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A LOS ASISTENTES 1-\. LOS CURSOS DEL CEN'l'RO DE EDUCACION 
CONTI~UA 

Las autoridades de la Facultad de Ingeni~ría, por condricto del Jefe del 
Centro de Educaci6n Continua, otorgan una constancia de a_sis·tencia a -
quienes cumplan con los requisitos establecidos par~ cada curso. Las 
personas que deseen que aparezca su título profesional precediendo a -
su 1:ombre en la constancia, deberán entregar copia del mismo o de' au ·· 
cédula a más tardar el SEGUNDO DIA de clases, en las oficinas del Centxo 
con la sefiorita encargada de inscripciones. 

El control de asistencia se llevará a cabo a travlfs de· la pe·rsona encar 
gada de entregar las notas del curso. Las inasistencias 'serán co~1puta:: 
das por las autoridades del Centro, con el fin de entregarle constancia 
solamente a los alumnos que tengan un mínimo del 80% de asistencia. 

Se recomienda a los asistentes participar activrunente con sus ideas y 
experiencias, pues los cursos que ofrece el Centro están planeados para 
que los profesores expongan una tesis, pero sobr~ ·todo, para que ::oordi 
nen las opiniones de todos los interesados constituyendo verdaderos se
minarios. 

Es muy importante que t.:>dos los asLst3ntes llenen y entregen su hoja -
de inscripci6n al inicio del curso. Las personas comisionadas por al
guna insti tuci6n deber§n pasar a inscrib.:.rse· en las oficinas del Centro 
en la misma forma que los demás asistentes, entregando el oficio respec. 
tivo. 

Con objeto de mejorar los servicios que el C8ntro de Educaci6n Continua 
ofrece, al final del curso se hará una evaluación a tráves de un cues-
tionario disefiado para emitir juicios anónimos por parte de los asisten 
tes. 
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INTRODUCCION f\ LA PROGRAJ.VI..ACION Y COMPUTACIO \l ELECTRONICA 

CAPITULO I: INTRODUCCION A LA COMPUTACION DIGITAL. 

H. en C. MARCIAL PORriLLA R. 

Octubre, 1978. 

Palocle 'e Mlnerfa Colle de Tacubn S. primer piso. 



CC"C: 1( C'. CCt>FLTAúC~.::. 

CBJETC · 

E 1 ob¡eto ::!e esta:. ev-.: ese-ña scbre i.J-.. cc,T,put~dcH:.s e'e:11é., c..,;~ ~· 5 s 

múlnoles apl,caciones a! servtc o dcl.roli'ljre, es trcnsmttir al lector vnu com;:de'a .... ,-

stÓn de con¡unto, mediante. Jn ler.gucle senc1 llo que ::>ermtta :ofT'ore,Cer con ce~ hJOI-

¡¡.ente los terras tr(]t.:JdOs 1 stn necesidcd ~e conoci"Tlientos previos en la rnateno 

contentdo, perm1tOn 1 a qutenes las leer., 1ngres:1r al maravilloso rrundo de l~1s rnóqui11ns 

outomát 1 e os 

Este señor se 11om~ Co~t·ol Trabcja er une pequei'la habita
ción. T ten e a su ~1tsposición una máquina dE' calcular que su -
ma, resta, multipltca y divide nene también el señor Control 
un archivo porectdo al casillero que e:.:stt:: en los trenes ~o,.c

clasificaclán postal 
Hay, además, en le. hd:•1tación, dos vent,J.1dlos identific1Jdas 
con sendos carteles "Entrada" y "Salida" 
.: ¡ :re t.._ .: 

_, 

desenvolverse con estos elementos, st "lguier le pide que- -
haga un trabajo. 

Una persona qu1ere ,aber el resultado de un complicada cólcul-:; 
Por: ello, escnte orden~do, preci•o y detollodomente, codo una 
de los operoc1or.es que, en conjunto, integran ese cálculo, anota 
coda instrucctón elemental en una hoja de papel y coloca todas
los ho1as en orden en la ventanilla "Entrada". 
El señor Control, al ver las hojas, lee en su manual que debe to 
mor eses hoj05 con instrucciones, una por una, y colocarlos corr_: 
lativamente en su arch1vo. Y asi lo hace. 

r ¡i 

Una vez ubicados todas las instrucciones en el archivo, el sei'lor 
Control consulta nuevamente el manual. Allí se le indica que,
a continuación, debe tomar la instrucción de la casilla 1 y ejecu 
torio luego, la de la cassilla 2 y ejecutarla, y así sucesivamente 
hasta ejecutar la última instrucción. Algunas instrucciones in di -
corán que hay que sumar una cantidad a otra ( instrucciones - -
aritméticas); otros, que el sei'lor Control debe ir a la ventanilla 
"Entrada" poro buscar algún dato que intervenga en el cálculo -
( instrucciones de "entrado/solida"), dato que la persona que le 
formuló el problema habrá colocado ya en dicha ventanilla, en
otra hoja de papel. 
Finalmente, otras instrucciones indicarán que debe elegirse una 
de entre dos alternativos (instrucciones lógicas): par ejemplo, -
supongamos que una parte del cálculo - desde la instrucción que 
está en la casilla S del archivo hasta la que está en la casilla 9 
dz!::e !:iz::t..·t~~'=' 1 S "E'O:~~ l'\l'li'\1Ue el cáculc así le ex;qe 
En tal caso, la instrucción que está en lacas 1t1a lO ind1cora que, 
si los pasos S a 9 se han ejecutado menos de lS veces, se debe -
volver al posa S. Cuando se hayan realizado las IS repeticiones 
y no antes, el sei'lor Control seguirá con la instrucción de lo ca
silla 11. 

. 
~ 



e-

!! - ~ 

-- ~--. -=----~ ¡ :=_=-=~ 
{;r;;~;;,t..' 

.J 

··~UllA: 
u 

Después de e¡ecutar todcs I<Js rns:ruccra'les del a'chivo, 'lOc.endc
con la maqu1na de calculcr los ope'"ociones en elles mdicadas e!
señor Control entregc, o troves de lo ventanilla "Solodo', lo$ resul
tados obtenidas ... y se s.erto a esperar ur' nuevo troba¡o 
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O::.Sérvese que lo octucc ón del seilor Control es puramente 'Tiecó.,i:o 
sólo s1gue las indicacuYles de 5J -, _, y cumple df: oc J.?rdc ~·en

ellos los onstrucciones que recrbe o troves de lo Jentc.nollo "Ent oda". 
Toma deciSIOnes, pero so!amertecuando se le sei'l:alon los alternot1vas 

que exrsten y con qué crrterro debe elegir una de ell<~s 
El seilor Control puede reso!.erros :uolqu,er problema, por complica 
do que éste sea. Pero poro ello debe.nos indicarle paso a poso, er. ,,;;-_ 
formo mós elemental y det~llodc, todo la qve debe hacer f-"Oro •esol
verlo, sin olvidarnos obso!utamente .,oda p01que, e-1 e~e cao;o, e: ~e 
i'\or Control no sabría cont1nucr oor 51 m1smo. -
Hago el " • , lo pruebo de formular un problema cuolquierc- de mo
do tal que uno persono que nc conozca nodo acerca de ese probleMc 

puedo resolverlo srn neces.dod de hacer consultes Verá que es uno
experiencia interesan ti!~ irna . 

~t esc¡uerr:a .:Jt: :::c::bcm:Y.l oe reoresentar med.::'ite e! .e;a.:- C.,;-~! ¡ -...rs ¿le -

.,.ent-s 'it ·o::bc¡c, ccrresponae ~-.::'JCt'Jmen~e ~~esquema .-ie '-I...""~C.CY'-::rTi'€'1~: .:!e un:. •:CI"'-

outadar(; elec.trór..c.J 

.O.. .:onti,UCCIÓfl presentaremos una breve descr1pc.1ón de 105. elementos Je la cor 

pvtadora cué corresponden a los elementos de troba1o del señor Control. 

Las ~nidodes de Entrado (representados por lo ventanillo "Entrado" 

Son en la computadora, disposit1vos capaces~~ le-~,. ,,...:,Yr"'~JC•Ón ( r.,o;•r, -:-:: -ne 

o Dotas ) con el ob¡eto de procesarlo, Existen lXla gran variedad de elementos de entr• 

do, entre los cuales tenemos 

Tor¡etos de Cartulina y Cintos de Papel. Que son perforados de manero 

que codo perforación represento un número, lXlO letra ó l.f1 símbolo es-

pecio! de acuerdo con lXl código pred~terminodo. 

C1ntos mogneticos. Con:>cidcs como•tnemcriOS ex!err.os" t1enen la ''e..c' 

to¡o de perm1trr almacenar le 1nformoción en formo mas cc.•tcentrcJc -~ 

( o rozón de 80 o 2400 caracteres por pulgada de longitud ) y de <er 

mes veloces, yo que pueden enviar o recibrr información o lo lXliecd-

de control y velocidades que van de 10,000 o 680,000 caroctere' por -

segundo Pueden llegar o tener hostc 730 m. de longrtud. 

Q!sco ~~~~- Tombién conoctdos como "!Vtemcria extc.rno rr en ge-

nerol tienen un diámetro aproximado de 30 cms. y pueden grahor hasto:-

400,.000 letras 
1 

numeras. Y caracteres especioles 1 torrr,or,cc f"1"' 1r)::.ras,-

cifres, ó regrstros completas se pueden grabar o leer e raz&-· de, TI, 000 

o 312,000 caracteres por segundo y su tiempo de occe.;o a '-"' r~grs'r: 

alcanzo un promedio de 60 mrlr-segundos. 

: 



Uno-d•fere:lc•o 1mpod-:fnt.: entre los c1rt'1.\ '1 les drsccs e.:. los g: . .lle,re 

En los cintas los regisrrcs ~e gro::Jocn o ieen liecuerictol~enre 

En los discos s.e •ier.e "L·bre A:ceso 1 o Ui reg15~ro cvclourerc, en f.)(-

ma inrl"edi<:to, pues Cf~do regi~tro se ~ocol.zJ por su pos1ción fis•co der-

tro del disco. 

Lectora Optica de Cor,;cteres Impresos ?uede leer un docurpentc im -

o por la impresora de une comp<.tcdora e una 1elxidad de 30,000 coro=. 

teres por minuto 

Unidad de RepresentociCA1 Visual Esto unidad de entrado/solido sir-

ve poro hacer consultas o lo computadora, por medio de un teclado de 

máquina de escribir, }' -,btener la respuesto reflejada en uno pequeñ·J -

pantalla de televisión 

Lo imagen esté formad~ pvr nas re 1 2 renglones de hasta 80 coractere.; -

( letra, numeres, á signe< especiales ) cada una 

1, :1--1 
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Vemos aquí otro Unidad de Representución '/i,uol, más evolucionodo cue 

la anterior, lo comuni=c•cH'fl J...cmnt ¿- .... 1á.:¡uino vt..ede estoblecerr¡e en ella 

por medio de gráficos, es dec•r oue lo entrado y la salida de dotes se~~ 

cen por medio de imágenes. 

Cuente este un1dod por= ellcr con un dospos•tivo con. forma de lóp;z, que •• , 

tiene en ,u punte une célule fotoeléct"cc. ~n del90do hez de luz porte 

en determinado momento de un punto de la pantalla y la recorre en :or -

me de Z<g-zog. s, se apoye el "lápiz" en cualquier posic1ón de le pon-

talla, su célula fotoeléctrico detectará en algún momento el haz de luz. 

Por el tiempo tronscurndo desde que el haz de luz comenzó su "borr., ," 

hasta que fue detectada, la computadora determina en qué punte de le -

pantalla se encuentro apoyado el "lápiz". 

Como el barrido duro uno fracción de segundo y se realizan muchos ba -

rridos por segundo, se puede "escrib~r" con el "lápiz" sobre lo pantalla 

y el dibujo "ingreso" en lo memoria de lo computadora como uno suce -

sión de puntos codificados 

Le pantalla está imaginariamente dividida en 1.040.576 puntos, de mo-

nera que los trazos que se obtienen son prácticamente continuos. 

Pueden dibujarse así curvos, estructures, letras, números y cualquier t.!_ 

pe de gráfico, y esa información ingresa automáticamente a lo comput~ 

dora. 

Por otra porte, las resul todos obtenidos por la computadora son repres~ 

todos en 1c pantalla también como curvo, letras, etc., bajo control - -

del programa almacenado en la memoria. 

Lectora Opt1ca de M~nuscritos : Salvo algunos pequei\as restricciones en 

cuanto al formato de los caracteres, esta unidad puede "leer" docum~ 

• tos escritos par cualquier persono y con cualquier ejemplo o uno velocidcd 

aproximada de 30,000 caracteres por minuto 



El registrador/onalizcda Fotogr5fico es uno 'Jnidod Cle Entroda, 1Solido 

de datos que realizo :~; 'iguient~ Funciones 

1) Registro los res'!ltodos de lo =omputodoro sob.e microfoto 

grcfi'cs, medion~e un tubo de royos cotÓdicCX, que inc·-

den sobre ooa película [orográfica, y cuyo h<1z electró-

nico actúo gobernoao por el Programa Alrrocenado. lo-

película se revela automáticamente dentro de lo unidad 

y 48 segundos después está lis te poro ser proyectado. 

2) Pl'oyecta sobre una pantalla translúcida las microfoto --

grofi'as registradas. 

3) Analiza imágenes reproducidas en negativo sobre pelíc~ 

lo transparente, los digitaliza y las transmite o lo Uní-

dad Centra1 de ?rocesamierto. 

la película utilizada tiene 30,5 milímetros de ancho y 120 metros de

longitud. lo Entrada o Solido de imágenes puede ca~sistir en letras, n~ 

meros, símbolos, dibujos, gráficos, mapas, curvos, etc. En una micr~ 

fotografi'a de 30,5 mm X 30,5 mm pueden registrarse ha>t-:~ 30,600 le-

tras y números, o hasta 16. m.216 puntos correspondientes e imágenes. 

lo velocidad de Registroción/Anális is es de 40.00C letras, números y -

srmbolos por segundO, O Sli equivalente Si Se troto de imágenes. 

Mx¡uína de Escribir ( Teletipc _) , Los_ unidades de almacenamiento o m_! 

marias ( Representados por el archivo del s el'lor Control ¡ permiten re -

gistror las instrucciones y los datos paro resolver un probiP.fllo; entre es-

tos •e tienen. 

los Andlos Mogletizontes · Estos pueden magnetizone en un 

sentido ó en otro »Recordando" así un 1 o un O relpectivo -

mente. Con 8 de éstos oni llos se formo 1.n0 posicién de mem! 

rio, en le cual puede registrarse uno letra, ll'l dígito ó un ce:_ 

rácter especial ,según los distintos combinaciones de anillos-

"En 1 "y "En Q», de acuerdo o un código predeterminado • 

Las Memorias de Flie_-_F~ 

Llas Cintas Magnéticas 

Las Diacos Magnéticos 

~ ~itivc aritmético ( representado por la m6quina de cálcular ) 

realizo las cuatro operaciones aritméticas. 

~ ll'l!dodes de salido (representados por la ventanilla •Solida" ) , 

que pueden ser : 

Impresoras 

Maqulnas ele Escribir ( Teletipos ) 

Grabadoras de Cintas Magnéticas 

Grabadoras de Discos 11-'.ognéticos 

Unidad de Representacién Visual 

Registrador Analizador Fotográfico 

Unidad de Respuesto Oral con la cual lo Computadora puede 
hablar en toda el sentido de la palabra. 

Contiene una Cinta magnetofónica en lo cual un locutor ha 

grabado un diccionario de ooa gran Y4!'iadad de palabras, en 

cualquier idioma. 

. . 



Finalmente, o.n dispositivo eleciTÓnico de central( repres entodo por el sellor 

control ) ayudado de un program" especial o sistema operativo ( representado por el mo-

nuol del seflor Control ) , gobiemo todos los operaciones de todos los unidades que -

componen lo computadora. 

habiendo descrito los portes que componen la comp\ltadaro podemos 

rn~trar el 'iguiente e50Uen"C aue lo representa 

O en formo más resumido : 

Siendo 

UNiOAOa'e 
ENTRAPA 

UNIDAD 

CENTRAL 

UNIPAO 
eENTML 

U/11/Jil/Jde 
SALIIJA 

ALMACENAMIENTO 

CONTROL 

DISPOSITIVO ARITMETICO 

H.emos hablado hasta este momento de lo computadora electclnico desde el pu1 -

to de visto conceptual. Durante los dos últimos dlkodos se han producido avances tecnol~ 

gicos ton extraordinarios en materia de electrclnico que lo computadora há sufrido enormes 

transformaciones. Veremos a nora cómo se ha ido modificando lo ideo original hasta llegar 

a los más modernos s istemos de procesamiento de dotas • 

Los primeros computadoras tenian circuitos cal válvulas de vocio. los -

tiempos de operación se median en ellos en milisegundos (milésimos de 

segundo ) • Cuando aparecieron los transistores, el disei'l~ de los circui-

tos se mejoró notablemente y lo duración de los operaciones en los com-

putadoros que utilizobcr. e5ta ll"fecnologío de Estado Sólido 11 se mid1o 

en microsegundos (millonésimos de segundo ) • 

El hecho de que los nuevos máquinas fueran miles de veces más rápidos -

que los anteriores trajo aparejado lo creación de unidades de entrado, s~ 

lido y memoria extema mucho más veloces. 

Lo invención de un nuevo tipo de transistor ( "chip" ) provocó uno ver~ 

dero revolución en los circuitos electrónicos y sus procesos de fabricación 

el n'uevo elemento es ton pequei'lo que o:m un dedal de costura caben más 

de 50,000 chips. Puede observcme en lo figuro, morcado con un circu-

lo, un circuito completo basado en esto nuevo "Tecnología de Lógico -

Sólido". Debido o su tomoi'lo, se los denomino circuitos microminioturizodos 

o microcircuitos. les tiempos de operación se miden ahora en nanosegu_:¡ 

dos (milmillonésimos de segundo ) • Ha nacido en esto formo lo tercero-

generación de computadoras, y los altas velocidades alcanzadas posibi~ 

taran un nuevo enf0<1ue en el disei'lo de los sistemas de procesom1ento de 

dotas. 
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Enunciaremos brevemente los adelantos que esta tercero generación 

ha introducido con respecto a lo tecnologi'a anterior 

La computadora se autogobierne y trabaja sin detenerse, pa5GildO 

de un trabajo a otro sin demora alguno. 

• El Operador interviene sólo cuando algún problema excepcional -

ocurre. La comunicación entre hombre y máquina se realiza s61o so-

bre la base de "Informes por Excepción" • 

• Si ocurre una fallo en los circuitos o en lo porte electromecánico 

la máquina realizo un outodiognóstico e indico cuál es lo anomalía. 

• lo velocidad de Entrado-Proceso-Salido se ha incrementado extra 

ordinaTiamente. 

. Todas los operaciones del sistema se realizan en forma simultáneo. 

• Los lenguajes de programación han evolucionado de manero notable. 

• El outocontrol y lo outoverificación de operaciones han alcanzado 

n ival~ in:;.:.;.,..á,todos. 

. Pueden reolizane, con móximo rendimiento, varios trabajos distin-

tos simultáneamente. 
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Hasta ahora hemos visto muchas unidades que, en 
distintas combinaciones, configuran computadoras -
electrónicos poro los más variados oplicociooes. Aho
ra nos detendremos poro analizar el manejo de d1 -
chos sistemas. 

El Programo de Instrucciones almacenado en lo 
Lnidod Central de Procesamiento, consto de uno se
cuencio de órdenes y comandos, expresodos según -
uno codificociÓ1 especial denominado "Lenguaje Ab
soluto de Máquina". Los primeras computadoras se -

•• pr02rornohon'1 en este comoleio lenguaje. Había en
tonces una enorme d1terencio entre nuestro id1oma y 
aquél según el cuól debíamos comunicarnos con lo 
máquina. Esto obligaba o un gran esfuerzo común -
entre el anal isla que conocía el problema, y el -
programador que conocía lo computadora, pues ambos 
hablaban del mismo proceso pero en distintos lengu.9_ 
jes. 



Se crearan, pat"o solucionar el problema, len -
guaJes intermedios coda vez más puecidos o nues 
tro idicmo. Es decir que cada nuevo lenguaje iñ 
tennedio se oc:ercobo más al problema y se alejO: 
bo más de la máquina. Paro cado IWIO de estos -
lenguajes se creó IWI progrC1!0 trcrduetor llomcsdo -
"Compaginador" o "Compilador", que tenía lo mi -
¡¡¿,¡ de iiadu..:i. el :t:usvoie ;rnt:lf'ftledio al ai»oiuro 
de máquina. Ahora, el analista y el pragramador -
~ron un mismo idioma" : 
ambos conocen el probtemo y lo solución. 

Pero la computadora segvío delorrollándose, y pron
to los lenguajes intermedios fUEI"on insuficientes pgra 
formular intrincados proble!IIQS clenti'ficos o comercio
les. Nocleran, entonces, lenguajes especiolizodlll: dos 
de ellos, el FORTRAN y el ALGOL, permiten pro
gramar p-oblemos cidltfficos -técnicos utilizando 1.110 

notación casi idéntico o lo notoci6n moteii!Ótico co
mún • El COBOL es un lenguaje comercial cuyos sen
tencias configuran oruciones y frases en formo tal que 
uno persono que no sabe qué es una computadora, -
puede leer un programo y entanda- perfectaznente qué 
es lo que hará lo rn6quino cuando lo tengo almace
nado. 

Cada una de estos lenguajes tiene un pregrorna Com -
pllodor paro codo tipo distinto de computadora c:apoz 
de procesarlo. Esto significo qlle un programador que 
sabe FORTRAN, por ejemplo, puede programar uno com
putadora aún sin conocerlo. Es decir que estos tres -
Jengi,.,'GjEs CCi'rSi~:W¡ot w-. ''es~úr,iúL ~ \Cü móqvir.os.-

Lo tereero generación de computadoras permitió abor
dar c-plejas problemas que incluían, entre otras, aspec 
tos comerciales y cienti'ficas • No había un lenguaje qÜe 
abarcara todos los especiolidodes. 
Entonces se reunieron todos las lenguajes conocidas en un 
superl8'1guaje llamada Pl/1, cuyo compilador es tan po -
deroso que posibilito lo sectorizoción de lo programación 
en la formo que muestro el dibujo: varias programadores 
pueden programar distintos partes del proceso, Incluso en 
diferentes lenguajes, y el programo compilador entregaré 
como resultado los instrucciones del proceso completo, en 
Lenguaje Absoluto de Máquina. 

Hemos llegado así a que lo computadora nas "entiendo", 
en lugar de que se limite a recibir 6rdenes en su idio-
ma. 

-1'1-

Pfi!OCRMIAIJ()Il ~-RE'! A/. IJti06/lAIII4DO #N OTROS UlltfiJIM,IU 

. 
\ 



Ch r! -·.1er (.,1 .. 

Probkm ... olvcr 

""~ 1 ~;""'"' ----- ------
Elcmc:nts of computcr problcm 
solving. 

Algorithms and computers 

Computers arouse curiosity in most oJ us. Articles in popular 
magazines and newspapers, current books, and TV shows 
heighten this cunosity, but such sour•:es cannot be expected 
to present information m the carefully ordered sequences thar 
is possible in a book like this. Wherher you are drawn by 
curiosity alonc, or econop1ic necessity, or both, conscienrious 
study of this book will help you to r·reak through to a ne\\' 
leve! of understanding about computcrs, their uses, and thc1r 
consequenccs. 

Computer science deals with pe<·ple who have problcrns 
to salve and with algorithms, the solurions to these problems. 
Thc solutions are expressed in spec1al languages that reprcsent 
stored data and communicate to mac.1ines the manipulanons 
that are to be carried out on thar data. 

Each of these four elemcnts (pwblcm solver, algorithm, 
language, and machine) affects the ot 1ers in intcrcsting ways. 
For example, depending on its richne·;s, a language can e1thcr 
hmit or extend our ability to cxpress complex plans of acuon 
effcct1vely. And, depending on its ca,.)ab1iltics (1.e., 1ts arcln
tecture), a machmc can exccute sorne¡ ,[am of acuon on certain 
data rcpresentations more effectively 1 l1an on othcrs. The loop 
of intcraction el oses when the problcn' solver changes the rlan 
of action, the language, or the machm.: archltecture ro smt h1~ 
purposc. 

Th1s book mrroduces all four C(•mponents of th1s inter
action. Every chaptcr takcs you around tlus ·:four-cornered rJce 
track" and, wah evcry Circumnav1gai wn, you gam a deeper 
and clearcr understanding of the in1erplay among the four 
elemcnts. You, of course, play th~ :Jroblem solver u~mg a 
computer. To get the most out of rh.s cxpenence, laboraror;: 
pract¡cc i" almost indispcnsJblc. But cvcn ¡f you can't havc 
actual computcr cxpcncncc, a carcf 1! rcaJmg of tbis book 
should lllUmln,llc thc computer SCICJ ;ce sccnc far bcttcr and 
far bcyond whar you havc previously pcrcc¡ved. 
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FIGURE 1•1 
F1rst llat-tire ftowchart. 

/' .... _. ... ..._ .. -· ·~ . -- -- --
What IS an algorithm? An alguntlmz :~ a II:-t of mstrucr10ns 
for carrymg out somc proccss step by Hcp. :\ rcCipc m a conk
book 1s an excclknt cxample of an algnnthm. The preparation 
of a complicated dish 1s brokcn down uno simple ~tep~ that 

every person expcncnced m cookmg \..m undcr<;tand . .'\nother 
good example of an algorithm is thc chorcography for a classical 
ballet. An intricate dance is broken down inro a success1on of 

basic steps and posnions of ballet. Thc number of these basic 
steps and positions is very small but, by putting them together 

in different ways, an endles~ variety of dances can be dc\riscd. 

In the same way, algorithms exec ured by a computer can 
combine millions of ekmentary stcps~ such as additions and 
subtractions, into a complicatcd mathe:matical calculation. Also 

by mcans of algorithms, a co111puter can control a manufac
turiñg proccss or coordinare thc reservanons of an airline as 
they are receivcd from ticket officcs all over the country. 

Algonthms for ~uch Iargc-scalc processes are,' of course, very 

complex, but thcy are built up from rieces, as in the examplc 
we will now consider: 

If we can devise an algorithm for a process, we can usually 

do so m many diffcrent ways. Here is one algorithm for the 
evcryday process of changing a flat ti;·e. 

l. Jack up the car. 

2. U n<ocrew thc lugs. 

3. Rcmove the wheel. 

4. Put on the spare~ 

5. Screw on the lugs. 

6. J ack the car down. 

We could add many more deta1 ls to this algorithm. We 
could include gctting the máterials ou: of the trunk, positioning 

the jack, removing the hubcaps, and Joosenihg the lugs before 
jacking up the' car, for examplc. For algorithms describing 
mechanical processes, it is generally best to decide how much 

detail to indudc. Still, the stcps we hc:ve li~ted will be adequate 

to convey the idea of an algorithm. When we get to mathe
matical algorithms, we will have to be much more precise. 
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A fiowchart !S a diagram reprcsenting _an algonthrn. In 
Figure 1·1 we see a fiowchart for the fiat-tlre algorithm. 

The 

in the ftowchart remind us of the burmns used to start and 
stop a piece of machinery. Each mstruction in the ftowchart 
is enclosed in a frame or "box." As we \vill soon see, the shape 
of the f;ame indH.:at~s the kind of insl ructlon written ms1de. 
A rectangular frame ind1catcs a command to take sorne action. 

To carry out the task descnbed by ::he fiowchart, we begm 
at the start button and follow the arr ows from box to box, 
executing the instructions as we come to them. 

Mter drawing a fiowchart, we always look to see whethcr 
we can improve it. For instance, in th.e ftat-tirc ftowchart we 
neglected to check whether thc spare was ftat. If the spare xs 
fiat, we will not change the tire; we will call a garage mstead. 
This calls for a decision bctween twc courses of action. For 
this purpose wc introduce a new shapc of frame into our ftow
chart. 

e ) 
Inside this oval frame we will write an assertion instead of 
a command. 

This is callcd a deci~zon box and will have t\VO exits, labelcd 
T (for truc) and f (for false). After ch(:cking the truth or falsity 
of the assertion, we choose the apprupriate exlt and proceed 
to the indicatcd activity. Incorporatmg thc flowchart fragmcnt 
on the left into Figure 1 · 1, we obtam thc ftowchart m F 1gurc 
1·2. 

There is anothcr instructive improvemcnt poss1ble. Thc 
mstructwn in box 2 of our fiowchart actually stands for a 
number of rcpctltlOns of thc same ta~k. To !:>how thc additional 
detail we could replace box 2 by a ~.tep for each lug: 
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F All lll,· lu¡;' h•vc hccn unscn :::0 
T 

The awkwardness of this repeated mstruction can be elimi
nated by introducing a loop. 

As we leave the box, we find that thc arrow leads us right 
back ro repeat the task agam. Howewr, we are caught in an 
endless loop, since we have provided no way ro get out and 
go on with the next task. To correct this situation, we require 
another decision box, as shown on thc left. 

Replacing box 2 of our flowchart \VÍth this mechanism and 
making a similar replacement for box :i, we get the final result 
shown in Figure 1 • 3. 

Now that you have followed the development of the fiar
tire flowchart, try to devise one of you!' own. In the algorithm 
of the following exercise, you will probably discover sorne 
decisions and loops. There are many ditferent ways of flow
charting this algorithm,. so many dlffercnt-looking ftowcharts 
will be created. 
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Calla garage 

q 

------.:::--·-<3 

fiCiUIU 1·2 
ScconJ fl,n-nrc tlmv~:hJrt. 

fiGURE 1·3 
Fmal flat-ure fiowchart. 
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COMPU rt:R 'iCIENCE. A FIHST COL'R'il. 

PrcpJr~o: J flm, chart rcprcscntmg thc folluwmg rcc1pc. 

Mrs. Good's Rocky Rvad 

lngrcdlcnts: 

1 cup chopped walnuts 
{ pound block of baker's chocolate 
~ pound of marshmallows 

cut m hal\'es 
3 cups sugar 

~ cup c\'aporated milk 
1 cup corn syrup 
l tca~poon of \'amlla 
i pound of butter 
! teaspoon of salt 

Place milk, corn syrup, sugar, chocc,late, and salt in a four-quart 
pan, and cook ovcr a h1gh llame, stlrnng constantly until the mixture 
boils. Reduce to medlUm ftame and contmuc boilmg and stirring unti1 
a drop of syrup form~ a soft bal1 m a :dass of cold water. Removc 
from thc flame and allow to cool for 1 O mm u tes. Beat in butter and 
\'amlla unul thoroughly blendcd. Sur m walnuts. D1stnbute mar:,h
mallow halves ovcr the bottom of a 10-mch square, buttercd baking 
pan. Pour syrup over the marshmallows. AllO\v to cool for 10 mmutes. 
Cut in squares and serve. 

Now we are ready ro examine an algorithm for a mathematical 
calculation. As a first example, we consider the problem of 
finding terms of thc Fibonacci seqUI:nce: 

O, 1, 1, 2, 3, 5, 8, 13, 2l, 34, 55, . 

In this sequence, or list of numbers:. the first two terms given 
are O and l. After that, the terms are constructed according 
to the rule that each number in the list is the sum of the two 
preceding ones. Check that this is thl! case. Thus, thc next tcrm 
after the last onc listed above is 

34 +'55 = 89 

Clearly, we can keep on generating the terms of thc sequence, 
one after another, for as long as we like. But, in order to writc 
an algorithm for thc process (so thal. a computer could execute 
it, for example), we have to be rnuch more explicit in our 
instructions. 

Before subjecting this proces~ to closer scrutiny, let us_ 
review a little of the interesting history of this sequence. It 
was introduced in 1202 A.D. by thc ltalian mathematician, 
Fibonacci, to provide a model of population growth in rabbits. 
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His assumpuons were: (1) 1t takq rabbits one month from 

birth ro reach matunty; (2) one rnon~Í ~frer reachmg maturity, 
and every month thereafter, each p~ir of rnature rabl;nts w1ll 

produce another pair of rabbits; anq (3) ~rabbas never die. 
One senses that this model1s npt completely reah?tic. But 

the essence of rnathernatical rnodeli~g 1s te;> start wit~ a crude 

model thar·emphasizes the import~~t asp~cts of the SituatiOn 
and suppresses less 1mporrant infqr~anon; f\. m,or~ refined 
model can be developed la ter, profít mg 'from the-. expenence 

with the crude model. Thus we rnigtu eventually i¡nprove the 

Fibonacci model by obtaining more ~ccur~t~ figures on thc 
birth rate, takmg mortality into a~count, cpnsi,knng ~he hrnira
tions of food supply, the effects Q_f predators, d1~c~~e, and 
overcrowding, and the like. - · ' 

In spitc of its frivolous origins, t}1c Fiqonacci -~equence 

has many fascinating properties and plays a role in rhe solunon 
of a numbcr of sccmingly unn:Iated mathematical problems. 
There is currently a published quarterly journal ~nnrely de
voted to the properties and applications of thc Fibqnacc1 se

quence. 

After this long digression, let's sce how the rabb1t-pair 
population model gives rise to the f¡bonac<::I ~~quence. 

Fibonacci starts with one pair of newt,orn rabbit~ at the begm

ning of month one, and he thcn Jet'>. nafUfC take Its course. 

This is shown in Table 1· 1, which \\'9 f).OW e:-.p_laul 

flc,:mnmg of 
Month 2 3 .¡ 5 9 1 8 

J nf.mt (abbll pJm 1 ... o vi .... ) ... 2 ... 3 '!"5 .. ~ 
/' ' Marurc rabbu p::ur~ o 1' 1 2 3 5 8 13 

Total rabbtt ptHrs 2 ~ 5 8 \3 21 
' 

Look at thc arrows in thc :rabi..:. The number of patrs 

of infant rahbtts m any rnonth (:.1ftcr rhe first) ts equJI to the 
number of patrs of mature rabbits m the prccedmg rnonth 
(conditton 2 m thc Fihonacci modcl). Thts cxpbm~ thc grccn 
' arrows. In cach momh after the first, the numbcr of pJtrs of 

mature rabbtt'i will egua! thc toiJI nurnber of rabbtt patrs tn 

thc preccding rnonth (condition 1 m the Ftbonacct model). Thts 
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e:-..plams thc gray arrows. F ollü\nn.:; thc arrows, we ~ce that, 
frpm thc thtrd momh omvJrd, thc toL-1 111 .my month IS thc 
sum of the totals in the two prcccdmg I~tonths. Thus the rabbir 
pnpulatton moJel generare~ thc F!bonacci scquencc é:-..ccpt for 
the initial zero, wh1ch can be takcn as thc ror.ll numbcr of 
rabhits in month zcro. 

Eliminarmg thc referencc to rabb1ts, \\'C can tabulate the 
calculation of thc tcrms of the FtbondCCI scquence in Tabk 
1· 2. 

lmt1.dly IJk~ lhc n~xt· 
IJI"I tcrm to be O 
.md !he• ld!Csl tcrm to 
be 1 

Fmd thc 'um of !he late'! 
term .md thc next-IJtc·'t 
tcnn 

T 

N'"' <le· mote thc Jatc'r term 
lo thc role uf ncxt-

Now Jet thc 'u m Jl"t 
c.dcuiJtcd he dcst~nJted 
·" thc IJtc't tcrm 

FIGURE 1·4 
Flowchart for Fibonacci 
sequence. 

4 

5 

1\ ntc duwn 
thc VJlue 
of th" 'um 

ó 
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I:XERCISl:~ J • 2 

Nc:..t Latcst 
Ter m 

Lnc~t 

Ter m 
Su m 

o /1 0+1=1 

~~1~ 
1~ -------2~= 3 
2---- 3~ 
3 5~ ----/ __; 5" ;_...-- s~- s + s = n 
g.&--- 13~1 

We can sce that in each step the latest tcrm gets "de
moted" to the role of next latesr term and the sum becomcs 
the new latest term. 

Let's construct a flowchart for finding the first term to 
exceed 1000 in thc Fibonacci sequencc (Figure 1·4). 

After going through thc loop of flo\\ ::han boxes numbered 
2 ro 5 enough times (it happens to be 15 times), we eventually 
emerge from box 3 at the T exit and proceed tu box 6. This 
box is seen to have a different shape because it calls for a 
different kind of activity-that of writmg down our answcr. 
The shape is chosen so as ro suggest a page torn off a line 
printer, once the most common of computer output dev1ces. 

~ 1597 
o 
o 
o 

o 
o 
o 
o 

l. (a) Supposc m the rabbit problem we haJ started in month one wnh 
one pa1r of infant rahbns and thrce pa11 ~ of mature rabb1t<,. S1akc 
a rabie similar ro Table 1· 1 to show the state of thc populallon 
over the first ctght months. 

(b) How would you mod1fy thc ftowchan of Ft~ure 1·4 so as to 
gcneratc thc- first term of th1s modlficd sequcncc greatcr than 
1000? 

2. Repcat Problem 1 wtth thrce pairs of mfant rabbits and one pair of 

mature rabb1ts. 

3. (a) For the hhon:~cc1 scqucnce m Tabk 1 · 1, calculatc from month 
two through month twclve thc ratio, r, of thc total numbcr of 
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rabblts 10 thc CUITcnt month to th.Jt 111 thc pn.:ccJmg month 
E:-.prc~~ cach r.lliO as a Jcom.il and can y out thc calcul<~tion to 

thc Ih\1rc~t thousandth. 
(b) Expre~s m your own words what sccms to be happcnmg ro rhese 

rat1os. 
(e) Find the rcclprocals of cach of the rat10s in Problcm 3a. 
(d) ~hat relationsh1p hctwccn thc rallo r an.) its reCiproca! l/r seems 

to be becommg more and more true? Express th1s relat10nship 
as an equation. 

(e) If this rclatiomhip held exactly, \Vhat would be the exact value 
of r? That is, solvc the cquanon for r. 

4. Rcpeat Problem .3 using: 

(a) The rabie in Problem l. 
(b) The table in Problem 2. 

The algorithm of the preceding section can be expressed in 
much simpler notation that 1s, at the ~ame· time, more nearly 
acceptable by a computer as a set of mstructions. To do this 
we must introduce a conceptual moclel of how a computer 
works. This conceptual model is so extraordinarily s1mple that 
we will call it the SIMPLOS computer. It is amazmg, but true, 
that such a simple view of how a computcr works is completely 
adequate for this entire course. We will presenta more realistic 
picrure of a computer in later sectiom of this chapter. 

In computing work, a variable is a letter or a string of lctters 
used to stand for something. for now, th1s "something" that 
a variable stands for will always be a number. (As we progress 
through this book, we will take an ever broadening view of 
the sort of thing a variable can stand for.) In the formula 

A= LXW 

the letters A, L, and W are variables. In the formula 

DlST = RATE X TIME 

. DIST, RATE, and TIME are variables. 
At any particular time, a variable wlll stand for one partic

ular number, called the value of the variable, which may 
change from time to time during a computing process. The 
value of a variable may change millions of times durin_g the 
execution of a single algorithm. 

In our co~ceptual model of a computer we associate with 
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each vanable a storage box. On the t1)p of each box there is 
a removable gummcd sticker wtth thf· associatcd vanable in
scribed on it, and mside the box there is a stnp of paper with 
the present value (or current value) of the variable wntten on 
it. The variable is a narne for tlze mtmber that currently appears 
inside. 

Each box has a lid that may be removed when we wish 
to assign a new value to the variable. Each box has a window 
in the side so that wc may read the nlue of a variable with 
no danger of altcring its value. ThC'se boxes constitute the 
storage of our computer. In Figure l · 5 we see one stage in 
the execution of the Fibonacci sequcnce algorithm of the pre
ceding section. Hcre NEXT stands fc.r "next latest term" and 
LA TEST stands for "latest term." 

To summarize, the data storage of a computer is to be 
thought of as subdtvidable into a number of informatwn con
tainers or boxes. Each such storage box may be given a mean
ingful name (sticker), and ea~h may be gtven (assigned) a value. 

Sorne peoplc view a computcr a:) an electronic and me
chanical system havmg a data storag( similar to that just de
scribed, along with a number of other interconnected units or 
modules, each wirh a special sct of functions that, when acti
vated appropriately, carry out algori1 hms. Figure 1· 6 IS one 
way to depict thc organization of suc h a computcr system. lf 
we were to pursue the explanation l ,f this system acéording 
to the module view, it would be necc·ssary to define the func
tions of each module and explain the significance of the ar
rowed lines into and out of each bc,x. But it would also be 

St ~ekrr 
Att1xer 

Hlllt 
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proLe~'lng 
/ 
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Output umt 
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FIGURE 1·7 
Thc Master Computer and his 
statf. 
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neccssary ro hnng thc d1agram to l1fc by explau1u1g thc Jction 
sequcnccs that occur in wh1ch each module ~cr\'cs thc nccds 
of the othcr~ ~o thJt thc O\'crall cff(ct 1s ro procc~s mformat10n 
(i.e., to compute) in thc dcsircd fa·;;h10n. 

A sccond way to view a computcr is ro picture thc active 
modules as robots working as a tearn. The actions of each robot 
always follow a fixcd pattern, accordmg ro a ser of relativcly 
simple rules. We shall rake this view in our conceptual model, 
SIMPLOS. 

\Y/e visualize a computcr as a number of storage boxes together 
wnh a sraff of tour robots-thc Master Computa and three 
assistants, rhc Assigner, the ReaJe1, and the StLcker Affixer. All 
these components are quartered m one room, 1solated from 
those who will use the computer. 

The Master Computer corrcsponds to the control and 
processing un1t in Figure 1· 6. H· has a flowchart on his desk 
that sets forth the instruct10ns acc,xdmg to which he delegares 
certain tasks to his assistants (Figure 1· 7). "Note that the flow
chart corresponds to the informatwn kept in the program storage 
module of SIMPLOS." 

Ma>t<•r \omputer Rcadcr Sllckcr 
Afflxcr 

To see how this team operares, let us suppose the com
pute(' is in the midst of executing the Fibonacci sequence 
algorithm of Figure 1·4. One of the instructions in this .• algo
rithm was: 

F&nu thc ,u•n of the 
latest tcrm 1110 the 
nc>-t-lalc\t ;crm 

2 
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1 h.: Rcadcr t opvmg a \ Jlue 
lr.>m ,lürJgc 

In a simplificd flowchart notation, tl-us instructwn wlll take the 
form: 

, 

SUM ~ LATEST + NEXT 1 

Inside this ftowchart box we find an assignment statcment. 
Reading this statement aloud, we w·ould say, "Assign to SUM 
the value of LATEST plus NEXT."'' or more simply, "Ass1gn 
LA TEST + NEXT to SUM." 1 he arrow pointing left is 
called the asszgmnent operator and is to be thought of as an 
ordcr or a command. Rectangular t>Oxes in our ftowchart lan
guage will always contain assignm"nt steps and will therefore 
be ca1Ied assignment boxes. 

To see what takes place when the Master Computer comes 
to the above statement in the ftowchart, let us assume that the 
variables LATEST and NEXT (bm not SUM) have the values 
seen in Figure 1· 5. The computation called for in the assign
ment statement is spelled out on ~he right-hand s1de of the 
arrow, so the Master Computer lo1 1ks thcre first. 

SUM ... LATEST i. NI:.XT 1 

He realizcs that he needs to know the values of the varia
bles LA TEST and NEXT, so he sends the Reader out to fetch 
copies of thesc values from storage. 

The Reader thcn goes and finds the storagc boxes labclcd 



M"•ter Computer 

FIGURE 1·9 
Thc tv\a~ter Cumputer rccctvcs 
the cupy. 

LATEST and NEXT. He rcad'> thc va!uc~ of thc~c v;:mablcs 
through thc wmdo\\'~ (Ftgure 1·8), ¡m~ down thc nlue<., and 

carnes thcm back to thc Mast..:r Computer (F 1gurc l · 9). 

Sllckcr Aff1xcr 

The Master Computer 
LATEST + NEXT using thc 
brought to him by the Reader: 

8 + 13 = 21 

What does he do with this value? 

computes the value of 
values of these variables 

The Master Computer now looJ::s to the left of the assign- _ 
ment arrow in his instruction. 

1 ~UM •- LATLST ·3 
He sees that he must ass1gn thc computed value of 
LATEST + NEXT, namely, 21, to SUM so he writes "21" 
on a slip of papcr, calls the Assigner, and instructs him to 
assign this valuc to the variable SlJM. 

The Assigner goes to storage, !mds the box labeled SUM, 
and dumps out its contents (Figun: 1·10). Then he places in 
the box the slip of paper containing the new value, closes the 
lid, and returns to the Master Cornputer for a new task. 

In other words, assignmcnt is (he proccss of giving a value 
to a variable. We say that assignn;ent is desti'Ucttve because it 
displaces the former value of thr var~able. Reading is non
destructive bccause the proccss in no way alters the values of 
any of the variables in storage. 
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HGURE 1·10 
Thc Asstgner érnptymg a 
~toragc box and refilhng 1t. 
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In Figure 1· 11 we present the entire fiowchart of Ftgure 
1·4 in simplified flowchart language. The old and new flow
charts are placed side by side for easy companson. 

The translation requires very httle explanauon. It should 
be obvious that the statement m bm: 1 on the left is equivalent 
to the two statemems in box 1 on the right. The new version 
of box 2 has been discussed in detall. 

We see that the two statements in boxes 4 and 5 of the 
old ftowchart are compresscd into one box, box 4 of the new 
ftowchart. This is permissihle whenever we have a number of 
assignment staternents with no oth·~r stcps in between. How
ever, it is very important to under~'tand that these asstgnment 
statements must be executed in arder from top ro bottom, not 
in the opposite order and not sur.ultaneously. The arder in 
which things are done may be extrcmely important. 

You can ~ee that the statemcnh in box 4 mvolve no com

putation b~t merely change the values in certain storage boxes. 
This sort of activity occur~ frequenlly in flowcharts. 

In box 6 of the ftowchart we see only the word SUM .. 
The shape of thc box (called an output box) tell~ us that the 
value of the variable SUM is to be written down or dispia)cd. 
If, in sorne othcr algonthm, wc wish(!d to write down thc values 
of severa! VJriablcs, we would list these variables in an output 
box separa red hy commas, as illust rated on the lcft. 

We will now dcscnhc the duties of the St1ckcr Affixcr. 
We considcr that thc computauon 1S bcgun by the transmmal 
of a ftowchart to thc Master Cor.1purer. The first thing the 
Master Computer does is to sean 1 he tlowchart, makwg a 1 ist 
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FIGURE J·ll 
Translauon of Fibonacci 
scquencc flowchart mto formal 
ftowchart Ianguage. 

hll11.dh 1 .• ~.: 1 ¡,, "' \1-
l.ill ,¡ h'rlll In b~,· O .111d 

111, 1.11,·,1 h rm lo h.: 1 

l"u1<l t 11,· '"111 ol tllc" IJh''l 
1.-rm .1110 tite nc'\1-l.ll.:q 
h.'rm 

Wnt.: down 
the v•lu.: of 
th" sum 

(a) Old. 

:-.1 \1 - o 
l "11 s r ·- 1 

SU~I - LATE:ST + ).;EXT 1 

ó 

SUM 

(b) New. 

of all the variables used. In the casc.of the Fibonacci sequence 
flowcharr of Figure 1·1lb, this list would havc the forro 

NEXT 
LA TEST 
SUM 

The Master Computcr hands this list to the Sticker Affi."er, 
who now springs into action. He inscribes each of these varÍa
bies on a !'lticker, goes to a bin of unlabcled s;orage boxes, and 
slaps one of these stickers on each of three boxes (Figure 1·12). 
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~IGUI<Io 1·12 
Sucker Affixcr at work. 

Tracing the Flowchart 

ALGORITHMS AND COMPUTERS 

Now the instructions in the ftowchart are exec.uted until the 8 instrucuon is rcached. At this juncture, the Master 

Computer directs rhe Affixer to unpeel all the labels and throw 
them into a recycle bin. 

To understand better what our ftowchart in Figure 1·11b does, 
let us trace through ir, executing the st~ps as the Master Com-· 
putcr and his assistams do thern (see Table 1· 3). 

In this trace, for ease of reading, the valucs of the variables 
are reprc;>duccd only when assignments are made to thcm. In · 
bctween such steps, thc valucs of the variables do not changc 
and thcreforc havc thc most recently recordcd values. For 
examplc, in stcp 33, where a test is p~rformed, the values of 
the variables are 

NEXT = 55, LATEST = 89, SUM = 144 

In step 34 ·the valucs are 

NEXT = 89, LATEST = 144, SUM = 144 

You can sec that in step 48 in the cxccution of our algo
rithm we finally kavc box 3 by the true exit and pass on ro 
box ó, wherc wc outplll thc answer, 1597, and ~top. 

Thc utter ~impiicity of our conceptual rnodel avoid~ and 
rcmove~ ccrtain pirfaHs. Thcrc is an cvcr-present danga of 
thinkmg of ass¡gnmcnt as equaliry or suhstitution. (Wc w¡JI say 
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: .'\ B 1 E 1· 3 
1 r .tcmg of thc rlo\\ charl of Figure 1 · 11 b 

Stcp 
FlowchJrt \'J1UL'~ uf \'JnJl:'>ks Truc 
Bu' Tc~t (\f 

:-.:umhcr :-.:umbcr :\:EXT LATEST sc:--1 F.1l'c 

1 1 o 
2 2 
3 3 1> 1000 F 
4 4 
5 2 2 
6 3 2 > 1000 F 
7 4 2 
8 2 3 
9 3 3 > 1000 F 

10 4 2 3 
11 2 5 
12 . 3 5 > 1000 F 
13 4 3 5 
14 2 8 
15 3 8> 1000 F 
16 4 5 8 
17 2 13 
18 3 13> 1000 F 
19 4 8 13 
20 2 21 
21 3 21 > 1000 F 
22 4 13 21 
23 2 34 
24 3 34 > 1000 F 
25 4 21 34 
26 2 55 
27 3 55> 1000 F 
28 4 34 55 
29 2 89 
30 3 89 > 1000 F 
31 4 55 89 
32 2 144 
33 3 144 > 1000 F 
34 4 89 144 
35 2. 233 
36 3 233 > 1000 F 
37 4 144 233 
38 2 377 
39 ] 377 / 1000 F 
40 4 233 377 
41 2 610 
42 3 610 > 1000 F 
43 4 377 610 
44 2 987 
45 3 987 > 1000 F 
46 4 610 987 
47 2 1597 
48 3 

§D 
1597 > 1000" T 

49 6 
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more about this later.) Thts and other potential sources of 
confusion, such as the effect of a certain sequence of ftowchart 
statements, can be cleared up by thmking in tcrrns of the 
SIMPLOS rnodel, which will always give the nght answers. 

In fact, an excellent way to under:)tand these tdeas of 
reading and assigning values to variables is to rnake sorne 
storage boxes and, with sorne friends, work through severa! 
algorithms as described in this section. 

1. What is the effect of changing the order of the two asstgnment state
ments m box 4 of Figure l·llb so as to appear as seen below? 

Trace through the flowchart w1th tlus modificatton until you find the 
answer. 

2. (a) To compare the effccrs of rhe assignment sratements 

EJ andE]· 
find thc missmg nurnbers m the table bclow. 

Valucs Bcfore 
Executwn of 
Assrgnmc:nt 

A B 

7 13 

7 13 

·--~ -. ... - ·~<...-•' 

A~srgnml'l1t 

To Be 
Executed 

lA-~ 

QG-A] 

Val u· ·s After 
Ell.eC'Hlon of 
Ass1~;nment 

A B 

? ? 

? 
,....,~, .................. -.. 

(b) In whtch of rhc rwo ca~cs 1s 1t true thar A = B after 'asstgnmenr' 
(e) Are the dfecrs of the two assignmenr sratcmcnts the same or 

diffcrcnt? 

3. Modtfy rhe timvchart m Ftgure l·llb ~.o as ro carry out rhe algonthm 
of Problcm 1, Excrci~es l · 2. 



1. 4 

2 0 C O M P U f E R S C 1 E N e [ : A F 1 R S r e O t: lC'> E 

4. ,\~oJII y thc Jlowch,m of F1gurc 1 • 1 1 ¡, ~'~ a:- to output C,!ch tcrm of 
thc hbonJcci :-.cqw:ncc ~t.uung w1th thc tl111J (1 c., omn thc lllltl.Jl 
O, and 1). 

5. Rcvtsc thc tlü\\ch.~rt of Prol,lcm 4 to cakulatc the ratw, r. of L:\TEST 
to NEXT (a~ c,t!cu!JtcJ 111 P10hlcm 3,t, E\crciscs 1 · 2) and output 
thts rauo (a~ wcll JS LATEST) at cJch ~tep. 

6. Rcvtsc the llnwchart of Probkm 5 to c.tkul.Jte at each step the reCip
roca! of r. Add thts valuc to the output hst. 

Imagine thar you are a bookkeeper tn a large factory. You have 
rccords of the hourly ratc of pay and thc numb~.?r of hours 
workcd for each cmployce, and you ha\·c to calculatc the \vcck's 
wagcs. Of cotme, this can be done by hand, but assume there 
are ncarly 1000 workers in the plant, so that the ¡ob would 
be quite tedious. Naturally you prcfcr to have the computer 
execute this task for you, but you \Vill ha veto devise a ftowchart 
to convcy the instructions to the computer. 

How wlll the hourly wages and the hours worked come 
mto our computation? Must each new value of RATE and 
TIME be represented by a scparatc assignment box? This is 
ccrtainly a possibility, but it would rcquire thousands of ftow
chart boxes-a most undesirable st~te of affairs. This unpleas
ant necessity can be eliminated by usmg the conccpt of input. 

Wc now introduce a new shape of frame, the znput box, 
into the ftowchart language. The mput box has thts shape to 

· suggest a "punch card" (a frequemly used mput medmm, but 
not the only one). Inside thc box '' ill appear a single variable 
or a list of variables separatcd by commas. 

What happens in our SIMPLOS model when the Master 
Computer encounters such an instruction? To answer this 
question, we must endow the SIMPLOS model with an addi
tional fcarure not previously needcJ (Figure 1 ·13). SIMPLOS 
has a conveyer belt (called the input belt) that carries slips of 
paper from outside the room into the environment of the com
puting staff. On the outside end of the belt the "user" or 
"programmer" (who is not a mcmber of thc computcr staff) 
places these slips of paper, with values written on them, on 
the conveyer belt in the order in which he wants them to be 
used. 
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llGURE 1·13 
)fMPLOS wtth fnput bclt. 

ALGORITHMS AND CO.'vtPUTERS 

When the Master Computer comes to the input instruct~on 
he does thc following. 

l. Steps on a trcadle running the conveycr belt until thc ncxt 
slip of papcr comes within rcach. 

2. Rernove his foot from thc treadle, stopping the bclt. 

3. Takcs a ~lip of papcr from thc helt and hands it to the 
Assigner with instructions to assign ·~.he valuc thcreon to thc 
variable, RATE. 

When tht.: Assigner remrns from this task, thc Master 
Cornputcr rcp.:ats the above process, bllt this time tcll!> thc 
Assigner to assign thc ncw vnlue to Tlfv1E. \Vhcn tlw; is done, 
thc Master Computer follows the arrow in bis ftowchart to the 
next instruct!On. 

We sce that an input hox is a command to make assígn
ments, but this command ts essentwlly dtfl'ercnt from that in 
an assignmcnr hox. In an assignmcnt box the values to be 
as~ígned are to he found m computcr storagc or are computcd 
from valucs alrcady storc~d, whcrcas wtth an input box thc 
valucs io he a~stgncd ::~re obtamcd from our-,ide thc computcr. 
No calculation is c<1lkd for in an mput hox. Morcovcr, the 



FIGURE 1·14 
Payroll algornhm. 
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7'tl1Ur!s to b~: input nc:wr .1ppc:ar m tbc: 1low..:h.1rt nsdf. Onl~· 
thc 'l' .. mub/,.:s ro which thcsc valuc:s are to be Jssignc:d .tppcar 
in the input hoxc:s or thc llowchart. 

In an actual computc:r (not our C('nccptual onc) thc dis
tmction betwccn the two kmds of ass1gnmcnt nccd not b~ so 
sharp. Assignmcnts callcd for m an input box usual(v involve 
sorne mechanical motion such as transportmg a punched card 
or other unit of recorded information past a reading station 
where the codcd contents may be copied. But to gain speed 
the data often ar.e transponed mto a spcc1al sccnon of srorage 
callcd an input buffer, well befare the data are actually ncedcd 
by the executing algorithm. In th1s case, when the mput step 
is executcd, what actually happens is that data valucs are simply 
copied at clectronic speed from storage boxcs of the input 
buffer to storage boxes of the variables that are specified in 
the input stcp of the algorithm. 

Now lct's see how to use the input box m our hourly rate 
and payroll problem. Should we input the data from all the cards 
befare we start our calculations? If so, \Ve would need a great 
many storage boxes in which to store all these data. Instead, 
we will calculatl.! the wages after each data set is read. A 
description of our method 1s as follows. 

l. Input one value of RATE and one value of TIME by the 
process described above. 

2. Multiply the RATE by the TIME to get the WAGE. 

3. Output the values of RATE, TIME, and WAGE. 

4. Rerurn to step l. 

In the ftowchart of Figure 1·14 cach" of the first three steps 
of the above list appears in a similarly ~umbered box. Step 4 
is represented by the arrow returning from box 3 to box l. 

You may wonder why the ftowchart does not have a stop 
bunon. SIMPLOS always terminares exccution of an algorithm 
when an input step is being exccuted, and the input belt con
tains too fcw values to match the variables in the input box. 
Execution of the payroll algorithm will thcrefore always halt 
after the last rate, time pair of data values has been processed 
and control once again reaches box 1, where it is discovered 
that the input belt is empty. 

It w!ll also be useful to visualize output in a similar way. 
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Output bdt The thrce asstsldnls 

~0 =Q]=QTI=r==i¡J 
~npulbelt 

FIGUIU 1·15 
SI.\-1PLOS showmg both bdts. 

Rccorcl<. versus Strcams 

We endow SIMPLOS wirh a second conveyer belt, the output 
belt. This belr runs out insread of in :md runs continuously-it 
needs no treadle. Each time the ftowchart calls for outpur, rhe 
Master Computer writes the propcr value on a slip of paper 
and drops it on rhc ourput belt, which carries the shp through 
the wall to thc outs1dc cnvironrnent of the uscr. A v1ew of th1s 
s!luarion from the top is seen m Figure 1· 15. 

Our convcyer belt model of inpur-outpur suggcsts that data 
values move as a stream inro and out of a computcr system. 
Although in actual computers this 1s not always stricrly thc 
ca~c, thc analogy neverthelcss 1s qwte close. To pursue th1s 
idea Jet us cons1dcr rhe punched card reada, onc of thc mosr 
common input dcvicc~ on actual computcrs. First, a scquence 
of data values ~~ punchcd on cards. Thc cards are tht:n placed 
in proper ordcr in the mput lwppcr of the card rcading device. 
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Usually the card Jcck. 1~ placcd facc d0\·\'11 ~o thJt thc hntom 
(first) card in thc Jcck 1~ the first one tn be rcad. Each time 
more input data are rcqu1red, another card 1s dra\\'n from the 
bonom of the dcck and 1ts contents are rcad, either electro
mechanically or photo-optically. Once reJd, the card 1s dropped 
into an output staclwr and thus d1scardcd. 

Thc information contained on a single punched card 
need not in principie be limited to one value. For example, 
dependmg on what a program is designcd to expect, an 80-col
umn card may contam up to eight 10-digit integers or up to 
twenty 4-digit integers. 

1~3~567~~012~4567J~Ol2~45b70~012345b7ú~Ol23456783012~~567830123~567ü3G12345670~ 

I1~0000COC6~0~000~00I~COOJCOOOIOOOOOOOOOIOOOOOOOOOIOOOOOOOCO~OOOOOOOCOI0000000ü0 
1 1 1 1 ~ i 1 ! ! 11

• 11 11 11 ~ " 1 11 '' ·~ 1 H '~ ''" 1i 'U ,1111 111l11 ~~ ,, ' 1 11 •l ID 11 ti 6l u U 11 '' '' •1 \D ~~ 1 'l !1o1 ~ )i ~· ~ ~t ~~ '• U •: 1i1 'J "i1 U U 'l 11 11 11 ¡~,. 11 11 1 H 

11111111 1116111111111& 1 111111111111111111111111111111111111111111111111811111111 

2 21 2 2 2 2 2 2 2 2 ? a z 2 2 2 2 2 2 2 2112 2 2 2 2 z 2 ' 2 u 2 2 2 2 2 2 2 2 212 2 2 2 2 2 2 2 2 a 2 2 2 2 2 2 2 2 2 a 2 2 2 2 2 2 2 2 21 2 2 z 2 2 2 2 

3 3 JI J J 3 1 3 1 1 J J 1 J J 3 3 3 3 n j 1 3 J 3 l ¡ J 1 n 13 J J 1 n n JIIJ 3 J 33 J J 1 JI J 3 1 J 33 3 3 3113 3 3 3 3 3 33 3D : 3 3 3 3 3 

444CB4444~444484444444C'i4444C44~414~4444444I4444~C~44I444444~4~14~4444444IC4444 

ss~:51~~55555S5I555SS5555I5~5~5~5~5I555555555I555555SSSI555~555SJI55~5~555~I5555 
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~999~9~9SI999999399I99~999999I999999S9SI999999999I999999999IS99999S99I999999999I 
, • , , • 1 • 1 ~~ 11 11 'l •• ·~ 1¡ 11 11 ,, a 11 n n u h 11 un1; ·' 31 l11lJ• J) n 11 nn u u •z u u •• u u u 11 u~~ ~l ~j )¡ ·~ )t ~~ )1 ~' 1' ,, u u'' u u u u,. ID 11 ¡z .~ ,, ~ ,, n • '' o1 
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When preparing data cards one is always faced with the 
decision of whether to utilize their capacity fully or to punch 
on each only the valucs required for the execution of one input 
step in the algorithm. The laner choice, although somewhat 
wasteful of card space, makes the data cards easier to check. 

Our payroll problem provides us with a case in point. lf, 
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for con~enience in locat1ng data preparation errors, we restnct 
the contents of each card to onc rate, tune pa1r, then each tlme 
box 1 is executed, one and only one data card will be drawn 
off the input deck, read, and d1scardecl. We could be more 
wasteful and punch only one data value on each card. Then 
successive cards would contain first a rate value, then a time 
value, and so on. In th1s case, each execution of box 1 must 
cause two data cards to be drawn from thc deck and read, and 
the analogy betwcen the input conveyer belt and the card read
ing activity is very close indeed. That is, when the Master 
Computer hits thc foot treadle to bring m one data value, the 
actual computer will signa! the card rcader to draw off one 
card and read it. 

The analogy is less apparent if we allow the data cards 
to contain more than one rate, time pa1r and if we expect the 
pairs to be cons1dered in turn during successive executwns of 
box l. In this case, box 1 can no longer mean "read a card" 
bur, instead, "assign respect1vely to rafe and tzme values from 
the next data pair in the deck. If the next pair cannot both 
come from the currcnt data card, then draw off another card 
from the deck and read it. If, on the other hand, there is at 
least one more data pair yet to be processed from the most 
recently read card, thcn proce~s that data pair." This inter
pretation assumes that an input buffer ts filled (and refilled) 
with data from each newly read data card and that values are 
assigned to rate and time by simply copying informat10n from 
this buffer into thc respective program variables, always re
membering for future U'>e which items in the buffer have not 
yet becn copied. 

We see, thercfore, that using an input buffer guaranrees 
that each data pa1r in thc sequcncc wili be processed in rurn, 
no matter how many pairs are punchcd on each data card. None 
will be missed or skipped ovcr. It is in th1s sense that the stream 
analogy is prcscrved cven though the st:quencc of data ítem~ 
is grouped into arb1trary-sized card records. 

Thc SIMPLOS model is a primit1ve machine. Tt has only 
stream-orie.nred input and output. After values are placed on 
thc conveyer bclt to be output and are carncd ro the out'>1jc 
environmcnt of the uscr, how are thcy d1~played? Wc ccrtainly 
are awarc.: thar m actual (;Omputcr systcm'> all valucs are pnnted 
or di~playcd on a scrcen m somc son of "formar'' with a 
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particular numhcr of columns, but thc only fact \\.: are mtcr
cstcJ 1n \\·ith n::,rcct ro SI.\\PLOS ~~ th.n rhc valuc~ ar~' output. 

\\'hcn 1t .:omc~ ro mtcrprcung output bo:-..cs of a ílowchart, 
the siruation is somcwhat dlffcrent. Thc output bo:-.. on the left 
is comidcrcd to be a command to pnnt the currcnt valucs of 
the thrcc vanablcs, RATE, TIME, and \\'.-\GE on one fine. 
(lf the list won't fit on onc print linc, more lincs are used.) 
Furthcrmorc, if thc ~ame output box 1~ executed agam, the ncxt 
set of thrce values wlll appcar on a ncw linc bdow the first 
set. lf the three variables appeared in three individual boxes 
instead of in one single box, then each \\'Ould be printed on 
a separare lme. Thm each exccut1on of an output box 1s con
sidered to begin printing a new line. 

No doubt you have wondered why, at the vcry start of our 
study, so much attcntion has been gi ven, to a conceptual modcl 
of a computer and 1ts Jctails. Can 3ny model, especially this 
one, which seems so simple and at the kindergarten level for 
sorne readers, be that important or that valuable to us? You 
may develop similar doubts about the value of flowcharts as 
you proceed f urther. 

The model and the ftowcharts we develop are abstractions 
of real machines and of real computer programs. Once we se'e 
the connect10n between an abstraction and the concrete or real 
thing, we can often gain more undcrstanding of thc real thing 
by srudying and manipulating its abstraer counterparL So, high 
on our list of priorities should be an attcmpt tu understand 
and appreciate the connections between the abstraer and the 
concrete. For example, in the next sections of this chapter we 
examine how an actual computer is organize<;i and how it 
works. Thercaftcr, it will be ca~icr to see why the conceptual 
model, no matter how silly --it may have first appeared, is a 
very uscful, simplified view of a real computer. Likewise, just 
as soon as we try to write and te~t actual computer programs, 
we shall see that thc ftowchart gives us a simplcr but more 
revealing way to think about computer programs for most .. . 
purposes. 

Experiencc has taught us that problem solving with com
puters is very effective if we can work first with a s1mplified 
model of a machine and a simple qescriptive algorithmic lan-
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guage in which to express our problem solutions. Then n 1s 
comparatively casy to map these solutions over to programs 
written m sorne convement programming language such as 
BASIC, FORTRAN, ALGOL, or COBOL, so that the pro
grams can be exccutcd on some real, conven1ent compurer. 

t. Mod.tfy the ftowchart of F1gurc 1· 14 to providc for an overnme 
feature. All hours m excess of 40 are ro be pa1d at nmc and a halt 
You will have to place a decJsion box somewhere m the flowchart 
to determme wherhcr the worker actually pu~ m any overtJme. The 
formula by whJCh h1s wages are computed will depend on the ourcom-: 
of this test. 

Now we are ready ro examine how our conceptual model of 
a computer can be realized in a~ actual machine. For thc first 
25 years of modern computcr h1story (1949 to 1974), nearly 
all actual machines were built following a more or less stereo
typed pattern suggestcd by John Von Neumann (1903-1957). 

A prototype machmc following this panern is discussed in th1s 
and following sections. We will call 1t SA.l\105. SA.\10S · '" 
a very simple machine; that 1s, it IS stripped down to thc bare 
essentials. Sorne fcarurcs of Its operation are descnbcd m con
siderable detad, wh!le others are glossed over. The program
ming of SAMOS is described briefly in Section 1·6 and in 
more detail in the Appcnd1x, thc purpose of vvh1ch is to help 
the reader see a closer connection between language for ex

pressing algorithms and machines that execute them. 
It would be foolhardy to assume that SAMOS-l!ke ma

chines are the "be all and end all of computers," smce the 
architecturc of computers is still undergoing rapid change. For 
tlus reason, aspccrs of two other machmcs are d1scusscd bndly 
in this book. Onc machwe, callcd BITOS, appcats later m thi'i 
chapter; the othcr, called POSTOS, is constdered in Chaptcr 
8. Each of thc thrce machmes cxhtbns certain d1stmct charac
teristics for thc implcmentat10n of our conceptual modcl, SL\1-
PLOS. 

SI\JI'L ll~ ...... - - --- -----:::__ ___ -- < onLL pru.tl lllL'Lh:l 

'\,\~10\ HIJO'> 

.. 
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Core Storage 

flC..URE 1·16 
A magnct1c core. 

FIGURE 1·17 
Where two wi res cross. 

CO.\\Pl"TLR ~Cli-:\CI:: A 1-IRST COURSL 

In ordcr tn stud:-.· tlw. hollk 11 J'i uscflll, .llthough n0t t'sscn
tial, ro g.nn a :,:ood undcr-..t.md111g of hm\' .m <Ktu.ll (llmputcr 
work~. \X'c suggcst that you rL·ad oncc through thc mJtcnal L)f 
thc ncxt t\\"O scctions wilhout attcmptmg to master 1t. As you 
work exaciscs that relate toSAMOS, or han~ occasion to srudy 
SAM.OS in thc Appcndix, you will no doubt come back to 
thc next two scct1ons for a more careful srudy. 

How are all those storJge boxes of SL\~PLOS realizcd in 
actual practicc? Th~ stor.Jgc of actual computcrs is built of 
elcctromc components in a vanety of ways and with a vanety 
of matenals. Here we describe onc way that a SAMOS storage 
can be built. 

SAMOS storage, packaged m a rectangular box, is an arrangc
ment of tiny magnetic doughnuts as ~.mall as 1/40 of an inch 
in diameter. Thesc doughnuts an: called cores (Figure 1·16). 
The cores are laid out in 61 horizontal layers or trays called 
core planes. On each of thcsc layers, wircs are strung evenly 
in two d1re~tions like thc lines on a sheet of graph paper. There 
are 100 wires in each direction. At each point where two wires 
cross, the wires are threackd through a core, like the thread 
passmg through the eyc of a needle (figure 1·17). (Still other 
wires are thrcaded diagonally through each core w1thin each 
plane. Thcir function is not important ro the discussion that 
follows, and they are thercforc ignored.) 

Figure 1·1_8 is a picture of a core plane from an actual 
computer built in thc n1ld-1960s. Since there are 100 X 100 
crossings in each SAMOS core !ayer, we see that there 
are 10,000 cores m each core plane and hence 

61 X 10,000 = 610,000 cores in the entire SAMOS store 
(storage).· 

These cores are capable of being magnetized in either the 
clockwise or the counterclockwise sense (Figure 1·19). Because 
of this a core can store information. We could thiok .óf clock
wise magnenzanon as meaning "yes" and counterclockwise as 
meaning "no." We will instead think of clockwise as standing 
for "O" and counterclockwise for "1." In any event, the infor
mation contained in the magnetization of a core is the smallest 
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F 1 G li RE 1 • 18 
An actuJ1 core p1anc 
(Courtcsy of IRM). 
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unit of information and is called a bit of information. We see 
that one core can srore onc binary digit, O or 1, but a collection 

~~=================~oo:f core·s can store a very Iarge number of bits. \X'e wiii discw.~ 

FIGliRf 1·19 
,\lagnctJI.atJOn o! corc~. 

f IG l R L 1 ·20 
A rnagnctJC !lclJ rc:,u1tm~: lrom 
d pul-,c ,,¡ l'icctnc curren! 

this idea Iater, after a digress10n on how the cores get their 
magnetism. 

First, you musr know that a pulse of elecrric currem 
moving along a wire generares a magnetic field running around 
the wire, as shown in Figure 1·20. The strength of the mag
netiC field is strongcst near the wire and dies away as we move 
further from th~ wue. 

If the d1rection of the currcnt ,., reversed, thc d1recrion 
of thc magncnc fidd IS Jlso revcrscd (Figure 1 · 21 ). 



1 1 (, U HE 1 • 21 
R~.:\ cr'm~ thL' J¡rccnon of thc 
magnctlc field 

·riGURE 1·22 
. A corc in a mJgncnc ficld. 

fl(;t:RI: 1·23 
:\ row of corcs in a magnctic 
fiel d. 

CO~\I'UTER :-.Cll:l\CL. A lllü l LliU¡,.,,L 

Thus, when a pulse of current pa'>ses through a core, the 
core will become magnctlzcd in one d1rection or thc other, 
depending on the d1rect1on uf the current (F 1gure 1 • 22). 

S S sb S S S 

---- --·~ --

N N N 
1 

N N N 

But how can we manage to magnt~tize just one core insread 
of the whole string of cores (Figure 1· 23) through which the 
pulse pas~es? The answer hes m the magneric propcrries of 
rhe material from which the core is made. In this material, 

if the pul~e is too weak, the direcrion of magnetizanon of the 
core is only temporarily altered, and after the pulse of currenr 
has passed by, rhe core merdy returns to irs former magnetic 
condirion, whatever that was. 

On the other hand, if the current is ~rrong enough, the 
core remains magnetized m the sense established by the direc
tion of the current, regardless of the former magnetic condition 
of the corc. The situation is analogous to trying to throw a 
ball from the ground ro the fiar roo! of a building. If you have 
enough powcr in your throw, the ball will land on the roof; 
otherwise it will bounce against the wall and fall back to the 
ground. 
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FIGL R[ 1·24 
Doubhng the mJgnctic ficld at 
thc w1re cro,smg 

SL\lPLOS and SAMOS 

Storcs Compared 

The strength of the pulses is carefully regulated so that 
one pulse is not sufficient to permanently magnetize a core, 
but two pulses acting simultaneously will exceed the threshold 
strength and result in permanent magnetization. Thus, pulses 
passing along two of the wires (F1gnre 1·24) will pcrmanently 
magnetize just the one core that i.; 1ocated where the wires 
cross. 

Let's !cave the inciividual core planes and consider the entire 
store of the SAMOS computer, composed of the 61 core planes 
(F jgurc 1 · 25). Ea eh vertical column of 61 cores constitutes a 
computer word. Thus, the storage or the computer is composed 
of 10,000 words. These words have addresses that are four-digit 
numbcrs from 0000 to 9999 and, like house numbers, the 
addrcsscs idcnufy thc words. Each of thc 10,000 dots suggesred 
on rhe top of the bo:--.. 1s rhc rop uf a \'ertlca 1 col umn of 61 
cores (or a word). Thc mcthod of assigning thc addressc~ is 
indicatcd in thc figure. 

Each of the~c woru~ CPrrcspond<> ro a sroragc box m our 
conceptual Sl1\lPLOS modcl. For each variable m thc tlmv-
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chart there is a SAMOS word with a defimte address. The · 
\vord contains a certain pattern of bits detcrmmed by the direc
tions of magnetizauon of its cores and representing the value 
of that variable. "Assigning a valuc to a variable" is effected 
by putting a certain pattern of bits into a word (Figure 1· 26). 

When we say "the Master Computer tclls the Assigner 
to assign thc value 1597 to the vanablc SUM," what actually 
takes place is this. The variable SUM is represented inside 
the machine by mcans of ns addrcss; suppose it is 0103. Now 
all the 61 X 2 = 122 \VIres passing through cores in the word 
addrcssed 0103 are encrgized with pulses of current in the 
propcr directions so as to achievc the panero of bits represent
ing thc number 1597. In a modero computer this assignment 
process can be pcrformed in a fraction of a m1crosecond; a 
microsecond is a millionth of a second. 

In the binary system of representation, a number such as 1597 
is coded as a string of 1 's and O's, for example: 

1 1 o o o 1 1 1 1 o 1 
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Address 
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FIGURE 1·26 
A bit pattcrn 1s a'is1gned to a 
computcr word by 
appropnatcly magnellLmg each 
of thr corcs for that word A 
corc 1'> magnctw:d by pa.,,mg 
an eh:ctron¡c pulse through 
each of thc two w¡res that 
intcrscct ar that corc. The 
diagram rdcntd1c> the w1rc 
pa1rs that must he sckctcd ro 
ass1gn a b1t pattcrn for the 
word at addre~s O 103 
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For SAMOS any string would be preceded by a string of zeros 
ro fill out all thc bit positions of the word of storage. Whlle 
numbcrs are codcd in binary form 111 many compurers, binary 
is cerrainly nor the only choice. In a machme such as SAMOS, 
for insrance, computation is carried out in rhe decimal sysrem, 
which means thar bit patterns in a word of storage must be 
coded ro represcnt decimal digirs instcad of binary digits. 
Moreover,, we wanr to store letters as well as dccimal digits. 
For this reason, we subdivide our 61-bir SAMOS words mto 
11 characrer positions as shown below. 

11 1 1 1 1 1 1 1 

rl~ 
1 

llllt 

The first rosaion (onc bit only) IS resen·cd for acode that 
dc::signatc5 thc stgn, + or -. Hcre O is sufllcient to rcprcsent 
thc + character Jnd 1 sJgnlfics the - charactcr. Each of thc 
othcr po~itions cons1sts of s1x bits and can be uscd ro srore 
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FIGURE 1·28 
Deta1led bit patterris for two 
computer words. 

FIGURE 1·27 
Charactcr codc 

a digit or a lcncr, thar is, character, accurding to the code shown 
in f rgure 1 · 27. 

For each group of six bits, 26 or 64 d1stmct combinat10ns 
of z'eros and ones are possib1e. In Figure 1· 27 we ha ve used 
up on1y 37 of the 64 combinations possib1e with a six-bit code. 
This !caves 27 additional combinations for othcr special sym
bols such as +, ~, and the hke. Onc of the 37 combinat10ns 
of specia1 interest is the b1ank space, O, which is codt:d as 

110000 

With this code yol,l can sce that the two 61-bit computer 
words disp1ayed vertically in Figure 1· 28 turn out to be 

1 

+ 

1 

8 

1 

u 
1 

y 

1 

o 
1 

6 

1 

o 
1 

E G G' S 

and 

1 1 

o 
1 

o 
1 

3 
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9 

1 

7 

1 1 

o ' & -

From now on we shall represent our SAMOS computer 
words as strings of 11 characters instead of strings of 61 bits. 
In a number of conventional computers of similar design eight 
instead of six bits are grouped to reprcsent character codes, 
making it possible to distinguish among a considerably 1arger 
set of characters than is the case in SAMOS. This d1stinction, 
however, has abso1utely no effect on the principies of character 
representation and manipulation that occur in ensuing chapters. 

The construction of the main storage for any actual com
puter is of great interest mainly to computer engineers and 
designers. Storage components currently are built from various 

', 
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SAMOS Processing Unit 

FIGURr. 1 · 29 
The prmctp~tl compont:ms of 
SAMOS. 

types of physicc1l devtces and matcnals, includíng magnenc 
corcs, magnetic thm films, and trJr.stsror ftipflops. There 1s 

considerable vanl.!ty m the circuitry used to orgamze and utílize 
such components and in the methods of packaging and mmta
rurizing them. Thctr physícal characterístícs, such as size, 
spced of access for stonng and retrievíng ínformatíon, energy 
requirements to operare them, and cost of fabrication, vary also. 
Nevertheless, schemes similar to that used in the word
organizcd core storage of SAMOS ha ve been used to assemblc 
and incorporare all of rhese types of storage units into conven
tional computer systems. You might he surprised at how much 
understanding of this subject you can gain with a relatively 
small investment of study time. (See, for examplc, one of the 
references on this topic m the reading list at the end of this 
book.) 

Now that we havc seen how the SAMOS storagc is structured, 
we will consider how the storage is used in executíng an algo
rithm. 

Our computer has several other components bestdes the 
store. These are shown in F ígure 1 • 29 . 

.., 
~--------.--.-----.~ l 

INPUT 
(cJrLI or 

tu~ reJJcr) 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

OUTPUT 
(t~pt,;\\rJlcr ur 
!In~ rnnlal 

The solld lincs indicare the directions in which values or 
instructions may be transfcrred. The dashed lines indicare the 
exerc1se of control. The control unit JnJ thc processing umt 
perform the duties of the "Masrer Computcr'' and his helpers. 

An imponant part of thc processing unit is the accumula
tor. This spcc~al computer word holds the result of each anth
metíc operation. 
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Furrhcrmorc. a simple ass1gnmcnt such as 

L\11 ~r- 'illM 

is carried out by first obtaming a copy of the value of SUM, 
placing it in the accumulator, and then copying the value in 
the accumulator into the computcr word belonging to the vari
able LATEST. Thc value of SUM 1s unchanged m this proc
ess. Notice, however, that values to be input or output do not 
pass through the SAMOS accumulator but go directly into and 
out of storage. 

When the control unir receives and interprets an order, 
sorne computer operation is activated. The orders are in the 
form of codcd instmctions stored in the computer; we will see 
about them presently. 

Getting an algorithm into a forma machine can execute involves 
severa! translanons that we can reprcsent as follows: 

rLOWCIIAIU 
L•\ 'GliAGL 

@JQ 'LH Pl'>:l· n , ,,.-~ \(.~ 

~-------' 

. \ t 

You have already had a linle expenence with the first 
translation step. The second translarion step is the process of 
converting a flow chart into a procedural language such as 
FORTRAN, ALGOL, COBOL, or PL 1 l. You learn how to 
do this in your language manual. If approached properly, this 
translation step is quite mechanical and can be performed by 
a person ( or by a machine) who has no idea what the algorithm 
is all about. 

In many computers of advanced design, the third transla
tion process can be omitted because the machine's language 
and the procedurallanguage are effectively identical. When the 
third translation step is necessary, and it is for a computer such 
as SAMOS, the process is completely mechanical and is nor
mally done by the computer melf. This process is called com
piling. 



Sequencing of 
Computcr Instructions 
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FIG U Rl' 1 ·30 
A flov.chart box. 
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. It is not necessary right now tu know how comp1hng is 
done, but it may be interestmg ro know thc reason for domg 
it. Each make and style of computer has 1ts own Ianguage-that 
is, its own set of instructions that It can understand. Use of 
a procedural language allows us to av01d a tower of Babel m 
which a programmer would have ro Iearn a new Ianguage for 
each machine he wishes to use. A procedural language consu
tutes a kind of "Esperanto" that enables a programmer to 
communicate with many differenr machines m the same Ian
guage. Moreover, a procedural language is generally much 
easier to learn ro use than machine language. The programmer 
merely prepares, say, a FORTRAN program on punched cards 
and feeds ir into the computer, which "compiles" a sequence 
of machine language instructions. This sequence, called a ma
chine language program, i~ then placcd in the computer storage. 
In many systems rhe programmer may transmit bis program 
to the computer storage by typing ir a Iine at a time, using 
a typewriter or other keyboard mstrument to serve as the input 
device of the computer system. 

Successive SAMOS instructions are placed in consecurively 
addressed storage locations starting with 0000. After the com
puter has executed an instruction, the control unir will always 
take the next mstruction from the next address, unless there 
is a branching instruction prov1ding a different address from 
which to take the next mstruction. 

To see how this works, consider the instruction taken from 
the Fibonacci sequcnce flowchart (Figure 1· llb), shown here .. 
in Figure 1 • 30. 

The procedural languagc equivalent will not look much 
different. Thus, in FORTRAN this instruction would appear as 

SUM = LATEST + NEXT 
and in ALGOL as 

SUM .- LATEST + NEXT 
and in APL as 

SUM ~ LATEST + NEXT 
and in .BASIC as 

LET s_ . =L-. ·:: + r-;::,·.7 
and in COBOL as 

COMPUTE SUM t:QUALS LATEST 
PLUS NEXT 



+ LOA 000 
+ i\DD 000 
+ STO 000 

FIGURE 1·31 
SAMOS mstrucuon~ for 
Figure 1-30. 

A Complete SAMOS 
Program 

0101 
0.!.00 
0102 

COMI'UTER ~CII:NC[' l\ !'IR~ f COUR~l 

In thc SA~\tOS machm~ Lm;;u.t~·:, a ,·an.tbk cannot b~ 
rcfcrrcd ro by 1lume hut only hy thc .zd.!r '·'s m ::.tot .1gc assoctatcd 
wnh thc vanabk. Suppo:-c tlut ~EXT. L\TLST .• md SL'~t 
have becn givcn, rc~pcctivdy, locanon•. 0100, 0101, and 0102. 
Then in the SAMOS languagc, thc 11(1\' LhJI t ino..trucuon trJns
lates to a sequence of three macbme m::.tructions, as shown in 
Figure 1· 31. 

These instrl.lctions havc thc form of 11-charactcr words, 
although the first charactcr i:-. unimportant and the fifth, stxth, 
and seventh are of no imerest to Ús here. Tbe type of opcration 
to be performed 1s coded usmg thc thrce Jcncrs in po~nions 
two, three, and four, and the four-di.~it numeral at the right 
is the addn:ss assoCiated with that op~..:ration. 

Thc lencrs LDA stand for "LoaD the ,:\l.:cumulator." The 
whole instruction 

+ L D A O O O O 1 O 1 

means, "Make a copy of the val u e stored in address O 101 
without altering the ongmal, and store the copy in the accumu
lator." Clearly, this is the functton of the Reader in our con
ceptual model. We will not go mto dk derails of the electronics 
involved in carrying out this instruction. lt 1s sufficient to know 
that when a copy of that instruct10n 1s brought to the control -
unit, certain switches are set by the control unit that allow a 
pulse current to pass through the corcs of the word 0101. The 
magnetized cores cause a changc in the current that, in rurn, 
allows a copy to be made. 

The second instruction m Figure 1·31 mcans, "ADD·the 
value in the word addressed 0100 to the value already in the 
accumulator and place the rcsult iri the accumulator." The 
third instruction means, "Copy (or STOrc) the value in the 
accumulator into the word addressed 0102." Executing a STO 
instruction is analogous to the work of the Assigner in our 
~onceptual model. Speeds vary from machíne to machine, hut 
in modcrn computers, the time required to carry out such 
instructions is usually on the arder of a rnillionth of a second. 

We are almost able to translate the enure ftowchart for the 
Fibonacci scquence algorithm (repeated herc in Figure 1· 32) 
into SAMOS language. First note, however, that constants 
never appear explicitly in SAMOS instrUctions. Instead, an 



39 

NFXl ... O 
LAHST ... 1 

5 

SUM 

Fl G U Rl! 1·32 
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instruc"tion to fetch a constant must n:fcr to the storage address 
where the des1red value may be found. Of course, th1s also 
applies to variables. Thus part of the comp!lmg process m
vo1ves providing storage addresses for the constants (as well 
as for the variables) appearing in the program. We allocate the 
locations 0017,0018, and 0019 for the constants O, 1, and 1000 
appearing in the ftowchart and spec1fy the proper values for 
these words. 

We assume that the storage locations 0100,0101, and 0102 
have been allocated for the variables NEXT, LATEST, and 
SUM, but that no values have been placed in these words. As 
execution of the SAMOS program for the Fibonacc1 algonthm 
starts, the state of storage is shown in Figure 1· 33. This figure 
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also illusrrates a "codmg form" on "l11ch onc might ha\1! 
writtcn thl! SAMOS program (gray-colnrcJ mt'onnat1on). You 
will notice sl!veral ncw SAMOS operatwns not prevwusly scen. 
These are explained in thc following d1scussion. 

The instructions in storage addrc~scs 000-l, 0005, and 0006 
have already been discusscd. Beforc looking at the other in
structions, rcmember that the variables are in storage locations 
0100 through 0102. 

From previous discussions you should sce that the instruc
tion found at 0000 w1ll, when cxecutcd, copy the value in 0017 
(1.e., the number 0) mto thé accumulat,)r. ~ext, thc imtruction 
in 0001 copies the value m the accumulator into the word at 
address O 100. Together these steps are l!quivalent to assigning 
Oto the variable NEXT. Similarly, thc m~tructions in addresses 
0002 and 0003 are equivalent to ass1gning the value 1 ~o the 
variable LATEST. 

Remember that the control unit cxecutes the instructions 
in order until 1t comes to a branchmg instruction. The first 
branching instruction is found in address 0009, reading 

The code BMI stands for "Branch on a Minus." The whole 
instruction means, "lf the value in the accumulator is negative, 
go to addrcss 0015 for the next instrucuon; othenvise, go on 
as usual to the next numbcred address (00 10)." We will see 
shortly that the value in the accumulator at this time is just 

1000- SUM 

so that the value in the accumulator will be negative only in 
the case that 

SUM > 1000 

is true. In this case, the branching instruction sends us to ad- , 
dress 0015, where we see the instruction 
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which means, "\Vritc thc \VorD in address 0102." This 
amounts to printing out thc value of SUA·1. 

Now why is it that when the instruction in add.ress 0009 
is re.1ched, the number in the accumulator is 

1000- SUM 

Wcll, on looking at the instruction in address 0007, wc see that 
it instructs us to load thc accumulator w1th the contcnts of 
addrcss 0019, that is, to put the number 1000 in 1he accumu
lator. The next insrruction, the one in 0008, tells us to "subtract 
the contcnts of address 0102 from the accumulator and put the 
result in the accumulator." Since thc contents of O 102 are just 
the value of SUM, this· amounts to the placing of 

1000- SUM 

in the accumulator. 
You should be able to vcrify for yourself that the instruc

tions in addrcsses 0010 through 0013 accomplish the assign-
ments indicated in thc right-hand column of F1gure 1· 33. 

The instruction in address 0014 needs to be described. 

BRU stands for "BRanch Unconditionally." The meaning of 
the entire instruction is, "Go back to address 0004 for the next 
instruction and continue in order from there." You can see that 
this corresponds to the arrow from ftowchart box 4 leading back 
to ftowchart box 2, where we repeat the summing step. · 

The instruction in 0016, of course, stands for HaLT and 
amoums to stopping the computing process. 

You can best understand all this by tracing through the 
SAMOS program by hand, keeping a record of thé following 
details. 

l. Which instruction is being executed. 

2. The value in the accumulator. 

3. The values in the addresses 0100, 0101, and 0102 (the 
values of NEXT, LATEST, and SUM). 

Notice that the instructions in addresses 0000 through 
0016 are never altered, nor are the contents of the locations 
0017 through 0019 (the constants O, 1, and 1000). 

1 



EXERCISES 1 ·6 

D 

-
1. Con~truct a h~l of SA.\\OS lllstructa,n·; tm th~· lllmdl.\l t 111 hf!un: 

1 • 14. You wlll nccJ t wo add¡tlonal t) i'"" ot nbll UdlOll' ·¡he tirst 

IS 

01'1 RAllON ADORI S!> 

which ts an mstrucuon to read a \'alue from a card mto the compurcr 
word addresscd 1005. 

The second is 

which ·¡s an instrucuon ro multlply thc: value m the accumulator by 
the value m addrcss 1023 and pur the result in thc accumularor. (Of 
coursc, m the addrcss part of thc~e mstructwns, \ve may put any 
adúress we wish.) 

2. This qucstion relates to the flowchart fragment and proposed SAMOS 
translation of 1t shown below. For each of your answers the as~wned 
ob¡cctive 1s to makc the proposed S/\i\1\0S fragment conststent wit.~ 
thc given flowchart fragment. 

Loe Opcode Addr 

1 

1 

00181 LOA ooo¡ g;~·i 
0019¡ MPY 
00201 MPY 0351 
0021¡ STO 1 0451 ,¡ 

0022! WWD l 0451 1 
00231 LOA 0351 
0024 SUB 

1 

0401 
0025 003C 
00261 LDA 

1 
0351 

0027¡ SUB 050: 
0028 STO 035:. 
0029 BRU 
0030 
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(a) \\'ith \\ hat mcmory locat10n must thc \':mahlc X be as~oc1ated) 
(h) \X:hat l'pcrand aJdres~ 1s nceded for thc BRl' mstructJon that IS 

~hm\ n at location 0029? 
(e) \\'hat should be thc operat10n codc for thc m~trucuon at locat10n 

0025? 
(d) \Vhat operauon code 1s nceded for the mstructJonlocatcd at 0030? 

1 

3. Tlm qucst10n relate~ to thc ftowchart fragmcnt and proposed S.'\.\10S 
tran~lauon o{ 1t shown bclow. For cach of your answcrs, assume 
thc objective 1s to makc the proposed SAMOS fragment cons1stent 
wlth the given flowchart fragment. 

Loe Op:~ode Addr 

T 

oooio1oo 0017 LOA 

e 0018 SUB 000:02.00 
0019 BMI 00010024 

Y - R X P y- V 0020: LOA 000 01J5 
0021 r,¡py 1000¡0107 
0022 STO ooo¡ 

4 0023 BRU 0001 
0024 !...DA 000 0100 

y 
0025 ~3TD 000 0201 
0026 WWD 000 0201 

(a) W1th what locauon muse the vanable X be associated? 
(b) What is the operand address that should be filled in for the BRU 

instruction sh<Jwn at location 0023? 
(e) What should be the value ofthe address field for the STO instruc

tion at location 0022? 
(d) If at locacion 0022 the STO wcre replaced by a BRU operaúon 

code, whac chen would be the appropnace value for the address 
field? 

l 

4. This quescion relates toche followmg SAMOS program and che four 
data cards displayed to the right of 1t; you are ro assume· ihac che 
given SAMOS program execuces with the data cards shown. The DIV 
(divide) instruction produces an mteger quouent (see Appendix A). 
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flm, S,\,\ \OS program ~hl1t1ld not exccutc ,m\· ¡nput ~t-:ps Storagc 
loc,l! 1ons w!lt be n.·qu¡rcJ for m~truct10m. and fl): all etm~tJnt~, m
cludmg :?2, 7, thc currcnt rad!Us, 1 (to mcrcmcnt thc radms ro thc 
ncxt vatuc), Jnd a numbcr ( 1 1, 12, or 13, lkpcndmg on your particular 
tlow chJrt) to te:.t agam~t to dctcrmmc '' hcn to brancl1 to /¡,dr. 

Questum \V!lt SAMOS give the samc rc•mlt ,,·ncn you .::ompute 
(22 / 7) X r1 as whcn you c0mputc (22 X r 2) 7? If not, whKh g1ves 
a better rcsult? Wby? 

Draw a flowchart and wme and run a SA,\10S program ro do the 
followíng: 

For the values from 1 lo JO inclusive (1.e., 
c\·aluate thc followmg mathcmaticat exprcssion: 

F = 5X 2 + lO X + 6 

l'rint out the value for X and F afrer each evaluatJOn. 

:::; X :::; 10), 

Emmple The first value of X wtll be l. For th1s value, 

F = 5( 1) + 1 O( 1) + 6 
F = 5_+-1 0-+-6-=-21 

------------------~T~h:u:s~lhe numbers 1 and 21 will he pnnted out, and F will then 

7. 

he e' :du:ltcd for X = 2, 3, ... 10. Th: cc•mt"!ctc 1.mtpur \nll 
com1st of 20 numbcrs: 

1 " thc X vJlue 
1 

2~ ----.s--(]i~~-:::J 
4(> 

10 
bÜ(> 

Note Additional lnfornzation for Problem 6 

l. No data cards wiii be nceded for this program. · 
2. Thc val u es from l ro 1 O need not all be stored al thc bcgmning 

of the program. 
3. You must include sorne way to termínate your program after the 

final value has been processed and pnnted. 

Draw a ftowchart using vanables C, X, TALLY, SUM, and AVG, 
and write and run a SAMOS program to do the following: 

(a) Read a value for the variable C. 
(b) Read a value for thc variable X. 
(e) Check to see wherher X equa1s 9999. If X does not equal 9999 

then check whether X equals C. If X equals C, then rerurn to 

1 

o. 1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 
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Mcp (h) l f X doc~ no! l·qu.1l C. 1 hcn .1dd ynl' to ,¡ L., 'Lll1tcr callcd 
TAI.LY Jn,i add :\ ro tll..: \'.Jr1.1bk Sl..\\ .md thcn IL'turn w ~tcp 
(b). 

1 f X cquab 9999, then no mo1e JJtJ cJrJ~ are ro be read At 
th1~ pPHll pnnt out the \'aluc~ of T:\Ll.Y .md Sl1;\\. Compute 
AV<.i, thc quoucnt of SU.\1 and TALLY (A\'<.;= SC.\\ 
TALL Y). Print thc value ot AVG. 

Note :lddlfJ()III.ll ln(vmzatzon for Prob/¿m 7 
l. 1 n \·our tlo\\'charr thc a\·cragc will be a vanablc AVG. The vanable 
TALLY '' 111 hold a counr of how many ,·alues of X are not cqual 
to C. ·¡ he asstgnment 

TALLY - TALLY + 1 

will be nccdcd. The sum of the valucs of X not cqual ro e will be 
callcd ~U 1\1. \X'hat should be rhc 1111twl val u es of TALLY and SU M? 

2. Thc value 9999 is .callcd a scntmd \'aluc Irs purpose 1'- ro mdtcate 
thar all thc \'al u es of X ha ve bt:en read and processed. (In computer 
language a sentmcl value is said to represcnt the end of file, Le., the 
end of data.) Therefore, your data dcck will constst of a value for 
e, the gtven values for X, and the value 9999. (Sce Sectwn 2 • 2 for 
additional d1scussion of sentinels.) 

3. In SAMOS the only condirwnal branch msrructJOn 1s B.\ U (Branch 
On Mmus). The programmer faces a problem when he nceds to check 
whcrhcr thc \'alues of two variables are equal or whcthcr the value 
of a vanablc 1s equal to ~omc con::.tJnt \'aluc. Thc foll<''''mg is one 
method of determimng whether the valucs of the vanabks A and B 
are cqual. F1rst, subtract the valuc of B from the value of A and, 
tf the rcsult 1s not negati\'e, subtract the value of A from rhe value 
of n If thts result is not ncgauve, we can conclude that the values 
ol A .;.~J I3 are c,]ual. 

Ewmples 
(a) A = 6 and B = 9 

A- B = 6- 9 = -3 
Result: A f:. B since A - B is a negative number. 

(b) A = 5 and B = 5 
A-B=5-5=0 
B-A=5-5=0 
Result: A = B since nelthcr subtracrion produced a negative 
number. 

(e) A = 4 and B = 3 
A-B=4-3=1 
B-A=3-4=-I 
Result: A f:. B since B - A 1s a negative number. 
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4. The data for Problcm 7 are as follows: 

20 
~1 

3 
10 
15 
12 
17 

9999 

------- ------------G lh.' n.·rn.tlllllll! J,lfJ \.Jiu~·" .trc 11.1r ti h.' \',HtJbl-;~ 
\..~----------- ___ _______________ 

Most of the storage capaciry of a 6!-bit SA,\10S word goes 
unused when a sn'lall integer, for instance, 2, is represented. 
Conversely, even though a number is known to very great 
prccision, a 61-bit word has a fixed capacity to represent digits. 
Character strings, such as names and addresses, for inst~nce, 
vary greatly in length. In general, information comes in many 
sizes and lengths, and it would be exceedingly convenient to 
have computer storage responsive to this fact. 

The SAMOS lang!Jagus_heavily_inftuenced-ti~e.,---con-
-----------------Sístrttaaincd) by its z/Jord-organi::ed storage system. We briefty men

tion here another kind of computer storage called BITOS 
(BIT-Organized SAMOS), whose storage is structured in a 
more flexible and natural way-narural for thc processing of 
different types of informarían. The BITOS storage is best 
thought of as a single scquence of bits instead of a single 
sequence of words that are, in turn~ sequences ·of bits. For 
example, a BITOS store roughly equivalent ro the SAMOS 
store contains 610,000 bits whose addresses are O through 
609,999 respectively. To fetch a unir of information of sorne 
known length, arte must specify the "bit addrcss" of the bcgin
ning of the desired information unit together 'with its "bit 
length." Thus, 

op code 
LOA 

address 
24972 

length 
39 

is the way one rnight write out a Brros instruction to load 
the accumulator with a data value 39 bits long beg.¡nning at 
bit location 24972. 

The information containers in a BITOS machine resemble 
the storage boxes of the conceptual model SIMPLOS in that 
the capacity of the containers is arbitrary. 
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Therc is a sccond 1mportant way 1n wh!Ch thc contamcrs 
of SL\\PLOS anJ BITOS rcsemblc onc ::nothcr. In horh cases, 

---------~ valucs ston:-d m thesc containcrs are ~d(-d<·~aiblllg. Note that 

<?) -----
. ,.,, l/1 . 

the SIMPLOS Rcader is ablc ro dcdtKc that a storagc box 
comam~ a character stnng value as oppo:.cd, say, ro a numcncal 
valuc, bccause he is able to see thc quotatiOn marks. The 
fctcbing mcchamsm of BITOS can convcy the samc type of 
informat1on to its proccssing unn because thc data ob¡ect m 
each comamer cons1sts of two parts: a codc that describes the 
type or nature of thc valuc and the data valuc itsclf. For 
example, suppose the container associarcd with X 1s located 
at bit adJress 3901, and suppose ch:.!.racter coding for the 
BITOS storc employs the samc 6-bn reprcsentation uscd in 
SAMOS. \Ve might cxpect to sce at that location: 

'""'~ lctter-type vJlue 
code 

where the type code S stands for stnng. Thcn, to rcpresent 
a string of 4 characters would reqlllre 24 bits for rhe string 
itself and 6 more bits (for the letter S) to Jdcntify the 24 bits 
as a string. For a string of 91 characters, 546 bits are needed 
for thc string and 6 more for the typc code-or 552 bits in 
all. If a nonnegative integer variable, AGE, never reql.!lres 
more than three digits we can picture thc corrcsponding 
BITOS container as 

for a data value of 52. Here the type code I denotes integer. 
To recapitulare, in BITOS one defines the size of the 

container to fit the need. That is, the ~rore 1s divided up into 
containers that reflect their actual use. Every reference to a 
container consists of the bit address of the container and its 
length. The container itself holds as part of the data object 
a code that makes the remainder of the information in the 
container sclf-describing. Each time a new container is needed, 
a section of the store large enough to hold the required number 
of bits is "parútioned" for this purpose. When this container 
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IS no longcr nccdcd, thar sectJOn of storc .md othcrs l!ke ir are 
repart1tioned, rhat IS, reuscd, rypicall) m ddlcrcnt conta!l1cr 
sizes, ro suir DC\\' nccds. To makc an an.do~y '' Ith SL\1PLOS, 
Imagine that 311 sror Jge bo:-.cs are constructcd ro fir <..llmcnsiOns 
of rhe data \'<liucs rhcy are to contain. (Thc Affixer who pastes 
the stlcker on thc srorJge box can also adjusr the SIZC of the 
box if necessary.) 

