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LUNES 22 

8:00- 8:45 

8:45- 9:00 

9:00- 10:30 

10:30- 11:00 

o 11 : 00 - 12:30 

12:30- 14:30 

14:30- 16:00 

16:00- 16:30 

16:30- 18:00 

o 

PRO GRAMA 

Inscripciones 

Apertura del curso 

Estudio y categorización de 
los métodos computacionales 
de análisis de ingeniería. 

Receso {café y refrescos) 

Formulaciones alternativas 
en mecánica estructural. 

Receso (comida por cuenta participantes) 

Formulaciones mixtas o hibri 
das del método de elementos 
finitos. 

Receso (café y refrescos) 

Métodos de incremento de tiempo 

Octavio Rascón Chávez 

Timothy J. Dwyer 

O. C. Zienkiewicz 

R. H. Gallagher 

R. H. Gallagher 

O. C. Zienkiewicz 
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MARTES 23 

9:00- 10:30 

10:30- 11 :00 

11 :00 - 12:30 

o 12:30- 14:30 

14:30- 16:00 

.16:00 - 16:30 

16:30- 18:00 

o 

Flujo viscoso. 

Receso (café y refrescos) 

Problemas de ingeniería 
ambiental. 

Receso '(comida por cuenta parti cipant.és) 

Ecuaciones constitutivas inelásticas 

Receso (oofé y refrescos) 

Alogaritmos de an61isis por el método 
de elementos finitos en medios inel6s 
ticos. 

O. C. Zienckiewicz 

R. H. Gallagher 

R. H. Gallagher 

R. H. Gallagher 
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MIERCOLES 24 

9:00- 10:30 

10:30- 11:00 

e 11 :00 - 12:30 

12:30- 14:30 

o 
14:30- 16:00 

16:00- 16:30 

16:30- 18:00 

o 

Análisis de mecánica de propagación 
de grietas. 

Receso (café y refrescos) 

Anólisis de cascarón por el método 
de elementos finitos. 

-

Receso (comidacpor cuenta participantes) 

Visco-plasticidad. 

r, 

Receso (café y refrescos) 

Mecánica de suelos y rocas'.' 

P. Ballesteros 

R. H. Gallagher 

O. C. Zienkiéwicz 

O. C. Zienkiewicz 
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9:00- 10:30 

10:30 .. 11 :00 

11:00- 12:30 

i 2:30- 14:30 

o 

16:00- 16:30 

I6:30- 18:00 

~o 

Análisis por medio de elementos 
finitos en problemas de pandeo 
con desprazamientos grandes. 

Recéso (café y refrescos) 

Análisis combinado .de no-linealidad 
y comportamie_nto dinámico. 

-
Receso (comida por cuenta participantes) 

Revisión y critioo del programa MARC 

Recéso (oofé y refrescos) 

Caso aplicaci ón:·análisis de los 
componentes de reactor nuclear. 

P. V. Mercal 

/ 

P. V. Marcal 

T. J. Dwyer 

P. V. Mercal 
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VIERNES 26 

' 9:00- 10:30 

10:30- 11 :00 

11 :00- 12:30 

12:30- 14:30 

o 
14:30- 16:00 

16:00- 16:30 

i6:30- 17:00 

17:00- 18:00 

18:00 

o 

Ecuaciones constitutivas del 
concreto. 

Receso (oafé y refrescos) 

Aplicaciones de elementos finitos 
en problemas de concreto. 

Receso (comida por cuenta parti cipantes) 

Procedimientos de solución de va
, lores en lá frontera por el método 
de elementos finitos. 

Receso (café y refrescos) 

El método de elementos finitos en 
el análisis de presas. 

Discusión final y preguntas. 

Clausura 

P. Ballesteros 

e. V. Mercal 

O. C. Zienkiewicz 

o o e. z ienkiewi cz 

O. C. Zienkiewicz 
P. V. Maroal 
T. J. Dwyer 
P. Ballesteros 

Octavio Rascón Chávez 
Pedro Marti'nez Pereda 
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ADVANCED TOPICS SEMINAR 
MEXICO CITY 

MARCH 22 .. 26, 1976. 

MONDA Y, MARCH 22, 1976. 

_l) An Overview _and Categorizatlon of Computational Methods 
- in Engineering Analysis 

2) Alternative Formulations is Structural Mechanics 
' -

3) Mixed 'and Hybrid F .E.Mo Formulations 

4) Time-Stopping Methods 

) 

TUESDAY, MARCH 23, 1976. 

5) Viscous Flows 

Zienkiewicz 

Gallagher 

Gallagher 

Zienkiewicz 

Zienkiewicz 

6)· Environment?l Problems Gallagher or Zienkiewicz 

7) Constitutive Equations for Inelasticity Gallagher 

8) F. E. Analysis Algorithms for Inelastic An~lysis Gallagher 

WEDNESDA Y, MARCH 24, 1976. 

9) Shell Analysis by F.E.M. Gallagher or Ballesteros 

10) Fracture Mechanics Analysis - Gallagher 

11) Viscoplasticity 2ienkiewicz 

12) Soil and Rock Mechanicf Zienkiewicz 

TI-IURSDA Y, MARCH 25, 1976. 

13) FoE.M. Analysis for Buckling and Large Displacement Marca! 

14) Analysis for Combined Nonlinear and Dynamic Behavior Marca! 

15) MARC Review and Critique Dwyer 

16) Case Study: Nuclear Reactor Component Analysis M are al 
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FRIDAY, MARCH 26, 1976. 

17) Constitutive equations of Concrete ~d Reinforced Concrete. 

18) Boundary Solution Procedures and the F. E;M. 

19) F. E. M. in Dam Analysis 

20) Final discussion and questions. 
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Bailes te ros 

Zienkiéwicz 

Zienkiewicz 

Zienkiewicz 
Gallagher 
Márc·aJ 
Dwyer 
Balleste:..·:Js. 
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O. C. Zienkiewicz 

AN OVERVIEW ANO CATEGORIZATION OF MODERN 
cm1PUTATIONAL f1ETHODS IN ENGINEERING 

1 . 1 NTRODUCTI ON 

He shall try, in this chapter, to 

(a) define the finite element method in its general form, ~nd 

(b) show its di~ferent facets which to a grenter or lesser ex-
tent have been used to date. 

We shall see how within a broad definition, the finite difference 
techniques fall into a 'sub-class' of the general finite element methodology 
which indeed embraces many other classical approximation procedures. This 
generalization of the finite element concept is by no means a 'power bid' by 
its over-enthusiastic adherents. On the contrary, it serves, we believe, to 
lay a firm foundation to a wide variety of solution methods and provide ex
pand2d possibilities of application. 

Befare embarking on the main theme of this introduction, the reader 
may 1·1ell ask the further question, "Does the finite element method in fact 
provide tools which are in all respects superior to those of the more tradi
tione.l rr.ethods?" To this question the answer must be left to his intuition. 
However, the observation of the field of structural and salid mechanics in 
which finite element procedures have today 'taken over' other alternatives 
may provide a clue. The research developments of the last fifteen years 
(since the first mention of the "finite element" name was made) have become 
everyday practice in many stress analysis/structures situations. lt is. by 
analogy, probable that in such fields as fluid mechanics, neutron flux analysis 
and nany more similar revolutions are now feasible. 

1 l. THE FINITE ELEMENT CONCEPT 

The finite element method is concerned with the solution of mathe

matical or physical problems which are usually defined in a continuous domain 
either by local differential equations or by equivalent global statements. To 
render the problem amenable to numerical treatment, the infinite degrees of 
freedom of the system are discretised or replaced by a finite number of un
known parameters as indeed is the practice in other processes of approximation. 
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The original 'finite element' conc.~pt replaces the continuw11 hy a 
number of subdoPJains (or elements) whose beh.wior ir, morfe1erl orfcqtltltely hy 

a 1 imi ted number of degrees of frcedom ancl whi eh are as_2_gi'Jb l~_d by processc::. 

well known in the an3lysis of discrete systems. Often at this early stagc 
the model of the element behavior was derived by a simple physical reasonin1 

avoiding the mathematical statement of the problem. \-/hile onc can vtell arqur 

that such a approach is just or realistic as formal clifferential statement~ 

(which imply the possibility of an infinite subdivision of matter), we prefer 
to give here a more general definition embracing a wider scope.* 

Thus, we define the finite element process as any 3pproximation pro
cess in which 

(a) the behavior of the v1hole system is approximated by a 

finite number, n, of parameters, a1, i=l, .... n for which 

(b) the n-equations governing the behavior of the whole system, 
i . e. , 

F.(a.)=O 
J 1 

j = l, .... n ( 1 ) 

can be assembled by the simple process of addition of 

terms contrib4ted from all subdomains (or elements) which 

divide the system into physically identifiable entities 
(without overlap or exclusion). 

F = \ F~ 
j L J 

Thus, 

(2) 

where Fj is the element contribution to the quantity under 
consideration. 

This broad definition allows us to include in the process both phy

sical and mathematical approximations and if the 'elements' of the system are 
simple and repeatable, to derive prescriptions for calculation of their con

tributions to the system equations which are generally valid. Further, as 

*Although in sorne situations, such as for instance the behavior of granular 
media the first approach is still one of the most promising as continuously 
defined constitutive relations have not yet been adequately developed. 
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Q :he process is precisely analogous to thnl used in disc:rrto sy">t0m il<;s~n'"lly, 

co;r¡puter programs and experience accu111Ul~t-ed in rlraling •Jitl1 rJic;cret~ s;

ste~s can be immediately transferred. 

o 

An important practical point of the approxi~cttic~ hac; hern specifically 
el.cluded here. This concerns the fact that often contrihut10ns of the elements 
are highly localized and only a few non-zero terms are ccntr ibuted by each el

e~ent. In practice this localization results in sparse and often banded eq
:;ation syster.~s reducing computer storage requirernents. Hhil~ Plost desirable 

~n practice this feature ~s not essential to the definition of the finite 
element process. 

What are then the procedures by which a finite eleM~n~ approxi~ation 

C3n be made? We have already mentioned - but exclude now frrnn further dis

CJssion here the direct physical approach and will concentrate on any problem 
~·.hich can be defined rrtathematically either by a (set) of differential equations 

valid in a domain n 

D (cf>) = O (3) 

:cgether \'lith their associated boundary conditions_on boundaries of the 

s:Jnain r 

8 (cj>) = o (4) 

Q1: by a variation principle requiring stationarity (max, min or 'saddle') of 

so~e scalar functional rr 

... rr = f e ( $) dn + f e ( <1>) dr (5) 
n n 

in both statements <1> represents either the single unknown function ora -set of unknown functions. 
\ 

To clarify ideas consider a particular problem presented by seepage 

flow in a porous medium \•/here ~ is the hydraulic head (a scalar quantity). 

The specific governing equation is now in a two-dimensional dor•<1in 

o(~) - a (K ~) + l_ (K 36 )+ Q = o 
'i' - ax ax ay ay . (6) 
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together with boundary conditions 

B (~) = <P - <P {7) 

on. rq 

in which K the permeability, and Q'the flow input, may be functions of 

position. (and in non-linear problems - of the gra~ients or values of <P). 

An alternative for~ulation (for linear problems) requires stationarity 
(a minimum) of a function~l 

2 2 
n =f f.!. K (.!t) + .! K ("ª-t) - Q <P}dn - f 

n 2 ax 2 ay 
rq 

qtp dr (8) 

for <P which satisfies only the first boundary condition. 
In general if a functional rr exists, then an associated set of (Euler) 

differential equations can always be found ~ut the reverse is not necessarily 

true. 
To obtain a finite element approximation to the general probl~m defined 

by Equation 3 to 5 we proceed as follows: 

i .e. 

and · 

(a) the unknown function is expanded in a finite set of 
assumed, known trial functions N. and unknown parameters _, 

<P = N. a. = N a 
-1 -1 

(9) 

(b) the approximation must be cast in a form of n equations which 
are defined as integrals over n and r i.e. 

F •. =' f E 
... J n -

A 

(~) dn + f e (<P) dr 
r -

j = l, .... n {10) 
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Immediately, we note that the basic definitions of the finite 
element process previously qiven apply as for inte]ral functi~~ 

f ( ) ( ) dn ( 11 ) 
n 

a nd 

f ( ) dr ~ ¿ f ( ) dr ( 12) 
r re 

in whi eh rle, re represent 11 el ement" subdoma i ns. 

The problem of how the integrals of approximations are formed is thus 
the first, crutial, question of casting a problem in a finite element form. 

I JI. APPROXIMATION INTEGRALS 

l. Variational Principles (l •2 ) 

lf the problem is stated in terms of a stationary functional 11 then 
the formulation is most direct. We can \'lrite the approximate form of the 
functional as 

JI = JI = n (<+>) (13) 

and for stationarity we have a set of equations 

F. = -ª1L = O (14) 
_J aa. 

-J 

which by definition of n is already cast in an integral form. This basis 
of forming a finite element approximation has been and remains most popular, 
providing a physically meaningful variational principle exists and can be 
readily identified. This has led to statements of the kind that the finite 
element method is a 'variational process' which is, however a too limited 
definition, as other alternatives, often more powerful, are present. The 
iMportant question of hmoJ to proceed from the differential euqation directly 
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in cases where a variational principle does not exist or rannot be 
identified remains. The answer to it l ies in the refor~t11Jlation by w.P (d 

weighting function, or by the introduct1on of 'pscudo-varational' principl~s. 

2. Weighted Integral Statement~ 

It is obviously possihle to reolace the governing equations (6) 

or (7) by an integral statement in all respects equivalent, i.e., 

-T 
f WT D (•) dn + f W B {t) dr { 15) 
n - - - r 

in which ¡.¡ and H are completely arbitrary, 'weighting' functions. Jmmediately, -
an approximation is possible in an integral form by choosing specific functions 
W. and ~- and writing(J)( 4) 
-J J 

( 16) 

A A 

The process is known as the weighted residual method if D (~) and R (ó) 2re 
- . 

recognized as residua1s by which the approximation mises the zero value re-
quired. Classical procedures of Ga1erkin's method, collocation, etc. a¡·e 

i~mediately recognized. 

Either form of deriving integral statements and hence the set of 

approximating equations can be and has been used in practice. The variational 

princip1e possesses however a unique advantage. Jf the function is quadratic 

in a the set of approximationg equations (14) can be written as 

Ka+P:::O (17) 

in \·Jhich K is always a symmetric matrix (K .. T =K .. ). For liiieat· differential 
- 1 J -J 1 

equations the weighting processes wi11 also result in a.similar set of equations 

via (16) - however, these will not in general be symmetric. The user of finite 
difference procedures may well be acquainted with such dissimetries which present 

often computational difficulties. This symm2try can indeed be sho1·m to be a 

precondition for the existence of a variational principle - and it will indeed 

be found that the Galerkin's method of 1·1eighting will yield identical equations 

as those derived-from a variational principle whenever this exists. 
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Because of this (and certain oth~r) advantages of variationa1 
formulat10ns much \·Jork of theoretical nature has heen put in to estnhli'lh 
equiva1ent functionals for problems defin<!rl by diffet·entinl eq!Jdtions or 
to creatP pseudo-variational functional5(S)-(B). 

3. Psudo-Variati~nal_Jri~~JEles_- Constraint5_~--~agr~~~~ 

f1ul__liQ 1 i ers or Penalty ~une_!:_ i_o_n_s. Adjo i_~t:__V_i!_ri a_h_~_? __ an_<! 
Least Square Processes 

Such pseudo-variational principles can be establ;'>hed by various 

neans. These include constrained variational principles and the extreme 
cases obtained from these by the use of adjoint functions, or the application 

of least square para~eters. 
Constrained variational principles require the stationarity of sorne 

function subject to constraints say of the type given by sorne differenti~l 

re1ations. 
e (~} = o in n ( 18) 

Q In such cases we can proceed to estab1ish a new variaNonal prin-

o 

ciple in either of two ways. In the first we introduce an additiona1 set of 

functions known as Lagrangian mu1tipliers and require the stationarity of 

ñ =n({~} =n + f AT C d~ 
A n - -

( 19) 

The variation of this functional resu1ts in 

&ñ = 6M + f 6AT C dn + f AT 6 e dn (20} 
rz n 

\·thich can only be true if both the stationarity of n and the constraints 

(18) are satisfied. 
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lhe use of lagrangian multipliers in practire i~ ~n~nwh~t limitPd 
due to two drawbacks. First the additional function~ A have lo b~ di~-

-cretized thus requiring a lar~er number of 11nkno•·ms in the fin.Jl fJt'niJlem. 

Second it will ahJays be founr:l thr1t, if 11 is quadratic ande a linertr 
ing to the parameters discretizing .\ (this is obviour, from the insp~·rtion 

of e qua ti on 20). 
lo obviate sorne of the diftitulties associated with the use of 

lagrangian multipliers it is possible to require the stationarity a Modified 
functional based on a penalty function. For, it at the solution we require 

a simultaneous satisfaction of the stationarity of n and t11e satisfaction of 

constraints we can minimize approximately 

JI = rr + u Jc1 e d~ 
n-

( 21) 

in which u is sorne large {positive) number 'penalizing' the error of not 

satisfying the constraints. As no procedure is ~olithout a drai·Jback, \'-le note 
here a purely numerical difficulty: as a becomes large the discretized 
equations tend to become ill-conditioned. With ~odern computers and high 

precision arithmetic penality function operations are becoming increasingly 
popular and their use more \·lidespread(g), (lO"). 

What if even a constrained variational principle does not appear to 
be identified? Clearly both methods given above are still applicable by putting 

rr =O. lhus, we can make stationary either 

~ 
I ,_T JI = JI (-) = e dr¡ 

.\ n -
(22) 

or alternatively minimize 

n = I el e dn (23) 
n 

lhe first is equivalent to the use of adjoint functions while the 
latter is the straight-fon~ard application of the least sguare procecures of 
approximation(J), (4). 
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The pseudo variational principle estahlished by equation (22) in 
\olhich a new, adjoint. function A is introrluced is of little practical us.e 
The resulting discretized equation systems for parameters defining 4> anc:l A 

- -
are entirely decoupled and indeed there is little virtue in the symmetry 
arising from the whole system ~s zero diagonal exists throughout. Neverthe
less, this ap~r~ach gives another interpretation of the Galerkin weighting 
process if similar expansions are used for ~ and A. The least square formu-- -lation on the other hand results in well conditioned equation systems and 
deserves much wider attentic~ in the finite element literature than it has 
so far received(ll)(lZ). 

4. Direct Integral Statements - Virtual Work 

In many physical situations it is possible to formulate the problem 
directly in an integral form avoiding the necessity of writing do\'m differential 
equ.ations. In particular -the _principle of vir,tual wor~ in mechanics can be 
so stated \'lith, gréater generality than that arising from differential equations. 
Indeed in such cases the \'leighted residual form given by equations (15) arises 

in a form which can be obtained from this equation by the use of integratio~ 
~ parts. Such·integration reduces the continuity requirement imposed on.both 
functions \-1 and N by 11 integrability 11

• (to \·lhich we shall refer ·in next section). 
- -

This due to the relaxation of requirements is known m a·thematically as a 11Weak 
formulation 11 of the problem. 1t is of philosophical interest to interject here 
a thought that perhaps such weak formulations are indeed the requirements of 
nature opposed to differential equations which, at certain physical discon-
tinuities, are meaningless. 

In structural mechanics virtual work principles have almost displaced 
the formulation based either directly on energy statem~nts (due to the wider 
applicability of virtual work) or on differential equatioi1s (dueto the avoid
ance of other·complex algebraic ~anupulating). In the chapter of these notes 
dealing \'lith 11 VisCOl-!S FlOW 11 the author shov1s how such statements forman extremely 
realistic and simple approach to fluids. 

In Table 1 we summarize the basic processes by which the integral forms 
of approximation can be made as a preliminary to finite element analysis. 
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IV. PARTIAL DISCRETIZATI0~ 

At this point it is appropriate to mention that it is nflen con

venient to discretize the problem only partially in a manner which, say. 

reduce_s a set of differential equatiorís in three independent VrH'Írlbles not 

directly toa numerical set of equations but_to"a lmH~r.order diffcrenti-11 
equation, say, 'tJith. ~nly one variable. This fir'st differential equation r;¡n 

then, on ·occasion, be solved ~nore efficiently by exact procf":!urcs oral
ternative numerical solut~ons. 

Such 'partial discretization' is particularly useful if the 'sh3pe' 

of the domain in on~ of the independent directions is simple. This may arise 
if prismatic or axisymmetric shapes are considered in a three dimensional 

problem or if one dimension is that of time. 
Considering the last case as a concrete example, the trial function 

expression discretizing the unknm•m <t> 

<1> =o (x, y, z, t) 

is made by modifying the equation (9) to 

in v.¡hich 

$ = E N. a. = N a 
-1 -1 

N. =N. (x, y, z) 
1 1 

(23) 

(24) 

(25) 

; .e., is only a function of position anda is now a set of parameters w~ich 

áre a function of time 

a = a (t) (26) 
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"Partia1 vvri<~tions" of variation princip1es equation (13) or 

any or the \<leighting procedures, equation (16) in \vhich the \'icighting 

functions do not include the independent variable t can now be used re

riucing the formulat10n toa set of ordi~~_ry differential ~J2__tions. 

In fluid mechanics and flow problems we shall often find such a 

discretization useful and the ordinary set of differential equations can 

often be solved efficiently by simple finite difference schemes as well as 
by a secondary application of the finite element methodology(lJ)(l 4). 

V . TRIAL FUNCTIONS 

l. General Principles 

So far beyond mentioning that the unknown function ~ is expanded as 
in equation (9) by a set of trial functions tl no specific mention was made 

-
of the forJTI these tri al functions should take or what limitations have to be 
iJTiposed on th~JTI. We shall here consider, in very general terms, sorne of the 

guidelines though by necessity the discussion cannot do justice to the problem 
which is crucial to the success of the finite element process. For details 

th~refore the reader is referred to references 13 and 14 and to numerous other 

publications in which different trial (or shape) functions are discussed. 

P~ the trial functions N are constructed for practical reasons in a -
piecewise r'la~~~ i .e., using a different definition v1ithin each "element" 

the question of required intereleJTient continuity is crucial in their choice. 
This continuity has to be such that either the integrals of the approximation 
given in general by equation (10) or in particu 1 ar forms by equations (14) and 

(16) can be evaluated directly, without ~ny contribution arising at the element 

"interfc..~ces." Alternatively, such interelement contributions must be of a kind 
which decreases continuously with the fineness of element subdivisions. The 
class of functions satisfying the first conditions shall be called conforming 

\·/hile the ones \'lhich satisfy only the second one are named non-conforming 

(admissible). 
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lri general it is quite easy to sw·rify the 'cf)nfrwmil.¡' (f)qrlilinn· .. 

lf the integrand contains m-th derivative'. of the unknrn·m funr:lioll', 0 thC'n 1111· 

' 
~hape functions N have to be such thñt the function itself and its d('rivat,ve•, 

up to the orer m:l are requ1red to be continuous (Cfll-l continuity). 

In practi_ce_it is difficult to define conformin~ functionc; in a piPce

wise manner for any order of m greater than one and because of this r1any 'non

conforming' elements have originated in the past with the hope, soJPetiflles proved 

a posteriori, that admissibility is achiever:l. The question of establishing 

admissibility is·a difficult one and much work on this area is highly mathe

matical and not~easy to interpret(lS)(l 6). Sorne teste; of admissibility have 

however been de~iséd and it is essential to subject any new non-conforminq 

eleMent to SUCh an examination(ll)(lS)• 

In Table 11 we show :these t\'10 mail'l rlirections on \·thich finite elPmPnt 

approximation is based. There is hm'lever an intermediate po:;ition \·Jh~re in-

------tere-lemenLcon.tribution can be evaluated l'lithout the imposition of full con

formity. This arises either, if the derivatives of N occur in a linear fonll 

in the.integrals and continuÚy can be rE>laxed by on~ further order(lB) or I'Jhere 

in the basic formulation interface contributions are specifically inserted. 

The latter is the position \'lith ·certain hybrid. formuléltirms {lg)( 20) or la'_'~ Jnge 

multiplin, for~s which specifically impos0 conformity as a conslraint(ZI)(?Z). 

In this simple expose we shall not be further conc~rned·with these special 

situations. They are taken up in mor:e detail in t\·10 chapters by Professor 

Gallaghpr· Herein we will subsequently treat the f_Qnformi_IJ.9. formulation a<; 

standard and the non-conforming one as a ?~ecial variant of it. 

A further condition which has to be imposed on shape function is that 

of "completeness, 11 i.e., the requirement that in the limit, as the element size 

decreases indef.initely, the combination of trial functions should exactly ·e-· 

produce the exact ~olution of this if available. This condition is simple to 

satisfy(lB) if polynomial expressions are used such that the complete m-th order 

of polynomial is present, when m-th order derivatives exist in the integrdl of 

approximation. 

-To demonstrate a few simple shap~ functions in one and t\·10 dimcnsionill 

pr·oblems v1e show in Figure 1 and Figun~ 2, somc piccc\-Jisc drfinl'd <;1), 1 P~'" in onc 

and tvm dimensional domains in which to cnsure C
0 

conforndty thP systcm l"'i'Lill1cter·s 

a. take on simply the value of the unknown function of certain points (oftcn 
1 

referred to as nodes) and which are common to more than onP 'element.' With this 

device a·simple repeatable formula can be assigned ot define Ni within any element. 
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It vlill be immediately recogniz(·rl that c1s the para111eter "; influences 
the value of ~ only in elements adjacent to a 'node' i its contribution to 

the integrals will be limited to elements containing tha~ node, hence the 
'banrled' feature of approximating equations alrr.ady referred to. 

It is of interest to note that r;tJch piecewise defined functions 
which to many are the essence of the finite element metnod have been used 
for the first time as late as 1943 by Courant( 23 ) despite the f~ct that in

tegral approximation procerlures are much ~lder. 

Today many complex forms of shape function definition exist, mostly 
developed in the last decade, which are capable of being piecewise defined 
and giving high orders of approximation. Sorne such functions are in fact 

defined not in the simple original coordinate system in which the problem is 

given but v1ith a suitable transformation refer to curvilinear coordinates by 
means of which most complex shapes of regions can be subdivided. Figure 3 
shows sorne such elements of an "isoparametric" kind( 24 ) much used in practice. 

In all ce continuity only is imposed and relatively simple formulation suf

fices. 

2. Particular Exampl~ 

To illustrate the process of discretization which by this time appear 

somewhat abstract to the reader we shall return to the specific example given 
by equation (6) and its associated boundary conditions (7). 

mated as 

Assuming that the potential ~ (here a scalar quantity) can be approxi-

4> = E N. a. 
1 1 

(27} 

in which both Ni and a1 are scalars and a1 in fact is identified with nodal 
values of ~ we shall first use the variational principle of equation (8). 
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Substituting (27) into equation 8 and differrntiating with respe(t 

to a parameter a; gives 

' . 

Fj = ~~j = a!j [fl {}K (~x(í.U;a; )) 2+} K (~y r.N;a; )2 Q'~Niéli }dxdy 

(28) 

or for the whole equation systeM 

arr 
íla = K a + P = O 

with 

aN. aNj a N. aN. 
Kij = f ( K (ax

1 
• 

1 
a/ ) dxdy -+ . 

~X ay g 

pj - - fJQ~ Nj dxdy - f q Njd 
n rq 

( 30) 

with trial function assumed piecewise element by element it is simple to 

evaluate the integrals for each element obtaining their contributions K. ': 
l . 

and Pje and obtain the final equation by simple summation over all ele~er ·s 

K •• = E K •. e 
lJ 1J 

pj =r. p / (31) 
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A1ternative forms of approximation can b~ derived by the n~~der 
'JSing some \leighting procedu,-es descrihr.rJ. It can be shovm thtlt in thi:, 
linear case (i .e. in v1hich K and Q are functions of position only) idcntical 

~~Jroximation will be available by applic1tion of Galerkin weighting but 

tr1at that otl)er approxirnations v:ill arise frorn use of alternative pt"O

cedures. He will find that for instance ~pplication or least square pro

:esses (equation 22) will result in second derivatives being present anJ 
.·ill need c1 prime continuity trial functions with subsequent difficultics of 

determining such functions. He will however observe that the Galerkin 

orocess is available for non-linear problems where the simple form of the 
variational principle is no longer applicable. 

At this stage it is of interest to insert a particular shape function 

and obtain in detail a typical equation for the parameter j. 

Let us consider a typical internal node j = O on a regular mesh of 
triangular elements as shown in Figure 4 in which a linear interpolation is 

~sed. Assuming K and Q as constants and that the contributions of the 

JOundary do not occur in the vicinity, the contributions of all elements are 
f~Jnd and coefficients K01 e, K02e etc. evaluated. After assembly the typical 

equation becomes 

(32) 

The reader will recognize this as the standard finite difference equation 
obtained by direct, point, differencing of equation 5 and may well enquire 

what advantage has been here gained. Obviously, the numerical answers in 

t~is case are going to remain the same, at least if boundary of type rq does 
not occur. Immediately, however it is important to point out that if K 
varied discontinuously between elements (such as may be the case at inter
faces between two regions of different impermeability) the finite element 
~ethod would have yielded in one operation answers which direct finite dif
ference ~rocedures would tackle only by the introduction of additional con
straints and interface conditions. Further the variational form allows the 
g1·adient boundary condition to be incorporated directly. 

Pursuing the problem further we try a rectangular element \'lith a 

bilinear interpolation of ~as in Figure lb. The resulting finite element 

eq1Jation gives 

2 K (~l + ..•. + ~8 ] -8~0 + 6 Qh =O (33) 
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a fot·m substantially different from the standard finite rlifferencc C'qunt 10n 
\·thich although convergent to tlw sarne onlrr of approxir1at ion reduces th~· 

truncation error. Again the sa;·¡e comm~nts can be made as brfore regardinq 

the advantages of the finite elemer~t approximation. 

In recent years much progress has been made i11 the finite diffprcnce 

methodology, and in particular integral forms includiny varic1tional princ1pl<:s 

have been used as the basis of approximation in which the dlfferences are only 
.applicable to the differentials occurring in the int~grals(ZS-Jl)_ Compdrison 

of such processes with fini~e element methods have been made by Pian(JZ) showing 

sorne details of the problem discussed above. Such appt·oaches eliminate sorne 

of the drawbacks of the finite differences procedures and indeed bring it clase 

to the finite element process as will be shm·m in the next section. HO\·JeVPr, 

the difficulty of increasing the order of approximation or of using irregular 

meshes still preserves the advantages of finite element process. 

VI. SOME ASPECTS OF NON-CONFORt.UTY - COtiPLETH!r; 1HE ClRCLE ---------------------- -----
TO FINITE DIFFERENCES 

As mentioned befare many non-conforming ele~?nts have been implew.Pntrrl 

in practice and convergence proofs obtained. lndeed very often these no~

conforming elements have proved to produce res111ts of higher accuracy tfHn 

corresponding conforming ones. What is the reason for this and is it desira~le 

on occasion to introduce non-conformity deliberately to produce better results? 

To answer this question it is of interest to consider the terms on whlch 

the performance of an element is based: It is found by mathematical reasoning 

that the order of convergence of a particular element is dependent only on thr 
complete polynomial terms which occur in the expressions(lB)_ This indee~ may 

be anticipated by considering the remainder terms in a local Taylor expan~ion 
of the unknown functions near the vicinity of a point of the domain. 

In order to introduce conformity it is often found that either in

co~plete polynomial expansions are used, as for instance in the bilinear 
rectangle of Figure 2b in which only one quad1·atic te1·m {xy) occurs in ad:lition 
toa complete linear expansion or else, as in c1 - class elcm2nts, sin:¡ul¡¡¡·ities 

or rational fractions are introduced in addition to 01·dinary polynomial terr1'; 

vlithin the element. It is often the existence of such terms which caus~s the 

performance of an element to deteriorate and perhaps sorne means of elir.dnJting 

these should be sought. 
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One ar,-s•.-1er to this problem has h<:':r"l recently snprlit?ri I'Y !rons 

and Ra z u ::jU e ( 3 3) 1·1ho i nt reduce the ~-~1}_'::_2)_'. __ r;_f ___ s ~b_s_t_i ~~ 1 t~ _ _s_hrlJ')~--- f::_u_~_s:t 1 rJnr, . 

Thc essential idea is to rep:ace the or19~r.al confonninq, shape i·thich con

tains superfluous high arder terms of exp~n;1on or sinqul~r1ties by anothPr 

function whic~ is an exact polynonial and ;nich in the least squrr srn~e. 

represents the best fi! to the origin~l :.~-·~J~ function. This if r¡ i:; the 

original fur,c~ion and N its polynomial s~~stitute of the kind 

N = 81 + c;2 < _._ a Y - ,, ~3 ... ( 3ti) 

we determine the coefficients B by mini~izir,g 

(35) 

with respect to these parameters. This results in a set of equations 

(36) 

from which ~·s are readily found. Clearly in general N will not be 'con

formi ng. ' 

Convergente of elements derived on such substitute basis can be 

argued from the fact that in the limit (discounting any sinqularities presrnt) 

the combination of either N or N is capable of representing a simple polynomial 

Taylor expansion in an identical manner. 
The inprovement of the performance of elements derived on the basis 

for sorne c1 continuity problems in the co~text of plate bending has been demon

strated in reference 34 and indeed in other situations a similar improvement is 

expected. 

An apparently alternative path to inprovement of element performance 

has been recently demonstrated in the context of numerically integrated elements 

by reducing (rather than increasing) the order of numerical integration( 3'·). 

It is easy to show that one of the reasons of the success of this process is 

in fact its identity with the use of substitute shape functions. To show 

this it is of interest to record sorne properties of Gauss integration points 

Q used in numerical integration. Thus if n Gauss sampling points are used in an 

integration domain -1 < x > 1 then 
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(a) a polynomial of degrees 2n-l is integrated exactly. 

(b) The n Gauss points define uniquely a polynomial of degree 
n-1 which is t~e least square approximation of any polynomial 
of degree n which has the same sampling values. 

Further, we can observe that if R represents a least squdre approYi

mation toN then ~~ is also a least squar8 approximation to ~~etc. for all 

derivatives. 

To illustrate these properties observe that any parabolic curve n1 

in x direction is represented in a least square approximation by a straight line 

a Ni aÑ Further, the va 1 ues of --- and 
élX ()X 

~ passing through the two Gauss points. 

obtained by 'one Gauss point sampling are identical, as shm-Jn in Figure 5. 
In practical applica~ion orie dimensional domains are of little intrrest, 

but, in two or three dimensions we observe immediately that for a bilinear e-~
Q pansion of Figure 2b the effects of sampling N or ~~ at one ce~tral Gau.ss point 

is equivalent to passing a least square substitute linear exp,anr:;ion fT as shmm 

o 

in Figure 6. 
In second arder rectangular elements used frequently in finite eler1ent 

analysis, Figure 7, terms such as /y, xy2 arise giving first derivatives v1hich . 
vary parabolically in one direction .. The effect of using a 2x2 Gauss sampling 
is to approximate to such derivatives by a bilinear expansion which eliminates 
the effect of these terms in a least square manner, effectively approximating 
to the original shape function by a complete second arder expansion. The 
success of 2x2 Gauss integration achieved in many situations is undoubtedly due 
to this fact. Table 111 shows a typical application in \'lhich dramatic im
provement of results occurs by reduction of integration. 
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TABLE III 

Central Oeflections of a Square Plate Under Lateral llniform 
load. Solution Us1ng Four 'Parabolic' Three Dimensional 

Elements with Reduced Integration 

_ ( wc - Exact Solution, + l-Span, + t-Thickness) 

L/t = 

3 x3x3 
G:!USS 

point 

2x2x2 
G c:uss 
!=Oint 

w -= 

200 lO 

0.60 0.85 

1.00 0.98 

T~e above remarks show that in rnany situations improvement of results is 
achieved by introduction of_admissible, non-conforming, shape functions. 
~: this stage it is 9f interest to examine the finite difference approximation 
ar.d to ,hm·l that these are in face simple appl ications of such non.,.conforming 
trial function assumptions. 

Consider for instance a 'direct' finite difference approximation to 
an ordinary differential equation 

d2,. 
~ + Q =o 
dx2 (37) 

T he standard 'local'' approximation to the second derivative in the vicinity of 
point, -;.e. 

d2t - 1 
2 - -2 ( 4»n+1 -- 24»n + 4»n-l) 

dx h 
{38} 

is in fact identical to the choice of a trial function which is a parabola 
fitting the three consecutive values of 4». The governing equation well kncwn 

in finite differences 

(39) 
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can be ohtained by an integral approximation of thc fon:: given by Pquatinn 

15 with a weighting function shown in Fiqure 8. 

Clearly the shape functions chosen here are non-conforming and show 

di scontinui ti es bet1<1een suc.cessive e 1 ements. Convet·gence i s depenclent only 

on the 'inten1eaving' nature of those \'Jhich quarantee that in the limit the 
discontinuity disappears. 

A further much used finite difference approximation is prc~ented in 

Figure 9 where, say in a variationally formulated prohlem, an expre~sion for 

a gradient is written as 

-ª-! 1 [ ] ax = 2h ~n+l, m+l + ~n+l, m- 9n, m+l - 9m,n ( 40) 

It is immediately evident that this is precisely the value obtaired 

by use of the substitute shape function in Figure 6 (or simply one point 

integ,·ation) and indeed identical approxi"1ation will result. 

Pursuing the line of thought indicates that all finite differencP 

processe~ can be considered as special 'cases of the finite element proces~ 
with non-conforming but usually admissiblP shape function assumptions. 

The success of finite difference nethods is indeed depcndent on the 

convergence of the trial function arproxirnation and is indeed a particular 

case of the finite element process which originated in a different manner. It 

is more than likely that the future opti1n~l methods of numerical discretization 

can borrow from the successes of both procedures. The finite element method

ology based on irregular subdivision of elements and often a variational 

formulation frees the standard finite difference analyst from his shacklPs of 

regular mesh subdivision. The finite element method may \'Jell make greater use 

of non-conforming assumptions for trial functions implicit in the finite dif

ference approximation. One such interesting 'marriage' W3S indicated re
cently by Utku( 36 ) where an inten-1eaving mesh is used on an irregular basis 

in two dimensions by passing a least square quadratic surface fit of a local 

expansion which yields second derivatives in an 'element' association with 

the locality as shown in Figure 10. 
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Questions such as the adequacy of •;ntenveaving' required to 
obtain admissibility of such non-confor~ing shape functions remain yet 
to be answered, but, as mentioned befare, pragmatic tests exist to judge 
w!1ether convergence will be ohtained. Problems such as instability of 

e~uation systems derived from certain functiori assumptions {e.g. for 

certain subdivisions using the one point integration rule of Figure 6 or 

or equívalent finite difference model of equation 40) still need to be 
further investigated. Nevertheless, today it can be stated that the finite 

element methodology reprP~ents a very considerable generalization of the 

finite difference ideas and hence opens the ~ay at least to more efficient 

methods of solving already salvable problems - at best opens new ways to 
problems which previously defied ~nalysis. 

