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A LOS ASISTENTES A LO S CURSOS DEL CENTRO DE EDUCACI ON 

CONTINUA 

La Facul tad de Ingeniería, por conducto del Centro de Educación Continua, otorga constan-

cia de asistencia a quienes cumplan con los requisitos establecidos para cada curso. Las per 

sonas que deseen que aparezca su título profesional precediendo a su nombre en el diploma, 

deberán entregar copia del mismo o de su cédula profesional a más tardar el Segundo Día de 

Clases, en las oficinas del Centro, con la Señorita Barraza, de lo contrcrio ~será posible. 

El control de asistencia se efectuará a través de la persona encargada de entregar notas, en 

la mesa de entrega de material, mediante listas especiales. Las ausencias. serán computadas 

por las autoridades del Centro. 

Se recomienda a los asistentes participar activnrnente con sus ideas y experiencias, pues 

los cursos que ofrece el Centro están planeados para que los profesores expongan una tésis, 

pero sobre todo para que coordinen las opiniones de todos los interesados con~.stituyendo ver-

daderos seminarios. 

Al final izar el curso se hará una evaluación del mismo a través de un cuestionario diseñado 

para emitir juicios anónimos por parte de los asistentes. Las personas comisionadas por al-

guna institución deberán pasar a inscribirse en las oficinas del Centro en la misma forma que 

los demás asistentes. 

Con objeto de mejorar los servicios que el Centro de Educación Continua ofrece, es impar-

tante que todos los asistentes llenen y entreguen su hoja de inscripción con los datos que se 

les solicitan al iniciarse el curso. 

ATENTAMENTE 

ING. SALVADOR MEDINA RlVERO 

d 

' 

COORDINADOR DE CURSOS. Tacubo 5, primer piso. Máx1co 1, D F. 
Teléfonos: 521-30-95 y 513-27-95 
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DIVISTON DE ESTUDIOS SUPERIORES 

FACULT!\D DE INGENIERIA, UNJ\\·1. 

CURSOS DE MAESTRIA Y OOCTOAA.OO 

de la Facultad de Ingeniería, UNAM, ofrece las 

M a e s t r i a s 

Control 
Electrónica 
Estructuras 
Hidráulica 
Investigación de 

Operaciones . 
1\-lecánica t.éórica y 

Aplicada 

Mecánica 
Mecánica de Suelos 
Petrolera 
Potencia 
Planeación 
Sanitaria 

Programa de actividades para el segundo semestre de 1976 

Exámenes de admisión: 

Inscripciones: 

Iniciaéión de clases: 

10, 11 y 12 de mayo 

31 de mayo al 4 de junio 

7 de junio 

Requisitos de admisión 

a) Cumplir con'una de las siguientes condiciones: 

D o e t o r a d o s 

Estructuras 
Hidráulica 
Mecánica de Suelos 
Mecánica Teórica y 

Aplicada 
Investigación de 

Operaciones 

l. Poseer título "profesional en Ingeniería o en nlguna disciplina afín 
a las maestrías que se ofrecen en la' División, otorgado por la UNA\! o 
por cualquier·institución nacional o extranjer~. 

2. Ser pasante de la Facultad de Ingeniería, ~~ 

b) Aprobar los exámenes de admisión que se efectuarán en las fechas señaladas 
arriba. 

e) Presentar, ~entro del período de inscripc~oncs arriba mencionado, la d0cumen
tación que s.e indica en el folleto de Actividades Académicas 1975 de la DESFI 

l 
~~yores informes: División de Estudios Superiores de la Facultad de Ingeniería, 
Apartado Postal 70-256, Ciudad Universitaria, -~léxico 20, D. F. Tel.: 548-58-77 

"POR ~1I RAZA HABLAR/\ EL ESPIRITU" 
Cd. Universitaria, febrero 3. 1976 
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J:T nror::r'T'n'R m: 1.A FACULTAD EL JEFE DE u\ DIVISION 
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Palacio de Minerla 
Tacuba 5, primer piso. México 1, D. F. 
Tels.: 521-40-23 521-73-35 512-31-23 
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PROGRAMA 

LUNES 15 

8:00 - 9:00 lnscripcion~s. 

9:00 - 9:30 Apertura del curso. 

9:30 - 10:30 1 ntroducción. 
Antecedentes y .estado actual 
del conocimiento del Método 
de Análisis por Elementos Fi
nitos. 

10:30 - 11:00 Receso (café y refrescos) 

11:00 - 12:30 Fundamentos de Al gebra Ma
tricial. 

Pedro Martinez Pereda 

Porfirio Ballesteros B. 

Porfirio Bolles teros B. 

12:30 - 14:30 Receso (comida por cuenta participantes) 

14:30 - 16:00 Propiedades de. rigidez del -
elemento. 

16:00- 16:30 Receso (café y refrescos) 

16:30 - 18:00 Método directo de las rigideces. 

Porfirio Bolles teros B. 

Porfirio Bolles teros B. 

1 ·¡ 
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MARlES 16 
/ 

9:00 - 10:30 Método directo de las rigideces. 

