohtmrw•l aho1·c I11 ord•·r lo 111!'1'1 tl.l r•''flllfl lllf'llls 111 r.·¡.:.11d t<> thl' arn¡rk,,r[r• 

of foun.Iafion-v!hrations, it. is hc·t!rr to u~r ~prHJ¡.: al•~othr-rs.·· Thc ol•lcctcd dHnf'n,I<.IH:> 
of thr foundatwn nith ah-,orhcr~ an• ~ho1111 111Ft¡.:. I\"-21. 

Thc data for thc cornputat.ions ;1rc a" follo11~: thl' foundntton arf':< in contacl 111tc"l 

SOil ,\ '" 12.5 mZ; t!Jf' \lf'Í¡_:IJt of tfJI' founcl,llloll UCOCalh !he sprlllg~ j~ 21.0 tor:s; 
the wcight of the rouñcbtion ahovc t!JC springs (togf'thcr wiLh thc cngmc) w 35.0 
tons. Thc cocfficicnt of rí~ichty or thc bn~c i~ 

C¡ = c"A = 2 X !O' X l:? . .'i = 2.1.0 X 101 tons/m 

Tlle mess oC thc loundntion b<'nf'ath thc sprin~-;s is 

m,= 21.0/9.81 = 2.1:'i tons X scc2/m 

The mass of the founda.t10n nhov<' th(' sprw¡:s is 

!1!2 ""' 3f>.0/9.Hl = :l . .>G tons X scc 2/m 

The hmit- nrttural frcqucnc:r of VC'rf wal vihr:l.tlons of thC' wholf' system (nssummg 
tbtü 110 absorbers are u.;cd) cqual" 

e 25.0 X 10• 
¡ •• ~ = m, ~m~ = 2.15 + 3.56 = 4.38 X ¡o• scc-~ 

The fe.tcfficicnt ~~. ia computcd to be 

J,..• 4.38 X 101 

ho ""T = 2.5 X ¡oa "" 1.75 

----------



----------------------------

182 DYNAM!CS OF BASES ANO FOUNDATIO~IS 

Sect•on otong BtF -- --

Section olong AA -AA 

F1o. IV-21. Exnmplc oí dc1>ign computations for foundntion with nbsorbcrs. 

The ratio between vnlues of the masses is 

m2 3o5G 
" = - = -- = 1065 m¡ 2ol5 

If no absorbers were prescnt, thcn for the sC'lcctcd dimensiona of the foundation 
the amplitudc of vertical v1brations woul<l e•¡ual 

A,"" -(2 1-5 +- 3 ~6~(0: 38 - 2o5)10' = Oo25 X 1_o-• = Oo25 mm o oi> o. 

In order thnt thc pcrmissible nrnplitu<lc of vibrnt1on'i of thc foundation with 
absorbers is not cxcccdcd, the dcgrce of absorption of vibrntwns should cqunl 

A, O 25 
" == A1 ""ü."o3 = 8•4 

Let us a~sumc thnt thc dcsign valuc of '7 cqunls -10. From Eqo (IV-6-13) we 
determine the requircd value of thc coe!ftcicnt tl: 

o o 

FOUNOATIO·J~ UNDoR RECI?ROCATING ENGINES i63 

We determine thc required v.dun of the hro1t1n¡: frPr¡ucncy /.~o of nnturnl \Crtical 
v1brations of the mass of thc foundatinn nho\ e ti. e »prmg::~: 

The requircd total rigidity of all Lhc nL&orL!or~ .,.. 111 Le 

II Cop is the rigidity ·of one spring, thcn 

where n 1 = number of springs in eneh nb::.orbcr 
n 1 = numbcr of nbsorhcrs 

Assume n, = 2 nnd n2 = 8; thcn thc rcr¡um d ngid1ty of one spring will be 

1,480 e = -- - = 02 O tons/m 
'P 2 X 8 o 

On th<> othcr hnnd, u::.ing Eqo (IV-6-:1), 11 r· ot.tum 

r; d' 1 
Cop = ii" I.Ji ~ (IV-6-14) 

whcrc Gis the modulus of cla:,l¡c·¡ty m ~:~l•f <lr of thc spring mntcrinl; its valuc nwy be 
assumcd to be 705 X 10• tons/m'o 
- We assu~e thc~e ~re fivc coils in a bpringo SulJstituting vnlucs of n nml G into 
formula (IV-6-14) we obtain 

92.0 = 
7

·
5 ~ 10" ;: g "' 1.88 X 10• ~: 

Hence. d' 92o0 9 10 ' 
D1 == 1.88 X 10' = 40 X -

Let us assume the diametcr of the spring d = 2.-'i X 10-z m; then 

D• == 4.9 xd' 10_-, = ~00 X _10-s = 8 O X w-• m• 
409 x w-• · 

D = 9o3 cm 

3o STREs., A:-.At.YSIS OF TI! E SPRI:->Oo Thc pcrmiss¡!Jlc load on thc spring equaJ, 

= "0l_fl_g. 
P,. 81J (IV-6-15) 

whcrc R,. is thc pcrm1ss•blc torsional stress for thc sprmg material¡ ,\-e assumc 1ts 
valuc is ·10 X 103 tons/rn 2o ,·,,_ 

Assuming in accordancc with thc forcgoing computnt10ns thnt d =· 205 X 10-z m 
and D = 9.3 X w-• m, wc obtnm for thc pcrmiss1blc load on thc spring 
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Ir. or<l<'r to find th<' actu:tl l.Jad un < ·" h !-pnng, 1t is r.cccssary to determine the 
nmpl1tudc of force<! \lurutions uf the foullllation aLove the spring. From Eq. 
(I\' -G-S), ''e dcterllline the \ uluc of .l(w2): 

~( w2
) e 6.25 X 108 

- ( 1 + 1.65)(0.-t H X 102 + 4.38 X 10') , 
X 2.5 X 10' + (1 + 1.65) X 0.·114 X 10' X 4.38 X 10' = 21.0 X 101 

According to (IV-G-5), 

A (1 + l.GS) X 4.38 X JO' + 1.65 X 0.•114 X 10' - 2.5 X 101 
1 == 3.56 X 2(.0 X 10" 2·64 

... 0.34 X w-• m . 

The dynamic force unpobcd on thP sprin¡;;s as u. rcsult of v1brntions is 

.. :. : ·. · -·- • ·--W.-=-Q~-.¡ X·IO"'"''X' 1.18?< 10'''"< 3.56 ~ 0:5tons 

Thus, thc actual load on cnch sprmg t•qu:ll, 

Pos:& =O.~+ :l!).O = 2.2:.! tons 
iü 

which is smaller than thc peru""'lhlt• lo.td. 

Fw. E'\(-~':! Ud:at of absnrlwr, \\ 1th sul>pcnsion &ystem. 

,A,sc!lcmatlc di:\¡.:rn.rn of thc m~•m pnrt of the nrrangcmcnt of the íoundation with 
suspende<! ab:'\orlJ(·rl! ¡_.; shown ín. Fig. l\'-22. 

Thc ('(¡f•C! rw 1 wn of a (ounchtion ,.·ith nbsorbcrs procecds analogous'y tQ the 
Jllc.~cdt.::o.' ·!,, ... ·. · ·1 in Alt. V-7. 

() 

¡-
' 

V 
FOUNDATIONS -FOR MACHINES 

-- - . PRODUCING IMPACT LOADS 

V-1. General Directives for the Design of Foundations for 
Forge Hammers 

a. ClaRsificalion nf Forrr llamtn'' s Forg<• hammer::- a1 ,. dl\·idt'd ir. to 
two groups: drop hammr·r~ for dil' ::-Ltmping nnd forg<' bamm<:r" pro¡w1 · 

Th.c si de framP of a drop h:un !llP!" ¡.., 
mountcd- on an anvil .(Fig. V-1), thus 
giving rigidity to t.hc ~yst<'m. Thc -.iclc 
frunw, togl'thcr with guidf's for th<' rarn, 
contrihutcs to thc prccision of hlo\rs 
rcquircd in forging;. Thi>i pcculinrity in thP 
dc:;Ígn of urop hamn1f'l'S prN! 0 tf'l"D\Íll<';, to 
a certain dcgrcc the dc:-oi~n of thPir founda
tions, sincc thc foundatíon hlork undr·r the 
am·il serves as a ,;upporl for l he \\'holl' \ 
hammcr. _J. 

Frc•c forging op<·raliom .. ar<' ll"llnlly prr- ~~ 
form<'d by for<rr hammcrs ¡Hoprr. Thr f 

" ~- --Anvil 
anvil anJ the sidc framt', :l'i a rul<·, are 
mount<•d RPparatdy Forgl' hanlltH'l::- are ~ 
bu\lt a:-: ¡.;jn~IP-:o..upporL franw:-.. (Fig. \'-~) ~ 
nnd as douhk-~11pport fmnw'-' (Fi::-; \·-:~) i J. 1JJ_u:=:.:.~ :-
'l'hc b tt<'r can be of thc arc·h or bridge L~-~.:_:_, ' . · _ _:j 

tyn, C's. Pneum:1tic hamm<'rs "ith nir com- 1 r.' Fro. V-1. Drop hamm('r '.'!t .. 
prc~~rs are singlc-frame hnmmcrs. framc mountcd on nnvil. 

T:J. lJ:csi.gn Data for a 1/anzmer Founda-
tion. Th0 follo\\ ing tc>chl·olo:;ical rb~:1. are requir('d íor thc desi;::< of a 

h:~mm,-;· fou ~c!atior.: 

------~~---~~~-------



I)YNAM!CS t')f BASES ANO FOU:-.!:>ATIOt<S 

l. The nominal \\CÍght of uruppill~ p:trts, "hich usuully chnracterizes 
the powcr of thc hammer. In urop hamnwts thc real 'wight of dropping 
part:;, in addition to thc wrig;ht of thc ram, piston, und rod, includcs ulso 
the uppcr half of thc dic. ThcrPfore in thc:'>e hummcrs thc real wcight of 
dropping parts is grcatcr thun the uomiuul weight or that shown in 
catalogues. 

The dcsign of a hammcr foundation is mude on thc basis of thc real 
weight of dropping parts. Thc total average height of the upper and 

Fra. V-2. Hnmmer with single support F10. V-3. Hammcr with double support 
trame. frnme. 

lower halvcs of the die lies within t.hc rangc 2.'i0 to 500 mm. It should be 
noted that sorne dics for long units (axcs, f'hafts, etc.) are provided with 
heavy uppcr parts, whose wcight rcarhcs 100 per ccnt of the nominal 
wcight of dropping parts. Sueh cases should be mcntioned in the tceh
nological a~si~nmPnt. 

2. Thc Wl'ig;ht of thc anvil and the dimcnsions of its base area. 
3. The weight of thc hamnwr, induuing side framcs, ram cylinders 

with thc andwr plat.P, ete., but <'Xd11ding; thc unvil wei!:!;ht. When no 
data are a ,·ail:tble on thP w<'i;.?;h t of the arn·il and framt•s, 1t is pcrmisi>ihle 
to a:;<,ume the auYil WPÍ;!;hl to i)e Ifi to 20 times the wcight of thc ram; thc 
total wPight of tlw hammer ami anvil is ta.kcn to be 25 to 30 times the 
weigl1t of thr: rnm. 

4. Thc maximum hcight of the ram drop (or thc maximum piston 
stroke). 

5. The upper piston aren. 
6. The average working pressurc on thc piston. 

o o 

FOUNDATION~ fOR MACHINES PRODUCING IMPACT LOADS 

For the desig;n awl an:dyhis of the founuation, eithcr thc m::.c~::' 

assembly dr::t\\ iug ur thc follo" i11g data 1>houlu ulso Le madc uvai:"' -·_ · 
7. Dimensions in plan, the thidows'i anu clcvation of the top o: . , 

pad undN t he framc and um·ii of thc forge hammcr. · 
8. Thc position, uiarneter, ¿l.lld ll'ng;th of anchor bolts. 
9. The clcvation of thc anvil base ''ith re!->prct to thc fluor levd o: 

shop. __ _ 
- 10 .. DimCIISions in plan and thc thickm·ss of thc woodcn pad uncler ' ,,· 
~n~if.' -- - -· -- - -

11. Thc location of thc hammcr in lhc shop with respcet to ac!j.:~.·nt 
found<Ltious undcr_rng;ines, marhirlf'ry, a11d .;,¡tppcrüng :::-tnJdl!rcs. ''' ~; 11 
buiTd{;g·;-thc_d_i;ncni>iuns, l'levation~, awl dl'plhh of lhl'SC' foundat¡c:.-

c .• 'l!atcrial of tite Foumlatwn mul l'arl wula tite .! nn!. Founci.L<i<>ll'
undcr hammers \\ith a \\('Íg;ht of drop(llll~ pa.rts i:1 (''(('(• ... ,; of l tu:l el:' 

maJe of concrete typP J.iO, t \\ i t h co:tr;..r· ag;~n·g;ate of haru ro<' k::; \1 r:: · ~: 
compres~ive &trcngth not IC'~s than 2;i0 kg/em 2. Xormal po1 ti~::_cl 
cem<·nt, of a type not below ~00, ¡., u:-Pd for conrrete. !he l~ltt• ~ t-i 
reinforccd aeeording to dt·~ign data or :tiTordtng lo in~tnH·tu .Js gtvc 11 ':1 

the joh. . . 
The pad undcr tlll' am·il is ttsually m:Hk of oak. E-:¡H·It<•nec m li'C' 

opcration of hammerh umlt•r war eonditions ~howccl th tt .fot· hamlll' r~ 
with a wcight of dropping; parts up to 2 tou,.;, pitH• and brch l!ml•N rna.): ,,; 
uRed -as material fnr uudC'r-au\·il pad!>. TimhNs of tlll' !w,t qualtty, 
ha.\·ing a moisturc eonient below l."i to 18 ¡wr ceut, should be u:--ed .. 

d. Dircclircs for Dc.n'gn. (-n t il rPc·Pn t ly t hNP \\as a k rulency to dPi>Jgn 
foumlations mlclc-r h:llllllii'I'S as m a~~¡ n· blo<: h.s PmLPdded lo a ('Qll:--idPra bk 
depth in tite soil. H TllC' ¡nrrpo'P "a~ lo pro\'ÍdP s11dt dimeu"'ions of tht' 
foundation that its :-tatil· l'la~tic ... 1·t th·m<·nt would he l:tr~cr titan the 
nmplitudc of its Ycrtit·al \'ihr tlion~. ~itH'P dt·sign \'alu<·s of amplitud1·s 
of foundation Yilnation~ lltHkr harnmt·r-; \\PI\' 1'1'll'dl'll "-ithin thL' ran~t' 
2.0 to 2 .. 1 mm, thP. hl'il-.!;111 of thP fou11dat ion h:lfl In hP int I'P:li'-t'd eon
sidcrubly to ohtaiu t. he d<·i>ircd ~ta t ie ~el tiPnwrlt. Fip;tli'C' Y -1 a shO\\ ~ a 

typir·al <IPsi)!;ll of a foundation und<·r a hammer, as ll~<'d until n·ccntly · 
HNP for P:tch l ton of droppin.l!; p:ut" wPi;..;ht, tlu'rl' c·on·p;:pond SOto 100 
and oft.pn 1:!0 tons of foundatio11 \\l'i!!;fll. 

Tlw diseu~-;ioll \lhidt iollo\\:O. 1\ill :-.hnw th::t thP \1>-1' of such lw:1 1'Y 
foundations is not l!C'I c·:--:o:aty, ~'"IH'I'ially ~inrP tlwy invnln· a <'onsidl'r:lhlf' 
inrrPasc in thl' ro-,t 11f <·on-.,t ruct ion. 

Found:ttions UIHkr h:unnwr.s sho11ld be dei>Ígncd a.;; hlor·k,; o r slab, 
loaded from abovP by backflll. Figttre V -·10 is a typic::1.l dP.s1gn of su eh a 
block foundation. ThP mtio bctwccn thc weight of thc fo'unuation and 
that of thc dropping parts is about ·10. 

t S<!c foot:1otc, Art. IV-l-e, p. 132. o 
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ISB DYNAMICS OF 8A'ifS ANO FOUNDATIONS 

Tn hlo<'k-typr foundation,., t!.e thic·knr,.;-; of thc part lwlow the anvil 
!;houi!i be :-th'ctrd a~ follO\\ S: for a ram \\l'it;lrt up to O.i.j tons, the thick
nt':o~ i-hould he not k,-s than O.i:> 111; for a \\ right of O.i5 to 2.J tons, the 
thkkrw~s ~hould Le 1.5 m; for a weight of 2.5 tons nnd morr, thc thickncss 
must ht• 1 2.3 to 2.50 m, depcnuing 011 thc powrr of the hammcr. 

Prc\'ÍOII:-Iy 1 fouuuation.s llllUCI' for~c hamrncrs werc buil t unucr thc 
un\'ils scparatcd fwm thc footin~:-. undrr th<' framcs. This dccrcuscd the 

_&tres:>('~ jn.:.tlw barum.cr·_franw~ during cccC'nt:rie forging.· -Howevcr, the· 
scparation of the founuation l'l<"rncuts rf'sults in thl'Ír tilting wit.h rcspcct 
to cach othc·r ami in l'Oil::-iderabh· nonuniforrn scttlemcnt of thc fouuda
tion unclel· thc um·il. In l'l'CPnt y<'ars fouudations undcr forgc hammers 
ha ve Ll'l'll d<·signrd Ly thc mcthod shown in Fig. V -4c; i.c., thc footings 

!al (bl (el (di 

FIG. \'-1. Ty¡w, uf hamrnf'r fnunclation~: (al dePp hloc•k founclatiun; (b) slau block 
: .. :.!?~~~~~~~':n'! ~.~'.l,!ll_a.te,4 !~Y l~ac:klall; {t'}. arml .lr:hM'X. ímmd-atron 2 StlJiPm'ts fr:imc- 1-;

(d) smgle !Jiuc·k founclati!Jn for an\·rl arul framc. 

undcr thc framc \\'C'I'<' r~ot pla<'Pcl dir,•t·tly ou th<' ¡;;ojl, hut on thc blo('k 
undcr thé arí~·il, nud Loards ~ to :¡ !'111 thick (or ~<'Wrallaypr¡.: of nuuri'Oid) 
\\ere pla<'r-d IJ('twcr-u tlw:;c two footing::-:. Thus tilting of thc n.nvil with 
r<'~pcrt to thc• fr:rnw \\as ¡>1'1'\'f'lltc·d. Howr-\'rr, <.lur to in!>uffif'icut t•lns
tirity of tll<' pud, thi:-: fouudatiou dc·~i~u was not. \'C'ry f'fTt•rti\'<' in dc<·r·<·as
ing thc ¡:tre¡;,.,<'s \\ IJic·h dc·nlopc•d as n. rc~ult of nonuniforrn forging. 
Thcsc lit r<·¡;~¡·;; may he <.lcrr!'asf'd mw·h mor<' <'ffil'irntly hy mf'ans of 
spi'Íug \\ ar-hrr:.: iu ftliiiHlat ion bol! s and hy o:1 k timhPr:.: installed tm<.lcr thc 
am·iJ an<.luudf'r tire fram<' o( llu• lwm11u-r. Iu í'lll'h f'as<'s th<' fouudation 
uncl!-r tlw for~r· lramnwr ~lwuld lll! dt·:-Íj!;IIC'd il.; a :-iug!l' hlo<'k (Fig. V--1r/). 

Hr·iufon-1 nwut i:.: plac·l'cl :tl' tlirf'c:(¡·tf on 1 ht• jo h. Tlw rPinfort·cnwnt 
U:-N) for tlw fowrdaliuu urult-r the .w\'Íl c·ou:.:i ... l:.: of:! to -l horizontal :-lf't') 
grill:c_:.:f·S formt d Ly S- lo 1 :!-mm lrar:-. i-JI:L''''d at 10 to ~tl cm; thP up¡wr 
grill:.~c· ¡, I''"' ¡·d at a di:-otarwP of 2 to :J C'll\ from tlw fouudation t<urfa1·t•. 

~~·ar th<' fouradatiou surfuf''' in c·ont~u-t with :<oi!, th<' rcinfor<.'Cill<'llt. 
cons!st., of 1 or 2 hori.wutal ~rillagc•s formcd by 12- to 20-mm bars and 
spacrd 15 to 30 rrñ npart. Di:.tanc·C"¡; bctwccn t.hc grillag<'s are JO to 15 
~m in thr~ párl t•f thc· f,,undatiou tlll<ler thc :mvi! ~u~d 15 to 30 c.n uc.:r tb~ 
fo:.r.r! .· :•_,¡, co1: .· t &urfacc. 

.r ,------
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Thcnnmhrrofgz¡jJ:¡g,~i.~J~·>zm¡z,f'd · _. t!a··¡10\\c·roithrl.am:1wr. I·. 
~hould h<' kc-pt in mind tllat douf,fP-:wt.iu~ la:un1nr·r:; l,dou~ to thc group 
of hf':tvic·st hammcrs wit.h resp<·c;L lo tlwir iÍnpar:t Pfiect on thr frnmJatiou. 

Pa<.ls uudrr thc nnvil are madP of ~quarr tiznbrrs from 10 by 10 cm tu 

20 Ly 20 l'm in cross s<'ction. Tirnl'''ri- an·I:Lid flat in oue or ,e\·cral rows, 
onc ov<·r lhf' othPr. F.ac·h row is braceu !,y traus\·er::-e bolts cvcry O .. i to 
1.0 m n.nd forms a sepamtc mat. 

If severa) 1'0\\'S of-tlmbcrs are cmpJoyc·d, t)JPII in ordcr -to dl'l'l'f'Ul'>C \\'Car 
and tear and makP tiH! pad more rigiJ, tlw tirnlH'r:-. are plnc<'d in thc form 
of grillagcs. Thc upp<•r ww of timbrrs ¡., laid n~uug thc Hhort .side of thc 

Typc or h:unmcr 1 

Thirkm•s, of p:ad, m, if 
Wf·i~hl of drop¡ain¡.: pnrh of h.momer i~: 

1 li(l to 1 l••ll 1 1-:1 tons 1 (h·f'r :¡ lc•fl• ----,------ -·-: ------------~----------
Dmahlc•-:wliOil 1lrop h·llfllll"l' !;¡, ¡., (1 !O . (~:.!O O (,(1 

1

· O t.fl·l ::o 
Sanglf'-netinn clrop h:wualf•r ) (·JI t<• () 1 O ' () 10 O 111 , O 10 ll 'r() 
Fnrge harurawr ! (íp tu O :!fl O :..!0-fl liO j () (,l)-1 011 

No. 

nnvil La.sl'.: Thc mats must be si rir·t ly laori;.outal, smnolhly pl:ulf'cl, :wd 
c:u;ily fittr•d iuto lhc CX('avalion. Th"Y ~ho•lld 1)(' dH•c·k('d by nw:tus of :~ 
wat1·r lt-\·<•1. To prcvcnt dl'cay tf':-.llltin¡:; fmm moi'-lurc, it ¡-, :Hh·i .. ahk to 
impi'C'gualf' limhPrs with wood-pi'I'Sf'I'\'Írr~ ~olutious. 

Thc l'p:H'C' hctwrcnllll' pad aud llll· PXI'a\atiou walls nwy lw filkd \\Ítb 
pcti'Ol<!lllll Ui-phalt. In onlc·r to pn·\ t·nl a lac;ril.()ntal di~pi.Lt'<•nwut of t!w 
8.0'1(il UJong thP pad, fom fÍ!IIhC'J;, :1r1• pfa!'f'd :J.fOilllU Ít llC':II' fh(• ),:¡ ... e, 

Thc pad thidm<'s:-o is 1-hown 011 t h" a~'-!'znl,ly dra \\ ings of 1 hf' hanuuf'r or 
indicat<'d in the tcc·hnit"d :t"-~Í~IIIIH'Ilt. Tf'utati\·r valuf's of p:ul thi(.kn<',., 
und<'r thc nnvil nl'c giwn in Tah!P V-1. 

Th(' thic~k1wss of thr pad !-hould hr :-~·!t-rtc d :-o that thr strcs-,p:; thcl'cin 
do n_ot cxcccd pcrmissihk \'aluf'>-, ,,J¡ida arf' a" follows: 

Oak: 
Pilrf': 
l.:m·h: 

:molo ;:.iO k~/('mz 
200 t () 2.-.o k:!.' ( m! 
l:iO to :!00 k~/r·m 2 

e. Rcmarks on Co11.~truclion f>rocrúurcs; C'oncrC'tP for th<> footiu;;;; 
should he p!af'<'d usíng vlbrator:s. In thc prcs<'ll<'<' of grouncl water 
containing <'h<'micals which mny produc<' dctf'riorntion of concrl't<', 
pozu,~n.n C'f'mc·nt shou!d lw t;Sf'd or :;:wr·i,t! r.--.~":l!'urcs f'!1o:.1d he pro,·i !, l 
: .. "'rotc·¡: t:c,,¡•·r~..L~ from U1· ,¡, ~io:: <.J,· -.·. ,L ·c.:, thll vdor·hy of w::.: ~ : 

-------- ---------



1?0 DYNA~o'.iCS OF BASE:S At<D FOUNDATiONS 

nnd po5siblc fluctuatious of g:ound-\\.llcr levcl 5hould be takcn into 
account. 

In the proccss of foundation construction, spccial care should be taken 
to providc accuratc Iocation of boles for anchor bolts (if the Iatter are 
forcsccn by the dr.~ign) and thc CX(':Jsation for thc anvil or framc. 

Thc lo11 er part of the cxra vat ion for thc an vil shou!J be strictly 
horizo11 tal; no adc!i t ional con e di ,-e pouring of co_ncr_ctc is __ pcnnittcd. 

-_ . j( S.Upplc.nwnt:it}'- CC'tncnt· gro u t. fí:t'l ·to be pbccd undcr thc framc. Of thc 
forgc hamnl('r, thrn thc foundation surfacc in contact with thc ccmcnt 
grout ~hould be roughenrd, dc:lllcd, une! \\ a:,hrd. _ The u.ndcrlying.s9iJ 
shou!d hr con1p':ldl"U b)· latnp'f1ig i1i of ·urokc·ll st.ol1é. In moisl soils a 
working mat of concrrtc ty¡w 30t is placcd uncl<'r thc foundation. 

Couc·r<'tc "houlcl he plaecd in hoiiZOlllal bycrs and, as a rule, without 
intcrruptwn in the work. In case of an cmergcncy intcrruptiou, the 
follo11 ing nwa -.un·s :,hould oc taken to se cure thc monolithic character of 
the founda tion: 

l. Dowd" of 12 to lG mm cliamder ~hou!J be rmbcddcd on both sides 
of thc joint toa urpth of ::o ('lll ata di,.,t,UICC' of GO cm from cach othcr. 

2. Prior to pbl'ing a nc 11 l:l)Tf uf roncrrtc, thc prcviou:;ly !aid surfacc 
should be rougiH•n<•d, thoroul.!;hly c·J¡•anccl, wa,hcd by a jPt of \\a ter, n.nd 
coHrcd by a !ayer of a rid1 l :2 cemcnl grout, :!0 mm thick. Thc 

. phwr_m!-'JlLo( J:"O\!~r.e~ should _be startt•d not In.ter tha·!l :r-h·r- n.ftcr this 

.. mÍ:-..ltl.ré-is.htid Oll lhe surfacc. 
Thc n.m·i! may he mountrrl 011 thc foundation only aftcr hardcning of 

the co_ncrc·tc, i.c., not k:,s than a "<~e k aftct· its pl:h:cn1cht. Thc founda
tion muy be put in oprration as soon as thc concrete attu.ins thc d<'sign 
str<'ngth Ya!uc. 

Vibratiou~ of thc forgc-hamnw•· anvil may re!'ult in sorne soil falling 
into the space bct we<'n th<' an vil ha!'C n.nd thC' uppcr row of the timhrr pad. 
This ma.r ka1! to tilting of thr am·il or damagc to thc pad. To avoid 
this, aftPr thC' un\ il is built a prott·cti,·e 1rall is usually instalkd around it, 
C'xtr·nding from thc top of tlw foundation Lo floor h·n·I. Such a protcctive 
box pNmits :111 C':l5Y and rapid im--¡H'I'(Íon of thr anvil and pad; it also 
simplifirs thc mounting :uHl di ... molllltin)!; of thc anvil. 

V-2. lnitiol Conditions of Foundation Motion under lmpoct Action 

a. Tlw l"rlocily of J)¡oppzw] l'wls al tltr Drginning of Impacl. Largc 
hammNs m:Jy b<' divickd into two group<;: thosc with nn unrestrictcd 
drop of thr ram, and those \\Íth a re~t•ic.:lc·d ram movemcnt. 

Thc fir:,t group indudr: hammrr;; with frictional hoi:,ting of thc ram 
aad h:ur mcrs in which thc ra:n, r::;idly ticd to thc pis ton, is liftcd Ly 

t S• '· 'c.·~: ; ,, Art. IV-1-c, p. t:l2. o 
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stram prP"~urc from unticrrw . .:h lc1 frwl.umal hamnwr:-,_thc rarn is 
connccted to n. pinte \1 hiC"h III0\"1'5 1 wl \1 IT 11 1 wn f1 wtional eh ,ks prcssed 
against this plato. \VhC'n tlw rarn i:-. ltflc·d lo Llw hC'ight <.lrf:irC'd, onc of 
thc di:,ks is moved 1.11vay from tite plale aml the ram falls, ní~;,ving along 
its guides. · 

In singlc-acting hammcrs, thc ram, which i'i rigidiy ticd to tl;~ piston uy 
J?Cans of n. rod, is_lif~-P~ by thr prc_::;surc· of_:-.lr·um rdrn-;cd thmugh n valvc 

.l tocatci:l undcr thc piston une! opcn('d \\lwn tl!'~ hlLC'r is in its extreme !ow 
position. 1\ftcr !he piston is raiÓ>ed to lhe hr:rg;ht dc'iÍr<'d, •he accc:o'l of 
stcar:1 i~to .thc <'J:li~1d9r unJcr tht~ p1:,Lon is stop¡wd, thc v:dvc oprn~, a,ncl 

·' thc 5t!'i.un or cornpre!oscd air escapes. Tbc prÓ>ton, Logcthcr 1\!lh thc qm, 
drop<; at inercaÓ>ing, specd. 

Aftcr thc acccss of stcam is discontinuccl and thc cxhaust·\·ah·c opcns, 
stcn.m cannot csrapc at orwc from thr f>¡>:trc in thc cylindrr undcr thc 
pistan. Thcrcforc a countcrprcs:,urc again-.L the ram drop is crc:ltcd, 
rcsulting in a lo.::s both in thc rum's vcloC'ily and in thc kwctic cnergv of 
its drop. -

Thc velocity v of the ram drop undcr thc condítion of unrc:,trictcd 
motion cq uals 

V = 7] y2gh 

wherc g = accclcration.of ~ravity 
h = hcight of r:Ím drop 

(V-2-1) 

11 = coefficicnt which takes into account countcrprcssure and 
frictional forccs 

The numcriral \·a!uc of 11 drpcnds on thc drsign of thc hammcr, its 
working ordcr, thc regulation of vah·es, <'te. 

Modern forging practico mostly employs the Iargc doublc-acting 
hammcrs. In th('SC hamm<'rs, &tC'am or romprc·~:-.rd air acts on thr ram 
not only while it is being lifted, u u t nlso cJ uri n~ it s drop; t hrrcforc thc 
vclocity and kinctic encrgy are consider:¡bJy largt•r a.t thc moment oC 
impact of thc ram against thc workpi,•cr. 

Changcs in stram pre:,sun' dunng thr d10p of thP ram, both undcr the 
piston (coun(Plpn·ssurc) ami nl>on: thr pi~ton (:v·un• pn·::.~rJrc), dr·pcnc.l 
on many \"aryi11g fadors surh as tbr p10¡wr o¡H·ratwn oí tlw ,·al\·cs thc 

o l ' 
ttgutnP:-:s of the pi,ton in tbc c·:.lllll¡..r, ~,nc( lhe 11orking ord.·r of thc 
stufTing box. It is impo~~ih!C' to f:1kc· into :lf'!'OUIIt al! tlw~•· fano; ~ \\ ith 
sufficient accuracy. T!H•rcforc in cornputation;; of ram n:loc'rt:y, onc 
ur-,ually works \\Íth thc average pn·Ólsun: of &l<·am and air in thc f~cd pipe. 
Thcn thc vclocity of thc forccd rnotion of thc ram undcr thc action of its 
own wcight and thc stcady prcr-,.sur~ wil! Cf1ua! 

----------

0 
(2•¡(i~ - .:·J)n 

V= r¡"'¡-----
~ .. O •)•>' ----,· 

1 
1 
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Df"-AMICS Of RA~E~ ANO FOL'NOATIONS 

n·hcrc .1 pi~torL arca 
p total prr~'>llrC' on pi"~on 

lV = total wcight of droppiug parts 
., = corrcction codfwi¡·ut 

b. Expcrzmcnlal Determina/ion of thc Corrcclion Cocfficicnt '11· Thc 
valucs of thc corrcction cocffi¡·il:nL iu [qs. (V-2-l) aml (V-2-2) may be 
·acn··rminrd only rmpirically by comparing thc vclocitics obtaincd from 
the equatior~ with thc corrc~pónding valucs·obthined expcrímentally. 

TADLE V-2. fiE~U.T~ of' IIA\1\IJ:I! E~·nc!E:->cr :\[F.ASL"Rf:\IEST<; 

- -- -
Velue11y al h1'1;111111ng 

of impnct, .. : ,' ~ec Hatio r¡ . 
X omina! 

bctwccn 
Type of hammer 

wcight or 
Compu tC'd from mcasurcd nnd 

dropping 
parts, tons l\Ica:,urcd 

Ec¡. ~V-:.!-2) cornputcd 
.. or (\'-:.!-1) íor velocities 

" o= 1 

5 .¡ l (j ~ () o o 6') 
3.6 (j o 8.4 o 71 
2 25 5 ·l 8.6 063 

Doublc-acting hammcr 
1.8 4 5 8 1 o :i6 
1 125 G.2 8.9-.- 072 --.. 
1 o <f8 8.5 0.80 
l. O 5.8 9.8 0.59 
0.635 5 5 9.0 O.Gl 

- -- ·- -
Hnrnnwr '' 1th un re- o á-t 3 3 3 56 o 96 

strich·<l nction l 125 3 5 3 93 0.89 

Th<> nuthor pcrformrd such mca::.urements for ten drop hammcrs of 
diffPrcnt powcrs and mak(·s. Thc· mcasllrl'mrnt~ wcrc macle undC'r 
working; rondilion~ in sl10ps, witlwut any ~!J<'I'ia! adjustmcnt.. Thcrcforc 
the rP>,ult:; o[ tltt"<.r• mcasurcmce~ts may L0 <'OH~ideicú to be cha.racteristic 
for \\()rJ..ing; c-onditiow;. 

Thf• ¡·e:-rllt>' of tlw'-P nwa~un·nH·uts are· pre.-.Pnted in Tablc V-2, which 
nl:-:o gi,·r·s veloeitics computcJ from Eqs. (V-2-1) und (V-2-2) for 

'1 = l. 
'fhi~ tablc !>hows that t!w mf·:hun·d nl(wity of droppin~ parts at thc 

m01n<·nt of irnpact i:, mw!J l(Jil'<·r in JlJldJ!L'-:trting h:wuners than thc 
valuC's computn! from Er¡. (V-2-~)- For th0,C' h:tmmc-rs, the r:üio 
bctwcen thl' valu0s of mr.u~,urf'd and romput"d vclul'itii•J lics within thc 
rar¡¡!r· ()·l."; to ()SO; th(• avcr~ :;1; \':.'11c uf "l :u l->¡. <''-:2-..:. r:.ay b·· tal: :. to 
eri u a: ') • .:j. 

1 
i 

' l 
t 
1 
i 

' 
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In addilion, it follo·,\·;, iriJu. ·~ :a\.l•· \" -:.! that tite ab,olutr \'•. l•why Uúl.'.'> 
not dPp<·nd 1nueh on tllf' po,n·r of t\,r- \¡anlltwr. This is explainc<l in p.:rt 

by thc fact that usually the lwi)!;llt of drop of thc rum and the st('am or :l~" 
prrssurc vary for cliiT1·rrnt hamm1-r;o; o11ly \dtbin comparativcly narre,·,·; 
rangcs. ThNeforc in many ra<.r·:-; Ü10 clr·<::ign vclocity valuc nw.y be tak,·n 
to cqual approximatcly thl'\ avPrag;c value of vclocitie'> m~.•asurcd in 
hammcrs wilh diiTer.rnt po"·prs. This valuc for doublc-acting die
stnmping ha.mrnNs <'quals G.O to G.!i m/ ,ce. 

In hammers with unrl'~lrict<'cl drop, <'~pr·ci:-L!ly frictional hammers, no 
counterprcso;ure of stC'a.~n is encountcred, antl a dccrc:bc in thc Hlocity 
of dropping parti\ is mostly r:w~l'd by friction in thc guitks. \Yhcn a 
hammcr is propcrly auju~t<'d, thc 
dTcct oC friction will be nPgligible; 
thrreforc thc corrcclion codlici1·nt 
in Eq. (V-2-1) will bcclosc•to unity. 
This condusion is confirnwd Ly 
data for h:unmcr!> with unn·..,l,ri< ted <: ,n 

drop, pn ,ented in Tahlc V-~. 
c. lnitwl V clocitics of FmwJa

tion 111 olion. Lct us invc:,tigatc 
the valucs of vclocity eharal'lf'ri:.tic 
for thc· foundation at thc cnd of a. vertical ccecntric imp:u·t. Such :tn 
irnpact occurs in drop hammNs whcn c·dg;c groovcs arl' st ampcd. 

W<• a~sumc that no pad is prrscnt under th.c an\·il ami that the anvil 
and foundation form onc siu¡;lc body whosc da~tieity may be nPgkctcd 
in romparÍ!--on \\ ith thf' da . ..,ti(·ity of th1· ~oil. Lf't us aL-o :l!--"llnlC that thc 
foundation C':tll be r<·prc:.I'IIL<'t! !Jy tlw lJody ~ho\\ n in Fi;; V -3, th::tt. the 
ccc<'nlrir impacl prouucPd by thc f:tllin~ rua'-" OI'I'Urs in a p!:ulP which wc 
sha.ll l'onsid<·r to be onc of the prin1·ipal phnr-s of the foundation, and 
thn.t thc rcntcr of graYÍty of tlw foun1btion nnd the rcntroid oí it:; 
contact ar<':l with thc hoil lif' on thr ¡:::une \·c-rtiral linC'. Due to thc 
impn.et., thc foundation undergol's ~·ibrat ious \\ hich ocrur in the a.for ~
mcntiorwd prin<"ipal pla.nc. 

If th<' ram .and founcl:ttíon arr rono.idf'n'u ao; onf' dn-.·d '-\'"tPn'. :t 
may ÍH' ah-.tlmt•J th~t li1war monwntum h ¡·on~··n·,,d dt,: ::1~ ; :.•' irn¡··.'··: 
Th<• founJation i-; imotioule,:; beforc t!:c u.:;J:1ct: :lt d,.,¡ t. ·:n lin·· 
momcnturn C'((l!:th the moi!H'Iltlllll IJf th1· r:.r1:, i ·· .. ·,:, ", \' lll'~·e v ~,, l ~.·· 
vdocity of tlu• f:dling ram of rnass m 0 at thc morner.t :: to :, ;,, •• t:.c fou::.l .

tíon (thc hcgiuning; of m1pact). 
Aftcr impact, i.c., during the p<'riod followin~ thc in,tnnL when thc 

~um det:Wht~'> itsrJf from thc foundation, thr :-: r,~~ •• ~:o.tilnl oi d.t: ram :wd 
wund:•(!Í0. ..~ 



wherc ~ 1 = vcloc:ty ut which tam rébound;; írom.found~t!on 
~ = fou:1dation m~ss 
llo = initial vclocity of forwa.rd motion of ccntcr of mass of founda

tion 
The momcntum of the system bcforc tlw impact cquals thc momcntum 
after the impuct; thercforc 

mQV == moV1 + mvo (V-2-3) 

In nddition to progrcssivc downwaru motion undcr thc a.ction of a.n 
eccentric- impact, thc foundation undcrgo1•s a rotational movcmcnt nround 
the axis passing through its ('cntcr of gravity, perpendicular to thc plane 
in wbich.impact occurs. The momcnt·of momchtum will- be 

morr = mur.o¡r + 1 "'o (V-2-4) 

where 1 = momcnt of incrtia of mass of founda.tion and ha.mmer in 
rcgard to axis of rotalion 

r = ecccntricity of impact 
fPo = initi:l.l vclocity of rotation of foundation 

Equations (V-2-3) and (V-2-4) include thrPc unknown values. In 
order to derive a third cquation, lct us use- Ncwton's hypothcsis con
cernin"' thc rcstitution oi impact. Aceording to this hypothcsis, if o 

thcre occurs an impact hctwcPn two bodiPs moving in rclation to cach 
othcr, thc rclativc vdocity after thc impact is proportional to thc rclativc 
velocity bcforc thc impact. Tlw ratio bctwcC'n thcsc two dcpcnds only 
on the material of the bodics which undcrwent thc impact. The founda
tion wus motionlcss bcforc impact; thcrl'forc thc rcla.tivc vclocity of thc 
ram equals V. After impact, the absoll.ltc wlocity of ra.m motion equals 
v1o but the point of the foundation which was subjected to impact acquirc4 
a vclocity whosc vertical component equals L'o + T(p?o; it follows tha.t the 
relative velocity of thc ram aftcr thc impact cquals vo + TfPo - v,. 
A.ccording to Kewton's hypothesis, 

Vo + T(p?o- V¡ 
e= 

V 

where e is thc cocfficicnt of restitution. 

(V-2-5) 

From Eqs. (V -2-3) to (V -2-5) wc obtain rxprcssions for initial veloci ti es 
of thc foundation motion: 

where 

o 

v0 = (1 +e) (l + .u)(r/ + p 2) _ r 2 v (V-2-G) 

9'0 = 
.ur(l +e) 

·n. 
.u=-

1/Lg 

(V-2-7) 

- í 

o 

P:OUNOATIONS FOI< M /o C!-'it.ES Pi<OOJCir:C Id~;.:; LOAé: 5 

U the irr:p:-..ct wa~ at tlw ccuL1·r of thr fot:~ub'_¡on, thr r. r 

' 
1 +e v0 =--u 
1+11 

fPII = 0 

O :-..nd 

(V-:!-S) 

When thc cla.sticity of thc pad r:umot hc lll'~l .. r·trd, it- :-!m u M l11• l'on

sidercd that the initial vclocity of motion is :LCIIUÍrccl only _by l!l~'- :~11\'i!_ 
((or forgc hmnmcrs) or by thc anvil ami framc (for drop h:umners). 
Thcn Eqs. (V-2-G) and (V-2-7) remn.in the sarnc, hut thc bymbols_ m a.nd 
[ denote thc mass and the momcnt of incrtia cithcr of thc annl or of 
both thc anvil and the frame, without taking into :~.ccount the foundation 
mass. 

d. COl'jJieicnl of Rcstitution e. It follows from thc forcgoing formubs 
that thc initial vclocitiPs of motion of thc foundation or anvil dC'prnd 
considerably on thc coPfficicnt of rcslitution c. If thc impaet was pcr
fcctly clnstic, then v = v1, and conscquerdy e = l. For thc impacto~ a 
rigid body against a. pla~tic onc, v1 = O, ar11l consequf'nliy e = O. for 
real bodics, thc numerical valuC's of e lic \vithin the ran;;c· O < e < l. 

In forgl' hammcrs, e dC'pcnds on m:1.ny factors, lhc most imporlant of 
which are: the tempcraturc of a forged piccc, the <.liml'nsions ancl form~ of 
grooves (in sta.mping hammcrs), and the cbstic propertirs of rnatcrds 
of the ram, hcad, and anvil. 

Sincc the design valucs oi the amplitudc of hamrricr foundation vibrn.
tions dcpcnd on th<' s<'lertcd valucs of thc cof'fficicnt of rC'stitution e, the 
dcsi"'ncr of a. foundation naturally has n. practica! intcrcst in knO\\·ing its 
reat"'valucs. Ilo\\·cnr, thc nnswc1· to this question is poorly clucilbtcd 
in spccial publkations on hf'at trC':J.tmcnt of mctals. In this conncction 
the author carrif'd out special nwao;urcments to <.letrrminc numrrieal 
val u es of thc roc!Ecicnt of res ti lution of hammC'rs. 11 l\lcasurcmC'nts wcrc 
pcrformcd under working conditiono; with both single- and doublc-acting 
hammcrs. Thc compulation of r wa-; madc from mC'a<;ured valucs oí thc 
hei..,hts of fall and rebound of thc ram aftcr impact or from thc intcn·al o 

of time hrtwecn two rcbounds of thc ram. 
Thc resul~s showcd that thC' \':tlur':i of thc corfficicnt of rcstitution 

drpend to a ~rf'at f'xtcnt on thf' ~tatr of ::1. for~f'd pier·c. figmc \'-G 
prcsrnts n. graph of rh:wgrs in e a<, a function of thf' numhcr oi blow" on a 
forgcd piccc unJ1•r a hamml'r h:l\·ing ::1. WPig;ht of droppin; P"'-'~" Pr¡11:~1!'1g 
5.3 tons. Analogous gtaph-; m-re oht.LitwJ for other hammrrs. It 
follows from thc¡,c plols that dming thc first blows against thc for;,;C"d 
picée, when its tempC'raturC' is high and it is in a pbstic· statc, th: corffi
cicnt of impact vdocity rf'stitution is vcry sm:lll, cqualing approx¡matrl.:: 
0.10. As thc numbcr of blows innr·a<;P~, the t·~mpedtur.~ of thc for_: ;: 
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Y:1!.: • 0i e ¡r,rT,·a~.~s. For thr l:v::t b'~m:-, \1 lwn ,, ro:nparativcly coolcr 
pic·ce is lwlllg fm¡:;rd, lhc tOI ffi, IPnt of r•·"tlllltiOn .tppro:tl"hl'-; 0.5. .Mca::.
urcmcnt'l of thi:-; corfficicnt dunng iclle b!o11 s and unuer conditions of cold 
forging .showru that its valuc docs not ('\:Cecd 0.;). 

Since computations of hammer foundatioÍt vibmtions should be per
formcd for thc most unfavorab!e conditions of opcration, the dcsign 
value of the cocfficicnt of rcstitution for hammcrs forging stccl parts 
should be takcn as 0 .. 5. 

0.50 .-,--.- --r--1--·~c:.:~~ 
o 40 

o 30 
9 

o 20 

0.1 o V 
o 
o 

-1 

./ ~ 

2 4 

V 
v' 

y ~ 

6 8 10 12 14 16 18 20 
Number of blows 

F10. V-6_. Variatwn of thc coc!lie!Cnt of irnpact vcloctty rcstitut10n e with the number 
of hammcr hlo"g on thc for¡;;c ptccc. 

Valucs of e for forgP hammers proprr Me much smaller than those for 
stamping hammrr::., aml corrcsponding dcsígn valucs may be takcn to 
equal 0.2;j. 

Finally, for hammers forg;ing nonfcrrous mctals, this cocfficient is 
considcrahly smallcr than for hammcrs working on stcel parts and may he 
considcrcd to cr¡ual zcro. 

V-3. Natural Vibrations of a Hammer and lts Foundation as a 
Resuit of a Centered lrnpact 

a. Thr :lfain Assumptions Im:oh·d tn Dcsign Computalions. Th€' 
found:.~tion :t•Jd hammcr pr• -.,rnt a ~y-.l,•m 11hir·h mrludcs at lcn.st scvcu 
boJ,(•s: thr; f:·amr, tite d:opptP¡.:; parr-.,, tlt<' lorg,•d pirre·, thc am·il, tl·<: 

da~tic p:vl und•·r thc ::tm·il, thr found.U!"lt block, ami, firw.lly, thc soiL 
FI0'l~ th" p01nt of vicl\' of •nr·c-lt,ll1ir· ... , tlw plwntHlH'W\ 11·hir !t dcvclop D.» ít 

rrsult of U ti' rr1p:wt of U; e' r:• ru .tg-:un~t :L fnr;.!:t'd pi,·cc lyin;;, on thc :lll\ il 
are cxtn rnrl.Y conrplir:tLc :i .l:d m:ty be art:J.ly¡,L'U only w:th :t high dcg;re,• 
of apprcn .. mation. 

Thc rnain proL!cm::; i<~ c·crnput:Ltions for r. hn.mmrr füund:1tion are to 
rictPrminr thc amplittHl•· of fo¡¡nd:tt;on v¡l,r.ltions and to cst:::.blish tb.e 
v:.!:.·~.- ,; ~~:-cs.,~:s in tl••· ¡1.ul llíl<kr t 1t•' .tnnl. 

----------,r---- ------- -------

Thc so!ll(¡r,n c:f tlw 1' p:•>hkrt•'- t' \1'-tl:t.l .. ¡ .. ¡ ,¡ ,,: 1 lh• •,,,:¡:,¡pl;r 1 ~ 1 t';, 

thr- hanunr·r ft.llll!', !111 f:ugt·d (ll· • ,., tlll' .11:1 .!. tlw .-l.t·!:.· ¡,.td ltnd• 1 ¡¡". 
anvil, ::uul tlH• fotutd:tLion h!or k fottn otw ~tdtd l11)dy ~111 h au :t'-'>llrnp
tion in rt•gard to lhc founclalion, thr all\·il, :tud tlll' ftanw is ju;.tifird by 
the fact that tho deformation (duc to imp:L<"t) of cach of Uwsr bodirs is 
small in rornparÍ<;CHl 1\Íth ~oil scttlement llrH!t-r thc foumbtion and thcre
forc m.1y !)(' ~wgkctrd. 

Howevrr, Ucformalion of t.hc pad under tite anvil may he mur:h largcr 
than soil ~cttlrmrnt. Thncfore thP a~-.11ntption that. tltl' pad has an 
infinitely hrgr rigidity may !c-ad in <>omc l':t.._, . ., to brgt' t·rror~ in r·omputa
tion. This a:osumption is pPrtllÍ'>'-Íhlc only 11 lwn the lll:t~,e-, of bolh th,~ 
anvil and tho framf', if the laltf'r is pi:Lr'l'd dtn·rtly nn tlw :mdl, ar•• 
comparativdy ~mal! in rdation (q the fllttnd.ttion rn:t'-'-- Unly in tlll" 
case will thc pad havr no coubidPralJ!I' P!TC'I'l on t.iH' arnp!tt!:dP of found:'L
tion vibrations. Othen\Ísr, th<' d:t-.ticily of t!ll' pad cannol lw ne~;rrtf'd 
In thc rase undrr eonsickr:.ttion, t!w eomptt!:ttion ~l'lup wdl lw n·lllli'('U 
toa systrm of thn·c bodirq· tbc· r:un, \lhi• h ¡, the -..tr1k1n':!; (,o,!y; tlw 
anvil, whidt is srparat.-d ftom tlw found:tlton i•y an !']:¡,,,,. t'onn•·dion, 
and thr founJation 011 an c!a~tic h:t:"l~ Tltv :tnn! :11al t!w iound:ttioll a.·" 
thc impart-n·rrÍ\'Ín¡!; bodics. 

In dctNmining; tlw amplitudes of found:ttinn vihratinn..:. it. i..; po'"Ihk 
to assurnr that thc tinw of arttt:d impa< t 1'- ~:•t:dl 111 ¡·omp.lt,~r.¡¡ 11ith (!tr; 

prriod of natural vihrations of lhc· ~y::.trm, tlll'rdorr·, d1lflll:.! tlw llnpa<·t, 
thC'rc is no time for thc fo11nd:ttton :tnd all\·i! to tltlfll'r).!;n dt~pl.tcC'lTV'r'·., 
comp:uablc to th<'ir displ:v·pmrnts during tlw vihrattnn.~ 1\ hidt folio 1' 

the impart. Sinrc tlw rPar·tiow: of tlw p:1d and llll' -,uil dt•¡)(•nd ,;Jtr;' (ó!r 

thc di:o-pla• Prnrnts of the :!Iln! and tht• fottlld:titon (1\l' 111 ~IC'I't d:trttpll>~ 
rco.ctions), it is po:-,ibk to a-;-.¡¡mc lhat dur ir:g; impart n" ~Hldtttnnc~l 
ren.ctions occur from thP p:ui :lllcl soil. '['f¡¡¡., ord_:.· o.,tatie n·ar·tton-. dn·dop, 
impos0d hy thc wcight. of thr founcbtwn, h:unnwr, and all\·il. Th<'".~ 
rcn.ctions cxistcd bcforc thc impact and halanecd thc wcight of tiH• 
inst:J.llation. 

ThN<'forc during impaet, thc foundation (n ::h :t!l\ il :llld framr) an(i 
thc -dropping r:un. l!1 tltr fir~t :tppt<l\Írn:ttion. n1:1y hr con<d,•n'd tn ¡.,, 
frf'c hoclics Tlwn on ~l!l:tl.\ ~¡:,. of tlu• tlnp.t• t ¡¡j tht• !->_\"'-t•·rn rnay lw 
rcJt¡crd to lltC' analy:'i~ of .t Jit'e imp:tt'l l•f l\IP or rnnre a1H1lutclv ;,o!:d 
bc~'llrt~ DlO\"ing \\itb gi\ (lli liJÍtial \ l'lotdlt':---. -

Thc ::.trJ!.:¡¡¡g body (th<' I.tr.l) lll al! contpllLll!OllS ¡., a-·-umcd t•; hr· 
;¡f¡·,ollifC!_r rÍ~ld. 

b. Equatwn:s ú/ ihc ¡·¡¡Jru:wns of Fuundatiun a1~d .lnuil. Wc bczin by 
considcríng thP ;.,i:11pir;,t condJtions: thosc in which pad c!:J.sticitr nw.y 
be negl<"rtrd clild tlk vibr dions of n ... fotm,!.ttion, :tnn!. :v:.~ f~.~mi' I)('C'::¡ 

u.;; viL:,,'IOII:i of ,_ ¡.,·,!:. ·,, "th on!y ·J· <~ d -~··,'vi fr.:, Gl;:.: 



In this rase the cqu.ttiun o[ \ •·rti<".d frcL' '. iLrations of thc founc.b.tion 
wil: be (Art. li I-1) 

(V·-3-l) 

\\hcre z = vertical di"pbrf'mcnt of cf'ntcr of mass of foundation and 
am·il, m< a::,urn.l frum <'quilihrium po:-ition 

f~2 = squarc of frcqucncy of natural viorations of foundation: 

f, 2 - ~ .. 4 . 
""'- --m 

A = foundation arPa in contart_ w!th ~ojl 
: m·==-total dbra(Ínf!; mass 

c .. = codficicnt of da:stir. unifurm comprf'ssion of soil 
Equation (\"-3-1) is the cquation of free vihrations of the foundation 

v.·ithout damping. Thc general solution of this cquation is 

z = A sin fn.t + B e os fn,t (V-3-2) 

The constants A and B, as usual, are dPtcrmincd from the initial con
ditions of motion. Taking as thc bPginning of rcadings thc instant whcn 
the impact of the mm against thc anvil cnJs, wc obtain, for t = O, 

z=O z = v0 

Using thcse initial conditions, we obtain 

A=~ 
fna B =O 

Equation (Y-3-2) will takc the form 

Vo • f, z = ¡- sm n.t 
n• 

(V-3-3) 

Tbe maximum ddlcction of thc founclation will occur aftcr time t1: 

Its value \\'Íll be 

l'o A=-a fn~ (V-3-4) 

If onc is to takc into :trronnL tltt' ::,oil I"•':tdions \\"hirh are proportional 
tO thc Vclocity of founJatÍO!l Ji:-.pi:tl'C'I11l'Ilt, thcn lhc ampJitudc of real 
vibrations \\Íl! oc smallcr th.m tite onc computcJ wtthout con,idcring thc 
dampi::~ fon:.::s. liO"<\c\·cr, .ti;-; a·uifb·ult task to L\' tlu.üc thc ir.Qc:.._nc~ 

o .o 

of damp;n~ f,¡¡·r,·~ by nt<':t~·~ ,,; • nLq .. , ,,· ,,¡¡,~_ ,\, · :'t. ~·lt·'i· 

tht'!-.C f<Jl<'<·~ <li-Jt<'ll<! üll lli:tllj i:L< [111' ~f,,r t \,illll'l', t\1< ¡,. '<i,Lll(Jll .~!' 

contad \\Íth :-.oil, thc foundationlll:l>-., and tlw period of ih fn·e \ dJratwr 
-ami thc foumlation Jcpth). 

Thc pad umlr-r lhc arn il i~ fairly da-;lÍ<: in compari<-nn \\ ith thc :J.ll\. 

and foundation; thcrcforc the [lllYÍi anJ fi:LilH' (if tite la~l•'!' fl':"!:'. 011 th 
anvil) will not only participatc in vibration::, of thc found:ttion on soi; 
but will undcrgo sorne vibration with rcspcct to thc foumlation. 

In ordcr to evaluatc thc amplituJc of vi!Jrations of thc anYil in rdatio. 
to thc foundation, it is nercssary to considcr vibrations of a systcm \\ if 
two dcgrccs of frccdom .. Free Yihrations of such a systcm are dctcrmirh'' 
by the following diffcrcntial cquations: 

m 1z1 + C¡Z¡ - C2(Z2 - Zt) = 0 
m2i2 + c2(z2 - Z¡) = O 

(V-3-5 

where m 1, m 2 = masscs of founclation, am·il (wilh framc, if Iattcr i 
mountcd on :tll\ il) 

c1 = c,.:t = codTi('icnt of rigtdity of :;.oil h:tsc unc!o-r foundatio. 
c2 = (f.'/b)A 2 = rocfTicwnt of ngiJity of pad umkr arl\il 

A 2 = base arca of pad 
b = thickncss of pad 

E = Young's modulus of matNial of p:v1 
z1, z2 = displaccmC'nts of foundation, anvil mcasurcd fron 

equilibrium position 
We denote by fnt and fn 2 thc natural fr·C'r¡ucncics of thc systcm whosc 

motion is dctcrmincd by Eqs. (V -3-5); by 

we denote thc frcqucncy of natural vib1ation'> of thc am·il with thr franH 
(or for forgc hammcrs propcr th:tt of t!tP :tm il on a motionlcss founda· 
tion); thcn wc obtain a general solution of the ~y,.lPm of Eqs. (V-3-3) 

Z1 = Ct(/na2 
- fnt 2

) sin Cfntl + oq) + C2CJna2 - J .. 22) sin (/d + a2) 
Z2 = Cd .. a2 sin (f,.¡t +a¡) + C'd .. a2 sin (! .. 2 + a2) (V-3-G: 

Sctting 

wc obtain 

C< 1> = Ct cosa¡ 
C<3> = c2 cos a2 

e<~> = el ::;in a¡ 
c(4) = e~ sin a2 

Z¡ = C(llCfna2
- fnl 2) sinf,.¡t + C(2)Una 2 - fnl 2) cosf,.¡t : 

+ C(3>Cfna2 
- Jn2l) sin jd- C<->Cfnu2 - !n22) cos !n:t 

Z2 = C 0 'fna 2 sinfntl -l- c<2>fr.a 2 cosf .. tt + C(J)fn,J: sinf,d 
+ C' 1>j _: cdfn.t 

o 
(V-3-7) 
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Th~ n:J.tural frcqucnci:s _/,.¡ and f,.z are <.ktl'rnÚJcu as roots of thc 
cqt::lt:on 

(V-3-8) 

whcre 

f 1
2 is thc Iimiting frcqucncy of thc foundation to~rt.hcr with thc hammer 

placcd on soil (for thc condition that_ th~ n:1.d i;;- inJinitcly rigid). 
Thc imtial conditions of rnotion m thc case undcr considcration 

(at t = O) are as follows: 

Z¡ = Z2 = Ú 

where v .. is the initial velocity of rnotion of thc anvil, 

and 

l +e v .. = ---v 
1 + P,o 

m2 
P.a =

m o 

With thcsc cxprcssions it is pos5iblc to compute strcsscs which develop 
in the pad as a result of cornhincd vibration¡.. of thc anvil and foundation. 

The rnaxirnum stress (f in thc pad cvidcntly will equal 

V-4. Experimental Studies of Vibrotions of Foundo?ions under 
forge Hommers 

(V-3-10) 

a. lnlrncluction. Thc t!,c'<;ry of n rtir·al vil1r:ttions of h:mmwr founda
tions, prc~utU·J Í11 Art. V-:l, i'i La~rd on ~;onw ac,-.,umptions 11hkh rnay Le 
vcrified on!y by compnrir>g dí(' rr--.tdh of <·mnpttt:ttions \11th r-..:¡wr!mcntnl 
data. Thi<> reférs pnmanly to li1r nrgligil.ilit.y of lh<' ma:-os and damping 
propcrtics of soiL As ;.,Latcd 1n Ch::tp. IV, duc to thc fuct that forccJ 
vibrutions of founclation" u:-~drr r•'ciproratin~ f'nginrs :J.rc usuaily charac
tcrizC'd Ly a fr(·q:tC'r..ry dificrcnt from thc ·naLur.d frcqucnc:y of foundation 
'l'ibr::tirJrl'. ~1:'' i::f!'Jcncc of (ampir:~ :;oil rca<"tH.rls in sttch case:': :s s:nal! 
anc.¡ ::~~~:.: :.· .. ·): •· .. 
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Urc_!c-r· an ir.1p:1.•·t, thP fo:t:IC: .,•r.,. :,·JrH·· a L.~r::rn• r tJ:,,i ·rgo,'" ir.:·~· 

vertical vibr:ll.zons. T!tcrl'iorc t.!.•· d:uup111g ~~~d r• .u·liono., \\ill havc C•Jt.
siderable influcncc on tite :unplttu<ks of fou nJation víbz alions. Thc 
introduction of damping-reaction v:ducs inlo thc eomputations of thc~c 
vibrations wi!! somcwhat complicate thc formula U»CU, but thc calculn.
tions will sti!! br r•racticablc from a mathcrnatical point of viC'w. IIow
evcr, in ordcr that this cornplicat.ion, cau~(·J by thc introdul'tion of 
dumping rcar.tions, shouJd be of .SOffiC' practica! valuc, Ít is IICCCSSary to 
know thc constants eharnr.tcri:r.ing thc di~!:>ipativc propcrti<·s uf thc soil. 
Grcut difficultir·s are involvcd in C'!:>lahlishin[!; tiWó.C' con,.,tants, hccausc 
thcir valuC's depcml not- only on the soil, in1t abo on ihC' clc.~ign of thc 
foundation (in particular, on thc drpth of Lltc ft,undation, i'h~' r:ttio 
betwecn thc lcngt.h and width of thc fo:zndation, tlw fnundatio•t hPight, 
and thc matNial and dcusity of thc hack/ill). It. '" n·ry Jtflll'ult to ~akc 
into nccount thc inf!uencc of all thcsc factors on the valuc of the c.bmpmg 
constant of a soil 

Thc incrtial propcrti<'s of tll<' soil, \\ hich \\ c·rc not con;.;idcrcd by thc 
thcory of vertical vihration:>,prP;;;entr·d in Ar t .. \'-:~, :tl-o may ha\·c gr"::tt 
cffect. In addition, thc rC'.stllts of <'Olllpiilat ion-. m:ty !.e- infltH'I~n·d by 
valucs of the <'O<'fficicnt of <'la<>li<~ ri~idity r~ oi lhr parl llll<kr thc anvil. 
This coeflir·icnt dcpcnds not on.ly on tlu~ pm¡wrtrr:> uf t.he material of thc 
pad undcr thc anvil, but also on ib dc~i~n ami on othC'r spccial fcat.urcs 
which cannot always be takcn into aecount. by computatiort5. 

Thc pad und<'r thc anvil in hammcr fo!lmbtions of eonvcntional 
dcsign usually consists of scvC'r::tl ~hi<.:lds m:tJc of timbcr br:uns bo!ted 
togcth<'r. Thc horizontal surfaccs of lhc:-1' shidds, j11st as lh<' ha,_r; of 
thc n.nvil ami thc surfarc of the foundation undcr thC' an\ il, an: n0t 
iden.lly srnooth ~urf:tr·Ps antl c·on~<·qw•ntly Jo not eonw into ¡·ontact 11ith 
each othcr at a!l poiuts lkf':lll~<' of thzf', somP ~c·c·tzunc; of thc surf:trcs 
of thc pad, tlw anvil, n.nu the fo¡zrtd:uion are ,.,uhjc-rtPd to con.;iJcra!.lc 
strcsscs whilc othcrs are not loadPcl at al!. As a r<'sult, thc ci:Jstic 
propcrtics of t!H' wholc pad dc-p<'nd not only on it~ matc·r·ial, but ulso on 
the conditions of its contact \lith t.ltc- surfacc·s of thc foundation anJ :un·il 

Only by means of niC':lSUl'('l11<'1lh of \ ibratio:¡.;; O<'l'tlr ring: in :t s:llii
ciC'ntl.s' largc numlwr of o¡wr.tting h:tmrnc-r fotznc!.ttions , ... 1t ]HI.,~:l.\1' t•• 
clt~cidn_tc thc inflw·nrc of ull t llf' :tiH>\ e· fadot,; on \ •·rttca1, foqm~.tt I<J\\ 

vibr~tlions. It Í.-; obvi<lliS tlr.ll mt·a-.,urcinc•ztt-. do llor ~t\T ll'-' :t11 ''i'í""
tunity to cstaJ.I:::.lt .scp:tr:nf'!y the infltll'Itr·c of c'.l• lt of tb.·~,· z.,dor.~. [r ~ 

cxa.mpk, thal of dampín;; anJ incrtial pro¡wzl[,·, 1,:· t:oil I Io11 l'\c,T, t\\'' 

rncasurcnwnt dJ.ta do ma.kc it po¡...:;ihlc to int10duec (Orr<'C'tl\"C' coc.:fri.C'irnt' \ 
into thc formulas of Art. V-3, which thcn pcrmit the adjustmcnt r,[ ÜJ<' 

rco,;ults or ror.lputations pC'rform•·d on thr· L:.tsis of thcsc formn: '.S to the 
-:-f'~~:Its oi "';iLr:.tt:o·l r.•c-::~urc..:IH.n~~ 



OYNAM!CS OF &,;SES ANO FOUNOATIQ~;s 

As early as H1:1!1, the author rarrictl out :1. !:lq!;t -<,ralc inve~tir;ation of 
foundation \·ibrations. 6 He studicd 47 founJations undcr hammcrs loca~ 
trd ut six diiTcrent pbnt.;. 

Th:lt study had a thrccfold purpose: the VNification of formulas for 
computations of hammcr foundation vibration!-i, thc colkrtion of data. 
on thc dcsign of norma!ly opr_rating foumbtions, and thr dctP.rmination 
of values of vibration amplitudes whirh could be accepted by designcrs 

. ns pcrmissiblc and on whic.h thc main dimcn~ions of thc foundation would 
dcpcnd. ' 

Planl 

TABLE V~3. DATA o:-; PLA::'\T-SITES wucnr. IIAMMER-FOUNDATION 

/ l\l<:ASt:RE~tENTs Wt:nE :'IIAUB 

no. Geolo71Ca! anrl hydrogcologH"al dc.,cnptwn of stte 

1 A brown sandx e !ay..., ith j cllow mclu~1ons comrs to the surface evcrywhere 
on the sitc of the p!ant. Tlus cbr ha9 n. lhickness of 0.1-2.5 m and is 
underlaid by a fine quartz saml alternal1ng '' 1th lenses of cbycy sand and 
of clay with somc s~,nd and silt. The llul'lmcss of thcsc bycrs is not 
umform over thc arca of t!lC plant, varywp; from 0.3-G m. With mcrcasmg 
dcpths, sands free of clay n.dmi\lurc pn:don11nn.tc. Ground-\\ater leve! 
is ata dcpth of i m, 1 e, bclo\\' all lhc h:u111ner foundntwns. 

2 Yellow medium-graincd dense sanrls at n natural moisture content 

3 Yellow metlium-gra::-.cd dense s:wds nt a natural moísture content 

4 Fine dense sand, gmHnd-\\ u ter IP\'d n.t n dcpth of 2.2-2.8 m, i.e., abo ve 
.. thc base of the !.:unmPr foundations 

5 Mcdium-¡;rnined sa:'HI, of meclium dPn~ity rcaching to a depth oC 9.4 m 

6 Henvy bro\\ n clays \\ ith sorne sand nnd silt 

Foundations of various dc'iigns wcre studird. Slab~shapcd founda
tions prcdominatcd at one plant only. At ot.her pln.nts, only dccply 
rmbeddcd block~type four.dations w<·rc prf's('rlt. This df'sign of founda~ 
tions \\":J.'i vcry popular at thc time of lhc invcstigation (1039); slab
shapPd foundations cmbrdrlr:d lo a small (kpth were scldom u~cd then. 

b. Dcscription of Bases and. Foundalions. The grcatest part of the 
forge harumer<; mountcd on the foundaliom; RLudird (35 out of 47) werc 
doublc-acting steam or air <tCJ.mpin:."; h:unrnN:>. Only G founcbtions were 
undcr drop hammcrs oí ur:re,-,t ri<:tt>J ac:t.ion. The r\'maining G founda
tions wcre unJcr forge harnrncr,; proper. TIIP founJalions invcstigated 
wcrc locatcd at six cliiTcrcnt plants. The gcologica.l conditions for cach 
plant are gi ven in Tablc V ~3. 

c. J:r.,•<!t·; of ¡'fca~.ac·"r.nh of F'ouwl11!iun a11d Anvil T'iiJnlinns. Prc~ 
lirr.:;, '· ;· ;1.\1 asurcm..:r:·.:o '";;,".: .. !J.~-~_, v¡\;· .ltl•)lb ~::·:.wcJ tl1: L, i:1 a~ J:w)D 

o 

' 

o 

to \"ertic:•l vibration", hamnwr :n irHLtion<; :liso t::Hkri!;c' ~ •. , :--. :1:; q•,·.t

tions. IIowcvcr, thc lat.tcr are lt :,,; importar~t becausc thctr amplituJ s 
are m¡_tch smallcr than tho~c of vcrtiC'a) ,·ibralions. 

Thc vihration ampliturlcs of thc fr¡undat.ion, thc anvil, antl the frame 
are strongly aiTcctcd by thc ~tate of the forgPcl pircc. For cxn.mplc, 
during thc first impacts of thc hamnwr ag:tin~t lhc piccf', lhc rnC'fgy of 
impact is ln.rgely consumrcl in plaslie dcforrnation of thP. mrtal, ancl thc 
cocfficicnt of rc~titution is small,.as are tllc vibralion amplitudes. Thc 
amplitudes of vibrations of thc a~ vil and foundation g1 ow \\ ith cach 
subscqucnt impact. Thc largPst ampliluJrs conH' wilh thc last few 
impacts, whcn thc for~rrl piP.('!' is n.l rl'ndy dl'fOinH'd lo i'\ll'h a. dr~n·c 
that thc grcatcr part of thc impact ¡.., takcn not by thc for~r·J pircc, hut 
by thc lowcr die, which transfers t hr impact l'lll'l':.";Y to t he a ll\ il ancl 
foundation. Since thc last fcw imparts induC'c the moc-l unfavorablc 
dynamic conditions for thc foundation anJ am·il, tlv:ir nLrations wcrc 
measurcd during thesc impacts. 

Figure V-7 shO\\'S sampks of \ il,rograms ohtaill(•d for somf' of thc 
hammcr!:- invcstigated It is :'-l't'n f¡r,m tlw~e \ dHu;_!tam,; hat 1 ll •rat:n:;.., 
of the h::unmer foundatwn and annl, in mo"t ra-.cs, JdTcr I'Oihldt•raldy 
from cbmped sinusoids, \\ hich could be a~:,umc:d on lhe ba~i-; of t hcoreli1·:.1.l 
considcrations. This shows thn.t thc foundat ion logPthcr 11 i t h t he an vil 
prcscnts a much more complicatcd vibrating :--ystcm than was assumcd 
in Art. V-3, whcrcin vibration cquations wcrc dP.rivrd. 

In ad<.lition, as was to be cxpcctcd, tlw vibrograms rcwal considerable 
infiucnce of thc dumping rcactions. In somc cast's thi<; influcncc is so 
largc that the motion is almost apcriodic. 

Finally it was found thn.t idcntiral foundations built undPr thc samc 
gcologic conditions and subjedcd to thc ac·tion of idP.ntiral impacts 
undcrwcnt vibrations of varyin~ amplit.uJcs, somrtimrs ~harpl~· diiTPring 
from one anothcr. For cxample, two idPuti(·al foumblions umkr 3 G~ton 
hn.mmcrs wcrc invcstigatcd; onc of thcm hn.J 0.·18 mm ampliludc of 
vibrations, thc othcr 0.78 mm. In thc sarnc \\ay, two itkn~iral founda~ 
tions undcr 2.25~ton hn.mmc1s haJ 0.80~ aml 1.80-mm amplitudes of 
vibrations. 

Thcsc data on vibrations ,of rxisling founcbtion<> prrrnit thr :w.:ump~ 
tion tha.t thcy are grc::tl!y afTI'ctrd by fadors not ron~idc·r··d hy tht on· 
Thus thc obscn·cJ dilTl·rcncc·::o in lhl' arnpliLu,r, . .., off •tolttbt:.•·t 1 :L:.tt :.,:.~ 

undcr harnmers operating unJcr thc !"ame condilions n.1c npp:ur::;ly 
expbincd by thc influcncc·of thc follo\\ing factor& (l) the· -.Late of the 
timbcr pad unclcr thc anvil; (2) thc contacts bctwccn Lhis pn.d and both 
the anvil and the foundn.tion; (3) thc backfill of the foundatioi1, lherc 
muy also !J,:' influr~nccs of othcr factor:- ,,:1icL are d:::;,,ldc ·.o iu,:,:dc in 
dc:,,¡;n ~o:;1;.~ut~.~,\ .:~--1. 

o 
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FIO. V-7. Typ!C!ll nbro:.;r,Lm~ o[ orwr·tí '''1': h:tllHll('r founrlatwn~ 

Thcrcforc t.hc rcsults of c-_•¡npuL::.tions earried out on thc ba:>is of thc 
formulas of Art V-3 shoul~ b~ c;on<>Í•.lcn:d as lf'IIbtivc valucs on!y sbowirw 
thc ordcr o[ m:1gnit.uJc of vibration amp!itude~, but not thci/ absolut~ 
val u cs. 

A com¡,:•ri<oor, cf ccrnpurr-,l ú!id m··ao.,tul'd vib-:lfi¡)n amplittlJ··-=- of 

o 
zc 5 

h:u!llll8f f•Jdnd.,~inns k:t!l'i to t:·r· C'' t' ¡ .... "t ti::,· 1f d::. : r••(:l!:r•·d . .1~ 
calculalwn are: seketed corrcclly, th('n a11 a\ <·rag•· crwr .z1 cumputation 

will be nrou ud ± :10 pcr cf'nt. 
d. Amplitudes of Foundalion Viúralions. On tl1c ha~i'> of in\'C<>tiga

tions of 47 foumlations, points are plottcd in Fig. V -S gi ving meas u red 
vibration amplitudes versus actual wc·i~h t.s of dropping parb of ham
mers. It is sccn that thc amplitudes of hammer vibration<> nevcr attain 
the value of 2.0 mm, i.c., thc valuc which in thc pa<>t was taken as pcr
missiblc in computations. 44 With a dccrcasc in powcr of thc hammcr, a 

2.0 

o o 
o 

o 

o 

2 3 4 5 6 1 
We1ght of stnkong ports, fans 

o o 

a 9 

Fra. V-8. Measured v1brati<•n run¡_¡lltuJcs of 17 harnmcr foundu.t10nR p!ottcd ngain~t 
the weight of thc striking parts. 

dccrcase in the amplitudes of foundation vibrations is ob'icrvcd. Th0 
ovcnrhclming majority of foundations studi<'d had vibration amplituJ('s 
of about 1.0 to 1.3 mm or lrss. foundation y¡brations charactcri1ccl by 
thcsc amplitudrs <.lid not cxcrcisro n.ny notil'('ahle harmf11l irt!luPIICf· on thc 
structurcs of forgc shops. Simibrly, no consiJcrahle <>rttlcmcnts of 
foundations wcrc oh»ervcd \\ hcrc amplitudes of vibrationc; ''ere of thc 
ordcr of l. O to 1.3 m m. 

However, foundations hn.Ying vihmtion amplitudf's grrally t'xcceding 
1.0 mrn undcrwcnt considerable settlemcnts. For cxampl<', a foun(htion 
with an amplitude of arouml l.R mm undcnn'nt a settl•·m,~nt. rcuc~hin:; 
o.:) m. 

Tlw abrwe dio.w:li:;:-.ion lc:t<1s to the ro¡¡du:-,ioJil that a d,,.._ign \·alue of 
VN(Í! al vilna\inn~ (lf h:unn:cr founrbtwn" rnay l>l' takt•n in th" r:W~P l (e 

1.2 mm. 
(' AmplitwlcR nf Anuil Vibralions. Ampliwc!l'b of vihr~üion,; of r.m-í!i> 

anJ framcs of stn.mping hammPr::, are mueh l:lrger than amphtuJc:; of 
foundation vi!Jrations. For pü\\erful l.:unmer::, having thick pads unJcr 
thc anvi!, absolntf' ;·:dlJ<'S of :u. n! ._.¡; 'r .. d Í')tl:; rP:~cl¡ 5 mm, al: l:nn¡;h mo->t oí 
tnc b .. nw."r~> ¡,t,,J;,.,J haJ ar:' .. L'itiJ,k., ¡·: :h•' :-,"\::;,:·· ~ to l n 1V.· :1 :w 
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increasc in po\\er of the hammf'r, thc :unplitude or' -nn-~il ~Ihrat-ions 
increnscs. For hammcrs 'dth u \H'Íght of u10pping; parts up to 1 ton, :L 

typical amplitude reachf's 1 mm; for 2-ton hammcrs this amplitude 
rcach<'s 2 mm; for hammNs in which the \\<'ight of dropping parts cxcccds 
3 tons, thc nmplitudc of anvil vibrations is wmally 3 to 4 mm. Thcse 
vnlucs of amplitudes of anvil and hammcr vil>ralions may be taken as 
permissible. 

The abovc values show that whcn stamping hammers are in opcration, 
the anvil rcbounds on thc pad. Shocks of the anvil and frame (if the 
latter is attachcd to an anvil \\·hose amplitude of vibrations reaches con
sidcrahle vrnues) have a harmful cfTect on the condition of the-hañ1m-er. 
In addition, the largcr thc amplitude of vibrn.tions of the anvil, the more 
kinetic cncrgy of impact is consumcd by thcse vil>rations and con- n 

sequently thc smaller the hammer's cfficicncy. Loss of impact energy 
due to vibrations rcachcs 10 per ccnt of the work of the hammer's drop
ping parts. 

The largo vibration amplitudes of an\ ils are <''pbincd by inc;ufficif'nt 
rigidity of thc pad unckr thc a mil, '' hich in sorn<! h:tmmf'r~ hada thick
ness of 1.5 m. Thcre is 110 rcason to u~<· t,uch lh1ck p.tJs citlH·r f10m thc 
point of vicw of the forging; proe<·ss or f¡ o m ~l sL1udural point of vicw. 
Thc pad thickncss is usual!y a<>..,igncd by thc hammer suppliN on the 
basis of traditional recommcndations of the manufaclurcr aml is not 
substantiatcd by any dcsig;n data. Thcrcforp diiTcrcnt plants producing 
hammers of the same power rccommcnd pads of different thickncsses. 

The thickness of the pad should be sclccted so that the vibration 
. amplitudes of the anvil do not exceed a particular value; in addition, 
~t;r·-- . .._in thf' pad should not be grcater than is permissiblc. Tal>le V-1 

. ,-·:: t hf' basis of thcse eon!>idl'rations. Thickncsses of pads, 
a" ~·. ,, ...... 1.d.·d in that tahlc, are somewhat smallcr than those which 
o.sually have Leen employcd up to the prc:wnt time. Thc decrcasc i11 pad 
thickncss as compared with usually a<'<'t•pted thickncsses is based on 
con~idcrations concerning thc harmful cfTcets of anvil vibrations of large 
a.mplitudc. 

f. 1'he Dctcrmination of Elaslic Con.'>lants of lhe "Anvil-Foundation" 
Systcm .. If onc is to ron'iitkr a fo11ndation logcther wilh thc anvil 
mountrcl tlwreon as a sy~t.c·m \\ it.h l\n> tlq.?;n·rs of frcrclom, as wa ... done in 
Art. V-3, thPn vihrog;rams of tiH' :1.11\"ll :tiHI fountbtion vil>r.Ltions will 
show two sinusoids of dil'fl'rent ¡wriod~ :::,u¡H'l imposed on each othcr. It 
follows from thf'ory that thc amplitudes of these sinusoids will be inversely 
proportional to their frequcncil's. 

As statcd bcfore, thc sh:Lf)f'S of thc nwasurcd foundation vibrograms in 
mar:; cae:,·-. approach a¡n'! ic·· !ir: <:lln·c·-; ln 110 <'a<;<· w:ts it ;:oo~,iblf' to 
J•:tcr .. :;: e f: _.:. \"ibroc,:r.,nh :,olh :t.lt~l:.d Lcqllf'!Wk'S of tb; c::;mh1:1cd 

o o 

---------_-----
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, ¡!¡¡·ation.;; of thc an.-i! n.nd fr•tt!i'!,,:,;,,tl. \"¡Lr<J~r~,:n-. 11-·::tl!y n -.calor.!.:; 
the vibrat10n~ at thc lo\\Cf priu<'ip.d fl(·qllf'I•ry. Tlwreforc, 1L is pc~_,¡IJlc 
to consider (with a prcá .. ion :-.uflwient, for pradie~l purposcs) that in 
Eqs. (V-3-D) thc amplitude of vihration'> for ~in f,.¡l (\~hcre f,., > Jn2) 

cquals zero. Then approximatc cxprr~t,Íon:-. for dynamic displacemcnt 
of the foundation and anvil ,,¡11 be as follows: 

Z¡ = 
(V-4-1) 

Za = 

Hence • (V-4-2) 

whcre (V -4-3) 

Thus, having found, from Yihrograms o\,tainccl for thc am·il and foun
dation, thc valuc {3 and tlw I0\\\'1" nat tll al f~<·qtwnry of vihralions, onc 
can estabh::,h from Eq. (V --t-::) tll<' I!Inl\ 111g frc<tucncy f,. .. of vil>rations of 
the anvil on the pad. From the formula 

f,. .. 2 = EA 
bm2 

one can cstablish the value of the modulus of clastir:ity E of the pad under 

the am·il. 
Then no difficulties are in volved in establishing; the value of the second 

highcr frequency J,. 1, as wdl ns thf' limiting frcqucncy !1 of the natural 
vertical vibrations of the en tire in'it:dlation on the soil. Aftcr sorne trans
formations (not shown hcre), \\e obtain 

1 +¡J. - i'2 
f 2- f ! 

nl - ( l ") 2 n2 - i'" i' 
1 +¡J. - i'2 

! 2- f 2 
1 - ( 1 + JJ.)(l _ i' 2) n2 

(V-4-4) 

Hcre, as bcforf', J.l. is the ratio brt\\ren t\1<• ru.vil rna"" (in drnp hammers 
thc: framc m:t''"i is also indmJ.:.u) :wJ tl..· f,,,: .: __ ~; ,.: ::• .. , 1\:no·.·.::-;; 
f 12 from thc formula 

onc cn.r cstabl:ó'h thc real va!uc of t!'c codTi< ¡,_nt of clastic uniform com
prc-o:o:.1n r. oi t!H c,~,c u.:r!t•r :' •' P:lr:1f:1,:~ .o·::·:: :~icn. Q 
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The r<·sul:::: of romput:d;:•ns of 1:1n<kli of l'!a-.,ti<·ity for p:Hh and codfl

ci~nt"' of unii•liin comprc~:oton c. for La'><'~, !H'Ifolllli'U in a<"eorJan~c \\Íth 

thc ahovc mdhou~ for thc sc\·cral foundation!' ~tudicu, lcaJ to thc follow
ing ronclu~ions: 

As was to be expccted, the comput<'J moduli of cbsticity E for paJs 
under thc anvils of differPnt harnmcrs v:uy wiLhin a comparativcly wiJe 
rangc of valucs. Thc probalJlc reasons for this havc alrcady bccn dis
cusscd. Thc moi.;;ture contcnt and working lifc of the pp.d shúuld also 
be mcntioncd, as thcir infiuencc may he vcry noticeablc. 

Thc average value of E was cstabli&hcu from computations to cqual 
4.7 X 104 tons/m1, i.e., approximatcly t\\10 times sm::t!kr· thai1 the value 
customarily uscd in stress ana!yscs of oak hcams \\ hcn thc luttcr are 
comprcsscd across their fihers. On the ba-;i:; of thcse rcsults, it is rccom
mcndcd that a dcsign valur of 5 X 10 4 tons/m 2 be uscd for thc modulus 
of elasticity of timber pads. 

In most. hammcrs the dynamic stress iu the pad undcr thc anvil docs 
not excerd 200 tons/m\ i.e, it i:; ffill('h lowcr than thc pcrmis!Siblc valuc 
of about :~00 to 3.)0 ton'i/mz for oak limbcrs compressed acro~s thcir 
fi.bers. Thi.s al tests to thc fact that pad~ \\ hich \\s.f~ cmployed up to this 
timr han:: had a considerable safety factor. As statcd Lrforc, this is 
becau¡;c thc thicknrss of thc pa<l has usually bccn taken much brgcr than 
was ncces:::ary from thc point of vÍ<'w of dyn:.unic computations. 

In low-powrr hammcrs, dynamic strcs::;e:; in paús do not cxcecd 100 
tons/m 2• Thrrcfore it is po~:;ible to cmploy in thc~c hammcrs pads 
madc of pine or larch instcad of oak. 

Spcdal innstigations show<'d that thc lksig;n vnluc of thc coefneicnt 
c .. of dust ic uniform compre¡;~ ion of thc soil b:t"e of bammrr foundations 
was ahvut ·1.0 kg/rrn 3 • llo\\~'Vcr, thc avl·t:Jg:c valuc of Lhis c·ocfli('icnt 
obtaiucd from mcusurcmcnts of hammcr vilJI alions \ras uround 25 kg/cm 3

, 

i.e., o.ppro:-.imatrly six times largcr. Such a !urge di\"<•rg<'ncc bctwccn 
thcsc value~ att<'~ts to thc faet lL:lt tLe amplitudes uf foLmdation vibra
tions unrl<'r hamrn<'rs are grcally alTcdcd i>y f:lcfnrs not considcrcd by 
thP th<·ory prescntcd in Art.. Y-~. In p:ulicula.r, tbis tlwory, as statcd 
ahov1, duc'- uot cunsidrr t.hf' Ír¡fl¡¡,'¡:r·c of tl~t• damping and iru•1 ti:tl pro¡wr
tiP~ (/[ tll!' :-uil, but tltis in!ltlf'l!Cr: may Le <'Oll'-iclcr:.tl•!,', Jit'-.1 :1.~ m !he 
c·a"c of n;,t:J!:tl fn,wdatinn vJhr.Ltiono.;. In addtt.wn, thc \alu·· of e,. may 
be nff('d••d by thP h.tr:k!di of tÍ1<' fo1tr1•l.tl '"'1 

ln\l':-,tig;:l!turt-, of a tpst fr;'!l•d.tflurt :-,}¡"''''d Lhat 11·ith ];a..\,filllll;i thc 
valuc of tliC codft( Í<'nt e, of c:a-,t.Í<" unifurm compn"':-iott incrPascs 
approximatcly two times :l~' con1par.:J \1 ith t.b..: valuc c::.t:tblisbcd from 
tests on an cxposf'd foundalion. Cow,rqucnt.ly, in computations of 
r..ttur..r.l v•·rt:cJ.l vibrattnno.; of foll!·d . .r Hllh wukr h:Jmr.H'.;;, thc val un oí 
the r. .. JL::. ::t úfcl~~t¡r U':.i(•.lu <U:., 1"-.,:-!oa , .• ::.!'Ol,ÍU .10L [,p u',,•¡¡ <!•:u.L[ 

G 

10 
th~t uscd in eomput::t.o¡;, t,: '.-. 1,¡,.¡,r;r1-. t•l <•ti'.' r Ll_'.htnc'i .\\L()-': 

founJn.tious do not unlleq~o natm:d_ Y• rt.r .d Vll,ratwns. .\.•·ro~d~ng .t'> 

thc above data, in dc::.igu compuwtwr•s of harnmcr foumbttun:s L1c co

efficient e~ should be uscd inst('ad, \\hcrc 

e~= kc,. (V-4-5) 

With allowance for sorne safcty rcsNV(' for dynarnit: ~t:-thility of thc 

foundation, thc valuc of the corrcction c:oc!Ttcil'nl. k may lw takPn as equal 

to 3. --. · ¡ t l"l l 
e · 1 DijJcrcnt Formulas fur th" ,01r1p11laltnll n : mp t IU cs. g. ompartson o -.- . 1 · 

To simplify thc practica\ comput_ation"> of nl_mlttons of tl1<.~ f~)un• at10n 
and anvil, the vibmtions are eon:,tdcn·d tola· ll1tk¡wndf'nt 11. r.H h 0thcr. 
This is cquivalcnt to thc assumptions that t.!H' prP:-r ncr· of tlw pnd undcr 
thc anvil has no infiuence on the amphtud<':-. of vibratio~1-, uf tlw f¡JunJ~-
t
. d th"t the vibrations of the am·t! an· not :t!rcctnd hy f'la~t¡c 
1on an "' · Tl · 

t of thc soil base or th<' ffi:l'iS of tlH' iomH!atwn ll'i a-~• 1 n:P-
propcr tes . . . , f h , . •. t n 
tion trads to considerable slmpltftcatwu of ln::,;u.:¡:, or t e com,JL" t to 
of vibration amplitudrs of thc fourulat'•OI1 :wJ an;·t! .-\~corJu•;; to 
Eqs. (V -3-4), thc arnplitude of vibra! 1011:-. of thc toundat10n can be 

established frorn 

and the ump!itudc of vibrn.tions of thc anvil from 

(1 + r)Wov 
Aa = ¡u J 

- r 2 nc 

It is intrrc:-,ting to cst:thli~h ano comp:1.rc thc compubtional, C'rr~rs 
involved in tlw:-,<' rquation"' :wJ thr llHHL' al'l'lll:tl<' Er¡" (Y-:~-0). fabrg 
into arcount thr facl thctt ¡11 Eqs (V-:1-~l) Uw arnplittHir'- for f--111 f,.,t tVL' 

much smallcr than thc amplitud<'s for sin fn:l, \\~ may 1wgl•·r t thc tcrms 
conlaining ~in fn1l in thc:-,c fol rnnlas Th<·n th<' vihrat ;cm amplttmk-o oí 
thc anvil ancl found:ttton \dll be drternHI1f'O by Er~" (\'- 1-1 ). . r 

Tablc V-1 rrt\·c;, tlw J(•;:,ult:-. of rom¡H:t:tlioi1'-i of nhra\.on ;unpl:turk~ (), 
h f l . 1 l 1 '\. 

th" fouud:l!io 11 an(l ::l.ll\'11, p<'llolnWd lor ~<'\Tial.ullll< :tlllll1'- "lll!.l•·r ,_,·r\'' 1 

mPthod~. of cornputatwn \\<'r<~ crnpll)ycd Thr, o::Hllf' \altu·, or t"c, 
mndulus of da--t:c1ty nf tÍ!(' ¡•ad ttml•·r tlll' an. il :lllcl l!: 1• ··r .. ·l~lt li'"~ P' 

· · f L)¡n °[1'' (' lll1tio·r th" l1!1<1',\.l;ll'il \".tl<.' cl:""ne unrlor rn coln:>rr--.,¡nn n • "" ~ _ -
1 "XlO't '"arJ' 11)X'0'1oll~/¡;¡ 1 ) takcnforallhamm•'I'-(nc.¡"'''ll\t'J",•), J or.:-;m-,J•.- 1

, ', ' • 

T!w iiamc veior·ity of dropping pat t:; (G.!i m/"er) \\as ll:,f'd :.or ,ld harnr:lcr.o 
It ¡~ sccn from Tablc V -·1 that thcre is eon:..iJcro.Lic dtttcrcrH·c _bcn~:cn 

t.h¡· ;¡ 1,1pl"•tudc valu<'s of knmd:~tion vihr:d;ons ac; co;:'.pu'ed _oy.-~~'i"' 
(\'-l-1) aml (\'-1-G). _,e l.'C Ít fo:~~~v.-' :!::l: :l CJ:1t;o0, e,- .'u .. 0

· 
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Eqs. (V-1-1), COil~H.lcring ti,(' (;o;ll;t r¡i th~ pau llflllcr tbc :lf,\1: Oll: --~ 

vibrations. 
Howcvcr, Tnblc V -4 shows that there is only a small diliercncc bctwccn 

computations of anvil vibration arnplitudcf> by Ef]. (V -1-7) and by thc 
more precise Eqs. (V-4-1). Thcrdore it is ¡lf'rmis:oi\¡le to use the simpli
fied formuJÚs in computations of anvil vibration arnplituucs nnd in strc~s 
analysis of thc pad undcr thc anvil. 

V-5. Selection of the Weight and Base Area of a Hammer Foundotion . 

It was forrncrly hcld tl1at thc wcight of thr. foundation for a hammcr 
and thc sizc of its arca in contart with thc poli ~hould be selet:tcd·in such 
a way as to meet thc following requircm~nts: thc total prc:;sure on thc' 
soil should not excecd the hcaring capaeity of this soil; and the foundation ' 
shculd not · bounec on the soil. Thcsc eonditions may be . written as 
follows: 

P•t + Pdu 5 apo 
p,, > Pdu 

where p,¡, Pdu = statie, dynamic prcssur<'<> on soil 

(V-5-l) 
.(V-5-2) 

p0 = permissiblc bcaring val11e undcr condition that only 
static load is arting 

a = cocfficient of reqtllr<'d redurtion 
The conditio.n exprcssed by Eq. (V -~-1) is bascd on an assumption that 

eithcr thc static and dynamic prcssurcs are <'qUi\·alcnt or that thc "cocffi
cicnt of rcquircd rcduction" is nota con<;tant for a gi\·en soil and founda
tion. As &tatcd in Chap. II, uynamit: prPs:-urc tran~mittcu to soils 
(especially to granular soib) may induc·p sf'ttlcmcnts and dcformations 
which are tcns and hundn,ds of times largN than tlw~c r:<uscd by static 
pressurc of the sume magnitudc. Thc1dorc if onc of thc itcms of thc 
left-hand part of cxprc:;sion (V-.1-l) c:bangc's, but thc sum of lhc'SC itcms ' 
rcmains ronstant, thc total scttlenwnb ancl d<'formations will changc. 
Hcncc it follows that undcr thc assumption th:ü a has a conc;tanl value 
for a givcn soil aml foumb tion, thc con di t ion <'Xpr<'~'i<'u by r:q. (V -.i-1) 
cannot he acccpt.cd, bccausc it is con! rary to tite physical naturc of thc 
phcnorncnon. 

Thc condition cxprcssccl by Ec¡. (\' -5-::n ha<> no pradir·:¡_l ~igniflcanre, 
bccausc thc bouni'ing oi a fot1ntlation ¡.., oi roo ('~"C'nti:d im¡lol t:Jncc a11li 
cannot be obscrvcd undcr wor king; c·ondition,;. Ilo\\('\·cr, an ol•:;,crv.Lncc 
of this condition kd to carrying foundations down to a con~iucrablc 

dcpth. Sincc thc Jcsign valuc of vibration amplitudc was takcrr to cqual 
2 mm and more, in ordcr to obtain a static sr·lflcment of this (~\le it \',.lS 

nccc~~ary to bcrea~~ .:on->itkr.~l .. !y Lhe he!ght, of iounc!.lo.vh. Tht: 
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rc,t.lt wa" th:lt al! hr.mnwr io1t:ul:ttinns Prt'dt•tl , .. id1 d<''"igns ~omplying 
with thC' conditions of Cqs. (\·-;,.!) and ~ \'-.-~-~) rrpre<;eta,·d ma~~ivc 
bio~ks carriC'd clown to a ronsiclcraulc depth. Figure V -4a shows a 
typical foundation of this kind. 

Limitation of thc vihration amplitudc of a hammcr foundation is thc 
most importan! C'ondition whid1 musl h<' sati:-fiPcl by thc dP:,ign of such a 
foumlation. Thc smaliN thC' ,·ibration amplitudc, the smallcr thc 
infhJcne<: _ Qf vibrations on adjaC'C'Ilt struct u res and buildings, on thc 
foundation, on thc soil, and on- thc hammer. Anothrr significant condi
tion is thc limiting of thc valuc of static pres:-:urc on soil; as &hown in Art. 
:U-3, thc ¡;ma.llcr thc static prC'ssurc, thc. smallcr the scttlcment of the 
foundation (o.thC'r conditions r<.'muining <.'qua!). 

Tbus inst<.'ad of thc conditions of Eq~ (\'-5-l) and (V-5-2), the founda
tion design should satisfy thc foliO\\ ing two conditions: 

A.< Ao 
p., ~ apo 

(V-5-3) 
(V-5-4) 

As indicat<.'d in Art. Y-t, an avN:.tgP valuc of vibration amplitud<.'s of 
hammcr foumlations, obtaincd from thC' re::.ults of numcrous invcstiga
tions of ppcrating hammcrs, i~ approximatt'ly l mm. This may be taken 
as a dcsign valuc for thc pcrmi~:-iblc amplitudc. Thercfore thc condition 
of Eq. (V-5-3) may be rc\Hitten as follows: 

A,< 10-3 m (V-5-5) 

In the simplest case, und<.'r the as~umption that the foundation togcther 
with the anvil prcscnts a systcm with onc d<.'grcc of frcedom, thc valuc of 
the vibration amplitude is dctcrmincd by Eq. (V-4-ü), and the condition 
of Eq. (V-5-5) may be writtcn in thc forro 

(1 ~c)lVol' < w-• (V-5-6) 
Vkc~WAg 

whcrc all dim<.'nsions are' in ton~, m<.'tcrs, al)d scconds. 
From Eqs. (V-5-l) and (\'-:i-ü) valuC's of foundation contact arca and 

wcight can Le found for \\ hich tht• amplitude of foundation vibrations 
will w¡ó_. cxcccd 1 mm and thP static prc:,surc on the soil w_iU not cxcccd 
thc valuc apo; thu~ wc o!Jt:Jin 

(V-5-7) 

tnns (V~5-S) 

o 
whÍ'rC' H"1 = W•'lg:!.t of fnllr·•h: ...• ¡ • .. :_· ~l.,·r :\;:la bud-.Lii. :. Í'rlscr·t 

W., =--= wc1ght of ami! and fr:u:~•~ 
Dividing both parts of Ec¡. (\'-.í-S) by Wo, we obtain a formula for 

dctcrmining thc rcduced founJation \\ cigh t corrcsponding to a unit of 
actual weight of dropping parts of the hammcr: 

- (1 + e) ~ X 103 n1 - _ 
1 

_ v - n., 
v l.:c,.g 

(V-5_-9) 

where 
w, w .. 

n¡ = lVo n .. = lVo 

In accordancc with thc valucs of po and c .. for di!Tcrcnt soils given in 
Art. 1-2, the following approximate rdationo,hip can be uscd: 

Po= 0.07 
e,. 

Thc correctivc cocfficicnt k, in accordancP with data. prcscntcd in Art. 
V-4, wc sct cqua.l to 3.0; thc cocfficient of rcJu,;tiou of bcarin¡; capacity a, 

we set cqual to 0.4. 

Type of hammcr ' . 
1 

V, n11 "iCC 1 e n. n¡ 

-
Stamping hammcrs: 

Doublc-::u~ting hnmmers (stnmping of 
stccl pieccs) • • • • o. o •• o ......... 6.5 0.5 30 48 

Unrcstrictctl hnmmcrs: 
Stamping of stN•I pÍI'!'<'S • o •• 4.5 o .') 20 3·l 
Stnmping of nonf!'rrous llll'tuls ...... 4 5 00 ... 16 

Forgc harnrncrs propcr: 
Doublc-ncting. ... 6 5 o 2.'i 30 35 
Unrcstrictcd ... . . . . .. 4 5 o 2.) 20 25 

' 

Substituting thc valucs oí thc~c coC'flieients into (V-5-0), wc obtain n 
simple formula for thc tcntativc dctNrninatJOn of thc foundation wcight 
dPpPndiug on thc velocity of dropping parts of thc hamm<.'r and thc 
cocfficicut of rcstitution: 

n1 = 8 O(I + c)v - no (V-5-10) 

Arcording to data of machinc-builulllg plauts, onc can takc appro:-.i· 
matdy: 

For doublc-aC'ting hnmmcrs: 
Jt'or unrr&trictcd hammcrs: 

n1 = 30 
n .. = 20 . 

X•·:.-... r.· .. ; va!uf':; of n1 ~or ,¡::¡-,.¡,·nt ha:-:-:~::ro;, r.~.- ;,;:v.~n i:. T!l.:·!c Y::. 
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In orlkr to compare thr: computPd vahtt·:- of 11 1 \\lth dat:1. secured.fn•m 
e:xpcricnre,-TaLI.:!·V--G ~ho\,·s v:.tlu(·s of n1 for ~on\c ot 'the drop-h.~m~{cr &la.b 
íoumbtions invcstig::ncd at one of the planls. 

The average experimental value of n1 for llw hammers of Table V-6 is 
46. It 8hould be mcntioned, howcver, that llw a<'lttal wcight of dropping 
parts of tlw hammers studied is mueh larg<'r than thcir nominal wcight. 
In most other cases, the opcrating dics aH: lightPr and eonsequently thc 
differcncc _p('t~ve..cn thc actual and the nominal wcights of-thC' dropping
parts is ~rnaller: TfierCforc such hamrners ha ve a larger valuc oí n¡, 

TABLE V-G. Co~IPARisos OF AcTUAl. ANo CmtrUTED llEDUCED 

Foift';DATIOS \VEJ"GIIT'; n¡ [EQ. (\'-5-10)( ANIJ Rt:ut:CEIJ FoUNIJATION 

AnE's a1 [EQ. (\'-5-11)( O!-' SE\ l:.ltAI. liA~I\If:lt SI.An Fm::snATIO:o;s 

Xommal 
1 Actu:tl Actu:tl 

Com- Com-
wcight of Wo, lV¡, A, 

vnluc valuc 
putcd JVbt putcd -

dropping tons tons mz 
of n, of a1 

valuc of Wo vnluc of 
part">, tons n, a, 

l. O 
-.,----_¡ 
l.- .¡~ 1 ! 11 i 41 1 1:.! 2 48 o 32 6 12 2 

~J:...-!>-4-------- -2· 10 ()2 o 1 20 o 4:3 8 (1 G 4S O 31 3 9.5 
5 4 7 5 .')02 ' Gj G Gi' O 8 8 48 o 30 8 8.8 
2.25 4 10 217 138.2 .')3 o () 4 48 o 32 4 9 3 
1.35 2 o 73 .') 

