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Junio 22 1. Fundamentos de Cinamhtica Especial de Cuerpos 9 a iEEBG h Dr. Jorge Angeles Alvarez
Rigidos . '

!1 | . L1 ' | I "'] 1

1.1~ Rotacidn de cuerpe rigido. Teorema da Euler Dr. Jorge Angales Alvaroz

1.2 Movimiento gensral de CUErpO rlgido {movimien ’

to ?e tarnillfl; Teorema delcharles. '
! ' ' ! .t i i .
Comida L e ! i 13:30 a 15 h °

L

"

1.3 Calculo digital de los pardmetros del 15 a l7 h Dr. Jorge Angeles Ahlvarez
m?vimiento de Fnrnillo. _
! | | ' ' R t ] J
Junioc 23 1.4 vwvalocidad de lus{puntas da un cuerpo 9 a4 13:30 h Dr. Jorga Angeles Alvarez
rlgido gue glra alrededOﬁ de un PHTTD
i L
1.5 Vclncidad angularkda un cu&rpo rlglda Dr. Jorge Angeles Alvarez
gue se desplaza con movimiento gene-
+  ral "{movimiento de tornillo instanti
necl . T, s ! i|: I‘ 1 I.I_.
ri < ‘ Yo
Comida E 13:3pa )5 h
[]

1.6 Reluéiﬁn entre los ejes de los torni- 1% al1? n' Dr. Jorge Angeles Alvarez
1llns instantinecs relativos de tres -
cuerpos’en mﬂVlmiento Teorema de| |
aronhald Kennedy: hplicaciones al dise
na de las auperficies de pasc de engra
hes hipoidales'!Otras apllcaclﬂnes‘lndus
triales tendienteés a|minimizar pérdidas
mecan1cas por friceidén. | . t'w !
;!” el e ho i

. wunio 24 Aceleracidn de los puntns de un cuerpo rI 9 a 10 a.m. Dr. Jorge Angeles Alvaresz
gide en moviniento espacjal. TEGrema do
Corinlis. ot b EoLLo
. TR T +'l
2, Teoria % inemitica de Posiciones Miltiples de un 10 a 13:30 h Dr. Bernard Roth
Cuerpo ngidn ¥y 5us Rplicacicnes 2 la Slntesis ’
de Mecanlsmns. . l . :
; I rt : ' I
2.1 Resumen de la teoria plana de posiciones

miiltiples. _
| f T ! . 1 <

1 N [



Facha Tema

Junie ¢ 2.2 Resumen de técnicas de sintesis .
"gxacta" en el plano
2.3 Resumen de técnicas de sintesis
"aproximada" en el plang
2.4 Introduceidén a la teoria de
“Fri&nqulus de tornillos",
Comida

2.5 Empleo de tri@ngulos de tornillos en la
sintesis de mecanismos. |

Yo v 1

Junic 25 2.5 Restricciones debidas a manivelas;
| ecuaciones y teorig '

2,7 Ecuaciones de mallapara mocanismos
especiales - .

2.8 Angulos de transmisidn y otras conside-
raciones pricticas.

2.9 PFSiCiDHES ¢on separacifén infinitegimal
1 | 1

Comidla e

2.10 Introduccion a la teoria de curvatura

on el espacio
I o

3. Clasificacidn de los Mecanismos

i = -
3.1 Introduccién Por

Junic 26 3.2 La astructura de grupo del conjunto de
desplazamientos
3.3 La clagificacitn sistemitica de mpecanis-
oS .
Comida L

] &
" -

3.4 Conclusiones

Horario

10 a 13:30 K

13:30 a 15 h

15 a 17 h.

92 a 13: 30 h

13:3% a 15 h
15 a’' 16 h
16 a 17 h
9 a 13:30 h

13:30 a 15 h

15 a 17

Profesor

Dr. Bernar th
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Dr. Bernard Hoth

Dr. Bernard Roth

Dr. Jacques M. Herve

Dr. Jacques M. Herve
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EVALUACION DE LA

ENSENANZA

.su EVALUACION SINCERA NOS
AYUDARA A MEJORAR LOS
PROGRAMAS POSTERIORES QUE
DISENAREMOS PARA USTED.

TEMA

Fundamentos de ClnemStica Esbacial de
fuerpos Rigildos.

ORGANIZACION ¥ DESARROLLO

DEL TEMA

GRADO DE PROFUNDIDAD
h LOGRADO EN EL TEMA
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UTILIDAD PRACTICA DEL

TEMA

reoria Cinemitica de Posiciones Mdltipleg
He un Cuerpo Rigide y sus Aplicaciones a

la Sintesis da Mecanismgs.

lasificacidn de los Mecanismos.

'1!

ESCALA DE EVALUACION . | o 10




EVALUACION DEL CURSO

®

CONCEPTOQ

EVALUACION

APLICACION INMEDIATA DE LOS CONCEPTOS EXPUESTOS

2. f| CLARIDAD CON OQUE SE EXPUSIERON LOS TEMAS
3. || GRADO DE ACTUALIZACION LOGRADO CON EL CURSO
. CUMPLIMIENTO DE LOS -DBJETWF'.H-S DEL CURSO

5. l.rcumnmmnn EN LOS TEMAS DEL CURSO

6. || CALICAD DE LAS NOTAS DEL CURSO

7. | GRADO DE MOTIVACION LOGRADO. CON EL CURSO

A

ESCALA DE EVALUACION DE 1

A IO




1. {Qud le pareci el ambiente en la Divisifn de Educacifn Contimia?

] MUY AGRADWBLE

AGRATABLE

|

|

i

2. Medio de comnicaci6n por el que se enter§ del curse:

PERICDICO EXCELSIOR -
ANUNCIO TITULADO DI
VISTON DE EDUCACICN
CONT INUA

PERIODICO NOVEDADES
ANUNCIC TITULABDO DI

VISION DE EDUCACION
CONTINA 7

FOLLETO DEL CURSO

CARTEL MENSUAL | RADIO UNIVERSIDAD COMINICACION CARTA,
TELEFONO, VERBAL,
EIC.
REVISTAS TEONICAS | FOLLETO AMUAL | CARTELERA UNAM "LOS GACETA
UNIVERSITARIOS HOY" UINAM
|

3. Medio de transporte utilizado para venir al Palacio de Minerfa:

OTRO MEDIO

AUTCMOVT L METRO

PARTICULAR

4. IQué cambios harfa usted en el programa para tratar de perfeccionar el

curso?

5. {Recomendaria el curso a otras personas?

5] ND




iQué cursos le pustarfa que ofreciera la Divisin de Educacién Continua?

7. La coordinacidn académica fue: )

EXCELENTE BUENA REGULAR MALA

e

8. S5i esté interesado en tomr alpgin »::urso intensivo z.{hﬂ es el horarie
mis convehlente para usted?

LOFS A VIERNES | TUNES A — LUNES, MIFRODLES | MARTES Y JUEVES |
DE 9 A 13 H, Y | VIERNES DE | Y VIERNES DE DE 18 A° 21 H.
DE 14 A 18 H. 17A21H | 18421 H
(CON COMIDAS)
VIERNES DE 17 A 21 HY VIERNES DE 17 A 21 H. OTRO:
SARADOS DE 9 A 14 H. | SARADOS DE 9 A 13 Y

DE 14 a 18 H.

9, ¢Qué servicios adicicnales desearfa que tuviese la Divisisn de Educacién
Continua, para los asistentes? )

10. Otras sugerencias:




DIVISION DE EDUCACION CONTINUA
FACULTAD DE INGENIERIA U.N.A.M.

FUNDAHENTOS CINEMATICOS PARA EL DISERD DE LAS MAOQUINAS ¥ MECANISMOS

2, MATHEMAT |CAL PRELIMINARIES -

bDr. Jorge Angeles Alvarez

Junic, 1981

Palscio de Mineria  Colle de Tacubs 5 primer piso  México 1, D F.  Tel: 521.40-20 Apdo. Postsl M-2285



1.7

h) To erach pair {a ¥}, where a ¢ F |usgally called "4 &€Llhc™) and £ & ¥,

:h.q-fl‘ corpguponds one vector a¥ £V, called “the prodect of the scalar

s timed 7, duch that

1] Thie prodoct Ls ayeociative, 1.8, {for any p.c F.

il} Tor the ldentity | of T {with respect to multiplication) the followlng

holds '-.

"£) Tha product of & scalap tioes x veeter i Aletributive, ..

aldal = lap]x

j'_lulx-y'.lt'-u«ny

14y (2 + Bk = aa + Mn

E'—‘Ei“ 1,1.%. The yat of trisds of resl nukbers {x.¥.T} conccitute &
vector Epack. To prove thip, 2efine twe swth trlads, oamaly h1"1‘!1] and
[g],r,,:ll and ahow thakt thelr addiclen 1y ales one euch brlad wed it 1w

exammgratlvy am well, Tt prove ssbeciitivity, define one third triad,

li.yJ;ijl. and 30 o,

-Bzazoie 1.1.2 The s+t of all pelynomlals of a raal warifable, t, of degtea

lass than or equal ko n, for © " <], conatituts a weclor Spaca over the

field of T4l rumbery.

Framplé 1.1,3 Tha et of baerads of the form (#.¥,E:T] d0_nobt constitute

& wechbor space [Why?]

Glven the sat of vactors {x,l.sz.-.-.:n-ll' = ¥V and the st of stalare

{o,i0 000008} © P rot mecensarlly dlstince, 4 lineae combination of the

1x = &

n vactore 1o the vactor dafiptd sk

+

1

=g 4

1.1

WL R

bt —

LI

a E
L

1. HATUEMATICAL PRCLIMILAMTES
.0 ITRTRODUCTION . sanln relvvant mathemakicel results are collected in thin
chapter. 'rhtTu redtlix Find & wide applicatien withio the reals of analynis,
ayntherls and aptimizatjon of hcchmln;mg. Gfcen, rigoernus proofe are pot
pu'hlidﬂll howover & reference 115t im glven at the #nd uf the chaptec, ‘:11..:.

the Lntereited rcader can find the requised deotails.

‘1.1, vECTOR EPMCE, LIREME DEFEXDFRCE AND PASIS OF & VECTOR SFACE.
A vagtor sapaca, alee callad g Lirear spata, owrr a flela ¥ [1.!}* . iz a ]
zat ¥ of phjects, called vectard, havlhg the mifuuj.nq prapertlms

a) To wach palr {2 . yl of vectors frem the wat, thers carsasponds ons

{acd only one) wector, demdoted x + y, slus from V. called -the ad2iticn

"

af x #nd ¥* such thay ) - . . e
1} Thia sddition is‘:orrmutativu. 1. .. .

' IR S S

4 -

11) It im associative, 1.%.. for any element x af ¥,

!‘_I?’-+:"If’ti*l

1

111} There selees in ¥ u uniqua wvector 0, called “the eere  of ¥°,
muth that, for ey x ¢ ¥,

240"y

ivp To sach vector x € W thery corresponds & paligus vecter -x, also

in ¥, such that

Frolexl e

—

¢ Munhats in brackets dasignats raferonces at the and of sach chapiar,



1.3

Tha cald 59t ©F vectord [a lincarly indepondent (. i.)} 4F © cquals zero
h;pliﬂ Lhar all a's ape rapo af well, OChiepwice, tha pat ia esid to be
ilnearly depandent (£, 4.]

Exancle 1.1.4 The set cootalning enly one sonzero weckor, {::}..i.l L.,
EFramnla 1.1, 5 The set contalping enly two wectors, one of which Ls the
orbgin, z,0), in L.4. .

The web of vectorm [f,-fzfn..fn} cv spong ¥V OIE and anly if avery veotor
¥ E Y can be wxpraased as a linear comblnatisn of the vectors of tha aet.

A wet of vectoze B = {11.r2.....xnj-=v iy a basim for ¥ if and enly il
=13} T 1p linoewely iodeparddent, and =

11) B spans ¥

ML Lasss of & gives spbte ¥ fontale the sasy ousber of vecthzs. Thow, is
B ile = basis for W, the Dutbey o of elpsunts of B'ix the dioonsion

of ¥ [abreviated: n=dim ) )

Eearcie 1-1.6& In J-2imahiional Fuclldean space the unit verters 1[&. 1
lylng parallel ko the I and ¥ coordinate axes span the vecteors in the Z-Y
rlape, but do nat sphn the vestord io the chysical thres—disansiondl space,
Fxercise 1.1.1 Prove thal tha wet B glvan above i8 a baels for ¥ A and )
only if cach vettor In ¥ can be gexprecesd ap & v lgue lincar combipatlon or

thi =lesints of B.

1.1 LTIHLAR TRJ:HMTIW AND ITE MATRIA REFRESTHRTATICN

Heneeforih, only finlte—dimengiosal veetar =phees wlll be cgalt with and,
whAlL nerediary, U dimenalen of thir epace :uri:ll ba indicared 4p A EKPOIHBL
of the apace, i.8., v means dim V=n. . ‘

M transformation ?, from an m-dimgnaional vector wpace U, to an a~dimesnsicnal
’ weelor sphce W is & yule wWhish establizhes & correcpondence botween an

clmment ¢f O and a vnicos clement of V. It is represented asi

1.4 ", .

Te Ty ) . (2.1
If ui l,l"| amd ¥ v™ are such that 1) ‘EI" ¥, tha sald corcespondence may
alee be danctod az .
Vo= 'E[E] {1.1.3al
T 4w 2inear Lf and enly L£. fer any u, ¥, and 4. § U, ad g ¢ F,
B Ty, +ugd s TheY 4 T and . 3.2.36)

i} Tleyh = oTfyl ) ] {1.2.3)

SPACE C° over which T i defined i called the "domain® af T, vheross the

¢ suberace of ¥ c:m:,;ininq veckors ¥ for which eg. (1.2.3a) holds i called

the "rgpge” of T. A cubepace of o glven voctor pacd V 1W & aubsel of ¥ und
is Inm twm a weetar space, whidke Clmension is hs; than or egusl to that
[

crercisg 1.2.1 Show Lhat the Fange oF & given linesr trédaformatioa of 4
vectir apace U ED & vector fpace ¥ contitucew & subspaca, l.s#. 1t wetlsfima

proportion a) axd ) of dactlop 1.1.

v

For & given y © U, vooter ¥, af defined by {1,3.2) LS callod the "imege of

g upder 7, or, sioply, the "image of v~ §f T iz selfunderstodd.

an sxwample of & linear transforeation ix an orthogonal projoction anco a
plane. Wotice thae this projection Is & transformation of the thres-dizon-

glenal Euclidedn space onto a btwo=dipensional apacea (the plans). The doosin

of T in this case is Ehe physical d-dizenpional space, while LtE range is
tha projection pilane. -

If 7, a1 defined In (1,220, Lo such that all of ¥ contains ¥'s such that

(1.3.2} 4o saeiatied (for eome u'c), 7T 12 aald te bo “osto®. If T la such
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that, Eor el distinct o, and u,, Tlu,} and 'Huzl are alse diatinet, 7 ls

1 - R
Suid ta by poo—to=one. 16 T 12 onte and one-toc-cne, it ix mald to ba
Irverklole.,

If T is invertibla, to eash w £ ¥ thers carzerponds 2 wnlgoe w & U such that
- - -

v = Tla), t¢ onc can deflre a maplng E"‘. ¥ = 1} tych that

'

uw T v ' {1.2.4)
7! iw called the “Loverse* of T. . .

Exerglse 1,2.2 Let B te the proj4ciion of Lhe thrli-diun;iaml Buclidean
e - ' .
apace onte & plena, . tay, the I-T plane, Thus, v Ehl! li_luch that The
vector with components [z, ¥, z), iy weppsd latc the vegLar wich corpopsats
(=, ¥, Oi-

L) I P & linear tranmfcomacion?

1} Is ¥ GALE?, G- La—gne?, Invertible?

A wvery lppoptant fact c\unl:i'rnln-g linear craneformacions of finlice d.l_.'mnv
sional yector cpaces e contalned Im bha following results

lez L be & linwar transforation from € ko ¥, let B B e Eazan
for U= and ¥", respectively. Then cleazly. for each ux B, ita leage I_'hfi."'
LV &an be sxnrogeed a2 & linear combinatlon of tha ':'k‘l in B_.. Thus

Lt911=“11!1+uzi"52+"'mnkl’!n - ) 1.2.5)

Lencpquently, Lo feprabant the Lrages of he m wectare of Bu" mr, ACalars
lika those appearing 1A £1.2.5) are requirsd. These scalars Sho b hrranged

in tha followlng manners

B!

1 Bz ,.. %
2 22z 2w

[x] = * - . . {i.3.E)
fn1 9y +

1.k

wharo the Brackets #nclosing 3 ere meant to dancie a mAtels, i.d. .. array
&f meterx, racher than an abetrsct llnear tosnsformation,
[+] 1c ealled ~The matcik of L relcersad.to |, o B, + Thiz rasult in

summarized in the follgwifdgs

FEFINIEION 1.2.17 The £'th velurt af the mateis Aesredeniniion of L,
appeeasd Lo En. and Bu' tondaing the acclan eoaffdeiendd 7, af the
atpresentation [in dews 8§ B | of Zhe dmsge of the £ 4k veetan 0{ E®
Example 1.2.1 Wheg 1z the representatlos of tha zeflexion B of the J=dlzan
slonal Fyclidean space Ea into itsall, with reafsct Lo one ;lam, Ay tha
X-¥ plane, referred to unit vetcors parallsl to the X,Y.Z AKRET.

solutlony Let i, 3, &, ba it vackors pezsallul €o bhe X, ¥ ad 2 anua,
rexpacitively. l:la.ul;.r. " v "
2w - 1
- 3

Rk} ==k

Toa, the compenenis of the izages of L, ] ernd k uoder B oaiec

L[]8 =]

1 -3
R I T I S B A

Eenca, the matrls representstion of N, denoted by {R], is

-1

1 o o
‘ J‘E_t] w | B 1 a . {1.3.7}
il e =1

Fotioe that, inm this cate, U= ¥ and &7, 5t la not retebsary Lo ULl tuo
dirfarene bosws for O and V. Thus, (K] . am gives by {1.2.71, ia the
Watrly repreamsbation of the raflsction B under corslderation, rafecoed

tu the baals {1, 1. ).



1.7,

1.3 paunt A0 HUubLb SMACE OF R LIHEAR TRAUSFOPMATION

A% stated in Sectitn 1,2, tho et of weckoen w € ¥ for which thezo la et

leate ona 0 € U guch that v = Lyl is calied "the senge of L* and iz repre-

sented ax RILY, L.0. RIL} = {w=Lfu): u c ).
- = == - b

The gt of vecrors u_ £ U for which I.{uu} =04V ls called “the pull gpace

o
of L7 and is represented as HW{L), 1.@. H{L] = {qn:L{ou-ﬂ].
tt 1z a sirle matter Lo show that A(k) and N(L) wre Nubcpages of ¥ and 1,

raFpecbivalyt.
The dLlmsnsiens of dm{:_.]. ME:I- and HII:II are pot ipdepandent, bat they unk
ralatod (A {:Iﬂ L

=ia del:ﬂ_:.l-din RI_‘!I'_..} + dlm H[EJ ., . [1.3.1)
Exarnio 4.3,1 In consldering he p:u:}tct;‘.m af fercios 1.2.1, U ic HJ and
Hhus Rip3 34 the X-¥ plane, B{P) Is US0 T axis, hesce of dimenslon 1. The
X=Y plane {# two-dlmensioral and dm{fl Is threaodinensions], hm“ {1.3.1],
holde,
Exerciss 1.3.1 Takcsite the range and the pull spece of the reflectlon ﬂr.

Diarnle 'I._J,'I..lad varify that &g, {1.2.1} holds crue.

1.4 EICEnalUrs AKD FISEvELTORS CF A LIEBJ,k TRANTFORMAT 10N

ot L ba a linear trancformaklon of W inks itealf (euch an L is calied An

“erdongrphikm™]. In Qenéral, Lhe Image Liv] of an alament v of W 15 linearly
ipdtpendene with v, Dot ir it happers thic a poazers weCtor v and fis jmage
undar L ary licearly dupendest, 1.4. 1f '

Livl = iv [1.4.1)

* The procf of this dtapement can be found Ln any of tha booka listed in
the raferapss st the gpd of this chaptar,

1.4

such a2 v i puld vo he an cigenvector of L, porresponding ta the sigenvalus

A. LI I.h.] i# tho matriA reprasentation of L, referred o a particular

bagis then, dropring the beackets, ef. [1.6.1) can ba rewritten an

Mo = ¥ ; (1.4.23
or alse - !

(A« ATiv =0 ' {1.4.31
m;EE is the identity matzfx, i.w. tho matriz with the unity on its *
dingonal and geroy elsdwherg, Iquakion [1.4.3) zrates that the pigenvestors
of E[n: of h, Il:leulﬂ ile in the null wpaca gf & = -‘Ii. ﬂ'lt trivisl weitar
v sutlafying {1.4.1) is, of m:;:_u. El. buk Eilnew in thie contout 'E haz btml
discarded, rontrivial saiitiond bave to bo Fought, The conditicn for [1.4.3) !
to heve pantrivial solutions Ls, of ecurs., that the Sabterminant of & - AI

vanlsban, 1.4,

det L = 15} =0 A I [1..1-.4!
which ig an nth erder polynomisl in A, n being the ordes of the squars
matrlx g fi_]] . The solynomisi

PEL)Z dat (A= ALY

if eallpd “the_characteristie pelyngminl™ of A, Hotlee that its roaka are

che eigen-.-rp.lu" &f A, These roots can, nflcnu.:'u. be real or complex; iR
caua F{1} Law one corplai ::ol'al.. way Ay, then Xy im alsc & Foob of P3). 0
teing “he complex ¢objugabe of ). Of courss, oae or asveral rooes ould
ba repested The maber of Limes that particulas tigrﬂﬂvl.ll-lﬁ X, in reprared

ig called tha aloekerie mulciplicivy of 4.

in genpral, corresponding o each ]'l era Ihru several lloearly indepe-dent
elgenwcirars of A, Tt i not SLFFiguic ED prows (Try Lt!) chag tha £ 4.
slgenvecrars ampocisced with & particular elgenvalug zpan & subspace, This

subppaca ix called the “spectral epaca® af li, and its dillmiiqn im called



' , 1,00 - !
1.9 I
’ |
l
“the gromytric mulciplicicy wi’ A ". . . .
. - |
Exergiae 1.4.1 Khow that the geometrlo sulgipliclty of & particulsr sigen- Teprescatatlons seferred te the kaals © - {LL'!]' "%-” .
’ Y ' toth B and
valos connat b preater than Los algebreic multiplicity. Lat [. ]l e the matrix relating and L, "I?"‘d to ?' L.a
: ]
A Herm{tian matrli ix one vhich wquele Lts tzansposs conjugete. If & matrlx ) ; VoA LITEED Tn |'
ruale the negatlve of Lta trapapens conjugats, 1t im sald ko be gkew Hermitlah. . ? '.Il'l I "H ‘;;1 E
Por Hermitian matrices we have the wvery imbortant resultn A . ' ' .[l.] . " ' ' : (%.5.21
i ! . . N :
THECREY 1.4.] The eigtrualues of o Hewnitian mafriz ant aeal and {44’ o el o a :
. Flognl nd nn .
elgeavecions arg mefuglly orthogenal ii e, the innex prodect, which b 5. . ) - |' .
L] Ah ' . ] )
dib cussed An defald in See, 1.1, of dwa munu Adgenvestony, [ :m] ' | '
nh- “ LA AP TL A bl L »
The proof of tha foreqolpg t.'hm- 13 very widaly knowo ahd i not prasented . b 1
. . - - . ' - e .. ] .
hers. The 7esder can find & proof 1o any of the hooks Jisted at the end af T2 :12’1 283" = *pafa
" . . . . 1
the chepter, . . ' ) Lo . ;
1.5 OLUKE OF pasls } ’ ) . . - R T P P ACRE R T -
' . : - . '
Glved & wecLOr ¥ 1tz representatlon [V.I N vn...-.v“] :|.'.|l'tr.|.'lld e n baslm Thus, clllinq vi_ thl'lﬂl compehank In.f [y ]IC' than i
o= B Euie- B ], La defined AN the erdecwd et of ctalars that produce ) LT - . . S )
=t " - R Vo owly b ety ) Il L S
¥ a6 & Lnear combination af tha vectezd of B, Thuy, ¥ <an ke wepresssd ap - - - A=n .
. o and, from I1.5..1h (1.5.4) lsads to [
11!1WZE:+_.,““§“ ) T ,'“'5'1_: ; : ot .
- . y o= Ir La 0} [1.5.%}
A vector v and lte representation, though leomorphict to.each cther, aze . Yy 3y 1341 . . e .
assrntially Aifferant antities. I2 fact, ¥ In an abatract "slgebralc sntity | or, uhing Index .im_.t;m- far OOMpACLRESE, o
| y
vatisfylng proporties a) and by of Gectien T.1, whersas its representatlon ve .Ijvjl!'. . I LY. 5.%)
13 &0 wrrey of 'nonbere. Glallarly. s linesr tranefochation, L, and it .o i
. . = comparing {1.5.1! with [1.5.4]), |
reapreasntation, [[.].. are enpeatfally diffecent entitles. & quastlon that o i . A
- v, o= LA
1L i)
could arlse paturally isy civan the repreventations [1_1']5 and [E]n of ¥’ '
. 1w, LN
and L, raapectivaly, refarred to tha baswis B, what sre the correspondling . '
. | "}n'['}]a[:]c
. T .
¢ Twa patu wra 1lm:rphi'l= e sach lu‘iﬂ! if nlmilar ﬂP'flm cah ba " pzcording ko this potstlon, o repested index Loplian chat & st lon
dnflned O thels wlemantd. over all the possible waluss of this jnoes is performed. s
] L] L
! |



1.9

or, squivalentcly.

FEIRRANIEN | .

i1.5,8]
Bow, satcAlng that w e tha lmage of v usdar 1.,
(4], =(e), [l C
or, referring #q. [1.3.9) to the baxis O, instead, . . oo .f
(), -0, &),

Mplying the relatisnahip A1.5.B) to wictor w and ilt:;\ﬁaﬂAQ ic loge oq,

SN

sy !

!"..5.15]1
6, 0, - 0, 0},

From hich the pear celabionship resdily fongu.. ' '

A e —m i m——— e =

%ﬂ. - {8y Gl (97 (), TR !
Finally, earpazing (1.%.9) with :1.5_..11!, . . . ' i-
M-, 0.0, . - . i
rn gquinlntly.. ! o ) e ‘ ) o v
[E}c - (&), ), fhl - T s

- +
M lationchipa {1.5,0) and [1.5.12) are the anewesy 16 tha question poRed LU

the begianing of this Section. The right band side of {1.3. 12y-43 8 .5.11..4

*

1
it¥ ppansformation of [1-] - |
Faepcigs 1.%5.1 Ehow bhet, under a nimilarity l;t.-;ulomt.im, the charac-

LY -
terdstic polynoais) of & mat#is sumaira (nvarlane. ' . -

Exerclas 1:.5.2 The trace of & matrls o definad anm ehy sus af the glalcnty

o ita dlaganal. Show that tha trace of & Datrix resing invariant under

A mimllarity trankiorsation Minvy Kbow flzskt that, u' 2. ] ard m nn

wArslces, . . . '

a“

TrABL] = TriBcA).

rwm

'l '. \ . L ) . ..

1'12 - : . 4

1.k BI.M]HTIW r WATAICES
Let A Tw & mymetrlc nzn matris and By h ite a0t of n alornvalet, soma
of whilch oould ba Fapeated. Rasvast § has g $it of o lircarly L pervdent =

algEnwacrore, l|'j} s 0 thaE

I . ] o -
Hi * :'1'!1 ’ _— - _“-i'ﬂ}
I - - ’ )
Arranging tha sigenvector® of A In the macrix
g - [!1-'::----!!“] {1.6.31
and ftm elgebvalues In the dlagons) matrla -
) L= ddag 111.12.+..,1n1 (1.6.%}
ag. (1,k1) oan be pwuzitten 4
4
g H.E

L EL

Il.m tha BaYy’ {gi} hat Beun spgumed o hi L., g Ln m-tl.nqu:l."; hancs

from li .4

5-13-‘!4;- ' {1.6.%)

whlch atated thet {Ht'dllpmll watrie congaloling tha algenvaluaw #f & nr\tﬂ.

& tulil:lil. hud I.Il wary L4, wiganvactars am les nusber of pq]._'l-. or ruwel
is .l l-llill-l"itf trandformacion of Ap furtharssig, the transformation batrix
1p tha sstrls mtl.ining ithe m:n of tha ..].g.pvtnu‘ “f b By it
ﬂlllﬂ-\l, on thl -ul.‘hlr hand l..! k ia hr-h,hn. lta wigeovaluas sy ceal

and Lia -1q!nn=t=n ara rutvally orthogonal. T€ this L& the cess 4nd Lhe

ser (e, ) 1% normallsed, Sou., 12 |]s,]] = 3, for a1t 4, then

- '
!131 =0, 1¢3 . 11.56,.54)

T v ’
. "i'i - 1 . . t‘-‘.“!‘

' . 1
' Fore pguakds wakbrlces hawa lasd than n £} wigepwetors, bubk chass arw
mop poneidared lara.
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\rcre o] ia the transpose of g E!L being a eglumn vecter, g} is 4 row

i
wctez}. The whole gac of equarions U1.0.8], fer all i and all § can then
e wrliten as )

Qg =1 N AT
whers I 14 zhe Mt:‘il; with wnkey on Its alﬂ‘l!'ﬂnll.ﬂ-nﬂ'tErﬂl eluawharn, Eq.
(1.%.7) states & very jmportant fact about Q. hamely, chat 1t 1f an

arthogaral makrix. Gumarizing, # symmetric roon matrly § ca- b diagonalized

via a gimllarity tranaformakion, the columns of whowe matrlx are the sicenveg-

tore af i

Tne sicenvalus problem stated 18 {1.6.1) is solved by first firding the

eigtnnlu:n {Jnl];. Theze valuses are found From the followlsg procedurs:

Weita og. (1.6.1) in the [omm

- wl 1.6.8
ta - 3 De, { 1
Thig eguation states Chat the net I||-1]:' lime in the pull wpice of § - l:i.I' Four
thiy matrlx o have nonzers yuctors In its mull SPace, itm detarninant shiuld

wvanish, f.m.

det - 11.6.%)

ligltr H.il-tl
hose left hand xide i5 Lus charactaristic polyncmial, vhlch uas (Rtzodiced -
in section 1.4. This sguation thus containe n roass, sces of which could

be ropeated.

M vary usaful paEuit L rext seemarized, though ot provad,

THECREN ttmr{r_unﬂm.fu nt. A aguate mabaiz satisfice ££p own choaateadstd
polyrmial, then

puation, L. if Pla l s ibs chreicteniaiis

1 FlA] » & {1.6.90)

A procf ot Lthis ceovem can ba Iound aicher in E‘I.B, po- 14&-15!:] e ia

4

fr.4, sp. 12-113)

|51} Show thet an nxn SLT matels A staisflies the following indwntitys

Fareeian 1.6.3

A squara matrlx & ia a4l to bo steletly Jowar crlasnqulac

[51.‘1'] if a -n for §»i. On the gther hand, this mherin 15 mald to tw

i1

ni.:l.lputmt of ipdec b il % is the lMH inteyer For which & = 0,

i} Show that ap nen BLT macriz is slllpotent of Lodax wip,

-1 7 -1 %=1 )
trem oLt R
: 1

- The invrese of I+M appears vary often im the eolution of linear slgebrale .

ln]rl.tm by lterariva methods,

i 1.7. BILINEAR PCRMSE MO EICH PEFINITICN OF SATAICES .

.[civnn that tha Epace of maccices noed

. tha case for the roal,

nat conatltyle an myderm| set fas I8

rational or integee seta)] . it 1z n#ot B Lile Lo

Rowgver. ST will ba mhon that. LT w Billpmar

attrloute & 3ign ko & maLrin.
form (in partleular, 2 quadratic forwl ia associated with o matxix, then

prfora procewding furthar,

14, makes scnss to speak ol the Sign =f & macria.
: s

some difiniticar are nesded. Lot U &S ¥ K U, U being a vevtor apace dafined
o

cver the conplex Eled F. & !lin-nr form af u and ¥, TEprESMCLEY Ak

#0g.¥) ia o mapping [rom O inks P, having the [ollpwing pmp-r:les:

. ¢ '
Ll -

i} It s linear in Both o and ¥

#{u, by - #le, oyl + &lpg v .4 1a
#luy, il = plu, ¥ ‘! o+ fiucvyl 1.7,1b]
+
¢ lau,vieahly v (1.7.1c)
t1.7.141 .

¢l Bv)= Belu.w?

whera o snd § oF, their conjugetes Baiag 2 and B, Tespesrivaly.

4
4



11)  stv.g) is tha complex mlrujuqu- of 4[v,v}, i.0,

eyl - #1071 1 1n.7.1%1

The Foregaing properciuns of conljugate billpgar Cforme suggest that one prukible

way of conatructing & bBllioear fogm iz as follows:
Let

00, ¥) = ptav (1.7.3)
[Exsreize 1.7,1 Prove Lhat dafinition (1.7.2) matisfion properties (1.7.1}
If, In {1.7.9), ¥ = u, the bllinear forw bacomss the quacratic Yorw

¥lu) = Ay : : ' .
It will be shown that che bidnesr form {1,.7.3} definsn & acalar prodoct
for & vector tpace under cereain conditlens on A

berinikiont A roalar product, DOL,y), of two slsmeaca for a vector space O

1% & complen nonber with the [ollawing propertiew:

11 It iw Bermirian mymoetzic: - .
pluvy = plvaw) T TY]
i1 It ls conjugate lizear §n both u and u:
ptg1tgz.gi - ?"'91"3}-* ph_:z..!-',l . {1.7.4b1
plo.y el - pluse,) » pluy.) 1.7, 45}
play.vl = aplu.¥i (1.7 440
rlu.byl = Fptu, vl {1,7.407
£11y It iw real and pomitive de;;“; '
pigyl>d, for y, ¥ . {1.7.48)
pluw) = &, 4f snd ety Lfu =0 {1.7.4a!

—————

& yote: senjugace linear In ¥

From definition (1.7.2) and proqertian {t.7.1), it followm that all thac

1s needed for m bilinear form ta cohavituce & scalar profducc for & vettor

spaca ia that it im poricive defiplte {pad hence, twal}. Wnechey & bilinear
form iE poﬂitiv.ﬂ definite or nat eleacly deponds entirely on lta matriz and
ot aa it ve:‘:ar;. The following definleion wili bé neoded:

A square nan mabrix 14 sald to b patitive defleize iF (and only 17), the
quadratic form for any wecbor lg r" O apaaciated to 1t im real and podleive
i and mly \u:-ilshe! for the 2810 wectdr A potiglve dofinite marrin b is
I-y-lhnlic.tlly dasiqnated 38 § * 0. I the sald ciadratic fore vaniskey for

gomg nonEmFo veckors, then A is sald tg b'l‘pnair.iva asmidefinite, symbaol-

ically deslgnated as A& * 0. Negetive Jofirice and rﬂgt_ﬂ.w semidatfinite
makrices ore slmilarly deflfsd_ Wi I .
THEORCH 1.7.7" Awny équane maleds {4 dicpmpotable Lald Lhe dum of o Hezamlfian
and & 3hoc Heomifian pari {this ia calfed ke Ceadesdan decavpoaliion of
Lhe maials| . "

Proof. Wwrita thn. matzix b in tha. Forn

1 "y
AE (%] + 3IE-A7) (1.7.52

ClearZy the Eirpr rerm of the right Lhand side s Feomltian end the second

T

.m:cmru 1.0.7 The qeaduatic foem abdoofaded alth o mefadix A 43 asal if and

one ia skew Bermitian.

mq.r.,-l.ia "Hemndtian. It{lmgw._y;_jwr.dnnqrqﬁuihm Henmillar.
PI.'WE
[ “1f" part] .ot p be Harmiclans then

t f{u]-—u"l.' 11 A
|

......

I Vigheytay
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Sinca _ ¢
1 {otyii=d (pral-vtal}
ehen .
Ta {p{udI=0 R
On tha 'D-'Lhe.:.h.u,nd. LE & im akgu-Karmiclnn, then,
B luhmyshtyn-yt iy
and
Wi Jey ¢ .
Elnce
mat$ (a1 136 (21 1)
hen +
¥ (4 tud It
rhus proving the wisr* part of tha thegi¥m. . .

gnrcisu 1.7.2 FProve the

“only 1E" part of Thesorem 1.7.1

spat Taeorem 1,7.2 gtates 19 wery Aifpnertant, namgly that Bermitlan matrices

aTe good cendidates for defining & mcalax product for & yaCkor FpACE, Blnoe

the assoclazed quadratlis form

iy real, What le now lafL §2 invewtlgate la

hokker this fopm rumd out to b pozitive definite & well. Though thie ic

not trua for amy Harmitian matrixz, ik a lobwioulyll s Far [Eaitiue definikw

parmicdan nakrplees by definitionod.

Puthermote, slnse thy guedraeic form

of & pasizive sefinite matzix waae, in the Flzat place, b real, and since,

far the quadzakfc ToIw atgarl

ated with & maccle to ba peal, the mabcly st o

ba Hoermiedan {fcom Theorem 1.7.21, it 1w mot Recessacy to vefar to a poeizies

datinite {ec n-:d.f.-firlit:.'r patrix sz balng Feraltlen.

sysmazizing: Tp pydew for the

cumdrache form §1.7.d) ko ba @ pralar produst.

pomust ba ponitive definito.

waxy chacarterizatios of roul
. \

Haxt, & very impoartant roskit concorning an

rive definice (prnldefinite] matrices iz glwen.

1.8

THEGREY 1.7.5 & mataedx {4 posdidive definite leemidefinitel Lf and only
£f its tigeavatzes dse all Aeaf and garalea thze lon equal dp] TEAD.
procd. ["only 3F7 pacth.

Indeed, Lf a macrix h s positiva defintte lasmidefinita), it BBt be
mwrwitlés. Thas, it can be diagomsiized {a cGnseguonce of Thearsn 1.4.13,
Furthewmore, oace Lhe _:1.1::1.: iv in diagenal fern, tha elements on Scw

dlsgonel are ite elgonvaluss, shlch azg zesl andl greatar than 0F equal te)

. Iltlkilmlh.fm. . . S
. ) \ . .
- :'1 g .
:'2
a- . * 07,19
' - b
1 v *
A
- n
“whara

3, ) 0, Ty

ror any wectorty # 9. by dt[i-nit!.m.
patgeytpgriznie (.71
whare the components of U [uith sesject €o the basis formed with tha

completr Fet of aigenvectors of M are !

u o= . \ (r,7,12}



1.1%
ostitution of (1.7.100 apd 11,7,12) date (1.7.171 ylslda - L
) e 2 ‘ - o 17,190
?‘Iu"l 1210 o R
! : e * ek d - T,
Mow, astame o i such that all bur loe e cosponedt vanish in chls case, K]
{1.7.12) peducer Lo , . Lo, . " . . .. r
: . a . 4 . - ." H T.
. g [Frizme ]
" - fxom which :
.'Il_h:r Mn . . .' " ) ',

, and, since lk can ba any of tha ‘wigeavalues of z—. che Fﬂﬂ! aof t.hh pu-t l.l R .

dona . The proof ﬂt the ~if*

the pesder, o ' . '.1' Tt .

werclae 1.7.2 Show thet, 1f the slgwnvaluas of & EqUAIR hltri: ara all

1.4 7 . \

For vectol apacos over the complea fisld, such an sngls cannct b datined,

for then the inner produrt 14 A cOMPlex numbar.

1.8 HEN‘I'S. ISEIE'TIJESi CRTBOCONMAL gHD U ITARY HATRICES.

Glvan & vector' mn ¥, oL parm !oq.‘ Y&V Lls defined as o ﬂli-‘l'lil-ud mapping
from 1! fnen & "11 Tl £ le'lll-ntld by [lyl|. such that this nors

17 ip miti\r. definita, L.m.

part i¥ mm and 13 Left aa ab querclss nu- e .

Hefl> v) tox any ¥ # 0 , - .
Ijell=0 12 wna oaly 1f ¥ = ¢

~14} ¢ Linear howegensous, k.. for some a £ P ithy field over which'v in

daflngd},

tlwll-luill | ’

|af h.-l.m; t.ha modulus {or the abyolute valus, in came 4 le ¥eall of a-
]

" lraal amd 1rnt" than lor squal to} xare, tha -I.'I.tht in poFlte ﬂi!lniu N a:::.:: {. u” satisfies the tyiangle lnoquslity, 1.a. r“ ! andy e V. . .
. ' . . - )
{semicotinitad. . -7 - - R I1-;«:1I*Ii-l1+|lvli ' . ) . -
A vary spaclal case of & Po'iti-:r. deﬂnit: matziz is “".. 1dent ity nt:i:c, ) Ta Eramnle 1. 81 Lab v£ e the Lth r-'wpvm.nt ¢l.’ s vactar'y of a spece over t.'n.-
1. =hich ylelds the ““-“u ko ’“1.':' product . . -. S -| . ST coRplax tilld mt !nllw’lnq' e wall d-ﬂuﬂ norma for L o .-' '
plavdma®I% = WP lyeusy o ) _ ' “‘:1"_'” - || Il-ulv | o ) TP PR

In dasling with v-ct.nr tpu'-l ovar tha :.-u!. !'L-ld. ullj.ng inpar produst :

im peal apd henco, fpcm Skvart's i-nﬂl-'l-luw 4, P-“”

I
pla.v)
——— ‘1

fplo, ulph'.r\ri - . : v L -

thus waklng it pﬂisibli to darise & pw-nur' for than. tha cosloe of the

angla batwssen va:tou u and T cun ba Hfin-l F1T3

plgoyd -+ ' . : . .

e —_— Lo .

cal [y 7= 1 .
. Pl T :

"-'E, - [rzl"]p

(1.8.2)

. vhere p i. & po:itivl intlg". For p o= 3 ln (1.0.1) the mzupﬂd-iaq [T

1
I.l t'hl mclldun. nnﬂ, or tha 'Hgﬂitud. of ¥.

. ¥

'
orm l,'.,a 1} h -w and fazt wo Wth and henca it ls widely ussd in

“ i
mu-inl cwuutinu Bougwer, it fa pob sultable for :ﬂ‘ly'l-l-‘ll oL ORI -

Fleal pmhhn since it .I.- 11 iiﬂ'lriut" i.a. 1r Jepends on the courdinate

r-lu aing vand. Tha mlmm nazo has th.i sdvantage that it is daverlsnt.
‘1

|
B-uj.d.u, th-;. is na imt: product nlmhud wiph it and huw- nlv!.,nu.llr

s “gaomotTy” -




Hodevar, computing it rmtuirén A fthe dimcnslon of the space to which tha
waceor under fonsiderscfon belonga) melelplicaclons (1.8, b square ralelngsd,

n=1 additiche end gna cquars root computatlon. In ordec to procend furthar,

some mota dafinitlons are neodad. '

A trvarciblse linesr trsnuformarlon ia :;I.hd ao Tircewery® if It preserves’

the followlng scalay product
Plz.y) = plhe, 3y) = zohmzy [1.8.3]
It 1o & wary slrpls mektar to chew that, in ordar for a Hln;i.’nr-.ulm P ore

La an dweeetry, It iv required chae its Eransposs conjugats, Pt equals ita

inverse, 1.2,

eop? '
Peep . 1.h.41

It ! i daflrad ovar the cooplex fleld and mesks conddlicion (1.8,4), then

it 45 said to ba unitary. 1f P I» dofinod over the seal field, then prep’,
thy t{ranapose of B and 1‘t It satinfiea 11.B,.4), it Ln sald to ba erthagomal.
Exerciym t_BH.1 Ehow that in nrd:-lr fer P o bw an iscmaery, Lt is ﬁn:nry

that P taciafime [1.E.4), l.e., show that undar the elmilarity transtormacion
] .

Tora. n = Py, BeparT,

tha Iollewing scalar product is prasarved:
piz,y] = plC.nd
1.9 PRSFERTIES OF UMITARY AND ORTHOCOHAL PATAICES. .

M ' ' ' -
fomg loporbant fackd about whltary and orthogonal sacrices ary discussed in

thir section. Hoclee that mll rosults concarming unitaey matrices apply ta

arthogonal makrlcss, for the Latter are & Epecial cana &f t:h- former.
THEREM 1.9.7 The sl of ciguavalues of 1 undboay megals £k om the unil

. r. y ..
cincte z]® v 1, ceifened af the onigin of £he complex plang, -

el

] .
‘Procfc let U & an han Ghltiry matzix, Lot L kg ono of §te aigenvalyes and

:! 4 corresponding slgenvitor, mo that

" e = dw ' ‘ £1.5.3)

Taking the transpoas conjugace of both eldes of {1.9.1],-

i
!
|
d
! (1,9.1}

vgee Tae ‘ -

Parforming the corresponding products Go both sidaw of eqa. (1,9.1] and

1.5.13, . . ’
(1510

1rurpe = Mgt
But, minte I Ls uniu.r;r. [1.%.31 1.;&- to ’ .

e 13 to
feon which

|J.|:- 1,q.0.4. .
Corollasy I.9.7 I an Az walfzay mitaly L vf odd onden .2, n 44 add],
Lhen {4 hds ot feckt oap xeal eigenvalud, which ik bithea + | oa -
|zxnrc.i“ 1.49.1 Frove Crollecy 1.%.1

»

1.10  FTATICMA WY POLINTS OF ECRIAR FUNCTION OF A VECTOR ARSUKENT.
B

Lat b = plx] Lo 2 (ecaler) swal functlon of & vector argumeent, ¥, agsusad

Lo be conelinons and dlffecantiable up to second ;uhrn.i'rn within a certala
nelgtborhood aruund moes LA The statidnacy points of this fungefan ore
d-tlﬂncd a4 thoss valyss z, of 1 whers the cradlent of &, §'0x) vahishas.
.hm n:uimrr Folng Can bDa An exTrescs Or & faddls point. kn asTremm, h:
T, ::-n ba wicher & loca.l mawiouim or minlmem. '.l.‘he functicon 4 attains a
tocal manlmaz at ¥, L€ and only If

fig,) = ix} .

for any ¥ in the naighbarhecd of Ey i.e., for any x yuch that

Ha-2t =< .

& balng an arbitracily amall positlve ousber. & local sinirum la orresp-

rpndinqlf definad. If an axtromus im nalther o Jecal Saxites nor & locsl




LT

pinimoa, it is sadd to Lo oo eaddlc jwint. Critecla ko dogide ulun;thut an

rubroton 13 & manlmum, & Einimum or a eaddle pelat ere next darived.

A expansion of ' AT QU = j& & Taylor series illustcabed ctha cind .“

stationary point at hand. In fact, the Tayler supandlon of ¢ 1=
tlab = dlagh + 00 0x) THaemd » 3 bxergdT D) lamxgd o R

whesz K ix the zealdual, which coptilne teras of third and Bighet crders.

Then the il'l.l:rll'l_e'.‘.h of & ac x,. for a glven increment 4x = a-a, ia glven by
ey {:_IQITE-:_u%ﬁ_ETﬁ"h_tu].E.! . {11832y

LF terom of third and highn_a: orders are neglested,

From my. (1002 it can be gonclofed that the Jinesr past of & vaniskes

why puch pelnms sre called BEabidmary

at a statipnary polne, whizh makes elear

Whather ¥, ¢onscibutos on extrefum or not, dependy oo the elgn ef M. TT ja

o
a marimun LE 43 im nonpomitive for arblirary dy- It ia & minkmem §f tha aald

in¢rezant is nonregative for acbitzary S« IT the sign of tha lacrement

epende on A, then ¥ lu a gaddle painkt for rhddcnl which are braught vp

G
in ehe [ellowing. :q'. [1.10.1) shows that the mign of &4 d.tpendli:antirnly

on the quadretic tarn, st a gtationsry polnt, dWhether this term ls nonposi=
tilve a2 nornerative, it §m Eufficisnt that the HESIJI-I:I- matriz #”ix) ba algn )
semidetfinice At o Notles, howewst, that ehis condition on bhe Heseisn
satriz i e=ly sufflcisnt, Lyt not neceasary, for it ia based on Eg. {1.70.1),
walch 1s t:mtc.d after third=order berms. In fact, & fusctian whoss
Fesmian ab & ptatispacy peint i sign-semldafinlee can copdtituts either &
maxieam, & minlmum, ar & Saddle point as &hown pexk. '
Frimh tha Iﬂ-:l_-:;ainq dizcuprlen, the followipg thearem b= concloded.

THECZEN 1.0, 1 Extacms and gadife pelrfe 5§ a diiisenfiable junction
codur af simfioncey polmls. Far 4.4Mam_; paint do comstitute @ focal

" maxdman Iminimun) AL s wufficden?, although mot neetssang, that fhe

[9.1¢,1] a

l1.3a, -

cortedponding Hesaian matain br negative lposditivel smmidefinite. Foa

the said paind Lo o fifute o saddie pofnt, Lf I juffieient that the

conneaperding Hessfan madsdn adpa-indefinile at (his siufionsry podnl.
' A mypwreurface in an h—2lmenslonal space rasembles & hypesbolic parabolodid

at & zaddle paint, the vasemblance lying lo the fect that, at itk Etarlonary

polot, the sign <f tha curvature of the surface is diffvrert For each
Alractiom. *fo lilustrats this, consider the hyperbolic rarabalaid 8 Fig
1.10.1 [or which, wvhen sest From tha K-azis, ies stationary point lthe .
orlgio] lPP;IIl ag lin.i.m.'a‘m (pasitive cuwrvature) . wharass, ir l:--:n from
cha Y-axic, It appears am & baximgm [negaclve curvaturd}. In faqt, ix 11.1

noang of thesa.

—
i,

—_—
=1

P

X

— -

Fig. §. 10,1 Saddle poing of a J-dimensional surface

Conpddory 1,147 The quadnaiic foum

o owls) T ety .
R @ ownique oxtopem o Ig"%' -.".'Iﬁ; i &_I exiats. This 44 2 wacizum
iminiram) <f A4 L6 negative {posdtivel demidefinite

-

L




. 1.15

lezcrgise 1.10.1 Frove Corellary $.30.7

Exarple 1.10.1 the [uncrlen ¢- 'T ' "; * .t ‘: hat 2 loral minimm

TR O, The Lessian matckx of this fanctieon, howover,

vaplghes at thie mipimim.

Frasple 1.10.2 The Functlon = .:‘ - .: hhd & Etablonssy point at the origin,
which 18 & saddle poipk. IEa Ueswian matrix, PowevsT,; vanizhes at this poiat.
Franrlz 1,10.3  'Tho function xi * ;1 hes a minlium at _{u_a]_ Kt thiz

point its Heszian matriz Le positive scpidefinite,

1.1t LTNEAR ATAFRRAILC SYSTEMS,

Lat A ba -:1 tkn matrix and x and b be newnd m-dingnsicnal vestors where, Ln
general, @ ¥ n. Eguation

Ax=b ST IT |
and u, ATH ita

+Bx ina

{g a lizear algebrai¢ aystem, It is linear bacaose, I !l

soluticne for ?‘5-'1 ard !_:!-']_::, and g and § arm scalarF, Lthen n!!
v It iz algetrale im opposed to AlfEwrential er

4

svlution for bmaob +Sb

1 F

dyhamic befaoze it doam not Anpvalve derlvatives. There ars thres diffarent

" cases regardlag the solution af «f. [1.11.7), depanding on whether @ is

greatar than, lesd thab oF squal ti o. Thess are dipcusesd caxr,
1} w*n.  In this cags the nunber of equatipns ls greater phan that ot
wnkntwhs, The &ystem lp averdocermined and thers ie no g-.ln:a-ntlld of

the existencs oF k certaln x, such that As.-b.

4] Q
h very siopie sxample of much & systes i the Fallowlpg:

3" - {1.11.1u)
'1‘:' . {1.11.1n])

whara .«-2 angl ﬁ-t. ! ulrs, the flrst equation is satizfisd Sut the
gecond one ld nob. IS, on cthe other hand, x,=3, the second equat bon
15 watisfisd, but the first ooe is not. However, a system with mra

Y | .
could have & solutlos, which could even bo usigua if, oct of the m

I,

oquations invelved, oenly n ara lineariy ledependent, the recsalning men .

Vircarly dcpandust on the o d.i. equations. As ad wxanpie, cofutider tha

following syntem

{1.11.2a}
x1+::J1-5
1. -]
n‘-x=-1 , : L 1..' 1
- 11.11. 22}
:I.u,ll+:tI 13 .

whaso [unigue) solution is

= £1.15.3)
11 -'.,p;zl'l

Bora equation” I11.11.1c) i3 linearly cepandant oo (1.11.3s1 and [1.71.39)

In guoeral, hewever, ToT min 1% iw not possible o saticfy all the aquations

OF A dyakem witi mare equatipns than unknownep bat it is posalble to “ratisly

then wlts the ainlwmm porsiSla srpoz.  ASFS4E hat ¥, anas ot saciely all

the squsitions of &n man system, wirh man, wob gatiafies tha syseac with tha
-t .

leagt possible error. Leét @ be the gald creae, L.m.
i ) _ U AR
The Euclidean rors of ¥ 18 )
“E”: - [‘f".‘u'E‘}'T {hekl (1.11.5)
Expanding |1e]]? . 1t 1e coticea that it iz a quadratic form of 5. l.=.

3 T T T T 1.6
#irgim|lel | =g 2 dng -2 az vl {1.01.86)

e larter gquadratlic foIm had an axtremum whoke 41 [:_tu:l wanlahep,

The poITespanding valod of B, 2., ie fousd by serting p’ ‘t‘gj aqual ta ZETG.

i.-. . .
g g (1.11.7)
§ txg1=78The 28720
T
If & 16 of full park, i.e., 1f zank [A)=n, then 24, an Axn patcolx, is alma
of cazk o (173), Lo A4 is Lovaztinie sz eo, from 5. (1.11.8)

i a e p . (1118
whero hI is a ‘p-eu.dn-!.mra:u" of A, called the "Hoozre-Pencors q:nzuuznﬂ



1.27

inverse” of A, A& mckhod to detemine x. that dues noe coquize the

i}
compitation af A° 4% glven in [1.5) wna [1.6]. 10 [1,7], an itecativa
oathet Lo conpute J}I fx proposed. The somerical solgtios of this pooblom
is Presonted e sectlon 1,320 Thiy proklom Ax.'in-t in aush Fledy am
eontrol E.h-a-ﬂr:,', curve=titedny iregremcions) and mechaniam synthesls.

11] =n. In this cace the nurker of cquations L5 1o bhan that-of unknownk.
Hance, 1f tha sysiom Ly conmitepe®, it has an Infinity of solutions.  Tor
irttadcy, the syibms

xeypal, o f1.11.9]
in which m=1 and nvd, ::hltl Infinttaly many Solytion, namaly all poings
Lying on the lipe LR '

x4l ) [1.11.14)
_Mow fonzider the systes

—— {11,711

ey-ami {1111

L with m=3 and n=d. “his system admite af iafinity of palutians ai]. wlkh
il
In cesa a rystem with men atadry & sglukion, Et En face admits infintely

many, whick im por difficult te prove. Indssd, pareltisn macriz A and

vectir x ln the form

2 - | '
’ m o - -
. ""I"a:":] o= |- - - J’» . .
(TP — ¥ fina
M nem
:

thue, =g, 1.711.1) is eguivalent ra
w_ b , ) (.11

“low AR ¢ i)

1.4

Th the laiker &Quation, if ranhm‘} -, n.';1 cxiats and 2 EOdution Lo (1.71T.44)

is
S AT " R ' LR

whers ¥, is urigue, a% w»ill be shosn fOr the chita p=n, ll'l-'-‘ ky {3 & vector
Iying in the null spﬂl.-n of B, Cleacly, thera ace as sany Linearly indepan=
dent -nlut.ians [1.1%.12} as linnrl;r independent wockors in Lhe null space
of .z;:- .
From the feregolemg discusaios, if wen, aystem £7.171.1} adoile an infi_nhy -
polutions. Howdver, adong thoss Infinltsly mapy splutlens, there L exactly
ong whoie Kuclldean noem in a mintoun, That “optimal® sclullen is fousd
next, via d quadratic programeing prcblan, nasaly,

Hin.tt!:n-f,_c . “,'”"5}
subject Lo

'!"'F‘i‘, ) : t!l+11‘1ﬂ
APpiying the Lagrange salriplier tecniqua {1.8]. 1&x 3 be an p-dlmeoxicnal
vectar whose campenents are called Lagranga multipliecs. opflpe, then, the
med quadratic I-:rn;-

#tx)maTxed” (ax=b n.nan
| which reduces te che origlnal cne (1.1t,15), whan §1.17,16) Ls satisfisd.

| §ix) had an exkIemun where L8 gradioat ' (x) vanishcs. Thid sopdlitlon im

‘ u't;}-:;ufg.-g (AR
from wtich ‘ .
E S ' {1.51.131
Howaver, & L& you unhnown. Substitutitg che wvalusé of x given {n {1.72.19%,
ie n.n‘ml,-m cbtalns " ' . ,
Lantiep (1.91-2
: b

L
I
4
L]



. ' "1.1¢ . 3G

From which, 1F aaT Ee of full ranh,
- of pham fall Sinko ona OF e Ccategories, namuly, o] dlreert sethody and

. S

LR TV Y (RIRE 381

by icerabiyg mothode, Bectuse the firek onog are ooce suitabla o De
Finally, subhatituving the lacier wvalue Of & inoe og. [1.7%,19), .
z . : applied  Ia nponlinear algebralec wyetema, vhich wlll bp dlzeugsed ib

:u.lAT [ ] 1]:-)« b 111,30

- = - section 1,133, oply direct sbthods will e Traated hers, Thers is &B
vhare

. T r axperalve literatire desling with interative sethods, of uhich the
AT ! '
N timatlse by Vacga E1,'I.I:I] diacuzces tha topie very axtenelvely,

1n smotker rioudo-ipverse of A
A3 to Alreet matheds, Gaums'algorithm is the sce which has feceivied posc

Exercize 1.11.1 cCan bOEh preulto-lnverses of k., the one glven in i1.11.8}
- ) caereneien {.11], 1012, 2o {1.10) che W Zecomposition algozithm is

and Lhat of [1.17,23) exlpe for & given matrix AT Explain.
prepectéd And, wich further reflhdasnie, in [1,12]. The sofution ia

The foregoing acluticn (31.17.22] kasx many Interpretations: Lla control theory
obbained in two etegm)

it yieldy the eontzrol Eaking = EyStem From & Mnews inlelal geats €0 a dedired '
In tha firsc gtip the matrle of the aystes, p, s factored inco the

Il:‘ul ohe vhile Spending trhe alnioun amouny oL erergy. In Xincoabigs It finde
rreduct of o lowsr trianguler makrix, L, times an upper trispgalar <ne,

twe interpretatlons which will e glven ip Ch. 2, toguhter with applicatltne -
B U, in tha farn v

o kypoid gear design. .
) A= £1.12-1)

Fyarcisa 4.11.%1 ghaw that the lmoage of the error (1.11.4) is perpondiaular T =
whgrs the diazonsl of L coftains oofs in all its entries. Marrls U

te gy ¥ given by (1.11.8}. This rewult is knowh a8 the "Frojection Thoorem”
cartalns thg a__iﬂi]\.ir__vnlul; of A on ite dlagenal, and all ics elemdnce

ard Lind® extentive srplications in pptimizstion theary [1.%].
[ ] Delear the main diagonal A7@ reros. The Sangular valves @f & matrls A are

- L
iil} ==n, This ig the best hnown casw and Ao axbenzive dipeussion of leo ' -
the pornagitive square rooks of the sigeevalyes Gf !_‘1‘&_ Therps 2rw Taal

can be found im any slewanlary linear algebrs Lesbtioook. The moak ,
’ and noonegotive, whigh is ot difFicule to froue.

imertant Teasult in chis caFe stated that if A im of foll renk, L.e. . T
%0Telpa 1,121 Show that if A ig & nongingquiar nxn matrix, &' A 14 positiva

if det b ¥ 0, Ehwen the tyrtem hak 3 wnique solution, ebich le given -
- sfinite, and A1f it im pingulasr, than a‘a. iz popitive sead-definlce. (Aink

by e cepcta cha Iora of .QIE. fer arblcraty 2).
= b ) . The LY decompopition of & by performsd wia the DOUONS wubprogras appeating
1.12 MMERICAL BOLUTION OF LIFEAR ALCEBRALL SYSTTHS in [1.12). 1r A happons b be #iPgulas, JROCMP detects this by computing
ConEldser the aystom (1.13.1) #for all thres nm digoussed in eacCion 1.%11. . d;_-t B, which is dota pe:fﬂll'l-:l'.r-; the product of the sipgular Yalues oF &,
i) men. The Fhrst case phet will ba discuoEed here la that for mep, and 1f this product turmd our -I'_n It xarc, wieds & DASEAgE Lo the wher

Taors aze many maueds ta 2ove such & Lineaz algonralc sycuem, Lut ail theity vazring him that he cannat proceed any fuzther,
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1.1

I & ls ngt simjular, the o¢5er galls Lhe SOLVE sublrogram, which compules
thie :n:l.utj.lm o bhe Systom by back fubstitutlon, 1.#, from {1.11.7) in
tho following manner:  The quation

tlacmlr 12
cin o woickon am

b=
by matilog E.Er{_ Thus

r-L."E-f . EEIERT
vhers {,-l saiats elnce det L (the prodoct of the clemanis on the diagonal
of L] 16 equal to one (1.13). substituting £1.12.3) into fgey, one -
cbtains the rinal aglutiem

xy”'g

whare u~' sxluts becagse & hag buen debected o be nensingular:,

 The Llpw diagram of the vhole program appracs In Flg 1971 and Lhe

listinge of DECCHMF and BOLVE ip Flgs, 1.12.2 and 1,123

m*h. Hext, ke mumerical sclutisn ol the ocverdetertiined linear wyscem

hx=b Lp ciecyssed. In thin casza the nuaber ¢F equatlons 14 greatsr than

ta which

that of prhncens srd henca thg pought "seletlon® iw &

ainlalzes the Tuclldean nork of the errer 2x,-B.  This ie done Ly appll=
catlon of Pousehalder refleciionn (1.3] to Beth & and b, A teuseholdez
reflattion s an erthagopal btranwfommatico ¥ which hae the property thet

W= (112,40

Civen am mewsctor 3 wich coOponants L PO PEITER e Fowscholder

raflection ] fa function of 2} dofincd ak

—_—— =1 -1
* In fort, thera 1s no need to explicively comrpute b0 and 0, for the

trisngular structure of L and U pgpmisca recuzalve solyclas,

1-1- \

—— A j——— .=

Ty — s — -

CRLL DECGHF
A= LT

Call 30LYE

Ux-!

[ —

‘g 1.12.1 Flow diagran for the dipasr salubion ©f & linear algelraic

Fyccsn with equal bumber of cqQuaticons 4&i UnknowDs.

¢



o TTHHE DECHAF DI M et [P
EF Rl A LTANI
A1t e o TIEMOIHY
C .
c HaIELL TR R AP CAT el I GAWCHEEEA FLadiaid 305
[ M
C PREUT
i M = NEDFR F BATRLL
C HiE = pE R D Drlae M, 3 00 RRERAT S T TRIE aadt? PROLMR
C o a MATIE TU WE TiefAHGLL AT A
C
C ITFEIT 3
C RiTa 2y T.LE,J = UPIPCR TRIANGUN K FALINE - 4]
c Bilsddy I.GTed =MULTIFLILRG = LHUER TR LA rﬁETﬂh- I-
[ IFiK)Y . K. .LT-H mlnbEx OF K-TH FI7O0 ROW
C Irdrl w =122 NUNGIER OF O LATCRCNANTITY IR b .
C UEE "HOLYE® TO NDRIAIH SIoTIud OF LINCAIR S[HTFER
[ LFTERATA)Y = LRIl i LA 2T o BALN.HS
c IF IFiM=h, A 15 STHGILAK. "SOLVE* BILL DIVILE LT 00
c INTEWCHANMGES FTIHIGHLE Iy e DHLY PARILY I A
c .
[FinIa]
0N A0 Km]rM -
TFi.EA.N} GO 1D D6
APlek+l .
A=k
L 10 TaKFl.H -
TFiapid i loky: BT . ADSIRTH KD H=1
190 COHTIHUE
- TH(m Jwm
IF{1.HE. K2 IFtH}==TFIH]
TepiHIk)
Al KisAIKIKY . -
Akl imT '
IF{T,.CH.01 QO TO o
. O MG TakFle#M -
20 ROl ok pm=AlTaNIFT ,
L0 a0 J=KF1eh .
TwAiHeJ) .
L A Y T -
AfkedlaT
TFIT.EQ .G} GO Tq 49
DD A0 ImEFL,M
i) AT =i Ied}ADTIRI%T
40 CONTINUE
=0 IF(AIRKKYLEN.D.) IF{NIuG
11 CONTINUE
- RETURH '
EMD . -
]

Fip- 1.12,1 Listing of SUNEIUTIKE Lrooqp

L]

LA RN R N RN Y a N T o ¥ vl

1,34

Fiil

22
0

Fig..

GUBETINE THE Gil S EH I M A D T1D
REAL AdHNER-ADIRY s BERNTHIT
IHIFRLE LI*tdbam
COUANTON OF LEIFAN SYUIM LAy ATYX = D
IHFDT !

N ORNER OF -MATRIX.

HUIHA WEIARED WIRENSIUH O
A TRIANGULAGTZER palfils ORIAINCD rhun
] RIGHT Hagle SINE UECTIR

H FIVOT YECTOR OSTAIRED TRON ~RCCOART
GO MOF USE “EDLVE" IF "DDCOME' HAS LED IPLNI=0°

ARIAT A T DI AN CROCGAR
41 I

gnEur .
B = SOLUFIDN VICTOK: X
IFitl.El.1) 60 TN 20
htul g =1 '
DO 70 Knlrndi
KP1elik]
haTFiK}
Tehin}
Flnl=0iK}
BiRI=T
0 70 I=KPL:N
BOIYuBi) D 4allrKIRT © .
DO BY Kii=1.HM1 . "
KH1mK=kH A
. FakaL+l
EIKI=ELK I ALK PR o
Ta-Bik:' | '
00 B0 Tm}.xHl o
EiI)api1)+All e K0T
BelymBdlbshliind]
RETURN
Cha

v

1,12,3 Listing of SUBROUTINE SCQLVE

+



i

r

. ol the 12 colums of yl_,'gu

- M all” 0.12,5)
g - asmg, (1.12.8n)
B oy 0.12,3¢c)
¢ -1 % v . . (112,50

Transforms 3 kmte -od,, and reflocta any oty wveikor b abayk . hrpo:punn

parpandiculsr to u.

Oo the other hamd, Sf H le defined aa

k
a = Ign{lklhi_+ By gtres ﬂ':}i . t4.13, €a)
W~ {a-""*u’.k.“h' .14-1""".'!]1_-‘ . ' t‘-!l.lih_]_
ChoLoaydy, _ REFEIRER
- ! - 1.13.68d)

B ™ T F Wi

mmlﬁ'! 1o & vecter whoss firsc k-1 gospononty are Lisktical to chope of

a its pr_l romponent ie = and ity rosalplng a-b CoRpOPECis AXS all ZeXO.

Furthermozre, if v 12 any other vector, thlﬂ ' v : -
Ik' - .“. - i . 1- r " I ,.' . " . " . +
whare . . - ]
Ty - - . T
T

ard Af, in partloulds, v = ¥ o = wee ¥ ¥, T D, then

By = ¥ ) ' -

lat now K, be tha boukgholdar refloctlon wich cancéls Ha last a1 oom[onents

. whila leaving lis i-1 compmerts unchapged and
patting itm Lﬂ compaaant oquel ko 2y f.l;l' 1=, i0efie By .nppilcatinn uf

]
tha p Eoulaholder reilections thus deflnod, 5 and 13 la tha InTm

I - L12.7
L R PN IS -UyB,p {1.12.7
] _i . ‘

3.7 n:ig!.n-'ll lr".'l- In trangforsed laks tha following two systomid

PR

L]

ﬁ;‘q -
Uht:. l." 1l ik pnd TETML triangular, whorsas l.' In tha {m~n}un care mitrls
and h' h nt df.uminn a=n .nd. difezant from Tero, cu::.-- the aysten i 1B
'I-ii'?t: l;rh-nlrdlu fnn. it J'.: & micple pattar to ﬁnd tju walyen of the

mu af 2 by batk iubl:imt.lnn et ot amd b' h-lln the valuoy of cha

i3
i, 3} wlement or l-' “and tha 2 vomponent of by rupucl;!.wly, Thon, atarting

‘Irﬂthlt— squation of aystem H 12 . <o . '
S A -
-
M ip cbtained pu
n b )
n .
" *

!uhlumunn t.hu valug ir:r.n the {n-'t] At equation,
1 h'
. \
-'n—l,n-'l.xn-:|+ -1, ru" h:u-i

,Zrom which

e I

1 l;_hn_‘l;ﬁ

?ru.::tadin; l.'l.n'!.].ul]r with tha Iln-Z:IE,,...l_Fn_t_!_ i.lnd. vt squations, tha
<ooporentn of L ara f?und. Clearly. then, !15 h.m apror in the approai-
macion and (I3} = {8 2 - Bl

Tho !nrwniﬂ: Eouscholder ceflcotlon mothod can h-u readily implomonced h

» dlq:i.tll. cooputer via tha WECORF and “m.\l'l SubrosLince wDDarlng in .
[1.14), whose listings are reprodusad in Flge 1.13.8 asd 1.12.5,

Hl.rciﬂ 1.12..1 Fhw Lhag, far amy J;I»-'-Mer.'tbl' 4 )

i
Aot (ogx =10y g

i.il 2 - . -



SUERER TN HERUREEHT I He e HeAe ) 1

' A LA IR R N TR RN P Ty 1B
A LI R LTS

e AL LR A nnna, SO (AN LD T L RLIE A RN LY IE )

| [ER PR R R TH T P

-
r MOUSF WL EETE B T ar B ISl AR B TRIE TO UPer: C |
c TRTAUGULRR RS . 1g BTrd lm W Fuld LT A2 E - DELEARE, L .
C SOLUN LIRS I IVE RLCT KHINCD D0S0055. N LEAST-SRAWEE LD T Tt i S RS I e itn 33
T . . c FENE A ABAL S0l 23t Lijirgniak- iy
C  MOlnae DOCLAREE ROW DIR3nisce OF A C .
C A = hUsBER G NUUE UF A E ATIHNeHefial.  KRESLLTE FRaM OLLIAT
C H = BUHKER 1+ ALURNS OF A .C  Bm g=wEnT0R .
C A m M=FY=1 MATRTY WL1TI M,*.N c ThEUL i
C INFUT 3 c KEIGITT HAND SILE
C HATRIZ 10 B0 RIONGCCH ' LUTFUT .
C ousFLT: . . C FIRST B CHalGREMTS = TUE SOLUTION. X
c REDUCED RATRIX AND TUFORMATION ADBOUT RLIWNITIDN c LESY H=F CuRPONIHTSe TRANSCOLRTD 1TRIBUAL
C u = M-yEQTOR C DIVIRICGH DT FCORO IMUCGERS A MOT O Tk [AHK
C THEUT 4 ¢
> IGNURED C AFPLY REFLOUCTIYHS TO
c QuTfuT c !
c INFURHATION AUOUT LELLICTION c
c ' PO 3 Ke .M
C FIND RLFLECTION MHICH SCFRDOLS ACIaR)s Im mfdiarrennonaM T (K IM3
c - . DEfAa ~lILKIZAIK K]
IO A Ke Ig.H ALlh+k )yl LK)
ALFHA= .4 . GAMMA= §.3
LO I Ta Mrem pd 1 E= KeM .
urlym H{Ieky - - . . GakKA= CANRRTALLRIEDLDY -
ALFHA= ALFUAIDCI peIID - - 1 COH T ITHLIC -t
1 CONTIHIE GAMNMA= JAMHAZIET A
ALEIA= SORTLALFIIAL . . . pd 2 Im K
IF{LENY . LT.G.0) ALFIA* =ALFHA 1 B{l¥= BHEIJ=GarMAXAL{I K}
UiF)= iR FALFHA . 2 COWTIMUE
LETA® ALFHA%IITK] aiK-KI=_T
AlKR)a —ALFHA 3 CONT THUE *
IFTERETAEQ. .0, 0%. K. EQ.N) SO 1D & } C .
c : £  BACK SUESIITUTYON
c RFFLY REFLECTION 7O REMALUING COLURNIS IF A : . C . -
mFl= Kil oo & wbm 1.H
[0 4 s HFP'l«eN KW NtI=ph
GAMMAE= 0.0 . EiK)a HER)AOIN KD
0 2 I= Kirn IFIN.EO,1Y GO 1D 5
AMHdA= CRHMMIILISAE T e 0} . ALl K=l
by COHTIMUE pld 4 T= L+XHL
GAnMAT SANBASLLTA - BiIdm BLIr=-Adlem)abOIR}
0 3 I= K«h . 4 CONTISUE
Atledim ALD dy-GAHPAIUL]I} . - CONTINLE
3 CONMT1HUE RETUEN
4 CONTINGE EMD
& CONTTMLILS ]
c RETLEN . ' Fig L.12.5 Liscing of $UBROUTINE HOLVE
C ThlARGLHLAR RUSULT SrarCo IH AtI«d). I,LC.0 .
c VECTWRS LEFINIMEG REFLOCCTIONS STORED th U AND ROST QF 3 B
EHD
‘

Fig T.)3.4% Liatiag of SUBNBXITINEG HMECOMP



ratreize 1.12.3%  Shaw that H, & défined in wns, [1,12.5) dia in fect a7,
Labreisr s - .

refiection, i.e. show that H is orthogonal and tha velea of lvs detcrmlmant

¢
r

| i
Le =1. {Hlnt: Ues tia gesulb of Exerclyo 1.73.3).

L1il) memi Kow, Lha llnsar cyscom of squations Auwh is xtudied whan the |

nupbar of unkround 1v greater that the rusber of oquatlons. -

4

I, this casa, the systes Ly undardeternined and haw an infinlty of

solutiony, Howeyar, s wad discyssed in Zoction 1.11, among thoas
I ) g

b '

solutions, thozw 10 ong, say %0 whoke Fuclidesn norn im & pipieis,

Thie 1z given by o, (1,14, 22}, repantod hern for rosdy .:thr-m-.

£g-2 a1 : S nane

[+ 1] [nnib:u wiy of coapudng T in given nsaki
a) Write wg.- [1.40,20) ia che form

s . . - _ {1.12.9)

b} falng the LT dacomposltlion mathod, Cled ) fzom (1.11.M) ]
) . 1 .
£} With ) hmown from step 11}, compute ‘Eﬂ by matriz suleiplication,

ad sppeating In (111,094, 1oel

x A"} . S A 13 S 1-H

r

1.13 NIEFATEAL SOLUTTGN OF MOHLINWTAR ALCEBRAIC EYSTERS.

For saveral :r.n.m, ponlinesr SyRbans AXe WOCW di-i'ticult i daal HHI; chan
arw Mosar aystena. Coneildering tho simplesat caae af lq:-lll numbar of
squations and unknowns, Lhecsa ia 5o gututu that tha nonllhasy aystos had
& uinzue sglukieng Lr: hr.-l':.. thers 18 na guagoantss that tha qu:t-.: LT

solotion at all. -

* Cas Section 2.1 For mors detalls on raflections,

—

L[ d | '
. :rl.; 1.13.1 Haa-lntarsaccing hypesbola &

nd- éir-z_h

' -
rig 1.11.1 Intersactlons af & hyparbel

a and & clrcla



1.41
Eranpile 1,111 T Ziurlitr nonlinosr wlgulraic syetos
:: - y’z = 16 twl
:2 et w b}

tas fe solutlon, for the hyperbela ] does nok inteckect the cirels ibl,

as i# shovm 1n Fig. 1.73 .1

Frazple T.11.2 The ind grder linear ajqebrile systom

2
xz-y a - (el

Waeytad tal
N .
Lax four salucicna, oa=ely

“J"é'r]-_/{
4 .E‘y«i?,‘-;;

-
which are the four polarts whers the Lypazbols fc] intarsects the cleels

A

(1. *“hase intersections Azptar in Flg. 1.13.7 .
[

The Dot pomuiar matbod ef Eelving o ranlinear aigeseaic symiem i rLhe

so-callés Newron-Rephson meched. Tirgt. the Symtem af equatiors waw to be

weitlen in the Sagm

{igl = 0 (.

where [ and g are m= ard h- dinenalonal wvecoaed. For exaapls, system [ak.

[y of Dxamplo 1.13.1 can be writccs In the Jomm

3 H \
!‘[11,;:2] -z - G th = 0 fa'l

3 z . .
t'zisll,xz! - x_l + Ky 1 ] "]

Horw f, and 12 are the companants of the -dimoralonsl wecters § and ®, and

'
x, ledwarly, x and y tuwa loon repiacod by & ard x., roapottivelyl are the
campanonts of tha P-limonaicnal wector E. Wazc, kb thaicw £350s, ==n, m3o

andim n, aro discusmod

Firat cagasr ==

iee x, be ¥rown to bo a “gosd® approximation ko the solullons ¥ or a 'que:“!-p

Tha cvpandlen of I{x] sbout x, in a2 Teylor weries ylelds

fle rhud = Elzy) « £7Ikl0x « K 1.0

if xu + LK im an vwon Lattor apprexisaticn ta x then bx muct be wmall and

. w0, dely linear terms could be retained 13 11.12.2) and, of m\fuc. ;IEU-.*.;}

tust be clossr t9 O than iF {:EGL Under thess agsumpiionk, r{uu*ﬁ.u}l L

" he apsumad bo he sero wed £1.11.32] Iapls T

Lig) v £rix )ex = O {112

In the above cguaclon 5':§a:| iz the value pf the gradicnt of £lx], L' [a) «F

3 = k5. Thiz gradiest ie an w8 EAtzi, 1, whiss (UL} alement Lo

L 17.11.4)

If tha Jacoblan satrix J 1 aoaebrguilar, it can ba inverted o yleld
- ¥

-1
dnom = r:_:aifb_:g‘.l {1.13.3!

af sourér, J nesd ok sexuatly e impverted, for Sa can ba elbtalnmt via Cha

Ly docorpoabtion melhod from wg. (1.13.3) wreltean In the faim

-!'*E,;,“!"‘E‘Enl (1.13.6}

wWith the value of Ax thus obtained, the isprowed valus of %, lx cooputod 4F

-
By T v

Ia gemcral, ac tha kbh ireration, the piw valus L is oomputed [ron the

formula !

11.13.71

-1
LR Tix,} fox,!



el Die Ahw Lo ebanefegpsa Ivaalbye e, S0 taocedure Ly ylopged

WACH 1 MNVERJEBED CPILECION IS met,  twe fuss ibloe criterlon fyu that tine

et T o0 wbaghen o owalde LDlow eoeladn preazeritod eslorance; i.g.

i i . ' [1.11.M

T L2 B S Loleraret. va T et g, 1t can alzd harpen thal

Al ieerukion K, the sorm of e jpnepomcnl becomeg smaller thah clic tolerance,

-

To thle cosc, oven LE Tia convergonee criterion [1.33.8] is rot mer, It iz
uselcad ko pLFLIC-r: rorc interatigny, Thow, 1t s more roasosable to werify
firgt Llat thé POrm of the frrcetion dach o7 becomo oo czall hefors
procemdiog furellcy, snd stup the precedurs if bﬂm “!Ifhill e “.Ilgl“
e Elall enoush, in whiclh che, capvergerte if reached,
To- oy ”'-EJI goes lelow Lhe [opoacd tolorawa, de rok socenbt thie eodco-
e ?‘Jc -l.‘ tre sgluilon. Thp gandleionts undey which .l.‘-hn rrocedure
Eopvnpgen Are dlkcusewd In [1.15}. These conditions, Bowevwer, ¢acmot be

werifiod #askly, in guagral. What 14 advlecd o do is o £y dliforenkt

initlal guestios J_-:G till canvargence 1a réashed and to stop tha procedurs 12

- nany ituraticns havae L&an p':fl;\mr_':l

.
or -

#1y [lep, e v tue (lew bl =«

If tha merhed o Kewton=Fophison comvargos for a glven probles, ic dows 30
guad=atbeal Ly, l.p, vwg digite are galned e iteration :lu.riﬂg tle aproul-
maton ko the Aplytiop, 1% cwh hap en, heoower, that the procedure dodws
..I-":’*-‘_.-'.( FreTIe nONDL il ot bR e e,

He, oty L i,

thos mivieg riee Lo stiony aodillmions o'y wobulbiy, dlvergoncg. One woy

Lo gape wich fhe sdtuating . ds o lrbres 0 mmmiem, dled inedoad of ualng

LIFE 1% !

the wlole computaed incremcnt ﬂfk"' ure 3 Tractiod or it i..:.-l. at the ith
lvaration, Lor i®l, 1, ,,., maw, irstead of ueing formula EL:III,?] Lo Camplie
the nokt vaina !]“_1, T 1) :
|
1

L -1
By " H mw e Ktz ) (1.11.5)

vhere o 14 4 roal numbor between 8 and . For a gives k, @9 t1.13.9]

ceprescrid tho darping part of the procecaza, which iz traopped e
”ftfkn”,] I *”E‘f]l]”

The algorit'™ In Cusrayises ih the flgw clezt of *lg 1.13.7'acd implesented

in thy pubcout Ine HAZAKE appaaring Ip Fig 1,13.4

So2fnd cas0: mvn

In thiz cawe tha system 13 cverdelermines and Lt im rit pu-lib:-. ic genmral,

to matigfy 11l tha equaticna. ©hat can e dona, hgvaver, in to find thak

xy ubieh alnictizes |2 ]]- .

Tule probiem arlass, for exa=plu, whoy gne Lrlos to dusig:ll': & planar four-bar

Llnkage tn ;-uidu_a rigld by throuigh sore than fi\r-n contlguralicng

To Iind the miniﬂl;inqq‘#n, detine first wvhleh nero of [iy) ls demired to

minimize. One bock which kas soveral advaniages iw the I:‘m:lldeun.nr_-m_

alrasdy dlucussed in caye [ of Eecticn 1.1, where the linear leadp-icyars

rroblen waw discuneed, In tho context af nenlinoar apstems of cQuytiona,

slnislring the gueldratjc porm of !t:_:]_lm_v: o the poanlizear lesst-prusre

prohles, The problem ju thew to [lod the sinimum of the scalac function
sta=em)? . = adren) ' : ERERTT
A% mlrgady discusmed in Eection 1.19, Por thik functipn to resch & pinines,
it muei firét rowch a stationary Foloe, L,e. ita gradbent pust vanish. Thus,
I VY £ R : ) 1.0
WhEFS J(x) L4 the Jacchian mtr'iu Of £ with zabpoct 1o %, i.8. an mm

zatylx



Ivman

Fig. 1.1).3 Flov Alagram te solvd & monlinesr algebesie
pyctem with am many riquatlone »5 unknowna, via

tha sethed of keTton-Raphewr with damping.

L = eplevaccsa lepaosad oo F

® = tplérance lmposed on x

¥akrg

orron

P

HELE £ LR ]
[FRlL]
comp=r.es Lhe Jaigblan
. = mfsomrorima WFn Jacmllv
[N 3
Eommis1 o FTACE ek
[T}
EE P
ddi
corgaLEL §oal PUPTEE

wiioa o & oarad siooas LY

L

Zar—tt

[

L]

A6

CUREOUT ZHD uﬁnnﬂrcx-ruﬂ.Ban-P-TDLX-TDLFvLﬁH?-H-ITER-H&I-““‘%I

FKERHL Itil.P{:1.nFl&r-irirIILInilfiurlzzi

IMTEGLR 1170123
THIS SHURLUUTIHL FIHUS TIE KOOGS QF & HAHLINCAM ALGEDRAIC SYSTEM of
DRICH H- Wik e =R AL OH RETHOD ISRACCON L. i LELLER #. T.
MHALYSIS DF HUMCRICAL AETHONS . JUNF WILCY pHr SO0Er THC.+ HEW YORK
1vh&«FF. 35~1:j}u1Tu'hnnPIHﬂ, Slalilior | AMC |raRANCIERES
w H-UELTOR OF UMRHOUS. .

%

FUN = ExTERNAL SLLRIUTINE WItn COMFUTES VECTOR Fr CONTAINING
“THE FusTIDRSG WAO5SE FOOTS ARL anTalite,

UFhx = EXTERNAL SUBROUPTHE WHICH COMPUTES THE JACOBIAN HATRIX
oF VECTOR £ WHIT RESPECT ™ %.

P = pH RUAILIAR WECTOR OF SITAlLE LIMEUSION. IT CONTALNS
THE FARAMLTERS THAT EACHE MROLLEX BAY REONTCHE. .

TOLx = FORITIVE SCALAR: THE TOLERANCE LHPOSED QM THE APPROX IHA
Tio8 TO X ;

TULF = FO51TINE SCalake THE TCLERAKCE IMFOCED BN THL AFFRDEIRA=
Tiom TU F.

TiME =THE TnaFINg vALUE. PROVIDED nY-THE LSER ZUEH THAT
G.LT.DANFLLT.L

ItER =NHRER OF ITERATION DEIMG ERECUTEL .

EAX wMAXNIEUS WUMBER OF ALLOUED TTERATLRNS. -

0, [0 _mHAYIRUN KUMBER QF ALLOLTD pAMFINGS PER 1TERATION. 1T IS

PEOVIBED BT THE USER.
FUH AND DFOE ARE SWPFLIED BY THE unch. .
CUBROUTINES *THECOHF™ AND EOLUEs SOLVE TRD MTH CRIER LIMCAR
ELGEBRALC BTSIEM DFENIEDELTARFIXYF TCELTa EEIMG THE CORRCCTION TO
THE K-TH ITERATICHM. THE HETHGE USCO I3 TRE LU DESCARDSITION (MOLER
C,B. HATRIZ COMPUTATIONS WITH FGRTEAN ANQD PAOING. COMSBUNICATIORS CF
THE A.C.M.r VOLUHE 1%+ KUMPER A: AFRIL 19720 .

n:1nt1n¢1ﬂl1nr!nlnrln:1nt1nt1nt1nr1ﬁr!ntﬁn

KOHT =Y
ITER=D
CALL FUNIX FaFridd
FRORLIwFNORHLIF P HE
IFC(FMDR1.LE . TOLFY GO TO 4
1 ChALL DFDECX.OF+FrHY

ChALL DEEDHP:N;@rDFrIP}
hel

IF THE JACDEBIAM HATR1Y 35 SINGULAR: THE SUTRGUTINE RETURMS IC THE
HAIN FEOCRAH., OTHERWYESEs IT PROCECDS FURTHER.

IF(IF{NI-EO.0Y GO TO 34
CALL SOLUE (HrHeTFFeIPY
no 2 IwieH ! :
2 DELTACIY=FiX} -
BELROReFRDORALDEL TA N - .
IF{DE . NOR.LT.TOLX)} GG TO 4
Do 3 1wdel
3 MEI}ax{IY-DELTALL]
GO TD % .

rig 1.12.4 Listing of SUBRSUTINE WREGAHP



onoDnn

4

5

&

FHORZE=FIORY

Go TO &

CALL . FUH NN -FFiH}
FEHTuRD~NT+1
FEORI=FHBRHLF (H
IFLFHCEZ.LE,.TOLFY G0-TO 11

TESTING THE HOR OF THE FURCTION. IF TIIS DACHE HUT DICKCASE
THEM DAMFING 15 INTRGOUCED.

11
12
13
14
14
114

1M
1348

IF(FHORD.LT.FHORLY GO TO 1GC
IF{K.CH.nMAX) CO TU 1&
K=K+l
pO B 1edel
IFtE.GE.2Y GO 1O 7
PELTALI p=iDAMFP-1. 14DCLTALLS
o 10 B
DELTACT 1 =luiMPROELTRILY
CONTINUE
FZLHOR=FHORASDELTAFHY
TFLLELNOR,LE.TOLXY GO TO 14
oo ¥ I=ield & T
®i[iwx I =DNELTALLD
G TS
TFLITCR.GT.HAXY GO TO 1&
ITER={TLRI1
FHOR1=FHQR2
GO 7D i
URITECE 1101 ITER:FHORTKGNT
0o 13 I=ieh
PRITECS-120) I.%{I}
RETURN .
FRITE(Sr 1200 ITERKCOHT
Lo 70 12
URITELL, 140 T1ER-FHORZKONT
GO T 12
FORMAT (5% *AF ITERATEONW HURGER *-13:° THE HOGM OF THE FUNCTION
= ET0. &5 'THE FUHCTION wiS EVALUATED *.I13.° TIACE"/
avX,"FROCEIURE CONVERGLI. THE SO UTION DEING 1°/)
FORMATIZE b % (" p T30 a3t fE2L 4D
FARMATISN: *AT ITCRATIOH NUALER o J% "THE JACONIAN AHATRIK'
- 15 GILGULAR. *#%%s" THE FUNSTICH WAL EVALUATED ", I3:* T InED"/

i -

~5x%. *THE CURRENT WALUE OF X IS 1%/}

140 FORMAT(1OK . *FROCETURE PIVERGES AT ITERATION HUHBER '»I3#10X,

Flg.

—-THE HORM OF TIE FUNCTION 135 eEdLsf Ay
—'THE FDNETION UAS EVALUATED "+ 1507 TIAES™ F10%),
='THE CURREMT WALWE CF % I5 %4

END

1.17.4 Listing of SUBROUTINT RAGAMP fcontinued}.

|Excreira-1.13.1.  Berlve the exnrawuion £1.13.41)
1n orday ts ctcpate the waluh of = that cersss tho gradiest [1.11.11} procced
iteratlvely, ad next outlined, Expanid £lx] arousd x.:
flagrem) = flgg) = £'ix lix v B (1.13.4%
1 Byvdx §3 a betier approximation e the welie thur minimlzes the Fuclidean
norm of [lxl, and if in adZition ||.ﬁ:_|:” 1s cmall enowgh, R can be reglucted
in &5, [1,13.15) &od sa toying to sabk che vhole sxpression sgual to zare,
che following uwpaation ks gbtalred
£ {xglha = fi2)
or, Senatlng by J che Jacobian satedx [ (@),
i lag = ik,
which im an uvlrdltcrminﬂd Llaear Fystem. Ad dizzussed in Bection 1.17, sush
& syotom has in gérsral no splution, Lut a value of ...J_t can b cozpilted
which pininizes che quadrazic nerm of Ehe spgor atgﬂm_c + ]h_tc'.i. This valua
is glvwn by i1ha expresdicn (1,11.8) as )
b = W
In geoeral, ac the kth  itcratdon, ocmpate agk an
by, — [{Tlgklgh_:tﬂ_ig.rh_:k}gtfhl I!!"IS.‘l]l
and *top the procedura when ”‘h-"ul] hogoses amaller than & prescribed
walerance, thuc afaicunan thaz £ procedurs convergod. In fact, i x

! beconca infinlty, this seans that § f varishcs.

vanizhet, ULIEES iET.Tj-
But if this product vanlshes, then fram eq. [1.13.31), che gradisnt 9° (g}
alno vasiphes, chus obtalr’ng a wiatigrasy polot of the quadrazic norm of
fixl. )

Is erfor to accelecate che coavergencs of the proceders, dasping can alsd

h-nl intropdused. This way, inptosd of computing Agk froo oq. (1.13,13),



campete it fram

ip T -1_T
PR L] T.t
u’."k a ['3 t:‘kle[fk:} 'E “.‘I;jE{:EH: { 3.

fay L a0, t,..., max and srop tho dasping when

etz ,, <o, 2l
Tha slocrithm is iliuszratod with the fiow disgrad of Fig 1.13.% aml

izplemented with the subroutine NADARGE, sppearing in Fig 1.13.6

Tnizrd cates men
The Eystom, Ln thie caze, 56 underdeterminated and infinlcely nany soluklon

can bo experted -te exizt. Cub of these solutiorm, biwever, ohs can choowe
-~ .

that with a miploum hora, thus corverting the problem into a nanlinear

guadratic programming prablem, skoted ap
mlninlze :_:TE. i1-13. 1Ea}

eubject ta fix] = O 1,13, 158}

Oom way to FIns che minindzlng e of problaa §1.13.15) In wia the cothod

af Lagrange peltipllers.  Thus, dofine o new ohjsclive functicn
- sy = xx 4 1Lln) {4.13.36)

which is statlenary at . where it gradlent waniwhes. Thus,

¢ ‘Eﬂ] - zfﬂ * {'T[Eulb - ? 1.13.11)

Tha wystems of eguaticns (1-13.9500 and [1.13.37} pow rrI:risent & larger

syetan of awn coatlons (@ in {1.7)100) #nd = an {1.73.95% io s+n ynknOwnE -

[ eomporcatd of 3 and 1 componentd af :_::l. Hanae, the problem pow reducos

ta tho firgt case and 3o can be soived by applicatlen of the subgoutine

KRDAMF.

|raeceise 1.11.2 Lak

7 2
1 4{l:-x¢] *

L ?
Lia) = +hl—1:} t:x;-xJ
7 5 ] 1
+uf-z-¢asx1+ Sootane Foosx, ¢ -Ecmd:l

Tird its

La a scalay funztlon of a wechtor argquscak :_:-[zl X x x‘}r

b

Inielyl yuam
1.50 ;ﬂ_,)‘.-tl

~ 1

ongutin { At ha

3

Lros
rompatad the Jacobhiasn makrjn
2 at the cusrent valuse of x

I Hmal
triangularizas che Jasebian

Bakrix .E
{

HIIVE
cmoted the oorsection
Bare— 4 27) -LIT2

-

corputes [ ac the curront
value of g .

Frocedura
e YR

lm3~1

% wardly

N R VT Qo

[a-BAE - B
g

quare zolotion Lo ah overdetarmlocd Rehlincar algebssle systom

Fig 1.1).5 Flow dlagram o congmits the lesst—p

-
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Fig

TULACETLE BEIAHCE X FUH s TP P TOAL c AR W v M TTE R - EAE dRHOE S
WA P e LA DY P AT DL T A A HORHL o T LI D

- LHOR

HEHe ThI'R
CMPRIRRN. N
AHT TaCi
TOH

THTS FFOSRATL DRI ARRS GHE LT AT Dangr Son flrley e 100
LYSILA Fixda f W LE P AT ¥ ORLE &1 Al N -DTETHGT DT

BEING GRiCETLE MG M. Tiu PRAGEDinsE 16 YTERATING, MG

ITEEATINR b Db 1380 1 EALT LaEs SOLnrycy n
PEENELTAS =F+ WHEFID DF I8 T JRianisg it u o
EYySTCM: COMFLTCG AT THE CHRRECHT MSLC F ¥, T LI+ LDAGT
CRe g0 AT [hcl IICRATIAN IS FOUND WIA TGNSEHILYIR REFICECTIONS 1

H P P

NMICFLK A. ANE G. DAHLOUEISTs MUMERILSL METIENS, FRINTIOL Wali.,
EHGLEMUME CILLFFSs Hoedor §974. PP. D201-708. A4I-444),
FaRANEIERS :

x ee® M-TTHMEMS1CMAL YELTNR O UHKKODWGHE,

F ezt H=TITHEMSIODSE WEETAR CIF
IS TO DE MIRIATIFD.S

uF Lem @ ¥ R O JAEODTAH MATRTY OF T WITH RCLSTLCT TO X,

" vom UERECR OF FRERANETORG ADPOARING TN TUM ASDCGR RIOE. IF
DLIRENSION YALERS FREOM PROCLEH TO CRohicl.

T0L  ..= f RESL FPOSITIVE *SHALLT WaRIngD BTHETINDG THC INPRGCS
T TELLRANCE., 1T IG SHPFLICH Gy FIE VSR, .
DaHP . .= & REAl, POSITIVE WARIATLE, ©.LT. DAMF LLT.1. ¥T LENOIES

TIE DAHMPING FACTON AND TS5 SUWPLICDT BY THD L3Dh.
ITER ..x= A IHTCGER WAk IADLE
ITEEATTIDN,

HAX  ..w AN IMTEGER WnRIABLE

bt h ITCRATTONG.
KAMX ,.x kM FHTIEBER WARI1ALLI L DENDTING THE anlrhh RUMBES: DF
ALLOWEN banRrIRGE.

DEND| ING THE HAXIHUM HUMRER 0OF

CEUDSIIARY BUKKOUTINES

HECDMF & TRIAWGULARIZES & RCCTANGULAR MATRIX FPY NMSLZDIDLELLS
. ErCl CCTEQHS MR G 0., MATRIR , DIGCHYALUE AWML LCAGT—

SOUARE COMFUTAETONS, COMPFUTIR SCILHTE GEPARTANLHT -
StadloRd MIVTREITY. KRARCH, 1%73.0

HOLVE = SCLWES TRIMGULAKIZED STZISM LY HnCﬁ-;UB“TITU Ion {FUIEP
L. E.e BF. CIT.?

FLs = DOMEUTKS F.

DF T = COMI'UTES IF .

FHOEH = COMFLIIES THE MaxInbn MORM OF & VECTOR.

ITER=D .
LAl FUMNIEF . F-HiH? - - -
ITERITER+]

IFUITER.GT..AAX) G 7O 10

FARYS LIMEAR LEAST SoUARE FRCLLEH L
FHORM 1=FHlR={F e M}
ChLL DFINLXelF P eien?
EALL HECDRMEH Moo 1IF o LIY
CALL HOLVECH HoH DR s}

1,136 Lizeing of SUBHOUTINE wRDAMC

!

AATRLE 07 THE QRIS
bl PR

FHNCTTANT WN0DC CUCLILCAN NOTH

SCHOY IS THD RUMACR O TS CiRRCAY

oadr ey

ey 0

rig 1,134 Listing of SUGRAUTINE BADAHD

Liwd

SUHPUTL“ LDKEKECTION BCTSEEN Tl CUCCCSSIVE JTLCRATIONS
nl F1=1.M
ItFL It TI=F (1}
COMIIMIE
LELHOK=F MIAITICL A0
IFCRELMAR DT, TOLY G0 10 1 .
k=l

[}

IF LFLMOR IS HTJLL I ARCE, PURFORAS CORRTCTICH TO WOCTLR X

£ L4 I=1«N
T =Xt [ =TELTACL)
4 CONT InErE

CALL UUNERFPeMiN}
FHOWM2=FRUNEELT 851

OH F AT CURRENT WALLLC OF X.
INTRUDLCED.

TESTING -THE HORH OF THE FURLCTI
OGS #OT DECLEAGE: THEN naRMIKG IS5
IFC(FHORAZ.LT.TOLY GO TO B

IF(FHORA2 . LT .F¥ORALY GO FO 1
IFI(K.GT.EMAXY GO TO 7
N3 & I=21:H
IFLK.CE.2Y 03 td %5
PELTALL={NANF -1 . }ODELTALL)

GD 70 &
o CELTAST deTAMPRGELTALT )
& CONTIHUE
K=Kl
Gb 1O 3
7 WRITE{ & 101} DANFP

a7 THIS LTERATIDON THE NRRr OF THE FURCTION CANNOT DE DECRUAGLD
AFTER KHAX DARFIHSS. Oa=F IS CET LOVAL TO =1 ALD THL SUZRDUTIND
RETUR4S TO THE RALH FPROSRAM.

TANPe-1,
RETURN
x] WRITE(S 10N FHORM2+ ITER K
Lo ¥ I=ltH
WRITE[&-102) IpxtI)
£ * COMTINLE
RETUKN
10 WRIFTCLl&-104}ITER
BTT1URM
1qi FORMATES X "HAFE m* g F1& . 25X "ND EDHUERDFHEE CITH THIS DEMCTHG .
- T WALULE = s
102 FLREMATLASY » "CONYCRGERKEE REATHED. HBNORA OF THE FUMTTIZH <%
- F15.4//5%, *NUNDER OF ITERATIOHS :'-II-_A-'HUﬂr:F or
- snaMltIAGE AT THE LCAYT TITLRATICHN ' »I3A70X-"THC CGL
- I A -
163 FLRMATOSK SHE(IZ . 3 1m FLE.572
1484 FrEMATL10X, "HD COSYLRGENCE LITH -I3:* ITERATIONG'A

EuD

{Contlavad)

v

.'H- \

IF THiS



Ay

statignary redszte and declde whodler caoh is alcher a makimum, a
—inigk:a or a sad2le point, for & = 110,58,

thalas fifj could reprosent the potential enoogy @f & mechanical myscem, In
this case the statloary polnts corrcspond to the Following equilibripy

ctutos: winlpa yield a stalle cguilibriun stats, wheress maxina and daddle

pakats yield vnstabae STatas.
Eywtcle 1,13.3 Find the polet closest to all chres curves of Fig 1137,

Thede curved are the paralola (], the circle{C} anrd the bhyperbola () oigp

the fellawing aquacions: -
¥ W
ey e . ]
alaydan (H)

Trom Flg 1.12.7 1t ia cleay that mp eLlngle pair (i, y) satieflss all three
egacions simultrcosusly. Thers cxidt polnts of coordinates x
’ that minimler tne quadratic nern of the ofrtr of the zaid sguations.
Thewd can bo fousd wlth the sid of SUBRODTING KEDAMC. R prograsn wad
wrltten that calls KRS, Hr:m and BILVE to [ind the leatc-gquars
sxlucion to ega. (B], (C] ard (H). The found solutions w;ris

Firgt salictpon: x=m=1_£1537, y=1,_ 317824

Secord solutlon: x= 1.61537, ye1_ 17841

which are shewn in Pl 2.13.7. Thess points have aywmerricasl lecarions,
as puprcted, and lla alpoek on the elvcle ab abount equal distances From

A, and C, and Bi and B {i=1,3]

i i i

The macimun orrer of the ferogoing approslmacion was oomputed Az O, 13570

. . ko
o YEI i T

104

on

X 11Tl ;ﬂnl KCH

'F ITE I .';'.qlu'l. lan

Flq 1.13.7 Location of tha point closest to & parabols, w glecle and a hyperbels.
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2. FUNGAMESTALS OF RIGID-LOGY THREE-CLHEASICHAL KINEMWTICE.
2.1 INTROOCTII, The rigld Leady 15 Lefined aw 3 conTifuum for whilch, under

any phyaleallw assible moblon, the diatance bhofwoch any palr aof lte polnte

Tsmaln unchanged, Tha rigld body is 2 pathespricsl abstracilon whileh wdole

¥y dccuretely theo beluviour of & wide varlety of nabtural and map-—pade
- mochanlcal syzpemy wnder certain condiclens, Howewer, am sush bt doos oot

exlck in nature, sa nalthar da the alasclo bedy m;: the parteee fluld, The

theGrems related o Tigid Lody tmilans arg rigorounly proeved and tle founda
. 1 .
tlons for the analysis of che moclon of sydtens of Souplaed rigld lLawies

(Iinhagen} ara J;M‘ Aown,  Tho sein roswitsa in chis chapoer ke the cheokoma
of Euler, Chaslos, the one on the sxiitangd Gf an IRFCANT SCTew, tha Thoporea

af hroriwld-kenngdy and that of Lorlolim,

I.1 KOTILM Or A RIGID BOOY.

Conmldor a aubaet b of thie Puclidesn thros=dlmensioral physlcal space ooou-
pled by a rlgid body, 4nd jar x b the positlon vactor c!.t relone of that
bedy, A rigld bedy mobion la a mappling 4 wiilch mape svary palnk 5 ot D laca
4 unigus palnc y of & S8L 27, called “the ll-l.ﬂl" at O under ]

Wotx+y . f2.2.1]
such that, for ary pair %, ard LAY maTped by H inen ¥, and ¥or voapictively,
ona hak

Hey - 2,1 = My - 1,11 ' 2.2
The syxbal |[.]] dunotas the Faclidesn rom® of tha Fpace wndor conalder-
atlon.
It Ln. noxe shown that, undar tha above dlficicion, s rigld-body motion

proackves the angle Letwoan any twd linow af & body, Indesd, lot 51. ¥y

* See Soction 1.8

FAY

arl x. ba throo aoncoliingsr pelnes of & rigld body. Lot & Ba3 thait palng

1
inte y ., ¥y and y,, secpectively, Clearly, o
o - lII“

F] . e
”E;".‘;” - ‘E;'!‘z*{;'!‘]" 'th-‘:l'!ﬁ = "!;-!-ih IEJ"E-.I"E}"—‘I.”' -

i . '“5]"’.‘|“2 '2‘53'3.‘1'*2'!.""!‘2'%'”2 . -

tlmllarly, .
v 17 =trstvnyyyy = 1yyry 13ty ag0ped ¢ ilpy, 117
Yt =lrgtvadyryd = YY) ¢ D b
From cha definition of a rigid-body moclen, howevar,
1 . 2 _ b
I NIl e M
Thua,

“!:"-‘I-I11*2[51'51'1‘551’ *“"1".‘;“2‘”!;'?1”2

! -2ty e U1 (2.2.3]
Iovever, sgeln frem the rigld-body mocion definitiea,

P e B Dyl IR L TR
azd ) .
' Mage 112 = Mgy dt ' 2.2,

Thus ciearly, from {2.2.3], (2.1.%) and ({J.2.50],

©tEEenn) T BTy (2.8

|
vhich states that che angle (50a Lection 1,7 Deberss veClord igm%) arul
II.tl remalipd uachanged.
1
The faregeing marping H is, 1a ‘geaeral, panllnear, buk thafd sxidTe 1 clagy

(]
0 af magpings M, loaviey ena polnt 40 a body Flxed, that ace linaar.
- 1

In fact, lak 7 he & peint of & 71gid boady whlch remsins fhued Trdar 5, dca
_

podltion veetor Lulng tha Tero vestor g'af eha spage under Btoly (thli can
;Iu;y; ke rwarrangad sinoe ono has the froodea co placo tha aiiglp <

coordlnatas in any suicahle poaitignj. [at x  aol x, be any o polots of

1 H

4



this rigid body,

rroo tha praviocus results,

L]

b gt g e, 3 T Cwaw
' N i .
{Ei'!:jj - I'Eiflh g“_',”- i._-j"lu.! ! 1d,3.8)

Atguss [OT a moent that § 14 not llnear. | .

Lak
[ '

0100z, +x 0= [z, 190 1x,0) _

Than ) I ‘

* H A
il “lgragt (1ol lgte,poguy (1P -2:9:11 NE-IERE-UREE
F ?
Loyl ger e lgtag) | Praigie igoe, )
- gty ox;}.plx Jb-:{n[x1f!=:| Qlx, 11 )

1
whazs the zigldity condition bas beon lppli'lﬂ i a. the Mltim Ehat

“statws that, under a bigid bedy potlon, asy e pomu u: the bnd;.r ecain

multtl.‘lt.- l-r;uﬂn' this condivisn agaln, tbg'tuw:: ulth the MU-M

n! constancy of the anglo batwecn -.n:r two llnes of 'L'hl qull hﬂd]l' leq.
£1.2.61}, '

*

TV 2 : 2 z st
Hal 5= b, H e gl ozt o b [Pl g | 2ty v
et Phs PYEPRAELAE o PRI PYL) . . .

| i 2 ¥ H
o | PR IR T [PH Dt TR ET e P et TN T T M)

4

w0
froo the positive-dsfinicensds of tha bogp, theo
=0

tharaby chowing that

Gz tri=gix, beln,)

i.9. § 1s an acditive L T
N i

¢m the othor hand, liﬂcurlal prtsorvos tha angle bapwotn sry pair of linos

of 2 rigid oy, foF ur glwer roal puabar p>d, ﬂlll' aml Plul TS PATEl-
i

1.1, i.s. llnearly dependent (far x and ax 4re pu'lll!l an Hﬂlh Hansa,

gnuf:- = hgia), B0 . 2.2, 9
Zince ¢ pnluzvu'uu Euclidaat parm, '
Ilgfmtl [ ol [=lal. 12| : ERRLY
onmuth-rhand. fpom wg, (2.2.%), . .

