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DINAMICA ES TRUCTURAL

DR. OCTAVIO A RASCON CH.
DEFINICION.

_GRADOS DE LIBERTAD = WUMERD DE COORDENADAS GENERALIZADAS (DESPLA-

ZAMIENTOS O GIROS) QUE SE REQUIEREN PARA DEFINIR LA POSICION DEL
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METODOS I_?E_IJISCEETIHCIGM DE S ISTEMA CONTINUOS

1. PGR CONCENTRACIQN DE MASAS

MASA POR UNIDAD
DE LONGITUD = m

S e A A A A
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2. EXPRESANDO LA CONFIGURACION DE VIBRACION DE LA ESTRUCTURA COMO

UNA SERYE DE FONCIQOHMES ESPECTIFICADAS., FPFOR EJEMEPLO, S5I ESTAS

FONCIONES SON ARMONICAS:
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AL, PLANTEAR LAS ECUACIONES DE EQUILIBRIO DE CUERPOS RIGIDDS E3 A ME-

NUDO WECESARIC CONOCER LGOS MOMENTOS DE INERCIA DE MASA, A CONTI-

NUACION SE PRESENTAN ALGUNOS CAS0S5:

m = MASA POR UNIDAD DE LONGITUD v

¥ = MASA POR UNIDAD

DE AREAR
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RESPURS TA DINAMICA DE SISTEMAS ELASTICOS LINEALES UE UN GRADQ PE LT ERTAD

CON AMORTIGUAMTENTO VISCOSO

™M
—— LT
Pt
K,(
Vil 7777707
= ant)
t = TIEMPO
M = MASA
K = RIGIDEZ
C = AMORTIGUAMIENTO
f(t) = FUERZA EXTERNA

X _ (t}
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= DESPLAZAMIENTO DEL SUELD

EL AMDHETIGUAMIENTO VISCO0OS0 ES TAL QUE PRODUCE UNA FUERZA DE RESTAU-

RACION PROPORCIOMNAL A LA VELOCIDAD RELATIVA DE LA MASA RESFECTO AL

SUELDO,.

EL AMCRTIGUAMIENTC SE DEBE PRIWCIPALMENTE A LA FRICCION INTERNA

ENTRE LOS GRANOS O PARTICULAS DEL MATERIAL DE LA ESTRUCTURA, Y A

FRICCICON EN LAS JUNTAS Y CONEXIONES DE L& MISMA. ES EL ELEMENTO

DEL SISTEMA QUE DISCIPA ENERGIA.

Za, LEY.DE NEUTON:

"LA RAPIDEZ DE CAMBIOC DEL MOMENTUM DY CUALQUIER MASA, m, ES IGUAL

A LA FUERZA QUE ACTUA SOBRE ELLA"



o4 . dx, _ _d )
plt) = 3t {mEJ = It {mx)
plt] = FPUERZA ACTUANTE
® = DESPLAZAMIENTO
t = TIEMPD
SI m ES CONSTANTE: pil{t) = mx

PRINCTIPIO DE D'ALAMERT

51 La 2a. LEY DE NEWTON LA ESCRIBIMOS COMD

plt) — mx = 0
AL SEGUNDC TERMINO DE LA ECUACION SE LE CONOCE COMO FUERZA DE TMERCIA;
EL CONCEPTC DE QUE UNA MASA DESARRNOLLA UNA FUERZA DE INERCIA PROFOR-
CIONAL A SU ACELERACION Y QUE SE OPONE A ELLA SE CONOCE COMO PRIN-
CIPIO DE D'ALAMBERT, Y PERMITE QUE LAS ECURCIONES DE. MOVIMIENTO SE

EXPRESEN COMQ ECUACICNES DE EQUILIERIO DINAMICO,

ECURCION DE EQUILIBRIO

. Xo ¢

i — | N
] p L_, t )
b ™ pt _.........._l—-—--—-n--

}_[_hl (i) ) {a i Pt
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YRR EERTEA
Xol(t)

DTAGRAMA DE CUERPO LIBRE

EQUILIBRIO: t, + fr_1 + f£.o= plt) (1)

. PALA UM SISTEMA ELASTICO: f

o K[x—x0}=ky.'

cy {2)

PARA AMORTIGUAMIENTO VISCOSO: fa cix - Xc]

+

POR EL PRINCIPIO DE D*ALAMBERT; £; = mx = m{y + x)

1



SUSTITUYENDO LAS ECS 2 EN LA EC. 1 SE OBTIENE:

m[y' + xD] + ¢y + ky = p(t)

DE DONDE

[ | {3]

My + ey + Ry = plt) - Mxg

DIVIDIENDO ENTRE M AMBOS MIEMBROS DE LA EC. 3:

c K - p)
Y+gytrgy M Xo
ST %= 2h, y % = uz; DONDE w = FRECUENCIA CIRCULAR NATURAL, EN
RAD/SEG:
y+2hy+m2y-%yn‘xo (4)

ZUANDD SE TIENMEN EXCITACIONES EN EL SISTEMA SE TRATA DE UN PROBLEMA
PE VIBRACIONES FORZADAS; EN CASO CONTRARIQO EL PROBLEMA ES DE VIBRA-

CIONES LIBRES,

VIERACTONES LTBRES

EN ESTE CASO LA ECUACION DIFERENCIAL DE EQUILIRRIO RESULTA SER
.. . 5
¥y + 2h v + w v =0

COYA SOLUCICON ES

yit) = E_ht{Cl sen w't + CZ cos w't) (5)

DONDE w' = 7Y%~ h® = FRECUENCIA CIRCULAR NATURAL AMORTIGUADA

v Cl Y CE SDH.EQNSTANTES QUE DEPENDEN DE LASECQWQE?IDNES IHEFIRLES

o T oEm MR mm e, | b M e A ————



{EN t-0} DE DESPLAZAMIENTO Y VELOCIDAD QUE TENGA LA MASA DEL SIS~

TEMA,

ESTAS RESULTAN SER

_ S0 + hy(0) | f
1 . G

d -~

c = v (0} {6)

TA EC (5) SE PUEDE ESCRIBIR TAMBIEN COMO:

" - l
j v{t} = Re Bt cos fw't - 8) | {7}
b
| C
| DONDE A = Ci + cg Yy @ = tan™! El = ANGULO DE FASE ]
| P !

LA GRAFICA DE LA EC (7) ES
b L '
¥ o ‘ ™
ymr TN
+ M_%t
7221 - PERIODO NATURAL AMORTIGUADO, SEG
1

El

I

7T = FRECUENCIA NATURAL AMORTIGUADA, cps

VEAMOS k1, CASD ESPEC_IAL DE LA EC, (3} EN QUE h+w. EN TAL CASD,
VA

w' = /uo - h~0, cos w't+l Y sen w'tsw't, CON LO CUAL LA EC, {5) SE

REDUCE A

e™®% ([(y(0) + hy(0))/w']{w't) + y{0})

[}

i)

1

e Ut y(o1t + (1 +ut)y(0)]



LA GRAFICA DE ESTA ECUACION ES

Y

+

b/ {)]

I
- - f

Y OBVIAMENTE WO REPRESENTA UN MOVIMIENTO OSCILATORIOQ, POR LO CUAL

ST h = w SE DICE QUE SE TIENE AMOPTIGUAMIENTC CRITICO. EN TAL CASO:

cr Y7 2M A
BbE DONDE ccr = 27K . {H)

A LA RELACION ¢ = Cfﬂcr SE LE LLAMA TRACCION DEL AMORTIGUAMIENTO
_CRITICO.

DESPEJANDO A M DE LA EC. {B) Y SUSTITUYENDOLA EN LA EC. h = C/{2M}

SE OBRTIENE:
W = C e 2k _ fx o _
C cr 2/EM
2 cr
4K
ADEMAS:

w' = #wz— h2 = sz- HZEE = N'l'éz
o =u'f1"£2 {9)

LOS WALORES USUALES EN ESTRUCTURAS (UE ASUME f VARIAN ENTRE 2 Y 53,

EN ESTE INTERVALO w' ¥ w SON CASI IGUALES; VEAMOS, POR EJEMPLO,
EL CAS0 EN QUE ¢ = 0.1



w'=w 71 ~ 0,01 = 0,995

OTRA FORMA DE MEDIR EL GRADD DE AMORTIGUAMIENTO QUE TIEWE UNA ES-

TRUCTURA ES MEDIANTE EL DECREMENTO LOGARITMICO, EL CUAL S5E DEPINE

COMO EL. LOGARITMO DEL COCIENTE DE DOS AMPLITUDES CONSECUTIVAS

i

"'ht
{t} . he cosiw't=8)
L =1n = In e
ylt + 10 he—b{t+Tt:cns[u'{t+T‘}-ﬁ]

e_ht casfy't Bl
o [} -
- ln{e-h{t+T‘} cos{u't + o' T'-8] !
Y
e Bt coslw't - 8)

= In{l—pr—FF SSs(a’t = 6+ 3
= &

21
uFl-Cz

+hT!
e

= 1n = hT' = uT' = fw

1 2ng

JL ) --’l—i';5 (10)

SI ¢ ES PEQUEAC,

ECUACION DE MOVIMIENTO GENERALIZADA,

HAY PROBLEMAS OQUE APARENTEMENTE CORRESPONDE A VIBRACIONES DE SIS-
TEMAS DE VARIOS GRADOS DE LIBERTAD PERO (QUE EN REALIYDAD 5O DE UN

GRADO SOLAMENTE. o~



10. '

EJEMPLO excidmciom
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mal
M= masa par uniclad
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CONSIDEREMOS PRIMERO EL CASO SIN LA FUERZA NORMAL, N.

n

TOMANDO COMD COORDENADA GENERALIZADA A Z(tk

_ . . _ 1
£ ece. Gopy =c Lzee): £ = C2(t)
D1 1 '‘dc 13 F o tpa 2
£, =m %z(t) =and 2 = 2am2 (v)
Il 1 2 Sl
f = m z z {t)
12 2 3



11.

- 2 .
_ l LR _ _EI_L‘L [} 4 -2_11:
H——IDEZ[t} = 3 Tz{t} a mZ(t)

P, = Bpaz (t}

LA ECUEEION DE MOVIMIENTO DEL SISTEMA SE PUEDE ESTABLECER IGUALANDO
A CERO EL TRABAJO ?IRTUHL REALIZADO POR TODAS LAS FUERZAS AL DARLE

AL SISTEMA UN DESPLAZAMiENTD VIRTUAL EN EL PUNTO B IGUAL A 4Z. EN

TAL CASO
oW =k, 3 2(t) (3 6Z)-K, 3 3(e) (% 631_—51_%_1% ) -
- €,2(¢) (82) - 2af (¢} (3F)em, 2"3"“ Za2)
- 3 2% zte) (32) + sPar(e) (de2) = 0

SIMPLIFICANDD SE OQOBETIENE

- dm - - C
— am 2 1 . 9 k
ﬁam + 5 _+ .g_] Z{t) + [l_g + (22] Z(t) + {ﬁ' kl + 92] Z(e) -
- ‘liﬁ' pqc{t]] SZ =0 Y

COMO EL DESPLAZAMIENTO VIRTUAL 6Z NO ES5 CERD, 5E DEBE CUMPLIR QUE

EL TEEMINO ENTRE PARENTESIS ES5 CERO. EN TAL CASO:

Boz(t) + & z(t) + % 2(t) = "f:tt}\L

EN DONDE



1z,

C
4 - 4 -~ Y
- k -
kK=o k + o= i plt) = 3 Pag(t)

ESTOS FPARAMAMETROS SE DENOMINAN MASA, AMORTIGUAMIENTC, RIGIDEZ Y FUERZA

GENERALIZADAS, RESPECTIVAMENTE,

CONSIDEREMOS ~YORA EL CASO DE LA FUERZA NORMAL N SOLAMENTE:

Z - &
Isel ='E' &2 H lﬁnEE = 3El GZ
. e = I;‘ g 5%

EL TRABAJO VIRTUAL ES:

W = Nie = 7 Nz {52}
12 @&

coM0 BL SISTEMA ES LINEAL SE PUEDE SUMAR ESTE TRABAJG VIRTUAL AL DE

L& BECUACION (A), CcON LO CUAL LA RIGIDEZ GEMERALIZADA SE MODIFICH,

ODUEDARNDO EN LA FORMA:



7
kz 12

- g
= — +
k=15 %

G
e

DE ESTA RIGIDEZ SE PUEDE SACAR, DE PASD, LA CARGA CRITICA DE PANDEO

HACIENDO i = 0

_ 27 4
Nop = (5g%; *+ 37kple

_ DETERMINACTION EXPERTMENTAL DE ¢ EN ESTRUCTURAS REALES 0 EN MODELOS,

SI SE REALIZA UN- EXPERIMENTO EN ELICUAL 58 SACA A LA ESTRUCTURA DE
S0 POSICION SE SACA A LA ESTRUCTURA DE S0 POSICION DE EQUILIBRIO
ESTRTICan SE DEJA VIBRANDO LIBREMENTE, EL REGISTRO DE LAS ACELERA-
CIONES QUE SE REGISTREN EN LA MASA TENDRA LA MISMA FORMA QUE LA GRA-

FICA DE L& EC, 7.

772

k
Acelerdmetro [Amphificador | i Q_qgfa+rador

FerEris
e

y (her ’)
Gt

SI DE DICHO REGISTRO SE MIDEN y(t + T'ly y(t) SE PUEDE OBTENER L Y,

CE LA EC. {11}, DESPEJAR A ¢

= L
:-21
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_EJEMPLD

A UNA ESTRUCTURA DE UN PISO SE LE APLICA UNA CARGA HORIZONTAL DE

20 TON EN S0 MASA, OBSERVANDOSE UN DESPLAZAMIENTO ESTATICO DE 0.2 CM,

Al, SOLTAR SUBITAMENTE LA FUERZIA SE REGISTRA UN PERIODO DE OQSCILACION

: !
DE 0.2 SEG, Y QUE LA AMPLITUD EN EIL SEGUNDC CICLO ES DE 0.14 CM,

'.-I.
-

5’7 77 Jem B 20on gib

P

{ﬂphcada .
estahicamente ! ':""-"\ - D14

o \y 21‘.

CALCULAR uw, m;fgL Y ¥

. 2m T2 27y 2.0 TON
I = = = = = m—— = —
DE T " 0.2 ¥ K 0.2 100 oM

/F“ Kg

SE ORTIENE

wrp? Kgfdnz = tu.2}2 x« 100 x 931?4"2 = G'ﬂ: 2200 xgﬂg%
- 1

W = 99,4 TON

I = -2_.1.'. = —21 - R-AD = = 1 =
w ik 2 "0 gt B s 3 gy = 5 oops
L=1n 22 - 15 1.43 = 0,357
0.14 )
R R P = 0.0568 0 &7 .08

¢ = ‘Ccr = [2/KM = 0.1132 {iﬂn x 99.4/981°

= 1,132 x 0,318 = 0,36 TON SEG/CM
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EJEMPLO
CALCULAR LA RESPUESTA DE UN SISTEMA DE UN GRADQ DE LIBERTAD SUJETO

A LA SIGUIENTE EXCITACION:

LN

CON C =0

G-

mx + kx = P,

. x = C, senwt + CZ Cosut + pnfk

STEN t =0, x =0 Y x = 0:

€, = -F /k Y g, =0
o

2

. Py .
R Sl (Y - cosut]);

x

B = FACTOR DE AMPLIFICACION DINAMICA = = (1 - cosut)

()

B =2, ENt =T/2, 3T/2...

MAX

AHORA, SI LA EXCITACION ES DE DURACION t_

;4?)# ST t<t
2 0 )
X = = - coswt
A1 . k “
= Mpo
x(t} = % Senat
B | e
; ; - EN t = ¢t :
@ P
= _ 02 - .
x[toj =T {1 CDSmtO} CONDICIO
NES INICIx
. why,
x{tﬂ] =—1 Semwt, LES PARA

l t>t
0



l‘l‘l

51 t>tﬂ, Xx =Acoset' + B senwt' , CON t' = ¢t - tﬂ

ENt' =0 (te= tDL SE DEBEN CUMPLIR LAS CONDICIONES INICIALES AN-

TERIORES, LO CUAL CONDUCE A

Py v " P,
Am {1 - EOSmtD] . = - sefut
Po Po
POR LO QUE =5 {1 - cr:s:nto} cosut'! + senwt senat'
P
= TD /(1 - cosmtn]z + senzmto sen{wt' - 8 )
0
p
x = 1? 35(1 - cos t.) sen{ut' - 8)
pd mtn
PO . ' -
= k ESEHT) sen(ut B)
Ba FACTOR DE AMPLIFICACION
wt t
BI‘»IA}{ = 2 sen 20 = 2 sen(n—1~?~]
wto .
CUANDO T = 5 EMJ“LK = 2
Eﬂﬂx .T-
2.0 — - - =
i
[
|
i 1 & -_-_.‘:"
oF /0 s, 5 "/T
CL MAXIMO EL MAXIMO OCURRE DURANTE LA EXCITACION
OCURRE DES- .
PUES DE LA
EXCITACION

nt
SI t /T ES MUY PEQUERC, sen T°

= ntﬁfT
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’ Y XMAX k - 7 me mw

EN DONDE 1 = pato = AREA BAJO LA EXCITACION

EJEMPLO: EXCITACION DADA POR UN IMPULSO-SEA UN IMPULSO APLICADO

DUKRANTE UN INTERVALO DE.TIEMPO st MUY PEQUERO, TAL QUE at/T. << 1:
AE) A

As

N Zmpulsoz 7+ [ 44
7 5
.
At 7,

~¢

POR EL PRINCIPIO IMPULSO - MOMENTO SE TIENE QUE

At .
I =7 p(t)dt = mx
EN DONDE x ES LA VELOCIDAD QUE EL IMPULSO LE IMPRIME A LA MASA DEL
SISTEMA. DESPUES DE st EL SISTEMA QUEDA VIBRANDO LIBREMENTE CON
VELOCIDAD INICIAL x{0) = % , MIDIENDO EL TIEMPQ EN LA ESCALA DE
t', Y CON DESPLAZAMIENTO INICIAL QUE PUEDE CONSIDERARSE NULO, DEBIDO
A QUE EN EL CORTO INTERVALO DE TIEMPO st LA MASA ADQUIERE UN DES-

PLAZAMIENTO DE MAGNITUD DESPRECIABLE. EN TAL CAS0 LA RESPUESTA RESULTA SER

x(t') = E&El senat' = ]irsenut'

51 EL STSTEMA TIENE AMORTICUAMIENTO,

_ 1
x{t') = 7&? e Y cenute!



PRINCIPTO DE HAMILTON

ts £

j 5 (T-Vide + f oW dt = 0

tl t.l

NONDE

T = ENERGIA CINETICA TOTAL

V= [ENERGIA POTENCIAL TOTAL, INCLUYENDO ENERGIA DE DEFOR-
MACION Y ENERGIA POTENCIAL DE LAS FUERZAS CONSERVATIVAS

W= TRABAJO REALIZADO POR LAS FUERZAS NO CONSERVATIVAS

(TALES COMO LAS DE AMORTIGUAMIENTO)

§= VARIACION TOMADA DURANTE EL INTERVALO DE TIEMPO DE t,

A tZ

EN ESTE PRINCIPIO SE ASUME QUE LA VARIACION, $x, DEL DESPLAZAMIENTO

EN LOS INSTANTES t, Y t, ES NULO.

EJEMPLO
A i ;o t2 1.2 -
- - Mi—ep(t) T = 5»mx” ; V= 5 ke” (ES LA ENERGIA DU DEFOR-
2 Ay MACION, UNICAMENTE}

awnc = plt)éx - CcX§X

2 . t :
[ 803 mx’ - %kxz)dt . ] (p(t}6x - cxéx)dt

t‘l . t.l

ts L2
J {mxéx - kxsx)dt + [ (p(t) - cx)éx dt = 0
ty i3

ta, .. .
[ me&x - (ex + kx - p(t))sx]dt = O

L)

t



INTEGRANDO POR PARTES EL PRIMER TERMINO DE ESTA INTEGRAL;

ty oL Lot L.
[ mxéx dt = mxéx] - l mx 8 x dt
: t
‘l'.1 1 t1

t: ..

= mxdx dt

Ty
POR LD QUE
T2

[~ mx - va - kx + p(t)lsx dt = 0
H 1 :
PUESTO QUE &x ES ARBITRARIA, LA ECUACION ANTERIOR SE SATISFACE EN

GEMERAL S0LO S1

mx + cx + kx - p(t) = 0

EJEMPLO
1)
"1 Vi z vix,t) = ¢(x)z(t)
7Y APLICANDO EL PRINCIPIO DE HAMILTON:
| o¢t) L
1 J ' 2
T= 5 | m(x) (v, (x,t))"dx
! ety g i
- ! ' ENERGIA POTENCIAL POR DEFORMACION:
m (%) L
£
1{x) V== j EI(x) (v (x, t)Jdx
41 1
bty —b L °
eft) = % J [v'(x.t)]zdx

o
iR POTENCIAL DEBIDA A LA EFUERZA NORMAL:

L
Vg = - % J [v‘[x,t}]zdt
8]



L

EN ESTAS ECUACIQNES: v = dv/dt ; v' = dv/dx
. vi= dzvfdxz

PUESTO QUE NO HAY FUERZIAS DINAMICAS EXTERNAS Y SI CONSTDERAMOS AMOR-
TIGUAMIENTO NULO, ENTONCES awnc = (0, POR LO QUE

t

2
[ §(T-V)dt = 0 o
ty
t2 L ] L
[ {( m{x)vt&,t] 5vtdx -J EI(x)¥"(x,t) dv'dx +
't1 o o
L
+ N J v'{x,t) sv'dx] = 0
0

TOMANDO EN CUENTA QUE

vt a v o+ Vo , v o= wuZ, vy o= wlz v = 7

th = 5; , Sv'' = pMEZ, &v' = yp'éz, &V = yéz )
SF OBRTIENE
t L L
r 2 - LI 2 L
) [zéz [ m{x) ¢ éx + azvﬂ(t} m(x)péx -
t, 0 o}
L L

- 282 j EI(x}(¢“]zﬁx + Nzéz [ E¢"]26x| dt = 0
o

o

INTEGRANDO POR PARTES LAS PRIMERAS DOS INTEGRALES Y HACTENDO
L

m = [ m{x}y
‘0

2 4x . MASA GENERALIZADA



L N
K = [ EI{x]{¢”}2dx = RIGIDEZ GENERALIZADA SIN CONSIDERAR
“Q
FUERZA NORMAL
L L
o K = f EI[x)(w”jzdx - NJ (m'jzdx = RIGIDEZ GENERALIZADA CON N
L) [w]
L
p(t) = FUERZA GENERALIZADA EFECTIVA = - v_ f m(x)ypsx
{1
SE OBTIENE LA ECUACION
L S .
[ [mz + kz - p(t)]éz dt = 0
L
POR LO QUE
mz + kz = p(t)
CASQ PARTICULAR. CONSIDEREMOS EI=cte Y m=cte = m
SEA w(x) =1 - ccs%§ : EN TAL CASOQ:
L L
m = [ ﬁ(w}zdx =m J (1 - cos%%)zdx = 0.228 nL
o L O
S1 N=D: P
I L [ ]
k = [ FI[¢”szx = EI {“2 cnslﬁjzdx - li El
[ Z ZL 32
o 41, L
L L
. . i . T L.
p{t} =-v0(t) J my dx --mvaft] J (1 - cosfr] dx =-0.364 mLy_(t)
Q 2
ST ON#£D

L L

4

e T L 2 - 3 rx.2

CE ey E?. N f ($')7dx = N I fff senzrj dx
o 0



P . nt EL Nt
37 3 8L
2
4 N__n 2
. r_Bl _ _er _ = ¥_ EI |
PARA CARGA DE PANDEO: 33 55 T 6> N =5 2
= qEI N
CON LO QUE K= 252 (1 - ) Y LA BCUACTON DE EQUILIBRIO
SZL cr
QUEDA EN LA FORMA:
Lo 8Eq N ‘ .
0.228 mLz(t) * T2 (1 - =) z(t) = &.364mLv_(t)
321.3 Ncr o

LﬁthFCUENCIﬁ CIRCULAR NATURAL CORRESPONDILCNTE ES

N

N )
CcTr

ndEI{1'

7.2686 EL4

rd B — '
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SOLUCTON AL PROBLEMA DE VIBRACTONES FORZADAS

h. FUERZA EXTERNA

VEAMOS PRIMERO EL CASO EN QUE EXISTE p(t) Y QUE xott} =0,

SIENDD pft) ARBITRARIA

pit:

PUESTO QUE d7<«T, LA FUEREZA APLICADA EN t=T FRODUCIRA UN INCREMENTO
INSTANTANED EN LA VELOCIDAD DE LA MASA IGUAL A
_ pirldr
Y =T
¥ UN INCREMENT{O INSTANTANEO HULO EW EL DESPLAZAMIENTO, ES DECIR, v=0,

TOMANDO ESTOS INCREMENTOS COMO CONDICIONES INICIALES EN t=7, LA EC. 5

DA COMO RESULTADOQ

yle) = E%ﬁ%ﬂl sen w' {t-1) g Rit-T) R
PUEST( QUE EL SISTEMA ES5 LINEAL ES POSIBLE SUPERPONER LOS EFECTOS
OCASIONADOS POR LOS IMPULS0OS APLICADOS EN CADA tr QUE HAYAN OCURRIDO

AMTES DEL INSTANTE t DE INTERES; ES DECIR,
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¢
yit} = ﬁf% I plr)e h{tFT]SEnu'(t-T]dr (12}
1A FUNCION Eﬁ# e M) gt (6-1) ,QUEES'LA RESPUESTA A UN IMPULSO INSTANTA~

NEO UNITARIQ DE FUERZA, SE LE CONOCE COMQ FUMCION DE TRAMSFERENCIA DEL

SISTEMA,

| .
S0 P (%)

2,
V\' . Ty

‘x....-—"'_":“""t.

- — - e e

LA SOLUCION DADA EN LA EC. (12) SE DENOMINA INTEGRAL DE DUHAMEL., ESTA
CONSTITUYE LA SOLUCTION PARTICULAR DE LA ECUACTON DIFERENCIAL DE EQUI-

LIBRIOQ; LA SOLUCTION GENERAL ES5:

t ]
y{t) = 2e M cos(utt-g) + E{%f'_' Iy p{r]e_h{t_ﬂsenu' (t-1)dx I
}

-—EF

EN DONDE A y 0 DEPENDEN DE LAS CONDICIONES INICIALES DE DESPLAZAMIENTO
¥ VELOCIDAD, v{0} ¥ é{ﬂ}, RESPECTIVAMENTE,., EN GENERAL LA PARTE DE
LA RESPUESTA DADA POR LA SOLUCION PARTICULAR ES LA MAS IMPORTANTE,

YA QUE L& OTRA PARTE SE AMORTIGUA RAPIDAMENTE.

B, MOVIMIENTO DEL SUELD

PARA ESCRIBIR LA SOLUCION PARTICULAR DE LA ECUACION DIFERENCIAL DE
EQUILIBRIO PARA EL CASO DE VIBRACION FORZADA POR MOVIMIENTO DE LA

BASE DE LA ESTRUCTURA, BASTA CAMBIAR p(r)/M DE LA EC. (12) POR -E; .

YA QUE EN DICHA ECUACION APARECE EN EL MIEMBRO DERECHO p(t)}/M CUANDO
LA EXCITACION ES P{t) Y APhRECE-f; CUANDO Lk EXCITACION ES POR

MOVIMIENTC DEL SUELD, EN EBTE CAS0
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LA SOLUCION PARTICULAR ES, ENTONCES

1t
yit) = 55 7 x (e

“hE-1) e (t~v)dT (14)

e T r—

_EJEMPLD
CALCULAR LA RESPUESTA DE UN SISTEMA DE UN GRADO DE LIBERTAD COM AMOR-

TIGUAMIENTO NULO, CUANDO LA EXCITACION E5 LA SIGUIENTE:

bk
g = 0
a . xﬂ[t} = a, SI ﬂitstﬂ
¥ A -
tu xg{tl = 0, 8I t<0 0O t>t0

CONSIDERESE QUE y({0)=0 Y y{0)=0. PUESTO QUE LAS CONDICIOWES INICIALES
SON NULAS SE TIENE QUE A=0 (UTILIZANDD LA EC. {13) ¥ LA SOLUCION PAR-

TICULAR QUE SIGUE, EC. (A)):

t t
ylt) = -1 J a senu(t-1)dr = ~2 ; sen wit-13dT
L) — V] 0
= i% (1- cosut) ST 0stst (A)

PARA FINES DE DISERO ESTRUCTURAL ES IMPORTANTE CONOCER LA RESPUESTA

MAXIMA; ESTA OCURRE CUANDO coswt ==1, O SEA, CUANDO

wt = 1w Dtﬂ.l.:-.-'__ 2
uw I b
T
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Y VALE
MAX {|yit)} = 23 . 8 1% g1 Deigt O 0gT¢2t
w2 2"5 ' T2 o ¥

PARA t’tc, 0O SEA, -PARA szbto ES NECESARIO OBTENER LA RESPUESTA EN VI-
BRACION LIBRE CON LAS COMDICIOWES INICIALES DE VELGCIDAD Y DESPLAZﬁ—
MIENTO COERRESPONDIENTES A t=t0:
(£ ) = == (1 - cosut ) ; .{t ) = =2 senut
Y1ty _ ol 1 ¥ty m o

2

[

APLICANDO LAS ECS, (5} Y (6) OBTENEMOS:

= -4 - - 1
yit] L2 [SEnmto sehwt (1 ~ coswt ) cosut ]
-:E/E 2’ -
= uz sen Nta + {1 CDSmtu} sen (wt' =
_ ~Za !
yit) = =5 senute sen{wt' - @
t 2
-1 1-:.':0$mtD
= - = —_——
DONDE ¢ c tD Yy o tan { EEHmtD ]

EL VALOR MAXIMO DE LA RESPUESTA EN ESTE INTERVALO ES

mtD
sen—

MAX{ |y ()|} = 22 -

s ST t»t o T»2t
mz o o
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EXCITACION ARMONICA

CONSIDEREMOS AHORA EL CASO EN QUE LA ESTRUCTURA ES EXCITADA POR LA

FUERZA ARMONICA

plt) = P, Ssenft

DE DURACION INDEFINIDA,

LA SOLUCION DE ESTE PROBLEMA SE PUEDE ENCONTRAR SUSTITUYENDO A

p{t} = Po senﬂé EN LA INTEGRAL DE DUHAMEL Y OBTENIENDO SU SOLUCION.
SIN EMBARGO, EL RESULTADO LO OBTENDREMOS DE LA CONSIDERACION DE QUE
PARA QUE EL MIEMBRO DERECHO DE LA ECUACION DIFERENCIAL DE EQUILIBRIC
APAREZCA UN TERMINO ARMONICO ES NECESARIO QUE EN EL IZQUIERDO SE
TENGAN COMBINACTIONES DE TERMINOS TAMBIEN ARMONICOS., COMSIDEREMOS,

POR LO TANTO, LA SOLUCION

y{t) = A senflt + B cosit {149

Y DETERMINEMOS LOS VALORES QUE DEBEN TENER A Y B PARA SATISFACER LA
ECUACION DIFERENCIAL DE EQUILIBRIO, PARA LO CUAL HAY QUE SUSTITUIR
A yi{t), y(t) Y y{t) EN LA ECUACION DIFERENCIAL. HACIENDO ESTO Y FAC-

TORIZANDO:

{—Aﬂz - 2haB +w2A} seniit +

n
(~Bn® + 2hAR +u2B) cosft = -2 senfit + 0 x cosit

M

PaRpA OUE ESTA IGUALDAD SE CUMPLA 5FE REQUIERE QUE

P
_a0%-2haB + wlA = -©

*Bﬂz + 2hRA + w™B = 0



RESCLVIENDO ESTE SISTEMA DE ECUACIONES SE OBTIENE:

P
TD (ﬂz -mz:l
A =
(02 -2 + 4nen?
Po
-z2hii M

l:r.|..|2 —ﬂz'}z + 4k

SUSTITUYENDO A Y BE EN LA EC. {14):

' P,
M . 2 2
yi{t) = 3 % 5 E{IR -u“} senfit - 2hid coaft}
fw -0717 + 4h'n
&, TAMBTIEN
Po
M
yit} = 15en{ﬂt - @}
[m2 —RE}E + 4h2ﬂ2
- - _ ~B, _ -1 2hi =
= D'DHD;L G - .FLNG TRN {_ﬂ] = TAN j—i ANGULD

DE FASE

DIVIDIENDO NUMERADOR ¥ DENOMINADOR DE LAS ECS, (16)Y (17) ENTRE

SE OBTIENE:

——

D
-0

y(t) = .
/:1 -8 ¢ (2 ?
w?

"

sen (Rt - @)

)
'—l
= Elﬂ

g

1
F = TAN ____fﬁ 1
|
|

20,

{15}

{16}

{17)

{18}

(19)

LA

2
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51 SE TIENE EXCITACION ARMONICA EN LA BASE DE LA ESTRUCTURA
xD[t] = asen(t, O SEA, Xy = EEESEHHt, BASTA CAMBIAR 2 prM EN La

EC. {16) POR Haﬂz; HACIENDO ESTO SE OBTIENE

) )
yt) =/- “;"'“" - a sen(0t-9) (20)
.RT,2 P 1
(1 - ;f] + {2{;}

FACTOR DE AMPLIFICACION DINAMICA DE DESPL.= B, = MAKIY—;—”—I
i
. Sr
? ()
FIG. 1.CHRYAS DhE AMPLIFICACTION DINAMICA PARA EL CASO DE FUERZA
* EXTERNA
1 (21)

B =
d s
/tl - %}2 + {zc%!z
L}

|
I0S FACTORES DE AMPLIFICACION DINAMICA DE VELOCIDAD ¥ ACELERACION SE
SEC PUEDEN OBTENER DERIVANDD RESPECTO A t LA EC. {16} O La (20), SEGUN

SEA EL CASQ. L0OS RESULTADOS €0YW, RESPECTIVAMENTE,

Pas w = =E = _‘12 = l:t]
max|L=L] = B = = By Y B, = (-)7By m|b—| (22)



EJEMPLO

CON UNA MAQUINA VIBRATORIA FPORTATIL QUE FRODUCE FUERZAS ARMONICAS

5E PROBQ UNA ESTRUCTURA, AJUSTANDO LA MAQUINA EN LAS FRECUENCIAS

_ RAD B RAD
B, = 16 55 ¥ ﬁz 23 SEG’

CASO. LAS AMPLITUDES Y ANGULOS DE FASE DE LA RESPUESTA QIUE SE MIDIE--

CON UNA FUERZA MAXIMA DE 500 LB EN CADA
RON FUERON:

7.2 x 10 3in, F. = 15° (cosff, = 0.966 ; senp; = 0.259)

51 1

f

b, = 14.5 x 107%in, g, = 55°(cosf, = 0.574; seng, = 0.819)

EVALUAR LAS PROPIEDADES DIMAMICAS DEL SISTEMA.

HACIENDO:

o = EE B = p_n 1 { l }13‘2

1k "8y kg2 1y [2:5!{142}}2 i

e _\{ rl
ccsﬂi
'Di = i_o EE_.E..% 1 B = ﬂfm
i -8
o]
Py cosd,
k - kg2 = =—2 = xn%n (23)

SUSTITUYENDQ LOS VALORES EXPERIMENTALES DE LAS DOS PRUEBAS:

N

2 500 (0.966)
k = {16 'm = 1b
2 500 (0.574) Ih sEG?
Kk - (25}°m = | m o= 128,5 ==&
14.5 x 10 n

r

w =/§= 27.9 ~AD

e
ern
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USANDC Las5S BCS. (17) Y {23) SE OBTIENE:

p_ send
;= E%“E“‘i ; DE DONDE ¢ 155ﬂﬁ (0-259) —— = 15.7%
i Py Jme2e 100 000(7.2 x 10 )
37.9
RESONANCIA

CUANDG LA EXCITACION TIENE FRECUENCIA IGUAL A LA NATURAL DEL SIS-

TEMA, SE DICE QUE SE PRESENTA EL CASQ DE RESONANCIA. DE LA EC. (20}

ES EVIDENTE QUE 5I g=4/w=l SE TIENE

yitl = %E a sen{dt-@)
e
Bd
i
0(By) Lag ==—§E-EN CASC DE MOVIMIENTO DEL SUELO Y DE FUERZA EXTERNA

SIN EMBARGO, AUNQUE ESTA RESPUESTA ES CASI IGUAL A LA MAXIMA, ESTA

OCURRE CUANDO & = w/1-2(> EN EL CASO DE y(t) v y {t}, EL MAXIMO OCU-

RRE, RESPECTIVAMENTE, CUANDO

- u

n=uw Y 0 - 51 {< 20%, LOS VALORES DE ESTAS ot NO
;l—Ecz

DIFIEREN EN MAS DE 2%.

EL MAXIMO VALOR DE Bd (PARE fIl = u 1-252} ES

1

N TP (.72 kil

) )
d’ MAX d’ Max
2;#1-;2 2;#1-;2

51 S5E TIENE FUERZA EXTERNA O MOVIMIENTO DEL SUELO, RESPECTIVAMENTE.

{B

SE OBSERVA EN ESTAS ECUACIONES QUE SI (=0, (B)) = w,

d’ MAX
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51 5E ANALTIZA LA SOLUCION GEMERAL DE LA ECUACION DIFERENCIAL Dé

MOVIMIENTO PARA EL CASCQ DE CONDICIONES INICIALES NULAS Y A=l SE ‘'IENE
]

QuE:

PG Coswt

-h
€ & Zz

t{A sen w!'t + B oos w't) -

It

y(t)

v (O} B - pEKIEQkJ ]

DE DONDE, HACIENDO y{(0)=0 Y y{0}=0, SE OBTIENEN:

a=o e _Po 1 g _PooL.
k 2w’  k a1 kK 2C
23&-;
POR LO QUE
1 Po ¢ «ht z
y({t) = T K [E {;r——T senw't + cosw't) - COEutJ
1-¢

_PARA_AMORTIGUAMIENTOS PEQUEROS:

yle) o 1 . -ht_
Pofk iR Fe Jl:lc-:JSut
1£wtj
T
Lfi’ // ! H %
Gl e b
RN f \ N 1
I ; =
“_h“_{”“__\*/*__z;

O 650 y R
SI G=0, APLICANDC LR REGLA DE L'HOSPITAL, SE OBTIENE:

EI}EL = % (senwt - wt cosut)

O

- e b —
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fuct)
Do /s -7

/) B

Ay
4\

CARACTERTSTICAS DINAMICAS DE LOS REGISTRADORES DE SISMOS.

&1 IA ACELERACION DE LA BASF. DE UY IRSTRUMENTO ES ARMONICA, DADA POR LA

ECOACION

xoit} = a senlRt
[

el FACTOR DE AMPLIFICACION RESULTA SER

B

2
W

pu X

1
B = — —_— =
a’® T 7

: i, 2 2

E

PUESTQ QUE LA FIG I CORRESFONDE A Ed' Y EN ELLA SE OBSERVA QUE FARA

L H_E_? GE TIENE Bd = 1 PARA Dfﬁfu <,0.6, SE CONCLUYE QUE EL DESPLA-

— ey —a

{iEIENTD_EE*L% MARA DE HE_E}STFHA pﬁ_EEEEEE?}?PAL A LA REEEEBﬂ;ION DE
sU BASE, 85I ESTE TIENE AMORTIGUAMIENTO DEL 70% ¥ 5I LAS EXCITACIONES
QUE SE TRATAN DE REGISTRAR TIENEN FRECUENCIAS INFERIORES AL 60% DFE

LA TRECULENCIA NATURAL DEL SISTEMA, S5I ES5T0O SE CUMPLE, EL APARATO

RESULTA BER W ACELTINYETRAO,

EN INGENIERIA SISMICA LA MAXNTMA FRECUENCIA Lo INTERES ES DEL ORDEN DE
i ces (0= 0,1 3EG), POR LO QUE LOS ACELEROMETROS TIENEN FRECUENCIA

JATURAL DE 16 A 20 CPS,
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FPOR OTRA PARTE SI LA EBXCITACION DEL SUELO ES ko = a senfit, O S5EA,

X =-a ﬂzsenﬂt, ENTONCES EL FACTOR DE AMPLIFICACION RESULTA SER EL

SETTALADO EN LA ECUACION (20}, ES DECIR,

BI = - tﬂf"wlz__‘__

d d?'-“Vw}J + (270w}

EN LA GRAFICA CORRESPONDIENTE SE OBSERVA QUE 5I =0.5 ¥ Q»w EL DES-

PLQZHMIENTO DE LE HASA ES PRDPOHCIDNEL AL DEL SUELO:; SI ESTO SE

—

L= ma o — -_—— rr—— e . ——— ——

CUMPLE, EL APARATO, CONSTITUYE UN DESPLAZOMETRO, CONOCIDO TAMBIEN

COMO STISMOMETRO,

2 A

& ! r
.d .IL . i 1IIL
=Q 3 ] .\ > 5 = jfg
- \; L\ /
S ; f. k o ¢ =020
A L S - -
T L— -"r-/.J‘"-.H_ "-\:"‘/:
JII " ) b /“"\.‘h“\ -
i s 1 “uﬁ'?:j:: ?.ifb;
1l | SRl et W
r/// /7‘[ q_—____——-—"\’-\/
o A
o LIy i l R § LY
o { Z o

DE'II"PMII*MCIDN EKPFRIMENTAL DEL M“IDRTIGUAT"II“'NTD DE UNA ESTRUCTUE_R ME~

—— mp———— r———— r — o mm — e —r— W

DIANTE UIBRACIOHES F‘DRZADHS APMONICAS

B& A (Bd) 2‘:‘ 3 O, 7 BESPIAZAMEND £V

; v 'y

:J{; -

([ B ) max
Ve
z9 |—
L350 wa pEQUIT2MOS P2 112 FLTELS
jro b Copy DIt PpAORY ZYRERIMET?
R . E e
Gem g s2a =7 *

.‘_".______iﬁ_._____,._.__

b
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51 SE DETERMINA Bd EXPERTMENTALMENTE MEDIANTE UNA SERIE DE PRUEBAS

DE VIBRACION FORZADA CON FULRZAS ERMGNIChs; ¥ ADEMAS SE DETERMINA

L ENTONCES

o
Q (24)

[ =
2 (Bg T pax

OTRO METCODOD PARA DETERMIWAR t CON BASE EN LA CURVA EXPERIMENTAL DE

Bd SE CONOCE CON EL NOMBRE DE “@ETGDG DEL ANCHO DE BANDA DE LA MITAD

DE POTENCIA". ESTE SE BASA EN DETERMINAR LAS FRECUENCIAS QUE CORRES-

- — e —

POHNDENR AL VALOW rms DE LA ANMPLITUD EN RESONANCIA, EI CUAL VALE

(By)yn,/¥2; SERN 8, Y 8, ~ESTAS FRECUENCIAS. DE LA ECUACION DE B,

1
SE OBTTENE: rms = 2 = RAIZ CUADRADA DEL VALOR MEDIO CUADRATICO
/2
ffi#FJﬁ_Ei___-
N T
, .
L < R xﬁﬁ1—32}2+ tz;slf
A e

ELEVANDO AL CUADRADD AMBOS MIEMBROS:

1 1
87 (1-g%)" + (208)% |

R |
DE DONDE 82 = 1 - 2¢° + 2071 +¢°

pDE AQUI, DESFRECIANDO EL TERMINO ;2 DEL RADICAL, SE OBTIENE

=

2 :
1 -2z - 2¢ ; B, =1 -1¢ -3¢

1 + 27 - 2c2 ; 8,

-

I
[
-+
[as

i
i

Lo
[V I S S B
[
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DE DOMNMDE {25}
- 12,00
EJEMPLQ. S S
o
Ty
" . 5.67Tx10° % . -2
iy o 2R im o= 4.0 k)
= | - : = : L
. Sz
]
!
=
3 =
[T
=
i~
9
5 \\nﬁhthh*
fu
) _I__.__.__._,_- e ..__.___.L—-——h.—
o, _rad
_ B _ RAD
OE LA EC (25} AQ = ﬁz ﬂl = (.87 SEG
ﬂ2 ) ﬁ1
: EZ } B1 - ﬂres ﬂr&s . £y = My . D.B7 7.18%

__ HETODO NUMERICO 8 DE NEWMARK PARA RESQLVER EL PROBLEMA DE VIBRACIONLS

e r—— —— m—— 4 — -

FORZADAS .,

28,

e — mmp

EL METODO QUE A CONTINUACION SE DESCRIBE ES ADAPTARLE A S5TSTEMAS WO

LINEALES COX VARIOS GRADOS DE LIBERTAD.

PROCEDIMIENTO :

1. SERN y., Y;.y¥,, CONOCIDOS EN EL INSTANTE t

S0PONRAMOS EL VALOR DE Yi41

2. CALCULEMNS y. . = v, o+ lyy + yi+1latf2

i ¥ EiTE

=t s

at.

{26}
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. - ] i _ 'K 2 LN

3. CALCULEMOS Yiseg — ¥y b oygat o+ E2 B Zlyi{at} + ayi+1{£.t} {27)
4. CALCULEMOS UNA NUEVA APROXTMACION PARA v. ., A PARTIR DE LA

ECUACION DIFEREMCIAL DE EQUILIBRIO:

Y.y t—2tay ., - w2l - ) - (%) (28)

i+l i+l Yit1 7 Yast o i+l

DOMDE y__, = p{ti+llfk

5. REPITAM0OS LAS ETAPAS 2 A 4 EMPEZANDO CON EL NUEVO VALOR ¥i+1

HASTA QUE EN DO3S CICLOS CONSECUTIVOS SE TENGAN VALORESDE i+l

CA5T IGUALES.

SE RECOMIENDAN VALORES DE § DE 1/6 A 1/4 Y at=0,1T PARA ASEGURAR

CONVERGENCIA ¥ ESTABILIDAD.
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o» m /ey
M= 4 by Se/ie
EJEMPLO F AN -0.2
| — '“..14_. - 'f{—\t é D‘ e - e T E - gy - .._._':.:]"'.;r — i
K:3g LD ‘ Ht;}ﬂah““uxﬁhh
LA, //
ey e 1

CALCULAR LA RESPUESTA DE LA ESTRUCTURA APLICANDO EL METODO A DE

NEWMARE
— FPL ot Rap
w= Yk = 3674 = 35z

h=¢ftw =0,2x23=0,68 ; T

ft

%} = 2,09 SEG

TOMAREMOS pg=0.2 ¥ at = 0.2 (= 0.1T) SUSTITUYENDO EN LAS ECS, (26},

(27) y (28):

Yipp = ¥y P 0.1 Uy v oyg,)

y, + 0.2y, + 0.012y; + 0,008y,

Yiv1

LI ]

Vier = "1:2¥540 7 Y541 7 o) ie

EN t=0 SABEMOS QUE SE TIENE y=0, y=0 Y y=0

EM t=0 + at = 0.2 SEG; SUPONGAMOS Yi+1 = 5.0 INKSE@E; X, ==&

e
[}
Lo}
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[ | -
Tl
b , = - - - =
3 Yy, =°1.2 X 0.5 - 9 % 0,04 - (-30 x 0.2) = 5,04
3 Yigp 0+ 0.1 (0 +504) =0.504 ; y ., %0+ 0+ 0+ 0.008 x5.04 =
=1
L = 0,04032
J
Al .
© 1y, =-1.2 x°0.504 ~ 9 x 0.4032 - (-6) = 5.033 IN/SEG’
EQTDS CALQULOS ?E PIEDEN CORGANIZAR MEDIANTE UNA TABLA COMO LA SIGUIENTE:
ALCULOS. SE_PUEDEN ORGANIZMR MED : 0 L :
t 1 xﬂ | v Y b
SEG | In/SER’ ING/SEG> ING/SEG N
- - N P U
| O - 0 0 0 0
i""-— -— —— e rr—— —— . ———— e —— e ——— e R A —— e —---—|I--------—-——--a--.-.--——--—-—_|
0.2 -6 5.0000 0.5000 | 0.04000
5.040 0,.5040 ' 0,04032
! 5.033 0,5033 0.04026
, I 5.034 0.5034 0.04027
in.q" ' 12 E 2.0000 1.8078 V' 0.26536
} i 7.442 1.7510 0,26079
. [ 7.534 1.7602 0.261 63
l _ E 7.533 1.7601 0.26162
[+=— . —— 1 ——
bo.at 0 [ -4.487 1,7601 . 0.26162
——— e m—— — f — L
L 0.6 " -6.000 0.7134 0.51204
|
: 1 -5.464 0.7670 0.51633
f ' -5,550 0.7584 0,51564
;r |; ] [ * -
i 1
L ] A i
Bt = 0.2 + At = 0.4 SEG x, = =30 x 0.4 = -12

I

Q.04027

<
1]
(%13
o
L
wl
et .
fers
I
==
Ln
o
Lad
s
-

¥i

\Y
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SUPONIENDO v, , = 8,000 S5 OBTIENE:

CITLD

L

£

-

-

Yipq = 0.5034 + 0.1 (5.034 + 8.000} = 1.8068
Yi,q = 0.04027 + 0.2 x 0.5034 + 0,012 x 5.034 + 0.008 x 8 = 0.26533%
Yiey = -1.2 % 1,8068 ~ 9 x 0.26536 - (~12) = 7.442 IN/SEG’

+ *u LR a X X .
t = 0.4 SOLO CAMBIA ¥y * yq 4, = ¥ 4. * X, = 7.533 - 12 = -4.467

t = 0.6, v, =-4.45?}'}i = 1.7601; y = 0.26162
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ESPECTROS DE RESPUESTA ESTRUCTURAL

RECORDEMOS QUE LA SOLUCION DEL PROBLEMA DE VIBRACIONES FORZADAS CON

EXCITACION SISMICA ES

-1 t ..
¥it) = = J xnfth‘l‘}e

=i

—LwlEeT) on w'{t-1)dr

4

DE LA GBSERVACION DE ESTA ECUACION SE CONCLUYE QUE EL DESPLAZAMIENTO
RELATIVO, ¥it), E5 FUNCION DEL TIFMPO, &, EL AMORTIGUAMIENTO, &, Y

LA FRECUENCIA CIRCULAR NATURAL, w» {0 DEL PERIODO NATURAL):

Y{t} -z fit,uw,i)

FIJEMOS UN VALOR DE [, POR EJEMPLO =0, ¥ LURGO ASIGNEMOS VALORES A
w, POR EJEYMPLO Q0.1, 0,2. 0.3, ETC, HASTA CUBRIR UN INTERVALO DE IHTE-
RES, ¥ PARA CADA CASO CALCULEMOS LA FUNCION RESULTANTE DE APLICAR LA

LCUACION ANTERIOR. CON ESTA ORTENEMOS

"
f

yzft} fzit, 0.2, O = fzftl

?3“:} = f3{tr ﬂ'-zr 0) = f3|:t]
SEAN D, = MAlel{t]] = Dlwys&)

D, = MAX|y, (£} ] = Dluy. %)

Dy = MAX |y (6} | "= Dlwg,g)

L4
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Desplozomiento ralolive,
Xit), puig

3[-'.