10:30 - 11:00 Receso (café y refrescos) 

11:00 - 12:30 Aplicación tri dimensional del 
elemento viga. 

Porgirio Ballesteros B. 

Porfirio Bailes teros B. 

12:30- 14:30 Receso (comida por cuenta participantes) 

14:30 - 16:00 Fundamentos de teoría de elas
ticidad. 

16:00- 16:30 Receso (café y refrescos) 

16:30 - 18:00, Fundamentos de teoría de elas
ticidad. 

Porfirio Bailes teros B. 

Porifrio Bailes teros B. 
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MIERCOLES 17 

9:00 - 10:30 Método directo en la formulación 
de la rigidez del elemento. -

10:30 - 11:00 Receso (café y refrescos) 

11:00 - 12:30 Principio del trabajo virtual: 

Richard H. Gallagher. 

Richard H.' Ga llagher. 

12:30 - 14:30 Receso (comida por cuenta participantes) 

14:30 - 16:00 Trabajo virtual y energía poten
cial en la formulación de la ri
gidez del elemento. 

16:00 - 16:30 Receso (caf~ y refrescos} 

16:30 - 17:00 Resumen de las clases del diá 
y preguntas.' 

17:00- 18:00 Sesión de aplicación. Solución 
de problemas bidimensionales 
elástico-lineales. 

Richard H. Gallagher. 

Porfirio Ballesteros y 
Richard H. Ga llagher. 

Porfirio Ballesteros B. 
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JUEVES 18 

9:00 - 10:30 Selección de campo de despla
zamiento del elemento. 

10:30- 11:00 Receso (café y refrescos) 

11:00- 12:30 Elementos isoparamétricos. 

Richard H. Gallagher. 

Richard H. Gallagher. 

12:30 - 14:30 Receso (comida por cuenta participantes) 

14:30 - 16:00 Esfuerzos planos y consideraciones 
gráficas de análisis. 

16:00 - 16:30 Receso (café y refrescos) 

16:30 - 17:00 Resumen de las clases del día 
y preguntas. 

17:00 - 18:00 Sesión de aplicación. Análisis 
de conducción de calor. 

Richard H. Gallagher. 

Porfirio Ballesteros y 
Richard H. Gallagher. 

Tim J. Dwyer 
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VIERNES. 19 

9:00 - 10:30 Análisis tridimensi~nal. 

10:30 - 11 :00 Receso (café y refrescos) 

11:00- 12:30 Flexión de placas y análisis 
de cascarones. 

Richard_ H. Gallagher 

Richard H. Gallagher 

12:30 - 14:30 Receso (comida por cuenta participantes) 

14:30 - 16:00 Análisis práctico. Ejempl_os. 
Subestructuraci ón y condiciones 

·de apoyo. 

16:00 - 16:30 Receso (café y refrescos) 

16:30 Clausura y entrega de diplomas. 

Richard H. Gallagher 



Ü TENTATIVE OUTLINE ... COURSE IN FINITE ELEMENT ANALYSIS: FUNDAMENTALS 

Note: Proposed schedule is four lectures per day of 1 1/4 - 1 1j2 hour 
duration. Indicated sections refer to sections of text: 
Finite Element Analysis: Fundamentals by R. Gallagher. 

Monday, March 15. ( In Spanish ) P. Ballesteros. 

L. Introductory remarks and background of finite element method. 
2. Introductoi-y matrix algebra. 
3. Element stiffness properties. ( Section 2.1-2. 4. ). 
4. Direct stiffn~ss method. ( S<:ction 3.1 - 3. 2 ) -

Tuesday, March 16 ( In Spanish ) P. Ballesteros. 

l. Direct stiffness method (continued) (Section 3. 3 .. 3. 4). 
2. Application on tridimensional beam element. 
3. Theory of Elasticity. (Section 4.1-4. 3). 
4. Theory of Elasticity. (Section 4. 4-4. 5). 

O Wednesday, March 17 ( In English ) R. Gallagher. 
' 

' ' 
l. Direct method in" elemer:tt stiffness formulation •. (Section 5.1-5. 3). 
2. Principie of Virtual work. (Section 6. 1-6. 2). 
3. Virtual work and potential energy in formulation of element 

stiffness (Section 6. 3-6. 4). 1 
4.' Summary of day's 'lectures, in Spanish, and questions. 

Thursday, March 18 ( In English ) R. Gallagher. 

l. Selection of element displacement fields. ( Section 8.1-8. 4). 
2. lsopanimetric elements. (Section 8;8). · 
3. Plane stress and practica! analysis considerations. (Section 9.1-9. 3). 
4. Summary of day's lectures, in Spanish, and que'stions. 

-Friday, March 19' ( In English) R. Gallagher. 

l. Three-DimensJonal analysis. ( Section 10.1-10. 4). 
2o Plate bending ·and shell analysis. (Section 12.1-12. 3). 
3. Practica! analysis. Examples. Substructuring, constraints. 

o 
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Table 1.1 Summary of Fmtte Element ldealization of Center Section 
of 74 7 Aircraft (from Ref. 1.16). 

