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Fundamentos Cin~ticos ~ra el'Diseño de las Máquinas 

' •1 l., 1· ' y ,Mecanismc 1981 
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Hora 

' Fundamentos de Cinamática Especial de cuerpos 9 a 13=30 h 
Rígidos 1 

11 ' ! 1 
' ·1 

1.1 Rotación de cuerpo rígido. Teorema de Euler 
1.2 Movimiento general de éuerpo rígido (QOviQien 

to de torríillo) ! Teorema 'de' Charles. 1 -
1 1 f ' 1 ' .. 1 ¡ 1 

Comida 

cálculo digital de los parámetros del 
movir.liento de tornillo. 

1 ' ., 1 1 . "' ' 
velocida~ de los puntos de un ~uerpo 
rígido que gira alrededor de un punto 

1 ' . ' 1 ' : ' • . ',· 1 1' 
' • - 1 • • ' ~ • Velocidad angular. de un cuerpo ·r~g~do 

qUe se desplaza con movimiento 9ene­
ral1 {movimielitO de tornillo instañtá 
neo). 1•• ~' 1 1b 1• .•1 

1 1 1 ' ' ' Comida 

13:30 11 15 h 

15 a 17 h 

9al3=30h 

13:30 a 15 h 

' 1.6 Relllción entre los ejes de los torni- 15 al17 h' 
llos instantáneos relativos de tres · 
cueipos• en movimiento. Teo.-mna de 1 1 
Aronhold Kennedy; Aplicaciones al ·dise 
ño de las superfiCies de paso de eng.-i 
ne~ hipoidsle91.1 o ti as aPlicicion"es 1 indus 
triales tendientes al minimizar pérdidas-
mecánicas por friCción. l 11 11 11 

1! 1!·~ ,1,.1 

Aceleración de io,; pui.tos de un cuerpo ri 9 11 lO a.m. 

~~~~6~:s":'vb>ie~~ ísf7~al. Teo~¡i de 

1 . • ' • 1 . ! .. . l 
Teor¡,, ~-l:l~mática Cle P<>siciones MÚltiples de un 10 a 13:30 h 
Cuerpo Rigido y sus Aplicaciones a la Síntesis 
de Necanism'os. · \ ' · : 

• 1 ' 

Resu~en de la. teoría plana de posiciones 
múltiples. 

' 1 

Profesor 

Dr. J~rge Angeles Alva.-e:o: 

Dr. Jo_rge'Angeles 1\lvare:z: 

Dr. Jorge Angeles 1\lvarez 

Dr. Jorge Angeles Alvarez 

Dr. Jorge Angeles Alvarez 

Dr. Jorge Angeles 1\lvarez 

Dr. Jorge Angeles Alva.-e:z: 

Dr. Bernard Roth 



Fecha 

Juniv 

Junio 25 

Junio 26 

2.2 Resumen de técnicas de síntesis 
"exacta" en el plano 

2.3 Resumen de técnicas de síntesis 
"aproximada" en el plano 

2.4 Introducción a la taoría de 
"triángulos de tornillos" 

1 

' 
Comida 

2.5 Empleo de triángulos de tornillos en la 
síntesis de mecani~s. 

' 
2.6 Restricciones debidas a manivelas; 

1 ecuaciones y teoría 
2.7 Ecuaciones de mallapara mecanismos 

eSpeciales · 1 
' 

2.8 Angulas de transmisión y· otras conside­
raciones prácticas. 

2.9 PÓsiciones con separación inf~itesimal 
'1 l ,, 

Comidla ,.. 

2.10 introducción a la teoría de curvatura 
en el espacio 

' 
Clasificación de los Mecanismos 

' 3.1 IntrodUcción " 

' 3.2 La estructura de grupo del conjunto de 
desplazamientos 

3.3 La clasificación sistemática de mecanis-

~·· comid·a 

3.4 Conclusiones 

Horario 

10 a 13:30 h 

13:30 a 15 h 

1Sal7h. 

9al3:.30h 

13:30 a 15 h 

15 a'l6 h 

16 a 17 h 

9al3:30h 

13:30 a 15 h 

15 a 17 
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EVALUACION DEL PERSONAL DOCENTE 
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EVALUACION OE LA ENSEÑANZA 
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EVALUACION DEL CURSO 

. 
CONCEPTO EVALUACION 

• 
. 

1 APLICA CID N INMEDIATA DE LOS CONCEPTOS EXPUESTOS 

>. CLARIDAD CON QUE SE EXPUSIERON LOS TEMAS 

'· GRADO DE ACTUALIZACION LOGRADO CON EL CURSO 

. 

•1 CUMPLIMIENTO DE LOS ·OBJETIVOS DEL CURSO 

5. CONTINUIDAD EN LOS TEMAS OEL CURSO 

6. CALIDAD DE LAS NOTAS "' CURSO 

7. GRADO DE MOTIVACION LOGRADO. CON EL CURSO 

ESCALA DE EVALUACION DE 1 A 10 



• 1. ¿<}.16 le pareci6 el mrbiento 17111a Divisi6n de Educecl6n Continua? 

HJY AGRAOO!LE AGRAOO!LE DESAGRAI>\BLE . . 

2. M:ldio de conunicaci6n por el que se enter6 del curso: . 
PEIUODICD EXCELSIOR. PEIUODIOO~ 

. 

ANUNCIO TITULADO DI ANUNCIO TITULADO DI RJLIJITO DEL QJRSO . 
VISION DE EOX:ACidl VlSirn DE EOO:ACICÑ 
CDNTJNUA CCifrllUA 

CAIITE!.- RADIO UNIVERSIMD a:MJNICACIOO CARTA, 
~.VERBAL, 
IITC. 

REVlSTAS TIDaCAS RlLLEl'O ANUAL CARTELERA lNAM ''LC5 GACETA 
UNIVERSITARIOS lm"' UNAM 

. 
3. Medio de ~ransporte utilhaOO para venir al Palacio de Mi.neda: 

OTRO MEDIO 

1 

Alll1MM!. 
PARTIOJLAR 

4. lQué canbios hada usted en el 
curso? 

programa para tratar de perfeccionar el 

S. ¿Reco~ndarfa el curso a otras personas? 

SI 

1 

l 



6. ¿Qué cursos le gustaría que ofreciera la D:l.visi6n de Educa.ci6n Continua? 

1. La coordinación académica fue: 

Ww\ 

s. Si está interesado en tomar algún curso intensivo ¿Üiál·es el horario 
más convehiente para usted? -

~\3H. Y VI~ DE YVI~ DE 18 ;Ay 21 H. 
DE14A18H. 17A21H. 18A21H. 
(WJ aMIMS) 

. 

' 

VIERNES DE 17 A 21 H. VIERNES DE 17 A 21 H. OTRO· 
5ABAlXlS DE 9 A 14 H. SABAroS DE 9 A 13 Y 

DE14a18H. 

' 
9, ¿Qué servicios adicionales desearla que tuviese 'ta Divisi6n de Fducaci6n 

Continua, para los asistentes? _,-----:. _____ _ 
10. Otras sugerencias: 

5 



fUNDAMENTOS CINEMATICOS PARA EL DISE~O DE LAS MAQUI NAS Y MECANISMOS 
' 

' 

2, MATHEMATICAVPRELIMINARIES-

·' 

• 

Dr. Jorge Angeles Alvarez 

Junio, 1981 
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•• .. ..,.,, ot•n-.ro • ., ... , .. ,., • ""'".,,,,. • ...,,u"",~- ;. .. '" 
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ovor oll <ho ""'''~'' ooluoo o< thio j_.., __ lo ,..,, • ....,, 



~
 ... 
' l ¡ 

~
 " 

3 

i .-' • ~ • • ' ¡ l j •• ' j l i • ' • ., • l • 1 ' l • ; ' ' • 
•. :B

 
l 

• 

i ' 

~
 

' • 
:¿) 

¡ 

¡ • ¡ ¡ ' ' l ; • •. • • 

' ' -• 

• • 

¡ ' ; ' •• ' f 
"' 

·¡ i 5 ' 1 l .. ¡ ' ' --

• l i ¡ ¡ ' • t ' l 1 :· : 

• -
' 

-· 

j • • • -~ -1 ' • • ' • l • l l ¡ • 
l 

' 
l! 

-· -

·----
... 

-
~
 ----

• 

' 
• j 

.E
 

' . z 

• l • ! l 

j ' j • • • ' ' ' • l ! • ¡ • 

l • •• ' -. 1 • ; • • 1 • l 

; ¡ i ¡ ' • l • • 

¡ 

í ¡ • i ' ' . -¡ 

i l •.. ' ' 
1 

' •• ' 
l . . • • i 

l -5 

• 
•• 
-· 

• 

1 

• 
' 

¡ 
! 

• 
• 

• 
. -

• 
• 

• 
•
-
¡
~
-
-
-
:
 

~ 
~ 

l-= 
¡, 

~ 
! -~ ! 

~-l •• • l ; 5 • • ¡ • l • ' • 

• • ¡ ¡ ' > i ¡ ! i l ] J • • 

~
=
 

~
-

1 
• 
" 

• ' • 
' 

• ' .. l ¡ • ' j ' ¡ • ' i ¡ 

• • 

. 
l 

• 

i .; ' 

o >
 

• 1 l ' ! l ' i ¡ 1 • ' ~ ¡ • • ' • ¡ 

• 
.. ¡ • ¡ 

l 

ri l 
• 

! ' 

J ' ' 

¡ l ' ¡ í J i l i l • • ' • ' 
¡ l 

1 

i _¡ J • • • l i l : . H
 

ll. 
• • 
•• !j 
J¡ .

-
-

--

.
-
-

--

• 



'." 

-,..««f.""" ... ,, OOt of -·''""' "·~·"· fO< oll i ,,.. di j , .. , ... 

"" "'"too .. 
" .•. " 

,, •• 7) ......... .,. ,_.., ....... --· ~· .... ,,. ""' "" .. 

<or<h .. o•.ol "'"''· O_.tidn,, • ,,.....uis """ _,.,, A <••- bo Ol .... >!hod 

vio, ,.,.,jlodw '""'"'""''"' tho ••'"""' o<""""" .. ,.h ,,. tho .,, .. -• 

..... , * 
""' •• _ .. , •• ·-·- .......... ,, •. \) •• •ol•od..,. ""' ........ "'' 

Wdto «<· C\.0.1) in tho tom 

·~- •,!1~,"'.' 1'-'.01 

""" ...,..,., .. ot•t- ""' "'' "' lr 1 1~ 11•• in"" oull ,,....~·,, ~- ',1· >= 

th!o _,.,, to >•- """'''" •••'"" 1• ><• ""'' '"'""' it• .,.,.,., .. ,. "'""'" 

... ,.h, .... 
~··~->,;IIPI>,I-o '"'·'' 

....,., ''" """" '"'' '' '" cJ-~,.<. .... u. ,...,,......,,,, ""'''" ••• ,,;,,..._,.. 

'" .... , ..... '"'" """"''"" '""" ......... " """--'· ·- .. ""''" ....... 
••• .., ""'"' .... " ...... ,......., .. ..,. "'""'" - p ...... 

m:c;¡r~ (Cou! .. -H...,.U;o). ~ oq""-'< ...wci< ••"'-'1<'-' U.- ~d"""-'il< 

o¡¡u-t.:oo, .:.~ . .ij ~1>¿1 ..:. .i.u ~v...:.uo potq""'"""", a. ... 
PI~J • ~ 1>.6.101 

A pn>Of o< thi_o <O<><O~ '"" .. tO""O olthor in ('•'• pp. 140•1") <o< lo 

"" 
,,.,d .. '-'·' ""'"""' .. , ... ~ ,, ""' '" "' ot<i<tl' ,, ... "'''"'"'" 

th;• ... ,.,. ,, •• ,. '""" ! I<L~I if 
nill¡oo<,.< ol !O<Io• A if. lo tho lowoot Lot...,<< f<>' •hld• •" 

'<("· '"" l~·. 

11 """" ........... ~.~ ......... •"'""'""' ..... u •!!'·-

1 Hl '""" ""' on rum S!.T "'"'' ¡; •••"""' tloo followin' •••'""''' 

1 ''" -·-~ l-1). -•,,•-· 
1 

.• • 1 -

j "'' '"'"'" •< !•~ '""""'" vo<>" ''"" in <h• oolutioo o< li,,.,. ,,q.,..-lo 

: ........ .,. '""" .. -·""""· 
''·'· ""'""-" ..,._.,. """'•"'" ""'"n"'" '-' """"'=· 
! Civon tha< '"' '"""' of """"',. l.ooO o.ot oonotlt.c• "".,,,,.,~1 '" 1-. lo 

tho '"" too ¡no rool, totlo.-.ol "' '""•" ""1- lt 1> oot "'~""" to 

' to"' (lo .. rtl<uC&<, o q._¡oo<io !o,_l lo uoosia< ... wiU. o _,._, '""" 

"'" tho ....,.,,. <iod F. o bl1loo" ''"'o!~.,.., !• , .. ,.,..,.., .. 

"•·~) io 0 .,..,,_,. '""" " '-"«> r, "'''"" t>.o '"""'""' "'""""""' 

i) tt ¡ 0 """' '" both ~ ond ~' 

<1~,.,,,.~1 
""' •!1 

. ,~, ,,, l\.7.1ol 

*'~·~,~.~ ~~~-!,, • +1! .,,1 "-'·'"' 
···~·~) .... lf! .,1 

p,7,lo) 

ji¡.J-:l• i•l~·!' 
11.7.1.1 



, . , . 

'" 
' 11.7.1ol 

fO<< .. Iog p<O .. <<ioO ol oonj"•••• blli .. •T foTO> ,, .. ,,, tbo< ono poooiblo 

,., o< '"""~"''"• a b!lio•" fo,. lo •• follo.,, 

"·" ''"'·''· 7 • •· "".m ... ,,.,...,...,.,., n .. ~•o'"''' '""' 
«•J•u·•~ 

'1.7. ,, 

lt "'" ... '"""" '"" '"" """'" '""' "·' 2) ""''"' ....... ""'""" 

'"' ........ ,.. .. """"' '"""'" """"''"""' .. ~-
"""""'""'. "''" ••""""• "'"·•'· .. ''"'.'' .... " .... ""'""' ..... " 
J.< 0 '"""'"" •-~-• "''" ilio, fOllowi•• p<O!'O<tt .. • 

11 It ,, .. ,.,.,,;.., ,.,....,k 
''~·~' • PI~.~~ 

"' 
P(!,'~,·~l ,,~,-!1, • ·'~.·~· 
··~·!·'""•' ··~-~.' • ··~·!·' 
"'""·~· 

. .. ,,.~, 
•'•·'•'; Ir '•·~' 

111) " " '"'' ""'""";"- d•f!•!t•• 

·'··~'""· '" •• ' 
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. o. " -_,, " o o 

• >ot•• ooojoO•t• linoo< lo Y 

'"'·''' 

" ...... , 

,,_,_..,,. 

"·'·"' 

(1.7.«1 

' . ¡'. 1G 

'F''"' ••<loitJ.uo 11.7,, """ r•<e~'"" !1.7.1), it followo ttoot oll '"" 

1, """""' for o bollo••• '""" to '""'"'"'' o ooolO< P""'"" f« o ••«•• 
' ..... ,. ""'' lt "..,.,,, .. <lofioito ¡..., l>ooeo. ,..,1). "''"'"'o"'"" .. ' 

fo.-o "~""'"" olofioito "' oot oloody """"""' ooti.-.ly.., ito ~'"" Ond 

A..,...,."'"_.,,, !O oold to .. ''''""' .. <oflol~ il (Ond <>oly 1!). th< 

!""''"""fono <•• MY '"''"' ~" ~ "'""'''"" <• it io ,,., "" -l<ivo 

:.,o '"''Y v..-.!.•hO• fot the uro"""'- • poo!oi•• dofioito ... .,,. ~ 1. 

' 1.,-.,"""'"' .............. ~'o.""'" ........ 4.-otl< .......... ., .. '"' 

'""' """"'" vocto.-., ''·'" ! ü ••" to bo pooitivo """"'""'"· o>=>o1-

ioo!ly <lool.,..ot.., •• ~ ~o. """"'''' oo<iolu ""' •••n<w """'"""""' 

.............. il.rty .... ...,. -· 

!THHll:r~ 1. t. 1 '"'i ''"""' """""'' <• """"'P""'""'' ~.U ~h< '"" <6 • H~ 
i""d • ;.,.,. "~,....... !"""".u MU«l<~<< e"""'"" d«"""'.u.:'" •6 

1_,_,, "'"""' 1 

(1,., .• , 

le,,.,,, '"" "'" .... "' .,. ,;_,,, ....., ,, .. •• "'"''"'" ..., .,. '"""'" 
J."" <• '"" ,..,.a;..,: 
1 
,r¡l[""f~ t. 1.1 Th•- q""""'-'-io jo<m ""'""-'a.t<d ..... o oubo.-i.> ~<.J. 4"'t ~~ •'"' 

' ·'•"-'* .¡¡ ~.U "u.......u;.... u .U ..-...9.:,.,.-~ iJ ~ ot>L¡ ¡¡ ~.;.. ''"" ~~. 
1 • 

"'""'. li"H" ,.,.¡ .~t ~ bo HO""-'\''" tlo.n 

i H~l_,T!!"l'"~ 

'~ ! t<¡l·~·~~ 
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,._ {O(~l)"" ' 
"" "" ""'" """'· " & ,, ,_._ .. ro.~<! ... "''"' 

.. ¡.,~))•0 

,. ...... , ....... ,. part •• "'' ...... -. 

>•<>'" tho "ooly lf" >•'' ol ""'""'" 1,7.> 

..... ,.. .... ,_,_,,, .... " "'"' '-'"'"• ..... ,, 
aoo qo04 

0
,_ ... , ..... fot do<inio. O oo&lo< ......... forO vO<tO< Ol""'• ,•lo« 

tho uooo).ood ~··•""' '""" ¡ 0 rO&l. ''"' lo n~ lolt to inv .. tl,ato lo 

"'"'-" "'" '""' ''"'' "" , .... pO"''"' "'""'" .. ,..,_ ~ "''' i• 

-· ' ' ., ,, """''""'''' "" ... ""'"'"' ''""'" ""' """' ••• !l'l' ... ,_, ......... ' -

... _,,,., "'""'" ............. '" '"' "'" ........ '"'· .... ,,..,., 
fo< tho 0.,.0,.tlc '""' .. oooloc•• w!t> o "'"'' to bo ,.ol. tho .. tdo ~ <' 

- ' ' '' ,, '' nOt "'"''"''~ tO "'"tOa p00id,. 
!'l!. "'~''''" """' ......... . . • ., 

do<lolto (or •-'""""'""' O.trio •• bol .. """''"""' 

,._.,.,,,,,u o·do< for tho ~••""'' '""' !'·'·'' '""" 0 
'"'

1
" r«d"'''-• 

> """"" ""'"'"' ••"""'' "'"• • vory '""""-' ro.vle cono""'"'"' 

'"' 

wra.¡~ 1.7.! ¡,_ ..w..¡,.:.. poo.túe doJú,_(f< ¡.,.,.¡~,!út.U<i .:¡ o.td '"'q 
.:; .:u «J"'v..t.= ._ •.• ~u .w """ ~·....:.... tM<. ¡., ,...,.¿ ~.¡ '"'"'· 

Proo,, l'ooly lf" po<tl-

'"""''' ". """'' ~ ,, ""'"'"" """"''" ,, .. , .. ""''"'· ,, "'"'"" 
n.rtho"'""' ""'" tho ."'"''';,lo o;,,..,.,_ ''"'• tho olooeoto"" '<o 

41•ooool .., lto oi .. ovol•••· ""''" •« '''' ond ''"'''' thoo <or •oool tol 

..... " al< ..... '"" '""' 

., . -

·-
., > (~1 •• <-t.> ... _.." 

ro< =•Y vo<t.o<"• 1 Q, b-¡ dHlnltloo, 

(U.tO) 

"·'·"' 
""'" tho "-"''""" of ~ Mt» '""'"'- ,. ""' boolo <onood w«> tho 

"""•"" ........ ., ... , ... "' ~) ""' 
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""""'~'· '""""'"'' H '''"'"' n '"' "'"''"'''·' of "" ,,;., to •hlob ••• 

,...,,, """" ..,..,, .. ,.,,.,. ..,,..,.,¡ -hlpll<•<looo (Lo. o -•ro ,.,.,,,.,. 

n·l ''"'"""' '"' 
000 '""''* """ """"""'¡..,, 1n ..... , to PtO<oo4 '"""''· 

,_. ~·· .. l!ol<Looo •n ...... . 

... '""'"'"'' """' ................. h .. , ........ _,,. !t " ........... . 

, .... ,, 
a lo o vory ol..,lo "'"" <o ,,_ <>..,, fo ot'!oo <•• 0 naruoto.-.d ... ~ , 0 

L.oo '"''"'"'"• lt io roqol<Od t.!.at. ito "'"'-' ooo]o .. t.o, ~-- ...,.,,, !t.o 

'"''"'• ..... 
10. 1 .O) 

rt > io do<J< .. 4 ovor tho ._,,, fiold ""'"'"' ...,..,,,.., o.o.<>, tlloo 

Jt lo ool4 t.o t.o ~- rt ~ io áo<t .. •O ovo< tl" <ool Oiol,, t.hon t''!T• 

"'' " ... ,_ ••• ! ..... : ",, '''""" ''""·"·" ...... , ... ''"""'""'· 

"'"'"'' 1.8,1 '""" thot '" ..... ,,, t <o ... "' .. _,.,._" ......... "' 

thot e,.,,,,,. 11.1.<!, l.o., ohow thot .,.,. eho ,¡,..¡¡.,lty "'"'''''"'''" 
!'!!· ~. ':!·. !"!~-·-

tOo foll'"l"' ,.,¡., ptodu<t io ""'""'"' 

Pl!o~l "PI]',~) 

1.t "on.-nu c.- o.ou? .. Y """ <>!tT1100CA<'-L •~1111as. 

' •- ,,....,._.,, footo '""'" .. "'"' ....., "'"-'' ao«l<oo ..,, dloeo .. Od In 

.. , ....... , ............. ""' '"'"' .... '"""'" 0000 •• "'' ....... . 

THfi)O!U r. o. r TA< a< •! U9"'"4luu oj ~ ....:U.~ ..:.V..:o Uu. "" ti>< """' 

W.<.l< 1•1' • 1, <<41<11«1 o..1 .ti.<""''" oí .elo '~" pl.ooo •. 

-----

' 
""'' Lot ~ .. .,. ""' ••l•••y "'""· "''- 1.., """ of lt.o '''"""'••• .... 

,! .......................... "'u. .. 

' ¡ ...... "' . ,, ... " ........... , ....... both ..... o< " ••• , 1 ' ' 

i 
' 

11.0.>), 

.... ,, o)n<o ~lo""""'"' 11.0,>) loo4o tO 

' !': lll ~-! 

"~""'"" 
' lll • l,q .•.•. 

"·'·'' 
" ••• >) 

".0.1) 

~."u'"' r.o.1 r¡"" ••• .. ~""'"""'.:..O; odd "'"'"" 1.: <. ".u. o.UJ. 

tA<.o u,..."''""'' ... •<4l <4"-...t..o', ........ ¿¡, t.itiu' 1 ... ·l. 

¡.,.,., .. '-'·' ..... C<o!IO<y 1.0.1 

¡,:,o wno•ay >OIIIT• or •c•u.• "''!!CT!"" pro V!iffi?R ~'""'""'· 
l.ot O • 01!1 bo • '"'''""' ""' '"""""' of o ••otot """"..,.'· !• •oo-• 

t.O O. ooot.l=•• , ...., •ttr.t .. tiohlo .. to ''"""" ... , iYotl>oo Ylthlo o oo.-tolo 

.,,.,..,.,,_ """"" ·- •o· .,., ''"'"""'' '"''"" "' "'' •••«'"" .,, 

.. :• .. • .. "-' ""'"' 'o " ! "'"''' "'' ,,,,u,., ol •· 1" <!l •"'·''""· 

., .. ototl-<Y poJ.,.t oon bo on ,,.,._oro""'" po!ot. '",.,,. ... , iA 

"""'· "' 1>o ''''"'' o locol .,.,, ... , or •ln'-"""· "'" ''"'"'" t oltolno • 

, ... , .. ,,..,. ot ~o lt ""' only 11 

<1~01 ~<1!1 

lo< ony ~ !o tho ool;h>oo•"""• o< ~O' Lo., '" ~r ! ""'" '-"•< 

11!"!0 !1 !. '1 ... , .... """'""' -" .... ,. ........ ,. ~ ''""' .... , .... ,, ....... . 
""'"''' .,,..,. •• H on oxtoo,.... lo nolthot o l=•l ••..,...,. ""' o loool 
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M •r;>AO•l"" ot '· "'"",.. !o ~~ • ~oylor oonoo •ll~O<<>t .. "'* ,.,.. o! 

""'""''>" ¡x>lnt o< Oond. '" r.tt. tho Toylo< ''"'"''"" ot ; lo 

' -•- 1•·• 1" , •• ,, !lo·• 1 >--o .a --o 

for a ,, ... inoo ... nt <• 

lf ,,, .. o! t>l•• ond h!gher ordoro 410 noglo<t-'. 

". 10. 1 1 

-···•· '" ····· .... 

•- ... (1.10.2> 1t ean bo <>O~l-.< , .. , <1>o ,, .. .,p.o." ot •• ''"'''""' 

at • '""""'"" poln<. w1Ü<h ""'" cloa< .my occh polo10010 collod ot•<!OOA<y 

'~'"''!o 00
"'""'"' '" '''"""~ •• ""'· ''""""' ""tru. '''" of o¡. " <• 

.... , ... " " ,, ,_,,...,, .. fD< '"''""" ••. " ,, •••• , ...... " th• .. ,. 

' lo<•rzO.t lo .......... ,. .... ~.,., . .,. ·~· ,, , ............. ·-··-· 
.. ,.oo."" '!· '"'" •o "• .... ,.polo<'"'"""'"""''"'""'""""' up 

. . ' in'"" lo"••log. Eq. 11.10.2> ''""' "·•< m.''"" of o; .. ., •• .,:'""'"'' 

00 ""' ~··«• ""'· ot • ""'""""' '""'"'· ,..., .. , t.hio tero 1• ...,,...,. 

,, ... , ....... .., ...... it h ......... , tl>ot- .... , •• _..,,, ··1·1 .... .. 

ooolóolloltc O< o0 • Notioo. """'""• <>.ot. tO.io """""'"" "" "·' .. .,,,. 

"""''U Oo.ly '""'""'• b" not """"""• lor i< io ,..,. oo «l· {1.1C.l). 

""'"" h '""""ted o<t.« thi<4-o«k< '-""· ln fort. • '""'"''"" ,., ... 

""''''" " .......... ry ""'"' •• ····-"""'""'" ........ ~···· ....... . 

""'''"""• o ~jnlm.m. •>< o •• ,OJlo po[nt •• '"""" ne.t. 

r;rc:mll.l:.: '""""'.,..; ,..w., ¡»i.<U •!, ""'!i'"'''''"'"'bt' juoet.Ul• 

oo<..-.< a.< •W<•""'-'1 po.(,.(.l.. '"o •W<•""'I poútt te"' .. '"'"'""",·" loo.>! 

""""""'" 1~1 .U b. ouóiie4....t. o.UhouJh not """,.'";'~• tl:o.t ti:< 

''"''"'"'""'"9 Hu•útft '"""~'' br "'""'"""' lpo...UIO<I ""'"'''""'"· '" 

lho •a.i~poi,; "''''""'"''""o ••ddlt ¡;oi,; • .U¿, ••IF<--''"' th•l '"' 

'"'"·'-'F•<i<n¡ ~'"'''"" """'"·.ü •<gn-.i<dt¡i,.(.f.o a.< l!-.<. "'"'-'""-'V po.i,t. 

"• ,, .. ,,polo<. th< ,.,,,.,,,><• '''"• In tt .. !.ot '"''· ot >tO '"''"'"'' 

polo<. tho ''O"~! tho '"""'"'" of H.o ""''""'lo Ol!f<'<OC•t Eo< eaoh 

1.10.1 •• , 

od.l.ol """'" .. O """'"'.~ lpoo>e!VO OW"V•t•<•)• "!'"'"'• lf oaon ''"' 

tho ,.,,¡,. 1t •epoon" • mo.<l~•• 1••••"•• '"'"'""!·lo too<. it lo 

....... ""'"· 

, . ' ' ¡:; • ! ~,.~ ,., 

' 

' 

\. 

~ ..... .....,"" ..,...,_ ~: • 1--} f 1
t • .:; r' """""· r~u;..~ ... " ............. 

¡...:•"""1 <! ~ 1• •ID<~<•< )p<>aU.iv<l ,,,.,,:d,J.in<t< 
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..... ,.,_""" •• ~· "9'"'"'" ¡,,) '"" (•.•)- '"[>,7), '"'"'"''" 

"""""' to ..,.,..,_. •
1 

'• propoo ... ,._,_,.loo! oolo<ioc. ol "''' p, .. , .. 

""'""' '"''"'' ""'"''"""' , ••• , ....... ,¡ ..... _.,.,,,. ''"'""''· 

111 ~n. ln thü "" tl>o """"""' ot ""'"'"'''""' lo loo• thon <J>.t-or ""'""""'-

<.-.. t.o.><o, '"" "" .. .. ,..,. 11.11.01 

• 
lo """" _, .... o•l, '""-'" lnfioi<oly """" oolutl..,, '"'""'' •JI pc>nto 

lyi .. •n tho ll .. 

11.11.10) 

-- .,., •.• , ... <>·• .,.,,_ .. ,.,., 11.11.11•1 .. , .•. , (1.11.11•1 

wlth ••2 onil n•J. Of>l> •yOCvm •"'"-t. on iMinity Of oOlutio•• •ll vit> 

'''"'" • In tho fono 

....... oq, 11.11.11 ,, ..,.,,,.,~,"' 

"·"·"' 

·····"~···~~ 

• 

1 _,. 

,,_..,, ~~ lo=~ ....... wlll bo "-" fOr tho ouo -•· .,._, ~~ io o •««>< 

'''"" '" "'" ""'' ...... o< ~2 • e, .. ,,,, ti .... ..,, •• .... , ,;,,.,.,,, '""'''"' 

doot ool.,lon• 11.11."1 oO lin .. dy iodcl"'odoot voo<or. •O ""' null opoco 

of ~,· 

,.,_ tho "'"'"'''=·U •'•• ,,,.__ {1.!1.11 ""'-'"'" iohni<Y o< 

oolu<lon•. """OVor, .000, <Oo>o l•f•oltol, """' oolullooo, tOOrr io ... otly 

.._.,, vio o.., .. ,. ... , ,..,..,_,. p-1-, noaolr, 

HinH!l·l~ 

""" """'''"' ''"". 
tl~l~~ ••• ·,~-~1 

"·"·''' 

"·"·"' 
'""'"" rrdu«• to ._,, otig!Ml ooo (L1t.lS), ""'" p,1t,l6) <• ootlo<i ... 

1 "~' ,., .......... ~. """" ,,. ,. •• ,.,, ,. '"' ···"'"· 
' 
1 

o'l~l->¡<•~~~--? 

«-·"· •• ·--,;·o 

i\,11.10) 

{1.11.101 

.... {1.11.\6), ..... ol>t.olo< 

(1." -"'' 

• 

1 



.,.,. •hloO, <r' AAT ¡,o<'"" '""'• 
- T ·1 

!-"'"01' 1 ~ 

""'"' 

" """"'" , •• - ...... ,.. Qf ~-

1 
~:·"'·· 1.11.1 c ... bath ... .-.-, ......... ~· "'' .,. ••• ,... ,.· 

N~ tho< of_.,.11,n) ••lO< fo< • •'"" """" ~' <xplo!n. 

• 

. 1." 

11.11.211 

(1,,,0) 

U,.l o"< wholo '>'"""'• <'·• mlnW... ...,""' or on<rgy. In "'-•=•>tioo 1< fin4o 

to Oyrol4 .......... . 

""''"''' L1Ll s>ow t.hot""' .......,, of tho onor !1.11.<1 lo po<pon'"""'" 

""!0" •'""..,. ''""·"· "''''"""lo'"""" •• <>-• ·•••l•"'''"' ,.._,_. 
""',..,., .. ton<l.o '"""••ti- in •>'"""""" theo•> (>.t). 

' u¡¡ """· "''' <• thO .. ,, ,,_.. ••••.,.. = ""'""''"' •••••"' .. of '' 

im¡,.>rtont "'""in IDio <>•o O<Ot<O t.t .. t !<~lo o! f•ll n"", i.o. 

1." '"'"m: e>~ •owr¡ON or Ln'"'' '"'"'"''"' .,~ 

O>IU>iM< .,. .. oyo<.,. ( \. l\,\) fol Lll t>.<OO ................ lo ...:-tloo 1, "· 

11 ~·<.. ,.,__, El<ot ..... <hot ,¡¡1 bo Oi'"""'o .. >oro io thot <or PO. 

"""' ... -·· 1 

1 

o<'"""'"''""- of toO oat .. <orloo, ,_.,,., •1 41«« ,..,,.,., '"" 

b) lt"'"'"" ""'"""'· ""'"" <ho '"" """ "' """ '"''""'' "' "' 

'""''"" 1. >J, ooly .,,..,, .. ,.,., ~Hl bo ,,.,, .. >.ero. """" lo .. 

Th• &Olutl0<1 lo 

~- lo th• <or<> 

"·''·'• 
""""' tho "-'•••"'' of L <»>taioo ... , in •11 ito ""'''''· ><orrh U 

""'"" u-.• ""'" ., ••••• , ••• ..... "" ''"""'" •••••• "' ... ., .. ~ ... 

.'--"• "'"""""'"' ....,.,. '""'' •< t>.o ,,..., .. ,, ... o<~~~- ""'" '"' ""' 

""" """""'"""'· •hloh '" ""' ·""""" '" "'""'· 

'"'"'·· ""·' '""" thot" ~ io. """"'"""'" """ .. ,,,,,o'~ .. '"""'" 
""""'· ..... " " io ,,..,., ... """' ~~~ ts "'""-"'' ...... , .. ,,.,,_ '"'"'' 

__ ... ""' ... ,.. •• ~- •• , """"" !1. 

'Tho !'! óo<.....,oltion o<~ h ,_,, • .,... via Cho D<:O:;o<? ,...,.,, .. ,., ''~'•""" 

'" ¡ •. ,¡. "~ "'-·"' "' ............. """"""' ."""" ,,,,, •• ""'''"'"' 
<o<~· ,.,., .. io """" putoO.ir .. ""' ,..-o<~••" of tho •iDo•'., "'""' o! 6• 

""' \f <],lo Of""UCt '"'"" OUL "' ... OUO, """' O .... ...,. to t>.o .... 

. ..,. '""""'· 

r 
1 



1.)1 

"-"' ... •ri<ton •• 

"' ••••.b¡ ~"'!:- ..... 

r•c"'o-o , .. ,_,, 
"""" ~-l .,,.,,_. oiooo dot ¡, ltho o'"""oct ~• t.h< "'-'·'• '" U>O di ..... l 

of ¡.1 lo ''""'' to """ ( 1, n) . '"""'it~tlo;¡ 1 L 12. >1 into llll"t• ..,. 

oO<oio. "" rinal ••'""""' 

-· !"~ 'i 

whoro o"
1 

.,Jo<• bo<Oos• ~ ""• ""'" dolo<'•• tobo"""''"""'"''· 

. Tho Uo• di•O'L' of u-o •holo r< .. ,.,. ,,..,._.,In Fio 1,12,1 '"" u.o 

liotl""o o< O<CO><> ond <QLVE In rJq,, 1.12.0- \.\0.1 

1!1 m>n. noxe, t.hO """oriool Oolut!oo 01 lh< o•orol<t.,,lnod ""'"' .,,.,., 

"""" h """"''od. In tt.l• .... t.ho "''''"" ol """'"""' U ., .. ,., t.hoo 

<ho.< ot .,..,_,, '"" """'' '"• '""""' "oolotlon" " t.hot ~O •hioh 

~i,,IAh•• t.h• """'" .. " ,.,... o< u.o '""' ~.,-~- ""'' io o~o .. ~' •wll­

ootion o!,_..,.,,,,"""""""' (1.•] "'bO<b ~..,. b. • """-'-'-"'• 

ro<lo<tion io an O<ct•o .. ,.,l tranoformotloü ~ •hloh "'' tJ" O<O>orty tJ-." 
~-'-l-~ ,,_,_., 

<>von oo ... vo<to' > "'"' """'""''"'" 'o•· •,, .... ·~· '-" e.o"-'<holdor 

,..""'-'••· ~· f• "''"""" •< e> "'"""" " 

''' <oot. u,.,, 1• no '·'"" " <>Fli<i<oly .... ~-· tor t.ho 

"'' .. """' ........... "' " .... ~ ........ ,. ........ ,, ..... .....,., 

• 

'·,. 

1 

1 

' 
' 1 
i 
i 

'" --
¡ 

CHI. O<COB> 

' -' " - - -

,. ~--.......... 

"'"'"/ 
.. ' •TO> 

•• 
UCL OOLVK 

" ' -' - -

' - ,-• ' - -
' • 

~ _, 
' - -

¡ 
L w•n• 

"""'" 

•~o> 

~ 

'• 1.1>.1 Flov "'''"~too''' dlcoot oolvt!on oto""'"''''"'"" 
>YotU v!<k '""" ovoOor ot oqu«ooo •• ""'""'''· 
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'.' '11110>' l•t:<IIMI•<"•"~!M•ol•IPI 

1 '" "' 
" NO<~ 

" 

''"'''"""'' "'""'"' 

4 01 l•'R 01- n<J<•<e 

• ''"'"''~IIJ No,o;~'-'' or '"'""'"' ,,, 
• Merl<l,; TU UE fl<!t.llfoi¡l,_,,lll '! 

!.0.01~111 ' 
.0!.~>, 1-Lf,.J • UI'I'[R 10dt.l'<:t111oH f.\C.:"'' <1 

.... 

_,I,Jio I.OT,J •MIJLJ!Pl!LR~ • LU~!R ll:l'o"!:lllflf< r•oTO"• 1-1. 
!-<~>• o<.CT.N •Uoto~x OF K-TII f'l'.'oJI ~n~ 
HloU • I·I><"NW",i:f' o,- ):llr~fW•'IC<C: ,,r, <•·· 
u:.f ·:.or.ut·· 10 ""'"IH "'"-''""'' oe· """~" 'd"'"' 
¡,.-r["""') • ,. '" ""' : • 1 "·" 2. ~~· ••• '·''" _,, 
1~ [P(NI•~• " IS ~1/<0IJI,.ol~• '~<JLVE' ~flL ~;'."WE L~ C[f·~ 
I"TdoCKO"O[S CloH~til.l• fN U• ll'<l Y Pr.f<IU lrl L 

JPIHI•L 
DD M K•l •N 

lFIO(,fO,NI GO 10 "O 
'fl•'+l ... ~ 
1•0 10 I••Pl•N 
1F<AF•<o<oH 1 o~), .r.¡ ,fl09",1~oK 1)) ,1•1 
EllNTI•u~ ,.,""" 
IF<JI,¡¡O:.~l 1P<I<)••IPI/n 
f•A<M•"' 
MM o K 1 <A! K o 1(} ... ,,,,., 
trn.~:o.o> coro :o 
NI ~o T•,P>•" 

., ! -~··-O<',,"' 
00 40 .J•KP> oU 

T•A<"•Jl 
A<n.Jhh!KoJl 
A"oJl•T 
.-n.Eo.o.> oo ''' •o oo ~o ¡.~,., , " 

AC J oJl-~< IoJHM I ,r,Jo 1 
CONTINUE 
lF<A<K·Kl,(O,O.l IP<N>•O 

~ONT!NUE 

•n"'" 
"" 

"•· '-"·' Uouo, of SualOIIrlOE "'""'" 

' ' ., 
' ' ' ' ' ' ' ' ' ' 

• 

1, ,, 
-------~--------~-

""'''''"" ',,.. ""' ,.,.,"'""'M'o' "' ,,. 
R>:O~ ''' ""' n · ~''' n> , O<"',¡ n> • 1 

'"'"'' p "''"'""' 

H!f'UI > 

" • orwn, nr.Mmrx. 
""'" • l'U:LMEO lolhf~~ICt> Of" o\llRIIf ~. 1)1 ::11: MOW I'I>O:nr.M 
A • TRJANt;U~OI,JZr." nAIRI< OOIMN[O l")'c~ ·,,~(:0"1'' 
R Rl~tiT HMII• SWE Uf.CHlR 
JP • PIUOI UOCTQR O~IAU'FJo'rR0/1 "f>!;C<Inr• 
DO NOI USE 'SO!.V(' If 'OCCOMI'' '"'~ ~([ IP<In•O-

~"""' O SOlUIIOU vtCTOf<, X 

' IFHI.Ffl.l! on rn 90 
~M •U-1 

DO 70 K•l.HII1 
,.,.,; >1 

ll•JP!Kl ... ,,, 
~'"'""'"' 
ld~>or 

loO 70 I•.P1,N 
~<!h"< l >+A< 1 ,K>oT 
00 80 K!<•l•NMI 

""'·~-'" 
···~,., 
f,IK>•E!~l/A(K,K> 

To-~CK>' 
00 BO h!oKill 

B<!>•olll<A< 1 ·•••r 
"1 l•O( 1 !/Al 1 ol > 
•Eru•N 

'"' 
1 

•t¡.-1,ll,l Uotln< ol SC'UOUTU.t IOI,V. 
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OIJJ•I.IOI 1 1 1 lB IICCIJ,,I' 1 ""1M • Ho", h•U ¡ 

-.-.. "'""'"'" 
'''"'""''" """' '" '"' "' J "'··1'1;1/,.¡,~""·'•'·"'" 

"""'·' '"'u'~" ,_, '''"" "'" <~r "' '·' ,-_,, ., u,r, ~:. "" ' 1 u Llro ·rrt 
l~lloi«.IJcOJ; I''>RM, IJ',I. '""' 111"'11: fllll LIA"I·::"u;Jl~ 
SC"-UI IU"~ l»' IIVI >.n1:1 1 "tn¡¡r¡o t:·:~·,o_~~. 

Ml•ln• JHU-I'CO I<U~ urr.J_;;;;;,. 01' A 

n • "''·"''~ Uf '<LJU< Uf ~ 
H o """~tr. 10> r:nLUMiiS Ot" A 
A • M·J•T·ro MU<IX Ullll n.~.N 

lN~Ul : 
MI~!X Tn >•r '":010[:C1• 

OU;f"LJ!: 
'HUCEU Mr.;R¡< AUD WFOIItl.óllCM .;oour r.~:-¡~;,!;1/: 

U M-VECIOJ\ 

'·""' : IG~URE!> 

OUT PUl: 

fl!IO R[FLCCTlON \IHICII :=RO!:S ot].~1, 1• ~<!•••••••··•·" 

"OAI<•!.H 
Al~HA• Q.O 

""''""'" "'''" '''''"' Ali1<A• AL~U.otU!IloU!Il 
CONTIHIJC 
AI .• "IIO• Snr.T<~LPII.l 
IF!U!~I.Ll.Q.Ql AlPIIA• ·AlPitA 
u<r.l• U!IOtAlPHA 
UETA• f•U"Iil•>ll!!o1 
0(1(,1(1• -AlPtlA 
li"'HTA.~O.O.O,<!R.~.~O.Hl 00 10 • 

APPU .,-Fl[CrlOH lO REMIUlrJG COIU"m UF A 

~Pl· '"' 
[•0 < J• H¡.N 

GA"HO= 0.0 

00 ~ ,_ "'·" 
!;AMA• '""MIU111>t,<I•Jl 

CO/HINUO: 
ot.nl\l"o• GAnMMt.-u• 
1!0 J 1• K•M 

•<J,J)M A!lo.JI-OMlh•>U!!) 
COHilNU[ 

COHOir!\J~ 

CONllNUC 

~"""" 
lr,I!.NO!ICIIf•" f,L.SULT ~fOil[[' Itl A<Id1. l,LC • .J 
V!:CIUfoS !o[F!NINO RCrC~CliONO "TOO,! O <N U "''~ RC~I Or ; 

'"' 
Fl¡ l.U.< L!oti•< ol SC"IOC<rrr•• ~..,.,. 

' ' ' ' ' 

J. )O 

'·'""'"'" 1 ,.,. "'" :''·'"'" '''"'""''"'"' 
'"" hl ,, '"''"·"·'' 

_..,_ ''""''"''"""'"'''""' ,.,,, .. "' '"''''""' .. ''' 

u:A"T -snllo-r.c "•'" 111 r '"' "' "''~ ""'· or ''" u-r" ,,-," ": ,,·; 
FINU X''"'' Mll<\r111'!> loi'IIM(II.a" 111 

e r.l•ln·"·""""' ~E""'·'" '""" '""""r 
·C h M·VfCI(JR 
e •~eur : 
e Rlólrl llhi>O ~li>C 
C llli!FUT: 
e n~sr "c"~•·n.«"'~ • T!W zmonlfll•· ~ 
e L<>ól n-" <"<•MP~ttl)'l"• lr->N:.ro"oro 1 rr.:'''"·L 
e DIV!OIGtt ~r 7r:,o 1M1"1.1r." • ""' .rr ru~1. "·"'" 

' e r.reu KHL~~nutt~ to u 

' ' 

' 

·noJ~·•·H 

,. '''~'"' D!:IA• ·LI!KlOIIti(,I(J 
••~•Kl• U<ID 

"'""""' o.o 
""''"''" GA.,M• CAllM+.H 1 .~l>~ ( l 1 

1 COttllNUC 
GOMA" fJAMMMI•l:YO 
DO ~ I• ~''' 
1 0<11• O<IJ•GMMA.A<l•~l 

l CONTINUE: 
o<K·K>• .r 

J CO~IItiUE 1 

C OAC" SUOSrlTUTION 

' 

• 

"" ~ ,~. ''" .. ,.,_,, 
o<K>• '''~""'"'"' 1f<~.cn.11 ¡¡u 10 s 
•"1• K-1 
oo ~ 1• I•Ml 

O<IJ• ><ll·•<I,Kl•O<Kl 
4 COHTIOU" 
S CONTINUE 

RETU.H 

'"" 
Fi¡ l. U.> liOc!oo ol SUIROLITJ•< "'""' 



'.)9 

"""'"'" '·"·'' ""'" "''" ~· o• """"""in"'<'· ¡,,~2.•1 !o in lo«,· 

'""""'' .. · .... ·- ""'' ~ ,, "'""""""'' ... ""' ....... '"' .... .,., .... , 
' io -1. '"'"'' uoo "" ,,."" ot ..... loo 1.12.21. 

lil) '""' -· U.o ""'" oyo<oo ot ...,..<fono ~-~ lo """'"' """" tho 

.....,, ol """""""" io ~"""' thot "" ....-. of .....,dono. 

'"''"' ..... "'" ··"-" ........................ '" '""""' .. 
..,,.,,.,., -. ... , .. ""' .. ,~ ... "' ......... '""·- ...... 

' "''"''""'· "''"U 0<>0, '''~O~""'" Oo<l!do .. """' lo o ~lni...,., 

""' '' •'"""' .... n .... m; ,_., ........ '"' ,..,.. · .. ,,;..,.,, 
• T T •l 

~.-~ ·~ J ~ !1·"·"' 

o) 1<dto oq. · (\, \1 , 20) io <>• '""' 

~· .. -~ 
,. 

(1.12.0) 

b) ""'"" ""' "' .. _.,. ... -"""'· """ 1 ·- ''·"·" ' o)"''">'""""''"' oto~ 11), oo•s•>to ~.by,.,.,. ""l<ipHootio., 

oo ._.,.u., In 11.11.101, !.o • 

. -•'• ·• - . 

.... """"' ......... _ ....... , . ..._ ... -· ..... ...,., ~ ........ .,..., 

.,, ""'" '>""""· conol._.d,. <ho '"'"'"" oooo ~t .._...., """'"'' o< 

..,...t.lor.o ..,. ......_., ""'" lo oo .....,.,.._ "''" U.. .....,........., '''""' ""' 

' o "'"""' ~'"'""'' In <o«, <hooto !o no ,_ .. ,,, "'"' Oho ·~·- "'' • 

oolotioo ot oll. 

• ••• S.otion 2.2 lo< -.o dotoUo on <o!looti..,., 

' 1 ·" 

' 

' -· • 

• ... 1.13.1 

' 

. ·¡ ... ,.,,,, '"'"('"'"""' of o hnor~oh ••• • olr<lo 



<x>."'!')O 1.1!.1 

, 
• ; ,. "' ,., 

>~• "" '"'"'''"• for ~'' >yporbol• (oJ do•• oot '"''''''' tho oitolo <b), 

•• h oh""" in "O· 1.11.1 

-·· '·"·' ~ '"" ....... """"' o)to<<O.lo •Y•-

' 
, 

• ' • 

' ' • • ' ' 
""' '""' ""'"""'· n=<ly 

., ;-1- '• .¡¡ ' ' 

., !f. '• ·!f 

., ·A '• ·A 
•• -Á '• ¡¡ ,., 

1<!. ;-: .••• ''·""'"'•"' '""''' '" ,.,,_ '""·' 

""''"' -· ""' ""' 

(b) of '"""''' 1.1>.1 """"'"'"'"in~'"'""' 

<,1•,·•,> ·: ' ., " • o 

,., 
'" 

(\.\l." 

,.., ......, .... , ..... , ... 
, .. ' 

, . " 
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~•r-L "' > ,,.,: > ·'"' < "'·'~' .ucun<>~> .n:~> 

'"""'" "'"~' THI$ $\O!O[oLJOntll: F!NU~ 1111: IWOTO OF A tlOtlLIN~M< ;,l"U•R~IC O'STCM Of 
Of<ULR H, o;;, !II:UJ10N·~WW>UN M[HKI1>"$MCOON ¡:, ;OH< IJCLLLn 11- O. 
ONALYSIS OF tlUM!:RlCAL METHO<.C •• OUH" U,_!:Y To~l• SO!<:h INL, • "¡:" lotl~ 
!VIoó•~P- BO·!Ol)U]lU'l<A,,PW~- SLIL"•UUIINC l'olOoll1[1[<"' 
X • N·VECTO~ 0F UNKNO'.;S, 
FON HlH~~l SULll3U1HI'EC UU:CII co,,-uTtS CTCIOR r, COIHMN!IW 

·1HC ru-"'10"''; WH05E r-oolS not nnrc.w~u. 
OF'OX DTERN~l :iUVRUU<HIC U!O!C" COMPUTE:S THE: JriCO,<roN MTRIX 

OF VECTOR f •'HIT RESrECT JO J. 
? AN ou;<ILIOR VECTO!< OF SII1TAOLE I•IMümiON. !! CO."lA!NS 

THE tAI<AHC:lt~" lll;\l (AOtl rMbLE~ MY r<L\IOllC"(, 
"lOU PCS!liC't SCALM• !HE TOLHAtiCt ¡~<'OS~D O." "l!lt '-"~ROXIM· 

no~ m •· 
!OLF 

POS!! IV[; GCC·LAR• THE TCLERC,J<LC !"POO<:b ntl mr. .iPPROXlM­

"l!Otl 1U F. nr....- =1HE: """PillO VALUE, PRCVIDEO DY·Hll: O~ER SLI<:H ltl;\l 

O.LT.M~P.LT.l • 
Il[R ""~"~[R OF" HERAT!ON b!:!ITG ["CU!ElL. 
MX •MAX!r.U" ""·"''" OF ALLO~C~ nmATIONS. 
MAX .•llAX!hUt< NUtlBER OF ALLO"L~ OMPlNil$ PER ITERIIHOtl. 11 IS 

PROVlt•CD l<l !HE \ISEO, 
FUtl ONO OF"O< ARE SUP>'l.l'-0 .V THE UCL~ • 
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~lOURAIO 5YSIE~ TF< X) ODEI.l A•F<X), l'LI. lA •UNG THO CO~OCC"l! ON 10 
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rNORI •F NORH<F, ti> 
IF<FNORLL[,TOLn üO "lO 4 

1 CAL!. DFD>«·DT•P•H> 
[(oLL DI:OOMP<N•N•Df,lP) 
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•«Lo" e,-~,""" ~8-~( ""' ~>1. <! or..i or.lr i.! V<• po""-<o lú i,r. ~ 

~· ,._-~·l"' ~h· ""'"" ""' ~· '"' """'" ¡, 3" ........ ~~ "'' """''" 
¿¡, • ""' •.o~Ailor., .U.«< poi.""-' U<.¡., o~· f"-'-1-ll<l <o -<.\t •..:o o¡ 

Mta.ti.or.. 

"''ti!'~ ,;, .. """"~" •• Thoo< .. ,_ ...... ,..., ........ 

'"·'U"" !.O.J Th< <li.opblo"''~ o¡ '"'1"""' "'"""' •l o <-i,.:d "'"V "'"""' 
o, ,.,..,..U>I. "''" <t<jj~t<a-1, ""'-"' tr.< boJ~ wodt'O• .. o ,.... ">l4(or. 

' 

,,._l. 
CoooU••! '·'· 5' ló -· o.-d o.(~ U>, d.Apb<w•<= oj <kt<< '•'""UiA""" 

po<>".t-> •i • «1..:o !odV .,. ¡_.,.u>~., ~¡,,. o.Uhu <1 ti« _.,,_,_av: <U.!~! 

"""" .v.< idM-1-i<d o.t boL>"~ <o p:;U<tl l~U~ c. • W< ,.-...u,( lO tr.< 

·~"".m ... · w '"' :=·-""t<l J..:.,t.,,..,.~ "'" "'-!!'""' !'-''" ...,;, 

oV.vt, .¡., ooicie-1 ""'' <};, .,t;,, .:. ~ ,.._.,, .o""-tic; of.ou •"'-' ¿¡, ,.,.,.,U>I. 

,, ,,., '"'"' "'""""""! "''""" """""" •J 1"''-'l.!<l J<Apbl<"''"'-'· 

co,.UA-. 1.1.1 lJ '"'· <>..i "-"4- '" •! "-'" ,o<-.u. oj • "-4"' b<.!y '--'-' 

e """ "'-'rta<<''=' "'·" ""~' ""~ f"<-41, "'"'-"U-''''-'"' ~w, tJ., w...u. 
S..v< ~el o..t ~lju<...-: ~¡,pt.oo-. t-\<A <11< >o~¡ """'-'-1'"' • <"-'" 

"""""''"· •'"" •<4 -'-' '"'"'""'"d oy ti•< <...<o.,.,w:,., oó ~~" ~rl'' 

.,..:,..:.w., .eh< t-\.'!¿o ¡<• ... ,.,.,.,. ""-'-" • '""'''" ""'-'' •• , •• ~ ~~ ti-• 

i'"'''''' '·• , O'ovo CO<Oll•r!OO ' '-' ... ;,G.G 

Th• fo,.,ul .. t.h>t ollow •ho ""''!""-••••• o< tho • ., •• P><>""-"' '" r.o.t 



u,u '""" '""""" ·~ -• -e 
tollo o< oll th"o vooton 4<0 ottooO.U <o ono f"!Ot, "Y O, l!,oo !t 

..,_"-"tipO oE tt.o thcoo ooeton ~~-~.-~<' "'"• : iO f>o••llol "'tt-o 

"'"" ,,,...,, •< "'"''" ~•"e '""~.-~e· =-11•'• .. ! to t-o•• """ 

........ 000 ''"'""'"''' .... 

•• 
• 1 Hu, -~0h '"• -•el 1J 

,,_,_>l) 

,-, <<tornino <ho ""''"''""" ol tho '""'" Oloolooo••"·'· 11.,11. •H <hot i< 

"""""' ,. to otojon oey ono ol ~.·~~ •• ~- onto O· 

"·'·'" 
., .... .,._. .... '"" .. '"" .... ""'" ..... boca••• .... ,,_,_,, .. , .. ,,. .. , 
t.ho vootor e vp to , ohan;o of '''" !tho '"''' of "'" vootor• "· tho "'" 

<>·'.m 

""'" ... lo tho '''''"' '"""'''"· i.o., oon!x) !0·1 i! ""' 1t !o • 1 

tho ""'''" '' ono o( zototion <bout ono <i•od ,oint. 

"· 0.01) tho "'w ><O<t<>rO u' , u • '"" ": !lo in tho '""'" "'"'' !"'.;" • 'Oo . ' ·A·• ·~ 

'"""lot•ly OW>,-m!oo t>.o O<t<v, tho <Otot!on oo,lo .,,. ~·.o loeoo!on o< 

tbo ........ , ..... """' ..... .n ..... ,,_..,. ·~-·~ .. _, •é '" .,.,., ...... .,.,, 
0• <eq.,O«l oo <h< Oi>Ol•<"""•'-" o< "''"' po!oco o< • d110 ~''' ••• 

""'""' '· • '"" e """'"'''"' "''"'''""""" ~;.. >O """ •i:· "'"" ~,_ ... 
-.-to .. OTO <"!'lo""• ~'·-!Oto< pOoooO '1 .... '2 o< IOV"th .. "' ..... 
""'" tho oorov .... L io Oo<in.., ,. t.ho !nt«•o<<ioo ! ot ... 
, ........... ,, -· ····---

>lo 2.0.:. O<to«inotion ot tho ooccv .. ,,, 

~ ~ ._,., ""' t.ho ,.J.=• ~"'''·'"o<.._.,._. • ..., A", ,__.., ~""'""'" 
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"' ••• o 
•oo e 
''" e 020 e 

''" e ••o e 
600 e 
ooo e .,. e 
••o e 
••o e 
100 e 
7:o e 
n~ e 
no e 
'"" e 7~0 e 
760 e 
no e 
790 " 
790 e 
seo e 

"'" e 
""" e 830 (; 
a<o e 
••~ e 
a•o e 
a>o e 
""o e 
G9o e 
9oo e 
no e 
•oo e .,. e 
••• e ••o e 
••• e 
"" e '"" "' '000 
:o: o 

'"'" ' ! OJO ' '"'" ' lOO~ • 

'"''"" 

" SU,.OUT 1 N[ st•eu< O IN.~IH, Cl N, Wl H, Of]H,CF 11<• 1: • RHO• IHE T 0 • OISf-~ 1 

'IHC '"ANO Z·CDU"OINMCS OF HIOE:E: NnNCOll.INEAR fOINTS OF THE 
k!GIO <001 W •ono !IS WIT!AC IAJ>j,~JN,(W l-O!M[NSIONAl \IEC;ci<Sl 
AH!• W :!S ru,;.¡_ <AriN•&fm•CFlN J-OIC-E .. IOWIL VEI:TO•S> 
CONf'l CU'<ll ONS. 

""'""i' ¡.1 ,,!E :•:•rtTIOr< [, OF Tt<E SCREU A>lS 
2.1 THE LOC<·!IO" ~110 OF fi<E: eO!r" OH THE SCHW AXIS t.l!NO CLOstST 

TO TFE OF<IOW. 
J,) THE ''"OLE or "OrATrON IO!GN W1JH RESI'E<:r TO THC <•IRECI!UN OF E 

INCLUIO). lH!'<o. 
.,] IH[ $CALAR O!Sf'lACEn~IH OISFl• AL"'<~ [ <SlOH UJfH "SP[OT ;o 

TH~ OIHCT!nr< or E H<ClUT'<">· 

SubOJOJARf OUI"·0Ullt1C',;: 

COPLL<•u••).- COtUr,Tr<S THE ~AeE PA"A"ETE<S A$ "<:T.EY OLU'i INI•E< ANP 
IN, UU!CH ra"'e EA[" rr.<TTCillOR POSSWT [ C"SL:, 
CO,,f'Uir:S THE SC'-EW F."ol;t,O<TERO '""-" f/IC "Ul!Dtl lS PUfoC 
f..(nMJC/1. 

CDPCO<•uo•>•- CO<tf'UH$ TI .. SCHW POkr,"EI<.S '"'[N r"E OIVC~ 1'01'1:S 
Ut IN • PUN[ P•R"LL[L lO TM[ SC<EU ~XIS. ;HC H~,;ON 
JS EllHER GEtiT,AL Otl PUkE •-oT/oliDI<, 

GEti"Ol<*'l",- IOhfUT~C liiC <LkEW f'AF<IohElE;s ~'"" TtiC HOT!Otl IS 
GE.',EkAL AND TIIE GIV<N OJSfl~ctM!O."'S o•E NU"COPLM>R, 

CROSSIA•F,Cl,- CO"f'Ul[S T~E CRO.S .IIOOUCJ llf VECr~RS A AHO 0• ~~!~:S 
0<:-~0· ANl' >JOOES rHE >'<tlOL'Ol IN <i:CtOR C. 

SCAL•Ad<-Cl ,- CD"r-uTCO Tfl[ er:.LAR fRD[•UCT or VCCTORS A AND 0 ANO 

srm;cs THC p""''""' w Hll': "'"'"" s. 

REAL AltiC31 oD!N<J> ·ClN< 1> ,or¡HCJ>•'"""' oCFIN<J> oUAClJ ·UF<ll 
·UCI l> ·"<J>o><J> oC!31 oE!31 ·•HM> 

LO:atAL LO!JJ 
COMMCN 7f:t.O 

COLI.INCM1n OF ü!V.EH POINTS !S V(O!FIE!o.. UtiEH POINTS ORE COLL!HEAR• 
URO 1 S SET COUA~ 10 - l . ANU SUFt.OUTINE RElYf>NS 10 MI N ~ROüRA,,, "":o,.,,, 

'""' :o?O 
1rao ,,.o 
"o o 
'1' o 
"'" lllO 

"'" "oo 

""" ' '"" e 
: '"" e " .. ' """ ' 'O lO 

"'" ,,. 
"'" '"" '"" 1070 

""" ,,.,. 
lJOO 

t" o 
!lOO 
llJO 

"'" 
j '"" !J•O 
1370 , .. 
!.HO 
'000 

'"" ,.,. 
1<]0 

¡; '" l <CO 

"M 

"'" 1 •JO 
LWO 

""" ,~,. ,,. 
1 ,. 

• 

L.U<Il=,FOLSE, 
OC 1 >=AINC l >-O!N< 11 

10 B<I>"OIH<1>-CIN111 
~~l~ CROSS<Aol•·~> 
COLl oc.-.uc.r..<> 
S=SOF<T!SI 
IFCS-,E:~OJ ~o,:ooJO 

20 >E~0·-1, 

~-!IE<6o1000J 

f,ETUr;" 

n<mr. 
C"OMfABILlTY J~ VERI"CO. 1~ TH!S IS HO; rt<l• THE~ 
JO -~.,-J,,CR -4,, !CfENO!rl~ UPGN OCIO[;~ ~IST~NCE 

NOT O[HOIN C<>¡,-;;oN! lhRD<JUIIO<IT Tll>: MOTTON, 
JO I•U 40 l•lol 

O< 1> =~Flii<I 1 -CF IN< 1 > 
40 COJITI"U[ 

COLL OCro\.!A.A,tll 

'""'·"'·""'' CALL OCOL<C,c,SOl 
S~•SaRT<S» 
Jt<A"S<GJ-S2l,l(.!tRO) llll ro ~0 

7fOa=·O. 

""'''"'''"'"' ¡.·en'"" 
~o 00 óO 1•1 ol 

C< 1 >=•fiN! 1 1 -CF IH< 1 > 
<.0 CONTINUC 

CALL SCALí'.!•·S>l 
CAL! ~0.\LIC•CoSOl 
ST•WRllS!l 
S~•S~kT<SO> 
)t'1M0<01-S2J,LC,lC'-O> GO TO 70 
>EkO=-J 

~"'"'¿''"~"' 
""'""'' 70 ''" 00 ,.,,, 

0( 1 1•AIN< 1 1-I'!N!I) 
80 0(!1•A>'11!!11-hrltl!l) 

CAlL $COL!HoHoSIT 

tr.u_ s;:"'-'"'"'"" 
61-SOI<T!~>I> 

"'"""''''""' Jf<Anoro>-S2>.LE.ZE~O> ao ro oo 
l(RC~-4 

!Jkl TC !ó, !OJO> 
;[TURN 

'''' >.O.o "'"'"' of 500!0llr."' "'"'"" ''"''""" po<tl 

ZEkO :s SET EOCAL 
AC.LCo OR AC ¡oocS 



"" e 
'"" e 
'""" e >070 

Ol,!VoCEMENT VEeTOf<S Af<E CUM!'Uln 
vo ~o 1oo ,.,., 

""" "'" !lOO '" ' 

UOI! J=t.rll<l! )•O!NI!) 
UB< ll =!·f !1« 1 >-"'N <r l 

U'CI ! >•ti' l«< l l ·C !H! ! l 
!ó!~ 

!620 
!OJO 
!640 
1<~0 

: OóO 
! 070 
toa o 
!690 
1700 
!71 o 
tno 
!7JO 
!740 
1?00 

e """' ' ' ' 
llc_,;·[R OF' "f,O·OI$rl•L'"<"TS IS r.>:T[""lNEO liNO SlO>tO ",,UzE. 
DISHnCf.,rt<' eM.'IlUI•[S AA[ Tt"PC!lt.IITLT >lO~EO 1~ [, IF' ·-UZ(,[ó.O 
TH~" """ :s SU l<•UhL JO 4. 

,. 
! 760 

"t" occ,cwo.uo.t:<1>> 
Cl, l SC-"lWOoUH·~<O)) 

CALL <c•c<ue.uc.E<J>> 
~U1E•O 

00 110 '.,. J 
F<! l<OORT<<í 1 l) 

lrl[< T > .f,T • <eRO) 
NUl<••UZE•1 
LO<J>•.r~uE. 

CONl l l<C'[ 
!f(NU?E.EO.Ol "UZE:•< 

QQ TO 110 

"'o e 
:7ao e 
IHO C 
1000 

""' t•CH CAS<P•UZ[•O•l•ZoJ> !> NOU JNV<STIGAT<O 

ts:o 111 
: eoo 
!UO IZO 

¡ "'" tOSO 1Zl 
>$•o 
'070 
1830 110 
u•o 
"00 1J1 ,.,0 ,.,. 
!900 140 
1'40 1.,, ,., 
191.0 
19<0 

""" 1"0 !990 100 
ZOJO 
zo :o 
• 

00 l0{!1!o,1•311o411loNUZE 

00 ''" ,.,, ' 
!FilO(!)) IN•l 

co~n""' 
GD f0!,1dJ!o141l•lN 
CC.CL. CFOSO<L!O,UC·C> 
DO !JO 1•1•3 

'"' 1 >•ua< 1 >-uc< : > 
~""""'" GD TO 100 
eAlL. e"D>S< UA, UC, e 1 
1>0 \<0 ,.,., 

O! 1 1 •UI< !1 l -UC<l > 
CONll"~' 
00 TO 160 

''" L cw'"w"'""''' 
00 '"" lo1ol 

A!ll•UA<Il·U~<ll 

COlnlNUE 
coL<. scc.c<c.e.<>> 
Cl<ll SC·'C<A•AoS" 
Sl•SOAl 1$1) 

~'" 
~0.0 

oo•o 
2000 
ZO<O 
2010 
zooo 
0090 
0100 
0110 
2120 
21l0 

,, 

'"" 21,0 "' 2100 
~170 

""" e 

S7•SO~T<SCJ 

"""'"' IF<Sl•H•1E>'Ql !NDL<•1 
IF<S2,lt.,!:00) IN''EX•2 
GC lO 230 
lrWEX•< 
DD 001 l•l·l 

!r<L.O(Ill GO TO Z21 
]"e] 

eonl!tiUt 

,, 

(,,!.!. COf L1 <Al N• B ¡N, Cl~·Af !N,~;¡ N, Crl N, E,"""' THETA, OIOPL, IN'O, 

"""~" ZWO•-• 
'"' 

WRHE< •• !O<Ol 
~ETURU 

2100 e oo><t 
2200 C O«[• 11.:0 ~~· m•H->é~O-OlSPLACEM<.NT CASE9 "H<•C AL.CAOY OE•Lf """ 
2210 e NO·ZE:~O OIC,lACEMfr<l CAOC !S NExT INVES!TOf,TEO. 
,20 C por,ALLCLI"M nF f•IT•''LOC!HC."'S !S f'!r.ST rn.:M!'-E~. C•05S P"ODUCl 

C HAGNITUI•ES t.RE TlMPOR·'~Ill STORL~ lN E. 

n•• 
,~:-~ 
,.,.~ 

;t! OAll CROS~<Uh•U>-." 
eALL C•~"><UA,Ue••> 
COLL [I,OOSlUOoLJedO> 
CCoLL 0Cf•L.<0•A•~<1>> 

CC.ll SCAl<>•~·E<C>J 
eou &eril«·C·t<J» 
00 510 !=!o3 

"''" é~IO ,, .. 
ZJOO 
23\0 
2300 
nJo "'" L.n<l>•.F'AlSE. 

'"". '""" 2360 
2010 

''"" e 2Jr0 o 
''M e ,.,. o 
~.,. 

203~ ,. .. 
~·1~0 
,. •• e 
ZHO C 
,.ao e 
~••o e 
• 

..~ 

00 ~,. !•1-J 
t<I>•SDOT!E<!>> 
lF<<<!>.CT.tCRDl GO TO ~00 
lD<!>•.TJ..UI:. 

CONl]NUE 
lf!l0<tl.O".L0!2l.OR.L0<3>l 

NO TUU ,, 1 ~F'l0CE"ENI vccrono UEF" COUNO TO OC Po",\LlEL. 
!S N<XT V'"IF"JCO. 

e~'-l sc-.uuc-•,s> 
lf<A~O<Sl.~t.I<ROl ~0 TO ~~3 ' 
eALl CtN~Ol<Al"•"'"'C!N•AFINobF'fN,er!N•toRHO•THETAoO!S"L> 
kElURN 

l:OLc:m:ARIH Of ~IHE~ENCE OECIO~S lS V!:R!rl<O, 
O)ffl"RL"CEO Cr OlS!''~CLM(NT VEClll!<. ARE Tt:M~0RARIL1 STO~[~ IN A 
ANO 0 , TN[ tr.nc; >"RODUCT Of THt t.ATTEO lO STORU lN C. 



0$00 ""J 
2510 

"~"· ~,. 
~~JO 

20<0 

'"'" '"" 

DO Sl< 1•1o3 
M ll•UA< 1 >-UCI 1 1 

B<ll•U~<I>-UCI!l 
Cf,LL CP'C<SCO,,•I:> 
CHLL "cr.c<c.e.sl 
S•OVRI<•> 
lr!S,L(.Z[Ml CO 1~ 700 

" 

~~~~·~~~Ll <o¡¡¡, DIN, CW, HF 1 ¡¡, DF !N• CF IN • C, RfiO, lfiE:I A • n;;PL • ¡¡¡¡¡¡:x' 2,70 ,, .. 
2010 '"' 
"'"" 2010 e 
"""" e r•nr<c ,.30 C DCTE:.MHlLS "li!CH VCCTOI'S HRC PA"OLL<C 

"'' DO ~JO !•lol 
¡nco<l>> ¡;o 10 s~• 

co 10 ~·· 
'""' !NOE<•• 

COHHNUE 

JPl=I•> 

, ... 
~6~0 , ... 
2670 
7600 
26 •• 
2700 

""o •n• 
0>!0 ,,.. 
27~0 

2700 
?770 , .. 
~700 
2eoo e 

DO s•o J•IP!ol 
1 HLO<l ) .~NO. LO( J) > 

"""""'" JNtE>•\IWD-~ 
00 10<.~0,600loJN~e:· 

2910 C !•ONE: 
C DE:IE;,MHH:S ¡r, FOk ¡;¡Q PARALLEL 

, ... 
~·~· ,..o 
,070 
2CSO , ... 
~··· ,.,. ,.,. ,.,. , .. . , .. . ,.o 
2970 

• 

... 00 '"''"'''"''"'"''" SS! 00 SS2 1•1•3 
M 1 >•UA< 1 > 
C<ll=UC<Il 
Uhi!>•CII> 

561 

U~<))oAI!l 

GO 10 571 
DO 562 l•hl 

A<ll=UA<l\ 

""'"""'" U"<:>•O(!l 

""'"""'" "" on '"''' O\l>•UO\!l·UC\1) 

CONIIN'JE 

vtLTO~S, IH~SC ARE IPENl!LAL 

~•ao 
,.~. 

JOOO 
JOtO 
3020 ,.,. 

' 
o """" 

CALL "CAliOoOoS> 

""""'"'"' Ircs.u:.zcroo> ca ro 750 
CAll COPL 1 \ AIN • B! N, O IN •AF JN, Bf !H, CFON ,[, OHO, ;Htr A o) :SPL,; <~CX • 

'"' OETUOII , ... 
30~0 

3060 
JO?O 
JOBO 
3000 
3100 
3110 
J:OO ,, .. 
J140 

C OCTERHINE:S Ir ALL THOH PAA<o.LLEL VEClORS ARE JOEoTICAl 
.00 DO 610 J•lo3 

O< 1 l=UAC J >"ue<I> 
lolO D<l>•<>:dll-UC<U 

""" 3100 ,,. 
""" o 
'"" e ., .. """" '" 3~10 
30:10 

3230 
J2<0 

'"" ... 
3050 
3260 

CALL SCAL<A•A•S1> 
CoLl SC~L<>·>·S~> 
S! =SOR! <S!> 
SO=SO"'<SO> 
!f<I,,CC,ZE:RO,O''P.SO.LC,¡EROJ 00 10 910 
OACL 00Pll < AIN • 01 N • e!<' • ,;~!N • >nN • Of IN •• ••HO • T<\E:l A •: ISPL •: •:•e:> • 

INOE=2 
GO lO 900 
!UH=l 

'"' 

COLL COPLO< 0 !JI • ~!U ,t 1 N ,;riN • [ r IN o CFW •E• n110 • T"E:I A •: l$PC'; 

'"' 
n?o 

'""" 
"O!!ON !S PURE fOASLATION, !LkO ]5 SEl EOOAL T~ ·• 

Jf'r,O•·• 
3090 
JJOO 
3310 
33>0 
3330 
33<0 
JJ>O 
33.0 
3370 

!000 
!010 

!000 

1 030 

33CO 10<0 , .. 
3400 lOSO 
J<!O 

W~!TC<ho !000) <UA\ 1 > •I•I•Jl 
RtlURN 
fOR~Al<~X·'PO:NTS AAO COI.L!"~'"' MOllON \S U'Ctr!>·"·n 
FORHHH~Xo '00"0" !S NDI f.lOI<•- l'Mln 1;1: nOCS ''01 <OMA]''• 

" ' CONSfAN]. '/) 
FORn,;r<•'•'MOTH<r< !S NOI "'0!0. lE'dOH OC ~O<S NO! '""~!''• 

• CONOIOUf.'l> 
fOR.,.TI~Xo '·"OTOON· !S NO! RIUID, LCI.~OH •> "'"' "01 '>[MO"'• 

_' CDNSIM.'1, '1> 
FO.MAT<~<,'I.TJ MOf!DN, ACL lHRCF. ~!SPLAO'"LNlS VEC!;<S ~-.·, 

• ZE:Ro.·n 

••~"'"''~···•~• MI!TION !S P~'" mr.•suno~. ''"~'·''"• ·, 
'~ISPLh[LM[Nl HAS !><( F0l1.0U'":0 X-oT•kOO 2 o;,pO~E:•"$ 

Fiq 2 ••• 0 Uot1"' of '""""'-"'" <<:><<" (oU.tk '"" 1•" ,.."' 



~··· , .... 
'""e 3<7o e 

''"" e •••o e o:oo e 
,., o e 
J~'D e 
3!JO e 
J!<o e J••• e 
JHO C 
J070 e 
'~"" e 
'"•• e :JODO e 

'"" e JO>o e 
"3" e 
l6<0 e 
Jo•o e 
, ••• t: 
,.,. e 

''"" e 
'''" e 
'"" e 3710 e 
;no e 
Jno e 
3><0 e 
37!0 e 
J>oo e 
37>0 e 
J>8o e , .. 
3800 
JOLO e 
3o:>o e 
39JO e 

"'" , ... 
"~ ]970 
JBOO 
;o.o e 
••oo e 
"''" e • 

- ' 

SU~<:OUIIN[ COpt_ 1 <A IN: LotN, CT", AF IN, l<riN•tr IN oC •~!IOolHC llh Ol!iJ'1. 
• JN¡.j',,.)H) 

TIUS 5U"T,QUJ!NC COhPUTCS 11<1. SC,'[U F·~•ML:l[.S Cof,UOoTH<lA AN. oJSrl 
~HCI! JH[ Rlr.!O I<OOY UL;L,¡f< i;TUL•Y ULLj,LOCC<:S A !LI[,f l"lfroTLUN. 
'"' 5U!"•'OUIW( J·r·•METE:L(S "LTd: [•[FI/o[O IN 5UF•FWUHNE •.ceEUo ••C'F"T 