Only a fcw of thc ideas about SAMOS and BITOS need ro 
be rcmembercd. One of the important Ideas is rhe sequcntial 
manner m whiCh rhe computer works, that is, rhe ::.rcp-by-step 
way in which the computer performs Its tasks. Thc order m 
which the tasks are performed is just as imponant as what is 
accomplished. 

Another property of computcrs that we must understand 
is the fimte zcord lengtlz. We have seen that SAA'lOS words 
consist of 10 characters and a sign, so that the Iargest number 
representable m th1s codmg system is 

+ 9,999,999,999 

a rather large number, but still finite. Although BilfOS store 
may use very "long" containers, they are still fimte, so the 
limitation on what can be represcnted, although less con
strictmg, still e:-mts in principie. From a practica! \"Íewpoint, 
integer containers, whether in a SAMOS-like or in a BITOS
like store, are sometimes very unsuitablc. Consider a variable 
that, from time ro time, has various values assigned to it, sorne
times very smaJI integers and at other times very large integers. 
The storage container for such a variable cannot always be used 
efficiently if it must be large enough for thc largest possiblc 
integer value that will be assigned to it. 

To cover this situation therc are other ways of co4ing _ 
numbers that not only salve this problem but also allow us 
to work with real nurnbers as well as integers. One of the rnost 
cornrnon of these alterna te codings is fioacing-pomt form, which 
is related ro the so-called "scientific notation." 

To see how this works, recall that any decimal numeral 
such as 

- 382.519 
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AnJlomy of a floating-pomt 
numhcr for a fixed-word size 
store. 

FIGURE 1·35 
Floatmg-pomt coding of 
numbcrs m a fixed word-stzed 
store. 
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can be cxprc~~cd as 

-.382519 X 103 

111 which thcre 1s a decimal pomt (¡ust aftcr thc s1gn, 1f .my) 
followcd by a string of digit., (LlH.: ÚN not Lao) and multiplicd 
by a sultabk powcr of 10. \Ve can c.:ode numbers in this way 
by rc~crving thrce charactcr posit!On!> for the cx.poncnt. The 
rcsult ¡s shown in F1gure 1·34 for -382.519. 

Sogn of 
number 

·' 

Sogn of 
exponen! 

+ o J 3 8 

Exponen! 
part 

Precosoon 
part 

Sorne examples of how to code numbers including mtegers 
in this system are given in Figure 1 • 35. In this figuré, we 
see that the 8-digit reprcsentation of ~, as given in Lhe first 
column of the third entry, has to be choppcd to 7 digits of 
precision because of space requirements. The same holds true 
for 1 1 3 and 11 1 7 at the bottom of the table. Thus we see 
that in a computcr even a simple fracuon such as 1 / 3 cannot 
be rcpresented cxactly, but only toa close approximation. This 
characteristic of "finite word length" presents important prob-

Number Hoal!ng-Pomt F('I m CoJ¡,¡g of 
l !• l' -: ;:-P·,·nt Form 

4 .4 X 101 + + 0 1 4 0 0 0 0 0 0 

-999999000 -.999999 X J09 - +O 9 9 9 9 9 9 9 O 

3.1415926 .31415926 X 101 ++013141592 

-273.14 -.27314X103 - +032731400 
------------------~---- ~- ~-"--- ·-~- -- .. -~~ 

.0008761 .8761 x w-3 + - o 3 8 7 6 1 o o o 

.73 . 73 X 10° + + O O 7 3 O O O O O 
-----------~---·----------

.333333333.X 10° + + 003333333 -------· -~~~·~ _..-_. ... -.. ------~-..co ..... ...,. ..... _, __ _ 

.157142857X 101 + + o.!. 1-5 7 1 4 2 8 
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lcmo.; rhar wdl be d1scusscd m \'anous p!accs m rhis rcxr, c~pc
ci,llly ChJpter 11. 

In floarmg-pomr form wc can rcprescnr IJrgc numbcrs, 
but for compurcrs such as SA,\\OS wirh fixcd-word :.Jl:C srores 

thc pricc wc pay is giving up rhrcc places of prccis10n. \\'ere 
SA1\10S ro use ftoaring-pomr numbcrs, thc largesr number 
representable in floa~mg-point form would be: 

which represcnts rhe number 

999,999,90ü,OOO,OOO,OOO,OOO,OOO,OOO 
ooo,ooo,ooo.ooo,ooo,ooo,ooo,ooo,ooo 
OOO,OOO,OOO,OOO,OOO,OOO,OOO,OOO,OOO 
000,000,000,000,000,000 

Similarly, there is a smallesr positive number thar could be 
represen red: 

.000 000 000 000 000 000 000 000 000 
000 000 000 000 000 000 000 000 000 
000 000 000 000 000 000 000 000 000 
000 000 000 000 000 000 1 

which is very small, indeed. . 
Coding m 11oating-point form for a BITOS-llke machme 

could be quite similar to the scheme shown in Figure 1 · 35. 
Ort the other hand, since rhc size of the contamer may be 
chosen to fit the particular "needs" of a given variable, the 
si¿e of the precision part could casily be permitted ro vary as 
required. For rhat maner, thc size of the exponeht part could 
also be e:-..panded or comracted to fir the need. 

In summary, both SAMOS-like and BITOS-like ma
chines are often built to operare on numbers coded in fl.oating
poim form. However, in our d1scussions of SMlOS, in partic
ular in the description given in the Appendix, the machine is 
mnially described as if it were not capable of dealing with 
numbers coded in ftoating-poim form, but only with numbers 
coded as mtegers. 
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FIGURE 1·36 
, A popular hand-held 
calculator. 
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(a) Locate an elcctronic calculator and compare the method it uses 
to represent floaung-point numbers wnh the method used in 
SAM.OS. 
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ELEMENTOS DE UN SUPERLENGUAJE DE PROGRAMACION: F0RTRAN 

1.- Introducci6n al lenguaje F0RTRAN 

1.1 El alfabeto 

2.- Números 

2.1 Constantes enteras 

2.2 Constantes reales 

2.3 Variables enteras 

2.4 Variables reales 

3.- Operaciones aritméticas 

4.- Expresiones aritméticas 

4.1 Reglas para las expresiones aritméticas 

4.2 ~funciones predefinidas disponibles en lenguaje F0RTRAN 

5.- Enunciados 

5.1 Los enunciados aritméticos de asignación 

5.2 Los enunciados de control 

5.2.1 El enunciado G0 T0 
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5.2.2 El enunciado IF 

5.2.3 El enunciado 00 

5.2.4 El enunciad~ ST0P 

5.3 Los enunciados de entrada y salida 

5.3.1 El enunciado READ 

5.3.2 El enunciado WRITE 

5.4 Los enunciados de especificación 

5.4.1 El enunciado F0RMAT 

5.4.1.1 La especificación 1 

5.4.1.2 La especificación F 

5.4.1.3 La especificación E 

5.4.1.4 La especificación A 

5.4.1.5 La especificación T 

5.4.1.6 Las especificaciones 

- 5.4.2 El enunciado END 

6.- Arreglos 

6.1 Variables con subíndices 

-6.1.1 'Reglas para los subíndices 

6.2 El enunciado DIMENSI0N 

Iw 

Fw.d-

Ew.d 

Aw 

Tw 

X, H y 1 

6.2.1 Reglas para las variables con subíndices 

6.3 Arreglos de entrada y salida 

7.- SUBPROGRAMAS 
7.1 Funciones 

7. 1.1 Ejemplos 
7.2 Subrutinas 

7.2.1 CI2JMM{IJN 
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1.- Introducci6n al lenguaje F0RTRAN 

El lenguaje F0RTRAN, cuyo nombre corresponde·a las primeras 

letras de las palabr~s -inglasas.FORmula-(f6r-mula) Y-TRANslation _ 

(traducci~n}, es un lenguaje de programaci6n orientado a proble-
voo..-\ t.WICÍ. t~,o~ 

mas';Y se emplea en casi todas las computadoras del mundo. Debido 

a su parecido con el lenguaje aritmético común, el F0RTRAN simpli

fica la preparaci6n de problemas que pueden resolverse mediante 

una computadora. Los datos e instrucciones se pueden organizar 

mediante una secuencia de enunciados fortran; estos constituyen 

el llamado Programa Fuente. 

Todas las computadoras que 11 entienden 11 el lenguaje F0RTRAN, 

tienen lo que se llama un Compilador Fortran, llamado también tra-

ductor o interprete, el cual analiza los enunciados fortran y los 

traduc,e a un Programa Objeto, el cual queda en Lenguaje de Máqui-

na. 

Un programa escrito en lenguaje F0RTRAN se puede procesar 
~ 

en cualquier máquina que tenga un Compilador'Fortran. Esto nos in-

dica que el lenguaje es independiente para cada máquina, o sea que 

el compilador se debe preparar en cada caso teniendo en cuenta la 

máquina que ha de usarse en particular; puesto que las máquinas 

difieren en su organizaci6n interna, se ha desarrollado un núme

,ro de 11 dialectos 11 del Lenguaje F0RTRAN, cada .uno de los cuales es 

apropiado para una clase de máquinas. Las diferencias entre los 
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varios dialectos son mínimas y se ajustan el uno al otro facilmen

te. 

1.1 El alfabeto-

El alfabeto F0RTRAN esta constituido de caracteres que son 

símbólos familiares de escritura y de teclados de máquinas de es

cribir, asi como de dispositivos especiales de perforación; dichos 

caracteres son: 

Alfabéticos: A B C D E F G H 

_______________ I_J_K_L_tLN ______________________ _ 

Numéricos: 

Símbolos: 

* 0 P Q R S T U V W X Y Z 

o 1 2 3 4 5 6 7 8 9 

+-*/=. ,(}' íiP 
De este alfabeto se construyen todos nuestros símbolos, expresio

nes y enunciados que se utilizan en el lenguaje F0RTRAN. 

2.- Números 

"' Los números pueden representarse en diferentes formas, las 

cuales se asemejan a los símbolos de la aritmética general; pero 

debido a la estructura interna de las computadoras se establecen 

las convenciones de: Punto Fijo y Punto Flotante que proporcionan 

facilidades para su manejo en F0RTRAN. Los símbolos de punto fijo 

* La letra O la expresaremos como 0 para diferenciarla del N° cero .. 
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se usarán solamente con números· enteros y los cálculos asociados 

se denominarán aritméticá de los enteros o modo entero; mientras 

que la aritmética de los números reales se hará en la forma de pun

to flotante y se llamará aritmética de los reales o modo real. De

bido·a que también es necesario distinguir las constantes (núme

ros que no cambian durante toda la ejecución de un programa) de 

las variables (números que pueden cambiar), surgen cuatro clases 

de símbolos para los números. 

2.1 Constantes enteras. 

Dependiendo 'del tipo de computadora se podrán representar 

por un cierto número de dígitos, asi para IBM-1130 se representan 

mediante cinco dígitos sin el punto decimal. Si el entero es nega

., tivo, ·íos dígitos deberán ser precedidos del signo menos; si el 

entero es positivo el signo es opcional. 

Ejem. -Símbolos para constantes enteras pueden ser entre 

otras: 
J 

1976 +1 o +1976 -1976 
~ 

Símbolos que no se aceptan para constantes enteras: 
' 

"' '- 7483282 (más de cinco dígitos) 

1976. (el punto decimal no se permite) 

2.2 Constantes reales 

Dependiendo del tipo de computadora, las constantes reales 

~e podrán representar por varios dígitos, pero t!fl el ca~o de 1a 
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IBM-1130 sólo se admiten siete dígitos con punto decimal pudiendo

se colocar al principio de los dígitos, al final o entre dos dígi

tos cualesquiera. Cuando aparece un P.Unto en una constante su tra

tamiento será de punto flotante. Si la constante real es precedi

da de un signo menos, se indicará que es negativa, si es positi'va 

el signo es opcional. 

Ejem. Símbolos para constantes reales pueden ser entre o

tras: 

1976. 

-.007 

-.00001976 

.007 

+12.345 

5.348 

-12.345 

0.3 

Símbolos que no se aceptan para constantes reales: 

·123456789.32 (más de siete dígitos significati

vos) 

5343 (falta el punto decimal) 

Para representar las constantes reales existe también la llamada 

forma exponencial; esta la podemos representar mediante una le.tra 

E y una constante entera de uno o dos dígi~s, positiva o negativa. 

Esta constante entera es un exponente del número diez; el signo 

menos es para los exponentes negativos y para los positivos, el 

signo es opcional. En F0RTRAN~ la presencia del exponente hace que 

el uso del punto decimal sea opcional. 

Ejem. Forma exponencial Forma no exponencial 

1.328E2 

1.328E02 

132.8 

132.8 

.. 7 



1. 328EOO 

-4.724E-03 

+7.61E3 

· -6432E-3 

2.3 Variables enteras 

132.8 

-.004724 

7610. 

-6.432 

.7 .• 

Estas se representan por combinaciones de una a cinco letras 

y digitos (IBM-1130), no se permiten otros caracteres y el primer 

caracter deberá ser una de las letras 1, J, K, L, M ó N. El pri

mer caracter de una variable es el que indica si es entera o real. 

ou·rante la ejecución de un programa, las variables enteras deberán 

restringirse a valores enteros. 

Ejem. Símbolos para variables enteras pueden ser, entre 

otros: 

NUMCT 

IIALC 

KILO 

JCLAV 

Nl 

MARY 

N2 M10 KONT 

KONTl L1976 

Símbolos no aceptables para variables enteras: 

CUENT (el primer caracterJdebe ser •~ J, K, 

L, M ó N). 

KONTADOR (demasiados caracteres) 

12.34 (sólo se aceptan letras y números) 

2.4 Variables reales 

~~tas se representan por combinacione~ de una a cinco letras 

y dígitos (IBM-1130), no se permiten otros caracteres y el primer 
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caracter tiene que ser' necesariamente una letra diferente a 1, J, 

K, L, M 6 N. Durante la ejecución de un programa dichas variables 

se deben restringir a valores reales.· 

Ejem. Símbolos para variables reales pueden ser, entre otros: 

FUERZ VELOC ACEL1 CUENT Al A2 

ALFA VIELA RA42 Xl PROD SUMA 

Símbolos no aceptables para variables reales: 

A3.8 (el punto no es letra o número) 

CORRIEN {demasiados caracteres) 

3 BASO {el primer caracter debe ser una letra) 

HUMCT {el primer caracter no puede ser M) 

3.- Operaciones aritméticas 

Las operaciones aritméticas y los símbolos que se utilizan 

en FSRTRAN son: · 

. Ejem. 

Adición + 

Sustracción 

Hultfpl icacf6n * 
División 1 

Exponenciación ** 

4.- Expresiones aritméticas 

Al gebra 

a + b 

a b 
a 
b 

FSRTRAN 

A - B 

A * 'B 

A 1 B 

A* A 

A** 2 

En base a lo expuesto anteriormen'te podemos ahora formular 

-•• 9 
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expresiones aritméticas en lenguaje F~RTRAN y nos daremos cuenta 

que son muy similares a las expresiones aritméticas del algebra 

común. 

Expresiones F~RTRAN Expresiones Comunes 

A**2-B**2 

B**2-4.*A*C 

(A+B)/2. _ 

2*K-J+N 2k-j+n 

C+B-3.*A c+b-3a 

4.1 Reglas para las expresiones aritméticas 

Las reglas a las que debemos sujetar las expresiones aritmé-

ticas son necesarias debido a la estructura de las computadoras y 

al observarlas tendremos un ahorro en el tiempo de ejecución de un 

programa. 

Regla 1 Si nos fijamos en las expresiones F~RTRAN anteriores 

nos damos cuenta que: Todas las constantes y variables 

en una expresión deben estar.-n el mismo modo, esto 

es, todas deben ser enteras o todas deben ser reales. 

(Como toda 'regla existe su excepción que mencionare

mos más adelante). 

Es necesario consultar los manuales de cada máquina, 

ya que como hemos mencionado anteriormente dependerá . 
esta regla del tipo de computadora. Por lo pronto 

la consideraremos como se ha indicado. 

..10 
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Regla 2 A**l, I**J y A**B son exponenciaciones permitidas. 

En el caso A**l se mezclan los modos y es la excep-

ción a la Regla 1, pero sabemos que esta exponencia-

ción significa multiplicaciones sucesivas (así B**3= 

B*B*B), mientras que las potencias no enteras impl i-

can cálculos más sofisticados. Nos damos cuenta que 

I**A, no es forma de exponenciación permitida (en 

algunas máquinas sí se permite). 

Regla 3 Deberá tenerse en cuenta que las operaciones se eje-

_________________________________ cuta~áo con las siguientes prioridades: 

1) Las operaciones indicadas dentro de los parén-

tesis más internos se ejecutan en primer lugar. 

2) Exponenciación. ' 

3) Hu 1 t i p 1 i cae i ón y d i vis i ón • 

~) Adición y sustracción. 

·Entre las operaciones de 'igual prioridad, el orden 

~e ejecución es de izquierda 1 derecha. 

Ejem. S¡ A=5., B=8. y Ca2. 

A+B-3.*C se calculará en el siguiente orden: 

3.*2.=6. ' 5.+8.=13. 13.-6.•7. 
\ 

B**2-~.*A*C se calcula en el siguiente 

orden: 

8.**2=6~. ~-*5.=20. 20.*2.=~0. 

6~.-40.=2~. 

• • 11 
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SI A=5., 8=8., C=2. y 0=1 .6 

Entonces (A+B)/C se calcula en el siguien-

te orden: 

5.+8.=13. 13./2.=6.5 

Mientras que A+B/C se calcula en el siguien-

te orden: 

8./2.=4. 5.+4.=9. 

Ahora si deseamos calcular (A+C)**2 condu-

eirá a: 

5.+2.=7. 7.**2=49. 

Mientras que A+C**2 conducirá a: 

2.**2=4. 5.+4.=9 

Ahora si: (A*B)/(C*D)=40./3.2=12.5 

Entonces: A*B/C*D=40./C*()=20.*0=32. 

Finalmente si tenemos paréntesis dentro de 
1 

otros paréntesis se tiene: 

(A*(B+C))**2~(A*10~*2=50.**2=2500. 

B+C tiene la más alta prioridad por encon-

trarse en el paréntesis más interno. 

(A*B+C)**2=(40.+2)**2=42.**2=1764. 

A*(B+C)**2=A*10.**2=A*100.=500. 

A*B+C**2=A*B+4.=40.+4.=44 

Debemos tener cuidado en expresar lo que 

deseamos realizar. 

. • 12 
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Regla 4 No deberemos colocar un signo de operación antes 

de un signo más o menos, esto es, no deberemos po-

ner dos signos de operación juntos. 

Ejem. A*-B- 1+-J -- M-+N - A/-8 

Estas expresiones deberán sustituirse por: 

A*( -B) 1+(-J) M-(+N) A/(-B) 

4.2 Funciones predefinidas en lenguaje FeRTRAN 

Esta~ funciones predefinidas que proporciona el lenguaje 

FeRTRAN son de tipo de biblioteca. Para utilizarlas usaremos el 

nombre de la función seguido de un argumento que deberá estar en-

tre paréntesis. ,Dichos argumentos pueden ser variables simples ó 

con subíndices, constantes, expresiones aritméticas u otras fun-

cienes predefinidas en FSRTRAN. 

Para IBM - 1130 tenemos: 

NUM. DE TIPO DE TIPO DE 
NOMBRE FUNCION EJECUTADA ARGUMENTOS ARGUMENTO(S) FUNCION 

SIN Seno trigonométrico 
(argumento en radia- ., 
nes) Real Real 

e os Coseno trigonométrico 
(argumento en radia-
nes) 1 Real Real 

ALOG Logaritmo natural 1 Real Real 

EXP Argumento de potencia 
del número e. 1 Real Real 

o 

SQRT Raíz cuadrada 1 Real Real 

ATAN Arco tangente 1 Real Real 

Ja ~· ' -t1 • . '~ t'71 e 
•• 13 



13 ... 

ABS Valor absoluto 1 Real Real 

IABS Valor absoluto 1 Entero Entero 

FLOAT Convertir argumento de 
entero a rea 1 1 Entero Real 

IFIX Convertir argumento de 
real a entero 1 Real Entero 

SIGN Tran~ferencia de sig-
no (Arg. 1 recibe sig-
no de Arg.2) 2 Real Real 

ISIGN Transferencia de sig-
no (Arg.l recibe sig-
no de Arg.~) 2 Entero Entero 

TANH Tangente Hiperbólica Real Real 

Ejem. SQRT (B**2-4.*4.*A*C) indica que a lo que se encuen-

tra entre paréntesis se le sacará la raíz cuadrada. 

SIN (BETA) indica que se obtendrá el seno trigono-

métrico de el valor de la variable BETA. 

5.- Enunciados 

los enuncJados son las unldades basicas con las cuales se 
J 

construyen los programas FSRTRAN. Podemos clasificarlos de acuer-

do a su función en grupos como: 

1.- Aritméticos de asignación 

2.- De control 

3.- De entrada y sa 1 ida 

4.- De especificación 

5.1 Los enunciados aritméticos de asignación 

Se forman con las expresiones presentadas anteriormente y 
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nos indican los cálculos particulares que deben hacerse. Su for-

ma es: 

Variable • Expresión aritmética 

El significado del signo= es el de asignación, esto es, 

que deberá calcularse el valor de la expresión a la derecha del 

signo = y su valor se asignará a la variable que se encuentre a 
-

la izquierda del signo, la cual tiene una localidad en la memo-

ria de la computadora. 

Ejem. Si :A=S., 8=8.' C=2. y 0=1.6 

X•(A+B)/C se le asignará a la X el valor 6.5 

ALO=(A+B)**2 se le asignará a ALO el valor 169. 

RAI=SQRT(B*C) se le asignará a RAI el valor 4. 

Algo diferente al algebra normal es el enunciado 
~ 

A•A+3. el cual no debe alarmarnos ya que indica que 

a la localidad de memoria con el nombre A se le as:ig-

nará el nuevo valor A+3. esto es: 

Si A•S. y A•A+3. entonces: 

A• S .+3. . .A•8. o sea que la variable A se le asig-

na el valor de 8. y el valor anterior que fué 5. se 

pierde: 

5.2 Los enunciados de control 

Debido a que los.enunciados de un programa FSRTRAN se eje-

cutan en el orden que aparecen y que en muchas ocasiones 9uere~os 

transferir la ejecución a otros enunciados si se satisface una 
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cierta condición, F~RrRAN nos permite numerar dichos enunciados. 

Un número de enunciado debe ser una constante entera de uno a cin-

co caracteres.sin el signo más o menos; el número se coloca a la 

izquierda del enunciado. 

Ejem. 3 CONr,.. CONr+1. 

24 RAIZ = SQRr (A**2+B**2) 

5. 2.1 El enunciado G~ r~ 

Este toma la forma Ge re N en donde N es un número 

de enunciado. 

El G~ r~ produce un salto incondicional; así G~ re 

3 envia la ejecución al enunciado número 3 que puede ser 

la instrucción de conteo del ejemplo anterior. Ge re 24 pa-

sa el control al enunciado 24 que puede ser el del ejemplo 

anterior. 

Ejem. 

5.2.2 

Supongamos que unos de los enunciados de un progra-

ma son: 

1 ... 1 

ISUM "' O 

1 ISUM a ISUM+1 

1 a 1+1 

ce re 1 

El enunciado IF 

Esto nos r~esenta la suma de 

los números enteros, desde luego 

es necesario ponerle otros enuncia-

dos pero por el momento nos aclara 
4! 

lo indicado. 

Debido a que las computadoras estan diseñadas a ba-

se de circuitos lógicos y el pensamiento del ser humano debe 
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ser de este tipo, nos concretaremos el IF lógico, además de que 

el alumno ya tiene elementos de algunos operadores de relación 

como OR, ANO y NOT. 

El IF lógico es de la forma: 

1 F (L) S 

L= expresión lógica que puede tener dos valores: Verdadero 

o Falso. 

S= cualquier enunciado F9RTRAN diferente de: un 09, un enun-

ciado de especificación o de otro IF lógico. 

Si Les falso (.FALSE.) entonces se ignora S y la, computa-

ción continúa al siguiente enunciado. Si Les verdadero (.TRUE.) 

el enunciado S se ejecuta en seguida. 

Resulta interesante hacer notar que si L es relativamente 

complicada, éste IF puede ser el equivalente de varios IF aritmé~ 

tices. 

Para ,formar las expresiones lógicas (L) utilizaremos los .. 
' 

operadores de comparaci6n y los de ,relacióg, 

Operadores de comparaci6n: 

S imbele Símbolo Significado 
Matemático Significado FSRTRAN Inglés 

< Menor que .LT. Less than 

> Mayor que .GT. Greater than 

< Menor o igual a .LE. Less or equal 

> Mayor o igual a .GE. Greate• or e:qual 
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• Igual a 

Diferente a 
ó No Igual a 

. 17 .. 

• EQ. Equal 

.NE. Not equal 

Operadores de relación: 

u 
n 

Unión . OR. ó (11o inclusive) 

1 ntersecc i ón .ANO. y (11al mismo tiempo) 

Complemento .NOT. no 

Para valuar una expresión lógica se hará con las siguien-

tes prio~idades: 

1.- Expresiones entre paréntesis 

2.- Operadores aritméticos 

3.- Operadores de comparación (.LT., .GT., .LE., .GE., 

.EQ. y .NE.) 

4.- .NOT. 

5.- .ANO. 

6.- .OR. 

En caso de igual jerarquía la evaluación será de ezquier-

Ejem. (1) X=S. y=O.S 

IF (X.GT.3 .• AND. Y .LE.2.) Z=X**3+X*'t' 

Significa que si X>3. y (al mismo tiempo) y<2. 

se asignará a Z el valor que se obtenga al cal-

·cular ~ 3+XY, esto es Z=125.+2.5=127.5 

(2) IF (A.LE.X.AND.B.GE. Y .OR.C.GT.Z) Ge T0 12 
l. 

Significa que si A<X y (al mismo tiempo) B>Y es 
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verdadero 6 C>Z es verdadero ó ambos, entonces 

se transfiere el control al enunciado 12. 

(3) 1 = 1 

5.2.3 

que es 

signo. 

ISUM = O Esto nos indica 

1 SUM "" 1 SUM+t que sólo sumare-

1 ... 1+1 mos los números 

IF (I.LE.100) G~ T0 1 

STOP 

enteros del 1 al 100 

El enunciado 00 

Este toma la f~o~r~m~a~=------------------------------------------

o~ K = L, M, N 

o e K = L, M ,' 

La segunda forma sólo se aplica cuando N=1, lo 

bastante frecuente. 

K representa un número de enunciado 

representa una variable entera .. 
t., M, "N ·son variables enteras 4 constantes sin 

El O~ produce Ja ejecución repetida de todos los 

enunciados que le siguen, hasta el enunciado número K. 

La primera vez que se ejecutan estos enunciados la varia-

ble 1 es Igual a L, en cada paso subsiguiente se incre-

menta en la cantidad N, hasta hacerse mayor 6 igual a M 

en el paso final; en este momento se termi1,a el llamado 
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lazo D0 y el control pasa al enunciado que está a conti

nuación del enunciado K. Así, Les el valor inicial de 

la variable y M su valor final. 1 se llama el índice 

del enunciado D0 y su valor corriente se puede usar en 

cálculos durante la ejecución del lazo. Todos los enun

ciados que le siguen al D0 hasta el número K inclusive 

constituyen el rango del D0. También es posible que la 

variable 1 no se encuentre en ninguno de los enunciados 

del rango del D0 y esto nos indica que se realice la eje

cución de todos los enunciados del rango del D0 M entre 

N veces {1~ parte entera de este cociente M/N). Debere

mos tomar en cuenta que: el índice 1 se incrementa secuen

cial y automáticamente durante la ejecuci6n de~ lazo y 

que se puede, en estos momentos, tratar como cualquier 

variable entera; el índice 1 queda indefinido después de 

terminado el lazo del D0 y puede utilizarse para cualquier 

uso genera 1 . E 1 enunciado K no debe .1er 1Jn enuncia do de 

especificación ni una transferencia de control esto inclu

ye cosas como G0 T0,.1F y D0, así como FORMAl, END y al

gunos otros. Debemos considerar que no se puede desde nin

gún punto del programa llegar a un enunciado dentro del 

rango de un D0. Y que la entrada a un D0 deberá hacerse 

a través del enunciado D0. Y por último es muy frecuente 

que un D0 esté completamente dentro de otro. 
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J 1 ustrando graficamente tenemos: 

Correcto Incorrecto 

os o" DQL DS 

os o" os 00 
os D0 

Ejem. Utilizaremos un DS para sumar los números enteros 

del 1 al 100, ejemplo que ya hemos visto anterior-

mente. 

JSUM • O Nos damos cuenta que el 00 tie-

1 1 S UM = 1 S U M+ 1 un GS T~ y un contador; como po-
. 

STOP drá observarse con el ejemplo an-

!. terior. 

5.2.4 ~El enunciado STSP_ 

Este aparece sfmplement~ como ST~P y _es el que 

nos -fndlca que ha terminado Ja ejecución y"eó-el~easo.de .,. 
18M- 1130 la computadora se detiene y el .operador tendrá 

que hacer que continúe trabajando. Debido a ello se reco-

mienda que se utilice el enunciado CALL EXIT,•el cual pa-

sa el control a un programa monitor que hace que la com-

putadora continúe ejecutando los otros programas que si-

guen a continuación. 

Tanto el ST~P como el CALL EXIT podrán aparecer 

después de cualquier enunciado. 

• .21 
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5.3 Los enunciados de entrada y sal ida 

Estos, como su nombre lo indica, sirven para introducir 

y sacar información de la computadora. 

5. 3. 1 El enunciado READ 

Este enunciado tiene la forma READ (1, N) LISTA 

1 y N son enteros sin signo y LISTA representa una lista 

de nombres de variables para las cuales se leerán valores. 

i designa el tipo de periférico de entrada que se utilice 

(lectora de tarjetas, consola, etc.). N es el número de 

un enunciado F0RMAT asociado al READ. 

Ejem. El enunciado READ (2, 101) J, B, H 

Producirá la lectura de tres números: un entero y 

dos reales y se almacenarán en las localidades de 

la memoria de la computadora designadas con las 

variables J, B. y H en su orden. las comas que se-

· paran éstos nombres de variables en el READ son 

~indispensables, '2 es la unidae de entrada y 101 

un F0RHAT. 

5.3.2 El enunciado WRITE 

Este tiene la forma WRITE (1, N) LISTA 1 y N son 

entaroa t1n signo y LISTA representa una lista de varia-

bies para las cuales se Imprimen valores. 1 designa el 

tipo de periférico de salida que se utilice (Impresora, 

cinta, etc.). N es el número de un enunciado F0RMAT aso-
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ciado al WRITE. 

Ejem. El enunciado WRITE (3, 108) L, X, Y 

Producirá que se impriman los valores de las va-

riables L, X y Y que se encuentren en las local i-

dades de memoria con esos nombres, en el formato 

especificado por el enunciado número 108 y por 

la unidad de sal ida número 3; las comas que sepa-

ran éstos nombres de variables en el WRITE son 

indispensables. 

5.4 Los enunciados de especifi~ación 

Este tipo de enunciados no inician por ~i mismos los cál-

culos, no producen transferencia de control ni estimulan el flu-

jo de información, pero proveen al' compilador F~RTRAN de los 

detilles esenciales para la traducción del programa fuente en 

FRIRTRAN al programa objeto en lenguaje de máquina ó para ·la con-

' versión de datos.a Ja entrada o. la sallda. 

Si queremos introducir datos a ·ta co.tadora Jo podemos 

hacer mediante un enunciado que esté dentro del programa, como 
' 

A • 3.1416, ésto es Jo que podrfamos llamar inicializar una va-

riable; y el programa se compilaría-cada vez que quisieramo~ 

darle un valor diferente a A, lo cual resulta muy costoso, ya 

que las compilaciones son laboriosas. Para evitar esto se usa . 
el enunciado READ y Jos valores que se le den a A podrán estar 

en tarjetas de datos, los cuales son independientes del progra-
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ma fuente. 

5.4.1 El enunciado FSRMAT 

Este tiene la forma: N F!IIRMAT (,,, •.. )en 

la cual -N--es--e} -núme-ro del--enunciado -F0RMAT--y- cor-respon-

de al N de los enunciados· READ y WRITE. Lo5 espacios en-

tre las comas están disponibles para las e5pecificaciones 

del tipo que se describen más adelante, siendo el número 

de espacios uno o más, de acuerdo a las necesidades del 

programador. 

5.4.1.1 La especificación 1 :lw 

Aquí 1 indica un valor entero y W es 

un entero que indica el número de columnas o an-

cho de campo, que ocupa ese valor en la tarjeta 

de entrada o en el papel de impresión. El número 

w deberá incluir un lugar para el signo de ese 

valor, siendo + opdonal. ' "'' . .t·. -
.J ,-_ ,- ... ;'., _, .. 

:~:=--i.Ejem. ·'Va 1 or ·.de 1 os -da tos_ .¡1 . ,. 
de entrada o sa 1 ida: 1130 +1620 -370 o +14 

Especlf(caci6n: 14 15 14 11 13 
-·· '• .t ~~ ,>-,\t'. ' 1 •• ,.~, • 

5.4.1.'2 ''·<la ;especl f (cae i 6n F:Fw.d 

Aquí F jndica un valor real, w indica 

el número de columnas que ocupará el valor en la 

tarjeta de entrada o en el papel de impres(6n; d 

.. 
indica el número de cifras que se encontrarán des-
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pués del punto decimal. w deberá incluir un lugar 

para el signo y otro .para el punto decimal. 

Ejem. Valor de los datos de 

entrada ó-salida: 32-.787 -.OOT 113Cf~ +3.70 

·Espec i f i cae ión: F6.3 F5 .3 F5. O F5 .2 

5.4.1.3 La especificación E:Ew.d 

Aquí E indica un valor real en forma 

exponencial y w indica la anchura de campo para 

ese valor y debe de incluir el signo, si lo hay, 

el punto decimal, el lugar para la letra E, un 

lugar para el signo del exponente, si es negati-

vo, y dos lugares para el exponente; d indica el 

,n~mero de ~ígitos a la derecha del punto decimal. 

- Ejem. :·, Valor de los datos 
< ' 

~· de entrada o salida: .1403E04 -.7E-02 .1442E+04 

--
... 'Especi ficaci6n:' E8.4 t7.1 ( .E9.4 

•< .• r J/"2'' •-
·~.r~;r-." ··.., .... ••·,. ~ 1' -

· ,".Es -conven ien.te que .¡.uando deseemos_ sacar . ~. 

informaci6n de la computadora, tomemos -en ~uenta 

para el ancho del campo lo siguiente: 

1.- f 1 "'5 i gno, aún cuando e 1 + ~genera 1 mente 

no se imprime. 

2.- El punto decimal par~ las especificacio-

nes F y E. 

3.~ Por lo menos un dígito a la izquierda 
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del punto decimal, puesto que muchas 

máquinas imprimirán alli un cero si o-

tro dígito no ocurre. 

4.- Suficientes lugares para todos los dí-

gitos significativos deseados, debido 

a que para los dígitos que no se les 

deja espacio se truncan o redondean. 

5.- Cuatro lugares para el exponente de la 

especificación E. 

6.- El primer lugar se ~eja en blanco para 

el control de carro. 

5.4.2 el enunciado'END 

Este se lee simplemente END e informa al compila

dor que el programa fuente ha te~minado y debe ser el úl-
~... ,.. .. ' ~ ~ 

timo enunciado de· cualquier programa~~RTRA~ •. , 
!• 

6.- Arreglos 

Frecuentemente tratamos con .un ·grupo de variables ·que for-

man ó pertenecen ,a ·una clase o colección., Cuando ·las variables 

forman un, conjunto ordenado, pueden relacionarse unas con otras 

por la notación de subíndices; entonces designaraos esa colec,ción 

como arreglo y las variables que pertenecen a ésta serie son 

los elementos del arreglo. A veces se emplea como sinómimo de 
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arreglo el nombre de matrfz y, en consecuencia, hablamos de ele-

mentos de la matriz • 

. 6.1 Variables con subíndices 

Un ~}unto de-números-que pueda arreglarse-en.un-~englón 

6 columna se considera como un arreglo lineal ó unidimensional, 

y ésta serie puede llamarse vector.' Identificamos los elementos 

de un vector renglón ó columna por un sólo subíndjce. 

Ejem. La columna de números del vector llamado A, con-

siste de los elementos A, hasta An inclusive y 

se represent~ como sigue: 

Notación asoctumbrada 

. Ai 

' . ' 

\ 
1 

Notación FIIJRTRAN 

A (1) 

A (2) 

. :. ~'t· A- {3) 
{'. ·.; 1 

.,. ! ~. \. ' 1 
- " 1 

'.:.A (1) 
,.r •• 

. ~ ' 

.: 

a N, 

·son el nombre de una variable, el conjunto de to-
' •• ' • e ;""! 

·das e11as'<>es·~lorque 11amamos arreglo: ·.~. 
{" 

Si se usan dos -subíndices para identificar·los .. elementos 

de un arreglo se considera éste como un arreglo bidimensional. 

Los cuadros de un tablero de ajedrez, pueden considerarse como 
-un arreglo bidiminsional. Y si llamamos a cualquiera de los ,~Aa-
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dros con la variable CTAJ tendremos 64 variables; pe~o como el 

tablero tiene 8 renglones y 8 columnas, podemos referirnos al 

cuadro que se encuentra en el renglón 3 y la columna 5 con la 

variable CTAJ-(3,5). 

Dependiendo del tipo de computadora será el número de sub

índices que podremos asignarle a un arreglo; en iBM- 1130 sólo 

se admiten arreglos con un máximo de tres subíndices. 

las variables que se utilicen para designar arreglos de

berán observar las reglas que se dieron anteriormente al hablar 

de variables enteras y reales considerando que para los cinco 

caracteres alfanuméricos son independientes de los índices que 

se encuentran entre paréntesis. 

Reglas para los subíndices. 6 .1. 1 

;1egla Un subíndice debe ser un entero, puede ser 

constante, variable ó una de las expresiones 

"' ... ·:" .aritméticas siguientes: 
; ' 

A* V+ b A* V-- b J 

en donde ves una variable entera y a y b son 

constantes enteras sin signo. 

Ejem. Algunos subíndices pueden ser: 

1 1972 

1976*N-8 

10*KONT 2*1 

2*1-4 2*1+3 

J 

No se pueden usar como subíndice: 

1+1 -1 2-lO*CONT -1932 -KILO 
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6.2 

Regla 2 

Regla 3 

Regla 4 

28 •. 

Un subíndice sólo debe tomar valores positivos. 

Un subíndice en sí no debe ser una variable con 

subíndices. Así X(l{2)) no es permitido. 

Un símbolo que representa un arreglo, una va-

riable con subíndice, no debe usarse sin sub-

índices para representar otra variable diferen-

te en el mismo programa. Esto es A{l) y A no 

deben referirse a variables diferentes. Como 

siempre hay una excepción que por ahora no 

tocaremos. 

Ejem. Los símbolos para variables rea~es con 

subíndices podrían incluir: 

X( 1) SUM(K+2) -A(l, 2*J+1) B ( 1 NT) 

Para variables enteras con subíndices 

/ podemos tener: 

INT(M,N) 1 (J) 1 CTA(J ,2*1) 

El ~nunciado DIMENSI~N 

Siempre que en un programa utilicemos variables con sub-

índices deberemos poner como prdrner enunciado el DIHENSI~N, el 

cual indica al compilador qué tanto espacio de memoria se debe 

reservar para las variables con subíndices. Su forma es: 

DIHENSI0N u, v, w, •.. 

Donde u, v, w, ..• son nombres de variables, cada una de 

las cuales va seguida por el máximo número de elementos en ei 
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arreglo correspondiente. Deberán observarse las siguientes reglas: 

Regla 

Reg 1 a 2 

Reg 1 a 3 

Cada variable con subíndices se debe mencionar en 

un enunciado DJMENSI0N antes de su primer uso en 

el- programa. 

Los símbolos representados anteriormente por u, v, 

w, ... deben tener la forma: 

nombre de variable (máximo número de ele-

mentos) 

el número entre paréntesis debe ser una consta~te 

entera sin signo. 

Ejem. DIH ENSION A(20), 8(4,8), CARR(5,3,4) 

Esto indica que el compilador reservará 20 loca-

1 idades para el arreglo A,-sus veinte variables se-

rán A(l), A(2), ••• , A(20) al mismo tiempo se reser

varán'32 (4x8) localidades para las variables 8(1,1), 

8(1,2), 8(1,3), ••• , 8(1~8), 8(2,1), 8(2,2), .••• , 
~)t. 

B(2,8), 8(3, 1), 8(3,2), ••• ,-·8(3,8), 8(4,.1), ~s(4,2), 
__ ., . 

•• • , 8(4,8) y por último se reservarán 60 '(Sx3x4) 

localidades para las variables del arreglo CAR, con 

tres subíndices cada una. 

El arreglo que se use en particular, dentro del pro-

grama podrá tener menos elementos que los especifi-

cados en la magnitud del enunciado DIMENSION, pero 

no más. 
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Regla 4 La variable tal como aparece en el enunciado DI~EN-

SI0N debe tener exactamente el mismo número de sub-

índices que en cualquier otra parte del programa. 

·, ,. ' .¡/ 

•• 31 



31.. 

7.- SUBPROGRAMAS. 

Los subprogramas·, también llamados s.ubrutrnas, son programas que pueden 

ser puestos en uso por otros programas cuando sea necesario. 

Las funciones de biblioteca ó funciones del sistema constituyen una va -

riedad d~ subprogramas. 

7. 1- FUNC 1 ONE S 

Cuando el valor de una variable depende de una ó más variables ó constan

tes y además de una serie de cálculos,y dicha variable ha de calcularse repe

tidamente y en diferentes puntos de un programa, es posible definirla como-

una Función. En otras palabras, Además de las funciones con que cuenta la bi -

blioteca del sistema, el usuario puede escribir sus propias funciones para uso 

especifico de su programa. 

Tomemos un ejemplo para visualizar lo anterior: 

Supongamos que para un programa en especiªl, en el cual trabajamos con grados 

en lugar de radianes, deseamos calcular continuamente SEN0 (X), sin el uso

de funciones seria necesario transformar el argumento deseado de grados a ra

dianes y después llamar a la función 'del sistema SIN (X). A continuación pre

sentamos una función que calculará SENO (X), (X en grados) 

FUNCTION SEN0 ( X ) 

X a X * 3.14 15 92/}80. 
·<.-SENel = SIN (X) ..¡1 

RETURN 

END 

que es llamada 4esd~et programa como: 

GRAO= SEN0 (GRAD0S) 

En base a éste ejemplo podemos generalizar el uso de la proposición 

FUNCTION • 

a) Debe ser codificada en forma independiente del programa 

que la usará, es decir, no debe aparecer "dentro" del programa. 

b) Debe empezar con la palabra FUNCTJ0N 
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FUNeTJON nombre (parámetro ) 

e) A continuación se escribe el nombre con que será llamada. 

d) Después, entre paréntesis y separados por comas, aparecen los argu -

mentos. 

]. 1.1 EJEMPLOS.-

END 

FUNeTION RAIZ 1 (A,B,e ) 

RAIZ1= (-8 + SQRT (8 **2 - 4. *A * e ))- 1 ( 2,* A ) 

RETURN 

FUNeTJSN RAI Z2 ( A, 8, e ) 

END 

RAIZ2 = ( -8- SQRT (8**2.4.* A* e )) 1 (2.>': A ) 

RETURN 

C EC. SEGUNDS GRAOS 

READ ( 2,100) A, B, e 

100 ·FORMAl ( 3F10.5) 

X 1 = RA 1 Z 1 (A , 8 , e ) 

X2 = RAIZ2 (A,B,e) 

WRITE (3,200) A,B,e, X1~X2 

200 FORMAl ( 5 { ~FlO.S') 

CALL EXIT 

END 

Este ejemplo es solamente para ~strar el ~o de la proposición 

FUNCTISN y no contempla algunas situaciones como raíces complejas, etc. 

].2 SUBRUTINAS 

Como es fácil notar, la proposici6n FUNCTUJN nos 11 regresa11 un sólo va

lor y lo hace a través de su nombre. En muchos casos es conveniente ó -

necesario que se nos regrese más de un valor, para éstos casos usamos la 

pro pos i e i ón o en un e i a do : 

SUBRf/lUTINE. 

Una subrutina es un subprograma que .Puede ••recibir11 cualqui-er r.ún~t::rv -

de parámetros ( desde·cero hasta un número determinado por el tipo de com

pilador) y puede 11 regresar11 diferentes valores calculados . 
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Veamos algunos ejemplos:· 

Supongamos que al imprimir resultados de un cierto programa tenemos que -

.escribir algún título usando los primeros .renglones de la hoja. En tal caso po

demos hacer uso de una subrutina como sigue: 

SUBReUTINE ENCA 

WRI TE (3 ,200) 

200 FiJRMAT-(/,lX, 'REPORTE SEMANAL' , 1) 

RETURN 

END 

Como vemos no hemos pasado ningún pará~tro ó valor a la subrutina. Para 

que se ejecute ésta se debe hacer uso de la proposición CALL, de la siguiente for 

ma: 

CALL ENCA 

dentro del programa y en el lugar donde deseemos que ocurra la impresión. 

Dis~utamos ahora un ejemplo muy simple para ejemplificar el uso de parámetro$. 

Hagamos una subrutina que "reciba" como entrada dos números, los sume y el resul -

tado lo 11 regrese11 en otra variable. Sean A y B los numeres a sumar, y e la varia -

ble en donde se pondrá el resultado. 

SUBROUTINE SUMA (A,B,e ) 

e= A+ B 

RETURN 

END 

Es importante detenerse a ver el significado de los parámetros para las sub -

rutinas~ 

La subrutina anterior SUMA puede ser llamada de diversas formas: 

CALL SUMA (AA,BB,ee) 

CALL SUMA (~, 7, X ) 
\ 

etc. 

Como vemos, las variables A,B y e que aparecen en la subrutina son variables 

•• 34 



34 •• 

mudos o dormid~ y solo tienen sentido dentro de la subrutin~. Veamos lo
ante r f or: 

Supóngase el siguiente programa: 

200 

Xl= 3. 

X2= 4. 

CALL SUMA ( Xl,X2,X3) 

SUM= X3 

WRJTE (3,200) X1,X2,X3, SUM 

H.IRMAT (4 Fl O. 5) 

CALL EXJT 

END 

Se propone como ejercicio al lector que haga las veces de la máquina y es -
criba lo que ésta imprimiría. 

La máquina imprimirá : 

3.0 4.0 ].0 7.0 

?"~~Y" 
Una de las facilidades m~s utiles en subrutinas es la de~rreglos como 

parámetros, ej! 

SUBR0UTINE MAXIM (A, HAX ) 

O 1 HE NS 1 ON A ( 1 O) 

-----

-----
RETURN 

END 

Supóngase que ésta subrutina encuentra el elemento del arreglo A (10) con 

mayor valor y lo regresa a través de la variable HAX. Es importante notar que . 
si pasamos como parámetro uno ó más arreglos hay que dimensionarlos otra vez 

dentro de la subrutina, lo cual se puede hacer de al menos dos formas· 1) 

poniendo la dimensión que aparece en el programa que lo llama; 

2} Poniéndole dimensión l (uNo) 

Ejemplo: 
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DIHENSION A (10) , B (20) 
------

CALL SRDEN (A) 

CALL HAX 1M (Bl 

CALL HAXIM {A) 
------------

CALL EXlT 
ENO 

Caso 1 : 

SUBR0UTINE SRDEN 
DIHENSION 
----
-- --
-- --
-- --
RETURN 

ENO 

Caso 2: 

SUBR"UTI NE MAXI M 
... DIMENSION y 
------------
RETURN 

END 

(X) 
X (Ja) 

:(Yl 

{ll 

35 .. 
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7. 2. 1 COMMON.-

Como es posible visualizar en los párrafos anteriores, las variables 

usadas en las subrutinas, o mejor dicho, dentro de las subrutinas, son 'total -

mente independientes a las variables usadas en el programa principal. Muchas -

veces es conveniente que tanto las subrutinas como el programa que 'las llama

tengan variables-en COMUN. PaFa--log.Faf!--é-stG-existe -la declar-ación 

COMMON 

La ·forma general de ésta proposición es: 

COMMON lista de variables 

donde 11 1 ista de ~ariables 11 es un conjunto de vari_ables y/o arreglos separados 

por comas a las cuales queremos adjudicarles la propiedad anterior, es decir, 

sean comunes a ~arios subprogramas. 

Ej. 

COMMON A,B, X (10), AB (30) 

Esta declaración debe aparecer al principio de cualquier programa o sub

rutina en que se desee usar. Veamos un ejemplo: 

C SUMA DE DOS NUMEROS 

COMMON A, B, C 

200 

.A= 3 '""''-'.,n .. ·" · ·· :-r~.~~:, ~~~-~· 

B= 7 

CALL SUMA 

z = e 
WRITE (3,200) A, B, C, 2 

F0RMAT( 4 F10.5 ) 
CALL EXIT 

END 

' - ~ 

~:~ ~-- ·. ':~~ 
... ~' :. ·~-,ft¡ .... 

,..,·. 

•' 
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SUBROUTI~E SUMA 

eOHHON A, B, e 

e"" A+ B 

RETURN 

END 

Este pr~grama debe tmprimi r : 

3.0 7.0 10.0 

37 .. 

10.0 

Una propiedad tmport~nte del eOHHON ~s q~~ s·i un arreglo es especificado 

en eOHHON que dá a~tomát!~ament~ di~nsionad~, es decir, no hay que especifi -

car dicho arregJ~ ~ ~r~v~s ~~ 1~ d~clar~~i~r p~H~~SION • 

En las siguientes pági·n~~ s~ muestran veintiún programas, que incluyen sus .. 

diagramas de flujo, codificaciones, datos y r~sultados; el objeto es .que el -

lector pueda complementar la parte te6rica con la práctica, amén de que debe 

rá hacer los propios y proce~arlos ~n una computadora a su alcance. 

,..-----

. \ 

t ·<"' . . . "·· ~- ''·. 
~~:·/ ·::;~ ~~~~·~~:. 

' ~·"" . •-..: .... _ 
' . '. 

,.,· .. · ,,• 
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"CONVERSJON DE GRADOS CENTIGRADOS A 
GRADOS FAREN H EIT., 

INICIO 

CEN= 37.45 

.F. AR EN=C EN x 9 .¡s .+32. 

FAREN 

PRO G - 1 



11 JOB T 
11 FOR 
•LIST SOUReE PROGRAM 
•ONE WORD INTEGERS 
o¡oesceARDtll32 PRINTER) 

c--------~----u N o----~------e eONVERSION DE GRADOS CENTIGRAOOS A 
e GRADOS FARENHEIT 

lOO FORMATCF10e4) 

11 XEQ 
/0 

IMP:J 
eEN=37.45 
FAREN=eEN•9.15.+32. 
WRITECIHPtl00)FAREN 
eALL EXIT 
END 

R E S U L T A o·. 0 S ~· 

r.· -

~- -~l. - - - --_ -~ 

: 

PROG. 1 



"CÓNVERSION DÉ. GRAD-OS. F,AREN H BT A GRADOS 
CENTIGRADOS" 

FAR 

CEN TI;;;(FÁR~32.) x5.)9. 

f.AR; CENTI 

PROG - 2 



11 JOA T 
11 FOR 
OLIST SOURCE PROGRAM 
ooNE WORO lNTEGERS 
o¡ocSCCARDo1132 PRINTER) 

c-------------0 o s-----~-----
e 
e 

CONVERSION DE GRADOS FAHENHEIT ~ 
GRA60S CENTIGR~D~S 

lOO FORMATCF10.4) 

,. 

101 FORMATCF10e4t22H GRAOOS-FARE~~tlT SON tFl0~4t20H GRADOS eENTIGRADO 
lS.) 

LEE=2 
IMP=3 

200 READCLEEtlOO>FAR 
e FAR IGUAL CERO INDICA TERMINO DE DATOS. 

IFCFAR)210t220o210 
210 eENTl=CFAR-32.) 0 5.19. 

WRITECIMP,lOl>FAR,CENTI 
GO TO 200 

220 CALL EXIT 
END 

11 XEC~ 

1260000 
126. ' 

-14. 
18.26 

o.o 
/0 

RESULTADOS 
~- -- -- -- - - - .. - ~------ ·- -. ---
--- --- --------:------""'--- --- ---------....-....J.---- --- - ---

.~ . . . -- \.. 

1 

-l 
~,..- --..A-- ' ' ·~ ·, ... ""' - -----. 

' ---- - ----~--------- --------------- .. 
1 ·- • , 7~~ :"'!-:· -· • - • 1 ., -- -- - oe... :.. • .-;'-

-"" -- -----~--------~---~..-;..--~------ ·----- -- _...: '"--------2--

PROG - 2 

¡' 
¡ i, 

' 



•tONVERSION ENTRE GRADOS FARENHEIT Y GRADOS 
CENTIGRAIDS u 

• .-' •' ~7;..' r ... , • -...:: -

INICIO 

INDI,GRAD 

T 

CENT I=(G RAD• 32. )x 5./9. 
f/1· ' 

- -- -::. --- ,, --

GRAO, CENTI 

. . 

PRO G - :J 



11 .JOB T · .. 
/1 FOR 
•LIST SOURCE PROGRAM 
•ONE WORD INTEGERS 
•IOCSCCARDt1132 PRINTER) 
C-------------T R E 5---------
e 
e 

CüNVERSION ENTRE GRADOS FARENHEIT · 
Y GRADOS CENTIGRADOS 

lOO FORMATC1H1J : 

. . ' 

1 O 1 FORMAl C 1 1 t F 1 O • 3) . . 

·. 

102 FORMATCF10.2tl5H FARENHEJT ·SON iF.l.lo3tl3H CENTIGkADOS.-J 
103 FORMATCFl0o2tl7H CENTIGRAOOS SON ,F9.3tllH FARENHEIT.) 

e 
e 

e 
e 

LEE=2 
IMP=3 
WR 1 TE ( 1 MP tl O O) 

200 READCLEEtl0ltEND=220) INDitGRAO ·~- .. ..: _.,, "-·~,·· 
IFCINDI.EQ.1)GO TO 210 
INDI DIFERENTE DE 1 DATO. iN G~ADOS·~ARENHEIT. 
SE CONVIERTE A CENTIGRADOS. 

CENTI= lGRAD .. 32.) •5./9. . 
WRITECIMPtl02JGRADtCENTI 
GO TO 200 

210 CONTINUE 

' ' 

EL DATO ES EN GRADO CENTIGRAOO. 
SE CONVIERTE A FARENHEIT,- . 
FAREN=GRAb•9./5.+32o .r 

WRITECIMP,lOJ)GRADtfAREN 
GO TO 200 

220 CALL EXIT 

•, 

END · 
11 XEQ 
1 12000 
O )1o48 
1 
2 
1 
1 ,. 

o. 
32.00 

-16. -
.lá. ¡.'f 

1' 

RESULTADOS 
l. 1:1 _. ' 

' ' 1,· ¡t" • ·- ':Liiifi,.,,. r ..,.. _______ ....,_T"_,.~ ···-···-... ---~..,.~-. ·- ~~..-----.....,._... .. -

i-.:...:..- - . ' ---...-. ...;¡,.__ --- • --- ---- -- ---~~ ·-·~- --· -· 
;,. ·. 

. . ~-. . '. . ~ 

PROG- 3 

' f 
'¡ 
1 
1 

l .. ·~ ' . 

,· 

~ • 1 

.. 
; !i . 
"~ ·l' : - .~ 

'.' 
,, 



1 . 
11 CONVERSION DE GRADOS A RADIAN ES 11 

' ' \ '. - ,_-

'' 

INI,CIO 

i 

GRAD=-(GRAD.-180) 

~AD=GRADx 3.14,59:26/180. 

;' ' .. ' 

.GRAO RAD, 
1 ' ' 

PRQG - 4 



'1 'JOB T 
11 FOR 
~LlST SOURCE PROGRAH 
OQNf WORD INTEGERS 
*IOesceARDtll3~ PRINTER) 
c-------------e U A T R 0~~~----
e CONVERSION DE GRADOS A RAÓIANES 

101 FORMATCF8.3) 
·102 FORHATCF9e3tl2~ GRADOS SON tF6o3~iOH RADIA~E~.) 
10'3 FORMATC///tl0Xtl6HFIN cDEL PROGR'AMA) . 

LEE=2 
IMP=3 

200 READCLEEtlOleEND=230)GRAO 
210 lFCGRAD.LT.360)G0 TO 220 

.. . 

e EL DATO -ES IGUAL O -SOBREPASA LOS 360-G"R-Aoos-tSE· ·AJUSTA)-~--
GRAD=GRAD-360. 
GO TO 210 

220 CONTJNUE. 
C SE TRA8Aji ENTRE ~180 ·y -18~ GRADOS. 

'lFCGRAD.GE.1~0.)GRAD~-CGRAD-180e) 
RAD~GRAD*3.14159~6/180. 
WRITECIMP~l02)GRADtRAD 

GO TO 200 
230 W~ITECIMP,l03) 

CALL EXIT 
... ENO 

11 XEQ 
90000 

-90., 
3600. 
-380. 
OoO 

185.27 
132.4 

-79o9 
/0 .. -- .. __ .. ----- .. - :... ·--- - :_' ~ ._ .. _~· 

'f,' .......... "'"' 
'1'• ., 

,, 

' 
' .. :-

----- ·-·· -- -- ,· ·-
. '. 

.··,:~RESUL'T'A·.oos- -.--... .., .. -~:-·-;-
...... - -~.:.~ .. --u- ... ,.. •• 1......:;!.1...: ... _ ~· 

-·--- .. -

.. 
' 

' .-

' ' ~ !- •• 

1-' ,,.,; •• 

PROG - 4 

.• 



uoETERMINACIC>N DE NUMER-OS PARES E IMPARES-" 

INICIO 

NTARJ _ 

NUM 

NUM 
1 ND=(-1) _ 

NUM 

11ES PAR" 

NUM 
"ES IMPAR" 

PROG - !) 



'' VVD 1 

// FOR 
OLIST SOURCE PROGRAM 
*ONE WORD INTEGERS 
•IOCS(CARD,l132 PRINTER) 
c---~~--------c I N e o-------e 
e 

e 

e 

e 

OETERMlNACION DE NUMEROS PARES 
E IMPA~ES 

lOO FORMATC13) 
101 f0RMATCI4t8H ES PAR.J 
102 FORMATCl4tlOH ES IMPAR.l 

200 

LEE=2 
IMP=3 
REAOCLEEtlOO)NTAR~ 
NTARJ lNOiéA NO. DE TARJETAS CON DATOSo 
00 202 l=ltNTAR~ 

REAOCLEEtlOOJNUM 
lND=<-lJ**NUM 
IF CINDeLr_..OtGO_ ·yo,.200 

EL NUMERO ES PARo 
WRITE(JMP,lOl)NUM 
GO TO 201 

CONTINUE 
El NUMERO ES lMPAR •. , -· 

/ WRITECIMPtl02JNUM 
201 CONTINUE 
202 CONTINUE 

CALL EXIT 
END 

11 ~EQ 
005 

17 
1 

14 
~91 

8 ¡, 

L 

' .... ~ ' ' ' 

--- _:_ ___ ~ .. :... .... J..!.·-- .. -

' 

.. , 

L 

! 
1 

---1H'1rtt~St-'t1"111Mr-r::~p.-tA-rJR-r¡-----' 

1 ES IMPAR• 
14 [S PAih 

. 1 

·. 

¡} 
., 

. '¡' 
·:., 

,, . 
' ....... - .,. ~\-~ 

l. -~ ... !'•{r• , 
•• 7 ~ • ...... ¡.. 

,- ' ...... ; . 
.... ·-

""\ •r 

·, 

PROG - 5 



"DETERM~N~~~ON O~ .MULTIP-~0,5, D.E UN ~UM~RO" 

FIN 

'., 

'N.OMULT.' 
' ' .... ' ..J 

NUM,IBA~E 

IBA.~E 

NTA~ 

NUM 
' ,~ ; 

'IDfv=· NUM/I~AS~ 
~NUM~ NUM 

~.QIV= RN VM/IeASE 
- . 

,\ 

. : 

.. ,, •' 

'MULT • ' . . 



~ ---¡¡ '-'OB l 
11 FOR 

'L ' - e;--- • -

•LJST·SOURCE PROGRAM 
oQNE WORO INTEGERS 
•IOCSCCARDt1132 PRINTER) 

e-------------s E 1 s---------e 
e 

DETERMINACION DE MULTIPLOS -· ~-. _, 
OE UN NUMERO 

lOO FORMATCI3) . -' ' 
' • ~r 

_, 

101 FORMATC34HlNUMERO•MULTIPLO DE-NO MULTIPLO DE) 
102 FORMATC2Xel3t7Xel3) 

e 

e 

103 FORMATC2X~13e21Xtl3) 
LEE=2 
1MP=3 
liRITECIMPtl01) 

200 READCLEEolOOeEND=240)18ASE 
READCLEEolOO)NTAR'-' 

210 

DO 230 l=loNTAR'-' 
READCLEEtlOO)NUM 
IDIV=NUM/18-ASE 
RNUM:NUM 
RDIV=RNUM/IBASE 
IFCRDJV.EQ.IOIV)GO TO 210 

NUM NO ES MULTIPLO DE'IBASE. 
WRITECIMPelOJ)NUM,lBASE 
GO TO 220' 

CONTINUE 
NUM SI ES MULTIPLO DE IBASE. • 
WRITECIMPel02)NUMeiBASE 

'220 CONTINUE 
230 CONTINUE 

GO TO 200 
" -240 "CALL EX1T 

END 
1 i XEQ. 

·oo2 
' 005 ' .. 

17 . -

~ . 

1 
·-· ---- 001 ~. _,_ ______ ........ ---· _ ... __ -- -- .--

. . 
- -.. ---~;~-rt -~ 

l.' 
14 

291 
' - .~ . 

' .- •• ~ .. •• cr ~-~·,'·'", -,..,.~ 

p • • • .. e ..._!) •• - ... ~ ~.r ~-~~··-~-- -~ -:~~' ·:· .~7--- ~-r~---;--;~-- ----:-~~,-j._:: ~-~ 

003 
002 

9 
11 

005 
001 
009 
1• 

·-- , -rr- - ..... . .. ~,,._ --
• tr.- - _ __:__ -=- -- -- _:_. __ -- - - -- __ .:_ .: " . -: __ _;_.:: ...:..~-

.. - ·-- - --- . - --. 

--~N~ __ u~~~~~a~o~·~w~•'~LL1~~~4L~o~-~o~r~·~NO~H~u~L~t~I~~~íuó_,nwr~--~~ 

----11 ? 

2 ,' 

291 _.2 * ·~- -~ 
11 ' 3 

---------2~----------------~~~-·~-~5~~--------~ .. 

' ... \ "'"' '" '"' _,S"'".... • -"'' ' - ' ... -

._, 
• ¡,. 

'. . 

. 
PROG - 6 



• ! 

flN 
l' ~ ,' ~ 

~· 

~;::;-. .-·,;.~- ·. -·.·N·u·· 

~_'"""'!'_,.;_-,-'''1.' ... 1~ ~;:- <~u ' -
,.;. ' ; 

... 
1 a • 

' 

... 
l .. 

P~9G - 7 

/ 



·, 
" N UMEROS PRIMOS •• 

.. 
2a. 

_,-

· IMAX= NUM/2 .. 

1 = 3 

i' 

.. :.-...· ~ ~, -

F 
ID IV= N 'u M/1 

RNUM= NUM 

RD IV= R N UM/1 

'NO PRIM 1 1 PRIM0 1 

NUM NUM 
T 

\ 
1 = 9999 

,· 1 = 1 + 1 

PROG - 7 

' ( .~ .. 



~ 

lO 
11 
12 
13 
1~ 
17 
19 
21 

1* 

,. ' 

RESULTADOS 

·- - ---- --:------- --- - ---

PRIMOS 
1 

---------2.. 
3 

NfJ PRltJOS" 

--------------, 
~ 

------~----------~--------~' 
6 

.7 

e; 

·~~----------~------
11 12 

15 
17 

----~hr--------------------¡ 
21 ! 

-----.,.- '";,-- ----=--
-----------~ 

-- ---.:J.--·-_----- - h 

~··' 'W\.r;_·,:~:;r-.,..: ••. .(,¡ • 

\ ,· 

-- - .., 

·., 

PROG - 7 

P- ::¡ 



~1 
1 

' ' 
. ! 

1:1 '-'OB T 
11 FOR 
•LIST SOUWeE PHOGRAM 
•ONE WOHÓ INTEGERS 
•10CSC~AHDtll32·~~1NTER) 

\ ' -~ " ' ' 

c-~---~~--~~--s 1 E 'T'E~~~-~~· e ~U,t!~~q$ · P.~I~Q.~ . · · · - · 
.lOO EORMAT (131 .... 
1 ó ·1 f q~ ... ~ 4 1ci~H ~tH •Q~ ... tiQ ~tH ~Y~H ío2 fOWMAT iZXtl3;·' . . ... . .... " 
103 FORMATci4i;iJ, 

LEE~2 ... _, . - ' 

I~P~~ 
¡, R 1 TE Cl MP , 1 O U 

ZOO ~tAD~'ttelOOtE~0=290)NUM 
lf tNUM~GT ~3)-GÓ t'tf' zi'o· • ... 

e NU"'És MENUH O lbUAl ~ ~4TOgq ~4~Ek9 NATUHAl MENOW Q I~UAL A 3 lS 
wwltE C'IM~~·íoz»·,.ui14 -·: 
GO H> '?~O . '' ~ 

e 

e 

e 
e 

e 

e 

e 

210 CONTINUE. 
NUM E~ M~YO~ QUE 3. 
INO=C•1)•~NUM ' 
ÍfciNO.lT.ó{Gu to 220 
··~u~ E~ Pi~itooó NU~EHO ~.~~~~OH QUE 3 ~Q E~ PRIMO~~· 
WRlTE<lMP~l03)NUt~4 .... 
GO TÓ ?70"' , .. 

eoNTlNUE 
·. ·~u~·t~ IMPA~CSE l~lCIA P~QCESO QE ~WlMO Q NO~PWJMOl. 

230 

U"AX~~UM/2 
1=~ ' 
IFCI.GT.IMA~)GO TO 240 

. SE OBTliNEN-~A~~Ol~iSlONES.~NTERA Y HEAL DE NUM/1 
coN· 1 OE · 3 t1AStA'··Nln4/z; '·'"· ··".' 
í o 1 V;::;~ljM/1 .. , ~ _} . ' .. :~.- . 
RNUM;:NUM _.. ..... _ .. _ -~ -· 
ROIY::;RNU~/1 ·:·· 
. f . 
IFCROIV.EQ~JDlV)Ia~999 

.. 1=~~~?. -~~óu:~ ;QV~ -,~uf.i .. ~S .. PJtitt.P• 

. 1~1·1 . . . . ' . ~ 
' GQ ·n> 230 
CONTlNUf , , 
lFCI~LTe9999)G0 TO 250 

NUM NÓ .ÉS 'PRIMO~ . -., 
WHITE(l~Ptl9l)~Q" 
GO TO 2ó0 -

eONTJ.~UE 
NUM ES PHI MO. . _ 
WHllE(lMPtl02)NUM 

?~O C~~TIN_l:JE .. , .. - . 
270 eONTifiiUE 
2f;S0 CO~TI~Ut:. 

Gp TO 200 
290 CALL E~IT 

ENo' - . 

.. ., -. 

11 XEU 
1 
2 
3 
4 

~ 
b 

7 
~ 

PRO~ - 7 



• SERIE DE FIBONACCI 11 

INICIO 

: • ~ ¡ 
t ~¡ 1 

í ' 

NM1= 1 
} ' 1 

NM2= O 

NMl, NMl 

,, ~ 1 1 

. .. 
! 

N UEVO=NM1+N.M2 
'. '. ,. \· 

' . ' -~- . 
' - \. 

NM2= NMl 

NMl= NUEVO 

1 'í, NUEVO 

PROG - 8 



-11 JOB T -- -
11 f"OR 
•LIST SOUReE PROGRAM 
oONE WORD INTEGERS 
@IOesceARD,ll32 PRINTER) 

- c-------------0 e H o---------e 
. 100 
·¡o 1 

SERIE DE FIBONAeCI 
fORMAT ( 13) 
FORMAT(I4t3X,I5) 
LEE=2 
IMP=3 
READCLEEtlOO)NTERM 

e NTERM REPRESENTA El NUMERO DESEADO DE TERMINOS 
N~l=l 

e 

NM2=0 
WRITE«IMPtlOl)NMltNMl 
DO 200 I=2,NTERM 

NUEVO=NMi+NM2 
NM2=NM1 
NM}:NUEVO 
SE IMPRIME LA POSICION Y EL 'VALOR DEL TERMINO 
WRJTE(IHP,lOl)J,NUEVO 

200 CONTINUE 

11 XEQ 
015 
¡o 

CALL EXIT 
ENO 

RESULTADOS 

.. ,. .......... _ . . 1 
~-·-

1 

'' '-

l. ------

PROG- 8 

' . . ' • . 

.; 

', ' 



t 

-a FACTbRIAL u 

·INICIO 

NUM 

1-FAC =1. 

IFAC·= 1FAC X 1 

IFAC = 1 

IFAC = 1 

PROG - 9 

' 



'' .JOB T 
11 FOR 
•LIST SOURCE PROGRAM 
ooNE WORO INYEGERS 
•IOCSCCARDtll32 PRINTER) c-----.. -------N U- E V E---;..;. ___ - --
e 

. 100 
'·1 o 1 

102 

FACTORIAL 
FORMATC2IU 
f"ORMATC12) 
FORMATCI3t3X,J5) 

., 

• •• 1'\-... .- •• 

e SE LEEN lAS UNIDADES LOGICAS DE LECTURA E !MPRESIONN 
REA0(2tl00)lEEtiMP-

e 

200 READCLEEtl0leEND=220)NUM 
IFAC=l 
DO 210 I=2tNUM 

IFAC=IFAC•I 
210 CONTINUE 

IFCNUMoEQoO)IFAC=l 
lFCNUM.EQ.l)lFAC=l •• ¡ ~' ' 

SE IMPRIME El NUMERO Y SU FACTORIAL 
WRITE(JMPtl02)NUM,IFAe 
GO TO 200 

220 eALl EXIT 
END 

/' XEQ 
-:- ,. 

23 
01 
02 
03 
04 
os 
00 
¡o . - .-..... --- -:- ' ,_ \ 

.. ~ .•. ;_.. ~JLE S _U .J. 1' A .D _O· S . . . ' 

1 1 

'i ·i 
4 24· 
5 120 o 1 

- ~----- ---- ~-. - . -- ...... -~·-~ 

¡ ' :.:./ .. 
' 

PROG - 9 ;,~ ... _' -~ . ,• 

.¡ • . 
_. 

~-·=,.. 

1 \ 

1 

j 
: ¡ 

.. 
" ' 



.,CAMBIO DE ~ASE , DE DECIMAL A BINARIA .. 

INICIO 

• . 
. NUM 
4 ' f •• J' 

'EN BASE 10' 
'' 

NUM 

NE2 = Nl)M/ 2 

NB-= NUM-N.E2 x 2 

NB 
•1 6 o• 

NUM = NE2 

FIN 

T 

1 a. 

1 = o 

PROG - lO 



/1 JOB T 
11 F'OR 
•LlST SOURCE PROGRAM 
oONE WORD INTEGERS 
oJOCSCCARDtll32 PRINTER> 
c~~---------~-o ·y E 2------~--

-\ 

e 
'l 00 
·lO 1 
102 
103 

CAMBIO DE BASE 1 DECIMAL A BINARIA 
FORMAl C JS) 
FORMAT~1XoiSoi9H EN BASE DECIMAL ES> 
FORMAT (1 x, 11) 
fORMATC17H EN BASE BINARIA.) 
LEE=2 
lMP=3 

200 READCLEEol00tEND=2SO)NUM 
WRITECIMPtlOllNUM 

210 lfCNUMoLEol)GO TO 220 

.. 

e NUM ES MAYOR QUE UNOt SE SJGUE DES~OMPONIENDO 
NE2=NUM/2 . 

e 
NB=NUM-NE2*2 
NB ES UNO O CERO 
WRITECIMPt102>NB 
NUM:NE2 
GO TO 210 

220 CONTJNUE 
lfCNUM.EQ.l)GO TO 230 

e SE IMPRIME El ULTIMO CERO EN LA REPRESENTACION BINARIA 
I=O 
~RilE CU4Ptl02J 1 
GO TO 240 

230 CONTINUE 
e SE IMPRIME El ULTIMO 1 EN LA REPRESENTACION BINARIA 

1=1 
l:JRITECIMPol02)1 

240 eONTINUE 
ti.IRITE C IMPo 103). 

·- GO -1o 200 -.-- -!- _- ·-- -

250 CAL.L' f:XIT 
: ENO ,-

/1 j{[Q 

112 
1 ,. ..... ll63 . 
r .• --- --.--· 1l O ,. 

·0000! 
011 

-131 
o 
1 

13 
1• 

' ,. 

' __ ... ___ ~ 
\ 

PROG - 10 

'. 

-. 



'. 
u CAMBIO DE BASE DE DECIMAL A BINARIO u 

1 :f: 1 

' -
11 EN BASE B,I-

NARIA" 

' ~ ' .. 
'' 

2a. 

' 
PROG- 10 

/0 



-:~-
:~ ·.: \ -~"'t. 

__ R ~ S U L T A O O S 

----·------·-------- --. -

o 
-~------------1 

1 
--~[ti-~~~~~~~------------~ 

1 
163 Es 

----ii"A 
y-

o 
i 
EN !ASE B~NAR¡A, 
0 o ENAS; DECIMAL ES 

_ __..1_. _________ __,.. ____ _, 

o 
i 
EN BASE BJNARIAu . 
i 1 EN BAS~ DECIMAL ·Es 
EN BASE BINARIAo · , 
i 11 EN BASl DECIMAL Es 

--~~ 

o 
i 

o 
[N :B 

.• 1 
i 

-.....,...,....- r--- ., ~1-"1"-"1~..,.. ., 

•••• >. 

ij • 

'' 
. ~ ~/4U·S s .tUi, , .. a: o+ 
l .. :-:~, ~ .. jl~rl .. l ~ -~ .J 

...... ¡~'loo.· ...... • • • .• : ~ .: t { 

PROG - lO 

P-10 



"CAMBIO DE BASE, BINARIO A DECIMAL" 

ID~C =O 
J = 1 
IQEC=ID EC+J X 11 
J= ~X J 
IDEC= IQ~C + J x 13 

"en BINARIO 
13,12,11 

"~N 1> ECJMAL ' '11 
IDEC 

,• 

FIN 

PROG - 11 

11 



'¡ 

; 

11 ~OB T 
11 FOR 
•LIST SOURCE PROGRAM 
OONE ~ORO INTEGERS 
0 IOCSCCAROvll32 PRINTER) 
c~-~----------o N e E---~~----e 

e 

CAMBIO DE BASE 1 BINARIA A DECIMAL 
1 O O FORMA T C 3 I 1) 

·101 FORMATClXt 3llol9H EN BASE BINARIA ES)' 
102 FORMATC!Xtl5,17H EN BASE DECIMAL.) 

LEE=2 
1MP=3 

200 REAOC2ol00tEND=210)I3tl2til 
IDEC=O 
~ CONTIENE LAS POTENCIAS DE 2o 
.J=l 
IDEC=IOEC+~•I1 
~=2•.J 

IDEC=IDEC•~•I2 . 
.J=20.J 
IDEC=IOEC+~•IJ 
~RITECIMPol0l)I3oi2vil 

e IDEC CONTIENE LA REPRESENTACION DECIMAL DEL NUMERO 81NAR10. 
WRITECIMP,l02)10EC 
GO TO 200 

210 CALL EXIT 
ENO 

11 JtEQ 
001 
010 
011 
lOO 
101 
·11 o 
111 

- -- - .... ,l._--.. ---

• \ e 

... 

- . - -- ..... 
.~ .. 

' 

:. 

PROG - 11 

• 1 
1 



•cAMBIO DE BASE, BINARIA A DECIMAL USANDO ARREGLOS" 

INICIO 

I(J), J= 1 1 10 

ID EC = O 
J = 1 

L = 11 -k 
\ 

IDEC-= IDEC + I(L) xJ 

T 

/ 

' 
: ~;( 

;-~(~- : 
~------~------~~~ ·~ 

•eN BINARIO• 
1 (J ), J = 1 1 1 o 

.L•!' 

FIN 

PROG ... 12 



-- _.__ 1/- JOB ~"T- - -
11 fOR 
*llST SOURCE PROGRAM 
•ONE WORD INTEGERS 
•IOCSCCARDtll32 PRINTER) 

C CAMBIO DE BASE 1 BINARIA A DEClMAL 
C USANDO ARREGLOS 

DlMENSJON IClOl 
lOO FORMAl (101 1) 
iOl FORMAT(1Xel0Iltl9H EN BASE BINARIA ES) 
102 FORMATC1Xtl5tl7H EN BASE DECIMAL.) 

LEE=2 
IMP=3 

200 READC2t100tEND=220ll 
IDEC=O 
J=l 
DO 210 K=lelO 

·. . . . ~ 

C SE ANALIZA EL VECTOR 1 DE DERECHA A IZQUIERDA . 
L=ll-K . 
IDEC=1DEC+ICL)*J 

C J CONTIENE LAS POTENCIAS DE 2 
J=J*2 

210 CONTINUE 
WR 1 TE ( 1 MP, 1 O 1) C 1 C J) , J= l' 1 O) 
WRITECIMPtl02»1DEC 
GO TO 200 

220 CALL EXIT 
END 

11 XEQ 
1 

ll" 
----1 o o o 1 o o o 1 o \ --

1 
1 --- 1 
""1001001 

00 ,. ' 

" ~ - - -·· ---.- -~~--~-....----:-:-.-r .. -~ 
- \.,. 

. -

¡, 
;• 

:¡ 
1 
\ 
il 
1 j 

'1 
,1 

' 
:1 

,¡ 

;¡ 
!' 

.....__ 

' •' 
: 

) ' 

1 

PROG - 12 



'¡ 

1 

' 

11 CALCULO DEL NUMERO DE BILLETES" 1 a • 

. ' 

NM=NM+l 

N U M = N U M - 1 000 

INICIO 

NUM 

NM =O 
NQ =O 
NlOO= O 

Nl50 = p 
N2Q =O 
ND=O 
Ni57 =o 
NU=-0· 

'ENCABEZAD O' 
NUM 

T 

NUM= NUM- 500 

PROG - 13 



•cALCULO DEL NUMERO' DE BILLETES .. ~a. 

T 

N 1 00= N 1 00 + 1 

NUM= NUM - lOO -

T 

NSO = 1 

NUM= NUM- 50 

op ,i; 

-NUM = NUM- 20 

T 

NO= 1 
' 

j 

NUM=NUM-10 PROG- 13 



"CALCULO DEL NUMERO DE BILLETES" ' 3a. 

NS = 1 
NUM = NUM- 5 

NU=NU+1 

NUM = NUM- 1 

NM 

. \ 

NQ 

N100 

N 50 

'\___ 

PROG - 13 
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'. 
' 

11 .JOH T 
11 FOR 
*LIST SOURCE PROGRAM 
•ONE WORD INTEGERS 
0 IOCSCCARDt1132 PRINTER) 
C-·-----------T R E C E-1!11'---~-~ 
e CALCULO DEL HUMERO DE BILLETES 

FORMATCI4) . , - . - , 

· ... 

lOO 
. :¡o 1 FORMATCÍ~llH EL NUMERO~ti4t24HeOO•PUEDE 'DESGLOSARSE. ~N) 

FORMAl ciSt 7H DE MI,Ll ,. . - ~-- -.... · . . 

e 

e 

e 

e 

1()2 
103 

'104 
105 
106 
107 
108 
109 

200 

FORMATCI5tl4H DE QUINIENTOS) ' .. 
FORMATCIS~ 8H DE CIEN) 
FORMATCI5tl3H DE CI~CUENTA) 
FORMATCIStlOH DE ~EINTE) 
FORHATCISt 8H DE DIEZ) 
FORMATCISt 9H OE CINCO) 
FORMATCISt 7H DE ÚNO) 
lEE=2 
JMP=3 
READCLEEtlOOtEND=JJO)~UM 
NM=O 
NQ=O 
NlOO=O 
NSO=O 
NV=O 
NO= O 
NS=O 
NU:O 
WRITECIMPtlOlJNUM 

210 IFCNU~.LE.lÓOOJGO T0-2~0 
NUM ES MAYOR QUE 1000 
'NM:NM+l 
NUM=NUM~lOOO 
GO TO 210 

220 CONTINUE 
IFCNUM.LE.S00)~0 T0-230 

NUM ES MAYOR·QUE SOO·CMAXJMO UN BILLETE DE 500) 
NQ=l 
NUM:NUH-50 O --.- - -

230 CONTINUE 
240 'IFCNUM.LE~lOOJGO-rO eSO 

NUM 'ES~MAYOR "QUE-lOO- -
NlOO=NlOO+l 
NUM=NUM-100 
GO TO ·240 

250 CONTJNUE 
IFCNUM.LE.SO)GO TO 260 

NUM ES MAYOR Q~E 50 CMAXIMO UN BILLETE DE-50) 
NSO=l 
NUM:NUM-50 

260 CONTINUE 
270 IFCNUM.LE.20)G0 TO 280 

NUM ES- MAYOR QUE 20 
NV:NV+l 
NUM:NUM-20 
GO TO 270 

280 CONTJNUE 
IFCNUM.LE.lO)GO TO 290 

\ 

... 

C NUM ES MAYOR QUE 10 CMAXIMO UN BILLETE DE 10) 
ND=l 
NUM:NUM-10 PRO G - 13 

·?90 CONTJNUE 
IFCNUM.LE.S>GO TO 300 



C NUM ES MAYOR QUE S CMAXIMO UN BILLETE Dl 5) 
NScl 
NUM:NUM-5 

300 CONTJNUE 
310 IFCNUM.LE.O»GO TO 320 

C NUM ES MAYOR QUE 1 
NUcNU+l 
NUM=NUM•l 
GO TO 310 

320 CONTINUE 
WRITEClMPtl02)NM 
WRITECIMPt103)NQ 
~RITEiJMPtl04)N100 
WRITECIMPtlOSlNSO 
WRITECIMPtl06lNV 
WRITECIMPtl07)ND 
WRITECIMPtl08)N5 
WRITEC1MPtl09)NU 
GO TO 200 

330 CALL EXIT 
END 

11 XEQ 
9000 
1314 
6893 
lOO O 
500 

13 
1* 

~ ------ -...- -

·- ., - ,., -- -

·-

PROG - 13 p_ 13 



( 

. 
1 ' 

RESULTADOS 

~ ...... -. - ~ ------ --------..- ---- .. ------ --. 

·1 U QUINIENTOS . 
4 DE CIEN 

~L ~uefRAif69l~oo·puf~~ cE~GL~SARSE Eh 

~ 8E @Yl~tENt9s 

E 

E,L 

O 0[ DI - · ' 
g BE e~~co 

o 
1 
5 

e llE Q~lNIENTBS 
O DE C F.N 

? 
0[ C ~CUENTA 
DE VEINTE 
DE DIEZ g PE CI~CO 

[Ut. QESG SE EN 

DE~GLDSARSE EN 

, 
¡ 

PROG - 13 



.. ORDENAMIENTO ASCENDENTE DE UN VECTOR u 

N 

A(l) 1 1= 1 1 N 

••vECTOR 
LEIDO 11 

A(l) 1 1= 1 1 , N 

LIM =N - 1 

fiN 

1 e. 

PROG - 14 



11 ORDENAMIENTO ASCENDENTE DE UN VECTOR 11 

ATEMP = A(K) 

A( K) = A(l) 

A(l) = AT EMP 

11VECTOR 

ORDENADO.. ' 

A(l ), 1= 1, N 

2a. 

PROG - 14 



11 JOB T 
/1 FOR 
OLIST SOURCE PROGRAM 
•ONE WORD INTEGERS 
0 10CSCCARD,1132 PRINTER) 
C-------------e A T O R C E---
C ORDENAMIENTO ASCENDENTE DE UN VECTOR 

DIMENSION AC100) · 
'lOO FORMATCI2) 
101 FORMATC8F10.0) 
102 FORMATC13H VECTOR LEIOOt//) 
103 FORMATC10C1XtF11e4)) 
104 FORMATC16H VECTOR OROENADOt//) 

LEE=2 
IMP=3 

200 READCLEEt100tEND=240)N 
C N REPRESENTA EL NUMERO DE ELEMENTOS A ORDENAR 

READCLEEo101) CA(J) tl=l tN) 
WRITECIMP,l02) 
W R 1 TE C 1 MP t 1 O 3) CA C 1 ) t 1 = 1 'N) 
LIM=N-1 
DO 230 I=ltllM 

J=I•l 
C SE ASUME QUE ACI) ES EL MENOR 

DO 220 K=JtN 
IFCACI)oLE,ACK))~p TO 210 

C ACI) FUE MAYOR QUE A(K) 
ATEMP:A(K) 
A(K):A(l) 
ACll=ATEMP 

210 CONTINUE 
220 CONTINUE 

C· AHORA SE TIENE EN ACJ) El MENOR 
230 CONTINUE 

WRITEClMPt104) u 

WRITEClMPolOJ) CACl) fl=ltN) 
GO TO 200 

240 CAll EXIT 
END 

11 XEQ 
04 
·-4. l. 
03 
o. -287. 

04 
-28o -32. 
1• 

-3. 17. ' 

.32. 

11. o. 

. . -- ........ --· 

"".... . - . . 

; : . . 

PROG- 14 



' 
1 

! 
1 

• 1 
1 

( 
' 

RESULTADOS 
. - - -- - - ... - - -- -. ·- --- --- - - - -·-

l•OQOO -- ·l·oooo 

VEClDR lEICO 
•J•OOUU leQOOO 

0•000\J 32• ooo 

•28•00UU o. 00 

1 oc 

Q 

11•000 

• 

PROG - 14 P-1~ 



11 MAXIMO COMUN MULTIPLO ALGORITiv\0 DE 
EUCLIDES ., 

N,M 

IDIV = M/ N 
RN =N 

RDIV =M/ RN 

M = N 

T 

T = (RDIV-:IDIV) X N 
N= IFIX (T) 

-ID IV= M/ N., 

RN =N 

RDIV = M /RN 

11 M .e .o ... 
N 

FIN 

PROG - 15 



. ' 
' 

1 
\, 

11 JOR T 
11 FOR 
*LIST SOURCE PROGRAM 
*ONE WORD INTEGERS 
•IOCSCCARDtll32 PRINTER) 
C-------------Q·U IN CE-----
e 
e 

e 

MAXIMO COMUN MULTI~L9 
ALGO~IT~O DE E~~~1~ES 

100 FORMATC213) . 
101 FORMÁTCJH N=tl3t3H M~tl3) 
102 iORMATC~H ~.C.D~~,I~!~/~ 

LEE=2 .. 
IMP=3 

200 REA0CLEEt1~0tE~D=230)N,M 
SE CALCULA EL RESIDUO 
IPI~:=~41~- . 
RN=ft,f 
RDIV~M/RN 

210 IFCJDIV.EQ.RDIV)GO TO 220 M=N ,., · .. -· .. 

T=CRO¡V-IDIV)*N 
N= IF IX CT) 
IDIV=~/N 
RN:i:N 
ROIV=M/RN 
Gci" ro···21 o 

220 CONTINUE 

... _ 

e N ~EPRESENT~ EL ~AXIMO COMUN DIVISOR 
WRI TE (IMP, 102, N 
GO TO 200 

230 CALL EXIT 
ENO 

1~ XEQ .,. 
5 7 
3 6 

. 8 16 
11 98 

'\e, 

16 24 
8 12 

-· -~ . .__ 

R.C.D•• 1 ~ 

M.c.o •• 3 

M•c•O•= 8 

M.c.o.• 1 

M.c.o.--= 8 

/ __ ,,.,._-.,. __ , 

- - , .. -

•.. 

'·-
-~ 

PROG - 15 



11 GRAFICA DE SEN (X) 11 2a. 

LIN (J) = IBLAN 

X= X +O ELX 

PROG - 16 
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--~----------~ ---
1 

.. GRAFICA DE SEN (X ) " 

INICIO 

IX 1 

1

IY ,, IAST 1 IBLAN 

DELX = 6.28318/56 

X =-3. 14159 

LIN (50)= IX 

J = 4 9 X S 1 N (X ) 

LIN (J) = IAST · 

LIN (J) = IY 

1 a. 

FIN 

; 
/ 

----~ --~L_IN ______ -~ __ -~- _________________________ _ 

PROG- 16 



\ 

'· 

11 .JOB T 
11 FOR 
*LIST SOUReE PROGRAM 
o¡oesceARDell32 PRINTER) 
0QNE ~ORO INTEGERS 
e-~-~----------0 I E e I S 1 E T E-----

.. 

e fSlE PROGRAMA CALCULA EL NUMERO DE GRANOS DE MAiZ QUE eOBRO~EL. 
e INVENTOR DE A.JEORES 
e FILES 

LEE=2 
IMP=J 

e FORMATOS 
ROO FORMAT(l0Xo6HCUADROe9X.4HSUMA,//) 
101 FORMATC3Xel2e2E15.7) 
Jl02 FORMATC///) 
103 f0RMATC53XellHOoooooooooo) 
U04 FORMAl(SJXollH* FIN O) 

t::I~!TE ( IDilPo 100) 
SUM=OoO 
DO 200 I=lo64 

CUA=2.0*°Cl-l) 
SUM:SUM+CUA 
~RlTE(JMPolOl)IoeUAoSUM 

200 eONTINUE 

/1 .ltEQ 
/'U 

t;~R-X··TE C U4Po 102) 
!::fRITE ( H4Po 103) 
t1RITECIMPol04) 
~RITECIMPelOJ) 
tALl EJtiT 
END 

-----v- --

PROG- 17 



---!--

11 JOB T 
11 fOR 
*LIST SOUReE PROGHAM 
•ONE WORD INTEGERS 
•JoesceARDtll32 PRJNTER) 
e-------------0 1 E e I S E 1 s---------
e GRAFJeA DE SENCX) 

OIMENSION L1NC10~) 
'lOO FORMATC4AU, 
101 FORMATClOXtlOOAl) 

LEE32 
IMP=3 
READCLEEtlOOllXtiYtiAST,IBLAN 
DELX=6.283l8/S6 
X =-3.14159 ·' 
DO 200 1=1•100 

LIN(J):JBLAN 
200 eONTINUE 

DO 240 l=lt56 
LINCSO)=IX 
.J:4q•SINCX)+50 
LINCJl=IAST 
lfCI.NE.28lGO TO 220 

DO 210 .J=lt100 

. . 

e 1 fUE IGUAL A 28t SE IMPRIME EL EJE V 
LINCJ):IY 

210 CONTINUE 
220 eONTJNUE 

WRITECIMP,}Ol)LJN 
DO 230 .J=ltlOO 

LINCJJ=IBLAN 
230 eONTINUE 

X=X+DELX \ .. 
240-C'A'iNTINUE 

eALL EXIT ......,. 
END 

11 XEQ 
xv• ,. 

\ 

. ~-·.~::-:. ~· 
. \ ' ~ 

---~----~--- ------- _ ... 

• 1 

--------- ~----------

... 

1• 

PRO e;--=-- ro-----------



11 SUMA DE DOS MATRICES , A y B 11 

-

INICIO -
NUREN,NUCO, 

N UF IN 

A(I,J),J= 1 1 NUCO 

B(I,J),~-= 1 , NUCO 

S (1 1 J ) = A (1 1 J) + B (1 1 J) 

"*FIN*" 

1 a • 

PROG 18 



11 No. DE GRANOS DE MAIZ GANADOS POR EL INVENTOR 
O EL AJEDRES 11 e INICIO ) 

1 

SUM=O.O 

( 1 - 1 ) 
CUA = 2.0 

SUM = SUM + CUA 

CUA, SUM 

" * FIN * ., 

/ 

- ---- --------~------ -- --- ---- -~ - -- -- ---- --------p RO-G-- -1-7------



'-.r--- -· ¡ 

' . ---·~==~~==~==========~=======L-----

CUAf>R6 SUftA 

55 

---- ~t __ 

' '~ 

--------- ----------

--R E S U l. T A O O S 

., ---- . -

PROG - 17 

* FIN * '**'***•••••• 

¡0- 1-1 



... SUMA DE DOS MATRICES, A y B " 

S(I,J), 

J=l,NUCO 

----
~----

----~------ -----

3a. 

PROG - 18 
--------- ------: 

/.D ,, 



CALL EXIT -
END 

11 XEQ 
2 2 1 

s.o 
12.2 
-4.7 

o.,o 
2'2 1 
90.15 
5.478 

-90.15 
-5.478 

2 2 o 

-87.02 
12.22 
87.02 

-12.22 

2 •180 ... 1•2 o 

LA MATR l L SUMA .ES~ 

. R E.S. U LT All __ Q 5 _ 

·>'-~' 

MATRIZ -A 1 4 ---- ----~7"'-. 

lA MATRIZ SURA ES~ 

o•ggo o¡- ~ 

PROG - 18 

• riN " 
'llr'l!rO'IIrfl'****'*-6' 

P-18 

1 
·¡ 

1 
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11 SUMA DE DOS MATRICES, Ay B., 

-·~ 

"MATRIZ A" 

A(I,J), J=l ,NU
CO 

11MATRI z 8 11 

B(I,J ),J= 1 , N 
co 

"MATRIZ SU
MA" 

2a. 



·' 11 ~OB l 
11 FOR 
•JOCSCCARDoll32 PRJNTER) 
•ONE WORD INTEGERS 
•LIST SOURCE PROGRAM 

... 

c-------------0 1 E e 1 o e H o-~-------
c SUMA DE DOS MATRICES& A Y 8 

. .. 

C EL PROGRAMA ESTA HECHO PARA SUMAR DOS MATRICES DE lOX lO MAXIMOe 
C SE RESERVAN LUGARES EN LA MEMORIA PARA LAS MATRICES A SUMAR Y PARA 
C LA MATRIZ SUMA. 

e 

e 

e 
e 

e 
e 

e 

e 

e 

e 

e 

e 

OIMENSION AClOolO),BClOtlO)oSClOtlO) 
FILES 

LEE=2 
IMP=3 

FORMATOS 
lOO FORMATC312) 
101 FORMATClOF8.3) 
102 FORHAT(///o5Xo9HMATRIZ AZ.//) 
103 FORHATC5Xol0Cf8.3o2X)o/) 
104 FORMATC///o5Xo9HMATRJZ BZo//) 
105 FORHAT(///o5Xt18HLA MATRIZ SUMA ES:o//) 
106 FORMATC53XtllH•••••••••••J 
107 FORMATC53XollH• FIN O) 

LECTURA DEL NUMERO DE RENGLONES DE LAS MATHICES CNUREN) Y DEL NUHE 
RO DE COLUMNAS CNUCO).Y DE UN DETECTOR CNUFlN) 

199 READCLEEtlOO)NURENtNUCOoNUFIN 
ANALIS1S OE NUFIN. SI VALE CERO YA NO SE E~ECUTA EL PROGRAMAoDE LO 
CONTRARIO SI. 
IFCNUFIN.EOoO)GO TO 1000 

LECTURA POR RENGLONES DE LA MATRIZ Ae 
DO 200 l=ltNUREN 
READCLEEv101)CAClo~lt~=l•NUC0) 

200 CONTINUE 
-~CTUPA POR RENGLONES DE LA MATRIZ Be 

DO 201 l=lo~EN 
READCLEEol01)CB(JoJlo~=l~NUC0) 

201 CONTINUE 
SE HARA LA SUMA ELEMENTO A ELEMENTO 

-oo 203 1 =1.-NUREN - .,. ·-·· 
DO 202 J=l ,NUCO , .. -··-

SCJ-.JI=ACJvJJ+8(19Jl ·-::-.: ~ - ... -
·202 -r--;cONTlNUE ... --:-·. -,- -·-- --~ ·---~··- ---· ,,¡/ -~·-:~----

203 CONTINUE 
JMPRESION DE.LA MATRIZ A POR RENGLONES 
WRITECIHPil02) - . 
00 204 l=loNUREN 

WRITECIMPtl03) CACitJ)tJ=loNUCO) 
204 CONTINUE 

IMPRESION DE LA MATRIZ 8 POR RENGLONES 
WRI TE C IMPtl 04) 
DO 205 I=loNUREN 

WRI TE C IMPo 1 03) CB U ,J) t ~=lo NUCO) 
205 CONTINUE 

IMPRESION DE LA MATRIZ S POR RENGLONES 
WR I TE ( 1 MP tl 05) 
DO 206 l=ltNUREN 
WRITEClMPol03) CSCloJ)t~=leNUCO) 

ZOb CONTJNUE 
GO TO 199 

1000 CONTINUE 
WRITE(IMPol06) 
WRITECIMPol07> 
WRITECIMPtl06) 

PROG- 18 



--
"SOLUCION DE ECUACIONES CUADRATICAS " 2a. 

T 

-
RA 1= -8/ (2.0 X A) 

RA2 = RA1 

DlS. NUL0 11 

RA1 , RA2 

r'"-"PARE1= -B 1 (2.0 X A) 
- PARE2= PARE1 ~ 

PAIMl= (-DIS) / (2 •. 0 x A) 
PAIM2= PAIM 1 

----------~-~-----

uo ISC oN EGAT. :. 
RAICES COMPLEJAS' 

PAR El 1 PA IM 1 , 
PARE2 1 PAIM2 

------~--~--- ~RQ_G __ ~_l9 ___________ _ 





20.0 
. ~ ~ -

- .-:-·- · R .f. S 1J l T A O O S 
·- - ... .... . ~ ~ . 'C' :-:··. -- ----. --··---~--~--..,_.-- -~- -· . ·.--- -r. -. 

-.u?td!_n ____ \..;;.....,..,.f, -~--·~~ '-I'P'""l'-...-. .,,._.., 

LOS COEFtcX~NTES DE LA ECUACION SON' 

1 •. o~ooo a= 2.ooooo c= leOOOOO 

1,41421 IMA X2= .. 1.ooooo ... 1•41421 IMA 

10o00000 e= SaOOOOO 

. )( 1 = i 

· ·iiOeOOOOO ca 
.. 1 • 

27eOOOOO 

' 
[l bXSCRXMXNANTE ES NEGATl~O,~OR tANTn RAXCES ·toMPLtJAs 

·x¡= -S. ooooo -

3.ooooo a= 20.00000 ca 1•00000 

PROG - 19 
~-~--------

¡:;_¡e¡ 



1 

- i 

\ 

"SOLUC.ION DE ECUACIONES CUADRATICAS,. 

A 1 B 1 C 

"EN CABEZA
DO" 

A 1 B 1 C 

2. 
DIS=B -4.0xAxC 

RA1= (-8+ -DIS ) 1 (2.0 X A) 

RA2= (-8- O IS ) 1 (2. O x A) 

"O ISC. PO S 1'! 

RA1 1 RA2 

FIN 

1 a. 

PROG - 19 



- .-:- - · R l S tJ l T A O O S -
.---., ·- ... ..,.·:---:-·~ ~ -- ---·..,...--·--.....,...--_.,..-,..,_. ___ ._ --- ---· -- ··- .. ·.--- T-·- • 

...,u,....._<ft .-a---==-'.;;..=r.--.--e-..,..,.,.___. ~"'!1 ... _. '''"._.~ • --------------

lOS COEftci~NTES DE LA ECUACION SON' 

2.ooooo e• leOOOOO 

1,41421 IMA x2a: -1.00000 .,. 1•41421 IMÁ 

SaOO~OO sa: ScaOOOOO 

-~, 

·- ·to.ooooo e= 
.. 1 ... -

27eOOOOO 

1•41421 .lf.tA -x¡- -s .ooooo -

lOS cotr¡ciEt/fEs DE LA EcuACION SON' 

Atil J,ooooo e= 20.00000 e= 1•00000 

EL OXSCR¡MINANTE ES PiUSITIVo,PoR T AtJTo RA ICES -REAL ES 
81= -o-~-o503e X2= ·6•61629 

----
----

PROG- 19 
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11· ~OB .T ---.--. .. . . - . - . 
11 FOR 
•LlST SOURCE PROGRAM 
•ONE WORD INTEGERS 
*lOCSCCARDoll32 PRINTER) 

- .. ----

·. 

C•--•---------0 l E C 1 N·u ~ V -E-------·-·-
C SOLUCION DE ECUACIONES CUADRATICAS. 

:~0 FORMATC3Fll.5) . < 
•..¡,_- ---

'101 FORMATC/I/t2Xt36HLOS· COEFICIENTES DE LA ECUACION SONoo//) 
102 FORMATC2Xo3HA= ofll.So2Xo3HB= oFllo5o2Xo3HC= oFlloSo//) 

.. 4 ... • .... 

' . 