Substructure Description Nodes Unit" Beams Piares brteractt Total 
Loadcases 'i Freedoms Freedoms 

-< 

1 1 Wing 262 14 355 363 104 
2 Wmg Center 267 8 414 295 198 
3 Dody 291 7 502 223 91 
4 Dody 213 S 377 185 145 1 

S Dody ~ 292 7 415 241 200 
6 Dulkhead 170 10 221 103 126 
1 Dody 285 6 392 249 233 
8 Bulkhead 129 JO 201 93 148 L 

9 Body 286 7 497 227 92 

Total 2,195 63 3,374 1,979 555 

•Some unlt loadcases involve more than one substruclure. . 
fScveral rn:edoma of substructure interfnce contnbul,e t~ ~ s~nale interaction freedom. 
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engr. ACI Envtrontcs. Melbourne. Australia, 
and Robert L. Johnson (Acltve Member, 
AWWA), assoc prof Oept. of Ctv Engrg. 
Lehigh Untv, Belhlehem, Pa. 

Ovar the past two decades, the finlte
elament method has boen increas
lngly usad In a verlety of engineerlng 
fleids lncludlng etructural analysls, 
solld mechanlcs, and soil mechanice. 
The method uses the rolationship be· 
tween the baslc properties of each 
dlscrete element to define the 
behavlor of that element. A aolution 
for the response of the overall 
system, aubject to a aet of boundary 

O 
condltlons, le provided by aolvlng a 
set of compatible slmultaneoue 
equstlons by matrlx eolutlon tech· 
nlquem. 

o 

The eqUivalence of structural systems 
and pipe networks has long been recog
nized, and there are many examples of 
concurren\ applicat10n of solution tech
mqucs or the exchange of solut10n meth
ods. The system of cquat10ns for struc
tural problems ts normally !mear and 
hence suttable to matnx solution. 

Although a specific p1pe-network prob
lem can be defined using a finite-element 
approach,1 the actual solution of the net
work problem becomes very dtflicult 
because of the nonhnear constttutive 
equatlons relatmg the flow and head loss 
in each p1pe or element. lndeed, matrix 
solution ofthe'ptpe-network problem 2 has 
been achieved usmg extenstve numencal 
analysis and graph theory but wtthout 
recognition of the advantages of the 
fintte-element method -

The successful apphcat10n of the fimte
element method to ptpe-network prob
lems shows that the method is not only 
supenor to con vent10nal Hardy Cross 
solutiOn techniques but that the further 
advantages of complete network repre· 
sentation, simphfied input data, and un
limited network s1ze can be obtained. 
Although not specific, to a fimte·element 
solution, the program developed allows 

JULV 1975 

for solutton by enhcr the Hazen-Wtllnms 
or thc Darc\'-WCt~b,lch flow-he:~d-loc;s 
rclatlonshlp!> · The program aiso ca.n con
stder the effect of temperature vanal!uns 
on head loss throughout the network 

The computat10nal algonthm used to 
arnvc at the un1que soluuon for an eastly 
sol ved imear system eqUivalent to the true 
nonhnear system for thc p1pe networks 
was mamtamed m an extremely Simple 
form m th1s art1cle so that thc advantages 
of the fimte-element method could be 
readily observed. Unúoubted!y, further 
apphcation of numencal-analysts tecn
n 1ques would 1mprove the effictency of 
the method 

There are two spcCJfic reasons for the 
development of 1h1s method. Fir<>t, a com
puter program, PA WDS.J 4 whtch uses the 
Hardy Cross solut10n 5 method of balanc-
111¡; now for plpe-network problems, ¡s 
uc;ed m ltnder~raduate wurses at Lehigh 
Univ in Bethlehem, Pa Th1s Hardy Cross 
method or various refinemcnts of the loop 
method (balancing head5 tn loops) were, 
in 197 3, still used extens1vely in under· 
graduate education, engineering practice, 
and research.6·

7 

The Hardy Cross approach to pipe-net
work analysis uses as a boundary condi
tion etther the fact that the algebraic sum 
of flows at any Joint t5 zero (balancing 
flows) or that the algebraic su m of the 
head loss around any loop is zero (balanc
ing heads) These are simply adaptat10ns 
of the classical conservation of mass and 
conservahon of energy, respecttvely. De
pendmg upon the critena used, a correc
tion is apphed lo the assumed ptpe tlows 
or assumed piezometric heads until con
vergence to a solution is obtained. This 
classtcal iteration procedure is quite 
satisfactory for most well-conditioned 
pipe systems. However, 1 t has been 
poínted out that convergence toa solution 
is not necessarily guaranteed. 
Thcrc appcars to be nolhtng mherent m etthcr 
thc clcctrtc analyzer wtlh ordmary res1slors or 
the llardy Cross method whtch wtll constslcnlly 
produce convergence of thc errors toward zero 
with subsequcnt adJUStments. 8 

The PA WDS program used at Lehigh 
Un1v. was plagued by convergence prob· 
lems typical of the Hardy Cross method. 
Dtllingham and Cleasby9 point out that 
when using the balancing-heads method, 
a pipe or p1pes with high resistance to flow 
compared w1th others in the network can 

- result in calculated flow corrections larger 
and in the opposite d1rection to the cur
ren tly assumed flow. Thts wtll often cause 
a dtvergence m the computations, and no 
solution can be obtained. When the meth
od of balancing flows is used. Dtllingham9 

points out that if a large pipe of short 
length and relatively low flow exists, 
many iterations are necessary before an 
appreciab!e change in piezometric head is 
obtained if the value of the assumed 
piezomet1ic head is incorrect. These situa· 
tions are very practica! in their nature. 