1 

1G .') 3G 8 8 2 48 o 3G.8 8.2 
0.54 O.i5 28.4 () () 38.0 13 o 48 o 31 o 13.2 
2 25 4.10 1G8 

1 
40 41.1 lOO 48 o 3·1 o 9 8 

t JVb = ~ cight of concrete fo~ndatton \\ tthout con,.,H.ler.J.llon uf thc hm:kfill. 
' 

reaching 50 to 55 for thc samc foundation wPights. For massivc founda_
tions, \\ hieh until rceently wcrc acecptcd Ly al! design organizations, thi~ 
ratio is much largcr, lying in thc range iO to SO and often rcaching 
100 to 120. 

lf in slah foundations one takes into ac·eotmt only thc wcight of con
crete, m·g!Peting the wcight of ba<'kfill abco\'C thc slab, thcn thc valuc of 
n1 will be around :w to 3.). In rna'-...,ive foultllatious no surh backíill is 
prcc;cnt; th('rt'forc· the \'alt:P of 11 1 of 70 Lo 1 ~O n·pn· .... c·nts the ratio betwCPil 
the wr·i<rht of the founJatirJll anJ thP ac·t 11:d \\l'il!;hl of dropping part~. o 

Thu~ thc cxpcnditurP of matr·rial for ~l:d1 fcnllulatiou::; is two timl's ¡,malkr 
than for rna¡,'-iVP fouudati'Hl'> .\nJ, a<, !-laLc·d in Art. V-·1, t.hc rcsult::. of 
in..,( rurnental Ín\'C·,.,tigaurJ!I':> of h:unnwr ~lalJ foundat.ion::; show that thc 
amplitudes of tlwir vibration¡, lie within tlu: rangc of permissiblc valucs 
(around 1 mm and lc:o':>). 

Equation (V -5-i) for thc ~clcction of lhe foundation arca in contact 
with soil may be ::,impliftcJ r,n the ha<-, of thP follcn\Íng considC" n.tion~· 

A< u,~·~.:-;,; :u _.·;ai1ablc t.L::_ oathc . -~l;t ~. 11Í r .. ami p 0 ior dt!Tcrcnt ,oib, 

o 

FQUNOATIONS FOR MACt- 1:--<f) P•i0t:UCH4G 1MrACI LOAJS 
:!IJ 

it can he e st ate<.! thn.t 

Po - ::::::: 0.5 X IQ-• m e,. 
Hcnce e,. = 2 X IQ-2 p0 

wherc all dirncn¡,ions are tons aud m<:tcr:::;. 

DiviJing both parts of Eq. (V-5-7) by 11'0, we obtain a.n cxpre&sion for 
the rcdueed contact arca of foundation pcr unit of thc actual wcight of 
dropping parts: 

A 
a, = JVo = 

(1 + e}u X 103 

Po V a/;g X 2 X l()-2 
• 

Setting as beforc k = 3.0 anda = 0.4, \\e outain a simple formula for 
the tentativc detcrmination of a1 and eonsl·quenLiy of the cntire contact 
area oí the íoundation: 

20(l + e)v 
a,=---~ (V-5-Il) Po 

Equation (V-5-ll) E'stabJi¡,hes the d<'prndPrwe of the foundation ('On

t~ct aren not ?nly o_n the .hammcr c.:barael¡·¡ Í<..LÍl·:-, lH:t abo on ::-oil prop
1
'r

t1C~; the rcqLmeJ duncu::.wns of the founualrott couta<:L an·a wcrca,e in 
an m verse proportion to thc bcanng capa! 1ty of :-o !l. Table V -7 prcs~nts 
valucs of a1 computcd for difTcrcnt type;, of :,oib. 

TABLE V-7. VALUE::; OF REot;n;n FoLNIJATION Co!I.TACT AREAs a, 
REQUIREo Fon Drn·~::nEI.T Smu, 

Valucs of a, for following groups of soil: 

Type of h:tmmer W ca.k soils, Soils of IIH'dium Soils of lugh 
Po~ strcngth, p0 = strcn¡::th, p 0 = 

1.5 kg/cmz 1.5-3 . .'5 kg/cm% 3.5-6 kg/cmz 

Stamping hamm{'rs: 
Doublc-nctmg ha.mmers (stamp-

mg of stccl picccs) .. 
• o •••• 13 13-5.5 5 .)-3 3 Unrcst nctcd hummcrs 

Stam¡ung of ~tccl picccs \) !J-4 1-2 5 
Stanoplllg of nonfcrrous mctnls G ~2 .') 2 5--1 .'i Forgc li:lluiiH·r' l'ropcr 

Doublc-adm~ 11 11-.') .'i-:-1 
Unrc~tnctcd i .') i .-)-3 3-:! 

For cxarnple, it is sern f10m this tahle that douLie-aetir•g drop hnmmcrs 
~sed íor stamping stccl pieccs, i.e., the typc most frcc¡ucntly cmployed 
rn íorg<: shops, are chnractcrized by thr follo\\'ing rat i11 ,, hrn thc so.' is 
of medru1~1 ::.tren~~th, on thc avcra·,.e abn t ,~1 ,-1 2 .--·,· : ,. 1-(1" 1)'\ "'D'---... 

'"::) .. • ...~ ., ~ •• J.~ • ¡ • ~ ..... u-"{j' '\ ']] 1-c -- . . • • .. ' • •J' •Ll.i,i,fL'(j P~f ~()lt Of 3.C' '[l.t -\e'"~~· 0' --'-- ' - • "-· 
"' ~ t 0 ~¡L •~ ... -~~' ,¡c•l ... -
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T..1bl<' Y-{i g:\\·e \":t1tw~ <•f a1 \dw·h 11• 1'1' 11.~•·d ¡".,¡· harnnwr :--l:Lh founrla
tion:< \\ hl'n ¡1u = :! .-, kg '1·ru~. Jt follm\s (1'0111 tho• data of thi-. tal¡lt• th.Ll 
\'ahw:- of a1 1':-ta!.li ... hcd frorn E<¡. (\'-.i-ll) aru do;;e to t.ho:o-<' U.t'<'l'pl<·u for 
th1· d<·~i~n of h:unmcr ::,lab foundations. 2\[a:-.:-.h·n hummrr foundations 
d<':-ignrd n:- blo<"k~> are characterizcd by valu<"s of a1 oC 7 to 8, i.c., by 
somC"\\ h.tt :-mal!Pr \'(llucs thau those u!>ed for ::,lab foundations. 

V-6. Design of a Hammer Foundation 

E.camplc. Dynauuc compututzons for the tfr,t!J" of a hnmmcr foundalion 

l. DE~>ol<·!'i DATA. A doublc-acting ~tampin~ h::unm<'r has tho Collowing spccifica-

t10ns: 
~omina! W<"ÍI!;ht of droppm:; parts: 

3.0 tons 

Al'tunl \\ c1;.:ht of dropping part~. 

Hcaght of drop: 
h ... 1.0 111 

Pi::.ton arl':l from abovc: 
.-\ = o : ,¡ 1111 

pe Rntm 

We1ght of thc annl :tlltl fram<": 
W 2 = !1(1 lona 

Base nrPa. of thc an\·al: 

Thickn<"ss of pad untl<·r noval: 
b = O.lill rn 

Soil~ on th<' sitc of th<' founclal•on t'on"~t of lmm 11 cl:ty~ with sorne sand and silt, 
v.rth a pcrmil>~!hlc prt·-,~urc p 0 = 2 k~/rm 2 1f onl,r :,.\:atu· pr<'S-'lllt' a;. urting. 

2. \"Er.ociTY oF Dnol'rJ.'\G l'AICT" AT Tllt. lh.o,J:O.\I'\1: m· 1.\u•\CT. From Eq. 
(V-2-2), 

3. Pnt.I.II!ISARY Co\II'UTATIO:'ol oi'TIIl: lli:c¡FII'I'!> V.11.1 t.>-. 01 Foc::'o/JIAT!ON WEIGII'l' 

ASU Su u. Co:o.1 ACT AHI.A. D•"ll-:11 coruputnlwr•~ for d<'í <'riiJIIWll-: llH• rcquarPll 1\'Cig;ht 
of tht· fouwlation corr,.~ponclu,){ Ir} n unit \1 l'ig;ht of olrop¡un¡.: par\s :are marlc from 
Eq. (\"-.)-10). The rcwlll('ir·nt of n·-,titullon ., t:tl-.cn a' c = O.!i. Th1• wcight of thc 
nnvil nnd fr:wac corn 'iJOildll>g lo u uwt \1 c·1;;ht of dropp1111-: purts "all be: 

- !JO - .,. 1 
11 ~ - a.5 - ~·•· 

A<'Cür<llll!!; to Er¡. (\'-~-10¡, t.!"· l>!'tg;ht nf t!w fuund:~laon corre~ponding to a unit 

V.Cig;lJt of Úrop¡uug ¡.arh c·qu:d: 

n 1 = S.O(l + O.!i)G.l - ~57 "' ·1i.3 

Tbr. r• r; ,-(!d \\l'IL;ht or thr· fn.,nclalic,n (te •• :. tlwr with brckiill) cqunls 

1 
1 . 

T 
on ..... 
N 

1 
"' ..... 
N 

l 

Section A-A 

8-, 

! -1 

! 
- - 1 

' ----
1 

---

1 
T e----

-
1 

i 
,-..J 8 

Plan 

¡.o------550----

SecliOn 8-8 

FIC. V-!J. lkc.l;.\11 of foun.!all"ll for t'\arupit· of .\rt. \'-ti. 

Thc foundnt wn cunt:u·t ilr•··• • orrr·,porHhll~ lo a un11. \\ cig;ht of droppan¡; p:uts i~ 

dttcrrnmf'll frolll Eq. (V -5-lJ). 
:20(1 + O.fJ)(i 1 

a¡ = -- - ~ú·---- = 9.2 cn,t 

''fhe rl'c¡uircd foundntaon aren 111 contnrt \\ 1th s01l ('qunls 

A = !).2 X 3.5 = 32.2 m' 

"'·· n~:MCN OF FoGNlrATION. On thc hn~i~ o( thc \'nhrcs d!'tcrminN! nhO\'(' for thc 
rcq,•.-, •1 f••llll<hfltH' 1\'I'Í~ht :tr:<J ,:· L ¡:¡ 1'0;,¡ . .-; ,\,:J. ~O:, 1\l' t!r-~Í~ol t! ,_ ;,n,• '~~ -,,. ::1 

thc !~·~ .. u." 1\ 3:.11..1. Thc uutlu.l' "·: .. '.:~!ir.·... ~. ,0 ., ·' ~:.•)' ·¡ 1:. : •• , -~· 
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Thc actual volumC' of con<"r< t.· :,r ,, idlo115: ·- __ 

l-'. ~ G.5 X 5 . .3 X l..J + 2 ·;.r<rJ X O. io X 1 O + 2 X 3.8 X.O.-:JO X 1 = 58.0 m• 
_.----' 

The volumc of bnl'kfill is 

v~ = 2 X O.!J.j X 5.5 + 2 X 1.GO X 1.15 = 20.9 m• 

The total \\ ci¡.:ht of thc foundat1un aud Lackfill 11:1 

lVa = ª8.0 X 2.2 + :.w.9 X 1.6 = 161.4 tons 

The fouítdntÍon aren m contnct 11 itl¡ soil is 

A = 6.50 X 5.5 = 35.7 m' 

- 5.- A\IPLITl'DE OF FouNDATION VIBRATIONs. We -take the modulus of elasticity 
of the pad under the nnvil to cqual 

Ez = 50 X 103 tons/m 2 

We take thc thic:kncs" of thc pud unclcr tbe uuval from thc dcsign data: 

b = O.GO m 

The coefficaent of ng1d1t) of the pad undcr thc anvtl 11111 equar 

50 X 10' X ·t.i5 
Ct = ---0:¡;0--- = 3fJ.5 X 10' tons/m 

The mass of thc hummer is 

11Lt = !J0/!1.81 = 9.18 tuns X sec'/m 

The limiting frequcncy of natural vihrationR of t.he anvil on thc oak timber pad is 

39.5 X 10' 
/~a = -U.1S-- = 43 X 10' l>cc-t 

'We set thc coefficient of clal>tic uniform compn·~:-.10n to equal 

nnd the value of the cvrrcction cocllicicnt k = 3. Thcn 

e~ = 3 X 4 X 101 = 12 X 10' tons/m 1 

Thé cocff.cient of n¡;ulity of thc ha,e un<ln tl1c found.d 1on equals 

e, = 12 X 10' X 3!i i = -1:1 R X 10' tons/m 

Thc mass of thc foundnt ion togl'l IH·r 11 ith t hr• ll.lf·kfill is 

161 .4 165 X·¡ ma = --- = tono, scc· m 9.81 . 

The squnrc of thc limiting frcqucncy of natural vibrations of thc wholc system is thcn 

, 42.8 X 10' 
1

n 
7 

X 10, _ 
11 .~.lti:5 + v.ur '!'! "· • · :.ce ' ' . -

o 

( 

1 

o 

fOUNOAi tON S FO~ MA(I·¡~:· '. P«OOuCIN(i IMr,\C ¡ lOAC'S 

ThC' rano hl'l\\t'l'll thl' n-h~, ul tlí,.-¡.,,¡, .. .,, r nud f¡;;. 'aun~::- t•f ti .. · r:.uu.lnlll•ll IPI'• ;lu.r 
with thc L.lc'b.lill i~ 

... "' ~-!~ =o 557 ... 16.5 . 

Using Ec¡. (V-3-8), wc t<l'l up thc cc¡uation fur dctcrrninmg the frcquc·nclc·s of 
natural vibrat10ns of the fuundatwn-hau11ncr "Ynlcrn: 

¡,.• ~ (1 + 0.557)(43.0 X 10' + 16.7 X 103)/~' 
+ (1 + 0.05!i7) X 13.0 X 10' X 16.i X 101 -= O 

Or ¡.• - 92.5 X 10'1~ 2 + 1115 X 10° = O 

Solving this cquntion, wc obta.in 

/.a.1
1 = (46.25 ± V(•Hi.25) 2 - 11151101 = (46.25 ± 32.2)101 

Hence we have thc frcqnencics· 

fna 2 = 78 5 X 10 3 see- 2 

1~·· = 14.1 X 103 S('C- 2 

/~• = 21:18 sce-• 
/. 2 = 1!J!J 5CC-a 

We determine thl' imtial vcloctty of thc mot1on of the annl togl'lhcr "'1lh thc 
frame: 

_ (1 + 0.~):_1:~ X G.1 _O 3,1') / 
lla - 3 _5 + \lU.O - .• ~ m scc 

From Eqs. (V-4-1) wc cstnbl1sh t.hc arnpl1tudc'> of vlbrat1on of thc foundation and 
anvil. Thc amplit u de of v1hmtaon of thC' foundat10n is 

= _ (43.0 X 10 3 
- 1·L_!_ X 10~)-~~.:!:0 X I0~-=--7_R.S_X 10') 0 _342 

A. 43.0 X 10'(78.5 X 10' - H.1 X 10')119 
"" 1.07 mm 

The a.mplitudc or vibrations of thc nnvll to~~"thrr \\ lth the frnmc IS 

(43.0 X 10' - iS.!l X 10 3) ,1.112 _
1 Aa = - --------·------ -- -- = 16 X 10 rn = l.G mm 

(78.5 X 10' - 11.1 X lO')! IV . 

Thm• the rcsults of computat wn~ show that thc amplitudc of vibrntions of the 
foundat.ion wlil not C'XI'ccd thc pcrmi""1hlc valu!' of 1.0 to 1.2 mm. 

The dynamic r,trrsscs m tlw pa<lun<l<·r thc anvil npproxirnnlely cq~ml 

· Ct(A. - .1,) 3!1.5 X IO'(l.G X IO-> + 1.07 X 10-') 'J"JZ / t 
,. = A. = 4.75 = ~- ton~ m 

which is much smallcr than thr }II'TIIlÍ,~Ihle valur of 300 to :i.'iO ton'i/:n'. 
li. RF-1'-FORl ~:111.:'\T oF '1111. Fol :--u.\TIOr-.. Tlw foundation 1s rcinforccd ns ~h011 n 

in Fig. V-9 according to pr:u•t1cal rcqUlrcmcnts pointcJ. out 111 Art. V-1. Concrete 
typc ~50t as uscJ. for thc foundation. 

Standard lllus/•ative Dcsigns of llammer Foundations. Comput:1.tion 
n.nd dcsi~n oC founda.tions f,)r ~t:.1rnpin¿; h:..tr11n1ers of d:~Tcic..tit "r.) . ~~:-_,, .... ..:~ 

t Sec i.>o.n.:.tc, ··u~. IV-J-¡_, p. ;3·~ O 
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\\Cil u~ foundation dc:-igll ior fvl~t· h:llllOlcT:- pro¡wr, 111:1)' he ÍJerfornwd in 
a manncr similar to thc prcceding; num<·ril'al l':\amplc. 

Figures Y -10 to V -1 i show ::;cn-rul :,.tandarJ illustrativc foundn.tion 
dc~igns for ::;tamping hammers and forg;P hammcrs of severa! systPms. 
In thP prPparation of thc~c Pxamples, n.elual data 011 hammpr:; wcrc 
borro\\ ed from in:>tructivc de::,ig;n munuals whil'h had bccn eompilcd with 
thc :1_1.1 thor'~ par! Íl'Ípation U'- u. l'OIIsul tant. 18 
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\\'<'c¡.:ht of anv1l ancl frame, 
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Thwl,nl'~~ of parl under 
amcl, m 0.20 

Volumc of foundation con-
cn·tl', m, 8.7 

Wei¡.:ht of foundation nnd 
bnckfill, tons 22.6 

Founclat.ion contactaren, m' 6 

FIG. V~ lO. Founrlation for 750-kg fric·l~nnal hammrr of "KLF" plant. 

Dcsign computations for t.hcsc fonndation-.. wcrn pC'rformf'd for a soil of 
mf'dium :-tn·n~th "ith tll(' eodf1('ic·nt. of l'l:t~t.ir uniform comprcssion of 
soil e,. rqual to appro;;.imatdy -1 kg/t'm 3

• 

V-7. Cornputotion ond Design of Hamll'er Foundations with 
Vibrot1on Absorbers 

a. General D¡rcctil'cs on Co11• pul<Ilwn all(l Dc:mJn , SomC'times thc 
decre:a5c in vibration ampli~uU.es of ham:11C'r foundutions is of grC'at 
practica! importance. 

It follo\\-, from thc appr0ximatf' F.c¡s. (V -·t-11) and (V -1-7) that vibrution 
arnp1:: ... >, .. ; l;w loundatio~. and :.nvll an· in\·,·¡;:-;dy propo;tiona! to thc 
&q,IJ ... :,~ rv•,_· ui ttl<· ;.n.Jut.t-, "f tl.t· b.t~c :J¡;:•t!ily ·_nd x. •• ::-:'1. CN.;;.C-
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quently, if Oll<' Íl:. lo tr.} to lkrr~·a;;. tlw ~ ih~:-tlio·r; ¡un¡;¡{¡ ttt!~ uf a foundn
tioll by Íllc·rea:,ing it:, rna~~. diliieultie~ will ari:-e; for ('Xalllple, if one wÍ::,h.::':> 
to makc the amplitude of vibrations tlm·c times smuller (i.c., to use o. 
design vn.luc of 0.3 to 0.4 mm instend of 1.0 to 1.2 mm) it will be lll'l'l·~:-ary 
to Í1H·rpa::,P the \\cight of the foundation at kast ninc tinws. lt i:-; dear 
that thi:< nwthod is impradi<·ahlt•. Similurly, it is vPry di!Ti<"ult to 
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Secr.on -4-A Section 8-8 

Concrete typc 110 
Actual wcight of falling 

parts, tons 2.0 
Vclocity ut bcginning 

of impact, m/sec 6.0 
Thickncl>s of pad under 

nnvil, m 0.40 
Volmne of founrlation 

concrete, m 1 34.0 
\V!'ight of foundntion 

and hackfill, tons 80.0 
Founrlntion contnrt 

Plan nr!'n, m 2 15.8 

Frr.. V -1 :¡ Founclation for 2-ton ¡,fe· a ru or rcllnpref>~ccl-air for¡:inr; hnmmer. 

dccrea"C' the :}mplitudc of foundation vih1ation:- by incrf'U'>Íng t.lw founda
tion contad arPa or tlw ri¡?;idity of the b:t'><'. 

Sincc foundation vil,ration-,, if tlwy are con~it!rr<'u tog;l'lhPr 1rith 
vibralion.;; of thP anvil, d(·pl·nd not only on thc pa1 amC'Icr:-; of thc foundu
tion e uud m 1 (i.c., on thc 1 igidity of thc bn.sP ami thc· mass of thc founda
tion bcncnth thc ¡,pring<;), Lut nlso on thc paramctcrs c2 and m2 (i.c., on 
the rigidity of thc !l ~sorbf'rs nnd thc mn.ss of thc founJation abo ve thc 
spring~), thcordically it Í'i !"-,c,-:oiLle ·_o dc·nea;;<~ thc urc1!Jlitudc'i of fotwda
tion v:!.; ;.~!C,cly :,dc·c:l : .. ;,; St:itail!\ v.d~:." of e~ anJ lfL2· Tl.c-~e par:.c.:l\C-

1 

o 

------- -------------

tcrs should hl! ~clcct<'d ~o ;.c.-, not tr. iii("t<·a~c· ~lc.,rply t!1.' \ I!'ratina an;;l -
tudc of thc anvil ira comparbon 11 iLh 1·alue~ Clhlomary in foiglllg pradh'<'. 

Thus thc problem is reduced to ÜH· following: valut''> of c2 and 1112 

should be found for \~hieh thc corrc,pondlllg vi!H·ation arnplitudc·s of thc 
foundation ancl anvil do not CX<"l'l"J ::,c·leet.ed vahlC',. HamHier d~a1ac
teristics "(thc wcig;ht of dropping parls, t.hl·ir vclo<:ity at tlw beg;inning of 

~ns¡4of>o----325----11 4or72s 

" ""w~ /Pour asphalt"- 1 ~· "' 

~'~~~~~~~~ o ~ '""1:-IT IT1.--.': '"' l~u:....L.1.J.o..L. 1 _.i...J:::: ....... -~ --¡- ~ 

12 mmd ~1ommd @100 "" ¡¡¡UI"' 
@200--....... ¡Qmmd@ 200-<:~ 

16mm d ~=;1=~~~~~~~~====~~.
@ 200-¡..------550------+l 

Section A-A 

r 
8 
"' 

A 

Plan 

16rr-...... ld 

@- 200"'""' 

----400----~ 
Sec:1on 8-8 

Concrcl<: type 110 
Arlunl "ci~ht of fall-

ing; parl<;, tons 2 O 
Vclnecly nt hr ginning 

of irnpnct, m/~cc 6.5 
\\'eiJ.(ht of nn\"11 anrl 

fram<', ton~ 5. 5 
Th11 J..nps..; of pacl 

unrlc·r nnvil, m O. 40 
Volum<' of founrlat ion 

ronl"rctc, m• 33 
\V<'ir;ht of founclat ion 

nnrl hnrkfill, ton~ 111 
Founrhtion rnntnrt 

nren, m 1 22 

Fra. V-1•1. Foumlntion for 2-ton stP:\111 or rnmpr<'~~c·cl-air stampm¡¡ hammN. 

impact, and thc cocfficient of rcstiLution) are con,idcrcd to be us,ign¡·d 
and fixPtl. 

Lct us t·om,idcr vibrations of thc foundation ubovc thc springs (thc 
nnvil), ns n fir~t approxim:.llion, to ht' n. ~y,tcrn \lilh onc dq~tcc of frecdom. 
Thcn, according Lo 1:<[. (\" -4-i), thc nmplitudc of vioration:, ol this portio u 
of thc foundation equals 

a 
Aa = --== 

vc2W2 
(V-7-1) 

Equation (V-7-1) w.1s dcriv,•C: from ~'1 (V-·1-i) as folloÜn<ssu:-ni:--·; 
thc iou:-tr~atior. úocs lll'~ ;::.ove: tb(l :!_e: e:~~ :'t •¡.:r::ncy jn,.o: ~:lC' hamm.-~ c... 
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g 
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L ~~~f6°o0~ J 

1500 ~j--=1500 
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1+----3000 ---ool 

Section 8-8 

Concrete type 110 

Adual wct¡;ht of falling parts, 
tons 

V<'locity at b('gtnnm¡; of un
pad., m/scc 

W<'t~ht of anvil and framc,. 
tons 

Thid,nt·ss of pad untlcr anvtl, 
m 

VolumP of foundation con
crct«.>, m 3 

Wctv;ht of foundation antl 
bn.cklill, ton~ 

Fot~nrlation contact arca, ms 

FIG. V-15. Foundatinn for 1 5-ton cable hammcr. 

the pad undcr thc anvil is 

whcre c2 = rigidity of pad 
w2 = wcight of hn.mmer 

Substituting tiw abovP valuP of /na into Ec¡. (V-4-7), we obtain 

(l + c)WuP 

y'(¡ vl~2W¿ 

1.5 

4.7 

7.0 

l. O 

165 

36 3 
9.0 

wherc a is a eodiiucnt tkpcnding only on thc churactcrístics of \,he 
hantmer anJ cqttuhug 

(l + c)U'ul' 
----------

y'{¡ 
(V-7-2) 

Wc denote by z2 thc stv.tic sctt.lcn~ent of thc founda.tion abovc thc 
springs 011 abwrbcrs; thcn 

I.V-7-3) 

o 

l 
i : ~, 

14mmd 
@ 200 

18mmd 
@200.,_ __ _ 

Sec:tion A-A 
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•• -' ":} " "0 5 
.:.: GO -·-_ -~~·--2:5- ~~; '~1 

'.,.-:r-~ ---:-T"" -'"'"'-
1 'f1urrnr::~O: \ 
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Secticn 8-8 

CtmrrclP- tyw 110 

Actual \\ cig;ht of falllllg 
part~. Ion,; 

\'•·lo!'tt: al ht>~lllnÍng of 
llllp.t< l, , .. ¡,.., ,. 

\\ • ·~ht of rmvil ami fr:unc, 
ton~ 

T!.lf'kn•·..,~ of prul undcr 
anvtl, rn 

Volurnr: of fnundatton ron-

3 o 

G.S 

92 5 

O.GO 

C"rf·t<·) rn 1 52.5 
\\",'IJ,!;id n[ f1•:uulat 1nn lnd 

h.t··kfdl, tou..; 2hl 

Fouucl.d 1"11 "'"' art .1n·a, m 2 :\() 

FIG. V-l!i. F'oundatiur. fur .;.¡,,n -t•·ru11 or rotnpn-..-"1-"ir -l.11np.ng: hammPr 

o: 

Section 8-8 

Conrrctc typP. 110 

.\d u.tl \\ f'ic:t.t of falltn~ 
par!-.., ton-; 4 :.; 

\·,.¡,,..,, > al !.P¡:;innu.g of 
trnp.11t, m/'iPe ( 3 

\\ l'l~hl of rl!lvtl nn•l fr.llnf', 

'"'" Wi 5 
Thwkncs'i of p..1.-i undcr 

am·1l, m 0.60 
Volurnc of founda~ion con-

crete, m 3 107 
¿·e, ,:1,!._::--)"1 contuc~ nrrt~. xn~ 

·---~-----~ 
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From Eqs. (V-7-1) nnd Cr-7-:3) \\C dctér.i1inc approxim~tc valucs for 
the wcight of the founJation above thc springs ancl the total cocffi::icnt 
of rigidity of al! absorbers: 

(V-7-4) 

(V-7-5) 

The mass and thc arca of thc fouudation under the springs in contact 
.. with the soil are selcctcd~ on~_thc \:)a:,io¡ .9f. dc_sig_n considcrations. 

From thc sclccted -pararñctcrs of thc systcm, the amplitudes of its 
vibrations are computcd tuking into account thc fact that the :;ystcm has 
not one but two drgrccs of frccdom. Thc dcsign valucs of vibration 
amplitudes computrd from Eqs. (V-3-!}) should not excccd pcrmissible 
values. 

The installation of absorbers should not dccreasc thc efficiency of the 
barnmer, which is 

71 
= 1 lV 1 +K,,. ---w--

wbere W is the work done by thc dropping parts of the hammer, equaling 

w = lVoiJ2 

2g 
. -

W 1 is the energy lost on thc ·rebound of dropping parts: 

where, approximately, 
v, = ev 

K,,. is thc maximum valuc of thc kinctic~ cncrgy of vibrations of thc anvil 
on thc timbcr pad or of thc foundation ubovc thc springs on thc absorbers: 

K =~~~e~ ... 2 

Thc valucs lV and 11' 1 do not Jcpcnd on thc charactcrbtics of thc anvil 
and its La-.c; thc-reforc thc following condition must be satisficd so that 
thc cflicicncy of thc hammcr with absorbcrs i~ not lcss than that of thc 
hammcr without absorhcrs: 

Thc su:J-' QO rcicrs to th•: d1 •.160 witho11t absorhers. ~ o 

---- -~---------~--------- ---~- --·------ -------- --

FOUNDATIONS FOR M,,, CHiclES PRO::l'J::' '•0 1.-.',PACT cOADS 
) - - ., ' • ~ - " ~ 1 ' .-.' 

Sincr thr; arnplitucleó; of hu,'•'ati.,n nLr:-~t1on;.; ;,hove th·: ;;,prin¡.;'> ;-,re: 
a.bout thc samc whethcr or not nL,cH ¡,pr;, are u;;,cu, thc last corHl!tion n.ay 
be rcwrittcn as follows: 

E:rample. Computations for a stampilu¡-hammer fonndalion with ab~orbers 

l. DATA. Thc followin¡; spccifieu.tion~ are givcn: 
Weight of uropping parts of thc hammcr: 

Wo = 2.0 tons 

Wcight of auvil togcther with frame· 

Wa = 3~7 tons 
Coefficicnl. of rc:,titution · 

e= O 5 
Velocity of dropping parts: 

1/ = 6.0 m/SI'C 

Dcsign valucs of pcrmissiblc amplituc!PG ar" a~ follows: 

For the anvil 
For thc foundation: 

Aa "" ~ llllll 
A,= 02 llllll 

2. CoMPliTATIO~>oS. The so1l 1s of nH'clllllll ~tn·n¡.;: h, '' it h a c11cfficicnt of cla'it te 
uniform comprcssion Cu cqualin~ 3.3 k¡.;/C'm 1 :\C'< nrd1cl¡.; to cbt a uf .\rt V -·l, the 
value of thc cocfficient of n¡;icl1ty of thP ba'l' IIIH!cr th<· h.tmm•·r fourHlation '' rll be 

e:= kcu = 3 X 3 3 = 10 k~/c111 3 

Lct us assume that thc static sPttlPnwnt of thc ma~~ rd,o,·c thc sprin~~ cr¡uals 0.01 m. 
We determine thc hammer cocffirwnl from Er¡. (\"-7-2): 

(1 + 0.5l2 X 6 O 
57

_ 
a= v9.81 = .. a 

From Eq. (V-7-4) we rleterminP thr• IPnl:~ln·c ,·ahtl' of thP WPÍ¡!:ht nf thP mn~~ abovc 
the springs: 

W, = 
3 

~·71~_1 VID-• = 191 tons 

The wcight. of the concrete Llock of the foundation ahuvc thc springs, \\hich is added 
to the we1ght of thc hammer, is. 

W11 = 191 - 33 7 = l:ií 3 ton<; 

From Eq. (V-7-:'í) we dctcrminP lhc rcqurrccl rrg;ulrty of thc nb~orbqr' ._ 

Cz = l!ll/10-2 = 19,100 ton<;/m 

The foundation ahovc thc springs is ucsigncd a·, a block of hetght 2 3 m and 6 O by 
5.0 m 2 in plan. It has n dcprcs.,ion for thc anvil, whtch '" plllccd not on timbcr bcnms" 
but on n pad m~.tle from stccl wnol. 

Thc fo~n.l:llÍnll Ullllcr thc ~p~l:lgS is dc'it;:ncd ;:) th!' 'h:tp<! of abo·'· n th,rk··c·; 
'lf thc prot~ctu:g \\U.ll~ will be O 3m Th': ero~'·"·-· :•o::al dlm<'n>.•j'15 of"1'1:0 .o!.·::· s 
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\\hil:'h supp<>rt thc nbsorL<'r:i will ¡.,. tl ¡:; 111, 1he 1!•11·ksw«~ of thc ~upportin¡.: ,.!ah \\111 

be 1.0 n~. Thus thc arca. oi thc founJ:ttmn b~ncath thc spring'i in contnc:t with wil 
equnls 

A .., 7.76 X G.SU = 52.7 m1 

Figure V-18 ~ivcs a sketch nf thc foundntion with ahsorbcl'll. Thc wcight of thc 
m&ss undcr thc springs cqunls lV a = 180 ton:.. 

Fto. V-18. T><'~ign of foun.!ation for <'~amplc of Art. V-7. 

The foundation both abovc and hrncnth thc t.pring" is built of propcrly rcinforccd 
concrete typc 110. t 

V1brations are computl'r! frorn Eq'l. (V-3-V). Thc cocfficicnt of rigidity of a.bsorbcrs 
i.s 

Cz "' 1.9 X 104 tona/m 
Thc mass above thc spring11 is 

m1 = 1!)1/9.81 "" 1!'1.5 tons X scc1/m 

The cocfficicnt of rip;i(hty or tiH· l.m,;c llll\lcr ( hi' founfbtion cquals 

e1 "" c~,t == J(J X 103 X :.'2 7 = .i~.7 X 10• tons/m 

Thc m a,, of thc foun<lat um lwm::.J.t h t i11· "l'lllll~' ~~ 

m 1 = IX(J/!l Sl = IX 1 tou~ X <>cc'/m 

Thc sr¡11Mc of thc frcq¡a•nc;¡ uf rmtural vertical V1hmtion, of thc found:J.tion nbov•, thc 
11pnngs is 

.! 

(~\ 

0 

"!'h<' llt¡IIIUC oC lhr· Írt•t¡tli'IH :• ,,¡ \'ILr o! t<•l•"· .. ;" 1 ¡, 

l• r., 
,,,..::~---

m, + ma 
!i:!.i X 111' · - - = !:lA X 10' scc-1 
18.1 + 1!1.5 

The rntio hetwccn nHl.~>-~<'11 iM 

,. 1!>.5 
18.4 

We then f!Cl up thc frcquPnry Eq (V -~-8): 

1.06 

f,.• - (0.975 X 101 + 13.4 X lO' J( 1 + l Oü)/ft 2 

or 
+ ( 1 + • Oü) X 13.4 X lO• X O 975 X 

f..,•- 2!J.7 X 10'/.2 + 27 O X lO'= O 

Solving this cquntion, \\e firulthc 11atur.d ftl'<¡tll'II<'Íe<o of th1• ~>j•telll. 

/Na 1 = 2'1 7 X 101 :,t·r-• 

f·•' = O 'I·IG X lCl' '>t:l; -• 

We thcn dctPrrninc thc Ínltl:ll \'docil) of rootino ••1 tf.,. foundation abovc tl1e . .,prm~ 

Thc di::.pl:u·!'mt•ut:; of :,(•paral<· parl ~uf t l11· fouudat 1<111 are fuund from Eq->. ( \'-:l-\l 
Thc dt!;plaPcnwnt. uf 1 hl' fouudattoll IH·nc·at la 1 ha· 'prtng-. 111 

(0.975 X W 3
- O.l)lli X IO')(O.!Ii.i X Hl'- 2!1.7 X 101) 

O.tlí5 X l0 3 (2!1.7-xlii3--=--t'l'1112 X to>¡ 

1 

1 

O ., (sin f,.,t ~in f.•t) O . f . J x o. !1,, -¡7~- - 30:8- = -o. 1 !m~~~~ .,t +o. wu srn d mrr 

Th11 dl'iplnccmrul of 1 he fouudat 1nn al•OVI' 1 hr· ~ptliiJ.:l- t'i 

Za "" _____ !!:f!cll~----- c~::f)7,'i_2<_!i~'-=O !~!~\-~___!!~' !.Ín/ ,t 
2H.7 X 10' -O.Hiti X lll' 17:! ' " 

0.975 X HP - 2!1.7 X 10' . ) _ 
- ao.s · --- ·- - sua ¡.,t = n.ooo, ~~~~ f .. .t .¡ :(o:~ ~w ¡.,,, !fW1 

Ncglcctmg tcrm~ ('Onlruniug sin /.al,\\(' obtam for llH· :nuplstuclf', of nhration~ 

A,= O IOlmrn 

1 

Thus thr ,,.¡.'{'(<'<! clmwn~•nns of tl1P iounrl:ltion 111:'1·, abO\'(' 1hr <p1111~' :1111! ¡¡,,. 
ll!'l<'<'(PII vahw ot tlw c·odlwwnl oi rl~td11y of the al,,o,Lc•h ¡, .. ,,¡ ''' .111 :trn¡oll!l.d•·,: 

V•hr.Uinn.., of 1 hP fo11nd.1t !Ort ai "'\'\' tlw c.pr tn~- ap¡ml' 1111 11, l) .,,,. .. h.di 1lw d. ''1'"1· \ :•: .¡,• 

(O~ llllil). ThP folmd:\tton 1\111 111' pr.11'lll"llly llaolcnr.J,·,, and nn h.tt.l\ 0 1,1 :n,;,, < ,. 

wi'! !w t'\c·n·¡,(•ü by t !u• vd •r,liH>¡:; forwd.lll<>ll 011 '' rll\ l \Ir<"" or u u t(•ch ""¡, •:.:,t<·:d pnn '"'''· 

Ah,orhers nrc mn.dc of !') hndrH"al ~t:tn\hrd "pruag~ u,cd in nuh1 ay rullw;; titork. 
Thc duneu::.rou¡, of thc sprín:;s are cho¡,cn as follo\\ s. 

Dmmetcr of thc coi! D: 
llmnwter oí thc spring d: 
~umLu· oí C'Jol~ 11. 

SO mm 
30mm . -
v.•.J 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 



_--_..-.. ! 

--------- ----

230 - OYNAMICS OF BASES ANO FOUNOATIONS 

Ir thc numbcr of nbsorbcrs is n, nnd thc numbcr oC springs in cach absorber is n. 
tben thc rcquircd rigid1ty of·cach sprin¡; 11 11f be - , .. ' -' · -• 

On the othcr hnnd, as mentioncd in Art. IV-G, 

d' 
C1p e 9-10- · 10 3 

D'n tons/m 

--- -- - • - - -- -,.- .. T • , 
Eqanting' the leTt-hand parls of tiiC two lattcr cxprc:;sions, we obt:ain 

l 
1 . c,n•n -• 

n,n, "' U.!Q-J4 10 __ -·- _ 
.,~ t U-_ U ¡ ! . ,1 1 1 ~ 1 '._J. - 'l...l - ) 

Substituting here the corr<'~pondm¡; nuuu·nral va(u('S as given ahove, 

1.!)1 X 10' X IP X 10·• X 5.5 
n,n, = --9-iox:fi-)(¡{j--·---- X w-• = 70 

Ir each absorber is mude of four ::>pnllg>~, thcn thc rcquired number of absorbers 
will be 

iO iO 
n, =- =- = 18 

,, ·1 

Thus the actual numher of srm•g:~ 11 di IH' 7:!. 
The perm1ssible lor::uonal ~trt''~ for lhf' :<prlllJ!: lB 

Tn =.10 X 10~ tons/m 1 

Then the permiss¡hle load on cuch !>prmg will bl' 

The rigidity o( one spring cr¡uals 

l.!ll X 10' 2 / 
c,p = ------n-- = 64 tons m 

The pcrmissible dcfll'ction of onc bprin~ is 

l'o 5.3 
zo = -- =.., = 0.020 m = 20 mm 

C,p -G 1 

The actual dl'flcl'tion 11 di be: •nnallcr, naJuc-J.v, 

z = Zz +A:= 10 +;¡o:! = 13.03 mm 

'W e dcsign thc ab~orlwr t" J., of lhP ~~~~l""IIW•JJ l) pe (~o·e ,\rL I\' -G). Ench absorh,..r, 
consisting of four &pru•g~, 1~ pln.ccd lll a ca~o: madr: of :,IC'c:l chn.nncl~ WC'Idcd to¡!;clhC'r. 
A general vicw of thc al.sMbc: as dc~IJ!:IIt'd is ~hOI\n in F·~· V-l!J Thc insidc dimcn
sion~~of ·thc CllSC_ 5,-11 ithm which thc sprangs are-·plnccd; árc-Z48:by- 248 m-m. Thé 
case is fastencd by bolts 14 Lo thc lowcr supporting pinte 2. Thc lowcr ~lllUC disks 4, 
for springs 10, are fnstcncd h¡ scrc11s 11 to thc Kt!'T}C plate. Thc uppcr prcssurc pinte 
1 is placcd ou the hpriilg~ ·~nd Í!l ~!so proviJcJ wilh guidc disks for thc springs. Thc 

o 

¡ 

o 
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mn~s bclow thc spriri¡.:-> may J.c l•ftC';I·I,y Ía¡.:JII,:r;¡~·¡.:.rl,·r:·r!'~uln.tmg bolt G by mrnnq o: 
nuts !); thc auchor cnp of t!.i" holt lih !u lllt·<·u tu-o cdg('s of ginlcrs Lualt 1nlo liH 
lowcr part of thc foundation :dmvc 1 ¡,,. :.pring:i-1. 

Thc walls of ca::." !i coutnru111¡.: tlw :d•~nrlll'rs nrc fno;LrnPr! on shciVI'S formcd hJ 
ginlcr picC<!S cnrbcddcJ mto proJcelions of thc 11nlls of thc fÓundation bclow thr 
sprin¡.:s. 

The cantilcvcrs of i!;Írdns •·•uhl'rl•lt·d in t he lo11 •·r part of t he fóuudataon nbovc thc 
springs shoulcl he <IC'~Í¡.:rwd in ~tll"h a \\ay that. lH:IIdin¡.: strr~-o>I'S produccd in thrm Ly 
thc action of the 11 ci~ht ami incrtan. forces of thc foundutaun abo ve thc sprangs do not 
excecd n ma'l:iniurn valuc. · - - - - - -

b. Con.slruction J>roccdurc for a Foundation wilh Absorben;. 
~ion with absorLcrs should be eon:;tructct.l as follcn1 ~: 

l. Pla!'C t.hP concrete of Lh(' foua1-
da! ion undN thP spring ... , 11 a lis, and 
projc1·Lions. 

2. Pl~u·c two or thrcc l:•,y¡'ts of 
nubcroiJ or tar papcr 011 the sur-
facc of thc foundution sl:tb. 

3. Inst:-tll girderson thc Huhc-rnid 
or tar pa¡)('r, ihus foranra1g a lmi•T 

frame; pwjcctiug ~¡¡¡., of tl11o; frame 

serve as a support for· tlu~ anchor 
plat<'s uf H·gulating bolls of th, .. 

- absoriJeT:;.- Thoroughly ('heck all 
rcquircd t.limcnsions :J.nJ po;..iLions 
of giru!'rs, thcn 'vcld thc fram". 
flrstail·thc fnimc ¡¡·¡·a. po~iti;Jil cor
rcsponding to thc dl'~ign loention of 
absorbers. 

4. Install absorben; without 

--~ 
--~1 

A founda.~ 

tigh tcning the sprin;!;'>; in ,crt capo; 
of rcguluting Lol t-; bd wcen rnd1 
pair of ginlers fonning !he franw. 

Fa•: \"-1!1. lk-a~n nf 1 rhrataon absorber 
for 1'\amph· of .\rt. V-7. 

5. Pl::we thc e01u·rl'IP of tlH' foundation ahon thc springs. 
6. After the n·quil!'d pcriod of time h:1.~ clap:,ed (not h·~-; than 10 dnys), 

crccL t.hc hamnwr. 
7. \\"hen the harnmcr is mounted, lift t.hc foumlatir.n nbovc thc ~pring-.. 

This is done ],y gradually tighL('ning thc rC'gulating bolts so thaL thc ma,..3 
abovc the sp1in¡;" i, liftf'c.l 1 to 1.5 cm "it!tout tilting. A lc\·cl is u:,l'J 
to check that no tll tiug !tus occurrcd. 

8. Covcl' thc- abso¡-bers and the foundn.tion above the springs with a 
demountable metal pln.tc. 

When' thc· fo-regoing p'roccdure has bcr,n completed, tu'--~ hammer is 
rcady for opcration. 



o 
232 OYNAM:CS Of BASES ANO FOU~IDATIONS 

V-8. Pressures in the Bose under o Foundation Subjected to 
Horizontal lmpocts 

If horizontal impacts are tran:-:ferrctl frorn un opPrat.ing Pngiuc to a 
massivc foundation, natural Yihration:-; rlf this fouudation will develop. 
When a horiwntal impact occur:. in onr: of the vertical principal planes 
of inertia of tlw foundation, thc equations of this vibration do not diffcr 
from Eqs. (III-!-~): 

mi+ c,A(.c- L.p) =O 
M m<P - e, A L:c + (c.,l - IV L + e, A L2)¡p = O 

(V-8-1) 

', wbefe X = -prÓjPCÍÍ011 Oll U horizontal ~\i'> of di::.plaéCmPnt óf centcr-Of 
ma:-.:. of foundat ion 

¡p = anglc of rotation of fou ndat iou with rcspect to axis passing 
through foundation mu»'> <"r·ntPr perpendicular to axis of 
vibrations 

m = mass of foundation am.l enginr: 
fi' = wcight of foumlation and ··~l;,!;lltf' 

~.c.,= codTir·icnt:> of da::.tie ¡..Jw:.r. e la-ti<: nonuniform comprcssion 
A. = foundation an·a in <·ontal't \',llh '-oil 
l = momf'nt of inf'rt.ia of found:d 10n area in <·ontact with soil, 

with r<'s¡w<·t to axi:-; pac..-inl!; tlllo11gh its !'{'ntroid ami per
pendicular to pl:.lnc of vibra! i(JII!-> 

!Yfm = momcnt of inNtia of ma>.:-. of foundation and engine with 
r('spcct to axis pa'i~iug throu~h <·ctlff'r of mu,.s 

- L = distanee bct.\rCf'll <'<'lltf'r of ma>.ii and foundat.ion base 
S9lutions of Eq. (V-8-1) ~>hould Hatisfy thc initiul conditions; whcn 

t =,o, 
í x=cp=O :i; = Xo 

whcrc xo and .Po are rcspcctively thc initial velocitics of forward motion in 
thc horizontal dircction aml of rotition around a horizontal axis par:,sing 
through t!w C<'[Ü{'r of mar--~ of thc f,yf>tf'nL Thf'y are cstabli,hcd from Eqs. 
(\'-2-li) nnd (V-2-7). 

Solution~ of Eq. (V-8-l) \vhí~h corTc>.por.t! to thcsc initial couditions 
are as follo\\'f>: 

(V-8-2) 
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whcrc f.~ = frN¡ucncy r.; rt:li .¡¡,d vil.ratior,o, i:. s!.c.-:~, uccom;-<w: , 
sliJing of iour.dat 1011 

f,.¡, ! .. 2 = frequcneics of founJation detcrmincd from solution of I 
(IIl-·1-8) 

io. = initial velocity of centroid of foundation arca in contt 
with soil 

___ Xoc = __ io :- L'{' 

From thcsc ~olutions for x and ¡p it is po,.róil,Jc to find thc dyaan 
stresscs which dcvclop in thc lm<,c of a foundation ns a rcsult of 
irnpact. Dynumic r-omprcs:>ivc Htrcs::, ncar the cdgc of tite foundati 
contact arca will oc 

u.,. = -c,iJ<{J (V-S· 

whcrc 2b is thc kngth of thc fo11ndati(Jn <·outar·L arca. 

V-9. Foundations (Bases) for Drop Hammers lo Break Scrop lron 

a. Localwn of lhnp f!r1111111r:r 1/'ilhtll llu: ,','f,.,.¡l/'(¡rl.s. Spt•<·Ja\ dn 
hamnt<'l':> :11 <' in¡..(:¡ llc·d at 1!1!'1 alltll'~ic·:d '' o1 k" for ¡,, •·ak 111¡.!; up :-.<T.tp , 1, 

pip, ami largt~ l·locb. Tlw...,e halillllCJ;-, ;¡1(; di-,tingui-ltl'd oy tlt,• gil' 

kindit: {'ll('l'gy of 1am impad n·quin·d ¡,, J,rl'ak tht• :-,cT,l(l \\"hll·· 
double-aeting !>-ton fol'ge hanHtH·rs thr~ kinr·t ir· l'IWI :;y :lt t ht• IWlll\<'lJ t 

impact against t.lH• forgl·J pie<:c dof':-; not n .. cro<'u lO to 12 ton;; X n., 
modPr·n pOI\Prful dmp hammf'I'S ll:-cd in ::.<'l'ap yanb tlw kinf'tic C!H'cgy 

thc dropping ram al !:till!', 1 .",O ton'> X m. Tlwn·fon· t Jlt'.,t' hammf'l, 1n: 
OC't'Offi<' a p011 Prful ;..ourC"e uf Pla:o.t ic w:n c.-. :-.pn·ading 1 hrough i,t'Í:, Hllll 

tim{•¡, they may al:-o ha1·c a ltarmful illfiii<'IH'<• 011 1 at iou ... tPl'llllOln:::<" 

proccs~{'S. 

llt>t'Ul!Re of tl1is, !'('rapy:nJ._ 11 ith drop hamrner:-: ¡..JHJnlcl hP lrwat,•d , 
far as po:,;:-.ible from otlll'r ~lnwtmt·s. It will he ¡:h01m in Chap. \ ¡: 
that tite f,ropagatÍOll Of \\a\T"> IJ11ot1gh :-.oiJ Ís gn·atJy a!Tr•l'(,.l¡ h_\ ''· 
propNt.ics; thcrdor<' thc minimurn pnmi._.,j¡,Je t!J..,tanc·l· from a c..hup 1 :: 

drop humllH'I'S will (!f'pronr! 011 :--oil tolldÍ(IOIIS. [n atJdj(IOI\
1 

it !~ é'i<': 

that tlw grcat('r lhl' kinC'lir: <'ll<'rgy oi thP hnmmer, tlw ~~t'~t!<'r th,• c;;,·t~ 
of thf' \la\·<'~. propag;alf'd !hi'OII~h :--oll, and t'Oih!'qtwntl):. ••th1'l <·ond¡! :1): 

bdng cqu:d, thf' fa1gr·r bhP1dd he tlw \":tlll!'b of mininluJn permí~-d. 
d.i:-:tn.IH'<'S i>C"L\I{'<'Il tbc drop h.unmror and othc r -,t.nwturl'.~. 

Thc lor·:ti!Oil of a :-.c·rapyard \\Íth drnp h:cmnwr~ al-~ rkpr·nlh o:.¡\ 
charaet<•r of kl'hno!ogic·al op<'ratiott;, in f'(·r~am stt udu¡e.., ~uld on ti 
vi!Jratiou amplitud¡•s whieh ·are pcrmi:-silJ!c m,..,conn~~rtior1 w:th LL·c' 
opcrntions. It is clcu.r thn.t thc distancc bctwccn a scrapyard \1.ith dro, 
hammcrs and a warchousc can be mu<'h smallcr than th:Jt bctwccn 
bCrapyard :~.nd 'l 1:-._lmratory "·!tb prcl::oi.,~. !;;,trt::l:_·,¡ts or:::. ;ho;: .. , -
prcc:::;ion mn.Lh! · .. ~,, are o:,(:~ t ::¡;. 

- -~~ -- ------ ------------------
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Grth'r:dly it is not po._-,¡¡,¡r lo c·~l:tl•li-,h hy mca11:-o c.f ¡·omput~til.ns thc 
d<'Jll'IHlcnec of thc mínimum ~afe di--1 :ulc·c: from a ~r'l'apyurJ "ith drop 
hamnwrs on thc threc fac:tors indieatl'd alHl\'1:. Ineach c·a~c· Lhis probkm 
~hould be sol ved on thc basis of t he following data: ( 1) rcf;ults of expPri
mental invrstigations of wan• propagation at thc· c·onstruetion site under 
~tutly; (2) \'alucs of pcrmis:-,il,le vibration amplitut!C's for local tech
nologieal processC's; (3) data on construetion c:haraetC'l'istics of strueturcs. 

-Tablc- V.;.S givcs data on tentativo vah1Ni of minimum distances 
depending on power of drop hammcrs and :,oil conditious. 

-:: TASI:j; -V-8. D'\T-_~ o.:-~ l\liNI\I(jM DisT.\NCF." nt;Twt.~;~_::l>um•-up.:~tM~RJNs'I'At.LAT!o:-:o; 

U:,Eo TO BREAK Ur· ScnAI' Irw-.; ,.:-.;¡¡ (hut:n R'l'ltUCTURE~ 

:\I inimum t!i-.t.:mccs to thc drop hamrncr~, 

S01l conditions 
m, for ram wcights of: 

Up to 3 tons 3-7 tons Over i tons 

Pla"tic e !ay~. r:lays \\ ith 1<omc sane! nml 
sdt, m01~t oands .. 30 50 Ovcr 70 

Sa.nJ~. cln) ~. eh) s "1th sorne sand :Lnd 
s1lt Lelo" grountl-\\ a ter lc\•cl .. 30 50 Ovcr 70 

Swamp ~oll~ .. !iO 80 Ovcr 100 

Dry ,snn<l) soil~. hart! dnys, clays \\ lth 
sanrl anrl s1lt, lot''lS, lot'~~ral so1ls 30 40 Over GO 

Rocks .. 20 30 Over 50 

o. Dcsign of Crushing Platforms wulcr Drop ll ammcrs. Up to th~ 
prcscnt. time, ba;,es undl'r <"ru:,hing platforms havc bcC'n dcsignet! accord~ 
ing to m<'thod.;; whic·h han~ mliC'h in <·ornmoll with methods of design m,ld 
computation of íorgc-hamnwr foundations. IIowcvcr, thc cncrgy of 
the dropping pnrt (ram) of a eru-;hin;; drop hammer is many times grcater 
than thc C'nNgy of cxtrPnwly pcn\'\·rful forg(' h:unmet·s; thcrcforC' if forgc
hammrr foundation requircnwnt-; are appli"d to fountlaLions for crushing 
pbtforms, thc lattPr turn out to be extn·m<'ly hcavy blocks sometimos 
wcighing more than a thou"anrl tor1s. 

Figure V -:ZO shows a mao.;:o:i ve founJation dr>'ignrd for a brf'aking 
hnmmrr wil h a lO-ton ram \\'C'ight ami a drop h('ight of 30 m. Thc 
foundation for tlw rru>'hing pl:tfform \\a~ dc·"i¡!;rH'cl similarly to founda
tions and all\-ils undPr forg1~ hamnwr~; thc only cliffcrenec is that sand 
and cru-,hed rock \\'ere U'-><'d a-; a pad undc:r thc metal anvil instead of the 
oak timbcr girdcr:, gencrally u"ct! in harnmcr foundations. To reduce the 
cost of construction, thc lü.wer, part. was mndc <?_f cydopca,q co_ncr:_etC?; .. , _ 

- thc up¡wr p:1rt is of heavily rcinfon:cJ conérete typc 130. t The total - . o l\' l ',, ( ;::,~~...~,. :....,0tn(1 • / ... - -e, p . ,\..,. o 

FOUNDATiOr<S füf\ MA(HirhS f ?.0JUC1NG !I,'._PAC r LOAD~ 13' 

Wf'tght of thc whol¡! stnJ, tu¡¡· n :t··l.r, 'J()() Lr1u.,, t);r- t!,·¡•lil <¡f tlll; fo,¡·.cl~c

tion 9 m, thc foundation rtt<'a i11 c·ol'tar;L \\itla ::-oil S.i m~. 
Tcchnically n.nd cconomically, ~u eh ma:,sive foundat ions carmot be 

considcred ru.tional. The mm veloc:ity of the harnmL·r just dcseribed nt 
thc momcnt of impact is 24.2 mj:-Pe, a,nd thc kinctie energy is 29.3 
ton X m. If onc considNs that the impac:t or:eurs not against tlw ~nap 
lying on the a.nvil, but dircctly again"t th,c anvil, so tha.t th<' coefficiC'1d 
of impa.ct veloeity rcstit.ution is of rhe onkr (-,f 0.5, thcn t.hC' foumlatior; 
should undcrgo vibrations uf :w arnplitude within thr rangc 5 to 15 mm, 

F10. V-20. A hcavy founrl:\tton for a ~c·rap-< rushing hammPr in&tnllallOn 

dcpending on soil conditions. For a ~oil with a codTlcicnt of cbstic 
uniform comprcs~ion C'CJ.Ualing 5 kgírm 3, thf' nmplitudc· of founcbtion 
vibmtions will be 7.5 mn-.., and thc clyn:.Hni:· prP'-Sttrí' on ~oil wili he of the 
order of 4 kg/em 2

• The impact of a ram \\P~ghing sCYC'ral tons dropping 
from a hright of 20 to 3() m will inrltH'<' largP strcs;;;cs in t.hc anvil ann 
foundation. ThrrcforP the fount!ntion undC'r thr an\·il "hould he made of 
conerr(P of hrtLcr qualtty and shoulcl hr thormtghly rcinforl'ctl. In ~pttc 
of this, <':l~t·s havc bren tt•r·ordrd in whi1·h th<: anvil and the pnrtion of thc 
fonndation unclcr the anvil wrn• tk'>l royed in thC' o¡wr.ttion of clrop 
hammers hrcn.king 11p '-'Tap 

Founclat.ions for ~·ru~hing platforms can also be dP;..ignC'd as hollow 
cylinclcrs madC' oi rcinforccd conrrcte and ftiled wilh sancranJ small scrap. 
Figure V-21 shows a sketch of thi'i typc 'of bn.sc. In arder to increase 
the efficiency of thc wholc installation, the largest possible degrec "OÍ 

compaction shoulc! be ach¡,,.,l',! in fil!in; 11p t.he cylinrlrnSand may b•: 
USld fu:· fl!!:ag; (~0n1p~r .10;1 ·~:lll !) 1_' ;'t'l'(,:'"liil~ -hC'd by:-:.:,~-.- ... of \·.tn·.~.o.~~ 
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a¡'plird to succrssive byers, r~eh hyrr ahout O,:-, rn t.hick. The sand is 
covcred by a !ayer of brokt>n :serap toa thi .. ktll''>" of 1.5 to 2m and mix~'u 
with thc sand which has bren suhjc·deu to vibr:.llion. To protcct 
against flying chips, joists are susprntkd on hingc·s from a metalliC' ring 
installcd above the cylimlcr and are t.ied to cn.eh othcr by a rope. 

If thc wall:; of thc cylinder are suffieienLiy high, t.IH'y may scrccn wavcs 
propagated insidc of tht> c·ylindcr and thus may prc'\'c'nt thc propagation 

---2172 =9000-----PI 

FIG. V-21. oe~•gn or rounclatíon for hamml'r to hrl'ak up pig-iron scrap. 

of wavcs in thc soil bcyond it. Thcrcforc a cylindriC'a) foundation may 
be f'spcdally useful if thc soils are dn.ngcrous in regard to t.hc sprPn.ding of 
vibrations and scttlcmcnt undN thc action of vihrn.tory loads. 

Thc larger the dcpth of thc c-yliw1cr, thr· brgPr it.s f'!Tt>ct on tlH' screen
ing of wavcs. Thc frcquen1:y of wavcs indwt>d by t.hc ram impact is 
sm::dlcr in loo:-c ¡,oils than in df'll~l' fioils; thcn·forf', ot.her condition-; bPing 
equal, cylindl'f d<'pth sl:ould lw l:ug•·r in )hlor ..;p¡¡._ than in st.rong :-;oils. 
\VavC's prop:1gat<'J in ;.,oil undr•r 1111' ud ion of :m imp:wt may lw dao;:-;ificd 
r~.s of higb frpq uc·ur·y, !',¡ nee llw 1111 rn L1· r of :-.u eh \\a \'f'S is of t lw lll'dl'!' of 
1,000 min- 1 ami morC'. A.., wc· ~.h:dl :-.e·<· 111 (!flap Vi Ir, t.lH~ dunt>u-;ion:'i of 
a ¡,en·c•ning t!Pvicc :,hould b0 c,('k<'IJ d ac·c·ordin~ lo the frcc¡uPncy of thC' 
propagating \\:.l. Ves. For wav,•:;, o[ l ,000 ~'Y<"k:c./mill and more, thC' dcpth 
oí thc sercen in soils of :-rlCdium strcHgth should not be lcss th~.n 5 to G m. 

'Thcrc is no known accurr...tc strc~s analy:,h; of ::1. hollow cylinc.lcr, fil!cd 
with a m::" r!~.l who;,c; ;,trr·ngth r,rop•·riÍPS are oth<'r thnn !ts own, suh
jo:octcd te,;; .. l.· ~i·m c.i t;l,.<,Lic \',..', -_,.., i ,,,¡,: ~:·kd i::-:idc; of t\¡c <:J!Ílo.lcr. 
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Thcrcfore tl10 ~l.rf'~S ar~aly:,i:, of tlw C'ylitul1·r is IICC'(':-:,:u dy ¡¡ 111 ited ¡,y a 

very rough appru.xlmatloll o~ the n·al JislriLut io 11 of ¡,tn·,.."c·:-, in ¡¡, \\ alls. 
Let ~s d_:-tcrmllle approximatf'ly tlu· arnplituJc oí \'ibrations of thc 

:~ ;:h1ch 1s dropped ou the brokC'n scrap; thc ec¡uatiou of its \·ibratious 

z + 2ci + J •• ~z = O ~. (V-9-1) 

where e = dampiug constant; its vahw ~ for thc c·a:-.e undC'r consiJcration 
may be approximatcly takcn to ('t¡ual 0.5 to 0.7 ¡ .• 

,;/ •• = frcquency of natural vertical vibrations of ram, cqualing 

fn• = ~u1_(! w 

Ca = ~Of'ffieif'n~ of eJastie UIIÍforrn C'OillJll Ci-."ÍOII of hal:>C sui.Jjcc,eJ to 
lmpacts; lis vuluP may be approximat1•ly taken to l>t' of thc 
order of 3 to !'i X 103 kg/ cm 3 

A = bu-;f' arca of ram 
W = \wight of ram 

Aftf'r ir_np:u~.t., for a ef'rtain tinw (cqual to onc-iourth thC' pNiod of its 
natural VI~mlt.wn¡,) thc ram wi!l be ¡m•:-,,,cJ in to the sera p. Its vcloei ty 
at thc bcgmning of impact will he 

whcrc h is drop hcight. 
V= V2glt 

Lct us takc as the start of rPadingfi thf' infif.ant at whid1 the ram tom hes 
th~ scrap. ~he solution of Eq. (V-!l-1} fo1· tlw time O < t < T/-'t. (whcr..: 
T 18 the pcrwd of. natura.! vibrat.ionfi of thc ram 011 thc scrap) will be 

z = A. !'in J., 1t (V-9-3) 

where A. is the maximum pt'Jwtration of t lw ram into tlw sc~rap. 

(V-9-4) 
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If A. is thc amplitudc of the ~ource a;·ti11g on thc> surfacc in an arca 
of radius Ro, then the amplitude A, of soil ata di::;tance r from thc sourcc 
may be approximately taken as 

Ro A,.= A.
r (V-9-5) 

The amplitudc of the wave componcnt pcrpcndicuÍa.r to thc cylinder 
wall is 

::- {V-9-6).: 

where R2 = insidc radius of hollow cyli11der 
~ = dcpth of rlcmcnt of cyliuder wall umlN considcration 

Using Eqs. (V-9-4) and (V-9-.'>) and substituting VR2
2 + ~2 for r, 

we obtain 

(V-9-7) 

Whcn computing A wc nrglPcfPd th<' ah~orpt ion of vibrations by the 
mass in~idc of thc cylinder. BPl"idPs, it \\as as~unwd that all th<' impact 
cnPrgy is consumcd only by thc formal ion of Plastic wavcs. As a mattcr 
of faPt, a considerable part of the cnergy is spPnt in hrPaking up t.he 
iron blocks and on vibrations of the cylllluc>r, togcthPr with the mass it 
éontains, acting · as a sol id body on un e las tic base. Thercforc the 
assumption is possible that the values of A <'stu.blishcd by Eq. (V-9-7) 
are largcr than actual. HowPver, taking into account thu.t the dynamic 
wave propagating in the ma~s contained by thc cylinJer exerts a dynamic 
prcssure on thP. cylindcr wulls, it is pos~iblc, in static computations of 
strength, to cvaluate strP~~roc:; with sufficient ae<:uracy hy using the ampli
tudes cstahli~hed from T:q. (\'-!J-7). 

It follows from th<' condition ::;tipulating continuous contact betwecn 
the m o.:=;:, inclmkJ in thf· r:ylitHlc r and thr: cylindf'r \\ alls that thf' ampli
tudes A eomputC"d for thr> "rJd may be takt·n as ~quali11g thc amplitudes 
of cfa<:tic C':-..p::tnsion of thr· f'_ylindN wall~. RtrP~~cs in the ma!Nial of 
thc eylindC"r ~hotdd he r"·l:.L!t-hPd frnm tlw~r· amplitudes. 

Thc f'lastir: impact \1 a·. r i~ not propaga! t·d in~!antanl'ously in thc ma::;s 
insidc thc cylinclcr, but 1', ith a ePrtaiu f111itc vclocity of thc> ordcr of 
2,000 to 2,500 m/scc. r¡;,t, it exerts a prt·ssure on th(• elemf'nts of thc 
wall situatcd nt the leve! of thP. impact. As thc wave tmvels in a down
\\ard diru.:tion, it cxcrts a p:-r:~<ure on thc lo\\er clcmcnts of thc f'ylindcr. 
Cc,:'"·,cq~¡.:;;t,y, t::1dcr tfJ; ':..'.~:,,;-,· c.f tl11: wovin~ l".,lVC, thc cyllllder is 

st.Ljc, el.·! t•J ''Gn.l:~ifvrm V• ,,,;;,; .:lo11~; its h~i¡;ht 11hich l'l':SJ!ts in a. 

. -1 

o 

FOUNOATIONS FQ l M ·,(HINES PRODUCI~IG IM!'ACT LC t.DS 

bendi•,g of thc eylimler 11 :di~ a. c-:1011 ¡, by the {la~!.1:d fine :n Fi" \'_o)' 
It is vcry difficult to takc into ar:cou11t strf'>"~rs which Jevelor~ in ;h~ 
cylinder walls as a rPsult of t!tis beuding, but it is neccssary to pro\'ide 
longitudinal rf'ÍltforrPment along tlw i11ner nnd outer faces of the eylinder 
(for example, l'l)(.l!-: of 1 li mm dianwtc·r ~par.Pd ('\'!'IY 0.30 to 0.40 m}. 

Fm. V-22. Estunation of ~tri'~~!'~ 111 cviJndn, .o! 11 ""'uf foumlation in Fi¡:;. V-21. 

For computation of radial and tangPntial ~1 rr:"->f'S in the cylindf'r walls, 
formulas for thick-walled cylindcrs may he u&cd. t For radial sfre:,sf's: 

(/'. = 1 - -.1. q . R22 ( R 2) 
R,2- R22 p2 1 

1 
For tangential stresscs: f 

R1
2
)

1 

+ -... - q 
p· 

(J'~ = 

where R, is thc outsidc radius oí thc eylindcr and 

R2 < p < R1 

(V-9-8) 

(V-9-9) 

The mngnitudc of intc1ual prf's:>urc aeting on a cylinder ring ata depth 
~ below the leve! of impact is dctcrminrcl by thc formula . 

-: 
. (V -9-10) 

where "and E are ~he P~isson ratio and the modulus of elasticity. 

t Cf., fo~ e'nmplc, S P. Tirno,]H .. nko nn<i J :-,; Lc%1'15, Applzrrl E'•'CI!J ''."c~t
mp;hou·-.c Tc"l.nJcal :Xight Rchon! l'ri'Sn, r:u,.t Pttt~IJ1.~gl, Pa., ICI:') tTrunJ •.. ·d:' 
Cenn·t:t an1l l~ubt:oln.u.) 
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E:rample Dynamrc rompulut.ons for a rylrnrfncrJl f,ase undcr a rrusl1ing plalform 

1. GI\'E" DATA. A scrap ha.mmcr has tlre fr,llowing dimensions: 
\\'eight of rn'm brc:.tking up scrap: 

Arca of the ram ba~c· 

Reduccd rauius of ram base arca:_ 

Radii of thc cylindcr: interna!: 

et-ternal: 
2. Asst.:MED DATA 

W.., 5 tons 

A = 1 ru 1 

Ro= o;;Gm 

R, = 4.fi m 
R, ..: 4;8"'in 

Coefficient of clastic uniform cornpression of bf'rap: 

c. ;= 3 X 101 kg/cm• = a X 10' tons/m1 

Modulus oC clasticity of concrete: 

E = 3 X 101 tons/m' 

The Poisson ratro for concrttr:. 

• = o J;j 

Damping co~¡,tant for nLraur.ns of lhe rarn cm ~rrnp: 

e.,. O.if., 

3. CALCULATIONs. We determine thc frcr¡uency of natural vibrations of the ram: 

1 
~3 X 10' X 1 X U.fil _ 2 4 , X 10, _1 ··= 5 - ... see . 

From Eq. (V-9-2) we determine thc vclor:ily nf ram mot.ion at thc instant o{ impaet 
against scrap: 

Vo ... 2 X 9.81 X 15 = 17.1 m/sec 

From Eq (V-9-7) 11c find thc a.mplitudc nf thr: normal component of displacement 
caused by thr wn\·e propa~atmg in scrap as a rc,ult of imp:tctr .Thc computation is 
performcd for thP hi.c;Jrcbt strcs>ed upper zonc of !he C;yil~tdcr, i.e., whcrc E = O. 

11.1 o .. '5G ( 0.1 ... ) " 2 ... 10_, 0 2,.. A ... ------ --·f'Xj'l - -- =u . ., X = . "mm 
2.41 X 10' ·L5 2 

From Eq. (V-!l-10) we !ind the vrtluc of dyn:•m•~ prcs~urc of thc wave on the uppcr 
zonc of thc cylmdcr. 

-3 X 10" X 0.2J X w-• 
q = 4.S<·ü->Ti-:Pút4.8T::-:t~•¡ +o::~ 

-1;!!) tons/m 2 = - L3 kg/cm 2 

Assuming in Eq. (V-!l-9) the,t., "" Rz, wc find thc l:flUXimum vu.luc of the tan¡;cntial 
atre:¡scs in thc cylinder wall: 

17 ·~ !.,;¡,;. •!1!1' 

--------------------

o (J 

.\u :L.!crpall· Tt'lflforLL'dl ·ut llhoul•! (,, "J .~.dkd '" r• ""t Ll,r or· r· :·'llc l'tn "':~ 
Smce tloc lallcr tlcnt•a¡,c alou~ tloc tll'plh of lhl• C} lirrrlc·r, lllf• hmer ~•·ru·:~ ruuRt be 
rcinforccd lc~s intcnsivcly tiran the 11 Pllf'!" wru·s. From cour pul al ions pcrformcd on 
tbc basJS of thc above formula~, Ít ÍS C:L")' tn ~<'C that in a cylmuPr hn\ tri~, for C\nm
plc, a dl'pth of 5 n., thc lo11er zoue 1\111 lt~• un<lcr IIIC' ac·t1on or tcns1lc ~tre>sL·s which 
are :tppro\IIII:LIL·Iy LILO tim<·:, ,,ma)ler thau lho'-1' :11'1111~ ou thc uppl'r zolll'. 

/Lorge irón pigs or Mortin blocks 

.., 

..1.----~"'lr=-;~=~~~~:--:-:--;~ ___ _t 
FIG. V.23. Crushing plntform on good soil at a con>-Hlr•ml•lc· di~tanre fruru btul<ling 

Ir soils are relati~·cly stronj!; and no bu1ldin.c;s or .shops '' 1t.h t<'rhnolo~rr:ll prncl '"'" 
which muy be nfiec:tcd by viumtion~ are loeatr·rl ncarby, tlu• has!' oí thr• c·r,;,h: .. ;; 
platform way be mude "w1thout a foundatwn" It way be forrru·rl by iron blúd .. s 
and scrap placcd dircctly on soil or on a !ayer of a.compnctcd sand, a!l sho"n m 
Fig. V-23. 

---~-----~-
-~~---~ 
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Ri::!ll'MEN 

Se propone un método racional para el d1seño 
de cimentac1ones de máqumas de ba¡a veloci
dad de operac1ón. El método propuesto se baso en 
el e5tudio del comportamiento dmám1co de un 
111odelo matemático de un grado de l1bertad omor
'tlquado linealmente. Se detallan proced1m1entos 
pÓra determinar los parámetros del modelo me
diante pruebas de campo y de laooratono y se dan 
los lineamientos para determmar las sohcitac1ones 
,que actú:m sobre el modelo. Fmalmente se pre
senta un ejemplo de aplicaCIÓn del método pro
puesto. 

l. INTRODUCCION 

1 l. ANTECEDENTES 

: El d1seño de c1mentac1ones de maqumana pesada 
de cualquier tipo es un problema sumamente com
ple¡o. Aun en los paises más mdustrtall:ados •:e 
acostumbra d1señar estas cimentaciOnes por medFJ 
de recetas más o menos empincas desarrolladas 
lo(almente y. por tanto. aplicables solamente a ia~ 
características de la maqunrana y del suelo para 
las que fueron deduCidas. )• 

'/ 
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para Cimentac~ones de 

fv'laqu~nada 

José A. NIETO y Daniel RESENDIZ 

SYNOPSIS 

A rat1onal method for the design Óf foundat1ons 
ot low-speed machmes 1s presented. The proposed 
method IS oase:J On th_e study of the dynam1c be
hOVIOr of a smgle-degree of dreedom,lmearly damp· 
ed mathemat.cal model. Procedures for determm
ing the parameters of the model ore detoded These 
mclud? f1eld ond laborotory tests Gu,cJelmes for 
determmmg the d1sturbances actmg on the model 
ore given Fmally, an example of appl1cat1on of the 

method 1s worked out. 

Está por'demás dec1rque estas receta<; (del t1po: 
tantos metros cúbtcos de cor.creto para c,Jda h.tlo
watt de potenct=J de la mcJqwna) además de antl
econónHcas pueden lleYar v han lle,·ado a fracasos 
lamentables En el 1 nsntuto de lnqen1eria se han 
efectuado con antenondad estud1os b1bhográl!cos 
amplios relaCionados con dmám1ca de ios suelos· y 
con normas ·para CimentaCiones de maqumana:- sm 
embaq:¡o estos estudi·JS no son directamente aph
cables al estableCimiento de cwenos de d1seño. 

La complepdad del problema que nos ocupa se 
debe a tres factores fundamentales· 

a) Se desconocen las perturbaciOn~s a que -,a 
a estar sujeto el Sistema Cimentación-suelo. 
Aunq)Je los fabncantes de maqumana sun11-
:11Stran datos referentes a fuer:as ' momen
tos de desbalanceo en sus mauuméls. est·JS 
datos son puramente anililtJcos En ia pracu
ca los valores reales de esas tuer:as v 
momentos de desbalanceo son mucho más 
ele,·a'dos deb1do a e\.ccntnCiciddes acCidenta
les y a ia ImpreciSIÓn pr::>p1a del acabado de 
los elementos de la máquma ~o es raro 
encontrar momentos de desbalilnceo •en com-
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presoras' de g¡¡s que se< n de 1 O a JO 'eces 
mayores que los teóricos ·' 

b) Se de~c~nocen l.1s c¿ual'ten~tiCil~ d111;1micas 
y de amort•guanucnlo de lo-; !>litio~ ;\t•n < on 
la hipÓteSIS simphflléliOrld de COili¡JOIIdllllell
to lmcalmcnte cli1st1ro del ~.uelo ha-,ra dc
ternunado 111\ el de esfua:o~. t¡ucda Id 
incertidumbre del módulo de cl;¡qu:•do~J y 
la rclac1ón de Po1sson apli<..ablc:. en <..onch
Ciones dmilllltí..as ' S1 a esto se aiiil<kn los 
efectos de d1spús1ón de encrg1a ' br,l!orw 
y amortiguamiento mtcrno del suelo e! pro
blema se complica atlll mas. 

e) Hasta fecha renente no se ten',¡ ¡¡;¡;¡ solu
CIÓn analítica del pr·"Jbl.:m.J de '¡j)¡,•c(•n de 
un bloque ri~11do de hase reuan~lul.1r de~
plantado en la ~uperf1ctc de un ~e!lll,~!-p.lno 
elástiCO. La soluoón analit1ca a este prohl.::
ma·· da fundamento a la formulanon de un 
modelo matemátiCO simple. seme¡,mtc ,ti pro
puesto para el caso de bases Circulare~:· que 
permite anal1zar·la Cimentación de maquma
ria pesada utilizando prmCiplo~ elementales 
de dinámica. 

En nuestro mcd1o no ha dejado de ut1h:ar-;e l0 
que podríamos llamar mctodo e$t,ítico de d1seño 
de CimentaciOnes para maqumaria. consistente t>n 
incrementar el' peso prop1o de la máqtuna con un 
factor de 1mpacto. y d'1señar la cuncntación su;eta 
únicamente a la c:1rga estat1ca mcrernent.1cb. S111 
embargo. aunque de esta manera se logre un d•~eño 
que cumpla las c·:md!Clones de capandad de cnrSJ~ 
y asentélmlentos perm1s1ble~. no es d1f1cd lmaSJilhl: 
la posibilidad de que la frecuenCia de v1bruc•on 
correspond1en,te a la velcCldad de operanon de la 
máquma o alguna de sus componentes <~rmón1cas 
coincida con la frecuencw fundamental de \ •hn
ción del s1stema suelo-cimentaCión produuéndme 
un fenómeno de resonanCia en que las arnphtudcs 
de vibraCión resultante pueden ser mtolerc~bles 
También se ppede Visualizar el ca"o de que la ,.,_ 
bración mduc;1da por, la máquma produ:ca m·Jdlfl
caciones madmis1bles en el suelo sobre el que 
descansa la cuncntaCión. tales como denolfiC.JCión 
de arenas sueltas o remoldeo de aruil<~~ ~·~n~lll\as 
Estas ra:ones. entre otras. resaltan la necestdad 
de recurnr a un método de d1seño de cunentac¡r.n~~ 
de maqumana que tome en cuenta la nc1ruraie:a 
eminentemente cllllánuca del fenómeno El metodo 
estático podría ut1h:arse entonces cmno un pnm.a 
tanteo. 7 

: , 

Los cnterios diná1~1cos que c;e ut1li:an en la ac
tualidad para el d1seño de Clmcntanones de m,l
qumana pueden clas1f1carse en dos Hr~ndes qrupos 
depend1endo de que cons1deren al suelo <..omo una 
cama de resortes lmealmente el,\stlcos v ~~~~ ma~a o 
como un me'd10 elástiCO. homoqéneo. 1sótropo v 
seminfmlto. E:n reahdc~d nmguna de lt!~ do~ idea
lizaciones del suelo es nguro~amente correcta. Al 
considerar al.suelo CQmo una cama de resortes. se 
estarán despreCiando, fenómenos muv unpon,mtes. 
entre ellos la, d1~perMón de energia en el terreno 

1 
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y Ja rropii~FIUÓn d;:_ JOda~ en ~U .•ll¡'•í:'ri·C!t: í'C'~O ~,· 
t1ene la \C'lt;~¡,l ele que unil \e: dctcrrnmzicb, l(• 
pdrclmctro" del suelo rdcah:adn e! .ln;·h·;¡< .. (~¡¡:,-r;•r
co del ~IStcma llldlllllnil-Cli:lent;,rHlll-'·l•Cio fC"llit.l 
muy scncdlo Por otra pa1te la rd.:.<li:<'oó,¡ d·:i 
st:elo como un semrc~r,1uo clt~;:·t•co p..:rn1ilC cor.~•
dcrar lo~ fenómenos mcncJona\los" .1nten :Jrmelrte 
pero compl1ca el ant~lisl<; dmf•n11ro i'\Je:n,l~ ~e ~vbc 
que el ~uelo no es perfect.lmcnte clc:~tlro y que. 
CCbldC i1 la C~tratlflcac•Óil en much,l~ OC3510l1CS no 
puede cons1derarse como un mcd1o semmf.¡¡¡;o 

1.2 OBJETO Y ALC/\NCE. 

El objeti\O prmC!pal de este tJ<lb:¡.¡ C" prc-;.:nt.:tr 
los re~ultados de u:1a 1m r~tl~}tctón rcal1:ada por 
el lnst·tuto de lnc¡cmcr~a ele la lli\Al\,1 ba¡o el 
pat!OCilllO de Petróleos f\·lc\:CilllOS cnc<Jmlnilda .1 

e~tilbleccr )l!leélllliCll(OS de fi1~CilO par,l Cl!llCllt'ICIO· 
nes de compresoras de gas llélltllal Los resultado" 
de esta m\·est1Hc1CIÓII son tamb1&n dpllcdb!es a otu" 
máqumas cuya cunentac.ón con~1:,:¡¡ csen>:k11mente 
en un hhque masi\ o de cnnneto o mampo-terw 
De él,Cuerdo con el com emo cekbr;¡do el ln:,li!Uin 

lle\'Ó a cabo pruebas de laboratono y de CM:q: .. l 
- encammadas a dctcrnunar lo~ \ illoreo.; Jc- los pa;-,•

mctros que 111ternenen en el proh!rrn<• )' C5tlld;;-o r 

con base en los parametros CJtd(bs, el comp.,rt .. -
Imento dm;inuco de cmwnt<K!onec. dt: m, uumas ¡¡¡.;;. 

taladas con amenon .. Ld. E~¡¿,;; ¡_., Lt ¡_,·"'"' Cq~·~_,, 
resultados se dan por separado: rermHJcron e~u
blecer un modelo matemático sm.pi.:: para d d1señn 
de CimentaciOnes su¡ctas il carga~ Jmilnllc.ls El 
modelo matemat1co constltu\ e ent·)nces el mctc,do 
de aphcanón de los cnter10~ de d1~cño 

En este artículo se presentan Wllt~HN'nlc el mo
delo matemático propuesto y ¡,_ rnan.:::-a e'.:: d~ter
mmar los parámetros que mzen JU1~Ctl en él. Lt aph
cación del modelo a casos partlcubre5 se dusua 
mediante f ¡emplos. 

1 2.1 Fc-rmulanón del problcm1 El d1señ·J de :a 
CimentaCión de una maqu111a debe ~Jt1dacer lu.· 
req1:11S1tos generales siguientes· 

a) Los esfuerzos dmánucos 1:1duudos en ia CI

mentaCión por la operac1on de la maqllltl.l 
en combmaCJÓ!1 con los e-,fuer:os debido., a 

, otras fuentes. no deben e-...ceder !os lim;t.:'
permiSibles para el maccr.al ..¡ue consutuvc :.1 
c:mentanón. 

/)) El suelo debe ser capa: de ~OD·"Jrtar la~ fuer
' ;:as per1ódtcc>s que se tra5mlte.l a tra,·es de· :, 

superfxoe di:' contacw o a Lfi'.\ es de rtl<":
en omcnta:10nes plioteadas ~m suínr a:c:.''\· 
tam1entos 1mporr3ntes 

.e) El monmiento de la nmentc,(IC r, : dd ter • .::
no en que desc<1nsa par-3 .:~dk~uter mc'-'0 
de nbraoón v cualquu:~r conrtJI;l<lc!Ón de c.1:
gas y veloc!dad~s d~ opcr<~.:IO!I rro d.-:b.: •.:· 
ob¡etable p.:ua la mác¡uma GliSI:ia 111 para n .. -
qumas. cone\F:mes o e!-trucrur,¡, 'CCilhl;;: -- r 
para ías personas que ~.! encuentren .¿n ;¡,. 
g.ues mmed1<1tos. 
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' 2 2 Vd;ranoncs ob¡ctablcs El \Uerro humuno 
<.umamcntc selló'lhle a rno\ lldlelll"'· ,_ .bri1tl>1111" 

' ·', .~mplltuclc~ de vibrélciOn pcrcernh\cc; por el 
',. 111¡,1 e ~on solo un<~ h,ICCIÓn de ias ¡¡mpl1tmks 
·,:1• llltcrficrcn con li' operéiClOil de nnil m;ll]l!IPI 
,, que son obJctablco:; para Íus e-;trucrurds Cinlc~ " 
¡\•r ,ons¡guicnH: en este tr.1b< JO se c.Jn<sidcr,,r,l 
'i'"' :,~,., 'IbraCII!llC~ que no sc,Jn pcqud!c!.llc~ ,¡ 
c·.tructur<~s o,¡ m,,qu¡nari<I en qper,ICIOII son toler.1-
hi..:s para b!' pcr<onas aun Cll<lnc\o rebasen los 
1·•\cles de perccpCion humana 
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frecuenc•a, 1, lcps) 

FIG. 1 Amplitud pcrnusJblc de v1brac1ón vertícal en [unc•ón 
de la fref:..uencw." 

En la f1g l se cst,ilblecen loe; limnes de amrl1tud 
de desplazamiento vertical ·adm1s1ble. en funuón 
de la frecuenoa. se~ún la ¡¡q;f. lü En la h\1. 2 se 
presentan datos se¡ne1antq;_ para las amphtudcs 
de aceleración y de, veloodad. v se establece u na 
comparación entre normas dt: d1ferentes p<11scs ' 
Estas dos f1guras sen 1riln de base para determn~olf 
SI el d1seño de una cimentao,Pn es aceptable o no 

1 2.3 Método de solt1c ion' propuc sto Como con
~ccuenoa de los estud1os de c<~mpo y labor<Jtono 
efectuados y para sat1sfaccr los requ1s1tos del sub
InCISO 1.2.1, se propone u!} metodo de soluCion 
cons1stente en el análiSIS dmán11co de un modelo 
matemátiCO que se descnbe en detalle en la ~ecc1on 
2. Este modelo se basa en la.cons1deraoón del suc
Io como un mcd1o el~st1co liomo~cneo. 1sótropo y 
semtmf1n1to pero tn.::luyc las \enta,as Inher..:t~cc::: 
a la idealtzac1ón del suelo 'Como una cama de re-
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FtG 2 Amp/.tudcs permiSibles de aceleracwn veloCidad y 
desplazamiento vertiCal en /uncwn de la frecuencia' 

sortes lmeales sin masa. La bondad del modelo 
propuesto. para representar el comportamiento di
námico de cimentaocnes de maqumarta e:-.1stente, 
se pudo comprobar en la 1nterpretac1ón de ias 
Vibraciones reg1stradas en pruebas de campo.' 

1 3 DISEÑO PRELIMINAR 

Para po.der aplicar el modelo matemauco 31 
d1~eño de una omentaCJón su¡eta a soltc!taCiones 
dmdntlcas :es orenso part1r de un a1seño oreltmmar. 
P<Jra el d1seño preliminar puede procedt!rse por 
tanteos. o pueden ut1b:arse las recomenaac:ones del 
fabncante de la máquma. pero en cuaiqlller caso 
deben satisfacerse los requisitos bás1cos de la está
ttc<J relat1vos a momentos de voltéo y los reqUISitoS 
de la mecámca de suelos referentes a la c.:lpac.dad · 
de carg<J en condiCiones estat1cas \' a )os asenta
mientos produc1dos por cargas estat1cas :\ menos 
que se tomen med1cias espeCiales para aumentar ia 
compac1dad. se debe e\ 1tar cimentar maqu1nana en 
suelos granulares cuya compacidad reiauva sea 
mf.enor a 90 por Ciento. 

En general. la c1mentaoón de máqumas reopro
cantes y máqumas rota tonas de ba 1a Hloodad 
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consiste en un blo<{ue m asÍ\ o de concreto que para 
el est11d1o de las :. il\r.1nones puede con~•dcr.use 
Infinitamente rig1do- .Para evHar asentilmtcntos d•
ferenCtales y; nb~c1CIO!l tor~mnal de ¡,, 1. nnentdnon 
hay que procurar que/el centro de gra\·cd;td ~..omun 
de la m.iquina y el ~loquc de ctmcnt<lCión ~e en
cuentre en l.t vcrticill del Cl'lltlotdc del Mcil de con
tacto entre el bloque de ctmcnlilcrón y el "ucln 

El pnnc1pal requtsllo que <kbc salt~f.1cer el dt~e
ño preliminar es que la frrcuenoa natural de vlbra
ctón \'CI tical · del s1stema m.íquma-ctmc•Hac•ón
suelo no coincida con la f rl.'cuenc1a de •Jpcractón 
de la máquina. En rn.iqumas de ba ¡a , doCidad 
(compresoras. generildot e<; dte>.el. etc}. ~e rcco
lnlenda que la frecuenCia n;llural del ~tstcma ma
quina-cimentación-suelo exceda de una a dos veces 
la veloc1dad de operac1ón. La frecuenclél natural de 
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FIG. 3 Frecuencia natu'ral reducida f.,. en función del área 
de cbnfacto de la C1mentac1Jn." 

vibración vertical .del sistema puede dctermmarse 
utilizando los datos de l<t ftg J En esta itqura 1,1 

frecuencia natural.recluctda del SIStema f .. ,. se de
termina en functón del área de contacto de :a 
cimentación para d1ferentes ttpos de suelo.'' De ¡,, 
frecuenci" naturat:reducJda puede obtenerse i.1 fre
cuencia n~tural de; vibración med1antc la ecuauón 

/ror 

f,.-
v'iJ 

( 1.1) 
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donde 

w Peso de /,1 maquma y dL• la curJcnt,,c,on (ton) 

Como no existen gráficas scmqilnte~ par,l las frr
cucnCias naturales correspondientes a oc ros n•od. ,., 
de vtbraoón. en particular para\ ti>tdCtón de cilh•
ceo. se recomtenda ún1camcnte lllllll!lll;:ar el mo
mento de tncrcla de masas dd hioque de Cimen
taCIÓn respecto a los e¡es de s1mema del área dL 
desplante 

La frecuencia natural de \'tbrac1ón ,·erttcal Jc 
una Cimentación apoyada en palotes puede cstlmnr 
se a partir de los datos de la fig. 4 tomada d<- l , 

ref !0. 

.. 
- 4,0 

a 30 ~ 

~ 

o 

! .. 
e .. 
"' u-.. 10 

~ 

5 

• 
3 Acuo 

Concr•lo 
Mod•ro 

' 
i 1 

oll 5 10 15 lO t~O 

LOro')Hud 6tl ~rlolf (m) 

FIG. 4 Frecuencia nafurdl de r'ibrac1ón l't:rl1cal en prlot.:s 
trabajando por punta 5u¡.:tos a una .:M¡¡ a esranca t\· "' 

Una vez desarr0llado un d,~eño pn:hminar se 
puede proceder a afmarlo ullk:andü ei modelo m,l· 
tematico que se presenta a continuación. 

2. MODELO MATE!vtATICO 

2.1 DESCRIPCIO.V Y fl!STIFIC.-\CIO.V 
DEL ~}.ODELO 

El modelo matemático que ~e pwoone para ana· 
lizar el comportanuento dtnánw.:o dci con¡ur.to n:.l

(' 
hGEXIERl.:. 
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'l',ill1ZI-CilllelltaCIÓil-SUelo es \111 Sl~tell!ZI de Ull SJ· ado 
tk i1bcrt.:td amort1guade !mealmc•;:c Cons1stc en 
u11a masa ríg•da constltLncia por el con¡unto mc~qui
¡¡;.-CJmentaCJón y un pnsma \ 1rtual de suelo. cuya 
b.J..,C es Jdént1ca a la de la CJmentdCIÓll. pero cuya 
,tl 1 tJra depende del grado de l1benad con.s1derddo. 
L :1 masa rig1da está soportad,¡ por un elemento 
ík.\1ble, hnealmente elástico. sm peso. La formc1 y 
(nlncación del elemento flex1ble se muestran en la 
fi:J. 5 para cada modo de ·nbracióu considerado. 

! 
1 • 

o 1 Vibroclon verileo! 
1 

b) lúbror.ión harJzon lo 1 

estát1ca de lñ snliCitac•ón aplicada al hinque rir¡tdo 
dc.,pl,llltado en la superfiCie del semtc..,pac•o elás-
tico que repre..,enta al suelo. De esta manera se 
ac;egurc.J que la soluCión e~ correcta cu.1ndo la fre- Q 
cuenc1a de e:,cJtaCJón t1endc a cero En lit con~tante 
clást1ca se Incluye el efecto de la Jel<tc•on Jc Po•s-
S<Jil En la Tabla 1 se pre..,entan lo!-> \,dores ele la 
constante elást•ca del elemento flex1ble del modelo 
matemático correspond1entc a cada ~wdo de \ tbra-
CIÓll. La constante elásttca se representa con la letra 
K y el subíndice v, h o c. scgt'111 se trate de \'Jbra-
Ción vertJCal. honzontal o de cabeceo. re~pectJ\.a
mente. 

En la Tabla l. A denota el ilrea de contacto de 
la base. lo el momento de •nerc•a del área de con
tacto respecto al e¡e de cabeceo. E el módulo de 
elasticidad y v la relación de Po1sson del medio 
sobre el que descansa la base. 

TABLA 1 

CoNSTANTEs ELÁSTicAs PARA BASES 

RECTANGULARES 

Modo de Vibractón Comfan/e clás/tca • 

Vertical 
E 

Ku= k,y;\ 
l --V~ 

Horizontal 
E 

Kh= l-v~ kh~ 

Cabeceo Kh = E kc~ 
1- V¿ y}f o 

e 1 V1broción de. cabeceo 

FIG. 5 Modelos matemáticos propuestos para los tres modos 
de Vibración considerados. 

' " 
Aunque el bloque rígido admtte seis modos de 
VIbración mdependientes. en la ftg 5 se cons1der<m 
Únicamente tres: VIbraciÓn VertiCal. VtbraCtÓn hon
zontaJ y vibración de cabeceo respecto a un e¡e 
centroidal prmCJpal del área de contacto del bloque 
Como constante elásttca dai elemento flextble se 
ut1liza la que sumim'stra la t;~oría de la elastJCJdad. 
<~1 (Onsiderar para cada graao de l1bertad la acción 

¡, 

• Los valor~s de k,. k. y k, se prl'sentan en las Tablas 2, 
J y 4, respectivamente. para algunos Vdlores de la relación 
largo/ancho de la base Estos datos fueron tornados de 
la ref. !2., 

TABLA 2 

VALORES DEL COEFIC:IEl':TE k,. 

Relacion largo/ ancho 

L. O 
~.o 
'3.0 
5.0 

10-0 

k. 

1.08 
¡.¡o 
1.15 
1.24 
1.41 

TABLA 3 

V 

0.1 
0.2 
0.3 
0.4 
0.5 

Juuo DE 1967 
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VALORES DEL COEFIC!El'<TE fio 
Desplazamiento hortwntal en d1rcru6n pari!lela al lado a 

Relación a; o' :' 

0.5 l. O 1.5 20 30 5.0 
. ·-

1.050 1.!50 
o 975 1.050 

1.ow 1.000 1.010 1 020 
0.990 0938 o 9-12 o 9-15 
0.916 0.868 0.864 o 870 o 906 0.950 
o 844 0.792 o 770 o 784 0.806 o 850 
0.77.0 o 704 0.692 o 686 0)00 0.732 

' t¡ 
,. 

r1 

1' 
¡. 

1¡ 

t, 

-------... 

10 o 
1 250 
1.160 
1 040 
o 9·10 
o 940 
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TABLA i 

VALORES DEL COEFICIENTE k, 

Cabeceo rt>spccto al eje paralelo al J,,do largo 

Re/.1ción largo/ Rncho 

1.0 
1.5 
2.0 
3-0 
5.0 

10.0 

1.984 
2.254 
2.510 
2.955 
3.700 
4.981 

La altura del prisma vtrtual de suelo y lil cono;
tante· de amorti~u<uniento para cada grado de 
hbertad se presentnn en la Tabla S. En esta télbla. 
p denota la densidad de masa del suelo . 

• 

Modo de 
urbrnción 

TABLA 5 

PARÁI\IE'MOS DEL MODELO 

Altur,;· del pnsma 1 Constarllc do: am<>r
urrtu,?l de suelo 1 trguamr~~~~1o:a/ 

----------~----~----
Vertical 

Horizontal 

Cabeceo 

h,. = 0.26vfX Cv = 6.iv'K,Ph~ 
hla = O.OSVA CA= i 1.1 y'K~-p;-;¡: 
hc = 0.35y'X Ce= 0.97v'K~r}t-;,_· 

Los valores de los parámt.'tros del modelo pro
puesto son tentativos. Se obtuvteron tHualando la 
frecuencia y amplttud de resonancta del mtsmo con 
las correspondteiltes a un bloque rígtdo desplan
tado en un semiespácto elástiCO. Como no extste 
solución cerrada para el caso de un bloque de base 

. rectangular, se uttlt;;;ilron los resultados obtenidos 
mediante la discreti.:ación mencionada en la ref. 6. 
A parttr de ellos se ,¡daboraron los modelos mate
máticos correspondiente~ a \'lbr.tción Yertlcil]'J y a 
vtbración de cabcCl~~' de bases recriln~ularcs. Los 
estud1o'i con modelos fistros que actu,dmente ~e 
efectúan en ~1 lnstlt~to de lngenteria. pueden con
ducir a valores mejor~dos de estos parametros. 

Se propone este modelo por la factltdad con que • 
se puede analt:ar con él el comportamtciHO de un 
diseño propuesto su¡eto a dtferentes tiPOS de per
turbación. Su cf1cacta se ha Ycrtltc.Jdo ,11 tntrrprc
tar los resultados de pruebas de c.unpo · 

2.2 RESPUESTA DEL MODEI.O ..l 
PERTURBACIONES EXTERNAS 

No se pretende es4ablecer la solución a las ecua
ciones de movmuento de ststernas de un :tr.tdo de 
ltbertad sonletidos a e\Cit'aCJones penod1cas. Se 
presentan úmcament~ los resultados pnnc¡¡1aics. 

El sistema·constttuado por la maqu1n<1 v el bloque 
de cimentao9n r::stá ~u¡eto esencaalmente a l..ts soli
citactones que se mi.J~Stran en la fag. 6. a s.tbcr: 

a) Una fuer.:a vertteal. P: que pasél por el centro 
del área de co~tacto con el sucio. 
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PIG. 6 Solicil,1cioncs que actriiln ~obt<! el sisft'mil máquitt.l-
, ' címcnt¡¡ción. 

b) Una fuerza horizontal. P,. perpendicular a la 
flecha de la máqmna. 

e) Un par M,, contemdo e11 el plano vertical 
que cont1ene la flecha de la maqmna . 

d) Un par lvl1, en un plano vertical perpencitcu
lar a la flecha de la máquina. 

e) Un par lvl :. en el plano homontal. 

La determinación de las magn1tudes y frecuc1·· 
caas de estas soliCitaciOnes se presentan en el inc·~'' 
J.J. Se ha observado· que en las m .. qumas rec.pru
cantes de baJa veloctdad el par Al: v el par A/. ~o¡: 
despreciables. por lo que en el análtsis de la res
puesta de una ctmentanón para e:ote t1po de m.lqua
nas basta cons1derar 111dependu::ntc:nente ios gr;->
dos de ltbertad stgmcntes: 

J. V1bración vertical 
2. Vabrac1ón hon:ontal acool.tda con cab.:····o 

alrededor del eje centr01d.ti pri:1CI::'.J) ( 11 - u, 
del área de contacto de ia b.:~se. ( \ er iag. t> ¡ 

En la mavoria de los prc-blem.:~s de mtcrés p;<k
tico solamente li!s fuer:.:1s y p.ue~ romanos et:'- .1 

frccueneta corresponde a ia \ cloGciaci cic ope:-;;.:¡":: 
de la maquma son sufznenterr.eme unporr<1mcs r .. ~.t 
just1ftcar su empleo en el .:tndÍbzs de la respt·~·:.l 
de una c1mcntac1ón. Sm er::oargo. se rccor.llenc .. 
revisar también los efectos de ios pare~ y fuer:,¡_, 
secundarias, cuva frecucnna es ei doO.le de la de 

1 • ' 
operación. 
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1_ina vez an<Jhzados por se¡;a1éldo e~ws modo~ 
,!l. \ .bración sus efecto<: "e ¡n1uil'n Ctlmblllat f:tui
Jdc'illC como se 1nd!Ca e¡, el ;,un1nciso 2 2 2 

¡ 2.1 Rc:-p~csf¡¡ del modelo a ecrturbacioncs I/1-

,l,l;,·,¡drcnfc5 Ll ampl1tud de \lbi,JCir1n \c'rt•,·.d 
que <;e produc? en el moJclo por !,1 a¡.¡hLJ.CIOll de 
un.1 Cé\! ga vcrt1Céd pe11oJrc.1 P: sen wt c~tá d.1dc1 
por la ecuac1ón 

( 2 1) 

Jonde 

w -\'--~ •- 'fl'f,. +M (2.2) 

y 

(2 3) 

En estas expresiOnes M, denota la masa del prisma 
Jc s:1elo que se cons1dcra \ 1bra \ crt1calmente ¡unto 
<.on la omentac1ón ~u \ alor resulta de multtphcar 
el área de contacto por la altura h, y por la densi
dad de masa del suelo en cuest1ón. 

Cuando en el modelo aclua ún1camente un par 
penódtco M y sen wt contemdo en el plano vert1cal 
xz. la amplitud del desplazamiento angular piOdu
cido está dada por 

en !él que 

y 

., ---
, _ / Kc 

Wc- \jJ; + J 

~e = - c;_c ---= 
' .. - - -2yl K e (/e + /) 

( 2.4} 

( 2.5) 

( 2.6) 

En estas 'expresiones 1 denbta el momento de 
mercia de masa de la omentaoón y la máquina 
respecto al e¡ e de cabeteo ( 1) ~ IJ), e/, el momento 
de inercia de masa del pnsma "'trtual de suelo 
correspondiente a est~· modo tle YlbraCión respecto 
al mtsmo CJe- El moníento d~' merCia de masa de 
este pnsma es 1 Í2 del prodo;cto de la masa del 
mismo por la suma de 4h~r más el cuadrado de ia 
d1mens1ón de la base. perpendicular al eje de 
cabeceo. 