"f"Ok WVóX /.tLO IN. THES[ Aól" PE>!NE:O N<OXT. 
INDEX lo !f 0>1" ONC 0!$1'L.•'L'EHitLI !S ZCRO MP I>Lt OTUEk 1~0 

~~~HACEMEtLTS Af.'E f'hRAllElo •ut NOI EOEIHICAl. 
INO.:X 2· !f ONU OILE DlSf'lOCEIL[),T 15 ZH-Q ON~ ttiE OTILE~ 1110 

l•IS?lf.C(HENTS ORE IOENTICAL 
!NLEO. • Jo Ir OtllY ONE I<J(:I"l~C'N[tLf !S lERO ANO THE OJiLER 1~0 

OIGfH·CEMUilS ''"[ NUI TOENTLeoc. 
lNLEX -4, Er EXCéltY 1~0 I•IG'<AC<MW1S A.C 1"'0, 
l<ID[X • S· Ir 00 i'EáPLACf:/"EIHS !S >EóO {,LLO OI.L. !rf01•10C[H[NTS AH: 

• NUt!PMML LCL , F'.LIVT 1•[11 EtLE fWO 01 >1 ! NO! l•IOJ·L,,CFHEU 1 
l•!FfU,r'L<S ME ¡rLJI,[OI.UNI:A,, 

!UO[< • 6o ¡r NO OISPlACE"ltL[ 10 1ERO OtLO (<ACle Y TUO V>CCTORS ,\lo[ 
f'ARALLEl •ur b!ri[RliH. 

l<IOEX • 7• JF All TJLRE< DJSf'LAeEK<NTS ARE PAf!At.lEl OUT NOf ALL HLREE 
AR[ !O[NHC~l• 

1~, O~H:CJS W~ICH VEC!OOS 
SU~Sl~ARY ~U~ROUTENCS : 

L0CA11<UU.,.-

lOl"f,T~<>'*"'·-

ANOl[ <•••>>).­
cYCLlC<OoO•C>,-

CUML'LJTC• V<C10R """' WHE:N tLO TUn 

"'" F ''""'"" vce1aes ""' f·Ao.;Lu_c. 
COMI'UTCS VCCTOfL e """ I.'OiO Wh(t! >J l.OOT 
TUU l•ISPlAOEMENI VEeLnRS ARE PAh'OllLl• 
COHO-UJES TILO: ANl'lt OF OO!ATJO,,, 
PERFORMS A C>CLIC CHhNGE OF VECTGRS A• O 
O Co l.[., A TS SU [OUAI. TO O• B JS 50 
EOUAl TOCo ... 
LXCHANGES THE LDCATJOJ<S OF r!ElOS A AN" 8 

REAl O!O<<>J, <•EN< JI ·CIN<~> •ArTN<J> oOFINI31 oCFlNL3> oE<J> oR>fO(J) • 
UO<JI ·UE,<J> ,uc<J> •<"[!<PIJI oA<J> oO<J> 

DO 10 l•I•J 
UA (! )• ... HU D-A TN<l ) 
Ul• (J 1 •W" IN< 11 -OIN< 1 1 

!O UeU>•CF"ItL<l>·C!NLIL 
00 T0<100·100·100o400o•oo,.OOo7001olNDCX 

MNE 
IN UAS SCI IN SU~~OUliNC SCRtU [QUAL 10 lo2 OR J> OE:fCNOINO ON UI11CH 

' ' 

39;'0 
JOJQ 
:1940 
3000 

' ,., VfCIOR tS l[ROo UOo UO• eR UCo RESPtCIIVE:CY 
GO TOL,;O.t10·110>>IN 

"' CftlL CYCLIC<LJh•lFE>o<lC.) 
C~LL CYCLIC<~lJEo!>HI-CI") 

l%Q 
3910 
l900 

Jr(EIL.CQ.~J ];CJ TQ \~0 
CAll CYCLlC<UI,.LJE.,UC> 
C~Cl ertL!CfAII!oOIHoCINL 
00 J0(\JOo200o~O>•!NDEX 3990 ,,. 

•ooo e 
•••• e 
.. ,0 IJO .. ,. COIIf'IJIMIOil OF RHO AN~ E """" INDEX•J 

~Rrtl:<oo!OOO> 

'"'~ 4050 e 

CALl LOCAT,<AINoOINoClNoAFiN<OF"INoCFINoRHOoEI 

uo JO 320 
~ 

•ooo e MNE 
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"'""''"· RLTU~N 
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URI!E<6ol0!0) 
DO 2<0 hlol 

Ar!N!l>•UA<ll-UCI!l 
.fl tll 1J •f<l N ( 1 ) ·CIN < 1> 

CFIN<I )•,OIN< 1 >·Cltll t > 

ChlL $CAl(AriN•Of!N,H01) 
eAlL SeA< <~f"IN,OnN,plt02> 
CALl SCOl«•l"lll.~f"IN,"C> 
CALL SCf·UGFINoCFINoAC> 
Be•SO.T<OCl 
;,[o~ORl<A[I 

lr<0.5<~RO<>.GT.ZE~Ol 00 TO <OO 
DO OJO l•lol 
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CALL ;,Jo'(; LE< Al tJ • UO, E • >11u, THETA > 
R[TURN 
~O'"oH:;x,·rwo O!SP\.ACE"ENTO ARE IOEN!!CAL. ltJ[ POIW; •, 
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IS C!;ll(Mt_ ""'' Hl( ~[SUlTIIJG OI~LAI:C"~HIS AkL HONCO"h~N~H. 
suns;OIARY SU~ROUliNC" ~CRE ALRO:A~Y ot=!OU '" su•~our:!IC 
•c•.cw. 

REAC O!N!JI •FIN<l> '"""JI ,AF!N(JJ,OFIH!JI oCFI!HJI ,[!JI ,RHO<l> 
REAl U"!lJ• U•<lhUI:!ll 
en"""~ zuo 

COHtLJTtO t"C I•ISPLACLMENTS 

no •• '"'" UO! 1 t=AFIN! 1 1-AIN< 11 
UO< l l•DFI~< 1 1 _.,N< 1 > 

10 UC!II•Cr!N<'I-e!H!I> 

DONE 
COM~UlCS v•crOR E 
5TDRES DlFFERCNeE VEClORS T011'0R ... ICY IN llf'IN ANP BriN 

DO 00 l•loJ 
•riNlli•UA<!I-UG!II 

"""' 1 >=UO< 1 r -uc" > 
20 CONTI~UC 

CALC C"O"S<AFlN·~~IN,CFINI 
CALL •Col<CFINoCF'lN,S/ 
s~snRHSI 

fl1J JO \•lol 
E<II•CFIN<IIfS 

30 CPm!NUE 

DONE 
CO"I·UTES 015PL 

c;;Ll sc•t.<u•·•·•<sn.> 

I•ONE 
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R'EStE~l!Oa r, 

DO 40 1•1•3 
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UD! 1 J=Uó< 1 1-0'<0< 11 
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<0 CONllNLJE 

DONE 
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rlo >.&.O Lht>og o< OU>OOUTI"< CeHI<IT <fitot f'O<tl 
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7•~o 7••• 
"'" 7>90 
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aooo 
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MJO 
0040 
aooo 
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THlS SUOkOUlJ<Jt: CO"?U<f'.G V~[,OR R«O• !.E.• IHE PO!"f DH TH[ AXIS OF 
¡, pUR~ kO!Ml!FN Lr!FW CLOS[$1 JO Tf<E DR!úTN. 
J'"nCIIUR[: 
THC I'"[!JfoO•!/IVf:~S[ Fük"UCA <B[!I-lS"O'C O, ONO UO[VIL'( T.N.f.,, 
GEN[.ALJl[!F 11'VE:kSES r><lORY ANO M'Pl!CoUONSo ""ET N, JOR•• ¡t¡., 
IS r,rf1.HO JO FIHD 10<1: nllur.U"·"OO~ SOLUUON JO IFF~ OVER:·[fE~""''" 
Llllt:AA ~<3 SJ~!E" AuoP, TO<E:SC EOUAIII:iNS ¡[UIG ltFOSE OF TVO uO•­
~C,ROLlCl PLA(([~. THIS FOk"ULO TllU~ FJ¡¡~; p<E ¡-ow¡ 00 TH< Lllr[ 
!F[flllrO foY THE INJCRSECIION OF IU!J NOFF·pt,¡,OLLEL f'LAIIES LYII;G CL"SEST 
TO THE: CRlGJN, 
THE<C PLA"CS ARE !HE "E~IATO• PlAHES OJo SEOMENIS AFJ-·AJN ANO ~'IN-

CUHPIJIE:r. lF<E F'OO!f!01< V[CTORS or Tt<E HID-rDfNTS OF lHE GIVLN 
~CGH(NfS, EOCtl !S THCN ll"OC.ARIU SIOR[¡¡ !N RHO ANO IE"P• TH.F:N 
C!>llSfFIUCT~ VHIO.. ~. 

R[Ol A !N( l> , t]UF J) ,Urd J) o UD <3) , r<HO (J) , !LHP" F 
00 !O !=1 d 

"""'''""'"''''""''''"·" TLHP< 1 l ••UT< 1 > !Uj! 1 l >O,~ 
10 COHJ!Nl'L 

OU¡l.D> Mm !X ho<AH·ANSPl 
CAll SC;,L F Ut,. UA, A1 1J 
CAll SCALFU>•U>•"22J 
CAll S[Ol(UAoUD•Al~F 
CAll SCAlFUAoRHO,.T) 
CAlL SCAl<IJ~,f[HPoB2l 
t•rN•At 1 'A22·"1 ""!O 
))'!A>SFO[Nf,lC,lERO) 00 TOJO 
Xl•<fi<A22-0l<Al2)/{EN 
''"'"''"1l-Ol•AJ2)/0(N to ~o ,.,,, 

"'Fill < ¡ F •UO( 1 F *"'fUE F 1 F >X2 
20 CONTTNUE 

""""" JO ~RIJE<6·~01 
<•O •O l•l.J 

RHOC! l•UA< fHuO!l F 
RHO( l F •RHO (: FOO: S 

COIHlNUE 
FO.I\IIlUISXo'HAJR<X U<AT> IS SltlüUlAA•II 
~ETUIO;N 

"' 
F!o •·•·•• '"-"'"' ot ,,._,.,., ¡.oo;.o,~O 



ooao 
oo•o e 
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aooo 

""" 8020 

""'" """ """" """ "'70 
"""" eno 
O lOO 
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""" ••JO 
""" ""~. ... o 

""" "'"" . .,. 
·~·· """ ·~20 

""' """ """ ""'" 00>0 
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··~· .. ,. 
••:o 
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'l.-OUT !lt~ C[J00"( O IN • I•IN • 0 IN oAt !ti, OF "" Cr lilo RHO, [ ¡ 

T"'S "'""f'OUTII'[ C.0111"1HCS VtCTUF<O """ OND [ ~f<[N o\ll THRE "[SUCfHJO 
D>eec¡,[[M[II!S ME fW<rollCl OUI NOf r•o V[C!O.S M1< IOO:NTiCA~ JI EACH 
Olt<f~. 
~·OCEOU!'E : 
[A(:N PLA<F[ IS I•(I[~MWrf• Pl A lPIAU O• N<mCI!lLHIE~R POll•lS <AI•·OINo 
C!No -<FIN•>rlrooUINl. VCClOR ( 15 D(l[~MIHU n lHE ~RO>S ~~OOJCl 
I)F lJ<C NORM!S 10 lHE ~LANES. ~HO !S COhPVIU t>ACILT A' IN ~O:AT!• 

REAL A!H<J>, O IN< O> •CIIH>> .~f!N<J>oai"W<J> ,CfiN<JloDlfi(ll, 
orr2" > , ••oJo<., , """ <J> , E<'' 

DO 10 hl•l .. ~IFI < 1 hOIN < ll-AHU 1 l 
¡•IF2< 1 l •C!IH 1 l~A!N< 1 l 

CO>HIIM: 
CALL c•oos<DIFI·DIF2oe•Dn> 
!oD oo I•l•J 

'''" < 1 l•lorJN! 1 >·<rJN< J J 
I•Ir Z< 1 ) •CFIN < 1 )~¡,FIN< IJ 

20 CONTINUC 
CAll CkOS5<1,1fl•Dif2,0H0) 
COll ChO>S<P.OOorti!Q,[) 
c,;Ll SCt.U[•[•U 
S•S<¡RHS) 
lf(~>S!SI.l[,t[OO) 00 10 •O 

DUilD5 "'""" A"~lf.MISP) ANO V<CIOR O, 
Ct.ll SCioL(f"fM•·f"Or-,.:1> 
Cllll SCAL<"k0•"tl0oA2~J 
C<ll S[IIL!r<"ODoRf<Oo<l2l 

.C<LL SCl·l<fOOD•CIN.Oll 
C.ll 5[AI..(0HO•U!N,D2l 
" ..... , 1 .~, •• ,, •• , , 
IF<A>'HPCPU,LL>ERO> OC TO •o 
1 ¡." ,,.,_,,,.,,) "'"" 
12• (:.o,,,,,_" •• ,~, II,EN 

no JO'"'·' 
'"'"'"'!" RtiO< J > •PROD< 1 ¡ •n tRHO < 1) H2 

JO eO"TIPJU[ 

""""" 40 DO ,_o l=l•l 
Dlfl<ll•CfiN!Jl-CIN<Il 

~~ """"""" [ML CO~OS<I'If"l•rs;oo,n 
COLL SCOL!EoE,ü) 
S•SOkT(S) 

''" "" ,.,,, 
E(]hC<IliS 

60 CONl!HU[ 
CALl SCHL<AIN•E•Tl 
DO 70 l•l•l 

RHO<I>•AIH<Il-TOE<Il 
?O COUTINUE 

~E:IURN 

'"' 
"• '·'·" Un! .. ot •-••• uoam 

BMO 
opo ' "'"" " ao•o e 
a>oo e 
ano e 
ono e 
B7JO ' """ ' "'"" ' """" ' 0770 ' """" ' 8790 e 
oooo e 
aato.c 

"'"" ""'" ""'" e~oo 
6000 
BB70 
BBBO 
•••o 
9000 
89!0 
aooo 
a o; o 
89<0 .. '" 
0960 
0970 
8960 •••o 
9000 
• 

SUB<"OU 1 !N[ ANGLE< A IN ,u o, E:, "HO, lltETA l 

IHJS SUBROUIINE: CO~PIJ:C$ !11( ANGLE o• RO!ATION OF A PU•E-ROlOT:ON 

"""""· f"ROCHUOE: 
liS[ !S MIO: Of" RODRJGU[S' f"OR~lll.A UISHOr •• (.,'RO!•Riülll:S' f"O<"lll.A 
''"" tf<l: Stl<t" MlRIX'• JOURNAL Of" E.UJN[[RING fOk :""US1k1o l'•NS. 
ASME• SERII:O o, VOL. 91• F[O, 19691 

WHEP" R! ANI' 02 ARE TI<E INiliAL 
ON[ '01NI UF lfiE "ODY rWT LYIOC 
IS AS5UM<l' TO ~< LOCAlED Al ONC 
A~D E AAE HIE r.NOU Of ROlATlON 
.X!5 OF OOlAIIONo ACSPCOTJVtCY. 

·~-~~· f "" < l~ETAn H « R 1< ·~ l 
ANO T<o<: r; .. r.L J-"OS!TIOI< ">OCIO'; o; 
ON lJ<<: OA)$ U F.OTAHOt•. 1J<E ;A!GIN 
POINT OF l>i( AXIS OF RI:!Al!O"• fHLT-' 
Ar.O lHt UNIT VfCTOR PAAALal fO f~E 

" 

REAL ·I~<JloUA<Jl,C<J>•RMQ(J)•lE~<Jl 
00 10 l•l·l 

"' 

oAIIJ( 1 ) •Al N< l l • RHO< 1 J 
UO < l l._,,., 1 H~A < JI 
ltMP< ll•Ol"< ¡ r !UO< ll 
UA!Il•UA(J)-AJN(J) 

CONHNUE 
CALl t•OS~(EolEMP•AIHl 
OUIIhO 

no oo '"'·' )f"(005<AIHli)1.CE.l~~Ol 00 TO 20 
OUOT•UA<!>IO!N<Il 
THETA•OiñN<OUOTl*2.C 
00 10 JO 

20 CONfiNUE 
lO rf«O~<OUOl).GT.ZUOl AETURN 

lMtTA•AIAH<L.Ol04.0 
~tl~RH 

'"' 

i 

' 

ti• '·'·" uoti"' o<""'""'"'"""""'"" 

1 

1 

1 



7010 
70~0 ' 7~JO ' 70<0 ' 70S O ' 7MO ' 7070 
7080 
7C90 
>:00 
?HO 
71~0 
?!lO " 71'0 
71~0 

• 

7160 
7170 ' 7180 ' 1190 ' no o ' 7210 ' 7220 

'"" '~•o 
7050 
7260 
7270 " nao 
7Z90· 

5U"ROUTHIE CYC~IC <••••t> 

THIS SUOMUf!H PEHORMS ~ CYCLIC RELAJI.(LLI~O Of" VECTIIRS Ao io [, 
f.E. VECTOR~ A·~ ANO e .RE RCLAOELLEP ¡, e AHO A RESPECTIOELYo 

REAL A<]>•"l!oC<l!oAU~<3> 
PO 10 1•1•l 

1 AU>!I>•MI> 
A(I)•I<I> 
O<lhC<I> 
C (1 l •IIUX< I) 

[ONTINUE 
REWRN 

'"" 

THIS SO>~OUIWt "CHANüCS IHE ntLDS OF A ANO p, 1.(., ¡¡ 
RHUONS 9 oS o ANO O AS D 

•tAL o<l>oO!J)oA<JX(J) 
DI) 10 hloJ 

AU><I>•A<l¡ 

'''"""''' O<l!•AUX<I> 
CONIINUE 
~tTURH 

"" 

.,, '·'·" '"'•''"" o< suo=w, '"""''" 

7'00 
n1o ' 7320 ' 7Jl0 ' 7J<O ' 7J50 ' 7Jó0 
7370 
7Jü0 
7JOO 
7400 

"'o 
7<'0 
?<JO " 7HO 
,.~ 

• 

7'60 
7470 ' 7400 ' , ... ' 7~00 ' 7>10 ' neo 
7~30 

'"'" 7~50 
7560 .. n>o 
7~80 

• 

' ' ' 
THIS SU>~DUT!NE: P<RFORMS THE CROSS PRCDUI:T A ANO J• IN THIS ORPERo 
ANO STOó"ES THIS PRO¡,UOT IN C. 

RHL A(J),9(JhC<J> 
DO 10 K•l•l 

CIK>•O. 
n<l 10 l•lol 

Do 10 

CONllhUt 
RtlURN 

'"' 

H•lol 
N•<L-~>*<H-UO<~·H>. 

C<K>•C<Kl·N•A<L>aj<M!/0. 

SURRDUHNE SCA~ !AoD,S> 

' 

TH!S SUO•OUHN[ PERFMns l"O '''"" ''''""' 0, '''''""O 111<0 STO'"'S THIS PRODUCT IN~ S. ~~ ' • - A AHO D 

or'L ""''"'" S• O. 
Do 10 1•1•3 

S•StA<I>U<I> 
COHTIHUE 
RtTURH 

'"' 

... '·'·" w.u, •• ""'""''~"~"'"""""'" 
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-· ,., • bo u.o "'''"""'""""o< o ;<>l.ot r, lo .. <Ion'"",,,,...,, t.O ..,._. 

'Ob><rvoro. VootO<> on.l ""'"''., ••1"'" .. oit.' «Opo<t to "" f1•od 

""'''""" v!ll bo i<.Go.<od vi<>. lo<t.oo r, """..., thooo oop<oosed •!<' 

"'"'''" to !.1>0 '"'""' ot>o oill bo ......... oltb l<tto>< O. Lot ! .. tho 

pooition vootO< o! P In t>o ""''"" '"''"'"" .,. Q U>o <ototi<>D dy .. lo <roo. 

<ho fixod obo•<'"' lo tho """'"" ono • 

-·· (>.•· 01 

,,.,.. 1t 1o vndonOOod thot oll "''"' •••=• ""' '""'"'""'o< ti ... 

...., YOloo<w ,, , ,, .. ..._,_. di«or .. unioq ooth ,,...,, of oq. p,o.n 

........ · ....... '""""' .. "''"' • ...... ''""' 

r~.l. ·t~J,l!l.·t~JAl. • 
[·J. ·(>),[~J,(d, ·(Q),[Í), 

(l .1.>1 

..... ll 

(> ••• ., 

{l.O.O> 

_,.·"' ••• """ '"" tomo of "·' "'"' Mn<l >ido .,,,. .. ,, t."' oOlO<!tf of 

p u lf it '"' ono polo< o< tho rliid bo4y do<l .... by tho """'"' """"""" 

........ , .... '·· 

_______ __:_e_::·-------

ond tho lnt tom lo tno vo)oo>ty ol P •• "'"""'"'.., <ho rnovl .. oboorv..,. 

u .... , ... tho .... ,.,.,, .... u ....... 

ob<orvo<. "o<, <q. (1.0.'1 •t<too thot tOo voloolty of poiot P "'"''' 

<h&t ot "''"' P •• lf it ~« ,. ... «• <ho ..,., .. oootd!oate .,,,, plu> 

' tho .,IO<ity ot poiot P .. !< tbO _,..., '""'''"' .. ,, ""'"· 

«>poot¡,oly. "tho rolotivo voloo!t.y or P2 ~it.h toopoot to ' . ' 
io dofl=l 

"''"""' ~ .. .... , ...... '''" ....... "' ""'' ! .... , .. 

o -o -o -l/1 _, _, 

. .... -· •l/1 ., ., 

l.O G""'OU 10:'""" 07 A ~1010 l!01lY 

11.1.61 

wlth """''" volooi<y O , lo . ' 

"·"· l) 

"·'· ;¡ 

l4t o ''•'• boóy • uoOoroo tho ooot ''"'''' mot•••. '·"'· io ''"''''· oo 

poL>t ot O,.,..¡= ...... Lot ~P"" tho volooitr of ""'of !<o po!n<&, 

•• ~jtf> po0'<1= VO<I.Ot !p ond • ..,..,., YOl<•oity º" 
Thuo, tho tolotivo VoL>olty, ~~0,ot ony Othot polnt O!<oo•t .. U, ! 1 wlth 

,.,,.« to •· '" ,, .. , .,. 

''·'· ¡¡ 

<•• ~~. lo tho voloo!ty thot o.,.,,. •••• it > ""'" <'-'""• ""' oq, 

<>.o. u, 
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oon• ulo o:"''.,.,,,. ..-.. or ot .. y. -n.o .. "'"'"'" ,.olnt 'o 0n tho 

"'""" ""'''· loooco<! by ~o· lo''"""" oooh lJ".ot ~o bo '"'"'' <o t>-• ,., ... 

.,.,., "·"• ~O , ....... to l>o th• ••••---~ VO<tor .. .,,,,,.,. (2.0.•1. 

""''' vKtor "" 1>o ,.,,. ;, o ''""" ••r " ""'"'' !o ot "'1· (2 ••• 0\ ... 

loW>l, '"'""''· ohoo" t•o ''""'"' '•••r•ndoot """'"""' oot o< 00. "·'·" 

"., ··• . (2 ••• ;¡ 

""·"''>lo • ''' """'''""~¡o o,,.,...,,.,,,,,.,.., ve<lor. Honoo. tho 

o.J.ru.o .... , ... ~ '"'""= ~ ••• 0 ...... 

,.-~·~~·-·~ ., .... , 
"" '""'"'"" ••• or """'"" !o '' """ """"'"'· ,,,,.,., ... •• !'-'·'' 
lo"""'"" v«tor '""'· , ... ,,, 

"·'·'' 
•hlth ''" .. ''"'""'' •• 

~~. -~¡,_.,,, -~.· )-~ 
or, oo-loq tho """"'" rr<>Oo ....,...,., 

•"" • • l•· 1¡0·f,l ).-.' !¡0·f,>·~ 

"""" r, •• '"""'" .. "' .. '""""' "'•·'·'·· "' .. "".,.,.,__ . ..,,. 
'"""'' •• 0:1 -... '"'"''"" ... (> ••• ., ...... " ... "' obt&i•-"' ,,_ 

tho ohovo '"""""" •• 

(2.0.10) 

""'" '""'9"'"9 "'"'" ,., ,..,...,. .. in o "'""'"" •'-"ilor "' ""' ol 

"'·"'"'' 

"""'f''•t<l oj a v<!o<.i.f~ ~O ""'a •1>'• .~.~ •• ou. f""'<U<l t. ~O Ti<< 

poh<t• "'"'" o<l'oo.if~ ü ~O =• looafod M • U.o ~<-1 ~' ~,. =U<d 

-tño , .. :...t •<>"" •U. 4.<d ~' ._. •! """"""-¡«Ud<. rs,, '"'-"" """ 
f"-1''-' tAA.•3h poti>t f 0 "'"'" po&a.io• v«.to• U ¡iv<>O <-W"" O~<.¡. 

11.'-11 0< Ov <q. 11.i.IOI 

.,.. """"''...," ., """'- >.6.1 ,_ ••"•''" 

Or. AAI>i'-'""'~ ""t.Wn I.OV< i<l<ot<<Al I""J<c.-t.'O<» ""'"3 lh< i.mU.n.< '"'"" 

o>.<.. 

"" volooitr of •'"Y pOlnt •< tho <lo14 ..,_,, oon l>o """"'"" 

........ ,-,,> 
"'' """'~"''"" bo<O 01••• of tho ...... ..,....,.., <'- •<• vo<«>r <""TOllO) 

!·~"!··~·>'! •r·r,> -~ 
..,, u.. ,_,. ""' of U.. '''"' ....., •'-'lo oloo<lf '""'""'· """"' 

•••••• 
By"'""' ot tho '"'"' rooolt. U.. >rojootioo of U.. volooitloo of oll 

U.. polo"' of • rioL< boOr io DOtlon •'- tloo t«o• ,.,, lt r•~ >y 

llr0 11, •'""'" "'"'" "th• olioi..,-. Tho>i<eh o<""''"'""' o« .. 

•• 0 ....... 

~'·'·"' 
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"""'"'"''"" ""' lo<tor '-"¡¡.-.. oioo. i.o !e .. giyeo i.o (i ¡_,. to 

Y0-;,•~l~·[l" 

-;,•! ~~-~~-=~~~·~ . 
..,.,., ,..., "'" t.o"" ••• "" 

• •• 
~~!'""~1 "'!o"!A 

"'""· , .. """ "'"'''''"", .. Ve"'""''"""""'""" 

•ff 

~~1,.;1 ,,.,,.( .. 1!-•1 ).( .. 1¡-!1 )· 

~ (~ ~~-~~ . ~~-~~ )~(:"' ~~-~) -~) <:·!1 

. ... ''''"' ... , ....... """'" 

' 
""''" ""'"""' ..... , 0"" of <l>o foH""i"i """"''-' ... ; 

!c""!A"o9<!0"~AI 1) 

whlob .,_, U.O lu>o~ • .,...,._., of <l>o ""- •'"" ••l<><i<r """""• 

1,<. ito OOplo.,.dty. 

..... .,. "'"' 
""'"''"' th" <h< volooitioo "•' r 0 """ 'e ot ""'' ••••.• """'" o,o ,,.. 

e >ro -lo""• tho fol'-l"i roloU...,.19 holOo 

""'Yo·~.- ~ci·O 

.. ,.,,,,., y, ond Yc to y• """ ••• 

....... , .... ) -·-·---
Thuo, tho o»>• ~'"'""'" <or tho .... ..,_..t -· 

Oo<G:A" ~A•~(~!), yA•~!¡·!l)• O 

""'"""'"" tho '"" ool"""' o< t>.lo dotorol,.,.,t '""' ''" ,....._,.,.., "'"' 

................ t>.o ... ,.. •• ""' ................ -· 

Oot(v, O(b-al, r.;o-ol)-o -·------

""'"",.u~ . ..,.., «>••''-'-'' •-•·'· ""'..., ..,uo. ••, ,..., 
rototlon 

whlot. "''" thot po~nto •· o,,.. e oro <OlliM" 

""'" ...... u.. ""' ,. ....... t>-• ... ·-· ... ,,,,,_,_ ~-·-·· 
o dhoot ,,,._...,,.""' of tho IO<oqOi"" '''"" 1o tl>o tollow1"' 

c ... ou.w¡l.<.l ,_,,_. 'ti.;iJ ~>o<~ ouui« .,<-<•• ..w wou "">' tM« 

"""Ui•<-"' po<•IU A, 8 <nd C •6 V<< t>o<~v. ¡tuu.g t;.• ~B '-"Ó ~e be the 

th•n ;,...,.;.-,& •"'•"'-'-' ... ""'" :>.< Oií;~w•:o ""-"'" ~.-~e""" Yg-~c 

[oM, cO>~<Qu<>,.¡l~. ~-·~~~ "-'< p;l-<OI!<l ió •"-" ''~~ <ó .ti>< po;:,'-' U<.¡, A 

rl-<-• ,....,Ud U> ..... .,_.., .......... v. • ... u..'-', ... ~. :¡:J.& ..,w,. 
Úót>W ~O A P<>-l< "<>u.t<'", .Gf .... l!« •a.<J p/<O< ;_, ~<! U> tJo< •.U Oj 

.. ,.,Uo •• 

l<>.,ol<o 2.o.l ?...,.. CO<oll..-y '·'·' 

)O>ro rooulto oo•.noot .. wiili '-"' P"""' dio=ooioo '" tho <•l'-1"' 
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''""tors oro 
nonporal!ol 

--· ----··--·--·---

'l'WO vecroro are ~•«>· 
Pu<O rotatlQn. U~o 
C<)P 1 , INO<X.4 

~ 
Tho CWQ clLf!oronoo Tho CW<> ~i(loronco "'" •~;;- •z.::_rollel All<htee~ 
vec<oro oro 
no><:Olltc.ear. 
)>.>ro rot-'lon. 
Use COP1. ;;,,~X·S 

--------

Fig 2.1.1 (ccntlnou) 

"""'oro aro 
colH,..ar. 
PQJnto lio In • 
plano parallol 
OLthor to th4 
ser...., axis or t.o 
tho ods of 
r<>Utlon. 
es~ e<:».l!:o• •2 

""•Y ore not They oré 
ldenLic.>l. porallel, 
PUro rotatlon. Uso C0P2 

'I'hey o<e not ldentl""l They a<O l~endoal.. 
puro rotaOion. l'ure t<ondation. 
uso COP1. 

I""EX•7 

Flg 2.~.1 'l'r•• dla~r= ollowlnq all cooolble roloti<>nohil"' 
OI><H><¡•t tho vol<>citloo of tb<OO !>Onc<)llln""r 

"'""" ot 11 rl~>d bo<ly. 

·-"---------·-......... _ 

'M>o '"'"airu.ng ,,., VOO<otcro 
ou ldonticol, 
Uoo COPl .l>IDEX•2 
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"", .. """"' ...,., .. '"'"ng <bo ••Uol<ioo of ""'"'" ''• •• 

"'" .. "''""''-''" "' "''" .... ~ ...... u. .. 

•• •• .,.,~.' . '· ·-. ·• .. ~~~'!e' . '· ·-·• ... 
l.o. tl>OOO volooltioo ''" ... ollol on4 rolo'o4 O. .. • 
""·'" 

._,.,, "'"' ""'"'' •·. ~·.e· ""'o'""""''""·"''""''"" 
oootoloioq '"- "'' of ro<.o<ioo. "'"''""" .. • olr.<o '"" oll 

'""'' voctoro v or• iO<ntiool ·• ,. oo<l> """''· ...... 

"",,.A' >' ~· ... ,.,, puolloL :n.oir '"""'"""· .,...,,,, 

¡, "" ooh of «<o<ioo, q.o.d. 

"' '"" oll .. ,., .... ,...,. ...,.,,..!:y «> o "'"' rotot<oo ..,uon ho.o .... 

''" "'' .. tion h ol<.>.ot • """ rotot!oo ot •'"""'· ""-'"""'""· In <hH 

.... ,. .. "'''"'· ... , ... >< .... , .. "" "'""" .... '·""" "'' •• , ... ""''"' 

'"'"""' ..... """· •• ,.., .. , ... """" ............ _ .... ,, • -· ,.,.u-

oo<l> '""""" ••«otont '""""'• "'"' "'" ••• of "" ,., .... vori•lú IIQO. 

no 

'"'"' 9'""''' O< • """ <ototion, bvt tM >ervv .. ,, or, 

=<<oopor.dlnglr, ""' .. ,, o< =ot.oUoo, '• puollol "' tho '-"" 

••tlnod by tho ,.oinc. vitl> i4ontiool ><looltloo. l 

!=! 

"'' • ""e"""'"-""''"~'"',..., .... ,.,, .. ,,_,.,, """'' 
,., ............. . 
~. • !• • ~'!"'~'· '<: • !0 • ~·~!l 

S""tuotl .. t:.O l•t<•r ''"" "'" '""'" equatlQJ> 0 

v -v • ""'(b-e) • o -···- -- -
""'"' "'N!oo ""' 11- oc lo p•.-ollol to ~· !.o. to olt>.or tt-.o 

l~t•n< ••i• ol <O'-'>tloo O< "' tho loot.on' '"'"" ""''· 

·-" 1, 1» -= 1& ...... ond ... - VO<to<O '" po<Ol<ol, .... ....,. UO 

oopl>oo<. Th• .Otlon io olthe< """'''' Ot o poto roCOtioo a,•¿ 

.,..,, .. '·'·' ond Cotoll•<Y 1.9.2, Tho ongulor voL>.Ity 1& 

'"""' >r •l'l'lle&<ioo of oqo. !2.0.111 -(>,;.>S) 

"""'• """ .. , "'' follovf"'l 

TH1Q~l~ 1.9.6 Tht .U..~oll!t ..,t,oo ojo ~.id boó~"' det~~. <.o. -U! 

,¡,.,u...¡_,.,...,~ """ •• ~..-.••. .,.. •>04 ij, .:;,, ,w,.,;.u_,.. 

•l V"" """'U""'"-'- poúcr. oj .th< ~od~ ""< '"'""' 
"""""'" ... ,,...,.,, """'·COI'>, ..... CbO> ""'-"'.,.,'''"""'"" .......... c ...... 

oob<=ti""'· l.iotlngo Of l...,I<C, COPl, COPl, WOO, !.OCAT1, !.OCA~l .... 

•••• oppoor 1n Pi; 2.0.2-l,O.a. 



TdC(OR(M !. 10.1 Ti.< v•toc.Ui.<.> o¡ - ¡»,(41. o¡ • ...:j<d bod!f """ .:d<.W.'u/. 

'"'"P'"'""' I<Voj .t/lc Li.<< CRM<oti•~ ...... 

' 
""o,,..~,. t:• ''""""' """'"' •< '"" '""""· A,,.. o, o< o <lqiO """' 

1n .......... "'""· •• , •• , ............ '""""· 

,,_ t>o ''''""'Y <•""•tion. nW•,..•'-'-•"'"' both o!4o• "' «¡, (1.!0.1), 

(,;..~).<~~1-o 

""'' U.oo•~ <• "'"' "' """"' tho '"""""""''' ot <>o •iv•n •oloo!d" o< 

• dqid .... , ,, '"'"'"'"' '"'"'" ., ..... , •. 

"""""' > .••. 
in"'"" o ••Y thot "'""o""'''" on U.o Z~O>io, •hilo vortox o,_,,.. 

on tho x•&Xio ,,.. oido •• , ... ¡ .. on too .-< '''""· Vo<tox e hoo • voloo!ty 

il ""'""'''·' '"' voloo>ty o< voetiooo o ,,. O 

Hil "'""' "·' , .. .,,, •••- "" "' tho ..,,,_ o< <>• ¡>loto, o04 .....,.,,. 

th<o PJtoh o< itO oct..,, 

' 
' "' 
' 

.!-------- " 

'" 

• 

"•..U.:., IMU Ú.<t=l • .., • .., ., .. "-'v< M< """"" '"'"""" .V.l<<.!<cilloj .U 

'""" """' . .. .. ,, 
.. ,.,ri"" t.o r<o '.lo.> '" s0 •nO s0 b< tl>o '"""''' '"'"' "'" o<""'" 
o,,. e, '""''"'•ly, w!th '"'""" to """'' '' l« ~. '"'~<«<M,.,.,,_, 

tin•lly, loo O ·• .,. r-e bo 

lO>~t '<<..,. 5 ..,. S , wl<h '""'" <O A. . ' ' 
' ''''''''' o< bodioo o •-" 

e, '""''"''"· "'"' '"'~'""' = ...,,. •""' ~· tho ,_ """'' "'•..., 

•e· l•'•·'"' """ ..... " •'" "' .,_, ''"'' "" "''"' '""""'' ,.,._ •-"•· 
'•tc' "'"" ~"'"'" tho ,.....,, """"' o•c•. 

l.ot >l>o ""r ro1n of <ho ""--<1.-ioool ""'""""" opoco, •'<>. ,.ooi<ioo 

"'"'" '· ""'"" '•' •~ '"" >0 of >••11 .. •· ,.,., e, ""'""u. •••. "' 



"' 
'" ~><: .. "" V<Olocitl•• of .... of t.''" ''"""· "''th<''""'"• 

• 

• 

---s:\.:.c:c,~.:::::::.:::::-- •• 
"• '· ••-' ,~._.., """" •• ""' ..,., .. '"-u.. ·• 

~ith <OO¡>O<t t<l O u.i>O """· 

"""' ... -y >C-

• '~• ·~3¡1· (r0 •('0 1¡-~1 )· (2.10.J)' 

1t lo """' """"' ""''· if > lo o "'"'·' of t.'><- rolnho i=U.t ..., .. ull 

tt.on it lioo on tho lino '"'inod Oy <"''·'' '' &MI C'. n.<o 1o dooo 

,, <o ............... '"" ........ "'"""''' .............. . 
"' e•. 

vio tho ~,,...,...,.,,.,, of tho <r.wh•uo ,.,,. 

(2.10.4) 

; {_;1 hn ''" """""" ot • poloc ; 0 •h••• !ts """"'"' '""''"''• 

.,.. .. u ..,..., .. , ''· •w•••,. "' .... , • ...,,. -•·· 
l•t;•·"'~tcY ,,_,_,,, 

""'·· .. "''"' ~.-
'"""' Whloh ; 0 con•ot be ••""" fo<, ""'" ~ lo oiogol.e, o! ._.,, 

.... """ "'"1h" "'' "" """ !o " '-Loo oo " ""' ,..,,___.,.= OCN!<· 

•rito oq. [2.!0.>1 in O•bbo' ""'""·•• oo 

! •~<" <,o 11/C '!o' "\' '"' • ':' .0/C-.,. o'~' ~ 

• 
""'''"'' 

......... "'1 <ho '-""' «= ''"' .._.,.., tho oondn>on tho< ........... 
' ~.,._. •• ,.K '~wc •tc"~'-jl 

""'"' '"''"· ,,_,_., 

•hioh !o p'<olld to vooto' o. Si"'" '-o !o ,.r>l)o! t.o ••«Ot '.• t.·o 

.._.. ....... "' .. ,, '• ..., "e' '"'"" &0/C 

.,_. t> .. t • ., ••• "''""'" 

• ,.. .............. , ""' .. , ..•... ~. 
• 

eq. ,,_,._,J. .. , ... u.:"'~· 

o,...Uwo!o •f c>o """"""" ol '- """'" """'' .olodvo ..,,, .. lo ""·' 

o=pooit!oo o< oll~!oo ••• ''"'"0"• " h tho "'" !o '"""'" ''"'"· Tl>io 

,....,,, '·'"·' ''"e,,,. c1 ,.. ""·• .... ,.to .... u,. """""""'"'' ,.,, " 
'"" '"''" """"'' .. , ••• """•'•d. -·· ....... ,,_, '" .,. '· '"·'· 





''"!bw 1.11.1 G.oon """ '<igid Oodi., {o.,,:.;,,, A, B and C, <h'-'< 
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"•- 1 N~<nol to p1ooo """ 01 oq"ollon ¡,¡ 1• """mlnod b> ""'" 

polnl A ood >mw !.,. 
- ., . ··•-.---

"""''A •. thoo .. oOod ""''"''· lo oom 1 - '• ··-­, 

]tl'tnt[ i• ,,, fultt"\"· l••t A he llw Vt•'L<"· ft••l" tllt' tti'Í<in '" 1iw 

¡n ,¡,, .1 '" ~ ' . .,,.¡ " the ,.,.,.,,, '" "''""' ""''·' "' ~~- ¡·.,, "'"''"' 
fMn :;, h> :; 1 tht· """'''" Jbbon'<' oomlitOon ..,.,,.;n~: 

',,.:._Al- '•¡- Al 

+ A·•t1 - ••1 ~u 

:\o m' fl,.m 11 J "'' kumo ll.ol , , ¡, n '""'" t ''"""' ¡,.,. ',( ''· ,.,,¡ " "~ 
"'"''" ,,¡_,. '" '''"" ''"'' ,,. - .,. ¡, :,,. '"· 
~"l"1i1n1in""- ,,¡ + '11 + t,k, 1¡ = r,i ·1· t¡,¡ ·f. ',k. ntnl 

""'~¡,~ , ... ,. ,,- '"" ""'"' "' 1 hne•n .. lol\' .,., .. ,,,,,. ¡.,1 1!.• .,,,_,¡.,.,,¡ 
poTt -~ tho• rioóoJ-1••1)' "·'"''""''"''¡""• ~e.,¡,,;,., 

+id, .. ,,+ •. ~.,+ 1>}1., + •,1>,,)<, 

-'"Id,.,,+ .. ,.·,1 + hr., +e,<,,),, 

•1/ 
·1·--+(•t,'+'•'+•-')IL-,·.,,~,) (:LL 

~ ' ' 
IJ ..,,... f ~ 1 ¡, l;....u in ! ro, Oh " ) "'" 1 o)., 1 IH'"""' >< )>fUl'..J, 

l\'~ nuo~ o !o.,, o( lt.· ''"'"' )"",... o!on.,ch 11•· .,,;~"'· (Jl-impll· 
,;, .. '" 

•n•l il ¡,. "<1diok•n 1ho """'"'' i- • ¡uo,... ""·"'"'" •.' - ~· - Ll, 

'lh· pi'""'_"''''"¡,_,."""'"'"" O~! O•-• oli·'"'"'' .,¡ [(~)' 
.L 1° ,¡., ( ~)] 

0 

·o (MI\.\ ,.,,.¡ ¡, nurn"') 1" th, \'" '"' jo l - l. - d,). 

ll<w 1 ¡,oh<-""""") W<I<•r ln•m tl>e fi•..-1 poónl .1 lu tho -.en·~ 
·"'' s,,. ,,,¡ ,, ¡. ''" ,.,.,.,,,, .. 1 .. -o;,"¡¡,- '"""'"~' k-8 .•. h .. ,, 
"" ,,¡, dn"""h .L p,,,,¡¡,.¡,., S, 1-'i~. l. -¡¡.,. ,.,",, d: « 1f,,. 
H.tlo•l,,; .. , ·-·~'"' d,l ... ,i + ,.,_¡ -1- .. ,,kl 11 ""' ""'" ,,;. 
P,...,... ""'"'"n ,¡,.. '""' , •• ,,,, ol,.. "''"'' ,;,-, . ., "·'· ·~~ '~""'""" 

• ' . ' - ' . d' '"'"""'"o •~ ·<n'~ '"'' '"" .,,,.,..,,, n • 1'"'" - -;; fnmo the 

""''~'"'"'· 
Eq•ltU ;,.,. (!O Í· al~ • .,.,.,,¡ o( ", . ., .• ,,.,¡ " "nd , , 0,_. k"""" ,.,,.¡ 

._.,.¡, ,¡.,. ¡,..,.. d ¡.oint• ¡,. :;· .,¡,¡,.¡. no~>l '" ,.,,.,_,¡ .¡;.¡"'"" fn•t<l 

oh,• k•••~n ¡••itn· in :;, ,.,,¡ ::.- roulor th;,. ihh·o¡~~"'""' <~) 
¡.,, . .,,. .• tl.e '""' ,,¡ .1 ,.,,¡ Í·. ,,¡O'<" N'. thc l•·o¡o·o,.[i,·ul.u hi·e"" 

'"''''·'".'" ,,¡ tho· "m! """"''oi"" ,. 0, 110 , : 0 ¡.,,,¡ r,,, "•' 1,). 

' 

Co.,o•pondon«-TI•• CuOI< Tmn•fotmatlon 

C'nn•iol" ¡,., finttel~ "'I"'"'"J ,.,,¡,¡,.", ~~ :;_ .h••-i.,L«l 
"ith "''h !••int, p,. in:;, ;, 11'<'--<'< u(¡.,.,, b.-.n\<,~o¡:.-M,. ¡ooint- p,. 
p, p,. po ~iV<'h "~- !loe¡,.,., l"''¡:;,.,o• o•l f'· ,,;,,... <1 "l""il.le to 
1''"" >plwh· """""h ""-'' ''"" P<•inl•, ,¡,.. fmu 1'""'""'''1 ,.,,..¡, 
1"'¡,, ''"''"0'" .,,,, . .,., ,,,.,,.;,,"' .iolo '"'" ''"" "'' ,.¡ """"''"' 
~'"''p .. ;,.,,¡,:;;, Ll\(' 1"''"' ih ti,. fi"'d -~•tom "hi<h i••t tl.c• 
''""''' .,¡ 1 ho •¡>here. oiiO<"r o be• ..-lot.,n•hip O.t~""" l••inl< Oo :".: 

"'"' :".:' i• ÍmJ"'"o" '"o t." ¡.,JI,.,-~ •• >u•leml.• '" ''"""'" ohi• 
"'""''" ,.¡,. 1 " , •• 

11·,. to·•¡uito· tholl [i., l«nt 1"";¡;,,,.," i'"ii>L ¡, tloo n,.,.;,,,_,tom 
oem,>ih" ,;,,.¡ ,¡;.,.,,, ¡,,.,., -, ¡>ui"L (.l ... 1,, .1,) ¡.,ti,; fowd 

'·'"""'· Thi• ¡, "'"'" br l:Oo•c.oOon 12) onkoon oh'"'¡¡,,.,,, 

¡,,- ,,).L, +(y,- y,).l, + [:,- ,,¡_!, + ("' ~ ''')- Ll 

Ir,-,,¡,¡, t 1"'- !lol-1,+ r,- .,¡.1, t ("' ~ '•') M o lll 

¡,,- ,,).1, ·1· r,,- ¡¡,1.1, + 1"- ,,¡ 1, + ('•' ~ •·')- u 

-'''"· ,;,.,, ''''0''' S.,, 1.,, ~.o (m·'"·'' "l"¡,,.¡,,,o ·o•1, ••-· S,, 
~o. ¡,.) .,.¡ ,.,,_,- polnt (r,, y, "l '"' •n• nlol• "' p•n,....ll¡· .. ,¡,., tbo 

ohn .. In•<'"' '""'"''"""'''"""'' "'""""'' 1•) ¡.,, n '"'"''"' o-;-oll..-
1";"' l.l,. .1,, .1,). ~inul,rl_, , ,¡ o he ~ '~" • "o"l tlot· , ,.,,.., .,¡ o hr 

·phe<e ""' "'''''"• "'' """" f~"" <-<1 ,,,,¡ (llth,.l t\o(' ''''""''"'" 1 11 
""""'" " ¡¡,.,.,<-<·< ,,¡ t ¡, ,. ,,¡,1,.,,,,~,.,,.,,, '"'""'; .. o .. ¡, ¡,, y, 

rol- lf,.,..,., n '"'"1"" IIo. y,,:.) mny ••·<oer.oll;· bo •i<Lennin~L 
Th0<• ~• .,..,., . .,u,- h.w• n (1, 1] '"tt<>)"""'""'"' l.,.,...,, t"ino. 
¡,:; ,,_¡ 1.,¡.,,_, '" ;;•. Tf,)_. """~1'""¡,,,. ¡, ;.,,,;mo Ln 
~¡ .. , ..... , "' ;,,., ... ,,, ,¡,., ,. ""'Ter '"o ;,,.,.;,, o 1 ••• ,.,,.,. 1 ..... ..,,., 

,¡,. """ "o" 1" ,;, 1 .u·• 1 < ¡,. on• ,,.;," ""'"' l• ''""" • ,¡,. ,.,.,,1,·•- 'l'ln• 
, ~,,_¡, ,, "'", "'" ;. ,,n, .. 1 th.· , . .,,.,,,. '"''"''"""'''"" [1'']. 

~'"~"l.oril "" in ,¡,¡, '""'-'"""'"'" ,. '"'''" ~-loen <In· '·'"k .,¡ rlo• 
'""'"".-"""' "'"''' .,¡ •r•""'n (') i-1•~• tl.oo• tht"'· Tln- •~•<-· 
.... _,. ""',.,,,.¡, . .,,,,,,.¡;o;,,,.¡,,,,,."'"''" 1.., '"" ,,.,,,,,, "" 
,,-,..¡¡,.¡,.,, ,,.,,' ¡, 

'(,, "' "" 'i•l (.-, -~:¡ ;(,, "' 
,,, 

"' (.-, -"· t(I, "' ,,, 
"' (;, - -, 

(:,) 

,,,¡ ""'' ul ¡, 1 " X '11•· ,¡,~,,1,,, '·'', 
;¡., "' (y, !lo) r,' ,,,) 
'(r, "' '" ,,, {r,• r,') ~ "· '¡,, "' "' ,,, ¡,,. r,') 

!>n .,-;o!NI 1 1 "' '""' mu " ! X ~·" .,¡ ( -,¡ ott " 1 t['o ) • f., ""' n TI ,-, "i • h. JI 
t lu· t ""' • ,¡ ,¡,., '' ,¡ ,.,., o• 1" "• .> 1" oio•l ¡, tloo """ ;.," ,, •1<-l>o "'" ,_ 
., •• ,.,¡, 1"" 1 ..... '" '¡,. ¡¡,,.,¡ •,\'•' ,.,,,: """ ""'""k;,,.,,-,¡,. ;,,.,.,_,.,, 
a i"i"O o" :;• N•<T<'-j>>tod< '" -' \i,e ¡., :;, ,\• "" -lc.ll ~-.f.> lo•< lhi' 
"''"L' ". , " 1• ""' • ~ ¡,,_,. f, "" ,.~; ' ;,.,,. r. u "" ,.; .. ,,., 

11 <l..- m"~.,¡ the -~·to·m i• "''''•" 1.,¡,, in,¡,.. ,.wi"•l•.,l,- ~ 
''""''l"ll•l• <• o pi >too ¡., ~--, Tloi• ,..,,.,;.,~ """ oll ,¡ 1lw 'C X ~-, 

,.¡ <loo ·"'~"'''""',¡ "'"" i\ ,.,.,;.¡, "¡,,..Jo i• itnj)<>--oblo• "'-' lo•r "'"owml •• ,,¡,,,., 
l!.wino !•kl oln· """"''~"•k. ~• '"~ pM-.....1 '" <~·l<moio., 

[).-..., ¡.,;,., • iu :".: "¡.,... _,., ~.-;! 1"'-"''""'' lio '"' .,.....;.¡¡,~;. 

Poinls on s,eci~l Loci 
Polni> Whi<h Lie on a Srh••o 

.1 ""'"''"¡ ,.,;,o ~;u '"'' ha,-e ""'"' ,¡...,, h~u ,.~;,¡,.,,, "" • 
-ph•"·- n ..... , .. ;,,, ~;,¡, "'" 1.~"'"'" "" .,,,. '"'"" .-;n 
~,.;.;, , 1,.,,;,., ¡~¡,- 1 ;,,,., ¡,.,,,¡,.,., ¡; ,. ,j- !, "· l, ;,,_ Tl.e 

,.,.,,¡¡o;.,,¡,, >1><· ¡ ........... l .... o ... "''O,o•"'' '"·''-",.,,,_,,¡.,.,.o" o),,. 
o¡,,..,, """""" "' . L , .• 1,, .1, '" ¡.,, '"0"1""1 ,¡,. ¡,, 

'(r,-r,) (y, .. ) ¡,, 
o(r,- r,) "' ,,, ,,, 
't••- r,) ()1, ,,, '" l(r,- Jo) 1 ,, ' !1<' '" 

,,¡ (r,' 
,, 1 '" "' "•' 
'o l "•' 

'•') ,,,, 
o-u,7¡ 

'•'' 
'·' •l 
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'•"'• 1 lo .. l ,,.,.,,,,. U•OO pO<•~••• olo .... '" ,,.mo ot >•• ""~' 

" ' ' 
.,~, ··" . .,,. • "'' ,,., -· "'" ... , "'.,. 

' ,, ' •. ·-·· .o.·•·· . "" '" " . "' ' "" 0 MI' ' ''" 
' '" ' "" '"" '·" ., , ... ' ''" -•. ,-., '"" o "" 

' "' ' ' ...... ' . .,. ' "" '"" ·• "" "" '-'"' 
'" '·'· " ' ''" ..... ' "" . ~ .. • "" ' ' " • "" 
'" ' "" . ~·· . '"' ' 

..... 
o "" ~ "" "~' o "" 

•.•.. ' '•""'''" ol '"'loo" ol poio>o ;, o •odvlhol llo o• o <phm whoo 

>ho """'lo lo p•''''""' 1, '·'·o, ••d' 

''""·'· .• ,,, ... , .... ,... . o., .. ;; .• ,.,,.•.• .• ,, ...... 
-0 , ... : .. ......... " • '· ..... ' - • ""'•' •• .,,.,,' ••• ~ ..... . 

~ ....... •.-. ,.,; .......... -....... •.-. ,,, ... , ......... . 
..... -.. • .• _ ......... .............. ,.o,_~,. .• ""'" 

~ '"''' ......... o ............. . 

. \, ''"""' ,.,,.,.,,.,.¡_,., '"''"' i1 'LI ;,, ( 1 ) ,,,¡ ¡:¡) •·•¡olio·illr "'·'~'" 
,.u,¡ lhc·o• ,¡,.,.,, . .,,, ¡,,.,., in II, o¡,,,,¡ 11>'1" •" 171, "¡,;,lo ¡, lloo­
¡.,, . .,,uf "111'""" 1" ~o" iolo lo\ e J•~iLi•"''""" -¡doooo·, ;,,.¡¡,.,o do 

'''"'"' Jt ~•11 ••. ,..,,., . .,¡,.,, '" ,..,r.o· t .. ¡01 "' J." .... • - " "'"' 
""""'ti""" --ionpl•· ,. ~.-·. 1 ;.,onu-,;,.,n_,-, o loe ~u,~ ~:• ;.. • ¡, .. .,¡,. 
,.,,¡,., al,.huie • .,,¡,.,. oml•,l.lo•l ;,. ~ 0 • 

1 n o.-.let lu •~1""'' ,; 1 onol uloloi" "IJ•Ii•·il •·•¡,-...,.;,.,. ¡,, olW" =~-, 
h>C!IH;,'tol< nf !."' Ílo lo•I'U' .,( llu• ,,.,,¡.,,. 1""'"'"'"''• .,,.¡,,..,tu 
,.,,.,t,.ll'il X l)olo•l(•11ni"'"''' ,.,.¡ ~.,-¡ '"'' ldll1o·o·m• ~¡,.,¡, 
•·•d• ,.,,.;.1 ,.¡.o,,.,,¡,,.-, uf¡,,, l'·"""""'o•. Tlo1• l"'"h~¡,,,. 
"""""1 <•1 •lwl•1,1 i< .j.,opliloo•ol hy 11,<··~"""'"'~' llo >o, ~ 0 , lo, 1 .. 11 
olill ,loe ta•k ;, I••O'Oo<iol ololo•, \\'o· lo"'' o·lo•o l••d tu"'"'")'< d.-lo•l ,,¡,,. 
11 .. ·•· '"'"¡,¡,.,,, ,¡ /·.'' t"'"""oio·.;ll,, ""'1 lotVO ¡,,,,.,,¡,," ,,.,_, 

"""" """'""1 .. r "'""o·"'""'"" ou"l ",,,.,.,, """""'1 .. r O"t"'"'"'­
,;.,,,r timo""' '"'''i1nl lo" oloi• olo·wl,~n\ent.' Talolo• 1 "'"" 
tho• • ..,~-,. "loi.-lo ,¡,.¡¡,,." ""' .,¡ fuoi>•l•· "'''""'"¡ ,,~¡1;.,,, Tohlo· 
~ li•t• o_...,, ul ,.,.¡¡,.;, . .,, ... r f.'• "''""l>'"'J;,.¡: In tJoo• '""~' ,.¡ 
'fahlol. 

ll)', fo>t ''""'1~0, odol<>fÍh tllo•~in" Io ond !lo O>nl ti~" ~•h" 
in~ tlot n•<nl>ih~ o¡ot·totÍ•· f,t (al oo••·O) [non ,,...,.¡¡,¡,. to'• ~• 

,,._.. """'n'" "'" l,.,t,¡,,,l•·· .. r ,,,;,,. "" r•. -,,.. "'1 o1<1· '"'"' 
'"' 1 .~, ......... , 1" "lo\' ¡mil•1 "" Ji< ;, "1 ''"'""¡ f o ""t 1 '"'' ,,,¡,. 1' ,,,. 
l<"'to!'OI o• U\, "1"••1 ¡,U\ ( 1 ), .111 • 1 oo.o 1 Ll o-h-, \\ o• <'oiLI•I lo \\'o• >lo" Ll•ol 1 '-' 
IO,nt<lm< r 0, o¡., lo'" ll·o· """"''~"',.,,,¡in· lO'"'',,( 17t .. 1,1 ,;1_,,¡" 
(1 X 1) delo·nnootttltt i11 .1,. .1, .. l. !In• «<oool,( ;-i•l•l o\ J,onLio· 
""'''' ''"''""¡,. •nrl.t•e ,.,,¡,.,¡,¡,.,¡in~·.,¡,;,~,. 1hcl"''"" ,¡ ,11 
• phore , ,., " "" ,.,,,,.... 1., .,,¡ ¡,~ " , , ~ i , ,., • ., ,o( li ,.,. ¡o ~tt f '"' ,¡ ~ . 
Fu• "'" I'•Ínl "'" li~ ,.,¡ "~ ~ • ,..,~,1 nomptltO ll>< '"""l•·•dm< 
, .... ,,.¡,, ¡•únt l"'t" IH 

:>no;,.,,.,.¡,¡.,¡,~~,¡,,¡, r•~ioion ,¡ ~. ~<' lt-<' ,,_,- (omo u( oho 
mi¡:io"'l li•·o ¡•~il>•n• ¡fu•' '""'1'''· the ltH fmor) nn<l 11,. ,¡"¡' 
¡.-o.itintt in "''"'l"no 10), .,,¡ ,¡,,,¡, • ..,,,,¡ "'""'""· ,.,., ¡7•1. 
(7>) TOpN·-cnl• .< •Oo'o •ooo\ ¡,.,11 h~>I<IOI ni., loc,o>r '"'1"''<' f.'~, o • 1\ 
~ loic h i> ,.,,¡,,,¡,¡,, 1 11o ~-,. ¡.·, • " P• --it '"n' "'11 "''t"'l .olh tmi<ono·h 
dc·l<·o ""o"' " •plt<l<, "too! ,¡,,.,. ,¡,.. 1 ~" [,.ooo >lo·'.,,¡,., "" ¡.,.,.,., .lo.u<' 
'""' ,.,.;1; .. 1,· '"' ,.,,,..,,,¡,. "''" lh• 1 .. .,,. ,.r ""'''''"' •ttl• -·" 
1..,.;t;.,,. ""' ·pho'"' ;. ;,,¡,,¡,.,¡ ;, 11to ¡,,..,~,.,; .. , "' f.'o"'-" 
~ ,¡, b .. ' ~ u .1'•··'""'··-u .• -. t ¡,, .... ,~ .. r,,.,h-<1•<1 ,., ,.,1.,,,,.,t•· 
(7} •"cl 10'} ""' tl-oo '"'"i"'ltbiiH_I' <>mJ<tiooo- ¡,., illo· ~1•· '"''~ 

•'floi, >DJ .U <>tiO<< '"""'""'• ,.,..,.., •• ho 1h1• ,,.,.,, "'"' 1.- ol~ 
t>ioed ~-' ~·~i"' to 1he oul h"', Tt,. '''"'"'" """''"' ¡, FlmTII 1:< 
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lo""'"l<"l''""''""''·'l '''l'l-tli""' ,¡,,,o,o·ollo,< "''""< I'C) liw >imc". 
'Ji><· inlm<·o"li"" "'·'·'' l•• ~""''" .,. !:,,,• X ¡;,~,•- !t 

, .. ,.;.t, .. r '"" "n"l'""'"''· "o"'¡.' 1,.,,.,.,,.¡,., .,.,., """' 
k,,..~'" •Ím¡oh· 1 ~. ,.¡ 1''""' clo•l'('n, ,.,.,¡ 1 l.o· ,,¡,., ¡,o ,;,.¡,.,,~!oc 
""'" t,.,•, "' .iw¡ol.•· i•, .,¡ <•·n"• lhn"'- 1-~ .,,,.,.;,,. n!l tloo J"Í"'' 
.;,¡, .;, 1 .~,·,.,~,. .. ," •1.r .. -oe. _\- ~;n¡,. .¡,.,~n ;, oh• ""'t..,.,. 
limo, 1• ;. >ho ¡,.-.,, .,¡ oll ¡•oiool• ~hi<h lio ""o'¡,.¡,,¡,, tloe luon 
, ••• ,;,,. 1. ~. "· -r. ¡•¡,,;,.u,-. ''" ""'~'" 1• ,¡ .•. , t"'' .. ,,~¡, 
'"""'' •illo .¡, l"•·ili""' """ -p!1ooo> ""'"' lloc• (,.ott' '""'"'"" 
I"·ÍIÍo·Oo< ,,¡ llw ,,. . ., ,..,¡,.,.,~ d, ""' •l•llloo· ,, \11\Í•I"'' -plom·. 
ll<•t"'' olo<· lofllo "o"l .¡"¡' 1'''"""'"' ,.,r "1" 1"""' "" J,•¡ "111. "ln·n 
t.1~0to in """loi,..o,;,., "illo ""',o" IP, ,¡,.¡¡,.,. '"" ollll•·ll·tot opioeu• 

.lnüh 1 io.ll! , 1' '""'" ¡ .. uod• o" Lloo• •ÍOol',"l." '·.o,. o 1 11«• 'Oh:0-
1moo·l•"l•t<li"" ~,-,., . .,lo_>" '''1"·""'"' (,',) "",¡ lllt. 'l'io•lo•t ll,e.o 
Mte'LI•I·IMoo·•~ <"1'"10n~ 10) .<n<l j:') OLO• "' '""""' 111Lhdot\t '" 
.,,_,, •• t ... 1ln· ,..,,1,,t!nlil_, .. r "'''""'"t 1~1 .,,;,.,., tot·c ,;,"" 
¡,.itJoj -~.:t.'·.;, 1\J•mr, '"""''"'"·p .. ;,.,,"" !• ~;u'"'' -ooi-r,· 

•ll fi<·< "'"''"'""· 
Tahlo Jli•l• ,.,¡,.,, "" 1-~ .,,.,~,,,,r;,• "' t)oo• ,.,,,¡,, oi•·eo in 

Tal>~e l, TI., '"" ·~l""""o~ ,., . .,1"' 1'""'' "'' '""'1"""'' f o •ml { l 1, 
_\1""""'¡,.,.¡_,., ,.,. Mtlol, "' ol.·-«il••ol l"''''luoo-1,,, "l"""o o"" 
¡.,,,,_,,.,,"' ,,r,,,., ;,,l,·ddo·d '" :::· ,;,,¡ ll .. ·il· ,,,.,,,."'""' 

aoool '""''""'' li\0' ''"t""l'"'"'o"" ""'"'<;,~o¡,..,, (-1). 

t "' ''""" p• ,.j 1 ¡, ''" ''" " •¡ol,·o <' t loe "'·'"'"'in~¡, n ""'"~"'t' t•< <l• 
¡,.,...~,¡""- ,,-,, ,,¡,., ;, '" ,. ''" -ool ,., .-iv> ; ¡,, .·o ;, o· o¡"'"""' 101 ,¡ 
ol:oooin o no~ "1'""""' (0") ~ hioh _.;,¡,¡, • tloinl • .,,¡,.,.,, ¿·~"' - U . 

lnoe.....-om~ tho~l' ,¡,.,.,. •nol•<"<-< """lindo oh" ,¡,.,,. "'""' """' 
C'> ~"''"', ~11 Jo .,.<eot lbiti""' '"' • •¡ol"''"·' .lp¡•·ooli< l. 

.\t .. I_,-IK-.IJ,, "\OIO!ioHO• (Oi, (0°~ (0") t<'l.,.,.,....,l 11 .. ront• 

i" T ibili 1 ,- ,...,,¡, t ¡,..,, ¡,., 1 ~ 1 ""'" en • h T i ""', • .,,¡ t lo< l l •(ntt> ou· 
~,¡,,¡,,~ <"T" •1"1"1 t .. >he ·Íto"<Oinc •·n-e .0>-o·n lo)' 1 ,'o) ,,J HÓ t_ 

.\• in Lloo ,.,.,,. ,,¡ ,.,;,,, ~111t r,.-, ,.,,.¡ .¡, 1"""1""' ""; '"'''"'· 
olte ~UH'•('''"""t~, ''"" r ¡o•o1IOI• '!<' ,.¡,l,.il"''l llo•OOt (l) .. \ho•Jto,,•' 
,;, o·l.•, 1 ·.•- '""""''' ro•l ,¡,,¡,.,< "' 1 ,_,. kio"'"' o 1 ¡,. ¡,,.,.,.¡,, "'' ,..,.,¡,¡ 
"'""'" ,¡,,,. ,,,¡,,, .. ¡, :::· "'"'"' ;,,,...,,1¡,,, ...... 1·1 ""'lain ti"' 

- ...,,-, "-1"'' " ""t " ' ··tOI ,. "· 
H ~< iooln'i""' "'' oi"l"l' ¡••-•'''"• ~• ,..,1.,o,.. ,¡,. """'""''' 

;,1"""''""" .. r f,ttt •<ttlnl·o~ .• ,,.,. ,¡,,.... ~;u "" "'"'''"11-' 

'Th<- anPnol ,..,,¡ ,¡., lo """'""'".;,... ji' 1 '"'~"do Ut"" '"''~~, 
~l,,.,h ><< onm¡•olatlo•n.ll¡ h<OI ,0> -'"""""'"' ""ti-• ¡,.,,..,;,.,_ ¡,. 
_.,,,_...~,. 1 .e P•·•• "'~ '"'"' .-¡,;,h o«lu< lo 1~ J. 1'. 1'""'"'" 

' 



••• lo , ...... 
... M ..... ........... -
•-"'M• ........ ., ., '• . , 

• "'" ·- .•. 
' 
. • ' ••• ' ·- ' -' "" • - • ·-·- ... ' •• •• • ' - -•• ·• -·- _,_, _,_,, 

·- ' - ·-• ••• . "" • .... 
• . ' ... • •• . "" ..... . '"' _,,., 

_, .,, 
"'" -'"' 

··•i-1," ¡.,JI,~·,,,., .. .,.~e.""'"'"'"'"''"",¡,.,,..'"''"',.,;,,. 
~·~~ '""'" '"-"' .,.,.,., ¡•~nio"" "" '""' •Phr"'. 

Toble J «>Htn'H,. ••m·rnl¡oo'int• ~liu-to '""'"' oh•• ">>tiun .,¡,.,.,. 
in T•ble ! hwe .,,, . ., 1".¡'"'"' un n .•ph<n· .. \o " lo~nlt ,¡ >ho 
w· ·1"1'"''" ,;, .. 1 '1 ... ,.¡;,,;,_, "" ,.,,,;, , .. 1 '" , l•·><·l·•1• ··•:•"• ,, ,.,. 
i"''"-"1"1" loe 1 ho· ;,1 ,., ...,,., iun•, il ,., "' '"" ,.,.¡,,i,,,.,., ""' •·n>pl• '-' ,., 1 
o " oh>l •' ,.,,.¡ ne po ,¡ n " '" n 1 "" "' t " t ¡,.. 1 h "'' '"' r,,..,. 

Poinh Whi<h lio on .- Ci,.lo 

\l'lwn do-olu·~ .;u, ¡>dnt• "" n ,;.e¡,. it ¡, ,,.¡,.,.,"~""" ¡,. 

'""""1·"" ''"'"" ;.,, • "1,;,¡, '''1:¡, i 1 1! •i• ,. 1 he "'"''''"1" '"" ,, ¡,,. · 
'""'" tl1c l"'i"t' (1<>!'1 ¡, ;::¡,,,¡ti,..;,"'"' (llw•l iu ;::•¡, .\ 
,¡.,1•· "''' ,, '1-''llli<d b_\ "" olin•<ti"" .,~,.,~{/,m, n) an.l <loe 
""'"¡¡'"" ,., o/. omo ni i o , ¡ .. int, ( .( ,, , 1 ,, _( ). 

.\1! pooint-· •-h.,,..,...,., . ..,¡ po .. ition• loll nn n o-irde """' '"~f.l' 

'"" '"''"'''i""'' (•!) Tloeif oli'"''"'¡,.,,. ·""- ¡,,,1 ,111 .,,.;,,_, "" 
, l>o· ,,[. 1• ,¡,, "'""' ·,, ,._, h i'"'" '"": '" 1 '" 1 ! .. - , .... , 1>1 1 ... ;, ''"'"' 
ti,-~ ¡,.. '"" pln"'' "1,;, h i• ""'""" '" rl.,- '"''· •¡¡,..,.. ,.,,.,,¡;,,.,, 
'"·'!' 1 .. · ,.,,,.,....,,1 """l.• lknll_,- ... ¡.,u,,.,, 

(,,. -., ··-') .. ,, (L,- Lo).l, + <•,- ,,).!, ~ (:,- •.).1, + -
(.,¡ 

C., - ,,)1 + rv,- !Ioim + !<,- z,)n- •1 (''1 

\\'o ¡.,...., preo-;.,,.f¡· gi'"" • ""'""'"ind '""'"'"•' ;.., ,¡ 1'), 
•hiolo ¡,¡,.In"!«!""''"" r~¡, .,,.¡ ~• .,,,- gi;e n >Ímil." iHto·r­

l'"'l"t'lun '" '")- ""''" '"1'' ui .. , •'•1 io r,¡!,,._, (),, ''" ¡,,,. "f "" 
1"" " 1< " h lo ¡,,.., 11• " 1" .,¡;mo , "" " 1 im· 1 ,,. i" " pi" " , ¡ """"" 1 lo " 
gi"" d,.,.,¡.,, i•" '"""'· lly -•1LI~Iilu!11•~ (1), ,.,. w'"" (01) "­
pli< lo ly '" .~ .. ~- ,¡ ,¡,, ...... $,,; 

[\l - '"' 8,)(u,, "~ "'- 1} +_ ,;, 6,("'"';- ""t;l)(r,- •,1 

-,- 1 ( 1 - ' '" o,¡¡,,, ... ~ "' 
+ !1 1 - ''"' O,)(lu¡ <:<~ «¡ 

¡¡,.,.. "' "' ¡(,. •nRie be>~""' 1ho "''"" ·"'' ("'•' u,,, ,,,) ,,.1 
<il·dt· '"" ti,"'·.,¡, ])jvidi"" ti"' "'"'""""'"""''( b\' ! ·LJI 

(%) ,¡, "• P"'' ,¡.., ,.,,,,,,;,, '"'" """''-'t ¡.,,,_ r .. , ,,,.,_ 

''"'"""'"· ~e cal] obi• p!."oe !'.-
""~ ¡,.,m (1~) i< n») ""'ilr b.. ~"'""oh,¡ ¡he,¡,,,,,"" lmon 

1', '" ,¡,., ,.·tn n\i· i• ~~ o<>t 1»1) c.o· (~') ht>d ,¡,,., ,¡,,. .¡,¡,.,,¡,,¡ 

""~··· ¡,.,",,." 1', "'"1" pb,, l>"'"llol "' thc •Neo ·"'' "'"' ''"' 

oh-.,1< ,.,¡, ;_, (~)- .llh·ll,.tivrl_,-, thi• lo•• ,,.,.,11 ,.,..,,_. Ilut 

(~) (, <i>C """le l>c·L"'''" L~(' ""'"""" """'"1 (<> lh,t• '"" "'~' 
10e.d ''"·"""""1 tu 1',. 11 ,lwulo[ 1,.,,.,,,.¡ ti"'' olw '"' ''"·"'"' ,¡¡•, 

' 

-D ........ 

·- ...... 
·~·--. • • .. . _,.,,._ ·---. ., .. ' ••• " •"" . ""' 

• .... " "" ' "" ' "' • '"' • "" • .. .. . .... 
... , . ·-· -·~ .. • '"' • '"' ·- ' ... • "" . "" • "" ' . ... .. ..... 
·- ·- ·- • -·• "'" ' ... _, .... • ''" . ~" ·-· . "" ... 
_,;M ·- ·• "" ' '"' -.. ""' ·• ..... . .... 

----

ol.·r"'""-· ,.,¡_,. "" o ho di""''"'" .. r 1 hr '"'"" .,¡, .,,.¡ o he ,.,...gni<u•l< 
·.,¡ th< ,.,,.,;..0 : ¡, ¡, in<l•¡~·n•l""' ,,¡ 1h< 1...,.,;,.,, ,.ro he"'"'" 01 .! 
'h• '""'l•tinn. 

lf llw_ ... , ... ,,¡, """ 11 .. - o·i•· ¡,. "-"' ''" 1""""''1, 1', 1 ... ,.,,., ""' 
pt'"'" "' ;,¡;,;1 1. 11""''""· ·,r ;, ,,,¡,¡,, .. ,. '" <IH· ,,., ¡,,.;,. 
i'·"·,;IH ,¡,.. ,,,,;,, Í<" P'"~ '"""'""· '''"'·'' ,.,;,,. '" ;::, ¡,¡,.,.,¡. 
o-.1!1' ,,¡.¡¡,.,. "'1'"''¡," t'•J- 11 oh•• ""''""' ¡," i><'"' '"'~''""'"· ,.,.,,túlr,.. ,.r .,;. ,.,;.,,.,;.,, 1·, .,·,, 1.,...,,,.., <he pi""""' ,.. 
r,,¡,-_ 

f'i<>,ll,-, "'' ""1•· "'"' 'i'"''' 1', i< J">mlh·l 110 11"' .,.,.". ,,;,, l'¡ 
''""'"' ,.,.,., 1¡,, (,,.,,,.,)"-"'in,,¡¡,;,., 1"''"1 .,,¡,._, "• - ~"' ol•·• 

"' ohe "'"1'"" ¡,,,p-.,,. """'i"" in "hid• ··-~-· r·, "'""'"" th• ..... ~-. 
v,., ""·'' •1...-ir....-t "'k"'""''""' l'l ... 1 •~•1 ,.¡,.u'"" ¡ol,,,~ 

"hi•h '"'"""'' ¡.,, ¡,.,,. ,.¡,¡,¡, i• o-ml,·d•l"l i11 ::, lf<·n•·•·. ¡~, 

'"' " • " r "11 l'""' 1 • ,.¡¡, 1, '""'' ' "'" 1"' " ;,,. "" ' ' ; "' • " ;¡¡, " '"'" fi• " 
,.,¡, ,-,,. !,,.,._ 11 "'' '·''"·' ll'i"IJ''"i'i•m "'',,.,,,in· 1ho i'"'""'" 
1;,, ,¡ '"" .,,., ¡,,,., 0 .,,[ ¡,.,,..,. ,-,., "" 01hitr.•n •h>•i•" ,,¡ .,¡, 
""''".<ro· """'''"11~· ••• puin<• ~h'..to ¡¡,. '"' "oirdo fur tht..-

1•"''"'"'· 
~ .. ..-"''lo J... •• .,,.,¡¡,.,¡" 1"'"'' 11'~"1"1' "1,¡,¡, ti .e,.¡,.¡,.,,¡, 

''·"···•, ,,,¡1,.,,,.,. ,1 ... ,¡:1,.,.,,,., ,,¡ 11 .. -,,. ""'1"''''1;,.,¡_ r· .. ~- 1!"'" 
,,. .. 1; .. , •. "'' <llil•' '') ,,;.,. (j - .!, "1- TI ..... · '''1"·"'""' ,¡¡1, 
r • ! , , . 1 , . _ t , l k '" "' "· "'"""" "' t wu 1, Lu ,,__, " l• ~·· ¡;," .. r ;, t ,.,..,.,.. 
,·.,, ,,.,;_,¡,,., (~1- ¡.;.,,..,_,io., '"l ~""'",~;,.~,u .., .... ,u;-~;,.¡,¡ 
,.,¡,,,.. ,.,¡,,"' ¡,., ~, ~ ¡,, ,,_,- I"Í"'' in ~"""' ¡, 1'" tintl.u ¡, ,, ti>" 

lit,.,!,.,..,.,,¡,,.,¡ l't"m 1') wiolo i ~ ~. ''- llo "'' ''" i"'"' "-' ,,11 
'"''"'' ""' ""' ''""' ,.,_,,,-,., "" " ,.¡"''' "h"' ,r!, 1""" ,~,,~~ " 
.,.. • .-¡;,¡ ,..-., ''"¡j"'-

,;,,,;,k-rin~ .1 ¡,.,.,h !'<>"ilio.,, ,.,,.,.,¡.,,. (') ~ioh j - ~. :1, 1 
)ieM·" omique 1"'''"· hut "l;onlinH (''1 ~-,¡,,.., ~ilhj- "• .1, 4 
.;, ·~ >ll!h• ¡,,,,,,,., . .,,,., '~'""1 1"1" ·,,. 11, 111, n) llo·Hn·, "" ,¡., ""' 
h,,,.,, o l.,, P""ih•ltt,\' od linolin"" ~•I<IOi~>H "'"""' (r1, !11, 11) "'" -.1•·h 
1 ¡,,, 

,(r,- r,) 

¡<r, - r,) 
(.-, - ,, ) 

(y,-y,) 
(y, - ¡o) 
(y, - y,) 

(<> -z,) 
(:,-,,)-u 
,,, - ,, 1 

Thi• ¡, 1 he·'""''' ,.,¡,¡,. ·''" ho" " ¡¡,.,,,. h¡ ,., '"" 1.,,. [ó) \\'eh_ . .,, 
" .,,¡,, ¡, ro "" 1~- i f (.1 " .1 , .. \ , ) o "' ' ¡,,._, " ~• t !u t t h<- ""'"'I"'"L"~ 
¡,.¡.,, (r,, y,,:,) li"' '"'oh< !"•"-¡'~" ouLi<. 11 (.l.,·.t,, .q ""' 
6,,,..,,hi, ....,.,_,,,1 '"'''"""'"' ,~, o>ul,- 1"' mH lf ,¡¡ the t:l x :l) 

•'··l•·rtoin<w;• ¡,,,,,.,¡ 11'""' •h·· ""''""'''"'' ,.¡ ,,, ("""'" !hr<'" 
,,,., .• 1 ""' '"'"- '1'111- , . .,,,,,., 111'"• ¡, o~-ldili .... ,, ,.-•• , ''"""""" 
"•1 "'"' ~~- __ ,·,.¡, .. ). {.\• ~-· ¡.,,., ,1"'"" ,,,.,.¡,.,,,¡,-, ,¡,.,., "''' 
thr '"",....~"-' ,.,,.¡,.¡,.,, ¡,, th< •f>'•"-' n""'-' (1) tu b. ,,; tonk 
'~"- l'h;·•i""ll.'-. ~" ,,.1,;,e oh" ti><' ohro" l><'<l"'""'"'b' bi-«­
'"" ~1\'0h .. _,- "'"·'' ¡,.., ·~\, "' \ '), "ith j - 2, ~- ·1, ¡,,' ·-·~' ¡, " 
""'""o"¡,,,,_¡ ·n, ... ¡,,1· ¡,,, 1,,,:,.,,., "-e "le""' "' liLooL' '" 
"' 1 '" I',H il,> 'f'O'I';[ !' (,l., ,\o> _\,l. 

1·:., ... ,;""' (-'•1 ,.,,¡ (0\) ,..,. t),j,d-d,•«<'<' ,.(o:;.,!ornic ¡oo[_,-,.,¡_.¡. 
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¡¡,,., ~'""' 1"''·'' "" ,, ,, ,. ''"''1 IIIW '""''''1''""''" 1 ,, " ,,,. ...... ~ ,¡ 
1],. •1·,1•·111 ""'1,;, ,.f '''l''·'''"" IL) )>,. '"'' ,,,.¡ Lh.'lt il• "•·lli<ll'lll 
ma1ti< ],.. .,¡ ""~ "'"'· ],. "''""' ""~1·, "" "''"'"" "" 1'! X~)" •• ~ 
tlo• olel<"rlniount (.;¡ '" l">n<•h. U.""')','"- Iol "u, thi< ,...._ 
'!'"''"""' ¡, n>et hy ,..,.,,lino< (1~) '"~ h ''"'"" ,.-t, <>_1', 11~'1 
~dh 11"' "'l><<oipt ~ ,.,¡.,,..,¡'"l. 'lho.~· ¡,.,,. '''1"·'1¡,,.. woll 
"""'''"ll_,. ,.,.,loe """1'·"'"''' ,,.,,,.,¡,.,IJy, r ..... ,,.,.,]mili''''" 
'"'' "'""''"'!1_,- ¡,,.,.,. ·' """"'"" ¡,,,.,..,.,¡,,.,, ""'' ,¡, 11"'1"" -'P'"' 
"'¡,.,~ 1,.1 .oo•l ;,.•.• Thi• ¡..,,¡. '" lo "'"dol<k tlml, """~• the 
,-eiH,.•••" ¡>Lon>r .,_.,., '"'" an- "'"''"!/~ oo ·:r""''~"''"''' rir<l<> 
""'" io,lio•lr mdii. 

.\< " o >iull -~• h<l<·r ~! 1 ), lheoe ,., l'o•, ],,., n·o·t, '"'1'"' '""' .,,.,,.¡,.] 
<-""' ',. K , plout.'f n11ol ,pherl•·ol •n '' ¡,,,) "¡,.., ( 1 ~) ,.,.,] 1 !!') ·" ,. 

ru '"'" tibie. 
Conopui•Ü<Hoolly, "'l'"''"'n' (1~) Ar<' ',)mpl• ,,...,¡:~, 1" .u.,,. 

{•fl<r ><ol~tltn<ing ft,¡n {1 )) uno ,f ti"' ""~""~ "'• ~)', ''• ''' 1.­
"'PILoiol,l' <·hmin"o<l. (',,..¡,¡erii>O """ ,¡ tho 10m"i11in~ uu­

~"" ., "'• "'-' . o¡,, ,,. ' 1 "" "'"'"'', 1 he dionin.•n ~ m-•!· be ro·~'"¡,,.¡ "" 
,, """";" ;,. ,, r .. , ""l' .,,.,.,. ,,¡,., ... r """'" ,•b•·'·"' ._,, """' '"'" 
,.,.],,.. ,,, ,,, 1 ,, '" .. ¡ "hi..J• "''"1'g '" •'· ·¡he "''"'""''"' ""' i- ' 
poi ni nn 1 1..- lin• t~, - '') - <~ ¡~, - '') - u. .\\lono>til-..1_,·, no 
ro1<lol, ,,fl,., ·uiHitulhol( !mm 11 1, o li1uio""" " 1.·1 '""'" ¡, - I 1) 
- n, 1'• - ,,¡ ~ 11. n,.,. ''" ""'' ,.,¡,,, ... r '" """1"''" 11,. ·pu•i­
"'" I, "") <IIIUII"tle it ¡,,.,. 11,. 'l'"lllil' b)· '<'ILifwlio• <IIVI•Io•ll. 
Talo[.- 1 l"r, •<l'eml l"int- "" •' .,.,,..,,,.,,,¡¡,~ 1" ll11• "'"""" 
;;ivrn in 'l'•ble l. 

F," 1]11<·•· 1•<'·11 lUlo< nll 1"'"'' lio• • •" plan•••. TI ~o• ,., ,,,.¡,.;,., lloal 
a 1"'¡,,, ¡¡,.""a pbno r .. , ,-,.,, ¡>•~;,;,,,,. ¡, ul,¡n\,.,l(, .. m ''"'«oLio· 
lron•f"'"'·"""' h¡- rt•¡uitil<~ lho\ oho• "'"ler .,¡ ti"' >pt.-re t.< >1 
illfiJo\)_1': 

(r,- ,,), 
(,, :,)1 
¡,, - ,,¡. "" 

n ••• ÍO<o( "'""" 1 he •<1.-l .... ~e"""' "'""'1 F' ~Joielo ,,,. ... 1.,.-lo)('o] 
in ~. ,.,,.¡ i< i-len< ~eol 1" "<"·" '"' (',), (,\'-""'¡"" "" """'' (:; X .1) 
ol.•oe•"'''"""" ,,r fl) ,_,,¡,], ""'1 '"·" ,',]) tl11· {~X ~)'• <>f (.;) ,.,,. 
1101 ,..,,., tloi, ,.,,,,ILii"" ¡,.,.,,., tlw '""' .,¡ 1k.•.''''''" m.,,,¡,,.¡ 
(!) ,.,,]t«•·d u hile• ,.,¡,..¡,< th<• r:o11k ,f ihe <"<·llidonl m>lti.< '" 
l~o_) llen«', llo< ¡.,,. of ni/ p<Ji•l• h"""O fou' ,.,.,; .. , "" " 

pla"' i<" ¡¡,¡,¡_,,~e, nl.,t.roi.- '"'¡""· ¡-,.,.., ph_l'>io.,] ""'""''"~ 
),;,~,,JI"' frum \],.. ¡,.,,,.,.;•~) it ¡, .,¡,,¡,,,., olnl lhi< ""(""' ,.,,.._ ,,.,.,,., .... , ... _ 

illll•·d"ci"" ,, fifl], r•,_¡,;,.,, "'' ¡.,¡¡,.,. 1ho ,.,..,.,¡,.,,, ,¡, . .,.,¡.,,¡ 
io t],. ,¡;,.,.,,,o o" ¡.ooi .. t• on , .-pht•"' ,,¡ ,.,,,;.., r,.,> X f..,•_ 
llú.• ¡,.,..,.....li>n "'"'"''" <' " '!""' '""" nf <mler •h ,.,,¡ ~"""-' 
thh~· ~hid, ¡, tho ¡.,.,., ,¡ u\1 1"¡.,,; "i1lo f"e ¡oo•il ¡.,,,. "" ,, p].;,,p¡ 
e<m ,.,• ¡, ,.¡.,, '""""'"' 1" ¡,,,¡,,.,.¡.,,,.,hui n oh·- ""1 "'"' ,¡,. IC.o· 
"""";,.,,¡ 1,,;,,_ ¡¡.,, 1,,;," "" •'· l].e ,.,.,k,.¡''"' ,,,.llidc·Ht 
nootti\ ,f ( >¡ '' "' •'.) , \n "l«•rn:oti<·e "1'1"'"""'· "hido i• '"'"Puto­
,¡,_,,.,u_,· ¡,.r.,O.c, i• lo "'1"¡.,, F ~,' X t:,. .. • in ~h>t h ,,_ .. 1 ],. inler­
""''"'" ·,, "'ml'<'-<"<1 ,,¡ <' "'"1 ~ «iob ~ 1~:,"" •1""-¡""'· 

lnii,.,-J"d"g" .¡,,¡, I"'·Íli<>n wc '"1'"" /',,• X F,~· )( F,.•_ 
.-¡ ,, ·o , ¡, ., · ,¡,., · . '" r '" .,., 1 "" ,. , • '" . , " •n""' . " ,., , , 1., ,,.., 1 , 1 ¡,,., ,. 
O!<·" '"'~' ,.,. ,,;,., ¡, ~. ,;,¡, '" ,.~¡1¡,.,, """pi.'""·' 

n,. '''"'' _,¡,.-,¡,.u .. ,,. Lo' ne """Olor k" X F,.,•.• ln oither 
""-""• 1hi> """'"-' 1h." lloNC i. "' "1'1"'' \imir tu 1he r><loi nf U.. 

'TI" 1 ~u·t " "'''""' ,¡,"<S , ~,u 1.- '"""""" 1, h,oh , """· '"" 
""'~--""1 1 ,. """ "'"'"'"''"' ,,,.¡,_ ··'·'""'"!".· '"""'-•1 ,., ... r 1111 '''"' .;,, ,,,.,"1'"' ,¡,~,.,,, 
~'"'·"''"· '" "',.._,,.,":o,_,.,.- l'"'"f: Foo /'.,• >. P~,• >< h.nc.\'o -
_,-, ~ o. t·,¡,., • .,, - -1 1' • «1. ,.,.,..,,¡,., 1 !lo > ¡,¡,¡__ ' ·" ti .. num­
¡.,, of u"•""'''''"' of • U!l~• <' ond i'. -'"'"' <' "''"-fl <o r,..• '" 1> 

'"''""· "'" ''"'~ ~-~•''""'"'"' i'.' nfthc..-f.<ll"" i'. ""'""• 1< - < 
- 1111''"'" h.n • "" '""" ;_,,., "'' " ~~·'""· 

' 1 h ''"" ,. <'" ,,,..,_, ' lo /',,• m.;, l'"'"'" ,.,¡, ·" '"""" ;, .\¡•r•wli' 
1. '" '"'"':··· •. ,. '" '" '"'"'". ~ ,, ,,,,. r.,• '"""""' ,, . 11 '"'" ""' 
""'-' _,,, - "" - '" '"""'" ,r '" x '~•' "¡,, n ,,., ""' ¡,. "" •·-
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.. ,,,_,,.,;, , ...... •1',"'' '" "" 1 111'11 ',., 1'"'"'' '"' '" ¡.,¡¡ '"' ''""'"~ "' 
"'"'"''" ,,,¡,¡_ In ,,1.¡,¡,,, ,¡,,,. r,,,., . .,,¡,.,.,~ ,,,.~" r·· ~\11 

"''"''r:oll_l' '"'' h.,.-..·' "'"'""" ini•,P<tion ¡ooiut, i!m "" lg<•· 
'"'1/y) "" """''' ~•i<~ ~""'...-.o ,.._.,,¡,,,.. "p/a•• an•l. ht-1<n-, 
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f 'olll)"'"'' """'1]~-. ' nn '' , ' m '·'· ¡,,. dn-,·1<>1 .,.,¡ "' t hno<Linn '·f ,, 
,¡.,,lo• 1""'""'"'''1': l.lmoi11.1Li1••• ,,_.-, r, ht'lll•'•'ll 1',,,• ,,,] f,,.' 
~-¡,.¡,¡." ,,,¡,.,¡,.~1"'' ,,.,~-, .. .,,¡,¡ "' ,¡,.,¡, ~·· '''"-"''· ... ,-, ~· ... , 
'"""""''" >1~1 :, •• ·'" "''''''"" . n•:u ... ; ... ,, (•hor tlioti,.tin• 
L1 "'d•-crih«l¡"<>·ioxo-1¡-) "''""'i'""lin~ lo" ¡.-ii'<JI ,.,¡,,. ,.¡ ,¡,. 
"1""·'"''''''' "" "'' -~"11'e1io·"ll~- .¡,,-;,¡, 11..- ,;,,¡,.,¡, .... , 1"1.1"­
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,¡,,,.. h• ,¡,. ,,¡,.,,,,".., ,¡ ,,.;,. ,,-_,.,,,¡,. '""' ,, '""'¡,¡ ¡,, 
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' ¡.-,, "" il,o· ,¡,., . .,._¡,,.<o(¡,.,,¡.~·,.·,.,.,,""" '""''• il foil"""' u,.¡ 
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o ¡ooiut "" f>. limo'<', ('\ '""'" olon-o- l)nu"' "'")' ¡., ,..,,¡ '" 
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_,,.,]]et 1ho '"'""'' , . .,,,.,, r, .. .,, '"" .,,;~;,,.,,.¡,"'".,la,~- á 
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·"tl -.,..,,,,..,,,.,, ·"1' "!"'"'" u•~ ,""JI x ,·~u,,~,,,._,,,,.. 
•><( 0 \ '"(l ·'!'"(·"'"' -0 R '•U<~ 1\"' <( O ") )" "' ~ 1 OJ.<['!'<"" ~UO OUO ... >\( 

, 1 ···n "~''' ,,_,,,_..,1 -'" !"1 , ,,.1 ..... , , "'1'1>!-' 
1 -'·'! ~ 1 "·'~"' (1:( JI ·'1"'"" 1"""~ '"""·""-"' •q• '11! n o/1 1" ""!'"'->< 
_,_.,,, •"il ., '··¡ ... , ""!""·"'( 1"'!1! •·••• ""'.1 ,.,. . .,, '/) "' 1·'11"""1 
'·"" 'll'" ·•·'1"1'1'·' '"1"·'01-H'I".'' "" .,,,,.,.1 ""'! '11!~ '1'1!'"' 
11" 1""'·"'1·"1' .. ',// ·'1,¡'"!' '" ',"'11 11"·' '"' '1"'1" ·'"'1"'' '"IJ, 
·•:::: "! 1'•'1'1'·''1"'·• ·•"1"" ·'!"''"''" •l"·' ·""" (11) """""1~-1 

[oj'r + ':¡ + "'(•$ -1 '•¡ ~ /('' + 'r)l X 

:,•¡ 1''-
"' 

('•' -''•J 
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'•1 
''" .. , 1 " " '" 
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1'•-
"' ',, -''1 i ('J' -
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1 

'"'"'"'" .1~ "'""1! "W"' (C .. b.> '!JO<lll OU·'l'-" "'tl 
f ' '"'" 1\W-> '''!' ··~ l "'( ' •! "' ~ "'""" _, "'"'' ' ,.¡"'"' •"1.1. "( j 'q ' • ) 
"! ,,,,"""" '"""'1 '"""'·''""''"1'""' ""'1 1" ,,. ' •"1"'~" "'"' 
""1"1nlw -'"1""''"'"1"" óljl 1"'" \1:11 "''<\''"'"' "1 (· '1' '•' ~ f'P!.I\ 
'1"'1•'"'' _;110·"1'"·' ·•( '''"" n ~ '" + uoq ~· 1" •1"1111""" -'"1""'" 
''''11''' •"11 ""'1' '1'·"11·'·''''! i" .,., '¡1 '"'!1·'·'"1' •"11 .il'l'' JI '•!'" 
,-,,.1\]'1'" "~ ''""'"1' "' _¡,,, .. 1'1 '" '"" ·''" ·'" '""''1''"'·'"1 '".1 

''!"' !"':' '~
1
' " ~"" ''P"'I"' " "" ""'!"wJ '"

0
1 

~""' ,,._.oo n••· '"'"' 1• "·"' "'1' '"1' '1"'"' •q• ,,,,~ ·r ·~ ·~ ~ r 
'""""' =q¡ n.o,., (1:() «o~)•OLJ,.. ·'-"'~ ·~ •U"!)l~•( JIW) lO,-( 

.• , .. ,...,,.¡, 
-'fl'""b "" "P"![If> O •• •""!llto<Í "'" Yl'-" O)U.'od Jo''!~ '">OJ 'VI 
'"'lll'"~ 1"" ·~ -, .• r.,,~ u;¡l -'~"' ''" ,.,,,1,1~-~ .. ,q, ,o_-¡ 

~ · ' ::: " • ,,,.¡ -'-'"·'" -'' 1 1"'~-~ ' "' -' 11 r. • ! "'·'1" ., 1 " 1 1 "''! • " '" • · " s ,-,'" 
........ '1"" ~'!''""!"·' '!"' '·'l""li• ·"1' Jl -."" "·''!" "'1' ll""'" 

.,,,,,,,,,," "" '"'''11''"' "·"' '1"~ ''"1••111" ,,, •1, .. ,1 ·"1' ,, '1'!'1" 
':::: "1 1'·'1'1'·'1'"·' ;,,"1"" '!'"'''"""" ., .. : ... ,.,." """~ {J'•I'") 



' 

Relmnm 
1' l''<-u<i<"''' in. "''"''"'''" "' '' '"' ,.,~ "' ]',.,.l<,oe 1 ;,,_ 

""''" '1 "'-" "" 1 :. , ..... ". '""·'- ,., •. "-'·' '·,., 
' ]' ¡'"'"'"'""'" ""'' "· -"· '-""'"'• ""·"""·-~ "' ,._,,,_,,,. '"''"' -""'"'"'""'' ''·' ·"'·'"" ,, ' , ....... ,,, ..... , '"'""' ( ..... ,., ... .. 

.Jo.,_lof t.,..-.,.,; •• ¡., lo"''"'"· T»"'- -•-·~1 f~ •-d.. •1, ''""'" ll. 
,,._, ...... 'A-1•''-

_, 1< "••h '"1 r. ¡-,.,,,,.,.,.;,,_ .. ,,,,u,,;."' p,,,,."""'·"'"" 
~lech"""'"' h-. "'""'"''"1 ""1•.-.1•," J,,.,,._,¡ el¡_.,,¡,..,,¡,. j" 

¡,,¡,.., ••• 1 ""' \o'\11:. '"' '''· .,., .. 1<. ''""'·"" ''"'""" 
, ...... ,.,,,,""' ""'' "- -"· "·"''1"'•' "" ,,_, ""'"'""'' 1\,;,,, 

of • l'h•·•·" J•" ""' "' .\m.,.,, """ "'"· ,-d, Z•. '1 ""'­
. \~\11:. ··~- ,, ,.,,,.. .:. "'"'· ,,,,_ !l-1'' 

> (1, S . . <miot. "'lfn ,¡_,. >:,¡.,.,.,_,. ~1, t"ooloOJ.) lln<m~>« 

n,,...,. ;,; 11>"-'1 liine,.,li«." Jo<-R< " "' -''"'" O ,\h oH"''~ 
,._;_.lL T••" -'"JI:. 'ul. '"· "''"' 1'. ¡""· ''''· "·". ;z. 

,, J. 1>.'''"" '"'"' ''· '- 11 """'~"- •-,,,.,,.,,;,,_,,.,,,,,_,._" "' 
""·" i ,¡ l.u.k,c..-.,." J,, '" "· ~, ,,,.,., "-" ,¡, , " ", '· "''- ~;, .,.,.," 
_\,)[ 1 :. <' 1, ' '· '"-'n<- 1:. 1 "''"· P!'- ""' .;,,; 

; 11. ' ¡¡.,,.,, .... ""'' .1 1''"-""· ¡.;¡"'"'"'"' ·'•""''''' ,, 
u ....... ,,,;~.~-· ''" li<Mol. ,.'""'""'. 1 .. - • "·~ y ... ~. ". \'. 1<11~­,., ,., .. ~ 

lo "· 1, ¡_,_,,.~¡¡ nnd K K >hoh'"'"'• ·,,-,.1),,~ ...1 1'""'' 

'""'""" ~'"""' -"" 1""'""" w ,¡, ].,.,., ...... _._-- '"'' ""'""'·•' 
;,,.,,., "-' ""'"'"'"'' ·"''"~•. <~1- e_,,,. ;,·, '" T, .. ,.1 "''"'"" ,. 
' ,.,.,,.,.,.;, ,,, _, 1' ,,.,. '"' h ".oc"''""'·'"' , .. ,,,,,.,,.,, "' l'''· l. 

" t:_ ,. __ ,..,.,.¡, ""~"- 1 ""'""' ,,, '''"'""'"'"''"l,,,,,.,._--
io "'"''"'· J"rn~i. •''"''"· J~ "'""'· .\lo•'· .if,H._ _\l ... ~rnio S•ul. 

'~''"· '"'· "- '""-'" F.~'-,,., .. .,, ... ,. .... _,"""'" .. -"'""'''"''"',.,.,..,;.,.,;., 
o! ,-¡,,¡" !),,,,_,...,"'"" ,.¡ "''·''''' -""'"''"~"~ ,,d "'"''" ! ·,,,.,, o! 

1',.,;,. ('""""''"'•·" ;, ""~''"· ¡·,,.J; __ .,_,,.,_ , ... r •• ,: -""''·­
"'"-- -""'"""_.,,,.,J., "''11. ml.li, '"'· ,;, '"''- 1•1• [,.:¡,, 

11 " " ''"'"'"""· .,, .. 1,;,.,,, ""'""' '"' ,,.,. ,,.,;,., .,¡ 
,,,.,,.,¡U,. k '>lo• h ,,¡,,, \\'ith J..,,,.., ¡•,,;,,_ .. '" ];,.;,.,, 1'""" In,!. 
-"""""ni ""· '"'"· ,.,, _,_,, 

1; -'- ""·•~ .. r. ..... ,~ •• .,,,;,. o .. l<<orro4•• •• s•"''"iulon 
¡ .. ,.,."•••· ,_.,,,,.;,_ n'""""'-- '""· "" '~""·-

' J _\1 • L. !<,¡.,. ", ,,,¡, "" timl o' < '" h<·•• <h 11 '" m l u•l •·1.,.1 n<\oo 
'" " "'' H -' "'"' "' ¡,.,.,..'" ,,_, • •< " "" ,¡., ' ''' n n·,,_,.,_-· /"""''' " "" 1 "• _ 
]1', ... ""'· '·'· ,.,_.,.,, ,., •• ". ::; ""'' ;,.·, , .. 

11 <· ''''''· .. _,,_,,,; .. 1,. '""' z,;,,,,.,,,,,.. ¡·,..,.,1,,,., "" '"" 
""" olto·i l ""'" '"'" ..... "'" h ·~""''"" ( "'""''~"""'"' "" llil/ •. ,,¡,.,¡ ''" '! <llh< .. ,,.¡,,,;.,ru-, l>mlrln""'"'·" ""'"'' /no. [!',, . 
,..,¡, "5. !\ISO_'"''"'"""'" 11~-leo; 

" J_ T _ wm~ ... 111. ---'"'"' ,;..,.¡ "''"""''"' ~, ,,¡,.,¡,. •~ r.,;,. 
p.,,j,,.~..,, .. ,_.. ¡,.,.,., •! ""•'" "'""'"' ''"'"""· """'· -"~' >:, '"'· ,;, ,...,;, l<. """' ,,,,_ ,,,,_,,,, 

,,; " ,_ "'"· n ... , .. ¡ ·"'""· ,.,.,,,,,,,. ,-,,,..,.,, ""''· 
, . .,,,,,,.,.,., 1 'ldml. 1'""'· 

" -'·T. '""•· ---•1·1·''''"''"" of 'l'"""""" ·''"'""' ,,.,¡ nu,l 
-~""'1"'" <u ''"' .lnoh ••• ul ,_,~,,.¡ _\l,.hon;,.m._" "'"''""' d>·..,no­
tion. (',jurn,.. ¡·,;,.,,,,_ s.~ ,-•.•. s. 1 .. '"'"'- "" , ..... _ 

l' .:. "''""·u .• .,.,,;, d" !>~"""""· fl. e_ T'"''""· , .. ,,.,;. 
(;,..,,,,, "''"' ''"' ''''"'"'' 

1" 'l "'·<loec. "[',•1•·• dio,.,.¡,,,;,.,.,. H""""'·""'''""·"''"''" 
""'"'"""''''" ;,, ,¡,,, ·'""''""""' ""' ,¡.,.·'''''"""''',,,,.,,,,,;,e~.,, 
ll><llt'l." ..... ,,.,.,,, ......... '"""'"'· ',¡ ·'- ] '"' ,,,,_ ''" ·-'-'" 
'" J, "- ,..,.,,¡, ,,,¡ '-- l<oth_ '"'~¡,.,¡¡,• '"-""'"'"~a"'""' Y· 

1)-.f·~·! ~-.,, ... .,,,. ,.,.,.., J: .. , ... ,,_ '"' '· ''" ,, .. ,_ 
" 11. l!mh. "luo!« l"...,<ion T!'""'- .\¡,iic-1 \u\[.-.),,,.¡"" 

"' ,,,, .. ¡,, '·'"'":""'"So o0-.\1'~1""'-

)'•~•..t in H. o. A. 
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Finite-Position Theory Applied to 
Mechanism Synthesis 

"""''"'" ''"'"'"· 
M«Oo•:<ol '"''"'"'"• D<po"~'"'• 
$1ooiO<d u,,.,.,,,,, Stoofood. Co" 

M•m.J.SM! 

ne ;.~1/-l'lo'~'" fiui•c-J..,!ilioHI pl<r'"" 11""'-' of ¡;,.,...,llie 5_\'!Jihms (!IIC Jol taii<J 
Boorm<>la !/""'Y) ""d ll< cNwpoo"li"! ,¡;,.,;,,¡ Jkco•_< "" ¿,.¡,,¡ j""' l~r m u/u 
of lhr r:rn,.ol <f>Jiid lhror.• .r!.ich h.,. 1><-t~ ti: m in a m•o(>.oúon f>JP<' 111-' O:t<• 
<f>Yi.¡/ di>p/•J<•·mcn/¡ >I¡¡Jir.l "" lho>< jor ~-hiciJ lhe aod~or !,as roiucJ li:r "'"'"' 
"sie.,·¡,,.·,_,. /r.ur>jomo,Jiio" :· '"p""dopl""'"," aord ·-¡,_,,¡,,¡,f,f'i<d." r¡,.," ""d/5, 
as ¡¡·di'" 1/o"-<e rbloiÚICd iu ji]."" >ilo'<'ll lo be <lpp!iudfollo ll.'r >_1''111!"''' "' >{><.'lid, 
>J>Iocricod, owd p!oJII<II lu:hlf"· Scw.d """"'¡'.,¡ <-'""' p/<1 "" pmc!Jicd. 

lnlra~u!licn 

L _, "k"""'"",,., •. , 1n. ~· .~,., .• ,,""1 "'1'"'"'"' 
ro.·cmio~ ti"' IO<i n( 1•oinL< fthio:lo, '""IN,, -<',;.._ ul ri•i•l-1.00)· 
<ic-pb..-u"-"'"· hwo w<'<'t"l l"·ili""' "" •l•hor<·-, 1'¡,.,,.,, cit· 
do•, '')l""lo·r•, "' ¡,,,,, I<O lhi• 1"'1"'''• ~·· l«<li<"l'"¡,. Ll«-~· 

~"'''"'"1 ''''"ll' '" tlo"''" 1)'1"'" ,,f ']''' i-ol oli•l'l"' '"""''"' loavi"O im­
poofl""' l'""tbl ~l'l'li".ti""'· :'in"' ti«· aootlwr i< '""'~""' .,¡ 
... y ¡n.,dun• Ji • .,, ....... o:J. ti"' fi.--.t ·1•..-ial '""-"'· ¡.., J ... (~·it~ 
,,¡_.p,-i,o) ..,;,..,1 n .. """"' .·innlaril)' <mn•lon,_,;,..,, Tho 
ollwr l ~u >J>eml ,.,,.,,,-iHH'N"<'tino >< "'"' >nd p;r,<llo·l "'''" ,­
¡,.,,¡ '" , l«· .. ,.]!_,,,,." .pb•·• ... •1 , ,,1 1 ,• , ,,,.. ''"'i"" r,,; 1 --1 .. ,;,;, '" 
11""""''·' "1"' lo """' '"'"' 1"' ,;,.,..,1 in""""""'''"'"""'"'''-"· 
In odolili.,n, tloc•·o btlo-r '"'" •I•Ooi.ol ,-,."~ lo·,•l, "~l'''''i"·h·, In 
lho iHtti¡ooi""· ami ...,.,,i,dy neo·, '"'"'1'' ui l"""Hiou¡>h"n"ol 
"'"11'"'"'~'1,¡_,_""' m,..l.,ni.n». 

,\p¡•h"''""'• uf lho ~''"""'1 tl<'-"'•t_l", "' ~·oll '" <Ion ¡.,.,.!:',¡"~ 
•J••dol ''"""'• lot<' ,¡¡.,-,.,~·d. 11 i> >1"'"" llo.lt <1«·-·t "''OIIL""'' 
oppk• blo· '" \ '" Í«lo< (_1'1"'" • •l ohi"' 1" .,¡,¡,.,.., ,.,,¡ .,., ,., .,¡ ""'''l"o­
" i>tn > ,1"" 1 1 oc, ,., a n· 1 " ,._,, '" 1 ,.1 , 'JI "" h ' nt( ¡, "-k' """' ; "' j<t<•hlo · m 
¡,., 1"'·" ,,,,,,.,¡ ,,,,-¡.,.,,ly ,.¡.,.,.he,.. (la, ;,¡ ,,,¡ "'1".-i'olly IHI ), 
Lnt '""''o( ti., <>\lo('f o¡ n11"'-"'"' ""'"' lo ho ••-~-. 

Nomenclature 
\\'o• ,¡,.,,.,¡¡.," ¡,,;,. oli•pla•···nwn( ,¡" ,j.id l••l)-, r, .. ,, l'"''i'"' 

i tn 1' ,.¡,;.,n¡, o- a •m•w oh<ph"'""'"t S,¡. The ')'·Wn .,¡ 1"'"" 
in tloo '"'ovino -'."·l<'TIO;, <>llo<l :;, i" ..,,n.,.l, nnol :;, ~¡,.,. ,.... ..-l-h 
1n ompl""'i'" ti>-" 1he >)'>ltm i• i" ,¡., oth ¡._.,;,;.,.,, TI'" •)-~ 
t<m <•Í 1"''"'' ih ti«• orlo·rtno-e '-"''''" {ol"" t<'fom-d iu "'<loe 
r, .. l ,_.,,, . ..,) ¡, (.ollo·d ;;;•, '11«· "'" ..... ,i. ¡, '"'"ido· .. ··l "'" line 
in:::'olldo·"' iL '""'"'"'a "'i"""''i!•l, '"in S,,', i10 whi..Jo ,.,.,. it 
¡, lal..o.·n '" Llc<l luoc ho :::, ~hit lo , . .,¡,.,¡.¡,., ~lth S,; •h<l< :; "io> 
po;itivn i. 

l'ollo>•i<>~ llo< nulotiuto dowlo¡""' in 11): t:' i- 1loo l<ntr1h­
«.-.lo.·t ""¡"'~~hielo"'"'·''"' "11 <loe,.,¡.,, in:::, •lüdo )<,"''' fio·e 
l•~ili"'" "" " opl«•ot · ! 'i•" ,i,o h~>Hio•t '1""'" ,.,.,\'O wloio lo ,,.,,.,;,., 
"11 il.o• l"'i"L' m:::_·, "loi.-J, 1"• <>n " • i¡o·lo• 1"1' ¡,.,.,. I'O,ili«lo;, ,,,,¡ i' 
i' • tloi~l~mi.T '~''"' , . .,,-,. •·hodr "-'"'"¡"" ;ll ¡),.. ¡.,;.,,, i" ;;;, 
•loido 1"' ,. '"""' l"•ioi""' '"' • li""· l'ur <loo"'~' ,.¡ ,c,rit.•·. it L, 
>o>m<" itoO<'• ''"'"'="'-' · tu U-<" >Ub.<-ri pi • (o· O:., k:..') t<> olen<>lo • l,i<h 

' .'óuml~,-, in L"''"' "'"'"""' ttd"'"' ,., " ""' ,.r 1 ~,..,, 
,.,,,,' '''"".! 1" '''" ''""1""" "" """'" 1 >h '''"" r, '"'"'"'·'''"" "' '"" _,,,,,,..,¡ "'''"'"""'' ,.,,r.·~·""'· ,.,,,,.1,,,,_ ''-'"'-· J""' ,.,.,,_ 

lOO C. of 'foo. _\ ~.-noc" "'" "n o• """ ""'" '--"·"""'· 
""'""""' or oh~ '"''"",o,.,.,¡,¡ b. .JJ,....-J to <In: ¡;¡""'''' 1,_ 

ooot!rn<nt, ·'"111:. l"nit"l l:n<in«ri"• ,..,,.,, 3» ¡;.,, 17th "' ""'· 
:\o~· hol. ~ _ \' _ 10)>)". •"" •il\ '" '""1'1t<l ""'" """ ""''"'' oh•• 
¡,,.,-.) ¡•tol.ll•"'""' o! oho '~'"' io,.-lf in"" J"'""L "' ·'""'"·" ,,.,..,,,,, -"·"'""',;,, "'''''''' ,,,.-'-'"':_,,,,,¡¡c-.~"""¡,,,,.,, 
\)"'"""· ·''"'''"1"'' ·~. ,.,.,~, b""' ,¡,,fl, ,,,., ....... ~x., ,,·,, p.,,,,, 
r.,, •. , :; "· ,,; __ ,r· -"- "' 

lonrnal n! Applietl Muhanits 

¡•o•ili""' -'"¡,,.¡.,~,,,,;o,.,.,¡_ ](,,..,.,'"',in ,.h,ot r .. tl""'· po,i. 
tinn 1 <• """""'11¡- "'nill,.l; __ ¡,., it ;, '"~""._,oh< rol•"'"'" 
¡>NI l<on, it i.' ol~·o_1·• "'"!orw.-.J '" 1.., ,¡,. r,,, P"'itivto. 

r;,,n_,-, nll nunol•·t"l "'''''ioH ,.¡,., '" '"!""'¡""' o!ori•·N in 
111. ln 1 hb """'''", it i• Ol·c•fol lo kn""' 11"''· 

(,<) J-:'1"·'''"" (1) ,¡,.r,,t< ""' 1"""'" "'""¡""""''"" ,,,.¡., 
1< lokh 1•oin1 iio, y,, '' 1 i• """'""" ' to V,, ~ .. ',)Jo;- 1,.: 

,, (o,, + !).r, + b.,*< + '•!• + d,, 

" o,,z, + (b,, T l )¡1< + "•,'• +o,, 
,, "•! ·1 · r.,,.¡, ' (r,, + 1 ¡, + .r., 

1&) Ti>" "'1"""' nf o he oli,l"''''" (rum !loe ori~n "'.;,-• ., lo y: 

•,'- r,' + ~! + r,' 
{<) l:q.,otio<•• ¡:,)'""!(C.)-"<' <he "1""""'" ~loitlo oleli~oo kn.', 

"loil•· ¡:,•¡ "'"1 (fo') ,¡,.(,.,.• /-,"'· 'i'l«·-<· "'" ,,.,.,., ""'""'·''ly do 
""' lo.-<1'<' ""-'' '""""'"' ¡,,¡,,. i••i.,t<. 

(./) ¡:,,.,,,¡ .. , (H) ~;,,, tloe 1"'"' .,f ,.11 ,.,;,,_ ~ooth l•»iLio,n> 1 
onolj in • p~om· momm( <•• '""''" Ó•~·n olin..-li"" (1, "'• ~ ). 

frl 1 'l''"'ioto m •'""" ,¡,, 1 "'"' .. r .n ¡.-,itoU (r,, y,, r,) ~hioh 
¡., ¡..-.,.;¡;,.,,. 1 ondj \o,O\'<' ''"' '"""'',¡¡,¡"'"'"!tolO a l"'int (.!, .1~ 
•l,)r;,.,¡,,::;•. 

lf) !·~'" oti"" (l~) i• 10 ,,.¡ ,.¡ lw" '''1""''"'" "hido ,¡,.¡,,., i~',, 
wl"l" (1~') Jo·lon« ;,.•. Thcoc l~ll <HI'V<·• ''""•mil¡- d., no! lm·e 
• "'""""" finilo )"'int. 

Special Motions 
\Y,.'"'" "'"lon:th•· ti«• ,,,,¡,- ,¡ tln"' 1)'1"'' ,,¡.<m"''""'¡'"" 

,.¡,¡,.¡, ,ore "''""'""l.o· .,,.._¡ i" ""''loonio·al lmk.,-,.,l. These 
n\Oiioo" ¡·io•ld ,..,.;,.¡ ,._,.,~ ,,¡ thc ~'''"''"1 ti""'Y ~t.kh oro• uf 
tl""'""'i-rnlond prn<li<>.l inl<"''t. 

Similarily Tran•fo•malian• 
1\'o- "''H<IN tl.o· ,.,.,,~he" <he""'" i< oi<·L<·moino·d lo_1· 1'''"' 

~'"'1 ¡,,.,,¡ "'"' t"" '"'''• S, :o "d S". "loi··lo '"'' o·ml•·ololo·,l, ,..,, •. ,_ 
'"d)", in :;• ond :; (1-'i~. 1). F<L•IIot·r, llw ""'"""' "'"1 ¡,,.¡,,.,._ 
livn btl~<'<"> S , ""d S,.,.. l"<-d. 

Lo< .1 ""'1 /J he 11., '"'"''""""'~"' l<l>tri,...., (or "~''"'n ol 
...,;,,. ;,. ::: "'"''" s_. ""~ s,, ..,,1,.,i,·o·l_1·, ,,,¡, thot ''"" M•l 
...... ,¡,.,,,,;,, duc· '"" h>Utin .. ~ ,.¡,,,, sli r .. ll·""'d l•) "'"'"' 
, ; .. , ·1, ,.1.,,, s_, ;, ,;"." 1 •Y '1" ""'"'' 1" ""'"'' .w. :-; .. ~-. ,r ,.,. 
"'"'"'' li>i' omli'r o! do• 1 1< u '"'·" i" "" ~ o 1 1 " l "'" ¡¡, < l "' . < 1 < :; 1,,' 
1> "'""" S_,,~-. noto 11"'' "-<i• S.¡ • .._, • o.-~ 1"-";li•., {in :::•1, ,,,_,-, 
S,.,.,,.¡~-. m11-t do\rrmi"o ,¡,. ,,..,,fut"""'""' on.>ul,, "-')-, 11,, 
~l~i<h '"'""l"'"d' '" ~ ~>toli"" O ol""tt So, .. <in.., lloo onl)­
olo'"'"'' 1"''"'"" S,,.,,.¡ S., i, <l•o ,,,,,;,., dofin"l h)- .1, Li« ""w 
,,,,.,.¡,,,,.,,.,¡,.,,JI, i< ,;,,.,lo¡- tloo ,,..,.,.11, d ,;,.,1 ,,,.~- ,.,.,.,r,.,,, •. 
ti"" ,111.1-• u,.,,. ¡l.,· ''-'"ollm,,r~"""''"n b (.111.1''1 1 

1 
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Fi• 1 ""~""'''-"""''""'"''"" "'"''"" ;, donnod by"'""'"' ab..,o a"'"' ••1• 11 ,) ,.,; an "'" m••••• wllh , .. bod' (~,¡. TMd,.OOm, 
•• and anoto bolw,.• lOo"'" a•o oooo>oot. 

_,,, w.- ''"toduolo '''"' ,¡, . ..,,],., ,¡ tln· "·"'''"'m"'""'"'""" 
S,'" 1 h ;, ;""'""''" ol, ,.,,¡ '"·"·in ti,.,,,.,;,,¡''"'"-',.¡'""""''' 
li'Od Í<l lh•· """'¡"" ho~l)", ¡¡,¡,,, lolatio"'" ("'~di;.< <<'IW"il 

'"···· <il·pl"''''"''-'"'-'l ''" '"'"'"""· 
11"<> "'"'- >ilnphr,- '~" .¡..,;,.,.,¡,,"' n·itloml ¡..,;,. ""·'· ....,onoh<.•· 

h1· ,¡.,'"¡"~• '·"· the _V.._,;,. ol•<•g S_. ami lh<• '''"'olmo~ thr 

'"""""" '·"'""'' ¡,._.,, S_, '" 1,. 'f¡,.. '''""'h.,¡ rlw ''""'"'"" 
""""·'' ¡, p, ,.,,¡ oi-o d•~<..-li"" .,,¡,,.., ,¡ Sn (in,.,.,,;,.,~,)'"'' 
("" u,, 11). TI"'"' " ~ ,.,;,,,,., "''"" ,.-]nd• "'"l"¡,,¡,.,, '" 1 he 1"" 
MotHm "''''''" S., s.: w" """~"'" ;,, p.>ron••t<r- (J,, O,.,).,,¡ 
Íl.o dire<tÍo><o <•>-Ínes (u,_ u,... u._); 

d .. , ~ ··C:l··m 
'"'"'-~(¡;;---) -

"'" "":";" 

- (';')- ... (l) ... C) 
-(+) .. (%) 

u,. - u, 

,; .. e;) 

,.,m.(+)""(%).¡.'"' (f) ;in('~') ""' • ---~~~-~~~("'-)'~~L--~" . . .. 
"" -' 

·W·.C:J 
_,, -. "('·-) 

"" ~ 
..... , -

1\'Lth lhe,'<' n·,ulc•, tloc "·'""'"""''"'" ""'n;,.¡,.,,, úl ''''" .,;,.,. 11 ) 
lwromo: 

... , - "• 1 ,¡, o, "" •!•, + .. , ''"' •1• ,(1 - ""0,)[ - (1- ~ .. >'1•,1 

•• -",¡,¡, d, ,¡, ·~. + "' , ... ·~.(1- ..,.<J,)) 
' 

'•, "' ,;, o, ""' .¡.' + ,.._,. o, ,;., ~·. 
_,. -¡o).,, ,;,. ~' m; ·~' 1· ''"'~•- 1) .¡, •1•,[ 

' 
"'• ., .. ,( 1 _,,.o,¡ 

'·, - .,•( 1 - ro; &,1 

''• --.,.; .. e, 
!'"• ,;, o, 
- .. ,¡,¡,O,''"·~,- "' ,¡, ·~, 11- "" Q1)[ - ,;. ·~. 

1 

'•, , .. o ....... ,.,- 1 

'" oÍI\ o,.,, 1· 11 - ""' 0,)(:, - p), 

l-,..,.., 11•<.,. ,,,,,¡¡,;..,,.,, E• &-p·"""''"' into tO<o <tn'l<lr .• tio 

•<tri•«'<, ""''· ",¡,,.,, in .ln~·,!i' 1. ~ ,. ""'>" n tito L' • ••f't7'. 
>'once 1'1 - [Iooft - '"'ltl' + h- p]', t( ¡, iud<l"-'«lml ,[ the 
l{lhti""'· The .,.,¡,- «'·•li•"'"" "" 1" Llr<' ";,., . ., hy lho• ;,.,,.,.,.<­
''"' ,¡ ¡dnooe'< "''' - "•'h • ",,,,¡ ,, - p • o, "-hich •- '" (,wt ,,,. 
m"' m~·"¡' h ¡in ~.). l'h.•··i""U'·· line S. ,..,,¡,fi<, E• ¡,¡, . .,,¡<>lly 
1...-:oo¡--e .tU <•f ;,, j~•int• ,(~·,¡·• líe on .;,...¡..,_ 

JI"' • ll, f:< ¡, iolo•niÍ.,III' n'DO. Thi< "'"'''i"""'' t" 11•· ,.,._..., 
,,¡ 1, ,,,.¡S, 1"'"':¡,.¡ ,¡,;,.¡, ~-• .,;,, ,,¡¡ ,,,.¡,,, '" "¡,,,, ,,,,¡," 
,,,.,¡_ l><·ton•, l•• •id"''''" .. 1 ¡.,liuito• ""111. 

11 '" _, " , r" ,.,. r; ' ;, ¡;o,,.,., lly n hn• ·ti .,¡., ¡,¡ . 1 ¡_, ,.,,. '"to"" i " lo­
d\'ool in ,\p¡•·noli\ l. 

0\wio•t>l¡·, tile ;._'""' <I<'P''"'"'ñ'-"' '"'"' '""'" for or!oiU1f_V 
.. ,;,.,"'"'" .. r th< ...,.,,,¡;.,,,. "'"'' '"'" .. r <ho G""'"l'·~ '-' 
'""'"'"·")' ''"''1'' f.,r "" ¡,.,¡,.,,,,1 l.1n· ,¡,;el, Í< ,¡,,,.,<S,. The 
''""'"""' "' ohi«t" ,,¡,. i•, ;, wt, !f' + n'l • ll, \\'],..,. i • n" 

''"'1'1""'''"'"'"" $, 1"''1"'",¡¡,"¡'" Lu tlw '""'mntt '""'""''"'~ 
'""''" 1, ""'' s •. ,,,¡ • - 1) ¡, ""' '''·"'" ''""""¡, S. .,,.¡ '"' 
"''""""' '"'"""' (i.e., it ¡, num'"l lo S,), !),. .,,,.,,;.,L, «1 ¡.,¡, 
pi;, "., " "' 1 '~"" in norm.< 1 1 "' "'- Thc "' 1 "·r '1""' 1 ~•t ic i• ""' ' mi h· 
, n·"l h1 ¡•••1··'""1 ,,,¡, .,¡ ,.,.,,_,., f:•- 11 ,.¡,¡, . .,,,.-,u_..,,,;,fi,.lil 

,¡,. ""'' ""' ''"' ,¡¡,¡, 
.\""'""'~ 11 ... '"l.<ti"" "'''' ""' ""' ''""11··1, thc 1.,¡,,, .. r ¡.,. 

""''( lio• "" 1:1
, f'uf >i< j•nÍIÍutoo "" ,, >Pi•'"'• """'"''"'' <!~~· 

X G~K'• •l,i.-h L ¡,¡,¡""i"''" ,-,,),¡.,, ~tul a lino• lo .),j,), Í< •j•otio•<" 
f'.,, ,..,,.,. ¡.,;,;.,,._ a~•·' X 11,~,' X r,~,,• ¡·io-ld• ¡,, '"'~11 lo~" 

¡.,;.,, •·' ~¡,,." t ¡,.. _.,., r,, ''' ""' unh· ',( , . .,¡.., 1 ""· 11·,--., ,., ""1'"'·•­
,; • .,,, '"·" '"' ''"" ¡,,¡ '"" "" ''"'" ,.,.,-,,,' " 1" ¡.,.,,., "'' 1 ,., ¡,,,;,,.,_ 

¡.-.,, tlli< "'""""· ''''""1"" 1•;) h<t"t'< ;,1 .. " ~""'"" ¡ .. '""' ''" 
l•tf>'""¡" ~ "l ""' '1 oc><l r ·' t ¡,." <'\ ¡o) L< oL ly 1 r,) J io·ld i: 

u,f"l'" - <l 

' J•• L: (r,- r,).•in8,11- ,.,., 0,)<,,, 
1", 

t:i 
n, .... '"' i; + 1 '"- 1 ir 1/.j, <) ;., n-•¡•·•·1it·eh-, "" ,.,-, . ., """''1 

1""''""'1;..,, ,¡ 1~. :>, 1), "'"' ¡, "n' il 1"" .,¡ "'" "'''''''1"''"''' 
"'"'1. 

i·~oHoti .• , (.1) n·m,iuo" ,.,¡,;,., lmt it "")' ¡,. pL\1 mto 11., [.,rm. 

~ ltcJ~ F, •t "1"1 F," nn• t !'""'"'' «' f~tHC'I ¡, "" • ,[ ''• !h, ,,_ 
1'1"'" ''"' ,,¡,,.,,.,.l;.,,,.d, "'' m-•;-•·"'"·' """1) ,¡,.,, .. u1.,,¡.,,. 

"" tlH' ,.,,,.;,." n,,,¡;,,, "'" ><11·1.•- (.-.) .,.,¡ (11\. 1-'•tttlwr, tbo• 
;,,,.,_.,,.,¡ .. ,. ,.( /'" ~ilh ¡:,) Í< o 'l""'ltoiÍ<' <>Jn.,, 'llokh it thc 
n'-•idoc-.1 p<Orl ol thc ittlet~·•1iun <>f (-'o) otn! ("'· ru.J o lin< /0• 
!!on"' ¡1, ~ .. ¡ oj poi ni• i• ::: tcolh -'""' (ot """") ¡.>,;¡;.,, on " 
citd< a" lho• ¡¡.,,.S,,..,,¡¡,, 

Pmollol Suow• 

!tt ti"• "'-"•' <'1 t ],,_,. 1"'"'1!<.•1, ¡ouc<-n•(.>l '"' 1 !.,, s.,, S..l ..-n·~• 
fit,.) S (ao,tJo O~oitr_,"- ..... ~ ( h), ti ... tj<1>rtK- >Utf0t'(' ~·· ,¡....,,. 
"''"'' t<> ·' "'"'"' """ ·' "'hk •¡-lin<lo·r. Tol.i"~ U, "'· ") ., ti,. 
olirccll"n """"'' o•( tito tl<t•-o p-" .1llol <Ctc·'l ·'"''• "o m.w "ti!r·: 

'n.o ., ..... "''"' ~"' "~·· ;., ,;, , • .;.,_ """"'"· ·~··o/ ....... .. 
"" J,, TI .. oh"" ourto><~• '''"' ,¡, Lho ¡;,. J, -.. ,, ""'""'"' '"'"'"'""'''-

Tranmlions al lhc ASME 

' 



J ,'"" . .,,,., ··~· "'' ' ·~'"""' 
' ' . 

' .. _.~, • ·~· ·• "'' ., .. ·-~" ... "" ·-~" '-"!"' ·~ '-'e"' 
' ' ~" ' ·~· ··- ' OM> -··~" ~ "~ '-'~ 

' "''" " "" '-'"' "·"" .. 
··~ ' "" "·-·~ . _,_,.~ ' •• _,.,, . '"' "~' ·• "" 1 ···-· ' ' .. ,, """ • ''" ' "" ' ''·' _,_,.,, 

' "" 
' "·'"'' 

.,,¡ 

' 

_,,) 

"' ,, ' 

.,,, " .... 

(;,'- >111 
(,,.- '•') 
<•·'- .,•¡! 

"·""' ' 

Tho ""''' ~r,,d., L-• ¡,_,_ '"'"'"''"" ~¡,;,-h _,,.,. oll '"'"11!-1 '" 
11. m,"'(.;,,.¡ ,¡,¡,.h ""'"'" ""'' s,., s,., ~"- b'. s,•, 1 ,>¡_ .low 
phtoo ~-''""' ""'"'·'¡'''o loe"'''"'""'"'_,,..¡,¡,''"' ,.,,¡,~¡•dt.c 
''"'"'• ,,_,.,.¡,,,.,¡ .,¡,¡, ,,,. '""'"'" ¡, ,,~¡,;,,,, J, ~- .1, '· ,¡,,,.¡, ;., 
·,,. ¡,,..,,pl.w-" 

Tl.o•pl'"" 1' ¡, •1·· ¡,,,," .,foll¡ .. in<• "'"'"' '"'"'"" 1 ,..,¡_; 
bU"" a ~''"'" '"'"'"' ,., lho ''"''' ,,.,,u,-1 ...,,.,.-. ,,.,.)¡,.,, ... '""" 
("" ¡••~li•.n• "" oto iufinooolr ¡.,,_.,. •¡•1•·1<·. :'in"' /' ¡, 1 ,,,j.,dl~ 

tloo"""" ,,J,no "'' oln.J.,,j ;., "'""'''"'" nn], Nro·nl,, ""''""'• 
, .• ,,,,,;.,,. {'1), '''" "'""''"1• "'"'"l•·ltl•"' '""''1'1~'"'"" """' 
,,.,.,¡¡ Hdy •'1 ·plio·"l ,¡,, 1" H lo tl,o• ,.,,¡, . .,,,, ,,¡,, llnL { 1, '''• "1 ""'·\ 

'''~''"""'-' tloo ol'on ,("'" ,.¡ '''" llotw 1'·"'"11.1 -·<n·n-< ,,,¡ ""' 11"' 
oli.-dio '" .,¡ o o·io • le ";,¡, 

r ... ,¡,¡, """""'· ¡;.¡ ;, i•k"''''"''-' "'"'a"'' uil ¡,""....,";,u_,. ni'­
•Jl,.,.-f,""· ''"' '"'''' ") lino!o·r ( • ¡, n .. ¡,.,..,, nf oll ,.,;,,. •-ilh f,,., 

···~· ¡.,," "" " ,.¡,, ¡,., 
1 'nint• n·illo lo\,. ¡•o<Íli•"" ''" " ,.¡,' ],. n ill p·on mll,l •·oi·l l•·• """" 

¡:,¡ ;, id.·,lic"ll-• ,.,.,_ ,<,,¡, 1"''"" ,.,,.,¡,.,,,.,,,.,¡¡,-o lo•' ,,. 
lo'l'·o·o·li"" ,,¡ (li), ¡;,•) ,,,¡ (h')- r, lloi• "'"'¡;,o¡ (nli,.lo o•lho 
"'""' "" (--•1•-'"'1'1 Lio'll >nl~o·<iPI l ¡, ,.¡,""''1 1<> ;,¡, "")' l•• ,¡,.,~n 
(o ol.··o·OO('r>lo- In / 0 X /', ' 0, l•ol, ,¡,,.., olli> '"''. ith fo-. ]>~iti••" 

,n n o·irtk ,¡,,-;.,,,¡_,. loll m'"'" ''"''"'• "''""'"" ¡_;•¡ •ill ol"'"''" 
ho ~,,-,,r,,-,J h¡- ¡••itol • "" 1' .u~l ~·· ""'.'' '""""" <he '1"·'•11 ul ¡,. 1', ••­
P•·t"•li>o" tloc• co1hio· ,,.,¡,""(ti')"' r.-,,.•, 1],.. '"1"¡".,¡ l"'i"l' ""' 
";,,., ¡,_, 1' X r;,,• X !.•. 'rloi< ,;.¡,¡, '"1 '""·1) ,¡, ,..,.¡1.,;,,, 
~;,¡, ¡¡,.,. 1,.,;,;,,,. """o-., do-' r., ·¡ ,¡,¡,. 1, "''lo-<"",. . .,,¡,. d 

""" • "' h '""'~'" l "l ¡,. "· ' 
¡¡ s •• ~-" 1,., ~~ ""' oll 1.,rulel, ,.,,..,,,.,;,., ""'ft-.. ""' '''"" 

¡;<lo i.J.•ntic>,ll_,- """ ,¡,.,., 1' ¡, i'klo·le<1"i''-''" onol ¡, -"ti•li<'l lo,\' 
el<'<) p"nl ito ::,. H"lh ¡:,¡ ,,n.¡ Fo') Oto" ido·Htidl_> "'"'• ,.,,¡ 
¡o;¡ non! (1•') ["'""'"' ,,.¡,., ""'') ,.,.¡,¡e , ,1 ¡¡.,,¡,.,e; J~,' ,,.,.¡ !,..•, "il 1, 
l'""'lkl """'''"''"'- TI,.·""""·'¡ •<·•·li•'"' ,,¡ 11,.--c , . .,¡,¡,, _,¡,¡,¡ 
o ¡,.. ,. i ' do•-¡ .,¡, t '" 1 ,.,., ,.( l ¡... pi." m ti '""'y. 1!1 < ¡., '" "" li '"'" ul 
o l.- i<oto•<-c«iun, al "''~t "''''''" ntc• ""''""" llm_., ""' 11"• Ktc·W• 
s,, s,~ ¡_,• _ 11,;, '""'""' r .. nr llii<'< .. ru"t' "~""~"'..._¡ '" <loo ~·11-
l••'"" Hu•mHe• 1•''"''- JI,¡., "khlio•"· ti"''"""'-'""' okr.•••l 
1•,1 · • , i 1nib ri l )' 1 '"'" f "" "' Iioto , • "'" .,¡ '''""' f nu r !ion·' ¡, ' lw> ·" 
tln• ("""'"'~) ooi< s •. 

H ol«· ¡,.,, .,., . .,, lh. $,, $,, $,, 1 ""' l'l""llc·l. 1 "" '" o, ~,-, $,, 
"'" 1''"'' """'hli"" ~l,ilo· tloP ,,¡.,.,. ¡,,.,,. 1""" ""·'"""·/'k~ 
'"""~ llio ~['"" ol ¡,.r..,\t¡ ""d tl.-,. ""' '"' t.oillo ¡.-.;,,, ~ ith li1·c 
¡,.,¡,;.,., on o dtdr. 

'";,.., "'" ,.,;,.,.¡¡, nn /' th> ""' oll "''j'""· TI,,-,.,. oJ Olor'""" 
¡,,,,...,;""" 1, ,., '"''" ''""'"""' ,;"'~ t t..-, f-oil "" S... S,., S •'· """ 
~111 '"'' ''"" ""-' ,1 [del ' '" "'1 ''""' <O O' lo•. 

' 'rloo '"'"1''" '' ;,,, ,¡,.,. ,.1,.,1 "' 11,, 1 '" 1"'' "·" •' 1•:-<."o ""''' ''""'''.[ 
¡,. ['PPlTH-'~ 11. 1''"'"""' "") 1~ "'"""~¡ b,- ~"''"4 0" ti<' 

•""""· 

"" " '"" ' " -~· 

Fu, 1"-mllol •=·u ~itl 1 r<•IOtirn ,.,¡ '''"'b'""'· E' ~ill 

,,.,.,...,11,- ""' "''""""""''- ¡¡""""''· '""'" •illo r .... , ,,,¡ ""' 
1.,.,,,.,1, "" ''"'''· ,¡,.,.¡_.,. ,_,¡;.,,¡,., ,,n, ,,,., ¡ou.•lld '" n .. • 
"'"'"' '""·'' 1 ,,, ,.¡,,,·,,,1 lo,> "''"-'- '"'"lo< Lilo~ olor 1 o '"'1.\li•m ,.,,¡ 
,¡,,,,.,,,;,.;,,1<'1" ,;,,, < ,,.¡,,,¡, ¡,. '"' •·in·k'>. 

T~ .. 1.,~,lk·l, '"'""'"'"'''"',,,~,.., ... ,u,-''"""' <~e,.., .. "''" 
¡;•, In mM"'"'· -inn· 16) ,¡,._., ""' vani-h, ll.m• ""'·'""''"lit', 
'"]"it•l• ~olio'"'",.,,;,;.,,,."" o o·i•<io. ll,~o-1<''• .¡.,,.,_. (.'>) i• col 
thc (,,,,, J' X/'<'', ,,I]¡"ÍI•t• ~olb fuOLc ¡.,_,¡,¡,,,,,.,o,.¡,..¡.""' 
"''''" ¡., J' X r;.,• ,,1 ,.,,. 11>< 1• r'"" '"1'1"'""· 

~'''"''11"''''" .¡,,,_.., '"''' ""-' '""· i'·'"''k-1 ,,,.,., ~ill ·-'""' j> 
'" ,¡,.,., ,,.1,..,. ,,.¡ , ¡,,,, '""1'"'""'·''• ,r ,, ,¡,.,,,1, '"''· <he "'''~' 
""''' '"' l"'~'lk-1. f',,. o¡,¡, ,.,,.,, <he ~"""· rl oll¡ .. ;,,, ~<ilh th""' 
¡••·iiO•"· "" ·' ¡;,.,., [, ~ 1"""· Tloi• """' "'""" J,ol!ow- ~;,.·11.1· 
lrono "'""'""' (1~¡- ¡·.,,""'"''""lid 1«, '''."· tloe _..,,i<_ ""' 
¡,,-,,., l• ,¡,.¡,¡, l•·~ ""''• "''!''''' Íl o k, o ridol, ,.¡, ,,¡,,' •) !i1nh (" ill< 
.;.,.,.,,.,,., ,,,.,.¡¡,.1 1" ,,,. ,., .... ¡ ,,,¡" p[,,,,. ,, . .,.,]k) '" ""' 
-.orw•. "j'J,.. iloLc·o·eelÍ•"'• *"' lt"l',l tln• ,,.,;,¡,,111\e Ir,-~,) 
~ 11, (J,- r,) • "· ¡,,. ¡¡,,., '"""""" '" (lo<• e¡-lin•lec """pi.,.,. 
(..-.· .lp¡•·l<ol" n 

\\'o· """' n~lrirt tlx· l"~tll<-1 """'"" lo pun· "'"'""' ond, for 
.,.,,,.,,.;, . .,.,., ,,.,;., '"'" ol,.. '"'""' ·''""" tl<e :-olln·c~im¡_ F«r 
1"'"' '"1"1¡,.,., tl.<·lo,-.1 ,., 1.,,.¡.,., in.,., (1~) 1<"1'""''"(< tho '"""' 
cidol, ,¡,.,¡.,, c,1¡1.,,¡,., ,,, :,,..,.¡.,,,¡,- """1¡.,,,,¡ hnl iho •<-••'1"1 
''"'"'''"" .,¡ (1~) ,.,.,¡,¡,., ¡,¡,.,,,¡,.allo-. ll•·>ot<• 11<'· '"""uf,.¡¡ 
'"'"" ""'' ,¡,, ... ,,..;,¡,,, """ ¡;,, ••. .,,,, .•• ''•ht, dreotl·· 
,.,-¡;,,¡,., , . .,,¡"'¡,¡.,¡ '" !:,. Thi• o:-¡ li.,J•·• .. ¡,,~,,,.¡¡- ro""'"" o¡,. 
..;.,". '"· 1 ... s~·- ''"J' """"'1 ..,.,; ... 1-·-~1· ~ ,>~..~"- ;, ... ,""' 
'"'" ,;,,~¡,, ""'1 ;,, ,;,,.,...,,¡,-,,, ,.¡,.¡,._ r .. , ¡],""' 1.,,11,·1. 
1" 1 .,.~ ' 1 " 1 ¡,., '"1''' " ., '·• 1 '"" ; .. 1 ., 1 1 ~ ' ) " ¡,,. ¡,_,.. " "" "'""' l ~r ¡, Ion· 
'''""-' ''1"·'1 "'"''" ¡¡,.,,,. ,,,;,,_, .,,¡, '""1 '""''¡.,,_, """ ¡¡,,. 
,.~ ,;.,, lo,l 1 ¡.,. ;,.,,., ""''""" .,¡ Lloo "'"""'"""''"'"-.J ''! ¡¡,.Jeo· oud 

The-c 1 '" j>Jimll<~ (•1 fmok.-. ;,.t<·t"'" ;,. 1•<• ¡;,.,, ·n,¡, <'Qf,. 

e¡»< ni< "iL 1• tloo w1·1J~k,,, ,,. " ¡o)'""" ''"" ,, ~- >Íio< ,. ¡¡,.. line ¡,, - '') 
~ 11, {¡;,. - !Jo) - ll, ,.-¡,,lo ;, ¡, ¡,.,., lloo ,o>i; ¡,,. s~. ¡, ([,., "'"J""I 

p.\o ( ni 1 '"' Í"lOI'•Co·li'"'· 

(nle<,.ctlng S"•w• 

Fu, ,.,,,.~·• tl"-l '"""""" ¡,. ~ ('ommon l">il>l lo loool 1<' d,_. 
>'' ·nemt o , " _,., , 1 In ,- "Hl> t ,.,,., 11 ) 1 >0 ,..,,¡ t iol o· d l " V""' ru to \ ¡, '" ' . 

l'or r ..... ]"'"'''"'" .,,,.,,,,,¡;," to '"'"'"'''''"~· ]•Lioc-mtoli<m 
-'"""'• /,'• ¡, idNO\oc.•lh· ~•li•l"'" _.,.,., ,![¡.,;,,. ,.,. ""'~•·rgo~iu~ 
'J'il<·lkol .,,,.¡;,.., ,>houl tloe 1"''"' <•l ¡,.,,.,._,.,,¡.,.,vi tloc ·<"'~'· 
!f, Ut<le.,l, "'"'o[ <i><" '"""""'• f,~ "'"""''"· S,~ ¡, .,l>ilr:~o;·, ¿·o • 
p_,p. 1',,;. o he plo"e ~Í<'<OI lo¡· equaoion (tj ~ilh ~1 «t"-'1 lo 
So> on,j (.\,. .l" .1 0 ) 1.\~on"' llo< '-''""h"'"'' vf tlo< 1"-'ilol "f in• 
"' "'"""" ,.¡ t 1 '" "'"'" _,_ ( ., ¡, ¡,,., uall¡ , loe "" 1 ,¡ ,. " " r.,e<· ri ,.,, " h r 
<"l"·•IÍ•"\ (."•) tic·,/'>):),., .. .,,.,, oi01P 1•• tlw pttoo"IOI"Li<"' '""'1'• 
'"' ( lto" " 1 ,., , ($.,, ¡,., S,.), 1ln• ,,.,¡.,., 1~·•·• '""'-' n •·L<I,io ''""" ~ illo 
OJ>('' "' \]o<• Ín\o•O'"'OIÍ<•n J»Íio[ n( lloe -''"'W•, Jo''"\\ ¡.., 0'<>1)' 
,h"~" '"-" ¡,., thh ""'""" "'""'iun (~) )<d·l• <·llhe• e• o." 

3 



i<l•·ntirnll)· mn-' In eit!>o:>r e.'L"o, G' i• tt.e ¡,,...,. ·~ o\1 r•"nl• ~"~ 
¡,..,,¡.o,;,;.,.,, nn • oirrle. l!o·n~, in the ""'"".,¡S.. •l.o:ro-, l"•int> 
~ <th fin· 1»-·iti'"" '"' ~ ,pln·l< n,..,.;.r~·r 1'""'' ~hirh 11(' on' drdo 
hr tl.e r"'" ,,,_¡,¡.,,, "'"""·int<·•l ui<h the inh''"'"'''"~ putt· ~·"· 
ll•>IL "'WU "· , ,, ¡ou\nt; "h,,-.,. oiH "" '" ¡,,.,. 1 In· inh•f>o•t tiotl id"l 

l• ,f ~,. ! ,,, ~ .J ""' not ,.¡ '"'"1 1 ,_,. 1lw ·k•w -""'""- '·•· 
The intrr"<<l ion r,f """ C' ~·it~ ,,.,- ·)>h"" nl.~e ,..,,.., ¡, "' 

1he '1'"-' of e• ¡, • .pht-rirnl '"""'" of oNer ,¡,_ "l'hi.< ...,,-. i• 
""" p. ~,¡ .,¡ t n " ,,. u1me t n,., 1 ,,,¡ ...-¡" >1 portM1~ oi t h<-r of ,.-hirh 
m•r ¡,. n·~·~l.-1 ''" tho >Pl•N;,.,¡ ,,,,¡fi~ fif " ¡~'"" ,,¡,;,, 
TJ,.-.,. -pln·ti• ·ol ''""" ;n• uf ,.,.,1""" nnai""""" l•• 11 •· drtlo-¡.,inl 
'"'""' nf t ho pi <n:>r t ¡,,,,_, .. 

l( ~ .. i• ni•" t.<~l'n ''-" " ~,,,._,.,,.,,on, inl<•N<l;,," ''""• /' ,, 
1· ideoti<-:dl,l- -~" i·fl<'l h)· o•1ol')' 1"'"' i11 ,¡..,loo!¡-, ••~1 """"' ¡.;o ;, 
iolo•nti"'ll,- """· Fnr fi»~l""it;,-,n -pherio:al motirm, pq>"'tÍ<Jno 
¡.;) ""' ¡;,• ). ,¡,, ;,, e,,.• x e,..•, ~iw tho l•><<>• .,¡ '" p<>int.< ~ ith 
fll'e 1• ,;,;.,1,,' '"" ··hdc•.' :-; "" ,;,, c·lbe '" 1 r'"''"' :• ""' "''" "" ,, 
""'"""'" vo·ll ''"''• 11><·_1" "111 ¡.,,,,,,.,., in ''" "" "') ,;,,. liroo; 11 lli•·h 
"'" ,.¡,.,,,.,,, <>f Lloc """"·'· ~"• ~ ... ~ •' ""' "" ,.,. • ,( llw"' In><•, the 
"on.>.n<in< ,¡, 1,,,._, ""' t loo lnd ol 1"""' "hido ¡.,,., li1·o pooilion• 
on o cir<le. lf ~< do·f<ne .o,,,¡,,.., on wloioh oho •toh<oóo>-l '"'~¡,,. 
;, ¡;~¡,~ pi>«', ¡.,,"'""¡ole, ,¡,. nuit ·¡ol.-... , tl.-1o the"' ""' o< 
""''' U "''li"''"'' 1" .,¡,¡,.¡, tht"'' law• pio•m• 1111· •1•1«·"'- 01>11" 
,, ,¡¡ .,¡ ,¡,,._.,. ""' ""'''1'''"¡,.,, ,¡,, ,. , .. ,.¡, ,,.,;, .. ,_, """'""" "'""" 
11<• .•pi••••• ,., . .,,, • ., ¡,.,,.,, "'' ,,.,,¡.,,¡,, '"'" "" (10/ """'1) .-r in· 

,¡, P< ""'"/ !'" i "" "! ;,¡ , " .,,¡,. • ph" .. ~ 1 w>l io•o • h"" fi" ~""'"""' 
•• n ci><l•. "11....., ¡.ooilol> "" nn•h"'"" tu ti • ..-,,,,¡¡,., lo,1· 11.,,. 
"''-""'' ¡.,, ti>P """' •·11'1"'"' ,,..,¡.,,, H, in .,¡,¡¡, ;,,., the -cre~-o 
ore 1Hml'>llo)' ".i.,oiJ .. rit_l" lt ,.,,¡"'"'""'"'•""'""¡ ti"'"' pui"t>" 
"'""-', "" Ll><• ¡,..,,v;,,") ,,_,¡, Sn· 

( ·,,,,, 1 "' ¡,.,,,.11, 1 h,· ;,,,., .,., ti• "" < .'",' X r·,,1 ,.,,., lw uht·oil><·>l 
1 oy "i " L o· c>cfl ilo~'" ,.,, h ,¡ tlw>O " 11 1 ,,,. • u 11 h >» ' >r 1 •i L ""-'" 1' ¡,, , .. 
J:lim\n.>t m~ <>11< \",;fi;h\P, ~·)·, Io 0 i<•lW«n tlot•pl11"' ,.,,¡ cado C> 

,-;,.],!_. '"" pi"""',.,,¡.-"" inoru "¡,;cJ, • ""'""11 ''"" 1!.1<, -••,; y., """ 
¡J,.., 1,., ,.¡.,,.;,.,,.,J. ·n,. ~"'" ,,¡ ,¡,.. ,__,u;," ,;,, h~J<oo.,., 1.,¡_, .. 
1.• '"''"1 ;, ,, ";1 , . ..,, ... r '1 ... ,.,,,.;,' ,¡ ''"""'""oL•·•: ''" "'1'"'1'""'' 
;.," ¡, ,,,¡"'"''ti"'",¡,,,.¡,,.,¡ '" ¡,.,,_,,,.,,,,;,,~ ,, ;,.,, ,¡,. 
,.¡.,,~,,-,,;,.,,.,¡_ ~ ..... ,. 1"· k'"'"' tlwl'"·''""o .. ( ,¡,. "l''" ,¡ th•· 
'"'"'• •• no• lo.11·• '"" 1••inl< "" o•,;do ¡;,., nhi··h """'"'no lonw 
<lo•l<-<mi""l ti .. hotc....,..t;.m ,,f r·,.,• '"~1 (",..•. Tnhlo 2 li•t.. tl.t 
r•~ult- .,¡ ""e ,.,u-lo t-•m¡mtatio"o.' 

. lltomoti.-.-1)·, ,;,, o• t l•o cool ,;,~ ,,,. i •'"'""~''1"<"1', "'' .,,.,¡,¡ ,1,.¡,¡,. 

ti""""" 1 ,_,-, "''-'', ii0)' al" 1 11',¡.,,.,, L 1 < "'""' 1" pi ,., . ., , . .,1,;, "illo 
""' ;,,t,]o• ( ~,/r1 ) ""'1 (:, / r,), (lf u o· uol•• r, ~ 1, 11"· 1110 ,.,¡¡,.,,¡, 

'"''""'" Íli<'"''"'') 
l:e!Lir.,in~ 1» the ''''"' ul.-n· ""'" ~~ ¡, ,¡,~. 11~ '"'le- th> l the 

~ ... ,,.uf ~u 1.,;,,_ ~-ith ¡,.,, 1,,.,;,;,,. "" , on•.tt ,-;,...¡, ,¡ tl.-ir 

fi<e·]•>·il''" •l·l,..r<· ¡, (he J>blo-'Lr cul,ic /', X t"•_ .111 ,.¡l,or 
1" ,;,, • "" ':• ¡¡,. • '" •r>ull ,., ,.¡, ' .. r Ll><ir •1•1><·1"<. 

¡,,,,¡,,.¡,~ 1 ,i\,¡, !"''"'"" ,¡,.¡;,,.,¡ ¡,_,- '" ""'"'''"'" '''"'" 1.., 
'"',.,,.dude tl>M, ,¡.,"¡;,,.,o,.,,¡ t.'~n' lo"'' 1 '""'"'"" o·nm· 
!""''"' in r;•, the l•>eU• ,¡ oll 1•<o•t· >~ilh ,¡, 1"."""'''" un " 
>[~"'"' ¡, •'""" lo)" the !in~ 1',, X /',, 1'hh ¡;,. <ub t"' in {~l 
n~H) th= ¡.,;rot•: the-< ¡»int• lo;L'e ¡.,,, 1""¡,;,..,, "" • o¡wol 
t•inlo. 'imibrl,1·, Í>lt"'¡",¡"~ n o-<1'0>Hh ,.,.¡,¡,., dofine>l b¡· 
,i;ow '"''" $, ,.,. lonol li'" .,,.¡_, ti><• p<>1"1 "'"'"t.,\"/',, X/',, X 
1' ,_ ],,, '1'1 ''" ¡»·Í!Ívn< "" "•1'1><'1'". 

'If "" d ...... o l..- "'""" nt "" ¡>Oio.t of "'"''''"'""· '"" ,.,.,. 
'•' - "' - 11 ¡,.,;- ~- 3. '· ""'t t-on,. (~1 ;, ., .. ,;.,n, mo. Tlo< 
hcl <h>.l o ¡{"" """'-""''"'.,.¡,.,,in """'1<" • Ho,.i~ol '"-"'"O 1..­
''" """Utio"" ¡.,, '"""'" on, th" (~\ ond ,,,¡,.,. "'' ,> ''"'' 15 
nn.J O) '" \o ioi>•UO ¡,, >[ omdcr ']'l>eri•,>( lm"iu"-

' _,, '"""" ''"l;.,.,.h·. '"' "'"' ti',..¡,""''"' V•'! .,.,, """' i·lcn>i· 
, . .,¡¡_,- "'" "' "'"" .llo·,,t to (.'>) o>o•l (,"•') 

'Fo• "" ,.,, .. "r ;""""'""'''· ,1,¡,..,;,.,¡ ""'''""· ""'""'"''";; ¡o¡ 
h .. ,,.;,,,.,¡ ""' ,¡,.. ..,;,.,.., ~r ,¡, '"''"" ~ru.-" h.,-, ~~-..'"""' .--­
'""' ,-,h, drdo ;, •h• """'""' tl·'"'· 

' 1" ok..,'monin' "'"'"'' (oc ''""" "" '''' ,ou1·ln~ "'"' ~• mo,-h' 
dmn .. ko tho ·"'" ''" ,.,,,-¡<>int "'" ll>t ln•t ¡-.,, il"'' )'"";,.,col" 
'""" "' 1·1 '"" '" .,,,,,;,.,,, ""'''""· ''""' ,. "'" ¡,,,.¡, "(>. 1) ''""'· '1'""'""''' l<·t~>'<" !,,,,., "' ,., ..,,,¡ ~- TJ,, '"'"'"l"'"'lo·no·o· ¡. ,.,,llo·•l 
"" 'I""'P'i·· "'""'"""";"" ·""1 <']~ ... ~< •f• e•l'"'' ''·'""'""''-''¡.,, 
~~·~·h ¡,,,_, lu> oi•""""""" m "'''"''''O< t·L-""" motioo. 
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¡, tln· '·'''' .,¡ ¡.,,.,.,.,.,;, •. 1"""1''''''""' _,.,, "'• "''""'"" (1~) 
_,¡,.¡,1, '~" 'l'""lr.lli>· '""" ><itlo" "''""""' "1"''· 'lloc·>< o:<mo-• 
'""'''''''' ;., ~.,,S,, b' ,,,¡ olw•J""'"'I'b"' ¡,,- r.)- U, (r,­
rol " 11 lfo·l><•· i' •I<O>'l•"·l""' inl• lht>" ¡¡,, •. "ll><no "'"no 
toulll.-i\·iol j>UÓtot< uioh th,..,. )'"itio•>' '"' ~ ¡;,.,, >lnre > liue 
uill not 1'"'"" >,¡oh<<~ in nw•"' t!"" tu o !"<il>l•. 

Applicotron to M~chanism Synth~sis 
'•omplo<. ¡., ,~, r .. n,~;,~ l""'"m"],., ~-~· <11 .. -tmte ,-",-;.,,. 

"'l"' in >~hkh thc• 1"""""''"• ,.,.,¡,, "'" ho o¡>¡o¡,·,..¡ t<> '""'Y"' 
<lo<"--h of litol~w~. ""'"' i< ;, tho \"<'Ntility <>f ti>• ,.,00.1 ~-hioh 
~,,=k '" oii•H '" ,., w~ Jimio "'"""h"l'' '" Q> e<'' 1 ~·u '"mp]p. uf 
" ~;~-,,,. > ~ 1'' ,.,,,¡ ,¡,. ln>t "'"''' lo•r .tll rl.o """ ''" "' ,.,,.¡,,..,. wl,ich 
111")- 1 ~ ·~ "' ¡,.,¡,«1 ¡,_,- 1•--••nl i"ll.' ti,.. '""" [ll'o•c••d»to', 

-' 1 """'' "r ., ,., "pi• , 1 ,, k "1"'; 1 , '" .. ¡ii, ,¡ 1,,. ,. ¡. , 1 .•• ,,,.., ,, "l'"h ,. 
hu""! ~p¡•li~>tiun "( tl.e rlu"l')". \\'e ill>l•l r>lo tb• pc....-1-d<lr<' 

~ ith " '-' ¡.- .,f ,...,,n.hor hnl.."' .,¡,;,¡, 1._,. ]., . ., """1 in ~"'"'"'" 
,;,. ,,..1,.,,.¡,.,. ,.,,¡ ,¡...-~¡,..,.., n.e ¡;,b.,- (l'óo. :o) ho.•" 
"'"l'ler, ·',;,.,¡lit>~, .tl!•l f11e ¡,¡,,,.,. cmnk- ;., '""'llel """"'" 
1he ""']'lo·r "",¡ li\<·d lil,k .. 111 llljnil>t• Olo· 'l'ho•oi,,,f. ¡-,, ""l' 
•1•, ,¡¡, . .¡ -.·1"''" ,.,.;,¡,.,, ,.¡ tln• ,.,.,,¡,.,, "' '""-' ¡¡,,1, "' mM, Oll 
¡.,;,,, "itlo >pi• ri•·ol moti""· Th<'"" 1"""" '"1d ''"'""""~"""J. 

Tunmtions ol the ASME 

1 

1 



' ''"'! 
ll\0) ¡o.m .• ~t· ~JO "l""'!1"-'' UO<It>oil-<1.1g U"' J"l•lldJ>l"! "'] 

'·"'""' ¡, '·''·'" (. ·'I'I"J. "' "1'""'' ·''1.1. ''~"-" ""!"""'-""'' 
1·'11" ""J P"" ""' '·"'' ,,, '"! ' <¡.> '!"'·'1"'' ' '' 1 1'·""'''1' •"1 ''"'" ""' t• '"' 
><ji • ..,,_,.. !'"""" o )" 1'""''"! 'l"'l' '! "''"""D'I' .(¡u" •q1 :•l'l 
m¡l puc '"'>i'l"'~ "''!'"'"""'~ "'!'·'""! ·'-'1"" -'"'' o.• '.uo¡;uo•u. 
· ·'·"" 1 " "' ·'1""" 1'"!'· "1 uLi • "'" '·"'"·) u /1 """'' O !"' " 1 '"' "'1' 1 ~· 

-.tu.Jl ¡q m "" u ( 11·' " p -n '·" 1 ! '""Id u .,, 1 1 
ql'~ 1"'1 ••11 '! 'l"!'l·"} ,.,o,. pdp >UI)nOJ .. 1' JO ""'!'OI>Wip "''.L 
.,..,,.,_, '"'l"''•l~"'"' >1! 1'"" •""'1'1' < "" "":1 '1"'1" lm«l u ·"l 
]'·"'!""·"·'!' _,, 'l·'i'h"'" ~"' 1"'·'1' •"1' )" ~"'1 ''"'""11 ·"il !" "'"!' 
·U·>"'!l' O'IJ. '1 •jj•.-1 U! UM<J• ,>1 (¡ •"ll JO 1'"-(p ' '1>0 1\> '~ 'l'I!<>J 
~>n• ono ".L . ..,.,rl• • uo "'"!1!"'4 .... , .. '.i~>< '"'"'! '>loluO> 
o•p 110 ''"!"'1 '1'"1-" "'"'""l•P ""!'"'" ,.·"1'1""'" "-'""11 "! tun1¡ 
1 "" '·"''<"!1 1"' '"1' 1" ""''·"'"' _("" ·'~" ,, " "'''""'~''"" 11" "1' " 
""!'·'P 01 'o~lu""' "'.{ -,u~ooon\ I<O:l<MI• opt ~ -'1'"'1 "'11 Do ''"',.¡ 
""!'" ·"1 f'l'"'!'''P ><¡ ""' -l""'l'.'/-"il" 1"'" ''""""F'"' 11""(1 

'""! 11'1'" '""'"'' 
'1"""' ""ll ""!""·'1·'1' ·'11'"!'""""' "·"ll 1""' lll "! 1'-"1"1·'·"1' 
>O•IO 00[1 W•UI '""!lmli>l >1'")-'olouoloio "'11 "''""!' O] '! lj>•mdoJ. 

l""'"P '"'"' ""l.l "'""'1'1'"'1 'P'" <pn1• "l P.'•" "'1 ·'"'" •><h•l 
'"1' )" '1""11·"" ·"1.1. "111 ""'""'11' ·''1 "·'·'!" "·""1 "-""1 , . ., ... ,, 

.,.,., ,, .. ,., "'" '",. '1 "'"' '"'"' "''''o uo ,..,'" V '""1 ,,,.,., 
, ..... ., .,, " ....... '"""'""""''' '"' ••• , •• , ,.~. 1'11'"' • "J 

.... ,., '" ., ....... , .,, .............. '"' ... ,., ..... ,.~.,., ...... -..... , •• : ... , ....... ~ "'1 ..... , < .,,. 

...... 1 ... ,, '"''"'' ...... , •• ''""'"'" ... 
... ,.1 ........... , ••••• , ............. ,., ...... ~ ... '""' < .. .. 

' 

.... u. ~"'"'""''' • ' " "l"'l' ~., •• "' ,,.,,,., '""" "'"'"""'"'" 
"'11 ,,. '1-'!~--.... ,"'1'"''"'''-'1' "' ,., .... ·'""'"'"'" ... , .. ~··· "f'' ~ 
"""'"'1"'1"·" "" "''"" ~···· "'" _ ... ,. "" "-'-'""''""'"" "" ., .. ,,, 
""" 1' '\'"lmo 1 ""-'"'"'' "·" "'·'1 ""! ,,.,,, ·' "'"1" ''ll ,,, '"" ''"' ·~··· 
"
0
!~''"'1'

0 
""1'~'1° ""LO i'"" '"" ·"·'1' """'" 1-"1 ..._."""1' "IL o 

-u_.¡, '1"" "'J <nm¡on"""" J">!'l''"'~l '1""1 1"""'' o.~l "' "11 
.i¡>IIO.l•l"liW"!' 1"!"1 O l"'jl ['·lJ]IIIo,'l '! \1 ''•'""1":1 \I!O;jl·>l 111 

"'""lll'"l 
""~·•P i"'"·'"' 0011 nJ '·~"'!1-r;, u uo 'll"l '!'!~' '"!"'! -'"• -''1 
1"-'1'~ •] '1'0~1'1.>'1 "'11 '<><1'1 "lWj "!'11 "1 '"'"!10\U '·'['lo"'' '"'!1 
-"ni'' ·J·'" '1--'""'1""'' -'1"" '•'i""""·' 1'"'' -1""" ·' "'1"-'·' '"'"!"·'" 
"""'-''!' '" 'P•'I""i i.o "'"''""'''""'1 ·""'11 ""'1''"'"1110 "'"!' 'op 
Jll-~ '"!"'! .iuo) '"l""i<> ~ "" '""1'!.,•1 """'11 ~~~~ '"!"'1 D<oo P"• 
(M<j 1""''-"!1' '! '!'1" ~IIU» >ll'l'"·"·'l"l' '·'"'-' O ftUJ"!""""P -''1 
'""1 "'1 oql ·"!"·"1 lll.i• 1'"" ¡.o¡dno> "'11 1" '"' '! l!"" 1 -'-"'.1 1!' 1 ''' "''-"11 
-'!•·•·•1• '·"1'!·' 1'1""' '"" '1"''!1 "' <· ·~!.{ '"m¡ '""1 "'1' JO ~"'-"' 
'>PII!I-i.o--.""1"·"'' "'11 '1••n~111>ruuJn1V 01{1 J<> 1"'"1'"' 'J! •,¡~lum.> 
'".i ··'1'"~1>JIII' 1"1"'"' ·"" ""","'1 ""'''' •"1\ 1" '""!'-'"-'"! 

'•' "" '"""[ u l-''" pnu '"'''11''"1 
.,,11 n¡ 1"'1!'"'1 "-'~ "" •'-'>11 '>: ·~•.i •..,_,¡ >>p-uoj.Í.>-U!"""'I'I< 
• "! '"!"! P'!'ll """1~ ,.,,_, 1••1110 '"1""1'''''"1"-'''' " 'lll~ 
"''] ·'' "11 " O\ '·•I•IUIUI> .1"1 'l•>o¡d<ho ·•1 .luuo ''' "'i'·•><ud '"l'""i' 

"01"1"·'·" 1'"!1·"1'" '!'" ;,"1'"'"1"""'·' •"1' ]"'" )"'"' 1'"!'·"1~' 
"'~' r• ""!'"'"1 •"-1' '" ,1 "" ,.,.,,¡ ·'"" ~'"""""i> _¡,1 ...,,,~'"'"-' '! 
"""'JI"Í< "'LI. "'!'" i""'i 1"-'!'1"'!1 ~> "'11 '""'1" '"'!1"1"1"-'1 < P'" 
'i'""l" '""'"'''' "''"-'1!·'·"1' ''1 '·'ldl"'·' .o-p 1" "''!1""1 ·"ll ·""1·'1' 
•'-" ... ' "! "'" 1 ""~·-'1' ""·" 1 ' 1 "· 1 .,. 1 "! , !" " 1 "'" 1 "' diO . ( 1!' -~1• l'". 
'>!"'! 1"'!-' IHII 1·" OOjl 'll !-~ ~U>~> '"1 1 1" '""!'""""! j> """''P _([U"-'\ 

_,,,,. •" ""11 ·e ·~u"! "·""'1' ''!"1 1"·"'•"1'1' """ 1'"" '1'·'"1' 
""!1·1' ·'1" '""'"'"1 ''") 'l'c·' "" ""') •"1' '•'1"'"'-''''"1 '1•'1''""''~1 
"""!'"'" """'' "'"1'""1~•"'" "'1' .(1""''" "' "1'1" ~~ "' "1'1"'!' 
""'1 • '! , ! '•P'I• ~•! "'!, • ... 1n D "' s., ~""-"" lJIO'I u • .., "' "1"" • 1 

''•'1'"'1-'·'. "'' '·"1 '1 '!'1" "'!"1" , ••. ,.. 1"'" 1'·"'1 , .. ,1 '·'1""1·'" 
~""1"·'·" "'11 1'1"'1 •'" ''·"1 "''1' •"·'"·' 'o -~·.1 "! "·"'"1' '·"'1 
'""i "'1' o¡ '>1•1••"·' "'1 'l"!~ldo "'1 .i"'" "'"1""'"1 '"-""' "'1.1. 

·o: ·'~111.1. "1 1"'1!"'""1' 
"'!'·"11"-'' 'PI" ·"'0 ".''".'¡X •"":¡ X •"'':J _,-,, ""·"~ ''"T'"I "'il 
JO 0'1" ·~""'!' ·»> '" .¡. i '"•!•\' i" "'~ •1 ""' '"! 1"'" ,,~"¡¡ X ,"'-'¡¡ 
.i•1 "·"!" 1'1~<1 .(•o• o. u •~ ~-"'""'1" ·'1""" I'"J'"'"I' ,,_ '".i -,!J u~ 
'"!'-'1-'"" ,_., d~ '"""'"!-' "~"'"" ·'-"' "'.-1 ''·'l•lnm !'"'!~!"' "'!' "! 
>l"T"! 1'"""'1'1' ·"1' '" "·'1"1 ·"'' ·'·'1"·" ""'1''""'"""" '1! P'"' 
'"'"1 '!'U. -,,,,!,~'"' ""!'·'1' 1'"·'·1·'"' ·"1' 11! 01·"1"'' '"' •·1!1 'l'!q-~ 
._..,,¡, • ., "'11 -~••• •1 1"'1• 11! '1"!"1 °"" ~"!"!""""'P ·"1 1"'1°1•1 
__,,,_, '! '!-"''ll"·'' ·"U. '1"!'0'"""'" •! "'~"' "'" ""'''"'"' 0'11 
'IJ!'I" "! '·'1'·1" ''11 1'"'' "'"''"1 '"!'"'"' ''"''1""!' '' J'' ,__,.,, 1'''·'"'1' 
''ll "'!'"" 1""'~'1'" 1"'1 '"'1'1"'" ••n ~"" <! '"1-" 1" ""!1••" "'H 
• .,_.,_. '""1"' O] ·1•.¡., 1'"" ''•1•>-'·>'1"-"l»<<~u '"-"'! •~ 1'"'" 
¡r.d ""' 01[ ' ''" "1 '-ÍJ'-" " .,, •• '1 1. •( ' ! '" " " !·" " " '" 11 "' "' 1 'l "•l•t' 
P"" ('!" 1 '·"'' •"11 """1"1 "·~ \-~"' '·'ljue ""!"''"' 1" ,.~ o111 
d<jl .,,,._.., l"liU! -"11 '~ 001 JI "['>"1 ,U"-1> ll"lltOO 10 11"1"! "'JI 
10<[11-' ~'"PI>-i .(•j w•m"'[_.,..\ "'-1' ll·'-"'! too~¡ 1"'" <'"'" ""!1"'01 

'-" ·~· '' 11 "'"'"1· • '1 " " ' !' 1 '" ·'." " ""11" J •• ' ! '" "1'""-1 ' 1 "1 r • 
. , .~ ''•(• '""l!>•Ki l'll!'·! l'·'!i!>J<i• 

-o;n ""'"' W"'l "'1""" ""'"11 ~;louuop O)c)Ur ,,.,"'-' 0.~1 .H]l 1"']1 
"'!"''"'-' po~ \1¡•1·110!1"1"-' 1"'""'·"'"1 '!'il -'1''!'"' '1"'1~ "-!<\ puo 
1<,1•\ >oi>I.C~J ''1'"" JO >W """"11 ·'" '(,l,lJ -.¡. '"' 'H"Il>UIIJ U 
~""~'•"11"-i> "1 ·¡,.,[ 100!'·"111< C 1(1~0 "1"1"'-' •"ji O)''"-'"""" 
,,= •P<:I -,."" _...,, "·'"'' ~>r·r~ (""'"''''·'"') ""'"'' ""!"'"l -''1 
""'"'1 "'-{1 u¡ P•"'!"' "" ,.,,~, H>ohon• 1'"" lll<lol! "'1' 'o"q"'l '1'11 
ll] '"-'i '"0! i-'<:1<:' )" ""·"11"-'· ""!""""''"''"'!'OIWj ·!111 NJ ~~~ 
"""1!.11 .i•¡ 1'"1!"'·'1' "'"1''''~'1 " ·''l 1" ''"''"''11' •! '!'U. """!''" 
•U! -~1 1"1'~11 _.1 U<> '1"-'/ huom ""1 ¡O '"""'"' >~1"1" >1.L 

''1"'"11"-'" 
"'1·"" 1""1"""' 011\ ..... jJ·' "! ._,, 111 1" [: '1'1''.1. "' "''!" "'""'-1 
'"{l. 'fll'-'!1111•~ J<• ''"1"11111 OI!II~U! "" '-'"'1 ·'1!"-'"'"" >~ '>IIOIW<•{ 
l•~¡u;..,Jd ""·" ""'1' "'·'1 lQ,{ .,_,.,,,¡, o 11Q >UC!l!''"l ,_,_,, 
'l'l'' ""!"¡ 1'·" '·'-'Y""''"' 'llC ""11 ••>J -~1 .it·uo ol,"ll '"'"!' 
-¡•W !" 1» "·''!~ "'''! '•'"'!' "'"'"'1"' '"" "'''"'" puu 'J·>"·'J "'l 
.i 11"-'•"·"' 11' " "'"''11 ' i''"''l '"1'" •q 1 "" "'""' """' I'""J '-"" 1• ""·'"' 

·,.,, ~"'""q' «o.l .,,~1""'' .....,1" ''"'' ,,_,.,__ n•:•:1 PI·"' ""!oo 
O<. "'•"11 '·l\Uij "1c ''~ "·'~".l "•1""" •"11 •'"~·'1' "'·'1"•'' ~"! 

[ 

1 



''•· ......... '""" 10 '"'''''' , ••• , •. "'' ""'"" '"' '" .... ,., ....... '"'" .. "'"'" ,, .... " ........... ,,, ""'" "'"' .... . 
\ n, ., !. ¡,, ,,;, ¡¡, ¡m ;,. '11 /., ' o.,. "'"" "" 1 ,,1, , 1 ; , , " " '"'"' ""'" 1 

nt< l><<'·<"nl, rl>o •.not¡,,¡, ~ill "'''~"" ...-.mn •thitrnry <hui"" (ur 
'"' '''"'"''"" ,.f 1 l.o• f"""""'"" do "']"I'"·''H( 1" "'N p,rÍI <). 'Jiie•<• ,.,,,¡,.,, ,,¡,,,. tlw I>•Lini>Ci ,,¡ l't«·¡,.¡,, """l"i''"'· lln~·e•er, 

thn¡· rln loo1~· ti>< n•lv•nto¡>• ,.¡ nlk•~Ín¡: ""'~""~'"'o/ n~iOnol 
'""••1' '''" ,,,,,,._,.,,;,,_ 

l'•o·'ldnpl""" ""' 1 ¡.-..,,¡,,.¡ rhnti,tl linbJ:P< '"' '"""~ "" .,,;, 
lnr lil<hc'"' ft!oirk 1"'''' ...,, , . .,,¡ ,.¡ < h¡-ir ohi~ll ,,,.¡,¡.,," ¡;,.,,. !.y, 

""1"'' ''"·h, l''""l:r·l "' ;,,,.,., "'"'" """""'' ''""' ........... ~'"'' 
litibJ[<·• ""' 'i"linll"" nm;-1•· ol"i"'"'' In'"'"'' ..,,.,.,.1 '"1~'""' 
nr ""'i'¡,..,;,.,.l¡>~o,""'i"" 1•~i1iu1<<. 'llo·ir --''"' ¡., .. ;, ¡, "''""'l'¡;,~cJ 
;, 1lw ""'"'1 "'''"• ''" ,.,,, '''·'' "'' """ ,,,l,. n~- ,r '''" d,.,,.,,."'' 
""''"-' •h•MI<-<·d in lhe -'"''"'"' '"' '1•·• ial ..,,.,;...,,_ ............... ,,,,_,_, ................. c..... 1" thi, "'' ,;,,,, 

",. •ll•1•t 1 ·' L•· 1" "' t '"' "'-·"1" '•l ( 1 1 "''"' he "''"'" "' '" Ll•e ,,,,.¡,. <>l 
nou· l"ir<. Tb, olo-i•" ,,¡A ln<k ~ith '"" '""''"~ po.ir< (.\ ,.,.._ 
nll«l .,, . .,¡,.,, .. ,.. . .-,¡,.,,.,.,,,,k¡ '"1";., •• ,¡,. •lc·l•n"i""""" .. r ~ 