Typ1cal plpC-dlo:;tnbulton ndworko; 10 have 
thc~c exact cond1110ns 

r\n cxtcn~tvc dtscuss1on uf thc con
veq;encc p;oblemo; uf thc Hardy Cross 
mcthod aml thc PA WDS program m par
ticular 1s not mtended m th1s art1cle. but 
the extstence of these problems should be 
noted 

The second reason for dcvelopmg the 
solut10n techntquc was beca use of thc cx
istence of a very effic;cnt fintte-elcmcn! 
program, GENFEM, llcveloped by 
Dcc,ai. 11 The advantage of this program is 
1ts completely general nature and hence 
easy adaptation for thc p·pe-network 
problem The mathemattcal basis and the 
mcthod of applicat1on of the finile-ele
ment mcthod IS dcscnbcd 'm detall to 
allow easy adapt1on ol other ex1stmg 
fintte-element programs for U'>e m solvmg 
water-dtslrtbutlon-network problems 

Application of the Fini~e-Eiement 
Method 
Matl'lamotlcel baao9, When thc linite

element method 1s applicd toa structural 
problem, the structure 1s subdlvtded mto 
d¡screte elements Each of these elements 
must sahsfy three condJtions 

1 Equilibrium of forces must be main
tained. 

2 Compatlbtlity must be maintamed. 
3 The force-dtsplacement relationship 

spec1fied by the geometric and elasttc 
properttes of the d1screte element must be 
satisfied 

The force Fin the member or element 
is related to the displacement u and the 
element properties or st1ffness K by Eq 
(l) o 

F=K u (1) 
The sum of the forces in the members at 
each r.ode of the structure is zero except 
where an externa! force 1s applted By 
combmmg Eq O) for all the elemcnts in 
the structure mto an equalmn of •dent1cal 
form to Eq ( 1) and solvmg for dtsplace
ments, thc equthbrium of the system is 
sausfied 

An equ1valent set of condtttons for a 
pipe network exists; hence, the ability to 
draw the analogy· 

l. The algebraic su m of the flows at any 
joint or node must be zero 

2. The value of the ptezometric head at 
a joint or node is the same for all p1pes 
connected to that joint 

3. The flow-head-loss relauonshJp 
(such as Darcy-Weisbach or Hazen
Williams) musl be sattstfied for each ele
mentor p1pe 
The condtllons for a p1pe net\\ork dcai 
with scalar quanuttes, whereas the struc
tural conditions deal w1th vector quan
tilles. The analogy 1s drawn between the 
magnitudes of the equivalent quantilles as 
the vector aspects of the fiow have no 
meanmg fo• the network problem. 

For a direct applicahon of the fini:e-ele
mept method involving a matri.x solutiOn, 
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a linc<~r rcl.lt10nshtp 1~ rcqu!lcd to define 
!he clcmcnl or p¡pc llcncc ,ti th1~ poml ,, 
reiJIIOnShlp of 1 he rorm of Eq ( 2l hctween 
now q. head loss hand lhe hydrauhc prnp
erties of the pipe e w11l be assumed 

q = eh (2 

The method of solut10n to rnake Eq ( 2 
equ1valent lo estabhshed nonhncar tlow
head-loss rela110nshtps w11l be dcscnbed 
subsequen tly 

The head loss h '" Eq ( 2) ts thc 
dlfference belwcen lhe p!czomelrll: hcad 
H of the nodes or JOints at each end of !he 
element or ptpe contnbuting lo lhe su m of 
!he nows Q at lhat jOtnl The p!pe-<;yslem' 
matnx 15 assembled b\' wntmg !he equa
tions for the sum of the tlows Q al each 
jomt since thls value IS known lo be e1ther 
zero or equallo the 1mposed externa! flow 
or demand. Alternat1vely. 1f the 
viezometnc head is speclf1ed al a JOint, the 
sum of thc p1pe tlows 1s 1mphcitly defined_ 
The re~ultmg set of s•multaneous equa
ltons car. be combined into matrtx form 
defining the entire pipe system m terms of 
thc sum of tlows Q at a joint and of the 
p1ezometric heads H al the jomts This 
maltix has the form 

Q =CH (3) 
When the matlix 1s solved, the plcwmet
ric hcads at all joints are obtamed The 
difference m piezometric heads between 
two joints, which is the head loss, can be 
subst1tuted mto Eq (2) to calculale the 
rlow m the p1pe between !hose two _tomts. 
The dlfection of now IS automatlcally 
pre<;erved by tak1ng the sq;n of the 
d11ference of the p1ezometnc heads into 
account 