{lgtaxiil= Ilwmll fal-lgoxr [[={s]-11x ! {&.2.11

Banc#, eguating (4.2.19] and {I1.1.31]}, end dropplog t.h- absclute-valus

brackets, fop a.fy, .
o= N
1 4
and . )
glaz) = ogta} : 12.2.12)

and henca, D i & honbgendoul CRATALT. Paing homeondous I.;nd pdilitiva,

g ie Lineac. The followiog han thus Deen proved, l

mcfnrﬁ 2, 'z I T§ @ de o négéd body motion Uuu feaves a w;lr'-t $ixad,
Lhea -1 id 4 Limzax Iages formalion. i

From the !.'arl»gr.'a.nq dl-culllnn. Q ls reprodantable by meany a[ & Jad matrle
capsrTad to u certaln t._u:h Ltheorom 1.3.11 ] |

it l-h..r.;:.-!:; ia an arthonorpali*basia for tha Sedimennicnel Fuclidean

& Thin proof ls dua ko Prof. C.5. $ldhu, Ioatituts for Applied Mathemarics

[T-T-) lj'it-l- nlu.tc.‘n, T. of Hexlog

1" :'iuijl - l-u m. % Kronacher delta)



ipaca, the ith felukn oFf tho matrlx 2 i formed from tho cooffloiente of
g!gli capreazed La torma of B oaccerdiog o Definktlom 1,2.0. Ja fach, tha
rosulting macpls 16 Crbiwg-nal. Slrce § 1e linaar, gtfl CAN Lo aXDTEReod

'iup].y as gz Mo LE

-

y - o

-

then
ell-1i

Hanca

-,T:,--;TQT - nrx, for any x

7

banie, cleacly’

99 -1

tha i3chtloy matrle. This TeEult can than be atatod aF
THFGROA 2.2, A ndpdd boedy ewntien feawlng ont podnd fdued & tephiacited

mith redpecl €0 an Catkoapmat babid Dy an oathegesal maliix,

2,1 THE TMECREN CF EULER AKD THE RIVDIATE RATRIN,

In the provipud soctlona ic was shekn that cne metion of ; rigid bed; whiek
koeps ona of lts polnts flued can e represantod by an nru'-i.k;c:'.il Jx1
makriz., Ta view &f Sect. 1.9 thace are ewo classol af prthogenal mascican,
dopendlng on wiacher bhely dccorminant i piﬂ.ﬁ of abnus utni";y. Brthrounal
macrices whose datarminant ke +1 aro called proper erkhononal and I;::I':Mm

whebe dzteamindnt le-1 arva callod loprocer ortrogonal -

brapar orthogatal matrices refrusung rigid body rocacions, whereas Z=proner
orthogonal maccleed repressnt cofloctiona. Iofeod, cootldery the rétstion

14 l.l_:c: 11,!’].2‘ inea IE'?Z':E an slcwn §n Fig 1.3.%

ralatlonship

Fig 2.)1.1 FReration of axon

. 1
Tha matrisx reprasaptation of the above rotatlan ls obbalosd fros B

i =k [3.1.13)

-2 =1
27,
' |

LR
whare EI']"‘EE roprazsnt unit vectors aleng the ¥, and K. aAvs, rewpactively,
. 1
Wiy, Fpom eqe. [2,3.1%,

- 1 a a

[g];. e o -1 12.3.2)

o 1 [+

{e), means the revation expzessed in terms OF the Baste Ix.y,.z "
Cluscly, | ' o

dat lp'n-l
and thus i.l:I la ipmpcr urmnqanal.u;.rix.

On the cther hand, censlder tha rofloction OF axam K, .¥,.f, inta



{s..7 z‘z]' a3 showsn in Fig 2.3,%

2
5.1 2-2
*
f ik
*
Flg. 2.).7 kafleciign of acwid
Hewr,
umn, N 12.3.1
Yo=Yy
25
Hanoa,

dot @ = -1

f.am., O as obtiined [rom [2.1.1} la a refleoctios, Applicatlong of reflcoo-
tionm were studicd §n Sest, 1,1Z.
Frok Corellary 1.9.1 11 can e toon that a ) ¥ I profer ortleganzal WALTis

haw exactly ong gigenviloe &Qual ta  +1. How if g le tha #lgeavocter of

0 sorrosponding to the ciggnvalus +1, it folléws that

e = @
and, furchepmere, for amy sealar a,
. foa = g i

Eroca nli polkes of ctho rigld bocy lgcated aleng a line carliel to g

pawding theougn the fixed palnc 2, rematir [lewd uhder the rotatblon . Menow,

-
-

the following result, due ta Fuler {2.1] o

THLN £.3,0 |Eutex|. I o vigid Body undeagoes a dédplocatient £15,0ng ot
of Lis poindd foxad, ke LhetE Pxubfh = Lk prtedng fitengh fhe Coeed
pednd, apch thet afl of Cur peleid an et fdee tevadn dlo2d Jundt: e

displacomens, This Linz b eedled ~ghe 2vid of seinlion” and th2 2rgbe

Aofatimn £b peaswied n oo plane peapendizulat Lo fhe deds.

Tha pair'x rapresenting 2 rotatios ja socatizes refecced o an “fhg sevoloog™
|

C_'Lml;],:,-‘ Jthe rovcalbe ia coppletely decarmipsd by a ecalar piramator, che

argls of rotatloc and & verzor, —he direction ef the ax:s of zotazi;n*. Sre:

the foresclng discumdlen ic la cleay thac tho direccion vectes of o4

Tevdlute im obraired ax the {ubldue Jipeariy fndependent] eiflcnvect:-: -4

tha rovelute assaclated with les + | gplgenvalue. The angls lE! rorazion

I ol:ul::ed 2% Iollowd

Frod Fuler's Theorvem, 1t 1a always posslble Lo abtain an (eriionoeril)

1
. i6 parallel o e axle of pougticn.

il

ramlp p= [1_:1*‘_:'1.2.!_::] suzh that, say E’l

1:1 ant 92 thua lie i 4 $lase perponpdiculac oo Lhla amie, The ritazian
woald then tetato tha wactozs through an angls 6. Lat 1'3l and b, Ca tha
carserponding Lkages of b oand b, atter thw rotlltinn under eonsideratlon,

cprgeanted grar=ically in Flg 2.3.)

r Thegs marameblick afo Aleo cAllead ~phy ivarlanti” of tho paweliote, for

trey remadn uuelanged cnder difforont cholcoes of coardipatéd dxea,



Flg 2.3.3 Aotation chrecgh am angle ¥ about asls B,-
Then

bi-coslh, spinkl,

E'i“'““’?;"‘“"i‘z {2.3.4)

Byt
lm:d it followa that
s B -min b 31
f{_}]l = |min® cov e o {4.1.53

[ b 1

Tum to itd kinple and lluminrating fors. Qv seons juscified to call atriy
{1,3.%} » "sanenleal ferm* of the retackdn matrix.

Patrclfe 1.3, Davice an algerlthm te catry any orchogoral matrix ipks
ite canonleal form (2,7.%).

Let & rowelyse matrix g be givan refered kg an azbitfacy octhoncrmal basis

a= {2 .8 .u }, Aifferent from B am defined abews. Furthormers, let

(el = o, %, ¢ b, {7.3.6)

where
. T

By - [1?‘1. 2j,]:”] s 1m0
b,y Deing t2a 1:b cowparent of 2y raierred to the haals A, i.e.

SR PLIRL TS PRI
Binte both & and B aze crthonormal, [E:'Ih s an ortnegenal patrix. Thus,
the canarical fora cas be ghralesd from the follawicg similarity TrALSFOrma
tion

(&s -{IST],,[EI],,[E'],L (2.3.71

fron thw coromleal form given atows, it le apparent that
Trig} =1+dcoss

from which

B m"i%t‘:‘:[g]n-u} (1.3.8)

is readily cbtalned, Jo ahould ba poinced ou Thi:, alncs tha crace bg
invariape wndor similacicy Hansformabions, i.e. sipee

T’[?]n =5 {"_'E]n .
Ond Can coiwtd the rocatlon angie withoyr Traneforming the zevolute caerix
Iato 1ta caponleal fapm.
Bf. 12.0.86), bowever, yleids tie angle of Totatdn throogh the com | functlon,

which L8 ewven, 1.0, m_1t-k:-cus-1[xll hence, che mald Tormala 4o#a nop

provida he elgn of the angle. Thia £& roxt detcrained by applicagdon af

TEaccem 1.3.7. The prool of thle theorom nesdl sooe background, whick i

now lald down.

In wiak followas, Syadie rotatiom wlll ha uweed®., Lot L be tha axis of g

* For readers unfamiliar with this retatlen, a sharr aceount of algebra of

dyadlos la previdgd ln apposdix I,



rotation arout point O, Wnoss txiFtonce 1f guarcnbtecd by Fulrr's Thacrem.

Mopeavor, lok § e the socrempeMling ongle of recatian, as ipdicatgd AR

Fig 2.1.4, and & 2 unlc vecter parallel 1o L.

Flg 2.3.4 HRotatlan about & palht.
In Fig 2.3.4 P 1§ the rotated posiclon of polnt P. If PO Ll perperficuiar
ta L, #e [8 P'2, becauss rOCACIOnA proserve angica af ricld rodles. Th:ul
polnte F, F' and { detormine & place perp-;mﬂcuhr La L, on which tla angle

of rotatlan, ¥, 1% mewsyres. From thet figure,

e F T
nd
Gei-F
Hepsk
o=z -TF o+ [2,2,8) -

Let JP" b& & it conthined Ln plane PP'Q, at right angles with llzm BQ and
af lengib equal to thae of OF. Thus, vactor -Q_i':l can bn cxprosedd &5 b lipoas
cowtingtion of vectors ©F and TPT. Bae

ﬂ_];" =axr f2.3.16¢

H i
r
wher i : !
Q_r'--1g=-;'_5-- W oicox gl : {2.8.111
which can razdily bo praved. * Besidas, ‘Q_‘F.' can be ﬂIPI¢==rd a2
E' - C_F: ma@;- aimd :
which, in view of ega. [2.3,18] and §1.3.17), yieldw :
T -~ coabaxin 3 g 1 + winde 2 T '- {2.3.13)
sunatitusing wga. §2.3.1010 and (2.3.12F Inta . [2,3.9) laads La
e raxigagr)-coao X Igx ) v ilchasy (2.3
But I.
gx gl =[a.rle-(s.8lr=les-l.r ) 12.3.14}

b
wheed 1 iz the ifentley dyadie, i.8. & dyadlc that im lsomayphic o cha

lagrtit: zaerix. TFurtheroors

axkr=1,exzc=1x4a.v 1 {1.3.15]

wiors Lhe 45t 4nd the point have Deah sxchanged, vhat ic posticle 1o da

y virtos of the algebra of carcesian veciord. Subetitutlng segqa. (2.3.14)

and 12.3.35) ints og. [2.3.13) ofe cbhiaing :
£ = p o+ {1-zcafige=)i.c + sind] 2 @0 = .

- [l'l—znnl]l:s + conlll+ #lnd] x g]-{ - '

- ez ! i2.7.16}
ik, p' has been mupressed as a lineds transfermation of Iiw.-f.-n:r.m' r. Tha

dyadle -;:\ in then, isomorphic fo Bhe poration matriz d-:rirfod in Sectlon
2.2, That la I:

1:_2 = pg + [1-sajcosisdlnd) x & {1.2.17)
Cie can Row prove the folliswing )
THEGROM 7.3.7 log g aigid body wndingd o purs koipiiom ghoul & fiaed
point @ and dat £ and 5 b tha dedldal sad fhe final positdon urctoss

04 g point of the body beecaored from 0% maf Lyisg ox ik aw{s of ert=fim

et - —— -



fr

Fusthounsse £ed T oasd ¢ be the anzfe af rofation and Lhe walfl vecfas
pointing in the deteciien of the cafafied. Then

dgnlzax' glasgnle]

Froct.

Appslestion of eg. {2.1.716) loads o

rar'={i=coap)je.rlrrusBlapre jaxr)-

= [1-case) (8.chrxevsins {ra- 1. 0)x)

o]z
Thum,
e’ -emaing {7 iz )
which ¢an Le reduced to
[kr'.a - I:zll.nl-nin:.ll;qg]
uh.e_:.- 7% Lla tho afyle betweon vectors I and . Hance,

egn (rf " . gl =g (BLng]

wyniEind besgnia)
for sinl 1-11 an oed funétion, Ll.o. wip (- ==alnix).
Finatly., Ehes

agn(rxgt e =bgRid}l,q.9.4d {i.J.1H]
In comcicsien, Theoren 3.1.2 allowe to dlstiequish whether o rezation in
the specified dizection ¢ 18 elther thoooga an angle 4 or chrowylh an
angle =8,

Eweceiwe F.3.7 Zee poard p' oo tho dndtizd and che Flral peeitlon vectars

of a paint 7 of a rigld bedy tndergulag & screw notion uheds TCRATIOA FAKT 2L

im O, Ehow that the displacemunt pr=gp 1les im cho pall spaco of ?_E

Excceime 7.3.1 Zhow that Lke tratd of a vatrds 1z lovarian: whdes similar

Ly transformaclons.

Execcice 2.1.4 Show tlhak & revaluta matriu § has bwe complex con: loake
elgenvalugs, A amd A% = complas conjugate ol k.

Tyrtbormars, Mew thAT
Refi} = ¥ {Trp-th

Wt iF the rolaticnahin botwesn the complax olganvalucs af Ehe pevelute

pautriw ghd icw angle &f rolatioz?.

1o the ::re-;uhl'h: PACMGrATES [he FEVCIceo RALrLX wax Acalyzed, S.w, it
wak shown [wnw ba abbalh its lovarslants when tha motrls e kocwn,

tha Ilovarde problem la Siscwdsed Rixt: Given the axkd and tke ang.e of
reacion, cvtalr wa revoluts calrix -oferrod ko & epec Fied agt 27
Gooriinale axal,

It ig apparent Ghit Lhe DONT convenicnt basis (or cooriinate swes ' foz
rapresenting Ehe cevolach matriz ie the ome far «Sich eble tases £z f:m
carenical form. Lep BAow {E'.Ia]:lz.-?;] b ilis lmeis, wheza I:'u:i caineldgs

with the g-ven revelute axir, and b oand b, are any pair &f erthessrzal

1 H

vookory Iylng lp the plane perpendloylar to h!'

korce, (O], appoarw as in oq. ¢2.0.%), with given 8, Lot & ={a ...}

b on cthorormal tamls with cespact Lo winlch © L6 to ha represontei, and

et



-y

(el Py ny),

ba a matrix formed with the voctozs of B, Then, L1t ie i::l.;u u:_ut I
- [E]l'{frlh{?].{frlh

lmglvl 1.2.1 Lak

1
? ]-! 2 1

- -1 =2

L]
"-"\cl-_rify whatker it im orthoronal. If it la, Sod3 It repacsent ; ot ion?.
* . *
If wo, dsacrida the rotatlon

‘éluuﬂhl

~1 =2 2 k] 1 2

ol
a
w
o

=1

ER. L2 i 2
] BT 217 3 A %
Mth‘i 3 *]-_1 E 3 (3 1
1 3 1 3 ¥y 3

74 @ 2.2 .4, 11 4
28 2 23 4 11 4 .
s ettty ot

F r L
Thot 0 4e & rroper Grekogecal oatric ard conseguently reprasents & retatlon.

T find tha axls of tha retation it la nlculu'.nr to find 4 unic woorer

efe, 0,017 wuch et

.o,
L.e.
L n r [N
. \ ,
e | I 1 e, ={ay |
-1 =2 2 .o .
Hance

! o N
getting |le||=1, it Follows that 9= =3 , and

ey
-..'1-..

Thus, the axls of cotation i pazallel uo the vector 4 given above.

N PR : i
. To find tha angla of retatlon i &R BVen slmpler mattor.

-rrg-%[z;h:} -1 2 cond
1 :I_ [
Thﬂll-mq%l = —G0*

-

whnry upa was mids of Thoorem I.1.2 & tind 1he slgn of B,



Exaroia 1.3.3, l‘.tli‘l'll.h; tha reyolots BATrlx repressencing & rotation of
90* alaur an sl having thros aqual direction cosines with redpecht ta

the X, T,2 axea, The satrix should ba aafrecesd with suspect to thels

" nxed,

ﬂ;lut_!nm

Lot B - {51']3;-'3]] b sn crthoroyma] basds with raapact to which the
revolufa i3 repruiented 1n ite ganonical foem.  Lat EJ ka colncldont with

tha axls of rotaklon. Claagly
3 1
b, =
. 1 1

It remaing only pa determinag bl and b Clasrly, thoss suut wablafy

.
R e

RSE i e )

Thus, tha coecopents of b. st datisty
atEeyEl,
P
ﬂz'!.}"“l' =},

It 12 apparent thab one cOmponent can be Erdaly chosan, [at, for exanple,

' [ N
Henca,
5+ =0
B:+ 1? =1
from which *

2 %=1, Thus g -if",r-l ."i;

Thuw, chioaing tha + sign tor A,

Fr

] " ¢
oif 4 ,
5 i
!2 can o obtalned now very sadlly Crom phe [e£t 04K ?1"31 [T 1_:1 EQnLL i-

tuts an crthonormal right-hard triad, i.a.

1
x b - .'L:- (-200)F

byby

r
With respect ta thig batis, then, from wg. [(2,2.5) the rotaticn satrle
L]

has the fora
4] =] Q !
.= o o I
I . )
a a 1 Lt

Thus, 1-::1;-; A ba the batis Jdefined by the glven X, ¥ and I auaw,
o
a S B ¥y
. [P]A' F2r2 A sl
-¢1s2 ek A1) T
.md,l from eg. (1.5.td}, difining tha following siedlarity transformation,
H I H
RIORINIEN ;
0 i L . - !
H‘ith'r[Q]‘ i Lt cancnical form, the yavolute Batels Qs expresusd wikh

chkpait O the X, T,.X axor, is foend to ba .

SR T Y) '
{0 ., i, * !
=z 1+ﬁ 1 1 -"'3- ,
-¥T 1+ A7 1

1
Fxar=iee 2.3.6 TIF tha Dlana
.l +yrz+1=0
I pocated choough B9 abowt an asls papding theough the palnet {1, 1. =1}
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' ';:', what l& the nq-uuan of the placs
]

and with digection cosinaa

oy
b T

1l {18 Biew pamikiony,

. | I
L:q;che 3,1,7. Tha [our vartlces of an squllateral tetrahadron are laballsd
: - 1
A, B, C, wzd B, If tha utrl.hld.rm ia yoratsd in such & u:-r chat &, B, C,
1 ! i
a.nd. D ars wapped inte C, 5, Il. and A, respectivaly, find 'thi axis &g tha

3

angle of the rotatlon.
[ [ | .
What ars ih. pthey potatlions alallar 5 the pravious one, Ll.s,, whizh wajp

wvery vertaad of the tetrahedroo inta mthgr wiltax?, -

111 thime mutmm, togathep with uu :d-ntur rormelan :th oha luvlnr.-

th. varticed pf_ the TACrabalyos Lashang ), nnnn.ir.uu 'llu 2 TMErY FLouT "

or th tetrahsdron, 1 \
bl

btlrcin 7.3.8 Givan an axis A vhose dirwctlon cosinas are | % . :

-1

wil:h FERpact to & aat of coovdinata axaw m. what is the matiis rezresen-

STRT]

uﬂnn, with Taspect to thess coordlaste axey, of & retatlon ahnut & thaaugh
an Ahgle 20707

Exurciin 2.3.% & squate macciz § is sald o Do i.uupo:ut H Lndu & whene
avogr & 15 the wsallest inteqer fox which the Ll pRrer o'.' A pacomes the
! - ST

idantity matrly. Explain why the satris cboaipsd Iz Fasyclse 2.1.0 abould

1
be ldsnpocant of indea n.
. , , .
Exwroles 2,1,10 Shiw cthat sny robabion mabtria © can ba axprazesd aa
Ab . =
fm

1 . '
whage & is u pllpotan matyle and 4 is thae rotsticon angle. what ia the
i -l ' ! .
relationakip batwsan matrix A and tha axls of rotatlon of 07

“San Fect. 1.4 for the Aefinlclen of this term

11 . F
rgupeien 2.3.11 The eguatlon of & throo-axes allipscld is glvon ay

-

1 F) :2 ,
x Y i
—;- 5 3 +T-1
& ] =

F o} ] ' ' ]
what l¥ ite squaklon sfter retaving it through an angle # about an mxle of
i L : =
dirpbtion puabars la,b.c]?

1 H
2.4 GRATME OF ROTATIONS.

' 1 f [
A gnlnup im & wet g with & birary oparaticn & such that
' n
1] M w snd b e g, thea sdbid .
. -1 N 3
L1y £f w,b,g  then sf[pdo]=(laph] o 1

' :
141} | § woataina an wleene i, called the Ldenticy of § wnder 2, aych
ti:ll:, for avery & c© g

wl-i#l.;l
Ve .

iv) for wwery * € j, thore éxiste an alesant denoted ' :5. called K

! .
' imrru of n under 0 much that .

lﬂ'l'l-1 - l-iﬂn n i

H'H::- :t.hn Lo che above daflaltion Lt ix not requiced that the group ber

W.nu.tativl:. i.v. ThAC a0beBJa far mil -;.b:g. Commutative groupl are &

:p-r.:urd c:l..li.il af -g!uupl, called aballan g;rmp.

Fony .-x..m,iplln of Jraups arwy - i

al -r!ru M-'::.Lrli sxuabats 1,2,04-, 13 o0 tha facw of & l:nch-utinl. not
q:i;-l-'t-l ::: similer) clock and u;- BFII‘II‘.IGH kom corraspondlng e
-‘:h'.u: v cluk hard from Iocatien k ta location X + w”, wiars k
l.:l; n :.:‘1 :I:?.:I.I!I-‘I-I.'l]. nmbors batwsan 1 and 12, O cowrsa, IF K o+ mrld,
It.{bll xtl:a.lt.;.l:q rnpl;ltinn in moynt te h'll ih + m] H 1i}.
P

b} The eet of rational mzbers with the uwsusl sultiplication oporatien.

[} v "

— cimEman . oams Fanoma.



Lr s

£} The 3t of lpteqers with tha ymual algebriie addition operation.
-
Tha cot of intagurs wich the mulclplicablen cporabion dg oot conukituta

& group (Whyr)

JExoreisa 2.4.1 Show chak cho sak of all tho rotatlocs cefecced 02 in

Duoctélea 2.).5 acoually conatitute a group,
|Exdrclane 2,4.7 Hhat ls the ayomatry group® of
1 i.nr leagalindren?

LY "a puqulir penthgonal prisa?

111} & elroular eylindar?

vl a lpl'l.uﬂl
It la cloar, frem tha above dlscus¥len, Lhat the set of all orthogonsl
matriced ponatituts & group un:!t_r ruu'i: muleiplicacion, Ia partléultar,
tho £et of proper orthogonal matriced constlcutes s group under mabriz
Il_llll;pllul.lon. but tha lepriocer et dcen mot I‘Hhr?l.'

Ay an spplication of the qroup proporty of ratations |::|.-, ﬂiuivalqhtly,

of preper octbogonsl catrlcos, arbitracy rotaciond can b4 formod by the
coapoflilon of succedsivg wlmole rotatissne [Bew Eganp'.l:q 2.4.1}.

Anscher applicarion La {found in the cooyoslton of rnta-'r.lpru using Fuler'y
anglas {7.2] o '

Exarnle 2.4.1 Rafurrlng to Fig 2.4.7, find tho xatrin reprasentatlon.

with rospact to the X ., Y., 2] angs. of the rocaclon chat caccled verciced

1 1

M and B of the cube inco A' and B', raspasclvely, wldln uniru;; vlLLlex
O Clepd, &' and B' lio Lnithe ‘:121 plane and polnks A, O &nd G, Ak

colllraar, 45 area B, F amd E.

* 5w Exnxcles 7.1.5 for a deficiclon of 4 wyrratcy Qroup. >

LEY L
' /'!z3
. . 1
I 1 s \
! | v .
| /
. | | S i
! & i ”
t “ '
|
| s
+—L——-m—:J¢-—-—- o - T,
o
-
F H
F
f alr !
i B |
]
1.' . '
R T Flg I.4.1 Rataclon of a cuba

4

Eluciong
=

1 i
tat ['-:;r1 2]1 b the matrix repramancing the rotablsn &f wods laballed 1 Llops
b

thoss Zat#lled Iireferzad o aues 1). Than, lettlng ¥,r ¥ and f, B9 ounit
¥ectors dlrected along tha = ¥y and I, axu, raapwctivaly,
1 - ™ ;
Byo%, =¥ m 3,
T OO PR {] '
H 1
1P Rl St .
from which t
Q - . 1
fo =8 v o :
! 1 0 o

a L "
Hext, rotate axes labollod 2 into axos labwlled 3, Cnll thds rotation

Clund wharpas 1t wouid carrcy axzis

r
Quyr TELE rotatlon would loave axzis X,

X, ines I, erd axie g, inta =¥,. Hence,



Haad ° 5
"k

nh 7Y

fogdy=l]o & =
=3 1

L=

Lat D:I.‘i ta whe rocacion meant b0 be obtained., Its matrix can e ctoputed

than a5
a g =1
EDIJ}l - {':'2111{':1:]1 i e £
¢ t o

which could ales Pave en ciobslned by moticlng that
' .

P TR T

Gy =¥y
Bty T iy mE

Farzriz {p reproasents a rotatior chrough an angle 2 = 1od*abocz  an

.1311
axie with dfrection cosineg -n,p,0- Although in this example che potatien
could be oltained by an sitornate Sethod, in many cases, sush at =ha one T
in Eserciss 2.4.3, ho use of rpratlan ceongaielan soema to ba. the simpiaic

cortbead

Frereise 2.4.9 betormise the asie and the argle of oo rokation zarrying

axos X,¥,2 dirte axes E,n,0 . oB shawn 1o Fig. 2.4.2

Fig 2.4.1 Rotation of axwes

Fyeseiza 3.4.4 The cebe appesring in Fig 2.4.1 1& rotszed 45" popux
Ex€-crid +.8.%
Alajonal O, Fint the macrix reprassntaticn. Wich respeer oo I'I'YI':I' LH

this retaticon aid the dlecansa that wercox B ia Jdisplaced cnrough,

2.5 ROCRICURSE' FORMULA AND CARTESTAM DECCMPOSITION OF T7F ROCATIC: METRTM.

The lnage T, of a Cartasian wecIor £, urdey o rotarfion EMrough AN Lmglae
§ about an axiw parallel ko the unic vestar a passing through the crigln
of coordirazes was shown o e {Ses Sectlon 23]

T, - [{1-cauﬂ!gymsﬁluinﬂle].r1 (2,814

muitiplylng wech Eidem of e, [1.5.1) times ¢z vields
—tamexir. +F.] 5.2
LF ikt P 3 s

whickh la caZlod Zadcigues’ formula [2.3,2.4]

Form [2.%.7) of the retabtion dyadio 1s advantagoous singe it shbws

capiicltly U [nvarisnts @ and 8 of the roraiion,



othey wseful u[u:u.s'mn of the rotailon matrlx is now darived. Letiing

& =luvol”

the rotation catrly can ba wzittcn am [2.5]

Q=R + T coad + | wind

whara
u’ v ur; ¥ 2 —uw
E - |uv \rz U . E‘ = |-y uz-u:
v | =L -y
and
‘B v )
! - w o -u
- u a3 J

Ih fatt, coppubing the dyadies lrvalved In sspressien [2.2.77).

.ﬂ'lﬂl'v:thﬁ_tl[uévv:‘tv‘:;:n

witg v uvig + ol -
TR T

o b

-wj-?:‘.v
Fi

+ oyl s wwk] oW E_l
- H

L PR

=
=
i
E

‘!-E + jj - {-5’ E Iuér'ﬂ'ji'wlij-

witelovitn] rwiink o

+

wigrdeviizy + wilnk +

* ket v vkkx + vl

!:!*jxj-knk-ﬂ

[+.5.3}

12.5.4]

1550

15, 5. 90

{2.5.61

§o.5.7T)

{2.5.8]

12:5,.%)

and .
ixjsvj:i-f.i:h'-bxi--é [2.5.50,
Jak=—kaj= LE I

* Thus .
1xam wl]+vik

« wil -k
- vkl + uwk) (2.5
- -
Dyszlcs [2.5.8) and {2.5.7) can ba writiesn in satels Torn as
“2 =4 ke Q - ¥
fwa) = uv v oowf, [ = (v B 1.5,
I e e '2 -y u o
ar]
viem? oue -w
{1 - E"."} o e (2.5,
-1 -1ne L

fubstityrlian of matricen (2.%.10 and (2.5.13) Lnto ey, (1.3.77) -cads

dircolly to e, (2.5.a]. Thim cxproséion of Dalels O i very ukelul

tacanaa 1t allows cre bo dotoraing the xiga of & wichout recuirir; o

compute the lmags ¢! of a vagtor ¥ urdinr g,

tndowed, from egf. {2.5.52) and [2.5.50), it iF cloar that tatricesf % and

I are wymmekrle, vhoreazs F LW Liaw aymmetric. Hence, and fiom ThedTi@

1.7.1, P gind tan ba cbralned as
1

!li.n.a-t

-

[2.5.%:

f.v. 0. [2.5.d) can be regarded ad the cartesian decompasltion [ beot

1.7 of matrix . Wow, calllfg & the Lth compabwent of yettor § . 3%

glven by &1, (2.5.3) and takhng definitian {2.5.5b) aad ef. (2.3.04] 1w
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ACCOUNt, ond obbaling
. 1
-uiunﬂ "3 !qn-qul 2.5.15a)
i
eatlnﬂ = [q”-q“! {25, 15b}
13.5.15=)

1
el AL PPRLPPL

Inereduslng the alrernatisg tensoy LT dotlpned as

+ T,if 1,3 and A 2re in cycllo order
rijk md -1, if 1, ard ¥k are Lo acyelic opdaor
0, 3f at Jeast onc lnpdex ie Zepwabad

ogk. [(2.,9,.15) gan 5@ wroibtan &g

1
el R TR PR L

fron whilgh, LE EL doad mobt vanish,

45
egni = g, agn (mdedty
14 a2

follows divectly.
Excrcige 2.5.0 Glven patrices 7 and P, ad defined 1o ege. [2.5.54) o

{2:5.56}, prov¢ that T = E= and device an algoritha to compute F given 7.

Exercisg 2.5,2 ko o, [2,%5,16) ta determlie thg Bign of § fop e polatier

Datrle of Teazple 2.3.1 and verify che resulc rhue oxtablmod with the one

slebtalned previously,

2,6 CENERAL KOTIDN OF & RIGID MICY ARD CRASIES' THRODRT

In the prov.zas sectiond ooly the ootlon of a rigid body apcut m fivod peine
wad Clzcuwasl. Thore are rigid body motiond, howewsr, with me Fikol poink.

Syuch Eotions are studied in Lhie Beculon.

Conpider & mocign grder which are polec is dlsplaced Srek A to A' and spocler
ora ks dieplaced fpom R to P', a8 shown io Flg 2.6.1

Thils mation can tabe place in any of thres di{ferant ways, namely 1) any
puly of polnes AR of the Sody wilergo a2 éleplacamart o A', R', respoctlvely
in #uch & Way that line A" R' iv parallol to line ARr thle motion L= referrad
Lo wm rure tranmletiooy 111 a4 1ige of the body ramaing fixed, iR which case,

acoording to Enlec’'s Theorsm {Theores I.3.1], the motion ls zefeczed Lo ax

Jurs rotat lon;

Fig 2.6.7 Gederal motjon 6F a Zigld oy
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1141 ma point of tho bely romains flxed podug the rwbion, 1n whlch c;n 1L
18 ceferfts o ad gereral motlon.

Tha mation fram sonflaqurabian 1 to sonfiguration ? gan be Teqarded a3 the
cocposition of tuo potions: Fhrst the rigid Lody le displased Sron 1t I
withoat aoy rotatlion. Ileney, the llnae conbdcbing any palr of palnza in !
aps parallal to thosn conmecting chom in the intermodiate configquratign I,
Sloce this L= @ rigid body agtios, the length of edch seqhect romaiss
pnehasged.  Thue, letting a,a', ¥,r' snd £ o the poRition veceora of
pairts AR, B R atd BT, regiectively,

L EUmateg-e ' (2.6.1)
nu:; ta caks the body :intc; Ltw final econflguration, ¥, & rigid body ratavion
IE, aboyt talct A", cust be pertorbed.

Thuas,

[reat-pirt-an) {i.6.2)
Hulatitution of {2,861} Into {3,6.%) and rearrangement of tie termd ylold

froarspir-ar {2.4.31
whlch iz an caxpredslon o the final pesitlen B' of Any palne B of Ehe plgud
hody ir tarme afs 1) lem inftlal position, §r i1) the inkeiad ond the
final pasbtion of any piler polnt A, and Sbd) the retation l':\ accgmpanying
the zorlen. The above axfrosalon geuld Nhave alse been obtalned coptidering
furst 3 rlgil body ystatios about oolex & fyom T te an lotermedlsis confiqs
ration I' in whieh all llnes sornecting aby pair of palnes ara parallel ©o
the carpegpording lines in 2 and, since Lhe mation 1w rigid, the soqoente
thus Safine® are of equal léngehs; chan, perform a4 pure trénaiatloa Izom
3 ota 2. Summrlelng:  The general metdes of 2 rigud hody 1s complataly
defloed by the Saktial ard firal posicions of sny one of it paints and

the retatlon lnvalved.

Erorglse 7.6,1 b.aln og. (I.6.3} Ly perfocning first & rotatlom and then

2 transiation.

The maln rosult in this sqctlon is fhaeles'Thocrea, which states that, given
;_”!'_ rigid bosy displacemont, it can always e Chtained as the rotation about
a line of the bady, known s "tho korew aciz*, [ollawed By a translaclon '
parallel” to the rotation axis. FKoreovey, Che €lsplscoooats of all palces
of the bedy alcsg bl scraw axis are of mipipam magnitude. The digplacemant
vestar of &4 PoiLt 1y deflred af Uh4 wectyr hetwsan the Tlral and the feitlal
posiviens of the palnt, e.g. the dlspiagoment of polot R in the provlous
digcpanion Is ’

wegter-aeglealor =

aT =P =TT f2.68.38)
From mq. {2.6.3) notlce that ¢ i8 & llnesr fusttloo of one slnglz waelable,
£. llence, tha torm of 1L 1N & linsar functian of ¢ only. The eguara of
I;J-J-; noro 1e quadratic in g and Ie clves as

ptr)muTumy T G-I T (T pe 2 tat-at TigeTire fa'ga) T -gat {3.6.4}

The tleorsm 3n now prowved via tla mizimization of $ip). Thie funclbien has
One axLTESZY AL tha polnt Iy vhoze 1':£a1-g, The derivative ¢'(z) is mert
canpueod, and zarowd at fu'
Apolying tha “chain rule™ to o

3] Tas
il - = =

* Tha dlrection of & pure trinslathon of % rigid bedy is urderstoecE here as
e dirsction of the 2isplaceoont vectars of the points of tha body.



e

=

viazs, frog oq. [2.8.38); .o ]
T ' 12,6.50)
And
L] T r
%& = {2.6.58)

[ ] ", -
=1, lattiog un-utrnl , the seroing of the gradisnt of 4 at T, leads to
f e i

{g—::rgn-g ld.6. 51
ar

]
g’-:.a-m_;n {2.6.8a)

. H |
Wow, 1f bath midey of &3, (1,66 aze multlplied by Q. ona ghtalns

AT . ) ﬁ.s.sh:.
charaby mn:ludinq that ths elnleus=-pors d.l.:ph:-nn£ n; liaw in :;hl roal
spm:t.ul. traca of Q, 1 e., 1t is p..ui el o the wiis of :at..t_iun of Q
What L pow 1aft to cwanloks tha proof af chaslae’ ".'hmr- i to Jaterzing
thy aat u1: paintsof cha rlgld body .:huj.ng a M:anmnl: \fgcr.ér ;:lrnllul
o the rotatlon azis. This Ll dona peat.
fubsrituting u, eseluated ag e B2 glvan by #3. (1.5.3a] into eq. (i.6.6},
and rearranging termd lesds to

:Q—I]T{Q-IJ: -{n-n":m-a:} {2.5.6c)
from uhl:h 1, cannot ba salyed !w. sincn tl:.‘-ll ard banca tfrn I:'nv-;l inm
singulac. Ia fact, lt can ke rumuy proved that this oatrlx La of fank 2.

. 1
|Exercise 2.6.1 Frove thac {H—I]TI"\-I! is of rand 1, axcepr for p-!.

a:mh s consat be foived for frow che Labter sguatlon, lntlrllti.nq
rerulls can be derived froo 1;, Indltd given a polat ‘n’ -u-.h pn.l-itinl'l

TecLOr L. ot lirmqnltud.- d.hph:unt ua. MHM ] m pnint la

- 1 . .
L‘ 4
wich powltion yoroor g, ghven &8
L !,'u - Eﬂ * n!
[ . !
whare ¢ 1o the Unit vector perallel ko cha azie of rotatlen of g,
] . ]
Maltiplying !b-"“ givan before, tisas tQ—I]!i.'Q-;] qlves.
'.[:' ' " . T. R - .
Ig=1] {Q-I]‘ln-{ﬂ-” [0-1 [tn+nl].fQ.I] {Q—”In, io=11"{0-I1e
= - - - - - = 0= - - - - . il .
e ¢, balog parsllel to the roration axis of P, La ir the wull space of
' v ! .
G-I, hance, in the null space af (g~311T[3-11, Theralors, the bacand term
+ - ] . il - - . r
10 tha rlght-band side Of the laccer equation venlshes, (o lattor squation
! L]
thun rsducing %o
. T . '
g-11 (o= u, - {Q-IJT{QE.-I.'} ;

i -, nlia l.ll.].l!ill ). (2.B,&c), Io conclusico, all palats 1, of

I
2 . —_——

‘lnim“gnituda displacemant, IHI:I Iiw or, » Zltw parallal Lo the &als

of rotation of Q.

wLr | '
Exarcise.'3.6:3 . fhow that the £y ratielylng uq. (2.6.6) actually yields

Lo . .
4 mlnimuas. - ,
R L
Froa Exarclse 1.8.1, I QI tha rank of -1 iw axactly 2. Tharwfors, Twe

[ I R

nlr the thiwa n_--.f-r sguations of (X 6,5) are licearly Lnﬁmndcnt Thass

FL A
o iqul:imu uﬁ e axpresscd bn matris foro e '
’ (2.6,
n"a . ]
m" a. 1o a 2 A Jorank=-two WAbTiz and wesToce T amd L are 3~and I-dimen-

PRI |
uam.:l., rnpact.!."l.y Now, #inta tha :'I.I'IJn. 114 L ie I, ﬁ-}r ¢ belng 2al, iw

m-ingul:u: l.nd hance, the mipjpm zoym solutlon tw og. (3.6.7) ia (See

Eageion 1.11])

5&1’:&'! e {5.6.8)
1

m.' :;m:ri: J.n;ur.pmntinn af tha p:;vlnu redult ia that fn'n aL glwen

by (2.5.4), i1 parpeadlouiir to whs sougbt axli. This asim 1e "the seres
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candl it, whick l& dooe naat, Lek If o the rLlgular Int e
axle~ and is tolally detcrmined by Lho potatiom aeie, which gives its 1 thon on N e fan M e
' Lhe ecgew andn which is olosat to Lha eclging honea,

dlireciian, ard L palpr 5:; vhped pesleion vector, EI:I' is givan by og. . I ) ; :
L] ‘,-{]
t?.ﬁ.al, The pame "Fccow” Ccomor from tha face that tha Lody soves as Lf 1. N IIJ I i.
. i . -
- P and as, substituting this voctor ints eg. [2,0,14) abd solving for e in
lE wers Faacencd to tho balt of a scrow whose axle wore the sopew axis. i o i . -
o ' . the bams squation, leads o .
Cthar factx cotivatlog tho ne=o GF the zcrew axis will bu chowm laver, o ,
| -] 1 . '
¥ e gt (b =a ) =—enon ot tal [2.8.15)
Ancthes ooched of Pipldinsg & poaknt on tie sceww suls Eo vis Rodrigucs' =0 2 . = o 2- {' - = ]

) f ot
foroula an Qe appoers 1p LE]. This puocodura ¢an Be dwmop-d i whichk i.a an alttrlml:l sxproseion for .. The farcgoirg result be

) 1 |
wymmar ] fad m!:l:q | N

tallows: As way poipted gut from eq. {1.G.6), the lil‘jmnﬂm-ﬂilplq- o
TFEL‘EEH 6. '[EHASI.ES] The masd gengral displacenend of a aigdd body

coumint la parallal ta tho adis of potatigh. Henew, tha displocossnt of RI:I

UL 3atisy L zquun.!mt zn a -t.a.amf.m:.mn tagetiea wich a aedfaiiow aboul am azis
L]
ga-ga “fgmae Y268 pnmﬂd i1 'Lr, Laznadalion.

M-rmuwly, Chasles’ Thuren S4n Lo stated 2z follows)
whare o i & Focalar. Sussbitutlog.the inltial amd the [loal posltlop
"G umu&mrm acemond af a adgdd body, Lhicae enisfd 4 a2f o
waslars of K In fodriguen” Tommula, og. (1.5.0), ‘u 'Pt 'E g ¥ "

pum oi -t.'ta Mdy‘, compdiduding & Limg, duch ki old poaais on fhat

ra-rniun;t-un-rnl {1.6.10)
vhich, togathor with q. (2.5.1) for vestare 3 and 4°, dencting the . Line Tlﬁuga a m;-t:ltcu.mz poraliel fg Lhe Ling, wiich b of mindous
Lnitial and the Pinal poaltlors of point &, yields . hm‘f‘.u H‘:T“" i ' .
- A p.rcpq:ty n! the screw axic by #ccablishod in the neat thooram.
e O ) F2.8.10 THEGREN 7.6.7 The Sisplacomcnt vestors of abf fe points of = A3t
Trom eq. (1.6.91, " bpn';r andeageing an cabitadry motion kave the sae paajection afeng e
Lol P ) I {36,130 dones axis, . :
hance, wq. (2.6.71) hoecooas . ) Pr.mn] [ " . 1 :
!r-é“e-llﬂ'gﬂ‘lfflffl-r:““%sjia " [2.6.12) . 14 P ;-_.. an ;ﬂ:,u_ulq- poLnt of & rigld basy and E ‘Ilwlnli oo tha #CXow
Hultiplying both ¢ides of 3. €1.6.13) thhwo mtgga, . axiy; :mtlF:' andis:lrﬂrfﬂinnt thoe corrusponding polnes afcer the
“_“L%Elf!"‘il'!'i[Ell:"el]-fsllysal' . 4;.?:,;...".;1: rfuT o, [7.6.31, the dlsplicamat of F. v . La glven in
hE"[E““y'f:}-z{f'fn]?‘z‘f‘slfa (7.6.14) torme of tha'panlu.nn woctore of ', 5 amd 5', br

- g sgt=Ca+(O=-1)p * 4.6 10}
Ta derarnlna ko Dyom wq, (3.6,14], 1t 1t nocéscary St Impoms ond exicd BTOo=t =t



.

The protectlon of L_:' gnte the serew aris ja compremd now by obtalning tha

thmes uo.
T T T T ".
DO SRR 2 I

. |
vhara tha sotond term oo the rlght hand nide vanlphed bacaczs, as alresdy

[ ]
'l‘hul, og. (2.6, I?:l betamoa
T T

.5"! -s] '.'s.!“".‘" . -

stalir proguct of v, Yrom oq. (2.6.10) this becomes

ahowr, ug in wo migenvector of § and QT.
PR S )
Yplg-t1a' -

. ] 1 1
From che above sxpresalen ik fodlews that ehe projaction of ¥, onta the

scgew azis has lepght “Es”* q.e.d -
: " R 1 &t wl
Uslnag the &4 rotation sf abowe, tha Cinsl positica wector of a [oinr ar
- } ' it |_ 1
& rlgld body urdecgoing an arbitrary mation and its displacesent ¢ao be
k

Expradaed 43 .-
p'= - (2-6.18)
. " ‘
e+ IG-ID -8l ' ' ' (2.6.19]
|Exazeine 2.6.2 Cerive oq. {1.6.19) '

Bence 1Tt ls Jlsar that the dt:pmmht of any poink of tha cigia béd.y in

'!

koo, Lf thae tnilwl.ng quantitles ut qlven;

1] The magnitude of thn ncraw dlpplacapsnt, ”1.1 ||

1 L]
) Opa poinc of the screw uh. Ry H‘hnu puslr.hn wactor 18 £,

111} The axim of rotation, &
vl The angle of rotation, & ' ‘.
Clyen the above datas, YeCTOp la obtained &8

ygHuglle |

Ys
(2.6, 10

end BaTTiz p iv givon by wqgr.{l.3.4) oxr (2.3.4). palnk 5 and vector g

coopletely detormine tho sceew axie, hentelorih :lllﬂd L. h‘m Th.ﬁrl‘-'l
1 #.7 1t iy Olwsy that & rigld body urﬂcr;nl-hg F1 .ﬂilm ul:].nn -l

ol
' i2.6,17)

‘. ms 18 it wore wolded w' u:- balt ¢f a scgiw vhoss aaie whaze

ﬂu mnt_inn of tha bndr

|
L and whose

pitzh wazw glvan by

) .
1w — ” “ . {2,.%.21)
s
oo

"For this rulnn, tha pu.z {r, Qh Hh.i:h nﬂllplotrelr deteruines a :hid ey

motion, is :;llid. a "ll::l\r . ard rin;!.d-hﬂd}r potlont are chus rofwrzed o
r L
a8 "porew mobloes™. It was ahows {0 esctian 2.1 bow po obtaln tho metrls
S

. I ! .
Q. given & rigld body motion with a fized point. Yectors x

=

T I .

dafine L, are obtalosd from sga, (2.6.13} Or, aleacnstively, [rodm .
[]

and "-‘.ll* whigh

and oq. (3612030 ¢ .

The fi;rlllnru:i.n; LII'I.t"llL.‘mg raault 1a d.u-!l.v.-d imnedlataly from theoren 3.6.3
Corotiany 2.8. 1 amm body moLion is 4 Antativs sbout & jixed point 1
‘and only -f-ﬁ ﬂﬂ Mphhmuut of one poind of fhe body & pmptﬂd'i.tu.lm'l )

.ﬂ.; PPy du-l "of Lhke sotion.
1

i
Amﬂu: u-!ul rwralt ls the ln!.lm-riuq
Couumg 1. d EH ‘rlu dijienence umm n; .rnr .{up.mr_-mcm of any dwo 2

mmmuimugdwnguugumhmwumnupmpuﬁm
i
uﬂu;umnm !

|b:min 1 6.1 Prove corcllarism 2.6.1 and 2.6.3

- c:l.n.rlf, uu mrt.inn af any wna plans nl.’ a rigid body m:rpmul;- docernines

as i
rithormors, thros noncollinoar polnce debcrmine

& Dlana) tauJ. it !ul!.gu-; st the wotios of any Tes noncolllnoar polnte
af & rl.gu bndr d-t-nim tha motion of cha body. Ia cther words, knagwlig
the i-n-.'l.'l:-l-ll. and f.h- [inal pomktions n{ ﬂ'-lﬂl roneallingar palnes of a rlgid
h:dr, oo m dthﬂ'llac the anin, tha displecsssat .ma the rotation of tho

b d

nn:ru:pond.ing l:rihr In tha folléwlng, formalae ars darived Lo computy

mmnwmunqr.;hum}-nminmuﬂmnunn!

R



a2

throo rancolllnear polntE of the bedy. Ik will bo shown that theas Porculas
roguira that tha diaplecenerts of the inveived pointd De roncoplanss. Wow,
if theso polnts of a riqld body azo callinear, Wialr dilplll.‘rllm!nt- ez
"any matlon ard coplanar. ThE codverso, Towever, la ROt trud, furr ﬂ'll’:#.
neheolllnese polnts of a rigid bady cogld have, under epacinl clrcumstancad,
coplaray dlgplifémenta, a3 in proved In “Mhecra 2,64, ﬁ peovs this,
a previous reault 1 duclved In the following i I
THECREM 2.4.3 1 the displacements of Lthaze mmt&nmlmm of ¢
adgdd body axe Ldeaticat, tht body uafergoesa puat feansfadion.
Freols
iot AN, CIw three noncollinear poines of m rigld body, and &.b,c their.
rekpetllve posltlon vuctors. Using eg. {1.6.13], tho displacemants of
choge [wWiRts can ke wrlrtgn an K
Yprugtig-itfa-al
uyvist G O ed
Bamygt g1 te-g)
wicps 8 5 tha pasiticn wector of a painc lru the MCTTW Il.'l:‘l.
Subtraoting the third cquatblon from the Firme and the second, and recelling
that the thres displacemonts aza Liankical, one obtaloss
(2 a-cie
ard .. -

32 Gmched | .

' ]
ltence both a=¢ and =g £ NID-I3Y, l.e. g and B0 liw 1o the sane one-dimen
sloral space epanned by the real slganvector of Q. This cannob be sa

L xlﬂ el R{T) darato de puil spece and che cingo of T, 48 defipsd la
grection 1.3

. ——_ e 1

Lwcausy ,p,.;,i: wira soBumod Ew bo poncallincar. Thus, the obly poesibllicy
for un.:: h.:: lavtmr ofuaticha ta told JL that g1, i,48. 1he motion containe

' [
no rotatlon ond hanee 15 a pure tranelatlon. g.e.d.
TRECREM £.5.4 The non-ifuntical® daaplacecats 0f fhare polais of & algdd

bedy aae :_upfll.l-'iﬂ)l Jf and endy 4f dne of fhe felfowing thaov condilitas J4
3
L I I

£} Tiw. nimn i A puie An{alion
) ‘rf:a wpfion L4 generzd, but the peonts ave collinean
Lid] T;-.;_]ml:i.ﬂn ib geacnal and che padnfs gae nof eallioesa, bod Lie 4o g
plzse paraiiel £o Lie deadd aTdd.

Frests
{=ir pu:t;
1) If ::.LI mocien i@ & pure potacion and the erigln of coordinates ls
locatwd 1llli}n;' tha Lxis of voLakion, the diaplacement 9 of any pelat
of pug.'lti.;l:n \ral'mr T im than

I

'uatq-'llr

1

P T e
b - L .

.i.‘.n. weRID-2)- Slrca Wig-1) iF of dimeccion ¥, rasely the axls of

mbil..lﬁﬂr then from eg. (1.1.t, RIQ-T) hl of dimengdon I, namaly
T ' T
+ plaps Poasing threugh che erigln, forma] ko the anle ot rotation.

1! ' ]
Thuas, all dl;plln-nnu. arg coplanar,thereby provang thie park.
' L . -
1) Let _1'*; #nd C ba tha glvan throe cullinesar jolscs of the zigld bdr
1 . =
:.md;rq'ﬂinl] a genaral oetion, Let a,b ind ¢ o tholr rospeecive
P [
pesition vectord. Henga, wectore g-a and ba 4 lipearly depandantc
T
At thay Arve ralatod by .
- ' | 1
— t
AIf che 2luplacomenty of the thies honcdllincar polnts wora ldentical,
the motion would be & purs trarslacion, ascarding Lo Theorss I.6.1.
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geamn (h-al ' [Li. 1}
Frem o5, [2.6.3),
uomateRis-alog
my ' whei (=1 [C=a] =C
-u,.fu{l:'—ﬂi‘hfft]- e,
But, n;m from eq. t3.6.1],
H - ii. M
fgm2hiTaimugmn, i
Kenoe, g, {1I.2) =an bg wrltten ap
umb1madu, saly
thus :;.nklnq avident that cho Ehros iomlved displacononcssd ace Seplarnic.
1511 Guing eq. (2.6.1591, tha dimplocesentd of pednts &, B amd C are
i, "hg* -5 fa=-pi
A e Rt
Yomigt G2 IE-R) '
Blpce &, B and ¢ Lir fn a plane parallel to the screw axle, wviicors bea,

g and u, dra coplanar and heance they can e relaced as

5

e-avp (bmabepug
(113
e=l1-alatobedy,
fubscatuting the latter sxprassloa Lrota \_lc. afrer canceilatloes and
TELETADgEMEnT of terms,
s malg-T1 ia-Bi
But, from the above exnrogElans far W, and g

" 31 (amk)

amd co, from Lo laktdr uxprofalons for g
b k

e N ,
thereby thowing the lir#ar doepandonce, f.&, the coplanarity of tha thoos
) 1
digpissemants involved, .
[azly 1f= parcl :
]
If Hyo dy ard U, are coplarar, then
dat {5;,'3"3{:] i) .
Introdusing w3, (2.6.3), u, and u. can po wrlttén as
Mgyt Th s-al
Bgmia ¢ Igm3Y te-al '

Em,th':.l coplinarjry coniition can ba writteh, after ﬁ;of;-e: slwpliflice~
tione, aF |:
2ot [u,, (-] tb=al, (2-T) lg-2}] = 0 .
n\i:, in Gibhd nokaeloo,

0-1}{b-alx (g-TH{c-a) .z =0

From [:.srp,j_}, the FLrme produtt can he expresisd am

@D ib-alxig-3) te-2dag
whaTa i
avdll-conb)ex{b—4). (c-8])

4 and g beirg the angle of rotaticn and the unlt yvecroy parablel to the

]
k

acisg 0f this recailon. .

|Exercisn 2.%.4 Derive the above cxprosaion for g
Te donible preducc chus cas vaznlsh if sy cie of the followiog earditions

Iz rati



which, from ICm-nll.uy 7.E.) stagow that tho body undergics & pure , 72
ratatian ’ Exerelan 2,66 Proww Coraliacy 2.6.4. Hlat: Usa o5, $2.4.19) and the fack
£i} a=0 f that iz tup toms of Les rightehand slde are linearly Endependenty Ln fase,
which is matisflod under ona Of che two [allowing condicions: crthogonal. ot
it n 1-coni=g Conpliary 0.4 3 Tf e, and onty Gar, dlaplazcments of Lhiee roncodiingar
whizh tmplics @=0, i_e. the ootion redocos B8 4 Pure Tranalatisn. Thiw points of a rigid kody ate pataffel, fhem wither &) ke peesdfed displzty
cazo, however, hal been dizcarded Im the [pement analysis, for the wenkh ase {dentirct and befong £0 p:ut{-ll fyirg on a Lire panalfcd to ke
dipplacements havs been aesamed to he non-identical (Sae Theorem songw axds, gt idl the posatfed displecemends are didfjerent 'ﬁ,d._." amsh
7.6.3) orhet, ia which case Che madiom ib & pute mpiatden whose azis &4 peasifed
iy Ea fo-al . dg=at=0 Lo bhe fina comnentiing the B podnta of paraffed JLleplacompeds,
which in turn i betlsfied unfer one of the [Ellowing tun conditfione Cozplffasy 1§ i 1f ore, and onby 0r2 of livee podats of & Alydd bedy R
li.2.a) %,b-4 and g-2 aro e0planaz, l.e. peints A. and C Lid on & plane = zerd désplapenend gad ofher w0 poinds, monesffinaas widl o fpamer,
phrallel ta £ha rotstion meis (Picturs it!) : ’ ) hove peaclfel bt 2ifjersns 2faplocimentd, then fhe body weditgred 3 gt
15.2.b) fmaleig-gt=n Aptelden, whoss axis 44 dodeamined Gy £l defassoelion of fhe pland
which izplies thak A,3 and © are calllrcar, GthuE coopleting cosdaining the fhnge giver podirid wifh A sqcard plixs dedinzd by the
tha preof. ) di:qph:z.d pod{tions of fie pedids. I
CORQLIARY 7.8, Assiwne o higdd Body undengoed  an asbdiesay medion and Zxetcisg 2.6.1 Freve Corellaries 2-6.5 and Z.6.4
ehoosr oy three nanepdlinnza poinis of 2% body, 4,0 and T, loltdno The formulaa that allew the Computacion Gf the sCrew ParAmBLters are Tkt
ug and . be the Dnee tedalling displacements, then dhe Lim dijference derived, I wlll be awpined that the disflacemants of theee soncollinear
verdats ¢, -Ua and Ugp-lps GAT prralfal (f and only {f Lhe poinis Lis {n o polacm ard knowo and the mwea casas that could ariee are dealt with. Thesp
plang panadfed £a fhe sense gais £f the motion & geranal. T LRe mogion casod &re: i) the remelting 41-;-1.1.:1-“;1:: are nepcoclanag, 11} thass
0 g pune nolefdor, Lhive podals Fie in a plame pasalied {0 Lt axds of digplacemonty are coslenay and the motien 15 elther pure rotation or
Agtatioa. - genral but the cheea palnks 1le do a plang paraliel te bl sorow auls.
|exercise 7.6.5 Frove Coroilazy 2.6.3 Pivet Case. Tha dicplscemerts are ponzenlanar

.o Let AHC and A',B",C' be tmo Irdedal and the digplaced posiclons of threg
Further consequences af Thoor#m 2.£6.4 are next skated. : . . .

reneollinday polots, Meoting By e,2.¢, 4457 and £ thae oy f a3 ing
Coradfaxy §. 8.4 The dispfacemeais pf any fuwo pointl cf 4 wigcd body cansel b

poalklon veowors, Lha diaplncmant. voslord arg, than
bz poratied and different, welid zhe body wedenjees 2 puad wisiion



At
. ve
u =h'-a (2.6.22a)
Npmi-b {2.6,23k)
aorgliec {2.6.22e]

Kow, the dlesstion vectnr, &, of the porew axis can b obtained as follows,
Thoere= 1.6,2 suggebts gpd way to obtaln roramely, determine the unigua

vechor alang wkich Uyt and uo 811 bave the same mTolcctions. I

[
Lolklm of all thewe wvootors Aro aktoched Ee one [«int, say O, then Lt

bercones orident that toa vocror & 16 perpondicular to cre pisna deteralned

By whu tips &f the thros vectors EA'EE.'E;' Thug, & i¢ parallel to the

croFs rroduct of YectioIs u U, End vy

Yy U + FormallzZrq w to fave unit

[
larght, one loocdlately hak

on Nl (2.6.23)
Pitomu bxtu ucd ||

T detormine the magnitudes of the screw dlsplacerent, ||gs|l all chat iz

cepded iz bto project aey one of Uyrd, 9r 0 onta g.

Hargd,

Iu,]1=]a, -= _ (2.6 241

whord bhe abaolots valse Bas beon kaker bocaura of. (2.6.21) dooermines

tha wactor @ up Lo A change of eign itho dcder of tho ywedbOrs Ln the eroEs
oroduct could fave Lbeec chabged). Woetog "-l'i
?S-Hl.'s“? agniu, .ol {4.6.25)

CAD A Le CGEputed a4

Where sgn la the elgrnes functlon, l.o., soolx) fs=1 if x«f; It dn ¢ 1
Lf a¥0 ard it 1& Lpralevant 1F awll, Tha laveer ldecercinacy of sgnidl

causet na Abflicuity for, 1F u .pel, “I.}’HM:I, and, from corellary 2.L0.1,

g
tha moticn te cre of rotetlon abouk cong fleed palnt.
How, hoties fhat, A yerior Es ia pubtractcd from the wootore deflzed Ln
{2,.6‘23}, the oqw wackare !,". 1:; ant ".’é 1ls ip the cane plaze (Whir). To
:;;wiutel;.- Aetermira the Seérew, the rotation apgle £ and the Ioeation of
the sorew Al are next dpcarmipml. Sinta 15;‘.?; and ?": arc coplasir, oha
can bo rogieded as the dipplacemonts of theec paints of & =lgld B2y
undergoing puTe retetinn. ez A, BT and C° ke the rinai —oeitiers of
paints &, B and © undergolng Sisplaceoants gi, “‘ll and yé. Zinee Zead
veckors arw Coplanar, the msiiator planad o ard T i pogTEnta AnT and
BE" cai bBa p:n:iwud az the dotted lirem arpearleg in Fig 7.6.2

chen the merew axis L iz defined by the interseccion I of - nrd e Thif

interoectice 15 paut Setermined,

Fig 2.6.3. Datermlnaticn of the acrow acis.

Iat K and ik be the atldis points 4f segoent: A" and 3", thelr poriton

yectore bolng demabod by B aad T, respectivaly.



Fig 2.6.) an ic ia soved from conficuratlon 1 o configiratien 2.

= tha axis of tuut:iun. Thoad ,

-

LTl

f

Cluwarly,

e—y%g; . “ T :f*.f._zm
y n-hn-;\;i L ' . . (3.€.260)
The squatiens of plands ¥, and T, Ars thus ! I g

{z-u) =0 - ) e
o T ppgge ) C (2.£.37b)
Taspactivaly. : ! T

Tha sat of pu!.nn':_:. satisfying both mgl, I!,i.!?],‘rh:dlllm L, mwm ACrk-

axla. Tho angle of rotakion, 4, i then sloply, angle AIN“' or wquivelsntly.

angle BID® or angle CIC7). This apgie i roadily wbrained once the :_lu L
L5 kmwwn, for it tan thon ba computed from thae dobt prodact of veceord 7y

arsd ﬁ'. both iyisg in o plane normal %o L. I
Franple 2.6.1 Determine the screv of the dlcplacessnt of the cuta af
I

-Asgyta tho pides of tha cubw h.wnrl.mqht h. '

Selution I» .

The pro:iss la firct salved via a mipisdsstion poocedure. F

Step 1} Gotermbnatign af the ruwplute..for this purpone, aEEumE & rigld

* ]

body ¢otation aboyt polne B, a3 shoewn in Flg Z.ho 0 o - .

y i - .
Froa Plg 2.6.4 1t im olesr thar cha cubs undorgoes & rotatlen abowt  llrnw
1 . . o .

EN, thereky saving tha aralysis perforosd in sxasple 2.7.1 t9 dsteraina

= 0 en | ; ' {2.4.20}

<5

H
h
] (
. y
T :
' . H
S
]
1
Al e o] = —
o,
r
by
by
c
3
2 00
. -
1
. . g
[ i el pr
-
F
X i
. o
rig I:'.i;] ‘motion of & Cube
+
L .
t m" k.t
. :
c Ll
1
]
1
1
s Bl R
-~
1
r A'C
’ -
i

rig z:i.i sctatlon of a cubs about & flesd poine -

¢

g



.

ar, ln matpiux form,

-1
) 'i}-[‘]

lot H bw the intorsectlen of tha ling BE and & plane perpondicular ea ik
it n:nuln'ma polet & ithe pians also coentalns point AT, since AR* im
perparallicular to BE, as caf roadly be checkad).
let m ba tha poglicion wector of M. How g-p la perpendicular t:o BE, and ¥
iw contalred in lino BE. GE ls spaglflod ak the Intermecclon of the pleneg
ezl . [(2.6.2%a)
s y=2al . _ - | 2.6,290
Flica MM 13 parpandiculer to BE, ¥4 oukt ba pecpesdicular to veczor g of
12.6.24). Henca, the coordinated of M(x,y,8) must satisdy tho relaelen
wih-y=-z=Q . I [2.6.3%)

which, toguzhay with sge. [1.6.29), detarmines M, passly

=
h
3 13,6, 39
=2
k)
Hance, .
-!I-rl mr @) {d.6.21})
= 3 TEE, E N

It ¢an mlea be rosdily checked that m-a" i porperdlioulas to g, 46 AXpUcEms,

if point A" wore to lie Io tho plane pecrperdicuilaz to IB. Tha angla of
retatlon, 8, can now be computod Prom tho rolatlonship
(a=m} . {a==m) -

o b=

He-el]?

=
[

L
i.a,

3
7 . {1.6,32}

. ﬂll'-—';';lilﬂ- — 1
i ’ ' 1 '
Fnowing the axis of retstien, 7, and the sngle fo rotatloa. B, the revolute

[ 4
matzix Lo nov readily conatructed form ege. [2.5.4], where

A LA -
TYrTTTYT {16,310
and 0 !
g 1 -1 1 =1 =1 F) 1 ' 1]
[p].._’.q '|;| ~t], [B]- Ila 1 []-l 1 1.1
- E} LI 1 T Fl |
1 1, & 11 1 =1. 2

Thareiorm,

a 0 -1 SIS
{gj= [+ =& o}, fo-1)= |0 -1 ¢
N a1 0 e 1, -

Ftep 113y Detormination of tha tcrew axixs, The alnipus-bacrifude dlapledes

LI . -
mant by ef palnt N is cbealnod from &f. {i.86.)Ja), expoesssd in tamms of the

coordinate axcs of Filg 2,6.3, “tus, . \
h=x-x Y
fud =] hez-y ; [2.4.16]
~h+y=2 .
s '
and . .
- 1.2 .,.1.71 ' _ 2
#igla] [u, || Pean"e 2y e2a v dxa s duy-Jye- Ghui-dhy - Waséh’ i1.6.37]
Mahe s

2 + y +x =1h
(vipl=2x +33 -2 -m " zeeam

¥ = y +z =R



and, wquaring $'{c} to Aora, & Eet af thrae llnsacly depeodent eguations

iz chealoed, Fron which the fellewing lincarly Ledepondant cet i Gortaed

M
i] {):

1f 2 o

cuk.

I T

Thiz ras 2 Blalmn-ropn scluckan {aeoredieg to og.o (2,68} given by

|

"01 k| .

[;a]- 1o - l:l (2.6.57)

) 1

t_t-.erahr. Sezarminlng o screw anis, vhich pasaen t!‘:nugh'pni.—.t Rﬂ {whose

Jusicken vector is gu}, as glvon % eg. [2.5.43) and ia parallal ta vector
&, a% glvern by o, (2.6.72}. In ordor o coopute the MEteh of the Scoréw,

4, it LK recosmary to coppute ”'l._isH which, Prom thoorem 2.6.2, is glvan

ARl
Hugll =lug2l= izh . {2.8.41a)

pev
Y = E—H‘E*"! 2.6.41%]

The pivch i, then, Irom &g (2.6.27a),

1e2fT B {1.6.42]
Solutien 1T
An altarmatlievg polution 16 now ghvern, uelng oge. (2.6.23), ¢2.8.24] and
[?.6.27). In erder mo mlwplify the compucacions, shoosa the £5ioplaconencs

of polrts C, D and G eo dotecalne the oepsw. Thyd,

E;’E"E'HE;'H’
{2.6.43)

!
i
- [
'!F;,'Q"é xh%x . ]
L]
v w_my ! mgw-2ha 1

vt .2 '

2
‘.':_a:—gs'.i x l:-._-.D-EE] =2 gytg‘}

fpam <hich

I ESIRS T (e P [l=23 v*

apd a0, 5 -1
a a (2. 6447
= Ghog, e o 0 : !

which is ilertical with che .w:m previcusly obtained in {2.6.28).
[fug|l is sbrainad fze=

ol 1=l o1= 2550

and ma
i -0 - ! t7.6.45)
R e N 2 |
whare thu algn uf p has baed reversed, at cocpared with that ol 8,
bocALER un.aco. Wext form khe waebore, '
) ) I
LI | 13.6.4623
v g <higs, T8 32, |
L
1, 2. 1 [
SRR Rl ;
i & (2.6.46c)
Yay =u, hite e =]
Lt e i fo‘_'ey -z
“uhlch can be readily verified to be coplamar, as axpacted. Next, tha
rgaatione of planed LS A !2 aco chiained, Let
- {3.8.467Ta)

1k .
ey TR -E’E



L'y
g-r;l-—;-:t' -!;-f '25; ¢g¥+ g i 12.6.47p)
The equation of plang w, ig, then,
X=Yy+ 22aLmi] (3.6,.<Ba)
.ud that of plans " in
Fxryezathnd {1.6.438k)

Heat, & polat I on the axic of rorarion, contaised in & plane perpendiculnr
te this axle and paysling threwgh poloks © and &4, 1c locared. LAt !I_bi
the pasitien vector of this paint. Than, . cloarly muet atisfy BIE.
{2 &.402 and B), for It 1le a palnt of the intersaction af ¥, and ng- In
additlen, 51-91 most b perpendicular ts thas ietersactlon, whoas directien
conines ace wlready known from . (2.6.44). This Latter conditian ia
CA-redEel than a4
=Xy + Zwl [2.6.49e)

wvhilech, tosuphar with sga. (2,6.48 a and b) copstivutes & linear sigebraia

systom of 1 eguaticns and 3 wrknowsns. IEE golution is

. \
(z,)= -}H

which im & sslucion ldentical oo that obraized inm ag. {1.6.40).

[2d.8.e9)

The apale af yorarion 1 now shtalped froa che relationshlp

te-g b. lgvuler,] -
caad . =3 £2.6.500

gzl

whore

Q

£ n
(e=r b= 5| [ grspem 3 |0

-1 H

&2
T Thue,
1"2 1.6.51)
toma,t .{EH;lé-;I}-- 5 (2.4,
Ard
T2 (2.6,53%

ez [1=gn
cubatltction of eca. [2.5.51) ard [2.6.52) isto oq. 12,6500 ylalde, them,
cosem—g or B=-130° {2.6.53)

yhope the minum Sign wet found by arplication of the result af a§. 12.5.161

The mcrew dlsplacenant, |[ug|| Ls chtained from ag. [i.5.45] as

2 12.6.521
Ny il= =5

armd the pltah, &, Lfa cbtalned from eg. (2.8, 21a] awm,

we2dI0 .

Which rasulteire identical to those of SqF. (2.8 41a) and {2.6.420

Crg-third oethed o obtaln the pelnt g, ¢n the ESred exis ¢loseat to the

origin is mow presented as it appears in (2.2.0.14]
Let g and a' b tho Enitfal and the final cesitlon voctars, sospectlvelyr,

. . 4 '
of & glven polat A of & Tigid lady, which arc bhpown. Alse lat 1 oand

La the iclitisl and pre final poeiziop woeotors af anothar poist B, DoTh yet

uckonswn. If pelnt R OIw o lha on the serew axik, then ‘;‘g'f"f im parallul

ta the aris of TOLaTLlon, €. M VAR gyt pravidudiy. From BTl qued’ Formald,

8q. 4=.8.31,
at-gmtanizxiatog) {2.6.581

and

) E"E‘“"EE" tx"=z)

Subtracting o. (1.6.56b) from eq. {2.6.58a) aid waling inte account that

r'er is parallsl to 4, §.0., wEitisg i-Ivoe. @ being & ECdiar.



8 ] :
l'-a-q--taniﬂuIa'ul~u.n:-ulr‘trl (2,E,57)
i e T - 2.

Blnen E'-Elue; iz follaws that

) XL mgar

Honcw, ag, (3,6.57] can ba wrltban as’

a*-.-n.-l’.lr:e:[; "ral- Zl.ln!:h'{ ' i2.€.37a)

i- He
&
Hultlplying boch aldee af eg. [(2.6.57a) tinga eotzax, ond ottalne
L] . ] = ' n ) + a c,
mtsfif! -gl-g:[g:lg -g}]-—;ytg:;]-gn{gﬂf q:l]-.tg.gj!tls 12.£,58)
If r iF chawsen ta ba fha .po.l.-l.l‘.iﬂl'l veakar of the point on the torew axls

closear. to the orlglin, when

e.r=0

ard weeiar K chus can ba aktéined from eq. (3.6.20) ax

—-cor.?xh -ll-ex|:nu'+u}] {2.4.19)

Second Cace. The dianlacorontl AFE SOt lAher

Thia could be due to Ewo postibllicless either cha poices 1io ln & 7lazs
i
parallel to phe ecrov axis {OF L0 the snls of rotaclan 4f ot 3otics is a
puré rotatlond oF thoy do ngb, bub bhe mselon le then racesdislli 4 pure
. '
Flrat rocgibility. The chreo roints lis n a clatd crablel #iLhob 52 che

robkakbion.

i ]
scrdv axbe or ko tha anie af _rotation. Fym Cordilary o.6.) the differenced

af displacorant veckoya aro parallal and honce the cross prl’-‘i‘uﬂl‘t ajrearizg

in w3, (7.6.33) vanishes chyg Ttndering the coapntacion of # icdeterminggy.

Thia veetsr ¢an bo computod, fovoertholass, attepnding thw afdrementiznsd

. - |
Corgllary and tho facg thot 1t 1F perpandicclar to voctor ' AT acsardlng
Lo Corollapy 3.6.2. The condlclon that 1 le conlalnat in thé Flane of ke
glvon polnte 2,8 and © la sxpresssd o

alp—slabib-c] ' i1,4.08)
) |
Tha perpendlcularity comdltion bacwako o oapd A i expresnsd ip coen aE

r T .
My -upt el {2.5.61)

-1

Subgtitucion of mq. (2.6.80) into g, [3.6.E1) ylulde
oy 2T L]

aty,~g.) {!-E]rﬂfl_-}““y:_: (g =0 {2.6.62
Henca l

aa s IE,,-"CJ gt

N 12 L, &1)
| fu_=u,1 ig*gl

'lc
I

provided By Yy in not orthogonat we 3-c. If thiz ia o, ther frr.!n .
{2,6.521, Fel apd, £ince @ has hempn dafined as of oudhitode squal w3 wnlty,
Loy
L3

P — ' {2.6.64]

l“f-“ I. ' 1

B 115 . K .
Mo pinse polnts A B and & are pot celiinedr, then Lt cacnot Rappe: Ehat g,

o N

. . V
e W ba orttogonal to both a-c and Brc. 14, howavar, 4 "u. M srTegona;

b by ?‘a:n =0, fram eq. [1.6.8d], and, in thic fpecanca,

]

|

(2,6.8%

I . A

i

T
f

S | 1
if nelthar o ror B vandsd, then from #3. {2.4.41) and the conficion Iopoded

3 8 a3 balng of magritude unlty,
T

1 ro i
] l

l
2 —* =gl L’h—il
= (fa¢ll —J———-'“ -2 famg) "ty e‘a———“ £

(u -u::l la=g] iu - JT{a.-H

- 2
. elleell : (2.6.68)
| 1 !
by, (2.6,E&) Yi:uld.- g, With m'nlu of B kngwn, o iw than o Ll



an
L] 1
y L]
" i . N =t "
H 1 I .
from eq. [2.6.620, Thui, 9 b flnally coaputed foom eg.i2,6,00), 7’ '
: - f e . 1
Socond nassibilicy. The motien is rurs rozatioa, If the threo poinks are ' .

LI L
monctllincar and the displactménts ard ponidentical and pazallnl but - . .
- 1 ' r [l
. 1 Faon "
veLtara Uy =it and Lyt AF8 nonparallel, then, froo Theerom 2.6.4 and .

Corvllary 2.4.3, the motion It ona of pure movatlm. In whis casé The aniy
h : : i

-

£ 1
of rotatlon can ba obtalred Simply from the ilntarsection of the madiator
planes of segmants AA' and BF' . e perpendiculan to the sxis of rotesios,
tratwd From X amd &' intarsect that anie at & comos tht: 1. Tbi:lngh

of rocatles ia chan, sleply th. thereby complotlag Lthu ﬂtinn"'pnrmnunn

ALl thres vectorm szw parallal

Twd yechnarm AKE E8CC.
Purs . rotatlop. _The.
CoPL 1. IKDEE=d -

Thres vackor® AXe

kers, o mation

. ’ - - . -y a .
Tha cooputation of the screw paracaters la reallémd by ETRACTINE SCRFN,

+
Yectols ars Pomsopinnay. ”

v P I -
which contiders 4ll casas thie could arise regapdlsg tha relaclocchlps ARGNYST

TV yectord A

peTellel

Vectors ure nonparmllel

all three displagssant veacars. Thess Poenible coses ars shown'in the ¥ e ; a E
Ttres” diagram sppeasing in rig 206.5. SCREH uses the znlfn:-:u? auxlllary E‘i I:"' ) % » g
;ub:wtin#;r :I' !'1\ r"i 1:‘ :‘%: ' '='E 'Eg_"@
1. EUDRCUTINE COPL 1 cooputes the scTew paramatars i  the motioh is' '; E 5 ! E :

pure Totation. Tt dlsvinquiches sscagic the ﬂrr-'nm_: particular caven E ! i : ! E E

with the mid of the intsgar verlabla DDLX o i R )
2. SUPROLTINE COPL 2 computes the ecreu paramatos vhen the points 1ie 1o - $

- Phn:'l rtul‘.l.;:l. wlthar 0 the &y azls or u-m"uéu af rn;u,:n, . _;

* Tty Siffmpant cases could ari.:-i, u‘hll.ch. are d.l..w‘il;-g-uilhid. Hi'll;h the ald E
' .

of the Lagegae varlabie DSOE. ' R L E
1. EUBROLTINE GEHNOT computes the sCrew Darsastmd when the meatlon ia ) £!
! ganeral and the thrae qlvtn-diiplnmnu ara 'mn.:upillin.run 11
The computatlon Drocedurs for mach cass 1s naxy dmiribed, A1l ovar! the . ;
vectors tl;lrrml'm are the given fi.ﬂ-.FilEMt Vﬂ;ﬂ;i- 1,1“- g, ond ., of :« B
the thres givan jln'il'ltl, A, B and I'E, whoss poaitiom v:cm;?: ip the xalerency ,_ .
ol lguration srs 1,- b'l A - \-b.-mn Ehoka Ln Chelr ﬂ-ph:a.d mntil;'urg i . ) :

. ! ]

amgy m

- ' Iy

They ars ldsntlcal
Fure tranalatlen

o

—rotatlon. Dee COPL 1, - 7°F

nre Léentical, sltbough
Tura

Mot pl) three wecbors
there may be twa

{ibemi doal  wosinge,

THOEN=T

Uae COPL 2.

Twim =1

identical

Fyre rotatlon.
M ML 1
TuDExe b

ldentleal.

ThEML- T

The two Alffereidd

veCtOrs BYR
axip or . to che axin

ol rotatlan,

W IAAL 2,

Peintd 1ie Ln @
plane pacallrl}
.. withrr be tha nerow . Ty are tt. - They aro

rallinedr.

vrrmpal Lhpramr pralut s e Elwlie) A Flojinlela=nr s L,

Tig 2.6.5 Tree -diagram ahouling the different preaible rclallenshlps amiiqut the dikplacements af Lthrea _ ..

waGtarn mee nanes]-

IHprar.

Fure rocarion. Laa
ol 1, IEDER=3

The twt difforenca



The resainiing twg vecoiors

are identleal

The remalining twh weCctors

axe Pt ldentifal

THOEX= T

Upe OOFL 1,

o
They ars nalihaet
perullel. the

orL h.

They art parmlleol,

LA T

FulFa v o
CorL 1., THDENs1

INDEX=]

Fiq 2.6.5 [cantinuen}

- tioos are &

IKDEL = 1,

2"

b 2 .

z':“'“-’

I 1
Ope woctek is zore and the remaining EWe vectors BE Tot

{dentizaly they are parallel, hawtver, Tk Fallewt from

[] .
Corellacy 2.6.1 Lhat the matlon iz pure rotaclon, Tha lecation

| . A
of the axis of yotaticn lollows from the fagc that the azis ol

totation la contained in the intcewottion of twe Tlanes, D, and
. 3 1 4
"z' vhers I'I1 im ¢ praca of ths ERros guven painkd azd :: iy
[ -
derines By tha displaced poslciocs of Cheke taines. Kot.ce
i

that the paine af fora diaplavensnt Le contaited 17 both I, ang
" 1

,- -

i :
rract -

I'..;t C ba the point ¢f texd displacceant and the origlin &2

1
coordinates, Furthormora, tha displacements P ard Y pod glves

b "
S LU TOR s S - ! {2.6.h
Ilml.!“ ard Wy rd paraliel, therw sxlocs & wgalés a suzh that
u ot LI . {2.6.40)

Eubatitublng ege. [1.6.67) Llpkg eg. (3. 6.64) vlales
. LI N
i Dl s ab 1m0 ! {1.6.49)
M | .k " N
whith moans veccor &, + °~bl Le pazallsl wo e anis of ratetler,

1
1 g tha sidk of rotdtion la cootalred Lo the placs detsraieed

by A.E awd C. Horgover, Bihea

[ . -F'l ¥ nl_;“. Ez [ El M ?l. [2.8.73)
Tha displacenants of those moints aza glvan by
B | [ 1 .
wj = ig-Day, v - gl (2.6.71)

Iptroduclng eg=. {2.5.70] into ege- (7.6.711 and Twh alapilifyicg



INOEE = 2

. THLER = 3.

+ tha rasvlelng axprasalon with the lid.. 14 'nq:. [2.6,67), cna

L)
obralns . - ] '

BT vy, - f . . ﬂ.i.:ﬂ]_ . B

wqa, (3,6.680 and {2.6.73] lead to S B P

TR G I S T R 1

pue, ineroduclng sge. {2.€.71] Into eg, (3.6.733, |

| ity 1
1 b ‘

i T DO = 4,

(1) la, +aby) = 0 [2.6.74}

whilch Lmplima that vector L +oby is p.l.n.lhll: to the sxis of
roration, I,s. thim aris {s costairmd Ln the ilm-g;umt by
the palnts Ay, By and £, tharshy eopleting the plm-'-r.

Othar pararaters ars computsd ualng the gqeneral pcrrnctdurl
-

previously outlined, ' i

Ooa woctor L8 dezs and the rmia:h:q ‘o "are Ldmt*.:fl. e

cotinn I plu." !;tltinn..dut to Corollary 3.6,1, and tha axiae T
of zokacian i defined by & line p.l.uing th.tuq.lgh tha' pnl.nl: of
sarc displacemant lo the dirsctios of tha uu oonnecting the
other two polnts,.

Frogf
—

™ diaplacwsnts of

i

a
Lat € ba the polnt of cero dlsplacement.

tha othar two Fi‘nl'.l AI'S

u, = Wy v, = e (2.6.78)

. T L
Bincw g = u . bk follova that R : '
oy = WD B =g R IS

whigh 1mpllu that vootor *1-b1 in pu‘lllll t:: e axis of
rnutinn, i u. the ll.zm ronneeking p-ni.nl’.l hoard ¥ is pl.u.lhl
to the axis of Hht-l.n:i, el - )
n ) '

. - -

-

] . \ B [
tma yactoy 48 waro and the resaknlng tus vastocd dew hot

1

Parallel, Tha moclon it pure rotetion, duys ©¢ Cornllacy 1.8.3,
ud. tha sxis of potation passes throggh the polnt of caro

ﬁh'pla:munt, in tha digectlan of the crosn product of Eba

. F .
tvo nonreras displicament vectors, which-ls & consequence of
L]

Thecrem 2.6, amd Corallary 2.4.1, ’ .

]
T VRSLOTE ATm R&DTY,

eaie of rotation le dafined by the bwa points of rara

"The matloen Lk purs rotetlos and o4

4laplacomant., b

3o vector iF zero and 3ll thres vasiors azwe r.M;l'rlllll g BT

tham but :.:aphnuu rurtharmors, the twe apislng dlEferenca

vHCtors aze honcollinesr. hocording o Theorem 7.6.6 arnl

Corellary 2.4.], than, i Stich 14 purd rOtallos and e
ECTHY DaArametery Cah o computed uwilng the gehacel procsiucs.
" 1 N ' 1 [ ]

1

Ko waotor ls asre but two wagroYd are parallel and diffszunk.
p )

My pirrkr, the weOLGLE e coplanar.  The motiee L pure rotstics
'

dus to Corellary 2,6.5 and the axils of rotacion Ls parcpe=dlguler

L]
1ts location can bw

to'the plane ol tha qi;ran vackorm.

[
datarmined using tha ganecal procedurw, sirvady cutlined lor
Eu.rl rotation. .

. .. : 1

Broof ! i .
Lat ';A ot g, be paceilel but different. Then the followiag )
talacipanhip bolds ' .
u = oy, ' fa.6.10)
. Lek p e the unit vector alang the scoew u:h‘. Than, frol
Thawrem 7.6.3, .
- - ] ‘IF

-

e



IoEx = 7.

)
LA {2,674
Substituting og. [1.6.77] into eg, (2,5,78), opé obtal-s
{1--#]-!.[.‘.5-5 {2.6.79)

whizh vanishes LF witker awl or ir h.:-d. ha flrsc coxZition
ia ispousibla to most becauose 1._1;. and "fa have La#ol AFSU=zd to S
difgcene, Henes the only possitilicy for eq. [F.B.74) =0 holi
1z

"."A‘E =]

whleh indicates that the ootion la ena of pers zecacieor.
ac;arding ko Corollary 2.6.1, 9.8.4d.

Yo wectar i Iera and all thras vactorm are paralial == sach
otnes. Furthermora, not all ehrge wveccory are ldeatical to wach
other, although thare may bo & palr af idencical vastozs, The
sotion 1 one of pure rotatlon and che awis of rotaticsn iz
determined by the lnte:setgiunlaz the plana defined by he
given paints in thelr referance copflguratlan with tha; definef
Ly the joints in tholy final configuratian.

Froof

1% wam shown i L casq for which INGEW=S& that the #xiitencE
of at Joakt twd papkllel nobidaprical vescore gQuarenteds that
thq motlon Is one of pure rotation,

Ic will b mhoran Zirsc that the plase of the threa gives poinyg
cantaing the axis of rotation. In fact, the correapand_=g
dizplaccmants agg glven Zy

b b llag, u =Rl Wil [2.¢.3m

whigh aro alil paralilol to sash other. hus, the Jiferisces

+

Sael
Byue® (1108, 06,0, Byru m it 1N =g, ) 12.6.81)

are almo parallel to ench othar. Thus, thers exletk g scalar

4

such that 1

L -

" I'_“ q[ya—llc] -? (E.E.ﬂzll

Bak, substituelng aga. {2.6.81) ioto #q. (1.5.871,

Qe13 2,76, + are,- 3]- 0 {26,393
woleh leplies thak the vactar a,-7,*aib o b, COncalse: Enozhe
Plang AMC, if parellel =0 the axic of rovation. laxe, -onalder
the powitlen vectors of the pointa in chedre dlspleced powltland
RrEtee B T Ryt 5 TR ' 2.¢.30

The dlaplaicecants of thess polncs are, after subscicur’-se and

rancellations,

AT b W BTN f2.6.3%

Lie. y‘:. f 'ua ard 'i-& ara all parsllel Eo aach other, Ife-;e, the

'
OLf fuphaces '
1
P R R i P g o B [2.€_HE}

ate almo paralial te tach other, Benew, thera sxlycw 2 c:alay
B kpch That

Yy -ua vRlEg -ulh = B [2.c.8M

Siraelrarion of . [2.6.861 into cq. {1.6.57) vields i-en

10 om0, 2 thymey) 0 ] {2.£.80)

z
vhisl maans that the vectap dymE. I Co). Sontkingd o the

Plane Ay By Cou o paraliel to the axla of rotation. Me-eavap,

both places, ABS aad k. B Oy, aTe nonpazallel, for the vegtors

i



s
er U and Y have taon eszuped b be not all chree identical
to each othey, Heneo both planes Lntarsest alsng & llme which
v the axle of rezation, I.=.4.
E6 far all cames leading necedsarlly B8 4 pura potation motlon have Lean
discussed, xear the case ln which the given didplacesent wectory ard
onpianhgr bqt the ootlon ia E.ithcr # Fire rotation or genezal, iz ddegiEned .
In this caam cha arkeing difference veckare 4po parallel 4nd hesce ehp giver
poalneh lim Lh & place peralle sithic w tha amizs of rotat'mn or o 1:.'.v-
wiptw sale, this caco i handied by subrputinae CGPL 3, which ifentlfles
sath possible ﬂllffﬂrﬂm subease with the aid of cha inceger variabls I:DE.
IKDE = 1. Mo vecTor im zero and two vectses are idezzical. The moelin is
vither qeneral ©f & pueoe rocazicn, buc che serev axia ar,
wrrtsl;mﬂlmlr. tho awld &f rotatlpn, 1lx papallsl to the fioe
Aefined by ‘uu polinte with 1dearical 2linisomments.
Proaf '

Lot B ard € ba the twd polirg with ldestical dlsplacessrcn. Thems

dimplacencnts can be enpraksed uning egs. LI.6.)a) as

- Upuy ¢ fO-Tl th e ] [2.6. 03]
U ey, FIg-Ikig, -2} {2.6.51b)

Fubtracting v, (23.6.05L) from eq. (2.6.9%a) one chiaina

Uyt b I, e, ) =0 (2-6. 1)

which states Lhat the vector gonneciing poinkm B and ¢ ia
parallel to tho axls of rekation of matrix . Henew, lird BC
Lo parallel ta ehwe corew daxlg, him axlc ic located falleaing

the ganeral procodusa previpusly oulliped.

&1

. &
IKIE = 1. Wo yedtor i aeks and ng two vectOrs ard parallel, bt thay aze
coplanar. The wotlcn is slthor genacal or a pure totarion and
“tha glver points lie iz a plane parallel either to tho screw
axle or to tha axis of rotation, docording to thaorem 2.6.4 and
Dozellery 2.6.4. The divectios of the screv aais or, mrrﬂ-pﬂ;—
dingly, of the auls of roration, is found using wqa, {2.5.60)-

(1.6, CE). Sumarlzing, one has che foflowlng

TEORIM .55 The mosion of & vdpdd bady 6 dpfemmined, Lo, L4 senew
padampfent axd de eotpeted, {4f, and eelp £f, fhe pesdiiona o} Threg
rowcelLitezs poinls of the body cre bepum ix bogh Jfs cederente dnd ida
sinad eoaflanaalions.

Subroutines SCREW, OCFL 1, QDPL 2, and GPMOT, ImplementEng the farsgolng

. wepatations, use LOCKT 1, LOCAT 2, AKSLY, CYLLI8, EXCHGE, CROES ared SCAL

a8 suzsidiary tubreutines, Listinge of &ll theto wubroutinos appear in

Piga $.6.6 - 2.6.16

Exerclen 3.5.0 IR 4 zaoudatturing procoss Lt i pequired to p¢.1trim tha
#orkploce of Fig 2.6.7 in configugation 2 starting from casfiguratign 1,

by mapfd of 3n arm fastoned te tae bolt of a screw, Dmturmlme the locaclon
+f the £xis of chis ecrew ap well a6 bt pitch.  If vhe oparation is Lo
taks place in n screw revolutlans plus & Fracuion, what 13 the value of

this fracuiszy



8%

ShD SHEROUTINE SCREUIATH RINCIN AFIN  SFIN+CFIN+CRHO-THETA UISKFL) ’ F519
S0 C 1087 LUETi=.FALSE. !
&0¢ C LT HEIr=AIMELF=CINID)

§10 £ THIS SULROUTINE COAPUTES THL SCREW-FARAMETERS OF o RIGID BOOY ROTION o0 49 BLTS=DiHILI-CINCID i
L2 C . 1050 FALL CRDSS{AEcCY .
£30 € : 1190 £ALL SCALIC.T. 53 '
&49 C ILFUT: 111 B=SARTIR) I
FA "THC ¥:¥ AMD E-CDORDINATCS OF THREE HNONCOLLIMEAR FOIMTS GF THE 1 . 1F(S-ZERQ) 7020430 .
ab0 G KIGIL BODY I ECQTH ITS INCTIAL {AINRIN.CIN 3-GIMEWSIONAL VECTIRS) L13¢ 20 ZERO=~1, . .
&F C ARD MM IIS FIGAL (AFIM-BFIM.CFIN I-UI#EMSIONAL VECTOKS) 1140 wRIIELArlC0D) .
&40 E COMF ICURATIOHS. 1150 RETURH

%@ C 1108 C

700 C OUTRLY! . 1170 € TDOKE

ik L 1.1 {HE TIRECTICH E» OF THE SCREW AXTS 1186 C COHRFARILITY TS5 VERIFIED. IF THIS IS HOG RET- THEN IERD I5 BET EJUAL
720 C 2.3 THE LOCATIZN END GF THE FDINT OW THE SCREW AXIS LYIND CLOBEST 1196 L T0 =2, r=3..0R —4.+ LEFENQLING UPCH WCThLR GISTANCE AC.EC+ OR AL DDES
72 C TD TEE ORIGIN. 1000 © HOT REHATH COWSTANT ThROUGHDUT THE MOTIOM.
Fab L 3.1 THE AWGLE OF ROTATION (SIGN WITH RESFECT TO THE DIRECTIUN OF E peim ki) I 4G jais3 .
7o 0 THCLUDED Yy ¢ THETA. 1299 CLli=AFIN{TI=CFIN{I)} '
740 € 4, Trf SCALAR DISFLACERATHT DISFLr ALDHE E (GL5M WITH RESFECT D 1733 Al CONTINUE !
270 G THE DIKECTION OF € IWCLWUDED). 1740 CALL BCALLAAeEL)

780 C 1750 H1EHOKT (1) !
PG C SUBSIDIARY SUIROUTIMES: . 1740 CALL SCALEC.C-82) :
860 C 1270 ETagORT 152}

10 € COPLL{tsxs®) .= CONTAING THE SAME PARAMETEES AS SCREM FLLS  INKEY AND 1009 IFIAERS{G1-520.LE. 2ERDY GO TO S0

g0 C IM: WIICH NCFINE EACH FARTICIAAR POS3IME CASE. 17%0 TEMND=-11.

£30 COMPUIES THE SCHEW FARARETERS WHEM THE AOTIDN 15 PUKE 1300 WINITECE » 10100 '
a4a C RGTATION- 1310 FETURH

g=3 0 COPL 2 skxskld .= CO4PUTLS THE SCFEW PARARETILKS WICH THE GIVEN FQINIS 1220 S0 DD &0 Ia] .3 P
B&Q C LIE IM A PLANE PRRALLEL TO THE SCREU AXIS. THE MOTI0ON 1232 Crld=RFIM{II=CFIN(] Y !
Brg € IS5 TITHER GEHLEAL OH FURE EOTHTIDM. 1349 &3 COMNTIHUE ! .
2HD C GEMAROTL{¥FEE) .= {OMTUTES THE ECREW PARAMETERS WIILH THE MOTION [5 1350 - CHlL SCALLB.0-11) !
90 C GEHERAL AHD THE LIVEM LISFLACEMEMTS ARE MOMCDPLAMAR., 138 CALL. SDALIC+C.5M) .
%00 ¢ CEOSE(AFE-C).- CONFUTES THE CROSS PRODUCT OF VECTLRS & AWk By In THIS 1317 SInsORI{G1}

2i0 C ORLLR: AND STORES THE FROIOMLT 1IN VECTOR C. 1180 B2ashETIED) .
920 ¢ SCabtAsk.C) .= COMPUTCS THE SCALAR FRDDUCT OF WICTORS A AND k AND 1370 IFinrgo8i=-520,LE. L8Oy GO TO 79 . !
730 € STDRES THE FRODWGT It THE fSalak S. LR ZERD=-1 !
Fab © 1410 URITELA . 1OT0) .
722 C 1420 RETURN

P40 € 3I-DIMCHNSICMAL VECTORS AWB«T ARE AURILIAKY FIELDS. 1438 20 10D DO w13 r
P70 C IR R L] g AELIRAIMELI-FPINCT) |
FEHO REAL AIMCZIsDTMLZ) C¥NC L AFTHIZYBFINT 3} s CFINGI ) rLALE) - UBL) Lavg 1] BEiIenF THEII-EFIMIT} '
Qe - PRI ACT s 5L30 LI ELZY RHIND} 1440 Call SCAlLlarAar51] J
IG0D LOGICAL LOCA) 1478 taLl. STaLdB B850 t
1000 CORMEN JERD 13930 B1=5QLT¢%h1} !
000 O ' Lawd Er=LORTIST)

10I0 C CoLlL IHCARTTY DF GIVEM POINTS IS VERIFIED. WHEM FOINTS ARE COLLIREAR. 1500 IF{ARS{E1-52).LE.ZERO) 0O TO 79

1040 C IEED I5 SET EQUAL TO =1. ANl SUEROUTIME RETURNG Td RAIM PRDGRAN. 1310 FERC==-14 -

iCoD IO 0 Imlsd 1520 WRITEL: 10302

‘ _ 1530 KETURN

Fig 1.6.6 Liating of SUVLROUETNE SCACK (figat F&fﬂ . I'i:; 2.6.6 Limtlng of SUORMUTINE BCRCW {aasond th]



1549
1250
1540
1570
158G
1570
1400
141D
14290
j F-tv]
1440
L0
ILEQ
1470
14280
. L&%0
1700
10
1779
1730
174D
175a
17 &4
1770
e
1779
1800
tEIQ
IBZD
JE30
1B40
{ESD
1840
IBPG
15830
1670
1600
1914
1920
1928
1745
1454
1740
1970
1¥ED
1994
Q30
2010
Lt

c
¢ EONE
L DISFLACERENT VECTDRS ARE CUMPUTED
w0 L3 100 Isl.3 P
uadTa=aFtiTy=aIndl)
UB{LY=EMIMLI3—-BI8(I]
100 UCEI pulFINL{2)=-CINCIY
c o
£ DOME .
L MLMUER OF FERO=-DISrLACERTHTS IS LETCRMIMED AMD STORED IK NUZE.
L DBISFLACE=THT PAGSTTUPES ARE TERPCRARILY STORED IA E. IF -UZE.E-.D
C THIN mUIE I5 SLT EGUAL TO 4.
LA L SCALilA«UALLIILED
CLEL SCALAUBE b D420
CALL SCALLUC,UC,ELI})
HUTE=D
D3 110 I+a~3
FLI}®SORTIELI})
IF{CeTY.GT.ZCROY Q0 FO 119
MUTE=nUTE+]
LOEI =, TRUE .
118 CONTINUE
IF(NUYE.EQ.O} HUZE®=4
c
C IMreE -
C EALH CASE(MUZEwQ.1.2,3) IS NOW IWWESTIGATED
GO TOI111,211 =311, 4110 MUEE
b AR T I LT R S
TFELOLINY IHaI
120 CONTTHUE
GO TOL121.3131,141),. 1IN
- fait Call CROSSIUR-UC.C
00 130 [=1+1
Al reUBLT r=UCSID
130 CONTIMUE "
GO TO 143
131 CALL .CROSS{UALUCC}
P N )
ALV aUAEIX-ULEIZ
140 COMNTINUE
GD TO 1&0
141 Cal L CROSETLA:DB.0)
DD 150 I=i.3
ACIYaUACIY-UECI]
150 CONTINUE
140 Call, SCALLCsCeT1}
CALL SCALTArA L2
SlaGORYESL Y
.6 Cisring af SUHRATIKE SCREDW (third partl

;020
So30
200
20580
2040
2o
2000
2090
2100
211
210
2130
2140
TR
1Al
ad Bel¥)
JiQe
140
2200
nrig
2024
4230
Tral
2oLG
ot
2oty
2280
1290
=300
2310
2320
2330

2340 .

2550
23480
T3P0
380
23F0
2400
2410
a0
2433
2440
TA%R
Za4d
2470
2484
2490

Fig 2.

EP=SRRTIS2) | .
IHLCxm3 g
IFtSL.LE.ZERD) IRNEXml
IF{S2 . LE. ZERD )y ImDEX=2 . 1
GG (0 230 1
211 TNBEX=& 1
© LD 22t iwi.3 .
IFel{Try 60 T 221 '
1H=1 .
221 CONT INUE
230 ChlE tDFLi(ﬁIN-BIN:EIN-HFIN-hFIN-EFIN-E-RHﬂrTHETA-DIEFL;IHﬂEk-
- IH
EETURM
311 TERQm=-T \
VRITEL & 10401}
KETURI
G
C  DOWE
C DHE. TLOD AND THEEE=-Z2ERO-DISFLACEMCNT CASES WHERE ALKEADY DEALT RITH
C HO=2FER0 DIGrLACEMENT CASE IS HEXT INVESTIGATED.
O PARALLELIGH NF NIGPLACEMCNTS IS FIRST DEYERMINED. CROSE FRODLLCT
C HAGHITURES ARE TEAPORASILY FIDRED IN E.
511 CAHLL CREOSSIUALH A
CAlLL CEaGS{UAULC+BY
CALL CLOSE(UDAMC-CF
CHLL SCAL oA AECLDD
Crll SCALIE-BELZHS
CARLL SCAL{C.C.EL3)) 1
* o Tl I=ie3d \
sip LaC1m, FALSE,
L0 570 Jal.3 1
E{IraSORTIEAIN}
IFLEC.GT-2CRO) GO TD 20 |
. LD¢{Im, TRUE.
SIR CoMY T HUE
IF(LOLEY . AR LO(?).OR.LOCI2) GO TO 323
c
L  DONE
C HO Tun NISFLACEMENT WCLTORS HERE FOUND TO GE PARALLEL, COPLANARITY
C I8 ReEXT VERTIFIED.
Cail SCaL{uUC+AS) 0 10 553
1+ LELPERDY GO TO ST '
égEEBEE:;D?I‘EﬂiHrI“IHiEIN!HFIHleIN sCFIH-E RHO« THETAS DISFLY
RETURN
i COLLIWEARLTY OF BIFFEREHCE WECTGRID 15 VERIFIED.
¢ DIFFERTHCES CF DISHFLACEACHT WECTDRT ARE TERFORARILY STQRED IR A
C ANL D, THE EEDSE FRDDUCT OF THL LATTER IS STIRET IN C.
E.6 Listing of SUEBRCUTEKE iCFSW [Lourth partl



onGh 423 Do 524 Iwle3
2510 ATTIeUsC1x-1BCI1) £
ono T4 BLTyeURrTI-LCLTY
P L] CALL CRECSStACRE
SnAd CrlL LOMLLC LS} ]
a5nd Em=DRT IS}
FZia 1FE5,LE. ZERDY GO T3 Foo
e BDEXmE .
E:;g éﬂl.t CEF’LI (G1deDINsCIHAF TH- EEIHsCFIN/CoRHGr THETAsDaSPL e INDEE+
E:?G - M}
A00 RETURHN )
210 C ¢
242 o ] . i}
T:]g E EETERHIHES LHICH WELTORE aRC PaRALLEL BY SETTIMG LOLIS EguiL T3 .TRUE
E4Q D25 wl 530 i=1:3
2:50 = (FeeD{Idy O TO =2a
wh&D G2 T4 =310
2470 SIE 1H=1
et 1134 INDEXa&
2450 TID CﬂH?IHUF
aFH O .
a71e € TOW
?;20 C IMVESTIGATES IF ALL THEEE VECTORS AKRE PLRALLEL
27150 po 540 I#1.2 .
2740 1P1=1+1 .
i po 5S40 J=lP1.2
gz:g 1F LDl -AND.LO{IT) IHDEX=7
o770 SAd CoHTINGE
27ED JRLEX=IHDEX=D .
o7 G0 Tﬂi:ﬁﬂ:&ﬂﬂifJHDEl
800 C
og1H £ DOME
23;0 ¢ LDETERMIHES fFy FOE TAQ FARALLEL WCETIRS: THESE ARE ITEMTICAL
p3f ST0 GO TOIES L e nal e T IN
rd T 1 - Ce 552 I=1:3
TETD AT wUARL DY
oLl Ct1I=ULiT}
il Uil TimC{Id
L TE: Lo B TSRS
ZReD GO TD 7L
R0l Sal Lo S&2 I=1-1 .
70 AtIi=0ALT
] B{23wlTIE I}
2938 UhlrTi=g{I)
al-F 7. B % UE(LY=ntl] 3
L} oYl Lo SFa iwls
L) AT =UDmEIa=UCL)
2973 o721 CONTINYE

Fiq 7.6.6 Listing »f SUDRATTINE SCRTW {ELIth park}

“2

I9Ed CALL SCRLLAvALSR

e EaGORT(DY

32049 IF(S.LE.ZEROY GO TQ 750

k1vh 3] CALL COPLASATHBIMCIfeAF IHsHF TN CFINAErRHDy THETA+ILEPL s JNDEX Y
Rkl - M}

3030 ) RETURN .

3040 C

350 C DOAE v

Ic&d € ESETERMIMES IF ALL THREE PRRALLEL VECTORS ARE TDERTICAL

o0 £00 0D 410 Isl.3

J0B0 AL =DALT ) =LCET)

098¢ ALD ELLymypiIF-UCLII)

3109 CALL SCALIA-A-S1}

EYRL ChRLL SCALSEH.B.S2}

3L S1=SORT4{%1?

I1i0 51=00RTIEI}

140 CIFT L LE.ZERO.ANDL. 5D, LC. JERDY GO TO 910

T1%0 CALL COPLLEATIN BINCIH AFIN/BFLN I CF I8+ E rRHO» THETA L ISPLel ' JLK -
3140 - IH)

3179 *RETURN

31g0 ©

3190 O DONE

3200 Foo INDE=2

IT1a GD TD %90

3220 FL0 INTE=1

IZI0 R0 CALL COFLITATH BTN CIH AFTHEFINGCFINE«RHD THETA» D ISFL ¢ #DE,
3240 - THI

3350 EETUEN .

32e0 €

3a¥0 C IF MOTIGH IB PURE TRASLATION, TERKO 15 SET EQUAL Ta =&

000 91 IRND==4& .

