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1. ¿Q-16 le pareci6 el llll'biente !7Jlla División de Eth·ad6n Continua? 

>tJY AGRAOO!LE AGRAOO!LE 

1 

2. 1-t'ldio de COIIUJl.icaci6n por el que se entero del Ol!'SO: 

PERIODHD EXCELSIOR. PERIODHD ~ 
ANJNCIO TI'I1.JUOO DI AMJNCIO TITUI..AIXl DI FOLLE1tl DEL OJRSO . 

SION DE EllJCACia\1 VISION DE Ero:ACIOO' 
(l)NfJ,'UA, C<Wrli<IA 

. 

. 

CARTEL"""""L RADIO l.WIVERSI~ CCMJNICACI~ CAKI'A, 
TEL.ERN:>' VERBAL' m:. 

1 

REVISTAS TEOIICAS Rlu.rnJ AMIAI. CARTELERA rnAM "LOS G\CIITA 
UN1VERSITARIOS Hii'' lJNAM 

3. Medio de transporte utilhacb para venir al Palacio de Mi..ner!a: 

OTRO MEDIO 

1 

AliJO.OVIL 
PARTHlJLAR 

4. lQu~ canbios hada usted en el programa para 
curso? 

tratar de pc:rleccionar el 

5. ¿Recomendarfa el curso a otras personas? 

SI 

. . . 

• 



EVALUACION DEL CURSO 

CONCEPTO EVALUACION 

1 APLICACION INMEDIATA DE LOS CONCEPTOS EXPUESTOS 

•• CLARIDAD CON QUE SE EXPUSIERON LOS TEMAS 

3. GRADO DE ACTUALIZACION LOGRADO CON EL CURSO 

4. CUMPLIMIENTO DE LOS · OBJETfVOS DEL CURSO 

S. CONTINUIDAD EN LOS TEMAS DEL CURSO 

6. CALIDAD DE LAS NOTAS DEL CURSO 

7. GRADO DE MOTlVACION LOGRADO. CON EL CURSO 

ESCALA DE EVALUACION DE 1 A 10 
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6; ¿~é dJl"SOS le gustaría que ofreciera la Divisi6n de Pdnraci6n Continuar 

1. La cOordinación acadMica fue; 

EI(CELENfE IIUENA REaJI.<R >JAlA 

. ~ 

8. Si está interesado en tomr algún curso intensivo ¿OJál ·es el OOrario · 
más cx>nvehiente para usted? · 

• 

A 13 H. Y 
A 18 H. 

(roN o::MID\5) 

VIERNES DE 17 A Zl H. 
SAl1AOOS DE 9 A 14 H. 

VIERNES DE 17 A Zl H. OTRO· 
SABAim DE 9 A 13 Y 
DE14al~H • 

' 
9. ¿Qué servicios adicionales deseada que tuviese' la Oivisi6n de &lucaci6n 

U:lntinua, para los P.Sistentes? 

--~~-------------

10. Otras sugerencias: 

5 
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IJn,, •,u<: lo ,;Lmlol il i<·<i ••PI•'''·" lo [H '-" (~) dcc.n"ple thc• r~·s~r·o.,;r .ond 
tho• ,,v,•rlmr<i~n ;Hhl (h) l« nm:doh·r only vurtlr.,\ <kf•>m.ll\on In tlw 
L'c•:;,·t·vnit-. In tloj·, <"<>ntc••t, Lloc CC"'<"CVnir l~-!-Lko•ll lo rno:\udo• ¡¡,.. loi:•,hly 
pc•m,•.tblc .o.>ro-•·, .ts .,,.¡¡ .ts ti«: !'-""" l"'rtn,•al>\c: ¡,,, ro·l.>L ivo•lv '"'"" ,.,,,,.,, .. -
,ibl~ coL>c~ .11ic.ll IH1ld 811\nilicnnt 'l"•H>lítl<>~ nf \luid in .ov.o\Lohlo• 
,cor,;;e. ln conL<a>l to tloi,, thu ovurb~<rdcn b lil•: z¡¡,-,.· whl"h d••lnm:< 
wlthout fluid rete~se in response tn defo[1!L,H[on of the re~ervoir. Tlw 
O<>couplln,; com:~pt tncilly as"n!:lclS th~L th•: owcrbuden d<!inrr.o.Hi.~ll <loe" 
not Lld>~ce nny appn:dable stress chan¡;cs in che res~rvoir, The one 
di:ncnsicn.ll consolld;¡ti•Jil a~snm¡>tlnn <J\li be especially ~~.~lhtlc in tohose 
sy~tcms in which the highly p<!rt.leable, producln¡; laycrs of tha res<>rvoir 
,¡;~ '""'" ti!\ id tL<an lhe l•:~s pcr?L<!nble Hnc grained l.~y<>ra LJhic.h prlr.oarlly 
cunducl watc~ in the venic"l dircctlon t.o tht: ¡>roducin<; L•yers, 

i\c~u1l-• ~~esentcd in t.hi" p;;~er ~crtaln soidy to r~servo1r 
~~i<Hc\.ltion accordin:: to th<> on<>-d\:nL·n~ionai cansolidatlm> t.l•cory. lt 
és .ls>u:.wd lilat lile ven\c.ll cli,placero,,nt< •>btalncd ~t tl1c lnledace of 
th~ roes.,n•ol, and uVerburdcn ai"c co:>plctely transmHted lo the grnund 
surlace, Th" rc~"rvuir sicuoLHor, <Jh\ch co:nbinc~ a threc dtmensiun.,l 
ilu" ficld with on;, dicen~lon"l defortn~tion b dhcussed clse"'h~rc ny 
:(.Jr,,Sllllhan and Wltilcrsp""" (iY76), 'l'hc [l<Orposc.of th~ prcscnt ~tudy ¡,,,~ 

t><:cn to c~kc ~ preiimin~ry study ot ¡1¡,. ¡:r.,und ~ub,idenc:u oh:;o•r·.-,,,¡ ov"r 
Lhc· i:''"tl>~rln.li fh,l<i .lL \ldir.ok"l, ~ew /.<:.11.1\ld an<l t<l fin<! whether "he 
llciJ Ob~.:rV.Jt!otl~ c;ul be rc•,!H<>n.,l>[y L'XI•l;diOc<l ll\ ~··r"''' uf lil<' .,,,¡¡ kn•'"'n 
d;"""''~lmical prl>~ci.plcd o( ,.,,~olidat.lnn. As the study 1s prcl!,Olnary u1 

n~t<Ir<l, <.lle ;;eothcrmnl ~yst"n b~o· bee11 \.rt•n¡ed "s nn i~utlocrT.!dl, li~<lld 

3Yst.em. 

Thc ;¡eolo¡.;y of the \l,lirakei field has b~en dhcussad by Grlndlcy 
( 1%5), Hcaiy ( l %S) ~ncl Gr.L11~e ( 1 937); rc~ervoi r cn~l•lcerln¡;( ¿ata has 
b<J<>n c_ur;rpll"J by PrHctwtl ct al. (1918). Th" t.ot.!l S\lbsidenc~ observcd 
a t. \J,,lr~kel le shown in Hl;<LI"tl l. lt c~n be n<lted that the substdenc<> 
OOLJl is offset frotO the l:ldÍn product1an ar~a. Thh >ubsiJcncc pattern ls 
~<JS~lbl~ if r_be Hu:ta &alls formatlon (<• r.-latlvdy "o~e compressiOlc 
!ayer) is tnicker In th~t rcgion ot" H\tern.,thQly t. he c.onprcoslbllity uí 
thc tur;.u<ion· in che highly subslded zon<! \s gr~ater than in othcr d.-e~•. 

in uur id.,allz~d motlcl, w~ ~re ll~ln~ th~ lir>l ,lppruacl> with a r"asnnable 
CO<Oprcssiblity valuc of the Huka Fails lorr.Ldtlon. ,\ plnt of rcs~rvotr 
pres,ure Jrup ver>uS subsidetLCC '''- h"nrh<1-Lt'k 1<.9/ (Fl¡¡uro• 1) ls shown in 
H11urc -¿, lt C..Jn be noted that the drop in tilu rt•scrvr>ir prc~~ur" ls 
lln"~riy propurtional tu subsi<l~nce durin;; "arly pruduo:tlon timu~. 
llowev<lr, in lat<!r perlods, reserv~ir prus•;t¡r" secms t~ Ht.lbl\i2c ·,,,,¡,, 
snbslllen~c continucs. Such a beh,,v\or c•>Lild be c~pialnud lf 011.., -1~~"""~ 

that thc defon.>in~ caterl::ol pass.,~ tro~" ><tal" ni pro¡ctm,~ulldatio" tn "'"' 
'" '""m.Ii consolidatton, Our p~ell,.lnary 01odcl, then, studies t~'-' e::ecl 
oi tlut"'ro.<enu\ty dtl<l pl~etlcity m\ li11' snbsidanc~ plwnnne<'Lon. 

f'or pnrpo~e> uf ~lmuLLtonn wu c:nn ld.,.\llzc thu ~y~tcm as ~on~lstin¡¡ 
ut Lh<.: l{a\or,_, :l!)t<tfer and tl1u overlyln¡; !lulo_¡ ¡:,,¡t..; (L'Lud."tone) ~quOtanl. 

,\ PLLLÜ~e <>Vl:rhürd~n UXtc11dS (ruin tht• tnp ol the ilnk" J'(lll~ to the ¡¡round 
surlnc.:. This ide,lli~~d '"'dc:l iH shu"n \11 Fi~llr~ J. Tlh' ll>lr.kne~< of 
th~ ,¡vurb,.rJeLl (holoceLl~ Puo,Jic:" :,nJ IJ,irak..,[ ~t"ecci.l) \s as~u..,cd to b<> 
lW .octer.; (Taole 'i.l, p. 1(), l'rttcio~tL <:l ,\\, l'JIH), lh~ d~plh n[ Lh~ 
re,;ervotr, ínclnJ\n~ \tq\cL¡ f'~tl,- lorlt<Htion, la <l.~g¡meol to be ~1)0 e~eters, 



,_ 

Thc r..axh:nJIJ thicktws~ ot th~ lluk~ Falb íormation \S n>surned to b~ 200 
~:~~tet5 n~ar Lhe wne <>! m.1ximum subsid~nc" (Fl¡¡urc• 'l-_21, p. 52, Pritr.hHt 
,¡ al. 1978). 111e re~er-vuir is divided into ~ix l.1y<•rs. 11w lo.,est 
lay<'t which IH 211() mt'lás thick carries !f)O-l~v<·l "'"leo. (lly liJil-l.c•v,•l 
nades ~·e"""" th.1( rhe nodcs In this layer are i.dentiíl"'l by nur.obers 
ranging trom lOO- 19Y.) The other tive layers, <•nch '•() m••tcr,; thük, lic! 
ov<>r thi» lnycr und can·y 200-300-400-500- and óOO-levcl nodc•&. Fi¡;urc 4 
sho"'s thc nurnber~ dssigned to the \00-level node~. In thl& thrce dij>;lt 
systcr.l, fi_r¡;t Ji¡¡It rcprescnts tl\e leve! ;,rh.ile the numbcr o! nodc is 
n•prcscnted by the other t\10. Thus the node 618 lies in che 600-levcl 
layer and is verLic~lly abovn thn nodes 1\8, 218, J18, 1,18 anJ 518. ln 
horizontal plane its &hape is exactly saae as that of the node 118 
(Fi¡;ure 1,), Thc s!d<>s Al\ and AC are cach extended to 19.2 km ar>d 27.15 
km rcspcctiv~ly »ith l.Hge size rtOdes to represent far away ZO!l"-6 fro<l 
che production <H<'"· 

To modcl "ub:.i<i<>nce, "" h~vc uaed an ideaHzed gr<lded t.hic«ness of 
t1nl lltlkn ralls iurmat1nn oí 40 "'• 80m, 120 "'• 1~0 n, and 200 nctcrs (Fi~

ur~ 4). '!he ma:<imuc' thickncss of 200 ceters ovcr the nodes 113, 145 ar.¿ 
14~ corrcsponds to thc arca o;' maximum subsidcncc (rigur~ J), ~ode 107 
1, mu~ei~d as a pruCu~tion zonP, indicative of 'h~ nren of rnnx;oun dis
charge in Figure \. To offsH the subsidencc bo"l free the t:lain pt"oduc
t!on ñr~a, th~ thi~kne>S of the overburd~n is !tlcr~ased to J60 m~ter• 
over th~ nodea 201 to 216. Rest of the volu..,c clem .... nts nopt"eSent the 
I<Rin>rn ¡arrontinn. l1:1p"rroe.1ble hoomdnry con<ilLiom; are• LD[JO~t·J "n th" 
stJ~s ,\b <lnJ AC:. ,\n !nit:lnl put~nll.11 ut t.OO meter., of wnu_·r J.h :;;,cdf!•,t! 
C'\'<•ryc:h .... rc in th~ ~y&tl'm, )lat...,ri.11 prnpenie,; u~~d ln lh" <.1+>~•·1 .uc 
iPJlnw~: 

llul<.o Fnl\5 Formatiun 
PeCleabttity • 10-1~ aZ (Hercer et al. 1915) 
Coeffident of cornpressibility for v!r¡;in curv.~ 

("v) ~ 5x!o-!! m2¡¡; 
Coefficicnt of cot:lpressibility for sw~lling curv~ 

<"vsl ~ 5x\o-~ m2/N 

l.>~ior,, forma11on 
Perme,,b!1ity • R.~ x 10-11. ,.2 
Coelticicnt of compre!iSibility tor vir¡;in .;s W••ll ns S\J<!1llo¡; 

curve (a.,. ~ "vsl • ¡o-10 m2/tl 
Rc.lativ" den,.tty ot th<: saturat«d soll ~ 2. 

This model al"o assur.<:s'that thu so!! is pn•clln~ollcl~c~cl. ·r,,,, ¡.r••
consolidation pressu,-u over .~nd a\Jov., byJroslüllC pr"s~ur~ h ''"""t 
225 meter~ of \Jalcr. The propcrtte~ I!Sed for lh<! J!,¡u(cl ar~: 

Viscosity ~ 0.2 cent!p,.be, 
Den~lty • 940 k¡;/113, 
Compressibility ~ 4.9 ~ ¡o-10, m2J~. 

Total mass productlon for th<: llairakci/Tauh.1ra sy,teoo ''" of lJ"<:eF.<bcr 
31, 1976 was 2329 x 109 lbs (Pritch"tt, C'l ,,1. 1~7fl). This Jnuunts to 
.m <!V"ra¡;" vo1unetdc produ~.lion rat.,"of nb,ut 1.48 mJ/sec. Sine~ our 
lrianr.lular F.!Uclel (Figure q co!lldd<!rS on!y onu-dghth oi the toti!l ar<:a, 
ti<e prodt>ction rat" h •:orr"-'1'""'111\¡;ly reduce<! to ~bo\ll , 1~5 rn3/s<!C• ll 
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~an be noted that this rate <tpplles to both \.la lrakel and Tauhara [ields • 
To r.nnsiJ~r onty the ~r~d of maximurn dischar¡:<' (H¡\tlr~ 1), this .unount 
should so10ewil.lt. be rcduc~d. In thís sturly »r hav~ consid~r<•d an clV~ra¡;~ 

pro<lu~tinn '"'" ot ,¡ m1Js~c. Th:ls amount is prodtoco•d lrnm the nnd<• 107 
;\l tho· <!o•ptlo <>f '>110 rnc•tc•rs. 

' . 

Suh,;IJcLOcc• pr<>J<J<"o'd und~r .otot<'l'<"nti•Lt1~d O'oLtldlt '""'' ,,; sh<>W11 in Fi¡;
ure 5. ,\ co.,parison With Figur<l l show:; that the n•sulu, ::~re qu,1lÜ.HiVcly 
similar. f:ea"ured and calculat~d reservotr pressure drop vs. subsidence 
at the bcnci> rna¡-k A97 and node 142 an! sho1111 in Yigur" b. A qualitattvely 
üciLn- puttern is seno íor the p<econsolidatcd so!L This Ugure also 
sho1.·s th" behavior of t.he nonnally cunsclidated sail 101\lcl\ is quite 
different tO that of thc precon&olidated soil. 

In SW:l<:Jsry, "" devclopcd and tested n preli:::tinary modd to explain 
subc,Jcl~n~~ in th~ Wnirak~i. field and obtnined results «hcch Rre qualit
ativ~ly similar to those measured at the sH<·· The eff~ct of preconsoli
dation stresses secms to be irnportant to cxplain the changin~ slope of the 
reser-voit" pressure-sub~idcnce rclarionship sho""1 in l'igure 2, 
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• ABSTRACT 

Transient two-phaae flcw in a geothermal vell has been mndelled vtth a 

finite-dtfferenee appro~icacicn. One-dimenaional flow ia aaa~ed. Th~ 

equationa of ~asa, comentum, and energy are solved using a partially impli~it 

method. Terma that would place a severa time restriction on the calculation 

are solved implieity, while other terma are aolved explicitly for c01:1putational 

ea~e and effieiency, Hcmogenous flow of one component at thermodynamic equi-

libriw:t u aeau:oed initially, but the extenaion of the model to include slip 

and a fintee rate of condensation or evaporation or a n_oncondensible gas is 

given. The wellbore modal includea hea.t and IILII.BS transfer and is coupled to a 

simple reservoir l'l<ldel. Uaing che model, the transient behavior of a single-

or two-phase .,.,ll during a .... u te&t was 1nvest1gated. Results show that '-">en 

the reservoir has a rel&tively l&rge value of lc.h, "'" e><ists in a geothermal 

field, the alope of the log (pressure) vs. log (time) curve 1s not necessarily 
.. 

a unit slope when teating a homogenous reservoir. The early-time behavior of 

this curve is controlled by the interaction of the flow in the reservoir and 

that in the well, and can be uaed to determine ~•r bore values of lc.h. Heat 

loas in the vellbore is shown to also affect the pressure vs. time plot in a 

vell test. The time to reach the pseudo ateady reaton increases when heat 

transfer is important, even in a relatively :•warm" "ell, and the alope of the 

P va. log t curve 1a no longer.q~/4•l<h se derived in the petrole= liter-

ature. 



INTRODUCTION 

For a complete analysia of a geothe~al syltem, a ~odel of the flow in 

the wellbore and in the reaervoir ia neceaaary. The equationa governing the 

flow in these two caBes are different, se reaervoir modela baaed on Darcy-type 

flow cannot be extended to pradict the wellbore flow. Severa! numerical codee 

have been vritten to aimulate the tvo phase flov of stesm and water in a geo-

thermal vell (Sugiura and Faronq, 1979; Gould, 1974; Jupraaert an4 Sanyal, 

1977; Ryley, 1964; Ellint, 1975). Moet cf these modele·inelude the 1lip 

betveen the phas•a, using exp~r~entally determinad values of holdup and 

!riction factora for eaeb particular flow reg~e (such ae annular or elug). 

Hovever, the.modele reporte4 in the geothermal caaea ell a•aume ateady &tate 

flow. (There are uveral transient tvo phaae codea, ..-hich will be considerad 

below, that ""re developed for the nuclear en01rgy industry.) The ateady atete 

modela can be used to approx~ate downhola conditione from vellhead measure-

ments•given an equation of atete that includea the effect of the non-disaolved 

gaa and solida. 

However, during vell teating the ateady-atate model• are not uaeful 

becauee tranaient changea in the vell itaalf are important• At early times 

after a flov-rate change haa beeo made iu tba well, the maaa flow rate into 

the vell doae not equal the maea flow rata out becausa of vellbore atorage. 

Under theae circumltancea, a &teedy-atate ~odel, which oaturally aa•umea 

• 
"'out • ia oot appropriate. Neverthel8BB, one mlght think that once well-

bore atorage 18 over, tha staady &tate flow modal eould be ueed to determine 

dcvnhole preaaure changas, given the wellhead pre~aura measur~anta. At this 

point, the chengea in praaaure with time are.uaually amall, ao alight errors 

• 

• 
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tn friction factor, slip, or heat tranafer can produce relattvely large errcrs 

in dP/dt. Alao, many of the dip correlations uaed are based on water/atr or 

oil/gas flow, Vhereae the flow of ataam/water hsa interacting phasea that 

ahould reeult in different ef!ective valuea of holdup. Becauae of the unknovn, 

in theae valuea, a t~-phaae flow modal that includea tranaient effecta te 

neceaaary for well-teet analyaia. Becauae the flow between the reaervoir and 

the well is a functton of the reaervoir properties, a transient two-pha•~ code 

could be used to determine near-bore valuea of kh/u, even When wcllbore ator

age ia !Qportant. During thia early time, the error in the experimentally 

determinad valuea of alip, friction factor, and heat-tranafer ~oefficient are 

less important than at other times.becauae dP/dt ia large. 

I have developed a transteni two-phaae numerical ende for ene-dimensional 

flow in the wellbore, The ende haa been coupled with a reaervoir model of 

simple, one-phaae, radial flow in a porous media. (Only flaahing in the ~o~ell

bore ia, being conllidered initially.) At early ttmea, the flow in the reaer

voir ta cloae to radial, so auch a ende could be Uaed to predict the drawdown 

preaaure curve for single-phue flow and for fluid that h flaahing in the 

wellbore. 1 have obtainad very intereBtin& re11ulta with the model, which 

vill be illustrated below. (Additional detalla are given in Miller, 1979.) 

The model developed includea heat and maaa tranafer and haa been written 

in a ~o~ay ao that very few, if any, iterattona are needed at each time atep. 

The effect of noncondensible gaa can be included eaaily at a later stage by 

introducing a aecond continuity equatton. 

Aa mentioned above, traueient multiphaae codea have been developed for 

tbe nuclear energy induatry (Lilea and Reed, 1978: Harlow and Arnadeo, 



1975; and Hirt and Ro~ero, 1975). However, theae codea uaually requtre severa! 

iterationa or the inveraton of a nonaimple ~atrix, ~aking the~ difficult to 

use efficiently. So$e of the modala are not deatgned to include the effect 

of more thao one co~ponent. The model developed here solvea transient homo

geneoua equilibrium flow. However, the baaic solution procedure can be 

extend~d to tnclude alip aa well as non~quilbrium effecta with few changea. 

A deacription of the method is given below slong wtth exsmple cslcula

tions. This report 1a divided into three sections. The firat aection is a 

deacription of the working model, the aacond aection deacrtbea how the model 

could be extended to include slip and nonequtlibrium or a noncondenaible gas, 

sud the last section reporta calculations of the flow in the wellbore. 

NUMERICAL MODEL 

The problem is to solve the equattons of masa, m~entum, and energy !or 

one-dimenaional flow. The baste difference between the equattons thst modal 

the wellbore and thoae that model the reservoir ia that the Navior Stokea 

equation o! momentum is uaed for the Wellbore case inatead of aasuming Darcy

type fl~w. The natura of the flow ehangea when tranaienta are tmportsnt. For 

the fluid in the wellbore, the flow can be ahown to be governed by a wave 

equstion; in the reaervotr, it is governed by a diffusion-like equation. tn 

modele developed for flow in poroua media for a two-phaae ayatem, relativa 

permeability curves are used to describe the flow of the gae and the liquid 

phasea. The relativa permeability curves take into eccount the interaction 

of the fluid with the rock and the interference of the phaaes with one 

another. Bowever, for flow in a tube, the drag of one phsae on the other is 

sn important contribution to the flow, that is, the liquid phaae can be 

• 
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• carried along by the gas. Only a negativa relativa permeability could aceount 

for thia situation. 1n aummary, uaing a poroua media modal to describe flcw 

in a wellbore ignores the phyaica of fluid flow. 

For a detailed theoretical deacriptioo of the tvo-phaae eeparated flow, 

aix equationa are necenary: evo for maaa, two for mo•:u•ntUI!l, and two for 

energy. Addittonal relationahipa among the thermodynamie variables eooplete 

the set of equationa, However, to eolve thia aet of equattona, interface 

interaction terma muat be included, whieh are not well known. lt ia poaaible 

ro ap'proxilllate the fluid flov vith fewer equationa, whlle retaining tha 1.topor-

tant charaeteriatita of the flow. I have used elllpirieal correlations to 

replete aome of the aquations. For che initial development of the model, I 

further reduced the equatione to aolve two pbaae homegeneoua equilibri.:> 

flow. _ 

Th• equationa nolved are: 

• • cootinuity, ., '"' +~ (w) -o 0) 

---
• • (Pv2) IIIOIIle o t um , "it(~v) ·-•• " <w' ·-· "' . ---o •• " 
• ¡ 

Pt + 2H 

, , 
' • and eoergy, at<~>e) • •• (we) • - o '• 

(3) 

where P and e are the maaa-averaged valuea of denaity and anergy, reapectively, 

in tha two-pbaae fluid. Ouly three equationa are aolved here ioatead of the 

original aix. Ooe momentum equation haa been replacad with an ~per~entally 

determinad correlation of the relative velocity, v,, in terma of the other 

parametera in the flow. Tba correlation uaed above waa vr • Q, or that there 

ie no altp. Ooe continuity equation vae eliminatad by aaauming the average 

deneity in the fluid can be expreeeed aa a function of the averege anergy 

• 



and preaaore or p • fn(~,P). {An extension to noneqoil1br1um flow or to 

inclode a nonconden.ible gas will requtre a second continuity equation.} The 

aasumptton o! tharmodynamtc equtlibrium al~c tmplies that the temperature in 

the liquid and vapor are equal, thua aliminating ene energy equation. The 

unknoVQe are p, e, P, and v; the fcur equation& are masa, mcmantum, energy, 

and the equation of atate.' 

The vhcoua ter111 hes been w-rttten u a frictien factor timea ',pv2¡o, 

Such a term acceunta for the frictional loaaea vtth the vall ef the wellbore. 

When alip 1& taken into acceunt, it aleo 1ncludea the frictienal le&ae& between 

My approach ia te selva the equatiens oaing a f1nite-d1fferanc& approxi-

tive time acepe, euch as ~t < IJx/a, where a 11 the seund nt>eed, are evaluated 

implicitly whila the other terQ& are evaluated explicitly fer eaae and ce~ 

putatienal effictancy. The fintta-diffarenced equattona are: 

centtnuity, 

.. , energy, 

'• 

+ '" 

( ) 
.. , 

¡:N 1-, 
t+l t [' ,•,~_,c<o+"\~-~'c"'__:_' ,,.,,,_ + { rN ) 1+" 

" '" 

- o 

• 

<+< p1+l J f{:)\+,r o p i+l 
' + ' + 

'" pi+¡,' 

(e¡+l- 1+1) (e~ ·~-1) (' - ' )' ., 
pt+l + ~ + 1+, 1-¡, 

" '" ' '" 
+ 2H (Tr - TwY 

- o '• 

'" 

"' 

'" 
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The energy equation haa been written in a nonconaerving form. the reasnn for 

chis will be apparent in the aolutioo procedure. The thermodynamic variables 

are computad at the nodal pointa (1, 1+1, etc.), and the velocity ia computad 

at the half-nodal points (1~, etc.). 

The aolution procedure ia to combine che four equationm to give one 

' expresston for the nev preaaure. To use thia method, the equation of arate ia 

used io che form o!: 

'" (Tp") 
8 

dP + 

instead of o • fn(P,e), The denlity changa in time ia written as: 

the parcial derivativea being evaluated at che old time levela, Hovever, to 

eliQinate large cha~ea in che derivares, equation 7 ts rewritten as: 

, ... 
' 

' +(.!~P) ( ¡• 
¡¡.!etPi 

The expresston (1/P)(C¡¡/.!e) vartea approx~stely linearly while (0~/cie) 

changea value abruptly. 
>:. i+l L 

In addition, "t {e
1 

- e1) h aolved for directly 

'" 

with the energy equatton. Aleo at each calculatton, the ne~ value of ~~1 io 

compared with the value of ~l.+!, calculated from ~,., fn ( PI.+!, e i+l ), If the 

difference ia more than some apecified percent, an iteration 1s neceaaary. 

The ne~ presaure proftle ia recalculated wtth the partial derivattves in equa-

tion 7 as an average oí the old and """ values. The beat svarage 1& to 

emphaatze the value of d.,¡dp at level 1.+1 because the syatem can aelf-correct 

any arrora created when croaai<>g the saturation line. When the fluid flashea, 

the dertvative d~jop increauea abruptly and then decreases slowly. Ií the 
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~alculation providee an overexpanainn of the fluid paree! when eroasing the 

saturatton Iine, then an .verage of the old and new derivativea at the next 

ealculation can COI:lpenute for thll> overa~naton becauae of the decreaatng 

value of ap/aP. If the fluid parcel underléxpanda when eroning the saturation 

Itne, no amount of averagin¡ of the new and old derivativea can eompenaate· 

When coodanaing acreas the eaturation lioe it ia ~portant not to over-

condenae, beceuee the derivativa Op/aP ie apprcximately conatant• However, a 

alight error when croaaing a eaturation line for ene particular fluid parcel 

produces little error in the net flow. 

The four equationa (4, 5, 6, 8) are combined in the following manner• 

The continutty equation ia aolved, ueing the expre&aton for the new value of 

.. ¡ 
(pv) , vhich 111 given by th• 111011entWD. aquation. Equation 4 cAn be written 

in finite difference form: 

' " ¡¡1•-f.% 

Then aquatton 3 te uaed to expre•• (py¡t+l in terma of P: 

.. ¡ ,, f [ (py)~ .... - :(py~+>, 

- ~ a-t+l 
f.% 1+1 

-p gll.t,_, 

' ' fN i- ~) 

··¡ '>' PV 1+) 

'" 

Equatio~ 8 1• uaed to vrite pt+l 1n ter~ of Pl+l and the above equation is 

regrouped to give 

• 
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"' 

'"' [ ' - 4R {~v 1 1+1, 

' (~v 1+1, 
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"' + p 1-1 (:;) 
• 

(10) 

The difference ~(e~1 ' e
1

) ts gtven by equation 6. Equation 10 can be written 

aa AP • x, where A is a tridtagional matrix. The solution is straighr-forward 

if the boundary conditiona are specified. 

The boundary conditions considerad >~ere: (1) specification of preasure 

and ma&a flow rate or velncity at either the wellhead or downhole; or (2) 

apecification of preasure at both wellhead and downhole.· The pressure must be 

specified at one of.the boundartea. If the flow rate i8 measured, then 

O(~v)/dt ia known, and the preaaure can be detercined from the comentum 

equ.ation: 

--

where b stand e for the boundary, 

Equation lO ia used to determine the new preasure profile, Once p~+l and 

.,L+l are known, the denaity ta calculsted uaing ~qua~ion 7, because this waa 

~he equation used to expresa P in terms oí P snd e when the four equatioos 



w~~P c~mbined. If ene calculated the density at thc new time levPl W\th 

~ ~ fn(P,e) inatead of dp • fn(dP, de), then two different expresaions would 

be uaed .o.nd ..... aa would not be conservad tdenttcally. Rowever, as mentioned 

abov.,, the_ two p's are c0110p&red and an tteration 19 done 1f they are aignifi-

cantly diffe~ent. Thi• situat1on occure vhen crossing the eaturation line. 

Once the new v.o.lue of p ta known, the velocity is determined froa either 

- the continuüy or the mornentum equation. !f the maas flow ~ate 15 being 

specified as a function of time, the velocity ia beat calculated by the 

continuity equation. Civen (pv)~+l, the velocity at posltion ~ 1s 

because pv ie known at the wellhead, the velocity can be calculated aucces-

sively down the wellbore. lf the presaure 1s given aa a function of titoe at 

the top, it 1a eaaier to calculate the new velocity uaing the momentum 

equation, at leaat at·the fi~st node. 

The wellbore model wae connected to a reaervoir model ao that the draw-

dovn pr~ga~re waa consiatent with the varieble flow velocity into the well, 

The reeervoit flow waa aaaurned to be radial, ho~ogeneoua, and single phaee. 

The fluid waa allowed to flcw into the wellbcre over a finite length, h. 

(The effect o! flaahing in the well only waa tnvestigaced tnitiAlly. The 

intent waa not to apend a grest deal of effort on the reeuvoir Uaelf but to 

at leaat uae a model that would give a drawdown preafure conaistent with the 

flow into the well.) When the initial transient changea take place in the 

well, the flow around the wellbore is alco•t radial. At a later etage; the 

a1ople reaervoir model will be expanded to inrlude flashing in the rese~otr. 

• 



• 
" 

The equation sol ved '" '"' reaervoir ""' 
" • 1 • " (l 1 ) ·- <r ar ' ¡;> ;¡ "'' ' 

Equation 11 waa sclved at aeveral different heighta in the reaervoir to allow 

flow into the wellbore over a fintte height, making it possible to conaider a 

lsyered reservoir system 1nteract1ng wtth the well• Far from the wcllbore, a 

constll.nt pressure was assumed. At the ""'11/formation boundary, masa had to be 

conserved. 

The masa flov rate out of the reservoir and into the well must be equal. 

If the resarvotr and the wellbore equationa are combined, the ~trix multiply-

ing the preaaure vector will no longer be tridiagonal, increaaing the calcu-

lation time for each ltep. lnatead, each aet of equat1on8 'olaS solved separ-

. ately. The boUndary condition at the reaervotr/well interface was 

The new preaaure in the wellbore ta aolved firat uaing the old value of the 

' reaervoir presaure. Then the new preasure in the reservoir 18 calculated by 

determining the fluid that flowed from the reservoir into the well over that 

tilDe that ia, the sa.~~~e dertvative of (iiP/dr) waa uaed in both calculations. 

Secauae thia boundary condition for the reaervoir flow is aolved explicitly, 

there ia a atabiltty limtt. the 8tab1lity limit in terma of the radial spacing 

' is (Zerzan, 1979, private CDflllnunication.): 

"'o [--'y,+ (re + 
l>tl ?- ., 

where t>t0 a r¡ - r 0 , or¡ • r2 - r¡, and \ • (r0 + r¡)/2 

, 1 



To account for the inttial large changes near the bore, and the changes 

hr awsy at la ter times, a variable radial grid wu used, The finite dif-

ferenced equation solved was: 

e· - ,•+>) (P1H p-<+l ) 

• . rt+l '• '• r 1-1 

( "' ' -- [•1+':. rl+l 
_, ',_. l ' - p ) ~ct - ' . .., '• '• '• ' • 

" • (•i+l r 1-1) 

' 
The variable grid waa calculated by us1ng a logartthmtc transformation 

r (1) • B+r(I), 

The quantity N1 ts just i{t.N), and B, A, and t.N 0 are sdjuBtable constsnto. 

Dnce th10 new putsaure 18 determtn10d in the well, the change in the reser-

votr pressure is cslculated sa a funct1on of r and at aeversl dtfferent 

heighta. The tempersture of the fluid tn the producing zone 1a assumed to be 

specified, However, the energy lo•• of the fluid in the wellbore itself must 

aleo be included. 

One tmportsnt difference between the well teat1ng in a geothermal well 

and that done by the petroleum tndustry is the high temperature found in the 

geothetlll41 reservo1r. J!ecsuu. of thta, it h importsnt to include the ~est 

transfer out of (or into) tha wellbore from the auzrounding rock 1n numertcal 

tiOdels. R.o.mey (1962) eatiiMtad the heat losa from the wellbore as a fun~tion 

t>f time. Thh method ie len valid whea tbe flow rate is conti!lually chsnging. 

To sccount for the heat trsnafer, .I aolved the conduCtion equa.Uon for the 

tEmperature in the ro~k. Again, I used a "ariable grid to allow for large 

ehanges near the wellbou and smaller changes further away. However, the grid 

vsriation ta eloaer to the wellbore in this eaae, baceuse the temperature 

'· . . 
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• ~hangea will be ovar a s~aller apatial regton than the pressure changas. The 

conduction equation solvcd for the temperatura changas is similar to that of 

the presaure in the reservoir. Rowever, the new temperatura ia solved for 

implicitly to avoid time atep limttations icposed by the small grid spacing 

near the wellbore. The temperatura far from the well was assumed to be the 

inicial geothermal gradient. At the rock/wellbore boundary, the heat transier 

was matched. When the energy equacion in the fluid ia solved, the heat trans-

fer at the wall is 

' - • 

When the tempeuture in the reservotr h calculated, the bounda'ry condition at 

Lhe rock/well interface is: 

" ' -. 
" 

The heat transfcr 18 ""'tched thrnughout the calculatinn except for the first 

time atep for the energy in the fluid that is, the heat transfer into the 

reservoir for the calculation of the reaervoir temperature at time l+l •• just 

the heat that \rlll Ieave the fluid during the calculatton for titoe ~+2. The 

only heat transfer not matched is for the first cslculatioo of the fluid 

• 
energy, but usually Tr • Tw for this cse_e, so q \rlll be ze~o. Na a'tability 

problema were encountered because the temperature in the ¡-e&ervoir 15 aolved 

impltcitly, even at the.boundsry. 

The model then salves for the transient flov in the wellbore, including 

heat loas to the surroundtng rock. The a~ple reaervoir model,provides that 

the fluid flow into the well ia cooatatent with the drawdo~ preasure. The 

aaa~ption of no Slip snd thermodynsmic equltbriua was cede. However, the 



" 
exteneton of the 100del te nonalip and nonequlibriw:~ flow, or te include non-

condenaible gasee can be gade. 

EXTENS!ON OF NUMERICAL METHOD 

To develop the 1n1tial numerical method, ' tvo-phaee hooogenoua equltbrium 

flMI wae asaut~ed, llovever, the method can be extended. First, to include 

•lip in the flow, additional te~a muat be added to both the 100mentum and the 

energy equationa. These terma account for the fluid accelerating or decelera-

ttng becauae of evapcration or condenaation. For the momentum equaiton, the 

term that must be added ta 

where o ia the volumetric qualtty and "m • (l-C\)P
1 

+ cop
8

• The average 

valocity ia deftned as 

• _<_<_·_o_>_";<~"-<,_•_<_o_>_o._•, 
'o 

Ihe convection terma were evaluated explicitly in the baatc model, ao the add-

ition of this te~ v111 not involve any modification of the method itaelf. 

'!'he relative velodty 1& given u&uall.y by e><perimental m&asurements at preaent. 

lt ia apec1f1ed u a function of void fraction and total flov rate. The IO.llin 

problem in adding the terc ta in chooaing vhich correlations to uae, aince the 

scatter in different correlationt can be large. 

For the energy equation, the te~s that cuat be includad ara: 



because of the fluid changing velocity and 

becausB of the volumetric expaBaion work when the fluid chaBges phase. Agdn 

the convection tema are evalWited explicity so thPy can be added very easily. 

The more difficult problem ie the extension of the method to ello~ for 

nonequilibrium flow orto includB a noncondenaible gas. The method in either 

case ia similar so only the fonoer case will be "onaidered in deta1l. Conden-

sation end evaporation do not tale pla"e instantaneously, but require a finite 

time. lf this time h aa long or longer than the presaure transients lO the 

flo~, nonequilibriul!lcan be very important. Many well tests with fLaahing in 

the bore have preasure responses that seem to indicate a t~o-layer reaervotr. 

These responses may be due lO nonequilibrilllll effens in the ~ellbore and it lo 

icportaet in modelllng these cases to understand if nonequilibriu~ could 

account for theae preaaure c~anges. 

To include nonequilibriUD, a second continu1ty equation cust be 

used. The evaporation (or condensation) ~111 be given by so~e rate ter~. 

Ho~~ver, inclusion of non-equilibrium ~111 require aome ~odification o! 'he 

current method. The eont.inuity eq\"'ti?n needed is 

where l ia the rete o! evaporation or condenaation. No~ tnstead of 

~ • fn{e,.,P), the expresaion for the denaitiel will be determined 

eeparately: 

fn(e ,P) 

' 
where et and eg are funetiona of temperatura only. It will still be aaaumed 



that Tl * Tg· SUch an aasumptlon means that a pa~cel of fluid ~an cither 

condense or flaah, but can not do both at the saca time. Since the temper-

ature of the two phasea are equal, the mixture a• a whole can be either above 

or below the aaturation tempe~ature. In a completely nonequ1libriuc situation, 

the t~perature of the phases wauld diffei. Although the approach usad here 

aaaumea T~ • Tg, it does allow for the finita rate of flashing or condensation. 

This modal is similar to that suggeated by Lilas and Reed (1978), 

The individual equationa of state can be combinad to give 

"m • fn(I,P,u), 

Again the differeotial form of the equation of state will be used: 

dT+ 
0

~"'1 
" '·" 

•• 1 
dP + ~" 1:1 

'·' 
Ihe detail of writing •~,./ót in termil of iJP/ot is given in Appendix A. How-

evar, the ganeral Dethod t&: ' (1) write d"l and dl'g in terma of (di, dP); (2) 

uae the equation of enargy to determina aT/dt in terma"ot oP/dt and o~/Ot¡ 

and (3) uae the continuity equation to write ou/ót in terma of OP/ot. Using 

the equations for CP/dt, we can invert the tridiagcnal matrix to oolve for the 

new preaaure. 

Once the nev preseure 11 knovn, che new void fraction, temperatura, 

deesicy, and average energy can be calculated froo the expresaions used to 

develop the equation 

A P • B 

To conaider the effect of noncondenaible gases instead ot nonequilibrium 

effecta, the denaicy ia vritten as a fun~ticn of P, T, S, where S 1s the 

aaturation of the gaa phaae (noncoedenaible gas and atean), The average 

• 



denoity 1s 

where ~8 , ~~ ore the denoitiea of the gas and liquid phaae~ r~spectiv~ly. To 

determine S, a coutinuity aquation conserving the noncondensible gas cao ~ 

uaed, Then 

Sx ~ V 

'" 
where x8 ia the mas• fraction of aay co2 in the gas phaae. The steam is assumed 

to be at the saturatinn density correapondiog to the temperatura of the phase. 

Then ~g • ~¡g/(1-xg) where ~lg is the density of the ~team and ta specified 

as a function nf temperature only. 

To solve the set of equations, it is necessary to specify an equatlon of 

state for the mixture. One set thst iB suggested by Iglesias ( 1979) is that 

' - l _·...l.& 
' 

snd thst x¡ can be determined by specifying the boiling curves of an H2ü - COz 

mixture. By specifying the equation of state, a complete set of equations 

will again exist, and the aolution procedure is as specified above. The 

model is presently being updated to include these detalla. 

EXAMPLE CALCULATIONS 

The numerical model has been used here to determine the esrly-time 

behavior of the wellbore flow for both single-phsse and two-phase flow. 

Examples of the calculationa are given below. Figure l is a plot of the pre~-

sure chsngea that propagare dnwn the wellbore after a stepwi~e change in flnw 

tate st the wellhead. In this figure, the calculstions were done for a liquid-

' 



" 
filled well flowtng und~r a po&itive head. The well ia flowing ateadtly at 

one rete and then the tate ia increased, At early ttces sfter the change, 

the increaae in produced fluid is obtained from the well instead of froM the 

reservoir, A preaaure drop propagatee down the well. A!ter a certsin amount 

of time, depending on the compreaaiblility of the fluid, the pressure pulse 

interacta with the forn>ation/,.ell boundary. In the particular case plotted, 

the reservoir has a larga value o! kh/u, and h is cspable of aupplying more 

fluid for thia preesure drop than the well could. Thia csae resulta in a 

reversa preasure pulse, which propagares back up the well, csncelling part of 

tha initial preeaure drop. The pruaure pulae Oltillatea unttl it ia finally 

damped out by the interaction With the boundsriea. 

Figure 2 aho\111 the aame calcul.t.tione for a flaahed eystem. 113ain, the 

fluid is flowing alowly and then the flow ute wu suddenly increased, The 

preuure pulse propagatea down the well, However tn thia caae, there is a 

brine/two-phue bouodary, '!'he dashed Une in Figure 2 •hown the approximate 

location of the flash point. (Obviously, as the flow rate ta increased, the 

flaah level drop.,.) Yhen the preaaure pulse reaches thia boundary, the pulse 

1e partly reflected and partly tranulitted. '!'he reflected pulse propagares 

back tnward the autface, ·rn the &ingle-phaee region, the propagaticn cf the 

atgnal ia much faater; oactllationa are mainly in the two-phaae region. 

One can use the program to determine the preasure drawdown during the 

urly time of a well test. It has been shown (Miller, 1979) that the inttial 

alope of a log-log plot of pressure vs, time in well testing ia not necesurily 

unity, se derivad in the petrolelllfl litersture. As seeo in the figures above 

there 11 s t~ delay until the downhole pressure registera the change made 

at the wellhead. Wellbore mtorage eurvea are derived aasumin8 the fluid in 

• 
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Figure J, Propagation of p~essure pulse down a wellbore as a 
time for a liquid-Ulled \lell, 

function of 
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Figure 2. Propagation 
of pressure .Pulse 
down a \lellbore in a 
two~pha-e well es a 
function of tir-e. 
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che well responda as a well-mixed fluid, By being able to model the transient • flow in the wellbore, it has been possible to calculate the expected dra~own 

in the well, taking into account the nonunifo~ities in the well. The results 

show that another nondimenatonal time t&w muat slso be determinad in additlon 

to the average wellbore atorage coefficient Co (see Ftg. 3), The plot showa 

calculattons for flaahed snd unflaahed vells, The parameter t&w is defined as 

• 

As kh/~ decreaaes, taw 1ncresses, snd the early-time behavtor of che log P va. 

log t approsches a one-to-one plot, Aa kh/~ increases, tRw detresses, snd 

che slope of tha log P va, log t curve ta ateeper thao unity. 

The numertcal modal can aleo be usad to determine the effect of hest loas 

to the rack aurrounding the wellbore during a well test. The calculatione 

ahown are done for a well that ~a been flowin& and ia reaaonably "war&"• The • asaumed temperatura profile ia ahown by the inset in Figure 4. The wall has 

been flowin¡ ateadily, then the flow rate 1a decreeaed. Figure 4 compares the 

buildup curve and aubaequent drawdown curve with and without heet tranafer. 

The calculationa ahow that even when the well has been flowing for aeveral 

houra and the rock around the bore has been heated, heat transfer during a 

well test ia at111 !Qportant and muat be considerad. When the well test dat& 

are plotted, the slope of the P va, log t curve in the paeudo-ateady region 

16 aignifitantly affetted by the heat transfer. Alao the time to raath the 

paeudo-steady region ia longar when heat transfer 1a important. 
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NOMF.NCU.TURE • d Speed of sound 

e Reservoir compreuibility 

c0 Wellbore storage coeffictent 

D Diameter of ...,11 

e Specific energy 

f Friction factor 

g Gravity 

h Thicknesa of reaervoir 

H Hest tranafer coefficient 

I Rate of evaporation or condensation 

k Permeability 

k., Conductivity of rock 

m Masa flow rate 

p Preasure 

q Volurne flow rste 

r Radial direction 

r,. Radiua of well 

S Ssturation 

s Specific entropy 

t Time 

Ir Temperature of rock surrounding well 

T,. Temperature of fluid in well 

x Al<isl direction 

v Velocity 

vr Relative velocity (v
8

-v._) 

~ volumetric quslity (holdup) 

~ density 

~ Absolute vtacoaity 

f, Poroaity 

Subscripts 

< Reservo ir 

• Well 

' L.iquid 

o Mixture 

' "'' 
" Non-dimensional parameter 
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• API'ENDlX A 

To use the aame numerical method that waa developed for l!lndelling the cqui·· 

librium flow, O~>m/Ot must be wdtten in ter10s of OP/at only. ln the non-

equilibrium case, the number of independent variables has increaaed by one, 

and the ..verage energy ta no longer convenient to use as one of the indepen-

dent variables. Now, temperature, pressure, and void fraction will be the 

independent vadables. !o he able to wrtte the density change in time as a 

function of the pressure change only, the vapor continuity and the energy equa-

tiona must be used to expresa Oa/Ot and OT/Ot in terma of OP/Ot respectively. 

Alter the new preaaure ia evaluated along the wellbore, the other tndependent 

and dependent variables can be calculated. 

In the overell continuity equetion (1), the convective ten•, O(P,v,.)f<x, i5 

evaluated by using che mamentum equation aa developed in che firat &ection of 

this paper. The difficult pare is e•preaaing 0Pn/dt in terms of the threa 

independent variables. The average dendty 1s (l-<>lPt + np8 • The dertvativeH 

of Pm liith respect to T, P, and "are: 

Th•• 

• 

''•i " 

''• 
'" 

'·" 
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The continuity equation for the vapor component is r~written to give o~f•t: 

- '" ") _.-
op dt 

(Al ) 

where the term in the firat psrentheaie te just •~g/• t. 

The energy equat1on can be used to relate •T/H in ten:¡s of ~P/•t. n.e 

average energy, e,. iB 

-' 
and che der1vat1ve of (.,mea) in ter~:~s of •T/ot, ~P/•t, and •~l•t is 

+ ¡., e 

" 

' ·., 
J ,, [' (~ e ) - +

l A. ot op 

However, the energy equation givea o(~me,.)/ot, which ia: 

' --(~ev)-

"" .. 1:1 "' "" 

' - p "" 
. • l J . -'-'-:"c--'-''Cl 

', 

' (A2) 

(A3) 

All theae terma are evaluated explicitly so they can be calculsted d1rectly• 

Then equation A2 can be aolved for dT/dt by using equat1on Al to expread •~l•t 

in terae of OP/oit and dT/oit, and equation A3 ie ueed to determine O(~mem)/ot 

in terr~a of known valuea. The resultant forc 1a 

where 

A• ((1-u) 

., '-.' . " 
• ·-" 
• 

• 

• 
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B • l, 

• ·., 

Since d~m/Qc-has been written in terma of OP/Ot, ene can evaluate the overall 

continuity equation for the new pressure. Once che new pressure is deter~ined, 

che method is similar to rhac derivad in the f1r"t section of che repon . 

. -~-

~ .• __ , , ............. 11'-1'. 
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• A l'U<.tiSI~LE TWO-DTMENSlONAL VERTICAL MODEL OF THO: 

EAST m:SA GEOTHER!IAL FIELD, CALIFORNIA, U. S.A. 

K. P. Goyal 
Earth Sciences Division 

Lawrence Berkeley Laboratory 
Unlversity of California 

Bcrkeley, California 94720 

'"' 
D. R. K.l~sny 

Mechanical Engtneering Depart~ent, 
University of Colorado, 

Boulder, Colorado, 80309. 

A two-dimenstonal ~.onceptual model of lhe East Mesa gcothermal aystem 

1s developed on th~ basis of the exhting gcological, geophysicnl ~cochc:nical, 

heat flux, and borehol~ logging data. A fault called the Mesa Fault is 

asautled to .,hargc the reservoir, .mtch ls <wcrlaid by a clay-rlch cap. The 

mathematical 1110del is based on the flow of 1 !quid w.ner in a saturat.,d 

pornu~ medium. To obtain ternperat<lre-depth distributions similar to thos<l 

men3 ured at the si te, we as,;uTim that rhn liq<~id ls convecting at n hlph 

Rayleigh number. In lhis appr"xfmation, liquid its~s np che fault and sp::-ea~s 

into the near reglons of the !"eservoi, tsnthermally. The coolinp. effect of 

the surface on the flow in the reservoir is <:onfined to a thin layer adjacent 

to che cap-reservoir interface ncar the fault. This layer grows wlth the 

diecance from th~ fa<~lt. F.vcntually, thc full d~pth of che reservolr is 

,·nnl<!d by the snrfec~. il<•sults ar~ obtnin"J for the veloCltles, pres~ur~s. 

and temperarures of the ~ntirc system {faull ~nne. ac¡u;fer and clay r-ap). 

Finally we co1:1pare the h<!at flux P!edlcted for the surface to that 

~easured at the si te in shallow wells. 



' 

IN'l'IIODllC'I'IOtl 

Liquid-dOI!Iin"-ted g.,:othennal an0111ali"" exht 1n the Impeda! Valley 

of &<>uthern California at the S..lton Sea, Bra .. ley, rast Mu&a, Dur>es,;snd 

Hebtlr anas as eho..., in Pigure l. The Eaat Mesa an.omaly haB been 

conei<1ered for <levelo¡-nent of ita g<~otherrnal re~ources by the Bureau of 

ReclamaUon, MagmaPow~r Co'<lpilny, and Republlc Geolhermal Inc., and 

this inter.,st has produceci a si<Jnificant body of field data 

for this anomaly, The geoloqical, geophysical, geoch=ical and b<>rehole 

loqging data ia described 1n Bl,.ck [L97S). Bail"Y (1977] i!ltld Rveral u.s. 

Bureau of Reclamation reporta [197Z, 1973, 1974, 1977], A case history 

of the field h give:. by tlavis an<l Sanyal [ l97g], and a thorough survey 

is contained in the work of Howatd at ill. [1~78]. 

A concP.ptu10l rnodel of the EaAt Meea """"'aly was dev .. loped by llailey 

[t9n]. Msed Q'\ the available field data. Goyal [l97A] desc:r-ilx>d a 

m.athematic:al rnodel for the ay.etetll, b.osed Q'l &aturated flow in p>rous 

10edia. 1\ silllplified v~rslon has been described in Goyal ""d Kassoy 

[1980]. Riney et al. [1979a[ hawJ described a closely related model. 

In the present paper, we describe a. two-dirnensiona.l vertical !IIOdel of 

th~ East Mesa system that includaa an impermeable clay cap ~nqnore<l ~n GOyai 

and Kassoy [1980). Our ¡:relinlinary goal h to show that the concnpt of 

fault-zone-controlled charging of a geothermal reservoir like that at 

East !'lesa 1e plausible. TO this and,we show that the shut-in well-bore 

temperature distributions wit.h depth and near-surface heat flux 

patterns can be predicted with approximate quantitative accuracy. Of 

c:ourso, our simplified model, lac:Hnq many of the d .. tailed f@ature~ 

beli@Ve<'l te exist at East Mesa,should not be t.hought of as the definitlve 

d"ecdpticm. 
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F.A.ST MF:S.O. FitL[l ~T.O. 

'!'he t.:ost /'leSa geotllermal &nCZ!\4lY is located on the northern flan~ of 

the Colorado !U ver delta and on the eaat. side of a aeep sediment-!Uled 

structural baain called the Salten Trouqh, '!'he basin contains three main 

rock qroups. 11 lower seouence of mainly nonmarine sad101ent<Ory rocks of 

' early te middl" 'l'<>rtiary B<J" dooni.nate the b<lsal o.nit wllich mconformably 

overliee pre-Tertiary metamorphic an<l iqneous rocks. '!'he marine ~perial 

fon~~ation of Pliocene a<¡e COI!Iprises ths beds of the middle seqUenc:e •. n.e 

upper sequence oonsists predominantlY of nonmarine deposita of late 

Tertiary and Qu4ternary age derived mainly frcm the Colorado River 

drain,.ge area. 'l'his upper sequene<~ aceo.a1t8 for most of the valley fill 

in the oentral part of the trough. Within its thick accumulationa o! the 

':"'m<J val ley fill, the sedimenta of the imperial Valley compris<! a vast 

-ter rese.;voir. The hori%0ntal pert~~eability of the sedime.nts i.s ~nuch 

larqer than the vertical fE':meability becimee of the p:r.,sence o! platey 

and "llipaoidal o¡rains often aliqnell durinq eedimentation, '!'he exietence 

of tha lenticular elays also raduc.,s the v"rtical fE!rmeability• 

The atructure of th" Imperial Val ley i.s controlled by numeroua .stri~e-

slip !aulta o! the San Andreas and San Jacinto fault eystem. Th~"" 

faulta lfith no surface exp:ressiona [Rex, 1970¡ Babcock, 1971 1 and o:.mbe 

and Hadley, 1973) have been interred at the Mesa angnaly by inllirect 

mean.s such as resietivity s~veye, oblique aerlal infrared photO<¡raphy 

and microseiemJc activity (Fi9ur" 2), The Combs-~adley tault is also 

called the Mesa fault [Comhs and Hadley, 1977]. fb""rd "'tal. (1978] 

lnferred two nearly parallel faults b!lsed on the sei=ic and well loq 

data. The position of one of these !aults is very close to that of tho 

~sa fault (Fiqure l). 

• 
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'· 
~lectrical resistivity decreasea-with increaslnq temperatura anñ 

increasing water salinity. Therefore, the cornbined effect of high salin\ty 

waters and hiqh temperaturas in a geothennal reaervoir make electrical 

resistivity aurveys a valuable tool in locating ~othermal anomalies. 

1'\eidav and F'urgerson [ 1971] 1110.de ~ d<!taile<l electrical resistivity study 

of the Imperial Valley llt 305, 610 and 915 meter& depth. 'Il'leir resulta 

ahow a regional resistivity gradient wh\ch decreaaes northwestward from 

t\"le south,.ast comer of the Imperial valley, near th" Colorado River, to 

values about two ordera of magnitude lower at the Sal ton Sea. llased on 

the resistivity .iurveya, the followlng concludons can be derived: 

groundwater salinity increases with increaaing diatance frorn the Colorada 

River. Many of t:he faultB in t:he Imperial Valley act: as aquitards and 

réSt:rict: horizontal water 1110vement. Resistivity lowo; are fo!Zld at the 

E<ost: Mesa, Sal ton s..a. lleber. Brawley and Dunes qeotherrnal anomalies. 

Gravity studies of Biehler [i971] revealed the presence af a broad 

positive gravity anomaly throughout the Imperial Valley. It may be 

due to either an emplacement of high density cruatal material beneath the 

trough axia ora t:hinner than average crust beneath the Imperial Valley. 

1n increase in the denaity of t:h" crustal !!lat.,rial can be caused by clay 

<'liagenesis. c""'"nt:ation and/or t:h .. rrnal meta:norphism. som .. or all ,. 

the above factors migM. be contributing to the qrav-ity anomaly in the Ea11t 

Mesa are a. 

Combs and Hadley [1977) reoorded m1croeart:hquakes asaociated wtth 

the East Mesa Anomaly for five ""'eks <l<Jring the au:nmer of 1973 and 

defined a new ri9ht lateral stri>e-slip fault. called Mesa fault (Pigure 

2). ~e focal depths of the microearthquakes ranged from near surface to 

about: a k01. ~>re than half of the lo~ated evomts have hypoc~nters 



' 

greater- than 4 km whH:h is approxirn~tely the <l"pth to cryetalline baeement. 

This data showa that the fault is active both above and below the baSI!IIIent. 

1\ more recent rnicroseisrllic study cont~nuously conducted at East Mella 

during the Iaet 186 days of H77 is desc.-ibed in Howacd et al. [1978] . 

• 
This latest study detected no lOCal events within the East Mesa field 

for those six "'?nths, although a «ignifjcant mltnber <Jf events with 

hypocentecs located else\olhere in lhe Imperial Valley wer~ record(ld 

by the six-station instrument array positioned at East Mesa. 

Areas of high near-surface heat flow are generally associated 

with active volcanism of c¡euthermal areas (Bailey, 1977]. 

Pigure 2 show~ the heat flow contours and the locations of the test wells 

drilled 1.1\ the East 11eaa area by Republic Geothenoal Inc., ll"lited States 

Bureau of RPchrnation {USBR) and Magma Power Cornpany. Repuhlic 

Geothermal me. has drilh•d siK """lls to date, rangin<¡ in <lepth fr0111 2.25 

la:l to 2.77 \un. 'I'oward~ the south, th" geoth<!rmal an<>l!laly has been 

explored snd asaessed by USBR {fivo 'WGlls) and Magrna Power Campan'! 

(three -u al. "nle ¡:olliticn of the heat now contours aro~r~d Mesa fault 

confirma the hypothesia of COmba Md Ha•Hey [¡gn] that the Mesa fault acts 

aa a conduit for rising <>aothsrmal flui<la of the ~li>sa snomaly. l'nrriaon 

et al. [¡979] discovarerl. a dipolar self-pot...,tial anom.dy l-n the Eaat 

Mesn field. SUch anomalies are often associated Wlth faults which are 

thought to serve as conduits for gaothermal fluida, or with areas of high 

heat flow or vigoroua aubsurface fluid flow [corwin ct al., 1978). The 

loc<~tions "f the charging pldnes baucd on th<l self-potenti<~l study are shown in 

Figure 4. lt can be noted in this figure that the chargin<¡ plane 11 ,_ 5 loc.,ted 

very near to M<!Sa fault and thus confirms the prev~ously ment~oned hypothesis. 
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Th"se charging vl~nes rdnq._. fr= ahout 300 t:o 600 m ~n width. 

Borchole lQ<¡ging <l.lt<l indicate that i:hu stratUIO. i" th" uppe.-

600 to 700 ~ ~s clav-dominated, below 2.1 km it is shale-dominated, and 

in the middle it is dominated by ~anda and aandst:anes. It is this part of 

the fuld that is considered to be a high,ly penneable zone consitutinq the 

geotherma1 reservoic. ~ plot of temperature versus depL~ in the wells 
' 

sholo'S three Clifferent qra~i.,nts [Goyal, 197a]. st.,ep ..-r .. dients in the 

upper 700-900 m are associated with vertical heat tranafer by conduction. 

Preaun<Obly, the presence o! lar9"' a.nomts of interbedd~d c1ays pr<"V""t" 

verti=l conveCtial ~rom 00:.\ln:Íng. Temperatures are less variable in the 

ll'.iddle zone, which extends up to 1900-2100 m. lleat transfer in this zone 

is profound1y 1nfluenced by coñvection, which is possible in sandy zones of 

n·latively hi<¡h ~rmeabillty. Steeper temperature gradients are seen below 

1900-2100 m in Mes~ Woll ó-1. It would auoe~r that the ct.anoe in rnode ot 

heat transfer from convection to conduction dt this depth is due to the 

presence ot J.nCrea'lingly 1arge arnotz1ts of ahales in tiu11 zone. f'lgure 5 

shows the temperature variaticns of the ...,lls in th" permeable zon" of 

the an<:""aly. It can ha seen tbat wells 6-L 6-2, 8-1, 44-7, snd 48-7 are the 

hottest ~n th~s area. Flat temperature profiles can be se<"n in 

""lls 8-1, 48-7, and 44-7 bet""en th" depth" U00-1800 m, 1600-2100 m, and 

1500-1850 m respectiv~ly. (he coutd interpret theae flat rortions as zones 

that _.re stron'JlY affecte<l hy fault ume flow. 

CONCEPTlJI\L MODEL 

The oonceptual mod,.l of th<l East Mesa 9eothermal system is sho"l"l 

!n Figure 6. 1'he basement co"lplex of 9ranite-metamorphic rocks ~a at a 

depth of about 4 km trom the surface [combs and l!adiey, 1977]. 'nle 

• 
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¡,.,8 ...,ent oomple~ h subjeeted t.o failure md•u- adequatf'. st.resBes. Frac~ 

tures, onCf' formed, 10oul<l tend to be preserved in this high~9trengt:h 

rock, 11early vartical tension fractures probably -re the Urst 

to !orm during the evol~tion of the Sal ton l'rough. ThCse 

fractures would increase the vertical pormeabilitY much more than the 

' horizontal perrneability, 

' 11 shale~dotninated zone overliea thfl baa.,..ent. lt h characterized 

by (11 stesponing o! the tempo~ature P.,ofile in Mesa Well 6-1 below about 

2100 meter& dflpth, (2) an incr<Oase in percentage o! shale Md correspondinc¡ 

decrease in sand8 below 2200 m depth, and (3) marked chanc¡e 1n sal~nit~es 

below 2200 rn depth [Black, 1975 ). This !ayer e~tende from the has....,ent 

comple~ to ebout 1900-2200 m !rom the surface. Here the sedimenta 

• are indurated by overburden and heat. They p:robably fracture, c¡iven any 

movement en the baa.,..ent faulta. The v<trtical permeability of these 

sedimenta is expoct .. d to be good near the fracture, but quite low 

away frorn it. The horiz~ntal pe~eability in this !ayer is also 

thought to be only moderate because of the pres .. ncs of clay snd dirty 

sands. 

Sands dominate the eedirnent~ry zone r~om about 800 to 1900 m depth. 

Horizontal permaability in this zone is orobablv better than in the 

underlying material bacau•e of c¡~eater sand content and cont.inuity and 

leas ~paction, Vertical permeabili tY sho~ld be good no=ar the 

fr&cture zones and ~n general should be better th.on in thc ~r~derlyinc¡ 

bede because of the greate~ ao10mt. of aand. Excspt n.,a..- the fractur" 

zones, relatively fresh -ter in this sand4dorninated zone rnay be prevented 

!rom extensive m~xing lo'ith more aalinl! watf!~ in the S@<liments below 

by the restricted vertical perrneability of the sedimenta in the lower 

zona. 



The next 600 ~ or so of th~ s~dinenta ~re ~oninatcd by clay· Frac

Cures nny !orl'l tenpor<~rily in thesc s~<!i.,ente wtth ~u~den differentl.\L 

rnotlon, hut unrler li:\ht lo~·lio>t~• fr~cturP~ In thes•' herls WCIUld tend to 

clo~e by slo"' flowagc unless therP arP repeated h.at movements. The 

vertical perneabillty is probably very low ln the~e young sedimenta, but 

tlle nunernllil ~~~~lln"' .,..,lis in the'l' lndtr~tP. th>lt the!r O,orizontal pPr

'"~ahllity la ~ood. 

'!'le upp.,r 2011 m of the val!ey ffll appenrs to have IOIH<' sand and 

better porouty than the underlyinr, ~one. Vertical penneabitlty h 

9robahly 1'\uch hi~O,,;r th~n !n the 1111derlyin¡;: zone. J\owever, thls ~one 

and the "nrlerlyinB clay-dominated """"- p~obably bf'have tn ainilar 

ways whcn subjectcd to stress. 

In au~~y, what vertical permeRbility e~[gt~ in the lower four 

z"nea is due aimost eotirely to fractur~a, where~s.e~c.e>pt in the vic(n!ty 

of a fracture, horizontal flow In these zones ia largely de~endent 

uron intergranular permeahil!ty. The ~~jor source of fluid for southern 

Inp@ri~l V:~ll<'y brin<'~ is lhe underflow frnn the Coloradu Rl~er. This 

water percnlatPs r.raJuolly 1nto ""~!menta an<'(or fractured ~ase~:~ent rack 

over an area coMlderahly larp,cr than the anonoly !to~lf. ~enterl at 

rl"pth by an as Y"t undeftn<'rl aource, the IlGuld can riso ln the IJt~.h 

pe=eahility fracture<! fault zcne. convectlng <'.nergy towarda the aurface. 

\lhen a horizontal aquif'!r of re!atiV<•ly large perneability is int~rRectnd, 

reservoir charc-t<w, wlll oc~ur. 

::ATHIJ!AT!CAL IIOTlEL 

Thc rP.lative posltinn~ of tht> hent flux cnntnurs about thP. ll<"sa 

fault (Fi~uice 2) tell us tbo• th<' hot wat"r r!ses up the [ault ~nd then 

sprea~R laternlly toatng he.H to the sunoundlnr,R. Thh -trl"'" 1.~ .1ls'> 

• 
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conffrmed by the location of the charqing plane A in Figure 4. 1f 

we consider a vertical front view at ~ctian AA' of Fiqure 2, a two 

dimensional vertical modal such as that given in Figure 7 ~uld 

reault. In this model, we havc'combined the upper two zones to 

represent a clay cap and the lower two zones to represent an 

aquifer. The fault is hypotheshod ro be a vertically 

oriented reqion of heavilY fractured """teri.,l o! finite l<idth (2Ye'l. 

The vertical extent of tM fault and ita seeond horizoncal dimension 

are large ~pared to lta width. The fault eMtends downward throuqh 

the clay-rich region (cap) of thiclrness i', througt: the interbedded 

sedU.ents ot the reservoir for a distance L', and finally into the 

bas.,.ent rocJo:, It is poatulated that the fault iS charged at depth by 

liqutd that has b~en heated in an extensive basement frnctured 

system. The r~te of charqe cannot be ohtained! E[iori without a 

global analysis of the en tire crnwection procesa. The liquid risas up 

in the reservoir aou:ticn of the hult. The presence of claya in the 

cap suppressea the vertical tr~neport there. Water puahed out of 

the fault by the overpreaaure associated with convection is assumed to 

!low horizontally in the aquifer. The venical tranaport should be 

les• importan t. in larq<> beeausa of the presence of shaley la'f"rs 

~ssociated with interbedding. 

ror mathematical purposes,the fractura zone is idealized a5 a 

vartical slab of porous medium. The adjacent aquifer is represented as a 

poroue medium of lateral half width H' with horizontal permeability much 

larger than a vertical value of scall abaolute magnitude. The overlying 

clay cap is a&sumed to be impe~eable. Spatially uniform temperatura 

bomdary condltions llre llnposect on th" cold cap surface and at the hot 
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bottom bomdaty of thf' reBervolr. tn thP ht~ral huundary tar from th~ 

fault (H' >> L' )) Y·') the t"'"P<>Tature rllstrlhut_loro le 11911,..11<'1 te t><> • 
controlled by vertical conduction. The aa&ociated ¡ressure diatribution 

can be foU"Od once t.he denBity diotribution iH catculated. Finally,a 

horizontal M~SB flux is perm~tted in arder te oonsflrve matter. 

A quaai-analytic theory is developed fo~ h1gh R.o.yleigh n~m~her con-

vection of a liquid in a dqid ¡:oroue '"edium. In this approxilllation 

' 
liquid risea up the fault and spreads into the near reqions o! the 

reservoir adiabatlcally, Th" cooling effect of the cap in the re11ervoir 

is conflned to a thin layer adjacent to the interface. The layer grows 

.. tth distance frao thll fault, In the far field cf the aquifer, th" full 

depth cf the reservoir is cooled by the aurface, 

A detailed derivation of the deacribing equations for a thermally 

active, saturated, and deformable porous material is given in Goyal {1978]. 

The equations used here are obtained from that set by assuming that 

the flow is steady, the solid matrix is rigid, the fault medium is 

homogeneous and isotropic, Liquid properties (except density) sre_constant, the 

thennal conChlctivities of the fault and aquifer media are constant and 

eqll41, the clay cap ia impermeable,and that the vertical ~rme~ñility in 

the aquifer is much "'"~ller than the hori=ntal value, 'olhich ia equal te 

that of the fault. Thus for all practical purposes vertical velocity in the 

aquifer is nearly zero. In addition, the Boussinesq approximation is invoked. 

Thc describing dimensional equations are: 

rault zone: 

V' + W' • O 
y' ~· 



" 

,. • 
,. 
,. ,. ,. '" 

,. 
1- ll W' • ,. ,. - '' 1 • q'(P' - ' ' DI n :z:' o 

,. ,,. ,. ... ,. l • ~ ' { T' • ,. l «1 

' 
,. •' m y' y' z' ~· 

' ' • ,. 1 1 - o' "' ,. 1 1 <'1 o • o 

Aquiter: 

v'(z'J - - ¡:;• 
Y' p~, 

e• v' o• • ~· ce• ._ e• 1 
p y' m y'y' z'~' 

clay Cap: 

.ma~e the vartablea are deUned follo"'ing cquation (25). The solution of rhe 

~hove aystem ie eubjRcted to the followin9 boundary and continUity con<:Htions, 

Bomdary ConditiCfls: 

Faul t zone 

W'(y',OJ~O 

+y e' J W' (y',- L') dy' • 1'1', 
-r,., 

irnpermoable upper boun<ldry 

input mass flov rate (lO) 

• 



T'{y',- L')'" 

T', (0,7.') .. O, 

' 
Aquifer: 

a'(y'' - I.'J .. 

6'(1\', z')'" 

,, 
'"''~ 

hot lo""'r bot111rl~ry 

hot lower bomdary 

- T' ) 

"' 
L'( ~·<O, aquifer edge 

• • 
wbere T' ia the aq¡dfer-clay cap interface teroperature at the far field 

"' 
boo.ndary and can be expresae~ as: 

,, t'T' • ¡r.• L'T' ,, • ~' •• • 
n 

Clny Cap: 

e"' (O,z') ~o, ,, 

•' 
• 

• L'~c • 

~') M '!'' .- (T' 
ae ac 

o 

- T') • 

cold upper bo1Jl~ary 

•' z'(f', clay cap ed~e 

Cont{nulty Conrlltion• at the Faltlt-Aquifer Botnrlary: 

T'(y~, r.') ~ e'(y~, z') 

V'(t_ Y~. 7.') * + v'(z') 

(ll ) 

02) 

(13) 

(14) 

(lS) 

( 16) 

(17) 

(lR) 

(19) 

(20) 



:~o 

P'(y,,', ~·¡ • p'(Y,,' ,~') 

c:nnt!O,,ity C:ondltlon~ 11t thc Fault-Clay cap Bo~ndart: 

' ' ~· T' ( ' O) ~e e" (y' O) 
m 2' Y ' • "' z' ' 

Continuity ConditionG at the Aguifer-Clay cap Botndary: 

e'(y', o¡ ~ a"' (y', 'l) 

• . e. . ,, (y', O)• (y', O) 

The di~ensional variables are defined by: 

• 

( 2l) 

(22) 

03) 

(24) 

(25) 

o' • horizontal Darcy mau flU< in the fa 1•1t per mit area, gm/cm 2-sec 

•• • vertical l><lrcy masa fl101: in the fll•lt per 1nit area, gm/cm2-eec 

K' • fault permeability and horizontal permubility in the aQuifer, cm 2 

v• • kinemat1c vtscosity, cm 2/sec 

p• • fault pre111ure, dynu/cm 2 

P~ • cold hydrottatic preuure wtth respect to density P~, dynes/cl'l 2 

p~ • dendty of the ltquid at the B.ll!bient tamperature T~, gm/cmJ 

o' 

,, 
' ,, 

- density of '"' liq ••id e.t '"' -acceleration dl1! to gravity, 

- apectfic heat of '"' liq uid 

• fanlt o tel.'l¡>erat ,.,.., ,. r. 

temperature 
,, 

' 
gn/cl'l~, 

cm/aec2 

" cnnstnnt preuure, cm2/sec2- oK 

).' "mediun thenoal conh'Cttvity of the fault and the aquifer, gm-cm/sec 3-
0 r. 

" 
a' • coeffictent of thennal expansion of the liq uid ,/°K, • 

• 

• 



,. 
o 

~ arnbient 
•• 
o 

tem¡>erature, K 

¡ 

v' ~ hori~ontal Darcy masa fl 1ot in the aquifer per lllit arca, gf!l/cnLse~. 

p' aquifer preas~~re, dynea/cu 2 

e· ~ aqt:ifer temperature, °K 

'

o ' o, • c~ay cap temperature, 

' 

' • !<e!'lifault \iidth, oo 
o 

L' ~ depth of the reservoir, crn 

maas flow rate per 
the plane of paper, 

• mit length in the direction perpendicular te 
g,o/cm-eec. 

T' • I!Ulximtm t~m¡>erature at the hot bottom bo1ndary of the reaervoir,°K 

""' 
W • width of che aquifer in the y'-dtrection, "" 

t' thickness of the clay cap, cm 

>.~' • t:IC<'Iil~ thel'lllal condu;:tivHy of the clay cap, gm-cm/scc'-°K. 

ln the fault, where the chnr-acteTi~tic horiwntal dimel\sion and velocity 

COI!I¡>onent are m1JCh sm~ller than their vertical cot"l1terpart, thc appro-

priate nondirnP.nsional variables can be defined as: 

v~ v'/y 
" ' . ' , . T' IT' 

o 

T • (T' - T')/T' P • (p' - p')/P' 
""'X aa' Ha 

(21i) 

s.,hstltutlan of {2f>) 1nto (1) to (S) learis toan inherent balance betwecn 

th~ buoyan~y. Darcy anri p<~SStTc terms in the vertical nomentum eqt8tion, if 

• ref~rence convection v~locity 



p' ~o 'o'<>' L'fiT' • reference convectlon ''ressure o o .. 1! 

p' q'C' IJ.T' 

'· • -·;,"'•¡rye"' -i.'(IJ.T' /L') -

" 
where o'..T' • T' .,.. 

max n 

'!'he nnn-di!Oensionlll eqUitions, transformed botndary and c<>ntintdty 

conditiona relevant in the fault zone can he wdtte~ as: 

fatolt Zone: 

Vy+W~·O 

W • - P + (T-l)/1 

' 

,. ' " 
l>(y ,O) • O 

li('J,-1) - ~1 

'1 • W/:<' 11' ~ 2y' 
o ' n e 

T('J,-1) • l+T 

Ty (O ,z) • O 

• 

' ' ' 
o '· 

• 
(27) 

(2~) 

(30) 

(31) 

(32) 

(33) 

(34) 

(3tí ) 

(37) 

(Jij) 
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( 'l~ ) 

(40) 

., 
where ~ is the ratio of the thermal.condt~tivities of the cap and 

the equifer, F~uations {3f!) an~ (39) represent the continoity of 

temperatura and heat flux at ·tbe boundary between day cap and 

fault. ·In the aquifer, where the horhontal scale is measured 

,hY 9 ~ y'/H', the pressvre p; P, the te..,perature S T, and the 

velocity va V, the appropriate system of eqtations i> given by: 

Aquifer: 

v(z) ~- ry/~ ( 41) 

( 42) 

1'.' /L' ~ d/y~, d ; 0(1) n\lllher (41a,b) 

The rnagnitule of 11"' with respect to the falilt depth L' in (4.'\) 1• 

chosen to enst.re a balance between the nondim<msional andfer velodty v 

and the horizontal press<'I"e gradient shown in (41). The nnnber d, '"'"d 

in this stt<ly to define the locationof the far-field houndary of the 

aq>•if<>r, will be dHermin"d by ffnding a locatlon whPr~ t_h., hori~ontal 

tempernture r;rndient in thc aqtdfer becomes vanishlngly s~:~all. Jt may 

he emphasized that the horizontal motlon exists at the far f-leld bot01dary 

b~t the heat transfer is dm to vertical conduction only. The nondimensional 

hot.,dary and contintoity conditions f<>r the aqt>ifer are: 

ery,n)"' e"ry,o) 

O(" !1) • ¡§('O) z y, z y, 

( 41. ) 

( 4 'j ) 



e(}i,-ll - ,., ( 4f.) 

.~- ' ' ,) ""' -• '" - ' ' ,, (47) 

a('} • 1 'z) . ' ' (t-Az),-l'z<O + A+! ( 48) 

where t • t' /t:. Eqwtiona (44) and (45) npreacnt the cont1nllity of 

the ternperature and the heat flt'lC at the interface between the :..quifer 

and the clay cap. 

ln the clay cap, .mere the temperat ure e" • the energy eqtu-

tion, boundary,and continu1ty condit1ona are aa follows: 

•. 
d2e" •' • + - o (49) •• " '' 

a"(y,tJ - ' (50) 

' (51) ·- (O ,z) - o 
' 
' ' e (l,z) = 1 + l.+t (_t-2) • o ' ' ' ' (52) 

Temperature and heat fltoc conttn .. ity condittona bct~o~een thc fault and clay cap • 

and aleo between aqulfer and clay cap interfaces are already expressed in eqta-

tions (3!1), (39), (44) and (45). 

In order to proceed further we m un consider the mngnittde of the 

ll~yleigh nnnber and the pararneter Y aasodated with the East Jteaa ano,aly. 

Tite depth of the basPment in this anomaly h abot•t 4.15 km [Comhs, 1977]. 

From well logs, one can aaaume the thickness of thc clay cap (t') to 

be O,R km.. "i'hl'S the reso:;rvoir thickneas (L'), conaisUnll of both low and high 

permeabilitY zones,eqmls to 3.35 km. The nltlo (l) of cap thicknesa (t') 

• 

• 
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to the reservoir depth (L') la Chus equal to 0.238. The for=tion te1'1pera

tures, bued on Na-K-Ca geothen>~<lllletry, are about 200°C :t J0°C [!lailey, 1977]. 

If the for&ation temperature (T~x) is aaatned to be 200°C, we find 

that che .,axiotUII temreratt>re difference (I>T') across the syster:1 h 175°C and 

thc overheat ratio (t) is 0.587, The thennal condtctivity of a geothe=·="::o'--,c--~-

reservolr d~pends on many faaors·suoh as itR p<>rosity, p,rain aize, "ize 

distrih.,tton, physical properties of rocka an~ flui~s. fld.d saturation, 

temperature,and pressure. In the lalxlratory, the thennal conda:.tivity of 

rock sa~:~plea la fomd to tncrea!Íe with tnereasing Itquid'saturation {SOI!Ierton 

et al., 1974) and decreases with increaaing temperstt~es [~rtinez-Baez, 

1978 l. The thermal conductivities of the asturatcd saod stones were 

-3 -3 o 
to vsry bctween 4 x 10 to 6.4 x 10 cal/cm-sec- K in 

the Cerro Prieto geathennal Hcld, 11exico [)1artinez-llaez, 19781 • 

Ilesidea heing less than 50 km apart, ra.•t Me~a and C'erro Prieto fielrls hath 

He ln thc Col<>rado River delta Btrnti)lrnrhtc syst~m. ThL•S th~ phya!~nl 

propertiPs of .the sedtments in the two sy~tems are nat expected to vary 

m ~eh and so we assuoe an ave ralle thermal condu:tivity (l') vali" of 

" 
4.91 

o 
cal/cn-sec- K for the reservolr pan of the F.ast l!e5a 

syste ... 11easured then.al cand!ctlvity val,it,s of ,,.,cansolidated san<ls, 

silts anrl el aya in the upper 411 ta l)fl !'leters ranr,e fro" 2.4S x lll-J 

to J.I!R X [conbs, ¡qn]. 

cond!<:tivtty ().~') of 3.44 x 
-3 o. 

10 · cal/cm-aQc- V h assumed for the clay cep 

of the Eest r!esa systcm. This date le:lds to a thermal conductivitY ratio 

(A) of 0.7. 

',,· 



'l'he perneability VRlue~ nhtRtned from thc l~g analysis for the ~epublic 
• 

geothcr"al wells rangecl from 6~,1\ ~~ to 9~1.1 md at a depth interval of 152~ 

m ro Zl:l~ m [Snith, ¡<179], A clraatie decrease in the pemeabtlity 

values vas noted belov thls depth tnterval. Baaed on .,.,¡¡ test analyBis, 

the perneabilitiea of the USBR wells ranged from 30 md to 84 md 

[llovarcl et al., 19711]. Thu~ we have assumed a repreaentative value of 

100 t'ld (1:' • 10-9 c,.,<) for the perneability in the F.ast Hesa area. If the 

thenoorlynaolic variables ~valuated at 

(27) and (35b) 1we Hnd that 

q~ • 0.4J cm/day 

p~ • 14.7 at., 

R • ~31\. 

,, 
o 

o 
• 29R K are uaed in 

For a fault width of 230 .,, as calculat~d later in thi$ paper, ve flnd 

fro111 (35b} that !!0 ' • !1.8<1 x 10~ k¡¡;/day-kn.. 

The local values of the above parameters ~y be 10 to 20 times hi¡¡;her 

if the local valuea nf the phyaicdl properrtes are used. The Rayleigh 

nul'lber :ls also senaitlve to the changes in permcability, The large 

valucs of R suggest that the energy transfer asaociated with liquid 

convcction is far greater than that duc to conduction. In this regard 

one may e~pect that fluid particlea ~oving th~ough the syate~ will tend 

to behave isnthermally unle~e affected by cooling associated with a 

~clatively tolrl bounrlary. 

It is possible to e.nleulate the fault wirlth hllaerl on ener¡;y t<anBf"r 

~onsidnrations as follows: 

en~rgy convected upwar~ in the fault, per unit area • p'a 'e' 
o 

• 

• 
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_,_ 

uh<lre e' ts the interna! enerp.y of the liquid flo11inr. in the fa<Ilt. For 

an AV<'rap:~ t<'IIIPeratur~ nf 21'l0°C ln the fnult, the r<>nver.t<'rl c•ncrf\y 

1~ nhnut 10 7 ~al/sec-l"m 1 , ln oontrast, for a norm11l tenp~rMure ¡:r;uli~nt 

of 30°C/Icm, heat conducted throur,h the clay '"'P 1s ahout 1!1 4 c~tl/se~-krn<, 

Thua the convected ener~y is about 1 orders of mallnltude lar¡::er than th~ 

purely cnnductive flux. The temperature drnp experienced by the flutrl ln 

,.,0vinr. frOI"l J<eaa 1..'ell li-2 to 5-l 1a nbout 10% in the conv<'c.tlon-domin<~terl 

zone (Figure 5), Thus for a 10% ener¡:y loas to the surroundtnes, total h~at 
• 

lost throup:h the '"'P is equal to "FxlO&cal/ser where A~ ls the 

arca of fault ln km~. Thts quantity, when • meaaured from the contours of 

Figure J. is ~.118 x ¡flb ""1/sec r.~ossin~ an area of llfl k..,~. IJpon "quatlng 

thesP qnantlties, one can then ohtAin the horhontal fa,lt ~one arca (Afl 

of ~.HI\ kPI~. Stnce t~e thercal actlvity of the ~esa fielcl P><t~nn~ along thc 

primary fault for about 21 km, a fault (fracture zone) wldth (2Y,.'l of 

2.~0 rn h ~ug¡;:est.ed. ~lorrtson ct al. ll97qj cal'1e up with ,, fault wldth o! 

300 ro óOO m base~ on thelr self pot~nti>•l stu~y. It may be noterl that the 

l'esa \lell 44-7, locateñ at the lnterse~tion of thC. Rex and Babcock faults 

(Figure 2) ls the hottest in thc fleld (Figure 5). This nuggeats that 

the lfesa fnult is not the cnly fault ccntrlbutlng to this nncmaly. Thua one 

sho.,ln recogntze that thc suggest~d fanlt wldtb ls an order-of-magni-

tudc estlnate. Given the variable nature of input, a rang~ 5rl n e y e· e 

150 r.t might he 11pproprinte. lf the characterintic pe~eability were far 

smallcr thsn 
-9 2 

10 cm , the fault zone area estímate would be far larger 

and thus not represent~tive of th~ relati~ely localiz~d anomalous propcrties 

of the Mesa field. 

The para.,eter y is i'ISSUI:le<! to he an 0(1) nu,.,her because y e ls consi-

dere~ 11mall. For inatnnce, a value oí 0.014 is obtalned for y e and 0.61 



for Y if the previonsly discuued <lata of f.ast J1e&a is used. In the 

~athP~atlcal anelysis, solutions are sought In the ll~it of large ~ with 

Y • ~(1), implylng,of course, that ye,19 S01all• 

' Above the fault the cooltng effect of the cap ls confined to a thin 

the~sl-boundary layer adjacent to.the cap-fault interface, for a high 

~ayleigh nu:ober flow. T'he cooled boundary layer thidc.ne~s tncreaaes as 

the fluid movea horlzontally sway fr01:1 the fault. lleneath che boun~ary 

layer, the flow is lsothermal. In the far field, the Rurfac~ cooling 

effect influences the tel'lperature dlstrihution throughout the aquifer 

depth, • 

It can be noted fron (2~) that the horizontal pressure gradlent in 

the fault is very snall, O(ye 2). Thua the baste fault presaure is only a 

fun~tlon of depth ~nd can be calculated in terms of W or v. The horizontal 

aquifer veloc!ty dhtribution v(z) can tben he calcula red explic!tly fn>m. 

(&l) becanse far-field pressure 1s known once (lA) and (18) are specified. 

Upon decouplinp, thP fluid mechsnics fron the the~al problem, the energy 

equntion" (42) an~ (49) can be aolved for temperaturea in the 

aquifer and the clay cap respectively, ensuring thH continuity nf the 

tenperature anrl heat flux at the interface. To detenlline the temperatures, the 

fault aquifer system is divlded into seven regiona as ahcwn in 

Pigure A, The sclutlon procedure le slnilar to that used in Coyal an~ 

Kassoy [1980] to rl<.>sr.rihe the capleas sy8tem. 