£t

i

|

!
—_—

Mdx {Ix[l]l}'—*laﬂ pulg. « B35 cm Ls
[T N T A R T T S T SO EE A (N T S T T N T S ST N S
0 5 0 15 20 25

Tiempo,t, 569

Respuesta de un sistemo amortiguado simple
cen T,=1.0seg y - =0.10, al sismo de
El Centro, Cal., 1940, componente N-S
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EN TAL CAS50, LA GRAFICA
| D

) I

z|- — -

Ll = = —

|
!
!
A

ES EL .E,SP,ECTRG DE EES?U'E§TA PE DESPLAZAMIENTOS PARA £ =0, SI ESTE PROCESQO DE

REPITE FIJANDO OTROS VALORES DE ¢. POR EJEMPLO, £=0.02, 0.05, 0.1,

0.2, ETC, SE OBTENDRAN LOS ESPECTROS DE DESPLAZAMIENTOS CORRESPONDIENTES.

DE MANERA AMNALOGA SE PUEDEN OBTENER LOS ESPECTROS TARA OTROS TIPOS DE
RESPUESTA, TALES COMO VELOCIDAD RELATIVA, ACELERACION ABSOLUTA, ETC, QUE SO0ON,

RESPECTIVAMENTE : .
. _ v

vV = MAX ;i A =3
Iylttll_;rm %xlxitl]hw (29)

PSEUDO - ESPECTROS -

ESTADISTICAMENTE SE HA ENCONTRADD QUE .
s, = wD = v (30)
s, = WD E AL uv (31)

A sv Y sﬂ SE LES LLAMA PSEUDOESPECTROS,

DE LA EC. (30): loa D = log V - 1log w= log V + log T - log 2rv
PE LA EC.{21): 1log A = log V + log w= log W - log T + log 2n

ESTAS ECUACIONES CORRESPONDEN A LINEAS RECTAS EN PAPEL LOGARITMICO;

LA PRIMERA CON PENDIENTE -1 ¥ LA SEGUNDA CON PENDIENTE +1., 51 SE USA

w COMO VARIABLE INDEPENDIENTE; S5I SE USA T, LA PRIMERA TENDRA PENDIEN-

TE + !, Y LA SEGUNDA, -1.
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ALTELRITIVANTSTITE £l
FELNMGS DEE PERIDDD B
T,

AR ASY
— — r —

EJEMPLO

CALCULAR EL ESPyCTRD CORRESPONDIENTE A LA EXCITACICN (CONSIDERESE z=0)

b,

I N R

EN UN EJEMPLO ANTERIOR SE OBTUVO
—-&

vity = — {1 ~ coset), 81 nf_této'
D = Max|y(t)| = Za . o T, , (0<Te2t )
we T T=2=-"a - ="
5, =uD = %? 5, = wV = 2a
wt
Y p = MAX|y(t)[= =5 sen -59 , SI T2 t
" ]
t wt
_ _ 2a “Fo | _ _ o
§, = wb = — | sen 5 l ; 5, = wV = 2afsen—§—[
w
s2en r
LIM Z - at
LIM S, Lg lat, ———1 o
m+ﬂ [w]
2

CASO PARTICULAR: SI t_ = 1 SEG y a = 100 IN/SEG2

_ 2 x 100 _ 140
5\.-’-2 ‘uT

' I"

y ST 0¢T<2 8ES




Pseudovelocidad V ,en pulg/seq

2=
T
1007 o T ).

®x1

= 2% sen = ST T>2 SEG

LIM sv = 100 IN/SEG

T+

1000

N

/]

s00

i
L

] te= 1 seg |
oc=100 J.'.u.JI-;‘|,i"*.;ﬂ+,",|E b

X

100

-]

X | Xo

Lh

Espectro no amortiguado correspondienté o un puiso rectangular

Periodo natural T,en sag

de oceleraciones. Segun N, Newinork ¥ E.Rosenblueth, ref 1



Desplazamiento maxime 0 ,en cm

aop- .
60l-
40}~

20

39,

Componente N-5

10 T 20 3.0 4.0
Periodo natural T, , en seg

Espectro de desplazamientos, Sismo de Tokachi —Oki, Japén
{1968) . Segun H.Tsuchida ,E.Kurala y K. Sudo, ref 4
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g

€

ot

™™

E Componente N-5

2 200}~

e

o

[ =]

E 150f- Lr0.05
G

E

g 100 |-

o

bt

o

L 50 £=0.10
[T}

o

> o i | i [ ] I i i -—

(4] 1.0 .0 3.0 4.0

A

Max {l 'K'g (t ”} *

A0

. 2.0

1.0

Periodo natural T, , en seg

Componente N-=5

Mu:{|3{’°[t}|} = 207,67 cm/seg?

£=0.10

R I I J | | e

1.0 2.0 3.0 4.0
Periodo nofural Ty ,en seg

Especiros de velocidades y de aceleraciones.Sismo de Tokachi-
Oki, Japon (1968} . Segun H. Tsuchida , €. Kuralo y K. Sudo,

ref 4

4
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Acelerogromas originales de! sismo registrodo el
11-V-1962 ,en lo ALAMEDA CENTRAL, Mex.D.F.
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+. .. d=e =
& + Kn v KE

5
q

DISTRIBUCIZN DE LAS FUERZAS CORTANTES EMN UN ENTREFPISO
‘?‘ n LY
K K4 . IF, = K, §+ K
.,L 4 i 1 2
i .
v Xq
- . ! =
X | K2 2_{ EL.KI § Ko
! . f Xn
| : 7
) L/ ?
I Favia E.E .
' 4
‘ ,4 \
WM~ . .
Koo 4 = T K.
eq 4oy 1
AP
T = = = = =
. My EF X, EK 8%, §IK X, VX, Kaqax,,
I K.X
{my 171
X, = -y POSICION DEL CENTRO DE RIGIDECES
I K
g=1 1

i
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DISTRIBUCTON DE FUERZAS CORTANTES DIRECTAS Y POR TORSION

certo e

3Pauedqd_
(C. [worta . W& o _ T __
G) dehnarcia Tx @ 7 pid
< ’i?.x s Va
cenlre cle - _/i _____ —~_ ,_/_f_ S .

'y

‘IQIdECQﬁ /:’ / s
- -
ER Rl\ /_ __/ ______ 7 - -/_ - = /_._
s P ‘ i .
!

' /

Y

‘:‘H i c
‘_’ o ana E\ £ . ;‘
~ )

A A N NN NN NENNNE

U

C.f.
® “" | l
Rl @MTI C C.f@s?r
Y

.o

?%
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VEAMOS COMO SE DISTRIBUYEN LAS FPUERZIAS CORTANTES EN LOS MARCOS

F K F. = K.&
1_‘ 1 | i i v&
| = * = ——
8 F, K, ! EF, = LK 6 =V .1 ¢ X,
—--——-E-‘—---HE{——— i
3 3 |
b —— — ————— ] i
F K X,
4 4 i i
Y i
V o=y | E K
x o . | . i
i=1
|
Fn-—l Kn—l f
e — e — all— )
|
|
|
F =X & =K Y'pg
X{ i %y Xy
F =K § = K X' g
g Y3 Yy ¥i *
LM a fF  Y' +IF X!
C.R. xii yii
= (1K Yiz + IK Xizi
i i
MTH
DF. NGNDE 8
X
i
OR LG QUE
| Ky’ J YK X!
! P, = Moy xizl > F, o= M, Yizi x
E 1 ITK ¥Y'S + K ¥ | Yq X ex v1% 4+ 1x X
i it y; Lo ¥; 1 ¥y
|
]
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STISTEMAS MO LINEALES TE UN GRADO DE L[IBEERTAD

ECUACION DE MOVIMIENTO:

Mx + Oly,y) = Pit}) ; vy = X~X = DESPLAZAMIENTC RELATIVO
SI Qly, v) = KY + CY SE TIENE EL SISTEMA ELASTICO LINEAL

MODELOS PARTICULARES

1. RIGIDO-PLASTICO Q 4

Go

Qy

0 =—Q1 + Cy, 51 w<Q
Q=Q, + Cy, SI ye0 EN DONDE C = CONSTANTE. SE HA EMPLEADO COMO
MODELC EN EL ANALISIS DE TALUDES ¥ CORTINAS DE PRESAS DE TIERRA

* ¥ ENROCAMIENTD

2, ELASTO-PLASTICO |Q

% Yo

SE EMPLEA COMO MCDELO EN EL AMALISIS DE ESTRUCTURAS DUCTILES,

FACTOR DE PUCTILIAD _ = u = ¥, /¥,

Yy = DESPLAZAMIENTO MAXIMO QUE PUEDE SOPORTAR EL SISTEMA SINW

FALLAR.
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SISTEMA BILINEAL ﬁl
Q /
l|"
£
i Y ' =y
CON ENDURECIMIENTO CON ABLANDAMIENTO
SE USA COMO MODELO PARA ANALISIS SE USA COMO MODELO DE SISTEMAS
DE PUENTES CGLGANTES QUE SE DEGHADAN POR AGRIETA-

MTENTO (MUROS DE MAMPOSTERIA,

POR EJEM)

TIPO MASING

CASD

DONDE y,, Q

o | (INCLUYE A LOS ANTERIORES COMO CASQS ESPECIALES)

’/'7 Q—'DG_Q,:Y-YG !
il . 52 = Q) |

P—

RPN 3

’ Es ue'q.'\'o de
I3 curva
= M =
QG FUEREZA EN ¥y ?0

YO =.DESPLAZAMIENTO EN EL CUAL EL PROCESQO SE INVIRTIO (y CAMBIO

.DE SIGNC) POR ULTIMA VE?Z

PARTICULAR DEL ESQUELETO

{MODELQ RAMBER - 05GOGD)

o ¥ r SON CONSTANTES POSITIVAS

1’ .
-N|

fdp.qsc)

g m— LN N re 4
P

¥
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EJEMBLO: ) CASO'BILINEAL

i

|57
/7

& 7 ‘ -
/*zfg'([]

EJEMFPLO CAS0 ELASTOPLASTICO *
(Qd
¥ r75>0 r}
—— —
ci; K0 Y
1 -

HETODO 8 DE NEWMARK

PARA EL ANALISIS DE SISTEMAS NO LINEALES SE PUEDE USAR EL METODO 3

DE NEWMARK DESCRITO ANTERIORMENTE.
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EJEMPLO

} Q {ons

M=2ton 626% i

pd) fj’[/////////’ N —K= iBtcn/r.rn
=1 K= 22 tonfna
Frry 7T ) 80375 m. -
P(tL) tons cme
3l -
5 ___________
&) 0.5 -t segs.

ECUACION DE EQUILIBRIO DINAMICO , MY + Q({(Y} = P(t)

Pt} = Qi¥) _ Pi{t) - Qiy) (1)

¥ o= T = 7

PATRA LA APLICACION DEL METGDO DE NEWMARK SE TIENEN LAS SIGUIENTES

EXPRESTQNES :
tl+l = ti + At
Yi+1 = Yi + {Yi + Yi+1l At/2

E ]

i+l i i i

CONSIDERANDO At = 0.10 SEG. Y B = 1/6 SE PUEDE ESCRIEBIR;
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{Yi + Yi+1

&

sap =¥ F ) (ID)

b
[

L] 1 '] "
141 Y, + Y {0.10) + 55 (2Y, + Yi+1] (111}

Il

Y

EL PROCEDIMIENTO DE CALCULD ES C0OMO SIGUE:

L)

SE ASUME Yi+1
S5E CALCULA Yi;l CON LA ECUACION (II)
< SE CADCULA Y . CON LA ECUACION {(ITI}
SE CALCULA UN MEJOR VALOR DE Y, , CON LA ECUACION (1),
ETC.

N,

PARA LA FUNCION DE RESISTENCIA Q SE TIENEN LOS SIGUIENTES CAS0S:

L

™) %_____*____ — (3 may

|
1

o Yo 3 Ymdx
1, COMPORTAMIENTO ELASTICO ' Q = 32 % Tﬂﬂs
2. CAMBIO DE RIGIDEZ . Q = 30 + 18 (¥-Y ) TON
3. DESCARGA  , Q=1Q . - 32(Y,  -¥) TONS

ESTA ULTIMA EXPRESTON MANTIENE SU VALIDEZ HASTA QUE, (Y, ,~¥) $2Y_



Y =
o

0.9375 CMS i Q. = 30,0 TON

50

PARA t =0, Y"‘E S =25 ¥y =0; ¥y =0

PARA t = 0.10,

ler, CICLO

SEA y,,q = 20
Yivl

Yitl

2o, CICLOD

Yivy T

Jer, CICLD

Y; =¥, =0 vy, = 2%

COMO PRIMER TANTEQ., EN TAL CASQO

= 1 -
=0 + x5 {0 +25) = 2,25

L

= 0 + 0,10 x 0 + =50

(2 x 25 + 20) = 0.1167
32 x 0.1167 = 3,733¢

_ 50 ~ 3,733

5 = 23,134

n

23,134/2 = 16.567

73.134/600 = 0,1219

32 x 0,1219 = 3,9000

(50 -~ 31,8)/2 = 23,050

49,



dc,

CICLO

Y 4, = 23.052
¥,y = 23.052/2 = 2.4026
Yisq = 73.052/600 = 0.12175

n= 32 x 0.12175 = 3,8960

LX)

y = (50 ~ 3,89680}/2 = 23:052

ETC.

30,



LOS CALCULOS BASICDS S5E MUESTRAN ERN LA TABLA SIGUIENTE:

51,

Tn t=0.5 + 5EG, ﬁ; w-45/2 = ~32.,5 [\ -22,5

t =] Y_z Y...]_ ¥ Q0
SEGS TONS oM SEG CM SEG CMS TONS
0.0 50.90 | 25,000 0,00 0.00 Q,0n
0.10 50,00 20,000 2.2500 0.1167 31,7330

23,134 2.4070 0.1219 36000
23,0650 2.4025 0,12175 3, 3560
23.052 2,406 0.12175 3.8960
0,20 50,00 20,000 4,5552 0.4722 15,110
17,445 34,4270 0.46793 14,970
17,513 4,4310 0.46804 14,977
I 17.511 1,43075 0.46204 14,977
0. 30 50,00 10,000 5,8060 0.98610 30,8750
9,560 5,.7840 G,98540 30.8620
9.56% 5.784B 0.98543 30.8630
{.40 50.00 G.00 6.2630 1.5958 41.849
4,0750 | 6.4670 1.6026 41,972
4.0141 | 6.4640 1.6025 41,970
4.0150 | 6.4640 1.60250 41.970
0.50 50.00 0.00 | 6.6650 2.2623 53,846
~1,5230
~1,8000 | 6.56975 2,2561 531,789
~1.8944
~1,8946 | 6.5700 2,259]12 53.7689
0,50+ 5.00 ~24:3946 | §,5700 2.25912 53,789
0,60 5.00 -30,000 3,8503 2,7848 63.251
-29,126 3,8940 2,78626 £3.278
~-29,136 3,89347 2.78624 63.277
-29.138 3,89147 2.78624 63.277
0,70 5,00 ~32,000 0.83657 3,025127 £7.577
~31,289
-31,320 0,87057 3.02626 £7.598
-31,299
~31,301 0,87147 31,02641 67.600
0.7278 5. 00 ~31.620 ~0.00313 3.03850 67.818
-31,409 :
-31.420 | -0.000352 | 3.03853 657.818
B -31,4093 } =0.000205 | 3.03853 £7.818

- 1,8946 = —-24,3946




CONTINUACION DEL CUADRC ANTERIOR

52.

t D Y ¥ Y 0
0.80 5,0 -28,000 ~2.1449 2.959611 65.293
| ~30,146 ' )
-30,000 ~2,21708 | 2,957874 65.237
-30,118
~30,117 -2.22127 | 2,95777 65,234
0,90 5,0 ~27,00 ~5.07712 | 2,59025 53.473
~24,236
~25,00 ~4,97712 | 2,59358 53,580
~24,290
~24,294 ~4.,94182 ] 2,59476 53,617
~24,308 ~4.,94242 | 2.59474 53,617
1.00 5.0 -14,00 ~6.85782 | 1.99614 34.461°
~14.7305
. ~14.7200 ~6.89382 | 1,99494 34,423
| -14.7120 ~6.89342 | 1,99495 34,423 |

EN ESTOS CALCULOS SE INTRODUJO t = 0.507 ¥ 0.50° PORQUE PARA ESTE

INSTANTE SE PRODUCE UN CAMBIO BRUSCO EN L& CARGA P(t) DE ﬁﬂ.pﬂ Tﬂﬂs
A 5.00 ToMNs, CON LO CUAL SE PRODUCE UM CAMAIO BRUSCO EN LA HgELERﬁﬂ
CION DEL SISTEMA Y, EN ESTE INSTANTE NO SE PRODUCEN CAMBIOS EN ¥
Y Y. EL TIEMFO t = 0,7273 SEG, SE INTRODUJO POR LA NECESIDAD DE
CALCULAR LOS VALORES DE Y Y DE ¢, PUES A PARTIR DE DICHO INSTANTE
SE TWICIA LA DESCARGA DEL SISTEMA, ESTA CONDICION SE ENCONTRO SOBRE

LA BASE DE APROXIMAR ¥ A CERC, OBTENIENDOSE YMAX=3.03353 cMS ¥

QMEK = 67,818 TON.

EN EL CUADRO SIGUIENTE SE PRESENTA UN RESUMEN DE LOS RESULTADOS.



.0

1.0

—

O. 728 Seg
%
|
P(t). M
. -
_. _x ,UIE_-'
W rrird T
0.2 B.4 0.6 . 0.8 _ 1.0

sSeq

‘ES



t i’.{supuesta} P Y 0 ‘;"tca;culadu} Y NoTAS

Seg. cm Seg_2 Ton Cm, Ton Cm éeg_z cm Seqtl

0.0 - - 50.00| 0.00 0.00 25.00 0.00

0.10 23.0520 50.001 0.12175] 3.896 23.0520 2.40260

0.20 . 17.5110 50.00 ) 0.46804 | 14.977 17.5110 4.43075

0.30 9.5690 50.00 | 0.98543| 30.863 9.5690 5.78480 -4 CAMBI{O DE RIGIDEZ

0,40 4.0150 50.00| 1.60250} 41.970 4,0150 6.4640

0.50" =-1.8946 50.00| 2,25912 ] 53,789 -1.859446 &.35700

0,50+ - - 5.00} 2.25912 | 53,789 ~24 3845 6.5700 —+— CAMBIO DE CARGA

Q.EU -29.138¢ 5;00 2,78624 | 63,277 -29,. 1380 3.85347

ﬂ:?ﬁ ~31,3010 5.000 3,02641%) 67.600 =31.3010 0.87147

n.7278 -31.4093 5.00, 3,03853| 67,818 ~31,4093 -3 000205 4~ OméAxX, Ymax,

0,800 -30.1170 5,00 2.95777 | £5.234 -30.,117¢Q -2.22127

g,90 ~24_3080 R.00{ 2,59474, 53.617 -24.30B0 -4.542472

.00 -14_7120 5.00| 1.99485 | 34,423 14,7120 —6.H89342 o )
mix = 31,.03853 coms

RESPUESTA MAXIMA

mix = 67,18 tons




CRITERTOS PARA TRAZAR ESPECTROS DE DISENG ELASTOPLASTICOS A PARTIR DEL ELASTICO

1. CRITERIO DE IGUAL DESPLAZAMIENTO MAXIMQ DEL SISTEMA ELASTICO
Y EL ELASTOPLASTICO DE IGUAL PERIODOC:

|G Q=K}r_K}’mx-Q_e
Qef-~-==-=--- o P Y * ¥
. f
Qpt-- - ,," : ~Yyax 2 D = Y, = uD ’
1 ]
.' . De
HLH I.—B DP = o
Sman® My
2. CRITERIO DE IGUAL ENERGIA ABSORVIDA POR LA ESTRUCTURA:
{q

35



ye
}f =
Y Yau- 1
Yty
v e D *J MAX
¥ MAX P _fzu__ T

POR LO TANTO

Dp = Deffzu- | Y

Qp = Qe!'f'zu- 1

AMORTIGUAMTENTO HISTERETICO

SI SE CUENTA CON EQUIPO PARA MEDIR EL ANGULO DE FASE ENTRE LA FUERZIA DE EXCI-

TACION Y EL DESPLAZAMIENTO RESULTANTE, SE PUEDE EVALUAR EXPERIMEN-

TALMENTE EL AMORTIGUAMIENTO DEL SISTEMA CON UNA SOLA PRUEBA :DE

VIBRACION ARMONICA EN RESONANCIA. ESTA SE LOGRA CUANDO SE AJUSTA

LA FRECUENCIA DEL EXCITADGR DE TAL MANERA QUE EL ANGULO DE FASE SCA

90°, YA QUE:

56



&

n~ 500
W
W
&
"Ly
= gpe
3
e
=
= 0 -
. gt
A= w

EN ESTAS CONDICIONES LA FUERZA DE EXCITACION QUEDA EN FASE CON
LA VELOCIDAD DE LA MASA YA QUE )

y = A sen{wt - 8) = -A coset, SI 8 = 36°
Y ; = Ausenwt . Amz COSuwt

Y DE LA ECUACION DIFERENCIAL DE EQUILIBRIO:

HﬂWECOSMt + CAwsenwt + K(-A CcoSuwt] = p,Senwt

SE VE QUE SE DEBE CUMPLIR QUE:

=
a

CAw = p_ , DE DONDE [C = (1)

Y

DE LAS ECUACIONES ANTERIORES SE DEDUCE QUE:

2 - 2 2 2

¥y~ = A" cosTw” = cos’ut

= I

pz = pg 5en2mt R = senzmt

_ 2
SUMANDO : + By v senZut + cosfut

Pa

:bmrcm Gﬁmpj (A
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QUE ES LA ECUACION DE UNA ELIPSE CON LOS EJES COOQRDENADOS v Y p,

LA

ASI (fig 1): P

i "

Filg 2

Filg
SI EL AMORTICGUAMIENTO NQ ES EXACTAMENTE VISCOS0, LA GRAFICA QUE SE

OBTENDRIA DE p CONTRA y NO SERIA EXACTAMENTE ELIPTICA, SINO ALGO
COMO LA LINEA PUNTEADA AHI MQSTRADA, EN ESTE CASQ SE PUEDE UTI-
LIZAR UN AMORTIGUAMIENTO VISCOS0 EQUIVALENTE, DE TAL MANERA QUE EL AREA

Wy, DE ESTA CURVA SEA IGUAL A LA DE LA ELIPSE EQUIVALENTE, Weqlnﬁpﬂ,
ES DECIR
‘wd
Wy = mAp, . DE DONDE p; = —¢
POR LO QUE, DE LA EC. (1)
Wq )
; B =——'-T {II
eq Twh .
: W g
ADEMAS, C_. = 2/KM'= 2K/w ; DE FIG. 2 : Coyp = 2(-—%)/w, DE DONDE
A
€4 C:r

toq * wdf{4nné;] (11')
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DE LAS EC5. (Ir Y (II} SE CONCLUYE QUE EL FACTOR DE AMORTIGUAMIENTO

VISCOSO ES FUNCION DE LA FRECUENCIA, w,

EXISTE OTRO TIPO DE AMORTIGUAMIENTO QUE.ES INDEPENDIENTE DE LA FRE-

CUENCIA, QUE SE CONOCE COMO AMORTIGUAMIENTO HISTERETICCO, EL CUAL

PRODUCE UNA FUERZA EN FASE CON LA VELOCIDAD RELATIVA DE LA MASA,

PERO PROPORCICHAL: AL DESPLAZAMIENTO, E5 DECIR

1 v {t)

f = nk]yffl -
lyte) |

a {III}

‘DONDE n ES EL CDEFiCIENTE DE AMORTIGUAMIENTCG HISTERETICO. EL DIA-

GREMA DE fa DURANTE UN CICLO ES

M

PARA % n<t<2a j?

PARA Cct<y

PARA %ftfﬁ

PARA ﬁ<t<%ﬂ

SI SE CONSIDERA OUE LA EMERGIA PERDIDA POR HISTERRESIS SE PQEDE REPRE-
SENTAR MEDIANTE 0N hMORTIGUADDR vISCOS5C, ENTONMCES, DE LA EC. f11'y Y
FIG 2:

2
.2:%:—:‘?- O {IV]
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YIBRACION DE SISTEMAS DISCRETOS DE VARIOS
GRADOS DE LIBERTAD

Ejewplos de sistemas de n GL

Caracteristicas:

concentradas

- masas .
rigidas

- golumnas solo se deforman
lateralmentie

- con una coordenada por ma-
sa queda dafinida la cenfigu
Tacidon del sistema

- equivale a:

l Ll #H 7 L L il |

F —Ata )

— A o Sno == &
Ll L

Ademfa, la consideramocs eléstica,lineal

1, Fara
p#’ W, g Wi
—— Fi — e Y ¥
X _!5’—-——*——3 . A S S A AN
Supongamos:
f.(' ir-l . 'lfz' }(.l
P A B S - " . "masas concentradas
- T [
S N P
4 i 2
i Plft} ! P?ftl l Paft} fyerzas concentradas extu-
f l ] riores
aislemos una maza:
= Fri = 7 fyerzas resistencia eldsti-
I) ca a8 la defermaelédn

&
w“’

| F(4)



Las ecuaciones condensadas de movimiento serén:

FIl + FPI = Plft]
FI? + Frz = P?(t]
F =
FIB + F g Pait}

Lot

e — Fuerzas asociadas al deaplazamiento,
HD al povimiento

la determinacidn de estas fuerzas es un problema
estitico,

toeficientes de influencia

1. De flexibilidad 48,
"Fﬂ-i
/‘-ﬁl E, e
X ' A
fi' = despl. de la cocrd. i debido a una carga unitariz en
1 coord. j (desplazamiento y fusrza en = direccitn)

For superposicidn

1 11 44 12
Xo = faq @y * Fop Oy t 55 Q4 inv. (1)
Xg = fay3 Qq * F4p Q@ + 5y e,
2. De pigidez: Jk“

P
| f “i\

T ha;

Ki. = fuerza sn coordenada i por un desplazamiento unitario
] en coordenada 3.



For superposieidn

Q, = Ky, Xp o+ Ky, Xy b Ko X

11 "1 12 2 13 3
_ 2
Q, K,y xi vy, X, ¥ Koy %q (2}
Qg = Kgq ¥y * Kgp %5 * Koz X9
Desde luego Klj = Kji (v fl] = fji} {Magwell=-Mohr}

b

[

[N
'

ﬂf:

¢ hien, en notacidbn matricial

- '( ™
() %11 ¥q2 Kiatl -
iqzj = | fa1 Ko2 Kan o o %2
%3 a1 %32 “33J J *a,

ratriz de »i-

gideces
Ponemos:
{Qf = {Kj ﬁxf
Claro que IK]-J = [?j = [fij]

Sustituyends (2) o (3] en ecuaciones de movimiunto:

moX, o+ Ky X, o4 Kl?xz + K13 Xq Pift]

Pzit}

m_ X, + K_ X + KEEXE + Kza xa

m. X, + Kalxi v KoKy KBG xa Paft}

t

3,



o también:

EH:_{ [xl ¥ [r.] )‘xf

?(vibracién
SP{tH forzada)

gug {vibracid&n

libre)

1. VIBEACION LIERE

MR e I B e o

Supongamoczs la solucidn

;XE = r] {A sen pt + B Een pt) = {rE Y {t)
cnnstinte H_r-“"_—-d:fffdw define:
ason t escalar - - variacidn armdnica
- amplitud
tenemos:
{x} = {rf {A sen pt + B cos5 pt) = r ¥({tl
'
{Xj = Er} (Ap coe pt - B p sen pt) (1.2)

il

{3
[
Sustituyendo 1.2 en 1.1 y dividiende entre Y(t} nos queda:

- p? fu] {} [ § 1;5 = {gi

{ﬂf f-Apg gen pt - B p2 cos pt) = - p2 {r} Yi{t)

o Sed: .

RIS R (2.0

e e )

#]




5.

(9 §e] « o2 ] fe] 6 fy - et O] £

pre x [Hj_i pre x i_"l{:]-i- 5
4

[ b - 8 g Lofe} = 07 ]

En las dos formas llegamos a un problema de VAC

IS SRR Y
Problema de walores caracteristicos:

Dada una matriz cuadvada de corden (nxn} [L}, que represe?ta
.una transformacidn lineal de vectores n-~dimensionales, dfhe
encontrarse un vector Ju} que transformado por Lij_ Pesu}t&
En otroe vector A fui en la misma "“direccidn". 0 saa,[L] foln
cambia la magnitud de 5“] g£in cambiar la direccidn.

El vector es un ¥Yector caracteristice (o eigenvector) de [L}:
k(escalar] representa la ralacién entre las "longitudes" an-
tes y después de la transformacidn y para llegar a los ?FE de-
be tomar-valores de un conjunto de valores caracteristic95
(¥AC) (o eigenvalores].

El problema de encontrar frecuenciaz y modes naturales ppede

considerarse un problema de YAC. - (STD)

Tanemos

[CERGECIE:

1]

$o? (1.9)



21 epn el sisarema de ecuaciones

LYRE O I

LAT es no singular, la solucidn {iniga €8 la trivial

;EF = ;ijde donde! nog interesa €l caso en gue fﬁ] es
singular. En este casoc la adjuntat® [ﬁj existe y puede pre X

por ella, :con el resultado

| .;ai fx} gui
porque R [ = sl [ FR e

Puesto que rﬂ{ = 4a, }x} no necesarizmente €5 nulo, pero si
L

g2 asign2 un valor dade a uno de sus elementos los demas gque
dan determinuadeos en forma finica.

P . 5 . ¥ [ ?
También noetamos gue si JX} g5 solucitn de [ﬁ {x? = 3DJ
¥ * es una constante, entonces ﬁgﬁf es tambié&n solucidn.
Por lo tante, hay upn nimero infinite de seolucienes. Todes es-

tds se consideraran Jjuntas y hablaremos de una "solucida" eco-

me un conjunte de relaciocnes entre los5 e€lementoE de ng.

Volvemos a l[k] - p2 [Hj] grs = {G} (1.3
. = - =
[£]
Al desarrollar ]E] = 0 llegamos & und ecuacidn de gride n
2 o
8N p , cuyas ralces son los VAC.

- Coma fK] y [H] son simétricas y positivas definidas*,

*Transpuesta de la matriz de cofactores.
-3 . r * 5-?
[ﬁ] eg POS. DEF. si {G_E [ﬂ:’ {QI}D para tode faf no nulo



i

ikl

puede demostrarse gque a3 raices de la ecuacildn caracteristica
. Z 2 2
son reales y peositivas. Las llamamos ¢1 . p2 re ey Pn .

Las n frecuencias paturales sgn

los términos positives de las ralces y la mis baja es llama-

da frecuencia fundamental.

- Para la gran mayoria de los casos de interés las fraescuencias

son diferentes entre si.

- Para cada frecuencia P, existe una YEC aszscciado:

[ gy = ey (W] Hi S

0 sea para cada Py existe yna solucidn ﬂr} po trivial
B e )

- Normalizacidn (solec conveniencila, sin significadc fisice)

Varias formas:

5 - - : -
1.0 —

2 0O.4

1 0.2 41—

Sr?l [HJ r = 1 (nod les)

it ; ° nodos normales

- Los modos y frecuencias naturales del siastema son propiedades
caracteristicas derivadas de las propiedades de inercia y ri-
gidez expresadgs por los elementos de [ﬁ] Vi [K].

- Llamaremos matriz mopdal [E] a la gue tiene los VEC, o vecto-

res modales, como columnas.



QRTOGONALIDAD DE MODOS DE VIBRACION

Se dice que doS vectores Eai ¥ gb} son ortogonales con res

pecta a la matriz simétrica LJ] si

SO STE L ESER

rempstremnos que dos vectores modales {rfi ¥ gpjj, asociados a
frecuencias diferentes EF} 7 Fj} son optogonales con respecto a
las matrices de inercia y eldstica.

« Cada uno de estos vectores satisface la ecuacidn 1.3

e s (OE DO BT Sl

piz rﬁ1 {r?

dE
Py (1] ;I:_l::j

[£]
u

SIFE
7 e,

(] {5, [ §‘”f;§
[¥} {‘"Ej [] }E"Ej

T 1

pre X i y 1j por ;rEj y ér%i respectivamente

1_

Pi

1_
2

{f?lj (klfef s
{a)

SECARIRS AR S AR F RO NUI SR
1 f 1 -
p? rfs [] {‘"}j ={‘"Ej[ﬂ?r’{j i () ‘Hj R {,’” ([ i

]

[
]

T}

pero como [ﬁ] y [@] son simdtricas;

fof . 89 4
{r}l LH}Fr}’

. ., restando miembro a miembrc en ecuaciones {a):

L S .
Lr )
S
L, -k -
i T !
x -~
-1 1_
e e
bt ] b
et ey
H
1l 1l



G- (450 [ ddy) s 0 oe iy

2 2
Y como p.'l.- 7 Pj

M‘W‘*—"‘“‘-—"’W

o PUfdy -0 Ry <o

Tenemos ecuaciones de ortogonalidad:

ir‘#; rﬂ-i ri]
1 si i ¢ 3

{rfi [x] fr*]j = ¢

D f5 e (<1 - B @)
¥ la matriz modal E_-R]
Hagamas:
5 = [ [y

'y sustituyendo en (a):
(4] (%] hf + [kl [®] {;.r; ={ui
premultiplicando por L_F.]‘

(VI LI ORI - W o

M - ———

j\ dldgonales 7



Llamemos
[Rl" [w] (R1 = tas]
(Rl k][R = [xa]

la ec (b} (p. 14} puede .ponerse;
. A . -
eyl e el i = {of

que egquivale a:

& ‘
. _
i1, Y kyg ¥y 0
& .« F
mag ¥ v Ky ¥y a
R _k' -7
®on ¥ Y an ‘o 0
de las que
K & *
@ 11 2 _"nn
Py = T=F reevan 3 P =—
I bri|
n nn
——— G m—— A T

Recordar que para =~ = -—*Ah“hﬂfﬂi

mx + kx = D

1l
L=
-
s
n
dl=

e 2
X +p x
Q0 sea, con la transformacidn

fx} = LR‘] ' ,;J':,r?

i

aplicada a la ecuacian

[l 5« [0 {4

-

1}
-.-'M—-'

[
bt

10,
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hemos descompueste un sistema de nGL en n sistemas de 1GL in-

dependientes.

Consideremos el producte

AR sl 0 ) - xd el

(7 [T X ()

CHENCHENE YL N

n

E&] gontiene las freguencias naturales en la diagonal principal

El preblema de encontrar frecuencias y modos naturales equi
vale al de encontrar la matriz [R] que diagonalice [Hj Y EK}

de aguerdo con

(rR) ' [w1(R]

[ued
CRT ' [x]/[R] .

L&

Lasa frecuencias naturales se obtendran de

D™ feed - xed [w - YED

Veimoslo en otra forma
Ted- 5+ Y fx] = Seco
Sustituyendo {xi = th {yi

(%} [r] {y} v QIR 8y = ;P(_t};



T

'
premultiplicando por &ij

Bl 00 03 5 e gy DD fF - ) froof

_____ [
{a) fb} escalar

En los productos {(a} y (b) soloc queda {por ortogonalidad):

;. W fely e gy :KJ;p - 3 [reorf

1 ——r—— _,...._ f-—u--—_.._
#

M K = . = ¥,
5 C Pi j P Z Pi Y]

y para el modo i tenemos:

o 9 &
M + . M = P,{t)
3 1'FJ P3 1"] i
o bien f1.5%
Mty K PYit)
. * . = .
i y] ;| Yj 3

andloga a la ecuacidn de mevimiento para 1 GL:

mn ¥ + k x = P(t}

En £1.5) tenemos:

n ecuaciones independientes para nGL

1 zcuacidn independiente para cada mode

Para wvibracidn libkre (3GL)



13,

la solucifin es:
x = A coa pt + B sen pt ()
y para gl mode ] tendremos [Pj{t} = 0)

= A .t + B, sen P.t (d)
Yy j °°% Py i ®° j

5i én fe) hacemos

llegamos o

CualqQuier configuracidn del sistema puede expresarss ¢Ome una
suma de formas modales multiplicadas por ciertos coeficientes.

Ezquem&fticamente:

) ’

egtdtica
o
dinmica

{Exg = ;H{t}iw
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En nuestra expresidn

I
aoo= [RD b
Ex% puede neo sar funcidn de t, por ejemplo:
/1
g IS (oY Y
Xa fij = [R] el fe
FE:
;f donde {c} es el vector de constantes
!/f 'gque prex [hj noe da la configuracidn éij,
7'Lr‘

De la esc. (al:

®tp (&) N?éIHG)

r

fof

¥

En 1.4 también podriamos hacer
_1 ?
Y} = R]
f [RI7 fa

- r
perg sigamos otro camine, premultiplicando par;n}i [HJ

o por EP{; [kj

t L Er'szj Lv] ﬁf”?’i LA

SO S OIS

t érfé fH] {Pﬁz Yo tuere

ﬁ‘ff;- ] N

o+

Por ortogonalidad todog eatos productes son nulos excepto £1

términa (3 ¢
. ' . Y,
1Pé] LH, lr(] 3



de donde tenemos

ér}; .[Hl {x} = ;r}j

de donde:

}p

S

{coeficiente de participacidn)

t
'l
lII
]

DL ”:‘

e

Ejemplo (vigas rigidas)
I-"Ha,-: I &
e
|
ey } -120 T/enm
f 180 T/em
i P

Matriz de rigideces

— K31 = 0 T_.,. Kaz
- L
—a g - — ¥
Kzi 120 53! 1 Kog

300

-
{
-
b
=
1l

-120 lad

i
——
e
(K] = 300 -120 u}

(9B {35008 £ D<] SR [K;]{x}

o e e ———————— |

ton SEEQ




(k]

2 2 =& @
7 = (Kl - [wl M = |¢ 1.5 08
- F - 0 o 1
= BD ({5 - %ﬁ pQ} -2 0
1.5 2 -
2 (3-g5= p") (-1
r 1
0 -9 (1-35 p°)
a = p2f60
= 60 {5-24) -9 0
-2 {(2-1.5% 4) -1
0 -1 {1-3)
[£] =0 = 60 (42 - 5.5 4% + 7.5 4 - 2) = 0
g, = 0.35
d, = 1.61
d, = 3.54
2
= 60 d: ¢1 = 21.0 ?1 = y.58
2 _ fraecuencias
‘fﬁ = 96.3 Ta = 9.82 natulales
fag = 212.4 ¢3 = 14.56

-1.474




Ej:

19.6296 =

e

‘Comprobacién con

Ji

[1.000
2.135

3.2485

- (=3 (K] [

-

412 209

413.9uQ0

M)

1.000 1.000 |
0.899 -1.04%
-1.474 0.411
= [19.621 0.038
6.037 5.386
0.006 ~0.01k%

5 gog
0.a42
a.034
2
= P H ‘_‘:{
0 o
5149. 749 a
Q BT .370
Dlii ﬂ"" ‘-‘I
519.060 , Qo ,
0. aua.aeu_l

0.042

8.651

-0.040

—_
D.034

-Q-UHG

13.4713

PN



Mado

En

= 3 cm
Z ;ﬁ }
= cm
o
= 1 cn
2.0 + 6.405 + 9.855

19.629

ha
=%

T+ 2,897 -~ H_L22

Yift}

0.930 am
0.051 cm
0.026 em

n I
o
ot
o}
x| =
o
4
D
"
r b
[ e}
.l

5.3886

3.132 + 1.7233
3 .80 —

Bon amplitudes de leos
modos

]

[P I
Y e

L9303 em
L0511
.0266

1 4,38
5 = 9.E2
q 14.56

18,



TLar

1g,

Para obtener los desplazamientos de las masas debemes multipli-

car por las configuraciones modales:

1.0
X, = ;’51 Y,0(t) =(2.135 0.93 cos 4.58 t
1 3.285

1.0
— Kt Y {t) =(
X = T f.8499 0.351 cos 9.82 t
iz 7 o2 -1.474

.00 /
LOLh 0.0266 cos 14.56 t
LH11

Xia

1
Ly |
=
..4
Lot ]
Foa
r+
™
—_—
L= PR T

y sumar. O sea los desplazamientcs xi{t] de las masas sering

fx(o)f =[] {yco)f

s xift} L= Pyy Yiit} tr,, YS{t] LA Yaft]
ngt} = Ty, Yiitl t Ty, YE(t] try, Yait]
xa{t] = orL, Yi{t] t o, Yzit} * Tag Yait}
Otro ejenmplo
Para 1GL teniamos !
T
e T f ?ﬂfr —-m——f---u-i——h%r
o +
La ec:
F{t) P
x + P2 H = = L
m m
¥y para CI = @ la sclucidn

- | x = = {1 - cos pt]



Tenemos ahora el problema de encontrar la respuesta de

————

B(6) = 66 Tom P
! b
1
——— . 4
'-Pz{'!"J-' 2o Ty -Eiﬁj |
P
‘:L
-
| Rt~ 2ot
Para el maodo j:
p. M) P
P : t 2
Yj + $2 Yj = ﬂl—;—— = —%E cuya solucidn es:
M, M.
] ]
* #
Plc Pio
Y] = K‘.; (1 - Ccos pj‘L'J = — (1 - co8 pjt)
. M.
3 3]
. *
Cilcule de P,
* { \ . {360
P = rJ {P(t}i = Jr 120
%
modo
3] Yo p P P = 3 =
1 1 = 1r11 * 2P21 + 3 rEJ = A60+256.2+197.1 = B13.3
#
2{ F2 = Plri? + P2P22 + P‘3 ﬂﬂ? = 3CG0O+107.88-88.4 = 379.LRB
I
% PE = F1P13 + P2 PEE + P‘3 r33 360=-125.2B8+24 .66 =299.98
Ahgra biemn, %

" 20,



813. 30

Yitst) = 31 % 19.829 =~ 1-%¥73 cm
_ 379..48 _
Yotsty = 85 x 5.586 2~ 0-730 cm
255 .38 _
Tﬂ{st} T 2172.ux3.80L% 0.321 cnm
de donde
*
P5
Y] = —W—- (1 - cLa P]tS} 3 tenemod ;
1
Y0ty = Yo (1 - cos pitj
Yzft} Y?(st] (1—cos ?zt)
Yaft} = H(St] (_ - ¢o8 J
¥, finalmente:

} ¢ A |
(ol = ded v () ¢ feoT o)+ fe Ry (o) = fRD Y
X, ()} f1.000 [1. uaa?
X,(t){=¢2.135} 1.973 [z-casfit)+ 1 o4l n.321(3-ccaf3t)
X,(t) 3.285 D n11 )

21.
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LXCITACION SISMICA

A. Sistemasn 1GL

mx + kx + P(t)} (a)

Para P{t) cualquiera y para CI # 0 la snilhuciﬁn de (a) es:
%

o ! .
x(t) = x,C08 pt + B sen pr + w ) B{YX) sen p(t-Trdi

Para excitacidn sismica:
d_j..JC ‘b

| ! TUP— |
[ I = m(X + u) + k x = 0

. }‘i
?ﬁiﬁ} 4 0 Beaq,
I LRt g} . .
/. Iz; £ T X + K X = - my {b)

S araV S

De la comparacidn de {a} y (b}, la solucidn completa de &sta

es; t
- /

X _
x{t) = X, cos pt ¥ —: sen pt - %/ (2} sen plt-g) 4

B. Sistemas de nGhL:

Pi{t) -m, u
[i] {51 [0 ) = $ecorf = rp(nal s )emy
PI(t) {-n. i
o
I B A 2



Ez decir, tenenos:

(W] &b+ k] 4]

o < g
[Rd¢y]

sust. §x1
SREY ;y} s [k R 4y - {?{t:if = - n] H(r)

pre x gr}j

T T

b oL T
75 5
i [N l\____...‘;'—'—"
f?* I M1
oﬂr 1\.__,__—?—;——\-'"'_‘:
por cortogonalidad: i/
J

SHCE R R NN

¥ queda:
Hff K* P U* x
. + . = = = - m u
] 73 ¥y ] 3 i
la swolucidn (CI = Q) de esta ecuacién es:
F P*
ara P,
]

z

1 w .
yj(t} = —;-;,—-/Pj (Z) sen /'Fj(tﬂ}d.;
f.:f:i g

1
Fara U _:

J t

- 1 %

}rj[‘t} = ﬂ_r/uj (r) senr’Pj{t-Er}d.,’,
] 3

N

[”jfﬁlfﬁj *H; ORI < e}y {1 -k ey

1z

f
!

—

£3.



que puede edcribirse:

N '3
m
y.o(t) = - —1— / F(2) sen $.(t-2) 42

Yoj

+ Yoj cos #jt + —FT~ Sen +jt
]

24

términagd a
para
CI # 0

UIna vez obtenidos 1les elementos de gy} agle falta premul}-

tiplicar por ER] para cbtener fx}

%x(t]}= [R:f z’ﬂt‘.ij

GEHERALIZACION DE LAS CONDICIQNEE DE QRTOGOMNALIDAD

Tenemos la eguacidn:

- o olfd - fF

gue convenimos en eacribir en la forma:

2
(K - p' M) = =20

comd los veectorea modalez la satisfacen:

¥y premultiplicando por: . MM~ 2 tenemos :

{al



y 145,

25.

gque puede escribirse
r. M (M

v asi podria seguirse para llegar a:

—a T a f_ = ey

\ -1 ¢ {ﬁ Entero
- Q -

-1 )4 . (kb

en forma anfloga podemcs obtener

2

]
r, (MFY M rj =0 {e)
=]
| 4 f
b (X M 1} Kr, = @
i 3
En (h):
f=-o  wonrty? aw oot it
Cen (c}, con I=2] s M K_i M K-i M =M FMPFPM
7 == M i)™ = wxly -wow
- oL
f=0 Moty = ]
f= IR C 'S S TR TR K
f=2 H[H_1K)2=HH'1KH-1K=KH_1K
1,3 -1 -1 -1 .1 -1

7= n HoM

-~
ot
n
=
=
™~
=
-~
=
Fan
n
-~
=
~
< 4
-




36.

VIBRACION LIBRE Y FQRZADA DE SISTEHAS DE W GL CON AMORTIGUAMTENTC

Las ecuacicnes de equilibric dinfmico agn:

BERT I
Ya tenenos:

‘3?& ENRFLY]

frof - [¥) )

(3 ¢

t

™y
b |
fu
L_‘...,_f
]

‘o
[
1l

fiyl

¥y ¢, = fuerza de amortiguamiento en la coordenada i debido a

ura veloeidad unitaria en la coordenada j.

b
D
! AT ik L%
afim“‘“ﬁ-—ﬂ indica
i ﬁEL,i ) acoplamiento
SR RN “ij 7 %y
¢ =
I

La ecuacidn de movimiento es

n

(7 35« (<] §&5 « (D ) focer]



Hagamos: ;X} =I:R:[ {y} premultiplicande por fI} ,:

t .
e 5 B ey B = (o)) oo
Para desacoplar estas ecuaciones debemos tenen
cierto por

gr-:E; [_M]{r}izn it 7
%p}; [k:l{r]i =0 i # 3 f ortogonalidad

{PIZII [:C:'l ;r}i = o 1# 3 ipero ésta? (a)

1° admitamos que se cumple:

Ya definimos

5 oy =
srdy (K {5 = g
SO SRy

{r’{; ?{F-’{t]} = P%‘

¥ ahora

y nuestra eguacidn para el mede 3§ gqueda:

CME LY L 428 P Mhy +P2MRy - PR
h EJ+] 375 %1 57

o bien:
. P¥
- 2 -
yraashyvybivy - g

29,



Como las soluciones para un sSistema de 4L {ecuya ec. es

§+25p§+p’x = E%El} va las conocemos, solo nos falta saber

cdmo debe ser [f] para que se cumpla

el fC] fely =0 it

ademfis, elaro, de

n
L]

§03 (%) §f

y i#7]

M; (<1 §x)5

H
=

La ec. (a} se satisface si
i) [€] es proporecionala (M1 o a (k]

ii) [¢] es una combinacion lineal de [H] y CK] v O

[b} = ag [ﬁ] ta, [ﬁ]

e5to es muy restringide.

iii) En forma mis general:
[c] = [H] Eal [H-ll{_-l L. i (e, ]

pules va sabemos que todas las posibles formas

fﬁﬂ [h_lﬁ]l son satisfactorias y (28.1) es

una C. L de matrices de aste tipo.