IR0 WRITECA 1a50 ) (UALT I Imla 3]

plilr) RETURM

3Zie 10400 FORRATLLE *POINTS ARE COLLINEAK, MOTION 15 UNGEFILER- s
1123 16190 FORHAT{SX, "AOTION IS NDT KIGID. LEWGTH AC IIDZS &OT REMAIR'r
EREI - - * COHSTAN. "/}

3340 14020 FORMATLLN "ROTI0ON IS HOT RIGIG. LE4GTH BC ODSS MOV SEMATY"
I1sd - * CENSTAHT. " /)
3380 103D FORMATOSX, *HOTI0H. 15 HOT RIGIIL LEXSTH AF JGI5 NOT =EMAIR".
3370 - _" COMESTAKT . "4

I3E0 1040 FORMAT (%%, &0 MATICH. ALL THRFE PISFLACEMENTS VECTCRS ARE.
ERLL - * IERD.*5)
JAGD 1033 FORMATIOE, "THE MOTIGM IS PLRDC TRANSLATION. "sr1ox."TRE -
3410 - "RISFLACEMENT HAS THE FOLLOWIKD X-r¥=AnD T COPURERTS ©°
3430 - ALSXeF1, S Ll-FL2.5e3ReF12.54) .
430G EHD

¥

Fig 2.6.6 Llating of SUBKCATTHE SCAEW (elath aod leae part)



A
- : 7
3410 . SUDROUTINE COPLL{ATH DINSETHAF TN BF IH.CF [NGC e FHE THE TA: BISPL ) <
4z - L IHDEL e 1H)
glgﬂ E . w0 C VECTOR 15 ZERD: UA, UR« CR UC, REBFPECTIRELY
FED THIS SUBRUUTINE CORPUTES -THL SEREW FARAMETERS Eofdifls THE 3¥30 140 GO TO:124.110:1100 18
- : " Fi  THETA ANp DISPL : B :
3480 ©  UNCH THC KIGID 1ODV DebCR STUDY DMLCRGEES & TUKE hifallo br 3940 110 CALL CYCLIC{UA.UTGUR)
3490 ©  THE SUIKOUYIDE FARAAETERS MURL CEFIAED IN SURROUTINE GCREHe EXCCRT 3750 CALL CYCLICEATN NIN-CIND
500 € CFOR INDEX AP IW. THESE AR DEFTMED MEXT, ' g:;g ’ éFﬂIH-ED.E} Gn T 1%0 |
1510 € INDEX = 1+ IF OHLY GHE BISPLADEMENT IS ZERD AND 1HE Bl CYCLICCMALBIUE)
- WAL - OTIER Tun
3520 C BISFLACEMENTS ARE FARALLEL: BUT WGT IDENTICAL. ivaa CALL CYCLICIALM BIN,CIH)
ITI0C INCEX = 2. IF DMLY OME DLISFLACEMEST IS 7ENQ ANK THE DTHER TUQ 3970 120 GO TOC130,200.356) r INLEX
A0 € [ISFLACEMENTS ARE TRENTICAL 4000 €
Log C INIEW = 3» IF OHLY DeE RISFLACEACHT 1S JERD AKL THE OTIER TWD 4010 € COMPUTATIDN OF RWO AND € URENW INDEX®1
3% C I SCLACENCHTS ARE WOT TDENTICAL. 4020 130 WRITEL & £000)
IS0 © IWLEX = 4, IF EXiSTLY IWD TIGFLACUMENTS ARE ZE&O. 4DID CALL LUCATD CATNBINrCINyAETH ¢ BFINrCFINPRHDE}
I580 € INDEX » 5. IF &0 MIGFLAGEFEWIS 15 26RO ANB ML NISFLACERCNTS ARE J0ad GO TO 329
Ivee C . BOWFARALLEL » FROUTIED [HE TUD BISTINCT DISILACEMENT 4030 -~
;:ﬁg c DIFFEREREES aRE fNKGOLLIHEAR, o ALS0 E DOME - oF THE A ; .
10 € INDEX = &, IF NO NISPLACEMCHI 1S ZERD AMD EXaCTLY Tud u o g 4070 EOHFUTATION OF THE DIRECTIGN XIS OF ROTATIGM WHEW IWDE#=2
3470 € FARALLEL ELT DIFVEREMF. ECTORS AKE 4080 200 UEITEté-lﬂlﬂl
3830 € INGEX » 7. [F ALL THREE DISFLACEMENTS ARE PARALLEL EU 1 4070 Lo 210 lel,d
3540 ARE TUENTILAL - THOT ALL THREE 4105 210 E41y=BINGT3=CINET)
et a1L% Caty SCALLEEiX}
1480 C  IW. DETECTS wHICH VELTURS HRE FARALLEL OR IDEMTICAYL.. 4520 X=GLRTLND
1470 £ SLASIDARY SUBRDUTINES & . o TF AT At 4136 oa 10 305
3480 C LOCATIitkated .~ COMPLUTES VECTOR RMO, WHEW MO TWO 4140 C
JeF0 C DISFI ALLMENT VECTORS ARE FARALLEL. aise oo DONE -
3700 ¢ LOCATZ{dekéxs.— CORMPUTCS WECTOR E AND GHD WHEH AT LEAST A%40 € CAMPUTATION OF THE MIRCETION OF THE AXIS GF ROTATION WHEN 1WDEx=3
3710 C TWU LISPLACEMENT VEGTORS ARE FARALLEL . 4170 300 URITELS:1020)
1720 C© KNOLE txkaxx).- COMIUTES ThE ANGLE OF ROTATION, A1B0 . CAlL CROSSIUR,UCIE}
3730 C CYCLICEA B C).~ FERFORHS A CYCLIE CHANGE OF VECTORS &b 4190 CALL SCALLE/EsX}
3740 C t €. !.E.» A T5 SET EGUAL TO E- & 15 BET 4200 XeELRTIX}
aroh € EQUAL TO Cr... 4210 305 DO 307 1wp+X
3760 € EXCHOE {ArE) .- EXCHANGES THE L 4220 307 ° E(II=EL{IS3
EfAr r DCATIONS OF FIELGS & AND B g
ras C 4540 B IDOKE
37%0 REAL ATHE3SaEINC33EING2) AFTNCED rBFINCS1,CFINGI) E3D D33, 3250 C  COAPUTATION OF THE POINT OF THE ARIS OF RUTATION LYING CLOSEST 7O
2800 - UALE) eUIE 33 »UC I 7 o ' ERP L3V 0 A 42s0 € THE ORIGIM.
3o ' RT3 RLS: 4270 CALL BCALCAIN(E 5!
I52¢ L CONFUTES THE DISFLACEMEWTSE 4280 B0 319 I=1.3
1536 ¢ Ex . 4290 310 FHO(]ImATHED}-SSECID)
2B DO 10 I=1e3 . . 4300 C
3950 UATI}=AFTHITII-ATHE]D <310 € DOME
3340 ULl )ebBFINET)-EINEDD 437¢ C  COMFUTATION OF THE ANGLE DF ROTATION
iaro 1o UCITImCFINLYI=CINIT) . £330 I Catl ANGLE{BIN+UBErRHD-THETA)
IB40 GO TO({G0: 100+ 100 400 500« 400 r 7003 o INDEX AZ450 UISPL=0,
Invo C ATLO KETUKN
3700 € NONE 4380 C _
3910 C IN WAS SCT IN RURROU SCREW E : 4370 € LONE
¥ ) TINC QUAL TO 1.2 DR 3+ DEPENDING DN HHICH 3o £ [MUESTIGATES THE CAGE WHEN THO DISPLACERENTS ARE ZERG, IN WaAS SET
) 4390°C  IN SUBKOUTINE SCREW EOUAL TO 1.2 OR 31 PEFENDINMG ON WETHER U-iE: OF
- ’
Fig 3.8.7 Llating of SURROUTINE COPLY Ifirst paztd - - .
Fig 2.4.7 Lisring of SURROUTINE oot [eecand part]

J""'"']



44da € We L cLCTIVCLY» IS DITFERENT FROHM FERD. THEM THE SCREW PAKARETERS
4419 C BRE CUmMFLUTED. .
4420 400 CWRITECS - J X0
4430 GD 17470 ral0«410) IN
&£440 410 CALL CYCLICCAIN LT DTN}
4449 CaLL CypLICiun-.UB.C>
&4 50 IFITH.EQ.2)Y GO TO 47D
4470 ' CALL CYCLTICTAINsNIIHCINGY
4588 CALL CYCLICIUAUBsUCY
4490 420 I3 4310 Iwj+3
A%30 &1 ECl1aCIHIL1Y-BIN(];
A0 CALL SCALCE:+ErX)
A0 A=E0ART(AY
A534 LD 440 I=31.3
ATAG 440 E{1}FEL{I}/%
455 CaLL SCALEBINJE«S)
4540 B0 ASO Iei.X
AZ70 ASQ RHO( ! ipIHILY=-5eEL LD
45849 CALL ASNGLECAIMsUAErRHO, THETA}
ASFD LISFLeO. *
4&00 RETURH
d¢10 C
452G C DOKE
&30 C COFFUTES THE LCREW FAFRARETERS LHEM WO DISFLACEMENT IS FLRO- AND
LE40 € ALL THREE VECTORS ARE BONPARALLEL. FURTHEKHORE: THE TWOQ DTFFLFENCE
AE%0 © WECTOHS &RE MONCOLL INEAF. HEMCE THE HBOTiOM IS A FURE KOTATILN.
Af&0  SOQ URTTE A, 10ad)
4570 GO D 410
4:80 C
55%9 C COMFOTES THC ECRCU FARAMETERYG UMEM NU DISFLACEAENT 15 TERO DUOT
4700 C EXACTLY TWD YCCTORS AKE FPrEALLEL AMD DIFFEREMT. IM I8 SET [W SUB-
Q714 C ROUTIHE SCREW ECQUAL TO 1.2 OR 3 DCFEWDIHG UFOM WETHER UC-UB OR Ua B
4720 £ THE WOnPARALLEL VECTDR.
A730 400 LEITETA&- 2050}
EEd 1+] IF{IN.RE.JY GO TO 410
750 CALL CVCLICCATIH s BIH+CIMNY
a7a0 CacL CroLiCiba.ue00)
ATID  &I0 CALL CROGS(UA UCE} -
4780 CAHLL SCALTE«EsS)
L] S=RAKHTIG)
L] CO 420 I=1.3
4310 EC{IMECI)FS
43020 420 LOMTINULC -
4330 CALL LOCATLCAINCIN:Ua, UL «RHO)
s AEAG CALL ANGLELAIM UASErEHD THETA?
4350 DISHL=D,
sBad RETLRH
4870 C
)

- Fig 1.6.7 Liskizng of STRAWTINE COPL! {third part)

AEAT0 T [HHE

A@F0 C ~PUTES FREARETIRG FOR WO-TERD-DISFLACEHENT-CASE WITH fLL THREE

aven G YECTDRS I'MRALLEL BUT MO Twl WECTORS JIHEHTICAL TO EACH OTHER.

aRlQ  Fgh WRIFPE (S 1 aDY

4930 CALL LUCATZLAIN  RINCIN A TR LN CF LN KHD:E )

a3 CALL ANGLE{AIM ~UAE.RHO, THETAY

4940 QISri.=q,

AR RE1URE

4940 10049 FORRATLGE « "DNE DISFLACERENT IS 2EFRD AND THE OTHER TWO ARE -,

EL =  "FARALLEL"#3Xr "FUT MISTINTCT. THE MOTION IS PUKE ROTATIUN, ",

ARED - * IHUENwmL*/}

A0 1010 FORAAT{SE s "ONE DISPLACEMENT I8 ZERD AND THL OTHER TW) &RE -,

000 — *1LEMTICAL."/SX+*THE MOTIONH 1S FURE ROTATIDM. INDE s/}

noLd 1020 FORHATL{SR » "ONE DISFLACEMENT IS5 ZERD AMD [HE OTrHER TWD AKF e

H1g2o - *HLITHER IDEHTICAL®/5X.*NMOR PARALLEL . THE HOIIGH 1% FURE "«

Lo [+ = "RUTATIOM. IMTEXEI"/)

040 L0320 FORHAT(OX+ " TWD DI1ZFLACERAENTE ARE ZERQ. THE MOTION IS PUKT ",

fn ] - * ROTATIDN. "FS¥e "INCCXma" )

D00 1040 FORMAT(SX r *THE DISFLACEHENTS ARE COPLANAR, IHE TUD DISFLACEKZNT "«

lorled = " DIFFERENCES'/5%-"ARE KONCOLLINEAR AND WO DISPLACEMENT IS5

=111 1] — *ZERD., THE MATTDN IS PURE"/5X« "ROTATION. IMEEX=53"F3

=090 10Z0 FOEMATISX *TWD LISFLACEMESTE AKE FARALLEL BUT DIFFEREMT ANDY,

5180 ~ " HNO UISFLACERENT"/ SX,*718 FERD. THE AOTZION IS FURE ROTATIOH,*,

bR ] = " IHDEX=&"/) .

D120 1040 FORMATIZR *“THREE DISFLACEMEHTS ARE PARALLEL . EUT NOT ALL THREE®r

o130 = " ARE JLEMTICAL ., " SX.*THE HDTIONM IS FURE ROTATIOM. IMDEXwZ=g3
EMT

S144

Fig 2.6.7 tariog ¢f STAROUTINE COFL] (fourth 4l lamk partd
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=100
=140
ATl
Sing
L1¥0
5200
5210
LI
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20
-1
S240
=IFe
TIOEG
o2v0
S3I00
“M9
30
o338
=340
S350
2340
e
B3Rl
=Ik0
Sap
=410
LA
L4309
4L
450
SAL0
LR
2400
=47

=ES5e

EEH
LoD
LI40
H
1
ZLTD
HER
Z570
SO0
L&I0

Sa420 C

oDt noan

C

™

1a¢

lig

150

23

JROUTINE COPLI{AIH» BINCIN AN INBF IN+CFIHErRHO« THETA DISPL

- rINDE « IN)

TH1S SUBROUTENE COMPUTES THE SCNEW PARAMETERS E«FNUD.FHETA AMBD DISpL

WHEH THE DISFLACEMENTS OF THE THREC RIVEYN FRINTS &RE CLALAGHAR. 1M

HHTCH CASE TIEL FOINTS LIE IS A& FLANE FARALLEL EITHER TO 1HE SCFEW

ARXIE QR TO TIE AXIS OF KOTATINN.

THE SUDRDUTIMNE PARAMETERS LERE DEFINED IM SUBROUTEHE SCREW EXLCEFT

FOF INDE AkD I, THESE ARE DEFIMELD NEAT.

IWDE « 1. UHMIN 720 OF THE SaID DNISPLACERENTS BRE IDEMTICAL. IM:
DETLCT WHICH VYECTORS ARE PARALLEL. FF AT ALL.

IMLUE = 2y 4HEM ALL TOREE DISFLACEMENTS AKE HOMPAFALLEL BUT THF
CORREEFDNRING 1W0 DLFFERENCE DISFLACEMENT WECTIORS AKE
COLLINDAR. ) '

EUESIDIARY SUDROUTINES WEKE ALREADY DLSCRIBED IW SUBROUTINE SCFEW,

REAL RINIIN-BINCRY+CINLI) P AFTHLII e BFINCI} P CFIHNOI W vE(ID fRHOLEE)
- UsiIreUNEI ¥ oUCEI)
COMMOHM ZERQ
EORFUTES THE BISFLACEMEWTS
Bg 19 I=1.-2
UATIy=AF THIII=-ATINIY1D
UBL T imEFINL{II-HIMITY
H+] UErF RN T =CIHITD
Cd.TOL 100G 200) « IHDE

LONE

CORFUTES THE SCREW PARAHMETERS WHEH INDE =]

RELARELS THE POINTS AHD THEIR DIEPLACERMENTS

VRITECA - 1000}
GO TOC11Q. 1201300« IH
CALL EXCHGEIAIN:CIH)

CALL EXCHGETUAUCy
GO TO 130

+] CAll EXCHOECATIN BTN}

Cabl, EXCHGEAUALBY
Lo 149 1x1.3
ECI )=CIN(I}-EINII}
CONTINLUE
Crbt BCALSCErSy
£=BQRT{53 . -
oD 120 I=1.3
E{L}»E{I}45
COXTTHUL
CALL SCALtUAEDIGPLY

Fig 2.6.8 Llaticg of STRROVTING CGFLE (flrat part)

Le3} © TNDME

SE40 C CLIMIWAIES THE THAMSLATION PART OF THE nOTTON

neS0 ©

Saa0 LU 3ad Imie3 '

L&D EaDISFL¥E{T)

SEHG UALII=UALTI-5 .

SO0 ! i1 y=UR{I-5 *

EFO0 140 UCLII=UCIIM-5

5710 GO 0 316

Erndi

G730 G TDME

SX40 C COHFPUTES THE SCREW FARAMETERS MMEN IMLE =2

g;sg g DIFFERESCES ARE TEMPORARILY STORED IN AFIN: BFIN AND CF I
;]

LEMD TO0 URITECS, 10100

S DO 210 Iw1:3

5790 AFTHELIRUACTI=LCCT
L0 EFIMII=MIN(TI=CINCT)
LHLO 210 CFIMCIN=ATMeIN-CINELS
LETO CALL SCAL CAFIM«DF IN+FROL}
a3 CALL SCAL CAFTN.CF LM FRO2:
SR&D CALL SEAL{LF IR BFTN: P
SHL0 CALL SCALI{CFIN/CFIMALS
a0 BCESORT(HE)
TR ACREORT (AL
SEG IrenkScFROTY}.GT.ZEROY 0O TO 240
SuE0 DO 230 Lmped
5500 EC13=CFIN{I} 40
ne10 230 COMTINUE
5720 GO 10 290
5930 Tad  IFWABS(FKOLY.GT.ZERDY B0 TO 240
SE4D D0 250 Ifmgd
5A5g LLIIRFINGI}ATC
ST60 20 COMTIMUE
AT - G0 TO 90
SR 20 GUOTeFROL/AFROZ
SR80 Call, SEALCHE TN CFIN+FRO3)
&000 BETA®{ ACTACEAUOT-PROI-FROS 7 0QUGT+BOSBE
010 BETA=L. /Bt TaA
&070 FETA=SRRT (ICTA)
&0T0 fiL FHf &~ BET AEQUOT
4040 DO 2E0 Iel.d
&L0ThH EtI=ALPHARCFIN D) +EETAxBF IN{L}
4040 DBO  CANTINUE
&070 C '
AC0Q © COMPUTES THE SCREY DISPLACEMENT
- LOF0 DFQ CALL SCaLCUACE.DISPLY ©
s100 £ '
#

Fig 2.6.8 Listing of SCBAOUTINE COPLZ {ascond part]



41186 C ELIMINATES THE TRANSLATION FART OF THE HOTION

&120 ' U@ 300 I=f.X

4130 S=DLISFL¥ELL

&140 WAL I=UA(I) -5

&41Z0 300 UB(I myptin-5

4180 310 Call LOCATLAAIN rBIN+UA 0B RHO)Y

&170 CALL nmiGLETATH UM E«kND, THETA

&1BG RETURM

E190 14400 FORSATIZE " TUD DISFLACEMEMTS MRE IDENTICAL. THE FOFM™5 ',

4200 - *CORRESFONDING® rSx, "70 THESE DISPLACEAEMTS LIE IN A Liaf .
A210 - "FARARLLEL TO THE SCRCW'/5%+"AX]S (OR TD 7mE AX)S OF *

4220 - r*RQTATTONy IF THE ROTION IS PURE*/SX, *ROTATION+. IN[Zw1rs)

4730 1010 FORMHATISA: "THE TWO DISFLACEREHT CIFFEREHNCES ARE COLLI-EAR. “«p +,

AT40 - *GIVEN FOINTE"FSX»"LIE IH & PLAME FARALLEL TO "4E SCFIW .

&350 - "AX1E {OR TO THE AXIS OF*/SX:“ROTATION:s IF THE +0tIDm I8 *.
260 - '"FURE ROTATIONY, INDE=2*/)

A270 ©

&28G DONE

E2FG : END

H

rig 3.6.0 Listing of SURROUTINE COPLE lthircd and last parc)

r

4300
4310
&170
&330
&340
4150
4ATAD
43170
&180
&390
&a00
&4ld
&430
LR
&40
4450
L4400
LAT0
4430
P
LuDe
&e1D
LD
L5340
&R0
ADSG
&0
&%70
AR00
4090
400
LELD

SE20

6430
LLEL
L4
LIy
&7
480
&6F0
&700
&710
&7 20
&7 10
A748
4759
4740
6750

OO

nna

LR a NN+ Nl

20

a0

2

SUBROUTIHE GEMMOTY AIH DIN«CINsAFINs U IMsCFTN Lo liHO e THLTAY DITFL Y
TNIS PROGRAN COAFUTES THE TSCREY FPARAHETFES wHEN THE RETEIOY

15 GERERAL AMD THE KESULTING DPISFLACCAHLHIS ARE HOHGCOMFLAHAK .
EUESD1ARY SUERDUTINCS wfRf  ALFEADY DLLLRIDLD IM SUBRGUTINT
BCFEW.

REAL ATHIAFBIMII O T b AFIML I BFINIZ} hCFINCII fEL T fRHOL )
REAL WAt3)e UBELAX ' UCED)
CoEnOn  IERD

COMFUTES THE NISFLACLHMENTS
b 19 Iwl.3
UALTI=AFINIII=plNi1)
UBCI=BFINCII-BIN(I}

19 UCLI =CFLlHLZIX-CIN(])

LOME
COMFUYES VECTOR E
ETDRES LIFFERCMCE VECTORS TEAPORARILY IN AFIN AND BFIN
Do 29 J=i.a
AFINEL }=UAL T ] -US (1)
PRINCI)=UB{I]=QCil)
CONTINUL
CaLlL EROYSSSAFIN-~FFIMN CFIN}
CaLl SCALCCFIM-CFIN:5)
5=EGRT{&}
IO 30 1=l.3
' E{I)=CFIMLI /S .
COMTEMNUE

DOKE
CORFUTES DISFL
CALL SCALI(UACE«DISFL) .
[OME
ETORES DISFLACEREMT VECTQR {UARE) E TEMPORARILY IN RHO AHD CoHPUTES
VECTORS Wa‘y URT AND UCY, AWD BTORES THEM 1M UA: UE AND UL,
RESFECTIVELY,
00 40 Tal«3 .
RHOQLIII=DISPLeELT)
UAC] dwUALLI-RHDL I
UDITr=UBL{II=RHOLIY
PCAId=UC{ I ~RHALI}
COXTINUE

DONE ‘e
DETECTS PARALLELISH AAONGEST THE MOBIFICD DISPFLACEMENT WECTORS AKD

Fig 2.6.9 Lieting of SUBHOUTIKE CLNMOT (fipat parch



&7ELG COHFUTES THE SCREY FARAHETERS.

ATPD call LROSSIUAUE.AFIN)

P11k Call CROSCINN«UCTF IH)

810 . Call CROSS{UC-UARCFIH)

ABZ0 ALl SCALTAFIH A INRHDLIL )
sEA0 ColL SCRMLCEFIN DFTe RHOLD b
[YEL] CALL SCALLEFIM.CFIMRHD{ED)
4050 b &0 Iml.X

2880 ENQC1y=SORTI{RHOLLY}

4870 I IF¢RHOCTI.GT, JERG) GO TO SO
&EDOG CALL CYCLIC(AIN DBINSCIN
LavL ChalL CYCLIC{UALEWUCYH
AFGS =0 I=3

a¥10 &0 CoHTIKUE

AF22 Cull LDCATI(AIN BIN:DAUERHO)
A" tul CHLL ANGLECAIN UAE«RHOr THETA)
&%40 ¢

4950 O DOME

1Y WRITE & 1002

APF0 1D FORSATISK, *THE ADTION TS5 GEMERAL AND THE GIVEHN ﬂISPLﬂCEHEHTS ARE*
APHD - SIKr "HONCDFLANARRT F3

AFED RETURN
FO&Q EHD

Flg 7.6.9 Listlsg of EVRACETINE CEMMOT (tecond and laxt phrtl

oo
1y
JELG
2420
FeIn
&4
FEI0
il
71
Feag
FLF0
Fr0
I
FFi0
730
Frag
1
Fleo
2770
7780
Ie0
Fa0a
TELD
JBID
Faio
78B40
Fp o]
7980
B
7aao
FHED

ol

aaoonooonNNOooaopnaoonno N

910

Eack i)
P30
]
FELO
R0
FEI0
YFan
T
ance
2010
oooo
ol
#8042
HOZOQ
BO5G
Ba7FQ

%

20 CONTIHUE

SUDROUTINC LDCnTIfﬂIHrBINrUﬂ-UDrRHﬂ;
]

THIS SURREGUTTHE COnPUrRE YOCTOR Rule ILE.: THE POINT BN THE aXiS OF
£/ PURTC ROTATTION LYING CLOSEST 10 THE DRIE]N.

TFRACCTRURE ¢

THE FOLELLO=-THWAREE FORMULA (BCH-15RAEL A, AHD SREVILLE T.H.E.»
GEMERALIZICED THVERSES THLORY AHD AFPLICATIONS: WILETY H., YORK: 1%74)
15 AFFLIEG TO FIKD THE ATHIEUA-NORA SOLUTION TG THE OVERDETERMINED
LINEAR 2X3 SYSTEA AsxeBr THESE EQUATIONS CETHG THOSE OF TWD win=-
FARALLEL FLAMES. THIS FORMULA THUS FINLS THE ¢QInT QF THE LI¢C
LEFTHEDL BY THE TNTERSECTIODN OF 1WO HOW-FARALLEL FLAMES LyIsg CLASEST
TO THE CRIGIN,

THESD FLAKES ARE THE MEDIATOR PLAWES OF EEEHENTE AFTH-AIH AMD BF IN-
EIN-

L
1

CulFUTER THE FOSITION YECTDRS OF THE NID-FOINTS GF THE GIUEN
BEGHENTS. Ealh TS THEM TEAPCRARILY STORER IN RHO amp TEMP. THEW
COHSTHUCTS VECTOR B. .

FEAL ATHCA ) o BINCZ ,UACT Y UB (I} PR (IS » TCHP 3D
0o 10 I=ird
FHOL T RN CT ) +UACT I #G.S
TEAF(] ) aFIACTI URLTI*D.3
COMTIHLTE

BEUTLDG MATR1X AkfATRAMNSF}
CalLL SCaLiuA.Ufs A1)
CALL SCARLIUR.UR.A2D)
CALL S5CALCUAUB-ALT)
CALL SCaALfUAFHO:ER13
CALL BCAL{)E -TEMP B2}
DEHapt 14 A20=A1 201D
IF(ARSICEN) L LE. ZERG QO TD 30
Xi={Bl4A22-B2RAL)STER
XIeilxAl L-HirAID )}/ LEN
LG 28 I1=1.3
RHOCI @Un{ T 1kX1+LFECT 3aX3

KETURN

I WRITE4{6.50)

A0
Bl

DG 40 Icted
FHOCIaUALTH+UDCT
FHDL T ) wkHO ¢z 05
CONTINUE
FORRAT /53, "HATRIX ASCAT) IS BINGULAR"/)
FETURN
END

Fig 2.4&.,10 Listing of STRENITINE LOCATI



Logn IFOUTIME LUCAT2{ATH  EINsCTH AL THeBEF IHs CF LIIsRHE A E b

aoyD ©

#8196 © THIS UERONTIHE COLMPUTES VERTORS RHO aND E WHEN ALL THRES RESLCTIHG
8114 L DISFLALEHCHTS ARE PakcAlLLEL DU WOT Ti0 YECTORS ARE ILEMTICAL, 7O EACH
120 C QTHEK.

8139 C FROCEGUFE

HLtD © EACH FLAGE 15 DETERHINED pY A TRIAD EF HOMCOLLIHEAR FOINTS (A~ BIH:

BiLD C CIM:y =&FIN«BFINCFIMY. WECITOR E IS DETCRHINED BY THE CRUSS FROZUCT
%{g% % OF 1HE NOURAALES TO THE FLAMES. RHO IS5 CORMPUTED EXACTLY AE TH LOTATL.
BiHO @ [

a170 REaL AIH Ay RIHC S o CIHL D e AF TN 3} e BFIHC ) o CFIMNI S e DIF 1)
azan - DIFZ(S}sFPRODEZ) RHOLINVEL XS

EIlD g 10 Imp .3

az20 DIFAITI.RING)-ATHATY

B0 pIFEtll-EIM{l);ﬂINiI?

8243 16 LOMTINLE

Bz CALL CROSSIDIFI«OIF2,FROD}

BrE0 Lo o0 I=1.3

BI70 DIFIL)®FIMCI»=AFTHET )

E2ED LIT T mCFINHCI}=fFTIHETS

BI7] 0 COHTIMUE

8300 CaLLl CROSS{IIFLDIF2.RHO)

BZ10 CALL EROSSC{FRDONMMO(E)

B30 CALL SCALIECE.H)

SR & ] SaSCRT(G}

#8340 IFCARS{SV.LE.JERD) GO TO 48

BIZ0 §

#8350 C BUTLDS FPATRIX A¥caTiANSF; AMOG VECTOR B,

837G CALL BDALCPROD.FLOmR a1 )

azap CALL SCALIRMIKFHD A2

BI90 CALL SCALCFRODSRHOYALZ)

240 {CALL SCALTFRQDCINcFL) .

8410 CALL SCALL{FRHD.CFIN: b2

842D DEMaALIvA2D-A1T0AT2

g430 IF{RESIPINY LE.ZEROY GG TD 40

Bai0 TI=(BltRIZ=BI4AL 21 /DENH -

pass " T2=¢ el l- Bitﬁl"anEN

B4 pao 30 I=1.1

B470 EfI1=E(I )/ /5

BASG CRHO{I ' wPRODC L IR TI+RHOE TN T2

470 30 CONTINUE -

B500 RE TURN

8510 AD po 0 I=1.3

- e DIFLcl)aCFINCID-CINSID

=] -1+ CONTINUE

BTaQ CAlL CROSS5{IJFL+PRODE}

a54G CALL SCALCEJE+B) . * -
Sal S5=GORT{S) b v

B5 70 o &40 I=r.3

L:Lr1=7+ ECII=Ei[1/3

asvg &0 CONTIHUE

B&30 CALL SCAL(AINE T ' .
:EH oo 70 Ial.3

Y] RHO 1 ympaINCI}-TRECTD

2430 rd) CONTINLUE

Basp FEETURH

BaSD CHD

Tig 2.6.11 Lisclsg of SUBRKTINE LOCATI

-

EUBHEUIIHE ANGLELAIHN UM EsRHOr THETAY

B0
bavd ©
D4BG ©¢  THIS SUBRAUTIHE COWFUICS TNE ANGLE OF RﬂThTIEH OF & PURE-ROTATION
AL¥0 € mMOTION. !
BY0% C FROCEIURE @
ATI0 C  USE TS5 Malf OF RDODRIGUES' FORAULA ABISHOF K.E.,"RODPRIGUES® FOTULA
B#20 C AND THE SCREW HATRIX" . JOURNAL OF ENGINEERING FOR IHUUSTRT: TFaNS.
B7FID C ASKE, SERIEA By VOL. 31 FER. 19471
8740 C Eo=RInTAHITHETAS T IEX LRI D)
g7%0 C  WHERE ®1 A&WMN RZ ARE THE IMITIAL AMO THE FiaAl FOSITION WECIOR OF
740 ©  ONE FOIHI UF THE BODY HUT LYIKO OW THE axis GF RAOTATION. THE ZRIGIN
G770 € IG5 ASSUMED TO HE LOCATED AT ONE FOINT OF THE AXIS OF RGTATIDH: THET:S
B780 C AND E ARE THE GHGLE OF ROTATION AnD THE uu:r VECTOR PARALLEL TO- THE
8790 €  AXIS DF ROTATIGM, RESPECTIVELY.
00g% C :
801G €
(32 ) REAL ATH4ZY rUALEY+EC37RMHO4T . TERPIE) .
8830 D 10 1=1:3 {
BR4D ATHL T ImATNE L= RIGCE ) I
BLSH LALTIRATNLTI+LALTY
g TERP LT mA 1ML T tUAL T |
A7 LACT smUAtTI-ATHL T} !
BAED 19 COMTINUE '
BE YD . CALL CROBSLE:TERFAINY 1
B8RO0 QUOTwd H
BY 1O g 20 Is1.3
Y20 IF{APSEATNE{T ! LE.ZERD) GO TO 20 '
BRIl GUOTSUALTIAATHET)D '
EF G THETA®ATAN (QUOTI#2,0 !
BE LY Ea TD 3o i
8940 20 CORTINUE
8970 30 IFtADSCAUGT).GT.ZERQ) RETURN |
EEQ THETA=ATANE L. G) 4.0 )
EFFD EETLRN \
000 END E
+*
|

rig 7.6,12 Liesting of ECBROUTINE AHGLE

(L

i %ew



Jaie
FET0
L3I0
Foa%
7059
Fo&D
070
7480
FAR
e el
Fiie
Fled
7134
7149
7159

mnmRan

i

SUBROUTINE LYCLIC {A:L.L)

i

THIS SUEKGUTIRE FEFFORHS & CYCLIC RELARELLING OF VECTORS &: ¥r G
I1.E. VECTORE ArB AND C ARE RELABELLED Be C AWD A REGPELTIVELY.

REAL AN BRIy sD{ThaAUX(3)
PG 14 I=il:3
AUXCT r=nRiI)
ALIY=B(I)
E(I)wC{I?}
CilIlwaAlILiT)
CONTINUE
FETURN
EMD

Fig 2.6.1) Listing of SUBRCAITINE CYCLIC

F1560
FI70
F1EB0
2190
7200
7210
220
FrIn
Fa0
oS0
FIED
270
T7iBO

aonan

19

70

SUEROUTINE EXCHGE {afB)

THIS SOURRAQUTINE EXCHANGES THE FIELDE OF A &ND By L.E.r [T
RETURNS P AS A ANL A A% B

FEAL ALIr B3} rARL{T)
0O 10 1m).X
AT ma ]
LIS FLY IR
ECI walx i)
COHTINUE
RETURK
END

Pig 2.4.14 Listing of SUDRIUTINE EXCHGE

7300
310
TIZ0
7330
7340
7350
750
7a70
FIBD
7390
FA0G
7410
FR2G
F4I0
7440
45D

Fig 2.£.15 Listlng of SUBRGUTINE {RosSS

FALY
7470
FaBd
7470
oo
Folo
FAnly
FLI0
7340
750
7LD
=70
B0

Flg 2.6.16 Llating of SURRAITING 5CAL

nEoanan

nonnn

THIS SUBROUTIME FERFORMS THE CROSS PROD
ANE SETORES THIS PRODUCT IM L.

10

1e

SUPROUTINE CROSS  ({A:P:C)

REAL A{3)eBU32 DTy

N

LD 10 K=1-3
CiK)ymg,
D {0 L=Ird
DO 10 Hmi,X
MelL=RikiM-LIk{K=),
CiKI=C{K)-NEALL A o
COMTINUE BRI
RETURN . }
EHND - !

SURROUTINE SCAL LETY Y-

THIS& SUBROUTINE PERFRRAHS T
HE SCA
AL STORES THIS FRODUCT I &. LAR PRODUCT OF
!

REAL AIZ1.B43)

5=t

6O 15 I=i.3
Sm3HAiTINBIT) .

CONTINUE

RETLRN

LND

(LN ]
-

T & AND Br JH THIS DRLERr

VECTORS & ANp B
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. Flg. 2.6.17 Notion of & workplees

Exereise 2.6.9 (Taken from [ 2.7} ) fat g,7,a and §' bw the poalcies
vectarg Of the Initial and the dizpleced powitions of polnte A azt A of a
rigid bedy under the scped sotion

reategioal
g belng cthe rotarion of the screw, Show that the xat of polnts of the

body that, under the given motion rempip squidictant Froo s Fized point P,

lie In & plane.

2.7 VELOCITY OF A POINT &F 4 RICID BADY MITATING ABCTT A rI:‘EE‘I FOINT.

In tha previous sectlons the motien of & rigld body when Doving betwsan tud
finitely woparsted configurations was analyzed. In this asction and the
tollowlng onad, the aotion of a rigid body botween tus inflniteslmaliy
Geparate] Cconflgurations IF analyzed. Tha varlablex lavolved in the body
motlon are conkidered to ba functione of tims and results concerndng thelr
tiee Idnrlﬂti\rtl ace phtainsd.,

Lat yit] ba the inage of vector 3 under & purs rotation Qit), Clearly,

" -

% Lo an indepondent variable howeyer, 1ts lmage, yit). e & function of
tima, If tha crigin of poo;;dinat“ iz placed ak the flxod polnk, thon

!'m-glt]f 2.7.11
Differentiating the above equation with nl;ﬁct to tizs, o chtaing

yitiegitlx 2.7.m
whith is an sxpreaelon for tha velocity of the ;.:nlnt lecated by vector x
in {te initial ecoafiguratism, at tlme t. Expression {1.7.311, however, in
ot practical to coepute tha velocity of the sald polnt, for it equlras
nowledga of the polnt posltlon in [te inikblal configuratien. Salving for
x in eg. 12.7.1] and inteedusing the corcespondlng valus Ln . H-‘LHI
yialds

yEt)wp errp g (Rl y {e) {2.7.3)

which iz an wspreamion for the velocity of a polat of m rigld body moving
abodt & fized polnt, in twrma of the current positicn vectbr of Ehe v lrsg

palnt-  The sacria poduct, :'I!IQT{T-I r called thi angular valocley* of cha

rlgid body, repeesented by fit], 18 & skew '.m“i'; matyiz. Then , the
wolaciky !H.J can be exproansd A%

vitp=ditlyic) (2.7.4s)
whecs

ata=tng’ o

xercise Z.7.1 Show that. 1f Qit} is orthogonal, then QIt)Q it} L skew

YRR LT LC .

* Troeadell lz,l} prefezs to eall it "che spin®™ and so it is Foumd alsc
under this puse io the iitaraturs

ié



kg

Exer2ive 7.7.7 Ehow that the yelochty of & polat of & rigld body moving
about 2 fized point 12 pefperdicolar to ity positlon vootor [dlrecied Iron
tha tixed poloe), Sinee Qe i ekow symhatric and Ind it i{s totally
dacarzingd by chras indepandant scalaze, thus bi:l.nq 1“:1#11: s

cartesian vegrer, 20t], cAllsd alic the lfqulu nkh:ltr of the rigld hedy,

Valng cprroskan vecker netation, Bha valoticy wit] then cap be expresded a3

vitimeitlzric) . {2.7.5)

rxargiza 2.7.8 thtain the compooents “i of vector y In termx af the

=T 1= =T ] Er“ of macrix i,

Epuatlon 2,7.5 makes thi rasult of Execcime 2.7.7 ApPaTent.

Elmcn SIE) Lw skaw symoctrilc and 3x3, Lt bas o oord sigenvaiuve. aa is
ahown below, Furthermocs, jtp gther tv0 algenvalpas &rd complax (and
eonjugatm, af coursel. Irdged, askune EH‘.} im in its omrpolcel form, L.m.
[cond -slng  ©

[P“'"]' aind  comp O {2.7.8)

e a 1

[~aind —cond 0

[Gits)= | cosw  -ming afd (z.1.7}

1] -] o

L

From the above sxpressicns,
-} =1 G
gieigies= |1 @ ofd {2,7.8)

o 1] L]

uhi:;a pakns evident that all vootors of the form [g} - [ﬂ.ﬂ.u]lr. a boing

any scalsy, corroapond to s Zara elgonvalup, The other twa algenvaluss

whers 1 in the imaglhary unity, =1,

v
arw zaadily found ko has

. {
1.1-:51,:1-41 i (2,7.91

i

F

The wall space of Bi{x) {ses Sec. 1,3 is, from che toreguing dlrrussion,
of dimanmion 1, 1,m, & line. AlL tha Iunmtl. lylpg on that line hava zero

vglogdty, the line thum being called 't.he inltl.nl: axia af rout.inn af

the rigid bedy. 1

A cone rolling without slipping en a plana is & pizple 'ul.unpli of a rigid
Iondy rotating about e Flxed polpt, lte apex; ltp inatant :uu of rotation
s ciwarly. t%¢ alemont of tha cone touching ipatancanecuwly the plane.
Arother snample waild be a sphers rotating on & plane i_n wuih & way that

the tontect polnt remaips fixed; che inctant axis of rotation of the sphere

im thud tha diamstor pasding thrpugh the [wint of cootact.

_m;c]u 2-7.4 A s of Tavolytion rolls om s senle turface, slwo of

fl

revolukblon, witheut slipping, in such a way that bath appices are colncident.

I what ia kthe lonstant amls of rotatlon of the conge an metilon?.

Exercios 2.7.5 ghow that the wplo BAETiX & cad be written an
1 -
i .
- . |
abagw A 1F & conavant matiix and & Le the time derivacive of & | the
i

rotatlon abgle. ;
" 1

3.0 VELOCITY CF A WOVING MUINT RRFERREL 7O A MOVING OOSERYER.

I what follows, an obasrver wizl ba understood o be 2 Eet Of coordinate
aren prowided with a ol {Z-I.p.“}. Aspale & pRiRT P s locared by
v tor o ig the origin of a owazdinate gystem In motion with raspect to

anothar coordinate systom, which will bs arbitrarily refecred oo ag "fimad™.
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The lalter syeicm cansbitutes s Tiaed chmeriee, whormas tho first, & meving

RS,

[at x ke tha positicn weceor of & polot Fy in motlon wlth respect to bokh
‘ohservers. Wectors and matrices expresssd with reapact to the fixed
glhaerver will be ledexed with letter F, whereas thors empradsed '“h,
raspeck o the moving one will ba indeasd wlth letter . Lot E Do the
ponition vector of P oin the aoving abeerver and © the rotation dysdle from
the fixed cbEerves to the maving onw.

Bepnce,
(), =(x); +lEly {2.5.11

whare it is undorstood that all thras ¥YECLSCE are functlons of tims.
ana velocity o4 F L3 obtained diFferantlating both sided aof wq. (3.0.1}

with respect to tice, 1.4,

: {1.8.71
(Wlp = (e )e <&y
vhaze v Ls the veloclty of Polat 7 and, pinca
[d.4.7}
1, - o le),
Lhan

(&), - (8,18, » it

- (alple)y + {?]rlé}ll . (2.8.4}
Thus, #q. §{2.8,31 becomes
B, = [y +(0) 40}, (0 (E0 -
- (vgdp (21,0, (0], ) Leh (a.8.%3

where the [irst bwo tarme of Bhe right hand alds reprosenc tha veloclty of

P aw if it wore one paint of the Tigid bedy defipad by the woving obearver®

" fer Soctian 1.5

and tho last term is the valogity of F a0 pessuced by the moylng cbsarver.

Matrlx [Q]r transfern the descripticn of ttlucitr[i}n o the #Lamd

abhxeryer. Thut, og. (3.8.5) states that the veloclty of mmink P squale

chat of polnk P oas Lf it were figed L4 tho moving ccordinate axas, plus
r

the valeclty of polpt P oam LF the moving Observer ware Flxed.

Civen any two [oists, l'1 and Pf aoviay with velocltiey .f" amd ¥y

rexcectively, "the relative valoslty of Pz with raspact o ?}' in dafi-ad

g
LT 2.0.4)
Similarly, tha relative angular valoclty of oody 2, moving with angular

*

valocliy ﬂ:, with respact to Lody T, 2oving with abgular valaolty 51 . A

dafined aw

B ™20, .41
or, alterpablvely, -

T {2.80.7)

2.9 GENERAL MOTICH COF A RISID BODY

lat & clgid body B unddrgo the sost ganeral moticn, 1,e%, in gendarsl, ne
polat of B resalns fized, Lt vy be the valocity of one of ics palnea,

Py with pofition vector a, and angqular velocity @,

P
Thud, the relative veleslry, o of Ahy other polnt Rilocated Ly x ) with

¥eapect t3 P, iz glven by
b -1 (.81}

for =y ir the valoclty that R would havea if P ware Flwed, Toom aeg,

{3,9,1},

rYprii-yd ) (2.9.2)



is the yolocity af poine B, and im glyen in tecms of the yolociey of another
poing, P, the angulap yeloolty o and the posltion yecror af B with ceppact
LE I 8

‘Glwen tws rigid bodios in EoTicn, body 1 rolis without wlipding with
reepact Lo body 2 LF, and only 1f, thers cexists & eab of j;:aintn on both 1
ard I moeh thab the ralacive veloclty of points on that set is zero.
Iug..[;inq the velotity ¥, 48 glwen by sy, [2.9_2} (] the relative valoclity
of ora point R of body B with Tefpect to bhody ©, the Iiged observar, tha
condivion for B to eell without alipping on © ie that thers exicte & fot

af polnca, whose peskicion vector is glven by x, for which v=0. But for

this to happen, thy condicioo i

¥p "ohlEmao} {k.%.3}
.uhich states that v, ia in the rangm {s.e pection 1.1] of M. MHewewssr, it
wat Ehown ia Seetien 2.6 that the null space of o if of dimsnsion 1) hence
~eq. (1.3.1)= the rarge of I iz of dlmenaion 2, thereby exittlng wectord

in :3 rat belosglhg e the range of ).

It e Lappens g lie outedde the
Tazge of 0, 1t ia npoanible to flrd a yeckar ¥ for which »q. {1.9.3] im
satisfisd. Those vectors lying cutslde the sange of O 1ie necessarily
on lea nwll apace, 1.9., on & line perallel to the sjgravector of O
corsedperding to {tm zero sigenvalue or, =quivalontly, ara patallel te
the weskor o a5soclated wlth E_: In caas ?E has & renzerc componant along
the mill spaca of ?. Loty B i3 sald to alide on ety C, which ia tha case
of tha worm-gear ar of the hypold gear couplings. In these corplings thacd
sra powsr 1oE5es dud to the involved sliding and, wipce che dissipated
pouu is proporticnal to the elilding yelocicy, che contact betwesn tha

b parchanical civweots undal cunl-l.dtn.tlnn thould take Dlece alooe [oints

of minlous magoituds of aiiding veloclky. Fo@ Bypold gears this rat

7T

|
of polntg lim on o line whileh, parallaling Choales' Thearem, la called

“the instant azis of the screw Sotioo of body B with respest wo C7 or, Cor

shirt, “the Instanc Gerew axlp”™.  Indeed, let cha slidicg velecity e givec
by eq. (2.9.%). Finding the peints of minloum magoitode ef aliding

' 1 '
Yelocity coprsaponds to findlng the yectors x of srpresslon [1.8.2) which

- T
oirioize the quidratic form” p{Xl=¥ ¥, which his & staticnary value

[S5ection 1.7C) when . ' [x) vanishes. i
r
Applylng the "ehadn rule™ ta plX), !
1
. '
] Ixj-ifr!l v ; t2.5. 48}
where, from wq. {2.8.2), :
;E. =5 {Z.5.4b)

Thua, points 2, yielding an sWbremic of §ixl satlely tha wquaklon

Gy =— Bymd

. i

Exarcise 2.%.1 Ehow that the gradlient of ‘HE' ia twice the Zaft Mesd slde
of eq. {2,9.5].7 I

[2.2.51

Elnce §i has onw zero eigenvalos [ans only ooel, =g {II.'D.S.j HALES that

the minimm-magnlcude velocity, given by !

LTI TR ﬂ[x__u-j_:PI | {T.9.6)

=0 -p 1
I
ie in the null kpace of {J, l.e. 13 a vector phrallel té w. Hariee that
g, [2.9.4 Soes ook vield & unigue wector Eu.!“‘ 1f any vector o, {in
the ryll space of EE:I is added to L+ tha valoclty = of tha few poi-t, L=
glvan by
Bt Gty )

Lency, the polnts of minlmom-segnibude relocity lde in a4 line pasaisg
L]

thigugh one poloz i in the direction of ¢, this lina baing the iss:anc



screw axls of the motlon under #tudy.  The pacticular pednt Pﬂ on the

sCcow hxif, locatad by Ho ig phwoson such Lrat A bg normal to Cha sorow

axis; thus, Lappens to be the minimm-com vector satlnfylng (2.9.8].

%o
This vector can be found in & sisilar vay ae weoior I of mq. [2-6.8] was

found, mamoly, choose two lineazly independent egquations out af oq [7.9.5)

and form the system
g, b {1.9.7)

whero A 1a a 2x1 macrix and b 18 & twa=dimensional vector. Hence, the

minimge-rorm salutlon x, la ghrin al

4]
a,md s 'y 1w
An alternstive way of finding ny f{a naw prasantmd, ezpramsing eg {2.9.5)
in gartealan veckor form, r-l.nl!h

LG I (2.4.4}

whigh can oo expanded az
wmv runfinirgmr l) =0
or, skpandiog the dsukles croes produce,
F
warLr - 1zgmEpum” t5,mE L0 "2

If now £, i¥ speciflod to be poTmal to w.i.a., to be the sinlmm-morm

-]
vector of all thoew sathifying =q. [2.9.9), then it can ba obtained from

the above oguation aw

1 Tpe e te gl ' {2.9.10}
-

which e an expessnlon sizilar to that appsaring io eq. (2.6.15).

* plig.y

The fopeqaing reiults are pumaariced 1A W theorem wimilar o that of
Chasied'.

THEGREM 2.9.1 oty aigid boly mesios {s equivaleal {0 a2 scnnw mofiox,

‘cmq:au,d 0§ & velocity v, onad a 4pin about am aris paactlel Lo vy - The

podirs whose welanity £a v, 2ne Eacated on @ Liae parafied Lo y., calfed
the imalant sorew axie axd v, 44 ef minimon megrifule, Tt dched czis
passzs thapugh goint P, whose poiition veLon i gives withis by .
[.5.4] #& by eg. (2.9.70)
The countarpart of Theoram 2.6.7 now (ollows
THEGRIR £.9.F The vedociLies 0f abf ghe points of a xi3id body undangoding
an arhiinang metion Love ddentieal projections afong the Juefant sonos
e, . . '
Preaf;
The veloclty of any point of the rigid body can be wTitben aw

e ) .
ot multipdylng bath sides of the abcve tquptien times yis wector farallsd
to bhe wersaw axia)l ylelds .

VoumYeurua T,
But the :-nnd term of the :igh;_ haud &ide clesrly vanizhes. Hencw

Fow

e ) g.e.d.

By wirtua of tha latter result, the projecticn of cha velocitins of all

the points of & rigid body ic ootlon along the sirew axis I$ given by
HE{J” , which is callwd "the wliding™. The plteh of the inwkant acrew

is glven by ¢

:'“1¢”
Ao e — [2:5.113

|!!H



which Ly the ¢oohtecpart of &q. {1.6.213}

Aiter Thecrem 7.%.7, there [0llowl oMl Berhod of detercining the orlentakiza
* of the screw axls ¢f & rigld body motlen when the r.n}.'.-—:o-.‘u.ur velocitiva
of three points &, 0 ard C of » zigld body aro known, Indesd, pava;leling
the derivation of #q. (2.7.24] cne obtains

fv =~v _Jely, =v.}
e (2.3.12)

E -
11 4 My PEEIY A P8 |

Excrolioe 25,0 ERow that the velsdlty ©F 511 cha poines of & zigid bk,

and 7, ralpaccivelr,

threa of whore polnte, A, B and O, hive velocitiew v 2 e

Wy ¥

have identical projectlions alony vector v, a5 glvan by wg. {2.9.17.,

The alifing velegley, Y- can than be Sbtained as

{2.0. 11}

vo=[v,.ele wgn ty, e} ‘

where the cigmm funccion has wn lndrcduced in order to mate the llrectli:ics
of Loth Y and = poincident.

To completely detarmine tha instant merew, only the angular veleelsy w
racds ba cooputsd. This is done In what follows, &fter deriving sard
Iesults 3lallar to Choda of Ssction 1.6

Coxgdfary 19,0 7§ at leasd cng poinf ¢ o wigdd body hos o vedecity whic:
L4 powmed to L0 angular valpacty A TeAo, ke body wadeagoss 4 puts
Rafafian.

tha foreqolng Carellary ie a dirwct oondequerca of Theorem J.9.21 and s

lta proo! is left &8 A0 exercles for the reader.

|Ewereiee 2.9.2 Frove Covollary 2.%.1

THESREM 7.9.3 Tht diffctence veclod of the velocilied of any feo pointd

of o xiged bady uidingodfug ca arbifrary medicn &b peapoudicaitn Lo the

Aratand schow ards,

Froor !

Lat v, and y, ba the wxlocities of two points, A and B, of & rigld body.

t
From eg. (1.9.2] theso ays palated by

Yyt omal

i
1
i
Renca, the difference, 4, inm given Iy i
L]

4 = gy, 00

h'hicl.:l kel 4t clear that @ lies in the range [(Saa Swtinni 1,1 1 of Q,
Ehereby being normal to the null space of Br Loa., nam:l.'m the screw
ki, nl:-ruftlr thin resuic oan b pogremd remarting to ;:;.I.hbl.' ootation,
Thiz wvay, d can be writien as !

d = g (E-a} .
And hence

dowm wiibral .y
Which vanishes because the dowbie product at the right hand slda cootaize
o igentical vootors, g,.9.d. . '
THECREN §.8.4 1§ the vefocities af Ihage Aonsodlingn pou:.u. 0f @ Adgid
Body are {dentical, the body wndengoes & punt Dhamstatios. '
Proct 1

Lot !A" g! nawd !E ba the respectiva velocitles of paiptg AB and C, Rafecr-

ing these te tha veloelty af an arbitrsry polor p, one LbuLnl
varvprate-pl N :
L]
T¥ 2T )

ToYprOtempl

Bubtracting the third eguatios Crom tha Fiewt Two yields

. _!n,'fc'g (a-gl=g . ’

Yo YR eied



which jmplica thae both a-c and D-c lia the noll rn:p.'l.::n of {, Thle apace.
hewawer, 13 of dimension I, &0 dlacgassd in Sactlen 2,7, Bince pints
.A' B and & are poncallingdar, vectors A-¢ and b-c aze linearly fndépendent
and heoncn cannol Le simultaneOutly inm bhe pull ecpce of 5:1, yrless EI- E,
the motion thus reducing to g puce erandlatlon, 3.e.d,
THEOREM 2.9.5 The rownddeniical vefpcdties of thute points of @ aigdd bady
axe copbanare Jf and pnfy i eat of the Jollpwing comdiltions i med;
L] The motion L4 a pure rofation
L] The moLion &3 genean?, but the podnis gre coléinear
idd] The mau;: 44 gengasl and the podnts oaz nof collinesr, buf Lle in
£ plane panaliel Lo tke dcred anis,
froat
"LE" ezt
!.I_ If the weclab {8 a4 purs rotatlon, dha veloclty of any point wikh
p:!:ition vecter o in Qiven by
T
which statcs that ¥ lieg in tho radge (Sge Sectiph 1, ] of %, which
la f dimension J, &8 was discussed in Sectlcs 3.7. This weans that all
veloolty voctors lie Lh a plane pavpendicular to the btwll epaca of 1
i.e. parpendicular to the axin of rotation, theruby shouing :h,n.. these
valoeltios are coplancr. )
i1) Let A, B oand © be threw collinear polote gf the riqld body ant &, b
ard g ba their respagive joslcion vectors. The valécltied of thaks
pointe, reterred to ah arbibpary polnt with positicn wector 1_: ALW
tteee

E’n"l'r‘“ [t=p}

e

g
7

1il}

Einco Lhe polnty are opllinear, tholy poaltlon woetops ave celaced by
gma=afra)
o, addlog 24 to Ye and pubtracting lt wimllcaneousiy [rom ©o4 B4z
expresdion, one chtalne
vervptteoen Haie-dl
-.:twsu PlTEt two terms can be zéadily identifled with Y, Fore el
pubstituting c-4 io the hird rerm of che latoer wouatics by a'>-8), iz

given abave, leads to

b—a
fcrfhﬁugiw ot
But )
otE-a1=ry-y,
Homwow, the ezprevsion [or L La tranaformed Loko
Yt g,

or, egulvalantly,
bom{T-alyyravy .
thereby praving the lipear depandence, 1.a. the coplanarity of 7, .

Y. A v

B c-
The valocities oF the thoee glven polnca, A8 acd €, are raferTed wo
that of & point P an the sorew Axis. "rheu volocicies take or Tha

Thuk, the vealocity of P, v

o) I» parallel o

form appearing in il
the sorév axia. Om the ochar hand, the fack thar &, b asd © lia in

a piaoe parallel to tha scrww axic allows ono to wetahlish the

followipg celatlonship

gramabea) vEY,

or, aquivalently,

g={1-alatale by,



Substitutlng the laccer expreasion in Y. i given jo 11 . jesds vo

Y iiemp =

™
"pella-piadibralendy,

whose two first terme ton b feadily 1dentifled ax Y ita fourth term

yarlghling becayse it Biss 1p tha noll space ef §j, Hence

i Ec":i_"'g ir—al

But
Bib-2)ve -y,
Thus, thé laresr expression for Te 1o vransformed Lnto
A P R
whirh ahews ehe linesar depardencs of thae thaews glyesy velocliy weceorn,

i.e. iee eoplarabity.

Tonly HT parta
Aseumlng that the velocltles Yoo Iy and LA of thoas given points &0 sl
C are coplanar, the followlng relatlonship holds

daLly,, ¥, ¥oIe0

B
Re nd vl
ferrling LA LI R Y hawm

R Al

Fomy e
Thus, the above expression for the determlpant bacomes

datfy., v oRib-ab, v oBig-pl}u 0
Fustraglihg the first column of thia doterminant from the resaining cnes

dses mac change the value of the datarmizant. Leaca

dntﬂ':h, ftip-al, Gic-ak)=3

E
! e

which is squiwslent bo |
Ath-abulig=al v =0 - I
il - Y |
Introduclng Gikke' ootntion, snd expanding the resulting exprescion,

B (a1 23 Tg-#1=[m tb-22 = gt L0} ] =

'-[u [-al. [;_:.-f:l]t.-{?; {9—5}.9] (c-a)

1
b
v
r
'
'

whers the éxpreEsion in braciets in the Eecond tess af the rizhionat haed

slde cleacly vanlshes. Henca

A -ayxgig-a) vy=lustoea) - temai ey,
i

which vanlshaz under ohe of the following conditicas:
i

1 Wy, = b

which implims, arder Corollary I.9%.3, thak 1he motion lE & pare

retation g

18] @ralzie-a)=d

. whlch means that points A, B and C are nqlnmi:
Lit)  wxbead. {e—al=d .

which indicates that racters g, b3 and -2 ata coplunar, 4.k.d.

A Alrect conseguencd of the [oregoing result L the following
Corollaty 1.5.1 Aisume o nigdd bady parder mofion mad chosde any fhtie
porcofingan polnts A, § and © of the body. P2tiig 1.:!1'. vy and v, be the
theee imveived velocifies, them fhe dilizitnce venlond vy -va and ypup
fans, rondequently, y*-?ﬁl ard paratded £ and gufy EJ the poiaza Lie dn &
plane panalliel o fhe schiw auis when ths wetior O gengaal. T§ Lhe wolion
niduces £0 @ pute zotaddan, fhen fhe said piade L panaffel Lo dhe axis of
Aptitioa.
|Exavciss 2.9.1 Frove r.nmu;nr 2.9.2

Hors resylts oarnccted with tha prasant Alscusyico ars the following



_.1':!

fu

Conptfany £.4.3 The pofocdtics-of any fn pedndd of 4 Adgid dody ranal
be prrablel and diiiohont, sadedd the body undergeed ¢ plae malailia

Conabiary 2.9.4 T4 bop, and andy fup, vefeelties of thace vencedilidean
.po-{m ef & wigid body goe poraldel, fhen eithen L) ghe pasalied vilscitied
att ideatieal and bolomg £o podndd Pying on a fiet pawrtiel L Dh2 Lo
anis, gt &) zhe poratief velard€0ts ane diffeaent faom erch .M—"-M. in
which cose Lhe mofion £3 o peat wolifdom whodd dois Qb peraflel o the
Ling ppangcting £he o prints of paraftel velocities,

Coanblany 2.9.% Givcn thee nencolfingan pointd, A, Boaed O, ¢f & wigid
body in motion, éuth that vaed dnd v, and vy ahe ponadled bt dotiaet

L.t v "V, Lhen the body u.u.nn‘w_;e_au a porg Apfatios and &3 A% passid
Lhagegk C and £ ponaflel fo vtdddn b-gz, o and b bedng the posdticg

vicdond of A and B, xespectivefy. I3 Vg, then the asds of 10Lalin A4

panzblizf f2 Line AB, .
The computation ¢f u given the velocitlew of thrae nengollicesr polqes ia
ezt Afscutied. TWO cadkh Ard Contidarad: 1) the srising JLEfarernzy vectocd
prw poneallingar, ard LL] chess vectore are solllneag.

In what fallows lot &, B ard © B4 the thres involved points, v, %, and

H
Y beipg thelr sorrespanding velocities. Then,
1) The dlffcronts vectors ars ot colllnear

Yo ux te-g) 12.4.140

Henca

Yo leptun® lexien)

ORGP RTE S (a8

1i1

-1

—— i —— R

But
Yasnd® b it-gi ]y 0

Thuz, w Can ke solved for from g, [2.9.1%) s

L J =
- a-HEl. ~ F A
!n.f,q,' ‘E-EJ

/o7
fan

f2,9.18)

12.9.17)

which is the desired acpression for Yo Inrespeciire &F wihether e

otticn ja goperal or & pUre racation.

The Alfference veCcTorl wre collinear. In this cass Lthe

pointe lie din

& plane parallel to the instant screw awis. Due to the collinmaricy

of the differonce vertors, the £réis product of rha léfe-Lhand zide of

*3. [2.9.35) vanlshes, thus making Lt imposcible to coFpute w Lalng

the procgduse of caze 11, Thum, & different approach ix Eptroduced.

Accardlpg to Corellacy 1.9.2, the given polnes 11e in o plane pical)el

te the {nktant werew axin, i.w. to & . Hancw, Lha following holda.

%= afz-gle db-g}
dorarding to Theorem 2,5,3,
T e 0
or, subsiltuting eq. [2,0,1@) inte eg. (2.9.191,
L M T 2 b Bly,=vib.[3=c) = g

Bow, Bevera: possibllities can arise, i 1y

{1.9.18]

12,9149}

(7.9.24Q)

e relapive veloalty gh-gc lo perpendleular ta 4-g, In which caae

(7.-9.20) holds only Zf A vanishas. Indedd, v -v_ canmobt Le &Ll S areously

A L

perperdleglar to beth a-g and k- for thase vactocs are ponparallel,

@ =ata-z]

vhare o ia compyted Crom

given the symaed rabetl ] inearlty of paines A, B and €. Hencw



.1

1.3}

- R
Yppo = s i {2,5.21]
l.se,
Yyt = atamoixibil {2.%. 21a)

Dob-multiplying tha Jatter equation cizas fvl:"
tyB-'gcj e (a-£)x (b2l Yo
froa which

M=y .
E.s ..:J e

a= '[_EaEI;rh‘-EL_‘:C
readily foligws, In tha lacter pguation it might have happoned that
the dot peoduck vanizhed. In thle cade, o canoot be solved for due bt
the arising ipdotermizacy. Thip indeterminasy, Towsyer, can ta

rasolyed by dat pultipiying tinas v or ?l' o (3,3 21a), inezead.

A
Tha relative yelocity ¥,=¥. iz perpendiculer o b-g, In which calw
eg. {1.9%.20) ha:l.é: coly if 4 vanlphesa, resorting e the sams srouoént
ak In l1.1. Hance

‘ W *Elh=g1
the copdtant § belpg detarmined ap in fi.1.

Mo irner produst dn [1.%.20] vanlsbes. Hence § can ba solved for as

i!;‘!ci bl

e e——a

=Y ) . tbmgt

substituting the iatcer sxfreésuleon fnto wq. (2.9.9000,

i =v b, [a=g]
wealtger- 2 "= o) 13.9.321

fu ¥l - e

where O Cal be ooopubsd 4w befors, Indesd, subabitutleg eg. @2.9.33)

inte oq. [i.9.21], cne abtsline

g

70y
(¥,~¥) . (a-g)

e aftag1- =25 S~ {b-H] =gl (3,833}
Myt e

Hletce

Yo = Slchait-cl ’ (70,34

Cot-aulblplying baoth sides of eg. §2.0,24) cimes Yor O can be solved

for am

Yoo e

=cixib-n}.v_ {1,9.35)
1

hgain, 1f Yoo happend te vanlsh then oq.{1.9.15)should Lo dor-multiplisd
Limes Iiti}d‘t LA Anadcesd
Thw computatlon of the instantedéTew PATAMITErs {the lostant-scrow Anis, the
eliding velaclty ard tha =spinl 18 carcisd on by EURRCUTIME [ns{Re, which
parallelc SPRMMTINE BLREW and tlus conalders all raszes that rould Aries
Feqagding che ralationshlps amongtt 31l thres velpslty vectors. Thess possible
cABSS ara shovn in the “tree” diagram apptaring in Fig 2.W.1. INSCRD .u“l
the fallowlng auxiliary subroutines:
1. ECREDOTINE COF1 cowpuites tha lostant+acrev DarARetecs When the potion i
. pure :ul‘_.tll‘ﬁn. It dlatipgulabes snongac che diffecent cames with tha ald
of the lpteger warlahle INGER
2. EVHROUTINE TLP2 Ccomputes tha itljta.l.;h-l-cre'..l paramaters when the polnte
ile in & plane pl-lrllhl either to the dcsvant-serew adle or o the
instant wuis of rotation. Swo diifsient cewss could aplee, which are
diatdrgulahed with the a5d &f the Integer varlable INDE,
3. SURRIUTINE GLMD computes the irstant=firew pacameters when the mation
I’-I ganaral and the pheee glvan valodltios are moccaplanar,
e computation procedure for wath Cak9 b next Jascribed. All over, the

thres given paints are &, 3 and £, thaly reepective poslilon veotops baing



Thres woloclty vectors
are qglven

Vectors are coplanar

1
Ha veckor 1m ziro ane yectoar lg zaro.

fute rolabion

Tecbors are
nonparallal

Tha twe diffarence The Lwo differsnce Two weotops are parallal

yeoLard are oo LQrE ara

noncollicear. collinear.

Fara rotation. Paipts lia In a They are naot  They Are

QUae COP1. biiiEK=3 plana parallel identical. parallel,

. either ko the Fure rotation. Use COF2

Ecraw axis of 12 Usa COP1 1KGE=1
tha axls of INDEXwS
pratation.

Oz CCPZ_1NDE =2

vectsrs arae noncoplanar. Use GEND

theros Veolors ard Fero.

—wo VECTLOKE Are IoCo.
Pure rotation. Use
Car). INDEX=4d

Ne motlon

All thies yootors are parallel

Thay age met bdentlcal

purn rotation.

use COF1.
INDEXwT

Fig 2.9.1 Tree dlagram showing all possible rplationships
amcpgst the velpcities of thres popcallinear

points of a rigid body.

They ara Identical.
Ture Eranslatien.

The remaining twe vectors
ats nat identical

Tha zemalning two vectors
ara ildentical,

UEa COP].1NDEX=2

They are reither parallel.

They 2cd parallsl,
Use COP1, INDEX=3 -

howd¥er. Laa
coel. IXDEXwY

Fig 2.%.1 (continuas)

QG

R —

el e o



a0 b and g.
L ]

D = 1,

IMNDEX = T,

IMOEN - 3.

INORX = 4,

IKEL = 5.

INDEL = 6.

r3

i
Their veloclilad arc Fpe g
Ot TWELOr ia I6rs asd tho recalnipyg Two vectors are POt identl

and y,.
cal; they are paraliel  however, The motlon 1a pure rotation
according to Corellary 2,9.1 and the axis of rotatlon lx Jocated
followlng Corollary 2.3.5%

ore veCtOr i5 IOrm and the :"ﬂa.lnl.rq two wectors arw Jdentical.
e mation fp puro rolatién again and the axis of rotation

passes Lhreugh the point of zermn v.lﬂityl in the dirsceion ol

the line joioing the other Ttwo Solnts. accordlng to Coxollary
4.9.5

Coe vector is tape and the ressinipg W0 ¥ECLOrE ArE nOT parallel.
The Dotlon 1s pure cotaktidn ax before, Attending Corellary 2.9.1;
arel the azls af retatfon phites threugh tha [wine of séroe
valocicy 1n tke direction of the normal oo the plane deofined by
the ather two veloclcies.

Twt VECLOTS arm dard., The motlsn im pure rotalicn and the axis

af rotation ic deflasd by tha two points of rerg velsoity,

¥o vectdr [F reco knd all three seetord ars norporallel amsogst
them but ¢oplanar . Furtheimore, tha et arimlng diference
wectors are noncallilosar, Acotriing to Theopem 2-9.% and
Curgliary 2.9,2 then, the mstlon {a pure rotatlon and the
INECATL=gorow PACARMTErS Cdn Do computed uring the general
precodurs.

The voctors are eaplanar afd me voector ES zero but two vectora
are packllel pnd dliferant. According o {orollary 2.%.4 the
potlon la pure rotation ard the axim of rotatlon 1a perpesdicular

to the nlano of the welocity vectors, This axiy ia locatod

e?

]
ualng Ehe guneral peecsdurs,
Bo vectar 18 3470 and #1) thres vectors ore parallel co mach
othar, rurt_hemnre, Bt ALl thred yectors are denclcal to saen
othex. Thers miy be, Mvertbalens, s couple of idsntica] vectozs,
Tha motion i one of pufe robtation and the instank axle af
retation 1o detsrnined by the iotersection of the plase of rhe
given pointe with a wetcnd plane defined mext. Lot A', B' apd
C* ba palnks whomg poaltion veclors are
R R T - T S '
The dwcond plane i that defiaed By the nepcollinear peiote o',
E' apd C"
Broot
According ™o Copellary J.9.) the sxlstence of At lasst twe
parallal and discince velacdciam §Usrantess thab the makion L
pore rotation., Thus, thers erigtm 4 poiot O 10 tha boady whoas
reloplty L& z9ro. Elacing tho orlgln of coordinatoe at o, khon,

Voom omaa, ¥

-2 Yy = oweb v, ® kme

<

From the parallsliem cordltien, one hag
Yo " P ety

Heneq
pribBpl=l and  goic-yai=0

Which leplice that vectors b-£a wnd g=y2 are parallel to tha
axiy of robatlon. In othay words, tha Flanas deEined by oointy
A, B, 9 and A,C,0 contaln the axin of rotatian. Sihco !-_; Fe,
AD cannak be the als of rotation; hance, polats A8, € and O

ey seplanar &d thals plane contalns the anip ©f potation.



b s

07

Cn tho wther hand, recaliing tho definritioa of peinca 27, B*
and €7, whose pomition vecters ace

L L R o Al 3

The valocities 0f these pointa Are then

1'.’;_ "'t"‘f!*'."h:' T ¥, v,

Yo mk o] = 1;. e

Yo e iithg? = kg o

L.e. theie velocicias are perallel amd relaced by

R A

Bence

wrlh? = pa') = 9, t“{f'. - yp'd =0

which, by argquments kimilar to those resorced ho previzasly,
laply  that poifts A', B, € ard O ars eeplanar, their plars
tootaining the asis of rotatlon. Furchaemers, alrcw mot all
thrcee vectors Fye ¥y And v are identical to sech ather, plarts
Aol ard A" B' C' arg not parsllel. Trelr iztersection, clsarl-,
16 the axis oF roeation, g.o.d.

o far 11‘1 casen lesdlng oecddpacily to & pore rotation motlon have baen
dlsezend, Mext the casg 5in witich the givon velecity vectaps dce czalanar
kot the aptlon ls elthec a pure cotstlon o general, is dizcussed. In this
case tha arislag, Qiffecencw vagters aro parallel and Lonce Ehe given poirts
lie in & plana paralioal elther to tha Enmcant avle of rotatlon or -2 the
lratact sorew axis, dépending upon whether the mobtion is & purs roation
ar gencral. Thim cams ld hardled by Subroutios COPZ, salih identiZigm

aich posaible 2iffsrent subcase wlth tha ald of the integer varia®'s IKDE.

, "o

_II::II =1, W vector 1z zero and v peciorm ars idestlosl. :'rh- motioo is
either genvral or 4 pura rotaticn, bub Ehe peruw ql.xil ar,
corpaapordingly, tha auls of rotation, ig pu.u.:f bz the lica
dafined by the pointy with identical welocitlies. :

Froot :

Let B bl © bw the two polote with ldentical wlnls:m:j.'r.;l.l.-1 Thetn
can e exprassod as i

i
Yo Y Y Wl v m oY, e wxieea) '

sm_tncting the lateer from the former equation, 1
Ypo¥,w wxiegh = 0
vhich Leplies what line B8 12 parallasl te w, 1.4, o mithey the
instant axiz of retatien e Lo the lamkant worow axig.
Tdag = 3. Eo veckor is 246 and nd bwn vectess are paraliel, but thry are
coplacks. The moticn is alzher ganaral or a puze rotation ans
the glren paints 1lie in 4 Plane parallel eithar o the inseact
sCcrev adls or to the Snstant axis of rotariqn, semrding te
Theopel 2.9.5 and Corollary :.9.%, The angular velscicy la
found by applleation of wqf. [2.9.18) ={2.9.2%) i
Thus, one has the following ' i
THEORIM 2.%.6 The Lnsdant modion of 4 adgdd body ia dztr.,'l.'m{r;z:r, F Y ]
irdiani-dEABS porioelend can bE compulsd, & and oudy £f, the velopdlties
af dfuge nonceddincan points of the bady arg hngue
Eubroutioes INGCRO, COF1, COPY, and G0 ianiemcnt Ihe foceqolog coRpurationd.
They ume LOCRTY, LOSATE, SPIN, CYCLIC, EACHCE, CHOSS and SCAL as eukeidiary
subroutines. Liaklnge af IMBCHY, COF1, Cop2, GbMa, LOCAT], LOCATI and

ERIN ppadr In Flg 2.9.2-}1.9.48.
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.19 OIEREes AATED ©0 THE VELOCSSY OISTRIBH™ISH TN 3 MOVING RIGTD OO0,

tore rodults concerning the yeloclty fileld {n a rigid body in moticn are
now ghtabred, the asln repult of Bhis sscelon helng khe Aronhold-Kennedy
Thoocwm.  TLrst a waIy useful recuit is provet,

THECREM T 00,1 The vedocities of o0 priats of a cigdd dody have cfenidend
:.w‘-pcr:mu afsng the Lint conmeciing ham,

Prmof 1

tee & amd b e te poaltion veetare af bW points, A and 3 of & rlgid bady
in motieh. Thes, 14y aby cooflguratioo,
ib-ab. [B-ai=congt (41813
from the rigldity ¢ondition, Differsatisting both sides &r ag, 2.10.13,
{E~d) . (5-21-0
or, Altermacively,

v‘.tb-i]--vf H_:—-:l,q.-.d. [2.10.3}

This theorem Iz umed t0 Check the cospatibfllty of the glven veleciries of
a rigid bedy L[n subpoucine INSCEU of Seer, 1.9,
|Frcrcise 3,18.7 The Triasquler plate of Flg 1.70.71 ke constrained to meve
in Buch & way that vertes C remaing on the Z-axls, whils vertex A ramains
&tn tha %=axlx and glds RB resains on the X-¥ plane. Y&ILex ¢ has & velocity
yom-te wie. .

1] bwtermipe tha velocity of vertices A apd B

1) catérming tha anguiar velecicy of the plate
115} Locate the Indtant SCrew axis of the gotion of the place, and compits

tha Phkch of Lt dcraw,

Fhg 2_.tD0.1 Toelangular plate iR eonstraincd mation

THECREM 2.10.1  IAzomholfd-Kexnzdy] | Giuen ZRAPE wigit bediza in motion, £51
ACsuLiing TRALE irstanl dched axdd Aave pne caemon spwwal deipbgoiing oLL
fhage axes. '
recet; !

Raferring to Fig 290, 1 lac SB- and sc e tho InBcant sorew AaeE of todlea

=
aliding velocitlss af tha iasiant sopne 5y ard EC' with respect vy A
1

B oard €, redpactively, with respack ko hody &7 1 Ya and v_ Be che relativa

Flnally, lax Iy and nc be tho re-ln.iu-a aagulay \filocitiq; af bodisg B oand
€, respactivaly, Wich respect tor Dody A and <, tha commen nomal o 'l and

‘C' 4oining Borh axes. It will Ba ghown that thil third Instact dcres axis,

" E . PARae Hhrouch the comoon nognal BACt.

asm
Lat 7 b any poiot of the thres—dimcnsicnal Duclliess aphse, with poalcion

veetor ¢, Polnace E‘a, Pl il ?c af bodles A, B and O, Ccolnelde at p. Lok

Sl



"3

‘-'I-PB' !?I and ‘:Pf e the valecltlee of sach of thasa points. Purthermocs,

lat v Leb thoe relative yelositlow of . with roapect to PL‘ and let 8% ard

b
C" ba tho points in which the conacn normal interedccs = and B
lC

B‘i
-l_.::_"" ——
Fig 2.10.1 Inxbtant acrews of wo bodiss Lo mo AN ~B
with respect to & thirs ans.

Thua,
i ey L
‘{‘.’|+~nnfi'[':'¢45ct!".=”’ (2-10.3¢

'!m'ga'_rc!‘ch

tr im near shewn bhat, if Fole a poink ef the relative iratant screw axis

SB.-"'C' thon it 2es on the lina derfincd by polnts I+ and ©°. This 1l dehe

Ll 35!" iv to ba Interpreted aw the ralaclve velocity of B with respect
- L

fray
via the mininizatlon of the guadratic form - i
T |
$irh=y'y | [2.15. 4}
4 {r} haw an extrosum at & poinkt ¢ vhers its gradient vanlshes,
The sald gradient im, applying 62 “chalp rels™ sgaln, '
FripRp oy v 2o
!
Thus, At polng gt 3
r, 1=l 2,1).3k)

h;:{fm‘?cﬁgx,d:-a . |
from which I, cannat be folved Lor, wlace 3 ia singulac, &f rari
twa. Ona poasible why ta (ipd 2, 15 igpodiog on Lt the Rinlecr-mporz condi-
tion, 4 door previously in eimllar necances. Amcthar ;p-:u;.ihh way im b

writa vq. [2.10.5) in Cibbe' rmdkazion as
Yarc* Yo Tol Yape Unp e ‘

Ecoanding the firmt term amd iwposing the ooodicion that wﬂ.ﬂ"’:“rﬂ‘ tw puro,

ona obtalns

K|
Wanct et Y e
Frram whieh,

1
ToT 7 Uap P ran {2.13.8

4

which iw psrallel to vector 2. 5ince ::a is parmliel ta vecror £, toe

L]
CamEOn AOTmAl Lo aces E. ARd K, tleo Gy s PATIES through Lime °C*, g.a.d.

-ﬂ
me spplleation of the Aronhald-Rennedy Theorem arlses in the pltoh surface

i
Cacrcine 2. 0.1 §how thal r., of glven by &7, (2.10.6)], iz faralle’ o -

tyatheain af the tourling of two bodigs whose relative merion o tre
terpesitlon of wliding and retation, aw ia the case In Rypald goars. Thim
ia shown in the followliog exsaple.

Example 7.10.1 Lot L. and Ly e the non-intersectlng non-parslicl axes of

bwe: shafta cequiced to ho coupled. Thoss axos are shown in Flg 2.19.1.



e

Fig 2.10.12 An spplication of the Ayonhold-gennedy Theorwh
In érder to have che most #fficient pouypling, iz im required that this tabes

place aiong poifts of minlpom-magnituda relasive veloclty, i,8. @0 tha

instant screw axis af ahaln 2 with reppoct B mhadn 1. >
From the A-K MMstrem, thal set ¢f polpts coRatliyges line Lys ooymal to che
T-anid, a dhBtancg g Frem L1 . Hancé, lirs I-3 iz determined hy dletance g

and apgle o, Point £, tha intersectlon of linae Ly ard the ' y-axis la found

From the minlmalicy condition on the relacive velocity asmitcde. Lee Yor

-+

- 5 27
lra
!
nnd E{“l ba the valsclelas of paints ) ard 0, vith Iespegt o Che fined
axes X, T, Z. !
!w-ﬂr‘f; ; (1.10.74)
fﬂz-ld-dluzfx L2.3b.7e)
Masping & reguired reduztloo =, L.e., i
e i (2.:0.8)
&g, {2.19.70] can bm Fourktten ak !
| 1210, M2

:rﬂ,"li-n!lm.,tfl
Mexn the quadratic form plz}, obtained FEaTimg the relative valoooty
1

magnituds, la mininized,
1

LIE L] Etoz-gm! . !tr;r]-v-m 1=

R {2,13.9)

$[2} haw A0 antroum When ¢ (3] begomes Tapg, 1.

P m St maga

¢ lal--f {-207 (g a) r22)m0 £2.:3.10)

-

from which the ainlmizing value of g 46 cbtalned aE

i
R {2.30.11}
1+m

angle 4 i0 now cbtaiied froa the pelacionship

IE‘}”'E}J

eo8
Iy, 1
Thus
cnsur-—1— [2.19.12)
romT

Eummarizisg, the pitch purfack [on 1) L% A puled susface whobd glocents afe

lines a dlstance & form tha X sais, makibg un angle g with Chid swim.
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thic [8 & one-fold nyporioleld o2 rovelutlon. Aence the name “hypold” given
Lo Euch geadrs.

Lrg yvery lrparzant cobsequenca 0f the A-K Theores now follows.

forpddasy §.0. 2 Given thoce %igid bodies in walien, A, Band O, fhens
xiade o Duiand aeds of pure swdaddon [doapor.] of B with eeapaet £o ©
if, ard oaly £f, Lhone exiag {-2'a.pn. of boch B oaed O widh aeapecl o &
ard fhese {nigraged, The L.a.pA. of B widh reapect fo © passing fhapugh
the sadid intendection. Forthewmone, bl thage a1es and coplamat.

|Exercise 2.30.4 Prove Corallacy 2.10.3.

A5 an application of Corollazy 2.10.2, salve the Eollowing problom.

Cxazple 3.10.2 [m:[z.g Jo. A whaft, toppinatizg In & crincated cone C of
senivarelical angla 8, see Fig 2.10.4, is supported by a vhrust beasing
conglating of & fixed race R and foue identical epheraw 5 of radiue 1. whano
the shaft roTates aboct its aale, 5 rolle o0 K 4t Doch of its poinTe of
contact with &, and £ zolle of §.

Proapoy cholce of the dimensian b alleWa b c:b:ain pare rolliog of € 4n 5.

Cig torml rar B :
1

Fig 2.12.4 Ehaft rotating an thoukb boarings.

palutipn: .
bl '

From corgllary 2.90.2, L 2]l G, B ar] R moya ¥EL puge rolling rclablyva
poticn, then tha [.a‘w.p.r. a.‘.|..;|. coinglde at onw oommon point. Clearly, ths
*l.m.p.r. of € wlth respsct To 5 is the cone element pulir-‘g throggh the
contact polat |botween C© and B), whexeas the lapor. of 0 wich raspoclt Ea
R ig rme pymewtey axis of £, The jaterttction of chose two Axes i¥ the
cone apax, wnich hencefezth la referred ro as palet O, Length b Iz b
detemined by the copditien chat the l.a.por. of © with respoct to K passos
through O,

But ve polnts of this axis aze alrrady koomm, namely, the tee points of
m:ta.:l‘.l:'&f & an %, hencatorth refercwd to a8 pulnts s] ‘M- l=. Tnapn, the

gecmatry of Fly 1.10.5 follems T

Fig 2.%0,5 Inazant axes o pur..i rotation of Dodies O,
E ard R of Yig 1.70.4.

From Flg 2.19.5 1t La gloar that axim 5. wakes o 45 argle with axis &, -

htThmmmtﬂlntmtﬂuEmS‘rru.v\ei_".mu-.ea:-ul

plune goomatry,



L
T - 57, OF, . 12,10.13)
172
Appliying tre Pythagorsal Thoorem ta triangle OT'T,
T e o T ’ (2. 10,14y
But
Ci' = b - rooed, 2,10, 14
I
and
TT =b + 1 +~ rakok 1230, 450
Hance ,
T2 m 222 (1¢#Lnd}425x (1 salnBecosd) 427 {340, 16]
Alme,
™, = /2D {2.10.17a}
1 .
cE, - FIib+r) (2.10.17b}

Subsrityrion of eqia. (2-10_1&] and [2.70.17 & and B inte e (2.10.10]

Fialde
rltealnd) +hsinp-sonn] =
freom whilch,
1+ plnd (2. 10.18)
b= coyE-EinE

Lme mors consequonce of the A~X Theorom 1w summarized in the following
Cowoddany 7.310.F ITheee contan Theariml. In plone mpdion the finee Luiznd
arps lepntans £n Chid conrext] of chaee nigdd bodied im molipe Lde ce d
Eing (2.10]

2.1 MEFIEASTION DISTRIZUTISN IM A ZI5I0 BOOY MOWING ARNTT K TTYLC Potug -

1t wah Ehown in Bectlan 2.7 that the velocity of & polnt ol a rigid body

moving aboub a Flesd poling ip glvan by

EI:I'E“]Y(I} (1.11.1}

Xz
| £2 o
whera g{t) Is tho zlgid body angular -ulu:cit:,r and ,r{ll iz tha
FUITant positien yeotor of tha point under consideratisn,
The accaleratlon alt) ef tho sald podnt iz uew abtalned rdururor.u.aunq both
Eidex of eg. (I.11.1) with reipect to tlmet; thus
aith=dtely telen{siy Lo )
But yit] im ¥itl, the above eguatiap taking on the form .
ates-{ann’ )y ' 12.11.3§
The watrik In boackets appearisg in eq. (2.13.30 I8 referred te, by analogy

with eq. t2.10.1}, am "Lhe angula; acesleration mitclx®, Tha scceleraticn

of the palnt under mhudy im Somed by tww componancE. A sppewaring in wq.

(2.71.2), namely, Ehe “rancertial apceleration”, ﬁ!:!ylg:l, and the =rarpal

P .
accalaratisn=, A telyitl, the Lopmor belrg tangential ard the labber baing

permal ta tha welgoley.
F

Fxa-cign 2.11.7 Shiw that étt}!l:l and L‘z{t]y(u arm, rempactively,
_ - = - 1

Faralisl #nd nornal to the velcolpy, ;

These s orw loplicle fack in the above result, namly, in the sguare mabrix
VECLOD EpAce, OCe scalir product (Sea Saction 1.7) can he deflood as nm’:,

f
I

In thip contoxt, Zatrloas @m and g’m ara orthopenal, 'i.e., lts scalar

hoant B obritg metrives of the same ppaca.

aroduct veanlsbes. ;

Nereise 2.11.2 Show that Te(fh’jen !

Wwault (1.11.2}) can bo axpresaed, [m Gikba' ngtatlon az
atermiitleriz)epitds futtiac i} f2.11.3)

dheraby making the rawult of Exerciaw 2.71.7 appacent
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.12 ACCCLERATION DISTRIDLTIAM TH A RIGID DODY UHGLR CRNERAL MOTICN.

Conslder now the mnar general case of rigld bady moklon, in which none of
the pairts of the Lody remkine fized.
From e, (2,9.2), Lho wveloricy of & polnt-whase poaktlon veckor im rlt]-
of & rigld body under generdl motion s
- . - REA ]
wizhey_{t)eated[yte) 1,041 t2.13.1

whect ¢ [t and ¥ (t] ara the position wector asd Lhe velocity, heth kacun,

P
of & glven pelnt F of the pigld body. The sccelevazien of a geieral polnt,
alt), of the body undar conslderation la et cttaised 4ifZerentiating both
sides of . [2.12.1} with reipact to tima. L.o. ) .

gitl-g.ptt:*r}[ti[gu}-r’tt:}:g:{:] {§iti-ypled] {z:lm.':j‘ '
and, fros aq. (2.11.1),

Feepgplets vitloy (ei=din) [yies-y, 1) 12123
wh.],.ch, wher substlituted In eg. (2,121,271, leads wa

atth-a, (0= {fiLeien” (R} (g0, e (3. 13,41

which, exzepk fer the term Ep“"]" iz i1ggpelcal to eg. (¥.11.2], with
!-u.l—:f?it} instwad af ’_"“ of that equatlen.
~na ralactive wiotlsration, ._It}—i_Ptt) , of the ceceral polet with respect
to B ls clearly glvén ax

g{tz-gr{:}-[nicmﬁgztzz}[gltj—{;rt:} {2.12.5
whilch agals, la seen %o ba cowposed of path & tangential acd a normal
SEmpncnt .,
Farallelling prwyicus ecctions, the sat of palnts of pinlmum=magni Lude
accelecaklian u._m- Serevmined. Thus, cha functico ¢ gaficed as

#lyl~a.a {_J!.!-Z.i:l

Al

. A
ic how minimized ower y. Applying the "chaln rule® wa ik,
da 1T .
470yl = 3 —] & i2.12.7)
- |- .
where, From eqg, (2,112,680,

ia . 2
Zoiiedl - {2.11.8)

dy = -

Bance, the ;.I.ni-vuqnh.uit sccalaration satiafies

([l Tavd {2.12.9

§.9. the alnlce-sognitule ascalersticon is in the Aull apace of f!*.’f.
If both § and iiz have the thze rall space, thas that sinleus-msgriiyde
accelerstion lies in that space. Since both §f and §oare shew symmetrie,
WEE oL b rzj and w lying lo their mll space, can ba defined s Buth a way
that, Eo: Any WECLOE K.

Exayey, Brmiar {2.12.19)
fenca 1t hecomes clear that for §] and P to have che same null spara, w and
@‘;hﬂuld he parallsl. Furtimcoars, {:2 and 9 have the samw Aull space
{Prave bt) amd hence, For & amd 52 to have the 5ams oull space, . and o
ghenyld b parallel. A aimple cama far which .I:'.I afd 52 have The Lame ngll
space 1w that for which the rotatlion awis, w, has 3 conebent dirdction.
1o factt, 1F this ia o, then

[rewed f2.13.11)
tor all time o, Glfrorentlating tho latter oxprasalon 1-r11t'-‘1- FRAQACE o tioe
ylelds - i

evgien
But, sinco che magnitude of e iw unlty and iee direction Ls censtant, #=0

and henga, the labter squation lesds ko

fo=g [2.%2.13)



7213

theraly showlng chakb, ynder the conditlcna akated, 1 & j5 ip cho pull

space of DO, rhon it ig alme in the rypll zpece of 2. Hence, when tie

IJ.:-;n.im: serew adiE Fas a contant dirertion, the miniscm-ragndtude E:CElH=

tion la parailel to thar cirectlon. IE the ipvelved matrices o not have
a :i:::nn Incn-&Rp by} il space, than the anly posslbiziey af eg. [2.12.9)
to hold ix Lf =, The latter condition i equivalest to

3t e Ugymyph= |
or

8Ty et iy, @3
which has & unigue solition if El [1.5 ] {;: dor ot have & m=mn kull srace,
tor then, the sam of them becomds of Fsll rank, 1.8, in that Cewe satk
rlr.kté*{-.z}-i. and hence this g is nonsigular. In this cass, then, ace
single peint of the body, locatsd by Ehe pomltlon wector Yo ham & zaT0
acceleraiion. This PJi-nt ia zalled an accelérddian pefe and ite posicion
vutbtor iz givun ez

vy - e T, t2.13.148
Biazple 2.121.1 For & rigid circular rone rollleg wlthoot s1igping co a
planm, 1ty acealeration pals ke ite spex [prove ic)
¥uorcise 2.12,2 Tha system shown in Fig 2.13.1 im an ipveralon of e
worm-cédr sechanlam erd it coapossd 0f 4 rigld srm Gh o pf langht b Erab can

rotate freely about the axls FE*, this axis blng no-mal to the plare &F

Lo bobk OA apd EE'. If O3 rotatéd 4C 4 CORBEant Caté poand the whosl cotates

ABOuT FF' ab a condlant rite g, ahdw that the point of the Jdisk &0 CA, a

dimtance d from 4, Rea sers acceleratlon, the diatance @ Leing glven by

potion of OA. A rigid wheel Ls couwpled to O ot A In sych a way that cthe whiwl

can rokate froely abour axfs FP' passlog though By this axie ie peependlauiar

==y
P

®
H

Fig 2.32.% Inverzion wf the worm- gear Ilﬂ:l‘-lnis:.

An uxtonsive account of Ehis topic im presented in {z.11)

—_—— =
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2.17. ACCELERATEOH OF A HOVING PolyT REFERRED TO A MOYING OLSERYEN. arad 1
ERIOLIS. Pamoee. (23, (8}, (o), [0, (8}, (™) ol () (67) (0 () = (1) 00D,
1

In Sactios 2,18 it was ahown L[har the welocity {!] * of A wowlng palaz,
¥ Bubazlegetlog the twe latcer axpresslons icto of. {2.1].6] ors cbtaint

ie}r-[e pe i) (6, 8 10 (B2 (23 (), |z

refarred to a poving obmorver is given by .

f[':’]'r -E':IGJP4{SIIP EE}rf[?]p [EJH [2.12,1]

whors 2 and ¢ are the robtation and the angular waloelty matrigew, edpd-

Jrafarred o a Fixed chbaarver, gives Ln teche of its positior wvector, [t}n'

which im an sxprésaion for the sccelération of a polat ln terme of
measurencntn of its posltlen, weleclby and acceleration, “k.rj Ly a maving

ebkwcver. Tho flrst twe terms of #J. {2.13.7) are identieal to cha right

tlvely, of cthe movipng aefds with resgect to the fizsd anes.
hant sids 0f og. (2.12_4] with ot 1 wybstleuced for ¢ benge, The two fald

The acoeleratlon, [f}'- of the movieny polat, o tha fixed cheerver, Lo mox
- terma coppticars the acceipration of a paint fized In tha maving chzerver,

shtaioed SEffgrentlating vy, [2.13.1) with reapact 1o time, samely
eoincidapt with the moving polnt wpdey acu?y, At & particular tice, The

Ef}p-[:o}r*{?] r{E:' r'ff}rif}f[?}rfi}m [E];[E}N ) MR third term #tauds for the acceleratien of the maving polrl, an moasured by
whers I the moving cheezver, and tha faunth bern 1F 20 acceieratian E;ﬂ ariging
[!n]r-[?ojr - €2.13.0) from the patatlon of the Dovirg Obdérder, as iz apparcent from eq.(2-131.71:
15-..1-. . - thin tarm §3 krown ax '-'I:nriulll' accdleration™. Equation (7.11.7) conazitcres,
(e}~ (2)y [y 12.13.4) then, the Theoras of Coriolis.{2.11} !
Hence Exerciew 2.11.1 Tha mechanism siiwn {n Fig 2.13.1 ia a ml&:nt af a
E’EJ - [?}I [E}Hf [Q-}r[{—] (3.13,4] gulek=takturn machanlem used in & €rans shaper. Assaming thet diak 2 ratates
Eubstiruzion of #qge. [2.13.4) ard [2.13.5) lonte eq. {2.13.2) ylalds At & conatant angular veloeity wj-WD-J rpm, determine graphically the angular

'
acenlaration of Ltk 3, for tha glven conflguratioo. +

() = (2} (B 6y (0Dt (21, (00,0 [?}rl:i}{‘h{é]r{é}f [?]E’{E]H 12.:2.8) Bint: Two polata, BI and B3, coincide ar B. Find che scealeration of &3 via *

Iut
ag. (2,13.7), referred to an Ghéorver flixzad in 2.

<

s el @ ey ) [0, (0,

* Ml vectors and makrloes appraring in this sectlon are Junctlons of tlms,
buk for slupllcley the arquednc (t} has boan dropped.



Fig 2.13.7 Drivie; system of & quick-recurn sechaniem

n ?

crercise 1.%),7 The rectangular plate ghown Lo Fig 7.12.2 Ls cdlaplaced

from confiquration 1 to conflguzasion 1, patarmine the locus of tha polnts

ef the Elate that wdergo 3 dieplacednt of mindmom sagnitude from 1 we 2.

What i8 che valua a£ this displaccmont?

Lkl

<
1 €, iin tha ¥-I plane
1 b 1
N B‘ -
a
2
€y fin the ¥-2 plans!

rlg. 2.13.1 Rigid plate undergeing & general displacoment.



REFEMHNENCES

.1

i.3.

1.6

2.7

2.1

1,12

Tuler I _, "Dy movomenkh dg rototicn dag COrpE solides aobour d'un v
AEC YaTjghle, ¥asirs de 'Acadimis da S-lences 8¢ herIln [15),
1758, pp, §10-748

Coeben H.C. and ¥, Stokle., classlcsl Mechanlea, 3nd Edltlion, John
Miley ¢ sana, Inc., Mew Tork, 500, pp. 140

Rodrigues Q., "Dos lolg qlomde: iquoed qui régleaent lex diplacements
d'un systéoe salile dans 1'Ezpace. gt ds la vaclstion dey ceordennés
provenant Je cas déplagemsnts conaldeards indrpondenmeant des CAuEeS

QUi peovent léa pradulee”, Journal a8 Hathématiques Pures gt Appligufes,
vol., 5, lst Eeries, 1847, pp. 160-443

Aigzhep x o f., "Redriguay’ forouls ated the scowe MRCrix® Journal of
Enginecering o Indusiry, Troaa. MAME, ccerima B, wel. 91, Fehruary

1965,

Cupta "-I'.!I'... “Fingmatle analysis of pline and spatial pechasimma®,
Jourmal of Engicecring for Industry, TTans. ASHE, Serias B, wOl. 95,
My 1573,

Fox Z.x,, Hechanlca, llarpar & Hew, M. york, 1967, p. U1

Soth B., ~The Xiremabtica of ¥a:wnn Throwgs Finlialy Ssparated
Youititce™, Jourral of applicd Mrechanl=x, Tranm. ASNE sorisa K,
Septembar, 1987,

Treogdell <., A First foures ia Fatlonal Contipwum Mechmnles, vel. I,
heademic proma, N. York, L1877, p. 34,

Kare T.F., Dyramics, ®Wale, Rinchart and wizston, Iac.. . Yerk, 1959,
p. €&,

Cawle W, ¥inemabics apd Dealyn of Mechanlers, International Testock
Company, Ecranton, Peam, 1963, . 144,

valdkamy G.R., "Acceleration axes #nd distridutions i spatisl morians
Journal gf Fnginecring far Industry. Trand. ASME, Secies B, wol, 91,
Feb, 19600

forlolix &., "Hémoize gur les Squations du nouvement ralablf des
aydrioss des corpz”, g, Ecole Poivieshnioae, 15, cablgr 74, 1835,
re. 147-154.




DIVISION DE EDUCACION CONTINUA
FACULTAD DE INGENIERIA UNAM.

FUNDAMENTOS CIWEMATICOS PARA EL DISERQ DE LAS
MAQUINAS ¥ MECAMISMOS

1. The Kinematics of Motion Through Finitely
Saparated Positions

2. Pinite-Position Theory Applied to Mechanism
Synthesis

1. &n the Screw Axes and Other Special
Lines Associated with Spatial
, Displacemants of a Rigid Body

4. A Unified Theory for -the Finitely and Infinite-
simally Separated Position
Problems of Kinematic Synthesis

5. Design Eguations for the Finitely and Infinite-
simally Separated Position

Svnthesis of Binary Links and Ceombined Link
Chains

Dr Bernard Roth

Junio, 1981

Palacio de Mineris Calle de Tacuba 5 primer plire Merxico 1, DL F, Tel: 521-40-20 Apdo. Postsl M-2285



BERNARD ROTH

Avoginte Frofesar,
Machgaicot Erginesring,
Stgnlord Urisrrily,
Stenford, Cali.

Moem, A5ME

Faper NoO.
67 —APM-2

The Kinematics of Motion Tﬁruugh Finitely
Separated Positions

A riged by g2 sfudied $0w geries of Suitely seperated poxitlons, o order fo fetermene
Phrase poduts wolifch dfe oo o speciind facus {0 sphere, cfeele, plicne, fie, or padindes).
Eqiations paverning tere specird poinrs are derived aerd thedr wronerfeal grbualion s
discursnd, Seeral enwrevicdl excmples oee presented. In g compinien paper |12
these resafiz are apdiied o the syetiesis of spanicd linkagex, and speciof mations le.g.,
Plancr aud sphevieal) are fncor poraled fule the peneral ihears presented ferefn,

fntroZeclion

Trn—'-lﬂ: sl Dwe Dzie annt Dol 4wl Tt e byseap penge-
ceaeDEly apptied e tloe ool il evonliesis of phocee linkogees.
One ivnlves writing tloe aynthesis sqprtions =0 1im1 ey ex-
plicly inelnde the wokown lahage ipensioos 1, 53 08 sl 20
an|, while the auher rethaxd, w hich siemn oz ke eatlicr graphi-
cal e v, mwgatics detepmiping tiee paoanis in 1the pioving plame
whivh liv o erreves wliaeh eai Lo eendily maechantan] 14, 5, nead s
t|||], Tur |.1:|l.|_'_l Talksl =l | i;|!- |JJI=C.'l['.|' =1 n |I|'iia' wan |... II:l.-i Tuldiim |'-:|
Tl heed it lursd [15, 7, 8, W 10010, while Hlee stn Ly of points wich
ensily mechanized nuationd—wliel is the sabjecy of i jogwr—
szt i ave Deen ey iy rresd,

Hpveral reenl works |13, 14, 13] foove tiemted izl ated as et
of 1his reevmdd ooethaxl, Lot the valy paevims wock 0 e ke
veith Ly present sty i< Hehneodlies® 112 vhssical el -
Tereately, Selienilies' deyveb quoent o cudicely desctiplive {ie,
svnthetie ps gl oo dveied wel slos ol el Il G f e
sedutin of peseccied protilems.

I this papeer we =luly e s which lwe an ~pheres, circlies,
plunes, Yo, e o3 Tiomders, 1ene we eueiler anly goeral ppeniul
.j-i-.:rl:ll.'l'rlulh[fl whilfien {Hrmp:llr]llll [CANE 1217 tdasals weth il|||l||rl||t;|l
speritalisplneemen t ve g, planard, _'I.[||r|1'1-.-1|i| s b limdonge shn-
1l upe alemenisqesd i f21 ] Dhes e comeribo oo of Shis presem
work Bt it conhines plgebrmie peopet ey and compriter 1eeh-
mgees I viehl fquantiiarine feolts) thetely, fur the it tinee,
mghing i puesilfe woapply the theory o cugbngering pmeticve,
Al B dewvivnions ave pews D addition, ie disegssion alus
painle o poevlimder i ewtioel e, e g e nnilied G iment of
e loci of geeinis with twao, three, four, ad live positeons an s
cireln.

Kinemalis Preliminaries

W peler e 1w #ysieqia of gusinds wihich G rowsenicn e we
vall Hhe esvieg =vslon, 25, sl L s ] wysiee, 20
AICt bt coneern 3= oenle w il fleie relagive e itons, Dok 2 ansd
2t ay ooiually De moving, The di<tance between points moany
age *rsUem does ot vary and beace we may copsider 2 oam] X
o= Apdl Dwdies, cach of which et all the joinzs o1 he-di-
mensionsl space. The Jaosition of 2 B unbquely delioed, pelaive
b e aaee systen dised 0020 b gl eoon i es oF noy i
nerreod L podnts,

I linyesgaer,

N unlary i bTackels desighiate Beferenrea al e of pogaer,

Cutitilvat el by vhe A ppisd Mechanic. Tivision fue e~ ialion at
the Apgdeed Ae hanivs 4 pnference. Fasatdena, Calif, fohe o600,
1050, af e AvERIC Y SociBTY o A EciaXic 1 s aixe e

Ddiswiasedumn of ehii= puapaet sbwatth] I ackeliossnl v 1he Eaiditnrciad s
gt iemenl s ASAEL Unicerl Dogineering {eotet, 315 baear bith e,
e York, N0 LT, ] wilk Jee :L{-'i-|:|lt{'i| trd tl wipes neend b wfer
iimal penbdivat o ol 1T jerpaet WseEl da the S ks vn o LPPLIND AES
vHASICR, Manuscript il by ARME yqdied Aechanies 15
viguo, Novelnler TP s mnad adrady, Septenkaer 26, ed opeer
Moy BT— AR 2

Iourmal ol Applied Mechanics

Lineor Tronsformatiane ond Screw Mation

I eomeidering twe faitely separated position: of 20y 14 con-
wendent booeall one dhe nferenee postioan, Xeoand deserilve 1l
vl 2 as el ol BB puossibile G o from pueitian oee to
Presition 7 i oan inknite nomber GF wayd, Dok For awe puiepuses
it will hee vmvenient 1 regard 1hi< molon a< a seres fie, & ruta-
tron atust and a 1oaeekition along 1the some axi-1. The sepes 15
donated v $, .

1w e given e positins (e, twosta al e naneolliner
preirabad then the serew iy I determboed frone genernlized form
of Hodrgue's sgpration. Adwernstively, F we 3me given e ~crew
the pew preitm, {1, 8, 54 of some puaint (5, gy 00
[rem the Fllowing well-knawn Yinear iransbermalicn,

T
M
i
l:ll‘j + l} !J'rj Cry 1 '!"]
= By {b, + 1} 4 w|+1 4, (]
Ay frij {e, - 17 H] d, .
w e

rn

o om G — 1] — e A
by = Hyug{l — o 8] — by s B,
oy w bl — oo ) 4 v sin 8,
ey wm gy — gy = bbey — e
eIl ESIRETN O B R T
(i, — 1)1 — cox 8}

W dl — e ) — wy;sin B,
trsy = mgmey = b, — toy
M T — o &Y — g, sin i
tigeg, (1 = oo B3 4 1z min 8
(g0 — 13l = e £}

dyiy — aay = by — o,

oy =™
o, -

L the foregeing we have taken the desplaeebnent fren pseiion
LA j g evquivalene 10oa PraesLation of; sk, and ootk #;
alwt wp w535 pareliel B the oot veetor fu. we, wy ) which
pazees through the point (a,, b, £;).  The tena ' and o, are re-
ferredd 4 a4 1he sorew pamLmEerers, eir pesilive senses Leing de-
Bt I the ripht-laoslod serew mde. Fenution {13 ey -ires
it e rotatival gl eaoslatinoal mopects of the motice may
Ly pepzmelon] s e g = pmrwtely and their el siperim| wimtetd

We now presenr g Leocen s el will bae very vzeful in studying
it w it brosgmecial Lot s

The ke of &1 points in 2 wlichnmder a geoeral displaremw
remain g iveed disTace from A riven painn fin 200 s 8 plaas, The

1




Flg- 1T Mormegl te plarns given by squallon {2) Is delermingd by flnad

Fety

pain! & ond wrew §y,.  Veoior AS, the requised navensl, 1 Yum of —J--

= d,

det"
an 1

pvmf 39 as fulliws, faet A be The saeets Froan 8he origin 1o ke
print .l i 20 anel vy the vevtor Lo soine peict i 5,
frome Zy b I, the cunelang distanee comlivsnm mauine:

1“ _:.A1 -

Fek anntiom

'y - Al
wlie i+ ergiivalend In

ri =t
-——' + Ay, =) =1 1"

oo D G ) won keew That ¢, b o Yisnr Tianetisne of 6, sand 310 pes
metime o Lo el el ot — el im binear,

Hubmiiting o = 0k v 4+ ogkry = oricbogf b2 k.ol
mnking e ol the wanmd s boennabhey amditioaes for the oo .nnmt
patt of U rigil-bexty tran-lormatiog, we vhising

1 1
-
R R TR TR
:

F Uy ad; ok b ok el
'!" (dlﬂ'a,' + 1IJ1'” '-I‘- ,l!r'ﬂ + rJ.cl,jjh

rff
s —_J— + l:'rr_flI 3 JrJ’ - 1.'1;]_:|I:|. - -:}J:I 4
Henwe 121 iz lioear s 405, #1531 minl the tleerem @ provel.

W note that, if the serew pasces thronzh the g, (30 ~fondi-
Tl L

AT L
i - v; Rl LTI SR PO S P

2
amd if in addivien the motiot i- o o mitin: o= g7 = B,

The Plane givew by cogumtion 7220 s ditaee of [(

4 Tt
L 1ain (':)] froem . ol i msarms] to the vertor b=t —d)

Tere Lis the normal vector Trom the fved poimt .1 10 the ~orew
asie Board Ui e veen sbiainad by ngan g Ul —~8; shun
an o asis thieash (L paradlel 10 .0V L The o dp v thae
iranslaninn vegtor o g, L Hed + oaekd OO0 the sorew anis
prvaes thasigh the e poing, the plaoe given by 12) becones

nermal T the sorew ki amed indepeet= 1oa wint — i. Froma 1l
Frues] Jusind, )
Evpantion 425 3= wleo st §E wo vegaed noaml rome Kineaw sl
=vh The bowis uf pﬂiri!- i 227 which are ol aw s, |.I wli-tanee T
the kown peedbt= o X0 amd 2,0 Voder thie ieipeenanion {2)
Podvegzaes the bwrtis ool L1 sl 32 0f prniese, che paer et ivindar Iisees
1|I'r:|l|.'I.I|I1.‘ 1d the eant L"l.lltlli.'q_'li||g LI ' .:|'b:-|||:[ Ll',: o JJ.