First we obtaJn the has le temperatures in the fanlt and near fsult 

reginns of the aquifer (rep,lons 1 to 4), 1/ith the interface te10peratures 

known, we then calcular~ the lowest-order temperatures in region 6 of 

the clay cap. To ensure th~ contlnuity of the heat flux at the interface, 

we then calcuhte the b01mdary layer tcmperatune corrections in rep:ions l 

and J. 

• 
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Fi~ure 8. Seven different regione in the fault-aquifer system. 
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Tenperatures in re11ions .~ and 7 are sub•e<¡uently obtained fnt Y"'" o. 

With theae known inicial conditiona, equationa (42) and (49) are eolved 
• 

nulll<>rically tn regiona S and 7 for continuoua heat flux and ee10perature 

at the interface. 

FAULT 7.om: SOL\JT!ON 

an insulator that reduc"s rhe heat transhr to the sutface relative tn a 

capless aysten. The baSk tecp~rature of rhe hot ltquid riaing in the 

fault ata l,fgh Myleillh nurnber vill rptl&in at the supply tempe:rature. 

Sincc the cooling can nccur nnly throuRh che cap, the lo~at order 

temperatures in re111on~ 1,2,3 and 4 of thP aquffer are also expected to 

be equal to that in rhe fau!t. Once the t<mperatures in th" fault ~one 

are known, solutiona for preasurea and velocitiea in the fault and 

aqutfer arP calculated in a nann"r similar to Coyal Hnd Kas~oy [\980]. • 
!n this case equattons (29) and (30) are solved to obtRtn a relation 

between IJ and P en the lo...,at order. rt curns out that to thia order 

both P and W are functions of z only. A relation bet''"'"•n aquifer velocity 

v and vertical fault velocity W can be obtained frot:l the rnans conser-

v~tion equatton (2¡1.). Hna\ly, nquntion~ (41) and (4R) can he used to 

detert:'line a r<"latfon bet'"""" faul t preuurp P and aquif<"r velocity v. 

!t can bo noted that equation (41!) is used ro deten:lin<" the hydrontatic 

pressure st the hr-fiPld boundary of rhe field. Three relaciona thus 

obtained, can be usf!d ro f<>rm s aerond order ordinary differential 

equation in term~ of W, and the equation can then be solved for boundary 

conditions (33) and (3f,). Once '.~ is kno~or~~, P and v can then be obtained 

from the relations mentioned aboye, 



The baalc sOllltlons of the fault-aquifer sy•tem -H~: 

T • 1 + T 

V· y j a2 cosh ñ- + b2 s\nh ~ ~~t .j + ()(y 2¡ . ' 

v(z) 

where 

' ' 1' + A+t cosh 7d 
112 ~ -,c.7·--'"'--,,-'" 

J Hinh Tri 

, 
cosh Tci 

, 
7d 

1 -

+ O( y., 2) 

{~3) 

( 5~) 

( S 'i ) 

(';(,) 

(57) 

(SA) 

(59a,b) 

It rnay be noterl thllt(-
t'-2 ~ ... ¡,,<) 

2
1-l-Zf representa Che pressure at tbe far field 

bounrlary of the aquifer anrl 1• cnns1Htcnt wlth the speciflerl temperature 

fleld (4A). It may also be observe<! that che temperatures Aiven by (5J) are 

only valid in rc,gtun.q 2 and 1, of figure 8. Once thc fault temperature 

is known, one ~an ~akodn[(• th~ b~Rlc temperatur~a in region 6 of the 

clay cap frorn the system uf <\quat!ons (q¡) te> (q;). The rc~ult iB r,iven 

by (96). The contlnuity of llcat flux al tllc iHlrhnnt~l Interface 

' betw,'en tbe fault ancl rh•• day cnp !rnpllo•s th<~ nec<•sslty of a th~rrnul 

boundary lay<·~ n~ilr the t<lp nf ch., fuu\t, lf tbe "pnroprlatcly scaled 

variables 



'· . (M\a,b) 

are nacrl in the ba~lc fnult-zone ennations then the lowest order bouildary 

layar· syst~'" has the forrn: 

Voy 

pl;¡ 

' 
_, 

o 

' 

.. 
+ ~'o;;: - o 

-o 

,,_ o - -, 

HowPver, lt can he "een that the lowest or~er fault te01perature T 
o 

Prcssure P 
0 

are constant and when !'latched with the outer snlutions 

(SJ) and (56) one finds that 

F:quation (65) satisfies the energy equation (64) identically, The 

solution to the system of equations (61) tO (63) is subjected to the 

followlnp, boun<lary, matching, and continuj ty condition~. 

[equation (84)] 

' 

(61) 

( () 2 ) 

(63) 

( 64) 

.,, 

( 65) 

(66) 

(ó8) 

(69) 

• 



• 
It "'"-Y he nnte<' that the !'1;\Uhin!_\ conr'itlons (;i ~-~)"re 

ohtAfn<>~ fron the outer solutlons (5'i) and (.'i~) respectiv<•ly. The 

aolntlnn.< ro thiG syatem for All values of V nnd]. ntf' <>qto.11 to 

those "xpresaed by the mAtchlng condH\ons (~7) tn (f\9). Thh occurs 

because th" boun~ary !ayer h requlred to SOlOOth a dlscontinuous derlvetive 

of T rather than the f<1n~tion iUelf, The describing syateM for the O(y.,l 

ter!'ls is 

V¡ y+ \J¡z • e 

• 

The momentun equations in y and z directlons can be used to show 

that T1 ia only a function of ¡, The associated natching and 

boundary conditlona for the ayaten of equatlona (70) and (71) are 

<V , 
,, 

Cl)•-R. 

(equation (89) J 

[equation (96) J 

H l'lay be notcd that (74) impl\es continuity of heat flux ,¡( the 

horizontal lntnrface hetwQP.n fnult and clay cap. The solutlons to 

rhc svst~m (70) tn (75), ;,rh~n a~~e<l ln 0(1) solntions (~5) to (~9) 

for~ the co~rlote aolutlonR for tho boundary layer, as follows: 

- (70) 

(71) 

( 7 2) 

( 73) 

(7 4) 

(7 5) 



w•-(a~-~:t)z 

' - ' ,, 
rl(a - -) ·-TI=+' 2 Ht 2(J.+t) e 

T-l+T-ye 

' -

~[>+ '" erf(RZ)j + O(y 2) • 

(76) 

(77) 

(7A) 

(79) 

(80) 

Thc thermal boundary layer initiRted at the top of the fault continu~s 

into the adjac~nt aquif~:r over a hori•ontal distance to scale ye', In 

this initial aquifer zonc of water ~-oollnf:, the relevant loweat order 

equation for the ve1oc1ty ~nd preasure fielrl ia 

V (JI:) 
o 

the approorlatc houndary and contlnuity conditiona are 

p (l,Z) ~ 
o 

P(IJ~l, 
o 

2P+tJ 

[equat!on (66)) 

{Rl) 

{82) 

{83) 

• 



• (1\l¡) 

( 1\ 5) 

The aqutfer no.,entun eq11ation, descdbinp, O(y.,J tei"'''S is 

- - (MJ 

The npproprlate boun<lary and conttn,1ty condttions are 

p
1
(f ~ 1"1,7:) • P

1
(¡; • l,"i) • Z,! froo equation (fl<J) J ( 8 7 ) 

(k.- t) ( 81\ ) 

The uolut!ons to the syste01 (8~) to (111\) uhen a~decl to O(l) solutions 

{RI•) ancl (1\S) ¡;:lv" the followinr, conplete solutlons in the aquifer 

+ O(y 2¡ 
e 

( R9) 

It !s ohscrved th.~t thc l>oun<l~ry laycr solutlons [eqnfltion" (89) and (90)] 

natch "ith Lhc outrr !<n].,tlon~ [equatlnns {57) ;~nd (SR) J. 



'" 
IT.IIPERATURES Ul !RE CLAY CAJ> 

Thc lowest-o~der energy equatlon, In the region·6 where the length 

sc>d~ la of O(L'), h gtv.,n as follows: 

(91) 
• 

10here y • y' /L' ( 92) 

The ~pproprlate boundary cond!tlons are; 

e~Y (O,zl ·o symmetry (93) 

eg (y,tl • 1 cold top boundary (94) 

e~(y,O)•l+T, y • O (l) , bottom buundary (95) 

where 

•' ( o ' 
• ~.~) ls well behaved. 

The aymnmetry condition in (93) lmplles that che cooplete cemperature 

solution h ¡¡!ven by the elemencary fono, 

e~ Cd .. t + 1(1- fl (96) 

ThP. higher-or-der tempcratur~ rliatributiuns in che clay cap &hove the fault 

can be calculated in a manner similar to equations (91) to (96) lf the 

higher-order Interface temperatures are known. The Interface temperscure 

bec..-een clay cap and fault can be Dbtained ft= O(y.,l te,.s of equation 

(79). The temperature solution in che clay ~ap for jyj ' 1 1s 

given ae follcws, 

' 1 '1 ,lfh), 1 '1 ' 5 (y,z) • 1 + T 1 --¡ - Y e 21\e 1--¡ + Ú(ye ) ( 9 7 ) 

• 



• 
. . 

Th~ t•mrenot01re lo re¡;ton 1'> nf th~ clny c~p tor nll values nf y, 

whl<h 1~< """'Patihle with that io1 region J ol lh<l .J.qnlfer, can bl' wrltt..,n .u:: 

"'here 

(y,~) + O( y ) 

' 
ec la given by followin¡;¡ Lnplace eq11atton and boundary conditiona. 

' 

(~11) 

•' '" • •' '" - o (99) 

' e
1
(y,t) - o {lOO) 

• 
a~(y,oJ - - ' '" (¡O¡) 

•• ' 
(y _,. o. ,, o (102) 

.' ( 1 y _,. .. , ~) increaaea nlgehraicallv at ~o•t. 

F.quHion (101) representa the interface t<'mperatur" b<!l.ween aquifer r<>r,ion 3 

• ~nn the clny c.ap. F.qu.~tlon (Hl2) sho"s thnt the rerrn• of ll (y e 1 ) dh-~PP'-'"' 

for y + O as evident from (97). 

The solutton to the aystem of equatinns (99) to (10?.), ohtalned by u&tnr, 

a l'ourter sine inter,ral transfon'l with <esper.t to y, tG Rlve.n as follows: 

' 
" [ f

- ,. 
sin-¡ (Z-z) 

cosh ~ (ly- (1) + cns i (1-z) 



( sin% (t-d c112d, 
coah ~ (y+ e) + c_og ~ 

" 

(103) 

A series solution, also obtained for the above system, can he written aa 

! "'[ f "'' l) 
0 

t exp ----¡ [ly-tl 

(104) 

An nsyrnptotk solutíon for lan~e values of y can be obtained dlrectly 

fr~ the system of equations (99) to (102), The same solution can also be 

develope~ by expand!ng (104) for y + ~. Substitution of such a solution in 

(9R) resulta in the followlng e><pression for clay cap temperaturc: 

'l ' 
1- 112 rl.!l. r_ 112 1, Ye .JñRtl 1 

•' 
(-3z2 +;+24)+ '' ~ o (772) +O(y) 

y • 
(105) 

The teOiperatures in ragion 7 of the ,clay cap can be obtained by solving 

equatlon {'9). Resides equation {50}, another boundary condition 1s as 

follows, 

e"c- O> - e cv> 
y. "' -

..,here a <Yl is th~ interface tel'lperatnre hetween the clay cap region 
" 

7 anrl rer,ion 5 of thc aquifer. e (j) is oalculat~~ n~crically ~t 

" 
cach st~p of ()') for rontinuou~ h~at flux and tenperatuTC at th~ Inter-face. 

Thr 0(1) temperature solutton in th1& region 1~: 

( 106) 

• 

• 



• 

• 

( 107) 

The temperatures In region 7 ~onpatihle wlth equatlon (lOS) can he 

obtatne~ from (lCH) for •mall vAlu"s of y. Th.e resultinp, expr.,sston la: 

ec(j .. O, z) • 1 + r (1 -1J -Jii. (t-1J+o(y) ( lOR) 

• 

TI':!IPP.RATURF. DIS'I'Rlii!ITION IN TI!F: AOlllPFR 

l'lnce the velocity Held in the aquifer h known the_.tecperatures can be 

calculated fron the cne,-gy equation, Thia muót be done for flv~ diffe'r~.nt 

regtons Rhown in Fip,ure 8. Since the effect of che surface cooling la licited 

to the boundary layer regions 1 and 3, the flow In regions 2 and 4 is laothermal, 

The solutlon structure In aquifcr region 1 for 1 ' y ' ~ appears to be 

more complex and will not he con&iñered further be<eause r~asonable prop,re~s c.Jn 

be r~ade without !t. foral! practica! purpose~, teJ'lpP.ratures In nqnlfPr rep,ion 

1 can he aRsumcd to be equnl to those ln faull re)I!On l. The ~qu~tion des-

cribin~ th~ thennal houndary layer In r~gton 3 1~; 

( 110) 

A slr'lilar!ty solutinn, comratthie wlth equation (91>) Ci'ln be ohtainerl tor 

region 1. Elementary ctO'thods yteld 

6{y,z*} • l+T - '" ( 2y~c) 

• 

!l+erf {~~JI 



• 

•• 
+• " . (llla,h) 

• 
• 

It io possible to obtain .an:analytieal .· eolution of ,(42) in 

region 5, when y « 1', and z << l.au'eh 

' 
•!ll4tthed w1th (llla), We Und the' fom 

ac:?,z> - 1 + 

,,,, l 
+ .. - 219 J+ 0(:9) 

by usin& • eaordinate expansion methods. 

' thst :rJi 
·~ y •. 

• 0(1), Which can he 

- ·-
(llZ) 

Tbe energy equation in (42), parabolic to the loveat order, muat be solved 

subject to the boundary eoud~tlona in equations (45) 1 (46) and (106) and the 

initial eonditton ecy + o,z) • 1 + 1 for 1z1 >O obtalned froo. =atching wtth 

re¡¡;ion 4, The last formal condition at the far end of the aquifer, (48) 

ia uaed to determine a value of d· NUmerteal integration by atandard finite 

• 
.. 
. . 

• 
differenee methoda is earried out for aasumed valuea of d untll the nolution at the 

far edge la withln 1% of the real condition and the heat flu~ and te~peraturea at 

the interface are continuous. This approidlll8tion provides an englneering type 

est1mate of the boun~ary location• At that point, convection of enet~y aseoe!ated 

wtth the ey - term in (42) is vetY_ 6111811 cotapa.red co the conduction, 

term. Of course,in the formal mathematical sense, the purely conductiva profile 

can be found only for Y • ~. Proa the aathelll8tical vtewpoint, the reduction of 

the full-elliptic 'problem in the far-fteld aquifer to che parabolit aystem in 

(42) pell:L1ta a simplified numertcal ccn=putation procedure. The fact that 

' ! 
¡ 
1 • 

' ' 
' ; 
' 
' 

" • 
' • • 
i 
¡ 
r 
'• • • 

' 1 
.. 
• 
• • '. ,. 



• 

• 

'• 

the reduction can be developed racional manner for the Large Rayleigh 
. . . • 

n\llllber 'appr'oxiiiUition showa that the it:~poattion of the hr-tteld bouil.dary 
- '' .... ,., . . 

<:ondition at an a priori apedfied locitton h fundamentall)' unaourid"."· • That . -:.··~··. ·~ .·· 
• • • 

means, in phys1=1 tema, that the ttiermal anomaly¡.uaoeiat"d with' the upvard . . ·. ~ <. ' - . . . j ' 

' . ' ' ' 1 . . 
fault zone. flow ha a a natural' horizontal relaxation len¡th. anociated basteally 

' - -~ . . -
wtth the diatance required to tranafer out of the iurface,heat in excaaa of 

that ar1a1n~ from the natural geothe~l gradient ~T'/(1'+L'), A quantitative 

tndication of this JO&tter involves the ,.yaluation of d. 

It is found that d ie different for different sets of parameter9 as listed 

in Table 1. lu can be observe~ froc thta table that an inerease in ti, R, T or 

'fe in"reasea d. Host notably, "ases IV, I, V and VI in T¡¡ble 1 ah<N 

that d increasea nearly linearly with gr<Nth in M, at leaat for 0.5 <M 

< J . It ia clear that a longer aquifer is needed for the tranaition to the 

conduction temperature proftle wheu anyparameter extept A in Tabla 1 h 

increased, In phyaical terna thts result implies that the hot taothermal 

portions of the aqutfer, ~tntained by hori%ontal convection effeet~ will be 

more extensive in systens of relatively larger mass flow, permeabtlity, 

tenpersture difference,and fsult •i~e. An incresae in A is nssociated with 

a decreaae in d. Faster eonvergen"e to the far-field boundary condition 

occurs because of increaaed cap heat tr¡¡nafer. A reduction in cap Heat trilns-

fer caused by an inctea&e in cap thickness implies that a longer aquifer 

{or tncrease in d) is required to stabilize th'e temperatures, as conftrmed 

by Table l. 
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Case No. 

n 

m 

" 

n 

m 

VIII 

"' 

" 

! 

. ' 

·, 1 

•• .. 
' 

' .. ... , .. -.. 
'· ' 

'·· 

• 
Velu!=s of d' for 'Dlfl;,rent 

• . ' 

' • 

0.24 0.24 0,7 

~'1' o, so 0,7 

., 0.24 LO 

0.14 '0.24 o. 7 

0,49 -- • 0.24 ·o.1 • .. 
0.74 0.24 0.7 

O,lR 0,24 0.7 • 

0.50 0.24 0.7 

0.24 0.24 0.7 

1.04 0.24 0.7 

0 •. 32 0.24 o. 7 
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RF.SIJLTS AND niElR C0!1PARISON Wl'rn ntE PlEW DATA 

the distribution vith depth of the nondimenaionsl aquifer velocity and of 

ter.tperature in t~e aquifer 'iind clay cap are;·ahown in Ftgurea•9 to 12. , . • . . 
• Par.,.et.,ra uaed in theae plota are thoae calCulated prevtously for the F.aat 

tleaa anomaly. In Figure 9 we observe a aignificant dhtribution vtth depth 

of the velodty in the aquifer, ,This configuratton ia determined by the 

vertical distribution of the horizontal preaaure gradient in the aquifer. 

The gradient near the top of the aqutfer ia relatively large'DeCauae of the 

• atagnation potni effect near the top of the fault zone, It ahould be noted 

that this reault has been obtained for an aquifer at con&tant horizontal 

permeability. One may apeculate that a re~uction tn deep permeability 

wtll reduce the high velocity in the lower po~tion of the aystem. The ' . . 
dimensional value of the nasa flow rate per unit area can be obtained 

multtplying the nondimenaional velocity of Figure 9byyq'p' 
e o o 

Figure 10 ahowa the variation of the aquifer and clay cap temperaturea 

vith depth at severa! horizontal locations for the parameter aet shown. The 

value j • 1 representa the far end o~ the aquifer, which ta located 

at (d/ye)l.' • (9.41)(3,35km) " 31,5 km, P.ven at Y • 0.6 (11'!.9 luo) che 

temperature profile is nearly at the conduction value, The temperatura 

decreaaea vith diatance from the fault at a given depth in che aquifer whlch 

18 a renult of heat losa through the clay cap. 1t roay be noted that at 10% 

out In the aquifer, thP. bote~ 60% of the reaervoir ia still within about 

94% of the high t"mperawre value. A qunll tative comparhon of l'igutes S 

and 10 t"'plies thet the hot W!lls, 411-7, 6-l, 6-2, 8-1, and 44-7, are located 

in o~ near the fractured fault zone. Relatively flat temperature proflles 

in Mesa wells 8-1, 44-7, and 48-7 below about 0.95 km cnn be interprcted 

"" resulting frOtQ the near-fault zone flo<<• It 1a important to reco~nize that 
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Figure 9, Horizontal velocities in the aquifer. 
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Figure 10. Temperatureo in the aquifer and clay cap for 
different vlllues of Y-
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these flat ti!IDparature profiie'a' ean occur in regio';UI of purely·boi-i~'oni:al flow,. ;. ·•.~ ¡ 
.... ~-· ~ .. -· • ' J •• • • "' • í ·'' ·(..- • ¡ 
• \ • ·,·· .·-~ '· •• __ • .,._ • . -..-: • ~·--· -:~· • '• •. _,. '/ ' ·""'' ·1 • >-:·•·-· 

,·u long aa the bore•is.reuonably cloae to t"-'·hypothesi~ed hult --.• ~- +-< ~ '·i¡¡ · 1 
\' .. , ..;., ' .. ~;:i~--···f: ,~--.·;.., . ...,_. _·.---~ :~·-• .. ,.. __ _.?~"!_-~¡;.;')~Ir,. ~'..!:"·(· .. ·,. t 

· . 11111y. ~b .. erve froiÍI '.Figure ;10 thit av.n·at •y -·o .1 (J,l!ikm),.thellower"par_t of tha":t . ..!l, h"f'; ., •• ,,-,_ ¡ 
•' • • • . • ,.. - - ' • ~ • ,_ • _¡1.· ••• ,~ 1' ,_. '••",' . ••• • ~ ·~ • ,, • ._.., ........ 1 

tea:perature oroÚle 'ts 'relatiV'ely fi,;_t, ,rea:peratufe' p'rofUés' for, Y ~··o ,2'•' ' : ', ¡ 

(Fi~~~ ~O'); ~re ~~milai-''to' th:~., of' remai~lñs ~well~: -i~- Fi~~re :·5-, in;Nca~~~ ". ,. '' P' ·,! 
• ' •• , f 

that theee wells are furth~r away•from the f~acturs lene. In·particular 

we11 18-28 is the farthest from anY known fault zone. The nond1mensionsl mase 
• 

flux value M•l correaponda to'an·input at the'bottom of the fault of 

' 
11.44 

• ' . 
kg/sec for each kilometer of horizontal eKtent. This value is quite similar 

to the estimate used by Riney et al., [1979s] in 
• 

• • a· re<";ent study .of the nor':h-

weat lobe of the Mesa syatem. 

' 
• • The isotherma corresponding to the temperaturas ., 

of Figure 10 are shown iD Figure U. It ia 11pparent in·this ~igure that the 

horizontal temperatura gradient decreaaes as the liquid moveo awsy ,from the 

fsu1t and beco""'s negligtbly Slllllll ne.sr the far end, The nesr-fsult Uo~herm 

valuea are cslculated from the boundary layer aolutiona of tegions 1, 3, .... 6. 

The temperatura gradients at the cap eurface are ehovn in Figure 12, 

The disconttnuity in the curve ariaes because the solutiona in aquifer 

regions 3 and 5 and clay cap "regione 6 and 7 have been calcu1ated to different 

ordera of accuracy in the saymptottc analye!s, It te found that an !ncreaae 

in M, R, T, and }'e enhsnces the tamperature gradtents at th" surface wt.ile an 

increase in l and A decreaaes the temperatura ¡rad!enta there, 'as expected, 

In Figure 12 wc aee that the fault zone convection procesa enhancea the 

surface heat flux by a factor of about 6 above the background cond~rtve 

value. A similar ratio can alao be obtained from Figure 2 where the near-

fault heat tranefer h about S heat flow unita (P.FU) comparad to the background 

value of 1.5 to 2.0 HFU. 
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meas u red ,, 
• 

shown in F;¡:ui:-e 13. A plot of heat 

th!! proximity ,, "• East Mean wells ore 

fl~x.versus distance aJong th~ee lioes. 
• • 

<D, @and Q:Jof Fip,ure 13 is ·giVen 'tn Fi~ur" 14, The ~urf.1c<i,heot flux 
_.. (· ~:, ..... 

pr~dicted from -the thcory is also shown in,Figure l/¡ along with the relatad 

observations 'ta parameters. , This eomparison sh01i8 that heat~flux in field 
.. ,-_\"· . -¡~, 

aomcwhat larger thao 'predicted. · The diacrepancy !'"" 'arinc 
• • 

for 11 variety of' 

reasons. In this a_nalysis we'have con~~idered the rcservoir to be a zone <>f 

con~tant horlzontal permeability _..-hile the 

two distinct zones of ' permeability (FiRutc 

field data shows the existence of 

' 6). For a p;iven masa input \1 we· 

. 

would eXpect !liOte hot Uquid_ to pass through the ,upper, more pe.....,.;able section', 

1 ' •. 
thus increasing the lurface heat' flu>t. Liquid franaport properUea are 

• 
aasur.~ed to be conatant in our model. Hootever, to some e!flent the decrease 

. of viscosity with depth ( tempersture) compenaate8 for the actual decreaae In 

' 
peraeabiltty deep in the syst~. The actual 1!18.88 

l 
flow rate in che field ~y .. rlifferent than 9.89 x 105 kg/day-km use<! in Figure "· " 

,, c1ear 

" physical grounds that a lar~'er 1!11188 H= ' would 'increaae che aurface heat 
•• 

flux. This is vertfied theoretically by the solution in (98). ltoat aigni-

' 

ficantly, the plaoar geometrical _configurattoo used in the 1110de1, r-epre8enting 

f1ow up toa ve"rtica1 nar-row fault and into ad1aceot aquifers, 1s oOt an 

accurate representation of the locsli~ed nortbwest lobe from which the data .. 
in Figure 14 is obtatncd. In all probabi!ity, an axisymmetric mode1, likc 

that used by Riney et al. [197%]wuld be more compatible wtth che local 

syntem. Alao, it appears that the Rex and Babcock faults (Figures 2 and 13), 

as wcll ss the Mesa fault ~ontribute to che anomaly. Thls ~eems reasonab1~ 

since the hottest wel1s, 44-7 and 48-7, lte near the intursection of the 

Rex and Babcock fault8 (Figures 2 and 13). In retrospcct it seems that the 
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the mass input value we~e not chosen in a way that would specifically encouraKe • 
the predined ~eeults to ag~ee with the field measu~ements. In pa~ticuls~, 

no special rliatributions of tem.perature·o~ heat flux on the uppe~ or lower 

bounda~ies we~e considered in order to improve the agree10ent. !lo~ was an 

attempt made tn thia model to manlpulate the permeability distrtbutions in 

the aqutfer. That we obtain ~eaulta reasonablv similar to the 

obaervations without lterating chese conatraints suggeaú'that che con-

ceptual model 1a phydcally plaudble·. -· . .. -
In a related stu<ly by Riney et al. [1979a], do>scribed in 

mo~e detail tn ~iney et al, [1979b], a conceptual model similar to that 

u9ed here is <leveloped for the Mesa system. The mathematical modcl is based 

on a cylfndrtcal, axhyncetric geomet~y with fractu~e zone-type upflow 

' localized near the cente~. --The effects of variahle fluid propertles and • spatially-dep~ndent ~ate~ial properties (permeability an~ porosity), are 

included. At the aquifer bottoc,the te~perature decreS&es slowly with 

increasing radial distance fro~ the or1gtn. Othe~ boundary condittons are 

like those employed in the present work, although the location of the 

far-field boundary at a radial ~istance of 10 km ia aelPcted a p~iori. A 

finite difference tec.hnique l>ascd on line...,.uccesstve OV<!ttP.laxation i~ used 

to develop aolutions. The computations a~" carried out for a ma~s input, 

obtained fron an overall energy balanc", of 16.9 kg/sec. at 469.26°K. A 

va~iable-size grid, haRically 5 cells high and 1~ celia long, ia used in the 

computatton. Results are pres.,nted for a varlcty of BpBtial dtstributions 

of the vertical and horizontal pe,.,eability. lt was found thnt intrusion of 

deep cold water from thc fa~-ficld boundary could occur lf there was adequate 

vertical per·m.,ability in the system. In thlR case, there was inflow in the 



• 

• 

<1~~1' sea ion "''<1 nutflow in the shallow aection au~h that tlie net '""~" 

• flux at the far hounrlary ""s just equal to thc input valuP.. This part!al 

convective cireulation eell resulta ft~ the propensity of a syst~~ with a 

hot hotton ter.~per11ture, higheH nur the axis, cold top,anrl open siile 

houndary to develop a natural eonvec.tinn rn(lde,' Cheng and L~u [ 1974] ha ve 

considere<! a relaterl prohlern. The associated pre<liction of an inverted 

tenperature profilc at rlepth 1s not CoiOpatihle with kno.m tleld data. It 

uas eonduded that only a very miniNil vertical permeability, O.J-0.5 r.~ilh 

darcy, relative to a maximum hori~ontal value of 90 md waa needed ~o model the 

1!esa syatem. Thh confonns with the known genlogieal strur.ture in the 

orea. The flow paUcrn in thia case inv~lveR outflow throup,h the sq.,ifer 

rlepth. Vertical pernP.abiltty reduction le&rlR to the suppreealon of the 

natur3l convection ronde, An excellent rerroduction of th<' surface heat 

flux p:oUern .. as obraine<l by carefully tllilorinr, the Rpati:ol <'!atrtbution 

of vertical an<l horizontal permeahility. In gener'll the resnlt.• obtalned 

""<' qualitatively ajmilar to thnse found in the present "'ork. It 1s 

reasonahle to conclude that fault ~one controlled charging of a geothermal 

reservoir is at least plausible if not a fact, 

snrtlARY 

A conceptual rt<>d<>l of fault-7-one-controlle~ charglnll, of a geothenaal 

reservo ir, bas"d on data from the fast !!esa systel'l, has beco 'developed. 

The nathe,atical modcl U base~ on flou In a 1 lquid-saturat"d porous 

me~!un. A two-dimenslonal, vertical, pbnar geor.~etry ts c<HlRidere~. The 

problem fom,olatinn la based on pertnrhatlon method~ and nsyr.¡ptotlc 

proc~dnres valid in the llnit of large Rayl<'IP,h number an~ ""'all val<IeS of 

.. 



tlw onn<1l"'~''siona1ized fault width. lloth analytical an~ nurnerical methods 

nr~ <'l'lploye<1 to <1evelor solutions for the velocitien, presa!He&,and 

temperature& in the field, There ia betcer than qualitatlve agreement 

between pre<1ictions of vari&tion of tPaperature-deptb profiles wtth 

rllatance fr~ the fault, and aurface heat flux patterna with the aasóciated 

flel<1 data. lt is ahown tbat fl&t eemperature profiles at depth can be 

asaociated with pur<>ly horizontal water motion (Darcy flow rate of 

ahout 0.01 c"'/day near to llypothest..ed faults) rather than only wlth the 

l'\Or<: ri¡:¡orous upflow Hself. Altlloul!h the rnodel used here tacks the various 

elel'lents of reality discuased earlier, tbe comparison of pred!ction and 

field data ls quite reasonabl~. We are led to believe that che model is a 

rlausthle generic type that 1!18)' be uaeful in considertn,o; otber systens as 

..._,11, In particular, we beltevc thllt i"proved interpret>~tlon of flelrl 

d>~ta eay be posslble by utillzin~ so"'e of the physical tdeas pres~nte<1 

he re. 
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EFFEC'I' OF MEASUREO WELLHEAO PAAAM!l'n:RS I.HD WEI.L SCALING 

0N THE COMI'U'I'ED DOWNHOLE CONOITIONS IN CERRO l'RIB'rO WELLS 

Jl. P. Goyal, c. W. H.iller and M, J, Lippr~~~nn 

Earth Sciencea Diviaion, I.awrence Ber~eley I.aboratory, 
University of California, ll<!r~eley, California 94720 

INTRODUCTIOH 

'l'he prilaary obj&eti"e of ooodeling a g~thenoal "Y&tem ia to be 
able to predict with eome oonfidence the energy Production capacity 
and longevity of the field under various production and injection 
acenario.,. TO achieve thia goal, a ~odeler needn to conatruct a 
COIII.prehenaive 114thft1Utical llodel b.oaed on available data and vali
~te thia .adel •gainat the production hlatory of the fteld. '1'hie, 
in turn, tftquiree the data aa110ciated with the evolution of the 
field due to its exploitation. Typically, the intormation related 
to the variatioria in the mass flow rate, enthalpy, presaure, temper
ature and fluid aaturation aa a function of time ia used to validate 
the •odel. 'l'he production data is routinely """"sured at the well
hftad wharftaa •ost reeervoir IIOdele ca:o.putft the changea in the tem
perature, pressure, enthalpy, fluid velocity and other phyaical 
propertiee of the fluid at the aandface. TO validatft any modal, 
wellhead data must be oorncted to reflect the downhole conditions. 
In tlrls paper, ve llhall ca~Une ourselves t.o the diBCues.ion of 
CDIII.puting bottomhole pressurea trom the aeasured wellhead data by 
using 11 wellbore model. Sever11l wellbore modela which compute 
wellbead oonditions from the given bottnrnhole ~ata have been cited 
in the literature. (Sanyal, et al., 1979¡ Aydelotu,, 1980¡ Gould, 
197(}. Such calculations are of intereat in pred>cting the condi
tion.s tmdar which an optimum prod!X:tion could be obtained !rom 11 
given well. Thi.s approach doea not suit us aince our primary goal 
la t.o study the evolution o! the field due to production. The 
followin9 paragraph• are de~oted to the discussion of the wellbore 
model and ita describing equations, coaparison batveen the ca:o.pltted 
llJ\<I. •eaaured preuurea and the e!fact· of mea.sured wellhead ~ru
eter.s·on the downhole pressures in the well. Finally a wellbore 
model with mult>ple inside diamatere is discussed and the eftect 
of well acaling on the bottom hole preasures ia studied, 

WEI.LBORE MOOEL 

The atu.dy state COIIIputer program \1/F.LFLO used in thi.B atudy 
calculatea the bottomhole conditions if the wellhead oond>tiona 
euch as mass flow rate, preseure and enthalpy (or drynesa traction) 
are prescribe<!., The length o! open interval and heat loas froa the 
well bore are also considered in the program. Bowever, the effect: 
ot the radial pressure qradient responsible for inflow to thft well 
is not t.aken into account, The total ma~s inflow to the well is 
assUIIed to be di5tributed evenly throughout the open interv11l. 
Also, in-place interna! ener<¡y in ~ open interval is assumed oon
st.ant. The equatlone, describing a tranaient two-phase n,.,. throu<¡h 
11 well are di.scussed in Miller (1979), The steady-at.ate equations 

This nanuscdpt r.:as prlnted from origtnah provldcd hy the author. 
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of aaaa. -..ntUIII and energy as obtal""d frca. that aet tor a cx.n
se.nt diametar wall are aa followa• 
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'l'he above equations describe llver6ge tluid propertiea over the 

crou aection and thua do not aathfy the no-slip boundacy condi
tion at the wall of the vell. The slip la given as a function of 
flov regime. The lillit.s of theae regiona (bubbla, sll>g, transition 
and aiat) thll.t were Daed are deUned in Orkinewaki ( 1967). Slip 
for t.hBBe reglons iB discu .. d 111 Orkiaz.o•aki, (1967) aDCI. Wallis 
(19'69). 'l'he proqr&ll uses an overall friction f<lctor as describ&li 
in Chiaholm (1973). Empirlcal relationa, correlating st&am tablea 
for the propertiea of wate.- and .,.,t ~te<UII are uaed in the !>r<><JI"Illn 
(Miller, 1978). Theae relationa are accurate to vithin 5\ of the 
ateam t&ble valuea. 

Ml!ASURED lUID C~PO'l'ED PRESSUIUIS IM WELL M~O 

An attBIIIpt waa •ade to calcuhte the preasurea at varioua 
deFtha in the bore and tben to CCIIIIpllre th""' lli th tho•e •••su:red in 
the Cerro Pri"t.o w"lle, Figure 1 ShoWII the 10easured and OOCiputed 
preaaur"B in vell lt-~0 for th• given w•llh•ad o:>nd.ition11o Ttle well 
ie ot Wliform d.i...,u.-. Co.lculated Freaaure Frofiles tor two d.if
fer•nt wellhead preasurea are shown in the figure. Ot>e of the11 ia 
for the meaaured wellhead preaeure of 37.4 kg/cm2 gauga. The 
COIOFUted presaurea are lo..,.r than thoae measured throuqhout the 
dapth of the well with a lla.ximum d.ifference of about 11\ ata depth 
ot 1380 •tera. 'the second calcula.ted protile ia tor the wellhea.d 
presaure of 3~.5 k'J('aa2...o;augf! which ia ot>tained by extend.ing the 
zoeaaured presaure profile to the surfaca. The 10aximum pressure 
d.ifterance in thia case ia only about 6,. ¡t waa obaerved frc:rt tha 
c010puter outFut that a t1t0-phaae Blug flow reo;~Uta exiated through
out the well <Uid thu• a draatic change in preasure gradtent ie not 
Ukely n•ar the wellhead. In other worda, one would expect a 
wellhead presaure of 39.5 kg/art2 gauge at the wellhaad if t.he 
preaauree mea9ured in the well are correct. 0r alternaúvely, if 
the meaaured wellhead preasure of 37.4 ~g/cm2 gauge ia correct, 
then t.he •eaaured downhole preuures Bhould be in error. ThiB 

' 
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shows that there exista a discrepancy bet...,en the prouumres aeas
ured at tlw! wellhead and thoae in tl>e well. As in any other field 
work or experimentation, 5UCh discrepanc:ies do ariloe as a direct 
result of t~uloan enora, instrUIIIental errara or both, The compute<!. 
and meaeured profilsa for M-90 are in good sqreement. However, it 
aust be -ph<odz.ed tha.t even a S\ error 1n the calcuh.t.ion can 
leed to a 1arge abaolute error. Por M-90, S\ error ia ahout 70 
psi. A caoparison between the aeasured a.nd computad. prflsaures in 
the Cerro Prieto well M-51 was elso meda, lt ves found tha.t 
computad. pressures were within 6-7\ of those "'"""ured in the well. 

BFFEC'!' 0P IIEAT LOSS ANO OPXN DITE!IVAL OH COHPU'l'ED I:OWNHOI.I': PRESstlRE 

The flffect of hut loas frcm the wellb:>re t.o the sun:o~mdinqs 
on the well preseure ves alBO atudied by considering that a linear 
t""'-perature prof1le (asa\lllled to approximabl the natural geotl>!no•l 
gr•dient) exiets in t.he reeervoi:r ·at "dietance {R 1) o! 1 ,. and 5 11 
frca. the well. A hype:rbollc p:rofile was th•n fittftd between t.he 
well &Dd thoe qeothoor.al qradient to obtdn the tellpo!lr&turll qradient 
at the well· It was found that the m<ll<imum pressure. drop •uoci•ted 
with he•t losa for R1 .. 1 m wae U.out 2.5\ whlle negliqihly lllllo'J.ll 
for a 1 • 5 m in well M-90. Thus, for •11 practical purposes, steady 
etate hooat ·uanefer frca. Cen-o Prieto production "ella can be 
neqlected. Gould ( 1974) al1110 arrived at the ....., .. conclusion for 
hiqh production "alls. To etudy the effect o! the thiokness of 
Open interval <m the bottom hoh pressure•, we varied tho! thickn-s 
freo 10m to 160m in the well M-90. lt w&B found that an increase 
of only about 0.5, occurred in the bottom hole pressure.s for &n 
open interv&l of 160 ,.. Thua, for &11 the casee discussed here
after, we assume th&t,the heat loas from the well ie neqliqihly 
•mall, &fld th•t the depth of the open interval is eqUIIl to th11 
distance bet-en tW'O nodes in the !inite difference 11esh. 

I':FFECTS OF WELLHEAD PARAMETERS 

Ae noted, e pollihility exiet• th&t the "'easured wellhead 
paramet•r• •uch as preesure, ma_n flow rat.,, drynes8 fraction, 
enthalpy, etc., may h" in error by a few percent. Thue, it BB ... a 
sppropriate to find the effect of eo.ich errore on the calculated 
downhole•pr"8lmrea in !:M well. WB v10ried thr..., 1Aport.ant well
head parameters (man flow rate, pressure, and enth&lpy) within 
!_20' of their measured value in well H~90 and calculated the chang-e 
on thB bottom hole preaaures. 

't'able 1 ahows bottom hole preasure• (BRP) for different •asa 
· flo" r&t"8 in well H-90. l"'r a 20\ increass in 11asa !low rate .ot 

the wellhead, tbe bott<xll hole pressure increased by about 6.5\ thH 
for a 20\ decreMe in flow rate there ia about 5\ decre~se in BHP. 
The difference betwern wellhead and downhole preseure ie not 
&ffected aignificantly by the "'aas flow rate. Howoever, it 01aybe 
noted that tbe wellbore •odel is 1ndependent of the reae.-vior. 

Table 2 ehows the eftect o! "ell head pressure• (WUPl on the 
BHP in well M-90. It "'"Y be obse.-ved th•t a 2Q% increaae in WHP 
resulta in •n incn•ae of &bout 25l in BHP while a 20\ decrease in 

o 
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~~e WHP leada to about 18~ decreA&~ in BKP, Tha error in the WHP 
in thia case al>owe up di~ectly ln the BI!P, 

!ffect of entha.lpy on BHP la u.own in Tabla J. lt aay be 
observad that an enthalpy increaaa ot 20\ reduces BHP by ebout 14\ 
but a corr8uponding decreaae leada to ~ increaae of &bout 70' in 
BHP, An increaae in ent.halpy result& !JI 110re atto.,. and liqht.e.
fluid glvü•q risa to lo-r pres~<Urea at the bot.to10 of t.M well a,. 
shovn in Table 3. BIIP la not. affected as 10uch by en lncrM.M in 
enthalpy aa it does by decreaeinq the aa!IB. Thia ""'Y be attributed 
to the fact that a decrease in the enthalpy resulte in a deneer, 
heavier fluid givtng riae to higher preaeurea at the bottoD. of the 
well. Effect of flowi"9 dryness tr•ction at the· .. ellhead on BHP 
waa alao etudied. lt waa found thet a varlation in enthalpy af
fecta the doomhole prae,.urea aore th.on • oorreapondin9" ch.ong".o in 
the dryne&a fraction. The fluid anthalpies at Carro Prieto "elh 
are calculated by usin9 drynese fraction and ateam propertiea at 
the ...,parator pressure. Thus, it ta adviaable to oompute BIIP by 
usin9 dryneaa fr.oction rather than enthalpy to avoid the poaa11>1l
ity of a c-p:oundin9 anor. 

I':FFECTS OF liELUIORE DIAJo!E'I'ER AND SCA.LlNG 

In addition to the measured -llhead data, the inaide diueter 
of the vell 1~ needed to calculate the BHP, A etudy vas done to 
find ita effect on the calculated botblal hole pr•eeurea. "l"abl• 4 
ahows the calcuhted BHP in 1'1-90 for vartoua inside ndiL "l"hft 
BllP WIB 41\ 1110re for 12 1:11 inside di...,.ter and 150' 1110re for 8 cm 
diameter comparad to that for 16.3 <:11 di"""'ter. Thus, tn the 8 Clll 
diameter case, a reduction of 76\ tn area leads to a much hi9her 
increasft ( 150\) in th~ dovnhole preaeur... Thia fiqure may be 
unrftaliatic since a laro¡1e reduction in u... area 1• assumed throug'h
out the wellbore. In any event, tt is clear that the effect of 
>nside diameter on the BIIP is considerable. ~e Cerro Prieto 
wells de have 1ar9e acale deposita. For example, .,..¡¡ M-30, which, 
as of 1976, had acalinq tn excess of 60 mm at a depth of 1,500 
mftters. Similar scale depoaita vere alao obaerved in many other 
wella in the tteld. Thus, to obtatn reasonable valuea tor down
hola pre••urea, it is neceaaary to hav• a =aputer proqr,.. which 
accounts for variat1ona tn the wellbore diametara, Oainq the 
control volUIIle concept, the fcllowinq equationa ot mass, 1110ooentwn 
and en&rg"y -re derivad for a finite vol1110e in vhich the diameter 
chanqe occurred. 

IP,\u) 1 + 
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In derivinc¡ the above eqUo!ltions, .,. have neglected energy 

diSdp!ltion due to friction and eddy los,.ee. In theee eqUo!ltiona 
• up' st..,.d• for tbe uprtrM.III. e id e and 'dO'Iftl.' for the downatreu 
eide. Subecript 1 at:anda for liquid and 9 for ateillll• Given the 
conditioue at point •up', the par.--l:l!!u et p;>int 'down' c:ould 
be calculated.. Figure 2 Sh<>WII the """'-puted and calculated pres
eurea in the Cerro Prieto 1tell M-91, Th01 inside diamet8r of the 
.,.,11 changee at a depth of about 1940 ""'tere, It """ found frao 
the COOlputer output that e t..o phaee alug flow existe in tbe .,..u 
&hove 900 -trae and e ainqle ph.o.ae Hquid Wllter uowa belov 
95011. A ch&nqe in the preeeure qradient at about: 90D-1000 11 &!pth 
ie noticed. It is clear frca the figure that there ie an ""cellent 
eqreement between the .,eeaured and compute<l preasuree. The 
paroentage di!!erenee in BHP ie lesa than 1\. 

well 11-39 of Cerro Prieto !i.,ld ...,. a.leo selected te ehow the 
eff.,ct ot •ultipl'" iaside casing di....,ters en downhole presaures 
(Pigur'" 3). PToductton <kta for June 1976 waa used te CCD.pute 
dovnhol'" prusures. Pressl>t'e& cal=latl!d using the actual ca.61nq 
diameterB are hiqhest UiOnq all the caeea ahovn. Pressure gradi
ant between 1000 "'to 1100 lll depth change in response to changes 
in insid<;~ cuing diameter.. Higher praasure gradiente below 1200 
•eter.s !ndicatfl .single pheBe Hquid u...... The CCICII.puted pressl>l'es 
tor the unifo,... inside di .. ete:rs of 0.2012 • and 0.2736 •· as 
ehovn in Piqure J, are l<>wer than those obtained usinq the actual 
diameterB. In fact, bott<:>m hole presoru:res decrna..., by 31.6\ and 
67.8\ for the intern'll diameter of 0.2{]12 m and 0.2736 m, respec
tively. Pressures calculated assuming a unifo= diametl!r of 
o.177 m vere very close t.<> those camputed using the actual ca.&ing
dillllleter, This indica tes that tlle qravit:y effeC't doa.inates the 
pressures •ore titan the inertia effect when there is single phase 
liquid flow. Unfortunately, no <kta for taeaoru:red dovnhole pres
aures were available to compare with theae computed preusures. 
Th@se r@9Ulta indicate that th<! computed downhole presaure ma¡r be 
aignificantly in error it actiUI.l inside casing diameters are not 
taken int:o account. 
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l"ic¡ure 4 ahowa the effect of 11ize and poeition of the 10eale 

depoeite or of e liner of 200 m length on the preaaure distribu
tiona in the Ce.rro Prieto ...,¡¡ H-51. Presaurea are larqer for 
thicker scala deposita aince one would require hic¡her pressurea 
to push the fluid through a amall opening. A liner of amall 
diameter aet near the wellhead needa higher hottom hole preaaure 
COCIIpared to the one set ne..r the bottom of the well bore. Thia 
ia due to the preaaure propagation in the well bore. A siolllar 
profile ""s aeasurftd in test 11-3 of the well BR-11 Were I!IQlid 
acale deposita up to 2 inchea thick .ere found in the liner 
(Go\lld, 1974). 

CONCLOSIONS 

We have found thet calculate~ downhole preaaures are quite 
aenaiti"e to lleaau:red -11 h10ad conditions anll well iiUiide di4JIIeter 
data. The paramat.era to be aeasured, in order of decre111o1nc¡ 
accurecy, are vell inside diamet.Br, -llhead preasure, <iryneaa 
fraction and. aaaa flow rate, Baaftd on tha data preaented ve 
condder that LBL'a Call.pater pr09rllll 1111':U'LO calculatea reasonahle 
downhole conditiona provided that accurate data ia provided. 

We want tt> thanl< the ~dinadora BjecutiVa de Cerro Prieto 
ot en: for ~takinq available the data usad in thia OFtudy, "nua worl< 
waa performed under the ausp~cea of the u. S. Depa""""nt of Enerqy. 
Uiviaion of Geothermal Enerqy, undar contract No. W•740S-ENG-48. 

NC»>EHCLATURE 

Aup(down) • inaide area of the well at upatreiiUil (downatrelllll.) 
aide, .._2 

Aa,. • a•eraqe •rea of the well • ("up + A.o\own)/2, • 2 

Dt • insido;. di..,.eter of thfl well, • 

• 
e.t(q) 

' 

• interna! enerqy, of the at.Ba:a-water •il<turfl, J/kg-
• interna! f!nerqy of water (ateam), J/kg-
• coefficient of friction in the two-phaae flow 
• qravitational acceleration, m{aec2 ' ' ' 
• film heat transfer coefficient in the well, J/sec-m2-·~ 

'~'res 

'• 
U.t( q) 

• preaaure in the well at any croaa section, Pascala 
• rese,.....oir temperatura, ·~ 
~ vell teaperature, •K 
• IMS& averaqed •eloc:ity in x-direction, m/aec 
• velocity of water (stea.m) In the well, 111/aec 
• dip velocity • velocity of steam- valocity of water, 

.,¡~o 

x ~ coordinate axis p;osai.ng throuqh the c .. nter of the well, 

•• 
' Pt ( g) 

upward poaitive, m 

• intervd between t\ro nodea in the finite di!ference se heme, "' 
• density of the stea.m-water mixture, J;g/a3 
~ density of water (ataam) in the well. kg/1113 

• 

• 

• 
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TABLE 1' Effect of mass flow rate on the bottom hole preaaurea 

(B.ij,p,) in the Cerro Prieto well M-90 

+15\ 187.45 94.0685 ~.· +10\ 179.30 92.6014 +3. 184 

• ,. 171.15 91,1352 +1 ,57 

" 163.00 89.7122 • ,. 154.85 88.332<11 -1 ,52 
-10\ 146.70 86.996 -2.99 
-15\ 138. SS 85.9179 -4. 18 
-20\ 130.40 84.9890 -s. 2 

TABU: 2: W..ll hea.d preaaurea and correBIDndiDg hotto.. hole 
preasurea (B.IIoP.) in thfl Cerro Prieto well l't-90 

+15\ 
+10\ . ,. 
" ,. 

-10\ 
-15\ 
-20\ 

45.43 
43.45 
41.48 
39.5 
37.53 
35,55 
33.58 
31.6 

107.047 +19. 10 
101.205 +12.66 

95.2621 • 6. 12 
89.7122 " 84.9074 '·~ 
80.6H7 9,94 
71.0025 -u.oo 
73.7173 -17.63 

TABLE 3: Bffect of W<!ll head ...,thalpy on the downhole 
praeaures in the Cerro Pr18to well M-90 

PERCENTAGl!; 

+10\ 

'" .. 
" -10\ 

-15\ 
-20\ 

ENTI!.\LP't 

355.30 
339. 15 
323.00 
306.85 
230.70 

Z74.55 
258.40 

77.6372 -1].31 

80.4552 -!0,20 
89.7122 • 

111.342 +23,63 
131,156 +-45,67 
146. 2tll ~2. 252 
15).)16 +70.09 

TABLE 4: lffect of vell inai<l.e <l.i&lleter on U.., bottom hole 
p~eaaures in the Cerro Prieto ...,11 M-90 

IIISIDE AADlUS 
·~· • A RKA CllANGE B. E. P. \DJ:FI' ,., (102) ( "'2) (K;¡/= 2-!!!! u~ ) B.H.P• 

0.08172 2.096xlo-2 • 89.7122 • o.o& 1.13097xlo-2 -4&. 1 1ZI.071 41. , 
0.04 5.0265xlo-3 -7&.04 225.592 14'>.74 

• 

• 
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TBE A.PPLICATION OF TUE LAPLA.t:'E TRA.~'SFOR/tJ/tJ1 .'~1·. 
TO FLOW PROBLEMS IN HESEH\'OIR.S. 

A. F. VAN EVERDINGEN, SHELL OIL CO., HOUSTON, ANO W. HURST, PETROL~uM 

CONSULTANT, HOUSTON, MEMBERS AIME 

ABSTRACT 

t'~r tt..-rol ,un tite utho" h••• /eh o he 11-..d foro""""" 
!rom ,.h;.:, ,.,.,...;, e•g¡nee~ coulJ nhtoi~ lundomnt.ol 
tl.oo')' ond ,¡,,, on 1he l!o• ol ftuidothrou¡h P"'"""ble mo<lia 
in' ¡J,. , ..... iy '''"'· n .• data on lho \lnOloady ''"" 8ow •re 
'"'" J••••d ni wlutio"' ol tite 0quation 

,O'I' ·+ 2_ QP = ()P' 
Or' , 0 , a• 

Tw" •<<> o/ oolutiono o! thio oquali•m ue <lr,.]n¡><d, namdy, 
fot "lho """-''""'!ormino! pro .. ure 04'<" &nd "1ho con"'"' 
torminol roto cu..." In th rono,.ntL<rminol pr...u ... .,.,. !be 
P""''"'" 01 1l.e torm•n•l boum!ary io loworod 1>)' unity ot .. ,. 

time, '<opt "'""'"' thu.,afler, ond tbe cumuloti>< &moont of 
ftuid &wio~ oenno thc bowodlf)' ;, com~uted, •• o Junction 
~~ th. timt. In the con•t&Rl lWllinol tOle cue o onit rote 
o/ pr<>dutli~n io mado to ftow a<ro11 tho l<rmino! bounrlary 
(lrom tilllO ''"'' onword) or.d ¡he onouin, ~'"'"'" drop ;, 
romj,tod ao o function o! tho timo. Conoideflhlo offort ha; 
¡,,,., moJo lo compil< oomploto 10bloo lrom "hich '"""' can 
bo '"""mdod ¡.,, oho con•Unt oorminolp"'""'" ond eon•tonl 
letonlnol ,.,, ca~•. hoth for linil< an<l iufonilo rooervoiro. 
U~eoo '"'""' con be cmployod to r<producc ohe Oftoct ol any 
ptt""" or eate ¡,¡,tmy encount<fed in procti«. 

Moot .,¡ the iolorm&tion ;, nbtoinod by tho hlp o! the 
loplo« "•nolormotion,., "hich ¡>ro•od to be utrcmcly hdpful 
¡,., •nolpir,, th.. l""hl<m• '"'""""~ in A'lid How. n., 
opp/i.,..tloo uf thi< method oimpliti .. tbe more rodiou. mal/le. 
m•tieal u.aly..,. <IMp/o¡od h the p .. l. Wioh tbe holp of [.,. 
pl.oco Uondott»allO'lo "'"" Mi&inol dnelop,...,u _...., ob
toin<d (ond p,...nl.J) ,.J.icb rould no< ho .. beoo eaoDy 
l~r•-" by tho cuJ;er m.e<hodo. ' 

I~TRODUCTION 

Thio J'Ot><• lOp.tO><nl$ a compilolion nf oh• '"0<k dono o•er 
tl1e ~"" f<w )Odf6 "'' t/1< fto" o/ fioicl in porouo modio. lt 
« r,cern• i<•di i>dn•ori!y wilh tho uauoie"t oondi<ion• p<evoil
ln¡¡ in oil '"'"" ,;., dcrin¡; th~ ume they oro pr<><lucod. Tito 
>ludy ;, lomotc-.lt" <ondotion• whore !ho Ao" of nuid obeyo tho 

"••-•"" ......,,..., •• "'''"' ol .....- a ..... 3<4..,., lL ,.,. 
""~' ~~-•~•"'""' "'"~ "'"'""' "'"""•" .O.o ~"....;....Y .. ~: ... , .. ,, '"'· 
q ..... _ ..... _ .. _.. •• ·-· 

d1lfuoi•ity equoti.on. Multiple-ph..,.., f. ,;d JL.- /, "'-• ... -.-o. 
considerod. 

A pr<Yiouo publicoti"" byllur>t' .¡,,~, ... , ~•-•-• ,,,.. '" , .. 
'""' hi.,of)' of o'"""''"'' i• kno,.n, ¡J.¡,;,¡.,,,,,..,;., •" ¡ •. 
u•ed tu ••kulole lhe """ inHux. an ""'"'"' ;,., . ., ,n• 
<n•teria/ holonco Oquotion. ,\n exam¡olc j, ufl"'-'" on .::. ·•'· 
erature hy Old' in oho otuJy uf thc Jo""' "'-nd, ~.;,,.¡,., ;c;,,JJ. 

Arhn•.,. The "'"'"" r•p« """'"'"' o·.l<n•Í•o :Ji.,,.,; 
cl•l• (lrom "hich Wo<k '"""can be '""'''',l<le<iJ, ~ ,¡,.,. o/ot. 
""' deri .. d hy a more rigorou< 1reat .. 1ent o! oho ,,u;.c: ''"''' 
ter than ••olloble In on earlier p~>bl\e.linn.' T,. a~phc•""" .,; 
thio inlormatio~ .,¡¡¡~noble '"'- conce.,,· 1 •ith ,¡,. .:.•Ir-¡, 
ni the bebo•ior o] • r"ervoir to obtain quantit•.:,,)j "'"'"'" 
<Xp,..iooo for tho &mOunt of water that lo~t m,...,, ioo<> ¡h' 
,.,,,...;.., thcnby .. lid~in3 all the tetm• tbol .,.,.., •. ;,, ih< 
molenal bol&nco equation. n,:, work i•like"i .. •!•P'•'•blo '" 
ohe Bow of nuid lo o .,-,.n dhene•eT tho fl~w e.;:doliw.o ore 
>uch tbot tho diffuoi•i<y e>¡W<Iwn ¡, .. !.e)od. 

DIFFUSITY EQUA TIQ!, 
The "''"' rommonly encounterecl (¡,,,. ,, .• :.m _ . .-.. ,li•l fio~ 

toword the """ boro or fidd. The •olume uf fiuin ~: .• o!, no""' 
"'" unit o! time throu&h eo<h unit orea ~~ oaoo p1.....J 
hy Dorcy'o oquatlon u 

K (ll' ---
"hne K i• the p<<..,..bo)itr, • tho ,;,""""' onJ ¡::i'/31 thc 
P"''""" J<>.dieot 01 <he rodial distanre r .. \ motcriol b.io!'l<< 
on o ron<enlri< rlcmcnt AB, o.pr....., <he o« B~id Uo><Bin; 

the OIU'!&ceo A ud B, "Mch "'"" <quol :be fluid lu•l ''""' 
within th., elem<nl. Thuo, if <he de,.;,, oi !he fluid i. e>· 

pr....,d by •• tben tho weight of fluuJ f''"·"l1il limo o..J per 
unit ••nd thicknoao, flo .. in¡ p.-t Sutfocc i, .;oe '"'"'.;, neot• 
.. , tho well boro, lo &i>eR •• 

K QP 2•K ( ?" 
2•rp - -- ; -- "-·¡ "Ó' ~ Ql 

T,., ifel¡bt o/ fluid fiuwin& P•" Surfa<e !;! an infmi¡-i:,...J 
ofut..nce Ir, rnrno>id l"'m Suda"" A, ¡, exp,....· .. 

.,, 
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"lh difi<ren•·e Lotween tiL<>e l~u o•rm•, 'nolnely, 

( ,,. ) 
~·K (l » ¡;;-

- --- -------~ "· . ,, 
¡, «¡uol to the ,..¡~¡, uf fin¡J lo.l b)o th, elernrnt AD. ot 

"' - 2~1r -- Ir ,, 
whero f i• the P~'""" of the f.onnotion. 
Thi• rdotirn gi•e• tlo e.¡u&!'"" ,,¡ continnity lor tM rodiol 
'Pt<m. nomdy, 

( ,,. ) 
¡;: o pt "' ·-·- --·-- = Ir]!..._ (Jt.¡'; 
• O• OT . 

r.~ ... the ph)•icol charoc .. ri>ti<o of fluido. it ¡, k.to~l. 
thot den•it¡ io o lun<lion of p, .... ,... ond tho.t the denoity -.,¡ 
• ftuiJ J«,..,_ ,.;,h d«r<uin. pr ........ dur to the foct wr. 

·,¡,, tloid ~·~""d" Thi• mnd e>preooed in .. pon<fttool (()Jm 

" , "',_._.,,._.,., (11-2) 

~ioore Piole" than P •• anrl e tho cnmpre,.ibil"> of the O .. id. 
Jf "' •ub>titulo r,.¡. ll-2 in ;:,,. ru. tloc diffu•i·ity equati•>n 
"" he o·>pres .. d u-ing Jen•lly un lunction of radiuo anJ 
!in.e. "' 

/~'• IO•)K o> \ ¡;;-- - ;-a;-- ¡..., = QT (II.J) 

F.,, loquiol• wnkh are ,.¡, oli.htly oompr,.,ible. F.q. 11-2 
o,rnpJo],.. '" P2o:•.[l-e(P,-l')] whicb fonhcr modifieo 

f.q, 1!-~ ·~' ~, .. 

( a:!'. ..•. _,, ) ~ _ _ o_>' ·-- - · - - - !'unhermorc. il tho 
(l.-' r Qr f•o - "iJT. 

,,,¡,,, ,¡ tho "' !1 m liold, ll,, ¡, tefef'«l to •• o unlt 
""¡;.,., then the relooi"n oilntiitioo LO 

0·1· 1 al' 0 r 
----~----=-~ 
3• rQr (lt 

(1!-4) 

~hr•r t = '<:T/I""ll•' ood r """' e>pr.,..... tbo dir;<On«" • 
fbultipl- .. ¡ 11~ thr omit nJiu._ The nni" app .. ring in tbi• 
p<p<r "'"ni"""'" u•e-1 in '"Mt'Cti<>n .,.ith Dar<{• r<¡U3toun,'" 
th.t th< IX'""~•!·ihty K """' !>e <'1"'',.,¡ in darcp. thr 
tion• T in,..-,,.,,),. tloe ''"""'" ( •• a !raction. th, ,¡,e.lo<.ity • 
;,, "'"''''"''"'· thr o·.,mpn· .. iloility , "' ml.omo Jl'f •ol"rrt< 
p•r ''no""'foer<, ;nJ tl1e '"'"" 11,. in centimet<"'· 

Lt\!'LACE THANSFIJII~1ATI0~' 
ln •11 p • .l,]ica!i.,n•. the "''''"""' .,¡ thr diffu•i•ity equ•tion 

h" 1~'> e;•eotiolly tl.c uotl ... ¡,., l]•]•licati"n of the Fourier· 
¡¡.,..,¡ ,.,¡, __ Tho· ¡o.op<t t"'"·<OI• a new oppwaoh to the 
~.¡,.,¡.,,.u( ¡orultin•• o•nrmmo.11d i•l the •tuJy u( f..,,.¡n• ltoiol-. 
n otndy. tJ.,. Lo¡obco tr .,,¡.,,.,,.,;,,,. ""'' it .,.., r<e(>f:niud 
tl-at Lopl•" "'"'¡"""•'¡""' ,,Jt., • u•dul ,...,¡ ¡,, ><thin~ 
ollforult 1''"¡,],,..,, ¡., 1.-. Útnr tloao by the u>e of Foo""'" 
¡: ...... ¡ _,,;,, ,\'-"· "''~inol ,¡,,,.l,.¡omen" h•ve been .,¡,,.,, .. cJ 

,¡,;,lo"'"""' "'"ih '"'"'"""by tlw ,.,,;,.,¡,., m('lh<MJ;, 

li 1' .. , ;, "' '"""-"""'o ¡. .. ;,,,in 1hc .,,,¡ and "l.,m·(i"" 
.,¡ ,¡.,,..,ti'"" i<• l.<>j>hce toon,f.,,.Mtiun ¡, "'Pl'<"<..eol loy thc 

'-' ¡.,¡,,.¡,"'"''"'al 

- " 1', •• = J,·•• 1'", olt (11/.\) 

~¡,,.,., th" '""''""' p in th'• r~loticn•hip i> relerred to o• tho 
"1""'"''"· Ir W< t,-,_>1 <loe ,¡,ff,.,¡,"' rqu.o.linn hy-the pru<e .. 

implicd by Eq. lll-1. th< portio] difle,..ntial can be tron .. 
lorm<cl t.o o lulO] Jifforentiol oq.,Olion. Thio i• perlnrmcJ by' 
moltiplying eoeb trnn ;., F.q. Jl4 by e->' ond i~te;rotin1 ,.;,• 

'r<>t,.<t to liJno bot.,een ,_.,. ond infinity, u follo,.., 

·-·(''' '"') J• -+--
• (jr' r·(lr 

(lli-2) 

~in« P ¡,o function of radiuo ond hme, !h., lnt<grotion ..-itb 
reopect to timo will out<•moticolly romo"' the time lut~<tlon 

and lo.,, P o lunetion of roJiuo only. Thi• rodu<o• tho left 
.ido '" .-total diflerential wah reope<l tu r, nomely, 

• .. o' J~o-'?dt) 
. "" O'P .. D d'P,, 
f.---· &!;o= =-- ~-

• O•' (lr' dr' 

ond .E<r. ll!-2 boooJ\,. 
:. d'~··· - 1 \dfi,., ·---·-dr' r-dr 

P, PRESSURE 

t.," dP =;,.---·· . " 

A 

-, .,. 
' 

., 

~(t~ RATE 

lt l3 
l, TIME 

B 

> 
' 

ftG_ 1~-.0QUfNCf CON$Ur<T tfl ..... N>.l .. f$5UI!$. 

lo- >«>Uf <OC! CONST•Nl rt.,.l.,._l ,.liS-
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l'unh<rmo>r~. if we Nnoi<ler thot P,., io a cumulati•o P"'"'"'" 
drop, and tloat i"itio~lly tho 1"'"""'" in tho te>U\'oir io every· 

, ... h.oro c<ulllont •o that tite cum,.)oti"" P"'""'" dtup P.,.,; "'0, 
thc intepation oltl>e ri1ltt hancl oido o! the e~uotion becomoo 

., dP ' • ¡· . 
•·J• .. '--J.•=•""'i'.,, +pfr'P,,1 dt 

dt • • 
• 

= P.f o""' P.,, dt 

Aotl>i> torm io aloo • Lar!aco traru!OJ'III., Eq. 111·2 cao bo writ· 
ton u o tot.ol ditl...,ntial equl.ti<>n, or 

: 1 di',., 
.,. - - = pP,., ' ,, , . (111..3) 

l f'LANE 

Tito n<>t ""'' in thc olo•d"P"'""' ;, '" repr<..Ju"-<· thc OOnn· 
olor y e<>nditiun ol ti~<> ..-.11 ¡,.,,. "' fidd rodhr" t = 1, u a 
l.oplooe truolornt&tion onJ intr;..,luco thi• in tfN, ¡<110rol .olu· 
tion /or Eq. 111-3 to &i>< an "1'\i<it r<latiVA 

Y.,., = !,.,, 
Dy invenin¡ thc tnm on tho right by the "•Hin'• in•u-'on 
formulo, or Olhcr method•, we nb<&in tho oolution lor the 
cumu\oti .. f"S""'" dmp ., on "'plidt fuoai011 ol tadiU> 
ond time. 

ENCINF:Ellll'iG CO:o.'O.EPTS 

·~ 

.. • 
'. 

llcforo opplyin¡ tbc Laploce tTa .. lotmotioo '" dovo~•P t.loe 
oeoceooary work-curvu, thete are oome fu...U..,.ntol en,iooo<· 
Ífll C<>J~UI"> 1<> bo <xoouidered tlt.ot will ollow tho iatorpr<t•· 
ti"" of tbNc <u.-. Two """' ore ni _.,_,, impon.onu 
in ... k .... ....,.....,;, otu'dico, noO>Cly, tbc """otnt !ernriool 
preo•u"' cuo ond tho eoootanl t<rmin.ol ni~ eo<c. JI wc k no \o' 

the ooplir.it oolotioo lor thc lim ...... we con ropr.d""'" ony 
••riabU. ,,..,....,,., n;.,oty 01 thr !erntinol l."'rularr to detot· 
,.;,... tftc, cmouloti•e inAuo .,¡ fiuid. U~owi..., if tbe '"'" ,.¡ 
Ruid inAuo vorico, th<: O,,n.,.nt torm¡,...¡ '""'"'"'roo !.e u-d 
to eolculotc tho total P'""""'" d"'P• Th< oun•,.nt t<tn>inol 
pr.,..urc ond tbc onnotont termino! roto,r.a>< 4rt ""' nodo· 

¡><ndeot uf <>110 onnthor, •• kn~winK tloe "!''""'"'""' IHrrn o! 
uno, the o~hor Clln ho olro.rmined, o• "'ill be •ho"n loter. 

;e,; 

"' • 

"0 1 - COI-!TOI.Il lNTEG~AT!ON IN fSTUllSH<NG T~f CONSTANT 
TUMl .... l ... 11 CAU FOl tNfiNtn FlltNT. 

• 
,1 
' 

1 

C<>llti<Uif Tnmir>OI /'rrmm• (;.,.,. 

Tho e«n>tonl t<rminal P"'""' <a•• i• ddinod "' !o\Jnwo: 
At time uro tho ptooouro" oll p<JÍRto in the formati"n i• ron· 
"""' ond e<¡<•Ol [O nnity, on,f when thr wdl <>r rc•ornoir io 
<•poned, tho P"'"""'" ot tho W<"ll "' ,,...,.,..,..,¡, boundJry, r"' ], 
immcdiotcly ''"'!" '" '"'" on•l rcnooit" mu ¡,, th• <luroti"n 
,.¡ thc povducti«n ¡,¡,,.,,,, 

11 we treot the """""'" termon•l¡oro"""' , • .,. •)<>>loolic.lly, 
the oolution of the ¡owblorn Ul any rooli><• on<l time i• gi>en 
by 1' = P.,,.,. The rote o! ilui<l influx ¡oor nnit oand thtck= 
undcr Uro .. conditiono i• ~i•on bv lJorcy'o o<¡<>•tion 

""' = 2·~ (· ,, ) .... :.¡J\'.J) 
• O• r=l 

lf we wioh to d«ermine the eumu!ati"" influx of hid in 
'•"'"'luto timo T, ond hovin¡ .,pr-...1 titno in tite dtl!u•i•ity 

oqu&tinn 001 = KT/I.cR,'. then ' 

l 

·,, 

..... · ·, 
'1' 2•K J..cRO ' ( ' ' ) Q.,, =,J. q,., dT = --• --- f -- '' 

~ K • O• ,,¡ 

•• 

.. o. 

. ~·. ' PLANE 

l-CONTO\JO INTfQUT~ IN ESfAit.tS!t<NG THE CO><STANT 
TUMI ...... l.<.fE C#.Sf >01 ltMtfU> ~SUVOtl. 

wher.; 
= 2ricR,' Q,., , . • . • (!Y!) 

. ( ,, ) Q.,, ;; J -- dt •. (IV.J) 
• O• r=l 

In brid, knowin~ the ~""'""' 100lutinn impli..! hy Eq. [\'·3. 
,.¡,iclt urr.._ tho inte,rotion in dj.....,.¡.,lcao ti-. t, d the 
p,_,..re 1nrdicrn ot rodiuo unity for a preoo~re drop o! one 
otmoopbe~ the eumuloti .. inftux i:tto tbo wcll bort or into the 
otl-be.orio¡ portioot of the li<ld con boo ddarminod by Eq. J\'.2, 
Furthcrtrtore, lot .ny j>t'OMuto drop. ,e.P, Eq. IV-~ upr....,. 
tbe cwnuloti .. in!u . .O.---'---; 

. T Q,., = 2rfcRO AP Q . ., \ .. (IV-4) 
pcr unit oand thit:kn .... • 1 

1 -·~ . --........... - ··- ...... ""'""' ,..,.,""" " H""t'o' ......... _ on _to...,rloo '" ....... ~ lolro•w"' 

• 
and G(•' 1/R') = J Q,., dt wiren 

• 
•' 1/R' "' t 

Oocomb<.r, 19~9 PH~OLWM TRANS,o\CTIONS, ,<\!ME ,, 
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T.P, 2732 THE Af'PLICATION OF THE·LAnACE TRANSFORMATION TO ROW PROttEMS 

.IN RESfRVOIRS 

When an oJ! reservoir •ncl 1he odjolning "'"••·boorln; ¡.,,_ 
onolion• oro conlained klweon lwo poull<l ud ooolinH fauh· 
ing ploneo, the Oow ol fluid ;, "'"""'iollr ~uollel tu ti•<-" 
pl•oc• and h "line.>.r." Tho """"""' trnnin•l 1""""'" co" 
c•n al•o !.o applied lo 1hi• cooo. Thc hooic oquolio" lot lm~ar 
flo~ ,, giV<n br •. , 

••• •' •• 
(IV-5) 

whe.re n<>W 1 = KT ¡r.., ""d ~ ¡, 1.hc obooluto diota""o m .. o
ured !.-om tbe plane oí inrluo <>.lendin¡ out into rhe woler· 
beoring .,.od., 11 we , .. ume tho .. me boundory =ditiono u 
in radio! fto..-, wi<h P= P(•,t) •• the oollrt!on, rben br 
Dar<(• low, lhe .--a•~ of duid inflo• acrooo lite ori¡iROI wotOJ· 
oil """"'« re• uni< ol cro,.__...,tional •roa ;, eapouoed by 

'"';K (!l':.) 
~ O• •=• (lV-6)·, 

n ...... ¡ fluid iduo ¡, llven by 

Q.., ', lq,., dT = K· ¡,..,< ¡' ( ae ) ó< 
" " • O• """ = f e Q,., (lV-7) 

wh<re Q,, i• ,:,e ~enerotized oolution fnr linear flow ond lo 
rqu~\ to 

Q,, = J ( ~~ ) 
1
=u dt (IV·S) 

11oordnro, !oran~ o•eHil pl'<'O•uro di'Op ,:.P, Eq, IV-7 ~;...,, 

Q,,, = I<AP Q.,, 
¡;<r unil o! """'·""1ional oteo. 

. .. . {IV-9) • 

In l~e con•tont l<lmmal rate caoe it iolil.e-io<oaooome;! that 
initiAI!v !he ?'"""'" ••erywh..-. in ¡¡.., lormali<>D lo conotaD! 
bu1 that lroon the time roro onward thc ftuid lo witl>drawtl 
!roro th .. e11 bote ur ,.,...,uir IW>undoty at o unlt rato. 'Tho 
pre••ure ~rop i- i<Í"'" by P = P,._.,, and 11 lho boundary ol 
the fiei<l. who•re r = 1, ((ll'/(lr),.., = -J. The minu• •i¡¡n 
io intr•nluco.l booau"" lhe ~rodiont lor 1hc P'"""'~ drop rel•· 
'"" '" !ht' TJJH .. .,¡!he,...¡¡"''"''"":' l• llO~ati>e. JI the 
cum.,]illive 1"'""" clmp "e>¡>rc•oed "' ,:.1', tl>eo¡ 

.• (lV-lO) 

wl""" o.,, i; n con>l;nt rdotin~ ol" C'lmulntlvo 1""""'" olru¡o 
wioh thc !·"-"'"" d"nge lor a unit rotr ol ¡>roducoion.• n, 
.,.,,(,ino u .. ,~·- ec¡uuliou lur oh• '"" .. r lluid !l .. winij lnov 

'"" "'"1 '" ,._,,,,,¡, '"" ""'' '""d l),¡,k., ... 

Z•K q,., ( (l~) 
~ Qr r=l 

Thercforo. lor any oon•tont 

rato nlt"·oduc>ion 1he cumulatin ~'"""'" drop at tho 6eld 
ro•liJJ' j, ,i>en loy 

' ' q..,~ 

!t.! = • ,. 1',, --- (IV·Il) 

-~im;larlt, /or 11>0 '""''""' rato of ~rodu<lion in lineor Rnw, 
the rumulati>e !''""'"" Jr.,p ¡, e>pr....,l by 

(JV.\2) 

' 

"l>ero q,,, ¡, lhe rote o! w01er encroO<hnoonl p01 unit • .;,. o! 
c ........ Ciion, · •• d P.,, 1• lho cum~lotiTo p!<NUIO dtop "' !he r 
••nol l•co por unit hte o! production, 

S"p~rpo.itWn Tloe"r~m 

~'ith th.,. fundamental rcla!IOJ>ohipo aTolloblo, il remaino 
to he ohown bow ~"' conotant preuuro caoe caR he interpteted 
lor variable terminal preo11t11e>, or in tho '"""""' tate .._.., 
lor vorioble ratoo. The lineority al tho diffu•l•ity "!UOIÍO<t al· 
!owo the applie.o.!loo of tho •uperpo<ition th..,rrm u a ..,_ 

qoence of ""'''"-'" termLoal preoourn or "'"''""' ratos io 
oo><h o I..WOD that io uproducf• tho pru..,re or proo!OJ<tio.o. 

· bi,tory ot the boundory, r; l. "Thio lo .-nciolly Dullomd'o 
principie, lor which refe~oee ron he ....de to ltonaitM elec!n< 
o;ir<uil theory in leol• by Karman and Qiot,' and Duoh.' lt ¡,, 
heen opplied t ooho l!ow oí Oul•l• by Mu•ht,' ,;,¡,;lthuio and
Hunt,' in employio' tite ••ria61e rol< ., .. ID colculalinJ the 

'P'"""'" dro>p lo lho Eut Teuo ··iold.' 

The ph~&icol >lf\llifo<ooco ••n hnl bo roalioed by an opp]l
cooion. Fig. l·A ohowo tho pre .. u,.. dicli"" In Jho ,.<]] boro 
ora field th•l h .. been flowin1 and lor whloh w~ wioh to ob
tain the amouot o>l flu¡d prodo<rtl. Ao ohown, tho pro .. uro 
hiotory is roproduced oo o serio• .,¡ 1oreooure ,,J.,oauo whioh 
rep.-.oenl a ""quence of conotant termin•l proltut ... 11>rrefo...,, 
by the opplicoti<m of Eq. !V-~, tho cumul•ti>o nuid produred 
in ~me 1 by !he pro"""' rlrur t.l', upe101i•o oin« >cru time, 
i•expre...,d b~ Q,., = Z.loR,' t.P. Q,.,. U wo ncxt cunoidor 

" 
f!C 4- OAOlAl •tOW. CC>ISTA>II 11 ... 11->M "!!SUII CAU, t~F!~· 

ltt OESEI>O<I, C~MUU.tiVI "00UCliON VS. tiM •. 
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tloo P'"""'" ''"'1' ól'., wbiolo o<cun in titno t., and lr<otthio 
M o '"1>·""'" eoOtily, hut toko c .. gni,.ouooo o! i" timo ol int'OJI· 
tino t,, thon tho ''""'"l•tivo ~niol l""'htcoJ by thi• inoromonl 
•tf !"""'""' olrn¡o i• Q,., = 2~fdl,' t:.P, Q, •. ,,.. By ou¡><r: 
im¡M"i"i al! thr·o riTe<to of pro .. uro ohon- tbo total in8u• 
in ¡;,.. t io o>pr..-l •• 

Q,., = 2doH,' [t:.P,Q,., + t:.P,Q.,.,,, + 
t:.P,Q ... ,,, + t:.P,Q,. '•' + , , . ) (IV-13) 

whon t > t,. Tn ,..pr••luo·e thr ""'""'h oune rolationohlp ol 
Fi¡. l·A, ¡h..., ~,. .. u,. pl.otroU< oon bo takon u infiDi,..;m. 
ally omall, wb1cl. Ji•• tho .. 11>10l&lio~ of Eq, N·I3 by tho 
intei;rol 

. ' Ql!.P Q,,, = 2•kR,' J --- Q,..,., dt' •.• (IV-14) 
• Ql' 

Hy ooon,ul~ril1~ yariobl~ ral .. n/ Ouid pr<><luotion, ouch u 
oho~n in Fig. 1-11, ond rrprodndnt; tho .. rol .. "' • ,.,;. ol 
«>n•Unl rare pl.otea ... tl~n b, E<¡. ¡y.¡¡ tho pr.,.uro drop lo 
the wrll boro in time 1, lor the ioiti.al rato<¡,¡, t:.P, = q.P,., • 
. ~t llmr t,. the eomparoble incroment fnr conotonl rote io u· 
l'"'""d •• q,- qM and th~ efl<:<t ol thio inorrmont tato on 
1bo <<><~'<>'I"'"Jing incrcmont ,¡ l"'""'" drop ;, t:.P, = 
1<¡,-q,) P,,.,.,. A¡oin hy ou¡><rimpnoin~ all o/ the•• eflocto, 
th delerminatioft lor tho cumulotivo pr-u•~ drop io ~•· 
)110-.i by • 

lll' = q,,; p "' + [ q, {t,) - q,.,] p .... ,, + [ q,~, - q,.,,] 
P,,.,,, + (q,.,1 -q,~,] P,, '•' + {IV·IS) 

,, 

V 

' 
.. a. J- O"DlÁt FtGW, CONSaNT TUMlNÁ( :,RUSUOf CASI, 
t~MYIAIIVI POQOliCTlON VS. IIMI '01 UMli!D •UUY<'IttS. 

11 tho ino.remonto aro in5nitooimol, Ór tho .-lt c•no rolo· 
tionohip oppli .. , <:<(.'¡y.¡s htomn .. 

• dq,,•, 
t!.P:::. q,., P.,,+ f -- P,..,~ di' (IV-16¡ 

• dt' 

11 q,,1 =O, Eq. IV-16 "'" ol .. be npr.,.,.,¡ a< 

• t!.P = J q,.•, P',..,., dt' (IV·!?) 
o • 

whero p·,., lo tho deri .. ti•o oi P,., with hopee! to t. 

Sin"' &¡... N-13 ond N-15 ortt ol uch oimple ol;ohroio 
fono., they ore moot pr«ticalto uoe ,..¡,¡, prodoetio<l hi>tory 

lo maki~ .-nolr otndieo. In opplying the pre>IIW'< or rote 
ploteono u ohoWD in Fig. l, it muo\ be r ... !i..,'d th.at thc time 
lntei'Vllllor each plotoou ohould be token u omall u po .. lhle, 
.., oo to reproduce within ettgineo.in11 ooeuraoy the trrnd o! 
tho cun ... Noturolly, ilon noctlnterprotallon i& d...;red, Eqo. • 
Jv.a o1>d IV-16 apply. 

FUNDAMENTAL CONSilmRATIONS 

In applyín1 tho Lapl.oco trooolormation, there ..,. «nain 
lnndamentol oporotiono that m .. t be cl.ariliod.. lt boo ,_, 
ototed thot ;¡ p,., jo o p.-ure drop, tbo tr&JtSiormatioo for 
P,, jo IÍ'e'll by E<¡. lll-1, u 

- -1',., = J , .. , P,., dt 
o 

To •ioualizo more concretelf tho rnoonin¡¡ ,¡ thío equolion, il 
tho unir preoouro ,drop at ~>e boundary in thr cotutant t<rmi· 
~al pr<M.,. u.oo io ompioyed In Eq, lll-1, ;,. tronoform io 

~OOD hy 

-P = fe·" ••• • 
~" 

ldt=-, 
-

(V-I) 

o 

Th Lapl.oce tronoformationo of mony tranocrn<kntol functiono 

h••• bo.n de .. Joped andar~ .. oiloblo in tobl"' tbe 1!1001 <•m· 
plete of wbich i• tb~ troct hf C.mpboll and y,.,.,,• lt io theu· 
fou oltcn poaoible .!ter •oiYin~ o to111 diflerrntiol •uth •• 
Eq. 111..1 to rel<r to o .., of tobl .. ond 1ron•!orms and doter· 

mine tho in•rr .. uf P.,, or P,,. h io lrrqueotly nO<'oo .. ry to 

olmpli!y P,., bo!oro on invc,.,ion can be made. How..,.er, Mrl· 
lin'o inTr"ion formula i& olway• opp\icahle, whi<h rrqut,... 
onolytical trut"""t whene>OJ uord. 

There oro two po .. ible simpli~ootinno lo. P,., when ti""' 
io omall nr tune io largo. This ;, eYidenr from Eq. UD, wh<ro 
p can br interp!el1'<l by the o¡ ... rat\nnal eolouluo "' tl10 <>¡><T· 
otot didt. Thorolnre, il we conoidcr thio oymboltc rolation, 
then if t ;, ior¡e, p muot be •mall, or ht•enely, iJ t ío omoll. 

p wil] be largo. To nnde,..land thjo, il P,., io np.....,.j hr an 
mvoJ;,¡ n....1 rel.otionihip, the ollhotitution lor p u o amall 

or lorge voluo will oimplily P.,, tn ,; .. P.,, for th" oorrr
opondi<>g timoo. 

Mdlin'o ionerolon f<ltmulo ;, ''""" uro poge 71 uf e,,,¡,,. . 
and Jaegr<:' 
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T.P. 2732 TME APPUCATION Of TME I.Al"t.ACE TRANSfOIIMATION TO Fl.OW PROat.~ 
IN RESERVOI!tf. 

1'.,, = _,_ 
2•I " • , . '') 

wht<e P(>) "the tra .. lornl P,, Whero tlúo repon lo con. 

roroed with pr ... ure drop•, doo •!><»• can b. written oo 

. ~+¡,. 

. 1 "· "· P,,-P,.,=-- J (o -o ) P dl. (V-2) 
' ' 2•I ('1 .,...¡, 

Thr i"eiJillllon io in the eompk• plo..e l = • + iy. ol'"'l• 
loor P"oliel to tbo , • .,;., .. tendin' from minos to pooltioe 
ir.~nity. and o diotonre ~ rotn»•rd hom the on¡in. ""thot al\ 
P"l" ore to the left ,¡ thi• lin<, ~·;~. 2. The rooder "ho 1••• a 
oompo<hoo>i•·o undr,.toncling ,¡ oonto~r"inte¡¡rol• ,.¡¡¡ oecog· 

.ni>< thot tltio inte~rol ;, equ•l tu the inte~rotioo around o 
O<roi..:rr<lr ol inhnote rodiu• e>trndin¡ to tbe left of the line 
x = ~. ond ir.tlur~e• lMe¡¡rotioo olon¡ t!>e üeuto.~ whi<h join• 

' 

' 

r-~RESSURE DR0P 1111 ATMOSPI-If:~[S·''Ul. 

" . 

" 
\\ 

-' 
. 

\'\ . 
' . 

the poi .. ro lh< ,.mi-cirde. Sino. the inte¡rotion o!Mg lhe 2 
'""'¡.,;,.;.in tho ...,,.,.d and lhlrJ quodranl " ..,., lor rodiuo 
inlonih •nd I>O. thio l<a.e• <he lnte~r.,iun don¡ th• ""ruto" 
Ort•\ '~"' pul<>,.,.¡,.,< th• l.U<'· •• e>pre"od In Eq. V-2, are 

" -
' 

')~ <he fr.•<luoio 

L:<noi~ lunJ.am<ntd fela!Ioo>ltip• in the l..op!ooe Ira .... 
l•.rn>ollÍ""' .Ir< fnuttJ u...,{ u!:" 

" ,. 
• 

"' JI',., 
,••-- dt =e_,., P.,, ,, 

• 
=pP,., P,. . ., 
<ll',., ~. . 

o! -- = p 1 "' -1',, •• ,. pro•uitd ,, 
oppro.och.,. JU» &> lim<" oppmooheo inliDily . 

• 

.~· r,., 

Th~ .. ~ IJ ~ n.. lun>lorm of J P,.., dr lo .. p:-.1 by • 
"' ' _,_,.. ' 

J , • ., J !',.•, do" d1 = --.J !',.·, <i<' 
' . ' 

r ... 

' 

• ' . +~ ¡.-•r,.,dt ,. 
• 

"' the ...... rurm .,¡ the integrotion r,.., .,;,h , .. pe<t lo ,. 

.. ' 
f">m »:ro lO tÍ> 1',,/p, if e~' J p,.., dt' ¡,uro for time 
Inlinit¡·. 