Las amplitudes de los despl¡;¡zamtentos verttcal y 
honzontal en una esquina del bloque de omenta
ción debidos al cabeceo están dados por 

1 . 
A.~= Z e· A~ ( 2.7) 

y 
( 2.8) 

Juuo DE 1967 
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d0ndc e es J,¡ dnncnstón de la ba<;e per¡;endtcular 
<~i e¡c de cabc..:eo. y h la altura del bl0que 

Le~ <~mphtud de\ 1brac1ón honzoqtzt! A-. deb1da 
a una fuerza prnód1ca P, sen toJt se dctcrmm¡¡ mc
¿,;~ntc las ces 2 1. 2 2 y 2 3 v su~t1tuyendo -lós 
111d1ce~ z. v, por x, h, respectJ'I.amentc. 

2 2.2 F rccucncia s natllralcs de t•lbra(lonc s aco
¡d,Hlas hon::ont,dcs IJ de cabeceo Como se md1có 
élllteiiormcntc en máqu111as en operaciOil la \ lbrd
CIÓll hc•rr:omal se encuentra s1empre acopla.:la con 
la \ rhraCión de cabeceo. pue<;to que la tL• er :a hon
zont,ll de desbolanceo no está a¡;hcada al 111\'d 

de la superf1oe de contacto entre suelo v CJmenta
ctón s1no a la altura de la flecha de la máquma. En 
esas condtc1ones la vtbrac1ón acoplada !lene dos 
frecuennas naturales de VIbraCión dadas aprOXI
madamente por 

1 r "+ . /( "+ ')2 4 • ·] : = -- Lw- w- ± w- w- -- yt;J'{¡r W 1, 2 2Y e h \) , h , J, 

1 
( 2.9) 

en la que 

(2.10) 

En la ec 2 1 O 1 r e 7 denotan los momentos de 
InCrCia de rlli!SO. del pr:sma VlttuaJ de suelo y deJ 
conJunto máquma-CJmentactón. respccll\amente, 
respecto al eje paraldo al de cab"ceo que pasa por 
el centro de gravedad del sistema máquma-omen
taoón-suelo. 

El cálculo de los desplazamientos angular y ho
nzontal del bloque de cJh1enlaCión en condiciones 
de acoplamiento es bastante cor.Ipl1cado por lo que 
se r~curre al procedimiento que se mdtca a con
tmuaCión. 

2.2 3 Amplitudes de vibración resultante. Las 
amplitudes ~e desplazamiento \Crt1cal y honzontal 
de una ansta de la cara supenor del bloque de CI

mentaCión paralela al e¡e de cabeceo se pueóen 
obtener con bastante apro:o.Imación medtante el 
proced1mien'to s1guiente: Jj 

a) Desplazamiento verttcal. Calcúlense mdepen
d!entemente las amphtudes de desplazamien
to vert1cal dadas por las ecs. 2.1 y 2 7. La 
ampl1~~d resultante estará dada por: 

( 2.11 ) 

b), Despléljzamiento hori:ontal Una ve:- calcula
das A, y Ah9· se t1ene· 

( 2 12) 

En cualqLier caso, ninguna de las frecuenoas 
natu'rales cafculadas mediante las ecs. 2 2 ó 2.9 
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FIG. 7 Detcrmmacion del módulo de deformación recuperable de un suelo 

deberil 'ser menor que una vez y mt.>dia la frecuencia 
correspondiente a la velocidad de opcrac1ón de la 
máquina. 

3. DETERMINACJON DE LOS PARAME
TROS QUE INTERVIENEN EN EL MO-
DELO ·• 

3.1 PARAMETROS RELACIONADOS CON 
EL SUELO 

3.1.1 Densidad de masa. Se entiende por densi
dad de masa de un suelo. p, el coc1cntr de su peso 
volumétrico en estado natural ( deter mmado por 
cualquiera de los procedimientos usuales), entre 
la aceleración d~ la gravedad Es importante hacer 
notar que la densidad de masa en problemas de 
dinámica de suelos no se debe confund1r con la 
densidad de sólidos del suelo que es siempre mayor. 
En la densidad de masa se toman en cons1derac1ón 
Jos huecos del suelo que pueden contener la fase 
liquida y la fase g:áseosa del m1smo. 

3.1.2 Relación de Poisson. Para la determma- ' 
ción de la relación d'e P01sson. v. existen var1os pro
cedimientos; 4 Para ilos fines de este traba¡o se reco
mienda el siguiente: 

a) Determinar ef módulo de elasticidad. E. como
se inq1ca en el subllletso s1gurcnte. 

b) Realr.¡:ar una 'prueba de compres1on confma
da (bajo condK1oncs de dcformJc1on bra;.~l 
nula) con lo que se Jctermin,J el modulo de 
deformación confn1.1da A/,.= 11:1: E·) dondi! 
0': denota el esfuer;:o vertical v E· l..t ddor
ma,ción unita¡;1a vertical inmedt~ta. 

e) Calcular la relaCión de P01sson mediante la 
expresión 

V = -~~M e E:~ ~ ( M~Mc §) ~ -j- ~~~M~~ 
1 

. , 
( 3.1) 

Si no se díspone de los resultados de una prueba 
de compresión confinada se pueden utli1:ar valores 

,, 
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de la relación de Po1sson comprendidos entre O ~S 
j 0.50 para amllas saturadas y entre 0.30 }' e 3~ 
para arenas. 1 ~b lvf1entras más densa es la atf'J:a. 
mayor su relación de Poisson. 

'3 3.1 Ñlódulos de c/a$tícidad lf ti,qidez. Como se 
ind1ca en la ref. 4. ex1sten por lo menos cuat:-o d··· 
finicioncs aplicables a la dctcrmil1actón de un ::t , 
dula de deformación rel<ICIOnado con la respuc'<l,l 
elást1ca de los suelos .1 cargas rcpet1das. Para /¡:· .. 
de diseño de cimentaciones de ma•¡tmu;ria se oC.th' 
nen buenos resultados ut1i1zando el módu!o ..:e 
deformaCión recuperable Este módulo es la pen
diente E de la cun·a e~ fuerzo axial ( 7:) con!:.t 
deformación axial recuperable (E,,) detcrmmada 
como se ind1ca en la ftg. 7. El módulo E pucd ... 
obtenerse en el laboratono a partir de prueb•1- .. ,. 
compresión triaxial con cilrga ·repetida La ct~l·•1-
mación axtal recuperable resulta de sus! raer .1 la 
deformactón total la deiormaCJón remanentf" ._·:• 
cada ciclo. Se recom1enda ut1l.::ar el \'alor !1!·'': , • 
de E determmado med1ante pruebas tria:..iales ce •:: 
pres1ón confmantc s1milar a la dei suelo in s1tu. e•! 
probetas inalteradas • del matcnal que se encucn!r..1 
desde el mnl de desplante de la CJmemac1ón hJ<la 
una profundidad de una v med1a ,·eces la d1:nc-:
S1ón máxtma de la base En suelos con permc.>blii· 
dad mayor que aproximadamente JO·• cm 1seo csr.1c 
pnuebas deben ser no drenadas con pres1ón ~con u
nante efecti,·a al prmctprar el Incremento oe 
( O"t - ~,) igual a la pre~1ón con ima~te in ~icu. 

1 Sin gran error ~e pueden utrio:.u io~ , .• 11C'~~~ ,~~ 
ia rcl.1c1ón de Pol~5:on rc..:<."~m.:n,J.hii:'~ 1.':1 ci ~t·r , ·. 
so antenor v cakui.tr el nwduk' J~· dd,,rn~ ...... • 
re~uperable a partir del LOÚII.'l.:'JHC ,1.:- .:.'I:n~r.:- , 

elásr1ca un1forme. c.,. dctermm,:¡do mcJia:H~ or: :· 
bas de campo consistentes en c.uqa ,. descarg<~ ,:.· 
p~<1cas ríg1das colocadas al !ll\ ei de dcspbme ci.~ .! 

' •. Tratiindosl.' de mL~tl.'riLiks qr.lnu!.<rl'~ IHil;"ll'S /,¡ra\ .!• \ 

cJrcrttts StQ f¡no~ J en 4ue r:u -.•s i."r~h, t!Cl~h..~ ~.~J :ncl~ ... \:-\.~o ~ ·,·. 
terado. las pruebas pu.:dl.'n ro:alt:<~r•<! ~~~ ..-,p~c.m~nc, :o· _ . 

'•parados con 1 .. rdac:on de \ .1c•os ,r¡ sr:u a pu: · . 
,(lluestrilS r.:prcscntaU\as. S1 !.1 ·eia,,on e~ \a..::os ,~ • ·. 
.no se conOll.' con prccJSJOn od:~n us.:rsc \alorcs l'\tr·:-: 
e mtl'rpolacJón. 

,, 
,, 
,, 
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FIG. 8 Dctcrm¡n,,crón del coe[rcrcnte de compresrón elástrca unr[ormc." c •. 

cin1entación. Com~ se mdica en la f1g. 8 el coefi
Ciente de compre~1ón elást1ca u111forme es la pen
diente de la curva esfuer:o \·ert1cal ( rJ'.) contra 
élsentamiento vert1cal recuperable ( &,. ) Para pla
CéiS cuadradas de área A. el módulo de deformac1ón 
r!!cuperable estará dado por:' 

E = ---:-:...,..--- Cu 
1.13 ' 

Como hay cierta d1screpanCJa relativa a la de
pendencia de e,. del á'rea de lao placa. es C·JII\ en len
te utd1zar cuando menos dos d1mens10nes d1krentes 
de placas cuadradas. (por eJemplo 60 X 60 cm y 
1.20 X 1 20 m), y extrapolar los resultados. 

Tanto en las pruebas de laboratorto como en la.:. 
prueb.•s de campo se reconuenda que el esfuer:o 
vert!C<d máx1mo sea del orden de una y med1a 
veces ia pres1ón e~tittl,ca que se prec;entará bato la 
CimentaciÓn real. Se debe ll'égdf d este esfuer:r) 
en unos d1e:: incrementos de e<119a y se Iecomlcn
da reduCir los efectos ele histé'rc~1c; apltcando cuan
do menos cuatro Ciclos de car~a y descarga total 
en cada incremento del esfuerzo. 

El módulo de ng1clez se~ puede determinar a 
partir de la expresión ~; 

E 
G = 2( 1 1+ v) 

,, 
V. 

( 3.3) 

l ~ 

3.1.4 Propagación de uibr,aciones en el SL!e!o 
Aunque no está directamente relaCionado con el 
diseño de cunentae~ones de maqumana. es Impor
tante tener una Ideá del an'lbrt1~uam1ento de b-; 
ondas vibratorias con la diStancia. Esto permite 
qtm1ar. en forma aproximada los efectos que !,1.., 
v1brae1ones mduCJdas por l.tna maquilla pucd.:-:1 
tener en mstalac1ones cercanas Se~un la ref. 12 ~~ 
Ao es la amplitud de v1braC1Ón vert1cai a ia dl<>tan
cia rn del foco de perturbación, la amphtud A, a la 
distancta r está dada por '· 

( 3.4) 
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donde a. es ~1 coefiCiente de absorción de energía 
de las ondas y sus unidades son m-• o cm-• En la 
Tabla 6 se 'presentan valores de a. para algunos 
t1pos de su~Jo 

TABLA 6 

VALORI¡:¡i DEL COEFICIENTE DE ABSORCIÓN 
DE ENERGÍA, ex. 

(Según Barkan") 

S11clo a. m' 
----------------------~------------

Arena fma. saturada 
Arena saturada con capas de turba 

y hmo or
1
gánico 

Arena arCillosa no saturada, inter
estrattficada con arctlla 

Arcilla saturada, con algo de arena 
y l1mo , 

Cahza marmórea 
Loexs 

O lOO 

0040 

Q.040 

0.040-0 120 
0.100 
0.100 

Como la·~ mstalaCJones de maqumana pesada 
generalmen~,e están lejos de mstabc1ones en las 
que puedan produc1rse daños senos por \ lbraeto
nes transmi'ftdas a tra\·és del suelo. puede afirmar
se que si l'as vibraCiones que se producen en la 
CJmentaClón,son tolerables para la máquma m1sm:1. 
no hay que preocuparse por la propagac10n de las 
v1braC!onesi 'en el terreno. 

3 2 PARAÚETROS RELACIONADOS CO.V 
LA Cl~~IENT ACION 

3 2 1 Fonna y dimcns1ones. Como se md1có an
terlormentellas máqumas de ba1a \ eloetoad deben 
ser c1menwdas en bloques ng1cios de concreto. 
Estos bloques son generalmente rcctan~ui.:ues. Ei 
fabncante de la maquma espeuf1ca la colocactón 

o 

en el bloque: de los pernos de ancla te v los espac1os 
nec~sanos para lubncaClón. paso de duetos y co- Q 
nexlones. etc. Se debe procurar que el centro 
de gravedad común de la maquma y el bloque de 

' i 
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cimentación se encuentre en la vcrt1c<d del centroJ
de de la base de contilcto l'ntre cunentJ(Jnn v ~uelo 
Para reduur la mag111tud ci<-1 par .\!., e~, conve
niente que la altura del bloque de lllll<'nt;•cJón 
sea la menor pos1ble. Como pnmcr t.1ntco se puede 
utdizar unil rel.lcJÓll larqo ;mcho: alto del orden 
de 9:3:1. S1 después d~ un d•~eño p;c:lllliiJLJr IJ 
frecuencia nélturéll de\ 1hr<~cJón del <;J"t•'I'Jil n.JquJ
na-nmentacJón-suelo no es suÍ!CJentemcltc \Jl.lncie 
en comparación con lil frecuenGa opcra,l<1lli11 ele :.1 
máquma. es precJso mcrementar chcha 11 eruc:ncta 
natural. La forma más sencilla de lowarlo con:;¡~te 
en aumentar el área de cont<Jcto de la nmentilclón 
y/o reduc1r la masa' de la mtsma. 

La profuridJdnd de desp!Jnte del bloque de CI

mentación catece de Importancia po;- h que a 
vibraciones se refiere. En !=fCneral se acostumbra 
desplantar a una profundidad del orden de O 7 a 
0.8 vec.ts la altura del bloq~1e. El efecto del confi
namiento latetéll de las paredl.'s del bloque es de<;-

g precwblc cuando la frecucnna naturcd ele\ thrac:ón 
del sistema es mayor.que la frecuenCia de opcraoón 
de la máquina. 1 z 

3.2.2 M asa e inJ.rcia de la cimentacrón_ Una 
vez deti111das la forma y duncnslmH::; del bloque 
se puede pr~c.~der a determmar su peso, ma~a y 
posición de su centro de gravedad Ü!Jól' d<lto'> d.:! 
interés en el d1seño son el momento de tnerna 
de masa del bloque. respecto al e¡e que pil~a por 
su centro de gravedad y es paralelo al eJe de 
cabeceo. 

.1 

3.3 PARAMETROS RELACIONADOS CON 
LA MAQUINA 

f. 

3.3.1 Forma, dimensiones. peso. masas móvilPs, 
velocidad de operacrón. Todos estos di!tos son 
suministrados por el fabricante o pueden dctertl11-
narse fácilmente co/1 los planos de la máqu1na Es 
importante conocer fas masas g1ratonas para deter
minar las fuerzas y' pares de desbalc~ncco dcb1dos 
a t'Xcentric1dades acodentales. Tamb1én es nece
sano conocer Ja veJoc1dad máxima de operaCIÓn 
a que puede llegar¿ la máquina t'n circunstanoas 
especiales, pues se ha observado· que en ocas1ones 
las máquincis operan durante lapsos con~idcrables 
a velocidades supenores a las de diseño r· , 

3.3.2 Exécntriciáades accident,~lo:s tolerables
Aun en m~qumas ·del mismo t1po v modelo !'e 
observan marcadas 'Cllferenoas en la 'm3qrlltud de 
las vibraciones que producen. Esto se debe a va
riaciones individuales en el acabado de l.1~ preza.; 
móviles y d~ sus ap.oyos. que ongmiln e ,centrtcJ
dades accidéntales., A p<irtir de ].¡o; Óimcmi<)neo:; 
de la máquma es posible cillcular las componentes 
pr1manas teóncas de las tuer:ac; y momentos de 
desbalanceo y sus wmponentes armóniCd~ . Estos 
valores son summ1strados generalmente por el fa
bricante. pero no se 1tiencn datos reL:n:o-. a fuerzas 
y momentos de desb'álanceo reales deb1dos c1 excen 4 

tncidades acbdentales Para conocer con exactttud 
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la!> fucr:il!> y momcnlo'; de dnbalanceo qec e:xist: 
en determmada maquma sena prrc:co hacerla Ít;. 
c1onar colocada sobre re~ortc:~ c<~J¡h~"oos v mee, 
Clltdadosélrnente Jas \'JbraC!OllC'> rwducrda;, 

Como se menc•onil en Id rd S. s.:: lle\ ó a ::abo 
un estud1o compilrattvo de la-; \ rhrdc1ones wd:tn
das por diferentes máqu1nél~ dc:~nlant;:¡das en d·
versas condJctor·r~ En b!o t'ldt¡uJ:l<IS ob~cn-<lli.l· 
no extstiéln en !cona fucr::ds pnmana<; 111 c<'rc'' 
pnmilnos de desb¡¡Janceo Sm c¡;¡bar~o. ~e pt:d:ero: 
rned1r V1brac10nes ('On frecuencia :~, uill a ld frt'· 
cuenc1a operac10nai de la m.lCjUitla. lo oue mdiCa ia 
exi.c:tencía de fucr::as y pares pnnhll'JO'i Se ob<en ñ 
tamb1én que la vanacmn en lc~s amplitudes cie '.I
braCJón med1das en máqumas del n11~:no t.j')o ¿,. -
plantad2s en el m1smo ttpo de suelo es de h·,, ·'' 

orden gue la vanaoón obsen a da en máqutn<•~ U· •• 

nusrno tipO rtesplantadas en su.::Jos aderen:e!' 
Dada la imprcosrón t:n la detuminacwn Je ¡.,~ 
proptedades elastJe<ls del suelo de cada s.1tW r,·. 
sulta ddiul establecer s1 la c,1usa de la \ au;¡r,,-,,, 
en la~ ampbwdes res1dt:: e• el !>t:clo o e:l lii n:áau:n .• 
m¡sma_ f,ías ddíc1l aún resulta e'itablecer ·;a!OíC''

razonables de ias exccntflu(l;¡dcs normd!cs, ) a c¡ue 
según se ind1c6, li:Js fucr::a~ y momentos de dc~ba
Ja¡¡ceo reales pueden C\crder de lO a 30 'eco; ""' 
valpres teóncos, Sm cmb;:rgo_ e-5 log1co supt'o1é! 
que excen\nodade~ e-xcc~l\a~ ·-lU'::' ¡:n.>dler .. a prn~ 
sentarse durante la \'Ida utd de: la m,'iqt,¡na ser ,:;¡ 

prontamente corregidas wc.:J¡;mtc: el l,,,Ja:Jceo O!IJÚ· 

m1.co de la misma. En la ref. l2 se propone i-: 
siguiente expres1ón para ia excentuctdad probabic 
en cond1ciones normales de opcractón, 

50•) e=-Nz 
(3.5, 

en: ;la que e denota la excentriuddd en metros y .\' 
la: yelock1 ad de operanón en re\ oluc1ones por r.l!
nt¡to, Esta ecuación be obtenida para turb1r12 o • 

má¡:¡uinas de alta ve!oCJdad. por lo que su apitca
ción a máquinas lentas conduce a \ alo.res nce~J\'OS 
de :las fuerzas y momentos de dcsbalanceo, 

1' 
J3.3 Fucr:as y momentos de dcsbalancco. Por 

lo, :menCionado en el submCJso antenor. se rec'1-
mienda uo!J:ar \·alores de las fuer:vs y pare- ct-: 
d~sbalanceo d1e: n:ces ma1¡cr.::s que los \'<Ji,,r~· 
teóncos summistrados por d iakica:-Jt·c o \<l;0r~s 
diez veces mcrwres que los caiulc:dos m'"éian.e ;a 
exéentnCJdad accJdental dada por ¡:1 ec 3 5. 

En la segunda alternatl\ a ut 1h:anoo <:<'::J> 
e.~~entnodad 50· J'v"-- las fuer::<:;;; y :nom<:ntos e;,• 

de~balan.:eo se .:alculan de la m<ln<:r.<> i\<gu:ente: 

•' 1' 

'1 

.. 

Facr:a hon:omal Es d ;;r-.~áL·.:ro de ía -.:,F.1 
g1ratona por la e\•entnc:~iad \ por ,f:i e·'
drado de la ve!oc1dad cic opc~ilnon e\prc. 
sada en radwnts por un1cL.t..1 de' ucmpo. 
Fuerza t•crcical. Al \aJor de lil fuer:a hort
zontal se sumd d producto de la masa q,r¡¡
tona por 1

1n de la acelcrc~oón cic la gr¿v~J.H1 
Par ~·crti~·al .U •. Re~nh.:~ de nu:]up!Jc¿¡r. ia 
fuer;:a honzont~l por l2 aituta dt: Ía il.:..:ha 



de )¡¡ máqum.-, re!'pccto ,1 !<1 supe1 f1c:c d:: 
de.spl<~nte de id cJmeJ!l,•LJon 

Como ~e lllchcó ¡¡ntcno1 mente In~ otro~ mnm<'11-
l<''· dch1do.., .1. e •CCIIIJI(ilbd ,,, , 1dc nt¡d pucd, 11 , , 11 
•'<t.II~C dc.spicu,Jhlc~ 

í Cll\JE\'T,\CIONI:·s fHLO TC. \0.1\S 

Cu<~ndo lé1 c.lp,h:Jd.ld de C<Jiq;J del terreno JW 
¡•.:rllJI[é'\ Cll11elllclC1011C< ror ~llpCi flc¡c O ClJ,;!Jdol 
·· 1<..t,1 el pehf¡ro de densdJC.ICJOII de suelos ~Jidllc.-
1." e" por \ dJréiCJÓn o pnd1d.1 de resJ~tenc¡,¡ 1101 
l'':lluldco en ~u e los cohc.sJ\ 0~ e~ prcn~o rccu~r11 
·' ,-,mcnt<ICI~nes pdotead<Js Li! frecuencia n<JtuJ,ll 
J,. 'lllil ClmelltilCIÓil pd0teé!dil SC' puede e!-tllllili i?ll 

ti <IJ.SeJio prelin11nar como se JllciJlÓ en ;:_)¡nci~O 1 3 

Como en 8Clleml se desconoce el comporta•mcn
to dmán11co de CJ mentanonc~ pdotc.Jda 5. pa 1 a el 
cl¡~eño deflllÍ(i\'0 1e tillé'\ Cllllellt<JCIC!l de e!:>te tipO 
se p,ute de las h1pótes1s Sl81,11ente" 

a} No se tmnsm1te nmgunél carg¡¡ ror ~upcr f¡
CJC. Es clenr, se supoile que el hl·Jquc de 
cimentaCión e!:>tá deo;!Jg~Jdo del ~uelo) ;o 1wr
téldo ínteg1amente po1 lo" pilote'> 

b) Pélfa efectos de cargas dm{Hnle<Js lonspt ud ,_ 
na le!:> en los pdptes ( e!'¡to e~. pélfa \'JbrilliOll 
vertical y/o VibraCión ·de cabeceo) se su'-t!
tuye cada pdote por un pdote idrill que 
trélba¡a úntC'amente por punt.J é!poy.Jdo ,¡ i.1 
profundidad L,. Esta profundtdad puede dc
termmarse med1ante uua prueba de catqils 
repetidas us;¡ndo la expresión 

( 3 6) 

donde E es el módulo de elastiCidad del 
mé'\tenal del pdbte. A el <irca de su secuón. 
transformada a·un mismo méltenal f.. lo~ pen
diente de la cun·a caroa-deformactón tot.d 
recuperable y ¡J. un cod1c1ente de correcctón 
cuyos valores se presentan en la Tab!a 7 ._. 
es función del éspaCJam'¡ento medto entre los 
pdotes que soportan la 'CJmentilclón La prue
ba de cargas repetidas debe efectuarse en ias 
condiciOnes descntas en el Inciso 3 1 3 para 

'VABLA :'7 

~OEFICIENTE DE CORRECCIÓN ll E!\' FUNCIÓ!\ DEL 

ESPACIAl\IIENTO l\IEDIO ),'DEL DIAMETRO 

DE B..OS PILOTES 
( S<'g~n Barka¡n l" 

f:."$paciamrcnlo mcJ1o 
Ouimclro de priores 

------- ----------------------
>6 

6 
4.5 

3 
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1.00 
065 
0.64 
0.41 

prueb<JS de (,l[f)il'i repet1d,1<; \'11 pJ.¡c,l~ riCJICLJ~. 
St no ~e d1:-,ponc dc> lo~ rt''tdt.Jdt"- de una 
prucb<1 de c.11 flil 'e pucciL· '111 qr.tll error 
lt'lllilr como loll\Jitud dc<ll, .1 ' 1 .J,· Lc-)t'll'll
tud tot.d de pilotes que t1 ,lh.<t.i11 ¡'tll --¡~,,,,, 1nl\ 

o 1 .. longJtucl de lo~ pdJtC'- ~~ tr.ihotJdlr 1'1111-
Clp,dmcnte pot punta. 

e) Pdra cargas dJIIilllliCil<; tr<~ll'·\ c1 <,1k, <t los 
pilotes (esto es pi!ril \ JhraLJon lwll~l'llt,d J. 
estos se pueden suponer empnt1 ddo-, c11 il!ll

bo~ e:>.tremos con un<1 lonsptud cfcctl\<1 L,. 
La longitud efectt\ a puede dctcrtlllllilf5e me
dJ.Jnte una prueba de carq,to; repctJdils horl
:ontales sm perm1llr g1ro Je la cabc:a del 
pdote, a partir de la expres1on 

( 3.7) 

donde E. A y k han s1do defJJ11C1as pre\ la
mente. y r C5 el rildiO de g1ro de 1.1 ~et.C!Oll 
transformé!da del pdote re~rJecto " un e¡e 
centrotdal perpenchcular a b dtrc,·c¡ón dd 
despl;¡zamiento S1 no se d1~pone de los 
resul:'ados de una p•ueb,• de t.ilr~¡il'i J<'jlC'tlclil~. 
se puede obtenet una ,1pro:>.lllldCIOn r<~:on.l
ble usando para L el \ .llor ele L. 

3 4 1 l'vlodclo rnatemati, o para Clmcnt.tcrones 
prlotcdda::, Pata umentacJont::'i pdoteadils no ~e 
reqtncrc cons1derar masc1 Virtual de !:>uelo \ 1brand•J 
con la CIII1CJHaCJon. Ba~ta c~gregar a la m<Jsil de la 
Cllllt'JHacJón )¡¡ masa de pilotes corre"pond1ente a 
la ntitad de su longitud efectiva para el ttpo de 
exc1tación considerado Como constante de amortJ
guamtento para cada modo de \ IbraCJón se debe 
utilizar la n'11sma que para CJmentacione'i de supet
Ílcie. La constante elásllca del elemento f!e\Ible 
se determma a part1r de la longitud eiecm·a v de 
las propiedades y distnbuCJón de los pilotes en la 
forma s1gu1ente 

a) Vrbr<lCIÓn ¡•crtrcal 

AE 
Kr = n Lr · IJ. ( 3.8) ,l 

'1 

.. 
donde n denota el número de pdotes que 
sopor't¡m el bloque de CimentaCión. 

1 ., 
b,) Vibra,c¡ión hori=ontal 

1 • 12 AE 
K~= n --·p. 

r (L. Ir)! Lh 
( 3.9} 

e'; Vibración de cabeceo alrededor drlcjc r¡ 

'' "AE Kc=L-x1·¡,¡. 
, = 1 L, ' ( 2.11 ) 

en la que x, es la distancia dei i-ésimo pdote 
al eje

1 
de cabeceo. 
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U t1bzando estos Y<dores cic los p<~I .lmetros del 
modelo la respuesta del m•~mo a d.fc¡cntco; tipos 
de perturbación se puede cakuiM como se mn1có 
en el inc1~o 2 2. 

3.5 DISEÑO F.STRUCTURAL DI:: /A 
CJMENT ACION 

En la actualidad no e:-.1ste un proccdnniento ri
guroso pi! ro d•~r,·lar un bloque llld"l' r> dL ron~ 1 c
to su¡cto al estado' de esfuer:o:, q:•e --~· p•e'-rnto 
en cimentaciOnes de maqu1nona. Sm c111h,uqo. lo<> 
esfuerzos son gencr<1lmcnte pequcÜ·>~ p0r lo que 
basta proporCionor al bloque tlll rcfuer:o nommal 
por temperatura y colocar parnllas de c1ccro de 
refuerzo bil¡o las concclllldCIOilCS de CiHfFI P.lril 
el refuerzo por temperatura se reconuentÍ<' lo cspe-· 
cifJCdcio en el1nc•so XII del articulo 230 del I<e~la
menlo d~: Construcc1one~ pilra el D1stnto feder~l. 1 '' 
Se aconse¡il tamb1t'n re,·rsar el dtseüo por aplilsta
rnJcnto segun lo mdJGH.lo en el mCI~o V del drtlctdo 
226 del nliSmo reglámento 

En el d1seño estructural de los pilotes es preciso 
tomar Cll cuenta Jos efectos de ÍTICCIÓil negativ'a 
que pudieran presentar!>e por asentamiento de los 
estratos. En general se rec01menda d1señ<1r estos 
pilotes como columnils cortas. 

4. EJEMPLO DE APLICACION DEL 
METODO Pl<OPUESTO• 

' 
4.1 DISEÑO PRELIMINAR 

El suelo sobre el que se va a c1mentar es tma 
arcilla medianamente compacta Sus caractcrist.cas 
pertinentes'determ,madas mediante pruebas de ruti
na en el labora torro y /o pruebas de carga y des
carga en placas rig 1das son: 

1, = 1.5 ton/m3 

p =0.153 ton-seg~/m 1 

e:¡ .. .:__' 10.34 Ug/cm~ = 103.4 ton/m~ 
E = 1.000 kg/cm! = 10.000 ton lm~ 
V = 0-45 ,, 

,, 

Las car'¡Kteristl~as de la máquina según dat:os 
sunum!>tradós por ; el fabricante son: 

•' 

Peso total 
Ma!>a total 
Peso de elementos giratorios 
Mosa de elementos glrato-

nos 
VeloCidad de op~raoón 
Altura de' la flecha 
DmlcnsJOll.eo; en 'pléln t il 
Altura dd centro de mas¡¡ 
Momento de 10eré1a de mélsa 

respecto a e¡c' centro1dal 
paralelo al e¡e de cabeceo 

1 

90 toneladas 
(U8 ton-seg! m 

16 toneladas 

1-63 ton-seg!/m , 
300 rrrn = 5 cps 

1 20 111 
1 

700 m'\ 2.50m 
0.90 111 ' 

3.0 ton-m-seg: -

• Los datos ut¡J.:ado$ en t'ste CJemplo son ¡m;-~qmanos. '' 
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Fuerza honzontal 
'Par hon::ontal 
Fuerzo vert1cal 
Par vertical 

Componr-nll' 
{HIIIIolrt.1 

O ton 
l SO ton-m 
O 30 ton 
3.60 ton-m 

Cotr;pnn-.""nt~ 
s.-·cunrl.lfr.t 

O ton 
3 74 t01:-m 
O ton 
2 35 ton-m 

:Las características del bloque de cimentélc:"n 
propuesto son: 

f 

D1mensiones 
Pe!'oo 
i\'lasa 
l\'lomento de inerCia 

mirumo del área de 
lo base 

Momento de inercia 
de la masa re-;pec
to al e¡e de cabeceo 

9 00 m X 3 00 m X 1 .00 m 
65" tonclodas 

6 63 ton-seg-/m 

20.2 m' 

De acuerdo con los dato'> antC(IOrcs se tume: 

Presión estát1ca de contc~cto 5 74 tO&l/m: 
Presión dm¡•m•ca de colltc~ct..J 
··afectando a la máaum,l de Lm 

'factor de imparto ·de l 5 7 ;o tvn.'m~ 
Momento de merua de mac.a d-: 
: ,la máqmna respecte ili e¡e 
'de cabeceo 36.1 ton-m-seg 

· 4.1.1 Rct'isión del drscño prclrmrnar. Afect"'' 
do la capaudad de car8a Jcl su..:lo con tlll c·:-.:1· 
c1ente de segundad de 3 ;.e obucne unu prc-wn 
de contacto adnustble Jo:: 3'1 3 ton. m' b<ist<iPtl! 
r~ayor quo:: la prcs1ón dmánno d<! contacto. ¡n~ ¡,, 
(¡he el d'seño es adecuado en lo referente a e~tu.:r
zos perrnis1bles. Los asentanucntos que !'C produ
cirán bajo e) bloque de CllllClll<JCIÓll pueden C' il· 
marse conociendo los e<;pesore~ de los es. r,¡¡,•. 
compres1bles medaante los nomo~1ramas de ;~, ... · 
mar k." 

En la fig 3. para una superfiCie de 'contacto de 
27 m~ y Clmentaoón en ilrolla se obt1enc ·•: .· 
frecuencia natural reduod.:1 dd orden de 2j. ,l-J 

que la frecuenCia re!o>onante de '1braclón 'en:cal 
del conjunto es 1 O 4 co~ E~ta frecu<?:>Cla .:s st::--··
r}or al doble de l;;o frecuencia do:= operaCión G,: "' 

maquina. por Jo que el d15cño pi.:;m:mar C!' _¡.._.::· · 
tableen lo referente a frecuencia de resonanc·c1 

:.¡ 2 R~SPUESTA DE!_ SISTE~.,p, A 
l PERTURBACIO:\'J:S LYTERV4S 

i "i.2.l ~\1oddo m.lh'/ll,ICil'~) o~ !.1 Tabla l ~'.í:.l 
a~s condJCIOIICS JeJt:jCillrk~ "( 0f,t1..:r...:n los ,1,,",.'"- · 
~'es valores de L•s const,lntt·" chq,c,•:; dei dl ¡·e·: 

/Ieluble: 
¡ ~ 

f 
;¡ 

,. 

Kr = 74.0L10 ton m 
A"h = 4S.6üü ron m 
K,.= Hi.OJO to:t-m 



1 

1. 

IJ,- la Tabla 5 se obt•encn los ~·nu!Cntes valores 
le !,1 altura del pnsm.1 vtrtnal d2 ~uclo y de ia 

, nnstante de amo1t1guanuento lmeal para cada 
,nnclo de vibraCión 

hv = 1.35 m 
h~ = 0.26 m 
he= 1.82 m 

el. = 1.126 ton-seg/m 
eh= 473 ton-scg/m 

-Ce= 643 con-m-seg 

De la altura del ¡mo;ma VIrtual de suelo para 
(étdil modo de ';braCión se obt1encn los stglllentes 
v~lmes: 

M, = 5.88 ton-scg~ /m 
M11 = 1.07 ton-scgc ¡m 

1<,= 13.9 ton-m-scgc 

1.2.2 Frccucnc:as naturales del modelo. Uttl!-
zanr!o las ces. 2 2. 2.3. 2.5 y '2.6 ~e t1ene: 

Wv = 59.2 ra'd/seg ~ 9.4 cps 
~V= 0.445 

w,, = 53.7 rad/seg = 8.5 cps 
~~~ = 0.259 

Wc = 50 5 rild/scg = 8.0 rps 
;e= 0.112 

Paril dctermmar con la ce 2 9 las frecuenc1as 
de \ IOJactón .1coplada ,es prec¡_~o conocer lo altura 
,1cJ cE'ntro de gra\ edad del s1stema m:tquma-Cimen
l.IC'vn-suclo Como el pnsma v1rtual de suelo ttene 
diferente altura según se' trate .de \"lbraCione~ hon
;:orHilles o de cabeceo. se recom1cnda tomar una 
.thuril medta. que en este cp:~mplo es 1.01 m. La 
mílsa del prisma ~etá 1 29 ton'-seg' ·rn. Entonce~. 
la altura del centro de1 gravedad general respecto 
a la !>uperfictc de contacto es:. 

9.1 ~X 1.90 + 6.63 X 0.50- 4.29.X 0.52 =O 
92

m 

9.18 + 6.63 4- 4.29 ~~ 
1 

Los momentos de iner~1~ de masa del pnsma de 
sul"lo y del conJunto máquma-cunentilctón respeno 
al eje que pasil por el centro de grm edad general 
y es paralelo al eje de cabeceo son· 

le= 12.5 ton-m-seg~ 

7 = 12.2 + 6.7~= 18.7 ton-m-seg' 
lf !_' 

El factor y de la ec. 2 1 O será entonce~ 

y las frecuencias de vtbraCión ~~oplad.:~ serán 
\ ·-

W: ·-1,:!-
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' ' 
5.425 + 3.644 - { 1,637 

1':09 . - 8.336 

. '02r,Jd 
o. '"l¡:.::: 1 . ---::: --. seg 

6 i cps 

rad ;·, 
w. = 91.3- = 14.5 cps - seg , ~-· · 

Aunque el dtscño prclim111ar resultó accpt<Jh!c por 
lo que toca a resonanCia en 'tbractón \'L'I ttcal. 
para VlbrélCiones acopladas hon:onrzdcs \ de c.lbe
cco la frecuenc1é1 resonélntc rn1111111a es solo ltqcra
mente mayor que la corrcsrond1cntc a b 'eloCidad 
de opcrilc:ón de la máqtnna. En e5,<~S c~rcun<,ran
CiilS con\Cndría modlftcilr de mmedtato el d1scño. 
aumcntilndo el área de contilcto \ reduciendo la 
altuta del bloque de cimentación' S111 cmhtlr\JO. 
para f111cs de dcs:Iac,(m se calc11laran medi<lntc 
las ecs 2.1. 2 4. 2 7 y 2 8 las ampiitucks ck des
plazamiento resultdJ1tc<;. St c<-~án de:ntw de lo<:. 
lirmtcs tolerables se podrá aceptM el d1;,cño 

4.2.3. PerÚrrbacioncs externas De la ec 3 5 se 
ohtiene una exccntnodad probable e ::.:: 51 mm. 
que es ob\ tamente abs:uda. Stn embarqo. como se 
recomienda en el mcJso 3 3 3. s.:: pueden raku!ar 
las fuerzas y· momentos de desb3lclncco dcbtdos a 
excentriCidades acCJdentales ut1l.::ando mi ,-alor 
de e diez veces menor al obten1do de lct rcc 35 
Ento:1ce<>. la:, al~lplnudes de la:o fueuas y mor!1en~ 
tos de desbalanceo ;,on: 

'P, = 4.98 ton 
P: = 13.98 ton 

i'vl 11 = 11 91 ton-m 

Los valores dL las fuerzas y mon1d1tos ¿e des
balanceo que 1 resultan de multtpbcar por diez los 
datos, summistrados por el fabncante son: 

P.= O ton 
P:= 300 ton 

ft:!v = 36.00 ton-m 

Obsénese q~e las fuerzas v 1-:Js pares de des
habnceo cal<iulados por c1mC.os mctodos son ~d 
ml5mQ orden. de magnuud D,~da la :n;:·attdurnbre 
de los datos tal ,·e:: con,·eng3 urth:ar el ;;remedio 
de ambos resultados Las amplitudes de ciesola:a
nm~nt6 correspondientes a c.:;.:ia modo de \ ,braoón 
independJentE! s·:m · 

1' 

A: =O !3 mm 
A, = 007 mm 
A,?= O 39 mm 
Afl" = 0.26 mm 

1 

/\pl.ca'ndo L-Js ecs 2 ll y 2.12 se obw:n.:n l;1~ 
ampl:tudes rdldtantes: 

'1 

1' 

1' 

A,=. 0.4! mm 
J\~ = 0.29 mm 

11 

¡1 

' 1• 
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En la fig 1 puede ob~'ervmse que cst<~s <:1111 phtudes 
de· v•brae~ón · ·estim dentro de los- línutcs pcrnn
siblcs, por lo que el d1scii'o es sat1sf<1ctono 

5. RECONOCIMIENTO 

Se agradece el patrocín1o de Petroleos Mc:.Jci'l
nos p~tra llev<~r a cabo la investiganón que con
dujo a los . cr1tcnos. de d1.~eño oh¡eto de este 
infonne El seiior B Martínez Romero efectuó los 
cálculos incluid~s en el e¡emplo de apliCaCIÓn 
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presoras'dc gas que se;n de 10 a 30 veces 
mayores que los teóricos. ·' 

b) Se de~c~nocen lils c<:Hill ten~trc¡¡~ din,tmic<~s 
y de amort1guilnllenLn de lo" ~t•elo~ 1\un < on 
la h1pótes1s Slmpltfllcl!Ond de com 11or tt~mlell
to lmeillml'nte el,tstlco del ~,uclo ha-,til de
tenmnado 111\ el de esfut::r~o~. queda Id 
incerlldumhre del módulo de ckt<t1~1dad y 
la relacrón de Po1sson apln:able~. \.'11 ~ondi
Ctones dmilmi.:as ' S, a esto se .~,-l,Hkn los 
efectos de d1spcrs1ón de ener 9'" ' h1 :11or1a 
y amortiguarmcnto Interno del suelo el pro
blema se compltca aun mas. 

e) Hasta fecha recrcnte. no se ten .. 1 u:1;1 solu
CIÓn analítica del pr·'Jr.lcma de '1b1t~l •nn de 
un bloque rí\11do de hil~c reU<ln\lul.,r dc~
plantado en la ~upcrf1c1e de un ~enlle ... paclo 
elást1co. La soluoón analit1ca a este proble
ma·, da fundamento a la formulac1on de un 
modelo matemátiCO s1mple. seme¡,mtc ,¡) pro
puesto para el caso de bases clretdc~rc!>." que 
permite analtzar la cirnentaoón de mc~qu1na
ria pesada ut1ilzando prinCipiO!> elementales 
de dmánuca. 

En nuestro rned1o no ha de¡ado de ut11i:ar-,e b 
que podríamos llamar método estático de d1seño 
de c1mentaoones para maqumar l<l. consistente en 
incrementar el peso prop1o de la máqu1na con un 
factor de Impacto. }' a\señar la CllneptciCIÓil SU)Cta 
únicamente a la c~rga estat1ca mcremcnt.Jdét Sm 
embargo. aunque de esta milnera se logre un d1~eño 
que cumpla las C·JndiCJOnes de capaodad de c;us¡a 
y asentamientos pernus1ble~. no es dificil lmil¡:JIIh1. 
la pos1bd1dad de que la frecuenclil de v1br<~uon 
correspond1en.te a la velcodad de operilCIÓII de la 
máquina o alguna de sus componentes armon1c;1s 
coincida con la frecuenCia fundilmental de \ 1hr.:1-
ción del s1stema suelo-CJmcntilclón produnéndo~e 
un fenómeno de resonilnc1a en que las ilmpiltudes 
de v1braoón resultante pueden ser lntolerc~blc'i 
Tamb1én se ppede Vlsuail::ar el caso de que la '1-
braoón mduc;1da por.}a máq111na produ:ca m·Jdlfl
cacwnes madnus1bles en el suelo sobre el que 
descansa la cnncntaCJón tales corno dell~lfle<:Iclon 
de arenas sueltas o rernoldeo de arulh~ ~·~n~ltl\ilS 
Estas ra::ones. entre otras resaltan la necestdad 
de recurnr a un método de diseño de cunentac10n~~ 
de maqu1nana que tome en cuenta la n<Jturilie:a 
eminentemente dmán11ca del fenómeno El metodo 
estát1co podría ut1il:arsc entonces como un rnm~r 
tanteo.~ : , 

Los cntenos dmár~1cos que c;e utdi:an en la ilC· 
tuaildad para el d1seño de c1mentaoone~ de ma
qumana pueden clas.Í1carse en dos 8randes qrupo!' 
depend1endo de que cons1dercn ¡¡J suelo l.Olllo una 
cama de resortes' hneillmente cl,lstlcos v "111 rna<.a o 
como un mc'd1o elástico. homoqeneo. l!>ótropo v 
seminfmlto. E:n real1ddd. nms¡una de l,1o; dos 1dea
l1zaciones del suelo es ngurosilmcnte correcta. Al 
considerar al ,suelo q~mto una ca mil de re!'ortcs se 
estarán despreCiando, fenómenos muv unport.llltes. 
entre ellos la d1~pers1ón de energía en el terreno 

1 
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y la propas¡<1nón de onJ,,s cr. st: · llpt:I í~t:;c ¡>.::o~.· 
t1cne la 'cnt<ll'l de que un¡¡ 'e: dci~rnnll;';rto-. le. 
pdr<~mctros del suelo 1dcalr:adn el .. n,:h·'I'- c!m,q;¡¡ · 

co del 'ilstcma nlcltjtllna-cii:Icnt.:cHln-'ticio re<ult.J 
muy sencdlo Por otril p.ute lii ¡Jc.lir:< non ci:i 
st:elo como un !->enue~p<~no clár(lco p.:rmne con~l
derar Jo~ fenómenos raenuona\LQ~,: anten·:ormt:IJ,tC 
pero complica el anc~lls1c; dm;imllO Adc:n.1~ se ~<'oe 
que el suelo no es pcrfectamentl.' cl<:~uco y que. 
c!cb1do a la cstratifiCaC'ón en mu\h.Js 0Cil51011CS no 
puede co.1s1derarsc como un mcd1o ~emmf.n1:o 

1.2 OB! ETO Y ALCi\NCE 

El obrctl\o prmCJpal de este tiilb:lJ·) e<: prcc;~nt.:u 
lo!> resultados de u:1a 1m c~tis¡.lCIÓil reah:ildil por 
el lnst·tuto de ln\"]erucr1a de b LII\Ai\·1 ba¡o t•l 
patiOCIIll;.'l de Pc[folcos fvle\·canos. cncammada .1 

e~tableccr lmearmcntos ele OI'>Ciio r<na ClmenDciO
nes de compre~·oras de gas Péllura! Los rcsult<1do" 
de esta lll\ est19auón SO!I tilmhu?n aphc<~bl..:s a otr.1 ... 
mi1qlllllilS CU)'a Cllll\2:11toCiÓII COI1S1Sl::l CSCl¡(¡,1JmelltC 
en un bi·Jque maSI\O de conueto o mampostf'f!d 
De acuerdo con el com en1o celcbi.ldo el ln~tltulr' 
lle\'Ó. a cabo pruebas de l<tboratono 7 ele caJ:l¡:,) 

- cncammadas a deternunar lo~ ,,,Jorc~ de los par.·
metros que 111ten tenen en el problema y ec.tud¡,:-oc 
con base en los parámetros Clt<~dos. el ..:omrnn> 
nuento d111ámteo de omenti1c1onc" d.: m.·._¡~Hnas m~
taladas con antcnondod. E,,¡ a, ¡:, :H_o. ,;, cüv ,, 
resultados se dan por separado: ¡;ermHJcron c:~u
blecer un modelo matemát1co s1n,plc pdra el d1::.eñ,, 
de omentaoones su¡ctas a carga!> Jlllá!IIIC<lS El 
modelo matemátiCO constltuve ent·Jnccs el método 
de apilcaoón de los cnteno~ de d1~cño 

En este articulo se prescnr211 HliGl!llencc el mo
delo matemátiCO propuesro v b. rnanera a~ dt:ter
mmar los parametros que 1men·1e'len ln eL La a pi.· 
caoén del modelo a casos pilrt!cHic~re-, ~e du~tra 
mediante {·Jemplos. 

1 .2.1 Fcrmulanón dd problcm:1 El d1señ·:> de '<• 
cimentaoón de una maquma debe s<Jtl<lacer lu.· 
reqt.t1sttos generales sigtuentes · 

a) Los esfuerzos dinámicos 1.1duCJdos en ia ct
mentaoón por la operaCJon de la maqu111,1 
en combmanón con los ec,fuer::os deb1Óo!> .1 

. otras fuentes. no deb.:n e'l.ccder !os límil·> 
perm1s1bles para el rn<H~:r,al cllle cor1~t1tu\ e :.1 
c1mentaoón. 

/:)) El suelo debe ser capa: de ~oo:;,rtar la~ fu.:1 • 
' zas peraód1cac; que se tra~mJ<C:l a trél\ es cic· :, 

superf!Cte de contacto o a tra\ es cie pd('":. 
en Clmenta:::JOnes pdoreacias ~:11 su í nr a :o ~·•
tamlcntos 1mponames 

e) El mo\Jmiento de le~ cm:emz;c'c:' 7• dd tu . .:
no en que deSCi'!!J~il r<ll.J .::c,.:JI'td!Cr ;;:Cl'0 

de \ 1braoón y Cli.11quier comt1iilc1CI0n de (,i -

gas }' 'eloodad.:s de opcr<K•on no debe :-.:· 
ob Jetable para la máq un1a 11ll~rn<) m para n ... 
qumas. cone\F)ncs o e~trultur,ls ·:cclll.l~ '' 
para ias personas que ~~ encuentren en :n. 
g.ues mmed.atos 
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' 2 2 Vibracroncs ob¡ctables El cuerpo humano 
'-lllllamente SCtiStble a rnO\'illllé:t'l"' \ thr.1tonn' 

1 .1111plrtudcs de vrbrilcton pt.:rcep:tblcs por el 
·tld'l e .son sólo un<~ tJ .tcoón de lt~s ,lmplttud,·.:-. 

,,¡, 111tcrftercn ron 1~ oprr;tctón de tina m;tqull; 1 
" que son ob¡c-t.~blc<; para bs c-;trucrur<ls Cl\ rlc~. 1

' 

1\'l (OI1S18Utcntc en este trab; ¡o se clnsrdcr.~r.t 
'r'"' 1.t, \ tbrilCtoncs que no sc,tn pcr)udtct.tlc' .1 

c·.tl uctur,ts o il milqu1narta en opct anon son tolcr.l
hL:s p<Hi1 la~ prr~onas aun cu<~ndo rebilscn lo<; 
:·•wll's de pcrccpcton humana 
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FtG. 1 Amplrtud pcrmrsrblc de vrbracrón vertrcal en funcrón 
de la /re,c_ucncw." 

En la ftg 1 se C'i~ilblecen lo<; lím1tes de amplttud 
de desplazarnJcnto vert1cal -admt'ilble. en funuon 
de la frecuenoa. se~ún la n4f. lü En la ft~ 2 se 
presentan datos semeJante?. para las amplttudcs 
de aceleraoón y de, velondad. y se establece una 
comparac1ón entre normas de d1ferentes p<:t1ses ' 
Estas dos f1guras sen 1rán de base para determtthlr 
SI el d1seño de una omentact.Pn es aceptable o no 

1.2.3 Método de soln•zón' propuesto Como con
~ccuencia de los estud1os de campo y bboratorto 
efectuados y para satisfacer los requiSitos del sub
inciso 1 .2.1, se propone u!_1 metodo de soluClon 
consistente en el anál1s1s dmám1co de un modelo 
matemático que se descnbe en detalle en la seccton 
2. Este modelo se basa en la~con~1deraC1ón del suc
Io como un med1o elástico. liomo~cneo. 1sótropo. y 
se m un f1n1to. pero 1'nduyc las \ cnta)as 1nhcr..:rhes 
a la ideahzaoón del suelo 'Como una cama de re-

Juuo DE 1967 
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FtG. 2 Amplrtudcs pcrmrsrblcs de ace/cracron. vclocrdacl y 
dcsplazamrcnto 1•crtrcal en funcrón de la {rccucncta: 

sortes lmeales sin masa. La bondad del modelo 
propuesto. para representar el comportamtento di
námico de omentaocnes de maqlllnana e'.tStente. 
se pudo comprobar en la unerpretac1ón de ias 
v1braoones re~pstradas en pruebas de campo ' 

1 3 DISEÑO PRELIMINAR 

Para po.der apl1car el modelo matemauco 31 
dtóeño de una omentactón su¡eta a soltCttac1ones 
dtndnucas·es orec1so parttr de un a1seño orcitr:11nar. 
Para el d1seño preltm1nar puede proced¿rse por 
tanteos. o pueden ut1lt:arse las recomenaac1ones del 
fabncante de la máquma pero en cualqUier caso 
deben satisfacerse los requ1s1tos bás1cos de la está
tica relattvos a momentos de \·oneo y los requts.tos 
de la mecámca de suelos referentes a la caoandad · 
de carga en condtciones está'Icas \ a !os ·dsenta
mlentos produc1dos por cargas estatlcas A menos 
que se tomen medidas espeCiales oara aumentar ia 
compaodad. se debe e\ ttar ctmcntar maqui nana en 
suelos granulares cuya compacidad reiauva sea 
mfenor a 90 por Ciento. 

En general. la omentaoón de rnáaumas reCipro
cantes y máqumas rota tonas de ba 1a \ eloc1dad 
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consiste en tlll blo~·e nl<.si\'o·de concreto que p<tra · 
'el ·csttldio dé -lns ~ 16pnones puede consJdcr,lrse 
mfif1ittlmen~c· rigtdo. :p¿¡r¿¡ cv1tar áscnt<Jn\leJHos dt· 
fcrcncj¡1Jcs Y{':lb~ilCI~¡UM!-ional de lit (lm~o:nt.ICtón 
hay que. procttr~r·.que[cl ccnt.ro de gra\cdad común 

. de Ja · milquma ·y. 'el l:llóquc de cunentactón se en· 
cucntrc cn'la h·rtic.ill del ccmroidc del i'lrca de con
_taCtÓ entre el blo~ue de omcntaí:l(:')'n'y el s.uclo .. 

·El pnncipahcquJSJto que ckbc súu~facer el d1se· 
ño prcliminar.es que la frccuer1~ta natural de v1bra
éión vertical'< del s1stcma máquma.;cuncntaciÓil· 
suelo ¡{o. COin~ida con Ja. f rrcuenCiil ~C, oi1erac1Óll 
d~ la ·,máquina. En 'ltáqumas de ba¡il,, \ doctdad 
( ccmprcsdras.· gener<tdores· ·d1esel.' cte.'). ,se reco
mienda que _la frccuenoa natural· del sistema ma
quina-cimcntación~suclo exceda dé una'~1 dos veces 
la velocidaa:de'operactón . .La frecuenc1a 'nutural de ' . . 

... 
E 

CIII~O 

o 

~ 
o •' . - . 
e 

-~ ,' "¡ . ... 
~ 

lo 
o 
• 
e 

FIG. 3 Frecuencia natiiral reducida [ ••. en /unción del 'área 
• de c6ntact~ de la cimentaCión." 

vibración vertical .del. sistema .puede determmarse 
utilizando los datos de la f1g J En e~ta., f1gura !.1 · 
frecuencia notural .reducida del .s•stema'{.: •. se de-· 
termina en func1ón·, del área de, contacto ·de :a~ 
cimentación para chferentes t1pos de suelo." De l<t 
frecu~nci~ ,natural~feduclda pue~e obtenerse ¡,, fre-. 
cuencia n~tural de

1 
vibración mediante la ecuae~ón 

/ .. -
/nr 

.¡¡;- ( 1.1) 
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donde 

w Peso de 1.1· m .• íquina y el<: 1,1 Clf~C'ntac¡Jn (ton) 
p. -- -A Arca de cont.1Clo (m·) 

Como: tlO e~i~te.n grflficas semejantes para las fr<'
dtcncias naturales corre!'pond•cntcs a otros n'odv, 
de VIbraCión, en partrcular p<!r<t '¡oracJón de cab,· 
ceo. se recomienda úmcamcnte muwni:ar él mo
mento de merCia de masils del hloque de Cimen
tación respecto a los eJeS de 'sHpctnil del. átea de 
desplante. .' , ,' 

La frecuencia natural de v1brai::ión vertical de 
. una cimentación npoyada en pilotes puede esttmar· 
se a .·partir de los datos de la fig. 4 tomada dt- i<~ 
ref. 10. 

: s,o H+-.o..:+.L-1H---h. 
u' - oo.o. 

o 

2 .. 
e .. . , 
:' ' o 1-++-...,.;;""'-:'""-=.• .. ... 

, 3 Act.~ó , 
Co,.criPfG 
Modero 

' . 
24~-,~~~~~,o----,~$---2o----~,o .... _4_0~~----~.oo 

LOIIIJIIud <hl pil c,t (m) 

FIG. :t Frecuencia natural de vrbración t•crr•cal en p.!ot.:s 
: trabai'!'!d? por p!Jnta su¡ctos a una ;;,1r¡¡a estanca tY.,, 
1 ,• • - ) ~ 

· · ·Una vez d~~arrollado .un diJ:cño preliminar se 
.~_p'ucde procedq a. afrniulo uuh:andó d 'modelo mil· 

temático qu~ se pr'escnta .a conhnuac1ón. 

',. 
2. MODELO' MATEMATICO ... \ 

2.1 DESCRIPCIO.V Y /liSTIFICACIO.V 
DEL_fl[:JDELO 

El mod'elo matemático q11e s.:: propone para ana· 
lizar el comportamiento dmám11:o dci ccn¡unto m.l

,i 
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i 

,¡ 
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·¡u111a-nmentanón-suelo es un Sistema de un q ildo 
dr l1bcrtad amortigu<Jdo lme,limci;:e Cons1..,te en 
Ult.:l masil rígida con~t1tL11da por el con¡unto Pl<~qUI
,¡;,-nmentaCJón y un pnsmil v1rtu;¡l de suelo. cuya 
h.t~c es ídént1ca a la de la cuncntdclón. pero tuya 
,.1 1 11ra depende del grado de l1bCrtild cons1der<~do. 
L -¡ masa· rig1da está soporti.ld,J por un elemcnro 
fl,'\lble, lmcalmente elástiCo. sm peso. La formc1 > 
n,¡ncanón del elemento flexible se muestran en la 
f1\l· 5 para cada modo de •¡¡braCIÓll considerado 

¡ 

1 • 

o ) Vlbroelon vertical 

~ 

~ 

eH 

b l lt1bror ió n honzontoi 

estática de la solJcitaCIÓII apbc;Jcla .JI hinque rígtdo 
de-,pl.l1Jti1do en la superficie del sen11c~pano clas-
ttco que representa al suelo De esta manera se 
asegura que la solunón es correcta cu<111do la fre- Q 
cucnCia de e,c1tanón ttende a cero En lit con<,tante 
elá'itlca se mcluye ei decto de la Ielac1on. Je Pois-
son En la Tabla l se presentiln Jo.., ',dores de la 
const<Jntc elástica del elemento fle>.tble del modelo 
n,wtemático correspondiente a cad;¡ modo de' tbra-
CIÓil La constante elástica se representa con la letra 
K y el subínd1ce v. h o c. segun se trilte de Ytbra-
crón vert1cal. honzontal o de cabeceo, respectn:a
mente. 

En la Tabla 1, A denota el ftrea de contacto de 
la base, lo el momento de 111erc1a cic'l i'trea de con
tacto respecto al e¡e de cabeceo. E el módulo de 
elastic1dad y v la relación de Poísson del medio 
sobre el que descansa la base. 

TABLA 1 

CoNSTANTES ELÁSTICAS PARA BASES 

RECTANGULARES 

Modo de u,braclón Con~f¡¡n/e c/as/ICa• 

Vertical 
E 

Kv=---k,y!A 
1- V~ 

E 
Horizontal Kh= . khVA 

} -V~ 

Cabeceo 
E lo 

Kh= kc-==" 
l - vl \lA o 

e) V1broeión de. cabeceo 

FIG. 5 i'vfodelos matemáticos propuestos para los tres modos 
de u1bración cons¡dcraclos. 

' " 
Aunque el bloque rígido adm1te seis modos de 
VIbración independientes. en la f1g 5 se cons1deran 
únicamente tres: vibraCIÓn vertiCal. VIbraCIÓn hon
zontaJ y v1bración de cabeceo respecto a un e¡e 
centroidal princ1pal del área tie contacto del bloque 
Como constante elást1ca del elemento flex1ble se 
ut1liza ·la que suministra la t;~oría de la elast1c1dad. 
~1 c.onsiderar para cada graóo de libertad la acCión 

'• 

• Los valor~s de k,, k. y k, se presentan en las Tablas 2. 
3 y 4, respectivamente. para algunos Vdlorcs de la rcluc1ón 
largo/ancho de la base Estos datos fueron tomados de 
la ref. 12., 

TABLA 2 

VALORES DEL COEFICIEJ\'TE k, 

Relar:ron largo/ ancho 

L. O 
.2.0 
3.0 
5.0 

100 

k. 

1.08 
J.JO 
1.15 
1.21 
1.4J 

TABLA 3 

Juuo DE 1967 

0.1 
0.2 
0.3 
0.4 
0.5 

,. 

VALORES DEL COEFICIENTE k 111 

Desplazamu~nto honwntal en dtn·cuón paralela al lado a 

Rclac1ón a¡ o ' ,, 

0.5 1.0 1.5 2.0 .30 50 
--

1.ow 1.000 1.0JO 1 020 1 050 1.150 
0.990 0938 o 9-12 o 9-!5 o 975 1.050 
0.9t6 0.868 0.86-l o 870 o 906 0.950 
o 844 0.792 0.770 0.784 o.S06 0850 
0.770 o 704 0.692 0.68q 0·790 0.732 

/ 

' 1¡ ) 

'1 

1' 1· 
11 
h 

JO O 

1.250 
l 160 
1 040 
o 9·10 
0.940 
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TABLA 4' 

v~~~ims" DEL COEFICIENTE k • 
.,. • r' ' 

-Cabeceo respecto al rje parah;lo aliado l.1rgo 

] .o' -
1.5 
2.0 
3-0_ 
5:0 

'10.0 
'', 

le. 

1.984 
2.254 ,, 
2.510 
2.955 

'3.700 
,. 4.981 

- La altura del p~isma nr~ual' de··suclo y la cons
tante 'de ainortigu.:iiniento pára c'ada 'grado de 
·libertad se preseiú;i'n ·en Iá Tabla-s: En eMa tabln. 
p denota la densidád de masa dd suelo. ' ' 

,, • 1 

:::···''J'ABLA _5,· --

PARÁMEliRos DEL MODELO 

Modo de 
vrbr:ación 

Vertical 
; 1 

Horizontal 
'~ ~ ~ "' 

Cabéceo 1 ·· 

Alturll' del prrsma 1 Constante de amor· 
virtu~l de S!IC~o j trguamrcnto lwo:al 

hv=-0.26y0f Cu = 6.7yfK;ph~ 
h~a = o.o5$. e,. = _41.1 ví<hph~-
hc . · 0.35víf Ce = 0.97\IK~pit~.-

·.'Los. v.,lor~s 'de los parámetros del modelo pro:. 
puesto son tentativos. Se obtuvieron ·~iualando la 
frecuencia y amplitud de resonancta del mismo· con 
las córrespondtentes· a un .bloque· ríg1do · desplan
tado en un semiespácio elástiCO. Como nó existe 
solución cerrada para el caso de un bloque de base 
·rectangult~r, se utdi;;;aron los resultados obtenidos 
mediante la discretización mencionada en la ref. 6. 
A partir de ell_os se,¡da_bori!ron los_m~delosmate
~áticos cor:respoifdieí1tcs a 'vabradón \'ert•cai'J y a 
~~~ración de cabcce~' de bases _re~t<lns:¡ul<ires. Los 
estqqios COn model\),S' físiCOS que actualmente'. ~e 
ef~ctú_an en ~1 -lnstitA:to de lngemerja. r5ticden con
ducir a valores mejor~ dos de' estos 'parámetéos. · 

· Se propone este mbde[~ por la fo:tcilid,_td con _que • 
se puede ariali:ar ~on· _él.''el_ comportam1eíHo de í.m 
diseñ-o propuesto su¡eto' n'dlferentes tipos d~ per
túrbacióit. Su eflCLICta se ha \"(':nfJc.ldo al 111tl.'rpre
té!r !os resúltados dé pruébas de c<~mpo. · · 

2.2 RESPUESTA DEL MODEro :-1 
' PERTURBACIONES EXTERNAS 

' ~· -

No se pretende, esAablecer la solución· a las ecua
ciori~s de movmitento de s1stemas ae lll! ~rado de 
libertad son1ettdos ·a eXCitaciones per¡ód1cas. Se 
presentan únkamen•.e los resultados prmc1pales. 

-E! sistema:consuq.udo por la mnquma y el bloque 
de cimentack1n está' ~u¡eto esenwilrncntc .:1 l.1s soli
citaéioncs que se mubtwn en la ftg. 6. a s<~ber: 

. ' 
a) Una .fuerza ver~•cal. P: que pasa por el centro 

del área de contacto con el suCio. 
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PIG: 6 Solicitaciones que acttian sobre el sistema Ínáquin.l· 
, ' cimentación. 

·¡;y Uná fuerza horizontal. Pr. perpendicular a 1.1 
flecha de la máquma. _ . 

~) Un par M •. contenido en: el plano vertical_ 
que contiene la flecha de l.l máquina. N 

.a) Un pan'\.-1!, ·en un plano \'ertical perpendtcu
; .. '. lar a la flecha de la máquina. 

e) Un par-M:. en el plano hom:ontal. 

;La determinación de_ las magnitudes y frecuct·
das de estas solicJtactones se presentan en ei inCI-·) 
3.3. Se ha' observado' que en las m¡tq.tiinas renpro
cant~s de baja ·\'eloqdad el padU: \;el par Al.. !'Oil 
desp-reciables. por lo .. que en_ el anáhsis de la_ res
pu~s(a de ,una <:•mentac1ón para· este ttpo de m<tqlJ•·. 
nas basta cons!,der~r independ1enrc:nente ·ios gr."·. 
do.s. de hb_erta~ S!9l~tCJltes: - , , 

''!·. · Vtbr~ciÓ~ ·\'ertical ·. · · :- , . 
2. Vtbractón hon:oltt.:il . a~ciol.td.t. con cab~·:··~ 
; alrededor del ej~ centro:dai pr~:1.ci~af ( 1/ :-.tri,, 

' del área Cle contacto'de l~ base. (ver- itg. b/ 
. ' ' 

· En la mayodá :de los p~e>blem.1s 'de' interés p~¡tv . 
tico ~olanlenté •hfs fucr:<ts y 'p.u~~ rrl!llarios dv;i·' 
fretuencJa corresponde a la \'Ciouda'ó' de oper3~i;J;: 
de la máquma son suÍKICntcm~me unporranres p .• r.¡ 
justtftcar su empleo en el. andlts•s- de la respt:~~:.l 
de im·a ctmentactón. Sin· er.:oargo. se recom:en~:: 
revisar tambtén los efectos de los p.1res y fucr:.1s ,. 
secundarias. cuya frecuencta es ei. doble de la d( 
optración. · 
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1_ i na vez analrzados por scp,lr<ido e<,to<; mndo~ 
·.k '.bracrón sus efecto~ ~e pucdcn C<)n,bmar f<'tcd
to~c·,Jlc como se rnchc<t en el '>lliJrnc:~o 2 2 2 

: 2 1 Rcspu.·sta del modelo a ¡l(·rturl>acionc:.'> tn
,l:í!CIIdtcntc:s. L1 amplttud ele \tbrauón \Crt•cd 
que "e produce en el modelo por lc1 aplrLJ.C!on de 
un.1 carga vciiu:al peuóc.lrc<t P" sen wt esta d.1clc1 
por la CCUaC!Ó11 

( 2 1) 

donde 

1 K,. 
w. = \; 1\(. -tM ( 2.2) 

y 

( 2 3) 

En ~stas exprestones M, denota la masa del pri»ma 
de ~uclo que se con.;;rdera \ ibra 'crtrcalmente ¡unto 
ton la Ciment<lcrón Su \alar resulta de multrplrcar 
el área de contacto por la altura h, y por la densi
dad de masa del suelo en cuestron. 

Cuando en el modelo actua únrcamente un par 
periódiCo M u sen wt contemdo en el plano vert1cal 
xz, la amplitud del desplazamtento angular produ
cido está dada por 

en !a que 

y 

, _ / Kc 
Wc- \JT;+J 

~e = - e¿~-=--=-= ' .. -. - -2y K e (/e + /) 

( 2.5) 

( 2.6) 

En estas 'expresione·s 1 denbta el momento de 
inercia de masa de la cimentactón y la maquina 
respecto al e¡ e de cabeteo (y-;- 11), e/, el momento 
de inerCia de masa ·del prisma v trtual de suelo 
correspondiente a estF. modo tic ,-ibracrón re~pccto 
al n11smo c¡e El mon1ento de' rnerCia de masa de 
este pnsma es 1 í~ del prodtrbo de la masa del 
mismo por la suma de 4h~r más el cuadrado de la 
drmcnsión de la base. perpendrcular al e¡e de 
cabeceo. 

Las amplitudes de los despl~zamJentos vertJcal y 
honzontal en una esqurna del bloque de Cimenta
ción debidos al cabeceo están dados por 

y 

Juuo DE 1967 

1 A: 
A.~=-- e· ~ 

2 
( 2.7) 

( 2.8) 

d0ndc e e~ la d1nH~I1'iiÓn de la base perpendicular 
¡;] c¡e de etbcceo. y h la c11tura del bloque 

L1 arnpltt•Jd de \ rbrac1ÓI1 horrzont;d. A., debrda 
a una fuerza ¡wrrodrca P, sen 0Jt ~e dctcrrnrn.l. mc
dt;m(e bs ces 2 l, 2 2 y 2.3 y su~trtuycndo· los 
indtcc~ z. v, por x. h. respectJ\amentc 

2 2 2 Frecuencias natrzralcs de r•ibrac10ncs aco
¡Ji,¡das horz:ont,dcs r¡ Jc cabeceo Como se mdrcó 
antcnornrcntc en maqurnas en opcraClOJl lt1 \ rbrt~
crón horr:ontal se encuentra s1empre acopbda con 
la vrhr.1crón de cabeceo. puesto que la tuer:<J horr
zontal ele desbalanceo no está apl1cada al nr,·el 
de la superf1cte de contacto entre suelo y Clmenta
crón srno a la altura de ia flecha de la maqutna. En 
esas condiciones la vrbraoon acoplada ttene dos 
frecuencras naturales de vrbraClón dadas aproxi
madamente por 

en la que 

(2.10) 

En la ce. 2 1 O J r e T denotan los momentos de 
tnCfCia de nldSa dd pr1sma VIrtual de Sllelo y del 
con¡unto máqurna-omentaCJón. respccttvamente, 
respecto al ~je paralrlo al de cabec~o que pasa por 
el centro de gravedad del sistema máqurna-omen
tacrón-suelo. 

El cálculo de los desplazamientos angular y ho
nzontal del bloque de crmentaCtón en condtctones 
de acoplamiento es bastante cot~rplrcado por lo que 
se recurre al proced1m1ento que se md1ca a con
tmuaCión. 

2.2 3 Amplitudes de vibración resultante. Las 
amplitudes 4J,e desplazamrento \ erttcal y honzontal 
de una arrst'a de la cara superror del bloque de ct
mentaoón paralela al e¡e de cabeceo. se pueden 
obtener con ba5tante aproxrmacrón mel1tante el 
procedimtento stglllente:':; 

a) Desplazamiento vertical. Calcúlense mdepen
dientemente las amplitudes de despiazamien
to vertical dadas por las ecs. 2.1 y 2 7. La 
ampltt.ud resultante estará dada por: 

1• 
l ( 2.11) 

b ~ Despl~zamiento hori:::ontal Una ve~ c.:llcula
das Ar y Ah \'J. se ttene: 

( 2 12) 

1 

En cualqLer caso. nmguna de las frecuencr.Js 
natu'éales cakuladas mecl!ante las ces. 2 2 ó 2.9 
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FrG. 7 Determmacrón del módulo de deformación recuperable de 1111 suelo. 

deber.í ~er menor que una vez y media la frecuencia 
correspondrente a la velocrclad de orcración de la 
máquina. 

J. DETERMINACION DE LOS PJ\RAME
TROS QUE INTERVIENEN EN EL MO-
DELO ·• 

3.J PARAMETROS RELACIONADOS CON 
EL SUELO 

3.J .J Densidad de masa. Se entiende por densi
dad de masa de un suelo. p. el cocrcntc de su pe5o 
volumétrico en estado natural ( determrnado 'por 
cualquiera de los procedrmrentos usuales). entre 
la aceleración de la gravedad. Es rmportante hacer 
notar que la densidad de masa en problemas de 
dinámica de suelos no se debe c;onfundrr con la 
densidad de sólrdos del suelo que es siempre mayor. 
En la densidad de masa se toman en consrderacrón 
los huecos del suelo que pueden contener la fase 
liquida y la fase g:aseosa del nusmo. 

3.1.2 Relación de Poisson. Para la determrna- ' 
ción de la relación d'e Porsson. v. existen varros pro
cedimientos; 4 Para ilos frnes de este trabaJO se reco
mienda el ~iguiente: 

a) Determinar e( módulo de elasticidad. E. como· 
se inqrca en el subrnoso srgurcnte. . 

b) Real{~ar una 'prueba de compresron confrna
da (baJO condrcroncs de dcformacr(\n larcr;.~l 
nula) con lo que se JctcrmrP.I el modulo dtZ 
deformación confrn.1da A/, = 1 cr, E·) dondtr 
a: denota el esfucr;:o vertrcal v E· 1<~ ddor· 
mación unitar;ra vertical rnmedi~ta. 

e) Calcular la relacrón de P01sson medrante la 
expresión 

"=-!:!~Me E:~~ (M~M~_§) 
2 

+ ~1iM~§_ 
1 

1 .. 

'1 ( 3.1) 
Si no se díspone de loo; resultados r.le una prueba 
de compresión conf~nada se pueden utrlr:ar \'alores 
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de la relación de Pors~on comprendidos entre O 10:. 
) 0.50 para amllas saturadas y entre 0.30 )' e 3:; 
para arenas. 1 ~6 Mrentras más densa es la arena. 
mayor su relación de PoissorL 

'3.3.1 Módulos de elasticidad r¡ rigidez. Como se 
indrca en la ref. 4. ell.rsten por lo menos cuatro¿,._ 
Einiciones aplicables a la dctermrnaCión de un ::1·,
dulo de deformación relacronado con la resput''-til 
elástrca de los suelo~;¡ carg.:~s repettdas. Para i¡:-.· 
de diseño de címent<KiorH':; de mac1mnaria se ob:t.· 
nen buenos resultados ut1irzando el módu!u .!e 
deformacrón recuperable. Este módulo es la pcn
diente E de la curva e!'fuer:o axial ( ';'=) cont~<l 
deformación axial recuperable ( E:r) determmada 
como se rndrca en la frg. 7. El módulo E pued..: 
obtenerse en el labora tono a partir de prueb.1- ,: e 
compresrón trrax1al con ..::arga repetida La dd"'
mación axial recuperable resulta de sustraer a lz¡ 
deformacrón total la deiormacrón remanentr ._·n 
cada crclo. Se recomienda utdr;:ar el valor 11'·''1'1' 

de E determinado med1ante prueb¡¡s triaxiales c1 1:1 

presrón confrnante srmdar a la dei suelo in sau. e•: 
probetas inalteradas~ del mate: 1al que se encuen!r.J 
desde-el nr\·el de desplante cie la omentac1ón h.:1~ta 
una profundrdad de una v medta veces la d1:ne·'
stón máxuna de la base En :suelos con permc .. btÍJ. 
d"'d mayor que aproximadamente 10·• cm 1 sea e~'.!" 
pnuebas deben ser no drenadas con presrón ~coah· 
nante efecti\·a al princtpiar el rncremenco ce 
( fSt - :r.) rgual a la prestón con irnante ¡'n si tu. 
, Sin gran error ~e pt~cdcn utd;:.:u íos \·alor~~ -~~ 

la rclacrón de PoL.,!'Oil r~com~·:hl.ll~l'~ ,.:1 ei ~~· i- , ·
so antcrror v cakui,lf el nwduk' ~1~· d..:t .. ,rm.; •... • 
re~uperable a partrr del coef¡c¡..:m~ de C0I!H~r..--· · 

elá:mca umforme. ;:.,. determm.:1do medi<t:H~ or:· .:
bas de campo conststcntes en c;:w~,l v descar9.t .i~ 
~ilcas rígrdas colocadas al r11n:i d.: desplante á..- .,, 

1 
• 1 TriJtándo~e de maten;~l~s Gr.1nul,trt'~ IH!lpll'< 1 qra\ .r. \ 

drends SIQ ftno~' en que- r.u '-."~ ¡."r.h.:lld:-,h.. .. ~.~1 :nct.'!'lo~:~'-J : 11 ~~ 
terado. las pruebils pu~den r.:all:<~r<e ~n ,•,p.:c:menr; :-· -

'parados con li.1 rdac:ón d.: \ <~c•o~ :rz sr:u a ;¡.Jr:·~ 
.muestras rrpresentat¡\ a~ S1 l.t •t•¡a,,on dl' \·¡¡,::os "1 • • 

no se cono1.e con preCISron ad:.:n us¡·rsc \alores c\:r·::::.·, 
!! rnterpolacrón. 

,, 
,, 
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FtG. 8 Dclerm.nacrón del coefrcientc de compresrón elástica umforn•-2." c •. 

cinH.~~tación. Com~ se mdica en la f1g. 8 el coef1~ 
c'iente de compre~rón elástica uniforme es la pen
diente de la curva esfuerzo vertiCal ( 0'.) contra 
asentamiento vertacal recuperable (O :e). Para pla
c'as cuad1adas de área A. el módulo de deformacaón 
r~cuperable estará dado por · · 

(1-v~)y'A 
E=------c,. 

1.13 

Como hay cierta da~crepanoa relativa a la de
pendenCia de e,. del área de la< placa. es C•Jil\ cnacn
te utalizar cuando menos dos dimens1ones daferentes 
de placas cuadradas. (por e¡emplo 60 X 6l) rm y 
1.20 X 1 20 m). y ex-trapolar los resultados 

Tanto en las pruebas de laboratono como en la;, 
prueb.ls de campo se recom(enda que el esfuerzo 
vertic<d máxtmo sea del orden de una v medaa 
veces ia presión est<ltle<\ que '>e pre<;entará bato ia 
dmcntacaón real. Se ·debe ll'cg,1r a e~te esfuer::0 
en unos d1e;: incrementos de e<u SJa y se reconuen
da reduCir los efectos de lustcrc~a-; <~plac<Jndo cu<~n
do menos cuatro caclos de carHa y descarga total 
en cada mcrcmcnto del esfuerzo. 

El módulo de ng1dez se- puede detcrmmar a 
partir de la expresión :; 

E 
G= 2(lr+v) ( 3.3) 

¡ " 
3.1.4 Propagación de uibr.acrones en el sue!o 

Aunque no está dm:!ctamente relacaonado con el 
diseño de cunentacao'nes de maqutnaraa es ampor
¡;\nte tener una 1dca del an't"orta~uamacnto de b-; 
ohdas v1bratonas eón la dastan~aa Esto permatc 
cstamar. en forma aprox1mada los efectos que )a<; 
vibraCiones mducadas por t•tna maquana pued.:-:1 
tener en mstalacaones cercana_s Se!=Jun la ref. 12 ~~ 
A~ es la amplttud de vabractÓ~ \Crt1cal a la dtqan
Cia r~ del foco de perturbacaón. la amplatud A, ;J b 
d1stanc1a r está dada por ,, 

~-r ,, A,= Aa ~ e-«<r-r.l 
r 1 

( 3.4) 

" 
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donde a es el coeficaente de absorción de energia 
de las ondas y sus unidades son m 1 o cm·' En la 
Tabla 6 se presentan valores de a para algunos 
tapas de sut.lo. 

TABLA 6 

VALORII:;:¡i DEL COEFICIENTE DE ABSORCIÓN 
DE ENERGÍA, ex 

Suelo 

'. .. (Según Barkan'"') 

a. m' 
-------------------~-----------

Arena fma. saturada 
Arena saturada con capas de turba 

y ltmo or1gámco 
Arena arCillosa no saturada, mter

estrat1f1cada con arcdla 
Amlla saturada. con algo de arena 

y lamo 
Cahza marmórea 
Loe¡s 

·' 

0.100 

o.o1o 
Q.010 

0.040-0 120 
0.100 
0.100 

C:omo la~ instalaoones de maquanana pesada 
genewlmen~e están lejos de anstalacaones en las 
que puedan produc1rse daños senos por \·abracJO
nes transm1'f1das a través del suelo. puede afirmar
se que s1 las vibrac1ones que se producen en la 
omentaCJón .son tolerables para la máquma m1sm:1. 
no hay que preocuparse por la propagac10n de las 
vtbraoones: 'en el terreno. 

. . 

3 2 PARlu\IETROS RELACIONADOS CO.V 
LA CIA!ENT ACION 

3 2 1 Forma y dimensiones. Como se mdacó an
teraormentellas maquanas de bata velocaoad deben 
ser .Cimentadas en bloques ragados de concreto. 
Estos bloques son generalmente rectanguiares. Ei 
fabncantc de la maquma espeufaca la colocacton 
en e( bloquetde los pernos de ar:cla¡e V los espaCIOS 
nec;;sanos para lubncac1ón. paso de duetos y co
neJdones. cte. Se debe procurar que el centro 
de ,9ravedad común de la máquma y el bloque de 

- ! 
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cimentación se encuentre en la vertic,d del centroí
de de la b~se de contilcto cnt1e CJmcn!JcJón v ;,uelo 
Para reduur la m<~gn1tud ckl pilr ,\!., e;,' conve
niente que la <1ltuw del bloque de llmcntaCJón 
sea la menor pos1ble Como rnmcr t.ll1tco '-e puede 
utili:ar un¡¡ rci.lcJón larSTO ancho: <Jito del orden 
de 9:3: }. Si clc!>pués de un d1;,eño p;~ilmln,,r h 
frecuencia natur;d de\ JOrdCJón del );J"tCJ''d Pl.JquJ
na-cJmentación-suelo no es sufJcJentcmc:Jtc S'fl.lndc 
en comparación ;;_on la frccucnc1a opcr<H 1on~l de :.1 
máquma. es prec1so ,Incrementar dJch<~ trecucnclél 
natural. La forma más sencilla de lof¡J<~rlo cons1;,tc 
en aumentar el área de cont<Jcto de la cuuentilcrón 
y/o reduc1r la masa' de li1 m1sma. 

La profundidild de desplante del hloque de CI

mentación c,l!ece de 1mport~ncia por h qt,c a 
vibraciones se ref1ere. En gener¡¡l se ilco~tumbril 
desplantar a una prof und1dad del orden d~ () 7 a 
0.8 vec~s la altura del bloque El efecto del confi
namiento latetal de las pJredcs clel bloque e;, dc<;
preciablc cu<~ndo la frecuenna natural de nbraoón 
del sistema es m~yor,que la frccuenoa de opcraCJon 
de la máquma. 1 ~ 

3.2.2 Masa e inJrcia de la cimentación. Una 
vez ddimdas li1 forma y dunens10ncs cid bloque 
se puede p1 ~ceder a determ1nar su peso. ma.sa y 
posición de su centro de gravedad Üt1 'J~ d<tto<; d~ 
interés en el d1seño son el momento de merna 
de masa del bloque. respecto al e¡e que pasa por 
su centro de gravedad y es paralelo al c¡e de 
cabeceo. 

3.3 PJ\RAMETROS RELACIONJ\DOS CON 
LA MAQUINA 

1-
3.3.1 Forma. dimensiones. peso. masas móvi/C's, 

velocidad de operai::lón Todos estos datos son 
suministrados por el fabncante o pueden determi
narse fáctlmente colí los pl<~nos de la máqwna. Es 
importante conocer fas masas g•ratorias para deter
minar las fuerzas y' "pares de desbaJ,¡nceo J1.'b1dos 
a excentriCidades acCidentales TambH·n es nece
sario conocer la veloCidad maxim.1 de ope1acrón 
a que puede llegar: la máquina en Circunstancias 
especiales. pues se ha obsenado· que en ocas10nes 
las máquinas operan durante lapsos com1derables 
a velocJdades supenores a las de diseño ,, 

3.3.2 Exéentriciáades accident -.fes tolerables. 
Aun en m?qumas ·del nnsmo t1pv y modelo ~e 
observan marcadas ''d1 ferencws en lil m.1qrut ud de 
las vJbracJOnes que producen. Esto se debe a va
riaciones indJ\'Jduales en el acabada de las p1ezao; 
móviles y de sus ap,oyos. que ong1nan e ,centrtcJ
dades accidentales., A p.ut1r de la~ dJrncn'-Jnneo; 
de la máquina es posible c~lcular la;; componentes 

1 

primanas teóncas de las tuer:il5 y momentos de 
desbalanceo y sus oomponentes armóniCdS - Estos 
valores son summ1strados 9eneralmente por el fa· 
bricante. pero no se 1t1enen datos rcLnP.os a fuerzas 
y momentos de desb'~lanceo reales deb1dos a excen
tnCidades acCidentales. Para conocer con exactttud 
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lc.J.s fuer:as y momento<, de dcsbal,1ncco que ex1sl: 
en detern11nad.1 m,tquJni1 :,cna prcc1<o hiicerla L ·
clonar colocada sobre re~ort e-; cal:b; <lúé>S v mee'·~ 
Ctlldados~mente )as \'lbraCJOllC'i rrodt:c1da~. 

Como se JPenciona en la rcf S s.:: llc,·ó a cabo 
un estudio compilrati\'O ac la" \ 1hr<lC10nes mci:JCI
das por diferentes máqu111as clc~piantadJs en c>
vcrsas condiciones. En las J'ldlJLII:Jd~ obscrvildd, 
no ex1stian en tcona fucr:ds pnntdflil5 n1 D2r('' 

pnm<1nos de dcsbolanceo Sm ci:lnarso se pt:d:ero: 
med1r \ 1braciones ron frecuencia :;1ual a la fre
cuencia operaciOnal de la m~qu111a lo que md1ca i.1 
ext!'tencJa de fuer::as y pares ¡;nm<Jnos Se oo<;enñ 
tamb1én que la \'anacJon ei1 lc1s amplaudes de \1-
bracJón med1das en máqu111as del m1s:no t.í)o ¿.,". 
pl,mtada.s en d nusmo tipo de suelo es de 1:1"·" 
orden tJue la vc.Jnac!ón obsen<Jda en máquma~o lki 
mismo t1po desplantadas en sue:los ci1feren~e, 
Dada la un precisión ·~n la ddu mlllauon de i .1'

propiedade::, elást1cas ó:l suelo de G::do o.Jtio r, 
sulta d!líui establecer SI 1<~ cau.<:a de la va¡¡;¡r¡n 1 

en ·las_ampbtudes res.de ~~~ el :,u e lo o en ]¡, r.:áau:n,, 
m1sma. f,;fas d1fíul aun rcsult<1 e'ita~Jlcccr \'aJore., 
razonables de las excc:ntnn,l;¡dcs normales. ya que 
según se mdicó, los fuer:as y momentos de dcsb¡¡
lanceo reales pueden e\cedc:r de 1 O a 30 \ ec<:s ""', 
valores teóucos. Sm emba1 \JO. es -ióq~eo supone· 
que excentnCJdade:; exce~n <h qu:: pud;c::r.:m ¡"r"
sentarse durante la nda utd de la :n,'¡quwa ser·.;;¡ 
prontamente corregidas m<=diilnte el balanceo Oilld

nuco de la mtsma En la ref l2 se propone i 1 

siguiente expres1ón para b excentuCJdad probabic 
en condiciones norm<~les de operaoón. 

500 
e=-

;v~· 
(3.5, 

e~ 11a que e denota la excrntrida,1d en metros y .\' 
la. velocdad de operaCión en re\ ol u Clones por r:11-
n4t0. Esta ecuación fue obten1da para turbm.:1~ ' 
miiRuinas de alta \'eloc1dacL pN lo que' su apilca
cicf>n a máqumas lentas conduce a\ alor.:s exce~l\·o~ 
de :las fuerzas y momentos de desbalanceo. 

::3.3.3 Fuer:as y momentos de dcsbalancco. Por 
lo ¡menCionado en el submc1so antenor, se rcc'1-
mlenda uuh:ar \'alares de las fuer:.Js y pan> ct.:" 
desbalanceo die: Yeces maL¡or.::s que los \"a,,,r~' 
teóncos summ1strados por ¿¡ iab:1.:ar.te o \ akr .:s 
diez veces menores que los calc.!tados mec1an.e ;a 
excentnCidad accídentai dada por l:t ec 3 5 

En la segunda airernatJ\ a utd1:ando c:o:;.l) 
e.~~entnCidad 50 ·N'. la~ fc:cr::a,; y ::nom<:ntos u.:o 
de~balanceo se .:alculan de la milna.,, s1gu:ente: 

,a) 

.¡ 
1' 

'1 

,. 
i: 

Farr:a hori~ontJl Es el N')Ci:.,::o de- la ·,:,F:> 
g1ratona por la e:-.centrJu(:.td \ por d u·,,_ 
drado de ia \'eloc1dad de opc:anon e\pr.:
sada en rad1ant>s por un1ci<1u Óc' tiempo. 
Fucr;;a t•ertical. Al \'aÍor de lil fuer:a hon
zontal se sumc.J el producto de b masa o,ra
tona por 1 

111 de la aceleracJón de la grave.J.~l~ 
Par t•crtical ,\J,. Resu!r.J de muit1phcar i,1 
fuer::a honzontal por ¡., aiwra d.:: la il~t-::ha 

{!IOGE':\:IERÍA 
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de !,1 máqu1n<1 respecto a 1.1 suped1c1c dc
desplante de J,¡ Clmcnr,•tiOll 

Como se md1co antcnormcntc In-.. ot1o" nw•nll:ll
lt "· dchHlo:-. .1 e,, ~·elliiiCid.Jd ,H, 1dcnl ~11 pucd, n , , ·n 

''<'I,II~C dcSj11CLidhJt '-

í C/l\1 E.\1 T;\CION /:·s f>! LOTE. \DAS 

Cuando J.:¡ c.lpaclcl.Jd de ca1 <1<1 del terreno no 
pcrt:lttil Cllllelll,lCiOile:" ror sup<:rllLIC O CUZ~lltl11 
·· t"l.l el peliSJrO ele den~!ltc<~ctón de suelo.., flldlll.-
1." ~'" por \ Jhractón o pndtdd ele rcst-;tenci,l por 
t• !llolclco en ~uelos cohc5I\ o<;. es prec1~o rccurrtt 
·' tlll\Cnt<lCI·::nes pdoteaclas La frecuencia natut.ll 
,le •tna ctmrntilctón pdotead<t se puede cst1mi1t en 
< i dtsciio preltmtnar como se mdtLÓ en :l1nctso 1 3 

Como en gcncr,1l se desconoce el LOmportélmlcn
to dmám1co de cunentaoones pdote.Jd<ts p<:~ta el 
dt.!->cño defin1l1\·o le un<~ cunentac1fn de e~te ttpo 
se po.~rte de las h1pótes1s stgt,nente'> 

a} No se tr<tnsm1te nmguna carga por super ft
cic. Es deor. se supoúe que el biJque de 
cimentaCión c~tá de.,ltgado del .!->uelo y ~opPr
tado íntegramente por lo<; prlotc'i. 

b) Para efectos de carg<ts dmi1mrcas longttudt
nales en los pd9tes ( e~to e~. p<tra v1br<:~unn 
vertical y/o v1brac1ón ,de cabeceo) st. su..,t1-
tuye cada pdote por un pdote rdeal que 
trilbil¡a ÍllliCilmente por punt,l ilpov<Jdo d !.1 
profund1di1d L,. Esta profund1d<1d puede dc
termmarse medlilnte una prueba de ca1 ~ils 
repelidas usando la expres1ón 

( 3 6) 

donde E es el módulo de elast1crdad del 
material del ptlote. A el :uea de su secc1on 
transformada a un mismo matettal. Á la pen
diente de la cl1rYa caroa-deformaoón tot,d 
recuperable y¡.;. un coér1crente de correccton 
cuyos valores se presentan en la Tabla 7 ._, 
es funCión del éspaoam'1ento medro entre los 
pilotes que soportan la 'ctmentac1ón La prue
ba de cargas repct1das debe efectuarse en i<ts 
condiciones descntas en el 1nc1so 3.1 3 pc1ra 

'VABLA '-7 

<:;oEFICIENTE DE CORRECCIÓN Jl EN FUNCIÓ~ DEL 

ESPACIAl\IIEI'.TO :'-IEDIO ~DEL DIA:'-IETRO 

m: 1..05 PILOTES 
( St'g¡jn Barka¡n)" 

EMJaciarwcnto mcdw · 
D1ámctro de pdotcs 

------- -·-·-----
>6 

6 
4.5 

3 
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1.00 
065 
o 64 
0.41 

pruehas de Cilrg¡¡<; repettdil~ en pl.tc,l~ nc¡1d<t~. 
S1 no se d•~ponc dl' lo-.. rc<uii.Hi,," de una 
pruch<t de Cdtfla "C puede '-111 qr.tll error 
!01ll.tr con1o longttucl ef._:,-¡,,,,: l d.· I .•. J(<tl.ll· 
tud tot,tl de ptlote-; que ttdh.l¡,¡¡¡ ¡-o,··¡,-," 111!\ 

o l.1 longttucl de lo;. prl·::>tco- ·-1 tt.d•.!J<~Ir 1)tln
C1¡J.llmcnte po1 punta. 

cf P.1r,1 carg,1.:; cli11<11ll1Ci1'3 trdlh\CI'·lk-. ;¡ los 
ptlotes (esto es p<11i1 \rhr,lltnn ll(•ll~l)llt.tll. 
estos· se pueden ~upone1 empntt .tdo~ en ~1111-
bos e'tremos con una lonqttud ef.:ctt\ ,¡ L,. 
La long1tud efectl\ a puede detcrm:nar'>e me
d1.1nte una pruebi1 de cargd<; re,PCtld<ts horr
;:ontnles srn permtttr gtro de la cabezo del 
ptlote, a part1r de la ex presrón 

L _ 3jl2AE~ 1 
h- ,---·k ¡.;. 

( 3.7) 

donde E. A y k han stdo deflll1das ¡)[ena
mente. y r es el r<tdm de g1ro de la ',CLC10I1 
transformada del p1lote re~pecto a un e¡e 
centr01dal perpendicular d la d1rcroón dd 
desplazélmtcnto S1 no se dt:-.pone de los 
resuh•ados de una pr ueb<1 de L<tr~¡a~ reprlida~. 
se puede obtener una i!p!OXIIlldCtón r<J.:ona
ble usando para L. el \alar de L, 

3.4.1 Modelo matcmiÍf¡, o pata cim<nt.lclones 
pdoH·c~das Para ument<H.tone-; ptloteéicl<:~s no ~e· 
requtct e constdcrar mi!S.l Vtrtual de suelo\ tbr.1nd'J 
con la omentaoón Basta agregar a la m<tsa de la 
Clmentactón la masa de ptlotes correspondiente a 
la nutad de su long1tud efectiva para el tipo de 
exotaoón cons1derado Corno constante d-e arnortl
guélmtcnto para cada modo de \ 1brac1ón se debe 
utdizar la rrusma que pélra c1mentactone-; de super
flete. La constante elást1ca del elemento fle,1ble 
se determma a parttr de la longttud eiectl\ a v de 
las propiedades y dlstnbuoón de los ptlotes en la 
formé! SI9Uiente: 

a) Vibrqción t'ertical 

;1 ( 3.8) 
! 1 

donde n denota el número de ptlotes que 
sopor't¡m el bloque de ctmentactón 

1 

b,) Vibr~~ión hori.:ontal 

IK - 12 AE. 
~ - n ( L , ) . L I.L 

, hir - h 
( 3.9} 

e) Vtbración de cabeceo alrededor del cic y 

•1 n AE 
·K e= L- x; · ¡.;. 

•=• L, ( 2.11 ) 

1 

en la que x, es la distanCia del i-ésimo pdote 
al eje, de cabeceo. 
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Util1z¡¡ndo estos \"illorc'i de lo-; pd' <imetro<; del 
modelo Ja respuesta dcJ lni~Jl10 el nlf<.:ICil'.C<; tipO<; 
de perturbación se puede c<Jicul.Jr como se mfhcó 
Cn cJ 111CI"0 2 2. 

3.5 DISEÑO I:STRUCTURAL DI~ U1 
CJM/i.NT ACJON 

En 1.1 actuaJid¡¡d no n1:-;te un proccdllnlcnto ri
guro!"o pilra d1sc-:ar' un bloque 111<1'-1\(1 ,k tOIKIC
to su¡cto al estado' de csfucr:o:, que ,,. p1 c~rnta 
en ctmcntaciOnes de maqum;u1a Sm cmbarpo. los 
esfuerzos son generalmente pequc1-1"" pnr lo que 
basta proporCionar .1! bloque un rcfuer:o non11nal 
por temperatura y coloc;tr pornllas de .tccro de 
refuerzo bil¡o las concen!lclCJones de cilrr¡.l Par.J 
el refuerzo por tempcr¡¡tur.J se recon11end.t lo C!,pe
cdicado en el InCISO XII del art1culo 2JO dcil(eqla
menlo d\' Construcciones para el D1stnto federal.''; 
Se aconse¡a también revisar el diseño por aplasta
miento seglln lo mdK.Jdo en el mc1~o V dd élrticulo 
226 del m1smo reglámcnto. 

En el d1seño estructural de los pilote<; es preciso 
tomar en cuent& los efect·:>s de friccón negatl\;a 
que pud1eran presentarse por asentam1ento de los 
estratos. En general .se recmmenda (iis.:ñm estos 
pilotes como columnas cortas. 

1. EJEMPLO DE APLICACION DEL 
METODO PROPUESTO• 

"1.1 DISEÑO PR~LIMINAR 

El suelo sobre el que se va a c1mentar es trna 
arcilla medianamente compacta Sus característ.cas 
pertinentes 'deterrn,madas medwnte pruebils de ruti
na en el laboratorfo y 1 o pruebas de cctrga y des
carga en placas ríg1das son: 

y1: = 1.5 ton/m1 

p =0.153 ton-seg~/m' 
e¡., - · 10.34 l.!g/cm~ = 103.4 ton: m" 
E = 1.000 kg/cm' = 10.000 ton /m~ 

'\1 = 0.45 ., 

" 

Las car'flcterístlcas de la máquma según dat:os 
sun11111~tradós por. el fabncante son: 

Peso total 
Ma~a total 
Peso de elementoS: !=JÍriltorios 
Masa de elementos ~prato-

rlos _ 
Velondad ·de operación 
Altura de la flecha 
Dm1ensiol1.eo; en 'j1lanta 
Altura del centro de masil 
Momento de mer~lil de nwsa 

respecto a e1é' centro1dal 
paralelo al eJe de cabeceo 

l 

90 toneladas 
Q.J8 ton-seg~ 'm 

16 toneladas 

1 63 ton·~eg~ 1m 
300 rrrn = 5 cps 
l. 20 111 

1 

700 m X 2.50 m 
0.90 111 

3.0 ton-m-seg~ -

• Los datos utJlozado:l en este e¡emplo son om;~gm.Jnos. 11 
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Conr¡Jor¡, ... ntc Cl>trr[Jnrh.n't 
/JfUJI.1f t.1 st~ct~r:rl.rrro~ 

Fuerza honzontal o ton o ton 
'Par hon::ontal 1 so to ~~ 111 3 74 to1:-m 
Fuerza vertiCal o 30 Ion u toh 
Par vertical 3.60 ton-m 2.35 ton-m 

:Las características del bloque de cimentac:nJl 
propuesto son: 

D1mens10nes 
Pe~o 
Masa 
l'vlomentn de merc1c1 

· mir11mo del área de 
la b,;<;e 

l'vlomento de mercia 
, de la masa respec
to al e¡e de cabeceo 

9 00 m X 3 00 m X 1 .00 m 
65' toneladas 

6 63 ton-seg'/m 

20.2 m' 

7.2 ton-m-st:g, 

De acuerdo con los da íos ant10nores se tu::nc: 

Presión está!ica de contacto 5 74 ton/m" 
Pics•ón dlll:lilllca de con t<Kl0 

·afectando a la m.1quma de L,n 
·'factor de imparto de l 5 1 -iO ton ;hJj~ 

Momento de merclil de :aasa de: 
, ,la máqmna respecto al eje 
'de cabeceo 36.1 ton-m-seg 

''4.1.1 Rcl'isión del dtscño prclu111nar Afecte~• 
do la capaudad de c<H~p del ~uelo con un c·:d•
Cjiente de segundad de 3 se: o_:Suen~ u:la prc-,, ,¡, 
de contacto adm1s1ble de Ji j ton. m~. b.lst<>nt.! 
tilayor que la prcs1ón dmánnca de contucto px ¡,, 
que el d1seño es udecuado en io rekrente a esluel· 
:z:os pent-.is1bles Los asentanuemos que ~e produ
¿lrán bajo el bloque de cl!nentaclón puede:1 c-~1-
marse COilOCICildo Jos ec;pcsore:, de los C~•fdl<' 
compresibles med1ante los nomos¡ ramas de ;-~ ·: -
mark.'; 

En la fig. 3. p<sra una superfiCie de c.ontacto de 
27 m~ y ClmcntaCJÓJl en orcd!a se ofHIC:lc ' 1 ; .• 

frecuencia natural reduCida dd orden -de 25 .• 1~1 
que la frecuencia n:sonante de \-tbraoón q:n:,,l¡ 
del conjunto es 10.4 cos E~ta frecuenCia e:, St::--·: 

. r}or al doble de la frecu.::nCia de operacJon G·· :, 

maquina. por lo que eJ d1scño Díeim:1nar C!' ,a. .. ..::' 
table en lo referente a frecuen.:1a de resonc.1nca. 

1 

'1.2 Rl?.SPl/EST A DEl SISTE.H_-1. A 
: · PERTURBACfO:\'f~S LXTERS."'l.S 
1 

¡ 4 2.1 ;'\Jodclo m.Jtcm,lttc ~, D.: Ll T<ahiJ 1 ~'"' ,¡ 

~~s condtCiones del ~¡cmpk) :-.:: 0hu..:n<.:-H lo;;,,,; .. ,.··:
:les valores de: Lts constdntt:,. :: 1•,u.:.<s del dt·;.:;¡· " 

/le:.uble: 

' o\ 

lr 

Kr = 7-i.OLlO ton m 
A·~= "iS 60L1 ton m 
K,. = H·LOuO ton-m 



! 
1. 