2

Correspendence—The Cukic Tranyformation

Consitler fonr Bnibely roparated pusitions of 2. Yewwdated
with each poing, g in Xy is the coc of fonr bomologous points py,
Fr e gen by the faur peitivn<od po Sinee i e possilile 10
priee g rfaliere thicongh wy foor painls, the Bor pasitons of el
Print ahetine o spleee, Assneirted winll cach soch set of otules
gl points i X 3a the poine Wi the Aaed svstem which ioat the
center of 1the sphere.  Since 1he wlationship between poini+ o T
arwl Z° ix impwortant (e when f--“u“-\ e nelerabe o derctdee this
rurreapule e,

W e pine Chat L Tor position=n priint i:|| the :|1||ni|||.: ArELETL
remuain o Lesesoali=tanes foan a pobat Gl by, ) i e Bread
sastent, This s given by Fapnaaion {2) tnken lhree VirThes

[ R
trr — o, + 0 — b, t::—:.J.l.'i'(ﬂ 3 n)_ 0

T 1
(ry— mdls 4 G = kb, b des — abbs + (lu—’l-) wi (1)

R

(o, — 1, i — W, + o= all, A (n—q:‘-) -l

Ny, piven seeew= 0, B S0 fuc s el alend sel, e s,
oo Fudatel any poind {4y, g1, 200 we ane slide 1o peaerally sodee the
thre limear nonhonv oot cyuatons £1) for 4 upique cenler
it L, 0, G Sidlardy, T ahe sepews i the cender of 1he
spbere wie gaven, we ks frow (3000l (03 that e oot iens 14
e 11 Tinwewe =t ol 1w II|\i|h.l.l||||:|."'1'l|i'|.lll.-i Hi1|'.|1i~|||:|. in (s, Yy
2] eweey o unigge Gny, B, 70) my kenerally booslefermimel.
The= we generally have a {1, 1} correpundemne beteeen puint s

LT

in I awl pudnes e 20 Thi= eoriespondenee i aaciant fo
Mbweratie ipversion, sboee nnler o mvession Che mesle e
the vciage peoint o] the pwoseig palnd Beeomwes e eepder, This
rn-Torumthan d= enlled the endsfe e farand i TR0,

Soenlarinbs i nhis corres e loties wereny when e ek of The
wgmwen ] et of svatems (4) = b= than thoee, The weoe
=y ] selbwient el Bae e peek Do e Dnooane il e

o lirTem e

'rfJ'f —nk ot =)
(r — nl (Hﬁ — ) =k = ik ()
il — 1} {n — m) (= 2y
wnae] v g baep R D sl oy,
fHre = 5y G —m) fnd = o7
(ra = nl (w — i) nY — ot J'_ - 1Y, iy
=l (s — 1l ! — rnf )

previded 1l ooy 2% e o 30wl (0 b e ol vanishe IF
the vank od lweevaten s by i pobiel B 0D inoviog syelel e
spatnls b [ ol B ] e petern) el wnbiee Kincanatie inversion
a ekt i S0 eorreepednds bz T i 2. b we Jall we Luee this
leasls i2- 1 :hlinl - whwra fane |1|1-iliun-i Iall esm circles.

LE thwr rank of ile =vetems I= vty a peint In the maviag Loy
viarrespwinbe B pane e 7 This pequives 1har all of 1he 2 = s
ol che pgrented macris wuai-loa e e ingues-ishe nedep general
LT NTICS

Having lakd te gromnlweck, w0 ww prsosal 1 delermine
Ui punint = ine 2w o cerveral paraitiongis Tie s =pocial L,

Poinls on Special Loci
Faints Which Lie on a Sphera

X yeneral pediat will st have more than farc |J-:-|tlﬂu- oA
=phen:.
rti=ly puation [ wpalten foar Wenue e, j o= 200, 4 S0

|.1'lllr-t‘ pinis with five peeitkne wooone sphere wili
The
vordithoy G Ahe Toape peipbustvgge o Jieesr doqmat pons i the
three b s - _l', gt T |,'u|||i‘l,'|t|||]|' i

e — ay) (e — ) {2 = n} Rt = )

ey = 1) (=~ ml Ly = ) - ’I“I -0 7}
Iff- =) i — il iy — n} 1t — Tl

{ir,— .m0 (4 — 3y — 5l In¥ -

Transactizns of Lhe ASME



AETS Jory-pe 1

. Talle |

| T g Imlaaite

_ s ';::;—'mr- .ﬂm"_-_;Tz:
'R LR | [N HE ALY WAley opLpl
Wad I Dele  EANIE BB | poorar
Lery o BT -0, i PR T I LI TER]
[ | 0,711 [[RLT] PRI ! a2
1eat .F T tIgr LRt B R L LR LR

H

Inpet dafinieg vpvan potittont of o kedy in teeme of 3ia slewms -

PatL=THES

3 "

RpLe IS T Taecn atien .

RN S —F O Rl

"oRET L ] hoaal nase
a4 R TRLT S L O.A7sT
.87t -n, 1.Fnaw BT
14513 =044t LI E] b3} —
[ A 1 -4 1hg a 1.k &, lows
LR TN E [T PR ILY

Takla 2 Equmiion of the lecys of poinil in a body that [I» an b sphara whan
tha bedy [y dn potitions 1,2, 1, 4, and §

)

YT FLAAT YY) IO B AP

L T LM PR L P AT I PPEI

W TTT A

¥ ¥

o u T e 0lateiad,

H i

Laakare et ek

.aawe, e = ar it s g ms’ - 0200 . gt e B e,

e - ll.h-n-*- TP P sty _ FITE Lo A I 1 T LN

B T A S LI TP

Bl TERE N MO TII TR B I ETRE A Ll -]

A shwn previs Dy, sbetitnling £l CH¥ espdivit e ok
wkl of e=e etorvwenty Dot bdry, o, 2000 Henee 170, which is (e
Loene of all gaiings i 2 withodive mmiticns o =plery ool Tanrth
degree. Tt owill lee comyendent Dr rofer to (v} a9 Mgt = 11wl
RO LImE- ~HnpHy 2= KL Cieomeirindty, dhe boae BV Toreib-
order algebraic ~irfare emlaadded 0 2,

Ty omder Gx expand ¢7 pamd aldain explici vvaresione lor the 35
ruefliciend= of £ g e of Hae pasiien paramiei ot wie bave tio
eaguemd 1404 3 43 detep it s and soct ot GELE terms ahicl
epefs vorstd ol o prodwd of Toone poosieueers,

Thi+ |u||-|!i.p:iu|r>-
armeand of afeelaa o sjogeldion ] bee (ke v omoekey ieay, m, gy et
shill the 1=k s Dooenesialsg Volees
Chasae ewetlicdeni af A7 peeerieally, aoe leyee Boonl that o svery
panal] sl of prograneriagg weel s eivial anannl of kg -
Lisnal time are peypured Dor this dbevelpoient.t Talle | gives
the serews which define a ret of finitely ~eperated edtine Tabil-
A lists mocon ol eoelhrent= of Y varpesponding e The aerews of
Tahle 1.

By, for vaample, arldirarily chenime o and o] theny aly-
g the resnbting aaartie Tor Qo aweet) four puoesilde 5’ we
ey eegret e ihe eardintes sf prints on £ The cender reint
cow rrrentding Doy paiid ek 2203 ol isgaed Tromc e lide Tennss
farmud o st b 01, At ivebs, wieeendel b wbpgtind [y
PeEned s Ty, by 2y e e vekansns wnd G vemb ol 07 abiadie
(1 A determingt b by, o0 This word siwhD w fovnth-
wrder algeloaie snefaee endsedded 30 20 which i the Teena of sl
sphert craters correspeonditg G given ser of Ive positims of 2,
Fuor atn peind oapi higs soud aee woe remdll comptie Shee mocrespned e
iy it frems (4],

Now rom-klerlne o sinth peetitions of 2, we tiee any (our of 1he
oAl fve poeitbns (for capmple, the fist Dourd and e sixth
peeit i i eenation 7 ), ard obiain a seeond eoantien, w170
CT0 Tepresents a second Tor beader nlgcheaie silaee Byt = 0
which iz voubodde | i Xy
loternine s osphege, sl sinee the v Dorert eordet evrfaees 2 ey
Tune peratiuns, woe eenelinde e the Tiegs of all priare witl six
positivng un a splure s bcluslod 3y (he locecseetiong of Eayt - 1
with Fau' = 1 Algelenbeally, Vhese twe fonrth-degroe eoquatings
(7} amnd §7Y) are the sungatibiliny condition- for L five e

W b el teek s byt e er e

Froeae poeitions wit! gesesily wadyqoely

2T hiz ared al} atler programs refermed va in thic pajaer may b» ol
taimed by wrting tathe wut Bar,  The teogran Language ie FURTIE A X
11,

Journal ol Applied Mechanics

Do e e s liansar |'1|||:Hi.||||1 nlhaained il}' “‘|i1i1||,: I fve e,

The dmrerseel i ey T weitien s Fyy wo okt Tt
vsists ol o dvmmpeiwnds; Ope isoa ed heogler <praee carve
Foxyia® o simple &% aof g eleveny amel 1l ot ket in n ais 1 h-ander
enrve Euf, or sitngiby I, of penns three. ¥ eontaine aff the puin:-
with «ix [xaspthote aly b <plu-pe e will bee -bomons i 1he 0exE ~ge-
tieas, 14 3= 1hye hwoins ol all poiot < wdich lie o s cipele for the four
LA Mhvsically, 1l resaom 84 s ped onliaie
peinls Wil win [emitians o o spdwers i that the [ ccemnmn
positiens of Abe twe mnlwecs o e oot aleline o v 2phene
g D 4in Dy anal sixtbe positione ool oy poial e de ) wills wlwen
Fadeens B cveen st ik with Che civele, et faoodiFe et =pienes.,

1ol M= ]

Aealyiically, & oo peands oo e sknpualor e 1 L thee rulva
toaneslorctiog gooen by erquations (30wl e " Under Ahee
el et opitins (T) and {37 are e ggger sothicient o
gnaranive L conpatibindity of epuationm 2] writlen five vime-
(with j = 2, 3, 4, 5, G} amt, therefore, pobids on 24 will not -afi-fy
Al five couatione,

Tablz 3 liwt» pednts nin &% eprresgeonding 1 e et jun given in
Talstn 1, Tl cottengreedang cender perint= ane epgapted from {47,
Alternatjvele, e oeould, as alesedbod previensle, olisin rwe
fonrth-opder «trfoea imbeddded 0 20, il ihedr jntersecgioge-
and crqngatbe os eoeespocnlivgs pednta in 25 o o1,

Fuorr warsoran poed oae an e spibeers b puiamdog 3= ninloganes 1o tu:
Forepubing. Woosubetitone e anlacrtpt 7 fur 5 i et o (75 aml
ubain a new epuation (THY which vields 2 thind suefuee £t w0
frver-ecting these 1hres s faces one Rods chat there are at muet
N porire 5 widh =even rasitione vo g cpheced Appepadin 1.

Avalvtically, oquations (7L (7' 47" repereend he com-
patibitiny eondilicns for 2 wridien -1% tiones, atied e 45 =putrbou-
~clutivne eurtesprind to e ~inedar ense gven By (3 and 46

A= b Wie rae of ponts withy fve and sis pueagions o o splicre,
the enrresponding rentir peint = ate abainesd fron (b Aerea-
vively, by sgialsde pefdwling ar Ly K Lo e L bnaersiuln we e

wlngin tlomee serecfaces in 2

e bepears T Pewec o somhd e A the
TRETA -1 | o' el ops,
Ii we Sinudure an eiglith puo-ilbm, we pegnipe (e onnuman

indersections of font ebrfess, Sinee thee will et proccalby

*The anpinal prol due 1o Schoenfies [12] deende upeon surfaces
whickh arc congitlationally (o0 gz convtnent o e {ofe oo Ton
Appendis 1 me pe s iew proaf acbieh 3= dae 1o T 0L VL P



Taklt 3 Folnlt on o tphers

Falddy i bl Pl mogy P L1, T LLEIE LI IT
J I L -_'_ N . N . R rl
PP LLE TR UL L S A, e —— | EBMa
noun b .o n ponn A odpat A oyha ik wkin oAby
R 1. Imay 1 s ¥ ek & ! n gk [ TR0 kgl
- M 2. 008 0 100G Eorare 1. M1k b IELLY) LRI |
—r—r— e —
.o S b [ L] o gk 1.oppk NFTE LY
L] 1 M -4 MLr 1. Towh -4 1l LI R At LIREE ]
yidow -k W] - LTI} LRLT LY (Lt ]
e —_— ——
[T [ &, (el 4.000q L ] Bl:' 1 Bl - -
a P Ty SFomwir NRTE | Sant s W EY] LI-F L
IEE - m [N -1mM BI%I LR LY 0.0kt - 1K LR
KL 1] & 311 -3 FA Y W 2T u. A [ SFEELY P Hn
l.-],un oA - ary oL LVEL B W TTLY LA

radal, tb Tollows that wesler genwend muotion there e que paints
with mmie Lhan weyen pweitiony gnoomne =phere.

Toble 3 conlntnx ceveral points which aoder the maotivn miven
in Table | hoave eeven paeitictes an o sphere. won Testifl of 1he
perodnliative size of the elirninanis vegnire | to AT l-x;1|i:'i1. -
prresiond Tor The dilerspetioos, femtive eeelinigues e emphogl
Lo bl e e preoine eimmen bothe Dheee soefaee,

Paints Which Lie an o Cirefa

When dealing with paints on o fieche it s pibenntageons {o
forualate vopatinn e which expfeilly give the gprosponlears T
Lween the poiats Gived i Z) wmd thedr nxes (lised o 2730 A4
cipgle ands da specilier] by U alimetion vuomites (£ i, ay aml the
resnplitunt e of e ol il poinda {0 0. L

Al paint- whose roveral pieitians Tall onoaocecle must ~a1ely
two cvmdinhms: (0] Thear dhistanee from any faped nll] jasints oo
Tl ansis ia bee mwmnn e b prosiiem 18] T e severnd pasitioins,
ey lie i plinae whivh i vl fo Hee axiz, Thess cteliroms
1||.'1._l,' |+ Yy F_II'FH‘-I_HI :I.Ill‘1|_'|.' | il'ﬂl]:ﬁ' (189 fn"u.m'h:

T o pt
(e, = ndl + 0y, — Wy ;=000 + (r'—‘-:’—-) =)

i)
CI_-.‘ —-r.:li"l"fyj "".H'l}’""""{-!,‘ —nn =N ('}

We have previasly given a geomwiricd interpretation of {4),
shirl i i el ogfuation 12y el & wow give A eimilar inter-
pretlion 9 Lk e eepnion U0F I Bddows that e forses ol g
Peantd ek ok haee fiee puasitorn s en o fore dow O pfiewe Fanrmaf fo s
Bv sulelilntingg (13, we write (1) ox-
plich Iy iy perros of Ve werew + 7S

glren thivectiun ix o ploene,

1 = ot @0, rom o, — 3 s ey — wirg )Min — a,)

4 [0 = s B My v ex, — a4 rin B lme = hag e — b

F [0 = oo 8, My ooy, — mY i 00w, — ey JiE — )
+-d, i, = {10)

Hrte o, s the angtle between 1he rerew axis (Ve pe, v} and
circle anis U e, W) TRVIdIng the nferfengisoesd by 2 ain

i . ..
(—: sin e prly the venathon inte pormal frme For con-

vetoenoe, we call this plane 7
Now from 410) it may #a-ily be st that the distanee from

, o, it #
fom Pl prrtew axis iv 'T;‘ it I'r.rJ]- feTy (TI") arad chat 1y elibech gl

angle Iwetween B oaoel o plane parallel we the seres asie mad e

circh axis s

8; . .
=)o Altermatively, this len reenlt averts 1hat

g% .
=i the angle Bulween the oo Berinal 6 the 1w axe-

ard thegnoria o L D slumaled Due vteel Lt ela inelinacimon of 2,

i

depretds eply ong e divection of 1he ~etew axin and the magnitmle
‘ul the mintion: it indegwmldent of the keeation of 1he =erew 414
the tran-lation,

IF the sepaw uxia i) e i ele nxis are paenllel, £ Tea s Le
plape 2t fofuity,  Theesver, 0 Y daliEgy B the avea lwiang
petipllel the stian §s o piee poom g, eveey pobint in 2y idangi-
enllv zatj-fea mppalion (0 1F 1 poton s o pure trao=latian,
regutdiees of ani ofwntatvm, 1, again Iecrees the plane at in-
findiy.

Fiesally, we nale Cheat sinee §44 5 pomlie] oo serees axie 8y
el Tt The frerewd asia oo Bindte podid unlesd o o= B0a0eg
ab the roeat o o4 prine rotRtien i whivh ease ! untatine the
serew,

For any speeified axic, copiataons (53 aml 20} viekl e o planes
whivh interseet oo line whiel i endasdded 30 2y Henee, the
doergr a2l paints whieh fuee fire panitfons s o ¢isede with o speeifed
reefe e dimes T we Gk thind position we requine the ineepes
Ticgr o 2wy skew [Enes gesel bereee Bor an athitiary chadee of g
there are gemerally e points whiddy lie an o sircle for theee
frerwi L itsnes,

Now we lake s spreedliceD oopoied Wimangle w el tlie cdrehe ags
praerrdy wanl lesve i e pe i of e axie unapeestio . Fop thpee
prosil s, we werile Ps)opwiee {7 om S0 AL Thest erpaaliohs wilh
tul,e by, 1Y e, pepresent Cwtr plares whves e of teeeees
Vi ~atishies (), Eauarion (1) wntten vwice will generadly xiell

g vahies e :f,, i o 2y puinta e Xpavend i pontieldas fog the
nl

lives abetagmmied Trom o2 with §os o Tlenn e e doear of il

peiata Rurtingg eca positins an o ocieefe whose ariy puases Pirewgh o

aperified point jaadine.

Comsindering o fonrth position, wpiatioh {(3) with § = 2,3, 1
vields 2 wndque paind, Bl ogaalden (4 written with f = 2,3, 4
prv s hioee lwanwege e cipa s o A8 e m ko Flishee, we dha it
hoew e possibility ol finding o sdutinn anles (g @, 2 ace sch
That: )

Mrs = i) (i — wt {ra =z}
= n)  n—p) {a— ) =
[ry = I} {5 = ) (2 = 24

Thitia 1he summe ¢ithie surfdoe o gdven by eoaation [3). We hose
asdutiononly IE L1, L3 Y are chwegts = that the roreepaading
podnd (r1, g o) lies oo che previous enbie. JT Gl L, 0y are
Brite, 1his ~souid reygudirerent cat enly 1w met 310 Al the (3 1)
deterimdicangs foenmeal froaw the et leiont= of |._H’ {written themn
tianest wre gevos TN reguizes e, oz ldition T (3% vonatinh
5 e Bse aatisfirl, {4 we Lave shown previoely, rthess ane
the motteary monlithone for the system mancis (4) to be of rank
faw.  Physieally, we reguire that the (hree perpeodicular bisce-
s Even Uy egquatiou 42 oF 4=k withj o= 23, L bereet oo
mogenon Jine, ] Tloes, fop Bone jueilBoe, we are amt an Bhealy B
aghitearily =pealy Gl 21 L

Fquatione (539 atl (6) are thind-degree algebrnie polvnemials
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Takls 4 Painli #n dixles, Linet, plopas, snd cylindait .
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Epbindar

which repeesenn the twn etelde striarc. FYoand 0, repeeiively,
The Jenerseetion of F2 3 6 Gor mnre aoaly ety the soamoon
Foeds of (5 F nud 108 v wll He pudnda i 20 whaich e Tor
[-1tionee b Firckes The inter-ectiom il of 25 owliel i oo
=i%tlenrder 2pee corve of gpenoe these el o cibie J2000 The
“residmal’” part of the iteraciion, ¥, 3 the spare hie which
i~ Lhe mtersection of 1he 1w by peebedoid -

(:—nd -y
ra— ) im— )
. (1l
5{.1'1 — 4l (g = w) _ u
Jre = 1) n = )
The Liae [as = aal = U {gy = ) = O eonnwen Y Ahasn Iy pwer-
Boluids 33 b dnelided e 30 Susberiolly, egoations (1108 ghve
the econditvms wder which €33 amcl (3 are wo lnger =allicient
I puarantve w rank of twe for (he -x-tem nainx {4 Far all
painds ayp A% b ranck ol 1) 34 twe aod, thenfore, the Jorwe of aff
paiate wliel hevw foue st eana o circfe iy ppitie caroe nf nnde s
srrd
We retnrn i the <tondy of thrve pusithny, Tl now v ppoevid v
the dlirvelion of the anis sand beave 3t bwstion afbitracy.  Frpea-
tiodz =) with J = 32, 3 mives Lou il wiwsvinea= voqualkiae i the
unknowns L1, L, 4L Therefure, Bt sty point do, gy, o)
there = n hilj}',ll‘u' mbndate sl of soditings 1'|||'n".'-p||r|1’[i||.|.: Tia s
. [Hirals e i ads Fapoton vl willy foa i, ksl 0wy o)
knwwn, violds wn planes wheee Tie of il erseeling g5es iy pust-
miswible walwos Tar oy, g, LY which when poletitaded o i)
(with 7 = 2 3 vield the loeavion of the agis,  1Terde, the lotar of
afl parufe whiok fare three ponttions on o il af o speeified in-
climation faow fenes Thia saene Tioe i-oalao Hhe lodens o adl jeoints
swhiieh Torve Three pooildones oo plone wlpea ot s 0 g, m.
Fur fumir puasiliorss widb thes psis aliregLion epuseificd e o i
yiells threr plaw- aod therefore prierally oonkple poin L2y, g,
n) At firt, i might o vhat 09 iakon three oo ¢ - i 0L 43
would alaava vield 2 wmdgpe G4, L, L Tl s ool e cise,
Fooz mry 0 sy s b the vobies o (e 4y, 5 avenpiired Trone (40 jonisg
he sl it Uhew aomentiealty seri=fe (o and 0 0,0, 000
ere Frite the rank of £33, with o= 20, 4, 6= 01 st 1w Lo this
-t 5] vields o line which, of noeee, defines the axis e o,
Weowever, the conter will praerally beat infininy snee £, 0, .1}
ate vnly finide wihen dry, g B b satidy o) Henee, far any
FHCN T8 et foe B i wicigae podnt wbase Joar pasiione L
ta plaaee, Sinee this poing bs detenoder] by e Ineeraeetiog of
theee planes, this kit pestbt oMurds 3 rathor simple menns of obe
tainiug yoinia on the surfave * ywhich i diseuser<d i by wee-
tion).  For cortain axi- inclinatbons the corpempraniding, oot alus
falls e G4 anidd, thinedure om 34, ~

A vgrve ma leud £ Wl Jeincs corcespanm] g 4 neves (i i1t
e, bn sinpalar inoreganl tn the given (1 Lr correspraicdence il ia
calied 1he funidamrsfal rure of the tranzlorom e,
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Thiwe geverally are 1o gzl having Gve po-itioms w2 mrcs,
Avalstieally, we wond peuiee 1w b ionad sgnatioge £307 s
i ) il e lide r5% el o0y exaonge thnt they fvasee El anlserd p
Svsternl of £ Tl frue voustiones (3% 460, (30, 4601 penerally
wonlld el be cvpgretilde. et ieally, twa ~pace vrves -ch
as kot amel ko will geoemlly mal utereet® even w lien they are
cunlained uh the same earfart B Thore are, s ever, sotoe in-
Putimbl ~jeeeinl malioe e, Paeze sl spierieal j G w bivl 1 leee
o il 3ons ares gl ilale,
claowbheia 211,

Illfl' Fl“l” 1ri:l-r'l.|1ri llLI"‘-|' {ulsrs

Carpputaliomally, itz o 4% are obitainm] by tomericl]r
detertiining Uw roedtivient= ol the rubics {33 a0 (6], The-s
crpuntbns ane they “slved™ sdmultnemcly fur vt Boos,
Flae vonl= are theg sarten] peeonding G s loder Ve et 14
e % and e cpresgeineling ases e clelvminet Touw 15)
twith g m 204k I Talide 1w lat =everad poiods om e vnree B
echieehy corre-poned o thae ot ion given io Talde 1.

Poinly Which Lie an ¢ Straigkt Line

Points with cheee prositiones oo dinss are Sieen Bas faseon lidiom
Hoat Elieie vorad D puead o] perpe e dedaes Diceeuor phanes, or Lo
this vntnlithn Ut they D or 2 Chree=pesint virgle with asi- al

infinity. Do cither iz me pvpuine:
M=) (- ,I-'.Jl' -0
IKI: - o) (% == Wi
{1}
{ry — 1) {ez — nY¥ _ "

{r — 0l (e = 0y

Thiger 1wir il -degree polyimmids pee ot bima of b pser-
Tunfiadela frf wapie sbppget §owbdoli ol er=oet T e lae apaee evrve i3 aeod
the marnrom generatur (Fy — ) = {r = ) = The vurve £,
wlich 1 rmbedded in Xy, s the bocus of all poinds witle 1three
Tt a8 T, =inee /% e 2 eadiend beperbaols® i sl e
vdatsignesl o Choe moerseet e of twn [ perlobic e locders.

Cienerally Hwre are tor points with fonr positions v s sireight

T real poinds at infeily oleng the eefrs pves inoe (wn pesitions
which coincide aml. hepre, having only three distinet pwritiong, such
peoante nlw iy e oo cicele for Bour jmmations. The cuty e ot con-
taima e puintz whers $e $o0 5o, S22 50 500 pienee the e o in-
Autty nnl dad comtaing e peiwt= a0 @linity alosg S, So. $0, §aot,
$al Sal Sinee B2 oenn be intersected Baon plaoe ot nasst ads tieeoe,
we eamelinle from glve Toregone® that the gl seiew axes give (he diree-
tiommz ol the only a-vmijtobes.  The irdieroeetioh bogd 3 fg? coniaie
the ymeisi) at iobnity alone $r $o. $at It ther three pointa o not
Call gm B r\-|l|||||'l. circles, Setwenfies 112] fus sl tlot thess runies
il o cii=. {11 Mh.u anls Fal 1 poken ax
Wt Tine in 2y “]m bcoigeeieg with $ 0 when 2 i peortiong 7 e i3

ST D gk s o bty plorse Ve semss s are stalbmegny pintz
[or tww peedtingg ancd wie, herelote, abwavm ot £ Tleme S §oy o
$ut ure the dicevtiime wl 1he wy e aotes sl sinee they praeralby cet
the plae ub infinicy g lwpinel points, 1 i a cabical Ty perloia.

d




Tone, Fionr pueded s oy st psafedid live soand peepace that thes g of
e ayalein i i af |-||||.;||_'b|:||| TR Lo Do ook Lheet fre mae it
mal % e od cank e D othor womls, we rppaiee ol 17 ¢ 2F. o
the deterininant (3) be vanish.  [1 say, (02 = 1) # 1, this e
guiaremend 15 miet by equalions {125 aod a similar ret, oy, 1177}
with 1he subhaeripn B opepdaeed Ty Ao These Gomr epeation: will
grnerally o e esnepabbe. Ceoanelienfly, Booae o guadratios oo
nok gty bave oo ol et on, nar e e twao spaen
cubirs it ol 27 Uhis besds s o conebiade thinl, mnlike the
well-kpwn planar case, rheee are gemsrally na “fovr-poinl™ cirefes
with fnfinite radif,

Ao wr sbll soetuer [ there are, Jonewver, impuettanl special
e 10 gy platar wewl ppherieal moGeo] slen (02 ol {120 are
cutigratilde,

Computationally, equatho= {123 are -inple epomgh 10 alles
{afrer rubstitnting from (1)) one of the nnknowns, =y, 5, 1o be
eeplicitly eliminatiel,  Considering one ol the remaining un-
Ersowenay a1, aaco poreacoetar, The elimin, neye b gegeon bed aw
aquartinin e Forony givew valieaf gy one sbtsdad b i st B
vuloea of 20, thaee of which belong i3, "The Py imomis et & a
pined on Ul B (pg = 20) = 1 {r = 33 = 0. Alicpatively, we
conld, afies ~ob=tituting oo (14, clinsinate ry etowsen (0= = 1)
= Ik = k= 0 Thes Borany vaboe ol g coqupote e =pari-
iz and clisigale i Trom ABe qpueetie: Ly svidhetie division,
Tables 4 lists geveral i< on @ eerresponding e the o jon
given in "Fable 1.

Paints Which Lis an o Plane

Fuoor s psitipms pbl psofls Beooon plages, T eonabithm 1led
wpmainl v om o plane fop foae peesinions W ol aioesd from the enbie
trageformating by reepiicing that the cender ol the sphere be at
mfinity:

ey = n) m—w) =)
{f_q — 1y fhy — wh {23 — n3 w1
{Il - ) (e — i} 2y — &%

Thix is of coarr=e 1 Lo sl we have calle ] F7which o cmlahdosd
in X ated B i dentieal popiatben £3) Chsesuming e 173 % 3)
dereriabaemts of (1 wonih ool thad o] the {2 Al {30 aon
nod et Wi eennluienn beves the pank of The sesbean mateis of
(1) waaliered while rehebing the ek of the coelBeient matrix to
tao ) llence, (be forus of nfl poiais hacing Sour postiions ox n
plane i o thirl-anler afgebroie eugfore,  From phyeioal seasoning
tas well s Frors e Fopegoing ] i b5 abivaons that 1his anefase o=
taiog el 73,

Dot rediaebigg a BNE paosit B, see Folfow he proe e Jreaeribed
10 che thired=sion an rints on 3 sphere sl rogoire Fod % Fad
Thix inter-cion contnin & a8 -pace cueye of onder =iv awl genns
theee which i the Joona of ol peanes with fve pesitions i a plane;
emey e g Vi o coangesen Do bt Tesoefpees g i1 dowa ool sz e ke
I'k,‘q]lil'h"l |M.lil|l:-i. (Lar Iﬂlillll‘i ol e Fank fE Elws el lbelook
meatris ol {4 isne ) Ao altersarive ppproach, which i eanputa-
thenally infecior, i o regquite Fo % Egp” in nhich e 1w iner-
peet o s rempu-ed of o il £ Wb B Doy -parions,

Tutroducime a <isth j=itian we require Faa? % Fagt X Fad
i thoeee theer sagfomes luive & oas 0 cemnoe cmpunent, theee
are ab et Len poiats in 2 with =i pesldioos on oz plane?

This re=nlt alaie Solbows i we ponzider 5% 20 Fa L ¥ [noeither
rase, 1his mezne that (here b me npper Timic W the radii of Uhe

FThe ek at infinity alodg S will L foneenete 10 bl owliaes, ki
11 deeatnd e oz Teawr-pusanit Cirele,

Sebseridlies” il peecl 1] afeals with s ht olifferent
SbrEaeed B e e it g e prouts For Pa? % Fo? e have V) =
Moo= g Vsingina = 3. p o= o, equatha (13 vields 5 ar the name-
ber of ulersection: of cyrvea of and Y Now o5 musrscis Falin 1s
1oing=, baE sinee Fou® romtaiie 12 5 of the-e fall on i, Ileuen, 15 — &
= T arbe live aiv puasd fetid o a0 14,

El R eneve POy ierece £ aa® i S0 poimta e d, os slwownin A ppensliy
Lo AW qptrtuncty o M pusinta, N uw pjine Fad tuntwine &4, Elere gre
bk b= 200w L gy el A3 R Lk 30 ieak L s 48,

ik -guas il e pdiores e Ihan ven poinbs one S8 T8 onspliene of
indimite mpdin, oo ke lsgon winee Te el 2ol a0 F'owill
griovrally ont bave a comnen inlerPolion fuant, there are {gen-
rrulty) an pewrtla which hore weren posiliona or o plaxe aned, henes,
Al 20 erverpuesi e 2plieres will czeneally ) be finits,
Cotputationnl by, rarve e meee bedeselopedd ws a funelaon of a
simple parneeters Elindnaling, sav, £ betwern Fgld o anl Pl
viehls a ninth-degres guelviemnial in o lich e regand, sax, node s
pakameter Al 5 g m mwy - Then u-ing 1! {after eiminating
£y as de-crflml previousIv ) corpe-pwnding 1o a fven valos of e
Tprameler” gy, we shetieally divide the piledegres pady-
v 2] sk alanaba i =E% e i 2y ow e fcs Jie one et This prsae-
laee Dias vhoe mdviondaee of being svaietwntie sl g2 aseful for
phatiime the st curve.  However, fue obtaining arbilrary
poinl= oo cf aml peinee with s positions on a plape, simple
vertion decindgties pnecally sathee, For the mmotion dufined
T lale 1, peinea swith s preitions ot phime aee Bl o Table

e ey Lhe i rnissnon of o I,...,.‘,.'umc. ooty iy eirche, 18 fodliena 1hat
I enh 2e0 of direeture, 0, m, m), of 1he plane there qrre: pomds
nopant on FL Hetnw, (5 faken thter e may be mienl L
paranuirieslly genernde FEL Similacly, @ omay be gpeoeratild
paramelpicadly By owreitingg {57 foar Toees 0f = 205, b 00 b
chiwsiding, sy, w0 Pl pealbligg Ve il ies, conlnizisg

"
ws A sigle prometer, pay b byl Tur {2, 4, 73

Poinls Which Lia on o Cylinder

W spwecity 1Tt asis of woemelitevieeulae vy linder Dy iz sBireeton
vewtiies i, mey e sind Elue g i tes of e of e guiinks (o, by o),
mud lel 1he rmﬂn:li vectut 4, o the uriein temininale at =, h {}.
We take r,; ax the vertor fram e seiin uea point i X, and Jde-
fine the veclor By = r; —~ 1, Tn Fig 2 the Jirectd distanca
Twtweren prlaces pownnl e the mais ool thoogh e viges ol e,
F with f = 1) el by w4 tiken a= 2o The vienne d.r i+ taken fron
fop, By ) Lax b ]mlllli elalnigmn) ||_'|.' ‘lrujl_'l‘liug the vigewid i fpareaiel
1 dhe evlirodor aard into U plane combainimg the o oof .
From the Ggnge 11 fulluw= that O, = d, + cand, henee, d, =1, =
ry—c .

I edwe et fege 0 £ 5 et Lip ol ey B4 T Do 2 e Bider
bkt the given akisg s mie B = I/d_jj. Tlurefore, o1 =
It s 13 ar s Vo Bvregning

fro — by = clir, — 0y = gp = Iy — iy — ) = 1

wlich when expranled ad sinplidicd yields

t e,

[J-i - K cp I:.'h- -k 4 (ij -k l“ —"

+ %y = 5y — wde {5 — 2ad{le, + 5¥
+ Ly, - b + s (Lt}

11t o s speeceified, then eoponticn (UL Dwinh €8, v, v} sl

e e =TI

]

Fig. 2 Gegmairy lar paind wilh Iwo pesilions gn u rlglit-circylar cylinder,
€ v ¢ylinder oxiel r; ond ) are powfdn wectort lod required paint In
potdisnkfand 1, respectively, .

Transactions af the ASME



G, b, v} By pepreseats o gquadeatic surlae embeddel o 2
whicly ia 1o loege of 6 paints with bwee postiion s evbindien
abantt the piven aadss 10 the cvfimler maid eoindides witle sorew
axis $ope equatiog (1] e dentioalby apgisfied By evers point in 2.0

For theee preitiims we take (00 with ) = 708 anal Bad thot
the focup pf o' porats ootk Yarer poxiliena ow o ¢glinder iF o quarise
Fpace clirrT,

For four posttion= we have cquatkm (13) 1aken three tine,
=2 0t 4, with ohe resels tdat fReee mer ol most o iphd podole wirth
Faur powitivend on e cielindor with o ppecaticd i,

Far fve prosibims s e pod a Jkbwrry loeloee an aclabrgy
asi=, 10 Ry the alivectiow 0w, i e e pecitivel, gl tie ol les
poaaliy e litioge ol o= B 4 enom U ot T o5 pieit e satizFal,
With § = 300 bevpation: (LY aesl Lhe arthogoenadity rmmditi
goe sbiains o set of Tonr sonhomegenms bneur equeatinns

(a. b, ). The companibiliny eowdinion i» that the determinant of
the syatetin malriy equal rero. Henee wee negnire:
i { n n I I
fEg = x) (Y — ) - [t =15 2, -1 {11
ll[l'l -5l {1 — wl (2 = &l M
i_n - nl fHe — ) 2y v 2] N
whape
af =t

AR g bz — ¥y = e s = e

....

¥olMa; + ¥, b o bz 4 o]

Fapration (13 wepresentz a0 aquaongne sarfaee embedded e 24,
Thiz =nlwse s bich s endl fan® on pinpls 432 e beensoal nbl
Pt witle Bop puesitions vae Fplgermendae es opboe witle e
purtlle] ve 48 a1 e s cpegilion] bovation deeg by 3, Ghw inter=
seckion of MU swith the swlorenent ool quartie fE13 tiken 1wiee}
wiehds Ui righ U iy = previon-ly deeribnad !

Hewnpning conajderatibon of five pewil joos, woe eanchsde Lhat e
inleraec i Moyt W A will vomtam the sigpized bew-. This
lerseet gy & compered of 5 ldrieenth=eider space curve, 4
which b= Ve Boeos of alb poant < winle dive positions o evlinnler
wid b epmeeifed s oriend i g, mped @ veibaad of e lives which
are Al Loei ol ol poiats with Lweood 1heir Tl §laase =it o
oy et e e bt s, e paoenlel G 8, ey, 0 L'F

Fur six prottivms wo Laeve A jntepeeclinns ol Haggd ol gt =
Y et whoeh vl B points will siy ppeitees onoa evlin ke for
ench apecitied 2% erieniaton?

I we du ik speeeily the inclinatem, we oeey instesd -pecily 1he
normal to the axis da, &, c) Iliaevever, i this rase and i Ve e
of bethe U s, v} and Ga, &y 03 befy onepetiliel, the ondisearity of
o on ) i the f2 verm qonkes e wnalyels more complieated.

Relerenca Posillgns and Kinemglic Invarsion

Du Che Fronegotigs we Lave deale with 2y on= the rogerenee pueibog
arnd det ernited 1 hae-e Lot w ik ace madedsbeel i, To3s EeIn Chi
thix choice affonts the =tmple=t e of esplioestion, derivation,
erad rommdntation,  Howewer, it <fwled e need chae aualogmts
ko exist in ek position X5 These loci man be conapuied cither
direvily, lo- a snitabde clauge in 1lwe suleerpis which depnte the

R For iy peienad omiennadion the perew gvis %05 copcidered we o line
in X emewetp Ao dpgulsie o6 v pusinde, cnee ol il st indiniy,

WL here wle cepally 33 oot s, Loy bopl ool 1hoena b oo dlee lines
ertilaal b he et potagrap e g heselfee o pot Lave the s
auired aais Beotion,  Theee s ssluodont poiets Lie Leoceboon the lines
wwiar L LEk waLthy faminion= 12 amd 1, 3,

1 Theae three lines are ey glatwined Tewin thee terzection of
planca {rp = Bl = (wp— g o= b (e — 7w — ;= =,
Fo 203 and Irum pdane [z = b o~ (= rdm — |l — @l =
: — wIV = hagh in — 5) = (o= it = s —n) — 4 =
ny =

W et pie O posiinl s commm ey L A1 aand S Lammever, 15od Lheim
LBt om 1T theed Jiues aroviouely demibesle O e scaasining 34
thmer s nt ili|i.r|:|l_1, uleange 11e vt s foa, $ie $at

Journal el Apnited Mechanics

Pt ur islivertlyy Ds penenleriee Uit w1 et cinbasdsbod i
S0 with el cigids quh !Imh-m b T dv =t |1ul{‘lll. liwey—
fure, e tran-tormnd fren 2 te X 7l seren §

“ el by ot bt har !-!ulu- vl Thie prey i =, une voudd
work imstemd wit] Joer whdels aee el lded o X7 Thie 5 espae-
cially trme in the raee of the sphere in which poinis i Sy amd X7
are in {1, 1Y commepetndener. Here ae note the apalopy with the
well-known plawnr vetiar 8l vipcle-print aryves which al-o oun-
tadu grofete i D eorrespomdence, The el {3 X0 an-ohdine)
eitber diveetle, Ty dnterchanging “known”™ amd “anknewn®
variablee i the depivaniond G Qeeepibaad im0 b seeBlom o (ein-
T ve Tnversion we 1 X
Cotnder Thett el of sepen s enteedded in
200 which mve vhe some pes ad bl original =0 ews bolt opuege
renag 0 10 we fuvett tlee motin, then the baef i 25 2l 27 ane
imerchavgal.  Aciually, wih 2 apd 27 may b in stion, -ioee
1l tezalt: of the precehing seetion= depend vuly i the relative
pesitiobs af the 1o ryslems,

arp s splaereh o padiveen sy, Dy fovereing,
et 2l puree X

Conclusins

W have pomsicdered pobids almen seversh it Bl an
special surfaeis o enrves, Fowations for e kel of geiises which
Fie e syebieeess, planes, cineles, exlinwees vr bios wepe derived,  Ton
abrlithony, it B bren sleswn b o coogte pointa o these b
Cumpuater prugrame love been written 1o performe Chae compaa-
tatiwms amd seveeal pomerical example- have boen presentel

I addition 1 their intFineic sdere-1, e praalts Lave dicect
appliestion Lo probdens of inecbandan desten, Thoe applicatum
ool Ao Ui i aleenissial b oo paper 12117, Speedal
s fl" Lo ;1'|u||:|1' nud F1I|u-li|':'|r'.l HINH wheel 3L 0=
*liepwnn, in 2 10 Hal sy v e sl bons viehl the o andiline=
winder w el 1r||,|.|_|i a1, -“;], ks PR TP TP [ TE R L W T
f120), besome conpatilile,

alan winedianl,

Atkntwledgmenls

The suthor wi-let L e Lis appreciatiom (o A Pictiyw
Cen Tor i 4T Lindh o 1l omparer progiamiméog, and 3,
Foemmethe YWaldeon [or pregimming seed-tangr,  The anthar j-
sibeas ienle T el T Prpal, 19 Preteleerein G Tiaving inesdieed Lim
P 11 preekele s abisen=e oel bepsin wieel Toe Dig cogginged et i
thidwork; e T 1500, U Bl G Dis indepgat sl willings ==
wistamce, D Tk Natianal Selenee Fonnidation wluee grant X-]-
110 20007 made phis weurk emsil e,

APPENDIX 1

Saven Positions an o Sphera

T merweral, 7 8 and Fooare soetaees of oidepr Y mnd Yaowhich
Jrv=s thrnole o petstigeular oy of ardee oo pd gewns l}u":r
will copbain apallier evese of apder ', ad peooe b, The nnaber
ul il epection: of those rurves is T, which o glven by [D0

I UIAVIE BT D e R {15}
The Fotlowing ronelition mmeris the gerera
Hpl — ) om fl — w} N+ Ny = ) 114}

et =g o farspoin virele comlition 29 % 00 which e
know yields £ weel 2 Now fur 2 = 53 ol pow L, Laereare wi1li
LRV TTS IR RN i [ Y RS T (N ERTLRE S T 1l o= af B

For Enet % B! wue nee (13]G aletermioe the T Y |
prints uf inrerceton of Bowbl B9 Sabetituyting Xy = Ny o= 4,
now Gp = 3w obiain F o= 2 Now B igeravis Kaa LR
it I sinee Eaet rontsine 04, %0 of thess fall o 24 ilener,
tlare are 40 — 0 s 20 pdnt e widly even presithint ui » =prhere,

1+ T hat b=y inzleal of $|‘ Wt wep ey ALl e 5-., -
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Mechanism Synthesis

The soelfdon Awite-pasition gltwer thearv of Elacmatie syathesis (e sa calfed
Buirwester Heory) aid the corresponding splierivel theory are derfved fram the rerufts

af the general sputicl thepry whick bos been phorn in @ compaeion paper 1)) hker
special disphrecments stadied are these for which the guthor bas coined tie mames

' “simiderdly fremafarnmaiion,”  peendophenar !t and * peetedas plierfenl”

Thege vesnilis,

as ol o5 tinge sliained dn [, are shasen o be wpplicetn !t the syniliesis of spetial,
spierical, und plarr Hnbages. Severid numerivel coom pley e preseniod,

Intreduclion

I.\' & PEENIOUE paper [1], me developa] mpuationa
poverming the Loci of peints which, smeler 2 =ces of rigid-lady
displacenu-uts, have peveral posfloags o gplhaore=, plitws, cies
eley, rylaalers, ar lineas D Ahis pager, wo peetienlacine U
Eererl reaualia tocplawee types of speecinl alisploeeioends hoving jm-
practzind peswctical applivitions=.  Smev the anthor s s of
sty jrevients diseesdn of Uk Rt spoerinl ease, be Dias (with
nispivibg) eoived e name Smalamty toancloneaiion. The
oller Lwe =preeial cnros—=pivrseeting getews e parillel serows—
Feend e fhe well-Termew i v pebseriead Ao planne et fni = puasiting
ranived which e pow b viewed e o noaee generad conLeat,
In sdddiviemn, tlo-e Lutter two speciad raaed el mespoetively, Lo
the intrigmiog, amt sevimninply oew, cacepl of prembeplbened
atul prrmdopdanar mechanians,

Appleatomz of the gereeral theoary, ad well as Um Baepobng |

speck] e=Pa, bee climeiwaad, 11 B sbown ihot these veaabla are
ppdien b Loeovardous Uy ped ol de=beae preobhane, and seveend neehia-
nistn wxynklcses are prescuted, Uley fonebon-generation peoldem
bias Tioety treated previously vlaewhern (10 5 amd e=peciadly 6],
Lt il ool Ll e ler wy ntlees sorny L be mw,

Homenclature

W slesenibe o oo implivecment of A eagid owdas, o prosition
1 1o peeition f, as 8 serew diplarenient $,50 The seatemuof priints
in (e mewving sy-temn i callod XL in ceneral, arel X, when we wi:h
1o ernprharize that the syelem iz e 1he il position.  The sve-
tea ol paintz e the seference systom {ala refecred 10 20 the
fiaesl evetemn) s cudled 24 The seew nxis i oonsidenn ] nd n line
I welead il vontmina o snperseripl, ad in %4 o which caee i
i Lhaen aeg Ll digse Ju 2, which cuinedded witl $;; when X s in
po=ition 1.

Following 10 nolation developed in 11 EY s the Tamirnh-
warder metfaee wldel containg ol thie pobns in 25 which love Gee
Pl sk o = pdwern; B4 e sk Booasbor s ceeve wliclentains
all 1he perinls do 20 wldeh Tes e virele Toe Foor positions, e 32
i= & thinlorber cpare ouree which contains all the wints in X
which have Lhree preitiona on 3 line, For the zake of claniy, i is
SOTETITICS BMECesc Ay Lot stiberdpts (e, £, 1 donote wlarh

PAinlers in Lracketa dealenate [oteisn o al el o poapaet,

Congriligted by che Sppsled Xechuagies §Yivisien Tur persentaon ok
the Spplhicd dechanies Conlendnee, Tosielens, Calbi, June M000%,
FA6T, of Tue AMeric oS St ey OF 3ol v RIC 8L Lsatxh X ae,

Thacumbon of this paper sbould be addrewsed to the Bibitoriad e
partmrnt, ASME, United lngincering Center, 343 st 1T0h Siocel,
New Yauh, N. Y. 10017, atd wilk be acorpied watil one pronth aftes
ual padlication of 1he japer feelf in e Joorxie or AFeLIne
Mrcuvsna AMamd-cripl oeeeived Dy ASME ypplied decbaiiez
Drivicien, Moveslbar b2 1996050 Goal deafe, Sepember 20, TG
Tajer M tr=—20'51-00

Jezrnal of Apﬂiaﬁ Methanics

preitions are being ronsideted,  Thawewer, in what Dllowe, posi-
tiem | i penerally omittml; Since it i3 tnhen as the refrrence
gesil b, 1t is always under-wond tole the firel positien,

Finally, all nubsred erpiations refer to cquationa derived in
[1].  Tooubds conlest, i b= veeful Lo kioaw 1hat;

() Fapation (13 abefimes L Tioear teaasloromalion wnder
wlhieh puink {zy, g, 2] b Vaerewed” tu (P w20 by Byt

Iy = {ﬂ;' 4ty b:’ﬁ -+ f.r}’i + d‘;

¥; - I']'l‘,xl + I:blj T 1}]’” }- 1-‘l':l-zi + "!r’

7 o=t ~I-rh.-1.f.r| RO AP T

07 The syuare of the distaqee from The arigin ks given by:
SR AR ANED

te)  Depeations (3haed (6 pee he srplations whieh detine ks
while 030 am] 6] elefitne Fagt Tliese Lwe eneves peteerally do
racl B wiy votgienon fakhe (ko=

(d) Urpeation () gives Ui loems of ol points with peoeilinoas 1
arnl Jina plane normal to seme given dinecton O, o 5.

(e} Dwpuatien (8) gives the laens of all =0inds (ry, o, 0l which
i pegdlinns 1 oand F havve the samne disiaaeee froin o poiot (1, .1,
a3 el i 2, '

(Fy Bepuatfon (125 i w =el af Lwe eueiones’ whach defines fad,
while {82 delines fs Theze (wo cnrves peceraliy oo nod bave
a rpmiliwn [ile praint.

Special Mations

W mow undertahe ter stndy of thive Lopes of serew mations
which are comioonly el i ndelemieal  limkswnk. These
mwoliona ¥iehl specdsl eame of the generad theary which aee of
thewretical and practical intere=t.

Similarily Transformeliont

W rimiaider thee sy when the serew is deteombned by yeine
rotal i alunil G, § 3 and $ . whiel wee eonlandidied, respee-
vively, im 27 and 2 (Figo 1% Furtber, the distance amld inocbisa-
Lo b vwern 3 and §p s fiuesd,

Lot .1 amd # be e tnsfermation matrees, for sxrion of
pointa i 2 about §, and $4, respeotively, such that the totel
trueloe it ion due foon robation 8 abont $ fallowaed by oa rota-
fion b abwent $p s given Dy the mateis pooelact A8, Sow, il we
reverse the order of the two rotatioie s that we it 10tale 2 by
T about §,, we ot Ut anis 55 hos & pew position {in &), max,
$a, aml we mu-t delcrnune the Iransformation matriy, sy, i,
wlich murrespond: tu a0 petaticn § about $a. Snee the only
charpe Ietween Sg amed $p, is the roation defioed by A, die new
transfoeration M 85 piven b the soeeallnd siioibaios iroesionm-
tieny ML= Hleoee the 1ot tratsbpnsalion ia (1T =
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Fig. 1 "Slmilarity-tronslarmatlen’ malion is definad by raralions aboul
a fawd gxis (5} ord an axit meving with the bady (351, The dithonca,
B, and ongles balwren the ox e are comttant,

A0 We vamelude st the oeder of the eam=Drmaatiene alsael
%00 Sg s nensaverial, ] 1B, i 4l ppeckd e of one asia
fised o The oviee body, nie rotationa (54 welf as general
serew dibsplacementsY ou comnie,

We max sitnplily the dorivations within) lasing any greerliny
by vhooema say, the yvanis abag 5, and the 2<ixis along the
rotratir Bovinal drpeme 5, o S50 The Trogtle of e conmmum
enbanal 3 g, o ke cliveetiog costoes of S5 G prsition 203 ape
e, o, 10 Phwsew i3 ot eerew whieln i epiiealont toghe Lao
rutation sctewsd § 0 §p we cuinpite 3 parnneeters fley, Fugd niml
1k 11iree Lhors 43-iNes [fieg, Mo Bival:

-6
o (5) = on () o (5) - (3) 0 (3)

Ting = ———
N (E?)

T
RE

With these results, the transfornsation coellivients of erquagiog (1}
Fwsome:

ofeg = Syt

e, = —m[ind i d, +orpera B0 - cs B3] = (1 = oos )

ba, = wilsin &, sind; - owyoova Bl —~ oad,Y)

€r, = nzsin B, 0a Py 4+ oroa G, vin

oy

§

—plvg i Beme By feus B = 1m0 b

dy, = gl —~ cos 8))

b, = —w'(l - coz8,)

Co, = —mysin §,

iy, = pugp ein 4,

"= —alain 8, ros By — again By L~ r;u #H — sin b,

b, = wisin 8, cos &, — wyain i1 — oo B,

I
’

o, = =wyuin @, et Py b e #oos Py = |
d'i = plwr sin Py cin 8, 4 con Pl — o 8))]
Foetler, i may I shown that

4
T o 1
Fji i

- w g s oy = wpsin S 4 {1 — cos & )a = pl,

Lnider thee eomditiony, £ deaornemies into two gquadreatie
surlaces, and, as cToawtin AP poerdic 1owoe mody weine B4 w0,
Bince MY om [uer — mig]? b [ao~ p1Y i b edependend of the
rebations. The vuly eeal poiios oo 278 pre gven I b inderee
cion of plaked e == ugy m o] 2 — posm dY, which i i et e
meaving avds $g 0m 2 Phasically, line $ g sati=fes £ idenlically
Peeeingse all ol 10 puinibs alwaya e on cirelea

Howy moaby £V ielentiendly zeros Thix eorvespumds to e oase
of &) noel %4 parnflel whidah pestries all podnts 4o planae toodion
Ml Furtwee, G spluorna of gnfiete pdii,

The st faee €4 0= ponerally nbocpetlaed il
tivesl i hppaenaliy I

Obvimpsly, the =anwe degeperacies must ocear Tor arbitrary
cmipntation wf The ronlinate aveat e of the qualiniie s
imagmnary ecoeepl Tor o B=odaeed Tine w il 14 alwave $50 The
veprin b i vl VhdA e enie 4, 00 ek, SR - g om0 Wheo f e iy
the plarm sl $5 perpendiewlar L the canmet orinal Le
tween 5, ol $5 and g om0 s the plane Uirongrhe $5 anel Che
oty il e, i g norma! b 5,0, the svpoaaione of both
planes am laken w oormal form. The ot luer g etic is geecelly
aoeenh by loderid sl of vonese) o= 00 i nlen sy sabiafisl i@
Ve e e prrenklel,

Asangingg hee polition favea aee nat gendfel, The sefets of n-
topest lbe o G Par six penitiones on o splene, we cwsaber Fap®
= fawT, w hich viehilas paee cubae, omila Lo £ w il s s po s,
Fuor seven proitbons, Gge® W e X Gant yichds B el ) four
toants® S e snrfarea npe ey of oeler 1w, Alese coampintie-
Lienns iy D e et wE i Tent mesainean Do 067090 L e s,

For tlia ol in, eipeztion (9% fagtores Inba w plaoe 2% anl (e
fuopegonne “line rpusdeatic” esplicily (G) yiclls:

L= pejrantion ialo-

WFH o

wheie

i
i = z fry = oz 300 =— e B 16
[=2
o2
£33
Myve ¢, b0 - Lor = 10 f, E) s, respertively, ancevin oraeb!
Pernititatienn of £2,5 1, minl iz z2eea i w0l The subseipts s
oupnial.
toruindicon £33 reroaing o enbie, hot it pay Tae pid inte U feem

wailltw: — I, " — {5 = piFg*] =0

whore 8y 2] Fg*Tare paalrdie Tmictvoms of o gy 5y

Froaw the afvowsimentiomee] o we rasy ensily werify cheee nll pusins
v Pl mmeevingg eatalion wsis sadi=ly 631 anl 0% Frrther, the
interseetien of % wivh (3% 04 3 quadeodic forve, which 4 the
residical part of the interaection of (3 amd 6y, and & line £,
TTente the haei of pofnte tn 2 woith four {or more) poedfons on a
eheche are the lnes 3 and £,

Parallel Scrgws

Ton tlwe e o thies pearndle], puce-nstadion (50, 5 Sk soews
atrl & Frth adntrany sreew ($4), 1he guoartice safaee B4 degen-
emtes D a plane amd 2 enbic extinder. “Taking {f, a1, @) as the
direetion oueines of the toee poosalel «crew axez, o oy write:

Bl R
w bene

# Thae pere et oot = £ ? i gy qwants; hawever, Leo of Hiese are
oty The thirve swrfoues eedatain Che Tine By a5 8008 rt porog <sie -
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Foafn=nl+5— wmt (= — 2 Fur parallel serées witl) pelation smd transladion, £+ will
andl generally pol Jegenerate. Tawever, potnta wilh fuer and five
powsitions ne gl eiecndar evlinders with ases parablel 400 the
Yrp — 13l {tir = I {raf = ) sreews gy e oheabed by megely neglocting the rranskation anet
B o = fra — T} [y = j,|'|]' [re? — rgd) (Irl!I'IrITin;H.H'!lllilll.-? il e vy eireles
B e = ) fm — {rd = 3k Twa paraliel, pusemiation rerews: generally do oot derenerte

The eulir c3Twuder £2 Nin: eenemntors which are all pacatlel i
O, we ) £eiw ol whiel soe 1l aoes 5, $o, B, 307, B0 5000 Ay
phte seetion el oothe penctatoes 3ich]s e sincdepeisg
enteve, e bted a0 e ki b pasitions 1, 2008 8, which is,
Wi, planar.

Th plae £ i the o of all pointa adeee peocitions | oaned 3
falt on o pilxne spmal Lo Lhe the parallel sereees amd bene have
five pedlins om an infninely large splere. Yinee P s basiodly
che same plane eo elockisd fn snncetish witl eireulae melisn,
om0, tha peeviars peoaeltienl Do peetatin g ine
poedintety apgeliealde Dwith the mapbeestaondie fled §f, me g neey
eprezenl s the alive-fion ol ehe dloee paendh D serews and ot Hie
etireclivmg w] nocieele piiad,

For vhis miction, (8 5 olentimlin zero aml 16Y i ceaonl iy md 3
Therefune, 1he e o3 limdor 83 2 e Lot o alf peebtls wilh feor
|n|~|i1 <t epche,

Trednts witd v proitiones oam eiaele w3l geoerstly esis1 e
E0F s ihentically secee Sl pednte noe determined b oglos in-
Peveesdionn of 003, 00wl i T s eoee (30) Debieh it 1he
pabre s (5] Carvpl Lk sibmerrpd bisoeletnged to 50, miay D gl
wodeprnersie to 2 % F, bat, simee al] e oangs with five positioos
wn a rircde obvieagely [all i cne plage, evquation 5303 w3l alwnys
ekt Tsfend By pwstiat oo £ sond we may iRt the ot be AL
Pretodting (i enbeie morfooee (370 s Flaag® e pguines | pudn s s
piven b F*O R X8 Pl vielda fal nae ) Sia venl |hri.l'||::-|
witle Bve peasitioan one soeizcle T Talile 1o st the resalts of
o et B comataticon,

Il §e, 5200 30, 3 ot all pamdlel, prure=rmiation zerews, Lo erm
B i idengially pep sitoe 2 - imdeleaninane apad s satidied by
every pant in 2,0 Both (O) and (# ) are wentieally reno, aml
(8 mmd £130) became Getrenlard cabie on limbersy g and kggd, nith
paenllet ponerntona. The veenid sections ol these cubdee 3 el
thu eivelo-poize eopvea of the panar therry, OF e nine lipes of
e fster-gctiom, al mrest sevet are el anel Vhnee are e serewa
£ % 507 Thiz Ienves Tunr lings whacks vorpespomd Ly Lhe #edl-
b Burmester peinge, 1§, in adliten, the cerews ane defined
by w ffmialarity transfipoation. cae of thess fogr Baes s alwaza
ths {imcving) axis $4,.

FE e fonee serewa (3 o Sy Sial e pweadlel, hualare, sy, S,
Beva (e Lruesda o while the olbees lsvve o cedadion, £° Les
oo the plane at infudty and thene ape my finlte poants witl five
pasitions ona circle,

¥ e (T pointe 190 of P ihed ane all poplanar, Thiree of 116 wine
treseetions bevee been afseannted since 1hey D0 wn S S, 3% aad
will it geretadly xicld o fyoeepoint einche

e weazgs it foenA feer pilseed i hig papser Tas e Deen perognainrnsed]
i FORTIEAN L Broograes may e obiabost by writing o thr
guthnr,

fournal of Appliad Mathanics

E% I mbditwm, zince 46 e mot vani-h, Uarne ame, peaerally,
i bl wilh fve peedticag on s eiecle, Hiowever, ~inee (3) i of
the fiam 8 2 800 ] polits with funr jeesitiang on 8 cirele ame
g e g aanl e thaeneTare copbimar,

Bloowfliss Lens chowm ol ang twa, paelle] sepew's will eanse i#
b deenmegerse and thal, soieeesely, JF A dicevgnpeees, the setews |
nmst b parllel. For (his eaze, Che keeus, of a1l puants with three
purcilion- emt & Tine, ix 2 e, This= wame mesnlt Tollaws Jicesct Iy
fromy peprations {12 For weens paralie] o) say, the sgnde the
|'|I||_']:l|_-|'h Mepial e 1 EaEs, TH K i'\'q'l}', ariehl, virenbar L'}'!illl]:‘r G ith
geveratiry peoaliet po 1l perews) aed a gl paradled o the
werewes, 1l lerseetion, aped traee Che readdazt liee fry = 1)
= U, [y = 5oJ = 0% jaoa D comamneny to Uhe eylimber and plave
(e Appremhiy 23

Wi mow medrict the parallel serrws to puane molaton and, (o7
oo tinivieye, apaty take 1l sttews along the sdiertwn. Fur
prire polid b, (e fips ) oot imo=ct (T2F pepresvnta the e
riglit, eirenlar ey limder o8 seeviosle wenioned Tul the seeoml
r--:|l'|:||i<||| ol (12 suni-baw i|!|~|llil'.'i|]_';'. IHemee tle Ineya ol all
peinte sl theee pesitions an w0 ing leoomes o right, cireulr
evlinder epbeslded jo 2, This o3 linder alwdonsly contains the
cormws §yp, T, 50 Any wormal section 3%okle p plabat, Gnage-
pede Uriwniple wod s vceo weribibng, codde, For thee parallel,
prire=ral s b sere s, vouniones (R0 sl Bave nne fioler o=
tiestlly engiua] Tkt et pobots with Tear positions on g liee
are given Iy Che Derseetion of Lie aforetmentiomed ey livder sl

(s = 1} {in — il"l}: -
(ry — ml (o — .’.‘I’ll! o

Thewe Ve paralle] o3 Burders Inleeeeet i Lwie Jinee. This rorre-
spenndd witluhe well-known plavae theory stoee the e o — a0}
=10, (g = ) = U whivleis i fet The axis for e, B2 the cozidual
paard ool {loe intereertio.

Inlersecting Serews

For serewa that intersect in & common poind (o lead o de-
generad e eyses, Chey it gewerally Do rest et ed B pune rotations,

For fur 1#eitioies oorespeivl g 1o miersecting, Jotkre-rivd frLicesy
serew, BV Dlenticobly matislind sinee abl pwints she undeegoing
sphetival nusdino ahoul the point of fatereection of the ccrews,
IF, Ueetead, ot af the ntione, for exammple, i, iaarbitrary, FAR
Falt Py, is e plane given by equation (2) with §; equal la
Lo oand (e 0y, <L) taken as the coondinates of the protie of ine
ver-retion of the eorews, £ s foripaliy he evbie pifaee civen by
equution (3} {ie, B howeeen, due G the junesretation @ier
soctitg werewes {3 $ia, Fod, 1l sarfaee beenmed g vihaig come Wit
apes st the inderssetion poipt of the serews, 1L ean he oy
chuwn that fur thiz mation equation (03 vichi either €3 or 18-

3



identically zemm?  Ln either ease, €7 §s the boraa of all points with
funr peitions on 4 eircle,  Hewre, in the ca-c of $a 2kew, puints
with Fre jrasitions ana splere aeecither peintes abich lie on avirele
far tlie four posilions assoeiated with the nlersecting pure etas
i soTews, or prdite wlise di=tmers Trom the iidereetian yrint
Q1f $im. So3, 00 mee nat slteeead Ly the skew serew S,

‘Ihe Dntersoction of gone 07 with any sphere whoee sender in sl
the apesx of €0 is & zpherieal enrve of onder six. “This curve is
cotnprrasd of 1o =y meme tnieal il eiqual partions, #ither of which
may Tw pegapisd as the eplerieal analog of o planar ene
Thesy eplietion) Curves ane of vooess sosdogons botbe giplespoing
ewrviesal Pl planoe theey,

If $i; ia nlen taken as o puee-ratalion, indersoctig =erew, £a,
i+ ileniieally aatisfim| Ly overy paing in the buuly, and henre Vi
identically rero. Far Rve-peseition ~pherical motion, squations
C3F el ) et e, Cap® 3 7t give the lveus of al] paints with
five procitiong o a eirgde . Xow sinee the 00 faces 0V e ooz will
cotnaiat verhrsed, They will foverseet o dat nwe L} nine Bres whil
ate clementa of the gonee, 3,5, $a, Bt are theee of thes Tines, the
renaiing *is liees are Hhe boei of piings which bave Gve pocitions
on a circle, 1T we define o pphere vn which the sphisrdeal nst
i 1aking place, for exaople, the ot splere, then there sree at
st 12 peal poainds i which these lines pivres o sl Ouly
Tl of chese are indepuendend pivnee eehe e i scnnetee awil
thes sphere cepler] honer wo eong e there are {0 moat) xir fn-
e prenctend painds wWhich, srnder aphesioal mndion, have fice pogriiona
o @ cirefe, Ul pointz are analugois o Lieee sbinlies by Rur-
me=lor Bie il caee aof platar e D0 boaddition, Lhe sorews
nre defined I oa 2imdlaridy epelomaation, e of Hwse polnis is
alwivs on Lhe Qieoring asds $ .

Comnpm Ll i1y vhos inberacetions £ 20 Ot e Ty olitndnel
by Hinleesorting’™ el of Uhees s Enees withe poarlalemey planee,
Eliminating obe ¥arabie, say, oy, beiween Uhe plame and each €4
viehiz two platar cnbdos from w ich a secind varabde, w5y, 0, can
then B eliginatsl, The pwotsof B resdbing pint h-degres iy
ponniad e g wive aenwe ol (e pegiaeed conedinalesg 1he mrrespainds
g gl e Choes ol i T ll!i{'k-'.ﬂlllz-i”hﬂirlg 2 il 1hie
B we kiow the Loeadion ol (e apes of 1he
vone, we mon lae fwe peints om each line, which neans we hove
deterrmined thes interaeetion of Cg? aowl 27 Table 2 Lista Lhe
nainlts of soe 2l campiation®

Advemativde, #nee the el aee beinogenrsa i, wiseonlililivide
tleraeh by s, £ 0 il pehaer U eoaes 1o plametr enlies wilh
vaniables G ntd (o dn), (0 we taber rg o= 1 he: pwo mard heoly
baeerme indenticat.)

Levuening th the @ee adens serew 5o o <kew, a0t that the
Lus of all preints with fonr gessitkon- an a greal eicele of Lheir
Ave-pasition spdere iz (he plawar cubic 7y 3 CU 0 AL olher
proants ean s oo spal D ekreleaoel Lheie spliees,

Ietrdieing o s35ely puositionn defige ] b ﬂl'hi-ll'il.l':." serew $iy
wee ponchode har, sinee Eaas il Eae® bhave o conomann eone
panent o 73, the bwens of all podnt- with siv positions on o
sphere is gliven by the line P4, % Pap Thiz line et €2 in {3l
mas1} theee points; these pmings lave four pimitions on 2 great
circle,  Simdlarly, intoosba-ing a0 meventl peeitione defime! by
shew zerew Bz ower Gand ciat ey Ul point piven b [ 0% o, %
P Bagseven poeilivos ooz plie, '

alorenwtititn |,

10 we chuwet the gHEn ot 1he poit of icesfction, The tarp
ti7 — 7 m O for j = = 3 8 and benre {0 i blentieally zeeo. The
Fecl That o pdane imterapcts o sphucre in o cirele i o (dayvsiel reacson Ine
the cnlitivme ot preints on o (dare (3 and (ednta pa o oonele (5
aned U1 e Lo islemtival under apliekien | meticn.

o chuse s pbev o, 00 gnel Llemefarne alzo 48T are vickhor blendis
wable pernarrquivalost pa (3 amd (55,

! Far the e uf intititesiral, opherical motion, Deliovelskii 2]
haqt pointsd et the gizienee of sis paines which have five-poinn con-
towt with a citele i1 the Langent (dane,

* Tn detetmining pentere for peibds ot the pving liek, we merchy
detennire tle oda Tar any pwdit oo the liee Fot thiee pusitions of o
Bads ire ot or spdewrioal moslion, 1here b odociously o {1, 15 dadie-
s tnlemer Teween lipvs in vl X000 This cutrespuotudenwes = eallind
the aienlptie tRisbomuasacion amd repliees the enbie bransfummatia
wlibchy Do o sig il e o spletical o [lansr sietion.

]

Tobls 2 Sphetical mofion; peinil wilh five potitiony sn a circla
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Libk lengina: Inpuf craps = 0. lefk
Copler EERTL)

Dulgud €ren = #.HL2J
angle bekwrdt sann = WT
1 Enicmaas Beiervn sere 2 L

Macamay 16 fiommam narwal baiwrer Edday deed
fqam prase el

ab Inpulstanca £hdie = 9, M1
A} wuljb-npnak clrels = IRK

HunUmes gigby = (G017 wich corienpwnds Tk B 155 o a%s sungs of 7.

Far 0 o € BFI", manCmw ptrsl i BOO0F dhich badbeggasds 53
BAHT ) ks g & 3.

T ther v of fntereaecting, jatr=rotndioe seoewg, apiation (12)
virkls Lwo pindenie eones with s cormen ppes, Cliese oomes
berecel o %y g, St aml ihe eprociomia line fey = o} = 0, {5y —
nd o Elente 5 degeneraden inko tloee lw=, “Lhene are 1o
fobrivial puints with vhrve jueilioe o & line, sinee 5 live
aill nol peny 3 rphere in more Lo 1wa poind s,

Application 19 Machanism Synihesis

I the fallmbg pernerple, wo illg-trmte vuncs
ward in which the fomesaing mesnlts ean be appilied to the syn-
the-ds of fnkwork, s it is the versatifity of the methml which
wirseek Lo dllo=lrage, won Timin alibeelves to oee or pwea examples of
avgiven  ype anal do ot ennsider all the sorebural variants wlirh
ety Bee vk Tusbged by eeee il Ul saane prevee e,

Mution af o eowpler fink reladile foa fin e ik s Uhe juoet steabcdit-
forwacd application of the theore, W dlhstedle the procvdare
with o vvpe of meven-har Rnkage shich loe- Twen goel in autome
tive snepensiofic amd eleewlee, The linkage (Figo 53 has o
coupter, a fived ik, and Ove Dinary craoks in Qeeatlel bebaen
the compler amd fised Bk, S0 18 Jobnt= ane sphenical, Tor mng:
g bl seven peinionz: of Elu ooupder, we 1y lanl, at maoet, 20
i wiclespbepical motion, These points ard Ui eocnes pomd-

Exomplnt.
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ing venders elafine the eenhe. Taken five apn tione, Lhese 3
points vield i seven bars whoe eonpders oz thooezh the

seven =jocifrend pozitionz, (e the ather b, there will prierals-”

Lae femer, amd oabee o, enditionse s, foe 0 given sel of pogi-
tivar, Chere may T o tlean 20, or cven s pead puinte with
seven pesitiona an a :phere. For besz thao seven preserbwsd
pasitions, we penerally bave an infinite notlwr of <shiiiens, The
prieetd given i Tabde 3 of 17 are, inoefeer, Um meanbes of sichoa
gsyntlhiesia,

The refalite sekion of fwo woring finkz can e toealed 1y in-
ver-jun, This B ithearatod 1ot a procedire deserilad B Wilzon
139 Bor ehe fonethonegenerativn sentlosis of & 20023 four bar, 1
thi= lhnkage, the input amd vutpat ek are joimed o the feane
I turning pairs (revoluten) »hich have chew aves. Each emnk
eonnecls Lo the monipler wich o #plierieal pair T svatiwsizing
w Nty =y, A= FR we dumese zels of angle chanaes ey
and 39, ; which sati=ly this Bwtional relation-hip, aml roquine
that the two cranka ratate through the:e apples from mpme un-
specilivel initial prstion dy, JF,

The procebinng i4 a2 Tollews: e arhicracily chaose e dkew,
rotation axes? amvl Lhen invert che merhani-m by belding Filher
the dnguat or ol erank Gised. IF we Ax the iopol mank, (he
o st i of rolalam anelea nee — 387, bt the fixe] svis) and
Sy fwhet Whe nooving nsid) Alerwdively, ising the ontpat
crank we Lave, nepectively, — 2Fyy aml 3%, In eiller rae,
1he medn of what is pow Lhe capler Link i defined gmler e
special e of wokbindlarity trosfoemntion and Ue ander inow hick
the rulatioes are taken i frwnacerinl,. The svnthesas 4 e
pleted Ly detcrmining one priind, in wlat is ww the mupkr,
which ties o & #plwie i Vhe meverad alisign positioas. This g
ood LR rorresgne g center e taken as the sphierien] juinta
in the origina] coupler. For five angle cloingrs, we u:e any poink
an % For six specificed angle changes, we nre any it given by
o 2 ety and for soven sels of Sdng 3, we chome she al
Cher prinds piven By Mag® w0 %6 (et One eieh synllie-is s
dearibeed i Tadde 24,

The ey provmdune may le apgdicd, For exatnple, to1he (our
Feir, shedn 0 T 20 eseept $had Bens wo hohl the moen]nie-
evtiauder Hnk Bxed nod seek o peant wliel liog o noerBiglee,

In order fo mee 0 body arrerding e a gieen timieg opcle, iU i k=
#iralde 10 1o alle 1 specily the porrespomdieg Dyal rotion,
Crmagnder, Tor eenupbe, the Fage bae e Seh Ao Legninge, are evline
atreenly and one spharieal pair, shown o FPig 20 Here wo ari-
tranly choo=e slimcradans of the conk with twe evliindneml pair,
ared specily oy e fone prsiliond, e thess design prositionm, we
dlidis: ke i of thas vomipler L sperifying seotation plsol,
and a Lt bation alomge, Lhe evlimleieal joint axis. The svntbesia
i3 rompleled by dwoosing any poind on 8% 13 the cation of the
splaevient ) Joinl ansd the correspriecding ks as 1he fised relate,

Etmnilnr poacecdared ney e wpipliod, o exainpde, tooa those Lae
with o revelutecylingder inpat ok wheee third jomt iz s
sphere-in-cylinder pair, Fig, A Tlere we are linited o tlee
peo=itaonsa nid seek aopatnd o A,

loversiuns of the same lmkage are tealed Jilferently. Fuc
example, if, insteatd of vhe aforementioral, the revoluecolinder
erank of 1he foar bar in Fig 2 s Gised, one cold vithor npueeity
thre arlatrane poaeitions of e eowpslee and =eatliealze te Bokogn
by determining a revolale-tevulate ceank {hia i3 disevasml Iner)
and one paing with Lleee pusitions on a o8 linder (any point will
da, sinee afl podngs lave Ui positiona e a eylinder), or el
_ revuligecrevolivne crmnk sl euesidor oaly sl fonma-
Licar conpler muotione,  Tn this later cae, ihe synthesls is sodvml
by any point which ialls on a cylinder in the several desdipn
Trsitivns. '

Tov cvrtain nkages, it g aeruired that & paint sinmlueons]y
lie o twe #poenal loei. Geaplical cotetraetions for such 2y

1 The distanee belneen ghew nxers and theie abpolatie orientntion
dueg pod afieet Lhe relvives cotatiom Fetw e it sl o, kluws
reer, the paEte between the shew axes bas afeel the ol anlutis.
Thin pweenbure i eappemely neful in depipulap linka pes which seL like
voneireular gears connecling skew shalle at a specified angle.
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Fig. 2 Four bar with snr cylinder, one spheric, and lwa ravelvts |oinfs
The numbacs deneta tha Ireedom dn tha {@inls.

W

it
Flg. 3 Thies bor wilth revalyty, tylinder, and Baoll-ln-2ylinder Jolnt
The numbers dancls Ihe freedom in the jointy,

Fig. 4 Spaoliol dwell inkage. Tho iclating-grank dwollt H the cantar of
1pharic [@inl A maver an & sphara whase canlar is o) Tha olhar spharke
Jadinl.

thesez have becn given by At [He o The soetdids aff tlas
paper may e used toostady sich probdemz, The mest direet
approach 14 Lo rhoose the appraprisie squations fmm the oies
dlevelapuead an U ol e aooseriesd by aletetindne theie sial-
1aneola sahi ot

Iheell mechaminmy amed odher finkonrk can be dezigned by using
points in the body with :pecial motivns. Fur example, o derip
a dwell neechanizm we rake sy envenient =patind ldage, aml
fromy its kiown “coupler™ moticn detecnine whicly psines oo the
conpler have, zav, peven posilions on & aphere,  To oo much
proang, we attach & dyad of the type showa in Fig 4 The dimeq-
s ol (he Boating Lok of el did ave completely detecminel
Liy nopoiok which lieg vau 2 spliere a5 evrepespunding eouter.
The dimensions of U retating dyad reank {whicls is Lhe tink with
i ppproxiiaate dw el are arbiteoy .

Spderivat amd plamar Bnkogee are sznthesiaod exactly as above,
Therefore, wre may solve funetionn generation problems and the
like; the oy difference is thal, fe-tead of 2 peocrad serew, the
ot doan Tomik L adetied Ly vespueetively, interseeting and paealle]
Pt v serewy,  The peanlis i Talile 2 oy, ol eniter,
be ivterprete!l as p five-position synthgsis of & sphedvat four
Lar.



Fig. 5 Scven bor with 10 spharic jainp,  This linkaya hos five Bloary
crankn, soch of which it Fren 10 rotals gbeoul its pwn cantar line.

Wbt Aedme matt e pneies odber thira thoee foebuelod i Lo tRen L
are prescnt, the synthe-i< aill ripire s Arhitmary ehoices (ur
soceadension of tla Torsasing develupieent boothe paira), *hese
choders rsloes tlae oulaer of prectsion oonditioag, Tirwever,
they o lave the mlvaniage of allewing an dlemwent of ool
v tlae Ll s lotion.

Pertplaplamar an] peeodospheteal ok ame names we o
far Linkipnss sdiieh have ~everad of (i design pueitions given by,
respeclively, paaalied oF dnlerecling purendalion sewwe, Sk
linkages are spatial Lk o I desigrun] o have seveenl orepdaner
oF v plieriend pecieion poeilions. Tlaeie avm leds i aecomplished
it the vsain | wioer, exiepl Ehanl won paw e L ol £ e gkt
eanes bet=] e Lie sec L s s porind mntiens.

Hew Kingmatic Paine=—The Revelute Rovelute Clank.  [1) iz e Fienn,
s alhistrile b Hlas pesalia of 1) sy Tag arfagin et G e sdia v of
new pairs The design of a link aith twor tnming paics € go-
calltal revolte-revobine erank roquines the delermination of 3
nwvingE redation axis (im 27 neal o ffaoe] potaling asks fin 20 far
which the relative distatee amt angle {lvtacen then we pee
mina renstant, Such o dink mae Lo sonthesizsed 8 s can il
ey pukinile i 2 whieh le on ebeles almt the come ayis, e ali
the prinnt+ on the Bor conaeciing Lse toen peainzks will aba Fe un
oireled alat thiz same s,

Frove 187, war lenve tlwe evenbationg gl a Frint has Lwn posil labs
on A plane nozmal 10 a given diccetpn, This may be writien:

LT IR o IR - ¥ S T ]

whern o = ar{l/n) + az(m/n) 4 @,

fim h,J_I:'!fJ'I:I -+ {ir‘{rrrl,n’n.:l gz b':r'

a9 = l'.r’{l'-‘fﬂ} + c.}{m}'ﬂ‘. + frj,

by = e fn) oy fmfn) 4 di,
Nere 4, wr, adaie the direetioa enstoes of e Bund axia, (r, ,
alisageinton the mewingasis. Ve, b, 00 ..o, are
the covlfivients of the maris Which dofines U motian, (=00 cvpis-
tiom {110

Further, it {ias been shovn io 11 1t the Loeus of sl point

with three peeitione i a cdrcle, of a specifnd elitation, is a
line, Thenee, i we negand {7, m, nd gq hrwowir, the provios eqiue-

thon writdvn Lwdec o= 23] yvichls the enuiitian of the ouwing
axis:  »

b

T o= (8/0%n - £ i

[}
o {0y b oufe
whers
= fin = fo
m gy — gk
=l — O
- "i,r: — #fy
- oy ek

H o 3 ot om

Fubwliloting {hes seadry fur ook 2 inds (81 Jwlich is the _

comdition thatl poink ¢ry, g, &} 1emain at 4 constant distance
fran o psint 4, 04,300 200 wiclde:

dal, b Bl b Cpd, + Dy = D) 5

where {4, .1, AT i+ any pednl on the Gxed nxis, sl
A = {n.}s + b.Jr . r,}t}y. + {a. 7+ LR tL‘r],
M, = {'“=j“' o f’p,r’ 3 'rr,”.f:'l -} ':ﬁaf-" i T i 'er"'Ju
;o {u;’g + t-.:r + (.JI}_nr. o [u_’r + €n 4 d',;r},
fp = el (0 + e M -t Urdhr A (i) + (10
To B, the cewtficionts uf e x, g, ] ertelind lerma ol {nt —
A2 Lave been weicnen as LS O L) TR o T ) T PO P T T L
TEEhom, md swd e wers known, Une Dsregming equation 1aken
twiee £F = 2 33 wonhl del! e fial axis, Naw, clendy, the
elwdor of gy sl inn wite siFeet Uil wl ol 1he Biae ] axia,
Fimilarly, we are at lilwery to athitesily ddrmre e ol e coor-
Himatea (L A A al e fisel i For slaplicity, we take A,
= bl gy o= 1 (L
AEN, R HM, 4 DA = D
ala-.l, +' “|“..'k + ﬂj' w )
{1 stvpse r—rrigat alemestis the voloe of )
Sirilily, i we aghe 0, = 000 o L
AL, A, B = 0
.'|:|.:, -+ ”4"-'-“ - LY o g

Sven, theze b seta ol squations will vield the same camd 1,
TE e Bodlowwingg v patibilicy egumdions aee sl il

ALY T Y
At s Y =0
AL H 1y
c)
14t e fan
41:‘ “;. .“j.u = 0
It It Lyt

Wihen cvgaainr by L s edeterminants gite tno sicthadegos k-
nomdals in (i amd fmfn). Tor each valid 5ol uf rocts deter-
tenfized frven (edowe B a0 ttbge revodule pegobnte ek, The
Dwowing axis 4 enmpited Eoore (ad, aml the fises] axin from (1))
with 7 & 2 3 sl acbiteary,  Tatde 4 Baas the vesnlts of one
o ol Lie for the sedivn elelfied focGadde 1ef 11,

Tabla A &ues of o revolule-ravalute erond cormespanding
to petiliony 1,2, 3 of Tabiw 1in [1]

YOVING AX1S

% ~0.5$L3y1~ 1. 3546
£y 0. 28Ry, - 2562)

FIXED AXTS

= 03921y~ 1.0057
E= 5. 5110y - {.6542

Tramsaclions of the ASME



Contlysions

STl sl Coaa=Foenn o Tewds b simpdilication of (b

serew=toabalormud e eontlivicngs,
dmpdify £ which, in 1T,
TNt

Thewe, b Gaen, considera iy
il percranes o a0 seyeppd—a Jer
T4 b= impartzind 1ok note Shet vy ~laodlniee s foriog-
Linas provides 2 gnilied approach s fooetion pereration pod deins
for epritial, o tetdoal, and plimac nceclnniains,

Ther iperecting pare-rolaiion eerews Daing splerical wolion
intu the geperal theory.  Olcmslye, 1he bl of interest Deeome
cubies, or virves and pednts o menics, The stady of prarzlle]
pur=rotation zerews sbowa losw the well ki plaiar ey i+
setivin! T ot general cotbderations. T thi- mee, (e
e Faves of nlereal boeeonmes o lnders— i, ones witl nweses an
ffiney.  The inelusionof “kewsserews winl planar aml - pheri-
cal mdist ablows the derstgn of imecFoninn: with peeadoplanae
amel pecindon plietical nestiva, suel dinkagea wie spaiid, lnat oue
of Lheir design pusitbons are, re-pectively, plaeae wad -phwried,

Thia pmpeer amd 1] dval alovet celusively wigly special pateca.
T pody of spwegial By ey Lo pesoel I fwgwe=ing sinets
tarmls e lition omy foog praint <, ms b Dawery ke B0 nevolune
revoluie crank synthesis desoribenl in (e peeceding ~eotion. Al
Lemmatively, Bis pussible to aiade specsd Boes Jiteetle, Fhis
latter 'tmmuth B utilized oo sabeoement stdy |7] o elfver Lhe
svmulinesis of vylinadii-eyBmbde ermuks,

e pestals il Heee presentel in [1F and [7F are siled 6o
varisng trpes of syutheses, il may le reganded as pomeralim-
thoma of o elassienl Dinive-pesition Bameeier thoory, Thae s
sully givean i o papors e appdicaldo v oot ive-gome eadion,
]\:Ilh-l-.'f-‘fﬂ:rllhlﬂ'l, Al eunp: hr-[!lnllt-llnlmrl sytithestz of apatial,
aplweriead, jnl plamr lnkages.
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APPENDIX i

" Prood That Undar o Similarity Tromslormolien E' = o X F1 W G
Wowrnte [V):

(pt—n® w=m) h—3) (g - ZL]I
[ L =nn {m=-m) th—2) (55—

rt=n®) [~} f=-a) o= r;}

i =) =) n—n) o -—nh

Toaipgmet il we, ™

= 0

Journal of Applied Meshanles

Expanding thic determinant scoonding (o e [aplace develop-
O SRR

- Z L {1t "]j(-' —?—r'-) {m = m)

ot o)

Tt
= (r‘_ﬂ_r_) fu, — .'-"I]:I'[f-T: - ¥, - 2
— At — i —nl =0

Hepe b s 203, or wanld s a2, 3, 00 $ 2 determined from the ro-
strictbms thal § 2 b @ § = oy J < b amd F oo

Solevitelng mwtion puosineters, e G ls thar flig st soua
bracked gy be wiitlen:
g [z = el sin T — ens 20

= sin Bl — oos 8]

Wil = wnd?

il lwenee gy l{wy = ey F (5 — p), whicll we nrite as
wF Y may be bironghe satzide of (e =i ion sago=  Denoting
e termia i Uhe sunoatiom aa &7 Gieee ey e goadraticd, we
Jiuwe B o M4

APPENDLYX 2

The Cwive i Under Poraliel Serews,  Wo wileerpuation (12):

_ -
[-:t ) (r ” F}, {1
1 — ) [y — m}
R :’]i -0 ()
tri = ol {n =z}

Fae simplicily, s tike Une scoews, g aml 5y, pacdbe] 1o the
z-anids  bagsuanding (1) amd sulsdibuling the metion parmelers
yiells:

.-

[frs = &) — w) + (o — beMoy — )l l-"“' (B' : _; ﬂ:)-l

+ indle = b} 4 s = m} 4 (ol — ab M

NEEL)

This is alwion: Dy Hleequation of vpht, eieeular cvbinder. W
mele that tlw tevelatkmsd Gy el o)-do not eneer into this
pesli, Fuetlwer, ciuew (o, by, U) and o, by, B) a9, presgueclivedy,
Pl comptn|Espites of thos Tooof Thes peppoandioulaes Trom the spigen o
§oo ol S, e exlinder oomtaine % amd $5 famel ol $40),
foand & are the rutations ceesspondiog o e and S5, 108 ee-
tiv |y,

Exymmding {23 viehls: .
Cry = eg]0h = g A% — {ey — w1l — cus &

4 {!I'I - !u“ﬁiﬂ ﬂJH: — [],l'| — b1 ﬂ:_u; w3 {§)

which is 2 plame parallel to Lhe f-axis.

The pdane (1) cuts the evlinder G3 i twen Hees—ane of which
fors — =14 7y — 7 = O igspminiong. Hooee, for paralied soeews,
# bwcomnes o line, 1y = o, = {3, the pwtion iz pone mocation amd
C8) waerishes, Tz leaves (33 a0 mormal et ioa yivlds the circle
ol the rlssican] planae ey, T 4be serewa pe eallivear, 1E) | e-
comes o Cline™ exliteder, and 7 cotieciles with the dorew axin,

Imioued i L. 8. A,
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On the Screw Axes and Other Special -
Lines Associated With Spatial
Displacements of a Rigid Body

For a rigid body fu e, three, fonr, and far fwitele separafed pasifiens, the locd af the
. scre axeg and other special fnes are derived. [oods shewen thar the clussieal plamar
theery D o tpeciiond case of e wore pevernd theary whieh clider plivar, spirenical, wand

spaltiol djplacements.

{nlrpduoction

I_\; THIS frijer, we ~Indy the kineneties of 2 Agid
bardy im0 2erie of Initely weparnied posgtjmis, gl sesk e deter.
ming «patlal peprivadents Tor this Losie guoebities of the tliassjead
planar vhene. U apevind inlerest are |here apatizl geomeiries
which are analegon- to the pale triarzies, e cres, eealer af
circleagrin L eurves, el Hearineaber=peoey qeLies,

These studirs nre in the <pirit of tseo of this ambin's poevho
works 11, 710 Howevor, ere we are primadly ooeeeed wifl
Tonie=, io Wlae bl seliile [1] el (2] abendwithe peainn <

reveral oiher works desl with extensgoes of (e plapar vheory
bl they wre eocerned with peneralised planae conespes [3, 4]
or withy apherival o B 0, 710 Aldunigh Teder [8] Do el
Lor povaneiry and dual pambes 0 aosider penernd ~32tial
maetion) for 1w 3nd three predtions, el Sehoesdlios (9] ool moree
recent v alhees THY, 1) bove vonsibered podnts wliieh Jre oo =peeinl
lowd, this author is nuaware of any previons anre in which line
corgripenees ane Hiken ae (e spatiel wolegs of e pols centers
it el Oeefeo- ol eneves.

Stiew Axis Geomalry

Homenclalurs

i Al puper s mre epseeteed witl the relative peetion of
twn migid boadies. [ i rovemient o pefer boonne as A mving
Bl and v the nther pe g Tosed Tawdy, Ulie moscing ayetenn i
donoded 1o X oand 1l fieed sxvelim by 200 We nundber The
varime pewitnme ul 1he nving ~x-teny pmd e abwerip= foin-
dente whichs position nl 2w are refermng b,

It ia welk konowny that, repnndless of ow a maloon Arinally
oerurs, the dizplacement may alwavs be reganled 2x & Fas3iFem
wharit & piven anis mod g trat=lation along the swme iz S0l g
moling j= cabled a ecrew di-placetwent. 3 shown in Fig. 1, wr
depate the serew whick takes Zirorm the fli (e he ph ol e
£, The correspanding mdation s taken ad 8, and the
tran-latin i4 . Furiher, the unit vertor U, paraflel v this
serew wxia b rompansnts Dingg, i, 2, B md 1he soerew (usee
throigly the poant Gy, b e g1 thee osiy godnfeaen s are taeseiamg
alng esirdinate axes fixed in 27,

_ 8, and d,, arc called the serew purameeters, gid their ratio
o0 the pitch ol the sevewe "l aeime ol piteb inagdlies thit
the vimatjrg and iran=Latign oomnr =immbiaissm-ly. Honever, L
= roually impoertant inoremember i thess mutions ey De re-

I Numbers in brarkecs degpigznnie itelerencts at #ml af poaper.

Comtributed b the M achine Tresiph Uhvpaionr Tor irepeniation at 1he
Mechanizme Uonderence, Lodwvetie, Tod Uhetoker 181, 120, ol
THF Aspiicex Society oF MEcnssicwn Drcksecma. Alonterips
receferd al ASME Headguarters, June 2, 1960 1aper o 66—
Mreeh-7.

patded s acturrng =nparstely, e thal thein ofoers peay e
st fP el '

For plane motiode of, ;w01 20l i1 & cnstopary b take vy, = 1,
e =
Two Posiligna

Wr onow dewenibe o aliernative chourael eTizatien of 0 lingte
diaplremen, which, glthoegle e well kooswn than the serew,
will peeece G b cogally Gtnprartant i schat follows,

Pris Loerwn LR IRLIET nny Ll e I.JI.-FJ!.!LN':I|||'|I1. iy b yeyyi=tilere]
e The pemnlr of steeesive retleetione skt vwa fixed lues 0 The
tna L oot be moemad 1o 2nd eraa the sehens wags I
wbelobon, e distanee and anggle Tetweey them mst b - pescs
tively S22 mal 8,02 Crucasiered Trura the fiess Line tnoahe sl
in Vhe posilive =enee ol 5., N hwerwiee, the twir lines pre srla-
Irarfly,

The loregaing b= il=traied aml proved, with the sid o Fig 2,
as fallnw-, L ks amy Bne pormal 1o 3, wnrd £ i 1he lEe ol
tined by operaong an L, with o senew oodseibest Gk, ot winh

t A& refieet o about a line is egquivnlont tooa 150 deg nag s about
e i,

Fig. | Seraw cheplacamant §:, and the apetloled nemancdeivrs

Discussion on this paper will be aceepted at ASMIE Headquarters until November 14, 1966



Foinl

Fig. 2 Two refections srx wquivalenl ta & coraw disploceman,
A, |5 raflucied obowd L te povitien A, and A, 1 tefizeied chaut L; Te
pedltlan A, The igure shawe tide ond snd views of The uraw s.',

parnmeters 8,00 o 52 Take l; 2« a genenir poind in Z 0 Then,
reflecting 1, wtwnt £ Brnges b0 o A, ad reBlecting L, alwat £,
brivgs the peint 1o prmbiiaane o From the Hgure, which show-
an el aml ~wde view of the ~rvew, 0t Tolloes that the oelaive
position of A, wd £ whieeh i given B Sk o abwes non aiTeet
the displuvement. Faplicitly, The displacement along Lie secew
nxin i= given by

of
AR I T 4 (-;’ - n) =,

wier] e sgabar - placement, of thie rudiod e w1, alewd (e
AETEW UXIn in

a-}-a+'.!(?_*:'—a)-ﬂ”.

Hewre, the twe petectbm- offert o digplacement wentival o the
v el b 8 sl therefore, we vonebnbe Tht e pesition
of by Labiage 55,00 wnled wrtscrnry. '

These Pesitions

Eor three Ridtely =eparatmd pueitiones, S, X Xy there are
thive =ecew nxes, $0, 55, T, ot cadv pwoaee iplependent, The
grahieney relatiog thess seraws, as chowo i Fig. 3, nay be easily
derived Ly replaving each ~rrew by two reflections, Given 5i;
il Sy we call their e perpendivalae Fa el define L -
the line fp serewed abaal % by ae agunml =2, =802 L,

Tia ke Bne pormaal te 3 which is @S2 fnde inm La The thind
mrreew anis B 3 e @iven e e e ol 1o G il £, The
validity of thi~ wn be reen by cvm-ideeige an aduieney point (1.
We regdect bt £yowend then fo the reaoltimgg posdlamg L1y, ve
we liave seen ablove, 14 Hhe e we thad oher swrew $a0 Rellect-
g Az abumt L xd then £ooveealvs ioothe poing being i position
Az, Thus 4y T pumeend e 0, I |:||ﬂl,-|'g||i|||,l*l Foe Pt len s,
bt 1wu siweees-jve refeciione are abeat the wwme Line, L oaiwd
lienve may Le dguored,  Therefore, the same realts nay Te
shitsinee] Teom o reftecinm ales Fa Eolhowed v vellertion sbet
Lo, Hence the noemal ta L amd Ly detines the erew axin fur
S0 mnd e paraneters P2, a2 are given, respeelively, Do the
atgle atad the distaivee berwenn Loand Lo These gruostities soe
alwuy: menauted from £y oo L.

Hitwe iy threy lines inken pwooat o e geperally live tiree
e nermats, s apgurent thst ang sed of (hree axes defines a
madiie sl of e Ty, Lz e and cheeefore o ser of parameten
o de din, Buay T B DThetee theee faeoel of sreew modionsd welers
mipnnd by aay configuration of three arres,

The peanmrrival tonligurttion formed by thees Jines aud Thelr
cugumon nortials has Deen called by Yung [I7E 4 “apatial t6-
angle”
will b ealled o eevew Urinngde' ooy o L pole triangle uf
platenat mition,  The pole triangle i~ o @pectal a0 of Lbe “werew
Iriaige’”

?

The comfiguzatioe of three serew aves gaed ithein ormal:

Br iwestigatin g the pesietry of 1he svrew trisngle

Fig. 3 Seraw Miongls geamatry showing langths of sldes d 2, do e,
d_;_-f'h wrgles btlwesn thder oy ax, o lenglh el narmels NElvw e
M bn 0,5 Gm g Gnghet etwsen noimaly B f 7, 002, 9 f2

hawn in Fig. 3, we oltain anals tieal eapressdms for the sooew
Sl in terms ol 3] §a
Taking prefectinns alung the serew axe viehls:

P th xldt e rilk ﬂ—“
AL m - o .

th i da L ey L B
g 1] (i:-’--) = {ie _'E et T_l - = 1—2 m '_:;
ANt = — -_('Elj |:sc'||| {24 suwl ey

s | 2
e S
e

Uk s LI N0 (—

e g3 (2)

Hh

-

o () (a0 (%) o (&) - i (%)) ]

o and ap; 218, Peapeetively, the mpte and diztane belween $u
it $op taken vt the ronse of serewbug §i= aline Lo doto $a. Simi-
Burly, fee [egteat and {opan) we metsare from Lo 3 amd
fram $u to § recpectively,

——
GLL

)]

15y b s rorew elong the satme axis and with the wme magaitude as
5.0: however, the =ene (of rotation and Tranedaten] i= opposide in
Tl sergma.
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Fig. 4 Irmoge scraw biangle §5 5 Bsend scraw irbangle 50, 3 s"

We have chooen t work with $4 jnaead of 5,0 to preserve the
syruael Ty, henee Al the above expreseion- are valid wader eveliv
peenutiwtion af i hees. {The-e eguations deenl veelodively on
the prametry of the zcrew triancle g may e viewed as speeial

e of 11 pguuntions wliained from the so-called =patizbiriangie,

sioe wind voioe Lrws s miven by Yage [12]0)
relalinnship: may De obtainel.

For planar moiim gy = Wor P dep, and the remind gyuation
yields e well Lpown cwmmestion rgde . = &5 4 &y,

A host of sinelat

The Gravpd (or Cardipal} Poind

Jusl fnin planar work, There is 3 uHn e '|m_i|:| A, wligeh ean he
refleeted nbont (e Csides"" of 1ho secew crele o give oe 1lree
pasttinni off any potnt L. "The “sjilea" of the aetew triangle are
the linem fa, L=y £ Oves, U cmming pormials o the ~crew axe],
W owe call Mo thre positions of it A4, 10, L b Tespectively,
theen W my T Doop ] By petBec L L1y wbangt £ om g alanad fag, or
Az about Li. Conversely, by rellecting A, about £y we abiain
Ay, ele, Tar s and Ay The prouf of thi= follis direstly frum
the eopavnlenve of 1o refecliogs 1o w eevew ad omthined wlaoye,

Himialardy, il follsws that vrevers geoaneteie esl iy tiere ooTee-
speends an equivalent rardinal vember.  Fot example, given =
line &, & tefeeting alant Ly viclds £ slich may Te meAeeet b
L anal S te vpeld, bespeetivedy, el 50 The same s nf conicep
true for planes,

Image Serww Triongles

Wo now canzitder the sopew oae e ol i the movieg avsfem
I Tn poeition one, Iy, the thict axes are $3:t, S0, S2. S0
wrd £ nre of coutee idennienl 1o 3 and St the fixed soppm 27
The axie ¥ 0= ohitained b serewieg a hine i 2o wlich s
cuineident with $a (in Z°) nhows § or sorewing thag oo in 3,
w hich i coincidmit wizth Sgatwnt S0 Ahernatively, S may be
elitained by refineting axi= & ahoad Lyor Ly fdepend i peon if wa
wizhe eooregucl the Bee i 2 coineident witl the line $am 27 o=
Leing in 2x o 20,0 and then rellecting 0 about £y, Sipee fasand
L.y bath amter=cer {and ane potimal 10y $a. it folluws thay the Grsy
Tefloctioe vnly reverses the “head el o™ ol e serew anel that
the fine of action uf S depends paclusively oo the retlection
wbout £y See Fig A

1 Like alhrer 1ot iy Kincmaita, ke viliots poamaes e o e to o dil-
feroat tran=lations of (be oripingl Geemyan worde,  1lere the prolsdem
b whether “prumi™ in Cgrandpunkc” means ground or lasie (i
cardinal},

FH owe repard the werew axie na o sliding line sectar, (len Llere L ng
need baalistingnists Iwbween Sl e Loing m 2 er 220 Howeser, of
wa vhreidher Lhe nxis s o line hixed jo 1he LBy, 01ie distiog bion bee-
tween Dy aml I i inieoriant s corpts ponding (it on e nais
mre dg apart.

Journal of Engireering Tor Industry

Fig. 5 Opposite yoiaw quoddilaieral %= 5:u 590 5y ond o FHR 1irew,
To which swblands wgual dvat engles al sppasite sidas af tha quodris
lalerml

Similarly, $47 1 obrained e reversing the “head ard 1887 of
o and ten refecing I alwmel L. % uleained Oy eeflessep
$ir alumit Ly afrer Laving reversed b4 ez, Figo 1 shows the
“irmapr eerew riangle’ 3o, $ol ¥ with =ides L, Lo, Lo atal core
fervimend dimogions, The well-Euvwn planar cae, whirk = &
wpevia | emee o U sbove, Tobliees i we toke all the woes e paraklel,
LR FOLBE IO Sopw-.

Faur Pesitions

Thete are now sty ackews aesdaciated with the motien: %o 3o
% B o B We amsumne Riunlalge of any four whick @
analegy e the plaar ppesiteepele guadelateeal, s oan”
Uapwesite serew gadcilatern] ™ aod birire a2 w the oo ol e
wther bwe serews,

Eeferring 1o Fig, & and recalling 1he melaliomchip besowse tha

L T

nutinld ad The serew poeaaneters of w<ctes Dimels
rlude that given for exanyple, Fin 3o S0 Saorbelocr o o oot
Iee =ych thai:

feed he wogle whick the ywerpendiontar Tetween $ooand $4
makes wilh the perpendiculir bevween $i3 winl $55 muet el die
angle whith the perpendicular betwren 34 zird 353 make with the
perpendienlar Belween S niad $3q Crinee in eadh cee the anple
is ".I:rn.u'r'.r].

{83 The distapee betvern the potnls mn 35 »here it i et by
is comaten perpeedienlars wich 32 nid g s rqunl to thie dis-
P bustweens 1he paints s 35 wlere (he pogmals Broim $oand
§ .0 fall (sdiuee b each case the distunes i+ @540

The cli=tnnice ani] angls betw cen 1w lines may be combined 1o
futin the siecalln] dial pogle.  (For exemple, in the Eeregning,
dial anghe Bog wosihd be given Ly fin o= g + el where P BB
We defing the dual anple which zuy two lines subtend 24 1 third
lirse £~ the dual pugle Letwevn the normals From the 15w iz - 1o
the tkind,  With this deticiiion fu) and (8% ey be renhined
into the fullowing: The dual angle rebieended by Sir ard $i 22
%1 cquale the dual angle sutriended by $o 2md 55020 54

TF wee el v wljaigent sovews o v sile™ ol 1he ulrilareeat, arml
enll twe gules whicll do mel have a commime screw upposite
sides theth (0 mind LB beguiire that et st of uppeeite sides sub-
tend el Jual pngles an S5, From the fipure it fullows that i
e ULl ol appasite =iles stliioqnl mqoad dual angles, the H1t.l-i'l'
pair must do likewise.  Geoeralizing the foregiug., and taking
inte aceounI the puesidde £ 10 deg vaniation i the anple, we
Twe:  The positien af aff sreew azes mcst be gurk thel thelr form

*n Uepirsite gerew quadnbaeral” oo rpatial ].'H:-I}'x_-'.m hounded
Ly four serew Axces and the four normals berwech adjaccnt Ases.
1A ces are adjacenn 11 ke bas e one enlece T i connn }




cqual Tor seppdemientary®y el anples s0ith upposc ardea uf o
ugppranite werctt itenede dateeal

In the [orepsing we hzve been wark g with (hic eeFew e m
200 we invert the mudion s hiat, sar, 2y fd, it becime
vbatongs el pewitions of the retew wyes o the mowing planye are
sl poverned by the alave,  Fur exafuple, the Tums of $54' §s
rtieh 1L i et et appeesite mides ol 1he apgaesite seeew
giculrilatere] Sz, 800, $4% %2 a0 egqual Lo snpplemendziry ) dual

arpies, .

Seraw Cangrusnces

Sinee, e e wforemections! exomple, S0 omisd sali-Fy 1w
eeoulitioma, Hae frem lome inc e s i= psboes ] fean foer to
1wo, gl che e of $5 5 2 tweedimpnsimnl a-emidage of tiee
ealled p conpruence,  Similarle, 5y witl have Do Tuldill eoalivio.
ablogans p fad aedd (4, acd, b syvmmetes, o wild all the oiber
BEFEwL,

Equatinns governing esr e tie lwiooare alecived i
dppende 1oaid alay in Bie section sn the evlapdic-cs lindee
rrank, Tllbf resulta ey e xmmarized s follow e

(1) The six serew e =sseialed with P pradtions of o leely
nre pacallel ooy geoemtard af & cqubge fone,. The fene i~ mm-
rlerely defined Tay dhe direetion= of gy fone opgesile'
ki shee pemiainig twe aerea s ey be paestlel 1oy o elements
af thiv rane.  We refer 0 thi rone a3« 8 “=rivw pone,””

(i1 Vaeh gemerntor of The serew oone delines aogoigue ieees
tion, are] 0 rarh such aereciion there cofrezponds o xingly infinde
sel of popsible prrewe anis peartiens, <(Ench o aealinensimal
peramyldgee of Daoes i< kogewn o bine weries) “Phe mendbees of a
given lire secien are all subiternbial by the zame Gor supplementary)
anglex at the appesite sicdes of an oppeite o aew goadrilaiena],
Thowever, the distanen subtepded Cond leoee The doal angled -
ditferent for cach member nf the zerip=.

Al the merrber af o aruple S gericp e eoplapeer an gt ifef,

=TS,

The Jirst cexalt, {7, i eompleiely pdepoalent of the transla-
tion alomg ke serews and the lecaion of the pirews. Thenfore,
i e lioms thealng eag Dsively witho mrelingtion—uas nprpose] o
lewatiom—iier iy conitler all the wrrew- 1 intec-erting, pure
bt aermws,  This Jeiuf dmieediniely o te cmedusion that
Hie ser et For spdoaissd el is idimlienl o 1be cose for
vorfepnnding peneral spmiial menign, Farther, if the apey =
faken at inwfiniry (he ool dogereraes o s (eirenlary cidrie
vielinder, and na el section viehl 2 planar pole rarve,

The serew comie wesocizled willy the mwtion defnmd i Table 1
shoawn o Fige 6, We neele that the eruw is evrpded ol sdefinet by

T Two dual angles are supplementany il their priman parts (ifer
Iy 1l g

UThe englea gor eening 4 hir senan of Lheas angles are sxact [y the same
a21n the planar ege [13L The setie oF 2 dual angle iz defieed a3 the
repee of 1he cicht-handed ecrew pequired 10 aing tle bine frem ubeh
e wngles e bt i e d Batn coanciderce witly tlee Lice fa grbicd | e
angle is being ineasered.

Tabdw 1

This tane
“moying" screw Bxes and the moving
cylindrae -t ylindrie cranh ones aiivcialed wih tha fast lowr patriant wf

Flg. & Zuybic cona. ond plonar cyublec falllng in plana I e L,
egntaing tha directions o] the

ih# molen giver in Table 1. Tha X, ¥, Z-coerdinals corraipand, rre
spactively, fo Pha covines [, M), M.
the phanmre b which s 8 earee of intersecling with any

prlane von po-aing thowrgh the origin, - The carve can by the plane
¥ o= 10 ohmwm in the Bgnre, Mirareolsels, one rosdsd—pd 3=
evistoaey jo spheticadsmion stindics=—inderedd the eane with a
unit-~phere; however, thi~ ~tem= mnch s ronverien! -

Uipnge 4 b et oo thayt (he sebew aees iony be sosidered as o lee-
APeEilg, aire Tl wepews, e e rephinee eelien ()

{a°) The dibedral angle Wawesn e plhine S0 % Su amel Lhe
plire % 3 i i cqual Qoer supgHlemestary] (0 the dibedral angle
between planes 5.4 4 %y anmd 5, W $4.

Cranlitien= fal and ta')] are, of vonrse, espaafly walied foe spmtint;
sptherjal, wr planar pudico, while (hy i Lrivial if there is e
translation.

I ineorsiok, e irnsediately dhtsinecoabogons reailts for the
I of the =erew aves fixed in the miving body.

The seraws Maf Ave arbialrorily defined potikinns are sted.  Conweponding ta tha firct Fayr, wa glvs

The squolion of {ha scresw Eoma rokan in Ihd moving bady in Pasition 1, and ihe ploss eaptowning all The maos

ing axes parollel ta apb of the ganerolars af 1his screw fona.