0 

Th""""' C- The tr>n•lorm fn, •-"" P,, ;, eqoo\ lo 

) e·•• e~" P,., ,¡, = 
il p-o h P"·il""· 

Tlo<oum /! - 111~ ( 1•) ¡, the oronolorm ol P, (1). ond P, (p) 
¡,<!oc '"""f"rm •. r ]',..,. then <ho rM<luct ol tito..'"" orano
¡.,,.u. ¡, lho lr•n•f"tm o! lho inle~ro] 

• .i P,.,., !',,,.,., rl<" 

••• 
) 

' R•I0\~•00 

i\ 1\ 
" • ~ • ~ ' TIME(!) 

>lO. ~- OAOIAI OIOW, C0k51A>IT U ... t .. AL lA" 

01101' VS. TIMe,'(>) ~S. 1 
CASr. PIUSUI.t! 

Thio iott¡tol io comparable"' tbe iote¡rolo de•elo¡>Od bJ tbe 
ouporlmpooilion theorem. and d op~iablo ""' in thio 
poper . 

CONSTANT TERMINAL PRESSlffiE AND 
CO:O."STA!'<"'' TER~Ü;>;AL RATE CASES. 

INFINl'fE .V!EDIHM 

Tho on•iylb Jor rho <onotant tcnni>tol pn .. ure and <>lo 
<Ottl hne heen de>t·l<•l><d for Hrnit<J l< .. r.uiro" when tho 
eo!erior bound•ry " ounoideml do..,¡ or tho prodt><~ion rato 
th!"Utt¡h tlti• boondary ;, n .. d. ln rloterntinln, the rolu"'e ol 
wolor eO<rooched In10 the oil·b .. rio, pottion o! ,.,.......¡...., 
few oooeo hne h<en onooonto:<ed ,.h;ch lndi<-oted 1hot tho 
'"""¡' m "hidt tho oil oc.cnr> aro u( limuod ex<enl. ··ur !loo 
'"''"t ["'"· tl•e doto ,¡,,,. tl•" the onll>t• lx-h""' •• il tloo 
~·,ll<l·l><arin~ par!• ol thc lurmoti""' &r< nf infinito <"<nt, 
1.-e<o<>>< ""hin tho pr<•hooti•e lile uf ui! re,.nuir>. tho rote uf 
water <D<t,.<~ment doe- no< rel!t<;t thr inUueoce of on U· 
!elior boo~nd•ry. In odoer word•. whrlh<r ur not ,¡,. """'" .ud 
i• uf limi<ed utent, tho role uf wuter "'"''""'hn.ont ¡, ,,..-h u 
,¡ '"J>J>lierl hy "" inf,n!to n•edhm> 

'" PEHOLfUM TRA.NSACTIONS, AlME 
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C..ml>';rin~ rMe woter innuo !Gr on infinito r .. e'"""ir witb ti~< 

ltdp PI Fnuróor-U.,.....I •'l"""i•n.•. on e•«rior boond.,.y con 

• be a .. umed oo for ,.._,...,¡ lrom the f>eld rodiu• thal tite pr<>-

\. ) du<tioto loro O<>noiderohle timr w;ll reAe<l the infin,te <&!<. 

Unlortunotoly. the pO<or C<>n>ergence o( tlw.e eopansio" invol• 

idoteo thi• opprnoch. An ohrn"i•e mcthod eon•i•t• ol uoin¡ 

ioerea•in¡ YOiu.-. ¡.,, e>leri<lr rodiuo, enluoung tlle '"""' in· 

Auo lor eoeh ro•hu• oepar&ldy, ond thm drawin¡ the en .. lope 

o( thno cu"""'· whicl1 ~i .. , rhe infinito col<, Fig. 5. In ouclt 

a procedure. eooh ni rhr hroneh eur><o rnfio<U a wator re,..r• 

•nir ollimired e>tenr. ln01much" the drowing ol an en•elo¡on 

d..,. •·~ ,;~. o hiP, .~q;, .. ol ocurocy, tho ooluuo,. lor !he 

con•ronr l<rmiNil pre"'"" ond """"'"' termiul """ """' 
lor on infinito medium "'' p..,..ntod here. wilh volueo for 

Q.., onol 1'.,, ulcufoted dir..,rly. 

The eoo•tont te<fmnol p« .. ure ea"' ""' firol developed br 

( ' ') --latollti ........ ·,~ ,., -
A releren«> ro o tut on Be .. el lunolion .. oucb && K.orm•n 

ond Biot.' pp. 61-63, ,¡,,.,.,. th&t 1ho genero! oolution for l'.q. 

f!l.3 io •i•en by 

(VI-l) 

where I. (r>IPl or>d K.(r"Tl uo modi~od Re,<el !une· 

tiono o( the firot and •eoond ~ind. toopeoti>ely, ond of "'" 
or.U,t. A ond B ore two conotont• which oouoly o <Ocond or.J.r 

dil!erentiol equoti<ln. Si~ce i'(t.p) i• the tronolonn of t~e 
preuu« drop ot o point in oh< lormoti<ln. o..d '-ouoe ot o 
point not YOI ol!oc>ed by production lho obooluu pre.o<ure 

oqualo lhe lnitiol P""'""• it io roquired thot í'(r,p) ohouM 
appmoclt '""" r beoom.-. larso. Ao ohown in Korman ond 

Nidrolo<>n" b~ tl.e opplicotloA of GTeCII'o fun<tion to 011 instaD· Biot.' l.(t.,.-Pl 1-..meo increoo.ingly l.or&e otld K.(rV P 1 

"""""' cin:ulor oow"<ce in oo io6oite medi~m. G<>ld.,eio" pte
...,,.,¡ thio 0<1luti0fl br the opetal>onol method. on~ Smith"' 

emplo)<d Cor•f•w"o """'""' method in ito dovoloprnent. ('..oro· 
low ..,d Joegor"" loter .... · the expli,it ttoo""'"' ol t~o 
'"""'""' terminal pre .. ufo cuo by lhe opplicotion ol tl.e J..a. 
pbce tronolormoti<ln. Tho derintion ol tho coooun\ """inol 

r&lC cooo io Mt gi><n In the literoture. ond ito devefopment 

io pre><ntod here. 

Th~ Cn.u<IIM R<llc Ca•~ J 
Ao olreoJ¡ di..-uO!Cd. th~ ~1\dory conditiooo lor lho cort· 

otont roto aoe in on infinito rnodiu"' ore thot (1) the pr<O· 

'"" drop P ..... " •.ero iniliolly ot .,.,, point in tho formo• 
ti""· ond (2) al tho radiuo of.lhn hold (r=oi),.. hove 

'"' ' • • '"'¿ . o 

1/ ~ 
• V 

, .. 
,r 1 

' 

' •• " 
I/ • 1 ·~ , 

opp,....eb.,• "'ro ., the ar¡u-.t (•" p ) ÍJ>ere-.. There· 
foro, to oboy tho io.itiol condition, tlle eoootont A mu.t eq~ol 

"'" and (VI-l) "becomoo . 

P, •. ,. = D K.(•"PJ (VI-2) 

To lul61l tho toe<md bou~d&ll" eondiuon lor unit roto ,.¡ 

prudu<tion, nomely [(lP/Q•)~, =o"-l. rho \lan•lo.-no fu< 
unity gi•e• 

' 
" 

(Vf-3) 

by Eq. V-1. The diJ!.,enlioti<>n of lhe modrfiod (J,,,..] lone· 
tiun uf the teCond kind, Wo,.on'• Be..el Funrriun.,'• W.Il.F •• 

p. 79. gi•oo K.'(•) =-K, (o). :rt>erelore, drfforentiation Eq. 

• • ..... 
/ 

R•IOO 

¿1 1 
¡'"' .:JY 1 ..... • 

• 
• 

• !7 17 , .. 
1 .... +1· . -ñ 

y 
,. 

' e?= 
..... 

1 • GTLIHD!FI 
Sil/K 

11 Ji: ' o 

' • 

• • "" 
"'Zr:J . 
,¿. """· 

' • 8 \KICI 

1"/ R•lOO 
• 

' • 1 lXI ' • • 
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T.P. 2732 THE APPLICAT!ON OF THE LAI'LI.CE TRANSFORM.\TION TO fLOW ·P~SlEMS 
IN RfSE~YOI~ 

( ,, ) -
.- :=-UV~ o• ,,¡ 

' 
' tho cun>t>nl H = 1/p'~ K,( vp ), Tiocrcloro, thc tronolo~to 

lor tbc P""'""' dr<>p lor lho cooilant roto co10 io an infinito 
rn«liu10 io al= by 

P .. ,= (VI-4) 

p'I'K, (V p) 
' Tn ~"'"'"'"" !he ¡,.~,,.. ol Eq Vl-4 in ordor to o•10bliolo 

the P'"""" drop ot rodiuo oniry, we oon rooon to tho •im
pli!l<a!ioo <4ot lor >mOl! timeo !he opentor p io lor!". Sinee 

K.(•) = ./:.. 
- '\" 2, 

¡Vl-5) 

{or ' lat;;r, W.B.F., p 20Z, the" 

' P.," 
Th< in•-;~• for thi. 
Fo.:rr, ü¡. 516,., 

= ~·" 
ttanolouo " 

(\'1-61 

~¡~ ilo C.mpbell and 

' 1',., = , .... / ¡Vl-7) 
,.-; 

In bnrl, l:q. \'].? "'''"' tlo01 when t = KT/f¡ocR.' i> omoll, 
~hielo can loe nu..-.1 hythc ;.,und><y radiuo ¡,., the !i.ld, /\~ 
Leing lor~•- !he P'""'"'" drop Jor 1M unit roto of produotlon 
>PP'"''"'•'~' thc rootoditoon lor lmcor flow, , 

Tu¡.,,,¡¡, tlri> oundooi,.n, thc ttcatmcat ul th; linear Ouw 

co¡uol;,,,, 1:.¡. IV-O, hf lloe l~•r•lace tr•n•lorm•lion gi•a 

d' ,.,, 
----;¡--;;-- = r•l',., (\'1.8) 

Jo< which tiro grne"l ><olutio>n ;, the cxpt .... ion 

P,.., := Ae·•v' +Be" V> (\'J.q) 

!Jy «r><•li"~ lho ""oning •lr<ady cmployod in thioo d~,.]op
"''"'• th< tr~n•lurm ¡,., tloe ¡.rc»urc <lrop " x =O Pveo 

P¡ovp¡ "' IIP'-·' 
wloi<~ i. ;~enti<Sl with (V(-6) wllh p tho u,..tolor o/ t = 
.KT/1-.e. 

Thc '""'"! ''"'l'lrfrcoliun ¡,., 1he Uao.,Joron (Vl-4) io to 
"''"'id,, ¡o •m•ll, whieh ¡, eq~O,..Jcnl lo con•ldcrios tirne, t, 
¡_,,~~-TI,., <'P•~•;""' lor K,(<) aod K,(d are ai•cn in c.,.._ 
la" ond Ja<¡or,' p. Zta. 

K,(z¡ =- 1,(<) ( lu¡!.1 . ., \ + ( Ó )' 
1 • ~ 

( '+ ~) (; )' (' ++ )(;)' '""' 
·--121)'-- + (3!)' - + 

l<,(<) =-(-!)''' l,i<) 

( ~)'"' 
1 "' -· 

+-1-J)'! ------ '-'·"'~,..% 2 •.• '! ,,. .. ,¡! -' 
1 •·1 ( ')~"' (n-t-1)! + l 1-!J' ---
2 .~ 2 rl 

(Vl-11) 

,.-]r,., ~ io Eulor'a """''""' 0.57722, ud tl>o l"l"ilhmic urm 
oon•i•to of notuH..! logorithmo. When. • io •moJI •'" 

• K.l•l ==:- P••2 +l] 

K,(•) :: ¡¡, 
n..,..,¡.,., Eq. \'1-4 ¡,. ..... 

- -lo¡p 
P.,,., "' --¡¡;--- + (Vl-H) 

' Tite inoen.lon lur thclint term 011 the ript loll•.;..l>y C.mp-' 
J..l! ond F001n, Eq. 892, ood !he in= .. ol lhe '""""d IUm by 

• 

PIG. e-CONtTANT U.U Of ~OOOUCTIO>I IN IHI ITOC~ TAl< 
AD!USTING fOil TNE UN!O~DtNG Of "VIO <N lHI ~NNUtll>. ,¡, 

VE~SUS t "'*'' ';""" <l1~k~,'- ANO < io tO.. VotUME Of HUID UN
lOADEC f~OM TH' ANNUlU$, COOUCUD lO o!SfOVO" CONOI. 
"0NS. PEI ATMOS.OH'"E aonOM-HOIE ,Ot~VOI DOOI', PH "Nll 

UNO THICKNISS. 

Eq. V-l. Thtroforc, the ¡orouoro Jrop at the JoounJOI'J of t~o 
ficld whcn 1 ¡, lor~o " ~¡"'" Ly 

1'.,, = ' [lo¡4t-~ 
('11-l5) 

1inuouo point '""''"' proLlcm for large timo 1. 11>< rol•ü"""hi¡• 
h.o..o b<ert opplied to the f!o,.- ol 8uido by B><>«'.• IJ\.ino, .. ..,d 
o<her-&, ond lo p&rlicul•rly opPlieoble lar 11udy ol ini<J!am<~ 
hetwcen Aowin¡ ••llo. 

Th~ !'"'"' oource oo!ution ori¡in•1ly <ie•clupo<f Ly Lord lül. 
•in and diocuomi in Carolow" can he ••P..,..<~ •• 

, .. -' (') P .. _.,=- J-do=-i-.ü -- ) 
~l•n ~ 11 

(VJ-l~l 

olter. rdoned 1<1 " lho 1<\llarithm.ic ioto¡ul ur the Ei-lunc
lion. lt> .,],.,.are gi.en in 1'ohle, ol Sine, ._:.,inc, ood F.•r"· 
n<ntial lnlOHIOI•, Voluonco 1 ,.,,¡ 11, Fedorol Worh .-\~ene,, 
W.I'.A., Cit1 ol Ne..- Yw-k. Fur !•r~ volueo of the lime. 1, 

' F.q. VI-16 ,,.¡...,., to P,,,., "'-;;- ( log ~~- r] '"hich is F..¡. 

Vl-15. ond thl, rd,tion i• o...-urole fnr •oluo• ni 1> lOn. 
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U) <loi• dcv.,].,¡nnonl it i• «iolcnl <h•< oho ,.,;.,, '"''"'-" '~":; 
!ion,¡,..,, nula¡o¡oly ul ,\ houonl.ry loor tho olo<orminolion ol t~o 
V'"""'"" dw¡o »hon 1 i• omoll. l!owc•er, .. hml 1ho >ooliuo: R., 
b .,.,,11, onch "'O woll rooliuo, oven omoll volu.,. uf the aboo
lute time, T will ¡¡ive lu~e ••!""" ol tloo climonoionl ... lime t, 

ond tho: I"'Íut ooureo oolution ;., applicoble. On lho other 
h.ond, 10 conoidetinl tite l'""'""' drop 01 tho ¡><ripbery ol o 
field (in which uoe R. ron hO>e o la:'e numuiul ...Jue) tho 
nloe ol 1 can b. eo01ly ¡,., th011 lOO,.., {.,.-largo nlueo of 
ob.olu"' linte. T. ~re!o>e, lor · >nlwnediato tirneo, tho ri¡· 
orOuo "'lution ,.¡ the oonotant rato .... "'"'' bo ua<d, whioh 
~-. will now procud to ubtoin. 

'Io dev.lop oho u~lidt ..,Jutmn lor oho oonorant tenniool 
rol< <>oc, it io noce .... ry to invort tho Laplaco lrUlllform, Eq. 
H-4, h) lh< Mellin'o ln•eroi<on lormula. Tho po.Lh ol intel!f&· 
\i<oft ÍO< tJ.jo l .. ftOÍo<m io ~robod by ...... MOUIM a)nn¡ tbo 
ne"'tl>e real ••io. ··;,. 2, wb>ch gi• .. o ol.,.le nlaod hmctioa 
..., eAch •'de ol ti,.. Meut.M Tb.at io to ooy thot PaLh AB ro· 

quired by Eq. \"·2 io <Q.,OI lo Lhe Path AD ood CB, both ol 
whkl> ""' deooribod hy • fl<mi-cirdo <>f rodiuo in~ruty. Sioce 
'" mte¡tanon io .. ,., In tl~e oeoond and thitd quadr.ut!, thio 
~ao..,, ""' uuer¡rotion akon& l'all .. 00 ancl UC oquol to Al!. 
Joo intqrat>O<> 010 u,., uppe< port>o.o o! tho "eut"" 0011 be oJo. 

1Ukio1 >=o' o.¡~ whiclt yiddo ... ... -
1 _..,.¡, ..., )K.,{v>.r) 

2•i ,J d>. = 
l'~K,(V>.) 

-u'l, ....,., 
1 "'(• -o ¡K,(uo'r)du 
~ J -"--;;-=e¿-=: .,. ;~ i• 

,. 

n'o'K,(uo') (Vl-17) 
c.,.¡.,. Ml<i Ju¡e<' (po¡o 249) obowo tbat modified Ba....1 ,. ,_ , 
luoctioo• o! tbe Corot ond oecood kind o! ar1ume1111 o e 
en he eap<e .. ed by tbo "'&ular Baoel luncti.,... u complea 
val....._ Oo followo: ,. 

~ ,. 
1, (a o ) = J,fo)~ ,. ' 
~ - !.~: . -•'" K,"¡, • ' 1 = + q"i J,(t) + i Y,(a)) 

'· • ~ 
1, (o • :> = ± i J,(z) '. (Vi· lB) 

~· 
,, 

' ~ 

K,(o e 
, 

1 = • --[J,(•) , + Y,(•)] 

n.. oubo>itutóon <ol tbe <<><r .. poodin¡ .. 1""" for 

ir/2 i•/2 • 
K.(ue r)ondK,(ue )fTOmEq.VI.JBinEq.VI.J7 
¡i~ tbo inte¡¡:ution '~'"' the upper l"'rlion ol tho ne¡¡otl.., 
re.ol '"cutri •• 

-u't. -u'l, 
¡ "'{e -e ) [Y,(u) ],{ur) -J,(u) Y,(ur)] du 
- e 
••j u'[J,'(u)+Y.'fu)) 

(VI-19) 
wl,..,... tbe i<n.o.~inory torrn bu he.n dtoppod. 

9 ,, 
noptÍ>o real ~cut" io u¡orooO<J by ~ : n' o · 

"'''-. j_<• ___ -,•-"lcc'o·c''cc'C:''I-'','c 
2•oo - · ,,,, !(,(V> 

{ 

= -1 oo (e"""'t,-e...,'l.) K. (u e4 "'12 r) du 

-;J -1•12 ir/2 
ue K.(ue) 

Uoin¡ E~. Vl-1!1, yieldo tho relotionohip 

1 oo ¡;"'lo -;<>'t. ) [Y, (u) J,(ur) - J, (u) Y, (u r)] 
-J . "" •' u' [J,'(u) + Y,'(u)] 

(VI·20) 
lbo inlOJT&tion &km¡ Polho DO a...! OC i> tbe oum ol tbe 
.,¡,,;.,... Vl-19 oM Vl-20. or 

P". '"- P, •. ~' = 
2 oo(o-<l't,- e..,'!,) [Y, (u) J. (~1 r) -1, (u) Y .(u r} 1 du 
-J-----~~ii~~~~--•• u'(J,'(u)+Y,'(u}] 
lnitiaU,, thot io ottirno <ero, the cumulati>e pr~""'" drop ot 

any point In Lho formation io .. ..,, P,,. ;.,. =O. Hence, tho 
prooouro drop .;,..;, ooro timo oqualo: 

2 oo (1- •"""'t)[J,(e) Y,(u r)- Y,(u) J,(ut)] du 
P, ,--J 
'' - • • u'(J,'(u) + Y,'(u) 1 

(Vl-21) 
"hi<h io tho ••plidt "'lution ol tito conotant termmol rOlo ouo 
lor an infinito roodiurn. 

To dO!ormioo tloo oumulati•o "''"""'" drop ¡,., • unit roto 
ol produ<tiOD at tbe woll bore or Gold rodiuo, (whore r = 1) 
lhon F.q. Vl-21 eh.utgeo to 

' • '"1---·-""--'1"'c'·~1~" 1ó';·"'""c1 ;-,'~·1~"ó1 "'·o1:"1clc.:':" P, • .,=- f 
r• u'(J,'(u)+Y,'(u)1 

(VJ.:U) 
By the rocurreoce formula ci•on in W.B.F~ p. 11 

' (Vl-23) J,(u) Y,( u) - J,(u) Y,(u) = 

"'""""' drop in 

aninfinitemediu<nioP, •. ., = 11 K,(VJ>r). In the conltaot 
tonnlnal pr ... oro .... it ¡, ••oumod thot at all timeo tho proo· 
ouro drop at r = l will bo unity, whidt ;, e:opr....d u o' 
tran•fo>rm by Eq. V-l 

P," = l/p 
Br oolviq fM !he conouot B ot r = 1 iD tho abo.e formula, 

n find B = 1/p K,{ vp¡, oo tlt.ot tbo ,,....,.¡_ fot tho 
preNuro at any point in the ,.,.....,;, ;, 01p,...,¡ by 

(VI-:!.>) 
pl(..¡vp¡ 

Tho eornporoblo ..,]ution ~r Vl-25 lor • eumulotil'<l P'""'""' 
<lrnp eon he do.dopcd " ).,¡,,,., by .,.,.,;aenng the pat),. ~~ 

fi~. 2, with a polo at the orioin. to ~ioe ohe ..,\ution 

I'ETROlEUM TI!ANSACliONS, ALMl 
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T.P. :273:2 TI'IE APPLICATION OF TI'IE LAPlACE TRANSFORMATION TO FLOW PROBLEMS 
IN RBERVOIRS 

1', ..... -1', ..... = 
---u't, -u't. ] 

Z 'f(e -~ )[J,(u) Y,(ur)-Y,(u) J.(ur) du 

~ ,J u'[J,'(u) + Y.'(u)] (\'1-:6) 

H we 0'< ontereOlO<l on th< rumu[.,¡._ flo¡id inHWI ot ti.e 6rld 
radiu•. r = !, tl"n tl•r reloti•m•hi¡• E<¡. IV-3 oppliu, ur . ( ,, ) 

Q,., = f -- " • O• r=! 
(IV..l) 

Th< ~eterminotion of the uao.lorm ol the '-nulie~~t 

P'"''"'" drnp al the &.Id'• e.lge lolloW> hom Eq. Vl-25, 

ol tbe 

(
....2.P, .... ) =-- K,(>'P l 

Q• r=l ~'I'K,(Vp) 

••nce K.'\<)= -K,(<), Since tho pr<>OU« rlrop P"·., 'i"'''" 
opond• to th.o Jl!l"etence h<tween lhe initiol ond a<:tual p> ... 

>ute, tho ¡,.oo{urm o! thr vadirot o! the oetuol preMuU ot 
t=lio¡i....,b• 

= e-·""") ?Jr r=l 

"' 
( •.. ) (lr r=l ¡>'" K,(V rl 

whioh ""'""pond• to tho in«uaj,d o! Eq. lV-3. f<'rth<t, ¡,.. 

tloc clofonitiun ~ioen b¡ Theorem D, numely, tbot il P(p) i• the • • 

"""'¡"'"' .,¡ 1',,. then tho tran•lorm ol J P,.•, dt' ;, ¡ioen by 

T•(rol/i> .,,d Lhe l.o¡oloce trun,furnL ¡,, Q,., i• OXP''"'"''l by 

<,l ... = 
K,( ,•-¡;-¡ 

1•''' 1-..1 vp¡ 
(Vl-2~) 

n,. owli<>l:"" .,¡ tloo _\ldlon', in>rr•ion f•tmtlla to Ett. \'].2"/ 
¡.,11"~' <'•e ¡ootJ,. •huwn in r; . 2 iYn 

o 

' •' o ,. 

-··· 11 - • ) •lu 
(Vl2R) 

[J.'(u) +Y.' u 1 " 
With r••¡.-er '" th~ uan-f.,,,. (J.,., iheto i• throimpliGeotiOfl 

'~"' ¡,., >im~ • .,,.u, p ¡, lu•••· "' Eq. Vl-27 .-.duce• \« 

•} . ., , 1/p'r 
and 1~< ¡.,_,,..¡.,., ¡, u j,ef,.u 

' (),, "'--- t'l' ,-,-
(Vl-30) 

"h1Ch io ¡J.,,,-, ni tn lh< line•r t!uw ea ... For oll o!her ._¡ ... 
n( tho tim,. Eq. VJ.ZII mu>t h< ..,),rJ numerieolly. 

Rr!aJi"'' R.: .... -,.~ Qlpl aM i'(pl 
lt ;, ~•ioJ..n1 l•om r\;e wutk that loo• alr.odr gono belol"e, 

thot '·'" l...tp~U<·e tron.formation •nd th• •uperimpo.,ti"n lht
'"'""' •Offer • ¡,,,;, ( . .r interelo>n~in~ the oon.tont tetminol 
[""''"'"'"ti>< """"'""' term,ool ,.,,. '""'· ond vko ver,., In 
""Y ,. . .,_ . .,.,¡, "",¡' Lloe ""''nti•l int«•" i• \he an•lf"'' ,,¡ 
11.,. ff"" e<>her ol ti"· ><ell ),"<< "' tloe lield !>o•ndar¡. The 
]'~'["""" .,¡ thi• ""'k i• lu d<1ertmn• tloe t<Olotion>hip l><\We<n 
'}lt), ot .. '"""'""' t~omi~•ll'""""" <"'""• ond P(t), ti~ ron· 
"'·' "' ''"""'"--'' "''" c•oe. whkh eoplki•lr tder to tJoo bo.ound4ry 
1- l. '!1""'"1""'• .1 "" <»n>ei>e ni tho inll"' uf flui<l ioLto o 

TAilLf. 1- R..dú.J Fl""'• Cmu.l-.1 Trrmúu.Z p,_....., 
and Con.l<•Bt T~rminal Rat~ C...U for lnftniu 

Re"""'""" 

-7~'!":0-1-~·,., .. ,._. 
•'·','!!'"' ''" .. ,. 
1 0[!0)-' .... 1' . • .... ' ..... . . . .. . . . , .. ' . . ... . . . .... 

r,.,._ 
¡&g 
'·'" ..,. 
:·ru ::::. 

: : l·l:'l • 
0.010 

·~ '·'"'. •m •- . ~.~ .. . . . ,_ ... 
l n~ 
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._. ' '-"' . ·•• ~. ''" 

? "" .. ..1 
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• o m 
•m 
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'~ 
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u:} 
l'ro""'"u c.,.~ 

11 
well ur field ••" ""'"'""'rulO ¡oiu~leno, th"" 11'" octuol cumu· 
lalivo ~uid pruducod •• o luncti"n Q( 1ho cumuloli>o pt<.-••u« 
tlwp ;, •~pro,.cd loy thc onperpoollio.n ,..loli•m•h•p in f.q. 
[\'.Ho• 

1/adial Flow, Limito•¡/ Jl,•,.•ro<>ir> 
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(IV-14) 

wheo ll.P io the cumu];.,;,. ¡o..-urc drop al thc woU boro 
allectod by producin¡ tho well at «>n>lonl ralo whitlt io ellah
liohod by 

""'- }',, (1\"-lli 

'fh;o o~b;titution uf t:q. ]V.U in 

""' ¡,.n,' ¡' d P.,·, 
0 Q,., ; V -:;-;- o<•O"O 

" 0 · ul 

,,, 
Sin~ the rate io e<>n>\.001, Qm=<rm o T, and" t=oKT/fJ><R..' 
thio «iot!on be<om .. 

' ' = r • 
clP.,·, ---- Q,..,., dt' ,,, (VI-31) 

To cxp« .. Eq. Vl-31 in uanoformati"n fnrm. tbo 
for 1 io 1/p', Compbel! ond Footor. F.q. 408.1. Tho 

tron•lorm 
tranoform 

for P,., at r = 1 io i\.,. ond it lollow•lrum Theorem A lhol 
dP,, . - . 

lhc tronoform of ----lO ¡oP,., •• lhe cumulall><l pr.,..ure 

" drop P.,, lor tQn•tont ule ¡, .. "' o\ lime ><io. f'inol!y from 
Thool"CM D. lhe ,,...,.,¡.,." for the inte~totion o/ !he form Eq. 
~1-31 io «~Uol to tbe produet nf thc uanolnrmo lor CKh ol thc 

'"" '"""' jq \he U.rqrUid, or 

TABLE 11-CDft.lin«..:l 

• ••• • - .. • • .. 1 a ";.""To":o----~ . , • ..,,, • • . ,,. • • ..... • • '·"" • • ...... • • ...... • • • •• •• . .. ..,., 
' <1,, • Q.,, • Q,, ' <1,., -•• . "' • '"' " , "' " ·~ •• "" " , ... " "" ro "" " "" " o m " "" • ... 
" •m " . "' • "" " "" " "" " ·~ " .... " "" " ·~ " . "' " "" " "" " "" " •m " "·" • "" " "" " ,. "' • "" • ,,. 
" 

,,. " "" • , . " :: ' ,. " 
" "" " "" .. "" "" " "" " "" " ... .. ... 
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T.P. 2732 THE APP\ICATION OF THE LAPLACE TRANSFORMATION TO FLOW PROBLEMS 

IN USEIIVOIRS 

' = pi',,, ,. Q,,. (\'1-32) 

E•Oduce ~1 thls identitr con be e<onlirmed hr •ub.litoti~~ 
Eq._ Vl-4 nd VJ.:l7 lo Eq, \'!.JZ. In b.-id, Eq, ''I.J2 i~ ti!. 
re\otlonobip bet,.een «motont termino\ pr..,.,.. ,,..¡ con•lltilt 
t<rmin.o\ r01e .,..,.._ 1! ti"' Loploce t<onolo,..,..tl"" lor one io 
hown. the ltanolonn for tbo od.et io ... tobllohod. Thio iot<r
ch>lll< ton only 10le p\ore in the uonof..-motion• ond the 
fio.al to!ution '""" be by in•eroion. 

CompuratWn <>J P.,, ami Q,., 

ro p]M P,., ond Q,., oo work..:ur .... lt io nece ... ,., lo de
ternlinc num.,icolly 1M nluo lór tho int<1talo tbowo in Eq~ 
1 1-24 ond Vl-2&. In treotin¡ thc inhnito lntcirolo lor P "' ond 
Q,., t\oc onlr dillicult pon lo in cotobliohin~ tho lotegrolo lor 
,.,,¡¡ ·~luc• ~~ "· F~r lor¡er •oluoo o( U tho ont<~rando con
'"'~" l•irh upidly, ond Simp100n'o rulo Jur numodoo\ ;,.,.,, •• 

• 

. ~=" .. "'"""' -=~·=" o, ... =t,J • l o[log u - O.i\593]' (l).l\593 -1•1 1 

~ (VI-M) 

d.,.., to oho oriPD io uprnood by 

i. •="-" U-•-"J du 
p /" = ... J u'[l,'(u) + Y,'(u)] 

lorl'uo 

(Vl-35) 
., 

Fot o equ.o\ to or le.. tbo.o. t).02, J,(u) "'O. &Dd Y,(u) = 
2/• u.., th.ot Eq. Vl-35 uduoeo to _, 

• (1-• ) 
p .. ,= i '" • • • 

• • • (Vl-M) 

llweletn=u\ 

~ 
1 -,., (1 -e ) 

'" p ~"' =- 1 
"2 ••• " 

• 
(\'1-!1) 

''"" ¡,.,. pru••d outfocienlly ocour•«. · ~-urthor, · 

To <!~ormino tl.c iuto~ro1iun Jor Q,., In tho re¡ion o( the 
,,;~;,., Eq. Vl-28 o·•n ~o ''P'"'"'I •• 

¡ .1 (l-c·u't¡ du 

0 1,.•=-;;.J u'[J,'(u) +Y,'(u)] (Vl-33) 

whoto the ,,Jue (or 1 i• token ouch thot 1-o-u't =·u'~ 

'1Mth j, tr >O f.ot u't ·~ uolto "' lo .. !loon 0.0~. o< 1 := 

•nol1h< •im¡oliheotlo"' Jor E<¡. \'(.}3 l>ecomeo 
\'0.02/t 

41 1 du \/ .. ,=- j" 
~ ,.• • u[J,'(ul +Y,'(,)j • 

!'ur u lo.,lh4n 0.02, J.(u):: 1, onol 

2 u 2 
Y.(u) ~·:· \ lo,2+~ 1 =-;!lo& u- O.HS93 / • 

A• tho Lo~orithmic ,.,,. ¡, ""''t rr.doJninont In tlu• dnom. 
in.otor l~r •mol\ ••lu .. u( u, tloio e!l'Ootion olmp\lf ... to 

--,¡;-.tí.o- ·--~-n--:,-,---, -u 
~ _,..,., .......... ..~'"" 
p: :; "·"' ~. e uno ~. ,. • =o -- .. -

___ :_~-t--'~•-1 1 1 P,., t P,,, 
• ..... ~ ' •• , ,.,>0)., • ... ' '""~ .... 
... 1 .... ,_, ..... ., •• ,,. 

'~ • .,.. • :rv2 •• " • '" • ' • ·-·"' " .. 1 ,,., ''" • .., ••• • ... ,, ,,,, ,,.. . .• , ... . ... " .. ..... " .. ..~. .. . . ... 
'·' .. 1 ''" •• .. '"• '' '"'' '" 0!•1 ,,., .... •• • • ... .,, . '''" .. .. '"' '"" .. ., ,, . "'" ,. .. '"" ... '·"' 
¡: .. 1 nr~ :~: ~~:! n: :~~ ,,.. ..... ••• ''-'1 ,,.. ''" 
" " n m " • '"" " •• "" ,... •·•J1 '''" "·"" ..... ,,,., 
''" l """ "" ""'· '"" o"m :r l 1.m H:: HTI n: m~ '' ._,., '" '·"' 

.. "'"• " 1 '"" " '·'" " '·'"" '' ,,,., .. ''"' ! . 
1 

"nol· ._ ... -
" . " . ... ' .. . ' .. . " .. 

"" " . " " '·' .. 
" .. " • • .. .. 

(Vl-JII) 

Since Eul.,'o con.,att\ ~ io e<¡UOI lo 

'(l-o"') dA "'..-
'"' J -f-dn 

" 

ood oinc• tbe ...,ond le<OD on tl>e ri1h1 lo tM [J.!«<ICtlon o]. 
r<lldy di..,u..OO in the ..,,¡¡.,, rut o! thlo ,..,¡,, Eq. Vl-37 
r.duc .. to 

p •'" "' ' ' 
[ ~- F.i(-1'1) +lo,; t,} (VI-39) 

11-u 
~- ~ '·"" "' "' ...... 

o_m •• 
• '" 1.' • ... 12 n: .. i: 
o"" i·l 
'·'"' l.! D ,. " 

o "' " "" " "'" '"' . .... . "' . .... . ,, . "'' " '·"" '' '"'' " 
1 "' " , "' 

P.,, 

·~ ·~ ..... ··~ o m 
"" o m 

'"' 1 '" '"' '"" 
1 '" "" '"' 1 '" '-"' 
1 "' 

" ~ . 
fJ, ~ ·~· .. 
~.,.. ...... 

" " , ' •• n 
" i·: 
" '" .. 
'" .. .. ••• .. 
" .. .. 
o ' 
'" 

·~ ·~ ... 
'·'" l."" 
·~ 
·~ ,~ .. , 
l. '" '·'" 1.""' 1 .,, 

""' ... 
'-'"' 
·~ ·,.,., 
••• '-""' . ·"' 

a"""""C"i".; --
~ . .,, __ 
,, = ...... 

' 1 p"' .. 
" .. .. 
" .. .. .. 

1

1 ¡ ¡ 
" • .. ••• " " .. 
" "' "' ... 
" . '" 11 " 

"" ... 

O< O ... ' ..... 
'm , ,.., 
'-'"-' 
'·"' '. "' '·"' ,': 1!: 
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"" '·''~ l. Ll: 

1 '" ' "' ' "" ' ,, ' ' ... , 
"~' ' "' "'" "'" "" 

"' PETROLEUM TRANSACTtONS, ALME O..:ombc:t, 10t9 

• 



' 

' ' ~ 

The ••luo• lor tho iurearon.lo lor Eq•. Vl-24 ond Yl-Z.1 

h.-e be<n caloulatod lrom He••<l Tables Jor or ~-••• thon 
O.OZ oo li•en in W.ll.F~ pp. 666-697. Tho eokulolioru ho•• 
be.......,,..,.¡,., oim~lified by uoin¡ tbe .oquoto olthe moo!uluo 

•• 
IH.'" (u) 1= !J.( u) +i Y.{u) 1 ~n.l IH, "' (ul]= IJ, (u) +i Y, (u) 1 
wliid> ,,..¡ tho lleowllunclioo• ol the thinl kind or tho Honkel 

funcliono. 

Toble 1 •howo the ooleul.oted values for Q"' oo.d P,., lo 
lhree ol&nif!C&nl fi;ureo, otoning ot t = 0.01, tbo poiot "honi 
linoor a • ., ond rod"ool Oow otort deo~ioting. P,., io colculotod 

onl¡· 10 t = 1,000 olnee beyond thio rango the point ooutco 
.. Jutinn ol Eq. Yl·l~ op¡olie•. Tloo valueo lot Q,., ,,.. 1i•on 
up lo t =JO". 

Tl1< n>Oder moy <0pwd01<o 1h ... data •• he...,, fit; l'i¡. 4 
· • io 011 illumotioo plot lor Qw. ond Fig. 1 ;, o oomi·lo&otithmic 

rolotion.!tip lo. P,.,. 

LIMITED RESERVOIRS 

Ao ahoody """'tio...t, tloe .. lution. lor limned ....,,.,¡,. 
,.¡ roolial oym=try h.o .. be.... d<•eloped by tho fouriu·He-1 
lfp< of e>po.noiun.•·~ Tbeir lntwdu<tlon b~ lo 1>o1 ..,¡,lo 
...how lto... tho oolutluno onoy b< at<l•ed ot l>)o tbo L.oploee 
\roo•IO<motioR. bu1 abo lo luml•h dato lor P.,, ond Q,, 
cur•o• whOn ooodo <ate. at~ ~nonunte<ed in~ prachre. 

' ' /'lo F/.,;J fl""' .lrT<>u E"tt•rior B~u~t.U.ry 

The fint oxampln oon<lden"d " the const•nt terminal pte•· 
oure caoo for rodiol flow o/ limltorl <•lent. Tho boundary oon· 
clotiono ••• ou<h rhot ot lho "•11 boro or field"i od¡e. r"' l. 
the cumuloti>e p<o .. uro drop lo unity, ond ol oome dioton<e 
removed hom thlo l>o>undory oto p<>int In the '-"•Ir r:: H, 

tht"' UÍOU U restrtelÍ~n •uch lh•t IW lfuiJ C•n now pa•t 1hi> 

hurler "" th.o< ot that point ( ' ' ) ::::O. 
Qr r=n 

Tho genero! oolution o! Eq. Vl·l oti/1 opplia, hut lu fulfill 

the boundory eonditiono it ;. ne<e>,..ry to re-de<ormine ulueo • 

lor <onotonu A ood B. Tbe tranolo110atlon ~~ !he bound•ry 
eondition ot r"' l lo <>pr..,..J 01 

' --"'Al.(''P) + B](.(Vp) 

' ond ot • = R the eonditlnn ¡, 

O"' Al.l VJIII.l- DK,( Vi>ll) 

(\'11-lj 

slnco il ;, ohuwn in W.fl.F ~ p. 79, 1hol K."(<) = -K, (•), onJ 
f."(o) = 1,(<)· Tho •olutonn• for A ond B !runo tho.e tWO 

•lmultonocuo olgobraio ••r••"'iono ""' 

A=K,(V"¡; Hl/p[K,( vp R) 1.( vp¡ +K.! V j;"¡ 1,( vp H)] 

••• 
D= 1,( v¡; 11)/P (K, ( v¡; 11.) 1. ( v 1>1 +K.( v"j,¡ 1, ( v¡; n ¡ J 
By ollhotltuli"C <he.., """"'"" in Eq. VI-l. 1be ,.,.,.¡ oolu· 
!ion lo,r tito tr<Mfo= ol tbe pr....,re d1op ¡, nprao..d b, 

P .. """ [K,( vp R) 1.( vp r) + 1,! vp ¡q K.( vp ,¡ 1 
p(K,(V p R) I,(V.p ) + I,(V p JÍ) K.(Vp )] 

(VII.ll 

To find Q(tl the cumulot .. o ftuid pr...duO<>d ior unit pr ... 

ouro drop. thon tho tranolorm for tho P'""""" ¡rodienl at 
t."" 1 lo oblolnod •• lollowo: 

-(0¡;) =· (I,(VpH)K,(''p) -K,(Vj;"l!)I,(V"j,)] 
O• •=1 

p'•'[K,(V pR) I,(Vp) +I,(V pi\) ](.(V p)] 

.. noro the ne~oti>e ,;~ 1• lntrocluud in ,.d•r to ... k. Q(tl 

TABLE 111-Conti.......:l 

" -. • - ..• " - 1.0 • ... • " • "'" /1, = ....... ,, = ...... 1'. = ...... 1'. = ...... 1'. = ...... /1, = ....... 
/1, = l.lltl ""= ...... ~':L .... (1, .. ...... A,=U!IO ~. = ...... 

' P,, ' .. , ,, ' P,., ' ~ ... ' P,, ' p "' 
........,...1 -

" '. "' ' . '·' . ..... " -~ '" '"' ... uor 
' ' '·'"' " ·~ " . ... ,. " ..... ,. ' "" '"' "" " .. ,., ,_. 

' '" 
,_. 

'"' " ' •. n.o "" '" ..... 
" '·'". •• ..... " '·"' " 1.<11 g-; 1."' " ' "" " "" " ' "' '" 

,_. ,. ,. '-~ '" 1.011 

" 1 "' " l.m " '·'" '"' "" "' '· "'1 " ' l "" " l "' '·' "" 
,_. 

1.010 "" '"' " .• 1 "' '" ' ., 
' ' 1 "' " '"' " ' ., '" 1.111 '" '-'"' '" 1 "' " "" " "" '" ·~ '" '·"' '" 

,,. '" l ''" " "" ' ' '"' ll.O "" "' 1 "' '" 1 "' '" '"'"" " , .. 1 " '"' "·· ..,, '" .. , . , ... ' "' ,. t.olf 

" ,., " ' .. ,.., 
'"' '" ,. "' l. MI •• l.IU 

" '"' '" ',. '" ,. '" l '" '" ,. •• ,_ 
" "" ,. "" •••• ,. '" 1.111 '" ••• •• ...., 
" 

,. 
"' "" '" U\l '" ""' '" ',. ... •• ' . "" , ... ,. 

'" '·'" n.o 1.110 '" ·- •• "" " 1.~. ,. '., '" -~= •• ,_. ., ,_,. •• ' '" ' . ,. •• ,. '" " .• ,., "' . .... •• "" " "" •• ·~ 
., ..... • • '·'" •• ·-- •• ·-,. ,. 11.0 

,. •• ,. • • ... •• ... .. ... '"' " 
,_ ,. "" •• ·- •• ' . .... •• ... • • .. .. 

" ' "' '" "" •• '"' •• :m •• . .... •• ·-' . .. ,.. •• '"' •• •• •• • • ·- •• ..... •• ,. 
'" ·- •• 2.011 •• '"' •• ·- •• ·~ " . ,. •• ·- ,. ·- •• ·-"' '"' ••• '., •• ·-" ' ·- •• '·'" '" 

.,,, 
'" ·~ --- -
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T.P. 2732 THe APPUCATION OF THE LAPI.ACE TRANSFOitMATION TO FLOW PROSLEMS 

IN RESERVOIRS -._ 

I"'•Íti>e. Thoorem B ohowo that th inl<grotion wilh reopeel 
·to IÍJne in<rod!><es on odo!itionol np<rator p in the okno"'Í· 

"""' tu gi>e 

l<hkb indieate th~ 'Poi~•. Sine• the D>Ddo!it.l llesoeli~B<ti""' 
lor pooiti•e nol or,um""" •~ <1ther Í~<renín1 or docr<U· 
iog, the hracht<d tef1n i.n tbe denom.inator doeo 1101 !odíut·
ooy poi .. for pooiti>o real •o]u.,. f<>< p. At the OlÍIÍll ol ti 
plaJOe ol FlR. 2 o pD]e e•iot•·ond thi• pole "'" oboll h••• to 
on>eotÍJ&Io fint. Thuo, tho oub.tilulion _of OJtLOII •nd , .. ¡ 
,.[ue< fur < (E~• . .Vl-12 ond Vl-13) ;,. E~- Vll-4, gi>eo 

Q,.. 
[1,( vp R) 1{,( .¡p] -K,( IJI R) 1,( vp )] 

p'P[K,(V p R) 1.(" p) +I.(v p R) K.(V p l] 
' ~ • (Vll-4) 

In order to op~ly Mellin'o '"""ion formulo, the ("" '""' 
~ide<O!ion " th•· ronlo ,,¡ 1he denominotor of thio e<¡uolion 

(R'-ll o ... = ,, 

TABLE IV~ C<>rut""' T,.,........, Rote C...., Ra.dicd Flow 

Preuwe o/ E.aerior R..ditu C"""'""l 

--• • ,_, 
,_ -'-'"' 
' -""" 

~·, ,_, ·-.. . _ .. , 
' ' ·-.. ' .... .. 

' ·~ " ·-" -~ ' ' ' ,. n 
····~ -- ...... .. ' "" ' ' ' , .•. .. 

' "" " 1 '"" ' " ,. .. 
' ' ' ,., ,, . ' "'' '-" ' '" ,, ,., .. 1 ' "" "' "" "" ·-"' .... 

"" ' .. , .. ' ,. 

' .,.,. " . 
" " " .. •• .. .. .. .. 
" .. .. 
" . " .. .. .. .. .. .. 
" .. .. 
" " 

' .. .. .. .. .. .. .. 
" " .. .. 
"" '" " " 1'· " 
'"' '" " ''"' ... 
"' "' •• •• •• •• 

" o, ,_ 
---
. 

•• 

. "' . "' . "' . ,,. ... .... .. , :m . "' ·"" ••• ••• '"" ,, '·" " .... 
' ''" ·~ "" "" "·'"' ··~ 
·~ ··-

...... ...... 
...... ,_.,, 
-~ '., •m ·-·-·-"'' ' .. '·''" ·-' "' ' .... , 
' ~·1 '·,.,. 
"" ' '"' ' "' 'm l ,., 

' "' ' "' , .. 
"' ' ~ 

TARI.E IV~ Conlinuod 

- . • -.. 
·- • ... .. , 
·- -0.1 ... 

' ...... .. 'm '-' ·~ .. ' ~ " '~ .. -~ .. ·-!O. O ' .. ,,.. '-"" '" ... 
'" '-"'' '" ,,. 
~·" "" T<O ... ,, " ' "" ''" '-'"" '" ·--... ..... ... ,, .. .. "" " . '., •• ""' •• '-'" •• "'" •• ~-"" 

' ' " ' ' 
--

' ' 

" "' " 

"" ··... "' ~ -~ -., ---'" --'"' '"' ·... 
l '"' ' ., ···-\ ·::: ·-

~ : ~:::: 
• 

'" •• ... , ... 
"' ••• .. •• •• "' •• •• ., o 1 •• ,., " 
"" '" •• •• 
"'""~ " . -" .. " . -, ... 
JI •• 

...... 
' "' •m ··-···'·'" '-"" '-'" ' ~" ' '" g~ 
;-m 
""' ""' '-''" -.. ~ .. 
'"" "'" -~ '·"" 

n,.u 

• • 

' ' ' ' 
' : 
'
' 

'· ........ ... "' ,_, .. 
• 

•• "' "' "' •• •• ... •• •• .. •• ,, 
•• •• 
'" 0{\" " . " 
'" " ' " . " , ... -
''" -~· .. "",.. -••• 

r,., ··"" ·"" ... 
1 '" 
J ""' 
·~ ""' '·''" "" "'" ,.,, 
' '·'" . ,.., 
' .;; 
""' ' "'' "" ~-¡::: 
}!::; , ~~ 

---- --,----_ -----~-- -------'-~-
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ond !¡y tho oppl~<attou of Me.llin'• in .. roion formulo opplled 

'·"· 21n 

at lhe ori¡in, thco 

f·" , -"''~'-c'~1 a·-1 d~=--' . ' ~ ... 
{Vll~) 

ll•hod hy the Mellin'• in••••i•m formula by lellin¡ 
thon by Eqo. Vl·l8 

' ' ¡· .~'Q¡~)d~ .. ,,, 
~-~ 

l ¡•....,'t[J,(uR) Y,(u)-Y,(uR) J,(ul] du 
To u'[J,(uR) Y,(u)-Y,(uR) J,(ul] 

(Vll-6). 

... ~ •.•. 
whore a,. a,, and 01, oro tho root> ni 

.\n inveotiKotion of tho intcgrotion ol~n~ tho negativo roo] 
"r.,f' both for tho uppor ond )o.,..r portion>, l'ig. 2, roveolo 
th,, Eo¡. VIl-~ io an "'"" lo<n<lion lor whioh tho inle8talinn 
a¡.,.,¡ tho 'potho io zeno. HowoV<tr. pole• ore indiootod o]ong . 
lile .,.pt; .. rool uio ond there ... iduob l<>ptber with ü¡. 
Vli·S """" up lho oolution lnr tbo ....,,,.., termi.ool pre .. uro 
....., f,t ll>e ¡;..,¡led ndial •yttem. n.. ...adool• ,,. e·tol>-

[J,(..,Rl Y,(..,)- Y,(o.R) J.{o.JJ" =o (YII·1l ', 
ond the poleo ore ,.._eotod' on tho nep.ti.., ,...¡ or.i> 
by >., = - .._•, Filo l. Tho ~dualo o/ Eq. Vl~-6 on tho _.., 

"'"""'""' 

TABLE IV-C<>~~tin~ 
----, •• ;.~.~,----.--- ""'jj"'";"",. ll - .o --,-----.~-~ ••• ,- ---,,---••• =-.,----, 

"' .. ···- ~. .. ....... 1 •. .. ....... ~ "' ..... " •. = ....... 

:::::;:;:'':'·::·¡:·:·::_;;:¡::::I::::;:;C::'~·:·:j~'~'~''~';;¡:::::j.::;:;;:'::·:¡:·:·:•:•:·:::;::: ----,-'''·,·:;"::':'"=c-----1----;~~;·~·:·~j:':'~':~:;;:::::: o P,., o P,, 1 !',., P.,, o P,, 
~- -

"'' • ,.. "'' '''" "'' '"" •"• ,~'!!' '"' •octl!' '""' ... ,.,, ... .,.. ... ...... ·- ,,. '·"' 
'.·.·. '.., •••• '·'" .. • ., ". • • ... •• o • "' 

'

·.-. • "' 100100)0 • = .. • • '" "'. ' ,., ... "'' "" "'. '"' .... .... ... . ...... .. '·"' "' ".... .... '""" "'·' .... ... ,,.., "'" ... , ... ,,,. .... .... "' '"' .... ,,., ... '""' '" '"" ..... "''' ,. '·'" ... "'" .. .·.~ .... '"' "'" '"" "' .... ... ''" 100(10~ ., " o O.o"" 17 o • > """ lii.O o .,. 01 o "" '"'" '"' "·"'"".}~!Ji::: .... ,. •. ,.,, ... ·~"' :u : ~,;;; :l·: : "'"' u. . ~\"o\ :: : !'.: :::·: ~ ~ 
... • • ..... 11. • ..... .. • • • '" .. 1 1 ... "'. ... ... . ·- ,.. . '"' ... . .... ... .... "' -!!'•,: o.ooo ' '"' • '"'" ~.' .• ·•- ooo • ..... .,, • m 
y • • "" :zJ 0 O 0 .., H .. ,. .. 0 • ... .. 0 ... ..... .... .... .... .... . .. , ,., ... ... "' 
............ '"' ...... ,. ..... 1,010 .... '" 
..... '""' .... .... ,.,. ''"" ... ...... 110(10> "' ". . ···-"'' ... . .,.. .. . . ,• ..... .. '"'· . ... "'. . "" ,... .... '·'" .... ... . ,·.,. ... ""' 
.... ·.·~ .... ..,.. 100(101 .... ·"' .... ,.·, "'' >•·•· - .,,.. "'" 11.0" "" '"" ,... too• .oo:: .... ,.,. .... """ ..... . .. , "' ..... .. ·-· ". • ,··~ !'1·,· ; "" .... 1.. .. . . .,., .... . - '" "" ... . .... .. . . "" ... . '·"' ... . "" .... ·-

... • "" •• • • 010 --'-------'-'"-!--,-:.:::_ • 

' .. 
' 

' 0110)' .... " . ... ... . ... ... • • • • • • 
'"" :a: ... " .. .... 
••• ... .. •• • :a: 

• 

"" "' ... ···~ ·····-••• . '' ••• 
·~ ····-

,• 

R " '" 

' 
01>[101' ... ,. .. ... ... " .. 1,. • " .. " .. " .. ••• 

~· .. ..... .... ... " :z·: :: •• • :a: "'. '" . ••• 

"" ··"" ··. .... ···"" "" "" • •• . ., .. .. 
o m 

"" "" .... .... 
"" ·~ 

' 
" ' ' TABLE IV -Cmui....ed 

• 

••• 
O <>!LII)' 

"" .... .. . " .. ••• " ... .. . 
. " .. " .. ••• .... 

JO • " " .. 
~·~ : 
• •• ••• ••• • • • • •• 11 OliO)' n o • 

' 

• •• ~ " 100 ,. 
'" • ,,, 

'... ''""" '·"' 1 "<"" ..... ... '"' "" '"' , .. ,..,. ,,,. l.l. 
'"" 10" .... "" ... , 1.0 • • ... • .•• 
• ... 1.1 • • "" ••• . ... ..• . . ... . .. 
... 1 1 • • '·"' ••• ... ... ,,.. . .. . ..... .. . .,.., .. . 
1.111 ••• .... • •• . ... . . . ..... . .. 
'"' ,•,•: '"' .. . ''" '"' ... . '·"' . . . ..... . .. '"" ... ..., ,.. ,,.. .... '·"' .... 
"" • o • "" •.•• .... ..• . . ... . ... 
.... ... • ..... 10,0. 
'""' ,.,. .... 11.1' .... ... . . ... .. ... 

- .. ,, ·"" • •• ... ~ 
"" -·"" . .... 
"" . .... • •• . -·"" .. . 
'·'"' . ·-• •• .. , . ., ··-

-----'------'--~---'--'-..J __ 
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T.P. 2732 THE APPLICATION Of THE lAI'LAn T~NSFORMAnON lO FLOW I'IIOBLEMS 

IN RESERVOIRS 

-··, 1 o /,(a,R) Y,(a,)- Y,(~oll) J,(ao) The .. ro..,, the oolution lor Q(t) io ••-oe.l by 

-2 ~ (VIl .S) .. - ....... o,. o, . ,, ( 
a, li"'-,¡;, J,(!LR) Y,(u)- Y,(uR) J,(u)] 11'-l oo e J,'(a.R) 

·-· Q,., = -,--2 -~ ·¡¡•·;;ci:'¡T·"¡:'i•e¡>j o,. a, o, , (o,l , o,n 

1---m.-·--.. __¡ 

etc. 

J((o) = J,(o) -J.{o)/z 

••' 
J.'(i) = -J.(o) 

whkh ,,.. rooum:nco lonnulae lor both ~'" ond te<ond ki.od 
ol B.,...,] functiono, W,D,F., p. 45 ond p. 66, then by the iden, 
titio• of f'qo. V!l-7 ond Vl-23, thc relodon Vl!-ll ... duoeo to 

Thio io eooe~~tiolly the oolution d .. eloped 1~ an ..,¡¡., •ork.' 
hut Eq. Vll-10 i• ~ npidly e<>~-rau thaa tbo ool-.tlon 
pre•louoly t<JM1od. ~ 

The ••lu .. ni Q,., for tho oonotll\t !<fnlin•l pr ... uro ••"' 
lof • limito<! res<n;olr h .. o h.en ulculoted f1<1m Eq, · Vlf-lO 
lor R = 1.5 lo¡¡} ond OR1obulated. in Tablo 2. A I'C"production 
o/ o f"J<Iion ol <h..., do,. lo ~·on in [l¡~.. 5. Ao Eq, Vll-1(1;. 
rapldly conte:rJeot for 1 '''''"' thon o &i•m ni<NI, onl1 two 

-' o..~. 

rte. 

-·· e J,' (a.R) 

a.'[J.'(a.) -j,'(n,R)] 

' 
TABLE IV- C.,.dnued 

' : 

' . "' .. --~~~=~~=·~=~~-~-~-=;~=·!=;~·~-~··=;~= r=~~-~-~~=;~=+=;~·~-~~=~~~-~ ' J .,.. ' , • •,,, ' • .. , -----· '" 
l :'!~ ·~ ·-•• - ·-.. • •• " .. ·-" 

. ,_, .. 
l:"~' : = t~W' : ~ ~-:'!" llli : :''!" ::: 
._.,. "" '". 1011 ... • ..... •• • "" 
~¡.: '"" ¡¡-:: ¡:;¡ ••. ,_,.. fg: ::; .... ::~ "'.. .... u: :.m .:.· ... , 

" 
.. 

'"" H'" "'" "'" U~ to• ''"' 10" "" 

" 
.. '-"" " 
.. ·-'" 011\ "'. ''" ,,., '"" "'. • .... ''" ,.,. .. _.. ...... .... '"' "'" ,.,, 

" 
. 

'·"' .. . ·-,,. '"'' ,... '"' .... . .. , "'. '""' 
•• • "" ,.·,. o m u o· ,.., "' • '"" •• . ·-,.. . '"' .. . . ""' ,,_,. "" '" . '-"·"' 

"' • ..... ... . •-"' 
"'. ..,., .,.. .... ,,. '·"' :roo• .. .. ,.,. .... .... .., ,.·,. .... .... . .. . ,._. • . .... ... . • , . ::-:: :~ ~:: ::: u:: ::: :u: :::=; 

•• . ·-,.,.. ·= .,.. """ ,... .... .... • ... 
"" 

. 
"" •• . . "' ~-:: :r.: 1::'!" n: ~-:= :::1 :::: :¡;¡ "'" '"""' .... '"' ,.,. . .... "" • "" "'"" ''"' "'. '"' "" 

. 
"" 

TABLE IV-Conrinued 

n "" '" " • •• " "" ... n "' , .. , .. "" 
·1 P,., • •, .. ' •,· • •,., • .... .. . ,.,.,;:- --. "' :-:'!l' ·- ·~· ••• '-0<10~ "" ·-~ ,.,. ·-... . ·- ·- ... ··- " . ·- '-" . ·-,. .. ·- ••• ... , ... "" ' ' ·- ... ·-... . "' ··- ..... "'- .. , u- ·- ... o ... ... ... 00 • ••• ,, .. ·- .. . ·- . ... • •• 

•• ú ' . ,,. , ... . ·- .... ... ._. . 
·~ '" . ·-,,_. . ••• '"' 

. •m " .. '·"' 
,_.. ·- '" . ' •. 

" ' ••• "' • "' 
,.,_. . •• ,_ .. .., ... •• " . . . "' "' 

. 
"" ...... •w ... •. '" " .. '"' '" .. """ '" • "" ... 

·~ 
... "" .. - ·-"' ' " .,, "' 

.. . " " .. ' .. .... "" " .. '·'" "" 
. " .... '" 

.. 
"" " .. "" "" . "' " o " "" "' 

.. 
"" '" .. ' ""' . ... "'" " . ' "' '" . "" '" 

. . "'' "" 
.. 

·~ •• "" .... . """ " . " "" •• . '·'" •• "" ... " "" ... ••• • •• u~ 

"' • "" •• . '-'" .. - "" ... • •• 01.0 • ' .. 
>O . . "' •• • "" .. - ... .. . .. , .. - ·-"' 

. . "" .. . ·- .. - ·- " . - '-"'' .. - ·-••• . "'' •• . ._ ... .... .., .. , "'-" . '-""' ••••• '"' .. - ' "' '"" • . "' " o - ·-" .. ·-
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17 
- ' "' tr~n" n( th~ ~,, .. n&ion ••~ neeeoury to ,;.., tho aeeurocy 

"""d"l In 'tl•e eo]cula!Íono. ]'., .. "'- (11'-1) 

¡¡ (J:•-,..¡ 
lo,;-----+ 

r 2(!\'-1) ,...., ' (11'+1) 1 ' ' -4(11'-1)'! +-¡;; 111'-1) 

·'·'· 27~2 

U' lo¡¡ U 

(1\'-1)' 

(Vll.)l) 
Likcwioe lro1n the l<>re¡oi"H"· ~·ork it Clln bo ooolly ohown 

that the t«n,form of lhe vro10ure drop ot ony point in tho 
lorrnatiun in o !iruited •-••oir lor thc OQn>lant terminal roto 
• ....,, io nproM<d by 

P," = 
[i'>,(VP'"RI L¡vp,¡ + I,(VPRJ K,l>'"Prl] 

p'l'(!,(ll p R) K,(V p) -K,(V p R) !,V p l] 
(VII-ll) 

Thi> equation Dow i,ndicat01 both a •ingle ood d0<1blo pido ot 

the ori¡¡jll, ond it ean be "'"""' frmn toblet or by opplyilt~ 
,C.uchy'o t.boo....., lo the Mollin'o formot. ¡ha\ thc in .. n.ion ol 
[.q. Vll-12 io 

An euminotion o( tiO< ~enominotor ol Eq, Vll-ll ln~ieote• 
t!.ot t!.ore oro no root.o for pooiti•o .. Juco o! p. Howe•«, a 

·douhlc polo cllst. ot p =O. Thio c.on bo determiood by Cl· 

pa..din, K,(o) and K,(o) to oecond dqr« o•JI&'I•iono lor 
..... 11 ,,¡~., of , ond thitd <kJreoo np•u .. iooo lw 1.1•1 ..,d 
!,(o), ond oubotitutin• in Eq. Yll-11. It lo (ound fot •mal! 
valun o! p, Eq. VII-11 ,...lue?' In 

r .... ,= (11;-1) r~ +t l (Vll·ll' 

R' 1311'-411'1"1111-211'-11 
-(Ri:i)lo¡r- 4(ll'-li' 

wlúch holdo wb.n o.bo timo, 1, io lArgo 

Ao io o.be p~inc euo. there ..., poleo al""' tho ,..p.t;.., 
rod o.lo. f11. l, and tbo reoiduolo ...., d......,ined u bdor, 

by lott!n- ~"' 11' ,;~; ond [.qo. VJ.IB KiYC 

TABLE IV- Con<U....,d 

B- 1001 R:; 1001 ··- ----~ 
R = .... 

-r=::¡¡::=[=.:;·~··· 
-- -----,-- ---

~- -,-:;, .. ~. o"' - ..... ~~ 
~., "· • • r," 

• • • o "' " . "" ... ••• .... oo· ••• o· ... ,.. .. . ,,... .. . 
''. '·"' 00. ..• . '·'" ..... o. . ,,. '" . ... . ..... .. .. ..... , .. , .... .. . . ...... .. .. ,... ,,. .... ...... '""' "·'" ... " "'" ... . ... .. "" ... . ..... '·'" ... . .... '·'" ... . 

"'' ·~ ;·= ··..... ... ··~ ¡.::; ..... ..... ... 
'·'" ••• ..... ..... 

' 0(10!' .... •.. -,.. ,. 
0.0 • 

10.1 -"'. " . -" . -'" -..... .. ... .. ... " ... • •• .... -• •• .... -

·~ ·~ 
·~ '·''" 1.100 . .. ·' •. ,.., 
"" l·: ·-n:: n: . ., ' •. 

--'-------'---'--~-'-----'---------'--~---: 

TABLE IV-Cmori.,...od 

B"!'1' • •• .... 
7.0 • ... . • • • .• o • 
" . , ... , . " " . " ... " .... ••• ••• ••• ••• ••• ••• ••• 

--:-ce::::· --,---:-::=--:-o-:-::-:::~·~.-- -e---ce·-----
""'"" ..... ' ~-.... ""'- 1 

:::·.-_ .':-.. -.--~~=·'.--~:-.,-.-1 --.--';,:.,:,::·,-_-_';',-,-·:.''''-1--:. -.-.·.-.. -,-,1----'--c,j;·,:.-- --, ~"" --~;·,~·'·-1-----
"" "" .. . ""'' ... " ""' ~~. ""' .. ,, " '·"" ... . ,,. '·'" .... ,.. "" ..... "" ',.. '"" ,.. , ... .... '"' ,,. ..... .... ..... ,.. . ... ,,.. ,,.. ,... '·'" .... , .. , ... ,.,, .... .... .... ,.., .... "" ,.. , ... 
"''. '·"' "'. '·"' "'- ·>.no ••. '·'"' ,... '"' .... ,.,, .... ,,., ... '"" ,,,. '"" .... ,.... .... '"' .... ''" ..... '·"" .... "" .,,. "'' ... , ... .... '"' .... ,,., .... ,... .... . ... ..... ""' .... '·"' .,.. "" .... '"' ,.. "" .... ' ,... "'" ,... .. ,..,. 
.,.. ""' "''" 1 ..... .... ''" ..... • .... ,.,. ·""' ..,... ...... ..,,. ""' ... , ... 
010" 71"' TOO" , ... 100(111)' 110! 00"· 1001 
... .. ..... .,, • "'' ... • '·"' !0.0. '"" 
000" UD "''" IIOt tlO" 7101 12,0" '"" 

110110)' ... ,... • ·-
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T,P, 2732 TH~ APPliCATION OF THE LAPLACE TltANSFOit'MTION 10 FLOW PROBlEMS 
IN RESEIIVOIRS 

f 
.,_ 

e P,.,,, d > 1 

........... 
• .e¡'"' •• 

(\111-H) 

P •• P,. etc. 
wh~r< f! .. ~ .. etc., oro rool• ol .• 

(J,(~.R) Y,(~.)-],(~.) Y,(~.R)j =U. (Vll-15) 
with •.'= -fl.'. 1'1>< re~idual• ot tho polco in·Eq:VIT-14 1i .. 
the .. ,; .. 

e -{l., 1 [J, (A.R) Y .(~.r) - Y, (~.R) J, (A.)] 

' ~.' lim.~ [J,(uR) Y,(u) -.l,(u) Yo(uR)j 

'" u_,, (VII-16) 

By t~e "'""'"""'" formul>e Eq•." VII-9, 11~ identoty VII-15. 
ud l'.q. Vl-2.1. lhio ,..,.;,, •implifie< lo 

• -{l ' 
e '

1 J,(~J() [J,(~.) Y.(~.r)- Y,(~.) J.(ll.l)] 

~. [J ,' l~.R l - J,'(~.)] 
(Vll-17) 

Thetolure. the '"'" ol oll re•icluot.. Eqo. Vll-13 and Vll-17 io 
lho •o1ution ¡~, the cumuloti•e P'"""" cl1op ot ony poinl in 
the fu11n::tio• lor lbo oon•llnt tonnina\ ,.le c.o.,., in a lill>ilod 

W<m>k '" 

(Vll-18) 
whieh ¡. c.-entlolly the ""lu1ion ~Í><ft by Mu•ko~' """d.,. 
••lnpco] loy t\oe l.o¡olo<e Tron•'••malinn. ~i ... l!y, lor !he'""'"' 
lo<i•c l''"'"'"' ,¡,,.p ¡,, o ""'' rote ni pr.,.!u<li<m ot lh, ... tt 
¡,.,,._, = 1. tf,;, ,,,"''"" .;,,1,t:ne• 1" · rcA,-.:~. 11. 

Wben de .. 1opin~ tloe oolutiOJO 1>,. ...._. ... ~1 tho Lo.pl..., 
ttan•formolion. lt io a .. umod tho! lhe ntoriM bound.o..., < = ~
!>(ll,p) =O, whidt lil.oo tho p~ al lhe.....,.;,.. bound. 
•• consto.o~ Sloeo thé o~od ,..¡oreoao COII!.aho -
plete detailo, tho final O<Oiutiono ""' on\y quoteJ ¡,,.. lor 
<omp1eton ... ' ooOc. 

Cylindricol oooor~: 

J,(>,) Y,(,,R) 
Poinl oourre: 

Y,(\,) J.(>.R) = O 

~ ... 't . 
2 "' • J.( ... ) 

(VI\-21) '. 

P,,, ,"" IOJ: R- R· .~. .... J,'{..,R) (VII-.22) 

,&re 1lwt """ .., io cle!..U.inecl lrom J,(..,R) ""O. W.ti.F .• 
p.'748. Tob~ 4 lo the "'""""'f al tho c.o.lcuhotod P(t) .,.,.. 
playínr Eq. VI\.20 !or 11 = 1.5 lo 50, th< <rUnd<r ooor<e 
oolotion. whleh opplieo lor omoll •• well ., lor~o ''"'"'· Th< 
Oo1a &iven for R = 60 to 3,000 ••• ukull.tod 1.-om 1ho point 
•o>Urce oohtion Eq. VII-22. Ploto ,.¡ 1b~ dato ore ~i•en In 
Fi~. 7. 

SPECIAL PROBLE-'l:S 
Tho wark thot hao gone belor< ohowo tl>e loc:ility o! 1be 

Lap1oee u-onofarmotinn m dcri•in¡ ono\ytical ""1ntlano. Not 
yot ohown io tho •oroouility of 1ho La¡o1oce tran•lorrn01lon in 
arri.ing at ""1utiano whirlo aro not eaolly forc..,.n hy lh< ortbo
do• one1hodo. One ~udt oolution d<ri•od 1oe•e b .. ohown lo l 
o! nlu< in the ono1yoi• of fio;. te1-lo. 

) 

!' =---~---(-~+t)--(~11'-4R'JogR-2R"-l) _ 
"' lit'. n 4 ~m· 1)' · -

"' ,.--l'.'t J,'(/!,11) j 
+ 2 ,; (VIl.J9 

O .. /( l'.'fJ,"/~,Jt) - J,'f~.J] 

When Mokin1 flow '""" on o w<ll. lt io oltm nnli«-<1 \1\ot 

the prodU<lian row. o• meaourod loy tloo flniJ o<eumulatin~ 
in 1ho otock ""ko. o<e procticolly oon1lant. Sin'o 11 ¡, 
o[e..,ool !o olotoin tho rebti<On lx·tw""" nowi"~ Lottom hnle 

'""""'" onJ 1ho rato ol proolurolnn lrom tlo~ /"'""''"'"· il ¡, 
ne<e>>ary tu oorroel tko role uf ¡owdn<tion ._, meo.u«d in tloo 
Row tonk, fnr 1hc am''""' o/ .,;¡ <ol..oin«l fro"' 1he Annulu• 
io<lween c.o•i~~ ond lobing. To orri.., ol lhe "'lmi<>n for lhi

~mblem. wo u>e 1he ba"o oquotion for !he '"""'""' ocrmi,..l 
rote ou•e gi•en !.y E:q. lV-ll. who.-. q,., io 1he "''"""m t•l• ol 
flui<l prnoln~•<l at tloe ''""k tonk .-orrr"od lo te.enoir c,.,,J¡. 
olitions, bu1 1\, ;, o pseudo pruouro clrop ,¡,je¡, ;, adju.oe.l 
mathemoticolly lot the unlot1Jing of 1ho Aoid !1om 1hc onnulu• 
In ;i~« tite pre .. ure drnp ooourring io \be formalioo. 

1 
rr•trvoir ,r ¡;,Meol .,¡,¡¡,¡ """"' ho.~ loN'n d<terminod lrnm 
F.~. Vf!.J'I 1loo ''"""'"'v dota¡,., H"' 1.!; tn JO aoe ~i"'n In 
Tohle .J. An m,,,.,;, ~rorb ,. ol"'"'" in Fi~. 6. Tho •ITorl 
ni 1loe ¡;,,.;,.d ,..,,,.,.¡, ¡, quioe pr<>nounced •• it i• •hown 
1loot r•·~lucino tho , • ..,,...;, at • unit rolo in<><"'"' !he pr<i
'""" olrop Ol lhe ~.11 bore "'"'h r ..... lhon if '"" re'nroir 
~Oio infon01e. •• lloe mnolont ..-ithdrowol of ~oíd i• refl..:tod 
"''Y """' in 1loe pro.JuctiV< lile ~Y lhe oun•tont tate ol d1up 

'" P"""" wo1h tinoe. 
l'r~"""' r;_,,,¡ '" I•."H~riur Ro10n•IMy 

A• a ••ri•li'"n on the tonditiOJO lhot ( dP =O) wo 
d1 r=R 

mu o~'<lme 1kot 1he ,, ... ,,, ., r = R ;, con•t.tn~ In rft..:t, 
tl•i• ~''"'"'1'""" lod¡o. '" e.<ploin •rrro•imot<1y the pr.,.uro 
hi•t<•ry .,¡ fln~ino, well ot n <""''""'role when, upon op<n· 
in.:, tloe ),.,.,,,.,, ¡,,,¡. '""''""' "'""' vory ropicl1y ond ol<en 
J, .• .,¡, ""' '" ¡ •. , . .,,,., '""'''"' witlo lime. Tloe '""" hn• loeon 
•k•.-I.,¡ot•1 Lt lfurot' o.-io~ a qlinJt·r '""''" ancl hy Muokot' 
.,,;.,. o t••inl """" ,.,),!linn. 

lt ¡_, ....,mod tloot the unloodon1 ol tl>e o.on•.du• 4 dir<t:tl!· 
relkcted by tho doon¡e in bottom loo!~ ¡>t,..ure <lS n<rtÑ b' 
• hydro>l>tio beod ol oil coltunn in tl>e c .. ing. TI<erelu>o. th< 
roto o! unloo<iing ol 1he aunulooo q,.,.,, oxpre...,d io ce. 11<' 

seco"cl <orro:<I<O t<> "'"""'"'' con<litiono, is eq,o1 lo 

dll.l' , __ 
'" 

(VI!I-11 

wb<re C io tbo •olume ol auid onl<>1J<-d from tl>e OMnluo 
per •''"""Ph<,.. l .... uom hole P'""'"'" drop p<r urut ""d lhitk
""'· The '""' ol fluid prodoceJ [ro•no lho luronation io llo<n 
gi•en by q,.,- o¡,...,. A• 1he bou"'" hnlo poe••uro ;, oonlin" 
uo•ly ch•ngin(, lhe prohlon¡ Loo·mne• one .,¡o 'ori>hlo roh·. 
Tloe •uh•loluti"n of !ho fnrm o{ ~:q. 11'·11 ¡,. tloe· .. nP<'fi"'"Íli"n 
t!O<·onm. Eq. \\'.]~. ~)ve• 
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-V 

. ~ . ' 
l!ll'=i•K •1 [c¡,,.,-q,,,.,J P".,.,., ~~- '-' 

.. ·,: •' ·f·-.-l 
. lfl.,.¡ Íl .,¡¡¡ ¡., """'':n'-1 bum C..m¡o!.,ll on~ f""'er· -~-- ;lO/ ~,~1 , ~~~*S 

. . ~o ·.JI-• >..« . - . ""•''• . " 
• • 1ho1 1Lo lnte¡rond io tl•• 1rono~or1n for --.( -1 p ). ~·unhor, ::-.;' :¡ ~n 

.. tl•e in1o~rollon with roopeottn 111110 followo !ro"' Thco«:m ll,, ·,._·' •• ,--.: , ... 1 ,,,_ F.<¡. vm.J 
· Cl.aplor V, .., lh&t the tro~dorm o( Eq. Vlll-7 io lho relo~<>n: ¡ ,{( ~-~o,_ 

• '[ tll>l' J , 'r' - , lli'=-: J q,.-,-c- P" ... ,., dt' • (VIII-2) _ K,(-IPJ . • • _...:;: ·.:~ 
2•K • dT · P,,. s:: . • • • • (VIII.&) ~- • • ~· • 

_...,T .. ¡,..R,.' t/K, ...,¡ 1M .. ,, ..,. of pruductioa ot tbe . .," :_ "<<< . . '-, , .,~.~,~f 
'il••~ Tllo ooooo r..Wt 1:&11 be eanod !mm..,. • -6 •in« lor 1 -'•.1 ·f'¡':: 

""''- ..........,od "' .-nolr amdidc"" ¡, ~'" = :toK' Eq. lor1o, p u ,,.¡¡ and K,( vp¡ "'1/-IP. Sub.titution .o! ~·.f}ifN 
Ylll-2 .....,_ thlo oppro:<imotion In Eq. Vlll-6 yic:ldo Eq. Vlll.a Thcrefor~;' _.;yf:,;_:~~J'i. 

ll~ .. )[ ... ·, -C d~'p JP".,.,., dt' (Vlll~) • lotruduclq tbo dpr ... i""; lor _'P,., In&¡. v{n~ 'p-· ";."~··J~J;~~- :}~ 

..., e = C/2rfdl.'. 
~:._¡. VIIJ-l p- a tu>i~uo oltuat¡.., ond we on> ron· 

tn..tod wlth dt-.terminotlOII el l!IP, tho actual P'-"'" d"'P· 
IPI""•<I"ll ]w~], io tl>o lniO~rand and to lhe ltft oido <>1 the, 
"'!>o&li<"'- Tho lo¡oloco troouf...,...tkm ollero o JDOono of ooJ,. 
._ lo..- 61' wh"h. L1 onloadn _.od,, wO>old k dl&ieult 
"'_...,¡o~;.¡,_ 

lt •ill boo ~m>.oed thot -n.e..- 1>. fmm Chopt<r V, io 
•PI>licoblo. Tber<lore, i/ f4 Vlll-3 <on be chonpd 10 o lo
.... tnnaformlllioo<, t).P coo bo »>O...t oxplleitll• If "" 
..,._ tloo tron•f~ uf tl•o oonato:nl rote q,., oo q/p, tho 

,. !MI· t1oo IIU>Ifono ·lo, dt.P/oh io pt.P, ..... 11 tollo.. 

. -·- . ' . ··¡:-;-! 
- qK,.(Vp) • ·• •. -.'-' 

., • - (Vlll-11)~,-,.. •• 'f;-~ 
p[i+CpK.(>-pJJ ·.]~-~·:.'~ 

. -:-~:~·1#' 
for whioh it io nouooory only lo find tho ln•orM •! ., f.'" ' .. ¡';'¡. 

.. , ''•"•"' 
K.( "~PI · ., .. '\'' "'~-

. · . :. '. ivntlill'.~~--'-'~- !i:f: 
·-,,. _ •. ,_·¡ ·¡·,-~ 

p(t+CpK,.(Vp)] •:--•!•/)r~;_ 
to obo.oiB oohooo for P,.,, lhe """'ulatiYe- drop lor Galt ~ ,';;, J:•p 
tole of prudootÍ<Itl. ia tho ototl. tanl< which outomoti<&lly !o k_<;' '; .-,Ji~~: 
oo;:niuoce of tl>o unl<>Odi"-11 of tho onnuluo. , . ,. •• " , 1 t';f" 

lloo invene ol lho fonn of ViJI.lQ by tho Mollin'~ i~venl~n' ·1/~J'- 1;. : ·~:~: 
lnrmulo "'" be detuminod by tbo potb do>C"hod in Fil- 2. ., ·,: ; r~-;: 

¡ .... ¡-

Tho onolyti<&l d<1<m1inoti.., ;. ld0>1ticol Witlo. tho "'""""~· )'." .. ' 

1
. '.:. 

toraolnol rato cue ~~- i• Section VI. TIH>Rio.-.. U.. """'"', ·: ~ '-;; 
lodn p.-,., dn>p iD tho wdl ~ for o ...,;o roto of pro- · ' ' · ¡.;, 
d<><tloo. ot lho outface, ~ lor the ulllood;n¡ ol the flllid · . : 1·~-, 

(VIII~) in tho eu.in~ io tbo rehtlon . - '-' • ::_ (;!;' -~ 1 '.; .': 1 - q ·- ~ -
,... 61' = [ --C pl!IP)p P.,, 
,'iJ.·,.• ·P· 

r-~-- •• ... ..,¡,~~en"-~---
--u't ......... ,. '·'·' ----- ·,===!':' :''"-"''''-:':· '~"~',;""~:--,-'-;_ ·, ' · ,,¡,_ < .. _, 

1 

' ' 

,, 
' 
" 

. -'-''-'''''"''---'l!IP <= 

~-~ -p;;;-=-"1 _., !"1-- .~·-·.,'~:·) 
• • • • ..¡. ·-,f-.>;.· 

-u[ (1 + u'C- Y.(u) )' + (o'C- J,(u) )'] • ¡,·., "• ·-¡, '¡ í ~~ 
(Vlll.S) 2 --2 '~"•·'J:' 

_ •" . (Vlll-U)• ,,.;:·.· 

FIJ. 8 pr-. o plot of ~ CG111puted oolu .. ¡..,. P,,, ..,.:_. /'ñ\".:'2 
~ ... q .. q,., .. /2-o-K. tben 1M , ..... --,-,•,··:·:--;, Eq. roopendi>l¡ lo e lrom 1,000 10 75.000. lt con be oboe~ lhot¡::-·:\ t~"~ 

[I + C p•P,.,J tho ~'"""' tho ~mloodl•• trom the oooi~,. tho ilmOllor tM .• ' ·. · f .¡r, 

[i+C p'P,.,] 

VIII-S ••• he in<orprelod oo lho tr.,oloom of tho poeudo pr• ootuol Pl"'N""' drnp lo in • lormotion' duo lo d.e reduced roi>O .'~ '' · li', ", . • • 1 - -
.. ,. d,.,p 1M tloo ";"it ra1e ol prodlaotioa"' tbo otocl< tonk. of ft>tid prudueed frum tho ooltd. r..-. ln¡o tlmeo. hown-er. al! "'· \·', ¿,,· 
N~ .,..,loo! hu been .....U u to wbot ..m..,., loo ...boü- euneo bcc-. iclcDtl&ecl ..-lth_the_ point ....,n. oolutioa wh!ch ;.;,; --~~-

. t-..1 1M 'P,.,. JI wo wioh to opj,¡y \he qllodor """""' Eq. 
\'1-4 •N>IIoo, ~~&~~~e!y, ~ 

- ' . -¡ 
duoed by lho woll, ond !ho poinlooun;o oolutlon oppli ... • .,' .•,.,_ ·~·-K.( vpj · 

J>'" K,(V p.) 

.¡, tbo ..,-..~ope oi th- ....--. Afm a ou/ScioDt leqtb ~1 .,_.·' 1 s 
lime, the chonge In hottom bolo preuu"' lo-.., oJo., lhot tbo ,. ~.'·[.: :.·¡; 
roto of prod!J<tion frnrn tho formotion lo oo-tlally thot pro-'•(', •/ 1' ;: 

' (Vlll-61 •. ACxNOWLEDGMENTS · • - . .' ·, ,..·-:·r~ 
Tbe ouihon wW. to lhonk 1he lo!ono¡...,..,t of 1he Sboll Oil .\• ', .. -:; 

Cn.. !<>t petn>i.ooien to ~pite ot>d p,...nt tb.is J>Oper lor ~ • <' )- ~-¡¡.,...,,.,, '""" tilO pn-o;.,... di~ it hu looeoo ohown 
tlu.t f• wdl., t i.o ......,Jir Lotao oioeo \he wo11 rodiuo il..;.._ll, 
••d t!.o polot """""' ..,]utioo of Lord KeloiB'I appl;.., o&me!y, 

1 O» .-
1',., "'- f - du 

~ "" u 
.- • • • (Vl-16) 

• ¡vm.¡¡ 

~Gu~~:-::~:~~ w~t~'!~~: ~:• ·.':!~~:':d =•r:::= ·~ !~~~~~-
ol 1he behoYÍQr ol oil reO<noin. , · ~;. ,1." 

The nuthon aolnowlo.l¡e tho help ol !!." Roinbow ol tbo .• :_. .. _ , · 
Shell Oil Co., whuto '""""''""-' on onolytic deV<lopment/;, ¡_· ~· 
were IROI1 helpful, ond Gf )dj,. L Potton<>D, whG co~trih•tod • -' , ¡:·; 
lhe ''"""" ozm>md ol thoM oalonl.&tioeo wilh 01Dl.irin& eEon." · ·. -'"~ ~ 
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ond J. C. 

N«o: -;¡,;. ]M.,k """" to o<~< nooi<o onlr •her tho t<>t ol 
ohi• l"P'" wi• p~<ro-nre~ •nJ ¡,., thot rea•on t<fcr· 
enOco to '" oontcnt> ~to inco>tnplctc. 11le c.<relu1 
r<••i<r will oi,nve tftot, fot in•oance, equati"" Vl-21 
in thi• pofl<t ¡, ,¡,.,;]., to "I"Oiion (IÓ), p. 21!3 
wi"n k &nol o oto &iven unir '"l""'i •l•o ohot 
~J)ntili-d Ho'-<'rruir•>' enntaino <•¡o o! ion> quite oimi· 
lor <o ti•- &p¡o<&nns in S..Otinn 126, -rlle UolJo., 
C~linder," ol C.ulow oncl Joogor'o beok. * * • 

Comrot<"'·' on "Thc Re/ario¡¡ liclweO'II Elurriral Hcoi>ritlily 
ond Rrino Soi/Jtolion in R<><t,¡r Rock.<," h1 H. F. D"!Wtp, 
11. L BiJham, EUiJ Sh"ltt, on.d C. R. Bailt,. Pu/,/ó,Md in 
1~< ÜCIO/Ht, /9#9 Ú>a< o/ IÓ< ]OUUU OF PET'IIOL"--JM Tf.<:ll· 

"ULO<:Y. 

8r C. E. Ár<ÁÓe, Shdl Oil Co., 1/oullM. Tu.u. 

1 wi•lt ln wmplimcnt rhc anohn" "" their ••ll<timonool """~ 
ol mea'Urin~ th< rooiOii•ilie• <ol "'""'· Moo>urom""" ol thi• 
noturc are_ dii!K:ult, particu1arlr "" •mol! rore .. mploo. 

The cood..;nn tb&t tite •-'""&tino nponent, n, ., • .,¡ ,.¡._." 
iot<rprotin, d«trioal In;;.•. voric, o¡>pr«iab1r ¡,.,. 2.0 Joe, 
not lollnw from tho <L>.to. h i• truo olu.t individual oomple. 
indicaod on n ulote con,ideroblr diflorent, lor in>tnnro, the 
Strown oancl•oono gncn in Tohlc 1 whero n = l.IH. llnrko are 
l•oterogoneou•, how<Ycr. ond '""'" thon nne '<m¡ole mu•t lo< 
moNned. One oompl< is ol liule ro1u< in predi-lin¡¡ ••r 
p.-operty o! tilo lonDation u o "hole: therelor<, "nlr dot> 
.,.¡,..,, ..,..,.¡ pio«o ol the formotion ha>-o b.en ooolyud C:.n 
he con•id<red oond..;..., to be o«<[ to pr~ct a ••loe lor n. 
01 the .i•ta pre><ntod in th,. poper, tho meo"'-lremenl• mode nn 
the Cutton VolltY •ond,tnne >co·m tn mect thi• roquiroment:· 

... Toblo !, whore o.ix .. mp1eo ""'" m=urooL The •••ragc 
•olue ol n cqoal• La Thi. •o1uc rannot be ._.id'" ••.,. app«· 
ci.oblr lrnm :Z.O. (lt ¡, truc th.t n ·~ried from 1.5 to :Z.O, hut 
i•peÓmenool "'"' nriuion• on tho ... me ,rnrle >«re 1.7 
to 2.0,..., Motplo No. 6, Toble /.) In ri<w of the <>pe<imo~ta1 
error i1wcol•od on<l !he lim1lod nomb<r ol anolyoc.< '""• the 
mnro lo~io;.ol <•>nd,.;on woulJ bo ohot ohc dato '"' 1\.c Co""" 
Volley ••ndllnno gi•• weight to oho a"umption thot n m•Y 
be expected lo be of the orJer of :Z.O fot ,._nd.,on<>. 