28,
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La seleccidn adecuada de a dari a ﬂi] las propiedades dea-

1
seadas, o sea,podremos dar valores especificos a los elementos

de [ﬁ] iCuiles le damos?

e ——— -

Asignamos un cierto valor de B a cada moda.

o - filj LE{HEEEE = 28, ms - %if]; (2] {»f; = rc2y  (38.2)
Av-' = ;

1

De 38.1 y A

1]

o . -1, 1
ct) = irj [l [tk {rjjal (33.3)
Por otra parte, para vibracidn libre:

_2.]‘-1_:[]
(K #] }P]

_:E.M_Hl_: .
Krj #j PJ fg-r] FMrj

premultiplicande por PiH:

1 1 ]
Mo, = p MPMp .
fﬁ i i 3
es decir
-1 -1, .-1
B2y M2 = p'M{M KDY Tr.
4] J 7 J

y asl podriamos llepar a que, para cvalguier 1L:

25,



{f ) H* = ry H[H K] rs = AL
De 39.1:
ct. = of?)inza;
P2 mray

[éz H*a

0
1
1l

vy sumando sobre 1:

£C% H ay
J

(]
1
| il |
:g_

perc ya tenlamos que

;7 Ji T3]
za.%.mé = £(P?)tMba
SRl T R
)
de donde:

Con los n wvalores de Ej para los n modos podemos resol

ver para los n valores de a, y formar nuestra' [ C]

-

la ecuacidn

19.1

con

30,



" 31,

1

[c] = [ sa, [
1

Por ejemplo para nuestra estructura de 3GL asignemos:

8, = 0.10, B, = 0.05, B 0.02

By = 0.20F [ bt ea bty Oha, b2y |

o
%]
1l

0.05 = o~ [-a () a2y 0va, (P2)1]

2

' = = 1 0
B, = 0.02 7 [a 1{%-11 +aud’§] +a1(4°23)1]

0, en forma matricial:

0.10 1 1k, b, a_,

1
0.05( = %
) 2 3
(0. 02 1y bk, A, | (g

1FP; 1ﬁ?3 -?3 a,

gl resclver para a resulta

1

(el = a_, [irw] ag[u] +a, [k]

e ety ey ey,

En p. tenemos que para CI = 0 y B = 0, para excitacién

sismica

m#

coeficiente de participacidn



H

[
i
[
=N
et M
[ -]
=
Ll
-y
g
1
L - AR ]
T
3

[y
=
[y ]
[

y .. podemos poner!

yj(tl = Cjzj{t}

en la que Cj estd definida arriba ¥

1 .t
2. (1) = - g[ i) serf. (1-2)aZ
f. 0
1 3 ]
(y semejante si 8 # 0}
yj(t} = C.zj(t}

]

Ademds, tenemos

¢ sea
- -
X, 0\ r r .o T .0 )
{1 11 P12 15 in | { vy
%2
J : I‘21 I"22 ----- sz II-II-IP?n Y?
];:J.. = . . ﬁ ' ?
X I L I N o Y
LN nl n2 ni nn n




T

De aqu$ (sin sumar para todos los modos)

Ixijlmax - rijcj]zj(t}lmax .

r:5%45q )
g 5

a a PSV =P sd
= r..C. —
1] 3,??
1
/
De esta ec. pasamos a:
n . n Sa
b P Lr..L,8, = &Zr
b4 d .4 1 A
I 1|$;S j=2 1] 3 4=1 J 3 3
] = 2
|x1 max Jf(ixlj+max}
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VIGAS DE CORTANTE NO AMURTIGUADAS

SON SISTEMAS CONTIRUOS CUYOS CAMBIQS DE PENDIENTE SON PROPOR-
CIONALES AL CORTANTE QUE ACTUA EN LA SECCION.

SEAN m ¥y p LA MASA Y FUERZA EXTERNA DISTRIBUDIDAS POR UNIDAD DE

LONGITUD, Y SEﬁ k LA RIGIDEZ POR CORTANTE:
¥ )

—

——

= FACTOR DE FORMA

F

A = ARLA SECCION TRANSVERSAL

G = MODULO DE ELASTICIDAD DINAMICO AL CORTANTE
2

_ a7 X
a!’.

POR EQUILIBRIG:

2
%ﬁ dx + pdx - m 8 X dx = 0
X at2

32x Bzx

m 2% - k25 = p(r) (1)
Jt ax



LA EC HOMOGENEA QUEDA (CON p=Q)

Z
3 x 2 a'x 2
[2)_-\;__._-{]'

at? 2x°

ok 1] ' (1]
g_(t) z 8 (1) Z 2
n 2 ™n n 2 "n
- v =0 = = ¥ — = w_ = CONSTANTE
ﬁnftj Zn Hniti En n
NZ
- 2 - 1 n o
)3 ﬁn + w Bn 0 ; En + ;? En 0

W

= - = _j_-j_ -
Bn 5enmn{t tn), Zn ﬂn sen—- (X an)

: “n L _
. ox, = A sen 1F(X-an}]sen‘n(t-tn]J, n=1,2..

n

LAS CONSTANTES a2 Y W SE DETERMINAN [N CABA PROBLEMA EN FUNCION

UE LAS CONDICIONES DE FRONTERA

CONDICION DE ORTOGONALIDAD
i
J Xp (X)x; (X} = 0, SIn7j
0

EJEMPLO 1:. CUERDA VIBRANTE DE LONGITUD L Y EXTREMOS FIJOS:

X EL EXTREMO X=0 5E TENDRA

=> ml'l ﬁn

0= gy jo=T0,0,2,..

{2) x(0,t) = 0

i



EN EL EXTREMO X = L SE TENDRA .

]

L
(4) x(L,t) =0 = “v = nr ; mo= 1,2,.

PUESTO QUE EN LA EC (3) SE TOMA j=0, YA QUE j=1,2,... DAN LA MISMA

SOLUCION, LO CUAL CONDUCE A a =0

i .4 Mmv
DE LA BC (4): w L

n=1,2,...

FRECUENCIA FUNDAMENTAL
“

? Ty
51 n‘l) l.ﬂ.l L —L- PN [.|.1n = n U.I.I
T
« 2L = 1
Y T1 v Tn n

LAS CONTICURACIONES MODALES QUEDAN:

- na¥ | - nny nmv, -
Zn A sen—— | x(t,X) A_sen—=sen—— {t-tn)

CONDICION DE ORTOGONALIDAD:
L

[ A, seni’k Al seniax <0, sI 7
o

LJEMPLO 2: VIGA DE CORTANTE APOYADA EN X = 0 Y LIBRE EN X =

|- ¥
L

O M

DE x(0,t} = 0 = a, = 0

DE x'(L,t) = 0 (PUESTO QUE EN X = L SE DEBE CUMPLIR QUE LA FUERZA
CORTANTE, S, SEA NULA),

N mnX "
T = LY —— -
x"(X,t) A - ces — sen n{t tn]



- WHL “4 n
x'(L,t) = 0 =cos = 2 ——= = (Zn-1)
0 “y T % % (2n-1) n=1,2,
= . TV _ 4L
51 n=l, wy, = v = T, = ~
. "'-['1
wo o= m1(2n‘1? : Tn =5
Ty i
ASL: TZ = = T3 = © ETC.
NISTRIBUCION DE CORTANTES:
W w X
5. =k -f;‘f = A k-2 cos I senw (t-t )

[\\1 ! -P."n :‘__.-‘X
.\ Lrn o i \-.{.
5 ! T iy
i ! , s V_,/‘s
4 )
i ,/ !r
i ; o
b s ! " ’
S )
/ ' A
S A
%
;ﬁi’?{rj I' il e

ter. MODO(FUNDAMENTAL) Za., MODO

\
P

!

Ser. MODO



VIBRACTONES TURZADAS EN VIGAS DE CORTANTE

SEA ;;{t} LA EXCITACION DEL TERRENO. LA RESPUESTA, x(t}, DEL

SISTEMA ES

t
. = ﬂn lun -
(3 x(t) -1 o Sen |~ X ! KO(T)SEﬂmn[t'T]dT

¥
n=1 oo
Q

TAREA:  DEMOSTRAR ECS (3} Y (4) Y ESTUDIAR SECCION 3.15.

EJEMPLO: CALCULAR EL LIMITE SUPERICR DEL CORTANTE EN UNA YIGA DE
CORTANTE A CUYA BASE SE LE SOMETE A UNA ACELERACION CONSTANTE,

ad .

EL ESPECTRO DE ESTA EXCITACION ES V = a/uw

[+ 1] a fl
POR LO TANTO, S<k|zy—( £ == sen - X)|v
n=1 “n I
x .‘

¢ < ; kan? fﬂ cos Eﬂ ol - 4k a ; fen ir[2n-1)x

Tn=1 Pn Y v T K} ndy (zn-1)Y X(2n-1)

m! T3
Salm . 1 (2n-1)nX ) .

5 < £ ———= | cos : EN X=0

) wz n=1 (Zn-1)" | ZL



) 2 1
S £ {BaLm !(l E —————2- = alm
n=1 (2n-1)

i




VIBRACION DE VIGAS EN FLEXION

AMORTIGUAMIENTO NULO

ﬁd(l v

¥V + pdz - (V + 2V dZ] - f dz = 0 (1)

, _
EN DONDE f.dz = mdx 2% (2)
1 ael

SUSTITUYENDO (2] EN (1) Y SIMPLIFICANDO:

ay a°x
3z =P ni% (3)
Bz atE

L F - iﬂ = .EH=

Mo+ Vdz fM +.3 Jz) 0 5z ¥ f4)

(DESPRECIANDO LOS TERMINOS DE SEGUNNDO ORDEN DE LOS MOMENTOS

DE p ¥ £ )
SUSTITUYENDO (4) EN (3) SE OBTIENE

M D
2 e mig-p (47}

3z ot

2
TOMANDO EN CUENTA QUEEEI - i-‘zi SE OBTIENE FINALMENTE
3z

2 2 2
&sqe1 2 g] ¢ md = (s)
32 at



AMORTIGUAMIENTO VISCOSO

- FUERZA DC AMORTIGUAMIENTO POR

VELOCIDAD TRANSVERSAL = c(z) &%
b_v = -m ﬁ - a_:£ : I:ﬁJ
ot 3’ t

- FUERZA DE AMORTIGUAMIENTQ POR DEFORMACION DE LA VIGA,
ACEPTANDO LA HIPOTESIS DE NAVIER DE DEFORMACION PLANA

2£
£ ~T= G 3E 3
37x
M = {cyda = ¢, I{z)Y—
amert | d aziat

c 4" AMORTIGUAMIENTO
POR DEFORMACION

+ oz =
INCORPORANDO EL MOMENTO DEBIDO AL AMORTIGUAMIENTO EN LA
EC. (5)
2 Z 3 2
8 d X 7 X d X aX
— (LI =% + (41 —55—) + m + it = p (6)
az’ P2 R st 81

SI LA EXCITACION ES POR MOVIMIENTO DE LOS APOYQS, SE PUEDE
DEMOSTRAR (CLOUGH Y PENZIEN, PAG 303) QUE:

2 2 3
[3) o X A X 3 X X
(EI = + C I ) + m— + C— = p

azi azi d 3z%at atz at efact.

EN DONDE

.52 Bzxs 3315 azxs ax

B = 22 (EI] —= + C,1 ) - m - ¢ == (7)
efect azz azz d azzat atz at
xf(z,t)= x (z,t) + x(z,t)

10t est



x. = DESPLAZAMIENTO PSEUDOLSTATICO OCASIONADO POR EL MOV. DE

LOS APOYOS DE MANERA ESTATICA

x = DESPLAZAMIENTO DINAMICO

T £7A SI SE TIENE UNA ROTACION Y UNA TRAS-
r 681  LACION POR APOYO: Vit

]

4 -
x_ =T B.8,.(t) {8)
| z ‘ S jmq 13
b - @.(z) = CONFIGURACION DE LA VIGA
AL Tl T ' DEBIDA A &.=1 ~ ' &3
| "’HPF. ' k:::O'{fs !’J:?Z.Elfnr.fﬂ'l"a ’ . i )
v patucioesi=Eico
INCORPORANDO (8) EN (7):
4 y . 2 2202y .
pEfEEt _;E!{mﬁiﬁi(tj_ L ﬂiﬁi[t) * ;‘;E_CdI[Z}T ﬁi(tjj‘].‘ (%)

EN LA MAYORIA DE LOS CAS0OS FL AMORTIGUAMIENTO INFLUYE POCO EN LA FUERZA
oo Men

EFECTIVA Y LA EC,(9) SE STMPLIFICA A

P = -

afect m#; (z)8; (1)

Ir ot Ao

i=1

EN EL CASO DE UN VOLADIZIO

By(2) = 1 L

Perect -~ - Mm(2) G1Et)



AHALISTS DE VIBRACIONES LIBRES

CONSIDEREMOS UNA VIGA DE SECCION CONSTANTE (ET= COMNSTANTE ; meMASA

POR UNIDAD DE LONGITUD).

34x - Bzx '
DE LA EC.(5}: EI ) + m —5 = 0
dz at
4 - 2 .
o X _ m DX
2 - = 0 (1a)
bz4 E atz ;

RESOLVIENNO kA EC. (10} POR SEPARACION DE VARIABLES:
x(z,t} = 8(z) Y(t)

i N v -y
07V (2) Y(r) + g 0(z) Y(v) = 05 Ll « R SEH w g

POR LO QUE

- .
B” fz) _ m_ Y(r) _ -~ _ _4 -
8(z ET ﬁ C=a" (C= CONSTANTE)

POR LO TANTO OBTENEMOS DOS ECUACTIONES DIFERENCIALES ORDINARIAS:

4

a2y ~ at a(z) = 0
.. 4
Y(t) + w’Y(t) = 0 DONDE ¢ = 2.El
m
2_
4 _ u'm
0 1 = R

LA SOLUCION DE LA SEGUNDA DE ESTAS ES:

Y(t) = I&El senwt + Y(o) coswt (11)



LA SOLUCION DE LA PRIMERA ES:
afz) = Ay 5en a + Az cos az + ﬂs senhaz + A, CoSha:z (12)

EN DONDE LAS Ai SE CALCULAN EN FUNCICON DE LAS CONDICIONES DE FRON-

TERA DE LA VIGA EN AMBOS EXTREMOS.

BJEMPLO

VIGA SIMPLEMENTE APOYADA

LAS CUATRO CONDICIONES DE FRONTERA SON:

en z=0: A8(o)=06, M(o)= EI 8(o) = O

en  z=L: 8(L)20, M{L)= EIB"(L) = O

SUSTITUYENDO A(c)=0 Y §"(a)=0 EN LA EC.(12) Y SU SEGUNDA DERIVADA:

0(e) = A, + Ay cosh 0 =0 L
A, = A, =1
. ) ) Ay T Ay
#(o) = a"(- A, + A, cosh 0) =0 }
HACIENDO LO MISMO CON 8(L) = 0 y  @'(L) = O:
= 0

AfL) = ﬂT sep al + A; senh al = 0
. —+ﬂ3
é(L} = azl_'—}'t1 sen al + As senh al) = 0

POR LO TANTO, ©(L} = A, sen al = 0

1

PUESTO QUE A.=0 ES LA SOLUCION TRIVIAL, SE DEBE TENER QUL A1 SEA

1
ARBITRARTA Y QUE

sen al = 0 - aLl =nan; n=20,1, 2,...,=

POR LO TANTO, a = nr/L. RECORDANDC QUE

a% = WZW/EI, SE TIENE QU



mf = (an/L)YEl/m 0 w = 22 VEI/m
L

SON LAS FRECUENCTIAS CIRCULARES NATURALES DE VIBRACION DE LA VIGA.

LAS CONFIGURACIONES MODALES SON

En(z) = A, sen %; z

. 2
- T2 = L f"- -
‘ LA f.ﬂ.—--"—g1 P‘lsen "'L_ N1 L2 El/m
' .
| 7 7 ler. MODO
B.=4A senZTTZ
1 2 1 L
ol .
» » = EI/
! - L
Z2o.  MODO
‘ ' = Inz | - gnz BI/m
Rﬁen P owg —Ir ¢ m
tahx’
Jer, MODO
. u 1: 4: 9



centro de educacion continua

divisidn de eatudios superfiores
facultad de ingenierria, unam

V. CURSO INTERMACIONAL DE INGENIERIA SISMICH

ODIHAMICA ESTRICTURAL

METODO f§ DE NEW MARK

DR. OCTAVIO A. RASCON CHAVEZ

JULIOQ, 1979

Paolocie dp Minoriu Colle do Totubo & primar plsa. Mdxkz, !, NOF






METODD g DE NEWMARK PARA SISTCMAS LINEALES DE VARIOS

GRADOS DE LIBLRTAD

EJEMPLO i

g 1 20
K = M= 0y - C. = 0 para tode i

1 5 0 1
X e X, (X, ¢ X ) AL | PARA CAbA

i+1 i i ivi’ 3
| MASA O GRADO

) . | e ) . . .

Xiep, = X5+ Xpat + (3-8)X, (8t)7 + 8 X, (1] DE LIBERTAD

at = 0,2 ; B = 1/6

MOVIMIENTO DEL SUELQ: X; ® 1.2t (xu EN CM Y t EN SEGUNDOS)

51 Ost<Z SBEG, Y X = 4.8-1.2 t SI 0¢2¢8 SFG
Y X, =0 SI t<d O t>4 SEG
S1 Y= XXy Y Y, =X, - X
. .. Q,
MY+KYe0 + NY+0Q=0; 0 =[ ]
L - LS Y ‘de
(PUESTO QUE X_ = 0)
My ¥ * @y =0 M Tyom oQ/m,
my Y * Qy =0 > Yy = -Q,/m,
EN t=0, Y,=0, Y,=0, Y =0
N t=f}, Y = v - CM
EX t=0.2, SUPONGAMOS X =1.35 Y  X,=1.50 =

KU = 1.2 x 0.2 =024



CICLD

ar

PARA LA MASA 1:

X. a0+ (1.35 + 0) ﬂéz = 0.135

X, =0+ 0+ (3-000.2)%x 0+ Lx1.35 (0.2)7 = 0.009 M

1
6

Y. = 0.009 - 0.24 = - 0,231

|
|
|
|
i
]
1 PARA_LA MASA 2:

{ X, = 0+ (1.5 + 0) 255 = 0.15

X, =0+ 0+ 0+ &x1.50.2)% - 0.01

Y. = 0.01 - 0.24 = -0.23 -

e, 10 1][-0.231] [2.54] X, = 2.54/2 = 1.27<Y,
{ = Q= = + .. .. +ETC,
Q,] c1osil-oizs D L] X, - 13w/t - 1i3st =y,

o

——— = r——
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ot 9 2 " *a 1 % *2 *2
g9 cm tan ton cm/seqg cm/seq cm/seq cm cm/seg cim
0.0 2.0 =50.00 .00 50,00 0.0c0o 0.00 G.4Qo0 Q.00 .00
0.1 2.0 =-37.500 -6.25 37.5 6.250 4.375 .229 0.3125 0.0104
-38.550 -5_4&3 32.3 5.463 4.115 0.2205 0.2731 C.00%
-38.975 -5_281 33.5125% 5.2821 4.1756 0.2225 0. 2641 0. 0g8sA
~38.B7% -5.34 33.553 5.340 4.1796 0.2226 2.2670 {.008%
-3B.B70 -5.343 33,5130 5.2325 4.1765 0.2225 a.26M . 0085
0.2 0.2 -20.00 =10, 00 10.00 10,00 6.352 0.7685 1.0342 0. 070
=11.575 -17.46 1.575 17.46 5.9117 0.754% 1.4072 0.083
-12.275% -16.7975 -5_.18% 16,7975 5.5937 0.7432 1.3741 0.CE14
-12.84 —16.53446 -3.9575 16.5446 5.6551 0.7453 1.3614 0.0809
=12.735 -16.6076 -3.8096 16.6076 5.6625 0.7455 1.3646 $.0810
=12.7216 -1&.6100 -3.886 16.6100 5.6587 0.7454 1.3647 g.081
G.3 2.0 10.000 -25.00 -35.00 25.00 3.7144 1.2399 3.4452 0.3146
- 11.395 -23.1324 -36.995 23.132 3.61486 1.2366 3.3518 0.3114
11.83 =23.1277 -34.963 23.127 3.7162 1.2400 3.381 0.3114
12.00 =23.2129 -135.13 23.213 3.708B0 1.2397 3.3558 0.311&
17.9885 -23.2018 -35,202 23.202 3.7043 1.2396 3.3552 0.3316
0.4 2.0 25.000 =-15.00 -40.000 15,000 -0.1122 1.4219 5.3067 0.7520
21.095 =16.745 -36.0%5 16&.7457 0.0563 1.4272 5.3B53 O.7544
T 21,360 =16.81593 -38.1057 16.8193 -0.0341 1.4245 5.3B86 0.7545
21,225 =16.7493 —-38.0443 16.7493 -0.0313 "1.4245 5.3854 0.7544
0.2 2.0 15.00
12.64 -10.00 =25.0Q 10.00 -3.18B35 1.2528 6.7228 1.3654
12.87 2.8159 -22.64 -2.8159 -3.0655 1.2568 &.0B18 1.2440
13.89 2.1819 ~10.024 -2.1819 -2.4347 1.2778 6.1137 1.3451
13.75 1.68233 -11.7081 -1.683 -2.5189 1.2750 E.1387 T.3459
13.72 1.7853 =11.9459 -1.7853 -2.5308 1.2746 &.1334 1.3357
0.6 2.0 0.000 15,000 15.000 =15.000 -1.6975 11,0524 5.2641 1.8745
2.62 20.550 12,38 -20.55 -2.50%0 1.0023 5.07168 1.9188
D.115% 22,9139 20.435 =22.918% =-2.1063 11,0157 4,8%86 1.9149
D.785% 22.4B04 22,1289 =-22.4804 -1.9866 1.01BS 4.92013 1.9156
0.925 22.4285 21.5554 -22.4285 -2.08%0 1.0176 4.9229 1.9157
Q.88 22,4532 21.5485 -22.4%32 -2.050 1.0176 4.9216 1.9158
0615 2.00 -2.00 25,000 28 . 000 «25.000 -1.630% 00,9894 4._5657 1.9867
~0.53 24.%334 25.53 -324.9334--1.G9a7 D.9RO4 4.5659 1.98&7

=-1.2546

" % =% %, SE HACE CASI CERO, CAMBIO DE POSITIVO A NEGATIVD.le1m§x = 1.4245 cm

¥* CAMEYO DE RIGIDEZ EW EL Zn. PISO Xy"Xy = 1.Uq, Ly = 25

Cm
-2.00

~1.771
-1.7745
-1.7774
-1.7773
T-1.7774

-1.2214
=-1.2455

-0.7604

=0.5755

-0, 7254

-0.5%824

-1.106

Ccm
0.00

~0.2185
-0.2113
=0.2136
=D.2137
-0.213%

-0.8984
-0.6919
~-0.6617

-0.6643

-0.6644
-0.6642

-0.9252
-0.5251

=-(.9285
-0.9280
-0.9279

~{ . 6698
~0.6727
=0.6699
-0.6700

0.1126
0.0872
0.0673
0.0709
0.0741

0.8221
0.9365
£.8992
0.8971
0.89687
0.89%0

C.usya
0.9h/713

X1 'KG

cm/seq
G.G?
4.375
4.115
4.1756

4.1796
4,1765

6,353
S.9317

H.6587

-3.704173

-0.0313

-2.5308

=2.050

=1.4967

i R
cm/seq
.00

-4.06]
=-3.842
-3.9114
-3.9128
=3.90%93

-5.1188
-4.5244

-4.294

=0. 3491

5.4067

g.6644

6.9716

6.2&26

DESERVA
CIONES

LR



~ 4
o, 9y % 1 *2 * * *2 X2 1% %2Ry KyTHe %2R 02?22;2
sey I ton ton cm/seq ca/fseg cn/fseg (= emfseqg o <m cm cn/seg Ccm/5eqg
0.70 2.00 -10.000 25.000 35.000 -25.Q00 0O.8696  0.9484 2.44 2.285 1.3366
-2_5B0 25.000 27.580 -25.000 O0.5728  0.940% 2.441 2.285 1,3445
=2.975 25.000 27.975 -25.000 0,5886 0.940% 2.441 2.285 1.344
~2.855 25.000 27.495% =25.000 0.5878 0.49409 2341 2.285 -1.05%1 1,344 0.5878 1.8532
0.735 2.00 -1.000 25000 26.G00 -25.000 1.5368 d.98065 1.565 2.3549
=D.9675 25.000 25,8675 -25.000 1.5367 0.9806% 1,566 2.3549
-0.9671 25.Q000 25,9671 -25.000 1.5367 0.98065 1.566 2.3549 -1.1093  1,3742 1.5367 0.02%3
0.B0 Z2.00 5.000 20.000 15.000 -~20.000 2.BB23 1.1282 0.0912B  2.4068 1.2756
6,365 22.575 16,245 -23.5%95 2.9706 1.0449 0.01343  2.3053 t.3604
6,570 22.4619 18,085 -22.469 2.9748 1.1300 0.0173 2.4052 1.2753 '
6,435 22.5613 16.0948 -22.5613 Z.9151 1.1288 0.0144 Z2.4052 =0.8N12 1.2765 2.%151 =2.9007 e

il 32 SE HACE CASI CERO

1x2|m5x = 2.4053 cm
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Ejemplo: Calcular las frecuencias circulares y los modos de vi-

bracifn de la siguiente estructura:

- |
| - RX
T R A O
| 4 X,
S F i

i#fm#ffCDlumnas de rigidez k
en cualguier direccidn

i e— —— - — :

X ok ..
En la direccibn de X;: MK, + KX, = 0 = o = &
{movimiento desacoplado can XZ ¥ x3}
T
2z, = [1,0,0]
En la direccién xz: MX, + sz =0
MX, + KX, - 3KX; =0 (1)
En la direccifn X.: MK, x 3 +K_X_. =20 i 2 )

3



] L.\.

Momento respecto a C.R.= 8 x 3k x 3 = 72

= 18K
Sustituyendo KT en la ec. [2}:
3mx2 +_13K xa = 0 {3}
MX, + BK Xy = 0 [4)

Restando la ec, {(4) a la ec. (1) se obtiene:

- 9KX, =0 ., X. = 9%, - X., = 9X

KX, 3 - X 3 2 3

Sustituyando esto filtimo en la ec. (4): x3 + %% X3 = {

2 _ 2K . ,T _
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fi1 ON EDISAMICITY 3008

Rational formulation of eesinerricg Qoelsinne fn seismic areas regutires
Guaniitative descriptions of seismicity. These descsiptions should conform
with their inlendes] applications: in so10e nstanges, spulioneons inbensitics
durtng euch carthoguake have 1o be pridied ai several decations, while in
others it suffices Lo maho independent cvalualions of Lhe prohable offects of
carihigualics al eacl of 1those locations.

The second modsl is adegqunie four Lhe seleciion of desive paramelers of
individuul componenis of a regional =pste:n (the stoiCtures in a repion or
couniry) whoen po sighilican! inferaction exists Lelween response o damage
of several suel individusl componenis, oF between any of then and the
svaoin as g whole, Tnoothior words, it applies whens the damiyge — or neslive
uiility — inficied vpon e svstem by oo carthguake con be Laken simphy as
the adedition of The losses by the jdividus!) camponenis.

The hnearny Lt woern monelory valeos and wtilitios implied in the second
mndel is ot dlwiye applicaila. Sueh s the ¢use, for instance, whon a sig-
nificant portion of ixe natioaal wealtl: or of the production system 15 con-
cenlrated in a relalively namow area, or when fziliore of life-line compunents
may disrupt emergency and relief welions just afler an carthguzke. Evalug-
tinn of risk Tor the whaole regional sysfenn has thep 1o be based on selsmicity
models of the {rst type, that is, models thet pre et sinnglinpeous intensilies
al several loealions duriie each evens; Tor ibe porpoce of docision auing,
nonlinearity Letweon monetay vadies fed BER s i e areeanicd for in
incans of aglogutale seale pansformziions Tinese mowtels are sl ol intevestoe
tnsrance cosyramies, wlion (he poobchiloe Qo od Hie musinsng loss
o opives pediod during o preen ne we nod e e estintined.

Whinteww! Vb caterory o wiiel aseismie ezl probiess bejongs 36 Tegquires
lhe predicton of probabaing distyibations of contain ground metien char-
setoristics (such as peak ground weeelerutior ur velocity, spectral density,
wsponst of Fourier spectra, dorabion) ut o frven aife dueing 2 single shick or
A maximam values of seme nf those characieristies in earthquakes ceerring
luring given time intervals. When tho teleience ntervdl Lends Lo inlinity., the
rababitity distribution of (e maximum value of 5 piven eharacleristis ap-

proaches that of its maximum possible value. Because differcnt systems o)
subsysiems are sensitive to different ground motion characienstics, the term
intensity choracteristic will be used throughout this chapler L0 mean a partie-
ular pwrameler o1 sel of parameters of an carthquake motion, in torms of
which the response is Lo be predicled. Thas, when dealing with the failure
probability of a structure, intensity can be alternalively measured — with
different deprees of carrelation with siructural response — by the ordinate of
the respunse speclrum for the carrespoending period and damping, the peak
greund aceeleration, or the peak pround velocity.

In peneral, losnl instrumental information does not suffice Jor pslimating
the probability distribulions of maximum intensity characterislics, and use
has Lo be made of data on subjrctive measures of intensities of past earih-
guakes, of models of local sefgrriciy, and of expressions relating characteris-
tics with magnitude and sili-lo-source distance. Medols of local seisinicity
consisl, at least, of vxpressions refuting magnitudes of carthquakes geneTaled
in given volrmes of the earth’s erusy with Lhelr refurn perionls. Mote often
than nat, a more detailed description of Joca! setsmicity is required, includ.
ing estimates of the maximum magnitude that can be gencrated in these
volumes, as well as probabilistic {siochastic process) models of the possible
histories of seismic events {defined by magnitudes and coordinates).

This chapter deals with the varicus siteps to be foliowed in the evaluation
of seismic risk wut siles where information other than direct instrumental
records of intensities has to be used: identifying potenlial sources of ac-
tivily near the site, formulating mathematical models of lacal seizmicity for
each source, obtaining the contribution of each souree to seismic risk at the
site and adding up cvontributions of the variaus sources and vcombining in-
formation obtained from local seismicity of saurces near the site with data
on instrumental nr subjective intensities observed at the sie.

The foregoing sleps consider use of informalion stemming {rom sources of
different nature. Quantitative values derived therefrom are nrdinarily Lied to
wide uncertminty margins, Hence they demand m obabilistic evaluation, even
thoug they cannot always be interpreted in tenns of relative frequencies of
vilvomes of given experiments. Thus, geolopists talk of the maximum mag-
vitude that can be penerated in a piven area, asswssed by Jooking at the di-
mensions of the peclogical accidents and by exirapolating the observations
of other regions which avrilable ¢vidence ullows 1o brand as simiar to the
one of interest; Lhe estimates produced are obviously uncertain, and the
derree of uncertainiy should be 2xpressed {ogether with the most probrabie
alue. Fallowing nearly parallel lines, some geophiv 5icisls estimnale (he enerpy
that can be liberated by a sinple shock in & given area by making quantitative
assuinpitons abolil source dimensions, disloeation ampliude and siress drop,
consisten! with teclonic models of the reglon and, again, with compulisons
witl areas of timilar tectonic characierisiics.

Uncertaintivs allached to esthmates of the {ype just deseribed are in gen-
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era! exireenely large: samie slolies pelating faull rupture area, stregs drop,
anc magioiude (Hrune, 1963) show that, considering not unusually high
stress drops, it dovs not take very large source dimensions Lo gel magnitudes
B.0 and preatez, and those sludies are practically restricted to the simplost
types oi favlt displacement. It is not clear, Ltherefore, thal realistic bounds
ean 2lways be assigned to potential magnitodes in given areas or that, when
this is feasible, those bounds are sufficicnily low, sa that designing structures
to wilhstand the corresponding intensities is -conumically sound, particular-
Iy when oecumrence of these intensities is not very iikely in the near future.
Because uncerlainties in maximum feasible magnitudes and in olher param-
elers defining magnitude-recurrence laws can be as signilicsnt as their mean
vilues when trying to make rational seismic design decisions, those uncer-
tainties have to be explicitly recognized and accounted for by means of
sdequate probabilistie criteria. A corollary is thal geophysically based esti-
mates of seismicity paramelers should be accompanied with corresponding
uncertainty measures.

Scismic risk estimates are often based only on statistical informztion (ob-
served magnitudes and hypocentral coordinates ). When this is done, a wealth
of relevant geophysical information is negleeted, while the probatilistic pre-
diction of the future it made to rely on a sample that s often small and of
little value, particuiarly if the sampling perind is short as compared with the
desirable return pericd of the events capable of severely damaging a given
system.

The criterion advocated here intends to unify the foregoing approaches
and rationaliy to asshinilale the corresponding picces of information. Its
philosophy consists in using the geological, geophysical, and all other aval-
able non-statislical evidence for produring & set of alicrmale assumptions
concerning 2 mathematical {stochastic process) model of seisticity in a given
Eource arca. An initial probability distribution is assigned to the set of hy-
potheses, and the statistical inlormation is then used to improve that probabil-
ity 2ssignment. The criterion is based orn application of Bayes theorem, alsa
called the fheorem of the probabililics of hvpotheses. Suice estimates of
tisk depend largely ' on conceptual models of the geophysical processes in-
volved, and these are known with different degrees of uncertainty in differ-
ent zones of the earth's crust, those estimates will be derived from stochastic
process models with uncerfain forms or paraineters. The degree to which
these uncertainties van be reduced depends on the limitations of the state
of the art of geophysical sciences and on the effort that can be put into
compilation and mterpretation of geophysical and slatistical information.
This is an economical problem that should be handled, formally or informal-
ly, by the ¢riteria of decision making under uncertainty.

" ground and intensity in a given shock,

BT
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6.2 INTRRESITY ATTENUATION

-
r *

Available criteria for the evalustion of the contribution of potential seis-
mic saurces to.the risk at a site make use of intensity alieniation expressions
that relate intensity characleristics with magnitude and distance from site (o
source. Depending on the application envisaped, Lthe intensizy characterisuig
to’ be predicted can be expressed In a numiser of macners, ranging from a
subjective index, such as the Modiffed Merealil internsity, to a combination of
one or more quantitative measures of ground shaking {see Chapler 1].

A number of vxpressions {or attenuation of various Inlensity chiaraeleris.
tics with distance have been developed, but there is litte agreement among
most of them {Ambrasevs, 1873} This is due in parl Lo discrepancics in the
definitions of some parameiers, in the ranges of values analyzed, in the ac.
tual wave propugation properiies of the geological furmalions lying between
saurce and site, in the dominating shock mechanisms, and in the forms of
ihe analytical oxpressions adopted a priori.

Most intensity-attenuation studies concem the prediction of earthauake
characterstics on rock or firm ground, and assume that these characteristics,
properly modified in terms of frequeney-dependent soll amplification fze.

~ tors, should eonstitute the basis for estjmating their counlerparts on soft

ground. Observations abiout the influcnce of soil propertics an earthguake
damage support the assumption of a sirong correlation Hetween type of Jocal
Altempts to analytically predict the
characleristios of motions on soil given those an firm ground or on bedrock
liave nol bren oo successdul, however [Crouse, 1973; Hudson and ("dwadia,
1973; Salt, 1974), with the exception of soime peculinr cases, ke Meoxico
City (Hemrers e al, 19565), where local conditions faver the {ulfitlment
of the assumptions implied by usual analytical medels. The following para.
graphs concentirate on prediction on intensities on firm ground; the influence
of local suil is discussed in Chapter 4.

"

6.2.1 Intensity attenuafion on firm ground

When isoseismals (lines joining sifes showing equal intensity) of 2 given
shock are based only an intensities observed on homogeneous ground con-
ditions, such as firm ground {compact soilsj or bedruck, they are roughly
elliptical and the orieutatians of the corresponding axes are oflen correlated
wilh local or regional geological trends (Figs. 8.1—6.3). In some regions — for
jnstanee near major fults in the western United States —those trends are well
defined and the cormelations are ¢lear enough ag to permit prediction of in-

tensily in the near and far fields in {erms of magnitude and distance {o the;

generzting fault or to the centroid of the energy liberating volume. In other
regions, such as the caslern United States and most of Mexice, isoscismils
*m, to elongate systcmaticaliy in & direction that is a funct!

¢ -

if the epi-
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Fig. 6.1. Isoseizmals of an earthquake in Mexico. {After Figueroa, 1963

central coordinates {Bollinger, 1973; Figueros, 1963). In that case, intensity
should be expressed_zs a function of magnitude und eopordinuies of source
and sile. For most areas in the world, intensity has to he predicted in terms
of simple — and cruder — expressions that depend only on magnitude and
distance from site to instrumental hypocenter. This stems from ingdequate
knowledge of geotectonie conditions and from limited information con-
cerning the volume where energy is liberated in each shoek.

A romparjson ol the rates of atlenuation of intensities on firm ground for
shocks on western and eastern Narth America has disclosed svstematic dif.
ferences between those rates (Milne and Davenpert, 1969). This is the source
of a hasj¢, but ofien unavoidable, weakness of most intensity-attepuation ox-
pressions, because they are based on heterogeneous data, recorded in dif-
ferent zones, and the very nature of their applications implies that theless is
known about possible svstematic deviations in a given zone, as a conse-
quence of the meagerness of local information, the greater weight is given
Lo prediclions with respect to observaiions.

6.2.1. 1 Modified Mercaelli intensities
An anatysis of the Modificd Mercalli intensities on firm pround reported
'or varthgquakes ceeurring in Mexico in the last few derades leads to the fol.
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Fig. 6.2. Elongalion of isoseisrals in the soulheastern United States, {Aflter Bolhnger,
1973.)

lowing expression relating magnitude M, hypocentrat distance R (in kilo-
meters) and intensily f (Esleva, 1968} .

[=1.45M—57Tlog,, R+ 7.9 {6.1)

The prediction error, defined as the difference be%wuen ohservad apd
compuled intensity, is toughly normally distributed, with a standard devia-
tion of 2.04, which means that there is a probability of 60% that an ob-
served intensity is more than one degree grealer or smaller than its pro-
dicied value,

6.2.1.2 Pegk ground accelerations and velocities 1

A few of the available ex pressions witl be described. Their comparisen will
show how cautiously a designer intending to use them shoukd pmcc?d.

Housner studied the attepuation of peak ground accc:lurs_ttions in SE‘I.'I‘I:‘.l]
regions of the United States and presented his results graphncally_{lﬁﬁgj in
terms of fault length (i tura a function of mapnitude), shapes of saseismals
and nreas experiencitg intensities greatar than given values (Fig. 6.4 and 6.5}
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He showed that intensities attenuate faster with distance on the west coast
than in the rest.of the country. This comparison i5 in agreement with Milne
and Davenport (1969), who performed a similar analysis for Capada. From
observations of strong earthguakes in Cazlifornia and in British Columbia,
they developed the following expression for a, the peak ground acceleration,
85 a fraction of gravity:

afg = 0.0069 15411 ™M+ BT (6.2)

Here, B is epicentral distance in kilometers, The szcecleration varies
roughly as e***¥ 2% for large R, and as ¢®**¥ where R approaches zero.
This reflects to_some extent the fact that energy is released not at a single
point but frem  fipite volume. A later study by Davenport (1972) led hitn
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Fig. 6.4. Tealired concour lines oftintensity of ground shaking. (Afler Housner, 1969,
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Fig. 6.5. Area it square miles cxperiencing shaking of  %g or grealer for shocks of dilTer.
#nt mapnibudes, { After Housner, 1969}

10 propose the expression:

a/g = 0279 L& R16 {6.3)

The statisticel error of this equation was studied by fitting a lognormal
probability distribution 1o Lthe raties of observed 1o campuled acceleralions,
A standard deviation of 0.74 was found in the natural Jogarithme of theose
ratios.

Eslieva and Villaverde (1973), on the basis of accelerations reporiced by
Mudson {1871, 19723 b}, derived expressions fer peak ground accelerations

- apd velocilies, as follows: )

afg = 5.7 ™ (R + 40)° (6.4)

r=32 E‘"f[R + 25}1'1 {55]

Here v is peak ground velocity mm cm/fsec and the other sy mbols mean thy
same as above. The standanl deviation of the natwral loganithm of the ratic
of observed te predicted intensity is 0.64 for accelerations and 0.74 for
veloeities. If judged by this parameter, eqs. 6.2 and 6.4 seem equally reliable.
However, as shown by Fig. §.6, their mean values differ significantly in some
ranges.

With Llhe exception of eg. 6.2, all the forcgoing attenualion eumssmns
are products of a function of R and a function of A This form, which is ac-

" zplable when the dimensions of the cnergy-liberating soure ¢ small com-
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Fig. 6.6 Comparison ol several attenuation exprescions,

pared with R, is inadequale when dealing willh carthguake sources whose
dimensions are of the prder of moderale hypocentiral distances, and often
prealer than them. Although equativn errars (probability distribulions of the
ratio of onbserved to predicted Intensitics) have been evalualed by Davenport
{1972) and Esteva and Villaverde (1473), their dependenee on M and £ hasnot
Leen analyzed. Because seismic rish estimates are very sensilive 1o the at-
{enuation expressions in the range ol large magnitudes and shorl distances,
inore delailed studies should be underiaken, aiming at improving those ex-
pressions in the mentioned range, and at evaluating the influence of M and 2

on etuation error. Information on strong-motion records will probably be
scanty for those studies, and hence they will hove to b= largely based on
analytical or physical models of the generation and prapagation of seismic
waves. Although sipnificant progress has been lately atrained in this dircction
{Toifunxe, 1973) the results from such models have hardly influcnced the
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praclice of seismic risk estimalion because they have remained ejther un.

known to or imperfeclly appreciated by engineers in chiarge of the cor-
esponding decdsions,

6.2 1.5 Respanse specira

Peak ground wcceieration and displacerment are fairly good indicators of
the response of structures possessing respectively very high and very small
natural {requencies. Peak velocity is correlated with the response of infur-
meqial;e-periud systems, but the correlation is less precise than that {ving the
former parameters; hence, it is natural to formulite seismic risk evaluation
and engineering dosign coileria in terms of speetral ordinat es.

Response spectrum prediclion for given magnitude and by pocentral or
site-to-fauli distance wsually enlails a tweg-step process, according 1o which

peak ground acc:‘ler‘atmn velocity and displacement are initially estimated
and then used as reference values for prediction of the ordinates of the re-
sponse sprcirum. Let the second step in the process be renrasented by the
operation ¥, ~ ey, where ¥, 5 an ordinate of the response spectrum for a
given natural period and damping mtio, and ¥, is 4 parameter (such as peak
ground accelerstion or velocity) that can be directly obtained from the time-
history record of a given shock regardless of the dvnamic properties of the
syslems whose response is 10 be predicted. For given M and R, ¥, s random
and so i ¥, fy, = o the mean and standard deviation of ¥, depend on those
of ¥y, and & and on the coefficient of correlation of the latier varizbles. As
shown above, ¥, can only be predicted within wide uncertainty limils, often
wicler Lhan these tied Lo y, (Esleva and Villaverde, 1973). The coefficient of
variation of ¥, given M and B can be smailer than that of ¥, anly if & and
¥, are negatively corrclated, which is often the case: the grealer the devia-
tion of an observed value of ¥, with respect Lo its expectation for piven M
and [, the lower is likely to be a. In gther words, il seems that in the inter-
mediale range of natural periods the expected values of spectral ordinates for
Jiven damping ratios can be predicted directly in terms of magnitude and
focal distance with narrowet {or 2t mest egual} marging of uncertainty thap
those tied to predicted peak ground velocities. For the ranges of very shott
ur very long natural periods, peak amplitudes of ground motion and speetral
ordinates approtch cach other and their standard errars are therefore nearly
vgual.

MeGuire {1974) has denved atienualien expressions for Lhe cmuditmna]
values [given A and &) of the mean and of various percentiles of the prob-
ability disttibutions of the erdinates af the response spectra for given natural
periods and damping ratios. Those expressions have Lthe same furn 25 eqs.
6.4 angd 6.5, hul their parameters show thai the rales of altenuation of spee.
tral ordinates differ significantly frem those of peak provsd accolerations or
velocities. For instance, MeGuire finds that peak ground velocily altenuates
in proportion to (R + 257 *% while the mean of the pseudovolocity for a



1HD

TAMLE o7

cuireD L oenvation expressions 1 = by 10”3"".{}.' 4 25’“!},

¥ by by ba Viy) = coeff, of
var, of y

¢ rals 4123 £0.278 1.3m D544
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dcm D 343 (HE R 0.865 C.RE3

Undamypred sprectral psoudovelocitics -

T=0.1we 11.0 0278 1.346 0941
G5 305 0.393 1.00i 0.636
1.0 0.631 0.378 0.549 0,788
2.0 0.0765 0460 0412 0.85E3
50 0.0B34 0.564 0887 1.344

5% damped spectral prevdovelocities

T=07 seg 10.09 0,233 1.347 0.651
0.5 5.74 G356 1.187 0551
1.0 0.43% 0.399 0704 0,513
20 0122 0456 0675 0941
B4 0.0708 0567 093k 1,193

natural pericd of 1 sec and a damping ratio of 2% attenuates in proportion
to (R *+ 25)7°*?. These results siem [rom the way thal frequency content
changes with R and lead to the conclusion that the ratio of spectral veloeity
should be taken 25 a funclion of M and A,

Table G sumiriarizes MeGuire's allvnuation expressions and their cosf-
ficients of variation for ordinates of the pseudovelocity specira and for Peak
ground acceleration, velocity and displacement. Similar expressions were
derived by Esteva and Villaverde (1973), but they sre intended 1o predict
enly the maxima of the expecied acceleration and velocity spectra, recard-
tess of the perieds associated with those maxima. No analysis hass been
performed of the relative validity of MeGuire's and Esteva and Villaverde's
expressions for various ranges of M and R,

6.3 LOCAL SEISMICITY

The term locel seismicity will be used here {o desicnate the degree of
sejsmic activity in a given voleme of the earth's crust: it can be guantitatively
described according to various erileria, each providing n different amount of
information. Mast usual eriteria are based on upper bounds to the mag-
nitudes of o uakes that can originale in a given seismic source, on {he

180

amipunt of cnergy liberated by thocks per unit velume and per unit time or
on maore detaiicd stalistical desgriptions of the process. ‘

6.3.1 Magnitude -recurrence expressiuns

Cutenberp aml Tlichter [1954) obtained expressions relating earthquake
mapnitudies with theic rates of ovcurrence for several zones of the ecarth.
Tiwir results can be put in the form:

T {5.13}
where X is the mean number of carthgquakes per unit volume and per anit

{ time having mapnitude greater than M and ¢ and { are zone-dependent con-

stants; o varies widely from poinl to point, as cvidenced by the map of

epicenters shown in Fig. 6.7, while £ remains within a relatively narrow

range, as shown in Fig. 6.8. Fguation 6.6 implies & disiribulion of the en-
ergy liberateu per shock which is very similar (o that oliserved in the process
of microfraciuring uf laboratory specimens of several types of rock subjected
to gradually increasing compressive or bending strain (Mogi, 1962; Schnlz,
19653}, The values of 8 delermined in the laborstery are of the same order
as those cblained from seismi¢ events, and have been shewn to depend on
the helerogenvity of the specimens and on their abilily to yield lacally.
Thus, in heterogeneous specimens made of brittle materials many small
shocks precede a major fracture, while in homogeneous or plastic malerials
the number of small shocks 15 relatively small. These cases correspond Lo
farpe and sinall f-values, respectively. No general relationship is known 1o the
wrter between § and geotectonic features ol scismic provinces: complexity
of crustal structure and of stress gradients preciudes extrapolation of lab-
oratory resulls; and statistical records for relatively small zones of the varth
ate not, &5 a tule, adequate for eslablishing local values of f. Figure 6.8
shows that for very high magnitudes the observed frequency of events s
lawer than predicied by eq. 6.6. In addition, Rosenhiueth (1963} has ;hmls-::
ihal 8 cannol be smaller than 3.46, since that would Imply an infinite
amount of energy liberated per unit time. Bowever, Fig. 6.8 shows that the
values of 8 which result from [itting expressions of the form 6.6 to observed
dala are smaller Lthan 3.46; honee, for very hiph values of M (above 7, ap:
proximately) the curve should bend down, 1 accordance with statistien!
evidence. _
Expressions allemative Lo rg. 6.6 have been proposed, adlempling to rep-
resenl more adequately the observed magnitude-recurrence Jata (Rosen-
blueth, 1964; Merz and Cornell, 1973}, hMost of Lhese expressions also {ail 1o
recognize the existence of an upjprer hound to the }11ngnitude tlhat can he gen-
erated in a given source. Although ne precise estimates of this upper bound
can yei be oblained, recognition of its existence and of it? dlur.-endunnl o
"he geotectonic characteristics of the source isinescapalile. © “eed, the prac-
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Fig. 6.B. Seismicily of marrezones, [Afier Edeva, 1965}

tice of seismic zoning in the Soviet Union has been based on this concept
{Crovsky, 1962, Ananiin et al., 1965} and in many countries design spectra
for very impeoriant structures, such as nuclear reactors or larpe (dams, are
usually derivett from the assumplion of a2 maximum credjble intensity at a
site; that intensity is ordinarily obtaiped by taking the maximum of the
intensities that result at the site when at each of the potential sources an
eatthquake with magnitude equal to the maximum feasible value for that
source is generated at the most unfavourable lecation within the same
souree. When this criterion is applied no atiention is usually paid 16 the
uncertainty in the maximum feasible magnitude nor to the probability that
an earthquake with that magnitvde will occur during a given time peried.
The need to Tonmulate seismic-risk-related decisions that account bolh for
upper hounds Lo magnitudes and for (heir probabilities of oucurrence sug-
posis adoplion of magnitude recurrence expressions of the form:

A= Ay GH{A) for M= A< My
=3y for AF < Ay

=0 for M > My 16.7)
where ML = lowest napnitude whosge contribution 1o risk is_signi[icnnt,ﬂiu
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= A Doemioke gepndtade, and Gy = coamplementary cumulative
prob Lility disirthulion of magnitudes every time that an rvent (M = ML)

oeeLrs A palicwar form o) G (A et lends ilself Lo analytical derivalions
[

G*(AM) = Ag+ Ay exp{—£M} — A, exp[~(f — ,)M)

where:

Ag = ABy exp[—fMy—M )

Ay = A= I enpliM,)

Ag = Ag exp{—=G M, + 33

A =B — expl—Bi{Mu — ML) 1, 11 — exp[—8(M y~ M )]} ]

As M tends to My, from above, €q. 6.7 approaches eq. 9.6, Adoplion of
adequate values of My and f;, permits salisfying 1wo additional conditions:
the maximum fessible magnitude and the rate of variation of X in jis vicinity.
When 8, — =, ¢q. 6.8 tends to an expression proposed by Corpeil and
Vanmarcke (1969).