Flg. & showy this same Ictiw cani.

Baoxitivn Axis coeines ' A Jucation J-‘"-'n'w pararariers
i3 Wigg hg nyy o | a, b, oy A, ideat ifei
= — 8 e
Lo} I i s 0 IR (TR CEURTEE I WT YN UL I NS O B UPE N A 1 A l.7im4
1 ger it (R 1355 — 1t Thamng [ —ddnlick o, wiTl E3 AT TG Y
1ok | T T [ R T i1 =7ip 5T gsst =6l | =50 =1 AT
I 14r 0 i iRy —ik ey -1l 'II.-.H ER1LY ||,||II L |' '_’.'|,'i 'j..":.':!l

Eapation nf Zorew Ciotve (rerrespaading 1n I'n"l'llﬂh'i i, 2 0k el 1)

=846,

L 0T AP P T TS A LT ) B P F -S| e [T R A [ I A I TP P

e AN = LGN AN s A e AT LN N =
Al ane- paradle! do the coneradnt L s — 1L 1A= 1 = DI, V) = =36 Lie b ohe plioe:

N (R4t P [ W (EAUEY/ A TRY I AN

AL w1
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The Cylindric- Cylindric Crank
Intreduction

It mowell knevwn thay, in the plinar case, the pale vrve i~ alas
the Jocus of the fved conters of ! for-paing  cirdes, Ty this
eantest, e poble curve b= cnlled 1he eenderpoint sueve, -
barly, tie pode v el by the paenieg by s sl 1l lacngs of
puints whoee four pesitione fall on a circle, te, the soerullel
circle=quint enrve. Thewr dualisms arr rpecial ross of maorr
gereral anee greariofed wilh apatiol metion, I

It rputes, the Y skl liges S0 ein e paine im0 line i the
rving body whoee four prstione lie a1 the same diatance amd
saine angle from a liee jo the hxed body. This Gaed lioe i
shalepms 1o the come-ponding center poinl. Tack such w01 of
fised aned 1noving lines define 1he axes of o erank with 1wo cvlia-
drical joints.  Frg, 7 shows oexlindric-eylimdrie erank o positions
ex=neialed with fane Buitely separated position- of X,

In the rontext of & penrcal thoery, the rovaluis-reyvulite rrank
defimed ]"_"-' a renter and eirele ]!u.li1|1 shennld, of conree, e viewe)]
as poppretial rase ol e evinedeie-crlinedeie crank. Dby weldopatiog
this yiewpoint we may ~taie the following peneral relo

The tnct of xorow axen s fined by the conyrwence of Li) and| i) are
1drntiral in e Joef |‘.IJ'l g L.I‘f;rrf TEes n:f i Ia:r;.r-rmn”'m; el drie-
cptinetric rrania.
fut all fone-positive exlindric-cy likcie eeanks ripcide with the
fori of arrew ave= in the moving v=lem.

If, aned ol M, ke seTews are inter-eeling |WUTE Pzl iy sere s,
there will D wo tnedanion in e evlindeical Joints, wnd e
exlinelric-evlindrie eranks bevrig, in effeer, revoluterrevalute
eraaka

Homenclalure

The Fullunwine quengities are codnest to deserilae a ey lindrie-
crlinndrie ceank (e Pig S0 .

L,td,, M, N,3, & nnit vector paralled to the jih powsition of the
mOvig axis; AL, 8 3 the nermaal vevtee oo the moving
axiss amd o oveglor S P defned we A L, Sinilarly,
fur thie liaed axis we have 1be wnin vonier abuogs U axis (&, @, vk
the mormal veelor frem the origin (e 8, ¥); and 1wdc cooes
provdact (¢, 7). Al of tliese quanitities are mezcoured in the
fved coordinate syslem. '

Using B, gl L teabenpetey, e pectively, the angle sl dis) e
Ll ween tie merving and disel ases, we wrile exprewions lor the
consing of the anghe

cud 4o o= LA - A e+ N i
and (he oiment

1, kin gy, = Le+ Mo+ X+ e, + g8, 40T, 12}
bt wesn The axes, )
Comatpendence (Threa Positions)

We pow <hww 1hay Fur thres pocitions there i3 a 1,1} torre
spondenre Letween the merving amd fixel ges of g oylindric-
evlimdrie rrauk,

The “1wist ™ an the erank loes pot vary with the medion, and
beniee i pueitions 4, o, and /5™ it iz neersary that

rod P = coa g, = oo Y,
Suletinting from (1) we Sl that
Al = L4+ pfM, =M+ = VJ=D
AL, — L3+ M, = M4 Y, — Vb=l

Actually, (3} requires Ly Lo L, 10 be the genersibors sind (X, 4, )
the axis ol a right vircular qune.

Ii the maving myis i- atbitrarily eteoecn, the L7 W% and Xs
ancall boown, eration (8 moay be solven] forg 2o, 3 and

(3

' Thiwmwetion ix eit het jdamar or sphecieal depending upon whetler
Lhe srrew axes inferaert is am finile or Ghibe point.,
HLUzuadly, f =1, m =2 gl o = 3

dournal of Engineering for lodusiry

Clorrespurudingly, the bwi of 1hee e oves .

- b - -
=i arly Sl —

Fig. 7 Cylisdriccylindric cronk ler the four patilient

COSINES (A, u, v )

(@, 8,7)

Iy

\
/ A
R

(8,8, C)

\
COSINES (Lj My, i)

Fig. 8 Momenclature uaad in the ey lindric-cylindric cronk delvetions

ufve, whivh topether with A2 4 at 4 27 = | yield & unigue
resle for Lhe ved-atis cocine

Ik, p, e) are epecidiod, and we sulstingte the linear trans-
fec i

Lo = Fpm oo B+ b My repa Vs
Mo —Npm el M4 L

aiel zo e 1

Erpeatiom (33 bevumes o buear hoticeeans =08 in L, M, X
which riehls, say, the rathn Lo A8, VAV Finally, calling npon
L+ M4 80 = oo determanes a weigpie =60 of moving-osiz:
Jdireet oy esie- cotregeanding oo 1he given Bl axis.

Trmay eeily be alwew o that the serew axes ate =iogolar o o

VUThe &'y, 'y, sisnd 27 are lynction of the Loosnosrresatis oopsdoney
and 1he angle of rotation. e A ppendin 2 for eadicil expRnssi i,




A vk g sarate ermependenee deidad B spuation 3

e Siver cbank e distaee g opwist™ pevagee thae s
175 Fe L REL T g regeie 2R3 haln b+ N by = 3, st
UL YRR T

- .- FIEa |
ceim BEF INC iy R MM

1
=y
-

N

T (PR P TR S I
=M+ N, - N0

. AU — dE) b ouls ~ SO F T = T

(4}

= e M

=anr frent vhe aiwnce, the dievetionn esied of Teth axes are
hrawn, H Pl 1mn inear, remhomogesonis equation: e her
te. o Trwr {8, 5L Tk When the maviog asis i speeifipd, the
it Ao and Fsare hnowe ol op, &, 7Y s testticted] 1o the line of

imverzgeiiim ol tae vwe plakes {11 Phally, asing

= G = i F = P mar. T o= ae — 34

£33 an s g g renenion ad 4 Ju + yr e f, one olitaing a
vedn e noren Ty veptnr a8 ),

I, insteisad, we =pnc iy 110 fis] asis, it i- mensieed that we lisse
=ntiibile

R, = BN, ~ €M,
S X gy,
AT I L R S A LR T ITR A A

s3I tnels apmey cur linent teansformation of Appenels o0
Soestensne (e plivin by eemvenrs - the righichand sides of (4}
vt fmedat Dinetizne oF DL T 00 and thiee Twn el ions
P10 o | TCTERNTI S Lee poguarine als 8, -+ A -+
CLA = g i an rmead vaeror aoebitudin o] tha rmeevingg i

HY
by

STTEAPET LA b bR Eiven fiaed ands i il dleterminel.

cab s atve a2 o0 the ~peniBred mativs Uheog e

T ol
cdaen peoac s Woeleterinine this cor spnplenes Trome £
i i s [ LS S T valualg,

Ve b e mivewin Phdt For eheree psition. sof the ioaing Tea |y we
are at hbery 1o chawes ity line i 27 a5 the Auml axis, or any line
in T oae ol auadeg asis Hloweser, anee crlfer arin fe apreified
U cohed de vadgue Dy e e B Mo atioes (1Y coen wpsoned ner,

11 oger b ~lscvwry 2t 2l same rarpespeetsbenee s ogvey Ly Pwo
s ol the nallowing 1leirem:

E iR ki o Food and weecing wees aubdenids n aceewr ariy of « owal
GEFC ¢ Juht o sneckalf, ar MC g ppe neni af ore-dall the diual angle
astechiode § ik bt arows For exaregsle, with the wovdug axis in
i 1, T clnad e J.-t noed red g § g Te B3 02 1M1l
]I‘ we Sl S b0 fuae? Lz iNi legh el the one along $2!
BV -_:u-l deg¥. The saeeof the dial wepgle = Trom the

ol URTHTE PO e RETICR

Finallv, emre cpe ot o Bxed soind nueeciag seses are Soawan, The
voilew ing theneem ermihd b eed fo ez lali-h e cormes puond-
vie:  [urreaponding &kd of fue moting god Do ool ereg appear
From eithee %0 o %0 ta el ax from 87 b maledc ned Qs o quulfoor

armie

R P LA

oA

Four Pasitiont

Auly Directlon
For fonr fadtely sepasaied peitions, f, m, w, p17, we add 4 thind
uation 1 (1) and ublain:
ML, — L+ plir,

— LY+ s,

- M Y,
— M3+ N,
Mi, = L)+ pfdf, = M) 4 oX, - X)) =0

N

ML, —Xp =0 D)

Begareling 3, w0 01 8= The nokowns, e eampad thilil s eoeed o
for () becolns:

'Iu,_ -5} (Mo =M1 (A, -=21)
NE o=l M, =0 N, = Xm0 )
ML, — L) M, = M3 Y, =N

By rememberng that £, — £ m o Ly b 2 org W, and
sr e, W ks gl e oA tiie THF B8 A Lanegeriemns pelymanial i
fhop My A0, Liesd o (8Y pepmsenes 2 cone of Ihicod geder. la fact,
thiy costd [z the werew cgne stieliel earlier.

“T'he gemeerators of this cone lefine the dirretions in which there
exiad Tines in Sy which matntain the same angle wich e flised Ting
Teor aldl Dmar |Jll=i1i|l||:l.. Tl alimertieas of Lhie l.'f]rrl'.-['"llliltlllﬂ ol
lines may be uloainel feom the (LY corompondense eseribel
abave,

1 we chatge from geoeral e ~phecieal nwet o, copiation (G}
s wpablviede Die Faer, 460 35 gelentival G the memditioe
o gined, byt anthor §2], far the loens el maving e whese
peinta ol fall an efeeles Tor farr-presition spharical motion.

1h iw e ptatiomally copvepient 10 e Vhe tane 1o o planar
eathie, 1hviding (63 by san, (00 2delle o thindoomder planar
ernnre i e varinbdes (£ 2800 (A1 Fig i sheows The conn
mrgel plumeer earee wesoeited with dhe four positions given in
Tahle 1.

Al Lacation

T, b 0o 1o e soba ban b oonels, B Temting mt a
eomte 1t abislanen front sofe Faelb e, tho meving 216} el e
may be wiod 2 finrepeesinion exlindnr-evlimine ank neoes,

Fuor a dlirpetbon eoresponiding 1o any geacritar (L W, VY the
A Jos B e obitziee D s ol

Fae fone posilions, L equngion

HE BT

pit, = £ 4 oMy = B 1Y, = X))
LR U WEPIEAEE S B 8
sl De 148 ¥iehlowoser af gheee eemtund, In wdiliton, the

colition that £, o, 73 e vermal 1o 4N, |, )2 idds

ph A+ gy borr =1,

twe supphomestoey duaf aaglee ™ (1o bl owe lave wiken e ) ] . N :
T VIR e i pesition 4] m'{:u.d!""_‘_rﬁ'r v, Tl o Vhiw ”“k.”"wuﬁ in gl faane epaalione the
enmp Ll Y e lbions cerpiire Vhatt
A Tk n
(Hag = Fup} WM, — N TV — &0 AR = N E ul = S0+ el — T .
. . il N
. (g = L3 W= ) N =N} ME = f) s = S bur -1 |70

b, = L)

sesel ad P Eaned (41 we could lavve el S = iy =
- 1* 1" o, = gy, iy = gl F
o= Noatoyy = (VA — Loelowy =
- TIH- vkt 1hen be everied Taemnid T
S o anionLeepen e lerivatione tuon el mpalinta amalagods 1e
Aol (77 :‘u:-h al .'i.-llll.:i!.l,l,il.-n B 10 Adualnnge of ustog ke
Ui Fere ey slaneit |,

“he-w oiteles are matw=ueek in e s zenee st as jo 1he
pitlwr chesdein}. Thia theebem is ofig volil if one 10k e
Voos b et T imatent of the menvmg aves. Howeser in
BT EFFRY o PO

I '-.-, . e gl lmml .

|'.
u

¥, = M3 N, = XD

ME, = R+ pf = 80 + Py~ T,)

AHer substitaning (189, {7 b eanverted Deoa Tinear stpiadicn in
{dy, Fy 0 This, sonplded wirle tlee cevonn livear weurue it i, »

Iyl = RMp OV =0 )

B0

The evbing wais may Lo elneen throsich

vields a line 2 the Joen= of the 1ipad the aormal veernr G,
Tt mecdng aais,

U ey ne fabkesf = 1. m m 2.0 = 3 poe i
> hamfuw;hﬂhi of (Ly, A XY i eflert, atetermuines Lk, p, r] e
el Al Vhe rosanes ws koown,

Transactions ol the ASME



any puint on this e, Henee, corresponding 1o cach dircetion
defined by an rloment gf the rube poar, There b o siRgly fnfinite
arey of werfeg drcts AN Al ke of a0 given ey oane (i)
parallel toa sinele etemiey ol vhe cone, and (] eopdoanr.

e the muvinl asis s seleeiod, 1he tived aads 0 gniguelv
determuinmd 1y sesding 2y threr preitionsg from the (1,L) vorre-
Fpuagslence

Five Positiany

W ekted Che Fenmepue iion analy-ic 2 iweTudo a ATt e ivion.

Anlp Dirsetian

W o wrate (00 s 2=t ol Doar espiations by udding
Ml = L)+ g, = Mo (Y, = X = N,
Ir = premen =N

TTaitig the snne argianed s Tefore, the et 3HEy conditjon
wew regiiees that any twe B 2 3) determjncuts vanih 1 s
COnVEREERT to ee 461 216l the cubie cone odainiad by changing
one of the -t = G 2ay potorn =mee the t%o malie fanes
have the same ages, theee ame ot awssd ning read dicedtioza £
Aln A e whic b the vongstililny eoed s may De sl is-dimd,
Howrver, three of tiese dinstume are oo sjnes ey eotfes
sponed Lo the serow axes 5., o, 30007 amdd thers are greeradfy ol
moxl eir moeing-arix divecligns for guy et of fae apatiofl dicphace-
LITEIY B .

Apain, these pape liceetinns aee demienl Do the anes pmevioaesly
deterieined [2] fpr the va-e of sphotival nutiom,

By neing any theee pecilmme inohe (1) mreeposadenees a2
varperprnding, fivetd-asis dimection may e determinad for cach
of e 20x ditecrions,

Aulr Lacelizn

The line= coroe=pwmding 1o thse six directicas are et a-
Tolliywn.:

W ned g fourtle eguadion (o (43,
pll, = LI+ o, = M4y, =¥
- MEy = BEY 4 pfS - 8)+#T, =T

aml proceed as Defore, TVlee e paadililily eeaubition e e
gpuired Uliat vaw 00 3 db delermdnants vanish. 11 coayeniend
oo 7] awd sosbnibar dele crniresnt £77 ) shiieh b4 the =ame me (53
pxcepl fur the anteeript n the laa o, which js el T p
tor, Suletitating {18) indo (77 viehis & Boear opiasion i 0y,

B aally b=

G e the diregetiend ol these (liree semew nxea the oot tililicy
roicditiea are no ol wickent. woee the rank al 1he saeem e
comes one in=tead of 1w

My, 0k The <jmmbanroas ol o nf ) and (=) vichts &
unirpe poind {1, W, 250 For each axis Giection,

I'hirefure, ta vk of tre ol wenad #5r Banteieind ffo ciione dmmot
te the fieo el reacw, Bere rprn gl @opnigie oving drie
Agating by n-Tme any 1hree pusitiones the cormmpunding tiaed axis
may b derermined.

Ly follow- phat, assoeinted with any five puailions, there are
cither #%, Eour, 1o, o zero ey limleic® e lindrie eranks, 16 1he
ane it b pleer Dol Blieeg erabbe Devosme imagginary,  Lile the
remainieg Buar (ot mo-0) beeatme the revelibe-revoloe o=
evrreponding o 1he wellkhwmwn Bommeter praine-,

Thr ~alutions to a five-eeition problem are i-ied in Table 2,

inverton

Tn Ve forepuing woe fitst eompded the meing axis amd Then
fetermitial the fived ane fram e Qi hieegarition ] cereepotdence,
lu an andluzons tzneer we eonld bave teeatedd e fived nsia
fih-1, maad then determingd 1he 1||.|1".'i|:|.g wie frumy Che ﬂ'lll'l_'\FIIJIH‘i-
v, ANeematively, 00 we fuverneel il gt the fixe] aves
vrnbil have boen rotupated froae rxactly 1o~ epuatioos deyelopasd
for 1he mwing avis. '

Paramatric Developments

Tho Pwo Disie =94 0f arareielers aesnnia o] witl the evlndie
eylindrie erank- are:

I The foiad 11) and the bengih 113) of the cranks Tnoonder 10
determine sthieh, ool Liow ey, Bt oL the ormEnoenioe fnrne=
spond to eranks witho o given aial melfoe Tomg) 10 B b~ neeedea -y
to denive loct asdogeos 10 e plusar g aeel B eieees (I s
anticipatel than T gpustion= s itl be dicegeved in 2 cutrequont
puhlicatm.}

b Fhe dirpfecsnente of the cranh afoug the fa ol ar MMOrTHg AEis,
The fived-ank eonpraence aray bee dev e opend = 0 imetimod e
disphierient along te Tied wxis by & pooeelafe Based on the
Inllwwing dlwerem: The oot angle arbdeuded at e frol culin-
drie~cgliwdric crant aris by ez 4 oad &, fa cqual o gneobalf,
or are=half the euppfemend, of e erand derpdacemeen! from posiffon
f o b,

Avvondingly, any abeired erink rolntiog i+ saletioeel fue 8,
aml §, in {14} sud (1) r=peetively,  The okl veelors, §,
oomitkan tir theee oo copuat s delermine the reguired fixod-asis
discelinne, The bk piven By €193 awd T147) are compliteky
wirtlogones 1o e fomidics: of diterscting eirelpt m=md o0 poise-
vl rieally ean=1met the pikaae jule mievis.

I weing atey one of these dirmdioo- sl gny desired crank
tran=lation for o, aoed of i (100, one obtaine 1wo lineat ogua-
Ligne which determine a fisad axie Tor wlich the comsgending
erink displacerent TRorsy Josition § 1o & 35 paospeecifiod.

Ha v er=iow, the aluse s Tee ueed Lo paranerically deselop
the meeitipaxis cobgroene. The parmoeiers 1w cores puand
o tlisplacement= of the crank relative 1o the moving badi, X,

Tolle 2 Feot Fho Gve podiliond 1pecified in Toble 1, the cyble repes koy® baven {reol} eommon gemeraror,
thwrafare, there are lour eylindrle-gylindrre cronkd,  Far rach of thaie ceonbs wa licl 1the sy Lor tha Boed and
maving cylindrical |pints ond ofis the corrnponding crenk dimansioas.  The tign on the Iwhi, P, B defined
by the righl-hand ed terew rufn, with tht Etisw paimting From 1ha meving lowisd the fixed sk,

Rutution

Fiael Anis

uniher s T i ] e —,
A B ¥ o [ ¥
1 1 b =125l {RTes 1, 3:634 2.3 . 045 . -
2 st =0 1L LA N N B | =1 A =131
3 [ EETY [T 2 | B LR =Xy 3.1 —1.210 o 1303
+ PRI PR L] 1 Imyy {4 1.17G =T A1) 1.0
Maving Axis §irank
- ra=ines . loratinns 1wit length
L M ..‘-L|_ . ;8 [y £ {deg) 1
0. -0 —flAue I} 5s3h TaHG 1.6 —11.22] 4 — . 1.1525
o], Beiaw LN LI LER L H ] -1, 00 —1.uln LLI iy 1) | HI [ LIt ¥ AN
1,471 [ IR LT [ AR — 11, 1k -t B HTIH 1 1,030
(TR TN el LA IS B i, T — G, il LT AR A —N . 1T LA
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Conelusian

The vreng analagy Belaeen (heee penlls ol the rlassjeal
planar Weory makes 50 s appmapeinte tooregand e danar
Hrory i bl san agreeial eose ol 8 poare geerad sprotind - ien
thenry,

The bnsie prometry associaze] with spatial motion in spatial,
Hanxver, siner the fndipanion: of lines ancd aves are iede peinlent
of the serew locations and trarslations, questions of inclination
may b reaslved witlonn eoeidoring the loeariog, 30, e for
o Tackinedion dx cowecrand, aphorfond weetion e zoefin s jue ere
ffend frad, neel the Mimbaonentad gesmel e vl b aee e be ap of
intrecting line=.  For planar motion, the point of intercolion
is at infindiy, and the T bovome parallel.  Thus, guenlizas of
inclinalion fa xpatia! arnd rpherical melien are analogeus fo ques-
fiors af focution for the planor caze,

Far ppatial metien, i onder Lo d e epmine laeabion, 5 noees-
gary Lo ilualize®™ the inelination by 1aking into accaunt the
tran=lation aml =crew heation.

The spuntion= derives] for the spatial eqivalenta of the Bor-
mester pranka, pole enrves, reRer-poinl and cireleopoind cuarves
have Lreen programeonsd o FORLTIEAN IV Copies ol (ki
prograon may be abibaiens | e weiting G e il har,

In addition o being of vheoretical intermt, theee resulis <houdd
be peefid in 1he actnal desigo of spatial linkage=.  The synthesi-

techoinqurn deseribed ol ewhere [2] pre direetle applvable to,

mechaniems sith relindeie-exliodric finks,
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APPENDIX I

The S:raw Congruence

T tlis sevtion we detive wopalvtiend expresslons fue 1The line
cotmplives which ape sptial analogs of the planar paole corces.
A owe showel parlicn. 1he ha-te ferpuiremenss ate than all -ix
rrrew anes, Awnviated with fonr Mnitely <eparatml positions, ate
sullended 51 equal, ar supplementary, daal angles by oppo-ite
Sitlpa nf R W rplrilaterala,

L1 5 5, 5. S,, pepeeeerl it line veerors along wny four
eerews whith Torm ae oppeeateescrew gpadeilateral, el let g,
repreent 2 uoat lipe xecred along one of the remaming serews.

Choosing any pasiidon veetor £, &, €3 irom the angin of
1_'4mnl]rl:11 v Lo lipe §J. aml the unit vector (£, m
i,. wie el lirme frJ, ., I'_.:l w4 The cross prodael {1, &, UJ}X{!J. ",
ngd Uhe weik B yectar éi coy ovw e pxpresce] adocle daal
'rrrl:urﬁ =41 mi+a, -k efrd 4 i = Lkh where ¢ o0
Wea rypriss $, similarly.

The seemal Trog Hive 5, tn SJ s rop ol The et Ve given by
the pronbier S,Qj,

il ey 1, we olluing

4o A1 parallel to

Denting dbwe nuit linn veetor olong this
é:g, - — O Ty + IJ in [Thje
Mere oy, is the alial angle Betwoern §| myd 5,. amd ]'I-l'l.q boagy

slunen Ly Yang [12],

i _ad +b:+r, [_-"-I_u,,l'}‘bu;i-i-fq_,h'

AT A" cjr]'_h
{::l + b] + c'ut}]
’-! U O 1yt

PR e
oy o

whnry

dp = —{hf, + mum; 4 ond

—{fr, b bLr + may 4+ ma = ad; o)
WU, - MLy
byt — LEH
by = nd, — h,
by = L6 |y

€, = hm; = mi,

ol -
uj =
ey = 7y =l

— W, =

o= f.aj ofomr — oy, = LA

Iy |,l| vring Lhivsmabee pipals ome ulstansowimilar e 5 [k Fr h ia,
anl I,‘, I]'lr} wnit line weolara abung the normeals from gu Loy, et
fively, ﬁ.. 5., :Lmlg

Now if we take § am! ﬁ* am pae "aidet of the oppasite =erow
auaadrilateral, wl 5, annl 5-. s e e Yoee, the vl sondition
Bstlwal 11wl angle, Ii,il,.,j“.",l-rtu el r|.l tasct I v L esqual, er anpple-
muwidary, tu the dictl sughe, #,.72, hetween i, ancl f., The

|:‘rrmlutt [0y xields
)+ion %)

i;it E i p 1 L] (3’_
from w hivh it folless [12] that

o, + b;bj + £
(n,F+ b2 4 oty + b+ "

o(t)-
_‘J. (M)} (J-) {{u,n-. bber 4 o) + (o + by

of e,
bt o)

) e
oo + |: fa,? + L, + f'fa"]

gt
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X fuphy + &b, + },e.)} o + b0 4 £,

¥oAad 4 B A o' (1)

Be/2 anl o 2 ke nugle il distanee betweres L and B, are
e priveipal and dosl pacts of §,03, 50,

gff_f.t.‘_.l_ﬂf_*
g 20 2

T eypial mmpgle voralition negires 1k

(%)== (%)

Buluditialing frora 10}, and gquaring o arder 00 pemeve the rodi-
culs, aue olimains:

(a0, + o0 4 caVla + 0F 4 et 3 b0 b et —
foge FEbe Free o 207 e Mot + b0 e e (1)

Thi+ is 8 Fummugenrage ulpelmaie pob noamiad of degree Giglit in
the winliawn dinastives iy, my, 0k When expoanded, e come
e factor (4 40 my! 4 8ot} oy e Tetuoncedd, and (10F pechiield
Lo A sexlic. This sextic i made np of 1wn cubir cones:  {ne
ronuain: the divecvionz (8 oy, m) lor w hich Q0 = 8 72 (210
degh, and the other rontaing the directions for which .72 m
=2 (e dBhdeg). YWooare inde-aet ignnly o e wlach
P/ = D 2 Gh L adeg )l woe et o Uds eabe d e sorew cone.

We al-a require Lhat,

f
I-L‘-‘ T (—:"’l) - ‘f;_- sl (E:;),

where the sign e clisen plus or indnas aeconding te whether Ui
sngled are vpoal or suppleiocatney.

Substiwting Irem (10} and conidering {f, i, m) 35 knpwn,
one obiains & linear equation in the ag'-, 8%, o's, 3nd dy's, which
are buear fuactiond of {7, ®, 5 DVioally, sece e po-itivn
vortor [0, Mg 150 i lineewe Tunetion of G, &, 8, we ke the
eesull ehst queeafbed fo cack gonegetor of the aeeen rure there (2 g
infintte acl of coplenar finer,  THIs doubly dufin e arrcy of linea is
the darys of the xit sorews.

The lercgoing detivation slows anabiieally (ha? the directions
of the servws are independent of 1heir poefiione, Usieg thia fae
woe D ol by TR seco s eenmr epustion free of ex ! Ereoms De o

Trhicg Che yait voctors §J_ i, B 5o, &) ax intesecting [,
the diliwdreal angle, 472, boetween the planes containing 15;, %)
wel {5, S0 34 piven by

(12}

B, x8x d x8) (a,‘)
e = = & | It
& B xSy oty ()
Fxpanding and witaplifying 3 ielika
L 15, x5)-8 (s{l)
€6y — 6, sdnen 12)

The dshedeal mogle, 002, Ietween plane i85, 8 and 15, 551
is given by equativn (14*), wlich v obtained from (L4) Ly ceplae-
ing jand k with ! and .

From the tection on serew congroenee. we apply rondition a®,
and requite that tld, /20 = tanld, /20 This dields

ﬁg, e g;j-gl[lgx.g.] - L§J1§|}1s‘ﬁ|§|}| — |.§1 - g.]‘-g:llgpgu}
BT S S RSRTRR (L

® hich i: the cquation af the sorew cune.

Juwrnal of Enginecring for Indusity

Tu b pemeilile, bab ot netresary, Ioonbo phroc the mement
canditivn in 1erm= of the taepent of the habi accle by dividiag
(10} Ly {0}]. '

This eame derivation sields the planar pole caree, W in (133
one substintes the vectar dilferezees 15, — 50 amd 18, = &)
frr the eurteeponding ceoms prosducts, and replaces the wnt vee-
tors by the veriors frem the origie 1o 1the poles.

APPENDIX 2

Linear Tranylormotiens

The lollorning well-knoan [13] linear 1ran-lormation gives the
coondinntes of 4 pobt 1., Be. Co Y io 1erme of it conrdmates in
the Nt peeition wd fhe serew S Tl wind &= fiad s 1he
nwving evriem bat alf coondinates e mensared aliogs pas o
Lhe Jisael pyrdemn

{an. &+ 13 by Ctlm Ay L Y
Ople LY b ) X P A A
L Brim (Fem -+ 13 L i

(10}

where g, =

{UJ:_-‘! - 1}“ — e qu}

Uopm = wip te dl = cos BrL) — 4y, im 8y

Faprg ™ Wy 1 = cus B0 4 g i B,

"'IHM - ”IM”J:-- = Mathidn ™= j"huil}llﬁ = Flmlrin
-

Tygwe ™ Ayt fl = cod Bynd ob aigy,, cin 8,
ard ro rn

Sirmilarly, the iransfamation of o el of direetion vorsines
Ml ML N b ogiven by

i (itegm 4 1)
Mo =] #un
N [ P

Row Dor che g itios 0, 50T defined Ly the eross predoer of
apoxition veeler [, 8 07 anel the unde vt (8 WL ) we e

firim

T tey Ly
fim + 1) o AMef v
be- {r”‘ + I-} 1'".1'

Noowm HNL — T
S om b — ALV

Fam A-u-”-lu - B-L-qr

racilarly for Lhe subscripl £ Then subaritoting (1063 we Jdoter-

e i
MEL — B uls, - 8)+ P =T
m AN . = M.l
t iy = N arim b Ny = )
RIS IR FRE ) C T P LS
+ Ml by, = Mol
+ MY by — Mo+ N — N1
+ ¥V obage = Fmbern + 4 = L2)
e AN reim = Mo - W — AL
F il = N afoim - o — L4}
+ MMt = Datsin .
4- AN ot — Modadd + slhodyn — Nodad)
LW iy, = Feaflaald R § 13

Tonsonr apphicat ion of (08) £ A V) are known and {4, M,
N oYare determined ftom (1T

" The u's, 5, &5, vic, are Jefined according le Pz 1,

Tosted i U, B A,
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A Unified Theory for the Finitely and
Infinitesimally Separated Position

. Problems of Kinematic Synthesis

Auociohy Frofeaes,

Department aof Mechonical Enginesring,
Stonford Unlvwrsily,

Sronford, Collf. Mem ASME

A rigid body is studied in a series of different positions. These poritions can be finitely
separgled, infinitesimally separaied, or a combinalion of the two. A general method for

determining the lovations of poiniz or finex (in the rigid body) which have ther different
meudiple porizions satisfying the constrainiz of binary links or combined link choing it
devefoped. In o companion paper |10]) equations pmerning the locations af these
ipecial paints and lives are derived,

leiroduction

IN dirvenafnnal pynihesis of spatisl mechanisma the
ventral problem ia to delermine the dimensions of & selecied typn
uf linkage which constraing the relative motion of & moving bedy

" ¢ wnd g Axed body T in » specified manner ' The “molion” of ¢
in specifind by & given series of powitivng of & mlative to 2, Theas
peveral positions sre either finilely  meparnted, infinilesimally
meparsted, or mized fnitely sod infnitesimally separsted.

Finilely separated posilion problems have previoualy been ex-
tensivaly studiad. (Fee, for oxample, Schoenflies [1], Rath
|2—4|, Buh [5], Ssndor [14]), and Wikon |6}.) However, tom-
paratively LitUle research has been done oo infinitesimnlly sepa.
rated position problema [, 7, 8, 14].  The primary abjective of
this paper v 10 recast Lhe rxisiing Enite posilvon work shd com-
“ine iL with new results to form a grnerat theory which pnifies the
“wiral study of finile, ibfinitesimal, and mired displacement
sl . .
in this paper » general theory is developed for determining the
number and locna of the poinla or linee in o which have their
severs] poaitiomw malisfying the consiraints of binary links or com-
bined link chaina, JTn s companion paper [10]), we use thes: pen-
aral results ta ohlain explicit formulatlivna for cheing of practieal
juteregi. 1t hss been previously shown [3] that such resolis
may be spplied o & variety of different synthesin problems.

Linear Transfzrmations

. Centrsl to what Iollows are Lbe relationehips beiwesn the soor-
dinaten of points or Linew before wvl aftet & displecernent. Such
relationmbips sre kfiown ks translormations.  For rigid-body dis-
placements thess irapsformatons are linear. Hence, the coondi-
natet, ax reamired o Lhe fixed syatem, of the jth positico of »
puint may be expreesed aa a linear function of the coordinetes of
the initial (or any refersnee) position. [n thin section, we first
introduce nomencisture whith analytieslly describen displare.
wents snd then obhiain fxplicit expressions for the lnear (rans
formations,

Finks Chplacements. W peleci (1, 3, £) A9 the Curiesian coor-
dinates of & potnl in a moving nystern o snd (X, ¥, Z) o1 i eo-
nrdinaies in & Aaed syetem E. Lot o, denote the jth position of
v, and {X,, ¥;, Z,) the coordinatos in I of Lhe jLh preition of the
puint (x, 3, £} in ¢,  Knowing Lhe position of o, relative s Z, we
can express (X, ¥,, Z,)in Llertma af (2, y, £):

b N heern in Brachsta desdignate eiers nows at end of paper.

*The maving ahd Are] hodien wrs reprsented by two Cartasian-

dinate matems « and I, espectively.

Sountributed by the Desian Eopiorering DHyision for presentation 1)
the Mechanisms Conference, Atlania, Gu,, Oclaler §-9, 188, of TR
AMERICAN HocieTy oF Mremaxtoar Evmweens, Manuscript e
crived by the ASME Mwchaniamy Divitioo, June 18, 1965. Faper
Np, 85—Much-T.

-‘:,’ 1hr ) il" faf T "‘x‘ [
Y, =lsw By eu||¥ |+ |du th
zj gy bij Cpl, ] dd

where the a's, §'s, O's, and d's are funciicns af the parameters
governing the relative positico ol o and . 1f we Let, the criginal
pomition of ¢ enincide with T, the displacement to o, Tiay be de-
seribed an g serew displacernent which ia equivalent to & transle-
lion d; slong, and & rotation §; about an axis which w panallel to
the unit veclor v,{u,, ¢, w,) aod passes through the poittt {a;, by,
¢;}in I, In Lhis case we have :

By - (.“"I - l}{l - DG ﬂ,} +1

by = a1 — qus.ﬂj}l — w, 8in 4,
B S Y )
dy = diuy = aje,, — 1) = bby = cxy
L tﬂ;{l*ﬁﬂﬂ;}-i-wjliﬂﬂj. * . -
ete. (Bee, lor exampls, 1211 o
If {f, m, n} wre the companenita of & vector fized to o, and {L;-
A ,, ¥} are 1he components of 1he same vector when marsured in
I, (L M, ¥} can ho expremed as linser functionn of {3, m, 2):

L_f gy bij L) I
M| =8, b Exf L {3y .-
Ny o, by eliled

“Thre screw displacement lends o one of the moet convenisnt ~
Torme of the linear transformation.  1lowaver it is nut the only
poesibility.  For example, one coukl deseribe the displacement
in rrgard Lo two sxen A3 hea been done by Martenberg mnd
Drenavit [13], or by the displacement of some srbitrary referance
poinl and the rotation sbout iL, or in sny number of ather weys.

beinitosimal D placemants. A in the oane of fnite dicplacemant,
infinitenima! motion of & rigid body ean be demcribed in many dif-
ferent waye. For cxnmple, it can be describeed by & weriew of
sucresive infinilesimn! acrew displacementa o by the displace-
ment uf & point in the body and the rotation of the body. In any
cage we can lake one prrameter as ibe reference pararneter of the
motion, desigrated by &, and expross sll other parimelers s
funetions of ¢. Let ¢, e the posilion of ¢ 2t ¢ = @, and déh an
infinitewimsl change in ¢. The second infnilesimally separsied
piriton of o (infiniteaimulty separaled from ¢,) can be defined an
the prwition of o mt ¢ = ¢ = (@ + d), and the third infiniteni-
noally meparated position ns the posilion of 7 al $ = 1 = ($ +
dg), and g0 on, In generad, we can specily n infinitenimally
weparated positions of o in terme of the first in — 1) derivative
{with reapect 10 ¢ of 1he displacement paremeters of &

We consider the motion of Lhe moving body we s serite of oo
weculive infinitemimal acrew dinplaceinents, 1§ we take the mita-
tion & aboul Lhe nerew ws ibe independent parametes ol 1he
motion aad express be olher serew parameten {ie, Lhe direc-

P
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tiun of the screw axis w, the Lrsnsialion o alimg the wxis, sad the
presitioal voelar o of the pxir) wa funcelion af B, the poeition vevlor
X{X, ¥, Z) (relative to X jof upoint (z, g, 1} in ¢ woold depend on
8. Lot Xp be tho poailion vector of the paint {z, ¢ ef 0l 8 = [,
X, be the poaiticn vector of the same paint al § = nAf, where A8
represenls & smel} change in & 1dengling an Xy~ the sth
derivalive of Xy with reapect Lo 8, we can express Lhe derivatives
of Mg with respect to & by waking Lbe Himit ae A9 - 0 of the stie-
reraive forwnrd diferencos as fillown:

p LTI

xiﬁ] -
Xy = 3% 4+ BX, = X,
rAfp “
Xo = AX; 4 0¥y — 4%, + X
(ag)

Xo — 5, -+ 10X, — $0X; 4 5%, = X,
[AFp

xt%! -

XM

xlsl = lim
Ab—si)

nnd 2q forih.

If we koow X fi = 0,1, 2, ..., p) we can cakeulate X' from
tha loregoing equations, T'he problem now is to find the X,. We
Ered in broducs 1w petume matrices

. X,

Xy m- and Kk =

- W

Y
Z,
1

where (X, V., Z,)end (2, g, 2) wre, reepectively, the comprotiviia
of X, and x, and the screw Lransformatiim mairix
L] h'l.l L3 ‘lj
A; = lay b L7 dyy
a,; b, Cag d,;

Fig. 1

where tho elerents i A ; mep 1he wene ay (hese o (23 Ll heea
W o=u
#y = u 4 wtdf
Uy = A DuFf 4 it
Wow ow o JutNg 4 JuiE e i
ty = 4+ 4uEE - Guitdf 4 I - Wl e,
andd similardy for g, w0y, ay, By, and £;. Alsg -
dy = &udd
d diidf 4 o1 %dd
dy d1 g 4 2P A i
o, = AR 4 St 4 BdNdET 4 Ao
da AWV 4 41V | Gt B - LS | e
&l ]
dim

nod so forth, where | 0 mm

Therelure, frotn the screw displacement (1) and (2], we bave
Ky = x
X = A
Xom AXy = dadix
. {a)

Xoom AXiy = Aude ..
'kh.ered."' -4.1"!‘..:.--4]-

iy o A=y

Ilence, from the equalione (4 and {B), we ecsn axpress the
{Xd', Tl A, Zfi} mn litear funetioes of (1, p, £} These expres-
sion areahown in Lhe Appendix,

L[rntesd of & peries of screw motions, the motion of & body ean
bee deseribed in 1erme of the motion of any one poinl in the body
pnd the rmlation of the body. For exampla, with Lime s the
independent parameter, if we know the time-derivatives of the dis-
Plaremenl veclor of & point in e body sod 8la of the rotation
wectod of the body, we san find the time-derivatives of Lhe pomi-
tion veclor of sny pointin the body,

Corsiderivg the mntion of o, we lel d; be the pesition vectar of
the origin of o, w; be the anpular velacily of 7, 2 be the vectar
fromm the origin of o, o & point 7, in @, x, be Lhe same vector
mesaured in I, and X, be Lhe posilion yector of P, relative te Lhe
nrigin of I, as ghown in Fig, 1. Using dols to denote differentin-
tinn with respect o lime, we can expresa the time-denivaliven of
X, malallows:"

*: - ’aj+ii-aj+“1x‘f
; HJ+;I-HJ'+""‘!X‘I'+'“f><£|
Rym A4 5, = b 40, 420, X x40, X N

41 {41 L)) 4 - .
po= Ay oxmd o, Mo, b 3o K N+ Ay

K:,+ﬂ_.){“l..

o
1

(fa}

5 15 (3 15 . . _
dy o=, 40 Wow o Ay X vy 4 Bay
(L1

KMy Aoy X Wty X uy ele

W
X, denotew the (th time-derdvative of X;, sitnilarly Tor any quen-
) I FIR -
titw | Jww e |
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L1} 1}

Siince a, is linear in 2, X, in ais Iumu' inx, Therefore wr can
i
express X, e given in () e fnllows:

’ [‘I! 1]

X, T d.j

in {1 (4}

Fypl= Ailw |+ |5

Ix} s}

Z, '3 dy,
(<)

where 4 i 6 3 ' 3 matrix whiee clements are funclivig of the
componenia of The time-derivatives uf 1he miation o 7,

Rt
Ij I
Y| = A ¥
i E
whers A, in the 3 X 3 matrixin (3). Therefars
{}] LU}
X, x a,,
{H (i1 iw {6b)
Yyl =AA: V9] + dl.
ti Li}
Z; [ du,
5]

Exquatian {85 explicitly shows X; iy & Gnear function of =,

Conditions for Severad Positlans of a Print in o to Satisly 1he
Constraint of 2 Glven Link

Finkaly Suparcted Pasibens.  When Lha motion of a puint £in o
in conatrained by & Link, Lhe consieaint which the link irepons: on
£ can be reprementad by one of 1wo conatraint equalions of the
farm

FIX,V 2% ougy..,0,)=10 i7)

whers (X, ¥, Z2) are the coordingtes in Zof P wnd ai, 3, . . ., 4,
are the imlrpendant parameaters of the conatraint. @ These con-
atraint parsoneters define Lhe dimensions of the link
When & essumen m Anitely separated positions @y, &y, .., Ty K
poinl F in o which has ilk # posilions salidying Lhe conalraint -
deieribed by {T) must aslisfy
FIX;, Y2y

where (X, ¥, Z.) are the roordinetes in X of the fth pasition of
P.-

Bubalituting tha linesr expresions for X, ¥, and £, from (1]
into (5], we can write (B) in terme of ¢, y, and 2

InAnMenim oy Saporaied Foslibene, At the Thitin] posliion (g =
0) we bot o coincide with Z. A point Pin o whoss initisl posilico
salisfien the eonatraint of & given Bk, equadion (7}, must aatis(y

FlXe Yo iy a,05...,0=10 (%)

where { Xy, Yo, Za) are the coondinates {in X} ol the initisl posilion
ol P, Aflter an infinitesimal displacement of &, the coordinates of
P become (Xa + dXy, Va+ dYe Zg + d24).  The new posilion uf
F wll patiafy the constraint F = Qonly if

Fi 1+ dXy, Yo + d¥y, Zo + oy

[ T T

a0y .5 ) =0 J=1,2,...m |B)

o] =0 (1

which is
F{'an rﬁ z'.r. Tiy Oy .. g E,)

+-— WP {Xn Yo & way) dp =0 {11

dih

L1 TN | [ PR
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. link eooateaint (7] is that it must estisly (3},

If digp # 1%, Lhe subatitution of (9) vields
F'{.‘:p. ru, A

where the prime denote diferentintion with mepect 0 o
Similacly, altar & sreond infiniteimal displacement of &, the new
position of P which again saliafies the comstraint F = 0 ot
aniialy

FiXe + dX,, Yo + d¥y
+ (XN + dXs

{12

a,ay..,0,) =1

2y 42y a0 .., )
Fo + d¥a Ly + dEy;
), @y, o a o B hich = O (1)
which is
Fi¥an Yo Ze anon...00F File Yade a0 .., 0Me
+ PN, Yoo o .
+ F [ Xy, Vo Zn a Jdpt =0 (14)
IM dp w0, the gybstitytion of (9] and (12) yields
FrXe Yo o auan ...,

Ty, U - -

TR T

G, = U (15

By imluetinn, wa enn show that tha neesssnry conditions for all
k infinivesimally separated positions of P te satisfy the constraing
F = Oare pven by
PO, Ve Zy apo-..

vo,) =0

w08 k=1 {18

where F* detigtes the ith derivative of F wilh respeet to the in-
depatndent motion prrametar g

Afler ihe differentinlion i cartied oul, each F17 bacoames & new
Tunction of Xe'#, ¥etry, and Z4'i", where , which denotes the order
of the derivative, can be any inleger lesa than or equel to i

. Henre (18] ogn be writtan in tha farm

FLXED, ViR, Zin: a) =0

im0, 1,2 ..k—1 (T}

Mixsd FlaHs ond Infinhesimal Displocwmants. 10 the firegoing we
have disrussed Fnits and infinitesimal displacement problems
espurately. We shell wow investigats the poemibility.of com-
hining Lhe twa,

We have shown enrlice that if (X, ¥ Z,) we the coondinstes
in T of #; (the jih posilion of & point #* in o), the condition ler
= the point P ta have m bnilely separated posilicns satislying the
Furthermora, wa
have shown that if {Xy, Y Za) are Lhe coordinates in & of the
initisl pomtiog of P, the conditien fur Pt have {14 iniinl sl
next i — 1 infinjleimally separatad posilions sxtisfying the same
conslraint is that it qoust satisfy (16).  Nuw il we consider P,
a3 the inital pwition, the cotudition for the next & infinilesimally
separated poailions of I to setisly (7] i

FE“{;{“ Y.',z‘: Pm L2 .k (LK)

I the ith puaition ie ooe of the m fuitely separnted position
considered in (3], the combination of (3) and (13) gves the noces-
pary and mufigiant eondition for & point P in ¢ to have m 4 k
pogitions [m Enitely sepuritod sand b infinilosionally separated
from the e1h finitsly separated powition) satisflying the eonslraint
)

From 1his we can draw & genaral rile lor combined fnite and
infinitedimal displacements an follaws:

Il ¢ amumen m 4 & + by 4., . + k., posibons such that m
positivhg are fnitaly saparated u-ml Eﬂ-ch group of k, positions are
infinitesimally separsted from the jth Bnilely Hpmmd pmunn.

Gy = oy

i O - - 00 = 0

then the cotudition fur & point £ in o to have all these m EI k
P

positivis sutielytog (77 i thut 1t mnat satily

PNy, Y. £y

A, &, .., -]

L=, m (i)

]
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Maximum Humbker of Deslgn Pasklens. The nnmber of design and the rank of
pestitiong, deaignated by g, i the sumber of positions of ¢ which

one apecifim for the deign of & gven link. The maximum Su Ju Lo Jin KT
number of design pumitions depends an the number of aquatiors Ju Ja R Jn Freenr
N, und the smber of the 1ol anknewna A In order 1o ba . - v . . (27
rompatibla, &, mmust be lots than or oqusl Lo M., For a giveu . - P . .
link 1 f’ll e . f“ ‘f,‘h“
N,=px XN, ¢20) isA. Poimis st which Lhe rank of (27) is les than n will be callsd
' “residusl points."
where N, in the number of constraint squations masecinted with -+ Since sll §,, are funclions of (7, y, 2), each of the squations in
the given link, The nuroboor of unknowoe is {28 can ba sxpanded into & palynomisl in (z, ¥, =} which descriles
N owmn+43 {21) & surface embedded in ¢. This surface which we name the

“rompatibility surface™ will be designated by 3,. [t should be
where n is the tolal number of parameters in the constraiol  dited thal all the residual points also astisfy (20). Thersdors
equation(s), and the aumber 3 iz equal to the number of eoardi-  avery 8, conlaing all the residual pointa.  The aurface S, i the
natea (z, y, eb of the point being consirainied. From the com-  Joous of all painta whaoss fn + Eith position salishes e ponztraint
patibility conditian we require that (7] defined by the poinls’ fint » positions. However, Lhe
- residual painta distinguish Lhetnselves in that their Erat n posi-

M= N Lions do net define & unique member of 1he family £ = 0. Fonce,
or T, ull pointa in #, other than the residusl points, that eatiefy (26}
L L ' will bave thaeir p positions on the lueun givean by aquation (7).
. pXN Zntd 22) The residusl pointy natisfy  _

P S (a4 3NN, e fu R S

Therefore, the maximum p 8 equal 1o the hrgut integer eon- fu fam ST e Su
tained in (n + 3)/N . c . S S e Q0 (28]

Gunwral Fracwlws lor Drisrmining Covataas of Spqdd Paimty, We . . e LN o .
bave shown that all special poinia whese diferect positions Ja Jfum T | SRR

salisfy » given link conatraintl {7) must eatisfy {19). In what .

follown we will discusa the prucedyre Tor determining the eoordi- . . . d - nxt ]
hates (3, y, £) of auch apreial points, Alter earrying out the dif-  PTovided that the rank of P
farentiation, wa can rewrite {18} in the following form: ' i . .o frmenr
Fl;fx'f. Yt}ll ZT; Ay Oy u.,'_l - “; . f-'n .?:I a A - : jf::-n -
Lm O L2k F= 1,2, ,m € St (21 - . . .
. fa Fu . Sfatat;

Using {1} and (8}, we can express (X7, Y0, 20 fineady in
terma of {r, y, ).  Henee (23) can be wrillen s ]

- . - The squalions in {25} renresent twa surfaces whise jntersmo-

Fir p [ ™ :.‘l:j, vem ] = D rm L. Lp {2*{} tion eonlaibe the ]D;:I.Il uf all cesidual points and & “subresidunl

Bin—-1%

. " " curva’ which in the locus of points which do not satisly the rank
. . pa
wherep = m + .} k. conditico (2).  Tf we call the intersoction of the two surfsces in
T TS S ) - T28) £, the reaikfual rurve B, and the mhmndun] ourve R.-h
* Theoretically, when ¥, § N (hern ¥ m p, No= n + 3), weean  then symbalically - _
sulve (24} far all the unknowns.  In the came whers &, < AN, we . O, =8+ B . Lk
can arbitrarily epectly any (V. — N,) unknowna snd solve for The next step is to d ine Ruy. P fing in-the _
the rest. way, wefind that .
Fartanately, in many casm, the ronairaint squalions mre linesr ' "
in the as. I+ much casven wr ran wrle (24} in the [ollowing form: : C Rear ® Taeg = Kuea
r - -
oot faast oot fte e = b = L2, 25 Cot = By + B
where £, are funetions of [z, y, 2) and ihe motion paremeters. . . . ' '
When p = n, given any point {2, ¥, 2) in &, we can solve £25) for where C.oy i cthe interection of the twa misfaren
st leant onasel ol a's.  Thins indicates Lhat & generic point in o han fa a o '.ﬁ:.*u
n panitionn salinlying (7). Fur g > n, the neremanry and suf- # In L f A
ficlent condilion for & puinl (2, ¥, 2} in ¢ Lo satisly al] pequaticns . . . . = { {30)
in (23] &5 that the rank of the sugmented matriz of the nystem . T .
(regarding the a’n 25 unkrnena) must be equal to or bew than =, Jatt  fimaan B [ Py
In other wordw, the pequatinng must be compatible, The eom- Fu fn Frtaay
patibility conudition requires that the determinants of sll the =t =1n
{n 4+ 1} by (» + 1) metricen of the syntorn must vasish. This '
requirersesi can be met if sll wnd B,.; & the rurve i which the rank af
,rll .rll * .rli .flilul:l - . ) _',r" f|,-| Pl . . _f|r||....1|
Ju Su . Jia Sernps . . S fa L Trinety
. L ) =0 (1) . . e ‘o)
fi; . .fu R L+ I- fl[l-l-ll j . . ) . "_ e "
Jiuam Ie-ur_r e Feopidn  fonpiztasn ) . [T f [ e Jinorrraan
. k=12 .07g—n in lom than {(n — 2). .

¢ . T et ot lhe AR E



n

The ranlinumtion uf this procedure leads L the folluwing result:
C.-R,+_H.-_| i=213...,= .
o =1 ‘ Lo -

“whers O i ihe intersectaon of

fu Ja . - Jui
In fa . - Jar
. . . P -4 {3
Fu-m Si-in N [ PETH
in fn PR . Ju e
) T ped i+l
if fn = £ in odd, or the intersection of
Ju S - fuem A
e SJueen  fu
. . =0 {3y
j;.l jﬂ‘ . ]"m-u }n
' , | =g i+ 1
if (M = 1)in ever, Therefom
. R = i |:_.|}El'+ﬂ o,
. TCIO - ..
’ e ke Dink Evm' ' .
' vt s odd oo

Knowing the degrea of ench f,,, we can cakculato the arder of
£ and therehy determine the order of R,. 1n this context the -
s and £'s may be given numerical values equal to the orders of
Lhe curves. i '

When p = n 4+ I, the compatibility urface 5, representn the
kcum of all pointa in o which have n + | poaitions satislving
F w0 Forp = n+ 2, the intersection of 5, and 5 yields a
apace curve K1y whose order equals the product of the erdem of
5 and 8. IL ean easily be shown that the order of Ky b greatw
than ithat of .. Bince belh S, and 5 have R, in commen, Ky
nmuusl b degetmrate apd contain £, and snother curve ki which «
ia b locus of all poinis in & which have Lheir n + 2 positions

Heplacing equation {T) by (34}, and following the procedure
used in the previows sectiony, we find thal equation (19) beeumes

PN, ¥y By b My Ny my g e 0y) = 0;
e 0,1,2, . kg f=La..,m {35)
which, aflet substiluting (1), (3), and (6}, can ba transformed to

Filo,matmn; oy ...,d,] =0 r=1%...,p (M)

Heare {z, y, £, 1, m, %) wre the coordinatea of tha lina in . Those
coordinates are measnred in the & system which i taken as
initially coincident with X,

dinca Lhe nurber of independent caardinalen of & line is four

N_=n+4,.

the maximum number of design povitions p is aqual 1o the largmt
integar contained in (n 4 4}/ ..

The procedurs for determining Linea whizh satialy (3] &
snen Lially the same an that [or delarmining points which satisdy
{241, Vowever, in the case of lines, the requltz will ba in Lhe form
of Line loci (Le., complexes, congruences, reguli, or fnita seta of
Lnes which are represented, respectively, by ane, iwo, three, or
for equationain x, i, 1, L, m, and n).

Contivslan _
© A geoera] method for salving mulliplsposition problems’ in
spatial kinematic synthesis has been presenlsd. . This mathod
nuifies the trentment of finitely and infinitedmally separaied posi-
tions, and is applicabls 10 the dimensionel design of mmentially sll
types of binary links aud coembined link chains. For each link one
must firnt derive the conatraint equation(n).  Jiee the copstraint
equalicns wre obiained, we can predict’ ihe masimum design
positions and determine the locations of thoss special poin or
linoa which define the dimensions of the degired Link. The pro-
cedure in straighiforward, and sll compulstiony can be per-
formed on a digital compuler. The application of the methad to
variae Lypes of Iinks is discnared in s companion paper [10].

ealisfying # w 0. -Far p = & § 3, we have three compatibility . Ackngwiedprent

eurfaces &, 5y, and & These surfaces intersect one another in»
the curve £, sid & fnite et of points.  Sinea peints on K, do -~
nok naiiady the first m 4+ 3 squations of [25), only lhow points
belonging to the fnite set bave n 4+ 3 positions gatis{ying F = 0,

The humber of sich points can ba caleulated by 8 mathod given. N ;

by Sernple and Ltoth (8], - The same method s shown in rderance
£11, Appendix 3], .
In enme case the ounateaint equationa sta noolinear in the
unknown conalreint parsmetera {ie., the a's); no genernl mathed
for selving such wquations exisis.  Although elimination tech-
niqum and oumerical mathods may be succeasfully employed, it

- does not sesm leasible Lo altempt & general dinessicon.

Spuchal Linws.  Although the foregning is concernad with the de-
terminaticn of ihe special pointa in ¢, Uw same Bnalyvis can be
applied to problems relaling to thoss special lines in ¢ which have
their multiple positions sutisfying the conntraint of & given link.
In e case of Linew Lbe canatrint squations ¢an be writien in Lhe
follpwing form:

FIX, Y, &, I, *'I"!J N; Gy B3y . - oy al} =0,

where (X, ¥, Z} ure the cooniinaten in E of & paint on the line and
(L, M, N are the components of & veclor (usually of unit length)
parallel to the line.  The six quantilien X, ¥, Z, L, M, snd & will
be called the “eourdinates of the line.'"  Sincs s line has only four
degreen of freedom, clearly only four of the six coordinates wre in-
dependent.  For exampls, we ean arhitrarily apeeily vne of the
point eoordinatem (X, ¥V, £} and one nf the vector companenta
{5, M, N

(34}

Jaurnal ol Engit «ing = Ind (ry
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“q. APPENDIX

Expraislans for (X', YOI FU0) In Terms of (xyva] and Scraw
Paramwhirs Geverning Maotlan of o [ses aguaticns [4) and [5))]

-

After perfortuing the algebraie somputations in squalions (4)

‘mnd (), we cbilain the Inllowing expressions fur (XU P, Ziiy,

Xiu a - r x e — oo 4 watll

Fir | = v 0 -u y| 4+ | = aw 4 pdit
| Ziir ] | —v 1] [ o — b 4 wpalth
[ X Mt o~ 1 we = wit w0 [z D

Ve | o | ur ot 1 — 1 prp — il K+ | D
(2o ] lww e metwr w1 s Da
whare

Op = —aful = 1) — bw — o - [bw = or 4 udiu]iod

Dy » —aur = Bt =~ 1] — aw + [ou = @ 4 w0

Dy = —gwe — bww — efw? — 1) + |or — bu - wd"O]Y

3



oyl =l = el b — 3 w4 - 4 Tup — wil]in st ot Jure 4 L8 b
Yol | = | 1o endV o [uy 4 wlu]ie — el = el o gt = 10 4 et 4t = W | 4 | da
Zm R R N (L) [ Ry [ BE R PRI T [ BV IO { iy A - Da

whers
Doy = afwt 4 wwl™) — blw + wel) = o{—p + wptit}

+ (el — gL )
Da = —al—w + ") 4 duwt® 4 w9y ~ cfu + prl#)

+ [Rwil — w4 [0

bu = —olr + wu') — bl—u + we'¥) 4 oluu'P 4 wilt)

e el - el IP R _Ddl':l.J

The algebraic manipulations were performed on & digital com-
puter ting & program called "REDUCE" [12].  Higber deriva-
tived ean be vbtained in a gimilar manner.
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Design Equations for the Finitely and =
nfinitesimally Separated Position
Synthesis of Binary Links and

Combined Link Chains

I pesreral method for synthesizing spatiod fakepges (derrved tn o peevions fooper [T 55
appiied o e desipe af varioais fepes af Suary Snds and combinod Wk chedns. fliy-
Maur gerersing Yeose special pofurs wud Wwes wiich define the Link dimensiony are
derived, Txpes and arder of loci af such special points and Naey und e mavimum

wrember of design pasitfans for each Hek wer piven,

Nrewret foal wpethaod for contpreding

Hhese speeteed paints and Waes wre diselissed, and @ unneriend exampie 11 prevented.

Inlroduction

'h‘ spatial Kisematic synthesds problems i is ot
tevemary e delermine The lerl of Those =peeial point= and lines

A ldel Tve mnlnigete positaons eati=Nedug the smnsceaint al eoriuin

link+ and link chaios. T this paper we use n racthbod de-rrilwed
elewhere [1] 1a determine suel Toed for varions iy peof links gd
Tink chanina (Hipee the Xomendatore aod metheals u=ed i thi-
paper are 2 deweribed in 1), Vhe reader is sdvised 1o Bran familing-
Tee imeelf with (hat wink.j

The woving wnd fued blres are reprecented by o mewing
Carlesinn comrdinale sxslein ¢ aud A fised evetem I, Fe et
tvely, The enordinate: of o it wog are given by (5, 1, 20 noed
e d%, 1 20 when messured by 2 oo whiat fullows we comisler
the muvinp bady, o, in 2 general mudtiple puositione.  Thee p

piwilione atanisl af ok b A Ry o L B esitivge [ pose w4

-
Z }I) cich 1hat v gt ate fuiely sopacated aisl sach
yml

erotp of F; pedtions are imfiniteimally separated from the j1k
finitely reparated position. 16 A1 the ooithoow of o we fpindx
wepreted, L, & 0 faroall 300 Un the other hund, when a1l the
pevsitinre Bre infinileamally ~eparated, ;o= 1,

W iMay g, 2him s poing ina, 1he conrdinades i X of 2, fhe a1l
findiely repargted position af 23 will e denated by (Y, T, 2,),
angd the ith derivative ol the porition veetor of 2, will Te denrtiad
Ly (X o1, 1,00, 2 100,

Applicalion e Link Design

Spheru-Sphers Blnory Lisk. ‘A wpherresphere binary hink, <town
m Fig. 1, ennatrains the moving pivol P in o o fotaio on e
spshiete wiieese poper 4wl Chee finel Ili'l.'ﬂl i The v raid
LAt o s

RN LI R I L A L L | ]

where (X, ¥V, Z) and 1X, Y Z,Y are, respectively, the vwrdi-
uales of F*and € 0 20 K 35 he Jdiskanee Trom 1o f0 Frimation
1 o L wer e i L forme

KT+ D raN+ ol +mZta =0 )

Uxwinbeers in Lrpekets desipate Beferemces al wnd of AR,

Conirtuied by the Devign Engineering 10vidon fur wernlation sl
the 3Techmnieme tunfereine, Atlanta, Ga,, Cetober 0.9, Y08, of Tk
Aukmcas Kuopry v Mecasavical Denisreas.  Manusenpt re
reived by the ASME Meachanicma Divisinn, June 15, 1065, Faper Mo,
i Al e,

P . - . eam = -

o, = —2F

wml o= ¥4 TE o e

& = =324, iy = =

Avewding v |11 the cendithm for s paind P p 2 o2 e
have pomaliple prsitiemes mp the splere (20 @ 1ha o0 o
sl isfr

(X, 4 7, £ 25 4 aX 80 4 of 0 4 0z,
+ g -

J= 1,2 .,m
PR T L PRy o

]

-
poeomt 3k 0

Jm]
where (N, 17, X;) are the autdinares in X ol the futh fininely
weprated position of 22 aud the seperseript (3 denndes 1he 700
derivative with respedt tathe peferaae parionelor af e ot

Fur f, = (1 we have

e 4 e A T ST |

Fo=1,0

w4}

2.

Fig. 1 Jphere-1phuia bingry link



?'Ll-.llllll'a‘ll"ilr!.: = i 1,‘I‘I|ii[illll 7= 1) Triemn 1P ulhyrs, s gl
F,r -t "Jf-rj - X))+ u"_'f].,' - i)+ ﬂltz_' — L) =0
Jo=23 . Lm0

white r? m N0 PP X
For I, = 0w have

(e g M oy W 2 M = g 145
Fo= L4
o= Lk

It L Leery shown [1] that X, ¥ 2 X500 3 80 g 22 60
melinearior, yoand z (e seardinntes of 2 i), snd G0 e be
shomu fAppencdin 1 and 2 of §2]3 1hat fr 7 = rf) snd I_r,']"" ure
sha linear in oz, poand 2,

Therelre Tk () ad 10) rz T writlen 2.

St 4 Fartr + fon; + Lo =0 r= LY oo p=1 ir)

where £, are linear Tnnetions of 7, §, snd 2. Fagtutens (3} will be
referred to ns dewig sguatioos,

For frugr [reatians fg om0} war Lgve Threr eopatiogs with the
thiee wnkuas id an, by, aliel we Thepefurs, given any point in o,
we fan splve the three wpuations for 1he Uiree unkprsns and
thetelsy delermine e merdmates (X, Y, 20 of the vonler of
the kprhere. Thee viline of the =pluere e e eslealafed foom e
firnn e e of (43

For - preater than fonr, the number of squathms i« greater
than 1he mamber of cpkivmns. The sompatilility conditiong e
cpaines Mot the rpnk of e svstem be gl to the samber of 11e
il e, whiels i< hree. e n-quirrmrnt raa b et 1f

m TR TR ¥
fu I fn Ju
Fa Ja S fu

u S fa

X I

1
|
l - 1l {5]
|

a1

e the pank of

fu fr Sou
Ju fa e A (i)

i- Lhre,

Fimce foare Heent i 2y, wred 2, el cgiaation of (83 represonts
w T hegrder anefuee etnlavliled o o, Thie sierface will be e
Terred o w Ergia et

The points a1 which ihe rank of (4} in ls 1han 1hres have een
valled |1} the reaidind poaings, Falbawing the prorcding given o
11], »e fined that these potata lie oo 8 residoal eurve M ghich iz o
stxf brurcher space cnrve.  Ax will be clwwn later, £ i the lomm of
all poinis which Jave the first fanr positions ot n circn,

Therefure, aewadimg to [1], Bt is e ocus of wll points which
bswe five innltiple psitioies salisfving the enstraint of & sphene-
rphere link.  The loeus of all points which kave six pesitons on s
rphire is the tenth=order space mrve % w bich is (he intemser jion
of Em' wnd Epe® exchiding # The inlerserlion of By,
By nidl Eigggt ¥ields £ snd 0 discpele points s hich have e
buvell pamilions ook sphere.  {The number of the dnerete pgints
tan be caleulnted from equations given in Appendi 3 of 12).)

The foregommg inan examnpde showing o dedadled prooesduee foe
analyeing & aulliplisposition design problein of 8 aphere-sphete
lirk.  Fur other Uy pe of Linkp the procedires spe ruenlially the
~aumt &= the Juregoing. Tharefore, for the remainiog link» and Tink
chaing, we will vhly derve the Jdesign squations wnd prosegt the
(TR PRTTS PP P P

Lide-Slkder-Sphurn Dyad. A nlider-slaler-<plere dyad, &= shown
in Fig. 2, consiraine the moving pivol 77 1o tinve gn a plane which
i# paralle] W 1he sliding ditertions of e two slide. Tle
runstEainl eyoation is gl ven Ly

z

2.

Fip- 1 Stider-glideraphera dyad

YV = XN+ — 30N 2 =23y =0 (1

whire [L A, XY are the direetion soimes of The ol (o The
plaoe, wed (8 Vo, 0 the foorihntes of & point e The plape.
Feqnation (10 can be wrilieh as

L S N L S N S T [
where
A Y
by = TI. = T' and  bpom = (X, F Py 4 il

The design etpuations for p muliple Dositing s

.-T;”ﬂ + }“"TJ:ILI. + K,”:]h, + h“lj = b ’ (123
F= L2 . .um
: PR N P T
whiteh ea b g edtiend B0
Jot oty Thade =4 r= 1,2 .., p—1 {13

where [, 2ie asdefined in (7).

A slider=spliere binaey link feniqtrains
preing £ (Fig, 3] 1o move on & straight Tine paralle] o the Wading
exi*,  The mbtreint cqualion: are

Lhder-Sphaes Binary Linh,

- 1 i
.‘I.--E—,E—.‘L.-ﬂ
fi4)
Ar
1'-—;2-1'.-:;

wherp (L, 1f, V) are the difeetion cosgpes of the lines and (XN ¥
are the coordipntes of the polnl where the line interaeels 1he
X Faplume,  The design eguativus can be written

X,y a2 4 =0

113}
rjﬂj] + b-.Z,a-F) EREAL |
=134 . m
J',-‘ =01, 5k
wheir
a; - _x gy - — Vg Lom =, a1 by o= =1
' A : kS
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Ravolute-Sfider-Sphwes Oyad. A revolutealpler-aphers  dyad,
shown in Fig. 5, constraing 3 point P in 0 Lo move on & ohe—ibeet
hy perboloid of revolotion whose anis ia coincident with that of the

P revoltte Joint, And whose peperator theoagh /s pacalbel fo the

aliching direction.  The canatraint equation foe point P 18
X —ap + (¥ =P (2 =cp

#!

!

= X = ) + ¥ = B} afZ - el]* [1 + “—I]

= [k* — 2k[NHX ~ a) + m(¥ < b) -+ n(Z = o} 5 =
()

where (X, 1, 21 are the roordinaten of £ in X; {7, mt, n) are the
direeliig cosinen of the by perlaloid axis; fe, b, 01 aee The connii-
fale uf o partnt 1 oo this a5ia; £ s the distance from A to the

cenler of Lhe hyperbolai!; o and %..ru, respectively, the distagee

2 aurd the taygeut of tho sngle beteween The axis and o gemeratoe,

If wa selevt 1 such that
Fig. ¥ Sdidar-aphain binary link

al +bm + en =0, ()
Eqranginns (153 can be radues] te thear {200) ean by pedueesd
- [ = I} . *
It S 18} al F bV 3 eZ — &IV 4+ m¥ + nZ) =,
fa+ foby = 0 a
e 1 l 1
rom gl -t Y'+Z’]+:‘|{L‘f+m1’+52}'(1 +'E‘.I')
Revalytu Sphara Binary Link. A revolutesphere binary link has i . .
1he same cunstratat on the moving pivet Ffin o as doos A sphete- L |:-]-’ P YRR (k‘ E_) ] - X [}
sphiere-glider-alider fonr bar (Fig. 43 The eonstrainl bes is o 2 i3 2
vipcle which may be daterniined as the intersection of g aphere . . . ..
. Henre, the decign equations for p madtiple positicns are
1 -t - . -
Y+ +al+eftad ro.=0 (7 X1 4 bY &) 4 o7,
. A plinn o L
Nt b + 52+t w0 (18] — kX, L m¥ 4 Az o~ X RV zp
wopere Che at's gl 82 are ns defiped 7o (2 aod {110 L o
Lo " - EE LRy —
Epund i FLT abd (L3) arw delendionf 1o (2 and [11), respwer- T3 HEY; 4 anby + aZ 75 (1 + ﬁ‘)
tivels, colmmyuently, the desian squations for p muleiple posicions
ate L o Y0 Ty U
- = 1 - fd - ==
fos b fte + fotis + for @ O . 2 ["'“’ +e (" p‘)] (r)
Jo + foln £ fby =0 i =12 .. am
ral2..,p- L o= 0.,k (25}
P—
'or
Fg. 4ia) Fig. 4b)

Fig. 4+ Kuayolylgaphere binery link and 1pherg-aphaseafideraafidsr four har
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2,

ok Y

Fig, 5(u)

L¢1,m.n}

Ax, pv)
1=

A
Y

X

Fig. 5[(b)

Fig. 5 "E'\l'ﬂullnlﬁdirrlphtrl dyad

Faauations {23) can he ttaneformed inlg

e? ot
fagd + forb 4 far + =28 ey -+ i1 (l + F)

&
1
- Ff. =0 re L3 =1 (24)
w liere
— (X, + m¥, £ nZ,) ¥ (X, + m¥) 4 6Z,)
’, - it =0
N 1A YAl RSy L Y S PR
i
= WX, + m¥, 4 nZ) — (X + m Yy + nZ)
Lt o= irf, =0
1
= 0K+ mFy ez 0 iy, =0

It ean be shown that «, and L7 are, respectively, finesr nud
quadratic iz x, ¢ and z.

Rince equaticnus (24} are menlincar in he parmpeners, the
melbuds of [1] wre nod dieetly applicabde,  Uowewer, i we

1

rpecify (1w, 0} and F (nr g-, . equations '34) are lipear in The
frmailing paramEters. Thos we can Use e method sluwn in
I o determine the loci of joeints in @ which bave severad poei-

tppd un & hyperbulaid with & specified axis directon and & (ur

ol
E) Onpe sich pibls are kiown, 1he direetion cusdne of the
iding direction {h, u,#), whiclh gre vl scantained e (247,
rantn b dererinined fromn Lhee follnwing ;
{a) The tveine of the angle & is
R R e 123

T

1
a - BT = Zu) + miZh — Xe) 4 niye = VA

(b The distanre o is

+ Aibn — em} 4+ ure - an] -& r{an « M)}

and Lence

Moz — ey = Y = L} 4 pluld — o) = A& — )]

+ Y = 0} = N — a)] = o (26)
[(2)+]
tr) Mot vt e )

Yguations {35}, (26), and 27) vield twe rets of (A, &, ¥). This
in dus 10 Lhe [net that there are always tWo peoerab ks Jas=ing
thramgh a print ond Dy perlaloid,

Cylindar-Sphure Blnary tink, A& ovBnders]dlere Linary link (Fig
) i eguivalond to the sparcial vaee of & revaluteslider-rplere

dyard where the angle belwern Fogid A = xero (% - I'J); e

Fig. b Inothia ewse the vonstpaint eguation (2] hevames

P . .
aX + BY +cZ — — [NV 4+ ¥4 27 = 4N + m) 4 w2

T

fny

+ fat 3 41 + 1))

aid the design equations {24) reduee 1o -

S —

™
N,

Fig. & Cylindyr.uphare binsry Link
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1
fatfdfiettt— S fu=a

r=1%..,p—1 {M)
Cylindar-Cylindar Ainary Linh. 4 :'}'|i|L:iqrr-u}'liurhﬁr binary link
{Fig. T} vonstruing o line fin o such that the angle # aml the
distance O between £ sl the fiver] axia X are constane,. 1 we et
A o, a) aml Ak, y, ) be 1w unit vectors parallel o L st A,
reepectively, Mle, b €) and mia, J ¥) be, renpectively, the
onillen vectars of u point on £ and & paint on L, the constrdnt
efpualions, 0 vector potation, e o cylindec-eylineder link ore

Al o= om = cnmst

(% 2 LY (A — o) w Dsin & = eonst

(R
(3L

A line in o+ which has p nodiiple positiony stisfyic the -
iraint of o aplinberenyliodee ok mnse sulisfy

3 i _ Jeonm iff, =0

- - L l 0 it »0 w2
. ) o i o §oonat iy =40 -

(S O O n [t [ o 4, >0 [3F)

=12 .., m
[=0,1,. .,k

T

Uty the desige sepuativns fur g niltiple positione epn Be writiong
2

et =L =0 J=33...m (34a)
(LYW =g {Hib)
fmlh. . .m
L TN P AU
(X L iA, — ald X Liy{A — o) =0
Fe23,..,m (Ta)
{3 X LAy = )] ag [A5A)
J=12..,m
o= L2 ..,k

Equationa (33) are Enear in A% and &, Sinee AR g
liawear g, by, andd &, equations (35) are lineer in o, b o, a2, 8,
anl 7y,

Cylindar-Ravoluls Blaary Link, A eylinder-revolate link (Fig. 93 ia
simply a cylinder-eylinder link with an additiona! oonstraint of
nu sliding weng the meving axin,  This additional ooutstraing ja
guvernad by the equalion

Fig. ¥ Cylinder-gylindar blnary llnk

Journal af Engineering for Induslry

P

Ny

Fip- § Cylindartavoluty blnoey link

[(A = a) % X)L % L} = ennug

Therefore the desigh squalion: far p maltipls positions are
34al, (HA), Fiaa), (3, ’

Ay, — ad ¢ W]l W)
= [[A = al X AL, XXy= 1

and

J=2,3,...m (3ha)

Blia; — o) ¢ S, X 2% = p

F=1,2..um
b o= 12 ..,k

Revatule-Muvaluis Binary Link. 4 revoluterebolure binary link
(Fig. i) ia anviher special eaee of & eylinder—eylimler link. Such
a link dors not allow sliding on batl the miving aRd fised Axes,
The connlruint equatious for this conelilion are given by

3064

(A — al-J = canat (37)
and {4 — )L = tunat 35)
Heure the deign equalions are {34a), (b}, (3500, {300,
AL - AL =0, jetd.m (a)
A -, 1395)
F= 1.2 ...m
o=tk
(Aql,=—Acl)—alill,=L)=n, j=2,3..,m {(i0a)

1
1
54

Fig.? Revolwa-revolpig binary link




Link ur dyad

Mool dadgn
et

Talda 1

Loetas (oo prumder b pediids that srtisfy Tk comsd vain

Ry mtud
{or Jiwns

Hliiltr-.t[idpr-}pherf b} Al points .
1 Ardarder sgrines (Fi)
] Glh-ordor curve {*
L 10 poinia
Blider—phere 2 Al gndnis )
A srd-order crrve ')
Epheres)here 4 All pointe .
3 $thorder wurface fL*)
fi 10t h-arder cuirve 1
v M points
Revolue—sphire 3 Al pointe
4 Gt b-nrder g ve [k}
Tlevelate-elidpr-spliere {wilh 4 AL podnta .
{mn, and I ppecified) o Jthsorder worface '!H. }
[ 16t h-order rurve (k)
. v 42 pointa
Hevplute=lider-spliers (with 4 Al poinia .
denm, and o /@ rpecifiod 3 l-order pnfoee (M}
h Vit beiirder e urve LA}
i _7 42 potnts
Cylinder=phere (with im, 3 AN poinis .
and r specified ) 4 sihorder surface s
B 1 1 —rredeer eitrve th1Y
L Mopointe
Cylinder—eylinder 3 Al lines ]
4 Liie cougrurtwe {which contains all line= which sre
pan.l'lpftn the generators of a cubic cone and pass
through an infinite pumber of eiraight lines cach of
w hich correrponds 1o g generator of the cane).
. i) i lines .
Crlinder-revahue (with [, 3 Chie uniieglae fine
#ud n spevified )
Hevalute-revalale 2 24 linea
and liA, = wl-L)] ) =g (a0k}  nermal fromn A terminateal).
i=1m7 . .m The duaign squations for p roultiple posilions are
L=L2...,& X, =gy + {¥, = b0 + (Z, — e, 40

Bewhe,  Ftarling with 1he desipn equativre derived for cacl
link, we follaw the provedare TEnzeeafed i (he Foroping disous-

sion of the splivre-aphere Tk,  The prmulis ohigined wre femiad

in Table 1. (Ideiailed diponamions of thewe dertvations are given
in 12].)
tnvwrsian,  In Fig. I-Fig, 9 we have chesen the iiverion which

lends to the simiplest design equations,  The design of 2 +hain
which is 1bw kinematic inversion of puy of Thee can be ae-
roraplished by either kinematic Lovversiun, which requines inver-
ing the molion and inlerchanging 1he faed wnd moving bedies, or
Ly the direet wpplication of 1he general mirthnd, wlich requires
the derivation of pew design equations, The followiag s a1 ex-
ample slruting the devivation of dedgn equations fur an in-
werimd chaino.

We ormsides the inversben of o revohuseslidersphere dyad:
nnmely, a splirie=Idercrevoluie dyad as ehown in Fig, 10, This
dywd constraine o line Lo g such 1ial 1l e always sedisfey
1l equation -

(X, —af +{¥, - B + 2, —

= |f&, — a) + i), = b} #(Z, - ) (1 + ;—:)

— |4 — KX, ~ a} + ={}, ~ B} + niZ, — )]} “;—: = ot

1)

where (X, ¥, Z,) are the svnrdinates of the cemer of the spheri-
ol juint &2 (1, m, 0] are tle direction enslzes of Gine L) (o, b, ¢)
s Lbe suordinates ol point A on E; A j= 2 line Passing thrungh &,

paralled to the sliding avis A7 @ i= the shortest distypes from A
L3
o Ly E i the tengent of &, the Angle between Ioand A & 39 Lhe

diatantt Irom A WA 47 s the print on L st which 1 commaon

a.l
S I R T e R R o e i (1 + —-)

ﬁ‘l
o= = Y, —a,) + m (Y, = b))

: ]
+ 7, — NN = ) 1)

JF=1.2,...m
i -'Ul,],.-.-.,-i:

T

For f; = 1, the subirattion of the firl equatian from ell the
vilhers of (42§ yields

-

é A

Fig- 10 Sphervalider—vvoluie dyod
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=X ta, = @) + ¥,ib; - &) + Zir, = ol
it + b + ) — dwt B+
=N, =8+ Vdm; — m) + Zin, = m)
— by omh b one) o G 4o e LY, 0
+ Vam, +md £ Zdny m) = e, mb o)

! .
'EI') + Ekffj{.\, — iy}
+ m,{l-", - b‘] + ﬂa‘zt - fj] - flt-’c- — ) - Hl!.t]‘_' — bn.}

— il mdy F oA ([ +

[43)

FiL) :
—m[z,'—cn}lﬁ?=” F=2 .. .,m

Buit, as atuw o in Appendix Lol 12, tha, + m b, + e bin equal
W (T, + e+ mby 3+ med, where g, 05w Diear funeiion of
hom, a) 0 we choose point ) sieeh that

hay & my S A = 0
then (13) breoomes

) . |
Xola; — ) & Viby = b} + Zfe, — 6 — e =ty

L
+ T[N, =0+ Vim, — il + Zjla; = ny)

= C XN, + W)+ Yim, + m)

1
+ Htey o — Ol (l + ﬂ—') = L, - &)

+ Vidmy = m) 4 Z,(r, — m) - Cyl -E -0
i=20...m
where rgd=albbrtep
Fur £ 2 4, evpuial oo (42 e e wrbtten s
LMY~ e X, b o2 )00
= [N, + mu ¥, + mE)
u-'l
— (la; + mb; + a1 ¢ (1 + 'E'-)
4o BEILYL = g} 4 (Y, — B

L]
+ agZ, - c,-n"*'ﬂ% - (43)

Link combinolian

J=-1,2...m
'!j-' l."::...-.-.-,-“j
Linkoggs
Crlinleresphore link
[ i arul
I spheresphere link
Eg tC-%4 threelmr)
b )

and
5;:htl|‘u--ip]'|.ere link

Journal of Engineering for Indusiry

(- — 3.5 four-bar)

T 2 b 0 B id e MY e e in
e, By drcd ey, we ool write CH4Y amd (159 ma:

Binewe n,, 4 LFVLATY

S &+ fith + Lo 4 ok ;,: + .2 (l + n:_)
o £ L - a
1
=5 fa=0 Fre L2 ,p=1 [4§)

where fu, foo, foi, anl foo are linear Functions of X, ¥, and Z,

=X = P, =} + Lin, =~ ) — el
ifi; =0
=X, m ¥V, + 07, = lda, + mb, £ oae)i?
1 P

[
XA, = B+ Y, — )+ Zdns - m) — )

b IR O P S S R S N E TP TP I YR W R
ifil, =0

1 .
3 MG+ Ve oa,Zut ~ i, + mp; + e )1 60

L ifl; >0
Tt ran b slwswep FAppendic L opnel 2 of [2]) that Ua; + mp,
+ nc)anml (e, + mb, + n,c,}"f” are indepemient of gy, anid
€13 thecefure 8, and 1L ame indegasmilent of aidby, and o, and are, e
apertively, T il muwdratic in X F,, amt 2
Brpustinn (465} i exactly of the same forim as (M), The fune-
liona fo, ¢, and (7 are in ternw of the enonlinates of the pivot

which tn thiw vase §s Bsed e 0 Therefiors, iF we eperily (T, my, mi)

awl £ (ur 3) nod Mllow the procsdure given in [1], we will sb-

tain resulls similar to thoze fur a revoliteslider-sphere (yad
prubrne Tloweser, o this cowe The Rl oniatione repreent el
whirh are embeadded in X justeact 0f in a.

[heizn equations for other inverted chain. are given in [2],

Cambingd Link Chaine.  Many links diariesed fn the foregoing
are links wlieh vonstenin & puing # io ¢ te nuave on o special
surface. By vorebinieg any two auch lnks =0 that both links
share 8 oomnwn pivol ab P, we can constpart a link chain which
canatraiis f7 oo that it can only move shag the inrersection
ol the two sirfwess aosociated will the two finks. The fllowing
3 a list of such cembined link chains;

r

Ganmatrizal |ocuk oF palnt P
inlorsection of usphere awl neplinder

Revolutezlideraphera dyml

Intersertion nf o sphere snd 1 hypecholuid



-+

Rl
cylinder wphere ok
(H-d N7 Tomtrhinr)

alder-glider
{R-P-8-I"-P five har

(fe=-Fed- st fvn linr}

Puinta in o that hove n jweilions sobi=(ying e rmnstroiot of
gurh A lokoge must sulisly e comstrainte of bath chaios which
form the linkage., Thee points e be detesmined by “inler-
seeting”’ the Joos of points which have n pueitions satlisiving the
conal faint of (he Arsh chabie with that of e seomed chiam. For
example, the keeus uf sll points in & that have four molliphe
prsition on an ellipes, defined by the ntrtedion of & plane snd
L oviwder with specifed axis inelination, may be found by
lereecliagg & owith A which will give s (wellihurder spaie
vurve,  Sinee 1here are rin unkoown parameiers in the squations
al a plare st & exlider with specified axin indinalion, according

Revalita-alider-spherm dynd + )
and
hers d}'ad

Twao revolnteslider-here dymls

Bvaliteshiderenpdiere il

Jutermetion of & oy linder mivd & hy perbaloid

Trg_?'linder-q:-hcre Iinks Intersection of two cylinders with different
= (-5 three-har) axin inclinationg
Cyhinder-sphere Jink - -t
- and -+ TInterseciion of a eylinder atel n plane (an
eliderliderephera dyad elbipsma )
(C-5-F-P four-bar)
- - - ¥

[ntersection of & plane and & hyperboloid

]'nre-er_iun ol two hypertolowds

tar vapundion (2 i [1], thesre nee o print s e which bhavn ve
et e ovtw kb oo el e,

fu the e of & 055 theee-bar, the priwedure @ slightly dil-
Feremt. For fonir peosid e anly podnds on S have four posiliche
on ey linder with spaeciliod nxia fielinaiien, i evers poinl in g
s foir pemit s onoa sphwere. The lucus of all paints Lhat luve
Tout puritions un the inlitreclion of & sphere and s eylinder i,
therefure, identical 1o ffL m

Fur five pesitions e Loy of Ave-positivn oxlinder poinin is
an rleventhorder space murve MY, ad The beeus ol Bve-poriliun
sphere points in & fosirthrder sarface E'. The interetion of A1
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nd E' vickls 1§ points which have Ayve peitions satisfving the
anstraint of a C-5-5 three-bar.

Fulluwing the foreging provedure, one can ensily determine
wintd in ¢ which have multiple pusitivns =atisiyviog the own
teaints of the remaining cumbined linkage-, Al sach el
an be foiind in Tuble 2,

+

Takls X
v. of  Laoeus {or nember) of poinla that

Linkaga pumu::m autinfy linkage comstrnnl
755 thrre-bar 4 Fiaurthurder surfaee
=) +4 pmnll.
2-P-5-8 lour-har 4 All points in «
> Twentieth-urder npace curve
2--347 Tomr-Lar 4 Fourth-order sapfaee
b S puinila
=L threehar I} All printa in #
4 Hixteenth-uoder npuce citrye
TS P foatk-bar 4 All poirds 1L o
4 7 Tweliih-unler spres curve
- P53 Fe I five—bnr 4 Third-ninder surince
rl A0 paoint
T-F-5-P-K five bar 4 All puinis in «
o Taventy-fifth-urider rpoee curee

Humarkcad Procedury fer Computing Spagal Poini wad Lines. The
wjuations which govern the loti of the spreial points or linew are
thtsined from . the sumpatibilily  condidivns which generolly, are
n the form of deteeminants, Theoretivally, it @ pomdble 1o gx-
ward thesa determinants aod chisin explivit exprecdons lor all
he coefficients in terms of the sperified moliobh paramelerd.
Che expandion of thess deterpunanta, however, required prodigions =
ymounta of slgebra which would reelt in imposdbly beogthy
wpressions,  Therafore, no stlempl hue been made to expand
hesa squalions algebraically, * Instesd, with the aid of & digial

wmputer, Both the coefficients end the "sslitions' of these equa- -

jons are determined numerically. The lollowing i+ & general
leacription of the computational promdure:

Btarting with & set of specificd motion paramolers, we @onpitte
he elemanta of the determinant which reprssentd the dewdred
wuation. In the case of fnilely separmled prmitions these ele-
nente oan ewsily be obtained from the linear relstion shown in
xptation {13 of [1). Lo the rrae of infnitesimal displacements, if
he aotion ia described by seriot of sonsaculive infilesimal screw
{rplacemenia, the olemenia can be onmputed (mom the expre-
ions shown in sguation {4) of [L].
netion v deacribed by kinemalic purametem, the elamenta are
wmputed from the equalions (Ga)of [1].

Koowing al! the elemenin, we tan procesd to expand Lhe dotar-
ninant.  First, wa arrange the elements such that all like vari-
yblea lie in the samn suhcolups.  For axampla, the eleauents i
he equation of the cubic cone (30} can be arranged inte dhe
ollowiog [orm ;

diel - M 4 e
tad +bum b oan o dFbym o ol 4+ bm oA
zed +bum ot ol bom ton md o bum 4 oun
vhere (I, m, n] arw tha variablee and the a's, 48, and o'y are
cnown eneffickents.  The foregoing determinant can be expanied

fato a meringd of three-by ihres subdeterminants with tho sme
sariable in oach eolimit.  An exanple of such a sibdeterininant

il + fum 4 oeyn

"

ad  bm h.ml

aad P bt byatrt

.l By bum -
e which et imny Yo [aictornd @
r. T bl' bu]

I'n'-l blr by, imd

g L byl

lournal of Engineering far 1ndustey

{in the other hand, ®hen the -

aid 4 bem

Afier svaluating all such rubnicterminanis the fnal resuli @
whitained simply by swmming all wefcienta of ke tenms. Hav
ing the equalions, the next step is 1o detreming their salitism.
The muet general cave involves three polynomials in three un-

= knowrin,  Theoretioally, we can alsays oliminate one wnknown
from two Imbependent sountions el sbiain e realting eguatian
kpown as the dliminant 4], Therefore, with three equations, we
can first eliminate une vuaknown wnd obiain twa eliminani< in the
two remaining unknowns, Thein we can #loninate s seoond wie
known betweesn 1he two eliminanis 1o obtain o single polyanomiasl,

 tha roods of which ran b aletermisial nomerieally. 11y back sube
atituling each of theme ronty inti: 1he provious equations |he
correpanding Lwa other unknowns can te determined.  This
e of pliminatinn, however, v uab prelizal Ber opantions o
high degree lecou-s ench step of the elimination intneinces ex-
traoeis rouls and inoresses The degres of U sgquationes, 11 the
equaliony are all of the same degree in the (hie wokowsy then
ench elimigwlivn ineraees Lthe degree by the squire.  For o=

L utmnee, the elimination ol two wikoowns from three third-degree
equations would result in an Kjet degree single-unknown poly-

» nomial.  For this reason the gt of high-degree equaliona ara

dutermined Uy (Newlim's metlusd of) iteration, It s desirable
to e Lhe meolhod of dliminstion whenever presible donoe it gives
all milutions wheress iteration does not.

Numarical Exampls. ‘The following is an illistrabive sxample i

- which, for & given maotion, we determine the lines which have five,

infinitesimally separsied positions satisfying she oomstraint of &
eylinder-cylinder crank. From (3H6) snd {350), the deign

.muntmnu for five infinitesinally reparatad p-umt-mn! (m = 1,
Ky - -l}a.ra -

{3-L)™ =0 {47}
e . T -
5 = L) -{A = a}|9 =0 how1,2,34 (48
Itv wesdur Forma (473 Al (48] enn be written ag?
Bth o mily o b = O {49}

nul
g + mlitr o ity 2 AKRDY 4 SOG4 w70 w0 (50)
= 1,2, 34

- whore (2, @, v) end (R0, S0y, T} hre tha & mmpnnﬂnu of @ % %
amd (A = L3EH, rezpactively.
The compatibility condition for (139} yields

- e mtn wAL
N N L {313
TR nlkl
- k=341
pruviding that the tank of
p’ omiu e
(7}
M mia nin

in 1wa.

Tha four mpuoationa () are linenr ina, b, r o, 3, anel ¥, breeatra
ip, &, ¥ are, by definiticay, linear in (e, 3, b awd (R, LI L
are lingar in {3, b, c). By chooaing A and o sach that

ad4+im+em=0 151
and
ak + fu+ oy =1 {54

wa ohtain i tatwl of six linear eopandivns inow, b, e, & 3, sy,
Hince (#e, mfo, 519) are linewr snd hotaogeneons in O m, ),

¥k conenie e Sl allmeri e 1" i enikoml,



the 1wo equalions [31) represent two cubic oo having & com-
mon apex (The umgin}t, These (wo eubie v migwesl each
other in {a maximurn o} Riae Do, Six of which represent the
direclions of Lhe, st muwl, sis powable moving swes,  The other
three sie spurious soee they erpegaod e the Lo gt which (o
funk of §52) 14 demz Ahuny twa. Proether vesligaliol xhows that
theme thres lizas are toinddent (6 trple intersectbon, =ee Fip. 12)
and are paralled 1o the e tantanomt: serew 23, Corresponiding
o earh of the nwving axi- diveclons, we e1n delernine o t:tt]que
cylinder-eviimler vrank by Srst solving sy (%o eguations of (19)
for 1he fised axi- direotion &, g, v} amd (hen wdving (300, (33,
and (54} Tor the muving smd fixed axis positiona {a, & ) aod
fov, A, 4} recpectively.

Toble 3 Spacified motion of the meving bedy o (fva Inhnilatbmally
teparoind poaitien)

A T Youmranent Lot e
d SR LN =750 - 122112
d - 7143508 =47 b T LLab3s
d T 23N 441113t 474 1R
d ™ =258 1527 .74 1423612
ww ) 03, DOON R URLLLLT LTl
< —31. 65950 20 51257 — (1. Bnv 60
= = 140 (KL3S2 — 34, 0wt —I84.150
U 1,353 =40 T T BIING

where d is the relcity of Lhe origin of = and o the angular velosiy of
# (e Flig. 1in |10,

Far the matian piven in Table 3, the equations of 1he two abic
tobes (31 Yarefor £ = 3:

{4 w0 — 0EITIm) — 043510 — mi)

w U3 e = ) I:.'a..'j}
for & = 4:
0246738 + 0.36442m + 0.62204 MM — (.85Ta7n
0 T2I2Tmd 4 ot 4 020%NeY 4 0315100 -
— D33 Py = 00 [NG)
. The real inlersertions of the forrguing 1w n bnnes are:
Taaleraert oo { m n
1 0.00000  0.00008 l.mm'(
a2 [IRLLLT O, (K¥HI0 T e rivial
H IINELL) ] [INEELTT] L, OG000
4 1. 270A) 0. 57605 0,76795%
5 02765 0. 41478 0, ~nbaY

Tie moving snd flxed axen correrjwnding (o 1he 1wo nonirivia
(the 41l and Ath) 1 #rsery ang are:

Directyon
Moving nxis Fived axis
¢ " a LA H ¥
2759 00605 0,767V 03435 ~0 R8I 063011

O.27652 (L 4)4T8 U SaRY =L RSTIT =D SOGNL LMK
Laucgtion
Muving #nds Fised axis
a b £ o A T
—, 3231 —D0.05752 DoITeT LLPRGE =0, TROLE 018250
01, RH OLrRIRKD O rHH) 16410 =1 0850 O, 15008

Aler replaciug L, m, and w by 2, w, wnd 2, respaeeTienly, egquantio s
%) and (O6) repineent teoa eltlsic cooes i the moving k¥etem .

10

Firsl cone

!
.G

Triple intersetlion

-1.0 r

Fig. 17 Iniptewclion o! bwe ¢vbic tontt ond plone = |

Tie frsi cubic enne, equation (33}, is tbown in Fig, 1. The
intersection of the two cones and the plang 2 = ] is showo
inTig. 12,

Summary

Hesign equations have beon presented for bingry links with sll
preaible ombinations of sphetical, revolute, and crlindrie paim.
The oy modittivind Binamy link with o prismotie paie, 1he ehider-
splite link, was alaw treated.  In additien, the slider-slider-sphere
and revelyte-slider-aphere dyads which one olinin: Ly adding »
seound Tink 10 the Prismptie pair of & “erivisl™ binary link come
I penition wede ennsidersd |

The effrcl of coumbining binary links and dyads jnle cdosed
chaions wra onesidersd, and 1he quesiion of kpetealic inversion
wrs leale with.

The particular ilustrative purserical example was chosen e
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cauee of s Kioship to the che-lond e berepaiot prabdeim of
inslaataneesus lanor kinemotiss,  In dioeel soadody 1o previms
finire pomiesie work FE[L 06 s pointoe et that i the eee of planar
mutins the cones given by wgnatiens L3t amd (245 heosme rghl
vitite e¥linelers, amd the cnrve ldwled Cliest e in Fig 12
Bevwmes Ve enbiae of stachonary copvalnpe while the o intee-
stk fulher than the triple pant} beeovme the Bupne-ter
paints. Alest impectant, it sBoalil e oelerstoul that e
evlimifrisexliplbric link axes for the pherical nutiog peobian
fulrfinis] Ao Table T providel d and all s hieher derividives wne
st de zern]) hawee exartly the dame directions s fur the -patiod
prublemn,  For spherical mution we let the pair ases po-s thrugh
theorggn (e, peln @ b mpm g - g = % = 00 which e
the cylimuleie juints may be reploce] by pevolires,  Figs, U1 aoud
12 are iderioal for all sphericul and spatial proobdeies w Lich haoee
thae eoerme e - dwe et joires.

The npplivation of the rewlis of this paper 10 proldems of
kinemalic aymitesls lue ben previousty treated (31 Althungl
(5] cleals vidy wich Fante diplacenwnts, e s wre squalls
valid fur syntheds prstslerns involving infnite-amally and mised

Journal of Engineering for Industry

Ruitely aml infnile-imally ~cpumred paitine,
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The Design of Binary Cranks
with Revolute, Cylindric, and F'risn':atic Joints

Prof. Bernard Rath®*
Received 16 October 1967

Ahstract

Using screw-axis geometry, tha syrithesis of cranks with prismatic joints

ts discussed and equations are derived for the design of sparial cranks with one
revolute and one cylindric joint, or two ravolute joints. These new Tormulations,
coupled with previous werk on the multi-position synthesis of cylindric—cylindric
links [1]. complete and unify 1he design theary for all binary tranks with joints
thal are either revolutes, sliders, or cylinders. All such binary cranks are designed
to be campatible with a specified set of finitely separated pasitions of a tigid
body which they coupla to a fixed link. It has bean previously shown [2] that
results of this type are applicable to a large number of differert multi-position
spatial synthesis problems.

Zusammenfassung—Der Eniwurf von bindren Kurbeln mit Drehgelenken,
Drehschubgelenken und Gleilgelenken.

Die Schrauben- Achsan Geometrie benutzend, wird die Synthese von Kuibeln

mit prismatischen Verbindungen betrachtot und Gleichungen abgaleitet fir den
Entwurd vorn Raumkurbaln mit einem Drehpaar und einem Zylindergelenk oder zwel
Drehpaaren, Diese neue Formulierung vereint mil fruheren Arbeiten (ber die
mehrlagen Synthese der Zylinder-Zylinder Glieder [1] vollendel und vareinheitlicht dia
Entwurfsthearies fir alle bindren Kurbeln mit Pagren, die entweder Drehpaare,
Glelipaare ader Zylindegr sind. Alle sglche bindran Kurbeln sind vertriglich mit einer
bestimmien Anzahl von endlich benachbarten Lagen eines fgsten Korpers, den sie
mit einem Gestell verbinden. Es wurde friher gezeigt [2] dass Resullate von

dieser Art anwendbar sind fiir die Synthese einer grossen Anzeh! verschiedener
kdehrlagen raumlicher Problema,

Priose—TIpoas MpOEiHME KPRBCLTHIICE © BPa WS TETEHEIMA | LLHITH HIDH WECKHMH R NOCTY [ ENRHE NH
napaxin=b. Por. -

TNpnsciaa veapHid AIMTaRmL O0EH | CirEs KPHROILKNIOE ¢ TIRHIHATHYECKAME TIAPIMH PR YOTRCH
H YDANHEHHA BRMBENCHE] I RPOITHRCMHKA DPOCTRAHCT BeHHLIX IDHBOWHOO0E ¢ OHOH BPLLLE vnusof
napeH W 0RO LHTHEIDRwECKOR RIER Ay iy BPALLATE N LHWME NADAMA, T3 AONAA GOPMYaHGIKL
B COCDNUHEHHY € NPCARTYIIHMHE PRBOTIMH No CHHTETY MHOrOKPATHHA HOMORCHHR LWHHIDIMOCEH X -
ﬂnnu:i.ﬂphuncxnu T HEER [I} FEBEMIEILT K oD BELHIRET TCOPHIO biex NPGCTHS KDHBDIWHNOE ©
napamMi ¥0TApmE NN ICA WH BPALLITEMLHEIMH, AR DOCTYTHTCAMHWMWHE X1 UWIHHIDHYCCERMH .
Bix TaxHe NPOCTME KPABGL AL SOFWECTH MM € CAPEACEHKMM PRI0M ROHEIHG PR LoC R X
DOAOREHHE TacPRAS O TERL, KOTOROC OHA COCTHHEIOT C HENOARRAHEM IMHOM, Pansine Guing
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1. Introduction

As suownN in [2], a lurge number of different synthesis problems are of the type where
several finitely separated positions of 2 moving rigid-body are known. [n such problems,
the unknowns are the dimensions of ane or more links which connect the moving bedy 10
a so-called fiaed body,

= Associale - Profowsor, Depariment of - Mechanical _Engineering, | Stanford . University,  Stanford,
Califomnia, 115 A,
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This paper deals with the design of binary connecting Hnks which we call “cranks™.
Tn arder (o apply these results Lo an engineering problem, it is necessary that the kinematic
chain lormed by the fixed-body, crank, and moving-body be closed by adding at least one
ather joint or link between the moving body and the fined one. [n some cases {e.g. the
spatial four bar with one revolute and three cylindric pairs) the closure may be effected by
a sccond binary crank of the type considered in this paper. However, in gengral any
connccting links or joints may be used provided: they are compatible with the several
specified positions of the moving body, allow the linkage to move between design positions,
and result in the entire chain having a mobility of one (and sometimes more). Readers
interested in examples illustrating how to apply the results of this paper 10 actua) desiga
problems are referred 10 [2).

In previous papets the authoer has shown how to determine the dimensions of cylindric—
cylindre cranks [1] and revolule-revolute cranks [2] compatible with a specified set of
fimtcly separated positiens of a nigid body. 1n this work eguations are derived for the
design of crunks with one revolule and one eylindric joint, and a new farmulation of the
revalute—revolute crank is given. By combining these new resuits with the previous ones
we can treat all possible combinations of revolule and eylindoc joinis. [n addition the
design of cranks with posmatic joints is discussed,

Considering for now only revolute and cylindrc joints, we have four possibilities For
binary cranks (Fig. 1%

. C¥linder-Cylinder {C-C}
2. Revolute—Cylinder (R-C)
3. Cylinder-Revolute {C-R)
4. Revolute-Revolute (R-R}

—_T i =TT T
- R-C <R R-R

Figure 1. Birary cranks with cylindric and revolute joints,

The convention adopled here is that the joint which is mentioned first conneets the binary
crank to the body which we consider fixed, while the second named pairs the crapk to the
maoving body. Since we are only concerned with relative mation, both bodies connected
by the crank may in (act be moving, The finile displacement of the moving body (not the
crank) from some position 7 to & new position § is charactenized by a serew denated by
%, which is assumed known. The rotation about the screw axis will be denoted by 8,; and
the translation along it as d;. These screw parameters may be represented as a dual angle
E”, where ﬁ”-ﬁ,-ﬁr.d,_, and £ m0.
We now consider each of the above in turn,

2. C-C Cranks

The cylindric—cylindric crank has already been studied in some derail [11. 1t is the most
general of all the cranks considered here, since all others muy be abtained as special cases,
Ino fact, we shall design revolute joints by considering them as cylindrical joints with zero
translation, and prismatic joinis as cylindrical ones with zero rotation.
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For our purpeses, the fellowing results from {1} are worth recalling:

For three positions any line whatseever may be chosen as the fived of movin o axis,
However, once one axis is choscn the other is uniquely determined by a eeriain (1, 1)
correspondence.

For four positions there are a double infinity of possible C~C cranks, while for Rve
positions there are at most six,

In what follows we seek o determine Hong which lines, when chiasen as three position
C-C crank axes, the crank displacements have either no rotation or Leanslation.

3. R-C Cranks

The dertvation we give relies om the fullowing theorem from (13

“The dual angle subtended at the tised cylindric-cylindric crank axis by scrows
34y and 8,4 is cqual to one-half, or one-hatf the supplement, of the ¢rank dispiace-
ment Mrom position § to &

We will cgll this Theorem 1.

Realizing that an R-C crank is equivalent to a C-C crank with sere (hinsition ubonyg
the lixed axis, this theoren tells us that the fixed-joint axes of R-C eranks mist be located
50 Lhat the dual part of the dual ingle, subtended by 1wo serews with one common number
in their subscripts, is zero. Which means thal the sorimals Jrem each of the serew axes (o
any reveltie oxis mus fmtersect the revolule axis of the same paini.

Tirce Potirions

For three specificd positions of the maoving bady, we have serews Frze Sy 8y fall
embedded in the fixed body). Assuming the'lixed aais of the crank 1o be i arbitrary line,
with cosines (f, a1, u), which passes through poial {a, &, ¢}, we would generally lind the
situalion as showa in Fig. 2. Here, I {j=1. 2, 3}is the commen nermal directed fram the
joint axis to screw $,,. Now, from the preceding paragraph, it is clear that the fised axis
cannat be tuken arbitearily b must instend he located sa that 1, L, and 1, all inlersect.
{They are also, of course, co-planar.) We therelore umndertoke to derive o generl expression
for the distance 2, between 1 and I, Having such a result we could then sct Dya=Py,=0
and oblain he necessary ms:ri‘ctions on our cheice of revelute axis.

—de 1|

Figure 2. Fixed crank-axis, screws, and common normals. |

It has been shown by Yang [3] that the unit line vector along 1; is given by the unit dua
line-vector

L=t m2, ny)+e(r}, 17, £7)
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e
where, if the serew axis §, is given by the unit dual line-vector S, ={f, m 204 e(r;, 5, 1)

w_ Hy -
;;—F
'bJ
m’=_l +
a6
AT
x_ oy o tiloja;
fi Ji + gt
-'T_T =Ej+df'd|}jhj
KL i

and

{ap by cy=U n n)xfl, my n)

(20 bops Copd=lru 5, D) x (g mmj n)=lrp 55 1) % {E m, )

dp={d nn k(o mr, n)

doy =t s th oy mp m 4 (ry, s, 00 (L om )

J=ai+bitc]

fr, 5, timia, b, chxf, B K
Hence we have an expression for 1) in terms of the screw axis $, and the {fixed} crank
axis.

It 1s casy te prove thal the normal from (he origin of coordinates ta l; is the vecior
(A, M, C)) where

A= c,jb!;bﬂcrj

Bj=ﬂ“*'f ::-,.J,nj (1

Cj=ll'£i'_:_@ 1

- 4w oma— —  x am m —rm == irra oa - - — Am = — cmE mowE 2 - oramm m— ——

The distance between |; und 1,, denated by £, is piven by
" Damid,— AN+ (B~ BIm A4 (C,—C)n )

In writing (2] we have used the fact that the fived axis (f, o, 1) is the commeon normal to
1, and 1,
) L
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Substitoting from {1} into {2), seuting D, =0, and expanding (@ ;. b,;. ¢, ) in tzrms of
{r. 5, 1), i.e.the dual part of the unit vector along the crank axis, we get after some 2lgebraic
manipulition '

rEﬂ+sF,-,l+lG\,|,+Hﬂ=U'. {3']

Where, for simplicity we lave set

£, =h%_ 2
TR

. b, db
Foofd 40y
i .

e 7 .