This lat<r doLo, to,orh"' with tloe dat.u giren "" • cloa" 
r,-,~ented with mr cornment> on tho poper. MF.•tlrnotion o!_ 
lnt<f'titiol Wot" lrnm tho Eloclricol u.,,~ by Milton Wil
liom•, olw P"''""',.¡ ot oho Son Antonio mootin~. )ndi<ato• 
that !ho cV<rc~e rolne ol o lor enn.olidotod oo~dotono "in 
•itu" mor be clo'<r to 1.9 thon 2.0 ><hicb hu fnmer1r been 
.,.,.¡_ • * * 
Awhor't Ro,lr to C. E. AtcAie-

'flte >vtrog' ol oll ol nor ovm m< .. Of<""'~" un ._.!urotion 
<~ponen" ¡,.,. •otiooJ< con>oli<l•tod oandstono and lim .. tono 
'""' ¡, ahnuo 1.75, ond, "' Ardoin prn]><rly ¡><>inr. out, oho 
""'''"' in 1110 cl<terminotinn• on '"'"" toho ítum ¿ .,0 ¡¡]0 

(ormotion;,. eon•iderahle. Howo.er, ><e "'-•e n .. or ,. ••• ured o 
,.,.,.~,., <>ponen! lora con.olidotod ""'' wbi:h ,. .. ,;¡;-
nificantly gre""' tb•n two, and ohe ~re-ot maj""'' •re ..,.,.,. 
whot ¡,._., lho ]oW<>l valuo "'""'""~ !><in~ tltot ol 1.17 lor 
oho S1rown oon,J,tone '"mp1c ro¡>oneol in oho popor .•• ,, ~n
'""'"'liclotod motoriol. tho •alu« loo>e u•ually l>:eu '"" '" 
.¡,,._ ExactlJ whot tho m"'' noarlf .-orre<t •~ra;;o ••lue to 
o . ..- of oonoolidoood .. nd•tnn .. ...,old be i• cliffi<ult tn .-tionote 
in >iew oí tbe 1imit«< dau. availoble, but we would .,oimote 
• voloo ,¡ 1.7 tn 1.8 rother thon [.9 to 2.0. H"""""'· mn« 
ol.ot> rni~ht w-Jl chan;;< thi• "'"'"~" .. lue. For (ormotion> 
ol parl<euln inlor'-"• it i• !telie,.d Jainb!o !o do·oermino ~u 

·"''"~' <'!'""'"' from meoouromcnto <on o nomlt<r uf roro 
•amplo• Jother ~t>n to u·< any .... um«< ..,;,."''"! ""'"~" 
,.¡,,_ He lact tbot • .-,;.,;..., could necur. roll><r tlo.m tloc 
"''o( ,,r pOrtieulor orero&e numher {or tbe <>'""'<·"· wo• 
tloe rloe•i• .,¡tOe pa¡>e<- • * • 

PETROlWM TRANSACTIONS, AIME o~<ember, 1949 
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Unsteady Spherical Flow 

ABSTR.\CT 

A. T. CHAUI 
MEMBER J.jJo4j¡' 

11 d~scription o{ th~ g~o.,.,tric~l cba,.,~t•risrics 
o[ sph~rical reurvoir sy>lems, ~ discussio~ of 
"""""":rstat~ flow of nch sysl~ru a.,J exa,.,p/u 
of engin~l'ri"g applicati<ms ar~ pr~sem~d as 
backgm~nd .. at~rial. ro~ funda"'""'"' di{fer~ntial 
~qu~tion, a d~scri['tion of a~erag~ splnlrica/ 
p~mreabílily and th~ í.rtroduction of th• Laplac• 
/rrm!<{ornuUi<m serv~ as tb«>~/lca/ {ormdaticns. 
Enein~••;,•g <<mnpts <ZrP ;,,.,,,igated to i~dic41e 
parlic~lar S<>!utions of inte•est, whicb "'" analyti· 
cal/y obtainrn with lhe aidof the /.dp/ace /rans{om!. 
These ure numeti,·al/y evaluatad by comput,., and 
presenled in tabultu {<m•. 

INTRODUCT!ON 

A """""'"' mathmatiool anolysis o/ un.,e.·uly 
fluid flo.,. throu8h po<OU-' meJia B<Mrally <e<¡uires 
incorpor~tion of • geometrical &yr:~merry. The 
simplesr forons indude rhe lineor, cylindrical 
(radial) AO<l spherit•l. Most onolyrical_ endea>ors 
hove coacentcatcd on oylindricol •ymmorry boc.tuse 
ir oecur.• "'"'< oltcn in p«rolcum r.scr.,i<'. 
Nevcr<i",dc.,s, somc rcscrvoir oy~wn• do cxhr rhr 
ftte b.cuer appro~imarcd by sphcrieal gcomeuy. 

Rcvie"' of rcchnicol litotaturc rcvcaled bur a 
sinele rcfcrcncc ro unstcady .;p~crical flow in 
pt"troleurn rcservuir.,,l Tho rnorivc onrl purpo•c o/ 
the prc&eM work wu ro rom<>vethi• ~apin rccltnkal 
inlormarion, ond ro po-ovidc tbc praoricin¡¡ enginccr 
.. -irh somc useful nn.>lyrkal tools, lbe marhematical 
der<>ils usoóated wi<h thc particular solutions of 
intNeM invo]ved \t<~ of rl,e l.nplacc transf~t
ma«on. l!ur.>< and n" E""rclin¡¡en po:vion•ly 
clemonorr~tcJ rbe dlicocy o/ rhi< Of>"t•rionnl 
techniquc, and '" ,.._ny t<>P<"~•• tbe ptt$ent 
uoarment wa> patteroo<d after rhcir carlier work.2 

!'!! El.IM!NA!!Y CO!'·."~IDERATJO:IJS 
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hemisphere• whose physical pto?<"rties of iotercst .fi·Tl 
vory only wirh the radio! disronce. Enry physieal 
propcrty is thu• rostrktcd ro be a spoco fnnction .::•.! J 
of only one variable: the di•umce a lona o nd1ns _. • ";. ¡ 

Y<<tor emanarina from tbc cen<e<. · ·.~:-,, !:,..j 
Sucb a sysrem Ís eomposed of "" outer «aiOil · ' 1 

ond an inner rc~ion, sepat!lted by a ddined interna! ·f • • bmmdary, The inner rcaion simply extends in,.ard ¡· 
from tbis bonndary, whereos rhc ourer resior> nteods ,, -l\· 
out,.otd /ro<D ir to ..., utemal bowtdory, The 
posidon of tbe interna! boundary is p:uumed fi~ed, 
oo that tbe ,iu of the Ínnot rcgion rcmains con•tant. ·, ,'1 

0n thc orher hond, tbe posidon of the <~terna! 

bonndory "' •ny giveo instont o/ rinlc is dctermined .'·:~: •• ,· .J 
by rbe disrance into thc oystem thar a sensihl.; 
p:cunrc .-eactioo hu occurtcd. Thus, dte c~temal 
boundary moy chongo ¡>o•ition with rime . 

Ir initia!ly emcrscs from th~ ioncr rc~ion ancl 
adv•nccs outword to its uldmatc p<>•itioo. When 
rhio ultimare po•ition coincidu "'irh • gcom~tri< 
limit, thc re•crv<>ir system i• s.id t<> be limired. 
ll'hen ir coindde• with points subject ,;, rrcssurc 
grndienr• furth~ot reomved frorn rhe iorernal 
bonnd~ry, y« sloorr of a g~ometric limir, rhe oys<cm 
is uid ro be nnlimited, ln rhi• invesria~rlon r•o 
differem b011nJ.~ry condition• ••~ irnposed •• the 
nhimote bonndorics of limitcd •ystem•. Thc fir•r 
rcquJte> thar no lluid llow occur ~cr<>u thi• 
boundary; tbc sccond that rhe p<«surc r<1nain 
fixcd ., thi< boundar-¡.3-~ 

• 
UN~T!(ADY-STATE F!.OW 

In a suier •ense virtually al! flow phen<>mcna 
as.,odated with a reservnir sy,crn are unste•dy
stnte. Thc '"'uienr behavior of rhue ph«tomena 
rc<¡uires aocnu.ntins, however, only "hen ,;,., 
mnsr be innodnced as •n explicit variable. Otber· 
wisc, stcady -statc mech•rtks may be used. 
Analyti ca lly, s~eady-•••« eonditions prevo il 
in a teserwir •ysrom only o~cr that p.mion of 
it• hisrory when rhis relation is sarisfied: 

. . • . . . . . (!) 

!hu '" do rhis, a rcservoir system most contain 
cither an ideal fluid, whidt impE,·s a vrotti<hiog 
viscosity, or an inc<>mpre,.ihl~ fluid, ,.hich 
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implies a vonishio8 compre."ibilu¡·; or it mu« ha ve 
preBweo fixed with time •uch that thc timc
decivativc vanisñco. Evidemly, stric< srcady-«ate 
coodidons are vinual!y imponible to a11ain, sinc.
these piovioions Me obs<racdon' of <he mind anJ 
not p<upMiCb of phy •ical ~ystem s. F1om A p1actical 
standpoint, howcvcr, <hi> facr docs no< cxdudc 
•pplicalion of steaJy·•tatc tl'ICchanico, bcc.u.•e in 
maoy siruation~ Eq. 1 is do•cly approrioutcd.3-5 

Thc sisnificant phpicol propcrtk< ehat dc<Otmine 
thc cxtetot of «•n<ient behavior in spherócal 
«se.,.oir systcms are erhibitcd by the so-<:alled 
«•dju>tmcnt time .,hich is approrimatcd by: 

• . • • • • • • . . . • • (2) 

1hse factocs ••• rhe size of thc syocem, ils 
comp!< ••ihility ~nd it• mohili ty. lfhen rhey combine 
to yield a Jorge r~odjustmcnt time, uns<endy•sta« 
mcohanic> sh011ld b~ used unle•• ptcnureo are 
ioutiant.l-~ 

ln-.on a water d1i~~ fidd 
bott<>m·,.~tet cne<o•chment, 

ia charac«d>ed by 
thc hydmcarlx:m 

OC'"-l,ulo<i<>n ~•uolly fills only a ¡><'lfioo of rhe 
tot~l rhioknes> of the reservoir form~tion ond is 
cn:iroly undcrlain Ly water. Fin~- of wat<r ónto the 
pay zone <c•ulrs ímm • graduol and unilorm·tise 
o/ rhc und«lying w~«•· 

Oí polticular inrcrU< w thc rc<ervoir en8inoer 
.ut• tc.e!hod>, for'!'.1Jiy indcpendtnt of rnatcri.>l 
balance principies. /01 dctcrmiroin¡¡: thc ""'"' 
inll~• inro bo«om-ware< drivc /ieiJs. Fi1sr, these 
methods ,.ffurd dt·rermin.Hion o/ a number of 
reservoir prop•rtioo through on •n•lpis of the 
P•" re•ervoir history by a" adjunctivc u>e '"ith 
Nher rd 1tÍOns. Serondly, by independently y ieldin¡;: 
the water inllu~ thcy provide me~"> o/ predicting 
fut~rc re<Cn-oir performance. M~ny b<>ttot"1·1>'.lt~r 

dri•~ iidJ' lend them>~lvu '" tho impo<ition of 
'rheric.,J geomct<y; hcncc, solurions o! tho funda
m<r.t.>l /IM< equar.iotu app-op.iute <<> this symmotty 
c~n be u•~d to an~lytic~lly determine rhe "'"'"' 
influ~ lor this da-. of rcser.oir.·1,6 

Mrh"tlf.h "'""Y well• -1!0 co,upleted •he< tloe dril! 
n~, p »ed cnt ó rel y ,¡,.,..;, th e pov lolfnnri~n, sume 
Bl' p>ltposdy '"""'rl<-<~1 o/teronl) p>llid! peneuorion 
hos Leen efkctcd. Sometimt·s ""eh well• .re 
('um~lcrool .,ftor 'he tup surf•c.• of tho IC.>ervoir Íb 

merdy torrod h;- the ,Jrill, in whid, "·"'" rl1<·y aro 
Htoa·d r.O""I',.""'""in~ wdh. 

l'on-renetc . .,in; ~•ll• <~a< oco,u in~ rd.1<ively 
tlú<k furo'"ti<'< ca" be rr~•rcd'" <pherinl •Y-•<•m,. 
Thoy """ l,c .,._.lyti,·ally inve;ri~otod hy 'l>Íng 
"1 P"-'r<i>te 'oluti~ns of ,:,. fundaoH·nro!l flnw 

~ ,q~~cior.s cor~espo,.din¡: 10 ~f'h•·•icHI ~)·mmeny. 
--n,.,,.. lnve>tigation~ indude /luw ;:~lculations, 

"""lpis o/ drawduwn ond buiiJ·up """• <l~t«rnin· 
otioo ol ,,otk bt>twrn·lon!t· !''""""'• p<od<>c<ivi<)' 
inJic~s, df<-uive p-.mc~biliti~, nnd ~.-.luation o[ 

'""·'"·· 

" 
dama¡;:cd sond c~nditions. Also, ~lrhough th~ 
onaly<icol S<>lurions strtctly apply only ro the 

~inslc-phose llow ofcomp<essible liqui<Js, m~ re< u liS -
can sometimc• be used (~ith ptopcr tn«tpceration) 
t~e flow of gases wh~n p«nut~ drops ore sm~Il, 
and <o the simultan~ou> /lo'" o/ oil and gxo upon 
imposi<ion of drastic ~• "<tmprion s. 3, 4, 7 

TI!EORETICAL CONSID.ERATIONS 

FUNDAMI':NTA!.. PJFH;RllNTIA!.. 1-".QUAl"ION 

The /undamemol dif/erential tqua<ion BOvetnin¡;: 
thc dynarnics o/ rhe flow of compres oÍble liqllid> 
through opberkal '"-'"'""'' sy . .,em• ~ao be writtcn 

"" 
' . . . . . • (3) 

where rhe porosi<y, ~omptcS8ibili<y and mobili<y 
are intotprered as fixed ave1~ges, and "'b«c the 
dlccts of 8ravicy ate noglected. Defin.- o dimcQ· 
sionlcos len~th ratio, time ratio and p<euure-dtop 
ratio. tospec<ively, os follo"'s: 

' 'o '• 
• • • • • . . • ( 4) 

• . . . • . . . • • • • . (5) 

1 ) 
P, -p('P· t¡,) 

P¡, '1>' 1v • • r 1-pCJ,,") 
. . . . "' 

!ntroduc<ion of these ,.]ations into Eq. J p..-mir-• it 
to be <Cwriueo as: 

a'pv 
,, J 

" 
• 

''" 
' . . . • • . . . (7) 

.,hich reptcscnrs thc fundamental dillorentia! 
equation '" dim~nsinnless fotm apptnpria<e ro 
,~servoir •Y>t~m• oh~racterizeJ by o¡:heric:al 
symm~•ry.2·5,B 

AV~:RAGE SPHERICA!. PER"!":A!l!UTY 

Avail•ble eviden~~ indic•te' rhar rhc pcrmeobili<y 
o/ porous media conotirutin¡¡ rcson;oór •y•tom& h 
not isorrcpic in ch>rac<Or. ,o., a 1ul~ tb<" >enical 
pcrmoabiliry is lc<s <han <he ho,izcn<al, ~n.r in 
some inounces th< dif/erenco jg protound. Since 
•rloerical •ymm~«y <·mbraces " <hre~-dimcnsional 

~oome1<ic sp•<•, ir "'"s /~Ir nocr"''-''Y ro indude 
the eltec!S oí this ""istcopy hetc. Tbo <adial pom.e· 
aLiliry in " spheúcdl p<>rOu.< mt·dium á>tac<rri•cd 
by unifnrm venical ""d hoti> .. m,ll )'etme.tbiliry 
cnmronent> con be nnolyric•lly do.cribod by; 

"' 
The averory spheric~l pctme~bilirv can thon h~ 
obt.,ined ~·irh <he ,-olum~ into¡;rol: 

, .. 

' 

~~ 
' ¡, 



• U1;· 23 •vs•~rn. But due to th ~enerality inuoduccd, h 

k, - ~--
• .. (9) becomc• n<«»><f to <elote ccttain physkal 

quantitics O<sociat~d with absoluto UOJ<S of 
mea>urcm<n< to fuoctions of thc climcnsionlcss 
v•dablco in Eq. ]."I.S 

which, upoll cvalu•tion, givco: 

3khkv ----· •• k¡,+2k., 

rhc norogc >phctical pemubility. 

APPJ..lC:ATlOS OF TllE 
LAl'l.AC:E TRANSFOIINATlO~ 

• (JO) 

• The fundamental diffcr<ntial equation fot a 
sphctical "tese<voir sprcm has bccn expresse.i in 
dimenoionlcss fotm by Eq. 7. Define thc product: 

• • • (11) 

Thcn F.q. 7 can bc .. ritten in <hc oltcrnativc form: 

• . (12) 
iJ, (} rlt D 

The Laplacc <ranaform of b i• given by thc 
dolinite integral: 

- . 
¡,. J bcxp{-sluldt0 • {13) 

" 
Multi~licarion b)' thc nudcus of the nat~sfotm and 
inrog,.tion o..-cr all time conve"" Eq. 12 from a 
parti.d tn tloc ordinary diffetcntial <"quotion' 

• sb. • (14) 

Thc general solutior> of this sub,idiory «¡<>o<ion 
c•n be• 111Í<ten ;t once: 

. . . {l ~) 

whcre e;, is an arbitr~t)' C0!1'<on<.2·"·ll 
P~uicul.u •olution• to !~e sub.,ididty equotion 

cn<'••ponoling tn >pecifi<:olly imj•<>><d boundary 
con~itiun• dte obt.liro<d upon 'PPWI'Ii,olt ev•htotion 
el tho con>tdnt• th¿t appedt in its ~cneral solmion. 
1bcso ¡xmicular !<Olutions would «prcsrot tbo 
Lopl.1cc rtansform• of <he «quiro-d pat<icular 
.•olu<Íon< tn Eq. 12. "lbc baer are doterm'ncd by 
eflcctin~ thc tn verse """ >formati ""' uf <he ir J.apl.tc e 
tf.ln,furm<. Thi' prncedure ,.¡JI h< u sed tn Jc,elup 
the p.tnicubr solurim" of in tero><. 

SRl.EC:1"10N O>- PARTIC:ULAII M>LUT!OSS 

' R~•luction of E~. 3 to the dimonsio<>le<s lotm 
~epi<t<·<l hy E9. 7 """" dlcct~d, ),.,,·,use thc cnm· 
jolc<e dinl<·nsinnlo'"''"" o/ E~. 7 r<·<iJ<·I' <he nuon<r• 
ic-ll VAiue., ossociat<•,l wi<h Í<> p.<uiculnr snlution• 
entirc-ly inJependent of tho .oe<<t>l m>gnit~dc• o/ 
thc rfo¡•sical pr<>¡o<:r<ios o/ any &i•~n te,crvoir 

'"' 

Thc mactO>e<>pic radial vclocity ar the interna! 
bound><)l of a sphe<ical re•crv<>i< systcm ¡, givcn 
by Datcy'~ la.,.:l·< 

u m-~(~'). • .. , •. • ... • .(16) 
. 1' '" ... 

lntr-oduction of th rclations dcfincd by Eq•. 4 
tbrough 6 yie!ds: 

" o 
• . . • (17) 

.. hich relates tbe acro.ral vcloci<y with tbo dimeo
~ionleso funcrion {<l¡>¡¡ta.-0 ¡1. The rato of fluid 
influx Rt th< interna] bouod•<)l is givcn by:3.< 

- / ¡" ,1, sin a dadO¿,;~ ("') 
oo V ¡.r<J, '• 

• . • • . • • . • . • . . • • . • • (\&) 

Then, introJucoion o/ Eq>. 4 through 6 yield.: 

e•-2"' ~,\p(r,t')(:PD), .. (!<)) ... ,.. •· "'o 
' 

which relates the actual fluid in flux <Ot~ with thc 
dimensionlo.• fm>.;tion- (,Jp 0 i<Jr¡¡)¡. 

1ho curnulo1i\•c flui<! inflllx at thc in<cmal bound
ory up 10 nny tirn< 1 i.< ~ivon by:2 

. ! '. '('') f ~ ~d, ~2"'- J - 4• .. .. {20) __ J•._., __ :_.:·~·e.,j•c_~''c':!:·:. __ 
Similarly, intruductioo of Eqs. 4 through 6 yiclds: 

1' • -2"<f>cr3 _\p(r..,,t')t(iJpD_) dt0 , .. atl 
"" o ilr 

" ' ' 
whirh rtlo<<s th< actuol cumulative fh1id influx 
wirh tho titn< integral ni rloc dimcn<innlc;s funcdon 
- (<lp0 !dr11 )1 . Up<><• p<oper intcrpretation. Eqs. 17, 
J') and 21 can be used 10 determine thc fluid flo..
and p«nuro b<-hovior in a splrerical ,.,.,,....;r 
systcm, •nd •lso <<> indico« thc appropriote choice 
o/ pat<Ículor oolmions to Eq. 7. Two d"<Ínct coses 
ari ·~= thc •n·called P" -""'" an d r.ue e o"'·'· 2· 5 

Tbe I'•C<SJ.re C.tse 

"fñe preuurc <ase pteoumes knowlcdge of thc 
p«>s~te c<>~di<ions •• the interno! bo<rnd:uy oi a 
resctvQit >yor~m and p~tmits de<etrnination of th~ 
fluid flow hehavior. Con<idot a sphricol reS<tl-oir 
'Y""'" oh.uoctcri>~J hy dim"'"ionleS' propcrtÍ~•· 
J.et thi' sp<cm bo cb.llseJ toa nnir Jim~n,ionle>• 
r<essure, And $! ~OJO timO le< thc ptc.'>UIO at t.1« 

inrern~l bounJary •·ani>h ~nd rernain ~er<>. This 

>'":ti"Ty Ot ~E~I<!>t.I<IN UGO~HU j"IJO'''-
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'1' "4 condition represento the distinctive lu\Üe o/ ,J{t 
pru•ure cue. The problcm t.~en rem••n• •~ 
determine che dimensi~nleu ute and oumul.otive 
flotid in/hu at the interna! boundary a; funcoions 
<>l di,n<n~ionlU> timo. lbis dirnensionle"" ole•crip
<ion o/ thc fluid flow behovior .nd ir. tton>lation 
into absoluto unics o/ o~~easurement conotitutes tilo 
pre~•m• coso_l,5 

Under rll<' precepts o/ rnc ptcssure ca>e, the 
dimcnsionless /luid in flux rote is,Jefined by: 

(''') . • 11 - e 0 (J,t0 1 -- -¡¡;- , ....... (22) 

- '' 
ond the ¿¡.,ensionleos cumulativel!uid inf!ux by: 

Fn ~ Fv (!, 'ol · .. -· ?'("") -., 
o a., ' • • {1}} 

Symbolically, rho octual velodty, ra« and cumula· 
tivc fluid inllux m>y nOw be exptessed in terms o/ 
•o and Fv ao lol!o.,.s' 

Eq~. 24 r!lrnu81o 26 npr~h• rh~ f•o<rs of flllid f]o,.. 
beh.,.ior i~ '"'"'~o! fidd dar~ and the dóm<'nsionle» 
fun<tions ev •mi l'w By applkation of rh~ supet
poshion ptillci¡M (Duhomel's t~eor:m) th<>~ 

luncrions c•n 41>n be u<~d '" tre>~ rimc·vo<yina 
¡renure hisrorie•. 

Th~ Rote Ca•~ 

The rore ca,,~ ~resume-' knnwledge of rhe fluid 
!Tow co~dition5 ot the ónter.,all>ound~ry and P'"""" 
dercrmin.:io11 of the r;essute heha,·ior. Con•ider a 
dimensionl"« •phrtical re~ctvoir syst""' charged 
ro o unir ~imen•ÍMiess prc«urc, and fro"' Z~tO·time 
"""·"d Jet a unir dimcnsi~nle" !luid in flux '"'e be 
imposcd. lhi• c<>ndition, whkh expre;;t•d .tnolyti
c•lly is: 

. . • • . . • . . . • • (l7) 

!or oll tir:1c t¡¡, represen<• thc di<tino;tive feature of 
rhc rnrc case. The pro~lem h~rc i~ m d~t~rmin~ :h~ 
dim<-n,i<.>nle<> pte>Sme drop disttiburi<><O in the 
'Y•tom, und .J,c ptc-"'"~ ~rop at the int~rnal 
¡,,.,n.J.uy undtr rho conditin"' pr~~cribt<l by l:.q. 
21. Thi' dJmen•iMle's de.<ription of pressure 
!>ehovior and irs u·;tn•lation iorn absoluto unit~ of 
menurcmeot cnn.,irures rhe r.ue case.2.~ 

t;nd<t rhe ptocepts of the '·"" case, rhe acru>l 
P'"'""'~ .Ji,trib,.tion in th~ -'Y"'"'";, 8iven by: 

, .. ~~- .... 

Similarly, rhe .•ctual 
bnund•ry Í> 8Íven by: 

' 

prrssllle at 

' -. -
~- ... --- . ..,-, 

• . (2B) 

Those symbolic r~louiono o>preu the presoure 
beha vior in torms of field d•ra and ,n., dimen•ion len 
f ... cti""• p0 Ct0 , t 0 ) and p0 (1, t 0 ). Lih ... is.-. by 
opplicati<><O ol the >Uperposition l"'indple, thue · 
functions con be used tn rrut timo•nryio8 rote 
historie$. 

DESCR!PTION OF PARTICULAR 50l.UT!Or-oS 

'.!"LlMJT!':D SXSTEM • 
lly definition the Htetnal bou.nda<y of on un limit.d 

system con<inuously tece,J~, ltnr:1 the intetnal 
boundary without reachin8 • 8e<>meuk limit. UnJor 
rhose eondition> the ptodu~t 'DPD nnisheo and Eq. 
n becomeo: 

b = C 1 exp (- 'n>IS). •...•....• (30} 

Thc prccept• of rhe pr••=re c .. ~ require that 
• dimen•ionleso pressure drop o/ u~ity be moin· 
tained at <he intem-'1 boundary, ond sioce rhe 
Loplace tt~ndotm of unity is l/s, ;, follows rhat: 

- ' h~s••rl-\tS<,,-lll ....... (!ll 

which is rhe •ubSidi-'ry equarion ~pproptiate ro 
tht· pressure case lot an unlimitod sysrem. The 
dimensionles. fluid inllux rateen cott be.,..,,; .. .,, 
in t<rm> o/ b: 

Then thc Laploce 
ll and 32, '•: 

' ~IJ ~--:?'::' ' 
' ' ' 

(31} 

"'hose inverso uansfannatit>J> can be .,,;tten •• 
<mee u: 

ev = 1 + (nlp)-112, ,· ••• , IH) 

"'hich is the dimcn,jonleo. fluid inllu~ ,~,. o/ 
on ~nlimired >ystem. Thc l.aplaoc tr~nsforn~ of 
1' D (dimcnsintole"s cumulntive flui~ inf!ux) ,. 
•in1ply: 

... 
' ' ,-3¡2• 

..L 
~ 1 ' . .. cm 

can 

'" 

' 



•• 

wril<cn ot onc~ u: u V 

( ~)'12, . . . • • • . • • (36) 

• 
which i• rhc dimcnsionle .. cumuloti•e' fluid 
influ• of an unlimited system. 9. 11. 13,14 

The prcccp" of thc tate e••• rc-quire chat • 
dimcosi,.,J~u ratc of uniry be mointained "' the 
interno! boundary, whicb can be"'"""" in te<ms of 
b u: 

-(:~:),~ -(f)b -b) "' ., ' 
' Usiog Eq. 30 it follcws that: 

•. (F) 

··~·feJic-cr<é''-'''"'"'-'-'""' ••• 
S (1 + ..¡i) 

..... :.(*') 

which is the subsidiary equation opptopriatc to 

the rate caoe for nn unlimitcd oy•tem. The inv«•• 
trandormoticn is availablc from in<•B•ol '"'nsform 
ublu. This renlt dividcd by 'D yields: 

' . . (3 J 

which u th;T;mensJ<mle .. prcuute·drnp dJ<tubu· 
tion of an unlimited systcm. Upon plocing 'D at 
·u"ity, Eq .. 19 reduces to: 

/ Pv ~ l- e~p(t"l ~•ldt(íl. ~ ...... (40) . ' \ 
,..hich is the dimensionlcss preuure drop at the 
in tema] b"undory of an unlirnited sy•«m.'-9, ll,ll, 14 

},t this junctut<" =me significan< ob•ervation• 
can be made. FÍrSI, the lea., up~t bowtd o/ thc 
dirncnsionlH> plC>sute drop js unity. CM <equc-nt!y, 
undc-r thc tcnditions ol cot~stont lllte t~c p«ssurc
<llilp at tOe im~tn.d b-ound-'<y o/ an unlimited 

sphe'i~al "Y"'""'' '"" ""'""' ncoed g li•~d finitO 
v•lue. St·c"ndly, the &'""'"·'' lo~·er bound of t~• 
dimcnsionle~< tate is also unity. ltc-nce, t~e roue 
engcnclet<"<l by • oingle pce~sute drop imposed a< 
zero time ~• th in<em~! bowJdo<y gf an un!imitcd 
splleri~al >y>tem can neve, bo le .. than a fi•cd 
nnn·vanishio8 value. In either situ."ion, it oppcors 
th"' ~n ur.Jimltcd •p~eric·nl ro·•orvoit •ystotn 
npproac Ir« """"dy•o t.Jte conditi"ns ·'' di mensionless 
ume ~""'''"' e~~eS>ively lnrge volues. This 
p<opctty, "'"ngely cnough, is not enioycd by 
un limited lincor or cy liodrical (tnclial) "Y"'""'<. 2, S 

-'l.IWITED SYSTKL! II'TTit 
C!.OSED E~TE!lNAL. llOUNDARY 

In a limited rcservoir ~y•tem 

b-oundnry_ cventually ·toincide• wirh 

'"' 
·-----· 

the •~terna! 

n geomettic 

25 
limit. Ao thio limi<, a sy.,.,. . .,;m a do•ed .,.,.,¡,,¡ 
boundary co.<J ouotain no fluid /lo..- acro .. i<. Henc<", 
the nonnal preosure derivativo thcrc mu~t vanish. 
lntt<Jducrion ol thi• ccndition into E~. !S Bivc~: 

b ~e (,p(-r
0

y'$) :(•o:Vi•t\ c~pj..(,0 -1•0l 1
[ 'D y'$-1} 

••.•••••••••.••.••• (4 

Undcr the prcccpt• of the pte••~"' ene aod by 
subsequent con•ersion to h~~rbolic luñcUO<Js, Eq. 
41 becomu: 

sinh[ ,¡i(rn :.._ rn )] -,{s ro' co•h( .,fi(ro '-rol] 

$!.ioh[ .,!i (, D '-r JJ....,¡:;: 'n 'cosh( ji (t D '-1 )JI . ' 

. . . • • • . . . . • • • . • . . (42) 

which is the oubsidiaty cquatioo oppropclot.- m thc 
P<eo•ute caoe for 'll."closed limi<ed •Y•"""-· The 
Loplace transfortOol e0 • uoing Eq•. 32 and 42, ill": . . . . . . 

'o • 

,_.G(r D '-1 }ce oh( V.W0 '-1 ll+ (s, 0 '-1 l.inh(fi (r0 '-l)] 

:.l,¡i 'o' cooh (.,1$ (r D :...¡ ))- oinh(.¡i (r-0 '-1 )JI 

••••• : •••••••••.... (43) 

The ioveroe tron.úormation of thc re!otion may b<" 
obtnined witb the oid ol Mellin's inveroion theorem, 
RnJ is gi•~n by the lcllowing integral in tbc 
compln planc: 

•v = 
1 lim 

2ni {¡.,a .. (44} e 

which lor tloe funcrion ar hond may be n•luot..d b~ 
cnnverting i< <no dn•ed con tour integral ~nd then 
applying thc calculuo of residues. 11m•, by virrue 
o/ Cauchy's integro! formula: 

where Ro is thc to'idue c<>ttC5ponding 10 thc 
~ingularity a< the oti¡r:in and R~ the te•idues, 
corresponding <C the orher singular poinl5, F.nlua· 
tion el Eq. 45 )"ields the dimensionle•oll~iJ infhx 
tate lor a c!o~cd limi<ed sphcrical &fS<e<!J, a~ 
fol[o.,.s: 

.. n 1U 

w 

, ., { . ,,, t , l l "'».!1> • •o- •• w. 'n 
~ •2 ' • ¡) > ( •L•) ' 

~·.•o-"IJ 'n' "'' 
•. (46) 

(47) 

' 

.. 

•• 

' ' 
' ' ' • 

' ' ., 
' " 

' 

' ' 

, 



• 

' ~ 

' ' ' 1 

' i 

= 
26 

"o • • 
,fi&1,'-1 lcoshfil•¡¡ '-ll + (sr0'-! l•inhy'i(r0 '-!) - ~1¡ Y,: r 

0
' co•h ,r. (,

0
'-l) oinh Vi (r 0 '-1 )] 

• • (48) 

By vmue 01 prevJou• •rgument~, the invcrsc 
"ans/orm.,dun of Eq. óB yields <he Jim~nsionlcss 
cunoulocivo fluid influx for • closed limi<<J oyncm: 

1 
• • • • • • . • • . • • • . • • • . . • ( 49) 

... here w
0 

a« al•o th roots ,¡ Eq. 47,2,10 ,JI ,IJ ·18 

Under dle precep<., of th~ •~•• cue, Eq. 41 
heco.,es, upon co•wcr.ion to hyperbolic functi<>tto: . -

s[ \IS(; ,{-! lcosh,¡$(r v'-1) +{srfl '-1 l$inb.¡i[, 0"-J)] 

. . . . . . • . . . , . . . • . • . . • (~O) 

which is <he ~ub•icliory cquatio<> appr<>pri"'e to the 
'"'' case for a dosed Ji.mi<cd systooo. Aa bdore, 
the innrse uansform.o.rion o/ Eq. 'O io t;i~en by che 
sum o/ thc residun, ond sioc<' 6 is •nPo• the<e 
fo!lowo: 

U~ U 1 - UNLIMIHO SYSTEM 

D;moOOio•looo Domooolool"' 
''·~······'··· 

o.,. .......... D·~•••loolo" D•~••olonl••• DomonoiOolo .. o ............. 
T '"'' ~"'' lnólo• ~'"'""""'•• ""'' Ro•• ln!luo p,, ...... u. .. ¡,,, ¡,,,¡ ¡.=,, '"' 

¡,,, l•nl IF,.I "'' ~.001 1a ... 12• ~.03661 0.03•11 
0.002 13.61»6 0.0j2 .. 0.0<153 ~.· 1,0nlol 

~·· 
a,9,..j 

C.OG3 11,3006j 0.06<10 O.OSB92 70,0 1.061U "·' 0.93103 
o.oo. 9.9:1(161 0.07536 0.06755 80,0 1.06308 '"' 0.9l'JI2 
0.005 3.07805 0.03479 0.0751H •o. o 1.05907 100.7 0,93851 
O.M6 S. 283M 0.09340 0.03174 100.0 1.0~641 111.0 0.94139 
0.007 1.7<J)6 0,101<1 0,03711 ;ooo.o 1.0:WS9 216.0 0,?5703 
O.DPS 7.30Jt) o.wan 0.093<3 m. o 1.0)157 320,0 0.96.01 
MIOI 6.•m>l 0.1160< o.o986s •oo.o 1.01171 ''3.0 0.96635 

""' 6.6'190 O.l>lS' o. 00)54 ~o. o 1.01513 S1~0 0.971l1 
0.02 •. 989<2 0.17'151 o. "152 -·· 1.01303 62!.0 0,>1J5l 
o.oJ •. 25735 "·'"" o. 16894 700,0 1.01131 1)0,0 0.97516 
o.o; 3.Sl095 0.1656! o, 1901! 800,0 1.01995 831,0 0.97668 
0.05 3.51313 0,30231 0,20061 900.0 1,01881 93 •• 0 0.97787 
0,06 3.3032'0 0.336<0 o.n>as 1,000.0 1,0 1714 !,031.,0 0.978111 
MI 3.11~ .. 0,3611. 0.2~31. 1,000.0 1.~1262 2,0511,0 0.98<!)3 
o.o8 ~·'''" 0.3'11" . 0.25)<5 3,000.0 1.010l0 '·""'·" o. ..... 

"·" 2.88063 0.428>1 0.1654~ <,000.0 1.00892 •. 071,0 0.98814 
0.10 >.7U12 o .• s.oa> 0.27042 5,000.0 1,00191 5,0811,0 0.9Btl< 
0.10 ~.~61" 0.70463 0.35611 6,000,0 1.001>9 6,017.0 0.90007 

••• 2.03006 0.9180; 0,40798 7,000.0 1,MOI< 7,09 •• 0 0.90))2 

••• 1.89;?06 1,11305 0.44639 1,000.0 I.OO.ll 8,101,0 0.9911.5 

'·" !.19108 1."<'781 O,Vól< 1,000.0 1.0059! 9,107,0 0.9912'0 

••• 1.72831 1,41<0< 0,50198 10,000.0 I.OOS.O• • 10,113.0 0.99211 

••• 1.67<J< ,. .. o, O."llO w.ooo.o 1,003'19 20,160.0 0.9UT3 

••• U3l)t 1.wns 0,5<175 iiO,OOO.O 1.00316 JO,IH.O 0.995.$6 
o.oo 1.s?<71 1.97047' 0,55198 <0,000.0 1.00111 .... 226.0 O.t961l 

'·' 1,5.\<10 2.12638 0.57142 50,000.0 1,00152 50,152.0 0.99661 .., 1,30!94 3.5?077 0.60'"0 60,000.0 1.00130 110,216.0 0.99690 

'·" 1.01574 ..,,.., 0,11160 
70,000.0 1.00111 10, , ••• o 0,99113 

••• 1.28100 6.11676 0.7 .. 60 
90,000.0 1.00199 80,319.0 o ... nl 

•• 1,05131 1.52313 0.76705 
•o,Dell.o \,OOIIle 90,33'1.0 0.99]46 

l.l)(lll 
100.000,0 1.00178 100,351.0 0.99750 ... 8.71ol9! 0.18SH ~.000.0 1.00126 ~.;05.0 

'·' 
o.99a<t 1.1•3'< 0.'>8501 0.19'1<6 300,000,0 1.011103 l00,61l.O <l.991Ul 

1.19 .. 7 0.81109 •• 11.191 .. <00,000.0 1.0130!. "'"· 7 ... o 0.99~1~ ... 1.1aeo• 12.38;1< O.$l<lij8 ~O.OIIM 1.110080 500,798.0 0.,891 
10,0 1.11!1<1 "·""" Ul7" 600,000,0 1.0007J 600,874.0 0,99900 
10.0 1.1>016 1S.0<6l0 0.8762< 700,000.0 1.000<11 700,0<4,0 0.999(18 
30.0 \,10Jj)) 36. 110J<I 0.99710 800,000.0 1.00063 101,0~.0 0.00914 ••• 1.011'111 47.136!0 0,01060 900,000,0 \,000$9 001,070.0 0,9991i 

"·' ).OnN 51.97085 0.919<3 1,000,000.0 1.000)6 1,0111,12!,0 o.~ .. ~, 

, ...... ·~·· '"' 



ll • 0'• Vo'-1 ):i)[i- V0'- •nll(2 •o'+• o> • •o• o] 

-~ (rd- !)2 lj {r¡,'-1) 2 + •n}IJ 

'w • 'o;oo; w + (, 'lo-I)siow) 
. . 

• . . . . . . (51) 

. . . (~1) 

The upr<~.,on cmbcrdied b)' Eq. 51 rcpre>ent> 
rhe dimensiun!Hs pre">Ur<·dtop rli.wibution lor A 
clo>ed limite~ sphcric•l 'Y"''"· Upcn placing r 11 
ot uni<y alld >Ímplifyin8, thoto follnw' at once thc 
di'" • r i ºO k» pt"' '"'e-dr:<>p&~..!h.U•~w"'Ch-~.,"") 

Uoder rhc pre~ep<> of thc prt .. ure case and 
eonv«sioo to hyperbolic funecion•, Eq, 54 bccomes: 

• . . . . . . <m 
s {sinh ,fi (•o'- 1)] 

... hidt i• tlle •ub~idiary equati<m appropriate to th<' 
pressure case lor ao optt~ limited sysrem •. The 
Lapl,.oe translono of e 0 usins Eq. ~}, ·is: 

1 oosh jS (•o'- 1) 

eD-----¡ + 7s [sinh 'ft (r/J'- 1)] • · • • ' (){;) 

The in verse translormatioo is nai lable ftot~~ iore¡ral 
tob!es in the form: 

1 en-1+(,0;_ 1 )84 [~~(r~~~~l 2 ] •.. (m 

and u pon cxp.>ndon8 rhc Theta /un otioo thJs becoooes: 

' •n'-1 

.. h,oh J< th• d!m<n.ooolo" tnre for ao <>pcn IJmJted 
system, A-• Lclort, the l.opl•ce ttan,fotm.• of F0 is: 

ro~~D, + . •' 
co•h ,¡;¡,1;-f) 

'"(" C(' ))''(~9) s-"• smhv• r0 -1 

... hose innrse ttansfonnation wu obtained with thc 
ajd o/ the FRhun convolorion theotem as: 

't/1n 1 - .. -<· '-1) 
r'-! 3D 
" 

' [ "'"''"] ;;2 exp - (rn'-!) 2 •.. (60) 

t~c dimen•i,,.dcss cumul.tti"e lluiJ inllu~ for on 
open Iimi<ed •y•tem.9-ll,IJ-:!O 

U"der the ¡>recepts of the ra« cose, Eq, H 

~------------ccccc---------;::--::--------------"-''""omes: 
whcre w. are ~roll the roor~ ~~ l:q. n. 

"'n' <,. 
-(>n'-1;> 

~·· " ,. . . • • (51) 

!,IM!Te:D SY!ITEM 
WITIJ OPF,N e;XTUU<A!. llOU~l>Af<Y 

It will be recallcd tbot o limiteJ '"'"'"'" 
sp«m ¡, charactetized by rhe arrestment ol 

,a. ~rowrh o/ the <•«mal boun.I•<JI ~hm the l•n<r 
.. - -~indde.< •drh thc gcometric limir of thc oystem. 

"-'ror the ra .. of an open bound•ry it is p<csum.d 
that M .thi.• Jimit (• 1)) th• "Y"""' sufi«• no 
pre-.,,.e drop. fntroclucti"n ol ,¡,¡_, ~nndirion into 
Ec¡. 15 11ive•: 

lo> 

whic~ is the .•uhoidiary equ.,iuo nppropria« to the 
rote case for a limi<ed sptem wirh o líxcd pre .. urr 
at the nternAI boundary. The inH!St uanslonnatioo 
of Eq, 6¡ wu agoin obtaincd b)' Mellin's ÍnYe~<ion 
theocom, u previously exp)Ained. Thus, the 
P'""'"rc·drop diatriboJtÍon is ~Í•en by: 

1 

' 1 

¡ 

¡ 
• 

¡ 
• 

i 
' ¡ 
• 



'"'1 
......,_......,...~=:-. 

TABLE 1- l!MIHD ~nTE ... zs 
Cl~·o<l E.o .. ool a...... .. , e 

V 
Do~oooloolo., fon<'looo DlmoooOonloh Fun<"""' 

T '"'' Rooo In Hu• p,,., • ., O,.p Tomo Ro>o lnfluo PooUU•O O.op 

(!") (•0 1 (Fnl '"' (1[)) 1•0 1 (F0 \ ""' 
Do~o••"'•'•" E""'""' Rodouo .,; = t 01-noloolo" E,,., .. ¡ Ro<lwo .;, = 5 

0.01 3.1:n• Q,lOSJ O.l.olO ••• l. lll o.sn• 
··~ 2.9047 0.1991 0.153.4 ,.. 3.!96 o.~n ••• '·''"" o . .,a> 0,1650 ••• 0.9Sl 0.1111 o. 10 '·'"'' 0.0568 o. m., ••• 6.246 0.1019 ••• 2.1411 0.1040 0.3567 ••• 1,090 0.77 .. ••• 1.930 0.112() 0.0120 ••• ··~ 

0.81)20 

"·'" U &'JI 1,<1917 0 • .(591 ,.. 9.10 0.8271 ••• J.O/lJ 1.2501 0.5031 .. 10.951 0.1511 ••• ,_, ... 1.3879 0,5<67 ••• 11,011 0.1161 o. ro 1.1212 ,,,080 o.m1 10.0 13.010 O. "'lOO ••• 0.9181 '"""' 0.6116 ••• 11.611 1.1070 o.oo o.u~• '·'"'' 0.6]55 

'"·" ll.oa• T.:IUJ ••• 0.14" '·''" o.nso OO. O 11.7 .. 1.6162 ,.. 0,1916 2. \911 \, , ... 50.0 •••••• u • ., •• 0.0.91 2.2970 U7SS ••• M.M9 ).1101 
<O O.Olll 2.3240 l.DD41 ]0,0 ~* 

,,,;>;) 
>A O.OOll l.J1D9 l.-tJV ••• 39.06• >.s•-o .. ·- l.JJ<I 2.8612 •• 39,/SI 2.13!9 ••• ·-· 2.JJJ2 '·"''" 100.0 .0.23C 3.0f71 ••• O.OCOI l.1JJJ )./]J;4 m.o •1.333 $.5068 ... o,cooo 2.1]33 4, 14o9 

\0.0· M DilO 2.3JH •.• 155 Oomonolonlo•o E"'oonol ~'~'"' •;, ~ 6 
o;,..,.;,,¡,,. E.•~nol ~.;,., •,;= 3 ,.. \,391!9 l.S90 C.06l8 

••• 2.2016 o.ro•6 0.3~2 
... 1,3755 ••••• 0.11¡] 

••• :1.0101 0.9180 ··- ... 1.2807 ... 0.7U9 

••• 1.8?10 1.1\36 o ... " >A '·"" 7.520 O.IUI 

••• 1.7912 1.~78 "·""' 
.. 1.2201 11.1!3 O.IIJ1 

••• 1.7>61 1.<139 0.5011 ... 1. 1011 •.?61 0.11051 

'·' 1.6688 '·"'' 0,5136 ••• 1.111. 11.1 .. 0.1)0/ 

••• 1.6 199 1.6079 O,l'lS ••• 1.1<87 11.304 UJS6 

••• 1.176< 1.9677 0.559) 10.0 '· 1161 !3.4<1 O.ISill 

••• 1.1,6, 2.1233 O,S7S() ••• 0.92llJ 23.683 o.no1 ... 1.71U :1.4!191 0.7011 •• 0.76Sil ll. 123 1.1211 

•• 0.9'86 4.S69> 0.8111 ••• 0.630.0 39.018 1,2693 

••• 0.1$!16 5.4239 "·'''' ••• O.SI9S .... lO 1.4089 

" 0,611114 6.Wo• 1.0<7" ••• "·"" 1 
49.53.< I.J<ll4 

••• "·"' 1 
6.63~6 '· 1633 

10.0 O.JS71 Sl.4l6 1.681t 
M 0,3760 7,0101 U1B1 80.0 0.1901 ~.634 1,8211 

••• 0.29" 1.39" 1.1941 90.0 0.1,. 19.277 '-~•ro ••• "·"" 1.6 ... 1,1!191 100,0 0,1,, 61.415 2. 106S 
•o. o O.lBOJ 1 .•••• 1.~7·• 

¡,JO, O 0.0281 10.191 l.Sil" 
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••• '·"''l 8.81ll 0.17<J • •• l. 1J " 103.000 0.0000 ••• 1.2561 10.0711 0.1113 l>i•on•ionlo., f "'"""' Rollvo • ;,= 70 ••• 1.2536 11.3275 G.>IIO ••• 1.1519 "·'""' o.nn • •• 1.1030 
~·· 

O.t911 
\0.0 1.2110 13.8316 0.1952 ·~.o 1.0191 41.137 D.tiD6 

••• 1.2500 ló.3l33 0.1911 • •• 1.0199 51.9)10 0.0193 
30.0 1.2>00 38.1133 0,8000 ••• 1.0731 lJ,I,143 D.9261 

o'"'""''"¡,,. r .. ,.,, "'';•• •"o = • 10,0 1.0682 19.4~1 0,7lll 
uo.o 1.06<1 10.112 0.9)!>1 

••• 1.3980 3.S91~ 0.6618 10.0 I.Oó 16 100,,_1 0.0382 

••• r.l2S0 <.9545 0.1116 ••• \,OSOS 111.3 •• 0,9.~ ••• 1.21111 6.1513 0.1 ... ~ .• 1.0531 ll~i!<ll 0.941h ••• 1.:1557 '·'"" 0.7669 m.o I.OS11 lll. lll 0.9<9S •• 1.2375 8.7118 0.113' •oo.o 1.0516 421.~ 0 ••• 11 

'·' 1.12s2 10.0021 0,1951 
~· 

1.0516 U2.~t O. In• 
~ ••• 1.2170 11.l1J6 O.$Dl0 

~·· 
I.OS16 631.912 0.9500 ••• 1,," "·"" 0.11 , • 

10.0 1,7071 "·"'" D.811l 
10.0 1.1001 1S.ó66l M324 

"" 1.2000 31,666' D.Ol)] 
••• o 1.1000 40,Mol7 Mlll 

'" •oc<~u o~ nT""' ~u .. ~~c•~n•• ¡ou••AL 

' 1 
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. (62) 

• • • • • • . . • (63) 

Upon Fl~,.i~s '1.> "'unl<y '" Eq. 62 ~nd .•implilying, 
th• dime"sionloss ¡>rusore drop is cbt~ined: 

eo.o 
9M 

\00.0 

~-· lOO.O 
:oo.o 

\._...>00.0 

~-· ~-· 8DD.O 
900.0 

•. ooo.o 

]00.0 
200.0 
aoo.u 
400.0 
~0.0 --· 71l0,0 

~-· ~-· 1,000.0 
2,000.0 

2~0.0 
lOO.O 
ooo.o 
~-· ~l. O 
11'0.0 
1100.0 
•JO. O 

I,CI(lO.O 
1,000.0 
3,000.0 

~-· 400.0 

~-· '""·" "' \,_,O. O 
900.0 

l,ODó.O 
1,0<)1),0 
J.OOI).O 
4.000.0 

!>1"''"''""'"" E·>~ool Rod'" 'Ó" JO 
1.0611 91),093 
1,0)9~ 10).701 
1.016< l \ 1.1S4 
1.04\l 216.001 
1.01-41 lll,B18 
;,Ol~l H3.4Ció 
1.~141 )26.891 
1.0141 6lO.:l51 
l.OH5 IJl.SOl 
1.014! B31,25l" 
~03" U0.701 
l.Ol<' 1,0 ... 149 

o .... ~·'•"''" [ ...... ,~.d .... ;,..-. 
1,01.. lll,:lfl 
l.Ol... 115,96 
1.0l.l0 119.~6 

\.~291 '"·" 
1,0216 125.11 

1 0167 "'"·" ).Ol~l 7J0.8• 
1.0119 131.<7 
l.OlSI 930.01 
1,0;17 I,DJUJ 
1.01:.0 2,[16.<.211 

o,,,n,lonlo,. f""""l Rod:uo •;," !Q 

1,03~9 215.96 
1.03~ )!>.<4 
l.~lll 02.18 
l.lll56 Sl'>.21 
),021'} 627.7< 
1.~'17 no.o• 
>.Cllt on.<• 
1.0114 934.46 
1,0211 1,016.18 
1.0104 2,0"·" 
··~'"' l,0/7.16 

Dl•••••'""'''' f"''""' Rod•u> 'Ú" 60 
1,0120 ll9.>4 
I.C1ol? 472." 
l.OlSl 1~.21 
I.C212 62Ml 
l.C216 729.1? 
1,0201 811.09 
1.0196 9JJ.99 
l,0\!9 1,0)5,91 
:.01>1 2,05'.)2 
1.01111 J,0/0,51 
1.016'1 ~.087,<6 

,~ .... , ... 

0.9J>l 
0,0)85 
0.9414 
0.9576 
0.967'1 
o ..... 
o ••• ,. 
0.9660 
0.9662 

o.·~· 0,9661 
0.1661 

0.9~1· 
0.9170 
o .•••• 
o.,.~• 
0,970S 
0.9121 
0.9129 
0,9734 
0,01J7 o.•n• 
0.9750 

0.9510 
0.9641 
0,9601 
0.9718 
0,9139 
0.9714 
0.976< 
0,9771 
0,9176 
0.979< 
0.9100 

0.9641 
0.9684 
0,9716 
0.97'0 
0.9710 
0.9111 
O.OJIJ 
0,9790 
o.oan 
0.9819 
0.9831 

2 
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IIU .. I:I'IICAL CO>IPUTATIO/i OJ' 
PARTICULAR SOLUl"IO..S 

Nine particular,solution> to Eq, 7 obtoined with 
the oid <>f the Lapbee transformation wore nume<Í· 
colly compu10d. Spe<:ihcally, these indude~ th 
/Ullcli<>n< define<! by Eqs. 34, 36, 40, 46, 49, 53, 
58, 60 •• d 64. 

The """'"'ical computotion• ""'" oorri..d "'" 
... ith the a id of 18.'>1 1401 and !620 cumputer sys<=•· 
Pro~ra1t.ming wo• in FORTRAN. Tho lunction• for 

r., .. , ••• l•"•· p,,, ... , tn~ 
j•nl l•nl lFg) "·' 

o;~'"''""''" Eoo .. ool RoJioo ,· = 111 . " 100.0 l.Olll 730.0 0.07'1 
aoo.o 1.0100 831.0 0,9/61 

~-· 1.0190 9;.1.0 0.9781 
1,000.G 1.0181 1,036.0 0.9791 
1,000.0 1.0110 2,05>,0 O.Oill 
l,ll'OO.O I.C '" 

3,006.0 0.01<18 
4,000.0 1.0 14l 4,01\.0 0.9!.13 
!,000.0 ],ql4) 1,091.0 0.9817 
6,000.0 1.01<5 •• l 10,0 0,98>7 

D:mon•'onl"' E"''""' Rodr ... ;,• 80 
ooo.o 1.0\11 934.0 0.977? 

1.000.0 1.()179 1,036.0 "·"'' 7,000.0 1.0137 2,011.0 0.9847 
1,000.0 1.011'1 3,064.0 0.9862 
<.000.0 1.0127 4,077,0 0.9868 
!,000.~ o.om 5,090,0 o,9an 
6,000.0 \.O\l7 6,101.0 0.9~71 

7,000.0 1.om 7,115.0 0.9811 

O'""'"''"''"' E""""' RooN_, ';, = 90 
1,000.0 \,0178 1,036.0 0.918f 
1,000.0 1.0131 2,0!1.() o.ouo 
3,000.0 1.0111 3,0.).0 0.98111 
4,DOC.O l.Ol l4 4,0U.O 0.9378 
!,000.0 1.0 lll ),086,0 o ••••• 
6,000.0 1,01 12 6,097.0 0,9880 
7,000.0 1.0' 11 7,10,.0 o .•••• 
I,OO!l,o 1.0112 B, 120.0 0.911!9 

O'moooloolo" Eo,..ool l!oO•o< 'Í>~ •oo 
1,000.0 1.0111 1,0)6,0 0.97tll 
7,000,0 1.0 ll1 l,OII.O 0,714<\ 
l,OOO.O 1.0111 . 3,062.0 0,9!14 
•. ooo.o 1.0 105 .,073.0 0.94;15 
5,000.0 1.0101 I,Oil.O o .••• , 
6,000,0 ),0\0l •• o ... o 0,9S!< 
7,000.0 \,0 10\ 1,10..0 0.9897 
8,000.0 \,010) B,l ... o 0.9899 
9,000.0 1.0101 9,124.0 ·--

"' 



th~ ""limited "Ystem were ~~m¡•11ed first ~J.I,·,he 
dimen•i<><~les• tim~ ran~e 0.001 to 1,000,000. Then 
•~hles ,.¡ tl.e rri¡¡<>nomettic tebtio"~ de.crib<d by 
Eqs. 47,52 ~uJ 63 wet< ~ovelorod froon whith the 
«><o<• ou (with n • 6) were <>btOincd. Fin•lly, 
numeticai values of the functioo• for Jimi<ed 
systems ....... ~omputed ove• the ronge of e.,ern•l · 
radii C•n'l 2·<o 100. The tan¡¡< of dimenoiooles• 
time (tn) for ,bese lunctioos wu cho.en '" begin 
wirh th<" point~ of diTe<~enee lrom th .. unliMited 
sy.•tem en velo~ aod «> end with .ready-s'""te vol~es. 
Thue numerieal <eoult• are included in tobular 
form to /oster practico! opplication of dois wotk. 

NOMENCLATURE 

C 1.C2 • ~rbittoty conat&Rt& 

... 

F • cumulative fluid influ~ 

Fo • dimensionlus tumulative fluid influ• 

F0 • Laplacc ttanoform o/ F0 
110 • residue o/ oingulority "' origin 
R • • teaidues of singulotide~ ~• "'• 

b .. di,.cn~iotoleu product o/ prusuro drop 
ond radial diotiU!c< 

¡; • Laplace t<aadom~ ol b 

e • compreuibility 
e • tntc o/ fluid in flux <>r fluid rat< 

~p .. dOmenoionlc .. rute o( fluid influ• 

i"o • L~pl~ce trandorm of <"p 

Ir.. ,. pcrmeability 

lr..h .: b~rizontal pemoubiHty 
•, • radial permeobility in spheácol •y•«m 
.1~ • vcnical pctrneAbiliry 

~ • elem~nt n( dom.ain ni puoitivc int•8•t• 

p • pressure 

p1 " initial pressutc 

p0 • dimensiotole., pressure drop 
• 

r • ,.,.dio! distanco, Jen,tth ol radios vettot of 

sphere 

r 
0 

" raJiu• o( <~tema! bound•ry 

r.., • i~dius o/ intern•l [,oundary 

'o • diO>eosionJ., ... r•dial distance 

•v' " dimensionless" rodiu~ of eatemal boundary 

s .. Laplace tranofotm f"'<ameter, • COCipl<"s 
variable

' • rime 
t, • rcadju~tmen< time 

1¡¡ .. dimcnsicnlcso time 

t' "mOiimum time 

u m~C<O>C<>pic vclacity in potou• media 

w • •tbitrary tcol variable 

z • c<>mplc• nti•blo 
" • ~olodtudc ongle, •phctical cMrJinutcs 
y " obsdssa o/ convoogencc 

~ " urbitrory patamctcl 

O .. !ongirudinal an~le, •phcrical cootdinatc~ 

o~ .. Jacobian theta runctlruo, olso deoot•d by 
00 orO 

3 3 ,, 
• '" v""'~"Y [•><O>Íry 
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UNSTEADY-STATE INFLVX 
RESER VOIRS'" 

. . . ' . . ... ~. '~"-"""·'' .. 
• • -'..::l, • ' . (.' .. ·' • • • 

OF WATER 
~ .... · -~~-:r- l ',, 
,, •r~• . ' 
rN tUNBAR.. .- ··'· ./:.,. 

> n ., • ' . '"' 
' '• ., i'·• . ~· '-~ ·.,:~,.,; . 

• • 
By FRANK G._ MILLERt 

) ><;,"~;..: •.·... "'"'''1. 
' .;:.•--! t. .¡, • 
-0J- • .. 

... 
s ....... 

,. - dUrt•noo fron1 od ,..........;,- (m..,mtod ln liq~ifor) 
L - kng<h of oquU'or 
b- ooidth nf oq~1for 
A ~ u,.~ n1 aqo~r,. 

.. - ............ plo "'*"1 •••••-.c&ge ,.,~¡, voJoo:;tr 
<1 ~ YOhometric .... of tlo~· 

... - ~o<~!k -i<>o>al•""' '"'"""' .. "' J~tlon. ot 
flow .-:¡ 

't- """'"'"""'lo \'f!<><ily 
•- fra<tioo.ol p<>..,.io¡· 
• -di......,. ,_,..,.. 
,.. - - clon.'l)' 
~ - ol,.,¡~,. l""'...,.;,,¡;oy 
• ~ ··ioru<Jty 

1' - ""'"'"" 
U' - !""'"''"' <1"-p 
1'- '"""'' "" ........ r- ..-.,.. ,_.., ... 
-~, - oml .'"'<f'h 

. . --~;;. ·' 
oyotemo of mi>:ed g.ometq ~~~ u.,..ny ~utim.oted 

, bettet with ideal nltdlo.l-!lor"'llllltiOM' tJ¡.A,'Witlt..itl"l •. , \ 
llnoar-llow "'l,lll.tionA, th.r;.,Mo "'*"Y··..¡,oei .... ·1 .. 
tilo laUer are the moré approprioti. 

1
Pf furth.,.. im-

por!Ml,.,, \he limar ~<¡11Atl!>n1.-.,u''d -~ to '1 t ,,. 
yfeld tbe more COIII<'!Tatid ell.l~ or oil nooo....-. • ~~ 

Van E-...nU~ and Harl!t;,.it.ll ¡.,;¡:...~ to ii....&f '¡;. 
oyot~m&. ind.i.,.~ Wie8y a metho-d of "'~-~· .,_ . 
pertalniDg lo·~to aquií'el:a. Tlulvi)e!P•oet \,._t "·!• 

.• ... 

• .·· .. 
liu""r aqllif•r~ Of liuiH· l•ngth. chaW\iWk'on ~···}· 
linear •r•t.em.o alto rdatP• only to •r1nitO:<ii ~l.",lufi.,~ ·-· _::.~' 
Jcz'<!lh. :He ..&ro oolntioas to f~r 1":':'~ ..... ~~ .,,.,;. : "-''. 
dill'cr from <><>e anot~<-r by the bound.•"!.-,r-li•- at • , >· 
tbo <r~~tflow ..,.¡_ <>f the a'¡ui!er odjo~·to tha oll "'~ 

· ,.....,.oi:r: """-'taot ..,._.,w-.,, M...tant•f'O:h:~r.'ltrir ;,¡_,,._~ · ·. ,.t' ' ~ ( 
of !\011", prMOotre an or\>ltruy Jun'ctiori'<•f tiioe,"'aild ,('_ 
\'Olmnetrio;_ ""'-". oi flnw •ll,ff~ ~upet_ion <>f. \ilite: ' ' ., 

' ·--,. 
It1 nll four tbe P""""'"' mitiallJ"io ~=nl.~' 111J;h 
thr<·ntbout tho o.quit~r. :So ruu:ntri.._l ~~uopln ue 

' pmooo:~ted. ., <1 • ..,.,._, ._. ...... 

. Aliu~IV<'i~Wof•teody-'"ud ,._dy-•h.,.;' !' 
Mn~- in -rvoln hoo ·'"""' ¡.,LJ,i¡lh~ 1 "'~"-;.-~- .J~,¡•·~ 
oummori':!'$ ti!" o!M.n~_ o! ~_nowlf'C!¡¡o ~ 3'~ .,.~¡':" · 
nr.d ¡>rr~<tdo-o &1\ u te:-. .. .-e ~•hlloWAph¡ .¡;'!'filo •:" '!"' , 

• ., ~ r.....-;._lon oto ..,,¡ 8 

.iP- •l'""""'ionlooo p._,,.. ""'P 

' - ~,,.. .. ,¡..,¡ ... '""" 
Q• ~ d,;......,.;..,~ ... ...t..:,rt·""' t>lo of ~-
O~ - ,,,.,,..,¡ ... "'~""¡.""" ~dlu• 

1' ~) ~ ,u,..,_.¡,,mlooo _ .. foU>Ctin<> ,. . 
üf.)- ,¡¡.,..,,¡,,]~.""' ¡~""'"'" 

l'lt¡ .. ¡.....,. .... oft" 

!S'rnOOt'Cl'IO)I 

Tur• n-port d._..,ri!..-, tho th•or.•:icol beha"'oln· uf 
linrKr oy•tc'll" of oil ••orn ~"" ond od¡nining' hl~h· 
!"'"""'~ oy•IÍÍ• r11 twdrt· C<lndition<; uf tron•irnt tto"· of ' 
t0ui<\o, 1'11<' pn.-.tU! I<Mk AUt'l11<•>1• tlu>t uf 1'011 

};,·ertlil>~Cll At>ri !-!,•t~t 1 ~nJ C'hutn..' Tkt<• d•~\t 
-•lm""t .~,;,.;,.- M ith ; ndh<i f!o.,., -;;,.¡u~ 1lt1lo ait~ttth>ll 
'" ¡;.,., rt--~-
Th~ oh11<11tl1' nr r•>n6~uratWn uf "11 ..-.ei'V<li~ 

n<¡uifcr '·''''""'' i• •<·l<lono, il o·l'tt,l<tlollll 11hh a l>i~h 
<'lo•g,..... o! pr,.d~ton, 1 i"<''~¡;i<-nl "''itlt•nro ,. . .,,¡u 
il>'lioatP !!""""'~·'' tlutt th j[f'Oillei r,l' i• nMlier ottirtly 
rodi.ol ""' <triul~· li~~r. lf it i• ""'' nr thr oth~~ th~ 
""'""tiono <l~lo(l"-1 tithrr in :he rit~ •Wltk or in t!ti• 
p·opcr ~<nuld dMrril"' th• ttow ¡,,¡,,,..¡,,,, "ith,ut 
'l''"lillcntion. ,\.ithull~h IJoP tntr ¡-crf"""''"'"" <>t' 
-·----

lnclnclP_.., .... t.-d•·•tate roillp,.,.db!•liquloi t!<>-..·. · . " TJ,o tn.lltmenb d"' .. IW~ gtt L~ml tha! pv.:n·b!' tbe ,t 
fg<etC;n¡;;~\.~l¡t:>t""', bo"·,ver. · .~ .. : ~ , •. "~•;f.::. 

J" lb~ P'' .. OIII otnd\' the oonoepfof~\'·l'tale 1• ,•• ... 
ftuiJ tlow in f'OI'CU' m( di~ j.,l. d\Scuoieii~P,r);lbt.cll~"w\' · 

,tho nt•••eady-otate lk>w ot water In · .~~ .. ~~~ of ;"' 
'b<oth fiuite ano:! búln:~ length • .., o<>lved. '1.1~··¡ 
•""' diatrib&tina '•dohln !init~ ud ill&UiD 'O.q11ife,;, ill . 1 
d.-:ellllined •" a fiUI•-t~•n ~r tizne fnr coÑiitionl of" ~ 1 ' 
M~•lo.n; pre.SO•IN ''" a <'<'IDit&l\1 Tolum.ttlc ,.tfl,<lf 
!!o>O' d tbe outfinw •nd, ~-hieh 1~ ropre...,t.-.l:h\' tlw. ,. 
oril!'inal plano of <-oi>tact <•f ti>~ "·ato:,In the'•uluifcr1 ••; 
,,n<i t~ otl m th• <~1 ~•r".>tr. ,Tho~n<~hlp .t ¡ .. 
thl• !nm~u~l p\a~r hl-tt<'M't' ,·ohmletr'ilo li-t<> of !l<w 
Rnrl ti•n~ ;. ..:otc•n~;,,-d for :bo> C'O>""t•ttt ,¡;,,¡ ·~dablu 
pt<·'"u"' ~·-~ 'fno !'•h:i~ti•hip \,u.....,,. J'"''""n" 
nn<l time io <l~terminr-d for t ~~~ ton>allt .,,j(l •·•tiaL\n 
r.tu <4,;,.. l"or ronvrui.-ncu in.appl!Btt.i<>ll, "'"',¡" 
""' ¡,Jutt<-<1 iu d~uc·>Ui<>L>l<" fort\< ;.ch:Ú<l ¡:or:h :• ¡_,;,_._ 
Xunterleol ~u111pl•• u.,. offer .-d. , 

Tbe prt'lent _wcr~ i• lnt~11úd •,,¡,¡¡ ,"- ne-od in~"'.!"'' 
¡,,..n Ut""'t•<ft f....- t'u,-¡h,-,. datA .,,,_'IJr,n tk•"?re'.><!l 
ll~w ln.-M\'ÍU~7 uf liMnr <1''"'"' • '>f uil re ....... oh• ord 
.,¿¡oinlng ~igh }~'":''\"'': '"i~ :r~ .. 

•. 

.. •..-:, .... ,, ., 

.~ .• 



• 

,, 

0 ' 35 

)[!L!.EII: 'riiEORY Of 1;.\STE..\l!\"-.~TA'I'E lXFlXX OF 

. "L\ll'LtnJ-:1• (:EOJI&I"IlY m· nr:w. 
!"O.\XE1.'J'I-:I) OlL llK,J<:H\"OIHS .1)'11 

AQ\ 'l;"_EHS 

Li"'"' Syiil<m.o 

}"¡~ 1 i• a sohontalic plnn vic"' o( n linear oil rner
\'Oir-<>qmfer systcon of the kio~l <lbcuosecl in this 
I"'l"''· Thc ri~ht-lumd boundar.~ of the aquifcr Kt 
>""" J, "-ould be eithor n fu1ite or nn iotfinite d"'""'-"' 
from thc.oiln•>ct·voir, olc¡><·ndin•J "" the pmiculnr 
prohlcm t>ndcr ,¡,,¡_, .. fnitínlly thc wrtion\ planc of 
<"Ontn<l of thc l"t'"Nl'<lir oil ami a<¡uifo·r "'nt'< ~ oul<l Le 

" . 
'"'' "'""' "'"'' .... 

" 

" 

ot r-O. In an actnal ayotcon !11 tho fu\d. tho 
¡>a rallo\ barrior. ~lnng tho top ond bottom of the _¡¡~.,., 
nnd tbe """ at thc lcft-h.o.nd •ido coul~ be imperme-.tble 
,.,.,.¡leal fnn\t zonrt. The oand or othN porouo rack 
compri•ing tho &o\id mntrix of tho l)'llem "ould IJc 
homo.o:<•neon• nnd ito thicknooo oonsto.nt. 

,\t tim~ 7r,.,, ju•t ¡,,.¡,... <>ilpM<lucing or""'otion1 
Aro ~un, tbe oi\ <eiii'M'oir mnild bfl fillod ,.-jth e•·.,.! y 
dimibntcd liqui<l oil unde-tu"'to<l with gu and 
immobilo interelitlal 1111ter. Aloo ot thlo timo tite 
water in the nquif~r and the fluiJo in the oil ro!<'M'Oir 
\\oul<l he ata uniformly high preQuro. Tba tem~r•· 
tul'<! of the JluiJoin the oy•tmo •• a l<hole ,.·ould be 
a .. un~C<l the oame at •U point• and indepenoknt of 
time. 

Oil proJucing opcratlono wou\J ca u .. wate<IO move 
into tho oi\ re!l<'l'<"olr umler ooadition• of unoteod.•·· 
•to.to í\ow, Tloo nntnro of thio Jlow phenommon i1 
d;,.,.,....,u in tbo nut moin oectinn of thio report. In 
the onbeequent thtoret!eal an&l~._ tite oi\ ¡. con· 
oidcrcd to !'ellll.in unde,....turated ..-!th 11"' througbout 
tbo oil·prodnctive tifo of the noen·olr. Beco.u.,. ot 
tho homog<n~ity of'the resc.rvolr rook and the enn 
di1trihuticn of tho oll-rP .. rl'Oir Jlu!do inltially, proper 
well control would ruult ln tho produotion of oil col~·; 
Tho ,·olumetrio .-.~ of oil productloo In the co\eula· 
tion.o il 4Uilmed equlnlent to tho \'Oiumctrlc rate of 
fto\1" of water at z -1), Thio "'"mptlon introdureo 
nn error th~t oould be c~rrected through opplioatlon ot 
nj>¡>mprinto f~rmatlon-~olume.factor data. Sud> a 
reftnemcnt ""<>Id be unworro.ntod, h~wover, bfoa\1111 
oi¡¡nill.oantly grrater errara w~uld bfllikrly to OCall' u a 
rl!SU!t ofuuting ony actual r=-rTolr oo ifitl geomf'try 
, .• , tdoali:ted !innr-Ao~·-•yotem geomctry. 

The proe~are or flow oonditiono ~peclll&d at ~ - O 

oud tho lt·u~th of !he• RfJ.IlÍfrr, wht·lht·r rinito ''' ir. . 
lintl<', mu.., ¡loe diiTorrm'\•; n1nnn~ lhr nil·p,.<><l!lotion 
¡tNhlem> di1<·W"'<i. 

li11diod 8!f'I"M 

In comporlst>n lo Fig l, tho oil ~oir of n radial 
oy,t<'nl \I'Qllld he rireular instea~ of ""'\OT•;ular. 
Radiuo '• at the f><'<Ípber:-· of !he ri<de "ou\d rep~. 
sent 1 he initial <·orticol, c~·lindriro\ •n<farc of c~ntnrt 
het «een t ho oll in !he oil reoerroir and !he wntor in the 
nquifor. The outer bottntlar~· of th~ a<¡tlifer at r, 
woul<l boa cirolc con.,..ntric "ith the initlal oil-«ater 
ron toe-t. ,\o in !he linear •.\'ltrm, the thirkneso of the 
poruuo mok oomprioin4 1 ho aquifor -,.'0\lld he eon. 
•iolcred conotD.nt ond ito tblekne .. unifornL Reser· 
\'OÍr temremtu,.,.., initial reoen·oir prennM, otld fluid 
proportiro nnd thcir diotriblltion aloo wou\d be con • 
sidercd limUarlf. 

Ra~ial o~'lt<>m• ,.....,;,,.¡ mOt<t of the nttontiou of 
nn E-rerdingt"n and Hnrot, and C'hotu. Difl'~ 
among the re~er~oir problems inveotlgM«< by them 
mn.<· be ottdbutrnl to ntl~t!ono in tbe preNm·e and 
llow ronditlono impoHd &t r., and !Q tbe finito. or 
!nlinite olH of !he aqulftr. 

Theoe o.nuom• may bo constrned to repreoent oil 
re>Orroln ,.;thin ciroul•r a<:¡uif""' or •Ingle n-dlo 
witilin clolled oil rrterroiro. In tho foroner, tlle 
bonndnry of the oi\ resetToir la tbe outfioll' fare of the 
nquifer. In tbe lattor. the ..-al! of the ,.-olllo tbe out. 
H~"· 1~"' ot' th .,;¡ ......n'Olr. •,fp '>oth in•t•n.,... th 
oil raervclr ~ ..wuned cireullu'. 

COXCEPT OF tTXSTEADY-STATE SlliGLF .. 
PHASE FLOW IX POROUS MEDIA 

.Mic~pic ond .l!acro«»pic l'doo:Ltiu 
In ordinltry fluid.flow prtoblema th~ bollndari .. of 

tho fiow ehannel or oondnit lii!U -.lm01t alliiJI \>e 
deseribetl. methem&tioally. With o. f~w ¡><)O<ible ex. 
ception1, the ¡eometry of the pore channolo "ithin 
porouo media e&nnot be lO deaorlbed. Problemo 
rell.tlng to flow tbrough porouo media ano oolrt'd, 
thorefore, by technlc¡uoa dlft'erlng from u..,... e<>m· 
monly u.d tn other branchtt of !luid 111110hanlc.. 

The b&olo law of fioll' npplied genm.lly to porou1 
oil-reoeTToir rookA 4 D&toy'l law, whlab .,..., eot.ab
lishod U)><'Timentally "'""' !han a oentury tgo. Thil 
\&w ot.at.oa tlur.t the m.oer-o.eoplo velocity of tbe !luid il1 
tho diroctlon of llow al anr po.rtieular point .-ithiD !he 
porou1 mod.!WII io proportionll to the lZL&t&ntaneouo 
¡¡radipnt ln !luld head or flo"· potential•t the polnt. 

Fig 2 11 a tehen1atío diogram of porouo medioun 
tbrou¡¡h which n oln¡¡\e.phaH flutd l& llo'lling. The 
poth of llow of 11 putloular !luid pt.rtlcle mo•'ing 
throo11b tho oyo\fin la oh<nm. At one polnt itl 
rolocity la t<,. Thio ioltl mlcroocop!c \'eloolt:< &t thil 
point •t the in.otant of time replVIOnted ·by the 
d!r.gram. Th& tnot.ant.aneoao dltectlon of mo<emcnt 
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ioltJ<li~ai!.•J by i h~ nrr~W Ungen\ lo 1 he palh uf Jlow. 
3li<·ro«:<>pi~ \-ek>cit•e• are true \'l'locitie•. Thcy opply 
to ollpoinl• within the fluid O«U¡>}'ing tho !""'' 'pa'"· 
'l'hcir ,.,,¡...,. M ~rbitmrily •ekcted points oannot bo 

_, ¡ ... , ·:'/11/.,i," /¡¡¡, 1,'.'· 

• 
l'w ! 

rn>1 Ov .._ n~U P&1tTICIZ O< • >o•o;>.'"'<On<:'U.'<-11'-C .. R 
n.ow n~ 

Whm panO,Io ia ot X !t• ~·kro.,...pi< wloolly ""• 

,•,.)culot...J, ¡,..,,. e•·~r. without rnathemati""! dellnitio.m 
of tbe g""ru"'''' 'lf tho 1'"''' dumne!.o. E•·eu it •urh 
dcl"uú\ "1on <-oul•i Le dnelu¡><'d. it uould profmLI~- be ><> 
oomplic•t<-d n$ to ct~l<c coh·ulation of the mioro•copic 
\'el~eit y impnortical. 

)la<t'OS<"l¡~e .-doeiti ... , iu <"<>Utn>.st to microscopio 
nlodti.,., """ not true ~docitios. Thry ""' of ~nt 
prottieal irn¡~>rtanre, ho,.-o,·er, and can bo CA!oulated 
without kn01vhlgc of J'OI"'·<hannel geometry. )[o ero. 
scopi~ vdvt•i · '" <lelioe<l "" tho \últll\lOttio rote of 
Jlo" J>'"t u~>.it of hulk ateA trnnanrsc• \o the lllOOr<>· 
tc~t <lin-« loo of dow and ;,. roferrrd 10 & polnt in tho 
ontem. i o u· .,,,t,..,,., . .,.,jo ,¡,..._..,,ion of H<>..- t• tloe 
.i..ti•l ;,_,¡ ~nntge <ltr<"tÚou of mo,·~mrnt of th~ linio!" 
partí. Jos W 1 1><• udghhomh~uo! of t he point in <]HC,ion. 