103 FORMATC2Xo52HEL DISCRIMINANTE ES POSITIVOoPOR TANTO RAICES.REALESt 

e 

e 

e 

e 

e 

e 

e 
e 

1//) 
104 FORMATCSXo3HXl=oFll.SolOXo3HX2=oF11.5o///) 
105 FORMAl C2Xo49HEL DISCRIMINANTE ES NULOoP·OR TANTO RAlCES IGUALES,.//) 
106 FORMATC5Xe3HXJ=oFll~SvlOXo3HX2=•F11~5t/~f) . 
107 F~MATC2Xt55HE.L DISCRIMINANTE ES NEGA-T-IVOIPOR T-ANTO RAICES COMPLEJ 

lASo//) 
108 FORMATCSXt3HXl=oFll,Se2H +vFllo5o4H 1MAo10Xo3HX2=vF11.5t2H ~oFllo5 

lt4H lMAe///) 
LEE=2 
1MP=3 
LEE LOS COEFICIENTES 

200 READCLEEolOO,END=240)A,BoC 
IMPRIME LA ECUACION 
WRITECIMPolOll 
WRITECIMPol02lA,BoC 
CALCULO DEL DISCRIMINANTE 
DIS=R**2-4.0*A*C 
IFCDISoLE. 0.0)60 TO 210 

RAICES REALES DIFERENTES 
RA!=C-B+SQRTCD!S))/C2oO*A) 
RA2=C-B-SQRTCDlS))tC2oO*A) 

~.WRITECIMP,103l -- - . 
~RXTEC~MPol04lRAloRA2 
GO TO ·z~ 

210.CONTlNUE -- -
lFCOJS.NE.OoO)GO· TO 220 

RAICES REALES iGUALES . 
RA1=•B/t2o·o•Al .. ___ . 
RA2=RA1 · 
WRITEUMPolOSl ..... 
WRiTE~lMPt106laAloRA2 
GO TO 230 

220 CONTJNUE 
RAICES COMPLEJAS 
PAREl=· .. B/ ( 2 • O* A) 
PARE2=PARE1 
PA1Ml=SQRTC-OISl/C2eO•A) 
PAl1142=~•AJM1 

- ... _ ¡.- - -·- 1.. .. --

...... ~·· ,-~---. . 
. -·. --·-·.., .. '7 - - ·-¡--

WRITECKMPtl07) 
WRITECIMP,l08)PAREltPAIMltPARE2tPAIM2 
GO TO i~JO 

ENOIF 
ENDIF 

230 CONTINUE 
GO TO 200 

240 CONTJNUE 
CALL EXJT 
ENO 

e: 

11 XEQ 
1.0 
s.o 
1.0 

2.0 
1o.o 
10.0 

loO 
s.o 

27.0 

l. 
l. 
l. 

PROG - 19 



,. PRODUCTO DE DOS MATRICES 11 2a. 

P(I,J)= 0.0 

P(I,J )= P(l ,J 

' 
11 MATRIZ A••. ,¡ 

.~{I,,J),J= 1, NUCOl 

PROG - 20 
--------------



11 PRODUCTO DE DOS MATRICES 11 

-INICIO 

UREl, NUCOl, 
NURE2, NUC02, 
NUFIN 

- A(I,J),J= 1 ,NUCOl 

B(l ,J),~= 1 , NUC02 

la. 

,. *F 1 N* 11 · 
~-~p.--

FIN 

PROG - 20 



11 '-'OB T 
11 FOR 

- - . 

GlXSY SOURCE PROGRAM 
OONE WORO lNlEGERS 
Ol0CSCCARDoll32 PRlNTER) - - -

·c----~--------V E~ l N T E --------------

\· ·- ' .. 

C 'El PROGRAMA REALIZA EL PROOUCTO DE DOS MATRICES DE 10 X 10 MAXlMO. 
C UNA ES LA MATRIZ ACNUREloNUCOl). 
C LA OTRA ES LA MATRIZ 8CNURE2tNUC02). 
C SE RESERVAN LUGARES EN LA HEMORIA·PARA LAS MATRICES QUE SE VAN A 
C MULTIPLICAR Y PARA LA MATRIZ PRODUCTO. 

e 

e 

e 
e 

t 
e 

e 

e 

e 

e 

e 

DIMENSION AC10o10)tBC10ol0)oP(10o10) 
FILES 

LEE=2 
IMP=3 

FORMATOS 
lOO f0RMATC512) 
!01 fOR~ATClOF8o3) 
AOZ FORMAlC/I/oSX,9HMATRIZ A3t//) 
103 fORMATC5~olOCF8e3t2X)o/) 
lO~ f0RMATC///o5Xo9HMATRIZ B:e//) 
105 f0RMATC///v5XP22HLA MATRIZ PRODUCTO ES&o//l -
106 FORMAT'C5Xol0El5e7o/) 
107 f0RMATC///e5Xe76HEL PRODUCTO NO SE PUEDE LLEVAR A ·cABO YA QUE LAS 

)MATRICES NO SON CONFORMABLESo///) 
108 IFORMATC///) 1 -

109 FORMAl(53XollH•••oooooooo) 
lRO IFORMATC53XollH* FIN •r 

lECTURA DE LOS NUMEROS DE RENGLONES Y DE COLUMNAS DE CADA MATRIZ 
V DEL· DETECTOR NUFIN. 

ll99 READ<lEEo100)NUREloNUCOltNURE2oNUC02oNUriN 

200 

201 

202 
203 
204 

205 

ANALISIS DEl VALOR DE NUFIN. SI VALE CERO EL PROGRAMA NP SE LLEVA 
A CABOo DE LO CONTRARIO S1e 
!fA~UfXNaEG.O>GO TO 1000 

SE VE sx lAS MATRICES soN coNFORMABLEs. 
1fCNUCOleNE;NURE2)G0 TO 900 

lECTURA POR RENGLONES DE LA MATRIZ A~ 
00 200 l=ltNUREl 

RE~D«LEEolOllCACloJ)oJ=liNUCOll 
CONTXNUE . 
LECTURA POR RENGLONES DE LA.MATRIZ B. 

-. 
·' ·.,, 

· 00 201 X=ll tNURE2 -- ./ - --.--
READCLEEt101tC8CitJ)eJ=l•NUC02) 

CONT!NUE 
SE REALiZA El PRODUCTO 
00 20~ l=ltNUREl 

DO 203 '-'=ltNUC02 
PCloJl=O.O 
DO 202 K=leNUCOl 

P(l,J)::P(IvJ)+A(ltK)*BCKtJ) 
CONTINUE 

CONTINUE 
CONTINUE 
JMPRESION DE LA MATRIZ A POR RENGLONES 
t1RITECIMPol02) 
00 205 I=ltNUREl 

WRITE(IMPtl03) CACieJ) tJ=ltNUCO})
CONTINUE 

e IMPRESION DE LA MATRIZ B POR RENGLONES. 
______________ WRITECIMP9104) 

20b 

Do-zo61=11NURE2 ------
WRITECIMPel03)CBCitJ)tJ=leNUC01) 

CONTINUE 
PROG - 20 

i 
1 ! 

) 



11 PRODUCTO DE DOS MATRICES 11 

® 
11 MATRIZ 8 11 

B(I,J),J= l,NUCO 

,. MATRIZ 
PRODUCT 

3a. 

PROG - 20 



~--

"MULTIPLICACION DE DOS NUMEROS UIILILANLJU 

EXCLUSIVAMENTE MULTIP. Y DIVISION POR 2 .. 

'1-

B=B/2 

F 

- B =-{B --1 ) / 2-

R=R+A 

A=Ax2 ] 
~· 

-~ -

PROG - 21 

.LO. 

) 

,., ... /, 



1 
. ----- ·· -· C - - --- -IMPRESION--DE-·lA MATRIZ ·p POR RENGLONESCD 

¡. WRITECIMPt105) 
l DO 207 I=ltNUREl 

WRITECIMP,.l06) CPCI,J) tJ•ltNUC02) ... 
207 

900 

CONTINUE 
GO TO 199 - -

CONTINUE 
WRITECIMPt107) 
GO TO 199 

1000 CONTINUE 
WRITECIMPtl08) 
WRITECIMPtl09) 
WRITECIMPtllO) 
WR 1 TE C I MP, 1 09) 
CALL EXIT 
END 

11 XEQ 
2 2 2 210 

15.54 -42.07 
-1.22 o.o 

l950ct75 -12.0 
o.oo1 s.o 

2 2 2 210 
0.2 98o75 

-12.5 32.52 
1000.01 o.o 

-le52 15.51 
2 3 2 210 
2 2 2 200 

¡o 

.. - . ~ ,-

PROG - 20 
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RESULTADOS 

.... . -- --r- • -· ·- --- ·-- -- ; . 
-- -- .r -- , 

! 
- ~ 1 - -- ... -· ' -=--=~---= -::.:.. -:...::· '..'Ir. tr"'tOII:;.'~~,.... ..... ---,-·-~-----------..--------. 

-~=~~~---~~1 ~~=~,8~8~o0 ________________________________________________ ~ 

LA M~yR~~ PRODUCTO ESa 

----------------------------------------------~--------------------------------~ 

------,-----------------------------·-· 
!H. tpRooucro No SE: ruE_DE LLEVAR A CABO VA., QUE LASMATRICEs NO SON CONF'ORt-lABLEs 

----- -.. ~ 

) ,1 

PROG - 20 
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J 

,¡~· .JOS 1' 
11 IF'OR 
OLJST SOURCE PR06RA~ 
@0N[ WORD XNTEGER~ 

o¡ocsatA~DollJ2 PRXNYERD 
" ... 

·. 
c~~~==-~~=~-==V [ 1 N V ~ U N O @e=~==~= 
t ~UlTllPlRC~C!ON DE OOS NU~f~OS 
t UYUlXZANOO SOlO ~UliXPlllC~t~©N[S ~ 
C OXVXSUONES POR 2 . 

INYEGfR AoBoCoRoAAoSB 
WRRYIE (JolOU 

A@! IF'ORMAV «!~!) 
l':IRR"ff'IE 43lo102) 

102 ~ORM&T 49~olHAo3~ol~~o~~o~HBo~Xon~mo4~olHC) 
200 RE~D «2ol90ofN0~2~C~A~® 
A@O fO~MAT «21J) 

R=«ll 
AP!lmA 
SS m S 

2RO If~BofEQel) GO 10 240 
I!H:;:;IB/2 
~2:;Bfi(¡}2 

ll~«®2oEQoB» GO VO ~20 
C [S KMPAR 

s~«s-A»I2 
Rt;;:R<>A 
GO 1'0 2311) 

22«) éONl!NUE 
C ts PAR 

· BlillB/2 
~:w tr.:ONlXNUE 

¡\)¡;!(.\OZ 

ISO TO ZilO 
2~0 !COG\'JTINUE 
, ~~~<>R 

MliUTIE (JoH)jj~ AAoSB9C 
~@~ FO~MAT é)Xl®» 

GO lO 200 
?!.<f.,@ CAl!L IEltX T 

/t! ~[~ 
!&© ®O 
!t!i:i n· 
e&® )5 
te.© 11 
11 99 
/~ 

END 

=. :: :.-=-: ==-===- -= -: :. 

-· 
. ;_--..;.. =· 

' ; .. 
¡ 

:,. 

--· 

---- -- '-=-'=========== 

... 
.. 



"MULTIPLICAC;ON DE OQS.NUMEROS UTILIZAt·JDO EXCLUSIVA- \ la. 

--

MENTi MULTIPLICACION Y DIVISION ~:.oR 2 •• '~ 

-

INICIO 

SALTO-HOJ~ 

··A x s =e •• 

A 1 B 

AA =A 

BB = B 

F 

81 = 81 2 

82 = 81 X 2 

FtN 

T 
C=A+R 

AA 1 88 1 ((; 

• 

.. 

) 



:··.. ( -.. 
"MULTIPLICACION DE DOS NUMEROS UTILIZANDO 

EXCLUSIVAMENTE MULTIP. y' DIVIS_ION POR: 2" 

'i' - . -..... 

·- . - . 

' - 8=8/2 -
- - - ,.... 

. :' 
- -

' .- - .. ~ . - ' 

F J ~ - • .:: 

- 8 ~8 --1) 1 2:-

R=R+A 

A=Ax2 

PROG - :n 

2a. 



·-·11 JOB 1' 

, -

11 FOR , 
•LlSl SOURCE PROGRAM 
•ONE WORD JNlEGERS 
OJOCSCCAROtll32 PRINlERJ 

.. 

C-------------V E 1 N l 1 U N O --------

•, . . . 

C MULTIPLICACJON DE DOS NUMEROS 
C UTILIZANDO SOLO MULTIPLICACIONES Y' 

·C · · DIV!SIONES POR ·2 
lNlEGER AtBtCtRtAAtBB 

, .. WRilE (3tl01) 
·.101· FORMAl UHlJ 

WRITE (3tl02) _· · . 

' . 

102 FORMAl (9XtlHAt3XtlHXt4XtlHBt4XtlH=t4XtlHC) 
200·READ (2tl~OtEND=260)A,B 
lOO FORMAl (213) 

R=O 
AA=A 
BB=B 

210 IF<B.E~.l) GO TO 240 
Bl=B/2 
R2=B1*2 

--e 
IF<B2.EQ.B) GO TO 220 

ES IMPAR 

e 

. 8=(8-1)/2 
R=R+A 

. GO TO 230 
220 CONliNUE 

ES PAR ' . 
• B=B/2 

230 CONTINUE 
A=A*2 
GO ro "210 

240 CONTINUE 
C=A+R . 

O L >• 1 • 

WRITE C3tl03) AAtBBtC 
103 FORMAl (3110) 

GO TO 200 
260 CALL EXIT 

. END 
11 XEO 
. 60 80 

19 17 
68 35 
40 11 
77 99 

·/lf 
RESULTADOS 

- ... ··-· ... 
' 

.' 

-;¡--------~--- -------. 

A X 

--i~--
6f. 
4CI 

----~11~------~--~--~~------~ 

1 1 

1 , • 

. ' 

... 

' . 
) . 

.PROG- 21 
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2. ALGEBRA MATRICIAL 

2.1 ZntAoducci6n 
Una mat4iz e~ un aAAeglo AectangutaA de elemento-6 di~tAi

bu..i.do-6 en "m" Aengloneó· y "n" columna..6, ól a. la ma.t!U.z óe· le de
nota. poA la. letAa. A, entdnceó a.l elemtnto del "l-lólmo" Aengl6n 
y de la. "j-lJ.Jima." columna .6e. le AepAeóenta.Ad poA el ó.Zmbolo a. ..• 

. '. -<.j 
GeneAa.lmente una ma.tAiz ~e A·e·pAeó enta. medla.nte pa.Alnteól.6 cua.-
dAadoó como ~e mue~tAa. a. continuaci6n: 

..... 

A = 

a. mn 

( z. 7) 

Lo~ elementoó que componen una.· ma.t!U.z pueden óeA de diveA
.6 0.6 tipoó: númeAoó Aea.leó, númeJio~ 'c'Dmplej oó, 6uncione~ en el 
dominio del tiempo, etc •• 

Al ~eA una. ma.tAlz un a.AAeglo oAdena.do de elemento~, peA
mite. que al aptlcaA cieAta metodolog.Za. a. dicho aAAegto ~e obten
ga una óeAle de Ae4ulta.do~ que Ae.6ponden a ta.-6 inteAAogante-6 poA 
la..6 que J.Je oAlgln6 el aA~egto; entAe algunoó de loó pAoce4o.6 en 
lo~ que .6 e utlUza.n a.AAeglo-6 ma.t!U.cla.leó .6 e .:tiene: j eAa.Aq_ulza.-
ci6n de a.c.:tlvlda.de~, atma.c-~na.mlento de da.to~, btve.ntaAlo-6, Ae
pAe~entacl6n de ói-6tema.ó dln~mlcoó, ólótema.-6 de ecua.cloneJ.J,etc •• 

E x..lóten cieAta.-6 di4t1Li.bucio ne-6 Uplca.-6 de lo-6 element.o-6 de 

una ma.t.Alz y de acueAdo a. etla.-6 -6e cla4l6lca. a la.-6 ma.t.Alce-6 en 
di6eAente-6 tlpoó, ent.Ae lo-6 que -6e tienen: 

Mat!U.z CuadiLada 
E-6 una ma.tuz en ta. que el númeA9 de ILenglone.-6 e6 lgua.l 

al númeAo de columna-6, e-6 deciA, m=n. PoA ejemplo: 

( 2 • 2) 
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Ma~iz Nuta 
E4 una ma~z de o4den ~u~tquie4~, en ta que ~odo4 to4 e

temen~o~ 4on nulo4; po4 ejemplo: 

ro >o] 
B • ~ ~· 

Se a~o4~umbna:deno~a4ta po4 et ~lmbolo ~· 

Ma~4iz 1denZidad 

( 2 • 3) 

E~ una ma~4iz ~u~d4ada en ta ~uat lo~ etemen~o4 de ta d~a
gona! p4inc¡pal ~on un~~a4io~ y et 4eh~o hon nulo~, e4 dec¡4: 

8.:¡ • { ~ , i 1 j 

, i = j 

Se 4u~te deno~a4ta como 1 donde "n" ~nd.i.~o. et o4den de t~ ma.tlt..iz 
-n 

11 at ~lmboto !:' . . ~e te ~o no ce como det~a de K4oneck.en. Po4 ej em :~ o-<.J . -
pto: 

~ o ~ 13 = o 1 o 
o o 1 

( 2. 4 J 

Ma.tlt..i.z V~ag·onat 

E~ una mo.~Júz .~uad4ada en la que to~ e.temen~o4 que. no pen-
- ' 

~e.nece.n a ta d.i.agonat plún~.i.pat 40n ~uto~, e4 de~.i4: 

a . . " O ~i .l. ; j ( 2 • 5) 
-tj 

Un ejemplo de. e4-.te tipo de ma~z ~eJLla: 

. A = ~ o o J 10 o 
O ~en~ 

( 2 • 6) 

Ma~Júz T4an~pue~~a 

E~ una ma~~z ~uad4ada que ~e ob~ene a pa4ti4 de una ma
~4iz dctda A út~e4~amb.i.ando ILengtone~ con cotumna4. Se 'te deno~a 
~on el ~lmboto AT y ~e ~umpte. que: 

Ma.tJL.i.z S.i.ml~4.i.~a. 

T a. . . 11' 
,(.j 

a. .. 
j,(. 

( 2 • 7) 

E4 una ma.~.i.z ~uadk4da. B pa.4a. ta. que ~e ~umpte: 

! • BT (2.8) 

-. t-. 

1 



. . 
r .. _ 1 

b .. ·= b .• 
-tj j-<. 

( 2. 9) 

En-.tJte .tM ma..tJt.i.c.e.& .& e de6.i.nen do.& opeJta.c . .i.one.& bá..&.i.c.M: 
- .6 u. m a. o Jt e.6 .t a. d e m a. .tu c. e.& 1 

-mu.l.t.i.p!.i.c.a.c..i.ón ma..tJL.i.c.i.a..t. 

2.2 Suma. Ma..tJt.i.c.i.a..t 

2. 2. 1 Obj e.to 

Ob.teue.tt ·.ea.'.& u.ma. de do.6: ma.Vt.i.c.e:6 de .i.gu.a..t oJtden, o ..& ea.: 

e = A + 8 (2 .10) 

2.2.2'M~.todo 
Pa.Jta.. podeJt e6ec..tu.a.Jt .ta. .&u.ma. de do.6 ma..tJL.i.c.e..& (A+~) .&e Jte

qu.i.eJte que .6ea.n c.on6oJtma.b.te.6 pa.Jta. .ta. .6uma., .to c.u.a..t .i.mp.t.i.c.a. que 
e! oJtden de !a..6 do.6 matiL.i.c.e.6 e.6 igual. En o.tJta..6 pa..ta.bJta.-6: 
.6.i. A e.6 de oJtden (mxn) 
y 8 e.6 de oJtden (Jtx.6) 
!a. .6~a. ~=~+~e.& po.6.i.b.te .6olo .6.i. m=Jt y n=.6. 

25 

Lo.6 elemento.& de .ta. ma..tJL.i.z .6uma. e.6.tán da.do..& poiL !a. .&.i.gu.i.en 
.te. Jte!a.c..i.ón: 

c. .. =a. .• +b .. 
-lj . -<.j -tj 

(2.77) 

. E! Jte.&ta.Jt do..& ma..tuc.e.6 equ.-l.va.!e a. c.a.mb.i.aJt e! .&.i.gno 'de .to
do.& !o..& elemento..& de una. d~ e!!a..6 y e6ec..tua.Jt !a. .&urna., e.&to e..&: 

W = X - Y e X + (-Y) 

2.2.3 Ve.6c.Jt.i.pc..i.ón de.t PJtogJta.ma. 
a.)SubJtu.tinM JtequeJL.i.d~.6: 

(2.72) 

SU8ROUT1NE SUMAT(A,8,C,N,M), e.&.ta. .&ubJtu..t.i.na. e6ec.tu.a. !a. 
.6u.ma. ma.tiL.i.c..i.a.t, et piLogJta.ma. piL.i.nc..i.pa..t !ee e .i.mpJL.i.me 
Jte.6 u..tta.d o.6 • 

b)Ve.6c.Jt.i.pc..i.6n de .ta..6 va.Jt.i.a.b!e.6: 



. 
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PaiLa la 4ub1Lu.:U.na SUMAT: 
' 

N c.a.ntA.dad de JLe.ngtone4 de c. a da. una dé R..a..6 
matJr..c:c.e.~ que 4 e. d eA ea. 4 u.ma.JL. 

M c.ctnUda.d de columna.~ de. c.ada. una. de la.l> 
mcttiL.lc.e~ que.Ae de6ea. ~u.ma.IL. 

A(I,J) ma.tJL.lz l> uma.ndo de oiLden Nx.M 
. .. 

B(I,J) ma.tiLi.z 6wna.ndo de oll.den Nx.M 
C{I,J) ma..tJr..c:z l>wna. 

~ 

PaiLa el. piLogJLama. piLi.nc.i.pal.: 
N c.a.nti.da.d de JLtngR..one4 de .R..M ma..tJL.ic.e.6 
M c.an.:U.da.d de c.olumna.l> de la.6 ma.t1Li.c.e.6 

'. 

A ( 1, J) matJt.l.z .6 uma.ndo de OILde.n Nx.M . 
B(I,J) matlt.iz l>uma.ndo de oiLde.n NxM 
C(I,J) ma..tiLi z 4 wna. 

'c.l Vi.men.6i.one.6: 
La p1Lopo4i.c.i.6n VZMENSION debeiL4 l>eiL modi.ni.c.a.da. .ta.n.to 
to en .et piLogiLama piL¡ftc.i.pa.l c.omo en la ~ubll.uti.na. c.ua.n
do: 

N > 1 O 1J 1 o M >- 1 O 
d)FoJLma..to.6 paiLa. loA da.tol> de entiLa.da.: 

SEC.TARJETAS 

1 
2 
• 

' ' 

FORMATO 

(fiS) 
(BF7D.O) 

'8F10,0) 

INFORMACZON 
N, M 
A(t,JJ ,.6e d~n .t.o4 ele.m&nto4 
de t~ m~~~z 4tnel8n po4 

4&nsL6n.!mpLea4 t«nt44 t4i 
Jet44 eomo 4& 4equ~e4~. 

S(f,~J, ~su~t que p~4a .e.~ 

matlt.l.z A. -. . . 
-------------------····----------

' 

-----·------··------·---------···-· 
TARJETA EN BLANCO, ~L 6i· 
na.tlza.JL toda. ta. .l.n6o1Lma.~ 

e.i6n. 

r. . 

/ 

~! 
! 
' l. 

. l 

. ..-



~--

27 

- -- --- - - - -- -- -- -

Fig. 2.1 Vi~g4~m~ de bloque~ p~4a el p4og4ama 
p4inc.ipal 



. . . 
~· Cll,n•A(l.JJ + 
Bfl,JI pcz.\4 toda 

. ' 

Fig.2.2 Viag~ama de bloque~ pa~a ta ~ub~u~na 

SUMAT 

~ 
28 
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6) L.i.ld.a.do : 

t 
e -
e 

PRt1CPA''A F'AI\A EfECTUAR LA SU''A oE nOS ~IATRttEs 
[L .:iiG'JlriCAI)Q OE LAS VHRIAliLES Ert!"L.EAOA!_!:S -·-
~•CArlTJOAD O!: llf'IGLOUES DE LAS .t4ATR1CtS . __ ---- -·-- -· ----

e p¡cCMJTJ~AO ~E COLU''IlAS o E LAS. "AT¡¡ltEa .. :.~ . - ------- -- -- ... . -__ .e_ __ 
A Y ll:"ATHitE:> QUE :IEHAII-~UrtAOAS 

e C•''ATRtz SIJ,IA 

·-c,-¡•·t•lsla~-AR(tO.ao,,acao,tal,ccao.tO) ___ _ 
C U.CTLIHA !'lE DATOS ----· .. ___ _ -e ___ _ 

t PEADC5,1001 M,~ 
J f ( ,, ) .. , z, :s: 

-- _ Z CALL EXlT 
1 DO 11 I=l,r1 ------·- -------.-
G REAOC~,¡5o) (ACI,J),J•I,N) 

-----· Dos z:~s,,.. . . _ -··---
9 R[A0!5,150) CDCI,J),Jat,N) 

e . 
C lfiPPf3JOII Ot DATOS ·--e-··-- . . . -

------·e. 

---., 
e· 
e LLAruon nE SIIB"UTl'IA_ ~AR~_{f:_I!:~!~AR _I.U_U_~~ ·e :--· 
e 

---e·-·· JIIPRES!OII OE RESULUOoS· ------· 
e 

WRIT!(I) 1 350) 
Oo 8 I•t,PI 

8 ~RtTE(b,Z~O) (C(J,J),J•IrNJ 
C:O TO 1 

FORitATOS DE LECTURA E IIIPJIESJO'I 

lOO 51QIIfiAT(2t'5) 
1 SO ,c,n,,.q c7F lO • O) 
ZOO ,.ORnATtiHI,SCilr IOI!r 'L~S-~AT~I~~-S POR 5_~"!_~8_0_~;J(I),tOXt~.!4AJJ'IL 

1 A 1 '1) . --- -- - --250 '0"nAT(¡,:SX,IOCEIO;l,zx)J . 
300 'ORI:~y(3C/) 1 10lCr.1 fiATIIIl Rt,l) -· 
JSO Fop;IATC~tCI), 1011, 1MATRlZ. sU'4A1;7) 

fNil 

SUfiFII''UTliiE S'~'!ATCA,B,c,rt,U) 
C SUBfll 1 Tfi~A DACIA SIJ 1AR I~ATniCES 

_t __ .. s¡r.•:trtC~OO C\E LAS VIIHIA!lLES ("'PLE-Do\S __________ _ 
e A Y l':"t,TRJC~3 uiiE !.f ri[SEA su••AI! 
C ~111 Ct.•ITICAD OE PLflliLO'IES nE L.AS t!ATPlCES 

_e_ ___ N•CAnTIDAO UE CULU 1!11AS DE. LAS '!AlHICEilS ________ _ 
l'l''[ 11Sl0'1 A ( 10.1 O) 1 B (lO, 1 O), t (1 0,10) 
Do 1 ¡as,n 
DO l J•loll ------~---------------
C(I,J)•ACl,J). + BU,Jl 
IIETUIUI ______ _filO _______ ...:. _ 

29 
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2.2.4 Ejemplo 

En u.na. tienda. de. a.JL·:t.lcu.lo-6 e.llctlr..lC.oll .6e venden. Jr.e..6.l4te.n

c.la..6 e.ltctJr.ic.a.-6 · de 1/4, 7/2 y · 1 Wa.tt de po.tútc..la. en .6 e.l-6 d.l6 e-

Jr.e.nte.-6 va.!oJr.u Jr.e4,i.6Uvo.6. 

S.l .e.~ e.U..óte.nc.,ia.-6 u.n v.le.Jtne-6 poiL la. ta.ILde .6on: 

100 n 
150 n 

J. O K 

• 7 • 5 K 

1 O. O K 

15. O K 

1/4' 

200 

400 

500 

800 

6"00 

550 

7/2 
380 

250 

775 
225 

38 o 
250 

1 

275 
2 75 

325 

150 

180 

220 

1J e.l; .6á.ba.do .6e ILec,ibe u.na. ILeme.óa. con la.-6 ,t,,igu.lente-6 c.aiLac.teiL.l-6-
Uc.u: 

1 o o n 
7 so n 
7-. O K 

1. S K 

1 O. O K 

1 S. O K 

J/4 

80 

90 

75 
65 

80 

15 

7/2 
90 

100 

90 

95 

100 

11 o 

1 

so 
55 

60 

SS 
60 

60 

Ve.teJr.m.lne ta.-6 1Le.6,i.6tenc.l~ qu.e te.nd!L4 en .lnve.nta.IL.lo e.t 

elltabtec.im.le.nto el .e.u.ne-6 poiL la. mañana da.do· qu.e .ni e.t .6ába.do 

n.l e.l domingo hu.bo venta.ll. 

111 SOLUCION 

TABLA 2. 1 Va.to-6 pa.l[.a. ,el: piLo blema. de.t e;je.mplo 2. 2. 4 
Nr:r6 

M=3 

200· 380 215 
400 250 2 75 
so o 775 325 

A Cl 800 225 150 
600 380 180 
550 250 220 

r-1 
1 

'• ,, 

J ' 
1 

'· 
1 

!' 

l,' 

i' 
'~ 

' 

i 
1 

1'" 
' 

1 

'• 
) 

!'2 



. 
• 

80 9'0 50 
90 100 55 

B 75 90 60 
• 65 95 55 

80 . 100 60 . 
75 1 7 ~ 60 

TABLA 2.2 Re6ulz~do~ del p~oblem~ del ejemplo 2.2.4 

L~8 MATR¡C[S'POR SUMAR SON 

ltATAIZ A 

~i75E+nl 

----~QOOE+OJ---.z~or.+Dl- ~Z7SEtlll-

=~- ~500Et11J_~ 0 l75Et0l - ,lZSÉtOl .. __ _ 

---....... ~ ,.ooe:.oJ 
,i!ZSUOJ 

ol80[+0l 

oi'50Et0l 

~IIIOEtlll 

~e550ft0l ___ ol!iOUOl __ ~lZOEtOl_ 

==-=-- MATRii 8 ---

,eoof+oz--:9oor•oz -~soor•óz-

--~900[+02 ____ ~ &OOE+Ol ___ ~55oE+Ol __ 

-=-.-:::.__. ;750[+112 _· ,UO[+OZ . - ;60oE+nz -~-

---.6sou62 -- -~~r¡or+o2 ---;sllouoz ---

_·_. --~~oor~~---••oor:t_Dl __ ;t>oor.+n~--

-=~·· ;750E+02 · · ; 11 or•Ol ;uoe:+OZ . 
----~ - --- :- -- . - -·--- -·--- ---

MATRIZ SUMA 

__ ;zaoE+Ol_ ,470P:+OJ ______ oll5E+Ol __ 

_ : ;490Etlll ,]SOEtOl ;llOEtOl 

---·;575FtU ·-~2115r:+OJ---;lA5r:toJ -

_;~,SP:tOJ __ ,l2oe:+~l __ ~20~E_t_U __ 

·_· · ~61oEtOJ ;doE+Ol ;zoor.oJ --

---,625!•n- -·;nor:•n --- -~2eo! tól __ _ 

( 
31 
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2.3.7 Objeto 
Oa.dcu do.6 ma.t.Jt.ic.u A y !, obteneiL el p!Lodu.c.to ma.tlt..i.c...i.a.l 

. e de la. 6o1Lma.: 

. .. C=AxB - (2.73) 

1 

2.3.2 Mltodo 

32 

Pa.Jr.a. e6ec.tu.a.Jr..el p!Lodu.c.to entie do.6 ma.t.IL..i.c.e-6 (AxB) .6e ILe
qu...i.eiLe que lcu ma.t.IL..i.ce-6 .6ea.n conóo1Lma.ble.6 pa.ILa. la. mu.lt..i.ptic.a.c...i.6n, 
lo qu~ equ...i.va.le a. qu.e el númeiLo de c.olumna.-6 de la. ma.t!L..i.z piLemul- . 
t...i.pl..i.c.a.doiLa. (A) .6ea. ..i.gua.l a.~ númeiLo de 1Lenglone.6 de la. po.6tmul
t...i.P.l..i.c.a.do1La. (8), e.6 dec...i.IL: 
.6..i. A1 e.6 de oiLden (mxn) - . 
1J B e.6 de OILden ( ILX.6) 

. . ' 

el piLodu.cto ma.t!Lic...i.a.l AB .6eiL! po.6..i.ble .6olo .6..i. n=IL y el oiLden·de 
la. m~IL..i.z piLoduc.to .6e1La. (mx-6). 

Si la. ma.tiL..i.z ~ 1Ltp1Le.6enta. la. ~a.ZIL..i.z 1Le.6ult.a.nt.e del piLodu.c.
to ma.t!L..i.cia.l AB, entonc.e-6 eL elemento c.

1
. e.6t4 da.do poiL: 

- n -<. 
·~---

c. •. 1 = ¿ a. .. D & l . , ~= 1, • •• , m 
.(; ' .(..(.. J J=1· l. ' . ¿..ry, , ... , Q ' 

(2. 74) 

E.6 ..i.mpoiLta.nte ha.c.eiL nota.IL que el piLodu.c.to ma.t!L..i.c...i.a.l no e.6 
c.onmu.ta.t...i.vo, e.6to e-6: 

Ax81BxA 

2.3.3 Ve.6c.IL..i.~c...i.6n del P1Log1r.a.ma. 
a.) Su.biLut...i.ncu Jr.equ.e!L..i.da.-6 :. 

SUBROUTINE M()LTMAJA,B,N,M, L,X), e.6ta. .6u.b1Lu.üna. e6ectu.a. .. 
el piLoducto ma.tJL.i_c.ia..t AxB. El piLogJr.a.ma. piL..i.ncipa.l .6·e 
empt.ea. pa.Jr.a. la. lec.tu.Jta. de da.to-6 e imp1Lt.6-i.6n··. de. 1Le.6 u.l

ta.do-6. 
b)Ve..6c.IL..i.p~..i.6n de la.-6 va.IL..i.a.ble-6: 

Pa.Jr.a. la. .6u.b1Lut.ina.'MULTMA: 
A ( I, J) ma.ZIL..l.z pJte.mulüpUca.doJt.a. de. .oiLde.n NxM 

¡v 

i 
1 

1 ! 



. .. 

B(I,J) ma.tJL..(.z po¿¡.tmu.l.UpUc.a.doJc.a. de. o1c.de.n Mx.L 
ma..tlc...(.z ·p~c.oduc.to de. ollde.n Nx.L 

33 

x f r, J) 

PaJta. e.l. 
A(I,J) 

s ( r, JJ 
X( r, Jl 

p1c.og~a.ma. piL..i.nclpa.l.: 
ma.tJLiz piLe.mu.l.UpUc.a.doJc.a. de. oJc.de.n Nx.M 
ma..tlc.iz .po¿¡.tmul.Upl.ic.a.doJc.a. de. o1c.de.n Mx.L 
ma.~lc.iz p1c.oduc.to de. oJc.de.n Nx.L 

c.)Vime.n¿¡ione.¿¡: 
La. plc.opo¿¡-Lc.-L6n VIMENSION de. b e.Jc.á ¿¡ eJe. mod-L6-Lc.a.da. ta.n.to 
e.n el. p 1c. o g 1c.a.m a. plc...(.nc.-Lpa.l. c.omo e.n la. ¿¡ ubJc.uUna. c.u.a.ndo: 

N > 10 y/o M > ro y/o L > 10 
d) Fo.Jc.ma..to¿¡ paiLa. lo¿¡ da..t(J_.t> _ de. ·en .tiLa. da.: 

SEC. TARJETAS FORMATO 
1 ( 315) 

2 (8F10.0) 

3 (8F10.0) 

INFORMACION 
N,M,L 
A(I,J), l.o.t> e.l.e.me.n.to-6 de. 
la. ma..t:Aiz .6e da.n Jc.e.ngl6n 
polc. 1Le.ngl6n~Emple.a.IL la. c.a.~ 

t-Lda.d de. .ta.Jc.je.ta.¿¡ que. 6e.a. 
n e c. e¿¡ ale...(. a.. 
B(I,J), ..(.gua..e. que. e.n e.l. c.a. 
.60 a.n.te.Jc...i.olc.. 

otJc.o¿¡ paquete.¿¡ de. da..to.6(opc.-Lona.l) 

n 

e.)Via.gll.a.ma. de bl.oqu.e.¿¡: 

TARJETA EN BLANCO, al 6..i.
na.i-Lza.IL toda. la. in6oJc.ma.
c.i6n 

f( 



'; 

• 

o' 

Fig. 2.5 Vi~g~~m~ de bloque~ pa~a el p~og~ama 
pli.i.nc.ipal 

34 
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~llll 

MULTMA 

~· 
X(IC,Jl•O 

hde.vu XIK,Jl• 
XIK,Jl + AIK,Il• 
•s[I~Jl 

,·' 

... ,. ... 

F.i.g. 2. 6 V1-ag!Lama. .. d~ bloque.6 pa.JLa la. .6ubJLut.ina. 

MUL TMA. _ · 
' " 

' ' 
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6) Ll.6 ta.do: 
e ~RQQAA•A PARI EfECTU4~ P~C~UCTJS ~ATRICIALES 
C ~~~~lr!ciCC OE LIS V4qlllLr5 [~PLEADAS 
C A"~ITAil PR(W~LTTPLir.Ar.O~I DE oqo[N CNX~) 
e b•VAfRIZ PüST~ULTlPLIC&OJA& DE ORDEN (MXL) 
e X•~ITAIZ PACDUeTO Ct oqoE~ (N)L) 

~JvE~SICN ACIO•l0),8(lC•l0)•XC10•10) 
lA•S 
111•6 

e L[CTLPA CE DATOS 
~[IC(Jo,tC) ~~~•L 

I'C~l '•213 
2 CILL EWIT 

. J .. e • 1•" h 
e RE&:CJo,tt) CACI•J)•J•I•Ml 

LID ' !•t•w 
5 REICCIO•lll CBCI•JloJ•I•Ll 

C I~PRES!CN CE DATOS 
IIR!TE(J~•I2) 

llD 6 J•t•~ : 
6 ~RITEC!n•lll CAC!•Jl•J•I•~) 

~fRITE< r-.t4r 
Lot 1 l•t·~ 

7 •~ITECT••lll (BC!•~l•J•I•L) 
•PITEII••IS) 

e LL&uiC~ C[ SUBRUTINA Pa~A ErECTUAR PRODUCTO MATRICIAL 
CILL V~LTVI(I•S•N•~•L•Xl 

e I~PPESIC~ CE AESULTA~OS 
IIC e 1°1•' 

a .nrrE<I••tl> cxcr.~'•J•t•L> 
!.C TC 1 

e FCRuiT~5 CE LECTURA E IVPAESION 

e 
e 
e 
e 
e 
e 
e 

10 fCQ••H C 3151 
11 rcq~•r<ertw.O> 
12 rc~v&TC&C/l•~X•'~AT~Tl A'•/) 
l] fCP~ITCI•2X•IC((IO•l•l1)l 
14 fCP~IT(I(/),5X•'~ATRtl B'•ll 
15 ro~vATCICI)•~••'MATAtZ PRODUCTO'•/) 

t;~D 

5U9RCUT!N[ ~ULTMA(A•1•H•M•LoXl 

SI.PnllT!~I PARA ·I'UL r'I"LICU ,DO~ '!A TRICES' 
LL SIO~triCADC CE LAS VARIABLES EMPLEADAS ES 
A"~JTPil PR(V~LTIPLJCACORA DE oqD[N (N•M> 
b•v&TP!Z PCST~~LTIPLICIOORA DE ORDEN (MoL) 
X•wATP!Z PRODUCTO 

III~E'SicN AliO,lOJ~8(10tl0l•XCl0•l0) 
IIC l J•l•L 
llC l 11•1•11 
XCK,,j)a,,Q 
~Q l I•J•II 
XC~,J)•XCK•J) t A(K•Il•BCI,J) 
RCTUAII 
E liD 

F.i.g. 2.8 L.i..6ta.do de. la. .6u.bJtu.tina. MULTMA 

!S: 
36 



2.3.4' Ejemplo 

• l 

Cua~o componente.~ de. un autom6v~l ~e.q~e.~e.n como mate.~a 
,p~~ma de. hule., alum~n~o y ace.~o. L~ un~dade.~ que. ~e. ~e.q~e.~e.n 

de. cada mate.~~al pa~a 6o~ma~ una un~dad de. cada· componente. del 
autom6v~t ~e. p~opo~~onan a con~nuac~6n: 

h~ 

~ hute. alum~n~o 

comp. 1 8 5 
_e..omp. 2 3 4 

comp. 3 . ·'20 2 

comp. 4 1 8 

to~ co~to~ un~ta~~o~ de. cada mate.~~at 

hute. 
alum~n~o 

ace.~o 
[2:~00] 30.00 

40.00 

ace.~o 

3 

5 

4 

10 

hon: 

Vete.~mlne. e.l coato total de cada componente. ~e.b~do a la 
mate.~a p~lma de. que. e.~t4 compu~to. 

-~~ 

'*SOLUCION 

TABLA 2.3 Vato~ pa~a et p~obte.ma de.t e.je.mpto 2.3.4 
Nr:4 

Me~3 

L= 1 

8 S 3 

A 3 4 S a 

20 2 4 

1 8 10 

8 . [!:] 



' 

·.~. 

~ ¡y-; 
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TABLA 2.4 Re~u!t«do~ de! p4ob!ema de! ejemplo 2.3.4 

,, ..... ,' 

MATRIZ A 

o800E+OI ,• !IOOE+O 1 

olOOEtOI o4QQ[+01 

o200[t02 •200[+01 

olOOE+ot a800E+O 1 

•' 

MATRIZ 8 , .. 

e250E+o2 

o)00[+Q2 

o400E+02 

MATRIZ PRODUCTO 

o470E+Ol 

o395E+Ol ' 

o720E+01 

a66SE+Ol 

.. 

. ~ . '. 

olOOE+Ot 

.o;ooE•o& 

a400E+Ot 

al00[+02 
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2.4 1nve~ión de Ma~ce~ 

2.4.1 Objeto 
Vdda una matAiz cuad~dda A obtene~ ~u md:t~iz inve~a A- 1• 

2.4.2 Mltodo 
La mat~iz inve~~a de una mat~z cuad~ada A e~ ot4a mat~z 

cuad~ada que ~e JLep~e~ enta p.o~ A-l y que. cumple la ~igui.ente p~~ 
piedad ~i la matJLiz A e6 de oltden (n x n): 

A A- 1 • 1 . = A -.1 A. ( 2 • 15 ) 
-n - -

Se deóine a la mat~z inve44a como: 
1 1 A- =·A-r 

(2 .76) 
161 

donde A+ ~e conoce como la mat~z adjt.~:nta de la ma:t~.iz A y 1 A 1 
lteplte~ útta el dete~minante de la. mat~z A. 

Ve la ecuaci6n(2.76) ~e in6ieJLe que pa~a que ex.i~ta la in
veJL~a de una mat~z·~e JLequie~e que )A 1·1 O, e~ deciJL, que lama~ 
tAiz ~ea no ~.ingulaJL. 

PaiLa la ob:tenci6n numl~tica de la ma~z inve46a e~ nece~a
JLi~C.udiJL al ~odo de Gau.~·¿¡ -Jo~tdan modifiicado. E~to 6e .fte.e de 
bido a que pa.~a obtenelt A-l en una comp~ado~a digital mediante
la ecu.a.ción ( 2·. 16) 6 e ~equie.JLe una. g~an c.antidad de -ope~acio-ñe.6 

y con6ecuente.men:te. de tiempo. Pa~a ob:tene.~ .ea inve~a de u.na ma.-
·t~z' ( 10x.10) 6e JLequie~e.n md6 .de 340 millone6 de. ope~acione6 c.on 
el mltodo di~ec.to. 

El mltodo de Ga.u.66-Jo~dan e6 u.n ml:todo de eliminaci6n 6i6-
temática mediante el c.u.al ~e :t~an6óo~ma. la mat~iz o~iginal A en 
una ma.tAiz identidad 1 y a.l mi6mo tiempo e6ta última ~e :t~an6-
6o~ma en la mat~z in~~a A-l , e~ dec.iJL, paJLZ.iendo del a~~eglo: 

. [~ !n]. (2.11) 

-inte~c.ambio de ~englone6, 
-multipl.ic.ac.ión de u.n ~eng!ón poli. u.n e6c.ala~ ~ # O,· 

-6u.ma. de.equ.imúltiplo6 de un ~engl6n a o:t~o ~engl6n. 

6 e .lte.g a. a .e. 6 .i.g u. i. e.11 te. a.vr..eglo: 



J 

(2.78) 

El m~.todo pa.IL.te. de la. .6upold.c.i6n de: que. A e-6 u.na. ma..tiL..i.z....._ 
no .6ingu.la.Jt, lo c.ua.l ..i.mptlc.a. que. .6u.6 c.olumna.-6 .6an ve.c..toJte-6 ~
ne.a.lme.n.te. inde.pe.nd..i.en.te~, en c.a..6o de no .6e.IL.l.o el m~.todo lo pue
de. de..te.c..ta.Jt; e~ dic.ha.'¿¡.<..tua.~i6n .6e p!Le.~e.n.ta. que .todo.6 lo-6 ele
mento~ de un 1tengl6n de. la. ma.t!Liz A o de .6u..6 ma.tiL..i.c.e.-6 tJta.n.6noiL-

l -

ma.da.-6, .6on nulo-6. 
A 6..i.n de m..i.n..i.m..i.za.IL lo.6 e.Jt!Lo!Le-6 de Jtedonde.o, la. e.lim.<.na.-

c...i.6n de eleme.n.to-6 .6e e6ec.tua. p,¿vote.a.ndo .6ob!Le lo-6 mayo!Le-6 ele
mento¿¡ que.· que.da.n en. la.· oma.tJúz A ·e, en la..6 mCl..tJt..i.-c.e-6 obten,[da..6 a 

pa.Jtt,¿IL de e..6ta. última. poiL ~a.n.6noJtma.c...i.6n; debe tene.IL.6e c.u..i.da.da 
de no emple.a.Jt c.omo p..i.vote.-6 e.le.mento-6 de Jtenglone-6 qu.e ya ha.ya.n 
.6~do,u.t..i.l..i.za.do.6 c.omo p..i.vo.te-6. 

~.4.~ Ve..6c.IL..i.pc...i.6n del ~Jtog!Lama 
a.)'Sub1Lu.tina..6 Jtequ.e.túda.-6: 

SUBROUTINE MATINV(A,N,EPS,VET), obtiene la. ma..t!L..i.z ,[nv1 
.6a. de la. ma..t~z A. El piLogiLa.ma. piL..i.nc...i.pa.l .6e emplea. 
pa.Jta. la. lec.tu!La. de da.to-6 e ..i.mp1Le.6..i.6n de Jte.~utta.do.6. 

b)Ve.6c.IL..i.pc.i6n de ta..6 va.Jtia.ble-6: 
Pa.Jta. la. .6ubJtu.t,[na. MAT1NV: 

A(1,'J) ·· 

N 

EPS 

VET 

C(1,J) 

MVR(I) y 
~!VC ( I) 

. -

ma..tiL..i.z de la. que,4e. bu.4c.a.JLcí .ta. ..i.nveMa., 
du.~ta.n.te. el p1Loc.e.6o .6e c.onvie.JLte en la. ma.

.t~U:z in ve.~ a.. 
o~tden de la. ma.t~..i.z A 
c.Jt,¿.teJtio pa.Jta. de.te.Jtmina.JL .6..i.-et de.te~tm,¿

na.n.te de la.-ma.t!L..i.z e.6 nulo 
pa.~táme.tJLo.qu.e ,¿ndic.a. ¿¡¡ e~ dete~tmina.nte 

de la. ma.t!Liz e.-6 nulo 
ma..t~t..i.z ..i.den.t..i.da.d que. ¿¡e emplea. pa.JLa. obte.
neiL la. ma.tiL.i.z i.nve.IL.6a. 

. . 
c.on.ta.doiLe-6 que ,[ndic.a.n c.uále.6 IL~ngtone-6 

y c.uate.6 c.otumna.6 de ta matJt,[z A ya. 6u~ 
' ). ·. . . . . 
!Lo~ emple.~do-6 c.omo p~vote.6 
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1_1 

RAMA X 

TEMP 
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mayo~ ~l~m~nto d~ la mat4iz A o d~ bu~ 
~ t~an~6o4mac~on~b qu~ b~ ~mpl~a como ~l~

m~nto p~vo t~ 

va~abl~ de local~zac~ón tempo4al 
Pa4a ~l p4Óg4ama p4incipal: 
A(I,J). mat:Jliz d~ la qu~ be -bu.6ca la inveJL6a, du-

4ante el p~ocebo be convie4te en la 

N 

EPS 

VET 

ma~z inveJL6a 
o4den de la mat4iz A 

c4ite~o pa4a dete4mina~ bi el dete4minan 
te de la mat4iz A eb nulo. 
va~able que ~ndica b~ el dete4m~nante ·de 
A eb o no nulo 

e) Vimen-6ioneb: 
La p!t.opo.6ic.ión V1MENS-10N del plt.ogJt.ama p~nc.ip-al 1f de 
la bUb4utina d~belt.~ be4 mod~n~c.ada c.uando: 

N > 10 

d)Folt.mato.6 pa4a lo-6 
SEC.TARJETAS 

datob de ent:JLada: 
FORMATO 1NFORMAC10N 

' ' ' ' 

1 

2 

( 15) N 

(·8F70. O) 

. 
------------------------------

n 

A(T,J), be p4opolt.c.~o
nan lob elemento-6 de 
la. ma~~z 4englc5n --polt. 
~englón.Emplea~ tánta-6 
ta4jetab como .6e 4equi~ 

~an. 

TARJETA EN BLANCO, al 
6~na~zalt. toda la ~n6oJt. 
mac~ón. 

., 
1 

! 
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f..i.g. 2.9, V..i.a.gJLa.ma. de. b.toque..6 de..e. p1tog1ta.ma. pllútc.ipa..t 

., 
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bLI4eM .unglonu 
qut. 110 lwt a.idD 
tJnplt.Ado4 

obtenu rrtd!fOit 
e.!emento de. 
CAo4 ltWgloiiU 

e.UinUuVl d.ll.
lllll.Atol> me.d.úul 
ti. p.i w.tu 
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Fi.g. 2. 7 O Vi.a.glt.a.ma. de bloque·~ de la. 4ub1Lu.Una. MATI NV 

-. / 
~-~· 

1 

1 ' 

1. 
1 
¡ 



6) L.i.~ :ta.do: 

( . PROGPI.'1A PARA triVERTlR lt~T~ICES PQP I!:L tlETOOO DE GAUS3•JORflAPI 
-. 4--- Sl G!li rtCAOn l:lt Lft S VAHII.DLt:!l. tlWLt.AtiAS --------- --- _ 
__ e ____ f4110RDEr• DE L.l '·1ATRIZ A . .. _____ ----------------- __ 
•. ~ . --Air:'IATP.IZ \lE I.A DuE SE f1lJSCA SU ltiVfRSA __ . --------- _ .. . . _ 
-e Er.S;CP.ITERlJ rAR~....DETt:!!UllMR... ~LE.üS!.Lll.JlO-l..A-llL.V.f:RSA..llLLA.IlAIBLl. 

C OthPAPAIIETRO QUE tFlOICA SI EXISTE O Nn lA INVERSA OE LA MATRIZ 

-----. Dl'ltU3IO-tl A<IO,lQJ,CClO,lO)
• ---- IR•S 
-----l~lillb. _;_ ___ _ 

EPSall.O;)nOol· 
e , l[CTI.'IlA OE DATOS 

---1-..Rto1C'C ¡q,s 9t "4 ~--------------------
---- --- Jf(¡j) 2,:!,3 - ---. --- ------·-----------
- _ . Z CALL tx IT _ 

--.!'.- _3 OC q I•l,tl ... _ ----- __ _ 
Q PE~~CI~.~~) CACl,J) 1J•I 1 N) 

e ¡r J'"[ ::;rorr 01: OliTOS , 
_________ nr.ntcw.c:o .. -----------------

oo S ¡a¡,¡, . _ -------------,;--5 ~"!tJf(I.I,22) (r,(t,J),J•l,IO _ _ , . . '~.. ... ., 
--'---- LLA"~ on t'C SIIDIIUT I 'lA PhRA_Q_!!_Tf;IJ~fU.!_!!.!JJ!lZ. INVERSA 

CALL 01~ TI .IV (A 1 •¡, EPS, DET) 
I'CO~T,GT,(P,) G~ TO 7 
l~ltZTE Cllhi!3) 
Oc TO 1 

_____ __, _____ _ 
____ 7 l'lfliT((J'IrZIJ) . 

----¡¡-~~!~'O l~~~: h) -(ifi~ J) 1 J=lrll). 
CJ ro 1 

e ,oDrtATI'Is o!: t.tcruP.A !: ""PRE:sroN 

1. 

·=-~- --_ F~- , Q;'!l' ~ T (15) -- -- ~- .:_-_-
1 __ zo Forr•"rcsr¡o.o) . 1 <::' :- r.' ., 
___ Zl_ FO'lii~TC'H/),'5X, Hto\TilJZ_ A't!O ___________ _ 

U 'OI'lfiATfl,zx,IOCtiOolrlrlf . 
Zl FoRliAT(Il(/) ,'5X, ''JO EXISTE \,4 !lATRIZ INVtRs•') 

--~!Om!~tillu~x,_IJ!IYgr-ª~--QL.I,~PIA!iil_LA_!) 
---·-- t_IID __ ·---. --

, '. 
1 

---- ------ -

F.i.g. 2.77 L.i.~:ta.do del p~og~a.ma p~nc.i.pa.l 
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e 
e ~~8R~TT~A P~AI CPT!~tA lA thVrlSA ~( UNA NATRI% 
e [L SIC~IFICJOG C~ LA' ~·~IAdL[S [HPLCADAS (5 
e A8 NATAfl A LA '~r SE P~SCARA Su INVERSA Y ~~E DuRANTE EL PROCESO 
C S[ cn~VIE~TE E~ LA ~ITHI7 INVERSA 
C h•OACE~ CE LA ~~TRIZ 
C tPS•CRtiE~IC PAn& :ETE~MJ~aA SJ EL OETERNtNANTE DE LA ~~JRIZ ES 
e NULO . 
e ~ET•VALCA AJ~CL~TC DEL OETFA~t~ANTE tC LA NAT~lZ 
C C•N.&TAil ICt:"TJCAC Q•¡( SE ~TYL!H PAR~ CBTE.~Eil LA MATRIZ INVERSA 
e POR (L w[TCCC OE G~USS·~cROA~ NOOirtCADO 
e MVR Y w~c·c~"TA~QRéS QLE !"CICa~ CUALES RENGLONES Y CCLU~NAS YA 
e · F'UERCI" UTILIZ.&CQS C0"0 PIVOTCS 
e 
e 
e ~6TENCIC~ CC LA ~~T~IZ IDENTID&3 Y &CTU.&LlZACJON DE VALORES PARA 
e INICIAR EL PAOCESC 
e 

110 l l•lH• 
MVAC!l•:: 
IIVCCil•' 
110 " 1•1•" 
DO l J•l'" 
JFCioEQ.J) GO TD 2 
C(f,.I) 11 CoC 
GD TD l 

2 C(f,J)DloC 
J CONTihlJE 
4 CONTINU[ 

•• 

e 
e OBTENClON C~ L& ~&TRIZ INVERSA 
e 

110 U IC•l•h 
RANU•OoO 
r..t•o 
LR•O 
110 6 r•1•~ 
IFC~VACJ)o[Qotl GC T1 6 
DO 5 .1°1•~ 
lfC~VCCJloECo~) CO T1 5 
lFC&esc~A-~Xl•CEoA3SCACI•J)l) QO TO 5 
RAIIAX•A Cl •J) 
LR~l 
LCDJ 

5 CONTihll[ 
6 CONTIPIUE 

OET•APSCRA~H) 
lVCO[ToLEoEPSl ~O TO 14 
lFCLRoCC•LCl GC TQ 8 
llD 7 1•1•~ 
TEIIP•ACLR• I l 
A(LR•lhACLC•I> 
ACLC•I hT[''P 
TEIIP•CCLR•I> 
CCLR•I hCCLC•I) 

7 CCLC•IhTE~P 
8 DO 9 1•1•~ 

A(LC•Il•ACLC•ll/-A~A~ 
9 CCLC•lleCCLC•Il/RA~4~ 

ca 11 1•1.,, 
¡rcr.E~oLCl r,c TO 11 
T[llp•H I•LC l 
OC 10 J•l•r; 
aCI,J>a•CI,Jl • TE•PoA(LC•~) 

10 'CI,J>•ccr,Jl • TE~P•CCLC•~l 
ll CC~TI,.UI!' 

MYACLC hLC 
M'~CCLC loLC 

U CChf[hllf 
~o tl 1•1·~ 
oc 1] .!•1· ... 

1J A<r.~>•ccr,J> 
14 H Tu-t. 

UD 

F.i.g. 2.12 L.i..6:ta.do de. ia. .6u.b!t.u.U.na. MATINV 
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2.4.4 Ejemplo :~/ 

Ob.tenelt. la inve~L&a. de la. ma..tJúz :-

1 o 2 .3 '- j 

> 1 -20 -1 - '_3 
A '' = 1.~ -_1 -10 2 

2 ~7 -7 30 . 
o 

*SOLUCI ON 

TABLA 2.5 Vatoh pctlt.ct el plt.o~lem~:del ejemplo 2.4.4 

N•4 

10 2 3 -1 
~-
1 -20 -1 3 

A = 7 1 -10 2 

2 -7 -1 30 

TABLA 2.6 Reh u.ltadoh de! plt.obtema del ejemplo 2 • 4 .4 

-~- - - - - -
o 

--... lCOt•aZ- ,2COE:tOL ___ ,!OOt+OL•.Í'loE-tO~ 

,IOCt•OI •,Znor•~? •.IOOE•OI ,JDvE+OI 
-------------r-------- --- --- --- __ ' ___ : __ 

,IOot•I;J - .1~0E+01 ;;.IOOE+Ol_ --oZOQEtDl---

- .zooE•J!I -·.u:ot+DL-•,lOOttOL~lOottOl_--_~ 

- -~--:.... __ _:--__ •• ,.!__ ___ _ 

--- - -- ---• q&rE•oJ .11~~-~, ,277t•oa ,zo;ar•oJ 

-- 0 3QJE•J~ •,.¡"u(•oa ,'5'ilt•oz ~~~~at•oz ----
,Ut>t•uz •,44J7E•o2 •,"77t•uJ , 7Zq(•Ol . 

•.~>oot•r.L' •,Z'ilF:•oi--.;; :ü1zÉ•oi- -- ,Ú-7[;.¡,,---
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3. SOLUCION VE SISTEMAS VE ECUACIONES LINEALES 
• o. 

3.7 1n~~odueei6n 
., .. · . ,-Po~ .6i.6_~e.n;¡a..6 de. .. e.cua.eione..6 l~.ne.~le..6 .6e. entiende un gJtupo 

de · e.cua.eio ne..6 ·q-ue. p~e..6 e.·n~a.n la. ~ig uie.nte. e..6 ~ltue~u~a.: 
• ~ • ' ' "' 1 ' ' L • ~ 

1 \ • ~ :¡' 

donde. a. .
1
. y b . .6~n~ ~~~~:~a~.té..6 ·;¡'· la.6·-~ne6gni~a..6 de.l .6i.ó.te.ma. .6on 

~ ~ 1 - • 

lo.6 va.loJte.-6 xi1 donde. 1~ .t.~ñ.~ _ '· 
Vie~o.6 .6i.6.te.ma..6 .6e. pue.de.n Jtep~e..6e.n.ta.~ e.n la. óoJt.ma.: 

•' ' 'f '..:::_-, ¡ ' l -- 1 ' • 

· .- · · . -·' · A X =. B ( 3 • 2 ) 
-- 1-

donde. A .6e. ~onoee. eo~o la ma..t~~~ de ioe.6ieie.n.te..6 de.l .6i.6.te.ma.,
-ª. C.omo· ve.etoJt.' d:e.'_ .t€Jt.mino.6 · .indipe.nd.f.en~e-6 y X eomo ve.e.toJt. de. i!!_ 
'e6 g ni.ta..6 : ) - ': .: •', ,. ·; ·•• · · - · 

Si e.l ve. e.toJt ·de.· .té:ILm.ina.6· inde.-pe.ndie.n.te.-6 e..6 di6 e.Jt.e.n.te. de. 

ce.Jto .6e. habla de. .6i.6.te.ma~ de. e.euaeione..6 no homog€ne.a.6 y e.n ea
.6o eon.tJtaJtio de. .6i.6.te.ma.6 homog~ne.o6. 

An.te..6 de. piLoee.de.Jt. a Jte..6olve.Jt. un .6i.6.te.ma. de. e.eua.eione..6 e..6 
ne.ee.~aJtio de..te.ILminaJt .6i d~cho .6i.6.te.ma .t.ie.ne. .6oluei6n y e.n ea.6o 
de.•.te.ne.Jtla, cuán.ta.-6 po.6ible.~ .6oluc.ione..6 .tiene.. En ba.6e. a. lo--

Si~.te.ma de. 
e.euacione.-6 
Une.ale..6 

.tiene. la .6iguie.n.te. ela~i6ieaci6ni 

no homog~ne.o inde..te.Jtminado 
{

eompaüble. { de..te.Jtminado 

ineompa..tible. 

h o m o·g € n e. o { eompa~ible. 

'r 

de..te.Jtminado 
(Sol • .tJtivia.l) 

.i.ndi._.te.Jtminado 

48 j 
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S~~tema compatible e~ aquél que ~l tiene ~oluc~6n b pa~a 
que e~to ~e cumpla ~e ~equ~e~e: 

1!.ctngo [A] • 1!.ctngo [A¡ sl• ( 3. 3 l 
donde a la ma.ú..C:z [A i_s J ~e t'e conoce como la. ma.t.JL~z ampt~ada 
de t. 4..C:~ tema.. 

s~~tema ..C:.nc..ornpa.Z..C:.bte e~ aquél que no ~ene ~oluc~6n y ~e 
cumple que : · 

( 3 o 4) 

S~~ tema deteJtm~nado e~ U.Yl ~..e:~ tema c..·ompa.tibte que p~e.6 en
ta. ~ otu·c~ón itn~ca. y ~e ve~~6~ca qu.e: 

( 3 o 5) 

, Cua.ndo ~e. p~e~enta e~ta. ~~tuac..~6n -en ~~~tema.~ ho~og~neo.t> 

·~e habta de ~otu.ci..6n ~~v~a.l, ya. qu.e X = O. 

Un ~..(~tema. c..omp~bte que p~e~enta. ~n6..C:.n..C:.dad de ~otu.c...C:.o

ne~ ~e conoce como ~..(~tema. ~ndete~m~n«do y ~e,c..a~a.cte~..C:za. po~: 

~ango [A J < núme~o de i..nc.6gn..C:.tM ( 3. 6) 

Pa~a. la .6otu.c.~6n de ~..C:.6temM de ec.uac...C:one~ t..C:.neale~ exi~ 

ten d~ve~~o~ m~todo~ de lo~ cua.le~ ~oto ~e t~ata~!n: Método de 
Ga.u~~-)o~da.n modi6ic..a.do y et Método de Ga.u~~-Se~det. 

{ 

3.2 Método de Ga.u~~-Jo~dan mod..C:.6..C:.c.a.do. 
3.2.7 Obje.t~ 

Obtene~ ta. 6otuc.~6n .de ~..C:.6.tema.6 de ec.uac....C:.one~ t..C:neate.6 -
de ta. 6o~ma.: 

( 3 o 7) 

3.2.2 Método 
Vado el 6i~tema. de ec..uac....C:.one~: 

A X = B ( 3 o 8) 

• ~a.ngo [ ·~] e.6 la. c.a.ntida.d de vecto~e.6 t~nea.tmen.te ~ndepen

di.en.tell del c.oYlju.n.to de. vec...to~ell c.otu.mna qu.e óo,.tma.n lama.-
.t~i.z A. 

49 2 
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~t m€todo con~~~te en t~~baj~~ con t~ m~t~~z de coe6~c~ente~ y 

et vecto~ de t€!Lm~no~ ~nd_epen.d~ente.6'; e~ dec.~~, con. t~ m~tiL~z 
a.mp~a.da. det ~~~tema.: 

A ~cha. m~t~L~z ~e te a.p~c~n un~ 
ne.6 que conducen ~ o·btene~ ot~~ m~.tJt..i.z 

[!nlC] 

( 3. 9) 

~ e~~e de ú~M 6o~ma.c~o

~mp~ad~·eq~v~tente: 

(3.70) 

donde e ~ep~e.6enta. t~ ~otu~ón de c~d~ una. de la..6 ~nc6gn~t~.6 

det .6~~tem~. 

El p~oce.6o equ~v~le a p~emut~pl~c~~ l~ ecua.c~ón (3.9) -
po~ A- 1, e.6 dec~~, et método de t~_má.tJt..l.z ~nve~~, .6olo que e~ - ' . -
te m€todo con.6~~te en una. eLim~n~c~ón .6~.6temá~ca. de va.lo~e.6. 

50 

La t~~n~·áo~ma.c¡-ón de ta. ~~tiL~z (3'.9) en t~ m~:tJz.~z (3.70) 

.6e e 0 ectú~ b~.6ándo~e en t~e~.ope~~c~one.6 que no a.lte~~n el .6~~ 
tem~ de ecu~cione.6· .6·~no que p~opo~c~o na.n .6~.6 tem~.6 ef-e ecu~c~o ne~ 

eq~v~tente.6,· elta..6 ~o~: . 

~nte~ca.mb~o dt do~ ~engtone~, to cu~l equ~v~te ~ lnte~ 

ca.mb~~~ ~o.6 ecua.c~o~e.6. 

- multip~c~c~ón de un ~engtón po~ un e.6ca.l~~ d~6e~ente 

~ . de. c~~a·; . lo cual. equ~'\!(Ú.e . ~ muttip~c~~ ~mbo.6 m~emb~o.6 
• • '• 1 • ' ,. \ ' ~ -

de un~ ecu~c~ón po~ l~ m~.6n1~ con.6 t~nte. - ~·-

.6-u.ma. de eqii.mút.atf6:& de un ~engtón ~ o:tJz.o ~englón, e~ 
dec~~, m_uttipl~ca.~ un~ ecu~c~ón po~ un~ con.6t~nte "K" 
y .6 um~~-.e:~ ~ ot~~ ecu·a.c~ón·. 

p~~a. ~pl~ca.~ ta.~ ope~~c~one.6 ante~~o~e.6 .6e p~ocede en la. 

.t.~guente 6o~m~: 

(!)selecc~on~~ u_n --~~nglón p~vote y un elemento p~vote den 

_ t~o de ~cho ~engt6n. 

{!)No~m~~za.~ et elemento p~vote,e.t. dec~~, conve~ti~lo en 
un~t~uo. 

{¿)c~ncela.~ elemento.t.-que ~e encuent~en en t~ columna. ~~u 
ba. lJ 1 o ~6~jo det elemento p~vo:te med~~nte t~ .t. urna de -
equbmttüpto-6. 

(V~eg~e.t.a.~ ~t p~.t.o (!) y a..t.{_.t.~ce~~va.me~te hMt~ que .t.e -
t~a.n-6·6o~ma. la. ma.:tJz.-Lz de coeó~c~ente.t. A en una. ma.t~iz --

/(.! 
'-·' 

1 



ide.n.Uda.d fn . 

Debido a. que. du~ante e.l p~oce.~o ~e. p~e~e.nta.n e.~~o~e.~ po~ 

Jt.edondeo, ta. ño~ma. 6pt.i.ma. de. e.~c.oge.~ lo~ elemento~ pivote. e~ -
. . 

4e.le.c.c.iona.ndo el ma.yoiL elemento que. quede. en la. ma.~z A o en 

51 30 

4U4 t~a.n~óo~ma.c.ione.~. Hay que. .te.ne.~ p~e.~e.n.te que. lo~ e.te.men.to~ de 
un ~e.ngt6n que ya. 6ue. ~e.le.c.c.iona.do como llnea. pivo~e. no ~e. pue. 
den u~a.~ c.om? pivote.~, _aún c.ua.ndo el mayo~ e.le.me.n.to quede. c.ot~ 

cado en dicho ~englón • 
. Al 4e.le.c.c.iona.~ lo~ pivote.~ en i.ti 6o~a. ante.~ menc.iona.da. 

e! e.~~o~ ~e ~e.duce. a.{ mlnimo y, debido a. que. puede queda.~ una. -
ma.~iz no".ide.ntlda.d al tl~m.ino de.!~ ite~c.ione.~, e~ ne.c.e.~a.4.io 

e6ectua.~ un inte.~c.a.mbio de llne.~ ha.~ta. obte.ne.~ 1 • 
. --+1. 

Cabe. me.nc..iona.~ que el p~e.~e.nte. mltodo e~ un m~todo d.i~e.c.-

to de ~oluc.i6n que. no ~e.quie.~e que. ~e de.te.~ne. con a.nte~.io~da.d 

~i el ~.i~te.ma. e~ c.ompa.t.ible. y de..te.~mina.do, et método du~a.n.te. et 
p~oce.~o p~~po~c..iona. dicha. .in6o~ma.c..i6n. 

Si e.! ~i4te.ma. e~ c.ompa.tible. y de.te.~mina.do, et p~oc.ed.im.ie.~ 
to de~c.~to ~e puede. lte.va.~ a. c.a.bo 4in c.on~a.t.ie.mpo4 ha.4.ta. lle-

ga.~ ~ [ 1 n ¡ e J . 
·--~-Si e! 4.i.~ .tema e.4 c.ompa..t.ible. pe~ o inde.tellm..in~~r la. ma..t~z 

a.mpl.ia.da. a.dqui~.illá la. eon6igu~a.c.i6n: 

[

1 o 2 ¡,] 
o l 2 1 2 (3.77) ---- -----J~-·--' o ___ o ___ ~_-! __ o __ 

e~ de.c..i.~, un ~engt6n ~e~~ nulo¡ en e.~ta. ~.i.tua.c..i6n ~e obtienen -
l~ ec.ua.c..io~e.~.inde.pe.nd.i~nte~ que. ~e6.ta.n en e.t 6..i~.tema. y 6e a.pt.i 
c.a. ta. me. .t. o doto g.la. co~1Le6 pon cUente a. ~ .i~ .te.m~ inde..tellm.ina.do6 • 

Si e.t 6.i.6.tema. e.~ .inc.ompa.t.ibte, 6e. plle.~e.n.ta.llá to 6igu.ie.n.te: 

1 1 2 1 1 

_q_- ~ _ _3 __ ·_ l_ ~--- -- (3.72) 

0 o o 1 ~~o -- -------'--~-----
0 6 e o., ·O = ~ 1 O, to c.ua.l e.6 una. c.on.t~a.dic.c.i6n. 
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a.) Su.bll.u..Una..6 lleq u.ell.i.da..6: ::· ., 
SUBROUTINE GAUTOR -(A, 8, N, EPS, VET), e.6.ta. .6u.bllu..Una. 

obtiene la. .6olu.c..<.ón 'del .6'i.6-:tema. de ec.u.a.c..i.one.6 poll -
el mltodo d~·Ga.u..6.6-Joll.da.n mod.i.6.i.c.a.do,· el pll.ogll.a.ma. -
p~nc..i.pa.l .6olo· ~.i.llye pa.ll.a. eñ.tlla.da. y .6a.l.i.da. de da..to.6. 

b)Ve.6c.IL.i.pc..i.6n de la..6 va.IL.i.a.bte.6: 

_, 

Palla. la. .6u.bllu..Una. GAUTOR: 
A(I,J) 

B ( I) 

N 
RkMAX 

MVR(I) y 
MVC(I) 
EPS 

VET 

LR y LC 

TEMP 

Pa.lla. el 
A ( I, J) 
'· . 

B ( i) 
N· 

ma..tlliz de c.oéó.i.c..i.en.te.6 del .6.i..6.tema. de 
ec.u.a.c..i.one.6. -
vec..to·JL de .tlJLm.i.no.6 .i.n.depend.i.en.t:e-6 del -
~.(.6-t:ema. de ec.u.a.c..i.one.6, du.JLa.n.te el plLoc.e 
.60 ie .t1La.h.66oll.ma.·en la .6olu.c..i.ón. 
olldeñ-del .6.i..6.tema. de ec.u.a.c..i.one.6. 
ma.yoll elemen-to de la. ma..t:Jt..iz A qu.e .6e 
emplea. c.omo ~.i.vo.te. 

c.on.ta.doll.e.6 qu.e .i.nd.i.c.a.n qu.é llengl6n y c.~ 

lu.mn~.6 ya. 6u.eJLon emplea.do.6. 
c.JL.i.·.teJL.i.o pa.ll.a. de.tellm.i.na.Jt .6.i. el de.tettm.i.
na.nte de la. ma..tll.i.z A e.6 nulo. 
pa.ll.dme.tll.o que .i.nd.i.c.a. .6.i. el deteJLm.i.na.n.te 
de A e.6 nulo. 
.i.ndic.a.doJLe.6 del llengl6n y c.olu.mna. q~_ -
.6 e· u.~~l.i.za.n. 

va.ll..i.a.ble de loc.a.l.i.za.c..i.6n .tempo!ta.l. 
plLogJLa.ma. pll.i.nc.ipa.!: 

ma..t:Jt.i.z de c.oe6ic..i.ente.6 del .6.i..6.tema. de -
e c. u. a. c.i o n e.6· • 

. ' EPS 

veetoll de .tlimino.6 independien.te.6. 
oJtden delM.6.i..6tema. de ec.u.a.c..i.one.6. 
c.IL.i.tell.i.o pa.ll.a.·detellm.i.na.JL .6.i. el deteJLm.i.
na.nte de A e.6 nulo. 

VET 

c.)V.i.men.6.i.one.6: 

pa.Jt_áme.tlt.o qu.e .i.nd.i.c.a. .6.i. el deteJt.m.i.na.nte 
de A e.6 nulo • 

La. pllopo.6.i.c.i6n VZMENSION del plLogJLa.ma. plllnc..i.pal y -

de la .6u.bJtu..t.i.na. .6e debell~n modi6.i.c.a.JL en el c.a..6o de 
que: N > 10 
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· d) FoJr.ma..toJa paJLa. loJa 
SEC. TARJETAS 

1 

2 

3 

da..toJa de 
FORMATO 
(75) 
(8F.70.0) 

(8F70.0) 

en..tJLa.da.: 
ZNFORMACION 
N 

A ( Z, J) , 1a e da.n. .f..oJa e.f..emen 
toJa de A heng.f..6n. po~ ~en
g.f..6n, ·empleando ta.nta.Ja -
ta.~je.ta.Ja como Jaea.n. nece1aa. 
~a.Ja pa.~a. ca.da. ~eng.f..6n. 

B(l), e.f.. vec.to~ de .tl~m~

n.o6 in.dependien.teJa Jae da. 
en. una. .ta.~jeta. o m~6 6e-
gún la. ca.n..tida.d de e.f..emen 
.toJa. 

o.t~o6 pa.que.teJa de da..toJa (opcional) 
--------------------------·----------

YL 

e}Via.gna.ma. de b!oque6: 

,-

TARJETA EN BLANCO, a..f.. 6i 
n.a..f..iza.n .toda. .f..a..in6o~ma.

ci6n.. 
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M.i9nM V4-
tDIL 4 EPS 

- ~} 

~ 
mtn.Uj2. 

Flg. 3.1 Vlag~ama de bloque~ de! p~og~ama p4lnclpai. 



6 u.bi!U.tinA 

GAUTOR 

M(e,~t: 

MVR(li•O 
MVC(TI•O 

.úldagaJr. qul lten
gtonu. IIC han 6f 
do ~eJtdo6 

~ e.Umen
to4 aNUba 1J ab~ 
jo á RA/.IAX . 

F.<.g. 3. 2 V.<.a.g!t.a.ma. de bloqu.e-6 de la. .6 u.bJr.u..:U.na. GAUTOR. 



6) L.üd.a.do: 
/• 

e PRQoqaYa PA~I RC~O~VER SISTE~AS DE ECUACIONES ~JNEALES POR EL ~ETO 
e UC CE ~AUSS•JCR~AN 
e ~~~~IFICICO OE LAS ~\qiABLES E~PLEAOAS 
e H 8 0R0(~ CEL SISTE~A ,E ECUACI~,ES 
e a•uaTR!Z OE CCEF'ICIE IT~S DEL SISTEMA DE ECUACIOrlES 
e U•VECTn• OE T(R~IHCS I~DEPENDIE,TES• SE CQ~VlERTE EN LA SOLUelnN 
e 'AITERir, PaqA D~TERMINaR SI EL DETERMINANTE DE A ES OJFERE~TE DE O 
e DET•VAIIJAB~E. CIUE INDICa SI EL SISTEIIA TIENE O NO SOLUCION 

·~J~E~SJON ACIO,lO)oB(\0) 
tRas 
IW•6 
lPSmOoQt,OOQI 

C LECTURA DE CATOS 
kEAQCJilo2c> N 
1F ( lj ) 2 • 2 oJ 

2 CAlL E(JT 
] lJQ ~ [Djl~ 

4 HEAO(f1o21l CA(JoJ),J•IoN) 
H[AC(IQo21l CB(Jlol•lo~T 

e I~P~rstc~ OC DATOS 
~RITECI>o22l 
!.0 5 T"l•~ 

5 ~R!TF.IT••23l (A(loJloJD\o~)oB(J) 
e LLA~IC~ DE SUBRUTl~A PARA RESOLVER EL SISTEIIA DE [CUAClDNES 

CALL CALTCRCl•B•N•EPSoOETl 
¡rccET•LE•EPSl GO Te 7 

C JV9~~SlcN 0( RESULTA,OS 
nRJHCI~•24l 
DO 6 1»1•~ 

6 WRITECI••2Sl I•BCll 
GC TO 1 

7 lolllTECio•26) 
"O TC 1 

e F"ORrHTI15 CE> LECTURA f: TIIIPA[SIOII 
20 F~R~GTC!5) ' 
21 F"OR~4TC~r10.Q) 
22 F"ORr•-~C4(1),5~,•EL StSTE~l DE ECUACIONES ES 11/) 
2 1 re" ·• a re 1, 2 x , 1 o < E 1 o , 1 • u , > • 
211 f"Oqi11TC4(/l,'SXo 1 LA SIJLUCION DEL' SlSTtMA DE EJUACION[S ES 1 11115ll1 1 l 

11 •SX•'•Cil'•ll . 
25 f"QRIIIT(/•5Xoi2,4X1El2o~) 
26 FtRIIATC4(1),5X•'EL SISTEMA DE ECUACIONES NO TIENE SOLUCION') 

tND 

' 



hac:Vt: 
/.IVRII)•O 
/.IVCI I) •O 

.úldttgM qul lten
glone..~ rtc han 6~ 
do ~e11.do6 

~ e.t.emen
toll aM..tba IJ ab~ 
Jo á RA!.IAX • 

F.ig. 3. 2 V.iag.~t.a.ma. de bl.oqu.e-6 de la. .6 u.biLu.tina. GAUTOR. 



. 
' 

ól Lüd.a.d o : 

e PROoqava PA~t R~SOLVER SISTE~AS DE ECUACIONES LINEALES POR EL NETO 
C UC CE ~AUSS•JCR~AN 
C ~~~~IFICACO DE LAS ~\qllBLES E~PLEADAS 
C H"ORDE~ OEL SISTE~A ~~ ECUtClr~ES 
C A•IIATRil CE CCEriCIE'IT~S DEL SISTEMA DE ECUACJDr¡ES 
e ~·vECTn• OE TER~INCS I~DEPENDlE~TES, SE CQ~VlERTE EN LA SDLUClON 
e tRITERtr. PAqA D~TERMIHAR St EL DETERMINANTE DE A [S DlFERE"TE DE O 
C DET•VARJABLE OUE INDICA SI EL SISTEMA TIENE D NO SOLUCIDN 

·~r~E~SJON ACtQ,¡Q),8(l0) 
IRas 
l\1126 
t.:PS•<I•O~OO!Jl 

C LECTURA DE CATOS 
kEAO(J11,2C) N 
IF' C tll :? ' 2 tl 

2 CALL E(JT 
] IJO ~ I"P~ 
• H[AQ(!~,2ll CACI•J),Jat;N) 

HEAC(Iqt2ll CBCll•l•l•~T 
C l~P~FSI~~ CE CATOS 

WRIT(CI••22l 
liD 5 1°11~ 

~ wRITECl••23l CtCI•J),Jat•~l,8(Jl 
C LLA~AC~ OE SUBRUTJ~A PARA RESOLVER EL SISTE~A DE [CUACIONES 

CALL GALTCR(ItStN,(PS•OETl 
¡rccET•LE•EPSl GO TO 7 . 

C ~~~~~SieN DE RESULTA?OS 
nAIHCt~•24l 
DO 6 l"l•~ 

6 WRITECI•,25) I•B<I) 
GC TC 1 

0 7 ~RITECI~I26) 
110 TC 1 

C fOR~arns CE LECTUAI E t~PRESIO" 
20 f~R~IT(J5) 
2l FCR~aTC~FlOoC) 
22 rCRt•4TCq(/l~5)• 1 EL SISTE~I DE ECUACIONES E$ 1 1/) 
2J fC!I••ATC/•2X•IOCEI0ol•l0) . 
24 f0q~ATC4C/l,~X,'LA saLUCIDN DEL SISTEMA DE EJUACIDNES ES 1 11/•5X1 1 I 

l 1 •5Xt'XCI) 1 tll · 
25 f0A~AT(/15Xti2•4X•El2o~) 
26 F~R~ITC4(1),,X,'EL SISTEMA DE ECUACIONES NO TIENE SOLUCIDN 1 ) 

END 

' '. 



e 
e SLBRUTI~A PIRA ~rs:L1CR U~ SISTE~A DE [CUAClOUES POR EL ~[TODO CE 
e ~AUSS•JCAOA~ ~C~IFIC40C 
e lL SlG~JrttAMC ~f LIS vaqtABLfS EMPLEADAS ES 
e A•,ATRI7 CE CQ[f"IC IE'IT!S DEL SIST~MA DE ECUICIQ•¡ES 
C B•VECTUA CE TE~~IhCS l~O[P[NOIENTES QUE OURANT[ EL PROCESO SE 
e TpiNSrOAI'A Eh LA S1LUCIO~ DEL SISTI:MA DE [CUACIO~ES 
C U 8 0RCf~ OEL SISTE~A 1E ECUACIO~ES 
C IIA"A1""~1'CR fltl'f.~T!l nr LA I'ATHZ A QUE S[ USA COMO PIVOTE 
C HVR Y ~vc•cc~TICORES QUE INDIC•N QU[ AENGLON Y QU[ COLU~NA· YA rut• 
C RO~ UTILIZIOCS 
e EPS•CRfTERIO PAHA CETEA~lNAR SI EL DETERMINANTE DE LA ~ATRIZ A ES 
C NULO 
C ~ET•VALOR ABSOLuTO DEL DETERMINANTE OE LA MATRIZ A 
e 
e 
C ACTuaLYZACION DE ~AL~AES PARA INICIAR EL PROCESO 
e 

e 

oc 1 r•t•" 
HVA( t)aQ 

HVCCI>•C 

e SOLUCin~ DEL SISTEMA O! ECUACIONES 
e 

UD 9 K•t•H 
RAI!AX•C ,O 
LCao 
LADo 
oc 1 r "t '" 
H' (!~VA C 1) o[Q ol) GD TO 3 
~o 2 J•t•" 
IFC~VC(J)oEC•~l 00 T~ 2 
lrcaqsCAA~A,loOEtABSCACIIJ))) 00 TO 2 
tU"A~HCI•J) 
LRal 
LCDJ 

2 COt;TfN.J( , CONTINd( 
IIET•I~~CRA:'U) 
lrCcET•LE•EPSl QQ TO se 
lFCLq,;~•LCl GD TD ' 00 11 l''l•lj 
TEIIP"A c'LI1• 1) 
ACLR•I loACLC•l> 

4 A C l C • 1 > • TE r• P 
H~P•RCLR) 

UCLRJ•ACLCJ 
UCLC >•TEI'P 

' 1.10 6 Jau~ 
6 A(LC•IlaACLC•Il/RAIIA~ 

b(LC>•R<LCJ/qA~AX 
~e e 1•1 "1 

, lF(I.F'loLCl GO 'TO e 
TE~'ra•Cf•LCl 
b(ll•B<Il • TE~P•BCLCJ 
IJC 7 J•t•~ 

7 ACio.J l•&( liJ) • TEI'PeACLC•JJ 
8 tCNTtN•JE 

H'Jq(lCl•LC 
H'JCCLC loLC 

9 CDNTINU[ 
so IIETUA~ 

[t. O 

f~g. 3.4 L~~tado de ta ~ub4u~na GAUTOR 

\ 
1 



1 
1 

3.2.4 Ejemplo 

Emple.~ndo l~~ le.ye.~ de. K¡~chho~~ (ve.~ ~e.6e.~e.nc¡~ 2), ~e 

obtu.v¡e.~on l~-6 .6¡gu.¡ente..6 e.cu.~cione.~ .e.¡ne.~te..6 pa.Jta. e.l c¡Jtcu.Lto 

mo~t~a.dó en la. 6¡gu.~~ 3.5: 

..(.8 - ..(.4 - rA = o 
,¿4 + ¡5 + rA - ¡ - ¡3 = o 1 • 
¡1 - ¡2 - 18 = o 
¡2 + 18 + ¡3 + ¡6 - ,¿7 = o 
1 ..(.8 ¡5 ¡6 ,¿9 = o e 
R 1-i. 1 + R2¡2 - R3i3 = o 
R4-i.4 - R5-i.5 + R8-i.8 = o 
R5¡5 + R 3,¿ 3 - R6.i.6 = o 
R6¡6 + R7-i.7 - R9-i.9 = "O 

F-i.g. 3.5 C-i.Jtcu.¡to de.t ejemplo 3.2.4 



'1 
' .. 

' ! 
'j 

1 

Si el v~o~ de la~ 6uente~ e~ IA = 2A, z8 = 6A, le = 4A 
y el de l~ ~e~~~tenc~a~: 

R4 = 

Rs = 

R7 = 

R3 = 

* SOLUCION 

Rs = 3 n 

R6 = s n 

R9 = 4 n 

6· n 

TABLA 3.1 Vato~ pa~a el p~~~lema del ejemplo 3.2.4 
N = 9 

o o o -J o o o 1 o 
-1 o - 1 1 1 o o ' o ·o 

7 - 1 O· o o o o o o 
A = o 1 7 o o 1 - 1 'o. o 

o o o o 1 1 o 1 1 
' 'p 0 .. o --o ---o· - --

2 2 -6 o 
o o ' o ·.'-3 -5 o o 3· o 

.~ 

o 'o:-~ 6 S 5 -5 o o o .. 
·o o o ' ... o .O 5 4 o -4 

'2 t 9,. 

-2 
6 

-6' 

B = 4 

o 
" o 

" a·, :" 

·.1 

o ., 
' - ... 

4f. i \e~ ' 
' '-.. 
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TABLA 3.2 Re~ultado4 del p~obf~m~ del ejemp~o 3.2.4 
__;"';¡ 

-~ ,,., a 

EL stsTE"• DE ECIJAClQNU [S 

IL·r ' 
o. Co o. •olOOhOl 

•.uot•o• O o •olOCE•Ol> olOOhOl 

oiOOE+ot • olQQ!+Q l o. o. 

o. olOOE•Gl olOU•Ol o. 
o. ,. a. o. 

oiOOUOl o2QQ[+01 •o600[+0J o. 

o. Co o. olOOE+Gl 

o. C• o60CE+OS c. 
o. O• O o o. 

LA SOLUCfCH CEL SJSTEM4 Q[ ECUACI3NES ES 

2 

9 

•2l761E•Ol 

OoSII2)91!401 

•. euue•oo 
•.snnt•oo 

•S2Jl'Jr:•oo 
•2n.ur•ot 

~ 

o!9hl't•oa 

•Í 416olt•Ol 

•?01Slr•01 

o. •• 

o. O• 

/.'' 
·'' !: _o. 
•" ,(. 

O• 

0• 

o. olOOt+CK •oiOOt•Gl 

' : 

~:-' 

o100E401 ~ .. 
O o ..... 
O o 

·-·· o. 'Go 

olOOE+Ol olOOE~Í O• olOOE•DL olOOt+C l ., 
.o. 0• 

,.,~· 

. "'" O• O o . Oo 
t~ ~'. '•¡, .,. 

•.sOOE+Ol . Oo Oo' olOOE•O.i o. 
"" •o500~ 

.'s~o'~os . 
Oo ... Oo 

·•~•:•ot o. o. 
.. o. 

•' ¡ ·~ 

·. 

'1, 

•'• 

.; 

1 ,· 

1 •,' 
1• 
1 

1 ', ' 

1 ·~ 

.zoohos 
1 

··2~0&:~01 

.eoot•Ol 

0 o600t•Oi 

o400t•os 

o. 
c. 
c. 
c. 

., . 
J> • • 

1 ·• 

1 
• 4 

4 

1 

f 
1 

1 

' 



3.-3 Ml..todo de. Ga.u~~-Se.ide.l 

3. 3. 1 O b j e..to 
Ob.te.ne.4 la. ~olu~.i6n de. ~.i4.tema.~ de e.euae.ione.~ l.ine.a.le~ 

eon la. eonó.igu4a.e.i6n: 

a.11x1 + a.12x2 + 

a. 2 1 .x 1 + a.2 2 x2 + 

+ a.1nxn = b1 

+ a.2n xn = b 2 

+ a. X = b nn n n 

e.mple.a.ndo ·el método de Ga.u~~-Se..idel. 

3.3.2 Ml.todo 

(3.73) 

El ml..todo de Ga.u~~~Se..idel e~ un método de ~po .i.te~a.~vo 
que ~.i4ve. pa.4a. la. ~oluc.i6n de. ~.i~.tema.~ de. e.~ua.e.ione~ l.inea.le.4 
del ~po: 

A X = B ( 3. 14) 

eua.ndo lo~ va.lo4e.~ numl~eo4 de. lo4 e.leme.n.to4 de. la. d.ia.gona.l -
p4.ine.ipa.l 40n ma.yone~ que. lo4 de.má4 de ~u eo~4e~pond.ie.nte ~e.n

gl6n. 

67 fv 

Pa.4a. a.~egu4a.n la. eonve4gene.ia. del método 4e 4equ.ie~e que: 
a.) lo4 eleme.nto4 no nulo4 ·de. la. ma.~z de. coeó.ic.iente4 (~) 

4e acumulen e.n la. d.ia.gona.l pn.ine.ipa.l. 
b) lo4 elemento4 de ~a d.ia.gonal p4.inc.ipa.l de la. ma.t~.iz de· 

coeó.ic.iente4· (~) ~ea.n ma.yo4e~ en va.lo4 a.b4oluto que la. 
6umato~.ia. de lo6 va.lo~e4 a.b~oluto6 de lo6 elementoa 
~e6ta.nte~ del 4engl6n ~o44e6pond.iente, e4 dec.i~: 

~ l d~j l 
j = 1 

j 1 ¡ 

.i = 1, 2, •.• , n 

( 3. 75) 

Pa.~a aplica~ el método ~e p~ocede a. deJpeja.~ una. .inc6gn.i 



ta de cada ecuaci6n del a~~eglo (3. 73), e6.dec..i.~, de6pej~~ la 
inc6gn..i.ta x. de la "..i.-~6-i.ma" ecuac..i.6n, o 6ea: 

" 1 ~": 1 
E 1 - "12 "2 - "13 "3 - • • · - "- 1 n "n J 

x2 =a;
2 
~ - "21"1 - "23"3 - • •· - "2n"n l 

(3.76) 
l. 

(3.77) 

. . . ·a x(k+7) . j 
n-tt-1 n-1 

Pa~a a~~anca~ el m~todo 6e e6tablece una 6oluc..i.6n ..i.n¡--

c..i.al ~: 

( 3. 1 8) 



i ,. ' 

. . 

cü.c.ho-6 va.lo1Le.6 .6 e .6 tUttitu.yen en el la.do deJLec.ho de la. ectta.c.i.ón 

{3.77) pa.JLa. obteneiL la. .6~gu.~ente .6olu.c..i6n a.pJLox.ima.da.: 

- -

. 
" { 1 } 
.tl 

y a.lll .6~c.e4iva.mente h~ta q~e 

(3. 79) 

(3.20) 

63 'r 

Pa.ILa. podeJL emplea.IL ellte mltodo e4 nec.eAa.~o ve1L-i6ic.~~ c.on 
a.nteJL.ioJL.ida.d qu.e el 4.l.6.tema. 4ea c.ompa.Uble y de.teJLm.lna.doj a.demá.6 
de qu.e c.u.mpla. c.on la..6 c.oncü.c..lone-6 de c.onveJLgenc..ia. del método. ~ 

A6oJLtuna.da.mente ta. ma.yo!Lla. de lo.6 p~ob~ema..6 de ~po .ln9en.le~l 
c.u.mplen io4 JLequ.l.6.lto.6 menc..lona.do4. 

C.leJLto.6 .6.i.6tema..6 que a. piL.lmeJLa v.l.6ta. no c.u.mplen ~o4 ~eq~i~ 
.6.lto.6 del mltodo pu.eden t~ena.JL lo.6 JLequ.l.6.lto4 med-iatlte un 4.lm~~ 
ple .inteJLc.a.mb.io en la po.6~c..lán de la..6 ec.u.a.c..lone-6. 

3.3.3 Ve4c.IL.lpc..lán del piLogJLa.ma. 
a.)SubJLu.t.lna.-6 JLequ.eJL.lda.-6: 

N.lngu.na.. 
b) Ve4 c.IL.lpé..lán de la..6. va.JL.la.ble4. 

A{I,J) 

S{I) 
N 

X ( I} 

Y(I) 

XN(I) 

ma.tJL.lz de c.oe6.lc.le_nte..6 de~ .6.i..6.tema. 
ve.c..toJL de tlJLm.lno-6 .lnde.pencü.ente4 
oJLden de.l 4.l4.tema. de ec.u.a.c..lone4 
va.loJL .ln.lc..la.l de la..6 .lnc.ágn.lta.-6 det .6.l4 

' ' 

tema. y va.JL.la.ble de loc.a.l.lza.c..lán tempo--
'JLa.l 
valoiL ·de la..6 .lnc.óg.rt.l:ta.-6 en la. .iteJLa.c..lán 
"n" 

"n + 1" 



o 0'-t .-C.¡ -, 
---

M 
> ' E 

~- ~ . 
mdx¡mo name~o de ¡te~ae¡one~ a e6ectua~ 

... ·'. 

c.~l:te~¡o de eonve~ge.né¡d 
NCON contado~ de ¡te~ac¡one~ e6ectuada~ 

• : L 1 

SUM .6 wna.doll 
e) v¡men.6¡one~: 

La p~opo~¡c¡ón 
~e plle~ ente e.t 

d)FoJr.ma.to~ pa~a .to~ 

SEC.TARJETAS 
1 

2 

' -
' ' 

:· 

V1MENS10N debeJr.á mod¡ó¡ca~e cuando 
ea.llo de qué N> 20. 
dato~ de entAada: 

FORMATO 1NFORMAC10N 
(215,F10.0)Np Mp E 
(70F8~.,0l A(IPJ) g .to~ elemento~ de 

.ta. ma.t~r.¡z A ~e dan Jr.en-
g.tón poll ~eng.t6n emp.tea.n 
do la. ca.n~dad de ta~je
ta.~ ne.ee~a~a. pa.~a cada 

(70F8.0) 

- .Jr.engl6n.. 
8(1) e.t veeto~ de té~r.m¡-

·no~ ¡ndepend¡ente4 4e da 
en una. ta.Jr.jeta. o m~4 4e
gan e.t o~den de.t 4¡4tema.. 

(10F8.0) -x(l)p .ta. ~o.tuc¡6n pa~a.
a.~~a.nea.~ e.t método ~e da 
en una ta~je.ta o má~ ~eQ 
gú.n·~-e.a e.t'iim-año- de N~ -

- . . 
--------------------~---~-------------- '· 

- -- ----- - -- --: -~ --:·- - ----- --- --- ---- - - ,- -- -
TARJETA EN BLANCO~a..t 6¡na. 

.e.¡za.~ tpda. .ta. ¡nbo~ma.e¡6n. 



.. 

. 
' 

hAc.MI 
J(M lll• X !ll 
Vlll•!'lll 

obttnu l.o4 
IIUftV04 ua.l.o 

.IW(l). 

F.i.g. 3.6 V.i.a.g!La.ma. de bloqu.e-6 pa.ILa. e.l p!Log!La.ma. 
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6 ) L.i-6 ta. do : 

e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 

- e 

e 

e 
e 

e 

e 

e 

f~CC~-uA PA~A RESéLV(R SlST[~AS 0[ ECUACIONES PQR EL ~ETODO CE 
GAUssa.t;E ICEL 
SIG~JrtrAOC 0[ LAS V'Afa~LES [~DL(AOAS 
AD~ATRI2 CE CtEFIClE~TES OEL SISTE~A 0[ ECUACIONES 
6 11 V(~TO~ CE TER~TNOS t~nEPENOIE~TES 
X•VALO~ I~ICIAL O[ l~ SOLUCION DEL SISTENA 
llhaSCLIIC IC" DEL SISTE'4l CE ECUACIONES EN L'A SIOUU:NiE tTEIIACIGN 
U•OROE~ DEL SISTE~A ' 
Y•VALOq OE.LA SCLUCI~N DEL SISTENA DE ECUACIONES [N bA JY[RACION 

a~TERIOR 

~ 
) 

. •4 

5 

Md~A~l~C NUif[RQ DE ITEAICIONES 
[ 11 CRITE~IC ·or CCNVERilE~CIA 

UI~E~SICN AC20•20l~8(20)•XC20)•Y(2Q),XNC2Q) 
LECT!.RA CE CATOS 
HtaOC5•:10.J). IIIMI[. 
lf'CNl 2•2ol 
CALL EtiT · 
[¡Q 4 1"1•~ 
RE4C(5•JCJ) (A([oJ)oJO!oNl 
k[DC(5•J0C) (8(llstal,~) 

REAUC5•3COl CXCl>•tai,Nl 
I~PRESIC~ CE DATOS 
WRIHC6o40i)) 

'e AC I•J liJat• ro,BCil 
(li(J)•tal•Nl 

DO 5 l'"l•H 
WRITEI6o5C0) 
WRITEI~•IICOI 
~E I~DACA SI 
(i(~C!A 

EL !lSTE~A CU~PLE LA CONDICION SUrKCIE~TE DE CONV[R• 

6 
y 

a 

9 

lO 
ll 

u 
ll 

14 

15 

lJO 7 JIIIIN_ 
OC 6 J 0 l1f; 

IFCA!!S(D(f,IJ) o ,ABS(A(IP.I)JJ 816PG 
CC~Tt~UE 
CO.,TINliE 
liD TC Q 

MRITEC6o700) IP.IPIPJ 
liC TC l 
OBTENCICN DEL '\IIILO!l OE LAS INCDONIYAS 
NCCN•I 
UD 10 fol•N 
x •• e n " n ll ·
Y(J)"X(I) 

lJO 14 KD!IN 
:iiJ•uo, 
L.O 1J tal•" 
lFIK"ll 12Pllol2 
~~wo~cu 4 ACK•J)óXN(I) 
COo,TJNliE 
Xh(l()o(~(K)•SUII)/A(KPK) 
COIHINII[ 
UD n t"IDN 
SE VERIFICA 51 YA CO~V[ROIO El NETODD 
lFCARSCVNll) 0 Y(J))•[) t9•i6•16 
CONTINUF . 
li"PR~S Ir N CE: ~CSUL H 105 
~A!TEC~·~'.l C~~Cll•l"lo,l 
WRJTEC6o9~;¡ ~'C~ 

QC TC 1 
U NCC~•NCCN • 1 

JFCNCC~·u1 18•17•17 
l7 NRtTEC~.9-~) (J~CII•I"IoNl 

WRITE(~,95~l hC~~ 
GQ TO 1 

18 DO 19 t•l•N 
l9 YC J)•M'ICI l 

GO TC 11 

i 

' '· 

C fOA~UOs CE: LECTI'RI t (IIPA[SIC•l 
200 rcA~AT C215•Ft:.o> 
Joo rcR~•T el';~.~~ 
400 fCQ~•TCIHlo5Ciloi5~•'~1TRIZ AWOLIACA 0

) 

~00 FCRMIT C/•tSXolJ(F'~.l•~~)l 
600 fCR~aTC~(I)oi~X•'P~I~Eq• •PROXI~•Ct~~ DE LA SOLUClON'•'''•IOX•tOCf 

l6o2,~Xll 
700 fCR~AT(4(1),!51•'EL ~ETO~e PUEJ( NO CONVERGER 0,00 QUE'•I/ol5Xo'AC 

2'•12•'•'•12•'1 ES •AYQq J~E "'•12•'•'•12·'1'1 
600 F'CR.,HC4(1),1~X,'U SCLuCIC~ OH SI5~t:uA ES'o//,5X,9C!:l2•'i•2X)) 
900 fCR~ATC•CIIoiSXo'~: SE LLE~A A LA ~~L~CION 1 o///,1SX,'LA CLTl~A APR 

ICXt~•ctcN E~C~~TRA:A FLE'•I/I•S~•9<EI2.~•2XIl 
950 F'CR~TC•C'l•l~X•'ITE~ACTC~ES q(4LIZA~~S• '•141 

~NO 

F~g. 3.7 L~~ta.do del p4og4ama 
1 

66 



3.3.4 Ejemplo 
'"' 

\ 
P~~~ el c~~cuito e.tlc~~co de .e.~ 6~g. 3.8 4e 4~be que 

I 
1 

= 7 A e I 2 = 2A, R7 • R2 = R3 = R4 = R5 = R6 = 1 .Il.. • 

F~g. 3.8 C~4c~to e.t~ctAico del p4oblem~ del ejemplo 

3. 3. 4 

Se de4ea. obteYLe~ e.t.volt~je de lo4 YI.Od04 V1, v2 IJ v3. 
Aptic~r~.do ~YLál~~¡~ r~.od~l ~.e. c~~cu~to 4e ob~_er~.e: 

3V 1 - V - V = -2 3 

-V
1 

+ 3V 2 - V3= O 

-V
1 

- v
2 

+ 3V
3

= 2 

•' r, 

1 f ' ' 67 

~4~eg.to que e~ ur1. ~i~tem~ de ecua.c~or~.e~ .tir~.e~.te~ coYL toda.~ .e.~~ 

c~~~cte4~6~c~~ p4opi~4 p~~~ ~plic~4 el método de G~u~4-Seidel. 



o 

v1 0.5 

vo 
2 = o. 5 

vo 
3 o o 5 

"' SOLUCION 

TABLA 3.3 Vato~ de~ p~oblema de~ ejemplo 3.3.4 
., 

N s= 3': 
M' = 50 

EPS = 0.0001 

'. 