! K i)
. Hu=lra syt o e K +rpapt 5,0, 01,000

[l is impertant [0 nene lf_ml o Fyas G nd £1, are only dependent upon the serew axes 3,
and 5. and the nclinatton {f, ., 5) of the crank axis.
Now since we require D), = D,y =0 we get from (3}

If‘:zg.'i‘ﬁ-"‘::“;‘:ﬂ::'+'.”‘IJEU
rE L E3F G+ =0, {4}

Combintng these with 1he orthogonality condition
fr+msnt=0 * (5)

wi oblain throe liner equiations in {r, 5, £). Tlhius we are Tree to chaose the direction of the
erank axis {/, s, 4) arbilearily, 2nd can expect Lo delermine a vnigue vector (r, 5, 1) rom
(4} and {5). If we now 1ake {a, & <) as the normal to this crank axis (lrom the origing, we
Jiave

(a, b, )= {l, o1, nY=(r, 5, 1) (6}

frem which we detenming a unigue crank location, Henee, rorrespording to any dirgciion
thoere §5 goneraflv o wafgue Tncacan for o tiree-position reveliuie asis.

Those directions for which (4} and (5) do not yield unigue solutions admit an infinite
number of co-planar paraliel axes.

Alternatively, it is possible 10 specity any two of the coordinates of the point (a, &, £}
through which the axis must pass and then solve (4) and (5) For Lhe axis directions ({n, i)
and the third coordinate of the poinr. In lact, it is possible 10 select arbitranly any (wo of
the five unknowns o, &, ¢, B, mfn. However, since {4) is nonlingar i () m, w) 00 is most
conveniont 1o speeify the dircetion and solve for the logation,

Cinee the fixed revolute axis is koown, a nnique moving oylindne axis may easily be
determined using the (1,1} eylindric—vlindrie correspondence given in [1]. Although the
equations will.not be repeated Dere, 3t 18 Interesting (o reealt that; il we screw 1 aad I,
about $,5 and 8,5 by one half the corresponding serew mations, the common normal o
these two new lines will be the moving crank-axis. (This is Theorem 2 given in Section
4 below.}
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Four Positions

For four {or more positions) no such cranks penerally exist, The reasoning is as follows:

Imtroddocing a fourth position resulis in a third equation in set (4), say, Dy, =0} Now
{4) and (%) contain four equations in the five unknowas r, 8, £, {fn, mfr. Bul we must now
not only satisfy the three position cylindric-cylindric constraints which (4) and {5§) do
automatically—but also the four petition C-C constraint. This requires iwo additiona)
equations, of the type given in {t), and resnits in a set of six cquauons wilh five unknowns.
Hence there are gererally no four position R-C cranks,

From m practical point of view the change in twist or length required of a crank (which
does not satisly the four-position C-C constrainis) in poing from position 3 to 4 may be
very small. This means that if such a crank were used the fourth position of the maoving
body would be slightly in error. It is possible 1o restrict the error to the translatonal part
of the motion by choosing (f, m, #) 85 one of the intersections of the screw cone {{15}in[1]}
and

E:._ .F,_. G_!_‘ ff;;

4, C—R Cranks

C—R cranks are inversions of R-C cranks and hence we already have a means of effecting
their designi: simply by interchanging fixed and moving bodies—i.¢. kipematic inversion.
However, it is interesting and useful to obtaio the equations for the C-R crank direclly for
the given motion.

We proceed in approximately the same way as we did in the B—C crank derivation
excepl now we must apply Thearem 1 10 the moving body. In order to accomplish this,
we start with all the elements shown in Fig. 2 and lrom these determine the normals between
the moving erank-axis and the screws. This is done by applying another theorem from [H:

“Each pair of fixed and moving axes subtends a screw axis at & dual angle equal
to ooe-half, or the suppiement of one-half, the dual angle associated with that
serew™,

., We call this thearem 2. IF we denote the normal to screw 3, from the moving axis as
L, then this theorem tells us that |, and L; must both be normal to §5 and at dual angle
equal one-half the screw motion, 1.8, (0,,/2) = (8,/2)+ e{d 3 {2}, measured from L; ta |,

Figure 3 shows L, L;, L, and L} which are oblained h_v SCTEWINE Il, L. 1, and 1, about
5;;, %13 %15, and B, respectively, by the dual angles —{ﬂ;,}'ﬁ} {ﬂ,,}'ﬁ} {HHIZ} and
[ﬂ,,f').] respectively. The moving erank-axis, in position 1, muost be the nermal to Ly and
L;. [Itis also the line normal e L) and L, when in position 2, and normal to L} and L,
{not shown) when in pasitian 3.

Figura 3. The L’s ara obtainakla by screwing the I's about the screws.



67

Applying theorem 1 Lo the woving axis we conciude that the eylindric joint may be
replaced by a revolute if B, and L intersect (guaranteeing no translation from position
2 to 3 and alse 1, and L) interseet (guaraniecing no 1tanstation lor positions 1 to 3).
The conditions thai these lines intersect restrict gur cheice of fixed agis:

<= L
Denoting the unit dual ling vectors L, and L) by their components:
£ ) )

-

L'_i‘_'[LJl ..“'J;, J'\'TJ]+E(RI. SJ-.. Tﬂ

=y

bi=(L; M N)+e(R}, 5, T)
we can compule the moment £, sinx; between Ly and 1, from

D_ﬂ: 5'[" '.rﬂ-LJR;+;1IJS*+.I"IYIT1.+L£RJ+ :\Iisj'!- J.\IrlTj‘
1

Then, the condition that Ly and L,y infersect is

LRy M8y + N Ty LB+ M S+ N, Ty, {7a)
Similarly, L, arlzd L} intersect il

TR+ M S+ N Ty LR+ AMLS N IT, =0, (7k)

- =
Making use of Theorem 2 we can express 1) in terms of 1 and the screw mation:

- ﬂ ) = . E =
L,=|vos{ 22 |—5 201 : : g
; [Lus(;) H;Sll'l(z)] ; {5

Lol
First we expand (B)and then substitute for the components of 1,; inta (7a). Finally proceeding
as in the R~ derivation we separtie those lerms whieh depend on (he direction of the
fixed axis from those depending un the location, and obtuin:

FUz3F5V 3+ 34 Xy =0 &
where

U!!=JJI|L:+J2||'L;+JJ-:|."]"";+J1;|‘l'f;+‘r311'h';+"r]n‘ .:

.. IJM’} ,lff! Tl L) [ [ L]
- o LiLy+MIMYH NN
((n§+b§+ci]+{as+bi+c§:n e HHN)

F2a &0d Wiy are simifar to L, except that Jf,, | is replaced by S, and 2y, | respectively
and I is replaced by my and ny respectively. For X5, replace Jp, | with 7, and }; with
IR ;-S4 kT,

ar a mmEm e aa
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Here

ﬂm

i, .
LY=u vos -f)—{m,c;—n,b_,]am(—z—)

My=b, tu;(%)—{nJaI"chi]sirz(%)

Niag, cos(%)—{I‘,h_,-—n:lja_,‘,lsin(ﬂ__;l)

)
F—— +nf}sin(r2i‘)

t, - f G,
Jm=njcos(~ii)+m,l,5| T‘)
b, . {0
JJ.”=*—H|!J-L'0. -?'i)+n_,-l_,-:un(.5")

g, {1
-Fj“=[HIf_;—IIS_;‘JL'I‘JB(T"')—(E_,-t]—fjhj'-l' PRI A EEDTTIR iu:_'r_,]sm(T“'

d; a (A
- Eu[ﬂ" sin(.z'_‘) +i{me,—n,b)co ?“)J

and 4, is oblained from 4, by a single permutation of the componenis of (7, my, n)),
{85 b ey and (rp, 5, 050

J 4, 15 obtained from a second permutation {Le. Jy, = ={I7 +miksin 0,42, e1c.).

All other guantities are as defined in Section

S

Simiiarly, from (7b} we obtain
PUL L F SV 4 1 o Xy =D - {10)

All the primed quangities in (10) may be derived from the corresponding unprimed ones
in {9 Ly lelting subscript 2 replace 1, and replacing @, and oy, wilth respectively, =0,
and —4d;.

Liguativns {9 and (103 are exactly of the same Torm as the two members of (3. Hence
combining (%), (10) and {3} we can again canclude that:
Lo Any two of the {ive gquantities e, stfa, o, B, 0 iy be chasen arbitrarly.

2. Corresponding to any hixed crank-axis direcan (f, m, #) theee is in reneral one and
only one =1 coank. The location of the fiscd evlindrical axis follows from (9),
(307, {5 and {6). While the moviog {revelute] axis is ebrained from the - Ccorrespon-
denee. (Theorem 2 or any of the seversl enher techriques discussed in [11.

Usinr the same reasoning as before we conciude that there are wwol, in general, any
C-H cranks corresponding to four arbitrary positions of a ngid hody.
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E. R-R Cranks .

11 we restrct both the moving and fined axes to be revolotes it is required that {4), (5),
{9y and {10} al! be simultan=ousty satisfied. For thiz 1o be the case, il is necessary that

i i # g
L5 Fas (133 iy -0 * (an
'E!J j:-I.'I GI! ‘”IJ )
Uis Vi Wy Ap
and
! in i )
E F ] I
2 23 3 1_.1 =0 {12;
Ey, Fia Gra Iy,
o Viyo Wy X

These vwo determinants contain {4, »r, 11 a3 the only unknowns,

The degree of the unknowns is three in 7, Tourin £, F, and &, five in U, 1, IF and six
in X. Since cach term is homogencaus in (4w, #) we divide the first row by », 1he seeond
and third by #*, and the founth by #®, Then setting x= (), y=(ntle), and it ) =nt
we obitain two planar alpehraic curves i 4, 3 of ooder 150 1lowewver, (1) aml
(a2 + b2+ c]yarecommon factors and the order reducesta G, Since even alier thess reductions
the resaliing pofynominls contain extrancads fctors, it is more economical o use the
results af [2). In [2] the equations analogous to (11 and (12), called {c), ere of sisth degres
in x, y. This yiclds 36 possible solutivns bot 12 of these are spurious and toere are genermily
at most 24 possible asis directions v, e Onee (T, e are Koown the desizn may e
treated 2s ¢ither a R-C or o C-1 syathesis. This resulls in one R-R, crank [or each szt of
(x, 33, In penerul, there are therefore at most 24 three position R-R cranks.

6. Prismatic Joints

FFar a crank 1o have a three-position prismiatic joint along the fixed axis, Theorem |
tells us that 1,, b, and T, must all bt parallel. However, this is only passible when the three
common nermals bedween serews 82, 3,5, $25 ace abso parallel. Hence, there penerally arc
no three position cranks with a fixed prismatic pair and a moving oylindrie, revolute, or
prismatic jeint, By similar reasoning we cun show that three position C-F aml B-P cranks
ar¢ alse not possible. Howeser, for two position problems, 25 we show io the next section,
prismatic joints do exist,

7. Two Positians

The basic peometry relating the serew axis and the two crank axes is shown in lig. 4.
As befare, |y and L, represent respectively the normals from the fixed and meoving axes to
the screw $,5. A and A denote the points where the normals inlersect Lhe crank axes. Lis
the common normal between fixed and moving axis. From Theorsm 2 it follows thal the:
dual angte measared from Lo ly s {0, 2f2) {10, (0, 1234 (d, 2 {23}, For our purposes, it s
most important to note that the dual angle measured from L, 16 L is equzl to ene-half the
dual displacement of the moving body relative to the crank, denoted by (ﬁ,,,_.fl}, and that

the dual angle, [E #2), measured from L to Iy is one-hall the coank displicement refative to
the fixed body.
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Figure 4, ﬁ,fl is the dua! angle between L, and L. D,/2 is the dual angle
batween 1, and L.

The foregeing imphes the follewing additional resirictions on the geometry of Fig. 4:

Type of joinr Additional resiricrion
C-C Mone
R-C L and 1, intersect
C-R L and L, intersect
R-R L intersects both 1 and L,
P-C L and I, parallel
C-p L and L, parallel
P-F L, ], and Ly all parallel

The remaining paragraphs of this section described how to Tulfili these additional
restrictions.

Given §;,, we can choose an arbitrary fixed axis and determine first I, and then L,.
Since the moving axis is the commoen normat between L and L.y, the two position design
may be complcied as soon 83 we obtain L. L is Jelermined as (ollows:

C-C erank .
L is any line {normal to the fixed avis),

R-C crank
L is any line through point A (normal to the fixed anish.

C-R crank .
L is the line through any point co L, (and normal 1o the fixed anish.

R-R crank -
If Bis the peint where the ling Ly pierces the plane which is normal to the fixed axis
and contains point A, L is the line A5,

P
L is any linc parallel to 1, (and intersecting the fiaed axis).

From the foregning we note that afler arbitrarily choosing the fixed axis we have a
Joubly infinite set of moving axes for C-C cranks, a singly infinite set of possible moving
ares for R-C, C-R, and P-C cranks, and a unique R-R crank. It is easy to see that {except
for P-C cranks) we get essentially the same result iff we reverse the procedure and choose
the moving axis arbilrarily,

For C-P cronks we cannot choose the fixed axis arbitrarily and generally find a line L
which is both parallel 10 Ly and normal (o the fixed axis. However, we may take any line as
the moving axis and then determine Ly and 1. Now, L is any line through the moving axis
paraliel to L,. The fixed axis is the commeoen normal to L and Iy, By similar reasoning we
could not have chosen the moving axis in the P-C crapk design. Hence, in P-C
or C-P cranks the P axis may be chesen at will but not the O axis.
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Unless we have pure (ranslalional motion, #-P cronks are nol possible. P-R and R-F
cranks may b desizoed by first choosing the P axis and then determining the point where
the normal {L; or |, respratively) between §,, and the R avis pierces the plane through the
P axis and ils common normal (1, or L, respectively) with $;;. The R axis passes through
this poiat and is paralle! to 5.;-

8. Numerical Examples

The resvlts of applyiag the forepoing equations 1o the design of R-C, C-R, and R-R
cranks are presented in Lables on the following pape. The screws used are the same as in
[1} where analorous resulis for O-C cranks have heen presented.

Dipital compater programs in FORTRAN 1Y for performing these computations on
an IBM 7080 are availakle fiom the author.

9. Summary

For convenience we pive a fabular sutnmary of the forcgoing results,

Maximum number of Mummber of arhitrary Maxitum muimler

Type of crank design posilions clesipn choices of solulione
L 5 L] 6
R-C 3 2 w
C-R : 3 2 R
R-E 3 0 24
P-C 2 3 ]

C-F z 3 o
P_H 2 2 @
RE-P 2 2 s
P-P 1 L o

* lo choosing a prismatic joint the tumber of arbitrary design parameters s 1w, sincee
anly the inclinafion of the avis s impotanl.

Ackrowledeernent—The finapcial wpped of the MNational Science Foundation (NSF Ok-660% is gratelully
arknowledged.
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Ahstract

In this paper, an "equivalant screny triangle” is introguced from which the design
aqualions can he delermined for any combinalions of helical, eylindrical, revolute,
spherical, and prismatic joints For both linitely and infinitesimally separated
position problems in kinematic synihesis. In addition to presenting a new and
unified approach to previcously solved problems, this paper presenis an entitely
new treatment of helicai joints. The equations developed in This paper can be
epplied to Ihe design of binary links tor rigid body guidance, [unclion generation
and similar problems. A numerical example illusirating the dasign of H-H links

is includad.

Zusammenfassung—Der Entwurl von Gliedpaaren mit schraubentdrmiger,
zylindrischan, kugelidrmigen, drenbaren undd prismalischen Gelenken, LW, Tsai,
B. Hoth

Indiezem Beitrag wird ein "gleichwertiges Schraubendreieck” eingefdhn, mit
dassen Hille die Entwurlsgleichungen beliebiger Kernbinationen van
schraubanfdrmigen, zylindrischen, drehbaren, kugedfdrmigen und
prismatischen Gelenken in Aufgaben der kinematischen Synthese sowohl far
endlich als auch infinitesimal benachbarte Lagen bestimmlwerden kdnnen.
Zusanzlich zu einer newen und einheitlichen Darstellung boreits gelister
Autgaben wird in digser Arbeit das schraubentarmigo Gelenk in einer ganzlich
neven Weise behandell. Die hier entwickelten Gleichungen kinnen aul den
Enlwurf binfirer Glisder fiir die Fithrun g starrer Kdrpor, die Erzeugengven
Ubertragungsfunktionen und ahnliche Aufgaben angawendet werden. Ein
numnerisches Beispielillustriert den Entwwuerd sines Gliadpaares mit zwei
Schraubengefenkon,
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COBCPUIEHHD HOBYIO TPAXTUNKY NRKTOBWY IWAPNHPOA. PA3ERNy IRk ypasusirna B 7oA palore
MOTYT  BMTE - NPASISHEHE K PICYeTy ABOAHNET IMHBEE I30  HANPARICHIN  Tatpasfo  Tea,
BOCHCIBEIeRNA gOUNINE K B Do200HWY mpodacdar. Pacser B amenncr  LLTROCTRIEOfAN
WHEAKRTCALHETA TIPHsE N, .

Introduction

Syromesis of binary links for both fudtely and infinilesimally scparated position
problems have previoualy been extensively studiedfl-5]. Those linkage ¢lements
which have been Irealed to date include all possible combinations of cylindric, revelute.
spherical, and prismatic Joints. However, links with helicnd {scraw) joinls have not
been previcusly included in the geneial theory.,

The term “dyad”™ used in the ritle of this paper wefers 1o0a twoelink ¢hain G fued
ok and o mwpeing bieiry couplies Bk which is wsed 1o guide s thied imember throogh
several desten positions, The vbjective iy therefore the synthesis of an open Lhree-lnk
kinemutic chain, Similaddy tna companion work[7] & three-link chain (tdady is used 10
euide a fourth member thratizh a set of Jesipn positions. 1n [7]iLis shown how to extend
the iden of the “equivalent screw (riangle™ (o 2 “'screw toangle chain™ from which we
obtain design equations of three-linl; choins (irads), Al possible combinations of three-
link chains with helicol, eylindnical, spherical, prismatic amd revolute joints are can-
siddered in [7]

The desipn eguations given in this paper can be applied w the synthesis of binary
hinks fuor rigid body guidance, function peneraron, and similar problens, The basic
nieas on hiw o apply these results have been previously piven by several atthors
[ 8=11]. The majwr point 12 be recalled from these previous works s that these
medhods lesd themselves by the synthesis of closed-lovp ehidns, and may therefors be
applicd 1 the synthesis of either clased o open-logp spotial kinematic chiins, Aler-
native approaches o the synthesis of spatial linkages have recently been pulilished by
several researchers[12-15]. Earlier warkys sre cited in 4] and | til.

Deslgn of Binary Links
Nennenelatne

Fipure 1 shows o binary link wlich kinematically connects a moving bady, .
o Ulised™ Fraame, XFhe joint conneeting the birary ok and oy is called the moving
Joint, and the ene connecling it to X i called the fixed joint. The fullowing gquantitics

Flgure 1. Binary link.
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ate defined in the figuee: M8, A, M.k b unit vector paralled to the Jth nositicn
af the moving-joint axis; {,{{n). Cuy. (1), an arbitrary point on the MOYing-Joint asis
in its fth position: and Q. the position vector to . Similarly. for the hxed-joint asis,
we have the unit vector Fy(F,,. Foy Feb paralle! 10 the axis: an arbitrary paint
CFutliey. Gy, (o) on the axist and its position vector Gy, All of these vectors are
measured in the “fixed” frame X,

The Equivatent Screw Triangle

A finite displacement of a rigtd body o, with respect 1o a reference frame X from
ity ith 1o its jth position is completely described by a serew displaceme 5o However,
when a binary link connects o (e ¥ thiy same displicement is aeconplished by rolations
ahont andfor transtations along the muoving aml the lixed-joint axes. Since the order
of the displicements aboul these two axes is immaterial] 3], we may recard the screw
displacement, S,. as 2 product of two successive displacements, namely, a screw
displacement. Af,, about the moving-joint axis in its ith position fellovwed hy snother
serew displacemnent, £y, aboul the fixed joint axis. ‘These three screws, My Fy.and 5,
form an equivaleny serew triangle[ 1], as shown in Fiz 2. We denole S as aunil vecior
parallel 1o the screw axis S, and Ay 08 a point on that screw: (/. f,) (o, ) and
Crue wigd ane the screw paramelers assodiated with 5, 37, aml Fu respectively,

Aninvestigation ol the screw triangle geomcetry yields the foltowing relations: -

i 9 e e Vit 552 M)

27 T FSX ST (S % Ny) (
tin 1 = 5y Ljhii?u m:d:: ¥ o) 2
“‘"%= {M:‘;-}iiuﬁ;:ﬂsd} 4
P AR Qa8 Bkl o sy

Figure 2. The equivalent scraw triangla,
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= My (M- " H‘ My = (M, §,)8
'l -_ UL 3 i AT B A T _
‘j = (M- “Ju U‘u} T— (M, - Sy (Ay Q) {5}

Wy By (Fy - Sy18y
2 == (F, - 8,7

Fu_ ll"” b ..\Il-jl:' \1
ETSEENE

(A= Gyl — £ (Q,— Gy (6}

The pilches. p, and p;. for the moving jeint 2nd the lised ioint are defined as follows:
Wiy = gty {?}
Wa = Prvge - (%)

Difllerent tvpes of joings Tuee specinl pitches, o associated with them; For helical
Joints, pois a noggzero, fintte constint: for revoluwe jwints, g == for cvlimdric joints,
pis avariable: for spherical joints, p = 0: and for prismatic joints_ p = =,

Hefore we discuss Lhe linkage synthesis problam, the following penerak peints should
be understaod By 1he render:

{a) Byuation { 11 is bilinearin F o F L Mo M and M.

(11 Egquanions § 1y, 2 and (3 depend upon the seiew dircetions only.

(ot Equations (4 (3 andeadare Iinearin Q. Q. €0, G Gy B8 v and ey,

{dp since Fy; and A, are unic sectors, they muest sanisby 1the following coadinions:

4 b 4Py = | (9
A2 ML AL Y, (109

te) Since Gy and €2 are arbitriry petints on the Gxed and moscimee-joint axes iespect-
ively, we may choose them as the poinks w here the lised and moving-joint aves inferscct
the -y plane, Lo set Gy =0, =t Therchy we concern ourselves with only two
paranmelers for cach point Tor spherical jodns, we owill deline G and £ ditferenily ).

() The fib position ot the binary livk can be obtuned by serewing the binary knk
tfrom it ith position) aboul the fixed-joinl ayas an amaont (yy, wy) Analytically, we

have
Mo {stpur+-1) L o) Mo
Mue | = %w (byy+ 1) Cuiy M (L1
f'f:ﬂ; L m bﬁ.l ['rzi.f+ 1 J
Q;JI; (7.1 b:i.r Cri il thyis
O | = fiyy {hyt 1} oy O || el (12}
‘}l.ik LAY b;u i:'rri:l_il_ ”' Q:u 117]
whepe - .

rpy= (1%, = 1]{)~cos ‘m}
b‘m = f* ;u U[l ad 411 "_Ifu} u %I Tu
Crpy == FiF 2 (V= 0 v;) + F oy sinyy;

Sy = v F e G rytiey = G by = iy (1Y

and so enjb]. .
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{g) Since the line of the screw axis F;; Is fixed in the reference frame, except for
spherical joints, bwth Fiyand Gy do not depend vpon fand §. Henee,

¥ ,=V(F, F,F}toralliandj i14)
G,= GG, G O for all i and f : {15)

thy IF we formulate finitely separated position problems by screw displacements
frem the st position, §,..j= 2, 3.4, ..., the vectors denoting the moving-joint axis in
cquatiops (=06 will always be in their first position, This then allows us 1o simphity
the potition: .

M=M= 50N, M, ALY furf'lllj (16}
Q= i3, = Q00 2. Gy forallf . (17

{i} IFor a spherical joinl. we specify G* (G L. G, G,) [andfor Q* (0. (). 2.)] Lo be
the paint at the center of Lthe sphencal juint. The axis dircclion. Fp. (andfor AL about
whhicl e svstem is rataled From positicn 7 10 position V57 {see Fras, 3 and 3705 nuow
not defined by the joint peometry. Henge, we need thice parameters Lo specily £0%
fandfor Q*): and we bave different axis directions for each £ {'Fhe notation =* " is vsed
simply 10 remind the reader 1hat In this case the guanlity »o denoted depends upn
three parameteis.)

(1 b the case ol dwo spherical joints connected topether, it is convenient to neglect
the companent of .f_'u alapg G*Q* since this will nol aflect Lthe displacemicnt of o
(Fig. 5). and metely adds an extra degree-of-{reedom v hich is 1rivial. Henee we will
imtroutuce the reguirement Hhiit

(Q*—~G*) - Fy=0 (18

I

(1} For cach specified displacement, 5, equation {23 yvields one equation in one

M

\

=
#

Figure 3. A fixed spherical joint,
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Figure 5. 5-5 crank.

unknown, m, her than Foand 3L Hence, n solving synthesis problems texeepd for
a helical josnt where w;is related 0wy} we cap discegard these equations, since they
simply give the rotatian apgles aboul the moving-joint axis, However, il we are inter-
estedd in controlling these rotation wngles. then we must inglude eguation (27 in salving
the synthesis probient.

() The same argument holds for equation (3).

Daslgn of Binary Links

Eyuatians (={10F awe the necessary condiliong which most be satisfied by any
Linary tink with combinations of helicul, cylindrical, revolate. spherical. and prismatic
joints, In applying these equations (o the linkage synthesis problems. the serews
Se i o Ap e Fpi=1.J=2. 3, ...m arc kpown. and the link parameicrs {.e..
¥, G, ML G ey yoe i, w need to be determined. TEis most convenient 1o first deter-
mine the axes directions and locations using as few egualions as pussible, and then
oblain the notational apgles and translational disiances from 1he remaining egualions.

Once F, G, M. and @ are known the design dimenstons of the hinary Tink cin be
obtained. For example: The shorest distance hetween link axes is given by

[{Q =G - (MXF))
| (MXE) | = = mom eer = em e o mem

and twistin the link is
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tan~! (M>F} -
(AE-F)

meastired i the sense of M otoward Fubout the divected line M % T in the case of one
o1 more sphencied joinis there is no bwist in the binary lick. and the shoriest distance
belween the jainls is piven by [(Q—6G*}- MM —{(Q—G*}] or [({F—Q?)-FF—
(G =0 or |G*—Q* depending respectively upon whether the case is sepresenied
by Fips, 3.4 or §,

In what fellows, we fist the approposte design equations and unkrown parameicts
for each possible cumbination of joints. Nince ali binary links with evlindrical, revolute,
spherical, and prismatic juinls have been previous!y studied (see Rels {1).]2].[47 and
L3170 we give detdiled discussions o anly those cases where o helical joint is emplosed,
I euch case we consider only the masimom possibile nomber of design positions. For
fewer pusitions the method of sidution is analopous, except 1hat the designer is free
o mahe arbitrary choices of some paramelers.

LA cranks®

Pesipn equations: (1 1-(8).

Desipn parimeters: F L F Mo A L G G O O Pr P Wi Yy eyt a4

Muoximum nenaber of design positions: 3 {f= 2,31

Mottt of selfuticn:

Liguetions (1 )= (8p wrilten twice yickl 16 equations in 18 unknowps, Fleaee, we am
at leberty 10 chwose any iwo of the 18 unknowns. 11 is most convenient 1o choase the
dircclion of cither the moving-ixis ar the fixed-nis, Onee the direction of the moving-
ands for the fised-axis) s vlusen, the ditection of the fised-axis (or the meving-axish.
which 15 i (1.1 correspandence. can be deteamined From equations o) s well ay
the condition on i unit veclerl, Romtion angles, a,, and y,,. can then be obtained from
eyqualions {2)and (3).

Substititing cquations {7)ino (5], [H1 frata {0, with = 2, 3, and then climinating g,
and p; between ey = 2 and f= 3 equitions yietds:

n{M—{M-FH-‘_[G_m_i_E“__ @) Q}]

=M P M-8,
aM—(M-10 AT —(M K08
:I 1 (A}-F)? G- - |—[M-5,,FI : {*"1:_0}] {19)
F= [} |1]“"‘ ]" |:I ‘I-I ”" g
"'”[ TR L it i ey VT "J]
_ . JEm{F- 8.5, e —(F- MM
= TJJ{W (A—0G)— —-———“ 3 Q- ]] (20)

Hepeations (19) aml (203 together with equations (1) sre a set of 4 linear eyuations in
the unknowns G, &, @, and (. Hence, we can easily determine the axes lecations

*lollowing the terminelogy uscd in|2] o binary ek iy called aoceank i we gsswme ane ensd jeinied 1ohe
referens e system. The Bes letter depstes the jomnd ahong & and 1he second. the tvpe of Joing abong .

T4 paramcter Leaning a subscrpl § should be counted as j- | unknowos. In cquations ¢ el F iand M)
will always be counted 4y iwa paramelor YeCon. sinee thair thind componenty are delermined by equation
(5 and (103 respectively.
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{by, for example, employing Cramer's ruled. The trmsbitional distances, wyy and wy).
then follow (rem equations (53 and (63 (since F, M, G and () are known). Finallv. the
pitches, 1, and gy, are abtained frinn eguations (Thand (S,

Since the rotaifon angles are obtained Irom equations (2 and (3} by use of inverse
tAgoramelric funcions, carrespanuding W cach set of axis direelion there exist intinilely
many values of @, and y,,. These. in turmn, yield infinitely many diffcrent axis locatians
and pitches all of 1kis satisly the same three position problem. MNote also that onee
the moving and fixed-nxis arc determined, any ol the follewing pitehes could rheoretic-
ally be used instead ol pg and py

' Iy - “
.:{—_J—-mﬂh, L=1,2.3.... _ on
i’ k=123 ... [22)

ey

Practically speaking, we usually deal with fee[ < 2o, |yl < 2z and k= 0, [n generl,
there will be no H-Ff links which can be used 1o help guide s body through four athitrar
ily specificd pasitions.

2. H-Ceranhs

Desipn cguantons: (130, (30 (Brand (8,

Dresien parameters: Fp F oo M ML G G On G fry v and v -

Additicmal infermuation™: e from eguations (27 o, from equations (5},

Maximum number of desipn positions: 4 (f=2,3,4)

Method of solution:

Fur three positions

Eyuations {E). (33, (). (6) and (B) written twice vield 10 couarians w13 unknownns,
Hence, thore e three Nige poarameters amoong the 13 unkpowos. 10 s most corvenient
w choose F,, ¥, and p, (or M, A, and p), and solve for the other parameters, The
salutivn is then guite stradghiforwamd, '

For four positions we require a numerical iteration,

1. M oranks

Design equations: (1), (2% 4. (51 and (7).

Dyesign paremeters: o F oo M MG L G Ol O P agand 0.

Additional information: vy, from equations {3); w, from cquations (6).

Maximum rumber of design positions apd methods of solution for C-Ff cranks are
the same as for £f-C cranks.

A.H-5 cranks
Desipn cquations: (13, (3% {4), (5), (6 and (8},
Dlesign parameters: £ F o M o M G G QA QX Qv v [y =00,
Alaximum number of desipn positions: $ (= 2,3, 4. 5)
hMeihod of solulien:
Firsl we discirss the three position problem (= 2, 33 equadions (DL 3004050, 16)
and (8) written twice vield 12 equations in 18 unktowns. Hence, Lhere are 4 parameters

*Addional nfurmation refers 1o parameters which are mal required o complere the syathesis, bl may
be of interest in analy ping a pis en design,
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which may be specified arbitiarilv. Tt is most convenient @ chonse the direetion of
Lthe fixed uxis (F o F v and the rotition aneles {y,.. v,4) about 1L

For each choice of {F,. F,. 7 ya). cquations (13 and 13) [with conditions (41 ol
o1l yielhd aounigue set of movineg-axis direction cosines. Equations i aml {5) writien
twice, tegether with equatiom (204 vield 5 Knear equations in &2, QX 02 € and (7,
Henee. corresponding to ¢ach st of axis-directions (F, M) there @s a unigue axis-
location. Finally, the displacements along the fived asis can b lound from equation (6,
and the pitch. pe s given by equation (7).

For the four-position problems (= 2, 3, 4, equations (1% 131 (L (50 t6) and (&)
writter three times sield 18 equations in 20 onknowns, Hence. there are aow only two
free choices. The soluition is nevw more complicated since equations (1} amd (3% must
ke sulved stmultaneuusly with (4) (50 (6) and (£). This seems 1o require a numencal
meration, Five positions will also require a rumerical iteration.

5 5 Meoranks

Design equations: (13, (23, (40, (3, 6rand (7).

Design parameters: oy F o Mo M GG GR O 00 Pae it Ty =0}
I'he desipn procedure is in complete analogy to Lhat outlingd for Lhe H-5 cranks,

G. {f-K cranhs
Desipn equations: (10 L3, (AL (50 (0 and (8).
Design parameters: .,,F_,.".L,M Ot G p O ¥ W {u,,u{l‘j
Masimurm number of design posilions; 3= 21
hethod ol solution;

Egtiations {13, 131, ¢4, (5. 06) anil {8) wrolten bwice yicld 12 equations i L3 en-
knowns. Hence, thete s one {ree choice among these 13 onknowns. The only direct
methods of solution seem to reguire numerical lemtions, However o simple appraach
is possible iU we use the fuct that the design of -8 cranks may be obtained from
Ff-if ¢ranks withp,, = 0,

An adiditional simplificd solution is possibic asing a spatial version af the well-
known point-position reduction technigque, 1 we seleet the (isedt bedigal-juint screw i’
la be concirrent with 5. then (1), (30, ¢3) and (63 are sutishied by any M, for i= ¢,
Fe=20and (2% amd (3 are identically zeros We are left with Feur equations for A and ¢,
[The equations wre {1, {13, {3} and t3) combined with (&) using the condition 1kat
Pr= {ff, withi=1,f= 3],

7. R-4f erands
Design cyuations: {13, (20, (4. (3).tb) and { 7).
Desivn parmeters: Fp, B A Mo 00, 66 0 O o e i, Dy = 0.
The synihesis (and maximum number of design positions) of -7 cranks is analogous
torthadl of H-R cranks, except that now pe=0and b, 7 10,

E. C-Coranks

Desien equations: (11 and (43
Design parameters: £ F, M, M, G G 0 and g
Maximum nnmber of design positiens: S{j=2_3_1 5)

First we consnler three positions (=20 3k cquations (13 and (41 written twice
yviclkd 4 equations in ¥ unhpowtis, Hence, we have four appropriate free choices for
these ¥ unbnowas. 15 hoth thie dhirection and focition of tfe fixed axis are acbiteanly
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chosen, equation {1} woten Iwige [ogether with eguation {10 vieldS 0 unigue resul
for the muoving-asis cosibes: and Cguation (4 wrilien twice vields a wnique result for
the axis location As presinusly pointed out] 1], there is a 1. 1 eorves poundenss boelw een
the meving aed Lhe Nved axes,

In this cose, howeser, o we are inerestod i coptrelling the solagion as well
as the tonslation dislances. any two of the Tour reltions., o, 4. o ¥ 95 well o
twa of the four transbdions. e, fgg. e g can be g bitsrily Chosen The anis-
direction and anis-location for bath the moving and fixed axes are then obined by
stilving eguations (] 1-§G, '

Far four specified positions (f = 2, 3, 4L equation (1) written throe tbmes vields
three homogoneotds ineal equaticns in Fpo £, and Fo, The vomdition Tar non-zero
Fro Fooand Fyooe exist viclds o thind degree alpebraie egquaion in A, M and e
This 5 the cgumtion of the serew cone studied in Ref [1). Equatior 3 wrillen (hree
times yields three oear cgaations 1n €7, (1, O and {2, Henee, corresponding to each
directivn Jefingd by o generalor of the screw cone, there i o aingle infinity of ais
locations.

For Nve wrbiirary postions f = 2, 34, 31, cguatins (1) and (40 wiitten B times
yield & euilions in & unknowns, The wnigue sel of sofutions corresponds (o 1hose
myeninf ).

Y, O-R rranky

Design equations: ¢ A aml £5)

Destun parsmeters: £ o 8 a Mo My O G Qrand Oy Ly = 0},
Maximum number of design pasitrons: 315 = 2, 3}

BEguations {1y, () 2 (3] wrillen twice vield G eguatiors in § unknowns, Hence,
we have two arbitrary choiges, Correspondimg 1o cuch chow e of movingaxis for
hxed-anist direction cosines, equation (1) vields o unigee resolt Ter he fised-aviy
(or moving-usis ) dirketon cosies, while cguettions (4 and (33 vicld @ unigque wesult Tor
the uxis-Jocation for bath the moving and lised ases,

10. B-C crawks

Pesign eqnations: t 1,147 amd (0.
Dresipn prammeters: Fo P M M e O 0 G O Ly =103,
The solution is apalogeus Lo thal given for the C-R cranks.

1. B-K erunks
Presign egiions: (15, ¢4, (5 and (61
Design parmmeters: F o F M A L G 6L O Gy (= vy =06
manimum rumber ol pesiticns: 3 {f== 2. 1)
Egrations (10, (40150 and (6 written 1w iee vield ® equations in 8 unknowns. Hence.
us has been shownin[2) and[ 3] there is a finile ser of #-8 cranks Terany three posinons,

12 5-C eranky

Desigh egoations: (1 (dyand (61
Pesign parameters: £, Fop M M GRG0 0,0, (v, =0),
Maximuny number of desizn positions: 8= 2.3, 4. 5. 6.7, 8}

For the eight positien proldemn, cquieticons 111,043 and {0 written seven Linees vield
21 equativns in 21 unknowns. !ence there are ne Itee choices bnless we consrder
SEVEN Urri'c'n. o1 posilions.
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13, O-5 cranbs

Plasign equations: (1. (d) and (51
Design parameters: F o b5 Mo Mo (0 G, OO0 OF, (=11,
The synthess ol -8 cranks s similar 1o thal of §.C cranhs,

14, 5-5 cranhs

Design cgiitions: (1), (41 {50 06) and [ [®).
Design parameters: £ Fon Moy M GFLGRLGE 07.Q7. 07, iy = wyy = 0).
The maximum number of design posiions: 7{7f=2.3. 4. 5.6, 7.
For the seven-posiiicn problem, cquations (1), (335 (51, (6) and (18) writlen six fimes.
vicld 30 eguaiians in 3 unk niow s,

15.5-R cranhs

[Iesipn equations: 1), (41, (5] and {f).
Dresign parameters: e Fop M ML GG GO0, (i = wy =00,
The maximum nwmber of desipn positions: 4 (= 2,3, 4.

For lour-position problems, equations (1), (3, (5 and (6), written three Uimes yield
12 eguativns in 13 unkoowns, There is o single infinity ol salutions for o [our position
prablem. .

16, R-5 cramky

Design eguations: (1, (4, (51 and (6),
Design parameters: £ 5, Py Mg M G G O 1. 02 08, (wy = 1y, =0},
The sohuttons of £-5 cranks are similar 1ot those of 5-% cranks,

17.01-C eranks

tor a fixed prismatic joint, we require that ¢, = 0, Fhis implics, from equation (3),
that F - {5,;% M) = (. Uxsless o has a pure tramslational displacement i, and oy, are sl
cenerally rero. Hence, In onder o have snon-tovial solisticn, 5, % M most sgual z2em,
e, AILS,,. I this case the equivalent screw inangle degenerates into the form shown
in Fig. 6 We now have degenerate furms of equations (=000 The eorresponding
degenetate form is given by the erginal equation number fellowed by 1he leiter o™
as [ollows:

My A=y - [Py = (8- s .
By _ Ay ) { . 13
tan 1 (A= Q) (S 1y) (Tu)
LAY it ﬁu [23]
'}"Jj#ﬂ {33]
Py Sy Gy — Sy Fry, - (G = Ayy) 4
2 L= {5y Fy)* o {4a)
LT S1Gyi— {q‘lj FIF, - {G,,— Qu) _ .
—dy (5a)
2 cee 108, E SRR s A
W o Frm 4F 8008, (A, — Q) (6}

2 I--1‘.Fu 'Hu}z
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where 4, is an arbitrary constant. Combining equations {4a) and (5a), we abtain

D By LTI SV TR C NV d V1) -
272 T =08, tA)

VWith these cquations we can synthesize P C eranks by using:
Drexign equations: (Lal, (6a), (A
Design paramelers: F o Fu G0 Oty IM = 50,
The maximum number of desizn pasitions: 2 (= 2).

Note that G,; disappears from cquations (1a), (6a) and (A). Hence in choosing a
prismalic joint only the direetion of the axis is mpart.mt since the location, $3,,. is
always arhilrary,

Ay

¢ . :,_E,_,

NI:
R FCTAN

Figure 6. Equivalent screw triangle when the lixed joint is prismatic.

For twosposition probilenis, we have threc cquativns s six unknowns, Henee there
are three fice parameters. 1T we choase F,. Fy, and vy, equations (1n) and (6a1) yicld
two lincar equations in 9, and- . Houation (A) provides the information for wy;.
There will generally be no soluniops for three posilions, since M cannot be parallel to
batl 5,5 and 8, which are penerally skew.

18 & cranks
Design equations: (1a). {Ga). {A).
Dresign parsmeters: £, On Mo Mawy (=0, M, = 5,1,
The mavimun number of design pasitions: 3¢ = 2).
For twe positians we have 3 cquations in 5 unknowns, Hence there are two free
thotces.

19, P8 vrunky

Design equations: {1a).{A}
Lreatpn parmeters: £ Mo O O OF, {un =0, M, = 5,,).
The maximum number of desige prsitions: 3 (= 2, 3),
Additional information: wy Teom (Gad,

Equations {1a) and (A) wnitlen Lwice yield 4 equalions in 5 unhnowns. Hence there
is 2 singlz mnmity of dyads.
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200 P eraeks
Desipn cquations: (12}, {A), and {7 )
Diesipn paranieters: £ P O Co ity Hae {ogy = 8,,. M = 5500
The maximum number of design positions: 20/ = 2y,
For lwa positivns we have 3 equations with 6 unknowns. Hence Lhere are three
{ree paramerers,

20 0P RS- ow IF-D oranks

For i moving-prismidic joint, we reguire that oy = 0.F,fi8,): the “equivalent serow-
triangle™ degenerates Lo the form shown in Fig. 7. The degenerale forms of equations
(1)=(6) are piven by the origina cgoation numbers Tollosed by the fetiee =67 as
foliows:

By WA= Gy (=M 18- M8, )

tan - 1+
2 (Ay=G) - 15, XM (1)
=10 (2b]
yu =My . {3
! St 0 — 1S, MM, (O — Ay
oWy gt My My A=A g 4
) = (5, M, J° " ) {4b)
Eu=:¥tu"{:'!1|‘1'51_r}-q”‘ W
2 | —(8, - M) (Gy— Ayl - 15h)
WSt S MMy Q=€) | ,
5] T— (5, M,,)° +d. _ {f1r]
Combining eguations (db) aml 1ob), we oblain
"tl_lﬂm_i_{ﬁu"‘dﬁ""tlj' {Gy—Ay) (R}

2 .2 TN

Again, 9y, disappears from equations (1), {5b}, and {B). Equatiens (1b), (5b) and (B}

> £,
A *
ol
8
z
-~
s F
L} ’f } v
2
Fa

Figure 7. Equivalent strew Lriangle when the maving joint is prismatic.
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are Lhe necessary destgn equations for C-f'. B-F'. §.P, and {I-F cranks. The syntheses
of C-f*, K1, §-P. and f1-8* cranks are similar (o those of 2-8, P-R. P8 and 441 cranks
respeclively,

LUinfess o has o pure translitionsl displacement, there will be no Po8 crank for leo
design positions.

infinitesimally Separated Position Problems

By equating the sum of the angular velocities along the mosing and fixed ases to
the angular velozivy of the rigid body alopg the inslaniineous serew axis. we obtain

der 15 i
et B TR =
s dr d- . (23
where 718 the parameler representing time.

IF we tate @ as the motion parameter and divide (23 by d6/dr, using subscrip 7"
to deoede Lhe position Troem which the displiwement ocours. we obtain:

(LLLTS . 2

< Mt dﬂl 5. {24}
Operating o (247 with (F X M- vields

S, (¥, X M) = 0. (29)
Operaling on (24) with M- and IF-.we can solve for degfdd and dy,fds:

L'Itz_{S,XFﬂJ - ':.‘I-I,-}CF;'I tl'}-; M "

4 ML or more simply =2 AT (26

dey _ (8,2 F,) - (F,xM,) doy _'Iiﬁih -

de (X bge o more simply f = S g 27)

where the subseripl A denates the x, ¥ of 2 component of the vector cross praduel.
Similarly an expression for the velocity along 8; can be trnstormed into a hingmatic
relation witls ¢ as the motion parameter by dividing by deds

sty o dwy | dy ';II'-I'!‘- ddry .
deS = ga b g W G MM OHA Q) (28)

Operating on (283 with (F, % 5} -. and eliminating dyfdf ani dafd8. we obiain

(8,3 M,) - (F, X MF; 2 M - [Fox (=G ]
(8 XE) (M KT (R XM, - [M X (A, —0,)] = 0. (293

" Qperating on (28) with My and Fie.and eliminating di/df and dy,/d8. we can solve for
dis/d@ und dusfuld.

ey i di; _ {8, 2 M) - (Fi X M}
& =Ty { ap (S XF - (FXAL) (Fo M7

{S,x II."‘I} " ['\:I ) E"l]
{IF, % p°

[Fox (A GO T+ (F, - MO, - M, X (A — Qij] R



= T SO (LX) -
+ [S*X{h}:l]}( ;:“FJT :“'} < (Fi: .\]J."’-IJ - [Fi » l:""i_ GI}]
_ts,-x:;,l , {?;IL::}I:.]F.- RS (:..,~Q,y]]_ G0

(Slightly less convenient, bul lower order. forms u!’{'?':i! {311 can he vhiained by using
the simpler forms ol (261 and (2713

Equations (255-(27), and (29)=131} are jnalopons to (1-03), and (3)-16) respectively.
Faor hclicnljuints, grualions (Faod (8 become 1espectively:

dwy, _ o, dy;
dn =Prag 3%

For &4 infinitesimally separsted positions Irom position 7, the desien equatiens
are (25027 (2930311, (32}, 133) and the &= | derivatives of these equations with
respective 1o 8, For examiple, the design equation Trom (261 wouald be

oy (S (X)) | |
dw du”"'[ {F, %M.} on= ]2, k. (34)

In the derivative equidions we consider ¢"=18,/d@ !, "4, /d0"", d*rfide, =
1o 2,00, K. oas specified quamities which deseribe the & influitesimally separated
pusition of g, All other derivatives on the right-hand-side can be expressed in terms
of F;.M,. G, and {); using the fellovwmg:

M, ), V) _ v, Moy
did ey v R W (Fix M)+ ._1{:) (33)
‘FM! = !1") =+ -l_!..i (ﬂh b M, f ey dyy
o I'x“'x“‘j(d Fay M du) 2 aa(da) do
T R
e a0 T B (dﬂ AR X M) T {36)
ele. ..o L.,
g-{‘h-= By —1 d“ 3

N ——

+9—J(—I!)QEI PRX Q-G ST (38)

det \dir ) dy dir

A o= wb =



100 ] -
where we consider F, = F{y). M, = M,{c, ¥). w = wi{l),

Q= Q.(y.w). G, = constant, ¥, = {8, and n, = a,{6).

If the fixed joint is not o spherical joing then (d'Ffdym =0, nm 1, 2.0, 51,
When the tixed joint is a sphercal joinl we have Gy = GY, bu now F. dFfdy. ...
dFRF My B are & independent vectors. Stmilarly, if the mos ing juint 7s notl spherical
(a"Mfaa®) = 0, but if itis Moand a"dfae™. w1, 2,0, 5= are k&, independent
vectors, amd 9= QF is a thiee parameter vector. When both joints are spherical we
musl also use the derivatives of equation L 81,

For infinitesimally separated positions the results are compleicly analoguos o
those wiven o Anite displucements, For mised linitely and imfnitesimally separased
pasitions it siitable combination of equations { ={ 1G). (184, and the deivative equations
provide the necessary equations. The swvnthesis procedure and resulls are aszain
analogous lo the correspanding finite position problems.

Ln[?] an aliernative Tormulation using the screw triangle and linit reasening is
presented. The same method conld have been uwsed in this paper. Similarly. the
derivatian given in this paper coubld also have been used 1o abtain the desizn cqualions
sssociated with trizuds [ 7],

The chedce of @ a5 mdion parameter is arbitrary. but seans (o be the most con-
venient. Any ene of the other parumelcrs conld hive been used as a mation parameter.
In[7], v and not & was uscdl. [t we wishod to use v in tlns paper, we could, following
exaw v the method we used e except That we would divide by dyfde instezd of ddfds,
If we used v then (& fdy"), n=1, 2, . .. . & should be considered as unknowns and
nol as specificd quantities (ay was mistlakenhy stawed tn] 713 Similarly. 8 could have been
used inl7]. Whether t, v, oriny other pammeter is used 18 the mation parameer is
enimportnl, and any one tnay prove more conventert o a given applivation,

Numerical Example
I order to fostride the theory we give somomerical example of the design of £67f
crinks in three finilely separaled positions. The method used has been vutlined in

Pitehes
(=]
T

r
)
\\‘_-u"l'r

-3 /_‘ ) :

-4 . . - . I . .
-0 =08 -0& 04 -0 g 02 Da 05 0B D
My

Figure 8. Pitchesvs. M, curve.
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Table 1. Dimensians of the

H-Heranks -

huving-Joint Fingd Joint
[lirgeting Drspiacements Discplacemeonts
My m—td L.ocatiemn along !.ocation aong
Mom V=0 =AF (0. =0) the axis Miach Direction (G, =10) the aris Pitch
M, o L Ty i Ly Fsr r, F, L iy LYYt Lt Py
=45 =124z 1017 —0-735 —0-230) = 0-9550 =007 19 = 04321 —0-5990 = 0-0744 2-23) 7393 3-RId =13-26%
=070 —E903 B0 0497 O-A601 DR0203 —0- 1200 —0-485K —0-K08 DG 2SR PIET O 2oy — 244
=050 =&I40  3I O-873  O-TI50 1-20 —Q- 267 =0 S 2=0-K713  f-182 2452 Mt 1-36d —]-533
-0-30 =307 2EXF 0T 07T 1M =033 =039 =0%a6] 1610 1B I-188  O-4¥9% —0-5447
=010 =4017 3607 0265 Oed] 1M =0 =0 178E = 09126 1526 DRI 05T —O0- Ol
G-10 =330} 4523 ~0Q2XN G-20] 1-23% — QA0 —00ME — 0% O-7d60 0370 =202 ~0-T9n O-BiSE
0-M =26¥  Gdd] 0282 0183 12 —0- M 0003 —0-50TH =000 0307 =506 — 1306 1T
0-50 =26 9120 =039 0009 ORIE —0-1809  0-HOT —0-9NT] =603 0219 —d- 0] = 1-HAT | -49T
N7 —I-487 1375 0231 00~ 0-33h —M{Wdh D077 ~0-9179 09004 1-807  —35-01% —25310 |-as
0-k5 —407 2551 1-398 0-5581=2-012 OO =000 =0 — 1106 2367 —6-631 —3-237  2-581

1ol
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our discussion of A0 cranks. These resules were ohbiined with the gssistanee of o
FORTRAN IV (TBA 3600 prograor, using the three posilions specified in [ 2] (on pore
720 as design positions, The dimensions of several synthesized f-44 vranks are given
in Table | and the varfition of the pitches are plotied in Fig. &, Inthis example the two
arbitrary choices ure the direction cosines of the moving uxis. Here we hold M at

—04, amd vary M, from —0-85 1o +0-85. Al the //./f cranks listed will guide a body
* through the three spevilied design positions.

Conclusions

The advantage of the methed given inthis paper is that it allaws for different 1yvpes
of joints 1o be synthesized from the same design equations. These include the helical
pairs which are Jdifficoli 1o ireat by other methads, This method cin also be generzlized
to mote comptex linhage chuons[7] and to problems whereby the positions of the
guided body are not campleiely specified.

Achaguledprmenr =1 lus jesearch was slippoited in part by 1he NSF under prang NS TR 139 30,
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Abstract

The design equations far Revelute-Revolute cranks are reduced (o a single

cubic polynomial in one unknown, From this itis shown that there is generally one
and gnly ane pair of Aevolule-Revolfute cranks compatible with a set of three
linitely sepurated, spatial, dezign positions.

Introduction .

T pesiay of Revolue- Revolute cvinks fohelp poade aorigid Pady (hrough a serices
of finidely separited prositions has Teen stuclicd catensivelyfE 20460 1t has been
shovwn that, in peneral. the misvimum number of desien positiony i< three with no Bree
chuice of desfen pasiimcters, Rolh slosweed M For Uree loaoely sepngsted positions™
there could be noomare than 234 Revelute-Revolute cranks [4. 3] while Sule distocered
that the Revelwle-Revalite cranks always exist in piirs. AMoreoser each peur of
Tevolmte- ey olurs cranks Dormea Beinet Seur-Tar meehantsm 2.

Veldkamp] 3] consulered the cquivalent of three infpiiesimally sepurteed posign
wind showed there arg.in general, st mosl fwe Bovolie-BRevelie cranks, e called the
moving pevodule axis an Leline, amd showed U Tor every motion there cagsts Lo the
second arder g set of te o belines, These two lelipes o8 well as theh conesponding
conterases form a Beancit isagram.

In this paper we nse the idea of “cguivalent serew Disngle™ intredused i [1] 1o
sty the design ol Revelute-Revalute cranks o three nilely separaied postbions.
13y Tolloswing an algelyae amelvais simtilar 1o Y eldbamp s [3] the problem s reduced 1o
fineding the roers of o stnele third dearee podynoemial. [eis shown that theee i i renerl.
g nd only one podr of Revolute- Revelote cranks compatdde with an arbitrary set of
three finitely sepioated posiions of a rigid body.

Design of R-R Cranks for Three Finitely Separated Positions

Noweancelurnee
A Reovolute-Revolere ¢rank conttecting g moving bady o 1o ground is shown in
Fie 1, We call the axis alached 1o e the moving axis and the axis sitnched (o ground

*Lrepanment of Mechkanicat Engingerine, Stanfand Liniveray, Stanford Culifornia, L5 A,
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Figure 1. Revolute-Rovolule crank notalion,

the fixed anis. We denare the Tollowing:
M aunit vector purallel (o thae st position of the moving-joinl axis,
0 ao arbateary point on The moving-pomt axis i i diest posilion,
(3 the position vector Niom the arigin o poant (3,
F o aunii veolor pandlel ta the Oxed-joint axis,
i anarbiteiry point on the fixed-joint 2xis. and
¢ the pusition seetar frem the erigin 10 mrint (G
i is important o note that the four vecwors F, G M and ©Q ure defined so that they
cach are datermined by twa and not three scalars,

Design Eyuations

For siraplicity, se formalate the problem in erms ol serew displacements fronm thy
- [ " a -, N - ' £l '
lirst posilion, e, using sciews Ny, f= 203 The design cqualions are as pivenin| 1]:

ang o= =75 :H.,{I‘m{};iﬂ Y] 2y
YRl - an+ BB G- A o)
=N G- 0 =N (u-0) )
ﬂ__T—_{L]b_E]}—’ (A — {”_%'{Q-G) (43

where ;) is o unil vector pinallel w ke axis of serew 8§50 Ay i a position vector w an
arhitrary point, Ay on the axes of screw 5, &) and {,) are the screw parsmelers re-
presenting the rotiadivn and teanslation associated with 8, From equations (10w (1)

with f= 2, 3 (e Tor three positions) we oblain & design equations in the & unknown

scalur desizn parneters, (There ars two parameters in cach all the following: F,
{, M and QL) Hence 2 finile set of solutions is expected.

1 15 convenient 10 choose points G and O ot the inersection of the axes with their
common normal. We theny reguice that



F-(Q—ix)=0, (5
M-{Q—=0) =0, ()

and consider both G and  as three parameter veciors.
Using (3hand 18], ullows cquations (3) amd {33 ta be simplified o the folloswing:

[M“'{M'Su:'ﬁuﬂ":‘U—e"lu}={]' i7)
(=1 508,) - 1G—AL =10, (%}

L pesy substitutivm of 173 and §8) into (20, we obtain

-

=Sy (6-Q). | (%)

We pse (1) and (549 as the Jesign equations for the synthesis of R-R cranks.

Soiuvtions of Revolute-Revalute Cranks

Ver three positions. there are Lhree screw s, mamely, 855, 84 and S5, Without losing
generdity, we cun always chouse the reference sysbem in sich o way that the 2-svis is
along the axis aof screw &, the y-axis is alonp the common no sl of 5, and &5 and
the x-axis is perpendicular W0 both ¥ and ; axes accarding 1o the sight hasd rule. as
shown in Fig. 2,

For this system ol refeience. screws S, and §,c may be expressed as lafows:

Ny i8S = 0,0, 1L A, = (0,0 0). 5. £15.

SgrSy el A = (0 A, 00, 8, 0

With these coordinutes equation (1) writlen with f = 2, 3 yields respectively:

I{J‘-I,t:nl%{i.ﬁ-:\f‘,} Fypt (M, lan 00— 31,) £, =0 "

ax

Flgure 2. Coordinate system defined by screws.
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[eiudt,— A ) ,l} fha— M I (e My —nd =M, I.iit'l'l”.;,}-",

b r[ M, (oM —nd L) mn% i1 =, iih

Sofvins L amd (10 Lo &0 nd 7, 0F yiehds

oA .
£, A (123
F, A
where '
A= (M AM, l:m%ﬂ”‘: (r.h‘,—ir.\.l’_.v-.-‘l.l’,,h!ﬂ%fl,,}
+l'[M,|;1n%ﬁ1!—M,} [M+ (e =l 1:111% ) (143
Ay = w1 e AL [MyF (oM, = A tun s 04,) (153
8 = —n(MyF M tan 2 8) [M, + (08— b)) ' (16)
i=simh (RNl
= con e, {15Y
From{5)and (6} we sohe Tor G —14)
G-—Q=L(FX2A) kh

cwhere & iv @ constani representing the distance between G oaml Q divided by the sine
of the angle between F and AL
Substituting {19) into (¥ and eliminating A between the j=2 and j= 3 equations.
we obtain provided i # 0

tizl= e Mo (M= D Eh M L= g (= MM ) D

Substituting (12yand {133 imto (20), we vhiain
ol + A, l:m,—l} B ) [(ed =M )7+ 2 E:LH,IT ity
— (AT AT (M LM = ul ) 1211‘!% g 111!1,—1 fl,pe=1h (21

From (5}and (97, we ave

F-G=F-Q (22)

-

S G =048, (23,
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Substituting (22 w25 into (8} woe obtain
I
[F=(F-8§,;18,] - 10— A} =¥ -5} (24

Bath (70 and 240 tmaken twive, f= 2. 3, vield the Tollowing four lineir eytalioes, o

O O und O,

MG+ D,=0 23
e =M A0 MG — (e — w0, = M {260
FaOo+F,0,=12F, (7

e = G+ F O e o — ) = '!-'2—‘ {uf el Y+ 40, Y

The compatilility condition Tar these four equatiens is. alier substtutiog for 7, F,
and Foirem (1 2yanmd 13

fﬁ—f|(,-u,,+.-w; mn%a.!) (M, + 131.) (a-.w,—n,u,—.1-;,1:3:1%;;.;,)

+M‘_(.‘Lf”1:1;.%{;‘2—;1-}';) [;H,,+ (edf, —udi} tunéu,_:” {24}

+1."r[11.1",.: +a575) [.".fh.-!- P — ML) % H,;;:| l'.m% g, =1L
mrovidded
u(;’l.f”*:l- .-‘Lf.,ﬁl;inéﬂm) I:I:i‘.'”J.—H;'I“ft}"'-f' ."rf,f] lin %U,__-; #= 1
Sinee (20 and (20 ure twe cubic cquations homuogencous in 7. A7 and M, there are

@b inosn mise sobutions for e pawdos A7 A, wod AT AT However solatons A2 M
Mo=0:0: 1, 3 M Mo =n:00 0nd

I | 1 ] I
MMM =—wtn g dyintangthetan g & {lan g . — e g g,
which correspand respectively e the directions of screws &, 8,5 nnd S8 awe spurious.
Henee we bine at maost o meaneng el soluoons Doo MM and 37 001
We may rewrite (217 and (2% in the following form:

ai+hrdc=0 (30
@D e =1 ' ' (31}
where
r=pM—ul, {32
a=AM_ 1+, . (33
b= =M AL : (34)

*51, 18 (he serewe, inopesition 1, faed in the moving sysicm which will caincide with 5. wlhien moving
SYSICMT RS in posilicn 2 or 3.
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= a M =M+ MM, 135
a' = (M, —fM,}g—ra. ‘ {36
B =AM+ g M) — (el e = M) (M= M)+ el M7+ Me. (37
e =—aM Moo — A MM =M el MM {38)
d= (/M 2). s (3N
= (2 hufif,- (40}
S= lan%ﬂ;:. (313
B m"%'ﬁ'u- ’ {421

Eliminating x between (303 and (3 1) and facioring ean the rool
)
A tang .+ M, =10,

we oblain the follow ing egualion®;
apiart4 ot anttapy oyt a, =0 (43
from which the factor 1+ 2 has been removed.

Here y = MM, (44
ay = —defy +edfy — dfF +defy - d5°. {45])
ay = P @Y= Jedef+ 20tdf — 2odfFp — Adf et Qeef H ot L a8)
ay = 70 F Jed Yy — 2707 4 vdfp — 2ede = 3defe — de3df?

2ot + e — dd e dpef T 2re — A0 A0 (A7)
ity = 20 2Tt — Avdef — Fd — AedMe + 40P = GO =20
+ B+ 2+ dref, {48
o= 2t 3vd e —d 't d = A+ Be?R - 20t —6fF
Fd—dvde —Adefp — Ae7d™ — rdip -+ 20+ deef, (491
¢ty = v2ed 3 et — el — 60— 2odf Ty + Al + O — A+ 2 oo+ 507
’ (31}

=1+ vl — def— 2 —vdily —df + ot fF=2rde + e+ 2o, (51D
By muking the following chanze of vacable

|='Z—+-' h 57
= (33)

*The evpansion of the &th degree polynomial was dooe with the aid of an [B%1 360 compuler using the
program BRUEDUVCE I witten By AL Hearn
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it can be shown thae the odd order termy in the ransformed equation vanish. Thus,
we have

] Rt et e oy=0 (33
LUy .
rE+{‘.:’+:‘:E-E-r3=0 (54)
where - = =, 5
re=tang 0, ‘ (563
Co = i1, —ib b ot —ay? ot — i o, (57
oy = PR b St =28 e (1 = 8 R et = Bag (1= 30+ 14)
1 B (=85 1y A Sa =24 5] A LSt (58
= 18P+ 5a, 22— F£) 4wt (b=BP 0+ dau (1 =374+ 1)
Fa {1 —8F ey — S {1 — 200 + 15a® (50
= ﬂgfﬁ_" ﬂ|lr5+ ﬂ-ﬂl_}'ﬂ:fn"i" ﬂ“ﬁ?-l- ﬂ;f't'ﬁ‘.. ':hl.]']

Expanding these coeflicients in terms of the vriginal desizn variables. and using the
trigonometric identity £ = 20/(1 =171, resulis in a simplified form of the cubic (34, ARer
factoring aut (=7} [{1 4 PP = r17] we oblain:

LA+ T+ k=0 Gl
whepe

ba= P+ K+ (01— KaF (62)

li'.g#zrﬂ_H‘:gf:‘_{.’\r:{2+.’\r2}"1f\'|2_3};+

=R K+ 1+ K P — 2R, = K K e

—{:Kl+f:,,:u—1-4(;_1—, |)z={r=-+-|}= (61

Ky = 0= (2R, 4 RGP (IR (T = K+ R =2 (K 3K+ D+ KPR

+(.‘C,{I+K9}—2K.’—-3]r‘-h’,r—1—4(§;— 1) (1) (64)

be=—[r{t — K.Y+ (1 —tK) )7 (63)
and _

K:E‘2 d ] _%

lemniﬂna rat
o=t
fxi—z‘_”u

K3= _'_"B' _II_S. ‘

|
hiang 8,

Fram (62) il follows that the sjzn of &; must always be positive, and from (A5) we
conelude that &y must alwayvs be a pegative number, This means there mos! alwayvs be at

4
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M, and MM we con delermine M. By continuing this bachwand substilution. one
F. Q and i cun be determined corresponding 1o each M: from (124 113 and the unit
vectar condition we get FL G then follaws from (253=127); inally € is ebiained ftom (221
and (23 withy= 2 3, )
Far the vahues in Table 1, the resultant pair of K-® cranks are Hsted in ' Table 2.

Conclusicn

We have miven o peneral compottional proeedure for synthesizing Revolute-
Kevolite crunks compatible with three iiniely separated destgn pasitions, This method
piclds ol possibhe solutivns sinee it depends ultimiste |y wpon the raots oF i culilc paly-
nomiat. I is proved that in general bor wy iree positions there s one and only one puir
of Kevolute-Revalite cranks, .

These resulls are inparfoel agrecowest winly those obnined by Veldkamp] 3} for
infinesimadly sepirated positions,

Aeknivledpemenis = Uhe Gnancial suppoet of the National Szience Faudation o e sepportise inierest
of Frofessor A, Leafer are mostappreci i el ook now lilpenl

Aeoferences

[H TSATT,wWoand ROTH R Design of dvads swith Teleal o Bndicad, sphecal, revoime, aml paismatic
Joants. Vpefrariaedt vaaad Aacifhe Thoeoe s TUE $5= 10210 8 ming 1972

121 SUIH o on the dualiny iothe existence of B2 bl bor e positions A fageg deed, Frans. ANATE
QI CNY. | 26— 13 .

1M VELMRKAMP (. RL Caponical sysleomt and inudanianeous invinianls inspatiol kinematics, 4. Mrrehane-
Femar M3 793050 Aemn 10675,

41 BOTH B.. The desizn of baary cranks with covolote, cylindiic, amd prismutic jorsts, £, Moo buindsm
26172 (Summer 19451

15 ROTH B Finke position theary apphied womechamian syidhesis, o Appd, Mook, Traa. 158ME ME,
Sug- 6l (19467 ).

18] THAl 'E:" W, Desipn of open hop chaim for rigid body puidance, 1h 12 Dissenation, Stantard Univer-
sy (1972

Zur Berechaung von Raumkurbeln mil zwel Drehgelenken

L. W. Tsai und B. Both

Kurziassung—in diesem Beitrag werden die Entwurisgleichungen vor bindren
Kurbeln mil zwei Drehpazaren gelost. Die hier enlwickelton Lésungen kénnen guf
den Entwurf bindrer Kurbeln mit 2aei Drehgelenken {dr die raumliche F hrung
starrer Kirper durch drei zugeordnete endlich benachbarte Lagen angewandern
werden. Wir haben gefunden dal dieses Problem sich auf die Bere¢chnung der
Wurzeln eines kubischen Polynoms raduzieren Lldft. Die Gleichung (55) zeigt. daft
nur die reellen positiven Wuarzeln das kurischen Polynoms (61} zu wirklichen Kur-
beln Tdhren. Die koeffizienten (62)-(65) zeigen, dafl dia Gleichung (61) immer eine
und nur eine positive Wurzel hat. Farner Tolgt aus Gleichung (55) dall jode reelle
positive Wurzel ein Paar bindre Kurbeln gibt. Es gilt also dar Satz: Fur drei endlich
benachbarte Kotperlagen eines starren rdumlichen Systems gibt es immer

cin paar und nur gin paar Kurbeln mit Drehpaaran, Dig zwei Kurbetn injedem
Paar sind mit einander verbimden wie die Kurbeln cines Bennett
Viergelenkgetriebes. ’



-

BTN

PROCEEDINGS
of
THE THIRD WORLD C{OMNGRESS
for
THE THEQRY OF MACHINIES AND MECHANISMS

Kupari, Yugoslavia, September 13-20, 1971

Velume p Paper D-19,pp. 273-286 ‘

1.

PESICH OF TRIADS LSIKGC TIE SCREW-JRIAKGLE CHATN

Lung=-Wen T24I, Roneatch dmslscant

Bornard RBOTH, Prolessor,
Depaciment of lechanical Epgineeting,
Stanford Univeralty, Stenlord, Californie, U.5. A,

Introduet [un
SNl s n

In & comeanlon paper [1] the coneept of an "equivalont screw-criangle' im

inttoduced und applied to the [initely andfor Infinicesimally soparated nosl-

tion problenw amsgcinted with the kinematic syotheels of binary cranks,

we ¢xloend

Hers,
the noti{ed of an cquivalent ferew-triangle te & "screw-triangle

chain", and whow how to wae 1L to derive the design cquatfcos for gpen-loop

three=tdnk chaine (1.e., trisde},

All posszible combications of triade with

helicnl, eylindrical, spherical, revolute, and prismatic jointe sre consldered.

2.

Esferring (o Flg. 1, wve

Nomer: 1al urg

define the follouing terminolepy sand nomencleture,

The link jointed directly to the relerecce frame 1z callad the [Llest woving

Mnk., The Jolnt betwern the

Lized s¥ystem 2nd the first moving lizk ia called

the fixed joint. The moving link jointed to the first moving link is called

the second moving llnk. The

i called

Jolnt berween the [irst and secend moving links
the first meving fofnt. Similarly the jolnt betwern the second miving

link wnd the link o iw called the second mavine joint., With the entice Ilnkage
tn the 15 perition the following vectors aye dofined:
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?11,H11,-nd Elj arc unit vectors parallet vespectively to the fLlxed
joint exie, #wl the Firec and second moving jolot axes, Eij'ﬁij' and'ﬁij

111 Cye578150 Uyl
Uiyt 2nd ﬂ”ﬁt”j,ny”.a:ijj, on rempeetively Lhe fixgd Joint axis,

are perilien yecters Lo wrbitrary poincs, G

and the Efrat and sceond maving folinr axis.

Fig. 1 - Three-Link Chain {Iriad)

i, The Serev-Trianrles Chaln

Aoy displecesent of o may be characterized by & screw displactﬂentq;ij
relative ton the [{xed aysoiem, When ois constvained by & tciad as in Flg. 1,
we may alvays regard this sevew displacement, E:J' a3 the TrAyltant of three
evccegnive scvew digplacementr:  firat the rigid body ¢ &6 sorewed ebout the

second moving-axie, then abour the fivat moving-naxis, and finally about the
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fixed-axis. During such a trvansformatlen each Jeint axis is active ge &

sorew axis whilea the jolnmt iw i; the 1ﬂ poeltion. Hence, all vectors will
Lh T T
be referred to the i~ poritlon of the Llink. Screw axes :iij.MiJ,F” (taken
zlong the coreespondingly labeled {oint axia} and ?1 farm a screy
quadcileteral {see Rek, [2]). Using the methods develeped in [2] we cam Find
a lipe Tij which subtends the oppotlte alden of the serew quadtilateral at
equal (or supplementary) dual ingles. Tij divides the seTew quadeiiateral
into two screw triangTes an shown In Fig. 2, vhere (Bij‘tij]’(rij'"ij}*{f_lj'
u”]‘:\l:ﬂi .vu], :nd {iu, p”} are the screw paraoeters associzzed with 511‘
? Mo e, and L tespectively. We call the conflguration shewn in Flg. 2
1714774 Lj
a EcTew trignrle chaln.

Flg, 2 = Screw-Triangle Chain
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The geometric Ttelatlony deflned by FLg, 7 are:

i’:.’l_ Ti -151 n'l:l
A T (F, x 5,15, = ¥ (”
1j" 1} 15 L)
F.-§ 1

T
ERRE WA T s )
tan — T = : 3 {2}

fi 'Ei x'ﬂn . ﬁi *f‘ % !T“ - ton m -
G Lag? T thyym Fiy? g e by ik %y z
i H,,' L, =&
tan_:[‘l:i x“ }f( - ; CL )
- ST MRS I
o [*JR) M)
tan — 11 71 i (51
2z (hi x ,|”} {ﬁux ij}
L -y -(§ *‘JT 1IN ¥ -{E *‘F }F
—te - A T, Lol (5, R, J‘LTJT'L"11 L I
J 1j lJ (63
w T —(F ﬂ' k) ) l-' -{T’ ‘J" 3T
_;t' 1- {f‘ ? J.".i '{-ﬁ-tj'ﬁij} I."_r{ ' T" }"""t ':ﬁ j F jj
11 i) 1y 1) £73
2 "ﬁ: Fo T -IIT 5 i
L H LT S
R ccij"sii) ']Tr"‘l l:fa”
] 1]
T, =T -8 -L'I..'
B ¥ HRA R TS L E 1 el
- F, ¥ Ry E _Ti_ufJ'TI’ :r 7
o I IR (E}
El-"_il-_{:‘_l_f{i_ﬁ'.[_*i.{a ] _]_TH T E
2 l—Ehij-r”j" 1" l 1 * ¥ 1 i’ (®
u R .-, T, 1T R, = ‘f i
I e e I I B o LT DR
il J i)
We also introduce PE’F , otk Pn fer the plrehes of the screws aleng the fixed
joint, the First sovilug joint, sand the sesend meving Joint es followe:
vigT PITij {113
U ‘Pna” {11}
"if o (13)
ote that (: j 1°® j’ novd Bijﬁ'" arbitrary points on the linmes of acticn
of the screvs }” iy ” #nd I.tj tespectively: In order to specily any one

of these peints, owly two paraoeters are necded (except In the cese of n spher-

1cal Sointwhere Lhe point will be taken ar the center of the joinmc}.
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Sipee F“.Hij,f‘f“, and Iij are drfined to be unit Yeckors, tha follow-
Ing conditions must be edt{afilad:

F::11+F;1_1+Fagij'l (415
I.‘;-":L1+}f;ru+l-i"z”—1 (15}
Hiij-'-::?rfj"-n?:ij.l (16)
L;”+1.;ij+[.iij- 1 {17)

For simplicity, we will describe tinirely separatod Positiona of ¢ in toroms
of the scrow diaplacoments ?l » =3, 30,0, Therehy, all the mmrlinn vecfore

in Equatiens {1} through (17} are referred o thelz firer pn!ition*-: i.e.,

H” - H(e—:x,ﬂr,nz) {18)
F” = mu“,n},,nz: £19)
Ty - TaLe,.0) (20}
F.‘” = Em,'“y'“;) (:l)

for =1, I=2.3.4, ...
The [lxed Jaintg axia, axcept when we have g4 srhardcal joint, ds fixed in
the referency Trane, Cthur
F” - I"{Fx,l'y,Pz} (22)

E'” = ETH::'G:.I"G:} {23}

The Jina of action of L{j 1o delermined by the gerew fquadriiateral {gii
?” 'ﬁ” ?ij}. *ence It changes position with earh dinplacecent §
For sphericsl toints, we uge the syebole G* , [+ | and Fi

LTS 1]
{T”. 1q» 2nd E”. The + sigply reminds vs that the quantity dencted im & vec-

13"
In place of

tor with three as opposed to twe unknowna {eince 1t dofines the conler of the

*Hilowsver, if the sfrevs E:j instezd of ?1{ are sperified, we may edither cclr;;.-
virl the screws to the 51j or transler all the moving vectors inte the kL]
poaftion, 1=1,2,3%,... Tho L8M pesition of the firap maving }ofhl may be oh-
tained from {ra k.!'ﬂ rositfon by rotating {1 a dual apglo Thki abour tha fixed
Jolnt axis; and the 10 pogfuien of the sscond ooving jelat axis may be ob-
telned from its kih pasition by rotatleg it 8 dual angle oy, about the first
moving joint Lo the kit pagirion followed by a screw displacement ¢f dual
angle ryy about the fixed jofnt awis. The sathemyt {cal expression for these
Ecrew Eransformations are well known.(See for cexeeple [2], or Eqn, (11} and {12}

in [1].)
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-

joint and not Just an achitrary point on the axis), In cese two or three
spherical Jolnte are commected Logather, we add the following comnstreinte in
order o eiiminata the extra cegree-of-freedoa due ro rotaticas about the
axis through the line of centern of the Jelnts:
{a} 5-5-¥% rrigdav*(Fig.3}
{3+ - T*)- 1-"1] =0 (24}
{b) I-5-5 tyiads (Fig.t)
(R* - kY- Hij =0 (25}
()] 5-X-% criade (Fig.5)
@+ - goy- ?U =0 (263
{d) 5§-5-5 trlads {Fig.B)
Fquatiens (74Y,(25) and (26) are needed, -

T
1

&
Flg. &
ﬁ;'
L (w0
Rl'
..
\
=
%
.l a
.8
Fig. 5 Fig. &

*HThe firgt lotier depckes the type of the [ixed jolot, the second the type
of moving Jolot, end the third the second moving joint. Here wre have Te-
spectively & sphericel Fixed joink, a spherical firsr eoving jeist, acd am
arbiteary second moving loint.
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4, Deeign of Triedse
Using Equations (1) - (26} wa cun ayothesize all comhinations of eri-
ade with balical, rylindrical, spherical, and revoluts Joints. In this sec-

tion we explein the C-£-C cams in detail by way of 1llustrating the general
procedure, All npeher tesnits are preseated in tabular form (Table I), Pria-
matic jolots are discusesd in tha Appendix.

H‘II

Far finitely aeparated positicos, 3, .3 r apd v, are specified,

Ly 1357%14 13

i=1; §=2,3,4,...,4, Wa liac tha appropriace design sguattoos, design pRram-
wiwes, and the nuxber of poseible solutione for svery popsible comblnatica af
three liok-chains (rriwds) with lower palr jolote Io the table. In vhar fol-
Lows, we alwa¥r regard f” i = two puramster veckor sipce the third ]-url-r_tn‘
1s determined by Equation (15}, Similerly, “11-"1_1*"“" r” Are two pATAD LT
vettors,

In #mzh type of chaip the msximm mobar of derign posftions is chisined-
by solving for "j':, from the expresiions glven for m wpd o in the table, wvhea
m la mn largw as ! senible under the restriction m e . mend o ere the opm-
ber of desigo equarions atd the sumber of unknowoa respactively. The erabe r
of fres paraweters is squal to the nusber of unknoms winus the oumber of equa-
titons, f.&,, 0O-m.

For emample, ip the case of C-C-C triade, u-m = [1344{2-1)]-[4(8-13] = 12
Hence, fot any oumbar of prescribed desiym ponitloms, wa genwrally have -'.12
- triade, We may arbitrarily chooss the triad, 1 we choosa f,E,F,E}E,_Inﬂ ¥.
we may wolve the remaining equatioms for t” wnd Elj' Equatioma (ﬂ;i"h(ﬂ-
{71,¢9}, end: {10} then provide the information wbout the rorations and cranyla-
tions about each joint-axis, FPor each cholce of (F,H,EZ, 0,71, inea Equation
£1) Ix linear in [:.:U,Lﬂj,l.'u} while Equation (2} In cubic in “":1_1'1'3] N
L:U) for #ach ], we have pither ooa or thres potsible Treal . sclutiena for “14*

Correaponding ko each T Equetions [6) and {B) give I” uniquely. Henoce,

14"
for sach displacement, there exists either one or thzes poanible cvonfiguratioos

af the aelected erind.

L Infinitesimnlly Separated Fosition Froblems
By substituting infinitesimals for Einite displacementa, and replacing

the tacgent of the angle by the aogle, we cus obteln » sat of equations wnal-
agous te {1) threwgh (5), but ia terms of infiniresimals. If we then take T

as the independent motlon paracecer and divide each eguecion by

dr _ Fy-8y x Ty 11
7~ ewr s ATHES A we phtain design equaticns for infinitesiwmally
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In whis Exlils IJ.:,L“.I'“,IIJ,:Iu..l.l...l.'l,qi.tf. il ;“ wra #11 weciars.

. .

l'.l.l,'t.lj.i.ﬂ.l..l-u.rl.r nJ .nﬁl].l _1"1]'. Ir'lj-i'”

- Tabls
Trin [STITT - [ ] -, o R o
- [T Buvlgw Twrmminis Bos, bem, Eges,  Webidwes Feas Ll
b 1T o P T Y ) LE 1T PN (I i 3 . =iy
ety Ryas.l,b.00 r,u.l.:.”,;,q.l.:u [T T TR W TR
[EEET RSN A NN R BRI ™ r“_uu..u,nu.:-.q-. o= 100Ae1) er@iEeny oY
bl Ly LR MM r I ,'r.u.w-,qirl, tow  THA-1}  DoeH[1.1} _,:i
S LR UNRE R RN 1Py by S e M- 1oeRlE-1) _h:
W Rt 3 34 T, 0.1, T8 l'".l.l ,Lh#.!.t'. f Y= TCE-L} HeR(d-1) !
N Ryt L0, T 80, N R e L P LIy HReR{ELY .:
L EFRT ARA RN AR N ) e Tt Tt ML TR T BGY) HRALEAL) -m
v ey e, 130,70, 0, LA M r|l"'Ill'I'li'F""“"lj'hlj-u“'l!.‘ T BA-1y  1R1ST) "
LD BT LN N L LR FH-I”_.KI-”J'-'P-I-'I”. HJ"IJ"‘I]"I!-“ T—=  Baff.p] BEs100K=1] -..“
[ EERFI RN RN RN AN, I.n”.!u.lu.:.r.t-.lu. l'ril"lj"“u" T IRCE_1Y DReLD{E<1} 'll.
IEER " HRRENE RN S8 1 '11'.'-I-j'l'l!"""‘."Il"-"ﬂ"ll'['li-'u'“ ==  LHI-p) Islii-1) -
Wl
(EL " "N SN | Ty A, L, . O R s LT 1] "
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srparated posltions. Ueing the-sipngle wubscripr 1 re demate the position
from which the infinitreimel displacement accurs, we obtaln:

8, :Elx Fi}-:th Ei}

[ TR AT : (27)
ﬂli {f.i'.h: Fij '{Fi'n Ei}

= (glii tlj‘{ti;rﬂ {:’13}
Flv{Ei: ‘I.’] -0, (298
E;*{fix ﬁi} -0 ’ {291)
q,(Tx R Hx Tz §))
ATy T T BRI AT O Y {29¢)
ﬂ ) {'Eix Fi}'(Fix £ .
ar -{ti.‘ w i'fii' x Hi_] i (3“}
‘“1 {L x F 3 nr x ! )]

-ﬂ "S- E {q-r; (313

For Equations (63-(10), the scalogous infinftesimal displacement egus-

L
tions are chimined free the kinematic relatlon for the xcrew wvelecity along 5,

[

dt du dpl -

——If-—'F+1-’:r{Jn-G}+dT i

dr o

and the acrew velocity elong Li:

Lanl

L= (&

* 1

1'i1] (32)

al

dpl_ dui _ dﬂi v, dﬂ
-&?-Lt'rl'li-kw—-ii:[ﬂ E}-l' ﬂ'+d‘r——1¢1{r-ﬁ} {32}
Cpecating on (32 with F- and L- we can lrl:rlilquL for ;:_1' and Ed'fi :
dui dt
el By HF"'L}{S L}-ts*r}1+{F L}tr;L}u 1)
(FaF 3 :!: x=F.)
gl—r—'-{r—-F—foL}(A. -E}]ﬁ} {34a)
L
dpl dt dw
EF"&T“' I]- (? t}'ﬂ-xf}(x G,) (35m)
Dperating on {32} with (F x L3- }rields
) g, AF x L )[Fx (X £))
__J__ . i i i L 1 (]-ﬁi}

(LS KRR Y

Slmilacly cperating on {33) with H1.+ . Hi- , and {ﬁi‘! ﬁi}- yirld Eguetions
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liul dvl dﬂl
(3a6), (15p), wnd {38B} for el vl and e‘l‘_ respectively, FEquations
(343, (35), end {26} are analogous te (6) - (1D},

Fquegions {113, (12}, end.(13} now hecome rempectively:

d"i d“l dl:r’ dvl dﬂ-i
d—— —— B el - H
o Pf, e Pn ol and e n &7 1N

For 'Ilt1 infiniteuimally sepacated posltlons from position 1", tle
design equations wre (27)-{31), (MI-(37) and the ki-l darivegives of
these wquations with retpect to y. For example, the qesign equatlon from
{28) would be

" 4 @ =i LExF}(FxEr]'
1.4 1, e=1,2,., ..k
R e A AT M ATEL
£5, £ e

In the derivative equations we consider F » —rl— ' El__r E‘_' H

o=n-1, o=],2,...,%,,+ an specified quantities which deacribe the k, Infini-

i 'L
tesimaily geparated positioos of body o, We Creag drti b L5
ters of Tk, independent uzknowns. All other derivktives on the vight-hand-

side can be expressed In Eerms of F'i,ﬁi,ﬂl.ﬁi,ﬁi, atd Ei uring the fellowlng:

dﬂi ﬁi dor,

7 ek e G

d“ﬁ dF, o, g, A, Erﬂi Eiﬂ d‘nr

?—lfﬁirx‘[}-r—xﬂi*-ifx-ﬁ]—{—-}I:—-}-rrc?— E{_TJ—}

gL, ..

aHl ax, _ aﬂi 42,

TR g e g ) _
d‘h dtr _ o, dor, dF
v =F :(thf b+ z; F_xnﬁ )+ o (R, =K ) +:—}=n I(E ;E‘ }+—-— x }T

cii dar, BF _i da, E‘. d’ﬂ H E-r.

+F=Trﬁ_(_-}+'&_]-xa{d }+Hixﬁ;‘{ }{ )+[-a—3~'-:l 'd_ﬂ‘”"_.{
oft TH 4m, ab
4 By i 4y 1

*Fixﬁ‘{F}*Hi'?{dr”ar}

etc. L .. . -

i, i

F = 'F X l:ﬁ - ]I 4 — F

.fq dzu df dw, aC,

;F_-F:[F Itq";}]+F_F+dT I:EE -E}'!'—*![!d_r—



—283-

dii _ dﬂ'i d!..-i _ dui

"T_- Fil {Ri_EIJ +-E_Hix {Ei-ﬁi} +d_T-'Fi+ d—r—‘di

dnﬁi &r

77 B xR 51 EF[ I (R G 14 F o8 3xeR, 004 B« F2(E, -8,

u d"u
_?
+(#)Hllﬂxff {:l”-*zdr i’:ﬁ' +j‘_—rz—ﬁxtn-ﬁ}+a?—n+?—- s

oF du, dF 48 du, daz M, 2N
dr ¥ N ST SO I S | —1
+ o 2R D Aol e bt walh L e h—+§;:tn—a>( 1y
atc, - .
..... ¥ m - m om A m owom = o om dg?[ dlE
IF the Fixed _Jeint is nor a sphericel joint then F =, and 'j
n-é,Z,., Xo=1. 'Hhen th.! flIfE innt 13 o spherical Jpoint we have -E* and
a*
a‘r—.-i =), butr oow Fl' d‘T ....m are k’ 1nd'ependnnt veLTOtE, Simillrl}r,

{f the first maoving foiot te not spherical E‘J i-fu' but LF it in '&fﬁié‘;'h
2,.,.,ki-1, are kt-l independent vectors; and Ei’l'n generally byt Eri
yield 1..1-1 Independent vectors depending when the aecond moving jelnt 1s spher-
lcal. When two or more Joints are spherical we oust alyo use the derivatives
of Equagions {Z4)-(26).

For Infiplteadmally stparated pocitions the results Are ¢ompletely wnalo-
gour to thore glven for finlre displacements. For kized [initely and infipi-
tesimplly sepatated positions & auitakle combination of Equetions (1} through
(13} and the derivarive cquations provide the oeceatary design equations.
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a. Appendlx

Co the following page we Elve the dewign equatlons For prismatic jolnts,
The regults for all nendegererate trieds with prismutic Jointe are listed in
Table TI, °
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TSAL L.W,, ROTH M.

DESICH OF TRIADS USING THE SCREW TRIAWGLE CHATN

Summary

Uaing screw-sxzis geometry, equations are darived for the design
of spatisl chrea-link chaing with helical, revolute, eylindrical,
spherical, apd prismatic joints. &ll suweh chaine are Jesigned to be
compatible with & apecific set of finltely zeparated or ipfinicesically
separeted positions of & rigid body which they couple to g fixed link.
Equatinos giving Che maximom puwber of depign positiona are prepented.

ENTWURF YON DREIGELENEFETTEN MITTFLS DIE SCHRAUBENDRAEIECKKETTE

Zusupeenfassung

Ma Schravbeo-Acheen Geomotrle benutzend, wird Gleichungen
abgulelcer flir den Entwurf von dralgliedriger Baumketten mit Schravhe-
gelenhan, Trehgelenken, Zylindergelenken, Sphlizepelenken, und Cleit-
k=lenkan. Alls solche Kacpen saind wertrlglich sit einer bestimaten
Antahl von endlich betachbarte und uoendlich benachbartes . Lagen
eines fentpn KHrpers, den sie mit elnes Cestell verbindem, Gleich-
wngen fir die mexImal Asizahl der Entwurfslagen sind mngegeben.
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Incomplately Specified Displacements:
Geometry and Spatial Linkage Synthesis

The serew axfs peomelry axsociated with displacements of peinit and lings &5 studied,

JAnglvtical expressions are developed for rigid body serew displacements whick kove ene

Departmenl of Mechonwa! Englnaering,
Stanfiwrd Unrersty,

. Ygaferd. Colbf. spd'“'alr :lﬂ*ﬂ!t;

ar more free poramelers.

It iy shouw how fo apply these resnlis to the aynthesiy of

The theory s flustrated by smronericnl exaemples in whick Cylindric-
C‘Jhmfru cranks are desfgned 19 puide twe ppinis fre a rigid body thrauph five and then

nrme sheeified porifions,

Introduction

l:.' s papet we colSider Hgld body dieplacements
which are descrilied by less than sgix independent paramelers.
We eall yuch dipplacemenls furempleldy speafied v upprosed to
cmphricly rpecifird displacemenls which are described by six
pataineters.  II & parameters are specified, there remain G-b uo-
specified parammetens, and therefore = % gmible displacomenty.
IL 1 well known that & complelely speeified displacement s sssn-
cigled with & unique screw digplacement. 1t then fgllows that
an incompletely ppecified divplacement b aowncisted with a@ ¢
screw displacements. In this paper we delermine the siv=#
gcrew displaceinenby assorinted with {wo positions of the foltow-
ing elomenis;

b = 5: iwg points

b = 4 mline

b = 3r n point

b = 2 ppaint 4z & line
b o= 1t npoiul on s pleue

In the first part of this paper we consider each of the above in
Lerh pnd Mek Lo slablish canonical descriplions of the screw dis-
plarenicnls fram & geametric point of view, Then we devclop
analyibeal exprission for the pspociated serewn.  The deseriplion
af  Anjtely-separaled  fncomplelely-specified  displaccrmenis s
Tollowetd by a similar developrment lor iufnilesimally separated
displacements_

The resulls of the first parlof this poper may be applied direetly
to the pynthesis of spatial linkoges, In previous works [5, &) it

]

Conttibuled by the Deipn Engineering Division and presenled
al tha Alechanigme Conference, 8an Francimo, Calif,, Drloler £-12,
19¥2, of TEE Auwchicaw BocizTr orF Mrouaxical EMyIRLess,
Aangseript received at ASME 1Ieadquarters, June G, 1072, Daper
Nu, 72.34ech-13,

Journal ol Engineering for Indusiry

has been shown how to wynihesize binary-link chains which can
be used to guide rigid lLodies through epecified aciew Jhploce-
ments. In order to extend these previous results W tnelude in-
eotnpletely wperified displacerients it b only necesgary that the
completely apecified serews referred tain {3, 8] be replaced by the
incumpletely wpecifand sevews demcrilied herein. This procedure
in Fiseusced and ilustrated in the latter part of (bis paper.  Ax
vxminples, we ghow how ko wynihesize Uyl rie-Cyladric eranka
to guide & rigid bedy through first fve and then hine incomplerely
ppecified design positions.

Although there have teen imany publications dealing with the
gy tithesis of spntinl linkages [1-19)0 relalively few of these hava
vousidered proldeins in whish the preciyion positions are incom-
plstely specified [1,7, 3, 18], Ttis hoped that thivatudy will help
to stitmulale interest in this branch of kinematic aynilesis.

Incompletely Spetified Displacaments

In the design of machive it 38 offen necessary thal some ele-
ment of 4 link, such as & line or a point, be in specifiod positions
but, rxcept fur thic element, the position uf Lthe link i arlitrary
within certain practical linile. We yisa Lhe terin imoor: ietefly
apecificd positiums 1o denole gueh situations. Fur spat b dis
placements it reguires six independent parameters 1o uriguely
define a single displarement of & fink. Tacompletely specified
diaplavements dunote those displacesnents fur whieh pune of those
gix paramelers piy be cliomen arbitrarily.  There sre mony ways
to deseribe uicompletely wprcified displacements.  n this woerk
wet will ise screw atis geamelry.  The ressons for this chuice are
thal we believe such descriplions to be zimple and physically
appealing-  Mureirver, Lhe tae of sorew axes allowy thiese rew
resitlie to be roost ensiby incurporated into formulationy of linkoge
gyRthesis problesis previowly published by the authora.

The fve cases 0f incompletely specified displacemenls tisted in
the introduclion setm Lo be the ones of greatest praciical interes!,
There wre of vouree ather pospsibilitiey net ireated herdin,  We

——

! Nymbers in Lbrackets designate References i 2nd af paper,
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have limited ourselves Lo tho chaes involving linear displocements
of Fgear clements, 10 ench case the development follows the
snme paltern:  we Gret ey Lo identify & 5erew which is uniguely
determined by the given paratelers, then we identily an incam-
pletely delermined sortw which when compounded with the
unique gbe gives the required incompletely specified daplacement.
Thege 1wo rcrews together with their resultant form a acrew 7
angle. From the screw trinngle geometry we Lhen derive an
annlytical description for the resultant serew.  In what fallows
we rongider vich of the five canes in ture, first we deal with finilely
neparated displacemants and then with infuitesimally separated
displacements,

Serew Auls Geometry—Finitely Separated Pasiiens

Tws paimis. Let r and £ be two points of & rigid body o, and 1,
the positien vectors of rand 4. When two poaitions of r and 7 are
apecified, there £xista & given pure-rotation serew T.;wach that, no
maiter haw the mation of & with reepect o a reforence Jraine I
wctunlly veeurs, & rataticn of the rigid body will bring belh points
r and ¢ from iheir tth W their jth position.  4s showan in Fig. 1,
we denote the two given positions of r sod 4 as {r,, 0.} and {r;, 8,},
the plune which is perpendicular to and bisecta s, as 5.; and ithe
plane which bisecta st perpendicdarly as 7. The axis of the
rotation acrew T, is the line of intersection of planes x, and ,;
and the rotation angle ¢, iv the sngle betwesn the ngrmads from
" or, wid r; (ng well as e, and #;) 1o the axis of T;;. Lot |, e nunit
vector parallel to the sorew nxin and b, be the pomtiun vootor of &
poinl on Ti; 6@ that they satisfy

n
2}

lii =Ly =1
ly - by =20

Anslytically, I,; and bi; have Lo eatisfy the Follawing conditions:

byt = nt=10 (3}
g r g = 5] = 0 (4]
A U r)bi = 0 {4]
FERRIE - (PR O [6)
Sulving equatinns (1} through {6} fer |, and by we oblain
{l'j - h‘} e f!,: - h‘]
Iu |{” - n} = [I-,' _ 'F}l t?:l
l . fa— .
by = Ay — oy X 0y~ ) It = w i X Tty = 1)
+ 0t = oMy = 1) X 1] (5)

where [{ ) representa the sbaclute salueof [ ). The rotation
angle ¢,, is given by

i 1n, = 1) % (8= n]
lei — '1'}'{|'| ol I.Iij'['l-; - l'j”“u’[h = 1;}]

iap gy =
2

Since specifying the position of Lwo printsis equivalent Lo epealy-
ing the position of one poinl plus s direction a delermined by 1o
points, we may rewrite equations (7], {8], and (9) in Lerms of r
and the direction n 2s folluwn )

I (Tl ) A LTl 1Y
T Dy = h) X ey = ]

I {10

1
W - “lf — Y X {ny, — “‘H [{rj-n, - ".‘“'.'.'f"

b

iy =+ % (= nilin, —n )X Iij] ()

B fnsv 107

Flg-1 Feiailenol pcrew I.j munmcimlnd with lwo posilent of palni randy

by = {mi 2 m,)

n;n, — {ﬂ;'lij}fﬂi‘h:}

tan & ; = [1%4]

whers

n, = {'I-.' - n:',-"li[‘ln: - "i]'ll

-

n; = {5; ~— rf}l"lllilf - ‘i}l (5

The Strew €ylindroid

We heve shown that for iwo positions of poins r and 1 there
exiats & pure-totation serew y,. Fiowever, this s not the ooly
posrible aceew displacement which can effeet the displacemen
thirough the two given position of rand 5. Trowling Tollows, we
find all of the possible screws which salisly the spine wpecifications
of Fand g,

We use n, {or 7i,)7 Lo denole a pure-roiation screw for the rgid
body ¢ sbout the line n, which passes through painta 7, and g,
Since ratation of the rigid body sbout the axis of Ay does nol affen
the displacement of r and g, the resultant of screwa wooand Torisn
screw which will bring r and a frorm their 1ith Lo their jth position,
As showi in Fig. 2, we have the screw T, as the Tesultant of &
rutntian of angle W about the axia of B, foliowed By 6 retation of
thiy abiout the axis of T Beorews T, Tei, and 8¢ form v rpatial
ALTEW triangle |5, 6, 7, B] s ohown in Fig 2.

S, is given in terma af W, and T, as foltows:

iy & ¥ i
g =k (n.-,- Lan 2 =+ l.; lan ?’ + by 2 g Lan ?“ lao ?
(14
L LF] 1 (15}
mp— = — — -
k.‘;[l — fngeligd tnu f;u tan d‘;—u]

A.,‘. I'tutsij x Iu) + l:!Il':I{“'-Ji x® SIJ" (18]

v
Sl Xomy)

by

‘E = kg — byliing X L) tan E'f tmdﬂ

(i

wliere

* A single subecript ja used to dencle the posilica ol tha wyslen
Whan deoulde subscripts are gsed, the Ial sutscript " dencio the
the myslesmn is it [esition " wnd Lhe second subecript "5 dantte
that the system will po to the jth position after the dinplecement.
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ay = rge (S 2 I X 550]
fniy X 5,1

+ fis X Iy B g X fny R g - (B = 1) (18]
dii - t'i.i‘[s(.r o ﬂ.‘,‘ . 5.‘:}]
L, ¥ %P
— i 1 o1l = b
* (ne % [P by X g X w3l by (19)
j%.: = fun? l%u + tan? ?f + ;1) tan E’f tan fé’
r. _
- £ foy3ct a5 a2 (o)

Ciiven two ositions af pointar and s, screw 1, i8 wiiquely defined
and 5o i3 Lle gerew axiy for m,;, only the rotation aogle ¥ Is arbi-
trary. Heuer corresponding io eath ¢y there i 2 soew 5.
The serew axis of 5., geotrates 5 ruled surface as ¥, varies rpm
0 deg to 350 deg. It can be shown that this ruled surface iy a
eviindraid,

A line, Lat nbeshe hueof interestin g, and r the Bive in 2 with
which # eoineides, Faor two poritions, say the fth and jol posi-
tigns, we have Lwe lines in T which we will denote a5 e and ¢,
It is then given that in the ith position line n {ie., n;) b on o and
jn the jih poaition lioe n (o) is ou «.  We define the line o by ita
direction n nhd the position yector to one af jts points e, wnd the
lige ¢ Ly its direetion € nd the pusition vector of vne of its pointa
c. Womny take o wr, and ¢f=ap Sincengisone/, ¢ mn, and
the pesition veclor r, can be eapressed asr, m ¢ + bt = ¢/ +
Auyns, where ) in a0 arhitrary number.

It what follows we seek al) yerews such that the sih poaition of
n cadt be obtaiped by serewing the rigid body, from its th position,
First we note 1higre 3 o speclal repew T with preameters &, i,
such 1hat 1t iy unjquely detertnined by the given two lines.  The
axis of T;; beiug the tommon normal of the Lwo given lines, ¢ and
i, defined by 1ne positions of n. s, is the sugle of 1wt belween
the two directed lines ¢ end o4, g, is the shortent distanee between
¢t ahd £f,  llenote lis = a it vector parallel to Lhe commarn (o7-
tal of ¢f wnd of, mid by a8 the position veelor lu the point in Lhe
commron wormel where byl = 00 Thea tlie screw Ty in mna-
Iyticall y given by

I, = {n %m0 2 0]

f21)
b = tni 3¢ [ Lef- by % nidlns = (et ol adlngd  (22)
(an gy = 1/ Hnen ne X ni {23}

Fig-2 Screw "lﬁﬂnl'l'r?._;.nj- ond E‘,-f'u defined by Iwe potiionief rond .
Anofy; wadla 5”- grneralel @ 1iraw cplindroid.
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Fig. 3 Scryw riangls delined by bwo posliieny of a line, A1 4, ; and
huy vy, S,; generolts & berrw tobgruence

fay = o = el ly {24}

We now proceed (6 find all possible serewy which satisfy the same

“specifications. Depnte & screw displacemenl of o about the line

ni as ney and is SeTew parnmeters as ¥, and b, Since any die
placement nbont the e n does nol affect 1he displacenent of the
tine itaell, the resultant of serews Wiy snd Tiy i m serew which will
vield 1he required dieplacement of ihe line. I we consider the
resuliant gerew, which will be denoted 12 5, a5 the producl of &
strew displacement n,, followred by the screw displacement T, the
serews myy, L, and 5, form s >patinl serew brigngle ss chown ia
Fig. 3. Notethst, ir thay cose, the axiaof rrrew Ty dnlemerts 1he
axiy of ., perpendiendnrly, The aualylic e pressions For sorew
€y ane an follows:
iy

S;,‘ = ku (l'h'; tan fé}! + Il; tan _2‘

- =+ li; 2 my, tan % Lai E:';-') (23}
1
. E— . . . (n; ) 5
-‘.iu S:f"“i; 0 Hij} Iﬁ;{su = Iu} + , fl'l # SJ” { :l
&, 1
tan E = o [27)
T 'l 1 ¢i
‘;2" - E kh; (:‘l.‘,‘ Lahn % + Eip tan ?j {28}
whure
Iy \E'u [ '|rr"iﬁ ﬂ

(i_”) = Lant ry + lant 2 + 1an? 'E—tu.n* 2 {29}

Giy = (gl — {“-'i'su}{su"i:}

A,

F {ny X 5,0 [m;'[i:.r - i) — T_.,i {20}

du' - ""”i;‘sij_uzsd'h.j.] + {Iu * SIJP (Iu"“:' -+ J%) fal]

Serew T, b5 boique as s also the axis of serew n,,. Tt follows then
that sinee bath f,, and A mre arbicrary, we have =1 serews. If
we hold Ao vonstant and vary 3, from 0 deg to 360 deg, we ab-
tain & zerew cylindroid aimilar bo the one given Jor too peeitions
of twn points. I thiv cuse, there pre a single infinity of eylin-
elrodils on which the =7 poesible serew axes must lie.

& poinl.  Let r be 1he paint of interet gn s rigd body . For
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_.._.ﬁ_....-.--=|.-rh__,_..m_,a_

Fig. & Feryw piongls defined %y twe pusilions of a palal. A ngy and
g vaory, S.j gAnEralac o screw eemp e,

r

{wo posilions of r, we can always hond a direction |, such thai &
trarsiation of the rigid bady in the direction of {,; will bring Lha
point r [rom itx ith to jth position.? The direelion ), is parallel
1o the veetor determined by +, — r;, and the magnitude of Lhe
tratelation w., is egual to the distance between pointe r, snd 1y,
iz,

{32)
(33)

Li = {ry — ril e
o= lr =

Sinee any rotation of the rgd body about the point r dees not
affect the pwition of r itself, oll pessible screw displacements
which yield tle zame two positions of 5 can be obtained as the re-
#tltnint of the teauslation given by screw T Aned b arbitrary ratas
Lici ol ¢ ebout the poinl r,.  1Jenoling the rotation acew shout
point r, ns hy,, 39d the resultant scrow of 5i;and T.; an 5,,, we have
the rerew Lriangle configuralion shewn in Fig. 4. The resultant
stTew 5, is given as Tallows (see reference [ 19] fur derivation).

S = niy {arlitrary) {34)

i = v, (Arhileary) (25)

1
T (o X gt {eing % L) + &l = (hiragdeod] (36}
by o i flopomigid
Y 3 “u ﬂu} _-__{lu’ w0 Tlu’}’ f“lj lu} {3?}
where
y {
e = en X by + 5005 X mran 22 g38)
oy = (b X n,,}'ﬁ:f il — emigdngl  (30)
Ziure gy and g are arbitrary, 5, and 8;; we arbittary.  Henee

Tor Lwo peileons of 2 poiit, the direction and the rotation angle
vl the desplacement serew can be clinsen arbilranily.  Ilowever,
unte Lhe direction and the rolation angle of the screw wre chosen,
its Iueation and translationn) displacement spe determined hy
equntionn (A6) and (37). There nre =3 possible screws in this
rase,

A paint anywhere on o glven Tine. Lot v be the point of interesl
in o, and ¢ & given line in ¥ on which point £ is to te located aa
showninFig 5. For iwo positions, say the ith and jih positions,
we nre given Lwo Hnm in 2 which we will denote g3 ¢ and &7, I

1¥ur & elirw translation the location af (the screw aais = arbitrary
and need not 1w considered (g our discussion.
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Fig. 5 Twe poiltinns of @ palnl which musl liv &n glven lnat

Fig. & Twa patiliens ol m poinl which mutl lia on given plons

i {hen reguired Lthal v, he somewbere on o wnd £y Le soirew hiore gn
¢ We may then waaume that the tth powitivn of r is knowy and
the sth position is indelerminale elong e, Rince r,; has 1o lic on
the line £, its coordinates can be expresed ps

no=cf e (40)

where ¢f is By given paint on the line of and «f iz o unil voctor
parallcl 1o the e 2, Using this conveation for 1y, oll of the

arguinents used in Lhe previeus sectioh are again valid.  lenee
we have

by = {cf 4 hed = 1) g {41)

g = et + Aat = o (42

wliere Ay i3 an arbitrery aomber which provides an arlditional de
groe of freedom for point . All of Uhe nomsible serews which yield
the given two positiona of & paint r suywhere un the given linca e
are determined by equations {34) through (39, with the condilion
thal equations (41) pnd {42} be used for |,; and w.; instead of [32)
and (33). Here we have =4sorews,

A poinl anywhers an u givan plona. 1oL+ Lo Lhe p-nlnl of brdan est
e, il g piven plane o Zonwhichr gt belocated,  We de-
fine 7 in terms of vnie of its pobits £ and ite Lot permud o esshown
inFig 6.

For two =uch pogitions of - we have two different plane i Z
on whith r muxl le. For convenience wp dennte these differenl
plane= as x' and v, We mpy consider the fret position, §, of rpa
kuwwn and expross the secund position, J, &8 Tolluws

o= et 4+ At 43}
where ¢ 15 a unil veclar in the plane wf ie, efoy? m Jand gf- gl
Thus we have one undetermined parameter for «f and Lws
undelermined paramelers lar r; sinee X, 18 also arbitrary.  Using
equatiub (433 lerr,, wehave

Ly = [ef + Rt = 1) 0

Ttansaclions of the ASME
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wir = lef + At — nij {45)

With this change equations {34) through (39) muy Lheg be wsed
Lo obtgin the resultuot serew §,,. [o thix case there are =t
possible serews.  In addilion it & noted Lhat since there are two
free parameters for |, Ly can be wrbitrarily chosen.