The fimte element represenllpg the 
pipe JS of the Slmplest form posstblt,: Each 
eJement IS one d1mens10nal and nas one 
degree of freedom al each node or jomt 
To apply the summat1on of the flows ata 
joint successfully, a convent1on must be 
adopted Flow mto a jomt is taken as posi
tive, and flow out of a JOmt is negative 

The analys1s of a simple ptpe network, 
Fig. 1, is used to show the applicat1on of 
the finite-element method Using the con
dttion that. the sum of the p~pe nows 
(q

0
,qb,. _ .. )mor out of UJoint must sattsfy 

the eqUtlibrium now cnteria (Q¡, 02 •... ) 
(i.e., the boundary conditions) at that 
joint, one can wnte the following equa
tions: 

Q, = q. + Qd (4) 
02 = q. + Qb (5) 
Q3 = Qb + Qc + Q¡ (6) 
Q4=qc+qd+qr (7) 
Os= q,+ q¡ (8) 

The individual pipe nows can be ex
pressed by Eq (2) notmg that the head 
loss h is equal to the difference in the 
piezometric heads of the jomts at each 
end of the parttcular pipe. 

Q0 = ± C0 (H¡ - H2) (9) 
qb = ± Cb(H2- H1) (lO) 
qr = ± Cr(HJ- H4) (ll) 
Qd= ± Cd(H,- H4) 02) 
q, = ± C,(H4 - H5) (13) 
q¡= ± C1(H3 - H5) 04) 
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1 4Uat10ns (4-8) can now be wntten in 
1erm~ or the pipe coeffic•ents (C

0
.C,. . ) 

Jnd thc p1ezometnc hcads•(/fi.H1,. ) 

( OOSISiency Of now direCliOOS is taken 
mto account by assummg the now is away 
irom the joint bemg considered, that is, 
the piezometric head at the other joints is 
subtracted from the piezometric head at 
the JOint bemg cons1dered. 

Q¡ ""Ca(Hi- H¡l + Cd(Hi- H,l (15) 
Q¡"'Ca(H¡-1/i)+Cb(H¡-H)) ()6) 
Q3 = Ch(H¡- H¡) + Cr(HJ- H4l (17) 

+ CrCH3 - H1l 
Q4=CrU14-H1l+Cd!H4-Hi) (18) 

+ C,(H4- 11~) 
05 = qHs- H4l + C¡<Hs- H3l (19) 

Equatwns {15-19) can be combined 
into the matnx form of Eq (3) to yield Eq 
( 20). ( See below ) 

For this particular example, the follow· 
ing boundary conditions are given. 

Hi = lOOft 
Q2 = 700gpm 
Q3 =400gpm 
Q4 =Ogpm , 
Q5 = 600gpm 

Substitutmg these values into Eq (20) 
gives Eq (21) as the final form for solu
tion (Se e below) 

The values of the coefficients 
<Ca.Cb, .. .. ) for each pipe are determined 
by the procedure to be outlined The 
unknowns, H1• H1, H4, H5 and Q1, can be 
obtained by solving the matrix Eq (21). 
The flows in the individual pipes can be 
found, as previously stated, by substitut
ing into the defining equations (Eq. (9-14) 
for this example) after the piezometric 
heads have been found for each joint 

Method of appllcatlon. For the suc
cessful apphcat10n of the fimte-clement 
method, the constitut1ve equationl used to 
relate now and head loss must be lmear or 
the matrix solution cannot be apphed. In 
;eality, the relatJOnship is nonlinear and 
vanes With the equat10n chosen. The ap
ptication of the fimte element method is 
accomplished by usmg a linear equation 
(Eq (2)) as the defining now-head loss re
latJOnship and the successive correction 
of the pipe coefficient e until a umque 
solution 1s found satisfying both the 
equivalent linear relationship and a real 
nonlinear relationship such as the Haz
en-Williams equation or the Dar
cy-Weisbach equation. When this unique 
solution has been found for all pipes the 

Ot -c., o 
OI -c., c.,+c, -cb 
OJ o -cb 

network d1slnbut1on has been solved. 
The program. GENFEM. allows a 

choice of the Darcy-We1shach equat10n 
or the Hazen-WJ!hams equatlon The 
Hazen-W1Ihams equat10n wJII be used for 
purposes of explanation, although the 
method is identical for both equations. 
The relatJOnship used to define now ver
sus head loss 1s shown m Fig 2 The tran
SiiiOn from lammar to turbulent condt· 

. tions for ptpe now occurs at a Reynolds 
Number R,.. of approximately 2 000. R,.. is 
defined by the ptpe dtameter D. and the 
dynamic viscosity IL· the density p and the 
'flow velocity V of the nuid nowing. 

pVD 
RN= -

¡J. (22) 

The now Qr at which transition occurs~ 
corresponding toa RNof 2 000, is given by 

2000 ¡..tA 
qr= VA= --;;i) (2)) 

For nows less than Qr. the now v.s head
loss relationsh1p is linear. To avoid a dis
contmUtty in the defining relattonship be
cause of thé transition region between 
laminar and turbulent now, the linear re
lation~hip is obtained by simply joining 
the origin to the pomt (hr.Qr) with a 
stratght line. The coordina te hr is found 
from a substitution of the flow Qr into the 
turbulent now equation The linear por
tian of the graph, the laminar region, does 
not en ter into the calculations of a practi· 
cal problem The value of Qrranges from 
O 5 to 5 gpm for 6-16-in. dtameter pipes 
whereas typical flows range from 200 to 
5000 gpm for these size pipes, well into 
the turbulent range. · 

The Hazen-Wtlhams equation relates 
the head loss h to the pipe diameter D, the 
pipe length L, the Hazen-Williams coeffi
cient CHw. the now q and a coefficient e' 
for unit conversion. 