1,,,;," mi,ti<>n ·"'' IÍn :':)""'o li>r•d '"'"''"" ,,.¡, ''" :':'1 lor 
~l.id¡ ""' "''"i'" ,¡¡,,,...., '""' ... ~ ... (1.,,~,.., ti,.....,""'',.. 
main• <en•tont. ~,c), a li<~k "'"·'·J.,. >)"htlie•Íml ti""'"" Ju .. l 
t"" I"'Ínt• iJI ;;; "lw·l• lío- "" ,.,, lo. "1""" 1lw ~•m•• ·"''• .¡,.,. "" 
,¡.., ¡ooi•>t•"" the lim• "'m>n<li"g ''""'" '"" 1.,;,,, ~m ~~~• lio ,., 
o·ir<io< -,t •• m ¡¡,¡. """'" ,,.¡,_ 

r1""' 1\•j, ,,. ,,, ... ,,~, ,.,.,,,¡¡,;,,, """, ""'"' h• '"" P<'"'''"''" 
"'' a phno '"-""'"' In o "''-"'' ,1;,.,,;.,,._ Thi, '"'Y 1.- wriltcn' 

'"' + /,'1• ·1· "•'• ·1· ,, ~" 
~-be ... '• q, (//•) +o, (m/n)+ o, 

' ' ' ;, " lo, (1/>1) + &, (m(n) + !, 
' ' ' ,, '• (//•) + '• (rn/;1 + ,, 
' ' ' ,, ' ,¡, ll!n) + •1, (••/n) + J, 
' ' ' 

n.-,.., (/. "'· ") '"' thc olircr1 "'" m.;,, .• ,¡ <1'" r,_,,) "i;, '""' r~ •. "'· 
'') ,_ ·' 1' •Í'll '"' L In· """ m~ ,0\i<. 1 In• "•r• 0, , 1 , . .!, ¡ ... ._ rl, o•o 
ll'>o <>~·lli•>Í<nt> ni 1ho .,_,,ri_, ~ ¡,¡,¡, <k-fmo, ti..- 11101inn ¡..,.. "'l"a· 
lkm(l)). 

l-\nllw, it '"' l><o'li ,¡.,,..,in (JIIInt th•l"'"" .,( nll ¡»in" 
llith I)L,.. 1".,.¡1¡.,, i>U a <iu·k•, ~~ n o¡1C'rilu<l i"dÍ1••:ion, i• > 
lino, )(,.""'• il "' n·~""' (/, "'• >1),,, ~'""'"• Lh<'I'I1'1Í<>Ii•<'•l"·'­
liun 11dttc·" blh Ú • ~. ~) ¡·i<lol< tl>o •q•Wion ,.¡ L~o n.,v(n• 

"'"" 
6 

,, ti (1/,)y, 1· ,¡, 
,,, 

' -'"' -k· 
' - ~-"· - gJ¡, 

' -·~ - ,. -c¡f, - "'' 
" -·~ -"'' ~~~~~Lilntin~ il>o~• <N<l" l<>r ,, """ '' inh (S)¡.,¡,;,¡, i• the 

ro<nlllÍ<m '"-" f'<'inl r~ .. y,, ,,¡ '"""''" "' ,, ron.•to.nt d~tanre 
frmn o J>oÍnl (.1, .1 ,. ,1 ,) ;, :';<) ¡ ic],j,: 

.1,.1. + ll,l, + c,.1, + n1 - o 

u hn111 (,1,. . 1 ,, ,¡ ,) Í< ·"'Y ¡rni" L "" 11,• ~"·•l 0\i<, nnrl 

r ••• + b,r + '• <)y,+ (a,.+ '•" + J,r), ,,, ,,, .1 i -
"· 
t'¡ -("•,' + ¡,,," + < •/)'1• + ("•/ 1- < •," ·1· .1 •!'-'­

(u~l + 0,/ + '•,'>-•• +(o_,'+ <,,u+ d,¡J, 

"' 

"· 11,,'),• + 1•/1,• + f•1'1J)y, + f('·'l.• + l•iJ,, + ¡,,•¡_,.-¡ 

1 n /!,. '"" «<elfocie"" ,.¡ 11,.. r, -•• <nl><l '-"''"'""' lt·ron• ol (~' -
•,'lf! 1, \l'e lwr·, """''" ,l< (•,'),. {','j,, 1•,'), (','),. l•'·peL'Iiwl)". 

11 (/,N<, n) '"'1 y,"'"' ~'"'~"• tln· 1'"""'""" "''""""' l>~on ,,.¡,, (j ~ ~. ;;¡ ~<>111•1 _lio·ld Ll"• '"''" ,.¡,_ :o;-,., cbrl}, tln• 
'1,,¡.,. ,,¡ 'h •l,,ulrl in"""·"· "lic·ct ti..- '"'';1li•nl <>l th· ¡¡_,,¡ '"'"­
·"imdn•h·, ~-~ ""' 01 ¡,¡,.,_.. tn otlnll,.¡¡_,- ,.¡.,..., "'"".,¡ti-o.,.,,_ 
.1"'"'~' r.l., .1,, .1,¡ .. r ,,,. ~"··1 '"'"- ""' ''"'"'''"', "'' '"'" .1, 
~ """'1 '"- IJin (1,): 

.l,'. 1' ' 1<,•.1. + v,• " .1 ,._, ' + /1,".1, + 1>,• -" 
("ll.e >UT><,...,TÍpt ololl<>l•·• tloc \"ohm,¡ .•• 

~ ... ,1, .. ,, ' ¡¡~"'·'''"·'· ~· 11 ,,,,¡U< -" 
. l,',!' + "·'· 1 • + D,' " 
.1 •' .1' + l!/.1, + 1>,' -" 

_,.;,..,., 11 .. ~ lw .. ·ce• .. r '"l""' i"'" ~ •11 _. ¡,.¡,¡ 11><· ~,, .• 1, "'"' .1 , 

il '''" ¡, ·11 .... "'" '"'' ' ''"'""''¡,"")" ' ''""' ;, "'·' """ '"' ,_,,.,1; 

1 '•' 
¡¡,• 

"'1 '¡,• 11,• "· - " ,,,, 11,• /1,' ,,, 
1 '•' 

11,' ¡¡,o' 

·'•' "•' ¡,;.¡ -" ··"' 11,• "" 
11 ¡,.,, '~1'"" '" 1, ''·'" ''"''""''"'"''' ..,·,. '~" ,;,,~., •. , .. ,. ¡••ly­

""mi>l· in 111• 1 .>nol ¡.,¡, ). l"or """'' ,-;lj,¡ >N ol ro<ll• <l<lor­
I<IÍII"I 1'"'" (<·), • '' h.11 ,. ·' ,.,¡, '"'' .,., • ,¡,, 1-1 r•\'nlllte o , 1mk. Th• 
,,,,.,,. ,.;, '' "'"'r""',¡ ¡,.,,, ¡,¡,·'""ti"' h1e.l ._,¡,'"'m (hl 
~Í11<J • ~. 3 All•l ·"' ntl>il"'<:""• Tohlo 1 ]¡,,. ,¡,, ('('<nlt.• <·1 or.e 

""" '"1"1""·"''"' '"' '''" "'"''"" ·l..r,,,.,¡ in-¡-_,¡,¡,, 1 •·1 PI-

toblo < .,., o! o ro••I•00·10•ol"" <roo\'""''""""' 
10 po>¡i;oo, 1, 2, J o! loblo 1 lo (1) 

r.cn,.-c AXlS 

• 1• .o.sa:.),1 • J.Js'.6 

, 1~ -o.:an,1 • :.;":' 

HllDAXfS 

x G.J!!ly- 1.009l 

• 

Tranmli~ns ol tha ASMf 



Contlusions 
··¡¡,..,¡,,¡¡.,.,_, ,,_,.,.r.,,,,,li••" ¡,, .. r. t•• .• •lln¡dllw'"'""" ,¡,¡,._ 
><~o·~-•'""'r"''""""'" .-.. u;,.,. .• , •. n • .,.. .. '" '"'"· "'"";,¡,.,_,¡.¡_,. 
,.¡.,,¡~lf)" 1.'', ~hido, in oilo•o·l. ,¡, ,,.,., . .,,.., ;,.,,. o ,..,.,.,,.¡,.,J,., 
_ _,,.r..,e. lo;. i"'l""'""'' '" ""''" th•l ol"· ,¡,.,¡.,.¡" tr.lll•r"""""" 
'~" pruoiok• • .,.,,¡;,,¡ "1'1'"""1' l•• lm .. ·li•« e<no·T>ti,.,¡o,..j.k-on• 
lor •1""'1, •1 t.o·do·.,l. al~<ll•l.""" ,,,.,~c.,.,¡,"'" 

Tf,.• i"(<"T""Nill< I'LIII"-I"laÜon .OT<n> '"'"'" >fdll•fk"l lol_,[j•'ll 

Í>olu lho• "'"IO("tol ,......,,_,._ <llo\·om•l_o·, ,¡,.. lo.-i ,J ÍlotOn---1 '""-""'" 

"'"ÍC•, ""' nLT\o-.• ·""1 1""¡,,, '"' "'"""· TI"· >llhl_o ,¡ pmllo•l 
piLI<•I"0Lini "' """"' ,¡,.,,., ""'" tll(' w.-11 '""'~"pi'""' tf.,-...r;- ¡, 
.~.,¡,.,¡ i"'"' "'"'~ ,_,.,.,.,_,¡ ,,.,.;.l.,,..d .. ,, In thi- "'"'• tl.­

""1""" ,,¡ ¡,lo·••--1 1··•·•1•""" '' 1""''""-' ,. ,.,,,., ,.,¡, "'""'"" "' 
;,r,.,;,_,- Tl11• ¡,,. ¡,,,¡," ,¡ '",keu~'"'"" .-· ~"lo ¡oi>l>,1f ""' -¡ohrri· 

.,.¡ '""''"' .oli-o~• ,¡., Jc.i<" ,,¡ '"'~·lcoui>~n, ~itlo 1,._.,.¡.,1>1 "'"' 
auol 1 ._,.,,.¡,,.1'¡".' ¡, .d .,,,,¡, "·'- _,,,.¡, l"'b~··• "' • •1'-'l ial. '"" """ 1 
ol ¡¡ ... 1t Jc-,j~n 1-0~ it '""' aro, n--¡ <"<( 11 d_o · , 1 ,¡.,..., u ' kl -¡ol"' ;.,,¡_ 

n;, 1"1""' _,.,,¡ 1 11 oJ,·~I oln>.,.l ,-,du-io o·ly "ilh •r'<cbl l"'i""· 
·n, • .,,,r,- .. r '1"'''1 1.,,., '" ,,- r ... 1"'"""1 r,.- ;1 .. ,.,.¡,~ ,;,,.,¡. 
'""""" .,,,..¡,¡,.,_ '"1 !Wy ]"'Íiol', O> ],.,¡._,1\ <f<>OK" Íh tfl< R'\"uhU<~ 
n~·,.lut• "'""k .•y!>tloe·i· olo·;<-011"1 in !loe ]'h-<o·oli"~ .,.,_.,;,.,, .\1· 
''"'""';,,.¡~." ,_ ,., ... ,¡,¡,. '" ,,.,,¡_,. ,,,.,.¡_,¡¡,,.., di1c·tLI1·. ·rt.L< 
bll<t "1'1""""'" "•otili;"l ;., ",.,¡~"!'"""' >HtJ)· 101 tu tffo-<t (]., 
'-' ,.,r.,_.¡. uf ') ¡;,.,¡, ¡,.,) ¡¡,,.¡, ic "~"'''· 

TI""'" ll·><•lh """1 Ll•·~•· ptl"'<"lt·ollll [JI.onJ [7! """ "lilt'<l '"' 
,,.,;,., '-'"1"'' ol 'Y"''""""""• •~>1 '"'Y 1., , . .,nJo,l ._, ""'"·mli<.•· 
¡¡,,.,uf ti"· d·o•>Oenl linllt--1'""1"10 ]<'"'""'""' tf,..,.,)-. Tho• JI•• 

,• uiL ' ~¡ ,., ·" i n t '-• -_.,. 1 u ¡-. . ., ""' " 1 'pi ¡,., 1 o!.• 1• • hmo t i ""-~' ·•~· r.l ;,,., , 
l"lf~""'""''i,', """1 .-.,u¡-~·f·l'f•II<~H,,;,.., >)IOlf~-... , oof >l'~ti,oJ, 
'P¡,., ie"l, ""' 1 I'L''"" liHb,c·<. 

"Jiw ,,,¡,, ~,.¡,., ¡, ,.,,,1'"' 1,;, ·'""""'¡.,,.,, ,,, l'~ctb•· el"'" 
{u, ,¡,,¡.," ti•• hnll ,.¡ ti•· """'"""' I'"'W-'"'"';"~- ,,.¡ '" tloe 
;.;,,; .. '"1 ~. ¡,.,, . ., 1•. """"'' ¡,., ··-1···· ,. ':,_,,, :\>' 1-"·< ; 1" 2(1!1.', '"'"-'·· 
' 1 , ;, ,,-,,k 1 , ,,_;t.ro. 

Relflrenm 
1 l:ooh. l< .. "Th• ¡¡;.,.,.,.,¡,..ni~'"''""' Tho..,.t. l"i.,itdj ~lepo-­

'·'"'' (',.,; ...... .-- .b" ¡; ""'' ' -' "· "' -. \1" ·"""· 
' ]> __ ,, __ , __ ,_,,_ ,._ ,-__ .. ,,,,,.,.,-,. .-.. : ... _, '" ~~·---·il-,.1 "" 

tion'" ¡;,. ](,,.;_.,,), l'nJ.Iu•J..,,. -''"'"""'ilo ; ,\/,k..,_,,,i<-., \"ol. ~­
miO,I•I•- ""'""· 

J 1\il.o~o . .I.T 111. ""l,.,.¡,,¡,.,.¡>;,"''"·'li•.>'l"tl""•h ''' lmilc 
]l~I''"~"""IO."" J'""' ""' rf ¡;,.,¡,""'"'M f,./u•l••. T<.,x< .1~~11:. 
,_.,,.._H. hl. >0, :\o. '· ~,.._,. l~ l•t•. 1~1 -t<». 

4 .ll<momo, ,._ "-- --;:,., ~~""''""""' <lo. l:"""'""""""lr,"" 
·""''".'""'"'"'"''""· '"'· , __ ,.,,,,_ l'l" ,,,_,,, 

O ])""·""·J., ond Lb'""'"''"· 11. ~-- "".lo•l·'"''"'-'"" _,_,-,.,1.,;; ol 
~,.,,¡,¡ Un~,.,~:· Ju< """ oo- ·'"•·un• .\l" """ '· ,.,,_ e:. ;.;,._ 1, 
T"-'"· .1>.\1 t:. 1 .. 1. "· ""' ,.., 1 :. ~''""· ""''· l'l' ;, 11-:'"' 

<' ].,-;,,¡,;,, :<. l., .md >'l,l.l"oo>i "'· 1<. 1>., .. ,, ,,¡,,.,;, ,¡ fou•­
n.,...,,, -, .. ,;-,1 ~, .. ,,.,,,, ... \l "" L<~<ol"o<io·."" ,.,,,..,; •• ..,¡Jo.,. 
•..lo/.11«'"';,.,¡ .-.; """"'• 1" .. 1. "·'""· ;,,.,., c1 ¡,;.;, , ,,_,,,,;,., ],_, 
1 ·. l"n·•-i•'"""""' "' " 1""1 ,., .,¡,,.¡, """' ,,, i"in.•ll ,. ,.,,.,¡,, .. 1 ,, ,.,_-, ].) 

~ ltoth. H .. --o, ti.,. ,. . .,.~ -'"" """ "''"" ,; 1 ~.-bl Lm ... 1·;<>­
<i>t..S \\ i1h ~,,.,;,¡ l>l-1l '"'"''~"'"" "1 " ltoP,I u •• !¡·,"" J~"""' of 
'-'ooi•ovi•o '"' ],,¡,.,u¡,, T11 "'· .1~.\IE. "-.,¡,., H. \",.1 W, ·'-'••· 1, 
Fe\.."'"'·,., .. 10e-11u. 

APPEHOIX 

''""' lhot Uod" • '1"'""'''' ''""''""'"" .. T' q ., X ¡1 X G'· 
w~~rite(OJ: 

(••'- r,'J '~ •• (r, - .-,) '" - "'1 , .. (ro'- r1
1 ) <• •• '" - .-,) '" - ,,¡ . - - "•1 -" ' (••'- ,,•¡ (y, ¡¡,) (-. - r,) '" v.'-••'J l!r. - 1'1) (r, -ro) {<, - :,), 

Joumal el Applied Methanlcs 

1 : ' f'"'llll 11~ 1 ¡,;, •fol Onni "" n t 0< <' ,,,¡¡., o ( n tl•o f , 1 ph co ' 1<-n-lop· 
nwnt.ti.-ld<: 

-V~--.)(:,-,,¡¡ ~o 

llo·!o·l ¡, ~- .), "" 1 '""1 H i• ~- 3, "' ! "-< ol.-1.-m•in"l ¡,.,m tJ., ,_ 
.tri«>m-tl"l j,... 1 "'1 " ,.,¡ < 1· >o.J 1 < "'-

~"1'"'" "''"" '""""" 1' """'""""• .. ,,. ¡;,,¡, 1 ¡, " ]110 f"" "1""11\" ¡,,_, ..... , '""'" 1., ~,; .. ,,,, 

"'1("'"- .,,,¡,)' -1- (z, - 1•l'lki10 0,11 - eo>' 0,1 

- •in ~.(1 - '"' 6,1] 

""'' '"""'"" ,.,¡¡,,.,, - ,,y,)' -f- (:, - Pl'l, ,¡,¡,.11 "",,;,e" 
u,F', nm; l•• hrou~lot •~ll,i•lo n( ti,. ''""""''io" ,¡~"'· 1 ~.,,.,,¡,.~ 
ti"'''"'''¡, tl.e>'""""'¡.,, ,., (.'' l·il•ce ll~o·>" ""' ,,,_,,¡,_,ic), ,,. 
how t."• • ,.,1"'1:'. 

APPEHOJX 2 

"' "' 
¡.., - y, ¡1 
(y,:..¡¡,A -" '" 

(2) 

r., ,;,.,¡,l.oily, ,,. '""" Llw _,,.,.,,, 1, '""1 ;,, 1··•~•11,-1 '" ''"" 
,.,.;., 1~'1'"',¡;.,, (1) "'"1 oul,..ll(utr.,, rr .. - ""''"'" p>r·"''"'"'"' 
yicl<k 

• 
({-. - a,)(..-, a.)+ (y, - 1~)1~, -'•«[• .. ('·;'·)] 

+ ir,¡l., - 1.,¡ + u,(,, - ,,¡ + ¡.,,¡~ - a/-.11 

(.1) 

Thi• " ,¡ ,,.¡, "'-1!" 1 1-•· '''l"" 1 ¡, "' .,¡ o i"l't, ,.¡,..,.~o, '.dinoi<•r. \\"o• 

""'" u .. ,t """ """'¡"'''"' ¡.¡, ..... 1 ,¡,¡.,¡., ""' """"' ;.,,., llu.< 
h'·\111. l"otttl•·r, ,.¡,,, (u,, 1~, 11) "'"' (a,,¡,,, O) 010, ~"-'1" ni•·,-1_,-, 

''" •·••1•1;.,,,,.,,¡ llw lt ,,¡ '''" l"''l'""d"·"l""' ¡,.,, '''" "''"'" ¡, 
S, O>ul S., tbi• ,._,¡¡,.,¡, nonbioc• S., onol S, ¡,,.¡ obo h'). 
8, ,,¡ o,""" ,¡ •. ,.,,,,; .. ,, """~1""',¡;,, (• $,, ""'' S,, ,-,~-.... 
,,.., 1)". 

E'l"'"liJo~ (~) ;-K·Iok 

(I,- , 1)(1 -O"<" 0,)-J,- (Ii- u,)(l - C<,.O,')/, 

+{y,- M¡,;., O,>y~,- iv,- 1.,)(-in 8JJ, • o (l> 

•hielo ;, 'pi.""" p.mll•·lt•> tloo ,.,,_,¡,_ 
"fto, ¡oh "" ( 1 ) cut • li>C ,.,.¡ imh (.)) ;,. 1 " " li ,.e-;_,,'" of • loioh 

(~, - ro - n. I< - ,, • 10) "W""""· llum. _(oc 1"""1/.t , . .,.,.,, 
¡> b.·rom<> o lox<. lf d, • d, • 11, the IIW•tOut ¡, 1"'"' "'"''"'" ~nd 
( !) nui.h•·•· "11 oi • lc:on , \3 ) : '" ·~- "" " " ' 1 •O<"( " "" )"H ·!.lo ,¡,., ,.¡ 1 de 
.,r IIH• ,.¡""'C'd 1''-""" ''"'"'-'"· TI tl«·mow; '"'" rollio•c·.;,. 1:1) 1"' 
"""""u '·luoo"' <¡-liJodor, a11J <' roiuci-1 .. -.-ith tiO<' """..- .,;_., 

'""'"' on ¡;,S. A. 
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On the Screw Axes and Other Special 
lines Associated 1'/ith Spatial 
Displacements of a Rigid Body 
f.- a "'¡j,/ ¡,¡_,. i• """· lh«. Jou•. ""'/ fi•' _Ji "iuly "~'"'~¡,,¡ ,..úliono. lh< lo<i •f 1~< 
Wn< OHI ""d olho >ptáal li'l<> "" ,¡,¡"d !1 '' ,¡,,.~-• lho!! ¡l.< ""'"'"/¡Jan"/ 
JI¡'"' Y ¡, " 1frcci"l '"" oj " ""'" ('"""/IIJCO>)' "<hJ< ¡.,,!,dn p/•'"'"· >p/,.,j,,l, ''"" 

'""' iol d "pi"" """ "-

lnlrc~uctíun 

1, rnl.< 1'·'1"'· ~• •lnri1· 11" ¡..¡"""""" ,,¡ a n<i•l 
¡, .. _,- Íh • ,..;,._ n/ fonioeh ""~"''"'...¡ r<~H¡,.,~ "'"'....,.k In det"'· 
mino "1"'11>1 ecpoi•·nlot>t• '"' o l.o· ¡,_,,¡, , 1'""'' ,.;,., "' 'In· '1.'"'' .<1 
1'1'"·" ,¡,,.,,.,._ ' 1/ ., .... ;.¡ "., ...... , '"' ,, ....... -•¡.>.<ti;\ ~"'"'"'''~ 

~·loi<h ""' """'""'"'" In ti,. ¡"lo "'·'Hd<"<. o»le '"'" <'<, ''""" ,.,..¡ 
'iro /e.,.,;, L "'"'•·•, ""'' 1<""'"""''''"1"''"' '"'"· 

TI>.,.. •ludi,... nre m 1hc •piri• ni <•·p nJ ,¡,¡, • .,,¡,.,.·, ,.,,.¡,.,,, 
.... ,(. 1<. n• u ... ,,,,,~ ........... l'"m•nl.o· ,,,,.,,.,,,¡ .;,¡, 
'""'', "' tlu· '" "h ' ",,,,, 1 11 "'"' 1' 1 ·1···1 • ,, " 1'''"' <. 

,_.,.,.¡ nlh« ~otb d<o>l ~itlo e;(en•im•• o/,¡,..'""""' oh"'~'' 
'"'" tht)· "'" """''~"ed ~¡¡¡, .,.,,.,."¡,,.¡ P'-'"" "'""'"1''' 1·1, 11 
"' .,¡, ·t•lo<ri•·"l "'""""¡.e,, <J, ;¡ .\ltJ, • .,,,,, ¡.:,.¡,., ¡,¡ ''" ""'1 
luor '"'"'"'"-' •nd ~.,.¡ .,.,m¡.,,.. '" ""''idct """'"'' •J>olool 
""''"'" ¡.,, •~• ,.,,¡ thr.·o· l""'ioio"'• "'"1 ~,.¡,.,, . .,¡¡,,,, ['J] '"'~ '"''' ,. 
"'' , . .,,¡_,. "''"'" 11 D, 1]1•." ,. ,.,,.,.,lcced , .. ;,,. • ~l•io·h lto "" •1><'<'"1 
l<>d, lhi< • .,,¡,.,, ¡,.,.,, •. ,,..,ni"")",....,.;,.,. ~•r~ ¡., .¡,;.¡, ¡¡.,, 
""'"'"""''~ ""' '""" '" "" .,.,,,,.1 "'"''''"" .,¡ ''" ,,,,., ,,.,,,,. 
, .. ,.,,. ,.,.¡ ,.¡,¡,, .,. '"'' "'" ·-· 

S~rew Axis Gfome11y 
No..,endolu"' 

'" n,;, 1"'1'" ••· "'' ,..,,,.,.,.,¡ ~"'' ''" "'"'''" 1'"'""" ,¡ 
(~u ripd ¡.,.¡;,.._ 11 ;,. n"'""";...,' lo ,..¡., In"''""' a ,.,,.¡,.~ 

1 .. 1,· •• ~ "',¡,. "'"" '". f"ecll,..-1; .. ,,,. '"'""'"~'·'"''"' ;, 
"'""'M h)' :; "'"' lln· Ji,o,J "·'"'""' b.•· ~· ll'o """''"" "" , . .,¡,,.. r·~it•m• ,.¡ •he ,,.,,.¡,." •)•l<m "'"' '"'" ,.,¡,..~,,.,. '" ¡,,. 
<1 '""" ~¡,;,¡, J""'' '"" o/::; ",. "'" " ¡.,..,,~ '"· 

lt i< .,.jj """"t1 t],,l, f'')"'Cd),"'" ,.f ]no•• .> mnli>"0 "''""11)' 
'""'"• tloo diTj"'""'""' n •• ,. aiU)• t,. "'!•hl ... la• o fn1>1i"" 

"1""". "''"' "·"' ""'1' "·'"'''"'"" "'""" '"• .,,,,. """· '''" ,, ·' 
'"'"'"" ¡, <>llnl a""" dH•I><ctucnl. ·'' ,¡,.,~,.;, 1"1•. l.~, 
dr¡wol• 1)« «r<~ doioh '"~"' ::; lwrn the ¡lh O o ,¡,. )!h 1"-'"iu" '" 

'·•· Tl>o '"""'l"'"d"'" "'""''"' '" '·'"'" ,. 0., ond ti" 
""""'"''"' i< •1.,. F,.,lh«. th• '""' wotnr U, 1 ¡=ailtl In ohi• 
'<f<'" .,¡, ho.< """1"'"0h!< (.,,.,. "••n ,.,,.), •nd 1hO.•<r<•' ~~""' 
'''"'"gh ,¡,. ,,,;, 1 (<!.,, &.,, ',,1: ,.·~·· ,, .¡, '"'"1''""''' ·"'" ,.,.,,,.,,¡ 
•1""~ ID•nlm.oto "'" Jcxed m- . 

e., .oo d.,.,, .. n«~ '"" .. ,-,~ P·"""'""·· "''~ ,,,,;, "'"" 
-d.,¡O., ;. the pi1 do ,¡ O he_,., •·w. '1 lu• ""' ¡,.,. .,( ¡oito·lo ;,,.,,].,., th,ot 

1ho ~.,,¡,., ond lran.Lotoo" "'''"' •omul'"'"""'·l)'. lln••••"· il 
i< .. ,,,.Jl,o· iml'"'""' In r<·m<nthet ¡¡,,,. ,¡,, . .., "'"''"'" ""'.' 1~ "" 

• """',..." ;, b,,, ""' ... , ..... u.,.,.,. •• " ""' .r "'''""'· 
c..,oriOOt<d 1~ oh• \h,·l,io< n,,,.., t>oo·"'''" '"' '"'"""'"''"" '" 'o. 

""'""'""' ,·.,,¡.,.,, •. '·''"'"'"· '""· ,,,.,,,~, '""'"· "''l<l. ,,, 
l'Hr ·''" "" '' '"''o n "' ~¡>en o"'" ¡;""""'"· ·"'"""""' ,...,¡,.,.¡"' ·'""'; ll<~<<lqo."""· ¡,..,, ~. 10611. !',,,.,, So ,.;­
~1,.. h·' 

r,.Mod •· '"''""'"""''·'"'"h. ,,.¡ '""' '""'' .n ... ,. ,, .• , '"' 
""''" ¡,,, ...... r. 

r,,. plan•mnti•-. ''·' - '\ .. ~1 Íl .. <1t<lnn<a" '" "•lo .,., 1, 
•.,-o. 

Tw~ Po•iHon• 

1\"o ""~· ,¡, . ., . .,¡,.. "" ,.¡,.,,,,;,.,. '"·"'''""""''"' .,¡ ,, ¡,,,.,. 
,¡,.¡,1:«-clno"l, ~¡,¡,.¡,, ,.¡,j,,.,~¡, ¡,.,.. oell ~ • .,~.,. '""" lh< _,.,.~. 

.,n """' '"'"'"'"""; ;,1,., ... , ¡,"'""''¡,u .. ~ •. 
lt i• '"""" Jll]tl,,,, "'" ¡¡.,;,.. do·ph"''"''"' '"''·'' ¡,,,.,.,,.,.¡.,.,1 

.o• 1ht· "~"Ir,¡,,,..,,...,¡,.,. "''''""n"' '"'''" •~" ~mi¡,.,,..' Tloo 

o~u I"'L~ "'""' 1., ""'""' 1u owl '""'"''"' olor ~·t<• '"'"· 11> 
,,.¡d,,¡,,,., ¡¡,. ,¡,,,.,,,., ,.,,¡ ''""lo ¡,,,,w,,., ,¡,,.,., '"""' '"'• ~ ·p•·• • 
,,.,.¡,., rl,,n """ ~.,IZ \ ""~'"""'! hum ,¡,. '"'' 1""' '" ,¡,., """"" 
;,. olor,..,.¡,,.,"'""' ul 5,,1. Utln·•~i ..... tlw •~·• ¡¡,,. '"'' _,¡,¡. 

''·''·'"' TI" ¡,,. • .,¡,. ¡, ilho·tr•lr.t "'~1 1,,.,, . .,¡, • Í<l• •t.. •io! ,,¡ Fi~. 2, 
"'¡.,u .. ~-. 1., t< ""Y liur ""'"'"1 '" 5,, ,.,,¡ 11 ¡, '"' ¡,,e "'•· 
,,,,.,¡ hr "1"''·'""" '"' 1., ,¡,¡," ·• .,.,. ,.,,¡,,.;,¡""' '"S.,'"''~;,;, 

' ·' "~"' '"" "''""' ·' ""' ;. "'""""'"" '" • '''" ,¡., "'"" '"" "'"'"' 
''" lu•e. 

~ ~ -q: 
¿' 

¿. 
" ' 

"•·' ...... ""''"""''"' '·· .. , '"' ""''""' "'"''"'''"" 



L; L; 

' 
A; 

·A 

', ~o t'" •Ao roj ' !ji 1 ' $; 2-{) -o-o-
--t-Jt~-1 _J 

• • A· ' · A-
~ e·· J -f'-a 

,,._ l Jwo <oOo<l<ooo ,,. ""'''"''"'" • "''"' d;oplo<Om'"· '''"' 
A. lo ""'""'' '"'"' t. to >"''''" A,. ood A, lo "'""" obo•+ !, lo 
•'''"'" A,, lh••o••• "'"'''"'''" o..O ••••••''"''"'"' S.,. 

IX>"'"'"'"" 9.,/~. <1.,1~- Tol•. 1, >.• a ~·n..-ir ,.._;.,, in :':,. Thon, 

... n., . .,, •. 1, "'''"' 1., ¡,,;,,~ir'" '··'"" "'""''"'~·'· "'"'"' 1., 
brin~··,¡,., pnint '" ¡>~ilinn .1,. ¡.,,,., lhe ''"""• •hirh •hu•• 
"" ••><~ aonl -.1• \'ie~ uf thr ...-ro", it follo,.. lh'" ,¡,. 'OI.<Hv• 
1-'"id•n• .,¡ .1, ,.,,¡ /.,. nl<ieh ¡, "'"" b,, /),,,,¡ "• ,¡,,., ""' nlleo·t 
,¡,. d<•i>la<·rn>enl. ¡;,¡<ln·Hl_,-, ¡¡.,, <i<•pln"'""'"' olun~ Lhe ,,.,,.,.. 
,.,¡. ¡, ,ivo·n In· 

11 .... 1>+~(~- /)) -·'··· 
,.,,.¡ Lloe "''~"L" oli-~lo<•ril""'· oJ thr ,.,¡.,¡¡,.., '" .1,, ~'""' tlw 

"'"" "''"'" 
o+ a+ 2 (~'- <>) • 8,,. 

ll""'• lhe 1~" n·HrtiO•n· <lf•..-1 "oli•l~""""'"" iJ,,.,¡,.,I '" lloe 
'""' ,¡_,r,,.-11" S.,, uml tloeto-f<'l\', "''''"'"""lo· lh"l 11><• .,,.¡,¡,, 
,¡ /,, bl""~ S., 1 '" ¡,,.¡,"¡ "' '""'"' . 
Tht~• Pc>i!oon> 

¡-.,, oloro ... fini<•l.>· .,.,,.,,.,.,1 ••~••••••". :":, :":, !:, n"'" "'" 
lh«·•"''"~ H'"'· S,, S~, 1,, ¡,,, ''"h '"" ,,. ""''l"""'lo·no. TI" 
"'"'"''"' 'o•la1 "'~ ''""" '''"'" •, ,.,, '"""" ;, f'i< :<. "".' be ··~·ilo 
,¡.,..¡,.«1 h.> t<plo<"«<< """ '"'"" In· '"" l('~r<·li""· t:iven $., 
"""S.,"" o·all 11"'" """"'''" 1"''1"'''"'"'1." /,. e<iod do•lbo 1., <L• 

oh.¡,,, 1.1 .... ~.d .,.,,., s, h.< an """''"" -.!.,}!. -O,n, 1~ 
·¡,lloeli"'''"'r.,.) '"S, ~hich ¡, ~,./~. 0,./1 1n•nL 1.,, Tite lhi...J 
'"''" "''S,¡. <1"'" ";"'""'o],.. 1,..,. """'"'1 '" /., '""11.,. Tite 
···lhht¡· ,.¡ lhi- ''"' "" ....... b¡· .,., •• ;..leri<•< "" ·~·'"'"' poilot .1,. 
w, .. ~ ••• "'~'"' /,, nn•l 11><-.. /,,,""'"""lo in~ 1"'''"'" .1,. "' 
""''"''" "'''" ,.¡,,,,.,, i• the '""'' "' ,¡,., "''"' '''"' 1,. Udl'-"'t· 
i<•~ .1,~ho"" /.1 a<o<l tl><h /., m-uh• in o loe .. ,¡.,, h<in~ in po.>-ition 
A,, ThH• .1 0 Jo.<• "''"''.¡ '" .1, ¡, ""'l"""'"' f,,, "·lleo<i•"'"• 
b"t ~o·u '"''<e--iv• .. ~,,.,;.,,., o<e oho•U oh< "'"'< '"'"· /_,, "'"\ 
"""''' ,..,,. h< ¡~"'""'· T¡,,.,¡.,,., tloe .,,.,, re•«l<• ,.,_,. '"' 
,.¡,,,.;,,d rr .. m, r•·lleo ¡¡,,., ,¡,.,.,. /., r"ll"""' '" "r•·ll••• ¡¡,.,, "'""" 
1~. 11'"" ohe ""'"'-'' tq /., ~,.,¡ /., ol<hn._.. the ..-<t.- ,_¡, ¡.,, 
s,. ""d oh• ""'·'m"•" o,n. d.,/~ ·"" ,;, ""· ,.. .• ,, . .," ,:_. , h¡ ,¡,. 
"',:le.,,¡ ''"d ....... <'<''""""''" 1., "'"1 {,,_ Th..-• q.,.,.,;,;,.. .... 
ol••)• """"""" from 1., "'f.,_ 

·"''"'' ""' oh,...,• ''""' '"l''" '"""' • '""''"''''''·•lh "-"'" tl11ee 
,,¡~,,"""""l-. io ,. "P"""'" '"" ,,_.. ,.., .,¡ ,¡,,....._.,d,fi" .. ' 
...... , ... "' .,¡ ¡¡,., 1.,, /.,, /., "'"' ,¡,,.,..¡ .. ,.." ''" ,.¡ !'"-'""'""' 
,1,, J,, J,., O.,, O,., ~u- 11<'1<<'<1~<""" ni of """" "'"'""' ,¡.¡,. 
,.¡,.,¡ •• """ •••h•"''"'" •f ¡¡,, "'"· 

'11« !""""'"' rio·"l ""'''~""" '"" f .. rm('<[ ¡,_, lhf<'<' ¡,.,, •nd ll>e;r 
"'"'"w" """""l• 1.,,, '""'" <oll«l ¡,- )"ao~ 10:1 '"•ftl"'l ori­
~"<1•·." Tloo nmfi"'""' ¡,.,, «( lhiN' "'"" _,,.. ""rl ,¡.,.;, """" ol• 
~oll loo "'llo-,1" •-,,.,..,_ "'"""¡'.-• "' ,..,,¡,.~,- '" tlw pule 1« "'~1·· ul 
ro"'""' m"tinn. TI•• po¡lo ,,;,,~1• i• o •r....-i.l '"""' ,,¡ ole "~••~­
<riai·O:•-" lh· ;,,.~ti,;-otil•< th• ""''""'"~- .,¡ 11\o- .,.,..., or;,,~¡, 

1 

Fio. 3 '"'W '"""''' , .. noo+,, ••owloo ''"''"' of """ .J,,¡,, .J .. f2, "_¡,, •••'" 0"wooo '"" .,., ·~• "'" ''"'"' oO •~molo •o<woo• 
o!do. o,. •~ '"' ••oloo Klwooo '"'""" •~/2, 0,_/2, JI'}? 

-lou~-.. ;, r.~. J ..... ,,,,¡, •n•l_l ,;,,] "!"""''"'-' ¡.,, ,,,. ..... ,. 
s .. • ,, '""'' ,r s, ,,,¡ s_,. 

T.,.;," proj«·ti'"" olm•• tl.e "<'"" a u• )'iel<l-: 

('") "" "" . ('") "" - ---- '"' -'! ....... , 2 

("") ('") ('··) . ('··) . ("") '"" :;- - ""' --:¡ ""' --:¡ - "" "'' _,, -:¡ .,, :; 

"" "" . 

. ('·)] t-•'"'""""'"''"' ? ' 

. [ ('") ('") :,,(~) ,¡, -:;- ''" T 

(. •)( (' ·) ('") . ('"))] + •IR ~ J,, '"' ~ "'' 2 d,. •uo "i' 

"" ond a., 01<. fe'<p«ti••l_l", !h< O<o<k- ,,.,¡ ,¡;,,.,...., lo.oo.., S,, 

,.,,¡ S., '"ke" in lhe "'"''-' o/ """ ¡,.~ S, '"'"" L_. in tu S.,. .-imi· 
¡,,¡~-. f,,. 1<>•·"~\ .... 1 ¡,,.,,,.) "'' ,,,_.,,.,. frum s_.. ,,, S.,,.,,¡ 
/"""S. to1,·, ""[>t'<'<io·ol,, 

' s .. ¡. ·' ,.,... """'' tl.e ~ ..... "'" .,,.¡ ~"" ,,. "'"" "'-''"''"d" ~· 
S.o: ,.,.,.,, tM "'"" (ol '"'·"""' OtOd '""~-"'"''' ;. "'''"""' ;,. ............ 
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'9"•1 (oc •"1'/J'"""''""') ,¡,.,.¡ ""rd'- .,.,,~ "!'~""'' "d" .,¡ "" 
"p "'" <1' ",..- ,.. '1""" "1"1, ,-al ' 

In,¡,.[.""~""'" ~• 1,.,-. ¡....,, Hrl.'••< ••-'•h tloc ~""' ,,. ... -,,. 
,., 11 "" ""''''' rlw mnt;,,., ~• thd,•"·''• ~. i• ¡,.,.¡, ot ¡,";'"'"' 
.,¡,.;,,,, du• 1'~"'""' ,.¡ t!" "'"" ""' ;, the """'i"< ¡•1·'"'' "'" 
,¡,.,, ~uo·mo"l ho· tloo ,¡.,,.,., ]',~ "'""''k• doo ],.," ,,¡ S,• ¡, 

""''" 11 .... " ,.,,_, ........ "1'1'"''" ,;,¡,., ,¡ ''"' "1'1"""" -""'" 
''" ,.¡,;¡,,,.,,.¡ s,, L'. S,'. s_, ·".,,.,,¡(u< '"l'l'l"m.-"'"'! l ·1.,•1 
... p,.. . 

.... w c ......... . 
_<¡n,..., ;,. tloo ~~<•<Cmfl.ti"""'J "'""f'IP, !, mu•l '·"Í·f_o '"'' 

"''"1""'"'· llw loepol"'" '" '" 1"''"""" ;. '"'''""Ir"'" fou<r In 
¡~·o. ,,.,,1 doo 1,.,., u( h ¡, • t~•...lomt"'''"',l '""'"jj.'"" u( ¡;, . ..,_ 
cnll«i u'"""'""'""· .'inlihrl,<', 1,. ,,¡1 ¡,,... '" ¡,¡¡,¡1 ,.,,,.¡¡,;,.,. • 
. olla]"~""" '" ¡.,)"'"'(lo), "'"'1, ¡,_,- ') """""-'"• ~• .,IJ ,.11 <he .. theo ....... -.. 

F-'l""'''"" "'"'<Ctoi"" tloe~· """"""trio·¡,,., '"" ,¡.,,,.,.,¡ ito 
.\pi"",¡" 1 ,.,,¡ ,¡~,;,.<loe,.,,¡,_,,."" <h• ,.,¡,..¡,k-<-,lli,.,),;, 
"-•nl<. TI•.,.. ,,._,uJt_. ""'-' bo '""'"''";,.,.¡ ~· (oll .. ~ >: 

' ¡,¡ '11"' .;, ,.,,.,- ''""' ,.,,,;_,,.¡ ~irh ¡,.,, 1.,.;,; .. ,., .. r"' 1 .. 1_.-
"'" ¡:.ot~ollol '" ,¡, """""In!"<,.¡ • «<hi< "'"'· 1loe ""-'OÍ• nom­
piPJ<h- <lofinod ¡,.. lhp ,¡,.,..,;,.,,. <>f ""'' ¡,.,, "••PI""''''" ,,,,.,.-., 
un<i <lw r<•n1~iui11" •~" '"'"" ~ ton_< bp r<>"LIIo·l '" ""Y '""el""""'" 
ni <hi• ""'•· Wo •el<r '" ohi. ""'" •·' .. ..,,.~ ""'"·" 

(li) ]-;,,., """''"'"' ,¡ ,,, ... ,, ... - ,,,, . .¡,.¡,.,. .• " ""''1"' ,¡¡,.., .• 
linn. ,..,¡¡o''""""" ,¡¡,.dio" 1!,. """"""'¡,o •i•g/y i•fi•ilt 
><1 o! p<JUil>ú '"'""' or,. poor<oo ... ·l~ueh "'"'""lrnoe<~·i•mal 
,.,..,.,¡,¡""''ni r,,., ¡,k<""'"'""¡,.,., •• ,¡,.,) Tho· .,,..,,.t.,.,., • 1" 
oi-.n li"" •<n .. oce oll.ul<te••l'"l h_1· th• "-tn<(.,, '"I•I•"""'"'"'Y) 
"""le; ot the "rP"'ile ,;,]e. ,¡ "" "'~"~'" "''"" ~,,,¡,;1,,..,_,¡_ 
11""'""'• ''"' oli>lano·•• _,,.¡,,..,.,¡,.,¡ ¡,.,.,¡ '"'"''" lloe oh11ol ""•'•·) ¡, 
•hiTe<ent In< <ll<h tno•ml,., n[ the ,.,;..,, 

Alllh• '"'"'IK" oj" .,,[11, !m• ""'' ''" '""'"""' "'"'1""'"1/o l. 
'!'he li<>t ,.... .. , •• m. ;. o-ompleh{o· ;.,.,,.,,.,,.¡,,., oí the ,, . .,,.¡,_ 

1 ion ,¡.,,.~ lhe '"'~ < ,,.,! thc 1'"'" imo • f lhe " "'"'- TI" n·hc, 
Í'< ~H<•I ¡.,,., do• ""'" "" 1• '"" o·lo· "H h ¡.,,.¡ 11101 ¡,,_,.. "1'1"'"'" 1 '" 
¡, •. ,,;,..,___,..,. "'-" .,,,.;,1., ~u t!.- ..-.-.-~- •· ;.,,"',.,.,;,.._ 1""" 
,.,.,.;.,,. ·•·••~•. Tlú• ¡,.,.,¡. ;,.,,_.._¡.,.,,.1;· '"ti«"'"'~""'"" lhot 
,¡,.. ""''" """" ¡,, .,,¡,.,¡,_,¡ '""'""' ¡, ¡,¡,.,,;,.,., '" ""' ,.,,,.. ¡,, 
'"""'I"'"Ji"" "'""-'' •1"''-1 """'"''· F.,ttlo<t, ;¡ lhf o¡.-,¡, 
1•hn .n jnfnoi'-'' lhe "''"' d''"''""'""' ¡.,¡,," (crc•'"I"J ,,.¡,,. 
'-' l .. odoc, ""d ""-' '""""'' ,.,.,,. .. , ',.¡,¡. _, ''"'""' ~""' """· 

TI..,.,,.~ """ "-'-~<tbh-.1 ,.;,h <h<- m"ti•m okfi,('(] \" 'l'•Lie 1 ;, 
'h"~" ;, J'ig_ tó. \\'" ""'" '"·'' o he"""'';, ''"'"l•lciOI•· ,¡,.¡¡,.,..¡ "·'' 

'T~o oln•l ••<l .. ,,.. wpptemeo•t.uy ol <h•oc """'''> ''"'' ,¡,~., 
,,, to(J d.-. 

' n_,. ,.,¡,. "'" • m in< 1 ,,.. ''""' .,¡ '"'""' ·'""'" "' "" t IJ' the ~'"" 
•• ;, <he ''1"'"""''" J<n 'l'ho ..,_..,o! • ·luot..,,lo ;, dofo..d •• '"' 
..,.,. ol th< ''"'''"'""~"" ''"'" ,.,'""''] <" "' "'' t '-< lm• '""' "'"" 
t lw ""'''" " '"''"" ""·''"""' '"" • """ "'"" ,. ~"lo tJ.e In.• <o u h~l, lloe """''"' •~•"• ,,.,,., .... _ 

"•· b (obl< ''"'· ond plon., ""'' lolll" in plooo l ~ L '"'' <••• 
''"'""' ... "'"''''"' ,, ,,, ........ , .... ,.w .......... '""'" 
"""""''''''"d'~ "'"" '"" o<<odo>ed w"h "'''"lo" P"'""'"' of 
"' mo"'" •'''" ln loblo 1- lOo>:, Y,Z-<'Oodon•"' '"""""'• "' 

'"''""''·" ,,, """'' '•· "'•· "·· 
doo ,r.,,.,. ,.,r,¡,. "¡,¡,¡, ,, 11• , . .,,..,. ,¡ ¡.,,,., .. ,,,,,, uo:h ""' 
J•i•ne ""' ¡o.~.,;.,, tl'""'"h tl•• "''"-'"· The "'" • ''"' h) '"- rl-•n• 
1. ~ 1 i• 'h"'"' in the E¡;mo .. lhrn"'"d_r, """ ""~,\-n< ;, 
''""'"'"·"·'' ¡., , 1,¡,..,.,.,,¡ . .,.,, ¡,.., •1 .,,¡,. ,_;,.,,.,.,.,! the """ • iti• o 
-"""--~t..re: ¡.,~.,-.,, ,¡,;. -..-no• onnclo 1,.., "~""''k"'-

1: .¡,,~ tloo ""' '"" th.OI rlot',. '''" '"' , ,..,,_.- be"'""'''''" ,1 "-' i11 1< •­

_,,., . .,,.~. 1,.,,.. '"""""' ,.,..,. •. """ "'" nphc:<« '""'"''"" lol' 

(o') Thc rlih.,.le>l """1" IN·O.N'" 11" pl.mo S, X l,. un<l Lho 

[•Ü<ne l., X h i• ''"""''''' -'"l'l'l•·m•·nlor)'J '" th" Jolo.,.lral ""<1• 
h•t~""" 1>L'""' 1, X h ·•••ll, X h. 

Cooulil ¡,..,, (o 1 ,.,,,¡ (« '1 .oto·, ,.¡ , . .,,..,., "l<l>ll,o· v10hd ¡, '' ·'1'101 iol, 
'1'¡".,¡,.,_.¡, "' 1'''"'·" '""tiou, "hilo(~) '' tri1·lol il t~•re ¡, "" 

"""'¡_,''""· 
11 y " ,.. , • r• ¡,.,. , """ im " ,.., 1 o; to 1¡- , ,¡.,., ; "" onal""''"" ,.,..,¡ to 1 "' t 1« 

h"-i oi tho ,., •• - '""' r ... -J ;n oh,• m,.,.¡,,~ bod¡·. 

TabJo 1 fho ""w' '" ••• "'"'""''"' doOood •'"'''"' "" ~''"'- """" .. ""'"'" '"' '"' ''"'• wo •'" 
"' .. ,.,; .. ol "' mow ""' ••••• ""' movi•o bod' In'"''"' ¡, ond '"•plooo '""'""'"' oll OhO mov• 
loo"" porollol !o oOO ol iho ''"""'"" ol <h" O<IOw ""'· Flo- O ,howo ''" ""'' '"'"' oono. 

p,,.¡¡ion .hi- ,..;,.,. ' .hi· l"""tiooo 1 'e«"W !'-'"''""""' l. 
' '" i '"" ".,, '"•1 

' " ' /,., '" '·"'"' 
,,., 

' ·-=' 
' (O~ " :o;,¡" " ...... ; 11 \"'11 " '" 11 " ."o!l 1 _, <--;-.. , 1 ' 1.1 '~ ' "'' ' '" :1 " ' '·,; 

_, 
"''"' "·'"''; _, <dlll " ,,,; 1 " 1~-111 '" " ' ',.,., ' '" ' " ''"" 

_, 
.21•il " '"'l " ';:¡,~; " ti"" -11.161-i ¡ ,, . " _, ,!1; 

"· '"'" =~·~·:·~·~t:.;.: .. :.;.==·~·: .. ;,;,~·= ,,,, i"·'"" "'"'' 11 '11 ""1 -----------·---·------
bl""''"" ni·""""""""(<-. . .,..,~,,.,.¡;.,~ In p.,.;.,.,,, 1, ~. "· ""1 1) 

-<Ulti 11.,' - u 11.",1!•.11 ,• + " to!FI 1',' -<- " 11:, 1 ,¡ , '.11, + 11,:, 1!<;-! , '.\', - 11,::-,,;¡,, 11,• 
+ u :c¡Jr>.ll,' 1·, - 1' ·Cltó,l.,,l-,' - u 111 ;;,_¡¡ ,.\',< + 11 <ll; 1 L,_:¡, 1', ~ " 

_\11 ~-.. l"'miiPI '" llo. ""'""'"' /., a -11.1·1•~. _11 1 ~ -ll,o\ilr!, .1-, - n.:"00 ¡,. "' ti"· pi'""'' 
ll,ll'!úl' - 11 ""'.•11, - "-'"'~.,¡·, '" (J '"'' - " 
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Th~ C¡lindric-C)'Iindric Crank 
l"lrodu<lio" 

1 t " ~el! J.""~" oh. o. iu th• pi...,, <:> .. , ot.e pulo ,.,.,,... ;_,. al~• 
lho '"''"uf !loo h\<"<l "'"''" .. .,¡ -'~1 "f'-"11•1";"' · rird•••. ¡, tloi• 
"'-''"'""• 11" ,.,,¡,. '''"'" ¡, <llllcd llo<· "'"'''f•pubol H<ll'o•, ,,,,¡. 
lcirh·, lloe ,,,¡,. ''"'"' '-""[ ;., lho '"'" ¡.,~ ¡,,¡,. ;, ,¡ . ., 1l.el·n>1• ,¡ 
f".'int< •h<>--<- ¡,,.,!"'"'""'¡,u~"" drde. •-•-. oho '"'""ll"l 
<ird .. ¡ooint '"''"'<". T/or# d•ofi<mo OIY '!"eN./ mM• of mor< 

•• ,,,..¡ ""' "'--'"'"' "''" ,,.,,,-.,¡ ""''""· ' 
lto •1•·"·· ''"'' "'''·' _,,_,]~~""' ,,, ",.¡,¡,. 1""'"" "¡¡,,. ¡, tlw 

,.,,,;,.. bod_l' ~¡,,..., lour jx><i<iOio• lie"' lh<• •arn<• <1"'"""' uml 
"''"" ""•lo fmn • line iu 1hc foXPd r,.J,-_ Thi• 1.,.-d Jiu• ¡,. 
"''"'"'""" !()!loe <"<>IT<•i-"><"h"~ <enter 1'"'"- ]~,eh .,Ido o<l ni 

'""' ""'' '""' "'" ,,,,._ do·li'"' •1•< ·'"" .,¡" '"'"' ""'' '~" "' 1;,. 
dri•·.ll ¡.,¡,,,_ F••· 7 ·l·c.~· " ,._,·lmdnc-<.1 fw,lric """' m ,.,,¡,¡,,, 
&"""'""'1 ,.¡,h lnur hlli~el,· '"'"""'"" r•~"'""' ·~ ::;, 

~~ <h< "'""" .. r _, ~""'"' ,,,,..,-. ,,,. ,,., ... ],,,..""'""',.,..,k 
d.r,.,.,¡ "-'' • ,0111 ,., '""'""'"p.,;,;.¡,,,,¡,¡, ,.f '""'"··1"· do~«l 
'" o •J"'tül ··~·•· od tln• ''-' lwdo i<'·<.dindri•· ' "'"L ll,o· """~'' it>~ 
ll•i• l'ie~point ~•· ""' ''·"' tho lniJ,,.¡,~ ~""""' "'""1'-< 

n,. l•<i Hf .cu" ""' ,¡,_~,.,,¡ ~•'"' '"""'""'" af 1 i) ••di <il a" 
iir"limllo ¡¡,, l"'i .,¡!!.e·"'"/""'~~ n/1 f•.,•·l''"tlio•. < •.-hwlw· 
q¡l,.,.¡,¡, CIOIII•. l'"<lé•i'""'litooh·. 11"' 1••11 ,f ,¡,. ,,..,.¡,., ""~ 
f o r •11 1 rn ,.,.,, 11 ¡._.., , .• •· IH<d r i •·<,\ 1 , núne , . ., 11b ""'" ¡,¡, ~ 11 h t h< 
koci o!.,...,..,""'';, tho '""''"~ ,,-,,om. 

1 r, • "" '" ,¡,- ,¡, t ¡,, '"'"-· • '' "' " r ·r<l '"" 1 '"" '""' 1 ¡.,, "" " >, ' 
lhcl<· l'ill loe"" """·bti•>" "' 1i1<· '-"""lnrol ¡.,¡,,,, 111111 tloo 
<}·lmdrio-C\ lmrlnc <rllni-.< he•·omo, ;., ctl•·<l, I0\'.,[1\LNe\'uh"c 
omak<. 

Nomon<lo<o.-. 

Th•· 1 .. 11 .. " ;,, , '" , "' i1 ¡,., ""' ;, tmd"''"' '" ,¡,~" il"· " n·r,,J, ;,~ 
,.,¡,,.¡,¡, ''""·' ¡.,.,.]'¡~ ')- . 

L,ll.,. .ll,. .\',),a nnit H"<lnt l"'"'lltl tn !he jlh ,,,.¡,¡,, of lho 

,.,.,,.¡.,~ ui•; A,(.l,. 11,. C,), !he """''·'1 '"'"'' '" 1iw '"""'"" 
">i•; M<d ""''''"' !1.',. S,. 7',)•1<-fiowol '"A, XL,. ~;,,l,ul). 
r,., ''" low<l a,¡.~-,, ¡,.,.•1ho """ ,,.,.,.,, o Iom¡; ti ... oxi, {l.,~. •); 

l)., ""'""'¡ '''"'"' horn lho <ori•ill fa. d, 1); "'"' ,¡,;, "".,_. 
pro.lo<t {p.~.,~ .\11 o[¡¡,,_.,'''"'"'"'"' •rc '""'-'".-...]in 1h1· 
r,,,¡ ,.,,,..¡:,,,. ')'olnn. 

tloin" •!•, 1\tod /J, tn ''''"'"''• 1<'· p<.-<:1 on·ly, 11"· ""~''' "'"' ,¡,,¡ :<ncc 
h1~.,., 1he ""'''"• ood ¡,,,¡ "'""· "" •nl• "P...,.¡'"" lo• tho 
<OrL•i• .. ol <h< "'&1< 

'" 
and 11•< '"''"'""' 

lt, ,.¡., 4•,- f.,p + .11,~ -t .\',7 ~ W, -t p.~,+ o•T, 12) 

l•ci""'" '"""-'"'· 
Co,<tlpond•n<< (Th.-.o Po•ilion•) 

1\'o ''"" .r-.,- ,¡,., fot 1h...._. ,..,.¡,¡...,, <l><rc ;, • (1,1) """'"' 
•)•modoiO<'el•o•••·•" ,¡,, "''"'ii•O """ /1\nl ""-'",¡a <,\lin<lri<· 
<' lo,,¡, ic "'"'· 

Tlw "l~i·< ·in tl,.•cn•nk doo~ t•<•t ,.,,.,¡,¡,ti,. "'"''""• >lid 
''"""' ¡, ,...,.;,;., •• 1, ... ~ .. d ... i1 ¡, ,....,.,.._,)' '""' 

"" 4-, - '"' 4·~ ~ "~ •1·. 

E, "\?:i 
v <\ 

\< 

\ 

J 
' l:, 

lio- ' '•""""'~''"'" ... """' ...... , ............ ! .. "· ~. -· 

(A, ¡.¡,V) 

1 

PI•. ~hio·h to¡:<door ~i<h ,\' -1- ~' + '' • 1 ¡itld • uuiq'le ,.,,¡, lor lloo r",.¿._.¡, ...,.;.,,.._ 

11 {/., p, >) nn· ·r~··•l"<l, o11d "'' ""'''¡'"" lilolm<·or tmn•· 
r .. , ""', ¡.,, ,_ 

(J) .11. 
MI..- 1.,¡ + ~1.11.- .11,) + >1.1'.- x,¡ ~u 

).(/.,- !,,) + ~(.\!,- .11,) + t(.l',- .1',1-" 

-~«u.ll¡-, ¡:¡¡ '"1"¡"~ L,, L •• L, In¡,; ''•• """~""" ,,.¡ (),, "· d 
'"""-'"'do ri~hl ,;,,¡,, ....... 

1.,- •••• 1,, + t,, •. ll, + ,.,,_.v,. 
.11, • o,;.l., + t., •. u, + ,.,_.\',, 

1111« ,..,,¡,~ .,¡, i- "'""'·"'1' ohn..,,., ,¡.,.¡_-,., .1/';, ""d ,\''; 
an· nll ''"'w", ¡;,,,,_.,;,,., (:') "''-' be ..,,¡,.,..1 ¡,,., ,,~·, ;,¡, ,,.,¡ 

' Tloi• •~olion ¡, "1 '"' "'·'"" or '"""'"1 J•¡ooo.li•• "'"" o-ho.'\1"' 
Uoe ..-.. ~ ""' ,,.,.,..,., "' "" ¡"""'" or "'"''~-">""· 

-~-..... 11,,1~ '·"'- "·""''"- 3 

Jnmnal ol Enginecring lor lirUuslry 

"'"1 .,, ''" " 
l-:,,,,1;,, (l) ""'-""''" • 1"'"" l•omo"'""'"' "' ;., 1., .. 111 • .\', 

.. t.irh , iolol•. ·-•). :1><- ,.,;... L,/.1', .11 ,¡_\',_ r;,.,u_, .. ,.,¡¡¡,~ "1'0" 
/. 1' + .11 •' -t .1',• - 1 '""' delermin .. ·' "''"1''" •« .,¡ '""' ¡.,~ . .,¡, 
''""' 1 ¡,., ,,,.¡,,, "'" , .• , .... d"'" 1'' , l~o· "" ,., f-""1 '"''-

11 ""'' t·.•·il_l' toe· .1'"" " do>t tho "'' ••w "'"' ·"'' ,¡.,,.,[ar ""'~ in 

"n.., d-.. ~-•• .,,,., ,-, ,., •• ,.,;., o1 .~. ,.., •.• ..-..-~-•"' .,,,.,. .. ,. 

>nd o).o .,,.,¡, "' '"'"""' .-.... -'1'1"'"'"' ! for "!~"" "'"•~"""· 

5 



'iC'-'·' 1• 
¡-,., ·'' 

"' ~1 '"'·''" '"""~'" ,,,,.,,.,. .l('hll<··· 1>; ,,,,,,;,, ,:1)_ 
"«' "'"1.-ll"di-t ,,,,,.,,,,;. '·'"' 1"''""'' lf.,.,"" 

u, .• ; .. :-
.,-,,- =··-- -.• '" '·. -- :.. ,;; •« .~; 

... , ... ~-
- .. ...• - ' ' " 
- ..... r. .• ~:s. - ''·' ' •1 1', - "1'.1 

''' -,-;_;1, JI,) ' r(.l', - .\",) 

-_\llr¡ - 11,1 ' i<r .~. - -"·, ' HT, - 1',1 

~ ,., ¡,.,, 1ho ·''""''· ''" ''"""'''"' "'"'"'~ .,¡¡.,¡, ·'"" ·'" 
;..,,.,""· 111 ~•<iJ• ••o lono:o,, ,.,,¡.,,.,,,.,.,~ ..-¡•o." km• i11 .. ,h., 
;,_ .-. e!"' Ul,. ~ •• To~ 1\"h,., ,¡,.. mn•·iuR ·"'' ¡. ,perifi,.,l, o he 
i(·, ~·,. 01nl l-.'"' J,no~n ami •P, ~. T) ¡,,..,,¡,.,"¡lo tho·lii>OI)f 
;··'"'"''" ,; "'' ""' p],.,~ {11. Fj,,llv, ,,;,~ 

~--i _.,; ;:,-;; :i" re><rl<nOto ,-,~ + ¡3~ + ~· • 0, ono .,¡,_,¡,.,' 
eoic,·¡c '""'",] '"'"'·'·' ¡.,, J_ ')'), 
lr, ""''"-"'·»t.,._ .. ,¡;- 11-e '""'·"''·" ,. ,.,.,,.,;,,..¡ ,¡,"' ,,,,,,, 

,O•:dule 

11, ~ R,x,- c,.\11 
S, - C,l.1 - .t,.Y, 
"1", ~ -1,.!1, - i!,J., lj - /, "'· •) ¡,,,, ( 1), 

: · i :r.e.: a>~:, ';,. '"''"' """'!""""''"" o•f .\¡or-dc, ~." 
o (< ' 10 : ~ '-•· " 11 '' 1 ,., 1~ io-io 1,- """""'' • t h• 'i"h 1 • h.m.l ,¡,j,~ uf ( ·f ) 

,¡,,.,, ,. "11".< 
¡,,., (',\ """ ,,,.,, '"" "'"''1'""' 

¡,_, l"'"'line '"·" .1,1., ,. 11,.!1, + 
t .. \ . - '' • "' 1<; ,,. "' ""-,¡ ,-,, '"' ;, "'''"¡.,,.,¡_ ,,,¡ n.o""";,~·"'" 
;;-~<•po>c In-~'""'".;,.,, ''"'J ,,.;,. i· ,,,,.,.¡,. ,¡.,.,"';,.,¡_ 

; '- 11, '"'A,-, • ' n·~l lh< ·pe..;~,.¡ moonm th~•U<In"''- lt i•. ,¡ 
'"-;.,.,,;,o,._ .. -;:,''' do:, . .,.,;.,,.,¡,;,"""'!'"'"'''"'~¡,,,,, (:11 
o. i ,; ¡;· '''"'" ,,,, ,.,,,,, 

\\-, ¡,, 1 o "'"" n 1 lo,\1 f, '' • !.m• P'"" ""'' .,¡ 1 In· "" ,,-,,¡;: ¡,, 1 ,. ''" 
&J< >1 lob<ll,,- IQ ,t,.~• at<; lu«• ;, ::;• -~· thc r,,,.l .-ui•. "' .,,. ¡¡,, 
ir. ~ •· o1" '"-,..;,., '"''· """'''"'"'·non-"""' nrio ;, •1 • .-..i¡i,..¡ 
lA< o.hu " "o "I"' ,',_ ,¡,¡;,.,,¡ /o;¡ //,.• ,.¡,,.,. ( 1.1 ) • "'" '1"'""'' "", 

11 '"" lw -1 ... ·,-n '1···' 'l.i- '-'""' ""1 ''"['' .. ,.¡,-,, ... ¡, .;, ''" 1 ,,. '"'" 
:;r:""'"'·'' o:'"'',-,¡¡., .. ;,.,¡,,,,,.,\: 

! ;;A ,->''o; p.-,./ .,..¡ ,,,..;,g ,.,.,.,.,bl,od! n """""''' Gl '' ,¡.,.,¡ 
"'·'i r 'l•'•' ro ""'·Oolf, " "'' "'Pr" """' o! ond•lf IM ./,mi oogl• 
o"~-¡.,¡, 1 ,·.,·.\ 1Lf "'" " _ Fo>r ,.,.,,..,,1,·, .,, 11 h 1 bo ,,,,.¡,< '"'' in 
,' '''"'"' 1, 1 i1c .¡,,,: ,, -:'• o •o . "''" .11""" $ ,, Í• iJ,¡~ ( ± 1 '" •l··• 1-
11' """ 'k' o $, i• rJ.,! l--" i~• .J •• i. ,.,¡ olu· ,,. olon~ $,• 
,~ ¡ ,. ;,, ~:=: "' d.-.:1. Tio. ""'" .J '"'" ,¡,,1 "' •1~ ~ fn<m lhP 
;-. )', : .. ~ " • :." ~ ,ctJ ·"''· 

r,,,¡¡_,. ""' .. .,1.,. ,,., "' r;_"·d ,,,¡ ,,,,.;.," ""~ ,,,. '""""· rhe 

iu:!on "'~ 1 1'""""' ,.,..,¡,¡ ho· "'"1 '" .~bhli·h 11,. '"""' "''"-~J>><1•1· 
,.,,.. _ 1'""'"1'"'"/i•,; "'' o_( 1.-.. '""''"9 oo41 ... fw.l "'' 1\pP''" 

'""" "'~" $, • .,, t, •. "' ,,,1 "''"'"' s• ·" '" .. r~ .. d '"" , ,,.,1 ., 
¡,-,"'N'''"'"''""-",¡,.,¡ """1"'' ¡¡,, ,¡,•. ,,. ¡.,,-""''"'olee 
'""'-¡"" '"'' '" r,,;,¡,., 1.1 

' ' 'i •• 1.,; di_- JI; 1 rx_ 
1/., !.,.) (JI. _.,, l 1.\". 

(/., r.,l \ \1. JI,) (.1', 

' "·"'" "" . ·' ' ._ .. , "' !é' ._,,¡ (<1 "' ',.,,,,, 1··". ,.,,¡ '" - ¡¡. 
,~_ .L•>< ', • _.l .. o:o iiL,- O•;, +-;o·, - - •o¡ l.'(!,' +-

;~,,. l • :1' •- ,\·,,¡_ ,",- (\-,,- L,.>. '' 
;!_ - 1;, • , '" <l! ""''" -,_ Thi• ''"'~' •>-<n ¡., ,.,.,.,,.¡ '"" nN '" 
oC< ''"' •• , ; n. ~,_,,. .. ·_lmm·>n .. o u ',.¡.¡ ~!"·"'"·• -'~''"'""' '" 
r;.o .- •• • ¡:·:. _.,,, ,, ! ... , ... ,,;,., ''"' "'' -'-"·"''"'" .,;,.;,, ILo 

'"" "" '""' ,.,,.,, "h ' 
Th•-•• ·'""'"' "" ,,,..,,.,¡ '" ti""'"'""'"' UN'"¡,''" 

!-.· ... <<•" , : a _, ''"''""' )_ TL i. ,¡,.,,,.,, ¡, .,¡..., •·ul•L ,¡ o··• ,,,¡,.. 
•o~ ~-''" ~ '.<' '- ••'l"-"' ,- .,.,-¡.,¡ti~, .• ,.,,.,.,_ u .... , ... in 
,,,;. :.-"'''' .. ' "-·-, ... '" '""'-

' 

Foo• ?ooi"""' 

~ ... "'""''" ¡-.,, ¡,., ¡,,itel¡· "'~"''-",¡ p<>-itioo•. /, m, "· p". u ~!.1 a th.n.l 
.,,,,;.,, ¡~ (J1 ~nJ <ibL>in' 

!,(/., 

~u .. /.,)+¡.(JI. _ll,) + >(.1',- .\",)-" 

M!.,-!.,)+ pf.H,- JI,)+ >1.1·,- X,)- n 

(~) 

lle~"""'" (\. ~- >) "' tl.e '"''"""-""• el,.''""'~''';¡,¡;¡;·''""" '''"' ¡,, ¡:,) ¡,,.,,.~, 

¡(! .. -f.,) (.\1. .11 ,) (.\'. _\" ,) 

r.-1.,) Ul, .ti,) (.1". 

' '1 -" !UI 

.{l.,- r.,¡ (.lf,- .\1,1 (.1", _\" ¡) 

By r.m•·mberin• ,¡,_, r.,- 1.,- ,,,J.,+ ~.,,JI, ~ ,,,,.\",, "'"' 
~• '"'· ·, ¡, ,., .. ¡;, '" .,,·11<· ll'ol 11.< ·' ¡,,,,,,,.,., "'" r"'·' """'"'! ;, 
(1.,. .11 1, _\', 1, hoH< ,, (") '"!"'"''"'' " ''""' d lloie<l mdot. In f.ol, 
lhi• "''" .-. ih• ........ "'"' ·•u·lit<l <~lli.r_ 

Tl•o ""''='"" nl ob «'"o •lefm~ th• J;,...,,;,.,, in .l,ich ohm 
ni•l ¡,.,., "' ~~ ~lnch "";,.,¡., rh<· '"""' """'' ~iob o 1,..,¡ hno 
¡,, all !""' 1'' ,¡, ;, ''"· 'llw ,¡,., , 1 ;,.,., • ,f L IH• <''""'-'1"'"'1"'< f""l 
¡,,.., ,,_,,- he ,l,"i"~l 1'""' 11"' (U) '"""1""'~,.,,., dNnbe.l 

"""'''· lf ""eh'""'" lf<'•m ¡;.·n•·tol on •phe<i"'\ ""'''"'·"''"'ion (C.) 
"''''";,, ""·'''''tl'l. ), ¡,.,.1, 11;) ;. ;,¡,.,,;,,,¡ ,,, ,,,. ,,,,¡¡,;,,, 
""'"'"'"''· h;· rl,. ""1'"" i~l. ¡,, 1he ¡,,,,., 1 """''"' lnn~ ,¡,,,. 
(l<•inl• nll bll "" ,.¡,,.¡,_ loe ¡,.,,.¡,,.;, ¡,., ,,.¡,.,¡,¡ ""'';,.,, 

' 

1 t i• "'"'l>"·"~m~U¡- ...,,,. . ..,,¡""' <o "'h""<' 11t<- rnno lo a 1~"""' 
notoie. J),-,olin" (<;l h_c. "''· ¡,\"1)' ,;,¡,¡, ,, liunl,-nl.t ploo.u 
,.,,-,. ¡, 1 ¡,. ,-,,,,,¡,1,~ (1.,1.\",), i.L/ ,IX, 1 F,~ ,; ''""" ll~e ' "'" 
"'"1 l•lnnnr ,,,,,. ""'"; . .,,1 ,¡,¡, ,,,. ¡,, '"'"1"1" .,,.,., '" 
T.ohlo l. 

•• 1, '""''"" 

TI, in ,,.¡, 111 ¡, '" 1 '' IJ,. '"'" 1 '"' t uoel•·. a """ "'" ¡¡,, "'"'-'"'' '" ,, 
"""1"'" '"''"'"'' 1'""' "'""" ¡,,..¡¡;,,, '"' ,,,-;"" ""'1 '""'¡;,,-,. 
RL>,I" ¡,,. ,.,.1 .1• ¡,.,,..¡.~" ¡,, <) lmdriN¡-Iio,lric ~~-'"' n«~. 

l'lor a din:-<1Ó<II l'<•m~r><mdi"" lu ,,,- ~'""'""''N (!.,. JI 1, .\',) <he 
..... ¡,, '1 '""' "1'•• ,.,,,,;,,.,¡ ... ¡, ,¡¡,,., 

r .. , ¡,,, L''"'''""'• Lhn '"'""''''" 
1'(1.,- l.,)+ ~(.11,- JI,) -1- <(.\',- .1',) 

- XIII,- 11,) + ~IS,- S,)+ d1',- 1",1 

adol•·d 1" /!) ;',,1,1• "•et .,¡ lh"''" <'1 "'''""· In,,¡,¡,; .. ,, the 
,...,,.¡;,;,., "'"' lp, d, ') ;. '"'""'' 10 (.\ •••• ) ; ¡,j,[, 

pX-L"" ~r.~n. 

lio"""''''" /p."· ti"' o l.•• ""'"""'" '" rl" 
"'"'''-'"¡,;¡,,. '"'"'"'''"' "''"'"' '"""' 

" 
.\'.) .\fll, Ir. 1 + ~~-~¡ -~.l ' ,-("1', 

_,- ,) !-m, 11,1 + ~rs, '·' -1- .rr, 
.\"¡) ,\fR, n,1 + .r.~, $,) + >17', 

1".) 

'·' -" r• ¡ 

'·' 
.\ll•·r ;c1b•1i""'"' 11". {~) ¡, '"""'r1<d '" • lin•M "!'"''''" '" 
1.1,. 11, 1',)_ Tl,i•, ,..,,,¡,.,¡ ,¡,¡, ''"'""'""" ¡;,,,, ,,,,¡,¡,,,. 

.1,1 .• + 11,.11, +e,,.,-" ,., 
'icJ,I. ' lme "-' 1 ho ¡.,, 01· .,¡ ll~e 1 i!l .. {\!,.. """"·'\ o"'""" f.\,, /!,, ( ·,) 
1" ,¡,. ,,,,-;,,, ,,; •. l"h<· "'"""" ""' '""-' ,.,. ,,,.,., ""'"""h 

"l"o<ulr• ""' ,¡,..¡- t_"' • O. • • 3_" • 
"''"" • "'" ,-oo;.~ .. r (L1. _l/ '· ,,·,¡, ;., .¡r.,,, ,¡,.,.m~-« (\, •· •l. •• 

"''·'" ' ·' 11 ' "" ""' .... ,. ). """ " • 

.Tranmlions olth~ ASME 



~n)' 1>->inl m¡ l)oi• luoe, 11,:,,..., ,..,,...,.ding 1~ •wll ,¡¡,.,.¡;, 

rlojo"l ~-' "" ''""'"' cj <loe,,¡,¡, '''"'· ""' "a •i•olv i•fi•ilo 
"""" "' , .. , .... ~ '""· .\11 ,¡,."""o)[" ~;"'" ,,_,_,- ""' ¡,¡ 
'""'''''' '" ' .¡ ,,,,. ,.¡,., .... , ,,¡ '¡,. '' ''"'· ,,,¡ "' 1 ,., ,,,!_,,, 

""''" ,,,. "''"'''" ""' ,. ,,,.,.,,.¡_o loo• '""' , .. ;. ,. ""''1""''" 
olooomoioo .. ! lh,> .,,¡,~ '".' tlo".- ¡•~";.,,..¡ frn"' lh< 11,1) "''"" 

'1'""'''""'-
F;,. Po•Hion> 

\\'e o·1t<11J llw (oOIIT•I"~'""" •n>I_H• lu uo<ioulo o foitlo 1"'" ""'-

A•l> Ol••""'" 

\lo·,.,,,..""''. (:•) ,,, o •<l .,¡ f,,,., "''"";,.,,. ¡,_, '"Id in~ 

;,(l.,- 1.,1 + ~1_11,- ,110) + o(.l',- ,\'0) ~ 11, 

(r "-P""' "" >'/)" 

n,;," '"" .,.,,. '"""'"''"' ,., ¡,.¡ .. ,...,d.,, '""'l"";¡,;lot.o "'"'1"'"" 
n<>W I'O'•I'Iir<-< 1loo1 ""' '"" r:l >( ,1) dc1e<mi""''' ;-~ni-lo. 11 ¡, 
<'<ln\·toi"'t •~ ""' (6) ,,...¡ lhe .,,¡,;,cono o~oL.,;,,.¡I,¡ d"'""i"• 
oo.o of lho • .,¡,.,(,¡•1• iu IG). ""1- p. ro r. ~;,,... ,¡,. tom Nl~-1< ""'"' 
ll•w n .. '""" ., •. ,_ ol..-co '" "' '"'"' ""'" ,.,¡ ol.oc<1inl" (/,,, 
.11,, .1',) ¡,, "'''''' ,¡,. ''""'1""""1"' ''"''"'''""' "'') '" <,oli-1 ... ,). 
11· -~·o·\·er. 1Im e , .1 tln--•• d;,.,., ;,,., "'" .,.,,;, "'' .¡,, ,. oh•·< ,., •1 "" 

•l•mJ Ltl tb. ,.,, •• """ s,., s,., S' ... " ""'1'~'"' "'' ""'"'!!~ "' 
"'""m ,.,..;,v-cJi• dimlioo•f"' Q<oy ,.¡,¡Ji>< •palia/ rli•p/ac<--

"""''· 
A"'"''• <loo-o ,,¡,,,. ,¡.,,.,, ¡, •11· ""' ¡,¡,.,,. Í• ool 1" < 1 .. -""'' 1"<' ¡,..,,¡_1: 

do·O••<I";""I [2j ft•l 11•< '''" ,.f opliO•r),,.j "'"tinto, 
ll_o· ".;,.0 ou_\' tlo"'• J•~iliuo" i10 1110 11,1) nol<«p<•>olet"'' ,, 

'"'"~l"'"d;,~ f"o•I·A\Í· Ji,....linn ,,._,. !.- olo•h-n-n;.,,¡ fur o-,.oh 
,.¡ n .. - .;, d,,.,,; ...... 

Aolo lO<ollon 

TI" 1""~ """~J•moliooo '" ,¡.,..... ,;_, n;.,, ti'"" "" 1,.-,,.,.¡ ~· 
lolh,..-,: 

\l'o·>L<I,I o fo,Lrll• "l""'i"to 1" 1<1, 

pi/.,- 1.,1 + o(ll,- .11,1 + .-(.\",- \'1) 
• ~(11,- 1:,) + ~(.<,- .<,) + •·(T,- T,) 

'""1 ]'1'"'"'.1 o<¡,.¡,,,., '!lw '"'"I'OldHiol_o' ''""'l"i"" """ ~-­
'1"¡,.., tl.ot '"" r.¡ X -1) do·l··'"''"""'' ,,,;,1, 11 ;. ,,.,_,.,.,¡,.,, 
l" H•O ¡; 1 ·'"d " ,¡,.,·,lor Jet '.-mi"'"' ¡-;•) ~loido ,, 1l0< '"""' "' ¡; ) 
"""'r' lur ,¡,. • .,¡,..,,¡,, in o loo ¡,,, "'"· "hiol1 ;. '""''""1 ftnt\0 p 

'" r. ~uiPiilnlin~ (l')mlo (7')¡ielol•,> li'"'""'""'"" in (.1., 

"l'ooo.\IL\ '- ,, 
o;¡·,,- •l•e '''"'''"'" ol '""'' ,,, .. "~'" , .. •1,. '"'"l'";l"l"y 

"'"''""""""'no'"'""' •"ffi'""'· ~"" oho """ ol ''" ,,.,..., ¡_,. 
.....,,.. onr in•O<Od ol •~•-

u,, e,~ The .¡,.,¡.,,""". ~''"' ~ ... ,¡ ¡; ~ ¡;·¡, •nJ ('} ¡ kl.!• _, 
,,;,1,, ,,;,,u,. /1,, r•,¡ r .. , ,,,-1, ,,;. ,!,,.,.,¡,,._ 

TIH·r.·f""• lo,.,,¡,,,, lho .,¡ ""''' úr """1'¡,¡.,¡ di,. el ion• ;,,..,,., 
lo r/,,. (rm c.,/,j,· '"'""• )!,.,. '"""1""''1' n ,..,;,,.,. ''"'""'' '"''­

, 1 •-• i "· h ¡· " • i "~ " 1 "' ,¡, '"' 1' "" ;, to· o l.o ~ ""~1-"->'"1 uo~ li "' 1 ' " , ,...,_,. ¡.,.. o\eoert\Oin.-.1. 
lo fnl\.,~- ,¡.,o, -•~•<i''"l "iolo ,,_.. fu·e ¡ ... ;,;.-,n<, thor< ·'" 

eLthor ,;,, ¡,,.,_ 1"' '" ,.,, ,_,¡¡,..],,~,-l""lrio· "'"''· 1f 1i.o· 
'""' ¡,, ¡, pi'""', l~n • ,f L ¡,.,,. ' 1'""'' 1 ,.,.,.,_,,, """~'" 1", ·' ],¡¡,. 1 ¡,. 
.,,,·,,·,,~ ¡,,,. (,il "'"·<) (,.., . .,,,.,. the ,. . .,,¡_,,,..,.,.,¡.,,. ""~ 
'""'~¡ootoJi••• on lloe ~-oll·l•nron 1\nrmH<'f ¡ooill••· 

Tlo• ..,¡,,¡""' tn • r.,-,.¡o~ioinoo 1nuhlem a~o· li-t...! in Tahlr ~-

lnvor<lon 

lto ¡lop lore¡:"i"~ "" lor--t """'I"Llffi ,¡,. ,...,,.¡,~ ><i< on<lli"" 
doMmi"..J o loo f<>..J Uhr f .-om 1 he (1 hi«--,.,.; 1 ioon ) .,.,,...._ 1"'1 otl,.,...,. 
In"" nto.tluc""' '""""''~··""Lid l1av• ,,.,.,,.,! 1i1o li"•l n\Í• 
¡,,.,, noo<l ,¡.,.,.oh 1< ""'""l1ho ,,.,,.¡," '"'' ¡,,., dou "'"'"1"''"1· 
,.,,.,., .\llomaiiOO'I,l, 1l •o ;.,, . .,,.,¡ 1l1e muti""' 11"· lo><•d ""'' 

'"" ¡, 1 h . ..-•. been '"" ''"" "1 r '"'" "'"' d ,. 1 1 .. ,__, "1""'" "'' .l.- 1' ,. ¡., 1"' 1 
!or lho rn .. l-in< ·"'" ' 

Puromolol< Oe-'lo~monh 

n, · 1 " " b., .; , ,,., ' " f p.1"""'.' ,.,. '"~"'·' 1 '" 1 ..- ¡ ' 1, ' he ,. ! li " ,¡ ,.¡ , .. 
O) ii11di\O OT,>I\k< >lfO: 

n, loú>l PI•) o•d !!e !,.,gl-1 IIJ} •-' 1.\o ,,..t. In ord.r l•> 

olo·l.-·tmi"" .-¡,;o)o, ""'' ''""' ""'"-''• lito<' d t ¡,. ''''"""leton· '"'"" 
.,,,,,¡ '" ''""'' "''¡," .;,,., 1"''' ,,,¡¡,,¡,.,.,,.," ¡. ,,,.,.,,.,,_,. 
lu ,¡,,,¡,.,¡,,, '""'"W"'''" ¡),.1,¡"""' l,'. ,,,¡ 11' ,.,.,..,.__ (lo¡, 
~,,;, i¡""'' tlc>t 11"~•· ''"'~' """ "oll ho ole-<,,. ... ¡ in a ,ob-«¡u"" 
,~,¡,¡,..,,;.,,_) 

., '/'!• "'''''"""""'' ,¡ "" ""'· ( "'""" ,,_, -~· "' "' "'"' "'~ .,¡,_ 
'fl,. l'l\•·•1-n>'" '""'""""' "''·'.' 1,. ,¡,.,.,¡,i••J oo· 11 l•to"''"'" '' •'·"' 
d•-pl,.,.,.,,l•·nl ol""" d,. 1""1 ,.,¡. h,\' ,, 1"'"''''""'- hoo·crl "" ,¡,, 
¡.,¡¡.,".¡,,~,¡,.,.,,m: l"J.r ,¡,,,,,,,U¡,,.,¡,¡, ... ¡,_¡.<¡>,, ii<ol <•Jii.,. 
d<i<_,.,¡,,.¡,;,.,..t aúo b_" "'""'' S,, uod S,, ;, .-g .. llo o••·-lolf, 

"' """'''"lj '"' "''''''"""''·"'¡J.,-,,.,¡ '"''''""""'·' _r,,, .. ,.,¡¡,, 
i lo 1. 

A,-,.,,¡,,.:¡_,.,,,,.,¡,~¡,,¡ , . .,.,,k'"'"'¡"" i• ,,.1o.,;,,,"l for 8,1 
""'1 U,.;, UH ,,1 (1<'~ ""1'-"'tiwl¡·. Tloo Uloil '""'""· j,, 
oom""'" '" ,¡,.,, '~" "1"'' ;.-,,,_. ol•·l• rmitoo o 1,. "'1";,,¡ ¡.,,'() • .,;, 
rlih·Oiin,.,, '[],o lno·i vim, h,t' (1 1) otool fW) ""' <ompl•·l•·ly 
"""b"""' '" '"" ¡,,,,¡,.., ,¡ ;,,,.,.,,,,;,, ,.;,. . ., .. ,.,.,¡ '" 1'·"'~ 

,,,.,,;,.,u_, ""''''"''1 '"" pl.'""' 1.,¡,. '""'~-
n_,- ,,.;,., ·'"-'" "'" .. r th,...., oloroo"i~u- "'"' 4ny ,¡,.,_¡,,..] «onk 

tmn·l,i.-on in; d,, O<KI ,/,._ ito (101, mw olotoiu• 1~» '"""" "l"'' 
''"''" ,.¡,¡,.1, ole1l'\IUL<w > '""1 .,¡, for wl"<i' oliO <"n'<'l"'"""'" 
o·rank ,¡,.1,] «OniO·nl fr.,l•l ]"-''"¡,,, J 1• k;. o• ,,,., ifio·,l 

¡,_,. ¡,,,., .... ;,,, ,,.,. "' "" •. "'".'" ¡.,. ,,.,¡ '" 1"'"""''"''·"1¡· "''"''"!' 
oJo,. '""l'i"'"""'¡. ""'"'""'"" Th, 1"~"""',.,, In•~- ...,,..,.1'""'! 
lo do•¡•b«'m<lll" .,¡ ll•< ""'l.,.¡,.,, .• lo lho mo<Vin< lo:><! _o-, ~-

lo.lo > FO< rho f•.o r><Hiooo 'P'""'d io foOio 1, tho <obl< ""' >ov• '"'" {"oll <Ommoo "'""'""• 
''"'''"· ohflo "" ''"' <yl••dolo-<>1'"4"' """"· '" '"' o! '"'" "'"'' ,., '"' '"' "'" '" '"' r .... ood 
mo•l•o "''"doiool '""" ood otoo "' oon.,poodooo """' dlm..,looo. fko oioo oo "''w'"• f, ~ dofoo ... 
• , <bo oioM-... odod O«Ow ••lo, woOO '"' O«Ow ""'"""• hom lho ,._,,,.. lowO<d "' r ..... .,¡,_ 

~.tuú<>n ;\ ,.,,¡,, 

' " ' 

--~--- ,,;,,~,------~' 

' " 

F;_,,..¡ 

• 
u 1<,,-,, -n.~;;u " _,;,.; 
11,11'" -1111111( " ll,'-6 

"·"'''' ";¡;,;; •u":,; 
-u.w;:! o.~>.l;; " "'' 

,\ ,¡, 
¡,,w;,,, 

" ' ll . .i".fJj ' ,;.;-; 

~- "' _, 
-11i0~ 

3. "" -1-~JO 
l. l ;G -:,_ !r.!o 

' o.nl< 
-o.;n_,, 

" 13'_1.\ 

' .2-l 

( :,,.,,l 
,.,,.;, .. ~ 

' ' .11, .1\ ,, 
0.1<'~ 

_, ,_.,"! 11,11,;,; ' .lllti "' ~.;.-" " "'~-' " '!,,,;¡ 
_,_ ,,,_-, 

" l:" " ;"'" " ,-,., 1• 1 _., 
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~P<d- ln a ""'"f>a""'" f>t>f>" 110)1 <f[IUI!;,n, gm..rninr th< U=titm• cf 11.<" 
sJ>«Íid poi.U•aod /in<> a" d<rW<d. 

la1roduclion 

1 n ru-lao.U l)'lll.beoi> of opatial meeb.anismo lho 
"'"t.r•l ~rubl""' i>. \<:> dol<'nnine the dimenoiot'" o>f o..,¡.,«<:~''"" 
1~ linkO&" whooh ...,,.\.raino t.bo relativo n>Otioo "' • moving body 

· • ...,.¡ o roed body ::0: i.u • opecili<d ~n&~~n"'' Tbt ··.,.,LI<Io." ol'" 
il•pe<i~od by o rjven .,.,¡.,.<JI ¡ooo.itiu,., of ~ ndOli'o t.o 2;, Th.,.,. . 
...,.,,,¡ posltio•'" ""' oilh<r fonilcly orpMot.<l, inlini....,¡m.o!ly 
oeparal«<, or mi•od ll..oitely &Dd infuuteohn.o.lly ~-

Finil<>ly geporoted pooilioo probl...,. !>avo prrvimWy boen .,.. 
"""'ivoly ot...Ji,..¡. (E'.oo, for "'"mplo, So;ho.~ [1), Rotll 
[2-<1[, Suh 15[, Soodor l!o!), ODd 11-doon [6).) u.,.,..,. .. , «><11-

p.,...tiv•ly titllf. ......,..,b b .. b<oen done on inRni,.,imally ""!' ... 
role<! poo1ition proble1no1 [1, 7, M, 14]. '!"h.. primory obj..,tive ol 

thlo pop<r ¡, to __,, Lho .n.w., linile ""'""""' ""'k ..,.¡ """"" 
'~"" iL .,.;u. now 1"<111\llto to lomo a """era.! !.hoory .. bich un•R.., Ulo 

'yti<'a.l otudy of fini"', U.tinit.ooima.l, ond m.md d;.pl""""""t 
.~ 

Jn U.ia paP.,. o J«n<"ol U.oory lo d<Vrlopod lor deto=rminini th• 
numhrr o.n<! 1<:><:>,. ol th• poinl.o or tinoo in ~ "hich b&vo tboir 
..,.., .. pooitiono u.Wyi:<• \be """"lr&inu of bin"'Y linU.ctr...,.. 
binod hnk eh.oi.,.. In o OO"''J>&llion pop<r [lO), ,.. use th- -­
oro!...,..,¡.., \o obl"'n e>plicit lormulatiomalor choi"" of prA<tie&l 
lo......,L lt boo boen p~y oboW11 [3[ U...t ouob .......tu 
mo¡· be oppliod ¡.,o nri<\y ol dilfer=t oyntbtoio problern~~. 

Linear TransiDrmatioas 
C.nt.-.1 to whot follo,.. ""' Lhr re!..tinnahil"' bot• .. n tho ouot· 

dinoL<B of p<linto ..-!in .. bol""'..,.¡ altot od"P~'· &>eh 
..,)otim .. hil"' ~ known .. '"""''"ttnati'"'"· y,., ri¡¡id-t.o.dy ru ... 
pi"""""""" lhMo traruof"tmt.tioo,. ""' ~noar. il<n«, tbo roordi­
""""' .. -..-.d in U.. fi...t oyot....,, ol th..jlll P""itioa ol o 
puin> moy be <>p......od M olin"'r funotinn ol U.e cmrrlin•"" ni 
tloe initial (or on¡· refe,.n<"<) pooition. In u,;. _.,ion. ,.. fi,..t 
inLrod,... DOmor>tlolill"O •bl<h onolytieolly 6tw<nbeo dioplo.r.­
lllffi\8 ond lllen obtain uplidt <>p..,.ion• lor tJuo linf&r !""""" 
fnnnati<m•. 
•- 0~ .... --. W< ..,..,_, {z, v, z)"' tbo Co.neoia<> ooor­

dinoLnl ol o point in a ..;oving oy.t<<n e ond (X, 1", Z)"" iLo ro­
m.!inat"" i" a fi•od •yatom !:. L.t O", denote tloojth prooitioo ol 
~, ......! (.\" 1, 1",. z 1¡ tho -rdlliolnl in !: ol tho jlllpno!ition ol \be 
puint (z, V• <)in~. Kno.,.;o¡ Lh•l""'itinro of ~, rtlotiv< ~' I, "" 
can oxpr- (.\" ,, !",, z,) in "'""" af (z, v, <): 

' x..,.¡,.., iD -~ ... d..,;_,. n.¡.,. • ..., at md o/ oooe•· 
'Ttoe movinz .,q fi•..J '""';" ora ~p,.. .. otod "" '"" C""";.,.. 

.!inoto .,..,.,... • .,.¡ z. ''"""'"!•oly. 
.:...tnhootod t.,· tiMo o..;.,. E.r;i.o .. rioo Dt•;.;..o ¡., p._.l8t..., •• 

"'" ld..-haniom• Con!......,... Atlanl&. Ga .• (kl»l><t 1)-0, !llfoS. o! TK< 
A•n•c•• ~ .. ,,.,. "' ~''"""'"'" l:Nm~«oa. MaoUO<<M ..,. 
«ri.-..1 b,· tho AS!! E ~!O<hatuamo P>Yia""'- Jome IS. IOGS. Po,., 
Xa.ti8-~hdt-T. 

[:,:]- ¡:: :: ::] [:]:-¡:::] '" 
'"' o,1 b,1 <,1 • d,¡ 

.,.horo U,., o'&, b'o, <'o, and ti'• ..,. fun<t.iono ol tbo poramotor. 
g»veruin~ tbo T<lativo pns;tion of a, ond I". 11 wolot the originol 
po,.ition of e c"incid~ ,.¡tj¡ l:, tho diophlremN>\ \o <1 1 may bo d .... 
O<ribe<l.., ,..,,....... dlap~L ..nich i.o <qui~olenl \0 o uom~ ... 
tioa ~¡ •Ion~ ond o rotation 11 about on uioa whi<b;. p.....n.l to 
Lhe unit vo.·~>f o ,(u1, o1; w,) a,nd p.....,. lhrou~h tho P''int (o¡, b,,. 
<,)inl:. lot.hi.o.,...,..hovo • 

0,1 • (u,' - 1}(1 - """61) + 1 

b, 1 u,<',(l - """81) - ,., •in O¡ 

<,¡ - ~,..,(l - """'9,) +.,.u. 6¡ •• 

d,1 • d¡U¡ - a,(a,, - 1) - ~)>,1 - ;;,,, 

.. ,.- .,..¡(! - """8,) + .. , oin 6¡, 
et.o. (See, l<>r e>o.m¡olo, 12)). 

"' 

U {t.._ R)..,. U.. emnpan.nto of o ve<:\Or ~ ¡., a1 ODd (L, • 

M J• N;) are U.. """'~"'"""'" ol the oome vee\Or .,.b., mOMW"fld in 
:!:, (L1, M,. N,) ,.,¡ bo oxpr.....,d .. tinoor funcWnn• ni (l, m, n): 

'·•] [' l .,, .. 
<,¡ • 

['•] ['' _M,•o,1 
N, a,, 

.. , ... "' ... 
""Th• ..,,.,. diop)..,..ment load• \o <>ioo of tho moÓt rouv.,i;,.nt 

fo'""' of t.loo line&r LT•n•formatiom. llowo>Or il i.o no\ \he only 
ro-ibility. For ~u.mple. ono ""'Id d.,.ribo \be diopl•....,..t 
in ,.,.._.,¡ lo Uro ., .. ,.. boa ¡,..., don~ by l!arLenhn~ ond 

l><novit !13], '"by th<- ~"Pi"'""""''' ol """'" orbitrarY uO'eron« 
puinL ond the rotalion about i~ •• in ""1 oumt- of olller ,..,..... 

.......... ,. D.,,._,.,..._ A..o in U.."'"" ol ~ni te d"'(>l"""""'"'• 
in~ni....,imol mntion o! a <igid body con hr d'"c"be<l on mony dil­
f<r<~~t ••Y"· f'Ol" •• ..,pl .. it 0011 be ~ribe<l by • ..,;., ol 
•u~v< infinil.<oimol "'"'" diop)..,.....on\A or by th• dísplo<&­
menL .,¡ O]X'int in tho bndy and U.. rntatioo ol tho boJy. In ony 
.,.,. -con l.Oke one poram•"'' oo tbo re!~ puomo""" ol the 
motioo, d"'i~noted by ol>. and exprtM al! oth<t porome<oro oa 
fun<tiun• of .¡,. L.t ~. b< th• P""ition ni a •tol> - .¡,,. ond dol> on 
mfioi...,imal ehon~ in (>. Tbe ...,.,nd infini...,;m..nv oeporal<"d 
po.ition o( ~ finfinit...!maUy ..pora.ted from .,,) OOD be d<finod oa 
the P< .. ition ol ~o\,¡, • ,¡., • ¡.¡,, + J.j>). ond !loo !.hird infinil.<oi­
n>OI!y O<porotod P""ition"' tbo pooilioa ol,. at .¡, - .¡, - (,¡., + 
d4>), ""d 00 ""· In ,._.OTO!, ~ """ op<cily a infinit .. hnally 
••parot.-d P""itino., ola in ''""" ol \he fi"t in - l) dcrivotiv"' 
(•ith ..,.p«L w (>) of tl<o di•plO<e~t P"'""""'""' ol "· 

Wo «H>Sidt-r <he motion ol Ll<o <n<>vin~ body .. a .. n ... ol «•o­
"""utivo infinit..,imal "'""". dloo¡>ln<eln<n ... lf •• tal• Lhe ~·••· 
tion 8 obouL the o.cn• ..., tho ind<p<nd""l p,,..,....,. ol tbe 

motion O<Ld e>p,...,; the oth..r ..,,.., ""'"""'"''" (i.o., t.bo di"""• 

1 

n~ ....... ~nn nn .h~. n~n.-r .._,¡[] h,. ~,..,..,.,...,,.,.¡ "' ASMF. H""""''"t"f'"r" unlil November 12.1968 
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'" "' '" '• "' (~'.!) '!X'<'>+'~X'...,;+'•X'!:'+'r..·'.~+'f'_ •':1( 
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J• ,.._..,,,.!'"'1'4"''' •v ...,d•• """' ,,. '""''' "' p..t ... 41'"' """ 
·•!I"""'~'P•I""•'P "1 w¡op~u)<J1 "1 ·~!.!1 "! "-""'1' , .. ":;; !" U¡llf'o 

"'~' .., u''"~"" 'J JO'"'""" ....,,,,...., "'11 "'~ 'x .,.... •:;; "' P"........, 
J~q.»AOOU ... ~I "'l <, dp U) 1,¡ lU)<M(O O")'<> JO"!~!'" Ol{"l OUOIJ 

'"'""' 0'11 ><¡' "D JO ,()!OO(U "("~""' "'{> ""1 ... '
1

D JO or¡li!JO "'ft 
1" J<~»A "'~l!"ol•ql oq 1p 1'1 "" '1 D JO uo¡¡uu¡ <Hjl ~"!'"Pl""<>:J 

•.(poq •q1 u¡ '"!<><1 ,¡,.,JO"'"'',. uon 
"'""" "'ft 1" "'A)1U!»>'"""ll O'fl fH'Y """0..0. •,(poq "!11" >01-
UU) 1""' 0111 (O '"1" pu• Áf"U( "'fl "! )H)U<I • jQ JI~ lOA 1"0W:>JO[d 

"""l p •q• ¡o .... ,nuf"'P"W'!l ""' """l .... P. • '"'...,.,.,¡ , ... pt>Od>P"! 
"'!! n ""!1 q¡¡.. 'o¡dwn> JO_i ·.íp<>q •'{1 ¡o ""!l"'W oq1 pu• 
.lpu<¡ >q¡ u¡1"!""1•uo '"'JO ""!l""' "'{1 JO""'"' u¡ po<¡f""'>'> ><[ 
""" Áf""' O 1" U0)100l '<f1 'n0)1""' _, JO ""!' .. O JO ~tU( 

''!l'""ddy ••¡1 u¡ u.•oq .. ,. """!" 
•oo.J<!n -u, ·(r 'l '<) JO -"'"""J '-!! .. (<~>'2" ·~,•.! \•,OX) 
•l{l _,dXO U., O.~ '(~) P"" (t) tu"!1•Hbo "'ll UOOJ) ''»HOJI 

(1') 

·•¡> •.• ·-¡>·y -, .. ,¡; ""'! ... 

.,.,y -•'rr · · · ···rv -,-·x·Y -·x 

•·v-v 'X' Y ., ¡¡o y 
-., 

• 
' 

<6PmP + ,¡¡p,,f>J + •9Pml'll + ,gp,.,pt + 91'u>P 'P 

,¡¡p,,.p + •il'd'l: + ,gp,,.p¡: + Ol'<nP • 'P 

,gp.,,p + ,qp,.,~ + gp,,p '1' 

,gp,,p + gp.,,p -'1' 

il'n.P 'P 

.,, puv '1~ 'lo '1""< •la "'! .(¡JO¡<w¡< 1'"' 

<8P<"" + BP«•"~ + ~ 'n 

8P<n" + " • '" 
. " 

¡. 
'"' .. !Ul 

[ 
.. ; 
"• ,., 

• 

" "• 
"' ,., 

... 

• 

" "• "• ,., 
.. :] ''• -•¡; 
••• 

X 

l 

n 

• 1 

'!'l'"' ""~'"'-'"f'"'"" -~""'" oq¡ pu• '• P'" 'X ¡o 
.,,.,.rndmoo 01(1 '"'P"'~"""""' •..,.. (r '4 'r) P"' ('z ",¡ "X) '"""~"' 

m .... Ul-·· ...,~,-"""'!<» ""' '""'~""~ "' ,.,y 
•.\\ ·•x ""' puy "1 '! '""' ""'l'l"'d ·~.L """"!>"""" •·!-'"1 •v 
w"'J .:¡,x •l•l"ot"' ""'"' (d •· · · 't 'l 'o • •l ·x """'l""JI 

·q,.¡o¡ oo P"' 

"' 

.cov> o .... 
"'' 'x~-·x~+'xt-'X · 

,(QV) 0-t<" 

~c-o.cc.,;,c_'+/':,,,,,-.=-·"x "'ll 
.cov> • ....,.. •m¡ • ,¡,x "x+'x~-·x · 

Ot" o.....,. 
---w<¡ • ,;, X 
"x-'x . 

'""""11"1 "' ""'Ud'·'~!P P''"""J '""""" 
"""" 0'111"0-QV '"11'"'1 "'11 ""!'<Tl ,lq 8"' '""'..., 'P"" "x JO 
""'!IU)JOp "ll"""'d>O ""' '" '9 ~~ 1""''""' '{1)" 'X JH OAI)VAOJ'i' 
q¡u •'11 ,.h( .. 3u¡¡o"'l! ·s "! ""uoqo 11""'' • """""'<i>J 
BV onq .. ·ov~ -9 •• ¡u¡<><l•"'" ''fiJO'"''"'' ""'""'"' •v "'l "x 
'el -9 1• f• '4 '•J '"!""·"!'¡u,,,.,'""''"'"¡ o~, ""1 •x '"'1 ·a 
uo pO>dop p¡nu.o. D u¡ (r •• '>) '"""' • JO{:;: on••n•¡~) (z '.! 'X)X 

'""'" uon•~•" ••p 'o 1" ""!""") .,, ("'" oq1 !" • '""·" "'"! "~"1 
<~1 P''" '""' •~l ""''¡<' p ""!1"1'"".11 •'fl •o """"'"'""-"~'¡o m~l 



1 
1 
1 
l 

1 

1 

"' 
, 

¡;¡.,e• , 1 i• hnrar in O¡, X1 ¡, o!.uliheal in o1. 

'" "P""" X,"" ,jvon ¡,. (f-¡) .. lnlluo'" 

[~] '" [''] ~.:·] Y¡ ~ .i, y, + d,1 

hl "' z, '• d,, ,,, 
"hero .1, ¡, ~ 3 X 3 ma<ri• wh•..,. elem•n<• "'" fundiu"; u[ th< 

Ir d4> >' n, u,. ouboliluli<"' ~1 f"J ,-ioi.Lo 

F'(X~ r., z,: o,, "•· .. _,o,) - o 

""'= the primo d<not"' dil'le...,li•<ioo "'th ..,....., to 4>­
s;,ülody, oH-. • ,,...,.,d infinit.,..imol d'"P'"'"meot of a, t~e "'• 
~,;,. of f' •lUch ogoin u.ti.M. tho ronstroint F - Q m,..t 
,.¡;.ry 

f(Xo + dXo. Zo+ollo; o,o, ... ,o,) 

+ I"(Xo +d.\"., Zo + dZ.; 

0 ,,a,, .,a.)i</>-0 (f:l) 

""m¡wmenl• of !loo timo-<lerivotiv .. uf lho mt.tion oA a¡· ,.hich ¡, 

wh<To ,! , ;. tt.. J X 3 motrix in (3): Th<-reloro 

[~·] ,,, ['] [;:,.1 Y; •Á,..t, , + d,, 
¡;¡ ,,, 
z, • d,, 

,., 

'" Eqnotion (111>) e>plicitly """" K1 io o ~ne&l" funotion ol o. 

Coad!Uns f1r Semal Posillus 111 P1int In a ID hlisly 1~1 
Constulnl al a Glven Un~ 

''"""'• So-ot..O ••• ... ••· ll'h.n lho motion u! a puint /'in a 
io """"'"in,.J by a ~nk, Oh. "'"-'lroint whi<h lho hnk itnl"""" QO 

1'...., be ~......,tod by nno or tW» """"""int oqna~""' ol. tho 
(mm 

p¡x., r., z .. 4,, .,, ... , •.1 + r·rx .. Y,. zo: ... ·~ ... , •.\doi> 

+ F'(X., r~ z,: "'• "• ... , n,\1ol> 

+ I''(Xo, 1", z~· a,, n,, .... a,)(do/>1' - O 11•) 

H d., ,. O, th. oubotllo~on of (9) and (t2) yield. 

(1.1) 

Uy i>nl"<'linn, "" enn •1""' thol lh• "".,.."I'Y cnndili""' for nlf 
t inlini,..imally .. po:ot<d pooitJO"" o1 /' to ooti..,jy tho <0<10l.nÚIII 

F - O"" (iven by 

F<•'(X,. Y,. Z,; a,, ..... , a,) • O 

i•O,'l,~, .. .",ó-1 (16) 

whoro ,<'<•> d<lto""' t.ho ith dorivooivo ol F •ilh -~ 10 lho in. 

depondont molion P"'"""''"' "'· 
Aller tho dil'lol'ffitiotloo io O&rti<d ou~ each F<•1 beromoo a now 

fnndi"n .,¡ -'"o"'. Yo'"• and Zo'"• whoro j, whooh donoteo t.ho ordor 
of th. dorivotive. .,... be u.y in~<g<r ¡..,., U..... "" <qua! .., ( 

. He,,• (lO) oa, be writt•n in tl•• l .. rrn 

f',(Xo'"• ¡·,w. Zo'"; o.,..,, ... ,~.) • O 

i•0,\,2, .. ,1-t (17) 

I'(X, Y, Z; "'• n, ... , o,) - ~ 

wb<n (X, Y, Z)..,.. tho ooordinot<O in 1: of P, Ol>ll "'• ..... , "• 

(7) Mi• .. flnHo and loflnH .. Jmal Dio_.o.,monto. In lho fmegning "" 

havo d""""""" fimlo ond inñoiteoimal displa«mont p«>blomo 
oepot&tely. Wo •hall oww inv.,.ligoloo \he poooiLility ol com­
bining lho two. 

ntrt.int ~'""' dofinoo Lho dim<mio .. ol th.W.k_ v;, hovo •' -..,. -li<r thAt if <X < , ' > ""' lho eoorrlino..,. 
Wh fi'l ·-"-- ow i•l• 
, "" ~ .,..um':' m no ;e Y I<Por~¡" pool:"'".' a,, a,,·· ·• a':' • "'1: W ¡•1 !<he jtb pn>~ltion of • point /'in a), tho ""ndi\ion for 

po<nl, P ln a whieh hu.'" M _....,.....,u.r¡n.nglbo """'lr0111t- lbo pom• p"' ho.ve,. finio..ly o.pontod poo;¡¡, .... .Wyin• lbo 
do•..,.tbod by (7) "'"'' .. u.ty hnk «mot<oint (7 J ;, thot lt mu.t satioly (8). Furtherm""'• "" 

I'(X,. Y~Z1; ..,, ..... ,o,) • O j-1,2 ....... 

whero (X n Y,. Z1) oro !he roordin•'- in :!: of tloe jtb .,...;!ion ol 
,,~ 

(8) bavo obo.m tha• if (X t. Y o. Z.l oro U.. <>OOI'<!ino ... in l: <ol tbo 
initoal pooition .. r f', oh• .., .. d.u .... lur r ~~ h&v• , .. inibal "'"1 
nut i - l ird'ini...,;mally ~tod pooiliono .. u.tyinglbo .amo 
cono(<Oint ;, Ú>3t >t '"""' .. thly (!G). Now of "' eom.,der f', 
.. U.. >m!W ,..ition, lhe eooulüiun for <loe ne•• < inñni..,;.....ny 
""~'"'"tod pOOiliQM of 1' to ,.,;,ry (7);, 

Subo~tutin1 tho lino"' e•p..-ions for X 1, Y,, ond Z, fmno (O) 
into (8), ,.. <&rt ..-ri~ (8) in le""' ol •• ~. and <. 

O""""""" o/!• So-alool •••"""'· At lho inili•l ¡>OOition (</> -
O) ..... , a eoincido w:it.h I. lo. point P in a -..- m;\iol pooitloo 
'"(i,¡fi"' lho o"n8lroint of a givon link, eqnnl •on (T). "'"'' oatiof) ., 
•h.xe (X o. Yo. Z,) ue U.. eoonli.ootM (in :l:)of tho initi.ol pooililll> 
nf P. Alter an infiniteoirno.! diopl•"mentof ~. th• ooordinaW of 
P I>Poome (.\", + ~X o. !"o + .;Y., Zo + dZ,]. Tho n•w poo<ilion of 
P w:iU ootis!y lhe ronotroint F • O only if 

I'(Xo + d.X., Y0 + dY, Zo + dZo; 

"'• "'• ... , o.J - O (lO) 

.. hiclt io 

F(Xo, 1", Z,; a,,..,, .. , a,) 

' ~ + d</> IF(.\, Y,, Z,; "'•"'•. o.lld<i>•O (11) 

Journal o! Engtnw/n¡lor lndustry 

F<•cx.r.z,; ............ •.I•O l - l, 2, •.. , l (t~) 

11 tl>e >th P'-"'Ílion ia """ <>f tho m finit.ely •<patMed P'"''""" 
oonsi.J.,..¡ io (8), U.. eombinotioRol (S)ond (tS¡g;,... tho­
'"'Y ond O>>fficiont oun>htion lora point P ¡., .r to h•vo "' + l< 
pooitio"" ('" linltoly oeporolad ond 1 lo.Jini..,¡rnoJiy leJ>a'•t<d 
from the <lh ~nitely .. P"'"ted .,.,.iloon) oat.olying lho """"''"int 
{7). 

Frorn thio we oon drow • ...,.,.1 rulo for ronlhinoJ finito.,,¡ 
inlini teooim•l d ;,pl..,.mon t. .. follo "" : 

\f a ...,,.,., ., + t, + 1, + ... + t~ pooi~o"" auob lhot"' 
p,.,;,;,,.,. are fioit.oly "'"~'"'ª~'! aoolooeh oroup of k, P""iti""' ""' 
iofinl,.,imally o.parot..J lrom the jlh linit<ly "'''aDt<d pooi.tion, 

thotl the ron<lilion fu< o p<>int P in a t.o havo .U th ... "' 

posi li" "' "" i•f r'" K (7 ) i; th • \ i t """' ,..,¡,¡ v 

p<m¡x,.Y,.Z,; ~ ........ ,4,)•0; 

l,•O.l,2,. .. ,k,;;•l,2, ...... (l~J 

3 



1 

Moxrmom ~•m""' of .,., ... ••••'-••· Th• ,,.,.,¡,., ni d .... igrr 
pr~rHnn.,, d,..;~,.At<<i by p, i• (he mrmbor ni po.itinho ni e whirh 
oon opecifi.., !OJ" U.. d ... il<ll of a ,; • .,, link. Tho IDüimum 
n.,.,.,.r of d..,¡ m pu.itio"" d.,....¡."" \ho nutnbof <>f oquationo 
N, ..,d tho ""'"b<t of 1ht- "''"'! unk""""' Jo" •. In .. mer"' bo 
"''mpotible, N, rnu•t bP ]""" than ur "'1""1 ~'N •. Fcor a HiVeH 
link 

wh...., N,¡, Uro numb<r of ronotraint oqnali""' ,... ... ;,,.,.¡ wit.lr 
tbt given lilrk. The nu1"L"' "1 unk""wno io 

N,~•+3. (21) 

wlr= n io Uro t<>l.al number of puamrtero in U.. <•>ru!tr,.;ol 
oqo¡otion(o), uod Ure nnmbnr 3 is oqual 1<0 Ure numbor of <"rxord~ 

"'""" (x, y, o) "1 the point being '""'lrainled. F~·m tire r·nm· 
patibility ronditinn ,.., nquire tiro\ 

N,!> N. 

•• e 
pXN,$n+J 

.. ~SI•+3l/N, 

Therd"oro, tiro nuoximnm p io oquol lo !he laTgNl int.eger roo-
toin.,.jin(n+3)/N~ · 

Gon...,O .......... ~ Dol"''"-1 lo-looo ol ....... roW.. Wo 
bavo oboWD tb&\ .n ._;..] poinlo ·- dlff.....,l pu.itiono 
oatiofy a,;....., link """"tn.int {7) m"'\ oatiofy (IU~ In wb.at 
follo•~ - nill di>oll8r! tiro prucodure fnr dol.ermioinrl bo eoordi· . 
"'"" r~. ~. •1 ni oueh op...,ial potnto . .l.ft.r .. rryin~mr\the dif· 
forMliatioJr, wo ean ,.....,;,. (19) m \he foll•winH form; 

rr¡(X"/, Y'J, z',0; Dr.., ... , ro.,) ~ G; 

r,-o,1,2, ... ,k1: ;~ 1,2, ... , .. , S 1¡ 1231 

Uoin, (1) U>d /6~ """ean <I<Jl""" IX'P, Y'J', z<j'¡ linearly;, 
leml<<>f/z,r,<~ n.,_("l3)eanbo,.,.;tl<ft .. 

1' ,(r, ~. •: 4~ a,, •.. , 4,) ~ O ·~1,2, .... p (2t) 
• • 

w~p~,.+.E~¡. 
'_, 

Th«>ret.i,..lly,"whenN;s; N ;{MroN;~ p, -"."·~ ~ + 3), Weean 
><rlve (24) for oll tho unkt"'""'- ln tho '""" whero N,< -"• "' 
oon arbit:rorily opecify ony (N •• - N,) unknoWTII! ond oolvo/or 

~-' 
Forumololy, in mony ~ tbo """"''•int "'!'<&tiono ..,.lin...­

in !he o's. ¡,. oueh ,......, "" ,.., O"rilo {24) in 1M followinK /onn: 

J,r~>, + '""'+ .... +!...P.+/ .... .,.- o •-1.2, ... ,p (2.l) 

w~ /,1 &10 funrtioo> o/ (r, r, <) ond tilo motioo p4<unrt .... 

.,.,,.., p - ~. ,;,. ... '"l" point (z, ~.o) in •,,.. eur oolve ~ó) ¡,. 
ol Jr .. t ono .. t<rl o'o. Thio i"dioat"' llo&t o grn•rir pnin\ in • hM 
n p<,.itiono .. liofying (7). Yrrr p > n, th• n.,. ... .,.y and oul­
fielont rondition for o poinl (z, ~. :) in ~ lo oali>ly oll ,......uationo 
in rnl;, llrot ......... \o/ .... oupnont<>:l ,...,.¡,o/ !he •y•tem 
(roprding tbr o"o •• unktrn.,..) mW<t b. oquo.l t<> or 1.- lh&O ~. 
In other wnrd•, !he J'""''OI•Iirono mu.l bo r<rrnpot•ble. Th• rom· 
¡oot1bihty onlldtUn" ~ui"" lho\ the dote<mmont• ni oll tiro 
(n + 1) by (n + 1) motri,.. of tire,,..,.., m""l v&O;.b. Thio 
nqul,.,me<rl ca>l bo ...... if oll 

e 

'" '" 
" ¡ ..... 

'" fo 

,_ ,, .... 
''· '"""'. ,.. ¡,..,., 

•• ,_ /.~ ..... 
¡,.,,). ¡,..,."""' 
~~1,2, •• ~,-· 

"'' 

•nrl th• '""k ul 

[" 
" 

" 

'" ,_ 

'" 
'" ,. 
,_ '""'] ¡,_, 

¡., ... 
'"' 

io 1<. Pointo ol wbieh lho ""k of (27) io t.... Uwr o ..rubo oollod 
"""iduo! poUrto." 

Sin,. o.ll/,1 .,.. funotiuno r>I (z, y. o), e&<b oltho oqu&tiuno in 
(~G) can bo oxponded into &J"•lynomial in (z, ~. •) whicb dowibM 
a ou,.f..,. •mbodd.,.j in ~. Thill ouri ... wlnr:~ •• n&rne tiro 
.. ,_ubi~ty ,wf ..... ..ur. be dooicn.Ot<d by s~ J• obonld bo 
nut<d tb.ol .n the ....;duo.l pointo oloo O&ti.fy (20). Tben!loro 
•very 8, oonloi"" o.ll tlr• rroiduol poin,.. Tho ouri...., S, ill tho 
'"''"" of oll proirot.. whooo (~ + k )tlr l"'"ition oaW.fi.,. """ ronslniro\ 
(7) dofinr:d by U.. poin,.• linrt ~ pooitir>I>&. 1/u_,..,, lho 
reoiduo.J poi<,,. <listiDcuiob u..n....lv• itr tb.ot u..¡, fin\ ,. pooi­
u.,.. do not define a w:riquo momber ol U..,Jomily F • O. n..,oo, 
al! poin,. ;, e, other th"'' 1.ho ""iduol point.o, th&l ••t.isly (2fl) 
wdl havo thoi< p pooitior11 on tho 1'"'"" givon "by oquation (7) .• 
'!"be ...,¡,juol pointo oa\iáy 

'" '" ¡ .... ., '" '" 
,_ ... ¡,, . ., '" ' -" , .. ,_ ¡ ....... , '·· 1~~ ... +1 

provided lhot tire ronk of • 

['' '" '"""] lo ,_ ¡,_, 

'" '" 
,_,_., "" 

;.¡ .. -n_ 
. Tb< oquotio ... in (28) rep,_,t '"" ouriae<o wh.- int<.....,. 

tion ounlait" 1M JoCuo of oU ""iduol proint.. and a "oub,...iduol 
rurvo" whido ¡, U..luctu of point.. w!Wb do no\ .. tWy tbe ronk 
oondition (2111 JI •• o.oll U... U."'-\ioo o/ U.. \wo owf..,.. U. 
(18) e~ tbo reoidua/ """'"R.,..,.¡ U.. ""b.....;.ruo.J """~R •. ,, 
"""' oymboli<olly • 

c,~R.+n •. ; 
TM n.rt ot.p io t<> dotrrmi,. R,.1. P........din• in tho """' 
•oy,.,.find\b.ot 

R,., ~ C,_, - R •• , . 

"' 
.. 

c •. ,~ n_, + R-· 

wt..ro C •• , ;. <hr int~t~rh n( tbr hm .. m....., 

'" '" . ¡ .... , 

'" '" ¡ .... , 

''"""'" ,, ..... ¡ .......... 

'" '" ¡, .. ,. 

' - ,. -
-· '~' 

1 ), n 

uod R •• ,;, tbo <u<TO" a\ wbi<h tire ...,1; al 

'" r::· ,_ 

L~ ..... ¡, .... 
ill t.... thon (o - 2). 

• 

¡, • ..,, ] ,,_, 

,, ....... .. 
• (31) 

1 ~1 ~~~ .U E 
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' ,.,¡,.,.. + "'1-.. ¡ + (1-, .. )>-....,-Ml>­

.. ,¡,,p• +""'-""] +"""-(t-,,¡~-'""-
•a 

['"] [']['-·" "a + ~ ,,.~-..., 

'"a ~ a¡4+"'" 
1 -•• 

"'"'-... 

[:] [:-
• 
o 

"'--] """ + .., 
1 -•" 

••• 

[=~] •. x 

"' -,,.; 
·-·-] ["'] O n>X 

'(u>Z '<HA '<•>X) "') Ouü10>Wdxo ~"!"'"ll"l"ql u¡•¡qo "'" '(~) pu•, 
(t) """~'"'bo m """)'lttlnduroo o¡..~qollp "'{> Ju¡wm¡.ood JO!lV 

(($") puo (t) OUD,......;.; _.) ~ jD UDI!DW ftu¡ ...... DO ~"'"'"d 
"'"'"S poR (rA~•) ¡o''"'"! u¡ (cnl •,,,.~ 'o¡ ..X) ••1 on¡noJ.tq 

XION1ddY. 

'1.\' 'JI' '•¡) 
"\uouodw"' ,.,,., ·~• ¡u ouo pu• (z 'A 'X) '"lVUJfiJ'"'" 1"!',.¡ 
•'ll ¡o"'"' -'ll""d' ÁIJ·"'-"1~'" ,.., "" 'o¡~wvxo '"d ,.,,p.,O<!>p 
·U] :UO .... OU!J>IOO> >J" O'fl jO lOO) A¡uo .(IN"J> 'WOp»Jj JO -p 
JM¡l¡uo '"'~ ou]\ • oout~ ,;oun "'11 ¡n "'"'""!!""""" O'fl po¡¡r.o oq 
ll'"' N P'"' 'JI' '7 •z '.-!. 'X .,1 mtnmb •!• ·~~ """11 •~1 •n ¡on~nd 
(qll!~ ¡¡un ¡o -'ll"nm¡ """'" • ¡o O!U>Uodmoo Ot¡l >.n1 (¡,; '/f '7) 
ptro ""!1 "'!1 ""l"!od • 10 :¡ ~ ""''""'1""""~'11""' {Z 'A ').') OJoq.. 

·~· 
'o-('•'···''"''• -'N 'JI' ''1 'z 'A 'X).i 

:IWOj 1"1--0JIDJ 

ot¡1 "! '>011J'-" oq .... """"onbo l"f"'lOIU» "'J1 "'"11 JO_, 01{1 o¡ 
-~"!J UOAJI• JO \Uf"ljillOO O~)IUJ{¡<JlOO OU0~1'""j Ojd~JtlW ""'fl 
•••q ~'!~" ~ u¡ 100011 p¡»do ""''fl 01 Ju¡l"'"' ""''J'J"'d 01 l"fJddo 
oq.,., o¡oA¡sn ......, "'!1 '• "! 01U]od !"!,..¡, "'!1 10 =nwum=, 
-<>p •'11 .,1., powoouoo "! lu¡«J>J.o¡ "'ff 'l"""'ffiV .,..., -• 

·uo\""'"''!P jVl>U>I • ldWO'llO "1 0!~1-J w-¡uu """P 
lj 'po.íqdW> AiJ<IJ'<"'"O' oq Á.,., itp<l'fiOW P"!"'"nO po• ""'bJn 
"1»1 ounWU!"')I" lfll""''l\V 'Wio¡n OU0)\1ffibo ~""' I<<UJ<'O >OJ 
poq10Uij•>•u~ ou ~(•,• oqJ ''0'1) 8JOIO""'~ 1"1"'1"""" u•OU~uu 
•'ll u¡ ,.,"!!""" "' ouo¡¡oubo JU1''""""" "'11 ,...., owoo u¡ 

• lE •'J">"''dv • 111 
""Uü<>J" u¡ ""'"~' "! 1""11""'""""' "'U.· '[6] q¡o¡¡ pvn¡dwag lq 
uOA¡li P"'fl""' • Aq ]"'1'1"'1"' "'! "''" o¡u¡od q><or¡u '"'~"'"" •u 
·o -.1 lu¡.{J"lln "'"n!""" E + u •••q , .. "1!"!1 O'fl ., Ju¡Juc["'q 
.,..,oo""'"" ,<;¡uo ~~ JO ""'!'.nbo e + ~ >"'!1 oq, "l"l''"' '"" ·pdf'O'l-"""'1"' -'ll"PI>4 "! [!IW-)Hl lii1N) • op ·'71 00 .,mod O>U1!1 -.,u1od ¡o 100 01!"11 v pu• "11 o'L.lnJ "'!1 

P"OJ"N "'11 l" 1•oddno P!'"'""ll oq~ ~u¡ JOq¡ooo "'~,...,.,u¡ O>OOJ-ln• -=u ·os P"" '<¡¡ ''11......,Jl"" 
¡uawl•a¡.uu~3'~ • Ál!\.tq_'lodwoo ""-''!1••'"'1 ..._ '1: + ~ -<1 >o_,¡· ·o -.1 Joz¡.fl"!!"" 

• 
·roll >••lod ""!"•<iw<» w "! I'"'""''""'P •! "'1"'11" .. <U, •m>¡.~u 

01 ~ow "'[1 JO UOfl""~ddv "'LL 'RJn<IID<» f"'lli!P ~ uo pouuo¡ 

-....:1 oq ..., '"""'"'nd"'"" (1" """ 'pn.u<l/l'fJ!'Ul' "! """P"" -oJd ••U -~":1 P"'! .. P "'111" 111opru•w¡p "'!! •uyop qo¡q" "'"~ 
10 "'1Jlod !"!oodi ""'"1'1 JO OUUt'¡OOOj O'fl OUJULI<>¡o¡> pUo lruO!l!ood 

~-um"'l"""' "'1\, \,l""'d """ ... 'P""'"lQO ..,. """!'•nbo 
1tqUIOOO> "'!1 """() i')'"'!> ... ba 1""'>1~ "'ff ••!'•P l"'Y )ll'lto 
ouo ~UH q,... "'.{ 'OUT"'!' ~"![f>'IUtqumJ puo "'1"!1 "''""'q ¡<> IIO<L{¡ 

11" .!'Jro!l-¡o Wl¡ .. p P""!"'"""P "'1' <>1 "f''''>'l<i<l'< <! P"'" """'1 
"""'"' ""' ..... """ ,{ ll""'l"'l""i"l ptnl ~!"Y JO \ """'~"'"" ""' ""11'"" 
poq¡ow "!'U-·po~......,d "-'l .. q "f"'OIUÁ• ''>•W>uo~ f"ll•<h 
U] <tt~o¡qoJ~ ""JJ]oo:><l""'¡d~l""' lu••!"" lUJ ¡x>qllW !"'"""" V 

·¡~ P"" ''" 't '• 'J 'z u¡ ouop•nbo mo¡ 
..., ·~ .,_,-tq •tpA~>Odo>J 'fl'>l-..<lo.l en '1"!'1• wun 
¡n ., .. "1!"11 •• '!¡nli>J ,..,,.,lluoo '••»o¡dwoo '"1) po¡ ou~ ¡o 
W'"l 01¡] u¡ o<¡!!'" "'1"""' O'fl ,.,"11 JO ... , oq1 u¡ '''''""ll ·¡~U 
ÁJ"'l'"' '1>!'1" .,mod lu]Uf<UR10p m¡ 1~ .. ....., "'11 Álf"!1,_ 
'! (111:) ll"!!<to 'P"!• ..,"!1 luf"l"U'l•p .ro¡ -.:npo;<ud oqJ_ 

"""!!'i<Oo! t + u 1¡oq1 ••"'!. qoJ'I•" v¡ .,u¡od 11" 1" """"1 "'11 "! 
qo1q .. "' "'"'"' J>t¡¡ouo P"" •¡¡ •191uoo r•• "'""";ollop "'!'"'"' 
ot_y 'oowwoo u¡ "11 ••'"'! '11 !""''S '11"'1"'"lll '"11 !" "'fl om¡1 
...,..., '!"JI ¡o "'ffJO oqll"'ff "-""'!" oq ~no-oa>1¡ "'S puw 'S 
l" ""'!"" "'11 JO ¡>opo>d '"11 opnbo '"P"" _.-q.o. "){ • ...,, OO>V<lo 
v op¡;ú 'S puo 'S 1" UOJ1''"'"'1"1 oq1 ·~ + ~ -d '"-'! ·o • .!( 
rm.>¡.., .. _,.,,..od ¡ + ~ ••"'! '!."!'!" " "! o¡u¡od If" ¡o """"! 
oqi o¡-d:Lt-'f1-Jl'"' Á\'l"f!\-.IIDOO ot¡1 '¡ + N • d ""''.V. 

.... .., .. .., ¡u .,Of"O •q¡ o¡ ¡vnbo oon¡VA po¡Jownu UOA¡li ..:¡'1v"' o,¡¡ puo o.:¡ 
• "'!1 \...,,_"!'!\u¡ ""1/ ¡o .<Op.N> 01{1 OI<]QU>IOJ> lqo>oq> !"'" •:;¡ 
¡o '"""" "'1\ .,"1,.,.... """ •• '''1 'P"" JO -P "'11 ~•!"oux . . . 
. . 1'1"' '! ~ l! '1 .... .::."!~P. o ··r· 

,_. ' 

':;¡ (t+>l(l-) :::r -"11 
• 

""'¡u>q_¡, ·u•~ "! (.' -N) J! 

., -¡ 

, ..... , ., .. , 
~N./(l + u) u¡ JlOU191UOO Jdo¡u¡ (!:!:) 

>""'-"'1•'11 o¡ ¡•nbo '! 4 OU"!!Jood uiJ">P ¡o J>qWnu "'""'!......, "'!1 [' 
o • . 

•1 

"· 
«-•"! ., ., """/ ., .. , •'t+U-"N 

'""! •i •"!t o ¡o .,'""'!'"''"' 1""P..od>pu• JO •>qWñu "'!1 "'"~ 
"%'fiJA '""Pl""l"" lU"!lT"! 

n UO'Ij'l o¡ '1'!'1'" w>¡•Á• ~ "'11 uo po.~n.,..w OJO ""'""!!""""' 
-u -~ u¡ ou¡¡ oq1 ¡o .,,outp.~ooo •'P...., (~ ''" '¡ '• •• 'z) "''H 

({11:) " •••• 't '¡ -' 0 • ("1> '·'' "D 'Op _'~ ''"'¡'o'" 'z)',/ 

"11'""'"1""""' oq •• ., '191 P"" ·w '(¡) ""!1"'1'"'1"" '"'l" 'qo¡q• 

(ttl •'"""'I:'J-/ ::;1·-··•t'J'o•'r 

~O .:, ("o '· · • ''" '"'. -''N ''IV '1'1 '' Z ''A :; Xl<'..Í 

--(61) ""!' .... bo 1"'!1 1"'!1 ... "-!~-~d "'!1 ~ 1'""" 
OJn('O'Old "'11 lu¡•"ff<<J puw 1~) lq (L) uononbo luo""!dou 

1 + .. 

,., o • 

¡u UCO]l>><•>»U] 0'!1 •o 'ppo o¡(.! -~J ¡¡ 

., ~ 1 

.. , .,,...,, 
.. , .. , 

• ···--'!:'~-! 

.. 

.. , .. , ~.-,, ...... , 
. ., ., . .. , 'if 

¡o-""!!-"! "'11"' >:;¡ UOI!"'­

'11 -•:;¡ 

,..11 + 'H -':;¡ 

. ' • 

. ' 



Y'" [X"'] [
- ·~"' - """'" + 1•' - ll'" 

- _,. + """' + ¡.,. + w'")"' 
• + _ ... + ¡..., - "'"]'" 

w + w•'" + [w - "''"1'" 
-•""' - """'" + ¡,• - 11' ,, 

-•+uw'"+l•w+•"'l"'] [""] 
" + ""''" + ¡¡...., - u'"l"' + IJ., 
-••'"- ..... + , ... - ll'" TJ • ... -· + ....... + ¡ ... - "'"1'" 

"""'" 
D., - ~('"'" + '""'"')- b(,. + .... .,) - <(-• + ,..<") 

+ ¡,,,, - """')d"' + /J.,"' 
D., - -e(-.,+ .. '"J + b(""'" + -'"l- <(• + W") 

+ [w<u - wu'")d"' + D.,"' 

Th• oll<"braio monipulationo ""'" ¡H'rlonnod on o digital«>,. 
pUto<,.¡,~ a PI'OIJ'&I'! ooolled "REDUCE" [12). lliP,.r doriv._ 
tj, .. con b. ubt.ain«< in a •imila: monner. 
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Design Equations for !he Finitely and 
lnfinitesimally Separated Position 
Synthesis of Binary links and 
Combined link Chains 
,/ :,rn<rnl m<llu>d Jnc '·'"'~";~;,~ >f'dlia/ lioJ.,gcs (Jem ,,¡ i~ ~ p. n-ion> !·• p.r )1 )1) u 
.. pf>/iM lo !lu d"i~or ~~ "'"-"'" /~·pe. of ¡,;,.,,). I;,j s <Prd combi""' /oJJk ,¡,,¡, • "'1'"'­

¡;,,, ~'"'"''"~ '""" spwal pviws ""'' ¡¡.,_, o.·l¡icl; ohfwr rlu ¡¡,¡, Ji"""''""' "" 
J.,;,<J, T¡·j><s ,.,¡ ,.,¡., ofiMi •J '"'h >{>«;;,/ J'(>Í'II> ,,.¡/in" "..J lkt ma1·imom 
"""'b" oj d.,j~o¡ />Q!Íiinn. f•" M eh liuk '" r ~'""" .Yrm.CI "'"' mcllwd jw '"'"/"<11'1~ 
lhcsc 'P"'"' fH>i uls ,,,¡ '""' "" "'"""'J, ,.,.,¡ " "''"'"'"'/ ,,,·.,m pi< ;, P"""'"l. 

lnl!oduttion 
" .potbl kin<m•t<r ._,.,,¡,,...;. l""bl<tn• it ;, ,¡,.,.. 

""''"'""'<:\' In ~.o<'Tflli,... !1 .. ],,..; ~1 ti. ... '1"...;.'1 P"''"' and line• 
•ldd, 1,.,-. ""'1' iPI•· 1" "";,,,. ""'h '"" n,. """"'''"'' .. r ,.,., , "" 
lmk• ,.,,¡ hnl, ,¡,,¡.,,_ ¡., th;. 1"1-'<'' ~• .,,.. o mcohnd o~l>e<l 
,¡,...,-¡.., .. [1[ '" detwmi"e •nch ],ri fm nrinn• 1)'1'"" ,¡ ],,~,, oltd 
lil>l. (!,,;,, ¡~¡,..,. ,¡,. -;,,,., ... ,,.,,, .• ,,¡ ""''""']' , ... d ¡, lhi· 
I'IIPPT ••• a• do~<ril..d ¡, 1 t [, t ho ,,.,d,~ ¡, od•·;...,¡ '" fi"' r~mihar­
i.r him,...lf ~ ith ().al ~•nk.) 

Tho· nnovi1o~ nml r,.,.,¡ loml•<·• ""' I<P'<~o·H1«i h¡- o .,,,.¡," 
r·,,,...;,., ,.,,.,¡;,.ate •¡-•te~n a •nd • fi,..,¡ •Y''""' :':, """J>«'"" 
oi .. J¡-, Thr '"'"'' dinnl,.. ,.¡ o ]•<>Ínt in o Mo· ,;,.,., b)· (r, y, :1 nlld 
k n, r, li • ¡,., ,,.,, .. ,.oo ;, :;;_ 1" ~-h"' ¡,n .. ~. ~• """'''" 
tlw "'"'''"~ I•.!J', u, in p ~""'""'1 multipl• i'''"';"''"· T.._, p 

1'~;,¡,,. ,..,,¡,, ,.¡ '" + (-, + !, + .. + k,¡•~,; .. ,,. (p ~ "'+ 

f: k 1) •ttdo 1loa( ,.; 1""''""" ""' r,,¡,,.¡_.- "'"""'''d r,i<d ,,.,.¡, 
'- ' 
"""'P ni ~i ¡>,.¡(¡,no• ~•• iufiui<e-inoally ""'l"'fOtf'd fmm o h• jo¡, 
~uitd,- ""1""'".-J l>o><ili""- lf •11 (],. ]>•~11·,,.,~ rJ O ou~ hmlol;c 
~'1"''"''"· 1, a fl fuo all J Un 11,. u o loe< ¡.,.,,J_ • ¡,.,, •11 the 
1''";,¡,~,. ••~ ;,.r,,.iiMm•ll-'- "'~"''"'"],"' - ]. 

1f /'(x, "' •) ¡,; 1,.,¡,., iu a,,¡,, '"""1"'"""" iot:; .,¡ 1', (tho•¡tlo 
¡¡,.;,(']_,- "'l'"'a«d po .. ;,;.,,. ul/'¡ ~illl .. ,¡,. •• o<.-J b;· (.\", 1"1,.<:",), 
""d the ""o,.,.;, .• ,;,,,¡ ol"'J>'"i<iun ,.,.,, ,,¡ 1', .,n ¡,.,J.,...,,,..¡ 
1., (.\,'". )",'",1-,"'1. 

AppliuUon lo Link Design 
''''" '•'"" "'""'Y UnO. ·A •photr-•~h<.-. bino<:-" lo~ok, ,¡.,..-, 

'" F1, l, """'""'"' 1h< ,.,.¡,,• l•i•·ot 1' m ~ '" ,.,.;, on • 
'1"1"·"· ~~""'" ,.,.,,,., " "' n ... r",¡ ¡•i•·uo ,. TI .. · "''"''""" 
"1"" ¡.,, i• 

1.1" .1.1' + rr- 1-,)• + rx- ;y -1!'." "' ~ )orr< f.\", \", 7.] Olld 1.\ n ) "" 7. ,) O "", t<~¡.,.l i•·<l;·, , 1 h.- " ••od~ 
"""' .,¡ /' aud (' ;, :;; /1 ;, 1 he olt•" "' ,. ¡, ""' /' '" 1,', 1 :.,,., "'" 
1 1 1 "'" 1 ,,, ""''''" ¡, Lito Ion m 

' :<mnl"'' ;., b.-o•·k<t• ,¡..,;.,,_,,. l!,(.,•no-.. ,, .. d ~ , .. ,..,.. 
i'<mon..,o.-.1 In th• ll,.i<" l:n<io><·erinolln·;,.;nn loo,.,....,,.,,.,. " 

•1" ~! l'<ho"i•rn• <'•"''"~""• .'<1"""· r;., .. ( '<·tol.,., O. 9, '"'''· .,¡ 1 "' 
''"""" ~<OCOUY UO ,,io~K.~I<"•C ¡;.,>I>HM. "'""~oipl oo­
o.]> .-.1 h,· th< -''~1 f. M..-! .. ni-m• lli<i•inn, J""' ''· """'· ¡•.,,., :<o_ 
'·'-~lkh·>. 

"' • -~z~ 
""'1 "' - x~ + r; + x; - 11• 

.\...,,.d;,, o" ]1), the <o•nJit¡,"' ¡,.,a,.,;,, /'i>,v,:)in • "' 
¡,.,. 1' >nhiOtplo· ]""¡';.,,, "" rlt<• •pl.eoe !~) ¡, (],., it "'"'' 

'"' ¡,¡_.. 

IX,+ r, _e z,¡a,, + .,x ,a,o + .,r ,"·' + • .z,"•' 
+ 0 ,1r,t • " 

j - '· ~. ., "' 
1¡ - "· 1, !-, -p."'+ L ~-, r:;¡ 

'- ' 
~1....-. (.\',. 1",, Z,) ••• lh< ""~d, .. o..,. m~.,¡ 11.- JOb fi,.,~¡.'­

"l'"'"'"'ll;,,,,oiun .,( /' '"d tloc "'l"""<•ipt (1,) d''""'" tl.ei,LI, 
oi<•I'Íl,,;,,. "''" 00''1''"' '" th·· t<f,.,,., .... 1"'"'"''''"' "' ,),. m .. o; .. ,_ 

r ... 1, - " ... h>.ve 

_,,. + r; _, z,• + .,,.\', "· .. ,r,+ ,,,;-;, + .... " 
j- 1,~ ... -.... "1 



~",."·"·';"~ n ... ""',.,,,,.,;.,,u- '' ¡,,, ,,,. '' ' " "'''• '"""'"' 
','- '•'-'- o,L\", - .\,) + u,(l", - )",)->- o,IZ, - ;q - o 

j-~.J ........ m 

~~ ... ,.. •,'- .r,• + r,• + z,•. 
r ... 1, , n ~-- , .. , .. 

,,,.,.,, + o,r' fl;l -,- "' r, "•' -¡- ,,z' <P¡) = {J '"1 

J- ·-~----·"' 
1¡- ·-~-----k¡ 

11 ¡,., ¡..,.,, ,¡.,,..,. ¡l] ,¡,.,_,,. r,. z,. x, "·'. r, "·'. ,,d z, g,, 
.,.. '''"'""' '· "' ""d z (r '"' """ d;,,,,,~ ,¡ 1' ;, ,. ), ... J " ''"' ¡, .. 
''"'"" 1.\c•l"'"d;, 1 owl2 ,¡¡21) >hot I•J- ••'! o,.J lo,'f'•'.,.. 
·''"' ¡,.,,..,. "' z, N. orod '· 

Th..,ef.,,...¡.,,¡, (.",) aroJ lhl '"•" ¡,.. ~.,;, "" ~-

.r ..... + 1~··· + ¡., .. , + ¡ .. ~ u ,_._, ____ .,,_, ¡;¡ 

"¡,..,...¡,. "'" lhooar ¡.,,.,.,;,~ .. of z, ), and '· F".q'"'""'· ,; ) ~-m b. 
"fm..t '""' ,¡,~¡""' "'i"" ;,,,_ 

~'"' '""',,.,¡,¡.,,,(¡o - ·1) "'' ¡,,.,.. 11""'' '''!""''""' "i1h tlw 
lh,.·o ""h""'" "'• o,,,,..¡ •• TJ,..,M'o<e, "'"'" On}· po,int ;, a, 
~- """ -.,lve 11,.. d....,. ....,, .. ,;.,.- fur 11.., u,..,. unkJ,"'"'" aod 
ohrt.!o¡- d.o...-m\1,,. ,,,. ,..,~r,,.,,.,. (.t .. r .. Z,) ,f "'" ''"""' ol 
,¡ •.• ,,,,,.,.._ n,. ,,.,,;,, .. r ,,.,. '"'"""' ,.,, '"' .,,,, . .,,,,"' r. .. "' '''" 
~'"' '"l"' ti"" of (1 ). 

Fur /' ,,.,.,..,. Iban funr, tbo nnml..,. oi """"'"'"' i• J"'""" 
olu.n n ... '"'"''"'' o! ""h"·~ '"- n,, '""'P•ti~ilot) '"",¡;,;.,, .-... 
,,,;,..... olono "'""'"k,¡'''",_,.,,, ... , ¡,. ,.,,,,.¡ '" ''"' ""'"bor .. r "'" 
""'''""'"'• ~hich io '''""'- Tloi• "'l"i"n\<nt """ ¡,.. ""'' if 

[' '" '" J,.¡ 
" '· '" '" ,_ 

'· '·' . "· 
" 

'" '" 
1 

" J~ ·~·-~ .. ··-· 
'" 

¡.,,.,_ .,¡.-1 

,.,,¡ti~< roonk ,,¡ 

u· '" '" '] ¡, '" '" '" • '· '· ,. '" J 

;. tho..-. 

f-in«· f .. "'"¡,.,,.,., in~. y,,,,.,¡'·, . .,,.¡,'''!'""'"" .,r (") '''1'"'·"'""" 
• fon<rllo-"rdo·o ,.,,.¡.,.,, .,,¡,.,¡,¡..,_¡ in a, Tloi" ""'"" •-ill ¡., ,_ 
ler.-.-d lu ._, e .... , .. ,•. 

TI..-Iooint< a\ wloith olt. ,.,,J. o/ (~)i•l,_ u..,,. tl"f'<'have ¡,...., 
•~llo·d 111 thc n~i•lll•l ¡•>inL<, )-'.,JI,.~¡,.~ 11"' 1"'"''',¡,.,~ ~i1·o·11 in 
111, .,. r,,,r ,¡,.,u,~,,,.-,;,,. Jie "". ,.~;,¡,._¡ .,, .. ,. •hio-h;, • 
,¡" 1,_,,.,¡,.,. >¡_.oo-. '""'"- A• ~ illl,.. ,¡,,~-n 1.,.,., !< io tk Ion,. uf 
nll po;,,, ~h;,¡, !oue ,,,.. r,,, r ... , l""iliw •• "". dtcln 

TJ,.,..¡,.,"· •, ~ ·•di,g '" 11 L };,,,.• ;, r ¡,. ¡,,.,, ,¡ ""'"""'' ~·hich 
'"'"" lov•· 1011lllplo ¡•,;iti""' ""'"1.\'iug ( lw ""''' ,.;,, uf • >pl,..n-­
•phor•litok. TJ.,.]<""'-' uf &lll'"inl• wloido hav~ ,¡, ,.,.;Q,¡,,_, on a 

•vhtn ¡, ¡1,.. «J<IIt-<ordtr 'P""" "'"" 1 ~ ~ loi•h i• 11" in«-""'<'1 i'>n 
.,¡ f,",~.' ""d ¿-,~~· ,.,.¡,,]¡"" J.•. 'lloe """'-""'''i"" ,¡ E,,.,•, 
t.·,~·•', "'"1 t.·,~,• )''"·Id, k' .,,] :m .¡¡,,·,~•• ¡ooinl.-- • hith !~>ve tho·ir 
"'-"'"" l"•il ion.• "" o ,pl>eno_ (l'h< munlo:t- of 1¡., d;....•'• ¡.,int• 
""" ¡., ,.l,.,olat«i frtom "''<tali<<t" gi1·en ;, !o.PP..••f" 3 .~ 1'!1-1 

Thc• ¡,.,.'!!.,;,.~ ;, 011 <>•m1oh• _,¡,,~-i"~ 1],. <lolodl"l pr .. o<duo o· ¡,, 
"ual,ni""" "'"llipl<~]""itio"o <J~i"n ]""'''"" of • •l•htr<-.<plotfr 
lml. Fo.r oU.,r t¡-¡oo.. o( ~nQ tbo pnocedot""' ~.-. .._,liolly tbo 
"""'" •• th<-lw<-goino. l'b..r..lo,..,, for tbo rtmai'li<'l link• •nd )illk 
.¡,.;,,.,~·e •-iJI utol¡· clcnv" H"· J.,;gn «¡uolliw» ,.,,¡ !"""'"' OIH• 

""'"''' ¡," '"'"''"'''" r .. ,m . .,.,,._.,,..,_,,,.,, Dyod. /o. olideMiu.IO<"'PI..,-o dyod, a. •hown 
·,, fog. 2, '"''"''";"" tbo n;o,¡,.. pi1·ol l' ~' mnvo- on • pla"" "·hiclo 
¡, f""'ll<·l to •h• ,¡¡~;.,~ do<ottio"'' or tl.o• '~" •li<h·"'- Tloe 

'""'""'"( 0''1""''"" j, W V., h,' 

! 

¿ 
"•-' ...... ,_,,,..,.,, . ., .. , ... 

f.\' - .\'0)/. + !)' - ¡-,).11 + IZ - l.,)_y - O (IUI 

~ l.o·oe il., M, .\') ""' ,¡,. dit"t ;,,, "'"""'' ,¡ IIH· """""' 1<~ \1.,, 
¡ol"""· omd 1.\'0, I',,Z,) tloe "'"'',¡""'"" .,¡ '1"'''" "" !).,. pJ..,._ 
1-A¡otMi.->n ( 1 01 "'" ¡., "riltOI< "' 

.-¡,,.,. 

•. - ·" '· 

_y+¡,,)'+ &,7. + ·~- (1 1" 1 

S 
"'~ T• '"" ¡,,- -(.\', + )'J,, + ?.J;)_ 

TI •• d'-"'i~n .. 1""'""'' ''" p m~th'opl• P<"'itOot~ ""' 

.r,"•l + r,"·l~, + z,"•'J, + ¡,,,.,1 - u 11'!) 

j 1, 2, - ..• "' 
1, --o,J,_ .. ,l1 

~>loio·h "'" he ¡ o<l•l<·o-d '" 

¡,, + ¡,,¡, "".u~ " •-1,2, ...... -• ( 13) 

.,],.,...f.,.,, &• d•~n<d in ¡7 ), 

<o;d,~Spho., "'"""' lloO, A >lido·t-.pl .. oe ¡,¡,,.,._,.link "''"'"•in• 
j>!illt /' (Fi~. ;¡¡ '" noov• "" o,,._¡~¡,. Jio>e J>oroHtl 10 ti .. Jiolin< 
_.¡., ThP "''"'"int "'lotoliot"'"' 

_,- -
,. -

'· vz-x, -" 
E.z-r,-u 
S 

f!<! 

,.n,,r (/., .11, X) "e thp Jjr,..,tio~ '-""'i''"' uf tlo< 1""" and (.\'~ 1',) 
af<' 11..- <O<>rd¡,.o,., o! th< l'"inl ~htre the ¡¡,,. ¡,.,.,...,..,, 1],. 

.1' 1'-J>I•""· TJo,. ~.,_;~, ,., 1 «ath.~os c~n toe"'''''" 
,\,o,¡+ .,z;•;• +.,o,,~ o 

1',~., + ¡,z,a,, + ¡,",1 
tiJ) - " 

j - l, ~.- -, '" 
1;_- 0,1, ... ,1-, 

-~ 

"'" ' ,\-. " --:¡:-. "'"' 0,--1'. ,,. -s. .. -
lfanm1ions of lhe ASME 

1 

1 



p 

......................... ''"" 

••••'"•·"'"'~'"""' o, .... ;. r.volur ... ,r,.ter.;pho,. dy&<J, 
•ho>~n in Fi~ .. ;, "'"''"''"' ~ point Pina"' movoon • on .... b..t 
h) P<fboloid .,¡ tevololtion ~ho,. "'" ¡, miocirlont with that ol th• 
"''"1'"' j<>itot, •toJ ~""'"""""'"'"'<!m'""''/';_, P"'ll•·l ro th• . 
. •lioltn¡ Jicertiun. The '"'"troÍnl <qu•lioo ¡.,, point P !s 

1.\"- •1' + (1"- b)' + /Z- <)' 

- [I(X- or1 + m(l'- b)+ n(Z- o)]'[\+;:] 
,. 

-lk•- ~k[I(X- o)+ m(Y- b) + n(Z- c)Jlli' <>' 

(2\l) 

wtwr. (X, l", 7.) ••< th• ""Mir"t"" ,¡ P in :!:: (1, "'• ,¡ "" the 
•1"'''''¡"" ""';,,., ,ftho h¡¡,.,rl.,(,,~ a<L>; (n, D, r) oru 11w ""nlo· 
nule- ,.¡' I><>Ínt ,( "" th,. o<ÍJ!; k;_, th< diotanre from .\ '" the 

"""'"'uf the hyp.rltoloio!; " ond ~ ""'• '"'!'«IÍV<I)·, the ~ÍJ!t~oo. 
otod tho '""""'' ol t hu an~le l>et" '""" l he .,;, And o g<rto•t'atm. 

lf we "'''''' .1 «trh that 

th>H (~tl) con hn reduo"'l ''' 

•• 
Equat ¡, " " ( 1,-, ) """ l>e ,.,¡,,.,.¡ lo 

J"+J . .,,-n 
r~+J.,¡, ~o 

(1~) o.X+b!"+rZ-k(IX+.,Y+nZ) iJ' 

'~ '-~---··" -1 

o,.,,.,,.s,htio "'""'' ''"'· .\ "''nlut,...ph<,.. bin••y link hao 
th. ""''""'"'"""''un tho ntoving pivot r in a M do.., a•pho•.,. 
oph_..,,¡,¡,.,.,¡;.¡., ¡.,,, hnt· (Fi~ 4l- Tito''''""'"'"''""'"'¡," 
o·irde ~hi<·h mny t... dwtnoin..J "" the int••,.<tiun .,¡ a opl'"'" 

X'+ ¡·• +Z' +a,X +a.l" +n.Z +o.- o (171 

X+b,Y+b,Z+b,•O (18) 

• ,,.,~ th• ,,·, ,,,¡ b'• "'",.,d.~,,,.¡ in (:!) .,,.¡ (1 1 ). 

¡.;,,.,,,,;,..,, fl7) at .. l (l~) oro id"nlimlt" (~) and (111, re•).»"•'· 

tiv..ty, """""t•,.nll}', ti.. de-i~u "'l"~'""" ¡,,.. p modoiplo p<><itioru! 
•• 

'""' + '""' + ¡ .••• + ¡,, - o 
¡., + ¡.;., +J.,/>, - o 

·-1.2, .. ,,-

..... ,., 

(W) 

-11-"'+ t•+Z')+1(LY+"'Y+dJ'(l + ;:) 

_L[•'+h'+r•-(•~)"]--~ (2'!) 
~ iJ ~ 

Hen...,, the d..T> equat.io,. for p mo~!Íple pooition> are 

o.Y,"•' + ;¡·_<lrl + ,z,<'rl 

' ( "') + :¡ [11.1', +mi'¡-'- ..X1)']"'' 1 + ,l• 

, [a•+b'+''- HlT'- -('i)"" 
i.- !,~ ....... 
,, - o,\,- ., k, (2.1) 

•;,. 41~) 

.,.. • •••••••••• ph "' "'""" ""' ··" .......... "~'''"''''''"" , ••••• , 

Jou¡~¡l el En¡inmlnl lc1 lnduslrt J 



, .. , .................. ~ ... ·~ ... . 

1 

d 

.. 

' ,(z• + .!'" + xn-¡,z + <.! + .xJI ¡ -z>+ .11 + .r• 

''"'"'·'·"1 (¡:¡:¡ ""' '"'"'' """' "'"" ·~' ...... '!'1' "1 '\' -~(.{ 

...,.. {n • ~)..,..."' ,\' !"'• '/ ,...;.""! >¡~u• "'ll ,,.'!' po.í¡o 

.uao¡~•-•·'1'!1''""1"'"' • !" """' 1"!·•·•1• "'ll "' 111•'1"-'!"b" "· (U 
~. ¡) ~"!1 .1.1•"''1 ~··"1•1<-J>]""I ,,, 1' .,., ''""" ••• , ........ ,,, 

· 1'!"1' "1 t-><l.i '1 u "o l" "''! • '1 ~ """1 1 
"UO'·••I '-'"!'!"'""" "·•! i.ÍO.•[• >10 >ta~o "q! ,_,.¡ dO(I O! •op •( 
"'l.L '(< ·~ 'y¡ ¡o"'"' "•l Pr•• \ (!;:¡ puo '(!li'J X~f.l '""!''"''b:·l 

•o•+•~+,y 

-(q -_¡)¡]< .¡. 

[(<-211-(o-X)")rl ~ ({'1-.11"-(>-<Jm]y 

' !1/'1-u•)·• -i-(••-1'1~ + (""'-"1JY + 
~ .... -<_1)1{ -·--" 

' 

'L![.(~)+ 
1
J • "'+ rl"'+YI 

' "e.,.,."'~''" ... ,~.., ••u ¡., 
'~"' ~"11"1 '"ll "'""! P·'"!""'"·'P ·<'1 "'" 

'lf¡:J "\ !''"'"'"''·' '"" '" ''1'!'1·" 'l•'~'y¡ ""!1>''-"P ~"11'!1• 

••11 1" ..,,~ ""!',.·"P .,1, '"-•""~ "" "'"~"' q;,,. "'"O -('' 
•• 

'0) ~ P"" ""'"'"P '!" 1"~!-'•d• • 'll!-" PT"I"'l'·"l.i•¡ • no •'"'!' 

·!~•lpu-'-t·>< a.m¡ '1 '!'1' o "' ''"!'"'¡o po¡ "'ll ""!'"'"'"P '" (1( 
"' "~"'1' 1""--•••u •·n .,n u~• •~ ""U . ...,.....,.,,..¡ ""!"!w""'' 

""' "! '~'!1 ,,.. ~~~~ """"""b,o ·(:~ '") f !"'• (• .... '11 ·ÍJ!""'l• 

.h !! ''""""11 '•'I'I""'IJd• t¡l·'·"'i' ¡ou "' 111 !" 'f'"il"" 
"1' '•.<·•l·''""'d "11 "' '""'!'""' "'" (tll '""!'""t.¡ •·'"!S 

z pu• '4 ·~ "! >""P""b 
po-.. •••"!1 '-'~>-'!-""' ..... ,, !"'' •• tw.¡l "-'""'~' "" """ 11 

o -'¡¡1 

o< '1!' 
O M '11! 

' 
],(•z•-'-'.!"'+'XI!-,('Z" + '.!"' + 'xrll 

(,,,. 'z• + ''" '.1"' + l'n' .\'Jl --~ 

l'z• + '.P" + '.\'IJ x 11z• + '.1•• +'_ni-

-,., 

-., 

(tU r-•·--·'¿'r•' " -
•'f ~ 

' 
(.!t + r) ,•, + ~ ·'1'' + '''i + 'l''i + "''! 
'" •" 

r•J• ·•" r•1• .• ,. 
X 

z 

(U'w'l)l 

' ' ' ' 
' ' ' 

':e· . -' 

l 



/,4 +!.I>+J,.<+r,•- ' -:; ¡ .. -" r•l,~, ... ,p-1 ""' 
Cyllo<••·Cyt;n<•• •••"Y tloO. ,\ •·;-lin<lo•c-ey]i;Hiec bi""" link 

(1-'i" 7) '""'""¡,, ,, lüw {,;,.a «<Ch th•t ""' an~le 9 onol rhe 
ili<klm·e D b<tot-<B (, ~,.._¡ lh• fixO<Iaü, -~ "'" ""'-'""'· H ~o lot 
.(/, "'• A) an<l :...¡.\, J>, ~) b.- <•" unit '""""' p&n<lltl 1<1 L ond .\, 
'"'l""'ti-.1;.-, 1'1 (4, b, e) an<l u(<>, ;J, 1') boo, ,..,.¡>e<tively, tha 
l"'•iti"n 'ector; .,( a point "" !, .,,¡ ·' ¡:ooint nn .\, the "'"'""'"' 
'"l'"" """• in veo·r.,, notatonn, lnr a cylinder-cyli!<der link ''" 

'-·l- ""'o- """-•' ('1011 

1'- X l)·{A- u) • Dsin6 • <on<t (,11) 

,\ lm• in ~ ~hio·h h>< p nonlti]'le po.iri""' ,,.,;,¡y;,." rhe "'"" 
'''"'"' ,¡" • ylinolo·r-oyliml"' lito k"'""'"'"()' 

"' 

. . ¡··· •• (;1.-l,IU,l. 
0 

~ 1, - o 
111, ;> o 

,¡ 1, - o 
•11,>0 

j-1,2, .. , .. 
r,.o,J, .. ,k, 

A-rl 1 - loJ- o ,.~.3, ...... 

i-1.~ ..... .. 
1,- l.~ .... ,t, 

(;1, X l 1)·1A1 - o-}(;1, X l,HA, ~ ft) • O 

(:t.!) 

j - ?, ~- ... , .. ¡:¡;.,¡ 

)(;1, X L,)-(A1 - "JI"•' -O (.],',h) 

j- 1,2, ... , .. 
1,- l,'J, ... ,k¡ 

I·Ajuation, (J.;¡ ate linear in A 1UJI ,_,d c. ~inoe A,''•' • 
¡.,.,,,.. iu a1, b,, ,,.,¡c., •q.,ati"'"' (3."•) .,., lilleor in "'• h,, <o, e, {J, 
"" 1 y. 

CyUod,.-Oovolu" "•••Y ¡;""· .\ oylind<t-!<\'ul"" hnk (l'i<- ~) ¡. 
'lmply • eylon.t. ... e¡-lin<!e< link ..-ith an odditiona! oo"-'lrainl of 
nu ollolit'!l ol.nK th~ moving &Ü•. Thi- aololitiun&l oo<<>trolnl ¡. 
I!U""'""l b•· the "'l"&t">n 

D 

"•- T Cyliod ... oyl<•d" blnor¡ linO 

J~urpa) ol En¡inwing l~r lnduslry 

[(A - <r) X ;1,[ -ll X ;l.) • """"' 

Tho.-.(o,. 1be dt.iKto .. '""''""' fot p "'"!tiple pooitio11> aro 
IJ.Ia), (:l-lb), 13->a), (J.'ob), 

[(1'1,- «)X A)-rl, X lo.)- O j-2,3,, . .,,.. (300) 

llfA,- e) X A]-IL 1 X ;1,))11,1- O 1:16&1 

j - l, 2, .. " "' 
1¡- !.~ •...••• 

•••"•"·•••••••• "'""'' ''"'· -~ ,.,·oluro--,.tolur~ binary Wok 
(f'<g ~) is anuth<-r •P<'"i•l ""-'" n( A c¡-linof.r--<ylir.J .. , link. Such 
a lmk ,¡.,., nut ollow oliding on ¡,.,,¡, lhe m"' ing anol ~,.,¡ axc.. 
1'1« """' roiut "'~""'¡,""' f, ,, rhi, wtulil ¡.,., "" give" lo¡• 

(A- aJ-A-""""' -· (A~o)-l•<un>t 

lA,- A,)-).- O, j-·!,3, ... , .. 

l'l,u,o.:;,_- O, 

j '· ~- .. " .. 
1, l, ~. ' ., ... 

137) 

(:IS) 

·~· 
(A,-L 1 - A,·l.)- <r·IL, - l,) -O, j-2,.1,. ··"' (10..) 

"•-. "'"' ~ ..... ,, ~· •.... , """ 
S 

' ' 

1 



' 

.. , 

~¡;,¡"~Jlher~ 

~phere-.¡•he.-. 

n.-,-~¡.,,,,,r,.rer~rr,..-. r .-;r h 
(,.,,n, and 1· >J•ocifi...J) 

!!,.,. olut <'-<lid o· l·•pl,..-. ( •· itlo 
l,rn,•, •nd a¡'~ •r•eci6t..! 

CyliOO"'~phrro ("ith l,m, 
ondn •¡;.,dliNI) 

C¡·Ji,,ON-•~mh•t•· (~ith l,m, 
a~od " 'P"'·,r, ... r¡ 

H.volut,_,.,.,¡.,,. 

..... 1 

:-;o . .. r "·•'"" J""ithm• l,ocu• (,., ,.,unlx·o ) ufp,iuto th"t "' ¡,r_,. H1o 1; ''""'' """ 

" " ; 
;, 

' ; 
" ; 

" ' " " " ; 

' ' " ,, 
" ' " " ' " ' " 
" ' 
" 

_\11 )•oinlO 
:u•-t-~o..,. '""""" Glh......!<r ,.,,.,. 
JOpoir.t• 
.\llp .. ;.,,, 
:¡od--mrlo·r • .,,-v" 
,\11 pointo 
tth-<>rdrr ourlA<e 
Jllrh-<>rder '""'" 
:'0 polnto 
.\11 points 
(il ¡,_, ' ,¡,., ' ., 11 " ,. 

.~11 J>oint• 
,>tlHord..,- ""fa~ 
l6lh--ord<-t ....... 
•~ poln" 

.\11 "'''"'" :.tlHo.-.!o·r ,,fao·t• 
J ht h-.:mh ''""'" 
<~ point• 
.\11 p<llnl> 
41h-<ml« •urf•re 
JI tiH-.J<!o·r '''""" 
~f> poi~<t• 
MI J~, ... 
LiHo <O"/"'"'"'" ("hirh ronl>iruo all ¡;.,,.. ~hith are 

paroiJ. to tbo gooeraoor• o! a .-ubi< rone ""d p ... 
throv.~h "" infinit• roumb.r o! •uailht Jio.,. ,.,h o! 
•hirh cort~FPO"d> lo a o•••orotot uf th• c-on•l-

ti lmes 
(),,. uniq<n• Jine 

21 lio., 

i(A,- al·l,J"•l o (<01.) to<•rmol lnmo ,\ "''mi"""'). 

~-' ..,¡.,¡ 
r "' ,, •. ,_, 

(1''1 

Ul') 
r~"l 

(11') 
(!,'') 

j 1, 2, .. , m The ,¡.,;,,. ··~uatiot~ for p lnulti¡ol• l'""tioo• "'" 

'· 1, 2,. .. , l, IIX,- q,)' + rr.- b,l' + rz,- r,l'lu•' 
'"""'· ~tar!in~ ~ith t],.. ,¡,.¡., «¡uati«•~ derhNI !nr ,.,¡. 

link, •• foil u~ 11 oe ~'""''dure ;n,,.,,,,.,¡ ·,, t lw fu1 ,.,.,;,,~ di•m~ 
''""o! thc op],.,.._.p¡,.,. li,.k. Tho ,...,,,¡,, «htaitwd ""' f"""d 
;, T•ble J. (D•tail<d d""'"'"""' o! tr...... dffi,·otiom ,,.. ~¡.,,, 
in {2].) 

lii,(.Y,- "•) + m,r!',- r,,¡ + .. p,- •,li'l"•' ( 1 + ¡f,) 
- 1••- 2kl/,(.\,- q,J + m,rr.- b,J 

'"•""'""· In Fig. 1-Fig. 9 ~e hav• ,.¡"""'' the ;,,,,.¡,, ~·hlch 
l<·od' tn 1),.. •in•ple<;t ,¡,..¡g, <·QU•Iioo•. Tl•e Oe;i<u uf • <hoin 
~·loioh L< tl.- ki,ematir ;,.,.,.,;o., of ""l' ol th,.... """ be ,,_ 
'"'"p!;_,¡,..¡ by ritl-.er kin•moti< ¡,,.-...,;...,, •loi<·h toqui""' inv.rt­
in¡ tbe motioto an~ inl..,<han~iug '"- fi>«f ond tnol"in< bodi.,, or 
by tloo dil'<"<t oppli<>tion of th!" """",¡ tuethnd, ~¡,;,h req01io.-. 
1],. d,~;,..,;.,, o! r><W d'~'"" '"'""''""'· Tl•e lulln~i"" ¡, "" .,_ 
"'"PI• illu>ltutin~ tl.e J,.,jvalio" ni~.,.;~., c•¡u>ti""-' ¡,, "" ;,.. 
•O"ft.e<l •h&io. 

\\"• ..,,,,.¡dOt U.. in,-.,..¡,,, o( • ""'""hn.--.Jiol<r .. r•"-'~ dyad' 
t•on•el,-, a •rlwt-fHI.,-.,..,.,r,,_ <lyod ._. ,¡,.,~-, >n Fi~. lO. Thio 
•l.\·•d , . .,.,_,,, .• ¡.,, • lioe Lino •"o-h ¡),.1 ti"• li"• al""·'''"''''""' 
1 he """"tio" 

ex.- al' + o·,- bJ' + 1:z. - <l' 

- ]!IX, - a).¡. '"(l', - bl + ~_cz, - e)]' ( l + ;: ) 

o' 
•J + .. {!'. - b) + ~cz,- <JI 1 ¡¡.-

(41) 

•l.,~• (X~ 1",. Z,l ""' th< .,,,,dinate- ,¡ tloo ''"""' ,¡ oh• >pheri­
oal join t 1' ,: (1, "'· • ¡ "'" <1 ,. d ...,.,-,"" ..... ¡,...,. o1 r,,. /.; ¡ •. b, , ¡ 
Ot>- tb. ""'tdmot« uf J>Oitot A on l.;.\ io a Jj,., ''""'"~ ohnou.-:h /', 
p.rolld tn tlor ,¡;,¡;.,, .,;, .\';a ;, tloe ,¡""'"'' .¡;,,,.,.,. fr,m A 

o. 
'" L; /; "' ¡¡,, '""~""' ol 8, ti•• """'" 1><-<• '"'" l. """ ,1, 1 ;, <he 

diolOn"" lrom .-1 "-' .< ' l.t' ¡,. lh< po;nt "" L ot ~ birh th• rummoo 

' 

+ n,(!', -

J • J,2, .. .,Ho 
r, o,r, ... ,-1, 

(42) 

For 1, • (1, ob. •ubtrot"tiou ol '"- fo1">l ..-¡\lotion !rum oll ¡¡,. 
',,¡,.,.. ol r·~) yidd; 

' 

~(:))--------- J\ 
--rlh- ~ 

L: 
Tnnmlio~s ol the ASME 



-~IX,Ia,- a,)+ )",lb,- b,) + Z,(c,- e,)] 

->-'(a¡'+ b,• + <,'1- l<>o' t b,• + <o'l 

- !X,u, - 1,) + l",(m, - .,,¡ + 7.,(•, - n,) 

i/, .. , + m,l•, t.,,,,)+¡¡,.,,+ .... ~. + .,.,¡¡¡x,rl1 + 1,1 

+ !',(m,+ m,)+ 7..1•¡ +o,)- (1,,, + m,h¡ -i- •,•,1 

- ¡/,.,, + .,.,,,, + ,,,,¡¡ ( l + ;:) + ~J:[I,(X.- ,,¡ 

+m,{!',- b,) + •,17.,- e,)- /,(X,- a,)-,..,(!-,- b,J 

j-2,CI,. ,m (43) 

¡,,.,, t ¡.,¡.,+'-·''+~-k;: + 1-' (1 + ;:) 

_, r•l,2, ... ,p-1 (lG) 

-IX,(!,- 1,1 + l",lm, 

~. -
IJ,,.t, "-' U. o~" U. .lpJ><·nrli, ( ,¡ {?], (11', + "'}>¡ + n,-<,) ¡, equal 
to (C "' + [,,,, + m,b, + •oc. l. '<he" <:,. b • ('"'""' fnm1'""' u/ 
(1, m, .. ¡. (1 oe o·h""'" P·<int.l ••«h th"t 

m,)+ Z,(n,- .,,¡-e"¡ 
if/1 wO 

-[I,X, + m11', + •,Z,:.. a,..,+ oo,l>, + n,c,JJ"•' 
'¡ff1 >0 

' 

/,a, + .,,b, -<. "•" • O 

.\',la,-..,¡+ r,rh,- b,l + z,r.,- .,¡- ' _,, ,_, ,, 
'! ... .. J,'- 1

+ [X,(/,- 1,) + Y,lm,- m,)+ 7.,(•;- no)- C'<i[ 

-X[.\',(!,'+/,)+ l",(m¡ t o¡,)+ Z,ln¡ + n,)- r;,,¡ 

. ifl,-0 

' + :;-l.\',11,- /) + l",(m,- ,..,¡ + Z,l•¡- n,) }- IIU,X, + m¡l", + n,Z.J- u,.,,+ "'•"• + •,c,JJ'Iq,, 

- c,nx.v, + 1,1 + r,r .. , + .,.¡ 

+Z,r .. ,t,,J- c,,l (1 + ;;) -qx,ll, -1,) 

• .,. - "•' + b,' + <,'. 

Puc 1, > U, •<JH.ol '"'" ( 4~) couo he "citton "" 

_.,'1"•'- ·.:~o,X, + o,r, + c,z,¡a.> 
- 11(1,.\', + •n1 r, + n,Z,) 

u,.., + m,b, + •,<,JI'Ia,l ( r + ~) 
+ ~lii,(X,- ·•,1 + m,(r,- 1>1) 

J 1, 2, _ ., m 
1,- ·.~ .... ,t, 

(H) 

( '-'l 

\ if/1 >0 

lt eon ¡,., ,¡"'~" r.l1•1.,ru]¡, l on<l ~ nf l'l[)lh.ol (1,"¡ + m,b1 + ~,<;) on.l (lf'¡ + ~«/>¡ + ",<1)01;! ""' inokp<oo""'l ni o,b,, ano! 
<o' the"''"" !, •nd 1,' ""' ino!c¡•·r"l""t of o,,b,, anol .-,, onrl or<, ,_ 
,¡,...-li••·l3 , 1"'"·'' "'"' ''''"''""''"' .\', !',. ,,¡z" 

l:q,arion (<U)¡, ""tly .,¡<he'"""' locrn ._, (~1). The ("""" 
lio~~>[ ... f., An~ !.-' ""' in '""""' of tb. """nlin.'"' ol tbe pi•ot 
,.¡,jo¡,·,, lhi• <'<L<e ¡, fi\o·d '"!: Th•t~f""'• il "" '1" r·o/¡ (1,, ,.,, n,) 

,,,¡k ( or ~) moU f·rlkow the ¡o~n-..lr"" •''"" in [1[, ~-e wüt ob.­

tain re.ult< •imil>t ~' ,ru,. fue a Te\'ul'lte-.liJec·•Pho<e oly•d 
prol>eno_ Jl,n-ewr, in,¡,¡, t'N' iho finnl '''1"·"'""' "'l>n~r·nt ¡,,., 
whio·h "'" • .,¡.,,j,¡..J iro ~ in>lmd ,¡in "· 

P<.it;n "'l'"''ioll.i fu< othoo- Ut'Orl..-1 <boin• .,.. ¡;....,. in 1~[. 
Combon .. ""' Ch••••· ~hro¡· link.< '"""~«'<1 in tho fo.-..roiroK 

•~· link• n],irh ''""-"'';';" ·' poitlt 1' "' ~ '" ""'"" '"' ,\ '1"'.-i•l 
_.,.,¡., .• _ ll¡· '"nohi.,iu• •ny t~<> '"d' lin"-• ..., Jb>t bo,th Jin~ 
oh>fe a <»Mn\on pi•ol •• P. ~•""' """''""' ~ ]U,k <h>in ,.-¡,;..¡, 
""""''·';,., /' ~• tha¡ lt Ci\n oool,1' "'"''" ,,(,..,g ti"' in'"'"'"'"" 