Sciew Axis Heamatry—Infinflesimally Separaled Positions

We will now extetsd the preceding sludy to include the screw
axis grometry pstocated with {wo jnfinitesims)ly-scparaled in-
complerely-specified potitions. For infirilesimally-separated in-
eomplelelyypecified pesition (he goote displacement of the rigid
body o iy infiniiearmally amall,  All of the notationy used in thix
eection wil]l be the same sa those used for finitely peparated
poaidioma.

Twa pobapn, D.el the jth position of points r and @ be jnfinitesi-
mnlly soperaled from the /th pusitivn.  We mny writer; and 5; in
Lerma uf ai, n, and their infinlieaimal changes dr,, da; as follows:

(46)

(47}

where 1 by Lhe motion pararebar,

Upen sulalilution of {48) and (A7) inta (7}, {4), and (9,
negleeting all of the higher order terma, we obtain the infnitesimnal
pure rotation screw |, &2 fallows:

dr, da i, n
o= (d’f F)/‘d'_r' . T (%)

D)
() () <8 o
o (-]

e R L S T b
In termn of «, and n,, we have
dr, dn. dr, dn, )
h'&:X;JﬂFKaJ ol
dr; - dn, i
bi = [(n.r; + r.~7r-) (Ic x dr)
&/ du, de  dn|
+ (2 (S )l < 3
digh, da,
? - '1'(". X F)]/[ﬂt X I.‘}’ "-'531
where }
R N i (543

Inslantaneous Strew Cyliatrold

Eimilar 1o the case of finitely geparated posilions, an infinil el
ma] rotation of the ngid bedy o nbout the Jine n; pasing through
and s does not affect the specification of r and ¢.  Dencte the
Ttesimal werew displacement sbout the line =, an m,(n, r, &,
The reauibtent of 7; sod T; s an infnitesimal serew displece-
ment which carrie r; and o, into ; and g, Taking <5, A, O,
di;} ma the resultant, we have the fallowing kioematic rels-
{ions ;

Jevrwal ¢f Enginearing for Industsy

a8, dy. dy
Hog LI =iy
dr @ (35
i dpy ddgh, -
drs.- ar mxfﬂ:—r;]-'l‘-'?r—l;){{fh‘-h.} {36)
. di,
Sotving (55} Far Si and ol yielda
e des .
S.I-ﬂ'.(dr n--i-?l; {o7)
ad, 1
—— 5
dr k; (38)

whers

IV (BN (N (0 (g
(1) () + (Y + amer (22) () w0

Operating on {56} with 5,,-we ghtain

&, dvi ddy
F -k, ("d__r") (_d_-r_) {F.‘ - b;}‘{ni X Ii}

Operaling on (06) %ith ne- and {ny 3 1}, yields

{60}

.= d -
Agelny X L} = bi-in; X L} + % {Sc-n.-l/(??-) (5i)

k

dr

-ﬁ;'[ﬁh MLl +ia, XL}k %ti]

= ol X 1) X ad %fi + birlfa: X L1 % 1] "%— {62}
Sinre A: is an wibilrary point on the gorew axin of 5., we may
choose it at the poesilion whers

Ay So= 0 (03}
Splving (62 ) through (63) Tor A, we oblain

Cf 0
Pyo- m [E.'h [fl‘h X II-J on dr

+(a X)X s -“L—‘:‘—'] + din, X l.}} (64)
whera
' f
& m altm X 1 X 0] S b b (e X 1Y X M "ii; (65)
di i,
dl - bi'{ﬂi X Iq] + {sl"ﬂ-.} (?T_)/(;T_) Iﬁﬁ]

Equations [57), (58), (60}, wnd (04) represent all of Lhe in-
finitesimal acrew displacements which, satisfly the same in-

. g .
finitesimally meparated positinns of v and = Since —-j is nrbi-
T

trary, the werew axis of 8 geberaten a0 {infinitesimal) acrew
d
extindroid as {—‘ varies from — » to 4 w.
T

A Urs. For jnfinjiesimally separgled positions, we define the
jib position of ¢ in terma of 4 and ita infinitesimal changes, de
and ded, na follows:

e

dn,
e = 2 dr, ar ny = n; 4 —;? dr (67)
d:l'
Fomm i ——
cf = ¢f o dr (58)
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Then the curreeponding equations of {21) through (24} lor screw
T: are:

{69)

@B ()3

(0}
dev, &n:
: - 1/‘.1‘ x dL 71
du, det .
- 2, 12
far dr ! (12}

The rigid body, in thiz case, can have an arbileary infiniiesimal
rotation ¢, us well k9 an infinitenimal lranslation d; along the
line #, without affecting the apesfiestion uf the line. Al af the
passible serews, which sre the resulbants of n.and !.. are given by:

rl'f"‘i ey
5 = & ( ne o I.) (T
28, 1
—_— - = T
o Y (74)

Sy - [ﬁ ('— ddil + - d% ) -+ d-p[lh o rt‘j]/fl'h s f..}'l {75]

@ )(“*”‘)**(’f“‘)( )
+ (‘%) (f:-) {bi — r)im xt}] (76)

(2) - (&) + (22

& o= kb = rieli) (75)

4 b lad —-]/(d"’) §79)

ALY
N ALY b
& [ (dr ) (dr) "
For Lwo infinitainully separated }miLi:llu.a uf potnt r

A palnt,
the corremponding sorew 1 s given by

where

{iv}

dr, dyi;
L= (3)/() )
gu, i
dr  fdr (s1)
i 0, and b, i= arhitrary,
dT

The rigid body ¢ can have an arkitrary infinilagioml rotation
dif, sboul any axis a,, which passes through the poinl r,, withoul
aflecting the displacement of r. Drenote Lhis pure mlational
gerew as my.  Then the resultant perew displaceinent 5; is related
te e mnd T, 23 Follows;

af, d¥y .
Prar (s2)
E Sm dﬂ‘ L + I"ii n X IA, |] {33}
dr dr
Fram (82} and {83), we can solve lor C )
5 = n, {nrbitrary) {54)
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de;  dys
dr  dr (55)
Ay om fon X (L X A F dilne X LAl X L (B8}

dt, Ay,
il (ni-b) {57)
whera
N R N TR P A (B3}
d L] 1

Ty o= ol Momid 4+ (ng XL _".‘ (‘Z{‘) (59)

Beuations {947 through (87} represent all uf the possible screw
displaceinents definel by two lnhoitesimally reprrated pogitions
af point 7.

A palni anywhes on w given line.  For 1wo Infinitesimally sepa-
rated positions, we nay mswume the it position of point r is
known, and the jth position of r lies io the vidioity of a poinLr, *,
where 7;" i & given paint on ¢7 whose postion can be expressed
in lerma of r, and its infinitesimal ehange dr, oy follows:

dr;
o, 7

ar (80}

Thus we may =xpreas the pottion of r; a8 & (unclion of an in-
finitesimal parameter d}, which is measured adong #0:_ .

dr:

r;-r.+—dr+ —du‘ (91}
i T
where we regard g specified veclor.
Uﬂ’lﬁ this mnveniion, we have the inhpiteimad translation
screw |, s [ollows: -
an dh; ‘ o,
Y Ll - 92
: (d’r+dr')/(dr) (82)
d.“'l dl‘i & P
il + i " (93}
? = 0, and b, is arbitrary.
T

All of the passible inEnitegimyl ecrew dispiacements which yietd
the same epecificntions arn given by equations (84) through (55)
with the caadilion thal (H2) and {93) be waad Tor 1, instead of
(BUYand (81).

A pein? anywhars an & givan plans. Far two inﬁmlemmal]y BED
wrated posilions, we have Lwa infinitesimally scparsied planes, r<
atid 27, in T on which point r oust ie.  We define 77 in termy m
end itsinfinitesimal changes as fotlaws:

el - e 4 %dr {04)
dut

W =l o dr (95)
dr

We may assume the ith posivion of r coincdes with point & and
exprena Lhe fth position of r s
Hh ™ :1' + I:ul.;lj - {ﬂﬁ}

where da; is an arbicrary infinitesimal quantly and 7 is an arbi.
trary unit veclor on the plane v/ Substituting (M) intoe [(96]

Tyields

ded dh,

oo —d'r + —d'l'ti (47)

Using this mnvenl'mn ler 1,, we obtain the infinitesimal transia.
tion aprew )i mu followa;

Transattions of the ASME



Fig.7 CylindreCylindels srank

() ()

(e BfE)
s o’ aa,
e | et g f
dr dr dr * (99}

— =0, and b isarbitrary,

All of the paysille inBiitegimal screw displacements which yield
the sasme pecif cations are agaio given by rquations (84} through
{53) with the corditiva that (95) and {99) Le uzed for |: instead
of (6dand {51}

The Gesign of Binary Links with Incompletely Spectied
Precisien Pasitions

Wit Lhe abwve mentjoned expressions for the perew displace.
ment, S, e can desiza noy binary Jinks with combinalions of
sphicrieal, pitrip-ephere, eylindtie, revelute, helizal, und prismatie
joinie Ly using the appropriate design cquations lisled in rei-
erenced |5, 8, 10, Mo this cose, howewer, the ecrew 5 s nol
eodnpletely known, The unknown parameters assomated with
each gerew displacement 5,; need to be determined, snd hence
should be added into the sel of design popremclers given for oom-
pletely specificd proecisian positions.  In Tuble 1 we hst the ad-
ditininal design prrameters Rssociated with vach of the abeve dis-
enaxed eoses of incompletsl v apecfied fioitely aod infipitecmally
separyled dizplacernents. In Trhble 1, [ is (the number of design
pesitigiie and m o= § = ]

The rrnthesin of bioory links fov incommpletely specified pra-
ol Ton gl Dions ean he divided inlo twe coses,

{1} When the number of design posilions are cqual o ar log
than the maximuin pember of design posidiong given ler the cor.
besprorrd b oo etely specifisd precisian prsitien problems, we
are oi liberty to chewse the unknown screw parameters lisied o
Table ). Onee the unknown screw patameters am chosen, the
problem breomes exactly the same a9 that of the eorrespending
covmplelely specified pregision posilion probfems,  Alteraatively,
we tnay si the miblitivnnl dogrees of Treedare e ehoose solie of
the link parmmeters, and then determing Lhe enknown screw
paTainelers.

{2) When the design positions £xcetd 1he mextnuam number
of digigh posttions given Tur Lhe eorrespouding completely speci-
fied precision position problem, we ean ne longer wrbitrarly
chooze all (or part) of the unknewn screw parameters, Instead

Joyrnal ol Enginecring for Indusiry

Tabls |

Tiw gl & rent Ml 0 lder L A ulgs paraeimgh med 14 e T
apapifiae Fintialy trpaisned Intintipi ima]ly nappritad
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-y
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ir
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they mpe determined by the constraints imposed on the pariisular
ligk chain we are synthesizing. To illusirate the lechrique, we
give an sxample of wynthesizing Cylindrie- O ¢lindric cranks when
the pogitions of Lwo poiats, r and &, of ¢ pro ppecified,

Design of C-C Cranks fus Finitety Separaled Positions

Following the natatiung uepd i referenee [5), denolo M 8 g
unit veeivr parallel Lo the first posilion of the moving-joint axis;
7 an ariblrary point on the frat positien of the meving-joiot
axis; F a unit veclor paralie] ta the Faed-joint axis; and & an
arhitrary point on the fixed-joint axis as shown i Fig. 5.

For simplicity, wo wil furmulate the problem by serew dis-
placements from the Brst position, 5y, 2 = 1,5 = 2,3,4..- .30
tha: the vectars Fuy, G, M, Q. neg, aied r,, are all in Lhedr first
pozitions, and we will cinit (he subseripts for these veclor,

The deshen equetions are oy givenin [5]:

Eu’ F'{SIJ e M} .
— g — ' - 2' a4, - . ..f 1
tary > F x50 5 X M) J {100

3, - _Su - fSJJ"M:'M

2 i = (G-

su' - [SI:I"F,:F
1= (5P
=23 ..., (101)

where 5.,, M, B, wd &, F = 2,3, - .., &L are given by equstions
f14) through (200, From {100} and (301] 3¢ fallews thot there are
(i — 13 design cquations.  Sinee the design parameters are F,
M.G, O, and §,jm 2.3, ..., d there are b + (7 — 1} design
patameters, Nence, the mumber of pussible Lirary linka iy
= and the bumler of design positions, f, may range from
Lol

For five or less than five specified desigh: poaitions, we rnay arhi-
trurily choone the unknown serew parameten, ¥, =2 %, L 5
and then determmineg (he serews, T, F= 2,3, ... 5, from vuatians
{14) thraugl (203 Afler the screws are detenmined, e Uesign
procedure is ther exactly the same a3 that outlined for compiletely
specified precision positions ia |5).

On the ether hand, f we substitute 5, A, B, and ¢, from
equatians (143 throwgh (20) inde (100) and {101}, wc ahlabn 1he
follow ing ¢ wreguaLictm:

SO = ALY F

G~ Ay

ﬂu':ui + b_'.j.l.'u + o =10

a1t w4 A Ay T e R eyt = 00 (03]

{102}

whers
Yoy
T, = tan =

P

(104)
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ai” = LIF X fazl, - 1n X heM] 4 (0l 3F-JGn X 1)
w M) 1.xn'%:r—- Hn-ly 30 3 M — {F % 0)-0{n X by} X M]

s‘h

— n X MEF X (e % 1,)] ten +{F><n}| {n 2 M) {105}

— Ly X M X Jykfin X 15} X M)
¢;

bu' =

+ {ly % MIAF ®le % 0] tant = 4 FF % nl-fl, % M)

+AF R ly)-{n 2 M) — F-lin % L) % M1} tan i:‘

+ Fonox M (106)

'in

¢’+F (hy X M) tan £

_,-' = (F R Ty) Al XM 1an? (107}

and &y, by, 0" Sy 0,7, and f7 are Gith degree polynomials in

F, M, G, and O {second degree in F, 20d degres in b4, and first .

depreein G ond Q) We mny nse Sxlveslet's dyalitic method o

clircisate #) 2 ) between (102) and (103}, Normally

i, tan —
this would yield a 21:Ilh degree polynomial in F, M, G, and O
(9th degree in F, 9th degree in M, and 2nd diegree in beth G and
) for each §,

Henre, for Ave positions, § = 2, 3, 4, 5, we hove four 200k de-
gree polynamials in the right unknowns F, M, G, and O {each
vector is eounted as 1wo ynknowos)  There are {our appro-
priate (ree choices. It ix most convevient Lo choose both the
direetion of (he tmaving-jobid rxis and the direetion of the ficed-
jolnt nxia, 1o, Fand M, Onee F aod M opee chosen wi wee bell
willl Toar aevoind degroe polynomialz 16 G and €3, IHenre Lhere
are p! mosl siateen poxsille axts locations, all of which may be
casily delermined .

Alternatively, we may sulmtitute arbitrary values for Foand M
inwo (102} and sulve for 2, whicl will then vield two possilile
valuey fur ¥,.  Bubslilating ote eet of 3, inlo (103) pields &
linear el of oar equationn in G and Q. Taking sll peasible
combinations of z;; we cblain mxteen sets af 00 ranks. This
method is Lhe one uted in FExample 1 which follaws

For e positions {the maximum number of desizn positians),
we lave eight 20th degice polynomials in eight unkeowns,  This
iraplies at mesl 200 Oy lindrie-Cylindeie cruvks, abd seemes 1o re-
yuire & imierical ieration,  Allernatively, we ean jterate (102)
and (1493) directly Y we consider Lhe 15, a3 cight additional cn-
knowns. This is the meihed weed in Example 2. The reader
whowdd note that FS;, or M5, withf = 2,ard, .. ., or % are nll
spuriens sulalions to this problein.

Numerical Examples

We now give iwo numerical examples  In each we treat the
design of G- cranks when twu points of e rigid body & wre
ppecified.  The given jncompletely specifiol finitely separated
pusitions pre jy terma of & poiat rand g direction n as follpws:

The torresponding pure rotatipn serew, T.,. are found by equationa
{19 through (12) to be s fallawe:

) *uy

if N I Ir Ly Ly by (deg.y
12 = AT 0 3377 4 7iE& 0. 7T 2. 5134 -0 g3RD 72,18
13 —[.G500 0 01Vl O.7511 =0 3037 3,185 =0 3T 4] pa
[ =0 383%  —O JAR O.V000 -0 M2 2 unab A6 w77
13 =3O -0 4744 07800 -0 ME3 3 ZI8G | 600 131 94
18 =0IHHE -0 E0L G.TEST =1, 1100 3 4148 2505 179,47
1 =0 0TS  —f GGEG 0. 73us - ). b7A3 & 11N %7 114,99
1E BO468 =0, TAM D.ETET =% 4360 4,727 4 BEI5 13B B
i (HASG0  —D,Tudt 04926 —d.7LO0 21310 K044 131,34

Enomple 1:  Flva Poiltlons, For five Ptk“iﬂl‘.lﬂ, Wi Lse pOGil‘.iuhﬁ
1,3, 5, 7, and 9 given above as our desizn positions, wnd choose

the direeticas of the moving- and fised-joirt axes o follows:
F oo (0250, 04300, 0.LGE0),
M = (10,7500, 0.4330, 0.5000),

The rotalions 3, of the rigid ledy @ aboul the lire &; which

passes throuph the twe given points r and 2 are found frem [102)
an follows:

7 13 15 17 19
Wy 1#t solulion 66,70 10478 114.54 1£5 .45
(deg.)  2nd solution 7153 MTRE? - 17606 —119.17

The kixteen passible axis locations are found from £ 103)in which
e uze all porsible combinations of the above ,:

G: G.. GI a' {-'- Gr
=1.0521 1.5036 = 11,6263 —4.4128 N
=0 1594 351068 0 25T 0038 0

13.3557 =4.38% 0 =35.5007 —Zy.GA4l 0
=11.7003 G.4137 0 1 .3419 257040 0O

5.2763 05554 0 —=15.000s —=31.53577 O
-0, G300 28731 0 1.95% LIEZE O

(PR 1 P Y 1) = 5.2133 3.5327 0
=023 0.3lss o 2.3910 23887 D
=057 .63 o —-2.094 =403 O
=-5.3772 1.6600 0 12,150 12 B16%

—=26.71532 12,0432 O 52,2315 44,3805 0
0. 4520 1.1191 0 = [, BR7G 12220 0
- 17 8L67 A.0887 0 31.4494 9600 0
—2.8216 3.8 ¢ T.0154 9.0s57 0
—=27. 1350 117531 0 i3.1135 HITL 4§

. 0000 1.0000 @ = 1.0000 1.0000 @

For vuuh binary lnk faund above the rotations ahout Lhe juint
axes, oy and ¥;;, and the translations aleng the joint pxes, u,, and
;. CAN then be computed by wing +guations (2), (3), (3], and
(Gyin relerence |5],

Example 2: Hinw Pecitions. For bine poeitions we requice
nutnerital terption of wuations (102} an] {101),  One solutiyy
fur Lhe sbove specihed nine positigns is ms (allows:

Fixed-joint axis
02506 04320 08060
IRELUI N ER ]

Moving-faint axis

07500 04330 05000
— LIK¥K) 1.0000 0

Direclion
Toacntinn

The rerew dizplacements actociated with this binary link wre

FPosllanne ™ L T Mx ny '

X 00000 4. LIMEs k) 1.0000 . BD0 O DOOD

2 10117 0,9604 0 nMO [ L O ARSS  — 1, 1085

a 1.9005 2 (?? E LYK 0.7 b GSET = 5708

4 2 0DHN T, 0440 1.4 ¢.4337 D ogarT  —0,20M4

5 1.74480 4.5021 4 R0 =0 200 0.9517 =0 ENS

[18 1.2840 3 BElw 5 QL6 —0 S1)4 O #23. . 180T

T BB33LE B IDET T ATEN -0 LTS . GOE> o.a'nm

H —D 7E B 6072 ¥ ASIT —D, 087 o 3k o, 520

3 =1.0176 B.ODTR 35 310 =043 -0 D [T

iy s L £ Al

3] i, 4BH2 LT ] 0.7304 =0 20
& (O xh 1) 0, 0726 0. OH79 ={_401E
1] . 43648 ‘. 3224 0.7101 -0 AT
13 u L1z 0. EIED G Gasl =0 fd531
16 0 L1590 [ =1 |- 3 - 4165
17 -0 IEEE . a3l =, L5 - 1.£313
15 -p X111 =0 T¥4 =0 Shfid -2 1461
W =0.31487 =, BEIG =0, 4143 el I

B0 / maxy 1973

[ound Lo be:
Ay A i Fiildeg.]
0 uHil -0 8077 135744 29 45
a.7116 — 0. TN a23sh 2.1
0. 4e -0 2724 %1058 B3
G M6 0. DGE4 6. T9%E g I
& I5RR O An3L T Gik% 15071
¢. 1z O GETS — 1 473k =170 K1
00852 1,154 =11 8572 15k 30
=0 AR 31,5001 - 14351 121,53
' Transaclions of the ASHE



Apain the rotalions slout the Joinls axes, o afd 7 aed the
iraralations along Lhe joint aves, u., amd 1w, o e cormputed by
using equations (2}, {3}, (3), and [6) in reference |5

Conclusions

We have introdaced the concept of Wweanplotely specified de-
asign positions atud codeavored to study the displatement of linear
elennts in asystemubic manner. 1o nddition we Bave indicaled
bow to apply thee incomplety speafied serew displacements to
the desiga of binary links. Io references [5) and 15), e pre-
sented a anethed of using equivalent serew Lriangles and xpicw
trisngle ehajus for the synihesis of dynds and 1rieds.  This pres
ent work adds new entegorios of possible pralidems which ingy be
trvated Ly the metlioda of 15} and [5]. Inerder tocie sl of tliese
lingether we present furmmbas which stablish the maltiplicity of
pomible =yn: hesis soludions, and the maximum number of deslgn
penitions asoaated with different types of ¢hains  These for-
muls inelude bath complelely and incompletely speafied design
folian prollenw.  The wimber of pussible cleaign solutians for
na ofen loop chein sonpatibde with the given displneetnpnis v
a1 whers:

y=p— (b =FHn — 1}

g is Lhe mumber of independenl hinkage paramelers needmi Lo
wpecily Lhe dimensiors of (e hinary links meking up the
desired lipk chain,

b i na Dt eger Letween 1 and G;
Par cowpletely spevilieel prechon posidion, & = 6;
Fir spedificatian of twn points, & = 5¢
Fur specifeation of a line, & = 4;
For specifieation of & poing, b = 3;
Fur spechiciuion of » paint on a given line, b = 2
Far specification of a poinl on 2 piven plane, b = 1

F s the suim of the ndepetedent degeres of Frecd ot in 1he foinly
of 1he upen-Tok eliin {for twe spherieal juinls we redues [ by
tne,

a 1a the aemler of design positions

When g = & there wre 5 Nitale number of devign solutions,

The maximom number of desizn positions 12 ohtained by rolv-
ing the Mllowing fuegquality for the positoer intoger a when the
ledt-innd-vide 15 s ofnsp 10 2ero 25 passiblo:

p=(b=flln—1)20

For examnple, it the dergn of 8 £-€ crank Lo puide o rfigpd body
whei: only Lhe positione of Lwo poinls are specifisd, we have:
p=5bb=5oudyf= 4 Ifwewanltodadgn a O-C crank for
five such pogithons, thenn = 5, amd g = p — (b — fln — 1) =
=[5~ 4¥5 ~ 11 = 4, Uenew there wre fuur appropriat e f oee
chiteey and we have @ galutivns,.  To deleraing 1he muxinm
onpileer af design posttiogy we solve the fulluwing inequality Toc
H

E—(3—4Xn — 1) 2 0

The maximum n which satisfies the above inequality s 9 and
thix in the maxinom namber of desizn posithans,

Wole that whenever two spherical foints exist i {he upendink
chaiii the degrees of frecdom, £, slonld be one Feas Than the sgre of
thee degreen of Treedeam aysociaind with cach joint thorehy olimis
aading the exirn freedom el Uee eenler Dine of 4e spherom.
Whedt wi wpherical joliis exist by the open-link ehnin, Lhe deprme
of fremdom shuuld be mfm — 133 less than the sum of the de-
chees ol freefom asspoated with earh joint,

Journal of Engineenng for Ingusisy

The values of p nssocisled wilh many commonly vwed kinee
iatie chains nre tabwlated in 3] end 4], p is the nuenber of
unsulseripied design paramelers nmeociated with each chiaim,
The reader shiptahd pate that specinl ewdion is fadicaled in de-
termining 1o mucinwm nomber of design positions for eligins
with prismulic jetuts. 1 in doubt [5) aed [E) should Le ton-
wulied,
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Introductlzn.

SINL'I iw introduction by Alt [I],! the transmistion
angle bas served as an indicator of the quality of moticn trans.
misgion in planar mechanisos,  Hain |2] deftnm the ranamission
angie for » number of planer mechanisms ipduding linksges,
eams, and compound meehanioms,  Racent warks (3, 4, 5§, 6] have
dealt with incudizg the Lrannmisign sngle in 1he synthesin of
planar four-bar Ninkages,

Far spatial linkages, Bagei (7] defiten four force tranemission
itsdicen related to the inkagsloadings, Yuan el n! [15] considers
Ball’s wiriusl cosfficient [9] na s tranmoizsion Iaclor.  However,
thers dos ot aven Lo have been developed n apatial tranamiasion

.index whith oot anly is independent of the linkages Joading, but

Als 10 comulrained to have Rnite values lor all possible mechanism
oemfgurations, A aingle index of this type would be valuable Ior
compering the molion cherscteristica of epatial linkages of dif-
ferent dimensions and iype. Such a Lransmisdon index (TI) in
developed in this paper.

Denaviland Yarienberg [K]) (pp. 315-320) show how the Lrans.
mission sngle for the planar four-bar linkage o related Lo the
tmechanieal errgr in the linkage due to satistical deviationsin Lhe
link lengtha.  The trancmission index developed in Uhis paper has
& sirnilar relationship 1o the possible mechenical error in apatial

If & cumber of linkapes of different dimensions are available
which prerfunm the task of path generation, funclion genertion,
or rigid body guidance with satisfactory structural error, Lhen
there is peed for criteria for selecting 1he best linkage=. A good
linksge dexign must fit within Lhe space alloited, have good
moticn Lransmission charaeteristics, and Le relatively inecnsilive
to devistions of the link parameters from their sdesl value.

! Wumteers in brackels designnte Reforancea at end of paper,

Contribuled by the Design Engineering Division for prescntstlon
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1972, of TRE Autarcas BocitTr or Mrcmanxicat Exomwtens,
Manuseripl rereived al ASME Uesdquarters, July 8, 1672, Paper
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Copren will be wrnilabde until July, 1973,

A Transmission Index for Spatial Mechanisms

A pemeral index of the qualily of motien transmession for rpotial mechanioms 5 de-
vedoped using e theary of serews,
error possible in a Nnkage, A method for symthesiving :pdﬁal dimkoges wilk desirable
molion Jranamission and mechanizal error characteristics is develaped and examples are
thoum for the RGGR linkope. *

This index {5 shoun lo be velated lo Lhe mechanical

In this paper the problem of determiniog n RGGHR funciton
generator with optimum motion teanamission and error senaitivity
charscierislics is dealt with. Computationally eficient proce-
dures can be developed bacause T in a single-valued Iunction of
the input erank angle far thea ROGER linkage. Ilowever the over-
all mmethod used in wpplicable 1o all xpatial linkagen with & tatal of
five degrews of freedoan in the link foints not sonrectad Lo Lhe
frame |ink (hereafiar called the ' foating joints").

Wrenches, Velscity Screws, and Reciprotity

The force distribution at any joint in & lickage can be repre-
pented by ita equivalent wronch, whern a wrench s defiped wa a
single foree eombined with & couple in & plane perpendicular (o
the foree [9]. This equivalent wrench is termad the  joint resc-
tion wrench, ™

The instanianeous velocity distribulion in & rigid body relative
1o some rederence frame ean be represented by & velociiy screw,
where & velocily seraw ia defined a3 an angular velosity around &
steaipht line comliined with a tranalation along ihat line.
The straight line ig ealled the instanleneons seraw wxin (ISA) for
the relative mocion of 1he body considerad.

A screw in a sloaight line with which n scrlar quantity oallad
tha "piteh" is associsted. Five ecalar quantilies mre required to
completely define a serew. A screw can be represented by the
unit medor | L10]

(L4 ep)s

whers ¢ i3 Lhe Cliford screw operator, p is the pitch, and 5 is
unit line veclor [11) Iying on the serew sais,

A wrench can be considered ws & Aerew with which s scalar
quantity called the intensity s aasoeinted. The inlensity is the
reeultant, F, of the force system sonmdersd. A wrench an thux
be represented by

FU1 + e")d {1}

where p', ithe pitch, is the revis of the magnilude of Lhe wrench
couple to the force resaltant, and ¥ 79 n unit line vector on the
azisof the wrench.

A welority serew ia n acrew with which & sealar guandily enllnd
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the amplituds @2 ssocinted, The wmplitude i the angular
veloeily, w, of the body considered. A velocity porew can thus be
reprasenied by

T et ok {2)
where p, the pitch, ia the ratio of the magnitude of the aliding
velpelty of & body fiaed point on the TSA to the magniluds of Lhe
angular velocjity of the bady. The unit Line vector b lies on the
15A al the veleeity serew.

Ball deficen (6] two strews sa béing “‘reciproeal” when s
wranrch acting on one screw can do no work on & bedy oon-
strained to mave on the other ssrew, The work per unit time
done on » body, which Lwisle about & serew b, by & wrench oo«
serew a i {Fig. 1]

Fulip +p')cos § — #uin f) f3}

where r iz the distance from & to :lul}i - iu.tl:uu angle Irom B to'y
in the direction of & right-handed screw mevipg aleng r. The
"yirtual coeffisent’’ 9] between b and & i defined 1o be .

e = flip + phoon § — rain 0] (4)

Thus \wa serews sre recproct] when Gy, Squals saro.

The relalive ISA for wa bodies joioed by revolute {7, heligl
(M), cyTindrieal () or ball and suckel (&) joinis passes through
the physical center of the joint. Tn [wet, Tor &, M, and & joints
the 15A haw & fixed position relative to either coupled link. For
u prismatic () joint the location af the relatve J5A betwem e
two coupled Jinks iz indeterminani and thus may be considersd (o
lia nnywhere providing it has (e correct direction (i, line vectnr
b degenermien Lo & free vectorl  For the planar (F) joint, the
18A 1= perpendicular io bt econtsining plane of the joint wnd
moves redative to both coupled links.

Each joinL 1ype is charmrcterized by both ila remclion wrench
and its relative velocity seraw.  Theas Lwo quantities are relaied
by the fact that the screw upan which the joint renction wrench
acta is reciprocal to the serew sabout which the joint relagjve
velocity screw twists.  I'n oibher words, the ipint reaclion wrenzh
can effect no relative rmotion of the two coonected hodies.

Teble 1 given & summary of the coudilionn jmpticd by B, I, 1+
(, &, and F jeinta. The force distribution at ewch joint in re
solved into Tarce and moment companents (F,, F,, F., M, A,
M. The r axin is taken slong the joint relative [SA and the 3
nnd y mxes lie i any plone perpendicilar 1o the 18A.  The & and
r! joint infonnation in Tahle 1 requires lurther explanation. Two
rollinear screwa of arbitrary hut different pitch Iving on the 153
far 3 C-joinl roraplelely descibe the pere® sysiem which charae-
1etizes that juint.  Ihoerder for & general kerew 1o be Teciproeal
ta loth these vollinest serewn it mustintersect then urthoganally.
Henee the jaint reaction wrench for m C-joibl must inlersect that

Tabis 1  Jolnd characteviifes

Ciria L brn far e e g
Tamry sl Wk Tayerapt b [ ———— Temdin b
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=4 P e e i #osm oroaln
[ ] II-I:I e 0l oy - W Lo a'ee
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€ H.iT'-ﬂ RaAr Fagoired [ -
L S S e T e [ R e Pegeland
r J'_-rru’«-n ".."',-"‘ e, p et =

joint's relative 15A orthogooadly. Three concurrent nonooplanar
zera pitch serews completely deaeribe the acrew syaiem for the rel-
ative [8A of o G=joint. The rexction wrench for & G=joint in of
1ero pitch and intersecis these thires serews gt thear poinl of con-
caoreoty, Thus p, p', and r are oqual w sem, atifying (e
reciprocity eanditivos identically for n G-joint.

Transmlsslen Wreneh Screw (TWS)

Io many machanizm degigna the prime fuptiion is to tranmmit
molion from the input {driving) member to the output (driven}
member. Since the driven member always offern some re-
sistance 10 motion, power musi be atpplied Lo the driven member
through the driving member in order to =Fact the desired motion.
This transler of power can be accomplinhed either with a direet
conlacl of & lower-pair jolptod rechenism.  For the dimeet ean-
tact mechanizmes Lhe force transmission wrepch is amply the con-
tact foree between the drjven and driviog memnbers. For tha
lowet-pair jointed mechanizm (& linkage) (be sature of the foree
Lraninission wrench iv 1 eez abvious,

The only way loree can be tranamitted from ane fink to snoihar
is through their connecting joints.  Hence the oaly forces related
1 the driving Link which can be Wransmitied wo the driven link are
Lhe joint reactino wrenches exerted on it by the adjscent moviog
Yink andd the framea link.  Since the reaclion wrench exeried by the
frame link must = reciprocal to the output link velocity serew,
the reaciion wrench exerted by uhe meving link is the aoly input
relatad wrench which can do uaHt work on the quipul Liok.
In wingle op chains of binmry links if nertisl and ex-
iernal forcea on the Aoating links am negleeted, each Noating
(ponframe conneciad} link i a body in " Lwo-wrench esquilib-
nm-if

Equilibrinm conditions on ench Hnating link require 1the 1wo
joint reaction wrenchez 1o be of equal magnitude end line of
action but of oppasite sense.  tHence Lthero s only rne screw
whith characterizes the joini reaction wrepchen of the feating
tinks of & |inkage. This in the acrew on whith the static foree
transmission wrench for the linkage wets.

In Lhis paper (he inlensity of the Leanmmineion wrench is of no
intertat (becagse L i not geometrical in nature) so that the only
concern iy the screw an which the transmiszion wreach seis, 1ha
TW5. Five scalar guanlities mre required Lo determire aoy
screw, henee, five scalar eomiditions are yeguired for & TWE.
U independent serews sre required to dederibe the serew ayslem
9] which characlerizes & joinl with f degrees of Ireedom.  The
reaclion wrench al each joinl mual be reciprocal 1o all findepen-
dent worews characterizing Lhe joint freedom. Hente (or 1he
general kpatial problem, 1he aummation of the degreen of [reedom
in Lhe nopframe contected (Mowting} joinia musi be hve for TW5S
to be completely delermined by reciprocity cooditions.  Since
the reciprocity mnditions are purely gromelric, the TWE deter-
mined by them is independent of the magnilude and lorm of the
Inading un the driving and driven links.

Tuble 7 [with the symbols Wustrared in Fig. 23 gives Lhe form

Transaclions of the ASME



of the lrapsnizsing wrench (or & number of 1ypical spatial linkages
with five degrees of (reedom in their Bosting joints, The RECC
and RILG( linkages are examples of linkages which do not have
a total of five degrees of [readom [a their Aeating joints. Far
the RCOC Liokage the line of action of Lhe TW3 is along the com-
jmon perpenditular of 1be two Beating eylindric I34's.  However
the pitch of the TWS s dependenl on the form of the loadiog on
the driving nod driven links. For the RRGSO linkage the TW3
pitch in zero and the TWS lina of action intersects the doating
B-joint ISA and passes through the center of Lhe (Rjolnt.  Hows
ever, Lthe point of intemection of the TWH and the R-joint 15A
depends on the driviog snd driven link lasding.

Appendiz A contsing w caleulation of the transmission wrenth
for 2 RCNCR tinkage cring sertw alprbrs and dusl quantities.

Transmisslon Index Funcilon (T1)

The ioput link causes motion of the output link through Lhe
tranamission wrench, The output lipk is inatanisnequaly cn-
atrained to twist abaut s [3A relative to the frams ink.  Thus
the inpat link Lends to move the suiput Tk only when Lha TWS
is not reciprocal to the cutput link welocity screw. The larger
the virtiual coeffivient between the TWS and the velosity sorew,
the larger the power transfer to the quiput ok fur & given Lrans-
mission wrepch intenaity and outpgt link velecity seraw arapli-
tude.

The viriual mosficent can take on valww fom minus infinity
to plus infinily, 20 io ileslf it is ot & copyamient Loansesision
index. Almo, if either p* or p in infinltes, which in & definite passi-
bility, the virtusl coefliciant in meapingless s A transmission
i, .

Howesver, & variation of the virtual coefficient which dom not
have the problems that the virtual eoefficient hus, can be defined.
Fig_ 3 uhaws the output link of & linkage with TWS in & gereal
poxitign. ISA. is the relative ISA for 1he moving joint con-
nectad La the output link, sed 184, is the [3A for the pstput hink
an detarmined by the joint which atesches Lhe outpat link to tha
frame, "€ ia the charncteriatic peint fur this configurstion; it
i= defined aa vhe point on e TWS whera the perpendiculsr from
ISA. to TWS intersects TWH. “p” & the distance from ISA,
to . .

If the Lrarwmission wrench is constrained to pass Ihrough C, but
ia otherwise allowed freedom of onentation, then there s some
arientatinn of the TWE auch that the vircunl coefficient is maxi-

mized, The magnitude of the viriual coeficient comeaponding

to this optimum arientation is

henar = & §[{p + P + 2 (8)
The tranamision index (T'1) for & Lnkage is defined as
) e tp+ p'}oos & = rain 8-
) . i .
= [tp + 50 + 577 @

(e the abactute yalus sign can be avpudmd by using

1 - [{» + p'iroad — ruin #|*
. (o + 0’0 + p*

Equation {8) is wseful na an index even when 5 and for p' in in-
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fizite. In wuch rases it reduces to T1 = [cos 8] for finite r aod p.
The range of values for TI @ from agro Lo ooe {hence the range of
walues For TIVis fram rero to oo} A linksge monfiguration which
bas & TI walue of one would bave optimum statie force and maotins
transmnispon characteristion, & linkage confipuration which bas
s TI value of tern would have it output link in & dead center
pasition.

If T in ovalustad for a plansr four-bar linkege it becomes jsin 1|
whers v is the tranamismon angle [1].

Tahle 3 givos the TT expromioos for & number of spatial likages
in terma of 1he link parametars and puit variables shown in Fig. 2.
Appendin B containe the caloulations reguired to determine T
for the RCRCR tinkage,

TI can be given n geometria interpretation.

A= (gt ph— it 0 - )
and (8}
8 = ooa fi + sin

Then ‘T'L oo o wpitlan

Lat
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' A8
If K is conmidered to be the complenent of angle v, then the pon-
erulired 1transmission angle r [or a given linkage is defined 10 be
the complement of the emalleat angle betwean vectors A and B

dafined by {8},

T1 and Methanical Errar .-

Wher: & linkage i used a9 » function peoerator a siructural
errar, E,, exists in the linkage becanse even n perfect linkage can
paly appraxinately generate most (uoctions over s finite range.
However, no linkage oan be built exaclly as apecified; thun =
machanical error, E., dus to link deflections, joint clearances,
wnd manufecturing tolerances must exist,

Postllen Synlhesis Equatiens tar RGGR Function Generation

The dosure squation for the IGGR Liokwge (Fig. 2) can be
wTitten a8

edyeys = Qe + Gy 4+ Q_I@i + Qush; + Quadind,
+ Qupeti + Chedunfs + G (12}

where

G = 3 (e = dev)
2z
& = 2 (dngy + aafete)

@ = 2 (oo = fobag)
Q= %” {dade + Fotode)
{13}

& = 2 g + elcbict)

G = 3 (et = ckrbote)
¢ = B (snets — ctcpuese)

Q=@ =4+ Ot et P = %fed)

and
K = Jaciciwde + clnfud)
The letters ¢, o, ot ¢ direetly in front of an angle denots respeo-

tvely the conine, rine, or langenl of that angle.
The inversion formizlas for tha link paramaters in terma of tha

If ithe input and oulput links ench have one degrea of motion < Q,'s sre (with a = 1, sines coly the ralios of the Lok Jengths ars

reprasealad by ¢ and ¢ reapectively, then the linkage mechanical
srror Ay for s given ¢ is [8)

A =

{10}

whers Flgy, g .- o 9a % W) = 0 i the Jinksge cloaure equation
and g are the 1 linknge parameters which deseribe the linkage.
The denamitntor 28 /0y, which i the same for all 44,'s, is callad
ihe mechanieal srror desominstor (MED). Maximiring the
minimom vidue of MDY for the desired range of linkage motion
will have tha effect of loweriog the mechanical &rror powible io the
linkage.

it ix shawn in rederence [3] that

1 1
MED  x2csint

for the planar four-bar Linkage. (8in 7 = TI lor the planar four-

bar.] This same regult, namely

. 1
ﬁ'l.!r-.f:—-ﬂTI

{11}
peens ta wlso held for spatial lipksges.  This indicates that usy T
rpproaches rero small errors due 1e manulfmeturing tolerunces or
link elasticity cen have lurpe effecta on the necuracy of the linkage
a1 nfunelinn generaior. -

. Appeodix C eontaine & prool of relstion (11} for the RGCIE
linkage. Although no general proef of (11} has been devised
which is independent af the (ype of Ninkage considered, i1 has bern
verified for the RGGI, RGOR, HOGR, wnd RRRGH linkages,

4

important)
the m I = (1 + HYMs

o - -1
Z{Qy — )

I&.-Q‘r—fMl

1 4 ihld,

iy — Gy
Gh — ikl

.= efellhte = Qi)
el — Qudidn)

- edel(Cuipn — O}
{L + nfulh)

#fl1 + thuh)

o S0+ it
2E(Quide — )

b=l 44 d" 4 & P = 2efct = KQ)'N

cf =

{14}

7

There are four groups of link parameters determiced by the in-
version Jormulas.  (This & in accordance with Levitskii's solu-
von [12] delermined using & different coordinat e sysiem.) The
solutions are in (wo paire which behave similarly Lo the roots of
iwo guadratica. The firnl pair corresponda o the pluy sign in
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the quadratic for fdy; the semod pair to the minus sign. For
each member of & pair the sign of #f differs.  Thus the twn solu-
tigns in each pair differ only in (ke signaaf £ ¢, and f, while g, e,
g, b, ¢, and d are identical.  The two salutions in each pair are in
fact oonly mirror amages of each olher redected in the plane of
motion of either 1he crank or followes linka, Their motion trans-
mission, #rror sensitivity, and function generating charneterisiirs
are jdentical.  Thus only one member (the pesitive sine case) of
each pair need be toasidered in & synphemis procedure,

Motion Transmission Expressions for RGGR ————

For the RGGR linkags 1o have dedrable motion charasieriaies
throughout its range of molion, the minimum TI should be ks
Inrge an possible.  An effective eriterion for keeping T1 lange in to

minimie
+3e
f- (! — T
L)

where T1? ia wxpresed as a function of ¢, the inpul erank angle,

Py i3 the srank angle correapardding Lo the start of 1he erank renge

of rolation, and Ag is the desited range of crank mtalion,  [{1-

TI*} can be thoughl of a8 coa' r where 7 i the transmission angle. ]
For the BGGR linkage wilh

f13)

TP = o fei(ert — acap)? + 4od + ackP
— (A + Zade — ZafotopP} {16)

where )
Ama' =W 40048 b+ - 2fek
by perfarming the required inttgrations relation {15) becomes

J'-d--b- A
T

+ ak{d1 — 23} [%? + E (20 + AdH — -“{M-]'}:]

n—Tl-w-i[[w & — +“—’]
vt B = d = ) 3 Qg

1
+ <ttt — eicf) [_d.?i = 3 (=20 + A - iﬂhl]

4 adid — 2V [eide + Ad) — agh]
+ asblAf — 2tk Ml 4+ Ad) — ode]
. + atdfef a0 — 2y + ::‘.dr]']] {(17]

[f the desired range of motion of the ¢rank is 360 deg. then (17)-
reduces to :

Zr . K
J; tl_ﬂm-r{?—“‘;[l+ﬁ?l+w‘l_q‘
. —Q.~+w+-:+.=+w—:w:ul= (18)

where K and the ), are defioed in aquations (13).

Error Sensitivily Expressions for RGGR

The wenxttivity of & Linkage 1p déviationa in the ok parsmelers
cat be mminimized by maximiking the minimum valoe of (he
mechanical error deneminater (AETH) For the desired range of
linkage motion. A suitable crittnon for achisving this goal is to

DOAXITLLES
fﬁ+-ﬁi
[ L]

For the RGGR linkage,

MED$ £19)

Journal of Engizeering for Inﬁusirr

MED = x2WTI (2

Therefore expression (193 has sxpanded foome simdlar Lo expres-
siona (17} and (183 for partial and ful} eyele rmnges, respectively.

Dimensional Srnthasi:; Usieg Tl 2nd MED )

If equation {12) is written for seven precisien positigns, then B,
iml,...,7, canbeecpressed aa linear functions of Q. The link
parameters io (1i} epuld then also be expressed in berma of Oy
Thun {although it is not convenient to do sa) expressions (13) and
(19} conld also be writien explicitly in terma of G In the de-
velopraent which foliows expressions {13} aod {1%) are conzidered
as implicit lunctions of §.

" Since valy vne variable, Gy, is involved for n given seven posi-
tion dinensiotal synthesin problem, expresiona (L3] and (14}
cag ba plotted as functions of 1he independent varishle Q.. The
Tocal maxims of {19) and minima of {15) can then be delermined
from the plats. The aptimum linkage design may eorreapond to
& minimum of {15) or a maximom of {193, (Bath extremumn oc-
curring simultaneously is unlikely.] 1t is, however, poaxible Lhat
the pptimim linkage design may be at & point op Lhe two curves
which does nol eorrespond Lo an extremum of either expresaion.
This [n especinlly so when other factors, such e the ratio of the
longeat to the shorpeat link length, link interference, etc. enter into
the decimon of which design to use. Howeyer, the plats are
excellent indicators of the quality of motion Lransmission and of
the error sensitivily and should provide invaluable sid in pieking
the beat liokage for & particular problem.

Examples

Prablam Me. |, (Fenerate the funelion y = sinrfor —H0deg 5 ¢
< 90 deg using & RGGR linkage wilk A = 150 degand Ay = 00
deg.

.For seven potitions with Chebychey spacing expressivne {13)
and [19) plot wa ghown in Fig- 4 The solution eorresponding to
y = L5 is chosen g the "optimuem solution sod its charseteris-
ticy are eotopared to the eight precision peint {Chebychey spac-
tng) solution in Fig, 5. Eight precision points are (he maxirom
possibile far the RGGR linkage as a function genarator and yield
& upique set 6f Q,'5.

The mechanieal error shown in Fig. 3{z) is determined by cal-
culating the ontput follower) angle arror [using equation (104

Lresuliing from x 0.001 error in the leogth of each of the three
meving links (a, b, and £). The magnitudes of Lhe rotation £rror
due to cach link's devialion are scalarly added to form the Latal
mechanical error which in ptotted. Tn Fig. 3{b) TI is plotied as
a funption of the crank aagle for the eight position snd Lhe

Taa 3 Transmleaion indicen far spabial knhoge
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Fig. 4 Ploh of sxpresnisens (15) wond (') tyr y = aln x

optimum” seven poaition solutions. Tt is notable that the eight
position solution it defective beeause mability between the fourth
Thi points out the in-
poriahes of ascounting for T1.

The link paramelers calculated for Lthe eight-pasition and seven-
posilion 'oplimam"’ sl atione are showe in Table 4 slong with the
Lwa ““optimum’ selutions for problem number 2.

Problsm Me. 2. CGeperate the [unction y m 2Tfor0 g r 5 1, with
A = H0deg and Ay = 90 deg using » RUGGR Enkage.

The solution to this problem illustrates that thers e be two or
more reasonable solutions which bave diferent charasteristion,
Which malution is beat depends on the relalive importance of ex-
pressione {15) and (19). The plots of (13] and {19} are shown in
Fig. 6. Two solutions (@ = 2.05 and @, = 49.) are compared in
Fims. 7. & = 49, nonﬂ:pnnd: 1o & minimmn of expresson (18]
ard does not show up in Fig. 6. @4y = 10, gives excellent motion
Iransmistion; however, Gy = 2.05 gives & 1;‘3 reduction in the
maximum mechanieal arror nt the expense of p;o;.-,-r ‘motion
transmission.

_Liokape Class

. When TT = 0 {or TI* = 0) the lickage sutpul ok is in & dend

e s CEDLET pOaldion. o Guiput dead eenter posttions can mly occur in

double-rocker 1ype linkages. [f Ti in expreased an » lunction of
the input variable, then real roots of T = 0 indieate that & par-
tirular linkage ia of the double-rocker (ype.  No real roote of
TIL = i indicate either that linkage elonire is mpomibls or that
the linkage hay full eycle crank mobility {rrank-rocker or dayble
¢érank ).

For the RGGR Yinkage TI* is

s gpiven by equation {16Y.  If 1his

expression i set equal to zero, it Ieads i A quarlic in tan g
(oroos &) Careful examinstion of the sign and 1vpe of the mels
of 1he quarticindicate the linkage class.  The quartie obtained by
tetting TI' m ] for the RGGLL linkage is identical 1o that wsrd by
Nolle [13]; beoce the results are identival and are not repeated
beere.

Takis 4 Link pemmriiey
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Physical Significance of TI Extiemums - -
The ecprasnion {18) for TI? for the RGGR linkage reaches an

extremum with respect to & when % m {0 or

Aidrfed + BidHSfrbed -+ deg) = D
where

A(S) = 2ef ~ asfap — ret)
and

Big) mal = 8t = et of dt o @ ok 1 = 2efcf + Zodeds — Zafabeds

Therelore

aflAig) + fB{g)

B0 ST N T T Ry

(20)

Equation {20) can be directly related 10 serew svstem theory
Three roncurrent noncoplanar zero pifch screws define the (hres
xrstem characteriatic of a spheric joint,  For the outpul sphenr
ioint 1Fig. &) these 1Three screws can be defined as [ving on the line
vectore b, ber, and B = ber 3 b. Thescrew on b relates to the

mlion of the coupler link aheut e own axia: this motion is of
no imporiance e funclion generating and i= therefore igonored.

Transaciions ol {he ASME



1% [es) {. h] serewy (nasociated with the input spheric joini) belong (o 1be
ULl N same ffth order system requints thay the prioeipal acrew {Lthe
H o3 negaiive of Lhe acrew to which all screws i the five system are
o e—— ! ! reciproead) of the Blth order yystem pass thrsigh the point of
- =} ' | f. * - poncwtenacy and have zerp pitch. The other three zero pitch. . . -
s . 3 screws {aaociated with the put sod gutput link revolute jointg
Jt’ ol \ and bot) must then also intersect this prizeipal serew,  Thus the
F H wix screws i queation will belang to m acrew syacem of the filth
/ A ‘1‘ order ooly when & line passing lhmugﬂhe inpul link sphecic joinl
’:' | (g le Lhe two revohite axes intersects ber.  (The paint of inieree-
i it & —| #} \‘..-"" tiah it oo the output link revolute axis.) Some simple caleuls-
- . liohy in analyrie geometry indicate thar this jnterection tun
o A . oceus grly when equation {20) ia satisfed. This result, oamely
"""" T asvurrerc T Ttmemme._ . that T1 reaches jra extremum values only when certsin screwa
- - - = o} T " =="  which descrit® 1he linkagr molion helong to & screw sy stem of
I order une lews than that which sormaally accum, is in accordance
ALMeneR —_— dg T with the general theory of transitorily inactive freedome propased

R N N i ‘ 0 15, by K lluctin his published discnission of reference [L4].

Fig. & Fleh o suprestigns (15) and (I9) Vor y = 5P
Susimary

The transmistign index theory developed tding the theory of
scTewy has bewn applisd to Lokage synthesis. Esxpreasions for
evaluating the quality of motion trapgmissico wod Linkage sensi-
Motion about W causes changes in the transmission angley, bey  MYiCy 10 link parameter tcrors have been develaped and applied
sErves L3 3 conveniens third steew axis. to the synchesis of the BGGR Lnkagr a3 & function gecerator.
There sre six relarive motion serows in the Liokage exclusive of  Th&s® expressions lesd to plows whith aid in the sdection of sa
the one along 7 (3nd B). —These screws arw all of zero piteh and in ::pti.ml:!m aat, of Ii[ik pPAramerera. Thﬂ_ TI had heen slhawn tc be
geoersl are independent (i, they belong 1o & sixth nrder screw  U¥ful in determining the class of the linkage aynthenized.  Also,
aystem [9]).  However, for some special griencation of thelinkage  'B® Physical significance of T extremums haa been interpretad in
these vix seraws may become dependent and belong to a screw VO3 of Sorew syatem theory. .
svsiem of 1he Glth or lower arder.

The condition that threa poncurrent ooncoplanar zerp pitch
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APPENDIX &
Derivation ¢f the TWS tor 2 RCRCR Linkage

The joint variables nnd link parameiers associated with the
RCRCE linkege are ghown o Fig. 9 The axis for TWES liea
slong h. The dusl angle beiween € and hiz§, = & + o,
‘The distance (rom 1he tharasierinic poiot €10 5y isp.  The dunl
sngle hetween b and Tyisd, = 8 + er..

h is obtained in evordinate avdrem :,. Ty Cafrom the line vector
product (11).7 T

b % da = 2k

where & it the dus] angle between 6, and d..

_IEI ® d
“ e x &
_ {todexet + s5e8)E ~ edaef @ — oSmvaf il
{(sdexe? + a9yt + arflaty) 't

The reciprocity condilion belwsen the revolute velocity screw
o €y nud the TW3 oo h gives the TW3S pitch

F' o= oo 8 feon B

{21)

r. win B, and cos &, are obtained from the line sealar produst ba-
{ween s and b in reference frame €1 € T oumely
Gh = - = e,
_ — aftaxet
((sfexe + afed)t + 8"
Beduction of equation (23] into sealer form gives
R DiE-h)
P
= |4{BC + G) — F(B' + B jl/A(8" + B) (M)
where D sed P denate respactively the dusl and propar parts of
the dual quantity,
A = sfnry,
8 = wdexoy + rred, | -
C = beflexey — quflaxery — oflory + aydd — bared,
& = bflefex + qeBayey,
E = xidny,
and
Fow beflaxey + pfionry + coiey
The line vector h given by squation {21) sod the piteh p* given
by equsticn (24) are auﬁrieut_‘m describe the TWS

{L+ ¢p"th

for o RCRCR Jinkage.

APPENDIX B

Derivation of T1 fac 2 RCRCR Linkage

For the RCLCR linksge the T! expression (equation {6)} re-
ducea 1o

|p* 0oz B, = r, aiu 8,)

{p? 4 gt
P given by expression (24} in Appendix A, The umerator of
(23} is equal to ooe ball the magnitude of the virtual coeficient
between unin line vectore #y and h.  Asiodicated by IMmentberg
[10], 1his quantity ouay be decermioed by taking the magnitude
of 1he dusl part of the line scalar pmduct belmE e, and {1 +
#')h. Therefure using reference frame h di X b de

TI =

(23)

[p' coud, — r,win 8| = lDln'ﬂ + ep")il| {26)
where - o
Toll + ep'ih = {adlabiedenes + a563) + efedm|
X (01 + ep Y/ odexet + rfely + ardarglo

p ia determined by considering &) in reference frame hid:x i'_-
&, with origin €. In this case .

g = Pl X Die) (7

whera .

Transactions of the ASME

{22}

1

14



'i;| - llﬁlsf{tﬂrxc‘? + l‘?tﬂi + célalxli
& adfefeday — ch(adexed + 5 x B
+ a7\ efexed + 19edP + dey}e

Therdore substiluting expressions (24), (26, end {27} in (25} will
yield 1the T1 expressien for a RCRCR linkage.

APPENDIX C
MED for the RGCR Linkage

The joiot variablen and link parameters apociated with Whe s

R{GCLR linkage are shown in Fig. 2.

A melativnship batwsen 3F /3¢ (MED) ino equalion (10} and T
(equation {6))indesired. *'F = D" is the lickage cloaurs squation
which for the RGGCR linkage ia

Pedrg+B¥+Cm0 {23)
wherw
A = 2ecaf + dgze — accksgh + ogaxed),
8 = 2(cd — agsfax + apckixmp + acch),
and

Journal of Enzinearlni for Ingustry

Cmpl =k 4l dl 4
+ 2Wfpcx + efck + egelee + oak{f + poxled + aded]
I ¢ is connidered as a funetion of ¢ enly, then
aF
" —Baf + Ay {79)

The TI expreasion for the RGO linkage io Table 3 does not
resemble equation (29). However, if a iy expresed as s fupclion
of ¥ and ¢, then the TI expression becomes

=Bag + ACY
-u."‘["[ N —— R A
2ph
whers
pom (e 4 ghal)'
Therefors
:_E - MED = #205TI © (a0

Since p for the planar four-bar in equal to ¢ (Lhe fellower length),

{30} iz idemtical to the mechanieal srror denominalor for the
planar four-bar linkags. .

Prioied Im LI, B, AL
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I

TILI:HE HE ten Loxie e tbods which have lecn aue-
vesslally applicd 1o the anadelical avmbeis of planng Tk e
e nvolves wrlting ihe sy nthesic equations <o thar they ex-
plicithy inclade (e unkioen linkapge dimepsaons (1, 2, 3, and s
an], while the vtbeer ainet Tl wliaely stetns Fromn the emlicn prgpit-
eal theary, renrires slelemunimg 1hosg poines i e mnviog plane
which Le on riieves which can e reaodily mgchiamized 11, 3oaed s
anl. To daie, wiel spatisl-linkage sy nthiesid wark has fullisesd
the Tirsl pretdiond U 7, = % TR DL whibe 1l stnedy of paits wic
canily theeltatized molians—a ki s the ~alijec of tlux Jawer—
ks L Juave Deens Diepee Ty Tgrnaned,

Fovera] rerent worka [130 14, 15] have it rd solate] o pects
of il seeom? orelhud, Bt e suly paevions work in the sone
velneas Wiy present sy is Seloenfies' [12] clssirnd lexé, -
furiszutely, Sehevefies’ development 14 cotively deacnptive (ie.,
semibelic as wjyrresd tooamaletic) sand does e Jeed 30aell o 1he

st boen of peeanetieal prootde nis,

In this paper we sy points whivh tie un sphores, cindes,
plapes, lipt=, op exlingders. Here we mosider only generd = patiul
iapdaveriant 2y, w hile o etanpmuion gaper [M] deals with mpsocLant
speecia] diplaceinrsi s (o, plakar). Appdicstions o bikage sy
Whesis e di=euseed I P2IL Tl b ooty it p of 1R+ preeen|
warrk B L T el slgebrmie gepnu ey win] vamymer hegl-
niues te yield guanditative resadie, theaeliy, Tue the st Gnwe,
making i prsaeille to npgdy dhe thooty Lo engioveong praeien,
T derivations ave wew. Tnoadelilion, the diruesiet Al
Pl = o m oxTingler s cinimly oew, 3z 06 et unifled treatmenst of
the kel of Joaints with twe, ey, i, ad five pusitions o w
eircke.

Kinematic Prefiminaries

We refer 1w seeiems of peiniz which Ter convepiounoe we
oMl the meving rrelem, 2, nod the fised svsiem, 25 1Thwevrr,
sien e gungern is only with theie relative posienz, both 2 aod
IV may actually bemoving,  The di-lanee et ool pody s inoany
s Ex=temt does 1o vary eod henee we sy eoneislop 2 e 2°
a 1igid luadies, cach of which odain all the points in theedi
meiembal e, The poeitig of 2 & antgoels Jefined, relatve
e coondinere syten el in 20 Dy the cootdinales of qny vhie
ngtnlbinea 1 okt
—

Ut i bpckerz deadpeare I ferebees a8 eogd of Juper.

Crentitfepled by the 4 (dind Aleehpics IHvisdon for pireephlotinn al
the Aqadiml dechanies Conferenee,  Faradena, Tahif. Juane 2675,
196G, of THL 3uriocas Socicar ot MToH e xiaxerpn,

13-ca-kine of (i k] =r shoalal L ghiFresped teg the Telzpnaial I
partiocet, AFYEE, PP niced Ungiowering Cooiet, 215 Fazz 15th Surea,
Wew York, NV, 10D, amd w3t e atepned it wies gamath oFer

gl pelriisihivas of (e LR g LR TR LT P Y RN TR P U U N TN Y
R ICE, Mt et e A8 E A pgdied Alecanies Die
wiaanm, Neavplee 1Y neRis fanod dralny, Sepdemder 2, 100 1 peer
Mo, hr—a"M—z

Joprnal of Applicd Mechanits

&7—APM-2

The Kinamatics of Motion Through Finitely
Separated Positions

"

Urigid badv is sindied in a secies of fuitely separated postitons, in order 16 determine
thase paiuis which Ne pr a specigl focas {a sphere, cirele, pline, Hap, ar cvlinder).
Fomdtions porerniug these s prefal poinls are devived and their sronerical cvaleation ix
S eraf wunrerical exampies are presovted. Fr g canipanion paper [2110
these reautts are applicd do the syuthesis of sparial Wuba ger, and a pecial malins eg.,
tlarer and spherival) e fncarporatol fute the peneral theory presénied kerefn,

Linegr Tranwfermictions gnd Secrew Motion -

In rubzideribg 1a0 Brinely .-rmmtt-d poslllmh of Z it i ron-
vewienl 1o call one the refercner pusition, X, and deserile the
ather, ¥ asihe jdi 1 hsiomeible to meve from posttion soe i
prasition " moan infinie il of warz, Lt for onr purposes
it will I evnpeeniont W rogand Chis suotlan as g eerew (e B ratas
tive ghout pd 2 fran-latioh alug the same axis), The serew s
enoted by 5. ;

IT we mie giver fwo Jasettions i, two sels of e oo lines e
paieat= Y hen the serew may e dotermined Trom a peneralized form
ul Dodrigne= eguanion.  ATvernalindy, T we are geen the setew
we alnin the uew puesition, (), w;, 2% of somwe point (3, 56l
Mo the Tallpwing well-bowwn linear L sorpisiion.

T, .
L . .
¥ '
{a,, + 1} b, Cof £ L
- LI By, £ 1) L w |+ | du tl
P . (e, + 1} 8 d,,
where
ey = gt = I = o )
b,; = u.,u;,{ll — cort 8} — wa, xwin 8,
Fopo= il — s 8,0 ag Ein 8 :
dyy = Ay = e — b - exy
Ay = el = vas ) + Hlftsill &
by = {u;,® — 1{1 — ros )
fop = 14--H:;'[l = vod #:] — an, Ein 6
i = duy — s = bl - ey, i}
o= wapll = cos @) — wg, v d
b, = m,u:,-{l — s 8,3 + vy, sin By

e = g — 11 {1 = coa dl;}

d, = dwy —aoy — b, —

L

Tt 1he Tewgguing we have laken the displacoinent from pasition
L 1w j & pquivalent o q lanlation d, aleng, and & retation &
about nu v pernlled e e dc vertur (rg, e ug} which
pagses throegll the paint fey, &, 1, ). The teros &) and o are 7e-
ferred 10 a8 Lhe sore® paremelers, ll-eir purilive groses lying de-
Sond b 1he Fighlanded serew rodes Thpuation {1} emplasicesd
il e aotaninoeal And teabelationa] ssperis of le motion Dy
L toparded a® ocvurming eparaiely and thadr offeete coperingocd.

W nrew paesent oo theneei wliel will be vy e fud inosind vinge
perints with xpoctal modioansd '

‘The lvens of all podite e 24 which sander o geecrad di-placement
perakiin i fed distee Srodia given patol D 20 e a plape. The



Fig. ' HMHermal t¢ plany givan by equalion {21 1 dHermined h-r Az

point & and tcrew 1”- - Il

d,

and :—--.

Varlor AR, tha requirad nofmel, |1 lem uf

provof e ona followa, Let A bwe the veetar frona LUae oeigion to the
point A o "”, ane 1 the vortur lo sane poinl in 2.
Trum 2y 1n X the ronstant distance soandilion nupuines:

by = Al = | = A}

Faor nmlan:n

which iz wiguivalent la
. -

rl—=r

Trh
" Al =0 =D 2}

How Trom (1) we ko thad o 05 linear Lawetion of 5, and i e
waiees oy b shor that f* = # # i lineac.

Subntitmiig oow sl ool oo = 2+ wi 4 o2k, ol
ki g vl ol the waanb o hegonnlicy conaditians for th ot atisngl
gt of the ciggid-Tade cemoeDicnen g we alilniyg:

e =7 .
Ve m {dny +oae, e by, oo in

FAd s+ oak b b
+ r‘t":_l_ + My + fng-” + .-Jr”.}.z, .

ot )
+ —_;- + fa2,t + 47 4 1R — o 8,1 {3}

B 427 0 linear in {ey, g, 8ol Hhe eorem i< prosel,

We note thai. il 1he 2emw s~ thrmgh the ongin, (3} ¥impli-
fies 1o

1 1
- hn
b ]

o
- "_:‘ - d G + w4 W)

bl W i pddinien The inothon s o pore sation: 5% = 27 = (L

. . . d:\?
The plane given by cguation {2) i~ a distance of [(;’)

i e
o 5 5 (-—: from .l amd iz ponnal w the vertor §iE = 4 — d)

Itere t iz the mormal veergr frem the fived it A T the s
ani Biand b dhe veeor aliname! Ly malativg 1 by —9‘1 alunil
ai ki thevagh Ll parailel e S, Fig 10 The teon d) i ahe
trac-Loin veelot o fu b 4 ke 4 okt I the aorew ania
vaeaes throngh the fved podun, the plase piven by 2] Beenmes

. . . d;
el Lr the 2 Tew asic aml iEReEa 1A peint — T 1he
finind poin,

Bagiation 20 e alew waclnl i we vegord o il 1y 2 ktwn agud
sk the Wwns of pedne= i 20 which are an an ege? di-1mne Erom
the Lowwn print= in 50wl X500 Uader 1lie inlbetpreiation (2
Twervmnes rls hodtnas ool b ek 34, 0 rualeee, g ],l.g]._-u,l_i.-u]‘-" Taiepi=

“Lor plane ol vk eonloanmectivg 0,y ndand G, o, 5,3

i

Corraspondonce—Tha Cublc Traniformation

Cunsider Tar finiledy soparited posivions of 2, A~awiateld

) with each paint, pr, in 2, in the set of foaer hoologons P P

Pr. Pa o given by the lour pemitions of po Sinee i1 is possible to
parn & sphete throngh any Bur pointa the Tong prositiss of pach
paind defing & sphere. Assoeinted witl each auch et of homelo-
gour painta in I is the paing il the fised <ratem which ix a1 the
ceater of the rphere. Sinee the relation-hip Letwoey poinis in 2
ad E iz inaportant e what o, we iudertshe ty descrilie this
curres podlence. . )

We require that {in fanr posilions} a paint i 1he mioving sostem
remin o Bund distanee from s pamt {1,

avstemy, Thitis given by Eepuation (23 1aken three 1imes:

[t
ffﬁ — Ilj-l; 'f' ‘H! —_ f.l'|}.-', -|" [1: — 1|}.|; + (—I;_"-) -

nt -t
{r, — I;].-‘, + [L":l - ]I'|}.-|,+ ra— i, + (___'., ) m D H}

{ry — fl}-l_, + (v — m}_J.' + I — 1:}-‘. + (I'J.'l : nt) -0

Nuw, giveln zerens 3ie, 500 b [or any wpeivalen et o, 5
%2 Spdamd mny poind dry gy, 200 we are alde to penerally sove the
threee Jinesr tnmdogo g cepnstiony (1] Tor o e eiter
poind £, L s Simitarly, iF 1w sepews sl (he venier of the
sphere are given, wae kime Cros £33 ammd 1) 1Bt the et o= 14]
bt o T r set of three pobdimogensee Spations e, n,
o) Nongy, nomeigioe (¥ g, B) ney generally Tee determined,
Thos we geperally have a (1, 1) corpe paondews Leiworn painia
i Z oand potuls G 200 This correspeaadonee s iuvarisnt Lo
Kinraualie inver=tomn, sanes gmler s inversian the conter Leaomes
Chor nairipg padnd sond e peeving poeind Teaames the enler. This
tramsfurimationn i ealled the crbie decasfarmation 114], ’

Haggnfritios i ehdd porreeporn e o ene when The ok of the
angrmendoad Jaabeis of avstogn 17 i loss o taee. The enees
~ary and midhicient conlithms For the pank o be Teaoace thal the
wrwelficdient malris

':-ft - (g = W) fry — 2
1[71: - 1) =@y, [ — n)=0 {1
fra—n)] fm=m) ([ —=oal,
vl i ather 2§ 33 be cingular, -ay,
trs — 1} (b — w) {1 — rl)
! }f:a —n) el w = wl = {63
A = Rl o, — wd int — #7) ’

prveyieted the onmapge 2 50 ¥ of (3 d (O et il s, ¥E
Mg vk of Vo =exlem i Dwey o i i e Bosing =rsient enrres
spomads Lo liiee dn the fivgal <vstem, amf wider kinematie inverion
apeind in 2 correapounds tioan line in X, %= wo sliol! see aner this
Tesiela s 3a urtiars whwiee fonrr pumitbons fallan eizches,

A0 be cank ul vhae evsrenn 0 ope, & pesind i e muying ey X
voprepomds e plane ip 270 This reepoires That all of the # 2s
of N wngpeniead madeis vani=l o bich i gmpeesibde aoder general
mellgns,

IMaving Ll the promdwok, ne now prxesaad 1o deiemine
thoee potnt# i Z wheer reveral puazitione Bie o speeinl Lsel,

Paints oa Special Loci
Points Which Lie on a Sphera .

Aopeneral prebint will por Lovve oore e fomr positinga o3
cphere,  Ther pibits with fve pocitions onoone sphete will
=ati=ly erquation (2} wainten four Viraes e, o= 20,4, 0, The
vanelitien fr the Toue pembenngeicws liewor eauations i 1he

threse vk barw i b L1 L B0 T g trlde i:

:f—i': -nl (e — w) lix = 1) {fr — 1

=) tie = lza = 2} et - l"l’}l -1t T
e = r0) (9 — ) f2y = 1) int — nfl

_fn -} v, — m) o — ) n® — R

Transaelicns of ihe ASME
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Al perews whieladeline a eet of Bty sopors Dol posilines.

. Takly ' lnpul defining cavan poaltions of o body In terma ol six verpwn -
LA 1 Loin L b LR | nLeTTIL - ;
' . o L —— R .
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- Ll
R .

Tabla 2 Equation of thi locus sl poinds bn o hedy thet e g @ dphers when
tha body b1 In poslilenr 1,2, 3, 4, and 5

4
0 - st e pEnLt
. wetrsre - onmion?y e,

sV o matinate g ?
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A% sl previonslyy suletining (1) aned £27 expieit]y mwhes
all ol dhese elemwent= Lonenre i eyt 20h o Hewe {73 which 4 the
ket of alb it = in 2, with five peeitions on o =pheig, sl Tearth
dopree, 10wl T tvnvcotenl T vefer 10 157 ) o Exy! = 1 and
rotieLimes sy as B0 Comatieleben iy, e Loend 8o Dian e
rrder afrbraie snefare ermboedded o 2,

[ serder toesparesd 173 ool sdidain explinl sxpree=ions Tor the 35
evelliciend = of B4 terms of The Rustioy proanetiers, we lovis
eapeand 444 w4 elrfvminaants bl sl aml GENE Leems which
eacl vzl of 2 prodloet of four pammscters,  This posdigines
st of algebra e simpliResd Yy he sy pinoetry i 2y, o, 1y, Tt
s he Lok B Topusiddalde s W lkive eleetisd oo alw v detrendoe
thene coetlicivnts of &4 memerically, amd bave foneed that 5 very
=maall apntint of programnioR mimd & Lovial ametind of comingia-
tingal dime are reguined for s developoent . Tabde 1 pives
Tuhsle
2 lista & =¢l of vocllicients uf E' vorvespuuulicg i e scieas of
Takile 1,

oy Do esmnpde, awebitea il elosesiogr £y dend Pl giadvs ™
ing 1he-reantling apuiartic (o1 T2l nwel) funp peeeible 200 wr
may compute the conrdinares of pointa on K4 Tl cener pesing
corpespondiug Woany podnt on £ s alnadied from D enlsie Gs-
Tornamt g, ergiadien (3 Abernativels, we bl Lave seriml e
repandinge 7w, 2y 25 1 unkoew s 3l e rad of {7 obitained n
(4 X 4y detetwinoant in 0, L1, Y Th- would yield 2 fiihe-
rdder alpelenie @anfier cialeilidhad in 27w lieh s e loegs of 2l
sphere conders corpee poncling, Eoo gpiveen ol of e posithons of 20
FPor any point am thi= surface we conld ontiguite e enarte- poding
maving el fioem {4y,

Mo eoticleriog oo ikl posilion of 20 e aze any fony of 1he
original five peeltivms (far example, the first [oatr) amd ihe rixih
ot W oruatbon (7)), and obiain a seomad erpantion, rax, {74
GV repreeente B osecmnl Tnoriheonler alpeleaic sarlaoe Fpyt = 11
wlich s crledded in 2, Proar pusitions will generally ninaely
determiee n rpliere, and Jiner the 1wo i lapder surfaces chaie
Faur posilimins, we conelnde thal 1Re haens of all pedins willy s
paiities o1 @ epthere i sehindod b e aerseetion ol Fagt = 1)
with Fow' = 1L Algelraieally, i inn foncti-degmee squalions
(7} mid 07 Are e pompatilality eandditiuns for the five pon-

TINis ad all ather progeane refereed 1 i rhis a2 f oy b ok
Lained by worting Lothe ant her. The penoram lanpeaee is FORTIEAN
11,

Jovrnal of Applicd Mechatis i .

Torat gt Tyt kit e ol wines] by wriding 127 Gee Hines,
indersoctin moy b writhen s Eaon' 3 Lnat 1
runsists ol Twy caprakents: e i 8 tenth-onder spare aurve
Eopua® ar Sinply £, of penmis eleven, sl 1n ather 8 zisnhearder
eurve bt arsiogly A5 of goanac uer, & contnins all the print-
with =is perdtnnes o a splisie, Axowill be ~buomn i the pest sev-
it &% 3 he Laeus of ol paione whicds e onoa einele Doy vhe Tour
pilioge 1, 208, 40 Phasieally, the rensan 4 dloes pol conaaia
puints with sis peeiions on s spheeee 4 that the fonr rotnticn
pr=itis of e 1wy sndfaces do ot defue a0 wnigque epihere.
He e War £l she aned =150 pro=T0es Cof any pranl oo 2] will, when
tnhen in el on with the vivele, deline D dilFerent sglieres,

The

Anzlvlianliy, I* currespoanls 19 1he *ingudar 1a-¢ of e rubic
trmveformation e by eraations £3) and (G, Under 1lese
cirewmms e eyt ions (73 omd (705 ae un onger suffivient 1o
guarader e soopatibiity of equation (21 wiitten fve tine-
dwinh§ = = &, 4, 3 G) and] therelure, point: on 2 on il ool and=Ty
all e tquatians. . -

Tabde 3 1idta poiid e an Lo corprspronding o vhe ot given in
Talde L. “The correrpending cenier fatnls dre maaguied freos (21
Alternatively, we covld, o« thecriledd presicandy, olaaisn e
Lot l-erler s faeed imbeeddeel dn 20 fnd 1lweir Lersteliomne.
wid evaiipule the rorrer ponding poinas i 2y frons (1.

For ~cvem positions on a aphers Lhe pefimonior i analopous 1w the
Fonepeig. Wo rpbnlitte the sdeeripd TE0r D0 eyt (7 1und
wlain 3 gew eepra ek (7 whivh vields & thind spfage Lt = 0.
Inter-geting tyece thee ~urfaces ung T« that there are 2t most
20 painls with oy pesitnne o ~phiei et Appenlis 1.

Analvtionlly, equatians (7%, 670, ATV repre-ent che cum-
patibility pvenaditions for (23 written -ix times, amd the 34 -parioa:
solitinn. curee-poaind T e singrlar ense piven by (3 and (60

As i tlae eien ed proan s withy Fee wpd R pueitions onwospliere,
the correrpading Feer painte a1e olatained Inan (4)0 Meerns -
tively, by sapitable relabeling or 1w Linematie inverion av conld
alaie e 2ofaeea i 20 whaee nretection wasld contain the
Yerye e o penters.

IT we dntzodnce ni cighith position, we ngaite the ounimon

inlerzeetiuns of Doty sorfaces, Sioce iese will ol generally

1The original prenl due 1o SeluaenSies 2] devends ugwen sunfaee
whivh arc 1.*{'#|.umlzl.1.i»rﬂa11:\' e wonvenkent s ihe forogeng. In
Alrpennadin 1 moe pive maes gefol whiel s rloe o B AL 1. 2T twan,
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exial, 1t follows that wiwler genersl motwin there are oo pesdins
with more than reven F:Hh;l'iﬂ!lﬁ wib tare sprhe e, '

Trlde 3 crntning severnl poinls which under the atiot goven
1o Tabte | haye seven posilons on n sphere, Az s el of the
pralititjve zize of the climminants required 1o ilevelop rplicil ex-
prt-.t.-'-;nn.ﬂ far the intereions, feralive decliniyusa are snipbovwl
to el opndne peints common 1o the Three anrfaees,

Feinis Which Lie on a Cirete

When ealing with poinre oo eieele it W adwiniageoes (s
formulate equations whivl expliatly give the mmegumdescs he-
tween the peanta (Bxed in Z) and their aves (faed i X730 A
cirche nxis iy gpocified By jla abieeriian casines {f, 2, 1) oand the
eoiprt et s of ane of s poinls L, .1, .10

All puwuntd wheze meveral pocitionn fall en o cirede e =atisfy

“twen cemdition=; {a} Their distapen from ;;n:.' fand 11y puainia o

the wxis i the siome fnowel ) et (03 1 e severnd positiots,
they tie in 2 plane which i ormal to he axid, © These conditnns
ma¥ b pxpreeed analyviieally a: foflows:

tz, = ralls 4+ (g — w0y A {5 = 24+ ("—'«;—’5) -0

i)
(r, = n}t +' (o, — wm + 1 — il =11 (D)

© We have previo!y miven nogenmet rieal i erpretationg of (8),
wldeh ie io fagh eapration (2 apd we now give o sinalar Inter-
pretatiom 1o 9). Froo equatisn () W folloss that Be forss of alf
proinia whick hace ive pasiriant o o line {ar in o plant) naromd faa
givea dinietian g plage - Iy aabatiatlag 1), we vrire (10) ex-
phicit by i Ve ol Ch secow -

({1 — cow 8 Yuwy, eon e, — ) + sin 8, ey - tirs; il =4,

e {1 — e B, 0wy o ey = o} e B g = )i = )

4 [ — ina 83, 205 o, ~ &) + min 8 lfwes, — wwg)ln — o)
L cma =0 (10)

lere a, i the ange bephern 1he porew axis {w,- ®s, t0y;) and
cirvle axiv {f, m, n) Dividing the aforemientjened by 2 sl

fi . .
(':; s ov, paba the eepialion intn normal farme For oeoo-

venience, we rall this plane £,
Neaw from JUd i may easily be 2hown that 1(he distapee fram

. d ' 8
I, the sevew axia s "; col {a,) car (-") aiwd thal the diliedml

angle betmeen P, oand a plane pacallel v ke sersw inde aind 1o
)
. - f . X
cipele axi= is = .-\Iterlmtu-vl}', 1hia fast rexull Aw-eria thay

4y .
(‘: i M angle Letween the romapon aormal to e 1w axes

and thewneemal to P, Fr=Tuplid b satedd 1y 1he ir.rlh:éuinn of P,

{

depends ol un the direelion of The seren asis e the magnindo
of the ratation; it i fndepetbent of the kweation of (e screw and
the rap=latume. i

I e #erew axis aod (e circe nxis are parallel, 1, beoonies the
plane &b iediotl g, Wogwever, 3F b gdilition 1o the axes leing
paralbel, the motion a4 pure poation, eyvery point i 2, identi-
vally pati-fies cquation (U 10 1he nviliun 11 3 pure franslation,
regardless af nxis orientalion, £, spain begonnes the plane al jn-
finity.

Finally, we nnte that eince /7, iv parallel to 1he moew axis P
caniol meel the farew ) oxis dn 3 finite poiot woless o) = ) drg
of e meanien 14 8 poore peation o whieh ease Ppoeontaions The
REICW,

For any specfied axie, cquations (5) aod (8] vickl twe plane
whivh imersort i 2 Hue which iy eoabaalded i Xy, Heoee, the
feraex ol 0] poinids wrhich furee e posi ions on e efrefe with e gpeefind
aria e lar, T ep take 2 thind pesitbm me beguire the inlersee-
thon of two hew Hoee apd hepee For an o prlitcaey chwdie of ngis
there are pewetally g poinls whicll Tie oo cirle Irr dlicee
Pt i,

Kow we take ns ~perifiod a point threagh which Vhe cirele axia
P 3] Joave the dipeetion of U asis dispoeeifio], For three
pritions, we wrtle 4] 1wiee (3 = 2 3) Tlese vgondions wilh
i, L, L) Riwn, repreent (ao plates wluee e of inlenee-
10 aali=les (33 Fopoation (9) woin e ixier will gererally yinld

: fow - C e . .
utigue valios fur =, = Tor sy petintd in 2 aml i pacticulae for e
h n

line sletermined Trom (8) sith 7 = 2, 3. Mence the facus of aff
paratx heirfug theee posilions o @ piecle whoge axis Fresee Hirgerdh o
aperified pind e fine

Capsiskering o funrth paeitinn squdtion (8) with 7 = 2, 3, 4
aiclda a unigue peitnn, Lot equation (4 written with j = 2, 3, 4
gives Ahree Bemagent s sipieag g {0 0 2, 1] [Tewen, we deopod
hiwe the pocsitiliny of fnding a <oluthm unless {2, wy, n) are wich
rhat: -

(lre == re} (e = 1) (zr = B}
AR U — ) oy — 3y =0
I:_f-fa - n) b — ) fzy = 1}

This 1 the sanee cubie zorface w: given by equation {(5). We have
a solackar oy i {3, 4, LY are chieen e that The carsreernding
puing {ry, w0, 11} 19 on the pueviens enlacs AT 0 =0y, 4.} are
fimirr, 1By eocoml peuirenien can oty be neet 37 all cle (3 % 3)
determinants farneed Tram the oowelliciencs of (31 {written three
times) are pero. T pedpuirea thar, 1n addiion o {3, cqualion
PEY alag b zati-lmd. Ds wae Dave shown pevio:le, the sre
the nprcdasny comdiions For the =vsem maneis (b to e ol Tank
twa Physieally, we regaire thae the theee perpesadiontar bizre-
vors gaven by wspeatlon 42} we (53, withj = 2,38, 4 intereertin g
amunoi line . Thas, for fone prasiiens, we are wat a1 libeny to
abitearily =perde G0, 1, WLk

Fgreatione: {31 and (63 are 1hird-degree algebrafe pody inoials

"
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Tokle 4 Puinis #» circlon, knes, planas, wnd cylindrs
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which reprecaent the fwo eulic sutfaees F2oand 69, respet ively.
The eraselion of 843 40 (o eare aialetieally, the mommon
raate af {33 aed {613 eontaie all ihe pofucs i 2y hich bave four
posttivie on a4 citde, The intersertion qoetst2 af 4% wlich iz n
piitbeorder spue caeve of geme three, ol 2 enbie j% The
“residual” part of Lhe intersection, §7, i3 1l spare inbic wlirh
= Whe anter=ection of phe twa leeperln dinda

I{J'I' — 1) (s — "I]i -l
flza — 71} =
) i {11}
=i'.'v'l': — ] i — !'I}"J -t
dae — Tl (e — m}

“The line (rr — 50 = O, {0 = 3 ) = 0 egean o these by -
Lofodda 33 neot Ineladed o g2 Auadvtieally, eguations (E1) give
the corelitinne nnder w kel (3) and (G} are vo longer =ullieienl
10 puziaaes A ok ol Twa for the sastem madeis (1) T aldl
putiets on K fhe rnd ol (4) s 1we wed, (herefore, the focws of alf
pefata which bure jour poxiliona ona tivele in w fpace curre of ﬂrrflrr
L.t

We returp Ly the shndy of theee preitions, bul mw we spedily
the direeting of e asis ot leave 109 boeadion arbiteary. Erna-
thoer (50 wacley w205 pives Lo nan e iegrieuus eaguatieny in Lhe
unkiewns 1, A, L) Therelime, Tor any poisl {6y, w, 5l
there i w singly infinile =et of =dine correspunding 1o 1he
probida un g nsis Japestien {00, with §om 20 el 0w we}

" Lnawn, yields ten plapes wlwee e of inlepeetion gives wa pec-
mizstlle valnes For fxy, o, 2 which whieg suibtinged inng (2)
pwith w2, 4} vield the lowtimg of 1he asis. Henee, the forva of
afl poiniy whizh hare three poastions on ¢ cirele of & rpecificd fa-
climetion fx oo diwe. T snme Biee b= oalse e dovas of st jsdos
wlich Lave Lhren peeellions in n phine s hose werina! o (4 om, n)

* Fur four pesition= with the axic divestion spevifiod, topuaiim ti)

yields three planes ol Therelore peerally ehdque puiid (g g,
alo ATt it might eeem that S enken theee times 7§ = 2,3, 13
windd nlwav: yield a onigue £1,, -1, 1.0 This b= ot the case,

For ary {f, w1, n) the volnes of {ry, g 208 ecanputed foone (133 1<

12 anch that they antutuabically =avi-ly (3%, sd W0 04, .1, , 4.}

are finite (he ek of (8 with o= 20 %, 4, 2 01 st tware D this

e (8) viclds w Bne which, of voueeo, defiond the wxis loeation.

However, the conter will geoenatly e at infnily since .1, .3, 4.)

pre only Gnite wlen (24, w0, 5) alas wniefr (i Thener, for any -

QT ards feftnntion the re 07 ot wpagae paaid whaee farr pogi i e

in @ plane. Since this point s determined b the nler=ection of

tHieee planes, 1hid s peanlt aford= 2 coher =simple estns of ol)-

Balidng puea s 4 the o faee B9 (which i< disodssod o leles rep-

tion).,  Fer certnin asis inclipations the corie={nmding a4 al=n

[l ou G and, 1herefie, i 24, -

4 carve such o £ w hoee (it e vorrerpend 1o vunes (ines inahis
kel s pipmalan inogep ol te the gaven [0, 1 conspernletee gl i3
callod vhe fandusaynlal ewric of the prinsT s ion.

Jeurna! of ﬁppl.fﬂﬂ Kechanics

Tt Ererally ane e podnts Boviog fve o=ilons oooa rircls,
Analvtieally, we wotld require two additmal eqguation= (35 sl
{G') w hich ane like £3) aned (R exvoepd thag they have the sulaeri
Soietend of 40 The Gowre vepationa £33, 1) £20, (61 procrally
winghd ot b cvanpatible,  eomeirically, 1wa space marves sach
as kst and o will penerally oot-intee-00* even when they arre
eantniwgl on e sy saarfuee B4 .1 lere e, homever, saowe 10
purtant pecial mol ks {o.p ., planar wnd <pherical }f or whicl e
Fovir eyuationg are comgatilde. e chall dierums Miese G
el Luere [21].

Compauitationalty, poinls oo 2 are obitaioed (' ninmerienlts
deternandng Vhe cueMivivals of 11ie enlnien () and 0}, These
vgualivnd are then ““ralvml” sirultnoma=ly far commoe mols,
The nuls ame then srled acrording to whether 1hey Tedmg 10
M oor j"_ T the r'hll'l'l:'h-]'ll:l]lriil.'lg aves aree dedorpwdnel Tom I'H}
fwith j = 3,30} 1o Tabled we =1 rexeral (wints wn the otree 34
which correxpond 10 B mation given in Tablde 1,

Painis Which Liz ¢n o Steight I.Fnu

Poins with hreg preesitiooms i bine are given liye the conclition
that 1Twir runks hnvce pairadie] perpendicularbiseciur plaoes, o by
the vendiliom thag 1hey Ye o n t]llwhp-uilﬂ errelp sl naas nl
infenity. Inceither e we pegiire;

|{-f:"-7|.‘|| ':Ll'r—!.flﬂ_u.
_ I:{II - -1'1.] {y. -
{11
ifry — I} {2y — Zl}r
- t (ry — 11} ':zl—'zl)ln-“

Thee two seeanl-degres polynsmials are equations of hyper-
Ladepicl fol i wleel } which jiterseel in a eulac epace evnve o jnd
the commen poratur (b — ) =0, {5y — 23] = 0, The cinve i,
which i+ emilaafeed v Xy is the locus of all pointy witk three
peeinonF ona e Sine s v onbien] hyperbnla® 30 may aleg be
ulitained st bnersection of twn by pecbalie evlders,

Cienerally there are we poinds with fsar positions o & siraipht

Tl orad eginta b infinicye sl the serts nued Lok Uwo pogilions
w el vedhisfe and, Betue, by ing only theee dittinry poeliions, such
puAnig als e le oo cinete fof Towr pocitions, The curve fa,0 cone-
i the pwainy where ¥, i F TV TP P P Jaieree 1he plane w i
Bty ool bexg® contadne 1he |-n.i||ls at aufnity aJenpg $ir dal - 1an,
Jub Syl Finee [ can b irneretcted by o plane an mewr cin pinies,
wr cotwelude from vhe Tatepedng Thac the v senew ases Five the doee
tions af 1he ondy aarmpnales, The intepsecting Lagd 2 beab cosnins
vhe puwint 21 infisity 2leng T, Fo. 522 Lt theer thres poius do ned
Eall o five- Imi'nl circlex, 2ok niflices [12] b i ghoal thieer rume
bhave i'unr ||:1 LU It eeerinnd, (Tl sctow e 5..1.‘ i3 taken o

i D cobinticdes with §ou when X in pueitien jgr 12

at infmity alenge the ferew avs jue saThenary |.n|.| itw
Mz N prasiticatan b e, thicaeluie, afwpg e on (4 Jfeanse b TR R TY |
& ane L direetioes ul 1Ll HELSTITWL AT Pt g, sitee ey praog e eul
the plame sl infiiy o diiert jwdntg, 7 i o cubical by |-Il'-u|-'l
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T, Fomrr pusintwon o stenight e wonld regure that the ek ol eis- poeiUnm® sphiece sl that ten priants on &% I8l an sphere of
Ihe bastemn Iatris of equation (41 be twe and that it soellident  infinite macdii. T ndditon =iner bioe suefaoes siach s £7 will
tnAtHx be of rank ope.  [n other words, we reguibe all (2 20 200l penerally net hose o Ganneny inkereeel on yuiinl, theee aqre (gem-
the delerndunnt (5) 1o vauisli I, =ay, {xy — 1) 22 00 this re= rradfiel wn pornta which b aeres posiicas on g phears and, henee,
quirsinent 5 mel by equations (12) and a similar s, o, (120 All 20 “seven-pnedtion” splieres w11 geenerally) be fnie,
with the pubseript 3 ropdaeet By 4o These finie enuntinng mill Cemiptativnead v, curve o s be developed 53 a Tanetion of s
getierally pol be rompalilde.  Gearaelrically, fone quadratica da = single parameler: Eliminating, sax, o between Py and Fob
not gernerally have & comman b ersectvm, nor do the tae space  yields o vinth-degies polviuminl fo which we jogatd, waxy, s a
eubica i? and 7,L7 Thia leads vs to conchnde that, unlike 1he  paramelierand 2, as 2 ik oowie. Then u=ing »* {(aiter pliminaling
we"-k:m_“n planar s, thers are gerermliy no “four-painl” cirefer 4y o3 desenbed previousdy ) corresponding o & given valie of the
wilh inEmite radil, sparameler® g, we svnthetically divide the pinthedegree puly=
Aw we phall zee later [21], there negy lowevet, imporlant specia noneial apl oltnin o ceviie in g, whiee ponlz lison of.  This prooe-
casin (eg, phinar and spherical mation) when {12) and (121 are dure has (e advaniage of Iwing svatematic and is nseful for
compatitle. ’ . phtting 1he enlice enrve. Hoewever, fur shlaloing arbitrary
Cumputalionally, equalinna {123 are simple enoogh ta allow  poeinds o e ol poonts with =is pecitions on 2 plane, simple
falter submtituting fram £1)) ane of 1he unkoowng, say, o, (e be  itetation technignes generally sulfice,  For the motion defined
explicitly «liminated,  Constderiag one of The remaining ap- i Tible b podrels with w1 poaitions o o planeare bist el i Table
R ns, 50y Ky, 0 0 parsiseler, Uhe elindoant may be regarded a4,
aquartien o, For oy given ealue of vy, vne pbiains at st Four From the disenssioo of fovr preitions on @ eiecle, i fullews thin
vabieg of 7, Hiree of which el to % (e extruventd rood Jan Jooewch sob ol directione, w0}, of the plane there morres pands
p{l]"t e lioe fxg — ) = [} {ry = .f.] - ."‘lnl-H"h:I."“'ll"l'l‘l}', e a |J|‘!i|l|. v F, “l"ll'-'i",I {5} 1aken thiet litnes may Te wad 10 °
onld, aftes subeitaiting frem {13, chimiinate oy etwern (02— £} poamelnenlly geacmte FL Sioladly, &0 oy T goverded
= {ry — 3 = 11 They for any vadiee of groeompule e spred= paetietrieal]y 30 weiling {23 foue tines (f = 2, 8, 4, 3) and
ot 7 oand vlininace it from the guartie by sratlote divedon. dintmalng way, w, The realtiug (hiee quadratics, walsining

Table 4 sl several poinlay on 72 eereepapding 1 the modion " L . .
given L Talde 1 Ak single prameter, may be solved for (n, . 1)
- Poinl Which lis an & Plene Points Which Lie on @ Cylinder

We specily Uhe avis of o righl-cinclar eylimder by it direction
b0 {F, e, ALY nnd the svnrdbit s of one of 0 points (2, b, g},
setacl et vhe rreral weclor s, o e arigin termiinate an da, b, ),
We lake r, as The veclor freme the orgin fo a pointin 2, nod Je-

Fur thrre positions all points e yiz plapes,  The comlitien 1hat
a pednd e otw o plape for Toor pedtione i olgine | from e el
transfurmaling Tiy reapniting ol the center of the sphere be al

mhnity: fine the vorlur B =, = 0 Do Fi 2, Ui abircnl ol distanee
Tt — 21} {1 = ) tey = 2, ) et ween plines tueal te The ndsoatd Throsph the Gipsof o (e,
(r, — 1) v — i) ==y =0 e,withy = Damdy, bs laken as e The veetor d; is 1aken Trom
'(r, — m} (e — wl {5, — 2} ' for, o) bo Lhe psint uhitained b projecting e 18 6 ¢, {paratlel
,

t the evlipler avi=} it the plae condaining the tin of f,

Thin is of ovorse (he siufaee we Jiave rallod F2n liedy i einlaedded ]"rnmc'l.ht figawre B fullowa that O, = d, ++ el Jirnee, d; -y, o
i Iy i infentienl e equat en (31 CAsauing reothee (303 30 fa == & n T . . !
determinauts of £33 void-Je and chat all the (2 % 2¥=af {5) are l" 1""; m“‘l' .':rp ¥ z,‘), .'"'7 _“"“E;P uf 'ré L t"I]l:’lf {-I“J' n f'!':':'!"
ol zery, Uiy eondition leaves (he ek of (he syadent neilis of 04! HIE gIVER auis, we require | b= 14 orenre, d;7 =
. £, w0 psing 1he faceging

- +

by —r =l ~r - ==l — ) =0

(43 naduereet while ceelaving Lhe ennk of the cuelBeient matrix o

twn,) Meiwe, the locas of ¢! poinie haring four pogilions on a

plrnc ir o dhind-arder algrbeade anefree. From phycical rensondop L ]

(s well e Trom the Toeegaiogd it bs olivios Lhat 1y sucface con- whivh when expamled aud sicophified yiehds

Iains Lt ad 42, . nt—r,
hutredncing a AAh positien, soe folle e peaceehiee doeribed {r; = mda b Q= mll -k (5 = ne "-'_2_- ¥

in he disenssdnn on puings an 3 <plere and requice Fag® X Fal.

This inler=ectivn rontains o 3 space <urve of aeder six aml geans -+ -]; [tr, — 2 + (g = tader o Ly — 200 ][ 4 1M
three whitch i clue Joens of all pointg witl few ozidions ana plage; -
rlirve (31 0k e vo Dot h snefaces g it does not comnzsin ile + + w4 {z, + el =0 {12}

reeiticed peta. (For pudtdd o 08, e faok of 1he oveflieient
meateis o GE i emen)  docalivenet e uppooach, whdeh = eonipula-
tiveally inderior, ja to require Fod ¥ Fop' inwhich caee the intet-
perl s L compmiseel of ¢ and £ with £ behg spugime,

Tuoimdincing o spxule position we require Fad % Fat % Frad.
Sle 1hice three surface: ave i a4 3 common companent, there
are sl mwsL beny paduts J0 55 with siv positions i plane?

Thia resnlt aten follows if we ooebder £ % Fo 0" In cither
vaze, thi: meane 1hat there 2 o opper limit 1o e codii of the

I ke sxlis wpocilied, (then equation (L) {(wuh {{, », &) and

" The pwint ay inRaoity alone 3o will 1 comzson 12 lanh cubics, but
it tlcoma ronz Lie vy 3 folare ping cied &,

PECTae e’ wripinal prool 127 bl witl boneew il disferend
sarizecy, B0 wa fenpior g new el Fur Fo,t @ Fodme hae 4 =
New b Using fila = 3 p = O3, rguotion (150 pields & 2 the sum-
I=F of iutefective: of cumes ¢f and . Nis 2 Inccasects Fa?in 16
pornda, Tl Fieee Ao coot vioa 0% 5 ol tlees [l eyt Plence, IS — 8
= U paints Lave 23 geeitions ono gdane, Q

T he curee D A re e e B i 3000700 g, 3 st 08 e nalin fig-1 Geometry Tor poind with pw o parrions e a righl-cirevior cylinder
T E™innereens BY 30 s, Now elies £og? contadng £5 there e € 34 sxlinder Brisy ¢, and 5 wra pesitinn vedlods Tor cequired point In
ity Bl e D m L) et oul SO FL T w ik Iy ol mnt Db ey L porilionsjand |, feipsttiveby,
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la, b, rY fixely repreents n quadeatie sutlae embodided in X,
shich i 1he loens of all it s s3] e preigions on o evlingder,
alwmit the piven mxies. 1 e exliumder aais evjeides with reren
axis 5o ;, eruation (131 identieally eatizfed by ety poin in 2,0

Yor thive positions we take (150 with j = 273 asind Bod 1t
the Focua of ol poinse wiih three posilions on a cyfinder 16 0 QuiTrtic
A CUEe,

For lonr jeeithns we have equation (13) taken three timaes,
J o= 2300, with the reealn than there are at et cight parnte wph
Jour pozitiens on a cyfinder will g specifinl oxia,

Far Bve positioes we are nol al ety to dpaee pnoarbidraey
axiz.  1F olly (b direetion O, w, n) =5 = peeified, then 1he artho
grnmlity condition af 4+ b 4 cp o= O must e esphiein 1y salicfed,
With g = 208, 0 o cguation {37 2wl Ve ortbuogonabing conditiun
o whizing & pel of four ponhamepencond linesr orpuation: i

(o, b, el The enpanbibity condition 14 thod (e defermined of
1he Bx=iein Falris cqual zern. chm_ we require!
! _ o ] 1 I.
{7z = o) {pe =t} - loe = 1) 5
il
|{.1'| =) fya — i} (rn — n} 5 = (h

{1‘. -l Iyt = Wl fzy = h) &Y

whetre

T — =
Jit = T L = N gy — D+ (2 — ra]
* gy ¥ A e+ opdse 4 (z; £ 200]

Fajuation {13) repreentls o guutic surface embedded i X,
T This sl which we eall Ity o Smply HY 3 1 he Tocte ol all
paints wilth foae pesitins on rigloecircenlsr eylinders il o
peealle] 1o &8 e, ). For o sywerificd Tscntkn (o, b, e, the iyt e
seetioan of PG with b alumemenn ok e je {003 tnken Lwjec)
yields e eiphil pruiils previosdy deeerilasd b

Besiuming, commdderabion of five positiars, we conchide that o
indet-ectiogn Mot % Haa will coniain il neyniced Jeus. This
lerseelim G cotopuedd of a thinteemteonder spaee taree, 13,
whigly is the e of all o= with five peeitions oo n exlinder
with specified axi- onieniativn, and 2 reilnal of 1thiee e which
are the Tovi ol ol podets with bwocad 1eer Ty e positions o
one geieralon; thal o liee pamnted to U, &, 400

Farr =% pua=itions we have phe oterseebione of Bt o0 H ot ox

© Wt wlacl vield ||-r|u1.1 wilh six lhriﬂ.lluu. ot a cylimler for

earl Eperilied anis s letatatiog, 1

1 we dhu wol s pecily the Tuelinalion, we may jestend qpeeifly te
normal 10 Ihe avic fa, B, £).  However, i Dhis case and ino (e e
of Batle {8y ) ond do by e3 Weh ineporidicel, the nonlineadioe of
(w1, p}inhe £ terms makes the anatysic more complicaled.

Reference Fogitlens ond Klnemetic Inversion

Liv the farepoirs o have deali witl Zyos 1he relorenee positien
and deterwsined thwee e w hich are cinleddegd jnoit, D0 Telt 1hat
Wiz ehrive afBords the simaphet mweans of explapation, derivagion,
anid compudatin, However, iv should be noted that ataligons
bori exisl i each psition Z,, These hoel ¢an be cvnpated <ider
dirertly, by g euitalale cdiange in 1he sulveiipis which deonte the

. B 1uE ity pene sl o irntat o Ve seew pais $r_j, rrarpsigde e wg  Yine
T Fa ineets e guonlratic at vee btz ong af whiel i ol mfinine,

W Ttwee are autually 36 qwatne, lagn Todl of (lem L01 ait 1he Lines
deaeeilaad by ale nest paraernipds ool theefone s not Tare 1the e
awited anis bpeatign,  Theae b rocLenn lant pmiintz T 4 eachoom the lines
a=sbecin b wWith peesitbone 12 yed 13, o~

B These three [ea are caedly aldaioed Do the fnterzerting of
pl.l.l'l(‘.-. frp=ximi — (e — W = Hand (g = 208 — iy = ol = 0,
Jo= 2 A and Dot o W =00 — fee — 13 m = [ly — g —
=¥ wNwith [ — 20 — {5y = #d e [z == 0] = gy —
ntf =10

" Therr are B it e cusiinon te U ad eyt o even, 15 ol Uaea

Fall aom vhe tlies Tanes privving:Ly aleaerilael, I.H' 1 erpining 4
three e ol I||.f|'|‘.|.lx alurg el wren L S, 5o

Jevrral of Applied Meolaeics

r-r'-tiiinn. rt indirect iy, 1y remembering thal sl hed emlestded in
X move wath the vigud-Tunly I1'I.I'l1.iiJH af the wvstem and ran, thoree
Toee, b2 trat=forved Tram 2 10 X X lbveerew §,. *

W alao praitat vt Ut B somne of 1he Juestoms vvses, une avald
work iustead with lord which are emledded 0 2% This o e pe-
cially 1m0 in Lhe ease of the eplere i e bich points i 2, and 27
are i £, V) corredpondenre, 1Tore we uale the onalon wid, the
well-hiown planar center and circle pint curves which ALy con-
tain peeing i (1, VY correepoidence, The Im.-i i X are obiained
either direetly, by Illtﬂ'ﬂnllmn[ “known” wied “mnknown
varialles in the detivations {as deseribed i 1he reetion on ]mmtf-
on s spheeed, of indireet v, by inversion. Toonn inverson we fx 2
in peition X; awd prove 20 poder that sel of screws [embedded i
0 whicly bave the zame axes 2= 1he original sepews bul opprosie
conees % |0 we dpvert the potion, theu the lori in X, and £° are
interchanged.  Avinally, bl 2 oand 7 v e S mirt g, aisnee
the yesults of 1he precetding aeetions depend only on the relative
pasilions of the (s0 =velems,

Coneclusions

-We have oneidered poinds, whose =overal positans fall on
speein] snrfaees on cirves, Fagualions Lor the loe of paines which
Lie an #pteeres, planes, ciredes, evlinders, ur liwes were defived,  In
aeduliniom, 11 hees bpeery sl Tosws Do et e et om e bue,
Computer yrograms bave been written L perform (e ompu-
Talivmd aul several nmepical examgde: Tave Tern preeeited,

Lie addition o Lheit bdcin-ie nuveest, (e readts lave direct
apliealipn 1o problemns of wwechawi=m destpn,  The applicaion
uf 1hese thearied i disctissemd non compandon paper {211, Bpeeial
mations (e, pluar and,aphereal] are aba simlied, and o=
show o, T [21], that e of Uwesse et viedd e soglitims
wider whiel vopiatioge (3, (63, £t sl (6L as well it (127 and
121), begmue eoonpatilde,

Auknu#&‘]edgﬁunls

The anthur wi-hes 16 express biv appeedation M, Picisw
Clhen Fog ahoteg the Dulk of e compoier piogrnanming, aud A,
Ioepmet e Waldron Tar [!rngrnrl'un'ln‘.' teabstanee.  The moubor i+
alac indetnt e 1o ol Y Peemelenstein Dy having intesdneed 1am
fo e proladennd disoeed Levein end Lor his continaed ivterest in
iswark; 1o De. B F. Primnoee for Wi intered and willing a=
sistance; i Vhe Sntinml Science Poudation whose gt S5F-
G A5 madde Ui womk po-sitsle.

APPENDIX 1

Zeven Positions on a Sphirre

I peneral, if By and £ oare sorlaces of arder &) eod X shich
pasa lsoneh a wmiigalar earve of ender noand geans g they
will cumgain apesiher enrve of onler ut, med peoos pt. The nnpther
uf it erseetions of 1heee carves §s 7, which iz given b [0

ool 4 X — 3= (2p — ) 113)
The fullvwing condilivn cunmects the genera
Sipt — pd o fnl o n e N =) (16}

Cunsidet first the Tourpoint rircle conglition 4 % & which we
Laew yiglde At and /7, Now for e = Joand p =10, N winth
e Gyogud Ay om A= 3 (LY okl pYom Fas the ponus of 1

For Fopd w0 Foau® we e (537 00 detenndne Do unadwer of
peditits of dersoetion of B owith &% Subetilating Vo= X, = 4,
T pom 3 ane alaliipe fome M0, Noow 1M iniperseets -E::.a‘.‘I o 4N
pebnla, Tt elner B containg 0 20 0f tese Dol om A 1o,
there ary 30 = A = 20 points with seven pocithns o a -pheie.

1T hap i toelead of L; wr pritw st Su"'
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Finite-Position Theory Anplied to .
techanism Synthasis

The wrll-bumien finite-position panar Micory of Finensalic synthesis {the se-called
Brirmester theory) axd Hee corresponding spherieal theary are derived from the resuley

af the peneral spoefial ticory which Lar beew gioeq in g eomipanion paper [1)Y (hher
spectal dfsplacements Studied are those for schich the avthor has coimed the names

“sfnrilarity trawsformntiton,

pieadgplanar, and " preadespherical.”™  These resuin,

as well as tose obrainnd in {1, ure shotwu o be appiicoted to the syuthesis of spatial,
spherical, and plawar nkapes. Sacrad wemerical examples are preseated.