21 



o 

o 

o 

O. C. Zienkiewicz 

R E F E R E N C F S 

1. Hashizu, K. "Variational ~lethods in Elasticity and Plastic.ity," 
Pergamon Press, Oxford, 1968. 

2. t1ikhlin, S. G&, "Variational ~1ethods in f~athematical Physics," 
Pergamon Press, Oxford, 1964. 

3. Crandall, S. H., "Engineering Analysis," lkGraw-Hill, New York, 
1956. 

4. Finlayson, B. A .• "The Method of ~leighted Residua~~ and Variational 
Princip1es," Academic Press, New York, 1972. 

5. Oden, J. T.. "Finite Elernent Models of Non-linear Operator 
Equations," Proc. 3Y'd Conf. on 11atY'ix Meth. in StPUct. MeC!h., 
Wright-Patterson Air Force Base, Ohio 1971. 

6. Tonti, E., "Variationa1 Formu1ations on Non-linear Differential 
Equations," BuU. Acad. Roy. Belgique, Series 5, V. 55, pp. 
139-165, 262-278, 1969. 

7 . Sandhu, R. S. and Pister, K. S., "Variational Principles for 
Boundary Va1ue and Initial Value Problems in Continuurn t·1echanics," 
Int. J. Solids Structures, V. 7, pp. 639-654, 1971. 

8. Zienkiewicz, O. C. and Taylor, C., "Heighted Residual Process in 
Finite Element Method with Particular Reference t~ Sorne Transient 
and Coupled Problerns, 11 Ledures 01~ Finite F.:lenent !1ethods in 
Continuwn !1echanics PY'oc. NATO Symp. Lisbon, edited J. T. Oden 
andE. R. A. Oliveira. University of A1abama at Huntsvi1le Press, 1973. 

9. Zienkiewicz, O. C. 11 Constrained Variationa1 Princip1es and Penalty 
Function t~ethods in Finite E1ement Analysis," ConfeY'enc(' O'< tl7? 
Nwnerical Solution of DiffeY'entiaZ Equations, University of Oundee, 
Ju1y, 1973 (to be published Springer V.) 

10. Moe, J., "Penalty-Function Methods in Optimum Structural Design", 
edited by Gallagher, R. H., and Zienkiewicz, O. C. J. Wiley, london, 
1973. ' 

11. Lynn, P. P. and Arya, S. K., "Use of the least Square Criterion 
Finite Element Formulation," Int. J. Nwn. Met;h. Eng.~ V. 6, 
pp. 75-88, 1973. 

12. Zienkiewicz, O. C., Owen, D. R. J., and lee, K. N. "Least Square- Finite 
Element for Elasto-Static Problems. Use of Reduced Integration". 
Int. J. Num. Meth. Eng.J V. 8, No. 2. 1974, pp. 341-358. 



o 

o 

o 

O. C. Zienkiewicz 

13. Zienkiei'Jicz, O. C., "The Fini:2 Element 1·1ethod in Engineering 
Science," tkGraw-Hill, Londor., 1971. 

14. Gallagher, R. H .. "Finite El::-':!nt Analysis: Fundamentals," Prentice
Hal1, Englewood Cliffs, Me~ ~~~sry, 1975. 

15. Oliveira, E. R. A., "Theore:i:::l Foundations of the Finite Element 
iíethod," lrzt. J. Solids St:'.·-::::-!'é!s~ V. 4, pp. 929-52, 1968. 

16. Ciar1et, P. C., "Conforming a'"d l·lon-Conforming Finite Element r1ethods 
for Solving the P1ate Proble;-,'' -::onferenee on the rli/Jnt.Jrical Solution 
-:.:~ Differentia.l Em.J.ations~ ·~n~ ;ersity of Oundee, July, 1973. (to 
be published by Springer, V.) 

17. Bazeley, G.P., Cheung, Y.<., Irons, B. 1~. and Zienkiewicz, O. C., 
'Triangular E1ements in Bencir?-Conforming and Non-Conforming 
So1utions," Proc. Conf. lfCr::::·-:_._- ''gth. Struct. Mech., Hright-Patterson 
fl.FB, Ohio, 1965. 

18. Strang, G., and Fix, G., "P."'l .:.,alysis of The Finite Ele111ent Method," 
Prentice-Ha11, Eng1e\'/Ood, Cii-=~s, Ne'tl Jersey, 1973. 

1 9. nemat-Nasser, S., and Lee,<.\., "Application of General Variationa1 
f·íethods ~,oJith Discontinuous ;:-;;:·ds to Bending, Buckling and Vibration 
of Beams," Co.y-r;?· Metlw:ls ir. ~:·:~-:ed i1eci1. Eng.~ January, 1973. 

20. Pian, T. H. H., and Tong, Pin. "Finite Elefllent Methods in Continuufll 
:~echanics," f:.dvances in.. Cor.:-:· ,)_...., !fech-:mJcs~ Academic Press, Nel'l 
York, 1971. 

21. ~3.rvey, J. W. and Ke1sey, S., Triangular Plate Bending E1efllent \·tith 
~r¡forced Compatibi1ity," A:~_- .-?:.~l"l1.al, V. 9, No. 6, pp. 1023-10{6, 
1971 . 

22. Szabo, B. A., Tsai, C. T., ''P·e Quadratic Programming Approach to 
The Finite Element Method," :··.-:. J. Nwn. Meth. Eng., V. 5, pp. 
3 7 5-381 ' 1 9 7 3. 

23. Courant, R., "Variationa1 l"et'-Jds for the Solution of Prob1ems of 
Equilibrium and Vibration,'' ,;_,::. Am i1ath. Soc. V. 49, pp 1-23, 
1943. 

24. Zienkiewicz, O. C.,\ Irons, 3. '·"., Ergatoudis, Jog Ahmad, S., an.~ 
Scott, F. C., "Iso-parametric 3.nd Association Element Families for 
T\·:o- and Three-Dirnensional ;;r.=lysis," (Ch 13 of Finite Element 
l1ethod in Stress AnalysisL :::lited by I. Holand and K. Bell, 
Tapir Press, Trondheim, Nor.·Jaj. 1969. 



o 

o 

o 

O. C. Zienkiewicz 

25. Courant, R., and Hilbert, P., "11ethods of ~1,Jthematic<ll Phyr;ics," 
Vo. I, lnterscience Publ. Inc., Nev¡ York, 1953. 

26. Forsythe, G. E., and Uasow, H. R., "Finite Difference 11ethods fot· 
Par~ial Differential Equations," Section 20, John I.Jiley & Sons, inc .• 
New Yotk, 1960. 

27. Young,. D. M., Jr., "The Numerical Solution of Elliptic and Paraholic 
Partial Differential Equations ," in Sv.~Pu of l.':A.71eY<r>rrl fi.,znlyrn>, 
J. To'dd, Ed., J. Hiley Book Co., 1962. ,, 

28. Greenspan, D., "On Approximating Extremals of Functionals - l. fhe 
11ethod and Examples for Boundary Value Problems." Bull. Int. CfJI'r¡.J. 

Centre 4, pp~ 99-120., 1965. 

29. Walton, W. C., Jr., "Application of General Finite Difference Method 
for Calculating Bending Deformations of Solid Plates," N/\SA TN D-536, 
1960. 

30. Schaefer, H. G., and Heard, H. L., Jr., "Evaluation of an Energy 
Method Using Finite Differences for Oetermining Thermal 11id-PlanP. 
Stre~ses in Plates," NASA TN D-2439, 1964. 

31. Griffin, D. S. and Ke1log, R. B., "A Numerical Solution of Axially 
Symmetrical and Plane Elasticity Problems," Int. J. Sol1:ds ar.d 
8"7J:'uctures, V. 3, pp. 781-794, 1967. · 

32. Pian, T. H'. H., "Variational Formulation of l~umerical l~ethods in 
' Salid Continua," Proc. of Syrpaaiv.m on Cor:::•1dcr /.1>':;} F.nginee1•ir:::;, 

G. H. L. Gladwell, Ed., University of Haterloo, Ontario, Canada, 
1971. 

33. Irons, B. M., and Razzaque, A., "Shape Function Formulations for 
El ements Other Than Dis'p 1 acement Mode 1 s," Symposilm on Variat1:m:o.l 
Uethods, University of Southampton, pp. 4-49, 4-71, 1972. 

34. Razzaque, A., "Program for Triangular Bending Element with Derivative 
Smoothing," Int.,.]. Nwn. Metiw-?.s Eng., V. 6., pp. 333-345,1973. 

35. Zienkie\'licz, O. C., Too, J., and Taylor, R. L., "Reduced Integration 
Technique in General Analysis of Plates and Shells," Int'. .T. Nun. 
Meth. Eng., V. 3, pp. 275-290, 1971. 

36. Ney, R. A., and Utku, S., "An Alternative for the Finite Element 
Hethod, 11 _Syrrrp.- Variational Meti!ods, U ni vers ity of Southampton. 19 72. 



o 

o 

o 

'~~. e . l i p n k 1 0\ 1 í e z 

~.!~L_Et.1_ENT AP: R o_x_I_M_A_r __ ~_o_~--------, 

1 N TE G R A L F O R M S O F CON T 1 N U U M PRO B L E ~., S 
TRI AL F UtiCTION 

["IRECT PH) SICAL 
MonrL 

9=~N.a. 
~ ,......., "'' 

--<{} 

VAR IAT ION AL PR 1 NC IPLES WEIGHTEDINTEGRALS 

OF P.D.E. GOVERNING 
{WEAK FORMULATIONS) 

GLOBAL PHYSíCAL 
STATEMENTS 

(EG. VIRTUAL WORK) 
1 

1 

MEANINGFUL 
PHYSiCAL 
PRINCIPLES 

1 

1 

1 

1 

1 

1 

CONSTRAINED 
LAGRANGIAN 
FORMS 

1 ADJOINT 
PENALTY 
FUNCTION 
FORMS 

MISC. HEIGHT 
FUNCTIONS 

COLLOCATION 
(POINT OF 
SUBDOMAIN) 

1 

1 

-t><l- 1 

1 

6 
1 1 FUNCTIONS 

j LEAST GALERI<IN 

1 
SQUARE (N.r-N.) 

"'J ,....... 1 
FORMS j 

L ___________________ -----------~-- J 

TABLE I 

-l NATURE OF TRIAL FUNCTIONS USED IN F E.M. 

( n -PROBLEM DOMA IN¡ 1'-BOUNDARY¡ 1 -ELEM ENT INTERFACE) 

~v----------------------------------------~v~ 11 

CONFORMING INTEGRABLE NON CONFORMING 
(5QUARE INTEGRABLE) TRIAL FUNCTIONS . (, TRIAL FUNCTIONS i 
TR 1 AL FUtiCTIONS IN O VIITH 1 NTERFACE TERMSJ ~ ) dI (NON IN TE GR ABLE) 

fo=Ll;,e 'JUMP' LA~:ANGIAN ~ l 
STANDARD ELEMENT CONTRIBUTIONS INTERFACE 

WITH UO INTERFACE TERMS DERIVED CONSTRAINTS 
MATHEMATICALLY 

~ 
EXACT 
1 NTEGRALS 

'\7 
NUMERICALLY SUFFICIENT 

INTEGRATION 

SU BS TIT UT E 
1 NON COtJFORMING 

TRIAL FUNCTIONS 
L----- DERIVED AS LEAST 

SQUARE APPROX, 
OF CONFORMING 
FUNCTIONS 

TARI E' lT 

'tNTERWEAVING' 
OR TAYLOR 

ENGI''IEERING 
"iNTUITION" 
SUGGESiS 
FUNCTIONS 

EXPANSION FORMS 
GUARANTEE CONVERGENCE 

FINITE DIFFERENCE 

BASIS 

tr L( 
___ L _______ j 



o 

~---------------- n----------------~ 

FIG.I ONE DIMENSIONAL, SIMPLE, 

LOCALIZED TRIAL FUNCTIONS 

OF C° CONTINUITY 

@ OOMAIN SUBDIVIDE.D INTO ELEMENTS 

® LOCALIZED TRIAL FUNCTION FOR PARAMETER a¡= <fl'¡ 

0 APPROXIMATION TOAN ARBITRARY FUNCTIQN q'l(x) 

o o 

FIG. 2 TWO-DIMENSIONAL LOCALIZED 

T 
i 

TRIAL FUNCTIONS OF C° CONTINUITY 

0 TRIANGULAR ELEMENTS (LINEAR EXPANSION) 

®RECTANGULAR ELEMENTS (SI-LINEAR EXPANSION) 

/ 

o 

n 

N 

Cl) 

:::l 

" 
Cl) 

:::: 
() 

N 



o 
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MIXED VARIATlONAL PRINCIPLES ANO HYBRID rORMULATIONS 

I. JNTRODUCTION 

Alterna ti ves to the potential or compl irnentary Pnergy formulationc; 

{either in the conventional or generalized forms) are the mixcd dnd hybrid 

energy formulations. 
~lixed _variational principles lead directly to mixcd formats of thc 

element force-displacement equations. Because the [uler equations of thcsl~ 

functionals are the more basic equations of elasticity, \'lith lower or·der deri
vatives, the continuity requirements on the assurned fields are of lmver order 
than for the conventional variationa1 principlcs. 

Hybrid formulations involve not only the generalization of the con
ventional energy principles but also introduce multi-field representationc; of 

element behavicr. One form of stress or displacement field is described \'Jithi~ 
the element and independent stress and/or displacement fields are describe~ on 
the boundary of the element. All but one-of thc fields is describcd in terns of 

generalizcd parameters; that field is given in terms of physical d.o.f. ThP 

appropriate energy expression (a generalization of either potcntial or compl~

mentary energy} is first formed in terms of both classC's of parameters and then 

the stationary condition is applied to the generalized parameter set. This 
yields a system of equations for the generalized parametcrs in terms of th~ physical 
d.o.f. These equations are used to elimin<1te the generali7cd para111eters from 
the energy expression. The resulting energy expression thcn contains an idrnti

fiable stiffness or flexibility matrix of conventional form. 

We examine mixed formulations in sorne detail in the next section. 
Then, in subsequent sections, three alternative hybrid formulations are studied. 

11. MiXED VARIATIONAL PRINCIPLES 

A. Reissner Variational Principle 

The simplest and most widely used mixed variational principle in finite 
elcment analysis is that which is associated with Reissner [1]. We can devclop 

this quite reJdily, using the potential energy principle as a startin~ roint. 
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We have 

R = U + V p 

but. by d~finition (with U* = Complementary Energy) 

U* + U = fvol @{e} d(Vo1} 

or, 

U = fvol L2.l {d d(Vol) - U* 

(1) 

(2) 

(3) 

and, by substitution into Equation (1), we have the Reissner functional, nR. 

nR = fvol LoJ {e} d(Vol) -U*+ V (4) 

where now the functional is expressed in terms of both stresses and strains. 
1 

Furthermore', we note that if independent choices are made for both stress-related 
and strain-related fields, then the surface integral V must account for both 

' 
prescribed-stresses and prescribed displacements, i.e., 

V= fs q.~dS + fs q.(~-~)dS 
- o ~ 

( 5) 

where now S
6 

is the portien upon which the displacements 6 are prescribed. 
· The Euler equations of this functional are the equilibrium and st:·ess

displacement equations. Analysts are generally familiar with such basic equations 
and it is of interest to examine how one proceeds from the basic equations to the 

1 
integral form. lo do this, we employ the method of weighted residuals with the 
Galerkin criterion in the choice of weighting functions. 

let us consider the case of a uniform axial member subjected to a 
distributed load q. In this case the equilibrium equation is 

+ * = o (6) 
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and, after substitution of the strain-displacement equation into the stress
strain law, we have the ~tress-disP,lacement equation 

du 0 x ---=o dx E (7) 

In developing algebraic equations for this formulation \'le apply a 
weighting factor' to the equilibrium differential equation anda weighting 
factor t to the stress-displaccment differential equation 

(8) 

(9) 

The approximations to stress and displacemen~ are chosen as 

Ü = LNJ {u} (lO) 

( 11) 

where the terms of [N] are the displacement shape functions and [r.] is employed 
todesignate the strcss-shape functions. In-selecting weighting factors from 
~hese terms we employ the displacement shape functions N1 for' and the·stress 
shape functions r. for ~- Consider first the weighted integral of the equilibrium 

1 ' 
1ifferential equation. By introduction of ~ = N; we have 

da 
/( d~ + *) N1Adx = O (8a) 

dnd, after integration by parts of the first term, and rearrangement 

(Bb) 
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We begin with potential energy (Jp} and for simplicity exclude 

initial strains and body forces and assumP that all prescribed loads are 

distributed tractions T . Then we have 

n = .!. 
p 2 f t [E] E d(Vol.) - f T.u dS 

Vol. - s - -
a 

(l. a) 

where all terms are as defined previously. The volume integral indicates 

that the displacement fields chosen to approximate n will result in lack . p 

of satisfaction of the equilibrium condition o ... =O and the surface 
- ,lJ 'J 

integral indicates that the condition T = T will not be met along S • 
- - a 

where T denotes the edge forces given by the internal stresses a • At the

same time the functional implies that the displacement boundary condition. 

u=~ on·Su and·the s~rain-displacement equatio~; F
1
·J· = -2

1 (u .. + u .. )= a6 
1J . J 1 

wilf be satisfied throughout the volume of the structure. 

Suppose we deslre to work with displacement function which will not 

rneet the displacement boundary condition and the strain-displacement equation. 

We can then append th~se conditions to the functional, using the Lagrange 

multiplier method. The new functional is 
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Jntroducing Eq. 11 for ~x and noting that N;Aax = F1, we have for all vnlues 

of Ni 

(12) 

where 

(12a} 

( 12b )' 

and {f} is the conventional listing of joint forces. 
Considering next the weighted integral of the stress-displacem~nt 

equation we have, upon introduction of • = r1 

l d- -
f (d~ - ~X) E; Adx = 0 
o 

and, after introduction of Eqs. (10) and (11) for ~ ~nrl ~x· WP have 
for-all :¡ 

where [~21 ] is as defined by Eq. (12a) and 

[ n11 J = - ~ ~ f t J _1. ~ 1 Adx] 

(9a) 

(9b) 

( 12c) 

We see that this relationship connects {u} and {cr} so it is co·~
venient to group both Eq. (12) and Eq. (9b) into a single matrix equatio~ 

[ ~!L ¡ ~g_ J {-~-} = {--~-} (13) 
21 • o u F+Fd 

Thus, we have derfved finite element equations in the mixed format. 
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o 
nH-W = Í fvoi e [E] E d(Vol) - fs T. u dS 

a-

(14) ' ' 

+ fs (u- u) ~ 1 ·ds- fvol (e: -<M) ~ 2 d(Vol) 
u - -

where.a~ denotes the displacement derivatives corresponding to the strains 

E • From the prior lecture notes we can recognize ,tHat the langrange multipliers 

A1 and >.2 must be,edge tractions T and the stresses ct, respéctively, so we can 

write o 
1 

nH-w-= 2 fvol E [E] E d(Vol) -· fs T 
- (J 

u dS 

+ fsu (~ - ~) T dS - fvol (:-a~) ad(Vol) (14a) 

This is the Hu-Washizu functional, containing displacements and stresses as 

independent variables. Note that we caused the strains to be independent of 

the displacements by "disconnecting" the strain-displacément equation. The 

subsidiary condHion is that the tractions T correspond to' the stresses a 

o 
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B. RELATIONSHIPS AMONG MIXEO VARIATIONAL PRINCIPLES. 

In the previous section we first justified the Reissner functional 
simply by the substitution of an identity for the strain energy into the 
potentional energy functional. A more elegant way to establish the Reissner 
functional, and all other functionals in elasticity, is to start \li th the 
potential energy functional and successively "relax" conditions. on the 
potential energy and effect satisfaction of certain other conditons. In this 
way, Pian( 40), and others(lS, 34 1, have shown how it is possible to progress 

from the potential energy functional to the complementary energy functional with 
the identification of the Reiss~er and Hu-Washizu(lS) functionals at intermediate 
steps. 

Before detailing this process, it is useful to elaborate upon the 
meaning of the term "relax conditions on••. One must first recognize that each 
integral in a~ ~nergy expre~sion can be i~entified (through the Euler equatinns 
of the fu"nctfonal) \'lith a basic condition that is not satisfied point\otise in an 
approxi7ate _solution obtained with use of the functional. There are of course 
other co~ditions that exist, and it is implied that such conditions are met exactly 
by the functions chosen in approximation at the functional. In potential energy, 
for exa~~le, it is implied that the chosen displacement fields meet exactly all 
approoriate conditions on displacement. 

Nm·z, suppose it is expected that the satisfaction of the conditions which 
must be ~et exactly will be difficult. If it is intended that a choice be milde of 
a function which will not exactly meet certain of these conditions, then'we are 
11 relaxing conditions on 11 the original functional and one must modify the or·;ginal 
function by adding terms to it. 
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The Euler equations are!=! on 5
0

, ~ = ~ on Su, the equilib~i~m dnd strain-

" displacement equations in the interior, and the constitutive law a·= [E) ton 

the interior. 

,_ 
' ' 

If we now integrate by parts the integral fvol a • ail d (Vol) and 

substitute the result into the fourth integral on the right-side of Equation 

{14.~), assume that stress fields'\'lill be chosen which satisfy the equilibrium 

conditions and that the constitutive la\'1 is satisfied we obtain the Reissner (or 

Hellinger-Reissner}_ functional. We must eliminate the strains from "H-W by 

~ substitu! ing t = (E]-1 a 

o 

n = -! f a 
P 2 Vol 

/ 

[E]-l a d(Vol) + f a • 
Vol -

T.u dS - f (ü-u} T dS 
su 

(15) 

If we further assume that the strain-displacement conditions are 

satisfied, as well as the conditions on boundary tractions, we reach the 

principle of complcmentary energy 

Re= Í J a [E]-l a d(Vol) - J Ü.T dS 
Vol - S u 

{16) 
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Oden(Jl), in a recent paper, describes 14 different variational 

principies in elasticity theory. These alternatives stcrn from use of differcnt · 

variables (strains, displacements, stresses, stress functions) a_nd condition~ 
not ex~licitly treated above, such as the stress-strain law and/the compa~ibility 
equations. Sandhu and Pister(lB) and Kikuchi and Ando(?O} h~vc also contribute~ 
to the formulation of more general variational rrinciplrs. (See also l':ilrch~r(SS)). 

It is important to recognize that the above integral rclaticnshipc-,, 1·1hich 

are the basis for finite element re~resentations, can be dcveloped by use nf th2 
method of \~eighted Residuals ~lith Galc:rkin :·:eighting factors. This \'IJS d~.~onstrilted 

in the previous s~ction, where we developed the integral of Reissner by opi:r~ting 

. on the equilibriu~ and stress-displacement conditions. One can tonsult a rrrcnt 
paper ·by Connor( 2B) for the development of a 'tlide range of alternative varHlinnal 

principles a1ong these lines. One advantage of this approach, which has n~t bPen 
exploited in practice, is that certain integrals appear which do not appea~ in the 

virtu31 work formulation. 

C. APPLICATIONS OF THE 'MIXED VARIATIONAL PRINCJPLES --·-------------- ---
IN FINITé: ELU·1ENT M~ALYSJS 

Mixed variational principles have'not gained wide popularity in finitc 
el e~ent s tructura 1 a na lys i s. Thc rcasons for thi s \·tOul d appear to be the 

follo·.·ling: 

(1) Unfa~iliarity of pract1oners with related concPpts. 

(2) Concern that they will not fit in with established 
finite element programs~ 

(3) lack of positive-u6finiteness of the algebraic equations. 
(4) larger number of solution unknowns. 
(5) No clear advantage over stiffness formulation for C0 continuity. 

~ Still other reasons could no doubt be identified. 
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Mixed methods have neverthclcss preved of advantil•¡c in certain pi'nblems, 

as outlincd below. As far as is knm·Jr, ho~/cver, thes~ appl ic~tions h-Jvr he·:n 
accomplishrd with computcr programs csprcially writtcn for the purpos~. 

llerrmann( 3•4•7•8•13 ) was probably thc first to apply mixed variatl'1nal 

principlcs to finite element analysis, although w.~ must emphasizc that Klicn(zg) 

establishcd C'Xtcnsivc mixed for·mulations of finitc elrment anlllysis in a non

variational mannPr and there are oth~rs (e.g., all wnrkers involved in thc ''Lransfer 
matrix" approarh) who also dealt with mixed algc~rait dcvelopm~nts at carliPr tim~s. 

In one group of papers, Hcrrmann dealt \·lith flat plate bcnding probler.~s. Th...: 

advantage of this mixed fm·mulation is that thc rcquirPments on continuity of dis

pl~ccment clln be reduced to C0
. This is done by modifying Reissner's principle 

(Equation 15) by integrating by~parts the tcrm fa • al'! d(Vol). In plate bending, 
- -

where thc strain mcasure is the plate curvature (the second derivative of tl1e dis-

placPment) the integration by parts transforms the funr.tional into one containing 
only first derivJtives of displareillcnt and so only C0

. continuity is needPd across 
elrment boundarics. 

Figure 2 shows rcsults obtained by Hcrmc1nn( 4) for the problern of u <;ir~ply
supported square platc under central concentrated load. He uses a t.rianguldt' elr:.n~nt 

based on 1 inear displaccment and constant rnoment. The rr<;ults are not good. and it 

can in fact be demonstratcd( 30) that identical results can be obtained with the 

us~ of a stiffness formulation that uses quadratic~displacC'ments( 32 ). On the other 
hand, Visser(S) gives rC'sults for a quadratic variation of displaccmpnt and linearly

varying hending moments and these have not been duplicatrd by a stiffnr;s fot~ulation. 
( 47) OthPr work on platcs is described by Bron and Dhatt . 

Mixed V<lriational principles are regarded by many as especially useful for 

thin shell analysis, where displacements can be used to describe stretching bchavior 
and stresses can be used to describe bending, again permitting a low order of 
continuity between elements. Herrmann and Campbell(l) have analyzed shells with use 

of flat segments and, subsequently, Herrmann and Mason formulated a curved she11 
element. A more sophisticated form of this has been developed by Visser( 6). 
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Ccr~Jr(lO) ha~ givcn a dctailed account of formulations via Rcissnrr's 

pr:r.ciple. Gould and Sen(S2)• p¡·ato(ll), Elias(JJ), and Connor and ltlil1('1 Z) 

ha·:e madi:' effective use of mixed ron11ult1tions in shcll iH~<Ily',ir,. 

Hermann(lJ) 0lso iderHified the mixcd variat10na1 opp¡·ot~ch as king 

us;;f:Jl for the anal;sis of incornpre<.sib1r ~uteria1s. Due toa Po1sson's ¡·atio 

of ).5 such rnatf'rials present difficu1tir:s in potenti(11 enr:rgy (stiffnrs~.) 

c:r.=1;~is. Key(l4), among otheí<:, hes cxtnncl;::d llerrrJtlnn's \·JOI'~ in Ulis connPction. 

and i-{1.·/ang, et al(Sl) have applied it in soils anaiysis. 

In concludin9 this section it should be noted that mix~d variational 

fo--ulations have been adopted quite naturally in the development of firntc 

Ll~-~nt fluid flow analysis. Taylor and Hood{ 34 ) and Kawahara, Pt a1( 3S) eacl1 

0 cd:.:.: the mixed approach in deélling with viscous, incornpn~ssible fiow. 

o 

!Ii. HYBRID STRESS FORMULATION 

Related to the generalized variational princirles Me the hyhri J 

for-'Jlations pioneered by Pian( 21), which accornplish the forrr.ulation of h•1th 

st~ffness and flexibility matrices through specif1cation of independent firldc; 

witl-]in and on the boundary of the element. The approach will be describC'd_ for 

the case of the "assumed stress" hybrid mcthod, in which a stress field i~ 

selected for the interior of the element and displacement field is indeppndv11tly 
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assigned to the element boundary. Then, thr~ principle of rnini;num complerr.r:1 ·1ry 

energy is utilized to produce, directly, the Plement stiffne~s m~trix. 

We begin with the selection uf an assumed stress field for the i11rrrior 

region of the element, which can be ~esignaled as 

{o} =- [P] un (20) 

.,.,here {3} = [a1 ..• sm] are the undetcrmined parameters of the strc~s fie1d 

and the coefficients, s1, are functions of the spatial coordinates of thP c:~nPnt. 

The surface forces T can be expressed ~n terms of the ¡.:.1rameters R by mr>rH!S of 

Equation (20), in the form 

T = [R] fR} ( 21 ) 

Tlle boundary displacements an:' nm<J independently prescribed. ThE: (lis

placerr:em:s along the surface are specified by a column vector i1 and can be re--
1ated to the prescribed edge displaccments, \'Jhich are \"'ritten in terrns of thP 

ele-ent joint displarcments {A}, as follows 

ü :: [Y] {td (22) 

Figure 3 summarizes the above assumed fields. 

He no~i \·lrite the complementary enc·rgy in the more appropriate form 

(lacking initial strain terms) 

1 
rrc = 2 fvol 0 [E] d(Vol) -f S 

u 

-T u dS ( 23} o 

where Su, the portian of the surface on which the displacements are prescr¡t.ed. 

is here the co~plete surface. 

All ingredients are now available for transformation of thc complementary 

energy functional into discrete form. We have, by substitution of (20), {21). 

and (22) into Equation (23) 

t!J "e = ----2 [H] lel - laJ [Q] {A} (24} 
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. (10) 
Cor~Jr has givcn a detailed account of formulations via R~issner's 

pr:rciplc. Gould and Sen( 52 ), Prato(ll), Elias(JJ), and Connor and ~lill(l 2 ) 
ha'.':?. madr effective use of mixed forruult~tions in shrll analy~,i· .. 

~lermann(l3) ulso identified thc mixcd variational uppt·o.tch as b~ing 
us::f:..~l for the analysis of ·incornpressiblr materials. Due toa Poi:.-;on's r·atio 

of J.5 such matPrials present difficultiPs in potential energy ('>tirfrtf'~:;) 

c:ncl¡sis. Key(l 4), aman~ other:., ha~ extended llermonn's vwrk in this connection, 

and H\·1ang, et al(Sl) have applied it i.n soils ana1ysis. 

In concluding this section it should be notcó that mixed variation;¡l 

fo-ulations nave been adopted 'lUite naturany in the dev(!lopment of finilc 

el:·-ent fluid flow analysis. Tilylor and Hood(~4 ) and Ka~..¡ahara, et al(JS) P.1Ch 

ad::.:;: the mixed approach in deélling \>lith viscous,··.incompressible flow. 

!I;. HYBRlO STRESS FORMULATION ---- ---------------

Related to the generalized variational principles ¿n·c thP hybt·.d 

for-~lations pioneered by Pian( 2l), which accomplish the forrnulation of f,oth 

st~ffness and flexi!Jility matrices through specification of indcpen<.IPnt 1 irldc; 

wit~in and on the boundary of the element. The approach will be describ. d fot·. 

the case of the "assumed stress" hybrid method, in which a stress fielcl ~ 

se1ected for the interior of the element and displacement field is indep' ndently 
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assigned to the element boundary. Then, thc principle of minimum cornplemrmary 

energy is utilized to produce, directly, the element stiffness m~trix. 

~le beg1n \'lith the se-lertion of an assumed stress fi'C'1d for the intPrior 

region of t~e element, which can be dPsignated as 

{a} == [P] {f)) (20) 

~.here {3} = [81 ... sm] are the undetcrmir.ed parameters of the stress field · 

a~d the cocffictents, Bi' are functions of the spatial coordinates of the clement. 

The surface forces T can be expressed in terms of the paramPters R by mean~ of 

Equation {20), in the forrn 

T = [R] {6} (21) 

The boundary displacements are n0\'1 independently prescribed. The dis

p1acerr:ents along the surface are spect.fied hy a column vector ü and can br 1·e-
~ 

iated to the prescribed edge displacc!Jlents, v1hich are t'lritten in terrns of t},e 

ele-ent joint displacements {~}, as follnws 

ü = [Y] {ll} (22) 

Figure 3 sUlr.rnarizes the above assumed fields. 
~Je no·,., \·lrite the complementary cw·rqy in the more appropri~te fot·,, 

(la~king initial strain terms) 

1 
nc = 2 fvol ~ [E] a d(Vol) -J S T Ü dS 

u - ~ 

( 23) 

where Su, the portian of the surface on \-thich the displacements are pt·escri~1rd, 

is here the co~plete surface. 

All ingredients are now available for transformation of the complementary 

energy functional into discrete form. We have, by substitution of (20), (21), 

and (22) into Equation (23) 

~ 
nc = - 2- (H] {8} -. LBJ [Q] {Al {24) 
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with 

[H] =~Vol [P] T [Er l [P] d(Von] (25) 

and 

[QJ =~s (RJT [Y] ds] (26) 

The stress and boundary displacement parameters huve been chosen 

independently so that independent variation of r.c with respect to {B} and f~} 

is called for. For \3}, this yields 

[H] { 8} - [Q] {t¡} = O 

or 

{8} = [H]-l [Q] {6] {27) 

O By back-substitution int,o rrc (Equation 24) 

o 

{28) 

and it is apparent th3t the element stiffness matrix can be defined as 

T -1 - --------------------- --- [-kJ-=-- [Q] [HJ [Q] {29) 

Due to the independence of assumplions relating to stress and dis-
- placement, any number of terms may be ch?sen'in represPntation of the stress 

field (one generally seeks the simplest represcntation of edge displacement). 
It has been observed, however, that in order to avoid kinematic instabilities in 
the modeling of the complete structure the condition m~ n - l should be met, 
\'lhere m _i s the number of a-parameters, n i s the number of di splacement d. o. f., 

and t is the number of rigid body modes of the\element. 
Various degrees of refinement in stre1~s represen-tation have been studied 

numerica'lly (Ref.· 21-23, 56), leadiíng to the co~'f=lusion that no significant advantages 

are g~ined with use of more complex assumed stre~s fields. 
~ 

) 
'¡ 

. ~ 
\ 
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1•. ASSUMED OISPLACEMENT HYBRID 

We examine in this section ü1o hybrid formu)ations v1hich derive from 

~ r~tential energy functional. In the first of these [24] the element in-

t~rior displacement field 1s expressed in terms of gencralized displacements 
d:ld the boundary sttcss fiP.ld ·is indrpendent1y described in terms of joint 

ror·ces. This yields an element flexibility matrix. The second hybrid formu
ldtion [25] is an extension of the nbove concept in that both the interior d1s-
~ l.t .;.:;c:nts and the edge (boundary) stresst>s are described in ter:ns of genera 1-

l · 'oJrameters, whi1e the boundary displacements are independently described 

;:, terms of joir.t displacements. Th·is lcads toan element stiffness íl1atrix. 

In order to deal with independent fields a "generalilution" of the 

;~~~ntial energy principle is needed. In dcscribing the generalization appli

<..l~le to the first of the t\-10 d1splacemenehybrid schemes we again consider only 

"interior" elements, i .e., elements vlith no boundaries on thc edges of thc 

structure, and Pxclude body or initial forces. The pertinent "boundary" of 

t'll' clement is the complete boundJI'Y (S ) and this is loaded by the intere1ement 
n 

tractions f. Thus, we have the modified potential energy 

m f -n = U - T.u dS 
P sn - -

(30) 

wh~re u represents the boundary displacements consistent with the chosen i!t

tcrior displacement field 6. The generalization of the conventional polential 

energy consists of the fact that f will be written in terms of joint force 
parameters so that both the displacement parameters of u (and l.l} and the joint 
forct:' parameters \·dll appear as unkn01-ms in n;. A conv;ntional potential 
energy principle involves only displacement parameters. We designate the gen
eralized parameters of the interior displacement field as {a} and have, for the 
usual polynomial representation 

A = "[p) {a} {31) 

and, by application of the strain-displacement equations 

(32) 
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where {af} refers to the d.o.f. remaining after the rigid-body-motion 
d.o.f. {as} have been eliminated through the differentiation a~sociated 
\·lith the str.ain-displacement equations. We also require the boundary values 
u of this field, \'lhich can be obtained simply by evaluating A along the element 

u = [Z] {a} = {33) 

where, for purposes of the development to follow, we have preserved the dis-

tinction between {af} and (a
5

}. , 

The final ingredient of the subject displaccment-hybrid method is the 

description of the boundary tractions !-in terms of joint forcE'S {Ff}. The 
subscript f designates a system of joint forces exclusive of those necessary to 

furriish stat1tally-~eterminate support of the element. This is a consequence 
of the requirement that the vector f represents a system of self-equilibrating - ( -
forccs for ca·ses of zero body force. ~le symbolize these relationships as follows 

(3/l) 

We rnay now construct the discretized form of the modified potential 
energy. ~irst/we observe that in constructing the \'JOl'k of the boundary trac
tions (the integral over S ) the contribution of these self-equilibrated forces n - . 
acti~g through rigid body displacements is zero. Since the rigid body dis-

. placements are equal to [Z
5

] {as} in Eq. 33, we consider only the product 

[Zf] {af} in treating u. With U= t fvol E[E] e d(Vol) and by substitution 
of Eqs. 33 and 34 into Eq. 30, we have 

(30a) 

where 
' 1 

[H] = fvol [Cf] [E] [Cf] d(Vol) (35) 

T [J] = fs [Zf] [[] dS 
n 

(36) 
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By variation of Eq. 30a wiU. respect to af 

or 

By substitution into Eq. 30a. 