Yegululp and Kuo (1974} have applied the theory af extreme values to
l?slimating the probabilities that given magnitudes are exceeded in given time
mntervals. They assume those probabilities Lo fit an extreme iype-lI dis-
tribulion given by:

(6B)

'F‘H' for Mg r'l-_fu

for M > M,

ICAE

(M) = exp[—C(M, — MY t)

= (0.49)
Here Fy, (A1t} indicates the probability that the maximum mf;gnitude ob-
served in i years is smaller than M, M has the same meaning as above, und
C‘ and K are zonedependent parameters. This distribution is consistent
wilh the assumption that rarthquakes with magnitudes greater than M take
place in accordance with a Poisson process with mean rate X egual to CiM
— M)*. Equation 6.9 produces magnilude recurrence curves that fit closely
the statistical dats on which they are bused for magnitudes above 5.2 and
return periods from 1 to 5C years, even though the values of Af; that
result from pure stalistical analysis are not relizble measures of the upper
hﬂ,&nd to magnitudes, since in many cases they turn out inadmissibly high.

“.0r low magnitudes, only a fraction of the number of shocks that Lake
p_lactf is detected. As a consequence, A-values based an siatistical informa-
tion lie below thase computed according to egs. 6.6 and 6.8 for M sinuller
than about 5.5. In addition, Fig. 6.9, taien from Yegulalp and Kuo {1974},
shows that the numbers of detecled shocks fit the exireme type 111 in eq. 6.9
better than the extreme type.T distribution implied by €g. 6.6., coupled with
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1974.)

clear what porlion af the devialion from the extreme type-l distvilution is
due o the low values af the detectability levels and whal portiun comes
from differences between the acleal form of variation of A with ) and that
given by eq. §.6. The problem descrves attention because estimates of expect-
ed losses due Lo nonstructura! damape may bw sensitive to the values of A for
small magniludes [say below 5.5) and Lecause the evaluation of the level of
seismic activily inaregion is often made to dopend on the recorded numbers of
small magnitude shocks and an assumed detectability levels, je. of ratios of
numbers of detected and oecrurred earthquakes {Kaila and Narain 1971;
Kaila et al., 1972, 1974),

MNene of the expressions for A presenled in this chaptler possess the despr-
able property that its applicability over a number of non-overlapping regions
of the earth’s crust hmplies the validity of an expression of Lthe same form
aver the addition of those regions, unless some resiticlions are imposed on
the parametrrs of each A, For instance, the addition of expressions like 8.6
fives plave to an expresman of the same form only if fl is the same for ali
terms in the sum. Similar ohjections can be made Lo eq. 6.8, In what Tollows

the assumpfinn of Poisson distributien of the mumber of. evenls. It is not, .o these forms will be prescrved, however, as thelr accuracy 15 consistent with

- . {
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the amount of available information and their adoption offers sipnificant
adantages in the evaluation of regional seismicily, as shown jater.

§.3.2 Variation wifh Jepty

Depth of prevailing seismic activity in s region depends on its tectonic
structure. For instince, most of the activity in the weslern coast of the
Linited, States and Canada consists of shocks with hypocentral depths in the
tange of 20—30 km. In other arcas, such as the southern coast of Mexico,
seismic events can be grouped into Lwo cnsembles: ane of smuall shallow
shocks and one of earthquakes with magnitudes comprised in & wide range,
and with depths whose mean value increases with distance from the shorefine
(Fig. 6.10}, Figure 6.11 shows the depth disiribuiion of ranhgquakes with
magnitude above 5.9 for the whole circum-Pacific heli.

6. 3.3 Stochestic models of varthgquake pecurrence

Mcan exceedance rates of given magnitudes are expected averages during
long time intervals. For decision-making pirposes the times of earthquake
occurrence are also sipnificant. At present those times can anly be predicted
within a2 probabilistic conlext,

Let t; {i =1, ..., n) be the unknown times of occurrence of earthguakes
gencrated in & given volume of the earth’s crust during a given time interval,
and lel Af; he tha corresponding magnitudes. For the moment it will be as-
sumed that the risk is uniformly distributed throughout the given volume,
and henee no attention will be paid to the focal coordinates of each shock.

Classical methods of time-seriez analysis have been applied by different
rosearchers allempting to devise analyiical models for random earthguake
srquences. The following approaches are ofien found in the literature:

fa) Ilatting of histograms of waiting times belween shacks (Knopofi,
1964; Ak:, 1963).

{b) Evaluation of Poisson's index of dispersion, that is f the ratio of the
sample variance of the number of shocks to its expected value (Vire-Jones,
1970 Shiien arel Toksiz, 1970}, This. index eguals unity for Poisson pro-
cesses, i5 smaller for nearly penodic sequences, and is greater thap ane when
events wnd to cluster.

{c} Determination of autocovariance functions, that is, of Tunctions rep-
resenting the covariznce of the numbers of events observed in given lime
intervals, expressod in terms of the {ime elapsed between those inlervals
{Yere-Jones, 1970; Shlien and Teksaz, 1970). The autecovariance funclion
of a Polsson progess is 2 Dirac delta funciian. This feature is characteristic
for the Poisson motdel since it doos nod Lold [or any other stochastic process,

{d} The haozard function k{f), defined so that fi(t) df s the conditional
nrobability that an event will take place in the inferval {4 £+ di) piven that
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no ¢venis have occurred bicfore & I F{t) is the cumvlative probability dis-
tobulion of thé time between events: '

Aty = )1 — F(t}]
where f{t) = gF{e)lat.

(6.10)
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Fig. £.11. Yarialion of seismicity with depth, Cirewin-Facific Helt, (Aler Mewmark and
Reoswn*luelth, 1971)

For the Polssun medel, A(t) is a constant equal o the mean rate of the pro-
Cess.

6.4.3.1 Poisson mode!

Most commonly applicd stochastic models of seismicity assume that the
events of earthquake occurrence constitule a Ppisson process npd tl}at tE"-e
M’s are independent and wentically distnhuted. This assumption implins
that the prebability of having N earthguakes with magnitude exceeding M
during time jnterval {0, 1} enquals:

Py = [exp(—va et} 1IN {6.11)
where By 15 the mean rate of exceedance of magnitude A7 in the fiven vol-
wime. 1f N is taken equal to zero in eq, 6.11, one obtains that the probability
distribution of the maximum magnitude during time interval ¢ s equal to
exp(—iy ). If vy, i% given by eq. 6.6, the extreme type-] distribution is ob-
toined, . .
Some weaknesses of this model become evident in the light of statistica
informalion and of an analysis of the physical processes invalved: the Pois-
son assunption imphes that the distribution of the waiting time to ithe next
event is not modified by the knowledge of the time elapsed since the list
one, while physical models of gradually accurulaled and sud-’.?en!y released
energy call for a more general renewal process such that, unlike what hanp-
pens in the Poiecan process, the expected lime to the next event decreases as
time poes an wa, 1974}, Stalistica) data shoew that the Polsson AssSUMp-y.
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tior may be acceptable when dealing with large shocks throuphout the
world (Ben-Menanem, 10060}, implying lack of correlation between seismic
ties of differ=nt regions;, however, when considering small volumes of the
earth, of the order of those that can significantly contribute Lo selsmic nsk
at a site, dals often contradict Poisson’s model, usnally becavsg of clustéring
of varthouakes in time: Lhe ohserved numbers of short intervats between
events are significantly hizher than predicled by lhe eaxponential distribu.
tiun, and volues of Poisson’s index of dispersion are wel! above unity {Figs.
6.12 and $.13). Ip some instances, however, deviations in the opposite direc-
1ot huve becn observed: waiting Uimes tend to be more nearly periodic,
Poisson’s index of dispersion is sinalier than one, and the process can be
represented by a renewal model. This condition has been reported, fur
instanege, in ihe southern ceast of Mexico {Esleva, 1974}, and in the Kam.
chatka and Pamir—Hindu Kush repions (Gaisky, 1866 and 1967). The mod-
els under discussion also fail to aceount for clustering in space [Tsuboi,
1955; Gajardo and Lomnitz, 1960), for the evelution of seismicity with
time, and for the systemalic shifting of active sources along geologic ac-
cidents (Alen, Chapter 3 of this book). On account of its simplicity, how-
evel, the Puisson process mode] provides a valuable 1ool {or the formulation
of some seismic-risk-related decisions, particularly of those that are sensitive
only to raagnitudes of cvents having very long return periods.

£.3.3.2 Trigeer mpdels :

Statistica) apalvsis of walling times between earthquakes does nol favor
the adoption of the Peisson model or of other Torms of renowal provesses,
such as thoze that assume that wailing times are mutually independent with
lognormal or pamma distributions (Shlien and Toksoz, 19703 Alletnative
models have been developed, most of them of the “trigget type’ {Viere-danes,
1970}, ie. the oversll process of garthquake generation is considered as the
superposition of a number of {ime series, each having & differentl origin,
where the origin times are the events of a Poisson process. In general , let N
be Lhe number of cvents thal take place during time interval (0, ¢), F. ™ ori-
gin Lime of the mth series, W_ (f, T,,} the corresponding number of events
up to instant ¢; and n; the randoem number of time series initiated in the
interval {0, 1), The total numbear of events that oceur before instant ¢ is then:
N= > W, (1, 1) - (6.12)

m A .

If origin Limes are distributed according to a homogeneous Poisson process

with mean rate v, and all W75 are identically distributed stochastic processes

with respeci to {f — 1, ), il can be shown (Parzen, 1962) that the mean and
variance of & can beé cbtained from:

Ny =v [£EW(E 7))ds (6.13)
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var (W] = p J El Hm{t. T)]dr {6.14)
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Parzen {1962) gives also an expression for the prolability generating f5ne-
Lon ¥y {2; 1) of the distribution of N in fvrms ef ¢ (2]t 1), the generat.
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ing functi & of cach of the component processes:

a2 t) = exp [-vt + v 3y (2: 0, 1)dr) (6.14)
n

where:

BudZit 1) = 20 Z" P{W(L, 1) = n) (6.16}

nal

and the probability mass funclion of N can be obtzned from V(2 1) by
recalling that:

WalZi 1) = 20 Z"P{N=n}
nzp

expanding b, in power series of Z, and taking P{N = a) equal {o the coef-
ficient of Z" in that expansion. Fer inslance, if it is of interest to compute
F{N = 0], expansion of Y5 (Z: 1) in 2 Taylor's series with respect to Z= 0
leads Lo:
i z-! rr

wRlZ 1) = YD) + 2y (0, 1) + ar g (6.17)
wherg the proime signifies derivative with respect to Z. From the definition of
Yy s PN = G = Wy (05 1),

Nceause thie component processes of ‘triggertype time series appear over-
lapped in sample histories, their analytical representstion usually entails
study of a numlicr of alternative models, estimation of their poramelers, and
comparison of moedel and sample properiies — uften second.order properties
{Cox and Luwis, 1806).

Vere-fones miodel, ASpnlicabllity of sume paneral *trigger’ models to rep-
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1esenl fori. Soisrmicity processts wias diseussed in o comprehensin e paper by
Vore-Jooes (19070), who ecalivrated them mainly againgt records of spismioc ae-
tiviey in fvew Zealand. In addibien o simple and compound Poisson pro-
cesses {Parzen, 19G62), he considered Nevman-Seott and Bartlett-Lewis mods
els, bothh of which assume that earthquakes occwr in clusters and that the
number of events in cach ciuster is stocastically independent of its origin
time. In the Neyman-Seotl moded) the process of clusters is assnmest station-
ary mnd Paisson, and each cluster s defined by po, the probability mass
funclhion of its number of events. and AQ#), Lthe cumnlative distribulion funec-
Uun of the time of an eveat corresponding w a given eluster, measared (rom
the cluster ongin, The Bartietl-Lewis model 15 a special case af the former,
where each clusler 35 a renewal process thal ends afler a finile number of
renewals. In Lthese mocdels the conditional probability of an event taking
place during the interval (& i + dt), given lhat the cluster consists of N
shocks, s equal Lo Na(e)de, where A1) = aA () 8L,

Because clusters overlap in time they cannot easily he identified and
separsied. Eslimation of process parameters is accomplished by assuming
differcnt sets of those parameters and evaluating the correspanding gpoodness
of hiL with observed data.

Various alternative forms of Neyman-Scott’s model ware compared by
Vere-Jones with ohserved data on the basis of lirst- and second-order statis-
tics: hazard funclions, interval distributions {in the form of pow er spectra)
and varianve time curves, The statistical record comprises about one thou-
sund New Zealand earthquakes with magnitudes grealer than 4.5, recorded
from 1942 to 1961. Figures 6.13-6.15 show results of the apalysis for shal-
low New Zealand shocks as well as the comparisen of observed data with sev-
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eral slternative models. The process of cluster origins is Poisson in 2! case
but the distributions of clusiér sizes (N) and of times of events within clu
ters di.Jer among the various instances: in the Poisson model no clusteris
takes place {the dislribution of ¥ is 2 Dirac delta function conilered at N =
while in the exponential and in the power-law models the distribution of N
cxlremely skewed towards & = 1,-and A(f} is taken respectiveiy as 1 — ™
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and 1 — {cffc + 1)]" for t » 0, and as zero for ¢ <X 0, where X, ¢, and & are
posilive parameters. In Figs. 6.13—615, & = 025, ¢ = 2.3 days, and A =
0.061 shocksfday. The significance of ciustering is evidenced by the high
value of Poisson's dispersion index in Fig. 6.13, while no significant pericd-
icity can be inferred from Fig. 6.14. Both fizures show thal the power-law
made? provides Lthe best Tit Lo the statislics of the sampies. A similar analysis
for New Zealand’s decp shocks shows much less clustering: Poisson’s disper-
sicn index equals 2, and the hagard function is nearly constanl wilh time,

Etill, data reported by Gaisky (1967) have hazard functions that sugpest
models where the cluster origins as well as the clusters themselves may be
represented by renewal processes. bMean return periods are of the order of
several months, and hence thesg processes do not correspond, at least in the
tirne seale, 1o the process of alicrnate periods of activity and guiescense of
o peclogical structures cited by Kelleher et al. (1873), which have led to
the concept of “temporal scismic gaps’. discussed below.,

Simplijed trigger models, Shlien and Taksdz (1970} proposed a simpie
particular case of e Neyman-Scott process: they lumped together all earth-
quakes taking place during non-gverlapping time intervals of a given length and
deyined thom as ¢lusters for which At} was a Dirac delta function. Working
with one-day iniervals, they assumed the number of evenis per cluster to
be distributed in aceordance with the discrete Pareto law and applied a maxi-
mum-likelihood crilerion to the information consisting of 35000 earth-
quakes reported by the USCGS from January 1971 to August 1968, The
model proposed represents reasonably well both the distribulion of the nurm-
ber of carthguakes in oneday intervals and the dispersion index. However,
owing Lo the assumplion that no clusier lasts more than one day, the model
fails 1o represont the wutocorrelation fupction of the daily numbers of
shocks for small time lags. The degree of clustering is shown to be a regional
function, and 1o diminish with the magnitude threshold value and with the
focal depth.

Aftershock sequences. The trigger processes described have been branded
as rcasonable representalions of regional scismic activity, even when after-
shock seguences and eatthquake swatms sre suppressed from stadistical
records, however arbitrary that suppression may be. The most significant
instances of clustering are related, however, Lo aftershock sequences which
often follew shallow shocks and only rarely inlermediate and deep events.
Fersistenve of large numbers of altershocks for u few days or wecks hos
propitiated the detailed siatistical analysis of those sequences since fast
century. Omori (1894) pointed oul the decay in the mean rate of after
shiock oreurrence with £, the time elapised since the main shogk; he expressed
that rate as inversely propertional wo t + g, where g is an empirieal constant.
Utsu {1961) praposed a more peacr! expression, proportionai 1o (f + eyt
where ¢ is o constant; Utsu®s proposal is consistent with the puwer-law ex-
promsion Lor Al presented above,

zu:».u: ]
. +

Lonnilz and Hax (1966) proposed a clustering model to represont afler-
shock scquences; it s a modified version of Neyman and Scgit’s model,
where the process of clusier origins is non-homopencous Poisson with mean
rate decaying in accordance with Omort's law, the number of events in each
cluster has a Poisson distribution, and A{f) is exponential. All the results
and metliods of analysis described by Vere-Jones (1970) for the stationary
process of clusler oriping can be applivd Lo Lhe nonstationary case through a
transformation of the Gime scale. Filling of paramelers to four afiershock
seguences was accomplished through uvse of the second-order infgrmation of
the sample defined on a transformed time scale. By applying this critetion 1o
carthguake s¢ts having mapnitudes above different threshold valucs it was
noticed that the degree of clustering deersases as the threshold value in-
creases.

The magnitude of the main shock influenves the number of aftershocks
and the disiribution of their magnitudes and, although the rale of activity
decreases Lith time, the distribulion of magnitudes remains stabile throogh-
out cach sequence (Lomnilz, 1968, Ulsu, 1962; Drakopeulos, 1971}, Egua-
tion CG.& represents fairly.well the distribution of magnitudes observed in
mo=t afterthock sequences. Values of 8 range [rom 0.8 to 3.9 and Jdocrease
as the depth increases. Since values of £ for regular (main) earthguakes are
usuaily estimated from relatively small numbers of shocks gencrated
throughout crust velumes much wider than those aclive during aftershock
sequences, no relation has been estalilished among fvalues for series of both
types of events. The paramelers of Uisu’s expression for the decay of after-
shock activity with time bave been estimated for several sequences, for in-
stance those following the Aleutian ewrthguake of Mareh 9, 1957, the Cen-
tral Alaska earthgquake ef April 7, 1958, and the Southeastern Alaska varth-
guake of July 10, 1958 {(Utsu, 1462), with magnitudes equal to 8.3, 7.3,
and 7.9, respectively: ¢ [in daye} wns 0.37, 0.40, and 0.01, while & was 1.05,
1.05 and 1.13, respeclively. The relationship of the totzs] number of after.
shocks whose magnilude exceeds n given value with the magnitude of the
main shock was studied by Drakopoulos (1971) for 140 afterslock se-
guences in Greece from 1912 to 13GE. His results can be expressed by
NiM) & A exp[—PFAN, where N{AM) is the total nomiber of aftershocks with -
magnitude greater than M, and A s a function of M, the magnitude of the
main shock:

A =exp(3.62 3+ 210y - 3.46) (6.18)

Formulation of stochagiic provess models for given earllquake sequences is
feasiblc onec this relationsilip and Lthe activity decay faw are availahle for the
sourte of inlorest, For seismic-risk estimoadion al a given site the spatial dis-
tribution of ={lershocks may bre as significant 2z the disurgbulion of mag-
nitudes ared the time variation of activily, particalarty for sourees of rela-
tiveiy vgme oD pnsions,
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6.5.3." Tenewa! process models

The inigper modeis deseribed me based on information aboul earthquakes
with mr~nitudes above tolatively low thresholds recorded during time inter-
vals of ul most ten years. The degrees of clustering observed and the dis-
tributions of times between cluslers cannol be extrapolated to higher mag-
mitude thresholds and longer time intervals without further study.

Availuble information shows beyond doubt that significant clustering is
the rule, at least when deating with shallow shoeks. However, there is con-
siderable ground for discussion oo the nature ef the procuss of cluster oripins .
during intervals of the order of one century or longer. While lack of sLatisti-
cal data hinders the formulation of seismicity models valid over long time
inlervals, gualitative consideration of the physical processes of earthquake
generation may point to models which at least are consistent with the state
of knowledge of geophysical sciences. Thus, if strain encigy stored in a re-
gicn gruws in a more or less systematic manper, the hazard function should
grow with the lime elapsed since the last event, and not remain constant as
the Poisson assumptlion implies, The concepl of a growing hazard function i1s
consistent with the conclusions of Kelleher et al, (1973} concerning the
theory of pericdic activation of sefsmic gaps. This theory is partially sup-
poried by results of nearly gualitative analysis of the migralion of seismic
activity along a number of geological structures. An inslance is provided by
the soulhern coast of Mexico. one of the most active regions in tho worid,
Large shallow shocks are gencrated probably by the intemction of the von-
tinenial mass and the subduetive aceamie Cocos plate thatl underthrusts
and by vompressive or flexural failure of the latter (Chapter 2). Seismologi-
ca} data show significant gaps of activily along the coasl during the present
cenlury and not much is kpown abouwt previous history (Fig. G.16). Along
these gaps, seismic-risk estimates based solely on observed intensities are
quite low, although no significant difference is svident in the geclogical
struclure of these regions with respech 1o the rest of the coast, save some
irznsverse faults which divide the continental formation inlo several blocks.
Without looking at the slatistical records a geophysicist would assign equal
risk throughout ihe area. On Lthe basis of seismicity data, Kelleher et al, have
concluded Lhat activity migrates along the region, in such 2 manner that Jarge
earthguakes tend to oceur at seismic paps, thus implying that the hazard
function grows with time since the !ast rarthguake. Simitar phenomena have
been observed in other regions; of parlicular interest is the North Anatolian
fault where aclivily has shifted systematically along it from casl 1o west dut-
ing the last forty years (Allen, 1969).

Conclusions relative to activation of seismic gaps are controversial hecause
the obiservation periods have not excecded one cycle of cach process. Never-
theless, those conclusions peint to the formulation of stochastic models Gf
seibmicity thal reflect plausible {catures of the geophy sical processes.

These considtions suggest the use of renewal-process models Lo rep-
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resentl seguences of individual shocks ar of clusters. Such models are chaz-
aclerized Dberause ilimes belweed events are independent and identically
distributed. The Poisson provess 5 a particolar repewal muedel for which the
dmtnbuaon of the wziting thne I3 exponential. Wider generalily is achieved,
wilhout much loss of mathematical tractabilily, if inter-event times are sup-
poscd to be distributed in sconrdance with a pamma function:

fr(0) = et e (6.19)

which Liecomes thr expopential disttibntion when £ = 1. 1M £ < 1, short in-
tervals are more (requent and 1the coefficient of variation is preater than in
the Ppisson model; if & > 1, the reverse 15 wrue, Shlien and Toksoz (1970
found that gamma models were unable to represent the sequences of in-
dividual shocks they analyzed; but these puthors handled time intervals at
Jeast. an order of magnitude shorter than those referred to in this section.

On the bacs of harard function estimated from sequences of small shocks
in the Hin?u-Kush, Vere-Jones (1970) deduces the validity of ‘hranching
rimewal process’ models, in which the intervals between ¢luster centers, as
well as those between cluster members, constitute renewal processes.

Owing to the scarcity of statislical information, reliable comparisons be-
tween alternate models will have to rest parcally on simulation of the pro-
cess of slorage and libertion of strain energy {Burridpe and Knopoff, 1967,
Yeneriano and Cornell, 1973},

6.3.4 Influencee of the seistnicity model on Beisinic rsh

Nominal values of investments mmade &t a given wislant incroase with time
when placing them al compound inlerest rates, ie, when capitalizing them.
Their real value — and not only the nominal one — will also grow, provided
the inlerest rate overshadows inflation. Conversely, for the purpotse of mak-
ing design decisions, nominal values of expecled utilities and costs inflicted
upon in the fulure have to be converted into present or actualized values,
which can he directly compared with initial expenditures. Descriptions of
seismic risk al a sile are insufficient for that purpose unless the probability
digtributions of the limes of gecurrence of different intensities — or mag-
nitudes at neighbouring sources — are stipulated: this entails mare than sim-
pic magnituderecurrenee graphs of even than maxnnum feasible magnitude
cstimates.

Immediately after the occurrence of & Jarpe earthgquake, seismic risk is ab.
normally high due to aflershuck activity and Lo the probability that damage
inflicled by the main shock may have weakened natural or man-made strug-
furez if emergency measures are not taken in time. When aftershock activity
has ceased and damaged systems have been repaired, a norma risk level is3,
" atlained, which depends an the probabilily-density functions of the waiting
tisnpe Lo the ensuing damaging earthguakes.



us

e

" For the- pl.:fpnse of illustration, let it be assumed that a fixed and deter-

ministically known damage D, ocecurs whenever a magnitude above a given
value is generated at a given source. if f(¢) is the probability-density funclion
of the wailing time to the occurrence of the dumaging event, and if the risk
level is sulficiently Jow that anly the first failure is of concemn, the expected
velue of the actoalized cost of damage is (see Chapter 9):
u-u.,f e fi1)d1 (6.20)
, o

where ¥ is the discount {or compound interest] coefficient und the overbar
denotes expectatian. J{ the process is Poisson with mean rate », then f{f)is
exponential and I = Dy vfy; however, if damaginf evenls take place in
* tlusters and most of the damage produced by each clusier corresponds Lo jts
first event, the computation of ) should make use of the mean rate v cot-
responding to lhe clusiers, instead of that applicable to individua!t events.
Table 6.1! shows a comparison of Seismic risk determined under the alierna-
live assumptions of a Poissor and a pamma model (£ = 2}, both with the
game mean return period, /v (Esteva, 1974). Three descriplions of risk are
presented as functions of the time {5 elapsed since ihe Just damaging event:
Ty, the expected time Lo the next event, measured from instant tq; the ox-
pected value of the present cost of failure computed from eq. 6.20, and the
-hazard function (or mean failure rate). Since eluslering is neglected, risk of
aftershock cccurrence must be ell.he;r mcludcd in DD or superimposed on
that displayed in the table. - |

This table shows very significant differcnces amohg risk levels [or both

processes. At small values of ¢, risk is lower for the gamma process, but it

TABLE G} )

Comparison of Prasson and pamme procviees

Cfu PR T. ¥t Moisson process, § = 1 Akgr Ty ik Gamma process, £ = 2 LA
Dibg R i
Yhirw 10 yhAr =100 A= 10 Lk fE s 100
O 1.4 N o237 0.0004 0
2.1 09z 00411 00036 0367
arz 0.8G 040678 0.0059 0.667
0.5 .75 008713 0.0100 1,333
] 1.0 0809 0.00ag 1.0 Q.67 D120 0.0]_32 2 i)
P 0.60  (.139 G.015K 2,667
5 Q.54 Q.54 00179 2323
10 {52 D.16GO 0.03E7 1.633
0,54 0,167 o019 - 4,000

grows with time, until it outrides that for the Poisson process, which remains
canstant. The differences shown elearly allect engineering decisions.

€.4 ASEESSMENT OF LOCAL SEISMICITY

Only exceplionally ¢an magnitude recurrence relations for small volumes
of the earth’s crust and statistical correlation functions of the process of
carthguake goeneration be derived exclusively from slatistical analysis of
recorded shocks. In most cases this infermation is too limited for that pur-
pose and it doos not always refleet geological evidence. Since the lalter, as
well as its connection with seismicily, is beset wilh wide uncertainty mar-
gins, informalian ef different nature has to be evaluated, its uncertainty
analyzed, and conclusions reached consistent wilh all piecos of information.
A probabilistie eriterion that accomplishes ihis 35 presenled here: on the
basis of geoleclonie data and of conceptual models of the physical pracessos
invulved, a sel ef alternate assumptions can be made gonceming the Tunc.
tions in guestion (mapgnitude recurrence, titmne, and space correlation) and an
initizl probalility distribution assipned thereto; statistical information
is used to judge the iikelihood of each assumption, and a posterior prob-
ability distribulion is obtained, How statislical information contibutes to the
posterior probabilities of the allernats: assumiptions depends on the extent of
that information and on the degree of uncerlainty implied by the initial
probabilities. Thus, il geological evidence supporis confidence in a particular
assumption or range of assumptions, statistical information shouwld not
greatly madifly the initial probabilities. 1f, on the other hand, a long and
reltable statistical record is available, il practically delermines the form and
parameters of the mathematical model selected to represent local seismicily,

G.4.1 Buyesian estimation of soismicity

Bay csjan slatistics provide a framowork for probabilistic inference that
accounts for prior probabilities assigned to a set of ajternale hypothetical
models ¢f a given phenomenon as well as for statistical samples of events re.
lated to thal plienoinenon. Unlike conventional methods of statistical in-
ferenve, Bayesian methods pive welght 1o probabilily measures obtained
{from samples or from olher sources; pumbers, coordinales and ‘magmiiudes
of earlhguakes vbserved In piven time inlervals sefve to ascerlain the prob-
able validity of cach of the alternative morels of jocal teisnmicity that ¢an be
postulaled on the prounds of ponlogical evidence, Any eritetion intopded Lo
weigh information of different nalure and different degrees of uncertainty
should lead 10 probabilistic « »nclusions consistent with the degree of con-
Nidence attached 1o each source of information. This is Accomplished by
Bayvesian methods.
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Lt ia, = 500 s} be a comprebiensive set of mutually excliusive assump-
fions conseninn? & piven, immerfoelly known phenomenan and tet A be the
observed ouleome of such 2 picnonenon. Biefore observing ouleome 4 wu
assign «rt initial probability £(40) Lo cach hypolhesis, I PLAIH) is the
probatiifity of A in vase hypotlhcesis Ff) 05 true, Lhen Bayes' thearem (Haiffa
and Schlaifer, 190G8) states that:

I{AU ]
PR A

The first member in lhis equation is the (posterior) prolabifity that
assumption ff; s true, given the observed outeome 4.

PHLAY = FU) 5 (6,21}

In the evaluation of seismic risk, Bayes' theorem can he used to 1mpr0ve T

initial estimates of A{M) and its vananon with depth in a given area as well a5
lhose of the paramelers that define the shape of A{M} or, rguivalently, the
conditional disiribution of magnitodes given the occurrence of an earth-
quake. For thal purpose, take A(M) as the preduct of a rale function X, =
A{M_ ) by a shape function C¥{M B cqual lo the conditional complrmen-
tary distribution of magnitudes given the aceurrence of an earthguake with
M = M, wherse My is the magnitude threshold of the set of statistical data
used in the estimation, and B is ihe vector of funceriaing parameters H,, ...
£, -that define {he shape of A{Af). For instance, if A{M]) is takcn as given by
cq. 5.8, 8 15 a vector of three elements equal respectively to 8, 5, and Ay,
il eq. 6.3 is adopled, B is delined by £ and M,

The initiz] distribution of scisiicity is in this case expressed by the initial
joint probability density function of A, and B: f'(A..B)}. The observed out-
come A can be expressed by the magnitudes of all earthquakes generaled in a
given source during a given time interval, For inslance, suppose that & earth-
quakes were observed during Lime interval ¢ and that their magnitudes were
m,. mz, wy Hiy, Baves® expression takies the Jorm:

. - Flm,. :nz. - ity B8]
', Bim,, ..., i ty= (A, B) FIP[my. tige . s U, B (L 0)dIdG

(6.22)

where f(.) is the postenior probability density funclion, and £ and b are
dummy variabies that stand for all valucs ihat may be taken by A and &,
respeclively. Estimation of hy can usually be formulated independently of
ithat of the other parsmeters. The observed facl is then expressed by &, | the
number of earthquakes with magnilude above M, during time £, and the
folicwing expression is oblained, #s a first siep in the estimation of A{M):

PINLY EAy)
JE(NL HDrinai

ﬁ',é‘.l.l Initial probabifities of hypothetical models
\Where statistical information is scarce, seismicity estimates will be very

F O ING 1) = ) (6.23)

i

)

sepsitive fo initial prababilities sssipned 10 olternalive hypothetical rmodeis;
the opirions of peolngsts and geophysicists wirout probabde models, aboul
Lhe parameLers of these models, and the corresponding margins of uncertain
ty should be adeguately mterproled and oxpressed in tenins of a funetion §7,
ar reguired by eguations similar wo 6.22 and 6.23. Ideally, these opinions
should be based on the l[ormulalien of potential carthguake sources and on
their vompatison with pessihly similar peateclonic structnres. This is usually

*done by genlopsts, more qualitatively than guantidatively, when they vsij-

mate Afy. Initial estimates of My, are seldom made, despite ihe significance of
this parameter for the design of moderately important stmctares {see Chup-
lor 27,

Analysis of geological information must consider local detalls as well a3
general struciure and evolution. In some areas it is clear (hat all potential
earthfuake sources can be identified by surfaece Taults, and their displae:.
ments in recent peclogical times measured. When mean duplacements pe)
unit time can be estimaled, the order of magnilude of creep and of eneryy
Liberated by shocks and henee of the recurrence intervals of piven mapni
fudes can bw established {(Wallace, 19740; Davies and Brune, 1971), the cor-
responding uncerainty evaluated, and &n initial probatality distribution as-
sigpedd. The fscl thal magnitude-rocurrence relalions are only weakly cor-
related with the size of recent displacements is reflected in larpe uncertain-
ties (Petrushevsky, 1966).

Application of the criterion deseribved in the foregoing parapraph can be

© upleasible of inudequate in many problems, as in a2reas where the abundancy

of faults of different stzes, ages, and activity, and the Insulficient accuracy
witl: which focal coordinates are delermined preclude a ditforentiation of all
sources. Nefional seismiciiy may then be cvalualed under the assumption

_ lhal at leasl part of lhe seicmic aciivity is distribuled in a given volume

rather than comcenlrated 1n faulls of different hnpornance. 1w same situa-
tinn would be fuced when dealing with active zones where there is no surfacy
evidence of molions, Hence, consideration of ihe overail behavior of com-
plex feolopmical structures is often more significant than the study of local
dnlails,

Nol much work has been done in the analysis of the overa)l behavier of
large geological structures with respect Lo the encigy thal can be expecled
Lo be Jiberated por unlt volame and per wnit Lme in given portions of those
structures. [mportant rescarch and applicatinons should be expected, how-
ever, since, as a result of the contribution of plate-tectonics theory to the
understanding of large-seale teglonic processes, the numerical values of some
of the variables corrclated with energy Nberation are being detvrmined, and
can be used al least to obiain arders of magmitude of expected aclivity along
plale boundaries. Far less well understood are the oecurrence of shocks m.
appirently inaclive regivns of continental shiclds and the bohavior of com.

' I plex continental blocks or repians of intense folding, but even there some



prugress is expected in the study of uccumulation of stresses in the erust.
Knowledge of the geclogical structure can serve to formulate initial [re-
ability distributions of seismicity even when gquantitative use of geophysical
information secms bevond reach. Initial probhabilily distributions of local
stismicity parameters Ay, B in the small volumes of the earth’s crust that
contribute significantly to seismic risk at a site, can be assigned by comn-
parison with the average seismicity observed in wider areas of similar tec-
Lonic characteristics, er where the exlent and complolencss of statistical

information warrunl reliable estimates of mapnitude-recurrence curves -

{Esleva, 1869). In 1his manner we can, for instan¢e, use the informalion
shout Lhe average distribution of the depths of varthguakes of different
m.agr?itudes thraughoul a selsmic province Lo estimate the vorresponding
distribulion in an area of that province, where activity has been luw during
Lhe abservation interval, even thaugh there might be ney apparent geophysical
reason Lo aceount for the difference. Similarly, the expected value and coeffi-
cient of varialion of X, in a given area of moderale or low seismicity {asacon-
tingntal shield) can be abtained from the statistics of the motions originated
at al) the supposedly stable or aselsmic regions in the world.

The significance of initial probabilities in seismic risk estimates, against
the w#eight given to pwrely statistical information, Liecomes evident in the
example of Fig. 6.16: il Kelleher's theary about activation of seistic gaps is
true, Tisk is greater at the gaps than anywhere else alopg Lhe coast; if Poisson
madels are deemed representalive of the process of energy liberation, the ex-
tent of statistical information is enough to substantiate the hypolhesis of
reduced risk at gaps. Because both models are still controversial, and rep-
resent at most lwo extreme positions concerning Lthe properties of the
2tug process, rish estimiales will necessarily reflect subjective apinions.

6.4.1.2 Significence of statistical information

Estimation of . Application of eq. 6.23 to ¢stinate A, intlependently
nf other parameters will be rirst discussed, because jt i 2 refalively simple
problem and because A, is usually more uncerlain Ui, My snd mtich oiege
s than 3. -

A model as defined by eq. 6.19 will be assumed to apply. i the possible

Essumpbions concerning the values of Ay constilute » conlingous interval,
the initial probabilities of the alternative hypotheses can be expressed in
terms of a probability density function of X.,. If, in addition, a certain as-
sumplion is made concerning the form of this prolability-densily funclion,
anly the initial values of £{h_ ) and V{}.) have Lo be assumed. It is advanta-
Reous 1o assign to ¢ = 2/E(T) a gamma distribulion. Thien, ¥ g gnd g are the
raramieters of this initial distribution of », if ¥ is assumed 1o be known, and
if the ebserved ovutcome is expressed as the tine f,, elapsed during n * 1
conseuitive events (earthquakes with magnitude >A1, ), appiication of £l
G.22 leads to the conclusion that the posteriar probabhity funclion of » js

"nz -
' .
alsc camma, now with parameters p + Al and u + {, . The initial and the
posterior expected values of ¢ are respeclively equal to pfu, and to (p + nk)f
(u + i,). When initial uncertainty about v is small, g and p will be largpe and
the initial and the posterior expecled values of v will not differ greatiy. On
the ather hand. if only statistica! information were deemed stgnificant, p and
u should be given very small values in {he initial distribution, and E{r}, and
henoe Ay, will be praclically defined by n, k, amd f,.. This means that the
initial estimutes of proiogists should not only include expected or most
probable values of the different parameters, bul slso stalements about ranges
of possible values and degrees of confidence 2itached Lo each.

In the case sludied above only a pontion of the statistival informalion was
used. In most cases, especially -if seismic activity has been low during the
observation interval, significant informatjon is provided by the duralions of
the intervals elapsed from the initiation of observations Lo Lhe First of the a +
1 events considered, angd from the last of those events until 1he end of the
cbservalion petied. Here, application of eq. 5.23 1eads to expressicns slightly
mare compli_sted than those obtained when only information abeout ¢, is
used,

The particular case when the statislical record reports no events during at
fcost 70 inLerval {0, f,) comes up [frequently in praclical problems. The
probabilily-density function of the time T from {1, to the oceurrence of
the first evenl must account for the corresponding shifting of the time axis,
Furthermore, it the ime of occurrence of the Jast event before the origin is
unknown, the distribution of the waiting time from ¢ = 0 1o the first eveni
comncides with that of the exesss life n a renewal process al an arbitrary
value of t thal approaches infinity {Parzen, 1962). Far the parficular case
when the waiting Limes constitute a gnimma process, Ty is measured from f =
f}, T iz the waiting time betwoen conseculive evenis, and it is known Lhat
T, & tg, the canditional density function of 7y = (Fy — £, )/E(T) is piven by
eq. (.24 {Eslcva, 18974), where uy, = {o/E(T):

o £ =
rf-:l lfﬂil_l_]! [h{u-f”ﬂ]] ' —
foy (WIT 3 tg) = ——— e (6.24)
n=}
-§1 ;?:-;1 (m— 1)t (ttrg)

Consider now the implications of Bayesion avalysis when applicd to one of
Lthe selsmic gaps in Fig. 6.16, under the conditions implicit in eq. 6.24. An
initial set of assumptions and porresponding prolabililice wos adopted as
deseribed in the following. From previous studies referming to all the south-
ern coasl of Mexice, local weismicity in the pep oarca (neasured in lerms of
A for A= G.3) was represenicd by & pamma process with £ = 20 An imitial
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probiabibits o=ty function for 1 wae adoptied such that the expected yalue
of A(6.5) far ine region cuincided with i3 everage Lbrovghout the complete
seismic province, Two valites of p were considered: # and 10, which cor-
respond Lo coefficients of variation of (.71 and 0.32. respectively. Values in
Table 6.1 were obtained for the ratio of the final to the initial expected
values of o, in terms of g,

The lust two columns in the table contain the raties of the compuated
values of E7(T,) end E'{T) when v is taken as equal respectively to its initial
.or Lo ils posterior expectod value. This tihle shows that,
when uncertainty attached lo the geologically based assumptions is low, the
expeocled value af the time to the nest cvent keeps decreasing, in sccordanee
wilh the conclusions of Kelleker et al. {1873). However, as time goes on and
no evenls oceor, the statistical evidence leads 1o a reduction in the estimated
risk, which shows in the mcreased conditional expecled valves of T, . For p =
2, the grological evidence is less sipnificunt and tisk estimates decrease at &
faster rate

5.4.1.3 Bayesian estimotion of jointly distribiiied perameters

In the general case, estimation of B will consist in the delermination of
the posterior Bayesian joint prabability function of ils components, taking
as slatistical evidence the relative frequencies of observed magnitudes, Thus,
if event A is described as the occurrence of N thocks, with magniiedes
P, My and b (4= 1, ., s are values Lhal may b m.;!npu_-d hy the com-
ponents of vector B being estimated, cg. 6.21 becornes:

fald,. ..
- _,r rgtﬂl, arey

i} is proporiional to:

A& )P(AND,, ., b,)
ur]P{A‘UI‘ trap Hr}duj y many di

Jr}:{bli LLER] 'hrIA] b {6‘25}

r

where PlAlu,, ...,

N .
l]:]l g(m.‘lul [ | ur]

and g{m]l = —g&G¥(m)for.

Closed-form sclutions for f” as given by eq. G.25 are not feasible in peneral.”

For the pumose of evaluating. risk, however, estimates of the posterior first
and second moments of /7 can be oldained from eq. 6.25, making use of
wvnilable frst-order approximations (Penjamin affd Cornell, 1870; Ttosen-
blueth, 1975) Thus, the posterior expenied value of B, is given by J fﬂ fir)
i du, where f, A= o 1 feley, o, ug) duy, L, dig nnd the multiple inte-
gral is of order r — 1. hccause it is not extended to the dominion of I,.
Henee:

Ex(BiP{AB,, -, B.))

EgPAR,, ... 8.1

D) = (6.26}

for p = 10, that is,.

1

Z1x

TAELE 6.111

Dayesian estimales of wizmicily in ane seismic pap

ug = g /BT E"{e ) Efv) ENIT Ty = e WET

p=2 =11 g2 a=10
1] 1.0 1.0 0.75 .75
0.l 095 094 0,76 .74
0.5 0,75 094 0491 071
1 1.5k 0ET 1.14 073
5 020 0.54 3.11 1.05
pas 011 036 A7 1.55
X0 0,06 0.22 10,50 .48

where E* and E" stand for initial and posterior expoctation, and subscript B
means that expectation is taken with respect 1o all the components of B.
Likewise, the following posterior moments can be obtairned:

Covariance of I, and B

E, [BB;PAIB,, ..., B,))

Cov'( By} = E,F{A1B,, ., B)) ~EBIRE,) (€79
Expected value of A(M)
E" (MM =E"(\ETICMM B
eor  EnlG(M: B)P(AIB,, ..., B.)]
=E )T i, B (6.28)

Marginal disiriliutions. The posterior expectation of A(M) 1510 sume cases
all that is required to describe seismicity for decision-making purposes. Qf-
ten, however, uncetlaioly in A(M) must 8lsa be acounted Tar. For instance,
the probability of exceedance of a given magnitude during a given time inter-
val has Lo be obtained as the cxpectation of the corresponding probabilities
over all allemmalive hypolheses concerning A{M). In this inanner it can be
shown that, if Lthe oceurrence of earthguakes is_a Poisson process and the
Bayesian distribution of Ay is pamma with mean ?xL and coelficient of varz.
tion V¢, the marginal distribution of the number of earlhquakes is negative
binomial with mean Ay In particular, the marpinal probability of zero
events during lime interval { — equivalently, Lhe com plementury distribution
Iunetion af the u-ﬂiting time between events — b equal to (1 + 7/
where r" = ¥'2 and t" = r"fk,,. The marginal prababilityensity function of
the wailing time, that should be substituted in 6q. 6.20, is I'LL{I RN -1
which tlends to the exponential probability function as r” and 17 tend I.u
infinity (and vV, — 0) while their ratio remains vqual to A, .
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Bayesian uncertainty tied Lo the joint distribution of all seismicity param-
eters (A, By, ..., B,} can be included in the computation of the probability
of occurrence 01' a given evenl 2 by taking T.hn expectution of that prob-
ability with respect to all paramelers:

P(Z) = £y 5[ P(2)i My By, ... B,)) (6.29)

When the joint distribution of Ay, B stems from Bayesian analysis of an
initial distribution and an observed event, A, this cquation adopts the form:

E w[ﬁzsh., B)P(A 1, B))
Lo [PCATXy, B]

where " and " stand for initinl and posterior, Tespectively.

Spatfal varinbifity. Figure 6.17 shows 2 map of gealeclonic prnvince's of
Mexiro, according to F. Mooser. Each province is characlerized by the larpe-
seale features of ils teclonic structure, bul significani local perfurbations to
the overall pattcrns can be identified. Tuke for instance zone 1, whose
scismoleclonic features were described above, and are schematically shown
in Fig. 6.18 {Singh, 1975): Lhe Pucilic plate underthrusts the contipental
block and is thought te break inte several blocks, sepurated by faults Lrans-
verse 1o the coast, that dip al different angles. The continental mass i5 also
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Fig. 6.17. Belgm olecionie provinees uF Mexico [ATier F blouwser)
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Fig. 6.18. Schemalie drawing of Lhe sepmerting of Coros plate a5 it subducts below
Amnerican plate, {After Sangh, 1874.)

made up of several large blocks. Scismic activily at the underihrusting plale
or at its inlerface with the continental mass is characlerized by maghitudes
that may reach very hiph values and by the inurcase of mean hypoceniral
deplh with distance from the coast; small and mederate shallow shocks are
generaled at Lthe blocks themselves, Variubility of slalislical data along the
whole lectonic system was discussed above and is apparent in Fig. 6.10.
Bayesizn estimation of lacal seismicity averaged throughou! the system is a
matter of applying eq. 6.21 ar any of s special forms (eqs. 6.22 and 6.23),
laking as statistical ¢vidence ihe information corresponding to the whole
Systemn. However, scismic risk estimates are sensitive to values of local
seismicity averaped over much smaller volumes af the carth's crusl; hence the
need to develop crileria for probabilistic inference of possible patlerns of
space vatiability of seismicily along tectonically homogeneous zones.

On the basis of seismoteclonic information, the syslem under considera-
tion can first be subdivided into the underthrusting plate and the subsysiem
of shallow sources; each subsyslem can then be separately analvzed. Take for
inslance the vnderthrusiing plate and subdivide it into s sulficiently small
cqual-volume subzances. Let ¥, Lie the rale of exceedance of magnilwde Ay
througliout the main sysiem, v 1he correspanding rule at cach subzone, and
define p; us {q fi'y,, with ;1 independent af vy {pr, is equal Lo the probability
ihatl an e‘lrthquahc newn lo have been generaled in the oveall sysiem orig-
inated at subzone i). Initiad infonration abaut possible space varjahility of
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Lo+ .. .o terms of an inital probabilify distnbution of p, and
of the or o lalien ameny o undd p Jor any § and j. Beciuse EIJM = Vv, ung
ohtain: X = L. This imposes twa restrichions of the initial jeint probabilicy
distribuiion of the pjs: E'(p,j = 1, var’ Xp, = &, 1f all pjs ure assigned cqual
viprelations and all pairs g, g0 07§ are assumed Lo possess the same cor-
relation voefficient p; = p', the reslrictions mentioned Irad to £'(p,} = 15
and p' = ~—1f(=— 1}. Posteriar values of E{p;) and p;; are ablained according
w the =unce principles that led to eys. 625628, Statistical evidence is in
this case described by N, the total number of earthyuakes generated in the
system, and n; (f = 1, ..., §) the corresponding numbers for the subzones.
Given the pls, the probability of this event is the mullinominl distribution:

.