Introduction

I\: A rieviwd pagser VL wo develoged equadions
goverdng S doch of points whicly, undor o seried of pigid-body
displaceinenta, have scaerdl positiong o gpleres, danee, cir-
cles, cylinders, of Linea,  Ino thig poper, we partienlarize 1hese
general reaulis Lo three tygwes of special Jisplavements Laving jom-
paraal peactiea] applicsnions. Sioee the puthor i3 o e of
auy previows disension of The et ppecinl ease, he Las (with
misgiving] colned Al pame fmilarity Dansdormation. The
ather two rpevial et fnler ocl T sevews ad Jacad el acrpwe—
Teml Lo Lhe well-honowin sptienieal amed plasar puolion Tiniesposition
(heorica whieh wely mow be viewed in a nwoie peeer] cootpst,
In stdithm, these Batter Iwo special cusea lood, tespectively, 1o
the intrigudtg, aoud weerningly new, eoncepl of pranlonpheriea
] preudoytanar mechanixng.

Applications of the geierd theory, a5 well ns the forepoing
spocial casrs, are discumeed. 11 is sbown 1At 1hese reanlls are
appdicalile to various Ly pes af design pralileims, amd seesmd merha-
nim synthezed are presentod. The lunctive-peneation protden
hias been trealed previously vlsewhbers (), 5] amd espoially {6]),

" bl sl of the other syt esey sovm Lo Le pew.

Nomenclziure

We sleseribe a finite dizplacement of o rigid Loy, fron position
£ Lo postlion §, o8 serew b placement 5. Thesryziem of peints
in the moving syeten id ealled 2 in peneral, and 2, when we wish
L conphasize that the sxetems B oo e ith poeition,  The sys-
tem of poinls in the roforence sxelem {al refermd Lo as the
fined system) i3 callml 2. The screw nxis s consislered ns a line
i X0 anleas it conbaing a supereeniin, aecin 0 leowhich e it
is taken ad that line in 2, which coinciden with $,; when 2 js i
it ton f.

Folbing the netalion developud dn (13 E* bs e fwarth-
order surliee which eontaing all e il in 2 which have fve
Twszitiana onoa eplore; 4 Y s & eisthmander apace varee whivh et adng
Ml el probats i Xy wldel lee onoa rigely far fodr poilions, Al £
i3 a third-ueder zpoee curve whicl contains 20l 1he pabots in ¥,
which have thvee poeitiona on n line, For the sake of Garit s, it is
Bulbelimed neeessany fo ke sbeerijs {eg, St oo denote w ek

Exarnlera in brack et alreimmate Weforenern ol 4mel ol TG P

Candiileaned Tl 4 pptien] 2 hios Thvision for paescslagion ol
ithe Appdied Xechoasics € enleidnee, Tammtlen, Calall, Juane 25-95,
PRGT of T Swrimre s Soehim on 3 cuvipe L Dsans rne

Discvuseinn of thia papcr oleuld Ie oo tesee] Ve 1he i) e
pariment, ASAEL Unived Loigit cning Cewnder, $13 Baoa 471k Sl
New Yark, 2L T, oand will b arvepoedd antil one et alfier
Fand gmblicacion wf 1lim ket ireedl o gl B mxad o drenich
Arciasera, Mopgeeripn teveiviel e AR310 Apndes] Aechanies
THvidon, Xovewber 13, B0 fgal deaft, Eejagmler 26, 100,
Magmr Moo GF— A1 2030,

Jouinzl of ,'.p';!itd Mechanics -

poaitions are beitg com<idered, Iamever, im what Tollows, posi-
tion 1 is proeelly omitied; sioee o6 taken ns the releience
po=ilienn, id s always wdersood Lo e U fiest posidion.

Finally, il numbered equatinns reler o equaliong derived in
(1. 1o ihkis contexd, it 15 waelnl 1o kuow thals

{01 Enoation (13 defines 1he Timear iransformation wader
which point {1y, 1, 2,3 15 Yserewed" Lo {z;, ¥, 1) by %447

2, = foa s b ben F oo n A
¥ o= dpn b e + e, 0+ dy
2w G,x -]-.Ell:jy, + l_':";‘I 4+ 11 + d,‘_

(6} The square of ihe dislance [romw Lhe ofgin iy pives by
LR R S TR o

{c} FEquations (33 aid (63 are tle cquatins »hicly define bt
while ('} aod (6°) define Tt These Lwo curves generally do
ol have aoy comuman finilc [aints.

() Lquation {9) pives 1he locus of all psiizte with jsitions 1
nme! 7 3n A plane hormal Lo some piven dircelion §f, w, n )

{2) Emuation (8} pives the locus of all jwants {1y, g 1) which
in poilions I and 7 bave Lhe same distanee from s point {1, A,
A fowed in X7 . v

(f} Equation [17) is 2 zet of Lwo el ions” shich defines 5ot |
while: (12') defines . These two rorves generally do uol have
A comimen Boile point.,

Special Molions .

We now nnderlake ihe stoudy of three types of perew moljans
which nve coqumrenly used In mechandieal linkwork,  These
mationg yield special enzes af the gonewal thoury which are of
thenreticl and practeal intereat,

Similasily Tronslormalions

We considler the e when the sorew is delermined Ly pare
rubadivms alwnt twe nxes, §, and $p, which ae embsedded, res|oe-
tvely, e %0 aud Z (Fig 1) Further, the distange aud Jnetina-
Gl el wern § o ael $ 5 e fixed,

Lot o sl B be the lruelormalion patrices, for Jnotion of
paints in 2 about 3, and S5, regpertively, sich tlad Lo pedal
tran=loneaiion due 1o a potation @ alooil $g Tallawed by o potas
tion &2 alown § ) G5 given In b noateix product A 4, Now, i w
teverse the arder of the Twe ot ntions =0 that we (et reiale 3 by
@ oaboul §,, we iote that axis §, has A new pesitian (in 270, sav,
Lha ad we muEt dedermine the Cranslummativg mainy, sy, M,
which corresponds (o a ralation & about Se.  Slece 1he anby
rhiatipe between T and $e9s the rotation el Doed bae (L the new
transfemntion H2 1s piven 1o the sa-ealliad Siearine oateliremas
Tion 32475 IHeoawe ilie tgual Arawcdonipation s (1S =

1
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“Similarity-vansformalion” molion s defined by ralaiiens aboul

a fised onks (3] ond Bn auie moving with the bady (580, The distancs,
p. ond nngly betwaan The Grel are conctant,

A8 We canclude 1hat 1the arder of the (ranelonnatione abouat
$u ol 3y s imnarerial, and that, in the zpecial mee of one axis
fixeel W 1he moving ey, fnile miations {13 well 28 penenal
serew e placements) do commnte, -

Wa mny sinipal iy 1he dervation s withon! losing any penerslily
by choving, sy, the yaxiz alune 5, and 1he zaxis along the
commwn worraal frum S5, to $5 The length of the muanem
normal iz p, and the diccetion ousines of §, (i pessition 2,9 are
{13, 402, 0) Tliewn i3 2 nnigque serew which s eguivalent te the two
ralation surcwa §,, S50 we compute its pornicters (e, Boyd and
M afire e Lion cadines (i o, Mong, Maegk

| e
e () o (o (2) o (D (2)

L Uy = oy

lag = Pt

o
e
|

@) () (2

lizaq

Nigy ™ =p : —(E.m)—"
Hn | —

2
With these roaulte, Uie trans formation escficients of equation (1)
lacume:
ae, = =u|-in B inl, 4 wpcos $00 = cos 8] — (L = cua b))
b;’ - "ll"lll ﬂ’ I-i" 'I}I + = furs ‘:'1{1 - mlﬂl}l
C;J Ll #in ﬂ,’ fos5 By + l.‘:ﬂ- E‘. i ‘;'j_
d. = —plu:ain B, cos B, + (oo 8, — 1) ain e |

Ty, = Wpkrs{1l = pyn ﬂ‘I]

by = —m31 = vos )

Cy, = = Ein d, o e

dy, = puy g

”’J. = = nslxin B, cns iy = we sin T {1 = ena gJ*;] - rin 4y
'I'”_. = il @) cos F, ~ wg s d{] — ens 8

4 = b sin @; sin <, + o @y oo By — )

d. = plinsin ®;5in §; + 000 Pl ~ cw §,))

Furlher, 1t may L shown Lhat .
r | J— rli A .
"T‘—' - Uy 50 ﬂ,n — uy sin Fp 4 (1 = mﬁl‘}{;. - rl

i Under these conditivs, ' degenerales inlo twn guadralia
murlnees, and, as sleown o Appendis 1, we niay write Y o fA50,
Bince F1 s gy — ay]® + [0 = plY, it Is indepondent of the
rotitiona, The only real points on F1are given by the inlersce-
tien of plaues i, — 1.;1y| = thand & — p w il which is i lact the
nurving axis S (in 2.0 Physieally, line $5 satizhes £ wlentically
breanse all of its potnis alwnxs Tie an circlea,

ITuy = 0, EVis identically 2emn This eoeresjuonda o the case
ul %, and Sy pamallel  hich resticia all poinl e panoe molicn
and, hener, 10 2pdweres of infinile i,

The sufaee G 15 generally a hyperadoid. Ty equation s de-
tivel in Appendic 1.

Chvionsly, the =ame degrneracies musl oerue for arlilrny
wricnlalion of the cvondinate axes: One of the quulodies is
imaginary except fur an Tolatal line which is alwaxrs 35 The
viplation of tos qoartic b, o fact, £ + g% = 0, Where f = {4
the plame throwgh $4 perpendienlar to the ommon normal e
twoen 1, aml $5, e g w0 s the plane teoorgh 35 and the
ot noraed {ies, it is normal e 50, e epad ieng of 1eth
[araes are Caken Teonorisad form. Pl ol ber ousel st o s geoerally
apea] Toperbelodd and, ol evurse, B om0 Sden lieally =sadiahied if
the fsed ure Porallel.

Asstindug the medslien ases aee ool paralld, e ECLE R
bepesd Lig e €7, P stx pessilions on o pghieee, we oomsilder Ga?
K Coned, o liich vivlels noepsmer enlaiey, nod e e & wlieh b egmerion,
For seven pesitions, g 3 Gan? X oot yiclds {al mied] foae
printa? Binee (e slaoes are only of arder Gwa, these eanipula-
Lions ny b catriced oot willond recourse: Lo ilerative techngives

Far this imotime, copntion (5} Gieloss iolo oo plase P'* and the
Torepuing “line il ralic™ explicitly (6] yichls:

wFrP" =0
where

1 .
P 3 r — 3 B0 = o By,
=z
Fm=2
=3
There g, 08 4] nr. —1f (8 3 KD s respeetively, amoeven o mld
revoan i of (2, 3, A3, o 33 eeio o G of 1 sulizerpts aap
eayaLl. .
Flepninticnn £3] rencies a4 cbic, bt bb ey bt o e Sorme:

wilizae = WL — i — PR = 0

wlere B ** and Fp*2 are aquadratic fimetions of 7, g, .

From tlre afomsocttivned, w0 mewe fa=ily verify e all peints
on the moving relation axiz sati=0v (3 amd (6] Further, the
inlerseetion of P* with (3} §= a quadeatie curve, which is The
residun! part of (he intercetim of £33 and {8}, a5 Tine 1y,
Hence the loef of pwints in X with four fer wmorc) posilions on a
viccle are Hhe finea 55l Ji. T

Parallel Screws
In the ensg of three parallel, pure-retating (5o, $, $0) srews
Al a Fngth arbitrary serew (55), the qoarie sorfaee BV lepen-
erabes toa pline and 3 culde ovlinder. Takierg [f, m, 1) as e
iceliun cuzing- ol the tlave jacallel sercw avee, wae tmay wiite;
£t e Py
wleio

TN et culie vuds o p” e # parinngs ey er, Baor o 1 lwees e
o B Thetbiee zuafocez contadn 21 Tine £ ng 1 utnien IR T
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Toble 1 Elwz-pusition chelv ler Fllfli-pﬁ"l“il putorolotfion serews omd BrE-tkew dorgw

, T A A0 pa BT Evprics | eaasuaion \
1 1, "1y "y, ' N + P | My
? o MW p B |, AW Tavke LMD dodipo 0.5 [ g i
N - L - 1aE0 .JAN}E  Gooag [ 0,301 o, Bou
. . . | ran aaune eeeea | elige | oelesm
' PRTTRNPIPYT P I W R I PO TP R H 18N
e e e e o
Y | Larisl TRy 1 Tr=Tn b pazle l B3 gz 1% ey s or ugtd
RITLE e [ [l [N ., . | f Fl - :
1 B T I T J amie | oeee  pane o3 tow
3 R I L P o e T R = . -
1 PN T DT MR T TSI T Lains b s - - -
4 L | JFphay o hrns s K] Lk - . .
: DAL pMI LT | 3T Badit kg | - - -
H T QI MM | MLAMM 1 dlE b ) - - -
'
Fomilny— a4+ [ i {8~ 3n For parallel serews with molation and translion, £' will
and penerally oL degrnerale.  Tlowever, puint® with four atel five
posiflans oo Aght, drenlar evlimlers with Axes parallel to the
(r= — Nl {ia = 1) [rt — r1) rerewa may be shiained by merele neglecling e tamelaiem amd
o= a (£ — x4} by = wml 1 =nT) delemrming poind= whieh lie oo carcles.
= xn} n — @l (= rnljy Two parllel, pare-rolalion =trews generally do nol depraerate

The cubiic eylinder 17 has generalues which are all paratiel to
(4 m, 2} (1 o which are the nues $i2, B, S 524, 50, S0') Any
pare sectin marmal o the posermiueg yichl the vircke-pajnt
murve, asakinted with Lhe niotion o posithma 1,2, 3,4, wiach i,
i [t lanar. .

The plare 12 s the bwvin of all groiiils wliess pasdtion 1 osued 3
fall on & pdacee mormnal o (he thre primlic] serews nald behee boyve
five poedlions on an iofinitely lagoe sphere. Sinee 1 b lodedly
the same plant we stiwlisd 0 somneerl oo witle cirealae neotion,
vigration 1), the jutvions poomeldien] beeetatioe i< e
meliately applicalde Dwith phes wncderstmabop that 8w, A} pow
repreents Che dires i of 1 threy peveadlel serews and el (he
elaree Lisan o 2 eirefe ands),

For this mntion, (3 s Dhlonlimlly xennam] (5] i+ eseentiadly 267,
Therefure, 1he e oy lingder £ 1s (he by of ol pobint s witl fonr
prsiisE G g einelo, )

Poinds will feve Jaasitisnna oo A eheele Wil geaerad |y ead-d b
o) s isfentically zeres Soed poaints are aletegdiond by the o=
eranction 5f (08, (5] aod (G0 Ti Thia castr (30 (which i 1 he
s s G eserpl el sabeacniped 4 3ocbeognd e 81 amne Lo ehog
T dhopenerate L f5 % P08 I, siea 2] Jroinls willa vy prasilions
ot einche obicdoisly Tkl D o plane, coprat o (0] will abwny s
Lies st jsficnd Py roain g aan 3 ol wee mage fgeane i apao leatie 200
Proned g thie enbic staelaco 000 ng Ow®, Lhe reapiineld ||-u'tnln BL:
prven Dy I % G X A% Ulaa vickld (al mest ) sicoeal pudntg
with five postlions oo a eele? Lo Unbdo 1, we lisl the resuliy of
ot s voanpala et

I %5, %35, %, 3 nure nll parable], pwire-rola ign sorews, the Lerm
E s identivally 2erm st £ i infelenrinate nned bs aatisfiel Dy
every paind nu X, Motk (3} ard (90 g denbically zeru, nml
(6] and (673 baeegne feircndary enbic eylimlers; dag® ad Loy?, with
paalle] penembvra, Tl aormed sections of 1hess oobides yield
the circle-pwint virves of the plapar Ueory. OF the nine lnes of
Lhe intersection, at st zeven aee feol amd Hirge are (e soews
%= S Fa This leaves (oot Hives whieh corpespund 1o Lhe well-
known Barmester poinle. 15, in addition, 1he serews are Jefiaed
br & similariiy tran=formation, one of [eee B lies 5 alaays
the {nurving) axis §,.

11 e fang serenz ($4=, 5120 Sog, Tiad ore parndiel, Il one, =y, 3,
Iias pawre tranclation while e sabers lave pure 1ol atson, P L
comes 1he plane at julfinity 2d there zoe o0 fisite (mings with five
il ans on 3 tircle,

 Bjee (e points Be on * Uiy are sl cogdanar. Threp of the nine
inter-art jons have Lewn discountmd winee (hey Fall on S, 5o, $atb and
will it pearerally weld A Bueagdnn circle,

1 The coanpan! ndjans dezrailas] din tlis papaer base been paogmnred
i FOILTINAN 11 Drezranws may loe obioined la writing 1o the
aulbor.
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E* Tn adilitiemn, sinee {G) domes ot vanjsly, there ane, penerally.
i roint = with five [uedfions on o cirele. 1lowever, sinee (3) is nf
the form & Fo*% all peints with Fonr positiong on a ewrcle ore
given Ly 1 % Goa? and are therelore coplanar.

Elwaenflies has slown that any Lma, paraliel xorews will cagee @
1o decomjure atd 'hat, comverady, if @ derngerses, The sroewe
mist be parallel.  Fue this e, the locus, of all ponts with three
prrsidions am 4 line, is a line, This same el follows dimeelly
from equiations (12} For sorews parallel 1o, say, the -avis, the
by Aludcids Tevmne, peapectively, aright, circular exBuder faidh
geieralors paradle! Gy e setews) anel o plane parallel e tle
sevews, 1T fleraeetion, apart fruin the Jesiedoal Tiee (72 = 2y)
m Al fry — 10 = 0, I5a line conarnen to 1he eylimler and plage
free Apyweielis 20,

We jw resifiet the parallel sercws 1o pare ratation abd, for
eaveniener, again lake e sorews nlang the z-lirection.  For
prure babation, the first eogaging fooseh (128 repoovents (e sane
eight, eivenlar & linder s sevimete pentioned it thie seaond
eyquation af {120 vanjshes identicnlly,  ITence the keus of all
prand g with theee positioms o a line boeohes o vight, cirealr
crlinder enlwatded in 2 This exlinler olrvivaly eaitning the
screws $i Ba, S50 Any nornial seclion viehds noplanar, imape
peile tpingle sl il civcsimpecribing cireles Fee threg parallel,
pive- b fun serews, eepatpons {124) alio Bave one meimber iden-
lically ol towero. Ilenes palnt< wit foir postliony vea lige
are given by 1he terseetion of the aforementioned eylinder and

(r; — )
fry — 3}

{wn— p) -
{!k — ) 0

These two paralivt eylinders intersect in two lines.  This corre
spuinidds with 1he wofl-known planar tleory #inee Lhe line {7 — i)
w0, {y: — 3,) = 0, whirh iz in fact Lhe axis Tor 5, 8 be residual
parl of 1he inlerzection- )

Interseeting Serdws

For screws Llat intersert In o comumon point 1o lead 10 die-
penerale e, they mnsl gepemlly be re:ricled (o pure yol atioas,
Tur fuur pemitions corpeepunding to inforeeeling, [4e-futation
perews, £ iz identienlly sniifed sinee all puints are undergaing
spherical motioh abanl the peiang of lciersecticn of e serewe,
LE, instesnl, eme of 1he mations, for example, i, bs arhiteary, £ m
PaCi P, is the plane given Y eguasion () nith §, oqusd 1o
C%aand £, AL, 1) taken o+ the coordinales of the pint of in-
teraeel ioh of the serews. 02 3= formally the culsie =urfaee plven by
quation {3} {ic, #3% howecer, doe 1o the purerutation wier-
seeling serews {50, 311, Sied, 1he surface beoomes a ciliic cone mhl
apex at e imleaseetion point of the sorewz, 1t ocan las eustly
ghown that Tor (hiz mation eguatien [(G) yiclds cither €7 nr i

-
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identlienlly remd  In cither cose, £F s the toein of ndl it wilh
faur peeitiong om a ciccle. 1Tenee, o the e of §, ckew, juinta
witl Bee positinng on s sphere nee eitlier pednt g whiel e e aoeircle
far tho Four positions asaociabed with e intecroeling pre mtas
tigm sopews, ar poinka whoee dizioeed Trome the jlerseetion peint
fal $i, %, S0) ore not oltered by the skew peecw $ 4.

The intersection of eone OF witl any splote whase cenfor s al
the apex of £F is a apherical eurve of wedor pis. “Uhis eucve i
commpeased of two svinmetrieal aod equal poctiong, cither of which
mar be reparded as the spherieal annbog of o plauar enbie,
These splierival curves are of oot Atalogows Lo Lhe cipdle-point
curves af the planar theary.

If 35 i3 alan taken as a pure-rolalion, inter-reting serew, Pu,
iz ilentically zabi-fml L every poind in Uee lauly, and henee £ b
Wentically zero. For hve-position spheccical metion, squations
{33 and {31, that iz, Con? 2 O, give the lovoa of oll pointa with
five prsilians oo a eirebe”  Noosbiee Lhe 2urfaoe O are mones with
cornmen verlexes, Ley will interert in (21 meet) nine Boea shich
are elementz of (e oo 34z 5, A7 00 thiree of ezt lives, Lha
memaining #ix lies ans the Joch of points which have Gve posilions
on a crcle. I we abrfine & cplere an which e aplerical mobhu
s Laking place, lor reamjde, Lie nnil sphere, en Llere ame gt
ma-t 12 real pointe in wloch these lines pierce Uwe sphere.  Only
lalf of these are independent zinee rach i sy mmelne abont
the =phere rentoe; honee we canclle fhere are (ol wod} air ja-
depeadeal peinis which, wvuder spherive! molion, hare e posiifons
or a circle. Tleee poinls are aoalapats le e stindics by Bur-
=l for ihe case of plaar nedjon® 1 o addition, the seens
are dofinel bar oo similamiy TR et ion, ore of Vee |1-r.n|1l.| in
alvoays on the frnevine) anis 5 5.

Compartalionally the iolereections S 56 Dyt can e ol nined
by “irtersecting” cucheol theer i faere with an ity plene,
Elienmating sose vigedde, s, 7y, Tetw cen the plane sl eachy 7
vield= two plaaar culdes Tran which i second voaialide, sy, by
Lhen b elimiednd. The ronets of $he sesalting nni hadegoee peoly-
warcial i 2y mive anrof the el esonlingtess Lle e vs e
i 1y el pyoare then obtained by Toackeanlelitoting 2 ioto the
afgremer tinnol,
cone, wo new Jecve Lwo Jrdnts oo enels Bine, wlaieh means we by
determired the mtersevtion of Ce,? ol gt Tulile ¥ lisly thn
reEitld= ol une waeh compa bt

Allermatively, sinee Lo cnbeis e bonege oo, we eonl |{!I'-Hh:.~
gl by say, () sl vedare Uhe sotast Lo ko cubiea wilh
vavtnhles (i fry ) nnd £, 400
become identiral.}

Peturning (o the ea-e where seaew 4 08 Fkl"ﬂ wa nete et the
Ttz nf all points with Four paedtions oo a great viecke of their
fivespuzitiem splwrg B2 Lhe planar cabie £, 3 0 ANl oiher
protnte o 75 e un sl circles of 1heir 2p0here.

Tatroducing a sinth poeition defined by an arldorary seew i,
we cuneclile that, tiwee Eqplt and Aot have a4 vnnmon com-
ponene i C% the loviis of all point« with ris peeitions ob a
sphere ix given by the Roe Py, % Py Thia oo culs €3 10 (al
me=t) Lhree parints; (he-e points have fanr posilng on s greal
tircle. Similafdy, ininelucing & 2eventh pueilion defiued Dy
zhew ceren 54, we find Lhal ooly Uhie jaint guﬂl Yoy P o Pa X
4. hos seven positians my o spher,

1f we thoooe the orimin at Lhe poist of intersection. Hw tema
' — mt o= g fory =2 3 4, aml henee W i wentically pero. The
fact that = pdave interoeets 3 spbere ina cinde jea physical reason for
the renditions for points on o flane (5 sl jminte oh 3 circle (5
and Gy Lo I idesuieal wewler spledeal mntion.

_ *Asstama previonsly, (G nml therelong aleo (G0 are rither wlenti-
cally zero or cguivelest 1o (38 aml (5.

! For abe case ef infinitesimal. rphericn! mntinn, 131 rovelalii 12
Its ywoinzed ol 1he existonce of B% poitls v lich have Rue-point con-
Iacy wadls o cirche imochee tampent jlane,

*Indeertmaining ec1utets for 1=inlg o Ahe mnving laes, we aneptly
determine the axia for any poine vo e line et tlacee pr=linmg ul 3
andy o pdaasnt gt ozphier muien, (o b olocjouede 8 018 1) corre
gpramionee Jotween lines in X0 and 2, This correeponsdence v ealled
e apsaedracie tran: Tormaiion el ey Lwen the ol Erateef i anjun
whick hize no 2ipneficioee inoapleciea] ae 1danar molion.

4

Sitee we Lo the hocaliom of Ul ngues of tle”

(e wetako sy = 1 Ui two et s

Tabls I Sphaticol matian; points wilth fiva ppiltiont on = cirgly

f i Ta1 1.,
| OCMICTEON A CNEE EOTATIIE
I u u u [FTITR]
: tl IJ. !} il
1 I-I.Hbi-l -0 =0. ¥l -3, 00k
1 o.asi =0.2m2% & elih = 1. ol
& LIk Y 0.930 0433 14. 3008
3 B.ZEMR 0.1 a.1%¥1r 1 B

#11 che scren wawe sapo cranalaclom sl imbaverck b the erigie.

oY1ms

et | FItATE FLIIN TOLETY
_'fl Fy = My by mnmy rrowa, ot oed
| = [ I - y
] I [ 5L -k 1821 [RLH] .M
H -4 - Mk —~EB.TIH =3 8113
7 i [ ] LK+ B514S a.rum
L] I I TR L ¥R e 1.8
i
] Mo I AT
]

Takla 3 Synthasis ol pwrsrevolute, two-spheric.poir s palial ey bar

PAERFn 3T

Fuacilam: 3 = caac
Ligmt wna=k 4F] = 1507
Ducpur crark (v] = LE™

ficr Ml Rl HL

Fusciniem pralolass (mileg Chedrcha e wpacingd

LR
Lauge)

L H L 1 1 l. 1
l'_l'“ R R T e T a3, 1A% R TR ]
day[BR LAE LEM TR DAL TRV IR
ALpla Bevedny akey = B0
PEHA Y 4o fowdrTediie -
- x T .
Falhl wm » rplwre 4.%E11 LINEE ) LI ]
Tencup aE Ml o.jhk) L[5 ] oIl
Nadian &F Lphara [WETIE
MILHINESH FaliWd TTLf
LIRL Tarpika: Thpur cusss = . %k
Loupher = 1.4km%

Cufgyr cpukh = QALTT

Angic Brduvran prren - W
n FliCalrd BACWRER Badbb = |
blLicewee do comman na1mal betwren c1avh rvea
dqem plane &l
b Trpulidrash cirele = B.WR]Y
WE cmfput-cunak chicle = 0,708%

FLYFE O SR
Haslmw arror =

o 0 0 2 1077, manbmom afTHE As
00357 AE Rhr rasgr +f 7.

DAY wt3ch corrssponds dm B.1EFL = she ronge ol p.
B000F kL h anrinepiads g

In the ease of intersecting, pure-relalion seeews, equakion (123
richla twa quadiatic wimes with 2 common apex. - Those cones
inleraeet i 3oy 5oy 3at Al the sporions e (rs — 0} = 0, (0 —
=0 Hewee & degenerntes inta three linet. There are ba
nontrvial point: with three poiitiots v a ioe, rimce A fine
will net pleree A sphere o muee than Lo points

Application to Mechanism Synthesis

fammples.  In Lhe Sullowing pragraphs, we illislrale vanous
wavea i which the forepeing results ean be applied Lo the mvo-
thei= of linkwark, Since it i LUhe ver=11ility of ihe inethod nhich
wne seek tuillnstrate, we Bmit vurselves 1o one or o examples of
a piven Ly pe el e not ronsider all the stpctural vanatds which
nay be =yohesized by vs-emnially the same proeoedaire.

Matren afa covplor fink relative toom Arod fiak 1= Uhe mao-1 stenight-
Tureatd application of the thenny. We ilnsicate e proeedune
with 2 1vpe of =even-liar linkage wohicki e Loen v-od i anlome—
tive su=pwnsion: ] olcwliere, The lionkape (Uig 3) has a
colpler, a fived Inik, sumd Ave Linarc cranks in parallel beteosen
e tonpder amld Tl Tinke A0 100 dohins ape sphericall For any
preriliod seven positiens of the conpler, we max Sud, sl most, 20
Puints willesphierical motion, These poinls ond fleir eonesand- +

Tisnsaclions of the ASME



ing renlers define the ceanks,  Taken five al 8 time, these 20
points yield 15501 reven Liars whese couplers pess throngh the
seven specified positions.  On the ather hand, 1here will generally”
be fewer, and maxhe no, solutwns sinee, for 8 @ren set of i
tiong, theee may be Jues o X)) or even five, real points with
seven pewitiong onon gpliere. For lesa (han feven preseriled
posilione, ne cenerally bave an infinite pumlr of solutions. The
painly piver in Table 3 of [1 are, in offoel, the reauis of such a
sl lietia,

The relotine mation of fra woring tinke van be treated fay ine
version,  Thiz is #lastratled by 3 procedure deseribod by Wilaom
13] for the Dunetion-penerntion exnthesis of 8 212 four Lar, In
thiz litkage, the input aml ssipon coank are joiued o the feamue
by tumming pairs {revolules) which have shew axes. Fach erank
connerts 16 1he rmapler with a epherical pair.  1n synthesizing
2 functiom, say, B = fid), ne chooce scts of angle chanpes A4y,
and 3%, which satisly this fnetiona) relalionship, and reauire
that 1he two eranks rotate Vheough theen apples frum some e
speciles| initid posicion T4, U,

The procedure is as fullows:  We arbitearily flnose The shem,
rotation aves® and thon invert the meelanjum by hollicg citler
the imput or vulpal crank fived. 1§ we fis (e input erank, the
two sely of rotation argles are — 3%, (aleant the fixed axied and
Ady ;i {aluatd e moving asis). Alternatively, ixing the ot
eranh we b, pespeetively, — Ay and A Tocilher rase,
e wedion of what is now the vapder link iv Jefined wuder (he
sperial cara of a similarity Iransloemation sl the arder in wbicl,
the rotalions are takien by immaterial, ‘The synlliesis i1 oomne
Meted Ly determining e peinl, i owlial jaoaew the eoupler,
which lies on o epthiere i the sevirr] dusign pogitions. This point
Al o ootrespomting eenter are takon as 1he Ralierieal Jonla

i the cniginal conpter, For five ange changes, we wae any peink
‘on G For six gjeeified nugle elroiges, we i any poind given Ly
Crg? ¥ Gaw?; and Tor seven sets of Adyy A7, woe choo=e one of
Lhe pointk iven by Guwl X Gou® 2 Gout. One sich s lepaig ja
desaibed I Tylide 3.

The e proecdiee may Les applied, for cxample, 19 e foor
bar, shown in Fip, &, vxeepl 1hat heo wa lodd the revnbi e
exlinder link fixed audd seek o il whicl) lieg an a ey finclor,

Fu onicr to woee o bady areording fo n given Himfag eyele, it s de=

sralile 10 be nbile Lo specify Lthe ooenenponding gl nlion.
Consider, [or example, the Tour bae vith (we Ltriing, one eylin-
drical, and vae splerical pair, shona in Fig. 2. IMewe we qrli-
trarily chow-v dimensiong eof e erank; with e exlindrieal e,
and spocily up to fonr posilios. For thesa design pasilions, we
define ile motivn of tie contpler Ine spegifying 2 rutation ab=urt,
At 3 Eanslabion shosg, the exlindrieat joint axis.  The symilesis
is completed by ehonsing auy point on &5 ag he Joeation of the
gpherival joint and 1he corerepotting nxcis na e feed sevolute,
. Shmilae ocedires maos Le applied, for exanpte, 198 thoen bar
with a revolate-cyfinler il emuk wloee thind foint is a
spheresin-eylinder pair, Fig, 3. Hore we are limited te thive
positions dhd sk a paing on 9,

Inversinne of the wame linkane are veated dilferontly,  For
exnmpte, if, wetead of the afaremen v, the revelaieeyljder
erank of Ihe four bat i Fig 2 s fined, one could cither specily
L ce arhit iy pasitions of Uhe conpler ol ernthesive the Tk ge
lj}' [it‘[[‘ll!'l.tll.:nlp: a mevelule=rovolute cramh {|||i,_ 11 diaenpzed Fadar)
and eae point with three positions oo evlinder Giny point witl
da, siuee all poinls have Vhree positions on o exlineler), or ching

_ revaluleaevelute erank and coneider oily stmilarity-transfoemg-
tioaw eonpler wtions. In this latier cawe, 1l armthezls i= sody el
Ly any gwiat wlhieh falls an n exlieler fa the several design
positiome, ) .

T ceetabn linhages, it is rerpined that o ok simaltancous|y
lie on Iwo rperisl loci.  Graphieal conelmetivne for sucly LY -

T The distance Letngen thew anex and their alwolule oricnialion
dres oot alieet 1le 1 elative rod i Tetaeen i el oat et 1 o
ek, e paple Ivivera (T shew nyes iy el Lha fueal sebiylyon.,
Tlis pravedure s exticmely weeful in desbeidage Hnkazes which acn Bhoe
reencirralar proass conndcting shew shatoe ok a speciled angle

Jource! of Applied Yiechznics

Fig. 3 Faur bor with one cylinder, one spharic, ond lwa revoluts Jainia
The nwmbers danere the freedem in the joinf.

LAY

Fig. T Thiws bar with tevalvie, cylinder, ond bolldn<ylinder {olnl.
Tha humbit denete the Freedom In the joinn, .

.

—— e

fig. 4 Spetinf dwell linkage. The Inteting-ceonk dwelis il The center of
tphoiic jsinl A moves on o wphers whese canter s al the cther wphmiyt
jainl.

theses have been given by Allians 1), The melods of 1his
paper anay o wself o sbody roch problems, The ot direct
Sppeaach st choose the appropriste coynations from the dies
developed in [1] and then sumericilly determine their simuls
tanesia ralutions,

Duectl mechaniems and ather Makwort can Le designed b using
Bednls in the biedy with spaecial ttion=, Far example, to design
A dwell meclanism we tqhe any eonveniont apatial lnkape, and
from it hnown "eonplee ppdion Jetermine which poines on tlie
vatpler Lave, sy, scven positions on 2 sphere.  To one such
roint, ne attach a dyad of U 1 shown in Fig. 4. The dimon-
sions of the foating link of the dyad are comletely de mnined
by a puinl wlivh lies on a sphere and s corresponding senter,
The disvpensio of the otating Jaad connk {whiel is e link widy
e appeescimind e dnel) am agliteaee,

Sphwericed awd planar Nkages nre svothesired esactly a: shove
Therefore, we may zalve fupetion gencration (doblems aml e
Like; the ouly differcnce i that, insead of o genrral serew, The
motion must b abi-fined 1as, peepectively, injepsecting and parallel
Pt rerews, The teenfis i Talile 2 max, of oo,
Le Dterpreled s a0 Bve-position synthesis of o spherieal Four
biar.



Fig- 5 Seven bar with 1O spheric [glmie. This linkage hay flve binaey
ctanky, sgth of whikh it Irea fo rotals obhoyl i awn conipr line,

When Efnewalic pairs other than thewr incladed in ouz Leealownt
are proeseht, the srnthesi= will mgune e adutrary cleices {or
an eatensinn of The Torepoing developiment Lo Lhose puing}, Theso
choicra reebace The poonber of preeisian eonelitiona. Howewer,
they do lovve U pefvanlape of allowing l'|l.'!_l:|1:_'lll, ul el eal
over Ll fiinl solution.

I rapchoplangt el peendozplierieal linknges ato names we eodn

Tar lnkagea w Lieh havee sovernl of their deain peesdlioos given 1y,
nspectvely, parallel ur interseeting pore-natation screws. Such
linkages Are wpriliad Lnt may Iee desipgoed ta have soveral eoplanar
or ospherieal previvion o ilions. T seni et s aceon)dished
in Uhe el way, exeept thiat we pasoanke pese i the degeneraie
gses diaeiiamd in the seetiona an specin] moliens.,

Mew Kingmplic Pairg—=The Revalyte-Rawglute Crank. Th thir aec ] e,
wa dlfaatrale Do dher re=nli g of FI] naeye Deoalapilend g 1he sty of
tew prire, The desipn of a ik with v tursing paira {o so-
cabled revolyteorevadnle erank) reyuins the determinataen of o
moviug elalon axis (in 2 ) aiad a el mitation axis tin 2 for
wlieh the pelalive distanre anl angle [heiween (ase aves) o
mains conslant.  Such a Tink may le ssathi-azed 0 we can Tinl
twee puirls in 2 which lie on cireles atwml the sane a%is sinee all
1he it s e (1w line connerting theso tan paiols will alaa fic on
circles aluny, (his same nxis,

Ui 00, we love $he conditioan thad o prrind bas 1w i hons
on a plane menkad loa gieon divection. Thig may e waitien:

e+t gnd b, =0

whene e, = 0, (Ma) 4 n,‘f'ﬂfﬂl + a.,

5= er{Url} + h‘flﬂfﬂ + b, ¢

gp = e fin) Foepfm/id 4oy
hy = Ao flie) e o, fondn) £ r!'..J_'

Ttere {F, vt w0 are the dirgction corines of Thp Gxed asis, and £, b,
Y i a poinCon the moving asis. Theo, b oo oo, am
the coclficientd of the matniy s el defines the motion (s cqra-
Lirm (1)L

Fuather, i1 bas Leew shown in 1] thal the Ioars of all peints
with thive peritions on a circle, of A 5 pwcifierd ieliuagiom, is a
Tme, Menpo, o we roeard 7, e, v] ag Mipewen, The previhons mpia-
tivn writlen tuiee (7 = 2 3] whls the coptabinn of Ay Tt img
ESEEN

]

; -
= (afehy + /v

{a}
7, = {ifeln + uir
whem
= s = fup
Fha = by
ey = cifh
= #h — ohi
=k — o

2 o 4 R

Submtiuting those resglts Tor 70 andd 5y intos {8) [which ia the - -

condition Lhat point ), ¥, ) remain ol a conslant distanes
from a paint (g, o1 L) in 23] yichds;

o F B, 0 Ay =0 IHI
where (4o, 1, A e any point on the feaed asis, ond
A, = fd‘.‘.l + b,jn + c,;‘}y. + {n,lr + x + d.JrL
o, = {ﬂ,j! -+ h'd- + t';”yl + {a,jr 4 ot + n',‘r}.
i = gt bep+oathn o+ 6 u o+ daed,
(lr b 0 b 4 (e 4 U0 ) 500 4 (D)

in i, the roctlicicnls ol the 2, &, 2 anel comatant terms of {r? —
FALAT v b e it e as (r2),, 0r 20y (r00 £t respeelively.
W am, ) amnl g were Known, tie Dopegeing oquation Laken
Lnice £7 = B, 3 wondd yickl ihe Rusd avie XNow, tleatly, the

Ao
I 1

. choige of gy shomhd i s way affect the lomtion of the fued axis.

Himilarly, we are ot filerty 1 oditracily desnee one of the cust-
dimales (4, 4,000 e fised axia. For gimplivity, we take A,
= 0 und = Uin (b):

A e, e £ m
AR, FRL, b fae

(The superaeripd depndes the value of g.)
Bimilarly, ol we lake A, = Qaml y, = {:

d B D - D
Jlli-l, 80+ =0

Xow, thiese Uvu pels ol cepnations will ylehl e saie o, aed A,
i Uhe FelBow g G eonnan Lilalily eepetbione are salisfied:

L La* i e
AP Y. R ¥
HPLEEY A B A
i}
NE Y. TR .
A i DM =D
U 5 I s

When ragsandend, Theee deterndnants give Dwe el ledegree pal -
pomials in (e pmd (mefed, Foroearh yalll sed ol podts ofoter-
mienad Tromn {e), we have a anigue revolute-revalile erank. The
muving aal< 1 cmpeted front (a), aml the sl axis from (B)
withj =2 3and w arbitrary. Table 4 Jista L rezalls of one
el pompntative for the motion defined in Tabde 1ol 1],

Table d  Axct of a revelute-revelule cronk carresponding
1a pesiliomy 1,2, 2 gl Tohlg 1in III .
HOVING AXIS "
-
, Nym +0.3823y,- 33346
- z;= -0.2892y) " 2.%623 Y
- FiXED AXIS
% m 0.3921y- 1,0092
. T v 4 51tGy - 70842

Transzctians ¢l fne ASME



Lanclusions -

Clhe eenwalarily Geansfoeienlion desuls Ioon sapplifeition of e |

serew-thiformationg coellickents, These, i turn, eonspderalidy
sl £ which, in ¢fect, degeneratea inte o seovsd=onder
ptffznee.  Tn s imguriand 10 iate teg the st Gransforpga-
tivn proadides woundlied spproach o fuection peaceaiim proldems
for spanial, splercal, and planar weclcni=ma,

The mlerseciing putecrolathonn see®a Loing zpherieal inotion
intu the peneral thewre, Obviously, he bwi ol Jiteres Leaumn
enties, af eurves ot poiite ouoeonies. The stydy of kel
prove—rotatiog 3read 2luws bow e well koown planar teory i+
derived from Tore penerad cotgiderations,  In this ease, 1he
ruirfaces of iens leranes exvlindera—ie., comes willl fjaoves at
indininy,  The inchisdon of Pskowaserews™ with planie and sqberi-
eetd i e the abestgn ol meclanizma witl paewdoydmar
aned poonchpplerieal metion. Sueh linkage: ane #patisl, bt pest
of Lheir design st are, rezpeetivel £, planar and e el

Thiz papwee need FIF abeal altpost exclizively with spacial poiets,
The study of speecial lines miay Tae porsued [y bpaeing zimal
Latsenats morndit ks an 1w iz, 3 les been doae it the revalite-
revuluto crank =vmlecdia deserilusd iy 1w Poeoeding seetimn. Al-
Ienentively, iU is poseibile o stdy ggeerial e diseetly. This
Latter approach is uliliced in a aibecguent sudy 7] weffevt the
ey ntliesis ol ovhindrig-evlindnic emanks,

The:e realtts aind e pre-ented in 117 and |7 are suited Lo
valions 1vies of 2 otlieees, and may be epaeded 25 grocraliza-
Hneg ol Ele clissieat Duile-peositiom Burmester theary,  The re-
sills given in e papers are applicalde L functivn-proeralion,
ralhgencreon, and coupderplino-metion sy leses of rpalial,

_spheniend, aad planar linkuges.
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APPENDIX 1]

" Fieef Thed Under & Similadity Translarmolion £ m o % FF % G0
Wewiide {7):

Tiaect el

{w1 — )

=T {r: — ) (=2 — 5
Lt = l (r:' =) (i = 0} (s — 7)) - =) - 0
A= =) (=T (=)

R =r’) (=) o — o) (45— o)

-

Jowrnal of Apprimf Fiechanics

Expanling this delecninant acerding o (he Ligdarg deyvelog-
fraend yiehis

-

. ~a et
Et= ¥ ¥ (-IJ*'“-"[(-LH——,, ){m — W

1=t k=3 =

- (‘L:—"') t; — y.]]-i{:, - 2 = o)

— [T. = J.'j}{:g -3} =0

Mere F13 2,08, e d ol s ix 2, 3, or 4 as Jetermined from Ue re-
strictios that f = & W ! Zm, j € hang | < m.
Sub.1ituling motihn pacselers, one finds thiat 1he first sz
brackel may Lo wriilea:
mllun — wignd? F 45 - p¥]lsin 8,{1 — e 8y}
= rin 841 = coz 8}

nad helwee v l{uar, = wgnd? + {1 — p)t), which we wrile as
F7, may e beoughl wistade of e comundtion s, Denoting
e topms e the samnation as G {stnee They e gerad rotic), we
L B = i M40,

APPENDBLIX 2

The Corvw 1! Under Farollsd Scuw_!._.j We npila egquation (12}

(1 — »)
fie — 3]

_— Fu -
’(l‘: x,) i {r: ) - 1 (1)
{xa = 2.} {2 = 2)
Far simplicily, we lake the screws, 5, and $., parallel o 1he

=it Bamiesling (1) amd sulstiluting 1he motion parsmelery
yields:

(7; — 2‘:} - 0 {_]J

(r; — J’l}

lirs = adiny = a) + G ~ B = )} ["1“ (E‘ 3 0;)]

o |.r||_:f1: = &)y = ) (ﬂzhll—. erah, 1l

o (259]-0 0

I"his is obrviowsly tha eonegion of vight, crcalar eylander, We
nela hal Lhe teanslations {6 amd o) de et enter inte Lhiz
resnly,  Furlleer, siome {a:, b=, U3 ol g, &g, 0 mre, rospeciively,
Ul oo dimantes of The Lol the perperndicndars from ghe origin 1o
0ol S, this exlineler eantiiang % and %5 Cool oles 32570
& 2l B ara the ietntivis eorrespondding e S and S, wespee-
tively. -

Papuamling £2) yields:

{.‘I’p - EJ]“ = ks ﬂ;}l’j‘: — {.‘r. - E:Hl - ﬂ)}'ﬁ
+ {n — B Sy — {3y = LMo &)1, = 0 £1)

wligh iz o plane paralle] to the z-axis,

The plane (4] ents the syvtimber {3} in 1wo lines—ane of which
(43— rv = O, 8y = 7, = D) is symnonra, Hfne, for paraflcl ecrnce,
? lncomes a line, 17d: m oy = 0, the murion i g patation and
(A vanizlva, lis leaves (30 z0r toned zection vields e vicele
of the clnsical planat twory, 11 Hic perows aie eoblinear, (1] Le-
cornes 2 Vine™ exlinder, pd (7 coinclides with the werew axis.

Privied inU. 5, &L
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On the Screw i_\xes and Other Special -
Lines Associated With Spatial
Displacements of a Rigit ‘Body

For g rigid body (n bao, three, fowe, and five fimitely 1eparated pasitions, the loci of fhe
screw axer axd other speciol fines are devited. Fooir thoun that the dhuasical planar
theary 15 i 1pecial case of o mare grneral theory whieh facludes planar, spheriral, and

spatial dfsplagementy.

Intreduction

I.\.‘ rhis P, we =lely the hinematiee of 1 el
hodd 5 18 ~ofirs of finilely separpled peedidms, aad <tk v deler
mine ~patial rauivalents for the basie queaiditicd of the slasetral
planar Mieory, OF spevial julerest are thase spalial geormed ries
whith are analogows ta the pole trsimgles, pole curves, cerrier amd
rrtdepaing curves, and Bormester-peaing paira, .

Thee studiea ure in the «pirie of two nf s e line= pngyions
warks [1, 2).'  Unwever, bere wr are primarile eooerned with
Linw=, v thie bd 5, while {17 and [2}deal with poinis.

Several nther works deal with eatensson= of 1he plauat theory
tut they are coowerned will peieralived phinar eoneeple [, 4]
ar wille spherieal mation |5, 6, 71 Altbemipeh Keler [B] hos n=id
ine peomeisy and dual numbers 10 cons<der general spatial
motim for 1wn wnd three pisitions, and Sehocnfes [9] and inore
recentl ethers [I0 1Y bevve ronsideree pojins wlicly e oo special
logd, this author i« nuaware of any previsus work in wiich laoe
eotEfuenees Abe Inken 2= the spatin) pualbogs of the pode, contor-
proiti], Ak e{rele-paial tnrves,

e

Screw Axis Geametry : : .

Moemenslolure

T thix paper we are tuncerped wilh 1the relative pedton of
twe ripid baafien, 11 i onnveniont s reler s ane =~ 3 maving
bady and (g Lhe miher A< n Gxed body,  The moviug sesiem i
detited T 2 wid 1he Aol system by 29 We number the
yaFiea el of 1he moving ~va1em and asp enleezipte 1o in-
vicate whirh porition of = we afe referring 1o

T oin well kmown thal, tegardless of how q nuetisin nelally
rectars, The diplicenrnt may olways be regarded Ao fiabion
abwnt & given avis aid 3 translation alang the same axic, Huth a
il i falled & corew di:placenient,  As shown in Fig, 1, we
epmebe e sevew which taken 22 fram the (i o e J1h puesdtion as
$.; The torresponding retafim v taken ns 8 and Lhe
tratlation ¥ d, . Further, the unit veetor U, parallel 1o this
*HEW AKEE W enmpmEnls (o g, Naih ol The sorew (aatses
throngh e pedid fa, ), by e, 32 these sis sompanreils are mes-urest
along conrdinite aves faued ju S0

B, and d,; are called the sclew parameiers, and 1heir ratio
Tl pntian of gaitch ieplies Vhat
the rowndinn and translfation seent sinubawen=ly, However, i1
ety imporiant ta remember 1hat 1he-e motims may Le re-

T Numbers in backets desigoate Feferenoed sl coed of pageer,

Contrilwared Tee flue 3 aclaine [Fesign [hyision for pieseitaan a1 the
Mechanions Conferepce, Labanetie. Ind., Octobepr 10-13. 1906, of
THE Ay kv s SocirTy o MietHaxrest Fxotxerws.  Manuerript
reeeived a1 ASME Meadnuarters, Jone 2 1060, Poger N G0—
Yieeh-Y.

parded me gerirring <eparitely, amd et their efferrs nay e
s peTim pwsed.

For plane moliom d,; = 1, und it 3 customary to inhe vy, = 1,
Fu ™= o

Two Pasifions

We snw deeeribe an alivrnative charscterizanoe of o finile
ispli-erpent, whicly, althongh le= woelt known i he =crew,
will preye D dio ey Topariant i wlat Tullowa.

13- known [11] that suy fnite displacement may e considered
n- the resil of sincesive velleetians abuanl? twa fived Lines.t The
twer linea nne=l be pormad Ao mad fabereer! ke sofew wxis, Ih
wlditiems, 1he diseaes knd angle botweew then st e, respea-
tively, o, FLund ﬂ”j'_' et Trom the first ling 1o the ~eevmd
i the pmilive weone of $.0 (Nherwie, the 1w T arn wrli-
Trary. -

The [l:rpgilillg o 1llstrated wed |'rrux'|:-1]‘ with 1]up H'id ol Fhie. 2,
a- lallows, LG any Bine normal e %, ned 5 54 the liee b
tajued by operiating e £ with a seren coiucident 10§, Bat with
[E— . -

14 reflestiom abon u line is cquivalent 1o 2 180 deg roiation nhaut
the Fme. ' N

Fig. ¥ Suaw eisploremant ., ond the nispceiated nomanciojuie

. . 1

Discussion on this paper will be accepted at ASME Headguarters uniil Wovember 14, 1966
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Flg. 7 Two refections ort squivalanl le & kcrew displacement, Poind
AL refiecrnd aboul L o petition A, and A, b refiesied abayl L, s
puiitran A The Rgpors shews tide and end viewy sl the vzrew §,,.

parameters B, /2 4,02 Take d, ax a genesie paint in 2, hen,
riflecting L1, alwant oy Beings it e A amd reflecting b alwen £,
brkgs ihe puing (v peeition A . Friem the fgore, shich shaws
i e aml side view of the rorew, i1 fullows thal the relafive
pedngom af Ay L, whivh = EivEn by 53 amd o, disex sal aifeel
the displacenent.  Explicitly, 1he di-plaeement alimg e perew
s i given I

;
Do b2 ('—E-‘ - H) _—

ol Ill‘!.' angnlar l“.‘*]lrilf‘l-'l'ill"rll, ol thee roeelind G B 1, slmenl b
AOTEW B 3

u+n+!(%‘i-ﬂ)=ﬂ.,. -

Henee, 1he Lo retieetine efert o displacenent identical 1n the
are definel by 5, amd therelfure, we crmelide that 1he position
of £ b $ 3 = fnleed it cary, .

Three Pesitions

For three fuitely reparabed pomitione, 5, Bo 3 there are
litre ~evew mne~, $iz, 8y, 5,0, liml wndy v zere independenr. The
EeLinedry relaring 1heee setews, nceliesen in Fig, 3, may be sasiby
deaved by replacing rach serew by two refloctivnn, (liven 3.
~mind S we eall their eommomg b el ieng e £ wedl elptine £, as
Ure fine o serewed aboat $u by an amount =2, =802 1,
trthe diaee et mial to 55 which i- e f2 Bofa froma e The 1hind
perew axis S i then given we e ling narmal to Fa sl £, The
volidity of /e can b ceen by cunmidering an arbilrary point A,
We relleer alnant Ly uned ey Ly 1le resilting pusi Lo Ay, we
we heve een aluve, is the sapie 2« hat afier aerew 3,0 Hefler-
ing Az alwit Lgand then Ly tesolte ju e it Leing i position
Ar Thus Ay Diws moved 10 4 by uoderguing fooe reflections,
Tl twn sureeesive reflect i ate wbont the same line, fa, and
htnee 1y bpoigiaoped.
vhusiined from 4 reflectia abeayt £, folos el by 3 refection abou
Lo Hence the mormal ta £y and Ly aleline: 1l =orew axis fur
Su. and the parameters 8,72, i, P are given, coapetlively, by the
angle and the distance between £, and £y, Thee# quuniities are
alwavs imeasared from £, 10 £y,

H¥ince any three e 1shen twa at a tine generally have three
vaique sty i pppaient that amy set of thies aves defiird i
pthine cef ol fines £y, fo Ay and therefure o ael uf parameters
A ey, dyy, Bieo By, Bia Dencr there fea 2o af #repw wokiong Jrler-
wrenedd by 0%y confguration of ihree arrs.

The gramveiriral configuration formed Ly hirer Jines and 1heir
cvnimany horniel bas been called by Yang [i2] o “spatial 1rie
wmgle' The ronfguration of theee rerew axp- snd 1helr normals
will i called o “rerow iangle™ i analoge e the pole tiaegle of
plamar nwting. The pele triangle i~ a apeaial rase of the “serew
trangie”” By fnvestigating the goometre ol the =erew riaugle

2

Therefire, e same reslid may Le

Fig. 1 Scraw risngla gesmetry thewing lengths uf videc d,:f?i J2,
&of2 anglay balwasn dider o @i oo lengihs of nermals balwesn
Hdwe Oa=, Oy S5t; angles bebwasn ormole ﬂ‘“‘f?, E],-‘l"'l“ -]

shwwn in Fig 3, we olinin noalyiical expresioe fur the —coew
Su?in ternp of §,and Sh.
Tuking propections along the derew axes vields:

w(5)- e ()
> (§)(3) e () (2)

Tﬁ:j [.-tin oy e ag
[ o1 — -
s

_ + ;M.,F;..n,., ﬁ(!;)]
eyt

P
=

st (1 411

LI LRy w e

| (5) +4(+(2)=(3)
e (§) o (8)) i (8) (4]
o el ()= (8) - (5)

s aliel @ are, res peetively, the angle snd dictanee belween §-
aml Lo vaien i hie vease of serewing $0: about Fainte $g. Simi-
Farb, For §oomgsd and (ay,mad we neensace from §o Lo 5y 2ad
frem §, 10 $u, respectively,

B —

oy

Y|

*Einn serew along the wamie anis aud = ith the satwe magoiiude 32
S0 however, the sergpe [0l rotalion and Izanslaniand s oppDse in
Tair by porewa,

. Transactiors ol Ihe ASME

"



Fig. 4 Imngs spiew mioagls $ior 5o "$uond scaw mhingle 35, 55, %,

We hivs ¢lipsens 1o wark with 3y Tslead of $ to pre-trve Lie
r¥humeiry, hence all the sbove expressiong are valid weder ryelic
percnutalion of inliaes.  [Thesr equations depond eaclusively on
the zeanctry of the serew triangle and mad e viewed o specint
vases of the eqpriativne uliained front the seeealled spaniakiringle
ainne and eomine lws s given by Vg 112
eedationslipe nay be obtained,

Far planar murion gy = Gor 150 deg, and the secvmd eguation
yieldz e wefl-kinvwn sumpatGon role §,y = 3 4 4.

A hint of wirilar

The Ground {or Cordirnal ') Foind .
Just as s planar work, there is a unigue point A, which can be
sefTecied abwul the “siden™ ol e rorew trinele 1o pive the three
pogitions of any point 4, The “sided’” of 1he serew irinngle are
the liues £, Ly, Fa fie, (he common mormals o the serew axes).
Il we call the three positions of ot 1, ]y As, s, respeclively,
then 1, may Le Fontnd Dy reflecting Ay aleatt £, o 4 slwsut Ly, ur
Ar abpual Ly Cuanverzoly, I refloeting A, abat £y owe ofiain
Ay oetey Tor gy aed Ay The pronl of (his Tollew s dareel Iy Trom
the cquivalence of twa refAections 1o n xeres as outlived abwove,
Rimilarly, it Mellows (sl (0 every promeiric entity there corre-
sponds an eqnivalent eardinal member. For exumple, pivon a
line i, & refection alwut Ly pields | whicl meay be refleeted aliig
faand Ly 1o yield, ]'E"C]H.'('Il'l.l'f'] b aml h. The sgme i< af cumres
Itue for planes. :

Image Siraw Trlangled

We pow en<ider the serew axes i fived dn The moe g #vslem
L. Tn poeilion ooe, ¥y, the three naecare $i% S, Sat St
and 5,5 are of coniree identical Lo 5 and 3.0 e fined svstem 20
The axiz 351 is oltataed Ly serewing that Fne in 2: which is
comcident with %2 fin 279 about 84 or serewing 1hat Eoe in 2,
which is coincident arith $yabout 5, Alternatively, ., may be
oblained by reflecting axic$;y sbout Loor L {depending upenil we
with Lo repard the Yine an % coincident with the Bue 3. in Z* aa
Ieing in Zror 20,4 and then roflecting i abon L. Sinee Le and
fa Loth intereetl Tand are mormal to} $a, it Tallows (e 1be finst
refleriion only reverses the "head and 125l of e scew and that
the Line of netion of $,.' dependr exclusively an the rellection
bont L, Rer Fip. 4. N

* Like oiher tenms in Linemistics, Hhe sariots names are due 1o dif-

ferent trowzfatings of (e original Gennan wonds.
¥ wlesher “prend™ in
cardnal),

I we repard the serew nxis a3 7 £liding Tine vet ok, Elea thote i
needd to digtinguish ecwern ghie Hoe Deing i Zeor Xy Yluwcver, of
we vonsder the ks ngow e Gred i ahe body, e distfrin bes
tween S oand Xy imperlann Since cordponding points oo e i
preduapart,

Meee the eolden
“grgodpunkt™ meand grownd or buc Le.

Jewrnal of Enginecting for Industry

+1he third.

-eall 1mo sides which do not Jave a common screw

Fig- 3 Oppotite 1orew quoddiimiznl 3= 3o 5o 50 ond 8 FRL Lorrw,
fn whith_ syblandt squal dual angles ol spposite Lidel af tha Quadii-
laiwmal -

Similarfy, §,37 is obtained by reversing the “head pnd (337 of
£, ad then reflecting it aboul L. 5,37 v ohiained by refecticg
%4 nbout Ly after having rever-ed = ren=e.  Fig. 4 zhows the
Uimape kerew riAtegle " S, Sat Yo winlosides Ly Lot L and seme
portinent dinensions,  The well-kuown plabst case, nhich is a
sperinl case of 1he above, Tullows if we take all the axves a5 paraile],
PuTE TOlALION ALTEWR.

Four Positians

There are nuw six serew s aeoviated with the mutivn: 3=, $a.
S0 T 5o, S0 We mzume knowledpe of acy fowt whirk in
aunlugy e the planar uppueile-pole quadriiaferal, form an”
Hgpaeasite serow guadrilateral' ™ and Girquaive as 19 the Lixo? o) e
otliel Lwo =crews.

Lieferring ta Fig. & and reealling the lt‘lallm*‘hlp bet=-me the
nornsals und the #rew parumeters of a perew dganele e
clude that glve forexainple, 320 30, S0 %0 11 e loesr o Faemose
L wnch thals

(2) The angle which the perpendicolar beiween 5., and 3,
miaker with e perpendicular between $, and 5a muort egnal the
angle whiclh e pespendicnfas iotween % a0d Sz makes with the
perpentivalar between S nod S5 §since b iﬂ-th cpne Lhe Bople
in Baf2). . - '

(b} The diziance beleeen the points o1 $a n]mre il iv et by
jte cammon poependiculars with %= and $a 3= equal a1l dis-
taner Letwoen the potnts s $5 where the normaly frean %4 00d

. S fatl {einee ih vach caxe the distanee is a2

The distaper and angle belween iwp lines may be combined to
form e zoecalled dual wegle. {(Fuor exomple, in the forezoing,
dual nupte . noeld b given by &5 = Jy o 6, where F 0]
Wealefine 1l Jual augle which any {wo lines subtend a1 o tkird
line az the dual angle betweess the normals from the ivn 00 e 0
With this definition (2} and () may be rembis «d
into the fwlowing:  The dual aogle sudnpwled by §z md $,; 28
$ap tqunle e sl angle sabrended T § apd 321 3.

“of the guadrilaneral, aml
“appedile
sides," than fa) and 18] rognize that voe sep of e e tides enb-
teucl mqueal diaad sogles 01 S, Froan the igore i follues that il
rme pair of apposite sides aobtends equal dual anghes, the other
jmit mu=t do likewise. Generalizing the foregoing, and aking
inta agroung the pureible £ 150 deg variatim in the pugle, ne
Lave: The pasiffon of all agpr v area sl be ruch fhat thet form

1 we call tnpadfavot serews a Vside”

v AL Uopgeieile serew quadeileral™ proa apitial palypen tended
Iy Tour sezew aves 3nd the four notmaly beimesn odjacenl anes.
{aves ane adjaeerl i ther hay ¢ wie subeczipl i ommon )

' 3



rynal (oe wwppleonmiaryl) due! angles ik oppouile witha of an
oppoaile serey quadrilateral !

In the furcgomp we have been working =ith 1he srew wxes
20 N we invert the mobion s that, =av, 2y iy heed, it bemnmes
nlvions the posilions rf the merew paes i the mnving plane are
alan geverned by the above, Far exaangde, thie b of $48 s
att Akt it most Ysee uppiaiie eldes of the opaeite screw
gidrafiteral % 340, Sat % ot el for sopplemenizry} dial
angles,

forew Cangrusaces

Binrw, i the aforemeptivned cxample, 35 med ruli:-h'.'l‘ﬂl -
comnlitiog, the Troglom in i hesgion i redyeed Thom fonr to
e, amd ehe Jwens of 353400 twosdimensaonal aeecknlilage of Jines
callesh s romggrenee.  Siamilarhe, 3, will levwe o fudfall cecdiniome
anabapons bo (el and {8} wind, Ine syromenry, s will all 1he ol ber
e,

Egnatinixe governing these geometric bad are derived i
Appodic 1 and alsa in the rection sn the xliwdAe-cytindric
rrank. The.e results may be snmmarieed as follown;

{1) The six #rew axes assocled with Dnr imﬁii-lillbl al i I'Nldj'
are peirallel 1o s pencrainrg of & enbic eome.  The e s pom-
plerely abefined bar the afireetam of gey fror Moapmesile’ aoroes,
and the remaining teea serewe mazy be paradle] la ooy Do eloments
rl thix cone.  We refer 00 Wi e a5 a "aerew eonet

{u} Farch generator of the werew oune defines 2 unigue diree-
tion, ated lo cock puch dirrehion fheee cerreaponds a simply afinite
ael of posailde screw gris peajiigns. - (Such a one-dimensicnal
wssemblage of lines 1 kuewn as 3 line =eties,]  The members of a2
given lne series are all subdcided v 1le sane for 2npplenwntacy)
angled nt the opposile sides of an appedte soew geindeilareral,
Hewewer, the distunee sihrendod Gond eonee the dhuwd angled s
dalferen L for fach member of 1he series, '

il the membera of a single line werivs are voplanar and peraliel.

The firal re=ult, {7}, is rompletely indeperdent of 1he trap-la-
tian along 1he =erew= aod the leeatim of the screws,  Therelure,
i guetinee deading exelosively with nelination—2% nfspsieed o
[reaticsyi=—ane mat eonsider all (he serews a8 iptekaerling, pure
Fralabion corews,  This [ead< imnedisdely D e coelising that
the «epew entie Toc splherical el i< ideutival 10 the vone Tor
eartespancin® gouerad ~paninl petean Farther, 00 1l apex b
then ot fufinity the e ddegenerates intn o {eircular) cubie
exlauler, 2l sy normal seclum gields a panar pole ocurve,

The evrew oone dcam-iziod witl the nedion defiped in Table | i=
=haua in Fig. 6. We nete thay the toee i complol o1y defned by

TTwo dun] nnpgles e sapplementney il theie primary pots ler
by 30 drp.

" The raleg gnverning (he erugg nf Lhese angles are #anctly the sune
2vin elie plapar vise [13). The eense of 0o dual angln ivedchingd oy the
sense af 1lie right-hagded zorew rerjuired to bring e ling fram wAkeA
1lie puple be Leing measored indo eaiiejd#ive with (he line e vhirh the
angle i baring nrizused,

Tahla }

The terwwy For fiv e orhilretily dafined povilions ore fivied,

Fig. & +©ublk tans, onad planor ruble falling jn plene £ = 1, Thiy cons
cenleink M diregtiend of the "Meving' icraw asqr gnd Tha meving
cylindrig=¢ ylingdrle crank geer oueclated with the St Fawr potriilonn ol

tha melion givan in Tobla |, The X, ¥, 2.coordingtes ¢cotrtipond, re-
ppectivel . Lo tha covines [, My, My

the plaar rsbie which i= ita corve of inlertelion with any
Plane 1 peeing througl the erigan, The oorve eeg by e plane
Z o= s sl b Geore. Alernatively, one conhd=na is
el otuaty i splierical-rmation sbnlice—interseet the tone with a
il=sphiere; Inanever, s weetes mach less raenieht,

Tising the nod ian that e sckew aue ma ¥ be conzulered as inler-
sectingl, [HITe rataiien zerews, pie can rephrase romldbon (a)s

(a) The dihedral angle between the plane 5. = 1n amt the
mane 3 x %4 i+ equal {ur supplementary) to the dibedral augle
Letween plames %0 2 35 and 550 2 Sa.

Corlifiinm (o) and {a*] wre, of rouree, equally valul for 2 patial,
sphorical, o plonar metion, while (b & Lrivial if there 33 oo
fransludion. N

Oy inversion, gne iminediately obiaing analogous resulls for the
loci of the serew axes fixed in 1he nuving body.

Conerpending to the fired faur, we Give

The equation sl {he atidw cans lohtn In the moving bedy in Petilion |, apd the plona ¢enlainlng all The may-
Ing aaer parallal ta ane of the grasrcdor of dhiv dcrew cone. Fig. & sRows Ihiv tome sciaw eone,

Pusitiun I Al Pt i Axi lwation PRepew paramelers
fiog J tiry g T | &ij fy P S oy
L2 50550 WS s u,u}_ul'l owyd o4 —drag foe 1.3
Find o 14%7 —p i [T IET N 0 T S [ I | o1 G TG ()
Tl I 3,407 —11, 254 [ [ ] l 13,7437 OG0 — 1 Gdd Ty —1.117
Tdua I O =l =t F Y LI AT P L LT LI

I‘:l'[ll:ll-lilrl ul Brrew Cl:lrl;l_' f|'|1lrl,".~p1’r||||'i|'|]_:_ le aeitinns 1, 20k ] 4)
=G LY = O PAAT RN e ITOTERE R, S LT AT — iR

S LERNLEAN — 0 N = o TS YT

T AN = 1

Al aves parallel to e prrgator £ = — L1483, Af, = «0nik32, A7 = 0074 lie i the plane:

. ARG, — ey — AT, - Ui s = O

Transaclicns of the ASKE



The Cylindric-Cylindric Crank
Infroducifon

T0is wel] kuorwn 1hn.1 in 1he planar caxe, the pole curve i ale
the locus of the Fxrd center of all “fuar-point™ eireles,. Inothin
context, the pole curve s called 1he center-puint qurve,  Fimi-
larly, the p=de curve Raed in 1le moving body is ala the locus of
poinlt whoese four paoitions fall on a2 cirele, e, the r-calied
cireleping curve. These dhofizou are special cascs of more
general once arsvraled with spotial ecelion, )

Anospace, 1he entity analogous to a cicele poinl is a line iy 1he
rwving body whiee fonr pasitions lie at the same dizianees and
same angla (e o b jn the Axed body. This fised Lne i
analopous to the corresponding eenter poinl, Eacle sael retl of
fised mend moving lines define 110 2ne= of & erank willi 1wo e lins
drical joints.  Fig. 7 ehows a exlmdric-evlindrie ceaek in prsition
asnoited with four Roitely ~eparated positions of =,

Im the context of o geueral theory, the revolinte revolide rrank
deficied by a eenter and eircle point should, of course, be viewypd
a3 a special rase uf the exfindrie-erlindrie erank.  Th wdopting
Lthis vitw poinl we may ilate the following prieeal reptilla:

The lowy of zerear crea defincd by the congruence of (1) and (i) ere
identical to fhe loci of the fired eren of off Jour-positian cplindric-
cplindric cranks,  Correpondingly, the loci of the moving saes
- for il four-pogition qlindric-evlindric eranks eoincide with the
loci of rerew aves jiy 1he moving system,

IF, and gndy i, 11 rerews 2re Inlorsecting fre rolaljch berews,?
there will be no translation in the evlindrical jointe, whad the
cylindriccortindrie cranka beeome, in effer, ru.ululcﬂrnullm:-
eranks,

1
MNomenclaturs

Tle fullowing rpuand it ivs wre intredieeed 1o deserile a eylindrie-
cylindrie crank (ee Fig. %)

L,{L, M. N0, 4 unit veetor parabled tn the jth peedtion of the
maving avi; A{L, B, ;) the rormal veelor 1o 1the moving
axis; and 8 vertor (&, 8, T,) defined 2+ A, % L, Similarly,
Tar the Rxed axis we have 1Te unil veclor 2long 1he axis (A, p, v]:
the narmat veclor Irgm 1he arigin (o, 8. v} and (her cfomss
prodect {p, o, 12 All of these quamities are mf.amrﬂl i the
hixed coordinake syatem. .

Using 4, and D, tu drnare, re-peetively, the :ul:le aml dislare
hetwern 1he mm'il:g and Fyed ane, we wrile expreasiont for the
consine of Lhe angla

e, m LA 4 M+ X
aeuf {lie mamsenl
Oy rimdy, = Lopot Moo+ N 4+ M4 us, A4 fTy (12)
bhetween the mues, .

Correspondence {Thice Pasitions)

. We now show Hlat fur 1hree poritinn: there b s (1,1) corre-
Fpnsdonce brinemi the moving angd Fxed axes of & cxlindne-
crlindric erank.

The "taid™ in e erank does nol vary with the mation, and
heare iy preitione & omyoand 1" 90 s oeeescary thal

cot gy mocos b m cos 47

Pl itwting frum £1) we Rud 1hat
MLD= L0 pulMa = M)+ oy,
ML, = L) F w{M, = M)+ N,

—X) =t
ST L
—xy-0
Actually, (1 reepnuirem Ly, L. L, 10 be the genecal ars and (4, g, #)
the axis of 3 fight vircular eone,

Il 1he moving avis it arbitranily cho-en, the L 3= amd ¥
are all Lpnwie FEquation (3) niny Le zolved for, a3, A7 and

¥ This mgrbon in cither pdatuar ur spherieal depending upen whether
Lhe sorew axen Beraeel inan infinite or Ersie point,
Bl fo= Lom om Y und aow ]

Joyrnzl of Lngincering (o7 lodustry

.

{4;,8,Cy)

COSINRES (L by, W)

Fig- 8 Momenclalurs uned [ the s plindiic-t plindvlc crank devivations

puie, which (opether with X' 4 p? 4 " = 1 1ifld 3 urigue
resuld Tor the fived-avds eosine,

M {h g o) ate spevilied, andd we gnbstidute the linear trans
fuermation

Fo, — by s gy by A b A A N

U.' - _'|_|I" - I:I_I.,L]'-I' h,h.”‘ o} I"”_.,."'lrj. -
and s0 ot

Pruction (33 beenioes o [inear honwgetvsas =ot in Ly M, ¥,
which yietd <, cav, the retioe £f87), B AN Flalle, eatling upon
L4 3 VT e | ane delermines o aniigis o1 of moviog-asis
direetiom quiir= e ponding 10 (he given fioed agis,

It may casily be s hown thatl the setew aves arg sipgular lines in

1 The g, L's.and €5 are functioh of the L nown cerew-axic contines
and theangle o ration. Sce Apenadis 2 for ephici expre--ions.



semrd 1o 1R gzt artespundence defined Ty equton 3%
}'n. asss given. rrank, the distanoe amd “owist ™ Bevween The ace:
z % . |'|‘"| "N .clh'ullt 1 LJI Al # = 01U 'f-‘ = ﬂ "I-|I¢’...|.
T, WETE TE sl tpienn o nm.j'-

T T P S O
- = Bolr wiS = St ell - TL)
T = R e, = M+ N, = A

= AB = R b (S = ST, - T

4

Swee. {rom the sbuvr, Phe shirpetion posbnes nf luih axes are
s ™, H.'i ¥ |p'|,|-|-4 T Ilru_-ur, I'Il]rlllll,ﬂllnl.!b_i [JLtLIE ﬁ]lt'ﬂh_u:‘* T F]lth
0. @ rrer (R S0 T When the tmoving asis s ~perified, the
i 8% and T are hnown and §p o, 7Y ia restricted 1o the line of
moemzzositn 2 e vao planed {43 Finally, nsing

:m 3 = tp o= FYh— o T =ap — JA,

1-3 A Tz retriction ok 4+ Ju + ye = 0, one ohlaing a
exdgue normal veelor S, 8, ¥l
I, insread, we ~pecify the fised aviy, it i= required that we At
rulstihue
- B, = RN, - OM, .
S, - 00, - AN,
T, m AN, = BE, (G o, n)into (4),

-3 Thes LH mo the Hpear tran-farmation of Appendis 2.0 .

by ._5.;“..|.. b (1% e wen Iv ranyerin the right-hand shles of {4)

s tingar tunetitae wf Ll Be £ amd These 1wn equations
getermiat & lige. Finally, by moguiring thar 140, + 238, +
A =D am,lq..( ot Ty et = e, soud t]'ll}ll'lf"'-lll|; wKis
scorospeml g B bne given, fevel ands B nodeeely deveninined.

rocla e be a eed SR rpecifond i oo bl 1 35, of
gatiten zien poowille T dberormine dhis earres pwimlence from 03]
e d Gl ETee of taverdon,

We nave snewn 10al Dee threg paeiions of the neving by we
are at likerty 10 chavee any ling i Z° as the fixed nixis, erany line
in = ar ihe mavieg axia. However, ance either arie ie specifiert
tie gediir ia uniguely drfined by the abare (1,13 corrcapondence.

h ean beshoan Jat s kame onrtes peaidence 1= given hy tan
sTEndaimas of Lhe {u"uumg hewerem

E::h pair of Fred and mocing ares sublends o sercu arin of @ Hnal
au jir rguet ta gre-falf, 3¢ tht enpplimend of one-half the dual angle
saxociuled itk thot acrei. For eavample, with the muaving axis in
azepiiom .othe At pogic naetsaemd along 3 b2 180 deg).
Tre une .,rc* £ Y it g vz 1a0 deg), aod the oue shng !
el g Y. The con=eof thie dual angle 1= Tronn the
Vi nard anls,

Finally, ance cac =0t of fivel aned maving aves are kaowa, the
jullowime thoorom aodd D veed e petalilisIo b kame oorrespand-
enee:  Corrcrpendling fie of fho mering and Dbee fized arce eppear
from cither 3, 0r §,., 62 well qn feom S0 to seltend feo egual ar
fp spppbomenduey dual amglea® (le Uiy we laeee 1aken the
mating avda im posiion ) '

-

f X T
(f, = L) M. — M) X,
[ tho= 12 (ML= M) oy,
th, = L) M, —M) (X

- SRiml e i gt of Py (1 wersubd have vl My = P =
L L i o= e M= ik, W, = il

ore ali e,
¢ '-u- a1

Thip 1ould then 1+ warricd Torwand o
ferntations 1oy wel] puations analopsus 1o
Fucl o Aernlation hus the sly: wtage nf w-ing Lthe
o Zeibon vaetors Engdainl,

F T he-¢ ar Slee e meetird i the samg ense oot oas w1 the
LTIt e |_i r ||m-|'r11 b This theesin is gben vlid 15 fne takes

fitop itonden {6 the feing nves. Ilowerer, in
FEAE T Y L

Tk ow Moy o= Y uh ;,-u:.—L,n u,n'

Four Posifions oo
Axis Diwurtiun

For funr it rly separsted positions, §, mon, p', we add a thind
rqualion 1o (33 and obtain:

Mh, = E0 4 sfMo — M) 4oy, —N)= D
ML, = L) wlMo = M)+ el ~
AL, = L) 4 plM, — M)+ ¥,

¥p=0 (3
— 11'1.1} = It

legarding (A u, w} ns e uikoawrs, 1he compatibiliny condiliom
for (R} Leeomen:. -

ifr,_ - L)
(L, = L)

L, — L)

B T S K L
taf, = A Ly,
(T i |

- \;] =0 G
(¥, ~ ¥,

By remembering 1hal £, — L, = e, Ly + bo 05 + eV 2and
=g on, it 1« poesilile 1o write {(§) At 3 homogeneot: polrnominl n
(i, M X\ ) hence (G) represenls a rone of third grder.  In facl,
thix come ix the seeew cone sindied earier,

“The generatare of his tone define the directions in which there
rxist lines in ¥, which maintain the same angle with a fixed Tine
for all four pesitigna.  The direelione of the corresponding fxed
liues may he ohirained from the (1,1 enrre-pondeare desrrbed
above.

If we elange from generad 1o spletical wastion, equation ()
remcdms unaltered. T faet, {GF s wlewgeal o the comliting
abiained, Ly the nuthne [2], For The ez of ooy lines A hoee
grvienta ] fall oy eiredes foe Foes puosition =phecies] mntion.

Tt v o putadbondly eomvenient b eeluee the cone o s planar
culsiee 12ividing (UY by, wny, P viclds o Uind-arder planar
curve im dhe wainbles (RN, Q) Figl 6oshows the rone
antl plangs rurve nseociabed witl the four positions given in
Tahle 1. *

Axiv Localion

I, 0 addition 1o lie eonstant angle, 2 maving line remains al 3
coet anl distay fromy somne G560 B, the o amd feed Tines
may [ st ax foue peeition evliutric-exlindrie crank azes,

For a directinn morre=pammling te any geoerstar {4y, M, V) Lhe
axea boealzgo are ubilainal o Mllows:

For lonr pawithans, the imual ion

PUL, — Lo} 4 a(M, = MY+ (¥, ~ ¥
= AR, = Y pIS ~ S+ T - T,)

ardded 1o (47 pietds 2 sel of 1hree equations. 1n addition, the
comdition thar (o, o, v s noemal wo (& gy ) yields

PO TSRS LR 1

Reparding (e, 71 a4 the inkuewns in thiee fonr equafinne, 1he
compatibifity roadiliond roguire $haa*;

L

n
NIOMRE =R 4+ IS, = S0+ T = Ta)
a.l".r} .P'.rﬂi — II..‘} + J-IL"\" — S‘} + P{TI -— T‘}

=0 {7}

f

L= XY MR — R4 oS = 8) 0T - T

After subegitting (I5) {7) i conyeried 1o a linegr eqreatian in
L0, B T Thit roupled with the recomd linear conclitimn,

Subg o+ B O, = O (5}

viekd«a lise 1aﬂu'-].um*ul1hrlmul‘1h¢ pofmal veelar (.4, 8, 01
10 the moving skt The pevieg axis mey be vhoeen 1hronpzh

W L agaltls vnetabesf = 1o om 2y =3 pom
- "~1|1|t-[1u:'|1|11|1t'ul i, Uy "Li_'p s el Jderermines {4 g, l'] we
ropbal b Lhe rvaimes om koo,

Tignsactions of the ASME

e



gny einl on thic line, Henee, torrespending o carh dircefion
defined by o efeveent of the cxliie cane, theee fnoa aingly fnfinie
grray of motfag arce. AN the awes ol a piven nrray are (0}
pataliel o single clement of the eane, aml (0 eoplaosr,

Cnee the muviage asia 3+ redeeled, the Gxed axis i+ uniguely
determinad (loe aing any 1heee positionsd from Vhe (11 mere
apandence.

Five Positians N

We extend the Tour-posit i analvais a inchidr a2 i1l geeinivn.

Axiy Duwetion *

We nuw write {3 asa @1 of hse cguations by sdding
ML, = )+ pli, = M)+ Y, = 33w 0,
{ry'p#m;;!n;fﬂ"

1Ting the came arprment 2t before, the sampatibiliny condition
nam requires That any 1wa (1 3 3) deteominants vanish, 1 s
convenienm 16 uee {6) and the rubic conc oid ayed by (hanging
wie wf the mbecripns i (G, »ar p o s Since the twa culie caties
have the saue apes, there are 4l meesd gine road direetions 0F,
M X0 for whicl the eotapanibility eondatims aay e sali-fisd.
Weaweser, throo of Chese alibertions are sporims ©inge gy cofre
Fpend 1o the srew a%es $img $jae $0 0" aned fhere are grncealty af
wiok! 1l wprirg-aria diveclined for eny sel of fer spalif displace-
menls,

Apain, (he=e nine direcliona are ideltical 1n the anes previesly
delermined [2) (o the eaee af = phersal motion.,

By neing any throe peeitioe in 1he (1,1) comenpoinfene a
currpsponding [xed-axia direclion may T determitid  for each
wf 1he sin diterlians,

Aulp Locokion
Il Tings corresprmding Lo Hieee fix direeiims are Joeatod as

Tubloiws;

Woe nitd a Donrlh eeption 1o (4],
plh, = L4 aflr, = M)+ 7lY, — X))
- M, = B+ ulS, = 534 o(F = T

mud proceed as befutr. The campotibilny conditing naw re
apaires 1hat vwo £ 3 4} determinants vanish, 16 e aoyenient
T 473 Al & sbmiler determinand (37 which s e snpens (7}
entppl for 1he =aleeripr 3 1l Just rowe, which s cleoget frem g
Wk Substiatiog (187 idw {77} vield= a Dwear equation e (g,

H Lsualle r = &,

M Far the direciions of (hest 1hres srrew aves (e criparlibilngy
condHions are na longer sufficiont, sinre the rank of the sypiern le-
romes one anctexd of tmg

B 0 The simulianeens splivaon of (7h (77 amd (<) vield: a
unigue point (1, Ay €0 Bor et anda dieetion,

Tlheredure, ks oach of the af woxt aix nondritial directions fomman
o Hhe tno colde cades, Dhore corrcspund g o wnfque g aria.
Apain, v vsing pny three pewitions e cortésponding fied axis
may be determined.

It folluww that, pesociated with any fve peeitions, there are
ctiher zix, fonr, twe, o zern exlindricT®y lindtie erank=. 11 the
mation = planar, imo ol 1he-e eranks become imaginary, while the
remaining fmr (Al mo-1) boeume the mevalnlerevulule ases
correzpanding 1o 1he well-knnwn Dnrmeder pelnie.

The #olutione 1o a five-pasition problem ore li-ted i Table 2

Inversian

In the foregaing we Ol compied the nuwing axic and then
determined the fved one Trom the (threes po-itien) carrespond eoce,
Tm an anabegeus manner we could have treated the fived axis
fira1, and thet derermined Lhe moving axis from the eorre=pand-
ence  Alternatively, il we inveried the motion, 1the hxod axes
vould have been cumpinied Tram exactly: 1haes sopintions deveaped
far the moving axis

Paramalric Davelopments

The twsr ban=ie po1s of paramesess aseocit o0 withe the evliodrie-
exlnediie ernnka are:

1 The bwinl {eh) and the demgth (13) gf e crent, In acder to
detertining which, and liwe maas, lnes of the reupruenre corre-
spond e cranka with o given 1wist amd Aot longth, i 5 neceane
to derive lei ardozons 1o the paoar &, and B earces. T s
snticyoled that 1hee ymestinns will be divtiesd in 2 -uleequent
putlication. )

2 The dixplercmente of the cranf afeng e fred o wecing azis,
The fxed-naic vonernmee may b developesd s Danetion of the
displaveinen] alomg The fiasd axis Lo proeedure bosed on e
Maltoaing thieorenny Fhe dua angle sphiended af bhe fred cufin.
ehrfe-etelinelvic coand orf by aervaa 8 ondd $4 f5 cquaf fo erc-half,
or pre-falf e appplement, of the reank diaplacenient from posrlion
o k.

Aceordingly, any devired ‘erauk rotation 4 suletivaled for 8,
and &, in (14} and £14°), repectivels. The unil veciors, §,,
comamvan T Lhese iwe oytiation delernaine Hhe required fyed-axis
direeiioies. The Lo piven by (14} nd (147) are completely
aualoguns 1o the Tamilips of Intersecting cvircles veed 10 para-
meliealiy cotsirner twe plnar pole cureed,

By s sy o of these directinns arml any desized erank
translation fur d,y anel d,in (10, wie abialns twe Boear vqua-
tans which detormine a fued asts for which the corresponding
erank i-plaremsent from po-Hion § 1o b i+ a4 rperified.

By mver-ion, the abwve may 1 ierd 1o parametrically develap
he moving-anie sungruence.  The puramelert now oTrespond
Lo diplacements of 1he crank rdutice 1o Me ey g body, =0

Toble 2 For the hive positicns specifind bn Toble T, 1he cubit cones have 4oven freal) cemmon peasielen,
therefer®, Mipie nre faur cylindricee ylindiic connit, For eoch of thees ertonht wa lis?f {he ares For the figed and
movlng sxlindrical [sintt and afyve the coneypending crank dimentione.  The vign on the twizh, 1, 15 Peflnad
by the righl-handed sernw tule, wilh the sorew peinting from the mpving 1¢ward the Fred asig,

Bolyl by Fived Axig
MNumber - e | s . loratpan —_—
x " @ g T
1 O, 4055 —=Mm25]1 057583 _ . Do Y ) N438 . . - _ .
2 o, 452 =L LU 2.1%) =0,45.5 —n. el
X 0 (" okl I RIK Gy .19 —1. Mo L IR
4 ={, 1672 LI LAY L1736 —=5.uN i.253
Moving Avis Crauk
* s {141 41 | E R TIEE Iw it Tongth
L a1, X A 1, O 4 (degy i
i 1ast —- {152 i, ax74 NG 1.022 -0 -1lu
11,3608 Lk 122 1] — .00 R AHL 13.2
4TS 1,71 . — HdTls T
LUCT) (1) =)l —2 {5% 258 =05 8

Jorrnzl of Enzineziing ler Indusiry




Conclusion

The strong analogy beteern these renlie nned the elasical
planar thoory moakes @F spem approgeinte o regard The planar
theary as it one speeial ease of A mmte goneral gt inlmod jon
thoary.

The basic peatdry assnciabed with epatinl mutban ja epatial.
ITnweyer, since the puclinations of line= pinl ased are fnlepeadent
af the scrow Ingations and temeslntons, queiiona of iwlinsation
may be resalved withnan cansilering the bocativan, Tleopee, as for
ax inclinaffon o8 cancerand, s pharicad wentian wad Euntial wet fea are

ol el 4l fuimlatental geemoi e cotiiss e we . - -
trlentical, {'_fu £ ¢ " wre ewde i of Soreprosent aunil line vector along one of the remaming sctews.

intererting Bnes,  Fur plannr motion, the point of jalereectign
fa ot infimity, aimd llw lines become parallel. Vs, grestians of
incfinatfon in apaliaf anmd spherical mafion are analogoss fe glca-
tiony gf locution for the plannr case.

For spatial maotion, o order 1o determing lvation, il is neees-
gary b0 'dualize™ the inclination Ly 1aking inle acroeunt the
rranslation and screw locatiot.

The equations detived fur The epatial equivalents of the Bur-
mesler puinls, pole curves, conlerpuing and circle poinl gyryes
have been proprammed in FORTIAN IV. Copie uf this
program may be ghisined by writing te the puthor,

Tn addition to being of 1heoretienl interest, |heee resplts shongld
be wzefud in the actual deign of =parial lnkagea  The rynihesis
techniques descrilbed elsembere {3 are direclly applicalile to
mechanisms wilh evlindaecylimdine linka,

- 4
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The author wkhes lo exprosa hin appreciation 1o Alr. Daniel
Eilva For as<isling with the denivations and fgnees, am! 1o the
watignal Science Foundalion whose pranty %8RG 2005 apd
WEF-GH OG0 made this work poasilie.
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The Screw Cangruence

T this seetion me devive annlvlical eaprossions for the line
cotipleves whicrh are «pauial aeadogs of the planar pale curv.
Aw we rhowed earlien, the basic Teguirementa wre that olb zix
kerew Aves, nssorialed with Tnr finitely separalrd posiiions, nre
subremded nt eqoal, or suppleancentary, dual anges Ly oppaosile
rides ol oppesit pictew ruadrilatcrals,

1.0t 5,. c. SJ. §. represcul -nnit line vectars along any four
serews wlich furi an opposiiescrew quadrilateral, and lst §|

Chooding any position veclar (1, B, O, % from the srigin of
f_ﬁunlitl:ilc.: ta line ‘_(1: and the unit vector {f;, mu m,J parallel to
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2.10 .

"

rotation about point O, whese existence is guarentecd by Euler's Theorem,

¥ “hKoreover, let @ be the corresponding angle of rotation, as indicated in

-— ———

Fig 2.3.4, and e a unit vector parallel to L.

be

"5, . ST . L
Yaa ! ey it ey . .
.;'-cv = } a ot} "}T . ;:I'.‘ - -
’ "f- + !':H ' i-"_‘ - Wil Ill-_ '.“‘
- "-rLJ:_-l‘{.-'}.‘?-;jt;ﬁﬂ'-‘: 2 .’-‘:"ks. . )
- Sk
- A *ﬁ.-" TRy
, . ™ -, 3 h\"‘t"iﬁ,"" 'Ihfh_*»t .
- i i S P . A ET *
. In Fig 2 3. 4 P‘- ig. the rntated pcsltiun ol point? b § PQ is, perpend.lcular -
- e I 0 i - s JER I sl
L % 'P'T ™ e “ ﬁm’u —n "‘L" N P L
-+ ta L,tso ls:P'Q,_bEcause rotations: preserves angles uf-r.‘lgld bodlns.ﬁ-,Thus-.-.—-....
- u - - e J - 1' l‘.n- ey o T HI-"'WM‘L ' e * -
e ’ i © .:"E"f:..."- 'E.*"h‘ L TET -y T
. .
'r ,.l
peint.., P, P and 0 determlne a plane pEIPEndlcular to L,. on which the angl:h i
. , " - el T ::} - w; ae'lu-"‘;‘ _r;:-ﬁ-l‘ M‘;_-u- A : -
N s . A e . - =M '
N of rotation, B, is measurEd _ From that’ figure"%‘-_.'i iy }Eﬂ%k‘ﬁﬁ';; . . ‘
) “—-} » ER ’i' . P“J“‘.ﬁ F;ﬂ‘iﬂﬂ- S ';;- o *
. . — . S . e Y ) ey ™
- r' ="0p+ QR T . T IRS "R SR
- P . S - . weeoo
and
— — B - ‘l
00 = r -~ Op .
. - - “x
- - - . e R . ¥ i .o
Hence - LT . - e e ¥
. T S a sl 8
: ‘ SRR O sad (2.3.91
- X" = r - - R~ ; . g .
S E QI"L.+ QP ‘?L-;T; L* "-l I' S e I T { %)
) L - - . - H 2—-‘-\' 5 . 5 a.
L e Lok o U 4*'%;’-‘»’”‘-'5#'”4“‘"& 5‘3:"&- kN ﬁféw' o
Let OBV hc a line cunta:tned Jn plane PP Q, at right angles Il.-utl"l ll:m: ¥ n_
r S N ¥, "'.L - m ..:3{‘: = oo I T L_J_jﬂ :‘i\'...‘t e
r - R N - _“____ e R r.ft_..
nf Iungt_h cqual ro that of OP. Thus, veclnr QP' can be expresqud ag a linear
L ‘ TR e o S B Ry
combipaticon »f vectors QH and QpF". But L“‘__ e ﬁ:;_ = o . .
: ¢ T .
L S e AR - E
QP = e x r ' (2.3.10)



wherean . -
- &""!"Eﬁ-'ﬂ?‘ l'_l;‘x_r'} {2.3.1'“

which can readily be proved. Besides, E;‘ can be expressed as

E;' - ﬁ? cosﬂ+§3' sing
which, in view of eqs. (2.2.10) and {2.3.11), yields

QP* = comfex{e x r ) + sinbe x r. - - S ¢ %A |
Substitur.inq;ﬂ:. {2.32.11) and {2.3..12] _j.nt;n eq.- {2,3.9} leads to

-

é' =r+ex (¢ :Jr ) ~cosBe x {e x £ } + sinbo x ¢ . tz.3.13f
But "'l ‘- lf-:
A =elgc)-£= eec-Loe

o X t'ﬂ x r) £{e . r]n - (e . e]r - {ee-—‘l] r-s, {2.3.14}

where 1 1; ‘the identity dyadic, i.e. a dyadic that is isomorphic to tho

b

identity matriyx. Furthermore

‘exr=).exrmlxe.r - o 2305 -

where the Jot und the point have been exchanged, what ig poanibla to do

by virtue of the algabra of cartes1an vectors. substituting ogu. {2.3.14)

.-

_L‘-_r and '-'f;".—“v*!ﬂ Anto.eq. 1{2.3.13) one.obtains | T |
- { I' mr+ t!-cu;ﬁ]tgg-l}.g + s1n8) x @.r = : .
' "'-[“‘WI'B]EE + cqlﬂli- tin&l ‘-E]'E - R '
. - g.r ' O : ' (2.3.16)

i.e. ' ham been expressad-as a linear transformation of vector r. The
dyadic @ is, then, isoeprphic to the rotation matrix defined in Sectien
2.2, That i»

Lt Q= ece + {:I_-fg]cosﬂ+sinﬁ! xe - . {2.3.17)
,One can no; provg the following
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T Iust in thc same way as vectors can he expressed as cne—dimen51onal arrays T

APPENDIX § A
ALGEBRA OF DYADICS '

Let U and ¥V be m- and n- dimensional vector spaces over the same field F,

. [ra— .- - - - - o .

Let U={u ,uz,...,u } and v:{v ,vz,-...v } be bases For each of these

Lol ST

spac ~5. The tensor product of U and V, in this nrder, is a space H repra-

sented as UaV, a basis of which' is defined as

W={glu31,g AY - B, @Y L USEY LY

. BY ..., &V
1 2 -1' =n'tT T TEm -

RERTL S

1 Z 1

_Each of giufj or, in general, any expression of the form w=amb, where aeQ

and bEV is refered to as a dyadic. From the ahbove definition, then any

L] L

‘dyadic such as w can be expressed as a.linear combination of the dyadics

- " -
LY

of W, i.e, as
.

'W"H U av_ +,..+w u av +

S LR A In=1 -n
W e - — - e i H - " - :
S Tewl ulav 4, Tt u.mv + " " . S T e e awn
-4 21-2“4 ¥2n"2""n - S -
. . - + - f i 1 .-.. - "
= . - THw U av +...+w u av = - - 1.1) =
. - el mn-m -n ] (31.1)
e .-.l. ""‘ ) *;" : i ) . ’ }'u o N = v -

ke

Ve definedl, these numbers . being the vectur com@unents referred to a glven-

+ - N - - -
'. . . — . T . .

- - - H . -
H --. - . .

" - i_. - LN ‘u

Ly

PR
of thelr compunents. Thus, the ahcve dyadlc W is represanteﬂ as T

- -

o Ty M2 Y o _ S
C e e wlie..w T : (A1.2)
. 21 "22° " on ) : - -
ce W s " - i . ‘
&1 ¥m2 " Man

-y .

Hence, 'dyadics or second-rank tensors, as they are also referred to’ are

isomorphic to matrices. In particular, dyadics belonging to the space W
as defined above, are isomarphic to mxn matrices, that is to say, those

vperations defined for matrices find their counterparts in the case of

-

-
T e = - — e - an T AR E a T L P e ok w1 Mam TR, A it — frmoaem

- . .

has;s, dyadics are alsu expressed as arrays f1n this case, two-dimens1una1}
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dyadicsﬁ For instance, éiven two dyadics, P and ¢, both of W, they are

a 4

equal if, and only 1if

LR L R TR LR TS S

mein = Py g™y

where subindicés i, j refer to the ii.j!gﬁ_cnmPanant éf the qorresﬁunding
dyadic;;The‘aperations*nf addition of dyadics-and multiplication by a

scalar are defined in a similar fashion. Sometimes, for short, a dyadic
asb is represented simply as ab. The latter practice is followed throughout.:
The -usual multiplication. of a matrix & by a vector c corresponds to the

dot multiplication of a dyadic ab times the same vector 'c where the compnnents

- - . P . -

ﬁfﬁggﬁare-identical bcgthe'correspnhqinq entries of A. This product i; .- -

represented ;;,:’ . .- R .. ' ‘
oAl ..-__*': ] &E-Eﬂlb c]a o ‘:.;-'.: " ! o | "-. - . ) . ." ’ ., :_.- i} .

L. e..when ; d}ad1c is thqultlplled from the rxght by a vectnri the - . ol v
.:"-.-1‘:: f'” LT o ¢ T e

result is a new: vectar whose value quals that uf‘the left vector of the 1 .°

- -

. Sy PR - L, S “ " s T
an J . - - . w
,4'7 dyadlc times- the dot: prcduct nf 1t5 rlghtqvectur and the- vectur multiply;ng-u{?u .
PP T RO R e R - . el B e -i -
- the dyadic:‘simllarly, the 1eft ﬂot mu1t1p11cat1nn of a dyad1c times n vectnr T
] . - Rt Bl * - £ T ? o
is defined as i e ., U B A i
I - e o . - L T T
e s l‘ Tan -,‘ - e e - f - R Thmk . ek, Caplesgoam T L, e
et - - i, voe " . i, . ry -_3“'!\- LRt T ':‘p.':' P E T e iy Ly
R Ot Y L B AT A AP I Se N Y
A ¥ e T . - . - . i e 3 oeem W L o A el
. = oo T - o e " R . - . . i . ; =
", +Notice, however, that if a and b are vectors of dimensions m and n, oLt
1 ) N . - - . - B . ' - 4 ..
‘ ‘respectively, then c is n-dimensional in the first case, whereas - oo
P N + . - - . l'1.""'.
. - b - » . . . _ o
m-dimensional in the latter. L _ "
* Y .- - - * -
" {Exercise Al.1 sletting. U and V be equal to the three—dimensional Euclidean”
. |space, inTthe” foregoing discussion, define~the right-—and the-left- cross-* =
- - . = 3 - . -
+ - . - LA . ro. " "
. proeduct of a dyadic by a vector! . o : : : o
P ’ ] ' . ' - . -
Given two dyadics, ab and cd, both of the same space W, their product is
the dyadic E defined as -
- ——— s e e R e e — e s et i —— - - e




A _ _ -

Emab.dew (b, dYas C . .

Under the above definition, if W is an man dimensional space, dyadic E is

in an mxn dimensicnal Epace, thereby paralleling the definition of matrix

. -
-

multiplication. Corresponding to the transpose of a matrix, the transpose

'urrccnjugate“gf a dyadié P=ab is defined as §c=§a. Self-conjugate and

- . '

antigelf-conjugate dyadics are the céungcrparts~nf symmetri¢-and- antisymmetric

matrices. Clearly,.square matrices. correspond.to dyadics- arising from the
. - .

tensor products of ope vector space time;uitéelf_ The trace of-sguch a dyadic

is defined in.a simjlar_fashion to that of a square matrix: Letting this’

dyadic be ab; its ;race is-then . .- . | E T

Tri{abkl=a b <a.b.-
- - i1~ . .

- Similaily‘tn*theiway-the=trace=nf;aeﬂygdic:isidefinedrztheavéctnr;nf.aHs
3x1 dyadie is given as .
- y=axb-i. N . e

- Eierﬁise=h1:2:'Shaw:thatithehveéturzﬂfrd~nonzerﬂfaxﬂ-dyadicEVanishesaif=r

L] .

the dyadic is self-conjugate- ”

Exercise Al1.3- .Define.a suitahlnﬂiﬂner.prpduct-nf dya@ictthétvallﬁwsfyou - e
E&iﬂef;ne the-angle between twb-dyaﬁics.»Hence1show-that—3e1fiénnjugate I
and.antiselE-:onjug;tgidyadics-aré'urthogonal. & ‘ Y

L . - ]
|Exercise Al.4 'How could you define the magnitude of a dyadic? -

In just the same way as dyadics were defined, n-adics can be defined as

the tensor preduct of n vecktor spaces. The study of such algebraic entities

- "o *

. falls into.the realm of multilinear algebra. The toﬁic.is'widely.discussud':

in reference Al.1 . .
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sMarce Antonic Alarcén Ramirez

Facultad de Estudios Superiores Norte 92 Ko_ 6507
Cuputitisn Izcalli : San Pedro el Chico
Edo. de México México 14, D.F.
760 54 0L
Pilar Colina Beltridn
CFE - Camino a Sta. Teresa 89D 8§ 303
Augusto Rodin _ Sta. Tercsa
: . México 20, D.F.
. ' 568 65 I3
Teodoro U. Andrade Maldonado
Inst. Tecnolfgico Regional de Veracruz + Revillagigede 1743
Catedritico ; Veracruz, Ver,
Veracruz, Ver. 7 33 1%
4 4] 01 T
Victor Coronado Hortal )
CTFE Rancho Grande 82 |
Rio Atovac 47 ' Sta, Cecilia
México 5, D.F. - México 21, D.F.
553 71 33 EBxt. 25601 . ’ . 671 15 19

E.1¢:-;,,r Cruz Gomesz

Instituto Tecnolfpico Regional de Oaxaca 1ra., Cerrada de Alcald-
Asesor del Lab, de Ing. Méc. {axaca, Oaxaca

Calzada Tecnoldgico y Riberas del Atoyac s/n 6 15 33

Oxcaca, Oaxaca . ¢
6 17 22 ' '
Juan Carlos lerreyra Orozco

Servicios y Suministros SiderGrgicos, S.A. Obrero Mmndial 932 Int. 5
Ingeniero en Disciio : México 13, D.F.

Florencia 65 4 y 5° Piso 530 34 48

Maxico 6, D.F, '

528 99 81

Antonio Carlos Flores Ruiz

Facultad de Ingenicria Calle A 40 # 32
Profesor México 21, D.F,

UNABM 677 91 25
Méxica 20, D.F. o
£50 52 15 Ext, 3737

. Jost Garcia Gonzilez

Instituto de Ingenierfa -~ = o emeeomo e L Plevades-Ptes 17 -0 -0 —
Ayudante de Investigador Prados Coyoacin

TN : México 22, D.F.

México 20, D.F. 677 50 69

550 52 15 Ext. 4610



Leandro Gurza de Jonghe
CENET1

* pProfesor de Tiempo Completo

10.

11.

12.

14.

15.

Av. de las Granjas 682
México 16, D.F,
561 80 11

José David €. Hemnindez Herninde:z

Soecc., de Graduados
ESIMEG

IPN

7 BEdif. 3° Piso
México 14, D.F.
586 27 49

Luis Mgrales Flores
DECFI

LENAM

Tacuba Ko. 5-1% Piso °
México 1, D.F.

521 40 20

Jaime Ignacio Nieto Cater
Instituto de Ingenieria
UINAM

México 20, D.F.

550 52 15 Ext. 4010

Alejandro Gonzilez Vidrie
Centre de Disciio Meciinico
Ayudante de Profesor
UMM

Méxice 20, D.F.

550 00 41

Carlos Orozco Perreyra

Fac. de Estudios Superiores
Cuautitiin Izcalli

Estado de México

Candido Palacios Montufar
ESIMG

Coordinalor Académico

Av. Sta. Anna 1000

Sn. Fea. Culhuachn

México 13, D.E,

~ 5B1 87 23

16.

José Alfonso Rimanes Garcia
Instituto Politécnico Nacional
Profesor e Investigador

Santa Anna 1000

Culhuacin

México 13, D.F.

581 87 23 Ext. 35

Blvd. Capri 116
Lomas Estrella
México 13, DLF.
581 43 40

Av. de las Torres 20
Vallejo la Patera
México 14, D.F.

Av, Caribe 30

Las Américas
Naucalpan de Juirez
Estado de México

Av. Real de los Reyes B7 Ldif.

México 21, D.F,
548 77 44

Sur 101 A NO. 430
Héroes de Churubusco
México 13, D.F.

582 9% 81

Tercer 5ol No. 49
Cuautitldn Izcalli
Estado de México

Mar Mediterrineo 145-6
México 17, D.F.
309 37 88

Reforma Note. 630-602
Unidad Tlatelolco.'’
México 3, D.F.

529 90 80 Ext. 602

D]
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19,

20,

21,

22,

23,

24,

25,

%

. Manuel Parplona Ringel

Centro Regional de Ensefianza Téenica Industrial
Profcsor Tiempo C{mpletu

El Chaco 3223

fuadalajara, Jal.

Ricardo Pineda Larics
Universidad de Colima

" Director

A, Universidad 393
Colima, Col.

José MA. Rico Martine:

Inst. Téc. Regional de Celaya
Maestro Titula ''B"

Av. Tecneldgico e Irrigacidn
Celaya, Gto.

2 20 23

Fduardo Salas Cordova

'F 1 § Cuautitldn

UNAM

Carr. Cuautitiin Teoloyucan km. 3
Cuautitlin Tzcalli, Edo. de Méx,
2 03 45

Luis Antonio Sanchez Caballerc
Cannon Mills S.A.

"Dr. Gustave Baz 10

Naucalpan, Fdo. de Méx.
560 01 33 Ext. 153

Efrén Sanchez Tapia

Inst. Téc. Regional de Acapulco
Catedratico

Km. 6.5 Carr. Pto.Marquez Crucero Cayacos
La Sabana, Acapulco, Gro.

Javier T€llez Ortiz
Serv. y Suministros Sideriirgicos S.A.
Ingeniero con Disefio

"Flerencia 65-5°

México 6, D.F.-
528 90 g1

J. l1sidro Torres Navarro L
Inst. Téc. Regiconal No. 20 "

{atedritico en el Departamento de Ingenieria Méc,
Km. 87 Carr. Méxjco Pachuca

Pachuca, lpo,

330 73

Maric Ammin Zumbardo Aranda
Inst. Téc. de Mérida

Em. 5 Carr. Mérida Progreso
Mérida, Yuc,

Punguato 132
Col. Independencia

*Guadalajara, Jal.

18 86 29

Mtonio Caso 405
Colima, Col.

Z 62 84

Benite JuArez 630
Celavya, Gto,
2 08 16

Diana 52
{ol. Ensucfios
Cuautitlin Izcalli, Edo. de Méx.

Mar Bco. 10

Lomas Lindas
Atizapdn de Zaragoza
Elp. de México

Rinconada Velero Edif. D Depto.9
U. FOVISSSTE
Acapulce, Gro.

Sur 121 # 813
Escuadrén 201
México 13, D.F,
581 45 85

Pefia y Pefia No. 403

, Pachuca, Heo.

16 No, 222 x 31
Garcia Gineres
Mérida, Yuc.

0186 12