1. 

r"' la Tabl<i 5 se ohtiencn Jos !->lfJtllCll!es valores 
_J,, J.¡ altura del p1Ism<~ virtual d·~ :-.tielo y de la 
"n:-.tante de am01tiguan11ento lllieal para cada 

.nnclo de VIbración 

h,. = 1.35 m 
hh = 0.26 m 
he= 1.82 m 

e,.= 1.126 ton-seg/m 
eh = 473 ton-scg/m 

-Ce= 643 :.an-m-scg 

De la altura del pnsma v1rtual de suelo para 
ci!dil modo de ';brac1ón se obt1cncn ios siguientes 
v:->l01cs: 

M, = 5.88 ton-seg~ /m 
Mh = 1 07 ton-seg' /m 

le,= 13.9 ton-m-scg' 

i-2.2 F rccucnc ·as natur a!C's del modelo. U tdl
zanrlo las ces. 2 2. 2.3. 2.5 y 2.6 sf.: t1ene: 

Wv = 59.2 ra'd/seg ~ 9.4 cps 
~. = 0.445 

w,, = 53.7 rad/seg = 8.5 cps 
~h =o 259 

Wc = 50 5 rad/c;eg = 8 O cps 
~e= 0.112 

Para dctermmar con la ce 2 9 las frecuenuas 
de \ IbJacJón acoplada ,e~ preoso conocer Id altura 
• !l'l CE'ntro de gravedad del s1stema m,·Iqlllna-cimen
id(·•(·n-suc)o. Como el pnsma VIrtual de suelo t1ene 
diferente altura según se trate _de \'lbraCione~ hon
¡ontalcs o de cabeceo, se rccon11enda tomar una 
,,Jtur;¡ med1a. que en este eJemplo es 1 04 m. La 
masa del prisma ~erá 4 29 ton-seg'im. Entonces, 
la altura del centro de• gravedad general respecto 
a la <>uperfic1c de contacto es: . 

9.HSX 1.90+6.63X0.5.0-4 29XO 52 =O 
92 ' . m 9.18 + 6.63 + 4.29 ¿ 

J. 

Los momentos de inercia de masa del prisma de 
sudo y del conJunto máqUJna-cunentacJón respecto 
al eje que pasa por el centro de gra\'edad gener<d 
y es paralelo al eje de cabeceo son: 

le= 12.5 ton-m-seg~ 

7 = 12.2 + 6.7~= 18 7 ton-m-seg' 
¡f 1_' 

El factor y de la ec. 2 1 O será entoncc~ 

12.5+187 312 
y = --------·----- = --- == O 5H 

13.9 + 36 1 +J 2 57 2 

y las frecuencias de v¡b~ac1Ón a~oplad•1 ser.ín 
1 ·-

1 • 

5.425 + 3.644 - { 1.637 
1':09 . - 8,336 

JliiJO DE 1967 

" ~ ¿' r.,1d _ 
•. (ü¡_-- ,o.2 -- ~ 6 -i cp::. 

- scg 

rae! Ü w. = 91.3-- = 14 5 cps 
- seg 

Aun.que el d1~cño prclmlinar resultó aceptoblc por 
lo que toca a resonanc1<J en 'Ibraoón \ c-1 tical. 
para vibraciones acopladas hon:ontalcs" de c.Jbe
cco la frccuenc1a resonante m1nmw es sol0 hHcra
mcnte mayor c¡ue la corresronc!Icntc a la \ e!ooclad 
de opcrilCIÓJ~ de la máqu111a En C"'as orcun:-,tan
oas com end:1a modifiCar de mmed1ato el d • ..,eño. 
aumentilndo el áred de contacto y reduCiendo la 
alttua del blooue de CimcrHación S111 t'mh:Hqo. 
para Ílllcs de ;lustrac1ón se calcul.Jrán med1a;Hc 
las ecs 2.1 2 ·i. 2 7 y 2 8. las amplnude<; d;: dcs
plazam¡ento resultantes S1 estan dentro de lo~ 
lhmtcs tolerables se podrá acept<~r e! d15eiío 

1 .2.3. Peá.vrbacioncs c:rfcrnas. De la ec 3 :5 se 
ohtJCJH.' una t'.\CCP!rtndad probable e = 55 mm. 
que es ob\ wn,ente absurda Sm emb<JrQo. como se 
recomrenda en el moso 3.3 3. se pueden c;,kuiar 
las fuerzas y momentos de desbala11cco dcb1dos él 

excentriCidades accrdentales utíh.::ando un valor 
de e d1ez veces menor al obt"'n1do de la ec 3.5 
EntcPJo;:es, bY amp!nudes d~:: las fuero: as y mornen~ 
tos de dcshalancco !>On: ,. 

'P, = 4.98 ton Q 
Pz = 13.98 ton 

MY = 14.94 ton-m 

Los valores -9'- las fuerzas y mo11•entos 2<:- des
balanceo que resultan de multiplicar por d1ez los 
datos summistrados por el fabncante son: 

· Pz = O ton 
P: = 3.00 ton 

4'fu = 36.00 ton-m 

Obsérvese qfje las ful.'rzas y bs pares de des
habnceo cal~ulados p:::>r ambos me¡odo::. son o¿J 
mismo ordcn.de macl!Htud Dz·cid ia m;;.:rudumbr.: 
de los datos ~al \·e: "con\ enga uoh.::ar d ¡:¡romed1o 
de ambos resultados Las amplitudes de cie~pla:a
mieno6 correspondientes a cada modo ac \ .oraCion 
mdependtenttt s0n · 

1' 

~~ :::: 0.!3 mm 
A, = 007 mm 
A11~ = 039 mm 
A~~= O 26 mm 

1 

Aplíca'ndo bs ecs 2 !1 y 2.12 :,e obncn.:n l,1s 
amplitudes resultantes: 

•1 

1' 

A,.= 0.41 mm 
Ah= O 29 mm 

1! 

J, 

269 

o 



o 

o 

o 

En la f1g 1 puede ob~cn·;11 ~e que cstJ~ ampiHodrs 
de v1brac1ón estim dentro de los líllll!C' pcrnn
siblcs. por lo que el d1~eiio es sJtlsf.Jllono 

5. RECONOCIMIENTO 

Se agradece el patrcon1o de Petrolees MC\.1Ci1-
nos pare~ lle\'ilr a c<~bo b 111\'C~[Ig,lciCJil que con
dujo J los cntenos de d1seño oh¡ct·J de c;.te 
inf01 me El seiior B Martínez Romero efcct uó los 
cálculos lllclu1dos en el c¡empl,o de aphc<lcJón 
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]\([orle/o 11117/t:llJfÍ/tro para rcprr·,rn/ar la !Úit:nzccÚ}I! dtúríiii!Ól 

de Sllcfo )' CJlllCI/IfiCI(J/1' 

¡,-,,¡:Ji. Nn:ro. Ft~11l1n ROSF.Nilll/1 TI/ 
) o,,,,.,<, A NA0CON ' • 

1. JNTI?OJ)lJCCION 

1.1. Dc.<c"tif't"l¿./1 Jcl ¡•tt>Mcma 

La mflucnc1,1 drl ."ti(."IC1 de CIIIH."lllilll(·,n en !.1 
respuesta rhn;JmJC,l (k un.1 C'-t ruu c~r.l llP h.1 ''do 
~u(JCiellteJllelltl' C."lll,ll.id,l ,\lllll]liC C.' pn>lhk llll 

!rcllillJllCJliO ll:lllll):-,(l del p¡p[l].::m.l 1 C"(e llO e;. de 
f;ted apiJCacJéiJJ en l.1 piilCIIc.t Com 1cnc , nntc~r <"011 
un modelo lll.ltcm.I!Jtn 'l'!lrdln que pclmrt.l deter
mmar cnn bd'>ta;He prl'l"r"JPil ];:¡ IC!'puc<.t.t de 1111 

~1-"IC 1 ll.l suelo l''- 1rJILI·IIId il j'é'lllllb,lCIOllC" drll.lllll
, .. ,, El mocielo clrb,· plPpnrl'rnn<u rc~ult;Hl<'' r.J::o-
1,<~bkmente con celo~ en rl Jlltel\ ;do de frrcuenu;1s 
dr llli1)'0r ·mteré~ El tr<llillllll'llto se <:l!nphfJc.l con
siderilnoo pnlllcramcnlc la crment.1c1ón de una es
tructura corno un hinque rír¡rdo El flJOblem,t con
siste en dclelllllllclr eltomportil!lllento dm;lllli<O dl.'l 
SIStema con<:trturdo pnr cJ nrrr po rr~¡rdo y <'1 '-!lelo: 
rste último se pucdc rclealr::ar. en unil e\ten~il fl·llllil 
de condrnones préictK,l'i como un meJro d:t<:tiLO. 
hOI110f1élleO. 1'-Ótropo )' SellllllflllltO 

Una vez drtermlllitda b re~puestd dmámtCil del 
bloque ríg1do de nmentac1ón tomilndo en cuentil 
su mterilCCIÓll con el suelo. es f,tnl I!Korpnr ,11 al 
st~tcma la estrucluril fle\rblc qne se lc\ilnta soiHe 
drcha cimentilc11'>n. 

1.2. Antecedentes 

Las pnnCJpilles soluCiones clrsponJolcs h••~ta lil 
fecha pcHil el problema de mteracCion dtnftnllra 
entre un cuerpo -rigrdo y un semJespilcro clastrco 
pueden clao;J{H..~rsr en cuatro grupos. 

1) Soluciones C.\ acta~ cl;tsicas. que suponen 
que la drstnbucrón de csfuer:os ele contc~llo 
entre bloque y suelo no drrendc de l,1 fre
cuencril de \'Jbri!clón: ,. qcnerillmcnte to
man drcha clrstrrhuc1ón rq~ral a );:¡ que corres
ponde il CilrrJ.l e'itéÍtJcct El calculo de l.1s 
respue<:tas drniÍmJCtl!> e\lqe trab;Jrar rndepen
drentemcntc con cilda frecuenn., de C\Crtil
CJÓll pue'i los parámetros del modcl0 m,lfe
mático corre<:pond1cnte ~on funnones de C'ta 
variable: till s1tuacrón no e., ohretahlc Cll<'ndo 
se trata de cé!lurlar el efecto d~ ,·rbranoncc; 
debidas a maquinana. pues entonces sólo 
mtere~iln una o unil~ ur.rnta'i frecuencia' de 
excitanón. pero rn t rod u ce en m rlrcilcrone~ 
m¡usttfrc.1d.1~ c.ra11do ~e de~ea l:alcul.1r la 
respue~fd a una pcrturh.terón que contl\'ne 

' P.mcnco;J fl" •<'llt.oti,< <'ll "' PrH:h·r Cnnqrno N.o,¡on.ol 
de lnqcnot'"" S'"'"'"· (~''·'-' 11.11o~r.o j,cl 11"' jl)!1'i. • 

•• R('S!)Cdl\ .lflh mr 111\' ''""'d"r Corrdc'r \ .0\ l!lLI!tft d(' 
111\CSII\Iildor del ¡,,l1tulo dt' lro.:¡t•rucro.o UN,\l\1 
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componente" ~•!JIIIfr(.rtr\ ''" l'Il ur1 c\ten~o 
m len ,1lo de lrc• uenr•.t' corno lo r~ un ~1smo. 
)' f1lil(!ICclllil_'llll' llllp0<¡[1,!¡:,1 e} (il!\tdO de 
re~Jlll!."'ld~ crr,111dn •ohrc ],¡ fiii!Cllt.tc;on e:\IS
te ~lllJ e"trt1CiuJ,l de Cl'lllJ'Ort:lln:cnto no lr
ne.tl ,\ckrnil~ it lll\1\' <tlt"~ frcrurncrd<; esta 
solucrón de crrr'l e• rnadm'''bll's pím crurn
tes cir 1.1 hwntc"'' rd•'rrntc a la d1~tnbucron 
de es fuer ::os de contacto 

2) Pi1ra una plac.l nrculc~r ~u,<'ta ¡¡ \lbracrón 
se drspone d._- l,1 ~nlunon e\,lctil que toma en 
cuentil la dr...rrrhucuin corrcdi1 de e!'fucr::os 
de contacto '. Por lo dcr:r.'t<; e 'ita ~olunón 
adolece de la~ llll'>lll.lS lrrnrt,Jnones que las 
del grupo que antecrde cuando se trata de 
anál!~IS paré! d1seño si<.mrco. 

3) Se han propuesto dl\ ersos modelo~ mMe
m,itrcos que induyen !Jl,lsas VIrtuales. ·ele
mentos flcxrblec; v amor!lqu.1dnrc" lrnc.tles 
paré! repre"CIItar .,·¡ ~uelo' ' Al t0r11ar estos 
pélrámctros rndcpendH.'ntes de l;1 frccuenna 
se elrmuhl b ddJctrltad menuonilCÍ,J a proro
Sllo de b apl.c<Jcrón de l<1s ~oluc¡ones de los 
grupos antenorec; a drseño <>i5mrco. sr bren 
se rntroducen errore• ll!ildmr<ibles a nruv 
altas frccuencr.1~ (Se Í1;1 ~~·mC'-.tracio que ia 
masa virtual de !>Ueio ciebe .ser nula pilra 
que el orden lic rn.1grntud de las rc~puestao; 
quede correctdmcnte pred1cho cu.1ndo b fre
cuencia de eJ~Cit<lCJÓn trende il Jllltnrro ·).Las 
milsas nrtui11es de c~tos modeio~ matema
tJcos se basan en con~rdcriluones de carac
ter .inturtl\o m1cntras las con~tillltC<; de los 
amorttguadores se h,1n d·~termrnodo d rartrr 
de un número lrnntado de pri!chas de labo
riltOrro en modelos {í<:vcoc; de pcqt.cñas dr
menstones usando o snnul.1ndo :,uelos en 
forma tal que se anto¡;; pcllgro!..o cxtr<~rolar 
a part1r de ellos 

.¡) p,,r'.l elmnn.1r la oh!•-'ción mencionada res
pecto al cm piro de un.:~ masa \ ~rtuill cu<Jndo 
rnteresan frecuencra:. «umamente ele' adao; se 
ha 'propue~to un modelo maicmiHICO que 
comprende sólo un ck:n~nto fle\Ible y un 
amortJsuador hn~iil en rcpre!"ent.lCIÓil del 
suelo ambos elem.:nto~ ci1re!Hcs oe n:<1-a ·. 
D1cho modelo ~umrnrstra re<ultadc~ C'\ccJ.:::l
tes Cn los IIHC'f\ a los OC free llC'rlCiil <; SUma

men te b.lJ.l' 0 C\CCí1Ut1IJ.llmerne ;dt.l" pero 
introduce crrnrc" ha":i1 de un 30 ¡10r ncnto 
en el m ten a lo m:errr:~d1o t !'r 01en d error 
~encralmcnte no e\cede 20 ror crento c:1 éi 
intervalo de m<l~ or mtcrés 1. E~ta soluc1ón 

l 1'7 



sólo ~e l1.1 foJnJuhd<•. •IJ'd!C'JJ;c¡ncn,,· p.1-

ril lilé> O'-ubrJotH'. \ et tH ,de~ dr IIJJ,\ 1:1 t< .• 

C!Icui,l! 

f)c l(t:, t..{'~lll( ¡nn'~'' llH~iH J(~lLlcl<l:, lt~' drl 1dt11nn 

\11-IIPO '•Oll Lt' 1111\l.l'- <¡:1(' J11Jdh :,J\1 1• 11\'lll.'','f'l' 

•.,¡(¡~f.lctor¡,¡, ¡•,¡r.l drct'l-lll CJ'-.11\J\() SI JI C\111'.11 qn, 

llell\.'11 cJ 1111 <'ll\ Cl\1<'1\lc de [1L'I<kl prC<_I''IOll .1 Ílf'

CI!\llCiiiS h<11dc V llh'di.J'- ljll\ '-0\1 lit'> de lii.J\Of 

111tcrés en ci <11'-Ciln de (1111'~!11<J(I('lll'~ dr: 111<1\]111-

1' ;J [1 il le ll t 'l \ (' 11 ti 1 •: (' ,-, () '·J e:,¡ ll o de e q 1 11 '· 1 1 1 r d ~ 

El modc)n m<I!U•J,-IiJ,-o que ~·~ plOI'":Je en este 
r ~ ithriJO c<...td h:J<..dttO en L1 .. , t,oiucJollct.... e \dt tl1<.... ( ld
~J(_f1S PIC'C'Illd ld 'cntd¡d <..le l~l.J\(H ~~:e~ ¡c;¡tJ!1 C'll 

d Jnten .1lo de J!ltCJl'' p1 .~, t1n1 cic ]d, Íretucnclil'
E<;t{l ]JmJtdd<' 1•o1 :o pronto a b:J<.c~ de umcnt.J
CIÓll de fllfl\1.1 l\l(l¡j;¡¡ il\IIHJ11e ~U C\tC!l~lf111 d t•\1,1~ 
fur m;J<, de ha-,c e-. JllllleO:ii!.J Se Lm1l,l I<JIIlbJcn d 

la cons1der<'<JOil de modo<; des:~coplc~clo~ de \ Ihra

cJón Pa1.1 !0•. \F<Jdo~ de hbert<~d elc\11dor. e"lo~ 
modo~ 110 ['Jicckn C\1~t1r en ~cneral cunnc.io ~e 
tr,lt.? de UILJ b;1~c n~¡¡d;¡ por lo C]Ue 1 c~rec ril il 

c<::becco y t1 ;¡~l;lCJüll lw11:ont.:d. s;1h o cuondo Id 
relac1ón de J'tw-.-,ol1. 1, v<~lc O 5 En b p¡;;ctJc,1 los 
¡:¡rados de ]¡he! tad hor I:ont;Jl y de c;1beceo --e en
cuent rdll ilcopl.1dos En el modelo Jll opue~.to es 
faclJblc ton¡;¡r en <- <'11"JdeJ iluón este ;¡copl;11nwnto 
vanilndo ];¡ coloracJOn de ios elementos lln1bies 
para los modos en cuest1ón. 

¡ .3. Fundamentos de/modelo matemático pro
puesto 

1.3.1. SoLunoNES "rxAcrAs" PAR.<\ BA
SES U11ClJLAJH.:S 

>1 respuesta du1árnica de un cilllldrn Circular 
de m;¡s;¡ !'.{, y r.td1o r., de.,pl.llltaclo en !.1 ..,uper
ÍJcJe de un ~emic~p.luo eli•~uco homoqcnco e •~ó
tropo Cl!)',l., COII~Iillltes e]:l~liCil~ ~011 (; y 1 y CUVil 

dcns1dild de Jllil~il e_, 1, hil !>Ido e.,llldl.tCl.l pnr \ ;1no., 

Íll\TS!J(l.Jdnrn ,_ · p.11.1 los "el~ (lrados de hbnt.~d 
dd :,¡~lt'nl<~ .• 1 ,;,t])t~r \ crtJe<d. do., hofi.(JJlt,dcs 
Í\JI'•lies entre sí. 'f·, ~Jeteo· J<''·JlClto ¡¡dos Cllii!IH'tro~ 
(lftonon<~ll's de b h,1.,c v toJsJón te<;pccto <~1 e¡c 
vcrt¡c,l] que P"q por el control de 1:1 bo~~e ~e n¡¡n 
con.,lder;Jdo e11 l~1 m;~vorta de lo~ c,l<,o~ do" l1f10S 
de pcrturb.JciÓil il< tu.1;1do '-ohn~ rl cd1ndro ~ohu
t;;c¡ón .~rm<'>lll<-il lll>" .lnq'lltud e~ Jndt· 1 •cndH·n~c 
de J,¡ f¡ e<IICI\Liil '' \ '-OhutdUOJI i1llll<llll• ;¡ (ti' il 

óln1J1lltud e•. í'rnpr11nnn.1l ,1 "' ( Eqe ult-•ni•J t1¡•o 

co; el q1>l' -prndutlr ¡,(\¡;¡ e\CJtilClur mcc-<lllii.:O de mdsa 
e\cé·nt; rra) Como <e deccnqo, e C\ce¡'tn rilril \1-
braclóll • ert1r.d · Id rJ¡qrdllll 1011 re,d ele ._·q¡.,., :o~ 
dlll,llllltth en !,1 ~II!'L'l tJCIL' de COlltdClP ClltíC l'l (1-

!llldlo y ~1 ~Uill<''-l'·ll 111 en it" <'~tlldll•-. rct•:tld<" 
~r lt.t ~IIJ11;:,··.1n 1111.1 d1'1 rtbtl< 1<'11 Lit_' c'lt•cl :<·~ dlll.•

tl11t o..., ,\11,1,'tl~J·' ~~ l.t (.¡,.._\ ¡ ¡f)tttl(lll eo...t.ll:t.l L~\.t(.,.r· ~~.~_' 
h,lJO ,llqll,i•l d1• j,¡, do'- t_lllldl< IO!le~ C\lfelll.IO< !'1-

gtllCiliC~ 1

1 

d) t_t/111d10 111 h!H[,\IIIL'Ilte rl~ll<-1<1 \ /J) 
cdllldro J,JIIilll.llllCllle llc\1bk Ct_<ll J.¡ J'lli;J<'f.l '11-
pOSICIÓll oe prc~cnben lo~ de~pi.J:.IIJIJI'llro, en i.1 
supcrf1uc de cont;¡(to y ~e dctcun111.1 ¡,~ lO!ldiLII'Il 
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ck csfucr:os corre' ¡·r·:HÍH·ntc< Con 1.~ '-Cqund.~ 
"'IJ10CICIÓH J.¡ dJ•·tr•hliCinll de: (''\IICI.O'- 5•' p;C'·lll;)C 

de ,11ltCI'I .. :'o pdi :¡ c;1d.1 t1 11n de nttl\ Jllli\.Hn E~td' 
c;upc'C:..JCIOile~ cnndllt lfdll --tdO el \ itiCll•~'", d,i¡ (_1 '\liil,l

dll'- del<~ rc-.,•u<"·l.l di'1.!Jn:,;¡ dci lliil;dl'' ¡·~·¡o ~e 
f¡d lOTllprn:,,!dn: que ld-.. d;'~i0\'l'1dl-ll'dL'- ~,Jil clO~

CIIdd.is pilf,\ ];¡ IJJ,l\ f11 J'ill IC CÍt' Jo~ flllC• ¡•r.l({ILO<, 

i~JCh,lft · C1f1 ere una e\celentc p1t'"t'Ill.ILIOI1 dr~ 
lo~ result,Jdo., nbtciJII~<'~ po1 el ' por n11 tl'- 111\ EC"ti
~fildores par.¡ l.t d _'tl'lllliii.ICJCIII dr ¡,~, f, t'Ct:cncld!'. 

resonilrlteo v illll¡'llt•I<k::- el<: \:br;¡,-¡on fi··i L'i1ndro 
e 11 e ul a r 111 f 111 .t cll\1 en \ e 1 1 r¡ 1 Jo :-,u' c:r d i : ,- .t < ~e re
producen en J,¡•. l1q~ 1 ;¡ ·l corlr'¡>n,¡lll ; ..... _ c~ c,>O.l 
uno ele los (lrado-; d-: i1hert<Jd L1 l<J 1;¡,:,•.¡ ·nícr:or 
de estas fl!=jlllil~ "" pe~c!Hil la frc, \,c;'L .~1 ll'.r'llil;!
te en func1ón de la 111.1~a o l<1 ¡;,·rcJ.J d•_·¡ <IIII1GIO 

fi\-Jrdo para ios do, IIPO" de p::-1 t 111 h,¡c;r.-¡ n•; -;c~..:
rados y para \.-l!Jos \.llore~ de la Jc:.hiC•.J cie 
P01sson ... Télnto la Í!ecue:lc!a rcccn.Jlllc co,;JO 1a 
masa o memento de Jnrrc¡a !'C ~Iilftr.Jn u1 lorma 
adJmensional. aqu€:1]¡¡ como el parámetro oc fre-

cuenCias an = ,., r .. \'-¡;-(;;. e'ta como rl p:IJilmetro 

b. que se def111e en J¡¡ follna SISJUICIII~' 

.. 

-, 

í. Para mov11nicnto 'ertical b, = Al r>r,, • 

u. Para moYirmcnto hon::ontal b 11 =.\.J. l,r .. " 
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(b) Frecuenc10 resonoole en func1Ón de b~ 

FIG. 2. Cun•as dt? rC:'f'IIC>fa y /recucnc.as rcsonartfes de 
t•Jbr,7Ciórz hon:Cintal Rt·l,lCIOn de Po1sson. ,. -- O 1 Segun 

R1chart. rd 5) 

111. Para cabeceo. b., = l .. / pt 0 ' 

11'. Para mo\·in!lcnto 101 SIOnal. b1 = f,./pr .. ' 

En estas cxpre~1ones l .. e~ el momento de mercia 
ele la masa de ];:¡ hase respecto al e¡~ Je c<Jhcn·o y 
f ... su momento de illCICI.l rc~prcto <JI e¡e de tor,l(lll. 
En la m1tild ~upe110r de l<ts hq:, 1 a 4 P-xh<Jrt 
presenta la amplitud de \ IbraCJón en funCJÓ'l del 
parámetro de hecuencias p.ICa \anos \aio1es de b 
y para ambos tipos de pe1 turbac1ón La amrÍitud 
A. que con es pon de a cilda qrado de IIberr.:~d se 
presenta adimensJOnaimcnte en la form<~ siguiente: 

r. Para \Ibrac•ón vrrtir.:~l A,Gr .. IZ ~~ l:1 Jm
p!Itud de la fuer:a pertmbadora Z e" Ill
dependiente de la i1ecuenclél v /\, rr .. i2m 1 
SI lil perturbauón es dcbid.:~ a l'll excllil(i0r 
mecitniCO con Plil~a r:--centnca m, y brazo 
g1ratono de lonsptud 1 

u. Para v1braC1Ó!l hon:ontal A .¡Gr,./Q¡¡. o 
Aupr .. '/2m,l. en que 011 es l.J amplnud de 
la fuer:a pe1 turhJdor<:t mdepcmill'nte de lil 
frecuenna. , 
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Parémer·o de frrcufn'=IOI, c 0 = wr-0 ..fpiG 

(b) Frecuenc1o resononle en func•Ón de be 

F1G. 3. trrrvas de respuesfd y frccu,·nnas resonantes d~ 
VIbraciÓn de tdÓ~cro KrhCJ:'Jn de P·>ts,,m ,, -- 0 (Segun 

R,ch"d rd 5) 

iii. Para VIbraCión de c.:~b,u·o .t\ .,Gr,,1 /.U. en 
que ld rs !a illllfliitud de! mo•w_'P!o de ca
beceo. 

ir•. Para vibración tor.ilonal A 1 Gr.,' 'T. en que 
T es la amplitud del pilf tot ~·onal 

(Para estos dos lilt1mos c<l"OS no se presen
tan cur\ as corresrondteiHe' a la perturb<~
CJÓn produCida por un excn3d<?r mecan1co). 

De la snnditlid entre 1<,, Ct'f' as de amplitudes 
prcscnt<Jdas por RH:h,ut \' h;; t'pe-:t.-os de des
plazamiento de un SISté'llB amorll')U,lé:o con un 
grado de hberti1d SL•!Clo .1 lo-; •n,·rlr ~ l!p•)S ¿e 
rerturbilOÓ11 Sl f,l,Ó lJ iQC,l :!e c1"~ilf!Oll<tr el mo

delo m,atcmi.~ICO que ,e dr::scrtL'-:' en J .. ~·gu1en!e 
"CCClón'. 

1.3.2 RE:oPUESl:\ o::. \:-..tiC\ DE :::•sn:·t \5 
A\VJRT!l~li-\DOS OL U\ GR-\00 !JE LI

BERTAD 

Se sabe que la frecuencia cirrt:lar resonilnte de 
un Sistema amorti!luado con un Wildo de libertad 
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PorÓme,ro de frecuenc•os, 0 0 ::: Wro.¡-¡;-i'G 

(bl Frecucnc10 resonante en func1Ón de by 

FtG. 'l. Cur11as ele rc<rmcsta '' {rrcucncras resonantes ck 
t11branón tur"onal lndcpcndlclltc cic 1" rci.ICIÓn de P01~wn 

\Sq]un R,clli1rl. ref 51 

cor: masa. !\1. const<1nte el.íst1ca K y constante de 
anurtiguan11cnto C. está. dada por " 

, _ fK ( 1 - 2É') 
,,, -\1 , M ( 1 ) 

cu.:mdo b amplitud mil\tlna ele lu soliCitación dl!la
mtca es const<tnte. v por, 

'--~--\!M(l-2$'-) 
( 2) 

cuando la <1111phtud má\imil de la ~oltcttactón es 
proporCJonzd ;d cui1dr;Jdo de la l!c~ucncJa t'crtur
badma En csti'ls C\piec¡o,le~;: = C. 2 \'k;\! es el 
porccnta¡c r!e amortJ~¡uc~micnto críttco del Si~temJ 

S, se conoce ]¿¡ con<t<~rllc ei<Jcnca ele un 51q<'Jllil 
amorti\lU;Jclo y ce detcrllllnill,' C\pcnmcrH<~imc;Jte 
sus frccucncl<l<; rcco.,zll1tcs ,.,, '\' ". cuand0 la C\CJ
tación es. re;,pectt\ <~'ncntc '.nd~rcndJctlte cic r¡ 
proporcton;d al cuildt.ldo de 1·~ lretuenc~<l ¡'ertur
hadora. es pos1hle. mcd1antc i,1s ec" 1 \ 2 detcr
nnnur el \;dor de J¿¡· mi1"il ,\jt \' de lil conctante 
de amortl\lllilllllenlo e del St'-'t(t'llil En estil tdea ~e 
bas.1 el m'odelo mau'matt.co prt

1

)Puesto en cstq tril-
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¡,,qn con la~ nHHLf!,.~,-t"IH'o:; qtil' "l' ¡nc\"-·111 m."t-; 
.:tlcbnte 

S: ~..,,,he L 1 T'd'h.l\lJt,l' ltt f·tt.-tl\~ncl.l lt'~''~1ant~ ·ot 

d.-..¡ (l,tCiilct .:-ll'lnJll, ..• ~·;,, ll'rllll\1' r 1 ,, ;,,i:tud tn(t

\1111,1 tk l.t e\Ul.t':"" L'- l'l''Pl'lll' iloil" id IJ,'\IICJl

lld pCrllllhdd()til l'', 1~)\l.d ol l.t IJL\lll'!Hld)ldl\IJ,¡] 

del ~1'-tem,l ~111 .lll!ottJ,¡u;,nucillo L• .JI'¡'iltud rc
'on<~ntc del s1;.tcma <II'IOI ti,lUildo '''¡ero a este 
ulumo ttpo de e\CJtanón es ;\J 1 2~~·. 

2. MODET.O M;\ T F:.\L·\ TICO PN0Nl /:'.CJTO 

El modelo que se prop0nc es un ''~tema de 
un 9r<~do de ld.wrt,1d con cli110rtlC)Udl111'';1to l111eal 
Consiste en un<~ llld"él n~¡tdo~ con<..lHllt,ia po1 lil 
Cimentación "> por un pnsn'a \ tnual cte 'Ue!o e u; il 
h.1se es tdéntJCd il la de la Ct:nen,<tcJón pero 
cuya altura \·a a depender del grado ele libertad 
considerado En es:'! tr<tDilJO se estllliiZIJt C\du"t
\'ilmente ha5c;. de c11nentauon de forn:,, Cllcular. 
por lo que el ¡-HJ;.m,t \11 ru.1l ~''- un L.lilldro La 
ma~a ngtcla c-rá ~opo1 t<1cb por un cica,e;Ho flc\1-
bk. lme<~imcntc clast;co s1n pe:-o. L1 foll<ta del 
elemento fle\ible v su colocilcJon re~IJccto <1 la 
masa rígtda dcpcnclen dd modo ele \ thiilción con
siderado y se p1 eo,entiln en iil li:l 5 Como cons
tcmte clá~tlca del elemento fie\tblc ''.? uttiJza ],¡ 
obtent(b por medio de kt teona de b cJa~tJctdc~d 
di considerar para e<1da w<~do de i1l~c' tad la <IC
Ctón estática de la soltcJtacJon <:Jrltcad<t Ji ctlmdro 
fl\lido de rad1o r .. desplantado en b superf1cte del 
scmtespacto elástico que repre~enta ili '-ucio En 
esta constante elástica se mclu\ e el efecto de la 
rclaCJ6n de P01sson De esta ,;lilJH~r<t ~e asegura 

Vibración hO'IZOntol 

V1broct6n 'vertical 

VibroctÓn torsionol 

v,brotiÓ~ de cabeceo 

FrG 5 . • \Jode/os matcrn.tt:cos prc'rJIICs~ns para les d !<:t?-t.:s 
,:¡rado; ti,· izbcrt .1J 

o 

o 



() 

·o 

e¡,,. l.t <.,()luuún ,., t'\il! 1.1 í'ddlldfl l.t (,,.,\l''l'!l.t ,k 
1 \1 ,: (I(JÓí} ! J('lllÍl (l { t' j {) 

;.ll'fll· JIOI.ii.'-L: que ,¡J IJ,¡hJ,¡r dr fil'Cllc'fl\ 1.1 'de 
,'\•'I(,IUÓll fllli.t \ ldlci.! ! 'iollllol '•C l'llli',il._jl' 111:.1 

1 .. ;,,, idild de ( ,Jrq,l ,;dilll'iliC!Iié'iil!' klltd )'•lid C\ 1-

1 '·' : t ilj1illf(i011 de ltrt'o:.l' de lllCIUd d¡'ll'<.i.ihlc:. 
· ,, ·- l .<-u e lo, pc1o 11u l.rn lcntd que <.e IIHtli:l <tfl 1(1<. 

Íc'll<.llllCliO.'- Ue (Ofl~OiilldCJOil V dt• dcfutllld\ l(ti!C<; 

dtlcllclil,<. en 91.1ll <>L.lia [,te. lOJJcq•tn r<. llll!'(lf

¡,¡¡¡r ,. OlalldO ~e l!d(,¡ de ;¡pltCdCI!lfl ,¡ Crii1Cfltii(JO
Ilt.'" t 1 '1C ~l~ c1110\t11l rn ~urln· ... rco!c~ 

¡;,~1,1 dete~rn¡,Jc~r Id ,tiitr ;¡ de l.t tlld'-;J 'llttt<d 
d,· <-ttclo y l.1 n·n.<-t.Jilrc ck .tlll!lllt•Jltd•tJICIIIP po~1" 
'·"' qr,1do de l:hcrl:tc! Se de,c;¡ que J.¡ ll''Ptll''i.t 

¡{._: ,,,,Jdclo m;Jt<'llldlic'O 'e .1Jtl~lc <1 Jo, rr<-tilto~,ln_, 
.~,· l.r reana cl<~'ICtl. d.Jcin qur en l.l tnrt;HI llllct J(lr 
,k J.¡, ft~l~- 1 a ·1 .<.e d''1'"'H' del \ ;dor de ¡,~ frc
(1'1.11<'1;1 reo.;on<lfltc pat .1 '"'l;¡ ntodo de ',¡,, ,•uon y 
;'.lid lo~ do~ ttros de J'O:lltllbd<IOII COIJ<,J(ic•J.ld(1.<, 
l'' -;rncdlo dci('rlllt!l.lt Jn, \,l! ... ,r, rcqurtldt» utiÍt
:,\ndn c•,lds fl\fllról~ y /.1'- ce~; l ) 2 E.tll rtnh.ll \J<l 
L•'IIIO en ci;~et-10 ~t'nilu' l.t q.111t.1 de i tcc'nenc:,J<
tlt· lll!C¡·és C-" ,11np/1.t llP llltl'll'<;;J l''-J'l'Ct,dllll'IIIC 

que el modelo tcll\l.l c\.JCl,l!tlCntc i<J mt'-llld f¡c
C!Il't!UZI resofl,ll'i.L' qttL' se clctct mtnó con l.1 teor "' 
d,t'JCd. Por otld p.trll' en !.>s e!--pcllros de dt.~riio 
'-1 ,fi,•CO llliÍ~ COllllllll'::-, el llllCI\ ,¡/o de lllil)'Of lllte-
1 • '- de las ftl'CIICI\Ctil,~ e,,, r·~'¡Jondr ;¡ ilfllJ'ill u de-; 
p,;l\l!lla.., de e\CJtdUÓII pro¡>ntnnn,llcs ;¡ lil frc
Cll•''ll 1.1 pcrturh.1dor.t Por e~td!-- do~ lil:ones se 
t•p!ú por uttlt:ilr el pton'rliJlllento descrito ilrrtha 
;'aril dctcrmtn<Jr ~ol.tntcntc J,¡ altur<~ de la m,¡s,l 
\" tu;d de sueVo y encontr,n el v,1lo1 de j,1 cono;
!.tlttc de amort'~lli;Jnllento ilJL•St.Jndo la 01 J.:n.tdd 
m;:\ tma del c~pectro de seudnvcloc1dade, cor1 e'o
P('JH!tentc a la .soluc1ón ci{lstca con la dmplttud 
r·:~c·l<mle del modelo l!lci·t;-.do ~¡~ la suh.<-r,·c t<"lll 
1.3 2 E1 espectro de ~eudm cloCidacles se puede 
determlflar utdt:ando J.:¡, •urvils de las f¡~s 1 a "-!. 

i\led1ante este rrocedlfnwnto se lle~a a lo~ v;¡
lorcs que se con,<.t\lnan en la T;¡hla 1 en la cu<Jl 
ia con5taute clá"'tca del elemento fle.\tble está 
IclenttfJCado por¡.; con d stthtndtce correspondtell
h' <JI grado de ltbert;~d comtderado y A r~pre-
5enta el área de cJmentdcrón Los re.<-ultaciL'S se 
dan en fui1ClÓl1 de .·l. y de SU ra¡¡: CUildrada rara 
l.tnlttar una pnmera ~sttmactón de lo~ pararnrtro." 

1;liC .,.(iftC'O....j~\r'ld\~11 d 1 •l•il'1]1.l(U'i!C(., lln l-lll •,i!tl• , 

<t ,,_~ .... ,_·¡' ~j clt~ ('ttl:_ ~~· (ltliJt""' t·iiLJtt\ll .... ¡-~..; 'jlJ(,IJl .1l11 

111.\1 1 ,¡J,·, (':,1¡ 111.1< l\ liJ'-''., 

j ll /.1·, f¡q:.,. J .1 ·l <,' l•ll Í!i\ CIJ ,tl.¡iill"• jlll!llll'. 

'' prl''!'ll!dii\P'- de J.,, t•: i'LI'" '"' tic: 1!''' 111"<'• 1,,., 
•lt',;¡¡ro/l,tdn, utd1:.111dn le'' \.Jinto> dt: Í.1 l'.rhl.t. 
p.11,1 dt\et,'n~ ttpn-. de l'l'rltrrl'.lliÓII El ro~nd• lo 
fliOflOfCIOJlll. llllil ilprn\lllldllnfl C'\ll"ll'llf~ d L1 re...,, 
pueq,1 e \.lefa para !no, lll<'doo, de \ ,hr.tctoll \ l't.

ltC.tl y honzonr;d ilJIJtljLI!' p;11,1 l0> tnod"' 111:. 
O,i(lll,¡j \' de CilhCCell I;J ,li'!U\IIJldCIOJl :J\1 l''l f.tll 

f'Lil'il<J '¡-¡;¡) que lt.tu'r nni.1r ldiiJl'JC!l que en J.¡•, 

e •, r ' u e r u r;. s 01 d 111 ,1 rt o1 ' en l.1 " q u e 1 ;1 111 f ltil' tlt 1.1 d ,.J 
"':lltlldo lllüdO de \lhfilUOil ('<, PIIJ>Cif l,lJ!l( C'-'1.: 11\

Jll' un.1 f!ccttCIHt.l dr 2 .l 2 5 'ere·. m,,., e, t¡Lt\' !.1 
JIC< Uelllla funct,11llt~IHJJ por in ljltl' f>,¡,¡,J¡.¡ ljiiC 

el modelo de tlll<J buen,¡ ,lf'IO\IIlldUon en l'l nt
tcl\alo (OIIlfJfelldtdn f¡Jt¡p i.1 ÍrCClll'IH Id !CSOIJolll

tl' 'v 2) VelCS el \ ,,Jor de ciJdt,1 frLC!ICllCid 

l~a preCistón dd modelo punle lliCJOI.ll>c dr.J'
tll.Hncnte ~,¡ se h.trl' J.¡ U>tJo;f.ttJtc dt'l <~lllOI tlqtJ,dnr 

\ilrto~l,le con !.1 ltcllll'lhl.J <-e h.1 prrflrtdo r;o J'lll· 

~..cd•'l rn t<JI form¡¡ p<lt<t p1r~en.1r 1.1 'Jillpltudt~d 
del tro~t<tmtcnto. 

Fl IJlOdcio, propuc~to rcrnutc H\COlJ1ClJ,lf f:¡cd
lllente rn el' anált~ts l,1 :nfluenct,l del contport.-1-
mtento melástico de ¡,, e~ttuctura. F\í.l lr;nt!irdo 
pr•r .rho1.1 a b.1~e~ cJr.:td.ne~ y ;¡ la conSILkr.lCJOII 
de modos de Vlbi ,ILIPII lk~d< t·r'iJd,Js 

Se trilb<~¡a actu<dmcntc en lil ptq'ar;,~ron de 
modclno: ~emCFlllte~ pilril b.bc~ de CtllH'Jll,lCJOII rcc
tilnqulares con di\ crSZl<; rcJ;¡none.s d,: lar~10 ,1 c~:l
cLo El estud1o de estas .<,e b.J.sa en ins re~t~lt<tdo., 
cl.í~1ros presentados en l0 1 eL 15. Para orr.l;. lot
m.1~ dr cimentélctón se rueden dpltci1I los rcsuJ
t.tdo>- de este tr;¡b;¡¡o utdtzando los cn"fiCl€!'te~ 
ci.J~'JLOS ¡jel suelo dt.:LClrHJ!l<Jdcs n•ed12lllC" loe, mcJ
PCJqrama~ de Nl'\\ mark , .. e mteqr.<nc1

•) en ¡,),h el 
atea de la ba.<-e b ~olttctón ciásrcJ ~k Cnrt•tt '. 
,.\unque sude suponerse'' que la \ lbrrlCiC'>ll hon
:ontal v la de cabcce_·o de una nrn~.:ntacmn e~tún 
desacopladas SI el centro de masa de la Cll·i'~IJtd
oñn se haila él la <titura de ld h:J<;e de cc11 1ado 
entre cunen ¡aCJón y suelo esto no acont ce e en 

la práct1ca. P.or otril panc so!uctonc<s e\act.Js ba
sadas en la ,teoría de la ela~tzctdad '' demuestran 
que aun para el cil~o de esft:cr:r¡s tzmgf¡,,;¡i/c" 

T 1\BLA 1 

TIPO DE 

\'fRJ?ACION 

Vcrttcal 

Honzontal 

(¡:¡beceo 

Torsión 

EN EllO DE 1966 

i 
( 

\ 

PARÁ~ILTROS Df'L :\IODLLO PROPUESTO 

----------- -·-------- -- -----------
Al.Tl/NA o¡:;[ PlUS M A 1 JF. S' I!~LO CONSTA '\TE OE ~UJOitrJGU.4 \/!!. '.'TO 

En iunuun del 
rad") d, la ba>c 

0.48 r,, 

O lO r,. 

0.63 r .. 

014 r" 

En /tJt:t.'t.i·rr dc1 
arca de'" f .. r.•<: 

o 27 \r;\ 

o.os \íJ\ 

0.35 \'.i\' 

0.25 VA 

En bwc1Jr1 ,J,.¡ 
r(1d1t1 ele //t o,!,.,,_ 

! 8 ,rf{~~-;;¡ 

1.3 ,rx~;~-;.~· 

0.30 \ri\~;¡::-

0.50 \ 1K 1¡rr .. ·: 

: 

F.n lt·no:r·l· ,!_· /., 
.~~t· t 1 ·L f ~,~~_, ... ¡, 

).12 \ f ;~---~ ;}!: ' 

41 1 \~'K,-;K 

o 731 \ 1\, 1'/¡ 

6 90 \ '1\ ~,,tl 
-~---------- --
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T¡\l31 /\ 2 

r Of(fllA DI~ 

LA flASE 

M O IJ • -~ 1! /; \' 1 fi /\ :, 1, 1 Cl .\' 

cal·cccv 

C•rnd<Jr 

Rcct<lll\jld.•r '' 

'1 ---G•,, 
l-1' 

58::- _i_!__-=:_~ Gro 
(2 --1)- 2.7 Gr.'." ~Q_Gr •• 

3 
E ,-· -----e,\ A ¡_,, 

E -· --k, \ 1A 
¡_,. 

E 1 • 
---ko-- 1.5 E/.. ,.-\ 

\"A 
---- 1 / 

1-1 

• Solo ~L p1, "l nL1 t"'i ',1Jor de !\ corrC'"-rnnd: .. 'ntc ,, •· == l'~ 
•• El \'(1lor de ,\.7 p~·t,l 1 ri'-C' Llr"L11L•r ('1., lflll•'rench.:-ntr"' de r· 
• Lo~ ,,¡\o"' de c. 1, ; ¡.,, 'e p~e·,cnt-111 rn ¡,,< t.11·;," 3 ! \ 5 rc~pl'ctJ\amrnte r>oril ;;lqunos ,-,.]¡""' Je li1 rcl.¡c¡op 

l;•r¡¡ol,,ncho 

.>pl1cadoc; !'('hrc ];-~ superfiCie del le, 1 en o se rro
ducen rot<Jnnnc~ dr la 1111.,!11<1 as1 que el <Jcopla
Tmcnto no dchc Jqnor;~rsc 

Fmalmcntc C<; de not<~J o::e que en \1!1 élnitli~•~ 
modal que ton1e en cucnlil la llltCI ~ccuon con el 
teJJcno los modos n;¡tui;~Icc; de ,,htanón no son 
fl\lllfOS<llllC'IltC 01 tO~lOil,<ks 1\!iCJI(¡i\<: la pilrtiCip,l
CIÓll del (CI l CllO 110 \lObJerne Cll for11lil rroll\111· 
CJoda el comport,lmrento la falta de orto~tonah
dad no afecta c;e,r,1111ente los respuestos s¡c;m¡cas 
para fmes de d1SCilO En C<'lllb1o SI debe tene1~c 
en cl!enta en el cálculo di? los modos naturalec; 

TABLA 3 

VALORES DEL COEI'Ic:IENTE c. 

( s~qün B<1rbn re 1 181 

Rel.1ción 
lar poi mrcl1o 

1.0 
1.5 
2.0 
3.0 
50 

1 o!) 

TABLA 4 

c. 

1.06 
1 07 
1.09 
1.13 
1 22 
1.41 

VALORES DEL cor:Ftctr::--..1 E k1 

{ Scqún Bark<Jn rcf p;,) • 
( De~pl.IZ<llllll'll[O hcln:olll.d fl' ¡ .. dll C'l(\011 r-"r.>kl .• 

al li'Jo al 

Rci.Jnon a h 
V 05 [o 15 ;>O JO )0 /(1 o 

0.1 1 0·10 1 oon 1 010 1 0~0 1 0'50 1 ;,so :?50 
02 0990 093S 09·12 o() 1 'i o<}/) 1 !)~~~ 1 160 
o 3 o 92(, o 1\6.", o 1\6-1 ¡) '-:70 o 906 o 950 1 0·10 
0.4 o 8·14 o 792 l) 770 071\·1 o !-\06 o s.~o o 9·10 
o 5 o 770 o 70·1 o 692 o 686 o 700 o i32 o 9•i0 

-------~------- !! ______ _ 
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de v1br<Jcrón ~obre todo cuando , ... <'Cl.dc a me
toJos nurncncos que hacrn u~o ck ecta 1Hopicdad 

Algunos ,·alores de ia~ constémtrs l'I.JSI!cas tic 
los elementos fle\.:bleO- obten1di1" a p.1rt1r ele la 
teoría de la elasticidad ra1 a lc's modo ... oe \'lbra
CIÓn cons1d1?rados y ddet entes formas de lo base 
se cons1!111an en la Tabla 2. 

TABLA 5 

VALORES DEL COEFlClEi\lE k? 

( Srqún n~·rbn T('l ¡ "1 
(Cabeceo rr5pccto <JI r¡r p;;r<Jl~lo . .1 J;,¡J,, largo 1 

/arno 1anclto 

1.0 
1.5 
20 
3,0 
5.0 

10.0 

1 98·1 
2.254 
2 510 
2 955 
3.700 
4 981 

3. E!EMPLO DE APUC·\C/0.\' 

Para Jlu<:trar b forma dc api•LaCJ<l,i é1c· lo< rc
sult<ldos obtenid0<; con el modl'io ,,,,,:,uccto ~e 
resoherá el problema presentado ~:1 1.: rct :e~ 
Drcho problemo consrste en caicu1ar ¡,¡.._ frecuen
Cias. modos de \ IbroCión v reSI'UC'-'.15 ~1'11Jicas- a·: 
un péndulo-111\ ert1do ( fiSJ 6) to:na·Jco en c~.e·::a 
la llltersección dlllollllca suelo-r~truc;~rra ' la rn.:r
oa rotaoonal de b cubierta L1 sc•iuc1Óil ct¡f¡er~· 
de la present:~da c-:1 la rcf 20 p:n,·¡:l:il.'·c;~te ·~·· 
q11e ~e· u11roduc1r,;; dos c¡r.1Jo.,. a.: irc.:r:a,:: ac-1-
c¡on;des al tom<~r eP cu.:::.,to ¡,1 :-1a<,1 ' el '11C':Tc:

to de 1nerc1a de la ioóa oe c.mcr;¡ac.or: Lo~ o.:-~.:-
metros del suelo cie en JC!lt<~c:o:; 50:1 1• = l1 i!: 
ton seg-/m•., = (\ :5 v G = 166 ton rn- lltlll:.::~
do l0s C\ pre51ones pro¡::'ur<;ta s ~e o~t ¡,' ;'.: ¡._· = 20<J7 ton; m (,, = 67 Sll ton ~e,1 ;1 ¡.; = 5u·i,: 
ton m. C = 40 S6 ton seo m , .\! = ll 3-t :o:• 
seg:, m' e /, = ..¡ 67 ton <eq-' m. Los ;-ara:-:1c:rc~ 
de la estructura son dt~tanc1a 0e1 cenero úc 

hGE'-:IHi \ 

C) 

o· 

o 
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o 

----...,-~ 

1 -~-------· 1 1 L 4. '9 ¡/ '' ~ r¡, 

1' L 1 
1 = 4. f3 o r/i 
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1 
rn = 2. 08 f')f) seg 2/m 
V''-. - 43.6 ton 

1 M = 2.2 tOii SC\/Im 1 

-1 ! 
o r-, 9t5 ¡o = ;,pg2 m o ' 3. o 3 ton L--' -- I A = 

_, 
4 
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1 r 
1 j 

1 • O 6 5 x 1 O '- rn 
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k 1 1266 ton/m 

1 ,¡ kr = 7'110 ton m 1 rod 

1 

8 :: 0.358 rod /m 

1 8 = 2. o 8 m 

l _, 1 PLANJ~ p : o.' f 2 ion seg 2/m4 

¡ ----- _L __ V = 0.5 
>~ G = 166 ton 1m2 

915 -j f'{H = 2097 ton/m 
- ---1__ 5 \ 

---~-' CH= 67.80 ton seg /m 

152 Kc = 8040 ton m 
Ce= 40,86 ton seg/m 
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FIG. 6 Casc,¡rorr rddt:ado para crcmr•lo f De~pucs de R Me LP.Jn 1 

!lfa\ed<Jd de la cub,erta a la b<Jse de la columna 
l.= 4 19 m: dJStilllU<I de drcho n·nti•J i1 la bZJ'e 
tk la cunentiiCIÓn. L' = 4 SO m. momento de JIICr
c•;¡ de l<J masa de la cub1erta respecto al e¡c de 
c.tbeceo. /., = 13 86 ton seg~ ·m: pe~o cie I<J cu
b,erta. lV = 20 45 ton. mJsa de la cuh1cr ¡;¡ m = 
::.: 2 OS ton seg'/rn. peso de lil e~tructur<J IV'= 
=- 43 6 ton; momento de merc1a centro1dal prm
r,pal de la sección tr<JilS\ crsal de la cn!.,nq¡,¡ 
!, == 1.065 X IO·m'. nQJde:: por traslación ;ic la 
crJlumna f.. = 1266 ton, m nc;Jdc: ¡-,ot ilc\IÓn de 
l,tcolumna. /..,=7'-110 ron m!r<Jd· rotación <11 lll

' cJ del centro de Qf<J\ cebÓ OdJldil i1 llll<l f~ICI :a 
{¡nn:ontal de \'aior' Á.. 11 = (l 35& rad 'm despld:J
riilento later<~l del centro de qrtl\ cd.1d dt:hlllo tl 
un momento de valPr k, <t¡-,licado en d1cho punto 
S == 2 OS m; lvl., = 2 2 ton :-.cq- · 111. /,, = 3 03 ton 
~eq~ m. í PMa l<t obtcnc1on de ·k. Á.,, 11 y il \ c<t~c la 
rd. 20.) 

ENERO DE 1966 

Para el citlculo de los modos v frecucnciJs de 
\ rbracJÓll se empleó una e\ten51ón del m.:tooo· 
propuesto en ret. 20. L<1 e\ten:,Jon cons1qe en 
tomar en cuenta los do-; qrados de libertad adJ
CJonales deb1dos a la ma5é\ •: J ia werc1a ele la 
lo~a de cimentación La soluc,on 'e Jle\ ó a cabo 
medJilnte una tabulac10n en la cual x e<; el des
pla:anllento de! centro de gra\ edad r su rotación. 
x .. el desplazanucnto de b uncntilción r., su q1ro: 
x, y r, despia:am1cnro v rotilc:Óil dd c~ntío de 
qrii\edad dcodo a!,;¡ fi<::\IÍ1dicbd de la c0iumna v 
:r_ es el de~pla:an11ento ci: ¿,cho cer.tro dct"lio a l.~ 
rotaciÓll de la Cimentctc 1on ce-rno cuer¡"C' r.g1do 

Después de 'Mios c1cio~ s;: llt:::¡o a "' ::..-:: 9 07 
-r 

rad seg. T, = 2-:-/"', = O 6?2 ~eg X. == 'eLtor 
modal tra~pucqo = [ ·! 3(, l Cl 39 O (i; l 

Para el cdlculo d-:1 Si.'yundu 1nodo utd1:ando 
los conceptos antes mcnuc.1ados se obtu\O 
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La rC'-í'ti''~l ,: ''~''IIC.l 'C cdiculó tnm.1n.ln Cil 
cuent<l ~olillllO:,,tc loo.. CÍP' p11111CTO'- moc\no., L.~ llld
nera ele Jtllloducir ln:o Jnodn.., rcc,t.lnlco., e" [)h\ i·l 
1nac; c<~hc <;uponet que el electo de e~tos ~er.t dc~
f'' CCi;Jhle. 

La re~rtl''<l.t ~'"'111!-;1 ~r ohtuvo utdi~iincln el 
c~pcctro de rc'-1'''''''" p¡o¡~ucqo en el l~ct: l,,,m·n
to del l),qiliu l cdct,d -' pdta l,1 ~011.1 ck <1ltd 
comprcs.hJI,,L,cl ! ):cho C'i'Cttro ik' <1 impl1ut•1 
un amOrtlljllili,JICIJtn tot<~l de 1<~ cqructuJ<J En 
el caso p,;i "' uldi con~iclciddo el poiu::nt,lJC de 
;,motlifJlléllllil'lllo "C encuentra comprendido cntrc 
/ por CJClllO C(IIJI_'<;pnlldiCillC a la C:,tii!C(lird y Joj 
por c1ento ohtc!lJdo como SI esta fu~se un cuci[lO 
ríg1do y el anJorllf]\lcldor tu\ 1cse l<t con~t<tntc (_,¡ 

Los cocf1cientec. de ¡xutlc1pac1on para la res
pue· a sísn11Ca 11 son 

r .. 
x:.7Vf~ 

X~M X .. 

en la que 1 es un vector que representa lo~ des
plazanucntns e<;tatiCO'i de cada gr<ldo de hbertild 
de la estructu1,1 111duCidos por 111\ de~¡'lil:<Hmen
to cstát1co tliHtinto ele la base 

En nuestro caso, 
-r - [ 1 o O] 1 -

T. . .a respue'il,l m á x lnlél en cada uno de los mo-
de:; será 14. ~o 

{ 
Ven l 

R .. = Me,• r,M X .. A, 
Vbn J Mbn 

M= 4.21 ton m 

2.67. 

(o) 

donde N., e~ el \ ('([n¡ de i.J' 1 r"Jl'l·" ¡,,., en cl 
!ll(ldO eÍH'~lll\!l ( 11) de, e !1!,:¡-•'ll·: 1• '• '0'\ 1 1 il!l'l :~, 
y el momento en l;1 nd"t'Jt.l \ ., ' ,\/ , H''-Pt'r
ll\ amente y l.t fu,·r:o~ ,. r:l lllfll':•:ntc> o'll "' ¡.-,." d~ 
l-lllH'IlfdCIOll \-',,, )' ,\/ ., ll''i'CL ll\ dl11• 1, .. • , ,\, ('' 

i.t oidcn<~d,t del C'JlCcllo de .Jc.•_l ,J,,r·n• ,tiectil
dd del cocfJc.icnte '1'-llliU) corr•>noncl:''iltc -'. En 
nuc~tro caso dicho c.od1c1cntc \<~le l) i :Í 

u;= [ 1 995 ton 3 CH9 tp,¡ 111 1 ¡·q2 ton 
l.OSi ton m J 

R~ = [O 51,11, ton -2 ~97 tn:1 m r):;Q ton 
-0 418 ton m) 

La respuesta tot,,! ~e ohtieJH.' utd1:.1nc!n el cn
teno propuesto en 1,1 ref. 22. sc~¡un el cu,d 

1 \f . '! . 
\ 1 ·,; + .1 <. etc. 

Los resultados son 

V, = 2.30 ton. i'vl, = 'cl.21 ton m. 

Vb= 2 67 ton.¡\[~= 1 16 ton m 

En la f¡g 7a se resumen loe; re'uit<,dos v 'e 
comp<uan con los de la f1~1 7ú obtcil1cios en la 
rcf 20 Se ohscn a que 1,1'-' reo;rueq,¡., son m_u~ 
parec1d<1s y C'i seguro que il! tomar en cuenta lo3 
dos modos falt<illtco, 1<~ re5puc~ta del caso (d) 
será un poco mayor 

Los resultados de e5te etemplo en el que se 
cons1drraron mao;;~s -.. ;11omenros de inercia nr
tuales, difieren poco de los ooten1do" en ia rcf 
20 en la cual no se tomaron en cuen:a d1chos pa
rámetros Esto se debe a que la qriln ile.\lbd1dad 
de la estructura ¡uc~a un papel Importante en la 
respuesta Es fáCil 1magmar casos en los cuales 
ello no sucede. 

3. 61 ton m 

12.09tonm ,, .. ~ 

( b) 
a 1 ln~hJ\•'rtdu m<:~si! \lr!u<Jl del s~.:rio 

d~l •uelo 

121 hGE;\IERI \ 

o 

o 

o 



o 

() 

o 

l~l·.l·I·IH~I\Cit\S 

i'.J('h'~ J A ) l~t..""'l nd¡- J) 'lntt t.h Ct('l\ cilll· 1 1llH .t 1'11 

t ,. \!!hqu·l~l \ t"(:ut..tlrr,, IHI.! lt'\h,'lTl d\1 f''(':•l•.P'I 
1

1
1 .r~·, r Cull•JII..'"-t) :\,•t..!(lll.tl (le Int,•'l11t r!d ~J,IJII(,I. (,u,l

,:.l,'ldf.l (19tí5¡ 

J ¡,','1"-"-ill'r, E St.tth)!1dlt' ;\\J,,J¡;;\f11tlHtriC;,dlc d11nh e111r 

.¡ 

,•;,: ullrlnd,· l\i.''"' 1 :reqtc ~di\\ llll]llll<l<'ll cu.n 1 lnrno
'l'''l<'ll E!."t'''h,n 1-l.olhr.nl!IH''. lrHJ<'llll'\lr-1\rtln\. 7 
t i'JJG). 3::.1-3%. 

,'-.t•rH¡ T. Y, ' \'Ji>r.t!ron' <'!1 · :nr-rnfonrtc '"'"1' doll' to 
: r•LHÍc o:;urf.lt..t' l\·dd!Jl•¡ S\t:,, nn r).JJ.t111H !t•r·n.¡ 

•·: C..n.J, 1\S l'i\í "r•c,-, ·1 1 '-'h"''·'l p,,¡,l"":"•n ;-." 1 "r• 
, 1~'53¡, JS-(iJ. 

.\r¡ ,,Jd R 1\:. ihcr<'l! G l\: \ \\·,1rhurtc111 G H 
·¡·, rtcd \'d1r lftt..--1!1'> t·f .1 h1.:d\ ,;11 .•n ud•.rllt·· pj,¡...,t¡;: 

.,,'. f", Journ of Appl i\l•·tl" 22. 3 l'rr f'l)'il. l'll
lt1íl 

;, "kut, P. F. Jr 
,\SCE. 12i~ P.11i: 

... 1-nunJ;¡t.on \ d>r.tlron~ ·. Tr,111, 
! 196:! ¡. o(· l-925 

l''·l<', Y. S, "1)\ ll<lll'IC rrr«urr d"tnhut!Oll ,lt the h 1~e 
nf il rlflid footllh! '''~'!<'< ted tn 1 ,¡,, ,¡lor y loo~rh . le''~ 
doctor<~l, Unrv ck i\ i ILill\]dll ( 1 96~ 1 

{. J.,·~mer. J. "VrrtK;d. IIH>IJ•)n ,;¡ "!J'd footmq~ . Tr~rs 
ti•'Ctor.d. l1111v d~ t\ hcfuq.111 ( 1 !)(,51. 

f() 

Crockctt. J H A y H.unmond 1( E R. "Thc n.11111 ,¡ 
,, ull<~tron of \]lotllld .md rnduq,.,¡ fonnd,,t·nn' . ~k
lllOri<IS del 2o Cnnqr lnt!'rll.lC de t\!r( dr Sudo' e 
lngcurrn<~ de Cnner\t,lcs, 3 ( 19 !S). 88-93 

~lrrntt. R. G y 1-lou'lter G l\l. 'Eff<'d of fonnrl;1tron 
t (llllplr.mce on rilrthqu.,kl' ~t"'"Cs 111 muit.~ton hurld-
1'""., Bull Srrsm Soc of Amcr 41. •1 ( oct 1954), 
S~i-570. 

"l'f•om~on, \V. T. "A ~urv<'v of the couplrd qround
' :dmq Vl''r<ltlO'l ·. :'>k:J;or,.,., dd' 2o Conqr. l\-lundr,¡J 
;, Íng. Sr~m. Japon (1960). 2, 833-8-17. 

l-.:\1 ~O DE 1966 

1/ 

17 

13 

¡_, '"" O v 0n\i:l •1L ;-, \! 
ftl.lf!d.JIJ(li) 111', l .lt...flt'll J 11 1 T,,•l 

:, : " k•ct. 1 ',;; 1 1 1 ', 

l'!f\ .. f ( ( •,ffl:l !t ~· -·pd 
~! /)1\ ¡\'e,(_ l. 1/ 

l k .. ,,n, j :,,,, ·· '·'·, '\ ¡, .. ,e~., . .- " L 
i tllllld.lrlPil ''ll"t r..,,;-,, ¡¡¡,, ¡¡,f, "' rJ.1 t r r t'·'~~ ":"·!..e 

motJOil • i\lrmor ¡,¡..., 1¡, i ,, r ( t1!l•li 'l. Pdr,,J lol' lnq 
::,,,,11 Nur\,¡Z,·J,:.u:., li'••-•)1, L,:;;, i lr.d'"l" 1 1'.'1 

¡;,,¡,,J,n(,hn.l RdO 1 f t\. /\ '11P;1l¡L~·d r l•'t 11r,ll i(lr ,-nn> 
pntlfllJ rc~Oilrlnt fr, q•!•'lh. \ nf .., 1 iuqc !1 •o:r:Jqr, , Pro.: 
i\lcmurrils drl :!o ~""1' ,!,· Ir··¡ S"m. llcwrk,-~ ¡,,d,.r 
11%n. 

JI '.c,•m,Jrk N \! 't Pn~lnldr,rtl' r i~.-,rt'.~~:·.l~f· Fn· 
rJI!iTlt.'flllG, ,1 c...._r f'l!:·lil.!~'~, 1"'"~ 1 'r_P[,(•'-IL'Il. lr1t 

15 h.Phn\1 T. J), Jl.lmlc.d r( o::.¡..,nrh•' f't ll ~ t.Jnq•.i.tr h'<Jn 
li.ltltHI nn ;111 ( li'-!11.. c..;~ lCt P, ........ }.t

1
, '" ~·.t~l ~\ 1.1¡1 

()JI r:.,tlll)llol~.\' l:nq¡ 1 ¡r.,,21 1>1-\IJ 

/6. ¡-.;, \\ m,1rk f\: i\1 lnfltwncr , h.1rt' ¡,,, u•l'lf'lll·lir•J,\ of 
\l'fliLdl d¡o;,rld\..CillC!l~t... lll rJ. .. !J. .. f,"ITlli, ( ''rl" 1 j:•J\ 
de lll111o"· EnqlfH ,·n-¡q E\fl<'llrol<.'nt :--io~tlllll lhlfc¡¡,J 
No 367,-l-l.ü (no\ l'll:i 

17 Cc1rntt. \'. Rc)m;¡ /\n f¡nrrt \kr f, :\·L•t (J,)~:?l 
l~t·r t,unhlcn E ll l.u\c ¡\ 'lll,ll' ,. <'il lile :ll<~thé
mr~trcul Thcory of J~¡.,q¡uty . Do\r~ l'uhhc,•t.•l!l~ Hl-
2-13). 

JS. f\;¡rJ..an. D D' . 0\ ll lllllCS of J1,,><.~~ .lllrl r.-und.li1011\ . 
ivlc(;, ¡¡\\ -1 irll Be e k CtHHpoln\ In e ! l ')1)2 1 

jC) 

20. 

21 

O!.llpr<l)'. e "lntrqrilC.Óil cJ,, 1.1~ 'oltklO!'I''> d,, Bou<;
'll1C~Q y Crrrutr en un;1 rrr¡ron rctt mqul.tr . ~lanP,cr tu 
mcd:to. Jn,t de fny. U0i/\i\1 11965,. 

Ril'CÓil o A. "Ef('dos 51\lll!CO~ ('1] cc,tructt•-<J<; ?11 

formil de pcndulo 1111 atldo . ;\lcmo:•," cll'l l<'r Conqr 
0J¡¡cton<ll dl' lng Sr'lll (nr.J<I.IÍ,lJ.lfd ;\!nrco ( 1965¡. 

R')~cnblucth. E y ¡:,¡.:, "· L rolleto (Olllpkmrnlilr!O 
Drseño sr<;lll!Co de cd1fruos , EdlllOilc'' ln·J~rnt'rtd. ;\k
xrco ( 1962). 

Rosenblucth E, ~ome ·•rrhciltrons 
tf . .-orv 111 ilSCISilliL dc"CJ" ·• i\lcmorJ"' 
Mundr¡¡J de lng ~rsm . Brrkelc}. Cal 

e>f nwh,•l•1hty 
¿d lcr Co.rqr. 

1 1956) 

125 



o 

o 

o 



o 

o 

centro de educación continua 
división 

facultad 

de 

de 

estudios superiores 

ingenierfa, 

· DISEÑO DE Gú\1ENTACIONES SUJETAS A VIBRACION 

Mayo de 1976. 

Palacio de Minerra 
Tacuba 5, primer piso. México 1, D. F. 
Tels.: 521-40-23 521-73-35 5123-123 



j 
! o 

o 

o 



o 

1. INTRODUCCION 

Aquí se presenta un estudio crítico de algunos aspec ..... 

tos del análisis y diseño de las estructuras y·cimentaciones en que se 

apoyan los turbogeneradores y de las excitaciones que estos producen. 

En la actualidad se puede disponer de turbogeneru-

dores cuya potencia puede ser hasta 775 Mw; esto da lugar a Cimenta-

ciones y estructuras de apoyo muy masivas que. además de ser dema-

o siado costosas y presentar serios problemas en su construcción~ pue-

den sufrir asentamientos diferenciales que ocasionan funcionamiento 

inadecuado del equipo por desalineaciones del rc¡>tor del generador y la 

turbina. 

El propósito que se persigue al construir así estas 

estructuras es evitar desplazamientos grandes de las mismas que pon-

drían en peligro el buen funcionamiento y la duración del equipo. Se 

pretende lograr esto mediante miembros muy robustos que conduzcan 

a que la frecuencia fundamental de resonancia de la estructura sea ma-

yor que la de operación de la máquina~ ya que si se emplearan miem-
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bros flexibles podría suceder que su frecuencia de resonancia quedar;.¡ 

por abajo de la de operación, lo cual originaría amplitudes grandes de 

vibración cuando la velocidad de rotación de la flecha de la máquina pa 

sara por la de resonancia de la estructura, durante el proceso de arra:2. 

que o frenado. 

Pero, si se menciona que el volumen de concreto 

empleado tan solo para la superestructura de un turbogenerador de 

150 Mw es de 760 m 3 y que en la losa de cimentación se emplea casi 

igual cantidad, se aprecia la necesidad de estudiar con mayor detalle 

el proceso de análisis y diseño de esas estructuras, así como de cono-

cer con precisión las excitaciones que producen los turbog¿neradores. 

De los libros y publicaciones consultados (algunos 

de los cuales aparecen al final en las referencias y bibliografía) de sta-

can las refs 1 a 3, que de manera general presentan los criterios más 

usuales y las tendencias básicas actuales seguidos en Europa. 

Actualmente existen normas como las DIN 4 y algu-

nos libros dedicados exclusivamente al análisis y diseño de este tipo 

de estructuras1 a 3 en los cuales se analizan, empleando los modelos 

que a continuación se mencionarán, algunas estructuras para turboge-

neradores de potencia menor de 50 Mw. 

En las dos últimas décadas se han logrado adelantos 

o 

o 

e 
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en el análisis y diseño de estructuras de ingeniería civil;. sin embargo, 

parece que no se ha logrado un avance notable en el análisis de las es-

tructuras de apoyo y cimentaciones de los turbogeneradores, a pesar de 

que se han realizado esfuerzos para ánalizar el comportamiento diná-

mico de dichas estructuras, sobre todo en Alemania y en la URSS. 

Esta situación probablemente se debe a que la com-

plejidad del problema ha obligado a formular modelos matemáticos con 

hipótesis que simplifican grandemente el modelo que se estudia, en re-

lación con el prototipo (restringiendo la geometría y distribución de los 

miembros de la estructuraL y a idealizar el comportamiento dinámico 

de la misma reduciendo en el modelo el problema tridimensional a uno 

bidimensional, en términos de sistemas discretos de masas y resortes . ' 
·' 

que representan al conjunto máquina-estructura-cimentación-suelo. P~ 

ra estudiar este problema se han realizado pruebas de campo, para e~ 

nacer el comportamiento del suelo.en términos de sus características 

dinálnicas, se han. medido amplitudes de vibración y aceleraciones en 

distintos puntos de las estructuras estando los turbogeneradores funci~ 

nando, y actualmente se está intentando determinar las magnitudes de 

fuerzas, desplazamientos y aceleraciones producidas por las máquinas 

mismas.l, 2 Y 5 

De la revisión de la literatu~a existente se puede 

concluir que los modelos matemáticos propuestos son muy burdos para 
o 
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representar a las estructuras prototipo, pues con frecuencia se recu-

rre a modelos dinámicos de uno o dos grados de libertad (figs 1 y 2), 

sin considerar que las estructuras son tridimensionales y están ligadas 

a una cimentación que interactúa con el suelo. Para estudiarlas así 

habría que seguir aceptando hipótesis que las simplifiquen, pero que 

conduzcan a una mejor aproximación del comportamiento de los proto-

tipos que las que actualmente se tienen. (Conviene mencionar que los 

modelos actuales evidentemente representan una mejor aproximación 

del comportamiento de las estructuras que las reglas empíricas que 

antes se aplicaban, como proporcionar determinada cantidad de concreto 

por ~ada unidad de potencia de la máquina.) 

r-U n:> 
'> '.''•>' k 

'~> 'i ,j> 
~(.'i7/ 

1 

' 

Fig l. 
¡ 

Modelo matemático de ll'1 sistema de u11 Fig 2. Modelo 11wtemdticu de wz 

sistema de dus grados d~ li

bertad, no anwrt1:-;uado 

grado de libertad, 110 an.)>rtiguado 

t. . 
1 
) 

\ 

o 

o 

e 
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En lo que respecta a los modelos matemáticos~ mu-

cho se puede hacer para mejorarlos; por ejemplo~ se podría considerar 

que la masa de los miembros estructurales se encuentra repartida en 

ellos, y no c:!oncentrada en tres o menos puntos como suele suponerse; 

o se podrían formular modelos tridimensionales que tomen en cuenta 
• 

el comportamiento dinámico del suelo bajo la cimentación~ etc. Es jus-

tificable realizar un esfuerzo en este sentido, especialmente si se pie!!, 

sa que los cálculosJ tal vez laboriosos, a que darían lugar los modelos 

más complejos que se llegaran a proponer, se podrían realizar 'emplea!! 

do computadoras digitales. 

~ 
La calibración de los distintos modelos se podría 

realizar mediante mediciones de campo., lo cual permitiría evaluar el 
,. 

grado con que estos se aproximarían al comportamiento del prototipo, 

o mediante modelos físicos de laboratorio. 

Para el prirner tipo de prueb~ se pueden emplear 

criterios como el propuesto en la ref 6, en términos de las funciones 

que ~aracterizart el comportamiento dinámico de las estructuras (fun-

ciones de transferencia) que se determinen empíricamente. 



2. SOLICITACIONES 

Aunque el mayor énfasis en ·el diseño de la e structu

ra df? apoyo de un turbogenerador se hace para que tenga un buen com

portamiento bajo condiciones dinámicas, también debe resistir las car

gas estáticas que sobre ella actúan. Como se verá más adelante, con 

frecuencia las cargas dinámicas se toman en cuenta como si fueran es

táticas, empleando factores de amplificación para hacerlas equivalen

tes. 

o 

Las solicitaciones que usualmente se consideran son: Ü 

cargas estáticas, dinámicas, par de torsión, solicitaciones sísmicas. 

{;ambios de temperatura y contracción. A continuación se describen los 

distintos criterios empleados en su evaluación, con lo que podrá apre-

ciarse la precisión con que estas. se conocen. 

2. 1 Cargas estáticas 

Son las que se conocen con mayor precisión, ya que 

los propios fabricantes pueden pesar las diversao partes del equipo y, 

por consiguiente, indic;:~.r las magnitudes y puntos de aplicación de las 

e 
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cargas estáticas correspondientes. 

2 .1.1 Criterios norteamericanos 

En la ref 7 {fabricante norteamericano de turbogene• 

radores) se presentan el valor y distribución de las cargas estáticas 

debidas al equipo del turbogenerador, correspondientes a cada tipo de 

máquina. 

2 .l. 2 Criterio alemán 

En la ref 4 se menciona que el cálculo por cargas 

o estáticas deberá incluir los efectos del peso propio de la construcción, 

cargas de la máquina, incluyendo el peso del rotor, aspiración del va-

cío, etc., y que estas cargas se tomarán sin incrementar el valor da-

do por el fabricante. Se a.ñade que las ¡:artes de construcción que no 

hayan de soportar cargas de la máquina se calcularán para cargas de 

montaje. 

2. l. 3 Criterio ruso 

, En la ref 1 se dice que para analizar una cimenta-

ción para un turbogenerador es necesario contar con información acer-

ca de la localización de las cargas estáticas que obran sobre la cimen .. 

tación, debidas tanto a.partes estacionarias como rotatorias. 
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2. 2 Cargas dinámicas 

2. 2. 1 Criterios norteamericanos 

"" 1 

Para efectos de análisis y diseño, un fabricante nor 

teamericano7 establece factores de carga por los cuales hay que multi

plicar el peso de la máquina para tomar en cu.enta var'íaciones de mag

nitud, distribución y punto de aplicación, y el efecto dinámico debido a 

desbalanceo. El incremento de cargas propuesto, para el caso de má

quinas cuya velocidad de rotación sea de 3 600 rpm. es de 50 por cien

to del peso de la máquina (aunque en dicha referencia no explican ni ju~ 

tifican el aumento propuesto). 

Los componentes verticales de las cargas se locali

zan en los puntos de los pernos de anclaje del turbo generador, y los ho

rizontales a la altura del eje de la ·máquina o bien en la cara superior 

de las trabes longitudinales y transversales (fig 3). 

Dependiendo de la forma como se instale el conden

sador (ya sea que se ligue a la turbina en forma rígida o con juntas de 

. dilatación), se considerará determinada porción de su peso actuando 

sobre la estructura. 

o 

o 

e 
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Fig 3. Localización de las cargas que actúall sobra la cimelltación de un turbo generador 

2. 2. 2 Criterio alemán 

En la literatura europea se aprecia que~ en general. 

1 a 5 se ha dedicado mayor atención al problema de cargas dinámicas. 

aunque también hay desconocimiento de los valores precisos que pue-

den adquirir. Respecto a cargas dinámicas~ en la ref 4 se menciona 

que se deberá calcular la influencia dinámica de una fuerza centrífuga 

que puede actuar en todas las direcciones perpendiculares al eje de la 

máquina. Para ello~ introducen el concepto de una fuerza "suple~oria 

b equivalente) estática" que es proporcional, en los mismos puntos a 

1 

las cargas\ estáticas de la máquina~ esto es, la fuerza supletoria se 
\ 
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pondrá de modo que en cada punto que haya una carga de máquina, ac-
o 

'Lúe vertical u horizontalmente una fuerza supletoria que sea proporcw-

nal a esa carga. Solo se considerarán las cargas de la máquin::.~. que se 

apoyen directamente sobre la estructura. Para sünplificar el problc-

ma se considera que las fuerzas supletorias horizontales actúan en los 

ejes de las vigas. 

Además, en las partes de la construcción que no 

estén cargadas directamente, para tomar en cuenta su vibración como 

conjunto, se debe emplear una fuerza supleto1i a de 50 por ciento del 

peso propio, a menos que las cargas de montaje produzcan esfuerzos 

más desfavorables: o 
i 
1 

2. 2. 3 Criterio ruso 

En la ref 1, que forma la base de las especificado-

nes de la URSS, en relación con las fuerzas de excitación dinámica de-

bidas a desbalanceo, se menciona que aunque teór:icamente debieran 

ser nulas, en realidad no es posible hacer coincidir el centro de gra-

vedad de las partes rotatorias con el eje de rotación, pudiendo llegar 

a ser muy grande la magnitud de estas fuerzas. Añade, además, que 

durante mucho tiempo la magñitl.:,d de estas fuerzas fue desconocida y. 

por lo tanto, en el cálculo de la~; cimentaciones de turbogeneradores 

solo se consideraban fuerzas ''t€~mporales 11 , suponiendo que la acción e 
1 

estática de estas cargas era eq1.1ivalente a la acción dinámica de las 



o 
1 • 
J..l 

fuerzas de excitación reales, creadas por el desbalanceo de la máqui-

na, con lo cual el análisis de las cimentaciones se reducía al cálculo 

de los esfuerzos estáticos producidos por la acción de estas cargz.s 

escogidas arbitrariamente. TarTlbién se menciona que recientemente 

" 
se ha reunido en la URSS bastante información sobre las vibraciones 

de estas máquinas, lo que ha hecho posible establecer valores para di-

seño de las fuerzas de excitación con un grado de exactitud suficiente 

para los propósitos prácticos. por lo que ya no es necesario introducir 

en los cálculos las cargas estáticas equivalentes antes mencion~das, 

Así, el método de análisis de cimentaciones ha cambiado, de manera 

que en lugar de emplear cargas estáticamente equivalentes, se calcu-

lan las vibraciones· forzadas de las cimentaciones, producidas por las 

fuerzas y momentos de excitación. En consecuencia, la cimentación se 

puede diseñar de manera que las amplitudes de las vibraciones forza-

das no excedan de los valores permisibles. 

2. 2. 4 Comentarios 

A continuación se harán algunos comentarios en re-

lación con los conceptos expresados sobre las cargas dinámicas: 

Señalar un incremento fijo de cargas de 50 porcienLo del 

peso de la máquina,7 sin que, en todo caso, dependa de 

la curva de amplifi,~ación dinámica de la estructura que 
i 

se tenga. con toda feguridad implica un profundo descono

'<' 
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cimiento de la magnitud de las fuerzas dinámicas y. por 

lo tanto, se les asignan valores arbitrariamente incre-

mentados, los que pueden ser mayores o menores que 

los reales. 

En la ref 4 no se aclara o JUStifica el alcance y lim ltacio-

nes de suponer una fuerza supletoria (equivalente) estáti-

ca para tomar en cuenta los efectos dinámicos producidos 

por la m~quina (este punto se volverá a discutir en el 

próximo capítulo). 

Tampoco se aclara por qué o cómo se eligió una fuerza 

supletoria del 50 por ciento de la carga propia para ele-

mentos estructurales que no estén cargados de manera 

directa; 'esto quizá se deba al efecto dmámico de las 

excitaciones que le trasmiten otros miembros estructura-

les que eÍ están cargados. 

Aunque se conozca la existencia de fuerzas de desoalan-

ceo debidas a que el centro de gravedad de las partes ro-

1 1 
tatorias no coincide eón el eje de rotación, .... sus magnitu-

des no se conocen por anticipado, ya que dependen de ca-
1 

( 

racterísticas individuÜes de cada rotor, tales como mar-

ca de fábrica, diferen\ ias aleatorias en la fabricación, 

diferentes formas de cj2sgaste del eJ·e en las chumaceras, 
r: 

etc. 

o 

e 
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Es necesario ha.cer medicioaes rutinarias en prototipos 

de las excitaciones que producen los turbogeneradores 

de diversas potencias, para contar con fuerzas y momen-

tos dinámicos más realistas para el análisis clin6.mico de 

la estructura y cimentación. 

2. 3 Par de torsión 

2. 3.1 Criterios norteamericanos 

En la ref 7 se presenta una expresión para valuar 

el par de torsión del turbo generador. Se recomienda que las vigas y 

columnas se diseñen para un par de torsión cinco veces mayor que el 

normal (en condiciones accidentales, tales como un cortocircuito o :fa-

lla mecánica de alguna parte de la máquina, pueden presentarse pares 

de torsión de 50 veces el normal). 

2. 3. 2 Criterio alemán 

El momento de cortocircuito se tomará como un par 

de fuerzas verticales trasmitido por la máquina en ambos sent:dos de 

rotación. El valor para usar en el análisis es del doble del que propor-

ciona la fábrica de la maquinaria ( ref 4). 

2. 3. 3 Criterio ruso 

No fue posible obtener la infor:rr.ación correspondie22_ 



diente para el criterio ruso. 

2. 3. 4 Comentarios 

En la ref 7 no se aclara por qué se debe tomar un 

par de torsión cinco veces mayor qL:e el normal, si se contempla la 

posibilidad de que se tenga uno de hasta 50 veces el. no1 ~c.• al. Tal vez 

lo hagan considerando que se cuenta con sistemas auton1áticos que pa

ran la máquina de inmediato, con lo cual la duración del par acciden

tal es tan corto que con los incrementos indicados la estructura queda 

en condiciones de soportar el efecto de tales pares. Puesto que no 

aclaran tal diferencia, se puede suponer que hay d~sconocimiento del 

efecto dinámico que produce el p~r de torsión, y de cómo trabaja la 

estructura para tomarlo. 

En la ref 4 no se aclara el motivo del aumento de 

un cien por ciento sobre los valores proporcionados por la fábnca de 

·la maquinaria. Además, como se puede apreciar, los valores propues

tos difieren grandemente de los de la ref 7, lo cual apoya al comenta

rio anterior. 

2. 4 Solicitaciones sísmicas 

2. 4.1 Criterios norteamericanos 

Se sugiere 7 que, debido a la posibil.idad de efec·.:os 

o 

o 

e 



o destructivos producidos por sismos. se preste particular atención a 

la continuidad de las juntas. al anclaje de los extremos de las colum-

nas. y a otros detalles que contribuyen a la rigidez de la estructura. 

En la::; zonas de alta sismicidad se deberán emplear 

fuerzas horizontales adicionales~ de acuerdo con la información local 

de que se disponga. 

2. 4. 2 Criterio alemán 

2. 4. 3 Criterio ru.so 

No fue posible obtener 1& información correspon-

() 
diente a estos criterios. 

2. 4. 4 Comentarios 

Tanto la continuidad de las juntas como el anclaje en los 

extremos de las columnas más bien contribuyen a la duc-

tilidad que a la rigidez de la estructura. 

2. 5 Solicitaciones por temperatura y cqntracción 

/ 

2. 5.1 Criterios norteamericanos 

Se recomienda 7 que se minimicen las fuerzas pro~ 

ducidas por cambios de temperatura mediante refuerzo de acero en 

las caras de los elementos de concreto. pudiendo recurrir en casos 



extremos a aislantes térmicos o a ventilación especial. También se 

menciona que deben tomarse en cuenta las cargas producidas por ex-

pansión o contracción de tuberías y líneas sometidas a presión o va-

cío que tengan juntas de expansión. Respecto a la contracción del con-

creto indican que gran parte de esta tiene lugar en pocas horas des-

pués del colado y que continúa, aunque a menor velocidad, durante al-

gún tiempo, siendo el tiempo necesario para llegar a la contracción 

total, una función de la temperatura. riqueza de la mezcla, canticiad 

de agua, volumen del concreto y velocidad del colado. Además, se 

menciona como ventaja del concreto reforzado que, por su baja con-

ductividad térmica, no permite una rápida distorsión debido a calenta-

miento local, y que puede resistir altas temperaturas resintiendo po-

cos daños. 

2. 5. 2 Criterio alemán 

Los efectos de temperatura y contracción, para 

estructuras de concreto, se toman en cuenta como sigue: 4 Para la 

contracción de la losa de apoyo de la turbina, respecto a la losa de 

cimentación:, se debe considerar una caída equivalente de temperatura 

de l0°C; si entre la construcción de ambas losas transcurren más de 

dos meses, la diferencia de temperatura Eará de l5°C. Para conside-

1 

rar el calentamiento uniforme entre las lo:1as de cimentación de apo
t 

yo del turbogenerador, cuando se haya pre~Tisto una protección contra 
'¡ 

o 

o 

e 
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el calor mediante aisla.rniento térmico, debido a que no se püeden pro-

porcionar datos más precisos. se supone un aumento de temperél;tura 

de 20°C, pudiendo deducirse la cantidad debida a contracción; por lo 

tanto, la contracc1ón y el calentamiento uniforme se han de considerar 

bajo la hipótesis de que ocurre un camb1o de temperatura desde -Iooc 

hasta - l5°C o desde 10° hasta 5°C, respectivamente. 4 . 

Además, la parte de la estructura correspondiente 

a la turbina se debe calcular imponiendo sobre los miembros un gra-

diente de temperatura de~ l0°C (en la parte interior 20°C más' calien-

te que afueraL para proteger el concreto contra el calor. 

Recomiendan que, para evitar grietas en las estruc-

turas de concreto, el refuerzo de cada elemento constructivo, excepto 

la losa de cimentación, sea como mínimo de 50 kg/m 3 de concreto, y 

deberá colocarse siguiendo tres ejes ortogonales, aun cuando la canti-

dad requerida por el cálculo fuera menor; además, para evitar la ten-

dencia a la contracción y aumentar la resistencia a la tracción, indican 

qu~ es conveniente usar concreto elaborado con poca agua. 

2 •. 5. 3 Criterio ruso 

Se dice 1 que, debido a que los tü·rbogeneradores 

trabajan con vapor a altas temperat1.1ras, se deberá procurar -... m aisla-

miento térmico adecuado a las tü.berías que conduzcan vapor o aire ca-
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liente y que deberán aislarse, por lo menos. hasta que se encuentren 

fuera de la estructura. El aislante deberá ser tal, que la temperatura 

de la superficie exterior del aislamiento no exceda de 40 a 50°C. ya 

que de otra forma se desarrollarán en la estructura esfuerzos consi-

derables por temperatura. por lo que es objetable la instalación de 

tuberías de vapor o aire caliente directamente dentro de la estructura. 

2. 5. 4 Comentarios 

Respecto al tema del subcapítulo 2. 5, se pueden 

hacer los siguientes comentarios: 

En general se aprecia que se dispone de poca información en 

lo que a temperatura se refiere. pues solo en una de las refe-

rencias se menciona de manera directa la existencia de gra-

dientes de temperatura. y aun en este caso se suponen fijos; 

en lo que se refiere a contr:acción. son aún más vagas las 

recomendaciones. 

En la ref 7 ·se menciona como ventaja del concreto lo que en 

realidad representa una desventaja. ya que debido a su baja 

i 

conductividad cualquier gradient•¡: de temperatura puede origi-

nar distorsiones locales y aun al<o s ni ve les de esfuerzos. 8 

En la ref 4 'no explican cómo se e'1igieron las diferencias de 

' temperatura para tomar en cuenta, los efectos de contracción 
1 

o 

o 

e 



19 

(l 
entre las losas de la estructura, ni cómo se decidió fijar la 

cantidad mínima de acero de refuerzo para estructuras de 

concreto~ para evitar el agri:2tamiento. 

Apoyándose en los anteriores comentarios, es posible suponer 

que se desconoce en gran medida no solo la distribución y mag-

nitud de las cargas dinámicas, sino en general todas las solici-

taciones, y que estas se han tomado en cuenta de manera arbi-

traria y mediante consideraciones que están basadas en el buen 

funcionamiento de cimentaciones ya construidasJ pues, dado el 

tamaño de las máquinas actuales, dichas especificaciones po-

drían resultar excesivamente conservadoras, lo que nat-ural-

mente implica problemas tanto constructivos como de costo de 

la estructura. 



3. CRITERIOS ACTUALES DE t\.'1\¡AUS~S DINAl\HCO 

En este capítulo se discuten los cntaios de análisis quc.con m;,;::. fr~

cuencia se emplean en Europa y en Estados Unidos de Nortea;nénc.J.. 

3.1 Criterios norteamericanos 

Los criterios que en general se siguen en Estados Unidos para an;..ilzar 

las estructuras de apoyo de turbogencradorcs, aparecen en publicaciones elaboradas por 

los propios fabricantes del equipo7• 9 quienes aparentemente se :1poyan en su cxpe~ 

riencia previa, en datos proporcionJJos por sus C.:epartamen¡os de proyectos e ingen,aí:l, 

o bien en las opinion~s de sus consultores, ya que en l::ls publicaciolles no aclaran d.;: dónde 

proviene la información que proporciOnan, y solo mencionz¡n que ias estructuras diseñadas 

siguiendo tales normas han tenido éxito en much:.~s 1:1st:11aciones. (Cabe mencionar que en 

la ref 7 se proporcionan diseños de estructur:::s de, apoyo para turbogcneradorcs con una 

potencia que va d~sdc 2 750 kw hasta 775 000 kw.) 

o 

o 

e 
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En lo que respecta a los d-:sp!azar.1ientos totales m:ix.ünos pcrn!iSiblcs 

de la estructura, en la ref 7 se establece, i.lpoyándose en regbs empíricas, que S(; obrenJrJ.1 

estructuras suflcienrcmcntc rígidas, para vdoc¡dadcs de operación de las m:íq.:inas de 

1 800 rpm y mayor~s, si los desplazamientos verticales u horizontales totales de cu:dquicr 

miembro estructural, producidos por!.:. corr.hinación máximo. de cargas de ciseiio (que los 

fabricantes suministran dando su magnitud, dirl::cción y punto de aphcac1ón), se limitan 

a 20 mils (0.020 pulg), lo cual se logra con una frecuencia natural de los mkmbros que 

satisf:1ga la ecuación 

187.7 2 

ó = ( -,-,-)_ . ' (1) 

donde ó es el desplazamiento, en pulg, y N l:l frecuencia natural del mierr.b'ro, en rpm. 

Además, agregan que la frecuencia de cada mic;~•bro de la cimentación debe diferir :.lOf lo 

menos en 10 por ciento de la velocidad de ro:ación en operu.ción normal de la m~qt~ir.a, 

p:rra evitar las ampl:ficacioncs din.imicas grand~s de los desplazamientos que ocurren en 

la zona de frecuencias cercanas a la de resonancia. 

Este desplazamiento máximo admis1bl~ obliga a diseños que conducen 

a miembros estmcturales muy robustos, dando por resultado estructuras tan rígidas que 

en la mayoría de los casos quedan d1sificadas como de alta sinton{a, concep_to qt.:e se 

introcucirá más adelante. 

La ec 1 se obtiene a partir de 

!Qk
w = /~ 

.j w 
( 2) 

tomando en cuenta q uc W /k = ó; en esta ecuación, w es b frecuencia angular de vibr:Jc¡ón, 

en rad/scg, de u;¡ sistema de un grado de libenad, g la acd..::rJción de !J 6~.:.vl.!d~id, :..;: la 
' 

rigidez del sistema (11<; :), W el peso dd ;n:m:o <njs J;_¡ parrc que le corresponda dd plso dd 
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r"trbogenerJJor, t:quipo auxíli.:tr, etc., incr.::r.¡cntauo en un 2.J o 50 por cicr.to (.::omo se 

indkó en ci cap 2) p:1ra tomar en cucnt:1 en formJ 1ndirecta el ef(;.;to dinám11..:o. ?or •u 

tanto, en b .::e 1, i5 no representa el desplazamiento dinámico real sino uno l!!:.tát:.::o. Por 

consiguicntc, el modelo d<1do por esa ecuación d;;::ja mucho que desear en su upii;;.lción u. 

vibraciones vcrtil:alcs y horizontales, ya qut: no considera ia ampliCca~16n dinimica rcai Gel 

desplazami.::n to de la estructura (fi;; 5 ). 
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Fig 5. Gráfica factor de amplificación-re/ación de frecuencias para wz sistema de un 

grado de libertad 

Por otra part~. hay que tener pr~s..:?nt~ qu.:: la ce 1 proviene d~ la ecu.~

ción para calcular la frecuencia circular .J.: un sisk.na "mJs.l-rcsortc" t:"i.; 1) d~ u;~gr~¡J.o 

de libertad, que es una idl:alización b~1stant~ buro:1 p.1r.1 representar e i Sóicnu ~ontinuo 

"t:structur.h.:imcntaciún-suclo", que tÍCI,.! un número infmito de gr.hlvS de hhar.1J. 

o 

o 
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3.2 Criterios europeos 

En Europa, aparentemente, se !~ ha prestado mayor atencic11 J.lcsta

blecimicnco de los cnterios de .:málisis, principalmente en Alcfl!ani:l y Rusia, donde r..:xisten 

normas expedidas por oticinas gubernamentales, como las DIN4 alemanas, que son las 

más empleadas. 

Como s~ mencionó en ei cap 1, de entre bs pub lícac¡ones e~crir~s sobrl! 

este probh:ma desto.can Jzs refs l a 3, que de rnan¡;ra general prc~entar'. le::. cntcr~os ;nás 

usuales y las tendencias básicas seguidas actualmente en Europa. 

Los crite;ios m:is comunes, que apo.reccn l!n lJ ref 2, se pu~dcn cl;¡slfíc.lr 

de manero. general en método de resonancias y métot!o de amplitudes, lo~ cuales se ,:es

cribirán bn:vemente a contJnuación, teniendo en cuc;ita que para .111alizar un;;. estructura 

emplco.ndo cualquiera de estos métodos, es necesano conocer las cargas rm.ertas y v1vas 

que actúan sobre ella. 

3.2.1 Método de resonancias (criterio alemán) 

Al seguir este crirerio se d~be analizar la estructura de tal form2. que 

el modelo que la repres'ente tenga una frecuencia fundamental calculada, en rpm, que 

difiera en no menos de! 10 por ciento de la velocidad de rotación en operación norm:1l del 

turbogencrador. Si la frecucncio. fundamental del modelo es mayor que lJ de rotación, 

se tiene una estructura de alta sinto1da; e.n co.so contrario será de baja sintonfa (f:g 5). 

En este último caso, la frecuencia de rotación estará entre la fundamental y una armónica 

superior. Como puede observarse, dependi.;ndo d~ las dimens10nes y disposición d~ los 

miembros di.! la cstructurJ, se puede tener bJja o Jita ~ínionia en dirección vo;:rt1c:1l u 

horizontal. Para cmpk.1r el método de rcsonanci.JS se idealiza 1:1 estructurJ. m·:di:mte al~úa 

modelo mJtcm;li¡co que, para el caso de vibraciones verticales, cons1ste ~n un sistemJ de 



dos grados de libert:1d que representa~ uno d~ los marcos transversa:-::~ ce la proí-11a (.-.~;t¡c

tura (fi.;; 2); para que se j'l.lstific;,uc el cmpko <..k dicho modeio se d~.:bc pmcu.-Jr qt;e ios 

marcos tr;¡nsvcrsaks d<' ia c~tructura teng::.n fr,;cucnda:, natu:.llc:, semejantes entre si, y ~ 

poner que l..lS vig;:¡s long1tuJinaks que unen los m<!rcos son ~uficicntemen~c flcx1b:csc.1 

torsión, para poder analizarlos por sep::~rado. 

El modelo de dos grados de hbertad p:na vibraciones verticales Lene: 

dos masas, una de ellas está dada por el peso corrcs.t1ondicnte de lJ mJ.q'uina sobre el mar..::o y 

el de la viga transversal, y la otra por el peso de bs vigas tongHuJin::~ks y una fracción 

(33 por ciento) del peso propio de las columnas; los dos resortes del moctelo corrcspo.:Jcn, 

uno a b rigiJez en i1cxión y cortante de la viga ¡ran~vcrsal, y d otro a la rigidez bajo fucrz..1 

a:ll.ial de las column.ls ud marco. 

Aunque este modelo ce los marcos transversJlcs tiene dos fri!cucnc1as 

o 

naturales, en las rds 2 y 3 tan solo se calcula una, que l!s un:1 aproximación, Nv, en r_pm, d~ Q 
la frecuencia fundamental vertical del modelo, mediante !a ecuaciór. 

(3) 

donde 5 1 y ó2 representan las deflexiones, en cm, del centro de la viga del m:1rco dcoidas a 
\ 

flexión y cortante, respectivamente, y ó 3 correspon(Jc a la deformación axiai por compre-

sión de las columnas dd marco. Las fuciZas que ?reducen las deflexiones ó 
1

, ó." y o, co-
- ::J 

rrespond\.!n al peso propio de la viga, de la máqu1n:1, del equipo auxiliar, de ~ns vig0s ~on~i-

tudinaks y de las colW1mas. 

La ec 3 proviene de aplicar la aprox1;1;Jción ce Soutlnvdl-Du;-.kcncy:o 

al considerar que el modelo tiene tres tipos de di!formac1ó:1 inc!cpcnd¡cn~cs: ;.•or ll.:x¡ón y 

cortante de la trabe y deformación axial de las c.oiumnas, y las di~tintas frccu,,;·.~..:<~s. w , Q 
' ' 



o 
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estarían dadas por cxpr..:sioncs del tipo 

( 4) 

donde ki son las distintas rigideces calculadas, mA las masas que participan en la vibración, 

y 6. los desplazamientos estáticos de las masas correspondientes. 
l 

Al aplicar la aproximación de Southwell-Dunkerky se tcndrd. 

Se debe insistir en que a:m cuando por su presentaciór. b ce 3 aparenre 

dar la frecuencia de un sistema de un grado de libertad, en realidad corresponde a una 

aproximación a la frecuencia fundamental d(; un sistema de dos grados de l!bertad. El 

hecho de solo considerar esta aproxm1ación ::d primer modo es razon;::blc p..ua estructuras de 

alta sintonía, si se cons;dcra qu:.;: la frc-:ucncia co¡Tespondicnte al segundo modo es muy 

supcnor a la dd primero, y que por ,".Jns:guJcnte su contnbución a la respuesta de iJ 
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est.-uctura es pequeña. Cabe mencionar t..lrílbi~n que' en este modelo r.o se .ha~ co.;si

derado la imcracción co.1 ..:1 sudo debajo de b cimentu.ción. 

Mediante una modificac.ón :;. :a ce 3, que considera que la losa supl:;no¡; 

el peso de la máquina y una parte de las columnas del marco forman una sola masa, y c. \.le 

el condensador, ia parte inferior de las coh.m.n:J.s y b losa de cimcntJCiÓn corrcspond.:.n a 

otra masa, se puede, tomar en cuenta la flcxibilübd dd sudo, co.-¡siderando q uc es[e -Y 

las columnas se pueden idealizar como resortes en serie con las masas antes ci.adas_ 

Este modelo toma en cut!nta la flcx1biEdad del ~udo, pero no incluy,: 

la masa del mismo que participa en el probh:::ma dmámico; ademá::., puesto que SI."' sigue 

trutando de un modelo de dos gr!ldos de libertad, tal ·vez se sig:1 sobrcsimpllficando el 

problema. 

Para calcular las frecuencias natur;lles horizontales con el método de 

resonancias, se proponen dos mancras;2 la prfm~ra pcnn 1te calwlar solo en forma aproxi-. ·-~--· --·~--~~--~--->·- , ... 
m~Ja lz.s frccu~:ncias naturales horizontales sin tontar· en cuenta lJ:> propiedades del suelo, 

y acepta que la losa de apoyo de la m.iquina e::. mfinitJmcnte rígida y se en.::ucntr.1 sobre 

apoyos elásticos (representados por. bs col,umnas);·.además, .'el método Tcquier.e···que 

las rigideces de los marcos transversales. sean práctic<1mente iguales. 

La frecuencia- natural,~·del _siste~1a;"N1~·: en rpm, se calcula con la 

ecuación 

''• 

ll,-

1: IC 
0 

/<! ), ''300·," 
Nh = --.--

: , . -..j·. Ah : . . 