(6.31)

N!

PIAIP,, "'!pl] =

fiy !. aumy E‘! P;j " P:l
i the comrelation coellicients among seismicities of the various sulyzzopes can
be neglected, each p; can be separalely ostimaled, Because p, has 1o be
comptised between O and 1, it is natural to assigh it a beta initial probability
distribulion, defined by its paramcters n) and N/, such that £'{(p) = n/ N/
and var'(p,) = v/ (N, — A/ WIN 2N + 1)) {Raiffa and Schiaifer, 1968). The
parameters of the postenor distribulion wil! be:
ﬂ‘: = H.‘l + I"l.,..l‘.'ui;.t 'N: + N

Take for instance o zone whose prior distribution of Ay, i3 assumed gamma
with expecled value Ay and coefliciont of variation V. Suppose that, on the
Lasis of geological evidence and of the dimensions invelved, it is decided Lo
sebdivide 1he zone into four subzones of eqgual dimensions, a.priori con-
siderations Ipad to the assignment of expecied values and cosfficients of
varialion of p, for those subzones, say E'(p;} =025 V'(p) =025 (=1, -,
4). From previous considerations fur s = 4 1ake p; = —1/3 for i +* J. Suppose
now thal, during a given time interval ¢, len carthquakes were observed in
the zone, of which 0, 1, 3, and £ occurred respeclively ineach subzone. If
ihe Poisson process mode! is adopted, AL and V| can be expressed in terms
of a Retitious number of events i’ = V7 gccurred duering a Tictitious time
inlerval ¢ = »'fAL; aftor observing n parthguakes during nn interval {, the
Bayesian mean and corfficient of variation of Ay will bo AL = (r" + a}f
(t"+ 1), VL =(n' +n) ' (Esteva, 1868}, Hence:
M= (VT2 LOAVIRRTT 4 1, Ve U e 1071
Iﬂia;dcviations ol seismicily in each subzone with respect Lo the average
Ay, e25 be analyzed in Lerms of p; (7= 1, ..., 4} Bayesian analysis of the pro-
portion 1n which the ten nqrthquakes were distibuted among the subzones
proceeds acconding to:

Wb ! E'fpiﬂdlph mnay }]
Folpda) =5 00 P;:;]

{6.32)
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The expaeciations that appear in this eguation hiave Lo be cumputed with re.
spech to the initial joint distntution of the pls. In praclice, adeyuate appros-
imations are required. For inslance, Benjumin and Cornells! ¢1970) Nirst-
arder approximution lexdsto 2" (py) = 0.226, E"{p,) = 0.284.

1t correlation among subizone scismicities is neglected, and statistical in-
formation of each subzone is independently analyzed, when the s are as-
signed Leta probability <donsity funetions with means aml coefficients of
variation as defined above, ane oblains E7(p,) = 0.206, £7(g,;) = 0.311,

which are nol very different frem those formerity obtained: however, when

E'p) = 0.25 and V'ipd = 05, the first enlerion leads to L ip) = 0200,
E®(p,) = 0.314, while the secund produces 0.131 and G.416, respectively.
Part of the difference may be duc 10 neglect of py;, but probably & significant
parl stems from inaccuracies of the [irst-order approximation Lo the expecta-
iions lhat appear in eq. 6.32; allernate approximations are therefore deshy-
able. -

Incomplete deta. Stutistical information 1s known to be fairly reliable only
for magnitudes above threshold values thatl depend on the region considered,
ils leve] of activity, and the quality of local and nearby seismic inslrumente-
tion. Even incumplete statistical records may be signifivant when evaluating
some seismicily paramecters; their use has'to be accompanied by estimates of
detectability values, that is, of ratios of the numbers of evenls recorded to
total numbers of cvents in given ranges (Esteva, 1870, Kaila and Nagain,
1971).

6.5 REGIONAL SE1SMICITY

The final goa! of local scismiciiy assessment is the estimayion of regional
seismicity, that is, of probability distributions of intensitics at piven sitlus,
and of prohahitistic correlations among them. These funclions are obtained
by inteprating the coniributions of local seismicities of nearby sources, and
hence their estimates reflecl Bayesian uncertainties tied tor those scismicities.
In the [ollowing, regional seismicily witl be expressed in terms of mean rates
of exceedance of given intensitics, more detalled probabilistic descriptions
would entail adoption of specific hypotheses concerming space and time cor-
relations of earthquaky generalion.

G.5.1 Intensity-recurrcnee curies

The case when uncertainty in scismicity parameters-is neglecied will be
discussed first. Consider an elementary seismic source with volume 417 and
local seismicity A{A) per unit volume, distant / from asite 8, where intensidy”
recurrence functions are to be eslimated. Every time that a magnitude A -
* ~ck is penerated at that source, the intensity at 8 equals:

+
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Y= €Y, = b exPlb,M)e(R) (6.33)
fsee ogs. 6.4 and 6.5), where ¢ is a random factor and ¥ and ¥, stand for
actual and predicied intensities, &, and by ure given constants, and g{fi)isa
function of hypoceniral distance. The probability that an earthqualke orig-
innting at the souree will have an intensity greater than ¥ is egual 1o the
probability that ¢¥, > ». If Y, i5 expressed in terms of M and randomness
in ¢ Is accounied for, one oblains:-
ey
vy = f ey iufefu)du
ay,
cwhere ¢ oand 1, are respeclively mean rates at which aclual and predicted
intensities exceed given values, oy = ¥y, o = ¥/ oy, and vy are the
predicted intensilies that correspond to Afy,; end A, and §, the probabibily-
density funetion of ¢. If eg. 6.33 is assumed to hold:

(6.34)

pyl=Kot K3y~ — Ky 2 (6.35)
where:

K= [byg(R)]"AddV  (#=0,1,2) {:.36)
ro =0, Ip=fBloy, Ta=(B—B)bs (6.37)

‘ Substitution of eq. .35 Intn 6.34, coupled with the assumption Lhat In ¢
is nomeally distributed with mean it and standard devintion o teads 1o;

Py} e eoKg + e Ky~ "1 —eKpy™ 2 (6.38)
where:

ro;, —u By — U I
£ = exp{,) [¢ (‘-——EE-—{] — (] cr.:; H‘)] {6.29)

¢ i5 Lhe standard normal cumulative distribution funetion, &, = 1/2 f;zr,-2 +
mr;, and u; = m + g?r; Similar expressions have been presented by Merz and
leumell {1973} for the special case of €4, 0.8 when §; -~ = and Tor a quadra-
lic formm of the relation between magnilude and logarithm of excecdice
rate. Closed-fonm sojutions in terms of incomplete famma funetions are ob-
tained when, magniludes are assvemed to posseas extreme type-ill distribu-
Lions (eq. 6.9). )

Inlensily-recummence curves at given siles zre obtained by integration of
the contributions of al] significant soutees. Uncertuintics in locsl seismicitics
caty be handled by describing regionat seismicily in terms of means and vasi-
anieies of My} and estimating Lhese moments from ea. 6.34 and suitatse first-
;ur[{ socondd - moment approximalions. Influenca of these wneeswatntios in
desipn docisions has been discussed by Rotanblueth (in pm]:mra.tiun]n.
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'6.5.2 Scismic prebab ity mops .

When inlensily-recurrence functions are determined for o number of sites
with uniform local ground conditions the resulls are conveniently rep-
resentled by sets of scismic probabilily maps, euch map showing conlours
of intensities that comespond 1o a given return period. For instance, Figs,
£.10 and 5.20 show peak ground velocities and aceelerations that correspend
te 100 years relum period on firm ground in Mexico. These maps form part
of a sef that was ohiained through application of ihe criteria deseribed in

‘this chapter, Because the ratio of peak ground accelerations and velocitivs

does not remain constant throughout a region, the corresponding design
spectra will nol anly vary in seale but also in shape (frequency cantend), in
olher words, seismic risk will usuzlly have to be expressed In Lerms of at
teast the values of two parmneters (for instance, as in this case, peak grou nd
accelerations and velotities that correspond lo various risk levels {retuin
periods)},
6.5.3 Micrazuninl

Implicit in the above criteria for evaluation of regional scismicity is tha
act. plion of intensily stfenudlion expressions valid on firm ground. Scatter
of actual infensities with respect 1o predicted values was ascribed to differ-

enees in source mechanisms, propagation palhs, and |ocal site conditions, at
lcast the latler group of variables can introduce systematic deviitions in the

[N W——
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Fig. 619, Peak pround vwlositics with relun prriod of 100 years [cmfuwc).
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Fig. 6.20. Prak ground accelstations with return prried of 100 vrare (cmfoec?),

ratio of actual o predicled intensibies; and gealopical delails may signifi-
cantly alter loeal scismicity in a small region, as well as energy radiation pat-
terr?s, and hence regional seismicity in the neighbourhood. These systematic
ti_ewutinns ar¢ the matter of microzoning, that is, of local modification of
nisk rnaps similar to Figs. 6.18 apd 6.20.

Most of the effert invested in microzoning has been devoted to study of
the influence of local soil stratigraphy on the inlensity and frequency con-
t_r.-nfv of earthquakes {see Chaptler 4). Analylico) models have been prac_tically'
lmlntcd to response analysis of stratified formations of linear or nenlinear
"soils to verlically traveling shear waves. The resulis of comparing ohserved
and predicted behavior have ranged from salisfarlory (Herrera ot al,, 1963)
to poor (Hudson 2nd Udwadia, 1972). Topographic iregularities, as hills or
sl_oPes of firm ground formations untleriving sediments, may introduce sip-
nificant systematic perturbutions in the surfzee molion, as a consequence of
wave focusing or dynamic amplification, The latter effect was probably re-
sponsible for the exceptionally high accelemations recorded at the abuiment
of Pacoima dam during the 1871 Sun Ferando earlhquake.

Present practice of microzoning determines scismic intensities ar design
paramcters in two steps. First the values of those rarameters on firm ground
are estimated by means of suitable attenvalion expressions and then lhey are
amplified aceor s~
bitrary decisic:
ary Lwetween soir |

.rhich seismic risk is very sensitive: selecling the bound-
d firm ground. A speciaily difficull problem stems when

7 1o the properties of local soil but this implics an are -

o)

trying Lo Iis that Loundury for the purmose of predieting Lhe motion at the
top of a hill or the slope stability of 3 higl chifl (Hukeos, 1974).

bocan b concluded thal rational foumlation of microzoning fur seisme
risk is still in its infaney and that new eriteria will appear that wil! prabahly
require inlensily atuwnpumion models which inglude 1he nfluence of jocal
syrslomatic perlurbations, Whother these inodels are gvailabile or the twoestep
process described above is acceplable, intensity-recurrence expressions can
be oblained as for the unperturbaled cvase, afler mulliplying the serond
momber ol eq. 8,34 by an adeguake intensity-dependent eorrective Tactor.
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4-9. Analyze the st wrthogesal finme oI 1. 44 fora sttﬂl:mtﬂt of the 1:“ column

supporl of G.o in, and o the eigh: eomm, :..u'[rji-ul'l. 1of0.8in.; f = ISII[I int, E == 3000 ky,

410 1o 4-12. Calculate the final mdtber cnd actions and the support resclions for the
indicated Joading of Lhe situciure,'and draw the shear and moment diagrams for each
pember; E = 30,000 ki1
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4.13. Determine the final rember end actions and lhe support reactions [or the Iraine

of Prob. 4-i1 if member o it fabricated with & §* bend (rotating the right end of the

mcmber caunterclockwise) at & point 5 fi rom the kit endrof the member.

414, Analyze the frame of Prob. 4-12 for a fabrication ermor of 9.75 in. which resulted

io the 33 wr 118 bemg too thort

4-15. Analyre the conlinuous beam for the given loading. The beams are 1.5t wide

a0d heve stratght haznches; £ = 3000 ks,
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4-18. Analyze the continnous beam for the indicarsd koading condition. Draw the shear
and moment diagrams for cach beam. The relative vahees of momene of inertid for sach

mexniber are indicaicd ; £ = constant.
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417, Write 2 computer program using the stiffness method to analyze s continuous beam
for & uniform vertical load applied W any span and acting over the entire spen. Assume
that the moment of inenia is constant over the span of each beam and i different for

- each beam; £ i constant for the strocture.

b

| )
! 418, Develop a compuier program 1o analyre 3 general planar orlhogonal frame by

the glifliess method for the following load cases: {1} a uniform normal foad over the .

span of a member: (1) a normal concentrated koad applied at’ point within the span of -
# member; (3) a vertical or horizontal concentrated load applied a1 a joint; and (4} =

ot applied at & joint, Assume that ihe beam elements 2re prismati
~tant for the structure.

l that E ja
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4.13. Write a computer program to develop the member stiffpess matrix and 1o compule
the fixed end actions for a unilorm norma? load acting over the entire span for a non-
prismatic beam element. .
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Stiffness Method of Analfysis: Thmu-ﬂ;‘Tmn‘maf Struciurcs
The stiffncss method is & very powerful toal when conpled with the electrohic
| digital computer for analyzing complex as wel! as simple structures. The procedure
t for earrying out the analysis is a very orderly, systematic procedure that is not
restricted to a particuler type of system. Oanly those matrices that are required to
describe the behavior of particular structural elements are different. Thos, the prob-
lem of analyzing a given structure becomes one of developing the proper matricesy

- to describe the response of 1he elements which make up the system, )

| 68

| Problems
I

] -
{ 8-1. Determine the fipal ond sctions developed st the end of each member &6d the

support reactions of the rigid frame caused by the indicaled joading. For each member,

fo=312 1, =21 I, mal, and A, = ifd; E = constant and < = Ef2, The relative

valipe of I for each member is gven 1o the box adjacent to the member. The yo-x,
* plane of each member is perpendicular 1a the X-2 reference,

¥

Py

Prob. 8.1 Note' The yo-xm planc of cach member i perpen-
dicular ta the X-Z planc.

—— o &

v B2 Analvze the space frame for the impesed “reding condition, The members ar
pristatic 24 W 00 sieel bearns; B = W I ksl and & - 12,000 ksi. The membern are
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oricrred o LR 7ok r, 'wnr g™ beoni, where the y. axis defines the minor 6-4. The space frame is 1o be analyzed for the indicated loading conditicn, Wiil e
axiv of the ol weesern 7 i vernengicusr o e Y- reference plane, ¥m axis defining the minor principal #xis of the cross-section, the y.-x,, piaoe o each
. beam is perpendicular 10 the X- Y refertnee plane and the y.~x. plane of each coluinn
¥ is perpendicular to the X-Z referenée plane; E == 30,000 ksi and & = 12,000 ksi.
. g
. 20 zn
-
/1

o

12 W 120 | orl

404 & X
: i b /
k/ 1 \

Prob, §-2 Noter The yu-%a plaoe of oxh member o papen-
dicular tor 'Lh: X-Z planc.

§-3. Compute the luppnrl reactions and final end actions. For members 1 and 2,
I.-II,-‘],I w1 f, =3, and A, = [{5; for member 3, [, = [, [, 2L, 1, = 5[, and
= IJ4: E == constant and G = Ef2. Tht ¥ ., plane of &ech beam is perpendicula.

[ lotbe.l" ¥ reference axis.

K
365

' Prab,. 6-4 Nofe! The ya—%a planca of Lhe bearmns arc perpen-
dicular 1a the 3= Y planc, and the y - r, plancs of the columms sre
perpendicular 1o the Y-Z plant.

8-5. Detcrmine the final end actzons for cach member and the support reactions for the
struciure taesed by the applied loading For members 1 and 2, 7, = Jf2. f, = &F [, = 8],
and A, = J5; for member 3, J, w1, £, = 10F, }, = 104, and A, = J{4; E = constant

' and G = Ef2 Letting the ya axts define the minor principal axis of a member's cross-
t A section, the y.—x,. plant of mombers 2 and 3 are perpendicular to the Y-2 refermce
850 : f,’ plane and the yu-x. planc of member 1 coincides with the Y- ¥ reference plaoe.
1 /’
- /L’ 8-6. Develop the comples structure stiffness matrix for the rigid space frame described

y - . _ in the figure and 1et up 1he complete jomt load matrix fnr the indicnted loading condition. ;-,
[l : - Letting the y. axis define the minor principal axis of & cross-section, the y—x,, plane of
, 6.3 Hote: The yu-%m Piane of each member is perpen- ~ch column is paralicl (o the Y-Z refererxc plane and for each beam * rp-mdaculu
- 1o the X-¥ plane. the A~ ) reference plane; £ = 30,000 ksi and & - 12000 ksi.
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2 f

0

Prob. 8- Nofer The ya-Xa pline of member 1 coincides with
the X-Y reference plane. The p,-x, plane of members 2 eod 1
is perpendacular i the X plarst in both cases.

k
4ﬁ 7
il'iiii{rllrll*ll/
24 W |20

F4 En

>z

24 W (20

25 it

6-7. Amnalyze the frame of Prob. 6-2 for a wertical setfhement of .75 in. of the support o
6-B, Petermine the final eod acticns and support reactions developed by the rigid frams
of Prok. &2 il member b ir febrealed Lin. o short.

-

) Stiffnexs memﬂm_- Fhres- Dimensianal Srociuiros l"‘ -

Ch €

6-9, Analm the space frame of Frob. &5 fﬂl’l verlical scitfcrment of 0.5 in. of the SHP—
Port of member 1. Lttf"lmm‘ E mkl.'l and & == JODO k£i.

5-“;. Analyze the rigid space frarne of Prob, &6 for the indicated loading.

- 6-11. Ansbyze the rigid frame strutctore of Prob, 6-6 for an increase in temperature of

40° of members @ over the other members of the stnecture,

5-12 to 6-15. Determine the bar forces developed in the space truss, The orientation of
the local axes for each member may be selected for convenience of computation;
E == 30,000 ksi. The cross-zectional area of each member {in terms of s in ) is indicated
adjacent to the member.

afl.

12 1t - '

Prab. &-12

£-16, Compute the bar forces developed in the space truss of Prob. 6-12 if member
a is fabtricatled 0.5 in. too short.

€-17. Anzlyzr the space tnuns of Prob. 613 for 2 settlsment of support a of 0.75 in.

- ks g gy g——

-

" 6-18. Determine (e bar forees o cach member a.nd the suppmt reaclions for the strac-
ture if member @ of the truss of Prob 6-14 is fabrizaied 0.25 in. too long.

v

6-1%. Analyze the vroctyrs ﬂf Brob. 6-1% far a F*bn.:at:m aror of 0% i, thoriening
the I voth of hrem m:r &,
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- Y
' ¥
. . - 32 fi
o
o
80 fi 5 0
e
- 3 I_— x
12 It [
12
X Fpo= 120k
. Fp=60% 7 20
¥-
/l 16 {1
|

15t ,_/l'.in z

. .
/ ;/ Prob. 6-16
) .

6-20 to §-23. Analyze the plapar gHd structhres for the mdicated Jogding Each member
- is positioned in the X-¥ referenct planc s thal the major principal axis {¥.} of each
cross-section Les io the planc; E = 30,000 ket and & = 12,000 ksi.

P -1 ; 250

e e 7

// e
g Vv

/5117' 25 H -7'7w & h

251t

Prob. &-20 pre.warm:qnlmuIlhe:tmm * N
‘ tach member lies in the 5= ¥ refercnee plane. ' -




Sec. 6-8

aw e

24 ft

'II'FIIE

/|5f| - 20 ft

Prob. §-21 Nore: Major principal axis of the cross seclion of
each member lics i the X-T refcrencr plane.

oy

249 W 94

K3 fr

Prok. 6-22 Nere: Major principal wxis of the cross gection ol
cach member liky in he X=F neference plane.

104t

X - . :
Prab. €-21 Noter Major principal aais af the erovs seciion of

£ach member lies In the X ¥ reference planc.

. . FProbiems 193 "H Stiffness Method of Analysis : ThrwwDimensicad! Structures . Chg

6-24, Analyze 1he planar grid siructure shown in the figure Tor the indicated Loading
For each member, f, = 342, J w21, f, =1, and A, = [}, The major principal axis
{r.) of the crows-section of cach member bes in the X=¥ reference plane. The relalive
value of 7 for each member is given in Lthe box adjaceni te the member; E = conslant
and & = Ef}.

"

Prob. &-24 MNote: Major principal axis of the cross section of
gach pember liss in the X- ¥ reference plape.

6-25. Determine 1he final end actions and-the suppont reactions Mer the structure of
Prob, 6-21 if member o is fabricated with a bend of 5° (rotating night end in a counter-
clockwise dirertion) at midspan,

8-26. (a) Establish all of the matrices for a beam element with either a variablc ar
constant crogs-section over its xpan length, arbitrarily oriented in 2 three-dimensional
space, with bolh ends of the member restrained agaipst transistion in the x_, y,, and 7z,
directiom, both endt resirained against rotdticn about 1the x, and y, 2xcs, and both ends
free 10 rotate aboyt the 1, 2zis so thal this type of member could be tandicd in 2 stiffocy
aralysis.

{b) Evaluatc the member atiffness matzix for this bearn element if it were a prismatic
meribes. -

8-27. Develop the pmid member siiffness matrix (KoL for & prismatic #1id member with
a pin at the j-end of the member so 1hat it is free to rotate aboul the major prncipal axiy
¥m. The member i assumed to be restrained against all olher possible components of
enud ditplacement, Ao, ottablish the transformalon malrix [Fg] and the transformed
grid member stiffness maizix [Rg) for this member, -

8-78. Tatablisli the memtwr 2fifnsss motrin L), for a prismatic 12 in. [ 253 beam.
Mote that for this member (be shewr center and the centroid of the cToss-section do nol
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comncide. The x| axis will define the centroidal axis of the beam and the 7 principal axs
will contatn bath the centroid and (he shear conter of the channel section

8-24. Develop a computer program 1o analyze by the stifpest method a plapar grd
fruoe for any possible loading condition. Hims: Let fixed end actions be input data.

£-30. Write & compuler program 1o analyze by the stiffoeas melhod & space truss system
for loads applied only at the joints.

&Y. Write a computer program o carry oul the analysis of & rigd space frame by the
diffocss method for any possibie loading condition. Hinf: Use fixed end actions a4 inpet.

SELECTED REFERENCES

61 Willets, Michols, and William M. Lucat I, Marir Amalyrhy for Structoral
Engineers. Englewonod Cliffs, N.L.: Prentice-Hall, Inc., 1968,

8.2 Gere, James M., and Williarn Weaver, Jr., Anafysis of Framed Stractures. Prineclon,
N .- D. ¥an Mostrand Company, 1nc., 1965,

€3 Sexly, Fred B, and James O, Smith, Advanced Mechanics of Materials, 2nd ed.
Mew York: John Wiky & Son, Inc., 1952,

-4 Twpashenks, 5. P., and 1. H. Goodier, Theory of E.'amcll'}r, Ind ed. New York:
McGraw-Hill Book Company, 1951,
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METODO DE ANALISIS POR ELEMENTOS FINITOS. .

INTRODUCCION.

El ingeniero en la busca de los valm"es numéricos adecuados para descri-
bir su proceso de disefio, se encontraba generalmente con formulaciones m;ire_
marticas dificiles. Por ejemplo, considerando el simple caso de teorfade ---
flexidén de placas, bajo las hipdtesis.;e.ﬁequeﬁas deformaciones y que las sec-
. ciqnes planas perr:nanecen planas después de la deformacidn, la ecuacién dife-

rencial que gobierna el andlisis para un material elastico lineal homezeneo €

[sotrdpico es
4 .
oW M 2w F (1)
X4 T TRXPY f‘aa‘l_ -

donde W es la deflexidn en el p#nt'u ( X, ¥), q es la intensidad de la carga en el

ponto(x, y), ¥y D= Ts—c‘:'_—.'i'ij' es la rigidez flexionante de la placa la

>

cual depende del modulo de elasticidad E, el espesor de la placa n y la rela-

cién de Poisson =) En la Fig. 1 se presenta un elemento diferencial de

la placa y las acciones y reacciones sobre él. Combinando la flexién simple
en dos direccione’s se obriene para los momentos y cortantes por unidad de lon-

gitad de placa lo siguiente:



g1 ‘Sufo;ﬂé(a media. de um..?‘am,:{:
" on @ewmedio d\Q&(Enf.w:n,‘. dx, dy .
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M == D 3&1¢Q®a>
M!r:" 'DC%AJ:I.

Mp{!{ = D (l"'ﬁ)gé‘_%ﬂ

'Qx =';.D%< V?
QT';"D.%J YW

AW "'3 vJ
donde v’t\' = ‘ax'l + .1

) -.

Para el caso particular de la placa libremente agpoyada, y rectangular, -

cuyas condiciones en la frontera { Fig. 2 ) son:
W(sy)zo

' ‘ (3)
.‘%/xu Qy)+ N‘l"{ (ci,‘f) =0

f P -
N\ '
§\§‘ RN




w/

Navier en 1820 presents a la Academia Francesa de Clencias, la solucién

representando la t:arga q { x, ¥). por medio de una serie trigonométrica doble

ﬁ(mﬂ Z A an AL :ﬂx gﬂ-’-‘--""‘ a (4)

mui OL=)

subsdrutye {4) en (1) y considerando las propiedades de ortogonalidad de las

series trigonomeétricas ;:-b:iené la solucién de la ecuacide diferencial bi-arménica

\ Cl“ AM |
N=T40 L( * X S 55 a (5)

™o WSl

{1} como

en dnnde el coeficiente Amn viene expresado por

SN - I :
Qe = f-; ‘%wf)wmw e ﬁdx dg ©

c ©° _ : .
El pmcedimiénm de Navier consiste en lo sig.uiente:, énn_ucida la funciﬁn de
carga q(x,y), se su];nsrimye en(6) y se-obtiene el coeficiente Amn el cual -
auevamente se substituye en 1{5} y se obtene la deflexién W (x,y), y por medio
las ecuaciones (2} se obtlenen los momenmws y cortantes - iM’; Y {Q}
Es importante obse.rirar' que las limitaciur;g-s de Navier se refleren a una placa -
rcc-tangular libremente apoyada ¥ con una funci{i.n de carga q (x,y) impar con -
respeclo a X, ¥ con respacto a Y, es decir, 'p( IC) — ..-p(-)f) Y
8i 1a funcidn fuese pér, la representacién de -

5 (x,y) serfa mediante una serie de cosenos, -y si q(x, T} fuese una funcidn cual



- ey,
»
quiera, se representariz mediante una serie trigonométrica doble completa

de senos y cosenos, y se tendriun problemas’en satisfacer las condiciones en

la frontera. Ceneralmente la convergencia de la serie (S} es lenta, y en algu_

[ .
cién correcia.

Ll . . -
nos ¢asos €s necesario considerar mis de S0 ¥rminos para asegurar la solu

Posteriormente en 1900 M. Levy cambia de posicisn los ejes coordenadoz

( Fig. 3 ) e utiliza una serie trigonomértrica simple

o T
| w_z—ﬂ(g)m‘.‘.‘;z

m=al

7

-
1

El procedimiento de Levy consiste en substitvir (7) en (1} obteniendo una

ecuacién diferencial lineal de cuarto orden en fm(y) con coeficientes constan-
: L

tes no homegenea con la cual yva es posible satisfacer diferenres condiciones en

la frontera 8= : E" » Pero continua limitado a una placa recrangular .

libremente apoyada en las-fronteras x=0 y X = a.

N Y74
|
. By
Z K
1 b ¢
- — -
i
3 W
~- -t
% K
H *l‘h-h l l
a — '

Fig. 3 Pusicion de ejes en solucidn de M, L.evy'.
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Las limiraciones de anélisis tan restringidas, como los ejemplos anteriores,
aparecian en innumerables problemas de ingénie_.ri‘a, o cual originé el principio

de los métodos numéricos, el cual presenta dos etapas de desarrollo.  Antes

-

de la época de las computadoras, donde representa un imporrante papel el Prof.

. A A E A o — - S r—————

Southwell del Colegia Imperial de mElgyg;@nggﬁmuggdg_y_gp}icg_gdo log mé-

todos numérlcos de relajacu&n y diferencias finitas, superando las limitaciones

e e —— ‘l—-n---_.

....... R

restringidas de los métodos analiticos de solucibn. .

Durante la era de-las computadoras digitales, el método de anélisis e

mentos finitos ha obtenido gran popularidad, puesto que en esie procedimieqio

como resultado de la discretizacidn del medio por analizar, se obtienen sistemas

grandes de ecuaciones algebraicas lineales simulidneas, lo cual acwalmente su

solucidn no representa ningin problema. Por ejemple, en el caso de analisis

L,

elastico lineal de placas, podemos tener cualquier condicion de apoyo, de geome

tria y de cargas, pricticamente se eliminan la mayorf{a de las restricciones de

las soluciones analiticas mencionadas, el problema més importante es verifiar

- T

adecuadamente su convergencia.

El primer trabajo referente al mérodo se debe a Hrenikoff Ref, 1  pu-

blicado en 1941, _g_el secundo a McHenry public n bog trabajos

( Fig. 4) se verifican soluciones de problemas de eIasci:::idad bidemensional en

g_s__tadn plano de esfuerzos, discretizando el rhedio y buscando la analogia con lg

olucion esctructural.

Posteriormente en 1949 Newmark, en su libro de Métodos Numéricos - -

Ref. 3 , presenta los méwodos de Hrenikoff y McHenry. Sin embargo,_ el




<

1

1
-

N

NN

=l o= |

T
S
1

H Fig. 4 Primera solucidn presentada por Hrenikoff en 1941,

»

crédito de aplicarlo @ medios continuos es de Turmer, Clough, Martin ¥y Tupp

_Ref. 3 . ynoes, sino hasta 1960 con Clouch, Ref. 6 nace por primera

vez ¢l nombre magico de "Elemento Finito” , derivando mis correctamente las

propiedades bisicas del elemento triangular v el rectangular, y el hecho de que

en el mismoe tempo la computadora comienza a sex yna herramienta muy efectt

va, conduce rapidamente a la solucién numérica de problemas elistica lineales

complejos, en los cuales una solucién analirica no era posible.

Se inician la derivacidn de las perledadEs de r:gldez de_los elementos {inilos,

el campo de dESPIaz amientos en el medio se expresa En funcién de los despIﬂm -

— o — | el e — oAE AN W e et

lTllEI'lUJS nodales del elernentu, satisfaciendo continuidad, las fuerzas inemas se

e T At b e — e — ———

. — wwmar - o TR b —— e b

dcﬂnen apllcand_a el prm{:ipm del tral:u alm jo virtual, la identidad de este proceso con

el de minimizar la energia potencial mml_l 0 sea, el proceso de Rayluizh-Ri

Ref. 7 esobvia, Eldesarrollo anterior se acentia en el campo de la Meca-

nica de S6lidos y posieriormente Zienkiewicz Ref; 13 y Wilson Ref. 14 lo

aplican en Mecinica de fluidos ¥ en problemas de anédlisis de conduceidn de calor.
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Se presenta al final una lista de referencias de Importancia del méodo del ele-
¥ . S ’ "
meulL:r [inito,’ ‘

Al iniciar la determinacién de esfuerzos y desplazamientos en cierto pmﬁle- '

ma de disefio, las ecuaciones que gobiernan el problema en cualquier forma de-
A ! " N

ben satisfacer equilibrio y continuidad. | :

1 ?}Mmdo del Elemento Finiio es un procedimiento analitico, y cuando se

S @ .
aplica a un medio continuo, éste se.modela ana.-lilicamente subdividiéndolo en =~

sub-regiones { los elementos finitos ) en 10s que el comportamiento de cada uno
eg definido por grupos separados de funciones que supuestamente definen esfuer-

zo8 ¥ desplazamientos en esa 're'"giﬁn, las funciones se seleccionan en forma tal
F|

que ve satisfaga la condicion de. n:onnnu:dad a través de todo el medm, por lo -

|
tanto, el mdwdo del f..lemenm finito en t:omun con las soluciones por series y d:-

' ] -
fercncias finitas representa una aproxmmcldn a la solucion del problema

192

] R s !"'
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o ). Elemento. esfruciural

4
I' '
2y - N a
: 'S
X .
e M|
gu gv’
YK‘I' = —_ﬂT + dx‘

b) Esfuerzos planos



-¢ ) Elemenios solidos

L I

YA k 6‘:
X
. ]
e ) f"lexi_én_ de placas i
:
'3
.!" _______ - g
JA.:" 1 r
L) ' . ’ ) . F, =
/ t ) Coscoron delgado oxisimétrice
w +- ra ) I wi i
e A . Y
!’%’,ﬁ""'—" }(z: '; : ,‘g,/‘ xz
‘ _:;9#-
rd \Tvz‘.
X

. g ) Coscorones delgadns curvos

Fig S Tipos de elementios finitos






TIPOS DE ELEMENTOS.
e e~ .

Flemenios gue son usados comunmenie €n la prictca son ilustrados en la

Fig. 5, ' |

El elemento estrucural simple, Fig. 5 (a), es un miembro rde la familia -

total de elementos finitos. Cuando se usa con elementos del mismo tipo descri
be armaduras ¥ ES'LI’UCH.I.:I.‘&E éspaciales. Cuando se c;nmhina con elementos de
Hpo qiferente, especialmente con eleﬁenms de placa generalmente se describen
mie m:brcns de rigidez.

Los elemenios bisicos en anélisis por elementos finitos son Pplacas delgadgs

::on cargas contenidas en su plano ( condicién de esfuerzos planos ), triangulares

y cuadriliteros se ilustran en la Fib_Sb. Se denominan bisicos porque los pri-
meros desarrollos concernientes con el méwdo s refif:ren a ellos.

Los elementos gélidos, Fig. S (c), son la gEﬁeraIizact:Ldn rridimensional de.
.lc-s elemenios de esfeerzos planes. El tetrahedro y el hexaedro son las formas
mis comunes y son esenciales para modelar mali‘tir.:amente problemas de mecd |
nica Je suelos, rocas y €structuras nucleares. Es con'-fenie;nte mencionar que
la inica formé prictica de resolver problemas widimensionales pricticos, es
el método de elementos finitos.

UUno de los campos méas importantes de aplicaclidn del méwdo de elemenios

finitwos es en el anilisis de "sélidos axisimétricos”, Fig. 5(d). Una gran varic -

dad de problemas de ingenieriz caen en esia categoria, incluyendo concreto, tan
ques, reciplentes nucleares, rotores, piswones, flechas de mowores, y la cabexna

de los roquets. Generzlmente son medios de carga y geomertria axisimétrica.
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En la Fig. 5(d) se muestra el elemento triangular, rambién se usan secciones

LA 1 . L -

cuadriliteras.

Elemento de placa plana en flexidén es empleado no sole en coneccién con el

—

L}

comportamienip de placas’,‘planas, sino también en cascarones y miembros de” ="

pared delgada. Fig. 5 (e).

Estruciiras de cascardén delgado axisimétricas, Fig. 5 (f), denen el mismo

- v - oand. e
rango de significado en la aplicacién practica que los sdlidos axisiméiricos.  Sin-
embarge, las relaciones gobernanies se derivan de la teoria de Casr:arones:'dellga_

dos.,

o L} [T R—

Cuando una estrucnura de casca;dn delgado qx;e de hecho es curva; esprefe-
rible emplear elementos de cascardn curvos delgados para el modelo analitico,
tienen la ventaja de describir més aproximadamente la superficie curva del casca .
rén, y la apropiada representacion del acoplamiento de deformacidn y equilibrio

entre cada elemento.. Elementos tipicos de cascarones de doble curvatura se muekt

tran en Fig, 5(g). Gran nimero de formulaciones para este elemento existen.

-
L

ALGUNAS APLICACIONES DE E‘I_."El'v.TENTDS FINITOS.

Lxaminaremos algu.is aplicaciones delméiodo de elemenms. finims- en disefio
«3wructural con el objeto de ilus:faf la _forma en la cual se usan'los elementos -
"~ la Fig.- 5, yla e'fc_ala ¥ c::nmplgjidaﬁ. de los problemas. .

El desarroll_b de_} méwdo del glemenm finio se debe a los invesdgadores re-

lacionados con la industria aerondutica. La Figura 6 muestra la forma en que -



@

se aplicd el andlisis por elementos finitos de una porcidn del avién Boeing 747,
La estructura del fuselaje de un avion consiste de laminas de aluminio ligadas
a una estructura interna formada por armaduras y atiezadores. La experien-~

cla ha mostrado que los efecios locales de flexién en el cascardn son desprecia -

bies, por lo tanto, se supone que consiste de elementérs.gn condicidn plana de -
esfuerzos Fig. 5(b). El analisis de elementos finitos del Boeing 747, de la -
parte achurada, regidn que conecta el cuerpo o Cascardn Monocoque con las alas,
irea achurada en Fig. 6, consiste de 7000 incégnitas. FPor lo tanto, es comin
en la prictica dividir la estrucwra en regiones, © '-.subes_:rucmlrﬁs. y analizar -
cada una por elementos finitos con L:l cbjerc:-' de p;'qducilr un superelemﬂlfo. Los

superelementos se ligan entre si por medio de un procedimiento convencional! -

que determina la fase final del anilisis,

El esquema de subestructuracitn del Boeing 747 es mostrado en la Fig. 6

¥ los detalles son listados en la Tabla 1,

L Sub- - Ehsc'rip::ldn Nodos Condicién Element Elemento Grados libe:; Grado de
Estructura - " Carga Viga Placa tad fnierac- tibertad
- - Cidn elemen- total.
: [3§.
i Ala 262 o 14 153 a8 104 796
2 Cenmo ala 267 8 414 293 - 178 B30
3 Cascartn )
Monocoque 291 7 502 223 g1 1,024
4 Cascardn M.213 S 377 185 145 B2
5 Cazcardn M 292 7 415 241 200 934
& Caja Tren . .
Aterrizaje 170D 10 221 gz . 126 E56
7 Cascardn M 285 6 392 249 233 903
B Caja Tren
Alerrizaje 129 10 20l % T 148 503
G Cascardn h 286 7 497 237 - 92 1,038
TOTAL 2,193 &3 3.374 1,97% 553 7,504 ]

Tﬂ.‘w\gﬁ b estrocvaeidn dal Roeina( 747
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Fig 6 Boeing 747
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por elementns en estado plano de esfuerzos,  Fig. S'(b). Elenyenu:;}; eSIIC 1

‘11;.;J:I'UNEM Marzo 15 de vYro. TV DS s e v -

Coimo es usual en el disefio de aviongs, &€ hicieron pruebas en el promupo

y los r&sultados 5& compararﬂn con la solucisn p-or elementos fmltoa, colnc{ -

diexio como se muestra en la Fig. 7 °

© DEFORMIMETRO AXIAL
. B DEFORMIMETRO BIAXIAL

Boenig 747~ 4

_ - Lineo de}agua " -Woter tine )
_I : ' H ) .| if -

¢

- L] N

Fié. 7 Comparacién Entxe""a.nélisis,y experimentacién del Boing 747
; B 1 +I ..i; . T 1I Ll _

Es importante agregar que la :‘n;spucsia dinamica de un avién es rﬁuy impor

- tante, as{ como su inestabilidad elésti-:ia es una forma importante de falla. Nin

puno de estos fEnﬁmenos puede tratarse por lna métodoa simplificados, pero su
analisis usanda el métodn de elementus ﬁnltua ha prubado ser muy aceptable,

Fmblemas ulmllarea 8o encuentran on M:quimdtura Naval, Figura Buna -

porcién de una estrucmra de un tra.nsbordadcr. La parte plana es representada

f-

rales, Fig. 5 (a), son empieados en la reprewwentacién de la esiructura interna.
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i '.".,. . . .
E1 nGincro wtal de incdgnites para definir las partes importanies de un barco
es del orden de 50,000, ¥ de nuevo pe suldivide el problema en subestruc luras-

obienlendo menos imégnitaa; L : .

Tm— .

Elemento (B}
Flemento (o)

-~

v} tilvertos  plonos-

Fig. 8 Analisis por elemento finlto de cettuctura de un {ronsbordudo: -
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Fig 9 Analisis por elementgs’ finitos de un recipienfe reactor de concreto presforzado

b

Requerimientos de seguridad en el disefio estructural de los reactores nu-

cleares han c?ado que la ipdustria use ampliamente el anilisis por elementos

finites. Figu

a9 (a) un recipiente_reactor de concreto presforzado, Dabido a

la simetriaes posible analizar solamente un doceavo de la estructura total, - -

4 ¥

Flg, © (k?. Su volumen ase modela nm;ttlﬁh':n;rmmu en un EI'IEE!H'IIJIt’idE eicmenius:
tetaeédrales y hexaedrales, Fig. 5{(c). En pfroblemas de este tipo, el nimero de
incégnitas es del orden de 20,000, ¥ muy comin hacer el ﬂnﬁlisis""cn condiciones=

no lineales en mawerial y geometrfa,



No todos los prnhlemas de aplicacidn del méwdo de elementos finitos son

de proporcio neg monumentale&. Las figuras 10y 11 mueatran aplicaciones -

o omm rm —— - - - e o= " mm e Agar o=

b&sicas a clertos prnhlemas de ingemeri’a cwil _Una forma de incrementar

et Cimam e - d d——— T oS e T m—

la Efl(:iEl‘lCia de diseﬁn en seccinnes roladas de aceTo estmcmral es cortando

- "

- A mww -F

el alma en 14 forma dentada mosirada en la Fig,- .I,QS})r,??,"??%@ una seccion

sobre 155 otra y soldindolas, Fig. 10(b). Y se obdene .I;II.-EE. viga mis aperalta-

da reduciendu el acero en el alma, ¥ por supuesta que en este problema rutina

.F

riu de dlseﬁo, ne es necesaric:- el uso del mémdo de elem:ntos fmitos.

- ms K al o

Fig. 10 Andlisis de elementos finiws de una viga aﬁeraltada en celosfa,

LJn pmblema mdavfa més comin es el de una viga de cnncrem 0 reforzado,

Tk iy e

blg___ll para el cual se conoce muy poco respecio a la adherencia entre el

WA t— o L o —

acero de refuerzo y el concrem v la fannacidny crecimienm de las grietas

- —

al aumentar la carga. [a Figura 1l {a) muestra el modelo analitico de ele-

e i oy ——

e i —al—

Ay
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mentos finitos y 1a descripcién de las wayecwrias de grigtas y las gréficas de

esfuerzos se muestran en la Fig, 11 (b).

Los pocos ejemplos mostrades muestran que el método de elementos finitwos
puede ser usado ventajosamente en cualquier situacién que se requiera la pre--

cficcidn de esfuerzos y deformaciones internas, desplazamientos, vibraciones,

n

inestabilidad elisdca, mecanica de flufdos, ransferencia de calor.  Simacionss

que se levanmn de diversps campos que tradicionalmente han sido considerudos
r : . - -

como disciplinas ingenieriles separadas. Ejem., Ingen'i'erfa Civil, Mecénica, -

Aeroe;’lspa:ial. Arquitécmrq Naval. El méwdo del elemento firito proporciona

una tecnologla unificada de andlisis en casi todos los campos.

Es nuestro intento en este curso desarrollar Ios conceptos tedricos basicos

y estudiar problemas especificos de caricter priictica. " Un compendic de tales
- r‘ '

problemas llenaria muches wolumenes, por lo rano es recomendable consultar

las memorias de congresos y publicaciones periddicas correspondienies.

PROGRAMAS DE PROPOSITOS GENERALES.
m

_Se ha indicado que las ecuaciones del méwdo de elementos finitos son de ung
forma tal que su caracter general permite wdricamente escribir un solo progra_
ma de computadora que resuelva la mayorfa de los problemas que se presentan

en la Mecanica de Medio Continuos. Programas de computadora con esie obju~

. b
dvo, ain &n escala restringida, son llamados programas “'de propésites genera-

-~

les™. La ventaja de programas de pmpdsitos generales no es sélo su capacidnd,

-
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sino también en la instruccién de los probables usuarios respecto a la inter~
pretqcién de la docpmenta'ciﬁn, los datos y procedimientos de entrada y sali-
da de re sul:adns.

EI COELD de desarmllo de un Iprograma de propdszms generales es usual-

., -

mente muy alm por Io que la amordzacién de la inversién es esencial, - Cier-

W05 programas de propésims generales son cedificados en un lenguaje compu-__

tacional que permite ¢ rar el rograma a muchas or dIILZ.aCiOﬂES diferentes
24

Iccahzadas en grandes separaciones geogréficas. Om:gs programas de propd

sitns__.especia;es de limitada capacidad se usan en organizaciones industriales

-

y-gubernamentales con un cost menor en su desarrollo y cperacion.

-t . . . .

Las cuatro componentes mostradas en el diagrama de flujo de la Fie. 12,

L]

son comunes en’el desarrollo de programas de propdsitos generales, fase de

Vaglhons fom

n

.damws de entrada, -requiere del usuario informacién del medio o materal, des-

cripcién geomérrica de la representacién por elementos finitos y las condicio-
: : g .

‘nes de carga y de frontera. ‘Los pregramas de propdsitos, geﬁerales mis st-

fisticados facilitan el proce'so de entrada como pmpiédhdes constitudvas del

material, almacenados previamente, esqu.emas de modelar analfticamentz el
medio, trazar esterngraﬁcamente Ia idealizacion por elemantns finitos en for-.
ma tal que los errores pueden detecrarse anms de efectuar los ~alculos,

La fase de biblioteca de elementos finitos es de interés primordisl en el -

curso. En ella se tienen los procesos de codificacién formulativos para los
elementos individualmente. La méyorfa de los programas de propssitos ge-

nerales condenen odos los elemenws de la Fig. 3, asicomo ciertas otras al-

-ternativas de formulacidn para un tipo dado de 2lemento, por ejemplo el tridn-



T m— o — — — et e

FI_"... t s
1, Entrada de datos I

el
»

Definicién del material, geometria,

‘ cargas y condiciones en la frontera

del modelo fisico del medio.

v

2. Elementos de bilbioteca.

—_ aly

Generabién de los modelos matwemaiaticos

) L]
para los elemenws estructurales.y las
£ . -

£

cargas aplicadas.

v

3. Solucién ST

Construccidn y solucién del modelo

matemditico para el sfstema estrucural |

_— + I~

4. Sallda de resultados '

QObtencidn de esfuerzos y

desplazamientos.

Fig. 12 Disgrama de flujo computacional en

Anilisis Estructural.

-



gulo ;tn flexidn, Tédricamente: el elem:ént.ﬂ bit.:nliuter:a eg de extremos abiermns
')' capaz de acomodar C'.ualc.p:liEr nuevo EIE:;IIEHtﬂ de cualquier grado de cumplg:;
jdad, o | .

_ La f.nse elemento de blibloteca recibe los datos almiu:ehados y esublece las
relacjones algebriicas del elemento por medio de la -apiicacién de los prmersos
fnrmulatims relf:v;ntes dé‘cu;iificacidn. Esta1 fase dei programa de propisites
~ generalles tam.bién mcluye mdas las rela;iunes algebrﬁlcaa para 1nterconec:mr
' .hs elemenins vecima ¥ la conecclﬁn del proceso en si‘. {.as opermianes ].‘oste-
riores‘producen un conjunto de ecuaciones algebraicas 1inealea simultineas para

| - 5

representar la estrucmra completa por elemenms finitos.

"
]
¥

I_._a fase so lucién del pmgrama de propdsitos generales apera sobre las ecua
“clones'del problema formédas en la fase anterior. En el‘casu de un pmp‘,!erna -
. R
de anilists esrrucmral solo significa la solucidén de un conjunto de ecue;cmnea U--
ne;i:[ES algebraicas. Soluciones para respuesta dindmica reguerirdn (_:ampun::;ci?v
ﬁes‘mﬁs exiensas sobre la historla-dempo de laa,.qargéé aplicadas. En algl_mos_
casos hay que operar en regiones subdivididas c'ofn:_: ‘en él caso del anilisis del
Boeing 747, o efecruar qp?raciones E'.Specigiﬂs en la; ecuaciones construidas ori-
ginalmente. Inr::lufdas en esta fase estdn las operaciones nécesarias de substit-
cibdn para obtener todos los aspecws deseados de. la suiucién.

La fase salida de resultadgs presenta el andHsis con un regiswro de la solucidn
sobre Ialcuzq se pueden wmar decigiones respecto al dimenslonamiento estrucu-
ral o disefio.” El registro comunmente es presentado mediante une.; ligta impresa

de esfuerzos y desplazamientos de los respectivos elementws,  Asicofmo en la -

~-fase de entrada existe una fuerte tendencia a la representacion grifica de datos, =~



talen como grﬁﬂcas de trayecmrias prlncipalea de eafuerzus o modos de pandeo _
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ICES-STRUDL 1I, Incegrared Civﬂ Englnee;lgg 51533, (; g, A Maneja |

prnblemas de dﬂhrmacﬁn j' esfuerzoa planns, cascamnea rebajadus, sd]idns tri

:
L

dime nales, ﬂendn de placas cun y si.n defnrmacién axial Su uso en prnble-

-

mas ms.ry espec:allzadus resulta caro. _ ASKA .‘Lummaﬁc 515 t_:J for l(memaﬁc:

Analysis. Desarrollado purJ H Argyris. H. A Kawmmw
de Sum:g r.‘ Sistema geneml muy potente eI cual incluye una hlblinteca de {2 ‘

AR
' lementns dlferenms Puede sBr COSIOSO para un usuario espﬂciallzado. SAP,

.-|-.._.'_.