L q t&s 
h=c' - (-) 

D 4 87 CHiv (24) 

This equation can be rewntten for a par
ticular pipe by grouping terms into one 
constan! cr. 

h = crq' as (25) 

Tlfe solution technique can be divided 
into three steps. The first step is to select 
an initial value of the pipe coefficient e for 
each pipe and combine these to yield the 

-cd H,, 
o o H¡ 

-e, (20) 
[,+e, 

C6 +Ce +C¡ 
04 -cd o -e, C,+Cd+C, 

o J ~ 
C,+C 

1/4 HJ 1 

Os o o -e, -e~ Hs 

Ot r+~ 
-c., o -cd 

o ] 
100 

700 -c., C.,+C6 -e~ o o H2 
400 ... o -cb C&+Cc+C¡ -e, ~ Hl 
o -cd o -e( C,+Cd+C, H4 

600 o o -e, -e, C,+C¡, Hs 

(21) 

JULY 1975 

matrtx p1pc coclllclent~ (' The 'i}">lcm 
matnx IS thcn ~olvcd for !he value of thc 
ptezometnc head at cach Jotnt Secondly. 
the tndJvtdual ptpe flows q are calculateu 
by use of Eq (2) usmg the d1tferences be
tween the determtncd ptezometric heads. 
These Oows are then substituted into Eq 
(25) and smce ( cr) for each pipe is known. 
the pipe head losses are calculated. lf the 
pipe head losses obtained from Eq (25) 
correspond to those obtamed from the 
matrix solut10n. thcn thc unique solution 
sattsfymg both thc llazen-Wtlliams equa
tion and the lmear Eq (2) has been found 
The thtrd and fmal stcp requ~red ts to 
change the value of e to converge the 
problem to a solutton tf there iS a 
dtfference between the head losses calcu
lated by the two methods 

A more detailed explanallon of each of 
these steps follows. The imtial value of the 
pipe coefficient c1 is chosen lo correspond 
to RN of 200 000 m each pipe, a typical 
value for a practtcal problem The now 
(q1) is then calculated from the Reynolds 
Number relat10nship, Eq (26): 

200000 llA 
q, =VA pO (26) 

The value of the head loss h1 correspond
ing to thiS now q, is calculated from Eq 
(25): 

(27) 

The pipe coeffictent is then found from Eq 
(2) as shown m Ftg 3 

qi 

Ci"' ~ (28) 

This intttal value of the ptpe coeffictent e1 
for each pipe iS then combmed. accordmg 
to the geometry of the network into the 
pipe coefficients C1 used tn the matrix 
description of the network system. The 
matnx 1s then sol ved to y1eld the first estí
mate of the piezometnc heads at each 
joint 

The allowable deviatton between a pipe 
head loss determined from the matnx 
solution of the joint ptezometric heads 
and the correspondmg value from the 
Hazen-Williams equat10n is a variable and 
can be specified for a particular case tak
ing into account the type of problem and 
the degree of prectsion desired for the 
solution. 

The th1rd step, adjustmg the value of c. 
was developed with two entena in mmd. 
The solut10n should converge reasonably 
raptdly, yet the techntque should remam 
stmple During the checkmg procedure, 
the now q, for each pipe calculated via Eq 
(2), and the matnx solutton iS used to de
termtne the head loss h, from the 
Hazen-Wilhams equatton. The first pro
cedure used m the development of the 
program was to obtam the correction of 
the e value for each pipe by assuming that 
the point h<' qr was the umque solut10n 
and thus the correct hnear relattonship 
was defined by a stratght hne joining this 
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pomt to the ongm and defined by Eq (29). 

q (29) 

OThe new value of e was then set equal lo 
Qc 

-¡jr' When all the pipe coefficients were 
corrected m a sim1lar way, the llow d1s
tnbut10n obv10usly wac; altered, and th1s 
method proved to be an overcorrect1on 
when the matnx was resolved To dampen 
this overcorrect10n effect, an averagmg 
technique was mtroduced. The corrected 
value of e 2s taken to be the mean of the e 
value defined by Eq (29) and the value of 
e used to obtain the matrix solution This 
method of correchng e is shown in Fig. 4. 
The averagmg method reduced the num
oer of cycles required for convergen ce by 
approximately one th1rd 

Example Problema 
lt is not the mtent uf thic; article to pre

sent extenstve comparison of d1tferent 
network problems since any compari'>on 
of computer progtams must take mto ac
count ease of tnput data and flcx1bihty of 
use as well as efficiency of computer ttme. 
Two example problems are dtscussed to 
point out sorne ~poarent potential advan
lages of the finite element approach. 