' '' ' ~' - ' ' 

( 7 ) 

l ' • : ' '; ' 1'" :, ' • 

do.nde Ah, en cm, varí~ e~tre oh y 0._8_.BÍJ., si~ndo sh ,eldesplo.~¡lmientQ, horizontJ!, 

considerando que e.l peso de l:;¡ máq t~ina, l3: lqsa 1supcri_9r y la )crcGra. par~e, d_ ~;la~ c;J'-. 
'' ' ' - ~ - - '- 1 

lum nas ac ¡ úan horizon ta !mente._ '' J,'- ,-

o 

o 

o 
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El segundo método propuesto, que puede tomar en cuenta las propicda· 

des del sudo, supone que los m:1rcos transvers.:dcs están lig:.~dos entre sí por una losa 

superior infinitamente rígida, y que bs columnas est:in empotrc.das en la losa de cimenta-

, ción, y esta a su vez sobre suelo deformab:¡;;, :eprcscntado _por r.:sortes sin masa. El 

modelo matemático empkado puede ser de dos o cuatro grados de libertad acoplados, 

si no se toma en cuenta el suelo, uno corresponde al desplaz;:;.m;cnto ho.-iLomal y el otro 

a un gim respecto a un eje verticnl que p:::sJ por el centro de masas (lorsíón) (fig 6). Cu::mdo 

sí se toma en cuenta el suel(!, se agregan dos grados de libertad y se tienen cuatro frecuen· 

c1as naturales, dos correspondientes a dcspJaz;:¡micnto horizontal y dos a giro en un pbno 

horizontal (torsión), de las losas de cimrntación y de apoyo de la máquina. 

:z :;. 
.. ~ .... r----- .._ 

/t;.¿-~ 
l2>.-/~/ .-, . • / 1 / l 

~-,...:: 
- / ' 1/ 
~........_,-~'! -' '(..~ '! 1 
1) --J ___ -Ji?.\1 ~ 
"1 1 l l , 1 l ! ' ' % 
i l ¡ !. ¡ \J 
l¡ ~ \1 ~ 
l¡ '/;/$·\ 1 f. 1~ 1 i.: ///~ 

~~ 
a) Traslación b) Rotación 

Fig6. Modelo para calcular frecuencias'n:¡turai~.Js /wJi:ontales de la cimentación 

La participación dd sucio esrá dada en términos del coeficknt~ d~ 

compresión no uniforme, C , el cual depende de las propiedades el:ístlcas del suelo y dd 
"' área de la base de la cimentación;1 con este coeflc1entt' se torna en cuenta la tlexibilidJc! del 

suelo, pero ~~o se considera l:l masa de esrc· que partkip:1 en l::~s vibraciones. Adem.:ís, d 

COcfiCl\!nte Cop Se dctcrmin.l d~ nlJi11.'rJ CSl:.Ítl.:J, y no depende dt: !:1 frcCu..:'nciJ d~ !..l c>.c.t.l~ 

ción~ 1 

Finalmente, se caku!.¡n l.:ls JJ11plnudGs: de los J,~splazamicntos pwdu-
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cidos por las fuerzas dinámicas,' par<& vcrificJr que se cncw.:::n\.r..:n por ab;:¡jo de :os v ... lorcs 

permi~ibks. En general, i:l.'i fu:-:rzas dinámicas se transform:m en c.:rgas estáticas "equi

valentes", m~diante un coeficiente que supuestamern..: toma en cuenta los prob~cmJs de 

cargas repetidas y de ampllficación dinámica. ·eara apoyar y reforzar lo anterior, a 

\:Ontinuación se hacen algunos comcnrarios a lo escrito en el st:bcapítuio 3.6 de la rcf 4 

(ver Ap.!ndice), respecto a la carga estática cquivaknte y al co~ficicntc que ante~ se 

mencionaron: 

Se acepta que p:ua determinar lo que llaman "fuerza de excitación", :<-. 
se parte de ::~prcci:.lcionesmuy toscas, yaque pa;J determinar su valor hicieron 

encuestas entre los f.:tbnca;Hes de las máquinas y lkg;:;.ron a :a ec i de cs:1 

referencia, donJc aparece un cocúcientc, k, que toma en cuenla el desc,1t:ili-

brio de la miquina, cuyo valor han fij::~do. en 10. Por otro l:ldo, a lo que 

ll3man "calidad de equilibrio", ewn, le asignan 0.15 cm/seg. Además, aunque 

el valor de K dQpende de! ClW.drado de la frccuenc¡:_¡ de rotación de la 

máquina, w~, finalmente solo es función !incal de ella, aduciendo que se ha 

tomado asi puesto que es más fácil equilibrar ~~rotor de la.máquina para 

altas velocidades. 

Se menciona, además, que debido a la inseguridad con que se determ1na la 

fuerza de excitación, K, lo cual se hace de manera aproximada, para hacer 

cálculos es suficiente obtener una "ft;erza esLitica equivalente", P; esta se 

obtiene median te la ec 2 de esa referenc1a, en laque aparece un "coeficit:nte 

de fatiga", J1, al que asignan el valer 3, que relaciona la carga estática eq uivJ· 

lente con la correspondiente din6mica. Cabe mencionar que el valor m;ixir~;o 

de la fuerza estática equivalente aparece en la ec 3 de dicha referencia y 

tiene un valor de 15 veces el peso de la m6(¡uina para ~ .. ;:¡ velocidad Je 

3 000 rpm. 

Por consiguiente, solo se ti~ne un::~ ideJ ap;oximaJa del valor de 

la carga estática cquival,cntc y del codicicntc ,mcnc¡on;:¡dos. 

o 

o 

o 
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Las amplitudes de las vibraciones, A, tanto verticales como horizont~h:s, 

se calculan con la ecuación 

( 8) 

donde o e es 1a deflcxión vcrticJl u horizontal dd elemento considerado, dcbi,:o al dccto 

estático de la fuerza de excitación, y v el factor de amplifkaci0n dinámica, en el cua! ~e: 

toma en .::uentJ el amonigllí.lmicnto del sistema. Este valor de v es el correspondiente a un 

sistema de un grado de libertad, cuyo valor dcpendt! dei cociente de la f;ecucncia natural 

calculada del sistema y !1 vclociJad de operación de la máquina. El valor de S e se obt;cne 

multiplicando el desplazamiento debido al efecto c~tático de una fuerza un.it:uia por la 

fuerza de excitación, la cual es función de la masa de las partes móviles y de la velocidad de 

r9tación de la máquina. 

3.2.2 iVlétodo de amplitudes {criterio ruso) · 

En este criterio, la idea básica consiste en lograr que la respuest& dd 

modelo matemático con que se idealiza ia estructura no conduzca J. desplazamientos dm:i

micos mayores que ciertos valor~s permisib_les, los cuales aparecen en la ref 1, y a 

continuación se reprod u e en: 11 

Máquinas de Amplitudes perm_isib!es 

3 000 rpm 

Vibraciones verticales 0.02. a 0.03 mm 

Vibraciones horizontales 0.04 a 0.05 mm 

1 500 rpm 

Vibraciones verticales 0.04 a O.OG mm 

Vibraciones hcriz on tales 0.07 éi 8.07 ínm 
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Como se dijo con antaiondad, en d método d;:: ampiitudcs, qt;e c:1 

apariencia es el utilizado en la URSS, las amplitudes calculadas de las vibraciones se deben 

comparar con las pcr:-nisibks para ·cada tipo de estructma. Si los valorcr obter.idos son 

menores que los establecidos, se acepta el diseño de la estruct:_..-;;.; en c;:;so contrario, esta 

se debe red isci'iar. 

Las hipótesis fundamcntaks del m~todo de ampiitudcs tambi~n co;¡si~

tcn en considerar que los marcos transversales tienen iguales dcfomuciones, y que ia ca~a-

cidad en torsión de las vigas long;tudinalcs que unen los marcos es pc(luci'i;:;. comparadJ co:1 

l.;.s defom:acioncs de !as vig;~s transvers..1lcs. Con estas supos¡c;oncs es adnuslbic c:~ict<:J.r, 

de manera individual, las frecuencias natur:llcs de vibración vertical de cada n~Jr...:o. 

Las frecuencias naturaks vcrricales se obtit:n..::n empk:mdo un moddo 

de dos grados de libertad, uno de los cuales es el desplazamk:nto del centro de la vi:;a de! 

marco, donde se concentran las masas formadJs por el equipo y un.l fracción del peso propio 

de la viga, m 2 , y el otro es el desplazamiento de la parte superior de bs coiumnas, donde se 

concentran las masas correspondientes a fracciones C:e la viga longitudinal, la v1ga transversal 

incluyend~ el equipo correspondiente y la columna, m
1 

/2 Ui;;, 7 ). Las porciones de 

m2.sas concentradas s~ toman de manera que tengan propiedades dinámicas "eqLllval~J-.tes" 

a las (iue teadrían si se les consider~á distribuidJ; bas:mla cqtuvalenc1a de propiedades diná~ 

micas en que la carga concentrada que se considera debe tener igual energía cinética que si 

se le con:.idcra como unifonnemente distribuida. 

Fig 7. Modelo para calcular despla::amfL•¡zfos vL'I tica/<'S dí!: la cim._•¡zr.::ción 

o 

o 

e 
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Las rigideces de los resortes del mocc!o corres;;;onC:m <1 1:1 fu..::rza i:c· 

ccsaria, k2 , para producir un desplazamicn~o u.-üt~rio en el centro de la v1ga, y la IV~ces;.¡ria, 

k
1

/2, para producir un aco. tamicnto uni~ario en las columnas. Las frccuc;1cias se dctcr;ni· 

nan con la ecuación concspondicnte a un sistema de dos grados de libertad, obteniéndose 

dos frecuencias naturales, en r<id/seg, w 1 y w 2 , tales que w 1 < w 2 • 

En la ref 1 se dice lo sistwmre respecto a las frecuencias natmalcs, i)Jra 

justificar el hecho de que el ~nodclo no considere :a <!lasticidad d.::l sudo de la cimcr.tación; 

"Si se consider::: cada marco como un sólido infinitamente rígido en su p!ano, 

apoyado sobre una base clást¡ca, entonces su frecuencia natural de vi!Jraclón ver~' 

tical, w z, será, generalmente, mucho menor qu.:: la de operación jel .turbogene

rador; además, ilamando w .l a la menor de las fr~cuencias calculadas de vibración 

vertical del marco, y suponiendo que la base es absolutamente rígida, csr..: 

frecuencia depende solo de las propk'iJdes el.isticas y de inercia del marco. PJra 

turbogcncradores disei'iados con el criterio de alta sintonía, en genera~ existe la 

relación 

( 9 ) 

donde w es la velocidad de rotación de la máquina en rad/s.::g. Si se ~om2 en 

cuenta la elasticidad del suelo de cimentación y la t1exibilidad del marco, enton-

ces las dos menores frecuencias de vibración vertical, wz* y w r' del sistema mar

co-losa rígida-base elástica, tendrán la siguiente interrelación con las anteriores: 
) 

o 

w * < w < w < (..) < (~ ~' z z, l l (lO) 

"La drsigualJJd' 10 muestra que :ll tomar eu cuenta la c!Jsucidac.l del suelo se 

aumcnt;.¡ la d1facncia de l;.¡sdo.> lr~cnencias de VIbración respecto J !.1 ce rota~~ün 
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de la máquina, basada solo en :.1s pro~:..::dJ.des elástic;;.s y üt: inercia del :m...;rcv" 

"Si se satisface la condición 10 en el diseño de una cimcntaciói1, ei dcsprccJ.:~r bs 

propiedades elásticas del suelo en el cálculo de las vibr:1ciones vert:caies ~n la 

cimentación contnbuyc a aumcntJS el factor de segurid:::d d¡; iú establlidad 

dinámica de la mism:J.. En tal caso, el problem:.:~ de bs vibraciones forz:tclas 

de una cimentación a bi1"e de marcos, se puede reducir al cálculo de vibraciones 

de marcos pl::.nas empotrados en una base inmóvil infini~amcnt~ rígida." 

Se pueden hacer los siguientes comentarios de lo anterior: 

Hay que tener presente que el coment.1rio acerca de que w < w _ solo es z ~ 

cierto para suelos no muy rígidos, y que la qcsigualdad lO solo es v::.·,:c.:a para 

estructuras de alta sintonía. Para las de baja sintonía, el efec~o del su~lo 

o 

sí podría ser importante. Q 

Se debe tener presente que suponer que el suelo o ios marcos se;m inr~nila~ 

mente rígidos solo son casos extremos para acotar el problema, ya qut:: si en 

realidad se supone que el suelo es infinitamente ríg1do, se está sobreslmpllfi

cando el problema, pues no se considera ia interacción suelo-estructura en 

términos de su rigidez real y de la masa de suelo que participa en la vibrJ.

ción, y tampoco es totalmente válido suponer que los marcos en la reJlidad 

sean infinitamente rígidos, pues a pesar de ser robustos, hay que tomar en 

cuenta que la estructura si es fle.dble. 

Como· se volverá a mencionar, d empleo de bloques de cimentación de mJsa 

mayor que la rcqul.!nJa acentúa los problemas de JscntJ~ni~.:nto y d~.: costos. 

Debido 'a que en d método de amplitudes !:.1 base de decisión acerca de · 

un diseilo es la amplitud de las vibraciones, para no tomar en cuenta el amortigu:.1micnto ..:id - o 
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sis~cm~. se debe vcr.ficar qu...: i.1~ frecuc,1ci:.:.s f;..nJ .. unent • .dcs dd mo,kio de la csfi '·· ci.J: · 

difieran por Jo menos en 30 por ciento Jc l;,¡ frecuencia de rot..:c¡-J,¡ uc ía n:.~qUiilü 1..!:-1 

operación nonr.al, de nv ser así, sf se dcb¡;;~ incli.m d cfcc[O dd ;.¡r,1ortiguamk1:~o. En lJ 

ref 1, y sin dJr e:~plicación de cómo se obtuvo esc.d:.Jto, se rccomicndr. que se l,;i!icc un 

amortiguamiento del 5 al 10 por cknto del crítico. 

La amplitud tot .. :d ele las v,~Hacioncs vcrtic::lics se c,ú;.üa co:no L. sumJ 

de las dos amplitudes máximas, en valor abso!l~to, cor.espondicn~í.'S J. c¿¡d:.:. gr;:;.do de iJbcrt: ..... 

Para calcular l:J. amplitud de bs vibraciones tr.unsve•salcs horizontatc:::, se 

supone que la losa superior es absolutamente rfgida en su piano y c1uc l:1s col~1mnJs c::.t~.n 

empotradas en una losa indeformable; esto es, no se :::onsidera la elJst1cidad d~ i.: ;osJ sL.~ 

perior ni b del bloque de ciment;:¡ción y del suelo. Se trabaja con ~r. modcio de dos g:-::Jos 

de libertad, correspondientes al despldZ~ll11iento b~cral de b losa superio¡·, x, y el ;jng,r!o d~ 

rc.ación horizontal, rp, respecto íl un eje vertic<:l que paS:l por el centro de n1JSJS (¡';~i 8); 

bL 

aistoncics al centro 
de masas 

oistcncios al cem¡o 
de r:g¡deces 

Fig 8. ,1/oúe/o para calcular dcspla-:alllicntos hori:::ontalcs d.: h: cfm.:nt,.ciÓJ; 

Las masas que 51~ ~oman Cil cu.:;-~t.l sen: bs cargas mucrtJs o,\.~c ,)~;~.m 

sobre las vi~as transvcrsaks y long.tucLr.aics, su p;-o.JiO peso, y una porción .:ic :J 111:1'>..1 ,;..: 



l..1s co:u:,;,1as, m . La rigidez de c:.1da uno Ce .os mJ.:co::. tr:.msve:s:llcs, k , es la f•.c,-¿;:;. .. ~:..:·~-
, ¡ 1 

sar¡a p.1ra proJ ucir un dcspl.:Jzamiento honzontal unito.rio del mJrco, apllcada en b p:.;,rtc 

supc:;or di.! las columnas. 

Como en d caso de vibrJcioncs verticalés, se debe cuidar c1uc bs 

fn.:cuencias fundamcntdlcs difi~ran más de 30 por ciento de b de rotación de la míiquina, 

pues de no ser así deberá tomarse en cuenta d amortiguamiento del sistl.!ma. Las ..tmplitL•lks 

finales se calclll;m como l..t ::.uma de las correspondientes al desplazamiento más las produ

cidas por la rotación er. tors.ón. 

Cabe mcncion:J.r que par..1 cvalu:.1r las amplitudes, se supon..; que Lls 

fuerzas de excit;1ción en el generador y en la turbina actú:m en la misma direcciór, en ;:.1da 

instante, y que iJ cstmctura se dcsplazJ de manera rígida. En contra de cstJ supos1-:ión 

se h:1 podll..!v v~o:nf1cJr, mediante m~diciones en estructuras, s • 12 qu;! los marcos r.o v.or.:m .:n 

o 

fase y, por lo tanto, el valor del momento de excitación se puede ver muy ..:ume;d.iJo, Q 
con lo que_también se incrementarían las amplitudes de vibración, que ~odrían exccdase 

de las permisibks. 

o 
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1.1 El i~;~n~ero indus~ri~ ha do conceder euticientes d1wens1onos para cada uno de lo& elecen
t'Ja do .eopo:--:;il', con oLt~:n de hacer posible .la absorción c:e las fuerzü.a ostLticn!l y di.Jlí.;:¡J:.:na y 
poda::- dar to:::-::a oatisfac<;;oria a la cons-:;rucc16;:¡, :;~:uab~éa en aerr¡;ido t'IJonico do ln..:; ::.ac:Uacione.e. 
So ban do ovi-;r..z: adel"¿;a;:n:!lien"t_oo y o'ntcll:;.do.:n-.:a en los epoyos y vigas. austJ.tuyí:ln.doloa ¡¡¡ejcr por 
or1:f'icioa cc:-::-adoa_ ci:-cu::.;.~_do3 por todos loa· lodos. 
1.2 ~~~ ~or=a co~st:~cti7a cor=icnto ee la Nci~entac~ón d0 apoyofi-, en la ~uo rapoaú un ~ublero ~ 
aobre apoyos indeyo:J.dier.-.;es. Ld e:;t.ruc-¡;~·s. raeis<;enc.e ael taole:::-o cor:s :;u D.q'li ée ··r:.;::u; :.o::&i~u.:ü~ ., 
nal~Js· "é ·--:rana.veraale3. 1o3 anoyos han aé es"tar dia;l1.:.es_tos en lo ;>os:J.!Jlt: céntr:!.c,::wnt·~ aoonjo de 
las viÉ;ss.- "pa::a qua resulte' un d~!larrCil.l.o do !uarza,¡ clarm;:e:J.to reco:::.oci1::le. La.a placa::. de. ~:::&n
aula. osbe+_~s.s, eupetiicioo de chapA. ¿;::o¡¡aea y análo;c.s pueC.eú oscila:: eapontÓ.::-leax.euc;¿ y por con.
aiguient~.sa.han de 'evitar o dar fo~a, de modo quo puaáa aer eli~iUQ4o un posible est~~o da re
aoz:ancie. 
1. 3 El tabla:::-o se ha ·da seoarar del contorno nor un resquicio da ai:::-o; la cubier.;a .:.'el :::-<Js'cuicio 
ha de -podo:;- aa~ir loo desplaz~::.en-::os no:-izo~tlue:J y "'e¡~,ioales. TE.::!.biáln la plo.c2. de tu:'.::~ción 
l:.a de- e_s't:l.r aoparo.da uor-. U:lS ·junta de las par. es do 11'. constTt!=ción que la roaean, sobre t;cdo 
del pa71c~nt~ de hor=:J.;ón, Los pisos ·~ntiguos no han de aster apoyados e~ lo posibla aobr~ la 
conatruccibn da e.poyo, S~ ea"& o es in.;:v:. • .:.ille sa reco¡;:¡i,;!".da un apoyo de fo:."':.:l.a ndecua>ta. 

1.4 :ta :táor+c_e do ~uin~:=ia ha d~ reunir para el in.~enioro ccus-trc.ctor los o1g1.4ie_n~aa dat osi 
1.41 Un r;rli:fico d_a car.7,as detallado, donde se han de ir.:l.icar separadü;nento ol coccnto d"l corto-. 
circuito sin u=epto y la ispiracibn del vacio. E::. g:::if::.c.o de car¿;as ha. de os;;n:::- a.vori;;u~do cu~
dcdoaB.!:Iente_ segun la _d~strihucibn. ::-saJ. de laa maae.e en 1::;. oác_uin.'l. "¡ J.a~ di·spoaicicnt?s ..:.J::•ocia.l.;.s 
que se _huyan to::.e.do ·p·o:ra la., trucamioion de la carga. Sa han de iud:l.C<Jr 1::.0 sólo las ca:-~as n:l.:Jo 
trunJié:l la._a -B\.:¡>cr:'icl:es so)¡rs lsa quo so transci-:;a la ca:-,¡;a. Para ,senol'E:.dor'36 r::ono:::t.s::..:os .otl han 
d<i citar .ta;,;o_~e~ l"oñ :.lomer.tos O::Jcilt>nteu an.el lado (lel ,.:;ener3-d.or y oa n~:;¡cro da Cl3Cilc.c:..o::<Js. 
To."-biiln oe.:incluir8.n on· d _a;r~ico ao c~r-<;::>!l las posülun car;&o a..iic:..onp.loo en sc::t:'..do tor:í.::e>n
tn:. u oblicuo o_ue por ojct:-;>lo son ~ra~:~oitiaao llll lo3 puo::.-;;oa fijoa d~:r·la t•.:boria do vapor ·s. la 
co::wtrucoibn do- apoyo. }_dc~¡.J.s ae :..ndica:á. s1 ol conde::sador e!ltá tija!:leuto ei;1b2·1da.do cor;, Ed e¡;¡~ 
p!llz:.o do -e,;caP,e do· vapor a<l la turbina o ¡'cr árbol fle.xitla o pron::JaGs'!;O¡l<li:l. · ·; 

,.42.I04icaoió~ d~ loa pesos d~ rotcrea, pare turbinas da ongr~najoa ·también do la6 pie¿~a rota-
toriaa dol_ on.3r3t:.J.jo~- · ' · 

1.43 It:.dioac1ón de la potcMio. da la m.'lq_uiM .• 

1.44 ~úmoroo do ~volucionca de funcionamillnto (evontualcente números da revoluoionos do tbrmino 
rá;.J:!.:!o) :io ln,s. tu:bo::~U~::l:lO. . . . _ 

1.45 Loo n_Ú?croo do revolu~i0n~a critiooa do loe ejos en el acoplamiento y oo~ loo uoport~a. tal 
oot:.o ex1s-;;c::l oÍl eJ.. funcio:la~e::."to. . - . . _ . 

1.5 Para po-:·~r '!:t::::Jr en cuenta el ofocto té:r:::ico tJr. ln conat:r~cc!&n,· ad han do it:dic.J.::- :h>tO•J 
sobro la_a_ to;;:.::?s:::":J.:;ur-'!a t:;.~'l ~e p!"ooeno;;an o:c. la pro::::i;:¡::.é.::;.cí da l<.a pnr.;aa do oo:J.s'trucci"'C~ (-::,;::.bién 
t<:!::.pars.-::u.r~.u t:lav.:Hl'l e:::. 'll ::c::~:;aje o en el :'u::::~o::s.::!ierrto ae.' pn-.3"::-a, ¡:¡.e. e'G el sccrdo dv! .:"d
U!:::ra~o:-). ~.oC:.L::o l<:o por.o9 c:W.h:ntea, oo:>re todo 1<'-.J "tub,JriaJ, 'ae l:.&n de a:lnlcl..r' :'<'rf..Jc"tnct:ntÓ ya. 
un'Zoa del rur.cio'':.nio~to do P•"'.lúbr.. So to::::~r11r. n:udlduo Lv.ecue.dc.u con"";ra ln ucu::lcllaciéa. da·c9.lor' 
on la. ccn,-¡-;;ru:::c::.oo. (;:>.e. O!"ific.i.oo puru o!lcc.pe dúl co.lo:r, cubiar"tu de oUPolr!'::.citLJ oc;:¡ plDCt•D ;lo,~ 
o.iolucioo;;o aol celo:::-). - -

2.1 Sq r.un::.::.z-:.:8. 1.:.::1 cbJ.c:.C.o ,diJ 09cllac1o:::os con objeto ce 
a)-cv~tsr •~ucn~u:in 

't!l. la elc .. o~:,..clú&.d 
c1o=ll11ento, 

e el 
aol. 

siote::...\ ¡:;iqu::.r.n y COr!e-::ru:~cinn de a;¡oyo ( avtJntuo.l:wn-.:e te::liet:do en cu.:J::l
terre~o de c:..~~~~acl6n) con ~no da los nú=aroa d~ r~v0l~cionos oo f1.:.~-

1
) Véa3$ "~a.:¡ach: C1.-:..ont.ac1on"a ao 11Áquic..,.~ y or,ro~ yrob2.<Jw,.a d..in~~cos d.o l;. 

\.LI- >'•clac¡ J.. o rlin, Y. la. dooe:~ biclio¿;rA ti"' in di :a da o.ni, 
·o<ii tor.:.al 

f, 
" r 
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"b) o.vcrif:"".l~lr pu;-ol ~1 c~1.l-::t-lo ~'.!Lt~:;ico c., 1~ co:::::;t .... ur-ci~~ ~·-:.rJ:----:r1::: 111.-~ l·-¡'~~)-i~-1,_, ~)·:tf:¡,-r;icE'n c...1. 1\:,·:-= ~.1 ':_ 
lo.o :\ ... ..J:-:.:-,~J 0.1:-·.·.:!..,.:J. .. ,. :.:1 ¡'•..,.·;~;a .cL!:;l~¡:o:"lJl c~r.:: .. :!:i-:.2~ Lb c~::.ul~ ;..<>~, .:;,.~ ::~~1"~:-.. ...:...'tut¿ (~0 :::tl.o:=::~l ..... ,..c.;,.
;;lioa. ow •' el'~··., o o- ' a. C'"'~' e' e,.,-;, d<J fL\-:!¡;a. C.o.;>uud'l.crnu d;JJ. =t•n::J.o.l :r uu. \JOúl'lc.:!.oc.t<l é:lr..é>·· 
~co co~;~;,P~~l~u~a·u~la ;i;;o~~: ,, 

2.11 S1ntonia 

2.111 Aolnracibn del co~ce~to 
E:J:ioto nl t:l ~:!.:J.;o~a Ct:..:..::.!.!.o el ::l~-G:.'C e~ oz~ilccior :JO I :v;;:.az ¿o lt (..:;t:!..: .ll.. 1( ü -: -~ .. - s.:..o:--t.:. d r... 
oonOJtnJcc16~ ::o e::.:::..:.er.-:::-::. :;or o:::.c:.t-'1. d•Jl n~.::~6ro G.u r~v.::luoio:-.s:.~ do :fJ:::.CiOt"-:.;.lioo:to, y e::.~.:. <Jl::-;c~'ia 
out'r:rlo el r.· .:~oro da onc1l::.::ion:::s t~o~r:.;!a·.:,:,zno.J..,a D·:~ c:::.:u•n.-tra. ;;or debajo C:.r..J. ;:;~~aro G.a r<;¡v.:.l\.:.Jiouoo 
do fu!lcictlli.:J!.u:J.";O, y o:~=:: ::J:.::-::c::..:ll C'I..J.r.:..o o}. t:Ú::-;~::'0 do o:Joil~.:::io:o.~u :::..:.::.:.::::.;:;¡:::::;uQ:J co e:J.Cuc::.:;;o.;¡_ :;;c;¡,o 
áobo.jo dol :::: .. .:.J:o c.;.;: r·"Ycl\:.::ic;:a.J c!o :uncio:w:::Uon;;o y por ta::n;o oJtl.. i:la-;o o::.tre lo. oooilc.c1i,¡n t;.m
dn=.or.-:~ y u~a C...Jc1l~..:J.•;.:l t1.::--o:.!.~a. 

2.112 Loa r.'.:..•:•roa do <:J:Jcilr.c~or:J::s pro:;>ico avori~?;u.:ldoa "Jo.s-'.;.:1 ;:f,rr:J.foo 3.1 a 3.5 lla.n do 3'I"':Jf}n"!:D.r uru.:. 
diforoncia mn1;;~3 df, ! :..:0 ~ ro:J'O'.lCto al o~uro no rovolt:.cio:'.ilR de ft1r:cio-::::-.~oüc:n;o íL:ojie.".o, .:::;:;tn di
forencia, en ctHlO DDC:O<.~hrio, ua .a.u do ori¿:!~r jJOr ::!ojificü.c:.ont>a co:;~-::::c:c-:;:'..·tu.ü O' .. l:':Y:l.o .Lu :J:::"ú;:'ú::'U~ 
cibn dol pro"rc.'r.';;c. Solo ot.,~l:.:lo pill"r. o!lto rouultoa diZic...:.ltJ.dt)J ou!)ocic.J..ou, oo roduc~rJ. o.x:co;:c:!.or .1-
mcnto lR. ditÓr.Jn·ll"'·•·.on ol o~=-'-.;¡¡¡~o d·" rue. r1 tc-n<.'':l d1•1p>o'.c1o··of' ¡o.7"!l '.ln tuera do a1ntoni:. po¡¡t-l:ior 
eo&ún punto 2.44. 
2.2 Se rt:E'..l~ ::;ará ol cá.l.cclo ootb.tioot 
2.21 :Pn:::-~ lo.:¡ c.1r,;:ua 0::1 rcpoco (pC!GO uropio da la cor.struccibn, our¿;ao do la. :ci.r,ulna, in:;lu.'lo J'C'lO 
col rotoz·. ,\:Jjnr-::.:ib::¡ ccl ..... ,~:.:>, w:.c.) • .:.st:-..1 co.r~us ::•; pc=.!.:-~:1 con, el -.·oJ.or Go::J.ci.J.lo .¡¡1:. u·..:..:ur.~o. 
Lno pnrtea '-" co::l.n;¡¡¡colcn quu r.o J:;.~;¡o.n ae apoyar car¡).:J.U ó.o tJu,uina, ao oalo...J..ar~n pura co.r¡:;a.EJ d(, 
1:1ontajo. 
2.22 Pura el ocoo~to da cortocircuito on !orr,.u do un par do fuc:..·zs.o vortiooJ. an &J:;boa ::;entidaD .':G 
rotacibn tr<L~~-t:li'tido ~orla. cl.r.u:1.na con un aumento do 'lOO % a loo voJ.o;¡,·oo oin uunouto qua ho. ir..:i·-· 
oo.do la fl.brica do :::s.~u1nnr1a. · 
2.23 ?n;oa 1<~ ir..fl;lencio. ditl!..::lioa ele unn fucr:>a. contrlfu¡;:a que puedo. e.ctuar en "toé.ao las dii"JCCl.O~lo'~ 
pcrper~iculLl:.~t:=:l~a al .uja Ci•:l a~bol. ?J.l-u. ústo sc; in::ro.:J..ca e. co:J.t:i~un .. c~b:l el co:1copto do unn fl:1:J.~'~· 
:oa euplctor:'.n e:Jt::~.t=:.ca. 1:1 fuorzn auplotor!n os-¡;.<.~tiC:J. ea p:-oporo!c~ul on loo o:!.J:lOO. puntos quo J..r.a 
cargaa de la =.Ól.r,.u::..!l:>, o rHla lle ~3. de pot:.cr de ::::o<::o q;¡e en ca.:!a ca:-ro. d.:. ¡;:¡¡,n_uin.'J. actua venic'~ u lH'-
ri;::o~to.l:ne:J.t') '.l.::.:\ pa.r:;o d.J ls fu8::;:;a ¡¡;.opletoria ·;..c,tE.l. \lroporc~o::::.c .. L ... c~w.;<J isus.l a. o::n;.::. ca=;a • ..:'.;re. 
eato o,; hnn dl3 tone;: e::l c·.:cnts. sólo l.is co.:-,::c.o do lu t:.:::;.uir.u ¡;,ue o::t:;o,u'"!l a la p::-opi<'>· ob::a a!)crCi·· 
cada. Euts.s partes de iue:=-zu au¡;letorir.., íluS:.:l la 'for.:1a do o¡,cUacl.b:l N13p:3ctiva, pu!ldon no-.u::u- u:a. 
el ~smo sentido o o::l oentJ..do cor.trarlo. xa~a ai::::?li~icac1ón laa fuarzaa supletorias horizon•nloa 
puedeo. pone!'ae por vale:;" de loe ejes de loa tra.veaalios. 
2.24 Las pa::-tes da co::.:Jtr.¡::;cibn r.o cr.::-¡;=.:!as, te~iendo en cuenta. su oocil&ción conjunta, ao h~n ¿,, 
calcular p.ara U!"Jl. fuorzg, suple~;oria es~;ática. de 50 1- do la car3a propia ve1'""ical. u bor¡;:on~;e.l, S.l.a~
pre que las csreaa de montaje se~ párrafo 2.21 no den por reaul'tado ec!uu::-zos ~a deaxa.vorablas. 
2.25 P!I.:<S. l!l.s cc:J:struccionoa da hor:r.igbn ar.::.ado se han oa oonsidora.r loa eiectoa de te¡¡¡pera:;¡¡.ra y 
oontracoió~ de la obra np~~ica.da co~o eiguoz 
2.251 Pa:::-a la co'!':.traccio¡¡ del 'tablero respecto a la placa do ::''\mdao:Lón una oa!.d::::. do te¡¡:nan-.-;..u:a :::,, 
10 oc¡ ai l::l. parto u:-:.;~da sobro la placa de tuada..cion ae ej.::cucs. pa.aa.dou 2 ;:¡¡o¡¡o¡¡ d.;o:p.,;.ba de :!.a c.o'.:;;;= 
truco 16n, \J:ls. da 15 oc. · 
2.2:;2 Para ('~.>.lentacientp unifor:ne entra ol tablero y la place. de fun.lacibn, cusndo B'.l baya provi ""' &! 

una protecc~6n con!ra el c:J.lor aag~n pá~::-afo 1.5, pero no p~di~ndoae i~icnr duton ~e ~4ac~oa, S6 
aupone un ~u~e~to de 'te~poratura no 20 oc, paru lo quo no obstunto ao puodo deducir la ~odlca dv 
oontra.ccj bn. 
La ooo.trt~c~ién y el oa.lontnmionto unifor.:.J.G, :por cor.siguionte, DO. han do con.oidorar por el sup;:,ot.'tQ 
do un ca.¡;:¡;1:¡_o do to~:.:poro.-:u::-""a ddodd - 10 haota- 150 b + 10 roa.:;>octivs:::onto + 5o. 
2.25} En sl ludo dll la turbir.~, ade::!J.s para prtrtaccibn ooútru ol oalor dol hor:1i¡;;bn u=ndo tHl'){l':Cl 
pllrrafo 1.5 y, :Ji no LO ?"..:cJen dur ::::.io datou, :JO ~a. do oc.loW.ú.r oon una dlic.;:-.;r:J.cla d(j to:::p-:>:::-:l::J:::t' 
deo.tro de laa parto~ da cot:otruccibn do íGO (dentro 200' ~~u o~isn•c ~uo tuo!'a). Para QS~a cr~~ 
culo oo p1.4edo co::ta::::- con la ':::.1~.:..:1 dul g;·.:: .... o do ela::rtlcldr..d y CO-l = aooc16n oe,r;·{..;.u el o>ata.do 1:. 
Loa mo!:.:om;oo do fl;¡;::J..b::l, o;:i¿:lnactoa por esto en el ba.a101dof o~rrru:lo .norizcntül dol tablero a..::t,_;sn 
una a,r-....e.juzoa enulr.r e;z:torlor. 

2.26 l'ara ol CÍlloulo de¡ las co~praoiones dol terreno :;e- a~icionta cot:[lidarar la oitad de le.o fc:J:>-' 
t:no aupletcria:J aplic . .-::!s,a. 1'=~ cit::.e:J.tacion~a pro!u.r...:i<H• (p.e. cit~en-:;ucio::ws o.a pi.lotos) puo;:;¡¡n :rcé\LJ,·~ 
o ira o aun ~!J lü~ f.;.erz.na Dt<?lq'to~is.s, cua:::.do co ;u;.yan oooprobado oo,:¡f1ciontoa d. o onc:Llaoibn p re;;;¡ 'i. 
situados :p.:-ofur~c=Gn~o ~~~ycn•~7oa de la ci~~n~~oibn. 
2.27 El cf:...lculo c~t'~~i(:rJ ~o rl-! ~:! ~3.r¿ üe';it\rad.:;.~=uto para ce.dc. ce.oc- d.~ Cf'.~~~ (ca.:gao ;>e.r"J..B.nen.t:oot 
oar¿:~:<a au¡,letor1<~.s >'iJ";t.t!c.:.a on .;.L::-··~c1::.::: vert:'.ca.l y !lo!'izon-;:nJ.., do~l<.J oc:.:..,n-;o do oo~tccir-.::uito, 
te=¡;;oratU.::!l. Y CQ~-;~ .• .;ci6u) • :E'~!'t\ ~~ d .. icc•lo :Ji!"\'l" da :.c:-.3. lfl cc¡;:,:;c•'liClÓa L-8 dcsf::.•;ora:lld 0.:1 lvs 
cc.a:>a do car.:; ... , ;:,.::. lo \::.o 'OO o:-.s-:: r~T'1 oü h'l. e! e :po:1or ;:.;.scre:::or..~u:.én-ze, ya sea la iuer;:.l'l. ~:upl.:-::o-
ria ver'W:..ca.l, le. .":..!e=.:::.. :J!...?lJ:o:·i:l !::c-:-::.zo!".'";:l.l o ol do':Jlo cooe:l'tO 'do co~;;ocircuio;o. 
2.28 Is pls..;a cl'l f·.!;.ac{bn. ce cal:'.!..:.~;:~ c.:J::-.o ... ::..::a o;:,potr.-..:c. en un G.r.~ro::::o ooo:-a el q_uo aotL"n l',e¡,<Je 
arribo. 1!":.1.~, !w.Jl:i&..:a ü..::: -=..~·.J:·o y d';:.:!o a.b~jo t..::..::. ce,.=.::·[!pri::-J..L.é:! d1str.!.~uido. lir..eo..ltlonta. 
2.} Otro3 ~un-:o~ do via'ta p~rd el ~álculo ca~~tioo: 

2.}1 l'n::-a el cé..l.cclo ~a-:._! .. <;;:ioo d"d co~otr,::..c1o:-.oa di:> r "'CYO o:-: :l::Cl:::-!:'.it,bn ar--..:.'\do ::-.L~cn lno C.io~oJio:!.:,'J:;,:J 
oorroopcad!.e:1~r·!J e~:ccl.~l.i:cr..~,tu la :!"J~!l 1t..~5 (li.!..~;.."c~:~:..:.: .. }'J r,s.l"2. la üjú~\.~·;icn d!J:...>o;:,r~vJ C.J t.O:-:· -...~;:~ .:;.::..-. .. 
r.udo) Y ::- .. A 1~~¿, (::.s-;>.:>:.:-l=!:::~un, ¡:.:.z-u or;~!.;.·.·o!J C.u,j, !...o:l:-::~,....._:¡ ~n le. C~,jcct--:::i~"'l d1 ,-JI--r:.J (.!." no::r: ~_,~ v- .:::".'j1.'..,.. 

tlié;Ó:l u....-_:...:.,0) r ';.~C..) l.d •J:--_ic..lr{:, ;.•¡,=~ l·;i :.lc=n e,!Q :•\,1:-J.:_tl.!l::L ;"·~:" 2_0 :.:__· C~i !:;,,:.::..;:_:.:u~> 1~0 "'j ~: !'"';. .._!_ ':.~:
tO olo·1ü.::~ p:·r l.:> ::~::=.3 tl:cl·.::,.,._:Ói:l 3 2.25; ia ~~::::z.it:l e:. o "t.!"'r.:.:.·-:1'-..: dq:l ·--·=-· _-;. p2.:--u -t.;:·n-.. - t- :1. ~-=-·-;..:.:e~ ~ :;•, 
g~!'03 :~ ~?:::-~ ~';::· ~·:~~-~:l·:~c ~)C~ .:.;.J. ~l l.:.::lt•~ t....!.: .. -.. ~"'::; ...... ;.a~c..-=:~;;:v ;r:!"~ iol-.:::o.~~ .... :~ 1 y JoJ .:...:; ... ·.;'J.J 
pa .... J. no ... _.1,.. J ... c~l"' ........ _~ ...... tJJ~ ~ •·Jns.,) ::)J..J 1 C ~?, &•!. 1 '?4j~)..'x, (J :>, :L.L-""1. o G.) no o aJo:1 o-21.:- c.::~liJ~..:l o o e e:.:.:> ~:.:;..'"'" .... 
x:.e.du.ra. f;t.;'c.:.~!uu, no r.:..;¡Ot.:.!o, D1u a~~ur~o, eat.uo l!.~lt. ... h~iCJ!:..:J~ :p&A:ra Gl&::..Jut.co p::..."t)tO:l!:..)i-oa d\;1 ~c;v~ :-..:. 
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l!lTJlioarao ho!"':i\i¡:;én nroto':l:Jndo. :!'nr>.> el cb..lc·c:l_o C..1 o'lcil•:>c.!.Ol~oo oe pot.drf1 en B 225 ol elUdo do olc.;:¡
tioid~ :::::, ... )vv C:',l r7jc:::2.. (P.•=-~ t''?:l:" ro::Jiutenci~< dc)l horJi¿:óu ea lHli"1er..ta¡-Ú;:¡ ;,n 10 'j, lo<.~ l).:r,(ioc 

· do olautioidnd 1:'~~1c-.-.Jo<.J o:.¡ la:¡¡..__,.;¿..:;·!). Fu!'u.L.ver.l¿;'lfl.Jibn do loa ;;¡¡o;¡on,;oa dü 1noro1.u oo tonaran 

O on cuunta laa ar.::.l•~uruo üo aoo::-o ooo o u vW. or: (:::ú..l-:.!pl o do n-1) • ' 
'\ 2.32 Pnra la ojooución on c.oe::-o ri~·J DI5 1050 (Jlaoeo do coJ.cclo fOrn acero on ouporootruc·curca) y 

DI~ 41CO (?rcllCl"ipc!o:lao j:lt.liil a:.I;Jorootn~otu..r~o do úCoro wOld...dt.c¡. So c..l·.:.d.nj, .c. ;;ro";r::- ,¡-Jc-t,·J 1rl 
im¡:.acto. • 
2.4 Aua":">.!io dn loe ¿rin~ipiou do conntr.locibn c1tlldoo yo. en pá.rrnto ..l. 1 oo obaorvarlw. lu:;;. puntoo .;¡,:;¡ 
viota COI'l:ltr"J.Cti•;va Ul~ui'er.too: 
2.41 La t:~.quina ao Bc-::;¡l:ui a l.l co:J.OU"'..'cción !OI"::l!l.ndo un todo. 
2.4-2 Pura o·;it·~~- r:-:-• • .,·.<.>.l,on cc::.a~::-..:.ccion'''J c!o ho::-:::..;.;b::J. ür.::!ldo, la. u::-::.~dur!l en onr!n. clo.nc:l.r.o oor.otruo
tivo, cxco;¡-:o l..J. p.J.o;:n do tunctE'Cl:.><:l, oorú. co:;~o :::i::ll:;:o do ;o!::.-;; por caja nJ do ho¡-;¡¡1.·6::1. st:lido (uin 
ton'lr en ouc::.tn Ll cluJo <!o ncoro c::.plce.do) y c!.l"t..::.:-u d:!.s¡:;uc:Jtn ciei:l:;JI<l con 3 ojoo (cC::>icc.C~), c-..n cuan
do coto r:.o G•J•\ noc<Jc:::.rlo por c~.J..culo. So pro.::uJ:·u:·::.. •.:.n nur-;;;.i,¡;b:l con una adicibn do u;,;ua r .. ll.: -1cirta u;:¡ l. o 
_pooiblo, pu.::.-s. e•1i~nr la tenJ.c::.::in. a la ccntrnccion y p<:>::-a o.;.wentar la raoiote~cia a lo. :n_,_c:e;H¡¡:.. 
2.4} l'a:-a cooat::-.Jccló ... ~.o u acuro l.ltl P-<l~ "'" L~ ·~a e: e~1~~l :..n ar-l,.:.e.;-"a.· 
2.44 P,:n·•, baja e~ ::l<;.c:liu oo roco:::tor:da cor.aidorar ln po~ibilidad de un :tuora dQ ain-.;onin poetor1o::; 
en este .-~·so eon co::.·;c::ucnto~ di:Jnor.icio::~es pura non:.i;:)n o.:::-.:udo. 
2.45 Par. _,vitar un tuora de eintouiJ. iovcluntc.rio eo :rcco:nlcnda t:an!ener eenarada de la cons'truc
~ión lr..r¡ .il"adca da loo canaloa dv cüre do loa rotr:tgararicrtls en circuito, pJ...s.téU'o~ae 1nter.:Jodiaa 
y an~~O~OS· ' , 
2.46 Deodo -31 -;:u::rto de vista t?.cnioo de oocilaciol•Ja •'a ven":o.jo~u,una :;>le.ca da ~undacibn posada. y 

·gi-uosa, nc t.ecia;;..:lo ser su poao 0:::1 g<:.!neral, i::.clu~áo ol hor-...i¿bn b.r::i.ao .POEiblc::ento ex:totont,J onci
ms, irtfcrior e.l pono de laa t:!J4Uit;.aa, ta'llero y apoyaa eu conjunto¡ el poDo del condcnso.dor no ae 
tc1:1a. on consid6rJ.ci6n ;:¡<>ra oeto. 1:1 ~;Ja;¡esor de la placa ée :fun:ie.cion en gonélrE>.l no debe ser t.Jeno:.:· 
qua 1/10 do la lcr;e1tud. . 
2.47 Ln reeulta~to del peoo de la cccotrucci6n y cu~ga si~ple de la ~quina (ain aspiración del Vbcio) 
debe paanr por ol co~tro do gravtlcad dol área de cimantacion (cimentac16n profunda) para logra~ u~ 

"cot::prcoi6n del terrano unit'or::-J. _ 
2.4S Lü.a condiciones dol terreno do cincntaci6n y de las nguaa eub":;o.r.::-ó.aeaa bajo la ¡¡lc•cr. do lul:da
cién no fijn1·án o1e::oNJ lst~r.::.::l ln DI~, 1054, -;Ji:.::-::a:to 3). Siria de nor-._s. po.ra c:;¡;;:-eclac'!.bn del r.ern:;::.:.o 
da cioon~üc~én la :D!:J 10:;42). Sa co~Yo:üo:l::ttil u.na 1r:vos":i¿;:::.c16n dal to::-rcno C?-::-:..~~cte., pcn'¡:.;e J.cr' -ca
~~enos arc~osoo ea vi~ran baJO el e:ecto do lno vibrucionos, les ter=cnos a~lc~srantea tiG co~~~~=~~ 
l:l.l e~ulss.:::o el oonten!dv do af:UA, y do osto codo ¡:,uedon r-:.:sult;:;.r ra.sien7;ou l:J.deDcndoa, ·En :::uc10il du.-" 
cloaoa oa convonienttJ honr.i¡;on::tr en la placa do funduoi6n s~icicnto c;:,.ntido.d d.:l tubos pura pode:::- ro
alitG.r inyecciones po.ra ;-elleno a e los espacios 1mecoa reaul tanto a o para eltlvar la ple.ca do t'ur.d.:;.-
cibn. ~ 

: Si el tcrrono de Cll::entao16n no es po:-i'ecto, se ha de :p:ever una. cit:entación protu'C.da • .A;;Jims:::;o cuan-
' do lll. B.hlJ.a aubtorri::J.'la ae e~uentra d1::-cc;a:1ente ba.Jo 1::. placa do tuc:iac:J.ón, ya q_ua en esto ceso 1}]. 

Oagua aubtarrán~a, a causa de su falta de capacidad de COQpresióu, tienda oapeci&ffienoo a •ranamitir 
oaoilo.clouea s. loa alruC:·adorea, ' 

' 2.49 S1 la plo.ca e! o fu-::d·ac1b~ do t:r..a oons e -uccibn d;:~ alta s:tntonia so aun:.er¡:;o en el ngua sub";;errá.r.aa, 
¡¡¡a ooo:von1ente disponer .una ca:~q. c.e tt.....or,;.c..-:-..-..lóu de oaciJ.a.cloneo, dabajo de la placa de fu~aoi6n en 
una "¡J.:.la il:lpeZ"i:leabllizo.da contra el agua aubtorrár.sa.. En sentido &r.álogo ri¡;a :para la a:revcio;,. aobN 
rocc1. 
:B' Ir...dic,.cion-:~'3 nara el ~óJ.culo dA 09cileC'iones 

' Para el có.l.oulo h~y q~a si~~li!icar ol sio~ema real. En gener~ ao considerarán aoparaduoeüto lu~ 
oaoilccionea ve~io~oo y hori~on"alca. , 
3.1 Lao oocilaciones v:Jz:ticaleli para cons-trucción oi=étrica o e p:.~uden subdividi~ en ai:cétricus y <:>.n
timbtricas (revolucicn~s alr.~ador do un ~jo lo~it~GiCJl). T~b~bn para si:cetria 1nco;::platn col gru~ 
:po r.:opeci;o al ejo lon.si-::uclzw..l su cot:Jic!or6.l'il.n ~bas s'lparaC.as en pr:r::cra o.proxi:::ac16n. r.oil apoyoa 

·en gene~al se eleo;i.::-hr. C.o r::.odo 'que todoa los pl:iroo de a::cyo te~!:..n igt:.e.l t:.0.::oro do oocilB-cio:nso 'la;¡ o 
laa proporciones de cat";;a ::;,ue l~o corrospon.1a • .?ara detC~:::";;JilUc:..on.' de la olt~a-::icidnd. de:! -co.::.J ;ero, adc

' máa da la flexibn, ae ha de te::J.,e:· en cue:1ta ta~bién la def<..r:::é!cli::n: de ccr;a.iurn ,, ci lb. _:;__;e:;:-.:;a i:::ci::l.e 
• e::rcéntr1cal:lente 'ta:r.bién 1a tor.sibn. Las bencadaa y cajas dp leos :;¡,il.q_ui::as iufl~;:ye; en loo n~u::a~·o;¡ do 

Ooc1lac1onos propias, especiélJ.;:¡,euta en la:J ar::61:l.'icaa ou;:eriores. 1!.a asp1raci6n. do vac:l.o dol G o::.]<Jtsa~ 
dor no ontra ~n el Cal~ulo de ODCilacion~o CC~O f~erza eatutica. l~in o::~argo, Uqa p~rte dol eJnáeuaa
dOr ao ha de conoiderar co::o tJ.Uao. osciJ.a::te, cun.~do el co:J.dcnssco:r está en·or~dado t!jm:;encG co;1 el el<1-
p::UI:!a do eocapo de ,v:.po~. La os,;;r.it1.~u do esta parte que oe ha du':elcgir depe!ldo do :J.u'l prop.!.>JdE.dos 
(lláaticac dol conJen:JadQr e<t:o ::.o ..,_, ;.:uiide cons:tdorar ::c=.o,co::plct·z.:nec:';o riE;ido. E."lS'!;!l q_¡¿e ;tun-r,c. oac1la 
conjunta:::cnte le> car¿;a C,a abua · éio fu:c.::l.:>=:::tiento de;¡cndil a·oi::um.:.o, de la clase ¿~ conatruc-:::16:n del con
clilnsador y e,_¡ la t::-:c~enc:.r. de ·la o:::c1tr-ción; po.rn tre::uonciao el,eve.das el nr,us. ya ;:e ()2 cm::prc.:::.et:!.da 
lllll D't:. to~ali:!u.: • - ..,, > ta.~&aa de capas c.pc;¡adaa con elaati~1.dad auavo o e.r.3.lo.;ao n.o so cor;.;Jidorc:n. tm el 
cálculo do '-'uc!.lc.c:.or.eo. -, ·,¡ 1• 

3.2 las oncilucior,~.J J:.o:::-i:::o:ltalc:J pueden proeent,:rce en di,recció:¡ t::-,:~r.avez-oa.l ¡ lon.~itud.in.u. L;lz osoi .. 
lacl.or.ee trn::s-;e:-::fii. e u aon ~::J ir::;or-.;n!ltc:::, m:n cuuudo t.:::bián de baria te nora e on cuon"t·1 la p0'1~,bi11~ 
~<ld d!! r-r.a ro;, ot.ar.z ¡;_. en cli rucc,H :1 l o:<.:;i t1.:::i !n<l2. · 1 • 

Ll tqq~¡~ro tione d1ver::t1-9 po::JiqilidD.éeo d.e o~oiL1r bori::op.ta.lr::.c:nt.e! como :forma r1;::!.dn sobre lo::: (\poyos 
1 do ~~r d.; :;nra l.:.a c.l;n;;cs do CO::!.~•::-ucc¡6n o.ctualt::t!!H~ c,orri&n'J;ea uo puecier. couai.J.,¡rnr aepcl:.:'lld":..on
ta ~~r.o ?la!loa do osc1~ac1b::~. ?o.ro. lu i~l~oncia de 1n bancado. y caja. c!o la rn.Jctu.in.t> :;;-:!.,;e e::; ;;:¡.¡o:::- gra
do l~.d1cno c:l ph.rr:..:fo ~.1. D..!Jio ol ouso na:::. da aor cu.lculu.r.los egui loa ;::ú.w:er-oa do ot.C:UF.!.::icn:L) ;;·::~~ 

, p1a:> d~ l~e a::-:l.Ó'O.!.~ .. ::¡ oi::;<:rio:-•::,, · 
Laa ~t~~l&~io~e~ ?r0;13~·da !2cxi~n do ioo opo¡os puedon ~er coc~robedao de ?cr s1. 

'?·3 !::~ ... t..C!:Cl..l C.!J ln C3"7!.1il~lb::l ~u lu '()l.clC~"'.. d~ ::.u~,_,!...:.c.:0.1 .. ?aru 2Fr. avczo-::..;"~,~c::cn ¡jo lon r.(:.:~r.'r"O!J c.~~ u~c1-

o.acicnvJ prc:11.1s oer-(;::J. 'l:·.:---.r,uo'l 3.~ y 3.·' '"' f'l.~.~ .. ·--. p-·-,·r~ co~o "'1'">1" p'"''" c'o ···-·····'·-· "-''' •'~-

• 1 

J • .. 

)b • ., C ~ ~ .,. "" •-""' .., '"" .., u~ -J :J ,.., >4-~ .... <>' .J. -.. ..L u...., Q A w. ... ...., u.'-> -Y 1o..1. o "-" a'L ......, ~ ..._ 

o.rro, loo r.~ ..... --:.erc:..~ ~o o~c~l11·.::1én ;;ro";~:'...ú ::P~":Jdull ~:!r !;J.;:l~::~do.o oor',ol o~octo de ncopl&.w1ento a:lt.~ el 
tablero Y la rl<!ca oo :'t.::::.d.lcHm npo¡<>.:ia ~;t:f:t~~lc-r,::¿¡nto Oúbro oi t;arrono uo ci¡;¡ontllc:tón uc.bre uttR oapa 
do ü~0.!"~1~u~c~on o octrc ~~lotes. ' 

2
) \"{-:...,¡(' tA::l!)ion: DIN q02l, 'l'erro:¡~ do cir..ont4\el.Ón do ~gv.:a. nuot~rrá.osa~ Principien pB--l"A ,s~plo~~.t.-:.'iÓ.ll~ ¡~"' .. lr%rr,~oH;iot~.ea, 
~rcaYoc~onaa, to~A da ~~cdtr~3~ 

DIH 4022, le~eci~~cnci~~ d~ ~~=~d 
XAat~~c~iooo~ yara la d¿npuoic¡~n 

• 1 ¡1 

paru 1DY~~ti,n~l1L~9 oel torr~no dolc1~~ntaci~u~ 
3 v~·~ dono~~nación rlo ln~ c1a~oa do torruao. 

:' 

. 
. , 

'• f 

f 

.. ~ 



- ' 

~ ~ \~-~~ !~~~.;e~~'~ >'• , ·,' )~ (•_':;.:. ~~~~·'~-o -cd~: r, e~ :7 :·.~ ~:~~ ~. > ~ ----~.~:··~: ;:· ,:' ~ :~, ~~~ .' "~~:· ;,1) ::·· ,; ·>_¡ :~ ; ; -~~~~~,; ~~\ /'~ _ ~ ~ ~· ~: ·: :·J 
la b:.1~0 ()lL...,¡;!.~l!. (::;r:.·t:~C <!~ c¡:,J::-vl .. C:.~::_., c~~,J. ~'.,; Lt..:'.JJJ.~.:~,_,L..u.~:~Jil, [;"~o..t-,.::~.J), '~:_.!-j, &....;lO ÜtJ~JCr'~ ¿.~.:._.:,.._,_:}>.J 
la.u c1fr:....a c.,!) cl~-·r.~ !.Cion c:.!.::.~:-~"!.~:~1..3..") 7 p~;"-;:...:..3 1.,.,:; cit..::- .... .J dL:- ol:----:1:: ... c16.1. c.J:..~':. ... :.cG..L1 cvn. ~:.:::_:._,:..._.,..;,J ~-:~ .• ~..:io 
3.5 Otr.JO i:-.fl'L· ·.::_:.1¡ ...:.:1 '-'..!.. ~.'....:...:.dv co O..Jcil.-=..;:ir~~o~ .:.•t! ::t'...\. d~J -;..or:Jc- ~~::-~ c":.:;r.-;;_,.. ·¡;;.s.:¡ü-¡_,•a lu. Jl':.J~,:._o_J :.~: ~d 
do c:,uo l..10 cor-.::..:.::!.o·.'?~ roL--~03 d:.:r'.:..crc..n cte:~!'úYO~c:.:;lu-:.~ec¿..; J-.; l:J.:3 h.1.."9b\..ú'Jin Go.J.. c~..Jc...U.o, p~u., ::t f.~.~:_;~r.:::.
ocnto o. la r:.ea.1rl..l ,_:d.i ~:rtl ... O do clu::rtioJ.c!u.d., lou ::s:;¡•34"\oO~ at.-. .1~-:~.r:Jlllr lo::-.;;i-::t.:-~~8 du Co.:-: .. o.o, s-~,-~-:~f:,J~~t.!.u 
oujt~cibn, o-;c., y GC:~n:.Hl po;:q_uo lu.1 c~r¿;,:¡.:¡ c:a.\::1 c...,?o;¡u::.~l;_¡ .:;;:;;c~•ntr1cnu ;¡ lc.c; ~·-;,u1::!W ceca¡;, <!.ltc.J-;;1c¡;,-
montc. . 
Ln::J loüz¡~u.lt~n ~v ·e .rr,¡o <i':l lus co:::sttl.locionol' do a~oyo Clllculcdc.o'u;:, t."o.n el~ ::.·ouut.i:::- ro..:p .... :..i,·~:-c:•-;;<oJ 
u CUl¿_uu do lan e._,o¡' .. .!.:-t:.u rl..sidn.n. El pu~:c do ow.pc-;,ro.:Jie~--co da loJ upoyo~ ~H) u:lecn-:;::-c.~é. P:·Jr~~=·t...l:.,;:~~o 
debajo del bo:::-:..o ::;'..::,.Jrio-" co lo. pl<:.Ou dQ turuJ..:~.ci6n, en cc.:;.oio cuco ;;.¡.:;.o .lrribu por un r...:::~o~c 1.1'' l.o;:: 
pico do loa u:;:>'>YC•,'• · 
3.6 1\.l.rn. pocl•ll" o•n,,.·:un3.!' -::1 oal'uo::-zo do d(leeq_uilibr!.o dD la co;:;:n;r'J.Cc16n hay q_uo conoce:· ~Jr.:.~:~1·::. le.;¡ 
cicaequilib::-ios. 1'<2:-a el act.uü.l conocic.i<.:>n-;o ha;r quu co;:r¡;nr 0:1 cata C&GO CO:l :lp::-eciacionel'l c.t.y -ca,;:;.¡;:¡. 

Lao onaufluta.o en om?reao.a dieron luea.r 11 ur..a fuorza do e::::ci tacl.nll X <~n os-; aJo do funcioo.e.~c:::::; o; 

K "' ll: l: (e w ) u 
g ¡;¡ m <n 

- r:.., 
a apr. o~, L }:]~ 

dondo aon ~ • ~· msau del ro;or, a ol doeuQuilibrio dol ro:;or (o::ccor.t:.1 1cidad d::~ lo. ;:w.es. do:~: ::-:nor), 

'"k la. fre,;con.:ia dul circui""Co, z:,l el nú:::ero da revolucl.o::os por :ili..1ut.o du la r:1Ú.qui~o. on .!'l.mc:ct:r,:::.:!.<:.n.
~~.;. .. Para · & ...J..1), l.J. "cal:.C:ú.j do e~u:.l~b:-.:!.o~ SJ b..;. pu.es~o 0,15 c:Jscc. ~l co~r?:!.:.:...en::c~ !t ¡;'..¡J 10 .. ,:. ..... :.J en 
.::uen:;a el fO!J.liüo w.a.l ostc·~o dd oy_\lllibr1.c aun dudo¡;c couo li;¡¡ite ouporl.o.r "o. .al tu::cio~..J.e;;;::;,¡. 

r:., 
Lo. oupresión do la cifra. )-:Co hac-e posible lo. a.veric;us.ci6n do :Z. tar::.oi6n pa.ra :r.b::isro:: el;; :·ovoh;.:::;, .• ';J.l-'1 

do t'unciot:..'l.uiento difo~·en-;eo a 3000/cln. Aunque la f¡,;erza oentr~:.:'u¿;a. pnra do<;CC',uilibrio C'O:::LS';::.:.-. o ..:;.:::.-
.;..anta con el cuudr-dc d'll ní;::::ero ds ::-evoluoior:se, so ha to!Ul.dO l:l.::onl::.en-;o la á.ope;:.do::.c::.o. C:.o l.~ ll,c:..
::.a de '='XClt.:iü::..Ón. Z, po.rquu oe ec_ta.l!b.:"él t.::...Jjor con uf...:lero do re-volJ,;.;::ioni').S oupor1.or ({)WlO.:I con~·;~,)# .-'..::.:-·;; 
d:Jd.ucir cxD.ctc.=:.ar:.-:rJ d. a O¡)~ a ft:.'JI"Z3. ds eAc!.tac1ón -.Jl es=t;.orzo C.o la co::..s-crt=-c:.:ic:"l_, os nt.JCe3&rl.o ·..Jl. (.~j ,.~ 
ct:..l.c C.c ccGilc.c:l.c:-..::!.l q_';.;.~ :!e eüJ o deter.:.:.!l.C:::l l09 ;;nn-r;Q.J .:le ~·J qonH:lcia. ~l:l') el cur~o C..J la oo..::l1¿l~ :~O-' 
:'or=sda.Oj> ,t causa. de la. insogu~d.s.d da la =:J.cr-.:3. ca e:¡;cl."ts.aibn s0lo conoc~G.s -..:::.y a~¡~c::.i::.~.:....:vJ::."':.(, :...:;;;~ 
:.<1 cla:Ja y ¡;¡a:::;c;.tt.d, ea suficiante calcular aproxl.ns.d.:u;¡su-;a con ui:J.B fuer;.;a supletoria ea-..o:t.icú cc,:::o 
c.:;.ou.o ~ 
Si J.3. co~s-:;::-ucaib;:¡ ~;a de· a 1 t a a i !l t o n i a 4), o sea au coc.t:!.cio::rta do osoilao:c6:J. :p::-o:p: 2. wl.l 
vncuentra :;J0r enc1= dal n~a:-o de revo:ucionso de :fL:r..c:!.o=:.llo;:;.to, a.:; puoc.c OOl"l.:Jidc::-o.r co;¡¡o 03C ~l.o ic; 
coa U:l c;rado da ll.bertad-. ?a.:a eo-:a osc:..la<lor la fuerza supletoria eota-;::..ca c.ep::meie d3 la oin:-;;onia. 
~ •• :c.e/t:Q (:ao .. co3fio1ente da oacilaol.ba propia, D;:¡ "" nbero do ravoluoionca de funcio=ieo:tc d!l la 

¡;.áquiu.a) y aaz ~ 2 

pero no l:Láa quli 

P..-.~·V•K"'3;:----2 ·K 
~ ~i (2) 

(2 ~ 
""1,5¡i- • L 

) -1 }000 

:ln 
ma.x P .. 15 L ;;o()Q· 

(valor absoluto) 9 

(3) 

La relación :ntre la fuerza supletoria P y la aintonia 
figura 1 pa:r·~ n¡;¡ = 3000. La tieura 1 rige taobl.Ón pa.ra 

e 

~ está indiceiia por la linea C.fl trazo fin;o <-·l1 
ot:::9a nu:neroa oic revolucionas de :::;;;.::c::.o~ian~ 

to, cue~o s; pone la eipre3iÓn L • )0~6 en lugar del peso del rotor L. Zn la eoua.cibn (2) signit~c~ 
~ = 3 el co~~~cie~:a da tst10a (cocf:!.ciente entre la rooiste~cl.a estática y la d0 oecilac~ón). Con el 
conoc1picnto exacto ~e lsa pro9i~d-dea del material puedo v~~arso ea"e valor respoctiv~onte. 

V E~ ai;nifica el coeficiente diná~ico originado por bala~ceo (multiplicador). 
~ _,. 

Si la coco-¡;r:rcción es d.:> b a j a. s i n t o n i a , o ¡¡ca os cliJ:;o su. !ru.;uo:::.cia báoioa 1';1..--t'Jr-:.o.::" 
al nú~:JI'O ci:¡ revo::!.ucl.o:::.•Js de fuc::io=:::.:!.~::to, so a::::or.t:.:.=& el ;:¡:J.=.oro d,:, ravolucict:.üs do :::''J.::.Olc::.;;.;::;:..o;-n,J 
.:.n"tre do:; t:.:Weroo ac c;>s:ils.cior.cs pro?:!.,_._, -sa fue::-::a m.:¡..le-;oria es\h.t:..cr. a.·;o:;:-ibUa.ls. unto:rio:.-::"c-;;o r.:.s0 
::J.:Jru::do~.éc.~~:J:to ":.:.:bi.:>:l p~:;:-a esto, cut.:J.<:.; en le. averit;'J.ucl.b:J. aa la cirn;oni~ ~ ¡;,e a.plioa al n-.;.::.oro (L 
,>s:::l2.o"'.:-J. pro:;:>i.l 1:_-~0-~<:~to aJ. UÚ.'aoro de ra·;olucionea ao t~,;.:lcio=~ .. licn:o. 
A ::,..;..:,e. d.-3 lJ. l.:J.s~c_:.:.::-:!...1:.,t on le d::tcr .. nnc.::ión de len cc.~ticicn-.ss ao os::l.la.cion prouia. (snta -;0d.o c;o 
lou z:.!.....J':lrc-o de o&c""::!.<:.~~ bn :i<:J o:;--;ie:J. s-.:ps::-ior) -;anto·:po::-d baja. sir.:toua co!..:.o pcr~ aJ:-:;Ü. 3o ha dv o,:;.c~~ 
lar con t.:I:a sinto::úa :; ¡_,:_¡a de'3fG.7C=rd:;le eiJ. 10 :;.:;. Las ¡';.¡ar:.::,¡,s El .. :plc'Woria.J es"t!il;iaaa o.u::~en-;a..;¡t;,;¡ úu.r.:\:>1 
t 13to, que airven de nor:na, ¡¡~ l.nd:..ca.:l por la lin~a de trazo srweso ea. :figuro. 1. 

3) Loa v~o~oa aotual~enta cono~~ac3 p~ra 
OdtO (v~~~c no:u al ~ia 1 ) ~on ~~1 ~~~~ 
p~r&a. ~i caao~ i~?~rt~tdd e~ ro~~~.~~

C.a ur.w. .i.c.vost~e;a.ciÓ.;l Q:;:tl ;erl4 onl) t,;,.;.;;.::...,__.:;.u,, 

4 ) ~na,cintoúiA al~u ao proBenta prQct~co~~nu 
to sólo Q4 diroccióa VQrtic&l. 
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J. LOPEZ R. 

A. GARCIA R. 

Subd1recc1Ón de 

Jngen1eria de Proyectos 

del 1M P. 

INTRODUCCION 

ANALISIS DE CIM~NTACIONES NO MASIVAS PARA 
MAQUINARIA ROTATORIA. 

Se presenta un progranw de computadora para el análisis matricial 
tndzmcnsional a fín de determinar las frecuerzcws naturales de 1 zbra
uon y amplitudes mrí.1zmas de los puntos de znterés en las czmenta
uones de maqwnana a partir de las fuer::as de e:ntaczón Este anáhsz<: 
Pn la mayoría de los casos satisface los requisztos impuestos por los 
falnicantes de la maquinaria 

El análzsis se du:zde en tres parles pnnczpales. la primera conszste 
en la detcrmznaczón de las frecuencias caractcrístzcas de la parte supenor 
de la estructura CO!Wderando tres grados de lzbertad y supomendo un 
movimzento de cuerpo rígido de la misma en el plano hori:::ontal. Los 
grados de lzbcrtad considerados son 2 despla::amientos y un giro en este 
mismo plano, lq segunda conszste en determinar las frecuencias n;Ltu
rales de uibraczón de todas las columnas y puntos intermedws elegidos 
en sentido 1 ertzcal, por último se presenta el anrí!isis de respuesta nw
xzma a una cierta exitactón de acue1do a la información proporcionada 
por el fabricante de la maqwnarw Al fuzal del artículo se presenta un 
e¡emplo práctico 

Aunque el tratamiento de Clmentacwnes para 
maquinana es un campo que aparentemente cae 
dentro de la Ingemería IVIeccinica, podría pensarse 
que este_ tema no debíc1 ser trata el o dc11tro del cam
po de la Ingemería C1v1L sw emlhlrgo, lo tm:•or
tante aquí es el comportanuento de la estructura 
ante la presenCia de soliCitaciOnes Impuestas por 
una maqumana rotatona Se trata entonces de ana
lizar la estructura Je apoyo y lo respuesta de ésta d 
las soliCitaciones antes me1Icwnadm, pensamos que 
en e'>te aspecto la IngenterÍcl C1vd d1spone de mayo
res herramientas para el atc1que del problema Las 
cimentaciones reticuladds. no limitan al c!JseiléH.lor 
en la localizaCIÓn de l.t~ m:tqulllcls y sus equipos 
auxiliare> como lo h<tten lc1s cirnentauones mastvas 
Por ejernplo. lo> condemcJdore>, líneas de tubería. 
sistemas de enfn<~mJento y <tldmbrcldo eléctnco pue
den ser drreglc~dos m:t> con\ ementemente q lds mft

qunlils se c1poyan en marco> 

El émpleo ele cimentacwnes no masivas o retlcu
ladas faCilita constderablemente la mspección y ac
ceso a todos los elementos de la máquinH Las CI
mentaciOnes reticuladas~ se apltcan generalmente en 
turbodin,ímos como son los 'turboexpansores, los 
turbocnm;;rpco:er;; y los turbogeneraclores ele diferen
tes polenctas También pueden emplearse en má
qt •• :~ds clr'·ctntas c'mno motogeneradores, coi'Y'_ ,''.oa

dores síncronos. dinámos de alta potencia y motores 
e!Qctrícos. en los que no se presentan cargas re
pentJnas 

En este trabajo se presenta un progrc1ma que 
cbticne las frecuentl<:l> naturales de la estructura de 
a poyo. lo\ modos de \"1 brac1ón de la nmma y los 
rlc,plazamiCntos que sufre la plataforma supenor a 
parttr de la geometría del sistema estructural pro
pueoto y de las fuerzas de excHaCIÓn Impuestas por 
la m:tquma Lo, resultados antes mencwndCios se 
obtienen p<trél el e.;;pacio de tres dtmPnsiones 
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HIPOTESIS FUNDAMENTALES 

t) El comportam1ento de la estructura es 
elástico lineal sin discipación de energía, 
por lo tanto no se considera amortigua
miento. 

Z) El método de análisis empleado es el méto
do de los desp!a?amiCntos o de las rigideces 
convencional para estructuras en el espacio 
mediante el uso de matrices. 

3) La distribuciÓn de masas se hace en forma 
discreta, es deCir suponemos una masa con
centrada en los puntos donde suponemos un 
grado de libertad vertical, en los puntos que 
coinciden con una columna se toma la ter
cera parte de la masa de la ffilsma 

4) La estructura está empotrada en la losa in
ferior en contacto con el suelo; la expe
riencia ha demostrado que las amplitudes 
tanto horizontales como verticales de las 
losas inferiores de apoyo del sistema estruc
tural andan del orden de 1 a 3 micras, sien
do estas en general mucho menores que las 
amplitudes obtemdas en la losa superior de 
la estructura. 

Los resultados instn1mentales obtenidos en un 
gran número de cimentacwnes reticulaclas construi
das en las plantas el~ PE..MEX, llevan a la conclu
sión de que -en la práctica, las losas inferiores en 
contacto con el suelo no están suietas a vibración y 
conse~uentemente no transmiten presión dinámica 
a la base Port lo tanto, la presión en el suelo bajo 
las cimentaciones de este tipo solo se determina 
considerando las cargas esliÍt1cas del sistema estruc
tura-máquina. Por lo antenormente expuesto po
demos considerar que la estructura se encuentra 
empotracl,1 en !él losa Inferior en' contacto con el 
suelo. 

5) Las fuerzas de excitación estcíri' concentradas 
en el centro de gravedad del rotor de la 
máquina considerada 

DESCRIPCION DEL PROGRAMA 

Como se advirtió en un principio. el procedi
miento empleado en la ~oluC!Ón del problema con
siste primero en plantedr Id mutnz de rigideces; 
dicha matn? toma en cuenta 6 grados de li
bertad por nudo (3 vro~ y 3 desplazdmientos) 
Planteuda la matriz de ml!clez ele cada miembro. 

48 

se premultip!Jca por una matriz de transporte y se 
postmultip!Ica por la transpuesta de esta matnz, 
d1cha matriz de transporte tiene por objeto referir 
la martiz ele ngidez del miembro a un sistema gene
ral de ejes. 

Una vez obtenidas las r;natrices de los miem
bros de la estructura respecto al Sistema general se 
procede a ensamblilr la matriz t:le rigideces de la 
estructura en orden creciente correspondiente al nú
mero de nudo y a los miembros qu~ inciden en 
dicho nudo. 

El programa está elaborado de modo que la 
nwneración de los nudos de la estructura se haga 
principiando por los superiores y terminando con 
los apoyos que como ya se d1¡o se trata de empo
tramientos Los miembros pueden munerarse en 
cualquier orden 

A partir de la matriz total de la estructura se 
pueden obtener matrices que corresponden con los 
grados de hbertad de la misma según el modo de 
vibración correspondiente es decir, se tendrá una 
matriz de 3 X 3 para los modos de vibrución hori
zontales (dos desplazamientos y un giro) y una 
matriz ele n X n para los modos de nbración 
verticales, siendo n el número de puntos donde se 
considera una concentración de masa. 

Las matrices antes mencionadas se obtienen ha
ciendo una condensac~Ól) de la matriz de rigidez 
total ele la estructura. dtcha condensación se efec
túa del stguiente modo 

La matnz de ngJclece.:. total de la estructura 
se ensambla de modo que el \c"Ctor de desplazam!en
to se presenta ordenado conforme a los grados de 
libertad. es decir, el vector de desplazamiento para 
un nudo será de la forma 

La matriz de rig1dez lrllCial deberá ordenarse 
mediante una matnz de ordenamiento que está for
milda por elementos cuyo \·alor es 'O' ~ elementos 

REVISTA DEL INSTITUTO MEXICANO DEL PETROLEO 
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cuyo valor es '1' locali7.1dos en los lugares donde 
deseamos transport;:lr los elementos de ac.uerdo con 
el nuevo orden requcndo La matriz resultante es 
de J¡¡ fonna · 

K ordenada = [01 [Kl [O]T 

donde [O] es una matriz fonn<~da por elementos 'O' 
y elementos '1 '. 

Resulta conveniente oraen<~r la matriz de rigide
ces de modo que los grados de libertad horizontales 
(ox, DY,O z) se localicen rn la parte superior izquier
da de la misma y los valores correspondientes a los 
grados de libertad verticale~ (i'l,) en Id parte m
ferior derecha de la nliltri7 reordenada 

Para lograr la condcn<;ación en función de los 
grados de libertad hon7ontales partimos de la SI

guiente m<ltriz ordenada 

donde Khh e~ la matriz cu: os vd]ores están en or-
clen' con los desplaz¡¡miento' (e"'> • o . e ) de cada 

X y Z 

nudo 
La conc;lensación se logra mechante el desarrollo 

siguiente 

Sea ~
• hh 

K 
ah 

DoP:ic P e' ei \ eLI<'r de fuerLd~ generalizado 
! asociado tt ]o, grado~ de J¡lwrt,HI p<~r~r los cuales se 

desea hacer· la conden,,¡ut.Ín. S, t'> eJr-.,.edor de des
plnzamiento en el plano, hon7ont.d y¿) a es ~1 vector 
de desplazamiento de lo- grdclos de dibertad cuyos 
efectos queremos tomar en cuent<~ en la condensa

ción 
Desilrrollando el <Í<It'md ¡¡ntcrior se tiene· 

(1) 

(2) 

de {4} 8 
a 

JULIO .DE 1974 

Subst. en (1) 

-1 

p = [Khh- Kha Kna Knh] 0 h 

La matriz dentro del par€ntesis const1tuye In 
matriz condensada donde sólo se tienen los irados 
de hbertad horizontales Nótese,que el orden de esta 
matriz es el mismo que el de K hh 

Una fonna altemativa de lograr esta conden
sación es mediante im·ersiones sucesivas de acuer
do con el método de inversión por partición 

Podemos escribir. 

Desarrollando el producto se tiene· 

Khh , 82 + Kh a 84 o 

K 
ah 8¡ + K a a 83 o 

11 

K 
ah 82 + K a a 84 = I 

Estas ecuaciones pueden resolverse a fin de 
expres.ar los valores de B ~n términos de A. se de
muestra que 

Por lo ¡,:;nto B = K-', e ilnirtiendo nuevamente la 
matriz B 1 puede obtenerse la condensación bucc._:,l 

Obtenida la matriz de rigideces de orden 3n X 
3n- (donde n es el ntunero de nudos superiores) 
condensada de acuerdo con dos desplazamientos ho
nzontales y un giro alredor de un eje \·ertical. de 
acuerdo con la hipótesis de suponer que la losa 
superior es infinitamente rígida en su plano. pode
mos deducir que la parte superior de la estructura 
se mue\ e como cuerpo rigido y por lo tanto reducir 
el orden de la matnz de ng1dez honzontal por me
dw de una matriz de transporte al tentro de masa 
del s1stema Es clecir· 
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donde· Ke es la matriz de ngidez final de h estruc
tura en función de 3 grndos de !Jbertnd por lo tanto 
el orden de esta matriz es de 3 X 3· 

T es una matriz que transporta las coordena
das de los nudos de los miembros al centro de masa 
del sistema cuyo orden es 3 X 3n siendo n el va
lor antes definido. 

K'hh es la matriz de rigidez condensada de la 
estructura de orden 3n X 3n. 

Se emplea una teoría similar para hacer la con
densación en función ele los grados de libertad ver
ticales; partiendo de la misma matriz que se or
denó inicialmente sólo que la división en submatri
ces es la siguiente 

Donde Kvv es una submatriz diagonal de orden 
igual al número de grados de libertad verticales con
~iderados; Kbb, Kbv y Kvb quedan obligndos al rea
lizar la "división en submatrices. 

La matriz condensada en función ele los gra
dos de Übertacl vertical, será una matriz simétrica 
de orden n X n. 

Una vez obtenidas lRs mRtrices finRles de la 
estructura (matriz de rig¡cleces horizontales Ke y 
matriz de rigidez vertical K'vv), se plantean las 
mntrices de peso del sistema, las cuales son de lc1s 
formas sigui en tes. , 

Para d caso de los modos de vibración hori
zontal 

M 

M 

IM 

Donde lVI es la masa totc1l del s1stema estruc
tura máquina 

IlVI es el lVIomento de InerCia de la masa res
pecto a un eje vertical que pasa por el centro de 
masa del ~Istema 

Para el caso de los modos ele vibración vert1cal 
se tiene 

M¡ 

M 
V M2 

M 
n 
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Donde l\11, l\12 I\'In son las masas co!lCen 
trnda<; (sistema cl1screto) del sistema según el nú
mero de gr<1dos de libertad verticales considerados 

Con las matrices de rig-¡cleces fmales, una para 
la rigidez horizontal Y otra pa~a la rigidez vcrÚcal 
así como las matrices de peso antes mencionadas, 
se plantea un problema ele ,·alares característicos 

Los valores característicos de este modelo serán 
las frecuenCias naturales de la estructura al cuadrado 
y los vectores Cilractcrísticos r0prcsentan los confi
guraciones de. los modos de 'nbración 

D1chos valores se encuentran ,empleando el mé
todo ele Jacobi que consiste en chagonahzar la ma
triz mediante rotaciones sucesiYas quedando en la 
diagonal precisamente los yaJores característicos. los 
''ectores característicos se obtienen efectuando trans
formaciones umtarias succsiYas en la matnz ongmal 

.QBTENCION DE LAS AMPLITUDES 

De acuerdo con la hipó~sis que supone que el 
sistema es no amortiguado puede suponerse que la 
ecuaoón siguiente es válida 

M X + K X = F sen w t 

Supongamos una solución particular. 

X A sen w t + B cos w t 

X w A cos úJ t - w B sen w t 

X = - w 2 ( A sen w t + B cos úJ t) 

Substituyendo en la ecuaciÓn inicial 

- w 2 M (A sen w t + B cos w t) + K (A sen w t , 

+ B cos w t) F sen w t 

(- w 2 M + K) A sen w t + ( w 2 \1 + K) 8 cos w t = 

F sen w t 

Por lo tc1nto 

A 
- l 

(K-w 2 M) F 8 [o 1 
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Si K es la matnz de rigideces honzontal. M la 
matri7 de masas f)VI11 1 y [I"J el vector de e'\Ítación 
formado por una fuer7a horizontal paralela a cual
quiera de los e]es (X, Y) y un momento alrecleclor del 
eje vertical (Z) A nos darcÍ los desplazamientos 
horizontales oc] centro de masa del sistema. 

En el caso que l K 1 sea la matriz de rigiuez 
verllcal, rM 1 la matnz de Masas [Mv 1 ) [F] el 
vector de fuerzas de ex1tación verticales discretizadas 
en los puntos de concentración de masa. A serán los 
desplazamientos verticales de estos puntos. 

F1g. 1.- ldeaf¡zación de fa c1mentac1ón propuesta. 

JlJLIO DE 1974 

EJEMPLO DE APLICACION 

F.! e}cmplo de aplicaciÓn presentado correspon
de a una cinlcntación de las descritas en rl artículo 
[)ara un turbocompresor centrífugo de 2588 HP con 
prso total de 27,262 kg con frecuencia de opera
ción de 7330 r p m medida y de 6980 r p m no
mtni!l 

Lo~ resultados obtenidos pueden verse en lo~ 

resultados del programa, los que muestran tilnto las 

F1g. 2.- Conf¡guración del pr1mer modn. 

lA 
rntfll 

sf 
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r 
l 

: _ v<,uencias horizontales como verticales, por lo que 
pecta a esta:, úlllmas, el ASME (Amercian Society 

[ Mechanical Engineers) propone anah7nrlas agnl
,ndo todas las columnas en un sólo grado de li
I tod; lo que es eqUivalente a considerar una con-

1 ,~11ración del primer modo con una misma ddor
,¡I.JI!Ón y sin considerar el efecto de rigidez n•lat1vu 
J,~ las trabes; en contraste con este criteno se pre
, 1J!an gráficamente los primeros tres modos de vi-

' 1 .1ción verticales de la estructura propuesta para 

1 1 

Fig. 3.- Configuración del segundo modo. 

la cimentación en las f1guras 2, 3 y 4. 
El cnteno adoptado por AS\TE para descnmi

nar la tolerancia que debe existir entre las frecue~
cias de operación y las naturales de la estructura 
es que deben dJfenr en un 20%, este cntcno nos 
parece excesivamente s1mphsta para el fenómeno que 
ocurre en la realidad, por lo que se recorpienda efec
tuar una descomposiCión modal de la carga para po
der pesar los coeficientes de participación dé cada 
modo, a fin de ponderar el peljgro de resonancia real. 

/ 

' 
G 

¡ 

n1Jí1 

Fig. 4.- Conf¡gurac1ón del tercer modo. 
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PROBLEMA EJEMPLO 

C;MF~T~CICN CC~PRESORA G~-,01 1 CTO.I012 2A ~LTERNATIVA 

1 
2 
3 

~ 

6 
7 
8 
q 

10 
11 
12 
L 
14 

X 
0,(1 
Q, 2700E o:; 
o:_ •• 27 :•._ e 
O, 27CJF e'. 
Oo27CO~ u. 
'-'•( 
'j,( 

\),IJ 
o.o 
o. 27C'úE 1L 
'),27 .. ·- •:3 
<'.21cu: o· 
o.v 
o.o 

V 
o.o 
o,o 
Q,220t•E 03 
o,-:;600E C'~ 

o. ·oooo: 03 
0,5000E 03 
tJ,l6u(f:. 03 
0,2200E n, 
c.o 
o.o 
Q,22LWE C'3 
r.. ·oooe 03 
c.oou~E o, 
Oo27002 n;, 

~~E~BR:: ''1 ~2 4REA X 

1 
2 

~ 

S 
~. 

-, 

7 ,, 
n 1 
9 q 

10 1v 
11 11 
12 1? 
¡_ l. 
lit 1' 

e 

V'·, 
o.o 
o ... , 
·~ . ' 
j,r 

IJoÜ 
1),(• 

·-· 
:. 1 

c.c 
o.o 

~600,0CO 

'o01.~00 
'·6')0, •lOO 
..ibOO, "')O•J 
>O•lO, OCO 

:,. .,()(),!)')"') 

6~0.000 

"6•J'l.?~n 
"810,000 
t(r)O.O'JO 
~'oo.oco 
4J':'), 0•¡1) 
·-800,1)•)0 

e. n .. ~a..,, IJoo 

l 
O o 7430E 03 
0,743CE 03 
o. 743CE 1)3 
o.7430E o3 
0.74301: OJ 
0,7430E 03 
o.7430E :13 
o.7430E O) 
c. e 
o.o 
o. 1 
o.a 
G.O 
o. o 

AREA Y 

36'=0o0nO 
3600. C'l•) 
36CO.OOO 
36:Jo.c~o 
36CO.COO 
36CO.Oa'l 
3600.00') 
36:0.~10 
48CQ,OOO 
4 a e~. aoo 
4'C0,100 
<o~CO.)O~ 

48COoCOO 
4scc.ooo 

~ATR!Z LE RIC!C•Z F!~Al DE LA ESTRUCTURA 
- , 7 3:_:-0~ -(,Qq5qt 14 

(•.13f·~-:-JI- Oo1065E 05 

MASAS CONSIDERADAS 

MASA X y 

0,4000E-02 o.o n.o 
0,9000é-03 o,(¡ J.1!00t ÜJ 
0,3900E-02 o.o ('1, 22tHJ[ 03 
OollOOt-02 o.u 0.:?-600~ 03 
0.4300E-02 o.o o.-oooe 03 
O.l600E-02 O.l"~OE 03 o. 50·lOE 03 
0.4300E-02 0,271101?: n3 o.so"'lnt: ~) 

0.1100E-02 0,270C~ 03 O, 36-lOE 03 
0,3900E-02 o. no o¿ 03 o. ZZOOE o: 
0,9COOi'-O! O. 27COE o:, o. llOOE o~ 

o.400oc-02 o.27,lcc ~3 o.o 
0,1<o00<:-02 ·O. l.? 50 E o~ o.,, 
0.5600i'-02 0.-t::.C'IOL 02 o • .;"" BO~ 02 
0.~600E-02 O, 22o4 F. 03 o.54aoe 02 
0,65oo¿-o2 ('.4~611C: 02 c.26~0E 03 
0,650úE-02 0.22o4E 03 0,265CE 01 
o.2cooE-02 o.4}CJO~ 02 o.448oE 03 
O.l700E-02 n.22'J4E 03 0.441)5E 01 

C OORDE NJI.DAS DEL CENTRO DE MASA 

XR.AYA ,. YRAYA • 228.0642 

~ATRIX CE R. huRIZOHTAL ~~•ERIDA AL C~MTRO DE "• 1 

Oo3671E G2 -0.7:'' E-O~ -o.t-BE 05 

o. l378E-06 o.z¡zo;e 05 

-O.l733E 05 O,l415E 08 

I'ATRIZ SU~I1 C~ MASAS Y DE !N1~PC!A 

Oo5930E-Ol 0.0 C,C •••..•••.••••.•.••.••.......•...••........•...... 
o.o o.·930~-ot ••••....•.•..•••.•.•••..•....•..•..•............. 
o. o o.o 

················································~ 

JuLIO DE 1974 

1 
1 

c.c 

A~I::A l 1 X !Y 

;~oo.ooo 666000.000 3~39806.000 

:>~00.0')0 ~66000.0')) 3~Haor;.coo 

36J0.000 666000.(10(\ 38 39 ec• ~. oon 
";j6'J0. O'Jü 666000.000 38~9808.r.Qo 

~~OOoOOO 6~6000.000 3839eoq.coo 
:!600.000 6~6100.003 383980P,.Q00 
3600.000 666000.000 3939eos.1oo 
;6~0.000 666000.000 38;qeo8.ooo 
'800.000 30~8560.000 l4'oúOOO. 000 
4BCO.uoo 30j!!S60.r'l00 l440COCJ, 000 
4 500.000 3058560.0()0 1440'>00.0~? 
48'JO.O·)O 3058560.000 1440000.C00 
4Soo.uuo 305E~~o.ooo 1440000.000 
48~0.'))0 30>&~60.000 l44000úo000 

el hU~ERC ce RC•TA.t:IO~l;S :S 

(PARA EL CALCULO DE P!,<EC. HORIZO!n'AUS) 

FRECUE"'1Cl.4S ':ATUIL~LES O~ 'IIRG.ACIO'I WJ;:!.[lUrlTALES 

Y IIECTORZ S CARJ0C TE RI ST!COS AS CX: I ADOS 

FRECUt:~C t 4 ~.ATUQAL 1 1 1 • 

'VFCTO'I: CA~ACTEQ[S..,.~"~ 

C.727009,24tE JO -(!.Q" 1J2 •. 10:F 0'" -').lP"514bE-Ol 

FAECU::NClA "''LTUIHL 1 2 1 • 

VECT;JR C.&l(.t.CTt:~Us.;: 

.... te.Z~:.~Q-E c.¡ G •. 6.!:•o;tsr: ct -•J.27·•b72t. -cz 

1 ~! .nsr o .P. ""~• 

Vr:.1..TOR C.H1.6(TcRIS....'J 
c •. H:J:'Q~t-1: Vl -0.1~.,-:f,óiJc:C r¡ j.3JbQ('¡.,Qio:-QJ 

!"'.H~Il e- .,/,SIIS 

!Z 

540000.000 
540000.000 
5400J~.IJOO 

540GOO,OOO 
~40000. 000 
s<ooooo.ooo 
540000.000 
540000.000 

75~0000.000 

2~60000.000 

2560000.000 
2560000.000 
2560000.000 
7560000.000 

<::.q:z;~-·:,.z '·~-z.:-""z r¡.JQ:"Z!:-nz o.t.:NE-tJz c .• ,~J'!:-0? o.;-7,., .. ::_ 1 
a.49:;~f-0.? •1.:; ¡cu.::-rz 

el NU"~:~v o: RLTt.Cijl,!ES c:5 • 

(PARA EL CALCULO DE FRZC. IIERTICAUS) 

F~t.:(.u.:'-~CI:s .... nui{Al.:s J 'I!A ..... L::Il'"' v[...c.TICAL:s 

FRFCU-~C[A ·.~ TUP 4l 1 1 1 q·n q.q:;;, ~ • P .... 

FR!:.(V_ \•: J t -...HU~~'LL 1 l 1 ~<.JI"' O. .. ' lt.P. ""• 

F~Fcu:.-..c 1 4 "-4Tl.'Q!L 1 1 •b'• • 18;. R • P ..... 

FKo:C u.: \0: I J. "'411TÚ.-1Al 1 . 1 . c.;, J. :z-, ..t.P.I'II • 

FA~cu= ... C!.! \o4 ru~ "L 1 1 JQ(Ho• ... ,):: R.P .1'1 • 

FAt CUEI (:- U TU~!L 1 1 . 3-; 6:.. ;')e Q ·p·"'· 

FRI-(l.:~.CJ ~ 1'. A T U'<'Al 1 T 1 . :z·:d. 1zz R: .P. ""• 
FRc:CU~~.CIA ..., ~ Tl.:M AL 1 ' . 32B.c:S5 R • .,. '"• 
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~ECTOR CAR~CTeRISCO 
C.7324C'C~¿ OC -C.90~2a27~E C0 

VECTORES C.I\Rl\CTERISTICOS .1\SOCI.I\DOS .1\ L.I\S FRECUENCI.'.S VERTIC.I\LES DE VI BRACIOS 
~.42~6555?E 01 -O.PC3236~1E 01 Oo31471329E 01 

~ECtCR C~RACTERISCC 
-0.24~72'HI\~ 01 o.~.l€1~o97E 01 -0.~30277'12( 01 

VóCTOR C~RACT:~ISCJ 
Coi46~678_2 00 o.~42BQ96°[ CO -o.~~362589E 01 0.6S485502E 01 -0.2379169!~ 01 

vECTO~ CARACTERISCJ 
·C.~0366907; 01 o.;0C91125~ C1 -0.42604055= Ol 

v:CTCR CtR!CT:RISCü 
·Co2~927414: 01 Oo!32•2e07E C1 -0.45037~27E O~ -Oo10059519E 01 Oo67225227E 01 

VECTCR C~RtCT:R!SCO 

-0.~37i:2~4: 01 o.;z;9141JE ce o.36302376E 01 

v~CTwR C~~ACTcRISCJ 
C.34~16640~ 01 0.27~62S02E C1 -0.361~8657E 01 -O.q2181540E 00 Co5367b596E 01 

YECTCR CARACTER!SCQ 
Oo6607ó2o2~ 01 -0.116~6726~ 01 -n.44867S~4c ~1 

V2CTOR CAP\CTEQJSCO 
-C.67elS9~0E 01 Oo6Q•!C:2~E 01 0.13740415E 01 -0.1673637~E 01 -O.J0751025E 01 

VECTCR C~RACT"~!SCJ 
Ool014~494~ 01 0.1 9!~C9~E C1 -0.1~9822102 01 

VoCTOK C~RtCTER!SCJ 
Uo69656067~ 01 0.6R22"448~ 01 0.1604~062E 01 -Oo11672129f 01 ;Oo2933~617E 01 

V~CT~P C~RtCT=R!SC1 

-0.29974~56c 01 -o.1I69227~~ 01 o.16917949: o1 

V€CTOR CARACTcRISC1 
-Co107942~0~ 01 0.1.c•~01~F 01 o.54?0792BE 01 0.6B5COE43E 01 Oo44490242E 01 

VECTOR C~RACT 0 ~!SCJ 

-G.j16~~7dhc 01 -0.49Zo:~~sé 01 -o.~~4721qBE 01 

VECTJR C4~ACTEK!SC0 
Col0763845E 01 0,7n6~:~92: CO 0.38552532E 01 Oo49851570E DI Oo339b72!7E 01 

V~CTOR CARACTERJSCO 
0.46411405; 01 O.bJ219~75~ 01 0.53461372E C1 

.t.I"PLITUCES HOA.IlntiTALES DEl. C. DE MAS4.S 

'~~'PLITUO~S MO!oliZONT\l:S ('=:LOS NUDOS SUPt:RIDR::S 
JH LA ESTR:UCTuR..A RELATIVI'S AL c·NTI=IO DE MASAS 

~u ce 
l 
l 

DéSPL. X 1 C"'S J 
-o.ll7i~-o:~ 

-0.117 .-:-IJ3 
-o.l26"' :-vJ 
-a.t 76E-n .. 
-O.lJ9 .. c:-QJ 
-f). lJ., .. F-nJ 
-o.D2o:-.. ,j 
-ú.12t-7E-l'J 

DES f.\ r !C .. S 1 
-o. !~jo.:-~:=; 
o.S7~.;E-o; 

•J.! 7Se-:-C5 
o.sEe~-':5 
0.:7:,,-0, 

-o. so::Jot.-cs 
-". :5~,:- =-t:'3 
-J.~~.CE-C~ 

·J. 

AI"PLITU~~S V:llT!•:II.L S "Ul'.6.5 "le l:JS P(JilTOS :,_ CC'IC:'jTQ.AI..irJ~t s: .. lSAS IC"'S•I 
~.uc.: A• PL 1 T UC' 
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htUEIUI H IC.HTO flf !)[~Cll 'tiLU C~ U$1 
CC)R[SP[CTilll CHfROCEIASITfOiiii:Jll 

11Till DE PESO ~ORIZCIIIL 

CllLJICII 

CILCl,ll LCIW1l(a(SCJ11C1f.I1TICOSII[ liUTIIl 

Oi 

CIUliU US UlORES C,ICTERIHICOS DE LA li
fltl.UIIlRICR,fRECU!.IICIU UTJ.:RiLU OE li!IIJCI 
ll[ ll [STII:'JCTC!II,~fTfi!IIU U UTRil 0[ r!CT:Ii[ 
CIPICHRIHICOS 1 El ~L~~~~ j( t:rTICIO!tfS PIPI 
!IIT[.II[It lOS ULQ~ES C.I.UCH~ISriCOS 

LH FI;!CU[ICI.I DE-i!PfiiCIC. DE U UWIIl 

1 CIJOJ"JEU~U ~~l P'..IITII Dt: IPlJUCIC.. 0€

US nEtiU C[ (ICtUCICII 

SI 

CJ~CUII LIS ~ 1'ERlU CE fHITICICI HITI 
Cll!S E• CI:OI 1.,•"3 n Ll ESii~Ci~U CE 
at=a 1 ti c~uuA:tJI f:Jfi!U •:.ruo 
CCI 1Ui1Ei:.TU ll (¡[ 1 

Diagrama de Flujo Condensado del Programa 

NO 

CHOJU LU fUEIZU DE U~tiJC!CI 
HITICillS ll CUI I!.'JO CE ll [STIUC 

Tl:ll ~Ut:' 1 ll Clli!'IICI~I FUflll 
l:ltlf~ C~ t(S,EO:TD &l lH 1 

Cll.t;..LI tn 'l!'t•Lt.llr~r:s ~ U~'U "'.c~s 

f!tr!~L{S IU US fl LCJ ~;! :!~1:~ 
l[S Cl li E:il'.:i'~U 
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IV CONGRESO NACIONAL DE INGENIERIA SISMICA 
OAXACA, OAX. 

COMPORTAMIENTO DE CIMENTACIONES RETICULARES PARA 
MAQUINARIA CON TRABES INTER}ffiDIAS 

Alberto García Rubio 
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l~ r)~'· r\ r .... ~-· rL.~,; lJ :~ 1,\! Jl(J 11 e: T J·1L"' ~\rr! ~~\ (: T \ ~ ----- - ---·-- --~- ------ ------ --- --

ta.nte anali~:ur el cornpor:_:c.,üento do las cirnenl:acic,r1c:s ante la-

presencia de las solicitaciones impw=:stas por una m;:;.quil•-•1·ia -

rot:atoria. Las cirnentacioncs rE:ticulares o reticuluda~; en el-

caso de n1aquinan .. a, se er_nplec'.n pr inc ipalmen+-e par<.l dar apoyo -

a turbodinÓ.l1-tOS como pued::::n ser los tu.t~boeo;xpansores, los tur1)o-

compresores y lo~ turbogoneradores. 

También se cmplciln con éxito en rnaqu i.nas eléctr ic<ls como mo~.:o 

generadores, compensadores sjncronos, dinillnos de alta potencia 

y motores el6~tricos, en los que no s~ presentan cargas repen-

tinas. 

Se emplea un programa de cornputadura, del cual se obtienen las 

frecuencias naturales de vibración del sistema estructural en-

cuestión, los modos eJ._· vibración C:.e éste y los despl<:lzamientos 

(amplitudes) que sufre la plataforrnrt $_Uporior a partir de la-

geometria del sistema propuesto y de las fuerzas de excitación 

(*) Ingeniero de la Subdirección de Ingenieria de Proyecto del 
Instituto Mexicano del Petróleo 
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Se 

g·ttamiento. 
J 

2) El méJccc; a11álisis entple ~1 e~ o e{ C" 
'-·u el m~to0o ~2 los despLa-

zamientos o de la::; rig"i.u'2ces, convcnc ionaJ. para est rucb; t:as 

en el espc:.tc .Lo medí ante el u~-:; o de n~atrices. 

3) La di:=- ::,_·ibución de masas se }J,.1C8 ClJ fonna disc·c(::tu., es de -

e ir se s; '~)une una r.1a::-:u. e once:: r:t: rada en los puntos donde S8 -

o 

supone un grado de libert:u.d vertica.l; en los puntos que coin 

ciden con una columna, se trnna la tercera parte de la masa-

de la n1·¡ sn•c.· .. 

4) La estructura est5 empotrada en 1~ losa inferior en contacto 

con el suelo; la expcrienci~ ha demostrado que las amplitu -

des tanto verticales como horizontales de las losas inferio-

res de apoyo del slslem~ estructura] ,son el orden de 0.5 a -

2.5 micras, siendo estas en general'·mucho menores que las ob 

tenidas en la losa superior de la estructura; por lo anterior 

puede emplearse este programa tanto en cimentaciones por su -

- 2 -
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4; los valo~2s de las tablas 1 y 2 se yr~~ica~6n a fi~ de pu-

d·.~r ver el compo1·t:ar,1ic"1Yto de la r-im'::nLación de mune:ca :nds oh-

jetiva (Figs. 2 y 3). En los G p!~Íll'.oros casos se: propone la-

mism2 ine.(cic pa·ca la. trabe int:e1: .:~~cha vLlriando la altura de-· 

__ ésta con respsc(:o a los apoyos cb ln.s colu:nnas 1 el c.:.;o 7 .se:-

o refiere a una poslclon do trabe a una altura de 6.00 mLs. 

empleando la misma. escuadría que pora los casos anterior~s só 

lo que eLiminando J~s trab~s intsriores y el caso 8 muestra-

el cowport?-J"Tlic:.:nto de la estructura de apoyo para una alt.ura -

de i.:rabes iuterm·::-<li..as ele !300 cms 1 sólo que con una escuadríu.--

igual a la de las columna.s de la e::, t:~:.-uctura en cuestión. 

De la observación de la gráfica en el caso de los modos de vi 

brac ión ver'. ·Leales, 2-e despr:ende que lo. variación de frecuen-

e Las para un mi;3mo m:=:do no es si.g11if i.r.;ativo y es aproximada -

mente del 2%; lo cual dentro de los rangos de Qperación de ma 

o 
- 3 -
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plo. 

meros modos c..k: vibra~ión es ml.~)·· pr-;c1ueña; aunque esta <:iu:.~éP-

ta en Jos modos superiores. 