J!efe~ri"~ ~l'ain lo Fíg ;:'. thc totnl hn\k cr<>o•· 
oe< tiun.a\ .>rell ¡ocrpendtcu!or '" thc p\onc of \he P"l>"t 
wo11ld 0.. uuiftonu in th~ JirO"C\Í•>Il ofthe ni• berous~ 
tho fi<>"" b Of><"títled lo l.>c t!Uioro•oopieoll;.- lincor. 
ThCt eforc. in \he scn>t of tnaot·osoopic flow hchM·iom, 
all ..,.o\ion• t I"HttaHr>e Hl the }( .>xi< nro N¡UÍ·pO\cntiol 
~utfn"'•· J f thn Jlow i• from lo•ft to ri~ht •• ohown lltLd 
it r) ¡, thc ' olnm~hic r~tc nt ::, thon by dofiaition Qf.l 
io th~ "'''~'"'""'l'Ít ,·cJ<>til)" q nt thi• •~tiou. Thi• 
velowit.'· ..., ,,,¡,¡ h.~,-~ the •n•n•• mo~nituJn nn.l di,.ootion 
"\ nll pnittH of tho tr.ntOH"'"" ur~n. Tite dircction 
""""'J k ¡Mmllcl to nnd ;, the po'lti•·~ di!"<."<Otion of 
lhr .\" """· Vcnt'r.lll~·, in non-linl'ltt •.•·•tomo tho 
mae,.,t."Cpio >"dority ;. not the •~m• .>\ al! poinU of 
t<jL<i¡>otcnti.ll •nrfa'""". Jt i• dcfined ntorc pl"<'oi•dy 
tlur.fore ""' t/1,/_.'d.l. 

ln "reo.~lanec \\ ith thr tl<•Jet"i~rd ro,rrpt of marn>· 
ocori<· ftow. thc oolid ,nat ri~ o! t he porou• m01liunt ond · 
the Jluiol """"P.'~.,,. t!tc J"'"" •·hnnncl• At~ en•·i.ion"'l 
lo;.'<'l hrr ~6 ~ ror>opwite rotldutlor uf fltolo.lo, tlcc• tate of 
¡¡,,,. Ldn!! ]•toponi<>nol al ""l 1"">1 to tltr !(!"Mliom in 
th~ fl<>\\" J•·h·utiol. Thio io lho ror\O<'}'t llr1dr"rlyin¡¡ 

''"'"'·'• b.;.·. 
~~~,.,....,.,.,pie o.nd "''"""""l'ie rcl<o<"ilio..•, tnay l>o 

rtlo\c<l. ,-¡,. micr.,~-opio \<"l«it.•· u, j~'l¡¡ 1) wculd 
ha~~""'"~-""'"""!""" u,, Utl>! "' i<t tito' di•o.·tion• o!" 

VOCVIH ••. <h!!•U• .. ,_NOVO~O!A '"' 

ti><' oo-onlinut~ uc•. If tbc O<'ction a\ z lo a otat.lo. 
tirally B>"et"llgc ""'-lion tho .,.,.3 l'"'""nted to flo"· 
~ould bo A~. A• tite ,..¡ flo-..· i.o in tho pxiti~c X 
Uircttion only, the mean vniLtc of "•· dcotigrtat.-d ~ .. 
,·ould he e<¡,.nl to "• itoel! ot ol\ Jluid-occuvtod. point.. 

No OlCt flow nonnal to tho X arlo meo.o• RIBO tlt&t 
~. and il, would eoob bOzcro. Al! <:Omponento of u, 
in \he Il<'g!Oth·o diroetion. of thc Y and Z u .. .,..,uJd 
.,.noe] .-..pee~ively all oc>npone<>ts in the positivo 
dirnctiono of lhe<C oxeo. Thuo tho \"OIU>nctric rnte of 
J\ow Q, al::, u·ould L-o A<f>1,. .From tlw dcJi.nitioOl of 
maerosoopic ve!ocity tho volumctric nt.. of flo.,.· at z is 
«¡Wvalen~ te q,...t. Heuce, ,,, 
in which the ouh.,ript r hao L~e!l dropped. 

DillindUm D/ ,<.¡,¡_. of Fluid J/ai"" 
A movi.ng oingle·phaoo Jluid would ho in a ot&.te of 

o\M<Iy ntolion if ito r-rQ¡>er\ieo ond th~ forceo octing on 
Jt at. ~ny siv~n P"inl ;, tho Jlow o;ot.,rn aro inde
¡><'ndent of tim~. Otherwil<" it u-ould be 1n a •tate of 
unoteadv motiOn. 

Considerin¡ streamlino motion &s lo \he caso in 
DA'<'y-law !lo"·· tbe fluid-pnrlide >"elooity u, ""0Uhl be 
' futlclion of tite diotnnco alottg the vath of llow o an~ 
tiu•• G. A omall ~hang• in "• may bo c~preos.-d 
lh~refore b~· t.he ..,uation 

d"~ -,¡· dt+ -r dO ('") ('") ,, , c6 , 

ir> ""hidt tho•ul>orripl ofu lwo beendropped. n;,·id. 
itlj,• through by da ~nd .noling tltnt do¡J~ and " ""' 
rqui•·aient ~·!old• t~o follo11ing up,..,..ion for the 
total accelcrntiM du,'UO cf tb~ fluid ponicle 

~~"(~;),+(~). "' 
Th~ Jl,..t trrm on thc ri~ht ;, tht oon,·ortional IIO· 
relcration. lt ¡>Crtfiitto to thc rat.<l of clu<nsc of 
vclucity \dtlt di•tnll<" ut n ]'mtlcu\~t luolant. 'fh~ 

oceond trrm on thc• riuht i• tho· !O<"•larCI'iot"ll.tion. lt 
p<!ttain• tO tho r:tlr ot ehnn;;o of ,·dotity "itb tim~ nt 
• vanicular ¡>!,,,.,. Tho •utn ofth ... e two tenn• ;~ thc 
tohl •""<"Clcmtlo" at n f"ttioulnr iu$\Rnl nnd ¡~a,.,. 

k"undntnentnll.'"· tho !low io •teod.v if the loro\ 
.,cer!ot"lltiun l• zeto ond unolead ,, i¡" tho loool orccknt· 
tJ~n i; no! Rt"O. Tho <'Ott>·erti~na\ acoe)eno.tion tuay 
bu ~nt w r,,;,, fo, cither oto te of fio,.. 

t"olllidrrinp; thc maornorop« point of ,.;.,.., moa 
vclC>OitJ mn¡· L•: drftnod u rnorrnoooplc velocity tinloo 
duid <lcn•it.••, 'l"i'· or "' "'~"!'"'" unit :croaperu• 't timd 
rdorretl t~ o poiut. ThttO maa tolLO lo .-lqy in a 
to<:~ililt<''< Anw '-'"''"'"· lt ,"011),1 be a fuuttion of ::. 
oud O ottd oooti<l l>o lt<"<IO<l !u Lhr oarnr ma>u>~rao"' in 
"'J""';''" (:J). ")"he w!odty iudicalcd hy 'b,'d6 u.,nld 

• 
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¡,.. eqni<·•lont to ~in o<¡tiMiun (1). lh•11ct> tho l<•lal 
rnto of d10n~'f' of .!rf.' "ol h timo ~,,.I,J l><· ~it-~n by 

1 f t h<• "'"~' m le i• lo loe an al,nlut '' CO!l<lanl, eoo·h of 
th~ t wn tonn• of !he ¡·ight -ho"'l momhet of c•¡nl\lion 
(-1) nnh! be <ero. The par<ial dorh•ati.-c Íll thr fil'$1 
""'' n-pn:>'onto tho in•tno:ta!\<:'Oo• noto uf cbnnH" af 
onn-.• rnte with di;tnnct' x. A' thcn'· etm 00 110 Men
•nnlnti<m of mn~• in n 1\)' ¡•nrt .,f ti" ,_,·;t~m. thi; <lori•·n • 
th" ~>onld be zot·n .. b tho roto mu•t be tixt<lot nll 
ero...o.totton., tmno,·or,o to tho lho\l' tbe .eroJLd 
dotil'&til-e u·<•ultlol"" br .<ero. 

1 f thc ma .. nte ;, not <'<>""UIIll and in•tantoncou•lr 

io .-l7Y at :r o mi. ..l'r! -=- ¡ 1 '.1 'D'J~,- nt' :r -¡.. &z a •hMt 
' ' di,tAn«. dolln.o\ronm from :r, tho rate of dopletion of 

mo .. iu thc el•m~nt '""nld Le 21_q!1~. SitL<~ the 
" 

in•U\nMn..Ouo mo"' a( Huid in tb~ ~lcmrnt ¡,A • U ""'· 
thio nte of d~¡~etiol\ nould l>ll gil·cn ot.o by 

' ·- 161Ay) • 3.r. ErJunting tho•o two ,·alneo ofth~Jn. 

~tnntoneous rntc of doplelinn &nd ean<elllitg th~ A'f 
nnd U" o '"""ullo h1 

/'( \ . __ '!¡'_ = -l'Y 
1-r ;~ 

(Ú) 

whieh ;, the ba.tc coouinuih· rolotlon for reotilln<u. 
tnA<;"l"O .ro pi<:. riow. · Tak~t~ the A" o out fmm undcr the 
diffcrential openlloro in thc right.hand m~mhor of 

cquntiou (4 ), ond then nt¡,.Hlnting -~0 for ft.tr) and 
' " ¡.oerforming the indkotcd di!TcrrntiAtlon rooulbi in 

(6) 

lt f~llow• that a •t~nol;- ma"' rlte of ftow dq>rn<!o on 

. ( i'~) • hei11g zoro. A• th~ A.'o OOiloel out, equation (6) 

abo dioolooeo tlt.t the tolo! mio of chongo ofthe tii&U 

nlocitl' trith timo •·oni•ho. it tho loco.) timo ,.,. uf 
clt.o~i of the t\l.llerooc-oplc nlocity lo•ero. Tbuo the 

tcrm ~ h .. the OAtn~ oi¡rnifiOilnC"O wlth reo~t to ,.... 

'" r•lo~ity "m mooroooopio !low ao lho t•rm ~ bo.o wlth 

UOJ>"ct t<> Huid.panldo .-elodty In mioroaeopio 1\o~·. 
Th~ otndy .... ported he!"(' .... t.teo to tbe a111taody· 

otal<' !\o\1" of """"'' in t he oquifor oí linear oil.re.crTOir 
nqulf,r oy•t~mo. The oootinnity •·•latlon (oquntloo 
(11)) i• th~ ot.ortln11 polllt of the onalyaio. Ao tho !lo"" 

!o un.tea<ly ~ ;" 6. 

·' 

n·xn.\.11~::\T.\1. IJJFFElli':XTIAL EQL",\TIOX 
!JES("H!UIX!": FI.0\1" IX LlXEAH SY.'>"TE1lS 

A>•nruin~ th• fl,m· tu tnko plo<'l' in horimuta\ plonc<. 
anll Hllwd<Odn¡r DO!t•y'• low, C4'!•tiurí (S) l.ol•ront.., 

! (~)' ~-~} ~ .¡;~ . (7) 
u " <.r .o 

Xotin~ tlt.t tlw i-,othcrmal ""'-'fti<iont of Huid eom

P""";;,j[jt.r i• tlefined by r ~ ~( :r; ),"'"¡ a .. nming 

thot r ;, ron.tant """' • ronse "of r,.. .. u,..., ,_,.._ 
lnt~atinn Je~d• to !he denoity-p,.,....nre rd;>.tion.•hip: 
y =y_,.v-P.l. Hubo-titnting for y in equotion (7). 
porfonnin~ tltr indirot<"<J diiJo...-nti&tiun, on<! a .. uminl!" 
pt•rrue.<biht~· k and 'i;cooity ~lo he ino.lop<"ndent of :r: 
.ti<'lds lht• fundAmental How equntion oon~ht 

'" 
A, the "....ond term of tboleft·hand 111•mhor of eqwt· 
tion (S) ;, Mgli~ible,' the oquaticn t<> be oolved may bl> 
IITitt~n • ,,, 

Si8nifirantly, the' d~rintion of eqoation (9) dou l!Ol 
aorouut for eomproS><ion of tho pon:ruo mc..Jium lt.oelf 
•• a l"l'•nlt ~f in•ruoed intoramnuiBr ot,..,.. ~""'ed bv 
l"\'dll<o~ tluid pl"t'.,Ut"e. H" tl•i•: rh•Mme~t>n i• "'"'· 
oid~l"t'd, cM ohould alsu COl,.i<ler th~ cffed of thio 
compr,..ion Oll thc l"'"''it~· tlnd p<-rtneJbi~ty 
di,tribution In the poruuo mrdium. Thú lta<U to" 
c-ompliotttiom c-onsidel"t'd nttnl'<'<'o<ar¡; in ,.;.~ cf the 
li,nit<"<i acctlt8<")" of baoio field dota. 

Solutiono of t•qnalion (D) would eridentl.v expl"t'ss P 
•• a funotlon of z and 6. 'l."huo, initial aod bonn<la.ry 
eomllt!ono mu•l be opooifiod. On<:e !he P'"'"'""'o 
di•tribution in the aqutfcr lo knowu •• a funuion of 
time, the .-olumetrio ratc of 1\ow al :r: = o at po.rtiO"dlat 
time• ""'Y he dctennil1ed from dil""Oill; oppliratiOIUl of 

' "(") Doroyolo<l"! Q~- -r- ·,a-o,,,, .•. u, 
.. cz ·-· 

11here ..l, tho bulk.•,...,. prcoentod. to 8o..-, ;, thu 
prodllol of the ll"idth b of th& aquifer and it.o ehickneu 
A. Thiolt tbo t~hniquo ··-' hl the eDOUinl oaleula. 
tlo111. , · 

PREISSURE Jl11>TIUBUTION IN THE AQt:IFER 

S<>lnt!Oill of tht funcbment.ol dltr....,ntlal c<¡wttlon, 
~~pre .. lng P •• o funotioñ of., aml e, are de.·eloped I.Q 
thio ""'\ion. t'our ooto of lnitlal and boomdary 
<ondition' oro t rMted. In rn•h tn.ta.nOI" th~ oolution 
dcveloped ontiolioe tho dlffcreoliAI ~qoation and tlteu
<undition• Rl otated. . 

Rtfurlng t<> Flg 1, the 8ow of water In the aquiler 

)OUO.NA\. 0' TMI I .. ITITUTI 0' "'"0~1UIO 

' 

• 

' ! 



~ 

' 

.··v 
• 

¡ ' . ,_. . 38 
WAn:n IX I.IXEAR HF..~~;R\'OIRS "' 

Í• from ri~M to l~ft in n1l fn-ololom• inve,.i¡:atoll. 11lc 
snm~ volu"' oru a""ignod to thc com .• tant• ¡x-rtaining 
In th" aquifcr Slllld and "a!or in nll nmnorienl ex
ampl~o p,.. .. ,W:J ho·ro antl in "''bocquem ..,.tiono. 
Tb,""' .-alu,.. ,.,.., i--500mll, f>=O·WO, ~~ 
0·300 cP, nnd e ~ 3·()0 X 10'1 (•·ol;'n>l);'psi. 

In lhe mathemationl analyse" !hu cool!ioicnt ~ 
. (o'ln.otion (9)) is for ron,.,nience aet oqua\ lo the oing)e 
faot<>r u. • i( . ,/ ,, 

• 

Con•la•l-mlt CaM-lnfinilt Aqt~iftr 

Tb;. problem '"".'" he ototed 

rP I'P 
¡e =a,_.. 
o ~o: P-P1 

r "" Q .. 

¡ ?i -MI: 
lim P(z, O) = Pr . . ~· 

a> o: 

(lO) 

• >" ) .,~~o (ll) 

•+ • 

• Equotion (lO) deoori~,.. tho !lo"· nt any r<>int in the 
&qtüfer. Rdotion• (ll) elpre"" the mitin\ and 
bottm.lnr-· rondition•. Yolumetrir rot~ of ftow Q in 
the p,.....:nt U• ,,oUt'<' io" co•lSUI.nt. 

: •.••• >g p = P¡ ·- .J,(z, 6) •nd then up.,...iDg tho 
otn\~m<o>l uf th~ pn>Llem in termo of .¡, m•tead of P 
cau;,·.• i: ,,; ~.,:;,· !~'" fo;,., o~ r. hoo\.ounrluo:ion 
p1vioien1 "¡,,.;, inl' be~u <oi1e<i 11ilh ,¡,~ i.uplaw. 
tmn•fnrrn moth<><l lo determino tompel"8ture u 11 
fuuM ion of oli.•tanr~ ~n•lthno.' Tho n->uit ftppliod lo 
the ¡.,.....•ni >l.,id·!!o" pml>lem ol~le• !'"""'"re •• 11 
fundinn of di,.an<o ond ti m~. 

(1~) 

"¡., . .., otf _,,.,,J.on,..,. •rror funrtion. 1 

Equat;uñ. 0~1 i• tl>o pr<••Ut<'·<li•uil>ution c<¡uatiun 
"'"'~ht. .l).¡tn ti>r ¡olo>tln~ J-'il!' :1 werr ohtainod 11'1Th it 
by ~..tt!n~ tho i11itinlpro;<>Lf<• 1:'¡ ••>¡LL.ol to .\Cflilpoln, 
an>l th~ ''""tAnt Wotor.infln• 111\o. 1;1,[, c<¡unl ¡., 
1-{11'1 "; )o¡1 ¡lxl),'o<¡ ft. Tho o<¡notiun 1~.011 """ 
onh-<~1 ¡,,. thn'<' olill'c<<"nl ,·olno• uf ~:J. c'<l, ~nd 
SO~"""'·" Xlnned<.<l valuo; uf tlot• e<Jn;p\erilont.lt,\' 
rrroc fnnrtíon woT<· <>Lloill<'<.l [,.,.,, tohl~•.' 

Y0t~>1f <0, NUMI .... ,_NOYIMIH "" 

Con<~~•l-rar, ro,.-F;,.;r, Aqu>Ju 
Tht• inil inl and Loou•dory <"Ondíti<>no for thilp_roLlen> 

nto~· be •tated 

e-o: 

r~ ···¡ ex-Mt ·-· u>(): 

" •-L (U) •. -o 
<> .. 

The .ulution ma¡r be de,·~loped by the ""P""'IÍ<>n. 
of.vori•hln metbod or by the laplaoe.tmnoform 
met.ltod,• Utiliúng the fi,.t ot thoO<l "'""'"' vari.o\>1~ 
<J.Ix, O) io introduood ouoh that 

P ~ + -.3á[(L 2 ..,¡• + ae] . {IS) 

In termo of ,P !he diff~rential equa\ion ;, the .,.me •~ 
equ•tíort lill) exec•¡•t 1' Í< repi•«·Ll with ,P. The 
ini\Joland boundar)" oondítíon• .,.., 

(17) 

Th~ pro .. ure diotriLution l"U<''l'l of Fig 4 were 
plouf'd uoln~ equotiou ¡¡;¡ and th~ •me numeriml 
qJuo. for the initi.:ll p>,..ure and <"Otlot&nt ""'••· 
influx mio •• wore uood in }'ig 3. In coutrn•t 1~ Fi~ 3 
the oun•e• prrtain to tíone• ot' 0·~, Hl, 2·~. and 6·\) 
)"<1<111', ro•p•oth·el.'·· Th~ lon~th of the aquit'er ;,. 
opecillf'd ao In milt'o. 

Co.,.•l·f»'t"~" e,..,_¡ Hfi,dt• ~'P'if" 
Th• lnltialand h<lundarr oondltlono for thisvrohlcm 

mn~· \le otntoo.l 

e-o: 1'- P1 

¡p ,. 1', ,. conot•nt 
0>0: limP-P¡ ... 

. ..--o ·.·~· l 
: z-oo PSJ 

lf a m•w ~n1·;,l•lo </•(r. ~) J. lntrodu...d auch. t ""t 
P,. P,-! (PJ- P,¡.¡, (19) 

tho olatcm~u\ uf tbo proLlen1 in 101'11,. of .{¡ i•kn thf' 
f<:<rm t•t' n hoA•·<ondl!<'liou vroLI~m thQ\ hu¡,..,,. 

• 
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WA'l'RJ~ DI LII'\EAR Hr:ni:l·WO!HS '" 
oolv('C] lhrou~h appli< .. tion <>f l'u~ri<•r inl~rn!. tu 
drtotmine teml'cro.turo "" " functiun nf timo aud 
di•tnti<"O. 7 In tcrms of t ¡,,. l'"'"""t fluid-flow prohl~m 
And the origino! variahl<·•, the l"""""c-di.trlbutiun 
cq...,tion would be 

< 
P - P, + (P¡- P,) ~rf h';;¡¡ '"'' 

J.'ig 5 '1t11S plot~ usi11g the sorne nuonetical ..aluco 
for l'1 and o u in thc fo!'t'lluing ""'""'· 11oe conot&nt 
prns<>r<' at z -O ,<....., opocifled as 1000 pi!ill. Thc 
CUf\'t'll 'r¡•prc~~<:nt di~td!Jntions for ~ ... 1, 10, ond 
W Y""'"• reop<ctively. 

ori~hoal ''rlAhleo, thc P"'*"UI'<'-di&tributioa eq11.1.th.n 
"-uuld 1, 

(2:2) 

Fig 6 ,..._ plortled using the ... ....., numerieo.!'va]u.,. 
for P,, P~ and" u'"'"" med in plotting Fig 5. The 
length ofthe aquif<r, L, "'Uipecified to be 10·0 miles. 
The curves rol""oent valu.,. of O of 1, 3, 6, and 12 
mopt~o "'"P<'di\"cly. 

-,--,, -,,,--e--,-~· ,, --,-,-,--1,----, 
-~""' ... ,.,.,. .. ! ...... ~~'"" "" 

e~ ~~ 1 

"" : l/1 ! .v: 
r 

1 

1 
1 

~ ·~oo.iJ 0 1 '" 1 

¡ ".". 7 ',. "-+-"'lj_ ,1 ¡ ... ,.~.,-.~nsuot' e•,. 
~""""" ... , .. 

1 1 1 1 1 . 1 : i 
•• f---::.-C"--~·,--.l',--,.1.' •• -•• f---:;.,.--¡~,-•• !.' ,-,.!.' ¡---/,~ 

DIST<~CE 'MW Oll ~lSU~OIR, MILES 

t"ro ~ 

....... .,.~ I•I><TOI.t"liM '·' T\IY. AQ~ITOR AT \'A&ttoe• TI>IES roO A t"~.<OT&n •• .....,.,., ... 
~~e~Ou\- O> OIL OZO<•\'Oo0 A~l> AO< "'O'l~IU AQt"!FU 

P01mooblllt) , ,\<0() '" 1> Poro.;,,., O·:OO v;..,.,.;¡y of ~·otor< 0·300 oP 
C<out¡\lmoh;¡;,_, ofwotor. J·OO ~ lu·•i>·olc•oll,r•l ¡;,,.,,.,, !'"'""" t 1 000 1"¡ u houndO<~" ol ull n·..,rvo.lt 

Cn¡¡Afa•.l- pro•8"" Ca,._.:...Fi uÍI~ Aq"i[<' 

1 ho iuitial nnd bo¡mda•·y eot\ditiou, "f tho J>I'Oblom 
mn;· ho 

D ~ 0: P-P1 . '') . -r p- P, ~ con•lnnt . .. "" o 
u> 0: ' i /' ,_L (~1) 1 ~- ... o 

1" 
lf tho vnrinhln .¡, u• rh•thMi hy to¡nntlon ll!l) l• 

imrvdllot•<l, llw ,¡.teonent .,r th<' proiMm wh<·ll ••· 
pt<>-·<1 in torm• uf.¡, tuko• \he form ,.¡ n ht·tl!•oornlnt· 
tion probktn \\hloh hu ¡,"<"11 '!Oh·od "ith th~ <tJ'""'• 
ti<>n-ef.,·.,rint.!ro m01hod \o¡ d<·l,·m>ln• !he rt"l.\\im,.hip 
of \<'lnp<"r"\UfO, dio!tnllot<, oml tiuoo.' Ex¡or•.,od iu" 
termo uf tlu• P""''"' lluid.finw ¡m.>~lrm nnd thc 

DB!EX~IO:ii.F~'-'S PRE.~SUI.tE AXD FLO\\" 
1-"l':\"C.'T!OXS • 

Dfji!IÍIÍ .... 

Tho l""Opertlo• ~f tho ••¡un·,·r ••nd ond \\"&l•r orm· 
boli>O<I by k,<{>, :•· nnd t' ohun~o from.o.,·•ten¡ to •;·otom. 
A ,.~,_,. ~aL dl'lll .,f ¡::nophlll~ \\"Ou\d he ,,...,..,..r:· to 
ohuw thoir oll'odo indi\·!dunlly on unott.d~· ol•<le 
tluw l>oho•·iour. TILlo dillloult¡'. ¡>luo that "hi<h 
wu•Lid ho brought olmut by •howl~~ lri nddilion the 
~Uta ~r eh• "tt"• lu houndnr." c:ondltlon• ond 1\rue, 
m ... lod to !he otloptlon uf dlmomlont- groupo of 
, .• ,;,~;¡., fOl ll"'?hing !""""~~-·-· 

¡, tho preoont M>1k the K•·oupo o•ed ""' the aanl& u 
thn"" uf the oit<Ml rt•fcrrnce: 

•• 

• 
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\Jim•<>•i.,nl~u pre~•ure 

diff~t<"ntiR\, 

n¡,,~n•ionl~-'" ¡¡,.., 

Dim~n•ionl~ .. ,·olnmt'trie rate .. , 
offlo\\', Q~ = fi"ki'¡ 

Dimen.ion!O'S!I rumulatke influ.,, Q, = r. QD di 

Dim~n•innlr'" pre.,uro funotioll, I!.P /Qn 
Dmton•i()n]e•• Hu11· function, Q,f/'iP 

Thc qu•ntit_,. :r, in the ~xp,...,.ion for ~imonoionl~"" 
time t ropt<"<tnt• o mil 1<-ngth. lt,. introlnord mrrl'l¡· 
to mako the exprc .. icn rl.ime""i~llleM. 

'o • • • 

timo'"'"' nnol/', nt time< g...-otrr !han «·ro. H the 
wnter Í1dlux mtr Q h tixed, P, mm-t ,],..,n-.so •rith 
timn. In th• ron•tont-roh• rn""• .).l'.¡, coAAid......U 
tlwn•fm·e "" n dLIIO<'Il•ionlr•• runmlolil·r drup in 
pn·~"'n' ""d it- d<'trrmiMtiun h• of primnry ""'~m._ 
lf /', ¡, n l'OR•Innt fur timo O > fl, :,.¡> wou!d al.., t... 
li""'· Tloo influx ro•~ "-ould ,¡.,.,,.. • .._, mntinnnn•ly. 
ll<"noo, in the con•tnnt-prr .. urc """'" th~ cu.nulntlv~ 
inane< io the element to Oe determinl-<1. 

The d'"'"""ion!l'U ratio :.1' lo not to t.. roioron. 
•trurd no pertaining in any ~-ay toa pr<-,.nre differ. 
entiol o.-er n kll¡:tlh of po>"OUO medium. ln<teod, it ill 
to t.. ~iz.ed u ptrtaining tO th~ time not~ of 
rM~e of the diffe,..n<'e betl<'ten initiol end ljpt.[ 

J><r•"'""' nt a 1'-'ttiouloc plo;o, namely, at-" .::O. 
The eonou.nt-rate-oose eun·eo o{ Fig 7 obow 

j__l_ 

• • 7 • • • 
DISTUct '~011 O)j~ ~U~~VOI~, MllU 

FtG t 
•ao001111~ O<OTIITOC-r!QX !J< ni~ ~~trtroa AT YAKIOIJJ Tll<d P<.O ~ CQnrAJ<T nan;n -'T 

»01."~0A0~ "" O!L REIU:\"01K •xo AK .IQ~I>~~ W·O >n1.P ~O>m 

P•tm<oblti\)"1 3~mll Po..,.ily< 0.200 \"io<ooitfoi..-otm 0·300oP 
c.,.,p-lhilit¡- of _...,, 3-eo x Jo-•·t•ol/...,llll>ol _ 

&lotloMMJM wM, D1"m"" ~·onln.t Ti m• 
GrJplli«•l R•prt ... t~;.,.. OJnsi<h•ring !he f=

goiug oonotllnt·tn«> e8MO. pmctio•l collllldoratlono 
indico te thot de•lrod information on oil-re~~en·olr per
for'man~ <ould be goined lf a nlationohJp Jo atab
li•heci bot"••n ,-o!uw ... trie n.te of lnllux of '"'ter, 
oil-n-•ervoir prc••uro·, timo, nnd longth of aqu!fu. 
A relatlon•hip of th!~ klntl ~••od on the ahove-deftned 
dimentlonle .. gmup< An<l oppllcable 1.0 all O<tnato.nt
n.te-caw lintnr e1·ote~11 ""llnld be of mnjor lrnportan.e 
in •implifyiog tholr ftnaly•io. A•lmllor relntlon•hip 
npplicablo to nlloonotant-p,...••=-cnoelln<M oy1temo 
"ould be of ~quallmpo-rtt.nee. 

All the curno of l"is 7 1'8fot lD t1!olr ont\rf-ty lo 
cond!t!ono nt t~o watcr-Infillx bonndaty (.1:- O, 
Fig 1). The Jlukl pro .. ure M t1!1o bourulary lo P~nt _ 

dlmc118!on!11110 cumulati.-o proootll·e drop per unlt 
dlmenoionle"" volumatrie ftt<', .t>P/Qo, plot!ed 011 

log-log gro.ph papn. n;" !unctkm of dime,.ionl ... 
u.,. 1 for &quifen of diFerent longtb. It lo a olrn¡b 
matler t~ eotimAto f~, any porticul...- oyotero the 
reduotion In oll-r-e!ICr.-olr pnu"-"1 com:tponding toa 
glnn flxed nte of oll produotlon and • gl.-en time of 
npention, a"umin¡t, of """''""• th&t the tlmo la 1hort 
enon~h for tho ealculatod r..duotlon to he 1 ... Iban the 
JnltLd pti!Nure minuo tho pn-aalgncd l!no.l ¡tr;eQUN. 

The mulmum oumulath·e infla% of '"'UJ' or-· 
cumulatl~o oll produotion (uoamlDg enough oil la 
o \"lUo ble for dlaplacemtnt) " limlted by tbo minlmum 
vo\uo op«ified for P,. Tho bubble-rolnt ~ nf 
tlt<t liquld . ,..Mn-olr · oll at ~U<""oir t.emperoture 
wonld ¡>mbably be oolootetl. •• t1!!o miuhitum. U tho 
m!nlmum la 11oed In ~alculatin¡ .iP fQ" 1.1\d t1!e l'l'tU!t 

JOUONAL OP T~l INI?ITUTI OP .. TOOLIU" 
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~nt..n:d on l'ig 7, the """'"'l"'nclin¡: dimen,ionlc.<S 
timol m")' Le reod offdirectly. Thc ¡>ruduct of tlois 
time anol fh~ clim<·t,.ionl""" ¡¡,,.- rnte i• tht• "'"' imum 
CIJmula!il"<' iallux. 

i . 
!i 
~ i 
li 
' ¡ 
il 

' 

- ' ' ' ! i/i _j 
' '. 

'"";-::· 'r r-_¿¿ . 
» ~ ' ~ ' 

' 
.L. ~ , • ,_; . 

' ' ' ~ ~+.....:: .. ' 
1 1 1 

' ,:::;-¡ 

. . ' 1 ! 1 1 . 
- • • - -· • .. 

'·--~ ~ 
f"I<l 1 

V .. l 0~10~ OV n""'IJU ru~o-t<ON HU } <.Q\1' >'1N<'T!Q" \O!TH 

'""'"""'"L""' "'"' ro" •Q.-rn:no o> ~orn:nN~ 
onoT~ 

El"itlcntl)' thc •lopco of tho oomunt-rato onn·eo 
re\otiu¡¡ to l111ite • ~uifol'8 \..oro•n~ <tnd renlf>in O<¡ \la\ !o 
unity when 1 ;. largto onough. Cndrt thN!c condition• 

clf.•l'\ ..•. flc -' \ r' fi ,¡ di\(.'D)···w .. o .. ,cr¡.,p-w•~\. •• ¡» •~e, 

thio IN>d• to t he fo,...g••ing ol"·io•u• rr•nlt, ruunolr, th.at 
Q, All3in< it• muimum m•¡¡nitude "hen P, attains 
it• noinimtnn. 

The t•ot,.\ant-pll•l>!lre-oooe CUtToo of Fig 7 eho•· 
dim~n-•ionl~.,. rum¡olath·e inflo~ of \\Aiet po:r m>it 
ditn~mioulc .. ~""'"""' drop, (1,/.!.P, pl~ltod •• ~ 
fnndiml nf dimca,lonle-•; tirno 1 for nqtrife"' of 
diiTo,.,nt l<·n~th. l'or nny pnt·lk1llo.r •.•·•Wtn tlr<'"" 
~urns mo.y be u...d tu ~.ti!UAt~ the l'tiiUUbtil ~ htll"x 
'"'"'''l'ondirrg to " fhor.l pro-a._i~nerl !"""'"'" rnain
toirlt'<l al tire lllter-inllnx l¡ounrlory nvet R ""'"" 
pori"'l o( litnc. 

.-\11 thH <•>n•t.,trl·]ll'l:'"""""""~ "'"'' .. ox .. pt the 
ont• fcr llllioh L =·"' c~cntnall,l' bee<"M Bnd ,..,ntoin 

hor•;,.ontol. \l'lwn tlrey ~rt· hmüont~l;~(f¡,) ~ fr 

01' 1)1, -'O. \\'hcn fh •• 1'1 tlot•llnirlt"''""'t' muot ¡,,, 
tho """'' 111 nll puint• of th~ no¡nit'<•o· nnol <'<¡nal t" 
l!xt•d !""""''' l', at,. ·~O. TI• U• tire mlnimutn \'al u<• 
of 1 rcrprirc-J f<rr thc nuudururn ~urmriA\Il'f' ln!hr' l• tht• 
•·olu~ of 1 at ~ hi<-h tll e r;llr<o• 1 "'"""'"" l r~ri•omnl. 

'l'ho ctrr'l'<' rt•pt<,.ollting J, ,., z. ~ppll~• to lr<<th th• 

<'<>'" t •• ,¡. "' r.· • n<l. <"Ol'" t ~ni·IJ"' '·'""' f" milic• of "'"' ~· . 
lu <"•JUatimo, n• ,.-~11 ~· tho oquntl<oll" of th~ othrr 
"""""" nf lo<rth fnmi lir•, nr·u tlc•t h·<•d in tho• nnt pnrt r>f 
tlri• !'"!"'''· 

.-\o indrrnt,~l by thc ñgun•, Kq"if,.,... of finit~ 1~"-\"tlt 
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b<>hav~ 1 he ••trnP u oquifc"' of infinito longdr <l.uring 
1 hn ""rl)' •tng~s of \\·at-er inHnr regnt-dlcs• of wbdher 
tire P"""""" or the rav, i• <'Oitstant al ,. =O. If tho 
aquifer io 10·0 mU .. Jong, for cu.mplr, it will ~ha'I'P 
!he .. ,. a• an infinite aquifcr, for cither tn>e of 
hou11dary conditimr, until dimon•ionlc"" tirne t 
•·•"""'<~•nbout 1·00 X 10'. 

~·;g S ohowo the cotl!llant-rnte-caoe fomily of "'"' •• 
of l'ig 1 plottrd Oll ordinnry ru ithmetio gno.ph poper. 
}'rg 11 sho"'" the 001\0t&J\\·pl't' .. ure-c~'" curws plotted 
.Wilarl¡-, lt alto includrt CW"'' .. for L- 20 O, 
M·O, &H>, and !:!O mil ... 

---
/ --, ·- ....... , .. ,. .... ; 

' . 1 -,_ 

1 "-i 
; 
1 
-H--t--t-·71-1-+---1 

1 /" '• -f--j-.Jf----\1---t---j,.<C.-j 

¡ -··r /. /1 
1 iL L---/í ':1. 

:~-~ lí/ T 1 _:_ 
; 1 1'"". 

t • ·~, ~riiiiiiiiiL!II 

}'Io 1 • 

'''""'"' or ""~'"'"E n·s<mo,.- "u" bi><>:~"~'·Ln• 
<t><>' CO~ AQ~,..,·· OY D!fC~O~"" ~-~"":nt-cmroTA>"'· 

....n "'"" 
' ' ' l.'qrwlio«• of CowJ/anl-l<tl~ Ca~•. Wh~u J', ;, 

onhotitutod fut· 1' ""'! Z\"n> for -"• or¡natlon [12) !'<'l'· 
!nlnit>~ to Infinita oquif~rs t~ko• thc form 

" " ''" (·•.j"") r,-c¡-¡;¡¡¡. ~ _ 
" 

(~3) 

In t<"Tm• of the rlirno .... ianleto• J>rW-•ute funotk"' at>d 
tllmon•ionlr10 timo thl• rnn,\' bO I!Ti\tcrt 

·~f.~~ /f 
lb ""~ 

(.U! 

E<¡unt ion (2 \) ·,.ti r~ ''ilto>t h1r u( thc 0\11'\'L' n·pi·oocnl in~ 
L - "' '"' L'i¡¡o j nnd ~; ;r, ano! b Ull oach unit,l' iu thi• 
rqlld!iOn and in • .,¡,...quent cr¡untlniUI . 

• 

• 
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lt! th~ •·•ll'lnnt-r.lh' ,,,,r, I/¡,-. f{,.,'l. llthi• ,.,¡,_ 
-'lilulion ;, Ulo<lc li·r 1!1,. "'""''"" (~1) IM•'""""'' 

~/' ~r, . - -- - . !le t,,,.¡ 

1\'h~n 1', i• •uh-titlll<~l for /';mol'"'" f<>r >", '"'l"a
tion (l 7) ¡~·rl•illill~ 111 rinitc ~<¡cifce> 1 .tke• 1 ho• ¡,,.,., 

,,, ('· "") 1', ~ Pr- /.Al ;¡-;. r~ 

' "'-"'( " ') ' ( -- "~'") - ·, "-"• ex~---,-. Mb· ,_," L 

In h•rm• nf lh~ dimMI•ionlc,. 1'"''-""T'C funetion Altd 
<littl<'miulllt•;o tiu;e thio m<l}" ho 11 riL •~•' 

" ;¡; ~ F(l) . 

" hich ;, thc <•o¡uAtiun nf tho Mll•tnnt-ratc-.·n-e ,,.,.,.,, 
in fi~s 7 and ~ fur liniLc 4<¡uifrl>l. • Equotlon (~S) in 
!<•tino ofQc lliR,l' be "rlttrn 

J./' i"fll q.--, 
' 

(2\1) 

Hqulflion• nf Co118IIO<I•p"<OUr< C~>.~u. Eqnatlono 
~-'J'TOAing tho rel&tionahip of tho dlmuuoiunlea J!ow 
!'unolion and r\im~n•iolll"' timo are """" .. ry in onlC'J" 
to plot tloe <QRitant-pre"urc-ot~•o ourvet of Fi!(l 7 
und O. Drrlvatlo.n of ouc~ e<¡u~liorn begino \\"hh 
diffel'l'ntlation of th" pre...ur-e-dhtribulloo ~qlllltiQn 

to dctent~ine (~p) for oubotitution In Darov'• 
r.t •-O . · 

low. 
Dil'l"•rentlating ~qw.tinn ~;?O) wil.h reopc><t to :e 1111d 

lht•n oetting :r cqual to ••ro glv~o i"or infinito 8Guifero: 

( ~~) --- !'!. -.:.~ (3\1) 
t.r: • _o "'""e 

Accordlng !o lJ:~rcy'o law \h~ loft-hond momUcr uf 

e<JWilÍün ~30) b e qua! to ( t~) . H cnco, 

Q l:P, P, (31) 

lJi-; """' 
or in t-enru of tbo dlmtnllonl••• <¡u~ntitleo Q~. j,p, 
and 1 

" 

llli<'grMin~ .,,-,., <lim• '"¡,,.,¡,.,,time 1. JI,¡, IJ<e""""' n 
p·l.\1 i l>ll•lli 1' i>o·l\1 ev " t h~ d i """" <1011 ¡,,..., <low Iom ct ion 
" '" 1 11 i m~ n <io" 1~"' 1 ime. 

(33) 

}:•¡nntion ¡:!3) i• tho c~n~tion of tl>o t'lln·o roprc
"''lllÍil¡t; J, '"' "'- un ¡.-,~, i •nd il. A• U .o mi r, on• ~nch 
1mit y, tho ri;rht-!1ond mcmher ¡, tho ••me num•rirnll)-

l • lO"'", OIM(NIIOHlUI 

F10 i 

.. 

.. 

'u,. m:>,. .,. n.aw •osent>>< ..,..., nnn:~or<>><U>o ,,_ 
.... ~ AQVIFEOO O• DI'"'U""' U.OTR~><IUn
~lt>:OOVU CAO~ 

11.1 tbu ri~ht·ha"d m•mOO o( I<Jil&tlon (21). l'or lhio 
l'l'noon che L . ., oo ourvo of Fl¡¡: 7 •pplioa to bnth. tM 
tonotant-rato ,,.¡d oon•tant-preo1~re caooo. 

Trtln•furmnt!on o( equat!on (33) bo._ek lo tbe otl¡inal 
<11riableo ¡!veo tbo oumu!.ti\•o fnll.ux J>l'' unil of butk 
aro~ tranoveree to tho dh..,otlo" o( llow at • ~ O: 

(~)J:Qde-~¡P1 -P,)~ {:U) 

' Dllf<ll'cntlatfng oquotlnn (22) 10ith ""J>I'C\ to z a!ld 
tllen oorttlnt!,. or¡ual to &et<> ¡!veo 

( ") _2(P¡-P,) t tEp (_:_nO,'o$)1»1 
1i .-o L .tw -¡p-

IOUU<A~ O, THIINITITUTI O' "UOUUIO 

• 

' 
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(?) ~· ~~~!'L ·-: /',J }: ~'l' ( -- !!.'¡;;~) 
"h ~!. "'"d 

or in t~rm•. of QIJ, :!>P, and 1, 

(~;.)=~~.t .. ~ (- "';;;,'~) (37) 

lnt~graling t~rm hr tenn, o•·er dirn~u..;oru..s. time 1 
rc••ulto in 

[ QDdt-FJ>:-,·;\.f[ Í (A) 
0 •• z, ... , n 

• t (d;) np (- "':~~) J (3S) 

Th~ first •umm~tion "itilin tf,c l.on\l"keh on thc right 

• i• oc¡uivalont' to i and thc loft-hand mentbor i• 

O<Juh-Rient \o Q,_.. ThoN"forc, in trrm• of thu Uimen
>iMicAA l)ow function, eqWitiou (3S) mn~· ho ~·ritten 

~';[1-~1 ~- (!,) t•xp(-!:7~)] 
:t, • r. .t.. >1 4L• 

(39) 

J:o¡u•tion (~0) i; the t•t¡untinn of th~ '""'\.i\n\
pn·o•on·<"·Oa><' cun·c• of .Fig. 7 nnd 11 rcla.ting: W linitu 
o<¡uiti-r-.. 1 '"'"'"'"""ion "f tfli, ~•¡notkuo hor-i; to 
1 he nt"igin.o 1 .-o na !,lo• ~i,·o• tlw t·unonlato'<"o inllux ]K .
nnit of ~uli; .on.•n trulbl·er•o to th<' d]r<"dion o( ~O\\" nt 
:r ... fl: 

/, [' Q</0 ~ <$<!.]/'¡ - 1',) 
"'Jo 

[ '"(') ( ""')] t- -¡ L ·-¡ exp --¡;r 
~""""" ~. '"' 

A/'/Jh:aiÍD41 

Ool-lc.on·oir J10l"l'lo·mn11oo our<"<'< nt"<' •ho11n in Fi~" 
]11~13. Th,•y < "" IJ he do•·~l''l'-''ltlll·"u~h tlp]JIIcotl•m 
of ¡·;~~ 7-t! "' tlu"u~h dl""'t ""L•tnuti~n in tite fo...,. 
g<;.,,g eqomti""'· 

E'l"otion ~~~ll ¡, tl.c eo¡nnti"n ,.¡- tho 1''"""'"•'• 
duliuc "'"'"' of t'i¡t JQ: /'¡ i< ~~'!O '"'"'· nnol the 

O<nl•tnnt ntlow.; of u;:) no-o (I·J<!ll. A ]oJ-O, 1)-7,;0 X 

JO·•. nnd 1·00 X JO·• (btl)Jft'. Th• MllliUlllth·••· 

ii,llll, OUI"I"t·• Wl'l'\' ol•nlll]><"•l lo¡- plotliot~ (Zn 
oxpro,....J in (hrl'ft'l n¡¡-ain•t u <•.\jll'f'~....U in)"""""· 
The ln.1XÍnHHll·Íntlu' 1"1110 ho• IK-<'!1 eho"'" nthi!rnri],

.lu oorrr•pon<l lo/'."'- O. · 
Et¡ualio>ti 1~1;¡ ;, the oquotiom nf th~ !'"-"'""""· 

do<liuo ~urt·o·• .,r Fi~ 1 J. 11tc initi • .l !'"-'"""'· /in~] 
!"""'""· nnol o•on•toun 1"1\lt•• -""" the •nmo "" tlm<t• 
wo•ol in }'i~ lll. OlHitloc• '""'""''"i<"<•·iolllu' t\ll"\·,., '-"''"'' 
plun<'<l in tho "'"'" '"'umcr. 

•"'""'-o"' ..... ~.,. A~n ""''" J.A:rJVJ: ''""'" OJ' WUJ:R 
" n',('TJU·-· QP Tl~r, 'OR , ..... ~. O<I~OTA.., BOD:S 
l.~t> A~ IKtlKttJ: AQU<>ER 

I'Mm•abilit¡·• 6('10 onlJ 
l'<>.,ityo 11-too 
\" ;......,!<¡- o! "'"•" 0·300 <P 
Coonp, .. l0Hit¡- of WOIO" J·OO X 10"0 (vol/voljfpol 

Equation (~!) ;, tho e~¡ealluu ofthe rate oun· .. of 
Fig 1~: l"ri• j"(l(l !"''"· nnd tho con•tnnt ~alue• of P, 
nn.• YofOO. ~o~~. and .11~~~ f"'Í•. The TUIRUiotlvo-itlf!"~ 

' " .. 
'"" rn·• ""·"' <lrv~]of""l hy ¡olotl ing t ái) j 

0 
f,ldO a• •lotor-

l!Únod fro<n equation (3!), Uprt'""<'<l In (brl/ft'), 
ogainot ~"·'~'.,¡in yoa,-,.. 

-·,--~=,.,.----.-----.----, -~"'-. .,;.~ ... --~~~..,_,..__;__ -- ---'-----! __ _ 

' .. 

-'----· ·-¡--• -L- • . ~-~-.. ·- "" . ' ,_,_..,,,.~D• 

''""-~-... --- -;---,---;--j· 
' ' 

Ftc. 11 
... _.lo\"O]R l'll~"l'll~ """ <t"~.-<.\Tl\"" !>l"CI'~ '" "-OTF.O 

A• ll"'rTlO'- ot """ '"" \.\ .. 0!> "'~""T "'"' 
Ot lüLt•< AW AS AQ\"IH" 111·0 >::I<Lo 1-UO 

p,.,.,.,.,¡nllt<·o ,\<lO mi> 
¡• .. ,-... t._,., ,;.~"'' 
l'i·~--<'\' of """"" "luO o•l' 
l'uuol"':"bltot¡· of ••to·ro Hit< ~ 10·• (t-..1/,-ol);l"i • 
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"''r,.---,-
' 

" 

'" 

"' • • 
""' 

' ... i 

.. ~;·;• ,. --1" ! 
' ' 
~ ....... .. 

' -- '" 
" 
"" .... 

~ ' • ! 
" 

• . . - . - . .. - -
""'·"'" 
Foc U 

''"" "' l~FLC''< ~• "<n:a .xn Cl'>lt'l-''"-~ 1~rcn ~• 
,...,...,. A' n·s<T'"" ~· '"'"" >u" •·••-m•·• co~.,.,,_,. 
'"""''"'" ,u 7>0lo nn~•DA~\' 0. 7Ur. OIL ""'""~el• 
>XD IOR A'< IX>IXf1"', AQUIY"A 

lc'-.m•·obOhtr' r.uo m D 
p.,.,.;,y: ~-:!00 

\"....,.;,:, of ,...,..,., n-300 eP 
c~'"P''"'"billoy ~~ ~ .. ~,, 3 •o x 1 o·• (•·ol,'•·olll!"'• 

Lq\lat\un (3B) '" thc N¡1ln<iou of thc roto oun·l'O of 
Fig 13. Thc initi~l 1"""''~~'"'·1~. nnd tho thrcc col>· 
;tnnt \'Ohwo o! P, nn· the Mine o• tho.;o U>o<l in f<k 1~ . 
. ,,,~ """"1->h>'<' iu1h•" '""''"' """' •ln-~lo¡~~~ ''Y 
plutt ing ( b) J:rJ~~ "• ol ct ormined fotom oqun~ion (10), 

•-'P"''"'e.l in (l:>rl¡'ft 1
), ngnin•t O e"pro~ocd in~-~~-

• 
... L .!.. ' 1 1 1 1 

+ -·i~ ' '"' ' -- ' 
1 ' ' 

' . ' . 1 ¡·- _+ ' x, .. , 
' ' 

' ~ - .. !'\. 1 ... .-- '" 

ijt ' ' ' 
1 ' ' ' ' " 

.~.: 
' 

' " ' 
' 
Yto 11 

llt:l'll Or IHL-,:X Cr WAT'U .tltD ''''>I~U~"·~ l~rLV~ O> 
"ATKR AO .l't.'XOTJO~' OV '&1>1~ ,OU YA"UCI ('O"'TA>"! 
YU"U··· AT TU OO~SIIUY 0' TKJI VIl. •><U\'<ll. 

-.. "-~0 nlB •"' AQt'll'><a lO·O Ml:l.zs ...,.. 

P""'n•abilitY' M0 mD 
!'o,..,.lt,vr ú·~Or¡ 
Yi.o<o.lty ¡¡{ wot<'l't ()..lüO aP 
Compi'Haibility of ~ . .,..,., 'eo X lO·'l'"'i•ol)/¡ool 

J.:FFF-1~1' llF W.\H:H.ISFI.I'X 11.\TE OS 
('LitrJ .. \nn: ou. nF.conm\' 

'é'o"''""'·mrr r:,,., 
lf O<[UA!ion• (~4) om.l (25) are "'mblncd al>fl r 

dinrhut.-d, t hr nosuhin¡: nolatiQ!Uhip l,et"*" Q, , Q ~. 
and ~P. for iulinite n<¡uife,, io fnund toLe 

" 1>' (.li'l' Qc----
. .¡ ~· QD 

{ lJ) 

.\ pro.as.i¡:no<.! Jnitinl P''"'""" P.' at time ••ru •nd 
fmal P"''"'"' P, al time G,~~, at %=O, caa.se tho 
l'e'luhil>~ ,.¡,ln1iQI"'hi)' of Q0 nnol 1)& lo •pp!.r '>ni~· "'· 

............... , .. ,. -~·· ,. ....... ~ .. ,, . 
'"''" .. """"" ............. - ·---.. "" "•. '"""'' . ··~-,;-,·--~''----é"'----í"'-----i"'"1 

""''"'"" toMO 

.......... """" ....... """-''" ,, . 
""'"' .............. """" ·- ..... "" " .......... """''' 

}'to U 

>=>>"Zt:>r OP ""'" ov !~rL\.C~: o• w.o.tt~ OY rn n .. cLn"·~ 
JHJ.'"' conn"'"'~"r.<o m A ~~<'l.t~~ o• on. '" •"•<o>• 
•n•><·~" n,,, •~w P'i~ :ro !<leo p..:O '"" .,.,...,><> 
""'·"o !0·0 >ttu:> uo 1><n>"l110 •Qc~n<u 

p,.,.,..bih<r> AOC• mD 
l'oro"t~·, U·~OO 
V)ocooitv ol' ""'"' O•SOO oP 
e<o..,r,.<•il>t~ty o!w•tor> s ro ~ 

the in.otant 1 - l.v· At tlli• !mtent Qc would 1-o 
gremter for a nlati<'Ely lo•? co~t!IU.nt rato Q; tlur.n ICr 
a roloti•·el;- hlgh ono. The lnnant in qoe.tinn it 
,·•riable. l:o¡un!lon (~1) \\;th 1 -1.11 t"C>uh• if Qa W 
o<¡UAtion (41) lo roplace<· •oith Q,.l¡¡. Thuo one llnd• 
tlutt reducticn.o in Q0 co.uoo lJ1 to be gr""ter .nd in· 
trea .. oln Q0 <11u10 111 to be omaller. 

Tho iltftnito.oqulfcr cvl"l'o of FIK 1-1 dcplotin¡ the 
rolntionoh!p l>e~ween CVIUU.nt rate or lnfluz ~nd 
ct<rnulaU•·c intln•, for m dzed pre .... i,...<l •unJulaU\'~ 
prmure <lrop, wu• tlo,·do[.!ed frvm c~u•tiQn (·11) after 
lt woo ltAn;luiiJLI:<l heok to tb~ or4finol •·nri..bJo,. 

Tlu! cW"?D oho•n (M) u • f1111etion of (f() for 

Pr,., 4200 r-la nnd P, - IOISO po~lo. The in~nlte. 
n•Juifer cur,·o portro¡·lilg the nolaticn>hip bet"'ft" time 
And cumlllKÜ\11 !nJitn:, for tho .....,. ptO-&ooignod 

JOU"''·" o• TU jJo<(TirUTl OP piUCC<UOI 
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lhcd cumulath·c"p,.._...,u, .. <lrop. \l'aS dcnloped from 
cquMi~" (2~) •fro·r 1 """ rcpla~ L): 1, ~nd it w~• 
tr•usftlTILlo<lloo..J; to thc original v~riablo•. 

1'hr•o '""'''" indio•tc tbat the eumulntil'C iuflux 
from iafonitc o<¡toif~rs, rorre<pooulh,: \o a f1.md <umula
¡;,-r ]'«-'""" drop, moy Lo il\rt~o,.-cl mod;<•,lly by 
~-~dnoi"g t he <·nn>l<mt rnk Jf, ¡,,. ''-'"'"Jlh·, tho ralo 
io d<"<'roo .... -d from 1-U~ x )!) •tn 1-l~ ;.: H.1·' l~liú'. 
thr runwlnth·c inH<>•. Mcnrdin~ 1<> tho• ll~ur'-', \I'Ould 
incrcos" fwtn nhout 117 lo JUJ hrl,'ft'. Thc re<]U;,.._..¡ 
time '""'1<1 be iuorea•M, ho"·c,·rr, fro>n :?0 to 40 ~-ca,.._ 
ill lhio ;,,,anro R ~9 por rcllt wd<lcliou in thu mt.c 
\\ollld "'"""a 41 pcr c.•nt im••·•n•e in thr cumulllliYc 
o nd • lOO JlO'T «!lt in<I'<'R'Ie in t he time. 

Thi; pht·nomrnon nuoy be c~plainctl th<orcti<'Ully. 
lon•t•nt 1 ~te '! 0 dct~rtninc·s tho pn·••" t'<' di,t dlmt ion 
in the a411if~r At nny t ltue. The <li<lriLotioll ~~i>ling 
U time 1.~ "h~n final 1""">01'<' /', io np¡oroarhNl tlt 

x ""'" () rt'lh t• th<• 'nlmno oí \m ter t hat hn• <·ro''"''d lho 
•oction nt ,. L' (l nnd cu\t•te.l thc mi n•ocn·oir. At 
thnl time ¡m•,.ur<" Pat..,,.,. pnrtkulnr tron.,-o,...c 
O<"cliQn, at .~ •. hocl. in ¡¡,.. ,,r¡niier wont.l n]']•t<><\l'h 

l"'"""" 1'¡. lf thc nwnn 'niH~ d thc )"""'"" "'·cr 
the dU.Utncc front X~ O lo z = ..-. i. n.·¡•re-'•cnt«< by 
P, notd if t he i•othcnnal cocllicient of rnonprr .. iLihty 

of th• \\HI<•r,l't'pt<'""''tc.-\ l>y~(~J,) r" i; ~,,cmi&ll¡
ouu•t•nt uvor thc !"'""'"" r.m¡;~ frum 1', 1<> 1'¡. \he 
,.,,.,,¡.,¡¡, <' inllux" onhl Lo ~il·o•tt ¡.,-/,f•rA•I ,. 11'¡- '' - 1 J. 
Tlo·:· tk u•t»nl lh<' i'l~.h\ 1 ,,,¡' ¡,, .. ,,,.; •·•llo ;._ . 
cn:ocing ..-. noul 11ith ,¡,.,.,~,in¡¡: 1'. ll•e r~"·wAng 
"""l!·•i; l'l'll:tilling lo l'ig 1-l "'"'"b tltnt ¡~·loti\Tly 
Jo11 "'""''"'! t.\tc.< of il11lu:< cit loor ¡·a use ,-, to inco ~-<>O 
or P \o dt~·,...a•o•. or l>ntlt. Tc<l• of indi•·idu~l pruh¡,.,,,, LilA,•· loe lliiLLIP with l'\IWUiun (1~). 

It cnn 11<' •ho\\Jt t<-adily thnt the •uLMou.oion ten" of 
~·tn"tion f~G) i• m•;li¡ciblc if L ?. !U-U milo• nnd 
~ ?.1 \H) ~t'>--.. Whet> tht-"-e •·••JL<liüoll; "'"' 'l"·oifled 
tite dinwll<ioul<·,; tirJte A' ol\'lmltim•tll!om H¡LLnti<m 
!~<) would l><·.;i,-,., by 

·-(1:..~-ll'_l.)'' 
q., a ~-.• 

Subelitu!iutt of f}e/1/ D for ( iu t h i• H¡uot ion ddd• \he 
follo11 iu~ 1 elntiutl>hip l>ct 11'<'<'11 Q0 , <¡,., ~m! ,l/1: 

bL- .ll' J.•o" 
Qc·-~---¡--•, '¡ 

-"• .l.c, 

Cmnul•thc ¡¡n.'><-Ut<' dro¡•_.ll' ¡, Jlxcd by tb~ ]Ir<'· 
o-,i~m·d ,-nlue uf 1', nt ~ .-.O at tinwl ... 1,,,. /-len"'-' 
'-le \\ould Uc gt'~L\\er at thi; timo for l'f'lntin]~· low 
,-alu•·• of q 1, tloon for tdath-~h· hi~h OJW<, aml th~ 
t'Cl~liou•hip ho\11"<'<'11 \loo (1\'0 ,;,,,¡,¡loo Jir:t·,<t. Thc 
liu\1< -u<¡uil\·r <"L1f\·o· ol l'i~ .14 ,¡,o\\ ·m~ t l10• ¡-,•lat i<lll'lÚp 
\><,t>'<"OO M1!nul•tin inllu~ c.ttd ate uf inlh", for n 
¡<i,-on .lf', ""' do•n•l•>¡>.<l fron> ~<JUL\!Ío•ll ¡¡:!) olhr 
tmu-J;,"" '"~ it hn- ~ lo t he ot·i~in-d \·ou i.o \¡¡,.,_ _.\, iu 

4& 

"' 
t~ case of tho iufinitc o<¡uif•r thi.o COIT6 oh o"" ( & ) 
•• a fumtion of (t~) for P¡ = .j.~()() p•ia and 1',

](L)(l p&in. 
,\s lho ""'""ntion tcrm in o•¡nntion (27) 1110y he 

ll<·gloctrd, rquntinn ~~~~ with t n·¡,Ja<1'<l Ly rJlonll Lo 
put in tbu funn 

Qc=~bl .. J.J>•I__!¡ (4-l) 1:0+3-t,'lJl. ,. 

1<hich H!S<o wonld hoH becn oLtainl'd u" re•ult of 
lrtting t ·~ tlf in e<¡uation (4~) ond th.-n-dividing 
throu~h hy In. 'The ~~nltin;¡ cqu!ltion, ofter Lo-mg 

. tmn<fonne<i b•ok \o tho original \'o<riaL],.., ""' nse<l lo 
plot thc fillite-ao¡otif<•t 11lo t it>n,loip JlOTtrayc<l on Fig U 
htt"'l'<'n timo ,.nd rtunulati'<'e inHux, fo::- a !hl'd 
ouondatin prc"'"" ti mp. 

'l'ho> fttlito-a<)uift•t' ottn<•• of lo'ig 14 di¡clo'e that 
n•loth-Pk 1tn~lll'<'dn<tio111 in the tde of lllfiu~ in the 
r&n;;<' {ri,m 5·00 x 10-1 to about 1·00 X Hl·:!. (hd) fV 
nre quite elfcctil'<l in iJLcrc~•ing the oumulntive inHtt>:, 
for the fix«< rumuloti'<'C ¡nes.utc drop. Rl'duction• 
in n<to beJo,.- al>011t 1-<)) x JO·• (bd){ft• """"" no 
•ig11ificont rLan¡ce 111 th~ cunllll~ti,-e inl\ux. lf \h~ 
tin1c tnkPn for t]L<• 1"'.""" at ~=O lo <lro¡t from 
4c'OO "' IIJJil p<io ;, inorcn5<-.l frotn e'() to 100 y~al':l, th 
inorc·u,c in O\l1L1lllntiw ittllux a¡opro.\inwte• only nh~ut 
4 J"'l' <'O:t\. 

('.,,<'I•I>!I•J'"""', ('.,«; 

If '''!"''''""' (~2] r.nd ¡3:1) aro oom1Jilled Dutl 1 
dioninau·U, th~ ~-•nltin~ r-e\Atiotuhip l>et>n-<·n f)c, 
r¡,, an<l :.1' fur tho inTinite •quifcr is found to be 

~b'(.ll')' 
Q •. ""--- • - .r/~.Q~ 

(4!ol 

Jn thi< '""'" .ll' J, a ti.\l•<l Mn•t•Hlt intloprndrnt of 
tinte. Tlo,• rctat!OJc•hip LCI\\c<IL Qc attd QD op¡olfo• 
the•,r~,-,. ut nll tinto.•" .:;;¡ t::; t.v. 

'fh• t•oiJLII<•n•hl¡< l,o¡,·:eon Q1, ouod t c.x¡n.., .. od 1,~

o-qull -.,, (.1~ J i• ol-.o <·t~l~ ;,hed by t he ohoire of :.1'. 
Thtl< tlt•t< <·nn \¡~ onl_1 <•LI•' f!,· nnd lu. T~i' lino of 
ron•ouing o¡opliP• "'1"·' 11,<" '' ol! to fit1itc n~uifo<'- 01o0 
eonrludo• that !n th< rot~>taoti·J•ro•"'~ """"' tite 
<ULUU!.Ith·e iL>~Il~ ILBd ~~~ ('Qrf<''JJIIlLdilLJ! ~ljUÍn:<[ 
ti11LO ni'<' tiwJ l!y th~ t·ltni<·•• uf :,p, 

l'ri•dp/n 
l'lt_,·,icull.'·, it ¡, not t•.t•il>l~ or ¡,.rhal-'> onn f'O"Iltle_, 

'" drup tho 1.,·o•;mo ill<l<lttluncmwly And >Lih
,,,uttillll_.- at ;r ... U ond tlwit m~;ntnin tb~ l<>~t·r 

]''"'""" on•r o l<~n-: ]'NÍ<Kl nt' timl', 'fhn.• th~ 
1 honrul it nl ''""'tan! . j>l , .• ,,.o o· <-tl «'< hn ,.,. IN 1 onl ,¡¡,¡,.¡,¡ 
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"'""''''['"!. :-;¡,.,¡¡"rly. it ¡, "''' f••a-iblc '" dTc·<t 
"''''"'''""'""'r' ,,,.¡ ¡¡.,.,, .,~,,.,. ,,;,:'"'' n ''""''·'"' 
, . .,¡LJrtWtrÍ<" r.ot!' <'1 inllo" '" ¡¡.,,¡ tlw thromtieal '~"'' 
>bnt -no te ,.._., .• ni--o loHo• "'' ¡¡,.¡,¡ , n'lulerport. _ 

¡·.,dcr l!Ornoul oilriil<l \'<•"<liti""" llw !'"'·"''"' .O<HI 
,,¡.,,,<"!.,<· r.oto nt >"·4'' """Id olwnec· ~,,,.rually. 

Tho ""1~"'[>0'"'"" i•om~·¡.t "' th«o><'lll ¡»»lid~• tho 
na·nu• lor tWilhnnnti,·.tl owol_< ,¡, <1l rbn~ill~· pr,.,.•urc 
vr th.uo~ill¡<-r.tl<· '"·"<''· tlorou"h ut<Ji,_,q;,.., vf tho 
o<¡uniÍUil• nlrt"d." denl"J"'tl 

1~·1 th~ rntiu (~~) ¡,.. tl"· rntio ol ,;,, 1''~'"""' P, nt 

~ -~ (1 ot ,¡;.,,.,,¡onk~· ti<nt• 1 tn ¡¡,. ¡<rh-LLJ'C l'rat thi• 
.<e<'lio" ot tiu1t• ""'"· Co>it•id<·l' !lo.ot thi• rntio i> a 
<'Ontinunuol_,. ol .... ,., .. ,¡n~ (o<:t<tian .,( 1 ~h~n ¡o1otl<'<l 
"'""' thc .:11on·~tl f1 < 1 :<;,l:t c,.,,;o~,., fmlhrr thot 
li1<· 1 .o~h 1 olo"-i":,)·i; ,j¡'doloo\ int" .1/ "'1'"1 ÍI\OfC· 
m<·•ot•, tho ti10w htin~ t, .11th~ onol <•fthc lit"llllCn•
•ncnt .l. at th<" ,.,.,1 <>f t ho ""'"""· and oo on 1 o 1 '' nt tht 
<"I>J <ofiil'. Jfd, iiiOn'n10I<t, 

'fo 1\j<pi.l tlw IB]J<'I']"Nitinll OütlCCJ't lho C<Jt\lfmtou• 

T<>l.\ti011'hi¡> of {j:~) ami/,,.,,¡ k rt'[,¡a,,~t by n 

mok!oio'g ''"l•·fom<·<itm od.<tidn•hip nf thc>e two 
,.,,¡,,hlci. For t ¡,¡, l'"'l'""' '' """'" tho t thc p<.,.._,,,..; 
mtio ;, re<lot"<'<l h)· :m ""'""'" ~t·, ~~ ti m~,..,,,., nnol 
nmimnillc<l at thc ].,., <r ''' h" t<• 1,. T .l"l ( l - :,p 0) 
k,.,,,¡,-,¡~, nt tu t h•' a< cr"J'" !•"-'·'""'" r~¡¡,, < • <lotcr
lnine<l fwm thc :"'" 1'''"''""' J.llic-tihle ouc\'<', or~r 
·,:oc·.:, .; L.<':_,,"',,¡,;,,,";:, ·V¡. :~n .. :· .. :,•, k;_,;," 
V"''"'"' rooio be !urthcr IT!IL><o<l Al' ;,m• -~, hy on 
'"""'"'' .H', ond 1<'1 1 ·-.lo",-- :,¡>1 1-e<"¡LLi,nlont tu 
th~ ~l'<·m~c !""'"" r,u;,. .,,-~, th,• time in<·rrntent 
(1, -- t,). H thi• pi'O<'<'-• i, '"nrinu<,'<lllntil it indu<lrs 
t ho la;: inrr<'•l\ont of ti o\\ o (1.., ·- 1 u _1), nnd if t he oqua\ 
ÍJwrcment< .,[ tiJll'' nr<• >lll"ll ~nou~h. tho '"'ulting 
•top funrtion will motoh ,¡.,.~)~- th·• lt1lo pl'<'.,_,ure 
rntio-tion~ ttuTO, 

Thc !'"'"'"" <1~<-r<·molL! ~P, Í<npo•oJ nt time zoro 
alfo<·!• !he ~~"· o•·~r thc timo inton·n\ (IJJ- 0). 
i:iimilnrly, :,P,, .ll',, . , , !>Pu-1 are .ij .. ·tti>·o o.-cr 
the ir.trn·nl. (1,-·11), V.v-1,),. (1"-/"_1), 
"'"PN·ti•·dy. Tilo con•tnl1T 1'''"''"''"'""'" e<¡uotion• 
deve],.¡>O<l en rli~r (C<ju~tic'" ¡33) a~<l (3011. O> po·o .. ing 
cumuOotiH in flux u, a fun< ~¡,.,, ~ftion•. or,a,-),< put iu 
the forra · 

o~~j.P·/IIl '"" Cm,.idcrin¡¡ cqu~lion (40) ami thc fo~htg otep 
fn\lction, the '"1'1''1'<Hi!ion oon<1'ptlndhllltco tltut thc 
oumu!ntko influ~ ubtoin~<l un<l<'r e<lUditioJ" of con
titluou•ly doOI·c,.in¡¡ ~'""""'" at z .~ (> wo•ll<.l loo ~lvell ,,. 

Q,.- :,P0/(I") + .lP,f(lu -11) 
.¡.. j,J',f(l.v .... t,) + .., 

j.J•..,_¡f(l" -IJJ•II 

1'inoo.l/ - 11 --O ~ t, -·lt ~· . , • ~ roll<I>Ot 

""" 
(~7) 

'" -1, -~(JI-- !)j,J 
1, -1, ""(.1/-~).)./ 

l_v- ¡_,,1 ~ [J/- (.11- lj[.ll 

tlw Ollllllllnlh-o ;,itln' wmd<l ~e ¡;iv•n hy 

.t-.'oting thnt 

:,P(c) ""' :,P(~l :,~ 
:,~ . 

) 

(00( 

at><llt·lting :.~_,.. (1, t•<¡uotion (49) '"'-" 
tho inh·s<'11l f~cm 

be writton iu 

t•<r 
Q~ r• :,PJ(/.,) -o- Jo f//(IJI -· <)J, (~1) 

E<¡ll.Uion (SI) Í• <>tiC forrn of Duham~!'• integro!.' 
:-;óul'l"'"" dimell•ion]oo;s •·olumetric roto of fto•r 

in.;T<·nd of dbnon•Íonlc"" pr<•osure rntio i• to,_,ntcd in 
!he forcgoin~ m•nner. f.<·t QJ> h<> an inore~•in~ 
fomouon of 1 nn<l o;pin !et the 1 axi' ho <ilri<lcd i~oto 
.11 NjUal inrretnent•, '""h e<Jll•l to .'>/, The con•lant
rA!c m;~ O<¡Untion• {<-<¡uati<•to. ~~~~ olld P·'<)) indieote 
th;ot thc ou•nulati1•o P''''"""' dmp ,,. n functi~n of 
time m~~- 1><' !'UI in tite fvrm 

.ll' -- Q¡,f{t) 

lt folloo•·• that ~he obou~i,¡;.rnto '"-"" c-tu~:i.·n 
1"'""" •~ ~<¡< .. u;on ¡.<, ;~,- tloo ,Jt_,,..,,c:~-1"""·'"'" 
oo.o 1\'unld lx·, at-ror<ling to T he allj><'cpc•ition oonOf'pt, 

.IP •• Q,.fll») + .lQ01/IIJJ -11) 
+ Y)~J(I» -11) + ... 
·i· PQ•l"-•/Cv -t"_,¡ (~3) 

in whlch Q,.. ¡, tho initial r~to, :,QD, tho inortalc in 
,.,.¡, nt 11 • .lQ ~' tl.e inoreo,..., in rr.te al 11, ami '" on te 
the fiu.11 itlcrt'n«> (:,Q¡,)_:¡ .1 ot r_,_,. olro, lko o·c~r tkc 
bot Ítlorontent of ti"'~• (lu -1Jf.0), f;<¡uation (;¡,']) 
mny ¡,., put in tho form 

.ll'."" QJ>o/(1.~) +'Y." t>Q»(•)/(!Jf- •) ·-· '"'' 
or in tho form of a Duhaono! intognl 

r." dQb 
.lP - O~>o/IIJtl + 

0 
'F' /(1" - ~J d• '"' 

Rofrrring lo Fi~ 1~. t~o mto-tlmc rclation•hip .,.no 
l!npo•ed. Tht· inftlol rote Q0 lo O•ZM x 10-•(b<l.),lft•, 

'nud ot tho bo-¡¡lnnl~g of rach of tho ~ut 1 ~. quartorw 
(:,O¡ thi• ruo il lno.,aoPd by on omount eqnol lo 
t!Jo in!tlnl ''"in~. Thereforo, !f Q0 i• •~p..,....,d ln 
(brllr¡tr):'ftt tho '"'nnlntlve lnflux ot tbo rnd ofthe ~th 
<¡11ortcr, 

oxp"'"""l-ln brl/1\', wo~old bu • 
~ '" Q.,l-0. ·'· 

,.h. 
JOU-N~l Of T~l lNITITUrl Of •n<O~IUII 

' 

.. 

' 

1 

• 
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o.um<la!JI-J·-i¡¡fiiJ' cUI'''' th~rcf,,..,, rna•· ¡,., ¡•lutto••l 
,., ,,.¡ ¡¡_,._ 

'fhr filo'"'~ ¡.-rt~in< '" n finito oo¡o¡if•·r. Tho "'"'' 
->1->nt.t">l« '""'' ,.,1uatiun i< er¡nati<JJJ (~li). ],.,¡ "' th" 
.-.otP ¡,¡,,.,.,.,,¡,,e llu< '''1"·'1'"" mH•I l!e ,.,,.,¡ <•illt 
t·qu.o\i"n (./\) '" ¡•,tleulat<• \be ]li'J·~•tii'P al ""-'"time. 

m<"''''"""'" ]•J.I<l'""""''" "J:Tli"J"~"' tOIJl"I'CH 
AI'N.IJ',\' "" '"' '"E "''''C"I"o•t1 JO~ '">1'0:1~' 

,., .... ,. .. ,;., •.• ,.,, ¡,,,.,¡.,, ~~· 1'""·•"''•··•1 ""4 n .. 
<om •J"''·"¡''"' ·""''" i••·i"""' ~ '" ion~•'l' ,..k;olot•·~
Th'• · ·.,¡.,,"'''• o o• ,¡,,"u...,] in,¡, 1 ,.,.,;.,;,., '""'' tho '""'· 
''"''' ""'' 1''''""~-•·""' P"'"""-""'" """''"'"· [,<·llg<h of 
"~"'''' ;,.,,,,, .. ,_ 

!',¡o ..... :.;;;._.. ;.•e, ... :. 
:· .. ,,.:, ",.,,. 
,.,.., ... ;,; .,¡""'' 1, 0-30{1o·l' 
L'"'"l'~"''''·illl)' ,¡""'' ,., .1 nn .. 1""'1'"1¡\ollfp•i 

l't<·,<LI'<'· ,;,.,~ d11t" <•d•·niMl"d wíth •·•LH<liÍ<>II Pll nn· 
•ho~>u "' •moll t·írd,•< ""J."¡~ 1;, nnd n>·t• «lo·nti•h·d "' 
'"'"t~·<·o~•<· J .. •íut•." Tlw <INoil"l lo<'hadotlr .. r ,¡,.. 
·· mt•• , .. ,.._.··<'Une thM """ld J~í<L '"" '"'"h )»Ínl', 
,,,. tlot U<Lh lo>L'II o.· IL nlt<l 0 ... IJ·~.l )Oil,., 1< •·hll\\"<1 ÍL! 

th'"i"'"t <•Lo !!Le tl¡:urc. 
¡).,"" J"or thc pn·•<U~·<'II.•r e<¡L>itnlrnt or !'""''""' 

M~¡o-furLoti<>LL ""' <letcrmiLLI"<I tlnuu~h npplirnLÍ<•U ot" 
c~U<<lÍ•ILL (11>1. auoltlw k no" n '""'"'"iin· ;,n .. , ,¡ ¡¡,.. 
OLL<I of ,•nt·h •¡uno ter n• liud hy tho hlltioll)' impo••·d 
rnh~tinu• td"iÍO<••hi¡<. 

l f t ht• h•.• 1 ;,.., «1 1 erm of "1"·'1 'oou (~Ll) \; •.1· tll l,ui"L,etl 
hy /('•) c•t· /i" • .l"), thM <·t¡LmtL<Hl IN«h tu tlw ,.,, 

l ,, ,. '"''" 

.- wJ..I''l lt•;l 

Tht• 1 ,,., .,.,,..,. <1 1 "1 • 01' 0 J;,, tl11· ¡¡,.,¡ Íllt'a•mc·ll 1 <>f 1 imc 
ma;· lw o'.dcui.<Lc•l <lm'<·tl,>' hy "'ttiug "~l. 1\'hen 
tití, l'"'"UN· o!~•l' ;, l.no\\n, tlt" oh<>p for th<• t~rt<ontl 
itL<'I<'LlU'II\. 0/'1 111~\ '"' e.dt·II],Ho•oJ lo,\' ·'<'ltin~ 01 = ~. 
Coutiutwl"'" .,j' Lid> 1''~'~" L<H!il it indurl~o tl1" la>l 
iuoi'('<LL<'L\1 of timr pm\'Jdt • tLo·t·o-,••}' dAI"- fo<· pi• ,w.,~ 
th•' P"'""'"" ;.t~p·fnllction, 

A fun<IOtoleL\"11 t..-.tl<t'fi<L<•Ll('C of (ho OUJI<'f]IO>itio" 
c.onccpl ¡, thot 1\dU'II '"lfirld wMo·r-clriH pro!,¡, . .,., 
inYoh·iLLg romint<<IL" chaLL~e• in '"'" nnd ¡m: ... uM' '""." 
be troo.ted on on C<tnbli,hcd t!Lcotl'tir•l basi... 

C'OXCLOHOX 

f..toto• <•f o:ugk·pl,o-c flnit! motioLL i11 ¡oorouo ""~¡¡" 
n "' ''·'" nlinNl in 1 hi• tl'Jlort. Tlw t 1 te<•ry of lm•to,ld." 
•tnle inllu'< uf l>OI<r in liLL<4r •y•t•m• of oil !1''1<'1\'~¡,., 
nu<i 1\ui<J.wnn•..,lt~l .oo¡nifo·r, ,. d~.·•till<'rl in ole:~;]. 

A<¡11ifor; of looth JluiLc ~tl<l lntillll<' l,•,¡;<h 01 o u, .• ,,.,¡, 
('cm't"LIL·nllc-cn•o nnd <OII<("nl·l'"""'""-oa'c l"ob. 
lcm; O!'<' otatod """'·'·tic~ll;· Antl solrcd, Re;ulu are 
ploU.-d iu eo•ilr u .. ~],, graphioo\ forut, ~nd mnuerioal 
namplo•• Aro \·;ork<•<l out "hrll ,-ot· )H'flctioolM. Tho 
'"I"'IJ'"'i(ion c~n<'~)•l iu il• t·do(i"JI L<• lite pn,hkn•• 
<li><u•""'l ;, e~¡•ltoiJ.-~L lt• up¡Ji,·aUility lo oiiñold 
prolo)¡·m• ;, indi!'Oh•l. 

'J'h" poper •h ""Id iJ)l n m•r<l in ~wtroleum lih·l "t Lla• 
fo1· n thoorettenl ,¡¡,,,.,t,\LwLJ m¡ H1o ;ubject uf muer 
infi"~ in linl'nr ""'<'fi'OÍ!". lt _,),oultlllnd appliratior 
¡, ,.,,.,; . .,,,¡,,, •ltiOh-· .,• •<l<io IT\C<>'o)i>•, ¡•¡,,,~:;·. 

it >h~;Ll<l be -u..,fni to pro•;li¡in~ <•hginc_,, 
ICOLdL<·J< •tw\yiLl~ litio •nhjoct. 

Th~" uthor wi<l11·• 10 l'~]l\'0.·• ¡,¡, npprrcioti~n \!1 ti, e 
matL~~<LtlCLLI of ::'u"'n)-.)¡.,¡,¡¡ Oil {'o. lne. fur ¡>cr
mi•-ion tu puhli•lt thi• "P"I'"'· lldpful dU<cll•>ion• 
11·irh lll"LI.L' c·n~iLLN'L'' ol )h•Uil Oil Co. do YcnrzL\elA 
<lmiu~ Lh~ pt•rio<l 1 Jul~· !OJ\1 w l )[arrh lt>Gtl ore 
~ro:cfull~· ~okno"h•tl~·~l. ·'l"'<'iol thnuk< a~ <iue to 
(',u·Jo< }', 1:~1\/ .. LJ<.< l;ot' j,j, ,1>;i,ton!"0 WÍth tho eOieL!!A· 
\Llll\;, 

Jl.jcn"'" 
1 ""' ~:wr<ti"""'' ,\, 1' .. "'"' u.,,,,, \\", P<I"'l, T,,,,, 
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The Flow of Real Gases Through Porous Media 

ABSTJV,CT 

O, ~1-MU$\~IHY 

JUNJOO MfMno ~IMf 
H_J_O ........ JO' 

' l. CIAWfOIO ........ , ., .. , 

1 /t< </leer oj vuriutioru o/ pres<urNi<ptndtnt viJco•iry 
ond g~J ¡,,.. dtviarion faclor on lht ¡tow o¡ ,..,¡ ~'~'"" 
¡~n;ug/1 /'<)rOl<' mh:li<l haJ bttn ~oruiJtrtd- A rigomu• 
1;'<11 {lo.- tquallon ""'' drvt/optd which i> o urond ordtr. 
IWn-linror purria/ ,J¡ffertnlio/ t(juurion w<lh variable ,.,. 
r(fi«<nU_ l hi< tqu~tion "'"' rt<luud by a <'hunc< o/ V<Jri· 
aMt w a jorm Jimilar 1<> lh< di(Juti•iiY tquation. bu/ 
,.¡¡h puuntiol-dtptnd<nl d¡(JuJivity. Th< cha"f{< oj ,..,¡. 
uhle can ~r urtd "' a "'"' pmdo·Pr<""" /or guJ {/o"' 
which rtplou< prt>'fUTt OT prt!!UT<·<quartd ~• curro ni/y 
opp/itd 1<> 1/aJ flow. 

Sub<tilulion o/ rli< rto/ ¡¡a.< p!eudo-prtuur< /wf " 
rrwnber o/ im¡mrranl con<eq«M<'"- Fir>l. ~<cond J1-~,.,· 
prt<<UF< ~Nditnl '""'' M'lokh loa"t co,nmonly bttn nt· 
~1«-r<J undu 1/1< orsumption rh~t rht 1'"""" gra<lirnt 
¡,· ,m~/1 o-v<rywhtrt i~ rhe flow rywm. ou rrgor<>«>i)' 
loandltd Umi11ion of m.,,,¡ d•gr<t rrrnu ltud• "' ,.,. 
ina• <rrnrr <n r</imtll<d pr~<>ar< di>rribatio"-> for 10~/ol 
''"""''i""' .l.cond, Ji<>-.. tquo/iO~l i~ """' o/ ¡¡,. ,.,¡ 
''"' P"'"'"-P"'""' do ""' wmom v;.cowy "' 1"'' la~ 
o/to•ro/<0~ /o<IOF!, ami thu; ovoid lht nttd /or >rlt<lion o/ 
"" o•m•N< 1'""'"" 10 <Ydluort phy•ical proptrrit<- ThirJ. 
O~o· r.-u!~"" P'''""""P"""" con ht dtrtrmin..J num<rit-al/y 
"' "''"'' .,¡ p"uolo-r<ductd ~'""""·' and "'"!U'"'""' 
'""" r.i<turg phyrico./ propmy rorrti<11io>a 1<> p11rviJr 
'"'""'r!ly u><Ju/ ir>{ormatíon. Tht rtal pt puudo-P'"'"" 
""' Jmrmm..J by numerltol inttNraliO" ond /s prt~tnltd 
'" bOih ¡ahular and wophlcol {orm In thu J><ll"'· Fino//¡-, 
!'"'""""'" o/ ,.,,¡ ca• "'" bt cor,.J,md In """' o/ 1h< 
rtal /101 p~tud<>-prts!Uf< onJ thown 10 bt similar /O 
/oquod ~""' as dt~mb«f by di(Ju<ivl/y tq"otion rolurion>. 

Appl«olion <Jf rht rtol j'QS psrudo·Pr<><ur~ ro radia/ 
(In~· >y<WI!S undrr ¡r-oruitnt, •tndY·""'' <>r opprosirrntr< 
p~tudo-Sifod¡--11~/t ini«tlon or prcduc/ÍOO iHrvt bttn ron· 
ridt,.d. Supupomiun o/ lht liMori<td rtol ro• flow 
m/uliom /o ~'"""" · vorlohlt rol< Jl<•lormtln<t wor 
rn.ttlifllud and /ound "'lis/<UIIHf. Thl• prov/dt1 ¡,..,;. 
{ic-a•io~ ¡,, P""""" bwild·UF ltlll"'/. 11 is b<lltvtd rilnt 1h< 
•m•c•r• ~1 11" ""/ ""' ''""d<r·pr.uw< .. m¡.,,¡ "' im· 
pruvtd ioltrprrtalion ,¡ rr<WII! o/ ''""'"' ¡¡ar wtlllr'lin" 
proe«<urtf, /mh f!tudY and un.11Ndy-II<Ut In "'""" •,¡ 
imr•<>'<<lfortCOl/ln¡¡ 0//1111 pro<lurli""· ' 

[NTROOUcnON 

In ««ni ) ... ,. a con>i~<rablc c!lort bu btcn d'""'"d 

-·--
""''"'' ,.,,.,.,,., , __ 1• "'~"""' ....,....,_ E'"'"''' ..... 

Jono n. ,,.._ ""''""' "'""-""' ol >PE IOUA _.., ... hb.,. , ... _ 
"" ....... ,,_. ..... """ Aoo ... >"ol< "~"'' .... , !O ,;,,..,., 

'"'"'· "''· •-•. ""-•• ,_.,, ..... ·-·"' "' ......... u. 

m.s A&" U. 
COUE<:f "of/ON, tU. 

t<> 1~< l~<or~ of <«>lhocm>l ftow of p>e> tllroulh porou\ 
modia. Thc pcesent llate of knowkdgo ;, far trom be!r41 
fully devd~ped. Thc drfficulry lies '" lhe non·ltneanty 
o/ panial drilcrcntial equationo wluch deocribe bolh cul 
and ideal 1 .. llow. Solutioru which are a.arlahlc are 
appro<rmale ana/~tica/ wlutiO<IO, graphiul ><>lutton•, .,.. 
~~~uc oolulions and numcrk•l solutioo•. 

lbe carlral attcmpl to wlve lhio problcm inv<>/vtd 
the mcthC>d of •ucct>Sionr ol ouoady ocar .. Pf"~ by 
Mu_•kar.' Appco>im.~lc onalytlcol oo/uliono' were oblained 
hy lincor,.,ng lhe ftow equalioo foc ideal B•' lo yield 
• dilfu•ivny·tYp< equation. Such solulioru, th<><l¡h widtly 
wed and ... y to apply to cnll,...rin¡ problema. are of 
limited v~lue be"""'" of ide•ilzed ouumptiOils and restric· 
ri<rns impo><d upon th< ftow equalion. Tht validity of /in· 
t.uizcd equ.alion• and lht ,onditiom undtt which lhtir ' 
,.,¡uliOil• appiy ha> e not becn fui/y d<tcUsstd in thcli«ratute. 
Appro•im.re "'lutiun• are tho•e of Huthorin¡lon t/ al.,' 
MacRobem" ond hnicck ond Kau.' A graphical wlution 
ol thc linutizcd equalion wos givcn by Corncll ond 
K•l<.' Aloo, b)' uoin11 the mean voluc of tht time de· 
tivalivo rn lht fl,,... cqu•tron, Rowon and C1c¡g' pvc 
>t•crd >implc •PPfOXimalt oo/utions. All lh< soluliono 
'""'" ob10intd ""umin¡r .,...11 prO>Suce ,-aditnt> and 
oonSiant ¡a> properli<o. Voriolion o/ ¡u prop<rries w<th 
prc,.uro hoo been ne¡ltcled because of •nalylic difficu/ueo. 
oven in opproxim•tt analylic oo/utiono. 

Oreen ond WiiiO' ..m an elC>Oirical nctwotk for olm
ulatin¡ onc·d'rmcnsionol now of on "1dool 11a1. Nwnerical 
methodo uJ!n¡ finrle dilfcrencc equlliono ond d!Jitol com
pulin¡ techoiqu., havo been u...t utcn•ively for oo/'lln¡ 
bolh ideal and real11as cqua~ono. ArotK<fll:y ond /..,tino' • 
and Bru<:o ti al." 1""" numeritol oolutron• lor linear 
ond radial po ftow. Dou¡Jo• ti al," 11'"" a oolut/oo for 
a >qua.ro dnu"""' orca. Arooohty" inch>dod lho dl"ecl 
ol olipp&p on ideo! ¡u ftow. The moot importaot contri· 
bution to th• thoory of ftow of Ideal pseo throuth ¡><>rouo 
medio 'wu the c0<1clu•ion rucl>od by Aronofoky ond 
lenki1"<1" 1hat oolutiono fot tho liquld lloo<o ..... coul<l 
be uotd ¡o pnorale appro•imoto OQ[oliono for oonacanl 
rolo pcoduclion of idool ¡aoeo. 

An e~uation deocrrbin11 th• llow of ru.l pon hao been 
"'l~ lor opc<"i•l oa>ei b~ a numbcr of invtslll•loo Ulit>J 
numcric~l methC>d1. Aronofoky al>d Fcrrlo" cons!~ered 
linear now, while Aronohky ond Portor" consiOtrtd 
rado•l p• ftgw, Gao propcrtitr -•• pormltted lo yory as 
linear funotion• ol prc.,uro- R=nlly, Cantr" Pf"'""'"<l 
on cmpincal corrtlation by whic!t po wo/1 bchnior can 
be colimatod from ooluliOnl of tht ~iffuoivlty equatlon 
UJin11 i"'lanl•ntouo >aluoo of ptonurt-<leptl>litnl- 1a1 

'"'''"''"'~ ""'' ·" '"''o!""""" 
' <•. 
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'''"!''"""' <<•ho.uo.l "' ,in '""'~"' 1'"""'"' '''" ddlncol 
<mpi"C·>Ii)'. <'o~r1cr S""',, hnlilod touml><r ,¡ numcoic.d 
,.,]urion• '" .L ba"'· ond "'~~<,lod '"me rdoiOUn> w~ido 
m'o~h1 ~·,,., " t>euor corrci>Oion. H'""""«- oho l"<>i>'"'" 
r<laoi_,.,, "'"'" noo evaluooc.! in ohc m<n<ion•d "''"'· 
S oiLolio '" h." e hoon pr<><lloe<l Oy '"'"" ,, 01" ~ ¡,, 
n,,. uJ ~'"-""""''"""< fluid, ,n ¡,"""' .ond ''"'"' 'Y"' m' 

:1 h•• l><cn ol>«-r>ed 1ha1 '' <he &«• llow >ei<OColy 
inCr<>•<•. JepdtiUJC from J)•fC)\ 1•"' OCCU"' ~UCh 
Hnw ¡, t<rm,·d oro>u-DMCJ. o: '"''"'''"' llow. Flvv. ¡, 
or•n•ll<<>lldl, anJ ""' lrul)' IHrbul<nl. 11 ~'-~' How <qu>ti"n 
inclw.lin8 ,, qu•d••lic vd<><'H) '""'' rn accounr lor lur
hulenco n<ar <he produc101~ wcll "'" l>o:on "'lved i>y 
\w¡fl and K1ol'' .uod Tck ,., ,1'' l<>r •"••1 ~"''- Eol"'' 
" al.''~ and C"l<r'' ~ al"' ,ncllkle~ J\<>n-Dncy flow in 
1/>eir ..,lulion' lol reol s•><>- An owro>imal< ""'""~" 
includin~ non-Dmc)' ftow h« b<en pro"'nlod h)' Rnw•n 
.ond Clogg." 

T"o o•lh<r calculalinnol rrocoduro> •PI""' in \ho ""'~' 
.,¡ Rob<-m~ ""d ¡.;,Jd<r" lnr ....,l,·ong 11>< one-<,lomonsion•l 
flow '4''"'ion fnr •n idedl 8"·- Ro>l>cn1 LJI<d , >lepwi~~: 
lurwar~ iruegr.olwn on oimc hy joon•ns IL•g<ther o «<JU<n« 
,¡ !.Oio¡io>n• '"' hncarized oh!fe.-.:ntool <4oation>. Kidd<r. 
applring p<rlurbolo<>n techni4o10 •nd """~ lhe ..-ell-kn<>~ n 
Bolrzm.onn or;on>fornoaloÜn in rho lho"')' ,¡ Jilfu,jon, g,<'C 
.m "'""' •n•l)lic >Oiulinn f<'J g"' lh•w in " oemi-inlinil< 
!"''""' n>oJJum_ ¡.;jJJer·, ><11"""" " '"'Y •imila1 w • 
m<'!< geno1al """ r<p<~rted ht l'oluh.ortr>w•-Kochina' '"' 
rhc mo>crncnl ol gr.>unJ ""'"· 

In <omtnat), <>ni) a hmrt<d rwno!>t:r of ''"""""' l<>r 
n,,.- uf '""¡ "'"'" "" avoi!>hle. •"'1 1h,._. ore nu1 <>f 
~oner•l ulolU)'. F~onhermrofc, m<rho<h ,¡ .nalyzmg ¡;.o• 

"''""'"" J'<rform,,nce iro """''"' '"" are· ~'""""Y "'""<! 
"" «tlllli<>rl< fnr tOe~~~~ uf iJ«I S·•..., ~"''" lht ""wrrp· 
,;,, <>/ "''ull 1'"'""" <"•udir~ru. The"' m<thQo,)> farl 10 
<I<«ILh< lh~ "'·ha>i"r <1l lo" rom><ohohty an~ high pre,. 
""" ,,,,., ,.,.,,, 

Tloe lr•lln.,.in~ """""'"'"~ ohc il<•w ,,¡ re.LI ~"''' lhruu~ll 
1'"'""' me~''' "dJJ<r.n frum .<n •n•l<>lfY ..-uh ohe lh<-..ry 
,,¡ h<al Co>nduCiion in •olid>" V•ri>.lonn .,¡ ~., phpial 
¡>r<>j><'Tiie• ""h the P'"""'" c.orrc•pond 10 lhJI uf temp<r.L· 
Ltoro-~op<n<lcnl properli« '" 1h0 ohe"'Y o( heal con~uclicm. 