(37) 

where the derived flexibility matrix is given by 

[ó] = [J] T [Hr l [J] (38) 

The second assumed displacemen~ hybrid method< 25 ) extends further 
the above concppt to produce di~ectly an element stiffness matrix. We choo~e 
here a system of interelement-cornpatible boundary displacements Ü, exprcssed · 

. ~ 

in terms of joint displacements {~}. These are chosen in~ependently of the 

field 6 \·lhich desc_ribes· displacements with·in the element in terms of parameters 
~ 

!a}. Thus, in the generdl case, therc is a disparity of these displacements 
along the element boundaries, as given by (ü-u), \>lhere, as befare, u are the - ~ ~ 

boundary displace~ents consistent with 6. This disparity can be removed by the 
constraint condition 

fs (ü - u)ds = o 
n - -

Using the lagrange multiplier concept the modified potential energy for this 
development beco~es 

nm = u - f l.udS - f ~ (u-u)dS 
p S S 

o n 
(39) 

where ~ is the lagrange multiplier. 
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The Lagrange multiplier has here the units of a load parameter and in this 
case it is the boundary traction associated \'lith the· gap (Ü·-u}. 't·lith this 

in mind we designate 1 as the tractidn !· Also, in this development Sn is 
the full boundr~ry of the structure. ·since we restrict our attcntion to the 
formulation of interior elements we disregard the integral on S in what follows. a 
Thus, the modified potential energy for this development becomes 

nm2 = U - fs T (ü - u) dS 
p n- - -

(40) 

lhe discretization of Eq. 40 requires field representations of ~. 
u, Ü, and T. The representations of e and u are already in hand via Eqs. 32 
... - ... ~ ... 
and 33. We must now establish appropriatc representations of ü and T. 

- -It js required that ~ be expressed in terms of joint displacements 
{Al, so we have (as in Equation 22) 

ü = (Y] {6 l (41} 

Also, the boundary tractions Tare to be written in terms of generalized 
parameters {f3f} . \4e invoke the designation of parameters ·\·Jhich exclude 
rigid-body terms (the subscr_ipt f) consistent \·tith our prior discussion of the 

· definition of bounéiary tractions (see Eq. 34). Hence, \'te denote these re
lationships · 

(42) 

The above assumed fields are summarized in Figure 5. 
A discretization of n;2 can now be_ formed by substitution of Eq. 32, 

the left partition of Eq. 33. Eq. 41 and 42 into Eq. 40. There results 
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\-Jhere [H] is as defined by Eq. 35 and 

[X]= fs [Q]1 [YldS 
n 

(44) 

[0] = fs [Zf]T [Q]dS 
n . 

(45) 

To develop the desired st{ffnPss matrix we construct algebraic 

cquations by nrst varying Eq. 43 \'Jith respect to {af} and then with respect 

to {Bf}' yieldfng 

[H] {af} + [0) {Bf} = O 

- [X] {A} + [~)T (af} =.O. 

(46a) 

(46b) 

By solution .of these for {af l and {Bf} in terms of {!\} and by back-substitution 
into Eq. 43, there is obtained 

( 47) 

where 

( 48) 

This is the element stiffness ~atrix derivable through the potential energy 
hybrid method. 
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V .• ALTERIIATJVE IIYBRID FORMULATIONS AtlD APPLIC/\TIONS ------- ~ - - --·-·-

One may perceive from the previous two sections that a very great 

variety of hybrid formulations is possible vía the convcntionill and mixed 

variational principles. Nany of these possibilities hove been outlined by 

Pian(llg}, J\tluri (27), Holf( 39 ) and others. A r~vie1.; of all such possibilities 

is beyond the scope of these notes. The writer has c>~amined a wider range of 

possibilitie5 in Ref. 48 and has illustrated their use through explicit 

form,Jlalion nf lhe beam element. Extensivc numerical comparisons are found in 

Refercnn:> 56. 

Two areas in l>'hich hybrid formu1ations hilve preved effective have. been 

in platc and shell bonding analysis and in line~r fracture mechanics. The 

bending formulations ~se.the assumed stress hybrid approach in order to avoid 

the rcquirement of c1 continuity displacement field. Pian summarizes,work at 

1-t.I.T. in Ref. 40 v1hile llenshall surveys i'lork at tlottingham llniv. in Ref. 41. 

Other contributions have bcen rnilde by Allmann( 42 ), Chdt.terjee and Setlur( 43 ), 

Oungar and Severn( 44 ), Cook( 23 , 45 ), Holf( 39 ), anú 1\lh:ood ilnd Cornes( 46 ) :· Yoshida( 59 ~óO) 
among others. More recently,,Pian, et. al. (53 • 54 ) have given extensions of the 

assumed-stress hybrid concept to creep and plasticity. Other hybrid applicdtions, to 

problems of linear fracture mechanics, are described in the notrs devoted to that 

topic. 
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(o) Descriplion o: disp!oce,.~·.:; b-.~r!o'e displocemenls 
expressed in tcrrns of '"i:1t disp!ocemenls {t.} 

1 = r~J \f3.!1} 

+· 4 ~· ~ 

(b) Descriplion of strrsses (i.·!~ri:.r ond surfoce stres5es 
expres~cd in lcrmr. of g~- ~: :lliz<·d potomelers {¡3:}. 

FIG •. 1' ASSUMED STRESS HYBRID 
APPROACH. 
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R. 11. Ga11agher 

f 11.1 (typicol) 

¡.,__-;-o~[ YJ{b.} 

(ot Description of displocemPnl~ (~urfoce displocements 
expressed in lerms ol joint displocemenls {b.} 

(bt Descriplron of slresses (i-nleri-.r ond surloce stresses 
expressed in terms ol ge,erol:zed porometers {.Br}. 

FIG. 3 ASSUMED STRESS HYBRID 
APPROACH. 
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R. H. Ga llagher 

u= [z){o} 

(o) Description of displocemenl (1nlerior ond surfoce 
displocements upressed •n terms of some 
generoilzed poromelers {o}) 

(b) Descr iplion ol stress (surloce forces u presself in 
terms ol !orces ot toinls lret> to d1sproce 1 

FIG. 4 FIRST ASSUMED DISPLACEMENT 
HYBRID APPROACH. 
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R. U. Gallagher 

¡-

ü:[v]{6} 

u= [z ]{a1} _ t t.¡ (ly,picoiJ 
J\,.,.nn~~~~ __,... 

Co) Oescriplion of disp~ocements lonlerior nnd ossociofed surfoct: 
displacement (.ul expiessed i11 terms of generoltled 
porametus 'f'tl- Prescribed surfoc;c displocements (u) 

expressed in lerms o! joonl do~plocement {A)). 

(b) Oescriplion of stresses fsurfoce !orces expressed in terms o~ 
venerolized pororneters- {,a,} 1-. 

-

FIG. 5 SECOND ASSUMED DISPLACEMENT 
HYBRID APPROACH. 
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O. C. Zi~n~iewicz 

VI SCOLJS FLm! 

I · IiiTRODllf rrn;¡ 

In tfns chapter 11'::' <we conc..er·nrd v.¡ith thc pfoblems :,( lllCOH·· 

pres;,ib-.: viscous fl(M ano their discreLiz,¡tion by the rinil" ••lcrnerrt 

proc~ss. !·!2 sh-ill in the lll<lin concrnLrat(~ our excln.pl:!S 011 r:t···i·l'ing t.\-k!' 

rroblec·_; in 1·:hich dytr-:~rnic tcnns cun br n~qlected. The approMh qiv0n hf• 

is ho~evcr cout~letely genet·al and rorms the ba:;is oí dealing Hiflt rnr,q 

inco:n;:¡re5sible fluid 1112r:hanics prohlerns. 

The approach to disrreti1ation J.;¡ken hcre is VÍi• d1:,, r inlH;t-.tl 

state.·:: ·ts available from the use ot virtui1l work principles in il ll'•H.rtct· 

similar to that Nidely IJracticed in solid mechanic~. This IHs c.1 doub1<· 

advanta']e over processes VJhich start expl icitly' frorn t.he govcrning :Javif-'•

Stok.es e::¡uation~. In the first place tedious algPbtaic operaiion'> at·~ 

avoidec- in the second, d directly analngous treat•Pf•nt to Uhtl of salid 

mechar.ics becomes availdble and it is possible not only to qain a deepe:.

insight into problems presenled but also to use dirc~ctly many of the avaii,,ble 

progre!~ S. 

l~uch practical need exists for creeping flow solutions for non

ilewroni:ul flu1ds in \·fhich the viscosity ·;s strain rale dependrnt. All tlt 

formul:.;:ions rresented here are valid for such problems and indE'ed we shrl 

demonstrate several applications of this, non-linear kipd. 
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Of ,_~,q·:.iculrP' l':Lt'r e•.t h: '! , .• · fJ''Chlet:ts ol l't~t.tl pl,l'.t it.it\' 

fn~quenLI.:, in all ki,¡Jc; ··f ''tru· .. c•rr : fo,·ulin~t prú<..c:;srs an ~ l•ave lt::l< 1. 

II. s . .:.src FORi1L:¡;.;¡l1il rOR Vfl,r()IJ~ fLC<H ----------------------- --~ -----

Gy coo~trast tu 'Lhe solió i'i!X'lc:t.ics pt·ohlP.n 1:hrr·~ 1·1~~ .:: ,, ¡.Jr'illlc~ri ir 

t.wtP-t j;¡] ¡:¡:·tr1t · in flllid rut"r.·hñnic; Ur: r:win variable: of introrrst 1c; u ... 

Let u, v,-1/ describe the three Cartesiati,componrnts of the vel·J(ii:y 

u of a r)in~ x,y,z. Furthf'r let. ~ den0te the body forées per unit volu:r in 

part d11c to extc;·nc1l caus~s (~) aríd in part representing the <1yn;unic o<. ,·ler

ation effec~s. Thus, 

b " ~ - PI! (l) 

in Nhi<.h :. stands for the accelert~ticn of a point in the fluid and p i:; llc 

clensity. 
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. o . e . ¡_ ~ -= ,- ·. ! .'\'/ i e z 

If eqt.~il ib~·lul•l 1~ cons irle•···d ht~lw·~n thc 111ternal •. lt 0.:,~('', u, ¡n¡: :.r,~Jy 

forc~s .,:. ~:a•;c pt.--1-~ly lh(' s;:;,h.! eqtJ .. ~.H,n SC't. •''· 111 solicf,a• .. ,·h~nic~ 
prob ~ ·: _ · . 0. 

, 
-X X 

E:tc. 

1- L 
riy 

L_¡ '· " 

(! 
xy 

,• 

\'li~h -" ::;i•.g the x component of l> etc . . • . 

o 

+ b 
X 

(-?.) 

= o 

. :... i'F:jor diffetrnr:c fro::1 sol id •w·c11anics i" c:lut! hm·:·~vPr to ti••· 
::~le:-·:· ::,c•·i;niqn ::>f moti'on 1·1hich C'/í'n in stea.!y'~tilte C•JS('<; re<:..:H•: 11!

an ac::. · ::: :tion '), 

C~nsider the clCCeleration C0'"P0Ht-ni. in direction >' fnr a IVJ:\', :• .;lit.. 

1·;-hic .... · :s ~ velocity _L~ ata point. Óf SP•lCP. r., y,'!. It<: velocity· rcle "· 

chan~= -=:·- ¿¡ particle or· fluid depr~nd·.; not only 011 rah~·. of o:hange of ~· ,,¡t:l 

t'e5.pt:_: ·~;; tin,e but Cllso on the changes of poo;ition. Thus, 

As --e: 

:Je ha::: 

D él U 
1- él U dx ~u Q.Y + ,liJ d~ 

ax = ·of u = aT '5x·· dt ;)y. dt ~-z· iJT 

:. u etc. 

:::finition of Lhe 'conv;~ctive' acceler.ttiun ope,·;¡i..cw 

Q_ = _:_ + u () _a_ + w ;¡ 
Dt =t ax + v ay ~z a t !'_T. grad ;)t 

(4) 

(5) 

~ere lics the nhljor diftrrenc~ from ~olid mechanics wh~rc, dS 

the a.;!:-:~:emcnts an: n•ferred tu a particlc <\11d not toan elt:ment of Sj.),:t:c 

only :·: si;nple dift~n~ntiation of displacemenr \·lith resped to time sur: icr~ .. 

1 
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. ·1 e . ll en k i f' '/ 1 u 

.. 

:~ ·: L•lr:~.f"' 11¡-' IOI'IIl:.J1,1tinn of J solid r;¡vc)¡.!tlicc; ¡qr·!li(IIJ \•H.' 

i rtrodu,-:e ,, <.';,in-; l ior. :>t c,trai'l ¡., te,·r.~ of clié;pl •t.::aents c:l'<! d 

l ;, 11 S i. i t ll t 1 '.'" ! ~ ;·: r! t' f 11: i :! 'i rl ', 1.1 !' ·' :. , t 1 J i ll rf' ¡., t i (ti' ( 1 ) • F O'. 1 ' iJ i cJ S l·if' 

~·.all pt·or:..:· i ~i.didr·l_•'. ltrst cJ n'.(· ¡rf :L•fc~tnt.:t.io~t•, ~-· is ._lr·fined it: 

t[:nn:; of ·;•;: ,.., ; ti es. ·¡¡, 1!': \::> \·:r 1: <: 

l u 

ull 

·•X 
etc. dd1nin~ th" onr>rator L. 

i S 

1 <.ul 
' 1· = - 2 ( ·ax . 

.J J 

{f.) 

1 • 
' tJ :t 1 

Tl1e t.onstitutive relation'>hir for fluids is •nnt·e r.otnplr~x t!Jan i 

tite sol id mechanics probh~ms, as in getH ··al stres~PS depend tlOt. only cm . -tlc·~

of strain c.tlf: illso on the strai11 itself. ~Je shall thet·~.:fore rrstrict o., 

attention here _tp __ i!.IE9!.:.!P!~~~J!i~ flo\<1 for which the t·ate of volurnetric ·,: · ¡nn

ing is zero, i. e. 
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.. , C. lienkif•·,,u 

1;:' r:, :.•1:!~~ 11¡.• IOI'IIl:.Jlilti(Jtl of '-' sol id '•1:.'1 11-~'lÍC<; J't''!li(lll \•!e 

i·,LroJu.-:e ,, (·:,·,n•t ior. nt '>trai'l -,, tc,·r,~ of clic:;pl•t.:::tf'l':ts c:r•<] c1 

CPlSi.itut1•:=: !.~·.·: ~t'fll:il!r; rl ·,f.t0_,-, .t! clill rc•l-1tic..- ( 1 ). fn•· tluiOS l·íf' 

~:,dll pror:.?:; ~i.dicJ,·i". lttst t1 n'.(: pf :.i,•fcttnt.Jt.r-•1•, ~-· is ._lr·fint•d ir: 

t C: rm:; O f ·¡ ':.' ! r < i t i C S • 1 f, 1 ~ 1.::' \•! r 1 , <: 

L u (f.) 

\',' i t Íl :. 

i S 

1 ~u :, " 
(-. _1 ·' ) 3 1 • . i : ?. -- \ ll:t 1 

é!Xj ,•x . • 1 
1 

ne t.Onstitutive relalion'->hip for fluids ÍS rilOt'C C:O!Ilplex t!Jan j 

the sol id ,,,echanics problems, as in gt:tH r'al stres~Ps dcpend not. only cm . ,¡lc·~

of strain iJtrt t~lso on ttre straiu it.sclf. ~Je shall thet~t:fore t'PStrict o.t 

attention hen! .!:!>_jn_~9.!!!P!~?_sj_!i~ flow for which tite t·~tc of vulumetric -,: ·c:nn
ing is zero, i. e. 

' 
'· 
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o. e. z i en k i '?\',' i (/ 

\'IÍth f.IT = (l, l,l ,0,0,0]; \·le \·wi U· 

~ div u 
1 i o 

fot •.uc.h íl11irl<.. lhc rw· •. n ',i, .. s·. is rrnl d••fir•(•d ,¡¡,t : .. ,. ,., 

be 'sought fl·:;r.: r.qtnl il>rivr• 1 elctt i'lr:. 0('1 inirrg tir~ rrre.:rr 5t:····.s l, ,,, • r. · 

preSSUI"t! p, , <, 

e '"' - p = - _x_ x _ _.- _(lx~-- -~ ('z_ z 

He u:::fine the deviatoric portion of the stress,~. ,1._.:! fu•rt.ion 

o1 strain r·Jte ¿_ in a n:dtrix not:'ltion as 

l 1 

S -~ 
ti 

i)p R··- f.(~) ( ~. ' a - lo - o 1 

l~J 
. -

l'tl th 2 1 - l 
3 - 3 3 o o o 

2 
3- - 3 o o o 

E = 2 
' o o o 3" 

SVI<I 1)- o 

o 

l_j 

.For a linear fluidl'ie can \·:rite relation (9) as 

S = DE. 
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. o . e . L , ~· ~. ;: ; ., .• : ; e z 

IJ 1,¡ :; 1 i j) o o 1 ¡ ... 
1 J .. o 

( l ~· ; . 

:-hl S i S Crlt i rr:l o/ u ''J 1 00UI'•: tr· the cJt!f i fl i t. i 0o1 Pf h •!t,¡··l ''lf' (l i 

eb:;ti;· :.~1 ios 1·1hich i::·~~ ¡rru,~,.rc-·.~ 1L>lo 1·1i t.h y_ pl.::yir::¡ th~~ I'P1E· C'f : ~~·-· 
Jrl<l!rlt o-= clcsi. ic wn:;tu'l'.:... Fnr 150"'-t o~ic 1 inear IJ''havior 1t r:<tn ~ -. 

rCttdil_: 510\"rt thc1t I.'C ca1r \·. 1te 

J :- J 

in 1·1~ti e 1-: 

,.? 

1 L 

1 

1 

1 o 
1 

¿-

. o 
= ,,!J OR O .. ,. -- ?.u 

- rJr< ..... 

11 \·lill :~~ a ÍUiiCticn uf r. ;w~: thP fr.:·r.ulatlor! th;.t loiiCÍ\·!5 i<. _:ppl j~-:.•: 
in thL for.~ to ;tur,-l·luJLr'!oi·:r (norr-linr•,lt') fluid-;. 

'íiE• vic,cous flt'\1 p.-.~t,le:r¡ IS no1·1 fully deti:1r.d c:nd ,.,,. Cdn f,:~,··•tllJiP 

its ar~rJ:dmctc solution mdtl¡emdticr~lly procc~din!J 1\.wmally !J'/ G.lle1t ;,, •t 

other \·.~i~htin~ method. Hov::ver, ,..,, ~xrt•ninil1ion of i.he ~quutiCJn:. <Jv'.f':t :n'.) 

the flo.·J _and oí the> bü1111dary condi 1 icJns, \·JIÍich· ~pccify either tr¿rc~.-i0·l~. -11· 

velcciti.:;s at all extr~¡~nal b•md¿n·ip-;, ,Per·rnits us to aflapt hrH· t:t1~ !-rl'· 
i ~ 

cedures ~.sed in solid ut~·clra:rics. Jn o,·•'-,Litulttr tht: '·:irtiJal \·:ork ¡1r·in i.-i(;' 

can bf: .'1JplieJ \'litl: vit·tual ~~D_oc_it_1_e_s_ p'iayin9 t.he p.:u·t uf vi1 ltt.ll di•.

place:-cn:s used in solid r'lechanics. 

Indeed one can cow:lude Lhat tlw1 solution o~ a visco·Jc; flo~·: p1· •l<'n: 
( 

is idc:r.~ical to ti.P solutior of an equi•,,.Jent incomplt'.isible rlrlstic 1". 

blcm ~~~·.:hiel! displacer:Jcr.~s CJre replac:d (•Y velociti:_•s ~nd th .... bCl1y ¡._~ .. 
uescri bd by equat ion 1 iH'r i nc;ertcd. 
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O. C. Zienkiewicz 

Thus, all the techniques avi.lilablc in the 1 iteratun· for u.~ 

solution of one pt·oblrm a1·c uvailable to the other -- applir.al•il ity 

being direct if the fluid flow is sufficiently slow so that acceleration 

effects can bP disregdrderl. 

11 l. VISCOU~ FLQ;ol - VELOCITY AS TJI[ BASIC UilKNOHI'l ----------·- ---------------

l. Virtual \·!ork State1nents 

The equilibrium statement 3 can be replaced by an equivalent 

virtual Hork ~tateiilent requiring that for any virtual velocity dnd strain 

rate changes, .s~ and 6~, \'Jhich are compatible, external and internal rates 

of work ar~ identical. Thus, we can write 

f T-óu dr = o (12) 
r t t 

for any fló1·1 domain n in 1vhich tractions tare specified on boundary rt 

and where 6~ ~s zero on boundary ru where velocities are given. Further, 

for compatibil ity 

óc = L 6 u and 6u = O on ru ( 13) 

As~ is not uniquely defined by~ (being indeterminate due to the 

· undefined pressure p), an additional equation needs to be written toen

force the incómpressibility. As for any pressure variation óp internal 

work i s zero due to i ncompress i bil i ty we can write 

(14) 



o 

o 

12 us 

. 1 
ft-t. O'' un + J 6p ¡, ¡· H --
n (! 

r ,-
óu l. 

E: + E 
V XX yy 

d:~ -
',' 

j_, o 

U· u 
J --
; ! 

•• 1 
11 

f h fd;~ (E)) 

(1 !ia) 

cqudtiuPS 15 und 14 le.::d dit·ectly to d discretizdtio;~. \!e: ha,,e .. 'J~·: sev,:al 

choicec; open. Firsc, \:e cun allm:. ?:· unt·c~>tf'icted dr:i-lnition of !he fi<.1,¿:. 

of -~- ar.cl E an'l pro:t.!~ci l':,¡,,J both t::¡L:3.Lit~IIS. Sccond, \~e can c0nfine Oc•r ~ tte 1tion 

to ve-loc.:ity fielc!:. l'lhich ,Jutol.~c,ti:-,:l1y s.~t-i:,íy incoln,J:'i•.:;sibili-::y. In t;,~ laLt.r 

:;¡:.e tk: ..:quat1on 11~ JS \'1'11 ¡:¡:, lh: ::.er:ond t.enn of er:uati,m l::J r!i~appea• ¡:n·1 

tlle fu11 ap~toxi!:•utitw inv:~1vr' o,-,1·· vr.1ocity param'.:t~i~. \tle s:1oll o:plur":· uoi.n 
i"tli''ll,llt:~ÍOII'> Íll lll··n. 

H.:= readsr couid al: nis :;;_:!9'= tJith prcfit r:::t:.:i'JVe tho_' iJpproxil~éli:;o1 

n¡uati()n:. usin:_¡ a :;i:rairJh:.:ol'l'.trd k·ierk.in procedw·E>, uni dS US!Idl \·till c.t.s,~rve 

tl.e in!:·!p~ctt·ion ctnd intí:.:r¡Jt,:LJiion d~ffi::ulries prescnt .. 

if ¡: an::l ~ c1re fur the n\()",f:01~ tr~!;1te:l as functions oí po.;ition o:-~ly 

it \·till he noted that equ.=tLions ll; t<rid 15 are in fact Pqubale,·lt toa vari,!~ton<!l 

pr· i 1~c i p le of n1a k i ng s t.J ti on.:~ 1".}' a fu.K ti ~Hw .. , 

Jí 
1 . 

J 2 ~ 
~= 

D f. J uTb dn- J .. r t 

\'lith respec.:t to VCII'i at ions o r u, and subjecf to the cons tra i nt 

J rV = j !·:T f.. 

p ·-

o 

j' ( 16) 

( 16a) 

·lhe prc.ss:!l"c p, in 8quatiJn 14 plr.y:; nere the role of a lagrangic'lti multiplier 

Ü introdl" r:q to satisfy the constraint. 
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~·:t: 1:1<.:k~ Lhi<> rer11Jrk r,ot. cr,ly brc-Jw.e th'? n-c~der wi11 ~,.,:r:rvc (111 

th? r~l· · st:cti0:1 tlrc;.L lbL! charct( L: 1 r:.OLl: structurc of thc dL·-~·,_·:.r¿ed 

ec,t;2;: i ._. ; · \/il i ( :.m tcd 11 U re u.·.uul ~: t\:IJ~c k:. u+ L<mgro~n<J:~ Pllll T:i ~ ! i •:1· f or;,,:; 

1.i .. : ... J dr~;o1 :.1 tC':·,:I'> in ~he rn:q, ;ce:~L ilul fllso ,· . ...>-:.cJIJc;e oi:l:::~ l·!cJY r·::i t 

e~ ·nf ,, , inJ c.,.: _,Jn~;l.:-.¡in-1: 16¡,, 

i (! ' ¡ '1 

r·:. e, .Ji 1 . 

,1_' :- •' ~ ' 

u 
IJ 

( l / j 

r, 
lt ~ -

'lf) . p 
1' ' ti 

1 

cuntlll'Jii.y for ll1c ve1or.i[y i.c:id but di~.CCl~ltiilllou·. r: . .rrc.t'im,s ir:n 

'. cJ(•<:' ;· i 0:. ti •. : PI'2S~~Ul (' íi. 'd. 

·-;n t i:.; 

l. ÓU 

1 • Hl L IJU u 
~·=-v 1·1 (~ .: oil 

(18) 

o p 
Np ¡.¡P 

' 
and c!::.s-' \'in!,; 'th<tt 14 anJ 15 are t¡-,,_. for all variatinns ~~a Wf' h.J'!(: /rou1 
equ;.~iú1. I!J 

~; (~ ~u) f " Dn (1: Jt') rl•·] <~u ' [f (!iT 1_ !~u)T flp tt1]~P 
Q 

J r,JU 'f j . h ( :¡ r rJu T t. dr = o 
J 

l' . t 

( 19) 
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(l'O) 

ro.- cuse:; of s1o\·! steady statc: viscous tlo\1 \ihel'e b- b this 
-1) 

:'2_,ults ¡,,J. SÍiil!1le sy •. ·., ~.-ic sc:t of rqu3trons lvhicl' cr1n be \Jritten as: 

1/Íifli'C! 

¡· ~1) 
1 

1 .,r. T r,. 
¡_ 

l'u \ ' -1 J 

¡·P ' . - 1 J 

f_LI 
.. 1 

1 

-

,,p r u·, 

¡:u¡ " 1 •j 1 ¡--
' + = o 1 

1ilpr o 

f 
f: 

(L N u)T 
-- 1 u ~ (L N.u) d. 

- -J 

! (~·¡T L l! u)T r-¡,P dst 
'1 

·- - --r -J 

( rJ. u 
"•1 p 

b dí2 - f N u ., t d !' 
·-u !' -1 

t 

{21) 

(2?) 

Indced this fonnulation rs almJst 1dcntic;¡l to that usecl in liner..1r, 

1ncornpr·~!~::.ibl(: elél~licity and 1~h1c..h has been dcrived hy imposing constt"aints 

on an Ptlet'9.Y fufrctional (2}. If 1.1 is velocity independent 21 represents a 

si!1rple l1nr•r1r cc¡uation systcm but the formulation is generally ve~lid. 
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\liten considcrin~! ,,,.,l~-.rly slttl' the coefflcic>11ts.: ilre tirw 

de;:>~nc..l~n 1 • 

Returninq ln cr111.1 1 ton 1 and lhe ex¡Jlici l t~~:~r~~ssion for tlt''

¿;cc~leration of ec¡IIJti(l.l S, 1·12 r,11Le :h-tl wc r.dn 1·1r1t~ 

J :-

b - b 1 .~ --o 

~IV 

(IX 

Z!J!. -1 J ;;t . p u 

o U 
~y 

ÍJ'J 

'Jy 

}U 

dl 

JV 

( ') \ \ 
l. '0<1 J 

fh~ term l' of f'quation 21 nm1 has, in additiotr to tí1e contr1: .. Jtion 

given by constunt body forcec; and bound<.~ry tr"action, f, a for·m 
o 

fu [f !!uT u u dn] 
da u 

+ [f NuT J N" dPl!u ( 24) :: p 
~l . dt r. 

:: M u da u 
dt + Ru a u 

The discretized equation 21 becomes now 
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In th2 ub'J·:~ the transient case can b.:: so1ved by ti111e steppi •• g 

---:,;:-:.dl.ll'e-:: t->1.:t even 'n ::~e,Jdy sLatt~ the for·.·: fllrltri.: P.quation~ olltained 

· íHii t t 1 ;1 J t ht:: se e 0'1-~ t ;, nn lS !I_On_-]_i_n~?:~_r a n d r~gn -:-_s '(fll_l!!_~ !_rj_r:... 
- 11 

fi'H' nntr~:<. f: cl.·penu:> on tlie cu1·rent vrlocity and itc;, fu~-,r. 1~ non-

· ., ,e u· i e 

.. ;-::h appl·_·,-iJ 1J!t' in,·· :ir. t~nd ~rV2'\1-I altt.:!r11.1tive p:'ucedures lidve heen used 

~,':}. lit :.•:-J.:~, thr' :1 0. -liw~ar ;-¡nd non-sym••e!l·ic n\:tfrix Ru is tak~n c.ll'~· 

- by repe, tecl itPic'Ll(JI' USlnG only thc c,yn•mrtric r.lrt. In othC!t, iltfí~lnpl.~ 

:.. a direct ::,o1ution 0f tíu• r,un-linrar cqudtions have been mdde using iJ non-

Thc most usu,Jl procedu1·e of describing incomprPS'-ible velocities is 

. , thc use uf strec:;~1 fliPL tion i11 tl·JO-dlmens ional problems or by introduction 

-- c1 vector potential in three di111ensions. 

Thu~. if 1·:e: confine our attention to plane fl011 Hith u and v velocity 

',::>:njloncnts in x and y direttions, we can 1·1rite 

u = 
él~~ 

:ly 
OR u ::; L 1/J (26) 

V = - ~~ 
3X 

It is eas i ly verified tha t 

+ éJU +. ~~ o e ::; 

r:yy = = -v -xx ax ay ' (27) 

í 
1 

\ 
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In an axisymr,Jetric fl011 similarly we can 1·1rite for radial and 
axial velocity conponenls 

u - - ~-{ 
r oy 

{28) 

r:nd or.~e again incompr-eS~1bility lS obtuined. 

FirHlly, in three-cJimensional flm·1 .,.,e define the velocity in tcrms 
of a ~~c,cr pot~ntial with three components 

as 

\';ilcre 

L = 

Again it is easily verified 

rv 

(as e 
V 

= div u 1tnd 

ÍT = 

11 
-

- a 
az 

o 

a 
ay 

= 

tha t 

::: a u 
ax 

[,;y' ~· y' Wz] 

cuY' l 

o 

a 
;:¡z 

a 
élx 

1,} :.. 
L. !:_.t 

a 
ay 

él 
élx 

-

o_j 

incompressibility 

+ ~V + aw ::: o ay az 

div curl IV = O). 

(29) 

(30) 

is satisfied as 

{31) 
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;.'ith vclocitü:~ specificd on the I.Joundarie:. it is po:;sible* to 

determine i:h~ strcJI!l functil'n und its nornnl gradient (or vector potcntial 

cornponePts) therP tll 1·.•ithin an urbitrary con~tttnt. For discrdization 

th!"rf'f<:.•r"e ·.•e can il:isum:~ o:! ex!')ansion for ~ 

,,. - N. a. "' fl a 
.L -1 -1 -- - (32) 

ilnd use the virtual ~tor~ expression 15 \'tith thr. seconrt term droppcd, (as it 
now is id~ntically zcro). i.e. 

/:5!:,_ 1' Qo e d•'- f 6UT b du 
J [t 

. 
l!ritir·,] for all Cdsec; co11Sidered above 

' ' 
u--L·=LNd 

-- .l::. -- - -- ; l: 

f o!!T J. dr :. O 
rt 

.. 
-= l u =- l l N a 

(33) 

(J.:¡) 

\·lith cot·responding variations, we can il:unediately obtain the discreti¿ed form 

of·eqLí?'.ions for which a can be o!Jtained as (as us:Ial tc.king óaT outside in . -- . 
33 ilft:o: substitution and equatinrJ the l"iultiplier to zero). 

[/ 0:. h !!) l ~. P..o (.!:. _'=. !!_)dfl) 
n 

d - f 0:. ~!) T !>.dll 
fl 

ot• the us~•a 1 form 

' 

f (~.!.!) T tdr '= O 
rt 

K a - f = O 

*If boundaries are'· simply connected 

.. 

(35') 

(36) 
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\·lit.h expl'ession~ for K .. and f. apparent from 35. q 1 

Irr.•nediately an ob<;ervation can be made that the shapP. functions fi 
n~r .. : req11i1'e c1 conti1,1uity as- second derivdtives operat(~ on thes2 in the in

tegrdlc;. t:ilile ir· L'o/O-dilil~;nsional pr·obkJTJs ~he use or- such funr.tions presr.nts 

11t~.le difficultv, in three-dimension::. no satisfaqory piecewi;r dcfined functiür1S 

a"r--~ avrti 1 db 1 r;. 

Confinins our attention to the scalar stream function ~ dcfined for 

itxhymrr;c:lric or rlane problE-.rlS it is readily seerr that the sartr. shape funr.tionc; 

. ils used for plat~ bending analysis are available. It is therefor(~ possible to 

u.:;·.:! !!.'!Y oi t11e ~umerous plate functions for solution of viscous flov1. 

Indeed for the lirrear case of slow viscous flm·1 equations the \·Jho1e 

ffJo"mulation rilay be identified \Jith plate bending equation and any standard platP. 

hc"!nd i ng prograrrJ ddapted it.lrncdiatPly. 

Hhile in the first type of formulation (Sec. III-2) \·le have 'borr<Mt~d' 

he~vily from previous rr~ethods used extensively in the solutio~·of incompressihln 

Q ~olid~, in the second type (Sec. III-3) 1·1e have introduced standard fluid 

rue.~hanir:s concepts f?r enforcing incompressil;lility .. ThPse appectr not to hdve 

IJeé'n used \·Jidely in sol id mec.hanics anda "reverse 'borrm·ting 11 is ohviously 

pos~ible. Th~·st·~~~ fúnction concept can be used directly in solid mechanics 

and only recen,~ly ha~ such a development bee~ put i,nto practice(S). 

o 

Once again inclusion of the dynamic term can be made _ptrrsuing the pro

ccss of 1nodifying the f term, as describe~ in the previous section. 

The use of stream function introduces several dra\·Jbacks into many pro-
,- . 

blems. Unless the velocities are entirely pr:escribed on all boundaries,it is 
' ' J ti 

oftcn i111possible to ~stablish, a priori, the values of stream functions on some 

positions of the boundary. This is particularly serious in multiplé connccted 
., 

boundaries as are presented by flo~t1s around obstacles, etc., and to ov~rcome 
¡ 

tite difficulties it is necessary to introduce additional constraints on the rate 

of boundat·y work. This, even in linear problems presents ser-ious difficu1ties 

and when formu~ating:general problems considerable thought should be given to the 
JI • • 

nilture of the t'oundary conditions. In reference (5
1
) and (6) \'te discuss this 

1 y 1 - ' 

rnatter in deta·1. 
1; .~ '• 

,, 1' 
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·;;,e neori for Pnf<,rcinq incu11:pre:ssibJlity hñs presentr.!rl sorr.~ diffi-.ulties 

in th~ vt-L'cit'l t/f)t:' of forrnulatiun used in t.iH' previous s~~ctlU:I, this ari~ing 

! =-~c!tlse th~ s~r·e:;-,r;;:s are not u-::nplet~ly dE!fined by th~ strai11 r.1tr~.:. (vide 

qurttion 9). ()¡• ti1e otiH~r hc111d str;~sscs define uniqucly the slrilin rates and 

it ;s ob·Jiou.;l; posc;ible to use the ;:qr.Jivalents of equilibrium virtual \llürk 

s":e.ter7!ent; o·· of the rrrni:<er!rr íormulatiCins ~·tell-knm·m in salid r·¡~c..hilnics with 

:~i'lc!ntC!SJ~. Poc;!:.ibilitirs here are enor:nous and have only been lurely explorcd. 

;;~ shdll •1ere. r;;:;trict ourselve5 to a brief statcrrent of the equilibrium formu

.icttion. 

If tr.e unkno:·1n function is the str·ess fie1d a \'ihich is so chosen as 

LC ~athf:; ei.::t:tly the equilibrium conditions then the virtual \·mrk done by 

'compatible' strctin rates must be zero 

T { o Q_ f. 

n 
dn - f 6 t 1 ~ dr- o 

·u 

(37) 

111 \·lhich :u is no'tl the portion of the boundary on,
1

\·thich velocitif!S u= u are 

:-:-;ecifiec!, and ct are the houndary tractions resulting from strrsses o~, i.e .• 
·r 

ót :..: G - ·• (3B) - -

,,;;:!t·e 11 is a suitable matrix of direction cosines of the normal to the surface. 
' 

l't·om equation 9-11 the strdin rates are defined in terms of stress as 
11 

R cr = ll Qo e (39) 

or 

• 1 -1 l 
E = - (Do R) C1 = - Co C1 
- ll - - 1• - -· 

(40) 



O. C. Zicnkie1'1icz 
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To achieve an equililwc:t-ing field, stresses can be defin?d in terrnc; 

Q ot a stress func L ion set p a:~ 

a=E(~+n ( 41) 

~·:ll2i'f: ~¿ is a p;:¡rliculdr solulior¡ vJhich equibt·ates the aprlied body 

force:;, anll ~ is so constrcJined a:, te' salisfy prescribeú boundary tractions. 

Use of stress function in context of solid mer.hanics has been pionPered 

by Fr·deij:, de Veuheke and Zienkiewicz (7) \'IÍth c1 subsequent devc>lopment by Sctnder 

(U) \Jl1ich in a sense is an application of certain special mixed fo¡·mulution~ .. 

D~tails of the procPdure are discussed ehr.where but sorne of the difficulties ir. 

lite f1 ui d n12c:r.::n i es context shau1d no':! b·~ noted. 

First, i f the flo•:J is not so slo/J that dynamic ternrs c~n be neg1el.i.:ed 

these will a;,pea¡· in the inhcmogeneous ter·rr.s definining thc stn~ss field í! in termj 

of veloci~ies. f\s velocities ca,¡ only be ('btained by itttegration of th2 stress 

field sirili lar difficuliies 1·lill arise as at thosr. encountered in dynamic of solids 

1·::1en equilibrating forms ure used. These difficulties can be O'l--'l'come as shown 

by Tabarro!.; (9) but fo;· ¡m'lctical application the equilibrating formulation appear:. 

only siJTlplc in cases of slm·1 viscous flm1. 
., 

Ü Further, in three-dir.~ensional prohlems the use of the stress function 

necessitates again c1 continuit_y to be in'troduced in appropriate expansions with 

near impossibility of achieving this in practice. T\-.ro-dimensional use of thP Airy 

"t r ·es s func ti on i s howeV('r prar. t ·¡ca 1 a nd ,-,Js e fu 1 . 
. . 
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Possit;ilitie~ of u·,ing a "mixed" formulation in whicl1 both '>tre-·~~ 

and velocity fit!ld simul ta11eously appeñr hus not yct been explon:'d and pt·Psents 

a fruilful field fo( re:2Jl'Ch. 