X = [~·u· o. 5 
o o 5 ; .. ,• ~ 

' 
., 

TABLA 3.4 R~ultado~ del p~oblema del ejemplo 3.3.4 

MATA IZ AIIPL 140A 

!.~oo . "loOOO" 

"laOOO loOOO 

"loOOO · "loOo'o 

"loOOO 

"loOOO 

loOOO 

loOOO 

OoOOO 

2·000 

PRIM[AA APRO~~~~CION DE LA SDL~CION 

O oSO O o 50 Oo,.O 

LA SDLUCION ~EL SISTEMA ES 
' . 

olOOOOE+Ol o75000E+Oo •I2500E+Ol 

!TtAACIONES REALIIAOASa l& 
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7. APROXIMACION POLINO~IIAL Y COEFICIENTE VE CORRELACION 

7.1 Int~oduc.c.ión 

C?) 
114 _.;;O 

En muc.ha..6 oca.-6-i.Oite..ó a. pa.!tillt de una. .6eJtie de va.lolte.6 mue.6 

.t;Jta.ie-6, donde ex-i..6te. una. va.ltia.bte dependiente 1J una. o va.Jtia..ó --

valtia.bi..e.-6. -i.nde.pe.nd-i.e.n-te.-6' e.6 nece..6a.lt-i.o a.ju.6ta.lt d,ic.ho.6 punto.6 -

po'lt- uñ.~ ~úitva. ta.e. que. pe.ltm-i.ta. de.te.Jtm-i.na.lt e..e. va.iolt de la. va.Jtia.-

bte. de.~e.nd-i.e.nte. pa.lta. c.ua.lqu-i.e.lt va.iolt de. ia..6 va.Jtia.ble.ó inde.pe.n-

diente..ó. Lct cultva. de. a.ju.ó te. polt e.l mé.to do de io.ó m.inimo_.ó tua.dlt~ 

do.6 puede. .6 elt un poii1tomio de. g1ta.do "n", una. ~unc.i6n de tipo l5!._ 

g a Jtitmi c. o , _ etc. ; d-i.c.h a. · c.ult va .6 e e.6 c. o 9 e de a. c. ue1td o a. la. di.6 t1tib u 

c.i6n -de i..o.6 punto.6 mue.6tlta.ie..6 1J en óoltma. ta.l que. .6e. min-i.mic.e. la. 

.6uma. de. lo.6 c.ua.d1tado.6 de io.ó eltltolte.6. En pltoce.6o.6 e.6ta.dL~t-i.co.6 
' 

a_ tat tip~- de a.jtL.ó te .6 e le denomina. lteglte.6i6n .6imple o múl..tiple 

de la. va.lt-i.abte dependiente .6oblte la..6 va.ltia.ble..6 inde.pe.ndie.n.te-6. 

_ E( gtwdá d~ h..e.ia.c.-i.6n ex.i..6te.nte entlte la va.~ti·a.ble. depe.ndie.n.te. y 

.. ?d. l_ndependie.n.te. .6 e denomina. c.oltJteia.c.ión y a. ta. medida. de. ta.l 

Jte.ta.c.i6n .ói te tlama c.oe.üic.ie.nte de c.oltlte.ia.c...<.ón, el cua..t .óe .6ue 

le. ·dc.Y!.otcJi.. con e.l .61mb oto . -~ 6 lt 1 (2. 3 ••• n). Vonde.: 

Va.Jtia.c.i6n explic.a.da. 

( 7 • 1 ) 

Si .óe c.o~.óide.ha. a. Y c.omo la. va.ltia.b.te. dependiente., la..6 -

va.Jt.i.a.c.ion(? . .ó .6e. deóú1evL vt la .6-i.gu..<.e.nte. óoltma.: 

VCi.lt{.a..c.i.ÓYI. to.ta.t = ¿ (y - 9¡2 * ( 7. 2) 

v a~t.Jac..[6n ex.ptic.a.da. = E (Ye.6t Y} z ( 7 • 3) 

v a.JL.i. a c. .t. 6 n Y!. O e xpUc.a.da. = E(Y - Ye..6 t) 2 ( 7 • 4) 

¿ (y - y) 2 = E ( Ye.6 t - 9¡ 2 + E ( ~' - Ye.6t) 2 ( 7. 5) 

"' N 
ij = ¿_~ Y. 

-<.. 
t = 7 pa.~a /~ :Ju.;tt0.6 --- 1 

M 
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c.ul!.va. de. 
l!.eg l!.e.6 ,¿ 6 n 

-- - - - - - -- - - .. -- - - - - - -- .... - -® 

} 1 Y - Y e~ ,:l i 
-- ----- -- ------------ - -- .. -1 ' \ 

( ·y - y 

(y eAt -. y ) 

y 

1·. 2 Método de R..o.6 M..Cnimo.6 Cua.dJta.do.6 

7 • 2 • 1 . Objeto • - 4 1 

Enec.tua.Jt .e.a. Jtegl!.e.6i6n Linea..e. o exponenc.ia..e., .6imple o múl 

tiple, de .ta. va!U.a.b.te X1 .6obl!.e l.a.(.6) va.~t,ia.b.i.e'(-6)' X2,· ••• , Xn a. 

" · pa.tttitt de una. ta.b.ta. de "m" pun·to.6 mu.e.6t1La..te.6 c.on .ta. .t,,igt.U.ente 

c. o n fig utta.c.i6n: 
'¡ ' ·x . x2 X Pu.nto 1 . . . tt 

1 

. . 
_; 

. 

. 
m 

Pa.ll.a. enec.tua.l!. e.e. a.ju..6te .6e .emplea. e.e. método de lo-ó nún,i

mo-6 c.~a.dtta.do-6. Adem!.6, ¡e pl!.opol!.c.iona. e.t c.oe6,{c.,ien.te de c.ofl.Jte

.tac.i6n y la6 d~6viac.ione6 e6t4~dal!. de to.6 p~tt~metfl.o6 de la. c.ul!. 

X 



va.. 

6 

L~ cu~va.~ de a.ju~te ~e~án de! ~po: 
x 1 = A7 + A2X2 + A3x3 + ••• + AnXn 

X¡ 
A =e 1 eA2X2 eA'3X3 A X 

e n n ( 7. 6) 

S.i. .6 ~ de.6 ea. como cu~va. de a.j u~ te un pol.i.nom.i.o de g~a.do -
" { n- 1 ) 11 'O .6 ea.: 

xl Al A2X2 
2 + A xn-1 = + + A3 x2 + ... n 2 { 7. 7) 

Xz = Xz 

x3 = x2 

x4 
,. 

x2 

_- ~-·~ =--- ---- { -1~-.-e-) ~---

en et momen~o de p~opo~c.i.ona.~ to.6 da.to.6. 

7.2.2 M€.todo 
Va.dM un conjunto de "m" ob.6 e~va.c..i.one-6 de ta. va.Júa.bte -

dependiente X 1 ó o b~e una. o va.~.i.a.-6 va.~.i.a.bte-6 .<..ndepend.i.en~e-6, x2·, 

••• , X .6 e. bu.6 c.a. a.j U.6 ta.~ io-6 da.:t.o.6 mediante ea. .6-.i.gu..i.e.n~e. 'cu~va.: n 
..,...... 

'(X) = x1 = A1 + A2x2 + A3x3 + ••• + AnXn * {7.9) 

Et va.to~ de. ta va.~.i.a.bte. dependiente c.o~~e..6pond.i.ente. a.l -
va.to~ de ta..6 va.~ia.ble.-6 independie.nte.6 en un punto mue.6~a.t ~ 
e.-6- xl ., po~ toque et e~~o~ .6e.~á: 

,.(. 

e.. a 6(X.) - x
1 

• 
.(. -.(. , .(. 

e¿ = A1 + A2x2 ,.i. + A 3 x 3 ,.¿+·~·+ Anxn,.i. xl . 
,.(. 

(7.10) 

(1.11) 



117 3 

y la 4u.ma de lo4 c.u.ad~ado4 de lo4 e~~o~e4 c.cn4~de~ando ~odo~ -

loll pun~oll mue4 ~~ale4 e4 : 

m -

e! = t J.~ 1 + A2 X2 , ~ + A 3 X 3, ~ + 

'¡ 

+ A X . 
n n,-<. - x1 ,J 2 

pa.JLa ob~e.nelt. el .m.ln.imo de la 4u.ma de loll c.ua.diC.adoll de 

JLell ll e. .deltiva. la ex.pJLu~6n { 1. 12) c.on JLe4pec-.t.o a. lo.ó 

{7.72) 
lo4 e~IC.o 

pa.~áme~o4 ... 
A.' l:f cada. una ,'de la:ll deltivada.ó ~le ~gua.la. a. e elLo paiLa toda. j: 

--~ j - ' . 

m-

L 
~= 1 

. m [ 
e~- = a '"' A 

1 
+ A. X + L. - 2 2 ,·~ ..(. __ ac. 7 

j'':.L= 

... + ·A X . X l ·]· X . . n n,-<. ,~ j,-<. 

= o (7.73) 

·io "c.u.ci.i .6e éumple- ll'olo .6~:~ · 
m m m 

A 
1 

L:- x. . + A2 E _ x
2 

. x. . + ••• 
i..., 1. J ' -<. A .. = 1 . ' -<. 1 ' -<. 

+ A ~:: X .X • • = 
n i. = 1 n,-<. J,-<. 

m 
=¿ x1 . ,-<. 

X . . (.7. 14) 
j , .(. 

i.=1 
J-

_, 

a.t evatu.aJL '1. 11). pa.JLa. toda "j 11 .óe Uene: 

m A1 
.,. .. A2 rx 2 + A

3
rx 3 + . . . + A tX- ·= l:X7 n n 

A ¡fx2 
-2 ' -

+ A2rx2 + A_3l:X 3X2 + . . . + A.ni:XnX2 = rx 1x2 

= 

. 
' (7.75) ' 

• -

• 
A1rxn + A2rx2xn + A.3tX3Xn + . . . + A -rx2 

- n n _ 
.. I:X 1 xn 



-----~~-------

1 1 6 

e. x.pJL.'e..& a.n do Ut 6 o Jtma. ma.:OL.i.c..i.a.t: 

m tX2 • • . tX Ay t x, n 

tX2 tx2 
• • • tx2xn ·A· = t x

1
x

2 2 .2 

• 

t x2xn . . t x2 
• . n (7.76) 

Al. ~e.~olve.~ e.l ~.i.~te.m~ de. e.c.u~c..i.one.~ (7.76) ~e. obtie.ne.n 
lo~ p~~!me.tlto-6 ~j de. .e.~ c.u~va. de. Jte.glte.~.i.6n. 

Ve.ntJL.o de.! p!L.og~a.ma. -óe. pla.nte.a. e.t ~.i.~te.ma. de. e.c.ua.c..i.one.~ 1 
obteniendo la. -6uma.to4i~ de. lo~ punto~ mue.-ót~~le.~ pa.~a. c.a.da. va.

.tia.ble., pa.JL.a. e.l c.ua.dJL.a.do de. .la. va.~..t.a:bte. y pa.Jta. lo~ pltoduc.to~ -
c.Jtuza.do~. El ~.i.~te.ma. de. e.c.ua.c..i.one.& ~e. Jte.~ue.lve. po~ e.l método -
de -Ga.u.&.&-JoJL.da.n mod.i.6.i.c.a.do • 

. El c.oe.6.i.c..i.e.nte. de. c.o~Jte.la.c..i.6n ~e. obt.i.e.ne. de. ta.'~.i.guie.~te. 

6oJtma.: 

-- -~----.....---~~------

Ir. Cl 

7(23 ••• n) 

• (7.17) 

donde.: 

(7.78) 

m 2 
t X.y t" 

.{.e 1 ' 1 "'- (7.19) 

.. 



• 
779 -· 

I:x2 = A2 1 (23 ••• n) 

'E X J' X2 = 

I:x1x3 e 

E X X e 
1 n 

r x 1 x2 

'EX1X3 

7 EXr 
m 

I: X 1 
m 

m 

t x
2 

E X 
3 

I:X 
yt 

+ • • • + A n ( 7. 2 o J 

(7.27) 

A lo-6 téJLm.lnoll de lu ecu.ac.lo ne~ ( 7. 19) y ( 7. 2 1 ) ~e lel.l -

denomina elemento¿, de va4.lac.l6n y covaJL~ac~6n JLel.lpec~vamen.te, 
ya qu.e x = X - X y la .vaJL~anc~a- y c.ovaJL.lanc.~a ~e deó.lnen como: 

~ = E [x - ~2 

. (7.22) 
, 

cov XY e E [X - X ] [v - V] (7.23) 

. ' 

A con~nu.ac~6n ~e del.l cJL~be la obtenc~6n de. la. de~ v.lac.~6n 

e.~tándaJL de loll paJLáme~o¿, Aj. 

Se. de6~ne a lo¿, pJLodu.cto¿, X' X y X'~ como: 
\' 

• 1 • ..., 1 

X'X e 1 

x· 
n, 7 X 2. • • • n, X 

n,m 

1 

1 

1 

EX 
n 

y •• • 

2 
EX n. 

. . . 

x2 1m ••• 

X n, 7 

(7.24) 



X' Y= 

X n,1 

1 

. 
1 

X 2 ,-m 

X n,m 

X 1, 1 EX
1 

x1 2 , - EX
1

x
2 

- . (7.25) -
X 1, m 'EX1Xn 

Sea A el vec~o~ de lo~ pa~~me~~o-6 de la ecuaci6n de ~e
s~e~l6n, el 4i~~ema de ecaac.ione-6 (7.76) ~e puede deno~a~ en 
b0.-6 e. a· lo an.te.Júo~ como:· : 

_ .(X'X)A = X'Y. (7.26) 

12 ()' 

¿onde. Y ~e.p~e.~e.n.ta. el ve.c~o~ de. valo~e.6 mue..6.:t·tale..6 de La va~ia
éte. de.pe.nd.ie.n.te.. Po~ lo tanto: 

Y= X A + e. 

A= (X'XI-lX~Y 

• (7.27) 

(7."28) 

Se. a.6ume. q~e. la e.cuaci6n de. ~eg~e..6i6n e.6 de la 6o~ma: · 

y e X o< .t E (7.29) 

. ~lo 

A pa~ti~ de l~ e.xp~e.6.ion~ an~e.n.io~e~ .6e 
!ve~ ~e6. 7) que la vania.ncia. de. lo~ pan~me~o.6 

2 - 1 

puede de.rno.6t~a~ 

A. e.~td dada pon: 
..(.. 

E (A - O() (A - ~) ' = a- !. (X' X) (7.30) 

El valo~ de. ~2 ~e. obtie~e. mediante. ·la e.xp~e.~l6n: 

a-2 = s~.23 . • • n (7.37) ... 
m-n 

d:mde. "m" nep~e.6 en.ta la can.t.ldad de. pun.to.6 mue..6 .t~ale.6 y "n" la 
c~ntidad de. v~iable.6 inde.pe.ndle.n.te.~. 

Pana e.6e.c.to.6 de. ~e.gne..6i6n exponencial del tipo: 

. . . A +lx e. n _ n (7.32) 

' e e.6 e..t ve.c.ton de d.i6ene.ncla.6 e.ntne. lo.6 va.loJte.6 e.6ümado.6 y 
lo.6 valo!te4 ~e.ale.4. 
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/ 
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.e..t piLCjiLama. a.p!-i.c.a e.! ope.!t.a.dolt. "Ln" e.n a.mboó téJt.m-i.no.ó de. la. ec.u.a. 
c.i6n (7.32) con· lo qu.e. d-i.c.ha. e.xplt.e..6-i.6n .6e. Uvre.a.Uza. y C'...6ta. e.x-

p!t.e.6~ét. line.a.!iza.da. e.6 la. qu.e. .6e ut~l~za. pa.lt.a. la. obte.nc.i6n de. 
lo .6 pa.-tt!me..tiLo .6 A •• 

j 

7.2.3 Ve.6c.ILipc.i6n del Plt.oglt.a.ma. 
a) Su.biLu.t,{_nct-6 Jte.qu.e.Jt.ida-6: 

SUBROUTINE S1STO.R(N,M,C,A,B), pla.nte.ct e.l ói.l>te.ma. de e.-

c.u.a.c.ione.~ Jt.e.qu.e.!Lido paiLa. la. obte.nc.i6n de. lo.ó pa.!t.dme.
.t1Lo.6 de. la. c.u.ILva. de. Jt.e.glt.e.ói6n. 

SUBROUTINE GAUTOR(A,B,M,EPS,VET), obtiene. la. óoluc.~6n 
-de! ·.6 i.6te.ma. de e.c.ua.uo ne..6 me.d,{_a.nte.. e.l ml.to do de Ga.u.-6 ó
JoJt.dán. Con.6ulta.IL e.l c.a.p!tulo 3. 

SUBROUTINE MULTMA(A,B,N,M,L,X), e.óe.c.tu.a. piLodu.c.to-6 m.a..t!t.i 
c.ia.le~. Con.6ul~a.lt. e.l c.a.p!tu.to 2. 

SUBROUTINE MATINV(A,N,EPS,VErl, obt,{_ene la. inve.!t..6a. de. u.
na. ma.t!t.iz. poli.. e.l método de. Gau.ó-6-Jolt.da.n. Conóu.l.ta.Jt. el 
c.a.pl..tu_lq 2 • 

SUBROUTINE GRAFI(A,N,M), obtiene. la. g1t.d6ic.a. de. loó va.lo~ 

Jte.6 mue..6tJt.a.le..6 y de. loó va.l~!t.e.ó e-!>tima.doó. Conóu.l.ta.JL 
_ el.. c.a.p.ltul.o 1 • . 

b)Ve..6c.ILipc.i6n d~ la.ó va.IL-i.a.bl..eó: 
PaiLa. la. ~ubllutina. S1STOR: 

N 

M 

C·( 1, J) -

A.(I,J) 

8 ( I) 

c.a.ntida.d de. pu nto.6 mue..6 tlla.ie.ó 
c.a.ntida.d.de. va.Jt.ia.bte.-6, incluyendo' la. de 

p e.n {Ue._n ~e. 
va.loll de. la. va.ILia.bie. x. paiLa. et punto 

J 
. m u. e.-6 tiLa.! "i" 

..-

ma.tiLiz de. c.oe.óic.ie.nte-6 del.. óióte.ma. de. e.
c.u.a.c.ione.ó 
ve.c.toll de téiLminoó inde.pendiente.ó de.t ói-6 
te.ma. de. e.c.'u.a.c.io ne..6 

. ~ ' SUM va.ILia.ble qu.e. gua.ILda. .ta. .6 u.ma.to!Lia. de lo.6 
pu.ntoó mue.ó tiLa.l..eó 

PaiLa. el piLoglt.a.ma. pllinc.ipa.l: 
N c.a.nüda.d de pun.toó m u eó .tiLa. l.. e.ó 
M c.a.n-tida.d de. V a.Jt.ia. b le.!\ incluyendo .e.a. de.-

-. 
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~-

'' 

N TIPO 

C(l,J) 

A ( 1, J) 

B(l} 

EPS 

VET 

PROV(I) 

CM ( l, J) 

-
XTR(t,J) 

Xl(I,J) 

A1 

VAR 
BVAR(I) 

ATEMP ( I) 

e ) V .im en~ .i o n e..6 : 

.·122 S~ 

pe.nd.ie.n.te 
v~labte. que .ind-ica e.t ~po de ~e.g~e~.i6n 

a. e.ó ec..tualt . 
va.loA de !a. va.A.iab!e. X. paAa. e.t punto

j 
m u u tJta! ".i" 
ma.t~z de. co~n.ic.ie.n~e.h de.! ~.i~te.ma. de. e.
cua.c-tone~ 

ve.ctoA de téAmino~ .inde.pe.nd.ie.nte.~ de.! ~~ 
tema de ecua.c.ione.~ 

c~.teA.io pa.~a. de..tenm.ina.~ ~¡ e! de..te.nm.ina.n 
te d-e. A. e~ nulo 
va.nia.b!e. que indica. ~.¿ e.l de.tenmina.nte. de. 
la. ma.tn.lz A e..6 o no nu.to 
~uma.to~a.6 de. lo~ pnoducto.6 c~uza.do4 X.X. 

' .{_ j 

ma.:Oti.z modi6.ic.a.da. de. .e.a. ma.tJL..tz e donde 
· CM(I, 1)=1 

ma..tJLLz tna.n.6 pue4 ta. de. la. ma.~.iz CM 

ma..tnlz .lnve.~ia. de! pnoducto ma.tAicia.l 
( XTR) (CM) 

coeó..tc..tente de. conne.la.ci6n 
va.n.ta.ncia. no expl-icada. 
de.6v.la.c;{6tí e..6t~nda.~ de. lo4 pa.náme.;tno~ de. · 
la. cunva. de. Ae.gne.4i6n 
va.n.ta.ble. de ne.e.mpla.zo 

El pnogAama e..6~á e.~tnuctunado pa.Aa. ~a.ba.jan como má-
x..tmo e o n cinco 
c.l6n VIMENSION 
.ta. 'C.an~da.d de. 

d) Fonmato.6 pMa lo.6 
SEC. TARJETAS-

1 

tí 

vaA.ia.b!e..6 .inde.pe.ndie.nte.4. La pnopo.6.i
de.b en~ mod.iáica.A.6 e en e! cM O de. que. 
punto.6 mue..6tna.te6 .6e.a. ma.yon de 30. 
da.to.6 de. e.nt~a.da: 

FORMATO I~FORMAClON 

( 215, A4) N, M, NTI PO, pa~a. la va.ua.
ble. NTYPO .6e. de.ben4 pe.náo
na.n L 1 NE en el c. u o de ne.

. gn.e..6.l6n Une.a.! y EXPO pana. 

ne.gne.6~6n e.xpone.Rc.ia.!. 

---- --·· ---~·-·--·--- ·- ------ --- --.. --~·-... ----- ~-··· 



2 _ (8F10. O) 

-----------------~--------

----------------------------

C(I,J), lo~ elemento~ de 
la mat~iz ~e dan ~olumna 

po~ columna. Emplea~ tan

ta.6 . ta.tj eta.6 como .6 ean ne 

ce.6 a.~ia.6 . 

TARJETA EN BLANCO, al ni
na.liza~ toda la inno~ma-
c.i6n 

1 
( 

, 

'· -~ - .. ~--..------··---·· ~- ~- --·- ... ·· ·-- ....... ---~·---·------ ---------



.1 

' 

'·fl' 

obten eA 

l.n(C(I, fll 

~1LÓ71()¡, 
6-átemct de. 
ec&&ac.iCIIU 

ob.teneJt ~cmponm 
W Vclll. 110 Up, 
1J c.oe.{. dtZ. co~-

11 

obteneJt lo. 
.tMMpuu.tA de 
ua rm.t'Uz 

~ 
~l)f-6. de. eD 
JW.lac:.i4n y 
duu. eAtM 
dclll- -

obtLntA ua.lc-tu. 
eAWrldoa tJ CIM~ 
glo nu.tl!..i.etal. pi 
11.4 gll46i~CVI. -

Glt4Fl 

\ 

Fig. 7. J Vlag~ama de bloque~ pa~a el p~og~ama p~n
c.ipa.t 

-----.. ---
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&ub!ULWia 

SlSTOR 

obtiUteA &tmlto- · .-. 
lt.Üt6 de va1t • 
.in lkpend.iiUttu 

obtiUteJt. pJwdu.c.
tD& c:Auz<tdo& de 
VM • .utde.pl!lldún 
tu -

obtl!lle..t p!IDdUC!
tDa c:Auzado& dri 

,VIL\, dep. COII 
VM • .útdep, 

obtiUteA lo& coe 
6¿c.ie.IIW dd -
6i6ÜML de ecu.! 
don u 

obtl!lle\ vtc..tDII. 
de tt~o& inde 
pend4.c.ntu • -

F~g. 1.2 V~ag~ama de bloque~ pa~á la ~ub~u~~na 
S!STOR 

'~ • .- • • ~ J ' 

'. 

12s G· 
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e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 
e 

rRCCR&·r~ PAH ErEChW1 Rtf¡RfSIJ•4 Llr~EAL o [XPGNEUCtaL MULTIPLI: 
tL SIC~trlc~OC OE LAS ~ARlaBLfS EMPLEADAS ES 
~sc~'TirAC cr P~~TOS uLrSTQALFS 
M•CA~TirAC UE ~•RII~LESCI~CLUvE~DO LA VoOEPENOI(NTEl 
tiTIPC•VaRIA IL[ QuE- l'lnlCA (L llPO DE II[GRESlON A Ef'ECTUARCtXPO O 

'L p¡ E l 
CCJ,Jl•vALOR CE LA y'qta~LE XCJ) PARA EL PUNTO MUESTRAL 1 
ecr,t>a~ARlA~LE OEPE~OIE~TE 
A•~ATRIZ 0[ CCErtCit'ITES DEL SISTEMA DE ECUACIONES, QUE SIRVEN PA• 

RA E~CO~T~IR LOS P'Rau(TROS DE LA rUNClON DE REGR[SION 
U•PAq~uffACS DE LA FUNC!ON OE R(GRESION 
tPS•VJLCR CO~ EL QUE SE CO~SIOtRA hULU EL DETERMINANTE DE LA MA• 

lAJl A 
DET•~&LCR &JSOLuTC O~L OETER~l~ANTE CE LA MATRIZ A 
PRCliJ-S"•ATOillAS DE L1S PRCCUCTOS CRUZADO"S CON LA Yo DEPENDIENTE 
C~•~ITotZ ~OOiriCAOA DE ll ~AT~IZ C DONDE C~(l,¡l•t 
XTR2TRI~SP~ESTI O~ L- ~ATAIZ CN 
XI•~ITOIZ ~~~EASA DEL pqoouCTO ~ATRICIAL XTR•CM 
BV&n•rifsVIACION EST&~OAR DE LOS PARA~ETROS 8 
V-R•V&qi&CION h~ [XPLICIOI 
Al•COEfJCIENTE tE CQqR[L-CtON 

LA rllNCtON OE· RECRESIOh ES DEl SIGUIENTE TIPO 
XCI)•BCll + ~(2lXC2> + 9(])X(J) + ••• + B(M)X(M) 