A Eeneral Strmmral Analy Eis Program elaborafla por E L 'Wﬂsan de ‘.Ia Univer-

R AL R i ﬂ,;ﬂ._ S
Eidad de C Callfcmia. Inc:luye an&llsis lineal est&ticn ¥ dinﬁnﬂcn de es_trucmras el&s
T M‘T* LEOm LR et M < ;*ff:li. : = IT .-_.- - i

t!cas, estrucmras tridirnensmnales, sdlidus axislmétrii:os, .86lidos tridlmensiuna-

} | ' Yl B ._.‘&"-n FR—
R .r_.__{':-u oo

les, eafuerzun Y deforma:ién plana. Placas :r’ cascamneas. _‘,.;:3 e

. ‘ .. '-.

Zlenklewcz. 0. C .r prngrama deaarrﬂllandn en la Unlversidad de Walea.

Su.;msea. Inc‘.[uye lo de los pmgramas aIlI:Erians y pmhlemas de Mecéanica da2

'l'---d N
L]

Flufdos Y transferencia de calor. - . S

Hﬁbmﬂ NAsa STRucmral ANalysis. Esgmﬂadopg r L) S. Naﬂunal -

.{ wo

Aemnauﬂcal and Space Administrauon para anilisis elﬁsdco t;le varias esmxcmras

.' w0
'-L-

inciuye, anallsis de Expansiﬁn térmlca, respuesta din&micn a cargas trunsimrias -

A e:dt.aciones ra.ndom.‘célc.llo de valores carac:teri‘st[cus realea }' compl-:]oa. esta

'-‘ 1 ' 1‘

bilidad dindmica. Ofrece r:apm:idad lirnltada paru anélisiﬂ nu llneal.
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SAMIS, Structural Analysis and Matrix Interpr&tarive System. Desarrollado
por 1et Propulsmn La.boramry, y Manned Spacecmft C.Enter. Contiene un ele ~
ment unidimensional general y elementos tr1angulares para deformaciones Lor

flexibn y membrana. ' !

L
L]

ELAS y ELAS 8, Equilibrium Problems of Linear Strucures.. Desarrollado

por el Jet Prapuléion Laboratory. Incluye una biblioteca de elementos unidimen

;_s'mna.les, trianéulares, cuadrilireros, tEtaEerS, hexaédfos, c¢énicos, séh'dc;s -

a.:dslmér:mos de secciones cuadrﬂateros Yy l:riangulares.

MAR{'J elaborado por P. V. Marcal incluye Eméhsm lineal y no ligeal de pro

- blemas de Mecanica de Medios Continuag.
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. FINITE ELEMENT METHOD
TIEORY AND APPLICATION : -

1. INTRODUCTION

1.1 HISTORICAL BACKGROUND

The finite element méthad {FEHi has become a poverful numerical
technique for solving complex problems in science and engineering,
mainly due to the advances made earlier’in the numerical methods

particularly in matrix methods as well as due to the rapid

1ntr0duction of h1gh speed computers in the market. However,

‘i !

the introduction of ccncephs ‘and applicatinns of FEM dates back
to the era of mathematicians who tried to calculate the perimetex
and area of a circle by idealizipé it as a regular peolygon. It
is also interasting to notepthat the hound soluticns which age
often discussed in FEM can be traced back to the solution of.thet
afea of & circle. If the circle is mndelledlwith an inscribed
pélygpn; a2 lower bound solution ;s ohtained whereas an upper
bound solution is obtained by replacing tlie circle by 2 circums
cribed pol ygcn. Even though the hasic'ﬁOH:upts of FEM exisled

" for over two thousand years, for all praci ical purposes, one can

only say that these concepts were actually used for solving

- phfsical problems in 1950s by the aefcnautical enginegrs.

In 1955 Turner et al (Ref 1) presented tho stiffness analysis

for the complex structures, which is the skarting point in the

b

rediscovery of FEM. HNevertheless, Clough (Ref 2) was the one

who actually used the term ¥EM in 1960. &fuce then, a tre-

£

mendous amount of rESearch has beer Jone I this field anl.



quite a large number of papers have been published in almost all

.the journals related to all fields of engineering as well as some

in the fields of mathematics andg séienca. In addition, several

conferences have been held all over the world and hundreds of

. . ' .
papers have been presented in each._ Th% theory and application
}

of FEM have also been presented {n numerous text bocks (Ref 3-22),

In oxder to help the research werkers in tracing the.references

-] I
required for their particular work several bibliographics have
¥ . . w

‘either been' published or under preparation, among them notably

Ref (23) is & good scurce of information.

-
1 et

1.2 APPLICATIONS OF FEM

The FEM is applicable to a variety of baﬁndary value and initial,

A

value problems ip engineering as well as applied science, Some

-0f these applications are:

1.

Stress Analysis of Structures, Stability of Structures,
Dynamic response of structures, Thermal Stress Analysis,
porsion of prismatic members

'l

Stress Analysis of Geomechanlcs problens, Seil-Structure
Interaction, Slope Stability problems, Scil Dynamics and
Earthguake Engineering, Seepage in solls and rocks, Ccn-
solidation settlement

Solutions in Fluid Mechanics, Harbour escillations, Pollution
Studies, Sedimentation

analysis of Nuclear Reactor Structures

Stress analysis and Flow Problems in Biomechanics
Charactgristic S tudy of.Cqmpnsites in Yibre Technology
Wave ﬁropagatinn in Geophﬁsics

Field Problems in Electrical Engineering



zpart from the above mentioned areas, the FEM is also applicgﬁle-
" to, any other problem as ldﬁg as tﬁe'analyst makes éertain that
the problem-ié.amenahle to solution based on the assumptions
introduced in the formulation of FEM and appropriate material

pfoperties can be provided in a realiétic manner.

1.3 METHQDS QF ANALYSIS

3
In general, there are four basic methods of analysis in FEM-~
displacement method, equilibrium method; mixed method and hybrid
methoed. The field variables or unknown guantities in each.of

these methods are as follows:

" Displacement method - displacements and their derivstives
Equilibrium method — Btress components -
Mixed method - some displacements and gome stress ccmpcdéntsh

Hybrid method - displacemEnts'ur boundary forces

In the displacement method, smeooth displacement distribution is
assumed within an element, interelement CDmpétibility of displa~-
cement is generally assured and minimum'potantial energy criterion

L]
is used in the formulation.

In the equilibrium method, the interior stress distribution is
agsumed to be smooth, the equilibrium of koundary tractions is
maintained and the minimum complimentary cnergy 1s: the basis

for the formulation.

In the-mixed method which is geéenerally uucd for plate and shell

problems, both displacements and stresscs are assumed smooth



in the interior, the displacement components and the equivalent
stress components are considered to be continuous at the inter-~
element boundaries and the formulation is based@ on Reissner's

principle.
| oL L
In the hybrid method, depending on vhether tpe"model is dis-
Iplaceﬁent type or egquilibrium type, the’diségibutian of dis-
Placements or stresses within the elemEnt is consldered to be
smooth and alodg the interelement boundary either assumed
compatible displacements or assumed equilihratipg hnundary:
E}acyéons are ensured and either madified.camplementary enargy
Br modified potential energy principle is.a&npted for the for-

malation,

- -
Among these four methods, the displacement method is’the most
w?dely used approach. Huwever; fcr plate bending problems
eiﬁﬂer the equilibripm or mixed meéhcd is preferred and for

some field problems hybrid method fs more suitable.

" \ -
1.4 DESCRIPTION OF FEM
A structure, continuum or a domaln is divided into a number of
arbitrary shaped parts or regions known as efements, These
elements are interconnected at joints known as nodes, The

prinecipal unknown is termed as "the ﬁ&etd uan&abza This field

variable can be displacement, temperature, pore-pressure or
stress. ‘The distribution of the field variable within an
clement is appraximated by the use of certain polynomial

functions. Variational methods or residual methods are employed



Lh

to develop the finite element equations which relate the field
Nariables at the nodes to the corresgmndlng action vector at the
nodes of the element. This relationship is Eravided by the 5o
c;lled property matrix which ié basad En‘the material and the
‘geomet;ié properties of the element. ﬁinally thése finite
-element equations are éssembled to form a system of algebraic
~equations for the entire domain. The Ungnown field wvariable

is obtained by solving this system of algébraic equations.

1.5 BASIC STEPS IN FE ANALYSIS L ' oo

The basic steps in the finite element analysis of general

problems are as fcllows. v

1. 7The cuntinuum is givided inte finite elements of any
arbitrary shape. g
2. A suitable polynomial 1s chosen to represent the distrlbutlﬁr'
of the field variable within an element in terms of its
nodal values. Thus, the field variables at the nodes become
the -primary unknowns. S .

3. Using variational methods or residual methods, the finite
element eguations are formulated.

4, The individual finite element equations ohtainad in step
3 are assembled to form a set of algebraic equations for
the overall contipnuum.

5. The soluticn of the algebraic equations cbtained in step 4 -
yields the valuesof the field variables at the nodes, '

6. From the field variables at the nodes, the secondary
variables such as stress, strain for an element can be
obtained. .
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b FINITE ELEMENT METHOD IN ENGINEERING SCIEHC:E
1n the abave the sirface integral is only taken on external boundaries
whare i ﬂr:ﬁu,l'fr: i speeiiad, I w and o are given there the couations
are not formed ia hovio ey points, " )
Although a stundan! Femn of 2 fn0is clement rebatizaship has beon
sahiiiedd the Seadnt manis s not svmnttric. Such nen-symmetric

exlan
N . Ll

mraees oiiei arac it fow prdlivpas®™ our the rzudes will ohsarve that

here u simple change of sign of Eq. (3.36) re-eatablishes symmetry after
intcgraiion by parts. Gulerkin process is (his nod unigue.

An alerive appretsh w e above problem could be pursued by
introdesing = strewm function concept. If we defing

P
wm 2 (3.46)
-y ax

then Eq. (3.36) & identicaliy satisfied nnd~wr_: are Iell with two governing

sgulions:
S S Y S S
‘ TR FToar e v Rl
(3.47;

, op . (&% @\ fap
! ay“‘(af"'ayl g Bl

Di!‘l‘crculi:ﬁting the fisst with raspect to y and second with respect 10 x and
sublracting, p s climlomed ard only onc equation is left.

$ OGN FN By ox
N R — e — o —— R ﬂ 343]
! (E,rz :“ry’) kﬂ.¥1+&y’)+ﬂx Gy (

M similar process of wpproximate formulation as before can be adopted
and the render o=z rrform this as 2n exercise. He will find that now sym-
metnie element mutnegs tise and indesd the lormulation will be very
:dEmiar 1o the doeusand in L he ¢hagier on plate berding. The shope Mune-
Gan now, howeser, will have o satisfy continuity of first derivatives
hetweon efements s socond order differsntals occur in the various
izmteyrats. Buch prablems have baen dealt with in ar axi-symmgtric contaxt
by Athinson of ol ' from the basis of a variational form given i Chapter
13, p. 317, o

Thiess wadbpict e o intnecloze dwestozirate the panesd appliendiliy of
Uy siethod Thy soertiontn, rrakien o cereed here, Rowever, i of some con-
sisdemubiy vt or i inLoas s neth wek in Lhe salubinn of the Navier-S:okes

WMEATLAALIEATIWN U e Tabvii g BLEMER] BT RV ] LTS

equation is currently in progress. In the illustration, to linearive the squalions, ik;
dynamic terms .
[l N
éx dy Cdx o gr
Poer o E2070 it 20 Srom the two Qe £3.35) rospectively. T o saenition i i
Guand b dbie ks then i will bz Tound thal the resulting o atisrs of the peneral
for (203) are ron-linsw, X7 being dovendsnl Hedf o thr sclozities, The
tarivatian is 100 complax to be dissussed in detall Bere but the rezder could con-
sider extension of the nos-linesr technigues of Chupter 18 1o be applicabls Lere

3.7 Concluding Remarks |

In addilion 1o generalizing the finite clement concept to that of 2 pproxi-
mately solving & varational problem, the alternative of progesding
dircetly by approximating to the differential expression wus presenicd.
Both procedures open wp marny, as yet enexplored, ficlds of upplication,
Soume gencral ideas in similar context are given by Cden.!? Onher uses'off
finite clement process, such as minimization of the rool mean square yvilus
of errors, can easily be cnvisaged.
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4. Plane Stress and Plane Strain

4.1 lntroducticon

Two-dimensional elastic problems were the first saccessiul examiples of
the application of the finile element method." ¥ lndzed, we have already
used this sititation to illustrate the basis of the finite elcraent formulation
in Chapter 2 where the gencral relationships were derived. These basic
relationships are given in Eqgs. {2.1),(2.2),(2.3), (2.9),(2.] @), and (2.168)and
for quick reference are summarized in Appendix IL

1o this chapier iht particular relatienships for the problem in kand wiil
be derived in more detail, and jllostrated by suitable practical examples,
a procedure that will be followsd throughout the remainder of the book.

Only the simplest, triangular, element will be discussed in detatl but the
basicapproach is general. More elaborate clements to be discussed in later
chapters would be introduced to the same prablem o an identical manner.

The reader not familiar with the applicable basi definitions of clasticity
is referred to elementary lexts on the subject, in particular Lo the text by
Timoshenko and Goodier,® whose notation will be widely used here,

In both problems of plane stress and plane strain Lthe displacement
field is uniquely given by the v and v displacements in directions of the
cartestan, osthogonal x and y axes.

Again, in both, the only strains and stresses that have 1o be constdered
are the thres components in the x-y plane. In the case of plane stress, by
dcfinition, all other components ¢f stress arc 2er0 and therefore give no
contribulion to intemal work. In plane strgin the siress in a direction
perpendicular to the x~y plane is oot zero. However, by definition, the
strain in (hat direction is zera, and therefore no contribution 1o internil
work is made by this stress, which can in fact be explicitly evatuated from
the three inain stress components, if desired, at the end of all com putalion,

4.2 Flemeni Characteristics

421 Displacement functions, Figure 4,1 shows the typical triangular
clemert considered, with nodes §, J, moaumbered 1o an anti-clockwise
order.

|
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Tite displacements of & nods have twe componznts

15 = {:1} .-:.._I-r..u. (4.1)

.y

and the six components of element displacements are listed as a weclor

d
(3} = 3, }. (4.2}
:5'

T

- X
Fig. 4.1 An element of a continuum in plane stress or planc strain

']'.h:‘dispiaccmcnts within an element have to be unigucly defined by
these six values, The simplest representation is clearly given by two lincar
polynomials )

O PR g TR P1A

4.3

U= g, +Ee X+ 35,

'I:hc six constants o can be evaluated easily by solving the twao sets of three
simultaneous equations which will arise il the nodal co-ordinawes are in-
seried and the displacements oquated to the appropriate nodal displace-
menis. Wriling, for example,
iy =y 4 ag X sy '
Hy & O+t (3.4}
My m oy b X, aaf,
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we can easily solve for a,, o5, and x, in terms of the noadal displacements
&, 4, 8, and obiaie finally

1
4=y {04 bx + eyl + (@, + b x + oy + (au+ box+cavhin)  (4.54)

mn which
;= X Jp—EaY;
&= Yi=Yn = Yim {4.5b)
Ly -xn_x.li -'r"".f .

with the other cocfliciants obtained by a eyclic permutation of subscripts
in the order, i, J, m, and where

Voxoowm
2A =det |1 x; y; 1 =2 (arez of triangle im). {4.5¢c)
Il x, r.

As Lhe equations for the vertical displacement v are similar we also have
i
v = E{{a. +hx e +la, + b+ o Fla b x4+ ral.  (4.6)

Though not strictly necessary at this stage we can represent the above
relations Eqgs. (4.5a) and (4.6) in the standard form of Eq. {2.1)

n= {3}- [N{8) =[IN, N, IN B} (4.7

with / a 1wo by two identity matrix, and
M o= (a+bxtopif2A ele. {4.8)

More: if co-ordinates are taken from the centroid of Lhe element then
HAXotx = Yty paw (0 oand g = A =g, = g,

The chssen displacement [unciion automalically guarantess continuily
ol dtsplaucn‘lcnis with adjacent elements because the displacements vary
linezrly atong any side of the idangle and, with identical displacement
impozed at the nodes, the same displacement will clearty exist all along
an interface.

4.2.2 Strain (tote?). The tatal strain at any point within the element can
be defined by its three compoeeats which contribute tu intemal werk.

A
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[ du )
dx
£ .
(s} = E: = 2 4. {4.9)
. dy
I"’
tu oo
_+_
¥ x|

Using Eqs. (4.7) or (4.5a) and (4.6} we have

T v, | [

-t juinhlV —_" 1

dx 0 dx 0 dx 0 b

Ty AN aan 7

= | 0 == = o] JH
{e} e 0 = 0 e b, >
oy oy oN; oy oy o) .

dy dx dy dx & x o,

L I

1
Tl A R A R {4.10)
o & e b ¢, B

m

which defines the matrix [ 8] of Eq. (2.2) explicitly.

It will be noled that in this case the [#] matrix is independent of the
position within the element, and hence the strains are constant Lhroughout
it. Obviansly, the criterion of constant strain mentioned in Chapter 2 is
satished by the shape lunctions.

4.2.3 Inirial sirain (thermaf $train). ' Initial® sirains, that is strains which
are independent of stress, may be due to many causes. Shrinkage, crystal
growth or, most (requertly, temperature changes will, in general, result in
an initial strain vector,

Exa
{to} = 4 &0 b (4.11)

Yepo

Although this initial strain may, in general, depend on the pesition
within the element, il will usunlly be defined by avernge, constant, values.
This is consistent with the constan strain i:.andllmns imposed by the
preseribed digplacement {unction.

Thus, for the case of plane siress in an laoliopic material in an element
subject to a 12mperature nse £° with a coeflicient of thermal expansion 2,
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we will have, for insty. o,
al”
feg} = § =#* f4.12)
a

L

48 1o shear sirains arg caused by a thermal dilatation.

In plane strain the siluation is more complex. The presumption of plane
strain implies that siresses perpendicular lo the x-y plane will develop
due 10 1hermal expansion even without the three main stress componenis,
and hence the initial straim will be affecied by the eluslic constants.

[t will be shown that in such a case

mét*
{go} = (14 v) < 1" {4.13)
0

where v is the Poisson's ratio.,

‘J‘

P
Fig. 4.1 Anelement of a stratified (Iransversely-isotropic} material
Anisotropic malerials present special problems, since the coefficients
of thermal cxpansion may vary with dircction. Let X and y in Fig. 4.2
show the principal directions of the matedal. The initial strain duoe to

theymal expansion bécomes, with reference to these co-ordinstes for plans
stress

Erg o, 0"
{f.ﬁ}' -' l},-n = 713‘ {4~14} ¥
T:‘,’b} 1 'ﬂ
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where 2; and z; are the expansion cocfficients referred 10 the ' and ;°
uies respectively. e

To obtain the strain components in the x, y system it i3 necessary to use
an apprapriate strain trnsformation atrix [77] giving

{ea} = (T1{e0}. (4.15}
With the § as defined in Fig. 4.2 it 15 easily verified that

cos? B sin? ff —2sin fcos B
[7] = |sin® g cos? f 2sin fcos
sin lecosfp —sunfoosf cost f-sin!f
Thus, {eq} can be simply evaluzied. It will be noted that no longer is the

shear component of strain equal to zere in the x—p co-ordinates.
4.2.4 Elasticity marrix. The matrix [D] of the relavion Eq. (2.3}

g, ] e,
{o} = {a, I = [0] £, » —{g) {4.16)
Tay ¥y

can be explicitly stated for any materjal {(excluding here {o,} which is
simply additive}. : )

Plane siress—isotropic materiaf, For plaoe suress in an isotropic material
we have, by definilion,

& = OfE—vo JE+i,

—va fE+o Bt (41
Yo = T +¥)T fE+4e 4

Solving the above [or the stresses, we obtain matrix [D] as

-2
d

I v 0
[D] = I—E'.rz v | 0 {4.18)
0 0 (1-—+2

in which E it the elastic modulus and » is the Poisson’s ratio.

Plane strair—isofropic material. In this case a normal stress g, exists
in addition 10 the three other stress components. For the special case of
isotropic thermal expansion we have

£, = 0 fE—vo JE—va jE+all*
g, w —vo fE+agfE—ve fE+all* 4,19
Yoy = 21+ JE.
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but in additian
£ = 0= —va jE—va JE+a,/E+al
On eliminating o, and solving for the three remaining stresses we obtain
the previously quoted cxpression for the initial stram Eq. {4.13}, and by
comparison with Eq. (4.16), the matrix {D]
1 ¥l —v) 0
w1 —v) i 0 . {4.20)
0 {(1=2¢/H1=V)

El—w

(ol = (1+v){1—2v)

Anisatregic maieriais. For a completely anisotropic material, 21 inde-
pendent elastic conslants are necessary to define completely the three-
dimensional stress-strain relationship®®

If 1wo-dimensional anaiysis is to be applicable a symmetry of prepenies
musl exist, implying 4l most six indepgndent constants io the [2] marix.
Thus, it is always possible to write

diy dyy dys
U}} - du i3 (4.21)
{sym} di

to describe the most general two-dimensional behaviour. (The necessary
symmetry of the [£] matnx follows from the general equivalent of the
Maxwell-Betti reciprocal theosrem and is a ¢conseguence of invariant cosrgy
mrespective of the path taken 1o reach a given strain slate.)

Fig. 4.3 & stralified (rransyersciy-isobropic) miterial

— - -
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A case of parlicular interest in practice is that of a ‘stratified”® or
transversely-isotropic materal in which a rowational symmetry of proper-
Li¢s exists within the plane of the strata. Such a matenial posscsses only five
independent elastic constants.

The general stress-sirain relations give in this case, fullawing the nola-
tion of Lekhnitskii,* and taking now the y axis as perpendicular to the
sirata (neglecting inilial strain), Fig. 4.3.

£, = 6 fE, """2"-'JEJ -vo/E,

g, = — Va0 fEy+a /By —v,a./Ey
& = —v0fE —v0 JEy o fE, {4.22}
Yoo = [201 +1":IHEI}TI:

1
Vey = Ex LYY

|
Yoo = G, Ty
in which the constants £,, v, (, is dependent) are associated with the
behaviour in plane of the strata and £,. @;, v; with a direction normal e
these,
The [£] matrix in (wo-dimensions becomes now, taking

(&
= - d 2=
E, 7 an 3 m
n vy H
£,
ID] = om———= | By | 1] [4-13_}
{1 —nvi}

0 0 ml-mi)

for plane stress, or

0= o2
(T +v)(1=v, —2m73)
afl =nvi)  av{l+v,) 0
avyll 47,0 (1=+3) 0 {4.24)
0 o il + v )l = v, =2md)

o1 plane sirain.
When.as in Fig. 4.2, the direction of strata is inclined to the x-axis then
10 obtain the [0] matrices in the universal co-ordinates 4 trunslformation
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is necessary. Taking [ 7] as relabing vhe stresses and sirains in the inclined
co-ardinate system £y’ 11 L 8 easy o show that

(P)=[71(2°1I7Y 14.25)
where [T] is the same as given in Eq. (4,15}
ITthe stress systems {a’} and {#} correspond to [£') and e} respectively thay be
equality of work
{a'i e} = {o}"{c}

{23} = {e"1D) )
from which Eq. (4.25} {ollows on substilytion of Eg. (4.15). (Ser afse Chapier 1)

ar

4.2.5 The stiffness matrix, The stiffness matrix of the clement ijm is
defined from the peneral relationship Eq. (2.10) as

(k] = J’ [BI'(DI[B1: dx dy {4.26)

where £ is the thickness of the elenent and the fntegration is 12ken over
the area of the triangle. [f the thickness of the element is assumed 1o be
conslant, an assemplion convergent to Lthe truth as size of elements
decreases, then, as neither of the mairices contains x or ¥ we have, simply

(k] = (BRI ED]I (B YA @27

where 4 is the area of the traogle (defined aleeady by Eq. (3.5}). This
form is now sulliciently explicit for computation with the actual matrix
operations being eft to the computer,

The matrix [B) defined by Eq. (4.10) can be wrillen as

& 0O
(Bl =[8.8,8.] with [B]m= {0 £, /1&1 ele. (4.28)
o B
MNow the stiffness matrs can be whtlten in 8 parivoncd form rs
kg ky ka
(k] = Lky &, &, {4.29)
b Ky b

in which the 2 by 2 submairices are built up as
LMERY-AYUNALEATY (4.3
This form is nl'u:p. copvenicot lor computation.

4.2.6 Nodal forces due to initia! strgin, Thesc are given directly by the
expression Eq. (2,12) which, on performing the integration, becomes

i APl = —(BYID[)8, e @.31)

)
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Partitioning, one can write ulternatively
{Filio = —[BIT[D][e0)14, te. (4.32}

These "initial strain’ forees are contributed ta the nodes of an element
in a0 unequal manner and require precise evaluation. Similar expressions
are derived for initial stress forees,

4.2.7 Distributed body forces. In the general case of planc siress or
strain each element of unit area in the x— plane is subject (o forces

{3

it the direction of the appropriate axes,

Again, by Eq. (2.11), the contribution of such (orces {0 these at each
node 15 given by

G| [N]T{i} dx dy,

{F}, = -{)}:}JM dx dy, ete. - (.33

if the body lorres X and Y are consiant, As A, %s no longer constant {he
integration has (o be carried out explicitly. Some gtneral ntcgration
formulac for a triangle are given in Appendix 111,

In this special case the calculation will be simplified if the origin of
ca-ordinates is taken a1 the centroid of the element. Now

J.xdxdy - J}*dxdy =0
and on using Eg. {3.8)

{Flp = —{;'} [ a,dx dy/28 = -{:}aﬂ

or {Fl, = —{';:} Af3 = [Fil, = {F}, (4.34)

by relations noted on p. 50,
Explicitly, Tor the whale glement

orby Eg. (4.7}

(Fl=-

Afd {4.35)

g e B
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which means simply that the total farces acting in x and y direction due to
the body forces are distributed to the nodes in three equal parts, This fact
corresponds with physical inluition, and was often assumed implicitly,

4.2.8 Body force potential. In many cases the body forces are defined in
terms of a beddy Torce polential ¢ as

il i
=% y=-= 4.36
X dx dy .36)

and this potential, rather than the values of X and ¥, is known throughow
the region and is specified at nodal points. If {¢) Lists the three valoes of
the patential associated with the nades of the dement, ie.,

é
(¢} = {9 (4.37)
¢-

and has ic commespond with constant values of XY and ¥, ¢ must vary
linearly within the element, The "shape functien® of its variation will
obviously be given by a procedure identical to that used in deriving
Eqgs. (4 .4) to {3.6), and yislds

¢ = [N}, ¥ N8} (4.28)
Thus,
8
¥ =2 oy b00Y A -

and ..

¥ = _.g%' = e, ¢ () R2A, (4.39)

The viector of nodal Morees due to the body force polential will now replace
Eqg. (4.35) hy

o
]

b!
o € G
1 b b, b
(Fle=s | 7 [} (4.40)

& < CJ o
b b b,

o & fa

429 Evah:ation of stresses. The formulaz denived enable the full safl-
ness matrix of the structure 1o be assembled, and 2 solulion for displace”
ments 1o be obiained,
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‘Th¢ stress matrix given i general terms in Eq. {2.15) is obtained by
the appropriate substitutions for cach element.

The stresses are, by the basic assumplion, constant within the element.
1t is usual to assign these Lo the centroid of the element, and in most of the
examples in this chapier this procedure is followed. An alternative con-
sisis of obtaining stress values al the nades by averaging the values in the
adjacent clements. Some *weighting' procedures have been used in this
context on an empirical basis but therr advantage appears smail.

1t is usual 1o arrange for the computer to caleulate the principal stresses
and their directions of every element.

4.3 Examnples—An Assessment of Accuracy

There is no doubt that the selution to plane elasticity problems as formu-
lated in Section 4.2 is, in the limit of subdivision, an exsct solution.
Indced at any stage of a finite subdiviston it is an approximate solution as,
say, & Fourer series solulion with a limited number of icrms.

As already explaiped in Chaptler 2 the {otal sirain energy obrained
during any stage of approximation will be below the true strain energy of
the exact solution. In praciice it will mean that the displacements, aad
hence also the stresses, will be underestimated by the approximation in
ity generad picrure. However, it must be emphasized that this ts not neces-
sarily true at every point of the continuum individually: hence the valug
ol such 2 bound in practice is not great,

What is important for the engineer to know is the order of accuracy
achitvable in typical problems with a certain fineness of element sub-
division. In any particular case the error can be assessed by comparison
with known, exact, solutions or by a study of the convergence, using two
or more stages of subdivision. .

With the development of gxpericoce the engineer can assess a priori the
order of approximation that will be involved in a specific problem tackled
with a given element subdivision. Some of this experience will perhaps be
conveyed by the examples considered in this book.

In the'first place attention will be {ocused on some simple problems for
which exael solutions are available,

Uniform stress field, If the exact selution is in lact that of a unilorm
siress field Lthen, whatever the element subdivision, the finile element
solution will coincide exactly with the exact one. This is an obvious
carollary of the formulation, neverthelzss it is zseful 2s a first check of
wrlilen ¢ompuler progrums.

Linearly tarying stress field. Here, obvioutly, the basic assumption of
constuncy of siress within elements means that sofution will be approxi-
maie only. In Fig. 4.4 = simple example of a beam subject to constanl
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hending momenl is shown witl 2 Lairly coarse subdivision, 1t is readily
scen that the aaial (a,; stress given by the element “stiraddles’ the exact
values and, in fac:, if th: constanl siress vajues are associaled with
cenroids of the elements and plotled, the best "t hne represents the
enact SHresses.

(¥} =i
-1 o §o
[0 b
o =M
~am ~ ¥l
-1 -y

{3 MNodal averages

#* Walurs at
centres of
R*—G I —1- triangles
o, m—1
|
Eaagl .

(o, =Ty ™ u}

yu{-15

Fig 4.4 Pure bending of 2 beam solved by a coarse subdivision {nto elements of
triangular sHape. (Valucs of e, o, and 1, lisied in that order)

The horizontal and skear stress components differ 2gain from the exact
values (which are simply zerc). Again, however, it will be noted that they
oscillate by equal, small amounts around the exact values.

s
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Al inlernzl nodes, if the average of stresses of surrounding elements is
taken # will be found that the exact stresses are very tlosely represenied.
The overage at external (aces i3 not, however, so pood. The overall im-
provement in representing the stresses by nodal averages, Bs shown on
Fig. 4.4, is often used in practice for improvement of the appraximatian.

A weighting of averages near the faces of the siructure can further be
used for refinement. Without being depmatic on this poinl, it seems
preferable, when accuracy demands this, simply 1o use a finer mesh
subdivision,

Stresy concentration. A more realisiic test problem is shown in Figs.
4.5 and 4.6. Here the flow of siress around a circular hole in 2n isotrapic
and in &n anisotropic stratified material is considered when the stress con-
ditions ar¢ uniform.® A graded division into elements is used te allow a
more detailed stud yin the repion where high stress gradients are expected.
The high degree of accuracy achicvable can be assessed from Fig. 4.6
where some of the results are comnpared against exact solutions > 7

\/ ”;7“,»

> -—

v 4&&‘ -

oL

RIS~ —
> e

Fig. 4.5 A circular hole in 8 unilorm stress Aeld. (a) isolropic material; (b)

stralified {orthotropic) material; £, = £, m |, £, m £, =3, v, = 01,vy =0,
G,, ~ 042

O\ >
AT "
o0

4

L,
G
{3
T

oy -l'l-i
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4.4 Some Practical Appfications

Obwviously, the praciical apphaations of the methed are limitless, and
indeed al this moment of time the use of the finile ¢lement method is
superseding expenmental technigue for plane problems because of its high
accuracy, low cost, and versanlity. The ease of treatment of malterial
anisolropy, thermal siresses, or body force problems add 10 its afvaniages.
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Ewact solution lor infimite nlave.
o Finite clement solulion,

k1o,

{ut isotropic. (&) QOrthotropic.

Fig. 4.6 Comparison of theorctical apd finite element results for cases (&) and (§)
of Fig 4.5

A Tew examples ol actual applicalions to complex problems of epginger-
ing practice will now be given.

Siress flow argund a reinforced opening (Fig. 4.7). In stedd pressure
vessele or aircraft siructures, openings have to be introdvced in the
stressed skin. The penetrating duct itself provides some reinforcement
round the edge and, in addition, the gkin itsell is increased in thickness to
reduce the stresses due to the concenuration effects.

Analysis of such problems treated as cases of plane stress presenls no
difficuitics. The elements are so chosen as to follow the thickness variation,
and appropriate values of this are assigned.

The narrow band of thick material near ihe edge can be represenled
either by special beam-type elements, or more zasily in a standard pro-
gramme by very thin uianpgular elements of the uszal type, to which
approprizle thickness is assigned. The latier procedure was used in the
probicm shown in Fig. 4.7 which gives some of the resulting siresses near
the opening itsell. The [airly large extent of the region introduced in the
analysis and 1he’grading of Lie mesh should be nated. '

An anisotrepic velley subject o tecipniv siress® (Fig. 4.8). A symmaetrical
valley subject 10 2 uniform horizontal stress is considered. The material is
stratified, hence is ‘transversely isorrepic”, and the direction of strata
varies from point 10 point.
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N
<

Restrainsd in y direclica from movemenl.

Fig. ,4‘1 A renforccd opening in w plate. Uniform siress held at o distance fram
cf}cmngzg, = 180, ¢, = 50, Thickness of plate regions A, B, and € is in the ratio
of 1:3:

The stress plot shows Lhe tensile region that develops. This phenomenon

is of considerable interest 1o geologists and engineers concerned wilh rock
mechanics,
A dam subject to external ond internal water pressures™® {Fig. 4.9} A
buttress dam on a somewhat complex rock foundation is here analysed.
The heterogeneous foundalion region is subject to plane strain condilions
while the dam itself is considered as a plate {plape stress) of varniable
thickness.

With external and gravity leading no special problems of analysis arise,
though p:rhaps it should be mentioned that it was found W-arth while 1o

*automatize” the computation of gravily nodal loads.

When pore pressures are considered, the situation, however, reguires
perhaps some sxplanalion.

It is well known that m a porous material the water pressure is trans-
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. Fig. 4.9 Stress analysis of & butiress dam. Planc stress condition assumed indam

Fig- 48 A vallcy with curved strana subject 10 8 borizonlal teotonic s1ress end plane strain in faundalion. {g) The buttress gection analveed. (4) Exteny of
{plane strain 170 nodes, 198 elements) loundation considered pnd division into finite elements
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I o z © The pore pressure p is, in fact, now a body lorce potential, as defined
< = S b in Eq. (4.36). Figure 4.% shows the element subdivision of the region and
7 g = the oulline of the dam. Figure 4.10(a} and (£} show the siresses resulting
2 < - from pravity {applied to the dam anly) and duc to waler pressure assumed
E 'L, tc be acting 2s an external load or, alternatively as an internal pare pres-
L

sure. Both solutions indicate large tensile regions, but the increase of
stresses due Lo the second assumption is important,

Cracking. The tensile stresses in the previous example will doubtless
cause the rock to crack. 1f a stehle situztion can develop when such a crack
spreads then the dam can be considered safe.

Cracks can be introduced very simply into the analysys by assipning
zero elasticity valuas 1o chasen elements, An analysis with 2 wide cracked
wedge is shown in Fig. 4.11, where it can be seen that with the extent of
the crack assumed no tension within the dam body develops,

A more elaborate procedure Mor following crack propagation and resuli-

ing stress redistribution can be developed and will be discussed laler (ser
Chapter 18).

{f1 as hody lorces due 10 pore presaure

I Compression [—}

Upstrcam

{b)
Principal stresses lor gravily loads combined with

Tentile zone

Fig. 49,

Arrow indicales

£ N .
‘Ir‘n"' “m* Slr:::;n:acludt the
Aﬁ'%“imm&‘!ﬁ\ original rock siresses

PAP AV
NENAEAYAYA

LT%_'% %" \ "‘;‘é in foundatian

' P Q‘i
T .

Cracked 2one
tmalerial

considered}
as Fwm(

Felpw the foundation imitial rock stresses should be superimposed
hich are assumecd ta acl (a} as exlernal loads,

Fig. 4.10 Stress amalysis of the buttress dam of

- F
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E . £e eloAfd
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Therma! Siresees, rn wn waatam of thormal siress campulation the
same dam s shown nsder = mple temper slure distridution assumptions.
Resutts af this analysis aie oiven oo rig, 3,12

Ternperaiure in this region — 5 F
F 3
122; -
]
. A, o
tension ( + 0 DP Ibfin
\{Pr- .‘_'."- e aia
TS ATIOW QAL
», Compression {~) ‘f'i Lension

3 lofin?

Temperature draps
Tinearly here

Mo iemperature change in foundzation

Fig-4.12 Stress analysis of & butiress dam. Thermal stressss due to cooling of
shaded area by 15°F (£ = 3 10* lbfin, ¢ = 6= 107%/deg F)

Grarily dams. A buttress dam is a natural example [or Lthe appiication
of Foite elemenmt mzthods. Other Lypes, such as gavity dams with or
withoul picrs and so an, can alsoe be simply treated, Figure 4.12 shows an
analysis of a large dam with piers and crest gates.

In 1his case an approximation of assuming a two-dimensional treatment
in Lhe vicinity of the abrupl change of seclion, i.e., where the piers join the
main body of the dam, is flearly involved, bul this leads o localized errors
only.

Il i5 important to note here how, in 2 single solution, the grading of
element size is used to study coocentration of stress at the cable an-
chorapes, Lhe general siress flow in the dam, and the foundation behaviour.
The linear ratio of size of largest to smallest elements is of the order of 30
15 1 (the largest elements o¢curring in the foundation 21 1ot shown in the
figore).

tirderground power station. This last example iflustrated in Fips. 4.14
and 4.15 shows an interesting larpe-scale application. Here ptincipal
stresses arm plotyed automalically. in this analysis very meny different

] :IE M W WDFT ] ‘Ew ! \'\lr' \ \'h‘:lu{f
S N AN AL AVAR Y WA

FLANE STHESS AND FLA™NE STRAIN L

components of {7g). the initial stress, were used due 10 vpeeriainty of
krowledge aboul geoiopical conditions. The rapid solution and plo: of
many resuirs enabled the limits within which stresses vary to be found and
an engineenng decision artived at.

Warer Jevel ]
I . ——al |

. Local effese
I of prosiressing

YT

T
Prestresying cabies and )
Bate reaciions

19y

/

AV ViTa

ax Tailwater level )
Lyl T

Fig. 4.i3 A large barrape with piers and prestressing cabics

4.5 Specinl Treatment of Plane Sirain with an Incompressible Material

It will have been noted that the relationship Eq. (4.20) defining the
clasticity [ 2] matrix for an isotropic material breaks down when the
Poisson’s ratio reaches a value of 0-5 as the facior in the parentheses
becomes infinile. A simple way of side-stepping the ditficully presented is
to use values of Poisson’s ratio approximate to 0-5 but not equal o it
Experience shows, however, that il this it done the approximation of
solution deleriorales. An alternative procedure has been suggesied by
Herrman. '® This involves Lhe use of a new vanational farmutation, and
readers are referred 10 his work Tor details

L M oM i eoFT
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Principiosa Fundecentiles,

e).- Continuidad
o
e =a 4
b).- ﬂey-ﬁﬁ Hocoke
Pp=%ke¢e
¢).— Eguilibrie
T

F=n8a 1p

Soluc;dn de Estructuraa,

Método de los desplazenientos o de las rigideces,
{ Continuidad — Ley de Hooke — Eguilitbrio )

F=d B B k e = al kad

Il

~
[P
=]
Il

o

_.t

=9
o

F

Solucidn:

p=ke=%kKak F
S1i la estructura es isostética, 2T es ro singulcr, per ceonsisviente:
T
-
e = (k)7 1

d= () e



n

51 le estructurs es hiperestdtica cstanble, la meiriz el  se puede

particlioner.

RRCIRNRIS]

ul ﬁebe'éer una metriz -cuadreda no #ingular, gque define la catruc-
tura primaria o isostética,

T Tl
P = [ﬂo Ir EJ ‘pﬁ
D,

p = fuerzas en las barras que forman le estructura
primaria.

h

P fuerzze en lus oarres sobrantes,

Kétouo de las fuerzas o métode de lasg flexiuidudewn,

Equilivrio:
[o]= [ve > |7
. R
¢ blen: o . i
b, _ h”:bw F
= oo e
P, 0 ;h” E
Ley de Hoake: L
(e]=[<] [*]
f = x-I
Continuided:
~ T
dul | v |
= e
u 1 bt -
1
Relacione= érn B.,, by, &
-4
b = (25} r
T
hjﬂ = - bﬂcx g, b||



b, = depende de R

Leas redundantes ( R )} se ocbtienen obligando a que u = Oi

~u bTe:bep:b,f{an+h|R}

_
R=-(b fbi )" b fh,F

17T
p:[ho-hi I:bebl) blfba]F

e=Tp=fHPF

Notas:
E).-‘Siz. P:bF

Por el principio de contragradiencia:
d =1 e
d=1bv fbvF
b).= Se demuestra gue:
bl fb=b £b=1b fby=XK"'

(K) "= matriz de flexibidades de la eatructura,
Demostracicnes
1)-— H-T bg =1 ' aT hl = 0

Por la ecuacidn de equilibrie:

p=hGF+th

Premyltiplicande por &'

\3 . b



al P = al be F 4+ &' b R

Pero: s p= F

e
1]
m

T b, P+ a b R

Ly ecuucidén &nterior se deoe cumplir paré cualquier F y cuslquier R

uT'bn = I
al v, = 0 1.9.9.4.
T i
E).-— hﬂn:' {i‘_!.ﬂ }

Por el teoreca (1)

[ o] = [l |

a-g hDD = 1

. T '
Lae watriz a, es curdrada, por lo tanto:

T =
bna = {3a} l.9.q9.4d.

—s

3).~ Dig == boo ™ By

For el teorems {1}

Degpejanda 2 Dby ¢



Tero por (2}

T

T

T T -
4)c- b fb=Y £b=b fby=K"

L T T o
Recordemes que: b= bg— by (b £ b ) b f by por consiguiente:
_ . T _
- T T
bl £ b=|byg—- b (b Tb;) b foy]| b=

T T - T
=b, fb-byfb (b £b ) b fb

. -V T . ] T -1 7T
bo £ b (5 £5 ) b fbyebyfo (b £} b £

. | . i
(b £ 5 ) b f b
r T T - T .
e = b f o, (b f b ) by, f by = O l.q9.q9.4.
Le metriz K-~ es simétrica, por consiguiente:
T - T I i
B~ = (X')Y . bphfv=(bgfn) = b T b
Ejemplos:
10 ‘
-5
k=1 T/cn.

a).— Kétodo de 1l&s rigideces

1 C .
| ¢ 1 . ko=
8= _4 1 k=1
-1 1



. K__t J/ﬁ 2{"5
2/5  3/5
! '
d = K7 F = cm,
1 )
_¢:
e = a8 d = iz,
1.
-3
-J
[ 4*
p = k B = Ton.
1
-3
-2
Soluecidn pars cuelquier F
3/5  2/5
‘- v
2/5 3/5 |
[ 3/5 2/5 ]
e = ) ]—F]
2/5  3/5 L
-1/5 1/5
~1/5 1/5
T35 2/57]
2/5  3/5 L d
~1/5 1/5 I
I:l/B 1/5J

).~ Método de les flexibilidades

FER 00 b dTih ¥ o T

&

H

1 1]
-1 -1
oo

1



T 2
by (b, £ B, ) b f bo=1/5
-2
1
1
T - T
b=bg-b (b, £by ) B fb,=
T
d=b0th
35 2/5 .
bo £ b= | = K
2/5 A5

Tt

N




esumen (2}

1.~ Armezdursa
l.~ Veectores Ifuerzgé y deuplazamiento
8}.~ armzdura plana

r% | “é
.x é}(
P. = i d; =
S ]
Féﬂ uég
%).- armadura en el espacic
(P (4]
F. o= JX : a, = J%
J d
1 Wy
|4 44

2.~ Metriz ée continuidad (8)

(a) = £ |- j'“"+qj_"~“! DBerrz i con exiemos
i > en 103 nudos (A) y {DB}
|

u; = I:sen 8  cos G] 8 u; = Lccscx}cos@,nun#‘]

1.- Katriz de eguilihrio [ﬁTE

3i entre al nudo + Nudu(:)concurren
231 sule del nudo - barrza &, b, ¢, ...



I1.~ Interpretacidn flaica de €lpguness mairlces en el wmétado
de lasg fucrzes |

bg = fuerzas en les barras producides per
Juerzés uniterias aplicades en la es

,tructura primaria

!

- : 1 -1 0 -1
N 7

X C 0 0 -1
=[ 0 0 -1 o

/-’ \é 0 1,41 0 1.41
. : o 0 0 0

| : -

b, = fuerzas en lun Larras producidea por
redundantes uniterios aplicados en la
eatructura primarisa

~0.71
-0,71
-0,71
+1
+1




bo F = fuerzas en lag barras producidas por
las fuerzis [F:l gpliendas ¢ 18 €5 -

i tructurs primeria.
:grh rq /5 4 N 5- *—15
\ \: i - F o= b b F o=
10 0
\<H“ s -8 ‘ I+ 8
¥ \\E 0 | 14.3
— e - -
=) f -—-ﬂfﬂ —! D

111. -~ Ceseon peérticulsares de E{EJ

$i le estruciura es una armadura, qué se puede renolver la estruc-
tura priwaria por el método de los nudos, ep posible que 18 watriz
vean trisngulur interior.

cer que al

Posteriormente veremos gue péra alpunia eustructuras es paﬁihln he..
'] sed triengulsr inferior 6 superior. {Ver ejemplo)
IV.,~ Obtencidn direcra de lis reeéccicnes y efecto de deaplazémien-
to en los &poyos. . Ny
Lean E‘]luﬂ reacciones y [?;]1os desplazamientos de loa apoyoyd -
(en generel d. = 0) =i consideramos & estos como nudoﬁ, en el wéto
do de lo2a despldZamientos, se obtiene:

hig
P
{J bien: F = K,"," d o+ l{;; ﬂ* .
.. 1---_'ll -
F-K,dy=K,d d 5 Ty Foy



0 bien:

. - -7
P=X,K, F+ [Ku - K.Jz K, Kzz’d.l
Observe gue 8i F = 0

d
P=Kad,

L
donde K = K, - K, Kj K, ¢3 la contracveidn de 1l matrile]

Cuando un opoyo no €5 campi&to (tiene algun gredo de liberiad) se
pucde suvatituir por un sistems de barres de rigidez infinite -
(flexibilidad nula) que se dpoyen en apoyos completgs,

Ejemplo:

!

s

Si el apoyo eB complelo ho €8 neceserio ni se deoe hacer esta o

gubstitucidn.

V.- Apéndice

1.- Inversidén de un2 metriz trienasular inferior
Seg L una matriz triznguler inferior y I! su inverse, es wmuy
focil demostirar el siguiente s&lgoritmo para obtener los ple —
mentos de I, : )

t

m= (1;;) {elementos diegonales )

[ .‘. _j I m r :
%= ") 3wy (29

Eij= 0 {iq:J, ¥ es tembién triengular inferiﬁr )

i

L{0Fla NECHa COpF)] ELant =D w225 SOLTE FAFEL RO - Pl iMi sl TF m (AL . % ™ bCiw FLF Lt o = .



‘2.— J, Robinson ha publiciodo dos artficuloa:

“"futomutic Selection of Redundancies in the Katrix Force Method:

1The ltank Teclmique™ ~

Cor. heron Space J; 11: 9-12 (1965)

"Dissertotion on the Ronk Technigue and its Application" J Roy
Aceron Soe,, 69:280-283 (1965) .

en los cukles desarrolla un método bastente ingenioso, basade en

1a eliminteidn de Jordan, para elegir 1&g redundantes y obtlener
ut:}; ¢l método es aplicable & cusdlquier tipo de estructura,

V31e= Ejemplus _

i.- LLL11¢IHL trianguler lﬂfET]Gr'

LA Z_ _Jd___ g _ & 2 F?
-2 _-_;,l__.h-ﬂ-_qjiia AR o1 v
L gloizeieloloofod o
Je Vol ol e [le ol o gl
[{]: A0 RO e o0 O
30 L sglayl e s o o 2 O
o 0. o) o022 I
J0 ¢l o 0lel - r,f? g
OO0 0 Qi) £ 4 0 18i, O

Ohtnugumus[;l] con el algoritmo de 18 inversidn ce miotrices lrion
guiar inferior trebajando con submatrices de 2 x 2.

o/ 12l ool a2lo o]

i Cofelto ol olar ]

K. o T el e oig

S O S 7 R & A R A
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e o L g el o
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'2.- Desplazamientos en lon Bpoyod y obtencidn de reacciones

[+
n

Chta

oL
Ll

cCIh.

1 Ton/cm,

W
13

0/ lel-/]le|l ool .
N2V AN
8= | D10 FAN-006H124] 0 |8
o\ o i/ |\ o\ 2127 |0
a7\ 577 0 | 0 | 0 | 2 (27 -2
210 1200 o1 7 1ot/

Calculemos ﬁT k E:

e a5 0 VOV o 1A 03]

:ﬂi-é@ﬁnﬁ_L:L.. - NI %3 .
0 L0145 08t05(:05 </ . 0 K, | ¥

‘ s TR T
a kxa=EK-= o _I- :

RN Y E N VA E N K, | Kz

£ 10 —asl.as|o5]1510 -/,
281885 —p e 10 | o0 45 -5

asl-as o 10 Vo 1of psv D

2 [+1.5]
=t H —K o
d* G ’ 2l dh +0.5
¥ +1
L_l_- L‘I‘l '_
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T,- Cencrualizicidn de veclores fuerrs ¥y desplazoavicito.