V. sm:E OriKR SOl UTJOfl POSSliHLJTTES 

ln precéding we litl'le USPd simple virtual work or which is equivalent, 

G~!lcrl~in fo¡·,ntilation. (Virtual \'JOrk avoiding the ditficulties of inte9ralion 

!:ly parts anC: g1ving a direct pflysic.al int~rpretation of ihe vurious tums). 

Other fonns ct discreti:~aLion are obvious1y possible and have been u!.cd in 

rwactice. 

In so.~1e, following classiLal procedures oi fluid dynal!lics, t11e 

governi:1g P.r¡uations are nMritten in ter·ms of.both stream function and vol'ticity. 

!Jirect arrro>:l.1iltion can th~n be used \•tith Galet·kin or other processes. Al

ternatives 1·1ith the use of l2ast squarc principle ctre possiblP, and can IJe 

a!Jplif'd fi·irt::--:tly to the equations in tcrrns of all the variabl.es. 

A sir:ple direct possibilily caribe used if wc consider the anJ10yy 

úf fluid fio·.-· and incom~n"ssible elastic fornrulation. In the ldtler, to side

st.-~r tiw diff:culties 1nvolvcd dueto incomprcssil.Jility in a direct di:;pl'lce

,,~2nt fo; r.r.rl~t.;on, lhe Pngineers· have oft·~n used stanc:c~rd displac'=ment pro~¡·ams 

1·1ith ~.e5~!~ inco,11pressibility ir1posed. In tenrrs of eldstic consta11ts this is 

equivalont tJ using a 'hiqh Poissons ·ratio (say 0.49) in place uf 0.5 íor 11hich 

a singul¡¡¡·ity arises. For simple finite element representation this usuJlly 

leads to inaccurate results btlt with isoparametric pdrabolic elements good 

accuracy can be found with Poissons ratio as high as 0.49995 -- especially 

if 11 reduced intcgrdtion" of 2x2 Gauss points is used. 
1 

This procedure is pa¡·ticularly simple as existing finite element 

programs cdn be used. 

l•!e sl1oW here that this formulation is equivalent to tf'!e use of the 

con5trained ·val'iational principle :of equation l6/16a and introduction of this 

constraint via a penalty function ;approach {-10). · 

In this approach \'le replJ~e the functional of equation 15 by one 

embodying the square of the constt'aint multiplied by a 'penalty' positive 
' . 

large number ~~, and seek its stati~·narity. Thus~ we start \'lith a functional 
' 
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d:) - f u T b dr. - j u T ~ (42) 
~' r 

f_ (7) 

·.:~ r¡otc tr.c.: ~h~ new funct.iona1 té\11 be wr'itten as 

= J ~ ~ o ~ dQ 
,-, 

( 43) 

" i th 

(44) 

t.u·•parison o;~ (tt2) with the solid mechanics problem imrnedic.telv id'.'!ntifics 

>':> e.nalogy of 2u and the bulk mndufus of thP solid. Hm~ever, vJithout any 

-,~Jc.:l phys~c~l reasonin9 Vle inuoJedi<'ltely note ho•"' ct discretization Ci1n be 

'~.:octly :;.c;..,iever! fot' the inr.ompressible f1m·1 probleror. Use of this pro

cedure •:li~r· iso~arametric elements \·Jill be indirated in the ne:-:t section. 

·: I. SOI!E :·_:..USTRATJVE LINEi\R-CREEPING FLOH APPLICATIOI~S 

C'-:: of the first finite element solutions to such prohlems v;as 

uCI1ieved :/ ,:',d:inson et al. Hith CJ stréallr function fotillulatiotr(ll). 

Ir: th·is situation the velocities llave heeil ilssumr.d entirely spacified 

C': the external boundFY rllld no prescribed tractions introduced. fhe singly 

C'Jnnected :ooJndary allm'>'S the streélm funct ion and its normal grl.tdient to be 

cetermine·:J -=:·orn the velocity d~fini·,tions {equations 26 and 28) nnd no problem~ 

cdse (an cr~itra1·y constant in the .valu~ of tJ; is obtained by specifying this 

et some ~2i~t of the boundary). 
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!n :·;_,·wc 1 ·,.,e sh01~ a simple ,ol•Jtion reccrrlly obtcJ 1necl by t¡-•o 

alter·•.::.,·~ ,-.,.()'i:dut'é!S b•rl I!CJ\'1 uc;ing cnífcr·Pnt bouwlary cnr.·l,~rons. Ir· 

t!1c fi··,,: a .:;•t2J', functil'rr op!Jr·oxJn,¡¡~_ior. 1', used 1.ilh a rc,_L·rrr!JUlat, 

campe~ ti- l.; -'1 ·. ;:;n e •)f Fo•Jt dcjrees o F ft·ce Jo,ll al e.:1ch corne,· ( 1 ntrod'lcrt: 

by 0...:~·· :( u ,·1. (l 2)). fn tht:? St:u1nJ t!w :-.illlp·i(' r~ ndlt.y fu1~rt ion aprrorlch 

~~u~::: as .J-::Jil.eC: in tlr~ !)r'2V10US '·c.Ctwn and t.n2 vilriables are dirl'c.t1y 

1 he -r: . :.:eL; ·_ ~ 

is.Jp,:r·" :;:i.--. :oler.2n;·:; vJ,-,s ••.• ¡:¡loy2d \;Jtlr ?n cff::ct1ve Poisson's ratio of 

IJ.tl~r:o: CJ'r:! 2,:2 Gat~ss rule. Both eleí·ent subdivis1::>ns are rrotr~d in Figu1·e 

and ;e~::ci ... · c!istrib:;tlOns at·e virtue1lly •:ot disti:~guishable. For comp.Jrison 

,-~c;ul~:; s""_.i·J:'d by L'=~' éll1d Fung(lJ) cr~ given. 

T.:- a'.'"lid :Ji rf icul t ics intro:J•.:c~J at tf1e en~ry sectior: vJh~re a 

v..:loci~.- s~'',Jlanty is ¡;l'l'Sent at (P.), Fi~ure 1, \·Je h;:¡ve assumed a 1·apiu 

hut. c-,·_;r::_¡.:;·r:; tr'cr.s1:.ion of velocity neu that point. r1ev0.rt~eless, this 

rr2ar s~·~...:_,;·.rity 1ntroduc~s a consid.:::,·-Jble distrubance to the solution ilnd 

quirc ~~~~~ <.~rbdivisicms at'e neetled for- r~':lsonab1e uccuracy. Jn Figut·e 2 \'.<.: 

:,lr':M L'-: t::,-;~ct of tlris c;ul.•,Juisiun on v::locity d·-'VPlopment for a plnne c:ttry 

rc:9iun. l'<:.··r: unce ugain a standard tlisplacer1ent typc progra111 is usecf. 

Ir" a three--dinlcns.-ional contPxt as alreéJdy indicated the use or streitl!l 

fu,;c.tJ: ~ ~sco:~::s in•PI'C'CLic.u:rle. ~!t~ shn\·J 1n the ex&•ilple of figure 3, an lnLry 

velocit_: d1s~ribution in a rectangular conduit us1ng again a penalty runc.l ion 

approuc~l, or indirectly a standard three-dimensionC11 solid a11.1lysis proqre1rn 

with ~ = 0.~9995 ~nd a 2x2x2 Gauss integration. 

Thc reader should note again similar errors to those shown in Figure 2 
w~en a ~oarse mesh is used. In Figure 4 and Figure 5 we show further pro-

pertic::. of the velocity distribution. No alternative creeping flow solution 

appears to be available and for comparison results of a higher Reynolds ntJ,nber 

investiCJation by Carlson et al.( 14 •15 )are shown. 

?. , Flo\·J Pas t /\symrnetrica lly and Non-Sym~netri ca l_!y_!'_l aced 

Obstruct ions in Para 11 e 1 Fl O\·/ · 

This example is illustrated in F1gure 6 in which once again both 
' 

approaci)es used in the previous Pxample have been employed. In Figure 6ab 

Q \·te gh·e th:: velocity (streamline pattern obtained) \'thile in Figun~ 7c shear 
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str·ess and pré<>S•Jrc grad1ents are compared. The asynn11ctric pl?.cing of th~ 

obstacle ncc<·ssitutes in th,., strenm function approilch a special treatment 

r:!iscus~ed in ref2rcnce G in '.1h1cll t1·1o solutions for arbitrar·; values of 

stream funct ion asswn •d at inner· boundary dre supenrnposed. 111 the u/v 

penalty func.tion fOrl!lUlallOn, no such difriculty i!=. present cJnil rJirect 

solution 1s oLt~incd fro•n both sym:112tric placing of obstacle (not illustrated) 

and unsyr.1ne:-ric s1tuat lO'lS. 

3. V ~e n_f __ T_r j__?_r.!.ill_!_l iJ r Ve rs ~Be c. l_é!_n_(I_~S!'_lJ~•ne~_!:_s___j ~~ 

Stream Fu11ction Formuliltion 

In the previous examples v;c have used simple rectangulilr elemPnts 

-;'r¡¡- thr. streaiíl function formulation as \·Jith these it ic; SÍiriple to Sutlsfy Cl 
. . . 1 . 1 . ( l ) ( 12 ) Th bl d d . r:on-cJTHllLY us1ng po yno111lct expre<>slons . .e pro em o ev1s1ng 

ar!Jitrnry tl"iJ'lgular or quadrilateral elernents \·Iith such a co.1tinuity is much 

mor·e rt•:'~ple>; flnd in the t':'xt (1) lr1e variou~ difficulties owl tiJ~ir· solutl'Hl 

dre d·iscu:>:ed. On2 of tll?. most sa1rsfactory triilngular eleJ,~l!lll-S ¡:lroducc..-1 is 

rJIH .. basuJ on :ile criui~t:.tl conforrnir.D tri 1n~l'' of 8at0l2y et c1l. {lG) us1ns 

s~1bstitutc sm'J::>thed (lf~d~t square fit) shape function of cub1C rorlll(l7)(la). 

lo test thc- efrlCi.'ncy of c;uch ele,nents a SÍII:ple CdSé.! of POlSS(''IIlle 

flo.1 bc>t·.:2c11 parallel plcti.cs 1s con~.idereo (Vigun~ 8). On tl-10 st>ctions f.í~ c•ncl 

:lS lhe velocity distrii.Jution is pt·escribed and the total pressure drop is LOol!

¡)i!l'<!d 1·1ith [IJe exact solui ion. The rectrJ119Ular elePrents for all subólVisions 

rJaVE.. exact ansv:ers bcing totally t:Jnfor .. rinJ and havinr¡ a conr¡_¡l('te cubic 0'\

''•lrsion c~v<d lable. l~i lh trian~wl,Jt· clemcnts an error arises anci its decrease 

\lith tiness of subdivLion is siven in fi~¡ure 8. Thc convergenc..e is dpproxi

I·Jat~ly of order h3• 

Numerous direct solutions in ternrs of velocity and pt·~ssures are giwn 

fo•· crc~ping flmt problems in reh:';~ncc 3. 

VII. NO;J -~~H/TONit.r! rLOil 

In non ilCI'Itonic:'n fluids the visc.osity u depends in sar.1e illanner as 

th2 rate of str~ining ~. 

lJ :: 11 (f.) {45) 
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'~,::r·r· using the forrnulatic•ns of section II to V '112 hilve (in tlle · 

a~s8n~e of ::: ~.¿;,•i..: terrs) a diso·etized SJ.:iter,J of 1'rp1ations rrr the form 

-~(u)-ª._- f_ =-O (4G) 

!ne rnatrix ~ 1'> dcpcndent sn _ and lrcnce on a. l, 5imple interative 

íJroce:lure .:=.··. r,y,; be dde~pted, and has t.e-::r: sho\'m to converge quite rapidly 

e·;en \·lith s .. )s .. ant;ally non-lineilr beh3.·tisr. 

~s~uming so~e v~lue of ~ the first solut~on is obtained 

l _, 
a = K:· f ( 47} 

and hence _ ~nd ne· .. , valuc of a1 at all points of the region is available to 

c.c,r;~p•Jte 1:.. -:-ne nrxt approximation is -, 

2 a = f etc. 

~.¿!leading t:> :: standard iterativc algorithr 

f 

(48) 

(49) 

I~ is usu~1 -:o assume that viscosity is simply a function of the second slrain 
.:... 

rate invaria~t! i.e., 

'? )2 + 
'-'-xy 

A frequentl_. used expression is of a fori:" 

= (:)n-1 JI J.. o ::. 

with ind~~ •(< l. 
1 

.! 

(50) 

(51 ) 
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Some solutior,s for a fluid of this type .:n·e obti!ined by Pal1t and 

1 19)' Fcnné!-·. uc;ing stream funr.lion forrnulation and 'inc.ompatiLle' trianguldr 

elem.::~-c~. 
-

In l1gure 9 ~:olutions fer hw-di:lt0.nsional ,-low arollild a cyl indcr 

111ith r. cirrd n=0.5 arl. compared for an <1s:;un1·•d uniforrn entrv flm·t velocity 

rfi<>tr' ,r:ion ctt AA. The :-.tudy i11u~tratf:~ \·1ell th:' loc;:Jl eíf2cts of non-

1 ine7.r·'--.J (•n Vf~loL.ity\(strPam lin~s) cha11gcs. 

In this p!·Jolv•n oncP again a stt'r·am functian formulation is employed, 

and t~· · · qr¡lllt~r eh .. ;nenLs \'Jith nine ~egrees of freedo111 are used to deill with 

the g~:·,:.ro 1 bormdMy shi!pi? 

'J II l. ?LASTIC OR '.'ISCf'Jf'l./\5Tie f3EHAVIOR OF EXTRUOto ~lETALS --

;. CASE OF Nl)I!-HHITONIAN FLOU 

A particul~rly intcresting case of non-Newtonian creeping flow is 

that o~- .;¡ Singilarn fluict or it5 gEn~ral.ization, the visco-plastic material. 

Such rnat::'rillh IJehave ilS solicl~-exhibiting a zero rai.c~ of str"aining 

for su;.;sses 1·1hich, ar:~ in so1ne mPasure, bclo\'/ a threshl1old ot· yield ·vdlue. 

\!!11.:11 ·_.-,;:, yield i:. ~~xccede.j flow begins uta rate 1·1hich is a funclion of the 

excess stress. 

L~t F(E.,) =O t·epresent this yield condition and \·re shall assume 

there~C·2 thic; if F(~) <O no flow occurs.- Assuming further thdt the val'ious 

compor¿1~s of strain rate are proportional to the gradients of F with respect 

to thes~ (i.e. the so-called associated plasticity tondition) w~ can describe 

\'/ith se .e generality the behavior of the material by writing 

·n· é!F 
E = <F > a a 

(52) 

J.l 

or in :~nsorial form 

(52) 1 ... Fn> aF e .. =-
lJ acr .. ' lJ -lJ 

\'lhere < mea'ns that 

<F> = o if F <Í o 
\ 
¡ 

(53) 
( 

' <f> = F if F >!O 

' ' ' 



.o 
·} nd u . :> so:,;e "vi seos i ty" parameter. 

l• arpears tha!: t·Je hav2 here or.ce again -a case of viscouc; flow 1·1ith 

~ ~ari::~e ~iscos1ty dependent now on the current stresse5. It is however 

possi:-.-:.: r:.- redur.e the ~~·ol:tlefil to th~t úiscussed in the prcviot!s section 

\'Jher:: ·. -.:;~osity is a function of the stra1n rate (as in equat_ion 44). 

;v do this 1·/e sir.lll find it convenient to use a tensorial notatiorl · 

a1:d u~- ;::¡:: conce¡¡¡; of d<"viatoric stress. Thus·, equation 10 defining vis

casi:::·. 

S ; l! º-;,- e: 

beco¡·ó-::. in tensor notation 

-~=-------------~----~--JS~·t·~-~ar.··~-~&~.1-~-~~~2~~~C~·¡---------------(54b} lJ lJ lj lj lJ 

o T;¡,f.ing the yielú conditions defioed simply by the second invari,;nt 

of Sij - i.e_. the so-cdlled von Mises yield criterion 

V 

/_1 ______ 1 

r =/ -- s .. s .. - -
2 lJ 1J .-'3 

in whic~ Y 1s the yield stress in simple tension~ we find that 

_2!_ = -ªf._ = l l 
t:J.- as .. · 2 1 1J lJ .,,_S S 

2 ij ij 

and tí-.=: \·:e can t-Irite equat i o_n 52b as 

s .. 
1J 

1 

=-
1 <lls .. s .. 
~; 2 lJ 1J 

•'1 S. . S .. 
2 lJ lJ 

' ' ' 

s .. 
lJ 

(SS) 

(56} 

(51) 
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Comparison with the definition of visco· .. y in equation 54G givcs 

- = -
JI 

I::Jt \'le note that by 54b 

/1 S .. S. . = l1 
2 lJ lJ 

r.:. . ! 
2 E· • e; .. = 1J e: 

lJ 1 J 

(58} 

(59} 

Ir.serting this in equ.Jt ion 58 \ole see that u can be obtained in terms of r. 
F-.:;r n::l it ·catr easily be verified that 

1 
tJ /3 Y_~_,!__; {60) 

..!.. 
e: 

a~rd th~ general·form identical with that discusc;ed in previou~ section is 

obtain~d {equdtion 45}. 

Computationally the expression 60 appears to present a ~ifficulty as 

\·.ith J..! ·."'-f.-~ O. Ho1·1ever, this problem is readily overcome by lin,jting the 

'J:Jper valuc of J! to sorne ldrge numhcr. ', 

Thc: viscoplastic model used is one of a class suggested by Pe·rLyna (20) 
\ 

?.'",d is of quite wide applicability (21}. It is intercsting to note tha;~ as the 

c.oeffic'ient ~ +O the viscoplastic and plasticity formulation Lecome id?\ltical. 

Tne solution procedure is therefore applicable to problems of both plast{~ and 
\ 

viscopl~·stic kind. \. 

The solution of such plastic and visco-plastic problem's is of great·
1 

•• 
'• 

i;;;>o~.·~a~ce in the working (forming and extrusion) processes of metals and ···,·,_ 

pla~c~cs and treatment proposed here is capable of providing simply such so

lutfons. In another paper (reference 6) the authors outline some applications 

\ 
1 
\ 

o 

' \ 
\ 

\ 
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and illustrdticn'> of Lhis pt·ocess. figures 10 and 12 sho\'J a <;olutlOn tu iJ 

simple pla~,tic extrusion proc~ss throue~h a die \\'ith 50% rcductwn. \!itil 

~ = O assww·d Lhe stress dist··ibution and hence the forces rt:r¡uired to sus-

tain t>xt:rusion are indcíJ2nd:;r,t. of velocity of the pistan U, c:nd good comparison 

is obtaitr~J with rrsults ava1lahlc for this cdse from simple slip linc ~olutions. 

For di ?fet·ent vulues of ~ b·•th the pistan force and the velocity pattern de-

pend strongly on thc volue of U. This dcpendence is' shown in Figure 1. 

IX. OUr\SJ -~TfiTIC TRANSii:tiT SOLUTIONS 

FREC SURFACE PROBLEMS 

If th2 process of viscous flow is sufficiently slow for dyAamic uffects 

to be ignored \·J2 may still be faced with a transient (time variableLproblem. 

If at a particular corrfi~wratiou with a boundary rt on \'lhich tractions are 

prescribed resul ting velocities a1·e not fo!Jnd to be ent.irely parallel to the 

surfece, then el early ihP configurat ion of the problem will change \·!i tll time. 

Q fl free s•.;rfac:e is a pc~rUctrlat· example of suc:h a prohlem which frequetrtly arises 

in slo,! viscous processes such as indentotion etc. 

o 

Th~ treatment of such problems is relatively stmple. Once tht~ velocitieo; 

of !'t -ere found in the mann~r previously described, by a time stcpping .:;;.trdpo

lation, the free surface change can be predicted. Using a straightforward 

Eulerian prediction th::! chan~¡e ot position of a bou~dary in a direction S in a 

time inct2mént can be predicted as 

1J S == V lit 
S 

where V
5 

represents thc corresponding velocity component. 

Once the ne\'1 position of the boundary is knol'ln a ne\'J solution can be 

readily obtained and the process continued. 

In Figure 14 we s~ow successive stages of'an indentation process (Figure 
: 

13) in an ideally plastic n1aterial solved using triangular elernents anda stream 
1 

function formulation. In f"igure 15 the variations of indenting forces \'lilh 

dcpth of pene(ration is in~icated. Again here the so1ution is independent of 
t 

velocity of indentation as\~ =o was assumed. For true viscop~astic materials 

the so1ution could be obta1\ned equdlly easily and would show (as in the previous 

cxamp 1 e) a ve 1 oc i ty dependr!nce. 
1 
i 
j 

' ' 
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;;n itera ti on o f thC' type 

(63) 

is effective howerver only at very low velocities and at higher ones does not 

converge. Alternatively we use the non-linear form 

K a + f_o = o (64) 

in which 

1( :: K ( C!) (65) 

and itera te e):, 

an = K Cé!n-_1) f_o (66) 

This procese; has pt·oved effective for quite high velocities (Reynolds) 

numbers) but is obviousiy more cnstly requiring repe~ted inversion of a non

symmetric matrix \'lhich has to be recalculated at each stage. 

Fofmulations used so far in Lhis problem includc both the approachec; 
outlined in previous sections, i.e. the use of velocities and pressures a~ 

unknown or the use of stream function (in two-dimensional situations}. 
Reference 3 shm·ts so111e problems solved using the first type of ·formu

lation andan ·interpolation of Co continuity using isoparametric, parabolic 
elements. 

In Non-Newtonian situations il i~ likely that relatively smctll effects 
of inertiél will only be present. For such situations a co111bination of Útter~tion 
of t~e lype given by equatious 61-63 combined \·Jith incot·poration of changes in 
R~· as .in equ~tion 47-49 proves effective and indeed can be accomplished at 
littlc more cr.;:;t than eithPr non-linC'drity tredted independently. Examples 
of such appl ~~~tion will be publishcd elsewhero. 

( 
J 
1 

1 
) 
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7n2 rH·nces<.. of adjus ti n~J ~h,• fr-.'e sut·fucP profi 1 e in suues ~. i ve 

:~,:~r step:; ···-'>'-•l·~les thtL Li::.l·\1 pn"'llOw,ly for t.ran-.,i¡·nl seep.•~¡t' o:;olut10ns. 
>¿" ' 1? ., ) • - J • \ . .) • -:.~ccntl_y iH:¡wuv.·.,Jorrt•. irr t.hH rontext havc: been n!t~de by the 

: rd r·oJ11c t h·1 < a prr>d 1 ct l'l --c•l•Tt-~c i or pro.:P':->S in fl"l'C' :;urfac.r er trapo 1 a ti on 

,;J Sandh~r u:-: ~:-·rmiL lilt·<Jc l.1111e sfF:[JS tn be '...:k~n 1:ithout in~.tability. 
1:sinq suc:-1? ~·r,J\PSS in Urr~ qua~.r-<.talíc. viscou~ pro!Jlem riray 1:~11 im!Jrov~ 

t:.s effici~ 

note shuuld he ~ad2 h2r~ 0f the necessity of periodic me~h shape 

a:l.iust~.:en:- ;::, che proccss C(llltinues. Thrse are necc:r:;sitated b_y drastic 

:.urfar.e c::r,f¡g Jrution cht~nc;t~<; which are clearly indic«ted on Figure 14. 

I :ICLUSION Of- DYiHI~-II C I:FFLCTS - NI\ VI ER STOKES PR08LE1~ ------------- --- --------·---------------- ---

Ir \'ni<; !>hm·m in secLi(lfl I!J-( how the inclusion of lhe dy11J:nic tPrm in 

-_ ... ,('virtual .. J•'i< discre>tL~ni.inn !JuVI~ nsC' to <1 non-lirwarity dnd to non-

:. 'n,:·~tric n:-~.rices. fht-' l'l(k or s_yl'll:iett·y is due tu the absencf' of a v¿¡ri.:tio•la1 

::··ir.ciple fa· f•Jll viscous liú\-1 problem::;. 

:·.~ problern ¡wesented is Lnol'tn to have unique solution at io'IJ R<~yn.,id3 

; . .1~'1berr:; but :-o" la.rge Rf'ynolrJ-; numbPr stPatly state solution Ji,:'urently do not 

=:>.ist. a11d t'":: flo"tJ hécorrl(•s lrrrbule11t, a fuct found expcrimentülly. Solution 

t 1 • the steat:',' state problcm \Jill thus IJr onl_y sought for fairly low v2locity 

f:m-:s. l!i~r ~he transient -~~(vide equation 5) included, in principle a solution 

coulr.t be ob-::1i012d for any velocity but dueto the nature of turbulence ami 

its rapid v2locity changr~ numerical errors could well be exp0ctcd unless both 

time and spac.2 subdivisions are very fine. 

In the low velocity steady state problem we can pr·oceed numerically 

in two \·1ays: either by isolctting the non-linearity in the "force" terms and 

\lr"iting equa:ions corresponding to {4 as 

Ro a + T =- o {61) 

in \'lhich ~ is the symmetric, constpnt, matrix and 1' is dependent on velocity 

ilnd hence 

"{ = 1\ (a) (62) 

' 1 
1 
1 
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>·. tnis chctpt.:r we ildV•"'. indicated very many altet·natives pos5ible 

for the s~~~~iGn uf vi~(ous tlow probl~ms with Newlonian or no11-Newtonian 
'· . 

vi:;cosi:;. So·e of the possibilities have not yet been explorcd, and many 

othet·s tn .':; 110: been n::ntioned Itere. l.'e hope ho\'lever that sufficient in-

dicatior. c_,f .... 
~.ne ~ossible applications and relative merits of various approachcs 

. has beu. ;· ·:er .. 

f··críi ti1e physical viewpoint ~-;e have limited the discussion to several 

r~lat1vel; si~plp situations. 

F.:s.ibilities and indeed the n2ed for extending the solution technique 

to new sit~~tions are being cxplored. Here we mention a few: 

( =) Coup 1 ed therlitt.ll 1 fl ov1 prob 1 ems \·lhere vi seos i ty i s 

'te1~1pera tu re df_'pendent. 

(u)· Pt·obletns \·;Itere surface te:nsion effeci:s are presP.nt. 

(e). Problems in ':Jhich straining history causes anisotropy 

of flow ancl changes in properties. 

j 

\ 
1 

\ 
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ENVI RO~~IENT:\L PHOHLDIS ASSOC J ·\TED 1\'TTII FLUID PLOW 

R • H • G :111 a~ he r a n tl n. L . ~~~~ 

I. INTRODUCTION 

Thc tapie o f compu L1 t ional fluid mechan ics do es not ha ve a 

long history. By the 1930's thcre wcre only a limitcd number of 

papcr~ on this tapie, a condition that was duc not only te the 

absencc of high specd computa~ional fac~llties but also to dif

ficultics in dealing with thc inherent nonline~rity of most 

problems of intercst. Thus, computational fluid mechanics has 

dcveloped in tandem with thc finite element method. Very many 

applications of thc latter to flow problems have been recorded, 

as described in References 1-4. As these refcrences demonstrate, 

a detailcd review of the complete field would require a complete 

text. We therefore limit our attention, in these lecture notes, 

to the application of the finite element method to environmental 

problcms associated with fluid flow. 

A large number of conditions can b'e grouped uncer the 

heading of "environrnental problems". In the present case we 

refer principally to the transport of heat or the concentration 

.of a substance through a body of water. The processcs of con-

vection and diffusion participate in the transport process. 

Velocities appear in the convective terms and, although the most 

vigorous treatment of the problem will involvc coupling of 
1 

velocity and temperature (or concentration) cquations, practical 

considerations may rcquire independcnt solutions for the two 

fields. We thercforc include in our review a discussion of solu-

tions for flow velocities alone for lake and .stream situations. 
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A study of the literature of topic under rcview discloscs 

that although thc prohlems are basically three-dimcnsional, no 

numcrical so1utions of this scalc havc yct been attempted. 

Simpl i fying n ssumptions a re custom~di ly made ah out onc o f the 

dimcnsions .and the problcm is rcduced to one of analysis in the 

plane; 

tlo~o of 

: ' 

Indeed, somc investigations .~ake assumptions regarding 
' 1 1! 

the:·djmCY1sions and study the velocity in one dimension 

togethcr with t~c temperature. 

In view of thc above circumstance, t;hese notes are catcgorized 

with rcspect to the different types.of two-dimensional situations. 

Only the c•scs of flow in planform and th~t of flow on the narrow 

cross-section of a lake or similar body of water are treated in 

this review. 

First lve d~fine thé coordina te systcms associated l'li th the 
! ,, 

respective
1
types of problemi.- Then~ sepajate sections are 

' •1 

devoted to
1 
each.typc. 

II. COORDINATE SYSTEMS ANO GOVERNING EQUATIONS 

Figure 1 illustrates the body of wat·er and the associated 

coordinate systems. The body of water w~ have in mind is a lake, 

although cases will be treated which refé:r to streams and estu

aries. In'the latter circumstances
1

the flow is predominantly in 

the y-dire~tion. 

The p¡anfo~m (x-y plane) is the basis for analysis of wind

driven circulation and of flow through basins and estuaries. 
J '1 

The assumptions· that are invokcd are discussed in sorne detail 

later, butt for the present we simpl~ note that they are directed 

to ~limination of th~ z-cootdinate from the problem. Thc maximum 
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Planform 

Section A-A 

Fieure 1 Lake-Planform and Sidc Views 

.· 

Figure 2 ~arrO\·:-Cross.-Scction (Scction B-B) 

(Verticíll ~nd :ioriz.ont~l JHmcnsions havc bccn 
Exac~cratcd i, Comparison with Fig. 1) 
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z - d i m en s ion i s ve r y m u e ;1 s m a 11 e r t han t he y - a n d x - d i m en s ion s . 
' 

Thc lattcr may be of approxjmately the same magnitude. 

The narrow :cross-section (x-z) is intended to represent the-

section of a lake or similar body of water. llere, the x- and 
' 

z-dimcnsions ar~: of sim1lar magnituc.le and the y-direction is 

very largc. Finally, lve havc thc side \rÍ'C\·1 (y- z), whlch refers 
,1 

princ i pall y to flo;..r in St rcams and es tu a ri es and wnich i S often 

reduced to just thc y-dircction. 

Physically, the vclocity and tcmperature ficlJs are deter·· 

mincd through thc conservation of mass, momentum and energy. The 

governing cquations are 
' 

Continuity (Conservation of mass) 

a u + av + Clw = o (1) 
ax ay az 

x-Momentum 

au + ~u + au + w au fu = ~ -ª.E + __!_( K~1 a u) u ax V-at ay az p'· ax ax xx dX o 

+ _!_(¡cM a u, + -ª..(KM a u) (2) ay xy ay) az xz az 

and correspondi~gly for y and z. (In thci z-direction there is no 

Coriolis force (- fu) but a buoyancy term (: gx) must be added 
o 

to the left sid~.) 

Temp~rature (Conservation of Energy) 

aT + aT at U é)X 

·• 

+ V + w aT = 
az 

(3) 

In these e~uations u, v, and w are the x, y, and z-direction 
j 

velocitie~~ g is the gravitational accel~ration, p is pressure, 

p is dcnsity, p is reference o 

the Coriol'is pa'ramcter and KM 

density~ i
1 

is temperature. f is 

d Klf ( . ' h . :t• . 1 an w1t appropr1ate llrectlona~ 



subscripts) are thc viscosity and dltfusivity. The abovc equa

tions are supplc~cnted by equations of state, such as dcnsity 

as a function of temperaturc, pressure and
1 
concentration of a 

substancc, and the viscositics and diffusivitics as a function 

of "stability par.ameters'', e.g., Richardson Number, Prandtl Numbcr~ 

Monin-Obukhov Lerigth, etc. 

These are very general equations:. C~nsequentTy, in f~ct, 

the followirig approximations may be introduced, depending on the 

analyst's iriterests and goal. 

1) The Boussinesq approximation: :rhe variation of density is 

small, so that the fluid can be treated as an incomprcssible 
' 

fluid. The varjation of density is only considercd in the 
,! 

buoyancy term _e_ g in the z -mo~en tum, equat ion. 
Po 

O 2) The shallow water approximation: Tli'e inertia forces are 

negligible '.compared to the othcr forccs. Al so, the 

w-component is rnuch smaller th<in the' horizontal components) 
) 1 

so that the pressure is hydrostatic ·'(g = - !. ~ , where 
p az 

1 

gis the acceleration dueto gravity). 

3) The eddy viscosity and diffusivity approximations: Since 

the stratification is almost perpendicular to the grav1-

tational fórce, it is 

eddy viscosity (KM . xx, 

customary to assume that the horizontal 
• 1 

etc.l and: diff~sivity (K~) are approxi-

mated by constants, whilc the vertic.al ones are functions 

of the gra~ients of density and velocity. The exact rela

tionships are still hot debate~ In :practica! analysis, the 

deter~irtat~on must come from s~mi-e~pirical stratified 

turbulent thcory. (Monin-Yaglom. Ref. S) 
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IJI. PJ.,,NFOR~f ¡\NJ\I.YSJS. \V!Nll-nRIVEN C.JRCtJLATJON AND FL0\'1 

THROUGII H/\Sli\S 

Thc cross-section shown in Figure 2 defines thc basic 

geomctrlc paramctcrs of this dcvclopmcnt, which ls due to 

Li.ggett and !1;1djithcodourvu( 6) in its fundamental thcorctical 

forrn. The origin nf coordinates is fixed at the surface of thc 

lake, ~ith vclocity w = O at z = o. (The 'rigid lid' assump-

tion). The physical properties of the lakc, including thc eddy 

viscosíty ~nd the mass density per unit ~olume, are &ssumed to 

be constani and the Coriolis parameter íi also assumed constant. 

The pressure is takcn to vary hydrostatically. The suTfacc 

wind stresses Txz and Tyz are prescribed. Under these assump

tions the momentum cquations take the form 

- fv = - ! ~ + a 2u • KM 
p

0 
ax a;-z o 

fu = -

g =: _-!. ~ 
p az 

. o 
The contin~ity equation is unmodifíed. 

(4) 

(S) 

(6) 

A stream function ~ is defincd as follows 

~~ = üh (7) 

d$ -- ax = vh (8) 

in which u and v are depthwise averagcs of the component veloci

ties. After combination of the above equations, with consíderation 

of the boundary_ conüitions (zero velocity on all salid surfaces 

and T = KM au 
xz o ax ' Tyz KM av) b · . = ~ one o ta1ns 

O ay · 



o 2 a ,¡, rl ljJ d q• e ) 
+ 1\ ex ") --- + se x y) ~-y-· + e x , y = o 

()yi '· ax ' CJ 

(9) 

Thc tcrms A(x,y), B(x,y) and e(x,y) are those which rcsult from 

considcratio¡, uf thc varying dcpth anJ, as indicated, are func-

tions ·of thc planform cocrd]nates x and y. Thus, they account 

for thc varying dcpth. 

Transfor~ation of Eq. (9) into the finite elemcnt form, 

given in dctail in Ref. 7, is accomplished by means of the 

Galerkin mcthod. Thc approximation of tP is by means of the trial 

fnnction ~p Hhich h:1s the form 

whcrejn the N. are thc shape functions and {llJ} are thc nodal 
1 

' 

(10) 

values of thc stream function. Applying now the weightcd residual 

Q conccpt 

o 

A() \..NJ 
+ ax 

BaLN.J ) a Y + e dA { ~ l = o (11) 

Next, integration by parts in the plane is applied to reduce 

the arder of the dcrivatives appearing in this integral a~d to 

produce boundary terms. One obtains 

( [ --ª-.{N} a lNJ _ 
JA ax ax 

A{N} a LN.J 
ax 

+ B{N} aLNJ {~} + {N}e]dA ()y 

+j {N} otNJ {~} cÍS =O 
()n 

(12) 

The values of {~} are zero on the entire exterior boundary 

and thc closurc intcgrals along interclement boundaries vanish 

if continuity is prcserved across thcse boundaries. Thus, the 

contour integral tcrm is excludcd ftom subsequcnt consideration. 
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Evaluation· of the remaining intcgrals for all i thcn yicJds tlw 

following systcm of elemcnt equations 

[ke)-{ljJ} = {re} 

in which 

(13) 

B{N} éltNJ) dA 
ay 

(J 4) 

lt should be noted that uue to th<· terms A{N} a~NxJ and R{N} a 1 :-.¡J ;;y 

the rcsultinr. aJr,cbraic equations will be nonsymmetric. 

The equatións for the complete lake are constructcd from 

the cc¡uations of the elements by imposing the condition of strC'am 

function éontinuity at each element.join:t. 'Í'hus, the global 

equations ~re, by simple addition of all coefficients with like 

subscripts 

[K){IjJ} = {R} (15) 

After solution for {ljJ} the other variables, such as aver.q~ed 

velocities and pressure gradients, can suhsequently be evaluated 

by back substitution. 

Numerical·solutions to Eq. (15) havc been obtained =or both 

simple test problems and for Lakc Ontario( 7). Sincc field data 

is not available for Lake Ontario the convergence of the solution 

has been studied with use of tiigher-order e1ements( 8l. Cheng( 9) 

has analyzcd Lake Erie, using a formulation which excludes con

sideration of variable depth. Tong(lO) includes this factor in 

a finite element formulation bascd on Welander's theory,Cll) 

which does not differ significantly from thc theory cited abovc. 
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If a stream function is adoptcd as the depentlcnt v<Jri ~Jl> l t·. 

as is done 1n thC' formulatlons d1c;cusscd prev1ously, the prcscncc 

of islands r;dsC's a basic complication in thc dcfinition of tllc 

bound:ny conclition.-; at thc nodc poi¡¡ts of the is:and shorc l1ne. 