. . 
Ol~E~SIONES PARA OBTENEq LOS P&RAMETROS DE L~ FuNCION DE REGAESION 

~~~E~STnN CC30•10l•XC10l,BC10l•ACIQ,l0l•ATEMPClOl 
e 
e DI~EhSICNES PARA OBTENER LA DESVIACJON ESTANCAR OE B(l) 

e 

e 

__ OI~Eh~ICN_pQOOCl0)•C~ClO,lOl•XT~C10,)0l•XIC10•10),8WARC10) 

DATA X14HW(1),4MX(2l14MX(J)14HXC4li4HX(51,4MX(6)14HM(7)•4HX(8),4MX 
l(9),51H(lQ)/ 

e LECT~PA DE DATOS 
e 

e 
e 
e 

e 
e 
e 

e 

[PS"O·O~OOiJOl 
1 REIQ(S•~Cl N•M1NTIPO 

lf'CNl '•2ol 
2 CALL E~IT 
3 DO 4 J 2 l,u 
- REAQC5•51> CC(J,Jl•I•I•NI 
LIN•4~LJNE 

IIIPRES!CN DE 

~RIT¿C6,52) tull 
WRITEC~.5ll'(X(Jl•l•l•N) 
110 5 l•llt\ 

5 WRITEC6•54J tC(J,J)•J•l,Ml 

LLAIIAD~ DE SUBRUTINA PARA f'OAM'A lL SISTEMA DE ECUACIONES 

Jf'CHTIPCoEQoliNl GO TO 2d 
oc 25 l•t•h 
ATEt•PCT>•Cct•l l 

25 CCI,Sl•ALCGCCCI•ll) 
26 CALL SISTQR(NIHICI41~) 

e IHPR[SirN DEL SISTEMA DE ECUACIONES 
e 

e 

lllllTE C "'S") 
IIC 6 I•t'" 

6 11Rlf((6,S5Q) (A(J,J),J•IIM)IBCI) 

e LLA~•Dn DE SUBRUTINA PaRA RESOLVER EL SISTEMA DE ECUACIO"ES 
e 

e 
e 
e 

e 
e 
e 

CALL GAUTCRCAIBIIIIEPSID[Tl 
trCOET•LE•EPS) QO 10 1 

I~PREStr.N DE RESULTA~OS 

lllliTECI\155) 
1.10 7 1•!111 

7 WIIIT[(6,56l I•BCIJ 
WAITEC6,5,2) NTIPO 

UBTENelciN DE SUMI(l)•AI 

Al•Q•O 
IIC 9 l•t'h 

9 Al•Al • C(J,t) 

··-- -------- --- -- ·~-- • ---··•-a• -.------:--------•'"• 



e 
C UBT(~CICN OE SU~CX(tl•xCI>l•A2, SUMX(J)•Al 
e 

DO lt T•l•M 
A2•o.o 
ll•OoO 
DO 10 J•l•ll 

, A2DA2 • CCJ,l)tC(J,J) 

e 

lO Al••J + CCJol) 
PROOCil•A2 • C&t•A])/FL04TCN) 

ll CC"T INtl( 
MRITEC~•54) CPROO(l)•l•1•~) 

e OBT[NCT~N 0[ VARo NO EXPLICADA Y DEL CDEFt DE CORRELACtON 
e 

e 

,VAR•OoO 
110 12 1•2•1' 

12 V~R•v•q • BC~ltP~OO(t) 
Al• S Q R Te V~ R 1 P A O 11 ( f)J 
VAR•PAOnCI) • ~AR 
VAR•V&~/FlO.TCN•~) 
IIMIHC6o50 VAA 

C ODTCNCION DE LA MATqtz M00tFleA04 DE VALORES MU[STRALES 
e 

e 

DO 1'1 t•1•N 
110 lQ J•l•M 
IFCJoE~.1> QO TO 11 
CIICtoJl•CCloJI 
110 TO 14 

U C~Ct•JhloO 
14 CCNT 1 Nll[ 
15 c;O~TINII[ 

'' 

C OBTr~ctrN DE CM TRANSPUESTA 
e 

DO 16 1• iltl 
DO U Jetoll 

16 XTR(~ol>•C~Cl•J> 
e -
C lLAM4Cn DE SUBR~TJNA PARA EFECTUAR PRODUCTO MATRICIAL e 

eALL ~UlTI'l(XIA•C~•M•N•~•XJ) 
e 
e LL~I'ACO DE SUBRUTINA P&R4 OBTENER LA MATRIZ INV[RSA e 

e 

C~LL ~ATI~vcx¡,~o[PSoD[T) 
lfCDEToLEoEPSl GO TO 19 
'lO 201 l"l•ll 

201 HRITEC6•541 CXICIIJ),J•tiM) 

e OBTENCirN DE LA OESVIACtON ESTA~OAR OE LOS PAAAMETROS 
e 

e 
e 

·e 

e 

DO 11 l• 11 ~ 
BVARCIJ•VAR•XI(lol) 

11 BVARClJ 8 SORTCBVARClJ) 

J~PREStrN DC CCE,ICIEN1ES Y DESVIACIONES ESTANDAR 

IIR!T[(6,5e) 
DO te 1•1•" . 

18 WRIT[(6,59) eC¡),BVAq(¡) 
HR1TEC6•6C) 11 

C RE&co~nco CE CATOS P'RA QAaFICA~ VAL~REI REALES Y VALORES ESTIMA• 
e UDS CO~ L• FUMCION DE ~EQRESIDN 
e 

IFC~Tt~O•hEoliNJ GO TO 21 
DO 21 T•t•~ 
C~CJoll•rLQATCI) 
CIIU•2>•cct,l) 
~UII•OoO 

DO ~O J•2•~ 
20 S~~·suu • CCI•J>•BCJ) 

C~<t•l>•DCIJ + SUM 
21 CO.,Tilltif 

liC TD Jc 
IJ liO 29 1•1•~ 

', C~Ctotl•FLCAT(J) 
C~<l•2l•JT[I'P(J) 
.\¡W8(IP(8(l)) 
DO 2e J•2•~ 

28 SUw•SU~•E~PCCCI•J>•B(J)) 
CIIC 1 ~JhSUM 

:l9 C0NTIN 1J[ 

127 ~ 3 

, 



e 
e 
e 

e 
e 
e 

LLA~IDO DE SUBRUllhA PA~A QAlFICAA 

)0 CALL GRIFJ(CNINII) 
vC TO 1 

11 llR ITE(t-,!17) 
GO TO l 

19 IIRITEC~,61) 
CiO TO l 

FQA~IT~S CE LECTURA E JMPAtSION 

50 FQAviTC~I5•1•) 
51 F~R~ITC~FI;,Q) 

52 FQA~ITCI~I•SC/),SX,]~HLI CANTI~lO DE PUNTOS MUEsTRALES ES •15•3(/) 
l•5X,28~LA CA~TICIO OE V&Rt&BLES ES •15) 

53 FCA~ITC!/1,5(/),10~•26~LOS V&LQqES MUESTRALES SON•I/I•51•A5,9(7X•A 
¡:,),//) 

5• FCR~ITCI•2X•l0(!PEllo4,\X)) 
55 fCA~ITCIII,S(I),lOX•47~L~5 COEFICIENTES DE LA fuNCJON DE AEGRESION 

1 SCN•II•46X•l~l•l7C•\~PCtl,/) 
56 roRv&TCI•45X•l2•101•1PE!5oB) 
51 rCQ~ATC5(1),5X,4~HEl StSTE~A CE ECUACIO~ES NO Y!ENE SOLUCION) 
58 fCAviTCtHI,J(/),IOX•\q~LlS OESVlaClühES ESTANCAR DE ~OS COEFlCIENT 

ILS S0N•I/•46~•4~P(ll•21X•4~D•So•lll 
59 fOR~ITCI,4~X•2(1PEI5o~•\0X)l 
60 rcR~IT(5(1),51,JGHEL COEFICIENTE CE CORRELAClON ES 1lPEl5o8) 
61 FCR~IT(5(1),5X•02H\O ExtSTE LA t~VlR$A DE LA M~TRlZ EMPLEADA PARA 

tC~lCULAR LAS DtSVlACIO~ES ESTA~OAR) 
550 FOR~ATCIÍ2X•lPE10ol•\0(\X•tPE10o)J) 
551 rtRt•ATCtH\,5(/),5X,27HEL StSTE~A DE ECUACIONES [S,/) 
552 rOAMIT(I/•5X•2tHTIPO DE REQAESION IA4) 

- tND 

FLg. 7.3 Li6tado del pAogAama pAlnclpal 

.. . 
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e 
C Siii!RIJTh;A PAII~ PlAr.T~AR EL SIST(~A Di: ECUACIOti[S QU[ P[I!IIIT[ OST[• 
C NU LCS PARA~EThOS OC L~A r.UI'ICION DE: RCGRESIDH Llli[AL lfULTJP'LC 
e EL SIG1triCADO 0[ L4~ ~1RIA8LES EMPLEADAS ES 
e N•CANTICAC CE P~I'ITCS ~UESTRIL[S 
e M•CaNTIOAO DE ~ARIA~LESCINCLUy[,OO LA OEPENDIENT[l 
e CCI,JJ•vALDR OE LA V~RIIBLE XCJ) PARA EL PUNTO ~U[STRIL 
e A•~ATRil CE COEfiCIE~TES DEl SÍSTEMa·OE ECUACIONE~ 
e S•V[CTnR DE TERMINOS I~O[PENDIE~T[S DEL SISTEMA 0[ ECUACIONES 
e 
e. EL PLA~T[I~IENTO APROVECHA LAS CARACTERlSTICAS DE STNETRIA DE LA 
e HATI!fl A 
e 

DJ~t~SIDN CC30,lO>•ACIO,IOJ•9CIOJ. 
e 
e 08T[NCION DEL liSTEN' DE ECUACIONES e· 

ACI,II•II 
(ID 11 I•¡,~ 

JFCI•NEoll GO TO 4 
SIJ~IIOtO • 
(¡Q 1 J 11 1•~ 
51JIIaSu~ • CCJ•IJ 
fJ([)•SIJII 
lPiaJ.+I --- ·- ~· -
DO 3 J•IPI•I" 
SUM•OeO 
OCI 2 ~·l•tl 

2 SU~esu~ t CCN•J) 
ACJ,J)aSU"' 
ACJ,I>•SUII 

l CONTIN'lE 
GO TO ~ . 

IJ 'suwaO.Il 
~o s J•t•~ _ 

5 5UM•SU1 t CCJII)tC(Jill 
UC 1 >•S~J~ 
DO 7 .;r,,,,., 
su,..o,.J 
CIO 6 K•t•h •· 

> SUN•Sl~'' t C(IC.I)tC(I(IJ) 
A( 1 1J )IJUII 
ACJ.I)•StJII' 

f CONUNUE 
'1 CO~TINUE t 

REfUAN 
tffD 

--------- -·· .. ---·-- -.---- ·····--·-~------
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7.2.4 Ejemplo 
LoiJ va.lo!te-6 obiJe.Jtva:doiJ pa.Jta. la. dema.nda de eneJtg.la. elé.c.VL-i. 

~"{_ 

c.a. e.n e.l .6e.c..toJt Jte.6.idénc.i.ci..t ,deiJde. 1962. ha.IJ.ta. 1973 .6on: 

ARO 

~9-~'2' •' 

JP6~ 

1964 

1965 

'1966 

19 6 7 
1968 

7969 

19 70 

1911 

19 72 

VEMANVA RESIVENCIAL (MWH) 
" 

1418 .• ,15 7 ,. 
1578.51"2 

1816.236 

1910.987 

~256'.216 

2548.05 

2803.'19. 

3152.095 

3582.568 

3979.66.7' 
'. 

4431.655 

1'973 4930.197 
\' ;, l,.. 

'• 

Si .6e .6a.be qu.e la. demanda. de. e.n.eJtg.la. eléc.Vr..ic.a. IJe enc..uen-

~ tJLa. u.tJtec.ha.men.te Jtela.c..iona.da. c.on el tiempo, e.l PNB, la. pobla.--

1 
il 
i'· 
! 

.. c.<.6n y el pltodu.c.to bltu.to del .6 ec..toiL ell:c..t.IL.ic.o del a.ñq a.n.telt-i.oiL. 

Obtenga. una. c.uJtva de Upo Unea.l fJ otiLa de 'tipo ex.pone.nc..ia.l que 
IJ e a.j U.6 te lo mej olt poiJ .lb le,. a. lo-6 va!o1Le.6' mue..6 . .t!Lale.6 de. .e.a. dema.n 

da 1Le.6ide.nc..ia.l de e.ne~r.g.l~ ellc.tJL~c.a. 

* SOLUCTON 
TABLA 7.1 ·vato.&. del pltoblema del ej,!.mplo 7.2.4 

N t:' 12 

M = "4 

NTIPO # LINE 6 EXPO 

' 1 

'1 

-----~-----____ .:. ________ _ 
---·-----~------

' ' 
' 1 ~~ T, " • 

r· 
1 

~ 
r, 
¡ 
1 

~
¡. 
1 ' r 
f 

1 ; 
• 1 

'-· 
,, 

~; 1! 

~~· ~ 

1' ~ 
1 

1 ~-

• 1 



\ 

l 
'1 

l . 

. 
' . 

,.. -. -

VOIANVA RESIV. TIEMPO PNB POBLACION PB CFE -1 

1418.757 6'2. 165310. 37439. 1609. 
1518.572 63. 178516. 38 72 7 •· 115 3. 

1816.236 64. 199390. 40059. 2170. 
1970.987 65. 212320. 414 3 7 .• 2529. 

2256.216 ·66. 2 2-7 o 3 7. 4 2 8 6 3 :· '2769. 
2548.05 6 7. 241272. 44338. 375 7 •. 
2803.19 68. 260901. 45863. 3533 • 
3152.095 69. 277400. 4 7 44 1 • 4228. 
3582.568 70. 296600. 49031. 4812. 
3919.667 7 1. 306800. 50778. 5357. 
4431.655 72 • 329100. 52539. '5784·. 
4930.191 7 3. 354100. 5456~. 6297. 

TABLA 7.2 Retdtlta.do~ del pJr.oblema. del ejemplo 1·.2.4 

\ 

\ 
1 ,•, 

,
,• 

., 

...,!, 
• 1 

',,.. -

• 1 
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-EL SISt[ua OE EC~ACIC"ES ES 

lo7~0(t01 r olGQ€+02 JoiH9E+Oa 5o4~U(+C5 •• 400(+04 

e.s~oE•CI2 S••eat•o• 2o'lS"•ce lo 10 U +Q7 3o0Jl[+06 

Jo0t9[+01 a.oan•oo 8ol4di:+U lo4:t2E+'u lo224[+10 

,,..,u•.o5 Jo10lttG7 loU2!+11 2o510E+ 10 2o097E+09 

4 o400(+f4 JoUJr•h l•22er•ao· 2o097~+09 loi97E+08 

LOS CGtrJclt~TEI OE LA 'UICION DE REGRESION sDN 

UPO DE IIEGIIUID .. ~IN! 

. 1 

2 

l 

• 
' 

la447C+oo 

2 ol12E+oe 

-,.518[+09 

1•636[+09 

1 oU7E+OI 

lo2S,la780E+04 

•4•608287011[+02 

•7•28920641!["04 

4o6154I007t•oa 

a,uoo2our•os 

LAS OESYIACJOW[I [SUNOaA DE LOS COE'ICUNTEI SON 

BCI.) o.s. 

lo255l6780Et04 :tolU76970E+Ol 

•4.60821709[+02 5or2189U7E+OI 

•7o219206UE•04 l i'~5854087E•Ol 

4o6154I007t•Ol 6o1t419802[•02 

lo76002042E•Ol l•lllll44206E•02 ., 

~· 1 '\ 
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• 

• 

• 

• • =o·l~oo•• 
• 
• • oo.noo•t 
• 
• • O:lo1000"l 
• 
• • 00o]000°9 
, 
• • 00t]D00•5 
.. • 
• ODtlOOO•• 
• • 
• OOo]OOO•E 
• 
• 

• • 
DOtlOOO•I 
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,. 

EL srstr•• O[ ECUACIONES ES 

lo200E•OI loiCCE•C2 lo049(t06 5o451[t05 4o400[tg4 9o464[t1)¡ 

e.toot•o2 5o482Et04 z,ouc•oe lo70tE•07 J o0ll[tQ6 6o405Et0J 

,,049[tQd 2•C82E•08 8el4Htll lo422Et11 lo224E•ao 2o4J2[ t07 

s.•sa•os Jo701[•07 ltUat:•ll 2. 5I Oh JO lo097C+o9 4o32Ut06 

4o400[t04 JoCUE•U lo2l4t:•lo 2o097h09 le897E•oa JoS4U+05 

LGI COEfiCI[NTES 01 L• rUNCJON DE REGA[SION SBH 

8~1) 

•4 oll U0552E•Ol 

2 1el85117095E•Ol 

J 5•551l4606E•o7 

• •2ol0140415[•05 

. S 2•08tl26S2t•os 

LAS.OISVJ•CIONES EITA·O~I 'orLOS Cotrlci[NTEI ION 

ICIJ D•l• 

\· :-

•4.li430552[•0t 

I.U567095E•oa 

SeSSI HdOH~07 

•z.eoHunr·os 
a.aeuusn•os 

• 

7o9U?'5l'OU•Cl 

lo929I06411:•cz 

hU46018lE•U 

:Z o2805t852t•05 

hUOI49151:•0S 

-~--- -- _.,_ --·. - ____ .., _________ .. ~--·--·------
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JoOOOE:•oo • • -. • 12• 
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•·O~~c·oo • • • • - • • ' • • 
• .. • 

5o000[+0Q • • • 12• 
• • 

-,':}~~ • • 
' 6ooooc•oo • • 

'""" • • • -··:~<': • • 
7•000[+00 • • 

• o • • • • • • • • 
e.ooot•co • • • • • • • • 
9o000i;+OO • • • 

• • • • 
loOOOt•Ol • • 12• 
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VI) SOLUCION ECUACIONES DIFERENCIALES ORDINARIAS • 

... ; '- . : ... , ..... 

Las ecuaciones diferenciales ordinarias son aquellas ~n las qu_e la varia-

ble dependiente es función de una sola variable independiente : 

· a)' · M(ltodo de Eú 1 EÍr ·. 

Se tratar6 el caso de ecuaciones diferenciales ordinarias de primer orden : 

d.y =y' dx 

: -~ 
Subs~ltuyendo por los.incrementos en la--expresión anterior se ttene : 

~y = y' /:::. X . . (VI.O) 
•' 

Tomando. un punto Inicial para arrancar y conservan~,_,~ 1ncrem~to .~.!. 

tanta 6x se obtiene fo.slgutente f6tmula U'erc:.ttva : 
' . ' 

r,,· 

~ 1 ~.y o -t: V' 

y#'t =Y- +y; 
·~~ 1 
• 
• 
• 

Ynt 1 = ~ ft + Y' 1 

. ~. 

• y(n) = . d ~ :v ·- dXn 

.:· 

/:::,.x 
(Xo, Y o) 

bx 
(X4, v.- > 

6.x: (VI.l) 
(XI\, Yn) 

'1 
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la eeuaci6n Vl.1 ·nos da .la fórmula r~wrstva de Euler ·-- Para oplic.tr' 

-el m6toda se requiere c¡Ve flx sea pequerio y adem6s eontor eon_un pur.to -!e 

inicio (X0 ,· Y0 ) ·• El. f:'~ror pr~cid~ e~ del orden de' /:lx2
• 

b) Euler·modificado 

El procedtmiento-!,6sico- es el mismo solo que petra coda Y¡+ 1 se hoce 

una &erie de' iteraciones con los valores obtenidos sucesivamente de Y¡"t-1 a- -

fin de. obtener el valor~.~ exacto de Y¡+A • 

Al tener í' 

se efectaan· las sieulent•s 1teraelones ·' 

¡. ¡'' 

Y~:. -;:'~,+,;:Y,+.) 
', ' ' ' ' . ' ' 

, r' 

-~ Cví. 2.) 

'1 

·~·, '.'·'. 

Y,~·~ ~y'~······.(y'l: ~;-~\~Ax ... 
': ' ' '1' ',• .• ' 

' ': . ' •:,,' . '• '' 

' . ' 

. ·) · :·::: ·!¡::,· .:>r . · ... ~::.· ... · , 
' .. , . ,• '•1 

. · . . . . ~r, . 
'y asr', IUC~1~am,~nt~. h~ta .. ,q·~·e f ·. 

' :\ ' ' ' 1./ 'J; " ' ' 
, ,: ' ., 1 •• , :.''~ .~.' ,'.: " ; ~: '• 1 ' 

,1 \ ~ ,:(';;.~··~!·''¡'" ',''''"'' 

·. ·Y~.~·~.i;~¡;.·~: ..... ~ e 
',/ ' '1 

1' ' 

' ' ,, 

·~ ' ' ' • 1 1 : •• •• ::, ; ,, ''i t 1 

~ • ' 1 

.'· ', 

' ' ' 

', •• , 1 

- • 1 r 
1 

.. 
-' . 

' ,, 
,'• 
/' 

·~ 

'/ ., 
' ·~· 

' .. ~ 

1, 

. ... 

' ~ '1 
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,·. 

. , 

aJ cumpl irse,se procede a obtener Y¡ +2 y asr sucesivamente. 

Al igual qu~ en el método anterior es necesario emplear incremen

tos ( ~ x) pequeflos. El error producido es del o;de!n ~x3 • 

' 

e) Método de ·Runge - Kutta 

·- -:-Este mátocfo.utiliza las fórmulas de integración antes vista para llegar 
' d' '' ' . ' . ' . . . ' . ~ 

a la.obtenci~~ de su propia.f6rmula re~~rsiva. Dicho pr~eso es bastante 

1 a~ioso por 'o, que no se tratar6 . 

la soluci6~ para una ecuación diferencial de primer orden v· =f (x, y) 

ast6 dada por : 

donde : 

. ~ Yfl = /::l. "1. ( l<'o-+ 2 K 1 + 2 Kz + 1< ~) 

" t<~ =·f. (>'~~Y~) 

--"' = f (X"'+~, YVl+ 
2 

kz. ,' .(:'( ')(" + ~-l > y, ... 1< 1 ~ ¿<' ) 

K) = ~ ( 'J ~ ~ ~X ) Y Y1 + ~~) 
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- -
La f6rmula anterior es la de Runge-Kutta de 4o. orden, hay otras -

f6rrnulas con mayor cantidad de términos que se obtienen empleando difere!!_ 

ctas de mayor orden .al deducir la fórmula • 

Los par6metros 'K¡ representan la pendiente de la función e_n IC?s --
• .~ - 1 1 < ' - ' 

puntos en que se est6 evaluando. El m6todo da un error del orden de ~ xS 

y es uno de los_ m6s preciso•· 

EJemplo 

Obtener'la·=soluci'6n de·l'a ecuaci6n diferencial Y'= .1 -X+4 y para-

· 5 puntos Consecutivos empleando los m6todos de Euler, Euler me¡orado y Run-. 
ge - Kutta usa~do un incremento bx = O .1 • Comparar di ches valores con la 

solución real· s1 ·xo = o, ro = 1 • ' 
• • .... • :.' ~ • ' ' . z 

'\ 

~~, . , ' ' -.u • 1 • ' • 
' . 

1 ;' ' 1 

La soluct6n. exactq .est6 dada por : '( ' 

• ,1 , .... 

'{.'- 4~Y .. 4 - '/. .. 
'.·-

• '{¡ ~. C <2AX . .h - . . . -.. 

. { _ Yr·~ A +_sx·· · 
• 1, 

::.;· ~ 4~ .. :~ 4~)( = 4-~ .. 

'" 

A • · ..:,. 4 . • . "D.._ .L -;¡-· '· ~.- ~ 
Y<)().:' c~4~ t +tX 
~flo)·=· f'= e -.L . 

;:.'. .:·~ 

:'· 

e··· > .t 
1 1 ••• ,! 

l ' • ' -· • /' 
' .. 

·'· 
. , . 

. -.......... _,,,, .. . ·.·· ·.~ .. ~ ..... , ...... ······ ....... "' .......... ........,_,___.._. ____ ~------·---· ...... . 

., 
1 

,1 

e' 

·' lj 
1 

·1 
1 

i 1 

·1 

.! 

; . 
! 
11 

·! 
;.: 
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las f6rmulas de soluci6n_ para los mét~os son : 

. V .• '( +· '( '\ ·. A v 
.. ' .- - h'l - r\•1 . l.,., ~ 1' 

~"' = '{,.¡ + ( '().,.,-+Y '1 ") bx 
·z 

Euler mejorado 

. '(,~·Y., .. ·, ~ ~ L K,+ 2 K~ -+2 K!+ 1<'4] 
€, 

"· .= f (><·~~· ''(., .. ~ . . . ~ 

k~= ~(><r-·+~ 1'(11~1,+ ~b.lt) 
Runge l<utta · 

. '. .·. . 
~· ' ~ 

... · \<.,;:,~(X,.,_+~, Y,.,+ l{i, ~x) · ·. 
. . 2 . 2 

'K,-4 ~ ' ( ')(.,., .._ ~>< , ~ ... , ~ 'r<, b,c} 

las soluciones se muestran en la siguiente tabla: 
' ' 

>,• 



81 .- t,.Y 

K xk Euler E. Mej. R.Kutta Real 

o o 1. 1. 1. 1. 

.1 
1 0.1 1.5 1 .595 1.608 1.609 

'2 0.2 2.19 2.463. 2.505 2.505 

3 0.3 3.146 '3,737 3.829 3'.830 

4 0.4 4.n4 5.609 5.792 5.794 

5 0.5 6 .. 324 8.369 8.709 8.712 .. 

d) Diferencias finitas 

Este método se emplea cuando se tienen problemas con valores en la 

frontera. 

'.:. 
El procédimiento consiste en lo'siguiente :dividir el intervalo de in . . -

tegracl6n en "n'1 espaci~s iguales,_ emplear loa f6rmulas de derivación de 
'.' ¡ 1 

diferencias finitas en la ecuación diferencial (todas las dif,erencias deben -

ser del- ~ismo orden), su~stit.uir las· condiciones de frontera y por último re-

solver el sistema de e~aciones planteado. Se tiene que aplicar el opera-
. . 

dor diferencial o todos los pivotes del i~tervalo. 

Ejemplo 

Resolver ·la ecuaci~n dife.renci~l d2 Y2 -y'= O, en :el intervalo (O, 1) 
' . d X2 

si y(O) =O; y(l) = 1 

... 



1 

' 1 

1' 
' 

! 

Sol. 

Se divide el intervalo en 11 n11 portes ig~ales, sean 4 en este coso : 

l::lx= 1-o =0.25 
4 

empleando diferencias de 2o. orden : 

substituyendo en lo ecuación diferencial : 

~ [ Y¡_l· -2 Y¡ +Yi+l1 
l:l.x2 : . 

. 
los condiciones de frontera~ son : 

,,, 

o pi i cando VI . .4 en los pivotes : 

-y.= o 
1 

(VI .4) 

·--·----·~ ----.... --·- -....~- ... -· .. ---·-- -



~J.- ~ . .--· 

x, = 0.25 

y o . - 2 • 062 5. v, + y 2 = -~ 

-2.0625Yl +Y2 =o 

· x2 =·0.5 

Y, -·2 .0625 y2 + y3 =o 

x3 = o.75 

y2- 2.0625 y3 +y 4 =o 

y 2 - 2 .0625 y 3 = -. 1 

el sistema de ecuaciones es : 

- 2 . 062 y 1 + y 2 . = o 

Y1- 2.062 Y2 +Y3 = O 

de donde: 

yl = 0.216 

y2 = 0.445 

y3 = 0.701 

y 2 - 2 .062 y 3 = - 1 

. . 

(Vl .5) 

(Vl.,6) 

(Vl.7 

NOTA: 
,, 

Cuando se trata de ecuaciones diferenciales de mayor orden y se-

cuenta como condiciones y".= ·o, ·etc., hay que substituir en dichas ecuaci~ 

nes las fórmulas de diferencias y despejar de aht las condiciones de frontera -

desconocidas. 

( 

. ' 

- . 
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10.4 Soluc~ón de Si~tema4 de Ecuac~one4 Vi6e~encia!e4 L~neale4 

No Homog~nea.4 de P~~eJt O~den 

1 O. 4. J Objeto 

Obtene~ la. 4olución de 4i4tema4 de ecua.c~on~4 dióe~enc~a

i.e.6 no homog€.n.e.a.4, .tineale4, di p~me~ o~de.n med.<..a.nte el método 

de Va.~t.<..ac.<..ón de. Pa~á~et~o~. 

La ~e.p~e4enta.c.<..ón en óo~a mat~c.ia.l pa~a e4te tipo de. 

.6..i..6tem~ de ec.ua.c.ione.6 dióe~enc..<..a.i.e-6 e.6: 

X(t) cr ~ X(t) + ! U(t) ( 10.16) 

~(tol = -~ 

donde g_(.t) ~ep~e.6enta. el vec.to~ de ent~ada-6 ex.te~na..6 .6i .6e ha-

bta de 4l4tema.6 6.(.6 .f.c. o .6. 
Veb.i.do a que c. u. ando .6 e m o delaJt .6-i..6tema..6 dindm.l.c.o4 l..i.neale.6 . ' 

.f..a..6 .6 a.Uda..6 no .6-l.emplte co~~e4 po nden a la.6 · va ~able.6 empi.ea.da..6 · 

en .f..a..6 ecua.c.i.one.6 d.i.6e~enc...i.ai.e.6, en e.6.te p~og~a.ma .6e c.on.6.i.de~a. . . 
la Jt.ep~e.6 en.tac..l.ón completa. med.l.ante. va.Jt.l.a.b.te-6 de e.6tado de ·un 

·-A.l..6.:te.ma l.i.nea.l, la c.u.a.! e.6: 
'• 

• 
X(t) 13 ~ ~(.t) + ~(.t) 

~( . .t) • ~(.t) + · VU(t)' (70.77) 

1 O • 4 • 2 Ml.to do 

El nrltodo de vaua.c...i.ón de pa~4me.t~o.6 e.6 .tablec.e que la. .6 o

luc..l.ón del .6-i..6.tema. de ~c.ua.c.ione.6 d.i.6e.~enc.l.ale.6 linea.le.6 (10. 77) 
.Uene po~ .6ol.uc.ión: · 

X(t) • t.~(t-tol~ + ~t t.A(t- a 1! !!_(a)do 

to 
(10.18) 
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donde la mat~z eA(t - to) e~ la mat~z de. t4an~ici6n deáinida 

en la-~ecci6n 10.3.2. 
PoiL lo tanto la ~ oluci6n to'tat ~ e.44. ta. .6 uma de. la ILel.> pu.e.~ 

ta debida a la4 condi~one.6 iniciale..6 md.6 la. Jr.e.~.>pue~ta debida 
al~ excitacione~ exteJLna~. PaiLd la p!Lime.~a paiLte. de la ~~lu
ci6n ~e di~cuti6 ~u. ob~ención en la .6e.cci6n 70.3.2. 

Vado que el p1Lim'e4 · té¡mino de la ~ oluc.i.6n ~e eva.l&.a me.D

dia.nte una evoluci6n de e.6tado~ ~ inciLementoó iguale~ de tiempo, 
!a. .6egunda paJLte de la .6o!uci6n: 

~t e6.1t • • ls Ul ~Id • 110.19l Jt ' = == -o 
.tamb-l.tn .6 e. e.va.tucvr,d a. inelte.me.n.to4 .{.gu.ctl.e-6 de- :Ue.mpo, 

Pa.~a. pode.~ e.valu.a.lt la. e~p4e.6.{.6n (10,19) med.{.a.nte.& eompue 
ta.do~ta. ~e. ~tequie.~t.e d.{,4e~te:Uza.lt et veetolt dt ent~ta.d~ g(t), a.-e 
piLoxlma.ndo cada e.nt~a.da. ~(t) me.d.{.a.nte . put4o~ o ~tect~ 
eomo ~e mue~tlta. a. eontinuae~6nr 

u. (t)- u_(t) 

• • o A:t At At • • • • • • M At 6t ' • • lf 1 

"-;oo ~ ~ ""-, ttf!...¡,. ~ 

. (a.) 
to t¡ t2 t3 

(b) 
to .t1 t2 .e, 

Flg. 10.10 Ap1Loxlmaci4n de u.na. 6~nel6n mediante.: 
a.) pu..t..6 o .6 b ) JLec. .ta-6 

En e! piLogJr.a.ma. .6e a.piLoximd !a. 6u.nc.i6n u.(t) mediante 1Lee
ta.4, ta.4 eeu.a.eione4 ne.ee.~a.1Lla4 paiLa la. eva.lt.La·el6n de ( 1 O. 19) ~e 

de4 a.JLJr.ottatt a. c.o n.Unu.a.e.l.6n, 
Sea. ta. 6u.ncl6n u.(t) mo~tiLdda. en ta. 6lau.Jr.a. 10.11 : 

-~.-,..___ ... _. ... _ .. __ ......... 
' 

~ ,. .. __ .... , _ _._,_....,~ .. ..,.~ . .-~ . ..,..,.,.._..... .,. ___ ...,_......-..-...,.~.......--r--.-- ro..,.-·.--.---·--

1 



1 • 
' . ¡ 
1 

! 

'·. 

. í 
1 

u (.t) 

u(a) 

·a t + At ' o 
> 

F.i.g. 10.11 Fu.nc..i.ón.u(t) y .6u. a.pJtox.i.ma.c..i.6n med.i.a.nte 

u.na. 4ec.ta. en el .i.nte4v4lo t 0 a. t 0 + t 

S e de.6 ·ea. e v a..tu.a.4. la. e xpJte..6 .i.ó n ( 7 O • 1 9 ) . p e.Jto: 
.,, 

(70.20) 

\

At· 

A At,_ · -Ao e- e-
·-. . o 

BU( a ld a (70.27) 

de ta 6-i.gu.Jta. 10.11 .6e ob.6e.Jtva. qu.e: 

.,_ 

i(t0 + AtJ u.(~0 l. u. ( o 'l ·.&. _ __;;_,_ _ __;,_.;.____,...;;_ 
A t 

(70.(7): 

{~A 6t~: ~~Aaa 'da J 
~-A a da} S U(t

0
) 

'/ 

. 

-- ..... --------------- ---·----- --------- -- ---- .... 

{70.22) 

(70.23) 



' .~ j 1 

... -· --.. - .. _____ -·--

'L3~.f/1 

e.mp~e.a.ndo .e. a. .6igtU.e.nte. Jt.e.la.c.i6n: 

en lo-6 

-Aa 
1 A a e. - = -

T! 
tlJtm.l.no-6 e.n.tJte. 

~
t:.t. 

A fl.t -Aa e- e -
o 

a da 

~
fl:t 

A fl:t -Aa e- e. -
o 

da 

+ A2 2 - A3 0'3 a 
2T"" 3~ 

C.OJtc.lte.te.-6 .6'e Uega. 

tt: 1 ( ~t) 2 + ••• + 
2! 

= !J A.t) + • • • + 

+ ... (70.24) 

a.: 

.Pa.Jt.a._ .e.a. eva.tu.a.c.i6n de la.-6 .6 eJt..l.e.-6 ( 1 O.~~ 5) y ( 1 O. 2 6) .e.a. c.an-. . 
t.l.da.d.de .t~JLmino-6 a. empleaJL dependeJttf de .e.a. e.x.a.c..U..tud de.6eada.. 
se' 6iJa. ·un c.u:teJt.io .de 'c.onvvtgenc.ia E .ta..e. qu.e .6.i. L JLe.pJLe.4en.ta 
a. .e.a. ma..:tJtiz de .e.a. .6eJtie. (70.25) y W a. .e.a. ma..Cil..l.z de R..a. .6e.JU.e 

(10.26)1 .6e c.umpla. que.: 

lz~~+7) %11 1 
1 < E pa.ILa. .t~o da. .l.j 

-tj 1 
• (70.27) ·' 

J w~~+7) - w~~) 1< ·e 1 pa.ILa. .t.OdfA: . .l.j 
-<.j -<.j ' 

Como la..6 .6eiL.l.e.6 (70.25) y (70.26) .6oR..o dependen deR.. e.6pa.

c.iamien.to1 .6~ .tendJL4.n que eya.R..u.a.JL una. .6ota. vez. 
En e.e. piLogJLa.ma pa.JLa. ob:teneiL la. Jte!a.c.i6n (10.24) ha.y que 

eva.!ua.JL el vec..toiL de en.tll.'a.da.-6 Q(.t) . en c.a.da. uno de lo-6 pun.to-6 
en que .6e .6ubd.l.vide e.e. .l.n.teJLva..e.o de . .i.n.tegJt.a.c.i6n. 

En tlJtmino-6 gene.1La.le6 el pJt.oc.e.6o a. .6eguill. e..6: 

f.\ . d .t . .6 A ( fl :t) 
~ e.va.tu.a.Jt la. ma..t~z e Jt.a.n-6-<.e-<. n e.-
<!) eva.~a.Jt. .e.~ .6e.ILie.6 de ta..6 e.c.ua.c..l.one.6 (10.25) y (10. 

26) 
0 o b .te.n eJt. ta. Ji.e.-6 pue-6 .ta. de bi. da. a. lo:¿, c. o n d.ic..l.o ne..6 út.l.c..l.a. 

le.-6 pa.ILCI. .t . 
.(. 

JtepJt.e6 en.ta. el elemento· z .. de la. ma..tlt.l.z r. c.ompue.6ta. po!t 
.e.a. .6uma..toJt.(a de "n" .tlJt.mf~o-6 • 
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ev~tua.4 U(t) en t. y t.+ 1 - . ..(,. ..(,. . . 
obtene4 La. 4e~pue~ta debi~a.. a~Laa excitacione~ ex-
te!Lna~ mediante la IL.eia.c.i6n ( 1 O. 2 3) 

haceiL ~=i+1 y 4e~ILe~a.IL al pa~o {]) h~ta ba~~e~ to
do el in.teiLva.io de.integ4a.ción. 

10.4.3 Ve~ciLipción d~t. PILog~ama. 

a}Sub!Lu.tini6 IL~q~e~id~: 
SUBROUTINE EXPMA(VELT,M,A,EXPO),"obtiene La ma.t~z de 

.t1La.n.6ic.i6n .. CoVL~ut.ta.lt ~ec.c.ión 10.3.3. . ... . -
SUBROUTINE INTPE(VELT,M,A,SUMA), ob~~ene la. ma.~iz de 

La. ~eiLie (70.2~); e.6ta. exp1Le.6-i.6n .6e emplea. pa.4a eva.
tualt la ~e~pue6.ta. debida a La.-6 exc.i.ta.c.ione-6 exteltna.-6 

' ' . -

SUBROUTIN~ INTRE(VELT,M,A,RECTA), evatua la explte6ión 
dada. polt la. .6eltie de la ecuación (10.25)¡ e~.ta. ex-
p~e-6-i.ón ~e utiliza paiLa c.atc.uia.IL la ~e6pue4.ta debida. 
a. ia.-6 excita.c.ione-6 exte~na~. 

SUBROUTINE MULTMA(A,B,N,M,L,X), ob.t.ie.ne eL p~oduc..to ma
- tJt~c.iai ~B. Con~ utta~ eL capitulo 2. 

SUBRO~TINE GRAFI(A,N,M), gJtaáic.a. .e.~ ~oluc.ione-6 de .e.~ 

va~tia.bie-6 de.pendien.te-6 y de iM Jte~pu.e6ta.6 del 6i6-
tem~. Con~al.ta4 eL c.a.pl.tuLo 1. 

SUBROUTINE EXC7TA(T, F) ,. evaLua. eL vecto~ d·e en.t~a~tt;~ _-

_ll_(·.tn) en e.e. ln~tante t,¿. 
b)Ve~c.ltlpción de ia-6 v~ia.bLe~: 

Pa..~it La. ~ ub~tu.Una 1 N.TPE: 
.VEL T 

M 

A ( r, J) 

EPS 
SUMA(I, )) 

Cf.J 

V! V 

Tf.JEW 

e .'.fA ( 1, ; ¡ 

e.~p~c.ia.miento ent4e lo-6 vaLo~e.~ de. La 
va.Jtia.bLe independien~e 
c.a.nüda.d de ec.uac.ione.-6 cU6e.Jr.enc.iale.6 
ma..tJr.iz de. c.oe.6lc.iente6 c.on6tante6 del 
6l~tema de ec.uac.ione-6 cUóe4enc.iale..6 
c.~lte.Jr.io de c.onve.ILgenc.la 
mat~z 4e.6u.L.tante de eva.LuaJr. la. 6e~e 
~onta.d91r. ~e lteJr.ac.ione~ 

6a.c.tollia.t divl~o4 
lnc.4emento de La va.~r.iable independiente 
eLevado a la potencia "n" 
matJr.lz identidad 
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B(I,J) ma.tJL.lz A e.le.va.da. a. la. po.tenc..la. "n" 
X(Z,J) ma.t~.lz 4e.4ut.ta.n.te. del p~oduc..to AB 

. Pa.~·a. la .4 cib~u.Una. I NTRE: 

VELT 

M 
A(I, J) 

RECTA (1, J) 

CMA(!,J) 
B ( I, J) 

X [ 1, J) 

EPS 
·-rNEW 

e..6pac..lam.len.to e.n.t4e. lo-6 valo~e...6 de. la 
va4.la.ble ..i.nde.pe.nd.le.n.te. 
c.a.n.t.lda.d de e.c.uac..lone.4 d.lóe4enc..la.le4 
ma.tJt..lz de. c.oeó.lc..le.n.te.-6 del .6.i4.te.ma. de 
e.c.ua.c..lone-6 d..i.6e~enc..lale..6 

mat~.lz 4e.~ulta.nte. de. e.valua.~ la .6e~.le 
ma.~.lz ..i.de.ntida.d 
ma.tJt..lz ~ e.leva.da. a. la. po.te.nc..la "n" 
mat~.lz ~e.4Últante· del p~oduc.to AB 
c.~.l.te.~.lo de c.onve.~ge.nc..la 

.lnc.~eme.nto de la. va.~-i.able .lnde.pend.le.n.te 
· ·e.le.vado a la. potenc..la "n" 

CN :conta.do4 
vrv 6a.cto~.lal d.lv.l404 
Pa~a. la .6ub~ut.lna EXCITA: 
T 

· .·F(7,7) 
,t: ~ 

F(2,7) 

F(3,1) 

f(4,7) 

F(5,7·) 

Pa.~a. el 
·.M 

N 

NS 

NU, 

PERIO 

valo~ del .ln.6ta.nte. de t.le.mpo en e.l cual 
.6 ·e de~ ea. e v a.lua~ la e x.p~e-6 .l6 n U ( .t) 
·va.loJL del p!L.{.me.~ ~e.ngl6n· de. la e.x.p~e..6.l6n 

U(t) en e.t .ln.6ta.nte. ~. - ~ 
va.lo~ del .6e.gundo 4engl6n de. la ex.p~e..6.l6n 

U(t) en el .ln.6ta.nte t. - ~ 

va.lo~ det te~ce~ 4eñgl6n de. la. ex.p~e..6.l6n 

U(t) en el .ln.6ta.nte. z. - . . ~ 

valo~ del c.ua.~to ~e.ngl6n 

U(t) en e.l ln4ta.nte. t,¿ 

va.lo~ del qu.lnto 4e.ngl6n 
U(t) en el .ln.6ta.nte. t. - ~ 

p~ogJt.ama. pJL.lnc.lpa.l: 

' . 

de. la. e.x.p~e..6.l6n 

de. la. e.xp~e..6.l6n 

c.a.nt.lda.d·de. ecua.c.lone-6 d.l 0e.Jt.e.nc.la.le.6 
_c.a.nt.lda.d de.· .6ub.lnte.~valo.6 en qu.e. .6e d.lv.l
de. el .lnte~va.lo de .lnteg~a.c.l6n 

c.a.n~dad de. .6 a.Uda.-6 del .6 .l-6 tema. 
c.a.nt.lda.d de. ent4ada..6 del .6.l4tema. 

- . 

. r 
1 
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VELT magnitud .de lo6 ~ubinte~v~lo6 de integ~a
c.idn 

A(1,J) 

8 ( 1' J) 

e ( 1, J) 

V ( 1, J) 

X(7,7) 

X ( 7, J) 

X(I,J) 
Y~(I,'J) 
SUMA (Y, J) 

RECTA(I,J) 

SHOM(I,J) 

Y(_I,J) 
· 'PE MV ( Z , J) 

RE(I,J) 
F(I;.n 

c.) Vi.men4.lone.~: 

ma.t~z A del 6i6tema. de ec.ua.c.i.o ne6 
ma.t~iz B del 6 i~ tema. de ec.uac.ione6 
ma.t~z e del ~~te.m~ de ec.ua.c..lo ne6 
mat~iz 'O del 6i6te.m~ de ec.ua.c..io ne6 
c.ondic.i6n ini.c.i.a.l de. la. va.~i~ble.indepen-

diente. 
c.ondic.ione6 inic.i.a.le6 pa.~a. c.~da. una. de 
la.6 va.~-l:a.ble6 depend.iente.6, J > 7 

6oluc.ldn del ~l6tema. de ec.ua.c.ione6 
valo~ de la.6 6~lida.6 del 6i.6tema. 
i.nteg~a.l del t€~mino c.on6ta.nte de ta. e.-
... ' 

·c.uac..(.6'n de la. ~e.c.ta. empleada. pa~a. a.p~ou-

ma.Jt..la ent~ada. 

.<.nteg~t.al del t€~m.(.no va.~.(.able de. la ecua-
. ' 

e..(.8n de. la Jte.c.ta empleada. pa.Jta. a.plr.o x..<.- · .. 
ma.~ la ent1r.a.da. 
~o.tuel4n del 4.l4tema debida. a. La.6 e.lc.i-

• ' ' ' 'l ' 

,. ta.c..lo ne4 exte.Jtna6 
' 
va.LoJt de La entJta.da en eL .ln~ta.nte t.¿~J 

pend.(.ente de ta. Jtee.ta. empleada. pa~e.a a.pJto· 
·· , x.C:m4Jt la. en+Jtada. 

va.Jt.(.able. de. Jteempl~zo 
va.lt..C:a.ble de lt.eemp.ta.zo 

La. p~t.opo4lc..(.6n VYMENSYON del plt.ogJta.ma. pJt.<.ne..(.pa.l y de 
la6 4ubltutin44 de.be~4 mod.(.6.(.c.a.~e. c.ua.ndor 
N > 100 y/o M > 5 y/o NS > 5 y/o NU :> 5 
Si ~e mod.<.6.C:c.a. la. ex.ten6.<.6n de. M, de.be~4n mo~.C:6.C:c.a.Jt-

4e lo4 a.lt.gume.nto4 de la. 4ublt.ut.<.na. EXCITA. 
d) Fo~tma.to~ pa.Jta to~ da.t.o4 de e.n.tlt.a.dcu· 

SEC.TARJETAS FORMATO TNFORMACION 
7 (41S,F10.0) M, N, NS, NU, 'PERIO 
2 (BFJ~.~J A(7,J), Lo~ e.temen.to4 de 

la. matJt.(.z 6e dan 11.engl6n 
polt. Jtc.ng.t6n. Emplea~ tan-
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. \ 

. ' '. 3 

4 

5 

6 

(8F10.0) 
,. 

(8F10.0) 

.( 8 F 1 O • O) 

(8F10. O) 

.ta.-6 .tatr..je:ta.-6 c.omo .6ea.n ne 

c. e.-6 a.tr..út-6 

S(Z,J}, ~gua.l que pa.tta. la. 

ma.:tJr.~z A 

C(Z,J), ~gua.l que pa.tta. la 
ma.:ttt~z A 

V(Z,J), ~gual que pa.tta. la. 
ma.:ttt~z A 

X(7,J), el p~me.tr.. valott d~ 
be c.otttte.6pondett a. la. c.ond~ 

c~6n ~n~c.~a.L de la. vatt~a.-

ble ~nde.pen~en:te. 

ottr..o-6 pa.que..te-6 de ·da..to-6 (opc.~ona.l) 

n 

e.)Via.g~a.m~ de bloque.-6: 

TARJETA EN BLANCO, a.l 6~na 

l~za.tr.. toda. la ~n6ottmac.~ón. 



.útdagll't 4i 
la 11\l..tUz O 
u nul.4 -

Ua!ru. t 6 ub '!U

túta rxr.114 . 

l.lturuA 6 u.bJW.

túta TWTRE. 

ob«nelt la 6 ot, 
pa.'ttt la pt'tll.ti. no 
hcmcg. de l46 
va. t. de e.do. 

obtem.11. la 6ot. 
pa.'la !a pM.te. 
hcmog. de l.a4 
1/M, de edo. 

obttneJt la .\U• 
~uta .total p« 
.\4 la¿ VM. d.C 
utado 

NO 

ob.teneA la 4ol. 
pL'ta l46 Mtidtt.6 
del 4-eA tfftn 

.ünptwn.VL Jte-
6ultado4 de 
vM, de e.áo. 

u.ann,. 4ub'W

Una GRAFI 

.imp/Wil(.Jt ltf -
6uUado6 de 
l46 6 a.Uda.4 

Flg. 10.12 Vlag~ama de bloque~ del p~og~ama 
p~lnc..ipa.l 

-----..- ... ~ ... , .. ._... ........ __ ,,,. ... ___ , .. _____ ... , _ ............... . 

. o .. . 
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ctb.igrtM va.l.oJt 

4 EPS 

gene.Jt4JL n.:t
tM.z .id e.n.ti- . 
dad 

geneAa!t. nue
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CAtL f.iCtp.Cr,n . . _ . _____ -------
Co\Ll ·'PtTPIA(''•F•'~,nu,¡,nr¡ 
D'l 1 Q t: 1 1 '' 

_____ l4. PC•·¡_ (1, l ):!n~Ct,_I)•YCt 1 1 ))I¡¡FL.T -~----~-----
CAL.L. 'lll.T:'!($U'',\rYrP',''.lrS 110") • 
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10.4 .• 4 Eje.mpto 

Pctlt.ct e. .e. .6 .(g u-i.e.rr..te. c..[Jt.c.u.-i..to e.tl.c..tlr.)_c.o: 

·. 

+ 
V (.t) R - e --- I (.t) 

F-i.g. 10. 19 C-i.Jt.c.u-i..to ét€c.tJt.-i.c.o de.t plt.obtema del ejem-
p{o 1 O. 4. 4 ' 

.6-i. .6e c.orr.-6-i.deJt.arr. c.omo .6a.Uda..6 Ic. .IJ VR , .6u. Jt.ep!t.e.6elitac.-i.6n me-
d..ia.rr..te va.Jt..ia.bte.~ de e.6.ta.do e.6: 

do: 

o -1/ L 

= 

1/C -1/RC 

1 -1/R 

IC 

o 1 

V 
c. 

V . . c. 

1/ L o V(.t) 

+ 

o -1/C I ( .t) 

o ·-z V(.t) 

+ 

o o I ( .t) 

VeteJt.m-i.ne lo.6 va.ioiLe-6 de IL, Ve., Ic. 1J VR pa.Jt.a .t ~O, c.ua.rr. 

_) 

., 

,. 
¡ . 
' (• 

1' '. '. 

t • 



~¡ 
1 

1 

1 

1 

1 
1 

.... 

-4.t V(.t) =Se u._
7

(.t) (V) 

I (.ti = O. 5-6 en ( 3.t) u._ 1 ( .t) 

R = 100 ohrn-6 

e·= o.r F 

L = 1.0 H 

.to= o. 
vc(.t 0 J = 2 v 
IL(t

0
) = 0.3 A 

.t 6 = 10 ¿, 

~ SOLUeiON 

(A) 

TABLA 10.5 Va.to-6 paiLa el pttoblerna del ejemplo 10.'4.4 

M= 2 

N= 100 
NS¡:¡ 2 
N U~:: 2 · 

PERIO=r 10 

Lo -'J A rz 

10 -0.1 

B = [: -1:] 
e = [: -o.oJ 

o -a V = 
o 

X(7,J) :3( O, 0.3, 2 

F\7,7) = S.*EXP(-4. 111 T) 

.... 
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'1 1 

¡1'1 

: .. 1 

;:¡ 
'1 

j 
·~¡ 
·.:¡ 

i 
.1 

/ 

/ 

F(2,7l= 0.5*SIN(3.0*T) 

F(3,7)= O. 

F(4, 7)= o. 
F(5, 1): o. 

TABLA 10.6 Re~uttado~ dei p~obtema del ejemplo 10.4.4 
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296 INIII'XlUCIIOtl 10 COIII'IInll S(.¡¡•, -' 

IF ((A LE B) OR (B GT C)) G0 TO 43 
cause a transfer of control lo the statement number 43? 
(a) A ='25.0. B= 300. e= 155 
(bl A =250. B= 230. e= 155 
(e) A=250. B=230.e=255 
(d) A = 6.0. B = 26.0. e = 27 5 . . · 

25 Modify lhé_FOQram !n Fig 10.18 so that razors aré sent to famil~es 1Vhere t_he 
answer to questi<Jrt 3 is No and there are two or more males-•n llle fam•ly 
Test your program · . 

26 Mod&fy the ~m: in Fig. 10.18 so lhat razors are sent if the answer toques
tion 3 18 YáS antftour. times ihe number 'of males~ 16 pi~ two timeS the 
numbÓi of women over 16 is greater than 15. -- · 
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NONNUMERICAL ALGORITHMS, FILES, ANO DATA STRUCTURES 

The use of computers extends through almost every part of our modern 
lives. The largest usage of computers •s. however. in. the worlds of bus1ness 
and govemment Keep1ng records (bookkeeping) •s aiways an 1mportant 
part of running a business. and th•s extends to the bus1ness of runnmg the 
govemment. For that matter, one of the largest uses of computers by the 
military is In log•stics. which IS the control óf supphes Compl!ters also 
perform such funcllons as mventory control 10 faetones and warehouses. 
processir.g checi..s and calculatmg balances m banks. and managmg alf
line and tram reservations, and they take part in ¡ust about every aspect of 
busmess record mamtenance Computers also play ma¡or roles 1n process 
control and the automation of manulacturmg. scheduhng of product1on 10 
faetones, monitoring pat1ents alter surgery, scheduhng alfcraft malnten
ance, and assisting management m makmg det1S10ns by gathermg and 
calculating stat•stics on 1tems of 10terest 

Importan! apphcahons in science mclude work m psychology. b•ology. 
med1cine, an9 the SOCial sciences 1n general Probably no other part of the 
computar business is growing as tasi as the work in these areas. and the 
potent•al gain for mankmd 1S truly staggermg 

Jusi as business management linds •t a_dvantageous to be able to 
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process data and gather statistics m busmess transact1ons. medtcal re
searchers find an tmportant applicallon in gathenng statisltcs on the effec te; 
of drugs when used m treatmg patients Stmtlarly, btologtsts and chemtsts 
now usa the data processmg capabtltties of computers to gather stattsltcs 
for their work and lo model systems of mteresl. molecular structures. lor 
mstance 

There ts an important dtfference in the use ol the computer m bustness 
data processmg and m most sctentlftc applicaltons Thts dtfference arises 
from the lact that busmess data processmg generally mvoiVe~ mamtaming 
large files of data whtle performing relatively few calculattons on tndtvtdual 
data tterns In sci~ntifit computi~ the computar is g~raJ'Y-,-~IIed C!n tp 
perform many cak;ulattons on a relativety small num~ ot iflput d~ta. 
Nevertheless. the same computers are used in both appltcatton areas 
(although sorne computers are better suited lo scienllflc apphcaltons and 
others to business data processing) 

The Fortran language was not spectltcally designad for ~siness data 
processing appltcattons. although ti ts often used for ttits pürpose. parti: 
cularly for smaller systems. The Cobol language was desig~. esMCtally 
for data handling and has been the mostwidely used languagaofthistyp6. 
to date (An offtcial ANSI Cobol tS used by the govemment and many 
busmesses} Cobol has very ltmtted computaltonal abtliltes. however. and 
tS rarely used tn science and m other applicattons where much numencal 
work ts called for_ A new language, Pl/1. developed by 18M. has bolh 
business data processing features and a Fortran-ltke abtltty to perform 
numencal calculations (as well as sorne features for character stnng 
handling) The language Pl/1 1s gainmg tn populanty, and sorne manu
facturers other ttían lBM are now providing Pl/1 compllers (PL/1 •s a very 
large language. and a complete compilar is of some stze) 

11.1 RLE MAINTENANCE 
Stnce large businesses and governments tend to have large files to main
latn, large memories and sophtsticated filtng techmques are called for 
Simtlarly, scten!tsts who gather data somet.rnos establtsh large ftles of 
data As an extreme example, constder the work in automated ltbraries and 
informatton retneval systems which maintatn b•bliographtc f•les containing 
hundreds of milhons of ttems 'In these systems 1! tS possible to search 
mtllions of abstracts for key items in mtnutes 11 was. in fact. a need for 
spectal types of files with extraordinary mamtet:~ance p_rocedur~s which 
led workers in the fteid of arttftctal intelligence to develop cerfain of the 
most tnterestmg data structure5, whtch will be descnbed 

When dtscussing file maintenance. it is useful to dehpe certatn terms 
·more carefully. An ítem is an individual piei::e of inforrñalion. A record is 
composed of all the items tn a ftle relattng to the same ob¡ect or indivtdual 
A collectton of related ttems is called a Me 

-·- -- --
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------ ---- ----
Automobole -- o .. ne, 

locense Make Year Na me Street Address lOV'm Sta te 

119-606 Plymoultl 11J1ill• J. F Jones 19 Catey Ave_ Wobum Mass 
Entro es 192-731 Mert:ury 1973 F R Jackson 1SRoott St BellhOnl Mass 
1n f1le 473-842 Corva1r 1974 J. p french 163-Ker-nel SI CoÑ:ord Mass 

972-167 Cadlltac 1974. F M Mayo 462 Apfll Ave Bedlord Mass 

Note Each row IS a c~Jlk!le record c~s;sllng of seven ,¡~s. (1) !he'hcen'se nurnber .. (2)1he 
mak.e _el lhe car. (3) lhe year of manufacture, (4} lhe na_me ollhe owner (5) 1he owne(s street 
address. (6) tJ:le lown 1n wt11ch lhe owne~_resodes. (7) 1118 Stale m whiCh trie owner resodes_ 

~ ~.t A secllon o1 a lile 

Examples wtll help clárify these defiiÍttioM An ttem might be a name, 
such as "John M. Jones." or 1!" age. such as "29," ora rñantal status. such 
as "M" or "S," oran address. such as "39 Rhodes Avenue. Newton. lowa" 
A· recqrd would then be the·set of allt!ems for John M Jones. whtch would 
be John M. Jones. 29. M. 39 Rhodes Avenue: Newton. lowa A cólleclton of 
records such as the above would const•tute a file Ftgure 11 1 shows a small 
portton of a lyptcal lile lora department ol motor vehtcles 

Large ftles can constst ol from hundreds of thousands to mtlltons of 
records, each record conta1n1ng severa! 1tems Consider the files of the 
Bureau of Census or Interna! Revenue Service or the hles o! any maJOr 
insurance company Because of the stze of these files. they must be matn
tatned on such storage med1a as magnettc tape or cards or even, for 
instanca. on mtcrohlm The mamtenance of these ftles requires consider
able work, smce lhey must be con!tnually updated Further, morder for the 
fttes lo be really useful. ti must be posstble to acqu•re data o! a spec1fted 
class from the ftles Wtlh mtntmal search !tme 

In order lo maintain larga ftles and to search them effect•vely for spe
ctfted records or ttems 1n a parttcular class. these mus! be carefully 
destgned wtth regard to thetr orgamzatton 

The term data structure refers to the mclhoú used !or organ¡z,ng data 
and the resulttng mterrelations between the data tlems and thetr addresses 
or tdenttfters so that an effic1ent computer implementalton results Data 
structures forman importan! area in computar SCtence. as dO the afgórtlhms 
for maintaining and us.ing them · 

11.2 OPERATIONS ON FILES 
Larga files must be contu1ually maintained. Thts pnmarily consists ol 
addtng new records to the ftle. deleting old records, and modifytng records 
already in the ftle. In performtng these operations and in locatmg and 
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proce$Sing data rn the fries. rt is generally effrcienllo mainlain the r~ds 
in the frie in sorne prescribed prder rather than simply adding new items al 
the end, closing up "holes" when items are deleted. etc. 

11') order lo see the n,eed for orderrng the items in a file, consider the way 
we lrnd a name In a telephone book lf the na mes in a telephone book were 
nO! .ordered-. we would ha ve to start al page 1 and search the book a name 
ata time Sine e. however, we know last names are arranged rn alphabetic 
order, we can guess at the location of a name, open lhe book to that pornt, 
and see rf we have made a good guess or rf we need lo move fofward 
or backward rn the book. Contras! lhe small amount of h~nting neces-
sary to locate a name in a telephone book with the effort required to find 
a name in a novel or sorne other book wtlere it rs necessaly'lo search 
at random 
' Arranging a grven frie in a prescrrbed order is called sortmg !he file 
Generally sorne parttcular item in each record is ehosen (such aa last 
name, social security number. part number), and the file ls Scirted by ar
ranging the records in the file so thal !he selected·rtems are in !he pre
scrrbed order The selected rtem rs called a key. and the frie rs sard lo be 
sorted on the key. 

For practica! purposes, sorting iñ a computer generally consists of 
arranging the records by orderrng the keys in a¡¡cending (or sometimes 
descendmg) numencal order. When alphanumerip characters are used rn. 
the key, each character will, rn actual practrce, consrst of several brnary 
digrts, and the complete set of brnary drgits in a grven key can be con
siderad a biriary numbeT. By then arranging the t:irnary numbers for the 
keys rn numencally ascendrng order, we can "sort on the key." [The order 

- in which An alphanumeric code causes ttíe characters Íll the code to be 
arranged ~ 'hen they are in ascendrng numerrcal (brnary) order is called 
tñe collatm[J sequence for the'code.] 

Srnce sortrng rs such an importan! function 10 frie maintenance. many 
algorrthms have been 10vented for it. and several of them are examined rn 
the followrng sectrons 

Anolher rmportant operatron rs that of searchmg When a partrcular 
;eco;d o; a set of records wr!h some speclfrc .chBr<~c:twrstic in a file is 
required. searchrng !he frie is necessary The simples! form of a search rs 
the /mear search whe~e the records are examlned one at a time 10 order 
Thrs rs trme-consumlng for most memorias but is natural for tape me!Th 
orres lf a frie has been sorted. the most efficient bmary search can be 
used Sorne aspecls of lhe search problem are examined i'1 tollowrng 
sections 

A most rnterestrng and rmportant aspect of fries rnvolves the ways rn 
- which the data are stored rn the file and the overall drganization of the frie 

slructure. There are. in fact, n¡any ways lo organize a frie in a men:mry. and 
sorne are examrned rn the frnal sections of this chapter . 

113 SORTING ANO MERGING 
An importan! ópératron rn marntarn1ng busrness and other rn!ormation 
system fries consrsts o! sortrng a frie on a setected key As was menlroned 
prevrously, the sortrng places·the records 10 lhe frie rn an order so that lhe 
key ilems in the records are rn nondescendrng order 11 no two records rn 
the frie have the sarne value for the key (for rnstance. rf the key was a socral 
securrty number rn a personnel frie), the records would be arranged wrth 
lhe keys rn ascendrng order Ir an actual frie consrstrng of many records 
each conta10ing several rtéms. sorting the frie would rnvolve movrng the' 
entire records around (or at leasl pornters to lhe records-as wrll be drs
cussed la ter) The actual sortrng is general !y done on an array of the val4es 
Of lhe key, hOWeVeF, as lhis is more efficient. and thelecords Can ~ mom 
after lhe new arrartgemént for lhé keys has beén tbUnd, In fact. for most 
large files it rs necessary to keep the file on sorne mass storage dev1ce 
such as magnetrc ta~. and lo sort the file rn stages. mo~ri)Q portions of lhe 
frie frorn:and lnto the mass storage devrces. Our concern wRI be with the 
sorting process only; excet'lent descnptrons of frie marntenance proce
dures for mass storage devrces wrll be found 10 several of the references 

Chapters 3 and,7 have already presented an algonthm and subprogram 
for sortrng an array so that the elements are in nondescending order The 
exrstence of thrs algorrthm rs assurance lhal we can sort an array into 
nondescendrng order. the remarnrng questrons concern lhe effrcrency of 
the sortrng technrque, 

In order lo examrne sortrng lechnrques. we hmrl lhe problem lo thal of 
sortrng an array M wrth 10leger values M(1).M(2). .M(N) so lhal M(l) rs 
less than or equal lo M(J) when 1 rs less than J 

Perhaps lhe mosl natural or rnlurtrve way lo sort such an array rs to 
search lhrough ttie set of values rn lhe array and frnd the smallest value. 
calllhrs value M(K), then place lhrs value rn M{1) by exchangrng thrs M(K) 
wrth M{l) Next examine M(2).M(3). .M(N) and frnd lhe smalleslelemenl. 
calllhrs element M{J), and place lhrs element rn M(2) by exchangrng M(2) 
and M(J) 

These steps are repealed for M(3). ·M(4), and so on untrl M(N - 1) and 
M(N) are lr_nally compared and arranged 

The above descriptron detarls the procedure generally used by people • 
when arrangrng a brrdge hand or when sortrng a deck of rndex cards rnto 
otder A flow chart for the algonlhm rs shown rn Frg. 11 2, anda Fortran sub-
program rs rn Frg 11 3 · 

Examrnatron of lhe flow chart and the program 10drca1es that lhere rs an 
outer and,lnner loop rn lhe algorilhm For afr array with N elements.lhe outer 
loop is performed N- 1 trmes, the frrst time the smallest of elemenl M(1). 
M(2), .• M(N) rs lound and moved rnto M{1), lhe frnal trme the smallest o! 
M(N- 1) and M(N) is found and moved rnto M(N- 1) 

The rnner loop in the algonthm sequences through the set of elements 
' 

. 
11 
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Ret\8'n False 

lrom ----"< subprogram 
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M1N ~1 
J ... 1 + 1 
K +; J 

.... _ 

INTIIOOUCIION 10 COMPU!III 5CII"'CI 
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1 
1 
! 
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FigUre 11 2 Flow ChQit o1 o raptacemeniiOif /In onay colled M ~t.N elements li sorted 

under cons1deration. determimng the smallest of them. and ,movmg thrs 
element mto the correct t>os1tlon 

In arder to evaluate thé ~Hrc1ency of this algonthr'n, we count the number 
of p¡1sses which are made through the lnner loop Let us set N equalto 10 

•• : .... :~ a ~. ;; • • JOJ 

--~ 

.-.e nave , ., ~ ~ · ·- Fo·-:.1 :•·e . ··tr. · .- •arn,n...:s '· 1 
~,:•2l. .M(10¡ '"·.1•n'J t'.c ~ .. o!'t.c: anó j)lacu , • 1n pcsot10n M(1) H· .. s 
reqLmes n1ne passes through tl"le 1nner "compar•scn · loop Then the algo
nthm exammes M(2).M(3) .M( 10). ltnd1ng the smallest element wh.ch 
mvolves e1ght passes through the mner toop We now see the bas•c pi!t
tern on the th1rd pass through the outer loop seven passes w11l be maoe 
through the mner loop, on the fourth pass through the outer loop f•ve passP.s 

. w11l be m a de through the mner loop, and on the fmal mnth pass through the 
outer loop one pass w111 be made through the inner loop Thus. the algo
nthm requ1res 9 + 8 + 7 + 6 + · · · + 2 + 1 passes through the mner loop. 

· that 1s. ·45 passes. 
The general case 1s as follows To sort an array of N elements, the 

algonthm makes N - 1 passes through the outer loop The first pass re
QUires N - 1 passes through the inner loop, the second pass through the 
outer loop requires N - 2 passes through the inner loop, and th•s pattern 
contmues unt•l on the !mal or (N- t)st pass through the outer loop. when 
one·pass is reqUifed through the mner loop Thus, we arrive at the follow•ng 
sum for the number of passes through the mner loop (N- 1) +(N- 2) + 
... +2+1 

Then let us call P the value of the above sum Now.• P = N(N- 1)/2 or, 
wntten another way, 

P=Nz -N .. 
2 

Th1s su m grows very qu1ckly as N beco_mes larger For mstance, for N= 
100 the value of Pis 4,950, but for N= 1.000 the value of P •s 499.500 

'Th•s can be shown as lollows The ayerage value m the sum (N- 1) ~(N-- 2) + + 1 os I(N- 1) + 

11/2. wiÍoch os also N/2. and there are N- 11erms. so !he sum has value N/2 • N- 1 or IN(~ -1))/2 

H•EII1f'UTI~F Sf'FITil"lo'lll 
L1Mt~SI~ ~CIOO> . 
NEJa~-1 

t•(l 3 JaloNFI 
e !>H.tC¡ TñF fo.p.;¡·.-¡ !U ll AS A PClSSif'..t S"'f'.'.E~l 

MI~•! 

e SFAhCH ARf<AY H'h S':!Al.US.l \Al.UE 
.J•I + 1 ' 
[of' 5 I(•,JoN ' 
lf CMIIO ol.l• I'IIMINl Ml'oi•M 

5 eCNti~Uf 
e F~CHA~r.! 1Hf S"'AI.l.FST wiTH M<ll 

I(Ja"'(J) 
M!J)a~<MINl 

3 M!"'l'l)al(l 
hflUn~ 

f'olll 

Figure 11 3 Subprogrom lor rcplocemenl sort M ls 1he orroy ro be ~<>~~·d ond NJslhe number ol 
elemenflln !he orrov M 
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Another sortmg algonthm whÍch resembles lhe above but whrch can be' 
more effrcrenl on the average rs the "bubble sort" When lhe bubble sort rs 
used. compansons are made only between ad¡acent elements m the array. 
and the elements are exchanged rf they are out of arder In the Jrrst pass of a 
bubble sort lo sort an array M of N elements. M(1) rs compared wrth M(2) 
and rf M(2) rs smaller. they are exchanged Then M(2) rs compared wrth 
M(3). and the elements are swapped rf they are out of arder Thrs rs con
Mued untrl M(N - 1) rs fmally compared wrlh M(N), and a swap made rf 
necessary Ounng !he second pass the same general procedure rs fol
lowed excepl only adracenlrtems from M(1) lo M(N- 1) are consrdered. on 
the lhrrd pass M( 1) lo M(N - 2) rs consrdered. and on the !mal pass only 
M(1) and M(2) are compared When lhrs sort rs used. la'rger items float 
down and small rtems "bubble up." hence lhe name A subprogram to 
rmplemenl lhrs sort rs shown rn Frg 11 4 

The subprogram 1n Frg 11 4 has an addrtronal feature, which can 
rmprove rts effrcrency Each Irme a pass rs made through the sectron of the 
array bemg exammed by the outer loop. a test rs made. and rl no exchanges 
are made the program drscontrnues rts sort. for the array rs already m non
descendmg order The test rs made by setttng the varrable of "flag" J toO 
each trme the outer loop rs entered and then setting J equal to 1 rf an ex
change rs made rn the rnner'loop A test at the end of the outer loop deter
mmes rf an exchange has been made, rf not, the program returns to the 
callmg program, 1f an exchange is made. the program contmues 

ln the worst case (when the array IS ongtnally m descendrng arder) 1! 
can be shown that thrs program requrres N(N- 1)/2 passes t~rough !he 
mner loop However. m the best case (1f the array 1s already rn the corree! 

S!;8hC'U1l'lf St"111?1MoOU 
rt"'F'l~J N '11 1001 
'llf>l ='l-1 
[ (' 10 J~lo'lhl 

J='l-1 
C !>t1 A H.Al 11' Stf U ExeHA'lOfS Peeur 

1 f 1.1\l =O 
Ll' 5 K=I•J 
Kl=l<+l 
lf !M!o<J oi.Eo M!l<l )) 111' 10 !o 

e txeH,,'flF THF Hl' Ft.F'If'lTS A'l[ SfT T'fF tr.~r, 

K911•~='11Kil 

Mll<ll="!CI<l 
"'CKl=-<S,Af' 
t fol A1 ~ 1 

~ cnn¡ '>j~rt 
e !>H H tACoiiVoiHS >111\f I'H'l "11'1 t Py l[Cll'lr, 1 t• 1\r, 

lt cui.A'l .tv. L·l·'lfl 1" 1'-

'" C'C"'ITI';Lt 
1'> 1 <"ll l'lUt 

"' 1 Ll \1 
• 'l! 

·. ·; _ ¡ ... :Jg'l'1· rL.r; ... :;¡._( e : .-;:;·.!~ · .LJC' · ·- , lcop In 
genpral thrs progrJm explor's t~re :<:::1de: e y of lrs!<; to be aire: 1 some.vhat 
ordered. tnl.!s. as a result for large values ot N tne progr;¡r1 tends lo be 
more effrcre\11 !han the prevrous'algorrthm 

, The sortr~g of files rs so,rmportant m busmess and rnform¡:¡tro~ process
rng that rriany' studres have been made o! sortrng algorrthms and many 
algo~ithms ,have.bee~ 'mvented In program'mrng languages such as C~bol 
there 1s a SORT opera! ron on a frie .whrch 1s a subprogram rn the system 
JUSI as SINE, COSINE. SOUARE ROOT, and other functrons are provrded 
m Fortran · · · 

The 'stud;e~ o! frle:~ortrng t~chnrques sh~w that the number of operatrons 
requ~red grows approxrmately as N 2 drvrded by some constan! lar "rnter
change sortrng algorrthms" such as !hose ment1oned More sophrstrcated 
~ortrng ,tec.hnrques such as "r¡¡drx sorts" and "merge sorts" reqUire NK 
tu'nes sóme,constart number of operatrons or N'~ trmes sorne constan! 
operatrons: where N IS the number of elements and K IS !he number al brts 
rn- each element These sortrng t~chnrques requ1re more compltcated pro
grams, wrlh tt1e result that they are generally not used for small numbers of 
eléme~ts ' ,· , · · , .' . , . 

More detarled rntroductrons can be found 1n the book by Flores and !he 
paper by W A. Martrn lrsted tn the Brbltography · 

. For a really coniprehensrve treatment .o! sortrng technrques !he reader rs 
re.terred to .vol~me 3 ,;, the ser.res oí books by Knuth whrch de~otes nearly 
4QQ pageS lO, !hÍS suq¡ect 11 IS very drffiCUII lo' evaluate mathematrCaliy 
many of !he more ·c·omplrcated sortrng technrques. and so qurte afien the 
algorrthms are programmed sample arrays (or lisis) ·are sorted. and the 
results evaluated 1 The book by R1ch analyzes a number of the bes! sortrng 
technrques by programmrng and evaluatrng the Irme requrred. storage re
qurred .. and other factors for a number of sample problems 

Another rmportant operatron rn marntarnrng fries 1s that o! mergmg Two 
sets are sard to be merged when they are combrned rnto a srngle set. how
ever, rf !he two seis have been ordered by sortrng 1n ascendrng (or non
descendrng) qrder. the résultrng set of rtems mus! also be sorted rn ascend
rng (or nondescendtng) order 

in order to study 1he mergrng operalron, we shall agarn res!r,ct GJtscl,'es 
to rnternal mergrng rather !han mergrng fries on tapes (the fries could be 
copred rnto !he core memory, rf they are not too large) Le! us constder two 
arrays of rntegers M1 and M_2. wrth M1 havrng K1 elerf!ents and M2 havrng 
K2 elements The arrays M1 and M2 are assumed to be sorted rn nondes
cendmg arder. and we wrsh lo develop an array M3 wrth K1 + K2 elements 
wh1ch rs sorted 1ri nondescendrng arder 

The frrst step rn !he algorrthm rs lo compare M1 (1) wtlh M2(1) and place 

'n 1. " hook ctPc;('rtbcs such sor1s (q•vmq F=or1ran prOC)rams) as lhe 'mnnkey puule r, •t '' ltH• Tot¡r ,., 
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L ·- 1 

K- K+ 1 
ICIKI - IBILI 

L- L + 1 

1\\l~l ·~orh"'l•'" 11'• IJ\ tnd IR Wtlh M 
lllhl olll .ui.IV ¡r ~\1.11 M 1 N el• llll'lllo.., 

Figure 11 s Flow chOrt or meróe alga<llhm 
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K='l'+l •• 1 

I_F,p_A}Il,.'>lo•IPC.JU G0,10 10 
IC!'Cl=IA! 1 l 
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. H <1 ol.l· Ml ~f'·lf" ~ 

AI-PAY lA f!, F-<HAL!'lH' /F J,!V\1: lHf PtS'T nF JP 
DC' 15 I.;J~N ' 

'KmK+I ·-· ~-- ' 
ICC K l =1 P!l.l, 

'1 (' 1 (' 20 
10: ICI'<l=IP!Jl 

25' 
20 

J=J+l 
u"c J .1. t. N 1 1 f' J n 5 
AhfAl lE' I!> FiHAlJ!>lFil' ~() lHf -~t'IAI'IrFR !lF JI> 15 I.!VIrH 
L,C' 25 l.=ltl'l 

' 1 .. ' . ~ 

K:::~~K+l 

lCC'IhiACI.l 
CC"lliNUL 
hETUMl 
F'i'n' 

Figure 11 6 Subprog~am lor merge a(gorllhm (. 

JQl 

the smaller of the Íw~ 1n M3(1) lf the 1tem M1 (1) IS seiected. we then con-
., s1der MÜ2l and M2(1). plac1ng the smalle'r m M3(2), 1f M2(1) was seleqed 

m the precedmg, st~p .. we cons1der M 1(1) and M2(2). P,lac,~g the smaller m 
M3(2) Th1s basic prócess' contmues with M1(1) bemg compared w1th M2(J) 
at each step un111'we reach the end of e1ther M1 or M2 [that 1s, we select 
either M1(K1) or M2(K2)] When th'•s occurs. the remammg elements m the 
other array are s1mply cop1ed mto the remamder of M3 
· F1gure 11 5 shows a flow chart for th1s algoothm. and ¡;'1g 11 6 shows 

· a Fortran subprogram to merge two arrays (Languages such as 'Cobol 
.. prov1de MERGE. subprograms' 1n the1r bas1c hbrary. and a programmer 
.'can s:inp!y' \•Ínte MERGE_.t., AND B rather than wnt:na h:s own subpro-
·gram) ·. ; . . .. 

The exerc1ses at the 'end of the chapter 1nvestigate the eff1C1ency of the 
above.program as well 'as show a short p(ogram for mergmg arrays w;th a 
special STOP element 1n the las! pos1tion 

A merge sort is a sortmg algonthm wh1ch breaks sets of elements mto 
'subsets, so.rts' the .. subsets. and then merges thes'e sorted subsets By 
diVIdmg the ·ong1nal set of elements into an.appropnate number of subsets. 
so that the sorting IS eff1C1ent. and then depend1ng on the natural eff1C1ency 
ot merg¡ng. an 'etfiCient sorting algorithm can be obtam!=!d The exerCI~es 
develop th1s procedure Knuth's book as well as several of the others 1n the 
BibliOQraphy also treat lhiS sorting pr?cedure 1~ ~etall 
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114 SEARCHING A FILE 
Probably the most frequently performed operat1on 1n busmess or mforma
lton systems 1s that of search1ng the files for elements wh1ch sa!lsfy sorne 
spec1fled .condllion The cond1!1on spec1f1ed ranges from equailty-for 

·ínstance, '!Fmd !he record of the person w1th soc1al secunfy number 972-
85-36,"-to "Produc'e a ilst_of the parts m our 1nventory wh1ch cost more 
than $45" In any case. a f1le must be searched. and 1! 1s 1mportant that the 
f1le be orgamzed so that 11 can be eff1C1ently searched lt 1s also 1mportant 
lo hav~ an eH1c1ent search algonthm so thattoo much computer t1me IS not 
expended on searchmg 

The orgamzmg of ftles and of search procedures are 1mportant top1cs m 
·systems des1gn for data processmg systems lf large hles mus! be ma•n
tained in mass storage devices and 1f these hles mus! be reg~larly mam
tained py adding new records and mod1fymg and deletmg old records. and· 
if 11 is further necessary lo search the files frequently for records whích 
sat1sfy sorne spec1f1ed entena. thEm a file organ1zat1on mus! be found wh1ch. 
is not too expens1ve to update, wh1ch does not reqUire to'o·much storage 
space, and wh1ch can be convemently searched Des1gnmg a good data 
structure for !he f1le and programmmg eff1c1ent file maíntenance and search 
algonthms are mterestmg and still developmg aspects of data processmg 
systems des•gn 

We ·shall flrst examme a part1cular aspect of f1le searchmg and mam
tenance. that of fmdmg a spec1hed element m an array Thts wtll mclu~e 
showmg how the searcti algonthm can be greatly speeded up 1f the array 
is sorted · • · 

11 atable or array 1s searched for a g1ven tlem, the séarch succeeds 11 !he 
item 1s IÓund and fatls 1! it 1s not'lound lf we store our table 1n an array 
wh1ch we call ITEM. al a g1ven t1me ITEM wdl contam N elements 11 these 
elements are not ordered. morder to fmd a g1ven 1tem m the array, _!he most 
natural search algonthm 1s lo examme ITEM( 1):1TEM(2). ITEM(3)'and so on 
up lO ITEM(N). each ltme seelng 11 !he value IS the destred one 

In order to convert th1s procedure to flow chart form, we letthe values 1n 
ITEM 6e' mtegers and call the value to be iounü M A flov. chart of the re
sultmg search algor1thm 1s shown m F1g 11 ?a An mteger vanable K 1s set 
toO 11 the search·fails. 'otherWISe 1! w1ll ha ve a .value such that ITEM(K) =M 

A Fortran subprogram ¡mplementmg lhiS algonthm IS shown m Ftg 11 7b 
The -q~est•on now ansmg 1s, "How eii1C1ent 1s th1s algonthm?" lt 1s clear 

that 1! the des1red value IS not m the array, N steps or passes through the 
search loop w1ll be reqUired 11. however. the 1tem IS m the array (and we are 
not reqUired to fmd dupilcate values in the ar.ray). on the average N/2 
passes through the array w•ll be reqwed · • . •,: . · 

Now let us assume the\élrray has been sorted so thatthe elements are m 
numencally ascendmg 'or nondescendmg) arder· We now sequence 
through the arra y, start1ng w1th ITEM( 1) and proceedmg through IJEIV¡(2) 
ITEM(3). etc. m turn as·before However. at each step we al<;o test to s::c '' 

K~ O 

Rett1rn from 
Sllbproqram 

1 • 1 

AeiUr:l from 
subprogram 

Note Tht<; algonthm se¡nches an array ITEM of f\4 elements to ftnd an 
elem<!ct M lf for '>Ome 1 does ITEM 111 =M 1hcn 1 "p!•crd •n 1he 
vauabl.- K; 1f for no 1 'loes ITEM (1) = M, lht>n K 1S r,1ven th'"' v-1lue O 

SUSROUTJNE FINOl(M, ITEM,N,K) 
OIMENSION ITEM(lOO) 
DO 5 1•1, N 
lf (ITEM(i)-M) ~,10,5 

5 CONTINUE 
K•O 
RETURN 

10 K•l 
RETURN 
ENO 

(a) 

(b) 

JOO 

Figure 11 7 Seorchlng o linear orroy (a)llneor seorch olgorlthm (b) Subprogrom to seorch o 
llneororroy 
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agam element ITEM(I) IS greater than MATCH. and 11 11 IS, the _searct1 15 
1mmed1ately term,nated. smce ·lhe element· 1s not m the array Th1s w111 
improve the eff1C1ency of the search ·procedure s1nce the· ent1re pass 
through-.the array w1ll not be required m cases where an elemenus.l)ol in 
the array (Aiso. if duphcates are reqwred. the ent1re array need not be 
·searched) A program for ttus algonthm 1s shown m F1g 11 8 

An even more effic1ent algonthm for search1ng a sorted array 1s the 
binary search algorithm 11 closely follows •the procedure used by most 
people i'n trying lo locate a name m a d1c11onary. index card lile, or other 
alphabetically ordered f1le The file is opened lo 1ts m1ddle, d1vidmg 11 m 
half, the middle éntry is examined· to see m wh1ch half t~e. desired 1tem 

_ would be, and lhal half is agam opened to the m1ddle. and an examma
't•on then indicates in which half the 1tem líes, th1s process contmues unt1l 
the part1cular item is located • . 

In order lo make the above procedúre more prec1se . .we assume a table 
of N 1tems. and we shall refer to these as ITEM(1). ITEM(2). . ·, ITEM(N) 
lf N is even. we can d1vide the·table into.two e~ual seis of N/2 1tems and 

· then determine m wh1ch half the' Value to be· tocated m1ght lle 11 N 1s 
odd, the table 1s "d1v1ded" mto·two seis, one w1th INT(N/2)·and one w1th 
INT(N/2) +'1 1tems. where INT 1s the "mteger" funct1on wh1ch takes a num
be'r X mto the largest mteger wh1ch 1s not greater than X (In Fortran IFIX(X) 
is a "compller suppl1ed" funcúon which takes a real value X into the largest 
integer not greater than X 11 we write 1'= N/2. however, 1 w111 ha ve the value 
we call INT(N/2). since the italue of 1 will automat1cally be truncated. not 
rounded. toan mteger value) 

The' largest element in the "lower· half" of the tal¡>le. w1th the lowest 
val u es 1s now examined to 'see in which' part·of the table the des1red •tem 
hes. th1s is done by seemg if the desired element has a value greater than 
the largest element m 'the "lower half" lf so, the·upper half 1s selected, 1f 
not. the lower half is selected Th1s step contmues unt1l either the item is 
fóund or the d1scovery 1s made lhat no such 1tem 1s m the table F1gure 11 9 
sho~s·a flow chart of th1s algorithm and F1g: 1110. a Fortran subprogram 
: In both the fl~w chart and the program, ·an array called ITEM conta111ing 

N etemen!s 1s searched for an 1tem called M An mteger variable K IS set lo 
O if the value M·1s not in the array. The vanable K 1s set so ttiat ITEM(K) =M 
if M 1s m the array 

' • 4 ' , ... 

SUBRpUllNf FlNC2CM•IlEM.N•K) 
DIMENSli'N 11EI'IC 10~) 
Df\ S l•I•N 
lF CllFNIC 11••1) '!!>.lO• S 

• '!1 CMtiiiiLF 
KoO 
RElURN 

10 Kol 
RFT!JI\01 

'!'!ID 

•', 

'! 

Figure 11 8 linear seorch ol a sorted array 

,, .. 'CAl A r.c. .. .. •."\ ''t!' "'' ~•"' • _;¡j 

Return 
ITEMIKI = M 

True 

Return There •s 
no value equal to 
M tn the tabl~s 

IMIDL
IFIRST >ILAST __ 2 __ _ 

ILAST -IMIOL 

Note Tt11s algonthm searches a table called ITEM wttn N enlnes The dll .. onthm .-.earches for 
an element rdtled M o:Jnd tf' lhts elcmenl IS 1n the table there sus an mteq~r value 111 K suLh 
that ITEMIK) ~ M lf no element m the .table called ITEM 1S equ"l to M, then the val,1e O 
IS placPcl 111 K 

Figure 119 Blnory search algorlthm 

SUPR~Uli~F fl~D3C"•l1EM•N•K> 
Vl~f~Sif\N ITE~CIOO> 
IFIRSl~l 

II..AST=~ 
O O TCl 5 

10 IMIH.=C IFIR~T+II..AST>/2 
IF CM ,Qf, ITiOIC IMJDI..ll t;(l TO 1!:> 

e ITE"! 15 IN I..NUi HAI..f ClF TAE'r.E 
ll.AST=ll"'llll.. 
G ~ TO S 

e ITEM IS 1~ UPPER HAI..Y OF TABl.E 
15 IFlhST=IMIDI..+I 
S IF CIFIRST •NE• li..AS1l GO TO 10 

IF CM ,¡g, ITDIC lfiRSTll GO TOPO 
K=O 
RFTUR~ 

PO K=IFIRST 
RETURIII 
END 

Figure 1110 Subprogram lor blnary seorch algorlthm 

ltt 
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How efflc1ent 1s the brnary search algonthm? The eft.c1ency ot the algo
rithm 1s most eas1ly evaluated for tables with N entnes. where N = 2' for 
sorne 1 (that rs, tablas wrth 2.4.8. 16.32. etc, entries). for then the table rs 
reduced lo one-half rts original srze the hrst step, one-lourth rts ongrnal 
srze_ the second step, and so on unl!l rt rs reduced to a srngle element. 
whích ert1'er rs or rs not the rle'!' desrred ~rnce our rule rs that after 1 steps 
the table has been reduced lo a subtable of srze 2 _,?<N. and s'rnce N= 2' 
for sorne/, then when 2-1 x 2' = 1. each of thetwo parts wrll contarn a srngle 
element and one of these mus! be the desrred element Thus. for atable with 
N elements, where N = 2' for sorne 1nteger t. ~xaci!Y 1 passes through the 
bas1c loop are required lo frnd an element using the program or flow chart 
whrch has been shown. Thrs value rs less than 'N for N greater !han 2 and rs 
much less than N for large N . 

For any grven N whrch rs not a power ol 2 (ihat 1s; noí equal to 2' for 
sorne f), we can determ•ne the number of passes through !he loop as fol
lows Let K be the smallest rnteger such that2".., N, then K passes through 
the loop are requrred.' .. 

Can we rmprove on thrs algorrthm? 11 might seem that before each pass 
through the loop rt would be a good rdea to test whether !he largest ele
ment in the lower hall rs indeed the rtem desired and to termrnate the search 
if it is. Thrs would mean that sometrmes the·search could be termrnated 
early. For inslance, rf we had a table wrth tour elements whrch were !he 
rntege'rs 1.3,7,9 and we search rt for !he 1nteger 3. then the table 1s d1v1ded 
into two parts, 1,3 and 7.9 The greatesl integer in th~ l<;>wer'ha lf.' whrch rs 3. 
is selected, and. instead of seerng if lhe desired rtem 3 rs greater !han 3, we 
also test lo see rf rtrs equal lo 3, and stop if it is In lhrs case rt rs !he desrred 
element. and only one pass through the majar loop has·been made, where-· 
as the prev10us algorrthm required two . 

lt ·can be shown. however, that on !he average !he nu!lJber of passes 
through the ma¡or loop is deoreased by only. 1 That rs, if L passes are 
requrred on the average. for the f1rst br~a~ search algorrlhm, then L'- 1 
passes are requrred for _the second algorithm lf L·rs large, the addrt1onal 
'time required . to test for equalrty, whrch teragthens the basrc loop, wrll 
probably exceed the trme requrred for a·srngle pass through !he loop, and 
the origrnal procedure wrll run faster on !he average 

.The above anaiys1s rs typrcal of that perfom1ed 011 aigonihn1s lur system 
use: In many cases. rl is impossible lo completely and precrsely analyze 
subtle pornts. and.it is e1ther necessaiy to te~t the algorrthms wrth a number 

1tn general. of we detone log1(N) lo be a funcl!on w•lh val~e X such that 2' =N. then log,(N) os called lhe 
• bmary logarothm ol N and ol X = log,(N). X woll be some i>osotove real number lor each poso lo ve tnleger N 

Now. '" the general case 11 can be shown thm the number al passes reqwed IS exactly CEIL (log,(N)) 
where CEIL has value the smallesttnteger ~¡~rger than or equal to log,(N) Thts shows that lhe number ol 
passes through lhe. loop rncreases al a togarolhmoc :ate 

'· 

of re.o. .1ses and compare results or lo generate s1mulated data try the 
algor1!roms on !he Slmulated data. and compare results 

11.5 ARRANGING ARRAYS ANO LINEAR LISTS IN MEMORY 
Th? structure olthe data wh1ch are processed rn busrness systems can be 
qurte comphcated Further. rn frelds such as rnformat1on retneval, the 
quantrty of data used rs qurte large. and the struclure of the dala 1s quite 
complex The manner of organ1z1ng the data rn the compuler's memory 
can be very rmportant when large volumes of data wh1ch are interrelated 
iri a complrcated way mus1 be processed 

Th~ s1mples1 and most drrect way lo organrze data rn a computer me
mory rs-by placrng them rn a one-drmens1onal array Cons1der atable or 
array of data consrst1ng of N rtems By usrng the name TABLE. the rtems can 
be referred toas TABLE(1), TABLE(2). through TABLE(N) 11 the memory of 
the computer IS word-organrzed and each rlem rn the !1st can f1t 1n a s1ngle 
word 1n memory. then by ass1gnrng a start1ng address 1n memory tor the 
table, say B. ~e can fmd a grven rtem TABLE(I) wrth 1ndex 1 by lookrng al 
address B + 1-, 1 rn the memory Thrs organ1zat1on rs shown rn F1g 11 11a 

Example : We a~s1gn the start1ng locat1on 8 lo locatron 4000 rn memory 
Now ~~ lhe items rn the array are referred lo as TABLE(1). TABLE(2). 
through TABLE(100), !he values rn TABLE wrll be stored rn locatrons 
4000 through.4099 rn mem,ory. and TABLE(1) wrll be al locatlon 8 + 1 -1, 

, whrch wrll be 4000 + 1 - 1 or 4JOO. JABLE(2) wrll be al 4000 + 2- 1. 
wh1ch rs 4001, TABLE(50) w111 be at the address 4000 +50- 1, etc· 

_ The basrc tdea ,of placing !he words rn an array or lrnear lrst rn conse
culrvc addresses rn memory can be extended lo arrays wrth two (or more) 

Address Contents A'l•IP"-', C•Hll! 11!, 
on 

mcmory !Tl•llOifr' 

3999 '}yy, 
4000 llJWJ 
4001 1,()01 
4002 (\()()~ 

4003 l.l.ltJJ 
4004 r>004 
4005 tJOO'J 

GOOG 
la) (h) 

Figure 11 t1· Organlzallon ol one- ancl rwo-dlmenslonal arrays rn 
. memory I•J Slorlng on orray wllll flve elemenrs ol con

secutiva oddresses In memory (b) Slorlng a 2-row, 3-
column orrcy In memory (by row) 
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d1mens1ons or mdexes Cons•der an array called MAT w•th lour rows and 
three columns lf each entry m MAT reqUires a s•ngle word m memory. 
then 12 words w111 be reqUired 11 we choose address 200 to be the address 
of the MAT(1,1), then 211 wlll conlam the last entry MAT(4.3) There are 
two ways to "lay m" the array. however by rows or by columns Le! us 
use rows,t the elements w1ll then appear m memory m th1s order MAT(1.1). 
MAT( 1.2).MA T( 1.3).MAT(2.1 ),MA T(2.2).MAT(2.3).MAT(3.1 ). and so on unt1l 
MAT(4.2).MAT(4.3) 11 MAT(1.1) IS at address 200.MAT(1.2) w1ll be al 201, 
MAT( 1.3) at 202. etc 'To f1nd the address of an element MAT(I,J) m memory, 
we calculale as foilows M~T(I.J)' 1s at memory address 200 +. 3(1.-'1) + 
(J- 1) Thus. to hnd MAT(3.2). we form 200 + 3(3·- 1) + (2- 1 ). which 1s 207 

The general rule 1s. For an array w1th M rows and N columns w1th one 
word per element 1n memory. and where the hrst element 1s lo go m address 
B, the element m the /lh row and the Jth column goes at address B + N(l -
1) + (J- 1) Th1s orgamzat•on •s shown m F•g' 1111b -
· Sim•lar rules can be denved for ar~ays w1th'more than two mdexes and 

for arrays where elements require ~ore !han a Single word in memory 
Not1ce the ease w1th wh1ch an element can be located in an array stored m 
the above manner Arrays are very des•rab,le pata 'structures . 

The tables or arrays wh1ch have been cons•dered above ha ve contame<l 
1tems" df f1xed size Many data are alphanumenc, consisting of names., 
addiesses, 'wntten text. etc The md1v1dual 1téms in th1s kmd of data hav•:l 
r'mxed hi!ñgths For mstance, suppose we wish to store a llst o! names These 
names woll be of d1ffenng numbers ol alphanumenc charaCters, wh1ch 
obv•ously compllcates the problern - -· , · · · 

A s1mple solullon 1s to allocate a number of lc;>~at•ons m memory suf
f•c•ent to hold the longest náme and then_ to allocate each name th.at 
amount of space - -

Example A llst of 200 names 1s to be kept m memory The compu!IH, 
an IBM System/370. stores one character m a smgle_address (a. byte
per-address) The longest name has 20 characters m !t Tti~ list 1s to 
begn·'] at lpcallon 1000 We allocate 20 x 200 addresses m the memory 
SO the lis! will slart al 1000. and !he fas! Character Wlll be at location 
4999 11 we call the llst NAME. the kth elementm NAME [that 1s. NAME (k)] 
:_y¡¡¡ beg:n a: 1000 + 201< -- 1 and end at 1000.+ 20k + 19 

11 the names are of w1dely varymg'rengths, the above techr11que cau·:;es 
an ineff1c1ent use of memory Fortunately, severa! a1ternat1ves are poss•ble 
One 1s to have a spec1al END OF ITEM character and t.o place th•s character 
alter each name' Th1s is shown m Fig 11.12 Another •s to keep a tabl•a o! 

•u shouód be noled lhal by olf1c 1ai decree Fortran arrays aro slored by hsl1ng cotumns vather man rows) 

10 Consecut•ve ord~:~r 1h•s 1s d1scussed 1n the exerc1ses al the end ot the chapter 
'Th1s 1s a spec1a1 character In thls case 111s used lor en~ ol ñame The spec1al characler's name JUSI 

happens to be ENO OF ITEM 

315 

L•"'" 11, 

'•'ll<f, 

.¡ l~l 

ll\0 J 
101 o 
41)' H 
403 N 
404 SPACE 
405 J 
106 o 
-107 N 
408 E 
409 S 
410 EÓI-
411 E 
412 M 
413 1 
414 L 
415 y 
416 SPIICE 
417 S 
4Hl M 
419 
420 
421 H 
4n HJI 
423 R 
424 A 
425 L 
426 
477 1 

N01e EOI " the ENO OF !TEM 1 •n,,,, 1•, , . Figure 1112 Slonng chOracler strlngs U$lng 
The memory o:.tores one rlhl~Cit ~er ,11 t'.lt h .1ddr· .. "', END OF ITEM charoct81'$' 

the addresses al Whlch each name begms ThiS IS shown m Fig 11'13a 
-Still another 'techmque 1s to have a startmg address anda table contam•ng 
the nurhber of characters 1n each m\ me· as shown m F1g 11 13b (We then 
fmd' the lpcat1on of elemenl 1 by add •ng the lengths of the na mes prec"d mg 
1 at the starting address m the table) · 

Whtch techn1que should be used depends on the characterost•cs of the 
data, !he computer word length. and the prem1um on memory space ar:td 
search !1me The last techn•que (that m F•g 11 13b) uses less memory.' m 
general. but requ1res·more t1me to lmd an 1tem 
· Judgment as lo wh1ch techn•que to use must be made dependen! on the 
partiC 1 Ji?.r ftle c:haractenst•cs For example, an mventory control system file 
might consist o! a set of records, where each record cons,sts ol SC'-'8'::: 1 

1tems F1gure 11 1 shows a sect1on of such a ·file, where each record con
sists o! the hcense number, make, year, name of owner. street aqdress of 
owner, town m whtch owner res•des, and state 1n wh1ch owne'r res•des 
Smce these part1cular 1tems are e1lher numbers or alphanumer1c strmgs of 
hm1ted vanat1ons 1n length, 11 would be pract•cal to slore these records m a 
f1xed-length formal w1th a f1xed number of computer words m memory for 
each record 
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Addr·~~ Cnntl!lliS A·l 1•':.->S.'i Conl''"l 

"' memu<y ffiPPliJfV 

400 j 4()() j 

401 o e 401 o 
402 H 40} H 

403 N 403 N 
.. 'Siart•ng 404 SPACE lrem 404 SPACE 

addres.'li'S 405 J lengths 405 J 

m 406 o m 0 406 o 
407 N 407 N 
408 E 

1 408 E 
421 409 S 409 S 

410 E 410 E 
411 M 411 M 

412 1 412 1 
413 L 413 L 

414 y 414 y 

415 SPACE 415 SPACE 
416 S 4111 S 
417 M 417 M 

418 1 418 1 
419 T 419 T 

420 H 420 H 
421 R' 421 R 

422 A 422 A 
423 

(-'J) (h) 

figure 1113 Technlques ror slorlng lisis wllh Harns or dlfferenl lenglhs. 
(a) Tabla wllh lile oddress ol ftrsl charocler In eoch llern 
(b) Tabla wllh lenglh ol eoch "em 

When lisis of records. w1th each record ~ontaimng severa l. 1te,ins are 
sorted, they are sorted on a key whi~h consists of Of!e ofthe items Thus. the 
file shown m Fig 11 1 m1ght well be sorted w1th the license number as the 
key Then to toca te a part1cular record, given the license number. a bmary 
search would be per1ormed on the llst 11 the list wer~ sorted ,on llcense 
number and we w1shed to search the l1le for sorne other attnbute, a sequen
MI search would be necessary (Somet1mes ta.bles or "diclionanes" 
wh1ch lis! annbutes-versus-key or loca!lon m memory: are used to cut do~n 
the search t1me F11es orgamzed tn th1s way are called inverted ftles Refer 
to the· Blbliography for works g1vmg dela1ls) For example, 1f the file were 
sorted us1ng license numpers as a key and we w1shed lo obtam the na mes 
of all car owners w1th Cad1llacs from som·e particular .town. 11 would be 
necessary to search through the file sequent1ally, lookmg at each record tn 

the hle to see if the owner were from the town and owned a Cad1llac 
11 a t1te cons1sted of a set of records, with each record contam1ng sen

tences m the English language (as m1ght be the, case in an mforma!lon 
retneval system). the varymg lengths of these sentences would make a 
storage technique involving use of an END OF ITEM character or one o! the 
table techniques for keepin$1 track of the ends of the sentences more 

ef11C1ent 

hiCNtJ,_••' ""CAl. ALGODIT"1MS J.tHS .\NO OATA SlJ;''JCTU'K:S Jl7 

11 6 STACKS, DEQUES, AND QUEUES 
A useful data structure 1n computers, part,cularly 1n systems prog~ams ,5 

called a stack The name stack 1s denved from the fact that the data 1tems 
are arranged 19 a ~tack .. 1n memory wh1ch resembles a stack of plates m a 
cafetena In other words, the 1tems are stacked one on the other W1th a 
stack the assumpllon 1s made that onty the last 1tem placed on the stack 1s 
immed1ately ava1lable Th1s shows the resemblance to a stack of plates 
Only the top plate 1s 1mmed1ately ava1lable S1m1larly, 1tems can be placed 
only on the top of the stack (Th1s "tasi-m f1rst-out" pnnc1ple teads to stacks 
somet1mes bemg called UFO fts/s) Placmg an 1tem on top of a g1ven stack 
(that 1s. addmg an element lo the stack) 1s called pushmg. and removmg an 
1tem from a stack IS called poppmg Asan example. suppose we ha11e the 
set of 1tems 1.2.3.4.5.6 arranged m order. a stack calted STACK. and two 
operat1ons on the stack PUSH and POP lf each 1tem 1s placed m order 1n a 
new ordered set when 11 1s "popped" or removed from the slack. then the 
sequence of operat1ons PUSH. PUSH, PUSH, POP. POP. PUSH POP. 
PU~H. POP, PUSH. POP. POP will result 1n 3 2.4.5.6.1 bemg the order 1n the 
new ordered set F1gure 1114,shows examples of push1ng and poppmg 

Stacks are very useful m managmg compl1cated sequences of mterrupt 
or other unpred1ctable op~rat1ons Placmg mformat1on concernmg program 
state on a stack where 11 can be la ter found 1s a conven1ent way to manage 
task sequenc1ng m system programmmg Stacks are so conven1ent for 
systems' use that severa! computers have automat1c stackmg of mterrupt 
rnformat1on , . 

A queue 1s s1m11ar toa stack except that new 1tems are added to the top 
of the l1st but 1tems are removed from the bottom Thus. a queue 1s operated 
on a f~rst-m lirst-out (somet1mes called FIFO) bas1s ¡ust llke a wa1t1ng lme 
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or queue tor a theatre Queues are uselul m managmg tasks when 1! 1s 
des1rable lo service requesls on a bas1s where "!hose who have wa1ted 
longesl" gel atten11on first 

A·deque is s1mply a linear llsl where il 1$ poss1ble lo add or remove 
items from both ends . . 

..... Sorne appllcaltons for stacks are deyelppe~ '~ the exer~1ses atlhe end 
of the chapter The algorithms m S~ 11 7 use slacks 

· 1t7 UNKED USTS , . , . 
The most natural and efhc1ent method for mamtammg data m a computer 
memory 1s the one-d1mens1ol')al array. which 1s often called a /mear /1st by 
those workmg w1th data structures There are problems. however. wilh 
mamlammg !mear lisis when many add1t1ons and delet10ns are necessary 
and the lists must be maintamed m order. . 

For mstance. in some systems where lextua'r data must be lreciuently 
searched and strings of characters mus! be added, 'modif1ed. and deleted. 
a data structure called a /mked /1st has t>Eien fo!Jnd to be usefúl lnserllons 
and delet1ons can be eas1ly made m a l,mked ,11~1. search~s are moderately 
efficient. but the data structure reqUires more storage spac~ .than in linear 
llsts 

A linked llst essenllally consists ol a set of_ noqes Each node has two 
parts. a pointer and a data item t The p~i,nter g1ves the (begmnmg) address 
of another node wh1le the data 1tem contams the actual data at the node 

'The 1erm dala •lem rs used here 1nstead ol s•mply rlem to help d•fterenllate lhe data part trom lhe 

po1nter part. 

{

En. lnf \lo;.t t.hdrac ter 

Node 

A(lthPSS 

"' rnt 1ll•1ry 

~o 

41 
42 
43 
44 
4~ 

46 
47 
48 
49 
50 
51 
52 
53 
!.>4 

Note Th" ,drJrf>'» u a ST AR T rJIVf~'\ thl' .vldress ol the 
fu ,1 , tun '" the hst 
E .. , 11 omntm 'nou1ts t, 1 or fl•ve-: the mtdrflS.<; 

11l llu• rwxt Ontl!! 111 tlu h<.,l • Figure 11 15 tlnked llsl orrongemenr In memorv 
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lt11s •s shown m F1g 11 15 _In actual praci1Ce the pomter w111 probably not 
contam lhe lull address of the next node. but w111 srmply contam an mdex 
mtó an array contammg the actual addresses or perhaps an amounlto be 
added to some begmn1ng address lo form the actual address 

' In order to manage a lmked l1st. two other thmgs are necessary {1) The 
address of the l~rst node must be stored somewhere so we can enter the 

. hnked hst. (2) A spec1al value or symbot which we shall call EOL (lor END 
OF usn must be placed tn the potnter ol the last node 1n the l1nked l1st 
(Th1s could be a negative number orO ti addresses cr mdexesare used as 
pomters. s1nce e1ther vatue would 1nd1cate lhatth1s was nota vahd pomter 

. to another node) 
In order to represen! a hnked hst d1agramaltcally. we use the techn¡que 

shown m F1g 11 16 Here each node 1s shown as a reclangle contamtng 
two par1s, the data 1tem and potnler The START box gtves the a<idress ol 
the f~rsl node (a special value in the START box w1illnd1cate that lhere are 
no nodes· 1n the hst) An arrow on the draw1ng ind1cates to wh1Ch node the 
pomter po1nts 

The add1t1on or delelton ol nodes 1s stra1ghtlorward lora hnked hst. and 
herem iles thetr pnmary advantage To add a node. we s1mply place the 
node m memory al some conven1ent unused address Then the pomter m 
the node wh1ch 1s to precede the new node 1s changed lo g1ve the begm
mr¡g address !n the new node.-and the p01n1er 1n the new node 1s set lo the 
address ol the node wh1ch 1s to lollow 11 

The, delet1on of a node 1s al so stratghtforward' The pomter m !he node 
preced1ng .11m the hnked hst 1s stmply changed lo the address ol the node 
wh1ch follows the node lo be deleted Examples ol addmg and delet1r.g 
entnes are shown m F1g 11 17 

A problem anses alter many changes have been made lo a ilnked l1st 
lf a 'number ol ~odes ha ve been deleted. there w1ll be "holes" m the actua 1 
mef11ory space used because entnes wh1ch hav~ been deleted wtll st1ll 
reside m memory even though they are ellect1vely "dead " In order lo use 
th1s space, somet1mes "garbage collect1on" programs are wntten to collect 

,•, 

r -. --T l 
~-----· • ..: 1 .,_. ___ __ 

l. J. 

Figure 11 t6 Sy~bollc reprcscnJotton oro 11nlfc-d llsl 
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lJ • 1 ' "\111'1 th" 
pntntt r n tht: n•'ti" · ,,,¡ • ''·'.;1 WHO 
to g•v · •ts audre.s::, am1 ~.>id• ¡nq the 
adchcss of the node l.OntdtnuMJ MASK 
'" 1he po•nler al !he new nade 

~ GO EOL 

~e '' deleMJ by Chdngmg \hP. 
pnmtPr m 1h•• noú~ rontalnl/19 Wl L L 
to pomt tn thc, node contanw•g GO 

fbl . 

Flgum 1117 Addlng and deleHng nodes In a llnked 1151 (a) The llnked llst In Flg 11 16 wlltl 
an added node (b) 1he llnked llslln (a) wlltl a node deleled 

lists ol "free space" which can be used for new entnes S1mllarly, sorne 
systems mamtain ltsts of free space contmuously so that memory 1s not 
wasted A part1cularly advantageous strategy cons1sts ol mamtammg the 
list of free space m a stack and pushmg or poppmg nades from the stack 
as nades are released from or added to the lmked hst. respecllvely More 
deta1ls ol these procedures can be found 1n the exeíctse'> a11d still further 
details in the works 10 the 81bltography 

Note that a linked list must be searched sequentlally, even though 1t is 
maintamed m sorted arder, because the entr1es are not actually in arder m 
the memory (Separata tables can be kept to facilitate searchmg, but th1s 
involves using even more space in memory ) • 

11.8 TREES 
As can be deduced from the precedmg descnp!IOns of data structures and 
the algonthms for searching and for deletlng an~ mserting new 1tems. the 

':. -·. J '•tf ,:¡,• )21 

;:ructure ~:nplo}ec! "ilS a p cAounu .:"er · ·¡ · · •(n(., ol !he 
a· Jr>'tthm usPd and the amou11t ü1 memory ,equ··~·o . , ·:..ular c1ass of 
data structures called trees prov1des for reasonably •JH·c•r -,¡ ó.earch algo
nthms and msert1on and delehon algonthms. w1th the per.a:ty of add,t•onal 
memory reqUired for 1mplement•ng the structure 

The term tree denves from the name of the familtar "woody perenmal 
plant.'1 but ,usage 1n computer science appears to denve lrom a mathe
mallcal structure m graph theory A d!fected graph 15 a colleci!On of nodes 
and branches w1lh each branch connect10g two nades Each branch 10-
d•cates a d"ect1on (an arrowhead 1s used al one end ol the branch 10 our 
figures)* F1gure 11 18 shows a drawtng of a graph w1th severa! nades and 
branches The pos111on of !he arrows on the branches 15 1mportant lor 1f two 
nades are connected by a branch. the node al the end ol the branch with 
no arrowhead IS called !he predeCeSSOf Of !he nade al the end Of !he branch 
lo whtch !he arrow pomts Further. '' node A 1s the predecessor of nade B. 
then B 1s called the successor of A 

In arder for a set of nades and branches composmg a d1rected graph to 
quallfy as a t<ee, two other propert1es are reqUired 

1 There •s a songle node whoch has no predecessor Thts nade •s c~iled lhe root 
2 Every node excepling lhe root IS connected to !he root by a umque path where a palh 
consosls o! lhe branches connectmq a sequence of nodes N, N, Nu where N, os the 
predecessor of N,., lor all 1 lrom 1 lo M- 1 (Nohce lhat there can oe only one patll oetween 
two nodes 1! the path os untque) 

'ThiS IS from the defln~hon m 'Wcbster's Ne~ Colleglale ÜICtlonary G & e Nll]rnam Co. Spnngheld 
Mass 

1The g•ap~s'" F1g 11 19 are al! d~recled graphs Undnecled g•aphs 'o• ¡••si pla•n graphs) have no 
d•rec11on to the branches Cons1dcr a road map The c111es are hke tt"·~ n')1es and the roads are 
hke branches for an undlrf~Cied graph s1nce we can dn11e m e•ther d•rec1,ol"' 

Figure 1118 Trees 
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F1gure 11 18 shows severa! trees For the tree .m F1g 11 18a. a pa:h 
from the roo! node R to the node D follows the nades R.A.B.D Ooes th1s 
sat1sfy reqUirement 2 above? Yes. for R IS the predecessor of A. A 1s the 
predecessor of B. etc 

There 1s a considerable hterature m mathemat1cs concemmg trees 
Severa! of the works in the Bibliography cover th1s matenal 

In computer usage, a most 1mportant kmd of tree 1s called a bmary tree 
11 has the charactenst1c thal each node has at most two successors Figure 
1119 shows severa! bmary trees. 

One reason that !he bmary tree 1s so uselul as a data structure for com
puters relates to the means ol stonng a tree structure in a computer mefn
ory Let us assume that we are to store a number of data 1tems m a memory 
using a binary tree structure F1rst we shall represen! the data structure to 
be used as the graph ola bmary tree Each data 1tem w11l be stored al a 
nade on the bmary tree. For conven1ence of descnpt1on we shall assume 
the data 1tems to be simply Enghsh letters, and we can then use each letter 
as the name of a node Figure 11 19 shows lh1s arrangement 

We can now store th1s tree m memory by assoc1aling with each nade on 
the graph severa! words in memory wh1ch contam (1) the data 1tem al the 
node and (2) two pointers. one to the leftmost successor node and the other 
to the rightmost successor node on·the graph A START pointerwh1ch gives 
the address of the root nade w11l be reqUired so we can enter the tree, anda 
special pomter value w111 also be requ1red wh1ch can be ptaced m any 
pointer and wh1ch mdicales that no (leftmosl or nghtmost. whichever the 
case may be) successor exists An example ol th1s arrangement is shown 
m F1g 11 20 t ·, 

'As befare. the pomters may be somply onde•es onlo an array. values lo be added lo sorne base value. 
etc. lhus saving memory space 

A 

A 

G!x 
A O F W Z 

L M 
(al (b) 

Figure 11 19 Blnary trees 
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Figure 11 20 Dato struclure lor blnory tree In Flg 11 19a 

As may be surm1sed, lhe stonng of two pomter¡¡ w1th each data 1tem 1s 
somewhal uneconom1cal m the use of memory The compensatmg lactors 
lie in the ease w1th wh1ch 1tems can be entered mto or deleled lrom the 
binary free. and the lac1hty w1th wh1ch the free can be searched (prov1ded 
the nades are correctly arranged) . 

Nolice that the lree rn F1g 11 20 has the nodes ordered1 m a spec1f1c 
manner The leftmost successor node always precedes 1ts predecessor 
'Jl ~lph~hetl~~• or-'o- '- ' th ht , u. •'CIL' . \..al u .... 1, W11l1C 'e r1g1 rnost succes!:lor always 1011ows 1ts 
predecessor m alphabet1c order When a tree 1s arranged rn th 1s way. 1t 15 
cons1dered lo .be sorted · · 

An 1mportant use of trees rn the data structures for files mvolves a tree 
where each data entry IS a smgle symbol Th1s structure 1s call a symbol 
tree. F1gure 11.21 shows a grapti ola symboltree for severa! Engl1sh words 
Al each leal rn the tree the address of the record for the word wh1ch termi
nales in the leal IS stored Thus, lo f1nd the record correspondmg lo a g1ven 

1A leal'" a symbollree 1s a node allhe end of a word 
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Figure H.21 Symbolbee 

word. we search the tree for lhe word. and 1f 11 IS found. thf;! record for the 
word would be pomted to by the pomter m the last symbol m the word t 

An 1mportant poinl can be noted here The tree m F1g 11 21 has severa! 
nodes w1th more !han two successor nodes and IS therefore not a binary 
tree The graph can be stored as a bmary tree. however. as shown 1n Fig 
11 22 (Not1ce the method for handling nodes w1th more than two suc
cessors·) 

(The trees m F1gs 11 21 and 11 22 could be used m a d1rectory for an 
mverted f1/e. see quest1ons 6 and 7 ) 

In order lo search trees such as !hose m F1gs 11 21 and 11 22. one can 
use a vers1on of the bmary search algonthm The search 1s almos! as efh
Cient as the bmary search for linear lisis or arrays The tnsertton or deletion 
ol a name ot word '" tne&e ídes os straoghtfoÍ'.vard antl eff:c1ent ch<ir.::oct8í
isi1CS that compensare for the add1tional search t1me for many files of 
mterest. 

In order lo be searched efficiently. a binary tree must be mamtamed m 
whal 1s called balanced form. The exercises thal follow mvest1gate th1s 
subject along wtth algonthms for balancing trees .. searching trees. and tn
sertmg and delet1ng nodes from trees 

1A possrble use os 10 ha.e the words be those on a drctoonary and the records be therr delrnrtoons Or 
the words moght be the Oewey decrmal notalton lor books In a hbrary and the records the descnptoon of 

the books 

Figure 11 22 Dota struclure tor symbol free 

EXERCISES 
For F1g 11 1 ltst the record relatong to F R Jackson 

2 A good Jo-ey for F1g 11 1 wovld be i•Ce'lse nun1b~r !f we vs& nallle of ow~~::~r fr'\r 
key. a key may not be un1que Why? 

3 Gove the collattng sequence for letters and numbers on the ANSI (or ASCII) 
code 1n Chap 2 

4 G1ve the collatong sequence for letters and numbers for the EBCDIC code 1n 
Chap 2 

5 D1scuss sorttng a ltst of names on EBCDIC or ASCII ustng the numerocal values 
as numbers (tntegers) tn the sort routtne 

6 To search the ftle tn Ftg 11 1 for a record gtven the loccnse number. we would 
probably keep !he ftle sorted wtth locense number as a key lf many demands 
were made lo search the ftle for "name of owner,' ti would be conventent to 



Chapter 

6. 1 
Trec cx2mples 

Trees 

The use of flowcharts to represent algorirhms has helped us 
to recognize their underlxing structure. Furth~rmore, atten
tion paid to the structure of an algorithm usually results in 
a better understanding of the computational process, and often 
results in our recognizing alternatives and potential improve
ments to the original design. Similar rewards result from atten
tion paid to the structural relationships among the component~ 
of a set of data. 

There is, in fact, a close connection between the steps we 
need to express an algorithm and the way we choose to think 
about or represen! the data that are to be transformed by that 
algorithm. Experience in constructing algorithms fosters an 
increased appreciation of tlÍis interdependence. You will gain 
som~ of this experience by studying the next several chapters. 
Your ability to analyze the strilcture of a set of data and how 
alternare representations of it can affect algorithms using such 
data, undoubtedly \yill improve. We have already considered 
two st;ructural forms for data, lists and arrays. Another type 
of structure is called a tree (Figure 6 · 1 ). Tree structures are 
important in representing certain types of data and, oddly 
enough~ the essential steps of a number of algorithms exhibit 
a treelike strucrure. 

First we will give two simple examples of a process whosc 
strategy of execution (algorithm) can be pictured as a tree and 
two examples of data that can be picturcd as a tree. Later, we 
will tacklc three fascinating problems, the first one at the end 
of this chapter and the other two in Chap_t~r 7. When wc have 
finished this srudy, wc may claim the title tree expert. 

Let us agree now, before we get too far along, that trees 
in this chapter will be drawn upside down (Figure 6·2). We 
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FIGURE 6·1 

Example l. 
Treelike Algorithms 

FIGURE 6·2 
This is an upstde-down tree. 

f " _} .. 

Tlus IS ~ tree Tl·¡s 1s not ~ trec 

do this only because it is convenie~t. You have to be willing 
to think of a tree growmg toward the earth, its trunk "hangmg" 
from the sky. 

Our first example shows how we can represent the 16 conclu
sions to the well-known eight-coin problem as a "decision 
tree." The problem is this. You are given eight coins, a, b, 
e, d, e, f, g, and h, and are told that they are all of uniform 
weight except one, which is either heavit.:r or lighter than the 
others. You. are given an equal arm balance, but you may only 
use it three 'times for comparing coins or groups of coins. Your 
job is to determine the maverick coin and whether it is lightcr 
or he a vier than the res t. 

Here is a strategy to use (see Figurt 6 · 3) for all possible 
. cases. 

l. Compare the w_eights of two subsets of equal numbers of 
coins and consider the significance of the three possible out
comes. lf the weights of the two subsets are equal, the coin 
in which we are interested cannot belong to either of the 
compared subsets. 

2. Once we have isolated a pair containing the "odd" coin 
and we want to know whether one of them is heavy or light, 
we weigh one of the two candidates against any other that is 
known to be "standard." 

There are 16 possible cases, each of which may occur, 
given the eight labeled coins. The algonthm shown in Figure 
6·3 has a treelike structure. Conclusions are reached by follow-



FIGURE 6·3 
Tree diagram of a straregy ro 
tdenufy lhc odd coin. 
Conclusions are subscripted: 
subscnpt H mcans lrr!avy; 

sub~cnpt L mcans !lgllt. 
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(a) 

ing a unique path (a sequence of three wc1ghings) from the 
top or root of thc tree diagram to one of the termmal boxes 
or leaves at the bottom. 

1. For decision bm. 2 in Figure 6 • 3, explain why: 

2. 

3. 

4. 

S. 

(a) lf the relation a + e > f + b 1s true, one may conclude that 
a> f. 

(b) Jf thé relation a + e = f + b is true, one may conclude that 
e> g. 

(e) If the relation a + e < f + b 1s true, one may conclude that 
b >e. 

Explain why b may be n!garded as a "si andard" coin at decision box 
5 but not at dec1s1on box 7. 

Suppose you are given 12 seemingly identical balls and are told that 
one hall is heavier than the others, which are of the sarne weight. 
Draw the tree diagram algorithm to identify the heavy ball in three 
weighings. 

' Suppose you are given 12 seemmgly identicai balls and are told that 
one ball is different in weight (either heavier or lighter). Draw a tree 
diagram algorithm to idcntify the odd ball and to determine whether 
it is heavier or lighter in three weighings. 

Are all decision sequences tree structures? Consider the three ftow
charts below. 

(b) (e) 

(a) Which of these are tree ~tructures? 
.Cb) Consider the following anempt to define a tree structure. 
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'Example 2. 
Game Trees 

The rules of "Eight" 

303 TREES 

(1) A node having no segments extending from it is a terminal 
node. 

(2) A node having one or more segments extending from it is 
a nontemzinal node. 

(3) A tree structure is a terminal node or a nonterminal node 
whose s~gments consist either of terminal nodes or tree struc
tures. 

What corrections or add1tions, if any, are necded in the above defim
tion so that, when applied to ftowcharts a, b, and e, you will reach 
the same conclusions that you carne to in lhe answer to part a of 
this problem? 

A more interesting type of decision tn:e, frequently referred 
to as a game tree, shows the moves made by the players. Each 
time a player makes a move, he selectr, among the available 
choices of "legal" moves. Each line segment of the tree repre
sents one choice by one player during the playing of one game. 
Figure 6·4 is a tree for the game of "E1ght." This two-player 
game is so trivial you may not enjoy playing it very long. Its 
tree is simple enough, however, that we can srudy it easily, 
and it serves as a good illustration of similar but far more 
complicated games. 

Each player tai<es a rurn at picking a number from one to three, 
adding this number to a running sum that is initially set at 
zero. The first player has a free choice of numbers 1, 2, and 
3. The choice in each play thereafter ts restricted. A player 
may not choose the opponent's preceding selection. The player 
who brings the running sum to a total of exactly eight wins 

' the game; a player exceeding eight loses. Then~ is no draw 
possible. 

When we srudy the game. tree, we can observe that a 
complete game from start ro finish is represenfed by one path 
(e.g., the colored lme) from the beginning or root of the tree 
down toan end or terminal point. PlayerA always moves first. 
Thus, on the grecn line, A chooses 1 from ari1ong the three 
initial choices. Then B chooses 3, then A chooses 1, and so 
forth, until at thc last mo,·e for A thc running su m is 7, and 
his choices are 1 and 3. So he chooses 1 to make the sum 8 
and wins. Triangular-shaped endpoints denote a win for A. 
Square-shaped endpoints <;ienote a win for B. 

zo 
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Player A wtU move fir<l 
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Player B willmoYe nexl 
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PlayerA 
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é 
FIGURE 6·4 
Tree for the game of Eight. 
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Each time a player makes a move, you can imagine he 
Jooks at three choices 1, 2, and 3. After the very first choice 
he rules out one of these, as the game rule~; demand. lnad
missible moves would not ordinarily appear in the tree because 
they tend to clutter the diagram. We have shown them as dashed 
lines for B's first move only as a reminder. 

(a) How many distinct games of "Eight'' are there? 

Imagine the game of Eight is played by children at the l~cal 
kindergarten in the following way. Player A twtrls the arrow of a 

three-part sp~ner, to relect the lllitial move. @ There-

\:1} 
after, each player flips a coin to decide among the rwo admissible 
choices. (heads the smaller, tails the larger.) 

(b) What percentage of games played will follow che color line path 
in Figure 6·4? 

(e) What are. A's chances of winning? Express th1s result as the 
number of games won for every 100 games played. 

(d) If each player chooses each move as shrewdly as posstble, what 
do you thmk are A's chances of winning 1f A plays first? The 
answer is O times out of 100. See if you can Jevelop a proof of 
thts assertion. In Chapter 7 we will take another look at this 
problem. 

' 
In each of the next rwo exercises, you are given the rules 

of a simple, two-player game. Your job in each case is to show 
part or all of the game tree wtth at least four complete games 
dtsplayed. 

2. The game of Hex (or Hexapawn) uses a 3 by 3 checkerboard. Each 

3 player begms the game wtth three pteces on his hase lme, as shown 

• e • 
1 ~ 3 

, Row 2 
4 5 6 

3 

" . ..; o , 
S <) 

FIGURE 6·5 
Board ro~irion at thc 
bcginmng of the game of Hex. 

m Figure 6· 5. Play alternares between green and gray. The rules of 
the game are as follows . 

(a) Etther green or gray, in hts turn, can move forward one space 
to an unoccupied posnion. 

(b) Or he can move diagonally one space to capture an opponent. 
A captured piece is removed from the board. 

(e) The game 1s won by reachmg the opponent's baseline. 
( d) Or by leaving the opponent without a move. 
(e) Or by capruring all opponent pieces. 

Hi11t Ea eh segment of the tree should be labeled to indica te the move 
it represents. Onc way would be to show the befort? and after row, 

.~ 
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Data Trees 

Example 3. 
.Monotóne Subsequences 

column valucs of thc piece that 1s moved. For example, on grcen's 
first play he has thrce chmces: (3,1)-+ (2,1), or (3,2)-+ (2,2), or 
(3,3) -+ (2,3). Each of thesc moves can be funher abbreviated to 
four-digit numbcrs without loss of information, that 1s, 3121, 3222, 
and 3323, respecrively. 

Alrernatively, if we give rhe squares of the board the expliclt 
names shown as small digirs m the lowcr right CL•rner of each square 
in F1gure 6 · 5, rhen we can use a somewhat more compact rcpre
sentation of a move. Instead of four-digit abbrev1at10ns (e.g., 3121, 
3222, and 3323), we can use rwo-dig1t abbreviaunns (e.g., 74, 85-, and 
96, respectively) with no risk of confusion. 

3. The game of "31. "Take a die and rol! ir. The sid;: that rurns up gives 
the. running sum's iniual.value. Thereafrer, ea•:h player moves by 
tilting the die over on its side (one of four posstble sides, of course, 
and remember that opposite faces 

[] o 
o 

always add to seven). The side that rurns up after the tilt-over is 
then added to the running sum. The game proceeds tilt after tilt. A 
player whose tilt brings the total to exactly 31 wms the game; a player 
exceeding 31 loses. There are no draws. 

Flowcharts of algorithms often have the characteristic treelike 
structl,lre, but it is also i_nteresting that data can be arranged 
in a treelike structure. Here are two examples. 

Suppose you are given a seque1,1ce (i.e., a list) of N numbers, 
all guaranteed to be different. W~at is the longest monotone 
subsequence in the given sequence~ 

By a subseq~ence we mean the list that remains after 
"crossing out" sorne numbers in the original list. lf, for exam
ple, the given list is 

5 o 9 6 1 12 3 7 2, 

then one of the 511 (29 - 1) possible subsequences of this 
sequence is: 

' 0 -9 6 t 12 3 1 2 

that is, 9' 6 12 3 2. 
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The reason for explaining this idea in terms of "crossing 
out" is to make it absolutely clear that the order of the remain
ing tenns is not altered. By a monotone subsequence we mean 
one in which either the values are increasing from left to right 
or one in which they are decreasing. Thus the p_reced.ing sub
sequence, 

-9 6 12 3 2 

is not monotone, but the following two are, the first being 
increasing and the second decreasing. 

p o p ~ 1 ¡~ 3 7 ~ 
5 ~ ~ ~ ~ ~f 3 1 2 

. You can check that the increasing substquence is the long
est possible; that is, there is no increasing subsequence with 
more than four elements. The decreasing one is not the longest 
possible, since the subsequence 

9 6 3 2 

is longer. 
It is possible to develop an algorithm for determining 

longest monotone subsequences of a given sequence. Our inter
est here is a bit different. Suppose you are asked to picrure 
al/ the· possible monotone decreasing subscquences of our ex
ample sequence, 

5 o 9 6 1 12 3 7 2 

A liopeless task? N ot if we think in tcrms of trees! See the 
answel' in Figure 6 · 6. 

A most revealing discovery! We have taken a string of 
numbers, posed a particular problem concerning that string, 
and discovered that the problem's answer could lie in inspect
ing a related tree. Notice that. every monotone decreasing sub
seque.nce in S can· be represented as a path running from the 
root S to one of the terminal squares. From now on, we'll 
call these circles and squares rzodes. 

The longest of such subsequences is easy for the eye to 
pick out ·once the tree is drawn. It is the one whose terminal 
node is found at a level of the trce farthest from the root node. 
In this examplc, only one patp rea~hes to level 4, so there is 
only one longcst monotone decreasing subsequence. 

t.J.. t 
•'::' 

o 



" ·' 
"'· 

f· e ,, 

Leve! O 

·LA:vel 1 

Leve12 

Level3 

Leve14 

FIGURE 6·6 
Tree of monotone decreasing 
subsequences for the list 
S = 5, O, 9, 6, -~' 12, 3, 7, 2. 
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· lf a computer is to be used for this approach, we must 
have an algorithm that, in effect, systematically scans the entire 
tree. This is ~e interesting part, which will be taken up starring 
with the next section. 

t. eonstruct a tree that disp1ays all monotone increasing subsequences 
of the same sequence given in Figure 6· 6. 

2. Draw the tr~ that displays all monotone decreasing subsequences for 
the sequence S defined as 

S = {3, 2, 1, O} 

3. Imagine you are a student registering at a university and you have 
deoded to enroll in a particular group of five courses. The five courses, 
together with the availab1e sections and the times each will be taught, 
are listed in Figure 6·7. We presume these data are extracted from 
the officia1 class schedule. Notice that the time penods are letter coded 
for convenience. · 

Course Open Sections 

ENG 132 D (9-10 MWF) 
E (10-11 MWF) 

. F (11-12 MWF) 

FRE 141 F (11-12 MWF) 
H (1-2 MWF) 
Q (10-11:30 TTH) 

HIS 231 F (11-12 -MWF) 
H (1-2 MWF) 

MTH172 D (9-10 MWF) 
F (11-12 .MWF) 
Q (10-11:30 TTH) 

ese 131 F (11-12 MWF) 
H (1-2 MWF) 

Timetable 

'• 

~ 
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Docs a possiblc set of nonconfhcting scctions for thc five courses 
exisr? That is, is it possible to select a set Wlth no time conft1ctS? 
If so, how many d1stinct feasible scts can be sekcted? To be d1stmct, 
a ser need differ in no more than one section from other possible 
sets. Complete a column of the t1metable shown m Figure 6· 7 for 
each feasib1e ser. 

Hint This problem and others like ir can be solved systematically 
by construcung a tree of labeled nodes. The strucrure for the tree 
could be such that the set of nodes along any path emanating from 
the root represents a set of nonconflicting course sections. For ex
ample, labeled nodes at leve! 1 could represent the various available 
secuons of ENG 132 (F1gure 6·8). Nodcs at levcl 2 could correspond 
to v~rious sections of FRE 141, and so forth,Any path running from 
the root ro leve! 5 such t~at every node has a dliferent label would 
represent a feasible ser of courses. 

Level 1 (ENG 132) 

· 4. Imagine you are a student registering at a universiry and assume that 
you have decided ro enroll in the following six courses: 

Communications 267 
English 337 
French 231 

.Geography 233 
Mathematics 272 
Music 120A 

(COM 267) 
(ENG 337) 
(FRE 231) 
(GGY 233) 
(MTH 272) 
(MUS 120A) 

Below are data taken from the printed class schedule. Imllgine that 
when you reach the registration desk, you find that certain sections 
of four of the desired courses are closed (as ind1cated). Prepare a tree 
diagram that shows whether there are one or more possible programs 
open to you at this time, pennitting you to enroll in all six of the 
desired courses with no time conflias. If one (or more) program(s) 
is (are) available, prepare a filled-óut timetable whose formar is similar 
to that given in Figure 6·7. · ' .. .' 

S. A student who was planning to work every afternoon (1-5 p.m.) for 
the Athletics. Department was also hoping to enroll in all of the 
following six courses: COM 267, MUS 120A, GGY 233, MTH 272, 

27 



COM. 267 
P601 

MUS 120A 
E601 
H602 
P603 
Q604 

GGY 233 
F601 
H602 
S603 
U604 

MTH 272 
0602 
E603 
H604 
P607 
P608 
S610 

FRE 231 
E601 
F602 
H603 
1604 

Q605 
S606 

ENG 337 
0601 
E602 
P604 
S605 

------

311 TREES 

1V-FILM. SCENE AND LIGHT 
117-KUHT 930-11AM. TTH COLLINS 

MUSICIANSHIP 1 
129-E 10-11AM. WF MILLER 
129-E l-2PM WF M.ILLER 
129-E 9-IOA,\1 TTH HORVIT 
101-E 10-llAM TTH BENJAMIN •--l 

WORLD REALMS 
101-AH 11-12 MWF HYER • 
101-AH l-2PM MWF PALMER 
210-AH 1-2.30PM TTH SHERIDAN' 101-AH 4-5:30PM TTH COFFMAN 

CALCULUS III 
204-AH 

, 
9-10AM MWF RADER 

1 216-AH 10-IIAM MWF ________ \_ closed 
116-T 1-2P,\\ MWF ·•-
7-AH 8:30-IOAM TTH RADER 

1 sections 
1' 

lll-Z 8:30-IOAM TTH ;¡ 
211A-SR 1-2:30PM TTH 

INTERMEDIATE FRENCH l 303-AH 
106-Z 
105-Z 
105-Z 
lll-Z 
112-Z 

SHAKESPEARE 
105-C 
110-C 
110-C 
113-C 

10-llAM MWF MCLENDON 
i 

11-12 MWF JANSSENS 

1 
l-2PM MWF 
2-3PM MWF 
I0-11:30AM TTH MCDERMOIT 
!-2:30PM TTH HOWARD 

1 9-IOAM MWF HENDERSON A 
10-IIAM MWF EAKER 
8:30-IOAM TTH EAKER 
l-2:30PM TTH THOMAS 

FRE 231, and ENG 337. He received special pcrmission to register 
early. (i.e., no closed sectzons to worry about). How many di.fferent 
feasible programs could he select, given the primed schedule used 
in Problem 4 (1gnoring closed-sections), and still take the afternoon 
job without a time conftict? 

Example 4 .. Suppose we are given 
Tree Representation 

of Expressions 
((a'><w+ b)Xw)j2/(dXy) 

It seems óbvious that whoever first wrote this string of charac
ters intended that it have a mathematical meaning. By now, 
you are quite expert at interpreting such strings. This inter
pretation, remembcr, ip.vqlved the application of a relatively 
complicated set of rules (Tables 2·1 and 2·3). Figure 6·9 

-~ 

?? 



FIGURE 6•9 

Asa 
stnng 

A tree representation of an 
arithmetic expression. 
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shows how we can represent the same string as a tree and give 
it the same interpretation. We will quickly discover that the 
rules for evaluating án expression represcnted as a tr~e are 
much simpler to state because part oftlze interpretatioTTis inher
ent in the structure of tlze tree. 

Bef<?re proceeding with this line of thought, it will be 
helpful to summarize and supplement the tree tenninology 
developed thus far. This is done with the aid of Figure 6·10a. 

We see that every tree has a root node from which extend 
segments (one or more) to other nodes, which in tum branch 
to others, evenrually ending in terminal or leaf nodes. (Notice 
that a root node alone is not a tree.) Every segment leads to 
the root of a subtree, which may be a terminal node. Nodes 

;;¡o¡r •-
,'il: r· • "'~ 

··~~--..~-( _ _.¿_~_ 



r 

Leve! O 

leve! 1 

Leve!~ 

Level3 

Levd4 

Level 5 

FIGURE 6·10a 
Tree terminology. 
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---- -- ---- -- -- --

Offspnng (two or more 
offspnng of the same parent 
are ca1led stblings ¡ 

OrdmJry node of degree 3 
111 hJ> 3 offspnng) 

~ T~nmnal nod~ 

/ 

can be located (identified) by leve~ which is a node count along 
a path from the root node to a terminal. The level we assoc1ate 
with the root node is purely arbitrary, but we will usually take 
it to be zero. The nodes along a path are often thought of as 
having an ancestral relationship one to another. By analogy with 
family trees, moving from a root toward a terminal, each node 
is the -parent of its immediate successor nodes (offspring). Two 
or more nodes having a common parent ~re sometimes called 
siblings. Finally, we can say that the degree of a node is the 
number of its immediate offspring. _ 

A node may also be identified in terms ot the path that . 
leads from the root to that node. How can we represent that 
path? ~ answer comes to mind when we realize that represent
ing a tree in two dimensions imposes an _ ordering on the seg
ments that emanare from each node. And we might as well 
recognize this fact of life by numbering thc segments in sorne 
way, say from left to right or right to left. For simplicity and 
consistency we will gen_erally number segmems from left to 
right, as suggested in Figure 6·10b. Thesc ordinal numbcrs 
amount, in effect, to names for ~e segments. 
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~·~ ... .-,_ ' 

Now a node can be designated uniquely by listing the 
names of all the segments in the path leading to that node. For 
example, the light green node in Figure 6·10b may be desig
nated by the list (1, 1, 1, 1, 2), the dark green node by the 
list (3, 1), the gray node by the one-element list (2), and the 
black node by ( 1, 1, 1 ). (How would the root node be designated 
in this scheme?) Distinct nodes have distinct paths and hence 
distinct lists. 

The expression tree, by its very strucrure, provides the key 
to evalua~ng the expression that is represented. For example, 
suppose values for the variables of our expression are: 

A subtree of the form shown in Figure 6·11, together with 
the above table, can be understood to mean: Look up the values 
of a and w, compute a X w = 3 X 2 = 6, and replace th~ 
subtree by the terminal node 6. .. · 

Correspondingly, the subtree shown on the left can be 
interpreted as: Compute d X y = - 1 X 7 = - 7 and replace 

_ the subtree by the terminal node - 7. 
Figure 6·12 represents a seqrience of meaningful substi-



FIGURE 6·11 

- _1_ ___ _ 

tutions that, when carried out, will ulumately lead to the re
placement of the whole tree, root node and all, by a single 
terminal, which represents the value of the expression. 

Proper evaluation is guaranteed if we follow one simple 
replacement rule that says: 

W7zenever you find a subtree consisting of a root node leading 
to three tenninals (an operator and two operands), replace 
that subtree by a single terminal value. 

Thus the replacement sequence in Figure 6·13, although 
different from that of Figure 6·12, leads us irrevocably to the 

same value, 1 ~56j. A computer performing either sequence 

would evaluat~ the same indicated quotient ¡- ~56 ,, notwith

standing the fact that computer operations on fioating-point 
numbers are nonassociative, a fact explained in Chapter 11. 
Another point to note from the figures is that the treelike 
representation of a complicated arithmetic expression allows 
us to see all the meaningful subexpressions ( all the subtrees) 
ata glance. 

9Jlce an expression is represented as a tree, evaluation 
depends only on repeatedly searching ~d finding subtrees that 
are suiJject tó the replacement rule. · At any given time, an 
expression tree, if not already fÚlly evaluated, will exhibir at 
least oñe such subtree. 

A question that has no doubt been uppermost in the minds. 
of sorne readers is: How should tree structures be represented 
in storage? Linked lists, introduced in Chapter 4, suggest one 
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FIGURE 6·12 
A stepwise evaluation of a tree 
expression. 
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Step 1 
re place_ 

St~p ~ 
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Tn:c Table 

Nodc \"alue 
~umbcr (Srring) 

' -, --~-

Lcft 
• ~ w __ ¡ - . ~ ·~-

1 f, o 2 
2 o 3 
3 o 4 
4 ' o 5 
5 

~ 
o 6 

6 a 
7 X 
8 w 
9 + 

10 b 
11 X 
12 w 
13 t 
14 2 
15 1 
16 o 17 
17 d 
18 X 
19 y 

FIGURE 6·14 
Tabular representation of an 
expression tree. 

way. With this approach, one storage rcpresentatlon for the 
expression 

((a X w + b) ?< w)j2/(d X y) 

is shown in Figure 6·14. A four-column table is uscd. Each 
row represents a node with row 1 representing the root node. 

. ~;:::~· ... R.~J 
__ ,_ .. - ---

15 
13 
11 
9 
7 

18 

16 
14 
12 
10 
8 

19 

The first column holds the value of the node if it is a terminal 
or sorne special mar k, for example, O, if the node is nonter
minal. The remaining three columns hold node numbers that 
designate the left, middle, and right offspring. These positions 
may be left empty (undefined) for terminal nades. Node num
bers in the left, middle, and right column~ serve as links to 
other nodes. Other tabular descriptions of tree structure using 
the linked list approach are discussed in Chapter 7. 

A Peek at Sorne · We noticed in the expression tree of Figure 6 ·12 that two 
Furure Models of SIMPLOS separa te subtrees 

and 

. ' - '.¡ ·.' 

,,¡. 
- .1,' • 
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had only terminal nodes as offspring. At the start of evaluauon 
• we could invoke the replacement rule on either of these sub

trees. It was immaterial which we picked first. This will always 
be the case for subtrees whose root nodes are siblings or the 
offspring of sibling nodes (i.e., cousins once or more removed). 
From the standpoint of expression evaluation, such subtrees 
are mutual/y independent. 

Under what circumstances can a computer work on the 
evaluation of two or more independent subtrees at the same 
time? With our present SIMPLOS model the answer is never, 
because at any one time there is only one team of personnel 
(Master Computer, Affixer, Reader, and Assigner) available to 
do work. On the other hand, advanced models of computer 
systems having severa!, perhaps many teams of personnel, are 
quite feasible. 

Although it may boggle the mind to think about it, one 
may anticípate that future computers will evaluare mutually 
independent subtrees concurrently, that is, in parallel when
ever more than one team of personnel is available for the 
purpose. In cases where speed is essential the capability of 
concurrent computation offers the opportunity to solve prob
lems that cannot be solved fast enough in any other way. Ex
amples of such problems already abound in our technological 

. society. More can be found on this topic in advanced texts. 

l. Evaluate the expression trees below, using the given values for the 
variables. 

. ; 

A= 1 
B = -3 
D = 10 
e = -60 

·-

r-
1 
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(d) 

A = 5 
B = 3 
e = e 
D = 1! 

2. Draw a tree representation for the expression 

Bt2- 4XAXC 

A D 2, 
B = 3, 
e= J, 
D • 4 

J? 

• = 1 ~
h = 4 

' = ' 
d = l. 
z = -1 

3. The following are two proposed tree representations for the expres
sion 

1 -NXAtN/0 + OXU- T 

Which, if either, of these trees, evaluated by the replacement rule, 
yields a result computationally equivalent to the result we get by 
following the evaluation rules laid down in Tables 2 • 1 and 2 • 3? 
lf the evaluation of either one of the trees is not compatible with 
these rules, describe the discrepancy. 

\ . 
1• ' . 

-·-

·~·!&· ,/ 
'- .l' '" 

,; ··~ 
•1: ___ - ------
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'' 

(a) (b) 

4. Draw a tree representation for the expression 

(a - b) X (e - d) 1 (e X (f + g)) 

S. Find which of the three trees given below correctly represents the 
given expression and exhibit the expression represented by 'each of 
the other trees. 

(
4- 2y) + 2 

y '3 y 

- .,. ·~ ... 
r 
1 
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6. Find the tree among the four given below that represents the given_ 
expression correctly and exhibit the expres'sions represented by each 
of the other trees. 

a X b < e+ d/(f + g) 

--':ADI.....I..iM. • .. --

r
/ 
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7. Convert the ttees below into the corresponding arithmetic express1ons. 

{e) . 

- .. 1--. ·--·· 

r-
! 
! 
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How would you draw the expression. tree for thc cxprc~~JOn 
A X ( -,B)? The problcm here 1s to decide how one should rcprcsent 
a unary operauon. Onc poss1b1hty is shown m thc trcc on the Jeft. 

Here rhe suhtrce c:-.prcss10n - B 1s trcatcd as a root node having 

a unary operator [] and one argument QD dS offspnng nodcs. One 

can deduce that the operaror i~ unary by the fact that the (left-hand) 
operand node is missmg. Functions such as y, cos, and so forth, 
can be thought of as unary operators. Using the above expression 
scheme, or another of your own choosing, develop expression trees 
for: · 

(a) A+ Vx 
(b) cos (x2 + y2) 

(e) j ~ X ( 1 + q 1 y'p2 .+ q2) 

9. Whieh of the following statements is false? 

10. 

~:-

(a) A terminal nodc has onc ancestor node and no descendant nodes. 
(b) A ro9~ node has no ancestor nodes and may ha ve no descendant. 
(e) A nontenninal node has no descendant nodes. 
(d) A nonternunal node may have only one ancestor node. 
(e) A tenninal node can be connected to an aneestor. 

Hint If you have any quesrion as to the meaning of "ancestor" and 
"descendant" just thjnk of a family tree. 

Any given two-dimensional matrix can be represented as a tree. For 
example, the matrix 

[

3 4 
f:t. = 8 3 

1 17 

5 
2 
4 ~] 

can be expressed as the tree: 

(a) Given the representarían above, the four nades ar Level 1 corre
spond ro (choose one): 

( 1) The four elements of the main diagonal of the given matrix. 
(2) The four elements of row 1 of the given matrix. 

~) l. 
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(3) The four columns of the given mathx. 
( 4) The sums of ~e elements in each of the columns of the given 

matrix. 
(5) None of the above. 

(b) Show at least one other way to represent the matrix A as a tree 
structure. 

U. Using list notation, give the paths for the nades labeled [~], 0' 
and [2], in the second of the two trees referred to in Problem 3 of 

this exercise set. 

12. Develop a sch~me to denote thc saving in time that, in principie, is 
possible in a computer having multiple processing units thar can 
execute concurrently in the same express10n. Show how your scheme 
would work on the following expressions. 

(a) a2 + b2 + c2 

(b) (a - b) X (e - d) 1 (e X (f + g)) 
(e) (Vx + cos y) /z 

13. In the text we have always shown rhe operator symbol of an expres
SJon tree as a termmal node, so each nonterminal node of the tree 
has three offspring ifthe operator has two operands, and two offspring 
if the operator has one operand. Another way to draw the tree is to 
place each operator symbol at its parent (nontermmal) nade. For 
example, the tree for the expression · · -

A+BXC 
may be drawn as 

instead of as 

'., 

i '. ·' 'l.•'' . ..., ' ·}:. 
·'*;:·-:_¡, 

' ' '~, . -·~-- : __ -~ 

1 

---~~- - 41 ( ~ 

r-
1 
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6·2 
T re e searches 

Natural-order Tree Search 

The new form, whiCh we shall call a bmary expression tree, has 
fewer nades but thc same amount of informauon. 
Refer to Figure 6 • 14 and: 

(a) Produce thc binary exprcsswn tree eqUivalent to the express10n · 
tree g1ven in thc figure. 

(b) Show how the tree table in that figure can be changed in structure 
and in content to represcnt thc bmary tree you de\"eloped m part 
a. 

(e) Which tree table would require lcss storage in a computer repre
sentation? 

We ha ve now seen enough of trees to ha ve observed their main 
structural characteristics; segrrienrs of a subtree always con
nect to new nades that form a continuation of the same subtree; 
there is no looping back to nodes closer to the root; and there 
is no crossing or crisscrossing between subtrees. 

There are many ways one can construct and store a tree 
structure. Depending on what use is to be made of the tree, 
sorne representations (we will call these storage structures) are 
bener than others. Trees are searched for one reason or another, 
either to gain specific information, to reach a conclusion, or 

, to modify the tree in a certain way. A tree search líes at the 
heart of a number of mathematical problems and a great num
ber of games. J 

There is a systematic way to sean all the nodes of a tree that 
is used frequently in solving problems. We call it natural-arder 
.seuching. Although a squirrel may ha ve better ways of finding 
nuts in a tree, it will help us to understand natural-order search 
if we- imagine a nutseeking squirrel willing to follow these 
rules. 

l. Start at the trunk (root) and don't stop trying segmerits 
until you reach a leaf {terminal node) unless you find a nut 
and choose to stop at that point. 

2. Upon reaching a terminal without finding a nut, back up 
to the node you just passed, that is, to the parent node of this 
terminal. 

3. Now, choose the next untried segment, if any, and move 
forward along it toward another leaf node. 

'-
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12 

FlGURI! 6·15 
Systematic (natural-arder) 
search for a nut. 

Algorithm for NaturaJ .. Qrder 
Tree Scarch 

4: If there are no unttied segments, cráwl backward to the 
predecessor (parent) nade and repeat the process of trying to 
reach another leaf nade. · 

5. If you ever find yourself back at the root having already 
ttied all segments from the root without finding a nut, you have 
finished searching the entire tree in natural order and can repon 
a failure to find a nut. 

Figure 6·15 shows a natural-order search of a tree. The 
numbers beside the nodes indicate the sequence in which they 

j 
1 

o 

are first encountered (i.e., as the squirrel sees them in its for
ward progress). We picture one of these nodes as a nut. lt is 
the 23rd node encountered. Norice the systematic, left-to-right 
selection of segments at each nade. 

Now suppose we wish to construct a tree search algorithm that 
generally follows the stated ser of rules. Onc of our problems 
is how to: interpret rule 3, that is, how ro choose among the 

·- ... ' 

r-
1 
í 
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remaining untried segments. If we recall, however, that the 
segments cmanating from each node are, or always can be, 
ordcred, then a simple interprctation comes quickly to mind: 
choose the segment, if any, whose ordinal number name is one 
higher than that of the segment previously tried. 

To make this choice imphes that the algorithm can always 
identify the ancestor or parent node from which the "previously 
tried" segment ernanated. That is, the algorithm can only iden
tlfy additional segments in terms of the common parent. This 
backup capability is assured if the algorithm at all times has 
an up-to-date record of where it is in the tree search and can 
represent this data in the form of a path list. For example, 
suppose it has been discovered that the segments from the node 
whose path designation is (1, 1, 2, 1) need be examined no 
further (Picture 1 ). 

The node 
· named (1, 1, 2, 1) 

PICTURE 

Root 

' ' ' ' 

What is the path name for the parent of that node? The answer 
is (1, 1, 2). 

How do we apply rule 3 to this parent ( 1, 1, 2)? (Rule 
3: choose the next untried segment, if any, and move forward 
along it toward another leaf node.) The answer is, if there is 
a node whose path is (1, 1, 2, 1 + 1), try it (Picture 2). 

In general, suppose we have tried the segment lead.ing 
from node (1, 1, 2) to node (1, 1, 2, i) and the subtree whose 
root is ( 1, 1, 2, i) has failed to contain the nut we are looking 
for. To select the next untried segment, if any, of no~e ( 1, 1, 
2), we have only to check whether there exists a valid node 
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' ' ' ' The node named (l. 1, 2) 

Root 

' ', 

The node namcd (1, 1, 2, 2) 
to be tned after ( 1. 1, 2. 1) fa1ls 

PICTURE 2 

ve 

' 

whose path is (1, 1, 2, i + 1). lf so, select the segment leading 
to this node and if not, back up, and check whether there is 
a valid node (1, 1, 2 + 1). If so, select the segment leading 
to this node, but if not, back up again and see whether (1, 
1 + 1) is val id, and so on. 

We now sense that by starting out with a path list that 
represents the root node (an empty list of segments), and by 
continuing to update that list as we move through the tree to 
reflect where we are in the search, then simple adjustments 
to the path allow liS to determine each new direction of search. 

Figure 6·16 shows a systematic procedure, that is, an 
.:~; a~gori~ for conducti_ng natural-order tree ~earc~. The algo-

-rlthm 1s represented m top-down ~~' w1th F1gure 6·16a 
giving the topmost view. Any necessary data are input in box 
1 and the tree search begins at box 2. In Tree_Search, whose 
details are given in Figure 6·16b, there are two key variables: 
leve! and path. The value of level tells liS the number of ele
ments in path. Values of these two variables determine the 
current node of the search. In a sense the current node is the 
one we ~re standing on while we try to find the next node to 
move to. These variables are initialized in box 1 of Figure 
6·16b. Tree Search sets sorne sort of switch to indicare success - ' 

or failure. (Recall that a root nade by itself does not constitute 
a tree. There must be at least one subtree. For this reason the 
first time box 2.2 is executed the Yes outlct will be taken.) 
U pon exit from Tree_Search, the main program, in effect, tests 

.·, 

- ' l>' /~ 

r 
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Top-down development of 111 

algorithm for natural-arder 
tree searc:h. 
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that switch. If success is indicated, the path list is displayed, 
identifying the location in the tree where the nut was found; 
otherwise a failure rnessage is displayed. 

To sirnplify the details of Tree_Search, three of its boxes 
are given in more detail in Figure 6·l6c, 6·l6d, and 6· !6e. 
Notice that rule 3 is implemented in box 2.3 as a call to a 
procedure, "Seek_Another_Segment," whose details (Figure 
6·16c) include a test for admissibility of untried segments. 
Although not shown in the leve! of detail given in Figure 6·16c, 
we imagine that sorne sort of switch is set by Seek_Another_ 
Segment, which can be tested upon return to Tree_Search so 
that the former's success or failure can be determined at box 
2:4. If successful, there is a new node to which the search may 
advance (details in Figure 6 ·16d). If unsuccessful, it 1s neces
sary to retreat to !he parerit node, if any (Figure 6·16e). (Re
member that Seek_Another_Segrnent reports fail,ure only after 
all segments have been tested.) 

The bookkeeping of the retreat operation (box 2.5.3) is a 
two-step process. 

l. Detach the last elernent of path, which is a segment num
ber, and save it to use the next time Seek_Another_Segment 
is called at box 2.3. 

2. ~crement leve/ by one to reflect the shortcned length of 
path. 

. . ..L-~ .. --

C(/ ·1 
! 
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EXERCISE 6 •2 

6·3 
The four-color 

problem 

~ ...... -·~-· , ___ J!_ ~-

The scgment number saved in step 1s ncedcd m boxes 
2.3.1 and 2.3.3. When a new segment number is selected m 
box 2.3.3, it in rurn is saved for use by Advance, the next time. 
that procedure is called at box 2.6. Ad,·ance increments leve/ 
by one and appends the new segment numbcr on to the end 
of patlz. We lea ve .to the readcr the pleasure of rev1cwmg thcse 
details and convincing h1msclf of thcir correctness. As a partmg 
remark, ir is worrh observmg that the narure of the admissi
bility check hinted at in box 2.3.2 may be crucial to the success 
of the search. As many inadmissible structurcs as possible must 
be ruled out at each stage. For example, the squirrel should 
recognize each dead limb and not search it. Otherwise, the 
proportion of useless paths may grow rapidly, meaning that 
the efficiency of the search method can plummet toward zero. 
Next we examine severa! interesting problems that employ this 
type of search in their algorithmic solution. 

l. List the nodes of the tree below in rhe order in which they would 
be encountered in a natural-order search. 

Maps are colored to make it easy to see at a glance the extent 
'of each counrry. Iris necessary that neighboring countries (i.e. 
countries with a common boundary Iine) be assigned different 
colors. Does the mapmaker then need more than four colors 
to do his job? He doesn't care, out we do. 
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-

. This problem was one of the most celebrated challenges 
in mathematics. It is of great intellectual interest and has in
trigued many people from all paths of life. Actually, its solution 
has little or nothing whatsocver to do with making maps. A 
mapmaker is and always will be able to print maps using as 
many, different colors as he needs. 

A checkerboard is an example of a map that can be colored 
with only two colors. The four-countty map shown in Figure 
6 · 17 requires four colors. Because each pair of countries is 
adjacent, no two can have the same color. 

It didn't take us long to find a map requinng four colors. 
Yet, in over 100 years of searching, no one has succeeded in 
finding a map requiring fiv~! It is natural to conjecture that 
every map can be colored with four colors, and many mathe
maticians have racked their brains trying to· prove this con
jecrure. The best they have been able to do so far is to show 
that every map can be colored using no more than five colors. * 

We are about to see how computer methods can be applied 
to the four-color problem . .We will not use the computer to 
show that the four-color conjecrure is true. Indeed~ it is entir~ly 
possible that no computer can ever prove this. However, true 
or false, we can use the computer to determine whether a 

partz'cular map can be colored in only four colors. This is the 
task for which we want to construct an algorithm. 
- ~Before starting on this. algorithm, a few remarks concern
ing the coloring of maps may be helpful. 

A minimal five-color map is a map requiring five colorsJ.;.. 
so that every other map requiriog five colors has at least as 
many countties. Of course, no minin'ial five-color map has ev(.T 
been found. But mathematicians have shown that if such maps 
exist at all, then sorne of them satisfy these two conditions. 

l. No point is a boundary point of more than three countries. 

2. Each country is a neighbor of at least five others. 

Moreover, it can be shown that every minimal map, if any exist, 
must satis"fy the second condition. 

It is therefore customary to consider as candidates for 
counterexamples to the four-coloi conjecrure only maps ful
filling these conditions. 

• A Simple proof of thc !he-color theorcm a!Sts. lt may be found, for nample, m 
Wh<.~t u Mathemwtrcs', Oxiord Umvers1ty l'n:$s (19-tl), by Courant and Robbms. 

'1' 

-----
' 
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Four-Coloring as a 
Trce Search 

FIGURE 6·18 

Country 
(leve!) 

2 

3 

etc. 

FIGURE 6•19 

Country no. 
(level) 

2 

3 

4 

FIGURE 6·20 

) 
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We can modcl the problcm of four-coloring a givcn map, say, 
the one pictured in Figure 6 · 18, as one of travcling along a 
path through a tree such as that shown m Figure 6·19. Each 
segment represents a decision to color a country, with colors 
1, 2, 3, or 4. The ith segment in a path from the root corre
sponds to the coloring of the ith country of the map. 

~ 
1-

\. 

Observe that many paths through the tree turn out to 
represent identical colorings of the map except for renaming 
of the colors, and it is desirable to avoid searching through 
such duplicare patterns. (E.g., the two heavy-line paths in 
Figure 6·20 represent the same coloring patterns with different 
names used for the colors.) One way to avoid the unnecessary 
search is to fix at the outset in a quite arbitrary way the colors 
for neighboring countries 1, 2, and 3 and ro begin the real 
search with the coloring of country 4. 

In -coloring all countries, from the fourth count¡y .On, as 
seen in Figure 6·21, we assume that all four choices are possi
ble. Most of the time, however, as can be seen in Figure 6 • 22, 
only one, two, or three of these choices will be admissible. 
Sometimes even all four choices will be inadmissible, as ex-

1 
1 

.1 



1' 

- ------ --------- ---- ----

335 TREES 

FIGURE 6·21 
Showing coloring tree and one 
path rcpresenting the colormg 
of the first six countries 
(colored line). 

Counrry no 
{leve!) 

3 

4 

S 

6 

7 

9 

10 

11 

1 ~ 

FIGURE 6•22 
An -=nt1re coloring tree 
~howjng how to four-color the 
I!J~P ot Figure 6·18. 

t'XERCISES 6• 3, 
. SLT A 

Country 

2 
2------------------------~ 

3 
3-------------.--~~~~~ 
4 ------.,-

S--_., 
6---4 ... " 

etc. etc. 

Note The small number to 
the lert of each segment 
1s a color code for the 
country represented by the 
nelt node 

1 = gray 
2 = hgh t green 
3 = black 
4 = dark green 

1 O SuCLes>es. marked by tenmnal nodes of the form []] 

16 FaJiure<. mar~ed hy lermmal nodes or the form ~ 

emplified by terminal nodes marked F m Figure .6·22. Only 
10 paths lead to S (success) terminals. 

1. Compute the theoreucal maximum number of possible ter~mal node~ 
for thc coloring trec of thc 12-country map in Figure 6·18 . 

Hint Use Figure 6 • 21 as a guide. 

!.,~('~~~' ~ "'~ ~ ,: 

---~~\._ -· 
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A Four-Coloring 
Algorithm 

FIGURE 6•23 
Example of map to be 
four-colored by a computer 
algorithm. 
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2. Assume that it takes only 1 microsecond to check another parh to 
a termmal, and that the scarch of half of thl:sc path~ i~ rl:quircJ before 
the desired terminal is reached. How long would thc computer chug 
away before ir found what it was lookmg for m a 39-country map? 
Assume all segments to be admissible. Express your answer in units · 
of years. · 

3. By renumbering the countnes on the map of Figure 6·18, show that 
a colonng tree can have nodes with threc and even four perm¡ssible 
segments emanating from them. 

4. Using a form similar to that of F1gure 6 · 22, draw a "coloring tree" 
for the map shown below. 

Let us see how to apply what we have just leamed about tree 
search to an actual problem. It is one thing to· discuss a tree 
in the abstract and another to start with a problem, define in 
sorne detail the tree search that is involved, and then develop 
a detailed ftowchail:,.aigorit:Íun. In this case, we will take as 
our problem statement: Develop a detailed ftowchart algorithm 
for four-coloring any n-c:ountry map. 

The first step toward this objective might be to devise a 
method to represent any n-country map. To do this we need 
a sample map for srudy as, for example; in Figure 6·23. The 
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map consists of 39 countries, and the countries have been 
numbered ·or 1ndexed in the arder that the algorithm will 
attempt to "color" them. 

The efficiency of the algorithm will be greatly improved 
if each country borders on as many lower-numbered countries 
as possible. We do not absolutely insist on th1s but, ifyou have 
done Problem 3 of Exercise 6 · 3, you will appreciate why we 
recommend this approach. We do, however, require that the 
first three countries all be neighbors of each other. 

How do we represent the map in computer storage? One 
way is to. construct a "connection table," listing after each 
country all of its neighbors in increasing order. This is shown 
for our example in Table 6 ·l. 

Our algorithm should consult this table when deciding 
how to color a particular country. For example, if we were 
coloring country 15, we could see in row 15 that countries 5, 
6, and 14 are neighbors already colored. Our choice of color 
for 15, then, depends solely on the currently chosen colors for 
5, 6, and 14. 

Knowing that country 15 also has neighbors 'numbered 16, 
25, and 26 appears to be superfluous. This leads us to the idea 
of a shaved-down table, which we will call the "reduced connec-

The Connection Table for the Map in Figure 6·23 

' Country Neighbors ~ "' ~: ,¡ 
Country Neighbors 

l ··-~---~3 4 5 6 21. lO 11 20 22 31 32 . ~ .... ... _.. 

2. ·'3 6 7 8 9 22. 11 12 21 23 32 33 
3. 1 2 4 9 lO 11 23. 12 13 22 24 33 34 
4. l 3 5 ,ll 12 13 24. l3 14 23 25 34 35 
5. 1 4 6 13 14 15 25. 14 15 24 26 35 36 
6. l 2 5 7 15 16 26. 15 16 17 25 27 36 
7. 2 6 8 16 17 18 27. 17 26 28 36 37 
8. 2 7 9 18 19 28. 17 18 27 29 37 

'9. 2 3 8 10 19 20 29. 18 19 28 30 37 38 
10. 3 9 11 20 21 30. 19 20 29 31 38 
11. 3 4 lO 12 21 22 31. 20 21 30 32 38 
12. 4 11 ~~ 22 23 32. 21 22 31 33 38 39 
13. 4 5 14 23 24 33. 22 23 32 34 39 
14. 5 13 15 24 25 34. 23 24 33 35 39 
15. 5 6 14 16 25 26 35. 24 25 34 36 39 
16. 6 7 15 '17 26 36 25 26 27 35 37 39 
17. 7 16 18 26 27 28 37. 27 28 29 36 38 39 
18. 7 8 17 19 28 29 38. 29 30 31 32 37 39 
19. 8 9 18 20 29 30 39. 32 33 34 35 36 37 38 
20. 9 lO 19 21 .JO 31 

., 
~~. 

::.t'l' ~~ ~ . :'> 
.• ~ _____ ..__l.~ ... ---

. ---· 
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TABLE 6•2 
Rcduccd Conncction Tah1e for the Map m Figure 6·23 

Country Neighhors 
CONN,

1 

l 
2 l 
3 1 2 
4 1 3 
5 1 4 
6 1 2 5 
7 2 6 
8 2 7 
9 2 3 8 

10 3 9 
11 3 4 10 
12 4 11 
13 4 5 12 
14 5 13 
15 5 6 14 
16 6 7 15 
17 7 16 
18 7 8 17 
19 8 9 18 
20 9 lO 19 

Width ~ 
- Country Nc1ghbors \\.Jdth 

W¡ 

o 
l 
2 
2 
2 
3 
2 
2 
3 
2 
3 
2 
3 
2 
3 
3 
2 
3 
3 
3 

co:¡...;~, 1 \\"¡ 

tl r' 21 lO 11 20 3 
22 ¡¡ 12 21 3 
23 12 l3 22 3 
24 13 14 23 3 
25 14 15 24 3 
26 15 16 17 25 4 
27 17 26 2 
28 17 18 "27 3 
29 18 19 28 3 
30 19 20 29 3 

'~ 31 20 21 30 3 
32 21 22 31 3 
33 22 23 32 3 
34 23 24 33 3 
35 24 25 34 3 
36 25 26 27 35 4 
37 27 28 29 36 4 
38 29 30 31 32 37 5 
39 32 33 34 35 36 37 38 T 

tion table." It is consoucted by striking out of each row in 
the table all nurnbers greater than the number of the row itself. 
The reduced connection table for our example is seen in Table 
6 • 2 and can be thought of in this case as a 39-row by 7 -colurnn 
array called CONN. The number of nonnull elements in each 
row is given by elements of an associated list w. Thus the 

~ algorithm can search the first W
1 

elements in the ith row 
. of CONN to determine which neighbors have already been 

colo red 
If we are to apply our generalized tree search algorithm 

(Figure 6·16) to the map-coloring problem, yve must also de
cide how to represent the current node (i.e., how to represent 
the variables path and leve!). The variable path is a list of 
elements, each of which designates a segment choice. Our 
decision to use color codes 1, 2, 3, and 4 for the four possible 
color choices leads us directly to the decision- that a search 
from a node may be accomplished by selecting (trying) the 
segments in the same order, 1, 2, 3, and 4. The decision to 
make this correspondence between the color codes and the 
segment order imposes the required ordering on the segments 
from each node of our coloring tree. Moreover, the ith element 

j")-

r 
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of path automatically identifies the color chosen for the ith 
• country! This means tlÍat wbenever we have been able to 

choose a valid color for the ntb country, the current contents 
of the path is the desired list of colors for the n countries of 
tbe map. Nothing could _be simpler. For tbis problem, let us 
call the path list COLOR, since it is more suggestive of our 
desired objective. " 

Figure 6·24 shows a flowchart algorithm incorporating the 
foregoing concepts and details and following the identical top
down structure given in the generalized search (Figure 6·16). 
It will be easy to verify the claimed similarity. If you have 
any difficulty in following Figure 6·24, remember that boxes 
with 'corresponding numbers in the generalized flowchil.rt have 
similar meanings. Only Figure 6·24/, the detail ofthe admissi
bility test in box 2.3.2, is really new. 

Box 1 of Figure 6 • 24 is a counterpart to box 1 of Figure 6 · 16. 
In the detailed algorithm we must input the data explicitly to 
represent tl:ie map if we are going to deduce the ·actual structure 
of the tree. In Figure 6·24b, to keep track of what trec leve! 
has been reached, a level or path length counter k is needed. 
This counter is initially set to O in box 2.1 to reftect the start 
of the search at the root node. (The algorithm could be made 
more efficient by initializing the leve! counter to 3 and path 
to ( 1, 2, 3) to reftect coloring the first three countries with the 

- first three colors, as _suggested in Figure 6 · 21.] 
Success_Switch is a three:~alued switcli-vai'üible tbat is-- - -

initially set to "undecided" ( at box 2.1 ), and then is set to either 
"Y es" if the tree search succeeds orto "No" if the search fails. 
To see why or where this switch is sct to either "Yes" or to 
"No," you may have to descend to the next levels of detail. 
Thus, whenever we discover that the search is about to back-
track to level zero, the search has failed (boxes 2.5.1 and 2.5.2 
of Retrcat). If k - 1 == O in box 2.5.1, the current node is 
at levd l. In other words we have backtracked to the first 
country. The first country was colored with color 1 at the 
beginning of the search. We have not tested colors 2, 3, or 
4 on country l. Should we? Not really, because we know that 
any coloring we find will simply be a renaming of a previous 
coloring (if any) when country 1 had color l. We won't find 
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any new patterns. lf we want to search thc complete tr~e, 

however, including the four possible colors for thc first country, 
we have only to change the test in box 2.5.1 to read 

Whenever thé Ieve1 counter k is found to equal n (boxes 
2.7 and 2.8 of Tree_Search), Success_Switch is set to "Yes." 
The variable Seek_~witch tested by Trec_Scarch in box 2.4 
is set to either "Yes" or "No" by Seek_Another_Segment (Fig
ure 6 · 24c). This procedure in turn reports success if and only 
if the subprocedure Admissibi¡ity _Check reports success. This 
latter procedure (Figure 6 · 24j) determines whether any of the 
previously colored neighbors (there are wk+l of them) have the 
same color as the tentative color, te, that is being considered 
for the k + 1 st country. If so, Admissibility_Switch is set to 
"No" so that, after the-RETURN to Seek_Another_Segment, 
another (the next) color may be tried. Notice that only in 
Admissibility _Check is there any reference ro the map's rep
resentation. This suggests that detailed ftowcharts for different 
natural-orde"r tree search problems will differ mainly in the 
details of this particular part of the search algorithm. 

· The bookkeeping of Retreat and Advance in Figure 6·24 
uses auxiliary variable, te, tentative color. This variable is al~
used in Seek_Another __ Segment..5J.uring the search for an ad
missible segment and, in box 2.3.5, te is incremented whenever 
an inadmissible. segment is found. In Adv:ance, k is incremented 
to represent the longer successful coloring path. The successful 
tentative color is stowed away in Colork, and the auxiliary 
variable te is reset to l. (See box 2.6.1.) During Retreat the 
current color choice for country k must be remembered so 
that the search for another segment of country k's parent can 
resume at a value of te that is one greater than the last one 
tried. The saving o f. this information is accomplished by the 
assignment step, 

te +-- Color k + 1 

as seen in box 2.5.3. Then the path length k is shortened by l. 

- ,,¡ 



EXERCISES 6 • 3, 
SET B 

FIGURE 6·25 
A chessboard with two 
Queens on different rows, 
columns, and diagonals. 
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l. 

- In the problem set that follows, you are introduced to 
severa! well-known problems involving tree search. Here is 
your chance to apply our generalized natural-order tree search 
method. 

The Eight Queem Problem. A chessboard is an eight-by-eight array 
of positions. The Queen is the most powerful piece in the garne of 
chess in that it can capture any other piece encountered on the same 
row, column, or diagonal. The problem is ro so place eight Queens 
on the chessboard so that no Queen can capture another Queen. 

If there is a solut10n to the Etght Queens Problem, it is evKient 
that each Queen must be on a different row, column, and diagonal 
of the chessboard (Figure 6 • 25). This suggests the need for a system
atic way of placing the etght Queens on the board, one at a ume. 
It is certainly immatenal where the first Queen should go but, to be 
systematic, we can thmk Q[ puttmg H somewhere in column 1 with 
the object of placing each successtve Queen m a succeedmg column. 

In placing the first Queen m column one, there are etght ch01ces, 
each of which eliminares sorne of the ch01ces for placmg a Queen 
in column two. These etght chmces may be represented by a tree 
with etght segments emanating from the root node. As one moves 
down this tree of choices, there will be fewer and fewer adrnissible 
branches. A solution ro the Eight Quecns Problem ts represented by 
a path through the trec reaching al! the way to leve! etght. 

The narural-order tree search is suitable for searching the tree, 
but it is necessary ro be explicit abour the test to determine which 
segments of the tree are admissible. Alrhough it is temptmg to repre
sent the chessboard as an eight-by-eight array, it is easy ro see that 
a single eight-element list, say { Q,, i = 1( 1 )8 }, will suffice, since 
in the Q list we can store the row number for each Queen. 

. _, 

Suppose that_k_ Que~JJ.Lhªy~ ___ ai~~dy ~e_n ~Rlace~dnussibly in 
the first k columns of the board. To determme whether the ñext Queen- - ~- --- ---- -~ 

can be placed in position j, k + 1, at least two tests must be made. 

(a) Is there already a Queen m row j? That is, has the value j already 
been assigned ro an elemcnt of the Q list? If so, thts posttion 
(j, k + 1) is inadmtsstble. 

(b) Is there already a Queen on one of the two diagonals that pass 
through the new posttton? The first diagonal, which we will cal! 
a "major" dtagonal, slants from upper left to lower right. The 
second one, a "minor" diagonal, slants from lower left ro upper 
right. 

If the answers ro all these tests are negativc, the new position 
is admissible. You should g~ve thought ro various ways of representing 
the needed data and performing thc required tests. One way to record 
the posiuons of the Queens (least amount of srorage) ts with a single 
eight-element list whose ith element ts rhe row number of the ith 

r--
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MODELO 1 

EL PROBLEMA DE LA DIETA Y SU DUAL 

DEFINICION DEL PROBLEMA DE LA DIETA. 

Supongo que un dietisto est6 trotando de seleccionar uno combin.ación de cinco tipos 
de alimentos (naranjo, manzano, lechuga, chTchoro y zanahoria) de manero que el 
alimento resultante de .esto combinación reuno ciertos requerimientos nutricionoles y 
tengo un costo minimo. Los requerimientos nutricionoles que debe tener el alimento 
resultante es de al menos 21 unidades de vitamina A y al menos 12 unidades de vito
mino B. Los propiedades de los cinco elementos disponibles son: 

ALIMENTO 

1 (Naranjo) 
2 (Manzano) 
3 (Lechuga) 
4 (Chichoro) 
5 (Zanahoria} 

CONTENIDO DE 
VITAMINA A POR 
UNIDAD DE ALI
MENTO. 

1 
o 
1 
1 
2 

CONTENIDO DE 
VITAMINA B POR 
UNIDAD DE ALI
MENTO. 

o 
1 
2 
1 
1 

COSTO POR 
UNIDAD DE 
ALIMENTO 

20 
20 
31 
11 
12 

El. problema o que s~ enfrento el dietista se puede modelar como un problema de pro
·gromoción lineal (o programo lineal), de lo siguiente manera. 

Sea x¡ lo cantidad de alimento i {i=1,2, ••• , 5) que debe estor en ef al_imento resul
tante de lo combinación de los cinco alimentos. Por lo tonto, el costo de introducir 
el alimento i en la mezclo ser6 su costo unitario por lo cantidad Xi que esta presente en 
lo mezcla. fl costo total de lo combinación de los cinco alimentos seró lo sumo de los 
costos al combi~ar x1, x2, ••• y x5 unidades de cada alimento, ie. si z es el costo total 
entonces 

' 
Ya que el objetivo del dietista es minimizar este costo total, entonces este objetivo se 
puede representar o través de lo siguiente función objetivo 

min · z = 20x1 + 20~ + 31x3 + 11x4 + 12x5 (1) 

.. 

Los requerimientos nutricionales de vitamina A se pueden representar en lo siguiente for
ma. Si el alimento nutricional i est6 presente en uno cantidad xi entonces proporciono 
uno cantidad de vitamina A igual al producto de vitamina A que contiene uno unidad de 
alimento por lo cantidad x¡. Lo cantidad total proporcionado por los cinco alimentos s~ 
r6 la sumo de vitamina A con que contrabuye cada alimento y esta deber6 ser mayor que el 
contenido minimo requerido que es de 21 unidades, ie. 

(2) 

J 



Similarmente, los requerimientos de vitamina B se pueden representar por 

(3) 

Por último, otra restricción que debe estar presente en el problema del dietisto es que 
la cantidad xi que interviene en la mezcla debe ser mayor o igu?l a cero, ie. 

x¡'2:.0 i=1,2,-••• ,5 (4) 

Esta restricción es impuesto ya que no tiene sentido hablar de que una cantidad nega
tiva Xi estó formando parte de la combi noción de alimentos. 

En resumen el problema del dietista es encontrar valores x1, x2, ••• , x5 para los cua
les la función objetivo (1) alcance su minimo y satisfagan las restricciones (2), (3) y (4). 
Reescribiendo los ecuaciones ~el (1) al (4), el problema del dietista estó simbólicamente 
dado por 

m in z = 20x1 + 20x2 + 31x3 + 11x4 + 12xs (*) 

x1 + x3 + x4 + 2x5 '2:. 21 

1 ~ + 2x3 + x4 + '2:. 12 
(**) 

xs 

xi '2:.0 

., 

·La formulación anterior, (*)y (**), se acostumbra representar en un tablero {llamado tam
bién tableau) que apareceró abajo. Esto representación es solo una abreviación de escri
turo (a manera de uno taquigrafTo de programación iineol) que es útit en el algoritmo de 
solución, en el proceso convencional al procesar el.problemd por computadora y por uno :-

_______ g;;z_r:_:o::,n_:_::c~loridod en la formulación del problema dual que se presentoró c;lespués. lo ,represe~ 
tación de un programa lin-eol-en-formo-de-toblero_consiste__r_e_p_r_esentor codo ecuación o de:I 
guoldod únicamente por los coeficientes de los variables omitiendo lo escrituro de sus .co
rrespondientes variables. Poro conocer o que variable pertenece un coeficiente que apare
ce en este esquema se do lo posición del coeficiente, escribiéndolo en lo columna encabe
zada por la variable que le corresponde. 

Para nuestro p~oblemo (*) y (**), lo representación a través de un tobl ero estó dada por 

20 20 31 11 12 z (min) 

1 o 1 1 2 ¿ 21 

o 1 2 1 1 ~ 12 -

x¡ '2:. O 
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M O D E L O 2 

Una compañia tiene tres almacenes w1, w2, y w3, y dos tiendas de ventas al por me

nor, R1, R2. Las demandas en las tiendas al por menor y el inventario en los alma

cenes, se muestra en las respectivas cajas de la siguiente figura. Los costos de 

envio por tonelada también se muestran en la figura. La compañia desea determinar 

la manera de realizar los envíos en forma tal que minimize los costos totales de 
1 

envios, satisfaga las demandas de las tiendas de menudeo, y no excedan los inven-

tarios en los almacenes. 

R1 $2/ton R2 
4 o ton t--"":'X'""'~ .... l------1 50 ton 

$5/ton 

w3 
40 ton 

., 



Sea x
1
jlas toneladas del almacen Wi a la tienda de menudeo Rj . Entonces x32 repre

senta el tonelaje enviado del almacen w3 a la tienda de menudeo R2• 

Si z representa el costo total de envíos, entonces nuestro problema se puede formu-

1 ar por: 

sujeta a 

Restricciones sobre 
disponibilidad de 
almacenes 

X 1l + X l 2 f: 20 

x21 + x22 f: 30 

x31 + x32 f: 40 

Restricciones sobre x11 + x21 + x31 ~ ~o 
la demanda en tiendas 
de de menudeo x12 + x22 + x32 ~ 50 

(*) 

(**) 

La formulacion anterior, (*) y (**), se acostumbra representar {por convenencia 

·del algoritmo de solución y del proceso convencional en el procesamiento en compu

tadora) en la siguiente tabla: 

. 
1 3 2 6 4 5 = z 

1 1 o o o o !:. 20 

o o 1 1 o o f: 30 

o o o o 1 1 f. 40 

1 o 1 o 1 o ~ 40 

o 1 o 1 o 1 -~ 50 

.. 



REPRESENTACION MATRICIAL. la formulación {*) y (**), se puede ¡·epresentar matric i a 1-

mente com~ sigue: 

min z = [ 1 

sujeta a 

1 

o 

o 

1 

o 

3 

1 

o 

o 

o 

l 

2 

o 

1 

o 

1 

o 

6 

o 

1 

o 

o 

1 

4 

o 
o 

1 

1 

o 

s] 

o 
o 

1 

o 

1 

x,, 
x12 

-"X21 

x22 

·X31 

20 

30 

40 

50 

COMENTARIOS. El problema de programación lineal anterior ocurre tan frecuentemente 

en la practica, que se le ha dado un nombre especial: el problema de transporte. . ' 

Los problemas de transporte en geneal, tienen tablas ralas {o matrices ralas), lo 

cual significa que la tabla tiene muchos ceros o sea pocos elementos distintos de 

cero. Dantzig y otros han desarrollado m~todos especiales para la soluci6n r&pida 

~e estos problemas. 

Otro comentario importante, es la característica que presentan cada una de las co

lumnas de la matriz de restricciones: observe que cada una tiene dos unos y los . 

demas elementos son todos ceros. 



MODELO 4 

Un inversionista tiene disponibles las actividades financieras A y B, ai comienzo de 
cada uno de los siguientes cinco aPios. Cada peso invertido en A, al comienzo d&un 
aPio, le regresa $ 1 .40 (una ganancia de $o .40) dos años m6s tarde (en el momento 
preciso para una reinversión inmediato!. Cada peso invertido en B al comienzo de un 
año·, le ~egreso $ 1 • 70 tres aPios desp~és. 

Adem6s existen dos actividades financieras C y D que estar6n disponibles solamente una 
vez en el futuro. Cada peso invertido en C en el comienzo del segundo año 1 e regre-
sa$ 2.00 cuatro oños m6s tarde. Cada peso invertido en o·~ en el comienzo del quinto 
año 1 e regresa S 1 .30 un año m6s tarde. 

El inversionista comienza con$ 10,000.00. El desea conocer qúe pl~n de inversión ma
ximiza la =~nl"idod de dinero que el puede acumular al comienzo del sexto año. Formu
le un moddo de programaci-ón lineal para este problema y también expréselo en forma ta
bular. 

SOLUCION. 

Sea X.. la cantidad de dinero invertida en la actividad i (i ==A, B. C, D) en el año 

( i = 1 1 

1 

~ 1 3 1 4 1 5) . 

Las caracterrsti ces dadas sobre 1 as formas de i nversi 6n de cada u na de 1 as actividad es -
A, B, C y D pueden mostrarse esquem6ti ca mente como sigue. 

Xs1 
A 

1 

CONDICIONES DE fNVERSION EN LA ACTIVIDAD A. 

XA2 XA3 XA4 

2 ' 4 

! 
1.4XA2 

t 
6 

! 

1 NVERSJONES 

APios (principio de 
arlo) 

RETORNO 

1.4XA4 

CONDICIONES DE 1 NVERSION EN LA ACTIVIDAD B 

xs2 Xs3 

t 1 
1 1 1 

2 3 4 5 6 Años (princi-

! ¡ l pio de año) 

1 .7X81 1 .7Xs2 1 .7X83 



1 

COND1CIONES DE INVERSION EN LA ACTIVIDAD C: 

2 3 4 5 6 

1 

CONDICIONES DE INYERSION EN LA ACTIVIDAD D: 

2 3 

• 

4 5 
1 
6 

l 

Años (princi
pio, de año) 

Años (principio 
de año) 

La cantidad acumulado en el comienzo del sexto· año es la cantidad original (10000) 
mós la ganancia obtenida hasta esto fecha. Por lo tonto, el probl eme de maximizar 
la cantidad acumulado de dinero es equivalente o minimizo.r lo ganancia, yo que lo 
cantidad original disponible es uno constante que no afecto el valor del dinero acu
~ulodo o través de ciolquier plan de inversión que se sigo. 

Si ~ es lo ganancia total obtenido hasta el co,.,ienzo del sexto año, entonces la fun
ción obietivo ser6: 

mcx ~ = 0.4 XA1 + 0.4 XA~ + 0.4XA3 + 0.4XA4 + 0.70XBl + 0.70X82 + Xc2 +0.3 XDS 

Del enunciado del problema, se observo que las restricciones al problema est6n dadas por 
la c.<Jntidad disponible poro invertir en cado año, y por los corocterTsticos de las activida
des A, B, C y D. Estos restricciones sobre las inversiones anuales se determinan como 
sigue: 

PRI~/\ER ..6.ÑO: La cantidad de dinero invertido en el primer año debe satisfacer : 

~ 10000 

Si U1 es una variable positiva o cero, que se adiciona a lo de~igucldad anterior, paro que 



esta :desigualdad llegue a ser una igualdad, entonces 

( 1 ) 

NOTAS: 
l. A la variable que se adiciona a una desigualdad para convertirla en igualdad 

se le llama una variable de holgura. Entonces u1 es una variable de holgura. 
g_ Observe que u1 representa la cantidad de 1 dinero no invertido en el primer a
. ·~o, y por lo tanto tambi~n representa la cantidad disponible para invertir 

en el segundo año. 

SEGUNDO AÑO: Las inversiones en este año deben satisfacer (observe en las fiou
~as anteriores en que actividades financieras podemos invertir para el se0unao 
año): 

XA2 + XB2 + XC2 ~ u, 
Si introducimos una variable positiva u2 para pasar la desigualdad anterior a 

rligualdad, entonces 
(2) 

u2 ~ O 

Observese que la variable u? es una varible de holgura que representa la canti
dad no invertida en el segundo año. 

TERCER AÑO: En este año la cantidad de dinero disponible para inversiones pro
Vlene de tres fuentes: 

i) cantidad nq invertida en el segundo año: . 
ii) ganancia obtenida de inversiones anteriores: 

iii) cantidad recuperada de inversiones anteriores: xAl 

u2+1.4xAl 
Observando cada uno de los cuatro diagramas mostrados anteriormente, se tiene 
que para el tercer año las inversiones deben satisfacer 

xA3 + xB3·b u2 + 1.4xA1 

Introduciendo una variable de holgura u3 (u 3 ~o). se tiene que 

XA3 + xB3 + u3 = u2 + 1.4xAl (3) 
u3 ~ O 

Otra vez notese que u3 representa la cantidad no invertida en el tercer año. 

CUARTO AÑO: En forma similar al análisis del tercer año, se tienen tres fuentes 
de dinero disponibles: 

., 



i) cantidad no invertida en el tercer año: 

ii)· ganancia-obtenida entre el tercer y cuarto 
periodo: 

i~i) cantidad recuperada de inversiones anterio 
res: 

Por lo tanto, las inversiones en el cuarto perfódo_deben satis-
facer >. ': ,, 

L; ~ _. 

'~{ 

~·· 

Introduciendo la variable de holgura 

= 4 } 

- ~ -¡ 

',''! 
~ \ : ,._ r 

QUINTO A'S!O: 
de: 

La cantidad disponible en este período proviene 

i} cantidad no invertida en el cuarto año::.· 
. 

ii} ganancia entre el tercero y el cuarto periodo: 0.4~A 3+0.7xB2 
iii} cantidad recuperada entr.e el periodo 3 y 4to.: 

Por lo tanto, 

u 4 + 1.4 X A3 + 1.7 xB2 

Si u~ es una variable de holgura, entonces 
J 

~5 + u5 = u4 + 1.4 XA3 + 1.7B2 

u4, u5 ~ O 

5 

Por lo tanto, nuestro modelo de programac1on lineal quedarfa 
definido por la funci6n objetivo, dada anteriormente y el -
conjunto de restricciones definidas por la ecuación del (1) 
a la ( 5 )'. 



Reescribiendo las ecuaciones anteriores, nuestro modelo de 
programaci6n lineal queda expresado por: 

max z= 0.4xA1+0.4xA2+0.4xA3+0.4A4+0.7xB 1+0.7xB2+0.7xB3+x¿2+ 

.o. 3~5 

sujeto a ( s .a.) 

XAl+ XBl+ ul = 10 000 

XA2+ XB2+ XC2 + u2 = ul 

XA3+ XB3 = u2 + 1.4 X Al 

XA4+ u4 = u3+ l. 4xA 2 + l. 7 ~Bl 

xos+ us = u4+ l. 4xA 3 + l. 7xB2 

XAj ~ o j= 1,2,3,4 ) 

XBj ~ o j= 1,2,3, ) 

XC2 ~ o 

~S ~ o 

u. ~ o ~ i= 1,2, ... ,5 ) 

Este problema expresado en la forma particionada 

~ 
~~---_1~_] 

X~ 0 

Se presenta a continuación: 

( o ) 

1 

( 2 

3 ) 

4 ) 

( S ) 



MODELO 5 

La Compañia aérea Aeronaves del Pacifico, necesita de'cidir cu6ntas cero 
mozo5 contratan y adiestran en los próximos 6 meses. Los requerimientos ::: 
expresados como horas-vuelo-ae;omoza son: 

8000 en Enero; 9000 en Febrero; 7000 en Marzo, 10 000 en Abril; 9000 -
en Mayo; y 11 000 en Junio. 

El entrenamiento para que una aeromoza dé servicio en un vuelo dura un 
mes, por tanto cada muchacha debe contratarse por lo menos un mes antes 
de ser necesitada. 

El entrenamiento requiere de lOO horas de supervisión de aeromozos ya -
entrenadas por lo tanto disponemos de lOO horos-vu elo-oeromozo menos,du 
ron te un mes por coda oeromozo en entrenamiento. -

Coda aeromozo 
compañia tiene 

Pi?:i~:Z/:.rr-; .\,.; 
'(,;r~ ,:.f.,, .• '" 

entrenada puede trabajar hasta 150 horas ertiln7~.;m~s 
60 aeromozas entrenadas ál principio de enero .. ~,_-~-

,-

y la-

Si el m6ximo tiempo disponible de las aeromozas excede al reqúerido en 
el mes (horas vuelo + supervisión) trabajar6n menos de 150 horas y no es 
despedido nilólguna. Pero en coda mes, aproximadamente el 10% de .las -
oeromoz.as con experiencia dejan el trabajo por matrimonio u otras razones. 

Cado 'aeromoza entrenado cuesta a lo compañia $ 8000.00 al mes y cada -
aeromoza en entrenamiento $ 4000.00¡ tomando en cuenta salarios y otros
beneficios. 

o) Formule el problema de contratar y entrenar como un modelo de progr~ 
moción lineal haciendo Xt el número de aeramoz•:~s que principian su -
entrenamiento en el mes t, donde x0 = 60 representa 1 as aeromozas -
disponibles al principio de enero. Defina cualquier simbo lo adicional -
que necesite para expresar las variables de decisión . 

b) E 1 inciso anterior s~pone un horizonte de 6 meses. Suponga que se --
agregan requerimientos de julio a·l mode!o, por ejemplo 10000 horas. (Cam
bioria necesariamente lo solución poro los meses anteriores encontrada anterior 
mente? Expliquelo. · -

J 



Solución : 

Sea x,. el número de. personas contratados que principian su entrenamiento al inicio de_l:. rr.~,~-t 
( t = 1, 2, ••• 1 6) • . . ' > 

Sea Yt el número de oeromozos experimentados al final del mes t (1·:;: 1,2, ..• , 6). Nótese 
que Yt también represento lo cantidad de oeromozos experimentadas al inicio del mes t + 1 • 

DISPONlBILID.AD Dt''AEROMOZAS EXPERIMENTADAS. 
, -.:r:, 

Observe que el número'de oeromozos experimentadas Yt al final del mes t, est6 formado por 
los personas co~trqtados al inicio de este mes(los cuales fueron enl·renados en el transcurso 
del mes) m6s el 90% de las oeromozos experimentados que habia al final del mes anterior t -1 
(o sea al inicio del mes t), te : 

.'!¡. 

Yt = xt + • 9 Yt -1 (t = 1,2, ••• , 6) 

con (*) 
y =x =60 o o 

ósea 

Y1 = xl + .9y
0 

= x1 + .9><o (1) 

Y2 =~ + .9'y1 (2) 

Y3 =x3 . ' + .·~Y2 (3) 

Y4 = x4 + .9y3 (4) 

Ys = xs + .• 9y4 (5)" 

y !J = x6 + .9ys (6) 

DEMANDAS DE HORAS DE TRABAJO (VUELOS COMERCIALES Y ENTRENAMIENTO): 

Lo demanda total de horas de vuelo por mes corresponde o la demando de vuelos comerciales 
más lo demando de horas poro entrenar o los nuevos personas cor.trotodos en el inicio del mes. 
Poro satisfacer esto demando total en el mes t (inicio del mes t), se dispone de Yt-1 aeromo
zos con e:r.periencio, los cuales pueden proporcionar 150 horas cado uno de elles. Por lo ton 
to, si Dt es lo demando de vuelos comerciales en el mes t, entonces: 

Demando en el mes t : 

con y = x o o 

(t=1,2, ••• ,6) 

Introduciendo uno variable de holgura o codo ecuación, entonces 

1 50y 1 = D + 1 00 X + u 
t - t t t (t ::: 1' 2' ••. 1 6) 

y =X 
o o 

ut ~o 

(**) 

' ,¡ 



Ya 

800 . 

1 
1-.9 

150 

----------

:;: 

1' 

~--~~·· 
' ' 

,.J' 

- ¡ _1 

Observe que ut eS·u~· variable de holgura que representa el número de horas~ disPonible no 
us~~as aj final ~ctel ~rodo t. Expresando esta res tri cci6n para codo t se tiene que: 

Demanda en el mes l : 
Demanda en· el mes 2 .. :· 
Ó~mando en el mes 3 ; 
Demanda en et 'mes 4 : 
Demancld en· el mes 5 : 

' ' 

Demanda en ef mes· 6 :-. 

FUNC::ION OBJETIVO: 

150yo = 8000 + 100 x1 +u 1 
15Qy1 = 9000 + 100 ~ + u 2 
150y2 = 8000· + 100 ~: + u3 
lSOy3 = 10000 + 100x4. +u 4 
150y4 = 9000 + 100 xs.-+ us 
150y5 = 12000 + 100x6 +u 

6 -.. -

· ··ya que el objetivo de la compafiTa es determinar cuantas aeromozos contratar en los próximos 
meses, entonces lo función objetivo es minimizar los costos involucrados. Estos costos son los 
costos de las a_eromozas experimentados más los costos de los oeromozos que estón siendo entre 
nadas. Por lo tonto, lo función objetivo est6 dada por -

800 

1 

min ¿=8000 [x0 ·~~1 + /~. +y6) +4000 [x1 +~ + ••• +x6J 
yo que xo =Yo' 

min ¿=eooo'(y
0 

+y1 + ·~· +_y6] +4000[x1 +x2 + ••• +x6] (***) ' 

Por"lo ~onto ruestro modelo de programación lineal poro el probl-ema dado, estó definido p(>r 
(*), (**) y (***) •. ~P r~pre,sentación de este problema de programación lineal en forma parti-
c;ionada (6-tableau:~.tab't~ro)- e·s la siguiente. · -- . · - · 

Y4 Y6 X o X 6 u 1 u u u u .lJ 2 3' 4 5 '6 

800 800 800 800 800 400 400 400400 400 400 '1: (min) 

' 
1 . 60 -

'' 
; -1 o 

-1 o 
.-.9 1 -1 o . 

-.9 1 1 o 
; -.9 1 -1 tO 

-.9 ,. -1 o 
-.9 1 -1 o 

.-100 -1 0000 
150 -100 .:.1 9000 

150 -100 '-1 8000 
1.50 -100 r 

,, -1 10000 ·-
150 -100 -1 9000 

150 .. -100 - -1 12000 

·' 

' • 1 
. ' 

'l :: 

_j 1 

1' 

,, 

-.J 

' ,, 

:' 



' 1 1 1 

.4 .7 1 .4 .7 1 1 .4 .7 1 .4 1 

.3 z ... ··(max) = 
1 1 1 

1 1 ' 1 
' 1 1 1 1 . 1 10 000 . = 

'•1 1 1 
,. 1 

-1 r 1 
1 

1 1 1 1 1 = o 1 

1 1 1 r 
-1.4 1 -1 1 1 1 1 1 = o . 

'1 
( 1 

-1.7 1 -1.4 1 -1 1 1 11 = o 
1 

1 
1 ' ' -1.7 -1.4 1 .. ::1 1 1 = o 1 

1 
' '1 

NOTA: Las restricciones del ( 1 ) al ( 5 '! pueden expresarse 
sin variables de holgura, con objeto de expresar estasrestric 
ciones como des~gualdades en lugar de igualdades. El procedí 
miento para.obtener estas igualdades es el siguiente:. -

. 
Obviamente de la ecuaci6n ( 1 ) se tiene 

XAl + XBl ~ 10 000 

Sumando ( 1 ) y ( 2 ) : 

XAl + XB1 + XA2 + XB2 + XC2 + u2 - 10 000 

XAl + >.'B1 + XA2 + XB2 + XC2 ~ 10 000 

Sumando ( 1 ) , ,' ( 2 y ( 3 ) . . 

X Al + ~1 + XA2 + XB2 + XC2 +xA3 + XB3 ~ 10 000 + 1.4xAl (3 1 ) 

Sumando (1), (2), (3) y (4) : 



Sumando CU., (2), (3), (4) y '(5) :. 

t 1.7xB1+-1~4xA3+1.7xB2 

xA1+XB1+xA2+~2+xC2+xA3+xB3+xA4+xD5 t 10 000+1.4xA1+1.4xA2+1. 7xB1 

Por lo tanto', las desigualdades del (11 ) al (5 1 ) .son las restric
ciones a nuestro problema estas restricciones pueden obtenerse di 
rectamente del contexto del problema sin la introducción dé var~a 
bles de holgura, nuÍstro problema expresado a través de las res-
tricciones de la (1 ) a la (51), queda representado en forma par-
ticionada como sigue: ' 

. . ' 

• 4 .·7 .4 .7 1 • 4 • 7 . 4 ."3 = z ( max ) 

' 

1 1 ~ 10 000 
1 

1 1 1 1 1 ~ 10 000 
' 

-.4 1 1 1 1 1 1 ~· 10 000 

-.4 -.7 -.4 1 1 1 1 1 -~ 10 000 

-.4 -.7 ~ .·4'. -. 7 1 -.4 1 1 1 ~ 10 000 
.-, 

'! 
' 

4 
r 

t 
1 
1 

1 .¡ 
: r 

·~ 

1 . 
:i 

1 

.J 
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Tarjeta 1 

Tarjeta 2 

Tarjeta 3 

TARJETAS PARA USAR EL· PROGRAMA GRANM 

Columna 1 
4 
// JcpB T J ¡' •. 

¡ ;.\.~ . 

//XEQGRANM- 1 ':,.- , . . ' ''"' 

*L<t>CALI NIT 1 PIVszST 1 TABNUI RM0VEI ClEAN, TABPR 

Tarjetas de datós N er pÓg ina 3) 

Tarjeta /* 
final 

NOTAS: 

~ ·{~. ~:r~~ ' 
- ,~ 

. ' . A:~ .. ~~ 

-Este programa est6 listo para usarse en la computadora 1 BM 1130 de CECAF l.· 

- la tarjeta 1 es la tarjeta anoranja~a obtenida del CECAFI. 

-El número 1 que aparece en la 2a. tarjeta se_perforq en la columna 17. 
' . ' . ' ~ ~ 

- El programa en la IBM, tiene una capacidad de JO restricciones y 15 variables inclu-
yendo de holgura y artifi~iales. · · -

-Este programa también se encuentra disponible en. la Burroughs del CIMASS, bajo el 
nombre de 11/SIMPLEX. las instruc~iones para correrlo en el CIMASS aparecen en 
la siguiente hoja. Este admite una capacidad mayor sobre el número de restricciones 
y variables como se indica en la segunda hoja. 

- Este programa utiliza el método de la gran M. 



T9fjeta 1 

Tarjeta 2 

Tarjeta 3 

T arjet(! 
final 

NOTAS: 

TARJETAS PARA USAR EL PROGRAMA 11/SIMPLEX 

Columna 1 

# USER 

*"RUN 

#DATA 

clave / 

(J R82) 11/SIMPLEX 

FILE 5 

Tarjetas de dato~ Ner p6gina 3) 

11 END 

.., 
\ 

- Este programa est6 listo para us~rse en la computadora B 6700 de CIMAS/CSC. 

- La tarjeta 1 es la tarjeta roja obtenida del CIMASS. 

-El simbolo rr#rr significa un car6cter inv61ido. Este se obtiene presionando los te
clas MULTIPUNCH Y NUMERI~ simultóneamente y perforando los números 1, 2, 3, 
4. 

-Este programa tiene una capacidad de 30 restricciones y 40 variables incluyendo de 
holgura y artificiales. 



TARJETAS DE DATOS PARA EL PROGRAMA GRANM O 11/SIMPLEX·-. 

La siguiente información deberá porporcionarse en lo que se indica como tarjetas de 
datos en las hojas anteriores. · : 

TARJETA DE iDENTIFICACIÓN DEL PR-OBLEMA. 

En esta tarjeta puede usar desde la columna'1 a la 70 para poder dar cualquier identi
ficación que desee dar a su problema. 

TARJETA DE DIMENSION Y ETIQUETACION DEL PROBLEMA Y CONTROL PARA CO
RRER MAS DE UN PROBLEMA. 

El usuario debe dar cuatro números enteros con formato (411 O) en la siguiente forma: 

Columnas 1- 10: Número de renglones del problema. 

' Columnas 11-20: Número de columnas del problema. ·:-

Columna 30 

Columna 40 

NOTAS: 

Escriba el número 1 si desea poner etiquetas a los renglones y a lcis 
columnas. 
Escriba el número O en cCiso contrario. 

Escriba un 1 si desea correr un problema adicional. 

Escriba un O en caso contrario. 

El número de renglones ho incluye la función objetivo. 

Si escribe un 1 en la columna 30, el usuario, después de la tarjeta deber6 dar el grupo 
de tarjetas poro etiquetas de renglones y el grupo de tarjetas para etiquetas de columnas. 
Si en lugar de un 1 escribe cero deber6 omitir este grupo de tarjetas y pasar a las tarje
tas de coeficientes d~ las variables artificiales en lo función objetivo. 

Si escribe un 1 en la torfeto 40 vea· las notas generales. 

TARJETAS PARA ETIQUETAS DE RENGLONES. 

Las etiquetas para identificar _a lo~ renglones de los restriccio~es, pueden tener como m~ 
ximo 6 caracteres de cualquier tipo. 

En uno tarjeta puede escribir hasta 7 etiquetas. Estas etiquetas deben ir en las columnas 
1-6, 11-16, 21-26, 31-36, 41-46, 51-56, 61-66. 



o 

' 

TARJETAS PARA ETIQUETAS DE COLUMNAS (VARIABLES) 

Las tarjetas para identificar a los columnas o sea a los variables involucradas en el 
problema (incluyendo de holgura y artificiales) deberán escribirse de acuerdo o los 
reglas anteriores poro etiquetar reng Iones. 

TARJETAS DE COEFICIENTES DE LAS VARIABLES ARTIFICIALES EN LA FUNCION 
OBJETIVO. 

A cada variable artificial asignele un l y a las variables no artificiales osignele un 
O. Estos números escribclos en los columnas 1 O, 20, 30, 40, 50, 60, 70, de acuer
do al orden en que etiquetó o sus variables (columnas} 
IMPORTANTE. Esta tarjeta es requerida aún si el problema no tiene variables ar-
tificiales. 

TARJETAS DE COEFICIENTES DE LAS VARIABLES NO ARTIFICIALES EN LA FUNCION 
OBJETIVO. 

Escribo los coeficientes de la función objetivo con el formato (7 F 10.0}. Estos coefi
cientes debe escribirlos de acuerdo al orden en que etiquetó sus vcriables (columnas). 
Los coeficientes de los variables de holgura y artificiales deberó ser cero. 

IMPORTANTE :Los coeficientes de la función objetivo deben corresponder el problema 
de minimizar. Por lo tanto, si su problema es de maximizar multiplique por -1 y consi
dere los coeficientes que resultan como los datos de entrado en este programa. 

TARJETAS DE LOS COEFJCIE NTES DE LA MATRIZ DE RESTRICCIONES. 

, Cada renglón de restricciones va· en una o varias tarjetas, escribiendo los elementos su-
·. cesivamente en una tarjeta con un formato (7 F 1 O. O). Cada vez que proporcione un nue 

vo renglón debe empezarlo en otra tcrjeta. -

TARJETAS DE LOS LADOS DERECHOS DE LAS RESTRICCIONES. 

Los coeficientes del lado derecho de restricciones se proporcionen sucesivamente en uno 
tarjeta o en caso de ser insuficiente use otra tarjeta. El formato es (7 F 1 0.0) 

TARJETAS PARA 1 NDICAR EL CONJUNTO INICIAL DE VARIABLES BASJCAS. 

En una tarjeta programe sucesivamente los números de los columnas que van a ser usados 
como columnas (variables) b6sicas iniciales. Use formato (7 1 1 O). 



NOTA!> GENERALES: 

1. El orden de los tarjetas debe ser como el indicado. 

2. Si en lo TARJETA DE DJMENSJON Y ETIQUETACION escribió un 1 en la colum
na 40 entonces su nuevo problema debe ir después de lo TARJETA PARA 1 NDICAR 
EL CONJUNTO 1 NJCIAL DE VARIABLES ARTIFICIALES. Es importante que en el 
nuevo problema empiece con lo TARJETA DE JDENTIFICACJON DEL PROBLEMA. 

' 

'• .·· 

•, ''" 



EJEMPLO 1. Considere el problema lineal 

max z = x4 - x5 

s.a. 

2x2 - x3 - x4 + x5 ~ O 
-2xl +2x3- x4 + x5 ~ O 

Xl - 2 X2 - X4 + X5 ~ 0 

x1+ x2 + x3 = 1 
X· > 0 ¡-

Deberemos multiplicar la función objetivo por - 1 para que el problema sea de minimiza
ción y también agregar variables de holgura a los primeras tres restricciones poro que -
lleguen a ser igualdades. Con estas observaciones el programa lineal esteró en forma esta!:!_ 
dard, lo cual es uno condición poro aplicar el programo GRAN M. Si definimos z'=-z, -
nuestro problema en formo estondord es 

mi n z' = - x4 + - x 5 

-2x2 + x3 + x4 - x5 + 51 

2 Xl - 2XJ + X4 - X5 

-xl +2~ +x4- x5 

X¡ + ~ + XJ 

x. > O• 
,- 1 

> 
S•- O; 
1 

i = 11 21 •• •1 5 

j=11213 

=O 

=O 

=o 
=1 

Obsérvese que aunque el programo lineal yo est6 en forma estondord 1 todovia no est6 listo 
poro empezar el algoritmo de lo Gran M porque en la último restricción no existe uno -varia
ble que aparezco en esto restricción pero no se encuentre en las otros restricciones. (ie. 1 no 
se tiene uno solución b6sica factible inmediata). Por lo tonto, deberemos agregar uno vario 
ble artificial que llamaremos t1, o la cuarta restricción para asi completar nuestra solución -
bósica factible en la cual se inicia el algoritmo. Sin embargo, al introducir esto variable -
artificial en la restricción deberemos agregarla en la función objetivo multiplicada por una
cantidad positiva M muy grande. Asi nuestro problema resulta ser: 

min z' = - x4 + ><:s + Mt1 

-2~ + ~ + X4 - X5 + 51 = 0 

-2 x3 + x4 - x5 + ~ = o 
+ x4 - x5 + s3 = O 

X• 
1 

S• 
1 

tl 

> -·O; 
~O; 

~o 

+ tl = 1-

i=1,21•••t5 
j=1,2,3 



Es. conveniente representar el programa n~eal en un tablero (o tableou), para poder enten
der m6s fócilmente la información que ,deberemos proporcionar al .pr,ograma de o.::>mputadora 

" GRAN M ó 11/SIMPLEX •. Esta representación aparece abo jo ---

_Función ,Qbj. ,(F , •. O.,) 

Reng tó~ J (R ~ 1) 

RenSll9n_2 (R~ 2) 

Renglón 3 (R ~ .;3) 

Re11~hSn 4 (R. 4) 

---. ---
10 

-- -o 
2 

-1 

1 
- --

o 
.. 2-

o 
2 

1 

o -1 

1 1 

-2 1 

o 1 

1 o 

1 

- -1 ' 

-1 

-1 

o . 

o o o_-
1 o o 
o· 1 o 
o o 1 

o o o 
* * * 

:Ver • H;¡gu-
ra 

.M 

o 
o 
o 
1 

* -::--.r-' 
Ver. 
Art. 

.......... __ . -
Solución inicial 
b6si ce factible. 

. -

z' 

o 
o 
o 
1 

Este tablero contiene topa la información necesaria y la n·otación apropiado poro correr·el 
progrqmp GRAN M ó ~1 11/SIMPLEX. A continuoc;ión se presenta su codificación pera el 
GRAN M, Para correr~~ 11/SIMPLEX la codificación es idéntica-excepto por las tarjetas 
de control -como ~e menci9nó ·en la explicación de estos programas. 



('-_U_N_A_M _ _.__ ___ H_O_J_A __ D_E_C_O_D_I_F_I_C_A_C_I_O_N __ Y_/ _O __ D_A_T_O_S_F_O_R_T_R_A_N __ __._--J__~-~-~-~-~-~-:-~~-"'-0 _E _____ ) 

(NLIIf'::>DE ~~ G 1 IOENTIFICACION~ 
jpR ~ PCSI(I ::N ¡_ t__!RO_~AMA HOJA DE y 

1.- '"" ·•m -¡ ¡ PROGRAMADOR i FECHA SECUENCIA ¡ 
1 · _ 'l.!~ J~!! l5 [_•j~~~ ·~~~_'_3 1 1~~[-~! • 1• ajl9j1o 2 ljll¡,.¡ 7•JHI76~ uj2Bj2oj3o 31Jl2133) H) 3~1 JoiJ11Jell•!•o •11•2l•Jlul•sJ.AOJ~7I•eL ••J)O s 1 s7l.s3j .s-l_~~6J s7158J.s~oo· o ~o7;oJI6•jos!••l•1 ·~••17o 11ln 1lj1•1'*•1 ',¡,a¡ 1ojao! 

r ' DI , , l 1 ' ~Jt-J-E..¡!i ,T 1 , : , , 1 , 1 1 , 1 , , , , , , , 1 , 1 ..L._L_!_ , , 1 1 1 1 , , 1 1 , 1 , , , , 1 • 1 1 , 1 ' 1 1 • 
¡JJ_L_L~_sq____j_<:;_B_P._;_tiM 1 . 1 1 , 1 1 1 , , .l. 1 , , , 1 , 1 1 1 1 1 1 , 

!~_L_ft_~_A_:~-il-:;NlL~~....J.u..~TJ\B¡N~,-~Rfv\¡lVE" C11-1Ef-.N,,TAB,PIR 1 ,... , , , , , ti t.l 1 t.l.t , 1..1.1 1 1_1 

rS:!!_l~-~L~~~..f..t_ti 1S@
1
L,U,C,IpN AC!Z>TADA DE l,"f'EST IGACI~N_¿:>E ~PERACI.C1NES 1 1,1 , 