An example problem3 shown in Fig. S, 
consisting of nineteen pipes and thirteen 
joints, was sol ved using the PA WDS pro-

o gram and the GENFEM program. The 
PA WDS program solved the system in 
eighteen iteration cycles and 1.07 s. The 
GENFEM program solved the network in 
fifteen iteration cycles and 4.73 s. Ob
viously, this example does not indicate a 
preferential method, but is included so 
that it can be considered wtth the next ex
ample to show the elfect of increased sys
tem size 

The second example problem with 75 
pipes and 57 joints was also solved with 
both programs. The particular problem 
had been submitted by an undergraduate 
student and would not converge in the 
allowed lime using the PA WDS program. 
8oth the time limit and the iteration cycle 
limit were increased, and the problem 
eventually converged by the use of the 
PA WDS program after 16 048 iterat10n 
cycles and 768 s The same problem was 
solved with the GENFEM program after 
twenty iteration cycles ·and 22.2 s This 
problem highlights the apparent lack of 
convergence problems for the tmite-ele
ment method and also shows, when com
pared with the first example problem, that 
for the finite-element method, the num
ber of iteration cycles to convergente ap· 
pears virtually independent of the num-O ber of pipes and joints. 

Dlscusslon 

lat10nsh1p When the ptpe network is 
relattvely small, such as in an mdustnal 
pla:'lt piping system, the fittmgs may 
become major head loss contributors. The 
head loss h across any of these elements is 
usually considered to be directly propor
tional to the velocity head by a coefficient 
k corresponding to the type of element. 

h=k 
Vl 

2g 
(30) 

Thts can be easily con verted to the re
QUired form, that IS, in terms of flow q 
knowmg the area A of the element 

k 
h= - q2 

2gA2 
(31) 

A pump can be included in the system 
smce a pump merely provides a "head 
gain" or negative head loss The use of a 
pump element reqmres a llow-head loss 
relationship' (the head-capacity curve for 
the pump), lf the mformation, is not 
available asan equation relating d1scharge 
and head, the pump information could be 
prov1ded in fabular form In this form the 
program would use linear tnterpolation 
between any two data pomts. 

The bas1c finite-element method is not 
restricted to pipes llowmg full In practice,

1 
watei systcms often contain open chan .. ---' 
neis in the headwater sections. These 
open channels or even pipes llowing par
tially full can be included for analysis. The 
only requiremenJ for an element is that 
the llow can be related to the head loss. 

The range of hydraulic elements that 
can be included is limitless, provided a 
flow-head loss relationship for each ele
ment' is known. An exact system repre
sentation can be obtained by introducing 
a comgination of all th¡; hydraulic ele
ments causing head loss 'or gain in the 
system. While discussing th1s point one 
should remember that methods such as 
tile Hardy Cross method of balancmg 
heads techmque5•7 require that all p1pes 
are part of a loop. Typically, reservoirs or 
elevated tanks have one pipe connecting 
to the d1stribution system andan artificial 
pipe ~ust be introduced to make a loop so 
that the• Hardy Cross balancihg heads 
solution method can be applied. 

The use of il_igh-resistance artificial 
pipes in the network has, in fact, often 
contributed to convergence d1fficu1ties. 
To simulate the actual cond1tions, the ar- ' 
tifi.:1al pipes introduced to form· loops are 
often of smaii diamet-;:r and h1gh resist
ance so that they carty an msi¡;nificant 
llow and hence can be neglected As was 
pointed out earlier, this is the exact condi· 
tion that creates convergence problems. 
The finite-element method does not re
quire the use of artificial pipes to complete 
a loop since the connectivity of the ele

The finite-element method is, not re- ments is defined explicitly by the system 
stricted to a pipe as the only element. Any matrix. Consequently, tree-type systems 
type of hydraulic elemeht can be included are readily sol ved with this procedure. In 
that can be defined by a flow-head loss,re- fact, the GENFEM program was used 
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very succc~sfully dunng thc 1974 spnng 
semester at Lehtgh Un1v lo analyze a 
transm1sS10n system problem that was 
almost enttrely tree typc w1th approxi
mately ten loops included 

The m pul data reqmred for the program 
is eqmvalent to other solution techniques 
w1th the major except10n that loop data 
does not need to be included. The dis
tributiOn network 1s defined by mput of 
the number of the p1pe and the joints to 
which it is connected Another advantage 
over sorne soluuon methods 1s that any 
number of pomts of known pressure can 
be preselected 

Wtth loop-solution methods, all pipe 
andJoint informatton must be available to 
the program at the same t1me Th1s puts a 
defimte hmit on the size ofthe system that 
can be solved. The ftnite-element pro
gram, GENFEM, however, can operate 
on blocks of data. Thus, there is virtual! y 
no limlt to the size of the netwcrk that can 
be solved. The element and nodal infor
mation can be stored on magnet1c tapes or 
other devices and then read from the 
storage device in blocks, operated upon, 
and returned to storage on the tapes This 
feature must gam greater s1gt'llficance as 
water-d1strtbut1on networks become 
larger and more mterdependent 