The noechoni>m of flu.id 1\""' lhrnu1h • porouo modrum • 
i< go-.rn••J by lhe ph)"ic•l pro¡><rlin ot tho m•lr,., 
~··nmW)' <>1 ~""'· PVT proroni<> of lhe nuid •nJ P'"""' 
d~>lrihuo'"'" wirhin lhc flow IY•I<m In dorivin1 the llnw 
equ•oion' .tnJ «lahli•hing 1h< !.Oiuti<>n•, the foHn,.in¡ 

"'"'mpoi<>rl' ""' m•de, The modium ¡, """'"'r""''~"· 
1he ftowrn~ ~"' ;, <1l con<l,lnl •·ompmilinn .Ln~ lho flnw 
j, lam1nM •nd L<rllhcrm«l .• ~><UmpLion nf lam•n•r ll<>w 
c¿n be r<m•"•J. bol .,;11 be U><d '" •implify the p~nl&· 
oion 

Tho prinr.pl<' ol con"""''"" (>/ "'"" ¡,, '"''"""'"' 
nuod now lhrr>u~h ,, P"'"'" rt>«li1101 ¡, <'P'<"Cd hy 1hc 
wc!H.no"n co-nt"onuil) C<¡Ualmn': 

v·l,,,¡ 

·r he ,d,.:ll)' ><clur in 1'4. 
l,.r l'lmirlltr 11<>,. ·"' 

• 
([JI) 

\'p . ...p¡ 

'" 

v·[ ,, 
1'' '" 1 

,,, Vp ~ <:-
'> 

M 1 " 1 RT <IPI 

llon,lly c.tn 0.: d1m1na1<d fwm Eq. J Lo )ield: 

g¡.-l!t_:l_ pVpl•rlr-"·1-" 1· 
piPl dpl ~~ 'IP) 

"' 

"' 

'" 
1:~, } i< on< form "' lb< funOantenlal non·llne;r poLIILal 
diiT<renti•l ·e~UdiLon Jescnbin¡ i•OLhern>•l now of rul 
p~• throush porou• media. -

1"1oe pr«"""·depcndenl permcalrJIIIy for 8"' "" ex· 
l''""'d by Klink<nh<r¡" "" 

l!p) •.(li ;) "' 
"h<r< 1, ~ elfocli>·e rormeaboluy lo hquids; and ~,.. ol>< 

' ,)<>¡><: of" hne.or pl<>l ni l(pl" 

" llorweoor. lhc Jepcntkncy of permcabollly on pre..,ur< 
" "'"•IIY negltgible for pr<OS~re condotoon< auociattd 
wirh ga< rc><rvoir:5, •• poinled out by Aronof<ky.•• In a 
'""'•~u<nL p•p<r, Monof'L!t.y and Ferri•'" indicaoed ¡hao 
•·•rialion• of g"' p1o¡><r!ies wi1h f>l=l"'" are more 1m· 
1'<'"""' than •·ariallon< nf ¡><rm<ahllity worh pr<siore. 
Thcrdoro. liquod pcrm••bollly can be o•ed (or 1•• ftow, 
.Lnd 1he fLIII<>win~ <40•IÍOn i• corree! for all proCIJcal 
purpo"'" 

v·Ldr:,,,;, 'lP ]- t :, [;:1:)]· (71 
E<¡. 7 can be e•p.onded lo m•nY Jolfuent lorm>- FO< 

enmple, ~- 7 can be !<Ofllln¡ed 10 poinl out elpliciiiY 
lhc , .. 1 11" Jrllu•i~<ll) 

"' • 
~- ·¡ becon'"· •fler <Ome rearron¡omen<: 

'l'p' - ;, !-.:;,,] 
'" l'r<>n> lh< defln111on t>f lh< isolhermal compré,.,bilily o/ 

,, . 
,. ,¡~ 

' 1 ''] pc,(p) ~p ·:' ;¡p¡ ,. ·-¡¡¡;¡-- ¡.¡ r 11 ¡ 

Comhining Eq1. 9 ond ll,,"""""'";;;;;;<~=co-;;: 
L'"'''"""' IIH¡ ''"" ''" """'"''';;1 "" lm .. "'-"' ""'"'"" ot .,_,,. f>; " ~··· .................. - ...... ,,, """" ., ~ n,,, ·- ... "" ........ . ... ~'" ......... ~ ..... , '" .•.. , .. ,.. •. 
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• 
djln rll>i:<PJI , 

dp- IV¡>J 11:!1 

lt n ¡, '"""'"" that vi...;<>,il)' and ~"' law dcvi.uion 
1•«"" oh.mgo •lo~<ly wilh P'"""" ch•ng<, thc pr<"'"" 
dollcn,nli•l ni [ln,.(p)l(pll t>ocom .. MBiígible On thc 
nlhcr ''·"'"· tllc '"'""'P""" ohil pre"ure grodienl\ are 
1m.dl "ill pmnil <>mmion ol '"'"" ni "rJ<r IVP"i'- lo 
colh<r t''<'Llt, !'4. 12 can he ,;mploAcJ to; 

·~¡o(p~·.(pj i'p~ 

¡". "' 
IIJI 

E4. IJ " •imilor in lurm '" 1he <loNu,jvily <4U•Iion 
H""'"'"'· lh< th~n'i"l)' ;, • '"""'"'" .,¡ pre<.•ure, oven 
fnr ,, p"foc1 ~~"- '" ¡¡,¡, l<mn, •1>< "'""' onalo~y wilh 
h4101d nnw lnnnd by Jenkm' an.d Aronuf•l.y"" ;, empho
,¡,.:,J, /1"~'<0'"• lh~ a>\W.,plio~ t/tal /WIIUU tr<><f,.nh 

""' •nwll<wry~l,.,. in llre fi"w •Y<Um <onnol br '""'¡;"¡ 
m "'""!' "''"""""' '"'"" The .... umplinn of •mall prc•
""" ~radien!< ¡, impl•eit in al/ ol 11>< pr=urc ~uikl-up 
""" Jt•"do"n m<thod< currenrl~ on ""' which are ha"'d 
"P'"' icil'.ol ~'" flow oohaoons '" l1quid lh>w an•lo3i«. W< 
'"'"'"· Lh<n, t<J rhe rigor m" Eq 7. 

E.¡ 1 e-•n h< !fan>lutm«! ro a fomo •imrhar 10 rh•l .,¡ 
l'4 11 ,;,¡,_,,, '"'""'"'~ "'"'!/ P'""'" w~J"""· hy 
m.lkllr~ ·' '"·-''" ch.ll'g< in pro""'"· Defill< a ncw P'""""
prc""'" "«PI., follow-: 

i14r .. 
wlo.'le ¡•. " ,, how h.ll< prc»<rrc. Thc v:rriable lll(p) h.11 

rhc ''"''""'¡"'" .,¡ pr<>,.orc·'4""'"d ptr con!lpoi•c. >mcc 
r!P) ""'' OIP) ·"" fur>etiun' <>f pre.,ure .lor>< f<>< ;...,rt-.ornMI 
tl .. w. lhj, ¡, ,, ""'4''" ok~nilicm o( mlp). 1t follo"' rhar: 

;,,,¡,,¡ 

" 
·'"" 

¡ mlp! 

'' 

'"''''' ''" ( '" )'" '" " 

( ~,. 

¡<l,•l:lr•J 

¡·lrl:trJ ~¡ 

)'" ,, 
' 

i·mtrl ''"'1'1 
·and·,·,-. 

•'!' 

11 5 J 

ti! o) 

lh"dor<, Eq. 7 '''"he''"""'" in tcrm> ol rh• varr
•hk mlpl u<in~ 11>< d<finllion <>1 <.IPJ given b)' F-'j. 10 a.: 

'" 
<J<¡o(p~·.lp) i'J>IIp) 

¡ .. ,, 

1171 

11 K) 

(\omp."'""' "' !Oq,, l.l ,.,,.¡ IK •h""'' lhat rhe '""" "' 
lhc Jrtlor"'""Y <q<L.riÍIJn•i• pr<•<r><J in torrn• «1 tho """ 
•.rri.oMc <>rlp). ltm•cwr. F<¡. 1>< ;, •lill nun-li..,.u l><:c~"''' 
•''"'"'"") ¡, .r llln<tÍ<l<l nf f'<'l<nti.ll. The J•L• l.l"' Je>i,llr«n 
''""" r <1"<' ""' •rP•"" rn lhe '4"'"'""· hut ¡, ¡,..,1,0<1 
m m¡p¡ •n.l r·,(p). ~- 1~ J<><' ""' ,..,,;,. rho ""ump
li>Jn• o( •mall pr..-..ure ;r••lionr.. nor '~"' of ,1.,.,.. •·aria· 
rioñ <1f lod¡>)llp)l. " 

Thc im¡wi.«\CO uf&¡, 1~ .¡,.,,., .. ,, ernpha•i1. Ir ¡,, 
(unJ""'""'"I p.¡rti•l <lrilcre"""l ''4""'"'" "'hich d'''"'""' 
111<> n ...... r r<·.rl ~·'"-''· T" rho aurhu"" kno,.lcd¡¡<. rhi, 

54 
"4"·'""" ha. '"" '"''" fl""'"'"" prooiou,ly ,, """"'"'"'" 
with 8"' !lo,.,, Equaroon> of rhi• rypr: h>'< heen calleJ 
qua•i~inear ftow «f'-"'lions•· M Thc real imDOtl>ne< lr<'l 
rn rhc e>trerno utility of th" lorm ol rho equati<ln. /\< 
will h< •ho.,n, '"' fnrrn o( thc cquarion "'"'''' • 
P.""•rful <ngi,...ring approaeh !<> the 11<>'1' of real ga><>. 

To •nloe Eq. rg, ir i< nec<'!ury ro conve•t 11>< m..al 
¡,¡¡¡,¡ und bm<nJary cunditinn• inro !<rm• of the """' 
¡noudu-preS>uro m(p). lm¡o<>nonr con•idoration• "'" -., 
f>.>!l<>'"'· 

The ~"',;."11m i>: 

- ,\ll 
lRI'. 'l"'(P) ¡lO) 

lhe u•U>l l>oundary condrtLono are <llhcr >p«:rftcaiLOn 
o( P'""'"" or thc gas ftux acro., bourxlin1 wr!;Kn. Whtn 
P'"""'" " fl•«l. on(p) can be d<termrncd from Eq. 14. 
[( flux ;, spr:cofieJ, rl>c bound•ry conditions can be de· 
rcrmincd from E4. !0. lf !~< outer bourxlat)' i< impcr· 
.ne.blc, thcn: 

,¡,¡¡,1 --- ~ () 

'" whorc " " Lhc Jtrec""n normol lo lhc bounJ4ly. 

1! 1) 

St<OJ~-'"" ftow occurs whcn prc,.urc <l"tri.Oution •nd 
fluiJ -.locrry •re indepcndent of time. ~:q. 18 r<dr>e;cs to: 

(ll) 

"hLCh ;, l.opl•«"• <4Uutron. Thu>. previou< ;olutro"' ol 
ti>< l..&pla« equ•rion can be uoed if m(p) i< mcd a, rbe 

F"'""''•l. 
~Le•dy-ltate fl<>w c.ln rarely t>c obtaincd in ru;ity be· 

cau'-t sa' wdl• u>u•ll)' produci i"' from • limitcd, fimtc 
""'""" or droinag< •olume. There can be no n,_. acro" 
tire nurer buundary Thu,, pr.,ourc mu11 decline "' pro· 
Ju<tion eonrinue< True "••dy·>tatc "''OUid requir< pr<>· 
oure lo remain conltant •• lh< outcr boundary. whLCh 
implieo flow Ocro<> tbe outcr boundory. Production o! 
" bounded '"""oir at oon•l•nt production ¡, an importan< 
prol>lem. "hich will 1>< oon5Ldtred later in rhis paper. 

REAL GAS PSEUDO-PRES.~URE 

To obtain ,.neully u .. ful ooluti<>n• for Eq. 18, rb• 
proper physicol propr:rties 1« nalunl psco nlu" 1>< 
specifled. Forrunoroly, all roquirod phyoical propertie. havo 
becn correlarcd as functiono of pseudo--roduced pte<SUreo 
and rempew..-u for maoy ¡ua mor In lield "'Ork. h 
ohnuld bo cmphaoiud ll>at !he <:<>nccpt of the real ¡ao 
p><U<lo-prc.,uro ;, no! llmil<d !<> use ol opr:cine ,._, pro· 
perlf corrclorlono. P .. udo--reducod preuure and lrmpr:ra· 
ruto"'" dcfincd, rapr:ctLvcly. u; 

p,. - " 
"· 

. (23) 

.on<l 

' 1",. ... - !H) 

'· 
wh<•re 11,. i• rh• P'""du·<IIIIC•I pre,.ure '"" ),, "rhe 
p.,.uJo-<:rLii<•l tcmpetaturc. Rc•l 1•• ta .. deviotion l•etur< 
z(p) ha>e been prc .. nted b) Srand'"l and K•rz.• Vr<· 

• 

¡ 

• 
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""""~ .,( "·''"''' ¡¡a>c> h,.,, hcoro cuncl,o«"ol hy \",,., 
•1 "/" "' the mli" of vi•C<><ily '' .ony r•~""'" '" oh;ll 
"""" atnou•p!o<r<. Thu" 

12.11 

'" 
Cumpr<>"holili<> of nA<ur•l 8•••• h"'" becn corrdated h~ 
Tnohca '" reJuccJ cnmprcs .. l>illlie,, rhe prO<IliOI of """'' 
'""""''"~" and P'"'Ud<K,.tocal P""'"'"- n.at '" 
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PSEUOO-REDUCEO PRESSU~E 

..... 
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(27) 

Thc inte~rol <•n be ev•luatod gcnerally fro"' reducod 
propefloe• co.-r<:laúon>. 

1.\'~Lll~liON OF 1!10:~1. 
1; '\S l'~f 111111 l'llf~''UHt: 

To atal>lioh lhe l<lalloruhip btlween p,, •nd m(p), lh< 
onoegrol m"" bo .:.all.laleJ numerioaiiY fur ''•nou• iso
<~<rm>. Th< lower limir of lhe onlegrawon (p,.), ean be 
•<1 'arhmorily. A •~lt« of 0.20 "'"' cho>on. S.le<:ted 
i">theom> from p><Cido-t<duced temperatures of !.OS to 
_l,O were Lll<d 

Fig. 1 preoen" the .rgumenl el tM m<e¡ral in Eq. 27 
v. p'oOud<>-r<duo<ú pr.-..u.re lor variooa pseudo-.-edueed 
r<mper-.,ure•. The da>hed line represento the ide.ol gao eue 
wi!h l><•h '''"'""Y ratio ond ¡¡ao law deviolion factor 
04ual lo unity. The magnotude of ¡r0<4 '>riatiO<IS of po 
pruf><rli<• with prn•ure ar.d tempcra<ute i• •w-r<nt. 

fig. 2 poe>ont• ul(pJ inregrab •• lunction• of l"•udo
l«lllced P'"""'"' •nd Lemperalur<>. The integnl• wore 
"'"luatcd hy moan• of the Trapezoidal rule """11 an 
111~1 711'1 d1gll•l oomputer. VaiUe> of ¡he ini<Jtlh ore aho 
¡>r«<nt<<l m Tahlc l. lnterpalotion between the curve! or 
""'"''"" the value. p.re .. ntod m the table can bt per· 
·~·rmcd ••"'Y· 

u,., ni fi~- 2 or T oble 1 io lomliOd tO ga,., oonlaining 
•m·.LII "'""""'' of C<>nt•minanto for "'hioh ohangeo on 
•o..:o.ity ond ga> "'" deviatioo faclor can be lla=>dl<d b~ 
•ppmprial< chang .. in !he poeudo-erilic.l properti<>, ao 
'"~~o>ted ~y C•rr .r al" However, uoeful chan• can bt 
prepared· f~r g.,., containin¡ lar¡e omounto of con
tJmtn""" if cumplete propetli .. are ki>O<"n. Seo Robin:10n 

.L--', c-''---c 
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"' ,.¡" f,.r ckmity ol""' f"r ~'"" e""'''"""~ l.or~c· "'"'""''' 

.. r '""'""'""""'-
In ~cncr.ol, n ¡, n•dul '" roer·"" ;o d•·"' ,,¡ m(p¡ '" 

'"'¡" ,,¡ l"i-'4""'"" por '""''1~"'" "' '"""'"" ¡,. 1"' ¡,., 
.ony ~:· .. en '""'""" '" •id cu~u><ering ""' u( thc ¡e.f ~"' 
P"'"''""!>K1""'· lllc rnlpl cnn l>o enm¡outcd rca<lily h" 
""-" >p<CJfic ~"' ""'1 rc>crV<>If t<mr<r•ture ti cl<n<ily .ond 
viscu•ity aro l.nown •• functit>tl• ol fK"""'" Tho inlcgro
tion c-~n be p<rf<>fm<d u•in~ the Traf'OZ"id•l rul< <>< 
~'l'aphiC•l inoc~raMn. Moro "~>hhtic.otcd tnt<&ratiOtr• .ore 
""'allv n«l roquire<l 

Tl>c: m(p) val <le'\ in Fig. 2 an<l T .1hk 1 •n: pr....,ntcd 
'" " """vcnionce l>e<:atl>c il ¡, """"""Y '" "~'unoe m•n) 
!l'l''" Jn ft~l"w the e•i><m!l co>rr~latium '"'""""" ni l•c< 
t•f ,,...,,r;c dat ... lt " om.,na,¡.,_~¡ th•t the «>nccpt ol th< 
""" ~" 1"~-•e ;, Ke<!cml .1nd j, ""' limtt<<l to ""' .. r 
lile m{p) v.oiLJc' (K<'-'fli«l hc:tcrn- 11 vi•cn•it~ .uo<l <leto"t)' 
""'" "'" .. -.~oble f,~ , '!'«'<lk !>"'· it ~<1 ho ""'J in 
po-ofon;"''" t<> Fog. 2 •nJ T•bk 1 '" po-<p.<r< mfp) pi<~• 

.. ~ .. , 
""' ,_ 

"'"' 1 ... 

,_ 

., 
j 
"' 
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¡,, 1hc '!""''"' ~·" 

11<AI"SIENT I·LOW 

1 < 1~"1' 1 N 1 IIA'I 1': )'1« >1 11 u .TII\N 
A• "'" ¡,_..,, d<fielor...i iu the intn>duction d thi• J>I'P"", 

Eq. 7 h•• t...,.. ..:>lv<o.l ¡,.- •pe<:ific fl""' c»ee u'><l« •!'"' 
propri.1tc hnun<I••Y and initoal condoti<>n> by ,, number 
o! aulil<>t> uoing finile diff<re<ICO' >Oiulions. We -k a 
gcnenl >Oiurioo which con be oued foc engi.....-ing put
r<>'<"> wllho"' thc ai<l o! d di¡tlal comput<r. Eq. 18 and 
.he work of Aron<~>ky and Jenkin•" provide • b.,;, for 
an a.pproaclo. l'oc .-.dial """" of ¡¿.,¡ ¡a•. the continuity 
oquaMn lead• ro· 

iJ'p' ,,.. </>¡<C,(p) ~p' 
"'--~---,. (28) 

w~ t·,(p) lor an ideal g.u i< the recipo-ocal ol the preo· 
'""'· S<:•er41 lc;otO'"' o! Eq. 28 aR noleworthy. Finl, 
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''" "'''""'' .!,¡;,,-,. 1''"""'" ~··"'"''" L<llll (t'pt<·•J d·•" 

'"'' •'1'1"'·" '"' ·"' iJc.ol B"'· -~''-"'"'· Eq 2~ h." thc 
'"''" "~ lhc ohll"•ivOly «¡U.<Iioon, bu( iho: Jollu•i•il~ ¡, 

!'f"F'""''"""' '" !"''""'" Vi...:<><ily ;, a fu"''""' ol 1en1· 
r"'"""'"· i>ut '"~ ,,¡ P""''""' l<>r ''" 1dcal p1 Aro,..oh~y 
.tnol Jco1~in.• r .. und Lhut 1<>< ""'"'''"' ralo l"'>ductlo" of an 
i<lc.tl ~" from .i cl•>«•l rado.tl 'Y"•-m, lbc P""-"''" •t thc 
pn><lucon~ ,.di C<R!Id bo: Cortel4t«l .L< • /uncfoon ol o Ji
mcn.i.-11<'» oinl<' based "" a compre<o!Oob!ldy evolu.,eoJ 
.11 Lhc imll.d pr•..,""'· The <wrdation wa< 1lighdy .,.,.,;. 

uvo '" 1hc r<oxlo~.;li<>n ral<, ~ut ""' "''"'""" coou¡¡h '" 
. 11! "-' '"8'""'"'"~ ..cour..cy. 

Atoon<>hl.¡ .tn<l Jcnlin• J<m"""'"'e<l that po-O<Ju<uon 
.. r ¡,¡,.,,¡ H-' fr"m a el"'"'' r.oJ1.Li -•)•«m rouiJ he u¡•-
1""''"''''"' vcry c·I""'Y fmm lhc ;oiWklfl' for lmn•ieno 
loquiol n,,. o[ ••n Evcrdmson •nd Hun~.• Ma!lh,....•' 
kll<r pooinled ooo oh• app!"'"'""' p{ thio coo>el,.ioo M 
P"'>WIC huiiJ..¡or an.olysi• for B'" wellt "' • ~quid co-.e 
analo8. 

FM r;"li41 fiow o>l ~ r<al ~···E~. 1~ h<ct>nt<>' 

,, 
i'no(p) ,, +¡•IPJ<.Ip) ""'11'1 

( -"' 
1 hu cJ,,.,, ·""''''~) ""''"""" 1'4•- 2~ .onJ 2Y "'111"<-.i• 

"••• oho: re-•1 1:'" po.eod,.pr~-..""" "'(PI ""'"'Id «'ITo:hle 

·"" """"",; .. r • Jinoo:n·~"''"" '""" I"'>CoJ ''" "'"'""l' 
""" . "'""1..-""'"''"Y c•ole"'''' ·" oh, '"'""' '"'""'""'. il 
ohc ,,,,;,,,.,.,, o>l lh" ,;,,,."l)'·e<llnpoc"lhd")' pro><hocl ""¡, 
"'11•1 ¡., • ce.ol .,.., ¡, """'·" '" thoo •ariati"'' ul co>no-
1"'"'-'ihoht)' lo..- "" id<--OI ~·· illp! v.ioh 1"'"''"'" "'"''<J. 
1-iF- _l ,¡,.,,.,lile «><llp;ori'"" 

In '"'" ,.¡ lh~ ch-e r~wonhl.oncc bol""" (¡o<,) " 
ml¡•l '"' ohc '""' ¡¡a•. ai)IJ ¡o' " ¡i lor the «kol ~··· 
" ,, '"·''""·'hl,• 1<' o.po:ct so~lotiuo" fur tho no.. ol •••1 
~""" '" con<"lalo •• /UnCIÍOO' n{ • don,..-..;.,1.._. !Jm•• 
'""'" "" •n~i.ol ••h"'' <>f vi"""")' ond oom!"""ihohoy. 
rhot ;,, I<L: · 

'· ". 
'"'''·''-~ 

l lO) 

' 
¡·,Lllh<l', ,kli01c ,, ""'"'""""'"" re.11 ~-" p><uclo>-pr<'-""" 

""'r "'--''•· '·'· 

" 
' 

• 

' 

"'·''··'·) ' 

··-·.---.---,--,--
~···'" .... , ..... '" ,,,_ ... .. ·~ .. -

'" . .. . 
·~···"• ... • 

l 111 

• 

•, ··-· ... .C-----'r--1----!,---
, . . . '• ' .. ·' 

, ...... "·"·"'"--'' ""'"""" ·r,,.,, .. , ..... "'"' 
'"' '""'- '"' nnT r,., f"onw. 
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!""'""" ''"'1' " !lll" ,,,¡,~"'" '" Li« >,on E•CTJI"g<n· 
¡¡,."¡" clomemionl""' 1"""'"'" "'"P p,~• •. l,.l 

Fog ~ '"'"""' tho CM>porison 1>o.1ween p.;!,l for tho 
¡;~,.,J n .. -.. >O!utJ<>"" •nd m,(l,) o>i>l>inod '"'"" Eolert• 
,., al.~ -..~ouitm> lor thc r~dial now ol ooturol ¡:"!"". Thc 

"~'" lino "'r<e'""" thc liquLd ""'"· wholo p-~nto •hown 
""" """'l"'te.J lro<n th< ~:ilel1• .r al. !.Oiution.t- M can bo 
"'""- thoo curnruri>o."' i< e>collont loo- the eroirc ronge ol 
n,.-.. """'olderod by Eil..-c• " al. ¡,,.. both n•tuntl gas<< 
.onol conJen.'Qle !l"-"-"· The lran•icnt ftow Uola co;mptned 
l>y C..rt«" " correlato jos! •• well. TI>e Eol<rt> rt al . 
J.Jl.J are • '"'"'" 1<>1 of tho ltnoatlllllion <>f the '""' 
l'"' 1\o"' cqu•ti<>n, l>ecao~<: producoion ind<>dod • t<n· 
h~J "'"8" in prOOoolion r•to, and almo!ól cun•pletc J<

pkl!<>n ""'"" n ~""""'"'" ronge lrom IO,tJtJO '" I.WO P>'· 
c .. n • ..-. '"'"~· oo•u«l • ""'lr'" from 4.700 "" 1.1~0 
p.ia, and a more re.triCit<l "'"~" of llow raoe. 

The m,.(l,) oortoiJ.<ion !Fig. 4) is acouaiiY "'" ., goo.¡oJ 
"' it aprew->. Altbou~ " " quit• gooo:l 01 ILm"' be!""' 
11111 houndory olfect ;, !ok. al Jon11 timos ohore may bo a 
'''""~orablc ,Joller<nco betw<on m,(¡.l ar.d P.llol ,.lu« 
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11"1~ 1) Al"' 'h'"'" <>n 1'•6- .1 •« '"" A<nouh~)·lcnki"'" 
odo.ol g.o• "'"" , .. u)h_ 11 i< "'••• o hui l>voh 11M: odcal an<l 
oc.<l 11>' c.o.<<' l«~d '" domonw>nle<• ['r<>><<rC dml" "hich 
are 1'"""' lh.ln the li4uid <•..,._•n<l which .or< fk-·r•l•' 
L'ef'<'O<ICOI. Ano~he< impattaO>l diAetrnce " ,¡¡....,.,¡ctl by 
lho ca..: Q ~ OOS The ide.l P• lmc l<mlir>alt< ot 11M: 
pcilll where lhe well ~"""'"'" " zcro_ The roa! 8., 
«>lulions lami,...le al • wcll pre>wre <>1 10 per <<ni 
<>1 1he inuial pressur<. Allhouglt ""' <hown on Fi¡. S. 
lhe produc"on um<o> lor the =ol ps """" lo ,-eock • 
limiun~ produ«ion prc..-ure ar< .OOu< '"" and • ho.lf lim<! 
'"·'' r~uir..:l f<>r the idcal 8as """" """"· Cle.~.rly, rm· 
duot1on lru-ecasu bascd un the itkal p• >Olu(K>M "''11 
he¡.,'"'' ,..._....u ... 

Al'l<~her impo<lant ""'""••ti<>n can be maJe from Fi(l. 
.1 hy <X"''P"ring tho real gas sofulio"' l<>r ""'""' 11"' 
o!>d condens.otc l<>r a "'"' ral< Q <>f 0.05. Allhough the 
.-..tuul P' li~ ;, cto.e 10 the bquid e•"'· 1be c<>n<te.-o 
¡¡..., ¡, lar hel""' the liquid """' lm<. The tormo~>al ¡>r<>
ducing !'""""'" ;, reach<d cariJer for the condenY.te lif'>O 
titan for the ,..lural ga. lif'>O. Thio '""'""' .. 1ho imporl.o<><:< '-" g•• ¡oroperly var,.tion• upon the ,.,...¡,._ Thot Í>, nu 
.<Ingle "-" <>f m.(l,¡ c<>rrel•ti""' could he up<eted lo 
appl' lu oll '""1 ll"''" •< l<>ng pr<>ductJOn Olmos 11 ;, 
al .. , ole~• fro•no F1~. 5 thot lhe rc•l ¡¡as rcoult< 1enU '" 
ap¡or,.<h lh< liqu1d ca"' ~~" •• """' r•t• J..cre-.o"". 
aoJ •1 <m.;ll pro.luctJon lim<>. 

llr<>nOf•~Y •O<J Jenkin• ir>troduced lhe concept uf o 
lc""'icnt drain•B< rod•<>• r,. Th1> term o!lould ""' ¡, 
e<>nlu..d with lhe dimer.,onl ... rod,al c""'dina1e '•· 
hono the Aronol!k¡-Je,.,.in> dd!nuion of the tran>i<nl 
dr.oi,.¡e radtus, "'< "rue for re.l 2•• fl""': 

02) 

'l'hc f.•lcw ,., ul.~ mult> un •lso be cu-rrelot<d "' 
"""'icot drai,.ge r•d•i "dimenoionl ... lime. The '''"'" 
''" JI<<..,_"Ot<d in Fig_ f,, ar.d agr.., "'ilh lhe Arronohky· 
k"""' '""'1" an<l thc lo~<Hd H"w r<>ulh •lmo~o c>dctly. 
A<-Lu.ollo·. thc Co>rreloOI<ln "1 thc rc.ol g>> tlow '"'"1""" in 
,,.,..,,,¡<he """'""' Jr.in•g< '"d"" rFi~- 6) ¡,, m11ch 
"'-"'"' C"<T<IaUM li».n lhe cuuclaoi"" on term' of m,.U.) 
ll"•g• ~ •nd 5). Thc dr•in,ge r.dou< cDI'T<I'-Iiun ;, <•· 
co·tt"" l<>r •11 'alues nf P<OdUCIIOn ume Thu<. E<j ll 
[>r<»Íd<< tho """' LJ><ful cnginw-in¡ appr<>lOch to the 
"""''"'" ftu ... uf <eal 8••«- A> recommcnded by Jenkit10 
.,,¡ Aror.ohky l<>r ideal p< Ao"', lh< oran .. enl drainap 
''"'''" fo>r «•1 B•' no.. can he found lrom:" 

In'.:.. 

'· 
' p,.(l,) -'·t r tlJ) 

""" lhe m(p) '"" ~ lound fron1 "' moteriol• hal"""' 

"' '"', 
(: ). m • " 'q -·' • ( "hr,'<{o1'.. ' .. "'' 

lpl',) olm(p) ::o 
11''~1"' [ "'IP 1 mt.OI] 1.1~1 

58 

1'4'· JZ lhrnu¡h J4 Ir< ""' ><rictly " •olu,un 10 E~. • 
1~- They reprue.,¡ an "cellent en¡ineerin¡ approximatiun 
which •PPlin for a wide "'"r<' of C<>fld11ioo,. The metllod 
•Pr<ar• to be ••"'1' bit •• ¡o.-><1 •• the /ertlins·Aronohky 
'""11 lvr ;~..,¡¡o< now. 

ng ó ''"""' tll•t "' lt>tl~ produolion limo• r lak .. lh< 
"""tanl valuo 0472 r .. ThiS ;, •imitar 1<> 1he Aronul•ly. 

/enkino M<hnl lor ide.ol 11""- .'iuMututoo<. ol loi>J·Ume 
V•lun fOr p,.CI,) in E!q. lJ ai<O 1.,..¡, 1<> lhi> COfldU· 
<ion llt<J>, lé<¡. _l2 Oecomeo similar '" fo"" t<> !!Jc 
lo<juid •- P><udo-stndy-ocau equ•tion at limes l<>ng 
""""'gil that 1be muer bounduy cll..:t " OO<'Imllin¡. The 
l.lt'l lho.l r, <•entually bo:oome. c-onotaB< at 0.472 '• doe> 
not mean Tho pby•icol draina11< rodo11> .cabi4iz .. about 
hall.....,y <>W '" the ,..,..rvoir. The enlir< r~r volume 
is báns dr.oined, as con be ... n by in•podtOn o( ""Y ni 
1he E.ilem ~ a/_• produe!ion 6gu<U. 

'The Eilerto n o/. oolutiOflll havc provided an exoellenl 
>el of mlormati<>n to t..r the li....,rizahon of the roal 
ps Jloo,o >Oluti""' for produ01ion. Eiieno " al 1pecifted 
dw !he e!l'ea•ve permeo.bilHy ""'' a funclion o/ ..,....uro 
( ... Wlling p<ai&UI1' drop --..ld .-.k in <:ond...,..i<>n and 
reduelion of <ffect.ive pe<"m«bility). Elf<dJVe ~moabilily 
c..n thuo be raken ..nhin 1he m(p) incq¡ral. O:m-elation• 
in Fip. 4 througlt 6 do inc:ludo a p«>o~ute4ependent 
pormeobil11y. Thuo, il an appro>.ima\ion o/ lt"' tffea of 
~"'""""' drop U¡><>n hquid o:ondens.ti<>n and 'reduclioo in 
pcrme.obility .--- tbe wellbore an be modo, the por· 
loo-monee con bo- L!31nnatM from: 

In-~-- m(p)-m'(p.) '• ·"·· 1 . . 1 r,. q,.p .. T 

m'[p) e 

,. 
'f '"'' " •• 

ond i i• a l<nown lunction of pt.,.uro. 

(36) 

Th<> ....,¡uln.,. ol comidering l o fu<>etion of preuuro 
to hondle condon..,e flow mi¡hl be opon to qu..Uon. 
Nevetthelooe. it is cleorly indka!M rb&t vorio1io>n of i ., 
• /ur>etio>n ol pra>UI< an be i<><:luded in the ~al ¡u 
pooudo-pr ..... ~. 

Correlailon of lhe Eil.,... " al." dot• ¡>rnented pr<· 
vioouly involva aloul&~on of m(¡o) on<l detnmination el 
rel>tionohips bnween !he Eileru ~• a)_ ,.,..,O<><:Ialuio ond 
1ha1 "'"d in thi• poper. (Neceuary relationship• oro m 
oho Appendiü' -

bl..,, el al_" aloo derermir><d performance "'''h o 
"""dy..u.o, non·Datcy flow re¡ion ,_, !he producina 
well. A• a '""ult, a stady·otatc olr.in df«:t con abo be 
il'ltte>du<:cd lo yield tho lollowin¡ opproxima1ion for the 
radal now of rQ! 1"- du.rin¡ prodLICiio>n: 

1, 

' 

r , 

•• ln--t-!+Dq .. 
'· 

''""'"~-····................. ..... ,,, . 
t:! 

(J7) 

-

¡.•,, (~Jo'<'" ~"""''<> IJ'""'"' fl<Oil'< \0 /> '"' A f;o '" ''· 
H "'"' Ho ""'"" l'oo"L < o,o • t c.,,.,." ~ '"· 

• 



-

' 

• 

' ' 
~, ..... ';, ''" -~ ... ..,,,.,-..... 11' •. ,,,. "''"''·''' "'"' 

··~···""'''· 
'0"1'-1'1~·· 11111. ~~·•-•:11••'-

AII .,¡ 1~1< ¡><•"<.cdon~ d'"-""'"" ,,¡ '"·'' ""'' "'"·'' ~·'' 
lr.m"cn¡llm• ~e;h wOih '""/""''"' "''')· '"j''"'"'' "'"'"· ·" ""·" ''""'"' ,¡,,,.,, ¡,. ,,,.,,.¡_¡l .• nJ ¡,.,li,," ¡.,, 
, • ..¡,,¡ ¡..¡,_,, ~-" l],w,-. ,..,,,.~,, ¡.._. h··""""'l ;, ·" ,¡,.,,,¡, " 
l . .,hiulo, Ar"•~•I•O) ,ond ¡. . .,,;,., -'"ld.ol<ol onj"lo"'' ~oll 

'""'""''' ¡.,1 1,,.¡,,1¡ "'"" ,., ·"' ,k.ol ''·" ·" '"'"'""'" "' 
• dun•''"''"'k" """' h.,..._.,¡ , . ., ._,., ,.;,.,,p<._-...~h•hl) ,,_,,¡. 
u.ucol ,,, <he inUidl ''""'·"''"' 1""'""' lo,¡,,,. "'1'''""" 

Thc ''""'"'''""''"' 1"''""'' ''" ,,¡ ,, ~"'" """"""""' '"' ""'" "'·"~,,,,.di) .,,..,,., '''·"' ,,,.., ¡,, ·' ••• , .. ;,¡ 
'""'· ,.,oJ ¡,,.,.,, ... ,¡ wHh inj.;,'"'"' 1.<1<. "'"''""'' ·""1 
len'-'"' 'h""··J th•• '"l•"«l••n '·"" '''"'"' W<"« "'11 
oh"c '" lho 1;~.,;,1 , . .,," f," lnw \IOJ'"<Io.>n '"''"'· Al!huu~lo 
<nj<e~i.•n ;, "' l"""'~ic.~l '"''""'"""' "' <h<lf, <h.: .,,.,¡.,, 
<llilil)' ,,f in¡.·cli<ln ''"" ""''·l,oli•ll" ;, "' ·'l'r:,.-,.,;.,,, "' 
oho r••"'''l''• ,,r '"f"'fl"""''"' "' ~'"'1·"'' ""'·1hk '""' 
proo.Jucd••ll "'"''·'""'""'"~lile '"'f'"'""' r"~""" huol.i "1' 

"""-
'"1~'11""''""'· "' 11 h111 h,-e., ··•·i'''·" ''' ~·" •••ll<c,:i1•1,, 

'""'""'' '''" ''""'"'""'"''• ,,,.,,., '''' '""" ,,¡.,,.on """ 
rroo.J""''"' Oc """'" "" tlo.- "'"'' ¡:... '"'"'•·•1 1""~""''> 
.-. .. lu.<li<>n. ,\1\h""~'' "''''''r"'"'·"' '·'"'" he "·""" "" 
d>lle11·"1 di""'""''"'"" ""1•'• '"' ;,,., '"'" .ond 1'""11"'·"'"· 
111, _,,.,,,.,, ''""r''"'' ·'' 
l'"·•li··-i l'h,,._ .... ''"" 
'"""''"" ""'lci.U<' , 1 ~·' 
'""'¡,-" , ............ ¡,_,_,,¡ '"' 

• ' ... ... . ... ,. " ., ... -.. '" "' "'" ... ,, ... ; .... 
o: .. - 11 4 .. ,.1 "·'" ,¡ ,J,,, "" 

1'1""'·-·1 rr••i"''""' ,., ... , ... ,.,, 
" .. 1'"""" '"' ,. '"' ~o-r .... r. •···· ¡, ... ,,,,,.,., r .. -.. .,,~· 

\\',· 1,,.. ""' Uo,· -.h'-"" ni"""",, 1'"'"' •'·''""1"" 
·" li<e ''"'''"l' "'l'''""n P"''"'" '"""'"'' 1h11 "·"'1~ ,,~Id 
,¡ ,.,.,¡, 0<0\ '""~le )llr '""'"Nio~- ·n.., i•. '' '"'Uiol h.. 
0<>:">•'1) il) 1.1\<IW 1h1• ofl\C<'\11"0 f"">Of<..jllll< hi•">f) 
l~·r.orc '' •'""'" 1., ,.Jiciii.<1.-J, ,\., '"''"''" P<'"'"•li•· " 
'" •••1.,,,,,. P''"''-" p,;,_.,, .. ·•' '"'' nn•l . .-1'"'"'<-t ia 
j<c-tiua !"""'"~- '" i11 lloe ,-,,,., ,,r '''1'<'1"-"i""" •r••licJ 
to ,..,.._.,...," ["''"'"""" "' ¡,,.¡[J-11¡>. " tho in•t'.<! fOI''""' 
""" l"«""' l•or • .,,. pwJ.,,·""" "'" ... ,neJ Thi• ick< " 
lund..n"'nt;IJ; tloc ;.,.,,. ¡,., .oll "-",.,-u 1'<""1"'' hlllll-u¡. 
-•rrlk.li•'"' ,.,.,,",,_in"" 

la r,,,r, ''"'"""' "" '"' ''''"''"'" bo~·•J "" a•• "'"'' '"'1 
pr<~<Ur< "" "" '"-"'" '"' '"''"') 1hn11 11>1»< ~ ... ,¡ un 
rh)""-'1 P"'l''"''" ,., .• lu••··-1 ,,¡ ,,,.. """·''· '"" r .. rm;.·i<>n 
'""'"""- n. .. ,, '"'" '"1' ''•"" ,.,,. i.l,-.d """ '"'' ~·· 
illlll' <a"'· Fl~. 1 rrc.e"'' thc ''""""'i<>nl"'' real ~'' 
!"-~""""' ""' 1 • ., lhc J;,i,n. ,-1 "'' injo.-.:li.Jn '"''' llioeir 
h~. ~1 '"""1.''"1 ,, ,¡¡,.,...,,i.onl•·" 11m11 f>,_,,_.,¡ ''" '"''~ 
lh,· 1""'·'' 1,,. ¡,.,,,.,,,;,.,, 1"''""1" ·""lihc ¡¡,,,,¡ ini<•''"" 
P"""""· ·n,. "·"''•'•' '""' '"""'"'' ohc li4uld ,~,,. ··•1"· 
'"~'- 1 '" • 1 ... " . .,,. ''i'J~"''"'. ,¡,. ''''~"-'' ,,¡ •he "'"'d"" '"' 
·"" "'"''·'1, ·'"'' ••'1"''·'''''"' ,,,_.,¡ •111 li"·'' inj~"1nn '""'" 
>LitO IIIC "'' ,..,.,.._. lh.llo IIHI\C '"'"' "" illlli•l. :.,~ 
r,.matl,,,. r"'"""'· "'"'" 1h• ¡,.,,¡.,,,.~, .. n<lf-1)' '"'·''"
uf ideal~-" n,,., ,.,. '·"' ,,¡.,, ,.,.,,..¡,.,¡,, ll<,ol ¡~,· olil/cr,• 11, 0 
""'"'"" 1110 "*'"''" ,., ... """''·'"""' ''"~ ,¡,, ¡,,.,¡,¡ 
"~"' t..c,.,,,,, .. ,. .. ,u,-r '" ;,.,,~.,¡,.., , • .,. ''"""-'"''' i11 .. ny 
CaiC, lhc <hlla.n«• "ll«o'l 1-«~•·. 

Fig. 7 ,_,., 1.-... 1 ,, ........ : •• , ;,1.-.•. r· .. ,,,~,,,;,,, ¡,,,,.,¡ "" 
-• Jin"""''''"'"'' '""'' ,.,,,¡_,_,,,.,1 ~=:h l'hy•i<•l P"'~"'"' 
;l>.•o>t h.M-~ •• ~ ¡,_¡,.,·n 111, ""'''""'' 111'o~h; ''' <.<it.• 
M•~,J. Th" ;,,,._, '""'"" :'"''"J;.,,_r, """' ,,,.. ,,-.,.,, .. "' 
,,,,.,. '"''"''· 111,,, ... ;r n.·~ ... ~ ,¡,.;,¡ r"-''''"t r"'~" '"' 
'-"1' mo~"•••n~~:.oJI¡ .,un lh•lcn<i•l- lhc P'•'P<' n~ul· ,, 
limilcd 1>1 1h•"•' 1·>.olu.LJ1·,1 ,U 1! 11· '""''"' ,,,¡,..,, ,.¡ 
phy,ie..l i'"'l'•'ori•••. 1 J'ICJI\,.Oa" ¡ol,w,cl Lll.ll t>'IL<il• J· 11! 
1« l><l"""" lh,...., ,.,_,¡,.,.,.,1 .11 11>.: e<lr.•mc• ,,¡ ph¡•o:.JI 
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l''"l"'""-' "hcrl"'l ¡ohyllc.ol 1'<'"1''''""' "" ""'"":.Jnic lun•·· 
'""" '" """ 'lhc "'i"<""" rrublem ""' l><on tf>e •ub¡ect 
"' "'""~ iovc•lJ&•li<>n m <he ll<ldo of ii<•L tr~n•mi"ioo 
.uo.l !\"'""""""'"' n>o><m<ol IFriedm•nn.~ -~rorm" •nd 
J•,.luharJII"•·•·K<><ilino"). A• h.J• h«n •hown bv lh<S< 
:ullh""· ll c•nn<~ •lwa)' be a..umed thot evaluátion al 
·"' avcra~c P'"I"'"Y woll ~o<ld ~·10<1 r«ulh. Someolme
lhc ''"'"'" wdl '·") lmm ""' <>lr<ffi< '" lh< other. 

-•·1'>111"1~111<1~ .... 
II~UIUI~JI "'<llrllrl'' 

-~"1"''1'<""'"" " r~gor .. ooly c<ltrccr only fur lmeor 
¡wli.LI J1ifcrcnti•l c4uati<'n<. Nev..-rbele-<1, the extromely 
d""' ch,.-.;1. ix-1"'"'" lhe lineu.ud 1001 &•• 'l>luti""' oor
>el.\11>.! ''" lhc h, .. ;, of obc mJ1,,I, "' 8'""" hy Ey. JI. 
·""' 11 1., ~'"'" h~ !'/.1- Jn. onJ ¡he liQui<J now '<>IUIÓun• 
"' v11o 6<rJin~·~• ·'"~ Hu"!. indita!"' lhe po<.,b,luy 
lh•l >Uf"'ll"-""'"" mi&hl he ~uote ¡00<1 f<>r malchin~ "" 
"'"'"'i"g '"'" r~oxl<101i<'n ochedule. An incr<a<m~ r.1< 
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''h"luk ~ .. uld "'~""' "'1"''1'""""' "' 1'""'"" ;,,_"_ 
monl.ol ''''"- 11•"'«<<. lh<· ,,.,¡ !"'' llow .. ohHio,., ,¡., 
>l<p•·•ul ,,,~luly "1'"" r""'""'"" o.ol< lhu,, lile .,,ry 
"")' '""" 11>< "f'l'lo<>liolo <'1 lh< 1'' ll>eipk <'1 "'1"'' 1'"'"'"' 
1•• ., ·""f"•l>lo ·•I'P"'""'·";'"'' '" '"'' 1'""-' 11·- c~n 1>< 
"''·'"'""'" " hy o.>mf'"''"" "illo limiNhllcrcn« ,,¡.,. 
,;""' <>1 ,.,iahl<-r>l<. '""1 ~"' """ ~"""'"""· 

~U<:h a "'"""'"""" c•n 1>< made for on Íncll.",,¡n~ 
!''""""'""' r.ole '<;hcdulc ¡,...,, d•l• ¡,,. m~l goo ft,w.
puhh,hod lw ('anor." Can.,- "'"li,-J oho clf<cl <>f wcll· 
hoHe ""' o¡:e "" ~·· ptoJnclion. Fo>r ¡,;, .. ~Ul>OM, u ""' 

•'""m<d that thc <Url.co llow """ "'"' held """""'"· 
l>ut () 02%< Me\ '"'" "ithdrawn lr<>m oh o wellhon ["'f 

1"< "'"'""" d"'f' in the ""111-..-o_ Thh rc-.ulted in ohc 
-.o\<1 '''"" 1\o>W ralO inCI<"';hing ·" o furK"li<>n <>1 tome 
''"'"'J 11\o con'"""'.,.,¡,,,. ~ow f.<\e_ Thi' ca'<;, olm'"' 
nocli)' an;olo~u• "' 1ho wcllhoHc ~mlo,Jong ca"' ¡>r<• 
"'"'"J ~l '·'" Everdoneen •nd Hu"'" in lh<u r-:~
\'111-11. ·rhc ,...,lll><>rc >h•n•ge '"""ano!:' lor C.r1eo\ 
"~""""' "''" 1>< d<Ocrminod "'"" Eq. ~ prc.,o1.,.t ~Y 
Maoncy.~ '!he '"'"" .,r (lo.- Cor1c1\ "'l"oion• """' '"'' 
,¡,~hl~' V.>lh f"''""'"· hLU .o \',>fll<" ,f lll()" 4<1liC M<HI. 

ro~ " f"<''''n" ,, ""'''""""' ¡,._""''''" ohc m,.l,,l ""'""'"' 
lonuo I"Ml<r"' "'lulÍ<>n,, 1-.•h "''h ,ond wilhotlt """"'"" 
•l .. o.og< '"'" ohc '·'" i''<'f>ion~cn-11""' ¡¡..fr,.J '""'""'" 
'"' Jh,· h~•u•l n,,. """'- 1\, '·"' he'"""· lhc <'"'"~'-"""" 
,..,¡, ,-,.,.,, • ., r-•1< h4lllol """ ,.,¡.,.,, ''"'''~"' ¡, «<:<llenl 
flllo ~" f'"''"X"fJ '"""'" '"1 lhC bfcmo•l ,¡• Wf!lll<>"' 

,<JI """" Tn<cr<>l, oho """P"'-.'" ¡,.,.,..,. Lh< li~ui.l 

n,.., """' ,-;ti, "dlhore ''"'•~• ••"-' C>!ler", '"'" '"'"" 
,;.,,., "''" "dlh'"" '"""g' are ''"' o.ccllcnl. Thi> 
"l.ohl"l"' oh•l "'l''"f""Íll<>n ul tl>o lincor~zcd rwl ~" 
~~'"' '<oflliÍ"n' h'< dO inCIC><On~ HOW r>IC •houfd 0, • 
><ry ~"ol .lpp.-..><Ím•ll<>n->1 lca<l \>efc>r< ""'" ""'""'"l 
cll<ll• '"' '"'"trnlling 
Ahh"u~h '"1"'11"'"""" '" "" '""'""''"~ prl)d.,,-,.,n 

r.uc .... h,·,lulc •PI~""'' '~"''" ~o.~l. " ¡, not appor~r>l lh>l 
.o ,¡,.,"-"''"C '"'" ~el>cdulo ;, !LI'e<pllbk to '"~"''~"'""""· 
l'hi, re"''" lO<Cau><: oh~ ~imen,ionl"' real g•• injeollon 

!'"'"""" ""'"""" ''" "'" •~orre!olc wioh ohe liquid '""' " 
~.11 '" .¡, r<o.,l'lcti<>n "·"·'· Ewn for lran<icnl injew.>n 
"' •n oJc.d ~···'" 1hc '"'"hiu~ dim'">ionlc" i'"'<""" 
""' ••PI .. •" '" •kr<o>d "1'"" "'l'"'i"n rdlc. b,. J,.,., 
·•l'fl"h"'' '''" ''~""\ '""' '"'"""" '" injcco•<>n r.t, "'" 
'"'""''· !he 1•<'1 th.<l injcc<ion '""'"'do Ol'f""OCh oh' 

''~"'" """' •• uojc<llun '""' •PI''"""""' zeru '"~Y"'' 
oh.ol "'1 .. ''1'"'''¡"" ,f '"'''" P""'il·e incrcmcmat '"'" 
'"'!"';""'' v.lluld he· lc."'l>lc, A~.oin. lile P"'lihility '"" 
""'J" ¡,., d><-d .. ~l h)' cum¡wj-.,., "ilh finil<.Jollerene< 

~·'"''"'" . 
l·orHon.oLcl). ""'" Cnne~" "'"' ll)h"··•" hove ~t<· 

"'"'"" lihilc.Jollorcncc wllllmn• f.,r dc<:r•••ing flo"-'"'" 
¡>r,olllclit>fl. DylJ,.ra\ Jala P'<>>Ídc "n e>«ll<nl '"'. for 
c.omp.¡•••oll ol linllc-<illl<rcnc, ,,¡uoi,>no wiLh '"P<'•f""i· 
•ion ,,¡ ohc lmc•rized't-OILlliOM. l·ig_ •J prc•enh a COI1\· 

~'<"-'"" ,r D}''""'·, '""'P"'••I no-..in~ P""""'"" "'lih ,¡,,,.., ''i>L•inc,l hy '"P"'P'""i"" .,¡ l•n<orizod ro.ol ~" 
ti,,~ '"'"'¡""'· "1'11<' l1nc " 1>)'''"·'·' '""'"· ,.¡,¡fe l''""'' 
"'1'"'"""' '"'"'" ,,, '"i"-"fl'"i'""' ,,;.~ ''"'' '"'" "' ¡,., 
i"'"""''"'"l r.ll<' 'h'"'~"' In '"1'"''"'" ,, r.<p<<ll) ,.¡,,,,~¡,.~ 
11"" 1.<1<•, 'l'l1c llo•v. tal<" '' ,¡,.,., h) oh' d,,h,d llll>', 
!',,. oh.• •''""'l'k ,h,,.n. lhc l""fii1Cdbohly ~"' 11.2< '"'· 
ohidnc~, "·" 17'J 11 inollal 1'"''"'"' ~.LIII f>'Í., ,.,,.¡ 
1\nw ''"" ,r,·cl•n<'l 4"""'·'""·•11; '" " IUI\CIÍ•"' ol "'"" 
"""' lo,~llo '" 2.~1KI \icf/1> h) _<IJ J•)> pro><lu<in~ lln><:. 
\"1"''1'~"'''" "·" ·'""""'Pií•he,r ,,in~ ,,.,, •• ,;,nro~' '''""' 

"·"''" "" '''" """"¡ !'"'"""' '""' '"" ,,,,¡,,¡ '·''"" "4"·'' 
l<' thc lo4<".J <>"' ¡o,.II.J •·•luo, ·¡¡,, ""'''"'"" dollcocno;c 

he~""'-" llyhu~\ """'' "'"' '""" """''"""'' h~ '"!""'-

GO 
!'<";';"" '""' 111 P" ""' ,¡ • "'"'""""" ~~ ;<.r~u r•i
• dilfcr<llCe uf O~ pe< cenl. The 511---d..!y proo.locllon 
F""¡,,¡ "·" l<>ng ""''ugh 1ho11 inoloal tole ch•ne<" w..re 
onHuenc«< by lho ""'"" bo>m><lary. Tho•. •ve wncludc 
lh•l •upcrf""rlÍlln C4n 1>< ,._,..1 to rept<><""'" v.riabk
''"" drawd""'n """ ,..,¡, accepo.&trle accur.c; 

The pr<v•ou• rem~rl<s <-onccrnmg •Up<rpo•;,li<>n ol in· 
cremenlal raJe inf'<a<r< u~. of Ct~, dÍ!'tC(i)' applkablo 
'" P'"""'" build-up !O'lÍOI. Ahhcouglr in•ufhcienl com-
1'·'"'""' betw<en ~nite--oJoll<renco ~u1IJ-up wlurion• and 
>Ur<tpo<illon <<>IUtion• /or lh< re•l ga• ftow ca>< /lave been 
mad< lO <ompl«<l} c>plore thi• problcm. Ll doc. a¡>Peor 
lh.11 huild-up ohwry can be "'"'! wHh good accurac;. 
An mltf .. ling '"" of pr<>•ure huold-up can he madc 
hy comp.ri""n ool DykU<•'•" "~Uiioru with •upcrpos.i
""" 1ohL1oon•- Becau .. Dyk>trú ca•« involv•d • vori
•hlc-r.to prOOuction pcnOO. p<rme-abolity w .. low and 
P"'"""' ¡radien" ho2h, il ;_, l><lievcd tllo.l a falriy 
e>lrcmo , ... ro:"lul". Fig. 10 pre,.nl• the buold·llp fol
h,win~ oho d,.,.d,....-n of Fig_ ~- A• can be •een. oho 
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'"1"''1~'""'"' t<>ult yidU• ,, •1<n1lar ¡,,,¡J.u¡> '""' t>l 
iJcoiO~.,¡ ''•'!"'• h"t •bo.otU bU p•t bduw ll)l.'""' 
liM<·Joller••n,·e -.~utiun • .'\¡¡.>on. lh< pcrC<rl1.1g< J¡lfer<nc.· 

" ,.ndl. lile linal ''·"'' Pf"'"''" " ""'"" L1 ¡><r «ni 
''"' ¡,,,.,._ U •PP"•" that '"1"-~J""Minn of tl>c re•i g.<• 
¡¡.,.. linca<i1.11i<>n ,.;u >lv•ay> ¡i<ld a pre»torc buiiJ-up 

"""' f"'''""" th.u ¡, '"" low, bul "' guod or l><U"' 
1hau """'" <>f currml melh<.J< Fnnh"""""· fidd .oppli
<•li~n l'ouiJ b< to the ~ciJ m<=ur<J dat•-<he reol 
"''""'"'-· whoch w<><tld '""d ~· e<>tr«t f<>< Uli• error. 
Wc CUilcluJc Lhat ~''""'""''huoiJ-up "nal)~ll h:•<Cd "" 
"'1"''1~"""'" <..<n be done l<>r real p ll<>w ,.¡,h •<· 
'C!""'I>I' •<<Ur.o<:)'. hut thal lunh<r ,..,.¡y .,r l>f'""'' 
lmoi.I·Up l<>r rc.ol ~·" lluw ¡, Jesirahk 

• 
'ri.\I>Y-~T'\1" Ai"lli'~¡._UDO.STF.!IIlY· 

STA TE H-OW 

U.O<h .. l· ~"' llow al "'"',.""' pn.Jucli<l<l rulo woll he 
,.,,,_¡.¡..,.-..~_ .\ h<><iwol•l h•""''ll""'-'~" f'C"'U> meoliun1 
,.r '""'''"" 1hicl.n,..,, lo wilh impormeable uppcr anol 
l"w<f l-.ol1l<l,.,y, .oml ""•·11 "' ''""" r. loc..rcd in lhc 
,,,,,., ,.¡ " r.Jo .. l """''"""· """'"'"'"" tho 11m• >)•lcm. 
The ""''-e ,..,¡i,, '· '"""'""''' "''h"' the '""' OOunJ•ry 
,., ""' '·"'"" ,,f olwnl~<- Tw,. ""-'" will be Clln>iolo·rctl· 

"' """'·""'"""'"'"' '· ·""' c1 "" n ..... ""'"' .-. 
,.,._ .. , ••;¡ ,.,,,_,•L>n: '' 
"''"" ''"il~l>~ln 

'1 to.' '"'"'' •• ,,,,,. '''I""IÍuOl ¡.,, ,¡ re•l ~"' ¡, '""1"'"''"'"''1 
'''""" ,.,,., '''"'"';orillen'''"" ~-'l- 12 "'-

' ·' 1 r o/mjp)[ 
' ,¡, ,¡, " i\KI 

11"' '"'""''"') •"""'""""' ''" ''"" '""'""'"" c¡li .. J •. ,. "' 
'·"'" '· ·""' t, ·""' 

r- : "'11•1 /!1[¡>.) 0'1¡ 

'"''~''·'""~ 1'". _1.~ and """i ohe h<'LmJary conJi!ion,_ lh" 
,,,.,,,h ''"'" P"'""'" J•"ribuoi"n on ohe ·~>tem i>: 

"''·'( ') -;-v,r: '"r:: (411 

1.1 '' '''" b< cval<o.otc-J r .. rp- p, olr-•r, an<l ro· 
·'" "'""'' '" 1'"'''"'" :on oyuaoi"n '"'l''i""' '" rloc ""'"'·" 
r .. h.oL 11-•~ C<jU.IIi,n: 

.,. '. p, In--
'· 

,U,oh E~·- 11 '""' l~ "'~in <i•rcy, nr o¡p unill. Thu,, iho 
1/o(¡oJ lo.l'< ''"' unih "f "1 ~¡m;,p 

\" ,.,,,,,· ,, l:flo,
'"'111! hl)l:\lo\1:\-

,;, "'-" '"·''"" ¡w>iot.,l) lo) ~4- Jl ""~ H1. 6 ¡¡ lon1 

""". " ~~-~· <~"·''''" r .. '"" "'""~ ""'"' ~"''"'Y· 
"""'·"'' '""' '·''" prooJucllotn, , .. di•l now ""'" "'"' 1>.· 
"'""""' 

'• 
'" ' . "'1¡•.11 . (~.1), 

~"'"'' <h~ .,,¡¡;¡ '·'""'' I'Cf< delernuncd fr<><n • m~h·rioh 
lo.o!,onc.•. oh,· ¡1 ~·~<~~nl<ml "'1"''''""' lho ,¡..,.a(IC P''""'" 
"lo~o·h """''' yi,•lol lloc P'"J>C' ""'"~" don•ily, '" lh< 
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''""e Pf'""'" 1<>11•-•n~ " O<>mpiO!c pr<»ur< buoiJ-up 
h i• no/ ~ '"lum.~r¡.; av..--.ge P""'"'"· Eq. 43 coupled 
;ooth tOO ro.-mal "'aooroaJ balance l<>r a bounded .traJnoge 
""'""'" pr<wide.; • '"dul mum to onuple production , ... 
and !"' m:over¡·. 

In the """' of li4uid ftow, an oquaoon •imolar to Eq 
41 can l>o dorived ,.jng th< concepl of pseudo-oteady-stale 
n""'· Th., ;,, • c"ndition ;, "'er<ually reachw lor e<>n
"""' rato \i4uid pooduclion when 1M r>to ol l'f<'S"W'< 
dc<:lmo bca>m"' coruL>nt <'Verywhere in th~ ,.....,...,¡,_ 
TI"' C<>nJ1ti<>n ;, ••rr-«1 mathematically by .etting 
tho Laplac,.n <>f lh< p<e>\IIU oqual lo a CO<IOW>t (othn 
tiMm uro)_ Ahbou(l!l ot can be shuvon thai the lapiiLCi.ln 
o! Pf""'Uf<·'qu•roJ foc an ideal ga>, or thc l.aplacian 
of the ""'' giL> f""Udo-p<...,UU c""not be e~ual to :o 
""""""' rignr<>U>Iy, , flow C<>odrtion •imilor '" p.eudo
"~•J¡·..-~ ,¡,,.. apptar to e1i<t /QI' botll id,.l aro! .-..1 
~'" n<>W, fot all 1"""'"•1 purpose• Tb< uistence of 
•uch • e<>ndition i, •ugges¡ed by Eq. 41. Fig. 11 ~"='"" 
an intoreo~ing i"'pccti0<1 of the l'f<'S"utO bcba~ior durin¡ 
ohc ¡oeriod tba¡ Eq . .¡] appfic. lor one o/ obe E1\erts ~• o!.' 
""''" "'"' >hown " the p.(l,) for C<>nlP<I<i•un Wlth lhe 
liquoJ c ... A• ""-' ~«:n p<evioo'l~ in Fog. 5, 11\e "'.(r,l 
.¡,. oot clunge at a e<>n>tanl r•t• durong thi• perit>d. 
Alt~ugh u nutche. ohe hquid "">< •oluliun 01 o.rly 
lim«. ovuntu~lly the on,.(l,l dr<>p< helow th< li~uid CU< 
'"1"'"'"· Th~ "'"'' i<M<rcsUO$ fe•ture of Fi¡. \1, h.,... 
cvo:.r. is th4t ohc ,,,(r.,t") f,,- oll r•dial l<><•lions aro 
"'"""liulll' p•ralkl. Thu>, ohe mi¡JI pr<>lile i< oo•enoially 
indof"'ndcnt .,¡ time Th~> conduion c•n be descnbcd 
appro•inwcly by ""-''"8 tb< Loplacian <>1 m(pl eq""l •o 
a oo>notant. A• ,¡,,.wn in R<f>. )9 ar.J 4~, thi• leo<h '" 

"" ~uali<>n """'"' 1<> E<r- Jl. bol 1n '"'"" o! an 
avor-o~-e ;;,¡p¡ nuh"' <han m(¡;¡, Al1h0<1¡1l it c..n be""'"" 
th&l thae '"'" ..... ,.,. t<nd 10 be equovolrnt r,. puctlo:al 
mn¡¡e• o! "''"dlli<lll>, it doe• n01 appear wonhWOJio to 
'""'" the Jovelopm<nt hoto. In any eveno, Eq. 32 de· 
•oribe> tho l<>rl8·1Jm~ ftow behavK>r ol ol""'d rado.>l 'l"<m' 
with romarkohle acouracy. 

Am•hcr """'"~uonoe or in•pocMn of !'os. 11 " th•t 
oho "~P) Jl'ltohul"'" can be o-bta.on<d re.adJI). For ••· 
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-""1''-'· olw h•lh•~in~ ''~""'""' ,,¡_,. olc..c"l>c' (how "'""'" 
.• ~;.~di • 

el lo 1 (-1 1) ,, ,. 

ltoe 1'"'1'''"' ,.¡ 11>< P"""'"'~ ~.- lo J~...ctol>< funo.l.o· 
,,,.,.,,,, .,.,,,¡,(<,,,.,,.,., wl .. ch ''"' he ""'J "'«"~'tnlly '" 
,,,,,¡,,.. oh.- """' ,¡ n·.ol ~·"•~ The """"P' ,¡ lh< n·.ol 

~·" 1'''''"'"'1'""''"" ~"""""'' .1 """i•kr.ohk >i»>f'lor.c.oiO"" 
.ond '"'1'"'"'"'""' on .oll p/11>'<' ,.¡ !>'' v.dl '""'"~ ·'""')'¡' 
,,.,¡ g,,, ,.,,,.,,,,, '·'"''''·'''""'· .,,,, ;,ppltc·'"""' woll he 

'''""'''""" in "'"'"' •'"F'"""''"" r .. rn, '" , enmJ>dni..n 
p.>f"r. 

'"'"'·" ""'·"" cuue<ulin~ lhe ""'' ¡;.>< 1''"""'""''"'"'" 
·"" 110 ,.,,¡,.,, "" d.onn ni ""~ln.olol) l""" he maJo¡,., 
'~'" '"h''""""" "'" h.ove c.1lk~ ohe ,,.,¡ '"' P"'"'¡,. 
/''""'"" ("..,,¡,¡,. ·'"" J . .cger~ rcvic""'"l appl•"-'llon uf ·' 
.,,..,,_, ""'"("'"'"''"" whi.;h "'·" u•,·d on ,,.(utoun ul 
¡,_.,, .,,nJ,~Il"n pwhkm• '" c.orly ,,, IH'J4 "'"'' lh,• 
,-,ul) 1'!111", w,-.;cntl). M,\(,.rdie" f'"'""d '"" lh< •~ol>lv 
,( 1¡,, "''' , 1 ,,,,,¡,,,,,,,,,,,,.he., ,,,,,,e~;,., rr""'""'' 
¡¡,,,., lwc· ,.,. . ., ¡,..,., """""'"'" ,,.,¡,.,," ni ,¡,,. ""' 
.,) ,, "''"''"'"'·'""" >h•O;(;or '" lh< m(¡•l fUik'll"" on """" 
"'"""" w»h 11""' '"'""~h f'""'" mecli.1. In ~~~'' 
,,,"~·'' """ ''"' ''"'"' "·'"'''""'·"'"" in·''''""""'''" ,.1 
oJ.,• 11""') "' l'"'""""n'""" m • .!eh In 1"53. l.ciiJe>lzun" 
., .... ,¡ 11>c "·"""""'·'"""· ofkl Ru"i>R a-~· ,,¡.,.. 1<> 
" ,, ¡¡,,· ¡,,,,,,,., ''·""!"'"'·'"""· ,, 1~51, F•l ""~ 
""'" "''"""'',¡ ""' ni " ,;mil.or "·""''""'"""" '" cnOl· ,,,,¡,, ,.,¡, """"""' li~uiJ tlov.. In 19~5. Aoloonwn 
,,.,¡ ,-,,,,.¡,,,.¡'· c>.olo..,leJ onlm<fi<•IIY " ,iomlar fu,oli"n 

""' """ """''·"" """"'"Y In 1"~2. Cor1<1'" "'"" " 
!'-'' .,,,¡,¡,¡) Mm Mlpl. ~·hlch w"' dcfined as· .. , 

Mlpl ~ 

t k'>ri)', thc ul(pJ function ;, J>lOf"""'lonal to tlrc J>l ... 
""' 1n1C~r•l ,r CMict'< Mlr> In I~I>J. Hunl <1. di.~ 
'""' ,, ,¡,,¡ .. , onlc~rol, "'" wllh constant vo>Ccllity. 
Tu "'" '"""'·lcJgc, """'""'· '"" popr:r repr<><nh lhc 
no" .0pplk•ll<>11 o! 1he r<•l g.<• p><~oJo.p<O<>W< lo hneall· 
,._.,;,, <ol ''""'ieru rcol S"'' no ... Porhap> 11>< m"'' 
""'1"¡,;.,~ J•<t ¡, th.IL the ro.1l11alinn ,.¡ 1hc utili1y o! 
oh" o:nneop1 h..• h.:en '" lonB in cumin¡. 

'" lhc n 1 i~onul dr .. lt of Lhi• J'<IP"' and 1he comp.onion 
f!'•r<•·." "' c,LII«I lhe 111(¡o¡ funcown !he rrol ~"' 
'"'''"'wl. lt ""' <lool<d in th""e r<'f>:f' tha!·Ü>e "liPI 
"·"''furm~""" "'"-' ""t o uuc po.~cmial. ¡;..,..¡.,. anO 
J.o<gcr • ''" 1ned a •inulor '"b"ilLLILon in ltcol oonduction 
"" ·-11"'"'" l'"''''"j"'· whilc Mu•k•l" c•ll<d tb< lrlrr1>· 
loronatiom a f'<JI<nlial '' " m•ll<r ol con>,.,ion••'- We 
kd lh>l Jhc ILI(p) trafk•fo.-n•·•""" woll l1e an imporl•nt 
!uncunn in ~"'''""''"ir Cll~in,.,rinQ. ond '' h imP""""' 
tb.ll ohc tunciL"n he ~ivcn ,, •uitaillo namc. lf we wm· 
'" ""'"" 1!-.o lran•f,.rmAIÍ<>n a. Ru"'i•n author• haw, we 
'""'"1 c.~ll H ohc M•"'"' .,,,_,r,.-m,oli,n. !11 tho helod 
Llod\ thc "''"'" •lounlol he oea><nl..o.l>ly dc"'ri(?livc Ufloi 

- O. ie 1 • ""' lcr m re •l 8"'' J""'"l"· P""" ro .,. ; • lln.1ll y "' kct col. 
1 h" "·""" w;~ o>ri~u¡,¡ll¡ "'~~e•oeol L<> u; hy M. l'r.i•, 
Y.liLL '>IICI!Ilevel"l'"""' {\o 

lt "~'~"'"'' lh>l lho loll""'in~ co.•nclu>iono ore ju•tifkd. 
Th•• ,,,,,,¡,,.,,.,,¡,.n ,,,!lod ohc re•l ~·· p>CUd,.¡'o"C""tc in 
Jhh 1~'1""'' "'""'"'" oi¡!!'"'"' p.~roi,ol dollererMi.ol cqu.ooion 
¡,., lhc n,., ,.¡ 1\',ol ~'" '" .. n ¡,¡.,,,¡ •l"'""' 1\l a ¡,,., 
.innl.11 '" ""' dotfu,;,,) ''l""'"""· l•tJI "ith poociMial· 
''"~"""'koll ,¡,,¡,,¡,.,) .. 1\ec.ou-.• oho v;riotÍ<>r\ o\ tire ~,¡, 

lohivity ,¡ ro,¡l ~-" wioh 1"""'"'" "'" ,(mol•r tu lhal 
.,¡ •• i~e•l g.o,. il ""' J'O''ihl~ 10 corrcl~l< fonioe dLI!crcnce 
,,(uti<>m f<>< ohe ioleal wlial producoion of .eal ~·· 
lro>m ,, h.><mdeol 'Y''""' v.ilh ¡he !>quid tluw '"luuon• 
,,¡ von l'•ordin¡:<n ,.ud lluf'l, anJ lhc ido•l ;:a• 'olu
•i•'"' .,¡ "'"""'('~)' •nJ /cnl.on>. Thi, corocl.ooiun nood< 
oho """"'P'i"n ni """11 1''"""'" ~roJienh :n 1~0 rc..er· 
,,;, ond "lloro gcncr.olly Lhdul '"lution1 !o; ll>e radial 

n,,, ,r "'"' ¡..... 
""' onvc'"~"""" ,¡ lh~ •nject1<>n ,.¡ re"l g.- inh> " 

huL>noled r ... lo.ol 'Y'-'""' ,¡.,, ~.IV< • '"''"'""hlc CLirrel.ltoon 

-·~UI "'" "'' !"~"' ,, '"""''"""" '" producll"n dal.o. Tho 
C<l<«i.lli<ln w.o< ,,, ~'">J "'- "' bcuer than. 1~< correl.otion 
o>( ideal g.,. lluw ''"""' m.ode h) Arunnf,l.y .1nJ Jenl.1n,, 

An '"'"'"l'-'''"" ,.r ,,,. ~'""ibilioy ol '"P"P"'"'''" of 
thc llnc.rri,c.l """'"' in<lo<>l«l ohal "'I"''P<'''""" con 
he ""'J ,,. .on ... ccpuhlc cn¡:onocron~ •PP'"'""'""" '" 
~""""'' ,,,.;.Ole '·"' tluw ,.¡ re•! ga><• "' " r.d"l 
•Y~<m. P""""'" huold-üp fu.r real ~·· now ,.,, ohu, 
ju,ulicJ for ohe ""' time_ !N<> ju!lo6cauun ¡,,. pre .. ure 
hLiiiU-Lip ¡,, ol" ,.,,_¡,,., P'nhlcm of id<•l ~·~ now 
h"' )CI Oo:cn PI<"'>Lle<l) 

i\\'(UidlC .onol "mpk cqu .. tion• c.on bc """'"" '" 
dc·,mhc "'""'"'' ll>~w "' C<dl g•••• which P'"f"'rl¡ C"n· 
,¡,~o, ,.,,;,,,,.,. ,¡ ~·" phy•ioal rwrcr>i" 

NI)M!·.N( I.ATliWE 

\] .. ~··J 
"J; J>Vl'fb"<OC< 

"!' • l."P'•"''''" o¡><r.ol<•r 

.-1 ~ "'"•· "l <m 
b • ,(o¡>< ni" ""4ii~l lin< m • plot ol ltp)" ltp 

,-,(pJ • real ga> oompr"''ihLhly defincd Oy f'q. Hl 

h • Lluc~nen. cm 
i(p) • clfeclivo perme•I»ILly, ducies 

M • molocui&L" wei¡hl 
m(p) • 

' • " " ,. ,. 
, . ,. 
' -
' ' ,,y,. • 

<IP) -

real lOS p>CUÓO·pre!.iUf< defi11<d by Eq. 14 

pre><ure, aom 
~ow role, cm'hoc 
rodillO, cm 
gas ounstant 

""'"· ... 
tcml"'talur<, 'K 

v.~ocioy, cm/•« 
pote volumo, cm' 
direc:oion notllion 
1as devi•lion /actor, o /unelion of PI<'"""' 

ll constan! tcmpuature 
p ~ dor>\ity, plcm' 

1,(p) • real i""' visCOIIily, a funclion ol prC\\Uie al 
COtl'<lant tempr:roturo, cp 

1~ ., ''"'""'Y •• otmol¡>hcric pr .. <urc, op 
n • nurm•l di•t~-n<:O ~Calo 
.¡. '' hyJrox:.1rhon po;o•iJY, froction 

,¡ru•o.BII'r, 

o.'·' """""1 .houndary 
1 ·• h4uiJ 

f"' '" p;cuJ .. ..:TLiical 

• u radl\" 
"' ., oc.nd.lrd conJ>1iono 
"' ., int•'fn.ol l>.>undory. ohc ..... n 

\ 

• 
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.~e¡,: N< IW\.1'1 M; M EN 1 ~ 

¡;,0 ·""~"" ,.¡,~ tn odn.,.kd~c ~nonciol •opport "' 
ohc Te'"' A&~l 11., lhe T,.,¿, Engin.,...ing E•pcnmcnl 
"'~""" of Te'"' A&M anol lhc Teu• Pelrolc:nm li.c· 
"',uch Commlllcc. Thi> P"F"' r<p...,'<nl\ a cnnor<"ilc <'1 
"'"'""" dTolt conducocd o>cr " ¡><rio..J .,r time h 
'"'''"' agencie<. Cra"l""' fi"l ev-•lualcd tho m(p) Ion<:· 
,;,,, ,),.fing lhc 1''"' do.:ool<. ll•c of 1he u>lp) fuoction 
,, ud ,, "'"'" r<ccn• "'"'""'''" <'1 lhc FunciiOil '""" tlc<erihcd 
hy A'·l!u.~'-'iny.~ Thc outhor. ,¡.,., wi>h to ad..,wle~~· 
ohc eoc<luragemeM in 11\e cour.: of lhi• "D<ly by R. l.. 
Whitin~ Porti<>M nf thi• wor\; "'<ro do1>0 hy AI-Hus ... in) 
;, p;ni.ol fultillment .,¡ g~.WtMic dcgrcc rcquircmcrns in 
retroleO!m engin=ong at Te•» A&M U. FiiUII)', ar.J 
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Ap;Jendix A 

Solutions for Radial Flow of Fluids of 
Small and Constan! Compressibility 

Constan! Rate, lnlinite ReservGir Case 
, The initial value problcm reprcscntcd by this case 
i< prcscntcd in Chaptcr 2. In summary, the mathemal
ica\ prohlem which we mus! soi\'C k 

a•p 1 ap .¡,pe ~P 
-+--~--
i!r'ri!rkiJr' 

Boundary and initinl condilions; 

(1) p=p,ati"'Ofornllr. 

"' 
(3) 

( • '') "'- qp. ___ .for 1 >O. 
~r '"' 2~kh 

r->p,asr-+ooforalll. 

(A.l) 

As mentioncJ in the tcxt, severa! slightly <Wfcrent 
npproachc• to thc solution of ttús problcm ha""' ap
pe;ncd in thc Jitcroture. \Ve hnvc choscn lo prescnt 
thc approach of Po!ubarinovn-Kochina' because it is 
quite str.1i~htforward. Wc •re indcbtcd to H. J. Rnmcy, 
Jr., for calling thi< approach to our aHcntion. 

To dc•elop lhc solution, wc flnt rcplace thc sccond 
boundory con~ition by the condition 

11m ~p Qr< ,_o r ¡¡:-"'·2 r.kh , fort >O. 

'!his boundary conditlon is the ''Jine·source" npprox
imation lo thc original bound~ry condiJ.ion. lt has been 
•hown ro }Íeld idcntical rcsults (from a procticalstand
p<>int) with thme obtainc(! from solutiun of the problem 
with thc original, lcsHr~ctablc condition (see MueU~r 
ami Witbmpoon'). 

Fundamental tu the solution is thc use of the Boltz
mann Tr~mf~rmation, 

y= 9pa' 
41.-t • (A.2) 

S~bstitutiun uf Eq. A.2 intu ¡¡,;, ~ifrorcnti•l Eq. A.l 
ni "ocuonpanying bound:ory mnditions ~ivcs 

(A.3) 

(1) 

"' 
P-+ p, liS y-+ oo, 

lim ,_, 
To so!ve Eq, A.3 Jet p' "' ~~ • 

Titen Eq. A.3 becomes ,,. 
Ydy+(l+ylf/"'0. (AA) 

Scpar~tion o! tbe vnriablcs and integration yield 

lup'"' -In y- y+ e 

O< 

p'"' '!!!..,.,e, e·• ,, ' 
e and e, are const.onts or inregration. 

From boundny condition (2) abovc, 

11m 2JI dp = 
)'-+o dy 

(AS) 

Comparhon of thi. •~pression with Eq. A.S ohows that 

Thu•, 

'11m 2lp ~ y ... o dy 

e - q¡¡. 
' - ;r,;u¡ 

Eq. A.S now becomes 

dp q¡¡. e·• 
dy"' 4.H. -;' 

11m' 2C ,., y ... o ' . 

which can be latcgroted !o yicld 

(A.6) 

(A.7) 

with 
Thc lowcr limit of thc integral io Eq. A.7 can be 

assi¡¡ncd arbitrarily. \Ve choo•e )' = oo und obt01in 

1 ' ,... 
; 



" • "' . -;. . 
e<' Urai<\agc V<>hnne witll a ccntr.Llly lncatod wcll ;.:'¡,¡eh 
P""'"'"'' al cnn,tonl ratc. Wc mu'l now nblain thc 
invorsc I~1placc tr,1n>form nf Cq. /\.15. 

E•amination o( Eq. A IS in the romple' piJne indi
- cates th:ll thcrc ¡_, a pnk of ordcr two al thc ooi~in 

and simple pok< nlnng thc ncgativc real a•i>. Thcsc 
are lhe "nly singularitics o/ the functiutL 

We first d~tcrrninc the behavior of 1' al smaJI V2lues 
of s. Juvcrsion of thi• cqu.otíon will ~ivc thc bchavior 
of :J.pn a! largc valucs o! r, •. The beha•ior nt smaU 
valucs nf s is cstablis~ed by introducing small argu
ment, nsymptotic expansions for !he Aessd functions 
nnd examining Eq. A-15 in thc Jimit as S-> O. The 
details o! thi> manipulation are somewhat tedious; 
however, the final rcsult is 

lim -....... o l' =-'-{ '•b' In~- r,.•-rh' +r,0 'lnr,0 

s r,r} 1 r0 2(r,b' 1) (r,0 ' 1)' 

- (r,b'+l) }+_!_ -'- (A.l6) 
4(r,0 ' 1) s' r, 0

2-1' 

Consultation of standard Laplace tron<form tables 
shows that the iln·cr:sc oi Eq. A.l6 i< 

2 ['•' 1 '•"' .O.pn= 2 '-, +tn~ ---,-,lor0 
'•t> ''"-

Jr,o'- 4r, 0 ' ]r. r.,,- 2r,0'-

4(r.,,' ·¡)' 

(A.l7) 

..• q. A.17 ;, valid lor br~c v:oluc' nf time, t,~. Tllis 
oquation ¡, rhe "long-time bdmvior" scc!ion o/ Eq. 2.34 
of the text. 

To lind t.;c bchavior for oa.ry values of time, wc must 
apply the c~uchy Rcsiduc Thcorcm. Thc ve,..ion of that 
theurcm whkh we sholl apply hcrc ¡,a> follows. 

D"\OIC by F(s) the laploc• Transform of /(t). lct 

' 
l I>LJ\NE 

' ' -,-
' ' ' ' " • 

' ' ' ' ' - --- ' ' 

t'i~. A.! lnto~ratlon r•lh in compi<x pl.1no. 

----------------------------

PR~SSURE aUtLDUP .O.ND FLOW TESTS IN WELLS 

6(~1'(;:) ~e lho corrc•p~nding fl\nction nf a comple~ 
vori>blc. Sopr>O'C 1~01 1'(<) ¡, analytic c.cept for 
o fonitc numl>cr ,¡ >'DI<•, ,.¡: «f whic~ are 10 the 
Id! of some linc x ~ C. Also, suppose lbat 1-ú) 
1cnd< unifotmly In 1ero along 1he •emi-<:ifcle CDF. 
ond lhe sormen" DC .,nd EA of Fig. Al. Thon 
/(t] - I Residue (t .. F(l); a,) whcre thc points a, 
are thc pOlO< ofF(~). 

Sincc we h3ve already found 1he oontribution of !he 
<lo>uble polo al the nrit,~n, wc mil<! determine the rc<i· 
ducs at tbc pok:s along the ncgativc real aris. We .el 
~ = u'<"''· From Eq. A.l5 we obtoin 

Res{t""'¡;(<) }= 2~1 f t" .. JI(d dl = 

'f •-""••[J,(ur,,)Y0(ut0) Y,(ur,0)/0(ur,,)) 
- --- '" ~1 u 1f/,(ur,0)Y,(u) J,(u)Y,(ur,0)J 

(A.l8) 

The olngularities (poi~) are the rooto "• of thc 
clcnominator of Eq. A.l8, or 

1, (<>,r,o) Y,(~.) - J, (<>,)Y, (.,,r,0) =O 

Thc residuos al the"" are givcn by 

2 
• 
' ,_, 

• lim d . -• .,...,..,, du 

(A.l9) 

(A.20) 

• i [(r•••••J,•(.,.,r,0)[/,(M1) Y,(,,r0)- Y,(a,) ·-· 
lo(•.ro)]) + ( "• (J,• (,..r,o~ - J,' (.,,)]) J 

{A.21) 

By addins these cxponeotialtcrm• (wlúch die out al 
largo values of time) lo .the large time solution, Eq. 
A.l7, we obtain the complete solution giveo below. 

"'{ 2 ('•' p(r,r)=p,-··--· ---·--· -+ 
2~kh ..... - 1 4 

r,,•!nr, (3r,.,•-4r,,• In r,,-2r,,•-J) "': "-·-··-·-·-·- ---- .. --·---+ I ••'-! 4(r'-·l'' • ' "' ~~t 

(A.22) 

which is Eq. 2.34 of the tcxt. Note that we used th: 
dcnnition nf .O.p0 (E<¡. A. lO) in oblnining Eq. A.22. 
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The mathcmatical _,tatcmcnt nf lhi' problcm ;, " fol
lnw~. 

~·P 1 i!p </>r<e iJp -•--=---ar'rarkar• 
with 

(1) p=p,=p,att=O,forallr, 

( '') " •- •-, ,,--,fnrt>O. 
~r r. ~~• 

(3) PI =p 1,forallt. 

'· 
lf we n:c .. t the problem in terms of the dimensionles> 
vari•blos of Eq. A. lO, we obtain 

~'i'>p~ + _>_ al'!.p, ~ 6tlpn 

ar0 ' '" a,,. a¡_ ' 
with 

(!) t:.p,=O.~tr,.,=Oforaltr,. 

'" = -l,for/0~>0. 

Ap¡>lication 

! .• "' 
o{ tbo Laplace ¡ran,form ta thc abo"' 

<i'i' 1 al' 
->---·f-- ·,- ,.. .•1'' w·,,' r1, t r., 

(A.21) 

with 

'" dl' = --'-1 dr, s 
(A.24) 

"' ,, •O í ... 
Ag.aln. Eq. A.\4 is a ge-neral solution of the dilferen
tíal equation and the condilions (Eq. A.24) must be 
u'cd lo evaluate the const"nts A and [!,In this case 

- - - - 1 'A V-• 1, (Vs) - nvs K, ("v's) "" --, 

' 
A / 0 (r,,. y"i) + B Ko (r," VIJ =O, 

Sol~ing for A and 8 and substituting into Eq. A.l4 
yicld• 

¡; _ J,(r,~V$) Ko(rb'lj'S) - Ko(r,D\i;) l,(rDVSJ , 

- s012[fo(Vs) K,(r,n\1';) + K,(\í7) !,(r,"V:i)J 

(A25) 

whkh is the transform<:d IO!ution to <rur problem. 

Procceding a; witb thc bounded circular rescrvoir 
,. 

o 'Jl.J 

""'" "" ~nd thot thc onl)' •in¡;uloritics of Eq, A.25 in 
tl>e com¡~c' plone ~"' ,;mplc role, at the ori~in and 
alon¡: thc nc~ativc real "'¡_,. At rhe nrigin 

(A.26) 

and, thercfore, for ln!Y' time 

I!.Pn= lnr,n-lnrn. (A.27) 

To obtain the complete solution we again nood to 
find the singubritics along thc ncgative rc:al uis. Those 
intereSted in the dctails are referred to Canlaw and 
Ja.eger.• 

Fínally, we obtain the foltowing expr=ion for thc 
prcssure beha...;or at the well. 

~-~.~·-Jo! ({J.,r,D) J 
{1.'/J,• ({J.) J,• (p.r,")j 

(A.28) 

where {1. is a root of 

1 ,(fl .) Y o(fl •' ,p) - Yo ({J.) lo({J,r,D) = O • 

Eq. A.28 ;, identical with Eq. 2.38 of the 1Cxt. 
In Re f. 4 of Chaptcr 8 a ,ro¡;htly different form of Eq. 

A.28 is cmpJoycd to provide a basis for prcssurc fall..()ff 
an.,Jysh prior lo rcscrvoir filluv in thc unit mOOility r~· 
tio c"'c. This form ¡, bnscd M thc vanisJ,in¡ly $mal! 
wellborc radiu• (r-0) a.<sumption. Thc prossure fall· 
oiT cqualion which ;, obtatncd is uf the form 

p .. ,=.p,+b,e--. 

Sincc only the fim term in thc serie• expanslon ha.s 
been retaincd, thi¡ exprcsslon is valid for large values 
of ¡hut·in time only. 
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ABSTRACT 

A n~marlcal mathemalical model for oimu
lating production from a two-phase geothermal 
reservolr waa developed and tested, The aiut
ulation is rather tmique, In that tt con51ns 
of t~ coupled models, a reservolr model and 
a ~ellbore model. The reservoir model vas a 
t"o-dlmenslon~l areal.or cross-sectional. 
unoteady stato descdpt\nn o( the flow of 
0\US and hut "ithin an anhotropie, hHero
gen~ous porous 01edluu, containing a single 
co<Oponent, two-ph~se fluid. The wellbcre 
1110del """ a onc-dimensional, st<>ady otate 
dcocrlption of the flow of ~ homogcneous, 
tom-phas~ mixture. A ~<><ally implic\t solu
<lon schePC was employeJ. 

Thc simulatoc was used to investigare 
thc cffects of various lcvels of pcrosity, 
pcrm<!ability, Hnd initial preasure and li~uid 
phose saturatlon distrlbutions opon pruduc
tlon. 

The nUIIIerl~al simulator "as teated fcr a 
wlde variety of conditlons, and was found to 
be otable fcr large time steps. 

en the inltlol llquid saturatlon. Wellhead 
steam quallty was hlgher than the bctto~hole 
qudity, in tlle runs con<lueted. It '"'" found 
tha< sup~rheated regiono fonned more reddlly 
in reservo! u" nf low pcro•ity and pe.....,a
bllity. 