En la Fig. 3, se muestra la gráfica que da las frecnenci~,~-.-

de los medos horizoni::alc.:s de v iJy,~ac-i.ón que corresponclen a -

tres grados de libertad en el plano hoxizontal (2 d8spla¿~-

rnientos y un giro) para diferentes alturas de la trabe in -

termedia, se ob::·~rva que las diferencias rr_¿,_ximas para 11:1 ---

mismo modo de vibración son del orden del 15%: en el caso 

marcado cc)n + en donde se emplearon t ·cabes de 1 a mis :.a es -

cuadria que las columnas; las diferencias res~ltan mayores, 

sin embargo el empleo de escuadrias de este tipo es poco co 

mún en la p ~~áctica. 

Las figuras 4 y 5, muestran las configuraciones de los 2 pri 

meros modos verticales de vibración para el caso de estructu 
1 

ra sin trabe intermedia y con trabe uniendo los puntos medios 

- 4 -
' ' 1, 
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Solar:-tentc ;~,:--

recomienda el empleo Je trabes intc:.::Clttcdi<:'ls cuondo so rcr::11.ir::ru. 

por condic i6nes es tát ic <''-S de la estructura. 

En el cu.so de en1plear trabes interm,,cüas de gran rigidé:z 1 se-

puede lograr increroent2r los v~lores de las frecuencia~ natura 

les hori~ontales en porcentajes m~yores; sin cmb~rgo los valo-

res de estas frecnenci,:c<; convien~ con':3crvarlos bajos 1 ya c1_ue -

las frecuenclas d·: operación de la::-s máquin2s1 son casi siempnO! 

mayores a las frecuencias natural es h,orizontu.les dGl s ist:c:.ma. 

Se anexa copia de los resultu.dos del prog:::-a..l\a de computadora -

para el caso de una estructuJ::a con trabe intennedial a una al-

tura de 6.00 mts. sobre el desplante de las columnas. 
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o TABLA o 1 

FRECUENCIAS NATURALES PARA LOS MODOS VERTICALES DE VIBRACION 
A DIFERENTES ALTURAS DE LA TRABE INTE~JEDIA 

o 

! , ~Re. ¡ 
'mt0-MODO ¡ 

_ bJ/ru~'~-~;_F_N_1 ____ F_N_2_~ __ F_N_3_~ F_N_4 __ 
FN5 FN6 

¡ 
FN10 i FN7 : FN8 FN9 

' i ---- ----~~ ----- ------ --~ .... -- -·· "'--- -----:---- - .,.- ---~ ~------ -- --¡----.------------¡ 
1 1 ' ' ' 

t---o--·---~~ ?_§2_~ ?__:_;_2 ~5~-: ?:.__~-~-~ 3?_· ~ _:_ __ 2_~ ~ 5 -·-~-~~-·- 22 ~ 5_.: o ___ : _ _z. 3 _36 .1 ; 2 429.6 ' 2 56}:_:_~---~ ?_78_: 2 ---~3948. 6 ! 

1 ' 

i 2.50 :1966.0 :2058.1 ·2137.6 2220.0:2245.2 '2347.9 2440.7 2573.9 2791.7 3079.2 ' 
-- ~--¡--- --- -------~-----~--------- ---------------------·-------------

5.00 ;1972.14:2064.98 2152.65 2229~94
1 

2263.27 2369.41. 2462.05
1

~596.942821.3 3132.10 

6.00 ,1975.1 '2066.8 2160.1 2235.6:2270.5 2378.0 2471.7 2606.4 2837.3 3151.7 

8.00 :1979.5 ·2067.9 2170.74 2247.55 2280.2 2391.7 2490.6 2621.9 2862.8 .3167.6 -- ---- -----

9.60 '1969.56 2062.31 2145.99 2226.6 2262.4 2378.7 '2475.9 ... 2612.682811.4 .3111.09 ----- ------------- --~-- ----------- -·----------------- _________________________________ :._ _____ -- -~-------------- -----~----------------

! 

~ 6.00 ¡ 1974.8! 2061.9 2159.6' 2234.4 2261.7 2368.7 2462·.6 2585.3 ·2837.2· :3133.0 --- ---- _______ .._ _________________ ~------------ -- -----------· 

** 5. 00 
! 

! 1983.27 2081.46 2175.67 2253.562310.4 
' 

2438.45 2523.11 2687.282884.99 3280.85 ~ 

1' 

* Trabes intermedias sin elementos interiores 

** Trabes intermedias con escuadrias iguales a las columnas 
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/ TLJ,.BLA 2 

FRECUENCIAS NATURALES PARA LOS MODOS 
HORIZONTALES DE VIBRACION CON VARIA
CION DE ALTURAS EN LA POSICION DE --

LA TRABE INTERMEDIA 

/'~~:y !me ~T - ------- ----------------- -- 1 - -------------

¡mts ·' '..___rpm FNl FN2 FN3 

1

1\LTURA ·:-------.: __ ___ _ __ ______ _ __ _ ___________ _ 

1 o 74.03 .165.06 ' 731.72 r-;- ~~~-------~--~~~~7-------¡;-~ ---~~ -- ---~ -- ~~3 -~-~ -----

¡------ ---------·- ----- -- --:---
1 -

r s.oo ! 87.74 - -¡-- ---
6.00 i 87.6 

--------- -~- ----- -· -- - - -- -- ---- -
1 
1 

8.00 
• 1 

9.60 

82.5 

76.77 

229.2 

225.6 

196.26 

170.19 

' *6.00 84.64 225.0 
----- - -- --- - - - p--- - - - - --- -

~-:-_*S .00 110.92 292.61 
1 

-· ' 

875.4 

876.9 

829.8 
- l 

770.9 

805.29 

1114.56 

* Trabes intermedias sin elementos interiores 

** Trabes intermedias con escuadrias iguales a 
las columnas 
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1 

AMPLITUDES VERTICALES MA~MAS DE 
DE LA ESTRUCTURA ~X 10- 2 

DINAHICAS 

LOS NUDOS SUPERIORES 
DEBIDAS A CARGAS 

+-. ----- ---- --- • -------
: ~ALTüRA' 

t-
1 

--- ;------- --r-
"-

1 --......,_ o 
:~'UDO ~ 

' 
r 1 

1 ** soo 1 
1 ' 

! 1 
·- ------- ---t----

1 *· so o 600 960 600 800 

1 

1 ----- --~--2 .40 ':-2 .40 __ :_~2 .40 -2.40 -2.40 -2.40 _:_ :-2 ._40 !-2.40 
1 

·- - ----1--
2 

' 1 ¡ 1 

' : i ! ! -2.46 ___ ; _-2 .46 ____ ¡ __ :-2_.46 __ ·~---2 .46 ___ -:2 .46 -2 .46 _____ ~_-:-2 .46_ 
' i : ' 

l 
-:-2 .46 __ ;_ 

1 ~ • l 

-1.10 1-1.10 ! -1.10 -1.10 i-1.10 -1.10 ,-l.lG ' - -- - -+- - -· - - - - -l - ----- - -- - 1 ----

¡ 
' __ 3 __________ :-1 . 1 o 

! ¡ ' 1 

-o . 7 6- -~ -_-o . 7 6 - ¡ -o . 7 6 -o . 7 6 _¡_-o . 7 6 ' -o . 7 6-- - ¡_-:-o . 7 6 
1 

~ _ _:__4 ____ ~ __ -0. 76 

5 0.30 0.30 ' 0.30 0.30 :' 0.30 ¡ 0.30 0.30 ¡ 0.30 -------------- ·¡ 1 --- ---------- h 

6 i ~~ -~ -------~0. ~-6- ~--=-~_:-~~-----~--::-:0_. 46 : -0 o 46 ~-o. 46-- -· -:0. ~6-- j-o. 46 
1 ': ; ! 1 

___ o. 05 · _ o. os __ L ___ 9_. os ___ . _o. os--~- .. 9 ._9s __ [ ___ o. os _ . ___ o. os ---¡' .. o. 05 
: 1 1 1 

1.02 1.02 ; 1.02 : 1.02 i 1.02 i 1.02 ; 1.02 1 1.02 

7 

8 
--·------- ___ "7_____ - - ------ ---- --~---· -- ¡ - - -- ¡- . --- --T -- -- -
_____ 9 -----· -l. 94 --l. 94. --j- ___ 1. 94 i - l. 94 : ], • 94 i l. 94 --- ___ ) .. 94----1- _1.-94 __ _ 

10 ________ _ 2 .64 l 
1 

2.64 2.64 ~- - 2 • 64 2.64 

* Trabes intermedias sin elementos interiores 

2.64' ... 2.64 __ j__2 .64-

** Trabes intermedias con escuadrias iguales a las columnas 

o 

( : 
t 
1 
1 
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o o 
TABLA 4 

AY~LITUDES HORIZONTALES DE LOS NUDOS SUPERIORES DE LA ESTRUCTURA 
RELATIVOS AL CENTRO DE MASAS DEL SISTEMA. ~X 10- 2 ) 

DEBIDAS A CARGAS DINAMICAS 

o 

"\ALTURA: 

1 "'' : 

o 250 500 600 800 960 * 600 ** 500 
cms .· 

1 

NUDO', l 
1 "'-: X 

- J ---.,; 
y y y X X y ! X X y X y X y X y 

- i ¡ 
' ' 1 

1 

·2 

3 

-6.31 -.399-6.31'-.40 -6.31 -.40 -6.31 -.40 -6.31 -.40.6.31 '-.40 1-6.31:-.40'-6.33-.404 
' ' 1 

' ' ' 

-5.49 -.399-5.49·-.40 -5.49.-.40 -5.49 -.40 -5.49 -.40 :_5 .49
1
-.40 ·-s .49 -.40 ¡-s .so- .404 

-4.34 -.399-4.34 -.40 -4.34 -.40 -4.34 -.40 ~4.34 
1 ~ ¡ 
' j ' l 

-.40¡-4.34 -.40·-4.34 -.40¡-4.34--;404; 
1 : 

4 -3.30'-.399-3.30 -.40 -3.30 -.40 -3.30 -.40 ,-3. 30 -.40'-3.30 -.40 -3.30 -.40~-3.30-.404 
, 

5 --- - -2.02 -.399-2.02 -.40 -2.02 -.40 -2.02 -.40 -2.02 -.40 1-2.02 -.40 -2.02 -.40'-2.01-.404 
: 1 

6 -6.31 0.400-6.;31 0.40 -6.31 0.40 -6.31 0.40 -6.31 0.4.0 -6.31 0.40 -6.31 0.40 
' 
-6.330.401 ' 

7 -5.49'0.400-5.49 0.40 -5.49 0.40 ~5.49 0.~0 ~5.49 0.40 -5.49 0.40¡-5.49 0.40 -5.500.401 

8 

9 

----10 

-4.~4. 0.400-4.34,0.40 -4.34 0.40 ~4.34 

-3.30 0.400-3.30'0.40 .-3.30 0.40 ~3.30 
1 : ' : ¡ 

- 2 . o 2 1 o . 4 o o-2 . o 2 ¡ o . 4 o ,! - 2 . o 2 i o . 4 o ,- 2 . o 2 
1 1 ' 

1 

0.40 -4.34 0.40:-4.34 0.40;-4.34 
~ 1 \.._ 

o. 4 o '- 3 . 3 o o . 40 ; -3 . 3 o o . 40 '- 3 . 3 o 
1 1 l i 
1 ' 1 ! o . 4 o :-2 . o 2: o . 4 o 1 ..:. 2 . o 2 
1 ¡ ' 1 

0.40!-4.340.401' 
, 

0.40:-3.300.401' 
' ' •1 ' 

0.40[-2.02[ 0.40¡-2.010.4011 

* Trabes intermedias sin elementos interiores 

** Trabes intermedias con escuadrias iguales a las columnas 
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FIG. 2 

Frecuencias naturales verticales para diferentes ca 
sos de altura de trabe inte~edia 
0 Trabes intermedias sin elementos int.eriores 

x Trabes intermedias con escuadrias i<Ju~les a las co 
ltunnas 
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FIG. 3 
Frecuencias naturales horizontales para diferentes ca 
sos de altura de trabe intermedia 
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x Trabes intermedias con escuadrias iguales a las -
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VI 
FRAME FOUNDATIONS FOR MACHINERY 

VI-l. lnstructions for the Design and Construction af Frame Foundations 

a. Fzcld of A7Jphcatiun of Frame Futmdatwns. Frame foundations do 
not lirmt a dc!"igncr in the locat1011 of the cnginl' nml its auxiliary equip
mcnt as do massive foundations. For· <'Xample·, eondcnsPrs, pipclincs, 
air vcnts, und clcctric wiring for t.urbodynamos and elcctromotors can 
be arrangcd much more convenicnt.ly if t.he machines are mountcd on 
frame founclations. 

Thc use of framc fou11datwns faeihtates considembly t.hc inspcction of 
and accc~s to all part.s of the machinc. Thcrefore frame foundations 
are often cmployNI fnr turbodynarnos (turboblowcrs, turbocompref>sors, 
nnd turbogcncrators) of vnrying powf'r. In thc coursc of reeent yc•ars 
a tf'ndency ha" appcarcd, in thc practicc of foundation dcsign for t.hcsc 
cngincs, to limit the u¡;:c of framc foundat)ons to low-powcr turbodynamos 
only (up to 10 t.o 12,000 kw), ami to use massi\·e foundations for t.mbo
dynamos of highcr powcr. Howcvcr, this tf'nd'Pnc·y JS not. at all justified, 
since obscrntions of f1amc founclations undcr high-powPr dynnmos (up 
to 100,000 kw) sho"· that thcsc foundations are in many casf's more 
economical t.han massivc foundations aml, as hus bcen indicatE:d, t.hcy 
are ndvantageous in many rrspeets in regare! to thc mounting and main
tcnanec of thc enginc: In adclition, im·pstigations rstablishccl thnt vcry 
:>ftcn cracks are formed in massive founclations undcr turboclynamos 
:luc to thc str~sscs ind uccd by set tlcmcn t or by tcmpcraturc changos, 
•dulc llQ cracks duc to thcse cau:sc,.; are ob:sNvcd in framc foundations. 

Framc foundations can also be suet·cssfully uscd for various elPctJ ical 
nachincs, such as motor gencrators, synchronous compcnsators, high
)Ower dynamos, and clcctromotors; in which no suddcn changos in 1(>ad 
>cc:ur. 

Latcly then• havc lwen cases in ind11,.;trral ucsign prnctrrc \\lll'n·,tlnlllt' 
ound:üions wc1e ll~l'd for n·c·ipl'ot·atliiJ,!; l'll~ines, 111 par twulnr lo1 • "'"-

2~2 

o 
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l''''b~Ot~. This u~e PI Ir o,lllt found:llions i;; rno~t. r:lt.wnal 111 c:tc•·•, l!__ht·rc 
for some rcason t~ lt~:tl•d :!ron ~ho1dd h:L\1~ a t'"''"idcrahlc hu;;l1l; tl1is 
may happcn, for exut11;·'·, ll iL cut~ through a IKt~L·ment, 

\Vc shall not co:l;,lllt·! 11:11llC foundationH uwiN rct·ipror·~ttllg ''"gines, 
IH'e:tll~c fhc,t· luundatron .... are of su!'h higll rigidil.,v lhal· 'hry ,.,iJnuld be 
t·omput.ed :v< 1 igid '""!J,.,, "'":.irp; 011 elast.it~ hn;,.·,.., 

b. Dcs?{]ll ¡\ RS1{]111111'11/ 1 1 addition to data "" :--orl eorlfhlrlltiS, the 
follo\ling inforrnatin, 1:-. ' ''' 11lllrd for the rksrgn uf a loundalion· _ 

l. Fo1111UaLion diap;rart~:- :--howing dimcnsions, disl.r ihution HIH: 

sizPs of pi¡wlinrs, t.IJIIIll'lc:, d1anncls, groovcs, and o¡wning~ 111 Lill' louncla
tion, nnd disLribuLion :u1d sizes of 
foundat10n hol t.s a nd pads undcr 
bolt.s 

2. A Dt;~=ügn i\;,:oignnH·IIt for the 
111~tallat ion of tlw t'ondt•nsation 
floor 11itlnn the linnf:-- ot t.lw edge 
of tilf.' lowcr folab ol t.lll' loundation 

;{.A lksig1 •. Assrgnmcnt. f~J·r thc 

installat wn of a pla t fonu a round 
t.he turbosystem at tloor lf'vel of 
the maehinc room 

·l. Data eonccrning thr layout of 
auxiliary equipmPnt, in particular 
chambcrs of thc air-coulrng appa
ratus and thc gencrator outlcts 

·5. A diagram of stalic loads 
acting on the foundation, imposed 

Fru VI-l Frame foundntrnn 

by both stationary ami rotatmg parts (t.he magnitudes of loacls and thc 
points of their application should be indieatccl) 

G. Powcr of thc cngitw in kilowatt.s and spccd 
7. Tire distribution of hot pipelincs ami thc t.rmpcrat.urPs al th0 outcr 

insulat10n smf a e es 

c. lnstructwns for tite /)esign. A frarnf' lotllldat.ron (F1g \'1-l) is 
usually dcsigncd to IJr lnrilt of thret~ or more t.rans\ f'rsc framcs cmiJcddf'd 
in a suffic icntly thick fou nd ation si ah. A t t. he 1 op thcsc framcs are 1 j,J
togcther by longitudinal girdf'rs andan uppcr (erection) platform ha,·ing 
opcnings ncccssary for ~;;tationary machinc parts. Oftcn a layout of the· 
framc foundation' is more complicatcd. Trans,·cr¡,c walls arr 111scrtcd 
bctwccn eolumns of the t.ransverse fianws, or two-story fr:1nws are uscd. 
Sometimcs thc rigidr·Ly .uf transvcrsc framcs is irH'l l':té-cd by !-Ir uctural 
meas u res to su eh a tkg~c that 'the founclatwn ca 1111ot: 1 ~~~ con~idl·rcJ an 
clastic framc systcm, hut should be trcatcd as a11 ah,,ulul!·ly rigid body. 

) 
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¡:¡h,¡n• \'1--.! .1,.,11~ a11 I'·III1WIIII' PI"J•·•·Iinn of a l1:11111' fo111Hlalion \\'llh 
t.ra11~\l'l''' n:dl', .¡, .• g1wd for a 100,000-kw tlllhogPr,ll'r:dor. Tl11: I'Oill~ 

pulaiJon:-- fo1 ,,,..1, ·' '"""datio11, partw11l:uly dyn:unir. com¡nll.:ttions, an• 
\"CI y I'OIIlpJII';¡II'IJ 'fJu•!(•fore tJ¡p fOtllld:tiÍOil :o.hfÍuJd he desÍgned SO th:J.t 
th<'. 1ll:1g1 :un of ~11 ''"~,·~ t 1 ansf<•rrPd from t.lw m:whinl) to thc lw,!-l)·t Í1> as 
::,1mpl1• a" po~~,¡,¡,. a11d ~->ec:urcs thc most eflii'ÍPnf. dj..,¡ rihution of int.crnul 
1>Lre::.~es 111 the foundution, as wcll ns r.lw :-;Ímpk:-.1 forms of foundation 

Fro VI-2. I~ometric vicw of u. frnme foundation for a 100,000-kw turbogencrntor. 

Yibrations. In this Jcspect, the foundation design should satisfy the 
- following conditions: 

Thc gcomctric layout of thc foundation, the shapcs of girder cross 
scctions, and their reinforccmcnt should be basie::tlly symmetric with 
rcspect toa vertical planc pass.ing through the rotation axis of thc cngine. 
Thc framc bcams should be placcd di_rectly undcr bcarings, so that cen~ 
trifugal forces which dcvclop dming cnginc opcration are transmitted 
directly to the transverso frames. Axcs of columna and transverso frame 
bcams should Iic in thc samc vertical planc perpendicular to thc rotation 
axis of the motor. To prcvcnt the appcnrance of torsional stress in 
transverso girdcrs, ccccntric loading of tho lattcr should be avoided as 
much as possiblc. The dircction of thc load should, if possiblc, pn~s 
through thc ccntcr of gr:wity of t.he hcam cross scction. Thc beam'l nnd 
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¡.; 111 j¡o1;; r-hould fl(' «k:-.IJ..!;III'd of 11'• t:IIIJ..!;Idar 01 'f'-c;h:lp!'d nos:-. :-.n·l1"11~ In 
ac·cordaiH'l' wilh t.hP ollll'ial 'l'rrhlllfrll U11lrs 11111! Cnns/1 1/c'/'"" (',/¡ t.lw 
rninimum cross-sPet.ior¡aJ dimen:-.ions of uuloaJcJ clcnlPIIh :-.l~t111ld l~t• 

1 ;¡ cm for :-.lal1s a1~d 2!"r crn for J.!:Ínlers. 
TI u• uppl'r PrPdion plat fc,~m of thc fnundat.ion :-.hould 1 >(' a-: r Wl• 1 

po:-.sible 111 1l.s pla11e. Onn nret.hod of :l!'hÍI'Vlll~ lhis j-.; l.o 1'\l• 111! 11" 
longit.wl i n:d a 1ul cd~<' t 1 aiL:wcr:'in hParns l.ol\ a nls t.IH' 1111 (.PI f:H'1'" of t he 
folllulal.loll. 1 f on<' :ti (pn¡pl.s l.o in1:n•as1: t l11• rigidil vol t lw IIJIJH'I' plal.
forr11 hy I'XI.Pruli11g l.lw dinwu:-.io11-.; of the horiíloulal ('1!'1111'111" ol thP lollll
dat ion in 1111' d1n·d1o11 of ~->urf:ti'!'S whid1 lirnit Llll' :-.p:teP !1'-'"l.[!:lll'd for t he 
insl.allat.ion of mac·hi1w parts, this ch:wge in dime11sions sho,uld lw 1'11111 dl
naLI'd w1Lh lhe nraehinc ma1111factun•r. 

111 or dn t.o in1:n•ase 1 he ~!:11('1':11 ngidJt.y of Lhn franw fn¡¡¡i-c:);tl i1111, 
haurwh•·s ~IH11ild he providPd ;ti. llw rnl.l•l:-.('dlolls of IH':IIIIS :111d 'nl1111111" 

TuriHid\'ll:tllros and pfp<·.t.ric·al Jn:whiiH'I'j' are l<'lat.i>vPfy :-;:111' i11 rq;:rrd 
t.o 1.!11· lla~•~rui~:--loll of vihmt.lor•s !.11 lnrild111gs No ra,-.r•c. :111' o11 n·c o1d 
of \ ilnat.io11~ of t•rd.ile 1Jnild1ng:-. 11rdw;c:d hy t.hl';-r• madlllll':-. 11~>111'1 1'1, 

Ol'l'a:-.iunally ·' happem; LlraL l.nd>~ulyn:uno~ eaii~->P ohJ''' llnll.l¡,¡,. ¡,,.af 
vihr:tl.ions .in <"olurnns, isolat.ed \\:di Sf'l~(.lnll!', :urd P;-pc·¡·¡,rJJ\' 11""1·' and 
ot.hcr h111lding dcments. An ext.ensivP inst.runH)Id.al Ínl·c·"ll¡!;:llloll of 
foundat.rons nndPr t.urhog«'ncrators \\US c·orHltwt.ed hy llw :tillhor' In 
the I:Otll~l' ot lhis inve~Í.igat.ion, eousid1•r:thlP \'Prlic·al lloo1 1 Jinalrnn:o. 
\\'ere foull(l in plac;es wherc Lhe foundalion wn.s rtgHIIy l'lllllll'dPd \\lllr 
the floor of thc maehinc 1oom. Thcsn vibrnt.ions, cs¡wc·¡:tlly 11 lwn 1':111'-"'' 

by high-frequcncy machines wiLh spcrds of, for cxarnpl<', :\,\)00 1 pnr .. PI• 
duce a vPry advcrsc ciTecL on pcoplc stauding 011 t.lw v¡hrat 111g :-.PC'I 1011<;, 

as thcy l'ausc an unplcasant fcPling in t.he soles of thc fcct Tlw nhra
tions also rcsult i11 thc displacemcnt of picees of Pquipment not. ti«'d to 
thc floor. TIH'sc phenomcna are obscrvcd d111 ing floor vibra t ro11s \\ i t h 
an amplituclc of 0.02 mm. For this ampl1l11dr :wd a fn·queiHT of :~,000 
oscillations pcr mi11ut.c t.hc vil,ration aceclcration is ahout O :!g 

In ord..r to dccn~a:-,e Lhc transfcr of vihrat.runs-from the upp<'r erPdion 
plntfonn of thc foundution under the (.tu hog1·m·wl.or to the buildi11g, and 
parl.ieularly to thc fluor of the machinc room, it is recommcndPd that a 
gap be providcd around the entire conLour of l.he uppcr foun1btion pla_!~ 
form. Thc floor bcams should he plaecd on scparaLc columns suppurtecl 
by footings indC'pcmlcnt of thc machinc foundation. 

Foundations uBdcr low~frequcncy clcctrical maehincs cannot produce 
thc floor viLraLions dcseribcd aho\·e, since thc frcqucnry of naLurnl nhra~ 
t.ions of thc foundations is consi<.lc-mbly highPr than tlw opcrat.ional frc~ 
r¡uencics of thc machinc&. ,'l'licrefore in thc d(•sign of tiH'se iounrlalions 
IIIC'rc is no ncccssity to 1

providc a gnp bctwePn lhe foundalion nnd lhc 
floor of the mnchine room ' 'Bcaring floor clcnwnts may h1: suppuriPd 
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dm·dly l1y tli<: franu~ IH':uns :1nd t.h!' r·olumns of tlw fouudation uuder 
lm1 -f1 c«¡III'III',Y r·ll'd.l ira! lll:Li:!JiJI<'." 111 soJllt' e:h<'S bw:b a support may be 
eiTl:ctJI'I~ 111 d•·rH·a-,illg L!H' arnplrLI!dl'': of m:u:hi11e fouutlatron vibrations. 

J\laÍIJterJ:llll'l' rccords of fotr11d:ttrons truder high-frcr¡ucuey turho
~y:-.tl'ms ill(licat,,• casl's of n·latir .. ly 1:11'¡.!;1' \'Jhrutions of •·nnt.ilen~red parts 
of tl11• rn•dion pl:liform ol thc foundation. 

l'i~w·!' V I-:l gi \'es ~mphs of Uw di;.; tri bu !.ion ol a m pl i ttJdC'b of vertical 
nl))':tf.ions of r·ant.ileverrd l'lerncuLs along Oll<: of tlw fo11ndations invf'sti
gatcd. Tlwsc graphs :-.how that in some pl:tr:cs the amplitudes of vibra
tiow; rl':u:hrd O.OG mm, whieh corrcsponJs Lo art acerlcration of vibrat10ns 
cqualing some 0.5g. Vibrations with E.twh high ncrclcration re:;ulted in 
t.hc format.ion of craás in !he cr0etion plat.form. Figure VI-:1 indieates 

IC'=-=r r 1:1Tr~ 1 1 J ~~r- r ,-==r:=J 
002 0013 0014 0010 0023 ' 0032 0053 0033 0009 001 Q014 0032 
¡-.m·+-155 + 155 -+-155 -f-155 -+- 155 -+- 155 --+-155-+- 155-+ 155 -+-1eo ---1 

2~t¡l,,,,, 1' 
o 017 o 003 o 021 o 003 o 01 o 004 o 005 o 006 o 003 o 002 o 002 o 002 

f--u5-+-155-+-ls5-+-155-+-155-+155-+-155 -+-155-+- 155 --+-155-+- tao.._.¡ 

FJO. VI-:1. Hccordcd vthrat.wns (111 nulhmcf<'l~) of a floor platfol'm crmtJ!evcred 
nround a maclunc foundnt ton. 

(1) a crack in thc cantilevcrcd slab and in the cdgc girdcr; (2) thc zone oí 
assumed dcformat.ion in thc platform; (3) a crack in the edge girdcr. 

Such vibmtions occur only when the frcquency of natural vibrations 
of the erection platJorm, acting as a cantilever of variable cross scction, 
is closc to the frN¡uency of machine rotatíon Thercfore the cantilcver 
elcmcnts of t.he foundation Ncction platJonn should he designcd to be 
mueh more rigid than is r0quíred by static computations; theír frrqucncies 
of natural \ ibrnt.ions should be much highcr than thP frcquency of 
machine rotation 

The eantile,·ered clcments of the erection platform usually are T bcams 
of variable cross sections; thcrcfore thc computation of the frcquencies 
of natural \·ibrations of thc:,.c elrnwnt<; involn's ~;ome difiicultics and is 
cxtremcly laborious. Thc design of the crcetion plat.form shoulu cnsure 
sufficient rigidity of such cantilcvcr elemcnts. This may be achievcd 
by the installation of a rigid circumfcrential cdgc beam resting dircctly 
on .the can tile\'crs; another mcthod consists in the installation of special 
rigid stiffeners. The cross-sectional height of the cantilever at the 
embcdmcnt point should be no less than ()0 to 75 per cent of its span. 

Turbodynamo and cleetrical-machine bearings should be thoroughly 
adjusted, and the shafts shoulu be in strictly horizontal position. Thcre
fore designa of foundations under thcse machines should ensure proper 
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renl.cring of thc mnsr;cs. For lllftny m:tchinc foundn.tions n.n crccntrH'il.y 
in ma~;s dist.ribution iH pc:-rmt; .. sJhle up t.o 5 per ccnt. of thc F.lde of Lile 
founJation arca in contad with soil, in t.hc direc:Lion in which Jisplaee
mcnt of thc centcr of gmvity occurs. Thc cccentricity in turbodyn:unos 
n11d elertrirnl machin<:il should, if possihle, cnnH' closc t.o 7.<'10; in any 
<"ase, Jts valuc should nut <'XfTCG 1 Lo 2 per eenL. 

Tbc n.ul.hor studicd :)!j folln(!ations unJPr turho~t'lll'ta!.oJ:-; and found 
that only in 2 foundat.um; thl.. nmplitudt's of vrr!.it:al vihrat ion'\ of llw 
iowc~r s!ahs \~CI"C Ü 002 to () QQ;~ lllfll; Íll :1 founda(Íons t.lw amplil.tfdcs of 
VPrt.ical vJIJJations of thc slahs 1\'c~rc· on thc 01d1'1 of 0.001 mm; tlH! ampll
turks of vihraLions of thc lowf'l' sl:ths of t.hc~ fi'JHainin~ found:tLiollf' 11 1'11~ 
smallf'l' than 1 mirron (0.001 mm). Thc v1hmt.ion arnpht.IHic·s of lhc 
foundation slahs WNC mudt sm:dlcr than t.he :unpli!.udl's nf V<'l !.11':tl 
vihral.ions of t.hl' upper parts of thc frn111dal ions. 

Tlw rcsults of instnrmental mcasun·mcnl'-; of foumlat.ion vihrat1ons 
lea el 1 o thc eondusion that in praci ice f.hc lowcr ::,lalJ'3 of founda t 1011:-, 
undcr turbogr'JJ<'rators are not, suhjeetr·d t.o \'lhrations aTHI ron:;equrtlfly 
do not. t,ransmit anv dynarnic prcssun• to tl11• hase. Thrrf'forc Lh0 pres
surc on t.hc so1l undrr t.mhogcncrator founrlat.ions is dct.rrmincd only ¡,.V 
st.atic loads, i c., by tl1c wright of the foundat 1on and cr¡urpnwnt, thcreon. 
llcnce ít is clcar that it is not neeessary to follow the traditrons of r0rcnt. 
practicc in assi-gning dcsign presswrs undcr turbogcncrators not to 
excccd 0.5 to O 6 of tlH' pcrrnissiblc press11re on soils ciPtrrminPd wi!h 
respcct to static lnading only. 

The introdudion uf a cocflicicnt, cqualing 0~5 to O.!i and the r¡duc!JOn 
of permissihlc prl'ssure on thc soil lec! to tbe ncccssity for cmploylllg 
pilrs, and conscquently to considerable rise in construction rost It 
should be notcd that thc above-mcntioncd cxtensi\·e invcsligatwn of 
machine foundat.ions cstablished that the use of pile foundations did not 
saf0guard against considrrahlr sctt.lcment.s and tilt.ing of foundntions 
undcr tmbog('ncrators. 

The lower foundation slabs under turbogcnerat.ors practically do not 
vibra te at all; thercfore the cocfficient of rcduction of ¡wrmissJblc prrs
surc on soil may be taken to cqual 0.8 to 1 O. 

Thc dcpth of foundation under turbodynamos and clcctricnl machines 
has no efTcct on thc · transmission of vibrations to nd¡accnt structures. 
Thcrcfore, when ncccssary bccause of dcsign considcrations or other 
reasons, the depth of foundation under the machine may be mude cvcn 
smaller than the depth of footings und~r ~Yatls or columna. If a founda
tion undcr a turbodynamo is to be crected close to footings undcr walls, 
columna, and other m~chi~9~, thqn, speeial care should be takcn to pro
tcct it from nonurúform stresscs,.~mposcd by adjaccnt footings. Hence 
foundations under turbodynamos and clectrieal machines shoulJ. be 
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piar' d al 1--111 h dr~l:1111 r·~ frorn :11lpr •·ril r,,,,,.¡:i11o11~ 1!1.11 lllf' p•·a¡~hH¡wd 
11111'¡, of ¡.,f¡¡·~~~·~ (1 1', flll' "Jilt·~~lllt' J,I!Jl,") 111 f}l(' ~~~¡j IIIIJICI:--f•d '',\' f}lf' 
l:d t1·r d11 11111. dhtoz t, :-l~lliiÍI'a!ll ly t 111' :-.ylllflll'l.ry of 1 lw lulf'o., of :·d.l!:.':¡,¡•¡.¡ 
l!!ldl'r U1P lll:tl'lllll" fourulalion.-; Íll !Jill'.'>l.zon. flor lh!' ~am1: ll'ason, in 
:->orrH: ¡:;,~¡·,.., it m;¡y IH: 11.'-lc'flll Lo inl:n·a~c sn!lll'\\h:d. thn d1·pth of lll:tl'hinc 
folJIHI:il ion~ wil h n•:.:p¡•f!!, to t.l1r' tkpt.h of adjaet•uf, foot.ings uuder walls 
or ¡·ol11 lllllS. 

Tlu• lmn•r foundation_.-;Jah should !Jp sl!flil:ient.ly ri~id l.o sccurP propc>r 
¡•mll('dmcnf, of Lhc fnundation eolumns and prevl'nt Llll'ir JJOJHJIIifoz m 
:-.dtll'llH'nt.. In addrtion, LIH' presCIII'I' of a lowcr foumlat.ion :-;Jab having 
¡·on:,id,•r;¡J¡J¡: t.l1il·kru•;,s dl'l'l'l':t.'>I'S t.hn height of t.he cornmon ecnf.r•r of 

--- ~~gr:wit.y of l.lw m:u:hi1w n.nd foundation. Thereforn t.he t.hid~ncss of t.hc 
lowcr fl)(llld:Lt.ion sbb is usually taken largcr than rcquircd by stn.tic 
comput.:ll.ions. Tcnt.ativc valucs of thc hcight of thc foundn.tion sln.b, 
dqwnding 011 thc po\\PJ' of t.hc macllllll:, are t.akcn as follows: 

For macl11nros \\'Íth po\\'cr up to G,OOO kw: 
For madlilH'f; \\ith powcr of G to 12,000 kw: 
For mad11nros \\Ít.h po\\'cr of 12 lo 2fí,OOO kw: 
For maehinP~ \\ ith grcatcr powcr: 

0.8 to l. 2m 
ltollim 

J.Gto2m. 
2 Lo 4 m 

l\ofmkrn t.urhodynamos use st.cam of high t.Pmpf'l':l.Lure; consroqucnt.ly 
propcr t.hcrmic insulation of stcam pipes and air lines conducting hot 
nir should be providcd. Thc pipes should Le -insulatcJ at lcm;t 11ntil 
thcy lc:n:c thc foundn.t.ion. Thc tempcraturc nt thc outsidc surfn.ce of 
the insulat.ion should not cxcccd 40 to 50°C; othcrwise considerable local 
tc·mpcr:lturc st1csscs may dcvclop in Lhc foundation. Thcrcforc t.he 
inf:>tall:tt.ion of stc::un and air pipes dircctly insiclc the foundation is 
obj roe l.ional lit~. 

Frn.mc columns and bcams- are cithcr rcinforecd n.ccording to design 
compul.ations or thro rcinforccnicnt is fitt.Pd t.o field conditions. 

In foundation ¡.,Jabs having a thickncss of 1.0 m, thc vertical reinforeing 
rods should rcach the area in contacL with soil. In hig;hcr slabs, it is 
pcrrñis~iblc to cut 50 pcr ccnt of the reillforeing rocls n.t thc half IH'ight 
of thc foundn.tion slab. llclcvant chaptcrs of t.he ofllcial 1'cchnical Uulcs 
and Construction Codc for Dcsign of Rcinforccd-Concrcte Structures should 
be uscd in thc dcsign of foundn.tion units, n.nd, in addition, the following 
dircctions should be tn.kcn iuto account: All units of the foundation 
should be providcd with doublc rcinforcemcnt. A symmctric reinforec
mcnt f>l10u!d in all cases Le employed in thc columns. H.cinforcing rods 
should also be instn.llcd along the othcr two sides of cross scctions of 
beams and colurnns, evcn if thcy are not rcquircd by dcsign cornputa
tions. Thc amount of rcinforccmcnt in scparn.tc foundation units should 
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lw no lc~s than :w kg/m 3 of corwzdC' Thc drsL:tlll:lo f,.f.,lt't'n "''"l"P" 
111 l)('ams should not. Pxc~c!'d :z:-, c·rr1, and in colrzmns ;¡:¡ 1'111 T() 1•·~1',1 

st11·sse:-~ induc,•d by ::;ct.t.IPmPnl., ll'lllfozl'ill~ rods of X f.o 10 rllril dl:tllll'l.c 1 
an: lo he in~l.:ti!Pd :don~ l.hn·c mul.ually JH~rpt•ndlc 1da1 dHc·c:lr!JII'-: in 
massin• rrnil.s of f.IH~ for111dat.ion :111d :lll' l.o l11• :-:p:tt'l'd :-,o 1•• ¡,(} c·r11 :1p:ul. 
Tlw liJIJH'I' and lm\·t•r ll'Ínfoi'!'I'IIH'rtl.s of tlw lollc'l'lollllll:lflt•ll ,f:tl• c-l11•1dd 
1)(' f,ll'd l.ogPflll'r by st.ilrllpS (dowl'ls) and c-p:H:c·d .'íO f.o :-,o r111 ·rp:11 t. rr1 a 
elr~c·kt·rhoard paf.l.¡•zn. llooks al!: l.o IH' Jllovrdt·d :ti. 1111' c·lld.~ ol ·-11'(·1 
l'od.-;, :-;uhjPdt:d hot.h to !.ensile :u u( f.o l'OillJIII'~'>.'>ÍVl' c-lrt·.~~c·C' \\' lwn 1 he 
r!'inloll't'llll'lil. for t.hP colrrmns i:-. dc·:-.i¡!;lll'd, it. should lu· l,t·pl in'""'" tl1:rl. 
the f.ol.al sl.t'PI arPa of Vl'l'f.Íl'al n·infon·i11~ Jod;, in a c·nllllllll :--lt1111ld I•P 

smallPr Lhan l.lw l.ot.al cro:-.:-:-H'!:I.ional :Ul':l of t.lll' anc:hor '"""cl:il 11111 '""'" 
Additional rcinfozcin~ rods f.lrould ht: pl:u·1•d in :-.t•c·lioll'\ 1\111'11' ilw 
fo11r1dal.ion is wPakPrwd hy o¡wnllrg-;, drrl'l.s. pf,c·. 

Conc·fl'l.c t..YJH' l lO~ is l'lllployc·d loz fiii'-IIJIJH'I' parle, ol f1a1111' fcHIIIII:l
tions, and I'OIIC'I'f'l.!' lypr: IJOt is usc:d for llll' lmlt'l' lor1111l:rtl"" .~Lrl•c, 

el lll~llllCfWIIS for r'o11~lruclio11 Opoaflo/1~ 'l'l11· t•lll'-1111• '''"' of ltlllll-
dat.iom; 1111d!'r 1111 hodyn:uiws and 1'11'1'1 ril':tl 111ac:hiru·s --l1111rld p1oc·c·c·d 111 
al:t'Oid:tllt'l' \1 rl.h al! n·qnin~ment.s of l.lre ·appJj¡·;tilll' ollll'lal '/'n.¡/11/1'(¡[ 

Hulrs and Con~truclwn C'odc. 
It shnnld hP IIOII'd t.haf, lar~ro c:rar.ks nh~PJ'\'I'd i11 lo1rnd:rl lllll'< 1111dcr 

OJlf'lafing L111 hodyn:llllfl'i and l'lroctri¡·al m:u:hirw;, are· 111 111oc,l r:1~•·:-; • :111~1·d 

by (':tl'l'lt·ss t:ollsllrll'fion 1\ork. TIH' 1:onsi.11H'Iion ol lolrlld:lllnll'-' lllldc•r 
t.hrosc m:tehinro~ should be eanit•d o11t. \\ÍI.h parLicul:u r:llt', :-.rr1rt· lhe 
performance of t.lwsc mad11nes niTPcts t.hf' nornúl wnr k of 111:111\' pl~t11ts. 

Spc,;ial earc shq.uld,,j~¡\ t.:\kcw _in llll'CLing t.hc folloii'Íilg; ll'lfllll!'lnc•nf-; 111 

rcgard to ¡·.onsf.ruel ion p1 oc<'tl,ill n•w 
Concrete employPd for .t,lre Prcdion of llw lound:;r ion '-lrllllld ¡,. of 

plasl.ic eonsist.clwy, wrf.hout nxt'P~-;ivc watf•J; a ~IIIIIIJI !Psi ~horrld ~lrow 

that Llw eonc sl\lmp i" arnlt~HI JO f.o 12 cm(~ !.o :i in). Tlll' <-anw ron
erctc mix shonld lw 11~r·d Lhrougho11L t.lw l:oll'il.lrll'tion of f.l¡p 1\ lrolc• IIJ'Jll'l' 

par!. of l.i1c fouud:ttlnll. The fo1 ms for t. he nppcr par t nf t hr~ l orr11dat 1011 
should be fir.t.ecl \\ ith groo\'CS a11d pl:tJH'd on t.IH:ir Ínllt'l' sr11 far1·. 

Concrdc shorrld hl' JHllll!'d l'OIILÍ!ItiOIIsly i11 hoiÍZOIII:tl laye'!':' In 
an Cllll~l gl'IH~y, an int.nruption rnay hn_pl'1111tf.f.!'d at f.h¡• kvd ol l.hc np¡wr 
cdgc of Lhc lowcr-slab, or at Lhc leve! of one-t.hird of l.he colu1nn hr·rght, 
whcrc thc bcnding·momcnt has a mínimum vnluP. If :w 111tcrruptíou 
in thc \\'ork occu1·s, tlíc fvllowing mcasurcs ~hould he tah.cu to f>PcurC' thc 
monolithtc charactcr of thc founda.L1011: 

l. Along thc cross scction of thc foundatiou, \\hcre t.hc po11ring of 
concrete was. interrupted, lG-mm rcinforeing rods should be acldcd 
to those installcd according to the dcsign. Short dowels should be 

t See footnote in Art. IV-1-c, p. 132. 



o 
-. .._ 

. ' 

o 

e 



u 
150 DYNAMICS Of BA~ES AND ~OUNDAIIONS 

cllll>cddl'd LU a dcpt.h of not less than o .. i lll ou bot.IJ ~idcs ol tLle jomt, 
n11J tlicir bp.tcJng ~houiJ 110L cxcccd O~ m 

~- Tite :,urf:u;c of tho joint 11hould loo rough. Prior to placing n ncw 
In ver of eone:rct.c, thc prcviou~l.r lnid su1 facc bhould be thoroughly 
clc;nwd, lla..,Jwd by 11akr, and covc1cd with a rich ccnwnt mixture·. 

,\.,a 1ulc·, t hn pl:u·ing; of the fotllldati0n conadc ~hould he mcchnnizf'd, 
and a tlnlfntJll dJ.,t.rihut.i!lll of t.hc eonr1f't.P :q:~grq~al!'s should he nssurc~d. 
1\ '-l'gl1'g.ltwt1 of I'OIH'II'fl' agg~t·gatc·-.; inlo lave:1s usll:tlly oC'e:111s 111 piares 
11hnc it, 1~ dl'lll'l'l<'d lrolll I'OII:--itkrahlt• lw1ght. lf nnr·hor holt.s :IIP 

r•¡niJcdd<·d 1nto LIH: fnund:ll1011 f.o conside·t:d>le depth, 1t is Ie'I'Oilllll<'lldl·d 
th:tt pipes of e'Oll<'spondiJig <:I'ObS bcct.ions l>n in;,cr Lt•d for tlll'o-<' IJOII.s; 
thrse pipes ren1ain in t.IH' <'onc-rPle ¡wrmanently. During thc concJcl.lng 
o[ t.hc foundation, !.IH: qual1ty control of eon<:n·Lc and of its nggrc·gat.c•s 
Ib r•s,cnlial, and :-::unple r:u1Jf's of concrete are f.o be takl'll for in\·c-;tig:JL1on 
of it::- sLt<'llgth proprrLics in accol(lanec wit.h spccial ~lllc,LrudJOII'- Al! 
l''-~cnt1:11 pomb 111 thc proePs;;. of fou1Hb!10n con" t.' ~11'1 1011 -.hou1d IH· 
ll'rordcd 111 :<(H'l'Ial doeunwnt,... In any c·ao-<', the: fullo11lllg docl¡¡nr·nts 
~henrld ill' 1:ornpiird ( 1) a r!'cord of Lhc naLtll<' of t1H" ::-od 111 Lhr: l''-1':1\':thon 
m.1dl' for· (}w fuundation; (2) a record of eh:tngPs 111 t.hc t.ypc of roner!'l.1· 
u~ed for t.hc fnundation; it ~hould be not.cd at \\ hat c1cvat.ion s11eh changrs 
took plar·r, (:l) a record coJWe'rning the int.niTIIpt.ion in concreting, if Rlll:h 
an IJll<'illlj)(Jon orcurred; the place whcre tlus mtenuption took pl:l.cc 
should he not.cd 111!h a drsniption of nwa~IIIC'S takcn t.o ::,eeure a proper 
joint; ( 1) a record of thc cond1tion of thc concrete after t.he forms \lerc 
n•mo\·ed; i.hc lrngth of time the concrete remainf'd in the forms should 
be notcd 

In the process of machine assembly, prior to pouring cement under the 
machinc bcdplate, t.he adjoining foundat.ion surfarc ::;houlcl he cleancd 
t.horoughly. Thi::: surfacc (ercct.IOn pbt.form) should be rough to secure 
t.hc bcst po'isiblc hll1ding of .the adclltionally pourcd ccmcnt to the 
io ll!Hl:t (JO 11 

TIH• locatwn of all openings, rccesscs, C'tc., should be carcfully chccked 
again-,t dl'sign Jra11 wgs 

Vl-2. Computations of Forced Vibrations of Frame Foundations 

a Elcr/uzg Loads Imposed by Turbodynamos and Electrical Machines. 
The c:-.cltlng loads impo:>ed by turbodynamos and elect1 ical machines, 
un!Jke tho~c of rcciprocating engincs and impact mcchauisms, cannot 
be cstahlishcd by computations. 

The m:1.in moving umts of thcsc machines are rotors which execute 
simple rotatlllg mo,·cmcnts. Thcorctically thc centcr of gravity of the 
rotor coincides with thc axis of rotation, and consequently the theoreti
cally establishcd values of unhalanccd inertia. forces equal zero. 
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Jlo"<'lf'l', nl'lunl <'Oiulit.ion~ lll<' diiTt·n·lll In HIIV <'IIJ.':IIH' l'CIIIÍa111111g 

1,>t:ll111g parls, l'\'I'Jl if 11w~ t'll¡';111<' i~ wd1 l•nlilrll'l'd, 1.1!1'1<' rcrn:¡¡n;; n 

1·nlain 11id>n1nn!'f'd ~t.at.e <'JLllo-<·d l•,r 111l' fal'!. thnt. lln~ <'<'IIÍ"r of ~~J!l\'Jty 
of (.he rot.nt.in~ p:ul!> doc·s no!. !'\:tl'lly coincide: wit.h tite· n:-.is of 11dalion 
This rcsirlu:Jl llltbalaneed stntc <':lltrtll!. h<' eompl1'!.<'1y l'!Jilllrtal<•d, and r11 
L!H' 1·oun-.e· of the IJI:t!'illll(' o¡wraiJort 1111'Je• ap(H':tr un1•.alall<'l'd 1111'11Ja1 

fol'f'<'S 11 ltil'h i11dW'P founda!.Ioil vd>IIl t.Ioll~ 
Tlu• lil:J¡.";Ilit.wiP of t.hr::;p !'\r·it.irtl-': lo:1d-: 1~ pi nJHIIIJn!l:d 111 1111' 1'1'1'•'11-

fq H~II.v of t.hP rot.ai.Jrt~ parl~, l.ht· lll:Jgniilld<·s of 1.111'ÍI rn:l""l''-, :111<1 t 111' 
~qu: 11·e· of t.lw fn•q1H'JH',Y of mnc·h1111' rnl:dinn. l:ot.or" 11f 111~~11-JI"III'I' 
turhodyn:1J11nR and l'!e·clli<·nl lll:ll'hirws lll'Í¡o:1J l<'n~ of ton:--, :JIIrl 11)('11 
f-.Jlf'Cdo.; ·,;;UI hr vrry lar~l'-·-up (.n 10,()(){) lf'Jil 'I'JH•II'fnn· !'1 l'/1 f.,¡ 11111111·11' 
l'l'l'l'lllii!'li.II'S of rol ai.Ing ma;-o.,l's 11w lli:Jgllil 11do·s of llll' t'\<'11Ing 1":111'- 111:ty 
IH' '"'Y lar~P Cnno-P<¡JI<'IIIIy, ilwir nd1w·¡we o-ho11ld IH' t:d,r·ll Jlll" 
a<'l'lllinl. 111 llw dr.~i~n of foJJild:I!Ion-.; l>'!tr a long tinw l.lw lli:ICO:IIillld<·~ 
nf <':-.1'1(111~ lo:tds in•po:<1·d hy I.Jiillodyn:JIIlOS wen• unkno11 11, 1 h<'l<'l"' 1' 

1 1 . "1 " in l'oinpulalions of folllidatioliC.: tor l111 1<11 )ll:trnw; so11w '''"""'·" \' 
loado- ll'l'll' tako•JJ Jnto ~H'l'Ollnl. Tlw "f:1111 ae·II•III of ti~~'"" 1 ... 11!' 1\:1,; 
n~'illlllf'd (.o l•c• eqnlntlent. tu t.l"-' dyt1:llllll' nl'lioll ol acllra1 l'\<:ii111J.!: lll:n1o
cnusl'd by t.hP 1111 bal:t1H'r'd si :11 l' of l.lw l'llJ.!:Ille' 

1\1!11\')' ~"llgJ.!:I'~I.IOIIS 1\t'l'f' off!'rl'd <'IIIICI'fllii1J.!: tlll' '-1'1<'<'ÍIOil ot't.JII''I' l'<ji/1\H
Jent Joads llmH·n·r, al1 tlw;,r :--11~~~·-:f.¡on-; \11'1<' <'<¡lla11y IIIIJ.!:I"IIIllll·d, 
:wd dr•s¡g;¡¡ eomput.ationR of foundaiJnll~ Wl'fP rc•d11!:<·d lo ~t.atw '1'""-; 
nna1y:::cs of lhP aclion of :ul.lltr:udv o-<'l<·dc·d lo:1d" 

Ilo,\\l'l 1·¡, in Uw cour"e of rec<'Ht )'<':lis, vohlllllilOl!S m:l(l'IJ:tl l1:1" 111'1'11 
collcdcd 111 t.hc U R S. B. C!HJCCI'IlJilg the halail<'li1g of t.Jnl,odyn:tlilll" :111d 
pJer·(.IOIJliJ(OIS, aS \\o•il :t." lll!'~l.'illl'<'lll<'llf'i of \ Jl11:1(.1011~ of (J¡•'l'-1' IP:tl llllli'.'
Th¡s rll:d<'IJal mnke•b it pof:;,ible t.o P~ta1>1I<J¡ de"l~ll v:tllii'C.: of <"\l'lflllg 
fnrcc~s cnm-cd hv 1111''-'e' !lJadJrncs wit.h a d<·grr·<~ of :u:cul:t''Y :-ui!J< 1<'111 for 
p1aet.i<'al ptlip¿sl'~. Th11~ ,t, is no longcr nr:e·Pc.c.:1ry l<t Ii111<HIII<I' J11fo 
eo111 p11l.a ( 1011~ Ll11• prevw11.'-'1y lllPilllnrwd si :ti ic f'< p1i \'ale- ni-: of load" 1-'or 
t.IH' Ramc~ 1ra:-on, t.lte IJJI'IJwd of foli11Lh1Jnll de;:,Jgn l'l1:1JJge•s 111'-l.l':ld of 
eomplll:tt.Iolls t.ak111g IIILo ar:<'Oillll f,(.a.t IC-P<¡Uil·alent. lo:uls, eomp11l :l(.¡nns 
nle IH'tfornwd of forced 1·ibraLions uf fuund:t!I0/1'-' pwdu<'!'d h:-r f'\<'IIIng 
fon:es and mollll'JJf;; Cons.•<¡lll'nt.ly t,f¡p foiiJH!at.ion m:q· i>(' c.o dc;.r~rll'd 
t.hat fon:e•d vJl11 al J<JII a111pllt.t:dc~ do not P\l'<•cd JH'rmi::,:-Il•l<: \':tlt1CS. 

This mcthod of dl'Sl¡!;ll oí foundation.., unde·¡ t.urhodyn:unoo, and cl<'l'

trical machines doe~ no! difTcr in pnr~<:iplc f1o111 nwthod-, of df'~ign 
n.Gceptcd, fo1 ino;;tnnee, for fou ndnt ionb und1·r 1 e<·Ipl oeat.1ng engliieR 

Ll't u::: a<osume thnt thc exeiting Ioads lit:velo¡)('d by the nmchiiH' llllller 
1:on::,iJeralion <'an be rcduecd to onc uuba1anred ccntri[u¡!;al for('r: F, 
who::;e planc of aetion coincides with the piune of symmctry of t.hf' maehine 
rotor This unbalanced state is generally enllcd the statie unbalanccd 
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stnt.f'. TIH! unbalaneed st:lte of the rotO!" may be caused by thc fact ih:ü 
in .ldrlltion t.o thc exeit.ing foree thr•rc exists also nn exr!iting momcnt (thP 
dy11:1rllir· trllh:d:rrwr·d st:ll.r•) Hot.o1s of l'kdromotor gr•nNat.or:;, ns W<'ll 

a:-. rotor:-. of :-.t.r·:un t.urhirws, arr! ~->hnrt.; if t.he m:u:hirrr) lllHIN con~idf'rat.ion 

ha.-. on<' rotor "hn:-.e pl:trlf' of l'ymmdry f'oincides wit.h a vert.ic•al plane 
pa:-.-,illg; t.lrrough t.IH' <'r'll!c'r of gr:wit.y of t.he foundat.ion, t.hcn t.he excit.ing 
lllOIIH'nt, 11 ill IH!~~->rnall nr11) may be JH•glcekd. 

'l'hP d<•t.r•rrnllrat.iorr of lllrhalan<Td loads is mueh more dimeu!L for 
madrirws wit.h ~->r'\'r•ral rot.on;. lf a rna<:hinc Iras two mt.or,"l (whid1 or.r·.urs 
in tl11• majority of <':1~-><'s), t.lwn t.hc forec F ading iu the vert.ical tran:-.verse 
plan<! of t.he whole inst:tllat.ion (tire fourrtlation nllll machinc) rau be con
sidercd in comput.ations aH n. design excit.ing load. Then the -cxeiting 
momf'nt. f'C)ll:tls 

M= Fl. (VI-2-1) 

· \\ llf're t. is t.hf' di-.t :mee nlong the axis of the mai11 f>haft het.wf'en t.he 
rc~ultani of ex<·itiÍrg foreP-s and.thc center of ill:tf,S of thc whole inst.allation. 

The excit.ing forf'<' of the rotor, being the unbaluneed cent.nfugal 
irJf'rt.ial foree, will rotatc with thc samc frcc¡ucncy as the maehme. 
Thercfore the vertical and horizontal componeuts of the cxciting force 
will cqunl 

F. = romow 2 fiin wt 
Fz = romow 2 cos wt 

wherc ro = cccentricity of machinc rotor 
mo = mass of rotor 

w = rotat.ion frequ<'ncy 

(VI-2-2) 

F,, F"' = vcrt.i<:al, horizontal components of exeit.ing force (which act 
in a plane pf'rprndicular to machine shaft) 

Tire cxeit ing momcnt can bÓ resolved in t.he snme manncr int.o it.s 
wrtical and horizontal eomponents. Under thc aet.ion of the vertical 
componcnt of t.hi"l moment, thc foundation willundcrgo forccd vihrat.ions 
in thP~ planc pnrallcl to thc main shaft of thc machine. Measmcmcnts 
show that foundation vibrations often occur in this piune. Ilowever, the 
amplitudes of t.hese vibrations usually are small in comparison with the 
amplitudes of vertical and horizontal vibrations in a dircction perpendicu
lar to the shaft of thc machine. Thereforc dynamic computation of t.he 
foundn.tions undcr turbodynamos and clectrical machines muy be Iimited 
to comput.n.tion of the amplitudes of vibrations induced by thc exciting 
force and the horizontal component _oí thc cxciting moment, which equals 

Af, = f•':r.l• (VI-2-3) 
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Tlír• fn·qtH'IH~Y of rot.al.ion artd 1.11(' m:rs~ of rolat.in~ p:trl~ of :r t rrr l>n

rlrllalllo oran c·lr·drir·al mai'!IÍII<' an· krrown; r·on~->c'qtwntly, (}¡p <·r·rl'll-
11 ir:it .. v (1111h:ri:IIH'I') ~hould ll!' (,no\\ 11 in orrkr t.o rl!'ll'l'rrtllrr' Urr· 1'\1 Íl111~ 

loads :wt.in~ 011 thP foundat.ion. Tlrc r•r·r:cnt.rir·it.y r·an ¡,,. t.r'tll:rlll'<'lv 
d<'ir•rmitu•d only frolll !.111• n·sulls of h:d:rtli'ÍII~ of ntad1irrr·s :rnd f1 o m 
nwasur<'llll'llt.~ of villlal.ions l)('fon· :u1d nftr·r h:rlatwillf..': 

Lf't. us as~IIIIH' t.hat, f,Jrp rot.or of t.Ju• lll:r!'lrrrrr· urulr-1 r·oll,..rdr·' 1-

t.ion has a st.at it: unhalarwr•d ~->t.at.P, ddrrwd l>y t.JI('{ lo1 r·r· "'"· '' l11•·lr 
ea¡,;.r~ ... arr alnplit.udr• of for<'t'd vihratwrrs I'IJII:tl to .L,. Lr·t lis l111tll!'r 
:tSHIIIIW tl1:tf. in t.hP pror:l':-.s of hal:ul!·inf..': :rrr addrlioll:rllli:I'-S 1\:1<: :ltl:11'lwd 
{.o {,lrP-rot.or at. !'OIIH' d1:-.t:rrrr•p from t.lw :1\i:-. of rol:11ioll '!'Iris 111:1'-'-' fllo-

dti!'P-d a <:r'lll.llfllgal forn~ F. 'l'lwn "'' :r.'-:-,trrlw ilt:rt :1-.:1 rr '' 1 
'' 

hnlarli'ÍIIg, t.he a.mplittllh~ of forr:erl vil>ral.lnm, dr'!:l!':r:-.r•d to l.lw I',¡Jtu: 11. 

Thcre exists n. simple ¡Hoportioll:tl rdat.ion:-,hip hdw<'r!ll t.lrr~ m:tgr~t.udr. 
of t.hc Pxeit.ing force allll the nrnplit1ulr! of fon:cd vrhrat.ious il, produr:t~s; 
t.hcreforc 

Ill'rH:e, 

l . /' .'1 ,. 
'o-' =~e; 'u 

F o = _!l_n_ __ F 
A o - A 

\Vrth lhis rf'!ation~lrip it is pn:-.o.,il>lr• l.o dP!PI'IllÍIII' t.lw v:rlrrr• of tlu· ''''', 
unhala.need I'X<~it.ing fon:f' from t.ll!' 11':-.trlt.s of hal:lll!'llll!; :111d nwasiiH'
ments of vihrations bcfore :.tll(l a.fts:r hal:u1!:111g. From t.IH' val un ol t h<! 
initialunbnln.rwcd exciting force, t.!Íf' mass of the rotor, n.ml the frcqueney 
of its rotation, it is easy to detcrmir11: the l'<~ecnt.rieit.y: 

• • ,~ ~ ' ' .... 1 

. ,•,_ •/ 1. p. ~ ~ 
'1 ,'C ... 
;,,tAro 

l. 

Tnhlc VI-l prr!'t'llt.~ data on t.lw hal:wr:ing of scvf'r:d t.uriHIJ!:I'IIr'r:t.!qrs 
of various t.y¡ws lLIIl¡' po11ers. From thcsl! daLa' \\C eomput.Pd l'aiiH'<; of 
Fu :tll(l ro. 

All tJrp data prcst:l,rt.l'd in Table VJ-1 Jf'fl'r t.o h:tlartf'illg ealrl!'d out, 
under operat.i11g eondit ions, aL t.imcs ll'hl'n, in t.hn opinion of \\'or kt·r :-., 
maelrirH'S vihrat.l'd \1it.h irH·n•:.t.s<'d amplitudes. Thcrdore the c:ompllt.t•d 

·yaJucs of exr:iting for,<;es nnd ~eeent.ricitics lie wiLhir.r t.hr. range of maxi-
mum pcrmif;'3ible values. . 

Thc amplitudes of viLm't:ions wcre nwastrn•d, not. on t.l1n follndat.Jnrrf>, 
huL ·on thc lwaringR, at Lhe sn.me pl:tec arrd iu tire sa.nlf' din·et.iono.,, l>ot.l1 
bcfore :tJI(I after bulancing Vihrat.ions wcre mcaslii'I!U by mcans of a 
Geiger vibrograph, which in sorne cases yields conc,idcmbly cxugge 1 at.cd 
rcadings. In spitc of this, the prcsentcd values of Fo and ro per mit sorn1· 
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conclw,ions whirh are of intcrcst. for dynnmic compuLations of foundn
twns under machines of thc type br•ing considcrcd. 

Tal> le V l-1 ~hows that the cccentricity r0 dcpcnds on bot.h thc powcr 
of thc machinc and its spced. For machines chnmctcrized by 1,500 rpm 

TAHLE VI-l. HE::.ur.Ts ov B~LANCJNo 11ACIIJNE RoToRs 

,\mpl1tudc of 

Wc1ght \ lbrntJOnR, mm 

No. 
Po11 cr, or F, Fo, ro, 

kw rotor, l'nor to Aftcr tons tons mm 
tons bnlaBcin~ bnlanc111g 

A o :1 

1\! achines "1 t h J ,500 rpm 
---

J 5,000 12 O, o IGO o ü:l.i 1 SG 2 3S o oso 
2 ;!,000 5 o o 075 o 012 o ·13 o \17 o o~;, 
3 :1' 000 5 o o 125 o 02:l o 02 J 12 o 0!17 
4 3,000 5 o 0.12G o 0'2!"1 O 7G o \].; o 01'2 
5 :¡ ,000 5 o o 002 o 0'.!7 o :iO o ·13 O OJSt 
G a,ooo 5 o O liOOt o oc,s 1 :¿;¡ 1 3G o 118 
7 :!,000 6 O O OG2 o 026 

1 
o 52 o so o 070 

8 50,000 70 o O 2GO o Oli 11 41 12 2 O Oiü 
!) 50,000 70 o o 350t O o:JO 2:3 5 25 8 o 1GO 

JO .')0,000 70 o o 43t o o:J::i 2.') 4 27 3 o liO 
11 50,000 37 5 o 150 o 0.:>8 3 97 6 5 o 07[J 

---
1fachincs with 3,000 rpm 

12 17,500 18 3 o 087 O OGG 1 01 4 3 o ozr, 
13 Hi,OOO 18 o o Jj7 O OGO 1 

..,.., ,, 2 87 o 017 
14 l!l,OOO 7 o o 133 o 0.')6 1 64 2 8·1 o 015 
).5 IG,OOO 18 o o líO o 042 2 36 3 10 O Olfl 
16 IG,OOO 18 o o HO o 02.:> 8 'J" ..,,) 10 o O O(Jüt 
Ji 2.),000 20 o o 170 O O::iS 5 10 7.i5 o 0-12 
18 25,000 17 ;-, o 120 o 0-10 3 02 4 53 o 02\1 
19 6,000 7 2 0.180 o 030 2.18 2 G2 0010 
20 G,OOO 7 2 o 12.j o 021 1 00 1 20 o 018 

t Th1s figure 1s not rchablf' 

and :3,000 kw puwcr, thc valuc uf ccccntriciLy lie~ in thc rcbtively narrow 
rangc from 0.070 to 0.118 mm. In only one ea~e thc ccccntJicJty wa~ 
much smn.llcr (0.038 mm). For machines ''ith thc sume spPcd out 
30,000 kw po\Ycr, the value of ccccntricity variPs \Yithin a somc\\ hat 
,ddcr rangc: from 0.075 to 0.170 mm. Howcvcr, the ordcr of ecccn
tricity values for thcse machines remains similar to that for low-powcr 
engincs. Conscqucntly, the increasc in the magnitude of thc cxciting 
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fnn·r· oh'<N\'f'd with an irH·rr·nsr· in JlOIIl'f r~ rnnrnly cxplni1rr•d l•y tire 

111 rrr•:J~P 111 tlic lll:l"" of'rntating p:trts 
Tllf' data of Tal,lr• \' 1-1 "hwh rdn to m:u·hirH''i l'haraf'tl'll;,r•d hy 

:l,OOO rpm sho\1' that, tire r•r·rr·ntrÍf'lt~· for tlwH· m:u·hi1ws lw~ 111 IIH~ rang .. 
O 017 toO Otr, mrn For ti r~" m:¡r·IIIIH'<>, as for m:u·hiiH'f> ,,,¡fr '-IH'('(I~ of 
J/100 rprn, thc ,nltH~ of tite Pxerting forr·p gro\\~ \\rLh fUI IIH'Ir·:r'-1' in 
po\\l'r, and conc;rqul'nliy \\it.h tlrc \\crght. of Ut<' rotor. 

Tlrus UH'IC is a dlll•·;PIICC hcL\\r•r•n thc ordns of r·r·r·r·lrtlwlf\' for 
mar·hriH'~ \\Jth SJ'f'f'd-, of 1,.'100 rpm anrl '1,000 IJllll .'1'111' rn:t'\lillllrn \:tlllr' 
of C('C<~nfiii'ILy for tire lo\Y-~¡wed rna<"hllws lll:ty 11!' t:rkr·n :r" O :.!0 rnm, l1r1t 
for mal'llltH'S running at 3,000 rpm tlw ma:-.irnlllll r•n·c·11f 11 1'11 ,. d .. ,.~ nof 
cxcc<'d () or, mm. Conscqucntly, if, can IH· IH'Id tlraL 1111' c·n·c·11t rrcrf H'S 

of f,hc rotating ma8~cs of turbudynnmns are apprO'\I!ltafl'l.r 111\'c•r-;<'ly 
propnrf,ional to f,hc squnrcs of thl'ir spl'<'ds As thr' nurnher ni l!:n>lll

tions Jnerr·asf's, the wcight of rotatrng rnadlinc par ts (pro\'ldcd tlw JlO'I·f'r 
IR thc samc) dccrcascs; f,hcrcforf' lngh-E-¡1Ccd turboclynamo~ :ur· }¡eflcr 
balanccd. 

(;f'ncraliziP-~ thc abovc rclationf>hip I)('L\\('('Il thf' Prccnf!lrrty and thc 
llumbcr of rcvolutrons, ami scket.tng O :!0 X 111 .. 3 m as tlrP dc·.'-r¡.o;n v:tl11e 
of ccccntricity for mach11rcs lraving a spr•pd of 1/,00 rpm, we ohtarn tire 
following cxprrssion for a machmc mnr11ng at N rpm. 

metf'fs (Vr-:!-4) 

This rclationslrip mar serve as a hnsis for tire sclf'cfio~r of fronfatin~ 
desrgn YaluPs of ccccntricity for rotat111g mal'hinc maf-:-,c~ cll:ll:u·ff'IÍ7cd 
IJy drfTeren t spt•eds 

b. Modulus of .f:lasllczty of Rc1njurcrd Cuncrctc. Tn the dc:::rgr1 of rern
forccd-coucretc slrueturcs subjccted only lo the act10n of :>futre l(l:td<-. th<' 
comput:ltions mainly determine ma\imum SLlf'fo'iCS and dl'IOJ!ll:ttinns 
appca11ng undcr thc action of primary londing. In this cortncc·tiun, it ,., 
intercsting to analyzc thc bchaYIOr of rl'inforced concrete subjce!.ed lo 
primary loading, or loading of tiH' samc sign 

Thc of!leial 'l'echnical Rules and Cmzstructinn Code gi ves valuf's nf thc 
modulus nf clasticJty of concrete c~tabfif,hed as a res!IIL of tr'sh IW' formcd _ 
on eonerrte samplcs undcr incrcasi ng loadrng. Thcf>e tc~t s e'of a l.>lr:olrPd a 
mean valuc of thc modulus of elaslif'Ity of eoncrele H, = 210,000 kg/cm 2 

to be uscd in thc Jcsign o'f reinfor r~ed-coneretc struet IIII'S. 

Whcn concrete i~ subjcctcd to primar,\; loadrng, thc rPintton!-olrip 
betwccn load and dcformation is nonli1war; tlrPidoró the mod11luos of 
clasticity dcpends on, the magnitude of- the load anJ on its sign. 

An experimental study of the bchavior of ICinforccd concrete uudcr 
iniposed loads shows th!lt 'cvcn fHJHtll stresscs result iu a simultanPous 
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app,·ar:tiH'r' of da:--1 Í<' and re~idtr:tl ddormat.ions. 'i'lr!' rclatÍ\·e vnltu• of 
'''"ll!ll:d dl'forrnations grow~ w1Lh innTa~P in load; it g;rows faster· tha 11 
1111' load ThPir·folr' a "lo:tding-strain" c:urvp tcnd.s to turn in the direc
IIOII of d,•fo•mal.ions, and liH' str('ss-:4rain rciationship in coneretP, ahovc 
a <'r•rtain vahH' of stn~~-"<'s, has a nordinf'ar· r·haraet!'r; therefore the 
mocluith of Pla:--l.ir·ity dr·¡wnds 011 tlw ma¡ptitude of ~l.rC'R.S. 

Con~equcntly, tlw modtdus of dasti<'it.y Pstahli~hed as a result of 
lll\'(';,lig:tl.ions rn whir~h 1 he irrevcrsihln part, of d<'format.ion wa.s not 
s<·pa r:tf.<·d f~nm t.hc total d<'f onn:tl.ion is no t. tire :u:t.ual rnodtdus of das
I ir:i t._v of t.lw m:tl <'rial, j w .. t as t.hP eodheiPrlt of su hgradc n~:wt ion of :;oil is 
uol. t.hl' <'oPflir·ir·nt. of clast.ie unifonn eompn•;-;,ion of soil. Tlw modulus of 
l'!a-..tir·it.y of r'niH'I'PI.r), whieh i:; usu:tlly emplnycd in cksign comput.at.ions 
for sl.lt'.-.-,r•s ;-m:d!Pr 1 han t.hc proportion:dit.y !Jmit., l'Pprescnts its modulus 
of linr•ar dr·formalulity. Tire modulw; of Pl:tst.ieity may he Pslahli~hod 
aftPr rlPir••minin~?; tl11~ JPiationshipl)('f.\\'P<'II :;l.r!':<S<'R anrl the dastic part of 
rl•·lollnaf '"''· < 'o• rt•:-.polldlltJ.: sl.:t t.ic\ invr•:-.t.i¡.::tl.ions :--honld-be carriC'd out 
l•y III<'ILIIK of '''(lf':tf<od ln:tdiiiJ.: Hlld 1111loadiug of :-.:unplt•s. 

• '1'!11• n•nplrf.tld•· of v•hr:llions :tnrl n:tl.ur:tl fr·c'<¡IH'Ili\Ír•::; of rPinforc(•d-
<'otlf'll'f<· st.nwl.tiii'S d<'Jl<'rul 011 t.ilC' r·la;-t.i<: pm¡wrt.iP:-; pf thc maf,erial, llllt 
11ot ou JL;; eharaC't.Pri:-.l.ies r·orn·sponding to I'Psidual dcformatious; there
fore the modulus of elasticit.y of concrete may be dctcrmincd in the 
simplcst way from natural or forcccl vibratious. 

As a result of measurements of vibrations of one frame foundation 
under a pump nnd two frame foundations unclcr turbogenerators, the 
following values of the modulus of elasticity of reinforccd concrete wcre 
found: • 

For the foundation under the pump: 

3 X 106 tons/m 2 

For thc first foundation undcr thc turhogcncrator: 

4.2 X 106 tons/m2 

For thc second foundation undcr the turbogcnerator: .. 

5.78 X 106 tons/m 2 

Thesc values of Ec are much higher than thosc usually used for static 
computations. 

1\. P. Pavliuk andO. A. Savinov investigaied a two-column framc madc 
of concrete typc 1 GOt aud found the modulus of elasticity to be sorne 

t Sce footnote in Art. IV-1-c, p. 132. 
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·1 X 10" to 11sjm 2• ¡\..,a lf''-'tdt of t.hl' 111\'c·:-.t.i¡;al.loll of a fonr-l'olurnn frnrne 
of 1•0111·rplf' of abont t.lw ~:tmf' L,VJH', it. 1\:t" c·sl:thli;-hcd t.lrat. thP \:tltH· of 
l~c lay '\Jthin t.hc rangP '1 (;2 to :1 ;, X 106 tons/m 2

• 

Fwm JC'sults of Hlnt.ic invp::;f.rgal.lons of n~tnfore!'d-eonrrdr• lwams lll:1de 

of thc samc eoncrP!.P, t.lte Ploclulus of dnst.ieil.y \ras 1':-.tal>li:-.lwd lo !,e 
wit.hin the rangc :t77 Lo :l.l7 '>( 10r· t.ons/m 2• 

Thc modulus of clasLicity :.>f conerdP m ay be f'sl ahitRIH'd t. y tlll' dPc·t ro
aeoustic method, 1;: whir'~l a sonncl gr•ncr:tl.or cxcii.<·H 111 ¡,ftp :--amplc 

TAm,¡.; Vl-2. HERIJLTR '"" A<:oiJl-TIC Jh:TEilMINATIO'< <W 

YnuN<l'l:l MonlfLif'> ov CoNcln.T~: 

Compos1t10n of concrete 
Agc of !'oncrclc, Youn(!;'s moduh>R, 

duys fon~/m' 

7 :i 6 X JOS 
1:2 5.5:2 55 

28 :¡ 81 X 10" 
-- --

7 ;¡ O'l X 10" 
1:3 0:~. o 28 ;¡ 81 X j(JS 

7 a 5:1 X 1()0 
1: 1 !)~:3 23 

28 4 11 X 1(10 

7 
e 

4 :l2 X )()S 
1:2 6:4 05 

28 3 !)(j X )()S 

7 3 10 X 106 

1:3.76:3 o 
28 3 67 X 1~ 6 

7 2 !"l.'i X 10" 
1:4.65:6 18 

28 3 :H X 1 os 

unclcr investigation longitudinal or tmnsvcrsc vtbrations of var,ving 
frcqucncy. In this way thc frcqUP!ley of natural v1hration<; nf thc ::;amplc 
is deLermined, from which thc modulus of clasticity rrut bP cnsily cstah
lishcd. Iu thc coursc of ri:'CPut years, this method has becn widely uscd 
for t.ho dct.crmination of elastic constants of very drfTPtcnt matcrials. 

Tablc VI-2 prcscnts rcsults of onc surh dcterminat.ion of t,hc moduli of 
clastieity of various typcs of concrete. 1t is sceu from thc tablc that. thc 
modulus of clasticity does not ehar1ge much '\ ith changPs in the eompo<..i
tic:;n of coricrctc. At thc samc .time, the tl:'st rcsults ~how that t.ho 
modulus of elasticity incrcascs with an increasc in thc agc of eonf'rctc. 
Absolute yalucs o(thQ r;q~dH}.W\~f clast.icity atan agC' of 28 clays WNf' in 
no case smallcr Ü1an ·3.0 X :106 tons/m 2 ; thc average value cstuhlishf'cl 
frorn six dcterminutions.~as .. J.78 X 108 tons/m 2 • 

!; 
r. r 
! 
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Thus the cxpcrimcnt.nl data show 1hnt t.hc nctunl modulus of clnstieitv 
of concrete is much ln.rgrr thn.n 2 X 10° tons/m 2 ; i c., it is ln.rger thnn tl;e 
vn.Iue rstnblishcd by the ofJicinl Tcchnical ll1tlcs and Construction Codt:. 

Thc forcgoing/discussion makes it possiblc to considcr that thc actual 
valuc of Young's modulus for concrete (nt an ngc not less than 28 to 30 

Fw. VI-4. De::Hgn values 
for computntions o( 

frnme VJbrntiOn fre-
qtiC'lJCI('R 

days) is not less than 3 X 106 tons/m~. This 
value of thc modulus should be tnken for design 
computations. 

c. Dcsign Dimcnsions of thc Uppcr Part of !he 
Foundatz"on. Thc cross-scctional dimcnsions of 
foundation units are usually much largcr f,han 
thc spans bctwccn thcm; hence the inllucncc of 
the rigiclity of corucr sections of the framc should 
be takcn into account. lf one is to considcr thc 
corner scctions as being absolutcly flexible, thcn 
in the dctermination of dcllcctions and bending 
moments of separatc frame rlcments, the span lo 

(Fig. VI-4) nnd thc hcight ho shoulcl be introduccd mto thc computatrons 
Ho\H'\·cr, if o m· ronsidcrs thc framc corncr scctions as bcing absolutely 

JJgid, it bceomcs uccessary to use in computations thc insidc free span l 1 

aud the inside free hcight h1 of the framc. For usual founuation sizcs, 
thc value of lo oftcn excccds thc valuc of l1 by 25 per cent. Formulas for 
deflcction computations contain the value of the span in thc third or 
fourth power. Thcreforc dcsign valucs of t.hc span and hcight consider
ably affcct the results of computations, in particular the vn.Jue of the 
natural vibrations of thc frame. For examplc, if one is to ca!culatc 
frcquencies of natural vibrations of a framc having lo = 5.50 m ancl 
l1 = '1.00 m, thcn for cliiYercnt design vaiUC'S of the span (from l = lo to 
l = l1), thC' frequcncy of vibrations computcd for l 0 = 5.50 m 'Yill be 
(for thc case in which thc fmme is loadcd only by its own wcight) approxi
matcly two times smaller than the frcqueney for the case whcre l = 4.00 m. 

As a mattcr of fact, thc frame corner scctions are ncithcr ahsolutcly 
flexible nor absolutcly rigid; thcreforc dcsign values of the span and 
height of the frame should be smallcr than lo and h0, and larger than l1 

and h1. They should be detcrmined from the following expressions: 

l = lo- 2ab 
h = ho- 2aa 

where 2 a = height of frame bcam (Fig. Vl-4) 
2 b = width oc' eolumn 

(Vl-2-4a) 

The value of coefficient a is taken from tbe graph (Fig. VI-5). When 
this graph is used, intermediate values of ho and lo should be determincd 
by interpolation. • 

o . ., 
',) 
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lf hn.unehcs are provitfc.tl in fmmc nr heam comer ooct.ious, Ll;o vnlue6 
of a nnd b nrc tnkcn utJ tihown in Fig. VI-G. 

1 

d. ilÍ(¡uiity of thfl U¡1¡u;r Platform of thc Foundalion. Tho upper 
foundation plaLform on wbich thc machinc is placcd is formcd by longi
tudinal IH'ams which tic the transvcrsc frumcs togcthcr anda rcinforccd-

Fw Vl-5. Graph for dctcrnllnnl.lnJJ of co<'IIÍelent n 111 Eqs (VI-2-'In) 

conerctc slab provided with o¡)eninl!;s rcquired for p1pes, rnaf"hine parts, 
condcnsers; and so on. Thc rigidity of t.his platform dcpcnds csscnt.ially 
on thc rigidity and relativc po,.ition of thc hedframc of thc machinc. 

The uppcr foundation platfonn tngclher with t.hc lwclframe of thc 
maehinc 1 cprcscnts a structure which is extreme! y 1 igid 
in t,bc honzontnl direction; t.hcrcfcll e, for an approximatc 
dctcrmination of thc nmplitudc of horizontal \"Jbration:-: 
of thC' foundation, thc uppcr platform may be conside1cd 
to be absolutcly rigid. This assumption simplifics eom
plitations of horizontal vibrations''of thc frame founda
tion hut docs not involve largc crrors in thc rcfmll.s of 
computations. 

,--,,
' ! ~ 
:_ ~-- _¡_ L 
L- r -~ 
1 

Fl(; VI-6. Vnl-

e. Compulalion of Forced Vertical l'tbratio11s. The uc~ of n nnd b 

forcgoing assumptions reduce a dynamic computation to be u&Pd 111 
Eqs. (V l-2-4a) 

of thc fmmc foundation to compulations of thc nmpli- rf n fr[lrnc hMl 

tudes of forccd vibrations of a thrce-dimcn~ional framc ~ hnunc!Jc1< - -~ 
system consisting of thin beams and columns cmbcddcd 
in a.n absolutely rigid slab. Thc Iatter rests on an clastic base, i.e., 
on soil. . ' 

Although it is possible to obtain rigorous solutions to thc problem of 
foreed vihrations 9f ¡:;ucp_,a ~ys~{'m, 30 the solutions obtaincd are so ~umbcr
some a.nd lead to such'complicated ealculations that they are of littlc 
use for practica) purposcs . .'Tberf'forP S('Vf'ral assumptions are nrcf'ssary 

·-. 
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\\hi('h \\ ill l'implify t.ho :;olulion of thc~ prohlc•m without. infllii'IICÍng; iL'I 
ncr.1uac:y and '' ill makf• t.h!' solutwn p1ac:Li¡·al. 

Wht•n vertical vihrations oec:ur, thP most. int.rn::-ive cll'formations are 
oh~crvr·d in t.he bcams of t.he :.1am;vrr.~e fr:uncs. The columns of t.he 
fr:Lilli'S are ddornwd lc·ss, and t.he comer haum:h scct.ions of tlw planc 
LI:LIIS\'er~c: fr:unc·s do not tlt-form at nll. lf a srpnratc frame VJhratcs ato. 
flc'qlu·nc·y not too largf' in romp:trison with its smnll!'st natural frequeney, 
thcn tlw form of vertic·al vihrat.ions of tlris fmme approximately corrc
spolllll' to that :-,hown in Fig. VI-7. 

LPL us as~t1me t.hat t.hc t.ransvcrsc frames of thc foundat.ion are sub~ 
jcclc·d to Vl'rtical vihrations in one phase. JÁ•t us also assume t.hnt 
diiTcrcrrecs in nrt.icul deformations of the columns of sl'parat.e framcs ale 

small. TIH'n thc el as tiC 1 csistanc:e of 

// ' 

longitudinal Lwnms, devrloping as a n·sult 
of t.hci'r IJC'nd111g, will be small in compari~ 
Ron wit.h t.hc claf't.ic rcsiskwce ag;ainst 
longituthnal con1p1cssion of thc columns. 
Longitudinal brams are wm:tlly fixP-d only 
at tbc corncr scctiom; of thc- t1 ansvcrsc 
framrs. Therefore the vrrtiral vibrations 
of a t.rnnsvcrRe framc are also afTcctPd by 
t.hc re:,istance to torsion of thc lo·ngi
tudinal brams. This rrsistancc is also FI<;. Vf-7. VJIJratiOIIS of a scpn-

ratc f11unc. small, as is t.hc rrsistnnce l'l'Sulting from 
the bending of ihc longitudinal Lwams. 

Thcrdorc t.he influcnce of longitudinal brams may be disrcgardcd. 
Ry neglecting the influencc of longitudinal bcams on the vertical 

vihral10ns of thc transverso frames, it' is possible to considcr the vibrations 
indrpendcnt.ly of cach othcr. The natural frequcncies of vertical vibra
tions of scparatc framPs, ralculatcd on the basis of such an assumpt.ion, 
will be so me\\ ha t smallcr than ihc a e tual val u cs. In arder to compensa te 
for the influenre of the longitudinal beams, wc shall disregard the act.ions 
of ot.her factors which affect natural frcqucncics in an oppositc mnnncr. 
Thcsc factors include the shcnring forces and thc ineriia of rotation of 
cross sections of the units of the frnme. 

A. I. Lur'yc 29 showcd thnt thc frcqucncics of natural vibrations of the 
framcs may be strongly influcnced by the elast.icity of the base under the 
foundation. Computations show that thc frequencies of natural vertical 
vibrations, computcd with consideration of the elasticity of the base 
under the foundation, ma.y _differ by 10 to 20 per cent from the va.lues 
computcd without taking this factor into account. 

The frequency of natural vertical vibrationsfn• of the frame considered 
to be a rlgid solid resting on a.n elastic base is usually much sma.ller tha.n 
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lht• OJlf'l:ilaon:d fn·qllf'llf',Y ol llw lull""'"'':111111 \\'a· "''llld•· ¡,,. /.,, ll11· 
:-mnlla·~t frf'(JII!'IH'.Y of n:al.urnl V('rl.w:d \'lh1alio11s nf 1111' Jranw, :t'."tllllllt~ 
l.hat. t.lw lmse is ahsolukly rip;id, ll1i~ fii'IJIII'IW,Y dt·¡u·nd¡.; onl1· "" llw 
clast.ic and i11Prt.ial pro¡l!'rt.ie~ of t.lu· Ir :urw. l'o1· t.url •ody ll:tllll"' llw~e• 

usunlly Pxist.fl t.hP followi11g int.Nrc·l:ll.llllaship: 

J.,,< (1) <J ... 

whi'IC: w j¡.; tlw fn·q•wru·.v of rot.nt.ion of t.hf' m:Lf·hilll' 
For lm\-spc•Pd PIP<'I.ril'al ma1'hi1ws (for P:-ampiP, mnl.or ¡!;f'IH'I:tln•.") llw 

frrqii!'IH'Y of rotat.i011 nw,v :tll'o he sm:diPr tlaan J,,; t.lat'll'ion· l.lw lolloll'lttg; 
interrdatio111'hip nray' ,:~1~-'t.:) ·:. · 

. . . i 1 '1 i '" 
. ·.~'"' <J .. , < J,., (VI-'2-h) 

."'--
~ 

Jf Olll' is t.o r'OII;-1(11'1' t.lw <·!nst.i<·ity of f.lw h:l:'.<' 1111dl'l' t.lw found:lf lott, 
t.lwn t.hP 1.\\o smaiJ,·;-1 fit·qw•nc·i<·~ of V<'llic·:tl vihral.loll" ol 111(' sy;-1•'111 
"fr a 111!'-rigad-~la h-<•l:t ~l.i c·-1 •asp" \\ ill la :t Vt' llu· J oll 011 lltg i 11 l.t•r 1 !'la 1 11 n t "l11 p 
with l.lw fn·qut•nt·it·~j,, w. n11d .f, 1 • 

;,;, <f.,, < '" <f.,, < J:, 

Thr lnt.l,t•r iurqualil.ll'f' ::.laow that t·onsldl'l':tl.ioll of t.hc' <'1:1"-lll'it ,. nf ~~~~~ 

lrads t.o an irwr!':tSI' i11 llu· !ulld:liJH'IIIal fn·qn<"II''Y of 1t:tl.n1:d \ ti>a:tllllll'> 
ha sed only on thP da:-,t.ir· arrd III!'Jia:d prnp<·rt.it·~ ol 1!11• 1 r :1IIH' 

Jf n'qllirPmc·nt. (\'1-2-!i) or (Vl-'2-fi) rs ::.ali..,fu·d 111 tlw d•·c-1~11 nf a 
fourrd:L1.10rr, t.hPII IH'glt'c~t.i~g: t.hr l'last.i<· propa·¡l.u·¡.; of ~oil in ti••· t'olllplrl:t
tion ol vrrt.ir·:d viiH:tl.ion¡.; of t.hc~ fourrdalion r·orrl1alnalc·~ lo :111 illt'l":l"'' in 
the Rafety fact.or of t.he dynamif' stahilily of 111{' fourulal1orr CorrH'
(jllf'llt.ly, t.he computation of forc·!'d vihrat ions of a f1:1nw Jou1HI:II 1011 may 
be rcduecd t.o t.he computat.ion of VlhJ:tt.ions of plniH' f1anw~ IP~till)..!: on an 
ahsolut.ely ngid base. TIH'n t.lw c:nh11nns of P:tl'll lmme may lw t'ora...,ld"ll'd 
as bcing rigidly embedded in a 11 immo\'a hlc: foundat ion slah. 

Lct us c:on;-idPr the lo:.jds al'!ill!!; orr a tl:tlts\·c·r~" fotllldation f¡ ami'. 
Eaeh framr usually Rllppor t.s OJH' of t.he mal'hine lwarings. ThP 11 Hl t h of 
bearings supporiing the rotat.ing maehirw par b; usual! y is small 111 <·orn
p::nison,ll·it.h t.he lengt.h of t.hc bcams. Therdorc the load t.mn~r111t t<-d l•y 
the bf'nrings may be considC'red conc!'rltrated :tnd loeatl'd in lite mHidle 
of the framc beam. The stat.ic load is the part of the rotor lll'igltt. n'::.ting 
on this bearing. In addition, tlw same lwaring transmits lo tlw fwnw 
an excit.ing vertieal force P sin wt. The frame lwam is also suhjrdc·d to 
thc action of a uniform load imposPd by its uwn wcight. Lct us rcpln<'l' 
it by a.n equivalent conccntra.ted load Iocated at the crnt.er of j,f¡p frame 
beam spa.n. In order that this change should not influencc the n:sults of 
dyna.mic computations, the magnitudc of this cquivalent load l>houlcJ he 
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~>cicctcd so thnt thc kinctic cncrgy of thc systrm "ill not chnnge. With
out. fmnishinp; proof lwrr, Iet. us note tlmt thc mn.gnitudc of nn cr¡uivnlrnt 
mac-'-', ~('l,·cLc·d on Llll' l·a~is of Lhe abovc comlition, C'OIIc:--ponds to ·15 per 
cc·nt of tlw d('n.d \\cight of t.he fmme bc~n.m. 

Tlw f1ame c:oltimns n.rr suhjn~t.ed t.o t.hr follm\ ing lon.ds: 
1 TIH' loads !Inpmwd by ndJac·cut longitudinal framc hc•ams, including 

t.hrir 0\\'11 \\'c•ight. Thc•sc~ loads, falling on l'al'lt franw, are computcd 
nc·cnn!Ing to t.hP la\\ S o( 1--tatic~ Load~ irnposncl by longitudinal lwarns 
may IJ<• cor_,~Hkrcd coric'eill.I:lLcd aL tire tops of t.lw columns. :--incc thc 
longitudinal lwams nn• SlipportcJ by tht• cOIIIf'f sPctions of the tJairsveisc 
fuunes. 

-:? The lo:tdf, impo.,cd hy thr wcight of the lransvcrse br:un, nlso 
conc·f'nt.mtrd aL thc tops of thc columns On the basis of the samc con
:>Idcr.ll.ions "hich gO\'l'IIIrd the sclc·ct.ion of t.hc cr¡u:valcut conecnt.raled 
m:t:o.~ at thr cc•ntcr of t.hr l)('alll span, thc dcad wc1ght loads impo<-rd by 
t.he adpc.ent Llanc.:ve¡¡.,r !H·am on cn!'h column are takrn t.o cqu::tl 2·-¡ 5 pcr 
ernt. llf t.hr \\C'Ighl. of this lwarn. 

:3 Thc wr1ghl. of thc !'nlumn, l'<'plaeccl hy an cqui\·alent \\right. load 
cuncPntrntPd al. t.hc l.np of thc column. H follo\\S from t.he thcory of 
longlt ud 111al vi hra! ions of p11sn,a tic hars thn t the \'al u e of this load 
should hP cqual to .'3~ per ¡·cnt. of the column \\cight 

.\"'a rc::,ult of ll'ducing thc dr·nd wcight loadR, "·e cometo t.he considcra
t.zon of ' riJra t.ionf, of a pla ne framr \\hose clc~nwn ts are wcigh tlrss ancl 
\\'ho<;c ma<;SC'i are conccntratcd in t\\O places (Fig Vl-7): onc rnass mz at 
thc ccntcr of thc framc bram span, and t\\'o ot.hcr massrs, cach cqualing 
m 1/'2, ::1 t thc tops of thc columns. \'zhrat.ion~ of a JI frame u ni ts a re 
dctcrnuned by thc vez tical dlsplaccmcnts z 1 and z~ of thcse mas!'cs. I11 
this m::tnncr, t.hc problcm of \'f'rtical forccd vih1ations of transvcrsc 
frnmcs of thc foundation is rcduccd to t.hc problem of vibratwns of a. 
system \\Íth two dcgzrcs of frccdom. It is assumed that thc cxciting 
vertical force aets on mnss m~: 

Lct us denote by c2 t.he cocfficicnt of rigidity of thc frame hcam; this 
cocillcicnt rcprcscnts a vertical force which should be applicd to the 
ccntcr of thc framc bcam span in order to cause a deflection of unit length, 
i.e., 

The value of l 2 is dctermined by the formula 

,, 1 
1 

•1 r 

l¡(l + 2k) 3l 
96E/¡(2 + k) + 8GA1 

k :0: h/¡ 
u, 

(VI-2-7) 

'·· 

(VI-2-8) 

(VI-2-9) 
...... 

o 
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Yonng'R modulus, modulus of eln,st.icit.y 111 ~lll':u of 
mal.t'l ial of f1 ame lll'am 

A 1, / 1 c'rol-~-st·c·t.ional:u<'a, IIIOilWnL of Íllt·rl.ia of fr:lllll' lwarn 
Ah, 1 h croRs-srctionn.l n.rc·n, momr·nt. (!f inl'rt.m nf roltllnn 

Lct us drnotc by c 1/2 (,)¡p c'oPiliciPnL of 1i~idit.y of a coltrrnn. thifl 
codficirnt reprcRcnt.s t.he ver t.ic·al forcP whir·h mu~t, lw applll'd lo t.he 
column in ordPr to l'al!sl' a unit. ehnn~!' in itr-; 1<-ngt.h; it is c·vzdt•IJt. that. 

C¡ 

:2 

/;'/1 h 
¡,-·- (VI-:.?-10) 

Thr diiTc•n•nt.i:d !'qll:ttlolls of fPI'I'!'!I \Jhr:dro11s of tire· :-.\~t•·rn :-.IH>IIIl Í11 
F1g. Vl-7 will he• c•xac:I.Jy tlw ~:tlll!' :t~ J•;q~ (1 \'-fi-1), :11111 tiJI' <.olllilflll" lor 
!.he :nnpliLwlc·s an' d!'l.c·rmiiwd by Er¡s -(1 V-ti-1) :llld (1 \'.¡;.:,) 

Tlw clilfPrc•rilr:d cqll:ttrolls (1\"-(i-1) do llo,t l:tl, .. irdo :ll't otrrJt tlll' lldlu
!'11!'1' of cl:liiiJllll~ rc•ac·troJI-:; so !lrt~ r·ompllt:Jtl>lll" of arnplriJI!i•·<. ,,¡ ¡,,, ,.,¡ 
\lhr:LIIoll:-., Jlii'SI'IItl'd Í11 ('hap IV, \\111 produ,·r· :Jdl'qll:ll.•· ""'iilh '"i11 111 
t·a~c·s 111 \llll':h the fnrul:tnH•rdal f~t•qn''"'''c·<. of rlw "\:-.lt·IJJ (hg \ 1-7) 

diiTt·r hr aL lc·ast :!::;o prr ec•nl. from t.hr fn·qJwnt·y of nt:t!'hiiJf' ''"·''''"' 
1f this condiiloll is not s:ILJ>dic·d, a11#1 forc·c'd \rl>Jai.Joll~ llf tlw foJIIJti.Jirnn 
oeeur in th!' rl'sonallrr zonr, thcn tire 11:-.r of tht· loH·golltg c·qtl:llltlll~ l• .Jds 
Lo large f'IIOJS in t.lw dcLrlmlnat.ioll of Lhc· :unplitudt·s of fortTcl \ Ji>J:I'Jc>ll~ 

Tlw natwal frPqllc'II!'Ies of vcitll':d viiHatioll'> of lh1• foulld:ttloll \1111 hP 
dctcimliiPd as 10ots of Eq. (IV-(i-8) Thr solution of tl11s cquatiilll \\lll 
proviclc the t\\o natmn.l frcqucncics /. 1 all(l /. 2 of the f1amc Ullllcr con
siderat.roiL Let us assume that the frcqucncy of cxezt.at ron is dnq; l.o 
onc of thcse frequencics. · ' 

ThP follO\\Íng rclat.it~nsÚip usually rxists het\\-ccn t.lw lunillll!-'; fic
q ucncics / 1 ancl f, .. : 

Thcreforc thc frcr¡ucncics of natural vertical vibrations lie 111 tite rangc 

If the frcqucncy of exeitaLion lirs clo:=;c~ t.o thc lower n:Lttllal freqllrll('.Y, 
then thc form of the frame vibrations docs not dr!Tcr much from t.hc fnrm 
of vibrations of L·equcncy j 1, and it, can be considcrcd \\Jth ¡;ufTiCJcnt 
accuraey that t.hr Rystem uncler con:>iclrratzon has one dcgree of frrcclnm; 
ttierefore thc amplitude 'of forccd vibratlons of t.he syslcm is dcLezmuwd 
by the exprcssion 

(VI-2-ll) 
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whl'rP e rs flw d:tmping eon:-.fant.. Jf t.lu• diiTnPlle(' /n 2
2 - w2 1s small, 

tlwn, appro:-.imatrly, 

(Vl-2-12) 

An approximn.te vn.luc of tire Jamping const.:wi is 5 to 10 per C!'nt 
of fn2· 

If (}](' frcquency of C:\(~itat.ion lics closc Lo thc higlwr natural frequerwy 
fn,, and t.hc form of framc vil11·ations does not dilfer mueh from t.lw form 
of vihraLions of freqtWIJ<:Y In:, then A 2 is dctermincd from formula. 
(Vl-:!-11) or (VI-2-12), in which /n 2 and m 2 are rcplaecd hy fn 1 :wd 
(111 1 + 111~). , , 

f. CotiiJmlal'ion of llorizonlal Transl'crsc Vibrations. In thc computa
tion of forccd horiwntal vihrations of thc frame foundn.tiou wc m·glcd 
thc da~tirity of thc upper slah :wd thc soil; i.<'., wc assume t.hn.t Lhc ::-ln.h 
is ahsolutely ngid ami the fwmc columns are embcdded in an unyielding 
founda.tion , --· 

Lct u-; con,idPr, for cxamplc, a foundation having six columns ancl 
thrce lran:>vcr:,e framcs. Wc repln.cc all vibrn.ting masses of the~founda
tion ami mm·hinc hy three equivalent masses m1, m2 , and m3, eaeh located 
at thc ccntcr of onc transversc frame beam span. Eaeh oí thesc masses 
is computrd by addmg thc following: 

ol,t 11 

l. The mass of the concentratcd and di~tributed deadweight load on 
the fmme hcam, including its own weight 

2. The ma::;sJormed by 30 pcr cent oJ the wcight of the two columns of 
thc trans\·crsc frame · .: 

3. The mass of thc dC'adweight ·transfcrrcd by longitudinal framc 
bC'ams adjacC'r1t to the tmnsvcrse frame under consideration¡; their own 
wcight included 

',[ 1] 

The amplitudes of forced tra~sverse vibrations depend on the 
1
sizcs of 

thcse masscs and ¿n valucs characterizing thc rigidity of transversc 
frames 

Let us rcplace cach transvcrse frame by an cquivalcnt spring (Fig. 
V I-8), and thc upper slab by a prisma tic bar which is assumed to be 
ab~olutcly rigid. The motion of thc systcm (Fig. VI-8) is dctcrmincd by 
x, thc lateral displaccment oí the ~cnter of mass of the prismatic bar, 
and by ..,, the angle of it.s rotation with rcspcct to thc ccnter o.f mass. 
Consequcntly thc system has 'two dcgrces oí freedom; i.e., it has two 
natural frequcncies of vibration. . , 

The diffcrcntial cquations describing the transverse horizontal vibra-

o o 
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Fw. VI-8. Dcrivution of Eq (Vl-2-1:1). 

tions of the foundn.tion in the rase undcr consideration rcaJ as follnws: 

" 
mx + ¿ n. = p sin wl 

•=1 (VI-2-1:{) 
n 

M,.ip + ¿ M, = M :-;in wt 
•~1 

n 

where m ¿ m, = sum of all cqtliva!Pnt rna!'scs 
•= 1 

n 

M,. = ¿ m,a,2 = total moment of incrtia of n.ll cquivalcnt ma:::scs 
•=1 
'' ith rcsper.t to common ccnter of mafiS 

a, = dif>f::lll(!C bC't.wecn common ecntcr of mass n.nd ma~:-; m; wc 
considcr t.l1ese distancPs to be positivc in onc duPctron anJ 
ncgative in opposlte direction 

R, = eln.stic force actmg on mass m, during its fon\ard di:::pi:H'<'-
mcnt up to valuc x, ' 

M, = moment of incrtia of force R; with respect to an axis passing 
through centcr of mass 

P, lo! = exciting force, moment 
Thc summation should be pcrformcd for al! transvcrse framcs, so that 

" n denotes the number of transvcrsc foundation-frames (usually n cquals 
3 or 4). 