'J'hc ~trcam functJon 1s zc..ro at points on thc shorc of thc lakc 

but takcs on a constant, UJH!efineJ VJ.lue on each of the island<;. 

Thus, as Ton¡j(lO) propases, thc valucs of thc stream function oq 

a g1vcn island are set equ;¡l to a single valu~ ;:hat is determinc:d 

in thc solution process. This substantially contracts the number 

of unkno1ms in thc cquations to be solved. 

( 9"1 
Cheng ) adopts a diffcrcnt 2pproach to the treatmcnt of 

isl;mds. Thc systcm of globnl crtuations is first assemblcd 

without consideratjon of the islands and their boundary condi-

tions. Wc denote this solution as {' }. Then, in succession, o 
1 unit' solutions { ).'. } ( i= 1, .. M, whcre l\1 is the numbcr of 

1 

islands) are obtained for ljl, = 1 for no de points on thc respective 
J 

islands. Finally, an M X ~1 system of equations must be sol ved 

to give thc amplitudes Gi (i=l. .H) which apply to the unit solu

tions. The complete solution is then represcnted by 

M 
{~} = {~} + E G.{~.} 

o i=l ~ 1 
(16) 

The detcrmination of the planform distribution by transpcrt 

of temperature in a lake or basin with known flow is also a 

problcm of major practica! importance, cspecially for cooling 

ponds and similar basins. Temper~ture distributions have bcen 

determined for such conditions by Loziuk, Anderson, and 

Belytschko(lZ,l 3l. Tong(lO) prescnted a more general dcvelopmcnt 



Q along thcse Unes \vhich permfts the finite clement calculation 

of any conccnttation;of substance in a lake. We outline the 

lattPr in this section. 

o 

o 

If we define rp as the average concentration across the 

dcpth (h) of the substance undcr study, thc governing differen-

tial cquation can be writteh as 

(17) 

wherc K~ and K~ are thc cddy diffusivity cocfficients and Q 1s 
v 

a source or sink term. Now, thc approximation of cf> can be 

written in the form of the tria! function 

(18) 

wherc {rp} reprcscnts nodal values of hrp and LNJ is the relevant 
'-

sct" of shape functions. Whcn the analysis is performed for 

temperattire, with a single tcmpc=ature across the depth of thc 

lakc, T = hcf>. 

Application of the Galcrkin approach can again be made to 

construct elemcnt equations. Using Eqs. (17) and (18), one 

obtains . 
[h]{•} + [s]{cf>} = {Q} (19) 

where 

[h) (20) 

( s ] = [ fA [<N } -( * () ~ ~J + * () ~ ~J ) 
+ KH (){N} ()LNJ + KH 3{N} ()LNJ]dA} 

x ax ax y ay ay J ·e 21 J 

--~-1 
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Thc vector fQ} ~ccounts for thc source or sink tcrms and any 

prcscribcd boundary con¿itions. Finally~ by asscmbly of thc 

global equations from the clemcnt equations 

" [H] {~} + [S) fcp} =- {Q} . ( 2 2) 

"' \oJherC' [H], fS] and {Q} correspond to [h], (s] and {Q}. 

Thc idealiz~tion for transport analysis is done in the same 

way as for flow analysis. After calculation of thc velocitics 

in thc flow analysis the values obtained are used in the forma· 

tion of the matrix [s]. 

) Loz iuk, et al (lZ ' 13) appl y thc a hove approach to var ious 

practica! problems, including an actual. la!ce with irregular 

boundary. Availablc ficld ,data indicatc a reasonable level of 
' 

agrecment with the analysis results. Tong(lO) calculates the 

diffusion of a suhstance in a rectangular basin containing a 

circular island. 

Solutions for transicnt flm.,r governed by the shallow water 

cquations have been given by Connor and Wang( 24 ). By iiltegrating 

across thc depth ,and assuming uniform vclocity and hydro~tatic 

pressure ovcr the depth they cstahlish equations in tcrms of 

nodal valucs of flux and clcvation. Soluiions are given for 

harmonic forcing of 'a rectangular basin and for tidal circula

tion in Ma~sachusetts Bay. 

Taylor <~nd Davis( 26 ) have devcloped finitc clcment reprcsenta

tions of tidal propagation in estua~ies. The unknowns in 

thcse cquations a'rc the nodc point vclocitics and clcvations. 

Surface runoff, described by mcans of the shallow-water equa-

tions, has bccn studied by Al-Mashidani and Taylor (Ref. 30). 
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Thcy trcat a onc-dimcnsionnl case, with velocity and surface 

clevati6n as problcm-unknowns. 

Taylor and Davis (26) and Adcy and Brebbia (27) have 

studied dispcrsion in estuarios. Rcf. 27 uses tnown valucs of 

velocily and solves fo1 the conccntration. Taylor and Davis, 

on the othcr hand, salve for conccntrati6n, vclocity, and 

surface clevation. 

Planform (x-y) finite clement analysis of a rather different 

environmcntnl problem has been persented by Merccr and Pinder (29). 

They examine heat transport in the 1 iquid nnd solid phases in a 

ground-water flow system. The finite element equations to be 

solved consist of two sets, one being a flow equation in terms 

of pressurc and the sccond being a temperature equation. Thc 

solutions are marched in time. 

IV. CROSS-SECTION ANALYSIS 

The motivation for cross-scction analysis (x-z) has prin

cipally becn the prediction of thcr~al itratification, although 

attempts have also bcen made to deal wit-h more basic phcnomcna 

in viscous flow. 

Thermal stratification is 'Widely ~elieved to exert an 

important influence on lake flow phenomena through its effects 
1 

on density variations and other physical factors. In many lakes 

uniform ternpcrature conditions are realized in winter and, as 

summer atmosphe.ric con di tions approach, a rise in tempera tu re 

occurs in the uppcr regibns of the lake. The peak is reached 

in these regions tow~rds the end of summer. Sincc the rise in 
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tcmpcr0turc pcnctr.ttc'> to on1y a lilllited dcpth (say 20 to 40 

fcC't) thc lowcr porti0:1s nf thc lakc are not affectcd, and a 

so m e\\' ha t ' s t 1 :1 t i f ; e d ' te m¡' e r a tu re r 1 o f i.l e p Te va i 1 s . Th e he ate J 

rcg ion i s tcrmed t·he br_pol_i __ ~nn.io~. 

Thc problcm 1o be solvcJ is the vertical temperature profile. 

Thcl<' is an influcncc, hohcv~r. of thc action of the wind and 

thjs produces a H:o-dimension:li problcm. 

Ligget1 and Bcdfprd (Hcf. ]4) and Bedford (Ref. 15) havC' 

dc<.~lt 1:ith thc stl'aoy-state problcm ol :l two-diJilensional cavity 

conudning ~~ nonhümcgeneous fluid :,ub_iecteJ to surface shcar. 

No ~onsideration was given to cJdy viscosity and diffusivity 

variations. The l:1ttcr was accounted for by Young, Liggett, anJ 

Gallagh2r (Rcf. ló) and thc rcsults dcmonstrate that stratifica-

tion, as well as circulation pattcrns, can be predicted with 

the proper empirical definition of thcse variations. Skiba, 

Unny and Weavcr (Ref. 17), Dcbongnic (Ref. 18), and Kawahara, 

et al (Ref. 19) have studicd cavity flow without thc considera-

tion of temperaturc. Couplcd velocity-tempcrature solutions 

are also described by Zienkiew]cz, Gallaghcr, and Hood (Rcf. 20). 

In thc following we describe the developmcnt of Young, Liggett 

and Gallagher. (ló) 

The physical propertics which enter into the differcntial 

cquations of the problem are the cddy viscosity and the eddy 

diffusivity. Thc eddy viscosity and diffusivity 1n the horizontal 

direction (KM cte. and KH) can rcalistically be taken as constant. 
XX X 

Valucs of thcsc coefficicnts are customarily taken as the SíJmc 
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rnagnitude as thosc which are mcasured under neutral str~tific~-

. Th . J J . . d d . f f . . t ( K~1 d t1on. e Ví'Ttlcal e y v1scos1ty an 1 ·us1v1 y cte. an xz 
K H) v J r y h i g h 1 y \vi t hin t he \1 h o l e b a s in , h o w e ve r , a n d are de pe n den t z 
on such íactors as thc 1urbu1c-ncc levcl in the surface laycr, 

thc dcpth, tite local dcnsity gr~Hlient and the ovcrall motion 

with rcspect to thc spccificd gcomctry. 

No satlsfactory thcory for the prediction of these varia-

~ions from thc more basic environmcntal and physical paramctcrs 

is prcsently available and dependencc must be placcd on cmpirical 

relationshi¡v. In this 1vork the rclationships cmployed are 

( 21' extended forms of those proposed hy Sundaram and Rchm J, as 

follows 

M K xz 
= Kf-.1 (1 - a Ri) 

o m 

KH = KH (1 - ohRi) z o 

where Ri, the Richardson number, is 

Ri = -

2 óp 
g z --3z 

( 2 3) 

(24) 

( 2 S) 

in which U is a characteristic velocity, om and oh are ernpirical 

constants, and KM and KH are the vertical eddy viscosity and 
o o 

diffusivity under neutral stratification. The continuity equa-

tion, with the assumption of incompressibility, simplifies to 

( 26) 

In dcfining the relevant forms of the momentum equations ,.,;e 

assume that Bouss1nesq's approximation applies (p i~ taken as 

constant exccpt when mul tip1 ied by g, 'i. e., in buoyancy tcrms). 
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Thus, 

+ a (K~t ()~) + 1._ (Kf\1 au), ax o ax az z az ( 2 7) 

aw aw u-+\\ 
élx ai (28) 

whcre p is tl1c loca] prc·s~;urc. 

Thc diffusion-advcct1on of tcmpcrature is given by 

ar ;JT 
u --- + "' ax 8z 

(29) 

F1nallv, the cquation of state can be written more explicitly 

p = o
0

[1 - ~(T - T
0

)) (30) 

in \\'hich e is the coefficicnt of volumctric expansion (assurncd 

const~nt) and T is the point about which the true relationship o 

is lincarizcd. 

Wc.> introduce thc strcam function 1JJ in place of u and v, 

such that 

d~' u=az 
ai)J w = - -. ~ax 

The rcsultinr two differcntial cquations, which replace Eqs. 
' 

( 31) 

(27-30), can then be writtcn in terms of nondirnensional variables 

as foll ows 

:-:. -
2 

V41)J + Re ~'V~Ijl_) - Re Ri 0 P 
a~ o ax 

+ o Ri f _i_ (z 2 ()p aZI)J 
m o az 2 az az 2 

'andp 

+ 
a2 

(z2 í:)p ,'a 2 .P ) o axaz E axaz) = (32) 

(33) 

\ 
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whe1 e Re = Uii/Kf'.l J s thc Rcynolcls numl,cr, 
o 

turbulcnt Prandtl number under ncutr~ll stratification, and 

R i -- - 6 p p.ll/ r U 2 
j s t h e o ve r ;-¡_l 1 R i eh a r d s o n n u m b e r . H i s t h e 

o o 

dcptll of thc ca,·H-y. i\11 p<uametcrs and variabll's havc bccn 

nondjmcnsion:~Ji::.cd, c.g., x and z havc becn divided by H. 

To transform thc above into a finite clemcnt representa-

tion ,,·e adopt shape fun.ction Jpprox]mations for tJ! and p and 

use the Calcrkin method. Thus, w1th tJ! =N-~- and p = Q.p. wc 
1 1 1 1 

havc thc following we1ghted íntegr:lls 

(34) 

( 3 S) 

This lcads to thc following sct of nonlinear algebraic 

equations 

1 
Re 

2 Re 
. 3 

S .. 1/1. + S .. kl/l-1!\ + Ri S--p. 
lJ J lJ J ' o lJ J 

a m Ri c.4 1/1 + p_ = o (36) 
o 0 ijk jpk 1 

5 Re Pr 6 Ri 7 o ( 3 7) S •. P- + S.- klj¡- Pk - ah S. _kp.pk = 
lJ J 1) J o 1) J 

The multipliers Re, Ri
0

, Pr, am and oh havc been prcserved in 

these represcntations to enable identification of the source 

of each term. 

The specific algebraic form of the coefficicnts S~-, •.. ,s 7
.k 

lJ lJ 

is obtained after performance of thc integration indicatcd in 

Eqs. (34) and (35). 

The global representation is obtained by summation, from 

the cocfficicnts of the above elcment equations, of all coef-

ficients with likc subscripts. Thc rcsulting equations are of 



o a fonn idcnt ical to th,tt of Eqs. (36) and (37). The Neh'ton

Raphson app1oach is aJopted as thc mcthod of solution of thcse 

couplt-d nonl tncar cquntions. 

Ntn:~eric<'l calcuJations were performcd for thc squarc cavitr 

of Fig. 3a for thc boundary conditinns shown and for various assumed 

vcrtjcal formulations oí the eddy viscosity and diffusivity. Thc 

fini1c clemcnt rcprcscntation consistcd of 72 elcments •rrayed in 

Stcady state calculations l1avc been pcrformed for Re ~ 1 to 

Re = 1000, Cr = O to Gr = 10000, and Pr = 1 to Pr = 10 where Gr is 

the Grashof nUJilbcr (The Grashof number is Gr = Re 2 Ri
0
.). Addi

tional numerical cxperimerits were pcrformed to test tl1e scnsitivity 

0 of thc solution on th.e assumcd bchavior of the eddy viscosity and 

eddy diffusiyity. Ten such computations wete performed, ali using 

Re = 100, Pr ~ 1, Ri
0 

= 1 but different choices of crh and ~m and 

also different assu~p~ions as to thc form of the depthwise variation 

of KJI.f ~nd KH as s~tmmarized in Table l. Thc values of thc charac-xz z 

o 

tcristic numbcrs represent, of course, an infinitc variety of 

physical data, but the following are typical: pB = l. O gr/cm3 , 

Pr = 0.9999 gr/cm3 (T1 - t 8 : 4°C), tx = 1.0 dyne/cm2, K~= K~ = 
2 ' 2 lOO cm /secp H = 10m, and g = 980 cm/sec • These are approximately 

equivalent to the experimental data of Sundaram et al(lZ). How

ever, in the present case thc boundary conditions have been chosen 

so that a stflady-statc solution exists, a condition relaxed in sorne 

subscqucnt corr.putations. 
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figure 3 
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~lUN r 1 l~_-_2 --!-

TADLE 1 

Summary of Computations 
forRe" lOO, Pr = 1, Ri

0 
.. 1 

3 

1 u e 1 Dcpth- Dependen t 1 F irs t Cut -off Dcpth 1 Plot Srnbol s 

___ j ____ h --l-fl ~-------""----- . 

1 1 1 o 1 o 1 1 

1 1 • i 2 1 0.1 1 0.035 
1 1 1 

3 ¡ 0.21¡ 0.07 1 

4¡0.3 O.J 

S 0.5 1 0.15 

No 

Y es 

Y es 

Y es 

(í O (' 
• o 0.25 Y es 

7,:!...0 0.35 No No 

8 1 :;1 •• O O. 3 S Y es No 

9 .1.0 0.35 Y es Y es 

o 
/). 

o 
o 

~~z-.o~_o_._7_o~------Y-es------~---------N-o--------~----c------~ 
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Conclusions resulUng froí.l thc first sct of stcady-state runs 

are shown in Table 2 (Ref.l5). In thcse runs cddy v1scosity and 

eddy diffushrity ver~ held const~nt. A typical picture of stream~ 

lincs and iso¡Jycn:-~ls is shown in figure 4. The influcnc~ of thc 

stratification on thc circulation ís obvious. Additíonal runs 

could probably havc clic1ted a snecifiL relationship betwcen thc 

formatlnn of multiplc, closed circulat1on cells and the three 

pa ramct e rs 1 Re, Pr, and r.r. HoHC'Jer, su eh a re ln tionship was no t 

pursucd sincc it would undoubtcdly be altcrcd with different gco~e-

tries anJ sincc thc cddy viscosity and eddy diffusivity relation-

ships probably h3vc a large effcct. 

Thal effC'ct has bcen t0stcd in ten subsequent runs ,,·hich are 

summarizcd in Figures - ' r. :; ana ,l. In thc~c cases the sane sort of 

cell structure formed as shoHn in figure 4, but with considerable 

Ü variation in the details of the velocity, shape and size of thc 

cells, and the dcnsity distribution. 

The lattcr cornputations show that the density structure eón-

.tinucs to havc a largc effect on thc velocity structure and also the 

velocity structure gr~atly alters the density distribution. With 

the eddy viscnsity and eddy diffusivity formulation that Sundaram 

{21) and Rchm found neccssary in thcir one-~i~ensional analysisi 

thc surface shear alone is sufficient to form a thermocline typc of 

structurc. This result is quite different, but does not conflict 

with, those of prcvious investigators who have used a ene-dimensional 

analysis. In those previous investip.ations the thermoclinc struc-

ture formcd ovcr a pcriod of time (sevcral weeks) while unsteady 

hcat inruts '"P-rc applied. \'Je 'have shown, hmvcvcr~ that glven an 

e=) initial inhomogcnicty in dens1ty. a wind shear is quite sufficicnt 
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Table 2. ~~~~ry of Results 

1 5trcanf~ction Rcsults Dcnsjty ricld 
~-- ---J-..--~, 

Ro ¡An 1!'\eron~inr: Ro rollocts nn irtcrcc.so in wintl ¡ Oensity tr.:tnspo::-t~~~cas::.n~:y by o.dvcction.¡ 
shc:1r, the prir.ary source of ki:1ctic c:1cq;;y. ~iigh Re cnc:ouraccs thc J.CC'J7.dl:u:io:o o~ a 
rlOn:Cntum tr~msport is incrcasin¡.:ly by COn\"'..'C- tilickcr..inr.:, r:.:¿)0:1 of light he: J.::..;:1COU3 flutd 
tion, which discourages thc for:.;o.tion cfcells. at t:-tc tcp of i..hr: c::-"'~;.,::.:;1 f::J;-:io:: of :he 
Thc prin:ny vortcx ccnter r.;ovcs dO'-':ISt rc;:;.:7, ::md ¡en vi ty. Vc:-:ic::.l .:m:.: l:ori zon ::.:; l ~.:::~si t¡ 
\:OW;:;.rd th~ Surface \<.'ith decrc.J.sing mo:;-.c;¡tum ¡gr;:tc.lients risc \,lth thc lcss of Jifft_;Si0:1. 

diffusion. i 
t-~~G-r.;.._--+At all but tll~ lo~c~t levcls of ldnctic er~crg.v·-~.~ increa:.Jl~~ ~~~;l icd--~,~~,,~i~~;-~iffcre-::ce -~ 

(Re = l. O) an inc:rcJ.sing Gr cncou::a¡;cs t:.c buoyancy stl cn~~t!1 sce:!--.s te; é..::;.;.:'.te ~ li;<<.:.l~~~, ¡ 
crowth of cells, by increasing the stren~th of varyi~~ vcrtic.:tl dcnslty prof1lc. AJJ1tio~~~ 1 
thc nppl i e d vcrt i e al dc~,s i t y erad i.cn t s. Thc f toh' fiel d e- nqr f. Y i s re--:. • . .:i rC'c.! fn· th l' r c:lJ- ¡ 
anglC' of tilt bct~-.cen the cells Jir.ünishes jiJ.st;t:ent as r;!fL:c:tcd in rhe i:.c::-c:1!.1n¡: Gr. ~ 
with incrcasing Gr. 

--------------------------~-----------------
flv scvcr"l'' i-crcasi-rr Lh{' density "rJ.di·~r:ts Gy ru.,..-•·~r Ji::Ji:t:sln::~ d,_;:s1:·.' ~ifft.:sic:"l ·,;ith ¡ ' (.; : <4 ".::. • • • 0 ~ • 1 .L 4 ~dv - ' 

an increascd Pr encoura~cs thc forr..ation of lncrc..tsin¿; Pr ;..tr1 aclJltlo::.:!l JCCt:..n:ulat::.c:-1 of 
cclls. The angle of tili: betkccn cells in- lightc= homogc~cous fluid occu::s. Also .:!:1 1 

Pr 

crease<> wi th cL..:crcasing dens1 ~y diffus ion. ¡ .:1ddi t ional incrc:asc in t;-¡c tncr~y absorbing 1 

f------·+--·-.----- . . , . _f~~:~~al and honzor.t·1l <!-coS1ty graJic.>ts i~~ 
·to·• Aspcct Thc lL'1li:1porLmcc of hor1zontal du:fus1on rc·;ul.ts 1.n a rr:.orc cx2g.:_:<..!r;:¡_tcd dcns.t~y and fl011 f::..cla.¡· 

P.a'tio response to ;1ny c!!::.ngc in the Re, Pr, and Gr. T:1::::::-efore Ct.!lls f;)!"JJ c.t lol>cr Gr. or f'r. \'or-
(s:lallo·,.,. tcx centcrs are convccted fartrer opart horizon;.,lllY with in.-=.rc;tsing transport by inertia. 1 

cc.vity) For a ~ivcn wind and applicd dc~sity diffcTcG~c, the vcrticJl Jcn~lty graJ:c~~ is co~c scvercl 
~nd thc.rcby rcqui res :::o :re kiEetlc cncr~)' to ovcrco~Jc. 

¡~~-~~ t\''<l~~~ ¡¡(;~o~cncous--ci re u la ;i-~n ccll s appc:;,;--~-~1\ll test cases were~;cno~~-;H..:ous. 
~tat1o f",o;;wntu':l dif[u!:;ion can' ... pcnetr:ttc the I{.J.ll 

(''~cp shcur rcsist~ncc. Each cell rot;:~tcs in thc 
c~·;lty) ''::'lDIJSitc cin:c::ion to and is O(lC.ll less i:l-
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to form the therr.10cline. Unsteacly computations, shown bcloN, 

Q indicatc thc time scalc involvcJ in such a fornation o.nd also thc 

o 

cxtcnt of the fccctbar:k \•:hich influcnccs the current structure. 

Fewrr transicnt computntions of cnvity flow were ~adc duc to 

thc computer costs. A total of five runs with Reynolds numbers of 

lOO and 1000 and Richardsnn numbcrs of 1 and 10 were made. Two 

values of ah '"ere uscd. Figure 7 indicates thc rcsul ts of one of 

thcse calculations. In all cases in which the motion begins from 

rest, thc entire cavity bcgins to circulate as a whole; that is, the 

cavjty forms a single circulation ceJl. As time progresses thc 

flow may brrak up into two or mure cells, as is indicated in Figure 

7. A t thc s ame time the dcns i ty dis tri but ion is al tercd to shO\oJ' the 

typical therr.10 el in e shape, 

Thc flow docs not change from a state of rest to the final ccll 

for~atiory montonically. Instead thc vclocities increasc rapidly to 
~ 

a valuc not far from thc stc~dy state valuc and then oscillate about 

this value. The frequency of oscillation is near the Brunt-Vaisala 

frequcncy. Other charactcristics of the flm·:, the dcnsity gradient, 

the ccll location, and the strcamline positions, show similar dampcd 

oscillations. 

The numbcr of cells can be calculated, using certain gross 

approximations, from thc thcory of Turner( 3l) as expandcd for this 

problem by Young(31~ This theory has been compared with the tro.nsi-

' ent and stcady-state computations with rough agreement. The dif-

ficulty in the ipplication of such theories to real lakes (or evcn 

cavities) is that all the factors, the most important bcing the 

dcnsity distribution, and the interaction of those factors cannot 

~ te considcred adcquatcly. Results indicate that multiple cells are 
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likcly to form in the case of a diffusc metalirnmion whercas a sharp 
'· . -

thcntoclinc prom9t<'s t\oJO cell circulation. Howevcr, thc feedback 

of thc currcnts into thc dcnsity structurc has not been considercd, 
: 

and thi:, fectlh;~ck may alter thc density distributi_on, thus chan~ing 

thc r~sults o{ the thcory. 
f 

Variable viscosity, especially a formulation which is strongly 

dcpcndcnt ~ri thc density gradicnt, has a great effect on the 

ability of thc currcnt structure tp alter the dcnsit)' distribution. 

A reduction of"viscosity in zones of steep density gradient prornqtes 

the oscillations obscrved prcviously and increascs their amplitude 

(but docs not ~ffcct the frequency). The reduction in viscosity 

also increascs the time to·equilibrium significantly in those cases 

in.which a stcady state exists. 

A particularly striking result of the transient calculations 

is the time scale involved in thermocline formation. A shear 

applied at thc surface may alter the density distribution and 

create a thermocline-like structure in a few houri versus the wecks 

involved in the one-dimensional computations. Thus the cntire 

process of the developmcnt, maintenance, and erosion of the thcrmo-

cline is a complex process strongly influenced by the current 

structure. The "physical constants" (i .. e., eddy diffusivity) 

derived for the one-dimensional analysis have, in reality, little 

physical meaning when the current structures is neglected. 
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R. H. Gallagher 

~. CO~STITUTIVE EQUATIONS FOR PLASTICITY AND CREEP 
R. 11. Ga~laghcr 

I. I NTiWDUI.T JOi\ 

i\n.1lyscs [or material nonlincal"itics have bccn of incrcasing 

i ;apo r tone e in rccent y ca rs in conj une ti on wi th nuc 1 ca r powerpl an t 

dcisign. A fairly comrlete finite clcment approach to thc analysis 

O f' 'SliCh problCr:l!> has developed and at the present time thcse cap

abilitics are routinciy opera~ional in many largc dcsign officcs. 

J t i .s the purpose of thcse 'notes to pres cnt thc rel cvant bas ic re-

lationships in finite element inelastic analysis, to describe thc 

established computational algorithms, and to i~cntify sorne signi-

f1cant ncw dcvclopmcnts and dircctions of~futurc work. As in any 

non-1 i neo r aspcc t of analysis, where the, cos ts oJ current procedurcs 

are substantially greatér than for elastic analysis, new ~evelop

r.JCnts ·are pursued vigorously for the sake of improvements in com

putational efficiency. 

It is customary to divide the problems of inelastic analysis 
-

into the categories of time-independent a~d time-dependcnt bchavior. 

Time-independcnt inelastic behavior occurs when a structure is loaded 

in such a way that strains in excess of the elastic limit are sus-

tained. In time-dependent behavior permanent deformation accumulates 

with the passage of time even under stresses which are well within 

the elastic limit. This division into two categories is realistic 

for many design situations. Noting that there are design situations 

where this division is unrealistic and that sorne finite element 

analysis work has been addressed to more general material behavior, 

we nevertheless follow thes~ divisions in this and the next lecture. 
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o 
A subscc¡ucnt lccturc, dcaling with "viscoplastlcity", erase~ thc~e 

distincti.ons. 

In c;...te:Hling the finitc clcrncnt r.1cthod from clastic to inelas-

tic analysis t~o consiclcrntions stanJ foremost: (1) thc cstab1ish-

J.IL':'lt" of 1nclastic strcss-strain (const1tutive) relation~,hips, and 

(.~) thc for11U:iation uf rclinhle and cfficient algorithms for the 

solution of tl1c associatcd largc-ordcr systems of nonlincar alg~bralc 

e\¡ u a t i o n s . The first of these tapies is examineJ in thc present 

section. 

I I. TDll.- 1\DEPI:NDENT PLASTICITY 

l. U\Ií\A TAL S'l'RESS-STIV\IN EF.II/\\'IOR 

Tnl.::-. s<:ctJon is devoted toan out1ine of thosc considcrations 

Ü l·.hich are rclev<.nt to our fmrmulation of fiTdtc clcmcnt timc-indc-

pcn¿cnt inclastic analysis. Detailed dcvclopmcnts of plasticity 

thco~·:· Gut be found in Refs. 1-5. In constructing the rc1ation::,hip 

bct\,C'Cn stress and strain J.n the inclastic rangc of multiaxial 

states of stress onE' must define (a) the condition for yicld, (b) 

thc general form of the dcsircd strcss-straJn law, and (e) a criterion 

for hork hardening. Prelirninary to these operations, howcvcr, an 

undcrstanding must be galned of uniaxial stress-strain bchavior into 

the inclastic rangc bccause the theory of multiaxial plasticity 1s 

largely concerncd with the analytical transformation of such bchJvior 

in to t\,·o- and thrce- diP.tcns ions. 

The "basic" uniaxj'_al stress-strain relationship, ootaincd in 

a standard tcnsion test, is given by thc salid curve in Fig. l. 

O Engineering strain~ (t.hc speCirnen elongation dividcd by thc nominal 

lcngth of the spccirnen), rather than truc strains, are rcprcscnted. 



o 

o 

(_) 

R. H. Ga 11 agher 

'¡\•s~ spectr..ens, :1t a c(':t:1in str;lin, are rcdueccl 1n are~¡ in n 

s ¡.: .11 1 re g i o n ( "n e e k 1 n g " ) a n d i t i s t h i s a re a \4 h i e h j s u s e el i n 

t :: L' e a 1 e ul a t i o n o f 1. r u e ~ t r e <; s e s . The nomin;1l 1: o t·J e v e r , 

i:-; usually rcprC'sentcd 111 figures SU('h as fig. l. Thc point K 

i.s the ~}ast~~ _!unit, loJhich is hercin assumcd to he synonymous 

\·;tth thc yi.elu polnt. 

i'íild steel, of the typc generally used in civil enginccring 

s:ructures, displays a somewhat diffcrent stress-strain diagram 

(~ec Fig. 2) in that it has a flat yield region. This phenomcnon 

]5. attributed to slip along slip planes of the crystals. 

Matcrials which demonstrate very littlc plnstic dcformation 

heiore b~~D~ing (such as cast iron, bcryllium, rock) are calleJ 

brittlc l't<lterials. Th)s bchavior is shm.,rn in fig. 3. Jt has !Jeen 

c1c:;ons t r~ U!d cxpcr i mcnt~ 11 y tha t rocks tend to be come br 1 t t le \~hen 

su~jected to large hydrostatic prcs~ure. 

Cons1der the (fig. 1) application of load past the yicld point 

to point H. Thc load is then removed and the strains dccrcasc 

linearly until at zero load (point C) the residual total strain is 

OC. If th(> load is thcn rcappli.ed, the straight line ·c-rr is reLraced. 

for stresscs higher than ap,, the original stress-strain curved 

(salid linc) is followed. 

If compressive loading \oJere applied beyont1 point Cp it would be 

expec ted tha t s trains \oJould cont inuc to dcvelop 1 in ea rly up to a 

point. Thc point at which the strcss-strain relationship again 

becomes non-linear is often assumed to be equally distant from C as 

the length BC. Thercafter, for continued compressivc loading, 

Figure 1 shows the curve BCB' bcing followed, where the curve CBD 
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. 1~ 1dcntical in shapc to CB'D'. Thc analytical rcprcscntation 

of this bc~avior ls tcrmed an isotronic hardening rcprcsentation. 

Oftcn, whcn a real metal is dcformcd in tcnsion and the load 

1:; thcn rcciuccd and progrcssed to coi;,prcssion yield, it will be 

~ound that the yield stress in co~pression is considerably less 

than that oi tension. This is ter~ed the Bauschingcr effect and 

if it is tn:-:en into account the length CB', in Figure 1, \vould 

~e considcréibly lcss than CB. Thcoretical plas-cicity has attempted 

to account for effcct through what is tcrmed a kfnematic hardening 

represcntation. 

Plastic dcformation is physically anisotropic. Thc proccss 

of slip on a crystal plane is clearly directional. As a consequcnce, 

any initial isotiopy which may l1ave becn prcscnt is usually destroyed 

by plastic deformation. From the point of view of the dislocation 

thcory ,, s 1 i p i s an i rrcve rs ibl e process; every, slip prod~ced a ncw 

~atcrial. These changcs are rcvcalcd in the Bauschinger effect and 

in the anisotropy o{ materials aftc~ plastic deformation. 

2. YIELD CRITERION-~IULTIAXIAL ST:i.ESS 

In order to be able to solve rnultiaxial stress problcms, one 

must be able to relate increments in stress {da} with increments 

in the corresponding strains {dE} by extrapolating from a simple 

uniaxial tension test into the multidimcnsional situation. 

The definition of a yield criterion, the combination of stresses 

that brings about yield, is an initial step in the formulation of the 

incremental elastoplastic stress-strain law. Experiments-havc shown 

Q that the shear stress is thc major cause of yielding. Norcover, 

hydrostatic p~ess~res of the order of the yield stress havc little 
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influence on yiclding 0f mctals. Thc choscn form of thc jicld 

critcrion must rcflect thcse considcrations. Although ·alternative 

iorms are availahle and have becn used in finite clcmcnt analysi~ 

thc Von ~!iscs criterion has overwhelmingly bccn thc choice. This 

is dtJC to thc continuous nature of the function defining this 

criterion and bccause it holds reasonably well for the commonly-

encountcrcd ductilc materials. It states that yield occurs when 

th~ effective stress (~) cquals the yield stress (~ ) measured in 
-Y 

a uniaxial test. For an isotropic material 

a = (1) 

\\·herC' cr 1 , cr 2 , and a 3 are the principal strcsses. A Poisson's ratio 

Q oi i has bcen introduced, consistent with incompressible material 

behavior, since yielding is ~ssumed to be an incompres~ihle phenom~ 

o 

enon. 

a can also be expresscd in tcrms of non-principal strcsses, 

o = ~ [(ax - ay)
2 

+ (ay - az) 2 
+ (az - ax) 2 

+ 6 (Tx; + Ty; 

1 
+ Tz;)]2 (2) 

This can also be written in terms of the second invariant (J 2) of 

the stress deviation á = 1:r2 (3) 
-p The corresponding expression for effective plastic strain, E , 

is g~ven in diffcrential form, as a function of incremcnts in the 

principal plastic strains. Thus 

-p n 
dE = 3 (4) 
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o Thc plast ic strains ·hcre havc the usual meaning, that is thcy · 

represcnt the differcnces bct~ccn the total strains and thc elastic 

strains as obtaincd hy llooke's law. Exprcsscd in terms o[ incre-

r.Hmts of non-pr.incipal strains~ 

déP // [(dE:p dE:p)2 ( th: p dE:p)2 + (dcp . p)2 - 3 - + - - O E: X . y y z . z X 
3 2 2 1 

+ (d p d p dyP 2) ]2 2 YX)' + Yxz + 
(S) zx 

~otc that according to thcse definitions neither ~ nor ¿~P can 

assurne ncgative valucs. 

With these cxpress1ons in mind, it is possible to conduct a 

multiaxial test in which thc strcsses are statically known at all 

t i m es , a n d t o m e a s u re t he e o r re s pon J in g in ere r.1 en t<-.1 p 1 a s t i e s t 1 a i n s . 

Q from thc¡,¡ the effc·ctivc strcsscs and effectivc plastic strai::1s may 

be calculated and p1ctted as in Figure 4. The effectivc pJastic 

strain éP is thc integral of Ec¡. '1 (or F.q. S) taken along the loading 

path so that all of the increlílC'nts of plastic strain are includcd. 

As a special case, for uniaxial stress whcre the only stress compo

nent diffcrent from zcro is a , ~ = a and ~p = cP. Thus Figure 4 
X X X 

may be ol1taincd dircctly from Fig. 1 by first subtracting out the 

elastic strains a/E from thc total strains E:. (Note that unloading 

along thc linc BC corrcspontls to zcro changc in cffcctivc str:nn). 

Accordin~ to the theory, a variety of loading cornbinations could 

be investigated experimentally, and for a given material, all should 

givc thc s~~e a vs (P curve. 

3. FLOh RULE 

Q Two conccpts are central to the establishment of tl:e elasto-

plastic material stiffness matrix [Eep]: the slopc (H') of thc 
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tan~!Cnt to thc c[fcclivc ~;trc:,s-cf[r·ctivc plr1stic str<un (0-~=r) 

tlla¡!r.:liil, othcn:isc kn0\1'll ns thc hardcn1ng cocffici.cnt, ti.Hl thc 

"fl01-. rule", or dcscription of thc diffcrcntia1 changc'-> in thc 

p1ac.;tic :;train componcnts {dcP) as a function of thc rates of 

changc of stress. 

\'ilth rcspcct to H', it 1s app¿¡rent from figure 4 th.1t 

(6) 

Fu1thermore, the total diffcrential d~ can be wrYrten as 

(7) 

so that, from Eq. 6 

For thc flow rule wc choosc thc commonly employcd Pra~_utl-Reuss_ 

rcpresentation, with isotropic hardening 

Thc significancc of thls rcprcsentation is describcd in Figure S, 

illustrating the "stress-space" for the two-dimcnsion:ll case. Tlte 

salid curve givcs the lield surface (locus of aU points (stress 

states) causing yield) as dcfincd by thc Von Mises =~i~crion, Equation 

l. 

E~uation 9 expresscs thc condition that thc direction of in-

elastic straining be normal to thc yield surfacc and is therefore 

altcrnativcly tcrmcd thc no_rmali~y condltion. 

To claborntc upon Eq. 9 algcbraically, wc consiucr thc typical -
tcrm dE~ in the vector {dEP}. a is given by Eq. 1 and performing on 

1 

aü 
i t the requi red opera tion a o , l..¡ e obtain 

1 
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-p 
p de 1 

de 1 = --_- [a 1 - -z (a 2 + a 
3

) 1 
a 

(10) 

Considcr now thc diffcrcntla1 form of thc familiar stress-

strain law with thc plastic !>trains intcrprctcd as initial strains 

which bccomcs, aftcr suhsti"tution of Equation 9 

{do} "" [E] {dd - [E){~~J dEP 

a o 
1\lul tiplying through by ao 

L ..J 

{do}= ~a [F.] {dd - _ao [E] {é)oJ dcP 
LdO_J . LClO_! (}o 

and, \dth use of Equation 8, in place of the lcft-hand 

H'déP a o 
[E] {dE} a o 

[F.] (~ dcP = 
LdO_! 

-
LdCL! 

By rearrangement 

a o [E] {d~::} 
dÉP LdOJ ' = 

H' + 
a o 

[E] {~tr LdO.J 

( 11) 

(12) 

(13) 

sic:.!e 

(14) 

(1 S) 

Fina.lly, by substitution of this expression into Equation 12. we 

obtain 

(16) 

where 
(17) 

with [E] the conventional elastic material stiffness matrix and 

[E 1 fa 0\ a a [E J 
{E P] = __ __..ta_o....._Z_L_a_a_J ____ _ 

(H' +L~~_J [E] ~~}) 
(18) 
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It is of 1ntcrcst to observe thnt [Ecp] (and [EP]) are 

syJillilctric and fhat thc case of perfcct plasticity, ,,•hcre H' 

O, causes no diff1culty. 