As stated prev10usly, although riot 
bemg spectfic toa fimte-element program, 
the program developed has two additional 
features worth n~otmg. First, the program 
GENFEM provides a ch01ce oftwo estab
lished íflow-head loss relationships. The 
Hazen-Willíams equation has already 
been stated as Eq (24). The Dar
cy-Weisbach equation relates the same 
variables and includes the friction factor f 

L 
h = (1-) q2 (32) 

D2g Al 
An explicit expression 12 for the fnction 
factor 1 is used rather than the classica1 
impliclt Colebrook and Wh1te equation 12 
that requires an 1terat1ve solutlon. The 
friction factor 1 is expressed in terms of 
the Reynolds Number RN and the reta uve 
roughness K where K is the ratio of the ab
solute roughness e to the ptpe dtameter D 

f =O 094oc0 255 + O 53 oc+ 88oc0 44 R ,-1 62•0 134 

' .~ (33) 
Second, allowance for changes in tem

perature has been included smce temper
ature apprec1ably atfects the viscostty and 
to a negligible degree, tre denstty of 
water The vtscostty of water over a tem
peratur:.> range of SC-JOC varies from 
0.0152 pmse to 0.8004 centipotse. An 
algorithmll in terms of temperature T in 
degrees Celsius is used to define the 
viscosity IL in poise. 

! = 2 1482 ([T- 8.4351 + Jíj078 4 + 
IL 
[T-843521 -120) 

(34) 

The program is wntten so that the tem
perature can be spec111ed for each p1pe 
Any set of temperature conditions can be 
investigated for a particular circumstance. 
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Practrcal adaptd!JOn of the fimte-ele
ment method should rcqUJre a mmrmum 
of computer programmmg srnce most 
engmeenng firms and umversille~ have 
finite-element programs readlly available. 
The ease of modifymg these programs de
pends upon the generahty of therr nature. 

Summary 
The many advantages of the finlle-ele

ment method have been documented. 
Most of thcse advantages hold true in a 
compamon of an} loop method to the 
tinrte-elemen! method The ma]or advan
tage iS the speed of con vergence and the 
apparent Jack of convergence problems of 
the proposed method over the Hardy 
Cross balancing tlows method Other rm
purlant advantagcs are the abllrty to in
elude in thc analysrs all types of hydraulic 
elements, the choice of tlow-head loss re
latJOnships, !he lack of artrlicralloops, the 
ease of adaption of existing finite-element 
programs, the unlrmited network size, and 
finally, the ability to account for tempera
ture effects. 
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U," ~E (\f¡~+~z+ ~~)- ~(\f,~z +(\';~·s+CG~) (b~) 

\_o.. ~e_ \'lslJo.J. Ó..Q. Q.'(\Q.~~ de~~ ~-\o'(\~ metxtm&<.. e~ 
O l:,.u =Do- U, · (b7) 

:)Ubs-tifu tjeVIJo (bb) (l- (b6) en (t:, 7) s..Q_ ob f~rva. 
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DES Pi-UNA\'J, Mar0o- \~16 . : P. Bo \\e0\e(o-s rs 
- -- - . - -- .. - . . -- ..... -- . . - . 1 ... 

t:.n \a-s. ecwc\o~e'S (\o.<O 
1 

d'A'e'(Q~c\o ndo la. bn.me-v-

O : \es~~o 0.. X 1 lo. S~unclo.. (e:,fedo a~ 1 es \o.. te-rceltA. 

i '(<2'" ~ec.\-o o. ~ 1 ') cksfvé's. su ma'YJdo\os s.e obt1~11 e . 

(:\4-'26)\l~e =-O Go.t>) 
1 

(iD. S) '»~Yl;f¡W. ~ue \o.. QX~VI.,.¡c(o \J o\um~·h-icO... u~1\-a11~ ~ 
P = @,,e\-@"( +El! ~~Ís. Q,.ce \a. e cca.C ¿() c\'IQ\>2.1'\CÍa. \ • 

. ?. _ 0-º rlt2 ri-'~ --o Úo.6) "1 e - 'Ox. .. + -oél ... + ~ ... -
EV"I \o.. ecwé,~n (lo:5) \-a_s { uQ..{'(fs. ~ cue,('¡'O so"' 

y -=- ? ( ~)< -ct)() 

Y-=:\ ( -r'f-aY) 

Q Z=~(~z-O..z) 
bol'1tk fx, -\!'( (\- fz. s.on bs Crtf~ ~r U"!lidod ck ma~:-' O.x_,

1
0r 

~ O~ la~ Q.omf> ne~es ele b.. a cele.tz~-c loo , (j ~ e ~ /o.. ck ns fd,d o 

ma~a esfeci-f?Ca... o S1
\ eY) las ecwc.lone.s (¡o,r3) la.. primera.., : 
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(\ \o.. -o, sumamos e.l'l-\-re U se obh?nG> Ja ex prQs¡;l,¡ 

~ec.+ona\ ck las ecwcl'one~ ÚD·5) Qo~~ 
(\+6)qmd Jiv s + G •:::ls +~{~-a.)= o 

e'<' ó.ond.e 
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