~~~ll~~~~~~~~~~~~~1~~~~~~~~~o~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~-· 
~~-L [ 1R?, R3 ~R~4~~~~ 41-LJ-~~~~~~~L4-LJ-~~~~~-L~~-+J_~~~~~~~~~~~~~~---
X.1 , , , 1 i X;l 1 1 X 3 ' 1 1 1 1 ~5, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ' 1 

5~~~~-+~~~-~!,·r~~-,~~~~ ~~~~~~ ~~~~-~~~~~~-L~~~~~~~~''~'-~'~'-+~' ~L-~~ ~L-~·~~~~~~~-L~~~~~~~~~~~~-L~~~~~~~~~~~~~~~~-~~·~~~ ~~-1 
1 1 lo 1 1 1 1 1 1 1 1 1 1 o 1 1 1 1 1 ' t 1 ,o 1 ' 1 t 1 1 1 1 ,o 1 1 1 1 1 1 1 1 ,o 1 1 1 l. 1 1 1 1 o 1 1 1 1 1 1 1 1 1 o 1 1 1 1 1 1 1 1 

o .l 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 J 1 1 1 1 1 J. t 1 t 1 t 1 1 1 t ' ' 1 1 1 ", 1 1 1 1 1 1 1 1 

' 1 1 

Or • 0 1 1 1 L .1. 0 • 0 1 0 .,o - 1 • Q 1 1 1 11 • 0 1 1 1 o. o 1 1 1 1 1 
o .,o, 

t 1 1 1 1 1 ~ 1 1 1 

O· • 0, 1 , , O¡. ,O, , , 1 1 , r--

IQuO.LJE' -L2,.,01 1 1 1 1 1 1 .o 
~lQl_~ ~L~o~~-L~L-~~-L~~~~-L-f~-+-'-~·L-ILJ-L-LJ-L-~~-L~~~~~-L~~L-~~-L~~L1-L-L~L-~~-L~~~~~~~L-~~-i 
2.:_.'-oc _ _. _ 1 1 , ! o_L!.!_o::_rl__,_l -"--L-1.-1-.L.....jf---;_.r:::_t._!•::._c:_P_,__'---L_._..L.....L-+'-'-' ~~.,Lo-L-J,_.J..!._l.l_.LJ.l_, _ _~_'---+_,-~L-1 _l..L.:J" _o.LJ.l_J_..L.JlL-.L.....j.l.>-oL.-'-o_._..l-JL-J..._j,_L_j_J.~-+-1 ..L-J"¡__o.l.-J._._-L.....JL-.L-': -+-'---t-J--1-..L-.l_J__L_-'---~ 
9~~o~~ o~. 1 1 1 f 1 1 -i-LJ~~~L-~-+-L~~~~~~~~~-L-L~L-~~~~L-~~-L~~~~-L~~~~-L~+-~~-L~~~~-i 

l~_j_k.J.~ i 12L.oL(), O_u o 
_1_. • o ' 1 1 1 o •1 -"'0'---L-L--L-J.JLL....-L-J .l..l.'--f-_¡1_..1.-J LI_J__j_.L_l_J_--L._+--l___L--l-.L._l___L..J.I_.L._lll--j-..LI_L_LI__¡_JL_J_-'--_IL....Ll-f-~L-L-'lL-.L..J l.L-..L..J l.~~_¡_-'-f'-=-.l..L.J..l.~..L-.L.-L-'--1-.L.....f--'-+:-~-'--'--'--';-L-L....f 
!~ .. ~J_ ~~.~~-~~~~~-~~~~-,_14-.~o~~-~-L-L~~o~.~o~~~~LJ-+o-L.~oLJ-L~~~-+~~·-o~~-L~~~-o~._o~~~~~-~~~~--~~~~~'~ 
~~~e~~~ ~o~~~~~~~~~~~~~~~~~~~~~J-L~~~~-L~~~~~~~~~~~~~~"~ 
;-º-- o •_ Ü. _ L-¡- Jo~ Q 1 1 1 1 1 1 1

7 
l ~.l 0-'--'--...1..-J'---'--'-...1..-J'oc-

8 
+1-'-'-•_._0_.__.__.__,_J--'--'9-:--t---'--'--'--'--'-:-J..-.L-'-J.._~_,__.__~_._..J__J,_""---i.lf-'---'l.--'---'-_.___.-'-_._,__¡_.._-+__,_-+-..__,___,_-'--..__._---'---l 

! ~~L ' ~ ~· -~: : : : : : 1 j • 

r
l-J_.J __ l __ -L_L_l - 1 1 ...... 1 -~f_L_l_l 
L._C- _! __ +- __L__t_L_ 1 1 1 1 1 ~J-L~·~-'-~~~-+~.l.~--L~-l.L-.L.l_..l.....-'1'--'--+~L-~--'-:~_L_~-+-'--L-L-1~--L--'--.L....I.-+-'--L-LJ-L--L-~~~-L+-.L..J_L~;.L_.L_I'--J, 

_, __ l_ .J ~J --1-r-L-~ _[_ J __ j__l _ _j_ • _1_1__!_1_ .. _ ~ 1 1 1 , 1 1 _L_.¡__LJ_ 

~t-;-.,- -~ -l ~ -.-i-: 1-t j '--+++-t--:r-~ +-i-+-++-+--1-- -t ++-+-+-+--1~- ::-:+::1-+--1--! 
~ • ¡ : • 1 ' : • 1 ~~~ 11 • J' ~ j1 J) .. ¡ 1 ~ 1 "' "l'al'•12o~ 71!7, J "J!z•iBj7o 1u12sj2•IJo J' J2jJJj Hl 3Sjl6137f3sl J~[•o "'J•~i•Jiul.s! ••1•7' •si•9Jso s ,¡ni sJ!s•!sl !soj57Jsa[s9_[oo o •1• 2: oJjo•i ~~~·~!•'! os¡oojnJ711 n 7Jj "!,,¡,,,, 1, >B¡>o 1:ov 

1 1 1 1 1 1 1 1 1 1 ' 1 ' 1 1 1 1 1 1 1 1 ' 1 1 t 1 1 1 

1 • o 
1 1 1 '· -' -+-''--L-1!..1 _,,__,_,_..__,llc__,__ 1......,._, lf-L'-+-''1..-J.I _ _,__I:._l _,_!__,_1 _,_,1 

o . o 1 
' J. - 1 • o 

1 • o 

------------- ----------:------:--------------------------



J .. l '" . . ' 
'• 

EJEMPLO 2 

É~pre~dndo J¡j füHéión ol:)j~tivo .éH tér~inos a~ mini_mizoeión e ¡~·traduciendo variables 
Cíe ROigür&~ ártificialesj ~1 proi:)J¡fri(l e~ ~ivoiente a : · . 

. írit~ (:z) ~ ..; x1 ~ ><2 + Mt1 
xl + ;c2 ;; 51 + tl g 1 

,. xl ~ x2 + 12 = 1 

.;;~1 + x2 + s3 ; 1 . 

, .. 
Func.· e>b¡ ~ (F ;O i) 

,. 

Rt:m916ñ· 1 (R .;1) 

R~n·g Ión 2 (R ; 2) 

Reh·gJ6n 3 (1~ ~3) · 

1 1 0:1 

1 ~1 o 
.:.1 +1 o· 

y • '""" "" ~,..,..,, •• __, .... --- _. __ • 

1 o ó 
o 1 o 
o o 1 

* * * 
Solución b6-· 
sié'a faCtible 
ini9ial~ 

1 

1 

1 

': 
, .. -· 
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(}JNAM 1 HO.JA DE CODIFICACION Y/0 DATOS FORTRAN FACULTAD DE 
INGENIERIA ) 

1 1 1 1 1 1 1 

_l ! 
' 1 1 1 

1 1 1 1 1 1 1 1 

1 1 1 1 1 1 1 1 

1 1 1 1 1 

1 

' 1 
~-'--..!_1 1 1 L 1 1 1 1 _] 1 1 1 1 1 1 1 1 1 1 1 f 1 1 f 1 l J 1 j_ l _l 

3~ 
1 

1 1 
_l l _] 
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EJEMPLO 3 Resolver ~1 dual ~el-s,i,guiente par de problemas primal - du(JI• 

P,rimol m in z = 2 x1 - 3~ 

2~1 - ~ e• X3 ~ 3 

+ -> 2 .x, - x2 x3 

x. ~o 1 -

Ouol mox w;:;:_3 ).-
1 +2 ).2 

2>.1 =+ ~ ~ 2 
, ). ~ ~ - 1 .. •3 ~ ).1 '+: ).2 

- ).1 - ~ < o 
A. ~p 

E~te dual ~s ec¡uivol~nte o 
1 

m in (-w);:;:- 3 ).1 ~ 2 >.2 + Mtl 

2>.1 + ~ + 51 

).1 + ~ -~ + tl 

·>.1 + ~ +'3 

En for~o de tobleol.f; el cfuol estó do~o por 

Rl 

R2 

R3 

-3-

2 
1 

-1 
---

-2 0.· 

1 o 
1 -1 

1 Q 

---

·O M o 
,. 

1 o o 
9 1 o 
o o. 1 

* * * 

=2 

=3 

=O 

-' 

-w 
- 2' 

3 
o 

> 3 

' 
1 /JI;-':.,.. 

,' !,, ,.,, ,-

,.,_ 
. ' ' '• 

'' 

-
, , r 

\_ ' 
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EJEMPLO 4 

s.o • 
. .. 

~x,3 + X$ + ~6 -= f:, 

~+2x3- X4 ::;:10 

- .Xl ~+ ,X6 • =O 

X3 + x6 + X7 =6 

Xj ~,0 

min \(-z) .= '!' x1 + _x2 - x3 + .3x4 ... x5 -~ x6 + Jx7 

s.a .• 

3~3 
-~ -+2x3- x4 

En .forma de Tobleau: 

_F .0. 
Rl 
R2 
R3 

R4 

.!"" 1 

.p 
o 
1 

.o 

* 

"-

---

,, 

o 
1 

.o 
o 
* 

., 

~-f 
-- -

3 
-. ~- -- -

.3 o 
,2 -1 

o .o 
1 ,O 

... 

- .. 
~1 1 

' .. . -
'1 1 
o o 
.o -1 

o 1 
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·- p 
,O 

o 
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Los dircct. i. vos ele un px-oyec to ndquir ir~n un enfc.nnc 
't "1 . , .. muy u 1.. y prec1.so en cu~nto corre2:ponde e los mc·:·odos CFi1 y 

PER'l', (CRI'fiCZ\L PZ\'l'il l-i.El'HOD y PRO~;r~·\H I!.'VAWA.T:CON lü1D HEVIr-:·<; 
TECHN;;::QUJ:) 1 para plu.nif.:.car y controlCJ.:r- px:..~·ect.os complejo;. -
de gran importan e iu. 1 por1:ü ·tiéndolc s compa~:::- y evo lunr ele t1n.:! 
manera ré1pi.d~ y cf.icaz los distintos progrCi(J'nilS ele trv.b::.<.jo. 
1\dernás de proporcionc:.r los efectos de cac:"'.a, 'ia.riac i Ón o :t:f!t:ta
so en lo:.; plancn adopt.:.:.clos, y con ello ide"tif.icar las opera
ciones q1.1c- rcquicrc-·.11 cum.bios. 

Not; p~x-mj til<tos acercar él todos los que di:r.c·(~ht o ir¡rl·=.·~ 

rectamentt: tienen contact:o con proyectos vi tales de alg14na -
Empres<.1., con ul t:..:Lé~n de aumcnti:<r su gran pote-nci~ en r.!.wnLn 
a la planificaci6n, progranaci6n y contro~ de los miemos. 

Trataremos ele dc.1r respuesta a pl..et]U)l'tas qnc siempre 
surgen entre los directivos .de \m proyecto. 

¿ cómo identific~r las activid~des ~ue se deben ter~:~ 
nar de acuerdo a lo planeado ?. 

¿ Si el proyecto cornpue~to se va a -4:-eTmina.r de act1m:,lo 
también al programa ?. 

¿ cómo revi;,nr los avances del prc)lec:t:o confm:mc panel 
el tiemp:J ?. 

Rogamos que si nuastro tl·t¿bajo lHlce nacer en ustedes 
una inquietud d~ crítica siempre construc:t:iva., unircmo::l nuc~>·
tros c~fucrzos para dnr contestación a l•s j~terr?gantco qun 
presentaren. - - ·--

1 .... ;.. 

.· .. ' 
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OBJETIVOS ESPECifiCOS 

En suma el objetivo gcner~l antc:3 e:>r.presado es la con 
junciÓn de los siguientes objetivos especjficos: 

l. - Informar sobre ~os antecede':~ tes del CPl-1 y PERT. 

2. - Resaltar que la diferencia e-nt:r.a CPH y PERT no 
es subtancial solo de forr,lü, €ormato y nombre. 

3. - Valorar las ventajas que no~ proporcionan estos 
métodos CPt-1 y PERT. 

4. - Ver que el diagrarra de GAliTT presenta serias di 
ficul tades para los fines ce control en cltal- "":" 
quier tipo de proyecto. 

S. - Saber elaborar una tabla de secuencias necesa
rias para la coordinación deac~ividades dent~o 
del proyecto. 

·6. - Diagramar la red lÓgica de actividades, apoyán
dose en tablas de secuencia~. 

7. - Interpretar la programación de un proyecto con 
ayuda de CPN y PERT. 

8. -

9. -

10., -

Calcular la solución de una red lÓgica de acti
vidades por los métodos CPN y J'ERT. 

' , 
Llevar al exi to t:odas las €:tapas de un proyecto 
al utilizar métodos CPM y PERT. 

Mejorar la planeaciÓn, prog1a~ci~n y control -
con ayuda de estas técnicas CPM y PERT • 

- 2 -



. . 
,. ., 
., 

j 

1.- RESUMEN GENERAL DE LOS NETODOS EXIS.TE:7l'ES l'l\RA 

PLl\NEACION PROGRAM.7\CION Y CONTROI, DE PROYECTOS 

1.1 Diagrama de Barras: 

No es nada nnevo el saber utilizar el diagrama de ba-· -
,."' rras,o diagrama de Gantt, para poder cla.bol"a:rprogramas de -

trabajo y ejecutar un proyecto, ya que se forma como sigt;.e: 

a. - Se determinan cuales son las act.l.vidcvles importau 
'tes de un proyecto. 

b. - Se asigna una estimación de t:i.em,po para cada act.b, 
vi dad. 

c. - Se representa cada actividad ~ una recta hori-
zo~tal acotada en tiempo. 

d. Se hace una lista de actividades por cada re11glÓn 
y con un cierto orde·n de ejGcu.ción se colocan 
las barras según el tiempo efectivo. 

e. Se convierten los tiempos efectivos a una escala 
de . fechas de calendario, y se hace coincidir el 
inicio del proyecto con·csta escala d3. fechas ca
lendario. 

d. - Se ajustan las posiciones de Las barras· represen
.- tativas de las actividé~des, tc:nna.ndo en cuenta las 

fechas no laborables ( dÍas de descan~o, festivos, 
· vacaciones). 

Un diagrama resultante, será el demostrado en la figura 
siguiente: 

- 3 -
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l. 2 . DEFICIE1:!CIT\S 1\L U'J'IJ,I7.?\R U:N D1:.l\GR'P.~~ 'DB GANTT, EH 

PI.J\NEACION PROGRA:t-~.?\CION Y CCoNTROL DE PROYECTOS. 

a.- Existen problemas para representar la coordina--
·' 1' · a ..... ·a d t"' ~ "" c~on og~ca e ac ... ~v~ a es, acrec~-::!1 ·;:4naose aun -

más cuando el proyecto es complejo. 
Al final de cuentas no es posible evaluar el pro 
greso sin intervenciÓ~1 contínua. dcJ. personal 
principal. 

b.- No se logra por -este método diferenciar la planea 
ción y program~ciÓn, y no es po'ible ver clara- -
mente que actividades necesitan ser iniciadas al 
término_de alguna actividad en cuestión. 

c.:.. No se detectan facilmente cu&les son las activi~
dades que en realidad controla~ la duración del 
proyecto, ya sea que aparentemQnte to<.:.::ls tienen -. 
la_ misma importancia, y por consiguiente si se 
llega a retrasar alguna principal, el proyecto s~ 
fre una descompensación con respecto a la dura-
ción de lo anter-iormente pr~Ta:ma.clo zin poder pr~ 
decir este tipo de efectos, to:.11ándo:Je a poco tiem 

. po de iniciado un proyc·cto, medidas de acelera- -
ción dél mismo, para compensar ectas deficiencias. 

d.-· No es posible ase_gurar ninguna -fecha de termina-
ción de ciertus actividades ya que pusden ocurrir 
retrasos inevitaLles de condiciones de trabajo, -
clima, etc., provocando·muy serios problem~s. 

e.- Es importante también hacer not~r que e·l diagrama 
de Gantt, tan.poco es recomendable para distribu-
ción de recursos (material, per.5onal equipo, capi
t~l, etc.,) y programación~ u~ proyecto • 

...... 
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LOS RESULTnB0S DE CrM 

Vn diagran~ de Gantt qu~ r~prcs~~ a un proyc~to con 
el a~ilio-dc los métodos de programación, "mucst~a objeti 
vamente las qnr~cioncs, o sea lr--.~- fech:ls de i:[liciación y 
de t~;-mina~iÓn posibles, y le1s holg,~s :para ci:lda Rctivi
dad de que con~ ta el proyecte, CJ sí como para dct'erminar -
;La distri'buc;;j,.Ón en el tiempo, de los XQIC.'-lrsos necesar,io~, 
pa~a el proyecto • 

1.4 ANT~CEDENTES DE LOS llli'rODOS CPX y PERT ( I·mTODOS DE 

PIANEl\CIO?·r. PROGR.l\l·1l,CION y CON:C'ROL) • 
~- < ----· 

A Últimas fechas se id~aron dos métodos para la pla--. , . , 
neac1.on, prograrn<lcl.on y control: 

a • .,. .Método de la ~uta cr!tica (CPM}, duración dctel.-
. 1 ...... 

It\l.nl.S~.l.ca. 

b.- Método PERT, duración probahil:Í:st.ica. 

Para efectcs de nuestro trabajo, l1ablaremos de CP!•l y 
PERT indistintamente. 

El método ele la ruta cr.itica ·fue desarro;!.lado en los 
Estados Unidos,. a principios de 1957. por el S:.: .. I·~orgup R. 
Walder, en ese entonces, miembro de1 Depnrtanento de In
geniería de l?l compañÍ~ E. I. Dupont de Nemours & Co., y -
por el Sr. Jam€'s E. Kelley, Jro, entonc~s investigador d·3 
J.a CornpaijÍa ~~mingtoi:l ~and. 

_ A partir d~ ello, el método CPM, lo utili?Ó la Campa
n!~ nupon~ ~csdc 1957, dedi~ándose a ~onSt+uir y mo~erni-
2:a+ plantas quÍmic~s con excel~nt~s resultados en la cta
p~~ d~ plan~ación, programac¡ón y C9~trql. (ve~ referen-
c:j.as bil>liográficas ) • 
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En México. el CP:-1 se ha utilizado en diversos org-ani.§_ 
mos: 

En 1961, en la DirecciÓn Geñeral de Construcción de -
-Edificios,· y en la Secr'ctaría de Obras PÚblicas, En 1962 en 
~la Comisión Federal de ElectrÍcidQd y des~és en el cornhina

~ .... do Industrial SahagÚn, y en otril:. grandes colnpañías constru~ 
-·toras del Pats . 

El método PERT, fue desa~rollado en los Estados Uni--' 
dos en el año de 1958, por un grupo de inves~igadores de lQ 

ez• Baos, Allen ·y llamilton·-de Chicago, a solicit1.1d de la 11 Spec i_al 
Pro)ects Offices" de la Marina de los Estados Unidos. 

Este método permitió acortar la duración del proyec;.:o 
Polaris, en dos años. 

l. 5 BASES DE LOS I-~ETOD~S DE PLANE=\CION PROGRAMl\CION Y 

CONTROL 

Veremos a continuación en forma breve, los fundarneil
tos de los métodos CPM y PERT, y los análisio que pueden 
efectuarse-en cllosa 

Sus Bases son: 

a. - Permitir la diferenciación entre planeación y -
programación. 

b. - Reconocer.en la planeaciÓn: 

1) Actividudcs comp::mentes del proyecto 

2) Coordinación de las actividades en orden lÓ 
gico. 

c. - Presentar un proyecto en diagrama de-fleché\s. 

d. - Asignar a las duraciones de 
Método PERT, tres tiempos: 

-ta, Pesimista, mediante los 
distribución convcn~cntc de 
duración de la actividad. 

- 7 -
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e. Dor información pura hacer un aná¡i$is, en rel~

ción a cuanto se aminora,. e¡ casto de. u:pa activi':"" 
dad si reducirnos su duraci9n. 

f. Proporcionar datos.p~ra analizar los recup~o§ re 
·· que'ridos, para cada dura-ción posible de q~<;ia ac

tividad. 

g. Apoyarse en métodos corno la programación lineal. 

h. - Para el método PERT, se auxilia en rnétodps esta
dÍsticos. 

1.6 AN1~LISIS BA~ICOS DE LOS HETODO$ CPH y PEn'r 

Al tener la presentación de un proyecto, por medio d~ un 
diagrama de flechas, se procede a la progrmración o al anál.i. si s 
de tiempos. · 

En el diagram¡¡ la longitud de cada flecha es: 

a. En el Né·todo CPM, la duración de la actividad. · 

b.. En el Método PERT, la duración probable de la ac
tividad corr,espondicnte. 

·con base a estas longitudes, se .consigue la d'.lración de 
la ruta mas larga délndonos la .m!nirr~~ duraciÓl'l del proyec:~o, 

. , d .. ' .. . 1 t' 'd .. ' proporc~onan onos -aSJ., una rut.a -cr1:t~ca y as ac ·:tv:-.. :;to~s qu~ 

son excluyentes -de las anteriores se consideran tener holgu~·?s¡ 
las cuales son importantes para programaciÓn de re::'.lrsos, ~io~ 
pre y cuando no se consuman duraciones mayores de las p~rmi~i
das y rett:asen -el proyecto. 

En el mctodo PERT, adem~s es _posible determinar ~~s pro 
habilidades de que ·se. pueda terminar un detr=rminado grupo de -
actividaaes, del proyecto en co:1junto ·a un determinado tiemp.:>. 

l. 7 GRA :FI CA Y~ A~'fZ~ LISIS QUE S E 'PUEDEN Hl\ C.ER -F..A BI r::N'J:i:) 

·UTILIZZ'.DO LOS .HETODOS CPH y ,PEF-r_ 

-Habiendo utilizado _en un proyecto~ les m~todos de C?l·l y 
PERT, es ~asible .elaburar diagramas ·de Gantt, que nos .rcpresGll 
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te todas y .cada· una de las acl:ividades con ñolguré' re~pectivi:l. 

decreciente, 'hasta llegar a holgura ce:ro, siendo ésta la acti 
vidad crítica de un proyecto. Las holguras son parámetros -
importantes en cuanto él elab.ora.r .con ellos gráficas tipo re-
Cursos requeridos va. tiempo, evaluando el exceso o falta ele 
ciertos reéursos p<;>.ra poderlos distribuir Ó:ptimamente a tra-
vés de todo'el proyecto. 

Si. la ruta críticn d~ un proyecto, da fechas mayores a 
la deseada, se puede recurrir a métodos de programación lineal, 
optimizando pa.rn lR actividad en cuestión un costo mínimo a -
menor duración, lo mism:) logrando reunir estos parámetros pa-

t·~·. ra las activids.des de un proyecto, podemos decidir alc.:anz3l.r el 
objetivo a un rn.i:nimt'J cos·c.o y a un mÍnimo tiempo. 

1.8 APLICACION DEl, CPN y PERT 1\L CONTROL D.~ EJEC.1~~:r.o~ D'§. 

UN PROYECTO · 

Los métodos CPM y PERT, per1d.ten determinar las activi 
dades crí i:icas y 1?.~ que tienen holguras pe~eñas. Si el pr.~. 
yecto en cuestión sufre retrasos, en alg-.ma actividad crÍtJ ca 1 • 

estas técnicas.nos proporcionan informaciónsobre el nueve es 
tado del proyecto. 

Queda al censejo Directivo decidir el comprimir la red, 
o dada la imposibilidi:l.d d: ~acerlo, llevar a cabo un eztricto 
control de la nueva ruta crítica y de las actividades cun pe
queña holgura • 

, , . . , , . 
Tambicn la inforrnacion .permite la as2gnac.l.ú.!'l O!,..>tlma d~ 

recursos, 1C:Qnformc a los prog;esos alcanzadcs por el p.royecto. 

a • .:.. 

l. 9 VENTl\ Ji'\ S DE LOS METO DOS C Pl1 y ~!iJ:.ll:. 

Desglosar un proyecto en todas ·sus actividades 
componente e 1 el poder clasificar en orden d~ 
importancia y organizar la planeaciÓ'l'l, programa
ción y control de ejecución del mismo, bajo esas 
mismas regla:;. 

- 9 -
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'bo - Coordinar de una manera eficiente a todos los· or
ganismos involucrados en. el proyecto en l'ls e tu.--_ 
pas de plancación, .progrmnación y control d.:: eje-
cución de 1 proyec.to. . .. 

c. ~ Utilizar la exPeriencia de un grupo directivo de 
dtstintos organismos responsables y claborár eri -
conjunto,un proyecto Maestro que enfoque todas 
las activid~des del mismo. · 

d. - Determinar cuales son las actividades del proyecto 
que controlan la duración (actividades criticas), 
y las holguras o márgenes de tiempo disponiblcc -
para retrasar la terminu.ciÓn.de las 'otras activi
dades, sin retrasar la teDninaciÓn del proyecto. 

e. - Determinar de antemano y con toda precisión los -
recursos (materiales, personal, equip:> capital, 
etc.), necesarios en cualquier tiempo durante la 

~ . 
ejecucion del proyecto. 

f. - Compar~planes y programas alternativos- para el~ 
mismo proyecto, o para una de sus partes, y ajus
tarse a las condiciones propias de la empresa . en 
cuestión • 

g. -

h. -

i .... 

j. '-

k. -

.Analizar los efectos de cualquier situación imnj~e - -
vista y de tomar las m~didns correctivas eficien-
tes. 

Permitir que el personal direc~ivo de un proyecto 
sÓlo tenga que ii-1tervcnir cuando ocurre alguna si 
tuación imprevista. 

• ¡ 

Permitir el delegar responsabili·lad de los d~fe--
rentes organismos encargados oe un proyecto o al
gUnas de sus partes. 

Poder sustituir personal directivo en cualquier -
-momento, sin trastornat: la ejecución del proyec-
to o de una p~rte del mismo. 

. . ~ Encauzar la experiencia adquirida en la eJccuc~o~ 
de proyectos productivos similares, por lo tanto, 
la elaboració~ de planes standard. 

lO 



---------·---

,( :: ~-' ' ' ~ -' 

l. ~ Comparar ordenadnmente los datos'estim~dos con 
los valores de ejecuciÓn y determinar el efecto 
de las desviaciones. 

' ' ' 

1.10 APLICl'lCION DE C0:.-1PUTADORJ\S ELECTRO~~~S-lliLJ-;os METOD~S 

CPM y PERT. 

Calcular los métodos CPM y PERT se puede hacer a mano, 
sin embargo, por la magnitud de los proyecto se hace impres·· 
cindible la ayuda del computador. 

Tenemos a nuestro alcance computadoras de firmas como 
Burroughs, IB!·i,. CDC, BULL, UNIVAC, que proporcionan todos los 
cálculos para la base .de programación, y expeditar programas 
de· cbDtos. 

•,, _, 
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2 T~ BL1\ S DE S.ECUrHCI~ 

Al inicic.:.r 1~ plo.neación de un proyectq dabcr~mos tom!lr 
en consideración sus diversas fases para lograr una base sÓli
da en la . aplicación de los métodos de programación CPM y· PI;!~·r. 

Sin ernbQrgo anres de iniciar la primera fase que será -
la de enumerar tooas las activid~d~s por ·Orden de iroportancia, 
debemos de cumplir con t.res reglas básicas-; 

a.- Debemos de tener colaboradores experimentados y -
con C:Lmplios conocimieHtos en la parte especÍfic~ 
del proyecto, que les correspobde. 

b.- Se ·requiere además in.forrnaci-ón sobre los recursos 
disponibles co~o los humanos~ económicos, eqUi?~. 
es~acio par~ la realización del proyecto. 

c.- Hay que tom~.r en con~ideración fechas claves para 
el cum?lirnicnto de determinadas actividades y ~ur!a 

do al medio ambiente que influye en fo~~ impor-
tante, en el de~arrollo del proyecto. 

2.1 PRIHEPJ\ FASE EN L.'Z\ PI.!\NEACIOfr D.E UN 

PROYECTO. 

La primera fase es la elaboración Cl.e una J.ista de o..:!ti 
vidades componentes de un proyecto en actj'Tidades de primer or 
den o principales, y subdividir cada una en activid~d2s de se
gundo orden y· continuar asi sucesivamente. 

Esta división mencionada anteriorrnE?nte se puede rep.L·e
sentar en la ·siguiente ilustl.·ación~ 
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, 
Numero de Orden de 
las Actividades. lo 20 30 

-
, . , . .,. 

I PROYECTO A2 • a 
b 
• 
• 
n 

• 
.A·3 a 

• b 

• 
• 
r 

2. 2 SEGUND?\ FASE EN LA PLl1NEACION:"_ D_li 

UN-PrtOYECTO 

En esta fase se espec~fican el ord~n de secuencia d~ 
ejecució~ de actividades del proyecto, para lo cual se to-
man en cuenta los :tequisitos del proyecto,~ ya,sean condiciQ 
nes necesarias de una pGrsona o empresa. 

Para cumplir esta fase de planeaciÓn es recomendable 
preparar una tabla de s'E!c-·.lencias. 

La tabla de secuencias es una matr:lz cuadrada do:1de 
se describen todas las ,.ct:ividadcs en los renglo"1es y col\,~ 

nas, de manera que a cada acti\~idad rer~.glÓn le cC'rrespol:.dc 
una actividad colunma~ 

- l4-
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Se siguen dos reg~as para zormar una tabla de secucn• 
cias: 

a •.. --
• 1 

Se anali~a cada actividüd corrcspon1ieñtc al ~ , ' , ' 

... ., . ,. renglon_ en. turno Y. se determinan cu61es hctivi• 
dades se pueden hacer ipmediatamentc dcspué~, ... 
colocando una cruz en el casillero correspondiE::!l 

_ .... 

te. 

b. - Se analizan las activ~dades columna y se dcter• 
minan cuales activid~des se pueden hacer inme-
diatamente antes de dichas actividades, coloc~n 
do una cruz en el casillero correspondi~~te. 

La aplicación de las reglas anteriores se pueden hacer 
en cualquier orden, uña vez determinada la tabla cie secuen--
cias debe ser revisada 1.1na ·y otra vez para 11\ejorar ia planf.!.'3.-. .. c1on del proyecto. 

Esta tabla de secuencia es esencial para la ejecución 
de ún proyecto mas no forma parte 'del método CP.M y PERT._ So
lo es una investigaciÓn de objetivos,. métodos y cleméntos -
disponibles. 

Toda esta etapa nos aclara si nuestro proyecto satis
face nuestros objetivos y si es costeable ~~ realización. 
cuando di..spongam:>s de un conocimiento de redes aunado a la ..... 
tabla de secuencias, entonces podemos elaborar el d,iagrama -
de red ae un proyecto en particular. 

3 CREACION DE LA. RED DE UN PRO"!E~TO 

El primer paso para utilizar los n1éto'dos de ru-ta· crí-
tica· es la identificación de todas las activ.i..c:lades conteni----· 
das en el proyecto, y la representaciÓn de estils activ-lcladQs 
por medio de un diagrama de· flechils·. 

Este· paso es· usua·lmente' 
1\qu.:f nos. lilu:itaremo·s· a indicar· 
un primer dibujo de una red· •. 

.. - ·- ~· 

:tlamad·o .. fasé do: p·la·ñeacion u. 

:ta:s: reg-las b~s-ica:s. par.a hacer 
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Existen ciertas reglas y convencionalism::>s qu~ deberán 
seguirs~ en-preparar redes, éstas nos mostrarán un alto grado 
de conocimiento so~re el proyecto y todos los juicios lÓgicos 
que hay que conservnr. Por supuento las reglas lejos de ser 
rÍgidas son muy flexibles dependiendo del usuario, sobre el -
~onocimiento de los conceptos y su ~xperiencia en métodos de 
CPM y PERT. 

Hay varias formas de dibujar una red. AquÍ enfatiza-
remos el convencionalismo existente en el ramo industrial co
mo la construcción dG usar en métodos de ruta crítica, ~1 sis 
tema de actividad en una flecha. 

3.1 TE!Ut.INOS R'\SICOS 

·"varios de l:os más comunes términos en trabajos de re
des se definen a continuaciÓn: 

DefiniciÓn: 
Una actividad es una p~rción de un proyecto que esta 

conforme a los siguientes indicadores: Esta no puede comen
. zar a menos que. sus predecesoras sn orde~ lÓgico sean termi 
nadas. 

Las-- activido..des sie:npre tienen un. principio y un fin 
y pueden estar asociadJS a las mismas, tiempos, recursos del 
proyecto. Las actividades se representa.n graficmnent: e por -
fled1as .acompañada de la descripción y el tiempo estimado de 
la ntisma. 

DIB~JOS DE EHSA1>1BLES 

Figura # 1 

DefiniciÓn: . _ ..... __ 
una flecha que sÓlo indica una dependencia de una acti 

vidad con otra, es una actividad ficticia. Una ficticia tic-

• 
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ne duraci,Ón de"' cero y se representa tan c:omunmcnte como una 
flecha de lÍnea interrumpida (Figura# 2), o une1 flecha só
lida asociada con cero du::r.:üció:"l' ·(figura # 3). 

0 ,. ' . ---. 

F~ra # 2 · Figura # 3 

DefiniciÓn: 
Los puntos iniciales y los finales ae las activida-

des son llamados EVEN'IOS. 

TeÓricamente los eventos son puntos instántaneos en 
el tiempo. Hay sinÓnimos com:> No9os y Cone~_tor~. Si un 
evento repres~nta la lleg~da final de más de una ·actividad, 
éste es llarrk~do evento Receptor. Si un evento representa el 
punto de partida de varias actividades se lla~~ evento -
Radümt:c o Un evento se pres-anta a menudo como una figura 
geom~trica como está a continuación en la figura # 4. 

Figurñ·# 4 

EVENTO EVENTO RECEPTOR EVENTO R.~ DIJ:I.NTE 

J¿efiniciÓ:l: 
una red es una representación gráfica de· la planea-

ciÓ:t de U!l proyecto, m:>~~rando las interrelacioncs_de varias 
actividades. Las redes. pueden ser llamadas "Diagramas dr; 
Flechas". Figura # 5 cu~ndo los resultados de les tiempos 
estimados y computados han sido agregados a la red, se pue
de usar como para programar un proyecto. 

- - . 
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4 - REG!.J\5 DE I.J\ RED 

Las pocas reglas para redes pueden ser clasificadas 
com:> tó_qas comunes a todas las actividades de '..m di;J.grélma. 
de flecl~as, y estas reglas son impuestas para el u~o ·de 

. computádoras que manejen los métodos e~ y PERT. 
J/1' ·' ' .. . .,. 

~·--
4.1 REGI.J\S BASICAS DE tn::1\ RED LOGICA 

Regla 1'.- Ant~s de iniciar una actividad, todas' las acti
vidades precedentes c1ebm de termina¡_· se. 

Regla 2.- Las flechas sÓlo implican 1Jlna precedencia lÓgi
ca. La longitud de la flecha no tiene ningÚn -
significado.. ( A menos q&~e. se utilice la esca
la tiempo para la red) • 

4.2 REGLAS I:t-1PUES'IAS POR LOS COHPt:TADORES O METODOS D:C CALCtll:_Q. 

Regla 3.- Dos eventos pueden direct~nente ~onectar una so
la actividad . 

.. 
Regla 4.- - Los numeres de· los eventos no deben .estar dup;ti-

Reglas.-

cados. 

Las Redes d~ben tener solo.un evento inicial que 
no tenga predecesor'), solo un .evento final ( que 
no tenga suceso~). 
Existen paquetes de computadora que no tienen es 
ta restricción. 

' 4.3 INTERPRE·W~_q_ION DE L7\S REGLAS .. 

La regla 1 y 2 pueden ser interpretadas si conocemos 
la porción da una red de la fi~ra # 6. 

De acue=d:> a la regla 1, .este diagrama establece que 
--.antes. dP. que la actividad D pueda iniciarse, l"s activida-

des A,, B, y e de~en ser .cornplet&clas. 
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· -N4pte que cstü no implica qLle las actividades A, B :y e 
sean co:npleturoe;!tc si:nul t~~lc;¡s. 

Note que además que el evento 4 es un evento reccp· .. -. 
ter. por que ah{ tcrminun las activid;;.de:~ A, B y C y comienza 
la actividad D. 

4 • 4 ERROP..r.S CONUNES 

Los errores máG comunes que se presentan son a'l no res 
petar la Regla l. 

Nos ilustra remo::; con la misma fig~ 6, supong;:u.,o:; 
que la actividud B, depende de haber te:cminado la activid~d -
B y e dr.: solo U"',".i parte de la actividad A y completar le <::f.!-

gunda parte de A totalmente independien·te. El diagr6r,;a qne -
ilustra corre<:tam·:mte esta s.i. tuación es: 

A 6 
1a. PARTE 20. PARTE 

B o 

o-~c 
Figura :f:: 7 

Donde la octividad s~ divide en dos actividzu:"!..¿;s A J.a. 
parte y 'A 2a. parte adcm~rs de introd:..1ciruna f:l.ctividt-)d ficti 
cía, como verem9s en la figura# 7, la actividad ficticio se 
ha usado para corregir el problel"".a·. 

~-..a Otra condición se p·.1ede presentul~ en una red, se ilus 
t 1 ~· ~ 8 ra en a :cl.gura 1r ·~ 

A 

E 

Figur~ ~~ 8 

. - 20 -



~a~ ªctiviqgq~~ n, º' ~, ~o~rnan un Loop, el cu~¡ es 
la ~pg~Q~g~q~ g~ ~n ~~~9~ ~Q l~ lqgica de la red. 

~ ¡a, f~g4pg Q ¡ª ac~¡v~~~g B no pued~ in~ciarse h~sla 
nq ~QrnpJ:.~t;e:P J:a' 4r~t~v;tc;l3.q ~ ~H?:i.miqmo le;¡. D no se inicia al no 
te~m;nª;-~~ 1ª Q y !q, 'i ~19 Pf:.iPQipi~ porque n9 se h~ tqJ;minado 
~q B y ~ª~rogs ~:-~ · 411 9.:\+'GlJj, ~Q c;:~:r:~ªgo que impide la lÓgica de: 
1~ ~e~~. 

L~~ rf:l!gla s para red9s la 3, 4 y 5 son lo::. proce:din•.i en 
·tos pal.·~ goqif~c~r ~e_d~s paJ.·a el análisis por cornputo.doJ.:~. -
La reg~~ ~ ~~ v~o~~ qu.a~qo ocurro lo demostrado en 1~ fig~r~ 
# 9~ 

A o 

e 
'· 

Figura # 9 

~s. CiCtiv~dages_ B y C' pue.de. llamarse actividades rc
petid~s; <:;Q~Q ¡~. ~.Qrl~·'lt'l de. distingu.il: l~s actividades son 
sus nodqª 

Qu_edará ~f;!.Í: 

Descripción Actividad 

1 ~ 2 Actividad B 

1 - 2 ·' Actividad C 

E_nconces. tE>':'lemos· q~e· r.ecur::t:ir a ~s actividades fic
t.i,cias p3,;-a no c\lcr. en·, err.or de, la regla 3~ como: se_ oernuez
tra en l.a · fi~-,r:a_ #. ],Q· •. 

- 2f 
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----------------------------- ------------~------

z(. 

D 

Figura # lO 

2\hora si se pucd<:n distinguir las dos activid~cb~ al 
ser bautizadas de la siguiente manera: 
. 

CÓdigo Com.pu ta do:¡_· a Des-=ripciÓn .Actividad 

l - 2 Actividad B 

1 3 Actividad e 

2 3 Actividad Ficticia 

Algunas veces se emplean acl:ividaties ficticias en -
forma rudund~nte corno en la figura # 11. 

A 8 

Dcmda evidcmtewente para iniciar la acti·vidad B es 
solo si se ha concluido la actividad D, C y B por lo t~nto 
remarcar que la actividad Bes neccsariapara iniciar la 
activid~d E, viene siendo redundante. 

- 22 -
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........ ---- -·· ----· ... ----· . ..•... -
-----·---~-- ~ ------

-- . ----------- .. ·-· .. - -·~~-
Qg;9 G~SQ ººpg~ 19.§ ac;t;i. v~Q~(J~~ f~ctic~~s no son·:~- .. 

ce~ar~~~ ~~ ¡~ figº~ª l~~ 

. ··---·-~ ------~- -- ... -. 

Figura # 12 

~ poflde ·19s ac~~vidades 2.:...5 y ~5 que al ser fict_i_ 
cia~ nq tien~n d~r~~ión si pqdemos prescindir de ellas y 
mQc;l~~iGam~s +~· f.i.g\l~a l2 a. la f~gura 13 sig1.1iente: 

e 

Figu:r'a #- 13 

0~~0 u~o importan~e ae l~~ ~ctividades ficticias es 
ta ilustrado en este ~jem~l.o. Suponga7ttOS en una parte de 
un proyecto de la figura 14 este se realiza 

-0~-B. 
. . . -, ...... --· - ~ .. --- ~·· ; .. . --- -- - . -· ~ ·-.- -- -- . . .. :-- ·. - . . . . - -- ·-- ... ':' .. 

--,_ ._ . -Figura_ 4f .14 . --. _ ... __ Fi<,;Nra -~ lS -~ 
• o . - ..... - .· ... 

que·la ac;tiyid~d B clepcnde de la actividad A por tener en
común el mismo recurso, ya sea una persona en es¡~cial o 
una máquir.~ especÍfica. En e!=; te caso B debe dil·ajnr'sc como 
dep~ndi,ente de A por el usó de una actividad ficti9ia figu 
ra 15. 

,• 
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S CA·I.CULOS w~SICOS PARA L.:!\ PROGRt"\1'¡.,'\CIO!\f 

• 

Crin base a los fundamentos para diseñar la red de un -
proyecto"queda por calcular los tiempos aproximados que se -
asignar&n· a cada una de las actividades; y as{ comenzar a pro 
gramarlas' y calcul~r la ruta crítica de la red: en el c~so de 

.:,.-útilizar. el método CPH los tiempos son determíni.sticos o ;e::! 

-~una· sola duración por Ci:.-\d~ actividad; en e~ 111~tudo PER'r hJs -
tiempos son probabil{sticos en donde se asocian tres para c~
da una dé las actividu.d~s, sulvo cata diferencia entre lo;; 17'6 

todos e~ y PERT todos los cálculos que describiremos aquÍ -
son idénticos para anfuos. 

La-programación de un proyecto comprende dos pasos bá
sicos, el primero que hace un cálculo hacia adelante y el se
gundo es el c~lculo hacia atr6s ~n la red. 

Basándo3e en un tiempo de ocurrencia del nodo inici~l 
de red, el cálculo hacia adelante de la fecha d~ inicio má= 
tcrnpr~no y tard{o para cad~ actividad, e indirectamente e1 -
inicio más tei!'prano y m:ls .tardio para cada uno u-; los even.·-
tos • 

. Los tiempos realos, se.conocen sÓlo despnés de h~ber -
concluÍdo varias actividades y poder compa.:car contr~• los tiem 
pos esperados, pueden diferir por la desviaciones entre los -

0 tiempos,reales y estimados de los tiempos planeados, para ca-
da actividad. · 

Por la especÍficación de los tiempos de o~urrencia ter 
minales para los eventof:; d{~ una red el cálculo hacia atrás 

1 1 '1 . ... .. 1' , nos ca cu Etra. a termJ.mlc~ on mas temprClna y tar<..J.a para cueLa 
actividad e indirectamente la tcrr.-~inación permitida de tiemp:) 
para cada evento. D~spués drJ un c~lcuJ.o b_;¡_cia ndelante y ha
cia atrás· se ha realizado, queda por hacer el cálculo c1c· lu::; 
holguras para cada actividad y determinar los arcos cr{tico:.:; 
de una red. cuando una actividad tiene holguru, 'hay m<i.s ticm 
po disponible ~ra hacer lo que esta actividad de~ea. 

Casi siempre 
Es muy con"cniente 
dades en dÍas de 

se adopta la 
ph:.ncar los 

trabajo, en 
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tiempo inicial de cero en el evento inicial.dcl proyecto. 
La conversión de· 'estbs cálculos a fec1-.ils ,c::liendario req..1ic 
re· de hacer un calendario q:.te contemplG sCSlo los dÍas de -: 
trabajo numerados. E~ su~a se cómprende .que el proyecto -
tiene solamente un evento 'inicial y terminal y que la ter
minación permitida pará el proyecto es iguál a la inicia-
ción más ta'rdía obtenida de ios cálculos bacia atrás. Es
tas consideraciones, se asocian normalmente con el r.1étoc"io 
CPM, pero no usualmc11i:c para el m8todo PERT. Fin::l.l:nente, 

• se torna en considero.c5.Ón que Uü di¡:,_grama de flechas para -
rcpres¿ntar un proyecLo es el que se usa para iniciar con 
los cálculos mencionados. 

ta siguiente nomenclatura se deberá us~r -en las fÓr 
mulas que describen les cálculos para la progrr.maciÓn: 

N = Corijuhto de todcs los eventos de un proyecto. 

N· = Nodo que representa el evento 1 i = l • • • .m. 1 
Llamado también Nodo Inicial. • 

. 
N· = Nodo que rcp:::esenta el evento j j :a 1 • • .n J Llamado también Nodo Final. 

A = Conjunto de todas las actividades de un proyecto 

A·. 1J 

t•". l.J 

= Es la actividad qüe ~e inicia en e:l Nodo Injcial 
i y termina en 'el Nodo Final j. 

=Duración de la actividad del Ni al Nj• 

llk = K-esirna Cadena que conduce de~ evento inicial Ni 
al evento final Nj• 

, 1 ' ~ 

'k = Numero posible de cad·:=na que conectan el evento 
i~~cia~ ~i al event? fina~ Nj. 

t(llk) = DuraciÓn total de la cadena llk• 

- 25 
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Ei 

Li 

ES·· l.J 

LF· · l.J 

EF· · l.J 

Tiempo de ocurrencia 
.. 

temprana = mas. par.:1. el evento 
inicial i. 

.. = Tiempo de ocLtrrencia IDClS tardía 
' 

del ev(:nto inj--
cial i 

Tiempo ele 
. . . . , .. 

temprana la activ.i. = :..nJ.cJ.acJ.on mas parn 
dad (i-j) • 

Tiempo de terminaciÓn 
, 

tardía li~ élctivi-= mas p:tra 
vidad(i-j). 

·- Tiempo de tex-minac.i.Ó:1 más temprana de una activj
dad i-j. 

LSij =. 'l.'ie::npo de inicic..ción . m~s tard{a p.:lru la acti vid.-..d 
(i-j) • 

Sij = Holgura tot:l.l para le:. acti"i.r-ic3ad i-j. 
.. 

FSij = Holgura libre p:;1.ra 1~ actividad i-j. 

Ts = Tiempo pros-1:.-.~-ilado pa:- a la terminación de un proycs_ 
to o la ocurrencia d~~ ev~nto.s clavés en un proycc
·to. 

Como se vio anteriorm.~nte el cálculo hacia nd:2!lante es 
el cálculo de la iniciaciÓ~"l más tempra!la y mils t~ dÍa )?ara cv. 
~da actividad en el prcyccto u.poyado en un dÍa de t.cétbajo c~s 
pecÍfico. Complementando esto, el cnlculo hacia ad3J~nte se 
inició en un tiempo cc1.·o ¿¡;;~dz¡ ur.a fech:t base y tod;:1n laf:: ac".::i 
vidadcs subsecuentes e·npiezan lo más pronto posible, acont-c---: 
ciendo todos su eventos s•J.cesorcs·. De acuerdo a la lÓgic¿¡. 
de una red, un evento final ocurre cuando toc~as lc:.s nctivid;.J.
des predecesóras se han term.inac~o y entonces, el tierr.!)O mán -
temprnno ·para que ocurrñ un evento es igual a_lm¡:¡yor t.Lempo de.: 
iniciación tarüfa de toc:'bs las a e ti vidades que llcgLlC"l al 
evento en cuestión. Estas consideraciones o r~-3la!3 están sL·.
marizadas abajo. 
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l. - El tiempo de ocurr~r~c:ta del prin1er evento inicial de 
la req se Q()I1,D id~ra ~~:po. E,= O para el 1:r irncr 9vcn Lo • 

2. ~ 'cada a9tivid~d c()~i~n?~ tap p~ontQ ~omo s~a posible 
.hasta que ocur:pl su even·::o preaec::esor ~ 

3. -

Donde 

- o ' 

Para una actividad U.+bi traria·_ (i-j) se p".lccb _escribir: 

ESij = El. mayor EF qe lao ·actividades inn1cd.iat:amcntc 
prf,JcedentGs de la actividad (i-j) .. 

El tiempo de· terminación rné1s temp~~a d~ ~na acti.vi
dad es la suma de ª'.l tiempo de i,· ,;j ación- m~s tcr.lpr .. 1-

na y la duréic-lón estifi',:l.d.:l 'por étcti vid~d. Para una 
actividad arbitraria (i-j) _esta se puede cscl:ibir co
m:>: 

Ej = Al mayor ele EFij = ES· · + T· • l.J ' -~J 

Ej = Há~imo d~ lq:::; vu:).or(-~ .CFij de las- :lct:.vidildos c:::u.c 
llegan al evento j. 

.Ej = Max 
k 

~ (111:.) !' 
. 

E· = f.i~x (ES· · + i;ij) = Eax (EFij) j=2, 3 •• .,m. 
J ~J 

i E B (J) . i E D(i) 

-
B(J) = Es el conjunto de riodos que conect~n con ~j -

Estas reglas las .J?Odcmos rcpres0.ntar cOMo las moc'..:.r.:~.m:>~ en 
la figura. 
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Estas consideraciones o reglas se aplican a todo ti
po de. redes como la demostrada en la figura·· 

S • 4 CALCULO H..'Z\ CIJ\ A 'l'RJ\ S 

-

El_ ·propósito c1cl cillculo hacia. atrás es contabili2ar 
los tiempos mf s tard{cs p~-rmitidos de inicio y de tcrmi;vJ.-
ciÓn para c~ch• una de las activid;.J.des lo cua·l p~rmitir<l t?J.e 
ocurra el evento te:rminal en su tiempo más tmnprü.l'lo esp:~t"a
do, como en el cálculo hacia adelnnte. 

Para completar esto; el céllculo hacia utr~s se iui-
cia en un solo evento terminal del proyecto y arbitrari::uncn 
te se le asigna el. lCL-L~mo tiempo de ocurrencia m5B te1npr:..na
y corrcspontie a. lo mf.ximo pcrmi ti do para que ocur,:.::-;". Si 0Uicn 
do convencionalismos, uno J.o puede interp.retn.r: ce: .. ::- el ·~:icr~~ 

po más ta"Cd..ro de iniC'lación da una actividad, g,l c'hrle el ·: .. 
tie7npo de inicio de una activi(lad que puede sc;:r J:etrasado -
sin Ci'l.llsar dil.·cctamcn te algÚn incremento en el ti(-;n•po totnl 
para co:npletn.r el pr0:¡ect·o. 

cuando Li = Ej se nsign~ para el evento ter.minal uE.: una red, 
retraso permitido parn. que un~. acti vida.d se ir4icie ~e e:· lcu 
la como la subst.racción ele la duración de la acti \• ió.ad ,.1 :: 

'' Últirn:> tiempo:> final permitido. Finalmente, de acuer.do :;., la 
lÓgica d·~ la red, un evento debe ocurrir antes, d~ que :n.::.ng~ 
na actividad s·.1ce:sora comience. Por lo tanto, eJ D'ltirn-) 
tiempo permitid:> p~ra un evento es igual. al m~:1o:r. de le;; 
tiempos de inicinción tD-rd!a p~rmitida de. las actividt:~.(¡·.:s 
que salen del evento en cuestión. 

Estas consideraciones o reglas las suma~izamos aquí. 

Regla 1 •. - El tiemp:> ele terminación Jrt.ás tardÍé' para el_9ven
to final del proyecto (t) es un conjunto ig~al 

o menor que una fecl::l progra11';ad'l para tGrmin:tr -
el proyecto, Ts ~ debe ser i~ual a su tiempo de 
ocurrenci~ n~s temprana calculada por los c~l~u
los hacia adelante. 
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1 2 El t . d • . . , .. t- d .. Reg a ·~: ,~· __ 1.cmpo. e .. ,~crml.l;1~Cl.O~} ¡r,~s .. r-a:r; l.Cl.tp~ra una ~s 
fivfdaci'':5.~,;biti·5.r.ia: '(i-j) e:S' i~i :;¡' 1¿¡ más p~
que;~, o más temprana, co los tic~~os de inicja 

. ~· . , , - " . 
· .. _ ~¡l.o~vmv.s .t.~~~q1.a ;de _sus pqti~~~é;l·dq~ sucesoras • 

., " · ': ' · 3: ¡:. ·. ;: "- ~ • ~ \~ ~ ~- : · ~ "'.1-J: .r·, · • - ·: 

· LFij = _1-11:-nirno _qe 1as .J,S. d2 ~~s:: ac~~v:¡..da<l?s. 
.. 

¡ ' 

Regla 3.-

· Dir"=Ctql1\_3at;e diri.gid~s a. _¡r,¡.. actividad (i-j) 
... '\·~ • ~ -' • ' ( ~ ~¡r ·- - ' 

El ticmp,J'· .de iliici·a~ió~ n-:á~ tardíu.. parc.l una ac
tividc-d arbitrélri<J. (i-j) es su ticr.1!?0 de tc:·rr~•·i_-. ,.,. ,. .-- ~ ~ , 
nac1.on mi:!::> tarcJ.v.l menos la daraciotl es ti n':)O<l d.:=: 
la activid..Ad • 

•• ' ,,. '. • ~ ,., . "1¡ 

LSj j == .LFi.j - Tif 
LFij == El: .. men-::>r de LSij 
tividadeq .. _que -~a~en. 

para un cven~..:o con n ac 

«' '1: t 
B{i). = Conj;qn~o ~-de- ·~.ve_ntos •. 

' . 
• ~ t. ~ ' ~ • ' 

Ls··· = LF· - T·. ~J J l.J 

LF··· = min (I.Fij: 7: Ti~? l.J 
' ' 

Estas re-Jlas se presenta!} en la e figura. 
~ 

/ 

1 
1 

1 

·' . } 

~ ·~-- . ~· : 

'-;· ... !;-

,•', 

•' . 
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,·, .. :., ,' 

DefiniciÓn· ·,,: ·. -· · · . ·· · · - ' . ", ,. ' ' , . ;, . '''- '-' ; \-: ,_ ' ' -·-.. ''. -. ' ' 

. ... La rut~ c:r;J. ti ca; e~~ ".l~ ,.c::urya· _,c~n· +a_ ~t~nór -~~-l;~~~a · 
. :..total". Si la holgurrt · ce~ó c()m_o.·-y.n convencio!1alimno ~1:"' pn

>ra el evento final de' in red' ·presr~ntada en la ruta 'é:r!tica 
'ten'dr<l. l10l,·C)nrti· cer~; ck: lo contrar.j_o,: la holgur~ .. s¡ol~ra --~rio. 
ruta ·crftica puede ser. roa).tiva o negativa.· ~i h1.. red tie
ne un so~o evento inicüü y final, y .no existen fcchu.s ·pro
gramadas impuestas a nodos int(.rmE:dios de ~a red, entoncc;:~ 

la rutu cr.ftica es tumuién la mayor trayectoria d1_ntro de -
la red. · ~ 

,', ·:' 
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6 US~.' -~-· ·: SIHD01!.Q_S ESJ?ECD\LES EN 

. _ ·~)LCULOS PROGRAr1.'7\DQ_§.. ·-
' , 

Utiliz~r~mos uno~ ~Ímbolos p~rá facilitar los c~lculos 
de uno. RED. .t4a ilustración es ln siguiente: 

LOMAS 
"!T n !"' RA.N O TARO lO 

1 1 i: 1· · tJ:.,; ~)- 1 N 1 e 1 AL E S 

P O R A e T 1 V 1 D A D ( i-j ) 

lfOLGIJRA 

IIOLGuRA 

LO i.-:AS 
TEMPRANO 

LO r.:As 
TARDIO 

T 1Ef·:1POS F l N A LES 

POR ./j, C TI V 1 DA D ( i--j ) 

ESPECL"\LES I•2\P..?', AC'l'IVJD!\DI'S Y __ EVEliT0~~ 

~-L--~ 
"-._. t 1 ¡, ' 

··-· ....1~.:---,/y/ \ 
. (-.) A, 

"--.../ 

--

2 3 +7=30 

"" T=7 

PASO HACIA. ~.DELANTE 
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' 

'. 

Para una·acttvfd~d-ctialc~quiera (18-l~), s~ tiurnpo. de 
iniciación m3s tcwpr~no (diguroos 23 en este c~zo) en el cu.:t
drante de la izquiercb del símbolo del ev~nto o 

. ' 

Entonces agrcg;)rcroos su dbración {7} a tiempo de ~nl.
. g.iación más tempr~no y obtendremos su tÚ~·mpo de terminaciÓ!1 

...... ~:más tcmpr.:mo (30) ._ E~c.:.ribircmos 30 en la punta d~ la fJ.ec~1n o 

Supongamos que tres•actividades llegan al Nodo 19 :::.:: 
¡;¡,notará en el cuadrante de la izquierda al m;:,.yor tie~np·;, de . . , , 
term1nnc1.on mas tempran~o 

, ~ ' r 

PASO HACIA- AT RAS 

( 
2 8=35-7 

~ T=t 
1 2 a >-. ........ -~e __ )¡----· --~L---J> 
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El tiempo progrum~do p~ra el cv~nto fim·tl de un:~. ücti
vidad en cuestión (18-19) debE:!rá ser coloc<ldo a Ja ckrccha 
del sÍm.bolo del evento. Para otros cvcn·tl)s se ins0rt~.cL\ ol -
tiempo de ocurrcnci¡:. mils tardio. Para e~-:i..e c~so especiE".l, 
hay que :mbtraer su dur:1ción (7} del tici.719Ct de tcrmin~c:i Ón 
tmis tardj o (35) p.:n·a obtener el tiempo de iniciación más tLlr
dio (28). Deber<.i escribirse 28 al final ue la flecha. 

Cu:mdo dos o m::Ís actividades sal~n de un c·vento, se 
debe colc._~r en el cuo.dl-ante de la dcrecna el valor m::Ís pp_ 
qu<"ño de los tiempos de iniciación rn¿s tard!a para la acti 
vi dad. 

PASOS EN . EL CALCULO CE LAS HOLGUrtAS 

-~ 
,JLZ&. g¿ --

~e- 23 ¡; 

Ti 120 >T g 
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7 ~1PLO ILUST~.TIVO 

. , 
._, 

de 
de 

' -

Hasta el memento tenemos ·informaci6n.sobre las tahJ~s 
secuenéius, 1'-t:: regl~s para cl;¡borár una red y u partir -
~sta efectuar los cálculos b~sicos. 

Con éstos el~rnentos podemos obtener todos los d«tos -
para planificar, progra¡;·~~r y cont~olar cualquier pro:z•ecto. 

Si ejemplificn.mos un deternún~do proyecto que nos Jr.'lE'_!§. 

tre las difercnciüs entre un proyecto que no utilice Jas t~c
nicas ::::PH y PERT contra otro en el cual si se tom.::n en co:r.:.;i
deración, verem-:>s, lu gran diferencia que se hizo r~süli:Cl.r 
con anterioridad. 

El método antiguo solo disponís. de Diagralilas de G~1/:.t 
para coordinar pro~/ecto.s,. como el sigui~nte: 

'•' 

' 
•'' . '' ,.: ~. 
,•:• 
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~ ,' f ~ J, 

En el diñgrarna anterior l<ls. activid~i1é~·· ~o tienen nin
guna relación entre sí y es dÍficil investigarlo. 

El cumplimiento de un proyecto con las característj-
cas mencionad.'is es una tarea :11uy árdun ya que el rc.sponsal.lc 
por actividad al no' 'ten~r información d~ otras activid.:ldcs -
nb cuente. con d::~.tos pu.r.:l iniciar la .suya propia y en cicrt.u 
medidu· tendrá cnín problemas pD.ra terminarla y controlc...rl:l.. 

riªfJªmeg ~wg º'ª _ l.íHj tégni~~ª ¡;mt~li meJH~icmaQ.t.\::J e int~r"" 
p;r~t;p,J; ºe:r:c§º.~ªmº!lt@ lg vi111te llsH 6&&. ªneR·. · -

P~im~~g R@ ai§eñn "n liªtªg~ ~e tod~l lª§ ftetivififlct;~ 
de nug§t:re p;¡;oe~·~ºto, ng im»e~tªn(lg ol orden tie eelec.:Qei6n • 

.. _'' 

L:l6ta ~e Activic:'lndes 

Actividad l 

Actividad 2 

- ' ., 

• 
• 1 

• 

• 

J\ctivicla~ ll ~,'' :;,'< '• ~ 
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El siguiente p~s ::> es elaborar la matriz de~ sectlc¡¡ci~.s. 

I~Ct N !\'i ~ 
.1~CT. I.C~C ACT /-\ (: 1~ t\CT. P.Ci. ACT. 1\CT. ACT. r, ,-.T 1 ~ c-r 

l N r'"·i . -~l G . ..~~r~~ ·· 1 2 3 4 5 G 7 8 9 A N TI:'"' ...... ' ' ... LI\IV, ,., <t_,_ -
ACT. 1 

~ ,1 

'' -- .. 

ACT. 2 
,,, \1 >. 1\. 1"'.. --. 

ACT. 3 \.1 
1\. --1--- -----

\..! ACT. 4 1\ -- - ---- --
1 

- \1 ACl 5 ,,. 
1 . ' ---· -- --

-~~F 
.. 

te, T. G 

\~" ACT. 7 . ~~ -- - )( ACT. 8 
----f-- -- ·- ( 

ACT. 9 
1-·------ . -

\.f 
ACf. 10 ,, 

~'----·-----= f=·. . - - - -- --· ·-

ACT. 11 
1 

-~ . - --

MATRIZ, DE SECUENCIAS 
-

" =~. 
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A partir de la m~triz de secuencia~ se elabora la red 
y se enumeran los nodos. 

-~>- ®llCT.IO >®---

39 

• 



1==-

Al tener list" la red se complementa con la inforrr~
ción adecuada, 

' ' 

e o o 1 G o DE 
O ESCRIPCIO lJ ID E NTiFICl'.CI ON OURt~CION 

A C T 1 V 1 D A D NODO t-1 O DO EN 
lNlClAL flNAL o lAS 

ACT. 1 o 1 2 

ACT. 2 o 3 2 

ACT. 3 o 6 1 

ACT. 4 1 2 4 

ACT. 5 2 5 1 

ACT. 6 3 4 5 
-- - - - -- ----- - - ---- ·- --- -- --

ACT. 7 -.S • 7 8 

AC't 8 4 6 ·~ 
'-, 

ACT. 9 5 8 S 

ACT. 10 6 7 S 
' . 

ACT. 11 7 8 5 
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Con tod;1 ln in.::oo:-m~ción proccc11··m·~& a calc~.ú¡:,:r: nue,;:_ 
Ll.'O ¡.tr·oyecto con lo~ u f.nl.l:>olos cs¡:~aci'-ll(J.::;. 

' -... . ' ~ 

'- 41 .-

. . 



Red. ilustrat.i.va del proyecto utili?.2mdo los sÍm1JoJ os 
especiales, para los eventos, actividades y el paso h~cia -
adel~nte. 
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Ejemplo que ilustrv. la rc!d del pl O'.'octo utiliz..::-.do lo.:. 
sÍmbolo:3 e~pcciales pCJ.ra lo.5 eventos, actJ.viclo.dcs, les :?aso~ 
hacia adelante, hacia a t~·<ls, la~ holgur¿~ s total y lib..ce. 

@._ 4 o /~ 
~\)·-~-(])~ 

. : La = Ea = 1s 

• 
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Podcmos.resumir todo5 los datos contenidos en el proyccL0 

en l~ li~ta de abajo. 

- -
. t. 1. d ·-J " Temprano Lo I·!ás 'l'al:d.Í.o P.olgu1_·~ Lo !-13.5 CrJ. l.C<-~ .l. 'lcl 

J\ctivi<hd ------------ -· ----· 
ES·· " E· lJSij LFij Ó L_. Total 

o EF· · l.) l. J.) .J 

Tiempo de ·ri(.:~npo de '1'iempo de 'l'icrop...., de 
Inicio. Turminac. Inicio. 'l'erminae. - -·------ - ¡--- -- - ----~ 

0-3 o 2 o 2 o C.Rl:'.J..' 1 ·- ---- - - -¡ 
3-7 2 10 2 10 o CR:tT ____ l ____ ------ --¡ 
7-8 10 15 lO 15 o CR!T --- - -· ---1 

3-4 2 7 3 8 1 . -- --- --- - ------
4-5 7 11 8 12 1 ------1--- - - - --- .. __ __;,._ ___ 
5-8 11 14 12 15 . 1 < 

---- ---- - - - ---
0-1 o 2 5 7 5 -1 ---- -- --
2-5 6 7 11 12 5 

- --- ... 
. 

0-6 o 1 "6 7 G 
' '• - - - -- ~-~-----

6-7 1 4 7 'lO 6 ¡-----·----- -
l.-2 2 6 7 11 5 
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C O N C JJ U S I O N E -~ 

T.~ utilizaciÓn de d.:i,.chas técnicas en· un prClyecto en 
el ''>~ • 1 ·, 11 ·.c::rveng~ el lector, será la experiencia rrás pro-
vec~r-.' :":·:1:.-··: su realid::1d y que considere c•ste manual como . . . , 
''· .. · ¡¡<:JJ.,, .. ¡i.c:nta que se apoya en su prop1.a mot~vac1on • 
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QUESIM 
a model for queuelng systems 
i1a simulation model for Gillgle-phsse, mult/ple-channel 
queueing systems. The performance of one to nine 
channels may be investigated under a variety of arriva/ 
and ssrvice.parsmeters and for a variety of associated 
costs. 

Queues (waiting lines) are common, everyday occurren~es. Queues occur in 
grocery stores, in banks, in front of movie theaters, during university 
registration, and so on. Queues build up as a result of an interaction between 
customers al'riving for service and a service facility. Almost everyone has 
experienced being frustrated by waiting in a line. The purpose of this 
computer exercise is to allow the user to experiment with situations m 
which queues occur. The mod.el is concerned with more than waiting time in 
the queues, however. 1 t allows one to look at the entire system from the 
operation manager's viewpoint, i.e., not only worrying about the customer 

~ 

but also being concerned about the utilizat•on of facilities and the total cost 
of operation. · 

The first section provides background information on queueing con
cepts and how these concepts may be used by the operations manager asan 
aid for decision making. '---

' The following sections present a situatio.n in which the computer 
model may be used as a tool for analysis of sorne possible alternat•ve 
management decisions. These illustrative problems mclude complete mstruc
tions on how to use the computer program QUESIM. 

9.1 THE QUEUEING PROCESS , 
This section contains an introduction to sorne queueing concepts. No 

mathcmatic.1l formulas are presentcd, although references are given for those 
readcrs intcrcsted in a detadcd prcsentation of queueing theory. 

175 
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The queueing process is centered around a sen'Jce system wh 1ch has one or 
more service channels. Customers (arnvals) are drawn from an mput source, 
or populat1on. In queuemg models, the customcr arnvals from the 1nput 
source are generally characterized by a probabil1ty distnbutlon. T'he symbol 
commonly used to represent the mean arrival rate of customers 1s the Greek 
letter lambda (X). Any arrival entering the system joins a queue, or wa1ting 
line (a queue may be of zero length). The customer is sclected from the 
queue for service according to a queue dJscipline or a pnority rule. Usually, 
service times follow sorne probability distribu t1on and the average service 
rate is commonly represented by the Greek letter mu (J..I ). In order to have a 
stable queueing process the average service rate (J..I) must be greater than the 
mean arrival rate (X). After service is completed the customer exits the 
system. See Figure 9-1. 

Generally, a queueing system is characterized by the following prop-
erties: 

1. 1 ts arrival pattern. 

2. lts service 'time distribution. 
3. lts queue discipline. 
4. lts layout, or customer-flow pattern. 

The feature that makes sorne situations into queueing situations and other 
situations non-queueing is the nature of the arnvals to the system. A.rrivals 
are the customers to the service facility, sin ce they are the people or things 
that need to be processed. 

In the situation where all arrivals are on hand, such as a large stock of 
raw materials, the service center may process arrivals at will, and there 1s no 
real queueing problem as such. In other situat1ons where appo1ntments are 
made ahead of time, there is also no real, or at least visible, queueing 
problem. 

The really interesting problems, those worthy of being studied as 
queueing systems, exist when arrivals are not controlled or controllable by 
the service center. The most common assumpt1on made in these cases is that 
the time intervals between consecut1ve arrivals are independent random 
variables. Each arrival is considered tq be unaffected by the time at which 

ServJCe system 

Amvals 

1n queue 

Served 
1--~~ .... customers 

Figure 9-1 Single queue-single channel, smgle-phase queuemg process. 
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any other arrival occurs or by the number of arrivals which have already 
taken place. A good example is the placing of telephone calls when each 
customer does not really know, or care, who el se is placing a call. 

Studies of queueing systems have revealed that the time intervals 
between consecutive arrivals are often distributed according to the negatlve

,exponential distribution. (Longer time intervals have a lower probability of 
· occurrence.) In this case the number of arrivals expected forms a Poisson 
distribution. Other arrival distributions are possible, but the Poisson distribu
tion is the most frequently occurring distribution. 

The simplest situation is that in which each arrival requires the same ·_time for 
service as every other arrival. A vending machine,_ for example, is usually 
assumed to have a constant service time. The most commonly assumed 
service time density distribution, however, is the negative-exponential dis
tribution. The service process may be further characterized as being single
phase (one operation) or' multiple-phase (a series of operations). 

The queue discipline is the priority rule by which waiting jobs are selected 
from the queue for service. Because this represent.s a directly controllable 
decision variable, an extensive amount of research has been done in this area 
of queueing theory. . 

The most common priority rule is the first-come-first-served rule 
(FCFS). According to this rule, the first job to arrive in the queue will be the 
first job to be serviced. In addition, the following priority rules have received 
much attention: (1) the random rule select~ the job which has the smallest 
value of a random priority assigned at the time of its arrival, and (2) the 
shortest operation time rule (SOT) selects from the queue the iob which 
requires 'the least processing time at that service center. 

The layout or flow pattern of a queueing system is largely determ ined by the 
specific servicing requirements of the arriving population, and by_ thtr physl
callimitations of the service facility. 

This factor of specific servicing require~ents is important when the 
job must be processed through a specific service channel or through a · 
particular sequence of operations. lf the job has no specific routing require
ments, however, this factor becomes negligible. lf the job requires severa! 
operations, for example, it is possible that the sequencing of these operations 
is of no consequence. 

The physical limitations of the service facility are important, as they 
affect the facility layout. These physical !imitations impose an additional 
constraint when they tend to limit waiting areas for jobs. Asan example, one 
may prefer to have a single-queue, multiple-channel semce facllity, but 
adequate waiting space may not be availablc. The followmg arrangements are 
sorne examples of systcm geometry or job-flow patterns: s1ngle queue-single 
channel (Figure 9-1), single queue-multiple channels in parallel {Figure 9-2), 
multiple queue-multiple channels (Figure 9-3), service centers 1n tandem 
(Figure 9-4), and service centers in a network. 

:· 
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Figure 9-2 Single queue-multiple channel, single-phase. 

Service 
channels 

[1 IIIIJIJI----~·c=J~----~ 

Customers [III:Cr-----4-1"0 a. in queue L__:_jt-----41~ 
Served 
customers 

figure 9-3 Multiple queue-multipte channel. single phase. 

Service channels 

in queue 

F.igure 9-4 Single queue-single channel, multiple-phase. 

One of the primary purposes for studying queueing theory is its predictive 
capabil1ties. In turn, this predictive capability is relevant to the design and 
control of operation systems. Sorne of the operational characteristics of a 

· queueing system which may be of interest toa manager are the distributions· 
of: 

1. Queue length. 

2. Customer waiting time (in queue and/or in the system). 

3. ldle time of service facilities. 

4. Number of customers in the service system. 

These distributions may be described by their mean value, standard 
deviation, and the probability that the variable exceeds a specific value. With 
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information of this nature the queueing system could then be designed (or 
altered) so that 

1. The resulting operational characteristics are within acceptabie 
limits. 
2. An economac criterion such as cost (or profit) may be manamized 
(or maximized). 

An economic criterion may be established if one can associate dollar 
values with arrivals and servace. For example, if one knew the revenues per 
arrival and the cost of servace, it would be possible to set up a profit
maximization objective. Or, if the cost of an arrival waiting an line (or in the 
system) and the cost of service are known, the measure of effectiveness 
could be a cost-minimization function. 

For solving operational problems which may be characterized as a 
queueing process there are two methods available. First, if the arnval and 
service time distributions are well-known mathematical distribut1ons, it is 
possible to derive formulas for descrabing the operational characteristics. 
Secondly, even if the queueing process does not possess properties of 
well-known distributions, one can still attempt to solve the problem by 
means of Monte Cario s1mulation. In this approach, empirical or assumed 
data for arrival and service time distnbutions are used as bases for generating 
a large number of arrivals and services, on paper. This may be done by hand, 
but f-or a-large simulation it is most often done on a computer. ' 

Since QUESIM is a computer simulation model for waiting lmes, the 
development of the analyt1cal formulas for solving these problems will not 
be presented here. F or readers interested in the mathematical development 
of these formulas see Hill1er and Lieberman, Morse, and Saaty, in the 
references for this exerc1se. 

9.2 · JOHN'S ICE CREAM SHOPPE 

Problem 
Statement 

In this section, a sample problem suitable for the application of the 
computer model QUESIM will be presented. The QUESIM model itself will 
-then -be described. This descnption will point out to the user the types of. 
systems for which QUE:SIM is applicable and the control options available to 
the user. Following the above, detailed descriptions of both the computer 
input and the computer output for the sample problem will be given. 

john Entrepreneur, who is a senior at the local college of business adminís
tration, is going to open a campus ice cream shoppe. The store fcaturcs 
seventy-eight variet1cs of ice cream (more than double the number of h1s 
competitor), and prctty coed's to serve them. Even though john's st9re will 
have more to offer than his compctitor's store, called The Establishment, 1t 
is hypothcs1zed that in the first few months local business will be roughly 
divided between both stores. 

john also feels that the confection industry has a high index of 
substitutability and thc improved availab;lity of ·ICe cream due to thc 
opening of his shoppe in the near futurc will marginally mercase thl.! gro~s 
sales of both stores, rather than mcrcly dividing the prcsent sales markct. 
john's marketing research efforts have turned up the following 1nformation: 
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the distribution of customer arrivals into his shoppe will most l1kely follow a 
Poisson distribution, w1th a mean arrival rate of 60 people pcr hour. J ohn 
has planned that upon arrival in his shoppe each customcr will take a 
sequential number and await his turn for service. This will facilitate his 
servicing of customers on a first-come-first-served basis. 

john's preliminary analyses also show that one server (whose wages 
are $1.80 per hour) can be expected to service about 30 customers per hour, 
following a negative-exponential distribution. Moreover, john's marketing 
research shows that when the service rate is slower than thc arrival rate. 
~ustomers will leave rather than wait in a long line. john est1mates that his 
cost (possible opportunity cost) will be $0.05 for every minute that a 
customer must wait. 

Thus far, however,. John has not been able to asccrtain from his 
research data the optimum number of servers to have on duty. Logically, he 
knows that more than one server is required, because the mean arrival rate is 
twice the mean service rate. Furthermore, he realizes that these rates are 
mean rates of probability distributions, not constant rates. 

john recognlzes that his problem is one of design, i.e., how many 
service channels to provide in the above queueing system 1n order to 
minimize total costs. He could, in fact, actually operate his shoppe with one 
server, two servers, three servers, etc., ·each for a period of time, and 
calculate his total costs. However, john has an alternative, and that is to 
simulate his ice cream shoppe operations in a compressed time period with 
QUESIM. Using QUESIM, john could experiment with usmg one, two, three 
servers, and so on, until the model indicates to john the opt1mum number of 
service channels to have in his service facility. Moreover, the s1mulation can 
be done in a short period of time, as opposed to waiting for weeks of 
empírica! data from actual operations. 

QUESIM is a computer model developed for simulating single-queue, single
phase, parallel queueing systems, that is, the type of system proposed by 
John Entrepreneur. The model determines, through an iterative process, the 
optimal number of service channels to allocate to a service facility. The 
configuration, or design, of the service facility is under the control of thc 
user; hence, the user must specify the following charactcmtics of thc 
queueing system to be studied: 

1. The arrival distribution, the mean arrival rate, and t he costs 
associated with arrivals waiting in line. 

2. The service time distribution, the mean service time, and the cos~<
of idle servers. 

3. The simulation controllimits, or the initial and maximum numbcr 
of service channels (up to nine) which may be considered av.td.tblc to 

the service facility during a simulation run, and the maximum kngth 
of time for the simulation to run. 

The above information on arrivals, services, and simulat10n rontwl 
limits comprises the input for the computer program, QUESIM. 

The computer output includes, at the top of the page, ttw uscr·~ 
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input data as a means of identifying the user's (problem) output. Following 
this identification mformation, the first twenty simulated arrivals and ser
vices are printed in a tabular form. The program then prints out statistics for 
the number arrived, number serviced, actual. simulation-run time, maximum 
length of queue, mean length of queue, mean waiting time in queue, percent 
utilization of service facilities, waiting time (in queue) costs, idle service time 
costs, and total costs of operations. This data is printed out for each iterative 
number of service channels and the simulation is terminated when either the 
number of service channels has reached the maximum allowed or the total 
cost of the system with N servers (channels) exceeds the total cost with N-
1 servers. 

An ex~mple of the application of program QUESIM to John Entre
preneur's problem is given nex t. . 

Shown below are the input data cards required by QUESIM for solvmg 
john's Ice Cream Shoppe Problem. In all, four data cards are required to run 
program QUESIM; they are the user name card, the arrival data card, the 
service data card, and the simulation control card .. Each card will be de
scribed in turn. 

User name card is the first card. This card may contain any ldentify
ing information (such as the user's name) which is desired. The identifying 
information is keypunched in the first forty card columns. 

MAGGAr.'D Ql.lf" '· T t'l PR[Ir:l. Fr'1 Otl¡:. 

ODOOODDODOOOOOOOaOODDDDODOOOOOODDQDDDDDODOOOOOOOO 
-~.!.~ !..._1..!,! ,!_lf..!!_~1.!!.1!_!!2~11_!!.1!.E ~~...!!~!!.!' ..!!2!.!'2!2'~11...!!.,.11..!!..!,' ~ ~·~· ~~~ 

Arrlval data card is the second data card. This card contains. the 
arrival type (the arrival pattern) in column 1, the mean arrival rate 1n 

columns 11-15, and the cost per unit of waiting time in columns 21-25. On 
this and all data cards, the user _must keypunch all decimal points. For john 
Entrepreneur's problem, this card is illustrated below. 

1 1. 1) • os 

DDOODOOOOO~DDOOODODDDDDDOOODOOOOOQODOOOODODOOOOOO 
1 r 1 • 1 1 1 1 1 11 11 11 11 11 11 11 11 11 11 11 11 n 11 1• n 11 11 11 11 11 11 u 11 lA u 11 11 11 n '' u •1 o ,. o •1 " 11 u ----------------------------

The 1 in card column one is for arrival type code 1, which spec1fies 
the Poisson arrival distribution. The 1.0 in column 11 specifies a mean arnval 
rate of 1.0 customers per time unit, and the .05 in column 21 represents the 
cost per unit of waiting time per arrival in john's Ice Cream Shoppe. 

. Servlce dato card is the third data card. This card contams the service 
type (the service time distribution) in column 1, the mean scrvice t1me in 
columns 11-15, and the cost per unit of idle service time in columns 21-25. 
For john Entrepreneur's problem, this data is shown below. 

2.1) • 03 

O a a D O D O D O D D D D O O O O D O O O ~ ~ D O D O O O 00 O O 00 O O D O O O O O O O O O O O 
1 1 1 • 1 1 1 1 1 '' u 11 '' 11 11 11 11 •• 11 10 11 1111 1• n 11 11 ;1 11 11 '' u u ,. 11 11 ll 11 11 " " u u " •1 u " ., u ----------------------------
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The complete listmg of tlw IUlu 111put d.11.1 ~oJrds, one card per typewntten 
line, is shown in F1gurc 9·5. · 

MAbGA~LJ 

l 
z 
1 

YU~~lM ~WOHL(M O~E 
l.o .o5 
c:.o .\)3 
"~ 6o. 

Figure 9-5 Computer mput-John's le'' C~<·.Jm Shoppe 

Shown in Figure 9-6 i., tlu: wmputl'r output for the first iteration (one 
channel) of john's lec Crl".lm ~h<>PJ'l' PJOhkm. At the top of the computer 
output, the informal ion 111rur nn tlw fnur d,1tJ cards is printed out. 

Below thc probkm ~tkntilll.llt•lll tnftHmatlon, the first twenty amv
als of the actual simul.ltJon .!ll' l.lhtJI.ill'<.L Tl11s does not mean that only 
twenty customers Jmvcd 111 hU tJilll' llllll~. l he computer program is design
ed to print out a table for onl~ tlw f1:"1 twcnty amvals, regardless of the 
simulation-run time spccificd. 

In the simulation tablc the column ~eadings are the customer's 
arrival time and his departurc time at h1~ respective channel number. The 
program specifies that the first customcr always arrives at time zero, hence in. 
Figure 9-6 customer 1 arrived at t1mc D.O. The randomly selected serv1ce 
time for the first arrival was 2.6 t1mc units; thus, the first arrival departe_d 
from channel number 1 (in this case tllc only service channel) at time 2.6. 
Customer 2 also arnved at time 0.0 dnd required 0.7 minutes of processing 

· time, thus exiting the system at simulation t1me 3.3 The arrival and depar
ture times printed out are rounded off to the nearest one-tenth (0.1) time 
unit. Consequently, this rounding off makes the arrival and departure times 
of sorne customers appear to occur at the same time, for example, cuswmer 
number 4 in Figure 9-6. 

Below the sample simulation data, the summary queueing statistics 
and operation costs, which are the informat1on of most interest, are printed 
out. The first line tells how many arrivals entered the system and how many 

. were serviced by the end of the speCified simulation-run time. The number 
·of arrivals will always exceed the number served, by at least one This is 
because in program QUESIM arrivals occur before departures and elapsed 
simulation time is checked only when departures occur. Next, the maximum 
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Figure ~~ Computer output-Jonn's Ice Cream Shoppe. 
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i 

,. 

length of the queue, the mean number of customers in queue, and the mean 
waltlng tim.e in the queue are printed out. Then, the percent utilizat1on of 
the servlce facilities is printed out. This is followed by the cost calculcltions. 
First, the total walting time cost, which is the total waiting time of all 
customers in the system multiplied by the cost per unit waiting time,· is 
given. The next_line gives idle time cost, calculated as units of idle time {in 
the seryice facility) multiplied by the cost per unit of id le time. 

The last line printed out is the total cost of operations, which 15 the 
idle time cost and the waiting time cost added together. lt is this value that 
the simulator uses as a basis for comparing each iteration to the previous 
ite~~tion for the purpose of determining when to termínate the simulation. 

In the sample problem, the basic issue facing john Entrepreneur is 
the number of service chan~els (servers) he should have in his ice cream 
shoppe. The summary statistics for one channel (Figure 9-6) indicate t~at he 
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!>hould at lcast h.I\C more th. ::.. ", ,, r llll' average length of thc ,1 , 

line is greatcr th.m fl\l' l 11 , 1, ", , .••• ,11~ .: ... fourteen at onc trrnl''• .·· 
customers must \\,lit. un th .~o,, . , ... , lll' tll.tn 6 time units (m111u1r, , 
In real life,.onc would 11111 1 ,; , .t .. e lll'•tm shoppe customl·r~ to t ,. 

patient! Moreover, as on(· \\out.:,,: .• ·. t ,~rlh o;o many customcrs \\IJrtrn~: ,. , 
servér.•isbu-sy.almost90 rl'lll'lll ,,. :!:, 111111: ;· 

For.ihe cost structllll' 1···, 11 111 thl' problem, the waitrng timl' ''"t . · 
the CI,JStomers far CXll'l'd' ¡f:,· .. , ·~:·· ln-.t of the single servcr. Tlw t • 

cost of $16.74 consiste; Jlmp,¡ l "ll!. : ... í \\,llting time costs. 
The simulation COl//{()/ ¡¡;1,; lo ti tllr .. problem requestcd that rr"~· .. 

QUESIM initially simulatc John Lntrl·prcncur's system with onc -.e"''' 
channel and continuc to srmul.ttl' hr... ~ytcm, adding one additional !>l'r' 1,. 
channel each run, until thc "mul.ttron tcrminated. The simulatron -.1. 
terminate either when thc tótal co-.t ol thc system with N servers excccd., th1 
total· cost with N- 1 scrvcrs or \\hcn tllc maximum number of allo\\Jb\( 
service channels has been reachl·d. 

For John's problcm, tlw dh·d of adding a.dditional servcr,-, in !·,, 

shoppe is shown below. Thc cu.,t ftgurcs in Figure 9-7 come drrcctl~ fr.,. 
the computer printouts for thc solutron to John's problem. Thesc frgurl''· 
like · all simulation results, are a lunction of a random number gcncr.tt• : 
which may be different for cJch computer. Hence, these f1gures rnJ~ 1 

slightly different on differcnt computl·rs. 

Numberof Waiting Id/e time Total cost 
channels cost {$) cost ($) of operations {$) 

1 16.55 0.19 
2 7.14 0.49 
3 0.26 2.61 
4 0.96 3.71 

Figure 9·7 The total cost of operat1ons for one to tour 
service channels. 

16.74 
7.63 
2.87 
4.67 

Figure 9-7 shows that adding a second sennce channel dramat1~.rlh 
reduces the cost of customer waiting from $16.55 to $7.14. Adding a tlw .. 
service channel (server) contrnucs to dccrease waiting time cost and ¡, 1 • ' 

number of servers wh1ch minimiLes the total cost of operations Thu ... t' 
solution to John Entrepreneur's problem, as given by QUESIM, 1s for ¡,,¡,. 
to provide three servers m his shoppe operating under his éxpected stl'Jlh 
state conditions. Keep in mind, however, that if we treat each stmuiJtl<·'· 
time unit as one minute, we have simulated only one hour of operatton
Thus, J ohn m ay want better data and/or a longer simulation run bcfl:: 1 

coming toa definite conclusion about his problem. 

9.3 JOHN'S ICE CREAM SHOPPE REVISITED 

John's 
New 
Data 

Grand Opening!! John Entrepreneur's ice cream shoppe is now open. Ht• 1' 
so excited about testing out his previous conclusions on the numbcr nl 

servers to have in his shoppe that after observing only the first fifteen arr '"·ll' 
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he rushes over to the local computer center to simulate QUESIM with his 
empirical data. In recording his data, John kept track of both the time that 
each arrivaL entered the shoppe and the time it took to serve each customer. 
To John's surprise, he found that all of the service times were a constant, 
three minutes. John now wants to use program QUESIM with the data that 
:he has obtained. The required input and the resulting computer output for 

,, John's new data are described next. 

The user name cord is always the first card in the data deck. 

o 

The arrival data card is the second card in the data de e k. F or th is 
problem it reads as follows: 

4 o • os 15. 

O DD D O D D O O O O O O O O O O O O DO O O O O O O 00 D O O O Q O B O O O O O O O O O O D O D 
11 J 1111 IIIIIIIIIIIIIIIIIIIIIIIOIIniiJI»IIJIIOIOIIllllDJIDllllllllltUIIIlUIIIIIIIIII 

Note that in column 1 of the arrival data card the code number is 4, 
which specifies that all arrival times are to be "read in" from additional data 
cards. The cost of waiting is punched in columns 21-25. The number of 
arrivals to be read in is indicated by the value specified in columns 31-33. 
Although this value was not required in the previous problem, here it has a 
specified value of 15. 

Read-in arrlvals are keypunched twelve per card and immediately 
follow the arrival data card. Since John has fifteen data values he needs two 
read-in arrival data cards, with twelve data points on the first card and three 
on the second card. These two cards have a format of 12F5.0 and are shown 
below for Problem Two. Notice that it is the actual arrival times that are 
recorded, not the elapsed time between arrivals. 

9. 13. 19. 34. 36. 37. 38. 39. 42. .: "'• ._e;. 63. 

OOOOOOODOOODODOOOOOOOOOOOOOOOODOOQODOOOOODOOOOOOOOOOOOOOOOO 
1 1 1 1 1 1 1 1 1 11 11 11 1J 11 11 11 11 :¡ 11 !1 JI !lllll !1 !\ :1 11 l! !1 11 JI U JI ll ¡¡ JI ll 11 11 11 JI ll 11 JI 11 11 11 11 10 \1 11 ~: 11 11 1111 11 ,¡ 

65. 65. 69. 

DD D 8 O O O O D O O O D O O O O O O O O O O O O O O O O O O O O Q O O O O O O O O O D O O O O O 
1 1 1 • 1 1 1 1 ' 11 n 11 11 11 " 11 n 11 11 " 11 n 21 :1 ll 1111 11 11 11 n 1111 11 n 11 11 11 11 11 u JI n u 11 11 u 11 11 ----------------------------

The service dala card follows the arrival data cards. J ohn noted that 
each service required exactly three minutes, i.e., a constant service time. 
Code 3 keypunched in column 1 spec1fies a constant serv1ce time. The 
service data card now reads as follows: 

3 3.1) • 03 

O 0D D O O O O O O O O O O O O O O D O D D O O O O D O O O O D O Q O O O O O D O O O O D O O O O 
1 1 1 1 • 1 1 1 • 11 11 11 11 11 11 11 " 11 11 n '' n 1111 ~t 11 11 ' '" 1111 111111 11 ll 11 11 ll JI Ji '' 11 " u 11 1r 1111 ----------------------------

This card requests a coristant service time of 3.0 time units per arrival 
ata cost of $0.03 for each unit of idle service time. 

\ The simulation control card is again the last card in the data deck. 



- ... 

)ohn now specifies a run with from one to m.r¡e channels and a SlffiUiduon 
time lirnit of 100 units. These parameters are shown below. 

9 ! o 1). 

' . ~ . 
O O O D D O O O D O O O O D O O O O O O O D D O O O· D O O D D D O Q O O O O O O O O O O O O O O O 
í . 1 1 i 1 1 1 1 1 11 11 11 11 11 1t 11 n 11 11 n u n !l 11 11 n 11 n n ID 11 11 11 11 11 11 11 11 1t " " 11 n 11 11 1111 11 11 ----------------------------

.- M-GARU' QU~:.~IM ,lolR0,1LEM hO 
4 ~ .u!l 1 S • 
O 9o 13~ · 19. 34o 36o '37.· Jijo 39 0 lt2o 6¿o 6Je 
6!io 6~o b'io 
3 ~.~ .~3 

1 "'-· .loo. 

Figure 9-8 Computer mput-John's Ice Cream Shoppe Re.visited. 

PAUGRAM QUlSIM FOR ~AGGARD OUESIM PROAL[M TWO 
ARHlVAL TVPE 4 RAfE a O COST • 0 05 

15 AHRIVALS"REAO IN AS FOLLOWS 
o 9 13 19 34 36 37 38 39 42 

65 65 69 
SfRviCE TY~~ 3 TIME a 3 0 00 CD~T a 0 03 
NOo CHANNELS START 1 MAl 9 
MAA TIME. 100 

FlwST T•ENTY OCCURANCES fOR ••l••SERVICE CHANNELS 
AMRlyAL · ••••••DEPARTURE TIMl AT CHANNEL NUHHER-----
TIME••• . ONE TWO THREE fOUR fiVE SlX SEVEN EIGHT NIN~ 

O· loO 
9oO lZoO 

u.o 16.0 
19oO · ¿z.o 
34.0 .n.o 
Je».o •o.o 
37.0 43.0 
38oO 46o0 
J9oO .. 9o0 
•2.0 !)2.0 
62o0 b!)oO 
b3o0 bt:JoO 
6!);0 11.0 
65o0 74o0 
69o0 n.o 

A~TER 17 ARRIVEO 15 SERVEO 
QUlUE•HAXIMUH L~NGTH D 3 

l 00 TIME UNlTS 

•MEAN LENGTH • 8 4 
•MEAN WAIT TIME • Z•l 

SlNVICE UTlLlZATlON · • 45oO· PERCENT 
COSTS-~AIT lN QUEUE _ 39.0 UNlTS AT i 

lUll SERVlCE SSeO UNITS AT $ 
TUTAL COST Or OPERATIONS 

oOS a $ 
o03 = $ 

S 

Figure 9-9 Computer output-John's Ice Cream Shoppe Revis1ted. 
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The complete input data deck, one card per typewritten line, now 
appears as shown in Figure 9-8. 

Shown in Figure 9-9 is the computer output for the results of this problem 
for one channel. On the computer output, the identification informatiory at 
the top of the page is changed to reflect the changes in the input data. The 
arrival type, service type, and simulation-run time are different from the 
previous situation. Furthermore, the simulation table is for only fifteen 
arrivals and services, as that is the total number of arrivals read in. Notice 
that on this output a warning message (***WARNING****OUT OF DATA 
BEFORE TIME LIMIT****) has been printed out. This message is printed 
out by QUESIM because the last arrival occurred at time 69, which was 
before the simulation time limit of 100 units. Moreover, the service facility 

. was id le from time 77 to time 1 00; thus, the actual idle time in the service 
facitity is overstated i'n the summary statistics. When this message appears, 
the user of QUESIM must exercise sorne care in the interpretation of the 
rcsults or go back and rerun with a lower, more realistic, time 1 imit. The 
summary statistics and cost information printed out below the simulation 
table is thc samc for all computcr printouts. 

REFERENCES Bh.aiiJ, A .•• md A. G.u¡:, "Basic Structure of Queueing Problems," The journol of 
/n.iii\IIIJI Eti!JIIIL't'riny, vol. 14, no. 1 (January-February 1963), pp. 13-17. 

JAutt.1, E. S, .\lodcrn Pmdu( tion Munayement, 3c;f ed. New York: Wiley, 1969. 

,\111\.t! 

CJI.l• 

, OpaJtion) ,1111nuyanent: Problems ond Models, 2d ed., New York: Wiley, 1969. 
Gan·tt, ). W., Production and Operotions Monogement, New York: Harcourt, Brace & 

_\Vurld, I'JhS. 

tiall•\·r, f. S., .md G. J. li.:bcrman, lntroduction to Operotions Research, San Francisco, 
C..lal.: H,•ld\'ll·OJy, 1967. 

lc.oe, A. \t., .·1rph,·d Qu,·u.·mg Theory, london: Macmillan, 1966. 
M~.~t.IIJn, C., Jnd R. F. Gonzalcz, Systems Anolysis, rev. ed., Homewood, 111.: lrwin, 

l'lhS. ' 

'''''"'\', P. ~1.. Q:,c'llt'\, /m·entories ond Malntenonce, New York: Wiley, 1958. 
P o~n•~o. J. A., Q,,, Ut'llll/ 1 hwry, Englewood Cliffs, N.J. : Prentice-Hall, 1969. 
Ku.hmonJ, S. B .. Op.·r,¡fums Reseorch For Monogement Decisions, New York: Ronald, 

l•lc.S. 

'""'". 1. l .. ll,·•r7mh of Qucueing Theory with Applicotions, New York: McGraw-Hill, 
J'lh l. 

\·. ·• t: .l..r .... ud must always be included 

... Fwm:Jt /te m 
11 code* for distribution 

:' 15.0 mean arrival rate per unit time •• .'' 1 (\,0 . cost per unit of waiting time ¡. H J l.O no. of arrivals to be read in 

' ·:,· .. ! ., .umJI_ d.ua card is optional, depending upon the data. lts 
· ·! ' 1 ~1· .... o. so that arrival times are punched 12 toa card 

··~ ... mm,J.S,6-J0,11·1S,16-20,etc. ' ' 
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The complete input data deck, one card per typewritten line, now 
appears as shown in Figure 9-8; · .. 

Shown in Figure 9-9 is the computer •output for the results of this problem 
for one channel. On the computer output, the identification information at 
the top of the page is changed tó ·reflect the changes in the input data. The 
arrival type, service type, and simulation-run time ·are diffenint from the 
previous situation. Furthermore, the simulation table is' for only fifteen 
arrivals and services, as that _is the total number of arrivals' read in. Notice 
that on this output a warning message (***WARNING****OUT OF DATA. 
BEFORE TIME LIMIT***"') has been printed out. This message is printed 
out by QUESIM because the last arrival occurred at time 69, which was 
before the simulation time limit of 100 units. Moreover, the serví ce facility 
was id le from time 77 to time 1 00; thus, the actual id le time in the service 
facility is overstated in the summary statistics. When this message appears, 
the user of QUESIM must exercise sorne care in the interpretation of the 
rcsults or go back and rerun with a lower, more realistic, time limit. The 
summary statistics and cost information printed out below the simulation 
tJ.ble ~~ thc samc for .111 cornputcr printouts. 

Bh.1t1.1 1\ .. mJ ·A G.m:, "B.l~ic Structure of Queuemg Problems," The journa/ of 
/n,f.t,ffiJI FmJIII< <'lllltj, vol. 14, no. 1 (january-February 1963}, pp. 13-17. 

_./flull.l, L '\.\ludan Pmdu• !Jun.\Tanagement, 3d ed. New York: Wiley, 1969. 
, O¡xr.J!Jum ,\fúflú':Jt't.'lclll: Prublems and Models, 2d ed., New York. Wiley, 1969. 

GJH'tl, 1 W .. PmductJOn and Operations Management, New York: Harcourt, Brace & 
\\\11 Id, J'II>S. 

lldl,~·r, t-. ~ .•• and G. J. L1~·bcrmJn, lntroduction to Operations Research, San Franc1sco, 
( .d1! ll"l,kn-D.IV, 1967. 

l.n:. ·\ \1 . lrrt,,·tJ Qc~t·u,·,¡q 1 heory, London: Macmillan, 1966. 
\1..~1!11 Hl, e . . lllJ R. 1·. Gon/Jicz, Systems Analysls, rev. ed., Homewood, 111.: lrwin, 

l'lnS ' 

\1"''~·. P .\1, Q;,,·u, '• /mentones and Maintenance, New York: Wiley, 1958. 
l'.~n'~''· 1 ·\ . Q,,, ;.,·"'ti 1 /;,·ory, Englewood Cliffs, N.J. : Prentice-Hall, 1969. 
R:dn•t ••t.!. "' B. Ur,·,,¡tuJtH Research for Management Decis1ons, New York: Ronalcl, 

1 ,, ·:i 

"·"'''. 1 1 . 11. " 1mf, ot Qu,·ue¡ng Theory with Applications, New York: McGraw-Hill, 
1 '¡" 1 

9.4 QUESI:\1 D\T\01< "-"'fl~l'( fl'Rr 

,\111\.1
1 

l.ll ! ' 

,. 

\ ¡ 

: ,; •, 11.! mu~t Jlways be included 

Fu: m ¡f 

11 
1 ~.0 
1 'i.O 

1 ' () 

/te m 

code* for distribution 
mean arrival rate per unit time 
cost per unit of waiting time 
no. of arrivals to be read in 

11 
· '~ .d JJtJ card is opt1onal, depending u pon the data. 1 ts 

· l.'l _-.!!·~o that arrival times are punched, 12 toa card, 
·" ''' 1 .., . h·l O, 1 1-15, 16-20, etc. 
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.... 

( Addnoonal data sets 

1 Somulatoon control card 

/ 

( Raad·m service data card (optlonel) 

( Servoce date card 

/ 

1 f--
• Read·•n arroval data card (optoonal) 

( ~rrival data cerd ~ 

User neme card 

-
,__ 

----

3. Service data card must always be included. 

Cord 
columns 

1 
11-15 
21-25 
31-33 

Formot 
11 

FS.O 
FS.O 
F3.0 

/te m 
code* for distribution 
mean service time 
cost per unit of idle time 
no. of service times to be read in 

~ 

~ 

4. Read-in service data card is optional, depend mg u pon the data. 1 ts 
format is 12F5.0, so that service times are punched, 12 toa card, 
incolumns1-5,6-10, 11-15, 16-20,etc. 

S. Control card must always be included. 

Cord 
columns 

1 
11 

21-25 

Formot 

11 
11 
F5.0 

*Code for distribution 
1 the Poisson distribution 

/te m 

beginning no. of service channels 
maximum no. of service channels 
simulation run time 

2 the negative-exponential distribution 
3 a constant rate · 
4 historical input data, read-in 
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e ~NO~HA~ QUESIM 18~ 1 
e CUPYHJGHT ~UhE 197u HOY O HA~AIS A ~ 
C T~IS VEASIUN FOR THi I&Mil.O lB~ J 
e DICTIUNAAY OF VARIAsi.ES A 1t 
e AITIM~ THE HOURS OF SYSTEM IULE TIME • TOTAL A ~ 
e ANUHeSNUM NUMBER O~ NEAD IN ARRIVALS ANO SERVlCE A b 
e ANlSU~) AN AAAAY OF READ IN ARRIVAL TIMES A 1 
e ANR ~ToARA TM THE ARAIVAL RATE ANO MEAN TIME A d 
e e" . AN AAAAY OF ARNIVAL ANO SERVICE ON FlRST 2~ CUSTOMEAS A ~ 
e CIULE THE COST OF SYSTE~ IDLE TIME • TOTAL A lv 
e CUMQU~ll00) AN ARRAY wHICH STOMES IDLE CUSTOMER HOURS A 11 
e COSTS- THE COST PEA TIME UNIT UF IDLE SENV ICE A 1~ 
C COSTA THE COST PEA TIME UNIT OF IDLE CUST~MEHS A 1~ 
C euSEHVtKCUS THE NUMHEN OF THE CUSTOHER BEING SEHVEu A 1• 
e e•~IT THE COST OF CUSTOHERS HOURS IN QUEUf- TOTAL A 1~ 
e D~~ NltOEP TH THE SEAvleE AATE ANO MEAN OURATION A lb 
e HAS~Y THE HOUMS OF CUSTOME~ TIME IN QUEUE• TOTAL A 11 
e lo~ THE e~ANNEL hUMBER BEING PROCESSEU A lb 
C 11 NUH8EA Of AANIVALS W~ICH HAVE OCCUAEU A 1~ 
e K~oKS uPT[ON-CODES ~OR ARRIVALS ANO SERvlCE A 2v 
e Nt~AA~ ~EGINNINGtHAXIMU~ NUMHEH CHANNlLS A 2t 
C P~UTIL THE PERC(NT UTILIZATION OF THE SlNVlCE FACILITY A 2c 
C UU~UE THE NUMdtA O~ CUSTOMERS IN QUEUE AT ANY POINT A 2J 
e S~ l50oJ) "'-4 ANNAY UF REAO IN SERVICE TIMES A 2tt 
e T~UOP THE TOTAL eOST UF THE SYSTEM A 2~ 
C TlMEtfTIHE CLOCK TlMEoMAX SIMULATION TIME A 2b 
e T~ARV T~E, LATE~T AHRIVAL TI~E A 21 
e Tt~IJPN TnE DEPAWTUHl T H1E OF THE LA TEST OEPAIHUAE A 28 
C ~AY HE SET AHTIFICALLY FOR PROGRAM EFFlCIENCy A 2~ 
C X~~TNoAMNTX ~EAN ~AIT Tl~EoMEA~ NU~~ER IN QUE A 3v 

~UMMUN AL~HA(l lo ANU~o ARIS~Oit ARRHTt ARkTMo CH(¿Oo 10Jv CUMQUEl A 3! 
llUOio CU~uTLe CUSERVo UEPRTt OEPTMv lo IUSERVo llo KAo KCUSt KSv N A 3é 
2• NfLAGt~JUlUI:.tSNUMt ~WCSI.O)o STATUSC9)t .Tt TIMEo-TTlHEII TNARVt TNU A 3J 
l~HI~I A 3~ 

NlN = ~ Id~ 3~ 
IIIOUT = t- 1.814 3b 

e WEAU AlifO PRI•¡T STUOE~T NAME CARO A 31 
1 tJlAU CNINe231 ALPHA A 3~ 

saHITt. CNOUTv 4tl ALPHA A 3~ 
e ioeEAU ANU ~Rlr¡T ARRIVAL DATA CARO A ltv 

N(AU 1~1No2~1 KAt ARNRTt COSTA, A~~~ A 4! 
•HlT~ (NUUTt~bl ~At ARRRTt COST4 A 4c 

e WtAU ARRl~AL STATISTICS A 4J 
IF (ANUM eLE. · •• ; 1 Gu TO 2 A 44t 
NUM a ANU~ A 4~ 

AHRNT a 1•2ltt 4 ~b 
~A.a • A 4/ 
H~AL> INihtc71 (AN(l)t 1 : lt NUMI A tod 
wAIT~ lNOUTt,BI NUM A 4'11 

:11AITt. INOUltZ91 lAR lllt 1 • l9 NU~I A Su 
e SET AH~IVAL TIME Al lNVEHSE OF ARHIVAL RATl A S• 
~ A~ATM • l.ui~RRRT A s~ 

e HEAU ANU PRlNT SERVICE DATA ~ARO A S~ 
H~AO INihe~~~ KSt OE~TMt eOSTSt SNUM A 54 
•~lTt. INOUTeJO) KSt DEPTMt COSTS A S~ 
lF (~NUM eLE. OeO) GO TO l A Sb 
"'UM • SNUM . A S 1 
UEPTM a 1•234 A sa 
KS a 1t A 5~ 
Nt.AU lNINt271 lSRll)' 1 • lt NUM) A 6" 
•tUTl INOUTtJl) NUM A 6! 
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e 
J 

e 

e 

e 
7 

e .. 
e 
e 

'i 

lO 

11 

1~ 
e 

wRJTl CNOUTt29J CSRCU t 1 • 1t NUMJ 
SlT S~HyJeE ~ATE AT INVE~SE OF SE~VICE TIME 
UEPHl • 1;0/0EPTM 
REAU SlMULATION CONTROL CARO ANO PRl~T 
HEAO 1Nf~•32J Nt MAXS• TTJME 
~NlTl CNOUTtJJ) Nt MAlS 
wHIT~ INOUTtl4) TTJ~E 
CHEéK SJMULATION AUN LIMJTS 
IF-1ARRRT eLE. OeOJ GO TO 7 
IF CUEPTM eLE.~o.oJ GO TO 7 
IF' C TTJME elE e' OeOJ GO TO 7 
lF IN .EQ. uJ GO TO ~ 
IF IMAXS eLT. NJ GO TO 7 
IF IKA eEWe J 60 TO 7 
IF CKA eGTe h) GO TO 7 
1F CKS eEQ. ,J GO TO 7 
IF CKS .GT. ~~ GO TO 7 
IF CANUM .EQ. -OeOJ GO TO 5 
JF CANUM eGT. SOOeOJ 60 TO 7 
NUM a ANUM 
UO 4 1 • 2t NUM 
.J • 1-1 
IF CARC.JJ .GTe ARCIJJ GO TO 7 
CONTINUE 
lF C~NUM eEQ. OeOJ GO TO 8 
IF CSNUM eGT. SOOeOJ GO TO 7 
NUM a SNUM 
UO 6 1 a 1• NUM 
lF CSHCIJ eLTe OeOJ GO TO 1 
CONTINUE 
GO TO H 
PHINT OUT DATA ERROR MESSAGE 
wRITE CNOUTnSJ 
WRITI:. CNOUTt l6J 
GO TO 1 
ENO UF l~PUT DATA CHECK 
~COOP • ~j99999e9 
S1HULATJON 0F A GIVEN NUMBEA OF CHANNELS CNJ ~EüiN~ HERE 
INITALIZE SYSTEM FOR NEXT SIHULATION AUN 
TIME • o.o 
TNAMV a OeO - ---- -
<.IUEUt. • OeO 
CUMUTL ca OeO 
tUStHV .a· OeO 
IZ • ,, 
KCUS • O 
NFLAb • O 
IUSE~V a o 
St.T a RANUC12l.567J 
uu"lo M • 1t 100 
eUMQUE CHJ • •hO 
00 11 L • lt N 
TNOPMCLJ • 9'i9999e9 
STATUSCLJ • UeO 
UO 1¿ 1 a lt 20 
IJO ¡¡e J • lt 10 
eH ll t .J J • O • 0 
~MJN( HEAOJN~S POR RESULTS 
wRIT~ CNOUTt llt 
wRlTt. CNOUTt)81 N 
wMITl CNOUT,-e9) 
wtUTt. CNOUTt4(,) 

A be 
A 6J 
A 6" 
A 6~ 
A 60 
A 61 
A flt! 
A 6"' 
A 7<~ 

A 7' 
A 7c 
A 7J 
A 7 .. 
A 7,:, 
A 7t> 
A 71 
A 7o 
A 7-t 
A 811 
A 81 
A ac 
A 8J 
A 84o 
A a~ 

A 8t1 
A 8/ 
A 8t1 
A 8'11 
A 9U 
A 9l 
A 9.:: 
A 9J 
A 9óo 
A 9~ 

A 9b 
A 97 
A 9t1 
A 9-t 
A 10u 
A 101 

· A lOe 
A lOJ 
A 1 o-
A lO::J 
A 10t1 
A 101 
A l0t1 
A lO'i 
A 1111 

A 11! 
A 11¿ 
A UJ 
A 114 
A 11~ 
A llCI 
A 117 
A 1111 
A UV 
A lZ" 
A 121 
A 12¿ 
A 12l 

.Í' 



e 

e 
e 
e 
e 
e 
e 
lJ 

l~ 

e 

e 

e 

e 

lb 
17 
Ul 

S~T FlWST ARRIVAL OeCURANeE AT TIME ZERO 
TIIIAA" a 0.0 
CHClt U • o.u 
U • 1Z•1 
M~IN SlHULATION BRANCH POlhT 
eHECf\ EACH C.,_ANNEL IN TU~ FOR POSSI~LE DEPAATUtft: 
IF AL.L eHANNf:LS ARE IDLE lTNOPR a 999999.9J THEN GU TO ARAIVE 
1F A~~ eHANN(LS ARE.~USY CTNARV IS eGE. TNUPRJ THEN GO TO ARRIVE 
IF A OEPART IS NEJlT. CTNOPR IS eGEe TNAAVJ THEN üO TO DEPART 
SlT A~O IVALUE kf~P HULTIPLE DEPARTUAES IN eOHRECT TI"E SEQUENCE 
SE.t a 88tii:Ut8. ·. 
uo 1• I D 1• N 
IF C H.QPR (U eGT • TNARV 1 GO T,O 14 
1F '!'-OPRCit .GTe.•'SET) 60 TO :'14 
SET • TNOfo'ACIJ 
IVALUE • 1 
CONTI~uE 
1 a·lvAl.UE 
1F CSET oLTe 888888.J GO TO 15 
CALL ARRivE-
.bU Tu J 3 
CALL CEPAHT 
UN R~TUAN FROM DEPART CHECK SIMULATION TIME LIHIT 
lf C fT IME eGT .. TIMEJ GO TO 13 
t.NU ~,.- S lHUL 1 TION RUN•••PAINT FIRST TlriiENTY TRIALS 
N1 m ,....¡ 
IF CCuSEH'I oGE. 2•'•01 GO TO ló 
NXJl • CUSI:.RV 
GU TO 1 7 
fii~X • 2t 
UO 1d I 11 lt ~lXX 
111HITt. CNOUTu¡J CCH(lt JJt J = lt NU 
COMPÜJE HOURS IN UUEUE FOR SUMMARY PRINTOUT 
l"tRSÑw : O • O 
MAXQUE • u 
uu ¿ ..J ..... 2• 100 
1f ((,I,.,""QUEU41 oEQ. o.~o~J bO TO 19 
MAJtQUf.. a M•l 
AM m M-1 
HHSN~o~ = HHSNu• ( XM•CUMQUE (M) J 
!F (MA~~UE oLTe 99J GO TO 21 
taHITt.· CNOUTott¿) 
lF {1'111"-LAG oNE. 76J GO TO 22 
ISHl!t. (NOUTttt~) 
JJ.N m llw 
Al Z m ! Z 
PHINf SUMMARY ShTISTICS FOR T11lS NUM8ER CNJ eHA~114t.LS 
•HIT~ c·~OUTt4t,.) ¡z, CUSEHVt TIME 
•HITt. ¡~~OUTt SJ MAXQUE 
XMN T A : r1kSNCJ/T I M~ 
WHIT~ l~OUTt.b) Xf'INTX 
AMNTM = ,..,~SNI~/XIZ 
IIIH I Tt. ¡ NOUT t 7 J XMNT"' 
PCUT1L • ((CUMUTL-ITIME)•lOOeJ/XN 
•HITé. c~OUTt .. 8) PCUTIL 
(.WAI r = HHSNtJ*COSTA 
wHlTt. c~OUTt~~) HHSNYt COSTAt CWAIT 
AlTIMt. • (JIME*XNJ•CUMUTL 
t:IULt. = 41TIME•COSTS 
•HITE. C"<OUTt!!>O) AITIMEt COSTSt CIOLE 
TCOÓ~ = CIOLE.•CWAIT 
~~~~ITt. CNOUTtSl) TCOOP 