When thc mass m, is displaced by the valuc x,, then thc elastic force of 
the cquivalent springs acting thereon cr¡uals 

R; = c,x, 
( 

whcrc e, is thc rigidity of the ith spring. 
Thc moment of thc clastic force is 

~-; '. '~' .-~, ; ' 

,.¡'. i,)'lf, = c,a,x, 
Sin ce x, = x + a,¡p 

t 
,. 
1 

L 
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{¡', - ~::,(.r. + n.~~) 
U, - (.~: + t.,·)C (VI-2-14) 

\1 hnf• t.= d1st.nrH~f~ bctwcen center of mass nnd eenter of rigidity 
e = 2:c, = total rigidity of cquivalcnt springs 

To ddNminc thc rigid_ity e, of thc ith transversc frame, Jet us apply a 
horiwntal forec! to thc cenkr of thc fr:imc bcam span. This force equals 
unity and ÍH direeteJ ulong the axis of thc framc beam. It is known 
tlmt the latNul dinplncement o cau~:;cd by this force cqunls 

Hcrc, as brforc, 
k= hlz 

lh 

wherc h = hright of column 
l = l0ngth of frame beam 

(VI-2-15) 

!h, ! 1 = momcnts of inrrtia of cross scctions of column, framc bram 
IIaving dctcrminNI thc ddlcct.ion o for thc ith trn.nsvcrsc fra.nw, wc find 

thc rigidity e, churactcrizing tlw cquivnlent spring corrcspondi11g to. thiR 
frumc: 

. In the same way we find 

1 
C; = ""§ 

2:M, = 2:c,a,x, = C(x + e¡p)E + -y¡p 
where -y = 2:c,b,z 

(VI-2-16) 

(VI-2-17) 

is thc momcnt of a couple causing the rotation of the prismatic bar 
through a unit angle. · 

Substituting the computcd valucs of ];R, and 2:M, into Eqs. (VI-2-13), 
we obtain two differential equn.tions of forced vibration of the foundation: 

or 

mx + Cx + ce¡p = p_ sjn wt 

M,.¡¡,+ Ctx + (Ct 2 + -y)¡p = M sin wt 

X + fnz 2X + /nz2E¡p = p SÍn wt 

;¡, + .;fnz2X + (;/u2 + /np2
) ¡p = R sin wl 

T , T 

(VI-2-18) 

(Vl-2-19) 

The following designations were used in the foregoing formulas: 

(VI-2-20) 

o o 
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wh<'P~ f.,x i::~ t.h!' limiting fr<'t¡IH'IWY of nat.urnl ln.t.rrul vlhraflnll'-' of the 

fonndat.ion "lwn tlll' l'!'lll.f•r of rig;idi!y of t.Jw foundat.ron ('ollll'ldt·~ 111th 

thc ecn t.er ol mn~~-o, i.c , whcn E = O; 

(VI-~-21) 

whcre fn., is the limiting frequency of natural rocking vibratmns of t.he 

foundation whcn E = O; ., 
/1/"' r2 = ----

111 

whcre r iR thc radius of gyrat10n; finnlly 

p 
p=:m 

\Ve Heek Holut.ions of thc :,;ystcm of l•:q::~ (VI-2-1\1) c·or-r0:,;pondmg only 

to thc fore!'d vih1at.Íollii of foundat.ions in t.lw form 

r=A.~:;inwf ¡p = :1" 1'111 wf 

I 11sert.ing tlws1~ vallll'S of .r and op 111to J•:q. (Vl-2-1\1), W\' olli:IIII thP 
following two PC(IIatiom;. c·ontaining t.hl' nmplit.ud1'H of fon·cd villl·a f.1onH 
Az nntl A., of the foundat.io11 aH tlliiUHI\1 n vnluPs: 

Uni2 - w 2)JI r + fnr 2~JI .p = JI 

~fnr2JI, + (;J.,z2 +J.,./ - w2) A" = R 
r· r . ' ' 

- 1 • 
Solving thc~:;e rq11at.10n;; for··J!, ami A.,, \\C oht:u11 

where 

( \'l-2-2:2) 

cv 1-2-n) 

(Vl-2-24) 

Thc natural frcqucnciPs J. 1 and fn 2 of foundat!on vibmtions arf' dc~tcr

mincd aR roots of Uw Cf!uation 

(VI-2-25) 

It is clear that the above fonnulas for the determinutiou of amplitudes 
of forced vibro.tion of thc foundation muy be upplicJ only \\'hen the 
frequency uf Pxcitement w diiTcrs from the fundamental fn•qt~PIH"Ícs of 
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thc founclation. Ot.hcrwisc, t.lw amplit.udt·~ of vibrntion 1'hould be 
romput.c•d n.nalogou;,ly to the eompulafion of llw :tmpli!u<ks of VC'r!.i1·al 
vihr:dions \dwn onc of tlw Jlaf.JIIal fll''llll'lll'l<';, '" do"e to t.hc enginc 
frcquC'ney. ' 

For •·x:unpiP, if w li!'s do;,p lo tlll' lm\'!'r flt'<¡lll'IH"Y / .. 2 <!C't.c>rmilli'U as the 
root of Eq. (VI-:!-:!!",), arul if / .. 2 d1w;, not diiT1•r mu<'h from J .. ~, thPn the 
fo1111dation will be :-,uhjcl·lcd pn·dorllln:wl.ly lo' ih1a! ion:-, accompanicd by 
btPr:d di"plan•mc·nts as a rigid hody. Thc· arnplitude of vibr::tl.ions may 
be approximatdy csl.ai¡IJ;,hcd from Eq. (VI-:?-ll) wll<'rc m

2 
is a:-,sunw<l to 

equal 111. If r!'son:wcc occurs IJ<'eause the fn•qtu•ncy of machinc rotation 
lics clo"c to thc sccond frcqucncy / .. I and tlw !aLter docs not difTcr much 
from /..,, then t.hc foundat.ion \\ ill undcrgo chicfly rocking vibrations. 

In this case, an npprm.imate value of thc amphtude of vibmtions may 
be found from thc s:une Eq. (VI-2-11), in which P, mz, andf .. z should be 
replaccd respccti vely by 11/, 111m, and !ni· 

g. Dcsign Valucs of thc Pcrmissiblc A mplitudc oj Vibrations. Dcsign 
\"alucs of the pcrmi1'sible amplituclc of vibrat.ious of foundations for 
t urbody na m os and elcctrical maehincs should be e:-,ta blishcd on the bn.sis 
of data dc1 ivcd from the study of opcrating machines. 1t is h:udly 
poss1blC' to e'5tabli::.h tlw~c Jmuts on Lhc bas1s of any thcoretical prcmiscs. 

As a mn.ttcr of fact, if a permi:-,sihlc amplitudc of vibrations is estab
Iishcd on t.he has1s of pe1 missiblc stresses for t.he fou11dation matcrin.ls, 
it is found that t.he coinputed amplitudes are tens of times largcr than 
those pcrmissible for normal machine opcration. Thcrcfore a sclcction 
of thc dcsign value of vibration amplitude should be based on the ampli
tudes accrpted by machine opcrators as permissible for a given machinc 
t.ypc. Tablc VI-3 presents data on the permissible values of amplitudes 
of vibmtions of turbogcnerator bcarings. 

The absolutc values of permissible amplitudes of vibrations muy be 
much l:.trgcr for machines running at 1,500 rpm than for 3,000-rpm 
machines. If one. admits that the permissible amplitude of vibrations 
of bcarings may be taken as the arithmetic mean of the values given in 
Table Vl-3 for machines with certain spceds, then the follo,ving values 
may be acccpted: 

For 3,000-rpm machines: 
Vertical vibmtions: 
Horizontal vibrn.tions: 
For 1,500-rpm machines: 
Vertical vibrations: 
Horizontal vibrations: 

0.02 to 0.03 mm 
0.04 to O 05 mm 

0.04 to O.OG mm 
0.07 to 0.09 mm 

Vibration invcstigations of 3G foundations under turbodynamos estab
lished that actual vibration amplitudes do not exceed thc above per-

o 
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· 11 . ltl<"' ()nly in J foundation \\:ts :Ln amplitud1· 11·.;- 11d :1" h1~11 :1" llll',eol 1 e V,l "· . . 
0 Olli mm. In,¡ found:ilt•llts, 1.111' amplitud!' ol \•tlll:t!.lollo.,. ni llw llf'IH'I 
part of t.lu~ fourulation lay within LIH· l:tllJ.-!:1' _o 010 lo O ()l(,_lllm In all 
otllf'r foundat.ions l.IH' amplit.ud!'s of·villlaLlOIIS w<·n· \\'tlhnt llw ranJ!:e 

Type of 

TAIJJ.~; \ ¡.;¡, I'I·:l!Mis;,rnu: VlllltA'I'ION A~II'LITIIIII·: VALP~:~ ()~ 

'I'IIIIIIIICH:N~.ItATOlt III·:Al!INt:o., 

' Amplilutl1·~f of vdii:Jitoll.", 111111, 

Lm·at.lot.' nf 
Gvcdun.Lwn of 

I'Oli!'~JIOiltlill~ fo ~~ll'l'oiH, 1 Jllll, Of. 

VIbrni.IOllH 
rnen.surc-

tire engme 
1,1100 mcnl.s 

:1,000 :.!/tOO :.!,000 1 ,r.oo 
:JIIol lt•Hi; 

------ ---- ---
VertiCal Extreme ls Iet. fnr opemtion o 02 o 0:3 O Ot o llli o o~ 

benrin~s 
No acl¡ustmcnt iR 

0 O'l·, () 11 111'('1 lr·rl O O'! O O!i O Oti 
An ndju~trnenL is 
riPsirahiP O !H O OR () ()f) o l:l () ¡;, 

--- --·- --------
r .. 11t.rnl IR fit. for opPllÜIOll o 01 o 02 Uo:l o 01 o w. 

ben.nngA 
No n.dJURLmcnt IS 
nc:ccled o 02 0();3 o (J[j o ()ti () 08 

An nrl¡u9t.nwnt. t9 
clestrnhle 0.0:! o 04 o 08 o 0'1 o 1 ;¡ 

-----------·-
Honzontul Extreme Is lit for opPrntwn o 05 0.07 o 08 o 0!) o 12 

und beurings 
t.rnns- No ttdJust.ment is • 1:.! o !.') necclcd ,_ o 08 o 10 () 11 o verse 

An ncl¡ust.ment is 
dPAII!l.hJc o 13 o 14 o J:i () 17 () 20 

---------. Central Is fit for opemtion o 03 o 0·1 o O.j OOi O OH 
beurmgs 

No arljustmcnt is 
ncl'ded o 05 o 06 o 08 o 10 o 12 

An n.djusLment is ·-
dcs~rnble o 08 O O!J o 13 o ¡.¡ o 17 

1 

!~ 
t Thc ln.r~eAL pcrrnissible vnlues of nmphtucles nre prrscntecl /i 

O.OO.t to 0.010 mm; i.c., thcy wcrc conr:,iderably smallcr than pcnnissible ! 
values. 11 

Vihrations wit.h an amplitude of 0.01 G mm, had no infhtCJH'c on 1e ' 
normal operation.of the turbÓ'gP11crator. . 

l'e1missiblc' values of- foundation vibration nmpht.udcs umlcr eleet.llc 
machines haviug specd~Jlosc to 1,500 or :3,000 1pm may be tlw samc as 

<' 

1,,. 
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thn-.:t~ fnr turhn¡.!;rnrrntorH. It, iH vPry diflicult to :;a·kct cvcn trrdat.ive 
dt·~~~~~ vulurs of JH'rmissiJ,Jc• nmplit.udr:::; of vibmtions for dc•etrir. machinrs 
with ~¡lf'cds lo\\cr· t.han J,r,oo rpm, sinec scnrrrly nny data nre nvnilablc 
011 ilw rr~ul t :-; of v ti ml.tiou in vc•st ip;:Ltions of theso mnc:hint's. l'or low
frC'qucncy rlt'ct.ril':d maehincs (lcss th:tn 500 rpm) suc:h as motor gc•¡]crn
tors :llld Lconnrd gcncrntors, u. dcsign vn.luc of pcrmi;.,siblc vib~ation 
nmplit.udPs m:ty lw Re!C'ctcd on thc bn.sis of valucs cstnblishcd for'rccip-
ror:-~tlllg cngint~s (nround 0.20 mm). :' ., 

VJ-3. Examples of Dynamic Computations of Foundations of the 
Frame Type 

Eramplc 1. /llustratu·c dcstgn of a framc foundation undcr a 1 ,500-!.w turlwqc!',c~ator 

l. D\TA. Thc sp!'cd of thc turliOgt•ncrntor is N = 3,000 rpm; i.e, thc frcqucncy of 
c.,;catntlon as w =: 300 S!'c- 1 ; w 2 = 9 X 10• scc- 2• 

Thc fouudation to be desl!!;llcd wlll hnvc six columns nnd thrcc trnnsvcrsc frnmcs. 
Tnblc VI-4 gav!'S thc 111itanl dntn rcquiacd for thc dynnmic computntaons of thc 

foundnt1on "l11d1 nrc takcn from thc Dcsagn A5sagm!'nt. Fagurc VI-9 bhows thc 
gconwtry of thc foundataon with mdacntion of thc londs imposcd by tLc stntionnry nnd 
rotaun¡; ¡mrts of thc mnehrnc. , , 1 

TAnLE VI-•1. DEsiON DATA Fon CoMPUTATIONS oF ExAMPr.E Vl-3-1 
AND FJO. Vl-9 

Dimcnswus nnd rle~rgn pnrnmctcrs Frnmc I Frnmcll Frnmc Ill 

Jlca¡:ht of tran~vcr'c franH·s 11 0 , m ............ 4 30 4.30 4.30 
Span of trnn~vcr~c frnmcs lo, m .. o o o • •• o o ••• 3-20 3.20 3 20 
ll!'ll!ht of cross ~ccllon of trnnsvcrsc frnmc 2a, m o 95 1 00 1.00 
llc1ght of cross scctwn of column 2b, m ........ o so -_o 83 o so 
Arra of cross scction of column AA, m 2 •• .. O.i6 O.i8 o. i6 
1\!omcnt of In!'rtin of cross-scctional arca of col-

umn lA, m' ..... o o . ......... o 039 0.041 o 039 
Cro~s-scct wnal arca of frnmc bcnm A 1, m' o o o o o 58 o 83 0.64 
!\lomen t of inl'rtin of cross-scctionalarcn of be a m 

!,, m' •• o •••• o o ....... o •••• o 0425 o 069 o 053 
Wcight of frnmc bcom IV,, tons .. o o. 4 26 6 10 4.i0 
Wcaght of column JI' A, tons o •••••• ••• o ••• 6 53 6 6i 6 53 

Thc loads im poscd by thc rotal ing pnrts of t he turbogcncrutor-nét only on !he bcnms 
of thc transvcr~c frnmcs. Thc londs imposcd by thc slntionnry pnrts (the stntor of thc 
gcncrator nml thc covcr of thc turbinc) nrc trnnsmittcd to thc longitudinal bcnms. 

Thc dcsign vnlue of thc,modulus of clnsticity for thc mntcrinl of thc uppcr pnrt of 
the foundntaon (!'onctctc typc liOt) wc n~sumc to cqunl E = 3 X 101 tons/m". 

2. Co~tPUTATJOiiS. Thc computation of forccd vcrtica( vibrations of thc foundo.
tion is bcgun by somc prchminnry cornputnt10ns. Tnblc Vl-5 givcs thcir rc3ults. 
Table VI-6 presente rcsults of computations oí cquivalcnt masscs m, and m, for cach 
o( the transvcrsc framcs. 1, ·: '·.-.' • 

' /¡ ,.¡ ,
1

.1 ,11• 
t See footnoto, Art. IV-1-c, p. 132. · 

' •l 
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]( 1~1mlt11 of I'OIIIJHJinl.to!IH uf "'l"ivuif.nl ll!~uhtu·H ,.,,. v.•v•·r¡ lll Tnlrl•· VI-7, nud lf,..,, .. 

of !Jrniting frcqucnrÍl'EI of ench frnmc 111 TnJ,fp V 1-H 

o ,.., .. 

l 

1'·57- -r!>7T'41 141--¡ 

b O 1:~ns 4 5 tons 

5 rons 7 lons 3 5 rons 

6 O lons 4 5 lons 

!•1•:. \o 1-!~. Fouudat1o11 of Exnmplc VI-:J-J. 

Lct us now compute thc nmj,Jit u des of forccd V!'rtirnl vahmt ions of thc foundnf 1011 
According to thc forcgomg data, thc dcsign val u e of the ccccutricity of rotnting mnsscs 
o{ the turbogcncrnlor is tnken to equnl 1 

'o = O 05 X w-a m 

The weights of rotatmg pnrts fnlling on carh fralllf~ cqunl 

JI', = 1 5 tonR IV2 = 2 O tons 

The mngnitude of cxciting vertical load a~ting on c~tch trnnsv~rse frnmc of the founda

tion is: 

Frnmc I: 
Framc II: 
Frame III. 

P 1 "' O 05 X w-• X 1.5/9.81 X 9 X 10' .., O.G!J ton 
P, - 0.05 X w-• X 2.0/9.81 X 9 X 101 - 0.92 ton 
P, - O 05 X w-• X 1.0/9.81 X 9 X 10' .. 0.40 ton 

,• 

¡ 
¡, 
¡, 

~ ,, 
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DYNAMICS OF BASES ANO FOUNDATIONS 

T\111.1' \J.:, Jl¡·~¡·¡ T" ~~~ l'111 11~11" lll\' CoMrUT.\TIO:-is 

1 Pll ¡.;, IMI'I,h \ 1-.!- J, F111 \ 1-!l 

1 lt·Hi~n pa1llllll't1•rs Frn111e l Frnlll<' JI Fnune Ill 

ho ·1 :JO •1 :w 4 30 
- --- t::l 1.35 -- = 1.35 -- = 1.35 

'· :¡ 20 3 20 3 20 

¡, 0.'10 o ·11,'; o ·10 - - = 0.125 ---- = (I.J :10 --=o 125 
lo ;J 20 3 20 :J 20 . 

cr (f10111 h¡.: v 1-li) 0.17 () 17 o 17 

ltl'dll!'l'd ll!'l¡,!;ht h, 111 •1 :w - 0.17 X 0.•18 4 ;¡o - 0.17 X O 50 1 30 - 0.17 X O fJ() 
lfrmn Eq (V I-2-·la)l = 4.22 = 4.22 = 4.22 

H('duced J .. ngth , m :3.20- 0.17 X 0.80 3 :.w - 0.17 X 0.83 3.20 - 0.17 X O 80 
[from Eq (\'I-2-·In)) = 3.0f> = 3 OG = 3.0G 

/¡ ·1 22 4.22 4.22 
l =- --- = 1.39 -- = 1 38 3.06 = 

1 30 • l 3 OG 3.0G 

l,' 1.91 1.9 l 1.94 

/¡ 0.0425 0.06!) 0.053 - O o:!!JO = l.09 -- = 1.62 -- = 1.36 
/A 0.041 0.039 

hl, 
k=- 1.09 X 1.39 = 1.51 1.62 X 1.38 = 2.23 1.36 X 1.39 = 1.89 

lh 

k2 2.27 5.00 3.57 

We thcn determine the nmphtude of forccd vibrnt ions of ench frnme. 
FnAME I. We find the value of eoeftlcient t.(w2 ) from Eq. (IV-6-8): 

.ó.(w1 ) = 81 X 108 - (1 + 0.55)(30.2 + 75 0)9 X 108 

+ ( 1 + 0.55)30.2 X 75.0 X JQ8 = 21.2 X 1QIO 

•: 

The nmplitude of longitudinal vibrntions of the column we flnd from Eq. (IV-6-4): 

A = 30.2 X 10' X 0.69 _8 
1 1.28 X 21.2 X lO'o = 0.71 X 10 rn 

The nmplitude of vertical vibrations of the ccntcr of tho frnme benm span we find from 
Eq. (IV-6-5): 

A (1 + 0.55) X 75.0 X 10• + 0.55 X 30.2 X 10' - 9 X 10' -
t = 0.71 X 21.2 X 1010 - O.ti!} 

"'4.7 X w-• m 

o 1. o 
FRAME FOUN~ATIONS FOR MACIIIN[RY 

TAni.F. VJ-(i ('o~ll'lii'.\'IION'- oF I•:<JIIIVAI.I:NT l\1A:-,:-,I:fl 

1•011 ¡.:,AMI'L~; V 1-:1-1, 1"111 Vl-!l 

Lo111lH nnd 
!'I(IIIV:Ifl'll!. llllli'S('8 

Jo'r lliiiC ) Frnmc 11 Frnn11· 111 

Conc<'ntrnt.ed load 
nnpn~ed on tht• 
f¡ ame heum, tons !"tV 70 :l .... 

1/J 

-----------

Erpuv:d••nl. load frnm 
flllllll'lll'alil wci¡.:h 1., 

0.41i X IV,, ton!'!. O 4!i X 4 2!i = 1.'11 O,¡;¡ X fiJO = 2 71 O ¡:, X ·1 70 = :.! 1'¿ 

-- -----------
Equivaknt. 111:1'-''i 111: 111 

rc•hwcd lo el'nft~rof !i.O + l.!ll 7.0 + '2 74 
1 00 

:~ ;, + 2 1'2 
=o ;,s = () 71 = -·-----

framc hc•¡tm span, !) 81 !U~I \1 XI 

ton~ X "~'':'/rn 

Equ1vnh·nt lond of 
coJnrnn<.;' n f'l~h t-~ 

O :13 X ll'h, tons O 33 X fl fi3 = 2 20 o a:1 x l\ ti7 = 2 2:, o :;:1 X e; :-;:1 = 2 20 

Loud imposccl by 6.0 + 2.-1 X 0.42 G.O + 4.!'i + 2 ,¡ ·1 5 + 2 4 X O ·12 

longitud mal X 3.14 = 9.16 X 0.42 X (:l 1·1 X 2 S2 = 7 3!1 

benms, tons + 2 82) = Hi.f>O 

Eqtnvnl<'nt load 
imposecl on 
columns by tmns-

1 

verse benms of 
fmmcs, t.ons 1 09 ] 55 1 20 

Eqmvn len t. ma«s m, 2.20 + !l.l6 + 1.0!1 2 25 + Jflli + 1 55 2 20 + 7 :Hi + 1 20 

rcduc:ed to top of 
~ 

!181 !181 9 81 
column, tons = 1 28 = 2.08 = 1 JI 
X scc!j¡n 

Thus the amphtude of total vertical vibrnt10ns of 'the frnmc under consulcllll ion 

equals 
A,= A 1 + A 2 =(O 71 + 4 7)10-6 m = 0.005 mm 

FRAME JI 

.ó.(w') = 81 X JO"- (1 + 0.48)(30 8 + 4!l.8JU X 109 

+ (1 +O 48)30 8 X 4!18 X 108 = 12 8 X 10 10 

A = 30.8 X 10• X0.92 = 1 o X w-8 m 
1 2 08 X J2.8X 1010 • 

= (1 + O.·IS)4H.8 X 10' + 0.'18 X 3~1.R X 10' - !l X 10' O fJ2 
A, · ., ":;r¡ . 10.=12.8X10'" . 

= 5.7 X w-• nh .,,,dr' 
A,= A,·+ Az;;-(1.0 + 5.7)J0-8 m- 0.007mm 

lo r ''1 1 

.\ 

,, 
¡t 

1 

! 
1 

[; 
¡¡ 
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TABr.E VI-7. RESULTS or CoMPUTATro:-.s or EovrvALE'iT RrGrorTrEs roa ExA!.!PLE VI-3-1, Fra. VI-9 

-
Parametcrs and 

equivalent rigidrtics 
Frame I Frame II F'rame III 

--

l'(l + 2k) 3 063 (1 + 2 X 1 51) 3 06'(1 + 2 X 2.23) 3 06'(1 + 2 X 1.89) 
96E/r(2 +k) 96 X 3 X 105 X O 042.5(2 + 1.51) 96 X 3 X 1Q5 X O 069(2 + 2 23) 96 X 3 X 105 X O 0-53(2 + !.8!JJ 

= 2.70 X w-a = 1.88 X w-a == 2.35 X w-a, 

3l -3 X 3.06 3 X 3.06 
1.38 X w-e 3 X 3 OG -- =.1.98 X w-e = = 1.so x w-• 

SGA, 8 X 105 X 0.58 8 X 105 X O 83 8X 10' X 0.64 

Dcfiectroo of frame 
beam at center of 
span under nction of 
unit force, m ... (2.70 + I.9B)Io-• = 4.68 x w-• (1.88 + 1 38) w-s = 3.26 X w-e (2 3.'5 + 1 80)10-• = 4.15 X w-a 

Rigidity C1 o{ frame 
beam, tons/m. 21.4 X 104 30.8 X 10• 240 X 10• 

-
Rigidity c1 o! column, \ 

tons/m 2 X 3 X 104 X 0.76 
149 x to• 

2 X 3 X 105 X 0.78 
153 X 10• 

2 X 3 X 105 X O 76 

c-E: A) 
= = = 149 X 10' 

3.06 3.06 3 06 -- ------ -- -- - -

.. 
• 

TABLE VI-8. RESULTS or Co:~tPGTATIONs or LnrrTIXG FaEQuE'iC!Es roa E:tA.YPLE VI-3-1 .\...,o Fra. Vl-9 

Ratios betwcen ruasscs and thc 
Frame I 

hnutmg frcquencres 

-

"' 
m, ¡1 - . 0.71 --

-- = O.OJ --m, .!.28 
r 

uare of frequency of natural nbratrons 
21 4 X' 10• 

of frame beam, considenn columns to = 30:! X 10' g 
o 71 be ah<olutely ngid /1 2, sec-= 1 

---------1-------
Square of frequency of natural vrbrauons 1 

of colurnns, consrdermg frame beams 
to be :~.bsolutcly ngtd fn,•, ::.e~-~ l 

1-19 x ro• 
1 28 +o 71 

i.'i O X 10' 

1 

1 
1 

Frame II 

1 00 
- = 0.48 
2 os 

30 8 X 10' 

1 00 
= 308 X 10 1 

153 X 10' = 4~ S X 10 1 

:! os -:- 1.00 

1 

1 

Frame III 

o 58 -- = 0.52 
1.11 

24 O X 10' 

o ;,3 
= 41.5 X lO' 

1-t'J X lO' 
= 88.3 X lO• 

1.11 .J.. o 58 

o 

o 

o 

:::--=e·.;:,--------------~--·\"··-
- - -----------.~ • ,.. -V ... ~ 
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276 o DYNAMICS OF BASES ANO FOUNDATIONS 

F n un: 1 II 

t.(w') = 81 X 10'- (1 +048)(41.5 +SH3)() X 10 10 

+ (1 + o.1S}·1t !i x ssa x to• = 37.s x w•o 
A _41.5XIO'XO.fli_ . _, 

• - J.TX:f7-:-'ixi(J'" - o.1h x 10 m 

(1 + 0..18}88.:~ X 10' X 0.'18 X 41.5 X 10' - H X 10' O <'IG 
0.58 X 37.8 X lO'" 

1.6 X w-o m 
,1, =A,+ A 2 = (0.'16 + J.(j)JO-•m =0002mm 

lt •~ clenr lhat lhc rompu!t'd nmplliudcs of verlicnl vihralions of !.he foundntiOn 
are lllll<"h ~nwJl,.r lhnn lht• pe11ni,.,~•hlc VlliUP~. 

\\'e r·on1p111e 1 he forced horr7.onlnl (lrausv<'rsc) vibrnlwus of thc foundnt.wn. 
Fu-1. \\t~ delr·rniiiiC lhc crpuvnlcut. muss of cnch frnnH'. As hns bccn IIHhcat.cd, lhc 
mnp;nil u de• of c:u:h of thf'!ic mns~c·s is dctcrmmctl by thc followmg: 

1 Conc<:utralcd nnd dislr1buled lo:uhnp; imposcd on thc frnmc bcnm, mcluding il.s 
O\\ n \\'Cight 

::? :lO pcr ccnt of thc column wc1p;hts 
:~. Lo:uls 11nposed by long1t.udin:d frnmc hc:uns ndJnccnt to t.hc trnnRvcrsc frnmo 

undcr conb~rlcrntwn, !.he dendwPlght of longit.udmnl lwams nlso lnclud<·d 

Thus wc hnvc, for frumc I : 

5 O + 4.26 + 0.:!0 X G.53 X 2 + !U 6 ¡ 
m, = 

0 81 
= 2.13 tons X scc 2 m 

for framc li: 

7 00 + 6.10 +O 30 X 6.67 X 2 + 16.50 
• 1112 = = 3.25 tons X scc1 /m 

U.81 
and for frarnc IIJ: 

3.5 + 4.70 + 0.30 X 6.53 X 2 + 3.5 '/ m, = 
9

_
81 

= 1.40 tons X sec m 

Thc total cquivnlent mass cquals 

m ,4, m, +m, +m, = 2.13 + 3.25 + 1.40 = 6.78 tons X sec 2/m 

We determine the distanee from thc axis of framc 1, along thc foundation, to the 
total equivalent mass: 

3.14 X 3.25 + (3.14 + 2.82)1.40 2 !)" 
a, = 6.78 = : ~m 

The distances from thc common cent.er of mass to the axes of frames Il and III are: 

a, = 2.05 - 3.14 = -0.10 m 
a 1 = 2.05 - 5.0G = -3.01 m 

The moment of inertia of all the equivalent masses with rcspect to thc common center 
of mass equals 

Al .. = m 1a 1
1 + m:az1 + m,a,• 

= 2.13 X 2.951 + 3.25 X 0.19 1• + 1.40 X 3.01' 
"" 31.2 tons X m X sec 1 

o o 
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¡:, .. ,, Eq~ (VI-2-15) "'"' (VI-~-I(i) \\'(' '""' ''"' <'IJIIÍVUir•nt. ri¡¡;llllll!4 r ... fJ:flllf' l. 
11 11 • cll'plrlf'<'lllf'lll &1 rnusr·rl hy a 111111 hnlii.PIIIal forr·r• drrc·dPcl nlonv, ll11· 11\1" nf ¡¡,,. 
frnrne ilf•nm 14 

·1.2f,'(2 +:~X 1 fll) 
01 = 12 X:~ X wií)(Oil:m(l _¡:(;->(151) = ~.H X w-• 111 

The eqmvulcnt. ngidit.y r:r¡unl4 

e, 

For frunu• 11 
·1 22 3 (~ + :~ X 2.2:1) 

00 = -, :..-:-, -,-x-.:J-X:-: H¡¡¡--xlfilii(T ~~ li X 2 -~~) = :112 x ¡o-'"' 

e,= :It
2 
~ 10_, = 0.:12 X JO' lonH/rn 

nnd for frnmr. 11 I. 

ó, 
·1 22'(2 + :~ X I.RH) 

12 X :J X 1tJ6 X O O.I!J(T -,+--':li-X:----,-1--cH•!I) = :¡ Rfi X w-' 111 

r, = ---1
---- = O :l(i X 111' l.o11~</m 

:1 H[J X to-• 

Thr. tolnl rrgulrl; of rdl lhlPI' f•rHnes PqwtiH 

C = (O 2U + 0.32 +O 2G)I0 1 = O 87 X 10' lons/m 

\Ve determine t.hc distunec to the ccntcr of rigidrl.y, nlong t.h<' foundntinn, fwm lhl' 
a~1s of frame I: 

b _ 3.14 X 0.32 X 101 + (~.14 + 2.82)0 2ü X 10' _ ., 'l" 
1 - O.H7 X 10' - ~ .> 111 

The dJstnnce hetwcen the center of mns~ nnd thc Cf'rtlc•r of rigrdrly of llrt~ fl!lutc 1s 

• = 2 05 - 2.05 = o 

Conscquently, the center of mertia nnd tire r,cntf'r of np;id1ty coinc1de For t hr~ 
particular cnsc, Eqs. (VI-2-12) nnd (VI-2-13) for d<'lenr'únrnp; lhc nrnphturlc~ of 
vibratibn are srmplificd. 

Thc nmphtudc of Jnteral horizontal (tran•wcrsc) vibrat10ns of t he foundniltllr ¡oqunb 

p 
A • = -C7"'~-rn(f.,t - w2) 

(VI-2-2fl) 

The ampi.tude of rocking vibrations around the common ccntcr of gmv1ty 1n tlH' piune 
of the uppcr plntform is 

A 'P = M (VI-2-:.!7) 
M .,(f • ., - w2) 

Wc determine thc limif,ing natural frequencics of thc foundation. From Eq 
(VI-2-20) wc havo: t 

J, 1 = 0.87 X 10' .::O 1:.!8 X JO' -t 
•• G.78 . sec 

The total exciting force equa~s; , ':: \ ;
1 

• 

P = 0.69 +p.92 + 0.46 = 2 07 tons 

. - ¡1 
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Tho amplituclo o{ trnnbVcrRo viurntious of tho foundution 1s 

A 2
'
07 o 034 • - 6.7S(O.I2S X 101 - O X 10') • • mm 

To determino tho r•gidity of the foundntion np;ainst torsion, wo havo 

b, ... 2.05 ni h, = n, = -0.19 m 

It follows thnt 

'Y = c1b, 1 + c,b,• + r 1b1
2 

= (0.29 X 2.!J5 2 + 0.32 X 191 + 0.26 X 3.011)101 

= 4.80 X JOá tons X m 

• 1 1¡, ,t' 
From Eq. (VI-2-21) wc compute thc frcqucncy of nnturnl rockmp; v1bro.tions of tho 

foundat1on. 

'Y 4.89 X 10 3 
,, ',. 1": ¡ • .,• = TI-:; = 3 1.2 = 0.157 X 10• scc-• 

Lct us nssumc tho.t !'xcitmg forccs in thc gcncrntor nnd thc turbmo nct in tho snmc 
dircction o.t cach instant of tmw. Tlwn thc mngmtudc of thc cxmting momcnt w1ll 
cqual 

!./ = P,a, + J>,a 2 + P,a, 

= 0.6!J X 2.95- 0.92 X 0.19 - 0.46 X 3.01 
= 0.48 tons X m 

Thc o.mplitudc of rocking vihrntions dctcrmincd from Eq. ( VI-2-27) is 

A., = 3 1.2 (0 . 1~/~ O.O)JO• = 0.175 X w-• rndinns 

Tho lo.rgcst honzontnl displnccmcnt as n rcsult of rocking v1brntions is 
' ' 

' 
a,A, = 3.01 X 0.175 X 10-1 = 0.005 X JO-• m = 0.005 mm 

lOO 

Thus the total maximum nmplitudc of horizontal displaccment of thc íoundation 
in the direction pcrpcnd~eulnr to the axis of the main shnft of the turbine equals 

a. = A. + a.A"' = 0.034 + 0.005 = 0.039 mm 

The latter value lics within thc rnngc of permissible dcsign vnlucs. 

Example 2. lllustrative deszgn of a foundatzon for a 500-kw generator 
1 

l. DATA. Thc motor gcncrator runs at 750 rpm; conscquently the' 'rrcquency oí 
. ' . 

!orced vibrations will be ' 

.., ""75 sec- 1 ..,• - 5.6 X IO• sec-• 

The foundation is dcsigned to consist of six columns and thrce transverso frames. 
Figuro VI-10 givcs a diagram of thc foundntion and thc loada acting-thercon. The 
weight of the rotating part o{ t.he motor genera0r ia 5.9 tona; ita total weight 1s 

' .¡ .. 

13.2 tona. . 1 ,, 1 •• 

o 

1 
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Fra. VI-10. Foundation of Examplc VI-3-2. 
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Tnhlc Vl-!l 1!;11'1'~ dP~t~n rlunenswns of trnnsvcrsc frnmes of lhe foundnfton d!'t.rr-
muwd 111 nrrordnncc 11 tlh Art.. Vl-2 Tlic RlliiH' ~ymhnb nrr usrrl IH·n· n~< m tho 
prccPrlm~~; P\11111 pi" 

'fAnu: Vl-!1. IJicAraN IJrMF:NRloNn FOil l~xAMI•r.E Vl-:l-2 ANil Fw.Vl-10 

Frntur 
"· 111 

/, 111 lA, m• /,, m' k 
---- --- ---

1 :l.G 1 ;¡ -1 2X w-• !J 4 X w-• 5.4 
11 ;¡ (j 1 ;, 1 :.!X w-• (j 1 x w-• 3 5 

III ;¡ ü 1.;¡ ·1 ~X w-• 1 o .¡ x ¡o-• [i 4 

2 Co~II'U rA11111\H Foundnf tntHi llllllrr mol m ji;<'IH'rnlors vthrnt.c mostly m n 
·--rran~vt'I.'C thrccfwn 'J'hprf'ffllt' lht' dym111111' r.ompufntion~ of thc fo111utntwn mny be 

hnllt!'d lo dt•l<'flllllllllli: lhc ¡unplttud('~ of forcrd lumzonlal vibrntions. """ 

TAULE Vl-10 l\TAIN LtMIJS Ac:T!Nfl ON FOUNllATION OF EXAMPI.r: VI-3-2 
AN() FIO. Vl-10 

l..ond~, tonR Frume I FmmoH Fmmc III 

Couc<'lllrntcd lond 111 ccnlcr of frnmc bcnm s¡m11 l.'J 2.3 1.7 
\\'t•tght of fmmc heam . . . •• o • 1.2 0.7 1 2 
Londs 1111pnsed by ln11¡;Jit1dinnl bcnms ndjnce11t to 

1 rr1 11~1 cr~c fr:une .. . .. 2.6 4 5 3.6 
Wct¡:ht of eolumns '. ... ' .. . . 1.7 1 7 1.7 

Tnblc V 1-10 givcs t.he mngnitudes of the mass loads (in tons) acting on the 
fou ndat 10¡¡. 

The eqtuvalent. masses are: for frume I: 
• 1' 

711¡ 
1.9 + 1.2 +O 30 X 1.7 X 2 + 2.6 O 66 !)_

81 
= . ton X see1/m 

1, 1 '' 1 1• 11 

for frame 11: 

2.3 + 0.70 + 0.30 X 1.7 X 2 + 4.5 
7112 

= ' !).81 ' 
= 0.88 ton X sec 1/~ 1 ·· 

and for fmme III: 

1.7 + 1.2 + 0.30 X 1.7 X 2 + 3.6 O 76· ' '! 
m, = !),

81 
= . ton X sec m 

The "total equivalent masa is 

m = O.G6 + 0.88 + 0.76 = 2.30 tons X sec 2/m 
' ' ' ':\ llo~ 1 ' 

\Ve now determine the distance to the total equivnlent masa, along the foundation, 
{roro the axis of framc 1: 

1.71 X 0.88 + 3.10 X 0.76 · 
1 67 a 1 = 2.30 = · m 

• ), ' 1.1'• 

The distanccs from t!Je common c~nter of mass to the axes of frallle.sM and III are 

',. 1< 1 "a,· .. '1.67- 1.71 ... -0.04 m "' 1
" 1 • 

aa - 1.67 - 3.50 • -1.83 m 

o 

' 

j 

o 
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The moml'nt of in!'rtin of nll cqt11vnlrnl mn:"Scll 11-ith rr:<pl'cl. lo the cotnu1on <'l'nlt·r 

of mnBs cquals 
fo(,. = 111 1111 2 + m,n,• + m,n,• 

- O liü X 1 li7 1 +O SS X O IW +O 71i X 1 R:l' 
= 4 3 t.ous X m X ~1'1' 1 

\Ve compute t.hc cr¡uivult•nl. rt~trlttll·~ r>f r•neh frnmc. for frnnll' 1. 

• • 

-----=-:1.6'(2_ -t :l_ X 1)_.·1) --· ·- --- = 1 li8 X w-• m 
&, = 1:.! X :J X 10° X 4.2 X w-•(1 + li X li.'l) 

c1 
1 = O 5!l X 104 ton~/111 

= l.li8 ;;;no=• 
(or fmme II: 

:¡ IP(2 + 3 X :! r,) "" 1_74 X JO-• m 
01 = ]2 X 3 >(J.¡je-)( ;¡-~X--I-o--3(1-:¡::-iix:f."f,) 

('• = ___ l ___ = 0.57 X w-• tons/m 
• 1.11 x w-• 

a11d for frnme 1 1 1 
:l6'(2 + :1 X 5..!) = 1 tiil X 10-• m 

•h = -~~2-x-:~J_..,X-I:-:O¡¡X 4.2 + w-9(1--0\ X 5::-t) 

e· = --1
-- = 0.5!) X 10 4 lou~/m 

.• I.G8 X w-• 

The total rig1dity of all frmnes is 

C = (O 59 +O 57 + O.li!l)IO' = 1 ¡¡¡ X 10' ton~/m 

Wc determine the diRtance to thc cent.e.r of ri~idtty, nloug 1 hl' fouudtLf.lon, from 

thc axis of frame I: '.l 

(1.71 X 0.57 + 3.10 X 0.5!lll0' _ 1 lil 1 b, = ~ o•· - . ' 11 
.• .l. l,-t5 X 1 1 

. : ¡,. 
Tbe distance between the crntcr~ or. ~ass al1d ri~irlit.y of thl' foundnliou i~ 

¡· 
• = 1 6i - 1.61 = O 05 m 

To determine the ngid1ty of t.he foundntion ngninsl tor~ton, we huve: 

b, = J.(jl lll 

b2 = a 2 + • = -0.04 + O.OG = 0.02 ur 
¡,, = a, + • = -1 83 + O.OG = -1.77 m 

Tbe rigid1ty of the fonndnf.ton 1t~nin1t torsion is t he11 

'Y= (O 59 X l ('¡1 2 +o 57 X 0.02' +o 59 X 1.77')10' 
= 3.65 X 104 toi1F; X m 

From Eqs. (VI-2-20) and (V I-2-21) we compute the linuting frcquencies of natural 

vibrationfl o( the foundation: 

1 • "" 1.75 X 10' = 7.6 X to• sec-t 
•• 2.30 

1 • ... 3·65 X 10' "" 8.5 X 101 sec-• 
"" 4 30 i 
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Thc ~qunrn of t.ho radruH of gyrntion cqual~ 

W e lind 1 he vahw 

JI[ 
r 2 

- ~ - 4.30/:.!.30 ... 1.8ü m 

('{ = 2 
1 + ;t = 1 + O.fl62jJ.8fo' "" 1 

1 .. 

In thc cn~c un.dPr considcrution, a dops not di!Tt•r much from uhity; th<'rcfor<' thc 
natural frcrpu•n<•resf., nnd ¡., nf t.loc foundntion, dPtPnuinPd as roots of Eq. (VI-2-3ii) 
doiTPr Vt'ry httlc from thc hmitinv; frN(III'IH!l<'H ¡.,ami¡., . . 

1 
' 

Aeeor~lr_nl!: to EfJ (VI-2-'1) wc <letPrmoue tlu· d<•,iv;n value of t.hc rndms of unbnlnncc 
(ccccntncrt.y) of t.hc rotnlin¡!; massrs of lhe motor v;cncmtor: 

ro = 500/iii02 = O!) X JQ-3 m r t!!r Ir 

Thc cxcrt.rng force imp~scd hy ull rotat.inv; mn~scs of t he mot.or v;cncrntor cqnnJ.q 

P = 0.9 X w-• X 5.!)/!).81 X !) X JO• = 4.8 tor;s·' 1 
' , 

Assumrng, ns 111 thc prcecuing Pxnrnplc, t.hat thc unbalnnccd st.ulc rdcrs only to 
t he stalrc loads, ''e obt a in for 1 he cxciting momPn t : 

JI! = 1.9 X 1.67 - 2.3 X 0.04 - l. 7 X 1.83 = 0.06 ton X m 

Thc influrncc of thi~ moment on thc amplitudes of forc~d vibmt ions of tl;c foundatron 
may be n<'glcctcrl. · - , : 

Thc amplit.udc of horizontal displacemcnt is oht:u?cd fro~ 1 Eq. (Vl-~-26). 
. ' ' 

1 4.8 
1 

• = 2.3(7.6 - 6.1)103 1.4 X w-• m 1.4 mm 
1!¡¡ 

Thc f~rcg~ing computnlronb show thnt the vnluc of onc of thc natural vibrnt.ion 
frcqucnc1es 1s cl~se t~ lhe op~rntional frcqnency of thc cngine; 1t follows that the 
amplitudes of v1brntrons consrdcrnbly cxcccd pcrmissrble valucs. The foundatron 
should be. brought out of thc zon~ of rcsonnncc; this m ay ·be done by. incrcnsing thc 
cross scct~ons of t h~ columna to 0.6 by O. 7 m instead of the dimensions 0.4 by 0.5 m 
acceptcd rn thc drsrgn. 

1 11 1 ¡ 1 ,1 1 
1 ' 

'.' "' 

1 [l 

,1 ·'· ' " ,. ... 
1" ' 1 " 1 ,, 

: ' 1 .,!. ''• 1/¡t fq¡¡¡, l 

11 

' r. .,,,., 
' "' ' ' ' 1 '"" 11 ,•¡, 1 1'' 

1 1,, 1 
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VIl-
MASSIVE FOUNDATIONS 

VIl-l. Massive Foundations for Motor Generators 

C:enrral Nemarks in Nrr¡nrd lo /Jcsign ami J>csi{/11 ('om¡llllrrltMtg i\lolor 
gcncratol" usu:dly ope1nle at. mueh lm\t'l spc~Pds t.han ltu hogt'IH'J:ilr••~ 
Thcreforc nt~eordinJ!; t.o J•:q. (VI-~-·1) t.he l'c<:<'llllit'ily of rulat.111~ 111:1~"''~ 
in motor gen PI:.' (li'S and analogottf> clccl1 it: m:Lt·h 111cs i~ t'OII~idl'l a hly 

I:trgcr than in turhnJ!;cneratms. Th1s is indu·cel ly confunH•d h~· 1 l11• 

res~1lts tlf nH•asurcmcnt.s of foundat.ion vihr:ll.tons. 
[f thf' Cf'Cenl.ricitif'S i11 motor J!;l'llt'l':tlors Wl're indccd of tlw S:tll1f' onder 

as 111 t.tlrhogPÍiclators, t.he cxt·it.1ng fotccs impoRcd hy motor generatlllf> 

would l·1e so smnll that thcy could not intluee appreeiahle Yrht:llrons. 
cvcn under condttions of JNlOII:tJH~I', wlwu thc frcqueney of vihr:lltnn.:, 
approachcs one of t.he natural frcqucnei<'s nf t.hc fnundat ion., Thcn no 
dynamic eomput.at.ions of fottndation vihtations under motor gPtH'I:tlnr~ 
would he necdcd. Ob'icrvat.ions show, ho\Yt'VN, that. t.hP found:tlln'l" 
under low-spccd motor J!;enerat.ors ( up t() 300 1 o 'lOO rprn) ofl Pll IIIHkrg" 
vibr:at10ns with amplt tu des of t. he order of 0.1 lo O :3 mm. Foundn tron~ 
we1g,hing ~cvcral hundrcd tons may undergo forePd vihrat¡ons with Hteh 
amplitudes only when exei tm~ loads n re In rge. lf one is t o ta k e t h(> 
eeeentrieity of rotating masst's in the motor gcncrai.Q_l' as ha\·ing thc :-ame 
value ns nt t.urbogencrators (0.2 mm), thcn for a ii:i-t.on wcight. of rotal in~ 
maF:ses of n. motor gcnerator with a speed of ::lOO rpm, t.hc Yalue of cxcrt.ing 
forces gcncratcd will cqual only 1.5 tons Such an cxeiting load, Pvcn 
under eondi tions of resonanee, cannot induec vihmtions ''wi th an a mplt-- -
tu de of thc order of 0.1 to 0.3 mm in u foundat ion \Ycighing sn·cml 
hundrc1:1 tons. 

Thus thc n·sults of inst.rumentaJ:\mensur('mcnt¡¡ of vibrn.tions of fm,·
frequcncy motor gencrators providc a basis for the nssumption thnt in 
these maehincs the cccentricity.,of rotating musscs is much largcr thun 
in tur~ogenerators. ·¡ : 
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284 o OYNAMICS OF BASES ANO FOUNOATIONS o 
Stress annlysis of 11 massive founJatJon is,not rcquired bccnuse of thc 

:-mwll ma¡_!;nitudc uf strcRses imposcd by stat.ie anJ dynamic externa! 
loaJ:,, In addi tion to the com putation of amplitudc!:> of transvcrsc 
vi hratwns, it is ucccssary to ccn tn thc fouuda tion and ehcck the mag
llltudc of the prc~~ure imposcd on thc soil by its wcight. The permibsi
blc prc:,~urc on thc soil muy he takcn to equal the permissible prc:;;sure 
undC'r conditions of static loading only. 

Thc fouudat1on is built of concrete; the upper part is made of concrete 
typc IOO,t all(l the lower slah muy be madc of concrete typc GOt or 
cyclo¡lC'an eoncretc. In portions wcakcncJ by opcnings and groovcs, 
thc foundation is rcinforccd to lit the lield conditions; approximately 
20 to 30 kg of stcel are uscd for 1 m 8• 

E.rample. Dyna111rc rompulalro11 

l. DATA A dyunrruc computat10n of the massive foundation under n 3,000-kw 
motor gl'ncrator ru11ning nt 300 rpm is to be perforrned. F1gure \'11-1 shows the 
mn111 duucn5ions of t he foundution ~clected 011 the bas11. of construction ns~ignmeuts 
from the engme mn11ufacturcr and the client who ordered the des1gn The staliC' 
loads and polllts of nppllcnlwn nre nlso shown m thc figure. 

Geolog1c con(litions are as follows: locsqial clny with somc sand C:\tcnds toa rlPpth 
of 28m, it:; m01:;turc eon'tent is nbout !J lo 10 per cent; it is underlaid by dense brown 
clnys. The ground-wnter leve) is nt n deplh of B m. The following cocllicicnts of 
clastJcity of thc soil ha ve bcen establishcd from invcstigations ofita elast1c propertiea: 
Coeffic1ent of elo.stic uniform compression: 

c., = 5 X 103 tons/m' 

Cocfficient of elnstic nonunüorm comprcssion: 

e" = 10 X 101 tons/m 1 

Coefficicnt of elnstic uniform shenr: 

rT = 3.5 X 101 tons/m 1 

The foundation 1s to be crected in n mo.ehinc room with severa! operating motor 
generators. Thc width of thc buildmg docs not permit inercnsing the w1dth of thc 
foundation beyond that shown in Fig. VII-I. The distnnce between footings under 
columna and motor generators is 25 cm. 

The following valu~s necessary for dynamic computations werc cstabhshed from 
ealculntiona: - · 

Weight of the foundation (taking into account al! eavJtiea) and engine: 

JV = J ,136 tona 

Mass of ihe foundation and engine: 

m - 115.7 tona X see'/m 

t See íootnote, Art. IV-1~, p. 132. 

~= 30rons 
W6 =B llons 

w3 =lO 31ons 

w1 =e 31ons 

W1 = 23 4 lons -
( toundol1on slob) 

r , 

MASSIVE FOUNOATIONS o 28$ 

Cross secl1on I- I 

W5 = 11 65 lons 
1 si olor ot the synchronous 
motor) 

V•ew lrom obove 

----i 

Cross seeflon II-O 
~ 

_-w1 =lO 75 
0 /' (ormolure ol clectromogncl 
o' _ ol d.recl-currenl molar '.!Jz~ tons l + we1qhl ot !he beonnq 
0 I 1 5 lons) 

= 

' W2 = 30 lons 
(rotor ollhe synchronous molar 3 ~ 2 lons • 
ormolure ot eleclromoqnel ol d.rrcl-currenl 
motor t we1qhl ol !he beorrnq) 

FJG VJJ-1. 1\lassivc foundation for 3,000-kw 300-rpm motor gcncnttnr of C\nlnpiP of 
Art. Vll-1. 

Foundation arpa in contaet w1th soil: 

A =!lG.Om2 

Distan ce hctwecn the leve) of the foundation c-ontnc-t :1rca w¡th sor! nnd the com mon 
ccnter of rnnss: 

h =.,4 6 111 

"' .. 
Momcnt of i11ertin of the foundnt1on contact arca with re11pect to tlw long1t11 d 111 nl 

axil! passing through thc> ccntrouj uf tlll' ronlact nren · 
• -'' ,-l 11;. •,: ll \ '· ' • 

'J ;¡•' 
L ~ 1 -.. 4-10 m• 

•f 

'¡ 

1 
1• 

1: 

,, . 

" 1 

' 
' ,, 
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l\Iomcnt of mcrt1a of thc mnsR of lht• fourulnt1on nntl l'llf!:Íne with rctJpcot to tire snn1" 
nx1~: 

l .. = 3,!J74.G lona X m X scc 1 . , ,,,, 

l\Torrwnt of inl'rt.in of the rnn~s of tire fourul:tt ion nnri en~ln!' wit.h tc~pect to the axis 
whu:h passes t.l1rough thc cent1•r of gmvit.y nnd is pcrpcudictllnr to the plano of 
vrbmtrons: 

1 o = 1 ,!i IO.G tons X m X sec 2 

l!:lt.io hct\\ ecn tlrl' mornent.s of inNtin of mnRRI's: 1• lll\ 

:r =. o.:ls 
o~ll 1 

2. CoMl'UTATIONS. Usin~ thcsc dntu, wc bcgin by cstnblishmg ihc frcc¡uency of 
natural vibrntiontt of tire fourHlntion. Tire frcqucncy of nnturnl vertical vrbrntions 
(frorn Eq. lii-1-5) ia 

! 1 5 X 1 o• X 96.0 , 
1 •• = 115_7 = 4.1 X 10 sec~ 

¡,,¡ 
f., = 6,1.3 scc-• 

Thc number of natural vcrtrcnl vibrat10ns of thc foundntion ia 

N, = 9.55/., = 9.55 X G.1.:J = 614 miu- 1 

The difTerencc between thc munbers of nn.tuml vibmtions nnd forccd vibrnt.ions 
cquab per ccnt . , 1 • 

= 614 - 300 100 
,'1• 300 

1 1 11 

105 pcr ceut 

Hcncc, the dcsign of t.he foundation is ~nlisfactory in rcgnnl to vertienl vibrntions. 
In arder to determine thc frequencics of nntuml vibrations of thc foundal.ion /. 1 

and ¡., in a transverso piune, the limil1ng frcqucnews /." nnd /u of thc foundation 
should first be eslablishcd. From Eq<>. (III-2-G) and (111-3-2), we havc 

f 1 10 X lO' X 440 
1 

, 
• "" = 397 1.¡¡ = 1.11 X 10 scc-

/ •• 1 = 3
·
5 

XI :~.'7 X !JG = 2.91 X 101 sec-• 

Then we obtain , 1 ,, , 

'""'' + ¡ •• • .,; 1.11 X IQ3 + 2.!H X 10' = 53 X lO' , 1•1 
2-y · " 2 X0.38 ,,. . "'""'" 1 ... 

•·· • · / • .,:¡ •• • 1.11 X 103 X 2.91 X 103 = 
8

_
5 

X lOo 
: '' "Y ' 0.38 ' ' ' -1 ,, 1 i ' 

Accordmg to Eq. (III-4-8), 

Ilence 

/,.1.1
1 = 5.3 X IO• ± V28.0 X 101 - 8.5 X 10° "•·"''' 

= (5,3 ± 4.43) 10' seo-• 
¡.,• = 0.87 X 103 see-• 

.. , . : /.: = 29.5 scc-• 

Thus the mínimum number oí natural vibrations oí the íoundation. is 
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TJriq difTcrn from tho npl'tntionnl IIJil'l"ll of tl11· l'llgrne hy ouly 

2R2 - 300 
"' = --:_¡00 -· 100 ,., -3 ¡n:r r .. rrt 

Tlu·n·fon• il. t'IIIIIH•n,~umed lhnt. if llu· toll\1111¡:!; mn~"·~ of ll10· 111111"' 1!:1'111'1111"1 1111' 
orrly ~llglrtly out of hnlmu:e, eon~iclnnlch• fr:lii~VI'r'" vrlHnlllllr~ 1•f tl11· fo11ndn11nÍr 
mny ¡J,~vl'lop. lt. follm1H t.lrnt lllf' di'Hign of llrl' forrudatrnn r~ 1111l ~llll,flti"I"'Y 111 
n·gnrd to 1 hl'R!! v1hrnl ioru• 

3. 1\lollrt'lf"ATJoN. Tire dimc•nxiorr~ of lhl' mndlllll' nrrd fl11' hu1ldrng dn 1101 JH'IIIIII 
nrry ''""~"h•raltiP ¡•Juu•l!:"~ irr fnt1111l:•f 11111 
w1d1 h ( 'hnugcR 111 1 hl' . dc·pf h of: tl11• 
forrn.J:tf 11111 or 1111 iuc1 1'11~1' 111 1 hn four11ln
t1orr ku¡.:f h Jmq' ver y hl tln intluo:n!"e orr 
lhc ftCfJIICIII'Il'S of n'¡llllr:JJ VliHO.IIOII~ of tire 
fnunchLlrnn; tlrcn·forl' thc orrly wny lo 
in!"rcnse lllf'lt vrtluc 1>< lo rueren~c nrl ifi
cmlly the TIJ?;Hirly of the 1"''1! uruiPt t.hn 
fourulnt 1011. 111 thc• en'" uud1·r '"ou~ulf'rn
tion, th(' IH'st 1\lly In ac·luc·v1~ nn lllf'll'!l~f' 

in thl' rr¡.:ulrt.y of tlu~ hn"' 1\oulcl hl' lh1• 
provr~1nn nf ¡,Jrorl. ronH·:rl pn·en~l. tl'ln-

o¡ 
'• 

' U' 

l 
7 
o<) 

¡ __ 
"' 

52 Slrouss ptlrs d=03m, l ~ 3 ') rn 

1 ¡. -f 1· ¡. + + + -1 ·1 

-f + + -f ¡. + + + + + + + 

-----
~ 

+ -t- + + + + + + -f 

+++1-+++1-+++ 

forc .. d-,.ouercll' (1111'" lln\\1'\'l'r, tire ll~e 1'111 \'11-'2 llixflll•lll.lllll of ~1111-C'Il,l. 
of tlrc~c prlc~< would rNtnrrc 1\ compnrn
tivcly lo u¡!; t.Ím(' for t hf'lr c:n ,11ng nnd 
currnp;. ln ndcl1l1on, tire cl11\ 111g of p1l1•s 

<:lllll'll'l.t' hnrl' p1Jco~ lllld1·r 1 ¡,.. fnund:t-
111111 of Frg \'11-1 

insidc a Ln1l1lmg wit h lu:ll'lllnt·" 111 o peral 1011 \\ onlcl cnn~t' ¡·on~lcl<·mhlc· 1111'1111\ 1'11"'111'1' 
Thcrcfore the decr~1on \\a~ tnke11 lo incrl'll'<l' tire• rlgrcJ¡fy of lht• ha-.•'h) tlw l!l"l"l!a-

tion of 52 s1tu-cnst borc p11<·~ syllll'm f'tmu~", I'RI'h 3:; 111 Ion¡!; F1¡.:11r<' \ 11-2 ''"'\\ ~ 
the dist.r1bul1on of the~e p1lcs in pln1i 

The coefficicnts of elaslierty of fluclr n p1le ha~!' nre nhout. tht('C 111111'~ lnrg1•r lhnn 
lhosc oí the nnturnl base under the foumlnl1ou Onl' cnn tnkc fur tire p1le ha~c 

e" = 30 X 10' lou~/m' 
Cr = Hl.5 X 101 IOIIR/111 1 

Lct us compute the forr('d vihrntions of llr(' foundal1on rna lrnnsv!'r~c pl:1nc \\lr('n 
piles are uscd: 

From Eq. (111-4-8), 

¡ •.•• = 

Hcncc wc have 

/.,,1 = 3 X 1.11 X 10' = 3 3 X 10' S('c-• 

/.' = 3 X 2.91 X JO' = 8.72 X 1~3 scc-• 

(
3.3 + 8.72 + _ /3.3 + s 72' _ 3.3 x 8 72) 

10
• 

2 X O :J8 - "J 2 X u.:l8 O 38 
(15.7 ± 12 3)103 

¡.• = 20 O X 10' ~ce-' 
¡,• = 3 4 X 103 l'cc-• 
¡. = :;s sec-• 

We find the multiplier, 

A{w1) - mi o(/r 1 - w1)(f,1 - w 1 ) 

115.7 X 1510.6(29 - 0.9)(3.4 - 0.9)108 =- 12.3 X 10" 

,, 
li 
il 
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Ar·rordm~ lo Jo:'lR· (111-·1-1) nnd (III-1-12), the ampht.udcH of fon·ed vibmtmns of 

t he foundnt 1u11 11 11l eq111LI 

"~ .. 
_:!0-'--X-'--I_O_' -'-X-'--·I_·I_O __ I::...:l...:.:1-.:.G...:X:...:......4~ . ..:..6_+~10.5 X 1 O' _X !lli X (4 .6) 1 

- 15 W .6 X O.!) X 10' p 
12.:1 X 10 12 

+ 10·5 X___!!_l~-~~(i X 4 .~ M = (271' +O'HM)JO-• 
12.3 X 10" ' · ·· • m 

~ ~Q:~X IO'_~_!Hi_~_4_:9 p + 10.5 X HP X !IG- 115.7 X 0.9 X 101 M 
1 :.!.:1 X 1 n" 12.3 X 11J u ' 

= (1.711' + O.OO.lf,)IO-• 

Thus t lw 1 ot nlnmpliludc• .,¡ horiwnlnl v1hrnl iPnH of Jiu• 11 ppPr llllrl nf 1 he foundation 
cquniH 

A=A.+h,A., 

11lwre h, = 3 45111 i'l t.he di~tnnce from lhl' commou cenl.cr of the l'nginc and founda
l.lon lo t.he top of thc foundat.ion. Inserting lhc numcrical values of A. nnd A.,, we 
obtam 

A ""(2)P + 6.27M,)JO-O m 

The cxcit ing monwnl. Pqunls 
M, = PJJ 

wbcre /1 = 5.2 m 1~ thc di~:>tnucc from t.he axis of t.IJC mnchine sbnft to the common 
centcr of gravity, t lniR 

A = 27.7 X l0°P 

· Accordmg to thc d.üa from the planl, t.hc dcMi~u vnlue of thc rotor wcight is 
nround 60 tons, nn rrpproJo.irnntc vnluc of thc cccenl ricity r 0 of rotnting masses m ay be 
takcn as ten times t.hnt for lurbogcnerrrtors with spccds of 1,500 rpm; i.e., ro = 2 mm. 
Tbcn thc design vnluc of 1 he e>.citing force cqunls 

P = 2 X w-• X 60/!l 81 X O.!l X 10 3 = 10.8 tons 

Inscrting this vnluc of P int.o thc cxpression for thc nmplit.udc, wc obtain 

A = 27.7 X w-o X 108 = 0.3 X w-• 111 = 0.3 mm 

For low-frcfJIIPJJcy motor generntors, thc permissible d!'s1gn valu'e of amplitude of 
v!brations mny be tnkcn to cqunl O :30 mm; lt follows thn~ th~Joundntion undcr 
consulcrn.llon sat¡sfics the c:onditions of dynnmic ~tnlllhly._ 

Vll-2. Massive Foundations under Turbodynamos 

Basically, massive foundations undcr turbodynnmos are blocks with 
cavities and grooves for individual pat·ts of thc machinc or for mount,ing 
am..iliary rq uipmcn t. Su eh a foumlution consi~t.s of an upper pnrt 
de:,ignrd as a ve1:y rigid box or ns twO'walls with gmo\'CS and openings, 
and a lowcr foundation slniJ tmnsmitting the load to thc soil. ~pcciul 
design fcatures oí massive foundationB" for turbodynamos are sccn m 

• 
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1 Í¡.!;. \' 1 J-:!a nnd [1, whi('h 13howH a ¡!;I!IH't al \'Í«'W amln longlt.udn11d ~ct.lwn 
of a fcnnulalion for a 1,~110-kw l.lnl•wh 11111110. 

'J'he npp«'r part. of t.his foundat.iou •·onsist.s of n ~~ompli•·:tl.l'd «'oltd>lll:t

t.ion of 111chvidual si.I«WI.uml 11111t.s· g:ildl'rs_. l'olnmn:-., \\:tlls, :-.1:.1•-., 1111,¡ 

ot.hC'rR. J)ynttlllÍI' and stat.ie I'Oillplll.:i 1 ious of t.his p:11 t. of a. fo111H 1:! t 1011 

t.hercfore involvn a hiJ!;h lkg:rce of uppro,.,im:lillllt. 'I'IH" dinll'll'-'1~>11" uf 

tite upprr part. of t.hc foundat.ion and Jt.s iudJ\'Jdnal 11111ls aH~ 11:-.n:dly 
cJ!'(C'I'IllillPd by t.hn eonsl.rtll'fiOII al':--l(.';llllll'llt Jll<'(l:tl'l'd !Jy tJw lll:H'IIIIlC 

,: 11 1'tnltfact.un~r: 'J'hus :t lksÍ!!:IH'r's task is li1nif«od lo d«·il·ltlllliÍIIJ!: t.he 
uimell!>ÍOIIS of t.he Jo\Vf'r folllld:tf,jon ¡.;)aJ, alld dc•sil-':llill¡!; t.JH• ll'lllfPII'('Jill~ll¡ 

tal 
' \'~ 

Fw. VII-3 Foundnt10n for fL 1 ,200-kw Lurhodyr1nrno. (n) gcnl:'rnl vww, (h) lon~•lud111nl 
scctron. 

l ' ~' 1 t• 1 '¡ 1 ' ' 

for t.he foundnlton. J·:~~tlntial points of lllhllllel.ion for thc «'OII:--1.11·· ,;,

of fra me founda tions g:i \'e'n in A rt. V J -1 ~hould he follo\\'l·cl in _t lw d'''ll!;•• 

· of massive foulld:tl.1ons fo1· turhodynamos. Conc1cle t.yp«' 1.-.ot 1'> 11 "~"d 
for the uppcr p:ut of a massivc foundatum, nml con(:lcff' t.y¡w JOOt for 

the lower foundation :-.lah. 
All structural units of thc uppcr part. of t.hc fonndat ion are• dP~ig;nrd 

so that thrir numbcrs of natural vihmtions should not IH' smaiiN lhan 

3,000 min-I. . 
Un balanceo iuertial forccs of turbodynamos muy Induce vil•1 al 1011~ of 

the founuation as a rlgiu body on a11 cla,.tic !tase, as wcll a.., v1l11al IOIIS 

of the-separatc st,ruetutnl dcrncnts eons\.Ilut.ing tite foundation. , 
. ExpcriC"ncc in opcratinJ!: high-frcqumH~Y t nrhodynamos has n_ot re\'r:~lc:d 
a11 y cases of ¡.;jgnificant vibrations of massivc foundations acllng ns lt¡!;HI 

bodies on clastic bases for the following reasons: 

t Sec footnote, Art. IV-I•c, p. 132. 
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Tlw na Lm:d fn•q tH'Il<'I<'S of found:d.ion \'Í hra t ions :tr<' 11sua lly smuller 
than tlw o¡wration:d fn•qnen<'Í<~s of hi¡.!;h-fleqiiPHcy Ltllhodynamos, and 
it ¡.., h:11 d !y po:-:-.1 hl<· !.ha t. t.hPsc t.wo fr<·q IH'III'Íes will l'oineidc-. '11 igh
frl'c¡twney LnriHJJynarnos nt<~ wcll bn.lniiCPd 111 I"<'J.!:llHI to huth stat.ic and 
dyn:uni<~ load:-.. ThP1r :u·IH:d <'<:<'<'lllri<·it.ics (Art. VI-:!) do not. cxcePd 
:¿ mnt. 'l'li!•l<'forc• t.hP PX<·ifiiiJ.!; loads inducing; foundat.ion vihrations un• 
n·l.tl i\'l·h· :-.llt:dl. 

1•:\'!·n und<'l t!J<• rnost. unl'avorahlt> eonditio11s, !he l':\<~it.in~ loads e:w
noL iJJdll<'l' ,·ihl:tfions \\tf.h ÍlliJl<'l'llll:-.:-ihlt> :tmplit.lld<'s, hPeallsf' t.h<' fo1111da
tion ma:-,s '" l:trg;<' in ¡·omparison wi!.h t.IJ<' ntass of rotating rnadtin<~ part~. 
In thc c:l:-,(' of lllg;h-frP<¡II<'II!'Y vihrat.ions, tlwrc is considcmble infltWIII'C 
of f!:unpÍII!!; fore<~s In onkr t.o appro'\lm:tkly cvaluatc this intluen<'P, 
IP! us comp11t.<~ thc ampht11dc of found:Lt.ion vibrat.ions under the most 
uJJfavorahlc cundit.ions-at. rc-sona11cc (i.c., when w =f.,). The ampli
tudP of VPrti<:al vihrations of tlw fuumlation as a rigid body on an elastic 
base can then Le p<;f.:thlislw<l from Eq (111-1-:21): 

J>, 
11 = ---

' 2mcw 

whcrc m = mass of foundat.ion :wd maeh111c 
e = dampin¡; <·onstant whosc- valuc muy be takcn as proportionn.l 

to frcqueney of vibrations, i.c., e = r¡w 

TIH• m:nimum valtJC of the vertical componcnt of the exciting force 
cq11als 

whcre r0 = ccccnt.rieit.y 
m 0 = ma-;s of rotat.ing pnrt.s of machine 

Inscrting cxpressions for P. nnd e in thc formulas for A,, wc obt.ain 
thc following c:-prcsr,ion fur thc nmplitudc uf. vertical vihrations of t.hc 
foundation at rcsonancc: 

l ro¡¡. 

2 r¡ 

whcrc'¡.¡ = mo/m is the ratio betwecn thc rotating machinc masscs and 
the total mass of thc foundation and machine. 

For turbodynamos ¡¡. cqu::ds approximatcly 0.05; thc value of thc 
coefficicnt of proportionality 71 may be taken as 0.5. For these values 
of ll n.nd ?1, we obtnin 

Even for ro = 0.2 mm, the maximum amplitudc of vertical vibrationtl 
of the foundation to be expccted undcr conditions of resonance will be on 
thf> ordor of only 0.010 mm. Vibrat.ions of 'such an n.mplitude are not. 

o 

G 

o 
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~lan~<'IOIIH i\et.twl 11111plitud<·~ of fo11ndaf.io11 vrlllnft~tn;. al< lllll< }¡ 

:-.JJJaiiPr, IH~e:tll:-.1' it. i-; lt:lldly l1kl'ly t.lmt lht• freqll<'llc:il's olnul1u:d \t'rlrc:tl 
vihrat.ionf' nnd tiJI: frcqucncie::; of l.lre mncJ,inP will eoini·Jik TIH_nl'ioJ<' 
in dcsip;n comput.ulions of maf-.:-.ivc fouJJdniJOIIS undcr l.tuhody~tamo:-. 

wit.h spet~tb J!;ll~af.t•r t.han 1,000 rpm dynalllil' t·ompulal.ioll of tlw lotiiHin
lton as a 1 igid !Jody on an Pl:tsl.ic hal'n is no t. n·q11in·d 

In ordcr f.o prew11t. t.ltc vihr:tl.ion of indi\·idual unils eon:--!Jfntin¡.o; !111· 
follnd:dion. iL IR aJvi:-.ablr t.o ··IH'l'k r.ltem m; f.o d:tll~t:r of 11':-,0ii:tll!'t' 
t.lu"'t ;1<-:--i¡?;n t.IH·m f-.o !.h:tt t.IH'ir nat.ural frcqtll'llf'Í<'s \\illlw 1:11~<'1 ll~:111 lhl' 
operat.ional fn~<¡lll'lll'Í!':-- of IIH' lll:tl·hint• 

lnVI':-,f.i!!;afioJJs of 11'-,on:tiH:P should ltl' p<'l f<>lllll'd 1111 t.rall:-,\'<'1':-,<· glld<·rs 
of t.hP. fo11ndat.ion whidt s11ppo1 t. llw Jn:« htll<' lll':tl'lltg'-', h<'<':tll:--1' il 1s 
t.llf'sf' ~irdc1s whil'h <::LIÍ·y Lll(' dyn:tllll<' loads imp<>:-,<·d hy Lhe Jn:r~lllll<' 
l11 t.lu~ eornpllf:tlioll of fr<'t¡IH'IIc'i<'s of llaf.l!r:tl nltral.1oll:-, of t!J('"I' l'i<'llH'IIh, 
fornllll:ts for f-.in~IP-d<·~J<'t'-of-fi<'Pdont syslt'lll'-' may !11· 11:--<·d 111 ''"' 

with a stdl~t:ÍPnt. degree·of applo"\Íill:tlioll \VIwn <'OillJHlllll~ dl'!ltTII<IIJ:-
oiH~ sho11ld .:onsider.only t.ht• d•·ad load:o. •·ani<·d dil<'' ti.Y lty tlw <·lt·JIH'Itl 
:-.t.udiPtl. 

Ili~h freqiiPil<'ÍI'S are eh:u:tt:f.t'IÍ;wd h~·I:IIJ.!:<' d:tnlpllt¡.(f~>lf'I'S dnl'lop111J.!: 
as a n~sult. of vihrat ions o(iruJ¡ \'Jd 11:tl 1111 i !.-:. Tl11:rdore, for follnd:illon:-
undcr t.wbodynamos wilh :--IH'<'tb ~n·alf'l' than :J,OOO rpm, t.h<'l<' 1" no 
ncep:-,sit.y to <:lw<:k illdl\·id11al 1111it.s a::; to d:lllf.!:<'r nf tl':--onan•:P. J 1 :-,11{111'1"" 
t.o ¡wrfonn a Rfaf11: <:ompllf:tlion of tllf' fo11ndat.ion I'IPIIH'IIIs dilt~dlv 

::;upporli11g t.he loads. ThP :-.:trn<' <'OillJlllf:iiJ<IIl:-. :-,ho11ld (,p Jn:tdf' al<-o f,,¡ 
rnachinf's ha vitq~ :-pc!'ds l)('lnw :~,000 rpm 

Dynamic strcssPs in hasps lln(lf'r fo11ndations a11~ V('I.Y :-,m:tll hP•·:III"<' 
t. he a m pli Ludrs of VI hra t i<lw5of '•il:tf-.1-'i ve founda l1onh undt·r f.tll 1 1od~· na n lflS 

are vcry small. Tllf'rdorP tlié permishihiP lwari11g valuc of ¡..nJis nnrl•·r 
foundat.ions for high-frPr¡li<'IICY engincs may lw laken to f'IJllal :tl>flllf 
80 t.o 100 pcr ef'nt. of f,J¡p p•·rmif-.sihle l)(':trin~ value for st.at.i•·· load 
only. 

Vll-3. Foundations for Rolling Milis 

In t.hP proecss of hot.-rolling ope~:ltioJJs, in addit.ion lo eonf-.t.ant (\\ith 
rcspcet tu t.inw) loads act.ing 011 thc fo11JJda t ion, tlwre appr:tr :dso \ n1 i:tl dP 

. loads. Thcfo,C load" m a~' induce foundal ion o&t·ill:üion f-. a111l dyn :unic 
Rtrcsscs in bot.h thc soil,and t.Jw foundatinn. 

ThP lai-gcr t.hc rolhng miil, the lar¡¡pr t.llf' nltnrnat.P loads 1mpoc,pd 011 
t. he. founda t.ion and soil. Of t.hP hPa \')' roll i 11 g; m ills, rr-vPrsi hle do11 hlc-
levPI milis are t.lw oncs most eommo11ly ""<·d i11 Pnginr<'I'ÍIIg nwtallmgv. 
Thcrcfore the computat.ionR outlincd bclow rcfrr to t.his typc of mili 
Howevcr, thG data prcsentcd hcrc may be caRily npplic-d to olhcr t.ypeii 
oí rolling milis, such as threc-lcvcl t.ypes and nonrcvcn:;iblc types. 
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292 o OYNAMICS OF BASES ANO FOUNDATIONS 

i'dod<'lll 1 olling milis consi::;L of t he following; main Ulllis: 

l. Dnvmp; roll motor, whosc foundat.ion in some cases is rig;idly tied 
to t.h<' foundat.10n of the st.::mds; occasionally no t.ic cxi::;ts bctwecn these 
foundations 

2. llg;ner powc-r system, which is nlways mounted on a sepnrate 
founda t 1011 

3. Opcrating; and Jrivc-gear stn.ndR, usuully having a common 
foundation 

a. })¡¡llanuc J_,oads lmposcd on thc Foundation by thr Drwing Uoll M olor. 
Hc\"n:--iblc dircet.-currpnt motors are commonly uscd for thc opcr:tf.ion 
of rolhnp; mdls. Thc opcrat.ional :o,pcC'd of t.hpsc motors is rath!'r low
around ,jS rpm. Thc maximum (switching-off) momcnt. at ihe shaft of 
the motor may re:tch t,cvcral hunclrcd ions X mctprs. Thc powcr is 
suppliPd from the llgncr powcr systcm; the motor is mouutcd on a ma~sivc 
foun<latwn. 1t wil! be a~sumed in furt.Jwr di¡.,cussions that thc motor IS 
ngiclly t.icd Lo !.he founda t 1011, wluch is consl(lcrecl to he an absolutely 
rigid body r<'sting on a fully clast.ic soil who~c cs~cn tia! constan Ls are 
known. 

If a tor~ional momcnt M is applied to t.he rotor shaft., thcn t.he'stator, 
and cOIISCfJ.IICnL!y the foundation, will be uuder thc act.ion of a momcnt 
who~e magnit.ude equals !MI, but whosc dircction is oppos1t.c to that of M. 
This momcnt is thc only alternating load ;wting on the foundation. 

Changcs in the torsional momcnt Af appl!cd to t.he rotor shaft, and 
conscqucntly changes in the altcrnating moment acting on the foundation 
and sod, are a complicated funct.ion of many independent variables whose 
influence is difficult to evaluat.e. Therefore calculations are usually based 
on severa) assumpt.ions. First of al! sorne assumpt.ions should be made 
concerning the di::;trilmtion of t.he so-called rcduced pressurc of mela! on 
thc rolls. The magnitude of this pressure essentially affects the magni
tudc oí M. 

In computations of powcr consumed by the rolling mili, it is customarily 
assumcd that the reduced pressure along the are of contact between the 
ingot and the rolls rcmains cm~stant. Usually it is assumcd t.hat thc 
angular speed of the rotor is constant. Under these conditions, the 
magnitude of the moment of rotation m ay be expressed at any instan t 
as 11. linear function of time. 

Figure VII-4 shows n. gra.ph of changes in 11! for onc of the first passes 
of the ingot through the rolls, plottcd on thc basis of the prcccding 
nssumptions concerning the reduced pressure of metal on the !_"olls and the 
angular speed o(the mili. The horizontal a'Sis of the grnph shows periods 
oí time t corresponding to successive stages in thc passn.ge of the ingot. 

o 
_,, ~~ i 

(,~ t, 

1' 
MASSIVE FOVNOATIONS 

o 
793 

"llw~c st.n~P~ are :¡o.; follows ( 1) llo-]Pa<i spt•Pding 11p of t lu· 1 o !l-.; (".!) tlw 

111
g

11
t. j:-; g1 ipped and fort·<·tl t.hro11gh; (:{) roll111~ 11 il 11 nt·t·Pil'l"a t 1011; ~ 1) 

rolling at constan t. :--¡'Jp¡·d, (.i) slowing 
down- of t. he ro lis; (ti) PXI t. of t. he 
ingot.; (7) stoppag<' of tll<' n•ill l•'¡g-
111~ VIl-!, givPs a J!:raph of l'hangt'S 
in M during thl' whole proct·;.s of 
rolling of an ingot .. 

?50 

200 ) 

!50 

Jt is ;,t't'll from gmphs Vll-4 antl ~ 100 _ 

V rr -.'i t.ha t. t. he Px t.<' 1nal \.orsional ~ 
1110IIll'll(., :llld !"OilSC!Jllellf.ly l.fH' !'"\!'iL- E 50-

ing JlllllllCilf, ac(.ing 011 t.il<' follnclat.¡on ::i O~~~::~-'--to.Ll.:~-2-L---"'-'--""-t 
of- t.lw motor, tlo not changc m11r:h 
in tlw cour~e of a pnss of thl' ingof., 
cxccpt. for t. he pcriods of i ts en try 
aml exit.. ThcJPforP, instP:ttl of thc 

50. 

lOO 

7 

diagr:lln of ~~hangt•;, 111 ,1/ ;,hown Jiu: Vll-·1 Crnph of '''""'g"~ '" IIH· 
in Fi!,!; Vll--1, nne C:lll a;,;,IIIJlC t.hat LOIHIOIIal llllllll('lif of t.ln· Hh:tft dtlllllg 

chang<'l:i will oec11r aecon:ling t.o the om•¡m~'nge of au111¡.:ot ou n roll1ng nnll. 

diagr:un in Fig. Vli-Ga. ( 
\VhPn t.he ingot cmcrgps from the rolls, t.ll!' ahsolut.c val11e nf elt:mgP 

occuning in Jlf in praeticc may be eon;,idl'l<'d t.o CfJ.Ilal t.he ehange oecur-

240 

160 

E 80 
X 

240 --
Fw. V IT-5. Grnph of chnngcs 'in thl' 1 orsional moml'nt nf thc qJJilft dunn¡1; I'IILII e 

rollmg proce99 of nn ingot. 

ring wlwn the ingot is gripped by t. he ro lis. Thc exi t of a11 ingot f¡ o m 
the rolls is accompanicd hy foundat.iou vihmtion. Due Lo a decrease 111 

Ioading, the magnitudes nf st.rcsses induced by thc v_ibrati?n _will not 
excecd -those obscrvcd during thc st cady process of rolhng. flHs makes 
it possible to base caleul::üions not~ on F1g. V li-Ga, but on ~~1g VII ~fl!¡· 

In conformity wit.h .. thi¡¡ dj¡tg~n.m, l~t us sct up the fo.llowwg COIH.htwns 

for the cxcitiug momcnt' liT ::¡)1 1 •• 

l. When t = O, M = .f!i . ¡ f;) 
,, 
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2. At thc time t~c ingot is grippcd by thc rolls (t s; T), 

d 
di. M = constant > O 

3. For thc stcady proccss of rolling (t > T), 

/1[ = J.[ max = constant 

o 

Ulldcr thc action of thc torsional momcnt, thc foundation will rotatc 
a10und an axis passing through thc ccntcr of gravity oí thc foundat.ion 

E E 
X X 

V> V> 

e e 
{'. ~ 

t S e 

(al (b) 

Fra. VII-G. Simpldicd dcs1gn diugrnm of chnngcs in thc torsionul momcnt of n rolling 
mili shuft. 

arca in contact with soil, perpendicular to thc planc in which thc momcnt 
ncts. Thcicforc thc st,rcsscs lll thc soil along thc contact arca will vary, 
and thc maximum stress Pmnx at t.hc foundation cdgc will cqual 

IV 
Pmu = A + c..,a<Pmnz 

~hc>re TV = wcight of foundation and cr¡uipmcnt thcrcon 
A = foundat.ion arca in contact with soil 

(VII-3-1) 

e"' = cocfllcicnt of clastic nonuniform comprcssion of soil 
:Za = foundation width in planc of action of mo~cnt 

Lct u.,; compute 9mox for thc interval of time corrcsponding to thc 
gripping of the ingot by the rolls. The equatious of motion of the 
foundation are as follows: 

X + aux + au~ = O 
;p + a21X + a22\0 = llf,t 

(VII-3-2) 

whcre M = Jlf mn 

1 /11, 

and M. is the momcnt of inertia oí the installation mass (machina and 
foundatiou). • 

o 
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Thc cocffir.ic11t.s of t.his F-ystcm of equ;tfionR IIPpl'lltl on flw d.t: !1• 
propcrl.iPs of ¡;oil ami thc dimenf.iom: ami lll:tf,~ of tlw foundat ion :tud 

motor po:qs. (JI l-4-!i)]. 
Assuming; that at time r.cro thc displat·l'lllPIIt. .To antl t.l.c a11¡ .. d'' of rola

t.ion <;? of t.hP ecntcr of g;mvil.y of the fo111Hl:d.io11 l'f(U:tl,;1·ro, we oh!:• in lit<· 

general ~:>olutiou for \0: 

a,,-f.,2 . Cl'¡J-/ .. 22 ~r·¡t-1-· 
<{J = , 2} M Slll/nll- f 2(/-2--~-~)- 11 Rlll 112 ~ • 

/nt 2 (/n2 2 -/ni ,J ta2 n2 - ni 
i' (\'11-::-:l) 

whc>rc/.i :111dj. 2 nrc t.hé .nai1ír:il frc·c¡uPtH:iPs of f.J¡c fonndnf¡ort e:-laldi..,lwcl 
from Eq. (Ill-4-8)., 'fh~ 1'-xprc:s:-.intt 

- a,, H '(', - -f 2f -, 1 ,l 
n 1 ,. :! 

(V 11-'1-1) 

givcs thc valuc of '1'. for tite eondil.ion f.haf. t.ltr tor:-inn:tl llHllliCIII. lt:t" onl_\' 
n. &tatic pffcct. Thn ot.IH'I l.crm,.; iu Eq. (VIl-::-::) t:valnal.•• Uw 1h11:1111W 
action of thc cxt¿1nal t.orsional mon~e11L nppllcd to t.lte fuund:t!tntt 

Assuming 

wc obtain for thc dynami1: eoc!Iieicnt 

If thc gripping pcriod is small in compari:-.on wit.h t.hc pPnods 1', and 7'~ 
of natural vihrations of thc foundaf.ion, t.hPn, a .... su rning t h:tf, 

we obtain 

f-in ¡,,t = J • .t 
sin /n2l = j,2l 

ll = 2 

In this case thc maximum rot.ation of thc foundatinn 1111drr th<' nction 
of thc> uHcrnating torsional momcnt will no\. c"\cccd l.hc twofold \·aluc> of 
displar.crncn t ca u sed by t. he f,f,a t ie act ion of tite f.a me mom<'nl. 

As the ingot gripping time ipercaf.cs, lit<' \'alue 11 - 1 do:ac:l"-<''-, 
approaching zcro for high valuPs of l. Cnn:-PqiiCttl.ly, 1f t.hr gnpping l¡nlC 

is largc in comparison mth t.hc pcriods 'l't and 1'2, t.hPn tite adion of tite 
nltNnating torsional momcnt upon thc fnundation docs not dJITI'r rnuch 

from t.hc static prcssurcs. 
Thc valuc of 11 may be computcd wit.h a comparativcly hig;h degi<'C of 

accuracy as soon ns one knows thc jwriods of natural \·ihtalions of tite 
foundation in thc plan e of ac tion of thc altcrnating ton;ional momcnl.; 
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t.hc•n orw will al:>o know thc t.inw rPt¡llin·d t.o grip t.hc ingots. In pmet.iec 
1 hi-. tinH' v:ll ics wil.lrin 1t c:ompamtivf'ly witln rangc. Only approximat.c 
valncs of Uw ¡wnotls '1'1 and '1'2 may he Pst.ahlisiH~d hy computations. 
Thc• C'alcrJiation of '/'¡ anrl '1'2 involvrs faborious :u it.lrmotic op<'ral.rons; 
1 lwr c·forc pradic:al dc~rgn comput.ations of thc [clllndal ion lllrdPJ' Lhc 
drivrrrJ.!; rol! motor should be ha.scd on tlw rnost. unfuvomblc condit.ions by 
t-1'1 1.111¡.!; J1. = :2. 

f.:vidcnt.fy, for l > r, i.<'., for Lhc st.eady ¡mwess of rolfing, 'P will not 
1'\.ec•cd I.IH! ma;-,.unum valuc c·har:Ld.Niíling thc tinws of gripping of t.he 
in~ot by lhc rolls and il.s PllH'IJ!:Pilc'e fmm t.lrc rolls. Thereforo tire st.rcsf.PS 
in l.hP :-orl :don¡!; l.fw founclat.iorr c:onlw:t arPa during thc proeess of rolling 
willnot C''l:c:Pc:d llw strc:s:-c•s dc:vcloping at t.he time: of f'nt.ry of tho ing;ot .. 
TI! e v:d rws of 1 he:-c st.rcsseH should be u sed in calculat.ions of thc base 
undN thc foundat.ion for l.hc rollinl!; mili. 

b. /)¡¡unmir: :11'1/rm on lite Fmuulalwn by thc llr¡ncr.J>owcr Sy.~tr.m. The 
purpo~e of t.lw li!!;IIN powPr ¡;y;,tc'm is lo fppc] powPr to t.he motor driving 
t hP 1 o lis. Tlu• powcr sy:o;tem consist.s of onc or sc:verul diroct-currcll t 
g<>nNat.ors :llld a lly\dwcl, mount.¡·cl on t.he same shaft. Thc geuern.toro;; 
are f><'t in mof 1011 by nn eket.r ic: mot.or. 

The powcr JV. of an nsynehrouous motor, t.aken from the Iinc, remains 
almost C'Onstant cluring powN-systcm oprrat.ion. It er¡uals thc average 
quadrat.ie power recprin·d for rolling during one cydc (1!i lo 1\J passes). 
The powcr srrpplicd l>y t.hc dircct-currcnt gcncrators is almost constant.. 
Tho power 11'2 takm from these two goneratm~H by a motor driving the 
rolls undcr'go<'s extremdy sharp changcs. The rangc of thcse changes is 
from zcro, w!JH:h corrcsponds to a pause in thc rolling, to the ma:.irnum 
powcr rcr¡uirccl l>y thc motor. The maximum power may be considN:tbly 
largor than thP power whieh n.t a givcn instant is supplied to the genem
tors by tlw asyndrronous motor. Tfw flywhcrl and other rotating masses 
in crease tire a m o un t of cncrgy .which is yicldéd by thc gencrators, sin ce 
thcir kinctic encrgy changos as a rcsult of changcs in the specd of the 
shaft. Thus a deficiency in energy required for rolling is made up. In 
adtht.ron, during the opemtion intcrval in which the gonera.tors do not 
supply energy to the drive motor, thc flywheel and other rotating masses 
accumulate the cnergy which is takcn by the asynchronous motor from 
the linc. 

Let us investigatc the dynamic loads acting on the foundation during 
the opcration of the power system. If 

W • = power taken by motor from line 
w = angular speed of aggregatc shaft (a varying value) 

M 1 = torsional moro en t of motor shaft 

then W1 = M1w 

o o 
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In elc!drie:rl mofors, thc Rtators (:urd eonsc•qHPnlly th" foundnt.inn) are 

11 nclt•r t.IH: ac:t.ion of :t rc·ndive nwnH'nt. who!--1' :thf<olrrtP valrw •·qrwl~ that 
of t.hc t or sionaf momcrr t. A/ 1, hu t. wlroHc! dirct·l ion is oppo!--il.l'. 

Ju adclition t.o t.Jri:-; momt'nt. M., a momenf, /112 is nlso aC"!.ÍnJ!: orr llrP 
foundat.ion, incluc:ed hy t.lw J?;I'JH~rnt.ors. Tlíi:-l mom•·nl. has llw :-.:IIIH' 

sign as thc moment. of the geru:ml.or shuft. If IV2 is tlw powl'l' ywlcled 

, by thc gcncrators, then 

• 
D 

Tlw J'f'SH!t.inJ?; externa! monwnl, ll/, :ll'tÍnJ!: on t.lm foundat.ion PVHIPntly 
will equal thr: di!Tcrcnee bet.\\ec·n t.lu• monwnt.s; i.c., 

N<'glect.ing powcr losscs in thc f'll~ÍJH', \\1' oltlnin 

wherc 'k/, = l is thc su m of the monwnls of incrt.ia of ull the rot :11 urg 
masscs of t.hc power system, i.c ., of thc flywhccl, motor gencrntors, and 
armaturcs of pfectromagnots. Sincc 

it follows that 

(VII -:-l-o) 

when the cncrgy yielcJcd by t.he power systcm cquafs the cnergy taken 
from the lino, i.c., when 

dw = O 
dl 

the externa! momcnt acting on thc foundat.ion also cr¡rwls zero. At thr: 
same time, thc foundation will be suLjcctcd to interna! rnorncnts lending 

~o produce t.on.ion in iL. : 
Lct us assume that the IIJ!:ner power syst.em consist.s of two alt.emating

current gci1erators, an asyr.u:hronous motor, and a Oywlwcl. Thc total 
ftywl-)ecl moment GD 2 of all .. tho rot.ating mnsscs of Lhe ngg;regate is about 

870 tons 1 X m 2 ; hencc 

·'' 
I = ~~

2 

= 4 ~
7g.Sl = 22.3 tons X m· X sec' 
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1 f N i:- thA n umbor of rpm of t.hc powcr systcm, t.lwu 

_ :¿7!" N dw _ 277" dN 
w - 60 dt - üO dt 

Tlwrcforc, M = 27!" 1 dN = 2 24 dN_ 
' GO dt . dt 

The rat.e of ehange of N, i c., dN jdt, varies wit.hin the ra.nge 2.8 to 10.4. 
Thc magnit.tJde of the cxiemal moment :wting on the powcr-system 
fonndat.ion during_thc wholc eyclc of rolling of onc ingot changcs from 
2.(\ t.ons X m (pcriods of running idlc) up to 24 t.ons X m (pcriods of 
mlling). 

Tlw lk!>IJ!;Il valuc of thc cxciting momcnt ~honld he takPn to equal 2111, 
for the mo~t unfavoraiJie case. The angle of fonndation rotation, 
induccd uy Llus momeJJt., is determined from Eq. (VII-3-3). 

In addilion to t.he excillllg momcnts C:tll~ed uy changos in thc kinct.ie 
- energy of the powcr syst.em, the fountlat.ion may l>e suujccted to pelludie 

exc.:il.lllg loads caused by thc unbal:mced statc of thc cnginc with rcspccL 
lo nwg;nct.Jc fort~cs :llld st:tt.ic equilihriurn. Thc eomputation of forccd 
\"Jbrat.ion~ of thc foundation causctl hy t.hef.>e loads is performed in the 
s:une ''ay as for foundatious tmder motor genNators. 

c. Dynamic Loarls on the Common Founrlation of JVorkiny ami Gcar 
Stands. In the proc.:ess of the rolling-mill operation, the frame of t.he 
dnvmg-gear stand, and conf.>cquently its found:üion, are subjected to thc 
action of a varying exeiting moment equal in magnitude and sign to 
thc moment of t.he shaft of the d1wing roll motor. 

The forccs appearing as a result of the accelcntl.ion of the inp;ot 
may be neglected because of their minute magnitudes; hence it may 
b~ considered that strcsses occur only in thc working 1>tand during t.hc 
rolting opera t.¡ons. These strcsses ha ve a tendency to rupturc the stand. 
Thc sum of all the externa! alternating load1:> cquals zcro. 

The d1ive-gcar and working stands may b1~ mountcd on a separat.c 
foundation, not t.icd to that undcr the driving roll motor. In t.his casP, 
t he dynamic influencc;; of cxtcrnalloads on the foundn.tions are evaluated 
bPparately but simil:trly. 

Jf thP drivc-gear stand, working stand, and dri\'lng roll motor are 
mount.ed on a common foundation, t.hen thc dri\·e-gcar stand is suhjccted 
to the act.ion of a torsional momcnt whose sign is oppositc that of the 
moment acting on t.he stator of thc driving roll motor. Thercfore the 
sum of al! the externa! dynamic loads transmitt.ed to the foundation and 
soil equals zero. The foundation will be untler the action of interna! 
torsional moments whose magnitudc cquals the moment of the shaft of 
the motor, as wcll ns undcr the act.ion of thé eqtÍipment weight. These 

o ',' o 
ql 
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ln: 1d:- :-hould I1P eon:-iderl'll in thc st.ress nn:dp.i-.: of llll' follrt~l:dtnll 1111d ¡~, 
,1 •parat.1~ eh·mr·nt.s. Tlw dynnmie uat.ure of lh_l~ Íllll'l n:d IIIOIIII'IIt~ ~~ 
tnJ..r~n into nceount. by int.rodudng in thc euleulat¡ons t.IH' t.wofold lll:t~lll
tudn of t.he ma~imum torsional momcnt of t.ltP shaft. of the dri\'in~ rol! 

motor. 
In t.he case llll(kr eonsidl'r:tlion, ¡,l.rPhSf'S in lltP soil an• 1ldr'l minnl for 

a design l~ad consi:-;t.inl!; nf t.he eoJllhined Wl'ighl. of t.hc foundat.ion and t.hc 

cquipnwnt monnted thei POI!. 
d. Rwwrlcs conccrnwg JJcsign. Thc foundatinns for tite prinl'ipal 

rolling equipmcnt (stamls, n•duPcr, J..!;P:tr) arP alwayR huilt. as ma,.~i\·c 

Fw. VIT-7 Founclnt1on for n <;t.aud or n shcf't.-rolhn~ n11ll 

unit.s which cithcr are rnonolithic or nrc provided ,,¡¡h dl'formatJon 
joint.s. As illust.rntion, diagmms of mn"!--Í\"e fou11datwns are f-ho\\11 :t" 
follows: Fig. \'If-7: a foundation for thc stand of a :-.hr·l't.-Jollirtf..!; nllll: 
Fig. VII-R: a foundation for a light.-scct.ion strel m!ll, l'IJ..!; Vll-!t· a 

foundation for a drivc-{!;car stand. 
The main part. of thP foundat.ion undN t.hc drin'-¡!;Par and \\OI J..in!': 

stands is ahn1ys desig;ncd as one hloek. This pa1 t. of tlw. founcla tion 
usually has t.w~ t.unncls, loeaü•d along the a::-.is of the stand al drfll'll'llt 
hcight:s Thc uppcr tunncl Rcn·cs for t.he rcmoval of mili scale :tlld for 
thc runoff of cnoling water undcr t.he working stand, as \\ell as fo1 thc 
inspection of P;Juipmcnt and tllc runoff of lubril':tlll. undN thP tlli\"f'-~l':tr 
st.and Thc lowcr tunnel serves for t.he lll~'!ll'cl.ion of nneh11r bollos; ti.¡,; 
providcd wit.h severa! recCSi:iCS to f:tC"ditate :w¡·pf><; to anchor platef-. In 
thc central part of the foundat.ion nr6 locat.cd spiudle hcnehcs whif'h al(' 
provided with wells for countcrweight.s nnd un npplia.nce for chnnging thP 

first rollcr of thc stand.· , · .,, 1.. 1 

Thc foundation undcr thc driving rol! motor (Fig. VII-JO) iR built as a 
~epa. m fp mn~sivP block or ns ~ bJo¡•k fonning o ni' monoli t.h '' i t h t "" 

'}• 
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500 1200--+-- ,-----4000------

Fw. YII-8. Foundation for a hght-scction stccl mili. 

F10. YII-9. Foundation for a drivc-gcar stand. 

foundation undcr thc drivc-gcar stand. The foundation has a dccp 
groove for thc inspcction and mounting oí the cquipment n.nd a channcl 
for the air-cooling of thc motor. 

On both sidcs of thc working stand, nl_!lng the rolling-mill 
located thc foundations for manipulators u.nd roller conveyors. 

axis, are 
Usually 
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Cross secllon A -A Cross sechon 8-8 

Fw. YII-11. Block foundatJOll for roll~r COIIVI'YUIH 
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thcsc foundations m·c also built as masr-ivc blocks with rcquircd channcls 
and groovcs (Fig. Vll-1,1). Somctimes thcy nrc dl'signed fl'l fnune 
foundutions (Fig. VII-12). 

Foundations undcr rolling-mills cquipmcnt are madc uf cullCJ ele ami 
rcinfon;cd concrete. Gf!;ls~ct~ 1s en~pll!);~cl.for mnssivc founda tions \1 luclt 
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Fw VII-12. Frnme foundntion for rollcr convcyors. 

o 
:::Fi 

are not wcakcncd by large opcnings and channcls and which are erectcd 
on suflicicntly rigid and homogcncous bases. Othcrwise, rcinforccd 
concrete is uscd. As a rule, concrete typc lOOt is cmploycd. 

The foundation arca in contact with soil should be, as far as possiblc, 
all on thc sume lcvcl. Largc diiTcrcnccs in dcpths of separatc scctions oí 

t Sce footnote, Art. IV-1-c, p. 132. 
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the foundut.ion Rhould not. hP JWrmitl.t·ll. H )oeatin~ :di fot111dati(ln ('011-

tad an•a:-; on t.hc ~mnw kvel !Pad~ t.o a cou~idPralrll' "'''''"'l"'ndJil!ll' nf 
m:tt.erinl, t.hen ddormat.inn joint.R m1~y bP pro\'idt·d lwt.w .. •·n :-<t'1:l ion:-~ 
lyin~ at dilfl'n•nt. d<'pt.hs. . 1 

Tlw )cwal.ion of Pxp:lll-;ion, 1'hrinkn~t·, nrul Hl't.lll'lll!'nl. jo11Jis in fo¡¡nd:t
t.ions undcr rollin~-rnil1 t•quipnH·nt. is dt•I.Prruirwd lry t.hc dist.1 rlrul ion of 
tlw 1'1( ui pmcnf., t.hl' clc~pt.h of :·wp:tl a f.t• founda t. ion Hl'c:f io IIH, t.IH' f-.lld lw:u in~ 
vahwl :tnd t.hc t.enqwra.t 111'1' re~inw of rollin~. 1 >istarH'I's lll'l.\\'t'l'll 
d'8ftií rnat.ion joint.s are sPlPI:Li'd a¡·c·onl111~ t.o t.lu• otlwi:d 'J'n·h111ral N uf, s 
mul Conslntcl!on C(}(/,·. .loiut.s- should ¡, .. lcwaft'd :-;o t.hat. t.hl'y di ,·idc· t lw 

fowulation iuLo SPp:uat.e s<'t·l.ions whit·h s11ppor t. units of "'1'"1""''111. 11111. 

eonrwet.ed wit.h C':wh ot.IH·r·. For PX:11nph•, in ordPr f.o a vo1d 11111'\ 1'11 

sPt.t.lcmcut, thc foundat.ions undt~r workin~ aud drivl'-¡!;r•ar stand-; :,;hould 
not he se par atcd, ~ 

Coutirmous font.in~s JnngN t.h:tn 20 lo :m 111 n;1d fonndat 11111 sPr:t.ions 
undc•r sl.:tnch; larf!:PI' !.han ¡;, hy l!í mor 20 lry 20 nt f->hould lu• 1""' ul,.d 
wi t.h dPformat.ion jo1nt.s. If a lar~P Sl't:l ion of 1.111' fouud:ll 1011 t·.•nru>l 1 u• 

dividPd lry dPfor111al.ion joint.s, t.IH'n, in or dtl. 1.11 1" t'\'1'111. llw ap¡w:tr :1 nr't' of 
shrink:tf!:'' t'laek'l, sueh n found:tl.inu rna.v l>e di\'ldt·d hy lr'111por:11y Jl•iniH 
with reinforcl'ment cxt.Prnling; hPynnd t.he jointH L:tl.('l' l.ltt•"e JOIIIt.s are 
fillcd wit.h concrct.c of thc samc typc. Thc project.in~ rcinfon·c·lllcnl. is 
ovcrlapped ami wclded. 

c. Dcsign Loads. For t.he nnalysis of st.n~s1'cs within t.hc fo11ndat.ion 
and for t.hc dct.crminntion of pm¡:;surc on the hnsP, thc follo\\ in~ Joads 
should be considcrcd: · 1 

. ~ . . , , - . , ~~P ~ 

\Vcight of t.hc rolllllg;-rnill.crlllipnwnt. 
Wcight of t.hc diÍ'>ÍIIf!: roll7li10t.or 
l\1aximurn diseonncet ion mnrneut a t. t. he motor shaft. 
I-lorimnt.al forcP trnnsrnit'occl to thc footings um!Pr manipulators and 

tilting dcviccs 
Erection loads 
.Foundation weight. 