In isotrop1c hnrdcning the yield surface cxpand.s unifonnly 

about thc origin in stress space. In kinematic hardening the 

yicld surfacc translates as a rigid body in stress space, main-

taining the shape and oricnta~ion of the yield surface. The yield 

surfacc in kinematic hardening is given by 

A l 2 
o= -

2 
(s .. -a .. ) (s .. -a .. ) - k 

lJ lJ lJ lJ 
(19) 

1 wherc s .. = o .. - -3 6 .. okk (ó .. is the Kroneckcr delta) (s .. is a 
lJ lJ lJ lJ lJ 

dcviatoric stress component), aij is the translation of the yield 
" 

locus, ando is a constant. By supplanting a by o in the previous 

dcvelopment we can establish the incremental stress-strain relation-

ships íor this condition. 

Mroz ( 6) has produccd a workhardcning rcprcscntation that is 

similar to kinematic hardening. llunsakcr, et al (7) have reccntly 

conducted an evaluation of various workhardening rules, including 

isotropic, kincmatic, and Mroz's, with a mind towards finite element 

applications. 

III. LINEAR VISCOELASTICITY 

Linear ~iscoelasticity attempts to deal with time-dcpendent 

material bchavior by establishing mathematical forms of the con

stitutive relat/ionships involving time (t) and derivativcs with 

rcspect to time that are linear in thc stresses and strains. ~lany 

thorough accounts of this topic, including both the repiesentation 
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---, 
0f thc constitutivo rclationships anJ mcthods of structural anal-

ysis bascJ on thcsc rclationships, are available (scc Rcf. 8-12). 

'"l f 11 . ;.1c o <?"'lng is a bricf outlinc of con~idcrations in representa-

t1on of viscoclastic constitutivo equ3tions, which are irnportant 

to thc mcthods of vjscoelastic finitc elemcnt analysis to be de-

scribed ~ubscqucntly. 

Bcforc discussing spccific_forms Qf viscoelastic ¿onstitutive 

rclationships, it is essential to distinguish between such exprcs-

sions when written for stress in terms of strain, and vice versa. 

;Gen strc~s is written in tcrms of strain, strain rates, and time, 

thc variation in stress \oJith respect to time for const<lnt strain 

can be establishcd. This variatio1t, portrayed schcmatically in 

0 := 1 g . 6 a , i s te l"nlC d ~.1 ~-~ t i o.!!, so t ha t t he t ~ rm s re l a ti n g s tres s 

to strain are collccti.vely dcsignatcd as thc rclaxation modulus. 

Converse]~, whcn strain is cxprcsscd in terms of stress, deriva-

tivcs \oJÍth r-espcct to time, anJ time, thc case of constant applied 

stress (Fig. 6b.) produced crecp behavior and thc constitutive 

rclationships define the creer_ s:ompliance. 

Measured (experimental) d~ta are usually obtained i~ the crccp 

compliancc format. The principle of minirnum potential energy, the 

al1nost universally employcd approach to finitc elcment analysis, 

in~olves the rclaxation modulus format for the constitutive rela-

tionships. This presenis no practical difficulty for the usual 

approach to finite elemcnt viscoelastic analysis (the time incre-

ment-initial strain method) since the coefficicnts of the constitu-

0 tive rela:tionships are defined "instantaneously" as numerical values 

determined s~parately by reference ~o the functional (differential 

l 
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or i~tcgral) form of thcsc rclationships. 

Viscoclastic c.onsti tutivc rclationships may be assumcd to 

bC'~ reprcscntcd by mcch:Jnical nodels consisting of sprine~ and 

c::-1shpots. This lcads dircctly to thc differcntial form of thc 

constitutivo rclation~.hip. Thc s-implcst rep.rcscntations are 

thosc due to ~laxwcll and 1\cl vin respcctiVcly (::,ce Flg. 7). 

Thc f.íaxwell modcl cons ists of a spring and dashpot in scriec;, 

rc~rcscnting thc following annlytical cxprcssion for strain versus 

stress and time (Fig. 7a). 

( 2 O) 

Dcficicnclcs of this rcprescntation includc thc llncarity of thc 

s t rain versus t imc va r in t ion and n L1 i lurc to rcprcsent any "re-

rovcry" of·viscocl:Jstic strain upon r..::moval of lond. Rccovcry is 

an cxperimentally observcd phcnomcnon. Dy combining a spring and 

óashpot in parallcl (Fig. 7b), the bchavior is reprcsentcd as 

a = EE elE 
+ ndt (21) 

This represeittation is also deficicnt because it does not account 

for the initial elastic strain, as was done in the Maxwell model. 

Thus, to obtain features of both modcls it is feasible to tic to-

gether four elements (Fig. 7c), to yicld 
-1_ 

do ,20 dE: + d2e: 
o + pl + Pz (i ·-

dt dt 2 - ql dt q2 -2 
dt 

(22) 

q2 are material constants. 
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Succcssivcly more soph1sticatcd and rcalistic viscoclastic 

C(¡;¡stitutive relationships can be forliled by combining still more 

.:'; 1 Y 1 n ~~ s a n d das h p o t s . Th e m os t gen era 1 vi se o e 1 as t i e re 1 a ti o n s h i p 

i~ then of the form: 

(2 3) 

\\}!ere Po' ... rk' ... pm' qo' ... qk, ... q are material constants. 
n 

For thc purposes of analysis onc sccks a direct viscoclastic 

r t~ l a t ion s h i p in ei ther the crecp compli ance [e: (t) = J(t)o J or o 

rclaxation mod~lus [a(t) = Y(t)E
0

] format, each referring to an 

i>:itially applied stress (a
0

) or strain ,which :is held constant; 

0 ra.ther than thc differential form of Eq. 23. This is conv8nient1y 

;1CCC'li:i!J 1 i shed by use of Laplace t ransform techniqucs. The anaJ ys is 

¡Hot>lcm requircs consideration of a timc-history of strE-ss and 

strain intensitics, howevcr, and for these cases the conccpt of the 

he1·edi tary integral is introduced. As in the case of constant 

stress or strain, either crcep or relaxation formats of this integral 

may be written. Por crecp we have 

t: 
t: ( t) = a ( t ) J (o ) + f o e t 1 ) dJ ( t- t 

1 
) d t i 

o d(t-t') 
(24) 

wJ¡ere t' is the time parameter to measure the stress varlation and 

t ~casures time from the start of viscoelastic deformation. 

Any attempt to introduce computational economies by dircct use 

of thc functional form of the constitutive relationships in thc stiff-

o ncss equations and integration thereof in time confronts formidable 

difficulties. Inversion of the creep cornpliance to define the 
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() 
rc·l.1x~tio;: ;.;oJulus can hC' costly. Procctlurcs for ü.is are p,1v~n 

i. L Re f s . l :.; - : ó ~ JH.l a n i ll u s t r n t 1 o n o f t he re 1 ate d e o m puta t j o na J 

' b . 'l 17 ~~ ~rascntco y ~11tc. 

To a\·o:.c"t the diffic:ulties of i:;ic forr.1alizcd represcntation 

OL viscoe:&stic constjtutivc equ~tlons nnd yct Tctain t~e hered-

itary nati.l~·:: of the phcnomcnon, ldüle clealing with a for;rl appro-

priate to ::.nitc clemcnt analysis, the scheme cmployed 1n Ref. 18 

can be co;•s.:.dcred. With rcference to thc Kelv!.n. model (Eq. 21) 

:.or a sin,;l2 clement (elcmcnt i) \\'C ha ve 

de: e a E. e 1 (Zla) dt = - - e: 
1). n· 1 1 

Herc, since the el&stic strain is not rcpresented, we have set 

( ) e=- e:c. ?or a series of Kelvin models (1, ... i, ... r) and a 
J 

finite incre~ent of time (ht), thc incrernent of creep strain is 

E. 
_!. e:~))l\t n. 1 

1 

(Zlb) 

and the va~ues of a and E~ for this interval are takcn as those 
1 

cxisting at the start of thc intcrval. 

The ~cneralization of the above to rnultiaxlal states of stress 

is accornplishcd straightforwardly, adopting the assumption that 

linear cree? occurs only for the deviatoric components of stress, 

so that Poisson's ratio equals one-half. 

IV. CRE=P 

Althcugh rnany cfforts have becn launched by material scien-

tists in reccnt years to gain a ~ore complete understanding of 

Q crccp bch:,,·ior in mctals, ( 3l) man)' qucstions rcmain unan:·a'o'crcd and 

rcliable tilcorctical procedurcs are not yet availablc for thc 
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calculation of crecp rcprcsentations from more fundamental 

physical ~Hopertics. Thus~ dcpcndcnce ,is placcd upon mathe

matical rcp~escntations drawn from test data. 

Coij~prehcnslve studic·s oí both the creep, rcspOJ1Se of matcr

lals and, of proccdurcs for structural analysis in the presencc 

o[ this rcsporisc are givcn in Uefs .. 19-27. In thc latter con-

tcxt thrsc rcferences deal almost cxclusivcly with classical 

analysis procedures whose results ~re of extremcly lirnitcd ap-

plicabil1ty. Nevertheless, common considerations underlle both 

classical and numcrical rncthods and dcpendcncc must be placed by 

the reader on thesc refcrences for detailed development of that 

,.,.hich ld ll be sketched in the fo¡low~ng. 

Thrce questions rcquire study.of the definition of appropriate 

·constitutivc relationships for crccp analysis: (1) the form of 

uniaxial creep data and its depcndcncc· upon such factor~ as time 
1 • ~ • 

and tempe~ature, (2) the gencralization of uniaxial creep data to 

multiaxial states of stress, and (3) the manner in which creep 

strains are accumulated under varyin~ stress and temperature histor-

ies. 

In discussing (1), uniaxial creep data, it is useful to refer 

to the original representa tion of E. N. Costa ·de Andrade 28 shmm 

in Fi g. ·S. He re, the creep s t rain i s plot ted as a function of time 

for a_ givcn stress level and tempcrature. This behavior is approx

imated by an expression of the form 

(2 S) 

Ü where S; y, and m are material constants. By diffcrentiation \'IÍth 

respcct to time_ 
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J;¡. 1 
= lll~t + y = •e ·e 

E + r· 
1 2 

( 2 (¡) 

ThC' cxponcnt m is Jess th:t¡¡ onc so that for short ti~ncs t!.c 

first cx¡)r<'~sion prcdominalcs',dlilc for long ti11tc thc sccond tcrm, 

y, is o( grC'.'tlcst V<tltw. ThC' e:1 rl y port ion, l:ovc'~ncd by Ptm 
•' ' i S 

tc·r;;¡cJ tlH' pdmary pha~e of crccp. 'fhc portian govern('d by yt ÍS 
1 

c:•~r·actcrized as sccondary crcep. Tlae third, or tcrt]ary phasc, 
1: 

1 cad ing to crccp rupturc genera lly represcnts a hit~hly non U near 

forn of behavior whcrc the usual engincering definition of strain 

docs not suffice for valid charactcrization. Due to the high cost 

of crdep analysis it is usually not fcasiblc to concluct analyscs 

into thc tertiary phasc witl1 rcprcscntation of phenomena cncountcrcd 

ir. this .phase . 
. ' ' 

For analysis purposes it is nccessary to oxpress thc material 

const~nts m, B, and y as functions of stress and, if possible, 

t c.il;>era tu re. Thi s is des i rabi e cvc11 for fini te elcment analys i s, 
z ,- ' ' 

ldüch docs not.rcqu~re such functional rcprcscnta:tion, bccause of 

thc extensive data tabulations needed to account for all rangcs of 

bchav:ior. One of the most popu~ar basic forms of the steady-state 

cre17p rato e · 1 d ,- 2 9 E
1

, 1s t1at ue to .,orton _ 

(27) 

Hhere B and n are material para~eters (If this cquation is employed 

as él representation of primary creep then B is a function of time). 

Bailey gencralized Eq. 27 to account for temperature dependence 

b)' dcfining B as follo\IIS (se e Refs. 23-25 for discussion of this 

\1/0Ti<) 
(28) 

1) 

\ 

. ! 
'¡ 
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FIG. 1 REPRESENTATIVE STRESS-STRAIN CURVi: 
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0 C (Breaking Point), 

------------------!--~~ Strain 

FIG. 3 STRESS-STRAI:-\ REI.ATIONSHIP FOR 
A BHITTLE ;\i.ATERIAL 

---·------------·- ---~~------· ___ _.,... ___ -- --· --.... --··- -----·--

EFFECIIVE 
STRESS,Ci 

~---6------------------~EFFECTIVEPLASTIC 
e STRAIN 8 €§l' 

-
Fl G. 4 EFFECTIVE STRESS-EFFEC.ilVE PLASTIC S'"fRAIN CURVE 



o 

o 

o 

R. H. Gallagher 

F 1 G S: Y 1 E L D S U R F AC E A N O N O R ~¡ A L 1 T Y C R 1 TE R 1 O N 
2-D STRESS SPf\CE 

a • 
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'----------=!~~- TII1E 
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Fig. 7. Spring-Dashpot Models or Viscoelastic Behavioro 
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- (b) TI~m-VARYING STRESS 
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() (e) ACCUMULATION UF CREEP STRAIN IN SECONDARY CREÉP 

Fig. 9. Compar1aon ot Rules tor Accumulation ot Creep Strain 
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'- I~TROEll;CTION 

Thc purpos e o f thes e no tes i s t o dese r i be a I'go ri tluil s for 

i~elastic finite element analysis which are regarded by many 
r 

as "standard". These a'lgorithms are found in \\·idely-distributed 

co~p11ter programs and hav~ bcen tested over the past ten years 

1n ex~ensive practical application~. 

The topic of inelastic- ffnite element analysis has bccn the 

subject of a number of review papers in recent years, including 

Refs. 1-7. Applications in practice are dealt with these refer

ences and, except for a relatively few citations, are excluded 

Q from the presen t coverage. 

A convenient division of time- indepen·dent inelastic analysis 

-is into the tangent stiffness and initial stress algorithms. These 

are tre~ted separately in the next two sections. Then, two sections 

are devoted to the newer developments in the use of mathematical 

programming and complementary energy concepts. Finally, algorithms 

for viscoelastic and creep analysis are described. 

I:i. TANGENT STIFFNESS ALGORITHt-1 

The tangent stiffness algorithm represents direct utilization 

of incremental plasticity concepts. It is an approach which in

volves revision of the elastic element stiffness rnatrix to form an 

elastopl~stic element stiffness matrix [k ] that accounts for the ep 
inclastic material properties. To accomplish this transformation 

Q onc merely- supplants the clastic material stiffncss matrix by the 

clastopla~tic material stiffncss matrix [E ] in the familiar clcmcnt ep 
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stiffness for~ula 

The basic sche~c in the tangent stiffness algorithm is as 

follm~s: 

1) An elastic analysis is performed for an arbltrary lo~d 

intensity and this intensity is scaled to the leve1 at 

Khich the yield criterion is satisfied. 

2) An increment of loading is selected for the first pa5sage 

into the inelastic range. 

3) An estímate is rnade of the stress and strain incrcments 

caused by the lo,ad increment of (2), plastified elcJ,¡cnts 

are identified, and estimated elastoplastic (tangcnt) 

st~ffnesses [kep] are calculated for such elerncnts and 

incorporated in the sy~tcm stiffness rnatrix. (Thc compu-

tational procedure for this step is a~plified below.) 
( 

4) Th~ load incrernent of step (2) is applied to the reviscd 

system stiffness matrix of step (3) and stress and strain 

increments ({do} and {dt.} ) are calculated. 

S) Stresses and accumulated plastic strains are updated 

consistent wlth the results of prior step. 

6) Select anothcr increment of load and repeat steps 2-5. 

Continue process of load incrementation until the caxinum 

value of load is reached or until limited by colla?se or 

siwilar phcnomena. 
' 

The determination of a collapsc situation has becn intcrprctcJ, 

hy sorne authors(lO,ll), to occur when the change in cffective plastic 
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I n s é :· p ( 3 ) , t h e e s t i m a t e el ( o r e a l e u 1 a t e d ) s t r e s s e s a re 

(··.;1loyeJ in thc comrutation of a ncl'i eífcctivc- stress, á. Using 

. \. , a - p . 
IlC\,· ;-_ lS rcad from thc cffeetivP stress-effective plastic 

:-trai1~ cun·c, as obtaincd from a sir.1plc tcnsion test. Thc quan-

tity d(P is the inereasc in (P. (If the new ~ happens to he 

~.~aller than the old, corresponding to unloading, dEP will of 

co~rse be zero). The values 5 and d(P are substitutcd into Eq. 

l::J, Chap_ter S, toge.ther with the stress values· a
1

, a 2 , a
3

, and 

the material tangential stiffness matrix is formed and employed 

1n construction of [k ] via Eq. l. ep 

In the case of tl1e general nonlinear hardening situation it 

is in thcory neccssary to iterate within a given load incremcnt 

(steps 3 and 4) to establish a consistency of the tangcntial stiff-

ness of yicldcd elements. It is normally sufficient, however, to 

Kork with an estimated tangent stiffness for the interval. This 

ocars a relationship to the chosen size of load increment, about 

which cómments are given below. 

A majar aspect in the definition of load increments is the 

~anner in which new plastified elernents are introduced into the 

stiffness rnatrix. Sorne authors (lZ) present a careful procedure 

in which the load incrernent is adjusted to bring in plastified 

elements one at a time. Others, however, apply relatively large 

incremcnts and delineate an approxirnate way of accounting for the 

"transitional" elements, those which enter the plastic range during 

a load incrernent. In one proposcd approach, (l 3) if m is thc pro-

?Ortion of strain increment to cause yield during the incremcnt, 
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Ü .; ''·,;L'Íghted" strcss-strain rclation :for thc transi tion .-cgion can 

[ I] -
(1-n) (E] ~~) L~J 

H' + L~~~ [E] {~~} J [E] 

(2) 

E~. INITL\L S~ R_•\IN ALGORITHMS 

Thc basic concept o: "initial strain" procedures is to define 

a ., -:eference" e las ti s; material s ti f fnes_~, l'IÍ th assócia ted "re fe rence'' 
~ -::~ ----

ela3:ic strains, and -~~ tr~at the de~artures frorn iinearity as ini-

ti a: s t ra ins. ~:any forms of thi s approach ha ve be en propos ed, en

co·-.?assing various degrees .of approxirnation. (lO, ll, 14 - 16 ) The 

ap?Toach described here(lO) includes representation of incremental 

Q plas~icity theorr. 

o 

To establish the forrn of elernent equations for initial strain 

a~alysis, reference is made to Eq. 17, Chapter S, from which [Eep] = 

[E] - [Ep]. Substituting this expression into the familiar expces-

sion for an element stiffness rnatrix, we have* 

~:..-ep] = !Vol (B]T [E] (B] d(Vol) - /Vol (B]T [EP] [B] d(Vol) 

(3) 

Tne first tern on the right-hand-side is the linear el3stic stiff-

ness matrix [k]. The second term on the right-hand-side gives what 

may be termed the elernent plastic stiffness rnatrix 

*¡o] is the strain-displacernent transforrnation rnatrix, i.e. 

ÍEi = [B] {ld. 
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l1 ilíl 

vector of forces 

of [k ] by the elcmcnt displacemcnts givcs a 
p ' 

= [k l {6} 
r 

( 4) 

(S) 

In the initial strain approach an e~timated vulue o[ {ó} (or, 

synor.yr:.ously, of strains {E} since {e:} = [B] {ó} 1s employed to 

construct the vector {F } ) and this vector is tr~~ted as if it p 

l·:ere the set of initial forces arising from "initial" strains {:: } . 
p 

In describing the algorithm for the inelastic analysis of the 

complete structure, we first assume that the load level at which 

inelastic defor~ation i~ initiated has been identified and that an 

incre~ent of load has been selected for thé first excursion into 

·the plastic ra:nge. The computation then progresses as follol>S (see 

Figure 1) :· 

1) Apnly the first load increment and determine {6d}
1 

and 

~d} 1 elastically (primes denote elastic computations. 

2) A?d {6d}
1 

to the stresses existing at the start of in

terval ({a
0

}) to form {a'}
1

. 

3) Calculate a first estimate of the stress change due to 

clastoplastic behavior within the interval from {6a}
1 

= 

( cep] r 1\ '} L \UE: 
1

. 

4) The discrepancy ({óa"}
1

) betl\'een the clastic stress and 

the stress estima te of step (3), {t\a"J 1 = {t\a' J1 - {óa}
1

, 

can be regarded as being supported by "body forces". Com

pute the· ~lement initial forces {Fi}l due to this stress 

supported by body forces, 
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Forma global vector of !'uch forces, {Pi} 
1

• Also, 

define thc currcnt stress and strain 

{d = 
1 

( (i ) 

5) Calculate the·changes in di~p1acernent,. stress and ~train 

dueto {P 1
} 1 as {~u 1 = [K]- 1 {Pi}

1
. One then determines 

the stress and strain incre~ents 

UH::'lz = [B'] {óu} 1 

One repeats steps (2)-(5) untll the stress ¿hange computed in 

'st~p S is acceptably small. The load is then incremented agriin. 

Particular note should be taken of the re1ationship betwcen 

Ects. (3) and '(6). In accordance with a con~titutive law, {d} = [EJ {E} 

and by the rclationship bctween strain and displacemefit ({E} = 
(Il} {ó}) wc have {o} = [El [B] {ó}. Thus, a stiffness ·cquation m ay 

alternatively be written 

{F} = [k] {ó} = [ 1vol [B] T [E] (B] d(Vol)] {td 

= [ 1Vol [B)T {o} d(Vol) ] {ó} 

Thus, in Eq. (6), the stresses are app1ied directly to define joint 

forces and for this reason Zienkiewicz, et al [16] have tcrmcd this 

the "initial stress" approach. 

..... 

\ 
\ 

' ' 

1 

\ 
\ 

\ 
1 
1 
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\ayu~ and Zienkiewicz(l 7) havc rcfined this approach consid-

crably an¿ have intcrprcted it as a modificd ~cwton-Raphson method 

of no;1::.ine.1r analysis. Compa.-jsons \·,ithalternative schcmes are 

prese~te¿ ia [18]. Yamamoto(lg) has presented studies of the 

rate of convergence of thls method. 

IV. ;.:.-\Tilni.\TICAL PROGRJ\Mi\'IJNG 

inclastic analysis has, for sorne time, ~ec11 rccognizcd as a 

mathe~atic~l pr6gramming problem, i.e., the problem of_minimizing 

a function (the· objective function) subject to' constrain- conditions 

- which are expressed 'as inequalities. Livesley [20] ·describe~ the 

background of this approach as it applies to the plastic design of· 

beams ·anci ir ames. Rccentli, these ideas have drawn the attention of 

those intcrcsted in the application of inelastic analysis of continua 

via tr.e finit'e elemcnt method.CZl, 22 ) 

The cinimuQ principies of plasticity, which are generalizations 

of corres?onding principies in elasticity, deal with stress and 

strain-rat~s and define the quantities to be minimized. For per-

fectly plastic Qaterials inequality constraints derive from the con-
é)f • 
- a . . < O, for f ;:: a constant, \oJh.ere f is the yield aa.. lJ -lJ 

dition 

criterion and a .. is thc stress-rate. Equality constraints may be lJ 
present in thc u~ual manncr of constraints in elastic analysis. The 

total ?roblec is therefore one of rninimizing a quadratic function 

of a system of unknowns, subject to linear constraint conditions. 

This is termed a quadratic progra~ming problem. 

D. Donato and Naicr [23] have exploitcd the quadratic prograrn-
-

rning a?proach in finite element plastic analysis. Sayegh and 

R\loen.stcin [24) also. prescnted a development in thc context of the 
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finite clcmcnt. One ac.lvantagc of this approach woulc.l appcar to be 

the applicability of,gcncral algorithms for quadratic programming 

to the inclastic pro!11cln. 

\'. CQ.\iPLDiENTARY PROCEDURI:S 

C o ;;¡ r 1 e m e n t a r y p ro e e t1 u re s i n f i n i t e e 1 e m e n t a n a 1 y <, i s , 1 • e . , 

r~·ocedur"s that are foundcd in assume,d stress fields \.,lúch satisfy 

the condi~ions of equilibrium have not made significant inroads 

into.the practice of elastic finite element analysis. ~everthelcss, 

these procedures hold-_certain -promise -:for .. inelastic fini_te element 

analysis and for this reason they have recently drawn considerable 

interest. 

A co~ple~entary energy formulation in which stress functions 

are chosen as primary (joint) unknowns has special advantage be-

cause of tne correspondence of the assumed f~nctions and resulting 
' ' 

equation coefficients with particular aspects of disp}acement-based 

formulations. Rybicki and Schmit (25] are apparently the first to 

have ·ap;>lied these ideas to· elastoplastic analysis. They deal wi th 

orthotropic plane stress. and employ the Prandtl-Reuss incremer.tal 

stress-strain relations in an "initial strain" format. 

The element represented in Rybicki and Schmit's development is 

a rectangie with a 36 degrees-of-freedom representation of the Airy 

stress function (fifth order Herrnitian polynomial intcrpolation). 

Clearly, the strain field in-any such element can vary from elastic 

to plastic in a complex rnanner and must be treated via numerical 

- intcgration of the element initial forces. The use of an element 

with this numer of degees-of-freedom enablcs direct treatment of all 

boundary conditions but is likely to be more sophisticatcd than is 

.rcq~ired by overall structural idcalization requirements. 
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A sL·:)lcr rcprcsentation, dcf1ncd also for planc stress and 

:~ tcrms o~ thc·Airy strc~s function, ~as bcen prcscntcd by thc 

,,f1tcr and Jhalla {261. This formulation of thc rectangular 

(:'jc;:;ent, \vith 16 dcgrccs-of-frcedom, requ-ires careful attention 

in the treatment of stress (force) boundary conditions. 

An alternativc complementary approach, based upon dircct 

representation of stress parameters, has been explored by Belytschko 

et al; (27-29] in a series of papers pertaining to both plane stress 

and f1exure. The ad~antage .of_- e_l~I!!en_~- ~a-~~~c~;,th_a~-=ª'-r:~ ~~e]1tic_al..:: 
~ • , ;¡. 

to those in conventional stiffness analysis are lost in this scheme, 

but the matrices required are nevertheless simple in form. 

VI. VISCOELASTIC ANALYSIS 

The linear form of·time-dependent material behavior, which is 

conventionally terrned viscoelasticity, has been studied analytically 

for more than a century and the dev~lopment of related analysis 

tools has progressed continuously to the present high level of 

capability. ~onlinear time-dependent material behavior, or non-

linear creep, has on the other hand been identified in analytical 

form only since 1910 and progress towards general analysis capa-

bilities is rneasured from the late 1950's. 

The time-dependent behavior of rnetals is characterized by 

nonlinear creep. This does not_entirely discount an interest in 

finite element-based solutions of viscoelastic deforrnation, since 

?TOcedures forrnulated for viscoelasticity ,forrn~a basis for creep 

analysis procedures. Certain other viscoelastic analysis procedures 

Q may prove useful for future creep analysis developments. 

Published finite element viscoelastic analysis procedures are 

(' 
1 -
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Q i;, cach case _ca:-;t in thc form of thc sti ffness élpproach but a 

\·ariety of distinct trea'tments are rcprc::sentccl. Thc trcatmc'nt:, 

¿ i s e u s s e d he re a ,. e ( 1 ) t lu• t i m e i n e r e m e n t - i n i t i a 1 s t r ¡¡j n í.l e t h o el , 

; 2) the e o rrcs po:1elenc e p~i ncipl e, ancl ( 3) thc integral élpproach. 

The time i1tcTemcnt7initial strain method is applicable to 

all classes of fi~ite element analyses for time-dependcnt mater-

ial response an~.-: i.s also the basis for most of the practical non-

linear creep analysis. Thus, it i~ given close attention in the 

:ollowing. This ;¡roc~?_-~re 1ms firs t introduced for the nonl inear 

creep problem (lS) and was subsequently employed by Zienkiewicz 

et al.C 30) for v~scoelasticity. 

In this procedure the time-history of loading (and temperature, 

if this also vnri~~ wlth ti~e) is represented by a series of con

O sta~t load in te y·--:: :-..s, as portrayed in Fig., 2. The viscoelastic 

o 

¿eformation accu~_:ated at the closc of a given interval is tre&ted 

as an ini tial st7::-.:cn in a determination of the stress prevaili-ng 

in tne subsequent interval. 

The complete algorithm, from time zero (t
0
), is of the form: 

(a) Calculate the elastic stress distribution {a}
0 

at t
0

, 

~ased on {P}
0 

= [X] {~}, and any initial strain due to temperature, 

if present. 

(b) Refer to the constitutive relationships and calculate 

the change in time-dependent strain {~Ec}i in the first interval 

~t 1 assuming {a}
0 

to be constant within this interval. 

(e) Solve the elastic problem at the close of the first 

interval, at t
1 

= :
0 

+ ~t 1 , using {6Ec} 1 to forman initial force 

vector (and for tcmperature T1 , if prcsent) 

\ 
\ 
' 



o 
r:. H. Gallagher 

C:.lcula1 e thc clastic strcssc:-, {o}. from this solution. 
l 

-
(d) CéJlculnte the incrcmcnt in time-dcpcndcnt strain 

·:üc:cL¿ [en tl1c ~econ:J tlitlC intcrval l.t
2 

by rcferencc to thc 

cons b tu ti ve rel a t ionships and add to the al ready- sus t aincd 

~ime-dependent strain. 

(7) 

(e) Employ step (e) for the el ose of the sccond interval, 

using the total timc-dependent strain to calculate {~ 1 } 2 . 

(f) Repeat steps (d) and (e) for succeeding intervals. 

It is irnportant to note the significance of the selection 

of the time interval with respect to solution accuracy, even 

for a viscoelastic analysis. The above proc~dure implies that 

Q stress does not- change during the selected interval. One may 

o 

approximate the change in stress, ho~ever, and forman average 

stress for the interval in order to @inirnize the error. Ques-

tions of interval selection will again be taken up in the next 

Section. 

The viscoelastic constitutive relationship represented by 

Eq. of Chapter 5 is the basis for steps (b) and (d) in Ref. 30. 

The problem of a prisrn and a reinforced concrete- cylinder, for 

~hich exact solutions are available, and the more practical cases 

of a solid propellant rocket engine and a tunnel lining, for which 

no comparison solutions are available, are solved in Ref. 30. 

Thc correspondence principie of viscoelasticity has been em

ployed by Webber(3 3)and by Booker and Small ( 39 ) in finite element 

analysis. In accordance with this principie, a Laplace transform 

is taken of thc elastic solution and the elastic constants; these 
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co~.binations u.rc dcpcnclcnt upon thc chosen forfil of thc visco-

e i .:;. .s ti e e o :1 s:: i t u t i ve la w . Th e La p l <1 e e in verse o f t he res ul tl n g 

"Intc~Yéi1 proecclurcs" ln finitc elcment viseoc1a~tic analysis 

O?~ratc u~on ¡he integral form of thc constitutivc rclatlonships. 

Ti.:- latter <>re in thc cla~s of r~q. (24) of thc notes on Constitutivc 

i.:.J.tions fo;· ?lastlcity and Crcep. Rashid( 3l), Taylor, Pistcr 

. G .1 (32) . h (tlO) (42) 
.1 :·. J 'o o urea :..1 , f len r 1 e s o n , a n d U e da , e t a 1 , a m o n ~ o t he r s , 

~a~c takc~ this approacl1. The various dcvclopmcnts diffcr ?Ti:l-

ci?ally in thc manner of approximation of the hcrcditary integrals. 

VI;. CREEP AXALYSIS 

Finite elcment crcep analysis has, to date, depended prlh-

ci?ally U?On use of the incrcmcntal-initial strain mcthod. Ex

ee?tions have ineluded the works of Cyr, Teetcr and Stocks( 44 ) 

an1 Sharifi and Yates(S) who cast thc creep laws into such a form 

as to be useful for tangent stiffness analysis. 

The work in incremental-initial strain crcep analysis is sum-

~a~ized in Table 1 and is discussed in the following. Its earl1est 

ap?lication in finite element creep analysis appcars to have bcen 

that of the ~riter, Padlog, and Bijlaard(lS). Chronologically, 

the next significant contribution to finite element crccp Dnalysis 

made by L~nsing, Jcnsen, and Falby( 4 S). Thi~ work, bascci upon 

the matrix force method and the representation of a stiffencd sl1ect 

1~ ~lane stress subjectcd to time-varying loads and temperaturcs 

by ¡;¡e a n s o f a x i a 1 f o r e e m e m be r s a n d s h e a r pan e 1 s , i s no t e\.; LH t h y f o r 

its contrihution of thc most significant test data yct rcpor~cd. 

(.\n cxtcnsivc dcvclopmcnt of complcx-structurc crccp test dat~ has 
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l'l~cently bec;¡ conpletcd .1nd IS rcportcd in Rcf. 38). 

The cxt.c;;s1on of ti1¡; subject procedurcs to axisyfilmetric 

sol i tb, togc t.- e r 111 i th u:. e !""ul in forma tl on rega rd i ng convcrgcncc 

oC thc solutio1. proccss 111 tlme, .is givcn by Grccnbau;n and 

(46) . . (t'r?) nubcnstctn and by Sutnerland . Both papers cnploy the 

s1m¡1lest for~ of axisymmetric salid clcment, thc triangle with 

linear displacemcnt ficlcls (joints only at thc vcrtices). 

H.cfcrcnces 46 and 47 idcntify tl-.o limitations on thc time-

stcp length in finite elemen~ creep anaJysis and establish tol-

eranccs for each of thesc within the confines of the problem 

th~y study. The first limitation pcrtains to change of stress 

within the time intcrval. First-order creep analysis features 
. 

the assurnption of constant stress within the time interval. To 

kcep the error due to this source within acceptable bounds, it 

would appear a?propriate to limit the change in stress to 5%. 

Sutherland( 4
?) ernploys both 5% and 10% as the upper limits in thc 

creep analysis of a flow duct using the creep law ~ = B 6 · 35 . e o 

The differences in the results did not preve significant. 

The second limitation applies to the change in creep strain 

in a given incrernent in time. It has been"found(4S) that if the 

change in creep strain equals the elastic strain, the solutions 

for succecdin6 intervals oscillate and divcrgc. Thus thc change 

in crecp strain is lirnited to sorne fraction of thc elastic 

strain( 46 • 47 ) Altcrnatively, upon attainmcnt of constancy of 

' thc stress field with time, extrapolation may be attempted to esti-. 

mate the displacements for a subscquent time. 
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.\ !-;cy as¡1·,·ct of any crcep an<1lysi s program is thc nu"i:OI.l:lt te 

, e 1 e e t i o n o f ~ 1 ;-:e i n e re:-" e 11 t o.; , sub j e e t t o t he abo ve e r i te: r 1 n . 

t'·;t i::.:1tc of t:1c ti_mc intn·vaJ. This is doublcd 1n thc ncxt tn-

cro.?o:.ent if thc ,1bo\'C critcria are met or halvcd (and thc incre

PtC'n-:: rercatcci) 1f they are not. Cormeau( 49 ) has recent]y pllb-

lis·_~d :-:.more ;1::;orou:; r~·:.-v:::lopment of this top]c. 

VII~. co:--;CLUJ.JJ:\G lC:·IAR:~s 

Proccdures that-have bcen discussed in these notes have bcen 

inc.)r¡)Qrated in 1aany wiciely-distributed fini te clemcnt analysis 

pro~~ams. Nearly all of these programs employ the more straight

fon .. :nd of the foregoing methods, e.g., tangent stiffncss in tir,¡e-

Q indc)cndcnt plasticity analysis, the incremental-initial strain 

procedure in creep analysis. Since these programs are uscd through

out internatio~al industry there have been litcrally hundreds of 

practica! applications and very many of these have been descrihed 

o 

in the literature. It Kould be beyond the scope of these notes to 

attempt a review of these papers. 

It is possible to obtain a clear picture of the inelastic 

procedurcs employed 1n the widely-distributed programs by refcr

ence to eithcr the program user's manuals or the open literature. 

The procedures of the MARC and ANSYS programs are to be found in 

the rclevant user's manuals. ASKA capabilities in this respect are 

dctáiled by Balmer, et al in Ref. SO. Other programs are discussed 

in Refs. Sl-53. 
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1 . I~TlWDULl'ION 

Shell structures have come to fruition in the twcnticth 
ccntury. The thin-shell roof emerged as a practical means 
for spanning large Jistances in thc 1920's. This emcrgcncc 
was due to a multiplicity of factors - the ability to form 

and rcinforce shallow depths of concrete, architectural imagi· 
nation, and the development of analytical tools to insure the 

structural integrity of the completed design. Availability 

of high-strength sheet metal, at about the same time, had 
similar impact on structural form in aerospace and mechanical 

engineering design. 

Analytical tools for thin shell structures were first 
developed much earlier, over a century ago. Lamé and 

Clapeyron (Ref. 1) established the fundamental theory fo• 

shell membrane action in 1826. H. Aran (Ref. 2) considered 
bending behavior in 1874, but the first general theory was 
not advanced until 1888, by A.E.H. Lave (Ref. 3). Subsequent 

Q theoretical efforts have been directed towards improvements 
of Love's formulation and the solution of the associated dif

ferential equations. Such solutions were not easily obtaincd 

in the early era of shell analysis. Indeed, one of the 
earliest solution procedures of practica! applicability, 

developed by Carl Ziess in Jena, Germany in 1924, was pat
ented. This was an important factor in the aforementioned 

emergence at that time of thin-shell concrete roof structures. 

Analytical formulations have followed rapidly in the interim, 

and papers dealing with shell analysis number in the thou
sands. Coordinated treatments of progress accomplished in 
thin shell theory can be found in the texts by Flügge (Ref. 4) 

and Kraus (Ref. S), among others. 
Available analytical solutions to thin-shell structural 

problcms are nevertheless limited in scopc and in general do 

not apply to arbitrary shapes, load conditions, irregular 
stiffening and support conditions, cutouts, and many other 

aspects of practica! design. The finite element method has 

consequently come to the fore as an approach to thin shell 



structur.ll analysis because of its facility to dcal with thcse 

complications. Like shell structures themsclves, the finite 
elcmcnt mcthod has come to fruition in the twentieth century 

and it promises to be thc most powcrful and widely used 

approach to the design analysis of such structures. 