(E 
197 

·QUESIM 

A 124 
A 12~ 
A Ub 
A 121 
A 12tt 
A 129 
A lJU 
A 131 
A lJC! 
A 13J 
A 134 
A 13~ 
A 136 
A 137 
A 13tf 
A 13~ 
A li)U 
A 14Á 
A 14¿ 
A 14.t 
A 14ft 
A u~ 
A, 146 
A 147 
A 14t1 
A 14'1 
A 15v 
A lS.L 
A 15¿ 
A 15_, 
A 15,. 
A 15~ 
A 15ó 
A 157 
A 15tt 
A 15'1 
A 16u 
A 161 

, A 16¿ 
A 16.t 
A 16 .. 
A 16~ 
A l6CJ 
A 161 • 
A 16tS 
A 16~ 
A 1711 
A 171 
A 17¿ 
A 17J 
A 174 
A 17~ 
A l7b 
A 177 
A l7tt 
A 17'1 
A 18u 
A 181 
A 18.:: 
A 18J 
A 18~ 
A 18::» 



192 
COMPUTER MODELS 

e 
e 

~ 

e 
23 
24 
2~ 
26 
i!1 
28 
2~ 
lO 
31 

·32 
33 
34 
l~ 
3t» 
J7 
les 

e 
e 
e 
e 
e 
e 
e 
e 

39 

SToP RU~ lf TeOOP l~CAEASEO FAOM LAST AUN 
lf CICOO~ .GE. BCOOP) GO TO 1 
STOP AUN IF HA~IMUM NUMHER OF SERVEMS REACH[O 
IF CN .GE. MAXS) GO ·JO 1 
UPOATE ~UMHEA oF CHANNELS ANO euRRENT TOTAL COST 
.... f-&•1 
t'ICO~ • TC.OOP 
AETU~N FUA Nr.XT AUN wlTH MORE CHANNELS CNt 
CIO to '1 

fORMAl 
f URM•T 
f URM-AT 
FURMAT 
FURMAT 
FOAMAT 
fOAMilT 
fUAMAT 
FORMAl 
FURMAT 
FUHMAT 
F OAMAT 
t- URMAT 
FOAMAT 
FORMAl 
fORMAl 

lLSJ 
,.URMAT 

1----· FURM,.T 
11'11IJ4J 

FOAMAT 
"'0RMAT 
FUAMAT 
fORMAl 

11 
fORMAl 
fORMAl 
F URMAT 
FURMAT 
f ORM14 T 

1 F9u!t 
fORMAl 
f ORMAT 
t. NO 

'10&4) 
C20H1PROGRAN UUESIM FOR •lOA•» 
lllo9XoFS.oe~A,FS.~oSXeF3e0) 
ll4H ARAtVAL TYPE ello8H RATE • tFHe2t8~ COST •tF8e2J 
C12FS.~) 
C¡H ti4~28H ARAIVALS READ IN AS FOLLO•S» 
ClH o12f!Se0) " , 
ll4H 'SEAVICE TYPl ello~H TIME • tf8e2o8" CUST •oF8e2t 
llH tl4tZ8H SERVICtS READ IN.AS fOLLOWS) 
Cllo~Xollt9Xtf5eUt 
l~OH ~0. CHANNELS START tlle~H MAX tll) 
llOH MAX TIME efb.~t 
l3SH ••••ERROR IN QUESIM DATA CAROS••••» 
(JSH ••••eOHHECT DATA ANO TRY AGAIN••••t 
llHOt 
lJlH•FIAST TwENTY OCCURANCES FOR ••ellelHH00SERVICE CHANNE 

lHH ARRIVALe•Xe44H••••••nEPARTURE TI~( ,.T CHANNEL NUHHER•• 

lbH T1Mf•••e•Xe44HONE T~O THREE FOUR fiVl SlX SEVE~ EIGHT 

llH ,r~.lo3Xt9fSel) 
l~OHo•••wARNlNG••••QUE EXCEEOEO PROGRAM LIMIT OF 99oooa 
l48H•••••ARNING••••OUT OF DATA BEFORE TIME LIMIT••••J 
lbHOAFTEReibe8H AAHIVEOeFb.~v7H SEAVEUtfbeUtllH TIME UNITS 

lilH 
(ZJH 
lZJH 
l23H 
lZOH 

QUEUE•MAXIMU~ LENGTH •vi7J 
•MEAN LE~GTH ••F7el) 
•MlAN ~AlT TIME •eF7el) 

SEAVlCE UTILIZATION ••F7elt8H PEACLN!» 
eOSTS•WAIT lh QUEUEoF7eltllH UNITS AT lefbe2o4H 111 $o 

C7Xt¡JHIOLE SEAVICE eF7elollH UNITS AT ~tFbo2t4H • SvF9.zt 
C7Xt24HTOTAL COST OF OPERATIONStlbXtl~i•"'9•Z) 

A .&8b 
A 181 
~ 181:S 
A l8"d 
A 19w 
A 19A 
A 19~ 
A 19,j 
A 19-
A 19~ 
A 19b 
A A 91 
A ¡9t:S 
A 19'~~ 
A ¿ou 
A 20A 
~ zot 
A ZO.J 
~ zo~ 
A zo~ 
A 20b 
A 201 
A ZOI:S 
A ZO"' 
A ZlU 
A 211 
A 2ll.' 
A Zl.J 
A tl~t 
A ~~~ 
A Zlb 
A 211 
A 2ld 
A Zl~¡~ 
A 221J 
A 22! 
A z2t 
A Z2J 
A zz~t 

A zz~ 
A Utl 
A Z27 
A 22" 
A 22.., 
A 2JU• 

~U~MUUTI~l ARRIVE H 
CUMMUh ALPHAClOle ANUMe ARlSOOto ARRATe ARHTM, CM(¿U, lO)o CUMQUE& 8 

llUOtt CUMUTL, eUSERVt DEPRT, DEPT~, le IUSEAVt IZo KAt KCUSt KSo N 9 
Z• NfLAGtYUEUEeSNUMt SRCS~Ote STATUSC9)e Te TIME• TllMEt TNARVt TNO R 

1 
¿ 
J 

3PAC9) H 
TMIS SUHROUTINE CALLEO WHE~ AN ARRIVAL IS THE N~XT OCeUAANCE 8 
IT Ü~UATES THE TIME SPENT IN QUEUE B 
lT U~UAftS THE CLOCK TO THE TIME OF THE NEW AHRIVAL lPAEVIOUSLY B 

S~LECTEO) R 
IT CMECKS EACH CHANNEL TO SEE IF THE NEW ARRIVAL CAN HEGIN SERVlCE 8 
IF A CHANt.IEL 15 AVAILABL~ IT OOES THE FIRST PART oF THl 8 

U~PART PRuCESSING OTHER~ISE IT AOOS ONE Tu T~E WUE~E B 
LASTLYt IT SELECTS THE TIME FOA T~E NEXT AMRIVAL TO OCCUR R 
M • WUEUE ~ 
CH[Cf\ LENbTH OF QUEUEe IF OVER 9q HOLD AT 99 R 
lf 1M eLE. 99) GO TO 1 R 



e 
1 

e 
e 

e 

e 
J 

e 

o 
e ., 
e 

lt 
e 

' 

' e 

lu 

.. • 'i9 
uPOAT~ HOUAS SPENT IN QUluE 
CUMWO~ C M•lJ • CUfoiiQUE CH•l r. TNARV•TlME 
UPOATE CLOCK TIME TO NEXT ARAIVAL 
T IMt • fNAAV . 
t"EC~ EACH CHANNEL, IF STATUS • O IT 15 AVAILAHLE 
00 ¡¿ ..J a 1• N 
IF CSTATUSCJ) oGTo OoO) 60 TO 11 
UU flRST PAAT OF UEPAAT PAOCESSING 
STATUSC.J) a lo~ 
GO T O C 2 •l• 4, S.) , K S 
POISSUN St.RVICE RAT[ 
H sa ~ANDCOJ 
·J • ~t:SS COt.PAT•ALUGCA)) 
GU TU 7 
Nt.GAllYE lXPONENTI•L SEAYICE TIME 
N 111 RANO C C1 1 
T • Ati5(0EPT~•ALOGCAJI 
60 TU 7 
CUNSTANT SEAVICE TIME 
T a ui:.PTM 
bU TU 7 
HlAO•lN SlRVlCE TIME 
lUSI::I'-l\1 e 1\CU~•I 
NUM a SNUI'I 
lfo. C !uSEHV oLEo NUt-IJ GO TO 6 
~~tfLAb 1D 7o 
' 111 bbbbbb. 
hO Tu 7 
1 a ::,~CIUSERII) 

SI:.T liME Uf ~EXT OEPAATU~E 
TNOPHCJJ u TIME•T 
SJOR~ FIR5T·T~ENTY UEPARVURE TIHES IN CH 
i'CU~ a KCUS• 
l F 1 "' C u S • 6 Y • Z o l GO T O b 
11 11 ..J•l 
CHCK~USe ll) a TNOPRCJ) 
C.IJNT .lt11Ul 
CHEC"' lf OUT OF SlMULATION TIHE 
IF CfTlMI:. olio TNOPRCJJ) GO TO:, 
ACCUMULATE PHOCESSING TI~E 
CVMU1L m CUMuTL•T 
CVSI:.~\1 • CUSERV•leO 
úO Tu 1 ~ 
I:.NU UF SlMUL~TION UPOATING 
LAST UlPAHTURE fOHCEu OUT AT TTIHE 
TK á T•llNOPACJI•TTlME) 
1 F e J 1'1. • G T • u • O 1 GO T O 1(. 

'"' 11 { • TNUPM (.J, • TTlHE 
~UHUTL e CUHUTL•TK 
b\l T ü 1• 
¡¡; CJ .Gl. NI GO TO 13 
CUNT u .. üE 
ALL Cr1ANNELS ARE SUSY, "'lOD 01'4[ TO T11E QUEUE 
UU[Ut. • QU[ÚE • 1 
S~L~~T AAAIY4L TIHf CSTOME fiRST TWENTY IN C"l 
bU TU Cl~tlbtl7tl8lo KA 
~OISSON ANRIVAL TIME OISTRIBUTIO~ 
H • 1-<ANOCOI 
TNAAw • AdSCARRT~•ALOGCAII 
TNAAV • TNAAV•Tifii.E 

// 

193 
QUE S/ M 

H 11 
R ltl 

" 19 
8 2U 
9 21 
tJ 2l 
9 2J 
8 24t 
8 2~ 
B 2ó 
8 21 
8 2tl 
R '29 
B 311 
g 31 

" 3~ 
8 3J 
8 3 .. 
R l=» 
Ft 30 

" 31 
li Jet 
li 3'i 
B 4U 
R 41 
H 4¿ 
B 4J 
8 ... 
H 4~ 
R 4ó 
a 47 
H 4tl 
H 41¡¡ 
8 su 
8 SA 
Ft- Sl 
1:t SJ 
R 54 
a 5=» 
1:t So 
" 51 
R Stt 
d 5" 
8 611 
A 61 
9 fu~ 

~ 6-J 
B 6• 
tl 6:» 
R 6b 
R 6f 
R 6tl 
8 69 
R 711 
~ 71 
H U. 
8 7J 
q ., .. 
tt 7:» 
R 7o 
B 1f 
R 7ts 



... 

·794 
?J 

COMPUTER MODELS 
1 

e 
16 

e 
17 

e 
lb 

e 
e 
e 
e 
e 
e 
e 
e 
e 
e 

e 

e 

1~ 

J. 
e 

e 
e 

e 
e 
e 

Jl • IZ•1 
JF Cll .GT. 20) GO TO 20 
eHCJ¿, fl • TNARV 
GU Tu 20 
NEGATIVE EXPO ARRIVAL TIME DISTRI~UTION 
R • HANDCOJ 
TNAR~ ~ A~SCARAAT•ALOGCRII 
TNAR~ • TNARV•TIM~ 
Il • IZ•l 
IF CIZ oGT. ¿r,) GO TO 20 
CHello ¡1 • TNARV 
Gu Tu zo 
CONSTANT ARRIVAL TIMES 
TNAAV a TIME•ARRTM 
lL • IZ•! 
IF Cll .GT. ?CJ GO TO 20 • 
CHello ll • TNAAV 
úU TU 20 
HEAD IN AHRIVAL TIMES 
IZ • l.l•l 
NUM = ANUM 
IF Cll eL~. NUHI GO TO 1~ 
ANCllJ e 777777e 
NFL.Ab a 76 
TNAHV • AH Cll) 
If e 1Z eGT • cOl GO TO 20 
CHCllt il • TNAAV 
Fof.TUOolN 
t.~o 

SUBRUUTINt DEPART 

A 7~ 
R 8~ 

B 81. 
R &e 
8 8J 
R 84t 
~ 8!> 
l:t 8b 
H 81 
R 8tt 
8 8'1 
R 9U 
R 91 
8 9c! 
Ft 9J 
H 9~ 

8 9!:» 
R 9tl 
a 97 
8 91:1 
8 99 
13 10" 
8 101 
8 10~ 

- ~ !OJ 
B ,10• 
a 'us 
a loe:. 
l:t 101 .. 

CUHMON ALPMAclD), ANUM, AHc500J 9 ARRRT, ARRTM, CHeco, 10Jo eUMQUEe 
llUOl• CUMUTt• CUSERV• OEPHTt OEPTM• 1• IUSERV• IZo ~Ao KeUSo KSt N 
z, NFLAGtUUEUEtSNUMe SRCS~O)o STATUSe9)o Tt TlMEt TTIMEt TNAAVt TND 
3~He9l 

e J. 
e e 
e J 

e • e !) 
THI~ SU~ROUTI~E PROeESSES THE OEPARTURE OF EVERY CUSTOMER 
IT U~UATES THE KOURS SPENT IN THE QUEUE 
IT UPOATES THE CLOeK TO THE ~EXT DEPARTUAE TIME ePHEVIOUSLY 

St.L.E~TEDI 
IT CHECKS THE ~ENGTH OF THE QUEUE 
IF NO ONE IN QUEUE IT SETS THE eHANNEL AT AN IDL.E ~TATUE CTHIS 

Ut.PARTURE WAS PREVIOUSLV PARTIALL.Y PROeESSED EITHER AT 
AHRIVE OA ~y A PRIOR PASS THROUGH DEPARTI 

IF A YUEUE EXISTS THEN TAK~ ONE FROM THE QUEUEt SET ITS DEPAHTURE 
TIME• SET THE 'CHANNEL AT A BUSV STATUS ANO RETUHN 
"" D I.IUEÜE 
CHECK LENGTH OF QUEUEo IF OVER 99 HOLD AT 99 
IF eH .LE, 99) GO TO 1 
M a ~9 

UPOATl THE HOURS SPENT IN QUEUE 
CUMUUEeM•ll a CUMQUECM•ll•TNDPRCII•TIME 
UPOAlt. THE eLOCk TO NEXT OEPARTURE TIME 
TlHt. • fNUPA e U 
JF CYUEUE.GE.¡.gl GO TO 2 
THIS SECTIO~ eDMPLET~S THE PROeESSI~G OF A eUSTOM[H 
~HEN NO ONE IS WAITING IN THE QUEUE 
STATUSCIJ • OeO 
TNO~Hei) • 99V999.9 
Rt.TUHN 
THIS SEeTIO~ UOES THE OEPAHT PROCESSING 
wHEN Tt1E CHAUNEL HAS BEEN HUSY 
I.IUEUl = YUEUE • lwO 

e e:. 
e 1 
e 1:1 
e ~ 

e 1 u 
e n! 
e !e 
e u 
e ~~ 
e 1~ 

e 1e:. 
e 11 
e ltt 
e ¡r,t 
e 2u 
e 21. 
e z¿ 
e 2J 
e 2tt 
e 2!> 
e ze:. 
e z1 
e 2tt 
e 2-d 
e Ju 
e 31. 
e J¿ 



e 
e 

3 

e 
• 

e 
·ó 

7 
ts 

e 

e 
e 

lO 

e 
e 
e 
e 
e 

11 

1 
~ 

l 

• 

bU TO CJt4tSe6)e KS 
~~LE~T NEAT OEPAATURE TIME 
POIS~ON SERYieE RATE 
H • HAN0(0) 
T • A~SCDEPRT•ALOGCRJ) 
GO TU 6 
NEGATIYE EXPONENTlAL SEAVIeE TIME 
R D ~ANDCO) . 
T • A~SCU~PT~•ALOGCRJ) 
GU TU 8 
CUNSTANT SERVICE TIME 
T • &JEPT114 
GO TO 8 
NEAU•IN S~RVICE TIME 
IUSEHY • KCUS•l 
~UM • SNUI'I 
IF CIUSERV eLE• NUM) GO TO 1 
NFLAG 11 7b -
T .-666666. 
60 TU ~ 
T •-SHCiuSERV) 
TNOP~CIJ 11 tiME•T 
STOA~ FIRST·T~ENTY OEPARTURE TIMES IN eH 
KCUS a KCUS+¡ 
IF CKCUS .GT. 2oJ GO TO 9 
ll 11 1•1 
CMCKCUSt IlJ 11 TNDPRCIJ 
CONTlNUE 
CHECK IF OUT OF SIMULATION TIME 
If lVTIME oLT. TNOPRCI)) GO TO 1~ 
R~SET STATUS ~ACK TO BUSY ANO RETURN 
C:UMUTL a C.UMUTL+T 
CUSÍkV a CUSERV•t•O 
STATUSCIJ " lell 
RE.TU~N 
AOJUST T ANO CUMUTL Al TERMINATION OF SIMULATION 
LAST C:USTOMER FORCED TO DEPART AT TTIHE 
TK ¡ T•tTNO~RCl)•TTIMt) 
IF U .GT. O•O) GO TO 11 
TK • O• 
TNOPHCIJ 11 TTlME 
C:UHUTL a CUMUTL•TK 
STATus e IJ m 1 • o 
HETUHN 
ENO 

fUNCTlON HANO (K) 

MACHlNE utPENDENT RANOOH NUMBER GENERATOR CO TO 1) 
THIS VERSlON IS FOR Jl BIT WORO CIBH 360) 
K StT At POSITIYE 000 INTEGER TO INITALIZE 
K SE1 Af ZERO TO CONTINUE STHING OF RAN00114 NUMBERS 
S~E NAYLOHtCOHPUTER SlHULATlON TECHNIQUESe~ILEY •SONSel966 
If '"'' 2•2•Í 
N • 1\ 
N • N•l6F.t07 

1 f ' ·~ , 3 ' ~ ' • 
N a N+21•7•83647•1 
AN • N 
WANO • XÑ/2147463647. 
Ht.TUHN 
ENO 

195 
QUESIM 

e JJ 
e 31.) 
e l~ 
e lo 
e 31 
e ltt 
e 3~ 

e •u 
e 41 
e 4¿ 
e 4J 
e •1,) 
e •~ 
e 4o 
e ,., 
e •H 
e 4'i 
e Su 
e si 
e se 
e SJ 
e si,) 
e s~ 
e so 
e SI 
e ses 
e S'i 
e 6u 
e 61 
e 6c 
e 6J 
e 61,) 
e 6!» · 
e 66 
e 61 
e 6t& 
e 6~ 

e 1u 
e 11 
e 7c 
e 73 
e 11,) 
e 1= 
e 7o 
e 77-

o 1 
o l 

18114 J 
.D ~ 
o ~ 
o ó 
o 7 
o b 

UIM ~ 

n lu 
18M 11 

n u 
18M lJ 

o 14 
o ¡~ ... 

1" 
1 





z.l/. 

YUUR.NAME - "' PREMJII~ TRUCI< 
1 o O:) .1667 2 
2 

·~· 
1ooo. .133 

1 1. ~tnoo. 
YOUA NAME • A.: nELUX'TRUCK 
1 .n:) .1667 2 
2 12. 140{Io .167 
1 l ·~ftO'lo 
VOUR NAME - "" TWO PÁEIUM TAUCKS 
1 .n:t .166 7 2 
2 15· 1non. .13, 
2 2 ~onoo. 
YOUR NAME - ~' IIIEW .pAEIUM TRACK 
1 .n:. .1667 2 
2 15. Rnn. .lo 
1 1. ~001'). 

YOUR NAME - ~.:: nNE OF.LUX T~UCI< 
1 on:) • 1667 2 
2 12. 1400· .167 
1 1. ~ooo. 
VOUR NAME - ~~ TWO NF.W PHEIU,.. TRUCKS 
1 .o:t .1667 2 

-2- .l.S.o - -- . ..80-B. .10 
2 i. ~no o. 
YOUR NAME - ~' &.aREIU~~ot / 4 PER HOU~ 

1 .Obof .1667 2 
2 15a 1000. .133 
1 l. 1'1000. 
YUUR NAME • (;e nECUX/--it~P~R-1-!0UR-~--~-- ·--------

1 .ooo7 • 1667 2 
2 12. 1 .. oo. .167 
1 1 • ftOOOo 
VOUR NAME - ""., TWO PWE:IUM / 4 PER HOUR 
l .nbo7 • J 66 7 2 
2 p;. tooo. .131 
2 i. ~~tOO O o 
VOUR NAME - IJI. c;OT 
¡-- .n:. .1667 3 
2 leo .l400. o167 
1 .l. "OOOo 
VOUR NAME - u.:: c;OT 
l .n::a .1667 l 
2 lSo .1noo. .133 
2 ¿ i\001). 
YOUR NAME - u~ c;OT 
1 .o:t .1667 3 
2 15. 1non. .133 
2 2 ~tnoo. 
Y.OUR NAME • Ul RANDOM 
1 o\l:t .1667 1 
2 1~. .Lnon. .133 
1 1. ~too o. 
YOUR NAME - IJC: DANDO M 
1 .n:. .1667 3 
2 l'i. lnon. · .13:1 
1 l. ~~too o. 
YOUR NAME - IJ~ ~ANDO M 
1 .n":J .1667 1 
2 1i!o hOt'o .167 
1 1. 111000. 
STOP 

167 
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Af.iPlVAL TYtJ[ 1 ~ .. 11:" = ••. ,. ClC:T : .11 sC~(U~Lt ~~LE? 

(t' CF e:;) 

SEPVlCF T'r ... l ,1 1.1.""5: = .,c., ... 'l 
f'l.At..(.: C.l.!~l ;, 1-,,"•"~• • , 3 

"1'\ll TT~F 

FlP'51 TwENlY llf:l.V~D::,¡Clc: o('~ t;t::~11TCI- Ct·di"'\:'::LS 
A~PJVIIL ----·•uc:.t'.l~_TIIwF TJ ·F: AT C•tr.I\;'\I~L "''~'-jEQ------
Tli·F--- CJ"" l01t\ T i~FC:. F'r,¡J~ FTvE 51X -.,e:. y¡;-" FTG¡.¡T l\llf\E 

" 
?b.n 
r-6.2 
4fl.b 

12':1 ? 
115:6 
l4B.u 
148 0 0 
1¡:.¡4,8 
2~0.1 
2~1.3 
2?3.n 
243.3 
244,4 
24,. 7 
24Glo7 
cQ2e2 
3,:6.8 
31'1.q 
374.1 

2 ... 
~5 ... 
4~· .. 
!;,t¡' .. 

1~:3·"1 
1'1'-1:4 
? ,. ~ •. , 
2Cfl,l 
2Jfl.~ 
247.'-i 
2tl3.1 
2ó~·'' 
2tH • t' 
2t1l.l 
214r•" 
2t:l~." 
.3~4." 
3J~.n 
33H.I 
42] • ., 

AFTFf.i ?7b ~w~JvEn ~7~ ~C~vfn 
QUrUl•"-'Ali.Jo''IU~ ltt~hTt~ 

•f.,F.AN L(•'ll•l'• 
•M[AN WAlT 1Ju[ 

S E D V I CE U T l L 1 1 A 1 .L l "' 

AVf~AGF Af.i~l\1¡11_~ 1-'1'•~ TT"'" ll·'lJT 
AV,_:-RAGE. ~E..<vlet-: ll"t: 
Po~Et'l\i NOo IN T~1 .. ~Yc:TF::~ 

~EAN TIME 1~ 1M~ ~v~Tf~ 

cosr I~Jf-OR .. ATJnN tw ~J~F~11rru :!= 

~.,,, TTM[ fii\IJTc; 
7 
l •. 

2l·c:; 
14.-; fol~foi(..EII.IT 

• f 4~<~n 

11:1·1~~':1 

l. 7 3~"' 
_17.111~1 

CúS15-~o~o'AlT 11'1. IJULt;~ ';l.l~l.S ••N1TS AT;. ol7: 'i-

Sf.r.VlCF cosT """'~"'LE "7"• ·' IINTTs AT " ., 3 = '-
sEr:.·viCF CC'5T F- 1 Ac.o L11111•"'' .• ,Ir'"' 1 r.HA...,"•E.Lc; = s. 
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987.1? 
3fl•lA 

1000.00 

-Z) 

4 

f 
1 

' 

l 

( 

~ 
/ 



• ·,e:; COST = .17 SCHEDULE RULE 2 
( F Cl- S) 

sE~:y lCE" Tyi--E. ¡~ r .&.MI=' = 1 ~!le •1n 

fl.(t:.l} cu~J ¡, ~nn.llll VA~TA8LF CUST i • 1 

MI\ x TTME -,o o o 

F IAST T•ENTY nC\.uWoENCE e; ~nH 1 S~Rv rCt'. Ct-tANNtLS 
ARAIVAL -·--·.·u~.,I\HTttf.l!:' TI·•E AT CtlllNN~L fl.tl'ottiER•·•--• 
Tla4E-·• O,...t- 1"11 THHf~ FOLIR FiliE Srx S~VEfl. I!:IGHT Nlj~.¡E 

o ¿ ... 
?.6.0 
16.2 
·"·6 

128.2 
13'5o6 
14Ro0 
l~oa.o 

11'4oA 
2ño.1 
221·3 
2?3.0 
243.3 
Z44.4 
2•6.7 
249.7 
2q2.2 
3r·6,.A 
31o.9 
374.1 

4'1 ., 
• 

,.~."' 
~b 4 • 
l~J .... 
1~9 ... 
i?OH. t 

t'OH.f 
2]6.i 
2'+7 • .., 
2b3.1 
2ó';. ,, 

2Hio •" 

-?-M 1 .-1 
2d('

0
1'1 

?t.~~ ,, 
324:0 
3J5 •'' 
3 .3d. 1 
4cl • ., 

AFTEH 27ó A~-tt-H wt'' ?.7-;J SERvEn 
. QUFUt•t1AX l t•IUI" l t:.t"'I_,Tt1 

•MEAN Ll::to111IM 
•MEM• wA 1 1 1 l•~:: 

SfpVJCF UTILl/AI!U~ 
AVFRAGE ~~t-dv .. t ~ ..... ~~ TI"''" tlii!T 
AVERAGf SE KV I<.l" 1 t ""!: 
~EAN NO. IN THt- ~Yc;TEM 
MEAN TTMt:. IN r~~ ~YSTEM 

C0ST ti'IFQ.,.o~~AT tnl'.i llJ' 01-'EH'AT ¡r) 1~ 

ó O :l 1' T T l'li ttN IT S 
1 
1 • ..., 

~¡.e; 

74. ;¡ P~fotC~~·T 

.• 1'4"" 

Jh.-:tbll 
¡.73~-

]7.f1J541 

CO!i\T~-w.AIT H. (J~t.t•~=' ~,~~1.5 IINT r'5 AT $ ol7 = "' 
SEPVlCE t:o~T VA ... 4~<~L•L.E -:J7,.' IINtTS AT ~ ·' n = 'lo 
sEPVlCE COST t' IAC.U ~nn.o.t, ·o~ITI-' t ~H~"'"'tlc:; = ~ 
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"itH .12 
27o2r 

800.0(' 



• ·~· ..a;a....__.. 11 • db rt' 1 1 

• '7 CnST = • 1 7 c:;C .... t.IJUL t ¡.ti¡ E ;-

(1- Cl- SI 

sEc:ovlCE" Tyi-IE i>.¡,.,..,:- = ¡c.. r 
.fiA~C tv""l 'li l,n, ..... ~ VI\HTA~LC' CCST ti 

hOO<: 

FIPST TwENTY ,,rcu"'t.ll"Ci' ~"n·~ sE~•JICt c ... ,...~,fL~ 
ARRIVAL ------IJFfJ\,.TIII.I¡:' 1 I ·1: AT Cto~ANNFL 1\II~·JE.R------
Tl~E--- 01\.r r .. o r .... k~F 1-"o)llt} F'JVE Spc SFVfl\ ~IG ... T ·~II'IF 

o 2 •• 
19.5 39." 
19•b .39.1 
30•4 't':le"' 
q6 •l . 1 b le H 

1 ~l. 6 ) b7. -~ 
110.9 }7b.f'l 
110.9 176.1 
1ae.s 204.tt 
Iso.o 21s." 
165.9 231 ... 
167.2 232.'~ 
182.4 2 .. 6.1 
1A3.2 249.n 
1R4.9 2~0.7 
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zeo.s 346.~ 

AFTE~ 3M6 ~~~!~rn 374 SEQJEO 
QUEUE-~AXI~U~ L~~~T~ 

-MEAN LEN'''" 
-MEAN WA lT 1 l••E 

SE~VlCf UTlLl/AI'u~ 
AVERAGE ARW!VAL::t riF'R TlMF 1lt4IT 
AVfRAGE SERVICE ll~E 
~EAN NO. IN T~f ~~~T~M 
~EAN TIME IN T~~ SY5T~~ 

COST INFOH:'-1ATIO" OF' 01"''=.1J4Tll.hc; 
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NO. CHANNELS ST14H1 l MAY 
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2•3.3 zss.~+ 
-244.4 2~6.1 
246.7 257 • ., 
249 0 7 2'59.~ 
292o2 317 0 "-

3,.608 3¿6.~t 

J;o.9 328."~ 
374e1 412.1 

AFTE~ 276 A~~lvEn ?7, sERvED 
QU[Uf•MAXIMUJII 1 t.•~GTd 

•MEAN -lE.M; rn 
•MEAN wA l T ll•~E: 

sEgVICE UTl~IIA I.&.U~t 
AVERAGE AR~ l VAl_ '!'1 ,.,.:·R T p~F 11rHr 
AVERAGE SE.I'iV 1cr-: 1 t •·E 
p.¡EI\N No. HJ THI- _,vc;·rEM 
~EA.N TIME IN THt. ... vsrrM 

CO!=;T lt\fFOR~•fqln•'j IIF' UPEQArTO 1~ 
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.e:. 

1). ~ 
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• 1" cos·r = 

sE~VlCE TYPf fl I.I.M,:o = JC:.e!l'l 

SCHEDULE RULE 
!FlAN()QM) 

FIXEO Cll.:tT $ 1l•o'l.O·• VAiolYA~L¡:- COST ~ e)3 

6000 

FJRST TWENTY ~ccuwcfMCE~ ~n~ SE~vJCE C~AN~ELS 
ARRI\IAL •••••••li=-P.~~TIII-IF' TT·"E AT C1-1ANNFL t\,IJI\oi~ER•••••• 
Th•E··- Cil\~ f•ttl TliHF.F' F-ouq FivE SIX 'Sf:'VE~ EIGHT NINE 

o 2.4 
~6.0 
~6.2 
40.6 

128.2 
135.6 
148.0 
14B.o 
184.8 
2oo.1 
221o3 
223.0 
243.3 
244.4 
246 11 7 
249.7 
2q2.2 
31'16e8 
310e9 
·374e1 

ltS 5 • lt5 1'1 
S6· .. 
193·~ 
199:4 
208.7 
220.3 
247." 
24t 7. Y 
26J. -, 
278."1 
2dle1 
313.n 
314.7 
317.H 
318.f:t 
329.1'1 
330.Y 
ltZl.l) 

AFTER 276 A~~!YE~ 27~ SERvEO 
QUEUE•MAXIMU~ Lt~6TH 

•MEAN LE111bl" 
-MEAN WAIT liME 

sE~VICE UTILil41.i.UN 
AVERAGE ARHIVAL~ ~F'R TI~~ u~IT 
AVERAGE SERVICE I(Y( 
~EAN NO. IN T~~ ~Y~TEM 
MEAN TIME 1~ THe ~vSTf~ 

COST INFOR~ATr0•-4 OF OPE~ATIO'J' 

6001'1 TIME uNITS 
7 

1. '· 
22•3 
7 4 .~ ~FRCE"JT 

·C'4ftft 
16•32U¡;I 

¡.7771 
18.6374 

COSTS-WAIT 1~ IJUC.IJF' 61159.5 'tNITS AT \ el7 = ~ 
sERvicE cosr vaH'~~~.E ::J7r;.o ••NITS AT' ·I~ = s 
sERylCE COST ~(A~U lJ~0.09 ~~T~ 1 CHANNELs : $ 

TOTAL COST OF Ot<"c.N~TIO~c; ¡ 
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ANALYSIS OF RESULTS 

1. The three alternatives available to Rio Valley Electric Co-op (herein referred to as ~o) 
are: 

Al t. 

A-l 
A-2 
A-3 

Mean 
service 
rate 

15 
12 
15 

Variable 
cost/ 
unit 

$.13 
.17 
.13 

Fixed cost/ 
simulation 
run 

$1000 
1400 
2000 

Description 

one premium truck 
one deluxe truck 
two premi um trucks 

For all the alternativas the FCFS priority rule was used and the simulated runs were for 
6000 minutes. The results for the runs are: 

Mean Mean 
length wait Service Cost var. Fix Total 

Alt. gueue tune ut~l. wait cost cost cost 

A-1 l. O 21.5 74.2% $987.12 $36.18 $1000 S2023.29 
A-2 .5 11.5 59.4 529.42 45.42 1400 1975.22 
A-3 .1 1.1 37.2 51.25 36.44 2000 2087.69 

From the runs Rio should choose alternat~ve A-2 as it has the lowest total cost. However, 
if the Rio Company ~s plann~ng to grow it m~ght prefer to choose alternat~ve A-3 since 
this alternat~ve has the lowest service ut~l~zation and thus would allow for the most 
growth (note the very low wa~ting costas cornpared to alternatives A-l and A-2). 

2. The lower cost of the prern~urn truck defin~tely changes the optimal cost alternative of 
question l. The alternat~ves now available are: 

Mean Variable Fued cost/ 
service cost/ simulation 

Al t. rate un~t run DescriEtion .. 
B-1 15 S.lO S 800 new premiurn truck 
B-2 same as alternative A-2 
B-3 15 .lO 1600 two new premium trucks 

The results frorn the cornputer runs are: 

Mean Mean 
length wal.t Serv~ce Cost Var. Fix Total 

Alt. gueue t1me ut~l. wait cost cost cost 

B-1 l. O 21.5 74.2\ S987.12 S27.12 S 800 $1814.32 
B-2 .5 11.5 59.4 529.42 45.42 1400 1975.22 
B-3 .1 l.l 37.2 51.25 27.40 1600 1678.65 

Clearly R1o should St~ lPct B-3 as 1t has by far the lowest cost and because of the low 
service utlll;:.l':.:.c:~ w:.ll .lllow for the greatest expans~on. 

3. The alternat.:.w .. C-1, e-~, and C-3 are the same as A-1, A-2, and A-3. In these runs the 
arr~val r:~t<.! ·,.;.1 ::· -r· -•-·· 1 ::rl'rl 3 to 4 per hour (Po~sson). The results of the runs are as 
folloi,'S: 
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. 

r-lean Mean 
1ength wait Service Co!'t .... 

.. "'· . l":x :·e t 11 
Al t. Que u e time util. ,.,.,11 t ..-(": ~ ~ ' ~ -------
C-1 5.3 81.8 98.0\ $5288.55 ~-;9;.; SlCC<> ~u33S.JO 
C-2 1.3 19.8 79.8 1285.63 64.SJ 100:00 2750.62 
C-3 .1 2.1 49.9 137.50 51.60 2000 2189.10 

Alternative C-3 is the best se1ection. This is due, as was ncntioned in part 1,' to the 
fact that the alternative C-3 had room for cxpansion ~hile tJ¡c other~ were a1ready being 
high1y utilized. There is sti11 quite a differcncc bct~ecn the wáiting time cost. 

In this part we are asked to compare the result of part 1 using the other two priority 
rules, SOT (D-15, D-2S, and D-35) and RANDOM (D-lR, D-2R, and D-3R). The results of the 
computer runs are shown be1ow: 

Mean Mean 
1ength wait Service Cost Var. Fix Total 

Al t. s;¡ueue time util. wait cost cost cost 

A-1 1.0 21.5 74.2\ $987.12 $36.18 $1000 $2023.29 
D-15 .9 19.0 74.2 873.53 36.18 1000 1909.70 
D-1R 1.0 22.3 74.2 1026;80 36.57 1000 2063.37 

A-2 .s 11.5 59.4 $S29.42 $45.42 $1400 $1975.22 
D-25 .S 10.8 S9.4 494.89 4S.42 1400 1940.32 
D-2R .S 10.7 59.4 493.38 45.42 1400 1938.81 

A-3 .1 1.1 37.2 S 51.2S $36.44 $2000 $2087.69 
D-35 ,.1 1.1 37.2 51.01 36.44 2000 2087.45 
D-3R .1 1.1 37.2 52.84 36.44 2000 2089.29 

In the first set of alternativas, D-lS is the best selection. This is due primari1y to the 
fact that the mean waiting time is less .for the SOT rule since the shorter jobs are worked 
on first and gotten out of the system quickly. 

The runs using the deluxe truck, D-2R gave the best result. Here the range was not 
nearly as wide as for the single premium truck. 

In the case of the two premium trucks (A-3, D-35, and D-3R) the run using the SOT 
rule gave the best results. The best exp1anation for this is that because of the 1arge 
amount of s1ack in the system (35\ utilization) it real1y doesn't make too much difference 
which rule is used. 

D-2R has the lowest cost of al1 nine runs. This indicates that under present conditions 
the de1uxe truck would be the best select~on and that the RANDOM priority rule should be 
used. In actuality the company should probab1y select the deluxe truck and use a modified 

- SOT rule (such SOT betWeen 8am and Spm, all jobs in QUEUE at 8pm_ on FCFS until 8am fol-
1owing morning). 

CONCLUDING REMARKS 

From the results of the run, the following would be recommended to Rio: 

l. If Rio expects the arrival rate of calls to remain about 3/hr, they should buy the deluxe 
truck, provided the premium is not available at the reduced rate. 

2. If arrival rate is expected to increase, buy the two premium trucks. 

As is suggested, the two premium trucks are probably"the best selection all around. One 
major reason for this would be that if one of the trucks broke down, the other would stil1 be 
able to malee service calla. 
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Al t. 

C-1 
C-2 
C-3 

Nean 
1ength 
Que u e 

5.3 
1.3 

.1 

Mean 
wait' 
time 

81.8 
19.8 

2.1 

5ervlce 
util. 

98.0% 
79.8 
49.9 

Coc;t: 
\\',11 t 

$5288.5S 
1285.83 
137.50 

• • :.!'"'. 

6-l.E'J l.:OJ 
51.60 2000 

. , . ..... _,. .... 

_;,_ 3:.'~'. 30 
:27:::~0.62 

2189.10 

,_... 

A1ternative C-3 is the best selection. Thls 1s due, as was ~cntioned 1n part 1, to the 
fact that the alternative C-3 had room for chp~ 1 s 1 on ~h1lc u1c other~ were al~eady being 
highly ut111zed. There is still qu1te a d1ffercnce betwccn thc waltlng time cost. 

4. In this part we are asked to compare the result of part 1 us1ng the other two priority 
rules, 50T (D-15, D-2S, and D-35) and RANDOM (D-lR, D-2R, and D-3R). The results of the 
computer runs are shown be1ow: 

A1t. 

A-1 
D-15 
D-1R 

A-2 
D-25 
D-2R 

A-3 
D-35 
D-3R 

Mean 
1ength 
Queue 

1.0 
.9 

l. O 

.s 

.5 

.S 

.1 

.l 

.1 

Mean 
wait 
time 

21.5 
19.0 
22.3 

11.5 
10.8 
10.7 

l.l 
1.1 
l.l 

8e:r:v1ce 
u ti l. 

74.2% 
74.2 
74.2 

59.4 
59.4 
59.4 

37.2 
37.2 
37.2 

Cost 
wait 

$987.12 
873.53 

1026;80 

$529.42 
494.89 
493.38 

$ 51.25 
51.01 
52.84 

Var. 
cost 

$36.18 
36.18 
36.57 

$45.42 
45.42 
45.42 

$36.44 
36.44 
36.44 

FlX 
cost 

$1000 
1000 
1000 

$1400 
1400 
1:400 

$2000 
2000 
2000 

Total 
cost 

$2023.29 
1909.70 

- 2063.37 

$1975.22 
1940.32 
1938.81 

$2087.69 
2087.45 
2089.29 

In the first set of alternatives, D-15 is the best selection. Th1s 1s due primarily to the 
fact that the mean waiting t~e is less for the 50T rule s¡nce the shorter joos are worked 
on first and gotten out of the system quick1y. 

The runs using the deluxe truck, D-2R gave the best result. Here the range was not 
nearly as wlde as for the single prernium truck. 

In the case of the two premium trucks (A-3, D-35, and D-3R) the run using the 50T 
rule gave the best results. The best explanation for th1s 1s that because of the large 
arnount of slack in the system (35% utilizat1on) it really doesn't make too much difference 
wh1ch rule 1s used • 

. D-2R has the lowest cost of all nine runs. Th1s indicates that under present conditions 
the deluxe truck would be the best select1on and that the RANDOM priority rule should be 
used. In actuality the company should probably select the deluxe truck and use a modified 
50T rule (such 50T between 8am and 8pm, a11 jobs 1n QUEUE at Bpm on FCF5 unti1 8am fol
lowing morning). 

CONCLUDING REMARKS 

From the resu1ts of the run, the following would be recommended to Rio: 

l. If Rio expects the arrival rate of calls to remain ahout 3/hr, Lhey should buy the deluxe 
truck, prov1ded the premium is not available at the reduced rate. 

2. If arriva1 rate is expected to in crease, buy the two premium trucks. 

As is suggested, the two premiurn trucks are probab1y'the best se1ection al1 around. One 
major reason for this wou1d be that if one of the trucks broke down, the other would sti1l be 
ab1e to make service calla. 
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PROGHAM 1.111EUES 
MAHeH 1~/? M J MAtiuARO 
THIS VEw~JO~ FOR euc 3100 
OieTIO~AMY OF VARIABLES 

-- - --------

ATTIME THE "0URS OF SYSTEM !ULE TIME - TOTAL 
ANUMtS~u~ NUM~tH OF REAUS IN AHHlVALS ANO SEkVIeE 
AR(~VO) AN AHHAY OF ~EAD I~ AHHlvAL TIMES 
ARR Rrt~HP TM THE ARklVAL RATE A~U Tl~E 
eH AN AWHAY OF ARRIVAL ANU SERVICE ON FIRST 20 euSTO~ERS 
eiULE THE ~UST OF EyETEM IULE TIME - TOTAL 
CUMQUE(¡un) AN AHHAY WHIC~ STORES lULE CUSTOMEk ~OURS 
COSTS THE CUST P~R TI~E UN!T OF IDLE SERVICE 
COSTA THE CUST PER TIME UN!r OF IOLE CUSTOMERS 
CUSEHVtii.C..US THE NUM~ER OF CUSTOMt.wS BEING SERVEO 
C~AIT THt CuST UF C~STOMER~ HOLRS IN QUEuE - TOTAL 
OEP RTtUtP TM JHE SERVICE RATE ANU MEA~ UURATIO~ 
HRSNQ THE HUURS OF CUSTO~~H Tl~E I~ YUEUE • TOTAL 
lt~ THE CHANNEL ~UMBER ~t.lNG PROCESS~O 
IZ NUM~t.H OF ARRIVALS wnlCH HAVE 0CCUREO 
KAtKS OPT!UN C00ES FOR ARR!VALS ANO SEHVICE 
NtMAXS BEülNNINGtMAXIMU~ NUMHER CHANN~LS 
PCUTlL THE ~t.RCE~T LTILilAT!UN OF T~E StRVICt fACILITY 
QUE THE NU~HER OF CUSTOMt.H~ IÑ QUEUE Al ANY PCINT 
SR(5QO) AN AHH4Y UF ~EAD IN St.HVICT TIMES 
TCOOP THE roTAL cOST OF T~t. SYSTE~ 
TIMEtTT!MF CLUCII. TIME 9 MAX 5I~UL~Tl0~ TIME 
TNARV THE L~TEST A~RIV4L T!Mt 
TNOPR THE Ut.PARTURE TIME O~ THE LATEST OEPA~TUWE 

~AY ijt SET ARTIFieALLY ~OR PHOGRA~ ~FflClE~CY 
XM~TNvXMNTX MEAN •AIT TI~E,MEAN NU~HER I~ QUt 
AVARRA AVEHAb~ ARRIVALS PER liME UNlT 
AVSERV AV~HAbE SERVlCE TIME 
AM~IS MEAN NO. IN T~E SYSTt.M 
AMTIS MEAN TIME IN THE SYSr~M 
VeOST ·TOTAL VARIABLE COST U~ OPERATIONS 
VeOSTS VAHIAHLE COST PF.R UN!r 
FCOST TOTAL FIXEO COST OF 1 UPERATIO~S 
FCOSTS FIXEu COST PE~ U~IT 
YSVCT AN AHHAY OF GUEUEQ St.HVICE TIMES 
KRULE SCHt::UUL~ RIILE C0DE (t•HA~00~•2=FCFSt3=50T) 
eOMM0~ lLPHA(l0ltA~VMtARRhTtARRT~tCH(20tlO)tCUMUTLtCUSEHVtDEPRT, 

1 Dt.~TMviviU~twv,Il,~A,KCUStK~.N,~FLAG,sNuM,STATUS(9ltTt 
2 TlMftTTIME,r~ARV,TNOPRI~),AVAKRA,AVSERVtAM~IS,A~TI5 1 
3 Vc..u<;TvveOST~oFC05TtFCOSTStKHuLEtiOUE,CUMYUE.(l¡l), 
4 Q~vcT(!OlhAH(5UO)tSIHS00) 

eOMMON lu~TAI IE~u 
DATA (lt~0=4HSTOPl 

ISTOP=Itl" 
NI~=bO 
NOUT•bl 
REAO A~u PRI~T UStH NhMF CARO 
e01'4TINUt. 
REAU (~tt.oJlll IL~,..A 
WRlTE (!'4UIJTtJ~ll IL'-'Mol 

IF (!LPMAill.t.u.I~T•i'-'1 GO TO .;111 

REAO AI\U ¡.¡,..l~.T .Oo~,.dv·~L 11 ATA CA~U ~1\¡U SCHI:.OuLE RULt COOE 
kEAO Cl'd r., JJ 1 1 "• , .. -~.~~n ,CCS T \ ,..:;~Ul.t 1 AII.UM 
WRl Tt. lr~u:•T • j .. ¡ 1 "••:.·~· 1 ·•T•C 1)TfttiO~uLE. 

I F e " ... l. T • 1 1 tJ '1 T l .' • 1 
If (1\oa.GT.~ol 1111 J,, <" ll 
lf- '""' LFoLT.¡i l• ;..._¡ 

IF '"" ~~ • ·• • '' .::··1 
bU Tu o e: 1 • 1 l • • 1 1 • • .. · L t 

CQI\Tl~L~ . 
wRlT~ 11'4U oftJ':Jll' 

A 
A 

A 
A 
A ,. 
A 
A 
A 
A 

A 
A 
A 
A 
A 
A 

'A 
A 
A 
A 
A 
A 
A 

A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 

A 
A 
A' 
A 
A 
A 
A 
ll 

A 
A 
A 
A 
A 
A 
A 

A 
A 
ll 

A 
A 
11 
A 
A 
A 
A 

A ,, 
~ 

A 

A 

1 
2 
2A 
3 
4 
5 
6 
1 
8 
9 

lO 
11 
12 
13 
14 
15 
16 
11 
18 
19 
21' 
21 
22 
23 
24 
25 
26 
21 
28 
29 
30 
31 
32 
33 
34 
35 
3b 
37 
38 
39 
40 
41 
42 
43 
44 
45. 
46 
47 
48 
49 
S1l 
51 
52 
51 
54 
SS 
56 
57 
5~ 
5~ 

60 
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ltl 

e 
!:)} 

bl 
e 

71 

e 

Hl 
e 

'~1 

e 

e 

e 

e 
e 

1(11 

üO Tu ~~ 
C01'4TlNUt. 
wklTl (t-,U11Tt3bU 

GU Tu c.l 
CU~Tlr-.ut. 

WRITt. (1'1UI1ltJ7\) 
~E~U AR~!VAL STATl~TICS 
cor-.rii'IIUt. 

1F 1~1'411MoLE.oeul GO TO 71 
NUM•ANUI"' 
ARtoiFH = 1 • t: 14 
KA=4 
WRlTl 11'4Ul!lt391) NUM 

Ir (~I~IJMoGT.SuUoOI GO TO 21H 
REA[) C"trH3HJ) (AWIIIti=ltr-..UMl 
wRlTE Ci~U•1Tt40U I~RCII.I=1tl'tUM) 
00 bl l:a~ 0 NUM 
J=l-1 

IF '"'~(Jl.GTeAHill) GO TO ?.91 
CO"'Tl~Ut. 
SET AkR!~~L TIME Al INVERSE OF ARHlVAL RATE 
CO~T!Nllt. 

IF ("'HkRT.LE.u.u> GO TO 2q1 
ARHTM=1oU/ARRRT 
REAU ANu PRINT SEHVICE DATA CARO 
REAO IN!I'IIo4111 KS•UEPTM,FCOSTS,VCU~TStSNUM 
"'HlTE (I~U11Tt42U KStOEPTM 
WRITE CNU11Tt43l) .. l:OSTStVCOSTS 

lF (1\~.EQ.O) GU TO 291 
If (I\::,.GT.4) GU TO 291 
IF (::,r~IIMoLE.O.ul GO TO 91' 

NUM=S"'U"' 
lli:.PTM= lo 1!34 
KS=~t 
WF-IITE (NU1Jlt441) NUI'4 

lf (:,¡-,IIM,GToS\.10o0) GO TO 291 
REAO Uql'llv.3tH) ISH(ll •l=lt~U~) 
wRITE lt'4UUTt40U I~RCil tl=1ti'IIUM) 
LJO 81 l::;l.~UM 

lf (::,~¡l).LlouoUl GO TO 2~1 

CONTlNlJt. 
SET St.Rv!rE RATE Al INVFRSE QF SéHvlCE TIME 
CO~TlNlJt. 

IF C..Jt.PTM.LE•O•Ul GO TO 2H 
OE..,RT-l.u/OEPTM 
~EAU SIMULATION CONTROL CARO ANO ..,HlNT 
~EAO IN1N,tt5ll N,MA)(~tTTI~E 

wRlTé I•IIUUTtttb1l Nt1'4AXS,TTP4E 
CHt.CK S!M•JLATION HUN LIMITS 

IF l~'h""Q.,,) GO TO 291 
IF '"""'lCSoLT.l\1) bOTO 291 
IF 111 IME.LEouool GO TO 291 

.ENU Of li'IIPUT DATA l:HECK 
BCUQP::; 9 "':H~\¡19. 9 
SIMULAl.1Urr 0 .. A GIVEI\I NlJMt3ER OF C1'1ANI\IELS (N) 
INlTIAL!¿~ SYSTEM .. OH NEXT SI~ULAI!UN RUN 
COI'IITl"'Ut. 
TlME=u•u 
TI'IIARV=u.u 
IYI.IE=-1 
CUII'IUTL=u•'i 
CU~t:.Rv:a O• ,, 
IZ=o 
KCI.IS=o 
NFLAG*o 
IUSE~V•u 
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;( 
o 6S 
A 66 
o 67 
o 68 
A 69 
A 70 
A 71 
A 72 
o 73 
A 7'+ 
,. 7S 
A 76 
A 77 
11 78 
A 79 
A 8fJ 

11 81 
A 82 

1 A 83 
A 84 
11 es 
A 86 
A 87 
A 88 
A 89 
A 90 

' A 91 
A 92 
A 93 
~ 94 
A 9!:1 
A 96 
A 97 
,. 98 
A 99 
A lOO 
A 1 O 1 
r. 102 
A 103 
A 104 
A lOS 
A 106 
A 107 
A 108 
A 109 
A 110 
A 111 
A 112 
A 113 
A 114 
A 11S 
A 116 
A 117 
A 118 
,. 119 
A 120 
A 121 
A 122 
A 123 
A 124 
A 12S 
A 126 
A 127 
A 128 
A 129 
A 130 



111 
e 
e 

121 

e 
131 

e 
141 

e 
151 

161 

171 

le1 
e 

e 

e 
e 
e 
e 
e 
e 

e 

e 

191 

201 

211 

1 - ----

' 

SET•RANúlt234567tol 
(JQ 111 M= 1 t 10 0 
wsvel(fiil)=tl.O 
eUMUUE ,.,.. ) :O • O 
eONTII'IIUt. 

UET~RM!NE SERVIC~ TIME FOR THE 1ST ARRIVAL 
GO TU 112lt131•!4ltl5llt KS 

POlSSO~ SERVItE HATE 
COI'IITli'IIUt. 
R•HANIJ(Ot91 
T•A~SlOt.~~T 0 AL0ü(HI) 

GO TU 161 
I'IIEGAT1VE EXPONENTIAL SERVICE TIMt 

COI'IITINUt. 
R=RANL!lo•91 
T•A8SlOt.~TM0 AL0ü(H)) 

GO Tu 161 
CONSTANT SERVlCt. TIME 

CONTII'IIUt. 
T•OEPTM 

GO Tu ¡t)l 
REAO IN ~ERVICE TIME 
COI'IITINUt. 
T•SR ( 11 

:cONT INlJt. 
QSVCT(1)=T 
00 171 L=ttN 
TNOPRIL)=q~9999o9 
STATUS 1 U :0 • O 
CONTINUt. 
DO 181 1=¡•2o 
DO 1~1 ..J=1t10 
CH(loJI=u.o 
CONTINlJt. 
PRINT ~t.~nlNG FOR HESULTS 
WRITE (•"11Ulllt41l) N 
wRlTE (NUlllt481) 
wRITE (NUUTt491) 
SET FlR~r ARRIVAL UCCURANCE hT TIME ZERO 
TNARVmo.u 
CtH19l)=u.o 
IZ•IZ+1 
MAIN SlMULAliON ~HANCH POI~T 

CHECK t.ACH CHANN~L IN TURN FOR PuSSISLE DEPARTlJRE 
IF ALL ~~ANNELS AHE IDLE ITNOPR = ~~9999•9) THEI'II GO TO ARRIVE 
IF ALL ~~AI'IINELS AH~ ~USY ITNARV IS •GE• TI'IIDPR) THEN GO lO ARRIVE 
IF A OEI-'~RT IS NEXI CTNoPR IS oGE• li'IIARV) THEN (;jQ TO OEPA~T 
SET ANO !VALUE KEE~ MULTIPLE OEPAHfURES Il'll COHREcT TIME SEQUENCE 
COI'IITINlJt. 
SET=~~8tH~A. 
00 201 1=1vN 

IF (fNnPR(lloGTeTNARV) GO TO 2U1 
IF ITNnPH<lloGT.SETI GO TO 2;,1 

SET:TNOI-'M(ll 
lVALUt.=! 
COI'IITINUt:. 
l=lVALUt. 

IF <~t.T.LT.aae~~a.l üO TO 211 
CALL ARH!VE 
. GO TU ]91 
COI'IITI~~¡lJt. 
CAL..L Ut:.I"'~PT 
ON RETUK~ FROH UE~ART CHECK SIMULAllU~ TI~l LlHll 

If- (fltf"IE.GTeTlMEl GO TO IQ1 
ENU OF ~!~lJLATION HUN---P~INT FIH~T TwENTY THIALS 
N1=N•l 
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ti 131 
,., 132 
A 133 
A 134 
,. 135 
A 136 
A 137 
A 138 
A 139 
A 140 
4 141 
A 142 
A 143 
r. 144 
A 145 
A 146 
A 147 
A 148 
A 149 
A 150 
A 151 
A 152 
A 153 
A 154 
A 155 
A 156 
A 157 
A 15d 
A 159 
A 160 
A 161 
A 162 
A 163 
A 164 
A 165 
A 166 
A 167 
A 168 
A 169 
A 17 • 
A- 17 1 
A 172 
A 173 
A \14 
A 175 
A 176 
A 177 
A 178 
A 179 
A 18 f' 
A 181 
A 182 
A 183 
A 184 
A 185 
A 18& 
A 18 7 
A 18~ 
A 189 
A 190 
A 191 
A 192 
A 1413 
A 1Cf4 
A 195 
A 196 



If' lLUSE.~V.GEec!o.ul GO 10 2?1 
NXX=CUSt.HV 

GO Tu 231 
221 CUI'IITlNUt. 