Pl

= -
P dx
Armadura plana X
F '
- y._. dy -
’_Fx dx
Armzdura en el empicio
[ Fy | dy |
’Fz l dz *
in dx
Mareo plens
| Py ay
o
AFa Gz |
il ] - !
- — — _I
[ Fx o ax
Kerco en el espocio
Fy dy
Fz de
Max Gx
Xy | Gy
hirfA 8z
i._‘ _J - _d
- 4 —
Fz dzrj
Kella plana ‘
Fix | Gx
!
My | 5]
n ;J B y_J
Il.- Transformicion e coprienzdas, \
. a g
#).- Rotueidn tn t
(Espzeio tridimensionsl) Y
4
H\ ¥
\ e
|~. ; Laal
:_;:."..__...._ _,._.-_-._-....._._._.‘H—J'
15 /



Lo roetueidén puedi: geiinidy con & nilriz J

/

N

—--

Lo, Con fi' Con Kﬁ';
L y ot Jo
Concly' Gos i Gou |y

CoBue, Coa 3 ,' Cos 3‘_1'

i wtinl .
Qw%ﬂ: tnpilos que Torman les ejes X,Y,%, con lecs ejes X,Y,%2,

T -1

{ ;’ﬁ"n_ Jes er togoned, _;_”\J’-:_Z \2}

T I Pt I i
RN

Yector referido o) slstemi
X,Y,2 (6 componentes)

¢
Londe: V

Yeelor referido @l sistema
%,Y,2 (6 componentes)

Ao [

=
I

T = -2 .--l= metriz de tronsformacisn (6 x 6)

0
A\,

Plan !

{Iluno) A

\ X!

k!

L _H,ﬂ-’?P

L - }-'G

"_.--

Axe X

._II‘_} L 1-Ilr-.
LhJ o LqJ|P] , etc,

Cos @ Send' |
onde: 0
!
T = -5cn 8 Cos 9|
AL AN
) " 1]
r"A;G-——
0 nicn: = o L
0]
]

¥, d, ¥V = Vectores con tres componentes (Fx, Fy, Lz}, ete.

/é



IiI.- Trunsformeeiln de rigideces

Si: F =71TF

Se sigue‘que: d = TT d;{pur cantrdgradlencl )

Si{FJ es la matriz de rigidez paraff] ¥ ra]
F=1X%4d

-y ) . mo I
Se puede obtencr _1-:'] (metriz de rigidez pars ¥’ y 'e'n

Aplicuciones:

8}.~ Barras de erproduras

- (&)

Sistema ¥, 4: H estmn

i
Sistema F , d

“-'JA @JI




= et E"{
ilﬁl FbJ
'z
Fjjlh
4! = Wi jff&.
d_'_rlf.'\l Ldlﬁ
[ d’:.a
dﬂ‘_g,J
Matriz T: {Por estéatics)
~Co=z @
T =
+a0n O
+Cog O
~5en G
ko= o
e? _es
¥ = E3/L
"y a’
- gt gn
C8 w8’
S 0= Q
. 1
|
® 1 o
! = EA/L :
i 0 O,
- _ o — = = _._..I.
-], 0
1
| O O

1%

]
i
| =-c¢° nB
I
| ¢3 8?2
Hm
el_es
Fi

-1 Q
0 O
“l_ -_E;__
0 0




ANALISIS

ESTRUCTURAL 1

RESUMEN &

1



LY. = Viguo (conniderando dnicomente 1lcxlun]

N
0, @r~Mzz
et ' S
d wiﬁ}ﬂ
F Ay
i bemiz da; F = JL; d = 'E
M B

12EL/LY -sr1/1t
L= . (Yer epéndice)
-6EL/L 4E1/L

—t
| ]

Sictemd F', d mﬂ t L —
-Tg ,) .
A - - E
. MF-. : 8,
o= (iwomentos Flex.); d =

Lalriz Ty (Por estatice)

PR
T=1 t
|

o 1

IHotu: Quservese gue lo2 aAngulos G, ¥ B3 se miden a partir de l=e
_— P
11nea(§)—{§}, 9¢ gonsidere qu&(@}y(@)no se despluezen rela
tivevcnte.

1Y .- IEnszwble de 1a motriz K.

Yor hu wisto que la mutriz K (rigidez ensambludn de 1& euntructy
ra}, se obtivne:

Adonde:



‘Qhsérvese gue l_a -J::s cemejente v 1o :z.trw{TJ, gonde el sintoewms
Lp:l [ |oe tr:..nsim. 5 ul Bigtemi FF [
liay dos formas de obtcner K sim L&ctar ¢l producto (aT L a) di

rectecmente, .
l
2},~ Regls de la puma: @ ]5

3

~

Connideremos la barra@ -Blde una estructura, usea Ec}su rigiacy
acopleda referida al gsistema glnbhl x'y ¥’

F) !
CYRNN)

Barra{1)-(2) ;4) ® 0 0 E 0 l:‘?l
T o 1 ' 0 -1

k' = BA/L loamomade ool

i 0 O 4] )

B = + 9{}0 @ i .

) ] ~1 3 0. lf!

. ! A

o - -""'_'df
'
:
)

21



r

HﬂrraG@L@&{BJ

e

H

- 45

Burera (2,-(0) (5)

i

. @ @
@ 1 0o 1 -1 0
1
0 o ! 0 0
EA/L - - -——-ll--—.__.._
-1 o ..1 0
(o \
0 o 10 0
1 |
@\I_ /2 -1/2 | -1/
W -l -1/2 /2 fl{?
! O‘ ~1/2 /2 + 1/
) i
l 1/2 ~1/2 1 =1/2
= !
"6,
rgr /2 a2 L o-uye
, i 1/2 /2 . =1/2
k3= o e am e e o am e = — =
_ [ -1/2  -1/2 f 1/2
YIRS VeI B V2~
o
- @ N
1 o ! -1 0
(2) li
i 0 0 0 0
EA/L  fmm e o e m e
-1 o+ 1 0
S |
0 o0 0

22

-_— et — ==

Efy

W



1 23

osr/z oeo-1/2 E 0 0

= 0+0~1/2  1+0+1/2 | o) -1
T YT T ST T Taaaa eiee
® L_ 0 -1 i 0+1/2+0  1+1/2+0

—

/2 /2 o o0

-1/2 327 0 -
¥ = BA/L ~-= o =
b0 0 3/2 1/2

0 -1 1 1/2 3/E_J

e T
2).- Generalizacidn de a

(Ejemplo)
| D ES N TR
— —— I -
@ .., 6\ ISR &)
:I\-""‘{Jé L " B,;u-l"" ls El = cte.
a4 ' e
el 18

Se quiere obtener{ﬁfL considerendo sole el despleozamiento vertical
[ﬁﬂ enCi)producido ﬁhr una cargai?], usemss la rigldez o flexidn
éﬁ funeidn de momentos,

Sistema F, d4:

M:”l B.‘?I

i g
P = i ; q = 1z
k 13 Glj
Tl ) GSI
s 2 ]

I "2 4 i

K=FEl/L -« ~—= = weo_—
4 -2
1

-F d



{ !
Sintewa F o, d

! o ! -
Pl =p]; a =la]
Falriz T (& generalizede)
T o= 1/L rl -1 -1 l]
|-

¥ = T K TT (X! motrig ensomhlada)

V.~ fpendice
1)... Interpretscidn de K

P=Kd
S5i1: 4 = X
F=X

r - .
Yor cousjguienteLK]son lap fuerzus que hay gque &plicar pera producir
+ - - . \
despluztnientos unitarios; ejewrplo:

6ET/L

i Tl —
1 ®_112EI/L’ 12E1/L  -6BI/C
K =
-6E1/I)  4EI/L
. ~A4E1/L

e

/ ~ . {i'E-lT/ _
® 8= 1 Cf 6E1/L



Resumen (4)

I.- Relscidn entre rigideces "no aceplades”

No #copluda

Lo
t;iéa
) it P‘:
®’“frn_i e
AR] = e ] el
-
az) = oo
[”‘ L BB
Por estdtica: {Ver apéndice)
5l
I
2|
Por cﬁnsiguiente:
o v L
kﬁn:ku_ .E‘ﬁ&] ‘Hn;
CoSA
_kbn:k{E
'_ y ! ' T |
_kﬂA :F§§_ Hgp =My
T R R
‘_km-,:kl.ﬁ Ir kﬁﬁ

Paera un&é viga recla de eeccidén constante,

de flexidn, fuerva normal y coriante:

1 O
ils =) EA
0 1’ {1+e)
ELI
0 L*
2RI

-

Acopleda

® |

ELAL

! ,l I_
P,l nn-k ]

el

considerande los efectoy

y rigicdeces "“acgopladpe™




2
¢ = 6{1ru) ( & /L) k/am.a

(p= 41/ﬁ'; K= A Bcorts)

Invirtiendo a f__ , ce obtiene a kg,

) [ N
EA ] 0
¥ =11
0 12ETI -6E]
i4c LT{1+4c)
0 —6EI 4ET {2+
. ¥ {1+4a) L (J+dc
La wetriz ecopléda serd: )Y y

= o ———

@ I

- | -
Eh |
v I
° %g%%+4c) j STMETRICA
X, k;;] 0 6EI AEI{1+c :
' = LT{144c) I+vde |
LN knaJ ————————————————— 1= e e =
: .
f :
\ O -12F1 ~6EX | O 1.2FT
. ITvde)  TTMede) TF{I+4c)
0 6EI 28I(1-2e) | © ~&ET ET{1+c
L7 T+4¢) I+dc i T (I+4e) %{i+4c g
— |

Unnonliendo la wmatriz acoplada de 1as barras que forman una estructura,
hagtnrd aplicasr la regla de la sumé para phiener la metriz de rigideg
éu 14 estructura K’ (motriz de rigidez epsamblada)

26



Yota: para paser de coordenzdés lod¢dlea & lobwlen, reeuerdo guid

k' =T k T
. ; ' T
{) bien: P:Bﬁ =T kﬁhT
k;ﬁ =T kﬁhTT ete,

II.~ Matriz de continuidad pars murc¢os plancs
8),~ Alternztive 1

- ® ® :
i ‘ H @ ol ot
@ | [a] (6t x 3n) |

£ R
I .kt = rigidez acoplada ds
[EJ = k, 1z Larra 4
_ kb._.-l
<] = (7] [e]
Solucidn:
A’ = k' 7’
e = & df . -
p=ke {Cbteniendose p y p , en voocrdenades loceles,

de cadz barra)

bY.~ Alternctiva 2



8] v x 3n)

‘ Hus) Kppi = metriz de rigidez “po tecoplias
(kJ= W de la harra i,

Selucidng
d o=y P
E-—..B.d}r
p=k g Obteniendose aélo p, » en ceordensdas locnles,

de cada barra; P, s¢ obtiene por eptAtica:

b, = -Hy, py ;
r1 o 0 {perra recta)
e P
o L 1

{Cogrdenadas locales)

1iI,~ Flexibilided de barres encadensdas
(en serie)




.

Por delfinicidn:

1 ] 1 ] } IT ] i

. ) /
Hota; 51 se tlenen dos sistemes F, d y Ff d las relaciones enblre sus
Tlexibilidades son las siguientes:

51 P = A F

a’ = AT 4 ( por contregradlencia)
£ = A £ A
Por caﬁsiguiante: (F = T F’)
¢ =11’
Apendice:

I.- Matriz[&] de transporte de fuersgas,

4 4 ® (on) (Pe) =2

Aplicada E;J en.se quiere trangporter & A: por ¢stdtics:

.Fux .1 0 D; | pB;]
?Pﬁ‘f = O 1 G PB)"
Y- (3, =%) - (x,-x,) 11 |M,;
o - |--— . —_— S !

HBL” Fatrigz pdare traasportar fuerzow
de B e oA

2.9



Tota: Obacrve que M., = {(Hap )
[t,- FNelriz EH‘Jciu Lrionaporte de Jespluzomicentos:

\

e,

Suppngimoy que & (:) ne le dé un desplazamiEnto[?éJ, cugnleo vale
@Bjai lu berre A8 se considera rigida,por geometria:

dpel 12 0 {3 =y day
HT = Matriz parsa transportar despla-

i
zamientos de @@

Neota: Esie resulisdo se pﬁede ahtener directamente aplicendg el
principio de couniregrodiencia & la formmlecidn anterior,

Fjlemwplos: 3

E = cte |
G = BtE
Seacidn = conatunte

@

Fyp = Huc fee Hye
f, es més féecil de calculsr que f,, , por ﬂer(:)el centiro de la
clreunferencin, !
A
r, = ]Hﬂ TQT H, 48
i 230



¢{TT Hr_;-} =

(B, 1) (¢ 7°n.,) =

.

I

co5 =

BET o

£




OLtengamos legs integrales

7 4
a? dx = o — 3¢n 2o
( Z 4
0 —
- T
jcz det = A 4+ cos 2
= . -0
\S‘F- F— IF
¢ s dﬂf=[ﬂﬁn?m:} = 0 ; JB d &f
o 2 o o
— | ,
Hi + FR + FR Simatoica
S¥R  PGE,  TEI
- - . -
1= 0 R + R + F
« E‘m o
2 »? - 0
5T | .
= s

N

Dhbengamns:&B:

1 { 0
'HBC =0 1 0
0 R 1

i +

Z 1 TE

%c H£c= 0
1 2R
kb

gue figuren;

2,2

_R&
2LT

1]
Pl
-

Yor



ot ..Ji... r+ 1 +._..!i:
2 |LER GA, EI
T B 3 ;
BT (£, H,) = £, = EH] R M1
se ee T * 5 L3 | 5z
_ER"]
_T,
L
II.- Obteneidn de Tsn LY
|
: E
(®» I
J o o - — X G
@g |
-~
1 0 0
Hyp= 0 1 of; T=1;9¢
0 ~X 1
S, —
— —
1 e 0
A
-
H = | o 1 -X
=P GE, XY
0 0 lT
E
_ ]
— : -
1 0 0
b1
2
(H,,0) 1, =0 [%1 + %I] - x,
0 - X 1
T T
. x = 0 -
Integrado: s
x = =L ]

cte,

—

cte.

1
ER

1
[

]

Secocldn constanie

-

1
EI




3

(L 0 0
A
3 ”
f = 0 L + I L
B8 ( TET GX, ) 28l
0 L? L
N SET T

Hota; Lj + L = LJ I:l 4 3BT :I = L"3 E_ + ﬂ
ITT GE, 3EI GA 1! IET

111.- Obtencién de f,, f. f, 1L,

- 'E=2x10?Tfm‘
1.00 I=2x210'n?.
v ®f—@_ ® + Aa 001 m?
[ (3} 11_00 Desprociemos el efectc
del cortunte (¢ = O)

——— e }(I @——u' C -A

! T L
Tpp= fa + ey Iy Hgp ,
T 1} T I ' '
foo = Hopfy Hep+ Big f; Hep+ HE ) Hyp
T }
i T
feg = Ty ‘

Obtencién de f; (flexibilidud en coordenadap locales)

L ) _ 0.5 x 107 m/Ton. = 0,05 x 10 m/Ton,
EET 5% 10 x 0.01
=-d
L 1 _ 0,083 x 10 n/Ton. ’
EY 7 47
3 x 2 x10°x 2 x 10 o
-
1 _ 0,125 x 10 1/Ton,

= 2 x 2 %10 % 2 x 10°

o |
L 1 _ 0,25 x 10 1/Ton-m,
E 2 x10°x 2 x 167

£



x 10

Obtencidn de fi (flexibilidad en coordencdas globales)

&).- Barrsas[1] [4)
8 = -90°
i Wt !
b).~ Barra f‘;= f,=

p—

o
1
0

Obtencidn de les metrices de trensporte:

1 0

Hp= | © 1

-1,0 0

10

" Hp= 101
1.00 1.00

O

0

1

. Q

G
1

=

—

-

-1

—_—

o




‘Obtencidn de fBa

tr =
o

il

(H

bR

T

£R

OLtencidn de I :

1
'[LF', I

£C

-

|

}

!

2.08
= 0
1.25
- —
]
f| ) HE.F"1 =
I
[ 6.66 0
0 0.10
R
-0.42 o
0 0.05
""10 25 D
0.05 1.25
0 0.83
0 1.25%
~0.42 0
~1.25 .05
-1.25 o
4,21 2.50
2,50 3,43
5.0 2,75

26

D ""3'?5
0,05 o
0 2.5
5.83 0
0 0,05
~3.75 0
-5.00
0 x 10
5,00
1,25].
0 P (1,
2.50
2,50
.
1.2s) 5 (Hg
2.5
1,25]
2.501 ; (H},
2.5
5.0 |
3.75! x 107
7.50

—3-?5
0

2.50

[}

a.0%

1,25
0.83
1,25

1,25
2.55
2,5



¥ ; 1 "
Oktencidn de f.'e.c'

fop= 1
2.08 ¢
H £ = o 0.05
BR - '
~1,25 8]
—
-'0142 —2150
f§c= 0 0.05
1.25 2,50
Recordemos due: _
I !
ARES
- '

!
ar | (%)
0 bien:

Obtengamos:

(]

n

]

~2.50
. T 1
0 i £y~ ity £) He
2,50
~2.50
0 x 10°*
2.50

£ pur] (81: 4, = O)
cc PCJ

¢ - [
-

-5.00  =0.42 -2.50
0 0 T 0.05
5.00 1.25 2.50
1.25 4.21- 2,50
2.50 2.50 3.43
2,50 5.0 3.75

37

-“2. 50_-1

2.50
5.0
3.772

" 7.50




[¥]

DLLEHEHEGJ 1E metriz de rigldez "acuplada“

—

1.217
-0, 067
1.055
-1.230
0.133

0. 808

-0, 067
10, 224
0. 081
0.133
-0.447
0,086

d A 0 a g 0 ; d £ ©

Por estéticea:

(H,,

-

—

]
~H
By
! —
py | =
ji 0
—J

: i T T ! T
IE“H p + Hep o Hyy &

H,, ke Hm + H“ Xy, H,,‘ }

-. =

1. 055 -1.,230 0.133 0,808

0. 081 0.133 -0.94? 0, 0B6

1,253 -0.904 0.162 0.618

-0.904 2. 460 ~0Q, 2066 1.615

~-0,162 -0. 266 0. 895 -0, 171
0.618 -1,615 =0, 171 1.355

esto es cuando
kj'a.,a kE:c "H:k , I .0
- E—— R N —
: k:n k;c - .0 .: 1
1 —
] ] I
-Hy, Ky - He, kcn : - Hy.. k;c er Kee
3
| -
X! ) X!
- Ao - ZEe
; I
kch I kli.c

i -

Generialicecidn de la férmula dode en 1a hoja 24

x 1q



-S0LEC

MATRIZ A
. 66600000E+01
—. 2500C000E+01
. O0DOO0LNGCE+ QD
—. 50000Q000E+QL
. 25000000E+01
, 12500000E+01
—. 25000000+ 01
«» 34300000E+01
. 25000000E+01

MATRIZ (&) {-1)
.12174584E+01
L13312T43E+00
.80941477E-01
L 10945104T+01

-.16188295E+00

-.590420153E+00
L13312743E400
.B9461633E+00
BLTE9425E+00

19: 00

034

. DOOOODQDE+OD -, 500C00005+01

-, 2500000CE+Q1
. 000000 00ES QO
. O0000000E+ 00
. 250000C0E+01
. 4 210C000E+01
. 50000000E-01
. 3T500000E+01
, 2000D00O0E+ D]

-.065637T16E-01
.B0781T27TE+0C0
L13312T43E+00
809414 T6E-C1

L.61769426E+00 "

. 2460194 9%+ 01
. 44T730816E+00
=, 17146813E+00
—.16156345E+01

37

10/16/70

. 4 2000000E+ 00
. 0DO00COOE+00 . 10000000E+Q0
. 50000000E~01 . 00GO0000E+ GO
. 50000000E+01  , 12500000E+01
. 42000000E+00 . DOODOOCOE+ 0D
. 25000000E+01 . 50000000E+01
.25000000E+01  , 25000000E+01
, 25000000E+01  , O0CO0000E+00
.37500000E+01 . 7S000C00E+01
L 10545104E+01 =.12300975E+0L
.66563715E-01  .10223654E+02
.44730B16E+00 . B5734063E-01
,12526551E4+01 -. 904 20154E+00
,12300975E+01  .13312743E+00
L 26625486E+00 -.16156345E4+01
L 161B8295E100 —, 266 254B86E+00
.B0781726F+00  .B57340631-01
L17146813E400 . 13595314E401



Hesumen (5)
l.— Flerivilidodes de borroad culvin Je seceidn wirichle:
. y

donde:

Ly, —~ ¥Fleud

naideremon na 2lexento cen 4 nudes (4 puntos

NlHtA HACHA CON FQWIPD L S, e AEL RO

Copa @ Sen @ 51

T = -5en O

Y
o
|

[
1
L

Lh
2]
‘

hilicodes y ripidecen co Srloles

. —~D
T

Sl

el T m .

oy
)"F' - ST e e
ALY
4 i
{‘13:]-' l\:.::/'. \ '
N,
P A

r yo /=
i

1]

#
£
1
L
Il
e |

e

v
Lo el RE e VOEGLY CLAR T R0 5 4



L metriz k/ ("ucopluca"} tendrd los siguientes elementosn:

- \ . 1

L '
kb Ry ke Ky

! !
P T

kcl: k':.‘J

. -
Consgiderando ewpotrado A4 =jj

f.n.a fBi.: fﬂﬁ
HI = f.:.: fc_h

a . ' ! I{IT fl T ] - . ' T I ] ;T I
Onde. fEaE = f' + B8R 2 HEP; +- H.EPJ_ f& HEP;+ HEFE f-ﬂ- H.‘,’I‘:,"' }1:?-1 fs H-E"?.i.
| T
£l = f, + BLL T H., + H;% f. Hyp + Hle £5H_,
- u i . 3 R =
[ T ' ' '
flﬂ = F-;PE. fﬂa HC Fi
. ' ) T T .
donde: fﬁ? = f3 + Haa ﬁ$ Hg.r,,3 + H%E fé Iiﬂﬁ .

liota: Con clementos te n nudos lss mzirices de rigsideces 2eopludan
serdn de dimenside (n X n) y se podrd apliccr 1o reglaz de la
suma pury ensiwblar la motriz K' , utitizando lus rigidoees
acopluadas en coordengdas globales,

I1I.-~ Rigidcces de burras con discentinuidades (Helezses)

ég)discentinuidad en algweogd

@)
df*“/,/P; rﬁ; coiponentes del desplava-

d miento; por ejemplo: giro

€1y,

G 51 se trata de ugna arbi
culacidn,

/s




A
Go desed obtener .. til qua

=P

Sou [XJ 1a disceontinuidnd de [é]

XK= d . - &, L

L gty oy §
~F
d, = d, + Hy (-X)

Fn 1n discontinuidsad se tiene que:

. _
AP = 4\ Hye B =0

donde f‘g g2 una npuiriz que define la dizcontinuided en@

Liemplas:  d),- Srticulacidn —o— _}ﬂ‘L.= Fﬁ 0 1.-1 !

P.:f
'h}.~ Discontinuidsd y _| }__.
c¥
-

repve ques X o= f\ x

qvele v = Tarte o mmle de X

(51 se trats de uneé aréiculzcidn:)

. a4, (2zin discontinuidagd)

= 0 (Fomecnbo flexionunte en@

Aefo 39

p. = 0 {Fuerza cortante en(C)= 0)

(42)



;-
-Ho Ax). . (5.1)

lfN
PJ:. = kEE '-du

i T
pero A H, p, = N H, k.45 - A Hy kasﬂarc Ax=0
X = (N H_ k. uy, ANy d,
= { 3 ip B A ) A Hae kﬁidB

Sustituyendo en {5.,1) l ;

—

:T T L= T .. -
P, = kael} - Hye A ( A H; bop Hye A _} Ay, krﬂ dy
ol }
AY
Por consiguiente; = Ky

-4 T AT ' T T,-!
Kog = Kas [T - :| A=Hge NN He Kk Hye A)Y AH X,

Not2: Si le Giscontinuided en C esta referida & un sistema X, y, ac

tiene: . 1 ¥
v
¢ F |
i L e A
Vo ®
g
/UE)
I
: AT H,. p, = C
@I ;:pl= T P‘:‘.
En este caso:
T T Tt T
fo= Hye =T A O/ T Hae Xpg Hae T AV AHg gy
A
Ejemplo: \?:’ J; rl‘é
~, f‘ |
\ . !
b 4 i
NP .
a NS SN



(4

i3 )

I¥.,~ Rigidecuva de minmuros recton de seccidn uniforme con discontinuidszd

'
iscontinuiceod K gy
[E2 o0 o |
1,
1
1| o .
4 A— 0 JEL 3B ® = 8/l
| I | Lj:rl‘.rd} I _gu"'ltﬂr}
] 0 —3FIL  3BIC*|  fiddds dee-3d 434
1, 344 LG
e S - o
| EA 0 0
E2
T — o o o |-%
Ab
¢ 0 ET
_ T _
_ -t - L _
0 0 0
0 1 2RI ~6ET
| _R— L*(1+4c) 17 {1+4e)
21
0 4BI{1+e
L (Ll+dc)
EA O 0
£
| oo e
.I O 0 |= ku‘n’t
0 o
[E2 o0 o |
T
A -t
v — 0 Y 0 =k,
0 o EI
T L —
44




Discontinuidad

{44

- —

I.~ Demostrucidn de gque k,,es 51ngular

S
Se nabe que!

Observe que:

A-A, =

A-A = A

kg = key (I-4)

45

T ] T T -/
H &L j.}.. { _f& H35k55Hf1£ f'b. ) AHEc kf.

a
a4

— T
A
pr— _-| T -
EA 0 0
£h
1 | k,
TR I FE S 4
0 0 0
0 0 0
?J«——:——:-—o~—— 0
o CAS0 (1)
L_D - e
, 6 o o 1
, Io 0 0 X
O E—— | T
. T
AFENDICE

T R
He A0 )T A Xy,



I romeltipliquerns per A

-4
alaa =2 A
A

= 1

a).~ 5i A no es 1e identidsd A” no existe pues su existencis contradice
el hecho de que A £ I, por lo tento & cs singulér;

h),~ & es la identided. {no singulsar)

Si{ usewos lz alternztive {a)

Beft- 4] 4o

e vo e df-]

Por consipuienten para{ﬁ]se tienen los aigulentes alternativas
e), - rﬂj no es la ideéfiﬁad por lo tente eo sinpguler y tumbtién T
T}ég
4). - Eﬁj es la identidad, lo que es jmpesible porque seria el
cEso de gque noe hublerz discontipuidud

T - 2hed”

[

Il

I - 2h+A =1~ A =B

s

$1 usamgo la alternctiva {(b)

A=T . =0 . k.. =0 4
= LT = = PN BB = -

— ] .

., evidentemente que serd singuléar.

g que i& discontinuidad see total f&: I.

i

Tune 4
Voo Loal
~/
~ Obtener kﬂﬁ' viga de seccidn uniforme:
0> MY

=1
o + 45



(46)

1 o0 o 199 + 147 o]
H = 0 1 0 T = |=-1/{2 1/y2 0
0 B 1 ’ 0 - D 1

A = Fo 1 ﬂ] , j{ T = ‘:-1/1.’_2" /02 :ﬂ
f{ T H, = [-1/\'? + INZ oj

[ EA 0 0 )
* [ NZ  +INT "
TH, k=]~ + A2 :ﬂ
AT Hae ) 12E1 ~6E1
- L¥(1+4d¢) L {1+de)
0 4EI{1l+c)
- : L (1+4c)_J
= [ -EA + 12R1 ~6ET
VZ'L  {Z1°(1+de)  §2'1 (1+40)

¢ i T '
NTH Kl A THL) = (& + GBI . ) .
21, 1.7 (1+a0)

=1 1
( 5 w7 il
2L L' {1+de)

-
( )T T H,, Ky = Y| -BA_ 4+ 22EI ~BET
31, L3 1ede) WD LT (144e)

47



. (4?-:}.

~ —
188 GBI 4351 !
2L L¥{1+4e) L2 (144c)
A= | =Bk  46EI -3RL
2 L 12 (1+4e) ¥ {1+4¢)
0 0 0
SEI +6E1 ~3EI |
LiU{1+4c)  L%(1+de)  LP(1+4c)
1
I-4 = | +EA BA +3EI TL %+ GEID
21 2L L? (1+dce) 2L 1'(1+40)
0 0 EA + 6EI
¢ L Li(1+de)
GEI - B4 +B6EI  EA -3EI EA
L (l+4c) L L (l+de) T L (1+de) L
1&:@-{]= . 6EY ' _ Ei IGE I ~6ET EA  +6ET y
L (1+4¢) L L {1+4¢)} L (1l+de) 2 L L (1+de)
gimétrico ~18E 1 +4EI{1+c) E& +6EI
L {1+de) L{d+d4e) 2 L L {I+4cH
- 1 N ) -
VRTTEEL N b
21  L'(1+4e) : \‘\ , |
AN 4 s !
La expresidn de &k para i \'\35:_ i d
He puede simplificar: V
1261 +12EY LBET
L7 (148) L {14+p) L (1+p) ‘-
oo +12FT 12ET —6EI 1
L‘I[Li-@} L"'{1+{z} L (1+3) (I+72)
=EL__ BRI By (1ae) - 38
L’ (1+.['.’.} L(1+3) L LA

5



donde:

0= FEeyle) o p-Vf

Quservese que 5i se deaprecia el efecto de fuerzo normul (A = o ),

se tiene:
O_ . o
;=0 ; == 0
91 tembién se despreciz el efecto de la fuerce cortante c = D
Se obtiene:
(12 12 =6
L? L} L
y = BL (12 12 -6
BooEoipr o2 L
=6 =6 4 -
L_L L ] %

43



(43)

Remwuen {6)

I.- Desplazauwientoa picducldes por cargas intermcdios,

3
»
~ e i
\ < !
N e s X
N 0y '
A7 B N
rﬁy . dy
7

desplazamiento en B preducido
por las carges intermedias -

;i
{Zw):
iﬁhh‘Hu
E.--_
¥
]

connidcrando empotrodo a A

1% ;T T ‘
d d, = Hy, T(I};_)P ds ; p, = T p,
| & = rIr'T m A ot as !(5 1)
| 2 = ) e =Y oo [T
l bl —_— e
p, = clementes meednicor en P referidens 2 coordonadas globelen
L C T .
d5=JHEF TLprP ds ____ . {6.2)
L ' '
p, = elementos mecénicos en P referides a coordenadas locales
8 ]
11‘=I ' [: 0 (y! ~y5)
LY, ~Ys
T ' '
[/i) = i H |H5P“ O 1 -(}:P —xh
E &
0 0 1
1
E‘I » S _J

h;a



Ejemplosa:
i ]
@ NN N e e, L L —X
4 @ '
(X0}
;T T ! - T
0 1 M=-L
dg = dx
T =1 —
[ 5 ,,
B, = p; = | wx
_ —Jx 2
2
r— _——
1 O 0 [~ ]
Tk . ; 0
T . T I
51 = 0 1 . . Y = IX 4+ X
BP CA. BT ! BF (Iblpp l'c@_]:‘_ t‘%ﬂ
0 0 1 —uix 2
ET 2ET
L. _J L _
— o -
ﬂi = d;¥= =L _ {{JL4
- 76E, - BET
-,
0 bien: -~ [~ 0
* A
d =] <l
B E-EI [1 + 4(.')
3
—tL ’
I GET i

S



(51)

tin'ndt:: ¢ = b {l-l;;u} /_E) b = .}EI

B - ; .
Pura obtener d, hogamoo la siguiente superposicidén de fuerzes:

b 4
6).~ Obtencién de 4
. //
C' -
c = cuerda w
Ly
&
L
», = 0 (en coordenades locales)
0
L
Utitezeme. lo féormula (6:2Y (85 = R de )
senu  coss f.‘;_l 1 0 R seng
P = | ~2nsx Senof 0 ! ; H'; = 10 1 R{l-cosa)|
o - 0 1‘! Q 0 1
L . _

Lrr
P



| C R sen o
7
Hyn T = -C 8 R{l~cosw)
0 0 1
|___ —
I b
8 4 R s
)T Y ,
T
Hop T clb = | ~0 kN R(l-c . ’
ER GA, £l
0 1
|_ . ET
-+H gen of
H T p = ~wWh ¢o8 o
L © _
.
¥ l
G,= 1 W, Tq')pp ds
et
— 1 s
~2uwR®
EA
¥
&h = 0
0

NHote: kste resulitsdo es olbvio perqyue el mrco esia travajande & solo
fuerze normal, por consiguiente solo sufrird un acortemirnio

su rodio, igwal 2: R ., R=wg® = AR
Fi EX




- _. 1
n) .- Obtencidn de d..

4
dy; = [fzg ~IR

iitilivemon el valar de f;

o

Par consigulente:

i, idg,ﬁ U]

£

~FwR”
“ET -

5¢

H b !
d ~ iR Lo+ 1 + 3 R
# Fet (H Gk, ET )

P "IS'L = reacciones en @ y (B,
congiderando empotra—

dva a(® y &



Para obtener fi y‘ﬁé uzanos 1a siguiente superpoaleidn:

*,
~dg
A : = * %
v = p* P = Hpkypdy B, = ~kgdy
4 A - ¥ S o &
- p =p, o+ H, ki d, p," = Reaccién en{d) considerandc
A 4 R 1 .
! . - auelto a8 (B (cantiliver)
P, = = Ky '

Ejemplos:

Ll
- ® . ®

c T
Usandoe los resulttédos de los ejemples anteriores
[ o
¥ 4
d-& = ~ T, (1'!'4!:
8rl 3
—umd
L el _

EA 0 0
] LI'_I
k, = 0 12E1 ~6ET
| L°f1+43) L¥{1+4c)
c ~5E " 4EI{14c)
L5 {244e) I {2+4c)_

S5



— —

0

L
Kup A5 = _%uﬁL %44 ) u-?L
+4C
r
+ 3wl 1+44e/3N = 2 L. {1+o

§ e B {'1+4-'st

Simplificando:

st

o

¥
k., dp = ~uXy
oo NEEs

-IU-JLz
iz

o

Por estlétice, 3¢ tiene:

— -
Q
$- wr
Il = .
word
' FB
e \ *
‘Uvtengamos H,, k.. dy
—
1 O 0
H.EL = O _ 1 0
O L 1
9
E
H. k ad. = TN
ar R3 3 5
Lo 5 WL
L_‘ =
—

5é

g

L%




o | o
+:_J%z _%z.
L I

Resultado’ que es interesante, porque no se ve afectado por el trabalo
de la Tuerza cortente, lo cual es evidente porgue el diagrama de T en
antigimétrico y se anula al ser integrado.

@ B _d__l.-_-_._é__.-
- {

» .L'_ __L --

a).~ Outengemos &,

=

i

' A
Utilizemos l&s ecuaciones del trabajo virtual ‘obtencidn de ﬁﬂ

Mo = "o
& .rj:? I+b
H - . - 1
Yom ds = 1 a -Pa) (+ 2L+ b)
X 5 \NE/N

Lo fi:fgzzL___ﬁ, I -
74 } oy
> S .,(o_

i L 57



=]
I

~pe? (2L+b) -Pa
6ET ox,

Simplificendo:

il

F 3 [} .
d ~Pa® [ZL{1+cL/a)+b
ey Ef) o [
/ . '
C = 3IET

._nﬂz: [ Yy '_r)i PR

*.
= TET
fa 3 ™
dy = { ~Pal ZL(1.cL/e)+d
L334
—Paz
L 2ET _

. ;
L) .~ Oh%tengemos kay dp {simplificundo)

~ n
0
k d* = ~-Pi [’1-1 iC4rbmb’

R T3 e — ~—3—
I.-(:l'l‘-q-{}) — L .
+paln [-l+2ﬂL/ﬂ

L (1+40) N

58 - ~



) - Obtengamoyg H k . d

 ;
2

w_n

O
TN 2
Hg, sa0p = -Pa 1+4c+ah~b
: L{1+4c) B
Pabn® 1+2¢L~£ (1+4c)
L’ (1+de) | vt
- -
d).~ Por estética
P - o
P 0
P y
( p: = +P
£ , +Pa
— S _ — -
‘0 0
1_;: =l By ru4¢+m _] ;Eﬁ = { Pa [1+4c+ah—h1
" |L(1+4c] l_ _} L{2+4c) L. 1.2
+Pan° r1+2r_:T.} —Pa Y F1+ 2cL_]
2 P
L{1+4c) b LY (1+4e) a
|—_ ‘, — C. i
Nota: Observese que cuando @ = b = L/2

(Diagrema de T ontisimétrico)

I'_"{]“[

- p

PA + >
+ PL
N

-

+

ooordd O
10‘15 !

II1.,~ Fuerces de fijacidn de bharrza con discontinuidades,

/‘5:‘!:1'-

b

\q\

(Digcontinuidua)l

h__E_(E}

p—1

57




(59}

' P N
a).- Oblengumos dB 9in conslderar la discontinuided en C.
b}.- Consideremos en B un& fuerza P, qué cuuwple con el eguilibrio
en C ‘

( Ap = 0), o sea que:

ji(E: + Hye Fo) = 0 {6.3)

glementos mecénicoa en { consil-
derando suelto a B(hin 12 fuer-

) ' F
_HE_&FE =8 )

Lo fuerze F, no estu determinade por (6.3), hoy muchos valores que le _
setisfacen, por ejemplo:

FE = -HCE.{L

En efvcto, sustituyendo en (6.3)

T .
AlI-Hge Heg A A) W) =
4
=(A-AA AP =0

rprgues A :"\;T.f.\ =N

Le fuerzz F,, produce en B un desplevemiento f,, F., por lo que el
denplezumiento total en B gera:

L

".

%

&0



¢}.,~ Obtencidn de p_ :

M a
k., = rigidez modificnda en B3,

— ]
B, =~ K dy + Fy
~ "'""'k ~s
D, = —Kpady = ¥ Ty By + Fy
— L : - oot -

: .
0 bien sustituyendo a (6.4} en (6,5)
B

ﬁeﬂnrdaﬁda que:

donde:

T =
A = ch AN (A By X Bye A ) A Hoe Yy

U 3 T T~
D= kyp HIC A A Hgp kyp Hyp A J A Hee
(Ver resumen (3)) +
y austituyendo en (6.6) y simplificande

T

_ _ T
B, = - kg, I:[I-ﬁ) dp + H,, A (A W, Kk, H

d).- Por estéticea:

Bo=py-Ha By .. .(6.8)

Sustituyendo (6.6} en {6.8)

&

—_ ot #* ) ~— T &
Po= - kydy = (T~ kyfipd B, AV A B,

- {60)

{6.6)



ANALISIS ESTRUCTURAL 11

RESUMERN 7
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P, = p
0 sustituyendo (6.7) en {6.8) S
5 =t Hk: (I ﬁ)d*+HT.Ar{AHkHTJ * {6.10)
ph"pﬁ+ Ei T EB - n . BC B a&mﬁ}ﬁpc .- - .

Elemploa:

J""L.:EJGJJ :

g8),- Obtencidn de 4} {ejemplo anteriér]

. o -
* 4
d, = L1, (1+4c/3)
2 BEl
_or?
L 6EI _

b).- Obtencidn de TE;B (Tahlalen el resumen [(5))

!
L
s
Koy= 0
O
-

o
JET
1)
-3ET ¢ '
1% ¢ ()

—

0

-3EI o
Li4 ()

3ET o(?

L g ()]

c).— Obtencidn de p: ¥ pg {Por estédtica)

' [_U_‘]

pi‘ = WL |;
oLt
Sl
S

Reaccién en (@)

—

o

¢

o = 8/L

y () = 1+c-dott 3ot

Ele:mggtos mecénicos en )



d).~ Apliquemos la ecuscién (6.6) pare obtener ﬁﬁ:

W

n

BR

—

[~ 0

toL

[3+4c—4a]
Er2es) ‘T

[:3+4c-4a]
T

—oal,

{1+c-%%] 3
. WAL,
FACIEE 7

-a (1+e~383Y
FACH, 2L

0

-3a

a 1

{1+c-3a)
T pe

(= Fg)

4

-%a {1-28)
...l-#ﬁ{ . I;

D -
(1-%2)' T%EEFET (1_%5)

{1-22)

it
Ay

(1+e-3a)

amf



e T
- (1 "_kanf.':ﬁ} Hop A A

Obtengamon Eh

-H

)

b

¥ 2
P =] -Jwa (1-2a)
¢ 4L ¢{) )
wa? (l+eo=-3a
2cy R

[ 0

—~

)

_

LOL [3+4 c—-4nf—5dil£q’a:|

THR)

L of E3+4c—4¢¢'( 2+c)+5a’2]

utilizando (6.8)

By Py

]

—

-
0
4 3
= =Wk 3+4o—dd-0X+12 of
AT
3
0L J+do-a(T+4c)+2 (L+2c)+6 4
p
... -
[ 0 ™
WL - S+dc-2004+306012 >
Bl o) . 1
2 3
WL Tel{ d0-5) 42 5-2¢) =6 o
3! Eaﬁ'j

rm—




vesumen (7)

T.- Tabla de ruerzus de fijaecidn (Berras recizs ge seccidn cte,) 1

[ Carga P, I Pa
" (0] 0]
oot +HJL +uwl,
e s} _wit?
L -—.TE__.- .. _I-é._..d
- — oo e ——
~-al, ~qL
? 2 2
o 0 0
pe=—- - Q0 0
L. A L _ ]
0 0
p - -
e b b gl Ee_ {1+4c+m‘ Pa_ Sl+4¢+53:22
EL BE L{l+4c) L? L{l+4c) 12
e Pab’ (142¢1, 1 ~Ps° b {1+ch i
| ¥ (1+4c) 1 v LE{1+4c) a
i_ - [
0 Q
Gt &, stieb —~6Mab -
T £ f 1% (1+4¢) LI (2+4c)
Ja = 7 B
e —~iib l+dc-3a ~1a 1+4c-3D
L{l+4e} L L{l+4c) L
HPQW r;Pé—
P A T T~
R ST SO
{——-~—-+—1r-———- : 0 U
: 5
- __‘_L_"_""_‘* - L.

‘é

[P



Carga

P

SwL <1+4e) ’m}L 1+4c
e
]aaxc-\crr_ﬁ.-_—.;,{ l+c 1 + c
d A B
!_,
| C i *a—(:rrﬂ ‘
T 0 ) O T
p | o
N - Pb a(lib) + l+e | - Pa a( 2L+bl+c
1_*_11__.“{ V| L{ee) ) 21 L(1l+c) 21?
Ha B .
P ) +Pab(l+n 0
‘ L 212 (1+c)
[ o] 0
# riu HUL 0
& f’:-\f'_",ﬂ__’“"ﬁ._1'% 2 1
i 3L +ulL L
¥ . 3. &
L N - | .
IT.- Fuerzes efectivis producidaes vor fuerzes en laes barrss
7 %' — = ELE LR
2 / ! F ;_ b E
o
o =0
5 -z A . 7 + 55 - H
) ® T P @7 @ @
A oy :
T = iy = T

7



= Sumt de fuerzis de fijecidn de lés LE&Pras que concurren e (:)

—
a_‘-'-' i

(en coordensdas giubalen)
F; = Fuerzas en €l nudo (:)
Loa desplezomientos finales se obteandran:

Fl-F =k’ a’ . .

0 blern:

Ta golucidn sersa:

P = kg 8yt Piyy

F'M_ = _Hﬂ"‘*uj kﬂsmem + P.um

donde: g,

ﬁ}Jpﬂul = Tuerzids de Tijdacién en la birru @ r'

en coordenadas locales,

Ejempleo: (Por simpliticacién considersemos una catructura de un so=-

10 nuda)

T [fiviron Ao, J

o o

P o e Y ¥ i Vi st o Y
vd

—

@ 3 Ten—al. @

b J

A 00 27, ea A,

i
o E]

e
'y L;r 2 Fon-ern



Lug tres berres acn de imeel sgeccidn:

=
I
M
£
o]
™
=
S
Eﬂ

I = 10° cm?
A = 100 em?
¢ = 0.1
Por consiguiente:
—
1 4.0 0
kBB = ¢ 0.137
¢ ~0.343

0

-0.343
1.142

—

xlﬂa

Orientemos laa bharras en 1l forma sizuiente:

71
et

S
|

{Ton, m)

Obtengimos g.as de le barra (Tebla del resumen (5)

—

_——mEs —— -

—

o
-0.219

1.093
-

i

L=

x 10

e e X

4,0 0
~
(= 1.0) k., = |O 0.044
2
_ - o L.
.}.~ Obtengameos P, ; by de cada barra: (Tabla hoje (1))
Barra 1 i
2 Ton-nml,
0N
@Y .
ﬁl;pa#‘ 4.00 >

¢7



-0, 27

g
0

p = 0.27 |;

-0.41 +0, 29

F*h=
Barra 3
PA =
1 _
2
luvlaz: (L = WL L = W L
12 T2 iz
L, = 10T = 1W
~ 2 e . ?

—

70



_En resuren: Ll'?yﬁs

anl, N s
Cﬂ—ﬂ.:?f

b).- OlLtengamos F/ (en coordenadas globales)

r;D.E%T
F' = |+4.53 (Cbtenidas por estutica elementul}
+5.16
L —
c}.- Obtengarmos Féx
gro— J— '__‘_.
i ! = .
Fo= 0 ; -F =|-4.53
+9.73
L] ;_
i F.= ~4.53
-2.16
d).- Ohtengamos K (= 'Tka] (6 usendo ia regla le sumsa, que en este
cag0 Bon eguivalentes)
S 0 -1 © -1 © 0
. T:
. , =1 © 0of; B=|0 -1 o
A = I":I; o
: ak o 0 1 o 0 1
T,
-0.71 +0.71 0
-0.71  =0.71 0
0 1

-2/



Hotuy

X Yo O

T = X, If' 0 |; donde X, Y s0n veciores uniturios paralelos.
0 0 1] 4 log ejes x, y.
Ksy |
La
Ky

{Ver hoja {¢7) pura los velores de kBB ¥ %;L )
Efectucndo multipliceciones: '

" 6.205 1.932  +0.100
K' = 1.932  6.112  +0.462 | x 10°

+0.100 0,462 +3.377 |

e).- Obtengemos df, resolviende el alstierma Pi( = k’d’

 1.991)

d = -1.331| x 10

b

).« Ubtengrmos e (= zd’ )

[ -1.331 |
-1.991
—0. 516

-1.991

4]
[

+1.,331 | = 10

e am - = 4

+2.,340
1Z

-0.516



£).- Obiengizes p_t (?L= e + E;]
-5.324 o | {5324 {
p, = [-0.097{ +[-0.27 = | -0.367
LTU'DQEﬁ _fD'E?_ _:0'3524
-7.964 o | ~7.964
PE, = +D.1T2 + -‘E.TE = —2-555
2
-0.855 +}.82 ' +2.965
-1.553—] -1.25 —3.1151
IB = |+0.497 | + |-1.25 = | ~0,753
3
~1.398, 1,050 —0. 348
- 39_H |+ 5 - 3 °;

Comprovucidn: (Equilibrio)
e
iJ.F‘/ 6.7 29
A \\\

-

— — e i —
N ( , a.fyf:p_w_q\ , i
! ' 55 . )
o437 ZFXH—- fﬁ..‘.’jﬂ

il . TF=
SH =0

£ 42
h),- Obtengamos P, i (ph= -Hy, ke + B, )
Q Q

Hy,

b3

1 \!
=l 0 1 © ! (Pars todus luy wrrrap)
0

-

2.3



U

L

:5.325.} [ o] (5. 324
+0.097] +  [+0.270 = {40,357
+0.390 ~0.910 -0.5"?5
[ ] [ . ]
+7.964 0. [_-1-7.954
-.172 + -2.240 = -2.412
) 0 0
+1.8Eag 0.618
-0, 4§97 + -1,7417
-1,087 -2 ]37
/a $2
\\1 F5
522 Jdizt
oor b e
k_j ”“f-’" i
2 27 2.4
0.59
(:‘_MI
]
£
Tratamiento metriciel genersl:
F=0Cp . |
F‘, Pﬁ.
donde: F )
7 _z : jl
£ 4 - P
i p=| M
LF” ,?'f*. .
n = No. de nudos ‘ﬁn;
b = No, de barras -
Pgh
L. .




;1-
]
R |
Vg - -
1
|
1
]
t

]

|

|

b
C = Budos |

Bl--—-=--T=--—-
{nx2b) .|I ¥
I

T = | (fuerzas finales en lus barras)
; p ]
B

&
|

b
Fa
o
F
"
o
1

burra YA)-|—0--— 0w- -
D = m — '
E - __D-_.._.,D......_..,. -

(2bxb)

—_———r— O — H— T OO —

¥



"Fiemplo: (Fl1 ejemplo unterior)

1
-H !
i”'lli 0 |, 0
i |
A N TR
p= [Z| o 7% o0
e
R R I
Bl ¢ to Bks
' | i I
l |

LT E B E

III.- Desplazimientos producideos por deformeciones inducidas

s 3

(v.g.: tamperat%;a} e

i
d, = desplacspiento en (ﬁ) procucido
por deforpsciones inducidas {de)

T

g = ur Hyp T de
L

%1 se trete de ung dilstacidn producida por un ctmbic de tempere-~

iura 6

r, _

da = 4843 0 7&

™



donce: o = coerigicnte de dilutacidn, constonte en la acceidu.
6 = inecrcrento en temperaturi, constitintc en lo seceidn.
Si ov y © spon constantes 4 lo lerge de lz berra

— -

Lx'
TdB = IJ:E Léﬂ'
0

—

Lx’%gé proyeccicnes del vector L {# ~ B}, con

! !
respecto & X', ¥'.