!NTRODUCTTON 

A geothermal system.occurs as a heat 
anomaly, whlch can be explsined as follows. 
The ""rth's interior lo hotter thsn lu 
ourface, snd this difference producu a 
temperature gradient ~!eh In turn prcvides 
n measur"- of tl>e heat fto., tal"-· The aver
"S" heat flux for the ~arth is 1.5 ;.t::Oll/cm2 

sec (l). A gcothcrmal syatem involveo a 
flux which h one and cne-half to fhe times 
higher than the average (2). Consequently, 
n geothermal system occurB 68 an aoomaly in 
terms of beat flow. A hlgh heat flux, along 
with sucfac~ aeeps, is indfcatlve of ,, geo
thermal system. 

Since the main mode e! heat transfer 
wlthin a geotherm.al fl<!id reservolr ts 
convectlcn, the reservolr itsdf h <:alled 
" hydrotharmal conveo.tion ayste~. llydro-

Based "pon the nwcedcnl resulto, the lhcrmal convection systems have been classi-
behavior of tvo-phase geothermal reaervolr fied into two types bued upon the phydcal 
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phase, l. e. hot water syate~ and vapor-dOmi 
nated syt.,.... {1). In hot 'ofater syst.,..,, 
fluids exiat within the reaervoir ~atly in 
the liquid otate and generally produce from 
70 to 90% of their total maso as water at the 
sur(ace. 

\'apor dominated systeiiiB generally pro
duce dry to superheated •teau, and fluida 
e><ist withln the reservoir mostly in the 
vapor stnte. Surface manifestatiOM "111 
usually take th~ fom of fum.>roles, mud puts, 
otud v<>lcanocs, turbid puola, and acld 
leached ground. Only three known Breas in 
the world cxist as this type of system. 
These are the Geysers ficld in California, 
the Lardercllo field in lt~ly, and the 
Matsukawa fleld in Japan. The presoureo of 
vapor d()miM«'d systolll!l <1re below hydro
static. lllso, the initial pressures and 
temperaturea in vapor dominated sYst~ ar~ 
very close to the tempcrature and preaaure 
relating to the aaximum cnthalpy of aatur
ated steam, i.e., 2J&•c and 31.8 kg/cm2. 
An explanation for thia behavior has bean 
given by Jame" (3) and Whit~, MufflH, and 
'frue.;d¡, ll ( 4) . 

Only during the laat decade have reser
voir enginecring principleo been used to 
study production aspects of geothermal 
aystcms. ln that time relatively few rnod~lB 

have been dcvdoped that slmulate the pro
duction from a geothumat resHvoir co<~tain
ing both a liquid aod a vapor phase. 

In fact, only three models hav~ aos~~d 
th~ presenca of a two-phaae fluid ~ithtn a 
g~oth~rrnal reoervoir. Onc of thesc models, 
d<!va]oped by Oonaldso'' (5) ~as a steady 
state, one-dl~ensional d~scription of two
phase flOl< within poroua ""'dta. but did not 
simulatc productlon. The other two 010dch, 
that of \lhltlng and Ramey (6) and that of 
Brigham and liorr= (7), wcre lumped paramter 
fon~~ulatiotta, Thuo, th<! ohjectiV~ of tilia 
wo><k i" to dcv~lop a mod••l chat simulaus 
productlon fr0111 a two-phase geothennal ru
ervoir in great~r detall than has previously 
been done. Specifically, the simulation 
consists of t"" models, one for the reurvuir 
and the other for the we\lbore. The reur
voir model ia a two-dlmenaional areol or 
croos-sectional, unsteady otate description 
of the flow of ~•• and hcat within an 
anlsotropic, heterogeneous porous medium 
containlng 11 single component, two-phase 
fluid; while the wellbor~ model is a ene
dimensional, steady state dcsctiption of the 
flolil of a homogeneous, t"o-phase mixture. 
The twa models are then eoupled together by 
treating th~ wellbore block as a point sink 
within the reservoir and by vi~ing the 
reservoir preasure and quality as inlet 
oonditlons far the wellbor~. 

1 Mnt!'HATICAL H0D2LS OF GEOTilEil.''!Al. SYSTEMS 

Models of genthe~l syst~ms can be 
thought of as be!ng concerned oither ~<ith 
the formation nnd stability of a geothermal 
system or wtth th~ productlon of fluids from 
a geotherm.al ruervotr. Shown In Figure l 
io a diagrammatJc representation uf modelo 
relatlng to geothe"""-l syst.,..,.. 

The fundamental formulatton of a free 
convection pr<>blcm !n porous media, )lence
forth called the Fundamental Problem, is 
given in the ACU monograph on terrestriai 
heat flow, by Elder (8). L.oboratory r:.odels 
and theorettcal otudies dealing ~ith the 
pbysical proceues of geothermal sysrems 
derive from this formulation in varying 
degrees of compledty. Constant temperature 
a~ well as no-flow boundary condltlons, are 
e=ployed In thia fonrulation. Por scaled 
aodel studies, Prandtl and Rayletgh 
numbers, and the aspect ratio can be used 
to define the syatem. Additionally, heat 
and fluid discharge can be chnracterized 
by the Nusselt nnd dischnrge numbers, 
rupectively . 

Wooding {9) first related the Funda
mental Problem to a geothcrmal aystem, U8(ng 
clnoslcal perturbation mathodo. 

Donaldoon {lO) carried o~t a mathe
matical study of the punda~~ntal Proble~, 
but lnstead used finite ~Hfereee<• tech
nlques for its solution. He aloe solved a 
var!atlon of th@ Fundam<>ntal Problem vhere 
thc planar reg1on was a two-layer system 
cons!sting of an upper permeable \~yer and 
~n underlying impenneable layer. In a more 
co~plex fonnulation (11), he repreaented 
the planar region by three permeable 
chaenels, surrounded by imperm.,.ble rock. 
The model was studied furthcr {12), ta~ing 
sccount of the various permeabilities upon 
the Nusselt and d!scharge nu~bera. 

Tbe Fundd~ental Problem and the studleo 
reoulting from it consider only a single 
pha•e fluid. The only study thot has been 
done that considera a two-phose fluid h by 
Donaldson (12). In the study a mathematical 
tr~atment vas undertaken of the steady flow 
of water within a one-dimens!onal vertical 
channel (heated from belOl<). A most inter
esting finding of Donaldson from a reservoir 
engineering otandpolnt was the oudden change 
in fluid saturaUons at interfooes of penn
~ability reduction and at pointo of flow 
rat<1 change. Donal~son's formulation in a 
scnse lo a spedfic case of a more general 
model considered in thiS paper. 

MOdel studieo relating to the production 
of fhoids from RcOthermal reservoirs center 

1 
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Jone by Eldcr (8), "'as lat"c rnodif!~d by 
Nathon•on (24). Agatn they spllt the well
bore into two soctions. 

The third and most detailed Yelibore 
""'del has b••en de~eloped by C.,uld (25), 
Gould's two-phaae flow 010del differa from 
the hoaog~neous BQdels dlsoussed previoualy 
in that lt considera the flow of eaoh phaae 
separately. Thls =eans that instead of 
solvlng-the momentum balance for average 
viscositica and dcnsitles, ~pirical approx
illlationo based opon the morphology of flow 

us"d for the acceleration, friNional, 
sravltatlonal terms. 

Rumi (26) has proposcd a wellhor~ mod~l 
for the ein~le ph.1a~ flow of steam vapor. 
He forrn~latea hh problem in t~nns of a 
cons"rvation of en~rgy equat~on neglectlng 
the potentlal energy term, a conservation of 
moment~ equation neglecting gravity, a ~·a 
balance, an equation of state, and an equa
tion for entropy production. By assuming 
Isoth&rmal flow, these equations are reduced 
ta a single equation "hlch re.lates fl<N rate 
wi<h presaure. 

IIIITilEKo'.T!CAL OEVELOPHENT 

Tbe productlon of fluid> from a two
phase geothermal system is envisloned as 
follo""· A '"o-phase, single component 
mixture of steam and water 1s assumed to be 
contdined w!thln a_porous reservoir. The 
reservolr ia closed to flow of mass and he<~t. 
Specifieally, tbe no-flow mass boundary 
cnndition correaponds to a reservolr which 1s 
not surrounded by an aqulfer arul thus h not 
subject to R water dr!ve. The no-flow heat 
boundary condition corresponds to the case 
where the heat ga!n and the heat loss fcr the 
reservoir !e small co~pared to the forced 
convect!ve heat transfer generated by pro
ductian. A well ls aosumed to be drilled 
lnto the reoervolr from t~ surface of the 
earth and thus oervea as a conduit for the 
flo"' of fluids from the reservo ir up to the 
surfac~. Productlcn is then accompltshed by 
expansion of th~ fluid& wlthln the reserypir 
at the '-'ellbore. Th~ wellhore rnodel herdn 
,¡ev~loped aosumcs the flow of a hotnOgeneou• 
nolxture ol "'"""' &nd water. Thi" assumption 
has preven to be aJeq,¡Me for the high fl"" 
rateo en<:ount~red in geother""'l rese.rvoirs. 

Reservolr 11odel 

The phy•ical system representing the 
reservoir !s consldered to be a two-dlmen
sional, an!süt<opic, beterogeneous porous 
rock of rectilinear geOll>etry. The rock is 
saturated ..,¡th a single componen< fluid, 
water, extsting elther In the liquld state 
or the vapor state. The oapillary pressure 

exlsti<lg between these two phases is negl<'ct- 1 
ed. It is recognized th8t in crou-sectional 
aimuldtions In particular, capillary pressure 
lol<luld influence fluid saturat!on d\strih~-
tions. 

The conscrvat\on af maso w\th a point 
sin~ t~,. applled to the sin¡(!<> compone,ot. 
water, over a differenttal vol~trlc ele
~nt of the reservo!r yieldo: 

" ' -V·("'1pv+ 
. w w w 

'l'he relative permeabilities are ossunoed to 
'" 
"" lndependent of the direction of the 01edium 

and to be unique functiono of the liquid 
phaae saturation; tbey are uaumed to be 
1ndep~ndent of temper4tu<e. Thuo the exten-
slon of Darcy's Law for =ultiphaoe flow is 
given aso 

• 
_,, 

• • •• "• o (VP v.., ve l 
'• "' 

·"' 
• -<> • ' " o 

,, 
(VP vg'"'S l • '• m 

where 

Th~ rela:ive penneabiltd~s aas~~~~::d In 
thic otudy ar~ vartations o' ·1 fun<tional 
forO. proposed by Corey (JO) {O< a dr'ltnage 
displaoement orocess. The dra¡na~e asournp
tiof• !mplies :hat the wettlng phase satur
ati~n lo decreasing. For a two-ph."\se, 
singl~ component fluid this 10e~n9 that the 
proceso of vap<Jrizatlon will predomtnate · 
condenaatlon. 

krw = 

(S - S )
4 

--,·c--;:-w-''r 
( l • S ) 

w • 
'" 

r 
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' • ., 

whcre 

(S - S ) ' w w. 

' [· - (Sw 

' l [· 

' ., 

m w. 
' 

~.osandS,.. :.95 
m 

(;) 

Since a •Ingle component fluid la UsUIIed 
to exlst ~lthln the rock, the mass fractlon of 
water in each phasft is taken to be one, that 

" 

(O) 

S.,bst itut hon of EquAt lona 
lnto ~quatlon (IJ rnults "' and (l) and (6) 

In: 

• • 
(VP ~wVt) 

' • ¡¡¡ - Q (<j>p S f<j>p S) 
w w ~ g ,, 

Th~ conservat!on~ <>f cncrgy wHh a heat 
slnk m11dc nvcr n dlff«rcntld vol=etr!c r~s
ervolr dunl<'nl ba""d "on <•nthalpleo y!eldo: 

. ' 

' " loi>(nphs, 
"W w w w '•'•h S )t{l-<j>)p h 1 8 8 r r 

'" 

Thio equation assuwes constan< rock denoity, 
conotant specif!c heat of rock, !nstantaneous 
thermal equil!brium between the reservo!r 
rock and the two fluid phaseo, and ani&o
troplc behavior of thennal conductivity sim
ilar to that of pe,...,.ability, t. e., ortho
gonal principal axes are congruent with the 
coordinate axis. 

Again by assuming a single component 
fluid and Darcy's Law, substitotion of 
Equations (2), (J) and (6) intO Eo:¡oation {8) 
yields: 

'. _, • [kk p h • V (~VT)-V. rwww ('t'P 

'·· 
kk p h 

rg g g 

'• 
(VP-y Vf;) ' . l 

- ' 
' =ar (1-oll)ph 1 

' ' 

The temperatures and pressures within the 
reservo ir are then connected by the satur
ated pressure relationship for steam: 

115.1 p.ns 
(lO) 

Substituting 
results in: 

Equation (¡O) into Equation (9) 

é-P) - • 
V 

[

l<k p h 
rw w w 

. '· 

• (VP 

• (VP 

l(ol>p h S +4ophS)+(l-9)p h 1 
www ~gg rr 

(11) 

Au.dliary Relations 

The vapor and liquid phase saturations 
are reiated by 

(12) 
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'[lw density, viscosity, .nd ~nthalpy for 
both wate~ and stca<n are assumcd to b~ func.
tionally dependent on pressure and temperaturc 
at saturated condit!ons a" follows: 

10-4 (U. 2516 + . 17815 T + 6. 59 

- p (31_45- .05253T)] 

' 
(13) 

fLw = 2.185/(0.040l2Tt5.l54-l0- 6 T 2 c¡_o¡ 

> 
w 

... 
2574 :9l.OP' 

lli9P'OJ267 

l.0/(.0158662 + 74 75 . 

. on473007 p • 9S8S 

(14) 

(15) 

(16) 

( 1 7} 

(18) 

The porosity of thc rock ts assumed to 
be a function of hoth space and pre;sure. 
fhe functional form assurned separates th<! 
effects of spdce and pressure in the foUow
ing manner: 

• <Pr (x, y). q,p (P) 

(19) 
'-'he re 

[1 ~ e (P - P 1 1 
' o 

e, 

¡.jcllborc )jode! J 

The wellbore (as showt! in Figure 2) 1B 
considered to be a one-dimensional, vertical 
duot of constant diameter, through ~hich a 
t~o-pha•~ mixtur~ of steam and ~ater under
go~" steady flow. The tllO-phase fluid h 
assumed to be a homogeneous mixture in which 
tho phases are in thermal aquilibrium wHh 
each other. In particular the frictional 
pressure drop of the two-phase mixture is 
detormined by Martin<!lli-Nelson (27) two
phase multiplfers. The l:lartinelli corrol
ation balances frictional shear stresses 
versus pressur~ drop under a separated flow 
hypothcsis. This correlation was made on 
the horizontal flow of bOiling water. In a 
geothermal ~<ellbore, vertical, flashing flow 
of water ocours. This then implies that the 
body forces and inertial forces are assumed 
small compared to frictional forces. 

Th~ equations describing a homogeneuus, 
two-phase fluid undergoing steady, one
dim~naional equilibrium flow over a differ
ential elemont are a conservation of mass 

constant, 

(20) 

" conservation ,, momen'""' 

- '" "' 
<P 

o " " ,, <Z 

' ' - "'m 
.._ 

w ,, 
(21) 

""" "" energy b~lance 

,, 
" ' 

<W 

' " ;¡z- ', = o -óZ 

(22) 

Here Z is taken in the direction of the flow 
and is thus pos!tive up~~rds. 

The rate of work of viscous and pres•ure 
forces is neglected, thus 

o 
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l 

(23) 

Equations (20), (21), and (21) ar@ t~e 
equ.atfons that Pacheco and f•rouq Ali (22) us..d 
in their study of sta4ll. tnjection. The treat
ment ""'f'lOyed in this work la similar to theiT 
work except for the hand!IDR of friction and 
hcat loss. The method consist~ of ell.Jainating 
lhe maos balance equation by oubotituting it 
into the morncntum and energy balances. further 
algebraic and functlonAl relatlons are then 
dpplied to the resulting ti<~ hahnces in order 
to produce a pair of dlffcrenUal equaUons in 
pressure and quality,,,.,hlch ore as follo,.s: 

,, r'. • m 
w = [" J!gc " W • ~ 

a~"'] dP ,-- ¡¡z ' 

• [ah m r'. :;,] m 

'"'' y¡-
' ' 

W t 144~m ,, l 

Auxilia,-v hlations 

avm dX 

"' ¡¡-z 

" ¡¡z 

;p 
¡¡z 

(24) 

' 

(25) 

; In ord~r to •olve thcS<' djf(Qrential 
equations, auxilhry rdatlons are needed for 
the friction f~ct<>r, the two-phase multiplier, 
~nd the heat lo•s. 

Th~ Fanning friction factor ls determlned 
from one of thrcc ~quattons vhich are corrcl
ated ••ith <he Heynoldo numbcr and th<• relative 

for turbulent flOY 

(R~rr >.al) 
.:/; = 4.0 1~g 10 ~~) t Z.ZS (Nikuradzd, ( 27) 

and fur tronsltion flOY 

' 1 ~ 1 -{f : 4. O log 10 ~ t 2. 28 

¡4. b7 l. O )colebrook) - 4,0 log 10 
DI• ---

Re"!f 

(26) 

The Reynold~ number used in this ~tudy vao 

Re • 
6.7197 

vhr~ thc vt.coalty, w, h detemincd from ono 
of thrce cq.,otiono deperullng on the valuc of 
thc volumetrlc conccntration of the vapor, B 
(21). 

For 5% < 8 < 95%, the viscosity, W , ~<as 

chosen by an average of steam and waterm 
vlscosities ~ightod vlth respect to quallt1 
as follO\Ia: 

• ~., • X ~g t (1 - X) w., (29) 

For 6 < 51, the mixture ls ass~ed to be 
an cmul•ion of ~ao bubbl•s whose viscoslty is 
assumed to b!! 

~~~~ .. l{., (1 + fl) (30) 



--- ' 

• 
1110-PI!ASf., 'f\l!l-DI:ii·~~Sl0~/11, Sll11Jl.ATI\m OF A 
¡;f.QTilERI\Al. RES~R\fOTR ASD TllE 1/ELLBORE SYSTEM SPE 5S2! 

Fnr ~ ~ 9~%, thc ODiXutre !s as;umod to be 
" mbt "hose vhcosHy lo """""'"d to be 

p•uO+Sl Oll . ' 
The twc>-plu<se multlplier, 0¡, """ dNer

minod by usin~ Thom'" (311) update nf the 
;!artlnclli-~cl60T1 (27) concl.1tlon. The curve 
flt of thc tnbul.u~d valucs given by Wa\l!s 
(U)' ls as follo,.s: 

O¡~. IOB547 · 10 3 X· .9l4?3 

2.10933 x5 -. J0715J · 10-
2 x4 · P + 1. 5943 

( 32) 

Heat fl~ from the wcJibore was assumed to 
tak~ place at a •tcady state cate froa che 
~@llborc to the fo~tlon and at an un$teady 
st"te tate "lthln th~ fo1'1111ttlon. The h@at loss 
from the "ellbote ..,,,s glv,.., by: 

U (T ~ Tho)/3600 (3l) 

The uvHall heat ttana!<•r cod!!clent is 
c"mposed uf the r••slotanee of th<• oaslng and 
tho resist~Llcc o! (he comcnt, "here th•• film 
codflcient nl thc tnoidu caa\n~ "''"11 has 
b•·~n no~lcctod \lll1hit~ ()2). 

The h<?at !nos from the wel\horc into the 
formation "' the cernen t. furmation interface 
ha• b~en given by Ramey (JJ) as 

d•J., • --,',';;;;"••i''-·~·~--',.~· 
dZ 1600 F (t) 

,.¡,ere F(t) h the tronslcnt heat conduction 
fuo~ct ion, 

Nw Equations (2'•l ;>nd (2S) 
the bcundary ~ondltlons deocrll>o> 
"lthin the "ellbor<•. 

along wlth 
thc fl= 

(34) 

The reocrvolr model ~\ves as lts >Olutloo 
the pressurc and water saturation at thc ~ell
bo,-e. The wcllbore quality h given by 

' - ' " ' . ¡::]-' 
(35) 

' .. " 

!lente, u•ing (hP n·s¡•rvoir pressure and 
liqui~ phasc •attmollon ~lv~n by thc reservoir 

model, the reservolr quality can be dctcr!Dincd 
by Equation (35), The roservolr prcosure and 
tha quality calculated fr"m Equotl~n (3'>) ,,,,. 
then used as boundnry condit tono h>r the IIC!l· 
horc model. 

SOLUTIO~ HETHOD 

The reoervoir rnodel and tlle wllb<>r•• m,,.¡,.¡ 
both involve nonlinear equations, which wer~ 
solvcd Ollll!etically, employtng a finite dHfer
ence sche~ and a fouth order Rungo-Kutta 
~thod, reapectlvely. 

Basically the aolution procedure involves 
solving the twc partial dlfferential equatíons 
of the reservoir mode1 almultaneously for a 
given production rata. The solution is then 
obtained in terus of pressure (or tempersture) 
aod liquid phase saturstion which are used to 
calculate the quality o! Steaa at the well-
bcre. ~e calculated quallty and the pres•ure 
used to calculate it urve u boundary con- r 
dltíons for th~ slmultaneous ao1ution of the 
different\al equation• of th~ wellbore ~del. 
The vellbore mod@l then gives •• lts solution 
the ~~llhead quallty and pressure. 

Finite Pi(!erence RepreO@Otation 

The parcial dlffcrcnttal equation corre
sponding to the mass balance ~quatlon (7), 
,ritten for two-dimcnsional r<>ctillnear ~·~"~''":_,, 
dinates, aftH st>bstitution of ~quatlon.:.,,, 
lo Jiscretiz~d, uoing centHcd diffen•nce 
approximatlnn to rcprc~cnt spntiul dcrlva
tives, and 11 b~áward differcnce for the time 
derivative, ol•taining: 

1 
p" + l 

! ; i + 1, J 
'" 

1 p" + l 
! ; i + l, j 
" ' 

' 1 

p~ + 
' ' 

-P!'+.1) 

'' ' 
lp~ +. l 

'' ' 
p" + 1 

1 - l • j 

TM0 + 1 
wy .. 

'' ' ' l 
1 pn t 

i. j + 

TM' n + 1 
wy. . ~ •' 

'· J T 

' 
- pn+.l)-

'· ' 

' 

-
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TM" + 1 .., . 

'· ' 

lp!'+_l 
l,¡tl" 

TM" + l 
~· . 

'. ' 

¡ l p~+.l '· ' P" + 1 1 . . ' . ' '· ' 

1 . TM' n+ 1 

lp" + 1 
! 1' J 

I!Y;, j+f 

p" +. l 1 
'· J - 1 + 

' n + 1 TM 
I!Y¡,j-l 

[<e,(l-S l]"+.l 
w j. J -[<I>P(l-S)t 

g w '· 

(36) 

If ~aturatlon dependent termo are assumed 
to be highly nonllnear, th~n only thos" tenns 
that are f~~~tlons of satur8tlon ne~d to be 
t«k<m at the (n -t 1) t!Oic leve!. H<moe th" 
following temporal evalu.>tlon is pHfor:med. 

TM" +, ' ~¡" >"' ~ ., ., <W 

' " ' ' TM ~ 

" 

liy g 
144 g 

' 

' 
<l. y g 
144 g 

' 

TM"+ 

" 
p'\" + ' ,, 

' M" k"+ ~ ,. ,, 

' M'' 
~~-

ó.328k 1::1" 6. na k " 
M" ~ ' M" ~ ' 1 ~1 ~ •• ,. •• 

6, 3l8\ " 6.HBk " M" 1:: 1 M" 1 ~1 • 
Llyi 

~ .., " ., 

In regards to spatlal evaluatlon, the 
lnterblock tran•~lsslbil!ty values are requlred 
at ¡>Ositiona bet.,..en grld potnu. Slnce the 
lndependent variables are only ~nown at th• 
grld polnta themselves, a sUitable nverage of 
adjncent grld point values has to be d~vlaed. 
A llne~r average of adjacent grld pointa in 
the direction of the difference was used for 
th~ P"'"""ure dependent terOJs. for the sotur
~tton depenJcnt tenns, a welghted avo•r,•ge of 
adlaeent grld polnts was used bas"d uron fluid 
poten<iah. Both of these averages have been 
irnpl~•wnt~d .... tth success In other 100dels rP
portod In the llterature: LPtl<o~n<m 11nd 
Rldlngs ()4), HacDonald and Coats (35), an¿ 
Dlaz and farouq Ali (l6}. The oecondary ~au
ID<"ter, peniiMbil Hy, "as evah¡ated by .,uns 
of ~ harmonlc average of ~djacent grld point 
v~lues, which has been shown by the author 
(Toronyl and farouq Ali, 37} to be correet 
fro., geomctdc and detenoinistic conoldHati~n>. 

llene~. •• lntecbl.oc)< t ra<\Omts•tbili ty '" exemplifled ,, the following: 

™"+ ' M" >" ' ~ 

w>. 

' j '"· ' <W ' ,, ' ' ' ' j ' ' l. j 

where 1 

}1 
' 

f ' ' xi,i'\• 

' " x. x. 
'' J ' 

= .;., 3~8 

' ' ,. .. ' ' ' '. 
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w , •' ' 

"',¡=o 

whare 
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w,, j 
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" 

" 

•• 

kn + 1 
rw. , 

'' ' 

< 
w. 

j '· 

•" • w 
' ' ' 

•• w. 

' ' ' ' 
•• W; 

' ' ' 

, p" -""-- " "·· '· j 144 g 
' '' 

distance from a datum ¡~vel 

l' j 

j 

j 

j 

~e position of the "'el! coincides wlth a 
grld polnt. A coostant m.asa fl= rste la 
a•suaed for the vell. Eence, for the partlal 
dlfferential equation correspondlng to the aass 
balance, the mass sink is deflned as follows: 

''" i ~K, j = L "' ' 'T 
'' ' 

'" ' ;K, j ! L o' ' 'T 
'· j 

where (>v, yL) corresponda to 
the ~o~ell.Sore. 

• lol/8.64 . ,. 

• o 

tho looatlon of 

~e partial dlfferential equatlon corre
aponding to the energY balance, Equatlon (11), 
>rrltten In two--dlmenslonal rectllinear coor
dlnateo, after substitution of Equatlon (12) 
la ao f<>llows: . [. "" . op] < 

"' 
[

k k p h rw x w w 

'• 

J!.. rwyww 
[

k k p h . , ' w 

[ • OT 

' '" 
OP] < 

"' 

opj 
" ' 

• •• [' ' '" rg X g g ., 

.!.. rg y g g [' ' '" ., ' 
' 

1 

[ojo(S Ph.,.)+~(I-S )Ph +(1-<l>)Phl ww wgg rr 

(JI) 

~here agaln the y-dicectl<>n iB aaoumed to be 
coincidcnt ~ith the vertical dlrection. 

Similarly to the moa• balance, a centered 
difference approxhlllltion h uoed to represent 
thc spatial derlvatives and a backw~rd differ
ence is used for the time derivntlve. This 
results in: 

v" 
"'; + (p"' ' . "' ') ~. j 1 + 1, j pi, j -

v" . ' 
1 - '. 

' v" Y;, 

v" 

j 

y. . ' 
'· J - ¡, 

TEn+ l -· ' ' - '. 

(p~ +.1- p~ + 1.) 
1,) 1•1,¡ 

(
Pnll ,. 

i i, j + 
P':' +. ¡)· 
'' ' 

( p~+.l 
'· ' 

p" + l 1 
i. j - 1 

pn + 1 1 
1 - 1, j 

1 TE" 1 l 
gx. ' '+ !. 

("'' ""1 P.+ l . - P. . -
j'·l1.J 

TE" ¡ ¡ 
gx. ' 

1 - ¡ • 
( p~+.l_ p~ + 1 1 

j 1,J 1-1,j 
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TE' n + l 

wy. . ¡ 
'' J + 

l p~·-'· '. ' P"' 
i. j ' 1 ' 

' ( p~ + 1 
'. j + ' -

lp;'t·l 

'. ' 
p~ +. 1 

1. J • 

TEn+ l 
gy. . 

'. ' 

"" l. j 

~.[1(1·9) h)!'H. ""' p'''·l 

~he re 

V • 

' 

' '" 

(J8) 

h,,.TM - .. 
' TE., o TM w ., 

TE,v ~ h TM 
' g gy 

TE ., ~ h TM 
w ., 

OTM ' .. 
TE ~h TM 

gy g gy 

Agaio aGsumlng that saturatlon.dependent 
tetlU are highly nonlinear, then onlY those 
tQ"OS that arQ functions or Oo!turaUon need 
to be taken at the (n + 1) time level. !!once 
the follOWing t~poral evaluation is per-
formed: t 

'n + 1 
TEwy 

TE 
· n + 1 

" 
"he re 

o" -
o" ,. 
o" ..., 

o" 
" 

• 

• 

• 

• 

• 

<lo y g (ph)nkn+ ' ~.in 
l44gc g g rg " 

6. 328 k,., 1 o " p;ww) ,. ' 
6. 328 k" 

(:g:s)n ,.' 
6.3l8k 

1":>1 " ,, ' 
" 6. 328 kv ( P~g>) 

' ,, 
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In regardo to spatial ,•vBluation, tho 
interblock, thermal transconductivity valu<>s 
are fo~d by using a lin<>ar average of adjaco 
ent gtid polnt values in th~ direction of the 
d1fference for the pHssure dependent "'""" 
and by employing a hanoonic average of adjacent 
grid point valuco for tln• thormal conductivity. 
Hence an interhl<>ck, thermal Lransconductivtly 
ls c~a.,plificd bY the follu,.ing' 

['> • ,,l v" H • ' ' . • e 
<lxz •• ' ' ; ' • • " • • '· • ' 

[ :~ 1 
" OT " J ' ' OP 
" l . j '· 

The interblock, thermal transmissibilities 
are formed similar to tbe interblock maas 
transmissibUitin, Le., a linear average of 
preasure dependen< terma, a barmonic average 
of permeability, and a ~~ighted average with 
rcapect to fluid potentiala for tbe saturation 
dependent terms. llence an interblock, thumal 
transmissibillty is exempllfied by the foil~ 
ing: 

TE" t l 
gy. ' . . ' 

where 

¡ 
6. 328 

l>y~ 

' 

kn + 1 
1 rg. . 
l '· J - j 

. ¡.,:-'"'';.'"' i,~'.;:,''c.L,~_-'-, J 
'· J '· ' 

" (~) 
'. 

kn t 1 
rg. . 

'· ' ' • k" + l 
yb rg. . . . ' - ' 

if .,., •" JI;' i &;. j ' 
• ,, • o " •" ' •" • ; ., . ; ' '· -

where 

o" •" -=- " • , . , j ' . J. I41og 

''· j • • 
,. distante below a datum level 

Tho heat sin k .. ~ " given •• . -• h.,qy + ,. 
' 

- • ·' '• (l9) 

The steam produetion rate lo determined 
by the fracticnal flcw of the 8team pbase 
"'ithin the block eontaining the wellbore as 
follows: 

• 
' 

nnd A • 

(40) 

Subatituting Equation (40) into Equation 
09) and differendng resulto in: 

>"' . [·> "' •• 
( hn . 
' 

h:l •• ' l "' 
'. ' >"' l+~nkn+ 1 <T. 

•• - i.j •• 

( 41 ) 

All terms in Equation (36) can be placed 
on ene side of the equation and be defined to 
be the 11\ass residual R ; sim!larly, all 

mi,j 
te,.,.. in Equation (38} can be placed en one 
slde of the equation and be defined as the 
energy residual ~ . 

i,.J 

The no-flow boundary conditions are rep
resented by zero fluid traosmiosibilitles on 
the boundtng surfaces, and zero flow veloci
ties on the same surfaces, for maos and heat, 
reopectively. 

lnitially, a pr~osure and sa~¡¡ratlon dis
trlbution 19 specified tbroughout the reser-

1 

-· 

• 

' ;r 
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1- wlrouch that )\rtlvltational equtllbrium ls 
""'"talll~J. 

:;e•·tonlan Fortllullltion 

Slnce Eq.,..tlons ()6)" and (38) in reoldual 
fo~ ar~ deflncd at every grid polnt, a syotem 
of 2·l·J nonllnear algebnlc equatious needs 
to be solvd for each time atep. Since uch 
grld P"IH IH coupl~J to at mo•c four adjacent 
grid pointH, thc equatlon• h~ve at most flve 
unk.no•, grtd polnt values for each inJ~pendent 
variable, or ten un~o~s per equatlon. Theae 
r"""'rks can be 8UIIIIIIIlrlzed by repreBenting the 
~yst~ of equations veetorlally as follOYs: 

R (z) • O (42) 

where 

' R = (R m, . . . . R 
rn 1, J 

.... R 
rnl-1.1 

""' 
' . -

' 
R 

rnl. J 

. . . 

(p" ' 
'· j - 1 

P" 1 ' '· ; . ' 
5n • 1 

"'i+l,j 

• .. ' RE 

' 
RE 

1 - l • 1 

"' ' 

' .... 

..... 1 

' 

p ' • \ - • J 
P"' 

i. j 
pn + 1 

L ! 1 , j ' 

s" + l 
w. 1 

L - ' J 

5ueh a "Y"'""' of nonlln•'·'" ~qu~ti""" can 
be solved by mcans of a ~ewto<L-R.Iphson t~ch

nique (R~mson, Hornhrg"r• ,,nd Holz (38)). 
Ihe :;~ton-Rnphson method appl\cd to a set of 
nonlinear equatlons lnvolves approximatlng the 
equat(on by a truncated Taylor'o series cxpan
sion about ,,n as~umeJ solution to th set of 
equatlons, Th~ result i.s a oet of linear 
~~uatlons ~IL!ch can then b" ""!ved by matrix 
technique". Th~ Mthod ¡, repeatuJ until the 
solutlon of the llnearlted equations agrees 
"lth the 8SOLUOCd solution LJitbln a certaln 
toleranc~. The Hevton-Raphson ~thod applied 
to Equation (42) results in: 

¡, ;, (K "1 • 

• 

•(K ¡. 1) . - ~(K) K~ 1' z. . . . 

• ( :p~+.l V~ = 
¡¡pn+ ¡ ' . . . 

'· J - 1 l - 1 • j 

The method of aolutioo proceeds by the 
f<>llO><in¡¡ !nductlve ""8""""'· A tria! 8Dlutlon, 
z(O) , is assLl!Ded, LJhlch for the reservoir model 
io the inltial condition. The vector function, 
R (<(O)) and th~ dysdlc, íl R (z(Ol), are 
then ealcu¡ated. Note that lhe determlnant of 
the dyadic ls the Jsc<>bisn of R(z). Th"e 
variables 6 z(l) are theo solved for tn Equs
tton ('Jl. 1f 

wh~re ~ (g ~ufflciently small, thert the tdal 
solution, ,(O) • lo aaou.,ed the true solution 
and the method ls completed. H 

16~(1)1>~ 

then a neLJ gueso ts ~de by using the following 
relation: 

,(1) _ z (O) +O ,(1) 

and the process is reputed. The proceao 19 
tenoinated l.lhen 

lóz(K+l)l<o: 

and the solutlon is acccpted as 

(K+l) (K) . . ' 
A direct method '-'SS employed for the 

ao!ution of the linear equatlons at each iter
atlon. 

Kothernatical Checka 

Mathematica¡ checks were used In •tability 
studies and the debugg!ng of th~ rc•sorvotr 
010del. Slnce the reoervoir model can he vl~"~d 
u a distributed "parnmcter system, lts reducllon 
to a lumped para...,ter form gives a means for 
analyzing the stabillty of the ~>odel. The • 
lumped parameter form of ~quation (7) and (9) 
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can be obtained by lntegrating out all 
variatlon and h as follovs: 

a~atial 1_ ~,.¡ the <>porator /l h deftnéd ~• /l X • X X 1 
• Y ''r-'r; 

' [ < > l ;¡¡- $p'S > ' < "' • - Q w w " ( 1,4) 

,, 
1 < ;¡¡- <t>p h S > • < 9P h S > ' www "' 

< (l-<l>)ph , l • -q, (45) 

' ' 
In te<rnS of syst~ theory, Q and Qh are the 
forclng functions for these equations (Porter 
(39)), and hence the manner In whieh the oyotem 
respondo is r~Iatcd to the nature of the foreing 
f<mction. Thus, thc effeet of dhcretizstion of 
both time and space upon the syst~ t• influ
enced by the forcing functlon. These comblned 
effects are meaoured by means of a dimenoionless 
thmughput deHned as follows: 

• 
' 

'{' 
• 
' 

~ total masa por 
the well 

llt time step otze 

~dl containlng 

q
1 

total maas production rate 

A similar measure of stabtllty has bcen devel~ 
oped by Tcdd, O'Dcll, and Hlraoakl, {'0), A 
number of numerlcal stablltty studieo were per
formed on the reservoir model; lt vao found 
thst the maxlmum stable Nrp ranged fro~ about 
1.0 to )J, for the varioua lnltial conditlons 
and areal and cross-seetional models. 

' The l~ped parsmeter model can be reduced 
further, resultlng In dtmenslonless ratios that 
serve as measures for the accuracy of the model. 
By lotegratlng out the te,.poral ~ariatlon In 
Equatlons {44) and (45), the followlng relatlons 
are fo,.,.._d: 

" • 

' • 

' 
' 

. ---'~"'----
~p S > 
'" 

' ,, 
' 

+<<)lpS>] 

" 

(46) 

( 4 7) 

for time levels t and t . lf the solut1on to 
the f1nlte dlfferlnce reSresentatlon is to be 
correct, lt must oatisfy Equatlono (46) and (47). 

Wellbore Model 

The wellbore model ls representad by a 
system of mathematlcal equations ln terms of two 
independent variables, pt@Ssure and qua!Hy. A 
solutton 1s sought for this ayate• in terms of 
the spatial P"<4llter, z. ln panicular, a solu
tlon 1s aought for the wellhead, Z • ZM. Hence, 
~he •imultaneou• oolution of the two differen
ti.al Equattons (24) and (2S), whtch relate the 
lndependent variables wlth •pace, aufflces to 
eolve the oystem. These equattono can be placed 
In matrlx formas follows: 

where 

14411 • 

" ,, . --' 

e • 

' 

" 

(<P/<Z) 
dX/d7. 

' " ' 
Equation (48) oan he rearranged lnto the follow
ing form: 

-' 
(
<P /<Z) • 
dX/dZ ) ( ~:) . (:;L, 

Having obtained the differential equation9 
in thls form, the Runge-J::utta met:,od can be 
applied. The ltep size, Z, 19 chOO~n so that 
the positiona of the wellhead and the borrom of 
the holc are colncident wlth lhc grld points. 
From the reaorvoir model ~nd Equatlon (35), the 
bottomhole preaoure and quality can be obtained, 
whlch In thla case ~re the boundary condltions 
for the oet of dlfferential equatton• given in 
Equation (49). 
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cm•~-sect!onal for....,lation hastena the devel
opOI<'nt of a superheated reglen in the 
The leve] of lnltial pr~ssure do''" n<>t ehange 
th~ shape o( t!w preosur<• deeliLJc cLJrv<•S, but 
does dfeel lhe ~dvent of a supHhe.>ted reglon. 
Th~ hlgher hvd of initial preooure develops o 
superhMted regton before th~ lower level. 
AKain in regarde to the develo~nt of a super
heated region, the lower poroolty leve! devel
oped a superheated region before the hlgher 
porosity leve}. Aloo, the low~r permeablllty 
lev~l develop<•J ~ superheated reg(on before the 
higher permeablllty level. Thla appears to 
agree "'ith the rcsults of ll<>naldson (5), "'ho 
found that saturatton changes ~ere effected by 
per,.,eability. 

In the croso-oectlonal formulation, the 
srnBller the initlal liquld phase asturation 
lcvet, the smal!er the pressure decline, the 
shape o( which io concave upward na can b~ scer 
in Figures 4 thro<~gh 7. ln thc areal f<>rmu
lation, lnitlal ssturatlon levcla larger than 
0.40 de~nstrated aMS!ler pressure decline for 
a glven amQunt of mass produced than the 0.40 
leve!. Thelr shapes ""'" concave dowm•ard. 

Por iniUal llquld phase saturations 
lower than O. SO, hottomhole quallty incrcased 
os prnduction procccded, except for the case 
wherc hoth thc towcr level of poroeity and 
permeablllty bceurred, e.g. l"lguru 4A and SA. 
Largcr lnltial liquid ph<>.se saturntlons tended 
to decrease the bott~ole quallty or lncrease 
lt very slightly u pr<>ductlon pn>ceeded. 

In the areal formulatlon, bott~hole 
~uality d€rnonstrnted similar behavlor, except 
for th~ initial oaturatlon of 0.40. 

The lnitial pr~ssux-e leve! dou not seem 
to alter the sbape of the bottomhole quallty 
curves. 

figureo 8 and 8A prescnt ex3mpteo of the 
reservoir liquld phase saturatlon and pressure 
Jiotrlbutions, r~"P<•dively, for '' selectM 
~et of conditio11s for the cross-sectlonal 
formulatlon. Th~ noJe lndlcated by R "+" is 
the productlon block. 

In an areal foraulation thP most slgnlfl
cant ~ffect ~ao that of the lnltlal llquid 
phnse saturation t~vel upon the snturatlo~.~ls
trlbution. Pcrmeability and poroslty levels 
dld not alter thh effect. For inltlal liquid 
ph"se saturation lHvels of 0.40 and smaller, 
the la..est liqu!d phsse saturatlon about the 
~ellbore exist~d at the wellbore grld point and 
the superheated reglan formed aro""d the ""'ll
bore grld polnt. la contras<, for tnltlal 
Uquld phase saturation levels above 0.40, th<> 
hlghest liquiJ phase saturation cxlsted at the 
wellbore grid polnt and the supcrheated region 
(ormed away from th<• wellborP. 

~~llhead Pressuu and Qunlity 

Wellhead prcs•ur~ and quallty were deter
rntl\cd for every tlmn atep In .>ll olmulatlon 
nms untll negatlv~ wellhead prenures were ob
tnlned. Negatlve ~ellh<>ad preasure usa lnter
preted to ..,.an that the mass flow rau waa too 
large to be phyeically attained. Figures 9 and 
9A depict an example of the wellhe•d and hottoa
hole quallty variation wlth production. 

Wellhead quality "'"" al,..ays found to be 
grcater than bottomhole quality, whlle wellhead 
pressure wao alwaya lesa than bottomhole press
ure. Nelther wellhead pressure nor w~llhead 
quallty was always .anotonic with respect to 
maso fractlon produced. Further, bott~ole 
quallty and pressure variations ~re often not 
reflected in wellhead varlations. 

1 

The pressure drop, i.e., th<! difference in 
bottomhole and wellhead presaureo, generally 
lncreased in tllll<! for initial liquid phaae sat- 1_.. 
uratlon levels lasa than 0.30 "hil;¡':: ':', 
decrcased in time for ln_i<-:;ia·;¡lÓ¡:: sat-
uration lev ela larger tnan . 
lcvel of lnltlal preuure, ~'---~::.:~···; for a 
l~v~l of inltial oaturation gave a 
preaaure drop than the smaller level of lnltlal 
preaaure, 450 pota. 

For the inltlal pressure leve! of 650 psia, 
pressure d'op ranged from 100 to 250 psla for 
lnitlal liquld phase aaturation hveh larger 
than 0.30 and ranged fr= 100 to )50"psta for 
lnltl~l liquid phase aaturation levcls smaller 
than 0.)0, For thc lnltlal presaurc level of 
450 psid, pressurc drop ranged from 100 to 200 
pota for initial llquld phase saturdtion levels 
larger than 0.30 and ranged from 100 to 300 
p•h for tnithl saturation levels below 0.30. 

The quality rlu, l.e., the dtfference in 
botto,¡,ole and ~ellhead quality, for a given 
I~vel of lnHlal oaturatlon waa for an 

lnltl.t presaure level of 450 pala. f:o:i":¡ 6¡5¡0 
pAla, but only In the order of 10-- , 
inHial ~uality rls~ ranged from to , 
while final qu.allty rlse d frcm. 0.014 to 
0.123. The quality rlse atso generdly ln
creased uith respect to aass fractton produced, 
but there yere casca In whlch quallty rise de
cressed for init1al llquid phas<! saturatlon 
levels larger than 0.40. 

Theories and Implicatlons 

From the foregolng dlscussioa of results, 
theortes and lmpllcations of the prcductlon 
behavior of two-phase geothe~l reservoirs 
"'"Y be deduced. 

Three rypes of production behavior oan be 
enumerated, ba"ed on the nature of the bottom
hole pres•ure and steam quallty varlatlons. 
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For r~scrv<>lrs of inltlal liqui~ phase ~atur.>
tiuns ~elo~ 0.00, bottomhole quality increa•e• 
with tlll!e and larger slepes of the bottomhole 
pressure decline curve are attained at the on
set of produotion thon later In the produoing 
lite of the reservoir. Since the initial vapor 
phase saturation la larger than the liquid 
phaso oaturatton, this type ~y be called " 
vapor domlnat<>d syste01. Por reservcirs of 
ioitial liquld phaoe saturatlons larger than 
0.60, larga slopes of the bottomhole pressure 
decline curvo are attalnod noar th~ end of the 
produclng life of th<• roservoir ond bottornhol" 
quality decroases or increascs very llttle ~ith 
the. Since the !nidal llquid phue satura
tion ia largei than th~ vapor phaae aaturatlon, 
thls type mny be callcd a liquld dOQ!nated 
eyste01. Reservo!re of initial llquid phaso 
saturations ht,.een 0.40 and 0.60 exhibit no 
uniform productlon behavior, so these reser
volrs may be consldered to be 01lxed domination 
syst...,... 

Thla clasaificatlon system ..ay be oons!d
ercd aa on extcnsion of a claoslficatton of 
hydrothermal convectlnn systfrmS propo•ed by 

\/hite (1). \/hite claoslfled geotherroal reser
voirs as hot "'ater systems if vater was the 
rlominant pressure-controlling phase and aa 
vapor do01inated systcms if stea01 was the domtn
ant preR,mre-controllln¡¡ phase. H~nce, by 
cons!dering the production behavlor of tvo
phase geothe~l reBcrvoirs, a rcfinement of 
~~lte's classiflcatlen systeOI can be gade In 
terma or the initlal liquid phase saturation. 

Tlght reservolr roe!<., as ~ell as rock 
wh\ch h''" lnw perme.1bility .<nd porosity, d,•
velops a superh~-at~d region 01ore quickly 
durins its production life than rock which hao 
a large pe.....,abilHy of porosity. Purthermore. 
the s""'ller the poroaity of the rcservoir rock, 
th<' smaller the prusure decllne "ithin the 
reservoir, and hencc super-heated steam 1s 
generated with littlc loss in rcocrvoir energy, 
i.e., rucrvoir preasure. Slnce porosity and 
pe.....,abllity are kno~Jn to decreue "lth dcpth, 
the chane~~ of flnd!ng and produclng these 
types of reservolrs .1re irnproved by drilllng 
deeper !nt" the ..arth. Ab". proposed prnjects 
which lmrolv~ thc h>Juction of "'at"r lnto hot 
roe k In order to generate atea~ have a greatcr 
chanoe oi dcveloplng superheated steam if thc 
reservoir has small poroslty and pen..<ablllty. 

In the light ot th~ precedlng theorieo and 
discusslon, thc =odcl developed hereln is 
uscful In engtneertng the productlon behavior 
of two-ph<lse g~oth~rmal rescrvolrs. Due to lts 
distrlbuteJ par.~m<!tur form, the modcl can moni
tor fluid dlstrlhutlons and, hcnce, productlon 
behavioT as no other model to date has done. 
Abo, the reservoir -.!el can handle very 
large time step slzes and still remain atable, 

in vle" of the lrnpllcit simultnneous solut!on 
scheme cmployed. 

In particular, tbe modelen predlct th<• 
formatloo of superheated regiona w~ose locatlon' 
aid In the production of dry or higher quality 
steam. The model is able to take lnto account 
vaporization and condensation vhlch can gener
ate varied production and saturatlon behavtor 
as dlacuaaed prevlouoly. The DOdel also can 
utillze the heterogeneous and anlsotroplc 
nature of the reservolr rock and thelr reaultlng 
effect upon productlon. Purthcr, since the 
incorporatlon of t~o-phase multlpllers enables 
the wellbore model to handle any type of fl"" 
regine, the simulator 1s abl<> to ""'nttor well
head behavior. 

CONCLUSlONS 

The folloving concluslona and observatio~s. 
are derlved on the basis of the present study: 

l. Both areal and cross-aect\onal formu
lationa producod atable solutlons ~>nder lArg• 
time otep sizes. 

2. Production behavlor of t"D-phase geo
thermal rescrvolrs vas classiflod into three 
typeo in term.s of the initial llquld phase 
saturation. These aro a vapor dominated aystem, 
t. e., initlal liquid phase saturalions belo" 
0.40, a liquid dominated syotn, i.e., tnltlal 
liquld phase saturations larger than 0.60, and 
a 01lxed domlnatlon ayotem, !.e., lnitial ltquld 
phase oaturation& bet.,een 0.40 and 0.60. 

1. Superheated regions ~ithln the rca~r
v<>ir8 formed more qulckly for ru~rvolu of lo"' 1 

poroslty and pe....,abillty. 1 

4. \lellhead quality !.138 always found ta b,; 
gre.atcr than thc bottomhole qual1ty, althnugh 
the 01aximurn quallty riae wa" smAll. 

The authoro nre indibted to Mr. Charleo R. 
Faust, U.S. G~ulog\cal Survey, for hclpful 
suggost l<>n<. 
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NOHE~Cl.i\TURE 

e · • rock cOIIIpresslbllity, In 
2
tthf • 

' 

Q 

•• 
•, 
' • 

• pipe diameter, ft 
• 

mP<•hanical equ\va\~nt of lle.<t, 
llB ft-lbf/BTU 

• ~n~rgy balance number, dimensionl~a 

• .asa b'llnnce number, diiOCnsionless 

• dlmenslonless throughput, dirnenslon 
!~u 

• pre•sure, 

• IIIIIU rate 
volllllle of 

of production per unit 
reservotr, l""'(ft1-day 

• rue of heat loss per unlt volume 
of reservolr, BTU/ftl-dAy 

' BTU!ft -day 

' . • Olll&s residual, lbm/ft -day 

• phas" saturation (volume fractlon), 
dim~nolonless 

ternperature, "F 

a therma~ transmlssibillty, in
2

-BTU/ 
lbf-ft ---day 

• ma~s transmisslbility, 
ft -day 

' In -lbm/lbf-

' • 

' 
• 
• 

hest transfer coefflcient, BTU/hr
ftL•r 

D rate of work, ft-lbf/aec 

~uallty (mass hactlon of steam), 
dlmensionless 

linear ~ellbore coordlnate, ft 

• pipe rcughness, dimenalonles5 

f • Fanntng ft!ctlon factor, dlmenslon-

' 
lüa& 

acceleration due te gravity, ft/sec
2 

• gravitational converalon factor, 
]2.17 lbm-ft/Ibf-sec2 

• speciflc enthalpy, BTU/lb~ 

le • absoluto permeability, darcy 

•, 

relative permeability, dim2nsionless 

normal.vector 

' flux, BTU/ft -hr 

tranofür rate, BTU/oec 

masa production rate of vapOr, lbm/ .. , 
reservoir heat transfer rate, BTU/da 

mass production rate of both llquid 
and vapor, lhm/day 

mass production 
lbm/day 

rat~ M liquid, 

r • radlua, ft ... 
' 

• 
" 
• 

veighting parametera 

velocity of fluid mixture withln 
""libere, ft/sec 

darey (reservolr) velocity, ft/day 

rocUngular reservoir coordinates, f 

' • maso flu~, lbm/sec-ft 

' • fluid potential, lbf/in 

' • thermal dtffuslvlty, ft /day 

• volum~tric fraction ot vapor ~ithln 
vellbore, dlmenslonles• 
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~cem 

' 'o 

' ', 

well dep!h 

o. 96 

o. 5 J 

25, o 

' . " 
0.2916 

0.26525 

0.407) 

O. IS • 10-J 

14. o 

lO. O 

~ 555, 56 

' ft /day 

8TUfhr-ft-°F 

I'ITU/hr-ft-°F 

" 
" 
" 
dimensionleoo 

" 
" 

• 

TABLE 

lnitial 
Liq. Sat. ,. 

w 

0.20 

o. 40 

o. 60 

0.80 

l. 00 

o. 20 

o. 40 

o. 60 

O. 80 

¡_ 00 

o. 20 

o. 40 

o. 60 

0.80 

l. 00 

where 

c~l! Size: 

lnitial 
PreosurP 
P 0 (poia) 

"' 
"' 
"' 
"' 
"' 
"' ., 
.,, 
., 
., 

'" 
"' 
"' 
'" 
"' 

~ 1000 ft 

= lOO ft 

~ lO ft 

Max. 
Dim~nsioni<·Os 

Throughput 
M•• NTP 

24. 81 

6.85 

7. JO 

7. JO 

6.80 

B. " 
" " 
" " o " "' -' '" 
33. 47 

27. 81 

6. 70 

11.72 

3. 53 

Production Rate: qT = 4.8 · 106 l!>m/day 
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• 

..,thoc!ology for the an.alysh of non,.othe,..l reser
voir systeo.s, eltller sln9le or two-phase (liquid 
water/ste..,). Ge<lthen>al reservoin W<TTOnly lnvolve 
nonlsothe....,l tWO•Ph"'e (W<Iter/steom) f1ow during well 
testing. In thls paper, we presenta the<oretlcol 

data 1n 9eothe,.,.,l <yH..-..; . 

TI/Il-PHASE (l!QUID 1/AHR/SHAM) FLOW !N GEOTHERMAL 

:!~'·lmms 

very accurate. After com~1Hion, 
~erfo,.,..u in tho Oydraulic rnode. 
one or roore ""lls are produced at 

tn pressure w1thin the 
or nearby observatJon wells 

U'l' ""'" i tored. 

1, a lack • 

"' 
We are 1ntere<ted tn solution. of e-quat!on (1) for the 
cose of flow into • centrolly locoted well at a con
st:ont OlaS. rate of pro~ction M. Math....,ttcally, •• 
1\ave at r • r,. 

,. 
' For the salo.e of OMthematical convenience, the boundary 

condition at r•rw ts reploced by the "l1ne sourc:e"" 
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appn><t..,tlon, ; .e., 

li•ri'P..o 
~ " 

p(r,t) • PI ..•...• 

:JI '" 

,., 
The solutlon for equatlon (1) •ubject to the bo~nd

condltlons (l) and (4) can be written as follow• 

p(r,t). P,' <il<T'cr.rc" 1- ¿' ::,~T 1· 4.tl \<fv)1 "' • , 

1.15 M • !iífi"ii""" 

(8) tnto equatton (1), •e ,, 

' (;) 

,,, 

,,, 

-0.351\. • (9) 

~- ( 1 O) 

•here j•l ~nd 2 denote the t-o-phase and slng)o.pha•e 
...,glons, ,..,,pectlvely. The óefinHions for the varlous 
Guantitles In equation (lO) for t.he t""·phau re~ion 
(j•l) Mve al,..,ady been given. 1n t.he slngle•phase re
glan (j•2). we hove: 

Note that wlth the above definitlons, equatlon (lO) (In 
the •ingle-phase region) ,..,duces to the usual dlf
fuslvlty oquation for the isothermal flow of a Hquld 
of smoll and constont co~"'ssiblllty. 

We wlll """""' t.hat the ,..,servolr h lnlttally at 
a unlfonn P"'''""' Pi and teooperoture T¡. We •111, 
furthermre, requi"' the fluid n,.. te l>e lsot.ho"""l 
in tl>e slngle-ph~se N!glon (r > R); In practlce, thh 
iq>lles nG se•e"' "'striction u u.peroture changes 
In •ingle-phase fl"" ""' usoally •••Y s ... n. Tl>e 
b<lundary coMitlons at the wellbore ond at 1nftn1ty .,..,, 

( lla) 

( 1l b) 

In addltion to tOe boundary conditlons (11). we need to 
sotisfy contlnuity conditions on '""" flow and P""'" 
'""' at the flash-front (r•R). MathetMtlcally. we 
have at r•R: 

{ 12a) 

( 12b) 

lo develo? a solution for e<¡uotlons (10) sub.Jec:t 
to the boun<lol")l conditlons (11) ond (12). we note that 
the•e equotions a,.., si10llar to the e<¡uotlon• for nolt
lng and fN!e.lng wtth cylinddcal >Y""'""try ?••sented by 
Cocs1aw and Jaeger.4 The •olutlon for the present case 
can, thuefore, be obtolned by foll""'lng the general 
approad of CHslaw and Jaeger. We h••• thus: 

O < r < R: p • P, • 4~H ~(kt~íTTJ r~ 

(- 4~ [;~/~¡T]} El (-) 2 ~. (\la) 

( llb) 
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' • O MPa-1 (O p,;-1) 

"' 
'• • 5.25 W/m.K (3.03Btu/h.ft2 .•F/ft) 

( Be) 

'• • 1 kJ/<g.K (0.239 Stu/lbm ·n 

• • ' o. 1 ))111 ("- 0.\ darcy) 
and \ is the root of 

'•· • o.' 

'•· • 0.05. 

Reht!V<! .,e,.,..obll Hie< Rt and Ro "'"" '""P'""<ented by 
the CoNOy e<¡uoti011s and the mixt~,., (roü-llqutd-vapor) 
tllei"Wio)\ ~onductivity is approximated by Budiansky's 
fo,.,la. lhe ..,._ -..ithdrawa\ rate i< a.-.-.1 to be 

(\ld) 0.14 <q~ .... (0.094 lblll/<.ft.). 

[quation (13a) yielcts tbe follawing e•pre.sion fcr 
-..ell-bottom pres.ure P.,( t) 

" 4.ifTii</~ 

- [j (->.~)] ( 14) 

Far 4t [(k/v}r]¡/rl2 [~oCT]l >lOO, equotlon (14) Cdn be 
oppro<i.,ated as fo low<: 

+ O.J51 t (lS) 

(quation (15). lüe e<¡Udtion (7), tq>Hu thot a plot 
of Pw ve,...us logwt should be a st,..ight line and thu 
[(<lv)]]¡ is qiven by equation (8). 

NUPIERJCA.l R[SUlTS 

ln arder to test the validity of tho precedtng 
theary, the Systems, Science and Softwo,., (S') rcser
voir siiiiiJlator loiJSHil.l\5 was e>erclsed in one-dlmens1ana1 
radial configuration to generate o series of drawdown 
histories. All of the cases de<er1bed below wore SllllO
latod using a 50 zone (M¡ = ~'"2 = ••• • M¡¡ • \m 
(3.281 feet); M¡ 2 • 1.2 M¡¡, M¡J • 1.2 M¡z, 
M;o = 1.2 M 49 ) rad1al grid. 

lhc reservoir mck is a><umed tu be a sandstone 
wlth the fallawing properties (unloss otherwi<e indi
catod): 

"R • 2.65 103 kg/m3 (165.4 lbm/ft3) 

~ 0.2 

• 

ln the """"'rica\ examples di<cu.-ed here, the ef
fect of ""'" wlthdrawal is ,.,presenteol by a vol....,tric 
slnk tenn in tlle we\1-blod (radial extent r • O to 
r • M¡). for purpose< of comparisO<l wlth !.he ana\yti
cal '""'"lt' p,.,sented oarlier. 1t is necessary to de
fine an equivalent radius ~~ at whic;h the ca\cuhted 
well-block pressure i< equa to the octual flawtng 
pressure due ta a continuous line .C>urce/sink. 

' 2 . . . . 

whe,., ro is tlle actual well rad1us and R is tM 
of tlle 9rid bloc<. For R >> 'O• o:quotion (16a) 
fios to 

"w • R ••P (-1/2) 

'" 0.6065 R 

equal 

( 16al 

(H~) 

Equatian. (\6a) ond (lób), strict\y Speülng, Mld 
anly for a ~ell located in the center of a radial gcld 
bloc>. for rectang"lar grid blocks (with dimenslons 
hx, Ay). oquotion (16b) 1< usua\ly reploced by the fal
lowing ••press1on 

_:-!'_. 0.6065 

IM ~y li 
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Pe.o....,nl e.amlned the grid pre.,ures •::"::,'::":";•,'::•: 1 the numerlcal solution of steady 1ncornpresslble 
phase flow ínto a sinqle we\\ locatcO in the 
a square grld block (Ax • ~y) and candudcd 
wcll-block pre>Sure should he equal to the ootuo\ 
ing pres.urc ata radlus of 0.2 ~x (,'"d not at the 
radlus glven by ~quation (17)). 

In an ltte~t to evaluate the ;ignlfiCilnte of 
Pea~emon's re>ults for nu.,.rical >ln~htlon, Garg, et 
-!.!...,_ analyzed the nu.,rlcal solutiM af study tncom
presslble >inqle-philse flow into a single well located 
in botll radial and rectangular grid bloc~s. 1t h 
found that the eGUivaleot radtus de¡>er><h, araong other 
things, on the shape of the grid bloc~ (radial or rec
tanqular) Md the type of ""''" (uniforrn or stretch) 
ernployed. Thus, for "'amplc, use of unlfonn rodia\ 
mesh ylo\ds rw/R ~ 0.5615 in the limlt N~~ 
denotes the """ber of grid blocks. 

and Table 
thi• cose 
mobile for t >'" 
well-bloü. The condensotion i< 
pre.sure lond henco tempcraturc); i 
str•lght \loe the pressure doh for t 
l9nored. 11 the c""'putation had been 
sUff!clently gro:-.ter than t ~ 2 J05s, 
•"other straight line "''l""'nt (•ith • 

hble 6 coo;~a,.,., tlle CIJIIIIl•essiblllty Cr ••lue• 
inferred ¡,..,., the slope of tire str~ight llne and 
equation (9) w\th the dCtual 1 The aqre.....,nt is 
quite qood for ~.-es b, Cases and 
the inferred values •re 

• 

solutions for 

e • fo ...... tion c"""ressibllity • 

flow dis

'' 

CR • heat capacity of the rod matru 

C,. • totol cornpressibillty, equatlon (A.l2b) 

h • enthalpy of liq"id/•apor ~hture 

•(1-0)h~•Qhg 

h~(h 9 ) • \1quid (•apor) entholpy 

hgt • heat of voporlzation • n
9 

- h1 

• 
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hR " entha]py of roe~ &ltrh 

H fo.,..tion thickness 

YR thenn.ol conductlvity ol t11e roü grain 

m slope of Pw versus log10 t straf9ht line 

M maS> product1on rato 

saturation pre.,ure at T 

P,. • well-bottDfll pre .. ure 

Q • stea11quality • S P/P 

r • radius 

r~ • wellbore radius 

. ' ' 

2. R..,.y, ~- J .• Jr.: "Pressure Tran.leot M•lysh 
for Ceothenna 1 We l1 • • , Proceedi nqs SKond Unl ted 
Natlon• Syaposhn on tOe Develop!lll!nt and Un of 
Geothennal Resource<. San Franctsoo, Callfomlo 
Volume 3 (~y 1975), 1749-1157. 

J. Mueller, T. D. and Witherspoon, P, A.: "Prusure 
Interfe,..,nce Effects within Reservolrs aod 
Aqulfers", Journal of Petrole""' Teünology (Aprll 
19651. 471-474. 

S. Garg, s. K,, Pritchett, J. W., Rice, 11. H. 
aod Rlney, T. 0.: "U.S. Gulf Coast Geoprenured 
Geotllemol Re•er.otr SiTil<lation", Syst.,..., S<:lence 
and Softwarl:, La Jolla, California, Report SSS-R-
11-3147 (1911). 

6. Van Poolen, H. K., B"'itenhdoh, E. A. and Thumau, 
D. H.: "Treatment of Individual Welh and Grlds 
In Reservolr -ellng", Joumal of Petroleu~ 
Technology (De.:elliler 1968), 34\-346. 

R(t) • instantaneous PQS1tlon of the flash-front 7. Po"eman, D. W.: "'lnterpretation of Well-Bloc~ 
Pre.sures in Numertcal Reservotr Slmulatlon", ;.,,.,¡ 
SP( 6893 prosonted at Soctety of Petroleum R~(R9 ) relative liQuld (vapor) permeabillty 

S vopur vnlume fractlon 

Str(S
9

r) • reS1dual Tiquid (vapor) <aturation 

t • time 

(k/~) 9 kinemat1c llllblllty for the vapor • 

k Rgp/~q 

(k/v)1 ki""""tic IIO)bility for the liquid 

' Hlot/~l 

(1Jv) 1 • total kinernotic mobilHy • 

(k/o)~ • (f!v)q 

u~(~ 9 ) • llquid (vopor) dynomlc vlsco,ity 

P •mixturE" (liquid and V<lPOr) dcn11ty 

!1-S) "~ • s~9 
r, 1_(~9 ) • liquid (vopor) density 

''R roe< ""''" d~nslty 

~ poro~ity 
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~_&PUIJ!_!l: l)[B_!V~!!_OII Of_DJifUS!V_I_IY ~~TIO.~ fOR T~;_ where Ti< the c0111110n local teq><:rlture of tlle roe> 
PHAS! (I.J!l:illlliAHR/STllM]_flOWI:N_j•!!__ U Ml:lliA ""'-lrix dnd the porc flutd<, Un<J.,r the steaa d(lllll' (Le. 

t><o-ph•s• re9i..,), temperature T i• a unique functlon 
of fluid pre.,ure p. The bal•nce equat1ons for two-phase flow In porous 

!dla h~ve previously been discu<s~d by 00tla\dsoll,9 
1'\ercer, el al.,10 6ruwne1T. et •\.il and Gdr~ •nd 
PritchetD<-For the presenCa¡iPT1cotíon, tne 100st 
general fono of tne bal•n<:e laws ><ill not be requ1red. 
ln p•cticular, we ~ill """""' that (1) the rod poros
lty d<>pend• only upon the fluid pressure, (2) the rock 
l>ltrh, the liquid and the vapor are in locdl the1'111i11 
equilibri""' and that heat conductlon ;, neg\iglble, 
(3) thc llquid •nd the vapor oce in loc•l pressure 
equ1\1~rlurn such that !he Cdpillary pressure ls 
negltqible, ond (41 the fluid flaw i< governed t>y 
Oarq's low. The second assurnptlon 1mplíes that we 
need con•lder only the rnhture (rack, liquid, vapor) 
ener9'1 balance. 

W!th Ulese d»Ullllltlons, lile balance equat!ons for 

T • T(¡ÍI (A,)b) 

Cootlinin9 equations (A.5a) and (A.5b) and diften:ntht
ing w,r.t. t, we Mve 

e dT lE_ 
R dp Ot 

(A. 61 

5ubst1tutin~ for 0/0t ($p) from equation (A.ll, 
for Ot/ilt from equation (A.l), and for ilhR/at from 
equation (A.6) into equatlon (A,Z),"" obtain: 

.., .. and energy in rddl•l 9e001etry can be wr1tt.en .- 1 dT 1 
followsl2 1-(1-~) C.,oRhR t {!-~) pRcR d¡- ~- (1-~) C,.PI 

Mass (Liquid and Vapor) 

' 1 o 1 1 "'1 Sf($ol·:¡::a¡r (0/vl;¡r •O (A.l) 

[nergy (Rod, Liquid and Vapor) 

+ (1:/v) h ] ll'. 1
1 

= O (A.2) 
Q 9 Or 

The fl~t term in O<lU.Uion (A.I) can be expanded 
and ""'rltten in tite follow1ng font: 

not!ng thaé 

~. (HI e ~P. 
~~ m n 

we obt!in 

' ('") "-¡;:;¡phat 

~e will now proceed to expross i)h/Ot in tem< of 
'h!<lr. Jp/dt and Jp/ar. 

{A, 31 

( A.4) 

for geothcnoal appllcation~. it will sufflce to 
... ..,., that 

'~~- + ~P f{ > 1 (k/vl¡hf + (k/VIghg 

(kfv)Th 1 ~ ;, (r ~) + ~ ::r [(k/v)fht 

(U) 

We next note thot in pr•ttical geathennal app\i<a
tions, the lost two tem" In the brackets on the left 
hand side of equation (A.7) (~ ond (1-~1 C¡,p) are 
liable to be n~g11glble cOI!l¡)ared to the first t~o 
term. Also, ~e nave 

"• " • - '" "' .. . . {A.a) 

"• -h. (1-Q)h 

"' 
Substltutlon of equation {A.6) In equatlon (A.1) 
yields: 

'" ~p ilt • {1-t)pRhR le _!dll~ 
., TCIP ~t 

' ""' (k/v)1 [I'M ]' o ( ' ) (f7V)~ - Q ¡:: ·~r r ;,~ 

' iP..h [ { ) <Ir j<~r hgl k/v T (~-o)] 

' (k/v)T ;~~ . . . . . . . . (A.91 

Cornb1n;ng equations (A.!), (AA) and (A.91 we Obtain: 

. . . . • . . . . (A.Sd) 
~_L----------------~ 
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' ~ 1' ,, 
ldp(~t 

• :!P.(_ L (k/v) +!~~e.) (k/v) ~ 
~r~ Jr T p ,Jhp Tdr 

(A. 10) 

An e.omlnation of the nu..,rical solut10n for equa
-•ons (A.l) ond (A.2) with a constant rdte of llld<; pTO
duction (e.g., Ca.es 1-5 discu.,ed ~hewher-e in this 
pa¡>!!r} reveah the following ÍIO¡IOrtant peint.: 

1. The tola] Hn-tlc 1110billty (k/v)¡ increo.es 
wlth lncreasing dl<tonce r !roro the wellbore. 

1:. In the viclnity of the ~ellbore, we have 

1
1</ J [1 -! (:JP.) o 11~/:J)g_ ol]! L (r ~p_) "T nohpgi.,k¡u¡ rar Jr 

o)]j (A.ll) 

This >trong ;nequality does not, however, t.;Jld 
for radial diHances gN!ater than a few bo,.,
hole radii. 

J. Both \he radial ten11s in equHion< IA.IO) are 
rn.ldn1um (In an absoluto >ense) near the well
i>ono, and fall off rapidly with increasing 
ro<lial di<lanco r. 

The radial terf!IS in equation (A. lO) aro of 
oppo$lle signs. 

·oc no~ r~plac~ e-quation {A. lO) bY th~ following 
diffuslVity ,.¡wtion: 

l~(r~·)·o r or 'r 
(A.12a) 

(A.12b) 

Hote that (k/~}¡ in e-qu&t!on {A.12a) represento tt\e 
va.lue of the total kine.,.tic mbi11ty in tlle vi~!nity 
of the borehole. The appro•i.,.tlons in.olved ln derlv
lng e-quotion (A.12a) {l.e .• {1) neglecting the ..,c:ond 
radhl te..., in equatlon (A. lO) and {2) rephc:ing 
(k/vJ¡ by it< value near the wellbore) are str!c:tly 
speak ng va lid only !n the 1""'ediate r.eighborhood of 
tho boreho]e. Even though equat!on (A. IZa) i< note.
poctcd to apply at largo radl!, its use ;hould not 
cau<e Jorge errcrs in the computed response slnce 
pro.,ures c:hange onl~ very slo~ly at large radial d!s
unces frm the borehole. 

The diffusivity ~Quatlon (A.12a) foi"IIIS the b.sls 
for our ao¿ly<is of two-pMse flow in geothe,..l sys
t..,.. u,uke in single-phase isotlle,....l flow, the 
total coqore«ibility c1 In twc-phase flow {c.f.. 
equat1on (A.l2b)) h•s no slmpte interpretat!on; con
sequently it< determinatlon from well-tests, ln the 
absence of data regardlng rock thennoroochanlcal proper
t!os and detalled knowledge regard1ng the thermodynamlc: 
;tate of the produ<ed fluid. rnay have onlY llmlted ... 
pract!c:al utility. ~ 

We shall now briefly ~on.ider a geothe,.,..l stea'" 
"'servolr with an !am:ltllle voporizing 11qu!d phne in 
tlle pores. In tllh ene, we hove 

(A.l3) 

whE·re kg • kRq. Substltutlng from equatiOn (A.13) 
equotion (A.12) and rearranging terms, we obtdln: 

1 n to 

{A.14) 

where 

(A.15a) 

e,· 1.l!.:.U e +!.. (") • .l!.:.UL (") 
·l~"llpdph~l·hp 

(A.lSb) 

Wo noto that equation (A.14) h !dentical (albelt witn 
a dHferent definition for the total compre«lblllty) 
to the dHfusivity equatlon for lsothennal single-pl1ase 
reservolr systems; thi> fact provides the fundamental 
justlf1cat!on for the apptlcatlon of classical single-
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pho.e pmc~dures to detonnine lhe $\Nm-ph•>• perme 
ability of a g~othennal stco01 resenoir with an im
oi'Oblle .aporillng l1quid phoSe (see, e.g., lloench and 
~tkinson13]. 

TMU 1 

ACTUAL (k/v); (i • t, g, T) AHO VAPOR SATUAATION (S) VALUES 

IN THE WELL-BLOCK fOR SIM~AHD OIWIOOWN HlSTORY ,,, 
Vapor 

108 (k/v)~ 108 (k!v)g ·w8 (khlr "~ Soturatlon 

' -'"- ' ' ' 
" 0.050 79.85 " 79.85 

o. 576 '"' o. 163 37.26 0.22 37.48 

0.1296 ... o. 169 35.43 0.26 35.69 

0.3456 ... o. 1 15 ~.00 0.29 34.29 

0.7056 ... o. 118 33. 12 0.31 33.43 

0.14256 ... o. 181 32.36 o. 33 32.69 

0.35856 ... 0.185 31.52 o. 36 Jl.ll8 

0.71656 ... 0.187 30.96 0.37 31 • 33 

0.100656 ... O.IBB 30.69 0.]8 31 .07 

TABLE 2 

ACTUAL (ktv) 1 (i • ~. g, T) ANO VAPOR SATURAT!ON (S) VALUES 

lH TH[ Wtll-BLOCK FOR Sl!UAHD DRAWOO\Ill HlSTORY ,., 
V o por 

¡1)8 (k/")t 11)8 (~/v) 9 1o8 (</v)r Ti.., Saturdtion 

' (S) ' ' ' 
" 0.3:.0 6.11 3.48 1 o. 1 ~ 

0.:.04 '~ 0.400 3.59 4.90 8.49 

o. 1224 '"' o.4n 3.49 4. 90 8.39 

0.3384 '"' 0.4~4 3 .41 4.88 8.29 

0.6984 ... 0.404 3.39 4.84 a.n 
0.14184 ... 0.405 3. 37 4.19 8. 1 6 

0.35784 ... 0.405 3.34 4.14 8.08 

0.71784 ... 0.4()6 3.30 4. 11 8.01 . 

0.100584 '"' 0.~05 3.29 4.69 7.98 

SPE 7479 
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TABLE: ~ 

ACTUAl (k/v)¡ (i • 1, q, T) ANO VAPOR SATURATION (S) VALUfS 

IN THE WlLL~BLOCK IOR SII!ULAHU OAAWOOWN HlSTORY 1' 1 
Vapor 

Jdl(k/v)t 1cfl (k/v) ~~ Timo Saturation (k/v)1 

' ' ' ' 1 ' 
" 0.702 o 23.02 23.02 

0.432 w' o. 131 o 22.26 22.26 

O.l152 w> 0.734 " 22.13 22. l 3 

0.3312 w' 0.134 " 21.99 21.99 

0.6912 w> 0.129 " 21.89 21.89 

0.14112 w' o. 714 o 21.80 21.60 

0.35112 w' 0.662' "' 19.12" 19.12• 

0.71712 w' 0,624 0."' 16.5<1 16.60 

-· 0.100512 w' o .623 0.02 16.53 16. 55 

• Liquid <lightly mobile 

TAnlE 4 

ACTUAL (I.Jv)¡ (i•t,g, T) ANO VAPOR SATUAATION (S) VALUES 

'" !HE WELL-6LOCK FOR SlMULATED ORAIIOOWN HISTORY 1 1) 

Vapor 
108 (k/v)

1 
1011 ( k/v) 108 (~/v)r ··~ 

Saturation 

' ---"''- ' ' ' ' 
" 0.160 35.38 o .lO 35.48 

0.720 w' 0.2911 IO.S4 0.96 11.80 

o. 144 w' 0.301 1 0.47 0.97 11 .44 

0.360 w' 0.305 1(1.02 0.99 11 .01 

o. 720 w' 0.108 9.68 l. 01 10.69 

O.IH w' 0.309 9. 58 LOO 10. SS 

0.360 w' o. 312 9.27 1.00 1 o. 27 

0.720 '"' 0.314 9.00 1. 01 1 o. 01 

0.1008 w' 0.31 S ~.al 1.01 9.88 
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' 
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ABSTRACT 

· Stmulation of gcothcrmal 'Y''"'"' yidd; o,¡imatc• of 
recove<able energy. help< dc,.,mmc optimum managemenl 
le<hnique>. and dids in refini,Jg dc<cr~pllot" uf ""rvoir 
g<ometry. tx.undary condition>. and ro<k propellie.. To 
de,dop an approprbt< mathematlcal mndcf. thc continuily 
equation> for "'"". momento m. and energy in poro u• media 
aro teduced lo two nonhncar. partlal differentiJJ cquation• 
in which thc de¡>endent variablo. are fluid pr<»ur< and 
enthalpy. Thcsc cquation' indudc the effec" of pha.c 
chang<> and are applicable lo both hot-watcr nnd vapor· 

dommatcJ ~eothcrm¿/ 'Y""'"'· Tl1< <4uati""' ·"' •olved 
by a nu""'rical rn<thOO that combmc' d Galer•in·finite 
elemcot appro"mJtion in >P•« and fin1le·doffercnc< ap· 
pro~imatioo in time. Thi• methOO yicldo re•ults which 
compare r.-·ocably ""han analy11cal wlution for the une· 
dim<n•ional "cady ~<rtical flow uf l>ot "at<r in a porou• 
tne<lium. SimulatiOo, of mor<: rcah"ic hypulhetical problem• 
in>ol>ing lr•n•ient. '"-O·phase. owo-di""'n'ional (huril<>nl~l) 
flow oUgg<>t thatthi• approach i• promi•in¡ for the mOO<Iin¡ 
of natural geoohermal 'Y"cm•. 

INTRODUCTION 

M<><t geothetmal re><f'oi" ar<: compln hydtolll<rmal 
oy>Oem, controllc~ by ,ingle and multtpha« flui~ !lo". 
U-..rmodynamiC'. and thc influ' of m.1" and er>trgy. Such 
•YOlcm• have '""'"Y characteri•lJ<> in common with petro· 
leum reser>oi" and ground·,.aler •t>lcm•. Conseq»<ntly. 
>Ome of the enginccring method• ""'d in lh<<e related f1<1d• 
•re applicabl< to ¡;eothermal '""'"oir cngonccri"8. 

Oncof the "'"" promi•ing techniqoes 1/lat ha• !><en widely 
ut;Jizru in h;dmgeology and petrnlcum rc«rv~>ir eng:ineering 
¡, mathematlcal modelmg For ¡he P"'P"" of th" di..:u .. ion 
"''define a geolhermal modela.: (11 a ><1 of equa¡ion• 
which ducribc: thc ph;>ical pro<e»« acti•F in~ ~'<'olhcrmol 
"''"•oir. and (21 the numcrical •olullon of thc>< cquation\ 
for a gi'Co "'' of '<'<'"'¡' pr<>p<ttiC\. '"~jccl '" l>ounJ'"Y 
""" initi.,l conJ•ti""'· s;,,,. tb"c "'1''"'¡""' ,rnJ l>c>lln<l:uy 
<ondition' ;ere g~ncr.olly cumplicateJ. th< numcri,,,¡ 4P· 
proach i• J<->&ncJ ¡.,, "''"'"'" "" a do~ual wmpu1cr. 

Th< appfoc,Jti"" ,¡"'eh ¡•c,lhc<t,;rl "'"'kl, >hll<rl<l ple<y 

'" '"'P'"'""" n•k· ;, '"·"'l •"1''"'.'' or ~'""'"""'·'' '"""'""' 
'":;'""''""" r·,., ti"· r,,.¡,.,,,,_,, ,.,_,,,,,,, . ., of r,,,,.,,,;_,¡ 

·~¡,., "' ''"" ,., .. ,."'',.o,;,.,.".;, . .,"'· 1~''"'\"·"';" St.d< 
r""""''' ¡·""""" '·"'·""""·''·"'··' "'"'":·"''" ,··"'""'"<· <;.,,,,,., 1 

rc>ervoora lhcy pro>i,lo c>timat<• uf reserves anO future 
pr<~ductivity. Al tho prOOuction "age these mOOels are 
pofliculorly u•eful f<1r determinini the optimal location. 
•racing. •nd produetion '"'" of well•. As addiüon>l per· 
formance dal~ bc:cumc available during oper•tion, the data 
!>ase of lhe m<>del can t>e incrcased and prodiction• of future 
prOOuctivtty and r<5erve> rdined. • 

The purpose of thi< papor i< to outlinc ti>< basis uf the 
i<othermal mOOel thal we have de>clopod and to con5Jder 
s<>me hypothNtcal cumple• in ordcr to demonsor>~e it5 
appl~~:ob11ity lo multiphase fluid rlow and cn<rgy tran>p<>rt 

in 1"'"'"' mcdta. 

MATHEMATICAL MODH 

The developmeot uf our malhema<ical model for gcother· 
mal oystems con<i11< of two pan•. (1) tbe formulation of 
tite eontinully equation< of 'ma ... momento m and en<rgy 
for eoch p!ta•e, and (21 ti>< rcdue<ion of this •Y"•m of 
equ.al;...ns to '"'" nonlinear partial differential equations 
The deriva<ion of tll<'" equa<ions i• given by Merccr, Fau.,, 
and Ptndcr (19741; only the hnal cquation• and con.,itutlvc 
assumption< ore prosenoed in thi• paper. 

The final equ.alio<ts which serve os the basi• of out 
numerieal model ale p<>«d in"""' of lhe unknown dcpell" 
dent 'loriabks. Ouid P'"'"'• and eothalpy. They are given 
by: 

"' 
\ "' (''"))"' ("')"" • ¡o-+<1>- -••- -

dr.·lp,o< <lh,ot 

·'"" 

1~1 



• 
l<o)b 

,/ob 
,. ' ¡, 1 -

• .!p ( "'' ) 1 ,¡,Ir . --

·'r • 

("')) ,,, 1 (''') -~•lp,C, • • • 6/1 ---
·'1' " ¡¡p ,,¡, ,, 

("') ) ,,. +~1-6/p,C,- '''-
¡¡¡, • iJJ 

whcrt, 

! local inlrinoic ¡><:rm .. bolity """''· [ L 'J 
knl~,.) • rdati't ~rmtabrhty for <!<am (""'ltl), di· 

p,(~.) 

><,(f'.l 

' • q,(~.) 

men,innlt« 
m •v•c.~e >toam (water) dens¡ly, [ Mr.->] 

dynamic v"cmity, [ML -• ,-•) 
• prt"ure. [ML''J"1] 
• gravi1a1K>nal acceleration, [l.r'] 
• ma<'"""ceterm,[ML-'<' 1[ 

pom,ity, dim<n>ionless •• 
h,(h,} 

t.* -
enth~lpy o! 'a<uraled <l<am !"altr), [ L' 1"1] 
thc:rmal di•peni<>n """'' lo• !he: medium, 
[MI.r-1T"'] 
temp<'ralure. [ l'] 

1', ave<> se roc~-gooin dtn<11y, [MI.-'] 
h," rod enthalpy,(!.'r'] 
e,~ rock <pecific hc:at, (L'r·•r•]. 

Average fluid dcn•ily, p." defi,ed t>y. 

~-S,p,+S,p,, m 

whero S" >aturat¡on, dimen>~<mle". ar.d -~.+S," 1.0. 
~mall~. t~e total 'entlmlpy of lh< rni.,Lore, !1, i< d'f"'oJ 
by: 

•• S,p,h,+ S.P.h. 

" ' "' 

f•gurt' 1. p,e,.Uf~ o•nlh•lpy oiMR''"' (o;qn.lhnn of <iAH') for 
puoe "'•'"' •....J v•t>J' •how•o~ lh<<"< tho!omodyNm" "'ginn• 
t.:!ow th<- wl•cal pmot I•P<"• ul P'""OOial: (1) "'""~'"''...,¡ 
wal~<. (1) two-ph••e >(o;,ml-W>ler, a....J ill>upeoh<'at<<l "~•m 

(alte< Wlw•, Mufller. ""d T'"''""-"1. )')71)_ 

1 he rr•· "'"< '""' '•··'rJ -•Pr"'·" 1• ¡, """ ,¡ '" "'' .• 1 P'""hlo 
:>PP'"'"'hc,, ¡·,, 1,,,.~ '''" l''"''"''""l '1'''''"' ,,,,.;,.,, 1 
in F1~ 11. P"""'" :ond '""P""''"" "'·')' ¡,., U'<'ol -" ""' 
''"'""'(':coceo, 1'11-'J. ¡;'"'"1' 0!'!)-11 h""'"LMJ ,, 1"<>
rh-••< """!el in 1« "" of rluiJ r•<"urc ,, nol "·•1•'' '"' ur:ooion 
lthi' "PI""'·•d• i, '"''""'J '" 1hc '""""¡,-,¡ •.tpu•-t'"""'" 
"""'·"~ion 2 ;n Fig. 11 llw~ncll, l~:n~. :ond l'onchell 
( 1975) an<l T. J _ La»<l<r (oral co•nmun., 1 97~) h••·c '"~'<''"" 
ed a method •aloJ in all lhrec ocgion• <>f Figuo< 1 whi"h 
u•e• fh•id dcm•l~ and in1cmal cn<'g~ "' 1hc unlnnwn 
v•ria~lc<, 'Fluid P'"""'" and enlhalpy h,<'< hccn el"'"" 
a• unln<>wns in thi< •lud~ t><cau<o< lhcy d<fine lhe lhermn
dynamic <late uf the •ysoem (val><l in all thrce regions ol 
J'ig. 1). ond thcy are commonly ob1ained in freid •ituatiun>. ¡ 

In dcveloping Eqllaliun< (11 and 12) tl¡c full<owing :M.,mp· 
tiono wcrc made: (1) thc rc.orvoir i< trcatcd " a poonus 
rnedium: 121 capillary pre,.ure ;, oegligihle-that i>. tt>< 
local pre,.ure. in 1he water and socam phases ar< cq\llll; 
an<l 1') local thermal equ1l1bri"m "''"' amung all threc 
pha>c•-ruc~. "'"m, and water, A< can t>< <ce n from l'1gure 
1, c<>n<idcration of the lhormodynamic cquation of slate 
for water allows lota! de.,ity, ulural<~ steam den•ily. 
•atuTOI<d woter den.lly. >alutat<d <team cnthalpy. "''""'led 
water cnthálpy. w"ter <aturatonn. and tcn>pcmwrc lll be 
e.prc.,cd as functions of fluid pre.surc •no\ enlhalpy. For 
lhis <1udy, the,. relwon>hip• ore e>prc,.ed a> regrc,.ion 
cquation, u<ing data from Meycrcl aL ( 1 %!1). The rcgre.,ion 
equ~ti<ln< wcrc obtaincd u•ing an cnlhalp) range o! l 09 
K tO'toJ.I75 x lll"crg,/gon,apre"uroran~eof LO x 10' 
to 1.7.1 ~lO' dynes(cm', anda temper•turc tan~< uf .10 
"' JSO"C_ Addruonal rela1ion•hips nccded 1<> expr~" olt><r 
para melero in Equalion> t 1) and W include IMercer, Fau>l. 
and P<ndcr. 1974): (1) l'mu1i1y a' a function of prc"ure 
alonc; (l) av<ragc roek-gra~n density ttc,oted "' '"'"tanl; 
(3) to<k enthalpy eonsidcted as a fuoctiun o! temporalurc; 
(4) vi><O>llies considercd n funetion• of lcmperalure: (5) 

relativo pcrmcability U<>ted os a functi<ln of sa<uration; 
and (ó) thcrmal d"per>i<>n trcatcd "' a p<(>pcrty of lhe 
mcdium. (Foro ni• pa.per thcrrnal di>persion and permeabilit)' 
ore eonsidcrcd conotan,._) 

fmplicit in the above dev.lopmcnt i• tl>c a<Sumption lhal 
thc gcot~ermal fiUld rnay he treated •• a purc aqucou• 
>y>tcm. For gcolhermal f l<ld• with Oigh •almi1y 1hio """mp
lion i• oot valid. Unforlunaldy, 10 properly ace<>unt for 
lranoport o! chemical speciu, chernical data •uch a• linctic 
rcaction ralo. are r<qljircd which, in general. ore nol avail
ablc. F<Orlherm<lrc, lhc additional partoal dorfcreooial cqua
tions Which mu<t t>< includcd 1n >uch > !cmnulation ""uuld pro· 
doce a modcl whieh mi&ht be unce<on<>mical to ""'· 

A po"ible metbod of avoiding lh<•• dof!icuhie> for 1hc 
highcr salinily, ho1-wa1cr >)'>tem• do., C<\Sl. ¡:,., th" 
aprroach lhe th~rmodynam¡c cqu.Hion uf >tate for puro water 
would he modofi-cd to account lora mean di.,ohod·•oM• 
conccnlralion of the p«nicut.r geothcrmal rc;e,.oit. Thl> 
appm<imation would a<counl for lhe th~rmodyn>mic• of 
lloellu1d, bul "'""Id nol aecullnl for flui<l•>olid inlc"ocHon,, 
U>ing a mean cnnccntratinn and the corrc•pon<lin~ ""-'do! ocd 
cqualion o! >late would requirc no •ignilicant changes in 
11>c m,,tflematical model prcoented in this paper. 

NUMERlCAL MODEt 

The numeoical model u-..d lo <<>l•·c Equalion• (\) anJ 
(2) curnhine• a Galerlin li,it< elcm<nl appro""'"'""" {"' 



"'" 11 "\11' ,\1 '·'i ,, "1 '''''. '·'' "'" ""·'·" "'·" ·". "'" 
ohe 'f''''"' "'lulio»o "''~ " liouO< ohtfcr<oo.:c ;orP""'"'"''"" 
in,;,.,..,·¡"" """1,.,1 "..,,.11 ,,.,,,,.,.,,,.,¡u,-,.,;,.,.;"'. I'J/11 

"'"' .kl. .. l· <>1 ,,,;, ·'~'"'"·"'' ·'1'1'¡;.,¡ '" '''!"·''""'' ,;,,.1," 
'"' 11 ,,.,,¡ 1~1 ·"e ~····" ;, , \1,·"" 11 ''7 1 1 <'"'Y ,, 1 ,, ;, r """"'·" ' 
ol ti"' noolh<>l ¡, P""'"'""" h<"«. 

lh< r .. ni;ol JM~ocnoi"l Equ.uinn< 111 ;onol 1~1 '"" "'""" 
!onn<•l In "PP"" llto.oto· iniCgo.ol cqu;ol ¡.,,, ,,¡,~ \loe C.Jko l. in 
criterio,_ Thc mtC~1:.I cquallon< aoc <ohnl '"""''·'""""'Y 
"''"~ thc lonllc e k""'"' metho>J. In thi' "Prrn.och thc dopen· 
dcnl ••ri,blc>. p •nJ h. aoc •rrro•imatoo.J U<Ín~ pi<cewi« 
pOI¡nnmi>l<. and thc prohlcm ¡cduc" lo J•·ocrmining 11'« 
coc!fi,·icn" of thc p<>lrnomi.,l,_ 

T o apply !he f mitc -<lcmcnt mo·tho>J. thc rc~iun ,¡ '"'"'"" 
"d.-iJcd into >Ui:>Jom•Ín> callod ""fiml< olonocnt<' which 
aoe c<>n,.cte<l at ""nodal poin", .. Althou¡;l! the mOOel ;, 
de>igned for highco-order elcmel'll<. lonear <kmen" ••• 
employcd for o~e oOlc·d,mer"i""·'l p«>hlcn" J"cu"cd '" 
thi' pap<r. and linc:lf qt~:ocl!ll;ot<"Ll de m~"" "'" to>ed f<>r 
the \lO<<Hhmen<iufl.ll prohkm. 1-'"""' polynumiah are thcre· 
!ore «lililod. >nJ <nl h•lpy are dct«<>oincJ atthe m>ole po.>int•. 

1-'"r toan,ient (ti,ne-&pcnd~,\) P"'bkm,_ lt ;, ' conum•n 

pr.« '"" '" ""'"'"'"'·"~ lh' ""''" Jcri.,oti•c by finotc M· 
fcrcncc' tcdmiqucc. Fu< the c<.unpk• poc\c,toJ in thi> 
papel we o<< a b-oc\.w.ud-dofference "PP""im.ltion. "1"1>c 
•olutJon procecd• through time u•ing the prc"ure a.-...1 
<nth•lry >aluO> atthc p¡eced,n~ oime-,tcp, io~it.al condi
tlom fu, thc cono.,ttJmc·>tep, 

Th< l;;ol<• ,,.,.¡,¡,. elemcnt methOO o! feo, ><Vcral adv.on· 
tage•. Sincc thc •"-'!'<'' o! the fLnlle <lemen" can be ><bttrary. 
thi< app¡oach ~id,¡, &o.>d appoo•imati<>n< o! <>l<rnal a.-...1 
rnlc•n"l butmd;onc,, Fur linear ponhkm, inv•>'-'lng <harr 
!ron" lh< linllc-clomcnt mclloL>d h;l' l:oet'to 'hown lo y1d<l 
bellco <olutJon' 11<" nomen<.ol JL<pcr<<on) tllan Imite-M· 
lere!IC< mcthooh !!'rice. Ca><n•h•h a.-...1 Va•l"'· 1~)- lt ;, 
aho p<>"ohlc to rcpoc.cnt coel( '"''"" of thc pa<ll.ol dlllercn
tioi<<ILI,Lii<'n< w hic-h v;u y in <pace 1 f<>r "'"mrlc, pcomcahllllY 
¿nd d<n>ity) "' ricccwi><- fuucoinn< M« c.l<h elem«LI 
(!'moler. FrinJ. an..l Pap.>dopulo>. 1973). l'hc "'lcctiun o! 
!he ¡;•leo~in-fimt~ ~leonent appruach for t>Of ~cothcffJUI 

mOOd wa> b.L-c<l ,,,.m thc-e "'"'iJe"'"""'· 

APPUCATIONS 

An analrt~eal ,.,¡,Ilion ¡,, thc <lcoJy.,l,tlc, nnc-dim<ol· 
"on.J vcrlic>l 11~..- ni""'" •nd hea< ;., a""'"'" medtom 
¡, »••hble 11\oedch<oc:lt aod P:opaJopulo•. I'IM: Donald•on. 
19611). Sincc thi< pro~ km inv01I>C• con,rre"<<l water. in 

thc "'""< ref<re<><-c> tho equall<'n< '"" l""""l"tcd in '"'"" 
nf pre""'" ond l<mp«dlurc. ll•< bouml.uy C<Loodtllnm """' 
at lhe top uf the <)<l<m (Jepth. ' ~O). temPc•atuoe id"1 
and P'"""" is P,: al the ba"' (< ~ hl. tempo:ralo« " r, 
an<J • ma" no" r ·•le por umt arc,L ;, 'pecof.col ·" Q A"""'"'~ 
com!,L!Il po:rmcahihoy, k, ¡¡,,.,,.,,¡ cunoluc·t>>ll). "~· ,,.,,¡ 
h<'Ll cap-<coly of "·''"'· c •. the an:olrtic•l ,ol>llio" ft>r 
tcmroc:f•ture i,; 

' 1,>11', ' ' ' 
' ( ' •¡·)¡ 
)' "1' ~~-

) ('.""\ e ···p. ~~) 
'" 

nth« d.ot.l ""-.! ito thi, pmhl«n i!ICludc; a thicl.nc>' <>1 
J.O l.ou, ·¡, IWC: r, ~ 214'C: p, ~ J ll > 10' d~n«/ 
uro ( 1,; < 111' u¡-,</.cno·'<": ,,,.,] K,.~ 12 < lO' 

'"~' 1 '"'. "" ., . 1 ,,. "'·'" ''"" ',,," pe' ""'' ·" "·'' Q. ,_,,,., 
¡,0,,. l 11 • 10 • '" 1 U • 11~ '~m/<« cm'. ~ .. ,.~ nur mOOel 
"de<ip«J '" UC.>t ll~n<ient poohlc<>"- an ~obitr>r) «l o! 
inotiol <<>"'-'•''""' w;o< u.cd .tnJ l~e poubkm "'·" <imol•t«l 
thr<lLI~h lime unlll ,, <lc.OIIy-,t.<IC "'lution "'",.¡,,,.,,eJ. 

DonaiJ>on (191>11¡ Jd'""' "' h.oction. C.Q/1-:~, which 
iodic~tc' th< Jel•tive impO<L>ncc o! convech•on in comp.,.¡. 
"'" ""h con<Juction. For a gi.cn '""'""ir thic\.nC», thi> 
rallo '""'"'<><> " «mvectinn i><c<>m<> mo>rc d<>minanl. 
Figure l •hnw< rc<nlt> cakolalcJ u•ing thc ver11cal. '""" 
dimen•ion.ll foom ol ti'« p««Ur<·e nthalpy modd comp.troJ 
""h the r-.uln of the anai)Iic~l •olution !or .everal <aluc. 
o! th< ratio C.Q/K~- A• may be •cen in Figure 2 lh~ 
compori•o" is very good, wllh thc maxim<om cooor be11>g 
nnly 114'C_ 

On th< h:"i' ul lhi, namplc. the geoth<rmal m<,J<I 
prc<cntoo.J '" ohi, P"l"'' "rf'<"" 1<> be <aliJ lor llot·,.ater 
gcothctn>•l 'Y''""'' (<objcel to the ><<umption< med in tho 
moold ,,,1 lho examplc) Th" cxampl< d<'><< '"'' Hllf)' lhh 
appr<>JCh lm the mme cnmplicotcd vapoc·do>miotatcJ ,;:-,. 
«m<. l<> lest "'-" m<><lel for two pluu flow problem< ,.. 
llave cr>mp>rcd oo< <<>olt< with other ovailable nume"cal 
rnult>. A report "" thi, a<f"'Cl o! the "udy ;, in p<epamtion, 
In lhc romaindcr ni 1hi• P•'-P"' we <hall d"'"" severa! 
hyj><>lhetical twn-ph:"e llow cxanoplc>. concentMing on the 
probkm of conve,.ion !rom a ~ot-watcr re•ervoir lo a 
'""o-rha« reservoir. 
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' ' o -" 
' 
' -• -o 

'" o 

' 

1 '. 
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'l ....... o.· ,o,.,, ,..; .. ocol' '·"'·l"h ..... 1'"'"""""'1 o ... l·o"""" 

.. ,,,,,. ""'" .: ....... ,.o"o"· .. r ,.,,.:,;,.1 ..• ". '""'"""'·'1 n .. " 
;, :·· ,.., .. "'' .1 ., ,, "" 1 ,,.,,,. ' " .• :·· "'··:·" ",,;,,, .. r 
·' ],~''"'' ••..• 1 :•'u11"'"'·'1 ·····"'" ¡,, "1"'" 1lo<· '''"' 
') ,,, '" •·'" 1·· ·'1'1'"" ;,, ,,, ,¡ "' ...... , .• : ..... ,.o""·'' ...... Id. 
11,· ''''"''"'' ¡, •'"'""'·'1 '"he d.,.,.,¡'" ti"· 11"" ,.¡ ¡,,,¡, 
, . .,,.,~) conJ no.o" .ot !ho· 1~"""'·";,.,, 'll•i• .o"'""rli,.n " 

"''"'·'''"'' ;, 11>:01 """'" '"·'" ¡,.,,,"~·· ,,,,., .,,.,,, ;, """' 
P""' hcrm.ol 1 ,.,.., """ '<o ni < '""'""'" <" I,.·,H k.o'"~" ¡, ;ol" ;o)'' 
r«,.•nt. ¡\lohmo¡:lo '"" m .. Jd ¡, ok•i~t><J '" .occ.ounl ¡,., 
ohc•c "'"'~ «.oh>IJ< ¡,,,,.,¡.,y c .. fKloli"n'· l~r 11>< P"''''"~ 
af 1hc fnll"win~ cx;¡n<plc• lloc•< •implc hnund;ory '"nJilinn• 
,ore "officicnl, i\JJI!i<<n"IIY. "' .1llow unc-Jionc"'' iolu.ol trcat· 
menl, " "4''''""'J 11\.•1 lh< r<"fVolir ;, ,. ''"'!!"IC ,,,.¡ <O>o\l;oin• 
~ lmc <>1 .. e~¡, .:cnor.oll) ln<"•lcd wiohon 11'1< '""""ir ~nd 
pdr•llel '"oh< dnn¡::Ui<ln, 

In Oh"""' dl"t<n,;,.,,,,¡ pro>lolcm we «m•idcr" vertical 
'""' O~ '"' lhick and pcrpcndicul•r lo thc dun¡;:.ti<>n. 
Furth<rm<>r<, un lhe ba"' of 'Ymtn<lfY ahoul lh< línc ol 
v.cll<, ol i< only I><CC«ary In eumi~ 11<>"" in h.M lh< vcnic~l 
<lke. Thi< 'Y"""' ;, reptC<ented hy lO clcmeim (<~eh 0.2 
'"'long) wilh u sink m lh< fi"l clcmcnt (on the lc!l). 

Equalion> ( 1) and m aro reduced '" tite ir or><:-dimen<i<"'"' 
fotm wod><>ul lhc gr.o•ll}' l<tm< ¡,;,..,., llmv i< hutizonlal). 
The re<etv<>ir pmpcrty dala and imti•l condoliun> «r< ¡iven 
in Figur< 3. A<l<htional p"'porty d;ola lo>r thc re,cn•uit ~re: 
K_- J 2' 10' <rg</<m·<ec·"C. p, • 1.5 ~m/ cm'. C, ~ 
1 O 1 ' 10' crg•/¡m ·"C. and poro<uy ;, c<>i.<iolcrcd «>n<lanl. 
Additi<molly. ""'"' afKI <lea m vi•coo.uy equalt<>n• ~•• givcn 
hy Moyer <1 "1. (1968J. n~><hl1cd lor e;' <y>l<m: 

.,., ~ 10 •111.407 T, 1<0.4] 
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fowow J. hlo•oli-.•1 "'"1"~''·'1 "'''"~' .,¡ .1 h,¡.,l~o·tocdl 
~· Hll><·<n>al "'''''"''' ¡,, "'"" ""'" ., "'""·ol. l><ui"""·'l ·'"·'ll"''· 

11,.· ,,.¡ '''". pcnuc.ol•lloiÍo•' 1"' ''' ·"" .ond "·'''"' ,,,. l"''c'n. 
'' .rh '"·'''•'""· ;,,,, .•• , , ..• ,,,,., ,,, ¡.,. ,, ,,,;_,,;,,, "' ,,,,.,.. 

1.;,, u l•) 1 ·.,,., 1 1"''" lo•< ;o .h.oi ... ,,., .¡¡,,,].,. • o u<.,, 1~"· • "· 

llo ,, ;,, ',, .•. ,;,,,,; ........ ,.,,,,,:.' ·····"· '"''i""' 
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' 

1 ' ' ,. 

" S 1' .. 
(.~.- s,y [ 
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'" 
'" 

wh~r< S •• - O 0' and S •• - 0.'1'. 1 ínall)·. in lh< l"<>·rh••• 
r<gion. th~ hc.ot sin~ l<rm ;, a fun<li<>n o! 11>< mob•ht~• 
o>l oa<h rh"'"· Th•l ;,, lh< amouou <ll hoal ln<l lu lh~ wdl 
i• oer;,.d ·"· 

(10) 

ond l<>lal n1a" 1<>>1 lu lho v.;ell a<. 

q~·q,+q_· (11) 

Tht 51earn prorluotion tate i• dclorm;n<d by ohc lraNiMal 
ll<>w <>1 lhe •l<am ph4'< "' loll<>w<= 

q,•a,q~, 1121, 

/( "·'· 'J "~~ k +--< ' ~ ~ ·-
" - 1', 

Sin« h,. ~ •. and e¡_ ••• ~nown, q, ;, cakulal~d """J 
1121. q. i> oakula!cd U>i"J (1 !). and q, i< calculalcd u•u'l 
110). 

E>ampll' 1. Thi• cumple ""' desisnc-J to domonsucat< 
11>< bc:havior <>1 an initiall) hol-""""' ~othermal «•ervoor 
.. hi<:h devel<>¡,. a IWO·pha•c z<>ne undor 11>< innuence <>1 
pooducli<>". Tw<> graph> are givcn in Figur< 4.ln lh< upp<:r 
~n<, prc>1ure valuc• al '""""' limo• are pl<>ucd agam<l 
di<tanoe rr .. m lhe .. ,,.,, <>1 lh< '""'"'oir !Id! Ooundary 
of 11>< mndciJ. Thc •pedficd tionc• ropro>enl \he duration 
<>1 npl<>itauon. In thio e.ampk th< pr<><Ur< drop• r•pidly 
in lhe early <lag<> <>1 production ond at lh< ond ol one 
m.,nü• <ht lir<1 cl<m<nt ~"' b<C<>""' IW<>·pha•e. Whcn thi> 
occun !he P'"''""' c<>ntinue. 1<> dr<>p rapidly in lh< ""' 
o! 11>< re<cr,<>ir, bul chango< <>nly •li~hlly in 11>< element 
c<>ntaining lhc ""~· Thi1 i< <>re<l<d <ince onco "" clemcnl 
becom«l"'<>·phaoe lhc plt»ure i> mco1n1•ine~ h~ 11>< lmm•· 
'l><>n 01 "<•m, All<r lhret yoa" <>f e>pl<>llatiun '"" P'""'""' 
in Ult <nlir< rc<ervott havo l<>wercd 1<> a poinl ju01 •hgluly 
obovC lhc value """'" il woul<l bc:c<>me IWO·pl'll"'. Al !hi• 
\la~ ma" """'l"'n '"'"'"m roJuceJ v.·atcr 'aturat;,n, 
in elemcno' ""'" lh< 'ink. and pr<<'Uf<> dror l'<f)' <]0\11)'. 

Wal<r ••tuwion• f<>r <ach el<m<nl al lh< <nd <>1 11'< • 

1 .. ,.<>1 np/<>Uali<>n aro >hown in 1h< k>"•' ~••rh <'1 Figuro 
4. 11 may h< ""n lhal ,, •ub-<lanltal p<lrll<>n <>ltho '"'""'Oir 
;, <1<11 ,;ngk·rha<e imdocaled by thc •haded aroaJ. Th;, 
"'"Y be: an artif.,ct rc•uhin~ from lhe numerical mcthud. 
lt " ,¡,., ""'~ that a •li¡!hl <>•cillalion in 1"" >aiU'~""" 
d"lribouinn "'~""· The O<Cillation ¡, not phy•kall) •i¡;n•li· 

"·'"'·hui;, d<~< oo ohc "'"""'"""' urr'"''"'''''""· 
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F·~u·e 4_ r,,,' '"""""<! l"'""'"'e '"'"'' d,l.n(e loo VJiiOu< 
''""''. Bo~on,; '"'"1"*" "'·'"'' "''"'"""" ,.,.,,, rl'''""' ,, al te< 
livo• Y~"" ol ,.,,,lnol.olo"" ¡,hodt·d orea '"''" ""'' Wótt"r >Jtura· 

toon .,¡ LOI. 

For problcrn• '""'' ·" 1111, e<ampk wh<ro l>nlh ""SI<· 
•n•l '"o·pha•• re~;,,,, .,,¡,,, ot ;, "'"'"""'y to tako •r•óal 
pro""oliM> in orJor to roUoK< "'"' anU cnergy h.&la""' 
ello,, D1..:ontinuolic• in 11>< Jcriva"''' .,¡ 1he th«mo.lt·· 

nomic P'"P'"'"' occllr "' th•· "'"""l,ory h<·twccn tloc•c 
r<~ion<. Thc"" <k"'"''"'' .oppc'dl '" cudlo,·oe<ol• 111 tloc 
pmial <lift ctcnti.ol cqu"';""' .• nJ are a '""j"' '"""" ,r "'"" 
ood cncr~y loalall<~ CfiO". !"ur prnhlcn" mvohin~ hnlh 
r<¡:j.on,, u woc nul po'>Obk W rcprce<nl lh«< codlocit·ntc 
•• lonction' '"" each dc,ncnt ln,l<acl, thc c<><;lfi,-;,.,.,. 
""" lrcatc•d "' "'"''"""· .,,.., "'"¡, clcuocnl aud weoo 
c~lculatcJ "" thc ha,;, .,¡ thc o>'crdgc dconcnt P'"""rc 
o<l<! <nlholpt •>luc,_ 

Md" ,,,.¡ cn<rg)- \>.<l.on,c CfiO" ~~"' O•CCUr l'h<·n "" 
<lcment ch,ngc• ¡,,m •ingle- tu 1v.u ph."c Th"c wn" 
ooc ><ducd h1 chcclm~ !:H tloc cud .,¡ "'"·1• ¡;.,.,.""PI 

lo J<tcrminc il ·'" ••lement ha• "''""'"" '"" ph,,c, 11 "'"" 
• ct>ange h» o<coO!rcd_ lhc c•a>t time IUurin~ ti><""'' •tcp) 
•1 "'hich th< ph•" ohonge tO<ol place ;, linead Y intcrp.•l•rcU 
by u<in~ ""'"'"'"'ion pr"''"'" and lhc pt<""""' anU ti m" 
ot <he hcg""""~ .onJ ,.,u,¡ 1hc 11mc ""~'· -,., c.<lnll.otc 

lhc '"'""''""' P'""'""· lhic mcthoJ ''k"' ~dvont.ogc <•f 11>.: 
laot rhal rloning" ""'' ""P· prc"urc Uecrcd•<• ata ,.,,,,¡y 
ton"""' cnth.olpy in tho ""nP~<"<d·w;ll<r rcg"'"- Once 
tho time,,,"¡,¡,¡,"'" r"·'"' ch.'""''"""""''"'·'''"'·""''· 
,, ;, ,,,,¡ ,,, ,.,,,,, •. , .. " "'" '"'" ¡""''' """'· 'llo.· 1""·"'·"" 
ti,."'"",,, '" llo' 1''· ,;,,,, '""-" ,,,.,. ""1 ,,;,.. 11 .. · '""·' 
""" ;,,, ....... ,,· ,,-, ..... , "''·' , ... '''" ,-, ; .. , 1 ·······-•1¡ .i.-, 11 ,-_,,;,,. 
11 .. · "'pio, ,l,,oll(• · ,1,..,. . .,, ·" 1,-;,.. ¡, "" '"'"l'''"''-,[ 
~ , .. , ''<'"'" 1 ,,, ,.,,.,. '1'""' '"'"' ,,, 1'• ,l .. - pi·-·"
' 1,, "'"~· .. c·l· '"' ,,, ,, ·'' "'" ,,.,¡ '" lo, ''"' ,.,., '" • 1 1,;, ''""" 1•"' 

. . 4G 
"'"~"'"''" e;o<h ""'' ~n dcm<nll:oecn"''' '""·Ph"'"· .onJ 
ol "''<r;ol dcm<'"" •hanb'<' Jo11ing 11>.: carne umc >l<r, lh< 
,¡,.,.,.,, l'hich ''"""'"" for>l ;, "''" "' cnmputc tlw ""' 
lime i""""''"'· 

Eumple 2. Thc p<rmo•bohty of" g<oth<rm.ol '""'"'" 
•lrun¡ly affcct> ll>o prO<Ioocoli"l)' of wcll5, ltlal ;, in low-p<r
mc~bohty 1one• '"11' go '"drt·'" rdpidly. In orJer ro examine 
th< cffcct o( rc.crvnir peo mc.ohiloty. a ><ti« of onc dimc"
,;.,,al problcm• "'"·" ,nl>cU ,,;,~" rangc of pormculllhlicc 
l)~ocal o! gcutl>onnal re'"'"";' mch (><e F•gorc 3). F~r 

thi• .,ample a ««rvoir with an initiaJ ""'"' satoralion 
ol 2S% w.s •pcci(ied_ 

In Figme ), w.>tcr ,aturation di>trobUI1<1n• aro: >hown ¡,, 
a rongc ol pcrmc>biliuc, IHun 2.S x 10"" lo 25 ~ lO"' 
cm'. A• antK:ipatcd, the rc 5ervui" ,.;,¡, lowcr permcabilot••• 

P""'"' •""'P "''"'"'~'" fronl\. ll>o <ignihcanee o! thc 
p<<m<>bolity dlocl ;5 al•u Jcm""'"""U by F•gore ~- In 
t~i< figtor< th~ pormoah1l11y o! tlw ,y,tcno ¡, plorrcJ a~ai'"' 
ti>< ¡oroJ.,cllun li<nc re~oúoeU '" r<ducc thc water s.dLI!allon 
w 2 (1,"!, in the for" ekme"l (11>< elemcnt mduJong rhe •ink). 
For rc"'rvoi" ,.,h lo" permcahili<t tl1< volome o! ti>< >in\. 
<leooent Jomi"al~• lile tome <<quircJ to reach 2 0% v.ater 

'"'"'""""· thar "· "'"" ¡, ~cin~ removed lrom the <ink 
elcmc1u in,re"U ol lrom thc ""tire ••-••rvoir. Whcrc:.• m 
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f i~ul<' 7. lwo-do""''»""'-'1, IWO """"' !l'"""'""'' """''""' 
•n.lly'" '~nwin~ wollc•• "'lur•l"'" rlo<l"bu""" h~ '~''"'-" ''""-" 

rncov"'" wHh od~tivdy loi~h f>C""""boiHo<>. fluid is al· 
lowcd to flo~ 1<> 11~ ,;~1 clcn><nt and m:tinl~in thc wateo 
satur.lion longcr, 

A• an <<ample ,¡ h•·o-pha•<. horoT.onlal flow in tWO 
dom<n1ions. a ,mall hypotheli<:al ~enthetrn;¡l '""'""'' i' 
con,idcrcd_ T"e dimcn,ion>, ir,ti:ol wndrtl•'"' .ond ccrlain 
rropo·ll•e> of thc "''"'v'"'"'" >pccofoed"' l'i~LJIC 7. Ülh« 
ro•ervoir prop<llin are: K~ • .1.2 x 10' <rg•/cm "'c.ot', 
P, • 2.~ gm/cm' and C, • LOI x lO' «g•/gm-•C, 
Vi•co>Ui« """ relallvc perm<ahohh<< •« ¡iven by the 
furmula> pro,cn«d fm !he c;rlicr cxample>. and r<>><>>iLy 
;, "''"mcJ w ""Y accmding "" 

.¡, • .j.,(•,yJ[I < !l(p- P,ll (!)) 

wh~oe i ondo~:nc, •n inOioal v.oluc and ~ ¡, !he verti_:al 
compn·•><hiiHy. For 1hi1 prnhkm ¡1•7.2,\x lO"" 
cm' jol¡ no_ Thc 1"""'"'" y c<md ""'" ••e nn-rl ""'. 

'[he '"'<>-domco,ional (Mri-.>nl:o)J form ni &¡uauons ( 1) 
and ¡2) are >OI•cd "''"~ an ckm<nt confi~uralion v.hich 
con•i•t. o( 35 n<>dc> ar><l !4 ckmen" which are 0.1 ~m 

'4"·"•· Thc '''"''""" ;, ini!1ally "hot-wal'r 'Y"<m. h<ll 
de"I"P' ~ lwn-piH"< rnnc in thc vicinity o•( the <ink (th< 
dcmenl m thc fourlh column and lhird row). Thc thr<e 
di"<:tam< in Figure 7 •ho~< how !he 1..-o-pha\C front chango• 
wllh lome. Fi~urc R >how< the pre_'""" ""d lcmpcralu« 
d"¡roh<HlOn a flor ~7(1 d.< Y> of c>rl"""""" (thi1 cnrre<ponol• 

wilh lhc r,,.,¡ '·''"'"''"" Ji<lrihouwn in Fig. 71. Nole thal 
lhe P'"'""<> and tcmpcratur« in !he comptc.<ed·wa!Cf 
r<~~lh ~re <>«nl~olly lhe -.me <'crywher<, a..J are 1ligh1ly 
ah<>>'C !he vahoe• tha¡ wnuld c«UIC COmo·f\iWI lo a "cam· 
"·''"' l>li,ILJ"'· SiOlC<' thc IO>ou,.f:oty <<>l>.llli•\0" MC '"' ri<>W, 

,.,,,;,..,,d «rl""·'''"" """''1 n '"1' in 'le"''·"''"'"''"""'' 

""'!e;""' u., ti) <he , . .,,¡,,. "''" ',,;, ,., ',,•,¡ k<.· come '" "·r~"'"· 
~~ ,¡,,. ,,,¡ ,r ,IJil ""' ··rr,,.,¡,., ,,,.¡\ n 1.' ""'" r,,"""" 

~." r'"''""'d rc·,ulli"~ in : ú > lll" >'f¡;> o•f kol rcrn.ncd . 
U'i"ll" f111i) impli,, ,;,.« ,;op, tho otluoll m><> .onJ ''""9 

'1·,,1:"1.,-~' lo:o.J lo" th>n 1 11';; CH"'· 

CONl'llJSIONS 

J n thi• papcr wc ha• < oullined the iml">rt•nt ch>roCleri"''" 
of a mudcl lhal "a' becn de> cloped lot ~thcrmal r<><<'oir 
>imulali.,n. The malhcmatical model """'"'' ol tv.n nonlin
ear p,rrtial dolferenli"l <qUJiions wilh fluid P'''"'" nnd 
onthalry "' lhe dependo ni variablc•. The cumplo• form 
of tho panial dJffcrentiol cquation> roqui.-es numcrieal solu
lion, and for lhis purpo•e a Gal<I~in·fomtc clement noctbod 
ha>"""" lltJii7ed, Thi• mndel ;, val id fnr comprcsscd """'· 
two-phn"' nri>tures and >u¡><rhea!ed <l<am; <hu>, it perm•" 
thc simLJI,Ill<>n ol f>nlh hol·water and >apor-dnminolcd hY· 

HMPI~~IUR! ( 0CilSIU~I 

141 24J 
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Fosu•~ 8. Top' ¡cmpo>rawrc di;TIII:tul•on iOt the l\\o.d,,..n. 
•io".ol ••>,LJnple oft« 870 rl•r• oi ~·ploof,lloon Bor.um · IJfPI<uro 
d,q,¡,.,¡.,,, lo< 1h~ tw<> "'"'~"""n•l ,.,,,,,11 r~ aft .. , H7r o .. ,, 

ol "'1'1"''·""'~· 
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M·\ltii-.\IK \1 .\t<)IULI'-<,<ll <.IOit,W\C\1 "'"·'" .Jj 
<!hllhcrm•l '~"'''"'· "' ~di '" n .. - """'"''''"' ¡,.,.., ,, 
h"'"''"'" ''''"'" ''' -• '""·l'h-"c ''''"'"· 

Sc•orol e''""~'"' h."c ¡,.., . ., dhc'LM< J "' "'do·< tu Jcm""' 
<lf"'" the "·'"'" of he•< lrdn'l""' ·'"'' ""'"'l'h·"" n,.;,¡ llu" 
'" P"'""' mc<li:o. For the ~ompr<w:J-,.a«r oe~ion.thc moJel 
""' •crilie<l u•ing an ~nalytic~l <uluuon for ooc Jimen•ion:d, 
Ycnical, •t«>J)·"atc !low. 1-\u 11>e '"" pha>C region, th< 
ntc>dd ""' •·cnfoed ~"~litati•ely, •ince '""''"ale in accnrJ 
wi th ob<ervcd """ npcctcJ t>ch:ovior of gcnthcrnt.d •y>tcm•. 

In the lormulali<>n of thc malhcm.otK:>l mudel, sevcr.ol 
>tmplil yong ""umpuons werc m•de lfor •••mpk. ncg)igol>lc 
capillary pre«urc an<l loc~l tl><rmal equiltbrium). l'or «rmc 
~coth<rmal rc,orvoi" tl><•c a"umption, ore '""'""·'~k 

arr•o•irn•ti""'· l'<>r otbor '"'""""' whcrc thc """"'P'''"" 
•te oot valid. Íhc propo'"J moúcl could .er-o "' a potul 
ol dcpanurc !<>r a more •ophi<licateú muú<l, 

h ;, cviJent th.'t ti>< rnoJ<Img o! g<ull><rmal s;>tcm> 
¡, • dr!!icoll t><k anJ that •cv<ral chalkn~iog proMcm< 
ha.c yct to h<'adcquatcly """iúeted. /lnrun& thc>e :uc: 
mulliph"'c ll<>w .urd he•l lramporl 10 [r;oCIOircJ mcdi'l, 

rnullipha•< lluw anJ he>< """'PI'' l in '"''"'" 'Y''"""· thr<c· 
dnru:n,HJnal <imul..tion <>1 go:ull'><:tm:rl ,._.,_.,¡"· crmplcJ 
wcll OOJ:c and tcU:tooir mudch, and oo:roa~cnrcnt model' 
ul R<ulh<rm.rl '"'"'"''"· In adJ.tion. «r<ri<r><< wrth lhc 
nw<kl de>ct ,.,,.,¡ in thi• p.rpr·r iudl(::rtc' 1 hat !011 t hcr '"-'""" h 
;, nccdcd '" determmc thc """' <uit.<blc r~umcricol tcctl· 
niquc• !ur applicaoion 10 geuthermal «'-'""''' eng•noering 
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SIIIULATION OF HEAT TP.ANSPORT IN FRACTUREO, 
SINGLE-PHASE GEOTHERMAL RESERVOIRS 

.. 1 
'--j/ )'• 1 

Willlam G. Gray, Kcvin O'Nell! and George F. Pinder 
Water Resourccs Program 

Oepartment of Civll·Engineeri"'!J 
Princcton Unlversity · 

Princcton, N. J. 085~0 

Although many gcothermal res.,rvoirs depend upon fracture 
permcability to obtain adequate mass flows, relatively llttle 
research effort has been directed toward fractured reservo Ir 
simulatlon. This paper outlines the mathematkal apparatus 
netessary to dcvelop a numerical slmulator for a fractured, 
single-phase geothermal reservolr. lt is assumed that the 
fratturing is e~tensivc and ,..,¡]-distributed (though not nf!ces
sarily uniform) so that it is reasonable to considera •uper• 
ficial discharge through the fractures a• well as the pores. 
While mass and heat transportare of course coupl~d in a system 
of this kind, we have subdivided the ensuing discussion into 
mass flow and heat fla.. for clarity of pr"s~ntation, 

Hass Flow [quation 

Analytical solutions for the pressur" distributions In 
porous blocks of various shapes and sizes show that the pressure 
in the interior of a typical bloc~ reaches ~5% of the value of an 
initial "step" input imposed on the block surface in a time 
which is very short relative to the length of time typically re· 
quired for ov.,rall, macroscopic system changes. In addition, 
recen! modellng analyses and examlnation of pertinent field data 
by Closmann (1975) support the paint of view that for most purposes 
one may consider both pore and fracture ftow fields to be charac· 
terized by a single pressure variable. A net flow of mass may 
exist between one flo>< regime and the other, but thls will be 
such as to maintain the near equallty of pressure. Appllcatlon 
of accepted space-averaging techniques (Cray and lee, 1976) to 
a point mass balance equatlon provldes the following mass con· 
servat ion equat ion: 

' ,, (p [ ) - ~· (p V );~ ~ 'i'• [P<"< + P V ) 
... w - w.w .. - - p-p 
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J 1 

• 

• 



' 