o( <h•· '"'" -"'" r ••. .., "'~•d.oteJ "iLh !he '" ,, lin¡¡,_ The r,nowin~ 
iJ n ló,t o( ,,,h ,.,.,bin•d ¡¡,,~ <lu>in<; 

ll•> <om><•or;,, 

Cyli"' let .. pl"''" lmk 
Coomo"i<olloM of poi•\ p 

¡,.,,,,_,,,.,;,,., of ,, ,~¡,.,., and n <·¡lind« 

' 

"" •ph•.-....phe"' Wlk 
tC~'>-."; lh~) 

Reooi"'""L'rlor.,.pher<! dyo<l 
... J 

'PI"'"'"'j'he"' lo11k 
!R·P-".S- fo•~·b.<) 
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1 
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11 ,., .,¡, 1 O ,~_,lido ·• ·•1 • 1 '"'~ o 1,<"•" 1 
arul 

loo l......,tion o! • <Y linde. .nol o byp«boloid o¡·!irkr ""¡"""' litok 
(H-1'-S.C ¡,,,,.¡.,,¡ 

lnl.,...,tÓ<no o( twn oylirtdrn •ilh d.rlrren\ 
&><i. inrlio».tim"' 

Cy!iro!ot--.ophore )U.k .,, 
•lid<r..tider .. ph.ro d¡..,..J 
(C-S-P-P ro..--har) 

lntmeeli~n of a o¡.·linder """ o pi""" (•n 
<llil""') 

lnt.,....IH>n o/ a plano ond • hyporboloid 

n.-o ,...o]no,..lidrM¡>Io<o~ dy"'l' 
( 11-1' --~·1' ·11 hv" hnr ) 

l'oi"" in a t~•t ¡,..,.,." ¡,,.¡,¡.,,., ,_.,¡,f)'i"g ti•· ~""""'"' "f 
'"''h aliuka~o· """' -.ti•!¡.· ti..- mn•tr.inlr ,¡ hutlo doni"' ..-hirlo 
fono '"" liulo... n ....... ,,,;,,, ,..,,, ¡,., ,,..,.,,..;,....¡ h)" •. ,,,,,... 
_,,,,lb<~""'" ol ]"'Ínl• "hioh loo\'< n ¡ .... ioion• .. IÍOI)Ín• tbe 

"""'''"'"' nf tl•e fir>t e~,.;., Ritlo <b•t .,¡ ''"'"''""d ,.¡,¡,_ Fur 
""""''''"• ti" kocol< o/ oll "'""'" in <1 thll hov. ¡.,.,, mniLiple 
pnoition oh &lo rlli)W, d.6h<>d h)' th< ¡,,,.._,ion ni o JOI>.no ol>d 
o colilod..r •ilh 'i"'dfioJ axC, i~otlinalinh, tn•y h• ¡.,.,,..¡ hr 
¡,,.,.,,.,.ui .. g f• •ill• 11' ~hi<h ~ill givo o \ulllh.o..dox •po<·• 

"""•· ~ilo<<" ,¡,.,. ""' ,;, ""'"'""" !=•""''"" io th< "'~""'"'"' 
el a ¡olo~ &tod & f}lUod<-t o·i1b ,,.....;r,..¡ .,¡, iodinat;,.., >.OC<,;dmg 

' 

too "'""'i"" r:r!) in [1], oto<·• e""'"" ¡>ooi1o10 ;,. "•·hich hove livo 

l""'il """ "" "'d' on rilo¡,..., 
loo oh<"'"".,¡ • e~<-.~ '""'""'"''• th< 1"'~'""""';. .Jighll)' di/­

¡,,...,,_ Fo" ¡,,lt l"'i''""' ,.,¡y ¡ .. i .. t• "" 11• hovt lnur ¡x~oliut" 
'"' n •) lin•h·c •i•lo 'i"'' ir,..J .,¡, incli""'""• lml ev.r¡ ¡x,inl ¡.,a 
¡.., ¡,,., J•~itOn" un"'"""'"· TI"' Juro> el .Jipninl• tlu.t l .. ve 
¡.,.., ,. .. i,¡,..,, '"' tb. ;.,.,~...,..,,;, ot a •r~ """ • <"l-IU.d.t ;,., 
th•~'r""'• i,¡,.,, ;,"¡ '" 11'. -

¡•.,, Ovo l»•iti'"" 11., ¡,,.,uf fiv,..¡oo•iti"" t)li"d"' ¡ooih" i.; 
"" ....,,.._.,,¡),.,~d<-r ,,_....,. .,.n·• ~". oo>d tlw- ~""" ,¡ fiv ... ,.~llion 
>phr.-. J>oint> ;. a ¡.,,.n,~•rder ,.,,¡ • ..., f:'. Th• in o o,...« ion ,,¡ ~" 



and E• ~-ó.ld> 1~ poinu a·~i<h ha,-. h• po .. it¡,,,,. "'-IÍof¡·in~ tbe 
<»noluuo< uf a C·S·S 1 htee-b.oo. 

~·uu<>~i"K the f""'l<''"'g 1""'-,J""• une'"".,.,;¡)' JeCct'm"'• 
poinla ;., a wlúch heve m"ltit"e puoilWfL' ,..,;,.¡¡ ÍllO th< ,.,,_. 
•troinu u! !he .,.,.;,.in~ mmhin.,l lwkoo.,., .\11 ~t<h ,....¡o.; 

"'" be fu;md in T•ble ~-

J,inho• 
C-~ t~n .... Lar 

C.lJ.P-1' fmtt·he.-

R-P.S.P·I' five--bor 

11-P..lJ.P-11 fivo ba.r 

..... 2 

!'o. o( 
P"'ÍlÍ<t"< 

' ; 
' " ' " " ' ' ' ' " ' " 

I.o<u. (or numbor) o( ~uint. 1 ~•1 
,.,;.ry h,.k•~· '''""""i"' 

FhHrth~.rd .. '"'(""' 
~~ poin,. 
.\11 point• in~ 
Twentieth-<>nler '1""'' "'"'" 
Fo11rth••1'<1" ,.,.¡., •• -
:,.', puiull 
,\11 poón .. in • 
.~i<teenti><.OOer "1"'" rtltl'< 
All poin" in • 
'h•IHIHoOier •ptU'<' eurv• Thirn.,.,¡., ,,.,¡..,. 
:to "'""" AU J><>Ínl• in • 
Twen\)'·lifth••«ler '"""" """" 

,\!tn ,,.[uatU.g all >uch ,.,¡.¡.,...,.,¡,.n,. 11>< final ....,¡, <' 
,.¡,,,,;.,,.,) ,;,.,~,,- L,- ""mmin• ,n ,.,..ffi¡;erol• .,¡ ¡¡¡._, """-' l!a>­

iu¡ the "'""''""'• n.., ""' '''P ;. "' tictcr~nine their ~,¡,,;,.,, 
Th<- "'"'' ("h<tol ......., iM.,[; .. lhr« 1>•1) r><•m;.!. in 1~ uo .. 

• "'""''"· Th<u,.,ti.....!l)', a e can al• O)• .,¡;,,;.,~,. nno unl,.,..n 
frum twu itule[>t"totic"' ,..,.,.,,.,, ""d nLt.;in n '"""loing «t'IOtin'l 
huw" ._, 1 he dimito"''' ¡:¡¡, Tlwr.fure, ~ it h th= "''""''""'• w• 
<&h fif>t elimino te uno """"""" and ,.,,.¡., twn oliminant< in lhe 
t•u ,..,..;run~ omkt"'""'· Thc" a·e "'" •honi""" a -.nod U!\< 
"""'"" bela('<•n 1 he o"" elimiunrOI• tu ,¡,.,,¡" u """''' l>•l_\'IM"i"l, 
tho ""''' O>f which rnn he olet<rmin"l nunn•ric..JI;. 11)' h&< k ,,¡,. 
ati,.Umg .,..,¡, Qf ''- '''"" intn tbe P'"Yiou.< ..,.,.,¡,,,.,. tl>o 
«<t""!"'ndm~ la·" o!lhrr unknuwJH ""' bo det•nnin«<. Th;. 
1"'"""'" nf <•limmnlnno, huwevet, ¡, uut pnu·IÍ<·ul fut «tUfitÍut" .,¡ 
hiKh Je¡:r"" ¡,.,.,"'..., e•o·h .<tep uf the elimination inl~•luc.'" <>· 

~.ra>, ... ., ,.. .. onri '""""'"~ <toe&,;... .. r ,,,. ""''"'"""" u'"' 
equ.tim•• ore all uf '"" '"""e """"" m 1 ho 1),..., ""k'"''""' th•u 
o•d• eli""""''"" in<'"'""~ llu, ol<•gc .. by the """"'~- Fut In· 

• oton<'O, \he eliminotinu uf t..-o uuk'"'""-'1'""' thr.<! thitd--dfllf<O 
equauo,.. ,..,.,¡,¡ ..,.,.¡¡ in an ~lot dt-r;o--o. .ingt...tnkDO..-n polf· 
nomio.l. y,., tln; "'"~"' tho """' of hi~h-degre<- <>¡Ualtona ato 
tlulctmiued hy (Nowlun'• tno·ti.,J o() itcrotion. lt ;. J,.; .. blo 
bt """ the tnothutl uf dimi!lfltion ..-henev« P'>"'lble oin"' ot .i,... N-""'"',..,_..,.. c.-....... ,,......'"""' _. '"'"' Tho oll~<olotlio .. -..het-oo.o ittoratioo doto nol 

oquatioos ,.hich gnvern the l<Oet ni lhe >¡.-<Lo.lpooiula ur lío .. ""' Num .. l.ol ""'""''· The folluwinK ;, nn tll•~tmlivo '"'""PI• i1t 
ubtaincd r~.m tho ... mpotibi\.ty' "''"'h' ;.., .. ..-hi..to ••ncrolly' ""' - ""'''"• fur • ti ven I<O<ttiun, ~·· Jut<·nnine tho ltneo whioh he>a fivo 
in the f<Jrm o( dotermi.....,tl. Theo,.ti....Uy, it ¡,¡>...mio"' ••· infini,.imo.lly _.,te<! p<JOitio .. .,..wy;,. lho """'u-.in\ 0f a 
JIAf'd ,_ dotermiruuot• aod obtain expli.,;\ ~os ÍO< all cylindor-cylind<t ..-onk. From (3-f(t) &M {3-:ob), lho d..i"" 
tho <»<ffi<Íents in t~tm• ·o( \ht 'l"'r-ifi..! nmlion potomal•"'- - : ,.1.,otion• for fivo ¡.,r.,.itdmlllly oeporot<><l pooi\inno (m • 1, 
The e'p.&noion of <"- óet~rnoÍHant., hnwover, .-..¡uil'e< P"-"11~¡.,,,. ~ k, • ~)""' ~ 

amount. of algebra wiU<h • .,.,!d ""'~' in ion~bly lft~.~~lhY 
•~ n..n.fore, no &t"'mpl W boon onade lo ••~d 
theoo «!"Al ions oiKobroically, • !na'""'!, ~·iU. \ha •id of a d<~ilal 
'"mputor, hoth tho ooeffident. and lho "aolutiona" ,.¡ !he<.. equo- • 
tio ..-. clolermino<! nu ..... i<al!y. Tho fo!knoin~ ;. o ~tnoNd 

ption of the ooml"'tational ~,_, 
ttin1 with. o oet .,¡ •peoifiod tnolinn pt.ranool<•t>, ~·e"'""!'"'" 

lho elemant• of lhe tt.l<rmÍu•nt ..-bid• "'P'"'"'" the U..itod 
f<lu.&\Íoh. In the """" o! fitÚloly "'P""''.._¡ ¡.aitioo.,. th..,. .~ 
moo\8 ""'' -ily ha obtaine<l (rum lb. lin....- ,.¡.,;,,. <h<n•n i1t 
eqotn\Íon 11 ) nf [ 1). fn the '"'"' of Ínfiuit"'i"'ul ,¡;,¡,lncen"ut•, il 
the mo\ion ,. d"'cnb«< by ..,.i,.. o! """""''"ive infini""i""'l"''"" 
d~la, lho ........... oon be mmpootod ln>m the "P,_ 

• IIÍo"" obown U, equation {<) of [1). On tho otbet b&lld, "htn the­
m<>tion ;, d""rrtbed hy kinomatic P•r•meton, tho e\oment• &re • 

oompu\.ed from t~o """"'"'"' {!'la.) of [lj. 
Knowing oJI tbe """"""la, wa <an p...,.,...¡ \o ••l'*"d the dot..-. 

minan~ ··;,.~ wo "''""~" t~a olemen .. ouob th•t olllike y.,-j. 
ableo lie In tlu, ••mo •11hoolowu,., Foo O'-"mplo, tito elen:l<nla in 
the oqu&li<m o! tbo <Otbio """" 15t) .., be orroocod into tbo 
f~llowiu~ (onn; -

~ •• l+h1,m+•••• o1,1+h1,mto,,n a,J+A,,m+•·,,n 
~ + b,_.., + ~.. ...,_¡ + ¡.,_., + .,. ..; + ¡,. + """ 
~+b..m+~• ~J+~m+n,• ~J+!o,m+~ 

who"' (1, m, n) ""' tho v .. inbl"' •nd tito a's, A'o, ond e'• ..., 
known -fficiorot.. Tho 1.,-.0KOing doterminant """ be e<pon<k<l 
inlo a ..,-;.,. of tru-.-by.tb,-.. oubd.,...-tni"""U with tbo oome 
variable in uodo <>olo11nn. An o••-mple ,.r •U eh A ••1hdetei1ui1tonl 
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)¡tl) 
-"''" n"' 

~· ..... •'" -" 
" m"' •'" 

k - 3, ~ 

proVÍ<hnK lh&t tha r.nk o( 
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...-. liu....- in {4, b, o)_ lly <bo;oo.ihJ A &M u outh <h&l 

<tl+Am+..,-0 (5;!) 

.,), + íJ~ + ,, - u (.;¡¡ 
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~ince {~·•, m<•>, ""') •~ ¡¡,.""' ond "''""'"'"""''" in {1, w, o), 
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tho uro <q>1atÓOn_< (,\1) "'~'""''"" two «obi• """~ h"'-¡"~ • <om­
mun "1*• (11•• ,.,¡g;,¡, Tb"'"-• owo ,,¡,¡, ''""'" int""''''' eado 
otl"' m (• "'"ximmn •fl nioo• ]''"'"'• ,;. ,.¡ ~·blo·h r<fl"""'nl tho 

"""''~'"' ol ti ... a< """''• ,;, i">"""bl• movi<O< """'· Th• olhct 
thn.- "'' '!'"''"'" ,¡,..,. ¡),e_\ "" n~i-'""1 '" ¡(,. ¡,,,.. 01 wloiolo 11,., 
'""" ul ¡:;·;¡;,le-' 11'"" '""- l'nr!loe• ¡,.,.~Lig"''"" ,¡,.,~·• that 
,¡,.. th.-.elW.. a.-. min.;O..,¡ (o t.; pie ¡.,,.,.,....,lun, ,.... Fi~. 12) 

•nd ""' ¡.uallnl tu,,,, ..... ~ ........ ,, •. -"""~ "'''· r,,,.,¡."""'"• 
lu ,,.,.¡, .,¡ tl•e "'"' ;.,, IL\i• di<•• liu•"· ~. '"'" d•·lo•nnine o ""ique 
eyJil,d..,..,.,.Jm•ler <T""" by first -..h ing o11y tv.u "'~"-''"''"' ul ('9) 
lor tbo- fi>od .,¡, di=tioto 1),, ~. •) .,,.¡ ol•el> ,,¡,¡.,g (5l'), 1>3), 
•nd (t.f) ¡,.,. tl.o nM'i"" Mili ¡;,...-j ,.,¡, J>u>ÍI•"'" (o, l.,,¡ •nd 
(<>, {J, -, ), "'"1""«i,-el¡·. 

'·"'• , '•"'"'" m•'••• " '"• mo•<•o "" • , ... lor.";"''"'""' .......... , ..• ;...,) 

.Y """''"1"'"""' ¡'~'"'*""'""' Z--<-ot" ¡ '"' "' "l 
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¡· 
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F;r tht- motio" l:i•·m in 'l'•ble J, tbo- "'~""ion• G( th< two e>1bio 
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(11., <t.lo and M!.) ¡,.,..,..,., ¡.,.,, a;e: 
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)luving .... Fhed "';. 
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L-o<:~~tion 
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O.IJIXRX> o "'"~' "'- 1 .f.< 1U -1.03.'>'• O, !MIO!> 

Afo"' fPJol.od.,,l, "'• •nd ~ lo¡ z, y, ond '• '""!'''ti o <>1¡-, .-qonol "'"' 
(:(o) ""d (:,r.) te)n•~''"' IR-u <IOI>ic """~ io tlw muvon~ >-,\'>lem •· 
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Triple inlerseclion 
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Tll• ~rst <Uhic """"• equ•tion ¡;;,-,), io >hnwn in F>j:. 11. Tho 
¡,,..,,,.ctk,n o/ U.. '"" "'""' and tt .. rJ••>< • • 1 io •hown 
in Fig, 12 . 

Summ~ry 

Jle•i•n .-qnatio"-" Mv• O...n p,..,..,,.,j lor bin•"- luok• •i<h oll 
l""'ib(' ..,mbin.o.tio"" u/ >plo<fi<al, """''""• ""d O)"lmdrie f'-'Í'"-
11>< <•IJ_\ noll"inol bhoa')' link ..-i11o n p;i<nlotic )'""• ,¡,.. 'hdt•r· 
>pi"'' e lmk, "'"' al•o llcal<-d. In •J<1<1ion, llol" ,(iJ•r->lod«-<¡mro 
and r<Volut<-•lid.,..,.pl,.,-., d>od., "bicb oro< olot.in• L~· addi.,~ o 
....._,_,nd link lo u,, pti•moli• ¡••ir o! • "trio·i•l" hi""'l' li .. k cutn• 
¡,¡,..,,;.,., ~ <'l o• onnsi<lm•l, 

n .. •llo<t o/ ru111Lmlli• l•ina')' link.< llhd dyod! inl<> d-.:1 
<llahoo .,-._. «on•ider..J, ond tl•e qo,..tion o! ~Ít•<·mali< in,·e,-,i"" 

""' ,¡,.,,, "''' ¡._ 
Tl,e partÍ<nl..- iiiU>InllÍn ,,.,m.;i.,.( exampl<- aa.< o"'-n 1..-

Tranmlicns el lhe ASMf 



'''"'"' .. r ;,, kio,hip '" '''" ,¡._,_.\rnl '"""''~'"·t>·¡,,. ""''''""' .. r 
in•'"'"""""'" ploMt ~i .. emuli•~. In Ji"'-1 """1"0:.'- '" l"•''i""' 
fi"i" ,,,.¡,¡,"' ~"'k 111, ot ¡, 1• dntc•• 1 '"" ti"'' ;., 1 he '""" ,.f pht"" 
motinoL< 1 he C<oOO> ~" 011 lo)' .. jll« 0>Jt> (.-.'o} ""'j ¡;,lj) ¡,_,.,,. ,; <lo 1 
,.,.¡,¡, o·)lindo·co, "'"1 the ""'''' bl.•l"l "lirot ,,.,,_.. in F•~ 1~ 
1,,.,.,.,.,~ tic. '"loio· of olMO"'"') ""'-""'""hilo· tb..• l~n intc•f· 

~"'""-' (ulher ,¡,, the triple po,ónt) '"'"me '"" n ....... ~to·t 
,, .. ;,,,_ "''"' ""~""'""'· •t _,¡,,.,¡,¡ '"' ,,,,,., .• ,, .. ,.¡ ,¡,,., ''"' 
o·;ho"b"-o.'lio.,lróc lm• """' ¡,, tb._. •pherk~l n.,,;.,,. p<obl<oto 
(ol.-fin"l i" Tahl• 1 P"'vid,.,l ~ ond oll it• hi"ho·r ,¡,.,.,.,,,,.,, ""' 
'''' "' wnol hnvo• "ao·ol; the '·""'' Jimti""' '" (,., tho· ·pntial 
pooL!..,, For •pru,,;..,.¡ m"tlon ~-e 1<! oru, p;ir "'"' !'0-"-' '"'"""" 
tho• ,,.¡~i" (i e,,_,¡ n ~¡,~o • <> • ¡j- ~ mOl:¡,, wloi•h CID-o' 

,¡,,. cyh,.dm ¡.,;,.,, mo; be "P"''"I by'"'"""""· Fi.,.. ll .,~( 
11 ..-. i~''"' i,-_,¡ fur oll opheri<,.l onol 'l"'lbl j>O.,Iolo·""' • hio lo h,.,-o 

t lw """" """ •1m mnti""'-
The nppli•dOiuto of the ,,....,¡,_, .,¡ ohi· 1"'1"'' tu pnoiJ...,, .,¡ 

• .,,.,,,,,;,. ,_,ntho~h 1"'-' ¡,._.,. P"'"""l; lco·HL<d [.",¡, .llrh.,,~], 

(!•f dd, ,.,¡_,. ~-ith hooito di>ploc·•n"'"h ti"' id'"' >re "1""11) 
volio! f"r •Y"Ih,..i• pnJ~""" ¡.,,.,¡, ¡.,~ inf¡nite•in,.lly .,,¡ mi",¡ 
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The Design of Binary Cranks 
with Revolute, Cylindric, and Prismatic Joints 
Prof. Bernard Roth' 

Raceived 16 October 1967 

Abatract 
Using screw-exis geometry, the syn¡hesis of cranks with prismatic joints 
is discussl>d and equations are derivad lar the design of snatial cranks with ono 
revoluta and one cylindtic joim, or two rovolute joims. These new formulations, 
coupled with previous work on the multi-position symhesis of cylindric--<Oylindric 
links [1 ]. comple!e and unily the deslgn theory ror all binary cran'-s w'1th joims 
that are either revolutes. sliders, or cylinders. All such binary cranks are designad 
to ba compatible with a spedfied set of finitely sepamted posit1ons of a rig1d 
body which they couple toa fi•ed link. 1t has bean previously shown [2] that 
results of this type ara applicable to a larga number of different multi-POSition 
spatial synthesis problems. 

zusammenlanung-Oer Entwurf ven biniiren Kurbeln mit Orehgelenken, 
Drehschubgelenken und Gleitgelenken. 
Die Schrauben-Achsen Geometrie benutzend. wird die Synthese von Kurbein 
mil prismatischen Verbindungen betrachtat und Glaichungen abgeleitat IUr den 
Entwurf von Raumkurbeln mil cinem Drehpaar und einem Zylindergclenk oder zwei 
Orehpaaren. Diese neue Formulierung vereint mrl lriiheten Arbeiten ijber die 
mehrlagen Synthese der 2ylinder-Zylinder Glieder [ 1 J vollendet und vereinheitlicht die 
Entwurfstheories für alta biniiren Kurbeln mil Paaren, die en1wedm Drehpaare. 
Gleitpaare oder Zylindor srnd_ Alfe solcho bin<iren Kurbeln sind verttiiglkh mit einer 
bestimmten Anz.nl von endlich benachbanen Lagen eines lasten KOrpers, den sie 
mit elnem Gestell verbinden. Es wurde früher gezeigt [2] dass Resultale von 
dieser Art anwendbar sind für die Synthese einer grossen A,zahl verschiedaner 
Mehrlagen riiumlkher Problema. 

p,,...,,._npo1<1K¡>0 .. HM< •p•OOW•ooo < II¡»WOTe.ThH .. MH, U""• ou¡><'fe<<ll""' R h<>Cl)R>WibH"''!" 
napa,.•-&- 1'01. 
npnM<II,. •«•pHw ormro"''" '""~, '"" 1<> "P"'"'"""o' , "1'"'~"'""'"""" "'P""" pa'l<-.orp<H 
JI ~paOH<HH. o .. O<O<Hhl IDI. npG><T.¡>ONHIIH nP<><'JpaHCTO<HHbl> <p .. OWKOOB e O~HOA -IUO>U"""A 

napoA • OJIK<JA u"""-"'"""~«'"A >lllR ""'"""~"'"'"'"''"""""napa""· 3n Rooa• 4>oP><Y~•poa.a 
O <oeJl><H<HHH < hP<~'WH"H J».ÓÓTO .. H no <•HT<l)' .. woro•paTHWA 11000"-"CHIIA U .. H"-'-J'K'OOC"H'• 

UMH•UI¡Ik•«••• 10C"""" [1) '""'"'"''' k o6>.<)lHn•<r T<OPII•O IU> npocT.,, KpHOOWHhOO e 
napa ... >OTOp"'< ""lOKllto H.1. >!"W010Jti.H"''1", WhH hO<"fYI\.OT<JU.><W'I" o<nH lliUI•HJIPH"'<>"""· 
Jk< T>>H< llpoclW< KpHOOWHn" <D>"'<Cl'•"w C OllpU<JJ<MM""' ""~""' ,-., ,.U<-1>""" 
u<,;>O~<KIIA ""'"""'" T<AO, •o•<>p<>< OH• """""""IOT e •<nOU""--,"'"' ,..,..,.,, I'&H>.ID< 6,.,0 
IIOK&U.HO [l) •10 p<1)'hbTOT,_, >TOJO T"na np•"<HRM,_, • c•Ht<lJ 6o.noworo >W<R"(1"" palnH,Hbl> 

"P""'P"""'""'"'·" np00:1e" e ""oro>r""""" rronm•<•""""· 

1. lntroduction 

A~ 5IIOWN in [2], a larg< numbor of dlffcrer11 synthosis problcms are of lho typo "here 
se,·eral finitdy separa 1M posilion• of a moving risid·body are known. In such problem•, 
the un~no"n< are tbe dimcn•ion• of one or moro Jinh which conne<:t lhe mo,•ing body lo 
a so·called ¡¡,ed body. 

• Auociale. Ptof=or, ~e of~.\tectwlical.l.:n,U...r>nll.. Soanfocrd. UniY<nity, Sm1!0Td, 
Califomi>, U.S.A. 



Thi< paper deal• v•ith the de>ign of binary conn..eting lin~s which we call "crank>". 
l n or<l<r lo Hpply thc<c re>ult> lo an engineoring pt oblcm, it is nccc.,my thol the kincmatic 
chain formed by thc fi>e<l-body, crank, and moving-bO<ly be do'ICd by adcling at kast one 
other joint or lin~ between thc mo,·ing bod)· and thc fi•ed onc. In sorne cases (e.g. the 
'l'"lial four bar with nne re•·olutc and thrce qlindrk pair>) the clo<ure m;oy he dl'ected by 
a second binary crank of the type con>idcrcd in th!S paper. l!owever, in gcn.ral any 
connecting link, or joint< may be used prO\idrd: tbey are comJ"!Íble ,.¡¡¡, the 'IC\'eral 
specified P"'itions of the mo•ing hody, allo" thc linlage to mo,-e hctween <k>ign pnsitions, 
and rc>ult in the et>tire chain ha•·ing a mobility of one (and sometimes more)_ Readers 
inter,.ted in cumples iUustraling how to apply the result, of lhi1 paper to actu.ol de>ign 
prohlcms "'" rrferred to [2]. 

ln prniou< papcr> the auth<>r has shov. n hnw to determine \he dimcnsions of cytindric­
cylindric eran\.< [t] and ren>lutc·rnolut~ eran~• PI compatible v.ith a specified 'ICI of 
finitdy scparate<lposilions of a rigid body_ In this ""'~ equation< are derived for the 
dc•ign of eran k> with one revolutt and one cylindric joint, and a new formulation of thc 
r.-·olute---revolute eran\; ;, gi,·en. By combining these new results "ith the previous ones 
wc can !real "ll po>5ih1e combinations of re;·olutc and cylindric joint<. In addition the 
de>ign of ''""'' wnh pri,matic joints is <ilscusscd. 

Comidering for now only Te\"olute and cylindric joinn, "'~ ha•-e four po5Sibilities for 
binary cranks (Fig. J): 

l. Cylinder~Cylindcr (C-C) 

2. R~volute---C}·Iinder (R~C) 

J. Cylinder~Rcvolute (C~R) 

4. Re,·olute~Re•·olur. (R-R) 

Figure 1. Binary cranks with cylindric and revolute joints. 

The convention adopted here ;, that the joint "'hich is m~ntion~d first connects thc binary 
crank \o the hody which we con>ider fixcd, while the scc<>nd natned P"irs the crank tn the 
mo•·ing body. Since we arr only concomed witb relative motion, both bodie• connected 
by the eran k may in fact b<:- moving. The finite disp\acemem of the mo•'Íng body (notthe 
cmnk) from •omc po<ition i 10 H new po<ition j is ch"noorcrilCd by a strcw denotcd by 
$ 11, "'hicb i• a"umed known. The rotation about thc sercw axi• will be denoted by () 11 and 
th~ translation a long it a• d". These strew parametcro mny be rcpre'ICnted a> a dual angle 

0,1, where 0,1- 0;1 + "1,1 and ,, -o_ 
We now consid<r cacb of the abo>e in tum, 

2. c-e Cranks 

The cylindric---cylindric eran k ha• already been studicd in some detail [1]. Jt ís the most 
general of allthe cran~s considcred hcrr, sin ce all others may be <Obt"ined as ~peeial cases. 
lo fact, v.-e sball desígn <evolute joint< by considering them •• cyUndrical joints with zero 
translation, and prisma tic }oin\5 a< cylindrical ones wítb zero rotation. 
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For our purposc•, thc following rcsulls from fl) a~c wonh recallillg: 

l'nr linee positio11s any linc \\h:n;ocvcr m:oy ho chnscn as thc lhe<l or moving a•is. 
1-!0\\'CVCr, once onc "'is is cho>cn thc olil<or is uniGUd)' <let<rmined by a cenain (1, 1) 
corttipondence_ 

For four positions thcre are a doubk infinit¡.· of po"iblc C-C cranls. "hile for fi,-c 
positiom there are at tno•t si.<. 

In 11 hnt folio\\ S wc scck lo dctcrrninc alnng "hich lir1cs, whcrr chmcr1 ~~ lhree po\ition 
C-C eran k axcs, the cronk <lispbccmcnt. hato eirhcr no rotatinn or tr.tH>Iation. 

J. R-C Crank~ 

Thc tleriYation wc gÍI't' rdies on thc fnllowing theorc111 from [1]: 

"Thc dual an81c subtended al thc theJ C}ltnJric-cylindric crank tt\Ís by"""''' 
S,1 and s,, ;, cqualto onc-half, or onc-h.>lf thc surpkmcnt, of thc cr~nk displa~c­
ment from pu>ition; to k_" 

We ~>ill ~ollthi> Thoorem l. 

Rcali,ing that a11 R-C cronk is O<¡niv.dorll lo a C-C Clan k \\ith ""' tt.lllll.ltion alon~ 
the li"'<l ni;, lhisthcorcm tells ti> thOl lhc lixcJ.joint.IXe> o[ R-C er.ln'' "'""be loealcd 
so lh"t thc dual par( of thc Ju,¡[ ungle, "tbtcnJcd by 1 wn !en;,,., wilh nne common numb<r 
in their subscripB, is zero. Which mean> lhal the "'"""'ls frcm roclr o/ 1!1<' srrrw axe< to 
Gtt}' rontlme uris m u>! ;,¡¡~t>NI rl!e r.>Oi!ll<" ~cis at the sam~ poi/11. 

Tirrce /'<>tilim.s 

I'or threc 'pccilicd rn>itions nf thc '"""'"~ body, wc haw '''""''S.,. $11 , ~" (.tll 
embeJJcJ in thc fo.\cJ bo<.iy). A»uming thc 'lixed a,;, of thc eran~ to r.., :m atbilral)· Hnc, 
\\ith eosino. (1, m, 11), "l>ieh pas~• throu8h poinl (a, b. r), "" "<>\lld gonernll;· tind thc 
situmion "'sho"n in Fig. 2. Hore, 11 (j-1. 2, 3) is the common nonnol tlil'<'Ctal from thc 
joint oxio to >CfC\1 S,,. 1\'011, from the prcc·cding pamgroph. Íl is eic:lr that the fixcJ a.\Í< 

C~nnol be talen arLLtmrily hut lllU>l in>l<':t<l he loutcd '" lhat 1,, 1,. anJ 1, all inlor>C<'l. 
(They are .liso, of cour<c, <"<>·planJr.) Wc theroiOre lln<lertolc to de, i,-e a gcn,·r.li c.\pressi"" 
for the dista neo D,. b<t\\CCn 11 and 1,_ Ha1ing •uch a rcsult "e coutd then ,.,¡ D.,= D, ,=0 
and obtain th~ necess.ary rcmi.ctions on our choice of .-c•·olute a>.i;. 

Figure 2. Fixed CfJnk axis, screws. and common normals. ' 

lt ha. been shown by Yang [J) that tho unit lino •·cctor a long 1, is gi,cn by lhc unit dua 
linc-wclor 

i¡=(lj, mj, nj)H(rj, •J, tj) 



' 

~ 
\\horo, il tho >trt\1 •xi< S,, is g¡,·on hy thc unit dualline.,·ector S" •(/,, m, . .<~¡)+t(r,, ,1, 11), 

axi<. 

1'=:!..! ' ,, 

. '• TI-=--< ,, 

• h,1 ,r,J,,I>; 
.<, =-+-­

JI JI 

(a,. b1, r1) .. (1, m,,¡ x(/1, m1, 01,) 

(a.¡, b,1, r,1)~(r, s, 1) x(/1, m1, 11 1)-(r1, J1, :,)x(/, m. 11) 

,1,~(1, w, 11).(/,. m,, 11,) 

<i,1=(r, <.1! .(11, m1, 11¡)+(r1, s1, 1¡),(/, m, n) 

, ' ' J=a1+b1tr, 

(r, s, l)•(o, h, r)x(/, '"· 11) 

11 ;, e»y w prow thot the normal frnm lhe origin of coordinatos to 11 i• the vec10r 
(A 1, 11,. r:1) "hcrc 

• 
The Ji.tancc bct~>ren 1, and 11, tlonotcd by IJ,,, ;, gi>en by 

D,-. ~{A¡- A,)l + (B 1- B,)m +(C1- C ,)n 

,,, 

,,, 
In wrilin~ (2) wc hO\'e usorlthe fact th't the fi<cd n,;, (/,m, u) i; the common normaltn 
11 nnd 1,. 

' • 

' 1 



" 
Substituting from (J} into tn setting D,, ,.1), and o.p.1nding (o,1, b•r c.J¡ in t<rm• o[ 

(r, s, r), i.e_ !he Ju:<l port nf the unit wctor alons thz eran k nxi;, wo ¡:ot M ter so m<' rrlgcbroic 
manipul.1 IÍOll 

E- ~d,a,_~ 
,, /{ J 

,,~'l,b,_ d,b, 
' K J 

G ~ <l,c, _'.!f.¡ 
,~ K J 

(3) 

lt is imponant to note 1~.11 /.'1,, r¡,, G 1, anJ f{11 are only Jcp~ndcm u pon thc •crow axe• $,, 
Hnd S 1, ~nd thc inclination (/, m, !1) of tho eran k ~xis. · 

N"''' •ince "" rcquirc JJ,, ~ D,,.l) we gol frorn (3) 

11:, + >1' lJ .¡_ IG" ·t· 1/ lJ "'U 

rE,,+>F,, +rG,, +11 ,,.,O. ,,, 
Combining thcoe "ith thc nnhn~onality conditimt 

lr+m<+llt=O (S) 

wc obtairl lhrcc lillc'" cqu;ni"'" in (r, .1, 1). Thu; \\C ore fr.•c to choolC lhc Jirection ofthc 
crnnk axis(/,"'· JJ) .ri>itr•rily, ond c-~n C.\pect lo dct~rmtnc a uniquc vector('· s, t) from 
(4) ~nd (5). lf W<: now tJ~c {o, b, e) as tho nonll~l to this eran k axb (fwm the origin), wc 
ha"c 

(a, b, ~)-(/,m, n)x(r, .<, r) (6) 

from 1\llich 1\c dotor'"ino a uniquo crartk lncari<rn. licnco, r'Drrc.<pom/i¡¡g lo any dir~c/ÍOII 

thae i> ¡;manl!)' a w¡ique locarimr fnr a lhrce-p¡!Silion rer olurc a.\-is_ 

Thosc <lirectiom for ~~·hich (4) and (S) dn not }icld ~nique solutions admitan inlinile 
number of co-planor p.11allol ~\05. 

Altcrn.11i\'cly, it is Jl<lSSJhlc In specily Hny (wo ofthe coordinatcs ofthc p~irtt (a, b, e) 
through 1111ich thc a,;, must poss and then sol1e (~) anJ (5) fnr !he a,;, direclions (1/n,mfn) 
and the thirJ coordinatc ofthe poim_ In fact, it ;, possible to sclect mbitraril}' nny two of 
tho li" un~no\\nS a, Ir, e, /;'n, m/n. Howo\'er, ~inco {4) is rt<>nllnear Íll ti, 111, ¡¡) it is nwst 
com·ctlicnllo sp'ccify tl1c duoc·ti"n and soh·c for th< loc>tion. 

Once thc fL<'d rcmlute a\il is kno"n, a unique mo,·ing cy·lindric His may rasiJ;- he 
dttcrmincd using thc (IJ) e)lindrk--<Oylindric oorr«pnrJdentc givcn in fll- Alth,,ugh the 
equationS 1\Íll MI be tép<alc<l l>cr•, ir Íl intcrcsllng lO rccallth.1t. if \\'O <crew 1, aod 11 
nl><>ut $1_1 anJ S" by onc b.1lf lile corresronJing $Cf<W motiom. the comm<>n n<>rmalto 
thtse two now lines wi!l l>e th~ mOling crnn~-o.i<. (This is Theorcm 2 gil'en in Scc!Í<>n 
4 bdow.) 
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Four Posit/oru 

For four (or more pasitions) no ouch cranks gcowolly exist. The reasoning i< as foUo,.·o: 
Introducing a founh posítion resulu in a third equation in set (4), ~y, o, .. =l). Now 

(4) and (5) contain four equations in the five uoknowos r, 3, 1, lfn, m/n. llut "" must now 
not only satisfy the three position cylindrio-eylindric consaaints which (4) and {S) do 
automaticaUy-but al><> the four poli/Ion C-C coostraint. This requires two additional 
equations, ofthe type givcn in {1), and resulu in a 5et of si~ equations wilh five unknowns. 
Hence thru are general/y 11<> four positlon R-C cronks. 

From a practica! point ofview the change in twist or length r.quired o fa crank (which 
do .. not satisfy the four-position C-C constrainu) in going from pru;ition 3 to 4 may be 
V\'<Y small. This mearu tbat if such a crank well' used tite fourth position of the movi.ng 
body would be slightly in error. 11 is possible lo reotrict thc error to thc translational pan 
ofthe motion by choosing (/,m, n) os one ofthe ioterscctions ofthc =ew cooe {(15) in [ll} .. , 

• " o 
E, F, G, H, 

-o 
E., F, G, H, 

E,. F,. G,. u,. 

4. C--R Cranka 

C-R cranks are inversion• of R..C crauks aod hcnce we alrcady ha ve a muns of dfecting 
their design: ¡imply by intcrehanging lhed and moving bodics-i.e. l<ioematic inYen;ion. 
llowever, it is interesting and useful to obtaio thc equations for the C-R craok directly for 
thc given motion. 

We p~d in approximately ~ samc w:ay as ~ did in the R..C crank derivation 
except now ~ must apply Tbeorem l to the moving body. In Ofdcr lo accomplish thU. 
~ 5tart with al! the clemcnt••hown in Fig. 2 and from these determine the nonnals betwecn 
tbc moving crnnk-a>.is ond thc screw•. Tbis is done by app]ying anothcr thcorem from [!]: 

.. Each pair of fu.ed and moviog axes subtcnd< a screw axis al a dual angle equal 
10 oo~half, or the supplemcnt of ooe:tu.lf, the dual anglo associatcd with that 
sc:rew" . 

. We ca11 this lhcorcrn 2. lfwe denote the normal to screw S,. from the rnoving a.io as 
L1, thco this thcorem tclls u• that 11 and L¡ must both be normal to $11 and at dual anglo 

equal one-balfthc scrcw motion, i.e. (i,J2)=(8,./2)+<(J;¡}2), mcasured from L1 lo 11. 
Figure 3 lhows L,, L2, L, aod LJ wbich are obtaioed by scrcwing 11, 11.1,, and l, about 

S,, $13 , $11 , and $11 , rcspcctively, by the dual anglos -{6,!2), -(0,/2), -(6,¡2}, and 
(ó",J2) respectively. Tbe moving crank-axis, in position 1, muS\ be the normal to L3 aod 
L,. [lt is alw tbc line normal lo V, aod L, whcn in position 2. and normal to L; aod L; 
(not showo) whco in position 3.) 

'-• ¡'-• í-t, 
JL.,- -c:::::l>--

' "" 
'• 

~ ---~0, 

1 
l1., --.p._ 

~~-~..-~ 

' Figure 3. The L's aro obtainabla by &crewing tha l"s aboutlho screwl. 
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Awlyittg thcMent 1 to tllc movíng a>.is wc c-onduJe that tbc cylindrio joint m~y be 
rtplacrd by a rovolute if l., and L, imer;c~t (~u~r,mooing no tran;lation from po<ition 
2 to 3) and abo 1,1 a"d L:, Ín1«S::ct (guar~ntecing no lran•latiou for pe><ition• l 10 3). 
The conditions that tll"'e linos intor<etl rcmict our choice of tixcd axi>: 

Donoling the uniL <.lual linc voxtor< L1 and f; by their componen!>: 

• 
L1=(1.1, M,, N)+•(R 1. S1, T 1l 

• 
l.j=(Lj, Mj, Nj)H(Rj, Sj, Tj) 

we rnn compute the morncnt D11 ;in~,, h<twoon L1 and J., from 

Then, the condition th:ot L, ami 1.1 inlcrscct i< 

(7a) 

Similar!)', L1 and L:, inlcr5ect if 

I.,R;+M ,.~; +11', T;+L:,R, +M;S, +N; T, m O. (7b) 

Making use of Thwr<m 2 w e con expn:ss [ 1 in tcrms of f1 and tho scrcw motion: 

'"' 
• Fina "e expand (B) and th:n subslitule for tho com¡>Onents of L¡ into (7a). Final! y procrrJing 

as in thc R-C dcri,linn we sopar.uc thosc 1orms 11hich dcpcnd ou lhc dircction or thc 
foxcd n>i< rrom those dcponding 011 lhe Jocation, and obtain: 

• ,,, 
whcre 

1', nnd IV, are •imil.u tn u, c'ccptthnt 11., is rcplnccd by 11., an<l 11., rcspccli,·dy 
and 11 ¡, rcpbccd by m1 a~d 11¡ rcspe<:tively. For X11 rtplace 11., with J1 •• and 11 "ith 
IR1+mS1+11T1. 

• 

·' 



llere -

' ( ' 'J . (')·') •¡,.=- m,+"; son T 

, jO,;) O .JO,,) J¡,=n¡co\ T +m1 1sr.\2" 

and J 1, is obwined from J¡., by a •ingle porm~talio~ nf the componen!> of (/1, m 1, n 1), 
(a,, b,, r,) ond (r,, -', 11). 

J 1,. is obtainoJ from a >econ<i pernwl.ti!Oil {i.c. J1,. ~ -(li +mj)$in 0,,!2, etc.). 

All orhor quantities "'as dofmcd in Sc·crion ). 

Simil.lrly, from (7b) wc obtain 

, u;,+<V',, + rll';, +X', =O (!O) 

All thcprimod qu.~niÍIÍo< in (10) m1y bo deril'tcl fr~m rho corro<poncling unprimed o nos 
in (9) by lclling >LLI,.cripl 2 ~epbco 1, nnd rcp!.1eing o., '"'d d, with rospe<IÍiely, -0" 
and -du. 

Eqnatinm {9) ""J (lll) me ''·"·tly "f thc '"me form ns tbe tno rncmbers of(4). llcncc 
eombining (9), (JO) and {5) ne C'ln apin conduJe that: 

l. Any two ofthc ¡¡,-, qu,mlitk> 1/n, m.fn, a, h, e""')' he dw>cn ar~itrarily. 

2. Corrcspondin~ to any 6"·d c"nl·a,is direction (/,m, n) th~re is in r.encral ono and 
cmly ooe f:-lt eran k. Tito loc.lli"n "' lho ~mi cyiJnJtic.Ll oxi> fnllnws fLOin (9), 
(10), (S) and (6). WILilc the mo' iog (ro\ ~lulo) a~i> is ob1ainod from thc C- C correspon­
donce. (1 hcorem 2 or any of the 5C\'cro1 other tcchn,quos discussod in (l)l. 

Usin¡: thc samc rcasoning a• ILoforc we couclude lh~t thue ~re not, in general, any 
C-R eron~s corrcsr<mdins to fo"r nrbitror)' positions of a rigid hody. 

' ' 
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5. R-R Cranks 

\f "" rc1trict both tbc mcving autl !he.:l :ues tobo rcwlutc• il" rcquircU that (J), (5), 
{9) ~nd ( 1 0) all be sir.mlton,ously "tisficd. l'or thi< lo ~ thc ca>c, it is necc.,ary thot 

"' " o 
E, F, G, 11, 

-o (ll) 
F., F, G, n,. 
u, v, w, x, 

'"" 
"' " " f:, F, G, "" =0 (12) 

F, F, G, 11, 

u:, '" " 11" 
" x·,, 

Th'"" two dclerminoms ennwin (/,m,,¡ a< thc only unkno""'· 
Thc Mgrcc nf 1 he "n l.""" '" ;, ""'' ifl 11, ro u r in 1;, !·~ "nd G, fow in U, 1', JV o mi ,¡' 

io X. Sincc cach tcrm is hnmogcnonus in(/."'· n) 1\C di\'id~ thc ftrsl ruw by"· thc •~ond 
and third by 11 4, and thc f,,unh hy n'. Thcn oc1\ing ~=<(1/rr),_l' .. (m,.'n), :1nd (.\ '+_v' + l)~n' 
wc ()),(Oln 111'0 pbn:.r ol¡:~~mic cune> ill .\, r of ordcr 15. J]o\\O>'Cr, (I'+J•'+IJ' aoHI 
(ai + bi + ri) are common factors ond thc nr~or red u=!<> 9. Sim:c ,, .• , ohcr 1hcso rcductions 
the '''"ltinu p0l)"""'i'* mnt;oi11 ~',"'""'"" f;¡ctor>, it is more ,,·onnmkalw "'" thc 
rcsults of [2). In [2jthc cquation< analo;tOU> to (ll) an<l (12), calkd (d."'" of ,;_,¡], dcgu~ 
in.<,)". This jidJs 36 pm,ible ;olutioos ~tll 12 oftl10sc ore spurious onJ !ocre are ~onor:t:Iy 
nt mo" 7~ ¡w«ihlo 0\Í' dircction< 1/,'r.-, m/11). Or1c·c (1,'11, nr,ln) ate""'"''' thc tksigu rn.1y l>e 
treatod ~' cither a 11.-C or a C-n •)"nthcsis. This re;ult> in ono 11.-R omnk fnr each set of 
(x, ¡-). In rcneml, thcrc are thercforc al tiiOSt 2·1throc pO<ÍIÍ<lll 1\-1\ CIOHI~<. 

6. Prismati~ Joints 

For a crank to ha' e a thr.-.-position prism;nicjoint along t~e fl••d a~is. Theorcm l 
tells us thatl 1 , 12 , amll, rnust all he par;t]kL Ho\\e\cr. this ;, only possihle 11hon lhc !hroc 
common nc>rrnals llo! wecn >e"rC\1 s S.,. S.,, S, ur~ nlso parallcl. Henco. th~rc gcnor:lily are 
no three position cran~s with a fl'cd pri<nmic pair anda mo,ing c¡lindric, rC'Iolute. or 
prism.11 ic joi ni. By >Ímilar rc."o11ing wc c·an sla>W tlw l 1 hrco po>itioll C-l' an<l R -1' cranl< 
are a[so not po»iblc. Howr~er. for two ¡>t.l>Ítion probkn><. as wc show io thc ne~t <e<:tion, 
prism~tic joints do rxist. · 

7. Two Positions 

Thc ba,ic gcomctry rclating thc <crcw axi' an<lthr two crank axe< is sbr"'" in Fig. 4. 
As before, 1, and L, rcpr<..,nt rcspc<!Íwly 1hc norrnals from thc fixcd and m<>~Íng ""' to 
thc "'ow S 1 ,. A "'"! R dc11otc thc roinls "hcrc thc ''"'mal< it1tersect ¡¡,. crMl k a'""· L is 
the common normal b-ctweon fi~ed and mo1ing a•is_ From Theorem 2 it follo"s thattbo· 

dual anglc mrasurcd frum L, to 1, is ¡íJ.,/2) (i c. (0,,12)·1 t(d,{/)). J"nr nur pnrposcs. Íl is 
most important to note that thc dual angle mca•ured from L, to Lis rqu~l to one.half the 

dual di•placemem of the mm·ing bndy rdati,-e to thc '""nk, dcnnt<d by (71,,12), and that 

tbe <lu"l anglc, (0¡{2). measured frum L to 1, is one·half the crank disp~tcemcnt relaiÍ\"e to 
\he lhed botly. 



_'L_~--,,f;- mEJ) ..s 

' figura 4. 0,.12 is the dual angle between L, and L. fi,/2 is tha dual angla 
between 1, and L. 

The foregoing implie5 the following additional restriCiion• on the geomctry of Fig. 4: 

T)pe oj joinl 

C-C ,_, 
C-' ,_, ,_, 
C-> ,_, 

A.dditiona/ r~strictitm 

None 
L and 1, int~ncct 
L nnd L, intersect 
L intersects both 11 and L, 
L nnd 1, paralle\ 
L and L, parallel 
L, 1, and L, all peralte! 

The remaining pacagraph• of tbis section described hoYi to fulfill thc"' additional 
re5tríctions. 

Given Su, we can choose an arbitrary fixed nis and determine lirst 1, aod then L3. 
Sine<: the mo•·ing a>is is the common normal be\"' con L and 1.3, thc two po<ition design 
mny he compktcd as soon m we obtain L. Lis detcrmincd as follows: 

c-e crank. 
l. is any line {normal to the fued atis). 

R-C uank 
Lis any line through point A (normal tu the fi~od a~is). 

C-R crank 
Lis the line through any point o,; L, (and normal tu the fi>ed axis). 

R-R crank 
lf B i• the point \\here the line L, pierce> \he plan e which is normal lo the fixed axi• 
ancl contains point A, Lis the line AB. 

P-C 
Lis any line parallelto 1, (and inter=ting tbe fi~ed uis). 

From the foregning wc note that nfler arbitrarily chuosing the fixed axis we have a 
doubly infinite set of moving axes for C--C cranks, a singly infinite set uf pu.,ible muving 
U es for R-C, C-R. ancl P-C eranh, anda unique R-R eran k. 11 is easy lo 5CC \ha\ (cxcepl 
fot P-C era oh) v.·e get e<sentially the 5ame result if we re,·em: \he prucedutl' and choose 
the mo,·ing axis arbitrarily. 

For C-P crimb we cannot choos.o the fued nis arbitrarily and generally find a linc L 
which is both pamllel 10 L, and nonna]to the fixed axis. Howevcr, we m ay tole any lino as 
the moving a>.i• and then determine L, aod 1,. N"uw. Lis any line lhrougb tbe moving axis 
parallelto L,. The fixed axis is the eommun normal to L and 1,. By similar rea.oning "'-e 
could nol ha>·e cho•en the moving axis in the P-C crank dcsi¡n. Hence, in P-C 
or C-P cranks tbe P uis may be chosen at wil! but not tbe C axis. 
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Unless we ha,·c puro lran>lational motion, 1'-1' rrmrk< are nol pos.,ble. P-R ~nd R-1' 

cranks may b~ de>igncd by fim ohoo>ing thc 1' axis and ¡hen dctormining th~ r<>int whue 
tho normal (L, or 1, rc<~o.:ti,·el)) ~'"""" S, and tbo R a\ÍI pie reos tho planc thr<>u~h the 
Pa,¡, and its common normal (1, or L, re,pe<:ti,ol;·) wilh S,. The R axis P'""' th~ough 
tlm point and is parolld to s.,. 

8. Numerical Examples 

Tbe nsul<> of appl; ing tho forogoin¡; "'}Uations to !he desi~n or R-C, C-R, and R- R 
cranks aro pro>cntod in l.lblo' on the follo11ing pago. Tho '"'""' meJore the same as in 
[l) where anolo~om re•uhs fM C-C eran!.> hal'o hoen prosonted. 

Dlgital comput<r progra1n< in FORTRAN IV for pcrformin¡: thcse computations on 
an JD~l 7090 are .wailable fr<lm thc author. 

9. Summary 

I'or conl'cmence wc gi' e a tobulo r '""'"""Y of thc f orcgoing rcsult<. 

Maximunl numb<o of Numl"'r ~f 01 ~'" ory ~la>imum """'l"'r 
T~pc of crank ¡lesign po1LLi'"" li<<i~n ch"i"' ,r,oloni""' 

~' ' " ' 
H ' ' "' 
~" ' ' "' ,_, 

' " " 
P-C ' 

,. • ,_, 
' ' • ._, 
' ' • ,_, 
' ' • ,_, • • 

'lo choostng • rriomotic joint th< numl>u of arbitrary dai~n f»'"""'"" io 1~0. •in« 
cnly ll•< ind..,tion of tloe ._,;, ;, im¡>ertonl. 

Ad,.,>!<"dg<""'nt-1he financio! >uPf"r\ ~~ the National s.:;,..,c., f<><.nt<l>tion (!'SF Gk-6l.O) ¡, gn.t<folly 
'"""""l«<g<d. 
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Abstrae! 
In lhts paper. an "'equivalen! screw triangle"" is introduced from which !he design 
cquations can be dclermined for any combmnt1ons of helicaf. cyli ndrical, revolutl!, 
Sfli1Nical. and prismatic joints tor both 11 nitely and 1 nlinitesimally separated 
position problems in kinemalic synthesis. In addrtion to presonting a new and 
uniticd approach to pre,·iously solved prob lems. thrs paper prcsen:s ~~~ entuoly 
now treatmont ol hel1cal j_oinls. lho equations doveloped in this pape: can be 
eppl'red to 1 he desrgn ol b'rnary l'rnks lor rrgid body guidance. lunc:iorl generatíon 
and similar problems. A numerical cxamplo illustrating \he design ol H·H l1nks 
is includod. 

Zusammenfassung-Der Entwurr ven Gtiedpaaren mil schraubentórmiger., 
zylindrisclwn, kugollórm1gon, drehbaren u11d prismatischcn Gclc;rkcn. L. 1'.'. Tr.td, 
B. Hoth 
In dir.sem Beitrag wird oin '"gleichwenigr.s Schraubr.ndreieck"" eingefUhl1. mil 
desson Hitro die Entwul1sgleichungen beliebiger Kombinationon von 
sctuaubenfiirm1gen, zyl1ndrischen, drohbaren, kugelt6rm1gen und 
prismatosclten Gelenken in Aulgoben de• kinematrschen Synthese sowohl fUr 
endlkh als auch rnT1nitesimal benachbarte Lagen bestimmt werdan kilnnen. 
Zusa17.1 ich w einer neuen u nd c1nhoill1 e tren Darstellung be re its gel aster 
Aulgaben wird in dieser Arbeit das schrauben!Orm1g0 Gelenk in einer giinzltch 
neue" IVeise behandelt Dio hter entwicketten Gteichungen kónnen auf den 
Entwu rf bmtlrer G lieder liJ t die FÜIH un g starrnr KO r por, d 1e ~ llOU gun fl von 
Übertr?.!)Ungstu nktionen und ahnlrche Autgaben angewendet wcrden. E in 
numerischos Beispiel illustrien den Entwurl e in es Gliedpaares m•t zwei 
Schraubengelenkcn. 

l'n..,..IO- ""'"'" .:IBOOH,., >IC>OHH1,.,00 C OHH10o,.,H UOC,HH.PH'I<"<""""• ~II'II'C'H"H• 
Op.llllliTC_,.,,...,. H lopii"<31H""«""" ""<"1Hr>~H. Jl. !1 TrnH ll J;. POT, 

0 )10" 0>6"1' ""'0<1111 ""'"""'·""'""'' '"'"'"0" T!"")lll""""'" C llO'OOUHo<O """0"'" -"'"" 
6t-ll• OOJ'<.'l<)l<'llbl 0'<'''""" )polOii<lll" •"' ''"' ""'"""'""11 oOH<TO>.I\, lln.,nHorn'IO.'"'"· 
•p.>UP'<-1•"~'• <{><PII'I<•OKII' H nr~"<HH'I«<n\ ""'PHIIf'OO 4-'" •O"<'~HO n (>."<K~'"""" 6."m0 

¡>.>.._.._,. ... .,, ""-'o""""~ • npo6.'"'" """'"'"'"""''oro"'"""'· r.:ro•o< "~""-"'""'""""' .w.,,o H y!ln<j>nu"i'<>0311HO<O ""~>O.'t.1 < "1"""'-'1< r"'I"'IUO"",." HpoÓ.l<""" ]Ta l'"(,nro ,,.,_._..,,,OJIIIOI 
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OOII<pw<HHO HOO)f<> Tl'lKIOO., OKHTOO>" W.OVIINI""'· f'a30HII)Ibl< )"p1011.,TNO B >t~A l'l6oT< 

MOI}"f 6>m • npa•I<H<H .. ' l'l•"'l<T}· A"""""' >O<T<o.<B ~-10 HOOp.I0.1<HI" '""P~<'tO 1<.1>, 

B<><l•<"'~"""'""' <l'l"'""n • o oo~OÓHLIT nr<•li-1<-..n. ~"-"''"' B-l! '"""'""" "-'-'""''P"f'"'"'-" 
'H0.1Hl0.1>,iOT" O¡>H>T<PO". 

lnlroduclron 

.'i':<JJILSJ> of bin;~r)" linh for ~olil fmitcly and inlltlilc,imallv 'cp~nltcJ ¡><•,icicm 
problcms ha1e rreli,uhly bccn ntemi1d;· qudiedll-5]. Tho;e hn~agc ciernen" 
which ha.-e beeulre"lcd 10 date induJe all I'O''iblc n•mbinacion> of c-ylindric. rc,·olute. 
•rhcrical. and pri,macic join¡,_ Hm1e1cr, linb nilh hclical (scr~w)join~> h:l\c no1 
bccn prc,·iou,ly inchnlcd in che ~cne!althcc>ry. 

"1 he lcrm · d)aJ"' '"'"!.1 in thc 111lc nf thi' papcr •de'' In" twn-lin' dmin (a fr""l 
link :111J a 11\oliÍng bimtl")" cnupling li11U 11hich is used lo ~uid·· :o lhirJ memh,•rth.-ough 
>cvcr:ol ,k,ig~ rosÍIÍ<Hl'. l"hc objectivc ;, therefor~ 1hc _,ynt)lc'" ol ~n oren lhrce-hn~ 
~incm.otic chain. Simil:rrl)' in a companion workl7] a lhrec-link e ha in (lriadl ¡, uocd w 
pridc " founh mcmbcr lhrnugh a se! of d,-,;gn rosilion,. 1 n 171 il is shown huw IV n1end 
lhc id•·a of !he ··cqui\aknt scrcw lrinnglc"" lo a ··screw lrian~lc chain"' fmm which we 
ohtnin dc,i¡;n equatim1> of 1 h1 cc-lin l; cb"i"' 1 niods). A llpP"ible wnob111a1 ¡,,, of threc­
link dwin> wich hclic·al. cyl111dJical. 'l'h~ric:ll. pri>matic ami rc•·olutc joi111' are con­
>idct-.,d in ¡i] 

Thc dc<Í¡;n cquncion• given m n,;, P"l"'' can !:oc applic!.l 10 !he "·nthc'i' nf bin'"' 
linh fnr ri'-"d bod)" ¡:ui,l:rnce. funclinn gcneration. and ,;mibr pwblcrn,. Thc b"'ic 
idea• un hu.._- lo npply chc'e re,ulh lla\"c bcen prcviou>l)" gi>en b} 'no•·.,¡ authors 
l-1-~-ll]. Thc maj<" poinl lo be 1ccallcd from lhc,c poc\ÍcJU\ '""h ¡, th.n 1hcsc• 
mctlrud' kml lhon"dvc' '" the '\"lllhc'i' ot cl<hC<i-lopp Lhain,_ and mav lhco<"f<>r!" be 
:q>¡>licd In lh~ '}nlllc'i' ni ~ither clc"c'l "' npcn-lnn1> '1'-'lial ~.no<H.,Iic chain,. Alr~r­
nalivc a¡>¡>rn.>eh<'' lo lhc >ynlh~,;, of ,paliaiiJnka)'e' h.,vc !CCelllly ¡,,en p11l>hheJ hy 
,ncral rc,c...-chc" 11 > 1 5]. F.orlior "ur~' ar~ cice!.l mi·!J :md 1 r,¡_ 

Ocslgn of Bina•y Links 

N"'"~"'-!""" ,• 
Fi~mc 1 ,¡,"""'a bin.tr} link \\l1ich kincmatically l'<HHICCb a mnvitlg hndy. rr,. 

In :r ""fixed"" fraonc. ~-"!"loe joint C(lnncctill~ lile bi11ary link ami <T¡ is calblillc lllO\"Jng 
JOÍill. anJ che onc conncctmg it 1n!. ¡, c.ollc!.l thc hcd j1>int. '1 he following qu:on!Ílic> 

1 
•, 

•• 

~ 

'·· '· ' 
1 
o ' / ' Flg~re1. Flinaryl1nk. 

' 

• 
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me <lcfined in thc li~ure: ~1 0(.\f,,. M,0, M,,_,). a unit \CCior p~rallcl lo thc 11h po,.tion 
nf thc movin~-¡~i nt a~i,; {! uHJ .nJ, Q,", {!,.,), "" arbitrury l'"'n! nn thc mov.n¡;.jnim a,¡, 
in its ith f'I"Ítion: and Q~- the position vector to Üu- Similarly. for tbe fi.1cd-joim a;.;,, 
we ha,.c thc un11 1ector F0(F"'' F,". F,,) paralld w the axi,: ;m arhm:.rr potnt 
UutG~u- (¡'"' r:",l ''" thc axi': anJ j¡, positwn vector (;u· All nf thesc 1cctors are 
mea1ured in the ''li<cd" framc ~-

The tquivalent Screw Trlangle 

A linitc <lilpldCCn>cnt of a n~id body <T, wnh re,pect w a rcfcrcnce framc ~- frum 
it' ith 10 itsjth l''"ition is completcly dc,crit>ed by a ,crcw displaccm<·n: 50. 1 lowe1cr. 
when a binary link cnnnccts" lo~ thi, """e displ:lcemcnt ¡, accnmplishcd by rntauon' 
al"'"l and/"r tmn\l:ltioll> al<>n¡; thc ,,,.,v;,,~ ~1111 111~ fl\cll·joinl a~e•. Since the orUcr 
<>f thc displ"ce~cnt' ahoutlhe'e l\\o ~'~' is immateriall.ll. '''" may re¡:•rd the scrcw 
di,placcmcnl. 5". as a product of mo succc»i,-c di,placement\, namd\'. a >crew 
rli,placcmcnt. Af,,. ah<>ut tk rnm•ing-jnint o~;,;,, it> ith ¡~><iticm foll<>\\cd hy "nothcr 
\crcw displ.t(cmcnt, P "' abool tl1e lixctl•joint "' ;,, · f he'c lhrcc scrcw,, .Íi0. í' u· and S"' 
fnrm an c4uivalcm >Crcw ujan~lc[ 11. '" sho\\ n in fig. 2. Wc denote Sy"' a unot \'ctlor 
p;uallel 10 lhe \CI'<'W a,;, 5,, and A,1 a.< a poi111 on lhat \Crew: W,,. t 0 ). ("u· llul. and 
(')'u. ><',¡) 111 c the \C«"W param~lcl'' '"'OC i,t!t•d wil h .~,. ,\¡ ,,, ""'¡ f" 1 C\pccti •·el y. 

An in,·c,tigatio<> nf the scrcw trianglc ¡;eomctry ;·idds 1he follo" in e rclatinns: 

F; ·(S, X ~lo.l__ 
!Su X M u)· (M u X 1",) 

'Y u FoJ · (S" X \10) 
t:on-;;- = 

"'­' -
~ (M,,xF,,)·(FuXSoJ) 

Figure 2. The equovalenl scrow lriangle. 

'" 

0) 

'" 
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"' 
o;n·~l<:lll I}PC' of j"inl> ha~e· 'rcüd pilchc>. ¡>. "'"'ciatcd \Cilh tilcm. Ft>r ilelical 

jo>nls, ¡>¡,a mu11cf!l. ~mlc "''"'1~n1: fu> rcvolute i<>inh. p _. 11: for qlindric jcliuls, 
pis a ,-ariable: f<>r >phericaljoint,,p ~ 0: and f01 pri,matic jOinl'./' = "-

1\dorc "o disc·u" thc lm~a~c 'ynthc,;, problem. 1hc f ~llov. in~ gene mi r><>illl' shou Id 
be Ll<Hi<'"l<HHI hy IIIC f<'H<kr: 

(;o) E<¡uation { 11 ¡, bilmcar in/-',. r,. ¡.·,. ,\/,.,\/,.ami .1/,_ 
(hl E<¡ualion, { 1 ).( ~ 1 aml (J) dcpcml op<>n thc ,e< cw dircetion, unly _ 
lo-) E<¡uation, 1~ 1. (5 )_ and tf>) are linear in (!,. Q •· (!,. r, ,. G ,, (; ,, "". an,1 .,.,. 
{d) Sine e Fu "mi ,\lu are unil \celO", thc )-' nll"l ;al i q')' lile f<lll<m ing Ccl.1<lil ''"" · 

'" 
( 1 o) 

te) Sincc (i 11 ano.! Q. are zbilwrv r<>inl' un lhe f"cd ¡md mw:ing·J•Jinl "'"' Lc'rect­
iHoly. v.c may choo>c 1hcm a, thc poi ni> v. he re thc lhed ;•nd mMing·i<•i nt a\e; in:c: ,oct 
the >-)' pbne, i.c. "'! G,"~Q,.,~u. Thc<ch)' wc conccm """clvcs wnh only l\\t> 
p;"-" mete,-, fo, cach poi ni 11'0 ,· spltcrical j"j 111', wc wjll del me (;" antl Q, <1 ill'crc 1111)- ). 

(f) '( hcjth rosilion oi'lhc hina•y 111,k can be <lht:.i~~<·d bv 'crc•wing thc bin"rr link 
(f•o•n it> ith pt.l,ition) aboot the tiwd·joint "''' a11 amClunt (')'0, w~). Anal)'ticall;-. "" 
ha ve 

whcrc 

C'~") c··u·+ 1) 
¡, ,.,, '"' Y:t) M,,. = "'"' (b,.,+ 1) c,0 M,u 

M,,. "•u ''" (c,~+l) 1,, 

~-") C"'·l· 1) 
¡,~., "" Xº'") G" l Q," - "•o {b.u.JI) "'" o.~ + <~.~ 

J,.. "•" ''" (c,0 +1) (!,u '" 

a, 0 = (F;u- 1){ 1-cosy,,) 

b., ~ r,0F,,(I -e"' 'l'u) -1-~0 >Íil Y u 

ci, = 1'..,¡.·,0 ( 1- cos '!'~) + 1',0 sin Y u 

and,oon[6]_ 

(ll ) 

( 12) 

• 



(¡:1 Since thc hne of the ~crew a,;, f,, is fixeo.l in the rd,•rence framc. e.xcept for 
sphcrical joint•. h<>th F" nnd (; ,, do nut dcpcnd u pon i and j. 1! o r1cc. 

( 14) 

G, ._ e (G,-. e,. G,) fN "11 i andj ( 15) 

(hl lf "" fornmlate flnitcly 'ep3rated poSLtion problem; by screw di;placemenl< 
from thc ht po'ition. S,,.j = ~- 3. 4, ...• the <ech>r> denotin111he mo•·in;:·j<linl a,¡, in 
cqoation< ( 1 )-(bl "ill al\\ "l'' he in thcir flrst f'O'ition. Thi' thcn ;¡J]o\1 s U> 1l> simplit\• 
thc notatimt· 

,\In-= M u~ ~1(.1/, • .\1,. M,) fur allj ( lli) 

Q,,- V u= V(Q ,. Q,. Q,) r,,. allj ( 1 7) 

(Íl F <>r n sphcrical joint. wc >rccif) (;' ( G ,. G ,. r, ,) [;mo.l/ur Q' ( Q r· Q ,. Q ,)) lO he 
the point at thc ccntcr of th~ ,pherical j<>int. Thc a\i< dircction. F.,. (nn<llür ~1,,) ab,ut 
whic-h lhc >)'<ll'lll ¡, lollatcd r'""' Jl'."iti<>ll .. , .. "' r<>>ilÍc\ll "j" (>CC Fig,, ,1 and -iJ ¡, III'W 
m•l ddincd by thc joint ~eometry. lknce. \le nccd th<Ce pa>Jmetcr< 1<> wc<:tf)' ¡;• 
(and/or Q'); and we ha\ e ditfcrent "''' dircction; foreachj. ('1 he notmi<ln .. , .. i> "'"d 
simply to remind tCc reader ihat in tni, case the <JL!tmli:y "' Jcnoted dcpcnd' !l¡X>n 
tht ce paramete1 '· 1 

(ji 1" 1 he ~"'" <>1 1 "'" s rhcL ie"l joi .,¡, C• •nnec1cd to¡:c< hcr. i 1 ;, convcnicnt tn nc~lcct 
the c<>mpOncnt of 1'~ ;¡)ong G'Q' ,;ncc thi, .,¡¡¡ not alfcct the di,pl:.ccmcl\1 of" 
(Fig. 5). and mctcly add, "" e~tra dc!l'ce-of-frccJom which Í> tri .. ial. Hence v.e v.ill 
introduce thc rcq uitement 1 hat 

( 18) 

(k) l'or c:tch 'rcciftcd Jj,placcmcnt .. 'ii.,. equ;<li<>n (~1 )icld> one equatinn in one 

Figuro 3. A !txed sphericaljoint. 
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Figure 4. A moviog sphotical j01 nt. 

•• 
\ 

' 
' 

Figure 5. S-S eran k 

unknov.n. """ o>lhcr th.tn 1' an<l M. llcnce, in ,.,¡vjn¡; 'l'ntlwsis prnhlem• tC\ccrt f.w 
a hcltcal jo•nt 11 hcrc "~ ¡, rel~ted lo u,,l we can di"cg.ord the>e equatit>n'. ,;ncc thcv 
simpl)' give thc rotatio¡¡ angle< about the moving·jnint '"''· H ""'"""', if we a. e ínter­
c;tcd in comrnllir.g thc'c "'tation '"'~leo. thcn \\T tOU\1 im·ltalc c<¡uatÍ<llt (21 "' ,.,¡,.¡,¡: 
lhc >)'llthcsi; prohkm. 

(1) Thc 1amc argumcnt hnlds for c<¡uati<>n (3). 

Dealgn ol Blnary Llnks 

l'<¡u.liJOI" 11 1-(10¡ aJe thc necc"'"Y CcllldiiÍ<"" \\hich mto't he \alÍificd ~}' ar\)' 
binnry link \<ith comhin~tinn• nf helical, crlindric:ol, rc\'olutc. 'Pheric.d. :md pri1matic 
joint,, In applyin¡; th"'" cquation' tn the linb~c synthc1i' problon": the '"'~"-' 
Su (i.~. S,¡. Au. 0,,.1 0 • i= \.j='!. 3 .... n) aro ktm~'>n. and tlle link par~meto" (i.C .. 
F.(;, ~1. Q. "''"y". u,_,. "uln~cd 1<.> be <lc<crmined. lt '-' """' c'On<~ni<"llllo fi"l Uckt­
minc the "-''"' di~<<:tiom ~nd location< u<in¡: "' 1cw equ.>tion< ao P""iblc. and thcn 
obtain the rotational anglo~ and transbtional di"anco, from thc remainin~ equat ion<. 

Once F. C, M. nnd Q "'" knoun the de,i¡;n dimen<ion' ofthc hill:uy link can he 
obtainc<l. Fnr cxam¡>lo: lile 'hotte" dt~tancc bclw<'<'n link"'"';, givcn by 

I(Q-G)- ('IX F)l 
(MX FJ 

• 

• 

., 

1 

1 . l 

1 
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., 1(\IXF\1 
tan (~I·F) 

"'~"""'ed on ihc '"'"' c>f" ,,,ward F '<bout thc <lirce<<OJ linc M X l'. In thc ""'" of nnc 
oo mure >ph<rical joir." thcr~ ;, no'"'"' in thc ~innry link. ;on,J thc 'honc,l Ji>tancc 
betn~cn the joint> ;, ~i1en b\' {{Q-t;•)·.\I.\1-(Q-G 0)j or I¡G-Q')·FI"­
( C - Q' ) 1 '" 1 G • - Q'l dcpcndin¡: rc•f'('Cii\'c ly 11 p<ln "hethcr 1 he ca,c ;, rcpr cocnlcrl 
hy Fi ~'- .t. 4 or .1. 

In what foiiOI\\, we li,tthc apprcrpri;tk tlc,i¡m c<.¡uation> ata! unknmHI paramc:c" 
for each ro"iblc cumbinatÍ<HI <>f joi n¡,_ S incc all bina ir lin~' "ith cylindri.;,al. re,·oJutc. 
sphcric~rl, and p,;,matic j"im' ha1 e be en prc"iou,ly >llldied 1 "'" Re k JI ).1 ~].14) ""'' 
[5 ]l. "e ¡:Í' e det.l i lc•d til'Cll"Í""' nf "" 1 y IIW>c "'"''' 11 hoce " hdical JOÍnl " <'m pi o: ~ti. 
l n ~ach '"'' \1 e n>"'idcr only 1hc mn\Ímum P""'b le nu "'~cr uf <k,ign p,¡.;j¡ion,, f<>l 
f~\\cr !"'Sition, thc method uf "'lution ;, annlo¡>ou,, ncepl lhnt th.; <Jc.il'nn ;, free 
¡¡, mn~c arbno ~ry choice' ni '"m~ ¡>ar.ometcrs. 

l./f.l/cro,,~,· 

Dc>ign cqual Í<>n>: ( 1 HHJ. 
1 )C.Í~n pammclcrs: F r• F •. . 11 r• .11 ,. (; ,. fi ,. Q ,. Q ,, Pt·P~· w.,, y". u.,. IL!ld a"_ t 
M'" imu m lllllllber o! <IC>Í~Il P<>>ÍlÍon>: ."\ (j = 2. } ). 
Mclhud c>l '<>lulioll: 
EqL>alior.' 11 )-IX¡ IHÍI!cn 111icc ) icl<l 1 ~ cqu¡¡IÍun> in 1 ~ tlll~nuw ~'- ) lcllCC, wc ll<C 

al hbcol)' 10 c!oo~>c any twu ofthe IS unkno11n~- 11 ¡, mo" """·cniem 1u eh'"''~ the 
dioccliun ,.f cilhco thc mt"'in¡¡·JL\h 01 lite lhcJ-;ni>, 0Jlcc lhc dioC<:IÍon ol thc moving· 
JL\Í> lor lhc ""·d·;L\Í>) Í< I"IH"Cil, lhc <111CCiwn of tl1c fj\~II-:1\Í> (<>< tilO lllOI"Íilg-lL\1,). 

which " in ( 1.)) conc,p<Jnd,•nc·,•. can he Jctcnninc<J frnm CqU,tli"n' t f 1 ''" wcll "' 
thc condition on " unil 'cCh>rJ. Ko1ution ~nglcs, "., ;mJ y,,. can then be oht;oi••eJ from 
e~ual ioo" Cl ;ntd (."\ ). • 

Suh,lillll ing cq,.:Hion' (7) i 111 o (_"i ). 1 H 1 illlc> ( ú l. wil h j = }, :1, a11d lh~n cl1111 it"lli ng ('m 

anJ ¡•, bct"ccn lhcJ = 2 a11dj~ .l cquatio"' yietJ,: 

!" (,\\ - FIF (G -Q) " I~I·S~·(\ -Q)} 
"" 1 {.\1 . F)' 

!" = "" 1 
(,\1. l")F 

(M- F)' 
(G -()) 

(
,. 

y, 1 
(1-' · S,)S1¡. 

1 
(A,,-t;) 

(F-S 1•1 ' 

¡,. ~y, 1 
{F·s11¡s, •. 

1 
_

1
•
1 {F·Su)' ,\, ' 

' (~!·S,)' '" 

" (\1 · s,.ls,1 . C\~:-Ol} 
' (~S ·S,)' 

,,·~o~· 2· ~!.!A!. (Q _ ¡; 1 J 
1 (F·.\1)' 

(F · ~IL\1 ·(Q-G)J. 
IF-~1)' 

( 19) 

(~O) 

Equ;IIÍllll> (1~) and (~0) logclhcr wilh cq":\IÍon< (-1) are a >el <>f ~linear Cl)LJJLIIOI\' in 
thc unlno""' G,, C,, Q, and Q .. Hcncc, "e can c;"ilrdctcrmine thc "-'C' location, 

•¡-"llowing 1h' '<""'""lo~) u mi in IC 1 " o;,..,,) linl. " dio,( n """' if ", '""'"'" ""' co><l ki,«J '" 1 he · 
f<'kr<mc• •>·,tcm 1 hc•lio" lco«·odcn"t"thc· jo1nt :ol"'" 1 .1nJ 1hc ><<"<>nJ <1" ""'"'_;,,,,al""~ 11. 

t/1 ¡>oromct<r l•win~ a '"~"lipL ¡ •ho«IJ b< •"<><<n!<d a. j·l L>nl.M~ "'- In ,quatn>m (1 '"'"' F tond \lt 
~ill al~>~> b< 'oun!o.l ., "'~ """'"""' ""Of>. >in<< """' thi1d <omponen" "'" J<l<rmon<J ·~ <qu:u;""' 
(9) •nd l 101 n:•rect;-.11·· 



" 
(by, f,,, example, cmploying Cramer's n•kl. Thc tmnsl.ni,,n;d di,tancc,, 11,, and "'u• 
then f<>llow fn>m equ .. ¡;,m, (5\ nnú (6! (since F. \L G and (]are kno\\nL Finall1·. thc 
pitchcs. f'·• and ¡•1• w e "Ot.li n,·d from ""~""1 i<>ns t7J :111d (S l. 

Sine e thc mtation anglc, <lrc obtained fmm cquation' (Z) and (]) h~· "'" of invc"c 
1 rigoBomctnc 1 unctior". con cwumli11g w c:Kh 'el of "-~" du ccuon the1 e ni,¡ intlnitd)' 
many valucs nf au and 'l'"- The,e. in tum, yicld infinitely many diflhent "''' location• 
;md pi1CI1c' all of tt:i' <al!;l')' the ,nmc thrce J'<)sitiun problcm. ~ote "''" that once 
lhc mm·in¡\ and ti xc•tklXi• ate dctcrm~r•cJ. an r ,,¡ 'l1c foil<"' ing pit~ he, couiJ theoretic­
all;· ~ use<.l in5tead of 1'• and N 

' "· '·" +" . "" -A7r 

k~ 1,2.~---· 

(11 ) 

(2~) 

l'o<tctically 'pe.,~ in~. wc usu,lly dcal with l«o,l < :'1r,[y.,l < Zrrand 1., O. In geneml. 
there willl>~ no 11-1/lin~' wñich can l>c usc<l to hclp fiJidc a hmly thr~u¡:h iour athJt1a1·· 
i 1 y spcdfictl JXhÍtlom. 

2.!1-C craul..< 
Dc\Ígn <'<]II,LIÍOr": ( ll, (.1), (4). ((\) and (H). 

Dcso¡:n p:trnmetcr.: !-',. F ,. M~- ,I/ •. (; ., (; •. Q ..,, Q,. p1 , y,. ""d ,. ,. 
Addit ional i nform<Liion•: " 11 from c<¡uations 12): "" fmrn equation• (5 ). 
l\!:o~imum nnmher of <le>ign positior1.: 4 (j = 2, 3, 4) 
Mcthod of "'lution: 
F nr tim·c po,itiorl\ 
E<¡uatiun• ( 1 ). {3), (4). (6) and ¡8) writ!en N·ice yicld 10 c<]uarions in 1.1 unkn"" "'· 

11 ene e. ¡¡,,.,e '"e thr~e r, ce p,oramd~" among thc 1 3 '"'~11"" ns. 1t i• moq """"cnicnt 
to cha<"c /·',, ¡:, and p, (or M,. M,. and ¡•1), and •olvc for thc other p.oramctcrs, The 
solut1on is tllcn e¡ une strai~htforwanl. ' 

For four f>O'itions "~ r~quit e a mJmcrical iteration. 

3. C-11 cmnls 

Dc,i¡:n ,-quation.: ( 1 l. t:!), 1-11. ( ~) and (7). 

nc,ign pnr anletcrs: ¡-·,, F ,. ,\1 ,. M,. {; ,, (; ,. Q •· Q ,, p.,, "" and u,. 
Additional information: y., frnm ~quations () ); ,. . ., from cqllations 16). 
Maximum tHJml,or ol de<i~n positi"n< ~nd mothoJ< of •olution for C-!1 cranb are 

!he samc a' fllr 11-C cran~s. 

4.H·S~ra"h 

Desi¡;n cquation-= ( 1 l. O). {4 ). (~ ). (61 and (8). 
Dc•i~n p.lralllclc": ¡:T' F ,, .11, IJ• .11 "" G ,. (, ,. QJ. Q:, Q;, p,_ y,, w.,. (u,, = O). 
~h>Ximum numbcr of dosi,:n f'O'tlion':;. (j= 2, 3, 4. 5) 
Method of "'hllit>n: 
Fi"t "" discu\s thc thrce po<iti<>n pwblcm (j= 2. )l. c<¡uation' (lt,OI.I-11.151, 161 

ami (8) "ritten \1\ ice )'ield 12 cqumions in 1 6 un l. no" n<. Hcncc. there are 4 p.1ramctcrs 

'Adolilional infm"""M "r"' "' J'ill'•m«m ~h"h IU'< no\ "'~uon:d Jo cnmpi<l< lhe '! nlh"i•. ~u\ m•)' 
bo: <>.! ini<TO>t i n >nal) ,; "' • Ji' '" ole>i¡;n , 

• 

- : 1 



! 

lil'·"''l)qJ1i "-'"')X" P·"'U -"11 J" !J<>ill'Olll 1'"" U<liiJJI)I' ~111 41"'1 JI "'\\l>U1Ull ~ 0'~41 
JOJ '~"!"4" J.>Jj JIC!J<.l01d<.l~ mnJ ~"'4 ~\\ -~,UJH ''l1\\llU1Ull ~U! '"'-'l)l:nb~ 1' pp)l 
~"!·"1 U~ll!'·" 1\") 1'"" 11) ,un¡n·llb.1 'lf ·;: = r¡ """I!'"J ~"''11 '"I"'U"" "" l'll,l 

( <; 't "l -~ ~ f) i :<UO)I"oJ tf.'l)'"f' JO JJqtullU UllllU !' ")'/ 
·' D 1"'" 'D ''!) ''!) "'1\' ·' 11' '" .1 "_¡ '"·'P""" .:J ,;¡,,~a 

·¡¡.1 flllE ( 1) :<Ull)IUnbJ ll~T'"U 

l'YIWn ::J-J -~ 

1) ~ ••,¡ P"" 1) ='d ·""" '"'lliJOOX.1'S~UOJO )f·lf J" 11'41 "' 
<no:!niEUC '! <~uu.1o 1/·'3 JO (<UO!I!>Oo.l o;J¡,~p J" ••qrunu wntu¡xutu pue) '!"'41U.I• "'1 J. 

-(o ~ "·" J "'" '"" ""d ·• ¡l "[) ·• ~~ · '!) ''JI' ., f\' ":1 '' ,¡ "'""'uuJcd u:l!>ac¡ 
"IL l puu (<JI '(S) "(tl'l~l '( 1 1 :.un¡nmh~ u;J!'"O 

>yuw.J/1-1/ ·¿ 

'lf =!' 1 = • 41!-" '"oi"' ='<~ 
¡nq1 UO>IJlpUOJ 01(1 liU)'ll '(<j) 41)·" p~U)<JlUOO (<J puu {\) '((·) '(1 1 Jlll <UO!)~nb~ 0>4J.l 
·(¡ pun ¡~ .H>J """l''nho Jll<>i 41!·" IPI ·"" .1,\\ ·u'~' .{II"·"JU,>pt ~JL! 1>) pm• ¡¡:) pu" '¡: =-{ 
'1 =1 J<lj ''11' f. u-..\~ P"~'!l"' Jl~ (')1 pu10 (~1 '([)"111 U~ljl "-~ 41)-\\ IU~.Ulljllll~ "'! lll 
:/ ·""'~' ILI ¡<•l·j"O!P'I 11'"'!11 ~'11 po¡ o< o 1\ _11 '~llb!U~ .1,1¡ ""! l:>llii.1J U<l)l)lOd-llllOd u \\OU~ 
:¡p.\1 aq1 JO UO)\Ja.\ l"!ll;d< ~ "3U!'" Jj<ji<S<l<.i SI UOllll(O< )l~Y!I~IU)\ f"UOTI!I'PE uy 

·u~ w,¡41!" '1"~'J !f-11 

UJOJJ )l~Ul~)ljO "<1 ,\o,W S1Ul!.l~ 1/·H JO U~).Op a41 Wlll l"'J 0>41 0>11 0\1 J! ai<J"S<ld '! 
Lf"'''' od<l" 1 O[dllJ" ll JO.\J\\0 (1 '>lt< >¡nuo 1! 1"-"! l'<ll 11 U o l!llllJJ 01 WO." U0!1"1"' JO 'P"41;¡W 
1~""1' .i¡<io J4J. -,u,\\ou~un (! J'~41 :luomn n¡04J ~"'J ~"" " "'~41 · """" 11 ·,u '""'~ 
·LI!l \') 11) '""!l>'llbJ ¡:¡PI·"·{ ~JI\\1 UJI)U.'I (S) puu (•¡)"(S") '(¡.) 'l(l'l(l \UOII"llh::J 

'""!1"1"' JO poq1o¡~ 
(('¡: ., {) ( :IU<'Il)'OJ U:!)lJ)' JO JO<¡WnU WOWj\llJ~ 

· ( ll = "11) "' ·" '"A ''ú ·• D ·• i) •• ~ •• u·"¡~ "11' .. .1 ·• .J -. "~Pw>.m:l u~ ¡so a 
(S) JIU~ (<J) (~) "(~) '(l}"( 1) :<UO)J"nb~ U\I!<>U 

>YIIIJJJ !:/·!! '<) 

">~U~.lj ~'·JI ~4110J )l~UI(IOO !Ctjl o¡.(BOjfUn ~~~¡Jwo~ Ul SI ~!n)lOOOJd U:!!'~)l ~L) 1. 
-( () = n,,,) '" 11 '"" -~,¡ '' (l "[) ': D ':!) ' {!) ''JI' "JI' ''" .-J '11 '.1 :\JJl~lU~.rr:d ulliSOQ 

·(L) puc (91 '(>) '(t) ·1:1 ·¡ ¡) :'""""nb.1 u;l'""O 
>yw:n.' 11-s -~ 

"U>lii~JOII )U~! lJlU 1\ll L! ~J)llb~ 1 M(~ ))) \1 '""!liSnJ ~-'!:1 'll<l!HU"I! 
1"~!-'JlUilU U OJ(nbJJ 01 <tu~J' "~ L -¡~1 pm: (91 "()l"(tl L)l1,\\ .(¡,nn~ou¡¡mu" po>¡ns ~q 

1'nw 1 l'l ¡>un { 1 1 "'"!1"""' "~"!' I'"'"~!¡JwM ~'""' -'"'u '! uonn¡n< JL) J. .,,~!"4" JJJJ 

o \\l .i¡oo .\\OU O>Jil JJ~I)l · oouo 11 .,U,"OLI1lln OC u¡ "'Ol!t:llbJ R 1 PI O) i <Jtlt!l ~~.11)1 ll Jil!J·" 
( ~ 1 pun ( ~ 1 '(1") '11·1 { (1 'lll '"0! ll"lli>J '1 t '< '¡: = () ><U>)'\<UJ UO!I)'o<.l·JllOJ JL)I Jü :\ 

"(L 1 UO)H:IIb~ .\q Ud,\!~ >) ·iJ · 4~1 !J Oljl puu 

'1 <J) uu¡1n11l>" wo r.J(lllll>lJ ~,¡111' J ; ! W r~\ ~ 041 :IU"J" >IU-liUJ:>qJ"p ~41 '.\j)Ull):\ 'UO!II'~OI 
-;¡xc ~nb!Ull u'! "'·'41 "("1~ '.il \UOII~JII¡>·>!'" JO 1·" 4""" ''1 ftt11puo<l<JJJcl" ".1,1\JJfl 
·":_¡ P"" ';; ·:D-:D ',~'il "! '""'~""!>~ "'""!11 p¡o¡.\¡o;:l UO!I"nbJ 411" '"41-':lOl '"!"1 
UJ II!J" '(; 1 pun ( tl <Ull! IJ:nb;l ;;,o LSOJ Ullll" 11p '!"'·3LI! \0\11 JO P> Jllh)ll 11 " PP!·{ jll) 1 1 
1'"" 1(¡1 'UOlliP""·' 41!"1 ([) pu" <1 1 <uOL)enbJ ·¡u-<.'""-·•_.¡ ·'.-J! J<> ~"!"4" 4Jl:J .IO:I 

"1! 1noqu 1"'-'"'-1 \JI:iur. "'"inl<>l ·'41 ruu ¡'_-J., :11 >lXI1 r~xtJ J~l 
J<' Uf>l))~l)r JL)l ~"lll4J O! ]UOIUJ\UOJ I<OLU >) ll ·,\¡ul"lli<¡Jl: P~U)J->J< ~.:¡ .\l~Ur 4"!'1·" 

" 



cho1cn. oquation ( 1) 11 r in en 1 11 ice [hlEeihcr 11 it h ~qn,tio11 11 0\) )'iciJ~ ,, nniqno ,,,, nlt 
fr•r tire mo,·tn~--' ,i, ,-'''"""" and ~<¡uatrun 1 _; l writtcn t" ice ;·ieiJ, a uniquc r~oul! ll<r 
thc a\is IO<'atiun. A' rrc\iou,ly r<>intcd mn[ 1], thcro ¡,a¡ 1.11 ,.,, t\"'PllWieocc bcll' e.· o 
tite m!ll in~ '"'J thc ti\t·J '""'· 

In this co.c. h'""'"'· if "" are imcrc-rcd ;, conttt>lli11g tlw Hrt:ni!ln ·" ""11 
a' thc lran<lation Ji,tanco,. :on; 1"0 nf tho tOur rot,rtino,. a 1,. ""'y.,. y.,.'" \\di"' 
tii'O <'f thc fotll' ¡r.m,l.rtio•n,, ""· 11,., w.,. r.·,. ,.,,be ntlllllatily eh'"""- The :1\;,. 
direction and a\i<-loc"tiun fur hnth the m<wio~ ""J fi\cd "'"' '"'' thcn ••htain,·d b_, 
,nh ing tqU:>IHH" 11 1-1(•1. 

ror four spccificJ l'""'i""' (j=2 .. 1, 4). cquati<ln (11 lltittcrt throc time, yidJ, 
tiHe,· lwn1o~'""""' lio'''" ,-~umion, ¡, J',. F, anJ F •. Thc .. onJtli<'n tOr non-ten> 
f',. 1',. ood 1', "' ~,¡,¡ )idd, a tltird dc~"'c ;,loe~r.ric ct¡U.tiÍ<ln "' .11, . .11,. ,,nd ,11,. 
'1 hi' ¡, thc cquaunn of the >Crcw conc ,¡udicd in ll.d.[l). Eqtt:ili<'n t41 '"illcn ¡Jtr~t· 
time' l ieiJ' th" e lillur t"<l"·" i""' in G,. (; ,. (j ,. an<1 (J, 11 e o ce. '-"" "' l'"oJing tu c:rch 
dircctio11 JcfiocJ by a ¡:cncrator <lf thc >Ctcw conc, thctc i< a ,¡,~re inii11ÍI) nf ,.,¡, 
'''"m"""· Fut ftH "rbitr.>r)' r<>5ttion' 1]- 2, :1. 4, 51. c<¡u:rli'"" ( 11 au<l 141 lltitton ln111 \Í>"C' 

)ÍciJ ~ cq"ation' "' g unln'"'"'· '!he unique >Cl "fsolution' conc>r»>nth lo th<'>< 
¡:jr·co inf t ). 

Y.C-1/¡ra"~' 

1 k<i~n cqnation-: ( 1 ). (4t and {-' ). 
l)csi~n p.rramctct >: ¡:"/'.,M.,,\ I,J;,, U,.(], a11d Q, (u,,~ 0}. 
,\1axinwm numbcr of dcoi~n l'"'ition-= .ltj = 2, 3t 

IOqtt.llit''" (ti. (~1 arltl (.il WIJII<'O 1\\ÍCC ¡·icld (, cq\lalit>r,, i~ S Unknowm. Hct1Cc. 
wc ha\~'"" arl1itrary dH>Í'"'· Corr<>¡HrrrJin~ '",-.,eh drohe d mov,n¡;-a'" (c1L 
f"cd·a\1~) dir~ctioo ,.,,;ne;. cquatiuo 1 1 1 ;-idd, a uniquc a·,ull f.,c th<' fi '''Ú·n\i' 
(or moving-a\i;J tlith·ti,>n '-''"¡"~'·"!Jite l'')llltti'"'' 1~1 :md 151 yidJ a uniqLJc ••">UII for 
thc .,,;,.locatioo tor l>oth thc m'" in¡: •n d llwd a\c '· 

1 o. 11 -e ,-"'"~' 
Dc;ign cqn:otÍtltl>: t t). (~) ant! t 1>). 

l)~sign p:tr.Hnctcrs: 1-·,. Fu, ,\ 1" ,\1 u· (; ,. 1; ,. (}" (! ,. 1 "'" = 11). 
·¡ he "'lution ;, "nalogo>u' to that gi•cn for th~ C-R nunks. 

1 t _ R -H (tun!.< 

lk;i¡:n C<(ll.rti<•ns: 11). (·11. (5) und 161. 
l)esign par~meter~: F,. ,_-... 11,. ,\f ,, G ,. C ,. Q _. Q ,. (u,,"'- ,.,, = O ). 
M.l\ i mwn lllliltbct uf r• ,¡¡ Ít\n,. _1 (j o0 2. J 1 

Equmi~'" 111. (~1-1~1 J11<il~1 III'ÍII<'II t\licc )Íeltl ~ c•¡tJ.rtiolt, ;, ~un~""'''"'- llc,ce. 
'" ha< bccn •lwv. o in !~J andf .l) thcre ¡, a tioitc >CI of JI -I/ na ni-.' f <lr a o¡· Ihrcc pn<rii'""· 

12. s-e ''""'A' 
De; ig11 cquat"""- 1 11. 1~ 1 and 1 G l. 

!lesign r;trarnetcn.: F""' ¡--, 11, .11 , • .\! ,. G;, 1; •• G;. Q" (J ,, ( "·,, "" O}. 
J\l;"inrllnt oumber <lf <bi~n P<"Ítion,: ~ lj" ". J.~- 5. 6. ?, S) 

For thc ci~ht J'<llltinll l't••h!em. cqtt.Hic\1" 1 tl.l4) :trtd 1(•1 W<itt~n SCICrrlimc' ,¡ejJ 
21 cquatioos in ~1 uokno""'· Jlcoce tltcre ate nn free ch,icc; uolc» '"' '""'¡,¡,., 
,e\ en 01 r C\\ ('[ J'O>il Íon,, 

• 

• 

• 

• 
' 



• 

13.C-Soani..< 

Dosi~n cqoation': ( 1). (4) and t5L 
])e;ign paramcters: 1'1 , r,, ,\!, .,. M,,. (; •. G ,. Qj . Q:, Q;. (u" = U). 
Thc ';-ntheoi; of C-5 eran~' is similar to !hat oi S-C eran h. 

14.5-Suan>• 
Dc;ign "4""¡¡,,n;: ( 11. 14\.{51. (ó) ;md 11 ~1-

llcsign paramctcrs: 1",," F.,,_.\/.,. M"" G;, G;, G ~. Q j, Q;, Q; , (u,1 .. ,.., - O). 
Thc "'"'imum numhcr of dc'Í~Il position" 7 (j = 2 .. <. ~- 5. 6, 7 J_ 

For the 'cven·position problcm, cqoations 11 ). (~1. (51. (6) and ( 1 ~~ wnacn ,¡~ time,. 
} icld 30 cquali<ln< in ;\tl unkroo" '" 

15.S·Rrral1>.• 
Uc,i~n cqu •• t.on.: ( 1 J.(~). (5) nnd (1•). 

Oc,ign pammcters: 1",,.1',,, .. \f ,, M,. G;, G;, G:, Q ,, Q ,, (1• 11 = ,.., = O). 
Tl1c ma,imu111 numhcr of Jc,i~n r<>siti<>n>: ·llj= ::. 3. 41. 

For four-pmition prohlcms, cquation' 111.1-11. (51 and 161. wriltcn thr~e ti m''' ricld 
12 cqnatiom in 13 ""'"""m.·¡ l1orc ;, "single innnity <ll"soloti<JJl' for a J'nur rn~ition 
prnblcm. 

lf>.R-Saani.> 

n~,ign eqn;,tior": 1 11. 14), 1~ 1 ;md (1• ). 
Dc,Í¡¡n p~rnmclcrs: 1',, r •· ,\! .,1, ,\1 ,,. (; ,, ("; >• Q;. Q;. Q i. ( w., = "u = O). 
Thc sn]\1\Íons ol R -S ,·ran'' are ,¡ mibr \<l tho\c of S ·R ~~ ,tnb. 

1 7. 1'-C onr.b 

!'ora f1xc<l pri'""'tic joillt, wc rcquirc that YLJ ~O. This implics. fmm c.:¡uation (:ll. 
that F · (S, x .\\) ~O. Uc,Jess u ha' apure tmmlmional displaccment <J,, ~n<! ~,are '"'t 
~cltcrally ICm. Hcm•c, in urde~ lo h.tvc a non·trwi:tl sol"tion. S,, x ;>.t mu;t ~'-'""¡>ero. 
Le., ~~~~¡¡- In this case thc oquivalent screw triangle dcgener.~tcs int<> thc fonn 'hown 
in l'tg. (o. Wc now (¡,¡ve tkgencratc• fornh of co¡nation' (IHI•). ·¡ h~ Cüi'C'pundin¡: 
dc~cnemtc form is ri•en by the ori¡!Ína! equation numt>er fo!!owco.! t>y the lcttcr "a" 
as fo!lov." 

a,¡- O,, 

Y u"" O 

(~,1 F11 )F11 · (Cu A,.) 
1 (S,·f")' 

d., 

"• ,,,l(,.,,,,,.,,,-,1\''''' ,,,.""'"\'"'i'i''""''' o-QJul_ d., 2- --1 (Su·f")' 

!!:JJ_F11-(F 11 ·S,)S,¡_ ) 
2 1 

. )' (A"-Q,, 
l f"·Su 

(la) 

(2a) 

(Ja) 

(4a) 

(5a) 

( 6") 



wh~rc du is an arbimuy con,lant. Combíning cquations (4a) antl (5a). we obtain 

!J.¡""~+(S 11 ·~', 1 )F, 1 ·(A" Q,) 
2 2 1 iS 11 ·Ful' 

1\'it h 1 he'" ct¡uJIÍc1!l' we ca11 'ynthc,i>e I'·C cranh hy u,ing: 
De,i~n equauon<: ( 1 al. (6al. (A). 
De,ign rar:tmet<rs: F,. F,.(!,.Q,.11,. """. (~l =S,). 
1 he m:nimum numbcr ,,f de•i~n pasi1ions: 2 (j= 2). 

(A) 

Note that G,1 di,arrears frorn equation' (la). (6a) nnd (,\). Heoce ¡, choC>,ing a 
prismmic joim <>nly th~ dircction of the a\is ;, imrortant, since the location. t;.,. i> 
always arhitrary. 

~ / --' _.,._ ., 
' 

Figuro 6. Equivalent screw lriangle when the lix~d joint is prismali~. 

F<H" IW<>•po,iti<>n rtnblcm,. wc ha\"c tlu·cc cqu;Jtinn, in si~ tntkn<'""'· Hencc tbcrc 
(U"e three ftce pnr:uneters. lf wc cboosc F ,. 1',. ami .,.,. cquatinns (1 a) ""d (6a) yicld 
two lincor C4U~ti<ms in Q, MJ (.!,. Equ~tion (A) pr•wide' the i~fnrmatin~ for u 11. 
Therc will senerally he no '"lmiun' for threc rmiti<>n>. ,ince M cannot ~e panolld to 
hotli S,. ami S,. which are g~ncrally ''ew. 
18 1'·1? cra¡¡~s 

Dc•ign equatinn,; ( 1 ~l. {6a). (,\l. 
Dc,ign paramctcrs: Q ,. Q ,, F" 1' , . .,.,. (", 1 = O. M, "" s,). 
•¡ he m~•imum numbcr uf de;Í8n J>O•ition.: l (j ~ 2). 

For 1\\0 position, "~ h;"c 3 ottl•aiÍ<Hl> in 5 11nknow11<. Hcnce thcrc me tw<> free 
choiccs. 

19. I'·S cran~> 
Dc;i¡;n equation': ( 1 a). (A). 

De<i¡;n panllllCICl ~: F,. ¡: ,. (J:. Q;. Qi, (u;, = 11. \.1 u = S,). 
Thc ma.~imum number of dc,ign 1''\Ítion.: 3 (j- 2. 3]. 
Additi,•nal inf ~mlaiÍl•n: ., . ., frnm (<•al. 

Equations (la) anJ (Al wriuen 111ice yield 4 equations in 5 un.no\\ns. Hcncc thcre 
;, a single infmity nf d¡·,"k 

o • 
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20. l'·lf aunL< 
Dc,i¡m cquation" ( 1 a). (,,l. and (7 ). 

Dc<ign p:ttantetcrs: 1'1 • F ,. Q ,. Q ,. 11 .,. i' .,. (<>u ~ O,. ~1 ~ Su). 
Thc ma~imum numbcr l•f d~si~n ('Q,itlon': :2 (j = 21. 

For (\\O r<>sitium 11e ha' e ."l equ3tiuns "ith 6 un~no-''"· Hence there are three 
free pan!mcters. 

21. C·f'. R·I'.S·I' or 11·1.' ,·¡·w~~-' 

For :• moving·pri"'"'\ic joint. \\"C requirc lhat ""=O. F,~¡S,: the ··~, 1 uivalcnt >crcw­
tnimglc"" degcnco~tes \u thc 1<1rm <ho"n in Fig. 7. Thc descnemle form> ufcquatio.m' 
(1)-(6) i!J"c gi,.r:n by the onginal ,•quation numbc" lull"""d by thc kncr ··¡,"" '' 
f<>lluws: 

tan.Q..¡ 

' 
(A" (;,,) · [ 1\1 11 + IS,,· M,)S,] 

(A, G,) · (S 11 X .\1 11 ) 

!!.u Mu (~l,·S,,)S,,.¡c -A) 
2 1 (Su·~!,)' " " . 

Combining equaliom t4b) and (6h). wc obl¡oin 

1., H"u (S,·.\1,).\Iu·(G.,-A,) ---+ . 
2 . 2 1 (S,1·.\1,1)' 

( 1 b) 

(2b) 

(lb) 

(4b) 

\.'ih) 

( ll) 

A¡;ain. Q, di>appc:m; from equation< (lb). (5b). ami (11). Equatinns (lb). (5b) and (ll) 

' 
"" 

Figure 7. Equivalen! screw lriangle when lhe movmg joint is prismatic 

J 
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are the ncce"ar}· de,i¡;n cquntion' for C ·1'. R-1'. S .¡•, and 1/ .p cranb. Thc wnthc>e> 
nf C-1'. //-!', S-1'. ami //-/' '"·"''' ""' 'imii.Lr lo ihc''" ,,f /'-C. 1'-/l. 1'-.1. and ¡•.j¡ Cl ank; 
rc,pecti,ely. 

Unk»" ha' apure ''""'l,ttiooal di,¡>bcemcnt. thc•c 1\tll be no 1'·1' u:onk ftlt t~>c> 
dc>i¡;n po,iti<>n>. 

lnfi niteslmally Separated Po9ilion Problems 

lly oquating thc '""' ,,f thc nngubr >dnc•tie> nl<>ng tho mm in~ nn<l fi>cd "'e' te> 
the anEular "''iooit y .,r thc rigid ht>d)' ;tlon¡: thc in>tanwncuu; ;crcw a~i•. "e "btain; 

"hcrc r ;, thc parnmcler tcprc>cntin~ time. 
Ir"" ta\,c O"' the motinn paramctcr nml di>idc (!3) h)' d~/dr, U>ing 'ub<eript ··r· 

W <k note 1 he Jll'SI ti"n 1 ro m \1 hich lile Ui;pl.tec rnclll occ urs. "e obtain · 

Opcratingon (241 \1 ith (!",X ~1 1 1- yid<h 

S,·(F,xM,)oo() 

Opcratingon 11~1 "ith M· an<l F·. wc ca~ ",¡,-e fnr d,,/JO ~nu dyJJO: 

d"l (S,XF,)·(f,x~I.J . d,-,, 
--- = -- --~ '" "'""' >Jil1p)} --'" dll (M,XF,)' <10 

(S,xF,); 
(F,XM1),' 

• (25) 

(~6) 

(27) 

wl1orc thc "'lhcnpl /( <ic•H•Ic' the _,, ." c•r z CDmponont nfthc• •erwr """ prnduc¡_ 
Similarlr an e\¡>rc"i"n fnr the 'docity a long S, can be tr.onstormcd into a ~incmatic 

rcl.<tiun "•th (1 '" thc m<'li<>n parametcr ~y <li,·iding by ,)(I¡'J,-: 

(18) 

Opcrating on (2 ~) "ith ( f, x ~1,) ·. and eliminati<~¡: d)'J<.IO and <laj<.IO. "e obtain 

(S,X.\1,) · (F,X~I,)(•·,x .\1.) · [F1X (,\,-C1)] 

+(S, X F,) · (M, X F,l (F, X M,) · [M, X (A,-Q,) J "'O. (29) 

() rrroling "" 1 n J 11 ilh ~ 1,- ami Fo. :111J cli m 111ating dn,/dO "'"1 dy,/<10. "e c;itl wlvc for 
d,,IJ& .ond d"·J<i&: 

~ 1 { <11,,. ") (" " dO= (J',xM,)' -,!0 S,Xr,. r,X, ,) 
(S, X !1>1,) · (F; X ~1,) \l 

(F, X~!,)' . 0 

1. ( ')) (S,XF,)·(~I,Xf"1 ) • ( Ql) 
· I·¡X A,-(,, + (J',XM,)' (F,·\1,)1·,-M,x A,- , (JH) 

,. 



.!!!!.:J_ 1 [-<ii,IL' X\l)·l'l )l 
d8- (1-',x~l,)' o!O "' · 1 · ,x ' 

+(S,xM,l·IF,x~l,). IF'. \1 '". [n 1\ -e)] 
(F,XM,)' '. <·' 1 '' '' 

(S,XI'1 l·(~l,xl',),_[" ·I>-QlJ) 
(F¡ XM,)' r, ',x ,, ' . 

" 

(3 1 ) 

(Siightly les, con\ cnienl. hut lnl'er t>rder. form' uf (2Y 1-(3 1 ) can he .,¡,¡aincd hy '"ing 
the "m pie< f<""" oi' (:'óJ .md 1:! 7 ). ) 

Eqoation, C.IH21), and (29)-(31 1 are anal o!'"'" 1<> 11 )-()), an<lt4)-(61 rcspccti,dr. 
Fur he lical joi 11ts. cq<mli<"" (7) a mil~ 1 hccome 1 <''1'0<:1 i' oly: 

~=1' ~ 
dO "'d8' (32) 

(33) 

For 1., infinitesintally \epan!led pn;ition' f<<>m ro,itinn "i". tho dc>ign cq•J<tlinns 
are (2.S)-(:'7J. (~9)-(311, (32), (33) and thc k,-1 derivativo> ofthe>e cquatium with 
re,pcctivc to ¡l, roo e'amplc, thc de,ign cqLJ,!\Íon f ro m (2~) "'ould be 

(34) 

In thc Jeoivatiyc cqo.<lwm we c·nnsiúer d""'S,/úO"-', d"-'A,/<10"-', d"l/oiO•, 11= 
1, 2, _ .. , 1.;. as •pccirtcd quan1i1ic• "hich dc,cribc 1hc ~. infilli1csim:ollv 'cpan•l~ol 
l'"'i1ion of "•· All ni Iocr ,rc,¡,.;,¡¡\C, on thc oight-hand-,iJc can he exrrc"cd in torm' 
ofi'"M,. G, and Q, u•ing the follo\\mg: 

etc ...... . 

CIC. 

<.1'~!,=1! (1! Ml("'•)'__,_ó!!:J M("'•)'+21'X~("")(~) dO' ¡X ,x,, úO "dyX''úO '~ad6 dO 

+ .1~1, d'"• a'M,(~J)' 1., ,1 )~ dn dU' + da' dO + ,-, X" 1 dO' 

""' ,. , (Q G )_cb:,_+ ,¡,..,,. do=.,,.. ,-.,do Te'• 

(J5) 

"" 
(31) 

(.18) 
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'"" -
where \\,C C<msidcl' F, = F1(y). ~11 =M,(<>, y), w- w(O), 

Q, = Q, ()'. ~o·) , G, "' con,tan!. i'o ~ y0(8) , and "• ~ a,{ 0) . 

lf tbc fixcd joim is nol a ;phcrical JOim thcn id"F,/dy"l =O."- l. 2 .... , /..,-1. 
When thc llxcd joim ;, a sphorical joim we lm\'e ¡;, = 1;,•. bu¡ now F1• dF,/dy, ... 
d·••- "F,/dy'•·-" are ~. indepondcm ,-ccl<>r,. Simil.,ly. if thc mm in¡;juint ;, not 'phcrical 
(i<"M,/ila") = ~- bllt if it i; M,. nnd ~·~!r/ilct". ,. .. 1, 2.. , 1. 1-1 are J., '"'k penden\ 
vcctoJ '· anJ Q, = (J,' ;, a Hu,., paramcler 'ect11r. Whcn both j<lint' are 'rhcrical "" 
must al so use thc dcri\'atj,-c, of cquation 11 8). 

For infinite,imally 'ep;¡rated P<"itinn, the r<>ul" are complcicl~ an,1]1lfllUS to 
ll10'e ~Í\cn fnr flllilc <lisplaccrncnts. l'nl miXcd linitely ami infillLIC>IInaJJ\· >CI':tl'aie<l 
positio"' a swt~blc combin~l ion of equal ions ( 1 H 1 0). (!SI. amlthe dcrivalivc cqualion' 
provide the nece,sary equ~1ium. The "·mhe•is proccdure a11d resoli, are again 
~nalogmJ' lo 1bc ""''''P<mdi "~ ~nilc position p1 <>blem>. 

ln[7] "" alkrnativc l"ornulaliun mi11g 1he 'crew t1ianglc anJ limit rc;"oning ;, 
prcsentcJ. ·¡he "'me rnclhnd couiJ ha,·e bccn '"ed ill thi' p.opcr. SirniiMI)". 1he 
dcri,·alion given in lhis papcr could "''" ha'e bccn u sed 1<> obtain lhc de•ign c<¡<>,llions 
"""ciatc·d wit h tria<l' [7). 

Thc chnic·c of 1! "' motinn paramclcr is arhitrary. hLII '""''"lo l>c thc m'"' con· 
,·cnicnt. Any onc nf the othcr pammctcr.. coul<l ha ve b~cn '"ed a, a motion rJrameter. 
ln[7]. "1 al\d nol O""'" U<<:d 11 "" wi>hcd 10 U\C y in thi< papcr. IIC cnuld. ¡.,JI,min~ 
e XHC 11)" lllC rné\ht>d wc '""" he re C\Cqll 1 hal wc wuu IJ Jrvidc by Jy/dc in'tc"d ',f d~/d<. 
1 f "" 11'cd y •hen (<i•O.fdy"). " = 1 . 2 •... , k, 'houl~ be e<>mid~red '" unknmvn< and 
nol "" •rcciflcd qu¡mtili~s la' """' mi\lal.cnl)" statcd in [ 7] ). Simil;~rl; . 8 couiJ Ira' e b~en 
mcd in[!]. Whclhcr 11, y. <>r :trt)" orilcr rar:tlllOICi ¡, '""""'tite ""'tin11 l'·""'"'ctcr" 
urti mrortanl, and an )" one 'n"y pl ove r!l<'i"~ COil vcnient in a ¡:i ven a¡ípli"ation. 

Numerlcal E~ample 
Jn mJcr tu illusli"atc thc thcnrv "" givc a mnncrical cxam¡1le <'fthe Jc,j~n nf ff.fl 

cr~nks in lhree finilcly scraralcd posilions. Thc method u•ed ha' becn oullincd in 

' 
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Figure a. Potchesvs. M, curve. 
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Table 1. Dimenslons of the H-H cranks 

-o-•s 
-o m -·· -O-JO 
-0·10 

0-10 •• •• 
"" o-~s 

Muvm¡;-Jmot 

-ll·Ol 1{111 
-!·IIIB ' ~ -h ~•o l· JI! 
-5-o:; l·Sll 
-HII7 )60}7 

-J JOJ •· ;;~ 
-: '''" ,_..,, 
-l ;Ot. • 1:0 
-1-<87 1.1 7~ 
-4·072 ~S-S 1 

o .. p1aw="" 
along 

'"' ,.¡, 
u., u, 

o->ns -O·!JO 
0-<97 0-)~; 

0-~1 ¡ 0-1;-,s 
0-1!19 o-·-• ., 
0-l6l o-•JI 

-o ::-o 0-4)4 
-0-!~2 0-18) 
-o-_w, 

·~ o :'1 o"" 
1-l91! o-.;<g 

.. 

,, ,, 

"'"'''¡";" 
l>"plae<mon" 

1 ocotion 
(G,-0) 

{;, ·G. .-.. . ... 
-0·9J.<O -0-0719 -0·.,21 -O·Il990 -0-0N-< ' lll 7-5'/l Hl4 

0-~;;,¡ -0-IJO.I -0-4l~~ -O·>'l!O' O·"'J(} 1·550 J·IXl :-•'1 
1-UI'J -o-::67-0 "•:-o-•7JJ 1·1" : Jll ·- l-lM 

Potch ,,, 
_,_,,., 
-N.:O 
-1-J]) 

1-),¡ -o-J:J1-0·J.>I•-o w,q HIO ·-~0-l 1·188 0-<.'19 -0·l''1i 
1-J.:O -O·.WII-O·m~ -0·91l6 Hl6 091::<1 -0-10: -o-::: 0-lf·ll 
1·2-'l -0-JJ<IO-o OWI-0-""1" 0·7-<M o-n-. -Hl-~l -0-7% o-•-"• 
Hl;¡ -0!-<% oo•.a -o-w.;~ -n-tXllo o )(.o; -J·HU - 1·)(11'. 1-l!>ll 
o·~~ -0-l).W O-U.007-0-.-7] -(•-MM u;¡.,. -HOI _, 

MJ 1-497 
-0-_1). -0(11.4. o-<>rn -o-'l'm -o 9~04 1-~; -)-~-" -;-_,::tl I'W 
-:-11: o l•li<J -o o• 10 -o WJI - 1·10!> 2· )01 -h-hll -J-:J7 2-J! 1 

-o 
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oLJr tl"cu"i"n t>f 1/.1/ eran k,. lll~>e ,.~,ult> ""'"" <>hlair1c<l 11ilh tilo'"'''""'~ ,,f" 
FO R"i"RA ~ 1 V 1 11!\ 1 1 hill rm~ram. m in~ tiro th roo l'"'i lh>m 'i''"'"ofoc<l "' [ C 1 ¡on pago 
7C) a< <le"~" lh"ÍIÍ<llh. ·¡he dirnon,ion' c>f ,e,cr"l '} nthc,jud 11·11 <:Canb .>re gi1 en 
rn Toble 1 ;mJ 1he v:rri;tli<>ll <>f •he pite he' are plottod ill l'ig. ~- 1 111hi1 cx.omple the '"o 
arb•trnry dlllicc• are the <hrc.:tion msine~ of the m<wing a\i,. llcre we hold .1/.at 
-0·4. and pry .11, fr,>m -(I·S:i ''' +O·S5. All thc 1/.lf crnn~s li,ted will ¡;uidc a body 
throu!'h thc thrce •rccilicd dcs>gn po,itoons. 

Conclusions 

Thc aJ,·ant~~c of lhc method giwn in this paper is lhm i1 allo"' fur dilfercnt 1\ pe• 

of joints 10 be 'l mlle•i1ed from 1he '""'' de<i~n equation,. Th"'e indude lhe hdica) 
pair. which "'e Jifficult lo ll"l:at h; o1her me1l10<Js. "¡"¡,¡, mc1h"d c·:on aho 1-c gener2lized 

to more c<lmpk' lin~a~• clr:tin>[7) ond to problen" "·llacby lile pr>>Jtir>ns of 1ilc 
guiJed bo~)" are not c"mrklcly -•reci fied. 

Refcrences 

(1] RO! 11 K. On lhc ""~ "'" anJ other <pO<ial hne< "'""""" ~oth 'l'"i41 J"pl.o"'"'"" of • rigiJ 
~oJy. h""'· A Mr. 1. '·''""" h"l &•m. 1 0!-11 o (1907¡ 

Pi ROTH B .. Tflo: d<>i'n ,.r hn" ~ cr.onl' ~uh "'"1""· <Yhn<lrk. on~ pri,m•ll< j-"""· J . .\/«ha,¡,.., 
l. 61-7:: 11''"' J. 

¡Jj ROl H B.. hnU<·{'O>Oii<>n lh«>ry >P!'It<d to m«hatli<m •;n!l>o<i•. Ttao<. A.\".\IL".J. ,J¡>pf . . \fcch. !-lf~ 
~99-<.11.1(1%1) 

1•1 cHJ.::< P. •n.J RO r 1 1 11 . A u .. r,ro 1hror; r ... thc Mi><lr ••d in~"'"';,.¡l, "'~"''""d po•io>on er&l<m< 
nfl.in<nu¡Í< •> nlhc<i<. 1 ,..,.t.A.\ \/f.". J. LnonK lo.t. 91 B. Wl-lO• ( t•6'>1 

f:)J CJ!Et; P. ond ROl (( 11. ll<"¡:n cqu•<oon< h lh< hnolch and onfoM<,imallr ''i"'~••N r•»·""" 
<rn>ho•o< ol bin•rt hnh ·'"" «""bin<d ton!. '""'"'· ""'"·A 1.\11.". J. 1· """~/mi."' 11. ~!>l-1! ''' 1 ~&91 

[O) ROl H JI •• fhc lino"'""'"' .,¡ D>otion o~rous~ finioely ><r•""~ ro"';''"'· t '"'"·A \.1/L".I. Appl. M.·c!, . 
.\.1 •. <~J-5•• 1 1 "''' 

[7) T'AI [.. \\". on•l ROTII 11. lle•ion ,,¡ '""'' """~ Lh< '«<~· ,·,.,¡:)< <f>"i" /'""""'.!'"#' ufrhe /1/ 
ll"or/J cc"K" "' t ¡·¡ ·•-11.11. r \ ·.,romc 1 J. PI' !7 J-~"'· """'"" nrl. \'u~'"'"" i.r. -'""r!<mO" i 1 "711 

[~1 Wll .5(> ~· J r .. ,, n:OIJ ,,,.,¡ ¡"'"'"''i< '> "'h"i' 1•) ""''' <li>plo<<nron". ·¡ '"""· .HM ¡;,J. J:og.,g '""· 
~"'. 1 ro~ -1 r,•, !1 ~'·" 

[9[ :, Ull C. 11 .. 1 ""''"" ol ,,,_.,., '"""'""""'' lor ""'" loo.lr '""1·'""· 1 "'"·' .• 1.\.l/ t>. l. JJo'"'•" ¡,,.¡ &•n. 
"-'-lllil> ·71 

/1 Oj \U!I r. 11.. """'" ,,¡ ,,,,.,.,. "'"'""''"'' for fon<Hon ~'"'"'"'"· ,¡,¡,¡_ rr J07-l 1 C. 
[ 1 ti S.\""J)(JI{ G N. "'"~ 111~ \IIUI"I' t-.:. F .. On ' goner.<l qool•''"'""·"P'"'"" m<>i>oJ of srooial lin<m,h< 

1) n;he'" ~~ m«n< "f."""''" '"""'"" ""'"'· 1 "'"'· A5.11 E.l bK"'" toJ 9111. r 1 J- r ~ 1 ' 1 ~60¡. 
[12[ BRÁT \" .• Mali¡,,.\ ""'""·' f'O!IopnY<h Opr,¡y v 'JnliZ< proSI<>ro>¡<h me<h>n>"""· Slro»<;,i<I.J 

Co>OM Hl. C. (.4.1-.<~ II~MI 
[lll GUPTA \". t-.:.. Ur""'""' ~"'"""PI"''""'"'''"'""" of '"'"al hnh&<•· l'h P n¡,,.na.Jion. U. C. 

B<'f<l<> .Jun< 197U. 1 00 rr 
IHJ B.~GCI C. Mutimum "'"' 'l"'l>o>i< of <P>cc tnoclr.anosm< for oh<~'"'""'"'" o!""""'.;.,.,¡ aod 

undor<on•train<d ><r<~>. r,..,_,rnu:.l.En '" f/ Ni. 9!B. !6' -1"15 1 1971 r. 
!15) LE'\"(TSI(l! :-;.l. ond SARt-.:1\IAS l".. 0n t~e ,,..,,;o! pro,..ni" of L•~ra~<"< nrultipli<n in tbo 

lca<l·<~u><< >y hlil<>i< of m«h•ni>m<. J . . \ f <<honi '"" .l. J - J O ( 1 96 ~ ]. 

• 

' 

' 

' 
1 



• 

\ 

A Note on the Design of Revolute-Aevolute Cranks 
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Abstra~t 

TilO d~sr g n equ~tr ons lo r Revol ute-Revo 1 u te cranks me red u ced lo a srng le 
e u bic pu ly no m ial in one un known. f'rom th rs rt is shown 1 hat there is germrally on e 
nnd on ly onc par r of Revotutc-Rcvolute eran ks -~o mpJ\1 b le wrt h a set olttuee 
Ir n itely sepnrnteU. spatral, design posrtmns. 

lntroduction 

T111. "'""" nf l~nolutc·-Rcl·••lllk e'""'' lo hdp ~uidc" oigid l•ndy IIH~lt>'h ,, '"'¡"' 
r>l lrn1ld} '"l'"'aic'd l''"ilio'll' h.h l>c'éll 'llrdio·d c',\léll'll'elyii.C 4-(•1 11 h'l' h.en 
,],m·." Lh.11. in rellcr"l.tl'e ,H,t\ÍHHirll num~>e,·nf<le,ign rmi'""" ¡, thoee \\ill'"" l'n·c 
clwi<c nf tle,ig11 p.l!alncter,, Rolh ,IH\\I'CII11wl r,,,- ''ihleC lillitcl)' '"I'"Wic"d plhlllc•n,"" 
thcrc ~ould be no mene 1ha11 ~~ ll<:lllllllc-lklohllc uanh,[4 . .\l llhJic" ~Lih di,co-.cn·d 
th.1t tl1c llnoluic'-i<CIIlllllC ""'"'' al\1:1_1'' c"\hl 1n rair' \Tt,,.,,,.,- catll ]'.Lir of 
l<cvol Lllc-l{c\ , ''"' ·• cr.111b lc>rm a llcnnct I<>Lil -l•.H llWCI"l ni'm 1 :> j. 

\'e l<lkamp 1 1, 1 COJh\tlcred 1 he """" ale 1\! nf t hr<oc i 11fmi 1 ,. "m·oll) '" P"'"'''d r" 'i1 io "' 
a11d ;ho\1 cd lhcre '"" in ~cm·r.ll, at ""'-" 111'<1 1(,-, oiute-l<cvohttc cnmf..,_ llc callcJ lhc 
llllll'ing ICIO]llié a\j, an j¡.[inc·. a111i 'hll\ICJ ihal f111 CI'CI") nl{)\,1111 lhCIC \'\¡,¡, illlht• 

'CCOil(l cmlc,- a ;el Ol ll'll Jo-iille',l. The"" l\1<> lt-lim·, '" IICII '" lhCil LOII\'IPil:llling 

n JJIN a'"' fo1 n1 a llen r•cll ""~~ ·"" 
In thi; I'·•P~' 11c '"" tl<c idc., .,f"'c-qui":llcnt "''""'"'""~le· inuoduccJ in ll)lo 

''"")' ihc '""'~" <>1' J{nolulc-Rnolllte e"'"''¡,,,- lllleC linitcly '~P:tla:cd P""'"'"'­
B )' i'<>llml in~ an a leel'J aic "'"'' ''"' ,imli'" 11> \' cld'""'l'.; [_1) 1 he p111hkm ¡, l"t'dli<'Ctl ill 
f11H!Jng lhc 'POI' nr a ,;ngle ,¡,¡,,¡ <k~1ce rol; n<>mi.Li 1< ;, ,¡"'" n that thc•c ¡,_in ¡-cncral. 
""" <llld on ly """ pai1 pf Ro1 ollltc- Rc,·ol Lllc e,.,,,' <"ompatthlc " it h <m "' bill·"' ) ;ct "f 
thrcc nni lC [y >éi'•LI .HCJ pthition' o[ a rJg¡J bnd )'. 

Design of R·R Cranks for Three Finitely Separated Positions 

1\' Olll<'llt luflll"<' 

11 Rc,<>lutc-Rel'nlmc Clltnk cnnncctin~" 1!1\l\'lll\1- hoJy" In ground ¡, ,J,mn in 
Fig l. ll'c callthc .,,¡, atlachcJ to" thc 11101in~ "'" anJ the ,,,¡_, alwchl'd to g1ound 

1 
1 

1 



' 

., 

" 

,. 
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Figure 1. Revolute-Rovolulc eran k notallon. 

lhC fL'CJ ;1\j,_ \1' t' de IH li<' lfW folln\\ Ln~ 
M a unll vector para lid l<l thc n, ,¡ ro,i1inn uf thc """ ir1gjnillt "';,_ 
(l an arhitraty t'<>llll "" til~ mo•·i,~-joint ,,;,in lh fit''li><"iti<>n. 
Q thc po,ition wctur foom thc on~in to point Q, 
1' a unit ,-cctor r:uallcl hlthc liwd-joim a,;,, 

G an arbitr.ory ruim un thc li\c<H<>int a,;,_ :•nd 
C lhc po,ition >atut fn>m lile t>ri~in IOpnini (;_ 

11 ¡,importan!'" nntc that thc tüur '"""'F. t;, ,\1 ""J Q are dcfined "' thm thcr 
e.~ch "'" d~termincd h;· 1\\o ar1J nnt thrce .cabr>. 

Oesign Equations 
Fo1 ,;, · r licit )', 11 e loo rnnbte the pmhlcm 1 n tern" ul 'CI'C\1' di,pla<'<'fllCil" ¡,.,,,, thc· 

¡¡,-,¡ pooitinn, i.e. "'Íilg '"'''"'' s,.,i ~ 2. ,_ Thc <~e,;~.,,.,,,,,,;.,,, :II'C '" ¡;Í\ en in 111: 

1 F•(SXM) 
tan,o,,..,- 1 ,.~·· l 

1
, ,,,

1 ~ ~ •~IJ ' "'" r-. "' 

O= M- (M· f)F. (r'-Q) _.\\- (~1 · s,.)S.,. l -Q) 
1 L\1 · r)' ' 1 (_\1 · s,J' ''" 

O=F-(l'·S,.tlSJ. . F'-(F·_\I).\1 , 
1 (F·S,)' (,\u-<,)- 1 (F·o\1¡' ·(()-(,) 1'1 

where S,1 Í> a tlltÍI l<'<'l<ll' pa1allel !o the axi< nf,CI<'\1' .~,:,\u¡, a 11<'\Íiion ,-cctor In an 
athtruy ]'Oint. A.,. nn tho '~"' of >ctew Su: Ou :mJ 1,1 ate !he scrow ruramete" re­
rre>onting the Jotati"n and ]r;¡mlalion ""ociau·d "ith S,,. Fwm cquatiom Jll lo t~) 

·"·ithj= :>, 3 Ji.e. f"r 1hrco ro,itionsl "oob1ain S dc>i~n oqumi''"' in thc S unknm1n 
"atar <lc'i~n r:onomctc". (lherc :u e two paoametor> in ,.a,·h <1f thc follcminr,: F. 
G, ~~ am.l Q.) lkncc a finito '"1 of >olntian' i' npec1ed. 

lt i> con1·enient to choo'e point> G and Q mthc imcr>ection of1he a\C' 11ith thcir 
common norm0\1. We thcu t0411iro that 



F·(Q-t:)"'O. 

M· ((.1-G)- O. 

ami '""'";u~, l"'th ¡; and V "' th1 ee p.oramctcr ' ccwr,. 
U,; n¡: (5) ;omlt6 l. all"" ' ,.q,,t ions 1 .1 J anJ ( 4) tn be ,;mrl ifted to 1 he t\,Jh"' in~: 

[~1- (M· SulS,,] · (()-,\u) =O 

[F- (F · S,,)SIJJ · (G- ,\u) = 11. 

UJ"'" IIJh>IÍHIIÍt'lt of {71 and (~) into (2). v.e obtain 

SotuUons of Revolute-Revolute Cranks 

(5) 

((¡) 

"' 
'"' 

'" 

For t hrce ro,ition,. thcrc are lhree 'crcv. '· namely. S11 • S:. and S,. 1\'ilhom lo>in~ 
gencmlil)". ''"'"can :.1\\a)"\ <hOo<e lhe refetence ')'lem in 'uch ·' v.ay lhallhc ~-~\Í> ;, 
alonJ! lhc ;,,¡, <lf '<rcw S.,. thc , .. ;o,;, ¡, a long the common ""' m:~l nf -~u ;onol S,.. and 
thc .>-a•i• ;, rcrrcndicular 10 buth y anJ ~ aws accordin¡: lo the ti~hl h~nd rule. as 
>hrmn in Fi¡:. 2. 

For thi' ')"'!cm o>f 1 dcocncc. •ncw> S, and S, may be cxprc>>ed "' follow~: 

' 

S,: S., - tn. o. 1 1 .. \, = ¡O, n. 111. o,. r". 
S,: S., - tu. n, 1· 1 .. \, = ¡o, ¡,. 01. o,. , ,_ 

' ...: ', ' 
' ' ' '¡¡__' --'<--· 

Figure 2. Coordinate system de!ined by screws 

( 1 (1) 



1 .• --

[<·(•di,- di,.) tan~ n,_,-, .11,] r,.+ (• .11,- ... 11 ,- .11, tatt ~o, ,¡r, - -

r .. - .'1, 
¡--;--;r 

t..=~­r, .'1 

' . ' + l'(M ,tan o¡ o,-.11,) [ .11,+ (o•.\1,- u.\1,) t.on;¡ n,] 

' ' :1, = 11{.11, wn ;¡ O,- M,) [ .11, + ( ,,,11 ..-- 11,\1,) 1an ;¡ (l,j - -
- ' .'.,- -u(.\1, +.11,- 1an ,-11,) [.11, -t (o .11,- ¡¡,1/,)) 

,. = '"' q,, 

G-Q=1(FX~I) 

(\ ll 

1 121 

( 1:\) 

( 1 ~) 

( 1 ~) 

( 1 6) 

(! 7) 

( 18\ 

(19) 

. \\hcr~ 1 ¡,a '"'""ant rq"c'cntin~ the ,¡¡,¡¡me~ hct''<'<'O (; '"'d Q di•idcd b)' tbe ,;nc 
of the an~le b.:ot'.\cen F antl ~l. 

Sub>tiwting ¡IYI int<> ¡Y) ¡¡nd dtmin.otin~ 1 bet"e~n thcj-:2 andj~J equation•. 
\\e nbtain pr<wiJctl u -1 O 

r,[- d/,1',-t (• ,11,-u.ll,)l',+ ull,l',] - r.,(- .11,1', +M ,1',). (;'0) 

Sub<litutin~ ( 12\ :tnd 1 )]) inlu (211), \\C ¡¡btain 

(2 ll 

!'ro m (.1) ami ( ~ 1, \1 e )"" e 

(22) 

,.,.._!_u,. .... ,.,_ 2~s,,·Q. (2) 1 

1 
i 
1 

1 
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·,'"-

[F-(F·S,,IS,l 

Hmh (71 'md (e~ l. ta~c·n (\\iccj= 2 . . 1. }ield !he follcming f<>m line.\r ~~ualin<h in 
Q, Q, anJ (1,: 

.1/_,.Q,+ .LI,Q, = 11 

.. ( .-.11'- ¡¡.\ 1,) Q' + ,II,Q,- " ( .-.11 I- ".I/ ,) ()' .11 "'' 

'

.f\, L'') __ !,L. 
-~'-'·"' .~.--0-,' 

C61 

(:' 71 

Thc compat,hiiLl)' cnnd,tinn i'or ihe'e fc1nr C<IUalinn' ;,, .LIICI' "lihliiLJti"!' r,, !',, F, 
anJ 1', fmm 1121 and 1 1.1): 

Pl<ni<kd 

1?_' 1 (.11 ,+M, tan± li,,) (¡,.\/, + 1 ,\/") ( t .11,-tdl ,- .11, tm ~O,,,) 

+ M.(.\1, loro± 11.,- .\1,) [.\}, + ( L•.\1,- 11.\/ ,) tan~ u, 0 ]] 

+Ir(,\//+ .11/) [.\/,+(di,,- 11·\1.) 1ar1 ~ 1! 0 .] I.H\ ± ;J,, = 0 . 

;"11 

~i11cc C 1) ""'1 i:''ll '"~ ¡,,., c·u(,¡,. ~'1""1101" llllmugcm·ou; in M,,, ,\1 ,. un.l \1, 11"''" :u e 
al '"'"1 nio:c ,,)ulion' f11r lhc ,,LIÍ<>' .11,,./.11, ami .11,/M, IÚ\1\c'\'c'l ,,,)utic1l" .\f,:.\1,: 
IH, = 0:0: L ,\/,:.1/ ,: .11, =":o· v. :u1J 

which co1 rc,pond rc;pccti' el y 10 lho dÍIC<'lion' of screw; 1.,. S,,, ancl Slr. are 'l'lll wu;_ 
H<·nc·e 110 ha1 e al mt"l "' mconin~ful ,.,[uLi•lll' fn1 .11 ,/.11, :u>tl 11,/.11 ,. 

Wc m ay 1 ""' ile ¡:' 11 ond ¡:'91 in the fnlltl\\ 1ng fn1 m: 

a.,~+/>.1-+c=ll 001 

,.·,'+1(\-f-c'=() (31 ) 

\1 llerc 

~=p,\1,-u\f,, 02) 

a=.-11,/+.11, . t:\3 1 

. b =- d(,\1 / + .11,')¡;. (34) 

•s:," <he"""· m ro>"i"" 1. r""' io 11\c mo•ing s¡>lcm "hich "ill """'"1' ""1' S_, "1"" "'"''"~ 
'l"""' ¡, "' ro"""" ' "'J. 



• 

e ~ a.\!;- d( .I/ / + .11,') ,\1 •- ;351 

a'~ (.11,-j.l/,)¡¡-t·a. (36) 

b'- a(.\1,+ t¡:.ll,)- (dl,g-.11,) (.11,- j.ll,) + e{.\1/ + .11,')!'. (37¡ 

e' ~ - .,,\/ ~11 ,.!/- t·.l/ ,,I/ 0(.\1,- f.\1 0) + d.ll .' -t- .11 ,') .11,. (3$) 

d= (t,JJ/(1,!'). 

e ~ (~ /wf)/1 ,. 

' ~=mn20,.. 

Eliminatin~ _, het\1 e en (3 01 and (3 1 ). ''"d f.,oloring out !he rnol 

' M, tan ,o.,+ .11, =O, 

"e obtain the follo11 tng equmic>n •; 

fmm 11 hich the factor 1 + v' hoo be en t<:mm·ed. 

Herey=M,/.11,. 

"• = - <lífg -r 1'1/fJI- df' + d'ti!l - d'¡:'. 

(391 

(40) 

( 4 1) 

(4~1 

(44) 

(45) 

a,= ''d'f-+ d'f¡:'-1t·dd+ 2t·'df- 21df't.- ~df + e'f- 21 <'/+' '[-1 f'. (41>1 

a,= t 'd'+ :ltd'f~- '2d'r:'+nif¡;- 2rdc- 3dd~-4t·'df' 
+2dt•1 + df'- ~d+ e'+4l'cf'- :!t·r- 4rJ'f'+ v' + 5f' (47) 

a, = 2t 'd'f + '2d'f!i' - 4t•J,¡- .¡, 'df- 4t·df'r: + 4t•'f'- 6v'f- 2f' 
+Bf + 2e'f +4~ef, (·181 

a,= !.v'd'+3td'h- d'¡:'+ df'- 4d+ 8t·'f'- ""'- ~J' 
+ 4- 4tde- 3dc}¡:- ~t~d['- t·df¡:+ :!e'+ 4t·cf'. (49) 

"' = v'd'J+ d'fy'- 2t def -6v'df- '2tdf'g+4df + j'-4j-t e'J+ (nc'f + 5t 'f-
• (50) 

a,= t 'd' + t·d'Jg- dcjg- 2t 'd-tdh -df' + t•' + f'- 2t·dc+ e'+ 2t·c. (5 \) 

<+' 
u+ 1 • 

(52) 

•He "'"""''""o[ the 6th .Joom pol}n<>mial ""' "'"" witO the a id o[ an llllt 160 eompuler "'ing th< 
on>¡;rom RJ: DV ce 11 ~' it<en by A llearn 

• J 

• 
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h can ~e 'hown thltlhe odd or<ler teron' ,·, th~ trnn,formed cqoation vani,h. lhu<. 
"o ha' e 

.-~·+ c,~'+r,o' +e,= O (5~ l 

.-;il+e,? + c,C-i- e,= O (~4) 

whorc• z = :. (~5) 

' 1- tnn :¡-o,, (~úl 

,., = 15a,l' +~a,!( 1 - :!¡') + 11 1( 1 - ~(1 ·H>I')- 3a,r( 1- 3r'+ 1') 

+ a,1'(6- 81' + t') + 511,11[- 2 -1· 11) + 15a,l'. (.IH) 

,., = 1 51!011 + 5a ,1'(:'! -1') + a,r' U•- ~1' + 1') + 3a,l ( 1 - 31' + 1') 
+a,( 1-811 + 61')- -'<~,1( 1-21') + 15a,l' 15~) 

e, = a.r'+ a,l' + a,•' + a,l' + a ,t' + ,,1 + "•· (MI) 

Ex¡>.1ndin& 1 he'e cocfficient' in 1orm' uf thc <•riginal dc~ign vnriable,. anll u•ing thc 
trigonomctri> id~ntity f = 21/( 1 -1 '), rc•ul¡; in a 'implified form uf <he cubic (54). M ter 
facturingnut (-o') [ (l ~ i')'f( 1 -¡')'] wc uht:~in: 

whcrc 
1., = r'[r(l+ K,)+ ( 1- K,)]' 

1., =U·- K,1'- (!; ,(2+ /•," ,) -2K ,'- :>o)l' 
-2(K, (JK,+ 1) + K,)r 1 - ¡2r.:,¡ 1 - ¡.;,¡ ·1· K ,')1' 

- c~K. + r;,) 1- 1 -4C~- 1) 1'(•'+ , )' 

1., = r<- (2K, + K,)•'-~ l2K,( 1- K,)+ K ,')t'- 2(K1 (3K,+ 1 )-+ K,)t' 

+ (K,(2 +K,) -2K,'- 3)r'- K,1- 2 -4(~,- 1) (t'+ 1)' 

~.=-[r'(l-K,)-1- (1-tK,)]' 

K -2[ ' ""]-, 1 l,t· 
r.,tan

2
o, 

K -- -8 r, 
3 - 1 1 

, •• tM 2 e,, u 

((, 1 ) 

(62) 

(64) 

(65) 

From (6~) it follo\\ S \ha\ the si¡:n of ~. mu" a!.,..ays b~ po•iti>·c. and from (fo5) "e 
conchtdc that k, must al" a) s be a nc~ati,·c numbcr. This mean• thcrc musl alwn;-, be al 

1 
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" 
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,l/ 0 and .11,1.\/r \>e c~n determine\!. 11) cominllilll' lhi1 I;>:IC~I\oml 'llb•litution. nne 
r. Q and {; c"n b~ dc1ermincd cnrrc.pondon~ 1n e.,ch .\1: ¡,,, 11 ~~- ¡131 :•nd the unit 
\'Cctnr cundi1i1>n "• gel F: Q then foll~v. ~ ti-om t~S 1-1 27 1; linallr 1; ¡, nbtained fr.1m 1::'2 )_ 
and (23)" ithj = 2. 3. 

For the valnc> in T<>hl" Lthc rC,IIIt:onl pair uf R·R eran~' are l"tcJ in 'l'abk 2. 

Conclusion 

Wc ha>·e gi>en a ~ener.ol c"mrniHiiL>nal p10CcJnre for ')nthcli7ing ReH•hnc­
Rcl'<'lllte cnmk' ccimp.tlihle " ith thr ce illlilel)' "'r;or.ll cd <[.;,;~, 1''" itiul"· ·¡ ¡,¡, 111CthoJ 
)'iciJ< all pt»>iblc <ni minr" ,;,,-, it de ronJ, ll lt im:He 1 1· "1'"" 1l1C rm>h .,,-a cul •ic r'' ly-
11omi"L 1t ¡, r"'''"d 1ha1 in rencrallor ""Y¡¡,,-,.,. l.'"'ili''"' 1h~1 e;,""" and nnly ''"C pa1r 
of lkv nillle· Re> nlul e crank,_ • 

·¡ he'o ,,-,ults "'" 1n rc'tt'-'ct :tgiC"-""'-'nl 

inli 111tc;,nl<Lil \' 'erar.Lied '"";' ;,,,, 
11i1h !ll<>'C <>illninc<l by \'cldkam¡>l:ll for 

.-h '""" ¡, d>'<"'""""- 1 he fln''""·•l "IPP"" .,¡ lhc ;-,,,¡.,,_,, ~,,,,,., 1 '»LIInl.•tr<>O .11nl 11•< '"PP"' "'e iwrN 
<>f 1' 1 ,¡ ,. ""' .-\ ' 1 ,;¡ ,. ' ""' """, """"'"·" " ,. 1\ _,., '"'" 1 "1¡., ' l 
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Zor Be•echnong von Raumkurbeln mil ZW<.!i Drehgelenken 

L. W. Tsai und B. Ro\h 

Korzfassung-ln diesem Bei!rag werden die Entwur!sgleichun(;;en vor biniuen 
Kurbeln m11 zwei Drehpaaren geiOst. Die hler entwickelton Lósungen kónnen auf 
den Entwurf hinii.rel Kurbeln m1t zweo Drehgelenken tur die ráumliche FUh1ung 
starrer Korper du rch drei zugeordnele endllch benachbarte Lag en angewandert 
werden. Wir haben gefunden da~ dieses PIOblem si eh aul die Berechnung der 
Wurzcln eines kubischen Polynoms reduzie¡en lnBt. Die Glcichung (55) zeigt. dall 
nur d11! reellen positiven Wur¡eln dos kurischen Polynoms (61) zu wirklichen Kul· 
beln f ü h ren. D1e koelfizientt n (62)· (65) Zl!l>fen, daB doe Glelchung (61) immer eine 
u nd n u r eino posi ti ve Wurzel 11al. Ferner folgt aus G leich ung (551 daB jode reelle 
positive Wurzet e in Pn~r binme Kurbeln gibl. Es gill al so der Satz: Für óret endlicl1 
benachbarte Kiirperl~g en 01 nes stanen rá11m ilchen Systcms gibl es 1mmer 
ein paar und nur ein paar Kulbeln m11 Dreh~nmon. Dict.wei Kuobcln in jede m 
raar SI nd mit ei 11andEir vürblrnden w1e d ic KLtrbeln 01 nús Bcn nett 
Viergele nkgetflebes. 

1 
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r-tSICN or l1<1AOS CSINC TI!E SC!lC~-TflANGLE CRAW 

Pmfos•oc, 
l:ogbeoron", 

"'""'' ""'"""'>'•• Otanlord, Col!fornla, U.S.A. 

In 4 romoonlon popor fl] tho coocopt of an "•·~ulvolont •«<~·t<i•n•lo" 1• 

lnh<><lured ond oppl!od to tho f!nttely O>ld/uoc infinioo"mal!y oop•rAtcJ po.l­

t!On probl-.,. ouo<lotod wllh tho l<!no,..tlc 'Y'·'""'' of b!nory "'"''· ll"'• 

~-. <>tond tho notton of on oqul.olent O<to>·tT!oogle lo • .. ,,,..,_,,¡,nslo 

rhaln", and ohow h<"' to uoo H to d<<lvo the rlo•!gn '""'"""' fot op•n;loop 

thr<o-Hnlo_ <ho!no (!.•., <rlod<), All pooOible co»>>loationa of "lado wltb 

hollcol, rylln<lrtcol, oph<rl<&l, >-"oluto, and prl•matic jo!nt< o<O conold<rod. 

l. N,_r.<lo<u<< 

bfontn~ •~ >"<&. 1, u defloe tho foll=i"<; <en>inolo~y onol "-O< lO! u«. 

th• Hnk JDioted dhe«ly to th• rof«o<<e fro.., 1• callod tho H<ot ""'"'"1 

link. tho jolnt b<t"'"'" tb• H><d ''"'~ and <he [1rot """'ln1 H..k h collod 

tho fhod Jolnt. tho ..,.,~ llnk jointed to the íirot ..,..¡ng link io col\od 

the oe<Ond ,,¡;;;¡"<; Hnk. Tho jolnt b•tween tho first and ae<ood movln• llnh 

lo eol\od the Hrot ""vino Jolnt. Slnilarl)" <h< joiot "'""'"" the oooon4 "'"'1"1 

lln~ o<><! the llnl. o lo <ollod th< '"'""" """'"' joint. Wtth tho entl<e llnl.o¡o 

tn tl" ¡lt! pool< Ion tho follm.-!ng ye<tora oro údioed' 

1 

1 

1 

' ' 
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'fij'¡:¡!J''"d ~!j OTo un!< voctoro p&<&llol rup«lll·oly to the !l>td 

Jolnt axio, on•l thv Out ood oooond r;ovln¡¡ jolnt ax••· G
1
j,i¡ij' andRIJ 

&r<· pO!ill"n v.etnu lo utoltnry pointo, G,,<o ,,,o' ,G ), Q (Q , 
• y J zij ij ><IJ 