5i.1&a bzrra es recta:

LIPS Y

IV,— Fuerzas efectivas producidas por deforxmaciones inducidas,
k

———

aa - _dg

L

| f
a),— Deformuciones (e) en 1les borras e
!

)

k e

[l

p

l?

Por! equilibrio

b}.- Fuerzas en 1es birras

)

4

F = an = aTk a d - aTdeb

i Fle 'k 4, = F,;___,J

77



b1 F =0, ze tiene 1& pisuiente solucidn:

iy
= (&a'k a) arde

Ea (' 2)" "2’k - 1] rds

- Ty oy el -
p= k[a(aTka) aL--I:].TdB

(=P
b

a
]

Opyerve que 8i 12 estructurzies iseostdtica, la matriz [a] &8 cua
dredo y no singulsr, por lo t&nte:

' -1 i
(eTk &) = a7 x""(a™)
—f .
[E. {aT}; a)" aly = Jﬂ =
0 sea gque l&s deforereciones inducidés ne cdusen estuerzos en las

estructurss isost&tices, aunyue 31 producen desplazemientos.
Eiemple: (Ejemplo hojs 66) .

F

C '
Suponghmes: [cg: G, 000015/ °C 7

{ Tenperstura) 8 = 20°C J Pere todes l2s berras
Por lo tanto: 4y = 0: 0015 (m) {Fare todes lus barras)
0
0

n),- Fuerzas efectivios:

I - -
0.0015 6.0
0 o ,
0 0
0. 0015 | 6.0 |
Td5= 0 ﬁ de5= Q
0 0 ’
©, 0015 6.0
0 0 |
| o | 0




!

—

E&D.EE

- F,. = ar{l(7d3] = + 1.75
Lol
b).- Obtengtmos d;;
(-1.932]
d = +0.902
~0. 067
c).- Obtengumes & (= & ﬁ’; ;dg}_
fD.BDE
+1.932
-:Pi¢é%
1932
¢ ed=|-~0.902
-0, 067
+0.728
—EZGDD
I_—D;DE?__
d}.—‘Dbtengamos p (=paj: Fp =
— n
-2.189
+0, 29
’ " l-0.74
+1.73
p=| =-0.03
+0.13
-3.09 ¢
-0, 25
+0.561 E 77

x .10

x~1§l

a

It

-0.548
+1.932
-0, 067
+0.432
-0.902
=0. 067
-0.772
-2, 000

-0, 067

-4
a'= (x’Y" P, (6 resolviendo el sistema)

x 10




Lyemplos (Bjewslo e ju (€4))
Le barre [1) tienc une deformncién provie (por error de fébrice)
igual a | |

-_

—
0. 001
18 = | 0.001
0. 0005
-

i
Cbtener les fuerzés Efectitas,-praducidas pol esto delormnoidn
inducida.

— — T
+4 . 000 -0, 034

-0.034 F = | —3.000
. +0. 228 . +0.228

V.- Simplificacidn ée lon efectos por temperétura, cuendos <« y © son
iguales pars todeés les barras, ]
Consideramos una estructura cualquierk ¢on &y 0 iguales para
todas las barras, soltemos togos 1cs cpoyos yue le impidan dji

lataorse libremente, aes @ el apoyo fijo ¥ @ I ¥
lcs Bpoyos que se hon rewpvido, )
4 ‘

Eatructurs dilo-
tadz ([homéloze &
la estructurs ori
ginel)

d YR '?.-":"'
—-}[::.'.‘rﬂi E’D



Los dcsplosauientes de 1os EVNOYOS Seréni

R —
qu] ' Lo xt ) Ly
i i
fQp = 054y = HELLH{‘]”; pém = «0 L=yl qdg = 8 | Loy
0 0 0

I A B

gonde: (L. = X; — Xj

~ 9 !

Liéll - .r_l.}’__{' —— y:

. 1 -
El pro®lems es equivalente & uns egiructuru cuyos ouoyos hun ovufride
desplazenisntos igunles y ée signo contrédrio & los que ge gotlenecn
al dilaturse libremente le estructure, {(Ver inciso IV del Resuczen {2))

ﬁ’ 2
;P‘;\_}’ = ‘zK‘z d.,l‘:l

Ejermplo: {Zjemplc heoje ﬁja

= oiocuolsx‘ G - '

-__._
p— Y
Q
|

" "n. . -
{E = 20 ¢
| AN
éff & AN
s N
%
# /'IE !
' N . ‘r/ '
: - " J‘ - fijﬂ
I R S A
- I 3 . {I ™ =
* _ -5.00
: 7 Lo =
7 ~5.00
I - _
S [~1.465
| _ — =
LT s = s
obtengomos L d, G L - -
[ . ]
~0. 00150 ~0. 0004 4
(dy =05 sép = 1-0.00150 | ; _dr = +0.00106
0 0
L J L _

.44



Fenelvoenos 1= eStructura con los giqsuicentes coeoploczmzintces en loa

LLOYOS:

0
0 I

0
+0, 00150
d = +.;D'0015U I

0
¥0. 00044
~0.00106 " |ITI°
0

Nota: o

Para le obtencidn de leas fu%fzhs en los spoyes efectives, producidas
por despluzamientos, no es peces@rie user el procedimiento indicado-
ep el inciso IV del HEBumen'(EJ; que consistie en congiderar & 10s -~
zpoyos como nudes; besta con obtener las fuerzcs de fijacidn en lee’
barres vecinss & los apoyos, preducidfis por los desplizzemientcs de -
estos, & continuzeidn damos un ejenplo,

@ ,
-

—— - .,
-
i ]

|
(=¥
H

¢ L



"Las fucre.s de fijacidn en 1us barrus Eﬂ . ?El, 'E; ¥ (61 serin
Barra |1} P, = ¥, d7 ; Barre [3 ﬁ;}= i 8z

Py, = kg 4 B, ™ Fer
Berra i pil: = k;. d- ; Burra @ gP.L', = k“ dy

By, k.'s:a 4z sz_._ﬁ Ky dr

d, =

4

Por lo tante les fuerzes

geran:

1

-1,

.l"l o -

[N -

Ve = T_a

[

15
F

dr j

4

efectives [ Féf )

I 1
i
P
:

de = T,

—

DREONC

—

‘sn coordenadaa loceles, esto es:

drr

A

en les nudoy @ ,@y @-.

I TN
Apliquemos ESUL procediniento &'nuestro ejeomplo.

a),- Obtencién de '

dp dey

[ 1

+
!
..D'
L.
+0

+ C:

. UUFII_5Q
.00150
o

i

It

. 0004238 ]
. 001060
o

23



- Fuerzis de fijeeidn en

o bl

litgs mimrilg E_

— T _4.00
Porras 1:1':.1: = ~ }{E‘.‘: III_'." = G
("~ 4.00
.
‘K= Ny Kl s 0
L 0
+Efﬁda
Barra [3] I 'M = Xy, dp = |-0.205) ;. .if.s;
-0,5141% ‘
- o
- r{ : I:LTSEI
Barra @ ji&? = k._:‘dzz '+0.l4‘5 ; 5:
v +07365

e).— Obtencidn Fg,

(2]
¥ .

{
d).- Obtengsmes 12| la
.

5 Y

el

LY

-0, 137
+0, 343

0.137
+0.343

i

I

LE|

u

+0.343
1.242 |

i

~6.00
+0, 205
(=0->14)

- —_—
-1.752
-0,14%

+(. 365

x» 10

foy



- ’ )
*Quoervese que los vilores de (@ }na ol L 5an1as & 1oS colenidon oo
el ceocplZcomicnto de (T) cutude noe

dilatéd libreorente, (ue ca ijusl 2

L4 J—--——sl

la koja (Ff3) perque filio sum:

= —_
=1.500
O x 10 gue sumzdo al anturiuf
..._G,_, | o
rll.gaé_
néstaﬂ . +0.903 éue es el misme velor yue ¢l
' —c.067| obtenide en lz hoja {77)

e).- Obsengemos [e] (= e qjj

: F+0.903_j|; i

] f“: 'F ] ']
+D-l""!3ﬂ"['

v ~0.067

£).~ Obtengimes L e: - s




zY.- Outengemes p (=1, e+ 3

—2.7
+0.29
-0.73
. +1.72
p = —D,DB
,+G 13
3,09
-0.25

+0.61

- —d

VI.~ Simplificecidn cuendo uneg es

i
b H

JTgusles resultedos a los
obtenides en 1&g hoja (77)

tructure es sindétrica en geometria,

(iiarcos glhnas}

1).- Co rgﬂ simétrico

*

g).- lo hey pudos en‘elleje de simetria
' d

P

lcf:t.-di:--
| S o prit
;
Tor simeir {rcflexidn)
) ES' 5
|
i‘-E\"‘;_v"‘ "1-"\-’- ] -—-“) J__”
J
I
AS . AS
1
¥ :gi | 2N
- . i
{{{f’ ‘ qf::r;"'
B N sé

AS - AS

N ot T T T T e g ]

= =T
For equilibrio
T =0
Si As—C
Por continuidid
dx = {

o= 0

[hS



Tor lo tonto, lu csilructuld &S cuuivilento &

LY -
N T, _-[;f {?J = ﬂx = D)
! " -

b).- Hey nudos {berraa) en el egje de.sinetris’
r
1}

=g, o
| e
Y4
4 2
- —_ ______4L i
é"l F a ’ -n..’
- = ,_A e ey
1 ]
i
2). - C:.;r,;jla entisimétriceo:
! !
\\\kﬁﬁnn__%ﬂ_cthﬂffﬂ
: ! L
- |
i ."_-.'::In-n.-c__.l__.__._rm 1
i o \
e — - I P
!
£.5
Ji
M &S M For cniisimetris (2ntireflexidn)
’ Hﬂ.ﬂ vy i LN SiAs—wp
\f ! 17 Por equilitrio: =0
'XT * t v = O
‘ AS 0 AS .
$ ' ¢
|
Si qu E-—-il-D
] ! o
c;r"_ r-l- . {,E:'"" For continuided
I 1 R4
¢ ' | s =
[ gy =0



Lr pouivilonte u:

o

g 1o bkinto 1o csirrebur

(Li,‘ = D)

6 bien: -

5i hLy b&rras en el eje ge tcnﬁ¢la mited de su rigidez,

el cuso hnterlor. . g
Ejemnlo: : .
P - ] "=
T, f | -_—
I |
b — =
.——1,..-"-
Freg. | B 2 Tern,
L e . i m-""—{{i}
g J— ' . ' | ’ i
;s ity T s
Orientemps leg harres: b }.
£

Oz

ie

como

en



+ LY., = Bigideces @2 lis awsrcs (k)
0. 400 0 g
Ky, =| O 0.151  -0.668 | x 16°
O -0, E68 2. Ti0
S —d
r_ -
0.80C O Dﬁ {Ver tulilt. hol. 44
k = 0 o- | x10f del resumen {9}
b':.: ' . 1
N R ¢ ¥ 0. 800 |
. 0.800  © o
| - H,_ X, H| - '1x 10
kih I Y 35Hba = 0 O G x 10
. Co 0 - 0 0.200
o ; R I |
. o ]
b}.~ Ovteng=mcs K’ (con le {qéla de la sumu)
o -
0.291°  1'C i ~0.668 |
k:H|= o 0.40¢ o - | x 107
i _0.668 -0  * 2,730 ]
3 e
! ' e
LIV Ty C
. . ) ]" ¥y
| * .
P 0.991, . © -0.558_}
b . - 5
k! = 10,400 0 x 10
~0.668 0 3.530

. 'ﬁ
e).— Les fuerzzs cfectivies y lep de fijocidn son lis miamcs que
*  las del nudo C
prineipio de este resucen)

en eliprobleme orizinegl (Yer taula al

- —

O
Foo= | -5
L‘_gl 15?_|



d)
L oy hsol
LU W
ST
el
LRETH
-
ol
],
g =
=TI
o al I
ol
b
et

Go



1C-'| loo:
1.~ Cotener 10

0o {2 .
- | rT——— T ETT—— .
2 1 £ = 2,1x10°
1 = 2x1¢” em
o3 ol b |
|} 3 L = 100 ex?
2 | | = 0.4
; 1 @ 1(® .o =1.2
1 = g }"MJ
qoo e - 7 -
£ = Neooet/10¢"= 14.1 c
!
e/ :
¢ = Q[J_+)1, (E)K""'f oxl,.4x (1:01) %1.7=0.01¢
¢l - o
B, o= 2. 1 10 %10C = 5.25x) ',h e
FA S e PERIAS :
IR
12EY |= 1[2!2.1.'-:10'5 ;c.:xlC‘- = b.DTEx105 Y/ e
| 1.

1% (1+4¢) kqm* x (1.65) 471"
611 6x2 1216° x2x10% = 15.00x10° 3
L (1+4c)  kOO® x (1.05) |

r' : '
4EI{1+¢c) = uz 1x1¢° x2x1o {1 01) = 4C40%10° Yo
ITT§IET‘ CIG0 (1.050 o , E=om

i
2ET(1-2¢c]) = 2x2.1x]05x2x101x{0. 8) = 1460x10° kg-em

T(i+ic TeCT (10057
nogls do o suzms
Barre (I (@ - @) y Berda 3 (@ - )
¢ -1, 0|
¥ ]
9=-36" 5 T=]1 0 o]
- - |
o o ' 1!
[ — —
G

-

. .
L] -
AL CL



0

r

15

0. 0

*
.d.

F 20,0757 <15

1% 1960
i,
etc., N
L] . ll' A
N M

| r

k.= O 1‘0 :

.o H

Ho15

o= L

¥ '.._‘ :I-I‘D'O-‘?E
. il oo s
Ny J

L 15
-5.2% Q.
0 gl

§2

4G40 .

0

r.';

Simetricl
0 .
'Ci. 575 1 '15

s

0

4040

i =13
. Tt
1.
H

_ci075. 0 15
L - I -
E*-*5-25 "r_;..:"DI‘-
.15 0

’ B

. 0,075 %0
"o _'HLS:ES

15
4]

G5 Y o 4040
' ;:-D
:.2,'
. -|l 4
L ~5.25 0 0o

4 =CI075 15
0+ -15 1960
5.2 0. ' 0

)

- |

. 1360 <}

L]
L]

-1 x10°

1
]

|
i
i
|
;
.llr

.t
'L
c

——

*10




iplicundo la reglu de la suna

5.325 0O
(:) 0 5.325
, 15 15
K = e -
~5.25 0
@ o ~0.075
0 15
Altern&tiva 2
1) Matrie [a
Burra ET ¥ barro ;
T.. T T..7
=T'H, .= -T'H, ,=
' 0
77 = ~1
| o
Eu;ra
-1
T T T
=T Hzﬂ' = ] H}‘, = O
0

g3

15 ! ~-5.55 0

15 : 0 ~0.075
8080 : © . =15

T ST T 3T

~15 ; 0 5,325
1960 f 15 ~15

{No se necesite)

10

0 0

0 1

0 9
~1 —400
o -1 |

*¥1G



o
o-o A
-~ O O

— — r— — o m— o i -

ketriz k

2)

25

5.

0,075 ~15

4040

-15

5.5 o

[1] {0

fj

40

-15

74



1} Obtencién de K = o k &
0 5.25 0
-0.075° O -15 0
15 0 4040
5.2 o o | s.k5 o
[][e)=] O ~0.07% -15 0 0.075
0 15 1360 © ~15
L o - s
0 -0.075 ° 0
1 15 0
| 5.325 o0 15 1 -5.28
0 5,325, 15 | o
R I N
| 5. 25 0 0 : 5.325
0 -0,075 -15 | o©
j 0 15 1960 i 15
— 1

Icuel 8 1la oghtenide con lo reglu de la suma.

II) Obvtener [f‘L;]

-15

4040

G

~0, 075
-15
d.__ _
5.325%

-15

@
.]_ . —
t
i
L,
f
|
.
0
e e ——— e _rlf
L g L/ vz

o (93)

x10

0

15
1460
-_j5v
=15
8080

=10




El = cte
¢ = 0 {deapreciemos el efucto del cortente)

Eih = cte
Apliguensa la féroule:

. i T ' T !
fry = f3,+ H, , f2 Hy: + Hhrl £, Hy,

T

donde: f =TFT
.—L _
A

(Plexipilidéed en coordenc

G
5t
321 2ET d2s loceles)
L
ET

srra (31 @ = 45°
0.71 0.71 0
T = ~0. 71 0,71 O
O 0 i

|

¢ 3\ ?
(L L5 )(L , L ) (L )
ZEA GEI SEL 6F1 2VZET
. 3 g 2
i, = (—.L , L } L, L )(L )
OF A LI/ \2EL  6EI/ \2fPEI
b

(L 2\ (_Ii__\ L.\
2{Pr1/ o{Fa1/ E1/

Lra 4

—

L R

I_J
Py
1l
1!?'
e
[ ]
th
p’—s
S

:HF4 o
:Dlﬂ (S

|'



Lbo)

G_ Tl B AE SN U R
BA 2RI 2EI 2 751

3 L
B £, H= |1, 1) L5 _1__-) 1 {:1+‘l"§')
Z

ok
1/ 1! (14 @) !
VT 2E1 £l
Barre -11}: & = -90°
o -1 ¢l
T=]1 0 O
6 o 1
— 1
2 - ]
iy 0 -L
351 ET 1 0 0 |
£ =] o© 1. 0 ; Hy, =10 1 0
A A
1t 0 L L L(l . 1) 1,
A s
..__?:I EI ) 2 |z
L. _J
_ 3 3 2 b
Lz L) L L (-L " 3)
EI {2 2L EI \Y2 *
T 3 §]
Hg, fu‘ Hy = L ]—E‘—+%-%+@ﬂi (1+L
o ra T E A et e
* . W .
L(i-3) E(,1) L
| EI \{? 2 EI {2 ET -
o . e |
3 4
L_,,L_(_J-*ITH*L +L_(£+l_]l:(i_—-l
2ka  EL\2 {2/ [ 2EA EI NE/ el A e
T3 3 ¢
T, = ||FL +.%_(E+.LT| _:ﬂ*_+:“_<§+3_.> L_ 2_+3\
“E4  EI \} xzj v EI \2 - @&/ 21\ /
i
1 (5 - ) L {5 .3 3
2ET \ V{2 2EI \v2 /
L_ —p——

§ >
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Ejemplos de anflinsis dinsmico de estructures
Ejemplo 1: Obtener loa perfodos y modos de viertr (viwréeidn lire)

: F0X50 :
. @ ‘ rﬁs‘; @, @
2]

2 . a5 mfd ;,:5']
bt " paadd

'|
] - SO0
k1 ‘Il.f i- 2 .

kY r — [ ey
' L.£f!«;5 25 1%
P Ty T
DEtos: W, = W,= 30 ton,.
E = 147000 xg /cw? (f/= 210 kg/en?)
A = C.C5

Hegermos lis siguicntes aliernztives,
1} Andlisis dindmico completo.
8) Ovnicneidn de [r{] f12v12), usandp 1la reels de 16 Rumt:

¢



. J L1
Irebec: I = 20:50 = 3,125x10 onm; 2 = 30250 = 1500 cm’
; 12
(51 v (& ,
I/h = 208 em®; ¢ = 6x1,25x2C8 x1,2 = 0,0052
: scot
12F1 = 12:1.47x10°x3.125%10 = 249.0 ton/m
L¥(1+4¢c) 6.06° x 1.0208
681 = 6x1, 4?x1n‘x3.125x10“’= 750.0 ton
L2 {1+4¢c) 6. 00 % 1. 0208
4BI(1+e) = 4x1. ¢TmlD %3, 125?10 ¥1,0052 = 2980.0 ton/s
L(1+4¢) C6.00 x 11,0208
: -4
g = 1,47x10°x1500%10 = 36750.0 ton/m.
G

2BEI{1-2¢) = 1470
Lrde)

[ ' -
36750.0 0 o |
) - I _ _
Kpp = Xip 7 0 249 750
0 =750 +24880
Cnlumnu I = 25x40 = 1,33x10° em”; & = 1000 cx®
[] E] Ej 12 -
I/ = 133,3; ¢ = 6x1,25%133.3 x1.2 = 0.0133
3002
2RI = 12x1.47x1.333%10° = 524
L&{}+4c) 3,007 x 1.0530
6X 1 = 1236
1 (1+dc)
4EI(14c) = 4x1.47x1.33%10°x1.0133 = 5520
*Lilv4¢] 3 x 1.0532

Ef = 49000.0

i

311{1 g_l 1210.0
L{1 +4c

o0
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For lo tento se puede contreter {(eliminénde
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c) Obtengumes: K = E} - E;_E;;?;f
- K
dx' dy’

38085 -36661  -563  -65.8 ; ~17.3 17.3  136,0 130,
_36661 38085 -65.8  -563 ' ~17.3 VI3 136,0 b,
_563  -65.8 37158 -35556': _82.6 82.6 -118.7 116
& | 7658 -563 -36666 37158 | -t2.6 82.6 -118.7 118’
—LT 3 -17.3  -82.6 -52.6 | 98125 -128  —48479 -1
517.3 17.3  B82.6 82.6  -128  gB128  -21.G -i0%Y
136.0 136,0 -118.7 -118.7 !—48979 -21.0 49084  -&1.:
J136.0  -136.0  118.7  118.7 ' -21.0 48979  -83.9  4G0f.
Hotﬁ?-ﬂbserve que 16s lineus ce ﬁ;; gon los giros preoducidas por pour:

uniteries, sin desplizeémientos, por lo que se puede aplicer oro.

& Keni {mpodificudos) pkra ef'ecturer su inversidn, 6 simplencnic

'aplicar el método Ge Gouss - Sedidel.

a3

Obtengemes lcs pu.i**ﬁ T OTh

&

| EJl]- e )

donde: . d, m { o
d = - — L = ——II' -
ﬁf 0 EJ

1/2 (ﬁ_ﬂ_) = 1.53 T-s®
9+b| n

g

gdos nn uu;ulCur cen 1o

aful

cidn:
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232, . T;= 0.359 veg
e — _ i @j" fi Fafalit 4 :
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i ’ | el o'ppw
[ ]
2° modo
274 .5125’
= -
__._,..--"_'_-_ e - \ ) n
5 ‘i_ _ _ _ . N | o.0o?d
LT - . - \1

\ T T —— fjfﬂ-ﬂﬁﬁﬂ T,= 0,187 seg,
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LN Pl :ag 034 t1s242700

Ar06UANS PANA La OMTENGION DE PERIONNS Y MOMGSs NATTULA -

LEs DE ViliAalk. pit05itaraD0 POR J- BANMY H-»

FATHIZ K
« B0 UB000Z2+05
=1 1500000ED2
« JEO B2000L+05
«1 73000, 0X+02
-+ 30666000E+05
-1 ET0O00E+03
-.11 870000Z+03
~«ABSTSON0Z05
=4 B%YS000E+05
MASAD
«13300000E-0]

-1 3600000£+03
-.563000005+03
-+ 13600000203
+ 42600000E+0 2
~+B2600000E+02
« 981 2E000E +05
961 26000E+05
--B3900000E+D2

1 FA00000E+02
=+ +63 5000002 +0 2
+1 3G00000E+03
= BEGOOU0QE+DZ
«+37] 58000E+05
11 B700005+03
--21000000E-02
L4530 840002 +05

«153300000E +0] »1 33000002 +01

«153000Q0E+0! 1 5300000E+01 -153@DDDGEiPl

#wopo 1 :

OMEGA = 10-606051200 PERIODD = «5693887]
256237372400 L35623737E+400 - 510994352+00
PEFA6GHETE-DE -.29466486E-02 «3997946%2-02

mOondg 2

OMEGAR = 33.67011100 PERIOQODO = +1BGGICL T

+Al0G9G5EFE+DD ~.256] 2073E+00
«501 93496E-02 -.%3926081E-Q02

+510965892+00
-+501934%6E-02

mMobho 3
OKEGA = 110.60265000 PERIODO = 05680 EB63
\592735792-09 .50857214E-090 -.83022499E-00
+30054070E+00 30054064E+00 +4B86264G2E+00
KODO 4 .
OMEGA = 11).30092000 PERIODO =. 056452823
-.7283355]2-02 -.72833551E-02 .91 BB5201E-02
-~ 30022755E+00 .30022755E+00 --48633659E+00
MODO 5
OMEGA = 21 9.33793000 PFERIODD = LO2BE6HG] 4
SB2HOSTTOZ 00 - . 22859771200 5230224 8E+00
WBLIOZQGOE«-1d =0 211039402-13 39491 3T9E~1 3
MODO &
ONEGA = 821 .349%15000 PERIODO = O 2B3IEBSRE
-52392246E+00 - .32US2B46E+00 --22B697705+00
—al L FELADDER] ] W11 T766492E-11 =-+] 90BD459E-1 1
10DO 7
OMEGA = 289.56056000 PEZRIODO = 02169901
SA6B62398E-05  J4G6H6RRSAE-09 401 801 99E-10
JABG2E4REE Y00 JHEBGRB4BTE+DD --30054049E+00
FODD H
OMEGA = 2H%9.7801 9000 PEAIIDO = D21 6HR59
= TA9000E-03 -, TVAGSI00E-03 ~« GVOHATOSE=04
-ﬂELﬁﬁEﬂEE*DD --QHGHGEBJE+DGNE;SGUEBHICE+GD

MEXICO NOVIEMIGE

D

{

- 2HGHI000E+05 -.56300000E+03 -.45R00NDDE QD

=+13400000E+03
~+«1 7300000E02

+J3MN SHO0QF 05
L1 E70CGONE+D3
«E2GON0NOE+D2
1 2E00000E03

«21000000E402
A EA000E+05

1 5300000E +0]
1 5300000E+D L

51099 ASEE+OD
P 3HGTAG69E-02

2561 2073K+00
+ B309060BQE-0R

3
<E3021192E-09
5 B628453E+00

« 31 BBS201E-O2
+H4BEIFHOTE QD

+ 53 G824 6E+30
+ 3949 3TEE-L]

2REBGOYTIEQQ
«l SO ADAGRE-]1T

+ 3999655 FE-10
+ 300540 B6E +00

LGOI EATOLHE-D4
P3O0 252TGE+30



Se obtuve: (Utilizondo el survicio de tienpe compurtido de G E)

e/, = 10.66 1/s; T,= C.589 ger. . d
wh = 33.67 T, = 0.187

wh= 11C.60 T,= 0,057

&h= 111.30 T,= C.056

ey = 219,34 T,= 0.029

oh= 221,35 T,= 0,028

aﬁﬂ 289.56 T,= 0,022

ufi 265,78 T,= 0,022

2} ‘inélisis dinfwico, sin consiscerir acortumicnle en trebes
In esle cueso 1& mLiriz KJ aa modiﬁca_\dc geuerds con lo visto on ol

Besunen (8) obteniendosc 1o metrir LI-ILj

A fiq s ags i A

' 2848 -1257.6 | -34.6  34.5 272 -2 |
~1257.6 . 984 | -34.6  34.6 272 272

- T :_gsiéa-' _128 —48979 .21
S Simétrica . 58128 _21  -48379
) Simétrica 49084 ~83,8

_ ; o082

/e d



Li mutriz de mesas L seré:

31.06 P
3.06 1
T T TNy T T T
I = .
} 1.53
) 1.53
} ! 1.53
Chtenicondocse:
e), = 10.66 1/s ; T,= C.589 sep -
@, = 33.67 T, = 0.187
te)y = 110,60 T,= 0,057
ety = 111,30 T,= 0.056
ity = 289,56 T,= G,022
th= 289.78 T,= 0.022

o o) . N
Observe que 1los modos l?, 22, 3% y 42 son ipusles @l cLsg cpterior

¥ que 1ocs modos 52 ¥ 62 son igualces 8l 72 ¥ 82 del ceso enterior.

3) inglisis dinfémico, sin considerir Ecortiiiiento én treves. ¥ 'co--

lurnes, 1
En este cigo le matriz de rigidez [#E: ceri:
. AT, P .
E’]ﬂ i r 2848 -1257.6 I dy'= dyf = dg'= a4 = 0
T dl1este 984

4

[l
-
]
~u
‘K--.
I
Ea
=
LV

07



&G

et N DA o
F2EAB0000Z404 -1 2576300E+04 ~+ 340600000402
+272000002+403 ~.27200000E+03 - SHAC0000OE +03
-1 C3R0000E+03 -.2374000024+03  +2374D000E+03
-« 12600000E+00 -.a6979000E+05 -.21000000Z +02
--21000000E402 -.ABYT79000E+05 49084000 +D5
- 497 BA000E +05S
MASA Y
-3CG00000E+01  +30GOD000OE+0]  +15300030E+0]
+1530000GZ«01 -15S300000E+0}

moDag 1
OMEGA = 10.606050900 PERIODD = «DHSIBHEBA
+25622TSTEHQO -51099425E+00 294064 8TE-02
~3997P4G9E-02 -.399794G69E-D2
o . .

Mmopg 2
DFEGA = 53.67011000 PERIGDG = +1 B&AHID1E
-S109L3H9E400 - 2561 2072E+00 -.501 934 96E-D2
~+ QU920 HIE-02 .939260B0E-02

FODO 3 ' .

UMEGA = 110.60265000 PERIODO -0SGBOBED
~OO2AATATE-09 ~. 8241 2281 E-09% 300540 70E400
“NBG2IAS2E 00  ABH28453E 40D

MODO 4 -

OFEGA =  31].30092000 PERIGDD
-v12833551E-02 .91 BEBS20QE-02
- ABGIZ659Z400  -4B63IG6VE+00

-3ao227s5E+00

mMono 5 .
OREGA = 289.56090G000 PENIQCO 02169901
+A0912016E-09  -A0092534E-10 48628428400
-« 30542498400 -.300540 BHE+QQ

MODO 6

OMEGA = R2E9.7£019000 PERIODO 021 68259
~«TTASOIDNE-03 =-+6T0EATCHE~0A  ~AEGLATARE 01D
=+ 30028I1 6E+00  ICT2EITUE +05

L0L6A522] .

- 34G00000E+g2
-+ 1 6520000Z+03
» 9Ll 28000E+05
S« 941 2800010, 5
=+ BIV00O0QE+Q2

-1 5300000E +01

~ 294 664BGE-02

+ 501 9349GE-02

-30054064E+00

+JIQDE2T5SSEHOG

=4EG2BABTEHID

=« BOA4ZBIE+0D



' .
Lo mitriz de migus [::::J seréd:

[T
'L

Se olLtiene: w/,h= 10.71 1/s; T = 0.587 seg
why= 33.73 }/3; P =0

latriz K _
. 28 S0OC0E+04  ~.12576000E+04 . 98400000E+03
S sas‘r-' , )
. 3G6CCO0COE+GY . 30600CGOCE+01
r
Modo » 1
Omege = 10,70541300 Feriodo = .58691633
L 25711735E+00 . 520576 205+ 00

modo 2
Omego =  33.72953600 Periede = , 16828140
5 2040

.5103756 0 - 25721735E400
=+ .

)

iﬁzsif o 5’;7 = | /
D e
o ! Z
L= 0307 826 Tt
.f_.'.'i] :_—55_{7
‘ I ]
' /
ot —_—
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TZ= C, 186 SEE

Cobservese gue son mby perecldon & los dos primerce moups de loo
cesog anteriores.
~
Kota; En los tres cé&sos snteriores, perd obteper el velor dc \¢|*
? ]
. W
bt

(- (==

{Ver hojss 505, 3§, 100 7 1Cl)

donde ﬁ:;:

{?:5470 ~0. 2635  -0.3362  0.1491
| 1.3470  0.1491  -0,3362
Y 2 ]

2 ‘— 2.0472  -0,5800
Simétrico
2,0472]

o



ru]-ﬂ.

DULULuiI:I‘ll I}j_j’ll.::'ui,;: I._:E' J.l-.a J.J-L;..t].‘il; [

L& putriz KY se puede ovtuner directimente contruyendo wid mair-y

N, gus Se ohliene:

donée k son lin rigideccn €e lug birrus sin considerer scortimien

to, refericdes 2 loc momentos extremos M., i,
La metriz k en funcidn de ¥, y K., pérd une berrd rects de seceién

unifurme, og:

P ' s
Q@ rm
' ta
Ol @
¥ m e e
- [anI(as 2ET(1-2¢)] (e, !
% - 2ui{1-2¢) $8T(d40) 1 i O
[ﬁ'{} T i+a L{1+4¢ _J Eﬁ i?

L

Tara l&e deduccidn de estp metrin, veose los Reoumencs (3) vy (4)

Fera nuestro cjompla:

[—25 20 121C

Burrus,@,@,@j; k=l
2 . 1210 2520
Ver hojes(96, 97, 98 y 99) -
_ : ZCHG lﬁ?:j
Barras l:i] ' E} k = '
i 1470 EQBDI

"



Tor consiguicnte:

[ |

Le matriz &l

de logs pisos:

u-——v} F

. ﬁ‘j‘\{{{'
y F= & /

El .

se obtendrd plenteundo el equilibrio de 1os nudgeyd ¥y

2 00
I 1
Ly '
J N A,
{"\‘\ /rf?‘l 7
= L b
> B a""'F (g A T 4
I
— | ore & 00
il =3 :
!
I .
- — . : =
F 20,33 -0.33 —0.33 -C.33° €.33 €.33 C.33 033 0 0 ¢ j'mh-ll
! ! ' l b
. — e — = e —_— e e R T S |
Al o 2 o © 1 © . 0 0 10 0 0 i; By
' I l oo P
|72 0 0 0 1, 0 o . 1 0 ¢ 1'30 0§y
i ' . , e
Al ©o - 6 0 0 1. 0 0 001 0 Eg:zﬁf
' o bieg |
AN 0 ) o 0 0 0 1 o0 0 0 ibw
_--'J Eﬂ' - —_ \ g m— ——— — e e e e —— --—---J1II+ i
r,_T o il ”L-I]
L= _J s |
§ el
; ;zr.“
i [
by
gy
il
Wit




Efectuando el producto koo , S8 ovlticene 4 :

_ ﬂ_-[ Ag 'i"l ';Je q‘].l {b‘_l
3eye 1648 [ 0 0 1236 1238
: .
-1648 1548 I—1236 -1236 ~1246 ~1230
| r T 0 T -1236; 5020 1470 1210 Q
al k a =L°ﬂ{:]= '
0 -1236 l 1470 Bceo 0 1210
1236 -1236 | 1210 O 550C 1470
-1236 2
L}EBE 1 ?E 0 1210 2470 2500 |
Note: Esto metriz puede obtenerse qirectamente de 1& moiriz

* ¥ (hojz 48 y 99); por ejemplo:

3296

= 38398+383G8-36750-36750
. =1548 = -824-824 '
etc..,

La metriz K se puede perticionér y cotenerse lu siguiente
ecuscidn cerccteristics: '

Gq,;s;?{ﬁw 4“11 g
—_—— e 4 - —_ . —_-W .....

Var ! it !

. (Ko ¥afi® | 0]

Por lo gue se puede eliminur & ¢, ovteniendose:

r’i{” -4, X, iﬂﬁ = w'itd
. ..

E=s obvio ques '
""!-"_.'r — i b .""""Ir"""
1= By Thp Nty
' ‘-;' 1!,_ ::‘
Observese yue T, = H,,

I
Cucndo Y& métriz ¥, tiene menos columnus que ¥,, no conviene in-
. i : whol .
vertir este 8ltimb pers cbtener K&, y& que X, K,tiene por ele-
mentgs & las riices del sipuiente gisiema de ecusncionesn:

K X = Ky w3
eef
X =4, %,



L

en nucstro ejemple la ooterncidn g

siatemt

-

T

T, v reduce U resolver el

i , —
8o2 1470 1230 0 0 -1236 |
1470 E020 O 1210 i~ O -1236
1210 0 5500 1470 l‘x:} 1236 -1238
G 1210 1477G 5500 1236 -1236
- — L. —

este procedimiente simplifice beslente el probleme deé Jio coniirie-
cién de ¥, cuwndo %€ tritla de mercos con muchos nudos y pocos ni-
velEs,

Simplificucidén por la simetriz de la estructurd.

Con 1ua wltcrnntivic (1} 5y (2} (exzett y =in vzertumients con tru-
bes, rcaopectivanente) no se puede llevir & cibo ninpune sigpiifi-
cuelény por 1é siweirla g8 J& estructurd ys uue s0lo loa wodos 3.
2, 4, & {en 1la alternctive {1)) son cbmplettmente éntisimétricos,
1os modos 3, 5, 6, 7 son sinétricos y cntisimétricos en forme si-
multones (Ver hoja 100 4).

Jon 1@ &lternative (3) {(8in ecortimiento, en triabes y columnes) s
se¢ puede cfectuts simpliliceciones, yu que log modos Corresponden
Biempre o condigisancs tntisiméiriefs. Mn nutsire ejumplo cnns1dg_
ririamos 1li simuiente estructure:

.?/- I i _-,?-} W: = f5 Feon.
i
200 | hg
%
+ 1 .l-f— _—..l;ﬂ:-'._._ = W, = /5 fen,
! i ol
o
_-.‘.‘.f-:? i [{-‘J
£ L
[ P
' v EE "y



"lo metriz %k {en funcién de b, ¥ W.) pira 1as virrus{3] ¥ |'{] son:

AL
. N W= | 3ET &
CQ é; 1 S b ryey B B
k,,= 3EI "
%t Y1) ’k
La me triz[aﬂ serd;
(7] [~0.33 -0.33% 033 0.33 o) ¢ ) fm, |
_E?E_L L 0 % 7033 -0.33 .LD _,1' R
/w[ 0 L1 0 11 . 0 |inmg,
l ' i
;/‘f,z_JI_-_g o 0 I 0 A |K,l
¥ ot ———— . = - — _-V [ —— e i I: .
r- T‘! I'Lj'
E ﬂ._ |T._l.,.-+ [
Lo
T
‘La matriz [xj Serd
2520 1210 | ,
_ 1210 2520 |
g T T T Tasko Time, T
kj: : JI
i 1210 2520 | !
e e DT o
:4500
) B L 4500

Ha



-

"Efceilurnde &' k 8 , se gbtiene:
("1648  -B24 ! 0 1236 ] T
I

G540 1210
1210 7070 _|

~824  £24 [ -1236  -1235
[-{] ) _
- 0 -1236

i
|
1236  -1236

- -/
Cbtengemes K, ¥, K, ¢

, 223 -194
K. K By = .
-194 320
-
1425 630
()=,
630 ud
(650
V. Barras (3] y [4) 3EI = 3x1.47x10 %3125%10 = 4500
: : - Tii+cy 3.00 % 1.0200
)
(Note: ¢ = 4x0.0052 = 0.0208) ' '

2
- i Ty

Cbservese que: FKJ;:: 1/2 LKEJ},' los meses son 1c mited de los mroarn
de la elternztive (3), por lo tunto los pericdes y los modos son
Jos mismos, .
Cdﬁclusiones:

Pere efectusr &) &n”lisis dinfdmico de une catructnre ha sidn noce-
strio discretizaer & los mests, coensidecrupndolis concentrtdun en lown
"nudes", porque 1&s putrices de rigideces G¢ 1ue eslructurean, vy -
ten refceridus B ellos, Si se deser und méjcr uproximecidén &l wnilli
sis dinfmico de une estructure cuslgjuiers, oscsturd eumentur el nve-
mero de Y“nudos'. y por consiguienie el mimero de musus conceniruoden,

1 gproxyid 20, 2% ppre SR NIV
My M4 o @ & o™ @
- 3 U~y SR S—
P @ @ ] o G -~

@;L 67

M —& gl;.\;_....@..._.___u N, W

HEH A |“l z". L oA r fil

e |
Lt — —u —
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crabe Lrofemiepio voe CURDVEDLIENLE Cuebiuw SE€ yuivre Consiowvrer 1. tago
}
cies roticionul de lus burris, gue pugsde Scr considéariple en birris
lirgpas,
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32.

LUIS VALDES ARRIAGA
Antillae 407

Col. Portales
Méxiﬂﬂ 13 'DIF‘

Tel: 5398304

HOMERQ VINTINILLA CORDOVA
A.Borrerc y Ada Loja S/
Col, Azuay, Cuenosa
Ecuador.

Tel: B2-10-18

Patréleos Mexicanos
Marina Nal. 329. Tel:
531- 72 22

Congucasa Co Ltda y sn
Procesa, Borrero 10-873
Cuenca., Ecuador, Tel:
82="12-00,



DIRECTORIO DE ASISTENTES AL CURSO DINAMICA ESTRUCTURAL ( DEL
2 AL 20 DE JULIO DE 1979) |

ROMBRE ¥ DIRECCIOR EMPRESA ¥ DIRECCION

1, J. ALEJARDRO CARBAJAL AGUILAR
DLorado Ho., 33 .
Col, Lidzaro Cdrdenas
Facatepec, Mor,

Tel: 21747
2. Wilfrido CARIAS PINEDA Direccidén General de
Resid. Sta., Maria _ Urbanismo ¥y Arquitectura
San Salvador . " 1 Av, Sur San Salv. El Sal.
El 3alvador, Centro América Cuhs Dgl:22 24
Tel: 256154 '8 664
3. JULIO CESAR OASAL . Instituto Nacionel de
Espafia 427=-Norte Prevencidén Sisnica.S.d. '
S.J. Argentina Argentlna. Roger Balet 47
Tel: 23968 Norte Desamparados S.J.7,.P,
5400 Tel: 30163 30600
4. JE3US ANTONIO CASTRO " Instituto Tacﬁnlégicn
n&%nlladn 502-C Regional de La Paz, EM,3.5
Ia Pas B.C.S. , : Carretera al sur.Te =2
Tel: 2-69-13 :
he AHTONIC COVA RIOS Universidad de Zulia
Urb. ¥Villar Deliclas . Pacultad de Ingenieria
Calle 51 A No, G-28 Apartado 526, Maracaibo,Vene- |
Yaracalbo, Venszuela zuels.Tel:512209

Tel., 423668

&. HARRNAN CUEVA AGUILERA Proyectos Estructurales
Av, 12 de Octubre Xo. 11735 Universidad Centrazl |
wulto, Ecuador Feuador. Ave,. de las Américas

Tal: 236682 Quito .Ecusdor.Tel: 54 5938,



0.

L

12.

13.

14,

CESAR A. CHACON PIHANCO
Bzt. Cerro Crande Aptm 635
Garﬂcﬂa a .

Tanezitala

T=2l: 691619 529711

BENITO GARCIA LOZADA

JOSE GAYA PRADO
Arizona 153
wol. Hdpoles
Mérico,D.P.
Tgl: 543-53-70

JOHNNY GRANADOS BLOISE
Apartado 5856

San Josd de Costa Rica
Tel: 32-73-89 32-20-43

IUIS CARLOS GONZALEZ DURAZQ
Angel Urrazu No. T718-401

Col. del Valle
Iéiicﬂ 12 y DF.
Pel: 575=11-47

-

vO3SE ANTOHTIO GONZALEZ SIFUENTES
Genaral Pérez Travidio Gte,1029
Saltille, Coah,

Tel: J-67-64

JORGE GUERRERC GUERRA
¥eadanoa 160-1

Col, Lss Agullas
NMéxico 20, D.F.

ANTONTIO LOPEZ SAKTOS
Nifios Héroes NHe. 14
Col. San Antonio
Chilpancingo, Gro.

Pundacidn Venezolana de

Investigaciones Siemold

gicas.Av,.Washington, San
Bernardino,Caracaas,Tel:

529711,

Daeppacho C4lculo

Gaya, Coronm ¥y Ascc,.S.4A.
Baja Californias 196- 1001.
¢ol.Roma,

Institute Costarricenee
da Electricidad.71.C.RE,
Apartado 10032,5an Jozé,
Coata Rica.

Eatudios y Proyactos
Sistematizados, S.A4. -

Luls G.Vieyra 58 5o,Fiso.
%acu.hﬂfa’ Z-P.lB.TEltElE—EE
&4,

Pacultad de Ingenieria
Qivil.Univarsidad Autdnoma
de Coahuila. Unidad Campa
Redondo.S5altlillo Cozh.Tels
2=15~=51.

Escuela de Ingenierie de

la U.A,.G. Av. de la Juven -
tud 8/n. Ciudnd Universita-
ria.Chilpo.Gro,Tel:2-27-41
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15, ALFREDO MEDINA PENA Corporacidn Dominicana
Calle 2, We., 12, de Electrioidad, zv,Inde-
Urb. Independencia pendencia Sto.Domingo Rep.
Santo Domingo, Republica Dominicena,Tel:1933-1131
Dominicana., .

Telt 532-490]1

16. MARIANELA MORENO CEBALLOS . Seeretarfa de Estado de
Cr. Betanceg Edif.4 Apt.2-1 Cbras Pdblices, Av.San
Cal.Reparto Paris Cristdébal, Sto.Dominge Rep.
Santo Domingo, Repudblica Dominicana.Tel:567~55-95
Dominicans. .

Talib82-2327

17, AUHELIO MORALES TORRES ' Comisidén Federal de
Av. Huancayo No. T17 Electricidad. Nelchor Qcen
Col. Lindaviota : pe No.469- To pleo. Tel:
¥éxico, D.P, 528-89-2%.Col.Anzures,

Tel: 754-28=-17 .

18, RAUL MONTES VARELA U.,A.G. Escuela de Inge -
Alvarez No, 41 _ nierfa. gy, Primer Congreso
Chilpancingo, Gro. de Anshuae s/n.Chilpancingo
Pely 2-=43-f2 Tel:2=-27-41,

¥

19. GABRIEL T NAVA O, ' Secretarfa de icultura
Malvén 204-201 ¥ Recursos Hidraulicos.
gol. Nueva Sante Maria Tlapexo 53.Col.Vista Hermoaa
México,D.P. Héxico 10,D.F.

Telt 5 56-14-19
p

20. ENRIQUE NAVARRO RUIZ Direccidén General Frav.
Andres Plgueros No.5 ‘ At Emergencias Urbenan
Col. Lomas Huizachal 5.4.H.0.P, Av.Constituyen -
México, D.F. tea No,.947.C0l.Belan de lan
Tel: 5 89-B1-48 ] Pleres México 18,D.F.Tel:

271=30 00 ext.400-403

21, S9ERGIO PEREZ USCANGA Bufete Indusirial
Paseo de Italia 101 Tolatol No.22 Col,Anzures
Col., Lomae Vardes Bé1:533=-15-00

Naticalpan, Méx.
Tal: 393-21-66

22. DARTO PINEDA BONILLA Empresa Naclonal de
Av. Canada Mzena. L4 Lote 1% Puertos, {ENAPU-PERU)
San Lula, . _ Ofioina Principal-Terminal

Peru _ Mar{timo del Cal o-~Feru.
: Tal: 299210 Anexo,338,
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ROSENDO FUJOL MESALLES
gmbanilla Montee de Oca
San Jcod, Costa Rica
Tel: 25-93-15

RAMIRO RAYA VERDUZCO
El Nerco, B4dif. 54-3073
Xochimilco

* Qpl, Rinconads ¢e¢l Sur

25.

6.

27

28.

20,

3i.

Kéxico, D.F.

EDGAR MANUEL ROBAYD E.
Carrera 56 No.42-18
Bogotd, Colombia.,

Tal: 26935497,

ISATAS KOMAWO PEREZ
Mision Loreto Ho. 51
2o, Perrucarril

‘Mexicali y Bje. C.

Tel: 8 17-50

JORGE RUSTRIAN S0SA
Av. Marine Hal,.329
{ol. Andhuag

Wdxico 1T| D.F.

MIGUEL ANGEL RUIZ CERVANTES

Uxmel No.56
Col. Rarvarta
Mexico 12,D.F.
Tal: 5-46-47=09

JOSE SALCEDO LUNA
Calle 106 Heo=22- 175
SQantander

Celiombia.

Tel: S4724 - BEl4],

JOSE M SALIRAS SANDOVAL

ALFREDO TREJOS DF LA PERA
Coplleo Ho,.300 E4if. 10

Depto. 304 Copileco Universidad

México 21, D.FP.
Tel: S44-57-901 /548-59-61

Universided de Costa Rica

San Josd de Costa Riea.
Tal: 25 55 55/24 24 08,

Direccidén General de
Conatruceldn y Operacidén
Ridrdulica, D,D.P. Sap

Antonle Abad 231-8 Col.O-
brera.Tels578 33 90.

Universidad de Los Anden,
Bogotd. Carrera la.No.18
Fac, de In.g'ani erfa. Tels
2-84 99 11,

Universidad -Auténoma,Baja
California y Ferrocarri
San. Bja. Qalifornia. .
Pacultad Arquitectura Uni-
dad Univerpitaria,Mexiosll

Patrdleon Mexicanos

Av.Mearina Nal. 329, Tel:
545.T4-60 »xt, 30148,

Secrotaria de Asentamientos
Humanos y Obras Pdéblicas
Pagep de lg HReforma: Ro,
77-90. piso Tel: 46-57-00

Univerasidad Industrial de
Santander, 17.1.85.

Tel: 54-
T2-24,/56141,

Unidn de Profesores de la
Facultad de Ingenlerin