NX.r.azo. 
231 COI\IITl~Ot. 

DO 241 l=J tNXX" 
WHITE lNUUTt!:!OU lCHCltJl •J=ltNl J 

241 COI'IIT1111Ut. 
e ~OMPUTf "OURS IN ~UEUE FO~ SUMMARY PRINTOUT 

t-tRSNI.l=U.\1 
MAXQUE=u 
00 2b1 M=2tlll0 

IF h .. u.~QUE (M) et:.l.leO• ·ll GO TO 25! 
MAXQUE=M-1 

251 COI'IITlNUt. 
XM=M•l 
t-tRSNQ=MM~~Q+CXM•CUMQUE(~)) 

2&1 COI'IIT1111Ut. 
If lMAXGUEeLT.~~) GO TO 271 

WRlTE (NUIJTt511) 
271 COI'.ITIN\Jt:. 

IF CN~LAG.NE.7bJ GO TO 281 
wRITE lNUUTt521) 

281 COIIITlNUt. 
11\l=N 

IZ=IZ-1 
Xll=ll 

C PRINT SUMMARY STAflSTICS fOR THIS NUMBER CN) CHAI'IIIIIELS 
wRlTE. (JIIUIJ1t531J ILoCUSERVtTI~E 
wR lTt ( NUUl t 541 J MAXQUE 
XMI\IITX=Hrc~NIUT IME 
WRITE. lt'IUtll t55U XMNTX 
XMI'IITM=t·uo(:,r.¡Q/ XI Z 
WRlTE (NU-tilt!;bl) XMNTM 
PCUTIL=cccUMUTL/TlME) 0 100e)/XN 
WRlTE (NUUTt57U PCUTIL 
CwAIT=HH~~Q•COSTA 
AITIMt=tiiMEoXN)-CUMUTL 

e COMPUTt AVERAGE AHHIVALS PER TI~E uNIT 
rzc¡z 
AVARRA=T.t/ll.,.E 
wRlTE. CNUIJTtSBU AVARRA 

C COMPUlt AVtHAGE St:.HVICE Tl~E 
AVSERV=~u~UTL/CUSt.HV 
wRlTE (NU11Tt591) AVSERV 

C COMPUTE. MEAIII NO. IN THE SYSTE~ 
AMNIS=XMNTX+CAVARHA/Cl.o/AVSERV)) 
wRIH:. (NUUTtbOl) AMN1S 

C ' COMPUTE MF._AN TIME !N THF SVSTEM 
AMTIS=XMNTM+AVSEkV 
WRlTf. CIIIUtJlt611) aMTIS 
WRlTf. l111UIJTtb21) 
wRlTE (NUUTtbJl) "HSNQ,COSTAtCWAir 

C COMPUTE IUTAL VARIABLE COST 
VCOST = C..IISERV•VGUSTS 

C COMPUTE IOTAL FIXEU cOST 
FCOST•XN•FCOSTS 

C PRlNT SUM~ARY COST lNFORMATION 
wHlTE l1'4011Ttb41) CUSERVtVeOSTStVCOST 
WRITE. lNUIITtbSlJ I'<.:OSTS,NtFCOST 
TCOOP=fc..usT•VCOST•<.:wAIT 
wRl TE lN0uTtb61) TCOOP 

C STOP RUN IF TCOOP lNCREASEO FROM LAST RUN 
IF C rc..oOP.GEet:ICUOP) GO TO 11 

C STOP HU~ IF MAXIMUM NUMHE~ OF SERVtHS REACHEO 
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,. 197 
,. 19~ 

f¡ 199 
f¡ 200 
A 20} 
ft 202 
,. 203 
,. 204 
,. 205 
,. 20b 
,. 207 
,. 208 
,. 209 
fA 21U 
" 211 
A 212 
A 213 
A 214 
,. 215 
,. 216 
A 217 
A 218 
,. 219 
,. 220 
A 221 
A 222 
~ 223 
A 224 
A 22~ 
A 22b 
A 227 
,. ?2~ 

,. 229 
A 230': 
,. 231 
,. 232 
A 233 
,. 234 
,. 235 
,. 236 
fA 237 
A 238 
'f¡ 239 
A 24t• 
A 241 
fA 24?. 
A 243 
A ~44 
,. 245 
A 24b 
A 247 
fA 24tl 
A 249 
fA 250 
f¡ 251 
A 25l 
A 253 
A 25" 
A 25~ 
A 2St
A 2Sf 
A 2St1 

A 25oJ 
A 2611 
A 261 
A zt,; 



.-
e 

e 

e 
l91 

301 

e 
e 

J11 
321 
331 
341 

351 
361 
371 
381 
391 
4o1 
411 
421 
431 
441 
451 
461 

471 

481 

'+91 

Sol 
Sil 
521 
531 

541 
551 
5ól 
571 
581 
591 
bOl 
óll 
ó21 
631 

641 

671 
b81 
691 

IF c ..... c;E. eMAXSI bO TO 11 
UPUATt NU~HtR Of CHANNELS ANO cURHfNT TOTAL CUST 
N:f'4+l 
BCOOP~Tl.UnP 
RETUHf\4 ,U~ NEXT HUN WITH ~ORF. CHANNELS CNI 

GO Tu 101 
PRINl OUI UATA EHHOR MESSAGE 
eOf'4Tlf'4Ut. 
WRlTE (NUUTt67U 
WRlTE (NUllltbAl) 
C0f'4llNUt. 
WR!TE (NUIJT t69U 

FORMAl tt0A4l 
FOHMAT t?OHlPROGHA~ QUEUES FOR t1UA41 
FOHMAT tilt9XtF~.~t5XtF5.0tSXtllt~XtF3.0I 
FOHMAT t\4HOARRIVAL TYPE tlltijH HAlE = tf8e2t8h COST =tF8.2tl6H 

1 SCHEUULt. RULE tlll 
FORMAl t~4Xt8H(RANOUMJ) 
FOMMAT t'i5X,6HtFCI'Sl 1 
FORMAl lS5XtSHCSOfll 
FORMAl tt2F~eOI 
FOHMAl tlh tl4t2~H ARRIVALS READ lN AS FOLLO~SI 
FORMAl tlH ,12F5eUI 
FORMAl tllt9XtF5ouo~X,·FlOoOtflO•U•f3.Ql 
FORMAl t¡4HOSERV1CE lYPE ~I1t8H T!ME = t~8•2l 
FOkMAT t~XelJH F!XED COSl StFée2t~Xtl~H VARIABLE COST itF~e21 
FOHMAT tlh .l4t27H sERVICE ~EAD iN AS FOLLOWSI 
FORMAl IT1 9 ~X 9 11 9 ~X,F5.01 
FOHMAT I?UHONO. CHANNELS START t1lt5H MAX tl1t8XvlhH MAX TIME tf6 

l. o 1 
FOkMAT t 1lHnF IRS T hENTV OCCU¡:;fi'(tl¡;tS FOH I ltlBH SERV ICE CHANNE 

lLSl 
FORMAT t~H ARRIVALt4Xt44~------D~~ARTURE TIME Al CHAN~EL NUMBER-· 

1----l 
FOHMAT 

lNINEI 
FOHM~l 
FOHMAl 
FOHMAl 
FOHMAl 

1 ) 
FOHMAT 
FORMAl 
FOkMAf 
F- O reMA 1 
FORMAl 
FORMAt 
FOkMAT 
F OHMA T 
FOHMAT 
FORMAl 

1tF9.21 
t-"ORMA T 

ltF'7.2l 

~4H 1IME---,4Xt44HONE TWO THREE FOUR FIVE. SIX SEVEN EIGHT 

I}H tF6e1t~Xt9F5ell 
tLOHO***~AHNING••••QUE EX~tEOEO PROGRAM LlMIT OF 99***) 
t4~HO***WAHNINGooooOUT OF uATA BEFORE TIME LIMIT****I 
t~HOAFTER•l&t8rl ARIHVEO•Fó.0•7H SERVEU•f6e0tll.., TIME UNITS 

12~H QUEUt•MAXIMU~ LENGTH o8X,I7l 
t22H •MEAN LE~GTrl ,8X,F9.11 
12¿H •MEAN WAIT TIME oijAtF9.ll 
t?2H SERVlCE UTILizATION .~X,F9.1,BH PERCENT) 
l)2h AVEH~bE ARRIVALS PER TIME UNll t~lOe4l 
lJ2H AVERAbE SERVICE TIME tFlúe4l. 
1~211 MEAN ~0. IN THE SYSTt~ " tF10e4l 
t<cH ~EAN tiME IN THE SYSTtM ,F10.4J 
t3lH0COSl !NFORMATION OF U~ERATIO~S) 
(rOH COSl~·wAIT I~ QUEUE• F~•!•!lH UNITS Al StF6•2•4H = $ 

t~2H SEHV!CE COST VARIA8Lt.•f7,ltllH UNilS AT $tFó•2titH = $ 

FOkMA T p2H • SE~vl~E COsT FixED 
1= itF'i.cl 
FO~MAl lcOHUTOTAL COST OF OPERAllUNS 

121 
FQHMAT 
FQHMAT 
f-O~M~T 

f. NU 

~~~HvooootMKuR IN GUESI~ UAlA CAHUS****l 
I<~H 00 ~ 0 ~U~~ECT DATA A~U THY AGA!N° 00*l 
t;¿HuQUEU~~ RUN lERMINATEUI 

SU~HUUT&~F A~RIVE 
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A 263 J J 
A 264 
A 265 
A 266 
A 267 
A 268 
A 269 
,. 270 
,. 271 
A 272 
A 273 
A 274 
A Z75 
A 276 
A 277 
A 278 
ll 279 
A 2eo 
A 281 
A 282 
A 283 
A 284 
A 285 
A 28& 
A 287 
A 288 
A 289 
A 290 
A 291 
A 292 
A 293 
A 294 
A 295 
A 29& 
A 297 
A 298 
A 299 
A 300 
A 301 
A 302 
A 303 
A 304 
A 305 
A 306 
A 307 
A 308 
A 309 
A 310 
A 311 
A 312 
A 313 
A 314 
A 315 
A 316 
A 317 
A 31A 
A 319 
A 320 
A 321 
A 322 
A 323 
A 324 
A 325 
A 326• 

8 1 



e 
e 
e 
e 
e 
t 
e 
e 

e 

e 
11 

e 

e 

e 

e 

e 

.C::] 

e 

e 

e 
e 

31 

4) 

5¡ 

ól 
e 

71 

e 
8} 

e 

e 

'-" 
,,~.¡.., ,• ·~w,~ • 

eOMMUN !~PHA(1~1 tANUMtARRRT 1 ARRTM,~H(20tlOlteUMUlLtCUSERV,OEPRT, 
1 U~~TMtltiUStHVtlZtKAtKCUS•KStNt~FLAGtSNUMtSTATUSC91tTo 
2 ltMFtlTIMEtTNARVtTNDPR(Q)tAVAHRAtAVSERVtA~NIStAMTIS• 
3 V~USTtVCOSTStFCOSr,FeOSTStKHu~E,IQUE,CuMQUEllOllt 
4 C.I::»V('T (101) '"H(50ultSR ('500) 

TH!S SU~HOUTlNE CALLEO WHE~ 4N ARH!VAL IS THE N~XT OCCURANCE-
IT U~UAI~~ lhE TIMt SPENT IN GUE ' 
IT UPLJ¡H~~ lHE CLUCK To T"'E TifooiE UF TrE NEW AHRIVEL CPREV19USLY 

SELE\.:IFDl 
lT Cntt~:, lACH CHANNEL TO SEE IF JHE ~EW ARRIVEL CAN HEGIN SERVIeE 
IF A CH~~NEL IS AVAILAALE IT DOES THE F¡RST PART OF THE 

OEPAHI PROCESS!NG OTHERwiSE IT ADDS-ONE TO THE QU~ 
LASTLYt 1T SELECT~ THE TI~E FOR THt NEXT ARRIVAL lO OCCUH 

If CtlalllEeLT.lOUI GO TO 11 
CHECK L~Nf.TH OF Uut, IF OVER qq HULU AT 99 
JQUE=lllo 
UPDA H. 11UURS SPEN T IN ~UEUE 
CONTlNUt. 
eUMQUECJ.wiiEl=CUMQUt(Ic.IUEl•TNARV-T!ME 
UPDAT~ ~LOCK TIME TO NEXT ARRIVAL 
TIME•ll'tAHV 
CHECK lA~H CHANNEL• IF STATUS : o IT IS AVAILABLE 
00 ó1 J:l,l't 

IF C::»luTUS(JlebT.OeOl GO TO ~~ 
00 FIHSI PART OF THE OEPART PROCESSING 
STATUS(.J):leU 
SET TI~~ nF NEXT UtPARTURE 
TNUPR(.JI=T1ME•QSV~J(¡l 

STORE flHST TWENTY OEPARTURE TIMES IN CH 
KCUS=KCU:H l 

If CM.;uS.GTe2ul GO To 21 
li t:.J•l 
CH(KCUSt!Il=TNUPHC~) 
CONTlNU~ 
CHECK I~ oUT OF Sl~ULATIO,.. TIME 

IF (IIIME.LTeTNuPH(J)l GO TO 31 
ACCUMULAI~ P~OCtS~!NG TIME 
CUMUTL=~u~UTL+QSVC1(1) 
CU~EHV:~u~ERV•l•U 

GO Tu ,..¡ 
END OF ~1MULATION UPD~TING 
LAST úE~~RTURE FOHCEO OUT AT TTIM~ 
COP>4TlNUt. 
TK==Q~Vc,; 1 l 1 l • l TNDPH lJ) -TTlfiiE l 

IF (11\.<ileOeUJ üO TO 41 
TK•O• 
CONTINUt. 
TNUPR l J 1 =Tl IfoiE 
CUMUTL=~u~UTL+TK 

GO Tu ~1 
COI'tTlNUt. 

H C .Jo r.E .r.. l GO lO 71 
cor..TlNU~ 
ALL CHA~NELS ARE HUSY• ADD ONE TO THE QUE 
eONTlNUt. 
lQUE:.=lQut.•l 
SELECT AH~IVAL TIM~ (STORE FIRST fwENTY IN CH) 
CONTlNU~ 

GO Tu (~1•10lt111t12llt KA 
POlSSO~ ARRIVA~ l!ME DISTRIBUTION 
COhTINUt. 
R=HANUlutOl 
TNARV=A~!:»(ARRTM0ALUG(R)l 
TNARV=Tt'IIARV+T IME 

bO 1 u 1 '+ 1 
r..EGAllVt. fXPO ARHlVAL TIME nJSTRl~UTlON 
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;.' e¡ 
e ---·z 
8 3 
8 4 
R 5 
8 6 
8 7 
8 8 
e 9 
B lO 
Fl 11 
p 12 
e 13 
8 14 
8 15 
8 ló 
e 11 
8 18 
e 19 
Fl 20 
P. 21 
~ 22 
Fl 23 
8 24 
e 25 
8 26 
P. 27 
B 28 
8 29 
e 30 
13 31 
8 32 
8 33 
8 34 
B 35 
8 3ó 
B 37 
e 38 
8 39 
8 40 
8 41 
R 42 
8 43 
8 44 
P. 45 
8 4ó 
8 47 
e 48 
e 49 
8 50 
~ 51 
8 52 
8 53 
B 54 
e 55 
8 56 
B 57 
B 58 
8 59 
f! 60 
A 61 
8 62 
B 63 
F.! 64 
e 65 
A 66 
e 67 

f 
)' 

1 



101 

e 
111 

t 
121 

e 
e 
e 

131 

141 

151 

e 
1&1 

e 
171 

e 
181 

e 
191 

e 

e 
e 
e 
e 

Zo1 

211 

e 
221 

COt-~TlNUt. 

R=HANUtUtOl 
TNARV=A~~(ARRRT*ALUG(R)) 

TNARV•TNAR~•TIME 
GO TU 1'+1 

eONSTA~l ARRIVAL TIME 
CO~TlNUt. 
TNARV=TlMf+ARRTM 

GO Tu 1'+1 
REAO 1~ A~RIVAL TiMES 
eO~TINUt. 
NUM::ANUP4 
lZColO•lZ+l 

1-F (lLUColeLEeNUM) GO TO 131 
ARtlZYQI=777777e 
NFL.Ab=7t> 
COt-~TlNUt. 

TNAAV=AHliZYQ) 
CONTlNUt. 
IZ•IZ• 1 

lF (.LL.GT.20) úO TO 151 
eHtiZoll=TNARV 

---- ----- --------

ijEGlN LOGlC TO ~TORE ARRIV~L A~U SERVICE liMES lt-1 OUEUE ARRAYS 
fOR EA~~ WAITINb CUSToMER/PRQDUCT 
OETEHMlNE SERVILt. TIME FOR THE ~~w ARRIVAL 

eONTINUt. 
·GO TU e 16 l ' 17 1 • 181 -, 1911 ,-- K S 

POISSON SERVICE RATE 
eONTlt-iut. 
R=RANUCot4l 
T•~BStOt.~RT*ALOGCHl) 

GO Tu 211 
NEGATIVt. EXPONENTI~L SERVICE TIME 
COHTINUt. 
R=l'iANUCotQl 
T•A~St0t.~TM4 AL0G(Hil 

GO Tu 211 
CONSTA~f SERVICE TiME 
CONTINUt. 
T=OEPT.,. 

GO Tu ?11 
REAO•lN ~ERVICE TIME 
CONTlNUt. 
NUMaSNUM 

lF tH.LEeNUM) bO TO 201 
NFLAG=7t"t 
T=&b&bbo. 

GO Tu 211 
CONTI~Ut:. 

T=SR(l.ll 
CONTlt-IUt:. 
QSVCT ( ll~U¡: l =T 

IF ONLY ONE IN YUE - NO SCHEOUL.LNG ~EeESSARY 
lF (h111E·LEe2l uO TO 241 

IQY=ll.lUt. 
USE SLntOULE HULt:. TO REOPOER THt:. YUEUE FOR PROCESS1NG 
~RULE = l FOR RANUOM 
KRULE = 2 FOR FC~S 

KRUL.E = 3 ~OR SUT 
GO TU 123lt2'+1•c2llt KRULE 

C ~OT SCHEDULE RULE 
CONTI NLJt:. 

lF lllWeLt:..2l uU TO 2'+1 
lF ~~~VCTIIQUl.uEeOSVeTCIUQ-l)l GO TO 241 

UTS:uSVL 1 1 Iul.l-1 l 
uSVCTli~u-ll=QSVCTliQQ) 

181 

P. 68 C((\ 
8 69 
8 70 
e 11 
~ 12 
e 73 
e 74 
P. 15 
8 1& 
e 11 
e 78 
8 79 
e eo 
p 81 
8 82 
8 83 
8 84 
B 85 
B 8b 
B 87 
e 88 
8 89 
A 90 
8 91 
A 92 
e 93 
8 94 
e 95 
8 96 
e 97 
13 98 
8 99 
8 100 
8 1 o 1 
8 102 
e 103 
8 104 
e lOS 
e lO& 
8 1 o 1 
8 108 
R ln9 
e 11ú 
A 111 
e 112 
8 113 
B 114 
8 115 
P. 116 
B 117 
e 11s 
e 119 
8 12 !l 
e. 121 _ 
e 122 
e 123 
~ 12'+ 
@ 125 
e 126 
E! 127 
p 12 8 
8 l2Y 
~ 13 o 
~ 131 
P. 13 2 
e 133 



U~V(;Till..lw)=WTS 

IWI.tl•lYCJ-.& 
GO Tu ?21 

C RANUO~ ~r.~EUULE NULE 
231 CO"'Tl"'Ut.. 

t.ti•lYUt:. 
JQyc(HA~U(Ot99) 0 YlJ 

IYY=li.IY•.& 
IF (.&I..IOeLE.ll uu TO 241 

Q T 5=US V(.,;l 1 1 UUE) 
OS~Cl llYUFI=USVCTilQU) 
I.IS~Cllli..II..I):QTS 

e YUEUt:. 1~ SCHtOULEu - RETU~~ 
Zitl COt-ITI"'lH:. 

RETUHI'-4 
EN&.) 

SU~R0UT1~F UEpA~T 
eOMMON J.LPhAil~l tA~UMtARRRlthRRTMt~H! 2 o,Ivl•eUMUTLtCUSERVtOEPRT, 

1 Ut..~TMtltlUStMVtiZ,KAtKCUStK~•"'•~FLAGtSNUMtSTATUSI91tTt 
Z liMFtTTIMEvTNARVtTNOPR(~I•AV~~RAtAVStRVtAMNlStAMllSt 
3 v~usr,vcosrs,FcOsr,Fcosrs,KNuLE,IQuE,cuMQuE!lvl>• 
4 l.l~vr.T 1 101) tAI'((500l tSFdSOOI 

e THlS SlJHHOlJTINE PHUCSSSES THE OEPAHlURE OF t:.Vt:.HY eUSTO~ER 
e IT UPUAit~ THE ~OUMS SPENT I~ THE YÚE 
e IT UPUAit..S THE eLUCK TO T~E ~EXT u~PARTURE TIME IPHEVIOUSLY 
e SELt:.~IEDI 
e IT CHEC~~ THE LENuTH OF T~E QUE 
e IF NO 0Nt.. IN THE YUE IT SETS THE ~HAI\j~EL AT AN IOLE STATUS (THIS 
e OtPAkrU~E WAS ~MEVIOUSLY PA~TI~LLY PROCESSEO EllHER Al 
e AHklvt.. OR MY A ~RIOR PASS THROUuH OEPARTI 
e IF A YUt.. ~XIST THtN TAKE C~E FROM UUEv ITS DEPARTUkf TIMEe 
~ SET rnE CHANNEL Al A BlJSY STATUS A~O kETURN 

CH~C~ Lt..~GTH OF uut, IF OvER 99 HULU AT ~9 
lF IJ.I..IUE..LT.lool GO TO 11 

IwUE=lou 
e UPUATt:. IHE HOURS S~ENT IN QUEUE 

11 eOfliTINUt 
CUMQUE.IJ.wUEI=eUMI.lUt..II~UEI•TNOPRIIJ-TI~E 

e UPUAlt IM~ CLOCK TU NEXT DEPARTUHt TI~E 
TIME=Hw~R 1 I 1 

IF ltwuE.üT.U uO TO Z1 
e THIS St.l.l IO~ COMPLt TES THE PROCES~It-IG OF- A·--clJSTOMER 
e ~HtN NO uwE IS WAliiNG IN THE QUE 

STATUSiti=O•U 
TNUPHI11=~~9999e9 
RETURN 

e THlS ~t.l.IION DOES TH[ OEPART PROCtSSl~G 
e w~tN THt cHAfi.NEL H~S ~lEN BUSY 
C SET NtXr nEPARTUHt TIME 

2] eOI\¡TINlJt.. 
TNUPHIII=TIME+QSV~J(ll 

e STORE F!~Sl TWENTY oEPARTURE TIME~ IN CH 
KeUS=KCU::t•l 

H '"~uS.GTeZoJ) GO To 31 
II=I•l 
eHIKCUS•tii•TNOPRCl) 

31 cot-~TII'IIU~ 
e e~~CK lt OUT OF S!MULATIO~ TIME 

IF IIIT~E•LTeTI~UPRIII) GO TOS! 
e ~ESET SI~TUS BACK TO ~USY ANO RETUNN 

CUMUTL=~uwUTL+Q~VCIC!) 
CUSERV=~usEHV+leU 
~TATUSIU=leU 

e SnlFT StHVleE QUEU~ UP ONE POSITIUN 
DO 41 lt=¡tlQUE 
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e 1f/ 
Fl 135 
8 136 
P. 137 
8 138 
8 139 
A 140 
e 141 
8 142 
8 143 
8 144 
e 145 
8 146 
e 147 
F! 148 
8 149-

e 1 
e 2 
e 3 
e 4 
e 5 
e 6 
e 1 _ 
e 8 
e 9 
e 10 
e 11 
e 12 
e 13 
e 14 
e 15 
e 16 
e 11 
e 1a 
e 19 
e 2u 
e 21 
e 22 
e 23 
e 24 
e 25 
e 26 
e 21 
e 2e 
e 29 
e 30 
e 31 
e 32 
e 33 
e 34 
e 35 
e 36 
e 37 
e 38 
e 39 
e 40 
e 41 
e 4Z 
e 43 
e 44 
e 45 
e 46 
e 47 
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e 

III=U•l 
QSVeTCill=QSVCTCilll 
CONTINlJt. 
QSVCT ( hiUF.: l =o • O 
SU~RTACr n~E FROM YUE 
IQUE= Hlut:.-1 
RETUR~ 

e 
e 

5¡ 

AD~UST T n~D CUMUIL Al TE~MIIIIATlON UF SIMlJLATlO~ 
LAST CU~IOMEH FORCtO TO DEPART AT TTI~~ 
eO~H lNIJt. 
TK•QSVCI lll•CTNDPHII)•TTI~E) 

IF (I~.GT.O.ú) bOTO 61 
TK=O• 
CONTINIJt. 
TNUPR ( 11 =TT I~E 
CUMUTL=~U~UTL+TK 
STATUSCJ.1=1•U 
RETUHN 
END 

FUNCTION ~A~D (~,~~~ 

e MACHlNE uEPE~UENT ~ANDOM ~UMBER Gt.N~RATOH (0 TO 1) 
e THIS VEM~TON FOR CUC 3100 
e K ~ET Al POSITIYE UUU INTEGER TO 1NlTIALIZE 
e K SET Al !ERO TO CUNTINUE STRING U~ RANOOM NUMBEHS 
e SEE NAYLURtCOMPUT~~ SIMULATION TECHNIQUEStWlLEY +SONSt1966 

IF 11'.1 Zlv2ltll 
11 CO~TlNUt. 

N=~ 
NN:K 
NNN:K 

21 CONT lNUt. 
IF '~"> 31931to1 

31 CONTlNUt. 
N=~*lOSl 

IF (NI 41v51t51 
41 eot.~TliiiiJt:. 

N=N+838tsoP7+1 
51 eo~T lNUt. 

XN=N 
RA~D=XN1ts388607e 

RETURN 
e POSITIVt KK RUNS S~CONO STRING OF HANOOM NUMB~RS 
. 6) CONT liiiUt. 

IF '"~·501 71tllt1Cl 
71 CONTlNUt. 

NN=NN°ZII~l 
I F ( 1'4N) ~ 1 • q 1 ' .... 1 

81 CONTlNUt:. 
NN=NN+tl.Jt5~607+1 

91 CONTlNUt 
XNIII=NN 
RAI'IO=XNN/~38~617• 

RETURN 
C KK QVEH ~ RUNS lHlRO STRI~G OF RANUO~ NUMSERS 

lnl CONT11'4Ut. 
NN~=NNN 9 ~·51 

I F 1 ·~ ·~ 1'.1 > 1 11 • 1 t! 1 , 1 2 l 
111 CONTINUt. 

NNN:NN~+l:5)8tlb07+1 

121 CONTINUt. 
XN~N=NNI~ 
RAI'40•XNN~/tl3tl8607. 

RElUHI'-4 
END 
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an lnventory system model 
computes mvencory levels and factory output for 
e factory-wholesaler-retailer mventory system. 
lnventory replenishment and /aad t1me pollc1es 
may be changed m arder to test the effect of 
these polic1es on the performance of the overa/1 
system. 

exercise 

The purpose of an inventory is to provide a separation in t1me or location 
between the production of goods and the consumpt1on of goods. In our 
specialized economy a man 1s no longer h1s own butcher, baker, and 
candlest1ck-maker. Rather, we have production centers (factories) wh1ch are 
spec1al1zed, centrally located, and have high production rates. There is a 
great gain in production efficiency from th1s special1zation, but it also 
reqUires a large increase in Inventaries to separate the centralized factory 
from ·the ult1mate consumer. No longer do we follow the example of the 
little red hen who planted, reaped, milled, baked, and ate (without the help 
of the pig, cow, rabb1t! or d uck) her own loaf of bread. 

The most common 10ventory system 10 our eco'lomy 1s thc factory
wholesalcr-retaller system. The wholesaler prov1des a t1me decoupling serv1ce 
between the factory and the reta1ler, in that he holds the factory o u tput untll 
ordered by the retailer. The wholesaler also prov1dcs a location decouplmg, 
10 that he generally sh1ps goods over a wide geogrdph1c area. Sim1larly, the 
retaller provides a decoupling service between the wholesaler and the con
sumer, m that he mamtains an inventory of goods on display for sale to 
customers. 

The purpose of this exemse IS to prov1de an illustrat1on of the 
dynamic nature of the factory-wholesaler-retailer 10ventory system A com
puter model 1s u sed to calcula te week by week how thc retad 10vcntory, the 
wholesale 10ventory, and thc factory output ratc change 10 response to retad 
sales. The model user may make changes 10 reta1l and wholcsalc invcntory 
policy 10 an attempt to control the overall inventory system. 

25 
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Figure 2-1 The factory·wholesaler-retader sy&tam. 

Section 2.1 explaihs the normal inventory systems and the rules for 
maintaining inventory levels. The following sections present three illustrated 
computer problems for maintaining and controlling the inventory system. 

2.1 FACTORY-WHOLESALER·RETAILER MODEL 
The normal system for the production and distribution of goods in 

our economy 1s through the factory-wholesaler-retailer system. A visual 
conceptualization of this system is shown in F1gure 2·1. The function of the 
retailer in this system is to 

-take orders from customers 
-deliver goods to customers from on-the-!ohelf inventory 
-reordcr goods from the wholesaler 
-receive. shipments from the wholesaler 

The function of the wholesaler is similar to the retailer except that 
the wholesaler's customer is the retailer and there is a time lag between the 
ordering and the delivery of goods. The wholesaler must 

-rece1ve orders from the retailer 
-ship goods from the warehouse inventory 
-reorder goods from the factory 
-rece1ve shipments from the factory. 

Finally, the factory must produce the goods which are ultimately 
sold to the customers. The factory may or may not hold inventaries. In the 
current model the factory does not maintain any inventory so that its only 
functions are to 

-produce goods at sorne rate 
-change production rate as requested by wholesaler 

The model just described 1s a simple abstraction of that which is 
found in the industrial system. Durable goods, such as applicances, more or 

.less follow the system described. There are variations in that sorne large 
retailers order d 1rectly from the factory, or the factory rnay rnaintain a 

. ' 
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showroom and make direct retail sales. In other cases, the factory maintains 
large inventaries and performs the function of the wholesaler. In all of these 
modificat1ons, however, there is a dynamic interplay of sales with the 
inventaries maintained and the factory rateas illustrated in this model. 

The parameters and formulas for the actual computer model of the reta1ler 
are presented in this sect1on. These formulas are a mathematical statement of 
the verbal model des.cription above. We also present sorne sample compu
\atlons using the retail formulas. 

Retall sales are controlled by the customer. They are part of the 
input to the program by the reader. Retail sales in thc past have been about 
100 units per week. 

Relall receipts are the units received from the wholesaler each 
Monda y morning that were ordered F riday one week ( 1 O days) prior. 

\ 
Reta/1 inventory leve/ is the number of units on hand Friday after-

noon at the clase of busmess. The inventory level varíes through the week as 
shown in Figure 2-2. The formula for determining the inventorv level is 

lnventory level = prior inventory level + retail receipts- reta1l sales 

Retail orders are placed with the wholesaler each Friday afternoon 
after determinlng the inventory level. The arder policy is to order the retilil 
sales for the week plus or mmus enough units to return the base stock level 
to 100 un1ts. Thus 

Retail arder= reta1l sales+ (1 00- inventory level) 

The effects of these formulas on inventory level and the reta1l arder 
can be seen 10 the following sample computation. 

In a normal week 

No of 
units 

200 

100 

Retail sales= 100 
Retail rece1pts = 100 
Retail lnventory level = 1 00 + 100- 100 

= 100 
Retail arder = 100 + ( 1 00- 1 00) 

="lOO 

F M Tu W Th F M Tu W Th F 

F1gure 2·2 Reta1l 1nventory level. 

Base 
stock 

time 
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Wholesaler 
Model 

Formulas 

In a week 10 wh1ch sales increase 
Retail sales= 11 O 
Retail receipts = 100 
Retail inventory level = 1 00 + 100- 11 O 
. = 90 

Retail order = 11 O+ (100- 90) 
= 120 

In a week 10 which sales decrease 
Retail sales = 90 
Retail receipts = 1 00 
Retail 10ventory leve! = 1 00 + 1 00- 90 

= 110 
Retail order,; 90 + (1 00- 11 O) 

= 80 

, 

The wholesaler's policies for maintaining inventory and reordering from the 
factory are similar to the retailer's policies. The formulas for the wholesaler 
and sample computat1ons are now presented. 

Wholesale shtpments are dispatched each Wednesday from orders 
submitted by the retailer on the prior Friday. These orders arnve at the 
retailer's on the following Monday. 

Wholesale shipments = retail order (prior week) 

Wholesale receipts 1s the factory production of the previous week 
which 1s received each Monday morning. 

Wholesale receipts = factory production (prior week) 

Wholesale inventory leve/ is the number of units on hand Fnday 
afternoon at the close of business. The inventory leve! actually varíes 
through the week as shown in Figure 2·3. 

The formula for determining the Friday afternoon invcntory level 
is as follows: 

No. of 
units 

300 

200 ==1--~L ____ j ____ L ___ _ 
100 

F M Tu W Th F M Tu W Th F 

Figure 2-3 Wholesale inventory. 

Base 
stock 

T1me 
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Wholesale inventory leve! = prior inventory level + wholesale receipts 
- wholesale sh1pments 

Wholesole orders are placed with the fac:tory each F riday afternoon 
after taking mventory. The factory, however, requires a week to c:hange the 
product1on rate, so two weeks pass before the wholesaler receives the actual 
order. The policy is to order the current week's shipments plus enough units 
to return the base stock toa normallevel of 200 units. The formula is 

Wholesale order = wholesale shipments 
+ (200- inventory level) 

The effects of the wholesaler's policies can be seen in the following sample 
computation. 

In a normal week: 
Wholesale sh ipments = 1 00 
Wholesale rece1pts = 1 00 
Wholesale inventory level = 200 + 100 - 100 

= 200 
Wholesale order = 1 00 + (200 - 200) 

= 100 

In a week in wh1ch shipments mercase 
Wholesale shipments = 11 O 
Wholesale receipts = 1 00 
Wholesale mventory level = 200 + 1 00- 11 O 

= 190 
Wholesale order = 11 O+ (200- 190) 

= 120 

In a week in which shipments decrease 
Wholesale shipments = 90 
Wholesale rece1pts = 1 00 
Wholesale mventory level = 200 + 100- 90 

= 210 
Wholesale order = 90 + ( 200- 21 O) 

= 80 

lt should be noted that m the present simpiified model, the wholesaler only 
services one reta1ler. This is an obvious oversimplificat•on from the real 
world and allows the analysis to isolate the effect of a single retailer in thc 
entire system. 

In th1s model, the factory mamtains no inventory. The factory produces at 
thc rate spec1fied by'the wholesale order. There is, however, a one-week 
delay when changing thc production rate anda one-week delay for shipping. 
The net effect is that the wholesaler receives the actual order two wecks 
after 1t is placed w1th the factory. Thus, for example, one m1ght have the 
situation- shown m F1gure 2-4. 

-
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2.2 

Week Wholesa/e Factory Wholesale 
number order rote receipts 

1 100 100 100 
2 120 100 100 
3 80 100 100 
4 100 120 100 
5 100 80 120 
6. 100 100 80 

Figure 2-4 Changmg factory productaon rate. 

NORMAL INVENTORY POLICY 
This section presents the results of followmg a normal mventory 

policy. By "normal" we mean that the rctailer and wholesaler follow the 
rules described m the preccdmg sect10ns. The most sagnif1cant rule, wh1ch 
w1ll be analyzed in detall later, 1s the reorder rule The normal reorder rule 
which 1s followed m the current problem is 

Order the current week's sales plus or minus enough to bring the base 
stock back to 1ts norma/leve/. 

following this reorder rule and the other mventory polic1es outlined 
m Secuon 2.1, one can compute over a number of weeks the mventory level 
and orders in response to retail sales. For example, if retail sales are 100 in 
weeks 1 and 2, then mcrease to 11 O in weeks 4, 5, 6, and 7, results will occur 
as shown in Figure 2-5. 

These results are arrived at by following the computation formulas 
given in the preceding section. For example, the formula for the retail arder 
each week is as follows: 

Retail order = weekly sales+ ( 100- inventory level) 
·- - ----- --- -- - -The retaiLordecin_ week .i is 11ü__ur:'_i~ dcrived from the above for

mula as follows: 

Retail order= 110+ (100-90) 
= 120 

Week Retal/ Wholesale Factor y 
No. St1Jes Re e /nv Order Shlp Re e lnv Order Rote 

1 100 100 100 100 100 100 200 100 100 
2 100 100 100 100 100 100 200 100 100 
3 110 100 90 120 100 100 200 100 100 
4 110 100 80 130 120 100 180 140 100 
5 110 120 90 120 130 100 150 180 100 
6 110 130 110 100 120 100 130 190 140 
7 110 120 120 90 100 140 170 130 180 

Figure 2-5 "Normal" anventory policy. 
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lt is quite possible to compute the results by hand for as many weeks 
of operation as desired. Fortunately, the computer program will do the 
tedious calculat1ons. We next consider briefly the data cards required to run 
the computer program and then we will analyze twenty-five weeks of 
operation by using the computer model. 

This section presents the data cards required as input to the computer pro
gram. The program listing 1s found 10 Section 2.6. 

User name card is the first card in the data deck. lt is used to identify 
'who is mak10g the analysis and any other identification desired. This card is 
free fleld, in that any information may be keypunched 10 columns 1 to 40. 

OODODODDDOOODOOODOOOOOOODDOOOOOOOGOOOGOOOOOOQOOOO 
_•_!.,!_! ~·..!.! ~·~11.2,1 !!..'~'..!!.''..!.'.!1' !!.]~..!!..!! ~ .!.?~.!!.!' ,.!.Jl_!!_la .!!2 ~ ~ ~ ~d~ 

Control card is the second card in the data deck. This card contains 
the number of weeks to be analyzed, which is punched in columns 1 and 2. 

2'.5 

OOOOODDOOOOOOOOOOOOOOOOOOOJOOOOOOQOODOOOOOOOOODOD 
1 1 J • 1 1 1 a 1 11 11 u 11 u u 11 u 11 '' n n n u z• n 1111 n n 11 u u u lA n • n :11 n u '' n n M q q u u tt -------------------------- --· 

Weekly sales cards conta10 the week number and the retail sales for 
that week. There 1s one card per week and the total number of cards must be 
exactly the number spec1f1ed by the control card. The week nu mber is 
keypunched 10 col u mns 1 and 2. The retail sales for the week are in columns 
11, 12, and 13, nght justtfied (that is, the last dig1t is always in column 13). 

01 100 

OOOOOOODDOOOOOOOOOOOOOOOOOOOOOOOOQOOOOOOOOOOOOOOO 
1 1 1 • 11 a 1 1 1 '' u n 11 •• '' 11 n 11 11 1111 n n u n 1111 n n 11 11 u u 1t D a 11 JI :n u u 11 u u u u •r "' •• ----------------------------

The complete data deck setup for problem one is shown in Figure 
2-6. Each typewritten ilnc 10 the f1gure corresponds to one keypunched data 
card. 

The computer printout resulting from the normal reorder policy is depicted 
in F1gure 2-7. The f1rst l1nc 10 the computer output is a reproduction of thc 
information keypunched on the f1rst data card. The last linc of the computer 
output 1s information from the second data card, the control card. The 
notat10n 25 WEEKS RUN is a re111inder that the control card specif1ed that 
25 wecks of data were to be run. lf there is too ilttle weckly sales data or 1f 
the weekly sales data is out of arder the computer wlil pnnt the messagc 
SOMETHING WRONG WITH YOUR DATA and stop process10g the pro
gram. 
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EAlRCI~E O~l ~y ROY HARNIS 
2!:1 
01 1UO 
OZ luO 
03 110 
u• llu 
o~ uu 
OCI 110 
07 110 
Otl llu 
OY .ll U 
lO llO 
11 110 
lil! Utl 

13 111' 
14 110 
1!1 lht 
16 uro 
17 llil 
lb 110 
lt;t U'l 
zo ll\1 
21 110 
2Z llli 
ZJ 111'1 
24 11.; 
2~ 11•' 

Figure 2-6 Computer'input-normal pohcy. 

PROGRAM ¡NSYS FOR EXERC¡SE ONE BY ROY HARR¡S 

WEEI\ -------RETAIL·-··--·-· oooo•wHOLESALE••••oooo 
NO o SALES REC I~V ONOER SHIP REC INV ONDEN 

1 lOO lOO' litO loo lOO lOO 200 lOO 
2 100 lOO lOO lOO lOO 100 200 loo 
3 110 lOO ~o 120 lOO lOO 200 lOO 
4 110 lOO 140 130 120 10() 180 140 
5 110 120 YO 120 130 lOO 1~0 18u 
Cl 110 130 110 lOO 120 lOO 130 190 

--- ------ ------- - ---- ~ --~- - ~7~ -rro 120- --r2-ó~ ~ - 90 lOO-
~ - ~ 

146 1n 13(' 
8 110 lOO 110 lOO 90 180 260 J(, 
t,l 110 90 qo 120 lOO 19() 350 e 

lO llU 100 ~o 130 120 130 360 (l 

11 110 120 YO 120 130 Jo 260 7.J 
12 110 130 110 lOO 120 o 140 18<. 
13 110 120 120 90 lOO o 40 260 
14 110 lOO 110 lOO 90 70 20 270 
15 110 90 ~o 1211 lOO 180 lOO 200 
lCI 110 lOO 130 130 120 260 240 81· 
17 110 120 '10 120 130 270 380 1) 

lit 110 130 un lOO 120 200 460 (. 
¡q 1111 120 120 90 lOO 80 440 o 
20 110 100 110 lOO 90 o 350 n 

21 110 90 90 120 lOO o 250 s •. 
22 110 lOO fiO 130 120 o 130 190 
23 110 120 <10 120 130 o o 331' 
24 110 130 110 lOO 120 so o 320 
2S 1111 120 120 90 lOO 190 90 210 

z~ wEEKS RuN o o o o 

Figure 2·7 Computer output-normal policy. 
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lt 1s qu1te evident that the so-called normal mventory policy is not a very 
smart polic:y. A simple mercase in retail sales io a new level 10 percent higher 
than before has set off uncontrollable fluctuations 1n the wholesale inven
tory and m the factory rate. Even though the factory services only one 
wholesaler and one retailer these unc:ontrollable swmgs cause the fac:tory to 
completely shut down by week 11. Negative inventaries, orders, or factory 
rates are not allowed. 

By week 25 the situation is still not in control. The retailer has not 
stabilized his inventory level back to 100 units, the wholesaler has not 
stabilized, and the factory is going from boom to bust. This cyclic behavior 
in the system is the result of ttie lead times in the system and the "bllnd" 
ordering policies of the retailer and the wholesaler. The next two sections 
consider sorne methods for bringing this situation unde1 control. 

2.3 CONTROLLING THE REPLINISHMENT RATE 

The 
Replenishment 

Concept 

This section cons1ders the problem of controlling fluctuauon in the 
inventory system through a change in the reorder policies of the reta1ler and 
the wholesaler. The basic concept applied 1s that of dampening the ampli
tude of change. Th1s concept 1s 1mplemented by changing the reorder pollcy 
to decrease the amount of replen1shment of the base stock. The new policy, 
the computer output, and an analysis of the results are presented here. ~· 

According to the old policy, the reorder formula for the re taller is 

Retail order = retail sales+ ( 100- mventory level) 

This policy says in effect that the retailer wants to replenish the stock he has 
actually sold during the week. 1 n addition, 1f sales are above or below the 
base stock level of 100 units he wants to milmtam, he wlll arder enough to 
bring the base stock to 1 OO. 

This policy appears reasonable enough but it is based on the rather 
nearsighted assumptions that 

-future sales will be the same as th1s week's 
-stock replerlishment is mstantaneous 

Thc first assumption is obviously risky for almost any rcta1l ope1a
t1on. Thc sccond assumpt1on is obv1ously not fulf1lled m the prescnt system. 
The retaller orders on Friday, thc goodsare sh1ppcd on thc next Wedncsday 
and recc1vcd the following Mond.ty. Each Friday, thc retaller orders enough 
"to brmg thc b.tse stock back to normal" even though the goods he ordercd 
the pnor Fnday to bring the base stock back to normal still have not arrived. 
When thc order does arrive the retailer ovcrreacts by ordcring too llttle thc 
nex t time. The net result, as seen m Sect1on 2.2, 1s that the retailer is never 
able to stab1lizc his arder or mvcntory level. Busmess cycles may be causcd 
by just th1s kmd of behav1or. 

One way to dampen thc swmgs is to changc the replcn1shmcnt poilcy 
to spcc:ify that only a pcrcentagc of the base stock d1ffcrence is to be 
ordcred. Thus we change thc formula to 

Rctail ordcr = reta1l sales+ ( 100- mventory lt:vel) (A%) 
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Computer 
Input 

-Replenishment 
Rate 

(~ 

' lf we sct A at 50 perccnt and thus try to make up only one-half the 
difference, then we can compare thc retail order when sales are up to 110 
units. 

0/d Po/ley 

Retail order = 11 O+ ( 100- 90) 
= 110+ 10 
= 120 

NewPol/cy 

Reta JI order = 11 O+ [ ( 1 00- 90) X 0.5] 
=110+5 
= 115 

When sales are down. to 90 units the result is 

0/d Policy 

Retail order = 90 + ( 1 00- 11 O) 
= 90-10 
=80 

NewPolicy 

Reta JI order = 90 + [ (1 00- 11 O) X 0.5] 
= 90-5 
= 85 

The overall effect of the new policy 1s that the retailer only partly reacts to 
increases or decreases m the base stock and allows some time for inventaries 
to return to normal. The wholesaler may follow a similar policy in ordering 
from the factory by including 8 percent m the wholcsale order formula. 

User name card remains unchanged. The new reorder policy is implemented 
by specifying on the control cord the percentage value for A (retailer) in 
columns 11 and 12, and 8 (wholesaler) in columns 21 and 22. 

2'5 50 50 

DOODDODODDOOODOODODOOOOODOOOOOOOOOOOOOOODDOOUOUOD 
- '_!..!..! ~·..!....! .!_11.!!.,1!..!1 .!!.•! .. !! .. _1'-!!..11_!!.~ !!Jt.E.!!..!! !!2' .!2~.!.!' _!.ll.2!_11]!!1 ~ ~ ~ ~Q~ 

lf the field is left blank, the value for A or B 1s set to 100 percent. Otherwise, 
A or B may be set from 01 to 99 by the user. 

Weekly sales cards are keypunched as in Section 2.2. 
---------- ---~ -------- --- A__complete_data_deck_llsting_fouhe_new_policy_is shown_m_F_igur~---- ______ _ 
________ _____ 2-8. The retailer and the wholesaler only try to make up 50 percent of the 

differcnce in base stockunder the new policy~ 

Computer 
Output 

-Replenishment 
Rate 

Analysis 
of the 

Replenishment 
Rate 

Control 

The computer pnntout for the new 50 percent reordering leve! pol1cy wh1ch 
is generated from these data cards is shown in F 1gure 2-9. Note that the last 
hne of the printout includes the input values for A and 8 specified in the 
control card. 

The overall result of the new reordermg policy is a dramatic improvement in 
the performance of the inventory system. 

Retail reorders match the new sales level within eleven weeks. 
Wholesale reorders match the new sales levcl within twelve weeks. 
Factory rate is not yet stable, but appears to be dampening out. 

Most significantly, the system is no longer out of control, i.e., caught 
up in uncontrollablc fluctuation. The fluctuations have been dampened out 
and the system stabilizes it5elf to the new sales level. 
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Figure 2-8 Computer mput-replemshment rate. 
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WfE.K -----·-RETAIL--------- •••••WHOLESALloooooe•o FACT0Hf 
NO. SALES HlC I.~v OROER SHlP REC INV OHOER ~ATE 

.l lOO lOO 1(10 lOO lOO lOO lOO 101' liJO 
2 lOO lOO loo lOO lOO lOO 200 lOO 1uv 
3 110 lOO '10 11 ';) lOO lOO 200 lOO 1110 
4 110 lOO lo! O 120 11~ lOO 18S 12J 1-IU 
~ 110 115 liS 118 120 lOO 165 1311 luU 
6 110 120 ~S 113 111:1 lOO 148 144 l¿J 
7 llll 118 1 "3 109 113 123 15R 134 lltl 
ti 110 lll l-¡5 108 109 13A 186 llb 1 .. 4 
'1 110 109 1 t•4 106 108 144 223 9b 134 

lO llU 108 1 •11 109 108 134 248 84 ll b 
11 110 lOA ~9 1111 109 116 254 82 ~b 

12 llU 1oq '19 111 110 96 240 91 tl4 
13 110 110 99 110 111 84 214 10 .. t12 
1 .. 1111 111 1~0 110 110 R2 lBS llfl c.¡ u 
15 110 110 luo llO 110 9:> 16S 127 lu" 
16 110 110 1110 110 110 104 159 lJn llt1 
17 1111 110 loo 110 110 118 167 l2b 1¿7 
18 110 110 loo 110 110 127 185 118 ¡Ju 
19 110 llO loo 110 110 130 20S 107 12b 
211 110 110 1no 110 110 12t> 221 99 l1t1 
21 110 110 1 ¡]() 110 110 1lti 229 9b 1 ... 7 
22 110 110 1110 110 110 107 226 97 c.¡._ 
¿j 11 u 110 lvo 110 110 99 ?16 lO? 'ib z,. 110 110 l•J o 110 11 o 9f> col 10-i 97 
2!) 110 11 O· luo 110 110 97 188 11b 1u2 

2!) wEEKS AUN 5~ 50 o o 

Figure 2-9 Computer output-replemshment ratc. 
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However, all is still not perfect. There is sttll a long time lag befare 
the factory "catches on" to the new rate. Moreover, a s1mple 10 percent 
increase in sales still causes a 20 percent change m thc wholesale shipments 
and a 44 percent change in the factory rate. Sect10n 2.4 considers additional 
control measures for bringing the inventory system under even tighter 
control. 

2.4 CONTROL OF LEAD TIME 

Lead 
Time 

Concept 

This section considers the problem of controlling fluctuations in the 
inventory system through a decrease in the lead time between the arder and 
the receipt of goods. The basic concept is to change the lead time required to 
rcspond to changes in the system. This concept is implemented by testing 
the effect of faster dclivery from the wholesaler and faster changeover to a 
new production ratc by the factory. 

Under the "normal" system setup the two basic Jead times m the system 
were ( 1) between the arder and receipt of goods by the retailer, and (2) 
between the arder and receipt of goods from the factory. These were as 
follows: 

Reta/ler normallead time 
Order on 
Friday week 1 

Delivered on 
Monday week 3 

Wholesolq normallead time 
Order on Change rate 
Friday week 1 Week 3 

Deliver goods 
Monday week 4 

The effects of these lead times are clearly seen in Sectlon 2.2 when 
the retailer reorders every Friday to make up goods that have prev1ously · 
been ordered. In effect, he makes a double reorder for the same goods.-ln 
addition, the factory takes seven weeks to begin to respond to a change in 
retail sales. 

In the current example we will cons1der the effects of decreasing this 
Jead time. The new pohcy is to work the wholesaler on Saturday 10 arder to 
deliver Friday-afternoon orders the very next Monday. Thus 

Retailer decreased lead time 
Order on Delivered on 
Friday week 1 • Monday week 2 

Similarly the Jead time for the wholesaler may be changed if the 
factory can shift to a new production rate without a week lag and 1f the 
factory ships over the weekend. 

Wholesoler decreased lead time 
Order on 
Friday week 1 

Change rate 
week 2 

Delivered in 
week 3 

.. . 
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/:! 
The user name card is the same as that in Section 2.2. The change in 

thc lead times is lmplemented in the computer model by two fields in the 
control card. A speedup of one week in the wholesaler deliveries is accom
plished by placing a 1 in column 31 of the control card. A speedup of one 
week in the changeover of the factory is accomplished by placing a 1 in 
column 41 of the control card. 

The control card now reads 

2'5 50 50 1 1 

OIDDDQODODDDDDDODD8BOOOOOQD000008008DDODDDOODOOOO 
- '..!,!..,! .! .. .'.!...! ,!_11.!,!,_1!,!1!. ft..!,.!!.!!_,ll_!!.~ !,."~1!.,!!!!,!'.!_11,1'~ _!..•..!!...JI,!!2 ~ ~ ,!!1 !!_U,!!_ 

The weekly sales cards reta in the same forma t. 
Tbe complete data deck setup to test the effects of the decreased 

lead time is shown in Figure 2-1 O. 

The computer printout with lead time decreased is shown in Figure 2-11. 

The result of the new lead time policy is a further improvement in the 
overall performance of the mventory system. 

Retail orders match the new sales rate within five weeks. 

lXE~ClSE Tt1REE BY ROY HARHIS 
2~ So so l 1 
Ol 1UO 
o~ lOO 
03 110 
o• 1111 

os llr' 
Ob 11c 
01 llo 
Ob 11 ¡) 
O'i 1ll~ 

10 llll 
11 11 
lé 11· 
13 u· 
14 ll•· 
1~ llr 
lb 11• 
17 llr 
lb llr 
1<; 11:· 
20 110 
21 11f, 
2Z 111• 
23 11 1• 

~ .. 11•1 
2~ 11l< 

Figure 2-10 Computer input-lead times. 
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WEEK •••••••RE T A IL----·-···· ooooowHOLESALEoooooooo FACTORy 
NO o SALES WEC INV ORO E k SHIP REC INV ORDEN 

1 lOO lOO lOO lOO lOO lOO 200 lOO 
2 lOO 100 luo lOO lOO 100 200 lOO 
J 110 lOO 90 115 115 lOO 185 123 
4 110 115 95 113 113 lOO 173 126 
~ 110 113 98 111 111 123 184 119 
b llU Ul 99 111 111 126 199 111 
7 llu 111 99 110 110 119 208 lOb 
~ 110 110 loo 110 110 111 209 lOf> 
9 110 11 o too 110 110 106 205 107 

lO 110 110 1(10 110 110 106 201 llú 
11 110 110 loo 110 110 107 1<,18 111 
12 110 110 loo 110 110 110 19A 111 
13 u o 110 loo 110 110 111 199 111 
lio 110 110 lOO 110 110 111 200 lH 
15 110 110 loo 110 110 111 200 11· 
lb 110 110 lOO 110 110 110 201 ll'J 
17 110 110 loo 110 110 110 200 111.' 
11:1 110 110 lOO 110 110 110 200 11l· 
19 1111 110 1:!0 110 110 llJ 200 llú 
20 110 110 lOO 110 110 110 200 110 
21 110 110 loo 110 110 110 200 llC 
22 110 110 loo 110 110 110 200 1111 
23 11U 110 loo 110 110 110 200 llC' 
2tt 110 110 1()0 110 110 llíl 200 llU 
25 110 110 loo 110 110 110 200 llG 

2!:» wEEKS wUN 50 so 1 

Figure 2-11 Computer output-lead t1mes. 

Wholesaler orders match the new sales rate withm e1ght weeks. 
Factory rate 1s set to the new sales level m mne weeks. 

RATE 
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110 
1111 
llu 
110 
110 
llU 

1 n addition to cuttmg response lags down, there is less fluctuation in 
the inventory levels. 

A simple increase m sales of 1 O percent causes a 15 percent change in 
wholesale shipments, down from the pnor 20 percent change. Also, the 
factory rate changcs 20 percent, down from thc pnor 44 percent. Thus, m 
general, 1t may be said that the mventory systcm 1s now m better contrÓI. 

There are, however, many compllcatlons one could add to the model 
béfore it would approx1mate the real world. For examplc, customers are 
never so kind as to provide such nice uniform retail sales. Hence, the user 
might want to try his hand at controllmg the inventory system 1f reta1l sales 
were to randomly fluctuafe between, say, 80 un1ts and 120 units in any 
given week. 

REFERENCES Ansoff, H. 1., and D. Slevm, "An Appreciation of lndustnal Dynam1cs," Monagement 
Sctence, vol. 14, no. 7 (Mar'h 1968), pp. 398-415. 

Buffa, E. S., Modern Productton Management, New York: W1ley, 19b9. 
--, Models for Production and Operatlons Management, New York: W1ley, 1963. 



. ~ .. , - ...,; <: : ..... · --...,', ./rsY~. . . 
• ,-<·~ ~r~·:-· ""' - . ~-· .. 

Fetter, R. B., et al, Declsion Models for Invento/y frlanagement, Homewood, 111.; lrwi_n, : 
1961. ' '·' ., ' ., 

Forrester, J. W., Industrial DynomiCs, Cambridge, Mass.: M.I.T., 1961. 
\-,, -

--, "Industrial Dynamics-After the First Oecade," Monogement Science, voÍ. 1,4, 
no. 7 (March 1968), pp. 398-41 S. 

Gavett, ). W., Productlon and Operot1ons Manogement, New York: Harcourt, Brace.·&·· 
World, 1968. , 

Meier, R. C., W. T. Newell, and H. l. Pazer, Slmulotlon in Business and Economlcs, 
Englewood Cllffs, N.).: Prentice-Hall, 1969. 

Olson, R. A., Manufacturlng Management: A Quantltotlve Approach, Scranton, Pa.: 
• lnternational Textbook Co., 1968. 
Plossl, G. W., et al, Production ond lnventory Control, Englewood Oiffs, N.).: Prentice

Hall, 1967. 

2.S INSYS DATA DECK STRUCTURE 

( 

Control Card 
Card columns Format · 

1, 2 12 
11, 12 12 
21, 22_ 12 

31 1 1 
41 1 1 

Addrtronsl data sets 

11 
week 

(

1,2 
Sales 

Weekly sales card 

Control cerd 

Usar narna card 

/te m 

No. of weeks 
Percentagc value for rctalier 
Percentage value for wholesaler 
Wholesaler lead time 
Factory lead ume 

1 

t 

:¡. 
t 

! 
1 

t 
t 

V 
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2.6 INSYS PROGRAM LISTING 
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EOQ 
a modal tor lnventory orderlng po/ley 
computes the most economtca/ mventory order quanttty under a 
variety of cond1t10ns, mcludmg prtce dtscounts, shortage cost, and 
storage limitiWon!l. 

ti 
~~x~~~ t~~-=~sE~ 3 

A primary purpose of inventaries 1s to decouple production from consump
tion. lnventones are goods wh1ch may be used as a hedge against uncertamty . 
in demand oras a buffer for product1on fluctuations. 

The replenlshment of mventories is the top1c of this exercise. We 
describe an elementary, but fundamental, inventory replenishment model 
the Econom1c Order Quant1ty (EOQ) model. 1 n Sect1on 3.1, the develop
ment of the basic EOQ model 1s g•ven. In Sectlon 3.2, the basic EOQ model 
is extended to include a real world phenomenon: quantity pnce discounts. 
1 n Section 3.3, the basic model is modif1ed to mcorporate shortage costs. 
Cons•derat1on of storage llm 1tat1ons and their effects u pon the order quan
tlty dec1s1on are the subjcct of Sect1on 3.4. 

The rational bas•s for dec1dmg how much, 1f any, inventory to hold, 
and to order, 1s an econom1c basis. There are costs assoc1ated with holding 
mventory in stock, e.g., msurance, taxes, mterest on capital, and so on. 
Conversely, there are costs related to not holding mventory, e.g., lost sales, 
frequent purchase orders, product1on delays, etc. There 1s also the cost of 
purchasmg the replenishment for 1nventones, e.g., paperwork and matenal 
handling. 

Thc mtent of th1s exerc1sc is to allow the uscr an opportunity to gct 
a feel for the effects of changmg parametnc values in the bas1c econom1c 
order quantity formulas. Hence, the reader 1s encouraged to conduct sens· 
itivity onolysis on ec~ch parameter m the EOQ formula. 

3.1 ECONOMIC ORDER QUANTITY 
This section mtroduces thc bas1c Econonuc Ordcr Quantity (EOQ) 

model. 1 t al so dc~cnbes in detail the data cards rcqUlrt'd for the accompany· 
mg computer program, and the computer output. 

43 
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Frgure 3-1 lnventory level and usage pattern for EOQ model. 

_ Avcr.1gc = 012 onvcnlory 

A bas1c assumption of the EOQ model 1s that the consumptron of the 
inventory is constant over trme and that 1t 1s possrble to replenrsh the 
inventory on very short notice. The quantrty m rnventory at any pomt in 
trme, for this circumstance, 1s shown m Frgure 3-1. The bas1c EOQ model 
also assumes no quantrty pnce drscounts and no backorders. 

In this "sawtooth" usage pattern the inventory 1s consumed over 
t1me until it is depleted. 1 t is then instantly replenrshed (stra&ght vertical 
line), and the usage continued. 

The rational basis for determining inventory levels 1s to balance the cost of 
holding inventory agaínst the cost of not holding rnventory. In the consump
tron s¡tuatlon descnbed above, the types of cost for holdrng the rnventory 
are farrly obvious. Storage must be prov1ded for the rnventory and the 
mventory must be financed. 

The cost of not holding mventory may not be so obvious. Since 1t . 
was assumed that the mventory was easrly and rnstantaneously obtarnable, 
then there 1s no cost atrached to berng caught short. However, like a 
housew1fe who goes to the grocery store three t&mes each day to purchase a 
srngle meal, there 1s a cost attached to procurement of the inventory. Not 
holding mventory may lead to very h&gn procurement cost. 

The issue rn the econom&c order quant&ty model &s to determine how 
much mventory to order each t&me. The cost of procurement per un&t goés 
down if more 1s ordered each time, but the cost of holding mventory goes 
u p. F 1gure 3-2 shows a graph&c representat&on of these costs as they vary 
with the s&ze of the order. The total rncremental cost of inventory is shown 
as the top curve on the graph in the figure. 

Total incremental cost = holding cost + ordering cost 

The best rnventory pol&cy 1s to order the amount of rnventory each t&me ~ 

wh&ch y&elds the m&n&mum total cost. Th1s "correct quant&ty" to order is 
called the economic order quantity (EOQ). 

The following defrn1t1ons and variables w&ll be used in deriving a 
mathematical expression for the EOQ. 



Cost $ 

o 

45 
EOQ 

Total incremental 
cost 

Cost of holding 
inventory 

Cost of ordering 
inventory 

Units 

Figure 3-2 Coats of holding and ordering mventory. 

Holding cost =(average inventory) X (unit inventory holding 
cost per year) 

= (Q/2) X (P X FH) 
where Q = quantity·ordered 

P = price per un1t 
FH = annual unit holding costas percentage of the unit price 

Order cost = (number of orders per year) X (cost per order) 

=~;)x(cp) 
where R = annual requirements in units, leve( demand 

Cp = procurement cost (includes costs of paperwork, 
handling, etc.) 

Cost of inventory = (unit price) X (annual requirements) 
= (P) X (R) 

Total cost =holding cost +arder cost + cost of mventory 
Q XP X FH R X Cp 

Total cost = 
2 

+ Q + P X R 

. Q X P X FH R X Cp 
Total incremental cost = 

2 
+ Q 

Solving for the economic arder quant1ty Q0 by algebra: the mínimum pomt 
on the total mcremental cost curve is where the inventory holding cost and 
the procurement cost curves intersect. Where they intcrsect they must be 
equal. Therefore, at Q0 : 

Q (P X FH) = (/}_) Cp 
2 1 Q 

Clearing denominators: 

Q(Q)(P X FH) = 2(R)Cp 

1 
_ 2RCp 

Q - PXFH 

Q = lff% 
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Solvmg for Q by· calculus· the mínimum pomt on the total incremental cost 
curve is where the f1rst denvat1ve equals zero. Talo..mg the f1rst denvauve w1th 
respect to Q and setting ll equal to zero: 

O = (P X, FH)/2- (R/Q 2 )Cp 

(P X FH) = RCp 
2 Q2 

Q2 = 2RCp 
PXFH 

Q = J2RCp 
PX FH 

\ 

lt 15 a straightforward matter to find the economic order quant1ty (EOQ) 
and the total inventory cost (TC), when the values for R, Cp, P, and FH are 
known. For example, if 

R = 1600 umts (total annual usage) 
Cp = $5.00 (cost of one procurement) 

P = $1.00 (un1t pnce of product) 
FH = 0.1 O ( umt holding cost per year as percentage of price), then 

2 X 1600 X 5.00 
1.00 X 0.1 

Q =400 units 

T ( ) 
400 X 1.00 X 0.1 

otal cost re = 2 

TC= 20.00 
TC = $ 1640.00 

1600 X 5.00 
+ 

400 
+ 1.00 X 1600 

+ 20.00 + 1600.00 

This computation 1s not too tedious to do, if there is only one.· 
However, when there are many alternatiVes to test and when more compli· 
cated formulas are reqUired, then a computer program 1s a great computa· 
t1onal aid. The next sect10n introduces the data mput and computer output 
for the simple example shown above. In following secti,ons more complicat~d 
problems illustratmg the use of the computer program w1ll be presented. 

Before descnbing the data cards, several comments wlll be made pertamirig 
to the program itself. The user should keep these comments 1n mmd when 
usmg the program. • 

The program 1s applicable only to a fixed-order·quantity inventory 
system, and all quantities in the program are expressed in annual amounts or 
rates. In the case of R (annual inventory reqUirement), a level usage rate is 
assumed throughout the year. In arder to convert the program for monthly 
or seasonal calculations one would have to adjust the imputs to the same 
time scale. 

Although the figure available for mventory holdmg costs is often 
stated asan annual cost per umt, this program reqwres that holdmg costs be 
expressed as a percentage of the unit value of inventory. 

To run the economic order quantlty computer model, only two cards 
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are required: (1) the user name card, and (2) the "data" card. When multiple 
problems are batched together, a new name card is required for each 
problem. 

The user name card may contain any identifying information (such 
as the user's name) which is desired. This identifying information is key
punched in the first forty columns. 

MAGGARD EOQ PROBLEM OI'IE 

DDDOOOADOBDDOOOOODDDDDDDOOODOOOOOQOODGOOOOOOOOOOO 
- ~!,.! ~1_!...! !._!1~~~ !!_1~1!.!!,_11_2!.!!_!2!,_2~2!..!!!!_n2!_!~ .. !_..J• _!.li~U !!!,1 ~~!!.!'~!!_U,!!_ 

The data card contains the numencat data for the econom1c order 
quantity computation. Columns 1-5 contain the annual usage requírement, 
and the ordering cost is punched in columns 6-1 O. The holding cost, 
expressed as a perc·~ntage of the unit price, is keypunched in columns 11-15, 
and the unit price is punched m columns 16-20. 

!600.5.00 0.10 1.00 

OOD8DOOOOOOOOD0000088DOOOODODDDDOQOOOOOOOOOOOOOOO 
-'...!.!...! !_1_!_! .!...!'..!!...'.!.2.1 ~'!.!!-''..!.''.!!.'!..!'!_J-.E.!!..!!. ~ ,!1!_!l..!!_U !.,JI~ )l.!!!' !!.2 ~~ ~·.!!.... 

The user name card and the data card are the only two cards 
required. A listing of the two cards which produced the output shown in the 
next section is shown in Figure 3-3. 

MAb~AHU EOY PRObLE1 ONE 
l~uo.s.uo w,lO l,Ou 

Figure 3-3 Computer mput-Problem One. 

The computer output (F1gure 3-4) 1ncludes the identif1cat1on mformation 
from the user name card and the mformation specified on the data card. 
Below th1s, the program pnnts out the quant1t1es calculated m the program 
These are ( 1) the opt1mum order quantity, (2) the total mventory cost, (3) 
the number of orders to be placed annually, and (4) the un1t pnce at the 
order quant1ty determmed. 

3.2 PRICE DISCOUNTS 
When discl,lssmg the eco'nomlc order quant1ty modcl m Scct10n 3 1, 

it was noted that the bas1c modet assumes no quantlty pnce d1scounts. 
However, thc bas1c EOQ modcl may be extended to mcludc pnce d1scounts 

PHOGRA~ EOY FOR MAGGARD EOQ 
INPUT UATA 15 **000000000 

R CP FH Pl 
lbOO SoOO olO l.oo 

ANALYSlS R~SULTS AHE oooe 
UPTIMUM O~UER ~UANTlTY IS 
Al A PRIC~ PER ITEM OF 

PROBLEM ONE 

es Rl 
o o 

YlELDlNG A TOTAL INVENTORY COST OF 

PZ 
o 

W"ERE THE NUM~ER OF ORDER CYCLES PER YEAR 15 

F1gure 3-4 Computer output-Problem One. 

RZ P3 lrl 

o o 1) 

400 01.10 
lo \JO 

lb~O•IJO 
4oJO 
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Cost 
$ 

-----·-~ lx ---- ----- - -

' '• 

'• ,f 

2$ 
1 

Total Incremental cost 
{ 1 wo pnce breaks) 

Holdmg COSI , 

(two pncc breaks) 

------ Ordenng cost 

Un11s 

Figura 3-5 The effects of pnce d1scounts on the econom1C' order quantity, 

as input variables. lnasmuch as price discounts do happen in reality, the 
extension of the EOQ model to include price discounts w1ll be the subject of 
th is séction. 

Referring to Section 3.1, the user should note that in the derivat1on of 
the EOQ model the pnce per umt (P) affects the holding cost (0/2) X 
(PXFH), but not the ordering costs. Nevertheless, 1f pnce d1scounts are 
mtroduced as vanables, they will influence the total mcremental costs (TIC). 
The effects of price discounts are graphically 1llustrated in F1gure 3-5. 

The addit1on of the quant1ty d1scounts to the economic arder quan
tlty model makes it somewhat more difficult to obtam a solution. lt is not 
possible to find directly the lowest point on the Total Incremental Cost 
(TIC) curve shown in Figure 3-4. The general approach used is to invest1gate 
the TIC curve at each pnce break. In add1t1on, the curve must be analyzed at 
different points near the pnce break"giving the lowest TIC to see 1f an even 
better solution can be found. Problem Two 1llustrates this general sear~h 
solution when price discounts are to be considered. 

The supplier has recently revised his pricing policies and now offers the 
following price discounts: lf one orders in lot sizes of Bl (Os 1 = 300). the 
price will be $0.90/umt (P2 ); 1f one orders quant1ty 82 (0s 2 = 2000), the 
price will be $0.80/unit (P, ). 

First calculate 0 3 usmg P 3 ; 1f it is greater than 0 8 , then arder 0 3 • lf it is less 
than Os, then (usmg P 3 ) 1t is infeasible. 

Next, calcula te 0 2 using P2 • lf 0 2 > 0 82 , then order Os2 • 

lf Q2 1s less than Q82 but greater than Qe 1 , i.e., Os 1 < 0 2 <O s 2 , 

then compare TC2 w1th TCs 2 • 

lf TC2 > TC82 , then order Qs 2 • 

l 

[ 
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lf Te2 < Tes 2 , then order Q2 o· 
lf 0 2 is less than Os 1, calcula te 0 1 o 
lf01 >Os 1 , then compare Tes 1 with Tes 2 o 
lf Tes 1 > Tes 2 , then order Os2 o 
lf Tesa< Tes 2 , then order0s 1o 
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lf o. is' less than Osa, then compare re. with Tes. with reS'1.o 
Order the quantity corresponding to the mínimum total costo 

Q
3 

= 2(1600)(5000) = 44702 (usm p ) 
Oo80(0o1 O) g 3 

Since 0 3 <Os~· calcula te Q2 usmg P2 o 

O~ = 2(1600)(5000) = 42 1.6 (usin p ) 
• Oo90(0o1 O) g 2 

Since 0 2 is less than 0 82 (2000), but greater than Os 1 (300), we 
must compare Te2 with Te82 o 

(Oo90)(0o10)(421.6) + 1600(5.00) 
Te2= 

2 421.6 + 1600(0.90) 

= 18.99 + 18o99 + 1440 

= $1477098 

Tes
2
= 0.80(0.1~)(2000) + 16~~b~OO) + 1600(0.80) 

= 80o00 + 4.00 + 1280.00 

= $1364.00 

Te2 is greater than TC82 , therefore, order in quant1ties of B2(0s 2= 
2000 units@ $0.80/unit). 

The user name card 1s the f1rst card in the data deck. The data card for this 
example problem contains some additional informat1on. Columns 1-20 are 
the same as described in Section 3.1. The minimum quant1ty that can be 
ordered to take advantage of the first pnce discount •s punched m columns 
26-30 and the un1t price at the f1rst price discount is punched in columns 
31°35. Columns 36-40 and 41-45 contain the correspondmg information for 
the second price d1scount. The.data card is as shown: 

11:.on. '5. o o o.! 11 ! . o o ü .:::o o. o. 90 20on. o. E: 

DDOODDODDDDDOODOOODDODODDDDDOOODOOODOOOOOOOODDODD 
- '....!..!....! !._•.2....! ..!_¿1_!!..~1 ~1~1.2!_ "J!..I!E !!.1'2!.!!.2!. ~' .!.!~'~..!. -~~~ ~ ~ ~.!!' ~·.!!... 

The complete computer mput for th1s example problem is exh1bited 
in Figure 3°6. 

MAuúARU EOY PRO~LE~ T~Ot PRICE OISCOUNTS 
lbou.s.uo velO 1.00 o loo. u.9o 2ooo.o.~ 

f•gure 3·6. Computer mput-Problem Two. 
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PkO~RAM EOW FOR MAGGAHD EOU 
INPUT UATA IS ooooooooooo 

R 'p FH P1 
lbOO SoUO olO loOO 

ANALYSIS RlSULTS ARE oooo 
OPTlMUM ONOER WUANTITV IS 
AT A PHlC~ PEH lTfM OF 

PRObLEM TWOt PRICE DISCOU~!S 

es 
o 

1:3¡ 
300 

Pz Hz P3 
,9o zooo .ao 

YlELDlNG-¡ TOTAL INVENTORV COST OF 
WHERE THE NUMHlR OF ORDER CYCLES PER YEAR IS 

2VU0o\JO 
.~o 

131>4~00 
.~o 

Figure 3-7 Computer output-Problem Two. 

111 

o 

Computcr Output The computer printout rcsulting from the above data ts shown m Figure 3-7. 
-Problem Two 

3.3 SHORT AGE COSTS 
j ust as it ts true that m the real world quantlty pnce discounts extst, 

it is al so true that backorders are a reality. By allowmg backorders we are 
saytng that if an arder cannot be filled at thts time due to stock shortages, 
then as soon as mventory ts avatlable previously unftlled orders, t.e., back
orders, will be the ftrst orders to be fllled. However, m an mventory system 
allowmg for backorders (see Ftgure 3-8} a shortage cost is usually mput 
relat1ng to the backorder quanttttes. Generally, thts shortage cost consists of 
costs due to (1) posstble lost sales due to stockouts, (2) decreased customer 
sattsfactton, (3) addtttonal costs assoe~ated with rush shtpments, and so on. 

lnven· 
tory 
leve! 
lmax 

Backorder 
quant1t1es 

t 1 = t1me durmg whiCh 
there are pm1t1ve 
mvc-ntory balances 

1nventory 
balances 

lz ...,, ... __ _ 

1 z = u me dunng "hiCh therc 
are 1nvcnto1 y ~hortagcs 

Ftgure 3-8 An mventory system w•th (0 -/ maxl backorders allowed. 

time 
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The basic EOQ formula may be modified to incorporate shortage 
costs as follows: 

l. Cp = procurement cost per order (unchanged) 

(P X FH)(lrnax) 
2. f¡ 

2 
= the holding cost of the pos1t/ve inventory 

balance during time t 1 (t is on an annual 
basis, i.e., t =a fraction of a year). 

. 2 
(P X FH)I max 

2R 

Cs 
(Q -/max) 

3. t2 
2 

t' 

Cs (Q -/max)2 

2R 

Since t 1 = lmax/R, th1s becomes: 

= the shortage cost of the backorders durmg 
timet2 • Q-l · 
Since t 2 = max, this becomes: 

R 

where lmax = max1mum level of inven
tory and 

Cs = shortage cost. 

Hence, the total incremental cost for one cycle, t 1 + t 2 , of an inventory 

system which allows backorders is 

Cp + (P X FH) (/2 max) + Cs (Q-lmax) 2 

2R 2R 

The annual total incremental cost 1s now obtained by multiplying the above 
equation through by the number of orders placed per year, R/Q: 

. RXCp +(PXFH) (12 max) +Cs(Q-lmax)2 

TIC = -
0

- 2Q 20 

lo determine optimal val u es for Q and 1 max , take the part1al 
derivatives of the above equatlons with respect to Q and 1 max , equate to 
zero and obtain 

Q = J 2RCp 
PXFH· J(P X FH) + Cs 

X Cs 

lmax = J 2RCp X 
PXFH J(P X~~)+ Cs 

TIC 
= J2(P X FH)RCp 

X V(P X ~~) + Cs 

However, 1f either Q or lmax is constramed, their respective values are 
obtamed as follows: 

l. When Q 1s constrained, for example, f1xcd at price discount 
quant1t1es, thcn lmax is calculatcd as 

CsQ 
1m•x = CH + CS 

11 
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2. When 1 max is constramed, for example, limited by storage con
straints (sce next sect1on), then Q is calculated as 

2CpR + (P X FH)l'/r.ax + Csl'/r.u 
Cs 

Q= 

This problem is basically the same as Sample Problem One except that 
shonage costs (Cs) are included. In this problem Cs = $0.30. 

Q = 2(1600)5.00 X ~(100X0.10)+0.30 = 400(1. 154) 
1.00 (0.10) 0.30 

= 461.88 units 

0.30 
TIC= \)2(5.00) (l.OO X .10)1600 X 

40(.866) = 34.64 
{1.00 X 0.10) + 0.30 

= 
TC = ( 1.00) ( 1600) + 34.64 = $1634.64 

The reader should note that the effect of mcluding shortage costs is 
to increase the size of Q. This is because the annual mventory holding costs 
are smaller due to the smaller average mventory. 1 n addition, the total 
incremental costs (TIC) are less than m the classical model because both 
holding costs and preparation costs are lower. (This may be verified by 
comparing the results of th1s analysis with those from Section 3.1.) 

Thc data card for this example problem follows the same general form 
outlined previously. One additional data input is necessary. The shortage 
cost of $0.30 IS punched in columns 21-25. 

1600.5.00 0.10 1.00 0.30 

O O O O O D ltD O D D D O D O D D D O O O O O O O O O D D O U O O O a O O O O a O D 8 O a a O O D 
1 J J • 11 r II1111Ullltniiiiii!SIIJinUJ&nliJ171H21UHJJJa15.U8JIO•IIIUMCS.UIIft ----------------------------

The complete computer input is shown in F1gure 3-9. 

HAGGAHU EOw PHObLEM THHEEt SHOHTAGE COST 
lbUOoSo~O UolO loO~ OoJO 

Figure 3-9 Computer input-Problem Three. 

The computer pnntout, usmg this mput, is shown in Figure 3-1 O. 

PHOGRAM EOY FOR MAGGARO EOQ PROBLE~ THqEEt SHORTAGE COST 
INPUT OATA lS ••••••••••• 

R CP FH Pl CS Rl PZ tt2 Pl ~ 
1600 SoOO olO loDO olO O U O O O 

ANALYSIS R~SULTS AHE •••• 
OPTIMUM OkDER QUANTITY IS 
~lTH OPTlMUM lNVENTORY OF 
Al A PHICl PER ITEM OF 
YlELOlNG A TOTAL INVENTOHY COST OF 
WHERE THE NUH~ER OF ORDER CYCLES PER YEAR 15 

F•gure 3-10 Computar output-Problem Three. 

4blolt8 
J4tlo41 

louO 
1634ob4 

Jolt6 

1' 
1 
/ 



?4' 
53 

EOQ 
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In this section, an add1tional constraint of maximum storage limlta
tions, either in terms of available warehouse space or avallable cap1tal, will be 
pla,ed upon the basic EOQ model. Th1s is mtended to be an illustrative 
example of an additional type of constraint which,may be {and in the real 
world is) imposcd upon the basic EOQ model. By incorporating this added 
constramt the reader should get some additional insight into the problems 
that face management when determinmg what quantities to purchase from 
suppliers. 

This problem is bas1cally the same as Sample Problem One except that the 
additional constraint of maximum warehouse space ava1lable {W) has been 
imposed. 

In this problem, W = 100 units. From Sample Problem One, Q = 400 
units, but since W < Q, the order quantity must be Q = W = 100 units. 

In this problem, the cost of the limited storage constraint is TCprobl 
-TCw. 

TCw = 100 {1.00) {0.10) + 1600{5.00) + 1600(l.OO) 
2 100 

= 5 + 80+ 1600 = $1685.00 

Costw TC1 - TCw = $1640.00-$1685.00 = $45.00 

The data card of the above example problem follows the same form as 
outlined prev1ously, w1th one addit1on. The maximum warehouse space 
available, expressed in un1ts, is keypunched in columns 46-50. The data card 
looks like this: 

~~~~~~~~~~~--~--~----~--~--~~ 1600.5.00 o. !O ! . oo n. o. o. o. o. 100. 

OOOOOOOBDOODOOOOD&D808DDODOOODOOOQ080000DDDDODODO 
1 f J • 1 1 J 1 1 11 11 ll IJ 11 '' 11 U ti fl JIU 21 U ll H ll 11 71 l't JI JI Jlll U U JI JI ll !1 •• 11 O H u 15 U U 11 11 ----------------------------

The computer input for this example problem 1s shown in F1gure 
3-11. 

MAbGARU EOY PRO~LEM FOuHo STORAGE LIMITS 
lb~O.S.OO u,lO l,Oo o. o. o. o. o. lqo. 

Figure 3·11 Computer mput-Problem Four 

The computer output wdl 1nd1cate whether or not the warehouse constraint 
has had an effcct on thc econom1c order quant1ty. 1 f an econom1c order 
quantlly hJs bccn detcrmmed wh1ch exceeds W, thc output wlll ind1cate that 
this has happencd. 

Furthermore, on the output will be a statcment to the effect that, 1f 
the warehousc rcstrict1ons are opcrat1ve, the order quant1ty dctermmed may 
not be opt1mal. Sugge~t1ons are made for a mcthod to determme the opt1mal 
quantity 1f th1s rcstraint 1s present. The computer output 1s shown m F1gure 
3-12. 

r 

f 
r 



l. 

54 
COMPU7ER MODELS 

PROGRAM EOY FOR MAGGARO EOU 
INPUT OATA 15 ••••••••••• 

PROBLEM FOURt STORAGE LlMlTS 

R LP F~ Pl 
l600 SoUO olO loOO 

ANALYSIS AlSULTS ARE oooo 

es 
o 

IH 
o 

PZ 
o 

82 
o 

PJ 
o 

BEFORE THE biAREHOUSE STORAGE LIMITATION 15 APPLIED 
OPTIMUM OROER QUAi~TITY IS 400•00 
AT A PHICl PEA ITEM OF 1•00 
YlELOING A TUTAL INVENTOHY COST OF 1~40•~0 
biHERE THE NUM~ER OF OROER CYCLES PER YEAR IS 4•1l0 

lHE OROEH UUANTITY IS LlMlTEO BY THE WAREHOUSE SPACE 
RESTRICTlUN ANO IS NOT AT AN OPTIMUMo LOOSEN THE 
RESTRICTION ANO R0N AGAIN OBSERVING THE EFFECT, 

ANALYSlS R~SULTS ARE oooo 
AFTER THE wAREHOUSE STORAGE LIMITATION IS 
OPTIMUM OHOER QUANTITY 15 
Al A PHICl PEA ITEM OF 

APPLI~D 
lOOoOO 

loUO 

bl 

loo 

YIELDING A TOTAL INVENTORY COST OF 
biHERE THE NUM~ER OF ORDER CYCLES PER YEAR IS 
THIS OROEH QUANTITY IS AT THE MAXI~UM wAREHOUSE 

lb8S.uo 
lboUO 

CAPAI.lTY 

Figure 3-12 Computar output-Problem Four. 

To conclude our d1scussion of economic arder quant1ty models and, 
1n part1cular th1s computer model, we would point out: 

l. that the model is, in lt!> present form, limlted to only two pnce 
breaks. 

2. the inclusion of shortage costs certaínly complicates the storage 
límitat1on .problem. In th1s model, when backorders and storage 
limitat1ons are mcluded m the same problem, the assumpt1on 1s made 
that the backorders are mstantaneously filled and that the storage 
límítat1on W 1s a constramt upon lmax and not upon Q. The user 
must remember that 1f 1 max 1s constramed by W then ne1ther Q nor 

1 max wíll be optimal. 

3. this model will salve problems mcluding one or all of the con
straints prev1ously described m a single problem. To apprccíate th1s 
fact the reader may w1sh to solve the followíng problem manually 
and then by the use of the herem described EOQ model. 

Doto 
R Cp FH P1 Cs 81 P1 82 P3 W 

1600 5.00 0.10 1.00 0.30 300 0.90 500 0.80 350 
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3.S EOQ DATA DECK STRUCTURE 

Data Cord 
Card column 

1-5 
6-10 

11-15 
16-20 
21-25 
26-30 
31-35 
36-40 
41-45 
46-50 

Format 

F5.0 
F5.0. 
F5.0 
F5.0 
F5.0 
F5.0 
F5.0 
F5.0 
F5.0 
F5.0 

(_ Addotoonal data sets 

( Data card 

User name card 

/te m 

annuat usage requirement 
ordenng cost 
holding cost 
umt price 
sh.ortage cost 

-
-

mimmum order quant1ty-first pnce discount 
un1t pnce-f1rst pnce d1scount 
mimrnum order quant1ty-second pnce' d 1scount 
umt pnce-second pnce d1scount 
max1mum warehouse space avadable 

'0. 
-.· 
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3.6 EOQ PROGRAM LISTING 

PROGHAM E.OQ 
ECONOMlt OAUER OUANTITY MOUE.L 
COPYRIGHT ROY O HARRIS OCTO~E.R 
THlS V~HSIO~ FuR THE lriM 360 

19'70 

A • ANNUAL USAGE REQUlREMENTt LEVEL DEMAND 
CP a COST OF ONE PURCHAS~ ORUER 
FH a HOL01NG COST AS A PERCENTAGE OF UNIT PRlCE 
Plll • PHlCE. OF EACH UNIT ~EFORE DISCOUNT Plli=Pl 
Piel a PRlCE Of EACH UNlT AT FIRST DISCOUNT ~REAK POINT 
P131 • PRICE OF EACH UNIT AFTER FIRST DISCOUNT P131 = P2 
Pllt) • PRICE OF EACH UNIT AT .SECOND DlSCOUNT BREAK POINT 
Pl~l • PRICE OF EACH UNlT AFTER SECOND DISCOUNT PI~) = P3 
Plol • ~klCE OF EACH UNIT AT WAREHOUSE. CAPACITY H~ST~AINT 
ECOQ• ~CONOMIC OROER QUANTITY 
Hlll • FIRST DISCOUNT HREAK POINT Blll = 81 
Hl21 • SECOND UISCOUNT BREAK POINT 8121 : ~2 
CS • SHORTAGE. COST 
W = MA~lMUM WAREHOUSE SPACE AVAILA~LE 
TCST = TOTAL COST Al EOO 
ON = NUM~ER OF OROEHS PER YEAR AT E~Q 
Qlll a EOQ AT Plll 
Ql31 • EOQ AT Pl31 
Ql~l a E.OQ AT PISI 
0121 = b(l) 
a lttl = H 121 
Olbl• w FOR CS=u Olbi=OPTlMUM ORDER AT ENVIbl • • FUH CS NOT O 
TCIII a TOTAL COCST 
TCill • TOTAL COST AT Qlll ANO ENV(ll FOR I = 1 TO 6 
ENVIll = MOST ECONOMICAL INVENTORY LEVEL AT EOQ :Uill 1=1 TO S 
ENVI61 D"' 
ENVT = OPTlMAL lNVENTOHY WHEN CS NOT O 

e•··················~·······················•••o••······················ OlMENSlON Pl~lt 0161• ENVI~lt TCI6lt 813lt ALPHAI¡ul 

e 
·¡ 

·e 

e 

2 
3 
4 
S 
6 
1 
ti 

Ml • S 
MO • b 

REAU ANO PRINT NAHE CARO 
READ 1Hlt7lf ALPHA 
~RlTl IM0t72) ALPHA 

REAO AI~U PIHNT DATA CARO 

-- -,---------------

READ 1Mlt731 Rt CPt FHt Plllt CSt Blllt Plllt 812)t PISit W 
WHITt: IMOt 741 
111R1T~ IMOo751 
wRITtE IM0o76l Rt CPt FHt Plllt CSt 81llt Pl3lt d(Zlt PISit ~ 

C~ECK OUT THE OATA • • • • • • • • • • • • • • • 
lF 00 ¡9,¡9,2 
lF ICPI l9tl<it3 
lF IF'Hl l9tl9t~ 
IF IP 1111 19tl9oS 
IF ltHlll l9tl4t6 
IF IPIJ, 1 ¡9,19t'7 
lF 11:1121 l 19•lbt8 
lF l1:1121•tHill l9o9t9 

A 
A 

l~M 
A 
A 
A 

A 
A 
A 
A 
1 
A 

A 
A 
A 
A 
A 
A 
A 
A 
A 

A 
A 
A 
A 

A 
A 
A 

A 

A 
A 
A 
A 
A 
A 
A 
A 

A 
A 

e TWO PRlCE I:IREAKS 
NSEG • 3 

--- ---------------- - --

A 
A 
A 
A 
A 
A 
A 
A 
A 

'1 

lO 
11 
12 
13 

lF !PIS) 1 l9tl9t1l 
lF 1111 l9tlZtl3 
w '" l•E25 
bl]l • 111 

IF ICSI l'iltZ\1•20 

A 
A 
A 

l 
e 
J 
lt 

~ 

b 
1 
d 
'1 

lv 
ll 
te 
l-' 
lit 
1~ 

lb 
17 
11:1 
h 
2v 
21 
u 

e NO PRICE BAEAKS • • • - • \ • • • • • • • • • • • • • • • • • • • • 

A "2J 
A 2"> 

2~ 

2~ 

21 
21:1 
2~ 
3U 
31 
Jc 
3J 
34 
3~ 
30 
37 
31:1 

3"' 
4U 
4l 
4e 
4J 
44 
4~ 

4~ 

41 
41:1 
49 
Su 
Sl 
se 
SJ 
s .. 
5~ 
Sb 
57 
StS 
S'i 
flu 
6! 
&e A 



'?JLs7 

14 t<IS[G • 1 
ti Cll • lo EZ! 
lf' CPC311 19el5tl9 

1~ PC31 • PCll 
IF' (t1C211 19• 17t 19 

C ON~ PRICE dHEAK • • • • • • • • • • • • • • • • • • • • • • • • 
u~ NSEG • 2 
17 bCZI • lo~25 

IF tPCSII 19tl8tl9 
llt J.JCSI a PCJI 

GO fu lO 
C EANOR IN DATA • • • • • • • • • • • • • • • • • • • • • - • • • • • 

19 WMITt tMOt77l 
GO TU 1 

2u Pt4S • PtSI 
Pt21 11 PCJI 
IF CJ.JC51•PC311 22•22•21 

21• ¡.>(41 • PCJI 
22 iF (¡.>IJI•P(lll 24•24•23 
23 PIZI 11 Pll) 
24 Pl61 11 PC,cl 

lf (W•Hilll 28t3ut2S 
2~ If cw-~1211 Z7t29•2ó 
Ztl Pl61. • PC!:II 

bO TO 30 
27 Pt6i a PIJI 

c,u TO JO 
Ztl P16S • Plll 

úO TU JO 
l'i J.llbl • Pt41 
JO Q t 21 • 8 111 

1.1141 • S lcl 
1.1161 • B 131 
IF ICSI 31 t3it61 

e SHORTAGES NOT ALLO~ED • • • • • • • • • • • • • • • • • • • • • • • 
31 00 J¿ 1 = 1• 3 

J • 2°1•1 
e CALCULATE 1.1111 1=1•3•5 • • • • • • • • • • • • • • • • • • 
li WIJI 11 SQHTI~o*CP•RttFH•¡.>(JIII 

uu J!) l .. 1• 6 
Jf IUtll•1oE251 33t34•33 

e eALCULATE Telll 1•1 Tu b • • • • • • • • • • • • • • • • • • • • 
JJ TCUI .. tcP•wtQIJI•Pt11•R•Pili.•F'"i•QIIII2.1 

C.O TU 35 
J4 TCtll • 1.El~ 
3!:1 CUNTlNUE 

1)0 3o 1 = 1• t. 
36 ~NVÍll = Wlll 

e TEST FUR FEASI~ILITY w!TH kESPECT TO THE P~JCE ~M~AK~ • - • • • • • 
37 1F 11.111)•1.11211 39t39o38 
Jtl TCtll • 1oEZ':I 
J~ lf (WI21•UI311 4dt4~t41 
4u If 1Wt31•ut411 42•42•41 
-1 TCCJI = loEZ~ 
42 lf (Y(41•U(51) 44t44t43 
43 re 1':11 = 1·E25 

C Flii.IU f.Uv WITI1 OUT STORAGE LIMIT4TIONS • • • • • • • • • • • • • • • 
44 1\F"Lts = 1 

TCST = TCI}I 
l:.t.Oiol = <JI¡I 
t.NVT = ENV(ll 
uU 4b 1 '" 1' S 

EOQ 

A 6J 
A 64 
A 6~ 
A 6b 
A 67 
A 6tl 
A 6'1 
A 7u 
A 71 
A U 
A 73 
A 7'+ 
A 7~ 

A 76 
A ·77 
A 7d 
A ?V 
A 811 
A 81 
A 8&:: 
A 8J 
A 84 
A 8~ 

A 80 
A 87 
A 8ts 
A 8'1 
A 9U 
4 91 
A 9¿ 
A 9J 
A 9't 
A 9~ 

A 9o 
A 91 
A 9tl 
A 9'1 
A 1011 
A 101 
A 1 o¿ 
A 10J 
A 10 .. 
A 10~ 
A 106 
A 107 
A 101:1 
A lO'ol 
A 11u 
A 111 
A u¿ 
A 113 
A 11'+ 
A 11::» 
A lltl 
A 117 
A lltl 
A 11'1 
A 12u 
A 121 
A 12c 
A 12J 
A 1Z't 
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e 

e 
51 

Si 
53 

e 
55 

e 
!H 

se 
59 

e 
61 

lf lfGST•TCilll 4bt4bt45 
TesT a Te(l¡ 
1\Fltt • 1 
ECOU • Qlll 

, [NVT· • !NVIU 
CONTINut 
ON • R/ECOQ 

PRINT HESUL.TS ~EFORE STORAGE RESTRICTIONS • • • • • • • • • • • • • 
wRITt: IMOt78l 
lF l111•loEí!5l 47t41h47 
lliRlTt. IMOt791 
w~lTl IMOtSOI ECOU 
lf ltsl 4Vv5 t49 
~HlTl IMOt901 ENVT 
IliMITE IM0t811 PIKFL.AI 
wHITl CHOtBZI TCST 
~:~Rlf~ IHOt83l ON 
lf l,lli•loEZ51 SlvltSl 

TEST FOR FEASl~IllTY WITH RESPECT TO THE STORAGE HEQUlREMENT • • • -
DO Sl I • lt S 
IF IENVIII•~I 53tS3o52 
TCUl a loE25 
CUNT1NUE 
IF 1Te&~FLB,•loE251 S4t55t54 
biRITt. IM0t84l 
GU TO 1 

FINO EOQ WITH STORAGE LIMITATlONS • • • • - • • • • • • • 
KFL.il a 1 
TCST a TCI¡I 
ECOQ• Qlll 
ENV T a ENV 1 1) 
uo 57 1 11 1• 6 
IF ITCST•TCilll 57t57t56 
TCST a TCIII 
t. COY• Q 111 
Kfl8 a 1 
ENVT 11 [IWCll 
CONTINUE 
ON • RIEeOQ 

PRINT RESUL.TS AFTER STORAGE llMITATIONS • • • • • • • • • • • • • -
lriRITt. IMOt8Sl 
WRITt. IM0o86l 
WRITl IMOt871 
wRITt. IHOt781 
IIIRITE CH0t881 
~RITt IHOtSOI ECOQ 
IF ICSI 58t59t58 
•RITl IH0t901 ENVT 
CONTlNUE 
WRIT~ IHOo8ll PIKFL81 
wMITE CM0t8ZI TeST 
•HITt. IM0o831 ON 
IF IRFLB•61 ltbOtl 
IIRITt: IM0t891 
c.o To 1 

SHORTAbtS ALLOWED • • • • • - • • • • • • • • • • • • • - • • • • • 
ENV lbl • Ql61 
O~ 6Z 1 • lt St 2 
f:'NV 11 1 • SQRT"C2 o •cP•R•CSIIfHOP 11 1 o IFH•P lll•eSl 1 1 
Qlll • SQRTIIzo•eP•R•CFH•PIIl+eSil/IFH•PIII•CSil 
00 6!J 1 • 1• 2 
J • Z•I 

.. 12':1 
A 12b 
A 127 
A l2t~ 
A 12._ 
A 1311 
A 131 
A 13~ 
A 13J 
A 13 .. 
A 13':1 
A 136 
A 137 
A 13d 
A 13~ 
A 14v 
A 141 
p. 14~ 

A 14J 
A 144 
A 14':1 
A 14o 
A 141 
A l4o 
A h'll 
A 1511 
A 151 
A 15.:! 
A 15J 
A lStt 
'A 15=» 
A lSb 
A 151 
A lSd 
A 15'11 
A 1611 
A 161 
A 16~ 
A l6J 
A 16 .. 
A 16':1 
A l6b 
A 167 
A l61t 
A 16'11 
A 17U 
A 171 
A llé 
A l7J 
A l71t 
A 17!) 
A l7b 
A 177 
A 17tl 
A 17'11 
A 18U 
A 181 
A 1811! 
A 18J 
A 18ft 
A 18!) 
A 186 
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e 
e 
e 

69 
70 

71 
72 
73 
74 
7!) 

7tl 
77 
71:1 
7'1 

El7 

IS8 

. ' 

JF C~CJI•1eE251 64t6Jt64 
E111VC..IJ a l,E¿~ 
~O TO 65 
ENVC.JI a CI.IC.JI°CSI/CPI.JI°FH+CSI 
CONTliiiUE 
IF C~VC61•1,E251 66•67•66 
WC61 e S~HTCcz,•cP•R•ENVC61••?•tcS+PC61°FHII/CSI 
IJO lu I • 1• 6 
IF CIACII•loEé'SI 68o69o68 o 

TCCII • CCP•RIQCII+FH•PC11*F.NVCll 0•2112o 00CI11+~ 0~111+CCS•CQCli•EN 
¡VCIII••ZI/CZ,*OCIIII 

bO TU 70 . 
TCCll • loE25 
CONT!NUE 
(,O ro J7 

FOAMAT 
FORMAT 
FORMAT 
F ORMAT 
FORMAT 

1 1111 

f ORMOAT 
FOHMAT 
FORMt\ f 
F'ORPtAT 

p 
FORMA T 
FORMAT 
fORMAl 
FORMAT 
f ~AMAT 
FORMAT 
FOHMAT 

¡1 
f ORHAT 

!1 
FORMAT 

1 
f ORMAT 

u rv 
FORMAT 
[NO 

TAIKE OF FORMATS 

C10A41 
Cl7H1PROGHAM EOO FOH •10441 
CUFS,!II 
I26H INPUT OATA IS ooooooooooo J 
160H R CP FH P1 CS 1:11 P2 82 

1 

llXoF~,Ot4F6oltFboOtF&o2tFboUoF5o2oF6oúl 
C44H .ERROR IN IN~UT DATAo CHECK ANO RU~ AGAlN 
126H0ANALYSIS RESULTS ARE ••0 •1 
I54H ~EFORE THE WAREHOUSE STOAAGE LlMlTATION IS APPLIEU 

( l7H 
(2!)H 
C37H 
Ctt7H 
CS1H 
IS4HO 
CS4H 

C60H 

Co11H 
1 
ce eH 

OPTIHUH ORU~k ~UANTITY ISozoX•FlO•ll 
AT A PR1CE PiR ITEM OF t22XoFlOo21 
YIELDING A TOTAL INVENTORY COSf Of tlJXof'lOoZI 
WHERE THE NUMHER OF uHOER CYCLES P~H YEAR IS tF10o21 
THE WAREHOUSE LIMITATION HAO NO EFfECl O~ THE EOQ 1 
THE ORUER QUANTITY 15 LlMlTEO BY T~E WAREHOUSE SPACEI 
RESTRICTlON ANO IS NOT AT AN OPT1MUH, LOOSEN THE 

RESTRICTION ANO IWN AGAIN OBSERV'JN¡j THt: EFFECTo 

AFTER THE WAREHOUSE STORAGE LIHITATIOIII IS APPLIED 
1 

THIS ORUER tiUAIIlTIT'f IS AT TH€ .. AXlr1UM WAREHOUSE CAPAC 

WlTH OPTIMU"' lNVENTORY OF t19Xof 1 :leZI 

-~~ . ,..,___..,.::-_. __ ~::.--
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A 181 
A Hll:l 
A !8., 
A .l9u 
A 191 
A 19l 
A 19J 
A 194 
A 19~ 
A l9b 
A 191 
4 191:1 
A !9<,¡ 
A ZOU 
A 201 
A 0 2oc 
A 20.J 
A 204 
A 20~ 
A 20~ 
A 20~ 
A 201:1 
A 209 
A 21U 
A 211 
A 21c 
A 21J 
·A 21 '+ 
A 21:;¡ 
A 21~ 
A .21/ 
A 21~ 
A 21., 
A 2211 
A ¿2' o 

A 2U 
A 22J 
A 22'+ 
A 22~ 

-A 22b 
A 227 
A 221;j 
A 22"' 
A 23U 
A 23l• 