QylJ'Q<il)' •nd R 1 /~•IJ'\IJ'Rdj), 00 <eOp<etlvdy L~o fi<ed Jotnt O>!>, 

and tho "'" and '"""' ~odng joint a. lo. 

fl~. 1 • Thuo-LinO Choin {'fTiod) 

o 
Any dloph«<><nt of o NY Oo thouot<rl<od by o oorow dhpl•c•"""' s,J 

rolotivo tn ttl< 11><<1 oyO<<m, liben o lo tonotulnod by a tdad "' in Flg. 1, 

' >·<""Y alwayo «sud thll o<row 41oph«""'"'• s'l, •• the """"'"' of threo 

'""'"'h't """ dloph<om•n": f!rot th< tlg!d body t 1• oorevod aboet the 

o«ond ~ovl,g-a.lo, thon obout tho f!Tot mov!n¡;·ndo, and finally &bout the 

j 



¡ 

u¡o~" 'l""'PJ;-~·'"S-l ""l.l 

-,~ 

~!E! 

r-.s 

¡ ·~H ~¡ """~' OOpO>n•¡¡uo; >4> [JI> .., 

,[¡~ q>J~ po,opo<>E .,,,..,,_... >W>OO oq; 

~·'ti ~'H 

~·¡¡ 

"' 

.,~ r r, , ,, 
• :o)'{'~· ~)'('

1
>' 9) "'"~ '¡ '"IJ u¡""""' n "!~"''" ''"' "'" o;o¡ 

¡•>•>•!J>ponb ~,,, '"' .. .,-.,. r,, ... , .... ¡onp (~ ... , .... ,"dno >o) , .... b. 
~ 

·u¡op o¡.ouO!ll n»" v 

·l, •• ,,~"'""' r,, ,.,. r, .. r'~·r'¿ 
... <r'a ,r'•> ,.; '<r ••. Y'g>':'<r'" 

ll JOHlOJpeoni> '·"" •q> JO oop¡o .,,.oddo >q> opu>>qno q>¡q., [¡1 >o¡¡ o 
~ 

pu¡; "" •~ [l] u¡ p>do¡a~•P opoq¡om >ql 9UJ'fl •(1¡] •¡•ij •••) ¡oJo,o¡pponi> 

,,,,, ~••J f¡¿puo {'1"" lUJO[ P'l'~'l .<¡.u¡puod••>J<» aq1 """!' 
uo~Ol) f¡.l,f•~,[J,, '"''""'S ·~u¡¡ oop JO uop¡oo<l -1 O<[l o; pO>>o¡o> '" .._, '-' V 4> 
HJ• """'·' 11' '»U•H ·uop¡oo<l -\ ><1\ U¡ 1) lU¡o[ "1> "ll'i" "~" """ 

'" • •• "'"' O) •¡u >u¡of 4'"·' conocuo¡ouon o >t>n• :Rl¡mQ .,, ...... lJ 

-;u-
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\le al•n lntn>duoo r,,P , and P for the plr<heo ol the '"'"' . " . 
jotnt, tho Hr" '''"h.g jo!nt, on>l tho oO<ond I>OVifll Jolnt oo 

olong th• flxed 

follovo: 

"¡{ r 1r 1J 

u,r p~alj 

";t r,e!J 

!:oto that Glj'~lj':IJ'~""" "IJ, .. ."n arbluarx polnt. on th~ lineo of 

of <he soao-s ¡·IJ'Mij'~IJ ond L1J nOpO<tlvo1y: In order to opO<Ify 

M the•• po!nts, =IY t~'O P''"""'""' are !'<'odod (ne<pt In the •••• 

\ool joint~-h•« Lhe po!nt v!ll be Ukon ot th< <ente< of th< jolnt). 

a<tlon 

(JI) 

(11) 

(ll) 

any""" 

ol o opber-



('(ll "' (IJ) pu• (1!)"ub~ lO '(0) OJ<bO<O ~OJ OOS)"U.•ou~ 110.' "'' .UOJlOUUUJO<IO" ""'"' 
•o>ql ~o¡ UOJ"O"<io<a JO>J)tQaq}"" O.U, 'S¡u lUJO( pa~JJ aq1 }OOq~ HJ. >J~O 

¡!mp JO }UO<>O>v¡do¡p ftUO> O Áq p;o.o<o!IOJ nQ!>JOOl<;l i¡T'l Oql Uf lU<of fu¡A""' 

li>H aq1 '"""~" Ho~¡1uo !'"~ • ll '"""'"' Aq uon¡ood t¡T'I •n ~o>¡ pou¡a1 
-qo •q .('"' <¡xo w¡o¡ Ro¡o"' puo>oo O<Jl ¡o uo¡n•o~ ¡¡¡¡ "'1' puo '''"" lUJC'f 

poxu oq¡ "ooqo JU •>!~!10 ¡mp u lJ ~U)l'lo> Ó'i UOJ>Joool ii"') "1 ~0-'J ¡·OU)Ol 
-qo Oq ¡;.., }(1)0( ""JAoW }UJJ ~~1 JO uo¡,sod 1ji"' OlU ''' ('l'i•J 'UOJ>J•od 

lilJ oq¡ O}Uj 0>01>.A 3U¡"""' Oql ]10 lOJ•UU} JO fJ~ 0q1 01 OOOl>• Oq} ""'' 

-uo; nq1¡o la'""" 'P>JJpi><l• a.n !S ¡o poo,.u¡ (Js '''""" oq1 Jl '•••>"<'u ... 
" " 

oq1 JO >O}Uo).l Oql .. UJJ•>¡l lJ OOUJO) 0LtMU1<IO "'" U) ~-"odUo •• OOlq} 41J~ 101 

-••A • •1 P·>l•••r h>nuonb oq¡ '""' oa ·~·~~·• i¡d<a¡o • •'1.1. .fl" puo ,[1:!1,[12 

¡o ~oo¡d Ul fh puo ,f!a .Í!_:. •¡o"'.(' aqo """ ... •.,u¡of JO>J;.>qdo >O.l 

.fls '""'•><¡do1p q.,,. 4H~ uon¡•od '"~"'~'" ••••· .(r,,, f¡~ r'.; 
fJ~) ¡o>•l07pp•ob "''-'>1 0<(1 lq [>OUJ~>O]Op •J fj2. JO UO]lOO JO OUJ[~•'I.J. ~ ~ 

(H) 

(ZZ) 

(o• lo··~)~:¡ n [¡.:¡ 

(•i,.(J',A)~ • f¡J 

'"4' '"'""J "''"""·'J"' oop 
"1 P'"IJ '1 'Hqof 1''1-'"'1-'• • "·'"'! >M "''L" 1daoxu '•1•• >•1of P"'ll '<U: 

"""'l't"'l•f '1•1 •• , 
( t Z) 

<o o 
(61) 

(~1) 

<'•·"····)]¡ ~ f¡J. 

<'o•'\•"o¡J!.. 1'!! 
¡'.~·"N'"~l!l. • f¡J:( 

('~,A~,·~)!!.. f¡J;I 

•• ,., ' uo¡¡¡ood '"11 lJO~l O> P''"J"-' Oio (11) q!no>q> (1) ouononl>l u¡ 

H ' 1>01>•A >u¡Ao~ "4l 11• 'l•L""'U "u'·• 'o'¡;:f ' ~~ """'"''Jdo¡p """ aq¡ JO 

""'-'>l u¡ 0 JO OUOl>JOod po¡ond•> .\¡Ol)UJJ O"JU"p lll·' M 'llPJ!""J• >Oj 

{ti) f¡z r,~ ¡,, l • il.. •' + ,"1 

( 91) 
1 • r1!N + r1;.: + r':U 

( 1"1) 
1 _ r'!H + r,;.. + r1~1 

(~!) 
l • f¡~ + f•!,. + f¡~ 

:r•JJ'll" •• ''""' OUOJl¡puoo 3u¡ 
-MO¡¡o¡ "'!> '""''"A''"" •• "' ~·u1pp "" f¡1 puo ,r,E,r'il'r'.J aou" 

-LLl-
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jo!nt ond not Ju t ' '" orOitrarv 
oph•ri<al Jolnto · polnt on th• .. ,,,, 

are <OMtottd 
ordor to ell•<nat~ ,~, togHh<r, ~• aód tho 

" "'''' do nh tbrou•h e grn·of-freod- d 
<u< Uno of "" 

' 

, 

«nt<to of • 
• s-s-x , , • '"' jolnto: 

' ' •*"(flg.J) 

In '"" "" o or three 

foll.,...t "1' eonotuinta In 

to rototlo~• obowt tbe 

<0. -lS•l· r 0 

' " b) I-S s "''"' (fig.4) 
(R*- 1;•)· 'R • o 

(<) i J 
S-K·S tTi•d• (Fig.S) 

(1S) 

(il• -<!•)· f o 
(d) !j S-f'-5 trlado {rtg.ó) 

(2~) 

r.q .. tiono (74),(15) •nd (ló) •n neodod, 
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4, Doooion o! Trlodo 

Uolq !qu.otiono (l) • (26) w con OJ'I>thooi<e di <O.bin.otiono o! tTI· 

odo vltb bollcal, cyltndrleal, opllorical, oM revoluto Jotnto. h thio oee· 

u., ve uplo<n tbo t-e-e euo In do<o<l by,.., of Uluotrotlng tbo ,,,.,,¡ 
p<<><edun, Al! o<h« <eoulto no pteoentod In tobuln foro (Tobh 1), Prio­

-tl< joloto" no d\oc.,.ood ln tho Appond<o. 

For HJ" Hnitdy oopuot~ pooUI01>o, f"IJ'llj'9IJ' ood 'tJ no opo<1flo<l, 

t•l; J•2 01,4,,,,,J, Wo Uot tbo opproprlou deoign oquottono, deol¡n por .. -

otoro, ond tho Otlll>bor of pooolbh oolut<ono for nny poutble comblnotlon of 

three Uol<•ebol,. (tdodo) vhb lowr pdr joloto lo tbo Ubio. In ..bot fol-

¡.,..,, ""olvayo regard r
1
J oo o 

lo dete,...!ned by EquoUon (14), 

ve< toro, 

tvo poro•tu "'etor ''""' tllo tblrd pora--tor 

SioU•<ly, 111J,Il'¡J' and t 1J ore tv0 paro-tu 

In .. <b t)'p< of tl>oh> tho _,¡_,...,., of dool&~ pooHi..,.·h obtol"""­

by oolvlnc fu "J:, h- du• ~quooloi>O ¡In~ for • o,.! n In tho tohle, W.o 

,. lo oo ln¡o oo • ... ul\>1~ undu the reotriotion ~:!':.o • ,. ond n ou the ,..,.. 

be< of dul¡n oqwotlono o,.! the ....Oer of unl<novn.o nOpOoti...,ly. 1he ,...-, .. 

of fru p.oro,..ten h ..,.,..¡ to tloo ,_, of u""-' """'" tho n.au of oo¡ao­

tl<>no, !.o., n-•-

Por oao"'''l•, tn tho cooe Ot C-<:-<:-tr!odo, u-m~ (ll-+4(1-¡)]-[4(t-l)] ~ 12. 
u 

K•=•• fot" ony ,......, .. of preocribod doolgo. poolttoao, - ¡onorally hove" 

triado. V._, orbltrortly oboon <he tr!od. lf ve eboooo J,'ll,lf,~,!f. """ l, 
,.. _, oolvo t~ ..... tntna oquotto ... - for t:

1
J ooc1J1j" lquoti""" (2),(4),(5), 

(7),(9), ond•(lO) thon provldo tho luformotton obout the rotati<nlo ond tronolo· 

"""" obout ucb jo<nt·odo. Por oub eboleo of (J,'II,R,~,!f,l), ;In<~ lqu.o.tlon 

(!) b l!m"'r In (Lo!J'Lylj'Lo!J) vhtle Eq"'tl"" (l) h < ... lo ln (Ldj'Lyll' 

L<IJ) for ooeh J, vo )LOvo elther 01>0 or throo p<>ulblo roo! ooluti<"'o for -lj" 

Correopondtng to eo<h t!J' •quot<ono (ó) ond (S) s<ve 1
1
J untquely. Houoe, 

for eoeh dhpbce-nt, tbero nioto oltl>er """ "' threo poootble confl¡urotloDt 

of the oeh<tod trlod. 

3. Inflnltui ... lly Sepouto4 PooHiou Proble.,. 

By oubotltutlnt \nfintteol""lo for ftnlt~ dtoplO<o,..nto, ond ro~loc<ns 

the tonaont of <ho oqle by tho oQ&l~, ... ro~ obtoi-11 o ••• of ~"'tlooo """l­

og""" to (\) throvgh (5), but lo. torao of lo.flolt•o'--lo. If- tho~ Uke T 

ve obuln deolsn o~uotlono foT to.flnltool"'lly 
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upara<ed pooit!ooo. Uo!ng tho·otngl• ouboe<lpt ¡ to deooto tho podtlon 

ho~ o·htoh th< tnfin!t"t""'l d!oplo<e""'nl o«~ro, ~• oM.tn·. 

de1 n:1• F1J·<•,• r,J 
F ·- <T1• t,J·tr1• t 1J 

do, <~ 1.r1J·<r,.r) 
dT" ~,Ht1, f 1l 

fl.(lrl.1.1) o 

M1 ·tt1~ii1 ¡ ~o 

;;,·([¡• if¡l 
r

1
·ts,. t 1) 

tfl,• t,J·(i::l. i1¡) 

~- ~t1Ht1 , r 1
) ~<Y, 

tL,• f,l·tF1, r1¡ or1• R,J·t!<;-;-t""1TY• 

t tono are ohtotnod 

ono! the " oeuv volo-dty olong 1
1

: 

do
1

_ du
1 

_ dcl
1 

_, ·-··-·· o!rldyiotyl 

Opeutln' on ()2) v!th f· oM ¡;. ve "" oolvo for 

Opouti"& on (J2) w!th (i' o i:)· yleldo 

<f,· t,J·tF1• o:1..c,¡¡ 
<1'1• t 1¡·¡t,, tl,-a,ll 

Sl~llady op•uttng on 03) v!th R
1

• , 11
1

• 

(i:,. 

, ond Ñ )· • yl•ld Equot!ono 

(17) 

(18) 

( ¡9b) 

(29<) 

(JO) 

(~ 1) 

02) 

(ll) 

(J4o) 

O~•l 

(l6o) 
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óu 1 dvt del 
(34l>),(J~H ond (l6b) for Óf ;¡;::-, aod 4r r<Sp«tivoly. ~quotions 

(34), (35), ond (JI.) ue an.ologouo lO (ú) • (ID). 

F.quottono (11), (11), and,(ll) """' Oocome roopoot!v.!y' 

dv dS 

·~-··· _, ~ "~ 
Fo< ~~ lnfinitodmally .,.potat<d po•ltlons ho= pooition "!", ti,. 

• 

01) 

~ .. ign oquHiono oa (27)-{31), (Ji,)-(31) and the k
1
.¡ dorivotl"' of 

tbeoo oquatton• wlth roopert «>y. For na~le, tho d_ootgn eq,..tlon """' 

(28) """Id bo 

,. ' .,.L 
;•S .r:0:

1 
d"e

1 
;•,

1 
In th• d<rlvoth• equotiooo ~• ronoldtT dr" 1 djT"" ¡¡r-., ~ 

..-n-1, n•l,2, •.. ,1<
1

, oo opeoi(ied quantlti<l vhtq, ducribe tho l< infiol· 
.¡•[ d'1 i 

tesi,..lly oopa<atod J>OOI<lono of b<>dy o, \lo <tUl -:-r' and 7:1"1 o• '"" 
dr dr 

OO« o! 2~ 1 tndepondont "''"""""'· ~11 oth<r dedvaU .. o on tho dght·h&M· 

olde tan bo <>pro,.o·d in te<mo of 1"1 ,R 1 ,~t'~t'~t' ond it
1 

"''"8 the follovlng' 

;11, <lii, '"• ;;¡:-. !'¡" Rt + :;:¡ (~l 

<te. 

<te • . - - . . 
'" ' __ ,' 
" ' 
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,., 
~ 

~ ·11•rr1 .r~ 1 -c,>J • <Ir' (r 1xlll 1xlf 1-o-1) 1 + ('!'; ,._;; 1 h(l! 
1 
-ij1 )+ 11

1
xl'!' 1x(R 

1 
-Q

1
) 1} 

""t <l'"e>1 _ <l'u 1 _ ..-~, _ 
!dT l'1xll1 + ;¡;:r- !11x(R(·l'i1) + ;¡:¡:r- M1+ ~ r 1 

•••• 

Oll da 
-¿¡f x(R,--QI)(dr i¡• 

,., 
' jo\nt ihen ¡,:s- •O, oml 

•pbulco) jo\nt vo bovo 

If tho fi"ó joint 1• Mt o ophcr!col 

n•l,2, ... ,k -1. Wl>en tho ft.¡O r¡¡nt h o 
ó'i!t 1 ~ ó k¡- f, ;¡;:- •Q, but nav -,1' ..._ '""'d (k¡•!) &TP k

1 
inóop.ndont ve<toro. Slrn!)orly, 

., r <l''ii <f-H 
!f the flrot movln$ joint lo not opheriool ;;;--1 •O, but lf H lo W ', n-1, 

¡_,.¡¡ (\' ii 
2,. •• ,kt-l' are ·~-1 indoP.ndent voctnro; ofl<l <ii'l-o gonnolly bu< w• 
ylold 1<

1
-1 lnd<P<ndtnt vootoro doponding ""'"" tho oocond <oov\ng jo\nt h ophor· 

\col. 01>on '""' or """ Jointo He opher!cal vt auot abo uoe tho dlrivotlvos 

For lnfinltooi""'lly ltpuotod po•itlono th• •o•ulto o<e co~plot<ly onolo­

souo to thooo ~lvon for flnlte"dhphc .. ,.oto. For •l•~d ftnltely ood lnfl~l· 

tutmolly orparatod poottlono a oultable <o~binotl<m o[ Equatlono (1) through 

(1~) '"" the derivativo<~"'"""' prov!de the oee<Oiary duign eq.,.tlono. 

6. Ae•novl~dg .. nt 

The ftnon<hl oopport of thr Nationol S<ienca Foundotlon (NSF-<:K-n9l0) 

h approdo<lvely ookn,..lodged. 

[1) TSA! l.W., ~OTH B., Dulgn of !lyods vlth ~rllool, cyllndr!eal, Spherlcal, 
Re"Oluto; oT>d Prta ... tlt Jolnto, Journol of Morhantsmo, ouO"'ittod fo< 
pubil<otton. 

[2) ROTH B., On tho Serov be• aod Otho.- SJ><'d•l Linos Auodatod vlth S)>&tUl 
Dlaploee ... nta of o Rlgld Body, T<anU<t<on A,S.H.E., Snleo B, 89, 1, 
1967, pp. 102-110, 

a. Appondlx 

On tbo fo1l.,..tnc pog• ve gtv~ tho deolgn equotlon. for pri•Ntle jolnta, 
Tilo reoulto for oll nondoganorate nlods wlth prio'""ti< Jolnto aro ltot•d lo 
Tabl~ n. 
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TSAl L.W., ROTH ~. 

Ulln& oor..,·odo ge"""'try, eq""tlono ore ~o.lved for che deo<gn 
of opot!Ol t~eeo-llnl< chlio• wlth helleol, revolute, eyllndr«ol, 
opborieol, o..! peto-U< Jointo. Ul '"'" el>olno ore d<'OigMd to be 
ea.p.otlble wlth o o¡><clfle oet of Hnhely oeporoted <>< lnfinltoll,..lly 
oeporotod poolt<ono of o r<gld body ..hlch they couple to o fixod link. 
•qu.ot<""" givln& the _ .. _ """""' of deotgn poo<tiono O<o pruooted. 

····-"''''""" 
Dio Schroubeo·Achoon Ce-trie benutoend, wtrd Gloithungon 

obgolol<et fUr den En<,..U v<>n drolglledrtger Rooool<e.,en oit Schrouh•­
ael.onlooo, J>roh&olen .. n, Zylindorselenkon, Spbi.osel.eDI<n, uDd Gloit· 
gelenl.oo. Ulo oolobe Kor<on olod ver<r~glleh alt "'"'' beotl-teo 
Anu~l V<>n ondlich benachborte und unondltch beno<hborto Lo~on 
etn<o foO<en xHr¡><u, don oie m!t elnem Ceotell verbi,...en. Gloich­
omgen file die Mo!oul h.ohl dor ~ot..on"fl)ogn o t..! ono<'&obon. 

• 

1 

1 



lncomplelely Specified Displacements: 

BERNARD ROTH Geometry and Spatial Linkage Synthesis 

!> ••• ~-· ·' -"·"'-' {. .... ., .... Soonlool u.; •• ,.,,,, 
¡,., •.•. '•"-

Th< "'""axis g<.,<lry amuiau,J u•.:h Jisp/4w.,rnls of p<>inl! and nnt:;., S~,)i<d, 
,!no/ylit~/ <xpr<'sÍOn> ~-. d=k!¡,d f"' •itid lx!Jy "'"" disp/d<<mthU 1.-Ai<k J.,,.. ont 
m """tfru f>G•a,<lt7f. J¡ is '~""" lunr /1> apply 1"-:S< "'"'" 1<1 IM •:tnli=is oj 
S$><11ÍQ.//idar<>. n,, lh<Cry ;, iii•Hmld Oy ""'"'d<c.l w¡mp/.s ¡, u·ili<h [)•/i,J•i<· 
C)'linJri< """"' "" J"'"gn<d 10 ~r.idt """ poitJII ;, ~ rigid b<><iy lh•••~hfil't o .. d lh<n 
nin< sp"ifitd pa!ili<m>, 

ln!Jo~uctiu 

L TIH> pape< ~, '"''~jd., ri~'¡d body di,pJowoent.' 
wOido "'' d""r~iLcd Ly ¡.,.. lh"" >Jx inJ<·pondent par>m<lers. 
11"< call ,uth dioplm<om<n .. inwmpi<I<W <p<ojW u up¡>ooed lo 

"""p/<lt/r 'P'rifinl di,pla..,.,on'-' "h'¡<h oro d.scrit..d by >i. 

"''"'"''""· JI 6 ""''"'""'~ u• •P<cifi«l, lhe« -.main (;..b un­
'~"'·jf,od ""'""'''"""• a"d Ui<•J'C'for<! m "->>¡-.,.,ible U~¡ola«•ment.. 
U;, ~t!l k no~·~~ tlo.t o complololy •pecifio<l <lispl&<emrnt Í>M><>­

"alod orith a uniquo '"""' dioplarernent. lt then followo that 
OUJ i~o<nm1Mtoly op<dliod di,plarelfl<nt t. -ciat.d .,.¡t.h m n-.o 
'"""" d",.p!a,.monlo. In thio paper .,., rlrlmr.ine tlo< m., ... , 
'"n dj,pla<€onont.o IIS>O<int..-1 with '""!""ilion, o/ ¡loe follow· 
ing •l•menls; 

• -" , ... poU.ts 

• ' • ]j¡oe 

• -" a point 

• ~= o point on aline 

• -' • p<'inl "" •plone 

In ti,. M" part of th~ po¡o<t ,,. o;on,id., .,.eh of tilo obovo in 
turn oo,d _,k lo "'lobltsb <aO>OniQJ d<><riplion. of thucn-.. d;,.._ 
pJa,...,oonLo r,.,m • ;eomettio poi01t of View. Then "' dO>·clop 
onolylleo] ''!'""";""' lor lho ,_..,ocio<cd mo.·o. The olt·•<.tiptiOO 
ol fnoitel)"·-'<l'"'"led inrumplo·tely.,pedfird d~pl>eOinonts ¡, 
foJ/0"<'1 by & •imilor developrnent lor io6nn,.i~n>lly oepo.rat.d 
displaeernent._ 

Tloe ,....,¡,_, oi t.he first porlol th<> pnper moy l>e opp]i..,j d"JteoUy 
'" tloo •;·nth.,;, of •¡ootiollinknG"'· In !"'"'""' omok• [~, 8) ,¡ 

C..,uibol<d by tho n.,;p r:n<i• .. ~·· l>ovioion ... d """'' .... 
o< U.. ~~ tchouoiom• C.,n/uenoo, S..n Foon<iooo. C•hf .• Ool.Ol.or 8~12. 
1~72. of THE A~<.,OAN 60C><TY '" 'hCH<''OC.L !-''"'"··"'· 
~''"'"'ript '""""d "AS~!E I!Oudqu"""· h"' o. 1~72. l'•P<-< 
Su. 70->!0<b-13. 

Jnurnal n1 fntinttrinf lnr Jndus1ry 

hu beeu ohown howlo oyntb.,it< biuory-link thoin11 ~loioh <&lo 

I>O used lo ~uido rogid hado., tln-ouKh •pedfoed "'"' oh•plao·o­
nwnts. l1o ""'"'lo oxtoHd tht>• prcvi.,un ,..u)t.ll tu ¡,dudo· in. 
o-ompl<tdy op<oifoed di>ploremonts it "only ••,.....'Y thot tloo 
a~mpl•l<IY ·~~ed .._.,.,wo rrl•rrod to in {5, 8) b< ,.pb.oed b¡ the 
inrumplotol;· o~lied ,.,.,,, d"'tti!K-d horem- n.;. ~'"""'"'" 
Íl rli.cu..,ed oud illu•lt31t'<i i1o the lottot p;o;t o/ tloi< I"P"· A, 
'"'"'"PI .. , wo olouov ho~ '" oynO•"""" C.vl'ou<hic-eyr,,Jioc crankl 
lo ¡uide • riKid OOdy tht<ou¡h fu.< ~vo o lid thon nine in«>mpl•tely 
o~5ed d .. ;, .. """itio...,. 

Althnu!h !he.-. h>>< J,...n '"""'' ¡O<JbToc-.tions d<oli"g "ith tJ,. 
OJ'I>IIH~i• of •Pntiollinknge~ {!·WJ' ,.lo\ivdy /ow o/ tho~e loovn 
'''""idered P"•l•)Oitl.< in ~loido lho 1'''"'''"" !'O'ition-> •re ina~m· 
¡olololy •poci6ed ji,~. 3, 1,]. lt ¡, hoped that thi> otudy •·rlt bolp 
lo otimu!alo i1otorest in t.hlo buoth oi kin«on&l.>.< oynth.,.¡,_ 

lntompl~1ely Spetified Dlsplatemen15 
In the d .. ;g, o/ '"--'clli~o .. it ¡, ofl..., n.......,.y thot ..,mo ol ... 

m<nt ola link, ou<h"" alioo o< a point, b. in 'pecified ro>itiono 
bUl. "''"pt fur thi• demoot, t~e positioto o/ tholi1ok ¡, oot.itoar;· 
witl"n wtni" poa<timl htm(B. We ""' tlw 101111 inooo· •leld~ 
op«ifi.J f>O<itiou• lo denote oüdo •ituatians_ For •p•ll .1 d;,.. 
ploeom<nls it >eQuj,eo ,¡, inrlepend""t !'"'"""''''" W uo.;quely 
dclino , >in.o;lo d,.pla"""'ont o! o lonk. ln«>mplotdy 'l"""liod 
dhplaccmei>Lo ,¡,not< """'" di>¡obt<onrnl.o ¡,.,~-!,ido'""" o! Utu>O 
•ix JIOtam•te,-, "'"Y be el"'""" orbitmtol)". Th<t< •n• '"""Y ~·ayo 
to d .. orib• '""""Pietely o¡oo-dfied displ>< •m•""· In th,. ~-.,k 
"' will """..,...,. .,.;, geoomotry. n,. r--.ns fw thlo <hui« .uo 
th•l n b<liove ou<h des<ripti"''-' "' be >implo ond phyoi<all}' 
np(>C'.Iling. M"""''"· lloo '"" of ocre~· "'"" allu"' tloo"' now 
o~1ult. '" bo """' e .. oly inmr]"""'ed iootu lormulatiuu• o/ linkogo 
•yntlu,.;_, pmhlom. p.-.viou.ly f'ublbhed by the outJw,.. 
·~ fiv< .._ 61 i .. cornplruly ,~¡¡.,.¡ di.pla=n•"'-' li<t.ed ic 

the itotrodocti"" ..:-ern lo b< ti,. """' e/ groot"'t praotie.l in te,... l. 
Tloore w-• <>f ''"""" ctloer po<,{i\,il,¡;., loOl it€ntod J"oeio. We 

,. .. y 19ll/503 

'. 



),nvo hmit<d om;tlv"' l.o tl.u , .... involvin¡lin<>r J~plocomen¡, 
ni lineU" demen..,. )'1 •n<h co;e the devolopm•"t lollowo \he 
'""" pott.,-n: we fir" lry 1.<> ideotify o SfTfW whith i. u"iquely 
Ó<l.ermined by tl>e (¡iv<n pv&m•'-<,.., then we identi/y on inoom­
plotely dewmilled ,.,...., •hieh wbon <o>mpoundod .,¡t.b tbe 
u .,;que on< &Í~"" the ~uit«< ina>mp!ot<ly opeci6od dioplaoom .. t. 
Theoe twq ""''"" to¡ether ,.;oh their r..Wtonlform o.,,,.... tri· 
onglo. t"rom tbe •a"' "ion¡lo -motry wo then d.,;,., o.n 
""o.lyuul d"onption lnr the r<=l<an< S<r<W. In who\ follows 
~• """idoc coch ni tb• f,w , .... in turn. first we deo! with finitcly 
"")'&totcd d .. pl&cern"' .. ""d thtn "ith •nfmit.e<irnolly ""par&ted 
di>plo<<me-n.,. 

'"' polnro. Let r and o bo '"o point.o o! • ri¡ld body "• and r. o 
thepooition \<cton o/ r .,d o. 1\"ben two pooitiono ol r ond o &re 
•pedf,od, the« .,,;.,. o ~iYOn pu~rot>tion ""w ~' l<"h tbot, no 
mol\" loo"¡¡,, mation ol ~ witl. '"pect !o a T"forenoe l•ame I 
•«n•lly oCCUN. a rot•tion ol tho ngid body will bri"g both pomt.o 
r ond , lrom thei; nh to th<ir ¡th position. A o ohowo in Fis. 1, 
we d ..... t. the two ¡;lven po<i~o .. o! r =do os (•., o.) ond {•¡. •,). 
the p).,. o·hieh ;. P"'p<!>diculu <o ond bi>e<ts '''' u r.; .,d the 
plon• .,bicll b;.eeu •·•• p<rpe!>di.Wul¡· .. r,. Tho ui> o/ the 
rototion •=~ l., j,¡ <he hn< of in,.,..ction o! plan .. ~. ond r,; 
ond the ro\ahoo •ngle ,p,," the ang:le beh«n the notrnols lrom 
r, ,.,d r, ( .. well BS o, ""d o1) tn the oxi• o! l,¡. 1-<lt ),1 ¡,. o unit 
><·<W parollel to ,¡,. """" n•io ""d b.; be the¡oooitiun ""'"' ol& 
point on l., ,0 th•t th•)" ••ti>fy 

1., . 1., - 1 "' 

Flo· t OoOoOioool '""w f,¡ """''"'"" """ rwo '"'"'"' ol .. ,,,., ""', 

),, · (n. X o,) 

n. n,- (n,·l.,)(n, 1.,) 

..-hero 

n. • (•.- r,J/I(o;- r,~, n, - h,- <,1/l(o,- <,JI (Ll) 

' 
1.,·1>.,-0 m The Smw Cylin~rold 

l.¡•(r¡- r.)- O 

l.,.(o,-<.)-U 

,,. - ,,. - 21•,- ,,)·b.,- o 

•·'- •.• - 2(,,- •.)·b..,- o 
S.lvin« «!''~"""" (1) throu1h (6) for 1., .,.,d b.¡ we obtain 

... 

(r¡ - r,) X (o, - 1,) 
l., - I/<¡ ,,) X (o, ,,¡¡ 

,,---!~"-~> 1(•,' - •.')!,¡ X Ir¡ - r.) 
21., (,,- r,) X(<¡-" 

"' ,,, 
'" ,., 

'" 
+ {r,'- r.')(o,- o,) X 1.,1 {S) 

,.t,,.[( ~ rep,...ents 1M ol.olute dueol ( ~ The r-tion 
on,lo ~.,¡.¡!ven by 

,,, 
Sin .. opecif¡-i..og tbe P"'ition ol to·op<~""" ..¡uivolent toope<if¡· 
in& tloe pooition ni o~ point phu o dite<tion n detOJmill«i by two 
poin,., ,.. rnay ,.,rile oquotion. (O), (8), ond (9) ln torrns ni r 
o"d !he direc\ioo o .. followo 

b,, • [(r, 

(<¡ r.) X (n,- n.) 
1"' •¡¡,,- r,) X (n1 - n.JI 

• • [<·····- ...•. ~ .. r,) X {n,- n, . 

(JO) 

X(,,-,,J+~(r,'-r.'Mn 1 -n,)XI.,] (11) 

We hoveohown that for '"" pooUtiono ol po"'"" r.,.! o tt.e<e 
exioUI o pur,.<olation ,.,..., h,. llowev<r, th¡, ko no! tho noly 
i>""'it.lc ocre..- di,plocement w),ich c•n e~«\ the J~plooemoO\ 
t),nn••l• the two givo•" posi!i""' uf r onJ o. ¡,. ~'"' follow•. •o 
¡.,,.¡ oll of Uoe P""'ible mewo wlúdr .. Li.l)" the '""' 'i"'if«atioou 
ofro.,do. 

Wo uu ñ, {or ñ.,)' to dewlo a pure."'"'-tion ,.,.,~· lor tho ~pl 
OOdy a obout t.bo hne •· whicll p....,. through poin,. r, aod 1 •. 
Sinot totstioJr o! tloe rio:i<J body obout tho ni.oJñ., d ... 1101 ol!O<t 
<h< di>~locornent of r ond o. tho r<SU!Uin\ ol •o-<wo ñ., and !;1 ¡, 0 
oaew whi<h will hrinE • ond o ft"m \he¡,olh"' tbeir jth pooitooo. 
Al oho ... ,. in Fig. 2. we hove tloo "'''"'S., ., \he tt>ultaM of 1 
wlnli<Hr .,¡ nngle .J,., ob"ut thc n•i• .,¡ ñ.,. lolloo·e<l ~Y o tot •hoo ni 
~·! olmut tho axis ol l.,. ilcrewa ñ,,, T.,. •nd S., lo•n• • tplli~ 
•«•• triongle ]5, 6, 7, 8] u o)"'~" in fig. 2 . 

S,1 ;. c)ven in terma of ñ., ot<d T,, u f"ll"""' 

• ( .¡_,, .:.., "'" ~-·) S., • •! o;; tan 2 + l.¡ (oh 2 + 1., X "'• tan 2 tao 2 

whe"' 

... ton-

' 
• 

(111 

(!S) 

• A.,- ((· )1<.,(5.,xl.,)+d;,{n.,XS,1)1 (111 
S., ., X "" 

.¡,,, ~ .• 
Xl.1)tao2t•n ~ (li 

'A oi"&fo auJ-•i¡>t;. ,....¡ to dmoto tho ,.,..,;.. ol ""' .,...., 
Wl>tn d"'bl• oubo<r;pt..,. uoed. tho ht ,...,.,;pi .. , •. d•not .. tl.. 
tho ,,...,...,;.jo r-•Hon ··;:• ol<d Lho ....,,.¡ oubo<IIOL ""f" donoLc 
Lhot tho •>~tom will .. Lo tho)tb -t.io• o!tor tloo dioplo<Oin"''· 

Tranm\ions o! the AS MI 



"'' - ,.,. [$.1 x ¡,,, x S,1)) 

(n;1 X$.1)' +(·"()'¡¡,1 y(n,,xi.1)J-Ib.,-r.,) [18) 
"" " ,, 

d,, ~ b,,.rs., x o., x s.,JJ 

' k.;' 

+ (1., X S.,)' [n;; X (1,, X n.,))"(•., - b,¡) {19) 
(n" X¡,,)' 

Ion',¡_.,+ 

' 
,,, 

~·' 2 + 2(n,1 -1,,) '"" 
,¡,,, lno :b 
' ) 

+ '" " )' l..ll¡' ..,,, '""' ~¡ (~) .,., 2 2 

(1iv•• two ¡.,.it'ron' of "'''"" 1 ond '· ""'" 'i., i• nmqutl¡· ~<fitood 
"""so;, Ll" oocew ._,;,[or ñ,¡, o~>ly the '""tiou aoglt Y,, 1 i••rbi· 
trnn·- Herooo oorro;pondi.,~ 1<> ea<h f,¡ tl,.re ;, • «•~"" S,,. 
The ,.,.. •. ul• of S,, goo<r&! .. • ruled ourlo«., Y,., vari<O Ir<>"' 
o dog to 300 dq,. Jt <an bt •bo..-o thu thi< ruled '"''""" Í> o 
<vlindroid. 
- A Un•, J,.t n be ,r.o li"e uf 'rn<ere;i in ~. and 1 !loe l•ne in 2: lvith 
•'"'h" fOitoc•id,.., l"oc l•·u pu!ition•, >o)' 11" >lh ""d;tlr pO»i· 
!ion.<, .,., loov • t wo lin., in !: .. -hicb •e ~-ill denote .., ,.. ond •'· 
h is th.,, ~i•·•n thu in th<Hh I>O'>tion llioo n (i <-, o,) ~ on <' and 
in the ;tlo ¡ouoit;.,n hoe " (n¡) ·,. oo <'- \\"e dtfine the lino n by i'-' 
<lire<tion " nJod !he J»>ition """' to ont ol i'-' point. '• anol the 
lino r U y''' dir«t'to" < ""' lilt P<"ition vo•((o; ,¡ """ ol ;,. poinl~ 
e \\'o· mn,\' rnke <' • '" nHd o• • n,_ Sin«' n1 ¡, on ,;, <' • "•· ond 
tOo )»>ioion , . ...,,.,- ., "'"!>o t>p.-....ed .. ,, • •' + ~ .. •' • ,, + 
A.,n,. wh<.-. ~.¡ ¡, an •tbitl"&ry number. 

¡n .,.hat 1~11.,..-, wt ,..lt oJ 1 oa""" •u oh that lhe;:h ¡ouoil fon o/ 
" can bt ohr.•iutd b¡- me~ in~ oh• ,;~d body, ft<•on ;,. olh ro•itoon. 

l'h•t "' nol< li>e<e i; n ·~•·rbl ""'"' 1., w'<lh 1'"''""'"''" ó,¡, ¡¡,, 
•od• 1 bat il io Lmtquely deltrtnontd by tlo< ~ivon 1•-o lineo. The 
-.;, ol T,, l><ing the rommon normal ol th• to·o ~"'" 1;..., t< ond 
''• def.ntd by t •o pcsitiono ol n. -:>., ;, th .. ug!. ol twiot beoo .. " 
tht t•o oli,...ottd li,.,; <' and ''• ~~, ;, t.be ohorl .. l dj,oonco betwHto 
<' •"d el, lltllOle l,¡ "" o .,,.;, ve<tor P•'"lltl tu lho <omoOOto M•· 
,.,.¡ c.l r• ,.,d ,1, •nd b,, M ¡¡,.. pooi\;oo W<lor lo lbe poinl itt (he 
"''"'""" """""lwl•c'" b.,-1., • o_ Then !loe _,,.,w 1': 1 ;, u.a­
lytiully ¡;;,.,.,by 

1., ~ (n, X n,)lfn; X n,l (2 r) 

b, ~ /n, X n,ll [<'' (1,, X n ,)[o, - [e' · (1., X no)[n¡j (22) 

''•- , ''"" !:1•·•" o,,. r:, • .., S,,;, ,,,,.,, •• , .. , ,,,.,;,,,,,, ··• •. 
... .¡ ., •••••• s., •• ,. .... ,. "''" ,,,; ........ . 

Jouml DI Engineerin~ lor lnd";lry 

"'•·. '"' .. "''""'' ........ '"' , ........ ,, • ""'· ... f., .. . 
~., ..... S.¡ O'""""'. '"'" .... ~ .. .. 

~" w (el-<')·(,, (2<) 

We oo•· pro<'<'td lo fi¡od oll J»>.>ibl< '"''"~ .-hieh ••<i>ly !he ''-"'" 
· •pe-«~e>lioU•, Dt''"'" a ,,... ... dj,pJa .. menl of a obout o loe ~"" 
n;,. ;,, and ¡,, ó(7t• p>rnmeter..., 'f., and ~~.- !'inooan)' d;,.. 
pln<emt!Ll nUmo! !loe !;no· n do<'> ""' na.ct 1 he Ui-plocen><nl of tbe 
lme i¡,t•lf, ol~e ""'"""' ol -'"'"--' ñ., nlld T, " , '"' ''" ~ l•ich ,¡J[ 
yield !loo <equired diopla.,.mcnt ol th•lme. lf ~·e "''"idtt tbe 
,_,.ultonl o<reo-, "hith w1ll be deoottd u S'.,, 0.1 tht pl'Odu!l o/ o 
'"'"' di.pla<:trn<"l ',;, lollo•od b)' the •cror d'o•ploo.m•tot 1,,. lht 
"'"".-'O.,, t,, and $,¡ lo•"' • >patio)'""' l•iongle"' >hown ¡~ 
Fig. 3- l> ole thnt, ill o t.;, ""'"· tloe "'¡, uf HT<W 1,, ill 1>'1>0<''' !he 
nxi, ,,¡ 0,, I"''P<'"'¡¡,,.I.rh·. The anolylic "~'""''""' for mew s., ...... Joll,...,o -

'" . ( '" -" "··'""2+ '" l.,'"" 2 

+ 1,, X no, <•n '") '"" -. ' '" 
A., ~ [<.,(S,; X s,,-(1,, x •. ,) 

1.,) +d.,(,., x s,,)) 

... 
'"" 2 ... 

~.¡ (o,¡) 
'"" 2 + ~·· ..,, 2 

,., • .¡,., + 
) 

laJ•' 9.¡ + 
' 

-;,., •.. 
Uon'- tan'­' . 

(25) 

(26) 

(27) 

(28) 

'"' 
<o,- (n,,·o,,)- (n.,·S,,HS.,-,.,) 

+ (n,, X S,)' [ n.,·(b,¡- ,.,) ;·] {30) 

d, • -II.,·S.,)(S.¡·b,,) + (1., X S,,)' (1.,-,,; + ~;') (30 

StttW T., ¡, ""'~'" "' ;, al"" ti>• .,;, ol •cr••- 0.,. 1t follo"' then 
!h..t oin"" l.,th ~ .. ond ~" attatbi\r>.ty,•·• ha~e ml '"'••~- lf 
,. .• bol~~ .. "'"''~'" o•od ,-aoy -J-.,¡,...., Odtl to 360 de¡, •• ob­
t~in a ,.,...,. '' lindwi<l airnilor 10 th• o no givtll for l''O pool<io,_, 

0¡ •~-., Jooinl•. In,¡,¡, '"'"• the.-. nre a ,¡,"¡0 infini<y of oylin· 
<lroi4• "" ~lo ido lho m 1 f'OO"blo ><re~· "'"' lnus( ¡¡,_ 

~ polnl. 1.<"1, ¡, thr point of inl.,-..,1 o'l a tigid body a. Fo• 

"'"''•n/605 



.. , •. , 
,, 

,, '·· '1., 

FLo- 1 1• .. ~ lho•olo doOo ... , lwo pooLIL••• ol o .. lot • .lo n.¡ .... 
{,; vo,., S,¡ o•••~••• o mow ''"'-'"· 

l~o J>O>itiono of r, ~·e ct.n oh·oyo find a direetion 1., ouch thal o 
,,.._,,.,;., of lhe ;ipd IN>dy io the du-ecti<m of 1,, .-ill L<in~ tho 
polnl • from iu olh tojth l*>,;,n.• Tho dif't<Lion 1.,,. par.Jld 
to the Vf'rtOf dotenninod hy t, - '" an<l tht moJfli!ude o! U,., 
""'"'lotion p,1 ;, equ•l to the ~i..L•n« L<tl><<n poinl.o r, ond r1, 
i.o., 

1., w (,,- t,)/p., 

,.,, - 1·, - ,,¡ 
(32) 

)M) 

Sin,.. ony rotation of tho ti~d body abou\ tho point r d.,.,. not 
offect the l""'ition ol • it>olf, oll pos:!tble <orew di1pl~ooment.. 
which yield t],. '"'"' lwo P<>•ltion• of r can be obtoino'<l.., the ce­

>tLllnnl ,¡ ti,. \'"nsl•l ton ~"'''" ~Y""'"' ~. ""d nn ntbilm<y mi•· 
tmu ol .¡,,, obo>1<1 the poinl r,, IJennling rhe rutolÍ<m "' ew olxout 
p<>inl r, "'0,., ond the resulta"! omw of 0;; '"d T., u S.,..,., have 
the,.....,. uiangl< ronfig,>rolion ohown in Fi;- t. Th< """"hnt 
'"''" t, i> KiYOI> "" follo..-, ( ... rrionnce 1 t9(lur dotivation~ 

(34J 

(Jii) 

A;, • ,,,_,',,'"'>'l<.,{n,¡ X 1,¡) + d,,ll.;- (l.,·n,¡)n;,l] 
n,, X •1 

(36) 

"·· '' . ,,,,,.,,,-,,,,~· 
"- .,n.,)- (,,, X n,,)' 

(n,¡-o,) (37) 

<,¡ • <.,·n,, X 1., +b,, 
' " 

X n.,)'/tan -,1;' '~' 

,(,¡ • (t., X n.,)'p~, + ,.,-(1.,- {l.,·n,¡)n,¡( (3~) 

~¡,,... n,, a"d 'f,; aro "'bitrn<~·. S., and 0., ot<&tbilt&r;. ll<n<O 
lor '"" -'"""'ola.,.,;,,, ti•< dtt<ction and ti>< rototion ano;le 
uf tr.. di,plo«"m<nt ""'~- c,,j, b< cl...., .,.bitrr.rily. !!o,.ever, 
"""" ll•e directio¡, ~nd the IOI..>tion ..,,pe ol lho aa<w or< ebooen, 
¡.., locati<>" and """'latio"nl d"plawmenl >r< <lot<tn•inE<I by 
e<JOOiiono (,1G)a"d (37)_ Thoro nre ~'p.,..;¡,¡,"""'';,. tlo;. 

""-"· 
A poln> onywh"' on o ol•on11no. Lo< t be tho po>int O[ inle.-e>l 

¡., ~. and <a pv., hne in~ on whi<h po>int 1;, to b< loca tE<!., 
,¡ .. ,,.., in Fi~ 5- Fo1 1~0 t-•tio,., .. ,. lh< oth &hdJth ¡.,.it;o,., 
na.-. &i••n '"" Jin<> in 2: .. hi<h ..-e ,.;u denote u r and ,;_ lt 

'Fo• • ''"'" l<on~aUon tho IO<o\ion o!"'""""',.;,;, "'"''""Y 
""d "<d ""' ,,. <o,id•.-..1 ;, our d"'"'"ion. 

sa& 1 M~• 19J3 

, . -

''•· 5 lwo po>lllo"< ot a ••In! whH ""'' '" •• ''"'" """ 

Olo. O Two .. ,lllo•l o! o po;o> wh;<k '""" J;o oo ol••• •'""" 

¡, !loen requirorl lh•t '· l•e ""'"'~ ¡,,,. on, • ""<1 r, bt '"'"'" ¡,,, ,, "" 
r!. Wc "'"' th<ll ..,.u me tJ,•I the ,,¡, t""'itiun of r i< knn•H anO 
thr jth l""'lion io lndote1mina!e olon1 1•. ~inoe 11 h .. \ü he on 
t(,. ¡,.,. ...-, it< o:oordin•"" can b< exp....-d .. 

,,-c•+X,•• ( 10) 

wl•el< <1 h ony givcn point on the ]uro •' ond o' is o u ni\''""' 
l'"'"llol \.o the lino ''· Using thls ""'"'J•IItiu" fm '" oll ni \he 
ot~umont• u,.d in thc ptovious se.otio" ote •goin vo.l•d- tlonre 
o.-•lone 

1,1 • (e;+ ~ ••• - •. )/,.,., 

·k+X,o1 -r.l "" 

(tl) 

1-12) 

.-],·te il¡ i; "" •rldl<ar)' number ~¡,;,.¡, ¡.ruvid" "" n•f<iitiunnl ,],.. 
~,,..uf 1.-<·E<Iom lor poi ni 1. Atl ~r lhe P""¡¡,¡, """'~·, ~·hit!, )'iold 
th< ¡:it·on t~o positóo"' o[ • point • &"ywh<r< <on the gi<·en linea e 
.,.. d<t<rmined by <quotiona (3-1) u,.,.,,h (39), wJth U.. cond•lion 
that ""'"'"'"" ( 4 l) ond (t2} be u.<ed lor 1,1 .,,d ¡.o,; lMt<ad of (32) 
""d(33). Her<weho-.~'>..-.w>. 

A polo! ""'whm •• • glvon pi•"- ].<t" 1 •e lhe po>illl o[ inlcl•>t 
;, o, "'"[ ,. U git'O" pl11110 i11 2: úll u lo ido f io 1 o i>< (ocoted, \\'o d<·· 
H11o ~ in terms ol "'" ,¡ ;,_, poin'-' ' on~ it< ,,,.¡, norm.l u .. •hown 
inFis-"-

~-.,. two sudo-'"""" of' ..-e loa ve l~o dlff<T<nl plon"" in!: 
on .. hi<h • mu.<( lie. For conv•nien<e ~-• denote t'-e diller.nl 
pi•"'" .. .-· and ~·. We mar"'"''"" lhe fi1>1 pusitiun, i, of 1 ._, 
huwn And e>pr,... t).,. •<eund P"''' 100, j, M lullu"'' 

··-·'+',•' 
,¡...,., •' L< a unit t'<Cl<IT in the plon< •'• i •-. o 1. u• • O ""d •'· o' 
• ¡. Thu.< •• ha"" on< undet<rmi1oed f"''"''"''' lo< •' and '"" 
undet«minE<I pa<omelora for '• sin<e ~. ;. also orbitt&l'}'. Uoint 

"'~""''"" (H) for '" ~· hve 

1,1 • (e'+).,,,-,,¡;¡,., ( <1) 

Tranmtinns n! the ASME 



!09/ tl•l HW 

,, 'P-+•'·•• 
•• 

'P!!_+,•~'• .. , ,, '" '•p-+.•~,· 
••• , .... ouo¡ .. ·,•ppo• 

.op •R2uo~> I""'""''!"Yuo "'! puo ,o 1" Ot.u.?l "' • ¡o""''!""~ ~1( 
0<¡1 ••~•P '"' 'ruo¡l¡ood ~"''"-A¡('lt.u""l!~! .JO,{ '"" " 

,, -. +"' •-"'011""!''" '1op .. P!"'P0!!·'o 

... .,,. (i•"""''!'"J"ll "" .. ,.,,.,,, ¿_¡o '1"" "'""' ·~1 •s,,, ,, -•q,." "'"'S -, puv • ¡o'""'·'¡«><] P'l"•d•• .(¡¡•t.u!,.l!"Y --•fp , , 

--<1! ''"" ·~· A¡s¡¡-.·~,!~" 'l"•u,;•>v¡d'lP ,...,,. ('lt.u!"'l<"Y 
·UJ ''1' ¡o u• ~~·-"' (Hll P"" '{011) X!i11 '(!si ~~>o¡¡•nbJ: 

,~, 

{~9) 

( ,;;; ) /(~~)('"·'S)+ {'1 X '"V'l • '¡> 

,, 
''<"''<X"'' '+ w , ~('UX{'IX .,, '")]·'' -" 

(t\1) {{'1 X '~)'P + [::,')X{'¡ X ''1 + 

!!_ •v X (•¡ X •v¡J ·~··) 1('! X •v) • 'Y 
'1oP ' 1 

um¡qo '"''-'Y JO) (l'(l) q~n01~1 (¡g) ~"!-'lOS 

,., O • 'S·'Y 

... q~ uo¡¡¡ood O<jl ,. ,, >oooq> 
.l•w h '·~¡o"'·"'"'"" .,11 uo ¡u¡od ·'"'J!q" uo <¡ •r """'S 

(!9) 

(09) 

(~) 

!!__ (•¡ X ('1 X'")) 
... 'H ~~1!.__ ('v X ('1 X 'V))·'• • .,, 

[~')X ('j X 'V)+ .2'_ 'v X('/ X •u)] ~ .'# 
'V 

(-"-)/('•·"S) .J.p + ('1 X 'V)-'<j-('/X "l·'Y 
-'f>p -'lp 

'PI"fÁ '·('/X •v¡ puo ·'V·~~~ (9'l) Uo ~"!1"''~0 

('1 X 'V)·('~-··>(,;,)(.;;)·l-.; 
"!'1'1'!0 ~·"S q1¡.w. {!l'l) uolo¡¡•-">d() 

(-"-) (-"-) ,., '"" + (-"-) ' (-"-)-(') ''/>p '1oP 1 '9p 1 '<{lp , l 

('/ .:!'____ + .• !!..) '1 -'S ''/>P '# 

>p -•p 
('q •'Y) X'/-+ ('•-'YJX ·•-• 

'9p '1-P 

+ .• !!_ .,. ,, -., ... 

,, ,_ ~ 

'"""'' ·•P' o¡¡vwoa!'l ~1f1-110UOJ 0<¡1 •~"'! ,,. '1U11¡¡n.._, ><ji .. ('1!' 

''8P "y "SI'~ Ju¡'{V~ .,, puo '• 0\tr¡ '' P"' '" .. ,ilv> 'P!'I ~ ''"w 
"""ld'!P '"'"'1""''..,'."11''! U o'!:.!_ puo '~JO 1•'1111 .. 1 •qJ, 
'•<fop '•¡ "U)'! .. 'U '"11'~1 lOO<lO ¡u•w>,.¡ol~p '"-"' 1°"'!""1!' 
•~1 010tr>a ·• p<ro' ¡o ""'I"'YfOod• oq1 "'ll" ¡<>u ooop •• puo 
~Jnon¡] BU~ !u OUI( •'!11noq• ~ Ápoq ppu >~l¡o UO!IOIO< ('ltU 

~¡¡uyu¡"' 'wo!l!""" po¡w,.d .. Ái>J!"~ ¡o..., •q1 01 -"'I!W'3 

~JOIUU¡Jl3 Ma!lS snc;ur¡ur¡su¡ 

<m r··-••JI<"•-··1-·• 

{ts) 1{'¡ X '•)/((,'; X '•)-•¡] • .:p 

),~X .~1/[(" .:;)(~ •) + 

(:.: X'l)(.::·'•+:~·'•)] -·· 
-x -x-· ¡• ;;j/(" '') ' '"i' ''P "'" .,. r 

•~"'1'"' "u P"" ., ¡o""""' u¡ 

(O~) 
,[('' -") ., -,(·• -'•) ,, 

[<·-'" ("---"-)] -'iP ., ''P 'IP 

{6~1 1: X W[(<x :.;)(; •)+ 
(:~X >) ( ,, -;;¡;· ·) J -' 

¡'" ''1/(. '') ' •tp X "'i¡i -;;¡ X ''1' • / 

'"""IIOJ .. :_¡___....,,.. ~•!1•1"' 0-1nd 
f""'l"'\',U!i"J 0111 "!'lqo•.o. 'IWm 4pi0 -l><¡~n;¡.q] JO jf" "'!=¡~u 
~6) P"" 'l~l 'ltl OJo¡ lu) po• (ofl 1" ""!'"'!'"~"' """n 

(9J) 

. ,, •p-+··-·1 . ''P 

,, .J.p-+ ., -,, 
•• ;oao¡¡o¡ .. ''1' "'P .. ~llVIf> f"W¡R-¡¡tryu¡ Jlaop puw '1 '"¡o ""'.,' 

u¡ '' puu '' >ijl.~ .low o,\1 -unp¡•oti ~11 •ql tilO>) P'I"O<IO. Á/IVW 
-¡"'1!"~"! >q • puo • .,u¡CKI ¡o '"'!1!'"" q>("!l VI '''''"' '"'' 

"""1!.00 
pa¡o.n~d;oo t¡•1¡uy '"! P''" 0001¡1 n Otuv< •q1 "1 11!" ""l'""" 
•1q1 "! 1""" tu"lt•lOC oql¡O 111' ·¡¡w.o ,(¡¡llm~l)UY•! r¡ P ~poq 
p~ "'!1 JO ]UOU¡>JV¡:I<1p-oq) UOfl!""' poy~ .. ~¡>]>¡<lo<l<" 
__,, p»>iT<Ia-.l¡rotu!•'""·~! '".:1 ·tu<r¡o!"'d po~=<l•-l¡ol<¡dwoo 
-n¡ p»oiOd,._;ll""'!""''"gu¡ ""' 1)1¡... pa1•'l0<"' Á<l>UI<»ll "l'" 
"'""' >ql 'P"P"! "1 ipn¡• !u¡p>.>O.td >q¡ P'"'" .. "" W:" •.11 

-o...,~> -IL"'-<1!<1-"' ><¡ uoo ''1 '''1-"'1 <.~>1•01o-""' "''! 
"-"1 Ül' u•ql O>UJO]"!l f"10U t¡ lJ U"!llpl"' U¡ ..... .,, o¡q!"""' 
,m .... ""'!1 ...., "!'!1 o¡ ·"! AIO.t>O ]O">['= •ql U!"'lqO o>;¡ 

pm "'! ooq¡ .(ow (6~) q!o"-'ql (lt) tuon•""" '~""!' "!'11 ql',ll 

(~ti r·· -,··~ + ,,¡ -,.~ 

1 

1 



li'ISY ~q¡¡o suonmue11 tl6l J.YW/809 

""011"!"'1 """<""" (tSl 
·•t~'"'l ¡»m .. jHJYU! ó~) m•¡qo d.'< "'JO) UOI)U,AUO>-~~) ~U!•iJ 

(.ú'o'1)q1U) •u w 'S 

,,~JO) OAIOI 1J11> ... '(f;S) pu• (tSJ ''""'J 
~p ~p 

, .. p-H-+'JM'' 
"(p ,>p 

<vtO!ol". 
[')(1) "1"! (tfj) l"!'"'!'"'l"S -,_. •u•t<l "1' uo m•u 1mn .üon 
·Jq"' "'" •' P"" A¡pu•nh l'"''~'l!"Y"! ''""!'l" ''"" 'XP "'"''1" 

(96) ,o•yp + •' • ,, 
n J ¡u uopJ.OO qtf.,p ...,d., 

pu• .> '"!od 1[1!·'" .. !'?"'"",¡o uottJtOd ~'' 0<¡1>Wn .... l•w •.11. 

(~6) ,, ,,_.,. ,., -,. 

(t~) •p..::!:.+.:o ,. -,, 
'''"1!"1 .. .,lonnp 1""'!"'11"~"1 <l! pu• 

,.. twm "! t-'0"\PP •.11. -••!>"'"' • '"!od q>Jq"' uo:;: "! •,_. pu• 
... • .. u•¡d J>o')U'Od>O Á[!"'"!"'l'0~UJ 0"1 >-•"!>·'< 'su<>¡Jp;o<l f"lVJ"I 
..,,. .([!"'Wts:l)tU~U~ 0 .. ) JOj "O""" u0.10 o uo OH"Mho !U)Od y 

'(IS)P'<"(O~) 
JO P"'l'<lf '1 JO) !""" oq (C6) P"" (W) l">!l oO•l!P'"'' >ql '111" 
(Gg) q~noúJ¡ (t~) '""!''""" .\q ""'!~ "" '""!"'"W"d<ounr<oql 
p¡>oA 'f"q-• •¡uow»•ldnp '"'"''l""'! .. l!UYU' >¡q•>=<l oq¡ JO llV 

'"' 

., ·An.non~st·•~'o-­
_.,.. -, ·--''" 

1 ., ''1 ., 10 •yp + "P • 'ffp 

, ... "11"1"'1 -=o 
non•!""'" 1""!""1'"~"! •'11 """~ ._ 'uo>;Jo"""" "!ql iii!*n 

., """"'' f"Up><lo" .. -P-"~" • ~ ·""l" 

"" ( 16) 
<p -'P 

,up-+•P-+'•-'• 
'YP ''F 

-:1> hol"' !"'-',...,.,. "! lfl!q"' "(p J•J>w•Jod I"W!"'l!UU 

·~· 
('•-'VI X •u.:!'. + '1~ '1<P •ffp 

" ··--- ,,, 
:<.-.Ol[O) n '1 P'" •U 01 

f"'l'P-' "! ·¿ '"'"'""'ld~p "'"' ""'1"..., •ql ""'LL -•'; .. ,,:;m !"""!'"'"' ><nd r¡q1 ''""'<1 ., ¡o )uow>O•Id«p •q> lu¡to•ll"' 
¡noq¡u. "• l"!od "'11 qinolql'"""~ q>rq" • .., '!'" Auo1noqo '# 
U"!J"l"' (OU!!"'l!"Y"' .ü--..n<q-"" oo .. "1 too:>~ Ápoq P!2~ ><¡J. 

(!Sl 

(W( 

¡;;¡-.:, 
(::,)¡(:;)-., 

Aq UOAt~ <n '1 '"""~utpuO<l~"'"" >~l 
'' ou¡OO ¡o'""'!'!""'! p>¡>uud,. Áll'''~'!~!úU"! ""'-1 "'el .,., •• Y 

(6!) (.:p)f[ :{'1•'")·~ + ,;, -(.:) (.:p) ., ] -'p 

(')·''-'"·'<[),'{-'> 

(!!) 

... q .. 

(9•) [('{ )( 'U)•('J-'~) (") (") + -''I>P ''fop 

(")(") (")(")] " '<j!p 'flp + '1<P 'YP 'l • -;¡¡;: 

(~!) o('l X '")/[t'l X '•)'P + (·•.: + '1 :¿-) '>] • 'V 

-o¡ ..--.¡o ""11'""1 o n ''JO u"!l\1('<1 •qt ....ro .. hw '" m~J. l•!l 

(06) ,p.:!'..+·•-.'• 
•• OIL"O[jOJ n 'Jp olu•qo ¡•w!"''!"~"! Ol' puu ''¡o 0\UJO) U! 

p><l'>Jd» oq OR> uop¡>OO .,.,q-" 1> uo )u¡od ""'~ o "! , 1, oJ>q'" 
0
0 °1 )UJod 0 JO Á)J0!>!-' "'{1 Ul ""'1 1 )0 0"!'<00<1 qtC •1(1 po!l 'U ... Ootl 

"! ' lUJod ¡o ""!'1..,.¡ 1[1-' ><[1 >w""'" ÁIU! u 'su<K)•.OO 1''""' 
·•d" Á[["lli! ... )JU~u¡ 0M) <",i "O•!l OO')t 0 00 0'"'! .... 00 "''" • 

"ll"!'"'l" 
'U0<1<00d p•l'"~" .(11'"""'1'"~"! "-111 ,(,¡ T"u~op '!1J><It·Yl•I•I>!P 
,...,,. "l'l"'"'d "'1' J" 11' '""'"''~» (¿~1 '1~"'"'11 l•R) '""tl~"h~¡ 

(6Sl 

(!S) 

(Q~) 
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,\¡t nf the pa.,iL,Io infiJ~t.,.imol seto~· d;.p[,;umo"" which ¡-iold 
tho oome >P<<ili eo.tio:» ore ap.in !;iV<n by oqu~l>ot"' (Sl) lh..,.,gh 
(~9) ..-ith t!•e oobdition th&t (9S) and (99) t.. U>ed lor T. insl•~d 
uf ( ¡,()) O!>d (SI ). 

Thr 0~1ign ar Binar¡ Unks wi!h lncomplelely Spetlfie~ 
Prccislon Positions 

\\'itlt Lho u\"'" "'""tiunt•d "P"""''""' lor !he >Ct<w dioplo..,_ 
m•nt, S.,.~-.""" desigo ••J l.na<J' fu,b w\th combinatioru ol 
oph<rioal, pir .. ;n-.pl>er<, e¡lindri<, ,..,·olut•, h<lia.l, ond pti<rnatio 
jomla ~-~- lliúng rhe app•opriote a,.,;~, <·~u•tiot,. lioted in rel­

''""'"-' (5, 8, WJ. !u tlá• '''"'· l•o~cvor, lhe "'''"' S., h noL 
C(llnplo•tel)· ko.ow.,, Tbe ""~Mwn ¡,.rom<t<rs ....,clated wilh 
eocb ""'" d~pla«rt>ent 5,1 "~ to b. deLerminod, ond he.o"' 
ot-.ld!,., add..,j i"to th.. oot ol .¡..,-.. poromdm ~¡,., lo• "'m· 
ple1cly •¡•e<Ífi<•d p.ooi>ioto ""'itioTL< ¡, '1\.ble 1 ~o li•t tho a<J. 
drti""'l Ó(~ign !""""'"'''" .,..,d,¡ed wilh .o<h ol tloo oOOve dio. 
""".! '"""' ol ¡,,.,.,npletoly op<titied fooittJ¡· &nd infinit..,mo.lly 
."''"'tOled d;,pJoeotnenU. In T.Wo 1, 1 b the nurnbet ol de.i¡¡n 

"'"'"'""''"d'" - j- 1 
Tlw >.1·ntlo"'i" <>1 loinM¡' li10ko lo' in<otn~letdy o¡>ecified P'"" 

.,_. ;,, r•~·, tio,., '"" ¡,, divicled into t~o """.,· 

(1) 1\'hen tloo ""mber o/ do.ign poo>ti~n• ••re cqu•ll<> o• ¡,.. 
tltaOt tloc rna>inruon uumb<• of do,ig" po<itio•" govc" lor ti" COt· 
"~1'"'"¡¡," e<¡n,¡tldo•ly ;pet·ili<'l p;ed,iotl ¡ro.olio'l ¡rrol.le.,, >;e 
"'' ot libe<ly to d"""" tloe unknown '""" P>•atnO(<T! l»ted io 
Tablo l. Un"' lloo un~nown •erew patOin<l<t"- tltoooo, tOo 
problono l.ceom"' o·u<tl)' tho Oo•ne "' ol,.¡ of th< .,,,...p<ind•n~ 
rompi!'Lt'l;· >pecifo...J i"'<'''"'' l~"iLiolt JH<tltkms. .\lt" Hotively, 
~e '"•Y '"" tlt(· otldoti"nnl <l<·~r.·t~ ol f "Notn tu <~000< oome o/ 
tloe li"k p>;om•t•n, ond th•n doto<mil,. lho unkno~·n "'""' 

!''""'"'"'"'· 
{2) \\'loen tho d<>is" ¡oo.,idut" "'"'"" \l,c "'"io.ttm ""mloer 

of d,,,;~, po,itiotto 0ivon for tite ''"""'P"""'"' compl<tdy >peci· 
f<ed pf'<~iott po;oi¡ion p<ublom, ~• '"" no longu orbi"an!S 
tb-. oll {o• pMt) of tLo un\n""" <Ore\0 p.>'>rn•tots_ J .. teod 
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they "" detenniOted by the "'"'"""'-' irnpoo«< on tho p.orti..,lu 
link dain •e..,.. oynth.,;oin~. To m.,.ttal<' tbe tethnique, ...., 
give on <xample ol oynthe.i..;ng Cyhodoi<-C¡Iind<' < mole; when 
th• po•itions of tWO point.s, , ""~ '· o{ o o«• •l'•cifipd, 

Deslgn o! C-C Cianks fa1 finllely Sepmled Pcs~ions 
Follo~i.,g the too(,,tiu'" "'"'1 ito <el<"'"'" )b), Jo.,ole M., • 

""'' wclor potoll.-1 ¡,. lhe r,,.¡ pwilioto of t),e ~n<ovin¡-íoint uis; 
Q "" aribl<"TY point on tloe firat -ition of lhe moving-i<oint 
ou;is; F o unlt •·oclot parallel lo tll< fj,ed.¡oint u;.¡ and G a.o 
arb.itrat)' point nn lito fi><-d-joint .,;, .. •~o~·to in Fig, 1, 

Fot •impli<tl\', ~•· will fun,ulat•• ti" ~rublem b¡ "'<OW di:;. 
pl•cotn•nto !.o,; tho fit" pooitoon, S,,.; • ),j - 1, O, • ..•. , "" 
tha< tho n<tors f.,, G • ., M.,, O,., n;., ot>d ,,, are oll in theit- fitst 
po>itions, and "' "ill <Mnit lhe ouh.cript.s lur tlo•,e VP<;Wrt.. 

'•· 

Th, <hl~ot <~u.,tit"" neo"" ~1\'<t< in J5)' 

'" ,-f,','f''"'+"~M'e)CCO.• tan 2 • - (F X S.,).(S,, X M)' ~-2,3, ... ,1 

A ) S.,- (S,.·F)F 
" + 1 - (S,,·f)' 

0001 

·(G - A,), i•2,3, . . ,1 (101) 

,.Jo.,.e S,,. A,,. e,., aold to,.J'- 2, J, ... , /, orr "'"'" Ly equ•tio,. 
( Jf) 1 h<o,.gh (20). F~'"' { JQO) nnrl {lUJ) it faJI,.~·• tloot thote aro 
2(1- 1) d«ign "''"""'"'· Sin« the de.i¡¡n p.ommet•,. uo F. 
M,G,O,and ~ ... ¡ • 2.J,. .. ,I<I,.,...,& + (1- l)d.,.i¡;n 
p.ot>m<l<n.. l!en<~. ohe num),.., ol """'i~lo bir.at}' Hnk! "' 
~•-•, nOtd the ""'"''"' of de~igtt l'''"iciou•, 1, m•;· '""~<' lrom 
2 1<1 ~ 

For foyo or ¡.,_, th~• fovo '~h«< d.,;gn ""'ioion,, ~-~ mo)' arbi· 
(tU~\' <ho<>oo the unkno..-n >cr•~· P"•met.,.., ~ • ., i ~ 2 'J, ••• , ~. 

••d ti"" dolermiOto th'"""'''• S'l, j • 2, 3, ... , C,, lrom ,., JUO!itm> 
( li) thto'l~lt (20) Allt·t the ,"'"'"'' 4"' dctcnn'""d, ti " tlosign 
~roce.:h<ro i• thett ,,.,¡)y th, ,.,,. u th•t outhned r.,. '"'"l'letoly 
opocifjed pt<cis\on ¡.,;,·,.,_in l:i). 

On lho olh<• hand, il ~• oub.,itutc S,,. A.,, 8.,, attd '" from 
oquatlm" {H) th,..,,.~¡, (~'O) inlu (lOO) ontl (101), wo oltL•i" lhe 

follo'"'~ t "'" equotioto" 

o01 'r.,• + 1-,"r., + e,,•- O ( 102) 

( 100) 

(lfl.t) 
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o.,·- IIF X (nzl,ll-lfn X I,,)>M] ~ (n·I,:F-/(n X 1,,¡ 

X MI] lan•~'- /{n·h,)f·n X M- (f X nH(n X 1,1) X M) 

- (n X M)·f X {n X l,,)j tan 
9;• + (f X nHn X M) (lOó) 

lo,'~ - /(n·h,)f·l, X M+ IF X J.,)·[(n X 1,,) X M[ 

1 '" 1 + ¡1, X M) lf X(n X[,,)) l~n' 2 + (f X n)·(l., X M) 

+ (f X 1,)-{n X M)- f·[{n X 1~) X MI] W> 
11" 

' +FnXM (lOO) 

e,, • (f X lo¡) .;~,, "'" (1,, X M) l&n' 2 + f·(l,, X M)tan 2 1 107) 

and .., ', b., ', '" ', d.,', .,, ', aod f•( ore 6f1b do~r.,., pol¡·nomiol• in 
F, M, G, andO (.....,nd drgr .. m F, 2nd drg,.... in M, ond first. 
"""""' it> G ""d 0). Wo mny ll'e ~,-Jvo~L"'• d,·ahho ••<·!l.cod t<> 

¡~;,.;.,ate~., (-·-· tan r;,) btt•"«to ( 102)ond (103). ::ormally 

Lhis would yiold • :>Oth d<&<oe pol¡·nomilll in F, M, G, o.nd O 
(9th dagr«" in f, 9th degrt< in M, and 2nd d<g...,._ in both G and 
O)forcaohj, 

J!,nce, lor five positiono,j • 2, 3, 4, 5, wo• bave (out Wtlo do­
~~ pol¡-oomi.-.1• in th• •i11hl unknown> f, M, G, aod O (eaoh 
Ve<tor ;, ruunt«< ., '"" unknow"'l~ There &n< ¡.,.,, appro­
pri~"' ft"' <;bol.,... lt ;, mool com·euieM lO <hox>O< both tbe 
direttion of th• Jnoving·ioint ,,;, and lloe ~on•tlion of ti" fox«<­
joi"t "'''• it•, F '"d M. Olo<t· f ond M"" rl•o>en ~' """ ldt 
~illo four >N"n"d do""" p<>lynunoials in G """ 0. llence there 
"'"al moot '"''""" P=•hl< ,.,.·,. locatiut.,, •11 of ~·luoh may be 
e""ily det<TmU.od. 
Al~molivdy. u may >uhotitule .,bilfory •·Alues lor F ond M 

;,.., (102) ootd ,..,h·e for '" wltioh R,¡¡ '""' yield tnn J>OM•~le 
v"l""" f"r ,P,. S01b,titutito~ """ oot of '" iotlu (1031 ¡·ic·l~• & 

Ion"" •et uf fuur f"qUalooo>O "' G ond O Tokon~ all ¡.,..il>lo 
combinatioo'" of ''• \\e obtoin oi>leen .. ,. o/ C-C <7anU. Thio 
t<'<thoo:l ;, the one U>ed in F.llample 1 whio;h follows. 

For ,;,,. r-itiuru; (lite muimum ,umhrr uf dosign pu.oitio""). 
~e ;,.ve oigl" ~Otlo dega·< pulynomiol• '" t·i~ht. unk"""""'· Tloi, 
iroplo"' nt "''"'~O' C) londri<>-Cylindri< <rmok .. , "''" ,. • .,., '" re-
4ui<e o nu111<rioal it<r.>lion. Alt<i-nath·oly, •• "'" itoroto (102) 
a..! (103) d"o_,Lly \1 ..-e oontidor lh• z., ., Ooght add",üon.J un­
knooms. Thio io the metbuol ...d in Enmple 2. Tho ••ador 
,],ould note lloat fl:s,, or M';s,1 •ithj- 2, ora.. or 9 """ oll 
'~'""""·' sol.,¡;,.,, to tloi, wobloin 

Numerital Eumples 
1\"e no• givo '"• num<rieal exampl= In •>~<h we treo.t th• 

J.,.;~, of C-C """lo¡ o·hoH t>·v poin'-' nf tho rigid Lody a "'" 
'l"""fied. Tloo ~ivo•n ill«"l>]d<·tdy >[Oe<if>~l f10ritely .eporoted 
pu•itiur" ore m \erm> of o poinl , ando dirwion " os followa: 

........ ~ " ., " .. •• .. 
' ·- • - ·- ' - ·- ·-• ' . "" "·'"'' • ·= o"'" o "" 

-0.100> • ' . .,, '·''"' '-'""' • ... " ú>Cl 
_,,,. 

• • ""·' '-'"' '·""' o '"' ' '"' -0·'"' ' L1<>0 • '"'' '·""" -o,,,.., "·'"' -u o<O> • '·"" • "" , .... , -0 .... • .,, o."" • ·=· .. "" ' . .,.. -· .,,. ·- o .,, 
• -· .. ,. • .. , ·=· _,_,.,, . "" ... .,. • -1.0,. ··=· "·"" -···"" -··- o .. ,. 

.. •• "· "· "· " "· ""' ... , o.'"" -00(10 

" o ..,,, .. '"' o "" -0.<010 

" "., .. -· =· .. ""' -· """ " " ""' . '"'" . -· -o""'' 
" . .... ·-· o ""' -· ., ... " _ ..... -· "'" -o .•• ., -.... , .. -· .... -· , ... -o '''" -··"" 

Th• ror..,pon<liu~ pure ;Ola<ion •tr< .. , T.,. are foun<l ~, e<¡uotiono 
(¡O) !hr<ou&h ( 12) 10 be"' follo«O: 

. , •• '· •• '· '· '· 
... 
"'' J 

" 
_,_.,, 

D "" o "'"' -O·'"'' '·'"' -o "·" "·" " -o ... , 
o "'" o "" 

-o JOJl 3.,. .. -· "" .... 
" -o'"'" -01>0> o, .. -· ""'' ...... "·"" "" " -·- -o"" o .... -·= 3 .... '"" '" .. .. -· '"" -· ...,, 0.0<00 -J.ll<O 3 .... ,_,., ,,._., 
" -. ""' -·- o ""' -' .. ,.. . "" ...... ,,._ .. 
" " ""' -.. ""' o .. , -·. "'"" '. ''·" . "" "' " .. ,, J>60 _,_,., 0.40>0 -··"" ' "" ' """ '"·" 

•••mplo '' "•• Pooltl•••· f"or f"• po."io""• v.o U<e pooitiono 
1, 3, ~. 7, '"'d 9 given abt.ve u our d.,.;~,. pooitioM, ond oh-. 
!lo• do...,<lions o/ tho ""'ving. ond fo>«l·ioi•·t U<S u foUo~·" 

M (0.7.';00, O.i:JJO. 0.5000~ 

Th• rotation< {.,. ol ohe rigid L.,d)" ~ •bo<Jl th• Jine "· •hich 
,,..,. .. throu~h th• t ~·o gh·en point• '· •nd •· "" loun<l !Iom (102) 
""lultnw.o 

.. " " ~., lot ..lution 66.70 !03.78 Jli.S-1 1<~.4~ 
(dtg.) ~nd ,.,totion 71..\J 147.~~ -176.00 -ll9.12 

Tho •ixteen pmo;ihlo a.i• locatim,. "" found fr .. rn ( 1031 oo R"hich 
""" u.e oll l><"'•ihlo roml>inatio"" ol tl>o obt.,·e f.,' 

'· '· '· Q. Q, Q, 
-l. U:,21 1.7mG " -0.6263 -1.'1120 " -~.159-1 5.~1[,;¡ " 25. ·~;~ 2UlG:JS o 

13.3>;0 --1.3~ o -35.5\l.!O - 2'LG&.ll • -lt.~ G.t137 o 31.3-119 2S.79<0 o 
h.20GS 0.5>54 o -16.1)0(., _, 

.9527 o 
-0.~306 2.~731 " 1.92"!7 !o.!b~G " O.S3% ti. 1371 " -5.2133 3.5320 " -O.?.l2~ 11.31$.'". • 2.3~10 ~.3SS7 o 
-0.8-.!~7 ··- " -2.019< -t.W99 o 
-.~.3772 '·- o 12.1501 12.8)6'; o 

-26.7153 12.0132 o 52.2319 tl.5895 o 
0.1.:.20 1.1191 " -0.88'!6 l. 2220 o 

-17HIGi 3 .li&37 o 31.H94 IH.%00 o 
-2.8216 J.3197 o 7.01;.1 9.().";;7 " -r..= ll."lS34 o 53.11~ U. 72"'...'1 o ··= ·~ o -1.0000 ·= " 

For , .• ,.¡, bhuuy link r"'"'d at..;o._ th• rot>ti"'" obou\ tho juint 
"""• "'' and -y.,. ancl the ltam.loHono•lon~ the iolnt o>es, "~ .,.¡ 
"'"" <>.n t)..., bo «oonputM by .,.;n~ f"qOIOtiono (21. (31, {5). <Uld 
(G) in ref•renoel5). 

•••~••• '' "'"' p,,;,; •• ,. For .,;,,. pooitiuo" wo requi•o o 
nuon<ri<nl olorol ion ,.¡ '"''""''""' ( 1 02) "'• 1 { 10:. ). O he soluloo~o 
!ur tbo al.ove specilo«l ni lo< po•itio•05 io 0.' bllo~-.: 

Di•octio" 
l-oro\ o m• 

~·,.ed.joint &>10 

o.~r.tlll o.nso o.~GGO 
I.OOfJU I.Ol}{JU U 

)lo,-inK-~•inl u;. 

0.7.1011 u •330 o 0000 
-1.000(1 1.1)()00 o 

Th• """ dbpl • ..,menl.o a.-=ciol.d wilh this ~i,.ary hnl .,. 
loubdtobe: 

"· "· ••• 
'··'"'' 1 

o "" -o "''"' .. , " " .. "·'"' -0.2408 
3 """ 

..... o ..... -· ,.,. ,_ ,.., . "" ·-· . , .. '" .. .. _ 
o '"' u .... . ..... 

o '"" 
o .. , -·· .,, -m" . "" '"'"'" 

_,_.,, '" .. .. -· .,., -· '"" -o "'' -•.:oro -'""" '· 0071 _,. "" "'·"" 
510 1 "" '973 Tri~sotliDns ollhe ASME 



Ag>in th• rotalion. Al""'t th~ j~inLo ""'"·o,, and ,..,, ood th< 
,,.,,~)Ations alo"~ tho j<.int "-'"'• o., ood "'"' <= h< cornput.d Ly 
u>ing <quationo (2), {J), {O). and (G) iu rob<O<e 15J-

Con¡lusions 
\\'• have intrmJncOO tbo ''""'P' ol'un·<nnplotely >peo•~od d .. 

,¡~., ¡>o.itions and <nduvored to •locly the Oi•plar<menl of hnear 
olonl<nls in a oy;tonu.ti< manner- 1 n ..ldiüon ~·o bove indiat.>d 
t.o~· lo apply th""' ina>mplet<ly •¡oocifi<d o<~ d"'pl""'"'"''" lo 
,¡,, d,..igo ol Nnat}' li~rlco. lo t<leren""' (5) =d ISJ, R< pr,_ 

"""'""a met)ood ol U<ing eqom·alenl ""'~ tú,n;;J., ond "'"" 
ltion~lo do.;.,, for ti" oy'll h.,.., ol <1 ;-nclo ""d 1 ri•d•. Thi• pt'-"" 
''"1 " .. rk add, new '""'!.'<>tÍ~< of p<lS><bi<· l""'•l<·m> whi<h Jn-')' bo 
"''""~ h)' ti., motlwl• of).\) ond [.1)_ 1 n urde< lo lÍe ,11 o! ti'""" 
'"""''''"' n·o pr!O'ent forrnnl."" "hich "'tobli•h tl.e !O'lltiplidty of 
¡...,.iblo ,¡-n: h..i> ""h>tio,., •n<l the '"""¡'"""' numbe< of d.,!gn 
.-;,·.,,. ._.>O.;ot.d "Íth drl!er<ot typ<O of d..;n.. Th ... for· 
mulo i"oludo !.>oth oomplot~l¡- ond inrontplotdy 'pecified desi~" 
¡m\tiu" ¡>roLlen"'. TJ., ""mLer of P""''IM <l<~ign ""ltltinn• ¡.,, 
"" u¡•eu )oup cho.in "'"'~'""¡,¡, "''" "'" ~Í"'" di•:•lnt·ornrnU< ;, ". '"'"''"' 

¡•p-(h-JX•-1) 

1• i. lhe mrmh<r of inclopend<nl link.¡;< l""'mOll'T> ,....,¡,.¡ to 
o¡..,.;fy tloo duoO<>..;.,., of ti,. hi=¡ tinll.o n..Uu~ up tho 
d<'>ired link chain, 

bi•n"ü"''"'l"''""';" 1 nnd~; 
¡·,, ''""'Pl<loJr '""' ¡¡,.,¡ p.-.d,io" ,,.,,;¡;,,, b - 6; 
1-'ur opeoif«:l>tio" of tn·o pointl, h - 5: 
!'or '~"'"~'"''"" ol A litro, h - i; 
1'<" o!'«ifi.,li<»r of a point, b • J; 
~·ur >~Ó"'lion <>la ¡xrint on o o;iven lin•, h • 2; 
Fur •l"'<Í~<>tion <i o ¡xr'rnt on • gi''<n plon<, h a 1 

j ¡, ti,.'"'" of ti" indopt'"'''"' J<'ll, •·•~ ulln'odo"\ in tl>e ininl> 
nf l h< "l'""·li'<k ,],,,¡" U•>i' l -''O ,ploorir"l j>oinl> wo "'"""' f by 

""•-) 
" ¡, ti"· '"""'"'' ol <i<"<i~n ]W«itio"'-

1\'),tto V • (l th<r< ..-. a fOlnlt numh<r of d.,i¡p~ oo/utions. 
Tho maximurn numhor of d..,;., positio"" io obt~intd b)- >Q]y. 

'"~ti" fo/lu~ing inequoiJiy lor the po>'ot'tvo ;,.,,,gor" who" ,¡,. 
loft·l'"n~·•ide;,"" .T"'" to '"""" po<>ibh•; 

~-(b-/)(n-1);::11 

Fur Uatnplt, in th• d .. i,n of a C·C <J'1lnlo; lo ,u,Oo o rig;d budy 
~-loel> only tJoe ¡:...,itiohO ol t..o point.s a¡--o opffifi<d, ..-e havo' 
p - S, b • ~. oudf• t. JI~-."""' to d$~n o.C~ "'"~ for 
fi,., >udr p<>sitkmo, thon " • 5, •rtd q - p - (b - f)(n - l) -
S - (5- <){5 - /) • <. lJt·Jo<o tlwe •rol<>ur opptof"bl ,¡,..,, 
,¡,.,¡,.., ond ~' h"'- ~• '"'"'¡""'· To dot..,ttú"o thc m'""'"'"' 
""''"'''' .,r d,-,;gn l""itiu'" "'' "''"" tl•o r.,tl.,wi"" inoqu"hty ¡.,, 
'" 

·n,. "'"'inntrn " wJrido ,,¡¡,¡¡., the a!.>o'• inl'<Joohtl i• 9 ond 
t ¡,¡, ¡, tl,o "''-"¡ 0\u nt nn m ¡,.. r <i ~ .,;~,. ¡>uoiot;u, "· 

liu"' thnt wl"'"'''<r t~o >pl>eri<"-' j<>inL• "i" in 1 he "j>tn.lotok 
olmi" <),.. d>·gte<~ uf ¡,~.,lum,/, ,Joonld 1,, ono ¡,,. ti»" tl•o """ of 
(1,,. "''"'"''' ol f<t~..Jonr ""'""'""d "'~~ cadt inintliH•r<by ol•mi· 

""''"" ''"' '''"" IH·.,Jom "'"'"' lho ''""'" ¡¡,., .,¡ U,o >ploor.,_ 
1\'hc" "' •ploori""l iui.,¡, o>i>t ;., tho op<t~linlt oMit>, tho degr.., 
ullr..durn •huuld Le nr{m - J)/, 1., th.n <he oto m o/ ti¡~ do­
g...., ~~ f~J,m ._.,...._;.,,.,¡ ~·itJr "'"¡' i<>int. 

Journal el EngiMfrinE for ln~ust1y 

Tb. •·alues of p .,_...,ci.at.>d ..-ith '"""Y '""'""'"¡~ •-' ¡,;.,,._ 
m•ti• <Oai,. ""' "'"''"od '" [S) on~ fb]_ p._, t),. "'""""' of 
""'uU.cript«< .l""ig" !'-''"""'"" n.uuri>ted ~ith oo<l• "'""· 
TI>< .,,,der ,¡,.,nld ""'" that •p<·ci,¡ f'>tJi;on ";,.d""'''d ito do-­

lotmming n,. """¡'"""' """''"'' nf ,t,.,gn J•o•itmro• lor d,.ill.! 
~'tth pr'c<m•t'to jo·,.,¡,_ JI in doul,t [:\[ ""d f8) <houicl ~. <Oh· 
•ulted. 

Ack~~wledgmenl 

Th< fiM"cinl •up¡><•>l ol lho li"i<"'•l Suen<·• F.,nn<l•liun ¡, 
"'""f"!ly "''"''" h•dgc·d_ 

Referer.m 
flo<l>. D .. """ !'«ud"'"'"'"· F., ''1\l·nth<>io <>! f'•lh·G•••"""" 

)J "'"'";''"' b,l- :<um.,-i..:r ~lotJ,oo_,,'• Jo<,.,., or E><'"O>A!HO ro• 
hD~>TRT, T,..,_ ~S~Il:, Sóo. D, \'o! ~S, ,';o. 3, ~··- nM. ""' 
"9.1-311G. 

2 Suh, G_ JI, "~''"''"";' •nd A"''"'" ol Sp,O<o -'.lothoni""' 
w<tlo L'" of n;,.,¡,""""' ~'"""·" n;.,"'·•<ion. lh.h '"" 1 ol C•ll· 
'"'";o, n.,ko1.,, e~""""· 1 9<36. 

" "''''· D .. "]•'u>lto.f'o"\i'" ThooiY APo•liod to 't-.t •• niom 
s,-,,ho,;,, .. ;.,, • .¡ 0/ .<pp~;.,¡ '""''"""· ,..,,., or ~nrE. s.,.,., E, 
l'oJ_ 3<, ~o. 3, ~OpL 10<7, PO• ~99-=. 

t !1oth. R., •"fho l..:in«=ti<> o/ Motlon th<ou,;h l'ioil<ly llep... 
,.,t<d PO>i!kmo," Jo.-...J •1 -<nJi<J N,.,.;.., \' ol_ 3<. ""- 3, l'<-pt 
!gj;7, j>p_ ~91 ··"'· 

> T .. o. L. ll', •nd !toth, B.. "D,..ion ol u,-,d• ~ttlr lloli,.r, 
c,J;ndric,l, 5ol•no.J. n .. olutr. '"'d 1'¡j''""''' Jo'""·" ·""'"•· 
"'""' o<>J Mo<i,!o. 'J',,,,.,~ ¡ro"""'' Jo'""''.¡ .ti""""'""'!. s,_.,;, 1 
1 "72, \'oL 7, !-.'o_ 1, 

O Hoth. H,. ··oro tho So«w A"' '"d Qtl,., S¡>o<io1 L"'" ~-­
<i><<d Wtth Sooliol J)U.pl.,.,m<oto ol o )(ioid llod]'," Jouox•c o> 
E•orx•~R"~ ro• hoe"''· AS U E. s.•;. ll, l'ol. ~9. ""- l, !'ob. 
tg¡;7, op. !lr.'·l JO_ 

? lloth. n., "Tht n..;., nlllin><y r;,.,,, "'"" "••olul<. c,lin· 
~<><, >>od Pdorn;lidou.to," Joo,..ol 0/ M,.~ ....... (S"'""'" !DGS), 
\'ol. J. 1-io. '· ""· <'1 .;,. 

S Tu•. L. \l'., ,,d H,<tt. 11., "D .. ;~, of 'rrind• (;,i,, ti• ~< "" 
T ,._,,,;, n,,,.," /'"" ,,.•¡.,., of ''' JI/ 1l'••M C'"'"'""· I!To tl.lf, 
))"~''" "'"· ,- "<''~·" i·•. ~''''· 107] ( \'ol.,,no D, w c7J·""G). 

" C"'"· /'., "'"' U oH,, B-. "A u.,r .. ~ TI"""' '"' '"oi'•"''''1Y and 
lrofinlt.,im-.11,· S.oorot«< f'oo>tion Probt•m• of ""'""'""' ~' "'",.¡~" 
Jot·rtK" "' J;H'-'"''""'x" ""' b0\'..--.1', To>"'· AS~! E, S.,;,. D, 
,.ol. "' , ~,_ '. rw. )!>Cll, ,.,_ wa.-"'lS_ 

ID Cb.n, 1' .. on<l ltoth, ll., "D .. '•" !:.Oo>li= for "'' ¡·.,;,.],o 
·'"" lnfinit .. Jmolly g,-,,..,'<l l',.,itlon ~l nth .. i• ol Bm><y Lir~ o '"~ 
Co"'b'"od Li.,k <:!ni<.,," Jmm~_<L "' 1:"·""""" t'ú" '"""-"'"· 
Tmoo. A~-"F.. ,.,;.,.¡t, \'ol 91, No. J, Foi>.Jil<•;, w. '09-21,, 

JI W>hon, J, T., "A •nolyli<>l J(noom·,>t 't< ~ ''""'""' by Fm>t• &>,.. 
,,,,,.,,..,,, .... J""""'c ,,. "''·'"''·""" ''"" ''"~"'""'· r ..... 
~.\'.V~·. So~o<o !l. l'ol.-', ~o- t, F<b. tOGS, !'l' 161·16~. 

12 Suh. G_ 1! .. "!""~ ol ~n><e ~! .. honi&mo lo• H0tld·n..dy 
Gulo!•n«," Jm;•"c o• E"«lRE<>t>xo ••• />DCo-r•>. Tno"'- ~S.ll t•, 
s.,; .. a, ,.,,_ ~··~ •. o.,,.,., .. ,.""- ~u-m. 

13 Suh. C_ JI,. "D"i<n <>! Sp,.. ~!t<honi""' for l'o,ctio" Con. 
''""""·";bid,""' oo;-oto. 

" s • .,u,,, c. !-.' .. ""~ n;"1'"', 1-i, 1 : .. "<)n o r."'"'"' Quo<.,,;,,.. 
"''"""' MHho>1 ,¡ ~''"""' 1<;,,,,;.- ~'""""'by_,¡.,.,, of a 
~o;,..to1o t]ot.,,;,., .,.,,,.,,," Jot'><X< e m· ,.;"'"."'-'" '"" '"""""', 
T"'"'·~~liL'&ri.,H, l'..r U1, ~o 1, f<~ !~""- W· ll5--m. 

'" !l~•t. \'., ···'lolioov< motOO> poot•1•h><h oO>.>Y ,_ '>Oiho 
p,...torov;·oh ""''"'"'"m•," &~i•"'• t .. opr:. XXI. C.! . 19(;11, pP, 
03·66. 

!6 Cupu, 1·. K .. "Ontirn•m Finito l>;,,,].,~m<nt ,_,·nth.,.¡, o[ 
Rp>t>.t Liol.,._..._" J'hll ]}j,..,rt.otlon, U. G, Uorl<lt}' JohO !070, 
((JI!""· 

¡; !be~•. c .. ",\!"''"'"'" ~""' ">-•''"'''' ol So•-"' '·"''"""¡""' '"' "" (;'""·"'"" "' c, ... ,,,,.u ""'¡ ¡r,,¡,,,.,.,,";"'-.1 s ....... .. 
Jqu»•"•L OF !i . .O·"'·' """ >Oh 1 ~DO"'", 7'>0•<- ~S-V E. 801i<0 U, 
\'ol ~J.I-iu. l, Fdo !91!, t•r'· to.:;·l75, 

'" t...v•L-.lrli. ~·.J.. »od S"' k~;.,, 1· .. "On tho s.,.,_;~ J'~"'"""' 
o! r..,,,...,·, _\fultlo••<r• in u,. Lo...t.S.,•.,. s,·o<1,.,;, <>! ~!«h•· 
ni..,..," Jo01oolo/ .,,...,;.-..,\'ni. J, ;\o_ 1. 191:8, OP- 3-IG_ 

19 T .. i. L W., .. ,...,,., or Qprn '-!' Ch;lno !o, l<>"d Dod,· 
Guid.o,. •. " Po!> n; ... ,,., io•, ~<.Mo•d ¡;,;,,,.;,, , '""-

MAY !97) j5[J 



G. SUTHERUND 
R"oor<h ""'"""'· 

A Transmission lndex for. Spatial Mechanisms 
B. ROTH 

o.,._ o! M_ ......... _. 
A f'""<Tt:l ;,..¡,~ of (M r;ualil1 <>/ ,.,.¡¡, lronrn~i>non Jor 1~ ,....¡,,.¡.,, ;, de­
r!<kj><d u>Ínl 1M lh.ory of ''"""'· This iM<ct ;, sMwn lo bo r~ lo /M m«lwnkal 
mor P.>>iblt in o li..Ur<. A m#W for ~M•t >P<Uiollinh>ft'J 1lri.ll dtritobk 
...tio-r. JrorumisWm o..d m«M•ilnl """ dmrot.kristUs;, dtti<lcj><d d..d t=mpl<s "'' 

Stoota.d UniYonlty, 
>ton~«.<, Collf. 

llunm fcr 1M RGGR li..J:ar<. • 

ln!roductlln 

SrN<a ill int.roduction by Alt !1],1 tbe tntllmiosioo 
a.ogle b.u .....,.,.¡u a.o indioolor o! Lho quality ol motion n-an,.. 
miosion in planat m<'Cbaoi>m.o. H&in !21 defin,. tbe lromm...,on 
aogie for • numt..r of planar mO<O.niom> inclLOdinf; !On~, 
- .00 oompow>d mHboniomo Reo.nt worb (3, 4, ~. 6) ha ve 
dealt w:itb including the .....,..,;,.,;"" o.n,.to in U>o 'Y"tho.io of 
pl&Il&t fuolf•batlhokog<o. 

For opotiol !U.k-. B"ci (7] do!;""' fwr fo- tnoomiMioro 
;,.¡;""' ""-ot<d lo the link.o,t-olooodiop.. Yum el ol (15] .,.,..;don 
Bo!l'o virtm.l -'!lciont (9) .. • tr•nsrn;.,;on fool<>r. lloorevu, 
t!oe.o d""' not "'""' to ¡,..,. boen d•volop«lo opotiol tronom;.,;on 

. inda •hitb oo\ only ¡, ind-d""t o! U.. linl:- loodioK, but 
&loo;. ..,.,.u-.;,.od lo ha..., finite ni""' for all p<>O!Óblo moclwoi.m 
oonfigu'ltlooo. A •ingle inrlo• of this type W<Ould be voluoblelnr 
o:omporin~ t!oe rnotioo oboroct<-riotioo of l!pt.tiol linlr.og<oo of di!­
¡.....,¡ w....n.ioDO an<l \ype. Sutb a tn.nsm;..;,o indn ifl);. 
dov<lop«l in t!oio poper. 

fleno.it and llortenberg ]~] (pp. 31 ihl20) olmw how tlo• ,,..., .. 
m;,ion ongle Jor !he plonor four-..bor liokop is >doled 1<> U.. 
m«<hanleal <mor io tho lmbl:" d.,. "' ,,.tistkald.-viatiot.oio tho 
link lrn![\ha. Th• transmiuion index dovelopod in thi! pop<r h .. 
o oiJnilat rolabonohip lo the po.,ible m.chonioal error in opt.ti.o.l 
Liro"-. 

lf o numbu ol liolog<o of difforeot dim"""i""" '"' .. allob!o 
whiclo P"tf"'m th• tW o/ poth generotion, funotion J!"n<ration, 
or rigid loody go.¡idMe< w:ith oaWfaotory otruoturol <!TOO, tbon 
th<t< ¡, b«d for criteri& lor oel""tinK lb< b<st liok~ lo rood 
li..J:og< d..W, m"'t fit .nthio tho opt.ce oUott<d, ha>< •ood 
rnotion lron•m._,;.,., chnt"><"'tiotios, aod he r•l•tivoly in•m10iHve 
lo dt"\"ioliono o! \he link parano""'" from their Kleol val ...... 

' Nun.l~ro in b<aoht. cl,.'"""" H<loroo<eo al end nf p•f>"•. 
Cn"'"""t<d b¡· ot.. D.,;.., ¡; • .;....,,¡"' Div;.ion foo '"-"'"Ion 

'ot tb< ~h.t ... w.,. {"oole,..n .... S..,. ¡·,. .. ~, Colo!., o.-tobor 8·11. 
\W2. DI Tn A~<>><•• Soco= or M""R'"'"'" bo••«••· 
.lbnU><"<it•l ..,_,¡,..,.¡ ot AS.IH: tl""'""ou .. t<ro, July 6. 1970. p,,., 
~·o. 72-.\\.-.t,-3-!<. 

In tbis paper tho problem of det..nnining o ltGGR f>Jnotion 
~enerolor 1ritb optimummotion tr&IWniMion &lid nror oet.aitivity 
ciw'seleriotioo ;, dealt 1ritb. Comput&t~y .m.,;,, -
d.,.. can b< d.,...,¡op«l bo<o.uoe Tl io o oinglt>-valued Junotion of 
the input oronk onglo for tho HGGR linkogo. Ho.,ove; tho ove,... 
all mothod ....,.¡ is &¡~pliO&blo lo all <p&Liallinl:- 1ritb o 1ot.o.l of 
~oe ~ or 1..-lom in 1M linl: ioints ""' ~ "' U.. 
f"""o hok (b~l<!r 0&!100 tbo'"ftooting join"'"). 

Wrmhs, Vel:dty Scre!fS, nd Redprctlty 
n.. ¡.,.., d;.tribution at ony joint in a link- can be""'"'" 

••nted by ito equivolent •mmch, whe" a wrenoh io definod .. a 
oin&]e fo""' oombined 1rith • oouple in • p!ooe po<pendioulor lo 
the ¡,..,. 19]. This <quivalo"" ~oh is term<d \he" joiot reoc­
tion ""'noh." 

The inot.f.ot.o.nrouo velocity diotribution in • rigid loody relotive 
lo oomo ..,..,_,,./ramo""" bo repreoent<d by • yftocity ...--, 
•b= o velocity """" io dofi,.,.,¡ .. •• ongulor velocity arourod • 
otreiglot lino ouonhined 1<itlo a '""'lotion olong thot line. 
Tbe ot~lot lioe io O&!led tbo ioot.o.n,.neowo '""'" uis (ISA )for 
tho J"elo.ti .... D\OtioD of the body «<o.<Íd.,..¡, 

A"""'"';, a ot<ai~ht line with whkh o oealar q•llntity eollod 
tha "pi tolo" is ....,,;at<d. Fivo "alar quantiti<oo are requirod lo 
romplelely define • """"· Jo ..,..... ca<o be "'1'.-.-nt<d by the 
uoitmolor(tO] · 

lt + <pJS 

... ~ < ÍS tbe Clifl"otd ....., .. ope,.tm,, io tbe pit.tb, aod fÍO & 

unitJ;no vt<l<>r [1 \ ]lying on tho """'"" ooio. 
A WT"<'n<h can bo con.•ider<"l os • ocre~· witlo whioh o oeolor 

quantity ealled tbo in...,.;ty ;, ....,.;ated. Tho in~...tty is tb< 
~ul,.nt, P, o! lh< for« s¡-. ..... -.id.,.,¡. A ......,do OLO th"" 
b< repreoent<d by 

F(\ + <p')i" {t) 

•loor< p', \he pit<h, is tbe rotio of the mognitudo of tho ...,..ooh 
<<Oup]e lo ti" lote< =ultont, andO ion unit lino vectn' nn tho 
a<i>of tbe WT<noh. 

A velority ...,.._. io o..,..... ...;tb .mich • o<alu qua.otity ..UOO 

Discussion nn thi< nanPr will J,,. ~rrPnff'd ~• ASMF H.,~dnn~rt"'"" untO) Nnw>rnhl'r 1"\. 1Q72 
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oi the tr··-; .. ;.~ wreoch for a ntrmb<rnf t)l>Ío:al "P"tial !ink­
with five d~ oi ft«dom in th<ir lk>otin~ joint.o. Tbo ll.CCC 
and R!Wü Jinhges aro e"'mpl"" o[ lihka¡¡ .. whioh do no\ havo 
a tola! nf ~·• deg....,. of frr<Kiom i.o tbeir ~o•tiog join~•- F"' 

.. 
tho RCCC ~nhge thelino ol o«ion o! tho TI\'~ iJ olong the <om­
mon ~di...Wol U..'"" 8""tiDg cylindri< !S.\'>- Ho_...,. 
the pil<h ol the TWll io dep«>d<ff.t on lho fono. ol tbeloadi<l~ oo 
the drivin~ ond drivenlU.I<.o. For the RRGG liokoge l.be TWS 
pit<h io ••ro and t.he TWS lino o! o.rtinn int<roe<:t> the dootinK 
R-joint ISA ond.,.....,. thrnUKh !he <enltr .,¡!he G-joint. !low• 
ever, tho p<>ÍDI of in<e,..ctioo o/ tbe TWS ood !he R-joint ISA 
deponds on the dri,U,J ond ~tivttl link looilin1. 

App«><<ÍI A <ont.aim o eoloul.t.lio.o o/ tbo tnoomjsoion orrenth 
f<>r o RCIICR tin~ ...U,. ,..._. ~,. &<~d du.ol qoaotitioo.. 

Transmlnlon lndex funt11on (TI) 
Tho input link oauseo moli0<1 ol the output hnk throu•h tho 

,,......,;.;., -~•h. Tbo O<!lp<>t lillk Íl iMI&<>IanO<;n.toly oun­
otroin<d lo\,.¡,\ ahcml ita ISA T<lative lo U.. frame Jmk_ ThUI 
u.e input link l.Ond. to m<>Yo the "'-'tpu\ liok ooly wbm tho TWS 
is oot ~p..,.,.) to the outp~t link voloa\y """'"· The lalll"f 
the vi,.Bol meffitient l>et....,n \ho TWS ancl tho velooity acre•, 
t.he lorger tho f"""" \rauofor \o \he ou\pu\ link fue ~ giveu trouo­
mioloion """"'b int.<naity ond outpu\ link ""lo<ity """'" ompl~ 

'~· 
Tbe •i.rtos.l eo<fficioo\ ...,. toko oo. vol- hom minuo infmity 

to pluo i<llioily. 00 in i....U i\ io "'"o ..,mv..;...• tnuomiooioo 
index. Aloo, if eilho" p' or p il inlinlto, "bi•h is a do!init.o paaai­
bility, tho virtu.l roclli.oion\ il meaniogleoo .. a t.rooorniaion 
ind ... 

Ho....,or, a v.n..tioo o/ the virtual OO<I!Icioot .. b.id> <1<* no\ 
han tho prnblerns \ha\ tha virtu.l ooell"u:iat.\ hao, .... boa dollood. 
F~ 3 obo ... the oulp<l\ link ol oliohp ..-ith TWS W. o "'....-.1 
poontioo. ISA~ is .r,., ""-""" ISA for tho ...,.;,g ¡.,¡,¡ oo<>­
nO<<od to tho ou\pu\ link, o..d ISA, is tho ISA lor t.ho ou\pu\ link 
.. dotorminod by t.he join\ whith ~tucl.,. lloo ou\pu\ link \o tho 
!"""'· "C" io \he ch.,.oototi.otlo ¡><>in• lur \hla oonfi&uration; it 
¡, dolinod M 1ho point oo tho TWS "boro tho perpe<~diculo: Ir= 
ISA~ to TWS i<l-lo TWl:l. "p"' is tho dilw>ce ¡...,.,. ISA, 

"' 11 u.e ~ ....... eh¡, =.....m..r."' paoathrough e, b~t 
i• oth...-..-¡.. ol.Jo,....¡ 1.--!<>m of oriont.otion, tbeo t.here il oomo 
oriento\in<> uf the TWS ouoh thot th, vmuol coeffioioot ¡,m .. ;. 
mi=:!. Tho mago.itudo ol tho virtuol oooffiriont """""l"'ndin¡· 
to tiW optimUI'Il orion~>otioo il 

Ok- - ± t [(p + p'l' + "'J'f• 
Tho U"a.Damiooion ind"" (1'1) lor olinkog. isdofu>od .. 

n-l'-l·l(p+p')ooo6-•oioel:~ 
W....u [{p + p")' + p>]'lo 

O!¡,., tho aboo>lute n.l.uo aip;tl <&11. be o..,;dod by usÍ<I& 

TI• - '"'''+"i''.l' •-"''"'''o-;.'-""' (p + p')' + p' 

,., 

'"' 
'" 

Equalion (6) ia uoolul .. on inde• ""'"" whon p •od/or p' il in-

..... ~ --·-
' • 
• 
• 

... ~ ... _ -· ....... . 
-M• _, __ ' '"'"-'' <-uOo _,__,., 

~·-· ~·- ·-~···· ,_, __ ,. '"""~ ...... 

Jaarul al E11inmln1 lor lndastry 
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finite. In ouoh , .... it re<luceo to TI ~ fooo e[ for fioite raod p 
Tbe ,...,"' ol volu .. Jor TI¡, fmm .ero "'ooo (bm<O thnan"" ol 
y,.¡...,. for TI• il from..., to .,.,,~ A linb~ ..,olilrUtation ..-b.ieh 
hu o TI Yo\uooiMie orould havo optimumototie foroo ood moc.ion 
t.ronsmisoion <harocteriotiOII. A llnkqe oon~totion ..-bi<h hu 
á TI n.l.u• of •oro would hove ito output link ln a dood oontor 
position. 

lf Tlio ovoluotod fo< o. plo.nar fou,..bar linko.ge it b•<>Jm .. join rj 
whorn ia tha U'o<lon>;,.,;,o .o.ngle ]!]. 

Tobl• 3 ~••lhoTI""" ·M, foo a numberolopotiallink­
in ...,.. of 1M link~ ood pW- .. riobleo obown ln Fia". 2. 
Appendi> ll <Onto.ino tbo oo!ouloti<mo .-..¡uitod to dotermine TI 
lor the RCR.Cillinkoge. 

TI """ bo11iven o geometoio intorp,..,ta\ion. l..o\ 

A _ (p + p'~ - ,¡ + (p• - r')'lot. 

8-oos61+•inq¡ 

Then "1'1 onn bo wntton 
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TI -l~i~~~ -lroo Kl 

lf K is oomi<lor<d lo be the oompl'""""' ol a.oo¡le r, tbm l.be (1111-

onliled uo.nom;,;on ~· r lor a¡¡iv"" linkago> is dofined 1<> be 
(he eom¡olement o/ tho omall .. t anglo bet,. .. o veotoro 1\ ond B 
dolioed by (S~ 

TI and Methanlcal Errar 
V.,_, • linhv io ..-! ., o fu~<l.ioo _.lo, o nr<!<lural 

...,..,, E., .. ,.,. in lhe linkav boo:ause ..,.., o peri«t hokav .., 
onl~ opproximately ~"""'¡., mc>11\ lomtion• overo fini"' ranl<". 
llo""""'• no linhge """ be buUt eu<lly .. op<citiod; \huo o 
meehaniot.l <m>:r, E~, due 1o IÚik dell""liom, j<riot d......,.cw, 
ond """'ulo<turin~ l<>lonu1<"" muot .n.t. 

lf tho input &od oulput link• ooch hnvo one degr .. of moliom~ 
~Lod by 4> &Dd f reopeolively, t.hon l.bolinkqe mech&llical 
....,.!JtforoP.em.ia!8) 

M • _ i: OFj~, 6q, 

·- 1 1>F f?J,f 
(lO) 

,..¡,.,... F(q., 9>, ••• , ••• fl<, >f) • O is tholinhge ol011ur< equotioo 
ond q, "" the "n" lhokoge J>&'"'""''"' whioh deocribo \he liuk"f!O. 
Th< d....,minotru- OF /0\1<, .,hicll is tho oarrut fou.U J.q,'~ is oalloo:l 
tbe meeban"'*l <n-o: d....,.,.; .. lor (MEO). ).fuimilin~ !.be 
rninirnum vo.lue of MF.D for ti>< deoirtd range o! link ore motion 
"lll havo tho effe<t ulloweriuK tho me<honiot.lorrot l><>"'iblo io tho 
link __ 

1< ia obo,.., in,..,¡_,,.., (81 that 

for t1eplonorfou•-b.at linhl(<. (oin T • TI lor tbe plonar lour­
bor.) Thi•IWil< n,.ult, O>omoly 

(1 ¡) 

....,. ta oloo bold fo• opotiallink-- Thio ioo;..,..,.lh>.t.., TI 
opprooob"' otro <rn.U <rro"' d~• lo manuloOIUnng tal.nn= <>r 
hnl <l .. lirit)' <Oto hovol"'"" effer<• on the ooeura<y of lh<link•J<" 

.. olun<tiun "'""'''"'· 
• .l.pp<ndi< C """'"i"" o prool ol m,.u., (11) !0< tbo RGCl\ 
link•R<- Although no J<"•><ral proof ol (11) hu b...., devi><d 
o·hido ;, inde¡><nd<"nl nf o he J¡·pr <O(]inkage «on>i~erffi, " ha, b""" 
vrrified for oh< miGfl, J\GCR, l\CGR, ond RHI\Glt hokageo. 

• 

Poslllon SynlhesJs Equ¡tJons lar RGGR FuntUon GeaeraUoa 
Tho el""''" oquoo.ion for tbe RGGR !ll,k"'" (l'ig. ~)""" be 

...,.;,ten .. 

t4.<t• - Q,<"f, + Q .. t. + Q.c¡jo, + Q,..p, + Q.-4>.•-1· 
+ Q...Prl. + ~.,¡,, + Q. (12) 

-..b ... 

• Q. • K ¡,.¡o<"f,- ~·> 

• Q. - i (.uf, + .. ~¡ 

• Q. - K ~~ -t•<•.P.l 

-· Q, • K ¡a..p. + M"""l 

-~ 
Q. • K cofo04>o + ~~ 

{13) 

~ 
Q, - K <<t...P. - «•""""-> 
~ 

¡¡, - K r•t""*- - •f<t...,l 

' Q.- K 1•'- ~·+ <' + d'+•'+f'- z.t<tl 

The lotl.,., <, o, or 1 direetly iD front of"" an¡le d0.11olll.._.,. 

tively tbo caoi..oe, oine, "' -· ol tlut.t """"' 
The inven!ion fornmlao for tbolinl poramo..,.. io tormo of tho 

Q,'o oro (,..;lh o • 1, oilo<O only tbo rol.lOil of lho Uollet~,~l.ho &1'0 

importan\) 

... - 11 = (1 + 11•¡'1• 

H 

<l' - '"' Q, 
Q, - <<WJ, 

' 
t>fo!.(/.t"fo - Q,) 

.,¡.,¡Q, Q#o) 

d - <9<1(/ot"fo Q,) 
(1 + l"f,Q,) 

' -

(H) 

t • (1 + •'+ d'+ <' +f'- 2.-fo!- KQ,)'I• 

Thor< &r< four group. ol link poromotor. d<lonnJoed by tbe ;,... 
v""""' lo.-mulu. {Tbis il in """'rdon<-e wiob Lovi!okii'o oolu­
tKm [!2] d<lennined usin~ o difl=nl roordin&l• .,.,,.,.,) Tbo 
..,)utim'" ""'in '"" p•ito ~·hich b<itAVe >irnilorl)' lo lhc tuolo ol 
o-.-o quod ... ti<2. Tho for•l poir oor.-..pondo lO the p!o., oign in 

Trmmlions ollh! ASME 



the q,_¡r•<ie fot t4>o; the -.1 pod to the min..i ,;11'1- For 
.. oh tn<rnb.r of a poir the ,.;.., of •!" di«<r>. Thuo <~e tom ..,¡.,_ 
tion> in tMh pair o!iffer only in tho •Ío¡n;of ~. '• onJ f, ..-hile~ • .¡,~ 
o, b, <, ond d ,,. klrnti~. Th< '"" ool~tiO<LO;, ra<h p>ir •~ ;~ 
fao:t .,nly rnirn>r ÓM>geo of -h otbtt ml«t..J U. tbe plano ol 
rnot>on of rither th< <tan\ or foll<>-linko. Thojr rnotio~ ttano­
mis>inn, <rror "'"'irivity, ond f"nc!wo g<ner>ting rMro<teri>t i"' 
., idontkal- 'J:hwt oni)' o"",....,..., (tito l""iliV< oioe oa><) of 
oach pair n..,.j bo ..,...¡,¡,,...¡ in •-"?-nt'-i> pto«dure. 

Motion Transmlsslon Exprmlons ter RGGR 
for the RGGR link- i<> hovedffirable mol ion ebo.r'-"'..Uti<O 

throughoul it.o ron .. of motion, tbo minimmn TI ohould bo .. 
lorg< .. ¡>ü .. ible. An .fl«tive oriterion for \..,pino TI l•""' lo to 
minimioo 

[ .. ., (1 - Tt•)d.¡, 

.-he,. Tl';. .. p.-...-1 .. a funttion of (>, the input <ronk an¡le, 

4-o is tho <n.nk "'"" .,.,...,por>dio& "' th< """' o! th< m.ni , .. ,.. 
of """'"""• t.nd .14> io tho dooir«< "'"~o! onmk t-Or..tioo. [(1-
'fl') oan be thnu,ht of .. ..,., r o·here r;. (he t=•mi.,ion atogle.] 

For th< RGGR lini<.og< ..-ith 

TI'-_!_ {4<'(«~- a<f.)' + -l<'(d +O<(>)' 
ib'•' 

- (A + 2od..lo - 7'1/•Wl'l (L~) 

Á •<>'-b'+•'+d'+•'+f'-'hf<~ 

b)' pOrlorming the ~uind in\<lntiobJ .-.btion (15) t>oeom .. 

f.••.. ' ([ "'] .. (1 - TI')</</> • ~~ <'(b' - d' - •'•'~1 +--:¡- 1:.4> 

[" ' l + •'(d' - <'1 
2 

+ ¡ (•12(,¡, + .1<;0 )] - o(2ol>ol) 

+ •'tr•'~ - <'<'0 [.l• - ~ f•!Ziol>o + A</>l1 - •tu.l] . ' . 
+ aJ(A - 2<'){o((>o + <i<l>l- ..,1 

+ "'UA/- 2<WH•(,¡,. + .l,¡,) - .,._¡ 

+ o'df•~l•"i>o- o•(,¡, + .l(>)l) (17) 

11 tho dooir<d rance ol motio11 of th< <tOnk ;. 360 d~ t.ben (17). 

rodu-"' 

f.
,_ 

o (1 - Tl')d<l> -' ¡~ -_E_ (l + 2(1,' + 2(1,.• - Q,• -· 
" - Q,' + Q,' + Q,• + "''- 2Q,'))" (18) 

wh.., K ODd tlu! Q, a"'d<lln<d in equ~UOM (13). 

Error Suiili~ity Etprmlons lor RGGR 
The ...,.;tivity ol • lirlk>&< U> dovi>.tlono in the liok pM>mO~ta 

ean bo minimiL.d by .,.,¡.,;,;." tho mínimum volue of tho 
meohanir'll error •l<nominat<>r ()lEO) fot tho deoirod tongo" nf 
link"'" motion. -~ ..,;..,;,1• rrit•no.t lot aolnovrog thi> gooJ io Lo 
mnimi•~ 

f. 
...... 

" )IED'dol> (W) 

for the RGGl\ liokogo, 

Journrl DI Enzlneerint lor IRdcs!ry 

"'' Thn<fme <o<p,.....ion (1~) h"" ""pand..J formo oimilor W <>P'""" 
oioM (17) and 0~) for portialand foil <y<l< "'"""• tt;p<ctivoly. 

• 
Dlmmionrl Synthesis Usinz Tland MED 

If "~""""" ( l~) ;, wtitt<n for .. von P"rnion P'"ihooo, then Q,. 
; • L, ... , 7, <'" be6p.-.....d .. lin .. dun<tioao of Q,_ Tholink 
patom<t'" in (li) ....,rd then ,¡,be "'JJ.-...-1 io t<rrruo ol Q,. 
'fhuo (olthou"h >t ¡, not conv.nient !o ~o so) <>p,.....ion.< (J,;¡ •nd 
(19) rollld also bo wnll•n «plidtl;- in tertru! <>1 Q~ In the d,._ 
v<lopment •·birh ¡0¡¡0,.-1 ••P""'ÍOOO (LJ) and (1~) aro ron>iderod 
._, impHcit fuo<tion•ol Q,_ 
'Sm« ordy uno vori•bl<, Q, ;, in volved foro o;ivtn ,..,n pooi­
tion Jin><n•ion'll oynt~ .. ¡, problen>, e<pr...,iono (lb) ond (lg) 

"""bo plott<d u I!II!ttiono ol !he ioJepeodont voriablo Q~ The 
loeal ,nima ol (19) aod m;,imo al (13) co.o. thon be del<m!inod 
from tbo plo~. The optimum link-desi~ may <or-pond l~ 
o minimum of (1,;) or a onoximum of 1 W), (Both oxtromumo oo-­
curri"" •Unutta.oeow.ty ;. unlikoly.) 1t ;., bow.,..,., ~blo t.hat 
th• opti"'wn linlog< d~ may bo ot a poiot on th< uro ...,,..... 
'<'hirh d""" not ""'""'pond W an e<trernwn o( rith<r ,.p.....,ion­
'fhio lo "t>«iolly >O when othor f>ctol!, onoh u (ho ratin of the 
lonpot i<> the ohott.,.l link lon.<th, link int<rfemu·e, <l-e- ootor U. lo 

tbe d..,;.;oo of ..-hioh d~ to -· Holfrft'et, th< plot> ..., 
.xcell""t indi<&l<lra of tho quolity of "'"""" tron...,i.soion ond of 
tho err•or ••noitivity ond oho1dd proviclo in.-.Juoblo oid in pi<king 
tho beot linhgo lo• o parti<ttlor probl=- · 

Eumples 
,_,. Ho. l. Gonentto tb< fW>otion v - sin dor - 90d<l _.-; ~ 

_.:; OOdor;uoiD~ o RGGR tiohgo ..-itb ~ - iSOd<&orul .l~ - 00 

·~ . For oeven pnoitioo• oith Ch<h¡-c)o<v '~'"""" ••p,-,..iono (15) 
ond (19) plot"' oho""' ¡, fia. ,¡_ 'fho oolution <o.-.-..poodios to 
Q, • 1.5 ¡, <bao<fl .. tlu! "optim11n1'• oolutioD Ad ¡,. cbanoterio­
tiao ''""""'pared ro tbe oi~ht p.....akln point (Cbobycl!ov 'P"<'" 
ing) oolution in Fig. 5. !<:i•ht preoioion pointo of(l thomoximum 
poooiblo for thol\GGR link"'"., a (u...,tion ~norator and yield 
o W>iq"' ~ ol Q,'o. 

Tho rn..-hanieal errot oho"" in f1ll. J(o) ¡, detennio,.! by ea!­
ou!Ming th• oUip~t (lollow'f) anglo ortm [uoi"~ •quahon (lO)] 

,,..llltin~ from • 0.001 orror in tho lon,.-tb ol eO<b of tbo thtee 
""'""'~ linb (<>, b, and <). The macrntud-. olthe ror..tion «rM 

d110 1<1 n<h link'o deviat>on ._.. oeala~y add,.! 1<1 form tbe l<ltol 
rn...-hooical error ..-hioh;, plotled. In Fig. 3(0) TI is plotl<"d ._. 
a fonotion of Lho o;rank on&le for \h< e~L pooition and tho 

-

..... ' .......... .- ......... ¡.. ............. " 

' ! 1•' "" ...... ·~tl' "·'--'··'· •'• ·'· •'• ..... 
........ _,_..;,., .. ,,11, 

l<~u • .,u•)ll.' • •'•'<>'11 

.,,.. ihl _,,¡,• • oloh) o"-~+'"''">" ·•·<~," • r, .. .,.¡,[." 
,,,,,-,,: .......... -.... ,,._., ....... -. ,~ ......... , .. , ... "'' ~ .... , .. ,,, 

.. ~ ............ , .... "·''•"'"· . ''"'. "''"•'' . ~"'• 
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~tM!l!_l!_, 

00 ''"' "lf >S 
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" - • ---------------------- • 

-' i\ 
' ' ' 

/ 
" 

' ' 
1 ' 
' ' ' ' ' \ 

-o -· • • ' ' ' • • (¡~ " 
.... ~ ~, ....... ,... ..... u•I•""U~'"·• • ,,,, 

"optimum" oeve!o !">'it.Um ..,luli<m<. lt ;. notablP tll.o.t the eight 
position ooluti<>o ;. dd..,t;v., boeo,,... rnob~ity ""'"""" the fourth 

• ,.,.¡ lifth ~ ¡><>lnta ;. oot J"'!"'l>le. n.iE poiota mlt the im. 
porW.t'< of oeoountinx lor TI. 

TLelink p•;amPl<'n uJrulot..J for thP eioht-pooition ond ,..,..,._ 
posihon "oplirnum" oolutiono an obown in Table f olon« "'th the 
l""' "opú>nnm' ' oolutiom for probl<m nurnber 2. 

"""""'" No. ~- Grn..,.ote thelunotion ~ • ~·lotO S z ::; 1, ..;th 
.1.¡. • 911 d0p; and !J.>f - 90 deg W!ing o l!GGR link-

l'ho ooluhon <o t.hio pn>bl..., ill"'""',. that ~"""' bo '"" or 
"'""' ..,.o¡,ouobl< oolutiono •bioh hav• d1!....,t ~orioti;­
Which oolution io btot d~dt oo the H"lotive¡mporton"' ole>· 
P""'iono 05) and (19). Thr plota of ¡¡,;¡ ond (19) ,,. obown in 
Fi~ ti. Two solutioruo (Q. • 2 o; and Q, • 49.) &r< """par«! in 
~ 7. Q, • 49. DO"""P'..dt lo o millim""' of .. p.....;., (15) 
ood d,.. not tho..- up in Fi3. 6. Q, • 49. ¡tiv., .,,..]l•nt motion 
oro.nsrn.i .. ion; bo""""· Q, ~ 2-0S givoo a 1/3 !'<'duetion in tho 
m.u:imum ......,ru.,;.,.¡ ornn ot U.. ""pmO. 'O!· pOO;;;¡. "motion 
tnnsm;..;oo. 

l ~~:::~~'~O (or TI' - O) the linlo.et outpul liok O. in a d._.¡ 
"'''" ,,..l- .... __ ,.,_ """"" pooitinn.• • Oulp"' dNU! .-.nm l"'•ition> ran ,.¡y nrour in 

' doubl.,..ro<k« t¡-p<' linllogeo. 11 TI¡, np,..,....¡ ao o/Un<tion of 
tbo U.put variable. 1-t..o ...,¡ rootool TI • o indi<ate that, po-r­

titular ltok""" ;, o[ the doubl<-ro<ko. I)'P"· :.O'o ...,.¡ rooto n( 

TI • U ln~coate either tb" lir.koge <ln•u.-. it; Un¡oo•uble or thol 
the hnb"e h..> fuU ryde eran k rnobility (<r .. l-"><k<f or double -·· For tho RGGR ltok"!" TI' io ,.;ven by 01¡nt.i<n (16). lf thio 

"'~'"''"ion ¡,. .. , 01¡uo.l to ,....,, it load> t<> a q'UOrlk in ton ~ 
(otroo ~~ Ca.-<fule•umiut»n of th< oi"" and t_1·p<- of tbe ....,,. 
nf tbe quorbc ind1oa .. the linbF:" <)..,, Th• quott ieohtoin.d [o\' 

>«lin" TI' • O lor t h• llGG lllinkog< ;, identi<.>l In thot u_._,.¡ h~· 
:..-ol!e 113]; hoo<e the ,,.u)u, .,... idf'tltiro.l ond '"' '"" ._.,,.;¡ 
~. 

·- "-' -" • • ·- '·"' '·'" ·- ·• '" ·-~· " ... ._ ... .,_.,. 

' '' ·- '·"' ·-~· ... m ···- •-'" -~-"' • ·- _,_ ... 
,_,,_ ,_, .. ...... '·'" .,,.,, '·"' "'-'~ o.w ... _ ... 
" ·- ' '" . '' . ... .•. ,., ... ..... · 4,,. "-~· 

' 

" OUTPUT 

r••o• 
[O!Glu 

"'1-----
"' 

• 0.1 

-o• 

1 
L...-•· ,_.,,, 

1 
fio.O[ol .... - ........ _..,_,,..•- oloo 

·~--------.... ,·~·:·,::·:··~·~"''''-----------­TI ' o f .. .. .. , 
" 

" 
' L,---.---,-~h.--""=-c:.-~ .. - .. '' ~ ,,, ...... ·~ 

'""' ""' 1"'"'') 
Fio-Sl~l Tt ........ . 

..... 

Physlcal Slgnlftcance DI TI ExJ¡emums 
Tbo "'P.--io~ (tS) lor Ti' for th• ltGGR linkqe ......... &D 

"''"""um ,.¡lb ,...p<-<1 to ~ when ~[ ~ O, nr 

A(<l>) ~ Z<'(J- ··<~-«el 

m.¡, 1 ••• - ~· - ,. + d' + ,. + /' - z,¡,¡; + 2o<1«1> - 2o.'•(«<> 

To..r..rore 

•(IA!<I>) +/B(<I>)) 
dH(<I>) 

(20) 

E;quotion {2(1) "'"t... di=tl;- relo.t«< M..,,.,..~-""" theory. 
Thr..- "'"''"'""' nonropl•uor l<tO pit rh •m..-. dofine tho tht«-­
,.,-,,m rhora"'r;.lk of a oph•rio jo in t. Fot th• out pul opherir 
i-oint IFi~- ~) tbeoe three...,....,. csn M defiotd a.l_l·ing on tbe hn• 

V•<:tOTO t:, ~. an~. - ~ X t. TbOO<f<O'OO t r<lat<> !Otbe 
mot,on of the roupler link •hout ¡,.'"m O>Ío; t),;, "'"''"" io nf 
no tm¡><>f!An<e l<> fun<tk:m oener>tin~ ond ;_. tbor<lo.-e ;,.ortd. 

Tranmllon1 ol Jhe ASME 
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•\'."""' ... 
~ .. ~· ~· ~o • • • •• 

"•· 6 ..... .. ............ (IJ) .... (19( ... ' •' 

)lo<ion .oo ... n '"""' <h•noe; in •h• "'"'mO..ion anglo T. ¡;;; 
....... ... ~ """" ......... ' <bir<l ............. 

Tho,. aro oix r<Lo.,¡.,.. m«tWn ""'"" iD tbo hohl(<l "dtuivo o[ 
tho ••• o.lon¡ n (ond b>.-Tho.e "'"'"" &n! o.ll of ,.,.., pitoh ond in 
&eo<f*l ~ ind~ent (i.o., <bey bdong "'a siJ.I.b onlotl<f<w 
O)"Stem [9]). l!owe'""'• lo< oome'P"<i.o.l orionU>tio>o of tho lilikoge 
th.,.o oC...,,.,.. m.ay """""'• depooJon¡ ood beloq"' a oorew 
oystem of tbe filth orlo..,, otder. 

Tbo otmdi<ion tbot th<oo oonoun=t nonoopl&nar '""' pitcb 

n 

•• 

"•'' .. .,, 
"•· r(o) Mod••••••' """ '""'"''"' -•• lo• r • •' 

"t====~":·:·::":":·:·:·''=~~~~~~~=~~: "•·· .... .. 
•• 
-------~-------n,,.,., ......... ', .. 

·~ 

. . ~-,.~-,.,,-,,,,,,,,,,,,,,,,,,,-~.,.-,,,,--.,, ..... ""' 
"•· 7(~) n '"' r - •' 

(G<"ml 

..,....., (.->cistod ..;lb tbe i.oput opbeoie joln<) b<IO<>~ lo tho 

.&&me fil<h ord" •>><<m ""lui,.., 1be1 the pn.ooipal ocrew (lhe 
n<gativo of lho ..,,.,.. to w¡,;,b all '"'""in doe fivo 'f""" ue 
f"Ocip,.oJ) o[ tho fihb ""'"' o)"Otem ~'"-'--' tluoo.•h 1ho poi.ot of 
ooncuJ"tonoy ond havo "'" pi <oh. The oth« <ht ... •<ro piteh, 
,.,..o ¡.._,;.to<[ wllh 11!., Wp~t ond o~tput !Wk revolute joWto 
ond ~) .,..,., thon aloo int•no<-<1 thio principt.l otrew. Tb,.. th< 
olx """"" W qu<Oiloo ~;¡¡ bc)ong too,...,,.. l)":mm o[ tb< li/th 
onl., only wbOQ oló.oe P'>'ing 1hroug~bo i~pul linllopbtcio joi.ol 
ond tho two teYo luto .... mte.-..c\8 lx~. (Tht point of Ó.Olen~ 
<loo i> oo tb• uutput link uvolut< .. ;..) &me •implt <o.leulo­
tio.ru i.o ano.l)"tio g«>""'<y i.odioate l.bat thio i.oto.....,tioo ..... 
<>«ut ooly whtn oquoHoo {20);. ,._li>5od. Tlú;; ,...ult, c.,.ol¡· 
tMI TI ,...,h .. ito t<l<tmum vo.l'= unly whon <Ofl>i.o '"'"'' 
wbiob d...nbo the li.ok.op molioo holong "' • ,.,...... oy>tetn ol 
ord<r une].., <h•c lhot wWoh oomoally O«OJ.n,;, in ocooydonco 
w:ith tbe genorol thi"<lry o! '""-'ltocily inao<ivo lr<odo"" pro¡KdOd 
b,· K. lllllll in hio pllbli>hod dioe<=ion of ,.,.,..,..,. 1 L~l. 

Sammary 
Tbe IIIL"-'nti.ooloo inde> tb«>ry d"'elopod u.ó.og tho thoory of 

'"''~ '- boon opphod to tiol<- "J"'Ib .. i>. E•P•"'""'""' lo• 
o.o.lua1¡,~ tho qualit¡ of motioo <••..-issioa ond liol<t.l(<l ...,.;... 
ti vi< y IQ link P"""'"'" <moro havo )...,n devdopalond appliod 
«> tho 'l"Utb<oio oí Lh< RGGR link ..... o fun<tioo gecetotor . 
n.- ••P"""io<o> load "'plou wbiob olol i.o tho oolt<tion of.., 
<Optunuro S<l Q[ link pOI""""'""· Tho TI h,. hoon ohuwn tobo 
.-rw in dttemoiolnr the e,_ of <be linkt.r10 o)"llthooliaed. .U..., 
1bo phyoieo.l oipilioon~ of Tl t..uem.....,. hao '-" intorpntod i.o 
terrno ,¡"''"''Y'""' thoory. 
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Tbo /in.o.ociol •"Pport of tbt NSF ia cratdully oekJ>owl<dpl. 
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APPENDIX A 
Derlulin ~~ tbe TWS lar 1 RCRCR Unhte 

Tho joint variobl .. ond li~k ~""""'"'" ....,.,;.,td ..-l!h 1he 
ll.CHCII. luohg• ""ohm= ;., 1-'i¡. g_ The a.ü, lot T\n; li .. 
olonK h. The dual ""gle boto·..., O, o!>d h i> ~. • 8, + "•· 
Tho d¡,too~ lrnln tbo <hora<t<riotio polnt C to C, iop. Tho duo! 

onll• boto""" h •nd .... b, - e + "·-
h;. obtainod in ooordtnai< 'l'"'"' C,; <,;<, from tho line v«t~r 

produ<r (ll).- _ ... 

b.xd.-•6¡ 
oh< re~¡, tho dual anglo bot,...n b, and d,. 

a 

i;' ¡;, X ;¡-, 
- jt, X :LI 
• ((o8n;<i + ofe3J<, - oSox<i<o o$ox.-f<ol 

Hobcx<i' + of<3J• + ••3··~J'I• 
(21) 

Tho reciptocity ..,.UI.ioio bt-1._., U.. ,...oluu nlocity oue• 
on 0, ood tbe TWS on ¡; ,Pvo.""' 'I"WS pileb 

"" '·,.;,e, OJ>d .... e, .... obtainod lrom tbe lino..,.,¡.,. p..,du<t be­
·--<, &tod h in r<!ottt><< ¡....,, <, ;"<,; <,; """'"IY 

<.-h <A.- <8.- .. ..e. 
-•3oxof 

Roduction ol eqo¡_otio;o (:13) U.to ott>l..-lorm Jiveo 

DCC,·ii'J 
~· • - P(C,.¡¡ 

"'' 

• j.<(BC + G)- F(B' + E')I/.<(B• +E') (U) 

-..be.-. D ood P d<oot• ,...pO<tivoly tbe du,.¡ *"d P"'P"'" parto ol 
""'dual quootity, 

• <lloxrr • 

' .ecx<"' + rr<fJ, 

' -be/kx..-, - v<llox<"' ull<xrr + «"""<fj - brr<ll. 

' -b.¡JcfJ•x + v<ll•x<>:. 
E ~ .. 
~ 

F • kfJ•xrr + o<ll<>:rr + <4Jox<"' 
The linovoctor ¡; &]...., by equotio<> {21) ...! ""'pi«h ~· g;..., 

by equoüon (2t) .,.. ouftirietl<_ <o d-<ibe tb• TWS 

{1 + <p')¡; 

fw o RCRCII. liok.t.&-e-

APPENDIX B 

Derlvation al TI lar 1 RCRCR Llnkage 
Fut tbe HCitcll. liuk011• the TI e<pressiou (equation {6)) ,._ 

d..,..,. 
1~· «><e.- r • .Ju e,j 

TI - (p' + P')'" 
(2J) 

p' ;, ¡¡;.,,,. by .. p....,io:m (2t) in Appendix A. Tho num•nnor ot 
(25)" equal to on• b.olf 1be mag,itude of tbe vlnual ooefficieot 
bet •·ren urdt line •e< toro O, and ¡;', ..._, tudicatod by Dimtnthe'll 
1101, thi> q .. n!l1y ""'l" bo dotonninod by tokin,& tho m.o.,r;nhnd• 
ot •b• dual po.n oí tbo lino oeal>.< p..,du<t bot~ O, ond (l + 
p' ¡¡;', Thereforo u_<mg r<!<t<n« [tome¡;'; d, X ¡;'; d, 

IP' ""' e. - • , .;o e.¡ • IDJ<,- o + •p'Jhll (26J 

i',·{l + •p')i;' •I.!Jolio.kte-¡: + ,-¡:,¡}¡ + d•Joxl 
X O + •p'J]/IC•~<>:<i' + oi<JJ• + o•Jo•x!'l• 

p i> determinod by <on>idering O, in T"f'f•not ft&m< ¡;'; ;¡, X ¡;'; 
;¡, -.-jth origin ·•("." lo thi> «-~ 

p • P(O,) X D(0,) '"' 
Tunmti~ns ollhe ASME 

. 



r 

¡ 

o, - ¡.J¡,f<•ikx<i + •1<Sl + ,¡,J.,¡h 
+ ..!toi•)o:>: - ch..k.;<i + <jt)¡¡;j, X ¡; 

+ <Ú.]/1 l•b<>:<i' + •1'<~)' + ,oJ,•:~:l •¡, 

Thet<lore oubo\iWtin~ "'P..,..;, .. (:ti), ('.!6), ....,¡ ('n),. rz.;¡ .m 
yidd tbe TI o>p,....ioo lora RCRCR linh<!"-

APPENDIX C 

MEO lorlbt RGCR llnkaz~ 
Th• joio• voriabl"" ond link poramet<x, ..,od&ted wilh lh~. 

RGCU !mkogo are .bo'"' io Fi~ 2. 
A !'O!atioaobip bo\..-I!F /<lt (~lEO) io "'l.""lioo (lO) Ol>d TI 

(equotiOD (6)) ;.,¡.,.;..e.;~. "F - Ir' is U.eliok,..cl"'""'"'~""'""' 
which [or tito 1\GCR link.o,¡:e is 

e. •'-h>+<'+"'+•'+/'+~· 
+ 2lf""' + </<! + <g<f<• + .,.HJ + ""'~ + cd<<l>l 

~ 
- • -B•'f+A.f •• "'' 

The TI "P'""''"" for tbo RGCR link&•• io Toble 3 do .. no\ 
,.....,.¡,¡, oquo\ioo (29). 1\o,..v<r, il " ;, O.p...,....¡ u o/uoction 
ol >1- &rul <jo, t.hen tbe TI "'J>'=ioo b«o"""' 

·--TI •. -Ro"f + ACf,,.,. ••·•· 

"' 
p • (<' + ~'•'<J'I• 

F·Ar++B<'f+C•O (28) Tbord:oro 

·~· 

• 
000 

Journal ol Enalneerlnllor ln~ustry 

""' 
~ 
- • ME;D • ±2pi>Tl •• 

Sinee p lor tbe p!Anu fo<>r•bu il oquol 10 e (lho rollo ... r ~), 
(30) is idonti<.OJ t.o 1.ho meclw:li<.O.I <TrOT donominat.or lar \.bo 
plonor four--bor hnk_. 
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. '/"""'"! il-0:1 "1 "'" 1 ·'·"''1 "' ., .. ~ .. 
:_, '•1 " 1 ' ! '1 ' 1" 1 '"('1 "' "'1 ' --~ '1·'\ ~ "->111'1,101" l'"!"r>l """ _¡ ~-·· 
'!'!~ ""l'"''" ''""' •'1' ''1!1111 '111"' .... , ., .,11"'1'·'"' '"'1 ,,,, 
1'' ""II"J ""1 1 "'" '!•·"1'" 1< ·'""1"'1-1''! 1' ,¡, ""-"" '·'l"l' "-l. 'fu" 
OK 1''10'\' '111'"!1<''1 """ ,(¡1['" l1 .. , ""' Oj o¡q ~ "'·""' <oO 0!1 1p1qR 
"""''' '"!''"" .. p "! •1"1"' "'"11' ""!"IUUOl·'l' ~"!"1"' • '·"'·"1' 1'·' 
·j>l'h"" 1"'1 "'·' '<IJ ""~1 "'"1' 'l'l' 1" '1"'1 ''"" '"'li" "'1' "1!11.~ '[un 
"" P"' •e ·;: ·o "I·~·""'"!P ..-;~.~"!1 ,......,~,," 0111 -'1'"1·"'! -'''"'!1'1 
->·' .i.>ql 1"1' O<'""'""'" •¡·>•p"l· ••11 jn,r¡l., •·'-'1'""'. '"O 
-,,,~"1"'1 ·'''"'1'1 !" """( "' i• 1"'' 'l"'" "'1' "' 1"11'~1• -<II"J'""-' 
-.oo• """'1 """<( 11"'1 ~ 'P'-"11"'" >]•"'1 u.o¡ ""' < a"""l 

U6!Pn~GI¡u¡ 

'"'""1 f"'.'."»f>-4 .{<O>II//U">#JJ "11 """ ¡~¡wO<jiO>I>I >JJl (¡o>Wllif< p»u J>IJP¡1 

"~ >) <M¡¡o;u ¡o¡>-4<' P"" '<IJI"'f<>l) J,;!ll.¡f Jo ,¡,_,~1<1-Ú >fl ;,/ f>.I!'No >•u <11"'" >»~/ 
o'JI() •>41'</ ""!"141uo; P u l 'f"/h>W</ "" "l'f"mo 1""""'"" /''" :>~· 'I'"""''.'P 
'! ""!'""lll.l> !"'-"""'"' 1!'~1 P"" i"'""f '-"' <¡»w<l !"""' ><»11 J .. ,umuJ "'""''"lrcf 
'("P'"~¡, •• ''"'1 '"'"i'l '>¡m> '>1>'1'1< v) fn>O¡ l"!>>if< o uo '!1 q>f>¡.~ ''"'"" J>oq¡ 
'"!'""I>P O¡ "f'" "! "f!rOfl!<oof P>ID•<x/>< 'l'~''"f fu "!"' " "! f'!flll< '! .i¡•oq f!~'' 1-

SUOJIJSOd pa¡~Jedas 
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"•- ! ~ .. mo! >O plono o!von ., ••••••- PI lo • .,«minod •r .... 
poln! A ond "''~ 1.,. _, ···-··· 

' - '• lo lum ol -
2
-

'"""¡ ;, "foll<>w.._ LotA lo• 1he Y<·Cim ¡,,.,., Lloo "'ki" lu !loe· 
p.>inl .-! iu ~·, >iul '' tho, "''''"'lo,..,,.. point in~ •. l-"or ""''"'" 
[,.,m ~. tu ~. u,.'""'""'" ,[o,,,.,,... "'"~it ion ""'"¡,_,., 

+ A-fr1 -•·1-0 

;\mY fnom (\) UO ~''"" th"l t1 ¡,O [i,.eoOC )u,.cliom "1 <o, '"") 11 o o• 
,,.,.;," ""'·' '" •hun· thBI '•' - •,' ¡, ¡;,,,._ 

~uh-tit.,oi"~ '• w r,l + *'1 + z,~, <¡ ~ r) + •) + z,k, nool 
mnkiJ:g .,., nf ol•• """"' ""''"~""""')' ""''¡"¡'"" r,., ti"' .,,..,,¡,,.,,¡ 
1 '" 1 t of 1 11<- ,-¡~,.J-1 .,,¡_,- 1 ~· " •f """' • 1 ;,.,., " e "lo 1 n ;., : 

~.·-···-
' 

•• • 
+='· +Ja'+P+<''I-n .. B> '" 

2 ' ' ' ' 

llo•ol('e m ¡, 1""·" in ¡,,. y,, ,, ) ,,,¡ !loe li«ol'cm ¡, pn•• '"' 
lh '"'"' 1 h>l. if oh. ;..-.,~ 1""'"' olonoo~), lh• nrigio~ JJ) •im¡¡l~­

f><-• 10 

'.- ,,. 
-~ 

' 
"'"1 il '" ndd'tl"'" lhP """¡"" ·,,,. !>""' ""·"'""' •,'- '•' ~ (0. 

Tb. pi.,,.. gi><n h.•- "'~'"''"" (~) j, • olo•IOh<< uf [ (~) 
1 

. (')]'., + 1' "'' ~ 1 """ .1 .,.,,¡ ;, """""1 '" Lho "'' 1ut )(1 - t.. - d1). 

JI.,,, bol"'""""'¡''""' (MIO lhc r'"'l 1.,;,, .1 '" ohr "''''"' ,,;. s,, ...... 1 , ;, ,r ... ,,.e'"'.,,,,.,,,.,¡ 1,_,- ,,,_,;,.", r,_,- -o,,,,.,,, 
"" ,,;, ,¡,,,,,¡, _, ,,,¡¡,.¡ , .. ~ .•. n •. 1. ,-¡.., """ d, ;, ,¡,. 
'"''""-''''" \',.,-lot o/,l"o,l + "'" + ... _~)_ J( ,[,.. M'"'W '"'' 
"""''' tht'"'"" dw fi"·d 1'":"'· •loe· pi"" ¡:h•" ¡., •~ll'<'"'""'' 

' "'''"'"1 '" oh• ·•'<~ ,._.;, anol in< PI><..-" it " ¡~,¡.,, - ~ ln•rn 1ho 

ihl'l¡>uinl, 

1 :,"'" ;.,, , "' i- ,¡_., " .,. r ,, ;r " ,. , .... ,, ,¡ ., "' " 1 , , "' ~ """ ., _,,,1 
,.,...~ d.- '-"'' ,,¡ ,..¡,,., in ~' • hido _,,. ·" _,., ,,1,"1 ,¡¡.,,,.,. r,.,,, 

,¡,. '"""" l"i"" ;,. ~-. ""'1 .::,. ¡-,,¡,., ,¡,;. '"'''""''"1; .. , 1") 
."'''"""· ,¡,.. ¡.,,.,, .. r .L _,,,¡ ;,, ,¡, ""'"'• ol.,- 1.,., 1• ,,¡,."¡,, hi·oo·­
'"' t•l.onr ,( '1.· ,,,.¡ "'""''' ,¡,~ OI o. y., <ohnd <•¡. Y,, '• '). 
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CoNO>pond~n<o~Tho Cubl< l<anofotmatlon 

r: .. ,,;,ror ¡,,, r,,¡,,.¡_,. "'I'"'""J ,,,.¡,¡,,,. ,¡ ,. '"""''"'"¡ 
""h <Mh ¡u¡ioOI, p., ito !:, "'- th• ""'u(¡.,,, lmt"""''"'" l""inv p,, 

- "'-• p~ p, ~iv<n b¡- !loo fooOT ¡><MÍtio"' o! P- ~inct i1 ¡, !"">ibf•Jo 
po .. • -'Ph<l< ,¡,,,,~¡, ""' ¡,.,., 1"'""'• tho ¡.,,, l""ili""' ,.( ""'h 
P'""l dcfi11o • >pho•,., .\'~"·i·"',_¡ "ith '·"·h.,¡¡-¡,""',,{ lonmol,. 
~"'" ""'"" ¡,!: ;,. 11 .. p<>inl ih th. fi_....J '"''""' "hioh ¡,., lk 
""'"' nf ti>< •ploo.,, ~¡,..,. ti•• ,.,lat ..,.,.¡,¡f, lx-tu<·<'" ¡_.,¡.,1, in ~ 
""'1 ::;• ¡, im¡""""' 1" uloot f<>llnw,, "'' '""lo."•l.• lu "''"¡¡,. thé• 

"'""~""'"""· 
~~'• .-.-quitt oh•t (i01 (ooot p<.o•Íiio.on•) • )"'in! in 1 loe mm·ing '~"''"' 

oeruflin n fo"•l ,¡;,.,.,,.." fmrn" poinl (.l, .1., .l,) ;., th• 0.\..J 
,_,.,.,m, Thl< i• gi, '" b~- lc~l''" k:m (~) .''~"' th ... ,;.,..., 

(,,- r,)_l, +(y,- Wo).l, + 1>,- ,).1, + ('•' ~ '•') ~U 

(r,- r,H, +(y,- Vol-1,+ (t,- lo).\,+("'~ '•') • O (l) 

(r,- ,,~1, +(y,-~,).~,+ Ir,-,,~\,+("'~ '•') • O 

:-;, •. , ~i••" "'"'"'S,., h. 1u (nr "".'' "1"¡,.,¡,.,,. ''"· • ~, 1,~ 
1,, S,.) oud ony P<>inl (r,, y,, '') •o ""' oi~P 10 ~"""'·'"Y ~•l,·e lb. 
n .. ,.,. Ji .. e-o 1 '"'"'"'"'""''""'"'' ,.,, .. ,, ;,,, ( 11 r ... " ,,,¡,1"'' ' ''"'" 
1'' ,;,, 1.1" .1,. .l,), ~;,,¡¡,, 1¡-, ,¡ ol~· ~-"'""' ,.,,¡ 'he o·o·nlet oJ •h• 
>pb.r•""' ~•<n. "" kono'" fn.om 13) ~oxl ( 1 ) oh;~ tlo• "1'"'' ¡,,,. HJ 
¡,..,,,,,. , """-"' >el .. r '¡,, ,.., ,.,.,,¡,.,,,"''"'""' "'r•··" ;,.,, ¡, Ir" y, 

,,¡ ¡¡,.,.,.., • ""'~"'' l>o, Y•· •,) "'''·' ~""""'11¡· ],. dcto·omined. 
Thn• ~o ~,,.,.,.n_,- loo"" (1, 1) .,.,,,...,.,.,kuo-o ¡,..,.,...., f"'ilol• 
;, : ,,J 1.,¡,1, ;, !:'_ ·n,;, ,.,,., • .,,¡,.,", ;, ;,".,;_.,,, 1 .. 
~¡,, . .,"'' ie ul\'<·r-iuh, ,;,., • .,,.,¡,.,. "" .,,,.,.,.;,,. ti~<• "'"'"' 1,..,..,,., 
11"• ,.,.,,.;,,~ 1••in1 ,.,¡ 1 he ""'' ¡.,~ 1"'"'' ¡,.,.,.,,., 1 ho """"''· Thi< 
,,.,.¡,..,,.,;.,, ;_, .-,,)[.,1 '~' coM• ''"••f••~>mlio• ¡ 1~], 

~¡""''1'"¡' ¡,._ ;., 'loi< ,.,.,. '"1"''" 1, . .,.,. "' ,.,, "¡,..,. lloe , ""~ .,¡ tloc 
"''~"''''"'''! ,.,,,¡, .. r •Yil<'>" (1) [, lo.•• Llco" ,¡,.,..,_ Thc '"'"""'' 
·••¡- ouol ><ollit·iont "'''"I<IÍo•"' ¡,.,oh.,'""~ lo 1 .. 1"-" ,,.. llo.•l t),.. 
,_,.,l~o·i<·"\ mol ti, 

'(r,- ~,) lo,-•,) '" ·¡ ' . "' 1(,, - ,,) ,,_ 
'" ,, -o, 

¡,, __ ,,¡ 

'" "'' 
,,, ,,) ' 

¡.-,¡. 

,.,¡ """ uLh<r ;¡ X ;¡ ¡,,,¡,.,.lo<, ••y, 

~~ .. "' (y, ,, ' !ro' .,•) 
' ¡(ro - "' (y, ,, ' (•,• .,•)' - ll, • .. , "' ' _(ro - "' ¡,,, •.') 
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,,,.,.¡,le-.! the •<m'"''"' ~ X~-,,¡¡:,) aud ¡r.)d•• ""' .oll ,.,,.¡,¡,_ !f 
l]op '""" ,',( 1),. '-'''''"' i< '"'"'" ]"'int ;., II!L• <Uo<'i"" '.'-''""' ""'"' 
'P'""I< \« n li11t in oho r,,,.l ._,-.,..,, .,,,.¡ uudet kin•noatit inY<'<"io" 
" ¡•oi"l ¡., ~· ""'<'-l>•u<l• "' • 1"'" iu :!:. ,\, wo •h oll "" ¡,.,., ohi• 
le.od• 10< "' ]"''"'' "1,.,.,. f, '"' 1""" ;,,.,, foil "" ,.,. • lo•<, 

J r 1 he ,,,.k .. 1 1 In· ·¡-•«no " """· ,, ¡ .. inl ¡, u,, n-., ¡.,~ ¡,,.1_,- ,_ 
"''""'I"'"'L- lo • phno ;,. ~-. Th¡_.. '"1"¡,,... ,¡,,, oll .,¡ lhe ~ X ':!' > 

uf llw ""g"\1'"1 "1 m.tt t ;, \ atoi·lo n ¡,;,¡, i• imr><--iloh· "'"ler· ~··l!<'tol 

"'"' iun•. 
l!a,·in¡: L>iol th< "~"""l~>ool, "' ,.,..,- pruo.,.,_,¡ 1" Jco.mUn• 

t).,,e jM>illt' iu!: uhn·• ''""'"[ i'"•ili«o" lic· '"' '1''' i.ol h·i. 

Pcinls o~ Special Lccl 
Poinh Whi<h lie O« a Sph••• 

.1 "''"''1.\1 ¡.,¡.,, <1111 ""' ¡.,.,,, '"""' ll1>n (nm 1''";"""' "" > 
·phe~•. Th•~• 1,_,¡,,, uioh r.,, l"·•tiun• "" """ _.,,¡,.,. .,¡n 
,, l-fy ,.,,,,;.,, ('!) ~, ;, , " r,,,. ';,.,,, 1i • , j ~ '!, ~- l. :,¡. no 
"'"d"'"" ¡,,, ol<c· r,,, .,.,.,¡,,,,,,,.,"'"" 1 .. ~, '''l"·'''""' ;, '"• 
,¡,,.,. ""''"'" ... _," .1,, .1' '" 1<' """1'-"il~. b: 

:rr, - r,) '• "' 
¡,, =·) (.,' ,,. ) 

'" - ,,) 
1 "' 

y,) , .. ,, l '" 
. '•') - " ,;¡ 

'(r, - r,) "' .•. ) ¡,, :,) (n' ,,,)' 
'(r,-r,) '•· - ,,, ''· ,,, (~' ,,, l. 



·.~, "'" •,1 ',1 ·r ·:. "' '"1' " '1 '!'1 ~ 1""<·1 "'" "> "·' >" 1 "P"~I·I V 
"' '"'~"""1 ''1' '"" '"""""~' ... '"'' '11"'"4'"'"'"''*"' "" ~'!'1• 
'"'·"1'"' '""'" •1"'~'"'1' 1 ;;o 1 •"•"·'"1..,; o' =~ !'"''"' <"""'''" ><1.L • 

·'11'"'"'""'~ ''"" 11'" o •"Jl •'"'~ '""·F'" ""'1 1" '""<l''"·'l'" 
UnL'<III<o> "'JI 01!111»> .>• '<1'"!1:""'•1 '1"1~!0 IIU ~>l<p<>IJU! >• JI 

. ..,,,,,, ··""! '!"'"''""·'·"·· 
0<11 .. ,,.,., .... 1'1'""' ""!''·"'·""! •'"'"1" .:: '" •0'"}"""''"11 "!"1<1" 
Pl""'' ·'~ ""''"·"" ""'""'!~ .i•¡ "' ~"!1.,1'1-'' >¡q<l\11• .io¡ '.i:¡·"\1 
·«UO>j\" :( t) UI<UI j>O<l\Cl'J" "' '1"\'<"l "1"-" ~"'I"",J.o uo> ><11 
'''-'rl• •' "" '""\"."'"1 ".' p>l•' "1J01LI." ""'!'"1 f''"''·'''lL"! •V 

·1 ~1 P"" 1 \1 ·''1 "·'·'!:1 ,.., "1''~"!'. "'ll "' 1""'([ . .,,,.., '""!"'!"" 
,,.,..,,¡. tt »11 1"'" .,,"'' ,,. "'' 1!1 ~ (;:.) "'1 '"00"'""" .il\l!q! 1"1 
.,.;, "1' 1"'"'"''·" ,,;) '(.!) '(,:1 '""!"'"¡,,, '·'11'"!1·'1'"1' 

· 1 '!l"'·•l.r~· '""'1'1-" "" """E<·"I .,,,u< '1'! u ''"!'"1 o~ 
1-oou '" ~n ''"1' "'~' 'P''U "'"' """"""' ...,,,, """1' ~"!'""""'" '" 1 
'O -,:or..1 "'"! "'' 1'·"'1' O 'PI"·' '1 '1'1 ~ (u.: l ""!' '"'"'' "''" " "!' 111" 
i'""'"l """''·"~>' "' •; •·•¡ ~ 1•1'.'·'·•r"'"l' '"'"·'''~"" • 11 1 ...... ~·'1''1 
••p "' "'''"'"' " " •! ,., 1' " ~··" "l \ .. '"' 1~-" "" " '"' 1'" ol "·'·'"" 10 .l 

'( 1 ) '""' J ';;: " ! • '"""' • "' "'""' ..,,.,. "'" • """!'' .. "" • 