Static computations of t.hn foundntion may he Jimitcd to: 

l. Stress analysis of sl'paratc unit.s of thc foundat.ion, such as units 
wcn.kcncd hy opcning,, ea'ntilcvcrs, and othPrs 

·2. Comput.ation of locnl·st.rcsses undcr suppnrt.ing slubs 
3. Analysis of strcsscs within thc foundation 
4. Computation of pJ;cssurcs transmittcd to the. soil 

1·11\ ,. ' 1 , 1\ 

1-
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Tlw foumlal.ion is con~idrrcd to be a girdcr of Yarying rigidity rcst.ing 
on an elnstic base. 

For calculations li,;Lpd in point.s 1 nml 2, a valuc of the dynnmic 
eocflicic:nt. eq.u:dm~ 2 is introdueed in the ealculations of t.he wcight of 
thc 10lllll~ mdl and of Llw driving roll motor. For mbllations Iisted in 
poinl.s :~ and ·1 the ac:tual W<'ight. of the same machines is takcn, without. 
int.roJuein¡.!; a dynamie cocffrcient. 

If a four_HI:tl.ion is trcat.ed in d<'sign computat.ions as a beam rest.ing 
on an e.la'-jJ!• h:1sc, thcn, in ordPr to 1>Ímplify operat.ions, jt, is permissiblc 
to eon'-ldl'r SP!Jar:~tc c:omparati\'Ply rip;id units of the found:d.ion afl being 
nhsolukl\' rrgrd. An uncvcn sctt.lemcnt. at. the eout.aet of thc foundation 
und<'r !.hP rollc·r eonveycrs with !.he foundat.ion uuder the rolliug millleads 
to t. he :1 PJH':tranee of stn•sses along t.his eontaet. To determine thcsc 
strcssrs, it jc; pc:rmitjrd t.o considcr the foundation undcr the rolling mili 
to he an ah .... olut.ely rigid unit. 

_The ¡wrn~is:ible ¡H·rs'3ure on the soil undrr the foundat.ions of rolling 
mdls and drivlllg wllmotor::; for dynamic Ioads may he t.akcn to equal the 
con!';,ponding pcimis:,.ii>Jp pressure for st.atic: loads only. 

In eoneretc or light.ly rciuforccu founuations, tlie soil prcssure imposed 
by separate machinery unit.s and establishcd for eonditionally separuted 
foundat.ion s<'ctiom; wit.hout considrring the influenee of othcr foundation 
units should not c•xceed the permisl>Í ble bcaring val u e of soil. 

Foundat.ions suhjc:!'ted to hmizontal impacts, such as those under 
manipulators and Lilt.ing devices, should be designed for the double value 
o[ thc ma;..imum horizontal force. 

f. Data on Pc1jormance of l!.::rislmg F oundafions under Rollwg M ills. 
The aut.hor a.nd B. M. T<'rcnin im·estigated se\'cral foundations under 
rolling milis at onc of thc Soviet plnnts. Thcsc foundations wcre built 
o~.C'~ncreLc, ::llld cach consisted of a single massive block supporting the 
dn VIng rol! motor as well as thc drive-grar n nd wm king stands. 

The foundations invest.igatcd wcrp not reinforccd at plaecs weakencd 
by reecsses, o pe ni ng<;, ancl channcls. Rcsults 'of In.boratory tests showed 
that. concr rte had bren uscd which, at the age of 28 days, hada tcmpornry 
comp1 essi ve• st.rcngt.h of !10 kg/(:m 2, with slight deviations in so me parts 
of t.he fonnclatwn. Conc:r·pte type 60t was used for thc foundations undcr 
lifting ~laHorms of rolling mili "750," and concrete type 130t for the 
founclnt10n 1111dN t.he first working stand of the same mili. 

The foundations were placcd on loessial clays with sorne sand. Owing 
to the wct.t.rug of t he sor!, for di/Terent reasons the foundations undcrwcnt 
uncvrn sct.tlcments resulting in the appearance of crucks: In the block 
of the central part of the foundntion under rolling mili "750" severa! 

t Sce fooinote, Art. IY-1-c, p. 132. 
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1·rJI<"ks \\'!'IC ohs('I'\'Pd in thn l.llllll!'lllndcr t.ll(' drivin~ ~f':tr and o¡wJ•dton 
¡,Lands, in t.hr t.unrwls undt•r t.h<' lift.i11~ plat.for!lls, in \\!'lis :ti. tite c·onlart. 
betwecn the foundnlions of 10llcr eonv<'yols anJ f.hc foundatron" of 
rolling mrlls, and in thc foundat.ron unit. undcr t.I1P d1ivin~ roll motor. 
Thc appraranc~<' of t,lwsr rr:u:ks was dliP l.o 1,\\o e:tll'-l's: 

l. A h01iwnt.nl fnli:dion of lh<' fou11datinn undc·r tlw drrvP-¡..:r·ar Hnd 
opPra.t.in~ bt.a nds dnvpJop!'d a t. Lhe levPI of t. he :IIH'hor pl:d.c·s. TlrP m os t. 
dic;tind eraek was oltst•rv(:O in t.lw t.uruwl undN t.lw dri\c·-~c·ar ~l.a!Hl. 

Under t.h!' opc:r:tl.mg stands WPre found sli~ht.ly clev<'lo¡wd srn:dl horrzonl.:d 
craeks r·oirH'idin~ w~il.h w;nking joint.s. These er:u·ks indll'all' t.lt:tt. a long 
int.ermplion had occurred in t.he concrrt.inl!; of th<' foundalrnn ami thal. 
no nwasures were takon t.o S!'e!lre thP monolithie ¡•hara!'lcr nf lhc 
foundat.ion. 

2. Thc1e was a di/Ten•ntial sett.lemcnt, of t.he foundat.ron undc:r t.h1~ 

rolling mili and thc foundation undcr ndjaeent. auxiliary rqurpnwnl 
This sett.lc>ment was caused by thc wct.t.ing of soil nTHI resullrd rn craeks 
in t.lw tunnPis of tlw re:tr nTHl front lift.ing plat.forms, in l.h!' \1 all nf 1 he 
middlr platform of thc st.aircasC', m !he arch ll<':tr lhP lrft.ing platfnrm of 
t. he second operating st.nncl, and under t. he dcr:c·lerat.or of t he dn n n~ roll 
motor. 

A vertical crack was obscrved approximnldy 111 thC' mrddiP of t.he 
tunnel of rolling mili "450." This crn.ek ran nlong t.lre \\a.lls 111 pl:u~t·s 

where tlrey Wf'fe weakenrd hy ni ches, and along t he :udr. 
A vertical crack was found in the tunnel of rollmg mili ":3(i0" n<'n r j IJC 

inlet opening; two vertical eracks werc found in uiches, nne of 1 hc•m run-
ning along the arch. ' 

I~ thc tunncl of rolling mili "280" a wrtical crack wa.s found umkr t.lre 
operat.ing stand through "hieh water wns flm\ing nbundardly Chnnnels 
of rolling milis ":3GO" ami ':280," cspceially i1~ thcir lower :-:.eciions, \\ PJ'e 
fillcd with water. 

An instrumental inve~Üga.tion of ,·ibrat.i~ns of foundat.ions u11dcr lhc 
rolling 1nills was performed at severa! points ulong; thr founclaiJon a:-.1s 
and along its height: on t.he slabs of tire opcrating ami dr i\'e-gcar sl:mds, 
at the IPvel of niehPs whNe anchor slahs of the foundation were lo<'aiPd, 
nnd at point.s 011 thc floor of the t.tlllll!'ls ' 

Rcsult-; ·of thc measmemcnt.s are r,hown in Tahlc VI T-1. lL is ~cen 
frorn t.his table that t.he largest. a.mpliL1Ide1> of \Ihrat.ions \lrre found 
dircct.ly 011 t.he slab undrr t.he urive-gcar stand of rollrng; mdl "i.iO" 
The mcasurcments pcrformcd hcre showed that tite foundaf¡on undrr
WP!I t e;.. t.renwly i rrcgular high-f1 C'quen cy \'! bmt.ions wJI.h a m pi i luc!Ps nf 
thc ordPr of O.QQ(i toO 010 mm, enused by impaets of thP gPar 

Thcse mcasurPd \'rthlPS; o( vibmtion amplitudPs undPr rolling mili" 
show that the ndditional pressure on the soil a11d t.he stresses Wilhlll thP 
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foundnt ion (~:lllf·wd l1y dynamie load:; nrc :;mall in compari:,on wiLh sLrc~HPH 
im po:,('d by thc wei~h L of cquipmcn t aud foundation. Thcrcf ore a vnluc 
of 3 for thc dynnmic (·ocflicicnt, oftcn takcn in dcsign computations of 
such found:t!ions, is cxuggerntcd. 

TAnL~~ VII-l. Jt¡.;RuLTR oF VwnATION l'vlEASHm:~n:NTs oN 

Roi,LINO-MILL FouNDATIONR 

Rollin~ 
mili VihmtJOns ml'nsmed nt: 

Statwn (lnt alnb of genr 
stand) 

Stn t 1011 2 (nt cclgc of 
foundat;ion ncnr slub of 
gcnr stand) 

Nnturc of VJhrntions nnrl nmplitudc 

E,t.remcly 11 rPv;ulnr hiv;h-frequcncy vJhrat.1ons 
with nmpht111lf'~ O OOi-0 010 111111 At time of 
I'Htry nnd l'>.lt uf m~ot, v1bromctcr records 
impnct.H iuducin~ vertit·al nnd horizontal vibm
tiuns w1th nmphtude O 030-0.050 mm. 

Tlig:h-freqtn•ucy v1brntions with amplitude less 
tlwu O OD:"I mm. At time of entry und exit 'of 
m~ot, vertical impncts are rccordcd with nrnpli
t u des of so me O.OOG-0.010 mm. 

"7r•O" Stat 1011 3 (housmg undcr Thc snme ns for Stul1011 2 
~t·nr stnnd) 

"750'' Stal.1on 4 (on floor of Thc samc as for St.ntion 2 
tunncl undcr gpnr 
stnnrl) 

"750" Stnt10n ;, (ut surfncc of Ili~h-frcquency v1brallonl:l with nmphtudc O 003 
foundnt.wu nca1 roll- mm At tune of cnt.ry and 1''-lt of mgot, impncls 
ing-mill dnvlllg motor) nre rccordrd inrlucm~ v1hr:tt10ns with nmplitudc 

of O OJO mn1 

~HiO" 

"280" 

Slnb-

f;t,at 1on ¡¡ (at su1 fn,·c of 
foundat 1011 nrar roll
mg-nnll drl\ lllp: motor) 

Stat.1on 7 (nt. surfaec of 
founrlntion ncnr roll
lllg;-mdl driv111g motor) 

Stnt10n R (n.t surfacc of 
foundat10n ncnr roll
mg;-nnll rlrÍ\'111~ motor) 

blll~ j Ncar working stand 

Qu1ekly rl:un¡wd vihrnlions wcrc rccordcd, with 
nmphtudcs on thc ordcr of O 0015 mm. Impacts 
nt time of cntry nnd cxit of ingot are only 
slightly not icc:tblc. 

V1bmtions of samc nnturc as thosc at Stut10n 6 

Thc snmc as for Station 6 

Thc snmc ns for Stn.t10n 2 

.l\Icn.~urcmcnts of. vibrations of thc foundation under rolling mili "750," 
pcrformcd on the uppcr nnd lower parts of the foundatiori divided by a 
horizontal crack, cstablishcd thnt thesc two sections un<;Icrwent vibra
tions of the sn.me chnracter with the same nmplitudc. This indicates 
that the complete foundation vibrntcd as one block. It followcd that 
folin.tion of t.he foundn.tion is not dangeroús for rolling-mill operations. 

o o 
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Vll-4. foundations for Crushing Equipment 

n Dc~:riyn Com¡wf11fiur1s of Ji'mmdalums unclcr .Jmo (.'¡ ltsltt '·' Th!'rr. 
:ti'C many diff('lf'llf, llll:lllgCinCIItR of JHW-C~fll~her OJ!C'IHIÍIIK llll'l'hHIIÍ'-IliS. 

Jlowevc·r, one t'OIIIIIIOII IP:tl.urc of t.lw:;•~ ('IIIHlwrs j:-; t ha t., :tllalo~ou-.ly to 
rccip1 oc:at.in~ Pll~ÍIH's, t.lwy •·1 c•al.c 1111 ha la ru·('d in1:1 t.ml fOJt'<'s ':u y"'~ '' 1 t h 
t.ime. Thcse inl'l'li:ll forT<'s fo1111 1':\l'llin~ lo:Hb whil'l1 rndun· forcTd 
vibmt.io11s of thn foundat.ion. 

' Thn 1110st. eontiiiOII arT:lll~l'l~•·rtt. of 1111' o¡H'ralin~ 11111h ol tlw pw 
cru:,hPr is onc in whieh !he mot.ion of t.lw llll'l'llalli:-.111 i" d111' to lit~· :11 lio11 
of so-ealh·d low{·r f'OII¡>ks of Tot.atiOII. Sonw typi<~:d :ti'I:III~('JIIPIII-. nf J.IW 

eru:,hc1s o( lhis ~roup'!ill' ~lrown in l'1~ VJ 1-1:!. Appro\IIII:JI,. folllllll.l" 
for t.hc detPJJlliti:!IJon of illthal:tllccd Ílll'rtia folf'<'s a1c :d~o gl\<'11 ""' 11-
rate met.hods of comp11t:tlio11 of tht• ""'~it111~ load:; llllfl""l'd l>y J:lll' 

erushcrs may IH' fo11nd i11 '·llf c·i:llr;wd p11blintlio11H.~ 
It. follows from !he Pq11:d1011s in Fi~ VI 1-1~! t.l1at. ex•·llinl!: lo:1d-. llllJ"'''·d 

by jaw c111~1wrs hT<' of tltl' :-;anw ll:tl,llll: as P'-C'tlill~ load,., IIIIJ><>,•·d ¡,,. 
rceip1oc·a!.111~ PIIJ.!;ÍIIPS Thercforc all d~reeli\es oulli1wd i11 ('ll.lfl 1\' 
cOIH~Prnlli~ LI1P drsi¡.r;n ,·,f fotlndal ion's for l(:l'ipro,·a 1.111~ <'llgÍIH''- m a v he 
appliccl t.o thc dynan1ie (•omput.at.ion ami UP:-.i~n of found:ttloll,., fo1 J:l\\ 

crushNs: 
b. Com¡mt.atwns of 11 Fo1111dotion umlcr a Gyrafol.'f ('¡ushrr In 

gyrat.ory crus!IC'rs tlw ore Íf> pulvcrizcd lu•t\\'1'1'11 l.hc: ('lllf-11111~ ll(':td of lhP 
ma111 shaft., undcr g:oing; a IIH:king: mnt 11>11 :tlo11~ a c·11 di', and t 111' :111111>1 ,.d 
jaeket. of !.he upper ¡,!alionary part 

lfndcr t.h(• aet.ion of friel10nal fol('<'s, tl11' <'111'-hÍil~ ('OIIP nto\c·~ around 
t.he axi:-: of tlw crushcr and drvdops an angular n·lo1·it.v '' IH'"~' ,·:dtw 1" 
closc t.o t.hat. of t.hc mo\·enwnt. hut. has oppo~-oilc :-i~11. A~-o a IP~itll nf tln«, 
thc frame of t.hf' machini-, and conscr¡uently !he foundat.ion, 1~ ,.,ubjr .. tPd 
to the action of g:yroseopw and inPrliallon.cls which may be apprcn:1m:llcly 
exprcssrd by o11c rPsult:mt. (';>..(•iting force: · 

where m 1 

m2 

rl 

1 

(\'lf-1-1) 

total maf's of main shaft. nnd crushing co11c at.tnelwd !1.> 1t 
mass of canbhn.ft n.nd unit" 11gidly conncelcd \nllt it (gt·ars, 
countcn\cights, and othrr:-) ·
distaril'c hri\Yccn crushrr a'\is and '~en ter of g1:1\ ity of marn 
shnft 

r2 distan ce })('( '' I'PII nnoiiH'r n:..1s and C'PII trr of ·~m' 1 ty of 
ecccntric shaft 

1 • w = frcr¡uency of rotation of crushcr 
This force, rotat.ing ata ·constant angular spccd, acts in a horizontal plnne 
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Diagrnm of thc Cl1,lshcr 
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Approximntc vnlucs of incrtia Corees ! Designa t10ns 

P, =(M o+ M.)rr.:.1 sin wt 
} I P, =(M o+ 0.8.U.)rw 1 cos wt M 8 = mass of movtng (crusbing) ¡aw 

P, = [(M0 + M.)r- J[drdw 2 sm wl} II M. = ma.ss of connecting rod 
P • = 0.25111 9Tw 1 sin wt 

P, = (llfo +M 9)rw 1 sin wt 
} I M o = mass of eccentric (or 50'1o of crank-

P, =(M o+ O 5J[ 9)rw 2 sm wt 

P, =[(M o+ M8)r- Mdrdw 1 sin wt } II 
shaft mass) 

P. = [(M o + 0.5M 9)r - M drdw 2 cos wl 
M d = total mass of countcrwcigbts 

P; = (M 0 + 0.7M.)rw 1 sin wl 
} I 

r = eccentricity 
P. =(M o +M.+ 0.5.lf 9)rw 1 cos wt ri = d1stance from axis of rotation to 

P, =O } II center of granty of counteme1gbts 
P.= [(Mo +M.+ 0.5J[8)r- Mdrdw'coswt center 

P, =(M o+ M.)rw 2 sin wl } P. =(M o+ O.SM.)rw 1 cos wt 
w = angular speed 

P, = [(M0 + M.)r- Mdrdw 1 sm wl} II 
P • = 0.25M 9rw 1 sin wt 

FIG. VII-13. Data on jaw crushers. 

-~-··----------------------------__,_---

• 
-

No. Diagram of the crusher 
- Approximate values of mertia Corees Designations 

-- -

~·r: 
-

P, =(M o+ 0.71lf.)rw1 sm wl } I 
P. = vertical component of resultant 

P, = (0 5JJ 8 +Me+ .lfo)rw1 cos wt inertia force 
5 -

P, = O-.:: } 11 P. = honzontal component of resultant 
-

-:_ P, = [(0.5"Jl 8 + .il. + .\[ o)r - ]/ dr,]w~ cos w~ - rnertia force 
: - ~ -· . -

- "'" ';, 
.... -

- Sote.,· 

1V1 
·!!> 

P, = (Mo +.U.::¡: 0.5.lf8)rw 1 sin wl } I l. Forces P, and P. are apphed to axis 
- P • ;;, (M."+ O. 7 J[ e + O 5.\[ 8 )rw1 COS wl 1 of rnam shaft. 

6 P, = [(.ll 0 + J[, +O 5.\[8)r- J[dr 1 )1w~ ~m o.·t } 
Il \ 2 Equations I refer to crusher:l ,, 1tbout 

P.= [(.11 0 + 0.7.1!. +O 5M8)r- .lldrdw: c05 wl counterweights. o, o -
1 

-

1 ME P, = (.\! 0 + .\fo)rw: sm wt 
} I : P, = (J[J +O 8.\fo)rw' cos wl Equation5 II refer to crusbers wlth 

7 P, = [(:l~0 + .1l.)r- .\[drdw1 sin wl} II counter" e1ght~ 
2 

E 
P z = O 2.J.l/ arw1 510 wt 

FIG. Vll-13 (Con tuuud; 
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310 OYNAMICS OF BASES ANO fOUNOATIONS 

p:•~~in~~: lhl•'lll!h fiH• ••••niPr ,,f iiH' 111:1m sho¡ff (in ,:ru~lw 1 ,. w 1ot1 1 ft
0 

1 .. ¡.. l!l ., 

''''"'" "' ''"''
11 f'." n ... 1'1'1111 "' ..... , (111 l'l111ho·l,'l ll'llh n lllll. \011111')0 

l:,•..,oh•tllf.; /t' 111 lo IOOIIlJltlll('lli.H llfon~ Lfle florÍl\OIILU! UXCH X ILIH_ry t! ' o o f o 1 IC 
JHIII<oJpa lllt'I'I.Jal axcs of thc installation, wc obtain 

P" = R Rin wl 
P 11 = R eoR wf 

o Thc dynamic computation of a foundaf10n lllHIPr a gyrat.ory crusher 
IR red:~e~d l.o ~1c ~let.crmin:tf.ion of amplitudc¡; of foreccl vJlmüions impo:-;cd 
on ¡mneqml vertical pl:mcs of thc foundafion by <'Xeifing forces pz and ¡>

11 ______ ----- ::l.lld mom<'nts l'rh 1 and J>"it. 1• • lil 

o Th~R, o dyn:unic compuf.:.üion of a foundation und<'r a g;ratory crw,hcr 
lll pnnciplc docs not di!Tcr at al! from thc dynamic computation of a 
foundation undcr a jaw crusher. 

o 

VIII 
· PROPAGATION OF ELASTIC WAVES 

IN SOil 

INTRODUCTION 

As Rt:ll.ed in Chap. 1, tiH'I"<' are ~I'VI~r:d n·aso11s why t.l1C' appfj¡o:lfron of 
Hook<''H law t.o !-ooils is li111ii.Pll. For clo.:nnpiP, it. ha-; hl'l'll Íllcllf akd 11~:11. 

t.hc clast.ie «ooll!'il.allls of soil dPpPrHI on IIOIIIlal st 1 C'Sl>I'S a11d l ha t l'la"l ie 
dcformat.ion:-; may allt>d t.hc~ initial infernal f;(.rn,<:p-; \rhi!'la :d\\:1_\'S t'\1'-t 111 

::;oil. It. sllll11ld also be nofPd fhat. t.l11~ :--ol11lion of prol•fl'lll~ ll'laflod lo fhP 
propagal.icm of W:t\'I'S may IJp J!:ll':tf h· irdhll'lll'l'd by di:--:--ipafin· pao¡wrlit·s 
of ::;oil which p;ovcm l.hf' ahsor pf ioal' of wa ,.,. PnPrgy 

"'hcn solvi11g problf'mS IclaLPd t.o the propaga1ionof \\:t\'1'~' in ;-,oaJ.._, o11n 
has to st.art wit.h ·naocfcfR' of t.h6 ph<'llOIIII'IIon, "hirh arP v«·ry far fwm 
rcality. For cxamplc,- thc' ·in.vcsligat.ioll of \\:l\'('S Plllallating from 
machine fo11ndat.iorts lc:acls 't,(, ·a composil e dyna mi e 1 lwoa ~--of -f'l:1, 1 II'Í 1 y 

problcm whit!h starf'i wit.h clis;>laccmcnts in a t'l'l fai11 f'I'I'IHIII of f 111' :--oil 
surfacc-whill' t.hP n•;-,1. of tl!f' soil is frl'c of sf.rp~:-.t•:-. f11 f !11· :-.impl«·'-1 ca'-'«~ 

t. he soil is considc1 ed tn (,e a semi-in fin it.c dasf ¡,o "o lid Thc solnt inn of 
such a eompositc p•Q.blem involvcs eonsidPrahiP mafh«'maliloaf dillll'llflwc;. 
Thcrcforf', a sourec óf wnvef. is l'f'JH'PSCIILrd as :w alt.erilating foll'«'o Pilhrr 
conccnt.ratPd or distrihutcd OVl'l' t.hc v;ivf•ll soil surfacc arP:t. Tl1is annoiPI 
of tlw f;OIIrec of wavPs is far f¡,,m rP:dit.y, and t.h«' resnlt.s of suda a :::o(II1Ínlt 

· may rliiTcr (somct.itnPR eollsid,·rahly) from f.hc rcsults of Plo.Jl«'l inwn1 :d 
invcst.iga~.ions of wa \'P propa.•,:d.ion from an aet.ual son re<' of wa \'f's Hlt'h as 
a vibrating found::tt.ion. 

Howevcr, in spit.c Qf thc indicat.cd limit.ations, t.hc devclopnlf'nt nf thc 
thcory of propngation of wavcs in soils on t.hc basis of t.hc thpnr~· ol 
clastici ty, e ven for highly o.bstract con di t.ions, gi ves us a chaJti'C f o 
investigate severa! vcry important spccific fcntures of wavc propngation 
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J. S. SOHrlE 

o PART 1 

o 

INTRODUCTION 
Special requirements rnust be considered in the 

design of foundations for high-speed machinery 
such as compressors, turbines, and generators. 
This paper deals primarily with problems of vibra
tion and alignment. The purpose of this presenta
t1on 1s str1ctly to provide practical information 
which can 1mmediately be applied to design a work
able foundation; refinements are not included be
cause of space lirnitations. It is, therefore, ab
solutely necessary to observe the in1t1al assump
t1ons and safety margins as given in the paper. 

1 General Considerations 
Foundations must be designed for: 
M1nimurn Vibration at Operatlng Speed. This 

means: Vibration for a given rotor unbalance 
should be a minimum. This depends primarily on 
the follow1ng factors: 

1 Ratio of, resonant frequency to operat1ng 
speed, Fie .l. 

2 Ratio of v1brating mass to rotating mass, 
F1gs.2 and 3. 

3 Stiffness of supporting structure. 
4 Dynarnic properties of soil and structural 

materials. 
Minirnum dynamic response is obtained by tuning 

the foundation to a fre~~~?felY. above or be
low the operating speed rang:. See "Simplified 
Calculation Procedure, 11 Part 2 of th1s paper. 

Min1mum Vibration Transmission to and From the 
~· This will prevent: 

l Oi1-whir1 resonance in unit bearings,· ex
cited by vibrations transmitted into the founda
tion trom pumps, fans, mills, or other equipment 
running .e1sewhere in the plant at approximately 
l/2, 1/4, l/6, 1/8 .... and so on, of unit speed 
(the shaft whirls at frequency between 0.4 and 0.5 
or unit speed ) • 

2 Excitation of rotor criticals, foundation 
resonance, and so forth, by units running at these 
respective speeds elsewhere in the ·plant. 

3 Vibrations in buildings, which may be 
transmitted over long distances, and which can be
come severe if rnemoers of the building are reso
nant. 

Vibration transrn1ss1on is m1nim1zed by isolat
Q ing vibrating components from building members and 

1 

GENERATOR 

F EXCITING FORCE 

M VIBRATING IWI.SS 

Fig. 1 

RESONANCE 

S SPRING 

O OAMPER (MATERIAL C.W.PING) 

floors b~ air gaps or vibration joints, spring 
supports for plping, and so on; refer to section 
on "Practical considerations." usually involved 
are operating and basernent floors, piping, build
ing columns, sta1rways. l·lust also isolate from 
bed rock or ground water. 

The phenomena of resonance and vibration 
transmission have nothing to do with the degree of 
rotor balance ( 11 roughness") of the machine. The 
inherent vlbration can be either amplified or re
duced by the structure, depend1ng on its dynamic 
characteristics. In other words, a unit which 
runs perfectly smooth on one fo~ndation may run 
very rough on another, although the rotor unbal
ance is st111 the same. This means a unit on a 
resonant foundation will need an extremely well
bálanced rotor to operate satisfactorily. When
ever this degree of balance is disturbed, even 
rnomentari~y. rough operation will result and dam
age to the machine (ranging from a slight packing 
rub to a complete wreck) may occur. This danger 
should never be underestimated, because upsets 
such as rapid load changes, slugs of fluid, ther
mal shocks, will be experienced during the 1ife of 
almost any machine, and.how much of this the ma
chine can take will depend to a high degree on the 
dynamic characteristics of the foundation. Hhere 
a mach1ne must be started and stopped frequently, 
and where rapid changes in operating cond1t1ons 
(peaking turbines) occur, this factor will deter
mine the availability of a unit, and the degree of 
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Fig. 2 Response of slngle-degree-of-freedom 
systems (Church, reference l) 

confidence the operators can have in it. 
How vita11y Dilportant this problem can become 

under emergency_;onditions (blade failure, slug of 
fluid, ~acking rúb, thermal shaft bow, bearing 
failure, and so on) can be seen from reference 
(!), 1 where several 50-~ru units experienced pack
ing rubs by just coasting down through the reso
nant ranges of structura1-stee1 foundations with 
insufficient system damping. 

Sufficient Rigid1ty. This must be provided to 
maintain sha~t alignment within o. OQ.?-~2......9..:..º'9.5_1~ 
(depending on speed) during a11 operating condi
tions and over long periods of time. considering 
concrete shrinlc (about 0.006 in/ft during first- 6 
years), creep (about thi·ee to four times static 
deflect1on, during first 2 years), soil settling, 
and tempcrature changes (expansion coefficjent for 
con'crete about same as for .steel, 0.65 x ¡o-3 in/ 
in deg F), this is notan easy task. However, if 
the structure is des1gned properly from the dy
namic angle, and the recommendations in this paper 
are fo11owed, there will be 1itt1e extra consid· 
eration required. 

Mechanical Slrength. This will be covered 
only so far as dynamic 1oad1ng is concerned, see 
"Pract1ca1 Consideratiohs." ;18ain, if properly 
designed for dynamic properties, 1itt1e needs to 

1 Und~rlined numbers in parentheses des1gnate 
References at Lhe end of Part 2 of the paper. 
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Fig. 3 Component forces of VIbra ttng system 
(Church, reference 1) 

be added. Resonant foundations, however, caneas
ily be damaged by vibratory stresses. 

RESONAl.'T FREQUENCIES AJID DYNAMIC RESPONSE, 
GENERAL CONCEPTS 

A system is "resonant" when the freg~;[_Q[ 
excitation (RPM of a machine, and so on) coincides 
with the natural frequency of this system. How 
the system (single degree of fre~) res;onds to 
other exciting frequencies is sho~n in Fig.2; h~w 

the components participate is shown in Fig.3 (2). 
Note that the dominating factor is the spring ;hen 
exciting below natural frequency, the mass above 
natural frequency. Damping alone controls vibra
tion at resonance, and its influence is insignifi
cant at any other point. 

The major modes of vibration are shown in F1g. 
~ for a turblne foundation. 

The vertical vibration is usually of the 
greatest importance and controls the des1gn. 
Therefore, a foundation which is "tuned low," has 
its vertical resonant frequency below operating 
speed. If "tuned ~1gh," the vertical resonant 
frequency is above operating speed. ' 

How a foundation can be regarded as a single
degree-of-freedom system 1s shown in Fig.l for 
vertical vibratlon. The resonant frequency for 
such a system is 

( 

1/2 
N = 187.7 l~OO) (1) 

Where S 1s the static deflection (in mils) under 
the total weight, as sho•.m in Fig. 4. This 1s not 
an act~al deflcction in the cases of horizontal 
vibration, but just a parameter to express the 
comb1nat1on of mass (;;eight) and spr1ng (st!ff
ncss) of the structure. 
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6B- BEAY OEFLECTION 
(SHE:AR ANO &NOING) 

6c- COLUMN OCFLECTION 

Fig. 4 

AXIAL 

Rcsonant frequencies of the st:ructure should 
be cleat• of the followlng exciting frequcncies, 
in ordc:r of 1mportance: 

PLM4 VllW 

CORRUGATEO CARDDOARD 

(i'OR ~ ONLY) COLUIAN 

~~~T 
ELEVATION 

Fig. 5 Arrangement of connecnng srccl to permit changtng 

of foundation frcqucncy In case of resonance (RaU5ch, 

referencc 3) 

graphs to find this solution are given in Part 2 
of the paper in outline form. 

PRACTICAL CONSIDERATIONS 

(a) Operating speed range, clear by+ 20 per- Limitations of calculation Procedure 
cent. 

(b) 011-whlrl frequency range: Avoid 40 to 
55 perccnt of operatlng speed range. 

(e)' Two t1.mes opera~lng speed range. Clear 
by ± 15 percent margln: Harmonlc exc1tation and 
fleld reactions of electrical machines occur at 
this frequency (7200 cpm for )600-rpm machines). 

O (d) · Frequencles of background vibr·ation, such 
as causcd by other machinery and transmitted 
through piping and soil. Try to avoid by± lO to 
± 20 percent margin, depending on scverity and 
proy1sions for vibration isolation of the new 
structure, 

(e) Rotor critical spccds. Try to avoid by 
10 percent where possible. It is often unavoid
able to have foundat1on resonance and rotor crit-
1cals in the same area. Th1s will not result in 
an extremely severe peak but rather cause two 
peaks instead (.t:). 

(f) On bed rock or with foundat1on mat reach-
1ng into or near ground-watcr level: Tune low, or 
set mat on elastic material (cork, rubber, and the 
like, which must be contained in a separate trough 
to elioinate pumping actio~ of mat in water). See 
(¿) for examples. This is required to prevent vi
bratlon transmission over lor~ distances. 

Evldently, there is only a rather.limited 
choice concern1ng location of foundat1on resonant 
frequenc1es. This narrows down even further Hhen 

. - ,· 
des.tgn lim1tations, such as .. :l1eight, cost, and 
s¡,ace requirements are taken 1nto acco..tnt. The 
d¡;sjgn is pract1cz.lly dlctz.~ted by these c1rcum-

o tances, often to the ~:xtcnt that there is only 
one reasonable solution. Pract1cal rules and 

Prom the foregoing 1t will be realized that a 
rigorous analysis in the mathematical sense is 
quite j~ossible for practical reasons and that we 
are. oruy trylng to pred1ct the general arca in 
<Ihich resonant frequencies can be e.xpected. This 
ls, howevcr, extremely valuable for all practical 
purposes, provided an eye is kept on the assump
tior~ on which the calculation is based, and pro
v1ded suff1c1ent margin is left for inherent in
accuracies. When these po1nts are observed, it 
will be noted that the calculation, glven 1n Part 
2 of th1s paper, can predlct resonant frequencies 
wJth good accuracy, consider1ng all circumstances. 
The secret 1s to avoid anything that looks cramped 
and unreasonable, and to keep the ltnes of the de
signas clean and slwplc as poss1ble. 

Tuning After Erection 

It is often advisable to provide mean~_f~~

tuning _ _!~~foul29.~tion ~~t-~_-1.?-~_q..?,t~.-~n -~ª§..~9L 
e_:_::~I_'~-~-r faulty construct;9l'l_· __ Bo_r:>t~ __ may __ l?_~pr~ 
v1ded around the column feet as shown in P1g.5. 
In case of resonance, the concrete of tne boot can 
be brolcen down, and vertical steel connections are -- - -----·-·-- ---------- ----~~-

theQ_.§!_'lªU§!.9le for buildi~_}¿P th~lu~ with a 
larg~_r- _CI'<!~e . !? ec ~_19._n_,__ t1ore dev ices for tuning are 
shown in (¿). Sorne bu1lders let the extra steel 
st1ck out of tlle n;at until the foundat1on has been 
v1brai1on-tcsted and thc unlt is ln operatlon, and 
then thc stecl is cut off and the basement 
grouted. AnoUJCr poss1b1llty is to provide room 
and re1nforccmcnt for additional concrete in the 
top slab (must check stresses and so11 loading). 
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Fig. 6 Dynamic forces 

Vibration Joints or Air Gaps 
These should be used between foundation and 

buiLding structure, to prevent transmission of vi
bration to and from the machine. A 1/2 to 3/4-in. 
mastic joint is usually provided to separate the · 
mat from the basement floor. Air gaps (l/2 in.) 
.are provided at the operating and interrnediate 
floor levels. Rubber or cork jo1nts (must be 
quite soft) should be used at stairs, rails, and 
so on, and also under grating, instrument panels, 
and steel plates on the foundation, to prevent 
rattling and drurnming. Piping should be spring
supported. If on bed ro~k, gap should still be 
pl'OVided around the mat, and so forth, to·prevent 
strains in mat. 

Overhanging Pla tforrns (Ca t~1alks) 

These should be avoided because they can eas
ily become resonant. Where unavoidable, strong 
ribbing should be provided and platform should be 
of substantial thickness relative to its overhang
ing length. 

Stresses and Strength 

The magnitude of dynamic forces in the founda
tion depends mainly upon two factors: Closeness 
to resonance, and balance of rotor, in conjunction 
with rotor weight L. Damping does not normally 
enter into the picture ~ince it is only effcctive 
at resonance, Figs.2 and 3. The curves in Pig 6 
s~ow both the actual dynamic load and the recom
:nended de-ign load for the s truc tu re. 'l'his load 
'.> is uxpressed as a mul tiple of the rotor we1ght 

4 

and it takes the reduced strength of tlle material 
in fatigue loading into account (by a factor of 
3). 

This load can now sirr.ply be applied as a stat
ic load, in addition to the true static loads. 
Hence the term "Equivalent Statlc Force " D1str1-
but1on of this load can be asG~med to be the same 
as for shaft-bearing reactions. This force acts 
in bcth the horizontal and vertical directions 

The chart is calculated for 3600 rpm, but may 
also be used for' other spceds by appl¡ing a factor 
to rotor tveight L: 

L' ~ L x __ n __ , where n ~ operating speed 
36oo' 

These data have been adopted from German Indus
trial Standards, DIN 4025 "Supporting Structures 
for Rotating l1achinery (especlally Table-Type 
Steam-Turbine Foundations) ." The curve. is based 
on W3Ximurn allowable rotor vibration as recom
mended by turbine manufacturers. 

Therrnal Stress and Distortion, Shrinkage 
Stresses. Assume a temperature difference ranging 
from -30 to +lO deg F between top slab and mat, 
the slab varying between these limits 111th respect 
to the mat, creating cycling, biaxial bendir.g 
stress es in the colurnns, for which reinforcement 
must be provided. In additlon, assume inside of 
top slab bay to be 35 deg F hotter than outside, 
due to radiation, and provide reinforcement for 
the resulting (cycling) bending stresses. 

To reduce thermal distortion, special care 
must be taken to protect the structure from radia
tlon and uneven heating and cooling, especially 
at columns and top slab. Steam lines passing in 
the vicinity should have full insulation (even 
sma11 11nes) and heat shields (stainless steel on 
asbestos) should be provided on the concrete 
where lines pass close to the structure Long 
runs parallel and close to the top slab or col
umns must be avoided. 

It is extrecely important to minlmize thermal 
distortion since much operating trouble has been 
caused by this source. For example, heating or 
cooling a 20-ft concre~e column only 5 deg F 
(open door, and so on) will distort the top slab 
by 7.8 mils, which could cause vibration of the 
unit. coefficient of expansion for concrete is 
about the same as for steel (0.65 mils per in. 
per 100 deg F). 

Stresses due to expansion of turbine, genera
ter, or compres sor cause cycling bending in slab 
and top beai:JS, in a.dáition to teHsion-cornpression 
in top bearr~. e~pecially the miódle beam, and 
bcndlng 1n the front beam. liere, as always w:!.th 
turblne foundations, it must be kept in roind t.hat 
the lif'lit1n¿; criterion of desi¿;n 1s áeflection of 
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ELEVATION PLAN VIEW 

f¡g. 7 

:.,rdy :' few thousandths of an inch, not. ultima te 

.> t1 cr·· Lh. 
: . .-.urt-circuit torque causes sudden cycling 

loaá- .111 the top slab. Use 30 x nameplate torque, 
~~P 11 .d at turbine and generator soleplates. 
Thcr~ w111 be no "overturning" moment in the 
foun::.·' t ion because turbine casing torquc will op
~o~c r-~nerator stator torque, but the top slab 
r·,w;t ~·~ dimensioned and reinforcea to withstand 
thc r.sulting stresses without s1gn1ficant deflec

tlon~ ur cracking. 
· 'J''~re are two frequenc les involved he re: One 

rore~ varies with system frequency, t~e other with 
!.wicc ... ystem frequency. Superpos1t1on of the two 

CoreeN leads to the value of 30 x torque (l) in
dur!J··¿ a factor for impact, but no s1gn1f1cant 

r.afet~ factor. 

Il'L.lepla te torque: Mt 
7040 X (KH) 

i't-lb 
n 

Mt 
2220 X (HP) 

n 

81¡u.rt circuit: p ± 30 Mt lb , 
a 

Ft'•·ce at Soleplates: 

11 speed, rpm 
,~,, nameplate rating of generator 

~ 
distance between supports, ft, F1g.7 

lt w111 be realized that stresses and deflec
ll uns w.y be amp11fied by resonant condltions in 
thc 1··1) slab. Since sorne of these frequencies 
uuuld ~a very difficult to predict, a generous 
f::¡c\e)· of safety is indicated. condltions similar 
tu oll·:;·t c1rcu1t may be experienced when the gen
,,,.11t,,;,. 1s synchronized more or less out of phase 

1~ llh .. ne rest of the system. EXperience indica tes 
tl 1•1 t. ,:ds n:ust be expected to happen a certain 

'"'"'"·~~ ;;.f times during the l1fc of the unit. 
\.::.:..·-:1 pull and pipine .fo:•ccs must be con-

"'"'~.~ :!.:1 tr:.e stress analy:;1s, but not in the 
, , • .,,,1" .:-f!'equency calculation Vacuum pull e.x-
t•t··. ~-·._.. where an expansion joint is used, for 
,.,,,.., ....... : the turbine exhaust. The t.op slab (or 
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Fig. 8(b) Reinfor.cing steel required 

baseplate, if used) must not only be able to with
stand the resultin& stresses, but the resulting 
deformations must bé kept within 1 to 5 mils 
(thousandths of an inch), depending on unit RPM. 
to prevent vibration spells during start-up, peak
ing, and emergency conditions (noncondensing). 
These forces do not represent vibrating masses, 
and therefore they will not affect the resonant 
frequencies of the foundation. 

concrete strength specified should not be 1ess 
than 3000 }),:;;j_ a t 2 ~ day.E_[or __ whi9.h...1!Je dynamic 
rnodulus of elasticity has been found to be around 

4.3 x 106 ~ (this figure has ~ot much to do with 
the static E-modulus). Where higher concrete 
strengt.h is used, 1t can be assumed that tbe dy-

5 
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n.'lllllC E-moduluG lncrc:o.ccs, but not proporLionLll to 
the s treng th ( §.l . Thercforc, h~her s treng ths 
should be usad w1th caution whcn tuning low .- while 
for ri81d dcsi,_gn ( tuning h1gh), a higher strength 
~y give sowe additional margin in resonant fre
quency. The 4.3 x 106 figure includcs reinforce
ment. 

When designing relnforccment it must be kept 
in mind that the structure will be exposed to 
thermal, dynamic, and settling stresses and that, 
therefore, the standards used in building des~n 
are insufficient for high-speed machinery founda
tions. 

Stress [.evels. Reinforcing 
Stress levels in columns are usua11y'quite 

conservativo, seldom exceeding 120 psi (static 
loading only). Reinforcement is much hcavier than 
for other structures, espcciaJly in the columns. 
The mat should be heavily re!nforced all around. 

Approxireate ccncrete and reinforcing stee1 re
gu!rements are sho•rn in Fig.8, these should be 
used for estimating purposes only. considerably 
more concrete may be required where attempts are 
made to shift rcsonant frequencies to h~her 1ev
e1s where tuning low would normally be indicated. 
Also, turbine-corr~ressor units often require'more 
material, up to tllice the amounts shown. curves 
are adopted from refcr•ence (¿), and have been com
parad and sll.Rhtly mod1f1ed with domestic data. 

'constPUc~~~I! should be in accordance with ap
p11cab1e codes, keeping in mind tha! ~equirements 
foYtllis-type -ot :fo'linctatio-~-a;.~ ~~tirely different 
trom what is_cu~tomary_for building construction. 
The contractor should have experience in this 

/ 

field, or should at least be aware that special 
knowledge and procedures are required. Most of 
the u¡ucceptable foundations are a result of the 
1nexper1ence of the contractor with the special 
requircments involved. The contract spec1fica
t1ons should be Hritten accord1ng1y. 

Jolnts. Most difficulties occur at the con
struction Joints, 1~hlch are often not properly 
prepared and bonded. W1thout good bond, cracks 
may open _at these locations due to vibration. 
These craclcs !IL'ly lead to complete separation at 
the Joint due to relative v1brat1on, which 1s 
pound1ng the concrete (1a1tance 1s often present 
in such Joints) to a fine powder. The load 1s 
then transm1tted through the reinforcing steel 
wh1ch, of course, has different elastic properties 
than a :::;ound concrete section. The resonant fre-

- 1 . 
qucnc1e3 of such a structure are indeterl:linate. 
It can be expected that the new fciundation Hi11 
have frequenc1es clase to the calculated enes. As 
the se¿: :{ration p.cogresses, new frequencies my 
shuil up and sllift. as lfill the original enes. un-

6 

til flr~lly v1brat1on bccomes cxcc~s!ve. The 
proc ess i~ agg ra va ted 

1
by thcrmal and se t t11r.g 

stresscs. It 1s then usually extremely difficult 
to correct the situat1on, especially when the 
joint at the bottom of a colurnn is involved. 

Altho~h this is often not recognized, good 
bond can be obtained by proper proccdure. Tests 
of joints (_2_) havc shown tens1Je, shear, bending 
and compressive strengths alnost equal to or ex
ceeding the strength of the basic concrete. Proper 
preparation is, of course, essential. For above 
tests, the concrete ~ras rou.gher.ed while 

1

still 
fre~h. but after partial setting, and the tÓp lay
er (laitance) removed with a strong water jet. 
The surface should be kept wet as long as possi
ble. Before pouring 1s contlnued, a single or 
double layer of cement-water paste (consistency 
of paint) is brushed in. Then, about 15 to 20 in. 
of concrete 1s placed on the joint and carefully 
worked and vibrated into the surface befare pour
ing is continued in the usual manner. It appears 
that c1ean11ness and strict adherence to all 
phases of the procedure are of critical impor
tance. A more expensive, but probably safer meth
od is described in (f). Qood results were ob
tained with the following procedure: 

Prepare joint by chipping old concrete-1 to 
2 in. deep. 

Keep wct for several days befare cont1nu1ng. 
Remove all water and foreign material. 
Brush on cement paste (~:!). 
Place several inches of mortar on joint (l to 

6 in.) depending on he~ht of next 11ft. consis
tency of paint, or at -least 6 in. slump. Worlc 
around. 

continue pour 
See also reference (l) . 
Grouting of top slab (floor) ca11s for bas1-

cally the same procedure, except that chipping is 
usually limited to 1 in. The effect of poor bond 
can be studied on many 1nstal1ations where the 
floor came loase, 
therma1 stresses. 
not sufficient to 

or buckled under vibratory and 
Raking of the fresh concrete 1s 

guarantee bonding. Above all, 
laitance and watery con~rete must be removed by 
chipping. 

Location of Construction Joints. These are 
usually at top and bottom of columns, to fac111-
tate p1ac1ng vf concrete and to prevent shrinkage 
cracking. Large foundations have been poured in 
one continuous pour from the mat up, a practice 
which calls for very rigid planning and superv1-
S1on to be successful, in addition to a gcne~ous 
amount of equipment (trucks, cranes, vibrators) 
and labor. 11axir..un time linits for the comple:tion 
of the job must be established, to prevent partial 
setting of concrete while 1t is still beir.e 
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worked. Such continu~us pours should not bé in
terrupted for lunch, concrete de11very, and so on, 
and should be finished in about 8 hr or 1ess. Spe
cial attention must be paid to prevent separation, 
excessivc concrete drop, over or under-vibration, 
seatll!l or nonunifor'Ill sections due to partial set
ting l~h11e concrete is placed a t other loca tions. 
EXtra f.illets and reinforcement are required to 
prevent shrinkage cracking .where the columns join 
beams or the top slab. Simultaneous pouring at 
several locations will usually be'required. 

Baseplate-mounted Units. Baseplate-mounting 
of turbine-compressor units is only advantageous 
for un1ts of smaller s!ze. Beyond certa1n phys1-
cal dimensions, soleplate mounting is more reli
able, nore economical, and easier to design and 
1nsta11. Speed of machine, weight of rotor, size 
of piping, operating temperatures, critical 
speeds, weight of foundat1on--a11 enter into the 
picture. 

To demonstrate the 11mitations of baseplate 
construction, consider a 2~,000 hp turbine-com
pressor; speed range 3000 to ~200 rpm, stiff shaft 
des1gn. Such a machine would be about 32 ft long, 
weigh about 200,000 lb. Ass~e foundation height 
of Rbout 29ft (top of mat to operating floor). 
F'1g.9 shoHs the two possibie designs. As can be 
secn, for solepxate mount!ng, 11nes are much 
cleaner, appearance and accessib111ty better, 1n
sta11at1on easier, and cost,lower. Even more 1m
portant is the shorter and better defined path of 

force. between casing aupports and concrete (fcll•ce
mass connection, with fewor. jo1nts. The effect of 
baseplate flex1b111ty would b~ very difficult to 
include in the freq~ency calculat1on (in fact, an 
additional resonant frequency will be 1ntroduced 
because the baseplate represents a spr1ng between 
the unit and top slab maGses.) Thermal gradients 
between baseplate and concrete due to rad1at1on 
and conduction from turbine and compressor casings, 
piping, and so on, can introduce very serious 
warpage and cracking problems. Furthermore, be
cause of the additional top slab height, it will 
be found difficult to provide enough beam between 
turbine and compressor and to provide enough 
clearance for piping and condenser. ' The effective 
column height will be reduced, making it difficult 
to get the vertical foundation resonant frequency 
below the operating range (while tuning high is 
virtually impossible because of the height of the 
structure). 

Effect of baseplate f1exib11ity on critica1 
speeds can also be very serious (!·~·~·~), es
pecially for large, high-speed, stiff-shaft ma
chines, as the one quoted above. 

Foundation design is basically the same for 
both types of mounting. The concrete mass ratios 
should st111 be observed, and strength and rLgid-
1ty should still come from the foundation, not 
from the baseplate, because any stress in the 
baseplate will cause deflection and consequently 
misalignment and possibly operating d1fficult1es, 
unless the baseplate is spec1fica1ly designed for 
column mounting. See references (10,11,12,13.1~) 
for app11cable standards. 

Leve111ng and grouting procedures are similar 
for both types of mounting. 

Pract1cal1y a11 direct-drive turbine-generator 
units are mounted on soleplates. 

As can be seen from ~he foregoing, baseplates, 
while advantageous dur1ng transit and erect1on for 
sma11er units, have very def1n1te 11m1tat1ons. 
Also, costs of baseplates are often as high, or 
higher, than the cost of a good concrete founda
tion. 

Clearance Requ1rements 
Provide ample clcarances for 1nstallat1on of 

all equipment, including piping; access for opera
tion and space required for d1smantl1ng dur1ng 
maintenance operations. M1n1mum clearance between 
machinery (flanges) and foundation is 1.5 in. 

7 
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PART 2 

o 
NOMENCLATURE 

A "' cross-sectional area of structural member, 
sq ft; also soil contact area 

b smaller side of column or beam, ft 
d mat or beam thickness, ft 
E dynamic modulus of elasticity, psi; 4.3 X 

106 for reinforced concrete 

r = static deflection of a component under its 
own weight, roils (l m11 = l/1000 in.) 

G vibrating lead 011 one bent, including l/2 
colWDJl ueight, lb 

o' vibrating lead on one bent, including l/2 
coluren wcight, horizontal 

H' "' horizontal spring constant of one bent, 
lb/mil 

h = active column height, rt 
I = cross-sectional moment of inertia, tt4 
k= bent factor, equation (~) 

L = rotor weight, ~b 

1 active bent width, ft, also leP~th of 
beams and slabs 

1 0 "' open width between columns, ft 
m e beam ¡¡jdth, ft 
N ~ natural rrequency of struct~re, cycles per 

minute (cpm) 
n = beam height, rt 

o. 
p = .force or external load, lb 
p ~ soil pre&sure, psf 
Q = weight of structural com,porÍents, lb 
q uniformly distributed load, lb/ft 
s = center of gravity hetght, ft 
W .. total uni t weight, lb; al so weight of vi-

brating and stationary masses 
w = width of mat, ft 
~= bent correction factor, P1g.l5 
S = static deflection of structure or com

ponent under vibrating mass loadir~. to 

~· 

~ 
'O* 

be used for determination of resonant fre
quencies, mi1s (1 mil = 1/1000 in.) 

= horizontal static deflection of one bent, 
mils 
horizontal static deflection of structure, 
mils 
indicator of horizontal rigidity, mils 

INTRODUCTION 

but the same basic considerations bold for struc
tural-steel design, except that the top slab is 
much lighter, unless filled with concrete. 

sm.PLIFIED CAICULATION PROCEDURE, 

STEP BY STEP, FOR CONCRETE FOUNDATION 

Prelioinarv Assumptions for First Layout 
1 Select vertical resonant frequency as fol

lous: 
From pj~.lO for given column he1ght (subtract 

about 3 to 5 ft from total f1oor height above mat) 
find column stress level requ~red at 1.2 tim~s 
maximum operating speed, RPM. If stress level is 
above 50 psi, try to tune low. If stress level 
is below 50 psi, try to tune h1gh. 

The foregoing is obviously only a-rule of 
thumb, and especia11y around 50 psi further con
sideration may be necessary to come to a deci~ion. 

Remember: To raise resonant frequen~y_;_ 
Heavier columns 

To lower resonant frcg~ency~ 
Thiru~~!' __ columns_,_8.Rf' .. ~ 
we~_~L!n top _l?lab. 

Select resonant frequency: Tuning high: 
1.2 x maximum speed or 
h1ghet' 

'l'uning low: 
about 0.6 x operating 
speed 

2 Assume approximate dist1·ibution of oachine 
we~ht per bent (a "bent" consists of two colum .. 11S 

anda transverse beam). 
3' Assume we~ht ratio of 

Tuning high: 
top s1ab/un1t: 

Tuning low: 
O. 75 to 1.25 
1.5 to 2.25 

Do not include: Oil taru:, condenser, 
columns, piping. 

Inc1ude: Upper beams and slabs. See F~. 
ll 

4 Assume factor for bent f1exib1lity: 
Based on 
frequency 

Tun1ng high 0.80 to 0.85 
Tuning low 0.90 to 0.95 

Based on static 
deflection 

0.61+ to 0.73 
0.130 to 0.90 

UOTE: The higher the e olumns , the h!.gher 
The calculation procedure outlined in th1s pa- the bent flexibility factor. 

per is necessarily only in skeleton form, covering 
only the absolutely vital steps. For refinements. 
applicable literature such 'as reference (¿) or 
(!2) must be consulted. The method presented here 

r-\s baseJ primarily un these references. 
U The method given is for concrete stl"Uctures, 

8 

5 Calculate approximate column dimensions as 
follows: Column loadi~1 cons1stz of all we1ght 
supported above 1/2 column he4;nt, = vibrating 
we!ght (sce Fl.g.ll). 

conden~. If hung or spr1ng Sllpported, in
elude condens~r we!ght in vibrat!.ng weight, but 
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0o 50 
COLUMN STRESS, 

Fig.lO Verucal-resonant frequencies of re
inforced-concrete columns under compressive 

load 

not in slab/unit weight ratio. If exp~nsion joint 
is used at exhaust, include condenser weight in 

Q stationary ma.ss. Disregard vacuum pu11, since it 
does not representa mass. Divide desired reso
nant frequency by bent f1exib11ity factor. Using 
F1g.l1, find corresponding column stress level, 
using h for column height. 

Us1ng weight distribution as assumed above, 
find required cross-sect1onal areas of columns. 

6 complete preliminary layout on basis of 
forego1ng figures. Provide generous fillets at 
long spans and at other points of stress concen
tration; also provide beams and ribs where neces
sary. Avoid overhangs and large, unsupported 
areas (floors) . If unavoidable: Provide very gen
erous ribb~ng. fillets and bracing, to avoid drum-

~· 
Make sta·tionary weight (mat) equal to or larg-

er than vibrating we1ght. Make top slab as rigid 
as possible, especlally in vertical dlrection. 
Arrange column centerlines under center of load, 
to reduce torsion, F1g.12. 

J Prov1de heav11y reinforced beam between tur
bine and generator (or compressor), with generous 
~~1lets. This beam will be loaded in tension-com
;~ession when turbine and generator feet slide in 
and out 11ith changes of operating temperature. 

~Assume friction coefficient of 50 percent for bcam 
l!\j slab-reinforccment calculation. The same con-

Fig.ll 

VIBRATING 
MAS$ 

STATIQNAR'I' 
MASS 

F1g.12 

- <.DLUI.AN 
CENTERLINE 

dition exists at the turbine front support, where 
the force is axial. See Fig.13 for 1ocat1on of 
frlction fot'ces. "P" designates the reaction at 
the respective support. Note that fr1ct1on forces 
on opposlte sides will oppose each other, but Will 
cause bending in top slab. 

NOTE: P1, P2 • P3 are the actual loads on the 
respective supports, 1nclud1ng vacuum and plplng 
loads. Only loads affecting fo~ndation deslgn are 
shown in Fi.g .13. 

:to.s P:3 TU::<BINE 
BA'I' 

tO!IP¡ 

KL:'I' PLATE 
t05~ 

to.5 (~ + P3) 

Fig.I3 

Keep roundation llnes as clean and simple as 
possible. This will reduce cost, simplify final 
calculation, and make results more reliable. 

S1mpl1f1ed Calc~lat1on Procedure, Step by Step 
1 Find actual load distribution on columns, 

using preliminary layout. 
NOTE: The top s!ab should actually be re

garded as a vibrating beam on flexible supports, 
but where design is conventional and the top slab 
sufficiently rigid as compared to columns, assum
ing statically determinate load distribution (zero 
bending moment on colurr~ centerllne) usually gives 
satlsfactory results. 

All bents must have the sarne resonant fre
quency (static deflectlon), within aoout ) per
cent. Other~,.¡ise, the calculation proce:.~ure pre
sented here cannot be uscd. 

2 Find active cohm~ height (F1g.l4). 

JI 9 
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1.. h,ACTIVE: ._ _ _. t 
1 

Hi:IGHT 

--~ 
_J_ 

~ b • St.'ALLER COLUMN 
-----, SIOC 

F1g. 14 (Rausch, refcrence 3) 

b 
h = ho + 2 

(2) 

NOTE: 
d/2. 

The column foot should not be assumed below 
If b/4 > d/2, use 

h = h .~~ + ~ (3) 
o 4 2 

3 Find corrected bent widths for bending de
flect1on (F1g.l5). 

'.;;• 

he 

1 
COLUMN 

CENTCR,LINE e/Jc 
.1-Lt-zeo 

Fig.l5 (Rausch, reference 3) 

Vertical Vibration of Struct~~ 
4 D1stribut1on of beam load 

shear def1ect1ons (F1g.16). 
for bending and 

10 

F1g.l6 

p + g 
2 

(4) 

·~-~------------

~ DcflccLiono, vertical: 

Usa bent factor (5) 

where 

h as in l!ifJUre 14, feet 

.1 ao in Figure l5 1 fcet 

11 = ~cnt of inertia of be~ cross-section, 

m n3 

12 
Soe Figure 16; 

Ib = momeot of inortia of col~ cr~ss-section, ft.4, 

Sae Figure 16 ; 

Note: Where more accurate prediction 
deflections is required, reinforcement 
takcn into account, see (1). 

of bending 
must be 

Bending deflection of beam, mils: 

Q,fi3 (8k + 4) 

384 U 11 (k + 2) 
X 

0.217 Q~J (B~ + 4 ) 

E ·Ij, (k + 2) 

1000 mils/f.n. 

12 in./ft. 

( b) 

Shear deflection of beam, mils: 

3 O.rlo 1000 milo/in. 
,. --- X 

5EAl 12in./ft. 
50.0 x O.tlo 

E AJ. 
(7) 

Column compression, mils: 

where 
p 

Q 

º-
2 

E 

G 
" l X 

h 

8% 
~ 1000 miln[in~ 

12 in./ft. 
41.7 G h 

EAtt 

( 8) 

externa! load, lbJ 
See F1g.l6, equation (4) beam weight, lb 

load on one colu~•. as calculated in step 
l, plus 1/2 column we!ght. = "Vibrating" 
we!ght on·column, SP.e Fig.ll. 
dynamic modulus of elasticity, psi; use 
4.3 x 106 psi for 3000 psi, reinforced 
concrete 
open width of bcnt, ft, see F1g.l5. 
cross-sectional area of beam, sq ·ft 
cross-sectional area of columns, sq ft 

One balf of the bceg ~i~ht io applicd 

os concentruted load at mid-span, thc 

othcr half at the t'lo;o colu;ml!l, 
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Bcndlng and shear deflectlons of top slab: To 
nl~'llfy frcqucncy calculatlon, destgn slab for 
ll•:flcctlons smaller or equal to beam deflectlon::.. 
Jll.ll' roue;h comparison can use: 

Slab bendlng, mlls: 

fiÍ> 
Q¡.f 3 1000 m1ls/in. 

X 
192 E Is 12 in./ft 

= 0.434 
Ql .t3 { 9} 

192 E Is 

For Q1 use equation (4) in conjunction with 
Piss.l6 and 17. 

r 
Fig.l7 

r 5 = moment·or inertla about axis shown in 
F1.g.l7. 

Slab, shear deflection: 

EJ,;, ~ Qll 1000 mUs/in. 50.0 Q¡t .. lt 
5 E As 12 in./ft: E A8 

( 10) 
cSb + bu > hb' + Óa' 

7 Resonant frequencies of bents, vertical: 

Fig.I8 f¡g.l9 

AssUllling mat rigid (Fig .18): 

1000 (mils/in.) 
Nv .. 187.7 (ll) 6b + Ós + Óc (mils) 

AssUllling mat suspended (coupled vibration} 
(Ftg.l9} (_~} 

N ' V (12) 

~ The actual resonant frequency w111 be found be-

tween Nv and Nv', dcpendlng on soll charactcris
tlcs. For w1 = w2 : 

Nv \ Nv \[2 

NOTE: For thls sl~p11f1ed analysis it was 
assumed that all bents have equal resonant frc
quencies; it 1s therefore absolutely necessary to 
design the bents 'accordingly. 

The entire resonant frequency range as defined 
by Nv and Nv must be either 20 percent above or 
20 perccnt below the speed range of the unit. For 
other frequencies to be av01cted see Part l of this 
paper. 

Horizontal V1brat1on of Structure 
8 Deflect1ons, horizontal: 

To get simple equations, assume slab to be 
stiff in horizontal direction, des1gn accordingly. 

All bents should have approximately equal 
horizontal stiffness, as expressed by t (F1g.20). 

f¡g.20 

Spring constant of each bent: 

H~ . = 6Bih 1 + 6 k 12 in./ft. 

h3 X X 
1 + 1.5 lt 1000 mi la/in. (13) 

Elh (1 + 6 k) 
0.072 X 

hl (1 + 1. 5 lt) 

Where 

H' horizontal spring constant of one bent, 
lb/mil 

E dynamic modulus of elastlc1ty, psi 
(4.3 x 106 fo~ 3000 psi concrete) 
see Flg .16 
he -a <X. see F1.g.l5 
see equat1on (5). 

Deflectlon of each bent; mils: 

Deflection of whole framework; mils: 

Ón 

(14) 

( 15) 

11 
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total weJ¡::;IJt car!'led on a bent (lb), ln
<.1ud1ng 1/2 column weight. see Fie 11. 

b1 ;SH:::: static dcflections, horizontal, if Vlbra
t1on loads wcrc applied in hori~ontal d1-
rection. Thls deflection represents dy
namic stiffness only, there w~ll be no ac
tual horizontal deflection. As a measure 
of adequate stiffness check: 

' 
o. 5 Ó¡¡ x Weight of unit s1one 

f e' 
(16) 

. .::. 5* should be less than 15 mils (using dynamic 
E-modulus). Provide reinforcement for loading ac-

' cordingly. 
9 Horizontal frequency of foundation (cpm): 

Hat rigid: 

,, 1000 
18 7 ' 7 ~ -(fi""'H--x --:-( 0~.:;.::8;._to-l-. 0-.-) (17) 

Hat suspended: 

(lB) 

For explanations see equations (ll} and (12) 
NOTE: Horizontal frequencies are usually 

safely below operating speed, but other dangerous 
frequcncies must be avoided. 

Ü component Freguencies 
Basic frequency equat1on for s1ngle-degree

of-freedom systems: 

N .. 187.7 ~ 1¿f0 (cpm) 

Formulas below give S for uniforrnly d1stributed 
load, any material, and also for reinforced con
crete with E = 4.3 x 106 psi 

f stat1c deflect1on, mils 
~ static deflection, mils, corrected for 

dynamic load d1str1but1on 
d = beam thickness, ft. 
l = beam length 
q = weight per unit length, lbs/ft 

component Freouenc1es~ 
l Both ends f1xed (F1g.2l): 

jlllll~lllll!llllllll~ 
.. 1 . 

F1g.21 

:o 
12 

f 

Nl 709 ,ooo d (For concrete only) ( l ~) 
TI 

í 
~4 1000 mUs/in. 

6 o. 77f 384EI 
X 

12 in. /1t. 

2 Both ends simply SL.jJported (F1g.22): 

313,200 

~ 
384EI X 

F1g. 22 

d 

72 (Concrete on1y) (20) 

1000 mils/in. 
12 in./ft. 6 "' o. 79f 

Most beams and columns cannot be regarded as ei
ther fixed or simply supported. Por these cases, 
experience l~s indicated a value of 4)0,000 to 
500,000: 

d N1 ~ 470,000 x Jf2 (Concrete only) 

Should provide for at least 

~ JOl when using this fo~la 

3 Cantilever Beam (Fig.23}: 

~iiiii!IIIIÍ~ 
Fig. 23 

Fig. 24 

N¡ d 
u1,5oo F (Corcrete only) (21) 

f 
ql4 1000 mils/in. ó= 0.65f 
8 El 12 in./ft. 

4 Free Bcan (Fig. 24): 

JI 
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lut modo: 

2nd moda: 

Jrd mode: 

Cotlcretc Only. 

N¡ e 0.709 x 106 u~ 

N2 = 1.995 X 106 X~ 
6 d 

N3 ,= 3.83 x 10 X jf1 

(?...:) 

General: N = J3 2 
X 187,7 El 

q,l4 
x 12 in./ft 

where 
~2 = 22.38 first mode 

61.65 second mode 
120.9 third mode 

5 Beam even1y supported by sprin~s (Fig.25): 

Fig. 25 

(23) 

where 
N combined frequency 

Nv vertical frequency of springs a1one, as
sum1ng s1ab jnfinitely stiff 

N¡= bending frequency of s1ab·a1one (equa
tion 22) first mode only. 

This equation can be used to find bending fre
quencies of top s1ab. 

Approximate Resonant Frequencies of 
Foundation on Soil 

These frequencies must be checked where the 
superstructure is tuned high, and a1so for so11d 
(b1ock-type) foundations. 

F1g.26.further simplifies the ca1cu1ation as 
given by Rausch (¿). However, strict adherence to 
the fo11owing assumptions is mandatory when using 

, this chart: 
Centcr of· gravity of load must be in vertical 

line with the geometric center of the load-carry
ing area, to get even so11 pressure distribution. 

Ground water table not to extend higher than 
1/2 mat _width below mat. 

Fou~dation must be separated from surrounding 
structures and f1oors by a gap f111ed with soft, 
plyable material (mas tic) .. 

i! Because of exigencies of makeup of paper 

O 
appears as full page pla te on the following 
Fig.27 is then ~11th 1ts text reference. 

Fig. 26 
page. 

So11 mu:;t be reasonahly uniform and undis
t.urbcd 

Furthermore, 1t. is 111ghly recommended that 
provision::; for more uniforrn soil 1oad1ng be madc 
(precoMpression of so11 by temporary overloading 
of foundation, using ballast; rcllef of center or' 

loadcd area, lmbedded pipes for grout injection 
after sett11ng). Detalls about such provisions 
can be found in (¿), for example. 

Soil Damping. Increases wlth contact area and 
inversely to soll loadlng. For areas exceeding 
approxlmately 250 sq ft and l1ght soil loadlng, 
damping ls usua1ly sufflc'ient to prevent s1gn1f1-
cant vlbration amplif!cation. However, resonance 
should still be avoided because of the hlgh levels 
of energy transmitted into the soil and the conse
qt•ent settling and v1brat1on transm!ssion. If 
resonant cond1t1ons cannot be avoided, dynamic 
forces must be appl!ed according to Fig.6. 

Resonant Frequency Calculation, Simplifled. 
The method given here gives only a rough estimate. 
For more precis~ and detailed calculation, the 
literature must be consulted (¿,12,16). 

Modes of vibration: 
Vertical. 
Torsional, about vertical axis through cen

ter of gravity. 
Horizontal. There are 4 horizontal modes, 

two sideways and two lengthwise. They are 
actually rolling motions, one about an 
axis below the center of gravity, the oth
er about an axis above the center of grav
ity, in each d1rect1on. 

C3lculation Procedure, step by step: 
1 Calculate contact area A of foundat1on, 

malee sure vertical center of grav1ty axis of all 

weights intersects center of contact area. Find 
... ÍA ( ft). 

2 Calculate soll 1oad1ng: 
p = W/A (psf) 

where W = total weight supported on A, lb. 
3 Calculate vertical distance s (ft) of cen

ter of gravity with respect to A. see Fi.gs .26 and 

27. 

4 

1------.1----' 

Fig. 27 

Calculate rat1os r/s and w/s, where 
i = length of base area (A), ft 

13 
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w = width of base arca (A), ft 
s = height of center of Gravity ovcr A, ft 

5 use Fis.26 to determine rcsonant frcquen-
cies as shown, starting on the lcft side horizon-

0 
tal axis. To f~nd vertical frequency, go up to 

, -v'A line, th€n horizontal Lo p-linc ( disregard cd 
scalc, which is for refercnc e only) , thcn go down 
and read ver~ical rcsonant frequcncy Uv 

6 To find horizontal and torsiona1 frcquen
cies, go back to startir.g point, thcri go down to, 
the .R/s (or w/s) lines for tlle various modcs (hor
izontal, about lowcr axis, torsional, horizontal 
about. upper axis). Read corrcsponding frequency 
ratio N/Nv for each mode 

7 Z.lultiply N/Nv ratio by vertical frcquency 
Nv (found in Step 5), to get hor1zontal and tor
sional frequencies in cycles/minutc. 

Note: Hhen selecting the starting point on 
the soil scale, it must be kcpt in mind that the 
plastic and adhesive charactcristics of the r,oil 
are important for the horizontal and torsional vi
brations, as expressed by the cOJilpression/shear 
ratio (C/S). Nonbinding soils ( sanG, gravcl) ha ve 
a c/S~rat1o around 1.5, wh1le binding so1ls (clay, 
loam) have ratios around 3. Th1s should be con
sidered Hhen selcctir.g the starting point in Fig. 
26. The coord1nation of soil type and C/S in Fig. 
26 is an approximation. If b'etter data are ava1l
o.ble, the torsional and horizontal frequencies 

O
~hould be found for the correct C/S value, for 
;,rhich a scale 1s shoHn below these curves. 

All frequencies may vary as mJch as ± 20 per
cent because of variations of soil, settling dis-
placement, precompression, and other unknowns. 

Examp1e 
1 Foundation 1ength: 1 = 33 ft 

Foundation width: w = 18.5 ft 

2 

4 

5 

Loaded area: A = 33 x 18.5 = 610 sq ft 
vítt = 24.7 rt 

Total weight, foundation and machinery: 
w = 1,080,000 lb 

~ 1,080,000 7 
p =A= 

610 
= 1,7 O psf 

cent~r of gravity locat1ons: s = 9.8 ft 
above 1oaded area 
L/s = 33(9.8 = 3.37. w/s = 18.5/9.8 = 1.89 
Type of soil: Primarily sand and gravel, 
with sorne clay. 
From Fig.26: Nv = 1206 cpm 

Horizontal, sideways (w/s = 1.89): 
About upper axis: 

1

Ir/llv = l 26; _!1_ = 1205 
x l. 26 = 1520 cprn ±20% 

About lower axis: il/llv = 0.36. N = 1205 
x o. 36 434 ~rm ±20% 

Horizontal, lengLhwlse(w/s = 3. 3'1): 

' ' 

jO. JO 

l,, __ ______¡__---+-- ---,---\--+-1-~-
e 0i 
~ ~ 
t; 0.10 ----+---_,_._--+ - _:_5 

(l_, 

~ 
gj 
> 

4000 

Founda uon resona nce spectrum 

About upper axis: li/Nv = 1.16' _!!__ = 1205 
X 1.16 = 1400 cp:n ±2Ü% 

About lo>~er axis: N/Nv = 0.51. u = 1205 ---
X 0.51 = 612 cpro ±20%, 

Torsional (about vertical axis): 
N/Nv = 0.72; NT = 1205 
x 0.72 = 868 cpm ±20% 

This foundation would not be suitable-for 
a 1200-rpm machine. 

Summo.ry of Stress Calculation 
l Check horizontal stability &o, using for

mula ( 16). 
2 Calculate vertical and horizontal stresses 

lncluding dynamic forces, F1g.6, vacuum pull and 
plping forces, short circuit torque. 

3 Add shrinka~e and thermal stresses. 
4 Add unit expansion stresses. 
5 Consldcr seismic conditions (earthquake). 
6 Consider settling stresses. 
7 Determine so1l loading. If foundation is 

tuned low and not resonant on so11 (soil resonance 
usually in the 900 to 1500-cpm range,) only 1/2 of 
the dynamic forces, F1g.6, need to be appl1ed to 
the soil loading. If tuned high, check so11 fre
quencies and apply dynamic forces using closest 
resonant frequency. 

VIBRATION TEST RESULTS 

F1gs.28 to 30 show sorne typical test results 
obtained by varyir.g the speed of the unit and 
plotting vibration versus speed, either by hand 
or automatically, using an X-Y plotter in conjunc
tion w1th a tachometer (for the x-axis) anda vi
bration analyzer (for the Y-axis). These plots 
show where po1nts of resonance are 1ocated and, 
naturally, this 1ncludes thc cr1t1cal speeds or 
the machines In quest1onable cases the latter 
may be eliminated oy usir.¿; a var1able-frequency 
sbaker and testing the foundation with the rotor 
removed. 

15 
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Ftg. 29 Resonance spcctrum 

The flrst plot, F1B.28, shows the vertical re
sponse of a properly designed fo~ndat!on for a 33-
MW unit. Tfle vertical peak shows up very strong 
at thc predicted frequency for an infin!tely stiff 
mat (th!s mat was 6ft. thick), and this seems to 

~ / 
'"':"\ 

~ 
~-0.6 . . 
Q 

0> ~o ~ 
!!!0.4 ~~~~ > a:," 
...J o~ n_(/) 

< ~G 9 
~Q2 ~~ ~ 1 t\. r a: 
~ 

uz 
5~ 

00 20:::0 30CO 
RPM 

Ftg. 30 Founda rion res o nance spectrum 

Front: 
Middle: 
Rear: 

364-4- to 4-795 
24-28 to 3195 
2767 to 364-o 

The sharp drop between peaks !s often charac
teristic between two adjacent resonant frequen-

hold for _most tests run so far. The small p~ak at eles. It should be remembered here that actual 

o 

2700 cpm could be e!ther one of thc critical 
spceds of the machine or the effect of f!nite mat 
mass, .both can be expec ted in th!s area. The 
cr! t!cals are obscured by the muct1' stroriger foun
dation rcsonanccs, wh!ch often fall !nto the same 
specd range. It can be see~ that the operat!ng 
speed 1s at a favorable polnt on the spectrum, as 
lt should be. Horizontal and axial vibratlons 
wcre neglli?;1ble, and for this reason are omltted 
here. 

The foundat!on in the ncxt plot, F1g.29, was 
not des!gned accord!ng to the principles o~tlined 
here, but rather by the ol.d rule of thumb, try!ng 
to malee tlle structure r!gld, wlthout check!ng nat
ural frequenc!es. The resonant frequencies show 
up very close to operating speed, at 3500 cpm. 
Here thc rotor crit!cals can be clearly 1dentifled. 
It !s obv !ous tha t th!s machine will always run 
w!th 3 to 5 times the v1brat1on it would normally 
havc on a properly tuned foundation, and that th!s 
w!l·l be a tr!cky machine to handle 1f 1 t should 
ever pick up sorne mlnor unbalance aue to temporary 
thermal d1stort1on (durlng startup, peak!ng, rapid 
load change, tripout, and so on) contamlnation or 
eros!on, or durlng emergencles (load dump, qu!ck 
start, blade failure, packlng rub, slug of water). 
Even so, we are very fortunate indeed that the 
peak drops off so sharply. Otherwise the vlbra
t!on could easlly be 8 to 12 times normal. It is 

• 1 • 
1nterest1ng to note here that, although thls de-
sign was imposs1ble to calculate accurately 
(walls, unequal column deflections, and the llke), 

Q the ber,t frequcncles calculated, rou¡;hly, as fol
lows: 

16 

behavior !s not easily predlcted, because of the 
coupl!ng effect of the top slab, which !s probably 
responsible for the r.a!sed middle bent frequency. 

For compar!son, Fig. 30 shows a resonance plot 
of an identical machine, but th!s time supported 
on a foundatlon designed in accordance with the 
rules given in this paper. It can be seen that, 
agaln, the ma!n vertical peak comes in strongly 
at the predicted frequencies, together w!th the 
rotor criticals. There !s aga!n a somewhat puz
zl!ng secondary peak at aboJt 3000 cpm. This 
peak, this _time, eannot represent a rotor cr!tical 
because these are lower (and well known from cal
culation and shop test). Although these founda
tions (there are two identical 1nstallat1o~) are 
very satisfactory, t~e vibr~tion level could 
still be cut in half by sh1~ting this secondary 
peak downwards by about 300 cpm. 

It may seem exaggeratea to try to improve on 
a machine w!th only 0.05-~1l vibration, but again 
it must be,remembeped that eutting vibration in 
half means one half, be !t uf 5 mils or 0.05 mils, 
and the reliab!llty of the ·12.chine w!ll !mprove 
proportionately when, undez emergency conditions, 
vibration may reach higher levels. Therefore, 
this secondary peak is now ·.wder investigation. 
Until we can flnd other means to shift !t down
scale, it is recom~ended tv select the basic fre
quency around 0.58 to 0.61 l1mes nperating speed, 
even if tlns somctll'es mean:., more !".a:ss in the top 
slab \ole would probably bE: operat1ng exactly at 
thc bottom of the v1bration curve (now at 3850 
<.:pm) 1f thls had been done un tl11s foundatlon. 

Comparison of Fig 29 anJ Fl[; 30 Hould not be 
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eomplete wlthout a compari::;on of construction 
costs for these foundations. Here, wc were told 
that costs for a tuned foundation are so~ewhat 
lower than for thc conventional design, !!ldlnly be
cause of the more elab?ratc form work required for 
the latter. Concrete and steel require~ents are 
about equal. 
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1. INTRODUCCION 

Se presentan en eDte informe los re 
sultados del estudio del subsuelo reali
za,1o por C;eotec, S.A. tendiente a de
ten11i ¡1;->-:r el tipo de cimentacj_ón más 
apropL1clo par~l una compresora que 
Multi -Te k, S. A. proyecta jnstalar en 
su pl::mm ub~cada en el Fr.:tcc. Ir.dus -
trial Naucalpan, Edo. de México. 

El estudio se basé en las caracterís 
ticas y prGpiedades c}::·l subsuelo en el 
sitio, determinadas en bvse a un sond~o 
mixto y a los ensayes de laboratorio 
efectuados, así como en las caracrcni.sti 
cas de funcion::tmien:o y descargas de 
la miqui na por c.im,_·. 11tar, prop;rcior:.a ~, 
das por el fabrican!··. 

En los incisos 2 a 5 del j nform;:; se 
descnten las característic.as del sitio 
y de la máquina, los trabajos de campo, 
los ensayes de laboralorio y la estrati
grafía y propi.Bdades del subsuelo, En el 
Inciso 6 se anaHza el tipo de cimenta
CJÓn más con,:enlente; firulmente, en 
los incisos 7 y 8 se preser.tan las con
clusioncs derivadas del estudio y las re 
comendaciones para el diseño y cons -
t1·ucci.ón ele Ja cimentación, estos últi-

1 

mos de carácter general. 

2o DESCRIPCION DEL SITIO Y 
DE LA !',·1AQUINA 

La máq l¡if¡.: ... se proyecta instalar ba 
jo una r..1ezzanine localizada en el inte-=
rior de una nave tipo industrial. La na 
ve, estructuralmente consiste en una
armadura metálica apoyada en colum
nas de concreto refo:czado y prese.nta 
las dimensiones mostradas en la Fig.l. 
Debe señalarse que se desconoce el ti
po y ca rae te rís tic as de su cimentac.ióa, 
daros qu::: no pudieron ser propo:rcn)na-
d .,,.,f. S 11 • ' OS por J','ltlltl-- C~(, , , .ti. lU púL J.r:!. (;(}¡¡~ 

pañía a cuyo cargo estuvo su construc--
ciórL 

En -:-:~.wnto a Jas carar:terísticár.; de 
la má(,ui :w. nor cimentar, éstas fueren 

·' J. 

prop::)r_wnadas por r.?.l fab:dcante y son 
las qu:. Ee señalan a continuación.: se 
trata de un compresor tipo XLE 7" ca
r n3ra, no lubricado, tamano 1'7 y 10 :~ 
7, de dos pistones, 200 H. P.,. que pesa 
aproximadamente 4. 4 ton 'V ocupa en 
planta una superficie de uhé,·s 3. 3 x l. 6 
m. Su f:r-ccuencia de operación es de 
750 RPM p.1ra las fu:~~rzas primarias, 
las cuaJes, al jgual que los momentos 
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primarios y secundarios, son nulos. Pa 
ralas fuerzas secundarias la frecuencia 
es del orden del doble de la menciona
da anterionTJ.ente y de una magnitud 
igual a l. 1 ton. En la Fig. 2 se mues
tran vistas f¡_qontal, lateral y planta de 
la máquina. 

3 o TRABA JOS DE CAl'v1PO 

Loo t:rabaj os de campo consistieron 
en la exploración y muestreo del subsue 
lo en un sondeo, denominado SIV1-l, cu
y.:t locali?.ación en planta se indica en Ta 
Fig. 1; en su ejecución se alternó el 
muestn;o inalterado y la recuperación 
de muestJra8 alwradas represcntatjvas, 
llevándose hasta 8. 53 m de profundidad. 

Para la obtención de muestras "inal 
te ..radas" se empleó barril De ni son accio 
nado a :rotación, equipado en su interior 
con un tubo de pared delgada tipo Shel
by de 10 cm (4 ") de diámetro. 

' 

El pr·:Jcedim.iento d~ pe11etración es 
tándar se empleó para la obtención de
muestras alteradas representativas y 
' te . . .. d 1 . ' J oe rn.unacwn e n. n;;s_~,stencla a _a pe 

... ... 'di~ rl ~ l .. ncLrac¡on, m1 enuose e~~ra por e nu-
mero de golpes de un m:1ninctc de 
63.5 kg (14.0 lb) de peso y 76 cm (30") 
de altura de caída libre, necesg,rí.os 11a 
ra hincar los 30 cm (l ?) jntermedios -
del p:~netrómetro estándar de 5 cm (2") 
de di<'ímctro exLe1ior; 3.5 cn1 (1 3j8") 
de düimetro interior y 60 cm (2~) de lon 
gitud. La variación con la pw;fur,didad 
de la resistencia a ]a penetración se re 
porta en la gráfica "número de goJp8srr 
de la Fig. 3. 

2 

.. ' .. 

Durante la exploración no se detec 
taran cavidades ni irregularidades qll~ 
manifestasen su existencia; lo antelior 
corroboró las observaciones e informa. 
e iones recabad.as durante un reconoci ~ 
miento detallado del lugar y de las ca~ 
ñaclas y cortes cercanos. En lo que re 
pecta al nivel freático, éste no se de -
tectó en ninguno de los sondeos. 

4. ENSAY.ES DE LABORATORIO 

Los ensayes de laboratorio efectua 
dos a las muestras recuperadas, uJ.;;
már:. d~ su clasificaciÓn manual y visu 
conLv·rne al Sistema U~ificado de Cla~ 
sific<:tdón ele Suelos (SUCS)f:t, consistí~ 
ron en la deterrninación de las siguien 
tes propk;dades índlce y m:::cánicas. 

a) contenido natural de agua*; 

b) límites de consistencia líquido y 
plástico~·; 

e) porcentaje de partículas firiliB 
(matclial qüe pasa la m<2lla No" 2()0 )'·'; 

eh) resistencia al corte er¡ comp-ú 
siÓ:-1 no confinada de probetas en es:..:o· 
do na tu rol ':' ':; 

d) resistencia al corte en compre 
si.ón triaxial no consolídada~no drcrú2r 
de pror..etas en estado natural;.;:::'; 

·t: en muestras a1ter::<.~as representar 
vas 

~:<::- sólo en muestras im~Jtera:=hs 
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e) peso específico relativo o clensi
clad de sólidos, relación de vacíos, pe
so yoJumétrico y grado de saturación, 
calculados para las probetas ensayadas 
en las pruebas indicac1..qs de (eh) a (e)**. 

La variación con la profunc:Uclad de 
las propiedades mencj o nadas en los pun
tos (a) a (eh) y (e) anteriores, se repor
ta en la Fig. 3. 

Los diagramas de Mohr-Coulomb re 
sultéJntes de las pruebas del tipo seilala
do en el punto (d), se dibujaron en las
Figs. 4 a 6. 

S. ESTRATIGRAFl/\ Y PROPIEDADES 

Con los elatos obtenidos en campo y 
l<iboratorio se cons!:ruyó el lJeTfil estra
tigráfico de suelos a lo largo del sondeo, 
el cual se presenta en Ja Fig. 3. En ba
se a esta .figura se concluye que el sub
SI lelo en el sitlo es típico de la llamada 
zona de lomas, una de las tres en que 
traclicionéJlmente se ha clivjdido el sub
suelo del área urbana de la Ciudad ele 
México (ReL 1), estando constltuldo co
mo ~~ continuacj ón se describe: 

Superficialmente, JJaJO una losa de 
concreto reforzado, existen rellenos ar 
tLCicialcs de unos 30 cm de espesor, coils 
till üdos por suelos areno -limosos color
gris y pedélcerfa eh~ tabique. Da jo ellos, 
l1asta la profundidad de l. 5 m, se encon 
triron arena pumílica color café claro,
con grava fina y un conLeniclo natural ele 
agua comprendido entre 51 y 60 %· Pre 
sentaron una resistencia a la penetración 
estándsr alta, aunque debido a la pre = 

3 

sencia de la grava fina, la correlación 
de esta propiedad con la compacidad re 
lativa de estos suelos resulta muy in -:
cierta. 

Finalrnr:: nte, subyaciendo los estra
tos anteriores y hasta la máxima. profun 
didad explorada, existen depósitos li -
mo-arcnosos y areno-limosos cementa 
dos con algunas gravas finas, presen-::: 
tando apéuiencia de tobas. Su color es 
café claro y sus propiedades determina 
das fueron: contenido natural ele agua -
variable de 19 a 38 %; relación de vacíos 
oscilando d2 O. 7 a O. 9; peso volunétri
comedio de l. 8 ton¡m3; Tesistcncia al 
corte en compresión no confinada de 
probetas en estado naLural mínima de 
lO kgjcm2 y máxima de 25 kgjcm2; en 
pruebas de compresjón trjaxial no con
solidada -no drenada sus parámetros ele 
resj stencia al corte variaron clenrro de 
los jntervalos 4 ~ e~ 7 kgjcm2 y 
49.::::~ ~57, mientras q;_te el módulo de 
dl:' ;ormación estuvo comprendido 211tre 
1 J '/2 y J 791J. kgícm 2. 

6. ANALISLS DE LA CI1'v1EN'TACICX-J 

En j;:L:,l' o la cstratlgr¿¡[fa y propic
clacles de] sui:J.'3uelo en el slLJO (ve;~ se 
Tnr::i :30 5), la cllstcjbución y magnitud ele 
las fuerzas que transmitirá 1 ~L rn.'tquina 
al tcrre11o (veásc Inciso 2), asícu;no 
su costo y ubi_caclón dentro de ]a pl<: nra, 
se propone cimeptm_· ésta mediamc un 

e 
macizo de concreto cle~;pJantado a l. 5 
m b<1jo la sup_:rficie accual del terreno, 
en los mate1iales limo-aj_-enosos resis 
tentes detectados en el sondeo a esa pro 
fundidad. -

.. 
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Para un cimiento de 5 m de largo, 
2m de ancho y l. 5 m de espesor, di -
mensiones mayores que las mínimas 
especificadas por el fabricante, se ten
drá un peso total del bloque del orden 
de las 36 ton, que agregado al peso de 
la máquina, orfgii1a una desca-rga está
tica al subsuelo de unas 4. O ton¡m2. Da 
da la alta capacidad de carga y baja com 
presibilidad de los suelos que constitui
rán el estrato de apoyo, esa descarga
es acepi.ab J e considerando inclusive la 
contlibución de las fuerzas dinámicas 
jnducidas en la cimentacjón por la ope
ración de la compresora. 

De un an<:'ilisis dinámico efectuado 
se obtuvo que los desplazamiento teóti
cos máx-lmos qu2 pueden generarse du
rante el funcionamiento de la máquina 
son del orden de 0.05 mm, valor que 
se encuentra dentro de los límites tole
rabies para este tipo de cimentación 
(Ref. 2). Sin embargo, debe mencionar
se que dichos movimientos pueden ser 
per"·"'p""l·t~.le" r:.'1-:·~ 1 ~s ,.,.a·rcc)n~" nL1e Jabo ........_ L JJ~ :::. ~:~·.a .la 1-'V- u o...:- "1 • . · ... ·-ran en su cercama. 

Cabe aqni sei'íalar que, ach~más del 
an~lisis real izado para el macizn p:·o
pt2c sí" o, se estudia ron y rcvi sa 1·on bloques 
de concreto de otra.-:: dimensicmes. El 
cimiento presentado por el fal'lricante se 
chó debido a que la p rofundi cb ci de des
plante nccesc:u·üJ era de L 5 m como mí 
nimo; bloques de mayores climensiones 
además de encarecer d costo, se ven 
Hmita.dos por el espacio disponible en 
la nave, prcseman pocas ventajas en 
cuanto a la reducción de vibraciones ge 
neradas por la máquina y ofrecen un -

4 

'~ . -

factor de seguridad menor contra el fe 
nómeno de la resonancia. ~ 

7. CONCLUSIONES 

Del estudio realizado se derivan 
las siguientes conclusiones: 

a) El subsuelo en el sitio está cons 
tituido superficialmente, bajo la losa·
de concreto de la nave industrial, por 
rellenos artificiales de unos 30 cm de 
espesor, subyacidos por arena pumíti~ 
ca, la cual se detectó hasta l. 5 m de 
profuncli dad. Bajo los suelos anteriores 
y hasta la máxin1a p1·oftmdidad explora 
da, existen depósitos limo -arenosos y
areno-limosos cementados, de. alta re
sistencia al corte y baja compresibili-
dad. -

b) El tipo de cimentación que se con 
sidera más apropiada consj ste en un 
macizo de concreto desplantado n l. 50 
m de profLmdidad, de las dimension~s 
que Sr; recomil:'t1dan en eJ Inciso R. Se~ 
gún análisis teó-ricos esta cimenlacidn, 
además de su economí.::¡, ofrecé la venta 
ja de tener un f;jctor de seguridad n1il :

yor contra el fenómeno ele la resona.n
e.i.a, respecto a las formadas rnr blo ~ 
qtJrcS si.rnilarcs de otras cümcnsiones 
(veáse Inciso 6). 

8. RECOMENDACIONES PARA EL 
DISENO Y COr<:STRUCCION 

a) La dmentación consistirá en un 
macizo de concreto de 5. O x 2. O m en 
planta, desplantado a l. SO m de profun 
didad sobre los suelos limo-arenosos-

.. 
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detectados a esa profundidad. 

b) La parte superior del macizo que 
dará a nivel de la losa de piso de la 1m 
ve, a fin de evitar que aumente el efec-
to de cabeceo en la cj mcntación. -

e) El centro de gravedad común de 
la máquina y la cimentación deberá en 
contrarse en la vertical del centroide 
del á re a de contacto entre el cimiento 
y el suelo. 

d) Ent-re las paredes del bloque de 
cimentación y el terreno deberá colo -

carse una capa de material aislante 
(por ejemplo corcho), de por lo menos 
3 cm de espesor. Este material debe
rá quedar protegido contra posibles in 
filtraciones de agua que modifiquen su 
comp~..lrtamiento. En la superficie de 
contacto entre la base del cimiento y 
el terreno no deberá colocarse dicho 
matelial. 

f) La excavación del foso que alo
jará al bloque podrá hacerse según cor 
tes verticales sin ademar, siempre qi.P 
se mantenga abierta el menor tiempo 
posible. 

Atenta mente 

Ing. 

S 
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NOMBRE Y DIRECC10N 

ING. EDUARDO BRAVO GONZALEZ 
Sur 69-A No. 3131 
Col. Viaducto Piedad 
~1é x i e o 1 3 . O . F • 
Tel: 5-304441 

2. HUMBERTO CAFAGGI FELIX 
Sur 71-A No. 329 
Col. Sinatel 
México 13, D. F. 

~ ING. AGUSTIN CARDENAS BARO 
P 1 anta 1 n f i e r ni 1 1 o No . 3 6 
Col. E lectra, 
Tlalpan, México 
Tel: 3-9719-90 

4. ING. MANUEL CASTILLO REYES 
39 Sur 2302 
Belizario Dominguez, Puebla 
Te 1 : 4 2 - 94 - 2 O 

5. PRIMITIVO CORREA C. 
Gabino Barreda 80-42 
Col. San Rafael 
México 4, D. F. 
Tel: 5-66-43-99 

6. JOSE DAVILA ELGUEA 
Av. El Riego And. 77-6 
Vi 1 la Coapa 
México 22, D. F. 
Te 1 : 5- 94 -1+ 1 - 7 4 

7. ING. SERGIO DELGADO ARIAS 
Naranjos No. 5 
Jardines de San Mateo 
Naucalpan de Juárez, Edo. de México 

EMPRESA Y DIRECCION 

CIA. DE LUZ Y FUERZA DEL CENTRO, 
S. A. 
Tláloc 90-4o. Piso 
Col. Anáhuac 
Mexico 17. D. F. 
Te 1: 5-46-46-12 

BUFETE DE 1 NGENIERIA DELTA, A.P. 
Ejército Nacional 519-1er. Piso 
Col. Granada 
México 17, D. F. 
Tel: 5-45-44-79 

COMISION FEDERAL DE ELECTRICIDAD 
Ródano No. 14 
Co 1 • Cuauh témoc 
México 5, D. F. 
Tel: 5-53-71-33 Ext. 2066 

HYLSA DE MEXICO 
Conocido 
Pueb 1 a, Pue. 
Te 1: 46-60-00 

INGERSOLL-RAND, S. A. DE C.V. 
Blvd. Toluca 23 
Naucalpan, Edo. de México 
Tel: 5-76-60-22 

BUFETE INDUSTRIAL 
Dante No. 36-9o. Piso 
Co 1 . Anzu res 
Mé X i co 5 ' D . F . 
Te,J: 5-33-18-20 Ext. 145 

Kc DE MEXICO, S. A. 
Monterrey No. 129 
Co 1. Roma 
Méx i e o 7 , O . F . 
Tel: 5-74-74-33 
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NOMBRE Y DIRECCION 

r. RAMON ESTEVES 
Mé x i e o , D . F . 

9. ING. ABEL FLORES RAMI REZ 
Andred del Castagno No. 33 
Mixcoac 
México 19, D. F. 

10. ARTURO FUENrEs GOMEZ 
Habana No. 111-6 
Tepeyac Insurgentes 
México 14, D. F. 
Tel: 5-77-48-80 

1 1 • ING. ARMANDO HERNANDEZ GARCIA 
Primaveras No. 98 
Fracc. Parque Residencial 
Coacalco, Edo. de México 

12. ING. VICENTE LEMUS DIAZ 
13 de septiembre 28 No. 8-A 
Co 1 • T acubaya 
México 18, D. F. 

13. FRANCISCO JAVIER MAR G. 
Mé x i e o , D . F • 

14. ING. RUBEN DARlO MARTINEZ B. 
Misiones No., 110 Manzana 129 
L-31 
Jardines Ojo de Agua, 
E do . de Mé x i e o 

EMPRESA Y DIRECCION 

INGERSOLL-RAND, S. A. DE C.V. 
Blud. Toluca No. 23 
Naucalpan Edo. de México 

SECRETARIA DE OBRAS PURLICAS 
Xola y Av. Universidad 
Méx i co, D . F _ 

INSTITUTO MEXICANO DEL PETROLEO 
Av. de los 100 Metros No. 500 
San Bartolo Atepehuacan 
México 14, D. F. 
Tel: 5-67-66-00 

CO.MPAÑIA DE LUZ 
S. A. 

Y FUERZA DEL CENIRO, o Tláloc No. 90 
Co 1 • Anáhuac 
México 17, D. F. 
Te 1: 5-46-46-12 

CENTRO DE 1 NVESTIGACION DE MATERIA
LES, UNAM 
San Angel 
Méx i e o 2 O, D. F. 
Tel: 5-50-09-86 

INGERSOLL-RAND, S. A. DE C. V. 
Blvd. Toluca No. 23 
Naucalpan, Edo. de México 

ASOGIADOS EN INGENIERIA, S. A. 
Boulevard A. Camacho 6-A 
12o. Piso 
Col. del Parque 
México 10, D. F. 
Tel; 5-57-68-56 

o 
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NOi·íBRE Y DI RECCI ON 

ROGERTO MARTINEZ MUÑIZ 
Eligio Ancona No. 109-8 
Col. Santa Maria la Ribera 
México 4. D. F. : 
Tel: 5-47-07-50 

16. ING. JUAN JOSE OSORIO PUENTE 
Hacienda de Carindapaz No. 25 
Fracc. Lomas de la Hacienda 
Atizapan, Edo. de México 

1 7. 1 NG. JUAN RODEA PORTILLO 
Aguascalientes No. 97 
Valle Ceylan 
Tlalnepantla, México 

18. RUBEN QUEZADA MARTINEZ 
Sol 63 Edificio 4-311 
Col. Guerrero 
i'léx i co 3 , O. F. 
Tel: 5-26-03-88 

lj. FERNANDO ROMO OVANDO 
San Gabriel 528 Lote 15 
Col. Sta. Ursula Coapa 
México 22, D. F. 

20. ING. SERGIO RUELAS MONCAYO 
Mi 1 ton 44 
Col. Anzures 
México 5, D. F. 
Te 1: 5-45-94-50 

EMPRESA Y DI RECCION 

DESARROLLO INDUSTRIAL 
S. A. 
Cal le Casma No. 515 
Col. Lindavist~ 
México 14, D. F. 
Tel: 5-67-95-29 

INGENIEROS. 

COMISION FEDERAL DE ELECfRICIDAD 
Ródano No. 14-506 
Co 1 • Cuauh témoc 
Mé x i e o 5 , O . F . 
Tel: 5-53-71-33 Ext. 261+9 

INST,ITUTO MEXICANO DEL PETROLEO 
A v . de 1 os C i e n Me t ros N o . 1 52· 
Col. Vallejo 
México 1 4, D. F. 
Te 1 : 5-6 7-66-00 Ex t. 2 2 96 

COMISION FEDERAL DE ELECTRICIDAD 
Ródano No. 14 
Col. Juárez 
Méx i co , D. F . 

CIA. MEXICANA DE CONSULTORES EN 
1 NGENI ERI A 
Insurgentes Sur 1824 4o. Piso 
Col. Florida 
México 20, D. F. 
Te 1: 5-24-98-94 

INGENIERIA DE SISTEMAS DE TRNASP0R 
TE METROPOLITANO, S. A. 
Mineria No. 145 
Col~ Escandón 
México 18, D. F. 
Tel: 5-16-04-60 



NOMBRE Y DIRECCION 

21. 1 NG. JUAN JOSE SANCHEZ ESPINOSA 
Retama No. 78 
Tlalpan, Edo. de México 

22. 1 NG. GUILLERMO SAQUI DANINI 
Casa No. 30 
Co 1. Pemex 
Tula, Hgo. 

23. 1 NG. ERNESTO SAVE MONGE 
Av. 3 No. 156-1 
San Pedro de los Pinos 
México 18. D. F. 
Te 1 : 5 - 1 6 - 1 8 - 96 

24. ING. HECTOR F. TENA MARTINEZ 
Misión de San Agustin No. 4 
Col. Misiones 
Naucalpan, Edo. de México 
Tel: 5-62-58-59 

75. ING. HEeTOR TOLEDO GARCI 
Pto. México No. 40-402 
e o 1 • Roma S u r 
México 7, D. F. 
Tel: 5-84-74-~0 

26. 1 NG. ALFONSO TOVAR S. 
Calz. Nonoalco No. 205 
Unidad Nonoalco 
México 3, D. F. 
Tel: 5-83-29-37 

:::.;,. 

EMPRESA Y DI RECCION 

COMISION FEDERAL DE ELECTRI Cl DAD 
Ródano No. 14-5o. Piso 
Col. Cuauhtémoc 
México 5. D. F. 

PE"FROLEOS /~EX 1 CANOS 
Refinería de TuJa 
Tula, Hgo. 

CEMENTOS TOLIECA, 
Tolteca No. 203 
Col. Mixcoac 
México 18, D. F. 
Tel: 2-77-24-44 

S. A. 

COMISION FEDERAL DE ELECTRieiDAOO 
Ródano No. 14-506 ' 
Co 1 • Cuauh témoc 
México, D. F. 
Tel: 5-53-71-33 Ext. 2649 

INVESTIGACION Y PLANEACION DE 
INVERSIONES 
Plaza Mi raval le No. 3 
Col. Roma Sur 
México 7, D. F. 
Tel: 5-33-46-37 

ESCUELA SUPERIOR DE INGENI ERIA Y 
ARQUIIECTURA- I.P.N. 
Zacatenco 
e o :1: • L i n da V i S t a 
México, D. F. 