One of the first surveys of finite element representa

tions for thin-shell analysis was publishcd in 1969 (Ref. 6j. 

A significant number of other surveys, including Refs. 7-9, 

have since appeared. These demonstrate that a large number 
of formulations have preferrcd to follow the well-established 

path of mínimum potential energy (displacement-based relation

ships) and that extreme difficulty is encountered in attcmpt
ing to satisfy the desired conditions, e.g., interelement 

displacement continuity, zero strain under rigid body motion. 

In eonsequenee, the problem of finite element thin-shell 
analysis has been a rnotivating factor in the development of 

alternative formulative proeedures, sueh as mixed and hybrid 

Q methods. 

o 

There are three distinet approaehes to the finite element 

representation of thin shell struetures: (a) in "faceted" 

fo rm, wi th fl a t eleJl!.ents, (b) vi a elemen ts formula ted on the 
-- Jlh 

basis of curved shell theory, and (e) by means of three-

dimensional (salid) elements. In the following two seetions 
we deal with the pros and eons of flat-plate representations 

and salid elements. Developments in the literature are 

lirgely eoneerned with elements formulated on the basis of 
eurved-shell theory. In later seetions, therefore, we examine 
sorne of the underlying faetors óf eurv~d shell elements. We 

then amplify these factors for displaeement-based fornulations, 

generalized potential energy, and alternative (mixed and 
hybrid) proeedures. 

2. FLAT PLATE ELEMENTS 

It is first neecssary to elarify the type of rcprcscnta
tion found in this class. See Fig. le, whieh portrays a 
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trL1ngular clcmcnt. This elcmcnt is formcd of thc supcr¡¡osi..

tion of stretching bchavior (Pig. la) and bcnding behavior 

(F1g. lh). J\ny discussion of thc suitability of flat platc 
clcmcnts in thi.n-shcll analysis must first considcr thc mattcr 

of available elcmcnt formulations in the component rncmbranc 

and bcnding bchaviors, Figs. la and lb, respectivcly. 
It sufficcs to say that acceptablc triangular mcmbranc 

(plane stress) element formulations are available for a 
various degrees of higher-order elements, with the use of nade 

point degrees-of-freedom in terms of cither the displacement 

function itself (C0 representations) or in terms of the func

tion and various orders of its derivatives (C1 representa

tions). For bending~ however, simple formulations of accept

able accuracy are not possible for the triangle. One may 

employ an elegant, highly accurate, but computationally expen

sive formulation such as that which is based on a complete 

quintic polynomial (21-term polynomial)(lO), ora simpler 

formulation based on a complete cubic polynomial with con
straints imposed to enforce interelement continuity(ll). 

Alternatively, one may attempt the use of special variational 

principies which lead to mixed and hybrid element formula
tions(lZ,l3). These and other ideas in flat plate bending 

formulations are developed in sorne detail in Ref. 14. 

Givcn acccptable clement force-displacement rclationships, 

a numbcr of difficulties and shortcomings are prcscnt in thc 
application of the clcments in analysis of the complete shcll. 

Thcsc inc lude: (a) the cxclus ion of the coupl ing o f s t retch-. 
ing and bcnding within the elemcnts, (b) the difficulty of 

treating junctions whcre all elements are co-planar, and 

(e) thc presence of "discontin.uity" bending moments, which do 

not appear in the ccntinuously-curved actual structure, at 

the ele~ent juncture lines. 

Straight finite elenents represent the behavior of 

curved structures in the lirnit and errors duc to the cxclusion 

o f bend ing- stretchi_ng coupl ing in the el ements can be lilade 

small by use of a refined finite element network. 
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Whl'll clC'JoJcntc; ;¡r·c co-pi:Jn:Jr :1 null st1ffnc:;s corrcs¡)orHI-
. . 
111g to rotation ~bout thc axis normal to thc planc will indccd 

be prcscnt. Onc may define coordin;¡tc nxcs in thc planc 
(which is gcncrally at <Jn anglc with thc globai axcs) ano 

eliminatc this rotational degree-of-freedom. This ~ay be 
awkward in practica! application since many diffcrent such 

planes may appear in thc structure. Conversely, for small 

angles between the elements, dependence may be placed on this 

angle to ffiaintain solution stability. The stiffness equa

tions approach singularity as the elements approach co-plan

arity, but numcrical evidence discloses that this anglc can be 

quite small, given the number of significant figures carried 

by modern digital computers. 

In order to illustrate the prcsence along element junc
ture lines of calculated bending moments which do not appcár 

in continuously-curved actual structures one can consider the 

special case of flat elements, that of the axisymmetric trun-

cated cone element, as was done in Ref. 15. Consider such 

elements employed in the idealization of a pressurized hemi

sphere. There are no bending moments in the actual structure, 

only membrane stresses a• = a 8 = pr/2t, where p = pressure, 

r = radius, t = thickness. When the stiffness equations are 

used to salve for the joint forces and moments. however, it 
is found that meridional bending moments are determined. 

The source of this inconsistency can be visualized by 

consideratioa of the finite element solution for a structure 
that actually consists of truncated eones. In this case the 
finite element geometric model is exact. Also, meridional 

bending moments are indeed present at the juncture lines. In 

other words, the truncat:ed cone idealization is quite appro
priatc for thc gcometric form it represents exactly. If the 
Si..lmc idc:al izi..ltion is upplicu in upproxim:Ition of a mcriuion
ally-curvcu shcll thc juncturc linc momcnts constitute thc 

error duc to this approximation. To remove the error one can 
( ~, 

~ employ curvcd, rather than flat elements. 
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The above difficulty can be circumvented if the solvcd
for displaccments are substitutcd jnto stress-displacemcnt 

equations written for the curved shells. Furthermore, this 
J.irricultyis .associatetl with rcgions of thc structurc \vhcrc 

membrane stress predominatcs. Thc question discussed here 
might not be irnportant where bending is the predominant mode 
of actual bchavior. 

It can be seen, therefore, that although there are pit

falls in the application of flat plate elements in the 
analysis of curved shell structures the difficulties can be 

surmountcd through various artífices and additional computa

tional expense. The problem that remains is to determine if 

thc_ solution accuracy is properly balanced by the comput~-. ' ) 

tional c~st, given t~at alternative approaches (as discussed 

in subsequent se~tions) are available. 

3. SOLID ELEMENTS 

Figure 2 shows a s.olid (th:ree-dimens.ional) element hascd 

on quadratic displac~~ent fields. Because of the isopara-
, ' 

m¿tric rnode of geometric description, also with quadratic 
. . ' 

functions~ this element,can be used in ~escription of thin 
- 1 ' ' 

shell structures. , i'h'is_ idea_ has strong appea 1 sin ce i t seem-
ingiy permits one to ~is'pense with the as_sumptions of special 

theories, such as .shell theory, and 1;-he controversies which 
surround them. Certain assumptions must be invoked, however, 
if curved thin-shell solutions are to be achieved by this 

mode o~ representation (Ref. 46). 
The basic assumptions to be made when the 20-node brick 

1 

element in Fig. 2 is employed in curved thin-shell nnalysis 

are that no strain occurs across the element thickness and 

that the direct (t- and n~ direction) strains vary linearly 
in tha-t direction. This ennbles elimination of the node 

points in the middle surface and results, in the equality of 

normai displacements (w) of. corresponding points on the upper 
; O and 10\~er surfaces of the element. Als·o, the t- and n-di re e

tion displacements, u and v, of nodal points on the top 

surface can be expressed in terms of the u and v displacements 
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of thc corresponding nod2 on thc bottom surface and of thc 
rotations a~ and Bn of the line between thcse t~o nades. Th \IS' 

thc clemcnt nGdc point displacements are u, v, w, e'" and 8 ..., n élt 

C3ch of eight bottom-surface locations (four vertic.cs, four 
midsidc locations). Note that transverse shear deformation is 

permitted, because the angular displacements are not tied to 
the slope of the middle surface. 

Numerical evidence has shown that the abov~ ~s~urnptions 

are not always sufficient to recapturc the behavior of curved 
thin shcll structurcs. This inadcquacy can be explained by 

thc case of a planar rectangular clcmcnt intPnded to rcprcscnt 

beam flexure (Fig. 3a). The element is formulated on the 

basis of linear displacements which give the displacement 

pattern of Fig. 3b for the pure bending state. The displace

ments for pure bending, however, are as shown in Fig. 3c where 
the upper and lower surfaces are curved, not straight. Th]s 

discrepancy can also be explained as resulting from an over-

emphasis of the shear strain energy. 

Various schemes have been proposed to account for the 

above difficulty. Ref. 16, using the three-dimensiona1 gen

eralization of the elernent shown in Fig. 3a (i.e., a "tri
linear'', eight-noded brick element with straight sides), adds 

displacement rnodes ("bubble rnodes") to describe the curvatures 

r~ferred to in Fig. 3c. Difficulties have been encountered 
wi th non-rectangular forms of this element, however, in con-

sequcnce' of interelernent displacernent discontinuities that 

are introduced. 
The most popular and rnost effective scherne (Ref. 17) 

involves the use of lower-order numerical integration cf the 

strain energy of the element of Fig. 2. The complications of 
geometric representation and of the quadratic displaccment 
fields requires the evaluation of the strain energy, for the 

purpose of constructing the elernent stiffness coefficients, 
through use of numerical integration. Accurate evaluation oS 

U the strain energy would suggest a 3x3x3 system of integration 
points. Choice cf a '2x2x2 system, hm11ever, more prope•ly 
represents the shear strain er.ergy. 

E.7 
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Thc ;¡iH>VC formulat1on il(ls provcd highly cffcctivc 1n 
practical applications. The 20-node brick eJcment can be 

found in most of thc widciy-distributcd finitc clcmcnt pro

grarns. If onc is ablc to spccify thc constraints citcd prc

viously and a reduced arder of numcrical intcgratjon af thc 

stiffncss cacfficicnts, then a curvcd-thin-shcll analysis is 

at hand withaut thc cornplicatians of classical shell theory. 

The elemcnt of Fig. 2 possesses a disadvantage in-camman 

with flat plate and curved thin she]l elements~ that af nade 

paints at the vertices. [t may be difficult to attach such 

clements to their neighbors at lines af abrupt curvature 

change, e.g., at the juncture af a sphere and cylinder. A 

development which is intended ta surmount this prablem has 

becn prescnted by Irans (Ref. 18) wha excludes nade paint 

angular displacement continuity at the vertices, but rather 

enforccs it at points along the ~ides. He terms the latter 
"Loo f" nades. 

4. CURVED THIN SHELL ELEMENTS - SHELL THEORY 

In tnis and the fallowing two sections we turn to comments 

that are intended ta place in perspective the develapments 

which appear in later section3 dealing with specific curved 
element formulations. These comments have been categarized 

under thc headings af "shell theory", "geometric represcnta
tion" and ffdisplacemcnt ficlds". 

A substantive rcview o~ shell theory with particular ref
erence to finitc element fGrmulatians has been given by 
Morris (l 9). Other cantribu1tions ha ve been made by Cant in 

(Ref. 20) and Da\-le (Ref. 2~~). In discussing shell theories 

it is useful to distinguish between "shallow" and "nonshallaw" 

formulatians. We comment first on nonshallow shell theories 

since they are more generally applicable. 

The usual approach in nanshallow shell theory is ta des

cribe bchavior with rcfere1ce ta curvilinear caordinatcs (a 1 , 

a 2) in the middle surface of the shell (Fig. 4). One may then 

describe the in-surface stress and deformational behavior in 



o terms or "membrane" stress resultants (N 11 , N22 , l''\z), and 
di~ect strains (e 11 , E 22 , E12 ). Moment parameters (M11 , M22 , 

M12 ) and curvatures (K 11 , K22 , K12 ) are defined with respect 

to the radial behavior in curvilinear coordinates. 

The basic complexity of the shell analysis problcm led 
early thcorists to establish strain-displacement relationships 

with diffcrent types of approxirnations, and to date no one of 

these formulations has received exclusive -accept-ance. - The 

significant diffcrcnces between the respective shell theories, 

for linear conditions, arise in conjunction with thc strain

displaccmcnt cxpression for thc twisting cur~aturc K 12 . A 
thorough cxamination by Koiter(ZZ) of available theorics dis-

closcs th~t certain forrnulations do not properly account for 

the condition of zero strain under rigid-body rnotion in the 

representation of this term. 

It is essential that the strain-displacement equations 

for finite element shell analysis meet all conditions relatcd 
e=) to rigid-body motion. This is a requirement apart from the 

rcquirernent associatcd with rigid-body motion cxisting in thc 

choice of displacement fields, and errors in the satisfaction 

of one will reinforce .errors in the other. Hence, theories 

that satisfy these requirements should be choseP. Popular 

choices for shells of general curvature have been those due 
to Koiter(Z~) or Budiansky and Sanders( 23l. The designation 

"consistent" she.ll theory has been applied to them because 

they are consistent \'lith respect to the basic Love-Kirchoff 

hypothcses (i.e., normals remain normal, neglect of trans

versa shear deformation, etc.). Koiter shows, however, that 

the 11 inconsistency" of certain other formulations is manifest 

in terms of order t/R (t = shell thickne~s, R = radius of 

curvature) which have no significance on numerical results. 

A lucid dcvelcpment and summary of these and oth~r aspccts of 

thin-shcll thcory is found in thc tcxt by Krnus (Rcf. 5). 
Q Anothcr c;Jution rcgardlng uccp-shc11 finitc clcmcnt rcp-

rcscntnt.ions conccrns thc dcfinition of angular displaccmcnts. 
For curvcu shclls thc angula,r displaccmcnt 1s thc (irst 
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dcrivativc of the radial displacernent plus a term equal to a 
displacernent cornponent- divided by the appropriate radius of 
curvaturc of the shell. Thus, whcn adjacent elements with 
Jiffcrcnt radii of curvaturc nrc joincd, onc must be carcful 
to evaluatc propcrly the angular. displaccrnents. Scrious 

errors rnay be introduced in such cases when the angular dis
placerncnt is cvaluatcd sirnply as the first derivativo of 

radial displaccrncnt and continuity of angular displacernent is 
irnposed on t~is rneasure. 

The sit~ation in shallow-shell analysis parallels that 
of deep-shell theory. Alternative formulations of the strain
displacement equations have appeared and these differ in the 

expression for twisting curvature. Again, certain theories 

are not free cf strain under rigid-body motion, but this does 

not appear to be of as much significance as in deep-shell 

theory if the elernent is indeed shallow. 
Although it is appealing to expect that shallow-shell 

() theory is entirely satisfactory because the individual finite 

elernent of a deep shell is also shallow, it is possible that 

thc global soluti6n _will be that of a shall0\'1 shell. This 

o 

circumstance_depends upon the particular forrn of shallow 

shell theory employed. Lindberg, et al. (Refs. 72 and 41) 

discuss this po1nt in sorne detail. 

S. CURVED THIN:SHELL ELEMENTS - GEOMETRIC REPRESENTATION 

The Pt:oblem of geometric represe_ntation in finite element 
shell analysis is one of its rnost important aspects and yet 

has drawn very little attention to date. Many shell element 
forrnulati6ns pertain tq specific geometric configurations 
(e.g., cylindrical shell elements) where no considerations 

arisc with respect to definition of geornetric parameters or 
thc transforrnations needed to connect elements with diffcring 
curvaturcs. In the general case, however, the problern ariscs 

of defining not only the,x, y and z coordinates at the element 
nades, but also the physical slopes and curvature parameters. 



o A mathcmatical basis for thc rcprcscntation of curvcd 

surfaces has becn realized 1n the work of Coons (Ref. 25), 

f.cr~uson (Rcf. 26), Bczicr (Ref. 27), and others. Thcse tcch
niqucs are variants on thc mcthod whercin a surface in three 

dimcnsions is cross-hatched with spline curves and the regions 

bctween thc curves are generated by "surface patches 11 which 

have continuity propcrties in two dimensions analogous to 

those cxhibited by splines with respect to one dimension. The 

principal advantage of this spline-like approach is that one 

can achieve a specified degree of continuity in the represen

tation. 

The surface patch technique, which was developed initially 

with computer graphics in mind, has been applied to finite 

element thin-shell analysis in Ref. 28 and elsewhere. Others 

(e.g., Refs. 29 and 30) have used the isoparametric approach 

to curved elements in describing thin-shell geometry. 

Problems related to geometric representation are reduced 

() when the element formulation is based on shallow-shell theory. 

o 

This eliminates difficulty in the establishment of curvilinear 

coordinate transformations. 

It should be kept in mind that the approximation of 

geometry may produce solution errors which are far more seri

ous than the errors due to the choice of displacement fields. 

Note has also been taken of this source of error in our dis

cussion of the use of flat plate elements. A subtle conse

quence of this approxirnation arises in the elastic instability 

analysis of thin shells since the critical loads to cause 

instability are, under certain conditions, sensitive to imper

fections in structural geornetry. 

6. CURVI:D SHELL ELEMENTS - DISPLACEMENT FIELDS 

In treating the tapie of displaccmcnt fields for elernent 

formulations we perhaps imply that the minimum potential 
energy-assumed displacemcnt approach is the only viable means 

for the establishment of element relationships. This, of 

course, 1s not the case and approacnes based on assumed stress 



o paro.mctcrs and on a mixture of stress and displaccr.tcnt ficlds 

l1a~e already shown promise and will surely play an incrcasing 

role in the future. We will discuss such alternatives l~ 

Sections 8 and 9. Ncvertheless, current theory and practice 

is mainly tied to assumed displacement formulations and most 

developmcnts)in this paper take that approach. We therefore 
give sorne introductory views on the choice of curved shell 
element displacement fields. ---- -

Three problems which may preve to be of conccrn in the 

definition of displacement functions for curved thin-shell 
elements are: (a) the retention of the required degree of 

interelement displacement continuity, (b) the representation 

of constant states of strain, and (e) the assurance of the 

presence of zero-strain-energy modes of rigid-body displace

ment. Each of these is meaningful for dis~lacement fields 

expressed in terms of curvilinear coordinates. When local 

rectangular coordinate axes are employed only items (a) and 

(~ (b) exist as problems. 

() 

We can illustrate, in a simple way, the source of the 

above difficulties by referring to the circular are element of 

Fig. S. Displacements in the curvilinear coordinate direc

tions are designated by u' (circumferential) and w' (radial), 

rcspcctivcly. The rectangular axes are designated as x 

(horizontal) and z (vertical), wjth corresponding displace
ments u and v. When a z-direction rigid-body-motion is imposed 

on the element the displacement at point 1 is fully described 
by u{. At point 2, however, the displacement is described by 
a cornbination of uz and w;. This combination involves trigo
nometric functions of the are angle of the element (8). Dis
placement functions defined in this manner for the more diffi

cult case of shells, especially doubly-curved shells, are 
rather more complcx. Consequently, there is a prefcr~ncc 

arnong many individuals for conventional polynomial fields 
which rnerely approxirnate the "rigid-body-rnotion condition". 

It can be shown( 3l) that satisfaction of the condition is 

approached in the lirnit by higher-order polynomials( 3Z). 
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An i.ntcrcsting approach to the satisfaction of the conui

tidn of zero strain under ~igid-body motion has bccn devcloped 
l>y Can t in (Re f. 3 3) and cmploycd by ronde r and C 1 ough (Re f. 
34). Tl1is appro~ch ~ccognizcs that it may be most cxpcdicnt 

to define, i~itiall~, displaccmen~ fiel~s which do not meet 
thc rigid-body-mo~ion condi~ion. Then, by use of transforrna
tion rclationships, thc chosen displacement fields are modi

fied so that they satisfy this condition. Care must be exer

ci5ed so that singular or ill-conditioned transf6rmations are 
recognized. 

The inclusion o: all constant states of strain is also a 

requirement whose satisfac~ion is rclated to the presence of 
trigonometric functions in the displacement fields, where now 

their presence may havc adverse effect. We can see this by 

recollecting that certain components of the strains derive 
from differentiation of displacement. When the latter contain 

trigonometric functions the differentiation produces other 

trigonometric functions, rather than constants. Undifferen
iiated displacements in the strain-displacement equations give 
rise to the same condition. Ashwell and Sabir, in ,Refs. 35-37. 

show how this problem can be surmounted by integrating the . ' . 
strain-displacement equations to produce a field which satis
fíes the rigid-body-motion condition. Satisfaction of the 
rigid-body-motion condition might not be achieved in sorne of 
the more difficult situations, however. 

The conditio~ of interelement displatement continuity is 
1 

not easily satisfied. The problems which' are present in the 
representation of·flai plate flexure, i.e., the provision of 

c1 continuity when the. conv~ntional Kirchoff theory is em

ployed, are even more serious in shell formulations. This is 
due to the additional terms in the strain-displacement equa

tions. 
One ongoing debate in curved thin-shell element formulations 

concern~ the relative order of polynomial~ used to describe 

the in-surface and radial displacements, respectively. Sorne 

autnors (e.g., Cowper, Lindberg, and Olsoh, Ref. 41) ar_gue that 
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une shoulJ adhcrc ta thc notion th;Jt c::1ch fic1d should he of 

onc arder lcss th::1n thc highcst dcrivative in which it appcars 
in thc strain cncrgy cxprcssion, this bcing thc "classicai" 

con~itian an picccwisc approxirnnting functions in thc finitc 

~lcmcnt mcthod. It then transpires that in-surface displacc
ments are to be of lowcr ordcr than radial displacemcnts in 
the subject develapment. 

DaweC 38), through study of arch elements, has concluded 
that expansions of the same order are desirable and that this 

order should be no less than quintic. This reasoning is based 

mainly on substantially improved stress predictions for the 

quintic versus cubic polynomials. The predictions were not 
improved when cubic polynomials were used for the in-surface 

representation and a quintic polynomial for the radia] cornpo
ncnt. Dawe also notes the usefulness of the higher-order 

terms in the in- surface components in approximating the rigid

body-motion condition. 

Others, including Thomas and the writer (Ref. 39), choose 

the same arder of polynomial for all components, but use only 
cubic expansions. The motivation for this is detailed in 
Ref. 39, but we can say in brief that it stems principally 

from a dcsire to use the nextra" terms of the .:.n-surface ex
pansions to approximate more closely the constant strain con
dition. Numerical evidence of the suitability of this 
approach is also found in Ref. 39. 

To be sure, a number of elegant developrnents of thin 
shell finite elements have managed to surmount the difficul
~ies cited above through exploitation of advantageous coordi

nate systems, special construction of the strain-displacement 
equations, and the adoption of appropriate displacement expa~ 

sions. Two noteworthy developments along these lines are due 

to Argyris and Scharpf, in the SHEBA element (Ref. 40) and 
~he formulation by Dupuis (Ref. 30), 

Nevertheless, a very great number of theorists and p'ac

titioners have sought and continue to seek formulations 1n 

terms of simple expansions and familiar coordinatc systems. 
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Approximatwn<:>, the more important o[ which are descr1becl 

abovc, are wittingly adopted with thc idea that thc loss 1n 
accuracy is more than compensatcd for by rcduced computationai 
cost. Numcrical experimentation plays an important role in 

determining if such approximations are admissible and, if they 
are, in the assessment of relative merit. A paper by Morlcy 
(Ref. 51) addresses itself to the first part of this question. 

7. CURVED SHE LL E I~Etv!ENTS - DI SPLACEMENT BASED 

This section is devoted to an examination of the more 

sophisticated and accurate displacement-based curved sh2ll 

elcments now employed in practice. These represent a synthe

sis and progression from the very many developments reviewed 

in Refs. 6-9. Moreover, we limit our attention to triangular 

elements in view of their generality in description of geo
metric form. 

The first of the curved thin-shell finite elcrnents dis

cussed in this section is due to Cowper, Lindberg, and Olson 
(Refs. 24, 41). Originally formulated in terms of shallow 

shell theory (Ref. 24), this elernent was extended (Ref. 41) 

to cover nonshallow applications. A restricted quintic poly
nomial (conta]ning a complete quartic) was chosen for the 
normal displacement field, w, and a cornpl~te cubic field for 

each of the in-plane displacements, u and v. By irnposing 
cubic normal rotations along each edge, the derivation satis

fíes interelement continuity. The centroidal values of u and 

v can be condensed from the stiffness rnatrix. The resulting 
stiffness rnatrix then has 36 degrees of freedom, 12 at each 

of the cerner nades, consisting of u, ux, uy, v, vx, vy, w, 
w w w w and w x' y' xx' xy yy 

The choice of displacement fields was Notivated by the 

view tha~ thc consistency of the order of the error term in 

thc strain energy expression for a general displacemcnt 
() configuration is more important than achieving a zero error 

for one particular displacement rnode. Because the second 

,¡ 
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dLffcrcnt1al of w and only thc first diffcrential of u ~nJ v 
Q are· prescnt in thc strain energy expression, the complete 

quartic cxpansion for w is choscn to he ene order highcr than 

that for u and v. No explicit consideration has bccn made in 
the dcrivation for rigid-body modcs of displacement. 

o 
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A more rccent devclopment by Dawe( 3S) is very similar to 

the forcgoing·except that quintic polynomials are used for all 
three displacement components. The complete 21-term quintic 

expansion is reduced to 18-terms by imposition of constraints 

that remove the degrees-of-freedom on the sides (between the 
verticcs). The motiv~tion for Dawc's choice of displaccment 

components was discussed in the previous section. Numerical 

comparisons given in Ref. 38 disclose the superiority of this 

choice of displacement components for deep, thin shells. 

The SHEBA element, formulated by Argyris and Scharpf 

(Ref. 40) bears a relationship to the work described above. 

Complete quintic polynomials (21 terms each) are utilized for 

all three displacement components. Interelement continuity 

is assured by the use of midside nodes h~ving all three normal 
derivatives as degrees of freedom. The corner nades have 18 

degrees of freedom each: 3 translational displacement, all 

six first derivatives and all 9 second derivatives. In con
trast to Dawe's formulation, the condition of zero strain 

under rigid-body motion is satisfied exactly. This is done 

by using the same interpolating procedure for the surface 
location as ior the displacements. T~e natural strain concept 

play:5 a central role in the shell theory
1

employed. Published 

results (Ref. 42) demonstrate that 'SHEBA' produces extremely 
accurate solutions. 

Another widély-used triangular 1 thin shell finite element 
• 1 

to be commented upon here has been publi~hed by nupuis and 
Goel (Ref. 43). This formulation satisfies all necessary 

requirements for convergence of the potential energy. Rational 

functions are used for the displacement functions as well as 

to define the position of the shell above a datum planc. The 

use of rat1onal funct1ons othcr than simple polynorn1als is 
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Q callcd sin,gular functions. In this clement the rigid-body

motion condition is satisfied in the same way as for the SllEBA 

clcment abovc, i.e., through choice of coordinate. Th'o levels 

·; r so p h i s t i e a t i o n o f t h e e 1 e m en t a re a va i 1 ah 1 e , t he f i r s t 

having thc rcquircd continuity of first dcrivativcs, whercas 

thc sccond has contin~ity of sccond derivatives, which are of 

course exccssive for the imposition of the varia~ional -prin

cipie. Dupuis and Goel conclude that the second level is the 
most efficient. 

o 

o 

In a later paper Dupuis (Ref. 30) has ustd the sarne 

approach to develop an alrnost identical element. The latter 
derivation utilizes cubic rational functions which are some

what simpler than the previous ones. - The element has nine 

degrees of_ freedom at each of the cerner nodes. The elemcnt 

is incorporated in the MARC program (1Ref. :45) and has there

fore enjoyed intensive and widespread evaluation and applica-

tion in practice. 

Each of the above elements is complex from the standpoint 

of formulative effort. Also, the bandwidth of the algebraic 

equatio~s of the problem, when expressed as a percentage of 

the total number of structural freedoms, is very high for an 

idealization using such elernents, in comparison to simpler 

elements, and the effort required to solve a system of equa
tions is proportional to the square of the bandwidth. One 

-. 1 
• -~·JI h. • 

must also take 1nto account the effort requ1red to construct 

the individual element stiffness coefficients. Nevertheless, 
accuracy studies artd the desire for solution reliability indi

cate the necessity of developments of this type when the 

ana~yst sceks to ernploy a convcntional potential energy ap
proach. In the next two sections we discuss the establishment 
of sim?ler formulations by use of modified potential energy 

approaches and alternativa variational ~rinciples. 



S. GE~EIV\-1 TZED POTENTTAL ENEI~\.Y 

O The idea of gcneralizcd potential energy is to crnploy 

o 

o 

simple, nonconforrning displacerncnt ficlds in the elcrnent 
stiffness formulation and "restore" continuity by irnpósition 

óf, that condition on the interelement boúndary. Many differ
ent for;ns of this approach are possible but- in the discuss.ion 
which follows we restrQct our attention to:a scheme given by 
Harvey aná Kelsey (Ref .. 11). The scherne has been used in the 
triangular thin shell formulation by Thomas and the writer 

(Ref. 39). 
The latter element is shown in Fig. 6. The shell middle 

surfac~ correipo~ds to the orthogonal curvilinear system 
a - 8. All three displacement components are described by 
complete'cubic polyno~ials in triangular coordinates 

u= LNJ{u}, v = LNJ~v}, w =· ~'{j{w} (1) 

where 

.{u} T = ~1 (~~) 1 (au) : .•• (au) u
4

, 
as 1 a~ .. 3 ~ 

(2) 

and similarly for -{v} and {w}. JJ_. contains the standard 
shape fur.ctions of a c~mp1ete cubic corresponding to these 

. ' 

degrees-··_of- freedom~ 
Eq. (1) does not permit continuity of the angular dis-

p1acement across e1ement boundaries and leads to very poor 
resu1ts even for f1at-píate f1exure. To resolve this, Harvey 
and Ke1sey~(Ref. 11) 1ntroduced the riotion of a constraint 

.::JJh 

coridition to 1'restore" continuity. That 1s, if A and B are 
neighboring·e'lements and the subscript n denotes the normal 
direttion, th~ re1ative angular displacement (e) of adjace~t 
edges at .their midpoint can be set equal to·zero 

eA-B = eA - eB = O 
n n n 

(3) 

Differentiation of the 
and eB in terms of the 

displacement field (Eq. (1)) gives eA 

j oint displacements {t~} == Lu V 'u'!,¡ 
T 

Applying this to each boundary in each displacement component 
gives the set of algebraic constraint equations 

[C] Ud = O (4) 

1 

1 
1 

!1 
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To dcal with this onc-may cmploy thc Lagrnngc multiplicr 
téchniquc, as follows. Each row of Eq. (4) is multiplied by 
a parameter A., where the subscript i identifies the row. For 

1 

all rows of Eq. (4·) we then have J'-J [C]'{Ó}, where the row 
matrix LA_; lists.the parameters Ai-" This is added to the 
potential energy, resulting in the augmented value rr, 

- 1 1 ' 

rr = .zLó_, [K] Ud - Ló_dPl -~· LA..J [e] {ól (S) 

where [KJ and {P} are the stiffness matrix and applied load 

vector, respectively. After variatión of IT with respect to 
both {6} and {A} one obtains 

~ ~J ~} = f~} (6) 

Solution of this equation gi ves th-e d'ispla~ements { 6} and the 
val u es {A}. -The latte,r are the force quarit i ti es corresponding 
to the displacement co~pon~nts at the inte~element displace
ment discontinuities. 

It is ·noteworthy that the constraint tondition can be 
directly incorporat~d in the variational ~rinciple-and repre
sented in the discretized system as a cor~ective element 

- 1' ~ ' 

boundary stiffne~s rnatrix. Kikuc~i ánd A~do (Ref. 47) refer 
to-this as the "simplified hybrid displac~ment method" and 
have rcc~n:t 1 y (Re f. 4 8) · appl ied i t to thin shcll problems. 

The numerical comparisons found in Refs. 39 and 47-50 
,< 

demonstrate the accuracy\i~ displace~ent ¿omputations óf the 
above approaches in a very wide range of prÓblems. Accuracy 

1, 

in stress calculatiOQS is largely untested. We should note 
in this connection, ~hat "extra" stress il1formation is ob
tained from the s~lution since, as n6ied 1hove, the Lagrange 
multipliers tepresent the interna! forces'that a~e conjugate 

• 1 

to the displacements whose continuity is :restored by the con-
straint condi t'ions. 

9. ALTERNATIVE APPRoAeUES - MIXED-AND HY.BRID 

The difficl,llties -attend·ant upon the tormulation of dis
placement-based shell eiements have ~iven rise to rnany studies 

,, 
1 
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or ;lltcrn;l<tivc variational !Hlnc.ip1c:-;. Thcsc incluclc thc hy

brid and mixed functionals, the "discrete-Kirchoff" approach, 

and generalized variational principies. 

We have discussed generalized variational principies in 
thin-shell analysis in the previous section. These are, in 

fact, forms of mixed variational principies. As noted in 

re ference to the wo rk 0f Kikuchi and Ando (Refs. 4 7 and 4 8) , 
r 

when the constraints on· a conventional variational principie 

are appended to the basic functional by use of the Lagrange 

multiplier concept, the Lagrange multipliers can be identified 
as th~ va~iables conjugate to the variables of the basic 

functional. Thus, in the case of potential energy, where the 

variables of the ·basic functional are strains, the Lagrange 
multipliers of the appended terms are stresses (or edge trac

tions). -rhe total, augmented functional thcn contains both 

strains (in the form of displacement deriv~tives) and boundary 
tractions. 

' 
The most widely-used mixed functional in thin-shell 

finite element analysis, derived dire~tly as such, is the 
1 

Reissner-Hellinger integral. This can be interpreted as the 

complementary energy functional supplemented by constraints 
which enforce boundary stress continuity. It is employed 

because the functional can be written in such a form that 
bending is characterized by C0 continuity requirements. Thus, 

in early developments~of this functional in thin-shell finite 
-- .... d ), 

element analysis, by Prato (Ref. 52), Connor and Wíll (Ref. 
53) and Herrmann and Masen (Ref. 54), among others, the radial 

(bending) behavior is dealt with in this way while a conven

tional potential energy (assumed displacement) approach is 
taken for in-surface behavior. More recently, Tahiani and 

Lachance (Ref. SS) used the Reissner-Hellinger approach in the 
full development. In all of these developments rather simple 

assumed stress and displacement fields, generally of linear 

e' or qundratic .form, are employed. 
Various theorists have established a connection between 

mixed and hybrid 'formulations. In the view of the writer, 
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ho\·:cvcr, therc are impoTtant distinctions bctwccn thcm unclcr 

the foilow1ng conditions. Mixed variational principies are 
writtcn directly in terrns of stresses and displacements and 

both of these are approximated by physical, nade point para
meters. Both pararneters appear as solution pararneters. Hy

brid forrnulations, which have been pioneered by Pian and are 

discussed by hirn els_ewhere in these proceedings, may be based 

on modificd forms of the conventional variationai principies. 

One field, say the stresses, are approximated by expressions 

in terms of generalized parameters while the other ficld is 

written in terrns of physical node point parameters. The gen

eralized parameters are eliminated from the element formula

tion, using the stationary condition of the functional, 
resulting in element relationships which have the same alge

graic form as element stiffness matrices. Many alternative 

hybrid formulations are possible. 

The advantage of the hybrid approach. 1n thin-shell for
O rnulations is that representations can be developed for the 

c9ndition of only C0 continuity. The most extensive work in 
this area seems to have been done by the group at Nottingham 

() 

University, England. A review of these efforts and work done 

elsewhere has been given by Edwards and Webster (Ref. 56). 
Finally, we take note of the discrete-Kirchoff concept, 

which is also intended to eliminate the c1 continuity require
ment in the selection of assumed displacément fields. If the 

Kirchoff assumption ("normals remain norm'al") is not invoked 
one can write the flexura! energy expression in terms of first 

derivatives of angular displacernents, e. One then assumes 

independent, C0 -continuous expansions for the angular (8) and 
radial (w) displacements. The problern is singular, however, 

in the absence of transverse shear deformation, which is the 
usual circumstance in thin-shell analysis. To render the 

problern non-singular one may invoke the Kirchoff condition 

(c.g., ex = ~~ for plates) at discrete pÓints. As rnany such 

conJitions must be introduccd as thcre are rank deficiencics 

in the basic formulationo 
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Wcm¡mcr, ct al. (Rcf. 57) appcar to havc introduccd thc 
abovc iJcas and applied thcrn to thin-shcll formulation. Sub

scqucntly, thc samc conccpts wcre aJaptcd to this purposc by 
Kcy ~llh.l Bcisingcr (Rcf. 29), !Jhatt (l{cf. 58) and Bonncs, ct 

al. (Rcf. 59). 

1 O. AXI SYl'-lMETRI C THTN SHELL FORi\lULATIONS 

A review of the linear finite element analysis of curved 

thin shells must also· consider the special case of shells of 

revolution. ~any structures take this form and if geometric 

symmetry is taken into account, it is possible to realize very 

significant computotional economies. Early attempts t-o for

mulate satisfactory axisymmetric thin shell elemen~s (Refs. 
1 

60-62), which were among the earliest of finite elernent thin 
shell studies of any kind, encountered problems which were 
met subsequently in amplified form with general shell ele

ments. An account of these developments has been given by 
Gould and Sen (Ref. 63). 

Consequences of the failure to deal properly with rigid 

body motion in the chosen displacement fields was studied by 
Mebane-and Stricklin (Ref. 31) and Murray (Ref. 32), using the 
axisymmetric thin shell element. This type of element was 

also uscd in basic studies of the significance of additional 

terms in the displacement expansions. 
The trend in re-c~-nt years has be en towards formulat ions 

~:" Jl ).J. 

with isoparametric representations of geometry and higher-
order displacement fields, particularly 1 in the in-surface com

ponents. Either or both of these characteristics is reflected 
in the work of Zudans (Ref. 64), Ch~n and Firman (Ref. 65), 
Gould and Sen (Ref. 63), Webster (Ref. 66) and Adelman, et al. 

(Ref. 67). Ahmad et al. (Ref. 68) and Cale, Abel and Billing
ton (Ref. 69) have demonstrated the effectiveness of the 

axisymmctric element with a cross-section in the form of an 
isoparametric planar domain. In this formulation, reduced in

tegration may be exploited to represent properly the trans

verse shear strain energy. 