'""<1'·''·1>1'1] 1]·"11 P"~ ',;¡; '" I'•'I'J'·"J<l<] '·""111>< l>IU<HJim"l 
u u¡ """\" '<1''""·''"'' J'"'l'""'l' " 'P\'"" >.u '·'J"·"'"'">I¡~· 
'lt) IU<UI 1"'""1!«<» OIU '1"1"1 10¡01,» ~<,puOO..u.oo" "'U . '1 •1'1".1. 
"\ UO,\]~ ""JIOUI O<j1 "1 ~>llr""'l'<>llo>J ~l."" '1"]'"1 '1•\1 >: >llloJ, 

'""'! '"""'' ''" 111" 
ÍJ•!l"" '''" ll!" •l "" '1"~·1 '·""1""''1' :vo·~ (~ '\: .•. , ';: -[~11 ~) 
""'"!' ···~ '""''~ ((.) "'~"""'' )" ,{1<1"11'"',"'" 0011 ...... ,,,""~ 
"' ""'!'!11"• ·""""1 "" •''" (,:0 1""' (C) "'"!""'1'" '·1'11"1'""'''!·' 
''"'1' ··~".1 '(•11 1"'" (\'! ""'!"""' ,{,1 "''"~ ""11''"""1"'"" 
.lK[UJ ><Jl jO ,.._, I<(U~U\• "'!1 01 •l~lo.d'OJJO'I >l '-'!J"~I-'1011\' 

.,,,,,¡,!-"'''"JI'l' ""1 .... , .• ¡• .,,,,,,, "'ll 4"" "''''"'""'""' "' "'''"' 
'"'!" 'JI'" ( •1 "" 1"'."" ;.,. l"! '""'-11.·"1 '1"\" ~"" '1' I'J ·"JI "'"' ·' H 
. ..,,.1•1• "'"!'"' • .. ,y>p 1'" "1' ..,_,"F"' n•l '"11 1" ""~1!~•1 
'""""''"' ""'! ·~\ "·4' '! ·"·"1'1·" "" '""1'!~·1 '!' IJl!" ''"1'"1 
"l""l"l '"" ""!' ,¡ '"~"·" "11 ''11"·'!'''1·1 ·~ '¡; '<. '1 "'"'1!''"1 
"'OJ "'1' '"1 "1' '! • " "'' '!1 <l·"'l" ""!"1 ¡¡u 1" ''"'"! 00(1 " •l '""! 1 
......... 1»'1 "'JI "\ "~"1' "'\ U\~ '\' ·.o 1,))1<1• • "" '"".IJ~<I ll< 41\·~ 
.,,.,,¡ "'1 1 11" •"!" 1'"" "¡ ''""'11 ""'''~ !" ',¡,;:¡oh<>]< .1" ','ul ·" "'·' 
'-'1' ""'1 "!, U '' I·"JI" "11 1'"" '"·"·'!·' '""·'~ )" ·~ 1 .il<l<ul.' Jo ,.~"'1 
"·""' .... ~. ~ ....... ~ .... ,. '1 ,,, "1""'""1'""' "~' )" "'!""" 
11 ·,~".1 X ,•~:l ,. "-'11\h ·•1 inu '""'"'"•"1"1 "'U. 

·~""" ·'·"1 (;.¡ '"1 "'·" .ÚI '""'" 1'1'' ""'! '"''1'·' ,, ·'"'1 ''" ......... ~""'"'1 

" ·"' li.L>J01'! •'"""''., '""""'"' ><u. .,.,, "'"' 1••••·~·~~ <q v•<>!n 
~1" ~~ '"" ••""' "!'1' "! ,,, """ ., "'"'"''""' '"'1'" n• '"" '!'1.1.• 

-""" ···~ ><¡1 "'J '""!"1""'' .ii!J!•ll\'d'""' •·t• ••• 1,.:1 ro•• 1.:1 
""'!l"""" .... :t.IJHI"'"'I ...... , ·'""1' '·'11°·'1"'1'""' ... -•'"'.1 ~·!·· 
(1-.~'-.1 J" "'"'"'"'"! "'" "! 1"1'"1·'"! '1·'"'1•1•' "" '""!'!"~¡ 
'!' '11'" '"'!'"IIJ' 1" '"-'"\ ·~• '"1' ·'P"I""" ·"' '""'!!!''"! "'"J 
'""'1' -"')"" '•'1'''~'1"'"'1 "~1 >o(l ""''!' p<« '""'1'(' O ><l!UU>I>p 
~!'""!"" 'n''""·'" "' ~ ""~'!"'! '"''.l ·•:;:: "' P•l'l'"'l"'·' '! 'l '!'! • 
{\ -•"":; ·'·"'!'''' ·".'"'1·'~1" l>[•l••·•t•'"''l !''"''·''u''"'."'"'" (,e) 
'(,!) '¡,~ '""!"'""-' !"'"'"'" "'"''1" P'" '(!) "'~••n\oJ "! "'11\<od 
~"!' >q\ 1~•• (IL'"I ¡<1~ ••11 'o¡~w•» '")) """IN<l 0.1~ I•Uo::luo 
·"1' Jll ·'"''! ¡,, ,,,. ·'" ':;: )" ""!1!•"11 .,,,,." ""!1·'1'!"''"' '"'~ 

'(~) '""1) 1"!"1 ""!""'' 
~"'P""'I""'-''" "'1' >U•IIIII"'' PI'"" •a "'")"" ·¡qo "'' ,,..,,¡ ·'""->o,¡ 
·:: ¡o ""~l•·••l ,, ,~ J" 1" ""'!' " "' ~'"1"'''1~""" "'1"·" m•¡•l' 
ll ,, !" '"·'"! •"1' .. '1 '!'1 " • :;: "! 1' '1'1'·"1'" ' •' "'J "'" ·'!" "1·'~1" -'·'1' "' 
"'11 "'") " PI·'!;: 1'1"0·~ "!'U. ·'¡· ''1· "1' "! "'""!""-'1·'1' ( ~ X t) 
u l"''!"lqo { !) J" P"' <•"! puo •U.~'"'l"" '"1 l '" '' '<h ''E ~"!P""i" 

.iq 1" 1' "'' •'·" '1 PI""·' ·'" '·'1·'·'1 "" <> 11\' '( 1! ""' "'"1'·' '""! '""""1 
''""' 1 "''1"·' •"1' ""' '11""'!" "1"" ,:f '"' "'!"'' ·'"" "1 ""11""'<1'"""' 
"'!'"1 "'""' '"U . •.1 "" •1"""1 P' "''"'!P''"' 0'11 """"'"' ·''"' 
H '•'' "l'\!"""1 ILU>I (I~XU 10) 1"1 ·'\<'"111> ~'"'I"'·U·O<II ~Uj 

. ·-'!"' '"'1' 1""' '" 1""''' ~ ...... ,,., ·'11"'1"1·'" ''!"'""'·' '") '.(11 
'I'IG•~ 

f' •~01>< .,JI "' ~"'f"""l""""' ,:l !"''"'!"U"""' !" '"' • '1"!1 ¡; 
'I'I''J. ..,,,!1 !"'"11'• 1 ,.,,¡,,.. (l·'l!"~ 1" W ""'"1·'1' '1 "'l ~ '"·' '·" ·"11. 

'·"'!" 1 ·'l~"-1. ''"''""'"''""!' '!'11 '"1 !''"""'" '"" ""!l 1'"''!1 
•• ,,¡,..., V• 1011"""" 1"!~!' 1 • 1'"" ~"'""""'""''¡ J" '""'""' 11""' 
.ü•• o m¡¡ ¡mn•'! ,,_,( ["1" ''ll"'"•'w"'' ,;; l" •1<1·'!-'!11"'"' ''"'~1 
""'" "1•'1'' '" "1" ',, l'·ll·•·'l' '"'"1 '',\\ • ·'1' 1"1'!'" "'J '! l''' "'11 11! 1' 
""1 .,, '•n "r u¡ ·'·""'""" \• "'11 ·''11'"~11'1""" ·• '"l"'l" 1" 1""""'" 
'""!~!l""d '\<U, '''""'""·"•'! ""'1 r• '""l"''d • P' 1•!•""' '1'"' 
'1'!'1~ ""''" 111'1 '"" 1"" 1""' ''"''"""''''"1' (t X t),l-1'"'"''' 
'' 1 ·IA'"I >" '• '·' 1·""" 1 "1 ""\ I"IU •"1 L J" '"' '"1 "\ .:i )" "L"'"·"II'"" 
•.-t "'" '" 1 .. ,. '!""'"\\• "" ~~ "' " !" 1• r• 1"' " ( ! 1 1""'"·' "! ,.,,., " 1 

'':;: "\ J"'l'l'·"lWd OJC)'U< "!''"I'~IU 1>]"" 

"'1' '""! " '' •.'1 '"''"1 ·"1' ' ,·11 '"! 1 I·"""'''J 'o.'/ "" i¡• '"'!' '""'! l·'"'<H 
~"" >1 -,"~;; •" ( Cl "' -'·'!·" "' In·'"''""'" "'l IJI,* 11 '""""!' 
~UOHOI Jn"' 'OI·"(''" • "" ''"~1!~•1 >AU q1<-• 0:".: u¡ •!"\''' \IU 1" ""'1 
"P '1 '1·'!'1" '(!! ·"'"'11 '{'• ''Ji ''r¡ "' '"·'"!! •l"'""''l" """111" 11" 
'·'Y'" <111 "1"'·' 11:1 1"'" l 1) ""!l"'<l''l'" '·'1·1""""1 •1 "'"l' '1' 

o. ,,..,.o • •n-• • '"'" ' . .,,.,,,. 

"""' .. .... ~ ....... ,... . ''"'' .. ''"" . . . ... ~ .. . ' ' ' 
.......... ''<"""'o .. , ......... ·,·~"' •.. , •• ~ .. ·o. '•""" .. 

'·-"' ... ~ ....... •'""' .. ,··~···· ... ,. ...... "•''"" .. "o''"" ~ · <'o'"'" o • ,",'"'"o • ,',""'w o • •,·~"' o· .,.,..,..,. 

., ......... ,. ........ •, ... _ .... ,..~ .... .'"'" ... ~-. ' ,., ...... ·~· •' 
< puo •• '< '< '1 <U01LIIo0 Ul •1 Apo' oq¡ 

U>'M mqd1 0 00 ''1 !oq¡ ApOq O., •¡uood 1° <O>OI '" .. UO,oOb] < OJ'I01 

• 

'"' . ..... , "" .. "" . 
..... 1 

""'' ••• "" . ' ., "" . ·~" "" .. ••• "" . 1 

...... "". "" . "" • ...... .... "" •· 
~ .... "" . .. .... -· ...... "" 

'"" "" ... ... ~ ... , .~ .. ; ..... , '"" ••• '., 
"" . 

,~·· 
"" .. . .... ~·" ,,,, . ~~ .. "·' . ' ... ' "'• '"' " ' ' ' ... ' ... 

"~M"" " ~····· 
·~"" .,. , •• ~ .... , ....... '"'1'1••• ......... , •••••• 1 ...... 

' i 

' 
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. ' 

" 
1 

1 

1 

• 

• . ...... ...... -... ,~. 
,,,,,, .,.. 

·~"" -... ~ ,_,.,_, 
.._ ........ _.._ .. •• •• 

• •• ·- ·-• • • '' ·~· 
,_ ·-·• '"' ·- ·-·- ·• "'' ·• ... ... ··- ... ~ .. ...... ·- _, -· _, '"" 

·- ·- ·-... ••• -· .... ... ••• ""' . "" . ·~· . '"' . ..... 
.,.,, . "" ..... 

•.<i>t, it follo•• th..t uowl.r _.,.,.¡ motkon th«< ,,.. '" 1,;,.,,, 

• j¡h "'""' thon ,..., .• ,. ¡ooiti<>t>< "" '"" '''""'"· 
Tnlolo• :1 ""''"'"' H'>'oml P"'"'' ~hielo'""'" lh• "'"''"' ~·,v,., 

in T.ohlo J h .. ve ><V<" ~X><i'"''L' "" • op¡,..,._ ,\, • ,..,.,,¡, ol tho 
proloil•il ivo ,;,, o~ !he olunin""'' ooq"ioed '" olewlop ''I'IICit ev 
¡>te,_;,.,., loe ti>< inl ,,,.,.,.,;,,,,, i>o> ''' io·• te(')¡nÓ<J>"' "'' >'>l\(>1".' .,1 
to do> o•touino po•in« """"'"" In tho 1 ¡,,,., _,,,¡,...,._ 
P~int. Whi<h lie on ~- Ci,de 

\\"heo> <leolnt< "itl. ¡><d"" "" ",.;,.le it i< ''""''"""''" ¡., 
f 0C01<1 1 O 1< "'J "·' ""''" R h j <' j, "'¡tfj ti 1 f)' l(iY< 1 ht• <'>rre-<¡>moft<"'(" ho• 
t_ • ....,., lhe Jx>inO. (fi"'«.l ¡., !:) ·'"d tl"i' .__., (ft>NI ;., !:'). .1 
<"d" "'";, 'l"''ifiod h_,. it• ,¡¡""'''"" ,.,_.;,,.., (1, "'• >t) "'d th• 
"""di1101 ,., of "'" .,¡ il; ""'"" (_l., . t ,, .1,~ 

,111 J•~"'' w!..., ""''e"tl r•»WOI" Joll nn n ti<.-!e m'"' "'li<f.t' 
't~" l'nnhtion-; (o} Thoir •li<loro•e ¡,.,,, Ony (,,,.rl ,.,¡¡) p .. inl • '"' 
the "'"' ¡, tho '''"'' ¡,. '"'' ¡><>-'11't<•": 10) i11 th•• >OI't•ml¡""'i<i.,in•, 
tho; lio ¡,o pi.•"• ~·h"h ¡,""'mol tu the oxi•.· Th"'·"'"<lit.,.,. 

"'-'Y r .. ''"""'""' •='r•~··''l' ._, r.~'""" 

(z1 - z1).1, + (g¡ 

"' 
(z1 - r 1)/ -:f" (U¡ - ~,)m + 1<, - z,)n = O (~} 

Wo ho•·• l""";.,,,.ry ~"-'"" &"'""'1<io.l ''""'"'1.11i"" ,¡ (~). 
nhid, ;, ;., 1"1 '''1"""'" (Zj, otnl "'' ,,..,. ~;,.,. ,, ,;.,.,1,, ;.,,.,. 
'""'''""' 1" (~) Fmm "''"""'" ('l) '11 fulluo--• '"-" 1/.t /ocH•Dfa/1 
poi•l• .-Ai.-k l,....,. '"" ,_¡¡¡,"' ao o li"' lo• ,-. '' p/nn<) ""'""'''" o 
gi«• ,¡,r,clia" ;,., plan,- llr ,.,h,t'lllllin" ¡1), "'' ,_,;,.. (!1) "'" 
pli• <11_t ¡,. t•·• m• .,¡ 11oo "'"" S.,-

.¡.!(1 

+ ((1 

, . .,, 8,)rn,1 "'' «; 

'"' 8,)(•··- "• 

1>1) + ,¡,. 0,(,.,,- l• •• )jlu.- h,) 

~1 + ,¡., 8,(lu,1 - wv,1)](ro- <,) 

+ d, ,.,~a,- 1] (10) 

llore a 1 i< 1he ,.,,¡, ~;oo,;..,. .. tk ""~ "";'{o,,, o,,. >to,) otOcl 
dtdr "''' (1, "'• "~ l>ivió11•~ '"- o<hentcntÍ<•Ol<J by ~ _,¡, 

(~) ,·,, "• P"'' tho oo¡tLoLi"" ;,,, 11oo';"'l ¡,,m: Fur <<>n­

""""'""'• ~·.,u thi< pl>ne /' ,. 
:-;-.,,- lwm ,IU) it ""!- o-1•dr k -lt••'"' th"t tlt< di•l""'" /'""' 

1', '" tho "'en '''' Í• ~ rot (,,) "'< (~) ,o..t th<t tho ~,¡, .. ¡,] 

,,~le loe1~"'" !', ,,,,¡ n pi'"' P""lld ou oéc- """"- ·";' ,,,¡ Ll" 

.. ;,,¡, ·";. ¡, (%} 
(~) ;, "'" '"~'· """"'" tlt<• '""''""" '""""1 ••• ''" '"" "-"' 

011~ d""·'"'""-'''" 1',. 11 •ho.,loll" not.,l th.u the ;.,.r;,,_,io<t uf !', 

' 

·~" '""' . ... '"' 
• • • • . • . ___..,_,,_ ·- ..... . .... ..... 

"~' " "" ' "" ' '"' • "" ' .... ' "" . "" 
~ "" . -· _, _,. '-"" 
-•-"" .... _, .... ' "" -· '"' o "" 

_, .... '"'"'' ··- ·- ·- ·-_, '"' ·-· _,_,,, 
' "" . "" ·-· . '"' '-"" . '"' ·- _, '"' ' "" ... .,_ -· '"' . "" 

d<P'"IIrl• <>hl_l' "" thc oliteelio" .,¡ 1 ¡.,, '"'"~ n>L< ,,,.¡ ,¡, m"""it lid o 
" 1 1 1 ,.. "" ot inn : i t ,. i , " ¡,, ¡wou ¡,.,. l .,¡ t he ¡.,,.,., io 11 el tito ""''~ "'"1 
'~· t ,.,,,¡,1 "'"· 

JI tloe mr- ·";' nn<l o¡,,. rir.-To "';, -'"' 1''""'11<1, 1', ¡.,...,,..., th• 
pf;,,.. "' ;,;,,·,1,1. tluo"''"· ,r ¡,. ,¡,¡,1''"' 1" 11>< ·""' I«Lttg 
~'"·-'llt·l, tho tnntiot< ;, n l""e ~"·-"Í<•n, <>"<"'Y puint in!:, i~en1i· 
eall_o· ,.._,;.fi.,. ''1'"'-'"'" ~~~ Jltl"' nxot'oun i.13 p>t'l' "'"'-'i>(oun, 
reg.<nJI,.., .,¡ ,,;, .,,;,,,.,;.,,, 1', """'" ¡.,,.,.,,.,., "'" ~'"'"' "' ;.,. 
fit~ity. 

f"in"ll_o-, no""'" thot ,;.,,.., 1', i• ¡».-.110'! tu'"""'"- ui>;l', 
""'""'' "'""'tite ¡..,_~eu} o>i•in 1 ~nllo ¡Xti<>t ""'""' "• ~ \111 ole~ 
"' tlw m.,,;,,,.·,. n JI""',.,,,.,;,.,, in 11hido t'<L>e l'; , . .,,,,;,,.lite 

-"'""· 
f"nr nn~ ,,.,,;r,,.¡ "''"• "l"·""'"' (S),,,¡ (~} ,oiekl ,_, pbn.-. 

~hidt ;.,,.,.,..,,, ¡,. ,, litn· "hit·h ;, o,nl.,l,hl in!:,. IIO.H~, /1., 

'"'""' .. r .. rr "'''", ,rJ,ich ¡,,., '"" P"'" '""' "" " •·i•d< >t'ith "'"""Ji"l 
,r., "~ ¡¡.,,_ 11 ... t. k<_, t!ti,!¡ ... ;, •• ., •• '"!"'"' ,.., ;,,..,.,... 
tk>n of tnu ,!.e~¡¡.,,-,. ""J """" fuo· "" Mloi1"c¡' ,.¡,;,.., ol .,;. 

"'"'" "'" W"''"'"-' "" 1'";"" .r,;,¡, lio '"'" ,;.,.¡,.¡,,ti"'" 
P"'i1i'""· 

:>;.,~ ~• !,,k<._, -'P<c•r."l ~ ¡><int oh<\>u~lo w),¡,.r, lit<' ci;.lo n.it 

1 " ,...,,, .; .,,¡ 1 ""'" t he <1 11 ' ·•·1 ;,.., ,.¡ L 1 "' a \ '-' '" " 1 ""·Liiet 1 1 ·,., 1 1 trtt 
~''";,;.,,,., '" ,,·,, "' ,,·,, i1 - ~. JJ. ·n .. ·-·e "'""'""" •ill• 
¡_.r., .1,. ,1,) '""" n, "'"""""' t "" v'"""' .,...., ¡;,,. ,¿ Ínlet>«-
1 "-'" ,_, t i.fi._, (' }. c:q.,,. iu n ( 9} ~ o·,. 1 ,.,. t ~ i ,_,. ~ 'oll ""'"' r.ll )' ¡-ir•l•l 

'""''"" •·oltn'" ¡,., .!, ~ fnt ,;,.l' l"'i"l' in ~' anol ;., l'"' tic«l" lot Ll,. 
" " line •lot<·llni, .. <J fr<>m (~} oithj- ~. 3. n .. ,,~ ,~, , ...... ,·.¡¡ 

"".-.,, ~ ... ,-... "''" !"'"""'" '"' """''' .,¡'""' •Ji• ~""'" """''flo" 
'!'" .¡;,.,¡ ''"'"' ¡," ''"'-

e,.,,.;,¡(',;,~ " (nutth , ... ;,;,,,, "''"""'n ($} .. ith j - ~. 3, ~ 
) \cid• o .,,·,,.,,. J"lno, !Aot •-q"" ;,., 1~' j ~ ,ille" "in, ¡ - 2, J, < 
Kivo; 1 h10·e '"""""''"''' "" '''1"·" ;,.,., in (/, "'• "). ]lo•""• ne dn "''' 
lt-"'0 ol" ¡.o~-il .. lio)' ~~ fon<lmg' ,.,¡.,,·,, .. ""'""" (r,, _.,, 11) "'" ,nch 

'"'"~" 

Tlú, ¡, t l11• -"·"'" cub't< ,,,.¡,. .• oc, gi\'cn ¡,_,- <''1""'""' (:,¡_ \\'e hno 
• ...,]ntinn ""t" il (.l ... 1, _¡,) "" ,.¡,~"" .., tloot ti"' "'"'"'~""'d;,~ 
f"'Ínt (r,, ~ •• ,,) lil'> "" 1110 ptniou" <ILLic. Ir 1.1.,·.1,. .1_} '" 
littitc, ohio .,.,.,.,,¡ t"l"i'"""'"' ,.,,, .,,.1_.-1,., n><'l ;(all ti« (1 X 3} 
oleocrmin.""' fomtN r '""' tite <>.-tlioion" ,,¡ (> l (wtill•tt thooo 
tin""') "" 1<'"- 1lti• "'1";,., tbt, i11 o.hh1i"" to 01, •"'1"''¡"" 
11•) "'"'' l.,• .,,,.¡¡,.,¡_ [1• '"' ¡,.,,. '''""" ,,,.,,.,.,,¡!-, tlt<'-o '" 
titO "'"'"'""- ,,,,,,¡,,.L, (,., tlt• o\'"o'nt IIL'"i' )I/ '" \t< "f J>uk 
,~ .. _ l'lt¡.·i;-..11,-. •• rcq•oir~ ,¡,_,.- '''~ tb,.., 1"''1"''"1:, ... 1, bi-cc­
'"" ~¡,-,., ¡,-'-"1"''.'""' 1~). "'(S], uilltj ~ ~ • . 1, <, im<"r>«l "'" 

"'m""'" li11e] TI"''• f.,, f"'" 1"-i'i""'• "" "'" ""'" lil"'"!' tn 
"Lit ,-,rilr •!"·~-' (.1, .r, •• 1,~ 

f:qn"'i''"' (-i} ""d (6) "" ,¡,;.,¡ ,le""" alk(·h"i< ¡••1,\ """"'l' 
• 



1 
1 

¡ 

) 

.) 

.... ,, • .. , ... •• ........ ..... ....... .. . ., ....... • 
''"'" ... ,_ .... ¡ .... ,. '"" ,..,., ...... • "" '• ., '• ' . ' . ' ' . ., ... .... ·- ' ,. .. ·-: ¡;·~· ' "" • '" "" .... "~· ..... ... ...... _, ·• ,, .. ,_.,_ . , '"; ¡: "" .. "~ ·• "" .. • ""' _, ~ .. • ,, . 

" . "" ,, '"" ' " . ',.. '·'"' ' , .. ' "" "" ' ''" o ''" ' 
,., 

... ~ ..... ..... ~ '"' • "" ·-...... _, . -· "" ..... ' -• ........ ' •• ' ·~- ·-"" 
ho ... .... r· .... ' "" '-"" ... ,,,, .... -· ~· ' "" ' '"" " 

,,._ '-• "" ' ... • "" .......... '·"" '-~~ .. "" '·"" '"' . "" "'" -· .... ·• '"' • "" ... ,. ....... ' "" ' '"' ' "" • "" • .... '·'"' ' "" .. • ... ..... ·-· . "" • "' • "" ' "" ,,,_ .. 

"hielo '"l''"""''" tho '~" ,,1,;, •url.o"" P '"d e•, ""1"'' ,¡, . .¡_,-_ 
no ,.,,.,...,.1;,.,. <>1 1" X ¡;• (or "'"''' "li.ol•lio·ctll~, o he""""''"' 
rooto ~~ (~) •• wl (O )) ,.,,,.,¡ ,., oll o!..- pnioot o ioo ~o • lo io1o ¡., • e lour 
po;;iOivoo< 011 O rio.-lo•, Tloo inOrN'O·Ii"" ,,.,.,;.,, oof ¡o "loid> i< • 
,j"lo·ol<h •1'·"" «or•·o ol ••noc• "'''-"· nnol' ,.,¡,¡,. j>. Tloo 
"~óduol" 1'"' <•1 tloo ioole<-<'t"liom, j>, ;, ti,.,,,.,... '"bio ~lnrh 
¡, lloe ; ool .,.,., ·1 ;,, o ul 1 1..- 1 ~ •1 lo }'1 ,. o ¡,, ,¡,¡ d, 

IV, - "' .. •·>i "" ¡¡,, "' ,,, ,, ' 
( IJ) 

¡¡,, "' '" ••>: ~ n ;¡., "' (y, - Yo) 

·Tloelu,.. fr,- r,)- ll, (.,- "')- ol "'""""" '" tloe-e lo_l]"'<­
h"l"id• i< ""' Í10cl~o<l<·d inJ'. Allal_,-,¡,.,11¡, ,.,,.,.,;.,.,, (11) "''" 
the wo.litin<>< 0101okt •loido (.\) ,.,J (GJ ""' '"' lu11~or 'ullu·ioool 
oo t""'""'"" o'""" uf'""¡,, o loo,_,-,,,.,,'""'''' 11)- ¡-,, ,.]1 
1 oui "' • un 1·• ti "' m "1, " 1 1 ~ ) ¡, t " " '""'• ""' oo-f,ro, ¡¡,, '"' •• o-f al/ 

,_,;.,, ><i<ido bonf""' po.diooo 04 ~ <ird< ;, n ''""'' '""" •! on1" ,¡,_. ' 
\\'e odurot 1•> O In· '' oOol¡· .,¡ lht<'C t•~it ''"'• bu o '"'" •• •p•o·il¡· 

th< di<ffii"" ul ti"' o-li ,ot~l b.-o: ;,. ¡,..,.,¡,.,, "bior.,_,-_ ]-;,,.,,. 

1 inn (~) "idoj - ~. :1 ~il·c~ 1 "" '"'" '"""""''"''""' l'<jnlltin"' i11 Lhe 
"""'"'"'"' (.!., ,,., .1,). Tho,...f•.,,., lo• """ ,.,,t (ro, "" z,) 
11..,,... ¡,, _,¡,~¡¡- ¡,r,,ioo .. , ,¡ ~·1'"''"" ~""''!""";"" '" ·~• 
!'"¡"'' '"' "'' '"¡'· 1:o1n:<ti•o" {'"· "''" j - ~. ~ ,,J (1, '"·u) 
\."uwn, ¡-ioid• '~" pl.w.., ,¡,.., lio"' ool ;,,~,_.,.,¡,m~;,..,."' J><•­
roi«il.ole ''"'""'loo l.r., "'' ,,) uhido ~looOo ,.,¡,,,;,.,.,,,¡ inOn ¡<) 
(u irh / ~ ~. ~) .' icld O loo lw111 ¡,., <>1 1loo 0\Í<. lle~oco, ¡le '"'"' of 

al/ ¡..oinl• .,Aich ¡.,,. '~'"' piM>Io-,• oo o á<rlc of o >¡><'>jiPI i•· 
clillolillo ;, a /in<. Thi< >.,.no lio>o ¡, ,¡.., 111<· ¡.,, . .,,ni.,¡¡ ¡.,;,.., 
" hid , 1 ,_.,·o L In ,.,, 1' "il ¡,,, 1 01 o pi" 1 "' ~ hoc-< '"' '""'' C, (1, m, " ). 

F"' lo"'¡..,¡,¡,"'" wit lo oho _,.¡, dioo• ,;.,, •1"'' ifiod, >-<¡t"O ¡,,,. t'•) 
¡ iel~< tl"'-o plol•'< ",,¡ \he o,,¡,, e P'"'"'ll.<- ,o ""'""'" 1"''"' (.t., "'· 
,,) . .-\1 ¡,,,, it ,,;~¡., ,oo-m o)"' ,_-;¡ ,¡,,, '""'' tione•!j ~ ~.a, 1) 
~ou¡loJ ol~o¡. ¡·icld" oonH¡uc (,1,. .1,. .l.). Thi, i- ""t 1ho '~""­
for '"'' (/, "'• 11) "" ,._,,, •• "! (.r, !1¡, ,,) ''""'1"""" r ...... ('<) '""'' 
ho ,.,,¡, ,¡.,, tloo¡ ""'""'"'"~u_.- -.od--lr ¡.;1, oood if 1.1, •• 1,, ./,) 
"" fmito o lo<' ""k .,¡ ¡~). ~-illo j - ~. i!, 1, i• " "'"'' '" •'· J n oloi-. 
'"'' (S),¡,.¡,¡, n 1;,,. uloi,-1,, ,¡ ,.,,.,., ,¡,.r,,,., ol,c·,,i•IM,km. 
Jlowo• .,; t he,,.,,,., "oll ~ • ., ... ,u_,- 1., "' inr.nio¡· -''""'ti .. .l,. .1 J 
"'" oloiJ' f>ni1r "1'"" ¡,,,y,,,,¡ ,1~, .,,; .. r,-wJ. u, .. ~, /o• """' 
~;,,., ,...;, ilitl""llio¡¡ ¡¡,,,. ;, '' ""'""' ~"''"'.,¡,.,Jo"' ¡<>4<1io"' ¡;, 
i• o plo"'. ~ilo«" tloi-. l"int ¡, ol<ot~<mi"f'<l b¡· tho ;,,,.,,...,.t;,., .. r 
ol • ...., plo ""• lloi < h ·t « .• ,lo "OTo M- o ' . ' 1 hor ,; "' pie Jn<"'" ,. .,¡ • o1 •­

,_,;,.¡," l••i¡¡1< '"'o l.,,,,,¡, ... 1" (nloirlo •· ,¡¡,,,...,.,_.,¡ ioo" l·let '"<'­

,¡,•o). for "'""'" ,,¡, incli,.>ti••"' ti•• o<>to<"-i"'"di"O l"i"t .<l·o 
1•11< cu Ó,' ;nd, 1loc1 of,•oo·, "" A•. ·· 

'-' '""• ,o,lo " t'-, .,,...,. ,..,;.,,. '"""'l"'"rllo < uc-.c. (li'", in ,¡,;, 
'""'· i, """"'-" ;, "'"'"' to ,¡,,"'''"¡l. 1) '"'"'-1"""1''"'' ,.,,¡ ;, 
, ' 11 1 ,¡ t loe f" ,, J" '" "''"/ "" " o< o O " t • ,, "•' """·'·."ooOo 

·n,.,,. ~,,,,,, oll,- '" ,. "" 1.,;,.,,. ¡,,.,.¡," ft'''' ,.,.;,; .. ,, "" " ,;, ¡,._ 
_\ ... 1_,-t ;,., u_,·, " ,. " .,,¡,¡ ""~"; .. t ~ " .Wdi , ;.,,,.¡ "'~''" t ;,.,. r.; • ¡ ,,..r 
oG') ~ hich o o< li\.e (.i) ouri ¡r,¡ ""'P' t loOt lhe,- h_,,.. 1 loe ><>h•etipt 
:, ;,.¡, .. ,d .. 1 ~- Tloo· r,,, '''l'"'i"n• m. 11;), PI, lli'l ''"''""" 
~»nkl ""' bo '"'"JOO'iW.. o '"'",."'"""-'·· o o-a •1><« ,..,., . .,. •u<h 
M {~,• '"d 1·~.' ~oll ~<l((·coll~- '"'' ;.,,,.,_ • .,, Ov<n "l'o" tlo<•_l' "" 

''""' "'""1 "" lln• """ .,,r,, ,. E'. 'I'J,., e "' ,., h"~""''· '"""' ion­
po.>ll•oot •l><'<'i•l ,.,,.,,,.(e ~--~~ • .,.; ""~ "1'¡,.,;,.._¡ )1 "' ><loidt ,¡,...., 
l•lltt """"''""' o.-c "'"'l'"lilol•·- \\'o ,¡.,U oli•co,.. tloc·•c "L"'-' 
o\...,,)11'10 [~J], 

Cum¡••bt¡,,,..n,-, 1"'"'' "" I• ooc ob'";.,.,¡ lo¡' noml<'oioall~­
deooo,,;,;,.~ 11,- ,,([1;,-;,.,1, o! 1loo ,.,In'< (Co) "'"! lfo). 11"'" 

'"l""''""' ""' Ohon .. ,..,¡,."'¡·• 'imullo<,.,.,t,.l)' la< «<tn•><m ""''"· 
Tho ~"'' ""' 1heH ~"'"" ,,.-~,.,¡;,.~ '" wlol'lloo¡ ,,,.,. ¡,.¡,n~ '" 
A• '" j', ;,,.¡ tho· ''""'"i'"'"long ""'' "'' dcOcwti""l ¡,.,,,. <S) 
(1> o1 h j ~ '!, ~) 1 oo TolA e 1 ~e li,.o ..,,.,.,¡ 1•lont.- m> o t., o<>n·c 1• 
~ hido nof«"l""d ''' ¡¡,. '""' ;, '" ¡;Ínn ;, Too lo lo l. 

Poin" W~i<h li~ ao a Shaighl Lino 

]', ,;.,,, "iolo O In"' 1'""''¡, "" "" " ],,,,. "' <' ~ivcn lo)' ¡¡,. "'"d"i"" 
1),¡ lloti< ,,,¡, IL<I'C l"t.llof 1"''1-.-oo.iiO<ol.'l-hi.,.lu< ¡oh<,.,., oof i>¡· 
thc o1>nrliliom ti"',¡.,._,. lic ooll • lln<'<'-l'>ilol en ,lo,¡,¡,'"'''" 
mr,,,,_, . ¡., ei•Joe, "'"'' "o ,_.,,¡, "' 

1(,-,- r,) 
,(z, - Io) 

(y,-y,~ 
[¡¡, - Y• -". 

(1 ~) 

~~z,-,-,) '" '"Í "" ,(I, - r,) lh - z,. 

Th""" \un ,, . .,,.,J.deg"'<' ,.,l)"oii>Onbl< >te.,,,.,,;,,,. ol lo)'l"''­
l .. ~oi<l-' fol '"" ol•-el) ~ loioh il>lff>Cel in • .,,~;,. '1'"'" "" ,., o' ¡<nd 
tl•e """"'"" P-''"'' ''"' (r, -ro)- <1, (r,- r,) -U, Tho '""'" i', 
uloi•·h ¡, omlx·olok-d ¡, ~., i; ¡¡., ],,.-,, ol oll poi<'¡,¡ ~ith ,¡,....,. 
1•>-ioX..t" ""o ftn<. >'in< e ;• ¡,o e>>bi<-nllo,-¡,..rbob' io '"-'Y o l.._, he 
.,¡,.,,¡,,.¡ '" t l~o· ;,, oroo·d ¡.,,. ni .,,.,. I>)'J~·cbe>h<· ".¡,d,., •. 

{:rnf<'>lly \)O('tO O<P lOo l»io<lo< •·iolo [<Klt l""'ilinlo• ''". ol<•io:hl 

'TI, ,.,,¡ l•ino<• "t ;,n,,, ,.1""" t'-< """-,,._],_,.,O. o'"""'""' 
• ¡,;,lo """' ;,¡, ,,.J, '"'"'· 1,,., ¡,< ,.,¡_,. ,,, .. ri;•ti,..t ,..,_,;,.,, ou<h 
1 oui " " ., • .,,., 1 ¡,. ~· .. • ¡, 1. '"' '"'" ,.,.¡,¡,,,_ Th< ' '" '" 1 ~-· • ""' 
'·"'" t''" 1"""" ,.,""k. s... s ... s-·-~.o•.s,• 1.;,,, ,,,. ,1,,.,.,, .... 
ti,;,~-_,,¡ k-''""'·""",,.,.,..,;,,"' '"''""' >1""< ¡,_¡,._S,~!,'. 
h.0. Su•· "'""' /< o-.ooo 1.- iooo,..,-.,,1 ¡,_.-" 1~·"" 00 "''"' oÍ> oiO><>, 
•• < ''"'1"''" ¡,,, tl-• ''"'''""" \ ''·" "'' ';, "'' " ·''"' ,;, ' ''" ''''"" 
1 ;,,,,. ool 1 1" oool_1 ,,._. "''''"'"'· l'loo- '""'""""'" t,.• X lo;'' <0'11 ,.;.,, 
tho ,.,;,," mn,;,, ,¡,,.,.S,,, lo. L•. 1.,, o lv--o tb""' '""'"'do""' 
1 .• 11 "" fi><-o.,int ,;,.1•·- ~--h'-' ooA•<> 11: 1 "-" .1"'""" ti• " ,,,. .. , ,-un,... 
1 ...... '""' ·,,_,,.-,,,_,. ;,,.,.,,, .... ,_ lrlo< _,., ... --·~ s,,• ;, 'olo11 ·~ 
olo.<t "'" in !;, "¡,;, lo ,,¡,.,¡ol,~ • .,¡, f ,, • loOn ::C i• ¡., ,.,,.;,., i "' i.l 

• n .. '"'""' "' i•'-""-' .•1""" ,,,, "'"' ""~ •'" ,,_,¡,.,_., 1 ~;,.,, 
lo.< t •o l""iti<o~., nlod ""', <ln'I0'/00<, "'" "-' • '"' 1 '· 11 < ""' loo. 1 '· ,.,.,¡ 
¡_,, ..... ,¡ .•. ,,.,., ''""' "' ,, __ ,. -"~'""'"'''• ,,,1_ .;,.,,. ,,,., '"'''·'~' out 
<1·• o l ... •< •t ;.,r""'-' ;., dko; .. ,, ''"""· i' ~ " "'~oo-.•1 1~ ,,.,,,.,_ 

5 



1 
' 
1 
i 

1 

1. 

¡¡,.,._ f,.,, I"Ín1, '"' o "' o·,.ixlo1 ¡¡,, """Id "''"'"' 11c.t tl,c ""' ,¡ 
,¡;,. 'l'"'"' ,,_,,,¡, ,.r ..,,.,,,;..,, m Le •~ .. •nd o1"" ;, ... ,..u;,;.,, 
tn.,ti< bt o/ ranl "'''"· r., olht·o ~,.,..,, ~• "'l"¡,' all 1~ )( ~)"· .. r 
oh• de!<-t"'¡""" (,-,) 1n ,,,.;,¡,_ H, <O)", Ox,- Io] "11, th¡• r<­
<¡Uir•o,.nl ;_, "''" by "'!"""'""' ( 1~) •nd • ,¡,¡¡,. ""'• .. ,-. {12'1 _ 
wilh tho .,,¡.,.,;pt 3 repln,.,l h)· ~- The'< ln11r "'l"01ÍOio< "ill 
gooot·rallj· ,oc ]>(' "'n>pal ihle. ,:,.,., ... , ,;,n,-. r .... , q""~'"''" Jn • 
""' g..,.e,.ll¡- hove • <otntnon ;.,,,.,.....,,.,,., oor d" tho t~n >p>« 
._..,¡,;,. ;,.• ond ;,.•.t 'I11io le~d· '" to nmcluolo th,11, un],¡,e 1he 
nell-kumo,. pboc< t •'-''-"• lhtu "" g<u<ro/1~ "" "Jo•t-p<>i•!'' ául" 
,.¡¡¡, in.hitum¡;,", 

.1• we ,¡,,u '"" lol" [21], lhe~' "'"• 1'""'''1", impo"·"" •pto·i•l 
••-~" (e g., ¡obn.u ,,.¿ opl-,.ricol mntion) "h<n (12) •nd (12') ... 

<mnl''"'"'•· -
Cumpni"Liu,ooll¡·, «¡noli<>t" (l~) ••• >nn¡,lo ''"""gh lo nllon 

(ol<or >Ub,lilutint lmm (1)) o,.,.,,¡ 11>< Uhk..,nno, <>)", ''• '" ¡,.. 
,-.;pli.-i1l1· dlminoto•l. Cun'id<ri"~ om· .,¡ llu· '<m,iui<>g 11U· 

'""" "'• '"·'"• y,, >< n !'""""''"'· L],. elinoi""" ""'·'· 1>< «•••deJ .. 
a q<<>rti< in z,. Fnt au1· ~ÍI"<n •·olueuf oo. o>r>< nbl.til\' nt "'""' fm<f 
•·nl01e• uf ro, ti u<'<',¡ u hielo l••l""K tu •'. "i1<e "'''·"'""'" ""'' ;, n 
p<<Ínl "" U~el'mo (r, - x,) ~ n, (r¡ - Io) • U. .~IOon .. ooively, ~• 
rould, •ft~ "'~titoltin" fmno (1 ), dinoino1e zo 1 .. 1 u·etn (z,' ---o z,) 
~U, (x1 - r1) ~ fl. 1The11 lnrnn¡ vol<><'.,¡ y,'""'""'' <loe,,¡l<ui· 
'"" '' _,..,¡ <•liuliu.>t< it lrun\ tilO •o=rti< b~ '-""'"''"' J'oú--"'"· 
T,thle ~ li"' ..,,.,.,¡ ]>>iuU Ol< i' ""'"'l""din~ lo. ti" mnoi"" 
givo-h ¡., Tuhle l. 

Poinli Whi<h tio on o P1ono 

F,, n..-... 1""'''""" •11 '"''"'' lie "" pL.,... n,. """¡;,;.,. •h." 
"- JX>intJie Oh n plone f, f O<<r t•~[j[.,lo> " u]JI;lln(•<] (o~'" ""' Cl\~·..-
11,111'(omo.tli"" hr ,.,,.,;,¡,~ Ll"ol t],c <N\Iec n( tl>e >pherc be ol 
i11~nityo 

1

·,,,- I<) 
(r, - ,,¡ 
;(r, - ,,¡ 

'"' ,. 
(y, 

"'' "' "' 
(<o -z,~ 
<•·-··~~o 
(r, - r,)' 

1loi.< i> of '''"""' oloo.,uf.t~<' ~e loO>"<" rnll"l r' ~ ¡,;,1, i· ,,,¡,_,Jolool 
i<> ::;, lino! ;, ioleHI ic,.l 10 "1"·'' ion (.i). (A'-III<ii"" ""' '' ¡,., (3 X :1) 
,¡,.,.,,,;,_,.,,, .,¡ (J) ,.,.,¡,¡, >nd ,¡,,.;,¡¡oh< fl- )( '1f,of ¡;,¡ ,,. 

no!"'"'- t],¡, <o>uJioj,,,. le."''~ tloc ,,,.,1¡ uf 1hc >)'''""' '''""h n( 
(.1) """lteoc.l nlnle ,,.,¡,,.¡,.~ Ll~e· .,.,k.,¡ the t-.,cllio·ie"1 "'·"'''lo 
tu o.) Hellt"1', lht /o><#o ojal! p<>iol< ho.,·n~ four ,_;¡;,, ·~ o 
pm .. ¡,o lhinl-<>rd" ol'}'"loroi< ""i""· r ..... , ph) ,¡,.,.¡ ,,,.,.,¡,.~ 
('· "o·ll '" ¡, "'" ,¡,. fm<'g"i"K) ÍL ;, .,bvin<li th.tt 1 loi< ,urfore ron· 
loinol•.,Ki•'. 

IH1to<].,c-in¡; .1 fif< lo P•>•Íti""• WC f,.]l,.w 1 ¡,, tlm['l'c]ol\ o• ,[e;o-¡ ¡¡,..,J 
"' Lln• ,¡;.,..,._;.,., '"' ¡x'""' "" ' •¡•htro 11nd <"'!Hito f",.,' )( f,.,'. 
Thi. inoe~tion ,..,,,.,;.,<'o''"'"'"'"" of ""h ,;, ,.,.¡ gt'nuo 
ti >reo wloirh i< t ¡.,, ¡,,.,, uf , 11 ¡,,.·,.,; "ith fi \'e 1'-''il ;,,, '"' .1 pb.,e: 

o·un·e i' Í< •l-" '''"""""' to l_,o1h >U da"" u.,, il du•• ''"' "'"''";" ,¡,. 
n•!I<Ír<'Oi po..;.,.,_ (!'no,.,¡.,,."" ''• ohe ¡,,k.,¡ ¡),o <n•llio·i,•"t 
""" > ¡, ,,¡ (-JI i< ""e-) .1" ,¡, ,., "n ·,, '·'PI''" ,ffl, "hj, h i• "'"'r'<i'· 
ti"'"ll)' ¡,.¡.,;._,,, i• lo '"'1Uio1' F.,,• )( E.,~• in~ hirh <»c lho '"'"" 
•«< ioh lo <<mi¡»..., 1 uf <' ~mi ¡• ~ i 1 h k' ¡.,¡., ~ "1" ,..¡,.., '· 

¡,.,,.,¡,.,.;,~" .¡"¡, 1 ... ¡,;,.,. wo r<q,iro f,, x r,,• x r,,.•. 
~im-. ,¡....., lbt.., ;h<f.,.-.-. ¡,_,.,. r' •• o romnl"n "-'"'1''"'""'• <fiero 
-"" "' """' '"" ,,_,;,,, ;,. :::,.,¡,h.;, ¡oo.-ioi<>n< """ pb""·' 

Tbi• """'' .•1~• ro:l"~-' if ~• '""·iokr *"X f . ..,•.• loo o·ither 
r.o;e, thi. "'''"" ohoo thorO ;, "u "i'l><"f lomÓ!¡,-, !loo m~ii ,.r the 

'Th• ,.,;,, "' ;.,fi,¡, al""" ~-· ~;n t .. •omn••• o o o.,,~ =bOro. but 
i< ,¡,.., ""' ¡,. "" • fo>n· ,.,.;.,, <Í<d<. 

·~·'"~""''-"" ,.,;,;,,¡ '''""' (11) ,,,.,¡, ""'' '"""'"'''' ,¡;,¡,"'"' 
•'";_"'"• '" "e "'''""' " o.en 1" ""'' l"ur /',,• >( F ~•' ~• h" < .1·, ~ 
, ,-, - ~ t-,¡"" o·(• - 3. ~ - 01. •qo><ian t ]5) -' i<IJ• ~ ,_, o loO "u"'· 
1.--o ol """-~"¡""' ol • 1\ro·.- ,, ·""' ;>. );"" t ;''"'""'" J".,• '"' ló 

-" 1'"'"'-'· ''"' "' 't ¡-,,, ' • '"' ""' i•, S ul lhN 1 oll 011 ''· 1 [<O<~, 1< - S 
• J t1 o~i"" 1> n t ,;, ,..,.¡,¡.">" o~_, ¡j_,,. •• 

• n,. ''"" < "'""'"" •· ¡-~,• ¡., 30 , .. ;,,_ ,..,~. , .,,.. • ., in.\"'''"''" '' '" """;"' " '' ;, "" '"'"'" '· );,.., '''"" ' ,, .. ,,,_,;,, ,._ ''"'" _, '" 
""'-' ·'" - C'<l - hJ '"'""' of '"X fo•' •l,i.h olnnot ,,. uo ''-

' 

.. ,¡,_ r-•·io ·.,, .. '"""'""' .,,¡ ohnt '"" 1.,¡,.,, "" 1- f•ll "" , 1 ,~>o,.-. ol 
iurmito ,.,¡¡¡_ lu .,¡.¡;,;.,, ,¡,,.,. ¡,.,, ~"r'""' -ndo"' f" ~;n 

.,.,..,,,n_,- ""' ¡,,.,. ,, """"""' '"'''"'"'''""' '"'"'· ""' "" 107<'»­
""1/yl "" '"'"'' ..-i>och M...-"""'" ,_.,;,.,~·o pta._ oM. """""· 
oll c'tl .. .,., .• ,.,.,.;, ;,, .. >]>l<e«~ ~ ill t•t•nomlh-) Le fomt<. 

( "< •n '''" 1 '" ;'""' 11 .'-, ,., n·• , • '"":0- l>e de vol"!"' 1 "' • r u "" ;,,. of • 
• ;,~le P""""'''" 1-:lin,;,,.,; • .,_ '-'-r. ~· ¡,.,..,..,, r~,• nod r,,.• 
1 itld' a .,;,.th--dt·~"" 1"'1.1 ,.,.,¡,¡ iu "r,ich "e o ··~.nol, ,,_,-, y, ,,_, a 

'"'""''" t•r ""d '' "' "" ""k"o•" . The1< U>Íng ,, (oltor oliminaling 
r, •• ~"'"'""" '"'''~"'-'IJ·) ""'"l''""!iu~ too g<'<n \"O]H< .,¡ the 
'"!"'""'''"'' y,, no •1"11 1 hoti1·,11h· Ji o id e o],. nÍn!h·d•·""" ¡ovl¡·· 
,,,,,;,¡ 01ul ubloi" ' '""" io ¡., '• ~ ho~e ~"''' lit' on <'. ThC- P"""' 
dou-• h.-.. !loo od\'""""" "¡ l~·il<¡; '1'1emotir nool ;,. n'<'fol lor 
rl""'"~ ,¡,. ,.,,·,, <'""''- J!,,evc·,·, l<>r "'''''"""~ orbior .. y 
p<•i"'' '"' .-' ilU~ puin« ~-;,¡, ,¡, p<~ioion.• on • ¡~on<, •Ímp/o 
;,.,,;,, ,.,.¡,,¡,,, •• go~oor•U¡ ,,¡¡,,..,_ F"r u,. "'"'''"' rle~"eJ 
¡., Tahlo 1, pDitoL• wiLil ,¡, ,.,,¡, i~o" ol< ' ¡J]"'" o r<-1 c<1 N 1n Tnble 

'· Frum tlw ,¡;,,.,_¡,,. .,( ¡.,,,. 1""'' ;,,, '"' o o·itclc, JI f.,ll"'" tl101 
'" ,.,,¡, ,., ,r ,¡;,,., t ;,.,., (/, "'· "), vf o loe rl.m, tf\er< ,.,,.,.....,.,,.J. 
a poioot "'' f"'. llou..,, (.') .. ~~~~ tho.., ,;,...., "'-')" lO" ,....,.¡ !o" 

¡u~amohio.,.ll)" >;<'""'"'" f"'. ,<;,,.;¡_,,r,,-, .-' ""-'" ¡,, "'"""''"'' 
~,,.,,...,.,,¡,.,¡])" h)" ~,;,;.,X(~) fuur titn<'< (j • 2, "• l, O) onol 
tliuoluotin¡;, "'Y• ,._ n,. ,,..,,¡,·,,~ti""' quoolwio~, ,.,,.;,¡,,g 

( ¡) "> ,",;,,~le !"""'""''''• may ¡_, ,.,_.¡,-«.] fur (•o. y,. '•~ 
Poinl< W~id• Lio on o Cylind•• 

1\'o -¡ .. d(\" ""' "''' or • righl·<i.._;ol•• .-¡·ln•k-• lo¡·;,, dire<tion 
,,,.¡.,., (f, m, n) ,,.,J thc """¡,"''"~ ,¡ """ 1l ·,,, po'uol• (o, lo, e), 
,.,,,¡ kt ,¡,.. ""'"'"¡ Y<·<Luo '' ¡,.,,,. t]., uri~iu lernliuote .tt (o,~.·~ 
1\"c '"~" ,, a• o l.,,.,.,.,,, r,m ofle nriti" '" • ¡.-int in!:,."""''"" 
fine tl1e \'(·o·l"' O, - r, ..:. ,_,. 111 Fi•· ~. Ll..- oliro,_¡,.,¡ ,¡¡,,,..,.., 
'"''" "'" pb "''" '""""'r '" o 1 •• "'¡, "'"! 'l"'"'"h <he tiP< ,,-" ¡; •·· 
'• ~uh; • o¡"!"',, ;, ,,t.,,,... n .. ''"''"" d, ;_, '·''~" ¡~, ... 
(.,,!o,<) 1« L110 ""'"' .,¡,,.,;.,,.,¡ ¡,_,. l""k'·lill~ lklip"l '• (p.ocolld 
tu ,¡,. ''.'"l'u,.l•·• ,_·,.¡ '""' tloc pi.>•"' ""'''i"ing u,.. tip cf ,,_ 
Fmn• ''"' r,~u•e i1 r .. n,,.., ,,,,,o, - d, +, ""''·'"'"'''• d, • ,1 -
,, - '· 

U 1loc I'"Í"' (r,. y,. •11 i ~~ ol,.. o"op .. r,, ;_,'"roo'"' • .-¡-[,..,¡., 
'''"'' the "i''"" "'i•, "',,.,,.;ro 1o,¡ ~ (d,l. n.,¡.,,.., d,'­
lJ,> - 1101 ,,¡,g 1f>of<><O~"j"~ 

(~-~-<)·~-,,-•)-~,-t,)·(<o-r,)-0 

wh ido " hcn ""P' "' ln.l o mi • impli r,,..] .' iold. 

(y, - y,)lo + (>, - ,,)e + ,,. - ·~~ 

' 
~ ~ [{r,- <0)/ + (r¡1 - y,)m ·1· (•1 - .,),]](<, ·1· z,)( 

+ (~; + ~,¡,. + ¡,, + t 0)n] - 11 (1~) 

]f 111< ·""' i• >i'<'''li"-1, o loe''""'"";""(!'!) (w"uh (1, m, A) hm! 

o 
'••- 1 G<o~'''' loo r''"' w"' 1w o """''"' '" o "'" """'" ''''"'''· 
e;, ,,o;.;.,"'"',, ond ,, "" '""''" ., .... , 1 .. ••••'"" po;,, In 
•"'"'•"'i ••• '· , •• ,-... , ••• ,. 
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(a, b, rl fo"'l > ..,.........,,, • '<"'~'"<ie ,,.,r., ... rml>«lol•d in !:, 
~hirh ,, do<'""",.¡ .<11 1'"'"" ""h hm r•~;,;,,, o" n r;-linoh. 
ol•~" ti><"'''"'' .,;,, ]! <h< .,-lio~l<'r .,;, ,..,¡,.,.¡,¡.., o·iclo ,..,.n­
"" S,, "'1""'"" ( 131 ¡, idrto< i<.<ll;- "' i-foNI by,;.,')'!"¡"' ;, !.",." 

For ''"'"'!'"¡,¡.,,.. ~• to>r (l:ll wich¡ - 2/J, "'"1 ~nd <lcot 
<hr /or•• <>f •'1 poi .U• oá<h 11"' ,...ili••• ""o •N""a" ;, o •""'''' 
•po<«"'"· 

f'or lonr l•,.i<Onc< •• ¡,..., "'l">lion (13) l>~rn ¡~,.,. tin,.., 
j • ~- ~. -1, ~i<lo 1l>e "'"'h <h" l~m "" ol "'"' ciolol J><linr. U"r/J. 
Jo•r 1'''"'~' o• o r~lind<T cáOh o lp<r<P<ol .,;,_ 

f~r ~,..,,.,¡,¡""' ~<' OJe nol ·" M><-rt~ '" """'"' '"' aohit<.,,_,. 
"''· 11 "'' ¡_, ,¡.,. d ,,...,., ¡,, 11. rn , " 1 ¡_, •i'<<il .... r. , he " < he "" ¡,.,. 
f"'"lil_l' ""'dotiun o/+ ¡,., + <R - (\ "'"'' horlplicill)' ~"~~P<l. 
\\ ith j • ~. ~. 1 ¡, '''<""' "'" ( IJ) "'"¡ < ¡,. "" lo"~"""lio,l '""'h'i"" 
..,.. <>btoin; o ••' ni !our ,..,,.¡,.,,..,~,,....,,., ¡¡.,..,, "'""'""" ito 
(a, ~. <), TI,- """P"'iLility '""dit '"" i• thal L be olol ,., mina"l <>( 

olo.opt"n ""'"'' rquol '""'· llohre ~• '"'l"i'"' 

1 ' 
,, • " : ¡lh - zo) '• "' (rr .,, 

"'' -" (ll) 
1(r,-r,) '"' "'' '" "' f,', 
;(r, - ro) lvo - ~.) '" - t,) /.', 

!,' -

X ((r¡ + r,)l + (•, + ~,¡,. + (r, + t 0)n] 

f~uotion (l!) "1'',....,"" • qoc'\otic om("'"' o·ml>NioiNI in !:,. 
· Tioi• _,..,¡,.,.. n)oio·h no ,.,.¡1 11~,•, "1' >i<npl)· 11•, ;, 11m l""""r nll 
.,.,;,.¡, nilh ¡,.,, 1""''"''" "" ri~ho·oirr"l" <,llinJo·,. n·illo "'~ 
1,.,11<1 '" (1, ... •,). Fur" , 1.,,;r.,.,¡ 1, •. ,, •• ., (••, o, d. o lo<;,,,.,. 
""" ;,, ,¡ !/ • n i llo 1 ¡.,. " r ""'"'"" o " ,.,, • .J ' 1 "" ' lio· ( (1 :¡ 1 "' ko•n L n i"· ) 
yiolol• 1 1 .. ..;,¡,, ,.,;, •l• ¡ ,.,.;..,wy ,¡.......,;1 •• 1. " 

H""'""i"" """iolo·c.Oii"" .,¡ fi1o ,,,;,;,.,., no• , ... ,.,¡.,,¡., ¡¡,,, Ll"' 
inl.r-odim• //~,• X 1/,~• ~ill '""loin 11"' '"1";,.,¡¡,,'\1<. Thi< 
io•h·,.,.....t¡,,., ;, "'"'1" .. .,¡ ,¡ • thi,,.,.,,¡,.,«l<·l '1'-" .. ''"'""' h", 
•hiolo i< <loo'"""~~ "11 ¡Óoinl• niolo f"'" l"'"ili•l•" "" • •·;linoh·t 
~ iolo ·¡,....if...! ,_¡,. "' io·oolo>iom, ,,.,J o n~iolno1 oJ lhN'C \óiot~ ~ loid< 
'"'!he 1,,..¡ uf nll P"it>t• Wllh l"""f 1]wir fio,tll'n'<' l'"'iiÍ"h< '"' 

on< &"''"""'' 11•" ;., n ¡;,,.. 1'""\ld '" (/, ,., • ). " 
¡•.,,,;, J>«i1i""' "'' ¡,.,,. 1ho ¡.,,.,,.,,.,¡,.,,,¡11m' X 11,.,• X 

¡¡,.,• .,¡,¡,¡, >i<·l·l :11 ,.,;,,, ~itl1 ,;, 1.,,;,; • .,,. ~~~o qlio,lor ¡,, 
, . .,¡, w·•ihffi "''' "' ¡,., .. .,;,,. " 

\f "' <lu ""l.pcdfy tho ¡,.,.,.,,,,..,, ,.,. '"·'J' ¡.,,,.,.,¡ •P•·df;· 1]"' 
norm.•l In lf>< n<i< (o, ~. t). !!o• t•·or, iu th;, "" '"~ in <loo..,,.., 
.,¡ ).,¡), (1, "'• ") nnd (o, b, t) l<fl '""l'"iln·d, tl.e ,,.,.¡;,., .. ,.¡\;· ,.¡ 

(1, "'· n) in ¡j., J,' ""'" '""~"' tl•o "'"]pi, ""'~ <VII>plic:olod. 

Rolo""'~ Pooillo•• ond Klnon>o1" lnvo .. ion 
1" ,¡, ¡,, c¡;"i"" ",. lo"',. ,¡,.,u "id, !:, ,.- 11,0 , ,.¡,,, ,.,,.., 1'.,,;,¡, 11, 

;,J dol(•o ,.,;.,,.¡ o!""" l<«·i "loioh "'o: oo .. ldol,.,¡ ¡., ot, 1 1 ¡, 1.11 th" 

n,;, ,¡,,¡". '~""'" lho ,;mplo~t '"''·"" .. r "l'b"otion, ""'''"''""• 
,.,¡ "'"'l'"b''""· n ... ,.,..,, ;, ''"'"Id¡,.,.,,.,..,¡ 11,1 "''"'"'"'" 
Jori "¡, 1 i1o O•<h !'< ~ i 1 iou !: , . TI><'><' lu<i <·.<u ¡., "n"l'" IN < i 111or 
~¡" rllr, ho· • ,.,;,,,hl•• <1,,,.,~. in il,e ,.,lo<cl 'P" whi< lo dtn<>lc tl.c 

~ r .. , ""·' ,,.,,.,.1 ,, ;.,.,,,,;,,, '''"" '"" ,,;, $,,. , .,.,;d'"'" "' ,, 1,,. . 
.. ;,. ~ •• '""" ,,,, ~" ,.¡,,.,¡, ..•• '·~ ,.,;.,,,, '",. "' "loid. ;, "' ;,.r,.,;,., 

"Tl"''' "" ·"'~•11> 10 ,..;,,,., '"'' 1~11 o! ol"'"' 1,11 "'' ''' hooo 
0-.o·ollx<l ¡,, '''" ""' 1'·"·'"·"'1' .,.,,¡ti""''"",¡,"" 1'"" •1" "~ 
q"i' «1 '" ;, lo. ,, 1 ;,, • '1 ''''" S "' ¡,.,., '"" 1 .,;., '' lw < '·" o "" o O • 1 ;, ., 
,..,..L.I«< ~;,¡, , .... , ..... l.~ ,,.,¡ l. 3. .. 

"1k•· n,, .• ,;,,., "" ,.,,.;,, ,,, .. ,;,,.,, r""" "" ;, ... ,.,,.,, .,r 
•'·"'" ¡,,- ,,¡., - t.,-"'" - """' (>¡- .,¡. - h¡- .,¡/ ~ o. 
J - "· 3. ,..,¡ ''"'" ,, .... \1" - -.,, - (e, - .,¡¡ .. - 11•· - •·l -
'"'- <nlV- n ""'' (V,- .,1- ¡,,- .,¡¡ .. - 11"'- ,¡_- '"­
,.¡~~u. 

••TI.oo• '''>O,..;,,, • '""''""" '"''' ·""' /le,•: ),.,., ""', IS ni''"''' 
''" "" ,¡,, ,,,.,.,. ];,,., '"'"; .. ,.1, ,,,_,;,~,1. <ll ''" ,,.,,,¡,;.," "' 
' 1"" "" "' ;,.r,,l"' "''""" <1"' ""• 1.. h. S •'· 

l'""ilion. "'indio<"<lly. b)· "'""'ml,..fin~ ¡\,.¡ oll ¡,,.¡ '"''""!dr.l in 
!:, '""'e "i1l, o he 1 ¡~,.¡.¡.,,¡, 1n"tiun ,.¡ 1 he '1 -1 ,.,, '.,J <""· tiH•<.-
1~••· ¡.., u,;,.¡,,,.,..! r"'"' ~. '" ~, h;- ,...,,~ s,. 

\\', ol-<> ¡.oiul nllt t ¡,, r""""'' ,.¡ o loo l•n·,iou• , .,..,., "'" '"'Id 
•orl, ;,~1<.,.1 nl\h 1oM nhi.!o oro eoul><'dol<ol i" ~·. 1'hi< L• ""1,... 
,.;,n;· on,.. in ,¡,.. ''"" of \he •P'"''" iu • hit·b l"i"'' ;,. :0:, on~ ~· 
Of<' iH (l, 1) """"l"'"d<n«. llm· n e ""'" 1 be ,.,,,,¡.,~- n ¡,¡, o he 
•oll·~l"'o·n pl>u,. ,...,,..., •t>d <i<o·k-¡••iut ro,.,.. o·bi<lo o¡,.,.....,. 
la in l"'ino; ¡., (1, 1) <•!li<'•J'""!''"''''· Tho ¡,.,; ;., ~· ""' ,bo.,inod 
<i1h<t dirl'<'11;-, b¡· ;.,,..,d.,n,inl ''ll><>~n" olod •·..,,¡,,.,on" 
\'>riohl« in tl,o ,¡,.¡,.~, ¡,.,,. ¡,.; ole,..,ih<d iu \loo '""' ¡.,., '"' 1••inl< 
on o >pi .. ,..), or i1odir<'<'11;-, h,1· it<vor.ion. 1« nn ¡,,.,.,.,;.,.., ~• r.~ ~ 
in ¡.,.ilion!:, owl 11\0\'< !:• nnd<t tlo•l "'' of •coon• (c.,ll"'<l•ln! ito 
~. l • hiel, hove tho '"'"" "''' O< ,¡,. nrioin>l "''""' 1"" "1'1''"''' 
,.,....... 1! ... ''"'"'' !he n~otion, '""''u .. ¡.,..; in!:, ··id!:'.,. 
in11•r<'h.m.ffi .. \OtH;Il,\ 0 b011, :0: ,,,¡ ~·""'he;, mi\Oi""• ,¡,,.., 
11., '""~'' of ,¡,. pr.,.."<"hn~ ,...,¡.,.,, <i<!'<'m! .,,);· "" o loo ,.¡,il'<' 
l""itio"' ,¡ 1loe <o o •Y•Ionu. 

~onclusions 
·1\'o ¡.,, .• <uluideo.,l poiul•. ,.¡,.,,.., ><><r>l ,.,,¡,;.,.,., r.ll mo 

>pc<·iJol ,..,¡,, « ni e<lm~. 1 :o¡Hctl ht>' (,., lho t .. ei of l'''i•H.• ··hitlo 
lie ~" >plot,..., ¡olo>..,.., drtl.,..., o y);,,.s,.,..,, ur ¡;,.,.. ~""' dorh·<d. !n 
othlitinn, il ).,\< l•·•n ,¡'""" ¡,,.,. '" '""'1"''' l"i"'-' "" o], .. ,. ).,o;, 
C~n>p«lor l'"'l"'om< l<O<'e l><'<'n ~o ilion '" ¡.oooform 11><-< "'"'""" 
lolim" ,,,.¡ "'""'"1 mmoooicol nomple- loov< 1'<"'1\ ¡m~o·lltod. 

!11 odJili<>to '" iheir inl.in-ir "''''''-"''• u, • ..., n~ull< ¡,.,., olire<t 
>1>1•1i"'t;.,n In I>H>l~o>n• of u\<'c~o"i•m Je<i~n. The >]>¡>li<"'loiO" 
u! ti"'"" \In··""~ i; dl""""l in n '""'1'""'"" ~"1"'' {~1] .. <¡•·ei.<l 
motio11< (o~-. r"'""' • .,,¡,,pln·oio.,l) "'" ak. .u~li<d, ••od it i• 
•ho" "· ;, (~l], thot ""'" ,.¡ L ¡,, .. ,. "'"''""' yiolol ll"· ,,.,,,¡¡,;,,,, 
'""'"' ~·hirlo '''""'"''' (.">), ·(G), (."•') .,.¡ (fl'~ O> ull n< (1~) .,,,¡ 
(1~'), 1,.,,.,.,. '"'"'""l,lc. 

A¡~nowlc dg men!s 
n"' ,,,¡.,; ~ i-IK"- lo ,.,,,,_, ¡,;, .,,,,.,;,. ¡,,. '" )fr. l'irti•" 

Clwn ¡.,, ,¡.,;.," 1 ho loodk nr 1 In· '""'!'""'' pl<•~1'n">min", ,.,,.¡ '>! r. 
E.,.ne<lo 1\'oltlrun lnr P•'l''""""'"~ ,.....,;,,.,,...., TI"' •uol.:Jr i< 
a f., in<lob1o-d '" l'H,J 1'. ¡-,..,..r,·n-tei" ¡,., hoving inll,~!,,,...,¡ him 
1 o 1 he pmbleut.< d '"'"''"" ¡,..,.,.¡ " o><d ¡,., lo i, """ innNI i<ot ''"'' in 
i)oi< ~01k; to 1 ''· B. J, 1'. p,¡,,.,.., fur loi< in ter<•' ami l<'lUil!~ o.~ 
.;,1,nce; '",¡,.,:-;,,¡.,,,¡,o.,.¡<,,.,.¡:,.,;,,¡,,;.,,. wh....., ~'""' :--;~r­

Gr :1<f!1; ....... t. ,¡,;. "'"'~ "'""'"t •. 

APPENOIX 1 
• 

5evon ro>illono on o 5ph"e 

lo1 ~,,.,.1, if 1', ond f·, "" ,.,,¡,,..., o,f <or<\or ,\', onrl X, ~loi,h 

,,, ''"'"'"!'" ,,,.;"""," , . .,,.". ,r .,,¡,.,." . .,,¡ ~'''"" !'· "'"-' 
~·i\1 '""'"'" ,~,llo« ""~• .,¡ .,,.¡,., n'. "'"! &<loll• p'. n,. 1"'"'1"" 
uf ;.,t<,.,..clk'lo< ,¡ > ¡,,,.,. Clll 1 "' Í< 1, whi, h i• "ÍI'o•\l ),_,. ]~!l] 

TI <O fullun ;,~ rondiliom "'""ed• llo< g<ll<f' 

~(¡•'- ¡•)- (n' - ,)(.\', + ,\',- 41 

(!~) 

( t (o) 

("un<i<lc! lm< the four.point Mrrle ""'~il-.,n P XC' "loi<h ·~ 
1.""" yodo!< ! ' ond ,, . e;"" (,, •' " - :l ,,,¡ !' - 11, ¡,.,.,.. "ili> 
"• • G, o1ori ,\', •. \", - ;,1, (1 G) ~io·kb p' - 3 :o.• ol.e r'""' ul !'. 

F,., f:·,,.,• X E,.,' "e.,.,. (l.'o] le> <lo·te""''"' tln· ,.,,,¡,., ,,¡ 

¡><int• ,¡ '""''"'".'""' ,.¡ ¡,• with i". ~,,¡,.,;,.,¡¡.,~ ,\', - .\', - 4. 
n - G, J• • ~. """ .. l.oui,,, 1 - ~0. :--; .. ,. 1-" io><o> "'''1• 1:,,.• in 411 
¡.,¡,,,,,,,, ,¡.,,.,. ¡;,.,,• ,.,,,,;,, t•, ~G .. r ti••·• r,ll "" ''· 11, . .,.,., 
,¡,.,.. "" 411- C~l ~ :!111"'¡"'' ,.¡,¡, ,.,,., • ., ,,.,_¡,;.,,..,., ·' ·ploroo. 

1 



1 

1 

' / 

8 

Relerenm 
1 l'. 1 """"'""""'"· '".\o•l•<o>io""" -··uolo~l• ~ Fonu-1\.n U .. ~­

....... h"' .\>~[l:_ 1ol. ;;, IOM.1•1• •M·>M. 
Z 1'. F""''""'"" ond G. X.~-""''"···,;,-,.,¡,,,;,"' l'"lh·C:cn­

"" ¡,.0 _,¡ ,..-¡,,,. •• ., ¡., ' 1 , "" "' _, 1 • "'" _, " ,.,.,.,¡ n . ., ' ·' 1 e'"" 1 '" "' :· 
Jo .u"'! •f '-"••''"'¡"' /"' lo<l""'"· T• "' .\8~11:. •·<>1, >1, ¡;,,.;,.. 11. 19S!O. , ... ,,.._,,.,_ 

3 !!. Uoth '"d 1'. hnod'"""'" ··su.,¡,.,;,"' ]',0],.¡;,,,..,;,., 
""'h""''"'-' '" :-;,,.,,,;,~¡ )l<!hOO,,'' h•nnol of Eooi.,,,.;,, for 
/..!•>~••· T•"• .\S)I t:. ,.,¡_ ~- :;.,;.,. a. 196:!. ~~·- ~,._,.,.,._ 

• ¡·_ r .. uJ'"""'" """c.. x. '-'"""'··-o, ''" n"""""'" ,.,.;,, 
"'• l'ln,.;· J.,,-,""·"'-'"'"'"""'"'"'''· •W. "'· T"'"­
. \S" f, ' o1 . '~- ,;,.,;.,. ;: , 1 ''" l. ''"· ' 1 --<~. 

5 G. ,'\. ,.,...,,._ '<ln ti..¡:,;;,.,.,.. uf o <)·du'dnl 11"""'"'' 
Tl'""'-' in ,,,,,, ¡e;.,.,,,;,~:· J<>.-o> ,, .,. ,\ 1 ,, 1 110 "', '"""'· 
•·ol -11. T""'- 1~.\lL, •·ol "1, ""''• 1:, IQO-l, ''" 0.\>l-'C'-'. 

G J. ll•=•i< ,,;d 11. ,;_ "·""",.,.,•· "·''"""'u"'"~,-,.,¡, .. ;..,¡ 
~I'<Hbl ].i,,,..,..," Jm .,.,, ur -''""" ,\] 1 ""'"''- 1 n], tO, Te"'­
.\S,]J;, '"'- "· ,.,¡,. 1', '"'" ,,,,_ C'lll·1"" 

;- "· "- ¡¡.,,.,,,. '"" J. u. ... ,,, "··-~"''' -~·"""'' •1 
l.io<o,.,, 'l<f:<n-II;Q llool ,...,,,.,.._,, ¡.,, .. ~ •• 'o.l, ~, Y. "'"'· .... , ....... 

¡; ~-!. ],.,;,kol "'"' 1-; K, Shab"'''"· ·s,.,¡,.,¡, ol F .. uo. 
IJ'"""' ~p.ubl ~¡...,],.,,¡,.,. W•oh ¡..,._~, l'•i,," ¡..,,_,;,_, 
Jo••••' of .1f«¡o,WI -"<>~ "'"· '"'-e. ''1' ;-cr~!. T""'l""'" ¡,_,. ¡· 

1 ''"""""'""'" '"'~' ""'' ,, ",. '""'" '"' ''"'·''·''"" "' '""'-
" 1:. t'. x~ ••" "''"'· .. _, Ol.olood ,( ~~"'"''"'o( "'"'•"''""·" 

in llu,.;,n, Tr...!i. & .. ;,_ ¡~ r.,..,_ .llo••- .li<U .. -"·'~""'' ~""'· 
I<<~R. ,,,¡, "· 1051. 

W ]', -1'- [)""'"''""'"· "-' (i•n<'l,d C.I•·Oin•l lo< th•l""'"""''"" 
o! l'init. l>i•olo«"<"""" ni """bl )l.,h_,.,b,.,. .,,.¡ Cmoin C....-. ol 

' 

• 
• 

l'n•il• ''"'""''"'"·" In ]{,._,.¡"'· 7''1nli. ,,._,.,;,.,"' T.oc: -.1/,.,_ 
-"'"" .\ """""¡ """'·-'"~U. 'ol. >. "" 1 ;-, '""· 1'1'- ~;!(> 11 Ji, 1<, """h""'"· ·-_,.,,¡,,..,, )\<Oiood ¡,,. th• llo-,-.., o/ 
~,.,,;,,¡ \.M -"" 1,,.,,.,,. 1\'"h '·""" l'w•." m H """"· 'f",,,¡¡ 1 '"' 
"""'-- ''"1 '"- '""" ,., •. ,_, 

" .1. "''"""""""· .,,,..,,,¡,. "" n, ....... , ;, s""''";,'" 
/)a"''"""'· ¡_..,,.,¡ •. (;'""""' , 1 '-"'· IUI ,.,.,.._ 

13 ~1, L. K<l«. ",111>1,,-« "'"' o.,.,¡.,.,. "'' l!.•nml.nrl~l,lrorl~ 
""'"'' )!""'"'"'"""""""'"' ""'' """'" .-;,,..,.._.. ""'"'"• , .. _ w .... ""· ~·- 19&>. ''"· "'-:t! '"" :-.1---<,~ 

1 1 r.. ll<in. "·'"-'" ''" l1< "'"' Y..-loh""'""" ¡·.,,.,, ,.,.,, "" ,..; 
""" ,¡,.; L, • .,.., ,;.,., -,,,¡,_,,, h '"'" '""" G""''"'•"•d" oh 1!.11.­
'"'".-l '"' _., .• ......_ .,.,,,,.,.-., ""''"" .. ""''"'·" r ..... ¡..,_ w ... 
'ol. 0>, Ho.!'l. 10• 0!-<><hnd lió-1: ... 

.. J. 1". """''"''- lll ... _, "·''·' \ ;, .ú "'""""'''' ~- "' ,,,.¡, "-" ,_."'''' 
l>~o•i.nYn"n"," Jo"'"al of l:•Oim<i•o J~ ¡,,¡,..,, •. TA"'- .\~ \1 ~~ 
,.,¡_ &;-, ~,;,. R '"""· 1'1' '"1-Ht.l, 

IG l!. s. u,n, T/.omv •1 ·"""''· C"'"'"'""' ¡·,.;, • .,,,. ¡•,..,_ 
···""'"""~- ¡_:,,,,,.]. l'>O<l 

>; .\, T. Yono ... _,.,¡;..,;.,. o[ r¡,._,,.ru.,. ·""'"" ood n,,.¡ 
~"'"""" to ''" ·'""'' ,;. ol ;,.,.,;,¡ ~lo.-lo .• n;•m•." •loeto<;l "'-~•­
,;.,., i"ot,,,,,,¡,, ¡·,.¡,.,,._, , .'<m \' '""· X, 1 .. ""'· 011 '""~~ 

IS 1:. ~'"d.•, c .. ~,,¡,"" 1>•'""'"• Jl. r:. l..,lmtr, r..,;1,,;,, 
G<nn•">'• '"'-"'· 003 ,., ... . 

'" ~~- ~iith ..... ,-.... , d;, ''"''"''"~" "''""'"""'''"''·"'"'"" ;,.,,.,~""'"" ;, ''"" ''"""'"'""" ,.,,¡ d" -"-'•il•hu"' ,¡,.o,.,;,.,o., 
lh·l••o." _1/ol>o~o/;.,.,_ ·'"""'"· ,-ol. 3, 1~01. 1'1'· ~G __.,'-0, 

:U J. O. -"''"lj• •nd 1. llool;, ¡.,,,.,¡.,<lin" In .H,.Oono< ¡;~'"'""• 
(h ¡.,,J '·,¡, '"'"·' 1 . ., •• _ ,.""'·"•d. "'"· • 1 o , ...... _ 

~1 U. ""'"· "l'io;,, 1',.;,;.,, TI...,.,- _,,,,..;..., oo ~l"'ho"6'" 
s,·..,h.,;,," .IS,!l: l'>r"" ~o ~7-.\l'~r..au. 

' 

]';,"'"' •O \1, O. A. 
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B. ROTH 

Finite-Position Theory Applied lo 
Mechanism Synthesis ..................... 

MO<b-ol ... -..,, ... Oo~o•l~ool, 
S>••'"'" u.;.,., . ..,, Sooo< .. d. '•"· 

Mo ... A~I 
Tire "~¡u,,.~., finii<-/>C>ilicn piano• lhrcr_• of fi"'""''i< >ynlh"i' (!he J<>-<oll<d 
Bnnn«l<r lh"'r y) ""'/ il·c ccn<>/)(lndi"g •Pkaicn/ tlucry aTe duio cd Jro•o 1~< ,_.,,¡,. 
oj 11,. ~corunl sp.otinl/l;rory didr ~M¡.,..., gi•·m in a '"'"f>Jnion /J"i>'' lll-' 01/,cr 
S{>t<i<>l Jirpl~ccmc0/11 ""Jit<i ar< lbo'< for ;chich ¡¡,. aulhor kos (O¡,!CJ ¡he """"' 
">inúlnrily /raouf"'"''"'~"·" "pu .. JoPI<lnnr," a1ui "p"¡,dosp/¡uicol." Th"< mrdll, 
"' wll "' lhm< cblniw'<l ¡,. J1 J, "" ,n,.-~·¡¡ lo be npp/imi<d la !he >)'111/wi• nf >f'Jiial, 
s¡ohcoiml, o111ol pla.,ar /i,kn¡;<'. Sn-<rOI """'"iml <>amp!<I "" P"""!td. 

lnlroUuction 

l, 1 l'JLL>'I"I" /"'1•'1 pj, "" o/OI'o'/"i'''/ I'O]miin'l' 
~"'•'""'g '''" loci ,¡ ¡»ioot• ~ hio lo, '""'''' 0 "''1 h ,¡ 1 i~i·l·b>J_,. 
d'f¡oh<enwnl<, h·•\<' ,..,.,.,¡ i•"ili'"" "" •J•l~H<, ¡J_,,.,.,, ,;,. 
rlo!, c¡li"~''"• "'lo""'· l1o ,¡,;, p.•¡•·r, "'' p,,.,;,.,¡,,¡,. iloo,., 
""''"'-'' '""lo''" lhroe t\'1''' ,¡ '1"'<-i.ol .¡;,.,¡,,..,1,,.," ¡,,.-;.,~ im· 
¡•ul""l j><oo<ir.<l n¡~olie,;lion•. Hill<'l' !loo o11tl"'' ;, '"'""'"' ul 
""l" ¡o~c•·iou; J;,.,.,..;m, ol oloc· li.-.( opcd.\1 "-"'· loo '"" lwith 
mi<~i··ingl ooin«l ""' n.11nO .imil.11il)' '"'"¡""""'"'- Tl100 
olhor t~o >I>N·i•l e»<..--iOII< ,.,,,,.,¡,.~ ..,.,..,~. ""J ~'""'"''' ""~'"''­
],..,[ lo llor "dl-lno~'" ;plor•i<~l ,,.,,¡ ¡ol'"'·" ""''km lmilo·]><"itimo 
!loO<>rir.< "hido "'""' uo• l>e \'i<-~ru ¡., o ""''~ Wl•<·rnl a>nto\1. 
In oolohtO,.,, ,¡,.... buer l~'o •¡.-ei.<l "'"'" kod, "~l"'<'tivd), to 

lho iolrlgnÍiol\, ,.oj ,....,ninol¡- """'• ""'"'"' of l""'"''"l'looricl 
"'"' ]Hrllclo¡olonor ln«l,.ui.n,._' 

Ap¡oli«<!iun• ,.¡ lho ~M"'"'' lh<'<<l)', •• ~ 011 •• tloo lme~oi"~ 
•fX'<O,I ,..,..,._ ,,. di.no....,.¡. lo io >IK>wn "'"ti.-..,'""'''",,. 
'l'l~icaiJo to ,.,1;.,.,,. 'l"l"""f ,¡,;''" l'"'''loon.. •••l,..•·ernl .,..,,,,._ 
"""' ,yntl,.,... ore ¡<r<'><"'H-.1. 1110 l<lnrti .. o-~'<'MI>IÍun ¡m.ol~om 
¡,.. hoen '"'""ll"''VÍ<Ko.l)- ol.on ¡.,.., ( ¡:~ ~~ n1•l .,.,.,.,;..,lly {G)), 

- bol """'' of u., otloor 'Y"'',.... "'-""'n lo 1,. 1><'0'. 

ll~mfntll!Urf 

\\'o olo-.orlho o r.ni 1 " oli>phn·uornt nf n 1 il(iol !.,.ly, 1 ruin ¡..,;¡ ¡,., 
i lo 1....;'"'" j, • •• "'"~ .r~p~.,, .. ,.,.:.,, 1 ·r 11« •Y•''"' ,r l"'i"" 
in \he 1\lO\'i'<~ o¡ •l<m i• ,.Ut<J :!:, in <CIIor.•l, ond !:, nhoa nc n-l•h 
lo <r<l]>lo._.;,. 1,,_,, thc •y•«-m i; i, ""' ,.,,, ¡•~ilion. n,. •yo-­
Iom of ¡ .. i,.l• in o! .. r•·l<ron<O o.-.lem (nl-.o refotml to;.. thc 
fc~«l >)-d<ln) ;, ~.u,¡!:'. Tho om~· "''' i• ror .. i•k-ml "',lino 
iu!:'<III)C,. it ""''''""·' '"l"''""'i¡ll,'"' in!,,',¡,.~¡,¡,¡,"'"" it 
i< toko-11 n; th .. ot lino iu !:, ~hi<l< tuiucid" uiLh $,1 nhooo!: i•ia 
,.,.;¡¡,, i. 

Full1111io~ ti«""'"''"" d•·<·o·lu¡,·d Íl< 111: f:' iolhc fumtlo­
m,lrr•mf""' .,¡,;,¡, ..,,.,.,;.,, >11 Ll,e ]"''"'' ;,. !:, .. ¡,;,¡, lu.-o fo.-e 

]>~•Íiioi'H 01\ O •l'i«'rt'¡ J' ¡, •' ''" 1<~·~1••1 '1'-'"' • 1\f''o• ~loi,·lo '''"' >ill< 
11il1he ]<>¡.,¡, i11 ~.,¡,;el, lie.,l\ ,, ,;,..¡,. 1"1' ¡,,,. ]x><iLion•, ·'"di' 

i• a n.i,J~"d" ''"" ""'-,. ,¡,;,.¡,,-.,,.,,,¡.,,;di''" 1'"'"" ;, :,;, 
"l,id, lo.w.• ti"'" ¡•~ith"" ""o 111•<'. l'vr ll•o'"''' ,.¡ • l.orit~, 11 ;, 

,..., 1 "" ; "'" , "'"'-" " r , " " "' , , t. • ,., '"' , ( , ... ~ . , J. ,,. ) 1 " ,1, '""'" " 1 , ;,. ¡, 

• 'r,•]lcfc«•llll''"''"'1 "' 1''l"''--
>' '"']"'" ¡., l,ru,l,-1> •l•~<rn,, • '' ·, ·,"'IN ''"'>11\L 1\<on "' 
'' ''''"''''''""''"'' ""' C'<>nil<l•'·'"'<l l•< '''" • I'L' '"1 , ' )'· ,¡, . .,.

1 
f' ,],f, .lnnr .. C.-_, • 

\1~:,,-',~~~;~-,~- -~~:·,• :::·,~·::- ~;::::;.~~::¡::,'.\¡_: ;·~~~·~:~;~~-.. ~:;¡,';~':.~,~~' 
1 1

] !Jo-
D.' ,,,;"" "' tt.;, '""' '. 1 "'~' ~ ': _, JLó 1: ••< ,;,¡, $""''· 

,,,:::;:"'· -'~)11:. ,. "'~"'. ';.~·:·:n· :~·~.'.:-:::::;,· ""' ,] o"' '"""": ,¡,, 
:<<w\oll,:<: \. ""

1
···". ~• ,.,.¡¡ ;,. ''"' ¡.,,1"'-'- ,.,- -'''''~" 

,_,.,, '"'u"""'" "' ol•c '"',~,..;", 1 1., ,s:.¡¡; ·'1'''1"'1 "'""-·~·~-· :011<~<'"<': .\1,,,""':~·< o·•LCI· ¡,.,,] ,¡;,11, "'J'I<Inl~• :•G, l.ü<J, ])[,-;,;,, .. , :-;.,.,,¡., '-· ' . 
p,~, :<o G:-.\l'"·l'.l. 

J~u1nal Df ~~~lir~ l<l~dlanic1 

po<iHo~os "" ¡,..i.,~ '""'i<bcd. l!ooc•·er, iu .,-¡,_,. f,ll•>"•• I>O•i­
¡¡,., 1 i, "''"or:<ll}' ,,,.,¡Jt,·d, •i11<0 i( is t"k011 "' tl,e tdm·no" 

'"'''''"''• ,¡ i; nlW")' ""doHood lo¡., ti,. fir.•t ¡ "'"'""· 
F0110l1)', al! oiOII>ho:-rt<J oqll;ti""-' ll'fo·r lu l'{jll.<liOIIO olori\'o•d i11 

11). ], tli, """'"-'1, it i,u--dnl to ho11· tl>'l' 

(a) l:'l""lion (1) dcfi,.,., thc l1noor lroh>lorl><>tiOio 1n11lor 
"loidr ]K>int (r., y,, '') ;,; "'""" t-d" lo (z ;, y" >,) Ir¡- 1.,-

z, ~ (o.,+ t}.t, + b,,y, + '·!• +a,, 

Y;- o,..-,+(b. ·+ l)y,+<,r,+d, 
' ' ' ' 

'; w c,,:c + b J'< + (e,, + 1)<1 + d,, 

((,) 11" >qLIO<< nf \l>e di,!.10C< (rOn< llro noi~in ¡, til'f') h¡·: 

•,'~>,'+y,'+•,' 

(<) l·:O,.,nliol<< (-'•) ond (f,) ""' tiiC <'<lii.Oiion< ~ lrirlo olofo<>e t,,', 
~loilc (~') oool Wl <lofinc ¡-,~·· n .. ..., •~-. cur<·e• ¡:onor:<lly do 
1101 lm·o ._n,- o-om<r>on fon itc ¡.,inl s.. 

(•/) l~¡untion (~t) ,;,..,ti.,'""'" ol all¡•ri11" .,.;,¡, ¡.,ilioms 1 

n ml j in o pl>ne IK>rn"'l lo "'"" ~i>-.:11 d ;..,.,., iun ( 1, "', n ~ 
{<) I:qoc>lion (~) ¡;iv"' the ]..,,. of oll ¡ouint. (z,, ¡.,, >o) "l<kb 

in ¡...,.¡1¡,,,. l ond j ]""" lho "''"• ,IC,Ina<'<' lrom ~ ¡«<il<t {.1., .-1,, 
.-l.)f.,.cdin!:'. ' 

Ul Eq11otiou (l~) ;,; ·' >el ol •~Ó <'<l'"'' ;,,.,- ~hi<h olor.•,.• ;,•, . 
~hile (12') dcfi<«-' i,.>, TJ""" 1~-o run.·oo ~<'f)CIOIJ¡· do 1101 )•"< 
a ro1<1nron finito ¡'lillt. 

S~ecla! Mollons 
1\'e no~ nudorlnl..c Uro,¡.,<];- ollhnoo tr¡•-, o(,.,...- Ul'>lio<,. 

~hidr "'" ""'"'"""!,- 111od in ooodn,.iool link•mk. The."' 
malinos )'lcld >l"-'<iol co-.,; ol tho """"'' tl1nury "hid, oro.,¡ 
lhoor<lk.J oud ¡>motio:<l Htloro.t. 

5;milmily T•on•loom~Hon• 

1\'e ""''idee tho M--< ~t..-n tl.o mow ;, rl<"lermi>«d b)' puto 
lul:oli<m>oi»OI(Iwo "''•!, ond s., u],ich 010 oml~·d,l<·•l, "''l"'"' 
li•-d,l-, i01 !:' ,.,J:; (rig. 1). F11rtlrer, ""' di,t:o'"" ,.,,,¡ i,.,.¡,.,. 

''"" '"''" '"" ! ' ·"'<1 s. "'' ¡¡,,,¡_ 
!.<'1 .! oud 11 be o be'"",¡""''''""" 1,,,,;.,.,_, ror '""'i''" <>l 

¡.,;,.,,in:; ,,lwut !_, ;.ud S,, IO>]'OCIÍI·•·Ir, _.,.,¡, tl •. ot tln• onl.ll 

'""'forn>o~ioll J,,. to, ''"·"'""O"''""' 1, (,.IJ,,,.,¡ t.¡- :o'"'"' 
tio" ~, oboot1 1 , i; ~1\'o·n lo¡ o loe· """ i' p<oduct.l /1 .. :> ''", if "'' 
""'"'' tire mdor or 1ho t "-" """ ¡0,, ,., oh"' ,. e ¡¡, ,, """''' !: l. y 
1•,.too .. t1,, ~oMI<·tk.t ''"' !,1.:"' ,,.,-,.,_,;,;,,,¡in !:'1, .,,., 

S,, ""d ~e nul'l •k«-rmillo ""' '''"''""""i"" onuil, ~1)", Ú,, 
•·hkh '"""-"""'"!' to • "''''""' o'''"'"' s, __ s;,,,. ,¡, "'•Ir 
el,_,.,,,.'"'"""" In""" h, i, oho '"'"''"" ,¡, r_,,,,¡ ¡,_. .1, •ho '"'" 
\L«o·f,.rmotiou B, i, ~iw" ],¡· Ilro ,_,_,. ,¡¡, d >io.nl.<rit.•· o 1 ,.,,¡,,. .,,_ 
<ion .11!.1"'· lkn<t' ll.o to\'1 ¡,_,.,,¡""""'¡"" ;, ( 1/1,1"1) 1 

1 



" 

' ' 
·1 ,.· 

' 

' ~ 

·¡ 
~~€!, 

' 
t-----" ---€?--, 

"•- 1 ""m"o•Hr·"'"''""'"''••" "''''""lo"''"'" br """"" obo" 
o r, .... o o lo (1 11 o•d oo o o lo movl"' woth tho bod' lhJ. lho dlo1oo<o, 
p, .......................... '"""""'· 

.1 n. w~ "'"duJo l!o>t !lo< ..... " Q( the lr:n~fomutinuo "'""" 
~. >oHI s. i.i ;,, • .,,.,.;,¡, ••><1 oh.,, in tt.. •1-"<'Ú' "'-"" ol """ "''' 
r,..,.¡ in ''" ,.,.;,~ b<xlr, fi~oilo ,,.,;,.,_, 1"-< ~~11 ,. ~..,,.,, 
,....,.. •l~¡ol.lffmroU) do <ommnt•. 

\\'o ••~r •ino¡•lil.1· llor drn.oo;...,. •. ;,¡,.,,, ¡.,;ng '"·' .,...,.,.lioy 
b)· <l>oooin•, M)", llm ~'-"'" "'""" 1, .1ncl 11., z-«>0. olong tho 
'"'"""'" no>rnool lrnm 1, tu 10. noc len~oh ol ti>< """""'" 
normol i• p, Mod tho dirertion "-"Íloe-l o! 10 (ito l•"itiun ~.l aro 
(u1, "'' 11). '!lo•·"' ;, ,, nniqnr ''""- "hioh ;, "l"ivalrnt tn ol« '"" 

"''-"'~" .c·rr~• 1,. s,, "" """1'"'" '" !""'•'"'''"" (o/,., 0,0) "'"' 
'" • li , ,. ,. t inoo , . .,_, i ""' ( " ,.., "''" ,.,., ) ' 

-
,¡.,- ('''). (') ,¡., 2 ,;., 2 

,, ..... -. '('")·­
"" 2 

(';·) -··(lH!l ~, "" 

-(-l'Hfl 
.. ~. -~. . ('·) •on -, 

m, .. cl 

'""'(.;:)··m+"'' m···· (i"l 
..... - . ('··) 

"" ~ 

""2""z . (') . ('') 
,.,.,.-u,-. 

. ('") .,, ~ 

lrith 1 h<·oe ""'"'''• tloo tcon•l•""'"ion <udlio·ioo"• ol O<¡u.,tion ( 1) 
l•wmo: 

d,, • - o,l·in 8, ,;, ·1•, + "'""' 1·Al - "'"'8,11 - (t - ''" •1• ,1 

~., - ,,¡.;, e, ,;, ~·, + ,, ro. 1< ,{1 - ...,.e ,11 

<,, • "'.in 01 "'' ·~, + .,; e,,;, 1<~ 
d,, • - p[,, o in e, ""' 1<, + («»e, - 1) ,;, 1<,1 

~ •• - .... ,(1 - "'' 6,) 

b,,. -<~,'(1- ,,.O,] 

'•,- ... ,,, .. o, 
d,,- 1"'• ,;, o, 
"•," • . .,,¡.¡, O,,,, •1•1 - "' ,¡, •1•, (1 - ,.,, O,ll - ,;, ~·1 
1.,1 • .,,¡.;,O,,.,,. 1·,- "' ,;, •1·,(1 - '"' O,ll 

1 

<,
1 

• -o1 oinO¡<in<Jo1 +....,81-1•,-J 

J., • PI•• oin <1>1 ,in 81 + roo 1<,(1 - """81)1 

)',,.¡¡,..,, it moy ¡., "''"''" thol 

•• -r,• •u,,inO,r. , "',in O,y, + (1 <=0,)(1,- p). 

1 Un~or these <nnJition•. f:' olo~oooer:>te& intn to·n 'l"·"lmtio 
'"'¡"""'• ·""'· "-',~c.,., ¡, Arl"'"l" 1, ~·e ""')" "tite f."' • ,,I""G•. 
~i'"'" F' ~ 1"""'- ~,y,)'+ ¡,,- ¡•1', it ¡, inolo•¡x•o.,lo"l .,¡ tho 
fülation•. The moly ,.,,,¡ ¡»;,,. "" 1"' "'' ~ÍV<"Il lo y tlo< i1<to""e-­
tio" ol vb""' ""'' - o, y, - O ond '' - p • 11. ~ ¡,;,.¡, i, ;, f"'\ t~o 
,,.,,.¡,~ ... ;, s. ¡;,. ~.J. J>J,.<·•i'""Hy, ¡;,. s. ,..,;,r,,~ ~:.·· ;.~o,.,;c.,ur 
hoc"""' oll ol ¡, ¡>.,¡,,__ oln-,¡·< lic "" dr<loo. 

11 u, • O, E';, iol<nti("OII)" """· 'ni• """"']""']' t~ thc ..,_.., 
.. 1 S,~"" s. 1"~•1\d ~hkh ,.,,,,;,,, oll ,.,;,,_. '" t"-"'" r>><>fio" 
~"'1. ¡,.,,.... t o ,p) ~·= ol ;,fini le nulii. 

ll~e ..,,¡,.., G' ¡_, "'""""'!Ir o '" ¡o;,rbul<oiol. lu "J••'tMm i., d..­
,¡,.,.¡in .lpj><"noli, l. 

()\,.;.,,,.,-, the :.,_,.., ,J.o,:.,.,~,;... m,,¡ ,,....,,. IM ;,),;orn.-y 

otio,o.,¡i.on of 11" ruonlinotc "'"'"' Q,,. «l the q">ok\lito ¡, 
imo~i"or)" <>«"j>l ¡.,, "" i~•ht.,)li"~ "hido ;, ,,)Ro¡·• s .. 11"' 
o·<¡notion o! thi< o¡onrtie i.<, in bo·t, (f' + o') • n. \\").ore f• O ;, 

tl<e f'hne th~"'~h S.J><'i"'"''"""'' !<0 lho• '""""""Mimo)).,_ 
'"'"'S,,.,,¡ S,. ,,u o • ni< thc ¡<l.<1.c ''""'""'' S0 ,,,Jihc 
'""""'"' ""'"""] (i c .. it ¡_, ""'"\·'' '" ~,l. ,,.,. '"1"·'';,,, .. 1\.,th 
1 o)., no>""" t"J.oo Íll llOIIOO] (omo TIO<\ ut ioet 'l<i"dhotÍ<" i< "'"«>"mlly 

a '"" 1 lo) "1"' 1 ¡,,.¡ • ,¡,¡ "' ni, " r """ ""• 1>" ' • U i; i ,¡,., 1 io·.d 1 )" " t i .fie<l i 1 
ti,.. Ole<"'~ pamlld. 

.l"'""i"" 11<c '""'""" ·""' '"" not ¡m.ollo•l. ti•· i••Ínl• «[ i«­
''"""'' líe"'' G'. )".,, ,¡, w•.-iti'""' "" o,,.¡,,.,~."" ,,.,.¡,)n fl"~' 
X G,,.t, "loido _,.¡,.¡,¡,o'""'"'" ,.,¡,¡e, no .. ! ·' litw 1, "loido ¡, ''"" '""'· 
For ,.,w, 1,,_;,;,,,, a~,' x G,,.,• X a~,· .1 ;..¡~, ("t m•~tl 1"'" 
)"¡,'''·' ~"'<"C tl~· •\U ¡,,..,, ""' onl_•· «f ""k' t ~"• tl.o,;, c·,mpnl.,_ 
¡io,, ""'. loo ,.,,.;,..¡ onl ,..¡u,,.,, '~"'"'""" '" iL<·'"t i1·o ,.,.¡,"'!¡,.,._ 

F«r this <nuti•••.«¡<mtioH (G) r,..,.,.. ;,,., n pbnc /'' ,,,¿ tl>c 
fo"'""j¡'~ "lino 'l'"hlmlic" 0.1¡dkitl¡· (G) ¡·;.¡.¡_., 

,..,;,,. 

e• ' ~ E (r¡ 
,_ 2 ,., .. ' 

v,F'I'' • O 

_ .,¡ ,;, o,rt - ..... o,¡,,,, 

¡¡,.,.., ''•' ¡, + 1 "' - l i! (l. j. 1 l i•, r<>t~·• 1 iV<·Iy, "' ,.,.,., "' .,,¡,¡ 
!'"''""' '''"" «112, ~. ·1), ""' ;, ,..,., ¡¡ '"" .. ¡ "·· .. .~ •••. ,.1',, ,. 
'"'l"·''· 

1•:'1""''"" (~)'~'".,¡.,,a <L>hh>, lml il '""') ¡,,. ¡ntl ;,¡, tloo hm: 

,,¡¡,,,,- y,,,)f"."- ¡,,- ¡•)1" .. '1 -o 

"hoce f.o., ,,,¡ f N"' -11~ (tOIO<Ita! Ío fmirtior" ni r,, po, t,. 
l'tom ti«" ,,¡,,.,.,o,tiom-d. ~o "'"'\" ,_,.¡¡_,. V<·cil¡ ,¡,,¡ oll ,.,;.,,, 

on thc mol"i"" rutotion a,i. ,,.,¡,¡,. (.;¡ ~,,¡ ¡r,). l"uttloN, th< 
into,.,.,ttion of f'• n·i<~ ¡.;) i• ~ qu'<I<Ot¡., '"'"'"'• ~loirh ;, thc 
,..,;o,~t l"" <>1 tloo i""'""'''"' .. r (l) ond (G), .ori • r,,. 1,. 
Ho""' /lo< l«i ~¡ , .. ;.¡, io ~ •tir.O/o•" {or ,.,..¡ pru<liO><•.,. d 
<i'<l< au rlt< ¡; • ., S. ,,]/,. 

P~t~\1•1 ~<>ew• 

1 " t 1 "' "L-e • •l t hnoe po "'11.•1, 1" >1<"- rnh t in" t 1 ,,, S n. $,. 1 ·'"''""' 
·' ,,¡ o (,., t t h o t t.i t r . .,,. <own \ S.. ), 1 ¡,. o ¡ """ ir " «f.«e /," ' • 1<~< ,. 
,.,,.,., '''·' pl.l,c ,,,,¡o ,.,¡,k ,,¡¡,,.),·r. T,¡,¡,.~ lf, m, n)" th< 

,¡;,, <"Li"" "'''"'" ,.¡ tloe tluN"I'·"·'ll.-1 ,.,.." '""· '"" ""·'· "''to: 
J:."< - J'(' 

"ln·oo 

• "lloc .,, . .,, '"'":' , u<.- ''"'" • '" ,¡, '""''"" ¡,,.,,.,. '· "'"' ,.r , '" .- """ 
"" lo. TI. e """ "" r . ., ,., """'"'"' ''"' ¡.,, 1, "' , , """'"" '""'''"""'"· 

Ttln>Octi~ns ~1 lhe ASME 



' 

• 
Toblo 1 , ........... ''"'" ,., >~•oo-po>ol!ol ............. ....... .... ......... .... .. 
"~ .,, """"·~ , ..... .. 

~ ...... .. ., ., ., 1 ~ .... ~ ¡ ..... ~'"" 
' 1 •.,. .... 1 •• , 

, .. ~ "·'"' '-""" • '"' - '-"""' • ""' ,.., ·- . "" ··-·- ...... . .,. 
'·"" ·• '"" ··- • "" . .. 

~ '"' ·• '"' ·• "" . "" ·• .. ~ ..... ~ o .... ·• "" 

'" ""'"-.m.., <>..,, ,,,.. 1" .,,u . ' ' ' ' ·. _,_,, • "" .. ...,., 
"~' ·-~" ·O ~" -· ""' ' "" _, .... .._..,, .. _ .... 

o "" '·?' 
·-~" ' "" '·"" '·"" -H .. 

1';: ~'! .. ''" .. "" ' "" ., .. -.. _,.,,. 
• -····~ ' "'' ·' "" o "" • ''' ' O ,M» 

'-·~· 
·' ,,_., ' "" o .... 1 '·"'" '-"" " .... • "-~ '·"" "·'"' .. .. ' "" 

' ~,., - ~.J t•-;; ¡,,- ~.) 
o - ro) 

•• 
'" "' 

••• 
"' "' 

¡,,.- ···~ (•,•- ••') 
(r,•- ••' 1 

n., ,,¡,;, C}-lin~o• 1' ¡_,, ""'"'"''"'" ~ hido "~ •11 , ... ~>11.;1 rn 
(1, "'· n) ¡,;_, uJ ~hi<h n"' 11., "'<'< lo, '·~ f 01, h', f,.', Su'). .-In)' 
¡obO<; "-'<tioon IIOnml lu 11>< "''"'"'""' ¡ idolo 1bo o-i,..k---¡••in1 
<>m·e, <L""'-'<i.tnl ><i1h 1loe ""''''~' iu J•o,.;o;..,,. l, ~. J.•. odoioh i-o, 
;, f><1,J~·'""'-

n,., 1~·""' /'¡,u., In<'>><,,¡ all¡ooi"'' ,¡,...,.,.,~,;,,.. 1 ouol ;¡ 

foil u>o o~~-""' '""'""1 loo lho1lo>N' l'""lld ...,..M '""1 l""'""'''"c 
nox·¡...;,;,,, om "" inli>oiod,· 1.,.,_.,. '1~""'· >'i>on' 1' ¡, ¡.,,i,,.ll¡­
ol"' ""'"" pb"~ ~·e,,.,,¡¡,.,¡;.,""""''''"' •i>l• ,;.,..,], "''';""· 
"'""'''" ('>), ol., 1"~';,.,,. ~"""""'"''¡ '"""'1"'''-'""" ¡, ino­
""'l"ocl¡- o¡opli•··''"" ('liolo oloJ· "'"1'"""""'''' ""' (/, '"· •) '"'"' 
.oro,_._,.,.¡, 11~ o¡,.,,,¡,.,,,,¡ 11,.. lhl>'" l'"'"llol """"''""'1 ,.,¡ >In• 
,1¡,~, ,;,,,, ,,¡" •·iodo· ,,;, ). 

}",,. ol>i< ..,.,,;.,,., (.'o) i< ¡,¡,,,.¡;,.,11) """' "'"1 (<il i«'"""' i·oll¡ "t'. 
'J"),,,,.¡,.,., \loe O;olooc ') 11>.,101' l ' i, 1 loo· J, •< '" ,,¡ all l~•i'll • "i>.l• ¡,.,., 
l•"ilio"" "" o .-iodo. 

]\oiHh "ill, fow i""i> i"1" "" o o.'on·lc .,·~¡ ~, . .,,.,,¡¡\' "·,.¡ '""'-"""" 
¡:,¡ i- ido·I>Li<··•il)' """'· Swl, l'"in>• '"~ ol<'io•IJooim··l lo,>' 11><• in­
I<N"<Ii"" ,¡¡o;¡, ¡:,•¡ ,,,¡ ¡n•¡. ¡, ol.i, .-.,~· ¡:,') (oohiol• ;, 11" 

""'"" '" (.'o) ovo·pl 1 ¡,., L '"""-' ipl 1 i< o lo·on~o·ol In .'o), '"·'.>' ¡,. •1"'" n 
'""''"''""''"''t" l' X!",'',¡,,,,,;,,.., ,¡¡1•''"'' n1Lio ¡,.,, l'"i>i·•"' 
'"'o,.,,¡, ... ¡,.¡.,,,,). bll ;, '""· '''""'"•0'''""1'"" ¡:,•¡ .,·,¡¡ "'"")' 
Lt·.o>i.ln·ol lo¡- l»inl<"" 1' ""'1 "'' "'·'-' i"""l'' 11,, '1" "l"»ic lo',''· 
JJo,oli"" ol" ,.,¡,,.,,.,r"" (<l') "G,.,•, Lln• '"'"'"'''l"i"'' o>~ 
,;,., loy 1' X r.,~• X 1•. Tloi• _,·ic'l; ("t '"'"') •i, ,._,¡p,j,o>• 
,jo¡, ¡.,., ¡•.-iLi•>n> ""o ci><·lo.' ],. ']',t,¡, 1, "'' I"L Lloo "''"'" .,¡ 
t>lot >Ootlo ''''"1'"'" li"''·' 

1( S,, S,, S.,, S., "'coll l'"'·'llol, !""<-~'"'"'" ><t<II"O, >l•o IN>n 
E• ;,, iJc,tioaiiJ- ''"' ,;,,.-., 1' i, i~oolcler">i""" "'"' ¡,._,oi-~O>II>y 
"'"'l' 1"'"' ·., ::,. u .. ,,,(>)"'"' ('•') """·,¡,.,¡,.,JI)',.., ... "'"' 
(C) o1oJ ((;>) !~·'""'"" {cir<;ol.or) <l>l,ic >') li>o<l«>; •~•' o1oJ 1,~•, ~ i> lo 
P>r;lk,l ¡:<loo·nolua TI"> ""'"'"' •oc>iooo< o{ "'""' ,,.¡,¡,., ¡·iold 
tloo ,.;"¡,.L<>io>L "'""' ol o loo 1~·"'"' llo..,r). <JI 11"> .,;.,. ¡¡,,., ol 

11>< '"'""""'''""· "' """'' •• , ...... ,..,1 .... ,¡,,.., ~·· ""' ..... ft-. 
~"• S,~ h'. n,;, l=•·c• !mor¡¡,""' •li1<lo nn!<'>f'•»J •~ Lloo ~ <11-
hoo>o-.. H"'"""""' ¡ .. io»•- JI, ioo oJohti<on, >lo<,.,.,.~,""',..,¡,...,¡ 
,_,.o ,;mibri¡¡- '"'"'r"'"'"'iom, ""' <>1 """" ¡.,.,, ¡¡,,.. ;, oJ .. o¡-o 
1 ho (""'o-in~) ,_,¡,- S •· 

H 1 h< ¡,, r "'""R • (S ,, ! ,, S .,, f o>l ""' ¡o.or.olltl, l•o 1 "'"'• "'Y, S " 
],< 1""' ,,.,,,~,, ... ,.,¡,¡,. ,¡,.. .. ,].., .. lo>\'0 """' '"''';,,,, 1' loo­
ro ..... o]., ¡>lo>>O ~• i>ofotoio¡- ,,.><l ''"''" ooo '"' f"'i>• J<>i>oiO ~illo fi•·• 
po.ilio>•' '"'a cirdo. 

'H•"' n.- 1.,;"'' li< "" r ,,,,,. ,,,.. oll oo¡4.'""· n,.., ol ''" ,;,, 
;,,,, _ __,.,,¡.,, ,,,-, ,...,, d'"""""'~' .;.,,_, '''"' r,n "" s.,, s ... s,•,,.ood 
~m""' l"'•~o~>,·, ¡,.¡,1" """'""'" ioodo. 

• Tho """'""" ;..,, ~..,.,,o.,] ;., ,¡,;, 1 ,.,,., koo e l•<» I''"""""'''J 
in >011/J:.t~" ll !'<o,""'""">- 1~ o~l.oi"od 0.)' "'"'"" '" oloo 
'"'"••· 
Jc~tn<l of t.p;li~d J,:cclJlnits • 

Fo> ,.,~,)Id ,....;.-, wioh ,,..,,;.., oud tr;,.,blion, E' "ill 
~>o<mll¡· >ont d<o:>"nor;>•- llo~-.''"• puint• ~i>h lo>U• oTod ~ .. 
l""'ioioto< mo r;ghl, <in·oolu o·¡ lino~" Rilh .'Uc; ponllol l>o th• 
..-oo~·, ""'l' ¡., ,,¡,,.;,..,1 "-'" >n<r<ly >"'1'1«1 ing 1 he tmn_obiÓ"' 01.! 
ol<O.moinil>~ ¡,..;,,, R'loitlo lio ''" ci..-loo. 

T~-.. l"'"'llol, f">,._ro>>>ioo '"""--' go:noull¡· d~ nol dc¡;o'"'"'" 
¡,-o_ !10 odotio¡,"'· ,;,...., {C) do,..""' ,.,..,;,1~ oho,,.o!<', "'""'·'11-''• 
"" t• oi»>.< ~itlo f»o ¡ ... -i>iut» "" o <i.de. 1 Ioft<><•, •im-, ¡;,¡ ;. ni 
1loelonn /' X /",'', oiiJ•,;nt.' wilh ¡.,., r-,.¡o;,, ~no ci,..lo nro 
gil-on 1>¡- 1' X G~' otod ""' obo"'f"re nopl.,»t. 

>'l>_.,,n¡,., 1.,, _,]""'" oho< ,,,- '"g· p.u.,llo-1 _...,,.u~ ill "'"'~ •' 
In 11<-«ono¡•o« OOM] >],1 0 «onO"C"").-'-, if o> oi<"-'UI]•,.,!. lhO !<O< O' 

"'"'' 1., J>'nllcl. r ""¡,;, '"""'· '''" l•><t>-<, o4 oll ]"~"" R illo o],,.., 
'""'"'"" '"' " ¡;,,, ¡," liooc. n,;, ~'""' JN>It r .. no~-· Jio~t1l_1' 
fn>m "!"-"'"'" ()2): r,., ,....,.-, ¡><rnllcl '"· ,._,r, obo ,_.,;., tl.o 
hq•·ol•ol.,iol> !""'""~· >"'l"•(io·el,-, a •i"lol, ,;., ul" '-' ¡;,,~., IR il h 

~;"""'·''""' paralld '"¡J .. '"'""') atoU " pblo< 1'"'-'llol '" tl,o 
"''~" '· "J1oe iHIOI'<'o·>i•"• a¡"'t lou>n tho J ,.,¡,¡.,,¡ li"o (~, - ;-,) 
~ 11, (r, :___;-,)-O, i;alino '''"''"""lo 1k C}-)u>llo-r oo>d pJ.o>oO 
(""" Al'l''",¡¡, ~). 

\\"o,,,,-..,,¡;.,., oho tm•llc•l .<e>Oil'> '" ¡><HO >ololio» ond, 1••• 

runvt·l>i<'""'• """'" "''' >loe· "'~""' "'""~ ,¡,, •-oliowi""- f\•r 
''"""''"''""·o loe¡,,,"'""''""¡,.,...,{!'.!) rcp>!"'O>ol< oloo "'""" 
"~1,1, '''""''" •.o lindo·•· '" ]»<>'i•n••l.>- .,,.,.oi . .,,,.,] ¡,.,, li'l' ,..,.,.,,.¡ 
"1""''"" .,¡ 11~1 -''""1'1"·· id<·>Ú·oll;-. 11""" ol><• l<•<>'' ,.¡ oll 
P"'"'' •'•>lo 11'"'" ¡.-..·,o;,..,,""" li»< hecon•e•" oi~),o, ,.;,..,¡,, 
o ,-1¡,,.¡.., ,.,,,t,·dd<·ol in C:,. Tln' '-' lioool<•t' "l"''""·l)" .,.,,,,;.,, ,¡,,. 
, e>~ .-, S ,, ~... S,> ,1 u ,. "" ""' 1 _..,., 1 ; '" , i<•ld• o ¡ob, " , i "" .:<'" 
t•d<• "'·"'"'" ,,,,¡ ;¡, o-i;,,O>'<>iloi"~ ,-io..JÓ. f.,, Llmoc ¡<,,mllcl, 
¡o< 1 .,,_ ,,.¡ " o;.,., ,,.,.._,~ , o ''1" 1 o;.,.,_, ( 1 2' ) ;].n I>OI·o· u n o "" 1 o< 1 "'' idon-
1 )colh <''l' "'1 1" ""' IJo.,o·o· t''"''' wiol, ¡.,,, ¡>J-<iL ioi>O "" " ho>o 
n>~ "ivon 1>)" 1 he ;.,,.., ..,<li"" .,¡ tl•o ofot<•moool ;,.,.~ c¡-lin<l•• otod 

(..,-- g,)l'" 
(y, - y,) 

11"''" '~" 1"'"1"'1 r:o·li>o<lt., inoo,.,<t ¡, '"" lioo"'- Thi> '"',.... 
•r••>od< ni> lo >loo "<11·1."""'" ¡oboo.,. oiKwy •in<c ""' li»< {~, - rol 
~ o, {y, - y,) ~ o, ,¡,;,, ¡, ¡, io<t o loo ,_.., lu• S~.;, >he ><.>odu:d 
f<O >1 of 1 1., Í>o 1 .r '""" ion-

lnt.,•~<ling S<>•w• 

F<o• ..-n'l>'s tl.:tl ioolo""'"' in a romm<on poinl lo lo.<d 10 clo­
~~'"'"''" "'-"""• >loo¡- m>"' g<o><mll¡- lo< ..-d ritlod 10 P<>"" '"' "'"'"" 

r,,, ¡...,, ¡•~ioio"' ,,..,,, .. ,.¡;,~ >o'"'"""";,,~, f""""'"'"'"'" 
""'"" 1:' ;, idc>ooi.,llr ,_,¡,fo<-.J ,;,,.., all ¡.,;,.,ore uudn;:oi!l~ 
,¡Urinl >n<>\iO» -•bo>ol Jho ¡ .. ;,, of ioo:er--<'<>ioo ol ,¡., ,,,..,.., 
Jf, in>l<"'l, """ .-.! >loo mu>imo<, lor <.\Omplo, S,_ ;, ·"hii!.'OO'¡·, /;• ~ 
¡•,p. /' ,, ;, o lo<- pb•oo ~iwn hr o-<¡•oo; ¡,,. (~) nith ~, '"1'',.¡ >o 

• td ond (.1_, -'•• .l,) '"'~" a·1loo twtdinalc, of 11•< J•·'"' o•f in· 
"' "'"' ¡,., <>( 1 lm ''"'~ '_ C' i · f, oomall ,- o ho mloi < '" ob« f h "" 1 • _,­
'"""'; • ., {~) {i o., 1"'); '"""" r, ,¡,. '" ol~< p.,,.._..,¡,.;""''""'' 
,etli"~ ''"'"'(S.,, s,,, ~.,),o loo "'of-><'0 ¡,.,.,..,.,,, <oll>i< '""' nlllo 
o)•"' "' >loo '"'"'-"""<Liulo ¡.-.;,, "f >l•e •co<'W'· h o.m ¡,. ,.,.il¡ 

<I•O~'Jo oJ,_,, fur lloi' '""''"" '"!"'''"" ((;}¡ic·J~, oilloc·r r:• "'" 
• 

J 



' 

ido,li.,lly "m.' ¡, oiohor "'""• C'' i>thr !""""¡ nli l'""t' ~ilh 
fonr f"'-ioinn' un o ci"lo. 11<'""'· in tbo '""' <•1 1., •koo·, (Moint. 
~ ot ¡, ~ \'e (>" i t i•ll " on " ,pln•no n "' o i t 1 "' r poi " 1 • ~ ¡.¡,. lo 1 i ,. "" A oi;elo 
1M thr fnnr ¡>«iti'"" ,,,.,..;,,ocol wilh 11,.• itotor>e<linK 1"11'0 mt•• 
o ion ""'""'• nr ¡X>int• nhn'<' ,¡;,,,,.,.,., 1 ""'' thr inh·>><·<li<>ll ]'>Ínt 
(ol 1,, 'i,, 1,) oro ont .. lterN h.1· tho•'''" 0<11"\\" $,. 

Tho '"'"'""' 1 ion of ""'" C• "itb nuy •1•i"'"' "¡,., '"'"' ,., ;, nt 
n., "l""' .,¡ e• ¡, ~ ,phorir.,l ourvo .,¡ urd••r ,;,, "l'hi• curvo;, 
"'ml'>;<"<l o( '"o '·' mmelo;col ,,,¡ rq,,l f'."lium. <·iol.,.r ol n loioh 
m..,· be ropr<lod ""' oloo >pheli<.ll nnnlnK nf n pbn" c"bio. 
1bo« ,p(oo,id <Uf\'"'""' of "'"'"' """l"W"" In¡¡., cird<>-pui>ll 
rurw• of lh• phnor th«>'}". 

Ir S, io o].'O bl.on 0>' pur .. rot.,tion, lntoN<Ii"' ,.,., .. , P,, 
i> ioiomirollo· ._,¡¡.fi,..l ~,. e\01)' puint in,¡,.¡.,¡_,., nn~ I'<'W< 1:• i.o 
;,~,,;,n,- zero. For fiv,..p<~itio" •¡oln·•i•·>l nmtion, «¡uotio<,. 
(5) nnd ¡.;•), t!oot ;,, C,u• X e,..•, ~¡, . ., t~el<><n• o/ oll poinu ~·ith 

~··· p<»ilion• "'' • <i«k' ~·~· ''""' tlo< .,,¡,«"' e• "'" ..,, .... ~ ith 
"'"""'"' w<le>e.<, tl••;- -..ill ¡,,,..,,,, in (>\ '""'!) nino lin<,. ~loi<h 
•re elen"'"" ol ti"'., • ...,.. i,, h, S,> .u< ,¡,..., ,¡ llo<><lio...., tho 
,.,,,.,¡.,¡.,t ,e, ¡¡,..., on· the J..-i .~ '"''"" ~ loich h.w.- f•v< po;oitioru. 
oo • ,.;rdo. 11 ~-.o k-fine • ,p(,.,. on ~hieh ol,. •pl .. d<>l mol>» 
i. hkinK ~],,..., lo• .-..,mple, ti., >u>Íl •phero, ll..,n ti..,.. ""'o\ 
moA 1~ =1 poin" ¡.,~hiel>,¡,....¡¡,,... pitlt'O the >pi,..,.. \lnl¡· 
h>Jf o/ l~ '"' imk¡.,n<l<'nl •inrt < • .ch !"'Í< L< •l hHnelli< sl..>u\ 

ohe '1~''"' "'"'«; '"'""" ~• <Ondnole 11><« or< (ol -) oír in­
dr¡><nO'"I p<>Ínl• othklo, l>H<ltr •Ph"j"'( m<>l~, ~.,.,.J.«,..,.,,,-.,.. 

•~ a á<<l<. 11~..., ("''"'' '"' ""'.h""" lo 11,.., >IUoli"' hy tlon• 
m,._( e< (ur n .. """<' o( p),LU OH>! ion< ( (0 in •olohtkon, \(., ><'On-, 

ore dof.~,..¡ to¡· n ,; .. ,;e,.;,¡· """¡"'"'''ion, o1·o o( ,¡,,.. poinU ;. 
,¡, n)'' ou lhe (movin~) lUÍ> S,. 

Com¡">t;tiunoll, 1 loo ¡,,.,,.,,,;,,. e~,• X e,..• '·'" 1., olo< oin<d 
by •·; o. o o•~ « < ; > .~.. ,.,., h o( o "'" " n ¡,., . .,. " i l h o u "' 1 ,¡ t rooy pi " '". 
ElimO>LI( ÍO>~ '"'" o·'' i ,hle, -~'1 , ''• ho·l~ """ tl•c pi."'",..,,¡ , . ., h C• 
1 i<·ld< '\\0 1'1"'"'' "' ,¡..,. ¡,,,, ,, ¡,¡,lo ·' '"''""d "" ;,,, ,,,, "'l"· y,, "'" 
ll<en ¡., o·liminn\o·ol. TI,. ""''' .,¡ tlw ''"""11 in" ,;,n,..¡,."""" l••ly-

,.,,,.¡,.i ;, '' ~''"' onr of ti•· ""'"'"'' ''"'"1"'"'"'; l 1>< ""' '"1"""¡, 
in" '1• nud '' "" the" .,l>loinool h.• l,.,, •• ,l~lil"'Í"~ '' ¡,¡., tloo 
"fott·o••"''""'"'· s;,,,,., "" ~ .... ,. 11 ... 1 .. ,,,;.,, .. r ,,,, ,,.,, ,,¡ lloo" 

tOO•<, lo C. >lu~o ¡,.,., lnn ¡.oinl< '"'""lo line, "hio·lo "'''·'"" "'''""" 
"''"'"'"""" the mlc>·«'l""' .,¡ e,,• ,,.,¡ (~.,}. "l"nhle :< ¡;,,, tho 

«~nih .,¡ '"" '"'" '""'l'"l"ti""·' 
.\ ll<·t"·''Í\·oly, ,¡.,.o !loo • .,¡,¡,~ "'~ !"'"'""'''"'""'• \w ,.,..,1, 1 <lio·iole 

,¡,, . .,,,¡, ¡,,., '"'', (~,)' nnd "'"""" ti"· """'"' '" pla"'" , . .,¡,¡,." "illo 
O.»ialoi<"> (y./Io) o"d ('o/I,) (1( "0 l"i.o Io • (, l(>e•(M <»<ll,. .. l< 
'""""'" ,.,,,,;,,,,,¡ 

l~o·o Ul ,¡,~ lo tho "'" ~ lo<'IO "''~"' '" Í< >ko•w, wn l>ol< 1 1"" th• 
iut>" ni '11 puints ,_¡,¡, lu<n '""''''""'"'o""''',¡.,.¡,,,¡ tloci< 
fio.-(•<>iti"" '1''"''" ;, lhe pi"'" uoloic l'.o X C'. All <>thrr 
¡..,;,. t • on <:' ¡;, "" ; ncoll Ól< le< .,¡ ,¡,. ir , phorc. 

¡,, lln<hoc i ng o ,¡_,. h 1'<" i l ¡, " do·f. " ,., 1 ¡,,. -"' orl.itr><J · """'"" ' "' 
u ..,,.,,.¡.,,¡o tic,,,¡,., E,.,.• ""J f.'o,.,• h"·c' '""'"""' <om· 

!""""' ;, e•, '"" ¡.~,.; ,.r oll '"''"'' •ith ,;, , ••• ;,;o,,"" 4 
•p].,,. h ¡oio-.-n L)· ti,. lino 1',, X 1' '• Tloio lin< nol• e• ;, (ot 
mo,t) lh..,. l"';nt<; tloe.·< ¡oo;.,,. h.we (mor¡..,.;,;,.,, '"' ,, ~,,,,¡ 
<i;de. ~;mibrl1·, '"'""hodto~ ~ >eo·onlh !'<"ilion ,¡,,¡.,,J l•y 
''""<«en· S,., ~o fonJ tloot .. ,¡_..o loe¡.,;,,,;, ... , 1•¡·/'.o, X /'•• X 

1' .•• ¡.,.,., ''" "" """'' ' ;,,. .,, " '1'"'"'. . 
•H .. , •"-'< t~< ori,;n" lh• ('Oi>rt ol inO<....,Üon. ,¡,. '"'"" 

•( - ..,, - o lo< j- ~. 3. <. ond ""'-NI lo io\o"'i<>U¡· ,..,o. TI•< 
¡_,.,oh.",,,_,.,.;,,.,.,...,., ,,>~o ... ;,, .;,~e;,, 1,¡,,,;..,,¡ "'""" ¡.,. 
th• '""''·'"""loe p.-<nt>"" .• tL•n< (~l ,,,¡ ,.,.;,.,. .., o <i«l< (5 
ond G\ O o 1~ i,d,.,,;,,,¡ ~'"'" ,,,¡,...;,-,¡ mntion. 
. • .>, ,¡,.,. n ¡•n,ioo.~l;. (G\ ·'"'' "''""'""' ,¡_, (G') "" <i<l,., ~lonoi. 
,.,.¡h «m o< <>< ui • ",.,,, o o 1 S) '"' 1 ¡;•¡ . 

'Foc ,¡.., '""" ol io.fi.,;o.,;.,,¡, .,.¡,.,;,.,¡ molion, llo\ ..,..,¡,(;, 1~1 
'"" ,...,;,.,~, "''' ''" .,;.,<»..., ol ,;, ,....;,,, ~ hio h "" < r, ,.,..,;,., , .,. 
"" ''''' ·' d;d• in''""""""''""'· 

• In dm>mi»in< '~"'"'' ;or ,~;"" "" \lo< ,..,,.¡.,< ¡¡.,.,, ~• ""«l.>" 
.-" d<tcm.,,< ti>< "'" lvr ·'"> 1'>';"' '"' ol>< ¡¡,,. (',., ''""' o••>Li""' ,.¡, 

'""'' "' l ..... " '" " ·' "''' ") "'"' ; •• ' ' 1 " " ~ "In ;,.,.,,. ' 1 1 ~ 11 "" '"" 
.,,.,,._;""' •~'""'" in . .,."'"''""'::. n;, '"""'"''"'""• ;, , .11"'1 
<loe ''""lf ,.;, l<.>n~lorm,ion ,..,.J "11 "" 1ho ,.,,,¡,. """'"'""''"'' 
~!nd: ¡,, '"" •'•""''·""" "' .,.,.,,;, .ol "' 11 ""' mooion. 

' 

•. 
Toblo 2 SphO<Iool '""'''" P''"" w¡oh n.o p•""'"' '" • ''"'' 

'"'"' .. , .. ~ .. ,.~.~ mm~ 

··, ., .. , • ., ''" 1 

¡·- ·O·'"' . "' ""·'"' 
O OY> ·• "" . "" . ' .... ...... o ..... . "" "·-. "'" ... ~ . "" " -

"' ...... _u ...... """"""-, ... '"'"""' •• "'_., .. 

·-· ' .-..¡ '•. - ... , . -, .. u.~~ , .. , ..... ,. 
' 1 ... ~ 

• 1 
., .... ...... 

' 1 '·"'' ;)¡-·-· 

.. '"' ·-.... , ... 
., 

• "" ·• ''" ... "'' ·• "" . "" . ,.,. . ..... ' .... 

..... ' s, ... .,;. O( !W ... .., ... ,, OWO·<phori<•p"'> >po>io\ ·- .... 

~... • .... ,.,d "' • ,,.. 
~, ... .,_, ........ . 

1' "" .. r·· , ......... .. .. "" .. "" ... ,, r·· " ......... .. "' .... "'·"" "' "" 

..... -.... ... , .......... .. ............... '"" ...... ....." ..... ··· 

....... ,... '"'"' ... -.. , ... 
'~''" . ' "" ""~'.,_,.o"" 

'"'" ,.,_,_ ....... . 
""""' .,,_,_ ..... ' 

·• "" 

..... u ••• ·-····-·,.,_,_ ......... 

·~•""" .. , 
·• ·~·'''"""' ........ "" 
"~ ...................... . 

Y•OLo moo • '"' ~><• """""'-' '' 0 "' ol "' ""'" oO > 

·~o'.' ..... -··-· ....... ··-·~ ......... ,_ .. " ............. , ... , 
1" tl>o o·.~·•• ,.¡ ;,,, ... ...,, tin~, pnr<>-rolotion "'""• rqnotion (12) 

.'·iolol< t~n q''"''""'" "'""' wilh ~ to•OlJOO" ·'1''"· ·1")..,.., «m<> 
;,, """" in \,, 1.,, s ... • '"J tl.o •r•or;.,, ]¡,, (r, - ,, ) - o, ('> -
,,¡ - o n ... ..., •' ,¡, •.. ,, . .,,., ;,,., th""' ¡¡,,.., Tho·re ·'"'"" 
n»nltivi;l j)<.>Ínt< "\th tlm1: po-itiot"' "" o lio.o, ,;,..., • ¡¡,,. 
~ill >l~t ¡>icreo o ,phcm in"""" tl..;n lno )"';nL<. 

t.~plicoli~n lo Methanis.m Synlh~sis 
h•m•'"· ¡, lloo r.~,,~,,~ !"''""'""h.', n ;u .......... ~.nou. 

~., ... , ¡, .. hich ""' ¡,.., ... ;,~ ,..,,,¡, """ be.,,,,¡¡.,¡ '" lho ....... 
,¡,.,¡, ,.¡ lüol.w.,k. ~¡.,.., it h tl•o o·~r~'lilit1· o( the onott.o.l ft loi<h 
"' .,..k '" iliO>•tr.olo, lo< linoit '""""lo·o;o '" o>l• "' l~o oo.,m¡o(.., o/ 
o ~i\On "pe ,,,¡ olo >>0\ ...,,.;,]<< nll oho .•< m<tuml ,.,,.;,,,_. "loi<h 
""'.'. '"" •.' ,,],o.;,...,] ,,. '~""'"' hlly the »m< ptv<M»re. 

.1/ori"" of n "'""h ¡;,,k u/oh>< 10 o .~u./lúok i• tho mo-l '"·'i¡;ht· 
lo•~·"'' o¡•¡>lio:";,, .,¡ lhc th,..,,r¡·. 1\"o ;n"""·"" tloc rn"'"""' 
~i<h' '.' 1"' .,¡ ><'wn·hor lml.op< whid• ¡,,., 1"'"' , .• ,¡ ¡, "'"""'.,.. 
\Í\0 >'l•i•''";""' ,.,.¡ ol-o.,·loc·to. 11>< ¡¡.,l,,~o (ri¡!. ~) h" o 
''"'i'lor, • fiooJ ¡;,.k,""'¡ fio·o ~¡"'" '""'' ;, j>Mnlkll ... t•"·" 
tln· '""('kr ·'"'' r,,.,¡i;,.k .• 111 10 _¡,,¡,,, ''."' ·rhooinl. f'o1 "")" 
•l~·<ifio•l .,., •·• 1~'"" ¡,., .,¡ the «•ttplor, "o m,,. :i•,.J, ,¡ ooo-1, 11! 
pui"" "itlo opln·l Í<"•l n><•l ¡,.,., ·n.,·.·c J"'inL• """ 1 l,,.¡, ""' <"i''""" 

Tta11mtions of l~e ASME 



' '""'[ 
'""l [I'.HI><¡d> " 1" 'l'·"IJ<J.(, ""ll!"'d-.>.<;¡ e'" i''I·Ud'>l"! J<¡ 

'""'""' J" ._,,.,., O >['1''.1, '" "1'"·" "'I.L ''"·"·" ""Wl"'""""d 
Pll" ' " 1 pu e ~ "! ''" " ·' 1 "' '-i¡ ·' ' ! 1 ,,.¡ •~• '·" 1 P·'"~ '1' "' 1 l "' u.t ""' '""' 
•• 1, ·_ • ...,,. 1.,., • .,,~ • J" r••~<>" .,,,!' •! "'"""•!ltl' -'1"~ ·"P :.,,t 
"'[l puo "'"'J'[""-1 U"!l<J"",)jl '"'!l>"0J 0-'1°' ·''"' ·-~ 'dJ")dl>llL 
·o '"'1" ,-, -'ll'"'• 1"'!'"'1"'-'' "'" •-'~~"" 1"-'1 >o•o¡J 1"'" l'"!"'fd;• 

·,;,,, 11<] '" """ (¡¡o up J '"'"!'""l•lo 0'[\ 

![H" 1"'1 "'11 '! 11·'!'1 ") ~'"" i'" <p '"! 10\U L 0'11 )'' '""!'"·""!!' "LL 
''"~"·" ·"'!1"''-"1"'-"'"·' 'l! P'" oooo¡oli < "~ '0!1 11-'!'1" I"!'>Ú" -"1 
!"'"!"~ ·, .-•p -'P"rd"'"" ••• r• i¡• ·"11 1~ ~"!1 ~"'''"~ ••11 1~ "'"!' 
·U>UI][' "'LL -.-~!el U] "-~0'[> .,¡_¡1 0<11 p pc.ip e •¡><U o"" 'l1UC<l 

1(>00< "''O U.L -.,;o¡o[< < UU '"0!'!00<1 U->.">> '.{<~ '>-1'"1 101~'"'' 

>'1' "" '"'!"-1 '1'!'1 u ""!"'"'"'!' "''!!''''' .,JJ¡duoo., u ~""1 '" ""'-'! 
P"" '"'-'"1"'11•!1'<1' )uo~UO\Uill .ú" '1'1 "" ""!""!'·"" 11"'1' e 

""!"'1' u¡ '>l<hue\.> oo,¡ "•""' 1mu 1"!'·"]; '1" u .ip•x¡ ><¡ 1 '" '1 'I!Od 
~U!•Il .ú¡ pou~!•'l' .. ¡ ""' 'l'oo.yu.'/ N'l;o P"" ""'·'""'1'"" 11'"(] 

"'""!'"'"'"'"'"'"' 
•i""'!' '!"'ll OU!W»¡>¡> -<11"'"""'"" '""1' P"" hl "! ['0</"1"-"P 
"''"" J<[l uoo.o¡ ""'i>""l" >Jq.,Jo.oohle "'ll "'"'"1' u¡ •! '1"'-'"lole 
l-'""!1' 1>9\U ·"IJ, ''""1'1""] 11"1< .ÍI'"l' O) l""l "'1 .(CUl J.>ll"<i 
'!'11 !" 'f"''ll>Lu •"1.1. "/1/ """'"IIY .(<1 '"·'!" "·'~1 ·""'1 '"'"''11 

., .... , ., ••••• y .... ., , •• , ...... ····~ ... , ••••• ····~ .. ,.,., ··~··· 
10 """ '"'" '"'~P , •• ., .••. ..,,., ••• ·•••••!In•~• '"'"'' • ""'' 

">o•!•! '" u¡ <uOP>"I >q! o¡oO>p I•O•w•u oq1 
"1•101 "P"ll',._.~"'" P•• '"P•!I" .,,., •• ., "'~ _, '""' < -oo; 

"'IU!ol •q¡ u• ~op»>l '" <JOUOp "'"w"" '"' 
..... , ........ ·~1 ••••• , ........ ·~······ ••• ···~ .... , •• , ••• , 

1 

' ' 

'"'"" r•·J!"'" " " "'"'' '"1' ""'"""""' .... ~ "~"'""'"" •'1!11 ,.. '1 '!'1" "''-'"!1 "'"''!'-'P "! 1"1'"" '''"'" "·' '! ""1''·"'''' '!'l.l. 
'""'"'"' '""" 0~1 1 "JI' ·~·p "" ""1' ,, """'~1 ''''"' "1' .,_, 
·•o 11 ''"" ¡oo 1'"" "'""! """'"""' ""! '" '"' '"'' L·•' "'L' '"~" '"" •~•P 
"<>!1'1"'!'" ""''"''' '!'~' r•m '"" ~•1• "~>• PI """''" "1.1. , 

-u_(o '~''"' 101 '""!""''"''" J<>!'l''":> 
.(1"'"'''"'1"'""1"!"'1 '1"'11 P"'l''l>.u ·~ 

-po¡ 1"""''' "~1 uo »¡ 
1! ·..,;¡"1"!1 "''"'" "! 

""'"'''""1 
"~!"r ''''·"·" "11 "' '·'l'"!li•" "" 'II"J '1'!'1" '"''"' -'"' -<~ 1>' lic>< >< ~"'1 1<1 (O '"1 L 'o>-O> 11 l '"1 •!'11 "1 '"IO<L•nu J.>¡oiUOJ "0!1 
·O<U>OJ'"'-"--'''"1!'"1' ·'1"" 1-'1'!

0
"'" P"" ~UOL.l ""'1"·'""'"10-1>.1 

0.<•"¡> JO '("OP.>!i i> " <m '"0!1!""[ 0.>.1<(1 0.1«1 'l'<!U<[ 110 O>u¡; 'op 
II!U t<«o.l.<ue) '"'1'"'1-'' e "o '"0!1!""'1 .,,.1\ 'fl!~ 1"!"l01<u P"" 
(J·>Il'j [' >o>n.Hp '! '!'11) ~""" '1"1"·'·"-.llniO\OI " ""\"!"' ""1' _,,1 
"~"1"'1 "'1' """·"1'" ,·, 1"" "'''"""' ·"ll J·• >llOI)I>u.l ,\ 1" 1 In¡'" ""'''!1 
.(J!"-'h' ·"'11!·' 1'1'"" ·>•l•> 'p.>l~ '! 0 ,"~!.! "! ""1 "\0) ><11 )'' ~""-'' 
"1""1-W--,>"1"-''" "'ll '1"'""!1""''"'"1' "'11 !" P'"l"'! '!! 'o¡olmc"<> 
OO.{ ·-<nuo.r>1i'l' 1"'1<=1 "'" ""'"'I"!J O<ue< 0111 JO >UU!i"IUJ 
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·>>.l·'S '1'>!"!.! •i>'""'I.L '"'""" l" """""'"!>! '"IJ ... '"11 "'1'"U 1 

··~~~-~, .. ~•t•ll 1, 
>[""'" tCj1<. oiil·.JS.'I '""'!) ""'"1" UOJI'·!"'"".I ·'·'"·'!·'~ 1'""!1<'.\1 
"'1' "' 1"'" '"'"'"'""'~""1 ''''""""" ·"11 !" 11"'1 "'ll ""!"1' ·'"/ 
'"''I:J ·"''' 1'!•1 ,, 1 ""!I"P·'"Idu '!'1 '"-"·"·' "' "''1"!·" '"1'"" ••U. 

·'·'"""1'011 m<qd 1'"" 'i>'>U·l<jol• 
'!•'!1'"1' JO "'"'il"·i< ""'l'""""'"'ld·t.>¡.lh<>.l pn~ 'n•~>r~on$-,111>1 
'•"'!•·~·"'·"-""!1'""1 ..., >J<t"-''r'•'• "'" ""'"r.''-... ," "! ""·'!" 'll'" 
~'< 0'1.1. • <r<'"ll ""''"''·"'11 ""!l!'"d~• 1!"~ !'"!"''! • ·"ll ¡o ""'!1 
"""!'"'·"'·'" '" 1'·'1"";1.11 O<¡ ,(m'l pue '"""'11"" J" <><1.\(<UOOI"·' 
O) ['>1!'" "'" f~l P'" (!] "! 1'-'l""'"'d '""'"11 f'>'" •11'"'"'' .....u. ··~ ""'' ""1"'!1 ,¡_,_,!'1" '!1 ¡, )" <J<.l< 11 " "' 
·><¡11·'·'~·' O) f!] .(pn¡<)U>,.I>Nil<'" "' I'"'!IJH>" o¡mu.lole 1>11''1 
'"1.1. ·t'¡u'"P •·""11'"'·'"''' .ipoq< "' •'1'1'"'"' •• >! '.i¡>.""""'' 
·¡y "'"'11"""' ""'!'"·'"¡ '"11 '" I"I!·"'"·'P '!'-"1'" i• ~""" "'"t"'·'"" ""'"I"A"" "'ll 'll "'"'1' '"''"l '"'1 •< '>1"!'"1 0~1 Uu >n•~l'l"'w ,,...,,q 
"1"'"!' ""!"'•h"! .(•¡ !"'"""' ·"1 -''"" ""!1 !"!'"''' J" .<p>n• ••1.1. 
"'1"!·~1 1 "! ..... 'll"' '1·"!'"1 "',) 1>"00"1" 1'"·'1' /ti 1"'" '•"lt>l '"1.1. 

"1"-'' "" ¡o!• P"" """Id ' í 1" \ 1.....-t "" ' "'' • '"! 1~»1 ' " !"'1' ""11 1" 
'""" '"'1 '1<11'* """ '.-..1"'1"!1 <pu~ "'""'' .. 1":.-'!-'"'1'1"•1'""''1 P"" 
'""''''''1'"·~·1 '1''" """!"'"''""" )'' ""'"'~' "'fl '""11'' "''!'""' 1"·' 
""""1'1' 1'"" '"''"1'1 '1'!" ,,'·"·" ••· ""1• .. !" ""!""! "'! ·"I.L ·.ii><"J"! 
'" '·"·"'" '11!" '''""' '·•·•-''•'P"'t·<> '"'"'""~1 o~u>l>l! J" ,._,"!"" 
'"11 '"'""''~JI \lj ''""!'"'"'!'!""" \•~><•·"' "'"U "'"') f'>-\U"'f' 
'! .{Jmop '"'"1~ "~'"'1"11-'" "11 ~'"1'""1''""'" ""!1''1'"-'""1 
1·
1
11'~•·•1 !" 'P"I' •"I.L "''!""·' '"' "'""' 1"" '•""'" '" ''"!'"" 

""'"'"'' ""'·''"! !" '"t "'1' · 'l""'!·'qo .,..,""~' ,.,,.,,,, "'~' ""'! 
nqJ(MIO J""l""J~' "UJbJ ......... ·~~)Cl"'"'"'""( ""!'"""-'!"! '"U 

.,,,,,,,,.,, .. , ""'"1~ P"" 't'""'r'• '1"1'"''' •QJ 

""'l'l""' '"~·····'"·'" ""!'"'"'! "' •p•··~·'"" !''~""'" '·'1'""''1 ""!' 
•CIU"'J'"'"l i¡!"'i'"'!' >•¡1 lnp >)"U Ol l""I><•I<UO" IJ . ..,,,,, 
101'"~1''"'~" " "'"! ''""'""''"'"'1' 'P•llo' "! '<pn¡~ 'o:{ -ÍJI.I'huJ• 
.(¡•1"'·'1'!''"" ''""' "! '"""I.L "'"'·~"1'""" '"""""''"1""'"11·~·'"' 

. "1' )" ""!" "~''"'"!' " .. , •1" •11 ""!"·"""l'"'"' .(,.Jo"[!'"!' '"1.!.' 
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B. ROTH 
Ao<h<o•• MI•~ ... 

~·•-•'" ol Mo.,,..;,ol '"""'''~o. 
••••IO<d 0•"'"'''· 

Sooolood, Coto!, 

"''"' ASME 

On !he Screw Axes and Other Special 
lines Associated With Spatial 
Displacements of a Rigid Body 
Por a ,;~~/ IH>dy ;, ~ ..... lhm.joh•. an.i fi•·•finólt/y "'"""'''/ /'<JÚiio"'· ¡ke /<>ti of !lo< 
"'""' ""' ud D/k" >ptúal/in" "" ,Juitd. /r ir .r. .. ..-. r/utl rh, ,¡,.,,;wl p~o•m 
/!r<ery is 1! lf><ciol '"" of a '""" '"'""llh<o•y ~Milo iad"d<J p/aiJor, •P'"'im/, "",¡ 
> f><li ia/ di 1 pla "'""'" 

fnlr~~uclion 

1, '"'" P"l"''• ~· ''"'h' ohe ~in•n>ooi<- u[" rio:iol 
ho>d.' ¡,. • ..,.,;,..o# lini>elr ""P""''rd ["'l>illo"!o><, ao«< _....,). '" rlel,... 
mino ''"' i•l "'l"iv•lon•• ¡, the ¡.,., q""''" n·.• o! lhe , ¡,._;,.,.¡ 
plo"" 11""'·'·· 01 •!"""' ¡,,,...,,,..ro 1ioo•o •P-•liol '"'"''"'"" 
~-hido aro"'"''"''"'' !o ti>< ¡>o>lo ""'"'""· po>l< <Oof>·e•,,...,.,.,. ,.,.,J 
.-ir<Jo.-p.,;.,, '"'"""'· .. >d u,,...__,,,..,.,;,, poir.. 

Tir.....- •t01di,... ""in tire "i""' .,¡ '"" of lhi• ,,..,¡,,.,·, I'H'Vi""' 
"'"~' [1, 2]' lln~e~cr, ¡,.,_,.,are primoril,\' ''""""""¡ ~ioh 
¡;,,., ¡,. lloc bnd¡, ~ hilr (J] Aod ['.'.]~rol ~i•h ¡...:;.,,,_ 

>'<nr•l nrh<r ~·.,l, doal •ilh ''"""""'' .,¡ 1lool"l.luot ,¡.,.,..,. 
""' ll>e¡· .,.., '""'"""" u·itlo '""'"''"'.,.¡pi."'"' """'''1''" [.l. 1] 
"' ui11• •rilNid .,,,,,¡o, [.1, 6, ;¡ .\lolwr"V. ¡;;,.¡,. ['] hn• "'"' 
Ion• • .,,.,..,,. ••od d•,.l ""m¡,.,. In =-id<r gono"l ,,.,,;,¡ 
""''""' lor l~n •nd oh«o po.oilio""• ""d ~,.¡,,..,,~''' W]•nd '""'' 

"J '"'''"'"" olloo" 1 10, 1 1 "" ,.,. ,.,..,,[dorcd ,.,¡.,,, ~ ¡,;,¡, lic· "" .,,..,.¡,¡ 
" l<><·i, ,¡,¡, .,,,~¡.,, ;, "'"~"• ,¡ "'!' 1 .,0,·i~u• ""'~in,¡,;,¡, l'"o 

""'"'"""""' uo loko'> ._, rh, opoli•l•"·'"'-" r~ llro o• jo,,.,.,,.,.. 
,. 

S~rcw A1is Ge~me!ly 
NotnoMioluro 

],. rhi• 1"'1"'' •r "'" """'"'""' ,..·.,¡, rho r<l.1t'"e ¡..~;,-,..., .,¡ 
,,;.., ririd I...Ji,., h ;,. """"""'"' In,.¡..,. In""""' • "~"·irr~ 
l>od,\' >hd lo Llro ntl"' •• n f>>'d brr<i¡. Tlo< mo"i"g '·''"'"' ¡, 
dot"'tr·dl·¡· ~ .,,.,¡ 1~< r."·ol •Y•'• no b,,. ::;•, \\'o HHmh"' tiro 
, .• ,;,,.,, ¡,....¡, ;,.,,. .,¡ tho rnnvin~ -'~'''" '"d "-<' ,.,IKr·•ipl• "' in· 
rti<>-1< ~~i•h ¡ro-ilion o[ ::; -• >1<' ,..¡..,¡.,t ro. • • 

11 ¡, "'" '"""'" rlool, ,..~,"Oh, r>f r.o,· n '""'''"' ,,.,.,,n,. 
"''"""· thc· o;.,,¡""'"'m' ""' ,¡""1' Ir• <egorJ<d ..... <r•l•"'"' 
,¡,..,, • ~¡, "' "i' ot.d • lron-]Aii••• Al""~ the """'" ""'· :<ndr a ,...,.,¡,, i• <allod • ...,.,. .. di,pl><t'noerrl, M,¡,.,~, rn Fi~. ], "" 
,¡,.,,.,, lln- «><~ .,¡,,h t .. l,,::; lrom ti"' ¡th tu llw ¡th ¡m•ili.,n '" 
1,¡. Th. """""l"'"din~ tniOiinn ·,. tal<n n• &., ,,.,¡ the 
,.,.,,¡,,¡,.,;, d,,. Fn"lrt-r, lh< mrit \r<lo< U,, 1""'11<1 '" thb 

'"'w ._¡, ¡..,_, """'!""'"'''' (""" "'"' ,,.,), .tord ''"' •e<e>' 1""'" 
ol,•orr¡:lo tlw¡<>i"t (o,,.~.,. '.,): ,¡.,.,, "' '""'l"""'"l.' "" .,,..,.,,.ro 
,¡ .• ,~ ""'"'"·"' ·'"~ ~'"" ¡, ::;•. 

~ .. ""d d.,.,, nriW th• ""'"' !"''""'"""· ,.,d rh•i• •••iu 
"d,!&., ¡, th1' pitdo ,.¡ t h• .•U•·•. Tiro """"" ni p;t, ¡, impJro• 1h.o1 
rl,e '"'"l•ntt '"d lfn,.lolion ""'" c.,,..,lr:.""""'ly. lln"<·><r, 'rt 

¡, "'l"''l•· in'l""'·"'' In r<m<MI•" l ¡,,, 1 ho.·< '"'"'"'' m:oy Lo ,.. 

' X"'"'~" ;, "'·"''''oJo,;,.,,., l',d, ""'" o<t ""] ol '"'~'· 
"""' ,;1,..,, '"' ,. ol.r" "'""' 1 ''"P> n., ·.,;o,. ro, ''"'""·""" "' r '" 

\l"b";,,., '"'"''"'""· r .. l.,ettr. lod .. O<tot~r 10-1". 19tlll. ol 
TH< .l~r "" " ~""""' nr ~JL<-,r ""''t f:xohE<kO. "•nu,.<iot 
,.,~h·od" ,,S>IE !ludqu,rtrr>. Jr"" !, 1~00. l''r~r Xn W­
\todr.;, 

~arded".,,., . .,,.¡.,~ ""'"""''1,1, ,,..,¡ 11••' ohorr el!" •· "'") loo 
•«l><:;im¡>O.-d. 

for pl.••• morj,~, d., - n. •nd it i• nr<l"""''1 ''' ,.~. N 0,, ~ 1, 

'•'- 6. 

Two Po1i<ion• 
ll'o ,.., ... Jt-nilro: "" •ll.rn•li\'0 dro<><"l1''""';"' u( • foroil< 

rli-pl"'~"""l, ~hrrh, ,.¡,¡,.,.~¡, 1<·~ -.11 '""~·,. ,¡,.,, rho ,.,..~. 
"'"r"',.,. '"¡,,.,,,,.u; '"'P'"'·"'' ;, .. ~,., r.,u ...... 

Jr ¡. ~""" rr [ 11] lh•l •n.o· ~.,;,_ dc•pl.,.,m<nl ""'l' 1., <Vrr<idor«< 
•· rh<: ,...,.,¡, ,¡ ''"T<'>'"", ,.n,.,;,..,, "'"'"' '~" ¡.,,.,¡ ¡¡,,.. ' Thc 
t~o '"'"' nnH loo'"""'·'' to "'d ;,,.,,.,., rhr· ""'" "'''· ltr 
,.,¡J""'"• 1he ,¡¡,"""'" ""d '"'"'' lx·t""''" tl.<no "'"'' 1'1', <r~l""' 
,;,.olr, d.,/'! ond 8,¡·~ 1 n ....... .,..,¡ 1 nom tlo< f'"' fn,• '" rlr< ,.,,,..d 
¡, '''" 1.,..;1¡;-,..,,..,. ,.¡l., l. <lot .... ; ... , olre '"'' 1•"" "'" •""· 

"·'"'· TI" r"""'""~ ¡, illu•«•l<'<i """ "'"".,¡• ~ioh ,¡,,.¡,¡ .. r n •. 2, 
·- hrllnr<<, 1., ;, "")' r .... ""'mol lu t.,. •nd 1., ;. 'rhe li•·• ub· 
,.,;.,m hy u¡>er.rliu~ "" /., •Hh • "ro·n ""'"idonl '" 1., h;,\ •iLir 

r .~ rd« 1 Ion •'"'"' " ¡;,., ;, '""¡,.,¡,.,, \O a 0.0 <kl Íoonoiotr •'"'"' 
ot.•l'mo. ' • 

~ - . 8J ' ' ' 

¡:' 

,.,, ¡ """' o.,ploaMoct 1., ood ••• .,.,.;•••• """'"""'"'' 

1 

Di\cu;,i<HI 011 this papee will be ;occ~pted al ASllfE llcadquartccs un1il 0-'<wcmbn 14. J'l66 
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"•- 1 '"" ""«'''"' ~• •••;.-lool lo o Omw d"plonmot. p,;., 
A, lo "''" .. oboul (, '< P'"''"" A~""" A, lo """''" oboul <,lo 
P""'"" .\_. '"' ••~• oMwo ""•••• '"" ,;,.,, ol !ho ,.,,., $,. 

poo~.om<t..-.. 6.,t!, <l.,t~- T•~• .1, ._, ,, ~""''" ,.,¡,, ;, :0:,. 'l1oeu, 

'"ft"'''"~ .1, ,.¡,,, /., hti"~' ;, ,,; ·'· ""J """''''"~ ... "''"'' 1., 
¡,,;.,~, ,¡,. ¡ooio\t lu poo-ioH~o .1, Fhom lhe ~~"'"· ohirh olw~, 

"" '"d mod <Íd< ,¡,, .,¡ oh• "<''<•," full""' ''"" rloe .el,! ove 
¡•~;,;.,., ,¡ .1, ,,.,J 1.,, .-hio·h '' •'"'" ¡,_,. [J """a, J,,.. ""' orf""' 
olor Ji,pbo-,noeno 1-:,plicioh-, ,¡,. di-pi""""''" L "'""' !loo ><"te•· 
,,¡,,,~,,,¡,_, 

I!+IJ+2(~'-IJ)w,/11 , 

and 1¡,"0, ·'"~"'-" oli-plm·noetol, ,¡ r "' '·" "' " · " . • ' ¡- 1 1 ,,. '" 1 "'""" ,¡,. 
"''"'' ""' •· 

-" +,.. + 2 (%·-")-e.,. 
u.,,.,, olee'"" t<·M"'''"'" rrr...-o "di-pl.l«m•nl id,,.¡;,.,¡ In,¡,,. 
' "" "'~ .... 1 ¡, ' .... ¡ ol .. ·n·f...... • • ',,,.¡,,¡,, ,~,,, ,¡., f'"i'i"" ' . ' .,. ' 
.,¡ '·· ¡.,¡.,,~ ,_,l ,, ;,,l.,ol "''""·"·''· 

Tln•• Po•i!ion• 

r., """" h,.;,,f_, '""""''"ll""i'"""•.!:,, :;, :::,, o1 .. ,. "'' 
11"« ,,.,.~- .,,..., ,.,,1-., h,lml ,,¡_, •~·, "" io,lepeo,l<oot. TI" 
"''"""'e~· rd . .ri"~ , ¡,,., ""'~-·. ~· ,¡,.,~" ;,. r1". ~. 1""-' "" •••il_,. 
"•<i•«l L<· "l~"d"" .. m ,.. . ...,. t.y '"" ,.~.,.,;,,.~ r;;_,.,. 1, 
.,,.¡ h '"' •ollol"i' ,.,.;.,.,,., 1"''1"''"1"·"1"' J.,,"'"' d<lh" 1., ._, 
ti« lin• 1,, ·•·••~·«~ al••n '·• L.o· ~" """"'"' -ol,J~. _,,¡~. ¡_, 
¡,.. t1 ,. 1 i• ,, "'" "'" 1 , ., s,. ~ ¡,;,-1, ; • .r,n, e.-.!, 1 '" '" 1.,. Th , 1 ¡, i«l 
<Non· n li• ,, i< 11"" "iv<n <« llo< ¡¡.,, '"""'"] \u /,, aon! 1., TI>< 
I'OiiJOI)' uf oloi• 1'.1" t......,, L.1· """;,].,,~ ·,, "Joilm~ f'-'inl .1 ,_ 
\\', ,.n,.-o ,¡,,.,, /,,-,.,,¡ ,,,.,. 1.,, oloe ,..,.J<i"~ ~.,,;,;,,.. .1,, •· 
~, h~" • ..,,. """"· ;. oho ... , • ._. ,¡,., ,u .. .,.., •• - '"· Hcll«t­
ing .l, ol""" 1., ,,,.¡ 11"" /., lo•,h• in ,¡,.. ,.,;.,, t..in~ ¡., pu-ioi"" • 
.h Th01• .1, lo~< m"•·«l "' .1, L.'' ,..,u,., ... ;,, (o,., «~«ti""'• 
1~" o-..~""'...,_;,-,"~""'''"'·'" nhono ohe '"'""lino, 1.,, ""d 

l><l><'e '""' Lr '""""''¡_ Therofo>ro·, ,¡ 00 """ """" ""' Le 
,,¡,, ;m«J !room n ,.a ... ,;.., obo•lt 1., r.,n, • ..) b;<· • .. n..-ti•m •lx>•>1 
/_, Hth« lloo- "'"""'\o/., '"rl 1., dolito<• lloo- me~'"''¡.,, 
1 ,, . .-.d 1 he l'" "'"""' o,¡ J.,¡,¡!"' ti"". «•1-""'i"l~-- br o lo. 
,.,,Je ""~ o lo• di'''"" boto"" /., .,.,¡ 1., Tho·• ~"·'"''''"' ,,. 
''""> lt\ON>i<'d {r,nl J., 1" {,,, 

~in<t ""-' ,¡.,,. li,,.. "~"' t~o >t, oi'"'' g<n•r•ll_,.¡,a,. tho...­
""'~'" ""'"'"''· ;, ¡, "l'l"l'"l oh"'""'"' .,¡ ¡¡.,·,"' ""' ,¡,n,,," 
,.,,¡,1'" "' o{ ¡¡.,,. /,,_ /.,. /,, and oh<r<h>to o ••' ~~ !'""""'"" 
d,. d,., d.,, e,,. 8o~, 8,: 11'"'' ,¡,,. ;, o "' oj """ ,.,.,;c., ,¡,¡.,_ 
,,¡,,. d /,~ "'' -, con_/;gu'Otioo of IÓm o m. 

·n. ~"'"""¡,.,¡ ,...,r,gu•••iooo ¡,.,m«l 1>.'- >lo•.- lino• ""d o¡,.;, 
<'•0\mn" '""'"·ol• ¡.,,lomo •>llo~ lw y,.,~ [i!l• "•p-•11•1 Ui· 
""~1,_' TI,. ,,,,f,;at·Oiiun n( <h«• me~- "'"' ,.,d olooir •••<noAI• 
~ji] i-., <>llod a .. ,,,~ ,.;,,,,]0';, ""-'lo~,- tu lho pule ui.m"l' o>( 

;>1"""' "'"1¡,.,_ Tho ,.,,, o.;.,.glo ¡, ., , 1,.,;_,¡ e~·• "f tho ",'"'"' 
,,;,.,¡;lo," lly im-.-.oi¡;>ti,, tho t"'"''"·' uf ti,.''"'" "¡"'"'" 

2 

<1 !u 
"' _'\fJ ~~-¡~" .. 
~·­',/7 . ' -$,,-

" ~'!_=iJj. . .. 
•, 

>;o. 1 ''"w ~;.•r<• ooomo!o-y >how;•O looo<>• o! ,;,o., ~,,j1, <hJ1, 
~"''' ...... ... w ... ,, .... , g,, g,,_ ......... """''" ... w .. . 

"""' ••• o,._""' •••'•• Oo>wooo """'"'' ,.,/1, fo./1, .,.JO 

•hu~·n in FiK- .1, •• u~O.i" nnnl¡ii•"l t<pr.-ÍI"" (ut tloe "'"'" 

'•' in'"'""' o('" ond '"· 
T.ol.i"~ l""iedio"" ni"''" oloe " to·~ ""' .' io•ld•: 

. ('·) '"' 2 '" "" ('··) w - .... -
,¡, '"' 2 

('-·) '''" -;_¡- ('") ('··) ('··) . ('··) '"' -;_¡- "" -;_¡- - "" "" .,.. -;_¡- "" 'j 

.¡, "" w -· 

(~·) 
[ •in "" ••~ ."~ 

"" 

+ ""-' "" ,;, "" "" (~)] 

''"""- .... (~) [·· (~}-(~) 

(···) . ('·)] +""'"""'" "i "" 2 

,¡_- .~,t~·) [~(,; .. (~)~(~) 
. . ('··) . ('··)) .... ( ('··) . ('··) + "" "" "" 2 "" ~ + 2 "" 2 '"' -:; 

. . (''·) ('··)) . . ('··) . ('··)] T 0'0>< "'' >UO -;_¡- "" 2 - ._, '"' o,'"' -:; •<n 2 

' [ . ( ('•·) ('··) ('··)) 
"" ~ ,;.,•(~) ~" m• -:¡ "" 1 .-"'· -:¡ 

. ("·•)( . ('··) ('··) .. ('·'))] + "" 2 '1" "" -;¡ ""' 2 - ,¡~ "" -;¡ 

"" ,,.,¡ a,. ""· re.- J>P<Li•·•h·. tlo< ><<gl• ~~~a d~\oo.<o t.. IR .. , $, 
:ooul '·• ,,;.,:"in tho ...,,.., ~f m•~hog '" ot..uo /_,iuto $o. ~imi­
l:orl;·, ¡,, (.,,_.,.) ""' (""•"") •.• ,,.,.,., ... ¡,,,, b '" ¡, '"d 
l•om !,. to 1.,, 1\"¡>0<lil·cl.l', 

' 1a ;, n ,,.,.o ion< ti"' "'"" "'¡' ·'"cl • ioh <h< .,,,, "'-''"i'""' "" 
h: loO•<>«. th• """' (ol rot.,oio" ""~ "-""'"""") ¡, 001"""'" ;n 
'•"h"'""'· 

T1am~lia~! ~1 lhe UME 



( 

( 

' ' \ 

1\"e),,.v. oltu<on '"""'k "irl1 $,. Íio>lead ul 1,. '" ~«·«•• ti" 
>.Vnotn<l•.•, loeneo,,ll lh> .bove 0\]•rN-io"< or. valkl "'""" r;d" 
p<rmut>oion .,¡ ;.,J;,..,., (Th""" "1""'"'"" dqoond ~-"lu•i•·tlr "" 
!loe""""''''·' ul llo• ''"'" td>n•l• on•l ""'-' ho vitotd o•>i><"<iot 
,.,,.., ,¡ tloo < '1"" '"'" ,.,.,,.¡.,,.J lr~om tln· "~' • llo·d '1'"' i>I·Lrio~o"l' 
,;.,, """ ""'"' bw<"' ~¡,.,., h;· Y.m~ [12).) ol ¡,,,, ol •imil"' 
rol>toon•h't¡~ on.o¡- ~obtoinPd, 

For ptln>t m'-'IÍOn "" ~ {lor lf,l) ~<¡:. ~"d <he ,..,_,.,od <'<¡Ualioto 

)ir M; 11" ~· r¡.¡,"""" """"'"''"",,¡,o, • 8, +o~ 

lh• Gro••• ¡ .. C•"'••ol'J ••••• 

J u;t "-'in ¡obn.u ~-gr~, lht<< ¡, • .,.,;q.,< ,.,;.,, .1, o·luoh "'" !.., 
,,a,c~oo al.uul !he "•irlo~" ,.¡ llr• '"'~- ,,¡,,,,¡, lo ~ivo tho 1 hre< 
¡•<><>lton• ni nn\ l><>"'l.l. Tloo "•id«" ol lhc·•tn·,.- lnon~lc "" 
ti"¡¡.,,. 1.,, /.,, 1., (i.c., lite <><>mlll<>n ""'"''1' '" lloc '"""~ ""~)­
]( ~< •~ll oho ,¡,. .. po,.;,;.,.., .,¡ 1"'"' .1, -1 '• A,, .!,, '"'1.,.,,;,<1_.-, 
tlo<n J , ''" ¡ lw l"n nd h¡- ...rJ f'<Ún < ,t , "luLO /.,, '" ,\ , ,l,.nol 1..,, '" 
A o •l><>ul /,0 ('__,.,..,,..¡_,., IJ_o· ><floctil>~ ·'• al><.oLO !., "' ""'"'" 
J,, ole., lo< .-l,ootod .-1,, Tloo '"'"'¡ni lloi' lolloH• do"·oll)' lr•>m 
tloo eq,.ivnlrnc< ol •~ o "'~« linn.< lo o >«<"- "-' oootliu<-.l ohovo. 

!linoilooly, it l•~k>•-. llo>t o o ... .,,. rro""'"i< ol>tilJ" the.-. "'""­
,,.,,d,, an "'"¡,.,¡onl rstdm•l m<t»hrt_ For '"""¡Je, ''""o 
Hno /,, • ronectimo ·''"''"J.,) iold• 1, wlwh "")'loo n•flcncd "'""" 
¡.., ood J., 1<> ¡iekl, re•¡•••lively, 1, ,,,¡¡,, Tho ,.·,.,,¡,ni W>li>O 

'"'' for ¡or.n.,.. 

'"'"'" '"'w lol••ol" 
\\'o"""-, . .,.,,¡~"' lhe _.,.,..,. "'~ ''-' r;,od '" 11>< '"''''i»g >)'>l<m 

l: In 1"""'"" ""'• ::;,, Lhe th;f< ""'~'• $,•, !,', b'. !,,• 
•nrl S..• aoo <>1 eont>< irl•hlir-ol lo ! "'"d !.,'" ti,. f"rd ,-"<m !'. 
Tloo o_,¡,!~'¡; o~l>i»od L)' mewint th•l lino ilt ::;; »l<i<lo io 
toincid<·nt ni1l< $,(in::;·¡ ,Lonc $, "' ,,,.,,¡,~ ,¡,, r:,.c in::, 
,-l,kh ¡, roinrirle>ll n tlh S,. obooot !,,< ,\.lteror>tio ol¡-, L' ""-' be 
nht>i>><d h; aRN"ling 0\l< S, >OO.ot /.,or /.o(cl•J""l<iin~ O¡>OQ il ~< 
~i·h 1<> "'r"d oh, lit« in :! roinoi<knl nith ti><¡¡,,. L ;, ::•,.. 
1•<-ing in::;,,,.:::,),' ""d tl.on toRo<Lilt~ it '"""' 1.1. ~inct· L, ""d 
/., Loih iltlor.t>l l"ud Oh' '"""''1 '") $,., 11 fuil''"' 11>:>\ 11>< ~"' 
,,n,·olion onl,,- r<o '""' lloo "heod •mi 1>il" ol ti•< "1 ''" on<l llool 
tho liooo ol artion or !,.• Mpo"d' <>do~•i•·ol¡- "" tloo ctn«"tion 
ob<>on !.,, 1"<-o Fi~- ~- ' 

'1 ik< '""''"'"'in e;.,.,,,,,;"- il>< '·"'""' .,_,.,,. """'''lo dol­
l«<nt •~mhrio"' of llt< ,;,;""' G"""" "''J' "'"oh< pool J.,, 
4 ~'"'h" "<"'"rl" in '""'""dr•mlt" '"'·'"' <>OUnol ru trt.>< (i.o. 
,,ro,n>IJ. 

' U ·~ "'"~ o ho ""~ ,.;, oo o ,¡;,¡¡,. ''"' '"' 1 "'· """ ti· m io tto ""'" '""''""""¡'" '"''"''" ''" """'~'"" ;, ~." ~. u ...... ,.,¡ '",..,,,¡d.,"",.,;,-.,""'" ""J ;., "" !»d•-. 11.. ,.,.,;,,,,, ·­
'''''" ~' '"" !' ¡, '"'OOOLOOO ''"" <Ot«,po"dj'-< '"''""M<]~ '"" 
... J.,,.,rt, 

)Gur~al Gl Enti~wint lar lnrl~stry 

,. 

i 

flo- S Oppo<ito '"'~ ouod•OiotHoO 1., l,u $,u !,ooO<Io f,~, O«ow, 
!,., whl•h '"""""' .. -1 •-1 o•oLO< •> oppo>"' "d•< ol Oho O'Od•~ 
0.0M00 

~imil•dy, $,• i• obtaitot·<l (,y rc•·e,._¡,.~ the "he~d ond t•'l" o! 
!, aood lhon r.R«Iins it ob<>~l !.,_ $,•;. obtoiot<! ~." ,.¡;,.,_:;,, 
$., nl>out 1., altor h.=o-in~ '"''"'"" ¡,, ""'"· fi~. 1 -hOR' the 
"i1no¡;• ""~ tri.,,~¡, .. •!,, !,>, !, "¡,¡, >id e. L,, 1~'. 1.,• '"d '"''" 
1"''''""" dimen-'i"""· Tltt· ~·cll·knoU"n plan•t- '""• Rhi<h i> • 
'l"'<i•l '·'" ol th< oboo·e, foil<>• • o( ~e la k< all the ""'., po.r.lle~ 
pu,.., totalion "'"'"'· 

TI"''""'" mm".;,""'~' ,....,iaord with the fm•lion: h, h. 
S,,~ ... $,, S,. We :~--..umoln<oR·irdt< ol ao,- loot •hit', in 
annlo¡:)' lo tho pi'"" "l'l"''ile-pvlc ~'"d':'ole<>l, for.o' >n 
"oi>i""itc ""'"' ,,.,_,dtilot<·<al"' ""d i'"l"iro "'<o lho :,,_, ': e! e 
oll,.·r ••·o •e<c~-.. 

l(<fmiu" to fio. 5 otocl '""~llin" tl•o tobli,,.,hip ¡,. .. -...,~ '~• 
norno.ol• ~•"' th< >ttow ""'""""" ol • "''" lci>r•<l• •• ::c­
dud•• ¡¡.,., ~¡, , . .,, ¡.,, <"xatnplo, $,, $,., !., S,, 11 e <,-,.,-¡• <·: h '" o•< 

"'' ""·" ,¡,, 
(a) The >»~le •hi<h lho ¡>Nf"'.di • .,¡., lwt•·ton S-, ""d S., 

"'"~" ~ith ti«I'"'P•n.lioul., 1,.,,.,., S,"'~ h '"'"' "'1"'1 tho 
,,.,~lo n·loi,-lo oite poo f"''ldir .,¡,, l>trnco» h ""d S, m.' l." ,-¡,lo tho 
pNp<n•!i .. ,¡,, ht·l" "" $," ""'' h (.-inco• i,; ·,.,!, "''-" Ll>e '"ti< 
;, o~¡!¡_ • 

(~) TI« dC<Ion<'<'lw<n-o» 1100 (»iinl.< "'' ~" .¡,,,.. il ¡, >n<t by 
¡¡, "'"''""" l"''l'"'dioub"' ""1' S, at<d !,o i> '4'»1 In tite <li,. 
''""'''l•cl"'"" ,¡,, pn'""' ""S, n·l""' ll>t "'''""'' ¡,,.,, $, '"d 
!,. r.,u ¡,;,.., ¡., ,.,,.1, '"'" lhr ,¡¡,'"'"" ¡, d,/l). 

TI.• di-t>n<e >nd on¡;le botn«n '"O luoN mo¡- bo <»ml,ilord lo 
(onn the ><>-call<rl ,¡.,,¡"'¡;Ir. (l'o; "'""pi<, in 11" (uro.,oi·~. 
rlnol noq;lc/J,, oonld ¡,,. "''"' 1>)' Q,- D~ ·t· <1~. "1'"' •'"" U-1 
\\'e ol<~uo11oo du.LI O»¡;le ~hklo ooo¡- '"" lin" •ubtr .. d "' •'-id 
lino"" the d,o;l >l1~1< bol•«" lhe norn»l> lrom <he •~u !i-,., :<> 

·o he thitd. Wtth thi• dofo»il¡,.,, (a! •nÓ (~) .,_,~- he «-mbi• od 
inlo tlt< loiloni>'<:: The o,,,¡ '"¡;Ir ,,.¡,,..,,lorl h;- !, '"~ $, ,: 
t, cqo"l' lile dtL•I "nglc ,,¡,,.,,¡,,,¡ ho 1 , """ $,.o\ $.,. 

11 ~, , .. n "' 0 .d¡,..,,,, """~ a .. , .. ¡o· ,¡ <he q•ud»klh·.,l, .,,J 
- "'11 L~<> •id<> ~loi<io clo not ],.,.,o Nmmon W<• "OI'IX"i<e 

oido.<," ti"" (o) ""J l~) "4"''' ,¡,, ""'"'uf -'1'1""'¡" ,;,le; '"h­
lctt<l '''"'' '1"'' """"''"'h. rl .. m ''" '''""' il f,.llu•< 11101 il 
""' 1"'' or "I'P"''"' •id<• ,,o,.,J, "'""" ,¡,1_,.,,,.,, Lht o>h« 
1.,¡, 0>\>\•l do l>~<~·i<o_ c,,.,,,.¡¡,;,,~ Lh< l<>tegoi""- >nd »kir.~ 
into ""'""' th• i"""ibie ±1"<1 d<~ ,,,¡,¡¡,.,in th< ,,,¡,,RO 

1"'"' rr,, '"'"''"" af al/"""' u m ,,,,.., ~' ""'' llol ''·'-'_(oc m 

'-'" ""L•>•<>;I<""" ""-"''"""-'''"", , 1,.,;,¡ "''-'"'" I.O•"•d<d 
¡, ¡.,.,. .,.,., "" oo1 ,¡,, 1""' "'"""'' '"''"""" od.i"'"' ""'-
1-' "' "'' •'i""'"' ol •>•,- h•• • ""' '""«'ipo i» '""''""" ) 
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' n ~ " "' n + 'J<•'<01"<! -'ll<l'"'-' u -'1 -<:>;;-,-o 
'll 't.-nu--''1 ~.,r"""'" ·"1' o¡ l•ii''"J '"''" 111-

n ~ '.1"'11'''11!""' + ''X'Il':!loo'u-<'.1'''1'~1<:-u-'.l'o'Jium:·,, + 
,•¡¡''1\1"1'-"-•_,,•·¡:.:¡¡-, + 'Jf,''Nllll<t + •'.1'1'1<'"' + ,•¡p·,¡~""-,•·¡¡~o-rn-

11 1"'" ., '¡: '''""'"'•' "' ""~1"'",¡.,,,..,,, -"~"J ""'~ 1" "'"" ""J 
~~-·~,-~·,,._-_. c·é·c !--;:; .. _ -~-,,,~~-,,,_:'é'é''c','é'-i¡ ,;;-,-,-,_:--,-,_,-,-,-_­
:w• ro:, 1 !t,,-,_ ,.,-,~-.. o;.¡::·¡¡ l~":s u '~'¿u :,,-, . ., 1 "' 

---
\' "' 

,.,,., 9n' 
1
¡w<.no l!>~u '"'9u-19"'''" ,.,~,..,-:;n·u. ''"' 

~~~~:•;·,-~~~~'~1'1'1~1-: llilt (1-ti<-'!'U llhi'U , ,,..-¡.r;,. \'9<'01 U u¡<_"':": u~--~'~",'~~ 
"P "''"'11 ¡ "• "•¡ "o j ''"' ''-n ""' 1 t "' .' 

""""'''" ,, "·"·'~ . ----:,:,,:,:,:, :,:,:, ;_:_:,:.~---! ----,"~,:,.:,:,~-:,:,:.-~-~, :-,:,',:-','-é,~-
''"'' ~··" OWO< "" oMO'O. 0<,J '000> ~>"0 ""JO UO~oo•<5 .,. jO ovO OJ j0110.0d >">o 5Uj 

·••w '" 11• '''''""'' •••Jd '" r•• '1 "''"''"" <poq '"!"W '" '' "''" '"" ~""'" J• "'"'""' ,., 
"'"o M ''""11"" '"''""'P•odo><'Ol 'P'I"I"' '"'"!''' P•••J•p '""'"'" "" "1 •~"" '" 1 '""1 

. _, 1""1 ~ "\ '"'" •• ,, " \ "'"y "'' ~ .. ,,. •. " "' !""1 
0~) JO) O)jl\'-'1 fl.O....,)<"o '<l[rlq" ,(pl'"f'"'U>W]OUO '""!'-'•"'" -'IJ 