E.22 
( 
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11. CO:--.lCLUDII'iG RUl1\RK.S 
.:''-:;f). 

h'e ha ve attcmptcd, 1n this paper, to rev1ew sorne of tne 

key fcatures of finite elemcnt thin-shell analysis. lhe com-

?Onent aspects, including choices of variational principle, 

geometric representation, and displacement (or stress) fields, 
could each be the subjects of extensive reviews. Developments 

based on assumed displacement fields no longer appear with 
the frequency they once did, but much work will surely appear 

in the future with respect to geometric representation and 
alternative variational principies. 

m1at do the developrnents to date mean to the practitioner? 

This depends most strongly on the fini~e element computer pro

grams he employs. If he works with markSted programs such as 

MARC or ASKA~ the curved thin shell elements such as the 
Dupuis formulation( 30) and SHEBA( 40) are at his disposal and 

reprcscnt a high dcgree of sophisticatiori, accuracy~ and reli
ability. Other widely-distributed prograrns which do not have 

CJ curved shell elements may have isoparametric solid elements 

with the reduced integration option. Such elements are also 

o 

effective in thin-shell analysis. As more programs become 

capable of accommodating alternative approaches we can expect 
to see the emergence of mixed, hybrid, generalized variational, 
discrete Kirchoff, and perhaps other less orthodox formula

tions. 

The different element forrnulations in the references 

cited are verified mainly through comparisons with classical 

analytical solutions. There is a growing need for experi

mental data for comparison studies of more cornplex shell 
situations, for which no alternative solutions are available. 

The growing field of study of the mathematical convergence 
characteristics of the finite elernent method also deserves 
application to the shell analysis problem, and a start has 

been rnade in this direction in Refs. 70 and 71. 

Thc comparisons of the differcnt element forrnulations do 

not often account for the total analysis costs. Tradeoffs 

between elem~nt formulative efforts and the size and 
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configuration of thc cquations to be solvcd are 1n nccd of 

stu~y. Comparisons of the alternatives, to be valid, must ln
cludc not only thc opcrational costs to reach a dc~ircd level 

of solution accuracy, but should also reflcct an amortization 
of costs to develop the associated software. 
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o 10, THE PI~ITE ELENENT :-.tET!-100 IN FRACTURE t-1ECHAj\;I CS ANALYSIS 

R. H. Gallaghcr 

I. INTRODUCTION 

Despite the relative novelty of finite element a na lys·is as 

a tool for fracture mechanics studics--the earliest p~pers 

appeared as recently él:?.Jjl..J?69--a wjde range of altcrnative formt•

lations havc been publisherl. The objectivc of thcse notes, 

therefore, is a classification and review of the various published 

methods of finite element fracture mechanics analysis and, to a 

limited extent, an assessment of their advantages and limitations. 

These notes update a state-of-the-art review of the topic by the 

writer (Ref. 1) in 1971 and incorporate information found in 

rev iews by Rice and Tracey (Ref. 2) , Pian (Ref .. 64), and Aposta 1, 

c=J et al (Ref. 65). A symposium on computational fracture mechanics 

(Ref. 66) is also !epresented. The present work concentrates its 

attention upon papers published in the open literature, to which 

most readers will have access. It should be observed that as in 

any topic which continues under development there is also a sub-

stantial literature in the form of company and institute reports. 

The present tapie is conveniently divided into "linear" (or 

elastic) and "inelastic" fracture mechanics. Linear fracture 

mechanics is a wel~-established design analysis tool, so it is 

natural that it has been given the most attention in the litera-

ture. Wc therefore devote most of our effort to this side of the 

subjcct. Brief commcnts are given with reference to inelastic 

finite elcmcnt fracture-mechanics analysis. 

~l 
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Because of the scope and divcrsity of contributions to thc 

area of finite element linear fracture mcch~nics analysis, it i 

nccessary that certain classifications be made of the area. The 

author prefers thc following classifications: (1) direct 

methods, (2) energy methods, (3) the supcrposltion approach and 

(4) singularity funct.iQn formulations . 
. :: J1h 

Further subdivisions wi l l 

be identified with1n the respective sections Jcaling with thcsc 

classifications. These classifications are cxamineci aftcr a 

brief review of the basic notions of linear fracture mechanics. 

II. LINEAR FRACTURE MECHANICS 

Linear fracture mechanics is concerncd wi th the determinar ton 

of the length at which a crack will propagate rapidly, under cir-

cumstances of a brittle nature, due to specified load and geometric 

conditions. The concepts stem from work by Griffith (Ref. 71) on 

purely brittle materials, and werc gcncralized by Irwin (Ref. 3) 

to cases of ductile materials wherc the conditions at thc crack 

are such that the inelastic deformation characteristic of ductile 

behavior is confined to a relatively small zone. 

The elastic stress field at the tip of thc crack can be 

characterizcd by a parameter K. (j = I, II, or III), known as the 
J 

stress intensity factor. The magnitude of Kj depends on the dis-

tribution and intensity of the applicd loads and the geometry of 

thc structure. Any combination of these conditions which will 

give a stress intensity factor cqual to or greater than thc ex-

perimentally determined critica! valuc K. will cause failure. 
Jc 

Thc various modcs are shown in rig. 1. 
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In thc modc I case (K
1

) thc stress is applied in thc dircction 

normal te thc crack and tcnds to open thc crack. Mode II 1s a 

sliding modc, due to applicd shear, and Mode liT is a bending, or 

tearing modc. 

Thc solution for thc strcsses and displacemcnts 1n the vicinity 

of a sharp crack in the Mode I ancl JI conditions for plane strain 

or plane stress conditions in isotropic materials can be estab-

lished by conformal mapping techniques (Ref. 70). The series ex

pansion of the solution for stress contains the terms r- 112 , r 112, 

312 h . h d" ¿· . 1 ¿· r , etc., w ere r 1st era 1us coor 1nate 1n a po ar coor 1nate 

system originating at the crack tip (see Fig. la). The first 

term, r-l/Z, predominates at the tip of the crack so only this 

term is retained in the customary expressions for the stresses and 

displacements in the vicinity of the crack tip. These are, for 

the Mode I condition: 

KI e (1 sin e sin 39) o = cos 
X ilir 2 2 2 

= 
KI 

cos e (1 + sin e sin 3e) 
ay IZnr 2 2 T 

K¡ 
(sin e e ~) "t = cos 2 cos xy /Znr 2 2 

KI c/i-ii) ( ( 2 K -1) CO S 
o u 4G 2 - cos 

211 

v = : ~ ( / Zrn ) [ ( 2 K+ 1 ) s in t - sin 

l_Q_] 
2 

~] 
2 

whcrc G is thc shcar modulus and I.J is Poisson's ratio, and K= 

(3 - 41J) for planc strain and (3 -IJ)/(1 + l.l) for planc stress. 

(la) 

(lb) 

(le) 

(1 d) 

(1 e) 

Q Formulations can be constructed in the samc general form for othcr 

modcs of fracture. 



Thc basic consideration in dcsign, from the standpoint 01 

Ü 1 in ea r fracture mechanics, i s the re la tionship between s trcss 

intensity factor and the strain energy release ratc, G, ·which is 

o 

o 

defined as \the change iu strain energy in thc structure pcr un 1 t 

length of crack extcnsion. This relationship has been establishcd 

by Irwin (Ref. 3) for plane strain and plane stress conditions, 

as 

G = ~K+l) (K 2 + KII2) 
8G I (2) 

There are ot-her parameters which relate strain energy to stress 

intcnsity factors, such as the J-integral (Ref. 18). Thcse will 

be taken up in the section dealing with energy methods. 

Extensive catalogs of solutions for the stress intensity 

factors for various simple load and geometric ~onditions are 

available (Refs. S, 72). These a~e not adcquatc, however, for 

many of the complicated conditions found in practice, where the 

load and geometry m ay be highl y i rr.cgula r · and the materia 1 can in 

general be anisotropic. • The finite elcment method is a logical 

approach to the solution of such problems . 

.. 
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III. DIRECT MET!IODS 

Wc define dircct mcthods as thosc wh1ch involvc thc pcr-

formance of a conventional finitc elemcnt analysis (one which is 

bascd on simple c]cmcnts and simple polynomiíll functions) with a 

high degrec of refinemcnt in thc region of thc crack tip. They 

determine the stress intensity factor by interpretation of the 

calculated stresscs or displacements. lntcrprctation of sorne 

form is needed since, due to its "finite" nature, the conventional 

finite element representation is incapable of producing a direct 

evaluation of the crack tip stress intensity factor. 

We consider first the direct methods which operate on the 

calculated node point displacements. One approach, the crack-

DEening-disElacement method (Kobayashi, et al, Re f. 7) deals with 

the displacement of a point close to the crack tip, such as Point 

in Figure la. From Equation (le) we can write the expression for 

this displacement in the form 

(3a) 

Solving for K
1 

we have 

(3b) 

Miyamoto (Ref. 8) employs the same approach in three-dimensional 

A 

linear fracture rnechanics analysis. He uses tetrahedronal elements. 

In an attempt to reduce the amount of grid idealization needed 

to obtain an acceptable answer, Chan, et al [9] apply an extra

pol~tion schemc. One form of this schcme is shown in Fig. 2. A 

radial linc at a fixed value of e is first established and by 

finitc clemcnt analysis the displaccmcnts at the nade points that 
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líe- on this line are calculated. Then, us1ng Equation 2 a stress 

intensity factor (K
1

) is calculatcJ at each of the nodc poinl~ 

along the linc. By extr~polation of a line through the so-

determined points on a K
1 

vs. radial dist~nce plot, using points 

away from the crack t~p, the ·valuc of K
1 

at zero radius, is cstab

lished. It should.b~ notcd that the use of this meihod is not 

restricted to cq~es hhe7e conventional elernents are cmployed in 

the analysis. Sub~~q~ently, in our discussion of the use of iso-

pararnetric elcrnents with singularities, this method >will again be 

ernplo~ed. 

A-lternativc to thc interpretation of displacerncnt values to 

obtain K1 is the interpretation of stress~s for this purpose. 

The interpretation of stress is effected in the manner of the 

above-described procedures. The radial stress field in thc vicinity 

of 'the crack tip is, by appropriate cornbination of Eq. (la)-(Jc) 

a = . r 

and solving for K
1

: 

a /21r-r 1-r - ) K = -- .JJ "' 
I f 2 (e) 

This exprcssion is evaluated at various locations along a 

given radius and the results extrapolated in order to define K
1 

as r approachcs zero. Fig. 2 shows how the strcsscs rnight be 

intcrprcted. This procedure is due to Chan, et al [9] and has 

(4) 

(S) 

also been applied by Watwood [11]. Thc-commonly-employed constant-

stress triangular elements givc an erratic basis for interpreta~ 

t1on. ~f lincarly varying stress elements wcre used the prohlcm 
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lic on this linc are c~lcu1atcd. Thcn, us1ng Equation 2 a sLicss 

intcnsity factor (1\
1

) i <; calculatcd at cach of thc nouc point ·, 

along thc l1nc. By cxtr~polation of a linc through the so-

detcrmincd points on. a K1 vs. radial distance plot, using points 

away from the crack ijp, the valuc of K1 at zcro radius 1s cstab-

1 ished. It should h~ notcd that the use of this mcthod is not 

restrictcd to c.1ses hhe:-e conventional elements are cmploycd 1n 

the analysis. Sub~eq~cntly, in our discussion of the use of iso-

pararnctric elcments with singularities, this rnethod will again be 

emplo~ed. 

A-lternativc to thc interpretation of displacemcnt values to 

obtain K1 is the interpretation of stresses for this purpose. 

Thc interpretation of stress is effected in the manner of the 

above-described procedures. The radial stress field in thc vicinity 

of the crack tip is, by appropriate cornbination of Eq. (la)-(Jc) 

a = r 

and solving for K1 : 

This exprcssion is evaluated at various locations along a 

given radius and the results extrapolated in arder to define K1 
as r approaches zero. Fig. 2 shows how the stresses might be 

intcrprcted. This procedure is due to Chan, ct al [9] and has 

(4) 

(S) 

also been applied by Watwood [11]. Thc-commonly-cmployed consrant-

stress triangular elemcnts givc an erratic basis for interpreta-

tion. If lincarly varying stress clcmcnts wcrc uscd thc prohlcm 
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of intcrprC't..tion \vould he reduc<'d some\.:hat but thc numbcr of 

degrees of frecdom ncedcd for an adcquate solution would still 

be quite l~rge. 

An important operational improvement to thc above schcmes 

is the "zoo1ning" technique used by ~tiyamoto (8) and Becker, et 

al (41). Thc analysis is íirst performed for a coarse mesh ;¡nrl 

thc stresses and displacements on the boundary of a locaL 

surrounding the crack are determined. Thc local reglen is then 

analyzed with a more refined grid. Thc localization may then be 

applied to still smallcr regions. This approach gives a very 

significant improvement to computational efficiency of the extra-

polation schemes. Indeed, this technique is used to considerable 

advantage when coupled to other general approaches to be discussed 

subsequcntly. 

Another approach which one is tempted to take in the interests 
. 

of improving the efficiency of the direct methods is to use the 

simplest type of elements in the regions away from the crack tip 

and to use higher-ordcr elemcnts in the vicinity of the crack tip. 

Tong and Pian (Re f. 68) and Fr ied and Y :mg ( 4 O) ha ve shown tha t 

increasing the order of the interpolation functions inside the 

elcment will not result, with a given mesh, in an indefinite in-

crease in the rate of convergence. Thcy dcmonstratc. how~vcr, that 

the rate of convcrgcnce of a givcn arder of interpolation poly-

nomial can be recaptured by a propcr, nonuniform, spacing of the 

mesh ncar the singularity. 

Fig. 3, takcn from Refcrencc 68, illustrates the ahove point. 

The problcm shown is a square panel with side cracks under uniform 

tension oy. Each analysis point represents the solution for the 



strain energy for a uniform spacing of an clcmcnt of a givcn .ypc. 

Ü The types of elcmen'ts employ-cd are constant and 1 incar strain 

o 

\ -

trianglcs and twa typcs_ of' hyb~id-strcss- rcctanguL1r elcmcnts. 

Thc convergence ratc in all cases is a linear function of thc 

element sizc. Tri contrast, for problcms without stress singu 

laritics, the convcrgence rate is a function of thc elcmcnt s1:e, 

being of higher ordcr as the arder of the element approximating 

polynomial increases. 

[) 
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IV. ENERGY ~ll.TIIODS 

A numbcr of distinct appro~chcs can be found under this 

heading, including the total energy method and the linc integral 

method. 

The total energy method involves ~ relationship between 

the stress intensity factor and the rate of change of strain 

energy with respect to crack length (~ 0 ). As was already notcd, 
da 

according to fracture theory the latter is equal to th~ strain 

energy release rate G., i.e. 
J 

dU 
G = da 

For isotropic plane stress Eq. (2) becomes 

Then, for example, for mode 

dU 
(la 

= 
K 2 

I 
E 

plane stress conditions we have 

Expressing ~a in terms of finite differentials óU and solving 
ua óa 

for K1 , we have' 

K = IE[Iü) 
1 6a 

(6) 

(7) 

(8) 

(9) 

Hence, in this procedure (see Figure 4) one performs an analysis 

for a stipulated crack length (a) and computes the strain energy 

U. The strain energy is obtained from the solution simply as 

1 
2 Ló~{P}, where LÓJ and {P} are the node point displacement and 

load vectors. The crack is then opencd a distance óa and a new 

strain energy U + óU is calculatcd. 

Finitc element fracture mechanics analyses based on this 

idea have been studicd and describcd by Andcrson, ct al (Ref. 10), 
/ 
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Watwood (Rcf. 11), Dixon, ct al (Rcfs. 12, 13), ~lowbray (Rcf. li,, 

Blackburn (Rcf. 15), Hcllan (Rcf. 16), and Fuhring (Rcf. 17). 

As notcd ~hove, two solutions are nccdcd which dirfcr only 

in thc increment of crack sizc. The rcsulting diffcrcncc in 

stra1n encrgy is not as scnsitivc to grid rcfinemcnt in th~ 

vicinity of thc crack as is thc dctermination of stress intens1ty 

factors by the "dircct" methods. Thus, a relativcly coarsc mesh 

can be used in each analy~is. 

Computational procedurcs which improvc thc cfficicncy of thc 

total energy mcthod by requiring a full solution for only onc 

gridwork are those which are based on an approximation to thc 

solutions for the gridwork that has been changed on account of the 

crack extension. Dcsignating the change in thc global stiffncss 

matrix ([K]) due to the opening of thc crack by a di~tance 6a 

e=) as [6K], the stiffness equations of thc altered gridwork are 

[[KJ + [6K]J{{L\} + {ótl}} = {P} 

or 

[K){tl} + [6K){tl} + [K]{ótl} + [oKJ{ótl} = {P} 

where {86} is the change in the solution. Now, since [K] {6} = {P} 

and with discard of the product [óK){óA}, one obtains 

{óld =- [K]- 1 [óK)Ud ( 1 o) 

Only a small portian of [óK] fs populated since the crack extcn-

sion affects only a few elements in thc global rcprescntation. 

Both Parks (Rcf. 44) and llcllan (Rcfs. 16, 73) havc exploitcd this 

idea. Hellan (Rcf. 44) cmbcds this schcmc jn thc algorithm for 

solution of [K], rcsulting 1n furth~r efficicncics. 

Other approachcs to more cfficicnt analysis by thc total 

Ü cncrgy me thod ha ve be en de vi sed. J\n importan t a spec t o f mo s t 
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currcnt applications of thc work by Aamodt, ct al (43) is the 

use of a "multilevel condensation" technique in reducing thc 

analysis Jcgrees-of-frecdom to a relativcly small number. In 

this approach "superelcmeuts" are formed of a large number of thc 

basic clemcnts. The interior degrees-of-freedom are eliminatcd 

so that thc superelement is represcntcd only in tcrms of the 

bpundary points of the supcrelcment. The superelements are com-

bined to give new, higher-Lcvel, superelements and the proccss of 

condensation is again applied. There is a similarity to the work 

of Miyamoto (Ref. 8) and Becker, et al (41) in that the final 

analysis is performed for a few number of elements and the effi-

ciency of analysis is enhanced considerably. 

Various authors ~-A--'~1.erson, et al (1), Watwood (11), Fuhring 

(17), and Aamodt, Bergan, and Klem (43)) among others have con-

e=) ducted numerical studies which compared the total energy and 

direct methods, resulting in the conclusion that the energy 

ap~roach is more cfficient. 

o 



o The line integral, or patl1-indepenJent integral method was 

introduced into linear fracture mechanics by Rice (18). Simil~r 

to the loc;Jl encrgy mcthod, but with no restriction on the Sll;..tpe 

of the region studied, a region containing the crack tip is 

delineated as in Figure 4 . Rice (18) shows that the following 

integral, taken ovcr thc boundary (f) of the region is equal to 

a constant J: 

~ ( 
J Jr (Ucly- T 

a u ds) ax (12) 

where U is the strain energy density, T is the Traction vector 

defined according to the outward normal along r, and u is the 

displacement vector. ds is the element of are along r. The 

stress intensity factor for plane strain is related to J by the 

exprcssion 

K :::: [ JE ]1/2. 
I (l-~2) 

( 13) 

Q To use the f ini te e 1 ement me thod one r;;us t de 1 inea te an is ola ted 

region around the crack and determine the above line integral. 

A finite elemeni app1ication of this concept is described by 

Chan, e~ al (9). It has also been applicd in the evaluative 

study of Anderson, et al (10), by Leverentz (60), Becker, et al 

(41), and by Kobayashi, et al (62). 

o 

V. SUPERPOSITION METIIODS 

The superposition approacJ. seeks the computation of the 

stress in tens i ty factor through .. 1 in ea r combina t i,on of e las si

cal singularity solutions and a coarse finite element grid. The 

approach has been used successfully in fracture mechanics calcu

lations by Yamamoto, et al (Ref. 19). Similar ideas have been 

discussed by Morley in Ref. 20 and Ando in Ref.69. 

The conccpt is to define the classical solution for a prob-
, 1" 

lcm as clase to the prcr1)tem of intercst as possiblc. For 

example, in the present case, the solution for a crack in an 
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infinilc p1ate subjected to biax1al stress is first obtaincd. 

Th i s so 1 u ti o n 1-1111 no t s a t i s f y a 11 e o n di ti o n s f o r t he a e tu a 1 

problem and disp3rlties can be Intcrpreted as body forccs a;,J 

edgc load1ngs. The bodv forccs and ·cdge 1oadings are appl!l~d 

to thc [initc clemcnt ana1ysis in rcvcrsed d1rcction and thc 

rcsults from thc iin1tc elcmcnt and classical solutions ~nc 

su pe r i1n 1>osed. 

Thc general scheme is sketched in Figure S. The classJcal 

solution is denoted by a , while fin1te element solutions are a 
given by ar and oe. The appropriate superpositi0n of so1utions 

yields the "exact" answer o*. 

VI. SINGULARITY FUNCTION FORMULATIONS 

a. Outline of Alternative Approaches 

Onc of the most appealing approaches, from both a theoreti

cal and computational view, is to formulate an element contain

ing a singularity to be employed in the region of the crack tip. 

Regions beyond the crack tip are represented by conventional 

elements. Many attempts to exploit this concept have appeared. 

Byskov (Ref. 2) was perhaps the first to _publish a develop

ment along these lines, using singularity fonmulations due to 

Muskhelishvili (Ref. 22). His elemcnt is shown in Figure 6. 

Many alternative schemes have been proposed by Rao, et al (Ref. 

23), Blackburn (Ref. 15), Tracey (H.ef. 24), Benzley (Ref. 25), 

Robinson (Ref. 26), Walsh (Refs. 27, 28), Pian (Ref. 29), 

Apostal (Ref. 30), Aberson and Anderson (59), among others. 

We examine here four different categories of this general 

approach. 

b. Embodiment of a Singularity Element 
in a Conventional Gr1d 

It is of intcrest to examine in sorne detail Walsh's approach 

to incorporat.ing a s1ngularity clcmcnt in a mesh that contains 

convcntional fin.itc cll'mcnts. Thc cll'rnent itsclf is convcn

tional 1n that he first chooses displacement ficlds (but wh1ch 

include a singularity) and thc basic elernent stiffness rnatrix 
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is thcn eonstruetcd from the usual stiffncss formulas. Spcci,ll 

re 1 a t i o~~ s h i p s 0. re o. d de d _t o t h q se , h o" e\" e r , t o m j ni mi z. e t he 

in e o m p a t i b lÍ 1 t y - ¡,e t ~-. e e 1~ :- he e rc1 e k u 11 e 1 e; m en t a n d t he e o n ven -

tional e.i.emcnts outs1clL oi jt, 13lackburn (15) has formulo.ted a 

singularity e1cmcnt and comhi·ncd it with the total· encrgy mcthod. 

Thc structure 1s div1cled into two regions: an "outcr" 

region.eons1st.ing of eonvcntJona1 f.in1te c1emcnts, andan 

"inner" region eonsisting of ·a single elcment encompa!>sing thc 

crack. Thc dcgrccs-of-~·reedom of points in thc outcr. rcgion, 

excludin~ the po1nts on thc Interface of the two rcg1ons, are 

dcsignated as ~ 0 . The interface d.o.f. are ~i' The exprcss1ons 

for d1splacement of a medium continuing a crack will be enarac

teri¿ed:by parameters ~hich are the stress intensity factor and 

rigid ~ody motion terms (sce bq. le, ld). We designate these 

as {~s}, noting that they contain the stress intensity factors 

K1 and/or KII. 
I~ view of the abovc, the stiffness equations for the outer 

region c~n be written as 

(14) 

Also, by evaluation of Equation (lS) at the juncture points we 

can write 

e 1 s) 

Then using this in a transformation of the degre~s-of-freedom 

in Equation (14) we have 

{:;} = [-r ...... K-~:-1---+--r...,~ ..... ~-:-:-r (16) 

whcrc F0 rcpresents thc generalized forces of thc outer region 
S 

corrcsponding to the degrees-of-frccdom ~-. Counterpart stiff-
1 , S 

ncss rc1ationships betwecn thc gencralizcd forces F of thc 
S 



1nncr rc~~1on (singuLnity clcmcnt) ;¡Jl<l thcse d.o.f. can also be 

O constructed, of thc form 

e 11) 

Finally, thcn, wc ohtain the global stiffncss using the condl

tion {P } = (F 0
} + {F 5

}. 
S S S 

(18) 

Solution of these equations gives thc stress intensity factors 

directly, as they are 1ncluded in 6 . 
S 

We should note that in the above approach there is a slg-

nificant dcgrec of interelement displacement nonconformity. 

Nevertheless, results,of reasonable accuracy are reported in 

Refs. 27 and 28. 

The clements of Traccy (24) and Benzley (25) can be regarded 

Q as fall ing in thi s e a tegory. Each, however, cons t ruc t s the 

singular element d1splacemcnt ficld in such a way that displace

ments on boundaries that connect to conventional elements will 

conform to the displacement fields of the latter. 

e.. Conforma! Mapping 

Conforma! mapping, wl1ich has bccn employed effectively in 

classical solutions to stress intensity factor problcms, can 

also be useful in finite element solutions to such problems. 

The related ideas and their application to problems have been 

given by Ch~ng (51) and Armen, et al (52). To describe these 

ideas we show the rectangular region of Fig. 8a with a slit 

extending from point O to point D. In the case where a solution 

is sought to the equation 

whcre $ is the indcp~~gpnt variable in the region, a mapping 
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from thc x-y to the t-n (complex) plane by use of the transfor
mation 

whcrc r;; - ~ + in, z = X· + iy. The mapping is as shown in 
Figure 85 and thc equation to be sol ved is 

? -
:J'-cp 

+ 
a.:.cp 

= o 
~[2 aT)z d ~ 

_ARP_ro;:ll' ia t_e_ bounclary cond-i-t-i-ons-mus t of course be de f ined and 

these must also be transformed. 

It is apparent that the transformad problem would be diffi
cult to solve by means of classical methods because of the 

irregular boundaries and associated boundary conditions of thc 

transformad region. It is not difficult, however, to salve the 

transformed prob-lem by the finite element metnod, using isopara

metric elements. This is the approach taken in Refs. 51 and 52. 

Re f. 52, 1n particular, gives extcnsivc nume·r ical results for 

fracture mechanics problems. 

d. Iso_Earametric Element 

It has long be ~ recognized that the transformation from 
physical to isoparametric coordinates can be singular if node 

points along the edges of members are positioned in a certain 

way. For example, in Fig. 9a, when the side node of a rectan-

gular element with bi-quadratic fields is located one-quarter 

of the edge length from the corner (as for point 2), then the. 
trans-formation will be singular ,1t the corner. Henshall (l~ef. 

SO), by studying this more closely, and also independently by 

Barsoum (Ref. 49) have shown that the singularity is that of 

1/fi, \vhich is identical to the form of singulé!_rity in fracture 
mechanics. Thus, by locating the nodc point l at the crack 

tip, as in Figure 9a, it is possible to salve for thc stress 

intensity factor without development of a special elemcnt. 

Neale (Hef. 61) reports the combination of this approach with 

the J-integral method. 

( 

/ 
¡, 
! 
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To exam1ne this more closc1y wc follow the deve1opment by 

Barsoum (49) and consider the case of a side of total lcngth L 

with points l, 2, 3 (Fig. lOa) and point 2 midway between thc 

ends. Introducing the nondimensional coordina te ~ = -1 + 
2t 

which has va1ues of -1, O, and 1 at points 1, 2, and 3, respcc

tively, the coordinate x can be written in shape function form 

as 

Now, thc same cxpress1on wi11 hold for other loc.Jtions o[ x2 if 

thc def1nition of ~ is proper1y revised. To do this we need 

only express x 2 1n terms of L and substitute into the above 

equation and salve for ~. Thus, for x 2 = L/4 (and x1 = O, 

x 3 = L) 

X = 

and, solving for ~ 

~ = (-1 + 2 ~ 
L (~ + 1) 2 or X = 4 

1 
2 ~Cl+~)L 

) 

In an isoparametric formulation the transformation from 

physic~l to isoparametric coordinates is based upon the inverse 

of thc matrix of derivatives of the former with respect to the 

latter. 
dx For the present example the only derivative present is d~ , 

which is, from the above, f (1 + .;). This gives ~~=O at.; = -1 6 

so that the transformation is singular at point l. To investi~ 

gate tile consequcnces of this singularity we can write the 

displa¿ement field (u) in terms of the shape functions given 

above, thcn exp~ess the shape functions in terms of x, and 

differentiatc to give stra1n. This will disclose that the strain 

singularity at point 1 is of thc 1/lr type. 
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In more rcccnt work, 1íd.;lntt (l~cf. 77) ancl Barsoum lRcr. s-· 

h.1ve cast doubts upon thc adcqu.1cy of thc quadr:ilatcr~ll lsop;lrJ 

metric clcmcnt i'o;· Lhc ,ahove appl icaion. Ilibbitt show~ thaL t;:c 

stress ~ingularity is dcfincd only along thc boundary ;úl.d that 

the strain cnergy (and, thércforc,/ stiffncss) is singular at thc 

crack tip. Barsoum shows that by coa]cscing points (Fig. 1!) to 

forma tri<mglc thc str".:'sssingul:1rity 1s clcfinecl on al1 radial 

lines through thc crack tip and that the strain encrgy 1s non

s:ingular at thc crack tip. Thus, triangular isoparametdc elclhcnts 

are to be preferred when this approach is taken. 

It should be noted that in the implementation of thc abnve 

approach one can calculate the displacements (or stresses) which 

are then interpreted in the manner of the~ "dircct" methods dis

cussed ea rJ ier. 
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e. Assumed Stress l!yhrid ~lcthod 

Pian, et al (Rcf. 24) use the hybrid stress approach 1n 

thcir w'ork. In applyjng the hybrid stress approach to the for

mulation of a singularity elc;acnt we cxpand the character1zatio:J 

of the internal stress field to account for the singular stress 
fie l~d. 

{a}= [P
0

){8
0

} + [P 5 ]{~\} 

where [P ] represents thc coefficients of a simple (usually o 
polynomial) expansion in the element, [P

5
] contains the coeffi-

cients from the singularity stress field, and·· {8 } contains thc 
S 

stress intensity factors. For example, if modes 1 and II are 

both included in the analysis 

{ 8 } = {KI } 
s K 

II 

-. 1 
~:-" ._ll ).~, 

It follows that the surface tractions (T) are similarly describeJ 

As before, the edge displacements are simply 

u= [Y]{ld 

lntroducing thcse expressions into Equation (23) of the 

lecturc notes on "Mixed Variational Principles and Hybrid 

Formulations" we obtain 



o 

rr = 1 lB J [H ]{8 } + lB J [H ] { B } e 2 o o o o OS S 

+ 1 
lBsJ [lis] {Ss} - lB J [Q ]{ó} lBsJ[Qs){ó} 2 -o o 

where [H J = [ f (P ]T[E]- 1 [P )d(Vol)] o o o 

[H ] = [ f [P ]T[E]-l[P ]d(Vol)] os O S 

[Hs] = [ f [P )T[E)-l[P ]d(Vol)] 
S S 

(Qo] = [ { [~o] T [Y] dS] 

[Qs] = [ ~ [R
5

]
1 [Y]dS] 

The stationary eondition on TI with respeet to {B } is e o 
imposed and the result is used to eliminate {8 } from TI . The s e 
stationary condition on rr with respeet to {B } and {!).} then e , s 
gives equations of the for~ 

r- ~ _¡_ ~ ~l { -/:).-} = { _P_} 
l M 1 N 8

5 
O 

Sblution of these equations gives the stress intensity 

factors directly. 
A simpler and seemingly more effeetive hybrid approach has 

been presented by Tong, Pian and Lasry (Ref. 47). Reeognizing 
that the singularity displacement fields they will ehoose will 
represent satisfaction of both continuity and equilibrium condi

tions within the e~~ment, they construct a functional (Tim) which 
represents the appro~imation of these conditions on the element 

boundary. 

1 
nm = f T•udS - 2 f T•udS 

whcrc T rcpresents the element edge tractions duc to the assumcd 
stress ficld, u are the corresponding edge displaccments, and 
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u are boundary displacements that are independently ~hosen .in 
such a way that interelement compatibility is satisfied. These 

fields-can be discretized as follows 

T = [RJ{8} 

u = [Z){S} 

where {8} contains the relevant stress intensity factors as 

de~rees-of-freedom and 

one then obtains, after substitution of these in rr and imposim 
tion of the stationary conditions, the following stiffness 

matrix 

where [Q] is as previously defined and now 

[H] = i [ f ([T]T[Z) + [Z]T[R])d(Vol)] 

Other investigators (Apostal (1) and Atluri, et al (48)) 

have applied the "assumed displacement" hybrid method, which 

depends on assumed displacement fields, rather than stress 

fields, within the element. 

VII. INELASTIC ANALYSIS 

Finite element analysis possesses special advantages in 

elastoplastic analysis where opportunities for classical solu

tions are very limited and sorne form of nume~ical analysis is 

rcquired for virtually all circumstances. A description of this 
aspect of finite element analysis was given in prior lecture 

notes. The significance of elastoplastic studies in the predic

tion of fracture is reviewed by Rice and Traccy (Ref. 2). Our 
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purpose here is mcrely to c1te cfforts towards the analys1s o[ 

inelastic behavior in the region of thc crack tip. 

An exposition of thc Jircct mcthod in inelast1c fracture 

rnechan1cs has been given Dy Aamodt and Bcrgan (53, 54). 

The reprcscntatiort descr1bcd by Levy, et al (31), formu

lated for elasto-plastic fracture mcchanics analysis, rcprcscnts 

an alternative singularity formulation. Thc "bas1c" clcmcnt, 

shown in Figure 7, cons1sts of a transformation edgc-dlsj11.1ccn.cnt 

fie.ld (sce Ra_¡u ancl )(;·•) (32) for stlffncss cocfflcicnt deta1Js). 

T he s in g u} .1 n t y 1 s <Le !11 e ved by a 11 o w 1 n g t he J o J n t s a a n d b t o 

coalcsce 1nto JOint 1 as the elcrnent is used as 

elcment" with jo1nts 1-2-3. This scheme y1elds 

a "near t1p 
l . 1 • a - S1ngu.Lar1ty 
r 

of the type associated with inelastic crack tip phenomena, in 

contrast to the 1//T singularity of linear fracture mechanics. 

The inelastic analysis procedure used was the tangcnt stiffness 

rnethod. 

Armen,et al (52) have used the co11formal mapping proccdure 

in inelastic fraction mechanlcs analysis. 

Another attcmpt at the representation of the crack tip 

singularity is dueto ll1lton and Hutchinson (33), who employ an 

analytical model of the singulJrlty 1n a circular reg1on sur

rounding the crack tip and rcprcsent thc structure outs1de this 

region with conventional finite elements. Swedlow (34) and 

Tuba (35) perform finite element elastoplastic analysis for 

cracked and notched plates, basing their represcntations entircly 

upon conventional elements. Walton, Woodman, and E11ison (Ref. 
36) use simple triangular elements and the "initial stra1n" 

mcthod of inelastic analysis in studies of fatigue-crack growth. 

Miyamoto (Refs. 6 and 8) and Yokobori and Kamei (Reí. 37), on 

the other hand, combine conventional elements and the tangent 

stiffness approach. 

VIII. CONCLUDING REMARKS 

Thc following comments, which apply only to the linear 

fracture mechanJcs methods are intendcd as a sumnwry of thc 1aore 

apparent advantages and limitations of the respective mcthods, 
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must principally pcrtain to computational efficiency, rathcr 

than acctJracy, sincc improvcd accuracy is always possible at 

incrcascd cost. furthcrmore, account must- be taken of thc 

possibility of required additional rcscarch or major modlfica

tions of existing cornputcr programs to establish working capa

bilitics of pract1cal analysis. 

Thc direct methods are appcalin; in that ~my available 

computcr program can be crnployed "a:, is." Available cviJencc 

rcflccts unfavorably on thc cconomics of such methods, howevcr, 

if special steps are not taken to deal with the isolatcd region 

of the crack. The use of 200 to 1000 elements has bcen found 

necessary if an accuracy with1n S% 1s to be realized in a plane 

stress problem. This degree of refinement is economically 

unacceptable for a simple geometry and load condition and is 

unquestionably so for more complex geometries and three

dimensional stress situations. This disadvantage is counter

balanced if "zooming" or "substructuring" capabilities are 

available in the prograrn being used. 

Among the direct methods, the extrapolation procedure on 

displaccments is clearly prefcrable when the element formula

tions are based upon assumed displaccmcnt fields. Considerable· 

reliabi~ity is introduced through the device of extrapolation; 

many more elements must be employed in the crack-opening

dlsplacemcnt rnethod to obtain as accurate a result. Extrapola

tion upon stresses may preve more profitable if the finite 

elcment model is an "equilibrium field" model (see first set of 

lccture notes). 

Arnong the energy rnethods, the total energy scheme is the 

simp1est to apply. V~rious studies (Refs. 9, 10, 13) havc 

effectcd nurnerical comparisons of procedures in the direct and 

energy-based categori~s. Many of these studies rely upon the 

simplcst type of e1ernent (triangle with linear edge displace

mcnts). It is of intcrcst to note that Andcrson, et al (10) 

found that thc orJcr of mcrlt of mcthods ln thc two catcgorics 

could be interchangcd by appropriate definition of the fjnite 

elcmcnt grid (node spacing). 
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For uscrs· of widcly-availabl e computcr programs, thc total 

energy method is immediately applicable. Computational effi

ciency can be greatly enhanccd through efficicnt computational 

algorithms which can cffect a·changc of crack lcngth without re

analysis (Parks (44), Hellcn (16)). Superposition mcthods are 

highly cfficicnt from thc view of computer costs. 

Singularity function elcments represent thc most promis1n_s 

of all approaches. In general, thesc require thu:: thc pro~ram 

into which they are to be incorporatcd be able to accommodate 

procedures for numerical integration of the individual elcmcnt 

stiffness coefficients. Ref. (46) gives a limited comparison of 

energy-based and singularity function methods. It is also 

possibJe to combine the enPrgy-based and singularity-function 

methods as was done by Blackburn (15) and ~cale (61). 

It is clear that relative merit of the many proposed pro

ccdures depends on the computer programs available for their 

application. A review of such programs has been presented by 

Benzlcy and Parks (45) and by Apostal, et al (Ref. 65). 
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