'""! 1"1'""' 1 
"" ""'·"11 J! 11''-"" '! (~1 °11'1" '"'"1"01 '""'']<l '" '1''""'1"' 
'l"l'd< NJ 1"1'' ·'11""~· '"""'-' JU '""(,o) pow (o) '""]PJ'"":J 

'"S X "S P"" e¡ X "S '""'1<1 noon¡><] 
'1'"" 1"-'f'-'qlp •ql "1 (.\J<IUJU>·•~I<I"' '") ¡•nOO ''"S X "S Juo1>! 
oq1 1"'" "S X "1 ••~<¡d Jqt U-'>nl"'l '1~'1" l"'l"ql)' ~qL (.n) 

'(") ~~~~l'""' .... q<l .. ""-' ''"" ...... , ""!1"1"' "''"1 "'"'"''" 
•.OJU! " 1'"'"1~'"'» "'1 .iooooJ ""'' ""''" "11 OC~I '"'! IQ<O >!p ~"''.1 

'1"'1"'·"'"' >~•1 '1·'""' ""'·''' "!'11 '"-'·"""[ :.u.,.ld'·l!'"' 
• '1'!" _,,,.., ·"1' "'"""'-'·'!!'"'' '"'! '"'"'1"-'!"'l.r' "! .il "'"" ''"' 
'! '"-1'1'"'·' "'" '-'I"·'!"''JJ·''II' '""~~ ·"11 "\ """'1' "'· 1 -Z 
•·•qJ "'1 <•1 ,,.., "-'"" ••u. -... ~, ... ·~· '1""""1 • ""!""~'~ 1'"' """''' 
,(uO ~~!~ UO[j-.JO\U[ )" a.un.l VI[ '! lj>lq.~ 0\<¡to> """¡d 0111 

.. ., ....... , ... , .. , ...... , ~--~··· ·•• '""""""" "'""'P'""''l'-' 'x '" ., ''"'1" ... , •• ,,.,w '" 
JO "'I'I<Od '""J 1";1 '" ... ~ "'''1'""' <>•O '"'" >i'P"II>•>pP"!JI> 
···--~ ., , •• "" ~··" .... , .. w, .,, , •••• , ......... '"''"" 
'"" '0.1 'l -l '""Id •1 '"11'1 '""' 'oouo¡d P•• ., • ., IJqO~ O -o,. 

'!'""'""'" •• , .. , "., ••• 
'4' ''"" "'"!1 "11 ""~ '""1'! """·' ''"! P""" ow ,,,.., '! '1""' ''" 
._,., 0"'{ ""1 .. 11 ''""1 Ol P'""''" ·""-'' ,_..pueo¡-14;!> "11 JO '"'"' 
'"' "' 1'"'~'1''! '<'"' ¡•·np" ¡o'""" ·~.L -¡,¡¡ .,,., ,..,,.,,, "'' "!" 
'"'"" "'1' '1' '"' """;'"" '"'11 J• '"'"' ·~ 1 ""'"'"'"" "1"' ''1 L , 

···~o¡, '~ 
"~'1' ""'' '""'"'' '!"~1 1' -''""""''''""' .,, "1""" I""P "·".L• 
.(q 1"'"~'1' il<l>~h'"'" ,., ''""' >~1 1"'11 o¡oll•_l\ '9 '"'J ttj unuo.¡> 
" 1 o¡q• .L "! f"'"9'P "'"''"" ''1' •1u~ !"<"-~._,, ''""' "''' " •u 

._.,.., 'J••I "'"fl < •PI•'-' "'".l~l<JCW>ul! ,:.,, !"" ' .. JV<I[\> 

o¡q"' ''"1''"!') • "'"! "'""""~'!' """·' >~1 -'U"'I"! '" "'1''1 
" ""'' •1'1' J• ''"'I""J. '"'!'"'" l'·ll"d' 1''""'~ "'"!"""''"""·' 
><>J 0100" ''[1 "1 1<'!1"'1" '! 111']110110 1"·'11·"1"' "'J ·'"''-' -~·YO• >•11 

1"'1' ""'""!'"''-' ·"11 ''' -'l-'1"!1"'"'"! "1""·'1 "'I.L '•"·"''" ""!1""' 
,,J '""!'~"'''''" '" '""''' ''1' ll• •·•P!'""' '"" '"'~"'"'"'"! 
"' 1'"''"''1" ><-"""""!P"l •111" ->i><!•"l"' ""'l'"P "'''~ l'•"'b uJ 
-~'""''~-L -~.__.,,. •q• r• '"~1..,•1·~~ P'" ·-~·.,,>'JI"""''"~' 
-•¡-'"''1 ·~· }U '"'l"""ldp"' •J>IJ¡dwo" •! '(o) '11""'' 1'-'~ "lL 

'!'11'"0>4 1'"" '""""'"' "" "-"" '".'1 >Jd"" O Jo wq"'"" >~¡ 111 · 
--~!""•1'11 1" '"'11"0"' '1"" "'1 l"·"·'WP 

'! (·'1~"" 1""1' "1' """'"11""') I'·'I"'·'<'J'I•' ""'"'I'Ji' ó>jl 'J,O.·'""il 
'1"-''""1!'1""'" ·""" '1'-oviUu "" )" •·'1'" •1 !-od<lo "1 1 IU ""1'''" 

( út'l"·""·'l"""" '") """'" "11 ·'' 11'"1"'·'1'1"' ¡¡o"' '''·"" '"'!""'~ 
B JO '-'JijU>_,U >o/~ (••••-"'• '"'1 0 >~ U>l.,llo~ •1 """!) JU .,.,,,W..,_'I 
l"'"'!'" .. "'f>'"" O q>u~¡-., .. !l!ood '!'" """-" >/"/'....,-Jo J>' 
>1!•!1•• •J&•!• O 'l'•od<>>"'-> »>~/ •o.•¡»>ll' ~'"' V>w O/!"'" 'UO>l 
--'"'P ""'~'"' • """~'P ,.,.., -~"'" ••11 ¡o M<>>">:! q•o:r (n¡ 

....... , -""''',. "'" ''"" '1'11 Ul ,_,,, •.11 '011<>.1 >lqJ J" 
"I>O>lU•'I' 11·' 1 ·'"" "1 l>¡p·m:[ '"1 .iOU> '"""' ""1 ~"!"!"Wd> "JI J'"" 
'""'·" ...... ,.,,1 .... "'"J ·'"" i" "''"!1-'"''1' "JI ·''1 1'·'"~·'1' ·'l·"·'ld 
-W•'·' •j JH11J ••I.L .,,.,, '"1"' • 1" ""1''"""" '!• "' 1'11''<!->l o,o 
·'P'"I ,. )'' ~"''1'""' '""' ~"-" ~'"'"'!"-" ...... _ .. ,, .... 01I.L (•1 

;~••1101 •• P''i'<ouwo"' "'1 .{<U> ">1"">1 ""'ll -~"'" 
'i'P"!I-'•--o<¡l~"lü ••11 1"' '"'!'-»< "'1' "' ""1• P"" 1 ••l"•>d<lr 
"! f'-'A\IOp ... !-"') '"'''"'"~ ><;>q¡ >I![IIIOA"" "''"'IOI!h:¡ 

''·""" ,.,11"0111 11° 111' •~ '.\m""''' i<¡ '1""' '(1) P"" [O) "1 ''"'~"!""' 
"'"'!"!'""·' il'!l"l "' ""'111'" "S '·11"'1""'~ .,_,,.,,"'""" l'•'ll"' 
''"'1 )" '~"1'1"''~" i"""'"''""IH•nl "•! ,.S)" '"·"'1 01[' 1""' ·o~l 
U) "'") UII"J J"'"J'll '' ""fl0·-"'l >l\ U[ "'"I"'"J ••¡i '•""'"1'""' 
""'-:'1"!1"' '"''"' •s '>Id"'"'' I"'"'!I""'"""J" .,,, ''! ._,_,"!~ 

'"""'""") ~ .. ,, 
'"'1""" 

I"''P (·'"""'"''1'1'"-" '"il"''l"l" "S',"¡ '•"S '"S 1'"-'"'I"P''"" 
ROl-" >l!~<l>l" diJI )" '"1"' ••!~.:ldu',."''" ''"'" 1! 10:011 '1"" 

'' •"S 1" """1 "11 ''1"'"''" '".-1 .,.,"1" "1' '~ !'''"''""" '"1' 
"-'" "'"1'1 ""! '""' <q1 "' •>111 -•••-•• "1' )" """!l!""l a•¡¡ """·"!" 

'' 
"! "'"' ....... "" ql!-• ~ ... , .... """1 "'"' ·~ ""~'"""/ >ql "1 

o'l"''i<'l.''l"'". """' >¡>oodd• 
""fa·~~· ·~-~o VI'"' •>!"•• 1""1' !o"'"'"""'lold•• "'1/ .. h• 



• 

Th~ Cyli~dric-Cyli~~rit Cra~k 
'""•du<lion 

Ir ;, ~<11 ~"""" 1 h~t, ;., rt.o r•bnor "'''"'· tho pulr ""'" ¡, ,¡.., 
tho ¡.,._.,,. ,¡ thr fi,.,¡ .,.,.,.,,.ni oll ··funf·P<>i"t"' <ir.!..,._ In thK 
c.:mt.-t, rhe 1.,¡, ,.,,,..;, ,.,.u.,¡ rloo ...,.,,,.puinl "'"''· ~imi­
lul¡·, tlor ¡•~• ..,,, .• fi.>.,..J ;., 11~ ,.,,.¡"• bod¡· "o l-o oh< !oc.1< o/ 

poinl> ~~-- fonr 1""".,"' r.u "" • <irrlr, ; .•. , tho ,...,.,u..¡ 
rinlt-¡.,int '"'"''· T!m di<ofio.,. "" <p«iol ...,.,., of "'''" 
ttnrrnl """ .,,...;.,,.¡ "''" ,,.,;,r nwtion. · 
_ ln •¡»«, ¡ho rnlir¡· onolu<"'" to-' cinlr ¡ooint ¡, • lino ¡., rho 

m<wing t.od¡· wln»r ¡,,., ¡><»tdo"' lie ot ti""'"'" di'""" •nd 
s.mo """'' lr<oln o lino ;,. tlo< fi>Od body. Thj, li\<.,J l.nr ¡, 
•n•lo¡;un, IU 1lor """'·•lolUdin" """" puinr. I:orlo ""'',.,-¡ni 
fi"d ,,,¡ n>o>-'n•o r,..,., ddnoe ''" "-'"" of • mnk u ir lo '"" '·' lin­
d r ¡,. •l j o Ít"'- 1"1 ~ , O olmu • • f,l hnJ rie-<;>-11 nJ ri< cm o k i " f"'' " ¡.,., < 
.. .,.,.,¡, 1-d ~ ~tlo ¡.,.,, ~ni1<l_1 '<"J»mtN lXI>""'"" nf ~-

In th• '""'"! of o ~"""' ''"'"'"·'-, \loo m·oloot"" r<V<>IH\c .ron\. 
def,u<d h¡ o ,.,.,,., ""J cotcle poi"\ >hould. ni '"'"-.... bo vin<<l 
., a •poci•l '""' ul tho cyfuodr"«-<"_1-lü>dfo< <rOHk. 11) odopti"J 
lhi> •it~,.,;ot ~• ""Y >t>t• lh•loU.,..-iJ,• """"¡,..,.u,.: 

Th< ¡,..¡ of '"'"'.u .. d<.~•«< ~~ 11>< """~'"'"'' oJ (i) ~,..¡¡¡¡¡ •" 
;J<./iml/o s.;, lod ofllc jwl '""' of al/ ¡,.,_po>ll;.o c¡./i...t<ic­
<IJ/i,.,Uf< c.-.olo. ('_,,.,.,.,,.din<ly. tlo< loci ni thc n•01·in~ "'"' 
!or •ll faut-ro:><itiou r;lio><lri<-< . .-l<todrii crnnk- ,.,;tocide • ith th< 
loci ni.,-.-.~· 01 .. ;., thc moo·i<>g '-'"'''""· 

1 r, ooJ otol¡- il. ti" ""·~· "'" ;.,,,.,,..,,;.,~ i""" mlutio" m•·•·•,' 
therc ~111 be"' '"'"'i>Oon in Li>e <1-lindnool jni""• ""J ti>< 
<_llmohio·c.•h"•hi" ,.,..,k, l><·oome, in eff•n. t<·<-ulnt<H<"I""In1<• 
<;anh. 

tlomootlo1mo 

The follo~ in~ '1"·'"' 11 ;,~ "'" ito1""ln<:<d 1u d<"e<il>< o <)"li,.Jri<­
CJlind~< .,_,,!. ¡,.., ¡-,0 ~). 

L,(l., .l/, .\" ,). ; ,.,;, 1"<"<'"' P'<'AII.l ln thojtlo ¡ .... it"K>n ol tho 
'""'"'"• aúo: A,(.l,. 11,. e,), ohe '"""'"'' v«tn< lo tho mo•in~ 

laxi,; ••>d a"""' (R,, S,. T,) dcfon..t o.• A¡ X L,. Sin1il>rl¡-, 
lor ti,. r,..,¡ _,.;, •• ¡,.,., tloc unil '""'''" "''"" thoo<i• (~, p, •); 
the nonnol ,-r<tor ltom th< ••isin (a. {J, y); ""d ohtir ,,..,_ 
Pf'"lntt lp. <T, r)_ .111 of "'"'"' qn•nüli"' ><<'"'"""'"ni iu tloo 
r.,oo <"OO<donOI• o¡·•rom. 

u,;,, ~·, '"" n, '" "'""''• ,,_peco;,.,,_, .. '¡,. """'' ,,,¡ ,¡,.,,,., 
be1~'""" 1h< n<UI"Ít>~ Ami f<l<·d "'""• "' "d!o "'l""-~•iol11 lur tl•o 
oo,,;,, or tloo nu~l· 

"' 
JJ, ,¡, ~·, - l.,p .¡. .\1 ,a + .V,r + ).111 + ~S, + .T, 1~1 

""~'"" ,, ... , ... 
Co"e•ponaoo< o (lhooo Po•Hion<) 

Wo "•~- ,¡, ••. ''"'' r...- ''"'" l""'iti~n- ,,.,_.;.a (1,1) ''"'"" 
,¡,.,,,.¡<,.,"<" ¡,,, • ...,, lloo mo,int .<nd lo~<d ""'" ol • ~lindri<­
<~liod<ic tr.n~. 

Tho "'l•i•t"" ;., <loo ""'"t ¿,,_., toOt ,A.,-.,¡,¡, oho motion. ""d 
h<nro i., f"'"i:iull< l. "'• nlld "" it ¡, """"'"-' 1hot 

• (J) • 
~(1,;- 1 ,) -1 ¡•(.11~- .11,) + ,•(.\".- X,l- .o 

A(r,- r,¡ + ,.¡<1,- JI,)+,(.\".- .\",1- "· 

-'"'"11;·, (J) ,.,,,,;,,~ L,. L •• L, '" 1,; o he~'"""·''"'' ,,J P•. !'· >) 
,,, ._,¡, ,¡ , d~l .. ''" .,¡, '"'"· 

H 11,. ""'''"~ .,¡, Í< ,,¡,¡""¡¡_,- oho-<n. the ¡;,,JI",,,.,,¡ .\""• 
"'" oll !.tono·<'· E<t"·"'"" ('!) ""'.'- ¡.., ..,¡, . ..! ¡,.1, '"f· ).¡, .,..; 

0 T'~ """""' ¡, cit,.,..t t~·'"-" o< ,,,¡,.,.;,.,, do¡,.ndin< u""" ,-l,.th« 
"'' ,,..- ,,., '"''"'"' 1 in"" ¡,.¡,..,1< m '-'"'' '"''"'· 

~.-•• ,,_,_,_ ..... ,_ ..... d •• 3_ 

~\ 

I, 

(A,¡.¡,v) 

' 

1 

p(l·, ~l>ioh l<>h<lh<t ""ith A' + p< + >' - 1 ¡idd n uoique 
r<>oul! lo< <l•o hod-"i< <o<Í<H"<. 

Ir (A, P. d ·"' •J><<·ifo..t. ,,,¡ ~·· ,.,¡,.,;,,, ti•< li""-" ''""~ ¡,,,.,,,¡0, 
1 •• -1,, • n.,,l., + 1,,,,.11, ~ ,.,,.\",. 

.. u.- .11, ••• ,J.+ r., __ ,l, + '••·-"·· 
·"'J '" ""·" 

¡;,,,"oion (J) !""""'"'o lino"¡,.,""'""""''-'«¡, L,. J/0, .1", 
• hido yiold·. •"", ¡¡,. ,_,,¡,~ /.,/.\" <• .11 ,1.\" 1_ F"onoll<. eollmg upon 
1.,' ~ _1/ o' + S,' • 1 ouo Jotctmi"'"' .o .,,.;,,,.., -<l ol mo< ¡,."_"'¡, 
d, ... ,;.,, .... ,.¡,,,.._ ..,, ... ,,d;,0 '" , ¡,. ,;, "" r"..t .,; •. 

1t ""'-Y ,.,_.;¡_,- bo ,¡, •• -,. ti>:ol tho mo• ,,.., "" •io¡;ulot ¡;,. .. in 

"Th< •"•. ,.,_ """' ,·, '" fun«ion ol o¡,. ~··~-.. ,.., •• ,.;. '""''"" 
·'"' "" _,.,,¡. .J '"' .,., ... _ s.-o, ·'''''""\'' ~ fo• "''''"' "'"'~;.,._ 



¡ 
' 

;; -"''d 10 '" ~· '""" ;, "'",...l"'"rl"'"" :kfin..J hl' '""""'" ol ). 
ro: a:.:· '"'"- rr10k. 'h• di-'-"","'"' .. , • ;,, .. !>.•~-.,.,. n,, ,_.,. 

,., u, .i. ""- :, ·.,< , .. ,,.;,. ;)..¡1 O, ,¡..t. • D. ,;,,"t. • D, .•iu<f>,, 
~'-"'·· .. -.-,,~ ,_, . __ ,_,;, .... ~: :i,:j. 

Fov< Po<'ol1on• 

~''' DO••"" 
l'oo 1""' ~.,·, .!¡· """"'"'«! f""ilion', 1, m. n, p", ~• odcl a thinJ 

"!"·"""' lo (l) ni\~ obt>in: 

•. ·, T ::.;;,- \/',.,·::,-S .. 
. ; _;_. R,;, ,¡s_- s.i + ,tr,- T.) 

.11,) + r(S.- Xol "' 
w .. 
~IL. 

/,,) + J'(.ll.- .u,¡+ •!-".- A',)- o 
1.,)+ ~(.1/,- ,I/,) + v(.\',- .1' 1)- O 

~(1.,- !.,) + 1'(.11,- .11,) +>(Y,- X,l- o 

¡¡¡ 

- Ai/1,- 11,) + p(S,- .~.1 + ,(T1 - T,) 

~:•ce. (rctn,ll"' ·'""'''• 11•< ,¡;,..,,¡.,,, . .,,¡,,."o( 1><>1h ctw< "" 

i.n<'"·n, 1 j) ) "M• 1 "" linoor, """h""'"~''"""' "l"" ;,,., in eioher 
ic "· r: o• (1."1 -~•- 'f,). 1\"hrn ,¡,. '""''"" "'''''P<''i~«l. oh• 
f( •. S'• o11d r. "' ~"""-" ond (p, u, r) ;, <t-rrict"l tothe ¡;,.or 
,_ ,.,_.,,;,, -,; '"' '"" P''""' IH r; .. ,n_,-, "''"g 

lle~""¡¡.,. (~, ~ • .-) ~· 11" ""~""R'"'• 1 hr "'"'i'>TiLilio¡- N>mlil '"" 
¡.,, (.'o) ~"'"""'"·. 

• ;;, - '~ ~ - 1A- "'· r -""-~A. 

<e ;i ocii;:·;; :iH ,,_,;o:io,. o). + ílu + l'' - O, o~o• oho,,in• • 
.,,;~··• )OOtmo.l ''""'"' :.,, JJ, y), 

lf, Íto,.•ad, U •p«ol) Th.. f"<d o\i~ Íl Í< ""i"Í""( Th." n fir-T 
,_.J;..oilnle 

11, ~ n,s, - c,.u, 
S, • C,l.,- A,.\'1 
T, ~ ,1,.11,- H,1.1 lj ~ 1, "'·o) inTo (4), 

: • o e "·"' o ¡ ~: _\ · ,¡,_ li 1 ••> T ""' .¡ """" ;..,, of . 1 ppt'\\o/i_, ~ _ " 
>• ·,~¡ '' .,.,:,, !1' ' ,.,¡/;,., /1' """"'"" 1 he TÍ>ht·hnnd >Íd« uf (4) 

i;,\0 ''"'"' ,,.,,, . .;," .. : (.l .• ;J,, e,,,""'¡ Th<--e •~n """-"'""' 
ci-:"""'"' :. l~::o r, .. ,ll¡·, ¡, ,.,,,;,¡," oh>t _t,l., + 11,11, + 
f',!-.-: - [o • !TT,Íq· ·< !\Crln ol 1<'<-Tut i• •·ku·<eo), ""d t he '""''i"P'" 

"'"')'"'''"' '" ,,,. "''"· ,,..,¡ ·"'' ¡, ""''1'-''1.•· "'''"'";,,,¡_ 
¡ .. d ''""" •-' .,.,,¡ ;ho·>]>"'ili"l '""''""ti"'"'"''""'· 11 i•,nl 

"""""· ''"',., .. :¡.:,;o olo•hCOHÍToe• II•Í• '''"''"i"""!('"'" lmnT (:l) 
e:· J -,: r:· ·.~, "' ,,.,.,,<,.,,, 

i\'e ¡,," >T\nwn 1 h . .r ¡,, 1 ¡,,..., 1'~¡ 1 ¡,,,. .,¡ TITO "''" '"" h,.l_l- '" 
"'""' l<~m~ !Q ,¡,,.~,, '"')'¡;.,,.in :::• ,,, \loor,,,.¡ mi<, oo .>n) line 
;,_ ~ 0° !iJ. "'·lVÍo•g ,,;;, lho~'>'OT, on..- "'"" QI" ¡, Op.-<ofiffl 

¡¡,, ••••• ;, •• ;¡ .. ,;, ,¡.¡;,,..¡ ~~ !ht ,,..,, (\' 1) '"'"'I"'"J'""-
h <>n be,¡,., '" :h.11 ,¡;,. '""'• "'"""'""'don< o;, gh·<n h¡- '"" 

o ; ¡: ;:, o : "-"' or 1 ho 1" llo.• i n~ 1 ¡,., """" . 
E "A ;:.>i• oj ¡iw{ aru! .._.;uv ar<• oul:1Únd•o "''<'<a.Ii< ol o iual 

"'" <,;•oÍ >o <Ot-l.olj. " /~t onpplom•ol t>f ""'"""lflh< dual ""fle 
'"'IKio/,J :.i;O Tl.ol .,-,.,... • • .,, "'ono¡~o. ··ith o loe,,,.;,. o<i• ;, 

~ ,.;,;~, 1. •h< .j,.,~ a: •• :, •-•-•··'"'' -'~"'¡; '" ;,i},¡:!{ ± !Sil~t~)­
TO., un< ci<:t ¡; lu i• ¡j,,,~ '"'1..0 d .. l. ,_~¡ rho o,,o ,¡,,.,g 1~' 
'" ---~'o_,-::"' 1 41 d.·• L l"h• •• ,~ ol oh• d,,l "'"lo •· 1""" the 
;o,,,;,,~"::" .-.. .J .• ,; •. 

Finolh-, ""'~ '"'" ·« "1 f""' ""'' """'"~""'oro~'""'-"· Th< 
iuilo" in• tlo('<Ticm '""l.l ho "•<ol '" o-Tololi·h Th< '·'"" "'"""J'O"d­
"""'" r"om lpootolin~ '' 1• o/ ltm "'"' ¡.,0 o.,,¡¡,..o fmd om "I'P''" 
i'""' cilh" 1," o• 1,,, "' '"!! "' """' 1• ••. '"'""''"'/ l~o cq.,al or 

'"" '"~"''""'''"'-• """' ""~'"·" ''" ,,,¡, ~·· '""' "'"" ,,,. 
'""'''"" '"'" ;, !"•·ÍIÍ<"' /,) 

¡· "·· ' " ,_,) ¡_l!,. _\/ ,) (.Y, 

1 rr,- 1.,1 01" .\/ ,) (.\"_ 

' u., - 1.,) ¡_11, _1[ ¡) (.Y. 

-, ~·"''' ""-- ,,_,,~-~ •' (~' ,,., ol ., ""'''' ""-' """' n, - n. 
o~"';;._--~·-- >li• ... '"·- ~.r. + ;r,- -,),,);(&; +. 

·' . .. _ :'"' •- - :" , - _,-__ ,_ r, - t-",' - L,.,. ,, 
'' ~ - "-·~. • « ,¡¡ '."'''' -,, n.;, "'"'~ .' "'" 1~ ,-,.,....-! r..-~onl '" 
:" -""" "'-' ,_,, .. , ......... _,,.,._,,.,, •• '~•J ..,.,,.¡,~ '"""'""" •• 
(:' .:c.d ('";_ ""' lo , ~. """'"''"" ¡.,,. ·,,,. "''"'""« ni ,,__;.,~ 1!-o. 
; : ,_,;.,, ""-- n· ' ., 1 >In ;, '' • 

,-Th•-• ,..,,.,. ,., "'~""'"' ;,. ''"" ""'' "'""' ü~• ";., <h• 
,._.oc:"" <~-'""'' ''""'""'), T!ol, ''"'""" ], "'"" '.oliJ ¡f "'" t.\ l.,_ 
: :-~ :'_ ,-!.: -' '" '·' . ' : : ' . " ;- .• ,. .• ¡ ,¡ "·' ,,,., "' ' " ,.,_ " ... ' ". ;, ····· "'-'"' ,., ____ .,,.._.,,., __ 

' 

¡11 .. - !,,) (.11. .lf ,) tr.- .v,l' 

¡U··- l.,) (.11. .11 ,) tY.- s;¡l " " "' 
o(L, - /,,) (.11,-.11,) 1.\',-.v,¡ 

B¡- ..,..,..,¡...,.;,~ oh:tl 1.1 - L, • 6,,,1.1 + b.,,.lf,-!- e,,)',. ond 
>O Ql\, io i• ,.,..-.~. 1 o ~ <Íir (6) .u • hom..,...«n<• po!_momiol in 
(/.,. .11 ,, .\" ,), htn<O (6) r<P....,nl• o ""''uf th;,-,j oÑcr_ In faol, 
lhio ""'•" 1.\t """ cont ""di«! .,~;.,., 

Th• "''""""" ol Tloi• mne o!rFoo• th< do,..tion• in ,.¡,¡,h !hor• 
exi<l ¡;,..., ¡, :,;, o·)\ioh ""!ÍI\I>ÍOI The >.>me on,le ..-ith. fo•td lino 
loo oll luuo ,...·,;,,._ Th< ~,...,.,;,,,ni 1h< '""""'!""'di"< fix<d 
li""' m.•y bo olttoi.,,l (mm TI« (1,1) C•>t.-..·poud<m• oJ•-'''~bcd 
obm·o. 

H ~• oloon~o (~>m ~OOIO<al Tn >t>h<tÍcal 1n<olion, "ll"IÍon ((.) 
n·maiu• """lltrO<I· 111 !""· (G) ¡, iolo•nlir.•l To oho co,olition 
ot,,,;,,.,,, ,,_,. ,¡,, ,,1hor tn 1"' 11,. '""'" ,¡ "'""'"" ¡¡,,... """"' 
1"""'' "11 1,11 on CÍI<'h In< lo"IT"j\D•Ítiun >phenc,l) m"TÍQ!l. 

lt " '"'"'"" ,¡¡,,,_,11_,. ,.,,,.,.,;,.,' '" '"'"'" 1 h(' '""" '" " pi.'"" 
ouhic. 1),..,¡,.,~ (l;l h_,., ""'· (.1',)' _,;,.Id< o lhinl-mdN pl.nor 
""'" ;., '''" ,._,;,h).., ¡¡.,¡,\',), (,l/,l_l-,). fi~_r. ,¡,.,.,, ,¡,. ,., ... 
"'"1 pi.'""'"'"'" ,.,.,.,.;,,.,¡ nioh oho (noor f"''ÍIÍ•m• g<ven ;, 
T"hlo l. 

H, ;, o~oiÍIÍ<>n 1" 1 1,. '""''""' '"~)t, ,, n>n\ in,lino «m>i"-' •1 o 
'""'' ,,, "'''""''" lmn) ~'"'' n, .. ¡¡;.,., ,., """ ··~ ... ~ limJ lin"' 
m>l' 1,.. ,,.,¡ "' /m\T•]K~ÍIÍ<»o q·!iou!•i<-<)·linol~r«>nl "'"'· 

¡.-,, o <lit«! inn "''" .. l'""¡¡.,~ '" _,,.) • .,,.,._,or (l., .1/,. .1' ,) ,¡,. 
"'"' lor.11iu•,.. U< nlolnlo._.,l M lo>llon·,: 

F "' Ion ' ]>'""" Ílm•, 1 h< '"l"''' ion 

p(l.,- l.,)+ q(.ll,- .11,) + r(.\'0 - .l'rl 

- ~(11,- 11,) + ~IS,- S,)+ •(T,- T,) 

_,.¡,¡.,¡Tu (1) ¡iold•' ><1 ni lhO<·<· "1""''"'"· In "hliTiom, oh• 
'""""ion ! hoo (p, v. 1) i• """'"'' 1n (A, ~. ,. ) ¡ ,.¡,¡, 

• 

"' -t- "~ -t-n -o_ 
H<·":t"l"'~ (p, a, r)" ,¡,,. ""'""~'\!< ;., tl1<--e fmo< "1"'''""•, 1ho 
<Otnp.>tobilíT.'- eonnlili""' ,,,, 1.,ioc· Tlo"T": 

" 
.\',) J,(/10 ·- //") + ¡o(S,- .~.) + o•jT, '·' 5 ,) Mil, 11,) + ~j$0 - S,) + >(T, ,,, "" m 
.Y¡) ),(11, 11,) ~-!'(S,- S,) + >\To ',, 

.\hr • .,~·Tilnli"J (1•), (0) i• "'"''"""' ¡n _, lin'""r "''""'"'" on 
(. 1" Fl,, (',). T/11<, "'"'""! ~ ith 1 lo< '""''"' ¡¡.....,, roo,.!itiom, 

.!,1., + [l,_ll, + c,s,- <1 1~) 

yirkl·" lío:• ,. •l••lo"'' .. 1 '"'o ¡1, .. 1 ,,, ""'""·'1 , ""'"' 1.1 ,_ 1r,. e, 1 

•n ,,,. "'"'-'"• '"''· n .• "'""i"~ ,_;,"'"Y "• ""'""' ''""""" 

".-••.• :1.• ""''"''·' • '· "' - ~-" .. 3." - '-
,- ~"" , ""' , ¡,,;,. "' (l. o. 11 ,. ,\"ol. in .nH,. "'""'"'" ., ¡> ~- •1· •• 

'" '"' "" "" ""'"" ''" ''"'~"-
. Tmsaclionl al the ASIM 



i 
' 
! ) 

"")' I"Ínl ~n thi< ¡;,,, IIOrof'<", "'""l"'nJi,.o ro ,..,¡ ,¡¡,,...¡; .. 
,¡,¡,.,,.,¡ b, on "'"""' ~1 !ht ,,¡,¡, '""'· rhm ;, o ,¡.,~/y i"fi""' 

"'"'" of '""''"~ """'· .\11 rlo< "''"'o( n """<Ir "'"'l """ In) 
¡•:•<nllel '"·' ,¡,,,¡,. ck<ncnl nl1l>e '"''"' nnol ll•)n•¡•la" ''· 

u .... """'"'''"~,¡.¡,.,.¡,.""'· ,,,. fi"d "'' ¡, '""'''""' 
<iol<tmrn"l ¡lo_\ ,..;.,~ '"·'" 11oto·o 1"""'""') lmm 11,. (1,1) ,,.,,... 

'"""""'"· 
fl•e Po>Biono 

,, ...... l .... n •• lomt·i• .. i• ""' .,.,],-,._ '" ''"''"'"' l.!th , ... ¡,¡,,, 

.._,;, ""'""''"" < ""''"" ¡,, n<hlirrR 
. ,., '""''"' "'"''' . 1\"e lnm' -''" ·' n · 

• 

).(L.- 1.,) + p(.ll,- .11,) + •(.\",- .\·,¡~u. 

¡,,..., ........... ,)" 
u;;ng th• •om•··~"""'"l ... ¡,,r ..... '"" "'"'l"''ibili" tondioion 
100• toqnir.,_ th:11 om o•n ll X 3) d<Tr<min'"'·' .. ;,;.¡,, [1 ¡, 
"'"'"""'""' oo U<o(G) ond 11oo nohio <"<>nc •<•oioonl ~~ rho,.in•g 
"'" uf the .~oktip" in IGI. ~'.'" p, lo t. ~inre lloc own ~uhic "'""' 
h"'o lho '""" "'"''• 1hcro orr·" '"'"' "'"" rcnl do,.<'i""' 11.,, 
M 1, .1",) {o, "lnclr 1 he '"'"1'·' 1 iloili1¡ <"<>todHinn, '""-'" ],. ~" ;,fiod. 
]f.,~<·\ c·r, ll>lec n{ !ll<"·o• olit<·r·l ;,.,. ·" ,. opmi""' ,;,, ,. ,¡,,,. "'"'' 
'~''"'" '" n,, ··"''" ·""" '·~· s, •. !• ••• " or•rll!'" ,,. v• .. ~•·,/1• "' 
'""'' ÚI n""ing-om dH<flin"' fo, """ "' of Jo•·• ;paliol•li•pkm­

"""''· 
Apin, 1 ¡,.,.. nir,. di<«lino" oro j,)ontirnl tn 1 ~. """' I'"'"ÍO"'I)" 

doo ... minod [~)lor IIH"r.t."< olop~otk>l 11Hltion. 
U¡· n•in~ ·'"'' "'""' ¡•~hino .. in tite (1,1) ..,..,.,..1"""1""-e ~ 

"'"""l"'ndin" r,,,.,¡ . .,;, olórrtlirm ,,..,_,. 1 .. Jot<tUiitood.lr" <·"" 
,,¡ 1ho ,¡, J;,.,.,;""'· 

A•lt lo<oHoo 

"J'Iw lino.• """'"l"'"""'g 1" llu'"' ,;, rlil'o·di""' noo ¡.,.,,,..,¡ "" 
lull"" ,; 

\1' o nrld ·' Ion ello "1'",;"" 1" (l), 

p(4-L 0)+~(Jf,-JI 0 )+•(~-.I",) 

-l(H,-~.)+p(S,-~)+>(~-~) 

.,d 1'""...,.¡ o< 1>•1""· Tire mm¡•01il>ilo1,1" roo~clo1im1 """ f<'­

'1"¡...,., lhnt "'"" (4 X 1) olele·nni"""'' ,.,,¡,¡,, 11 r• ,,.,,.,.,ion1 
'" ''""(~),,d.;,¡.,,¡,, .lol•·mli>r'"' (~'1 ,,¡,¡,¡,"oh o·"""' ,r< (7) 
'''N·pl ("r "'" • .,¡,,,.,;,, ;, l)u· b•L "'"'· .,.¡,;,.¡, ¡, ,¡,,,,,.,¡ r,,,, p 

1" r. !;",¡,,, ,,,;,g 11~) ini" ¡; ') ridJ• • 1 '"~"' "~"·"'"" ;,. (.!, 

"l"'"'"' '-S. 
n 1"<~ 11" di<<'<'IK.M o( '""'' t~rH ><1t~ 0>0> 1lot ....,,,..,,it.lit}' 

«•nd>tion• ,,. no lo""'' oU!fo<itnl. un,.. o t..'"'"' of ,¡,. ''''"'" ¡.,.. 
........... ;.,,, .... ol ' • o. 

fl,. C,). n .. ,¡.,,.,¡.,,,..,,., -ohuinn ,¡ (;). F'J. ond ¡<J.-·io•l,l." 
UHÍqnc ]"'Í'" (.1,, /J, C,) fn1 (",odo ,,¡, <IÍn•<'ll"n. 

Th,•• ,.(.,r;, lo ,..,,¡, of 10 e u! "'''"' ,;,. non/no ;,,¡ dimloon• io'""'"" 
lo ll.c '"" ,,.¡,¡, """· """ """1"'""1' u •rr,iqr" """ rrrU om 
Ag,;,, h¡· ""'"" ""·'· ,¡.,, .• 1,~¡""'" ohe ,,,.,.1xonrl"'~ r .. m ~"' 
m.>.o ho <lokrmi,t"<!. 

!t foil"•" or,.1 .... ..,..;.,ro"''"""'" fi•·• ¡,...i<icm'. <hore ••• 
rithtt ,;,,Ion<, ¡on, ~f um <¡·lmdrio·'l',olind<i< <tonl:·. 11 oh, 
motion l• ¡obto><, ooo nf tlo...., «•ni.- ¡......,,, imo~;,.,., .• ~ hilt tho 
romoinin~ (nur (ot tn<H) bro.onoo o),. !<•\"Oh""'''"'"" "'" 
rot,...l"'ndih~ In" lh• utll-ktonon Bmm,..1<t ¡.,;,.,,, 

Tioe ..,¡ "'""' 1 o "fn o-¡»c,,;,,. vrotl•m 010 ),,¡.,¡ in Toble ~-

lnve»ion 

In the(,, .• .,;.,~ "" r,"'' '""'"'"ro 1hc nun·irr~ ,.,¡, nnd tl.on 
d<Oetmi""' t loe fl"'l ~"" fmm ti>< 1 ,¡,,...,.,.¡,¡.,,¡ '""''i<J<.l""'"· 
In on "'"'""'"" '""'""' ~·< <ould h.o~o .,,.,,.,.,¡ 1he fi"-d ,,¡, 
ftt•l, and ll•Mo ,lot<<mit•N tlo< mo•·in• '";. hom t[o~ ro" .. pond· 
'""'- ,\ll<!h>IÍ<ol.•·· il "" ;,.,..,.,.,¡ tloo m"liou, ,¡,.. fixod ~"" 
muld h, .. ..,¡...,.., ,..,mpmod flom ""'''-'" o¡,,.., "1""';.,,, <it>·olo¡ro 
for oho m,,.;,..~,; .. 

P~romoloi< Do'Oiopmonl> 

Tho \ w .. ¡,,.;, ><"1• .,¡ ""'""'010"" .~-.nd:LI ,¡ ~ i11o 1 ho <.din<Jri<­

<)1\¡,]j, """~' '"''· 
Thc ,,.;,¡ i•H ""d !!e l"<gl!r (IJ) oj Mt ,,.,t. In om., <o 

""""'""' • hkh, orod Iom< mon¡·, ¡;,,... ,1 tl.o "'''~no<nre """'" 
'¡»nd In '!Ohk• .;,¡, • ~h·on twi-1 ondf,< Ion•• h. it ¡, "'"""'}" 
to dcnvo ¡,,.¡ aor.oloJ<O"' lo thc ]>lonot "· ond /1' ""''"""· llt ;., 
onliri¡»l«l 1lu.1 ,,,..,. '1"""''"''' o·ill he di•<"o-N in> ""''"""l"'"' 
pn hlitm ion. ) 

2 n, ,¡;,,,,,.,,..,,,, of lit '""t nlon~ "" fim!o• "'"' '"" ozi•. 
Th• r.xro • .,,¡, ""'"""''"" '""-'. 1><· ,¡,.,.,.¡"1'"1 "'" lnn<Lion r,f tht 
di•pl."''"lOnl "'""" 11«· lio"l 0\i' ¡,~ n 1""'"''""' ¡.,.,.,¡ <>n llre 
¡.,¡¡,., '"" ,¡,, ,, ,.,,, ·n, rlrrnl """'' "''''' .,,¡, rl ol lh• fir. rl '"""· 
rlúo-~ylw•lrir • •o ni·'"'' l>p "'""' $., ,.,,¡S,, ;, ·~rro/ lo on,-/.,rl/, 
OT o•o-/ro/f ilot '"~p/""'"'• of !ht un,.!· dr<pl"""'"l '""' l""<ii<J• 
; lo 1. 

At..,tdin~l.l·, a<o)' J,~;,,.,¡·,.,,k <o!~lkln ¡, ,..,¡,.¡¡o~lod lo! 8,, 
ond e,.;, (H) ""~ (11'), ,.....,,....,;,dJ. Thr moil ,.,..,,.,,.,S,, 
a>mmo" tn 1 ¡,.,.., •~·o "'""timo' d<·lcmoi"e 1 lw '"'l"'t<'d ~,,..¡ . .,¡, 
dirof1Íuh<. Tloo ),.<i "'""' h)· (11) ""J 11~') 010 t'Oinplctely 
,,,¡0""'" '" \].,· lonnlo¡•. o(¡,.,,.,_.,,.,¡," o·irdr~ ,..N[ to pot>· 
"""'''"11)· '"""""''1 01,,: pl."''' P"'' «rto·o•, 
By,.;,,~"")"'"'",¡ 11t<~c o;roc1i""' _,.,¡ ""·'' ,¡, .. .,ed '"'"k 

'""''·"'"" ¡.,, d,, ,.,,.( ol,. in (11\l, "'" ohl.,in• too¡;,,,. ··~n.•­
tinrl< ,¡;,.¡, <kH·nnim·' fr<Nl 0\Í< fn1 ~¡,¡,¡, 11w mllo-pc•,d.r¡g 

"'"~ oli·pl"'""'""' hnm l''"ilion i 1~ 1 ¡, "'I><'I"Oiiro. 
By iowo,..ion, 1 ho o l.,, .• nu)" 1.., tL·N In JL110m<lli"'lh· J.,·•lop 

llo• '"";·in~-o,io "''"-",..""· Tlot '""'mo<c" ""~ h.>Tf'""l""'d 
lo di.-ph«mrnt• ,.¡ 1l•o "'""k t<blhc to tho ""'''in~ 1>00)·, ~-

'""'' foo "' '••• •• ,;,; • ., >o'"'"dlo Joblo l, ''' •••;• """ hooo ""'" (,.olj <Onmon 0'"''"'""• ,.,,,., ....... "" "" '''"·',;,., ,,, •• ,;. ....... • •. <••• o1 1hno """" -· '"' ....... '" "· """ ••• 
mo•lno ''"""'"01 jo in" ••• o[""''""''""""'"'"""' d;moo>ionL th• "'" on lOo <wh>. •1 ,11 ri<O"d 
;, "' ''•'•'·ho•d<d "''w '"''· wi.O <ho '"'w '""''"• ¡,,., "' mo•'•o 10wood >ho r,.d ••=•· 
~ .. ¡,,; .. , 
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1 

Tho ""'"" •noiQI:.I' bdB.,I\ 11"'" "'"'"' ntnl lh• o·lo<>ir.,l 
rl"""' lheory mok<" it '"'"' "Pi'"'l''i"" '" "'""d 1ho ph11" 
ti"'".'"'-' l>l\~ On• w·o·i,>l '"-"ni-'"""""""''"' 'i'"linl·lnnlio\l 
thoory. 

Th• ¡,,._,¡, f""""'''·'· ~~...,,·jM"I • illo '1'"¡,.¡ nwl ¡,, ¡, '1'"¡¡,¡, 
JJnW<\'<r, ,into· lloe ill< '"'·" inn• ol li111~ .,,.¡ ""'' ""' ;.,kl'<'l"lrnl 
ol the •«cw h><·otinll' ""'' t<.>ll•lnl'n"t', qon'<liml< ol ;,.¡-¡;.,,,;.,., 
m,_,. bo ,.....,]ved ,¡, ¡..,,, ,.,,.¡,¡,.,¡,~ ''" '""' 1 ¡,,.._ 1 r,.,., ,., "' jor 

"' indinoli<>n " '""" "'~1. •P.• "'"' ""'''"'' ,,.,¡ l¡mliot/ ""liao "" 
trlc,.lirol, ond 1 ho fllll•l>~"''"'"' g"''"'' '" '"' 11ir- '"'' tn nlr 1\p ,.¡ 
'"'""""ing line•: foor ¡thonr 1\lltlion, oho ,.,;,, ol ¡,.,,.,.,.,0n 
¡, al infinit¡-, &OtJ tl>r liOto• l•«"nme 1'-'"lld. l'IH<•, ¡ut<lion• of 
melino/ion in 'l"'lial Ítnol •phuirul "olio" "" nnolo,¡o"' lo i'"''' 
rion> ~( l<l<'UI•o~ f•' tht p/n•n' ro u. 

For .<p~li:l.l mol ion, in ord•• lo <l•l<nnine l""'-li<m, il ;, .,....,._ 
.,,.,. 10 "Ju.>li><" the indin3lion ~-'' "~iiiK ¡.,lo """"""' lh• 
"""'hlion ~•d ,,...., lo.-:~tioOt. 

The <'<~""¡""' dt~h-.u ¡.,, 1\.,. 'P'I' bl <'<l"i''"''"" .. r o~e n,,.. 
me>ler puinl<, poi• ,..,,...,._., ,.,,.,.,.,;,, nnd oirol.-¡•oilll <o¡r;fO 

ltl•·e ~ pro,o.unme.l in HJI\TIIA~ 1\'. C.,¡oie< .,¡ !hÓ> 

progr;m mo.__\' l.e ohlai11cd by "'''in~ '" 1 he oul hor. 
Tn oddilion to t...in~ ni llo<'<lf<lirn! int...-..t, 1 h.,_.. '"'"''' >loould 

be u;<ful ·,n ol,. '''"'"'' d.-i~n o/ 'f<<li>llinlo¡:tO. Tl>t 'Y'" h .. ;. 
te<hniqu<o< d"""1ibcd <l...-.hr« {11 ·"• ,¡¡,..,11) applkoble to 
medt>.ni.<m.< -.-ilh <.l·liudcie-o¡-liuJrio hnlu<. 

TI>.e ot<thor ,¡_,¡,,_. lo <>P'"" loi.< Opp<«intÍ<tro to ~Ir. Do«irl 
f'ilnlor "''i<lin~ ~ilh tlor d<·<it·olion• n11d fif"te<, on•l lo o he 
~ati<W"I &ienco Fou11J,,¡¡Oh ~hn-o ~""" ~H'-GI' W'.l~ onJ 
e>SF-CK C(,(l modclloi' ~ork po-.·,~¡._ 

Refmnces 
11. nolh. "He Kiocmolln o! .\lol ion T~,..,,,.¡, l'i""''"' ~''"' 

,tod Po•i<ion•." ,.,l.,,;,h-J ln lt,. ¡,.,,.,.,¡o{ .l¡•¡''"' .\lcrlooni<', 
-r"""· ,\s.tn:. !'<,., 1:. 

o H. noth, "/ '"i" ""''"'""TI"""' .l¡opl; .. ¡ lo~'"'',,.¡,,~,..,. 
, h,,;, . ' '" ru " ;,.,._¡ lo "'" J" '" ""' .,¡ ,t ",... ;.,, tr "'" " ;,., ·r, " '· . '~-' u·:. 
""'"' "-3 OC,:;,~-""'"'· "On (loo¡·,,;,,"'"'' oJ "(',<el<>\•1·•1 "'"'""''"' 
Tho oo_o· ln "'-""" ¡; i "''"" ,;,.,_ " J "" ' •ni .,¡ ,l 1'1,¡ i, d ,L!, , ln " i<O, ' o l. JI , 
T•, ~- .10 \11·:. e •. ,..,. 1', ''"'- sr,. ''"''. ,,, '"' ,.,,(<',, 

4 B."""' .wl F. 1 "'"Jon>Ocin. "S)n<l.,.,;, ,.¡ p,,.¡,.(;""CII\Iinc 

"'''""'''"" '" :-;""'""''' '"'"""·--- , ... """"" 1:-. ·" '·'·"'"· t "' ¡_,.,,-,,r. Tn ·~• .tS.\1 f., ""'"' n. , ni. "· 1 ,,. .. _ ,,,, ""-' ""'" 
5 o. "''"· -- '" ''·', ''"" """ z.;, ,.,.,;,.¡, '~'"""'"''' ¡,,, ,..; ""cl "''' Lo«n """' s,,,,-,.,,..h •~"""" <:,,;,¡~ol•<•k• ,,¡, lloll· 

'"'""' '"' s_,., ""' '"''-"i'd"' ""''"''""''¡,¡_,.:· fo"<h. ¡.,,, 11' ,._, 
, ol, OO. LO-lO, I'P· U!-00, 110-iel; 

" <:. n,.,.,,.,,_ --r·•~• cl;, "'"'"'"'"" n'""""" ""'"""¡' ,; • ., 
•ohC«i•oh '"'""'""""""""S>"""'·" d<t<t>r"l d;,..,.,,.;.,, T<<h· 
"'"' l-.,,...,,,._ ·''"~"- o ....... ,.' '""'· 

~ ~. Y. Dohr<" ""'"- "ij"""""'' l'oin" in ~.¡,,,;..,¡ ~!olioo" 
1m l'.u-.i,n). PnU, .1/o~ .. l/,1 .. 'ol. O. iOI-l. en. -1•9-191. 

~ .\J. L. lid«.",\.,_,¡,_,, und ~,,,,.._,. ,¡., R.>Uml.uri•IO<IrÓ<I.o 
m;.,.¡, R,,.,¡;.;,,..,m"''' ""''dual« r. .. ·....,,:· r .. ...-. l•o- IPt•-. 
,,.¡, C>. t90'J. PP- :!"·3:'. ¡.;.<J:j_ 

9 .\. """"'"~'"'· ¡;,,.,,,,;, ... &•••··· ;. s • .., .... ,.,,. n.,.. 
,•,/!"''- L<iod<. t<S6. 101 pp-

10 J. T. w;¡,.,._ l!L "-'"'']_' ¡¡,.,¡ ,;inomotio ~,ni¡,.,¡, ~y ~~nU< 
o;,,-<,...,m••,..'' Jnt "-"L o• 1: '"""'"~ '"' hM·ot••- T" ,._ 
-'~-" r.. ·"""" 11. ,.,.¡_ ';. 19'.:.. cp. l<l\-109. 

11 J.~- \mu;nd 1'. D. ""'""h"'· n,,.,,;,/,1/tU>noito. Gino 
~.,¡ C'o .. 19:!'1. (Dow P.,ljk'•<ion•. 19'-•-) 

le \.T. y,.,,, ".lop!M"Iinn o(<)""""''"' .IIO<I-'<·• '"'' !)u•) 
:-.'om!«, lo <ho ,,,_,,_, .• ;,ni >:••1 ..,¡ "''h.ohi,no<." <lo<to"l ,¡,_,,,. 
"""- ('o\un•"'-• l'"'"""'·· '"'" Yu<l. :-;, 1' .. 1%•. "''~'-

-' 3 "- ~- li'"'"'~" -••d J. """"'. " .......... < .!""''"'' .¡ ¡_;.¡. 
e '"' . ll .O '-' ~ ·llill ¡¡,.,~ t' ""' ,,. ,.,. , .~ •~ \' "' 1. • :-; , 1 · ._ 1 "'" , 1 J.\ 1'1'-

" l:. T. \\'¡,;.,,ko,, _j T""'"' "' ¡¡,, .l"'l•<iml /)''"'"'" of 
!'•'""·• "'-" r.;0;d ¡¡~¡,,._ e,,.¡-,iJco ¡·.,;,,.;,, l'""· "'·'~­
(l'>oo'' l'ublb""""'· JOJ-1.) 

0:> 1: ~tUd)-. G,om•l•i< ,/, < [)~'""'o, L;c¡>ti•, \!>1J, f.03 <"~• 

a 

APPUIDIX 1 
Tho S«ow Conoruen<O 

l11 ,¡,,_ ·•·c<i"" •e do.-1,-, Molylirol '-'~'~"ion• for lite li11o 
''""l'lot<> whieh oro,,,,;_,¡ ,,onl.,p ol ti<O pl.-tn>r polo""'''~­
"'-• R-< '''"""1 o.lflioo, tho b.~-ic r<!<¡Hirt•rt\01\" "" th.;t nll ,¡, 
""" ""'• o~._,-,,;,,o,.Q "illo lm<f lomtoh·•ep.-~rolr<l po•ilio"'·"'• 
'"'''"""'<] nt "l"'l, or '"PPIO<rt<'"'")', dml ongl'-"' loy o¡tpo>ilo 
''"'-" ,r "1'1"''""''""- ~,_,J,il-''''"1'-

Lot S,. S,_ §,, S. reprl'<o"l <lnit linc VOC10N olomg otl)' lo"r 

"'""' ,¡,¡d, r,.,;., on op 1.,_,·,-.,,.~ qHo<hlhtoml, ""d lot ~~ 
I<P<Nnl • ,,.;, line •""" alon" one of th< «m>ining ""~~-
. L'hoo<ing '"·'' pu<ition ""''"' (.l,, B,, f.',); lrom lho Ori<in o{ 

,..,,.,¡;,,.,., lo lino§,. ond lho unit ''eclO< (1,, "'>• n,l 1'-""11<1 to 

~., •• Jefi"" (r,. •,. t,l .-oh~"""' prOO«<l (.{,. B,. c,)X(I,, "'" 
~,). Th< unit line ''"''"'S, =n !\<1~' be "'P'""-...,¡ "-' lh< d<111l 

vooor§1 ~ l,i + m,i + n,~ + <(•,i +o)+ r,~). ~<hm •' Z O . 

1\'e <'1"""• §, •imihoiy. 

Tho ,,.,.,]/mm lit<< S, lo§,¡, on•ol tt.<, qnanllli"' gi••n by 
th< P"~'"" S,§,. P<-olooing lhe unil line v«IOJ ,,lonK thio 
,,.,.,¡by f, ,.oobralno 

. . . s.s,- _..,..,;,+ l¡<ina,,. 

li<,. a, ;. tloo dunl anglo bet"""" S, onr( S,. nnd M h·" ~ 
,¡,0,.-n by "·'"g 1121. 

i, 

' 

o,l+bi+c~ + 
(o,'+ b,' + c,')'h [ 

o,,i + lt.,i + "'-~ 
'(;'•+b'+<')'lo 

' ' ' 

'· '·· ., ... 
'· 
''·· 

(oi+b.i+d)l 
+ J¡/o, (n,' + b,' + ,1 t¡'l~ 

-(1,1, + '"''"• +non,) 
-u .• ,+ l_t, + '"''' + m,•• + "·'· + "·'·' 
"""•- """· 
"•'' + "'•1, 
n,l, - Ion; 

'·'· + ""'- 1,1, "•'' 
<,- ,,,, - "'·'· 
''• - ,,,, + "'•'' - ""'; - '·" 

Jl¡· ,.¡,,,,¡.," '''' ,,¡,_,cripl, "'" nbiOh :im•hr "P"""i" ~ for f" f ,, 
""" L ""' .,.,;, ¡¡,., '"<el•><-• nl"''" lloo nonn>l• !mm$, ln, '"'1"''' 
tivd)', S., S,.""" S... _ 
~"" ;r '" '""" ~' ,,,¡ ~. "' "'« ",;,Je'' of 1he oppu·il• m•w 

,,,,_,.lrilnt .,,1, •nJ S, ""J S. "' <l<o oll<e<, t~< ro-.¡nire<l '""d•l ion 

j¡ lh" o)or ,¡,,¡ """''• a,,!:', ~olu <"<<> ¡ > ""~ f ¡ b< "!"-''• O"llppj,._ 

mrniO,_,-,_ ~Q 1loo JoL•I ""glo, ~ •• r-, l>el~wn f, ond f.. Tho 

produ<t 1,1, ¡idd• 

~ ~, ('") 1,,- -= -~- + ('i) 

- (%') - ,,, 

+ e_,.,,) + 

Tmsarlians clll1c ASME 
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·•· ' . ' . . 

' ,., 
-~~--

1 ••• 

.·• 

• 
• 

' 

X(o,ú, + b:~• +~,,,)}/((a,'+~/+ •,')'1• 
X (a,• + b,' + r,•)'"' IIU) 

8,,i! oOO d,,n. tb< ""~Ir anJ di•tan.-. l:o<t~...., 1, otK! 1,, ~•• 
tht pr;,.;,.,l •nd d .... l P""• el ~ •• n, i.o., 

' ' • • • 
Tho <qu:>l •11.11• r<>ndilion '"l"ino- th.t •, • 

<S, x ~.1.~11~.-5.) - ~~.-~·liS •. s.n - tS, x S.l-~·I•S, .S,¡, 
• • '·, - (i,.~o)(g,.i,}( -·U o(l5) 

. ' 
whirh;. lh<<q110tX>n ol tho "''" '"'"'· 

. .;.. . 
... • • . ._, . 
• .. ' .. .. 

• 
. . "1 

J~uml el E~lictelinl l~r la~ustry. 

h ¡,. ,,,.,.¡1,\o, hut Ml """""'"'Y• lo ol-<0 phr""" tloo '""''""' 
wndili.'" in l«m• ol 1~< '""""" .,¡ tho !>.U &nRio [loy doviJin1 
(10)1•¡-(!1)]. 

Thi• "'"' d«ivolion )-i•ki• tho pi"''"' ¡><>1. """''· if in (13) 
ono onb•titutH tloo H<lor diff..-.n"" ~~~-- ~) ond 1t.- $,) 
for tloo ror~pon~i~• ,..,._, p!'t>dnw, obd r..pb,.. the unit , . .,.. 
ton~ by t~e ''<'<tor.lrom tho ...-igin to the polto. . 

• 

APPENDIX 2 

• 
. +·MN~b,.._ ~- JJ.b ... + .V~- N,) 

+ y{ll.b,,,- L.~ •• + L,- L,)]'. 

"TI,. ,·,.~,,,·o.<tc.,.,. ddnc<l ~··roe. 1. 

• • ' • ' • 

• 

• 

• 
r ... ..,.t.u.Lo . 

' \· " 
. . . . • 

; 
• ' . • 
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•. 
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• • 



. . . . •• 
........ < ' ' . . ..• ... . . 

-, ;. 
' ' . -., . . . . • ~ .. 
: i 

·. 

' 

NlH3 'd 

• 
.. .. 

,. 
' 

-H} 

J 

·¡ .: 
·¡ 

.. 



.1 j ~
 

• ' 1 ' • ' • 1 " ' ' ! ' • • 
• ' 
' ' ' 
• 

.. 

- , • +
 • • ' 

" "" 
" .. • • 

·: 
.
:
~
·
·
;
:
 
\
.
t
·
~
'
·
 

. " 
' 

" 
.. 

••• 
~
 

•. 

""" 
. . ' .... 

• :',1 
• 

., 
'''-"-

··' . ·-
.• ... 

-1: 
_. '' ~

 
., 

' 

.
X

 
" . ..... ··-

. ---
····--· 

.. " " 

"· -. ; .' 
. '. ·, 

• "" 
.•. , ... ·' " 



~ ~ 1 .. 
• 1 

i 
' -1 

• -¡ 

.. 
. ' 

.. . . ,•, 

.. 
" 

-·- . 
'""'-~" ':.-. 

-· .· -~ ' . . 

... 

E 

• 

1 

• 

' •• • 
of (~) yi•ld. 1/ ~ ,. O, tbe ouboti" ' 

" 
F'(X~ Y., Z,; ~ •• .._ .... •.) • O 

• 

.. 

' 

' .. 

'· • 

· . 

' . 
. ' 

• •• ... 



i _, 
._ 

' . 

• 

.' 

' 

'· 

' •··' • 



( 
. ·•· 

• !-

' . ' 

.. 

Jama! 

C,•R,+H,_. 

e,- R, 

'" . ,. ' 

,. 
¡. 

i-2,3, ..•• ~ 

¡ .. 
¡ .. 

.. 
R<plocin¡ oquoli.Do (7) by {34~ M<l folkt•in¡ tbo p..;_¡,.,. 

o....:l in thopr<vi<>WO ...:1;.,...,,.. ~nd thotoquo~O<I (Jg) ¡....,.,.. 

1'"'1X ¡. Y 1, L1, {,1, .lf ~ N,; ~·· '''• , , ., o,) • O; 
. - ' . 

t,-o,t;2, ... ,k;: 1•1,3, ... , .. "'' 

' • • • . 

.+ 

1 

,. ; 
'· 



e 
.: .-
! 
1 

' ' 

,. 
oC 

'.1 ' ~' ----~ 
' ' ' .. 
-~: .. ·q 
•• 

' ' 
' 
' 
•.• 
• ··-·. 
'~ 

[X'"] ''" 
''" ..... 

Do 

' ... 

' 
. ' -~- . 

' ' ' 
' 

•, 
·"· 

. :· 
' 

1 

' 

.. '• ... 
• 

[

_ .. ,u-....,,,+ (Y'- 1)'~ 

- .. + ... ~ + 1~· + '""'1'" 
• + _,, + ¡ .... - •'''1'" 

.- '_¡ 
' ; .. 

-.. -

.. + ... ~ + ¡ .. - """['" 
-n'" -..,.<U+ 1•'- 1["' 

-· + ""'" + ¡ ... - •"'l'" 

•' '. 

' .... ..... 
-• + """" + ¡.,. + "'"lml [ '•] 
" + ""'" + [( ... - •'"['" + D,. 
-••"'- ..,.., + [101 - 1]"' • D., 

-' . 
"' 

" . 

• 



• , 

' f 
• 
• 

' . ' 
" 

i· 

' 

¡ 
' • • 

' ' 

• 

... 
· . 

.. 
' 

• • 

<. 
' • 

. , 

' 

P. CHEH 
~ ....... ~ .. ~.·~·' ,,,,, . .,_ 

u-'""' •' ,,., ....... 
Do .. ,, .. ,_ 

• B. ROTH 
. ~ ............... .-. 

"'"""~- ........................... . 
' 

. . .... , .. o u .... ~"'· 
"""'"'"· c.n.. .. ....... s..., 

.. .. 

' ' 

•' .,. . . ' . '( . ,. . , . 

w~e,. IX, \", Zl ""d (.\·~ l',. Z,l ,;., ·..,.,,.Mi\oJ_,-, '"" •·•~d~ 
.,,, .. ,,¡ P ond C io :t; 11 O. 1),. di·'""'~ (rnm /'lo r.. F_.,.,.,;,m 
ll).,.oi,.,Mitlo.,inoloor .. ,m ~ 

;_ • .P-t l"-t-Z'+Q,.\" +"''·'+•.Z+ 
. '• . -" 'w 12) 

. " 

' • - .. ... _. 
O o ~ o O A •' o O 

. • :.;.,.¡..,..;..-... d ....... , , ............ "'"';., ,,.,...._. : •• r_,,.;..,,"" ¡,- t1>o o.,.;.., ¡;,~_.-;., rn ........ , .. ,,,_ .. ,;., ., ·. 
·~·l,..,., •• ....., r .... -.. M...,,._ r. •• Ocl....,&-11, >1008, "'T•• 
~u•><•• S<w:ln> or l'"""'"""'c E"''""'ao. :\lo""""'lfot ,.. 
,.;.n:ll>:l· tb< AS)! E)! .... ,,;.,, O.• ....... J...,. IS. lOM. J'.,.., X o. 
"'-~·---"-"- ~ ~ 

• 
• ,. ··: 

,. 
• J. 

.• 

• 

.... 
. ' 

Poper No. 
68-Mech-B 

·' 

,. 
• 

. ' r .. , -·. " • •1 - •.• 

,. - -~~.-.:.."<-~ .,_ ;: ' . . ' -~-)-; ...... 
·' . . .. ' .· 

' 
. ... ' .. -.~. ' 

l- '~ . 

' . ... 
............ ~;...,;...,,.. . ~· .. · . 

.. ' . ·• · .. ,_ .. .. 
•• ) ... 

' ' 

• 

• 

,1 

• 

-. 1, ,, 

.. . 

-... 

. . 

'O--

'. :> 
' _, 1 
• 

'" " 

. ' 

' ' . 
• 



• 
• 

• 

. .. 
·1: ' ·: •' 

~-· :.:;r- ;, ' . " '·' -

,_;. . 
' ' p• -,_. 

. ; 

' ' 
" • ·o. 

' • 
., 

-· 

• 

• • 

• , 

.. 
\ 

•.'- ,,• + •. rx,- x,r + .,rr,- l'ol + .,¡;,,- z,¡. o 
J - ~- .l, .. :, '" ¡:,) 

~¡,.,., ,' - x: + ]' ,' + !'.,'. 
I'nr 11 > O w• ),.vo• 

"' ·;- 1,2,: ...... 
' ,1,- J,2,: .. ;t, • 

h t... t.... "'-• )1) ,, .. , x,, i·:, z,: .i:,~•l,'r,ail, ~nd z,o,o;: 
at< litoruin~, Jo ortd 1 (!1,. ~inolcoof 1' i>o O'~ ond 'otoon b. 
,t.,..., (App<t>di• 1 and 2 o,( )2)) lhol (r,' - t¡') o!>d (r 11)~>1 ar< 
,¡.,. li•••du, ~,o!>d ,_ · • · ,. 

Th.-¡.,... botb p)o,.d (G) "'" !,. • ,;,,, 0. - ' 

l ... 
• 

.. 

.•. 

\ 

' 
•. 

" 

., ,. • .. 
• .. " 

•• 

• 
• 

M 

" .. • . ' .. ... 
" .':... f' 

. ., ·' ••• • • • 
' 

ti~J • 

• 
. . •ij];'.' ond lo, • 

Tunmtion1 ol lhe .I.SM[ .. 

. ' !~, 
· .. 
• 

.. 

• 

• 

• • 

• . 

) 
• 

. . 



1 . 

¡: 
.. 
1 

l. •·, 
' ' . ~'1-~ • 

'·· 
• 

· . 
. . -. 
.• 
' . . .... ·-

.... 
~ 
1· 
l 
• 

) 

• 

• .. 

• 

' 

·' ,. . 

.. . 

' . '· ·. 

.. -· 

• 

• • 
• 

,. 

,• 

'. • 

' 
/' 

• ' . 

._. . 

. . •. 
-~' .;. '. 

p 

--:'~ ·-
h• 

. . 
• . ~-. • •• ,... . . 

• ., .. :·-· 
7\,_ "' 

. ' ' . . .. 

,- -' 

. ' . . ' 

' -:_ '.) .. , . 
'. ' . 

•' 

. . 

• _.._._ 

• 

' • 

' . ' ' 

• 

·. ; r 
~ .·-· . -~':'-
• •. t' ., .. . . . , 

~ .::_;;-' . ·. '- -. .. . . .-... 
-· •. •, -

-· 
• 

.. •. 
• • 

. ' 

'• 

• 

.. 

' 1 , . 
• 
' 

' 

.- ' . . 

. ' ' ' '· ~ 1 
' . .... .;¡ 
' 
' .. , . ' 

• • • 1 

1 
¡' 
! . 

' .. ' . . :· . 
. ,-
• ' ,._ \ 



• 

• 
' 

' 
. ' 

••• 
f,,J ': .. -
' ' ' . . 

,. Í'" . < .. 
; 1 .-

' 
' ¡ 
>. 
' t 

• ; • ;> 

1 
• 
!· 
' -< 

• .. 

• 

' 
• 

. -~ --\_ 

• 

. ' ,. .. .-

"' 

• 

• 

L 

. 
• .. 

_:e, 
: : ':", 
' . ' . • 

• 

. . .. _,.,. ' 
-' . _, . 

" 

• 

. . 

• ... 
• -·· 

·~ .r., 
., • • .. -

.... ; -

·­JI(!'•:- Zp)'+ ..,rz~ 
• 

"" 
• --

X•) + •IX,. 
~ .. ' ' 

.,.¡ _+ !'(~ - ••l + •(•"- .W¡] 

• 
• 
~-

• . . ' 
• 

-.. 

' • 

• 

• 

:z 

1 

L(l,m,n) 

. . 

. . 
• 

-·.-

' 

\ 

• 

A 

• • 

' '·: . .: ' 
' -• 

•. -• • • 

' .... . -· . 

..... 
- ' ..... ,_ . • •• 

• -­ •• 
" --. 

.. ... 
• ., - ... . -',.._. e,,.., .. ,. ........ ...,., .... 

--

~- ... 

'. 
• 

' . 
• 

" 

• 

' - •-·~ ·- .. ~_ --

• 

•, . 

• --
-~ : 

\. 
! 

' 
' -: Trmatlioos Df.l.br ASME 

• 



'' 

• . ,_-_. 

' > 

' 
' ' < 
" 

" 

-' 

' ¡,,o +f.J¡ +/""+ 1,'- :¡f., • D ••1,2, ... ,p-

-, ' 

" 

j 
,_.., t, '. 

~(l. X L,l·IA,:... ,)().X loHAo -· •) • O '• 

'\ 

' . 

" •· 

' 

* :; 
" 
' ·_ i 

' 

'' ' _, . 

•. 

Jaum1l DI En&inwin¡ lor lndustry 

,•" • 

,, 

" 
' 

""' 

' -
' ' 

" 
' • 

. ' 

" ..... 
' 

' '• ' . 
; '," •• 

• ... ., 
• 
' 

' ) 
. . . _, ,. 

.;·.-: .. · 
' . -' . ' .. -''4!'''<' .. _•,· . : • ··O..;"' 

. . ; .. ........ ~ ....... "'''"' , .. . 
- ( 

., ~ 
' ··.l 

' 

' 

'• 

' 

.. 

'• 

' ' • 

' 
• 

' • ' ' . 

,, 
~-.. . -.~.¡.· 

' ' 
' - .¡ 

' 
' ; -

'•. ~­-·. 
' 



l 
! 

( 

i .¡• 

' ' . ) l. 

·.\ . ' . 

•,'-· _ _,_. 
;-• 

t· ··: ' . ' . ' . . 
'· 

E' 

Í'" 

' ' ' ' ! 

' ' • • 
í .. 
~ 

' 

' 

.. 
• 
• 

· . 

" 

' 
' 

.. · 

' \ 

'· 

U.k or dyod 

' 
Slid .. ...,boft 

Sp~ 
~-· --~ --- ' ..... 

";'.R~~~ 
~- . 

', ~ohrte-sBci..-:.POO.. '(with ~ 
,,·-~-.... llldkopocitiod) ..... ' . ,_ -

• . ~·- .. 
. ..... ' 

j¡· •• 

'" ' . 
' ' 
• .. •• 

. ·"· .,. '• ' ' ·. 

·. 

.. 
• < 

" 

• 
\ 

i.onnol frumA l~nnino,..). ,,,,..;~;;~;;~;~; 
0 

Th0 .... Í~n OQUO(ÍOO'I (el p 

\:X, ~. :;)', + <.~· ¿ • 61): + 
; m,u:, a,)+ .,,tr, 

.. 
/ •. 

• 

• .. (nl.,. 
.. bono ex~ Y .zJ .... u.. ...,..¡;,.., .. or u.. _,,.,...r u.. >Phtr>-
...:~ joillt P.; (~-,o) &re tl,. w....-tóon .....;,_ of li.ne L; (o, ~. <) :•.:;: • 

~ U.. <»ordina¡.,. .r p>ÍnL A "" L: A io o lino ~n¡ lhruu•h P, 
¡W.n.! 1<1 U.. >IH~ilot; oxio A·~ a ;, t),.-obDrte.l'<bot&D"' r..,,. A ' . 
. "' . . ·---· _ . ., .. -~-'-

"' L; fi;, ~ l&nc<olt of e, tht ""gl. ~~";"!"'L.,.~.\; Ho tho •• : 

w.t.~"' r...,.. A 1<1 A· (A' ;. tb. 1"';,1 "" L o\ 0 bi<h U.. .,.mo1. . - . .· -.. 
' 

• 
' . 

~ .. .. 
' 

" .. ' 
• .. 

' ' 

' •· . 
•• . : :: .. 

... . .. . 
• • ' ' ,. 

.... 10 ... •~-· ..... ~ ....... #r .. 

,. ' .. .. -. 

.. 
' 

• 

. . 
• . -~ .. 

; .. . ·, 
• 

• .. 
• i . 

' • 
" \ 

' 

' ' ' ' . ' • ' ,. ·< '· 
• . . • • • ·' • 

. '.J .. 
Tranmlions al_lhr ASME 

' • ·.· .... . , .. 
" ' .. '· .. 



_) 

.· 

• 

• 

.· 

i ., 
·•' . 

• 
. ·• 

1, 

1 

-21X.(41 - o,)+ Y .(lo,- 1>,) + Z,(<1 -.<~)1 

+ (•¡' + ~ .. + <,') - (~.· + 1>,• + .,•) 
. -

{X,/11 - Id+ Y,(m,- m,)+ Z,(n1 - n,) 

!lp¡ + ,.¡s, + ~,<¡) + (l,n, + m,b, + n,c,)IIX,If1 + /,) 

' 

' 

Sinro o1, b" <1, r :,., •/•l, ~,a,J, c1ffJl; &M ¡, .,•¡M 01"11 lli..., In 
a., 1>,, ond c,, ,.. tan,.,;,, ( H) ond (i.l) ~-= 

• •• 
RovoM.,..¡jd.,.1J>brto dyO<! ., ·-·-: . 

.• ~ . -~ . . . . . 

~ 
op~bere link · 
,IR-P-S..S.. fout-hoo) 

. .. 
• 

• 
• 

• • 

• .. 
-. 

ln!One.tioo al & opbrto ond o ~yporboloid . . ~-· ""' ' ' . - . . . ' -. . .. ~ .. . " .. ~ - - ' ... . 
"4', "-~ ·,- ;' :,-. .;:., _;_ ;... . 
-~-- ~ ··.-· .... ·' . -, ·-.O.:.. .. ,· ;. ~-

.:-, .~ r:. -~-- ,;' 
... ~ \" ~-.. . -~ ., 

. ' 

7 
• ', .. 

• 

' 

• 

•' ·• 

' .. .. :.: 

• • ' .• ·-~ , . 
-~·-
·'!"! . 

• • 



•. 

·. 

. . . 

• • 

• • . • 

'·· .. " • 

. • -; . . . . ' . . . 
• •• 

• 
.. 

.. 
-
\. 

' 1 -· 

~
 .. 

-

. .. ~ 
' 

., 
•• ", .. 

• • • ' ,. ' . 





•. •' 
' "' ' 

• •• • 

"'~· 
¡.,• . . 
: -¡•,:: • 
... 

" 
• • ..,. : 
.. • ' 

• • 

. ' ..... 
--.1_ 

.. 
----------·· 

. --

., 
• 

·"
 

' ..... "'"' 
• • ' ... 
... ' i ¡ • 
--· 

~ 
• 

.. 
•• . • 

0
0

 

• g •• 
0

0
 

-~ 
-
"
 

. "" 
'Q

 .;. . ~
,
 -

... 
'•

 
•
r
 1 .. ,. -

' .\ 
.. 

• ' 

. ! :;u
 

. 
•1

 
-·.-r ... o..-

-
-

• 
J 

. ..... 
. . 
. ~~ c

iO
 

' . 
' ... 

• • 
• 1 

' ' • . .¡ • a 

• 

....... _ .. 

.. 
~
 

-~
 

• ~ 
-· -' 
.. .,,. 
. . .. 

•. . •' 
• • -

• 
• 

•• " ... .. 
.. ,. ' • 

• ' 
--

.. 



,, 

" '· 

1 

1 

r 
) 

·' . _;· 

' " -

• 
' 
.. 

... 

' 

" 

• 

.. 
• 
~· 

' 

~-

··-.--
.. 

-... ;;·.;; . 
. ·. . ·"' ; • . .;:·-·· . 

~ . . ' 
.· ~:~j/:_~-

. . 
·-' ·-

-~ ,. .. 

. .. 
. ' ,, . 

.; . .. 

:-,¡, 

:; .. 
,: ~ . . 

• 

~- '·' _,. ., . ,•, 

• •• 
. , 

· . 
.; .. .. ' ," .. 

. . . . . . , .• ' l ' . - ,· ., . ---~~- ...... : . ' ~ 
Jlr ~,..¡ pnolt~- ••• '-:~-.-

J . 

' ' 

.. 

• 

t 

.. 

........ loii.LA., 

.. 11 

... ..• 

•· 
••• •' 

• 

·, 



DE EDUCAC/ON CONTINUA 
D DE INGENIERIA U.N.A.M. 

IUl\DA.'1E..\"TOS Cl~L".AT!COS PARA EL DISE:':O DE l.AS ~IAQUINAS Y LOS }!ECA.'\IS~OS 

C L A'S I F 1 CA C 1 O N LOS MECANISMOS 

Dr. Jncqucs Marie Herve 

Junio 1981. 

Palacio do Mino•í• Callo do Tacubo 5 pr;.,., pi•o Mó.ico 1, D. F. Tol: 5S1-40-20 Apdo. Po•lol M-2285 



' . 

.• 

DIVIS/ON DE EDUCACION CONTINUA 
/NGENIER/A U.N.A.M. 

I'UNUA/o!J::NTüS ClNEMATICOt; PARA EL DISE!ilO 

DF. LAS l-IAQUINAS Y HF.CANIS!-105 

ANEXOS 

Dr. Jorge Angeles Alvarez 

Junio 1!181 

··. 

Palodo Jo Minerío Collo ele Tocubo 5" ptimor plo" Müico 1, O. F. Tch 5!1-Ml-20 Apdo. Postal M-U8S 



• • 

, 
'f. f'· \rt': e),.,.. d-o. e{;..~; ....... 3 ,._,..J. 

A: YVI.o-+--i.'t. J..R_ l l<~ ,_ 
X. (' •• •o.. 

~~ oQ l< 
l. ) L. ... 

,..._ -
. 0..¡:~: e.\~ • • k -A '-•j 

'""' 
'-' (\ "3 ~ •• 

' . -

-

... .. . . . -. 
-~-1· 
~ .. 

• 
• 1 V'\. v-e....r S e:- · -

-'1 e o 
o 1\ o 
6 o "! 

*· .r 
) -·-

" . . 
. ··-. 

. . 



• 

~e& e."""'F 
1 d.d; A. 1 -::: 1 _, 

- .-

------ ti . -
. r l;. ·~ -

't).,._~s ...._. 

A><'é.!!-l._ --

' ' 
~..re-Jv.r ""- ' '-"• ·- ...,..,....+.,; .. 1\ 1 cr -.JI 

~ .,....._~ ~ - ~ '!:. \o~ o ~ '_¡:;,_.! 



• 

A ~ o::. ~-~ ) ~ =F º-. - . 

~(~-~!)!.=o~ ~(~- i\I.):.o, 
. -. t+-- «1 ,.._ 

A;_&<. u-- . 

. , e e···~..,._ 1 ' +; •-e_· ...... c.. 1 .. - 1 ""- ~ 



• 

. S e. 

- o. \>. 
~: ,..,_ ; .,. .. ,.....,..., e t o . ,... . -

• o--
~ 

• 

~e~~~~.~ ....... '~"! , 
l k c..r.....,...t., : 1<"-C...~ J.- \ ~ ~ 

· e" ~ 1 + c..,__~ ..... "\.. + . - . -+- e """ "!"' 
. Ql,..o.,.. •• o 1 

. ' 
'' "f-\..ta s; 

' . 
' 

e f 11. • .t. . , e.r ~.J.. 

• • ~~+¡$!:=~ 

--=<~+p~+)'S.·-~ 



' 

Ge-:,e -- -
t:=~e 

. -
!:' =" Q. r. -= ~ le = i O. e· ·- l•. _ ...... ,.. - --- ~----· -' 

Teor.....,. • · JA. G\A."'-<" ', ·'i-. ..,,.... ~ 
;-{ "4" k S ~ ....__ .,;...,.., ,: .,.._,: ,._4o ~ ~~ 

1.. ~~~ J..o.. ~H • ~"t' '·', .;...,:._ c ..... 
V - · c..tv--C..• 'i•;J_ c.• ~ Q 1 > J,L w- ....., IM .. 

V..,. r ...... 4o c. ... ,.;..~-)' o:. ~Q,r- _ ......... ,.._ 

-Hjo
1 
e-.~ .e-¡.¡."tá,. v.-- c. .... ~ .... ~ ch .. 

~v...J,., ol.o ~ ... ,l..c.r ~ ~ r..v.,.. • u .. ' .... 
EX' ~ · ~~.... \-'" O ~ e.r p• ~• C• J--. 
o-. '1, el ve.J,.;- (• , ... ~ ,+;-~ .........Q. ~ 

~ , c..-- o ~ r """.~.A. o.J.. ~ ~-1 
u.-;;.~.¡.; G0 ::\ : -1 , 1 



• 

• • ·, ..... 

• . . -· 

·. 
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rotation about point o, whosc e>eistcnce is gllarcntecd by I:uler's 'l'hcorcm • 

• 
f~rcovcr, lct e be the corrcsponding anglo oí rotation, as indicatcd in --

and e a unit vector parallel 

A. 
to L. 

1' 

' ' 
~ .. 

:rotation, 

,. 
. 

Hcncc 

.,. 

,, lcngth equal 

-· .. 
QP" (2.3.10) 
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whereau - -QP• exQP"-.~ (!!xr) (2.3.11) 

whieh can readily bo preved. · Besides, -,, .. can be expressed as 

which, .. vi- of .... (2.3.10) """ (2.3.11), yields -... - coa6!"'(~ x !: ) • sin6e z r. - (2.3.12) --_ 

' Sub& ti b,lt.i ng 1 eqs. . . (2.3.11) """ (2.3.12) '""' .... (2.3.9) 

•• • • • • • (! X • ) - C:OS6!; • {!' X • ) + sin6o x r (2.].13) 

""' 1 - ~C~·~H: --
Jíc .. \ -• - - .. 

• • ,, X f) !l~ ,, . e)r '" 1!!-!1-~--. (2.).14) 

where ! is thc identity dyadic, i.e. a dyadiC that is isomorphic to tho 

idontity matriz; Furthermore 

'exr•l,exr .. lxe.r __ (2.3.15) -.-

where tha'do~ and the point have been exchanqed, what is poadble todo 

by virtue of the ·a19ebr• of cartesian vcctor11. Substitutinq cq•. (2.3.14) .. 
and t~t·-15) J.nto. cq.,!(2.J,IJJ one.obta.ins 

r' ..;,.r + 11-coaOJ C!~ll ·!" + dn&! x !!·r ... _ 
.. (11-coaOl!! + codl+ ain6! "-!)-r • 

.. Q.r .. 

'· 

(2.3.16) 

i.e. r'. haa been express-.:1-•• a linear·transtormation of vector!"· 'nle 

dyadic O is, than, isoaorphic to the rota.tion lll<ltrix <lctincd in Section 

2.2. Tbat h 

(2.3.17) 

One can naw prova tha' follawin9 

THEORCJ.! t. 3. 7 Le.t a ILig.Ld body wuie1<90 a puJte ILOtdt.ion abcut a lútd 

po-Utt O IU1d lU. 1- and 1-' be. .tht ~ and .t.he. Mnal pca.iticn vtc.tD/1.6 . . 
ol a po.int ol .tht body (Pie4aWtéd 'ltlJIII 0) rw.t .lJ¡.illg OU .t/<t! ltx.i.a O' M.ta.t.ion 
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· 1Tia·.,.; .disphcem~nt v~ctoro of 

"corresp0ndinq three noncollinear 
· po'ints Or a rlqid body are gl.ven 

< ' • , • . ' 

2:. Onu vc'ctOr;, ~••d 1 . , • "."'[;_;. T"'n vcclor,, ,lnd 
.only'f.one,• v,1nislocs .l'' 1 only t..,o, vanish. 

l'• · . • 'AI'Ply f<.1r1nula 1 
-~< ·.¡/ \ '! t'. . ~ •• , ·, _.-·,,.¡.' •_.· -
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. '.l-~ ' . . ' 
•• vcc~ors are· 2. vcctors are'· •'J·.-._tho r"ftla\ninq 2. 'i'he remain1n9 
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1------ A¡>ply formula 2-" ·,;Apply formula 1 :Apply fomulll 2 
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d0es not vanish. • 
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4. All three vectors 
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i. tlo vector vanishcs 2. onc vector, an<l 

only """· vanish~~ 

1. -~he remaininq 

3. 1'"'0 ,-r.c~ors, and 
onl·¡ twn, v~nish. 

/l¡•¡•ly formuL1 1 

?. Thc rcmainiq 

4. 1111 threa vcctors v~nish. 
~:otion is 11 zero-velocity 
i•'-'r" tr~nsJ,,tio-n 

•. V~cto<:; ~re 

copA"""' 
2. v~c~or:; ·>re . 

no :v::o¡Jlana r .. 
lli'PlY rorrr,uld 2 

'""' are par~llcl. 
r.¡¡pl y fm·mula 1 

• t'-X> are nonp~r.\llcl. 
/l¡>ply forr:n.tla 2 

' " DLOEe~cnccs 
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2. Diófcrcnccs are 
r>On¡Jar,,Clei 
/l¡>¡>ly '"'"mula 2 

•. Dc.:.'l dlfEercnccs 
v;;,~.ish. 

2. ilt lc<>st onc 
rlit!,rettce 
d~~s not vanish. 
r.p¡oly formuia 1 
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¡ ig 1 • 7t"cc di.,grnm ¡_;howl-"4 ~he ddfcr<>nt l<l~Sil'l~ relauon"hips nmongst thn vcloc:ities of thrc,. 
nonco:¡¡n~,or ¡>Qbt~ d"!'inin<; a riqid-l,orl•¡ rr"tion. 
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JU'PENDIX 1 

Al.GEI.lllA OF DYADICS 

Leto U and V be -m- and n- d!r.tensional vector spaces o.ver the o;ame field r. 

Let u-{u ,u , .... u l and 
-1 ·2 ... 

v .. (v ,v , ... ,v l be baSes for each of these 
-1 .2 -n 

·-
spa<,.s. The tensor product of U and V, in this arder, is a space W repn!-

sented as UaV, a basis of which"is defined as 

_Each of in gene.-al, any expression of the fonn """:""'~• where 

and b~V is refered to as a dyadic. From the al::ove definition, thcn any 

"dyadic such as w can be expressed as a .lin.,ar comhination of .the dyadics 

of W, Le. as 

- w u av +, .• +w u av + 
.- . 11•1 ·1 ln-1 -n 

\ r '-'-·- - +w21 ~2'"Y; +' • :-+w2n':!2'"Yn + 
' 

(1\1.1) 

• . ' 
• .• 

·J. . .--
as'one-dimensional ariays 

. >, . 
-.,.«- "• -. . 

• J •• -~--~: -· 
. . '· 

• ... • def~ned) ~-·~hes e .numbers beinq the vector cornponents refet:red- to a' 9iven ·,.-,. ... 
~ basis, 

,. 
d)'adics are also expressed as arrays {in this case, two-dlmensional) 

•. 
'Oí their. ~C:mponentS. , Thus ,- the abo ve 

, • ·" 
•, w -... w 

22 2n 

dyadic_ 
.. 

w is 'represented " ... ' ' . •• 

(1'.1 .2) 

lfencc, ·dyadics or second-rank tensors, as- they are al so refened to;- are 

isomo.-ohic to matrices. In particular, dyadics belong-ing to the space W 

as defined above, are isomorphic to rn:<n matrices, thdt i_s to say, those 

operations defined for matrices find their cOuntcrparts in thc case oí 

, .. -;. ' 
::-,_ -- ·-· 

----· . ·--·- -----,--,-.-.. -----

" '·• ·" ' 
" , 
•' 



• 

·, .. 
" 

• • 

• ' . ! 
' ' 
1 
' ' 1 
' ' ,. 
' ' ' 

' ' !· ... ,. . 

' ' 

' .. ' ' 

1 ' 

' ' 
' 

•. ~ • .•. • . . • 
. .. .. • 

' • • .. 
dyadics._ ,., instance, given ·~ dy<idics, p and q. ""'" . , w • they ... 

. • 
oqod "· .. , only " 

-~.-. pij-qij 1 1 .. 1, .•. ,m; •j"'l, .•• ,n 

whe~e subindices i, j refer to the (i,jlth compOnant of the ~orresponding 

dyadic;: The ·ope.-ations, of addition of dyadics·and· mul ~ipl ic:ation by a 

scalar are defined in a similar fashion. Somatimes, for short, a dyadic 

aab is rePresented simply as ab. The latter practice' is !ollo~~d throughout.· 

The-usual multiplication.of a matrix ~by a vector e corresponds to the 

dot multipli¡ation of a dyadic ~~ times the same v;c-tor ·e wháe th!> components 

of.ab.are.identical to;the 'co¡::respoÍai,ing entries of A. This product is 

i-epresented as 

., i.e~-~he~ a 

-~ ... . . ' .. 
result is a 

dot-m'ultiplied from' 
- . - ' 

' " 
... • , ___ .. ·-· 

the right by a vector, the 

• 
new-'vector·whose value equals that óf·the left vector of lhe 

'· ' . . -.. 
its right :~;ctor·. and·the" veetor m~l ti~lyi-n~-.':._~.,.: ·: 

' . . . ·-
-~- ·. -"'·-

:..-~- .- ··- .. 
dyadi'e times' the dot · product'- of 

·<~.'-·~-. -' '· - . •. -~ •... .,, ,. " 
thi!·dy;..dic:~siinilarly ,· the left 
•: . ··, ., . ..... . . •, 

is- deú11ed·a's ~ .. 
dot .,ultiplication of a dyadic tíPtes 

• 

• -·/ 'C ;,.!,, -.:... •;o• 

:·-,./.;"·;,_> c.ab•(c;.i)b.-',·· 
-~~ " .. ::_·:_- :·., .. _. _· ··· ... 
',NotiCe, hOwever, that if 

, . 
. .. 
. . ' . 

a and b are . . vectors of _dlmensions 111 and n, 
• 

'respectively,· then e is n-dimensional in the fii-st case, whereas 
• • 

• • . . 
m~dimensiona1 in the latter. 

' 
Exercise -'L 1 .,:Lett~ng. U and V be equal to the three---<limensional E;uclidean 

Spa_ce; · in~the' foregoin<; discussion, · defir-.e-the right-·and the 'left- cross··' 

' product of a dyadi~ by a vector! 

Civen' two dyadics, ab and ~~· both o! the sa:ne space w, their product is 

thc dyadic E defined as 

~--- --'· -- --- . 



· ' A. 3 
' ' 

1 

. E•ab.dc•(b.d}ac 
~~-------

unde.- the above definition, if t1 is an Pl><rt dimensional space, dyadic E is 

in an rrucn dimensional space, thereby paralleling the definition of matrix 
• 

multiplication. Corresponding to the toanspose of a matrix, the transpose 

or conjugate o_f a dyadic !:~~~ is defined as D -ha. 
-e: --

Self-conjugate and 

antlself-conjugate dyadics are the c:oun~erparts·of s~etric·and·antisymmetric 

matrices. Clea.-ly, .squ,. ... e .matrices. corn:spond. to dyadics- arising from the 

tensor products of one vector space times-it'self. The trae<> of·-suc:h a dya:l.ic 

is defined in.a similar_fashion to that of a squa.-e ~natrix: Letting this" 

dyadic be !f'i ·its .trace is·th~n 

Tr(ab}Ra,b.ca.b.• 
-- 1 l. - -

~- Similarly' to ,_ the>way.the~t.,ace·of ~a, dyadic' is.cdef ined i"" the~vector _ of .a ._, 

JxJ dyadic iS given as 

Eirercise' A 1·. 2 :: · Show ~tha t: the '•vector~of r a • nonzero :-JxJ -dyadicO van! shes ~ i f '-

the dyadic is self-conjugate·. 

Exercise A1.3- .Defin<;.a suitabh·.inner produc:t·of dyadic-th~t-allóws you 

tO:define the·angle betwe_en two dyadic:s.-'Hence _show that-self~Conjugate 

and. antisel f-conjugateidyadics- are'· orthoqonal. 

IExe.-cise A1.4 'How could you define the magnitude of a dy .. dic? 

In just the same way as dyadics were defined, n-adics can be defined as 

the lensor product of n vecto.- spaces. The study of such algebraic entities 

falls into-the realm"of multilincar algebra.-The topic is·widely.discusscd · 

in reference A 1 • 1 
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