~~~J 
"he re '• " "' <>vcragcd dcn~lty of '" (por e plus ,fracture) "ater, 

•, ' . "' den!.i ty of fracture water, 

'• 
,, 

'"' d~ns 1 ty of pore water, 

' '. '"' w 
void fraction occupied by all water, 

., ¡. "' superficial dischargc ¡hrough '"' fracture (vector), 

• ,, 
"' superficial di scharge through "' por es (vector), '"' ' S ¡ , "' ~" source or si nk strcngth, t hat ' .. ~ .. entering • leaving per un i t time per unl t volume of lota 1 medlum. " 

The lefthand si de of (1) may be cxpanded es 

• (pvtv) ''• ••• 
• • " • ' " • • ,, '" 
' 
"' " "' " • • ' .. + twPvST 

• '" 0w
0

T Tt • . ' " . ., ,, 
" 

where ., '. "' vold fraction of "' fractures, 

' ¡. <h• void fraction of "' pores, • 
' '. the incrementa\ fluid pressure, 

r, " "' loca 1 avenoge fluid ternperature io "' fractures, 

T ' . '"' local .. average temperature of "' porous medlum, '"' 
T ' . <h• loeally averaged temperature of a 11 ... a ter defined .. w 

T • cfTf • ' T (3) • 
The parameters ap, al, o

0 through the relation : 

''• "' • • o 

" • " 
••• "' • 1\wBp • " " 

"" 
'"' B1 are empirica1 coefficients defined 

" • ., 
" (¿3) 

" Pv6T 
• 
" (4b) 
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SI 
Supediclal fracture and pare di~charges may be e~pre~sed In terms 
of incremental preBurc gradients, as " 

~· - -(; ),. ,, 
• - -n)- ,, 
' ' 

where ~ is the fluid viscosity, 

~f is the fracture permeabllity (tensor), and 

~o is the pore permeabillty (tensad 

(5a) 

(Sb) 

Under certain condltions ~f may be considered to be a fun.;tlon of 

:!t· 

Substitution of equations (2) thmugh (S) into (1) yields 
the followlng e><prcHion for the conservation of all fhlld mass: 

p(a+cB) 
"P wp 

- ' 

"
" '" 

llp+Sm 

In addition to the "~plicit coupling of this equation to the temp
erature equations through the second term on the lefthand si de, 
temperature dependcnce also enters lmplicltly through the changing 
value of u , 

The governing equations for heat flow are provided by 
space averaging of conservation of energy equations written in 
terms of temperature. for the fracture system, this results· Tn 

• 

- ' ' f ,, ' - '•' 0:' G > 
(7a) 



and for the porous medlum 

" (pcc)
00 

,:'~ -+ P cv • QT 
Q' p -P - pm 

V•D •VT 
-~pm.pm 

(7b) 

• h(Tf T ) + e S (T - I ) 
P'" "'•P t,pm pm 

where (Pcq : P ce .;. P e ~ , 
pmpp8s8 

'• 
' ' '• 
' 
gf 
!,. 

S 
m, f 

S ••• 
s. -

' . '"' rock. den•ity, ... '"' ~peclflc heat of "' rock, 

' ' Í:he volume fraction of "' rock., ,, 
"' specific heat of "'ater, 

' ' "' tensor coeffident of dispenion '" th• fr~ctures, 

' . '"' tensor coefficient of dispersion '" th• porous 
medium, 

ls a porous medium-fracture heat tran~fer coefficlent 
relating the time rate of heat transport bet~cen those 
regimes, per volume of the medium, to the t=perature 
difference bet,.een the t...a. ls,f and T5 ,pr:¡ are source 
or sink. temperatures of fracture and pare fluids, 
respectively. {For "'ithdra~al, the sink temperature is 
the reservolr fluid temperature and the last terms in 
7 vanish). 

ls the fracture mass source or sink •lrength, 

is the pore mass source of sink strength, and 

S +S and the ratio of the two components can be 
m, f m, p 

determined using the permeabilities of the twO "l·st.,ms. 

The superficial velocities in (7) must, of course, be com
puted uslng the preHure fleld through equations {S) and· {1)), 
Equatiolls' {S), (6), and (7) provide five equations in the five 
dependen! variables T m• Tf, p, v and v .. These "quatic•ros have 
been solved successfulfy for a va;-fety o~Phypothetica\ protlems 
for whlch analytical solutions e><lst. The numerical simulator 
uses isoparametric Hermltean finite elemelltS (Van Cenuchten, et 
al, 1977) to salve in three space dimensions, anda time-centered 
dlfference scheme to solve In time. 

Fl9ures 1 and 2 show resulÚ for an additlonal fui!¡ coupled, 
one-dlmensional, translent test case, subj<"ct to the follc-ting 
conditlons: 
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- 'j ,) ' 
• ~o0e " • -o ' -., ,. 

' > o ' -o 

" . - lOO~ m ' ,. - ., -o 

-l.Oxl05 
dymdcm ' ' -

1 2 3 -5 o 
- • 5.38 X lO + (T-150) X ).8 - (T-150) :o: 2.6 X 10 cJil.Bec/g for 0<T<300 e 
' 

(Hercer et s1, 1915) 

•, -'< 

' ' 
_, ' 

10 ca , 

- o. 2. 

' -"' -' ' 

• 
' 

· -ID 2 ' 
• l.O x 10 cm /dyne, 

. -8 2 
),Q X 10 ca , •, - J,O • ., - 5.Q X 

- o 

-u. 2 
10 cm /dyne 

10-~/0e 

2.5g/cm 
3 o -4 o o - ' ' -0.2cal/g. e, o, - 5.0 x 10 cal/ C.cm.•ec, • ' 

- ),Q X 
-3 o 

10 cal/ e cm.sec. 

The inicial temperatUre distrlbution for both fractures and porous 
medium is disp!ayed on each figure. As e~pected, a non-zero value 
of h retards translation of the fracture temperature front, ill
creases translation of the porous medium front, and increases dis
persion of both. As the fronts progress, the pressure gradient 
(not shown) decreases from the lnltisl, essentially isothe~l 
~alue, due prim<~rlly to the decrease In fluid ~lscosity wlth 
rising temperature. 
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GEOTHEI'!~Al RESERVOIR 110DELLING 

JI:. H. Coats 
INT<:RCOMP Rcsou~ce Dcvelopment 

and ~nginecnng, lnc. 

''""'""' "" ............................. _ ....... -....... ~ ""-

""''""'" """"m'""'''~'• ._, 

,,..,_ ·~·~--·""_,_., .. ,.,_.,too~··"·..,,..,._~ ........ , ......... ,...,.,...,~. •1 ... '"-~ <o« ... "" ' " "" '""""'"'"'""" -"'"' .., ............. ~ ..... ~ ...... ~"'"'" ~ .. "'"'"' ~ "" """ '""' ""' """ ~ ... '"" " ''"'""'"' ""~· ...•.. """' 
ABSTR.\C"f INTRODUC'l'!Oll 

This papee describes '"" P•lrtially This papc~ describes • nur:~erical r.todn 
evaluates ''" '"'~licit, three-Jimens>on~l '"' si[Culatlnq geothcr,...l '"'" 11 "' resen•oir 
geother""'l r"servo•r si,.u! • .tJ.On model. "" petfOt::><lnC<>· T~.e ,.,..¡.,¡ " cons1derably ~.o,r~ 

evaluaüon emp~asizes Btab~lity "' u~:~e-step general than ""' described '" the lltera,ure 
toler.>nce "' '"" •mpliclt f1n1te·differcncc '" date. " treats nanS>ent, thrc~-

forn<ulaLlOn. '" sevcral illunr .. tlve rnultl- d L:n~nSJ.Onal, Slnyl"- "' t\óo-~M~" f!U!<I !'le·~ 

ph•••' ! lo·• proble~ .. , '"" mo<ld stably O<- '" nornal h~ tcrogeneous "' f r ,,c~u red -r.~~ tn , 
commodated ti,.e s~eps corresp<>ndlnq '" qnd . formatlons. ~" conduc~J.'"' '"" COnV ... CtJ.VC 
block SHur.>uon chanqes "' 80-IOOl ""' gnd heaL flow "'" accounted '"' ""' !'1 u id na tes 

block throughput ratios '"" order "' 10 9 . '" '"" rcs~rvoir 000 cang~ froM u~denaLurat 

'l"hh compares '" our e><pP.riencn ,, Jirnits " 
) l.<jUJ.d '" t>~<>-phasc stea¡n-,ater 1'\ixturcs '" 

' '" '"' saturat10n chonqc ar.d rouqUy 20,000 ~upcrhNL<>d stearn. Aquifer ~·a ter in!bx ac.<l 

throughput rulo ~·i th seon -1:r.pllc h oi 1 ... hen source/Sl~~ terrns ne<:euary " si.,ulat-

geot~erlf.al t~SeCVOH mo<lels. 
ing free conv~ct>on cells "" 1n<:luded ;o ~he 
-"' fo<mulatlon. 

'"" 111usnatJ.Ve opplic~tions shed sorne '"" prirnary ,, 
'"' ~·orl: <!escribe<! liqht pr<>.CtlC~! asp<"<:Lo "' <J<•othermal purpose 

00 
her<" ev·>luaüon· of o;;apab>lity o< behavio~. AppllC~tions inclu<le 

... t~e 00 reser•ro1r 
un':! le- ""' wo-ph~se Blnqle-wPll behav>Or, 

impl lCH """"' fonnulaUon. '"' expenence 

f rao;;t ured -!'la t r 1 • per!orm~n<:e """ 
..,¡ th semi-lmphc~t ~•mulation " petroleum reservo¡r 

'"" geotherm.•l reservoirs ll<O.S sho~·n we 11 test intcrpretatlDn, and <"Xtrao;;tJ.On ,, .. ~ ... step 
n•str>clions rclated '" co~ditlo~al 5Ubiht)'· encrgy !ro~ tr.>cture<l ""' 

,,, roe k. Hod~l 

stablllty allo"'s lnClUS!On "' forl:!at>on " "'ult¡phase no .. prcble,.,s, '"" ::oaxinu:o 

fractures ""' ....,llbores qrl<l blocl:s. tolerable t ¡,.., step sue ~enerally cortes;>cnd~ 
"' '" maximum " ' " saturatio~ • '" percer.t 

'" 4Mly\¡C<il derivotion '" p~<>sented 
c!>•>nge '" ""' gn<l blocK in, one ten-,<! 5'-"P· 

'"' wcll deliV<•rabil>ly r<·JuCtlDn [,tctor 'o "ome stc>n>[lood '"' geotl"•rmal sunul,•cioc,,, • ha ve !ound thl5 >'hich '"" "' u sed '" ·"'""'\aoio"s larqe '"'" '" result '" ver y ~~.o: l uS>nq 

'"' ~r id blo~h. The foctor r~'<'lucc<l t """ 
steps ecr rcspor.G 1 '"11 y hl'i'h co~~~c:c.g accounts '" deliverability •lue '" '"' tlashin~ '"' 

costs. '!"hu ~'OC< ~"' perforr.ed ·~" ,n ' ~.~ "'dter 
hope th~t , .. l:npllcit mod<'! torrnu!dtlQ.o st~am expans1on acconpanr•ng prossuro d<·cline 

ne~r '"" "'" l 1 . 
would YJ.VC uncnndlli<>nal s•",,b¡\¡ty \oJ l t h "·" tln>e step reHriCtlon othec than tnac "O?OSed . "' "~ truno;;ation error . 

Calculat<'d rc•ulto "" ~resented ;oc " varl<•ty " ''''~ t ¡,,_. r:n,, 1 ~·el! .;nd reservo1r 
illustrHlW prob!,·'""· '"pha~ls " conr,.,c-
uon Wlth thcse result~ " ¡>laccd 00 th~ 
st,;bility " ""'·" ~· ... ~ tOI<'rance " thc 
m<>d<:l. llO~'""" r, 'ht• •>¡>pl:~at1ons ~,., ~lso 
lnt.••n<l<•d " sh~d ~"""' ll<)C.t "" proct>c.¡J 

1 

Fel<'e<>nccs ,;¡¡d >lluH<·HlOns ., ••nd "' P·•rer. ''"f'"Cts o< Y<'Othermal e~ servo ir boh~v1or. 

' 
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f"<>llo•dno¡ ,],•.<ct"Jptinn O! ll«' tmplicit 
,,,,¡,. [o<mul.n "'"· ll«• f'•'i'''" ''"'~c·nb •>1'~ 
plo~.ouon~ incl .. Jtnq "'"'ol<•-wdl d.-livo•r~ 
C<\•J!Jt·< unolo•r '"'"-¡~>.>~•· ll<>w CondltloJ>c., 
c'.e¡>J"t~Oil Ol ,, fr,ocotuce~·n.Hr>X [om•>.tiOn 
Wllh botiln<., <lraw<.lo~n '""\ lnt••rpr<•t.>t•on >n 
s iny 1<•- pba ~", 1 t act u r<•J .,.,, t r 1 x 1 orm.o t ions, 
. on.l 1><'•''- ~xt.r.>Cllon irom Mt>l>c>.olly ¡r,lc
'""'d hot dry roe<, l<n .>l>.dyt>cal <'»pr•'OS!On 
111 dprivc•<i lo n•prC5<'nl th•• c•lf,·ctwo• ll•ln
"'""' product1vity >>><lo•x o!,, >'c•ll which 
<'»>•enenccs hot "'·''"'r t Losh>n~ duc to pro• o
su re ,¡,.:.wdo~·r. Ir= an ,.xt<•rior r.:td1us whuc 
ste~m ,..>tur.>t>on ""'Y be z<>ro or sm.:J.ll. 

;;., h.:tv<.> ·'l'Pl "'<.! the mO<IPI ex<-<m•ivcly in 
"'""l~uon o! n«lural ooo>nvc•r.lion cdls with 
"•'ro ~orosay lhard mckl gri<l block u.,!ini
t>on obove> ~nd bclow the formcaion. Thi5 
d<.'l)hlÚOn ciunlndtes th<" HrOII<""OUS l!O¡><>Si
t10n o[ co,st.:tnt t<""mp~r.:ttur.• bound"ries at 
th<> too .>nd bo'-lo"' o< thc convcction ct:!l 
co!T'.mon· "' many reponed HLI<l>•s o!: n~tur.>l 
convcc~lon. 1\nothcr applic.>t>on simulatcd 
d<'v"loomcnt ov"r gcoloq1C time• o{,, sup.,r
""'"cd' IGcys"r' s t.ypc) rescrvolr frorn an 
carly time of m"groa or h<.>.>t source lntrusion 
bcncath an inlllal normal gradlcnt cold water 
.>quifer. These natur<>l conv<>ctlon type 
apphcaüons ~re omit_t_"d hcrc due to tM 
si~nifl.<:cant l~ngth of thc ¡.>~pcr. So'"e of 
t~io convection work lS reported in a rCCC"nt 
pdj>e¡; [1]. 

M:lOf:L DESCPIPTIOtl 

T~e-model cnns1s~s of two ~'!~Hion• 
cxpcess>n<¡ conscrvation ol ""'55 of H

1
o and 

con~crvation of ••ncrqy. 'l'hcse equat>ons 
•lCCoun'O for <hr.-,e-<.lim<>nston:,l, sinqle- or 
two-phase tluio1 flow, convt·o:t¡ve and con• 
o.luct.tve heat. 1 1""' en thc rc•S<;rvoir and 
conductiv€' ht•at. t.c.:tn~f~r b<'l.wce" the rco
crVolC and ov~rlyinq and und<!rlyinq strata. 
'l'h<"" )'ht>Se conf ><¡urat.ion at .:my time c.>n vary 
sp~t.l~Jly t.hrouQI> th<> ror...,"on from sinqle
~~~sc unéersaturated water to t~-phase 
st~~,-water "'ixture to singlc-phase 
sup"rheatcd steam. 

The equ.>tia¡,s represent water influx 
fro"' an aquE«r o•xtcnd1n<¡ bcyond the reo
ervoir gn<! us>nq thc cart.,r-Tracy [21 or 
sJrn¡>]<"r appro~l""'-tlons. Hc~t source and sin~ 
t.~rms 1n t.h" <•qu¡,t.>ons aro• ll~o•ful tn imposin<¡ 
tcom¡.>c·ratur" ·•nd(,, he~t !lux boundary condi
t.lons ,n· ~irnulo>t.Jon ol n.¡tnr,d convccl¡On. 
"tl>c n>Odcl '''l'"'li<>ns <.!o not ~<·count for th<> 
pres<''>C'-' ol 11\.,rt qascs or for varyinq 
conc<"nt.ra~ton <>nd prccl[>~t.:ttlon of dJssoived 
s~lts. ' 

Tho• rnodo•l ·'PI'IL<''l to r.•;o•rvotr qr1ds 
i nc 1 n,l 1 '"' uno•- d 1 ""'" ., l<m.> 1 , t wu-~ i men-
""'"·'¡ r.>d>,>l-7, ~-, ut· x-y,,.,.¡ thr.,e
d""''""'""·•l, ••ither x-y-z C~rtcsun or 
,_,_, cyl>n<ir>c~l. In thc r-: and r-~-z 
c~sc, th" ~-"llbOrc of ·' well ~t r • O can be 
indu<h•d 1n thc <>r>d, resulttng >n <"nh.lnc<>d 
ot~lollJty .ond accnr.lcy .os dtscus5c~ bclow . 
TI"• ,., nrL<I c,'ltl 1><• uoo·J lt\ Sl!llnl~tJnq a 
s.oct<>r of a fr~Ct<Jro·d-m.•trlx '""<'tVOlC wlth 
th<.' hor!7ontal and vt•rucal froctutC"s rcp
rc"<•ntcd by ''"'~ hlocks. Thc qr.d c~n 
tnclnrl .. bloc~s ol Z<'ro poros>ty uprcscntin<¡ 
h<>rd rock, "'"h no prcss,rc colculatcd, ~nd 
blocYs of 1001 poroSlt.y reprcscntinq eahcr 
fractures or wcllbores, 

Thc mass bal<>nc<> on H10 comhlncs in a 

slnqlc e(¡uatiort thc stca,-phase <>nd liquid 
water~ph.,Sc CLolSS b<>hnce cquatlons. TM.• 
cOmi>!Mt.ion "a" propOsed in our carly steam
flood work {l] to ~lir.~¡nate dif~>cult>es in 
handlin~ the ~ass tr~nsóer ~errn, The cnergy 
bal~nc~ is the f1rot La~· of Thermo~ynanlics 
applicd to each grid l.,]ock. Th~ gnd block 
is an open system ~·>th fixed boundaries. 
With potcnt!al and Kinetcc energy ~crms 
iqnore~, the cnerqy balance sutu that 
(enth.:tl;>Y flo" rate ln) - (enthalpy ólow Ut.<> 
out) • rate of g~1n o! tn~e"n~l e.nergy in t~e 
grid block. ror So~n<~ C€~Son, ~onsiderablc 
confus>on exists ln the llt~r,>turu reqdr<llnq 
tllis anergy bahnco•. F.nthalpy is U • pv 
wh~re U IS Lnternal cnergy. M~ny modellinq 
papers ignora the pv ter"'• in whlch case the 
""crqy b.o.J.>nce erron.-ously b<>co.,es {c.e'O flow 
rate of Lntcrnal encr9y int.o the qrid bloc~ • 
ratc of gain of interna! encrgy '" ~he block). 
A rt·~cnt papcr ll[ uses an erron.,ous energy 
baldllC~ stat.tng (net flow rate o! enthalpy 
into the grid block R rate o! gain of enthaln< 
in the block). -- •. 

The two :>O>dcl cquadons are• 

+ - (~p ., ' 

MTwllw(~pw - Yw~•l ~ TgHg(~pg 

• ~(Tc~T) • 

' • 

(hl 

( 1 b) 

For ~ qiven grid hlocl; (i,j,k), all terrns In 
thesc cquat>ons ore sinqle-valucd fur.ctions 
o! (T, Sn. pl ..•. ano.! (T. S , p) in the s(K 

~ L,),~ <¡ 
ncJ<¡hbonnq qnd blocks IHI.J,k), ll,J+l,k], 
(>,¡,k•lJ. Thus, tr<>nspo~Tnq the <J~ht=-h~nd 
Sldcs,-we can wnte ~quanons (]) umply u 

'See Nom<>nchtun• for ccfinttlon of tcrms. 
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F 1 (!.<) o :íB 

F 2 1!'¡) o 

where X ro•pccs~nts th<: vector of tl'le above 
listed-21 unknowns, 

"' 

Follo,.ing the totally impltctt procedu>:e 
dcscrib<>d hy Bl.>lr and l>'etnaug 1>1, we ~pply 
th~ tlewton-Rap~son itcuuve method to {1) ~s 

• 
~(TJlH¡I ' ~(T 12 6r 2 ¡ "• • CllPl ' c 12 r 2 

"' 61T 21 6P 11 ' HT22~P11 ' ,, c21Pl + c22P2 

where P, is eithec ~1' oc óS and r
2 

is óp. 
' ¡ q t 

The terms 11 1 , 112 "'" r 1 (~ ), r 2 1~ l. r~spec-
tivcly, in Equationa (3). The ~(HP) tr;"' 
terms ~re not tcuo L.lplaclans but <athu are, 
as lllustrated by the x-d1rect1on compenent 

F 1 (~) ~ F¡l1!.
1

1 ' " ' E (df'1/h 1
1 6~. • o 

í·l ' 

F 2 1!:1 ' F 
2 

( _><_ t 1 " ' ' ~ ¡ar2nx 1 óx. 
1•1 1 ' 

"' 
"her<> we lC10pounly uoc x

1 
to d~note t!\e 21 

••nknowns and superscript 1 denotes htust 
~erate nlu.,. The opcrnor l in Equ,>t10ns 

1ll dP.notcs change ovcr time step whil<: 6 tn 
Equauono (JI denot<'" chanqe over the com_>nq 

iteration. The approximation Ox1 ;; "; ,n+l-x~ 
beco~• lncreas;ngly exact as we near 
convergence. 

The panial derivatives >n Equations (]) 
are <>11 <>v,,luated at lateot itcrate valucs 
of ";· 'l'h~ functions F

1
, ¡• 2 involvc thrce 

di!fcrent typcs of tcrm5' r1qht-hand Bid<!s 
(ac:cumulatlOn t.,ms), slnkfsource t<!rms and 
interbloc:k now terms. O¡f[erentlatton of 
acc~¡:¡ul~tlon '"""s ts nraiqhHor.,ard. '!'~e 
heat lou term and tts derivatn·e is Pvalu
ated as d~•crlbed in R<'!<-r<'nce (J]. Th" 
well in¡cctton/produ~t tOn terms and thclr 
d<!tl.,.alivns .>re evaluat<•cl ~s dcscnlJ,•<i in 
sorne d•:tail belo·~. Th•o <nterblock f)ow tenos 
are uvaluatcd ~s follows. Rclative pHm~
abiliti~s ~nd er.th~lpics ~re cv~luatccl at 
ups<.<eam qrid block condit>ons, >nterbloc:k 
o/o and l valucs are cvalu.>t.ed as arit......,t.ic 
averaqes of the1r valucs 1n the two qnd 
blocks. ~·atcr phase prcssure p"' u e~!'reosed 

aa 1' - Pe wh~re p >S gas prcssucc ~nd Cdpll

lary pHssurc Pe 1s " sin<¡le-vdlucd [unction 
ot s

9
• 

roe ~11 ''~:</'• qcid blocks tal:en to· 

gether, Equ,\tions lll ·>C~ 2t1~:<yNz cqu~tions 

in JNxllyN
1 

unkno,..ns, (~T. ~5,1 , !p) for .,,,eh 

qr1d ~lock. OtllY '"'" of thes<! thre<! unknowns 
ln c.>Ch block .~re inJ~¡Wihh'nt. !f th<' block 
contoins unu,,rsaturot••J '-'Het ar 5upc<h<•.>ted 
Ueanr, ~S</ • O and 61', lp'"'" thc hloc~'s two 

unl:nowns. lf th<> bloc\: u satur.:tt<•d, t'l<l
phase, tho•n te.,pa.:tturo• '!' • T,lpl ,,nd 61' 1s 

(d1'/drl lp '-'here sub5cnpt • denot<>s th" 

' &oturateJ cortdit>on. 

Eqn.Hion• (l) ca" b<' written for ""eh 
qnd bloc~ 1n the for01 

• 

o where thé center ter,. T~ 1 can be eomln,ed 

wlth the appropriate c 1 i in EquatlOn (~) and 

necd nct be stored. More simply, Equatio~ 
!4) can be wntten 

~(U_!:) + R • "' 
where T and C <>re the 2 x 2 ""'tdces ' ¡ j • 
c

1
j and R ancl P are column V@Ctcrs. We use 

reducccl band width dlrect solutiOn {~] to 
salve l:quation (5) for r

1
, P

2 
.>nd ohta1n ne"' 

·ncratc v~lues as pi+! • pt + Ól'- Can
verqence 1s defincd by 

M..o~lól'ijkl < 'o 
l-t<>xlilT 1 jkl < ,, "' 
JotaxlóS91 jkl < ,, 

wherc MAX denotes rn.:tximum ov~c all qrld 
blacks. We generally use t.oleranCe$ of .l 
pna, l"f'. H saturauon and ~ave "O'- !c~nC 
sen51t.ivity of r<>sults to tiqhte< tolerar.ces. 

PVT TRF.ATHENT 

At aaturat.<>d con<l>tions, u,.. IJq' e,., 

og are cvaludted as s¡ngle-valued func~co~s 

of tcmperHUre ~rom th<• 5tearn Tablc<~ 171. 
<',. '" a•su01ed o sinql< .. ·v~lued ru,ctlOn af 

tc_,p.,r.>ture for undcr"~tuc~<:"d .. ~ter. 
ocnslty ot un~usatur~tcd '"3ter 1& calcula'-ed 

•• 

"' 

• 



• 

• 

- '1 ' ) ' 

wll~r'' "ubscnpt s d~note~ :;->tur,üion comh
l><>n. Tl>e• '"""'"l''"s,;ibiltty" ''.,1'1') '" 

<h•rivt·<l ,,h follows. 'l'h<' ~l•'·''" 'l'·•blo•~ !71 
'"d'"l•• ,, t->bLILH>On o! lv - "s) f<Jr unJer

~H.,r.otc•d >'~ter .15 a functlon o! t~mpcr,\tUre 

anc~ prcssure, "hcre v is opeclfl<:: volu¡nc, 
culJ><: fc~t pcr poun<l. 'rho• t.tbul.t: valucs 
are fit well by the cxprcssion 

" . 
~·hcr\' s(Tl is dcpendcnt on!Y upon 
tc•mpcr,.ture as: 

T, •y 

< 200 

"" '"" '"" GOO· 

"" 

s(Tix!05 

. o o>~ 

.0012 

.0109 
. 0205 
• O 6 S 
,JSS 

Thu equation c"n be ~·ritten 

• 
s (T) Ows (T) 

'
•< (p - P, IT)) 

ow• • 

Slnce s1Tlo,.,
5
(TI(p- p

8
(TII is Sm5l\ ln 

conp"nson ~o 1 lexcept at t"mpcutures 
~ppmac:h1ng 7DG"r), this cguation can be 

:~~~~::~;~.l':quat1on 17) where e,.(T) is 

For superheated stedl!l, interna! 
energy O and density o are approxi .... ted 
by 9 9 

"o • " qs {p) • Cpste.>fl IT . ,._(p)) 

Ts (p) • "" "o • Pgslp) T + 460 

"' 
'" 

srr. 6692 

• • { ll ) 

wherc ~o >S porosity at pr.,ssurc p0 and "r is 

consunt. ~cs<>rvO>r therm.:>l conduct>vity ...-.y 
v.ny "lLh sp.ttlal pos1uon, but u tren<><! as 
Indcpcndent o! pn•ssurc, te,.per..tturc ""<1 
s_.tur.tuon. for...,uon rock he.tt c 4 ¡>.1c1ty ...,y 
vary wah f'OS\Uon but is lndc¡>cnd"nt o( 
tcrnper.tturc. Ovcrburdcn thormal con~uc:tiv\ty 
<~nd hc~t c:~p~city .He consunu. 

IMP!.!C!T ANO SI:MI-!MPL!C!T A!.LOCATIONS 

Op WELL R/11'1': "-"ONG LIIYERS 

Numerical simulation of moot reservolr 
p~oces~es <"ncountcrs the problem of <<!p
r<'sent)nq pro<lucuon r.>tes frorn welU locate<l 
1n qnd bloc~• of large are.>! dimen&lOns. 
'!'h., reservoü <¡nd system cons1SU of I<Z 
Vert>c~l iayers witl\ tl\e layers numbenod fro01 
top to bottom as k • 1, k • 2, , , .• k • N~ . 
A produc>ng W<!ll located '" areal block !i, ji 
H p<>rfo<4ted or open to no ... in layers k • ~., 
k 1 • 1, . . , k 2 • For e><ample, :n m!.ght be • 

8 and ~ wcll open in laycrs l-7, lk¡ • J, 

k 2 ~ 71. Thc wcllbore radius is dcnotcd by r,..· 

The qrid bloclts penetrated by the ,...,ll are of 
dlm<'ns>ono ~~. ~y. t<k "hHe ~x and ~y ~re 

the arcal dimensions. Assumlnq la) ~x ¡ ~y, 
b) the well is located areally near the 
eenter of the qnd blocK, (el St<>ady- or 
senn-ste~dy-su.~e r.>d1al flOw in each <¡rid 
block /,x, ¿y, tz~ open to th<> well, (d) no 

vertic~l crossflow between open !ayer•, W<! 
e~n denve from narcy's hW for single-phue 
flow of ~ unit mobility !luid (kr/~ • 1) 

; 2W(kh)k 

ln(r.,/r.,.) + 

112) ~h<>rc speeifie heat Cpstcam is const~nt. 

F-<¡u.otion (9) is accurate in propenion to 
cc~suncy of stcam z-tactor !rom p, T

5 
(pl 

p, ~. water and steam phas~ v\scos\ties 
<>valuated as single-valued functions of 
te,pcratur<! eGua! ~o the>r respec~he 
aaturated values. Enthalptes ~re 

th<O wh<Ore 

'" 

" • "· • 144/778.2 PIP,. • 
(lO) 

"o • " • lH/778.2 p/pg o 

"' lfl<>del uses steam phas<> prcssurc •• '"' prc,;sllr<• vanable '" o U "' rd~tionships. 

• 

'• • ... • 

' • 

' • • 

'• • 

Pwbk • 

nte o! radial flo"' o! ~ una 
mobilay fluid in !ayer ~ 
freo; gnd block to the ,...¡¡_ 
bore, cu~nc f<>et/day, 

absolute per~neabllltY of 
!ayer k, md x 0.00633, 

Uyer th1ckneu, feet, 

s~in factor, 

IM·~y/c 
fcet, 

pressure in qrid block i,j,k 
at r • r.,, psia, 

flow•ng lo'e!lbore puoour• 
opposlte layer k, ps>a. 
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In pr·•ctic.,, for tho· c.o~e when• r,, ·' 'w· 
w<> a5sun"-' pl< ~'-]ual to tl"• •<V<>ra<w <¡n<l htock 

prcssure calculated 1n thc sutmlalor and, for 
""''" riyor. rep!~~e ~ by~ - l/2 nr S - ]/4 
for stc.>d)•- or sem•-•tNdy-state tlo... PI._ 

denotes the coe!!iel<!nt 1n Equat.ion !12!, a 
!ayer pro<luctivity 1ndc" in urats M cubic 
!eet/day-psi.. ,\11 pressures p<, P,.bl< reter 

to po1nts v~rtic~lly eentered in the 
thlckness •\Zk. 

In t.he geothennal r~.servolr case treated 
har.,, (j denotes t.h<! "<ell t.~rq~t or d~oir~d 
product>on rat.e, ""d P.,b denotes the minimum 

tle,.in<¡ "elll>•>r•• ~ressure >n"l~ycr Xt. lt 

no tubing is in the well, t.h~n kt would 

norro~lly be sp<!Clf1ed .:10 k 1 , thc up~ermost 

o¡.""' lclyer. lf tubin~ ;, in thc p"rforat.cd 
osing, t~.~n ., rn1n1mum (bottomhol<> tutingl 
.ellbore rressur<:! "'"Y be spedf>ed dt dny 
lay.,r, k

1 
:;_ kt :;. k

2
. 

Pwb denotes the actual flo,.ing wellborc 

prusure at the center ot !ayer k • kt and q 

dcnot<'S th<> actual t.o~al ",.¡¡ pro<luction 
rate, lbs H2o per <lay. The flo•<1n9 ....,llbore 

pre~sure in layer k is denoted by 

(1 ) ) 

From rqu~tions 021 and illl the production 
ntes o! ~·ater phas~. gas (sl•!am) phase, 
tot.al 11

2
0 and enthalpy !rom hyer k aro 

• 

/15 di·.~u~''"d .lhOV<,, th" íntcrhlnci< [Jow 
raLo',; and h•;oLl 1<>~6 oon<l <:"Onduction t<·<~-~ ~r<' 
oll treated <mpllcHly 1n the simul.nor 
desntb~d hcrct~. Jl, in oddition, th~ wcll· 
s<n~ or sour<:e terms are implld~, then the 
cnure simulator 1s irnpliclt. The loqtc and 
coding ncccs~ary for impllclt well trc.>t.ment 
1s rather stmplc for thc case of a ~ell 
completcd in a s•ngle loyer ot the rcservoir 
gnd. !10pllclt treatmont can be extremely 
difficult tor a prodUC1ng w~ll completed 1n 
sever.il layers. 

In this s~ction "e describe an i~~lic1t 
treato¡cnt for rnultilayo>r well ccm~leti<M ~nd 
present se~eral s~ml-lmplicit simplif•ca
tions. ~<>te that "x in ¡;quatlon~ (141 is a 

!unction of pressure, tcrnperature ~n<l. due 
to <Gla~>v<> permeabi.litles, saturation 5<!, 

Enthalpi.es H.,, li<J are !unctions of pressure 

and tern~erature. Total ""11 productl<>n rate 
q is the sum of qk over layera k 1 - k 2 or 

(l S! 

'"'here the sur.=tlOn term [ denotes su,__.,..a~oon 
ho<:~ K1 to k2" Rearran9inq tquauon (! ;.¡ 
q>ves 

• 

~• the !lowinq bottomhole wellbore 
at center of layer Kt necessary to 

the ~·el! tar9ct rHc Cj lbs H20 per 

<i>!Ln~ {16) 

pressure ' 
proCuce 

da y. Tl>e 

"el! is on dcliv<>ubiHly if P.,b !rorn Equation 

is lcss than th<l spcciEi"d mini!:llll"! va}ue 
In any evcnl, the producllon cates of 

"ater, steam and H
2
0.arc given by Equat1o~s 

(l4a) - (He) Wlth Pwb cqual to the hr~cr o: 

(HI Pwb and the nlue 9iven by Ec¡uation 116) • 

• 

qllk 
e '~.,•H~·x • 'lgkHgk 

wh~re 

" • t•Ix (k ,, .fu 1 k 
"' h ~ ... 

" ,, PIK l~rg'"g/¡,Gil< 

. , " "' • " "' 
""' "·· ··, "co rh~•·· dcns¡ti"s '" u ni t• "' lb~ !110 ¡oc r cub¡c foot. 

Implicü well tre~t...,nt rec¡uir~s tha~ 
water phase pr~uction rate 9iven by Ec¡uat.;on 
{Ha) be exp<cssed ~• 

' ~qwk "· "· [ "~ ,_, ,_, • 'w- • ,--- '·S 

" "" 
<P 

,, ' ~q .... 
• ' " ''· 6 P..,!:o (" 1 »;; • 

:lpwb 

wheru sW!l!T.at1on ho1re is ovcr m tr<.>m k¡ to 

k 2 , superscnpt denoto•• cV.1luat.wn at. 

latest. 1\c•r.:ote val<Jes o( ~11 van.1bles, all· 
p-'rtl,>l dut1VoltlV<'S M~ !'VollUatt'Ú ~t ).¡<:est 
iterate cot¡d1tion•, ~T , IS , ~p are 

" ~ " chan~t"" in l<1ycr ~. ovur the comtng '"''r.>t>on 
<1nd '1 k i~ .1n •>ppro~im.•tion te tht' enJ-o'-
time lhep (>rnpll.ctl) valuc q" 

1
. T~e-gas 

w~,n• 
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' py;:m:w ¡,_ Rt:~r~vOJ.R ""'' 'Ll.l;!,·~~~~~~-'~-~-~"'L"'"'T 

phasc production utc qnk Ln ~·luation !14M 

H repn>Sent.-d in .on an • .d..,qouo r~~hion. Il 
th~ producin<¡ ccll ·~ wo-~ha~e (O<S'l<l), 

thcn ~T111 - (dT/d¡>)
5

,\¡.m .,t,c•u (<!'1'/dpl,. i~ th<' 

olop,. of saturateJ tC'f.p~r.olur" VH. S3lurdtcd 
prPssuru at the lal"~l it~rote pressure 
va+ue. If thc produc1m1 cdl is sin91<>
phue !S •O or S ~11, tr.~n ~S • O. Thus 

9 9 <J 
only two of the thre<' unkno ... ns 6T.,, 659"', óp,. 

are independent in any caa@, 

The impltcit eKprc~slona !or ~~· q
9
k' 

qllk of t,ype ahown \n Equation !171 introduce 

one additional unkn""n ~i',.,b !or "ach ,..,¡¡, 

The addi.tional requir<"d equation correspond
ing to this unknown is tho constraint equatlo 
st.otin9 th .. t the su""""tion ov~r k L(qwl< + q

9
1<¡ 

equals.tarqet well rate q Iba H~O/day, 

'• '• 
··~ ., ' ' { ' k•l<¡ -~<¡ r fw;- • r)5T. 

• ... , " .... • 1,.-- + ~)6S • '" • ~ •• 9"' <JB • ., 

. ¡;l. . 
1\ uqnih~3nt ~~n~!illcatlon resulta 1f 

we ~Y•Iu,,<c thc t••r:r ."¡\·bi< >n L:~uHlol's (!4) 

at time• kv.-1 n. TiH~. ~! co.,rse, «'Sults in 
,, ""ml-i~>;.>!Icl( wdl lC~d(noO"nt •\nd Cdn r~Sult 

in ,, t.lmP ~e··~ r~~'r"'''"'n "r cot~Jil>Onal 
Dt.lbllay. Us>ny 'p '" f;.'"·'"ons (\4) >'bk,n 
,¡nd cmployin~ .>n >mpllc"lt ~pprcMch to the 
re,.únon~ t"rms, "~ h~ve 

q~ ... 
""' ... ~. l'lwx,s 

'·• • • -,Tl ':Tl • '1'5.· qk •• :>q.,k • :>q.,k • ~pk • lp.,blp,.b • 
09) 

~nd similar equations for q~l<' qfll<' where 

q~k and all p~rtul derivGtivea a<e evaluated 

at htest l.tcrate conditiona (exeept for 
APwbk,n). 'l'he impa<"t of taUnq LPwbk •t 
time hvel n 10 that all derwatives of eype 
dYknx., ~re zero unleu,. • k. A9dn, th& 

conatraint &quaüon !18) appHe• (with 
aYk/OX,. • O if,. ~k! if the ~o~ell i• not 

on ddiverabilhy (p~b ~ P.,bl and &quation 

(18) ü !nactive >11th 6p.,b • O H the -11 ia 

on deliverability (p~b • P.,bl • ., . ... , 
~)Op..,J+ l¡¡pwb '· • ~l~p ... b) • • (19) A further simplification, tor the cue ., 

This Equation (lB) 9uauntees that 
L(q~·lr. + q

9
1<¡ .·q becauoe q~k' q~l< are 

calculated usinq latest iterate values in 
Equations (14) and p~b trom Equatlon !16), 

That ia, rr'l!k + q~kl ~ q. ¡f the well ia on 

deliv@rability (>.e. P!b'!r~ Equation (16) 

ie ;: P.,.bl, then ~P,.b • O and Equation {lR) ia 

not. required. 

The implicit. well traetment consiatin~ 
o! Eguation~ (17) (snd aimílar equstJ.on. for 
q 9 ~, '~Hk) and (18) ta extre~ely difficult to 

implsmant due to the derivativo• involved. 
The derivetivea aq.,.k¡aprr.' oq

9
k¡as,..,., eto., 

"here k ¡/. m arise from the wollboro prenure 
gradient ter~~~ Apwb~ which ~· Pwb~ - Pwb' 
Thia term must be oLtaln~~ ~y Cylculatin9 the 
honzonul !low ratos o! '-'atcr and ete.llll 
phues from each opcn )ayer lnto t.he ...,u, 
cwmulatin'i these flow ratea upward !roa 
leyera 1< > kt, downward !rOJa !ayer• k < k,, 

performing an ener9y balance In eaeh wellbore 
t .. y~r by fhshln'i th" toul Uow1n'i stream to 
·btun quallty, llnd th~n ~alculutlny denlity 
(pd/ft) in each ""llborc !ayer by ve>lu• 
m•trically avera9inq utum and ,.ater den
eities. 1\t a g1ven iterotlon, thil calcula
tion ia laborioua and iteratlve In itael!, 

where the Well is n~t on daliverability, is 

• 

( 20) 

whar• a~~tapk ia aimply "wk and !wk ia !!!!!..! 
nactional now o: water phn• trem hy•r k, 

(ll) 

Thh aimpli!ication autol:'aticdly holda 
eon•unt over the cominq it•ratlon th• 
q~ lb• H20/day f~m aach lay.r, •• well at 

th• tWil I(q~~ + q~k> • q, Thl• conatancy of 

q~ •limlnatea the need for tarm• involvin9 

~~gk' 6Tk in the eonstraint tquatíon !18) 

and th• conttraint equatton btco .. u dmply 



K. 11. COA T~ ' 
;lqwk ,, . ,, dq..,k 

~ (.-¡;¡;- • ~fo\p. • t(~ • iíp.,bf l.p.,b . ' '• •P.,b 
(2ll 

'' 
¡;(~ .. k + ~q.f6pk • [[!~ ... k + oqkfHp,.b ( 2 J 1 

Thus th<! constc~int equat1on 1nvolves onlY 
preosur''" and if ~ • 1nql<'-var1M>l<' pre~sur" 
equatlon ¡s solv~d in~ """ulator, tMen 
Equation 12Jf is compytibl~ 111 tMat no _ 
satur~tion un~no"'ns dpp~ar. ~·e us~d th1s 
httcr typ<: of constr~1nt equ~tiOn four ycarS 
a90 in~ bl~cK 01l coninq Slmulation and 
found lhat addaion of the óp~·b unKnown 

considerably improved st~bility and 1ncreased 
tirne step sn~. 

lf the well is en deliverability, no 
"'01\Gtraint <><¡U4tlOn or addltional variable 

> is involved and the suo.plif1cat1on of ., 
evalu~tlng ~P..,bk u ti"'" level n is generally 

satisfactory in g~ntherrna\ 5lrnulations. The 
incorp<>rat>on of terms of typ" <IYk/OXm wher<! 

m f ~ in <!>pre•slons for qwk' qqk' q~< or 

incorporation ot the constrHnt equation 1S 
often diUicult frorn ,, cod>ng po1nt of V1<>W. 

,.¡,,. difflcultY 1S minim''"~ i! z-11ne SOR or 
vert•cal-~ldne bloc~ SOP oc d1rect so\ut¡on 
i5 used, but <•ven ¡n thesQ c.-¡ses the storag" 
and/Or computing tl:n<> rP<¡unc·m .. ~ts fm many
well prot>lems can n"e ••rpre<:ldbly, If th<> 
well is on <i<!l1Vcrab1)ity, then the tirso 
simplilic~t1on ot ~~wbk,n tequncs cm! y 

lYk/'lXk d<><ivat1ves .>n<l no constrdint 

equ~ti.on applico. Thcrcfore. "''' use th1s 
SHOplificatlon for the deliverabthty case. 

uae a 
':hose 

lf the well 15 no< on dcliverability, wc 
sirnpl.iftcuion nven ""'"' <>xplie1t than 
descr ibed ~bOve. We express 

• " • wk 6S 
:lsgk gk 

(24a) 

• 
(24bl 

• (24c) 

• 
1 j (.! 

\olh~rc 'l~k and q~k ar<> co:nputed !rora tquatlons 

114) usin<¡ ~P.,bk.n and p~b from Equation (\6). 

Thus, r(q~k • q;k) v q. "Tbe denvatives 

H,.ktaT,, HC .. are eva\uated at lat<"St 

it<l<~tc conditlons. Th1s simpllfication runs 
lhc risk of prPssure ,nstab1l1t.y sinca no 
Oq..,k/;¡pk ~ "wk' etc., terrns ~re used, This 

instability incre~ses as ~·el\ po:_oductivity 
ind<!X !'! lnc<<•,<ses <md as rate '1 d<>crnaocs. 
In t...o-dimens1onol aroal calculations, no 
such inotub1l1ty o~ists S1nce there is no 
prcosur~ ~\locat>on among Iayers. In many 
thrC<l-dlmensional and two-dimenSlOnal croos
s<>ct>onal probloms. th<> PI 1S suffi.clcntly 
lo"' th~l the ,nstab,\¡~y is not S>gnificant. 
In m.>ny rad1al-z Slngle-w~\1 problems, thc 
instabillty is scvere <>nd "" return to 
implicit procedures, 

In radl~l-z single-..,~11 p"oblems, ,.,. 
achievc tcpltclt well ~rea~nt by Slmply 
incorporat¡ng the wellbore in the reservo1r 
qnd systO"ca. The result o: tbis >ncluuon is 
an even more ngorous ...-el! treatr"..ent th;on the 
implicit tceat=n< descr1bed 111 Equat.1on• 
(17) - (181. For inclus10n of U1e "'ellbol"e 
reoults· in transient :nass and energy balanc<>s 
appli<ld ...-ith1n the "'ellbore. Also, reverse 
f\ow in any lay~rs trcm wellbore to the 
formation lS ,¡utornatically rr.odelled ~·~ereas 
tMi• lni<'Ct.lon 1n a producir.<¡ well is ·cery 
diffi~ult. to ~ccount ~or lf th<> ~·ellbore 1S 
not "'odt!lwd l>y 1nc\us1on in the <¡>id. ;m 
''PP'-'r~nt. dio~tlV->ntage of wellbo"e modell•n<¡ 
is thc very sm~ll volurne qnd blocks .-,¡·11~<¡ 
rioc to vcry Jorge tMrough~ut rat1os ldctlnüd 
balo..,f for reasonab!c tlrr.e st~p sioes. Our 
hop~ at thc outset of this work wa5 n.~~ thc 
impllcil t.ruatrncnt throu<¡hout the ~ellbore 
and resuvoi< "'outd e\HtHr."te instab!ltUes 
rcqardlcu ol vcry high t.hroughput raüos. 

Th~ "'u\tiph3Se 00"-' verti.c:ally wlth>n or 
lateully fro01 the colut:>n o! ~·ellbOre g~id 
b\ocks connot be ~dcled by tbe usual 01\lltl
phase D~rcy !\ow express•o~s. The larqe <¡u
llc¡uid d~nsity d¡f!ere~ce and hi<¡h effect1Vu 
""rtical -permcablltty- of the wellbare 
resu\ts 111 dO<nln.Hion by qravity forces even 
•t vcry h1<1h produc1ng rates. Thi.s gnntr 
domiMnce <¡ives \ow cdlctohted steam salura
tion• in the "'ellbore resu\t1nq ir. a l1~u1d 
pre••ure qrad1ent ~nd higM back pr<>ssur~ on 
the low..r formnion. At nor:;~l rates of 
geolh.,rm.ll ... ~lis, tr.<• Rcynolds numl>~r 10 so 
hi<¡h lh <t. '"'"""~Pt 1on of lully d~vu\opPd 
turl>UI<•nl flow '" t!>e "'üllbocn 1S usuaJ)y ,, 
Good nnP nnd ''"""~rt1on of no-sl>p t~·o-p~~"'' 
f\ow io ''" QV<•n b<Ott••r ene. Thl.S c.c-s!Jp 
con~ition ,. "<JUlV~l~!>t to vo!ul:lutric 
fr~cuon~l flow cqu.:.!l1ng sdtuNtlOn. 

Wc proqr.:.'""'<'d thi• no-<llp fl01o 111 ll<"J 
of usu.>l D.ncy flow Jog1c loe th<> wd!l>or.,. 
Alt<>rtt.:.ttv.:\y, "~ coul<l ""e t~e D·Hc¡• :lo" 
l<><¡lC l>ut c.deul.lt., «<"llt.ore p$<'Ud'> r<>L<C1"1C 
pcrn>t•,l\.<¡JttlCS ""h1Cb rcsu)t 1n VO!UIO<>OrlC 
fraCtLOn.:.l 1\ow fq = !'q· Thu approach ""'uld 

' 1 
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• 

• 
re~"H" two oo•t" of !'"'''"'" n·l~livc pt•nne
,.t_.,lll><'" f>ln•··· •n.wHy o•ot••r> for vo-Jtic.!l 
I"Jt- n<>l ¡,,. ],.t..r.>l l)n.,, '1'11" v.->t<~~l 

wo•lll•,r•• <·lto·0o ,v,. )"''"''"·'"''''Y u·u•d '" 
C>lcul~t>onc. dt•:.Crll,.•d lwlow "·'" "u!!icic·nlly 
l.:>r•J" to hnl<l vi""""" f>'''"~"'" drops ovcr ~00 f""' of wo>llborc• Lo lc,s th~n l pn. 

Thu lncluoion of thc ,..,llborf! tn the 
qr¡,\ systcm ~llows r,,d¡,,J-z or r-n-z s>mu!a
t-ton of tt>c cntire wo•llioorc ~nd ovcrburdan 
tro:n the form~t.>Ofl to Lhe surf~ce (well
he~d). A probl~m aris<>s h..rc 1n altcrino;r 
thc no-slip wellbore twO•pM.~~e flow calcuU
t>on so that ao;rree~nt is obta>ncd ~lth 
t"o-phase verucal 1"1'" flo~< correlations, 
Ap.ut trom tha prolJ!cm, thc I!>Ddci .o.llows 
si,ulat!On of transient "cllbor<> fl,.. condi
t10fl5 ~nd w,;Hbo<~ h~H loss, "' addition 
to the transien~ multiphaac heat ~nd fluid 
flow in the reoervoir. Vcrtic~l ~rid 
defini~ion in thlS case would extend fr0111 
gmund surhc<> d""" to ~nd through the 
perme .. ble form.>tlon. 

EPF"~C"I" OF" S"l"f.A.'! FLASUH<G 

0:< W!';!.!. DEL!V~AAB!!.l"l"Y 

A problcm in us., of Er¡u.>.tions 041 
aris~s even in an are~! s•mulatian w~ere NZ 
1, k • 1 and hpwbk" O •. Th~ mob1l>ties ~nd 

"pecific volu:n~s in ~quntions 1141 are 
90n<>ully evaluatcd ~t average {exterior) 
grid block conditions. lf fl.>.Shing af steam 
occurs betwecn re nn~ 'w' thcn f.<Juatlons 

()~) can <nve <"onoidcrabl!! "rror since they 
do nat ~ccount toe lh<! lncreasing volumetric 
fla~· rate (at constant m .. u fla•' r~tc) toward 
the wall du~ to water fl~ohln9 and steam 
expansi.on accompanying pressure deCllne. 

Deliverability of a single layer can be 
correcte~ to acoount for water flashing and 
steam expansion by inserting a fraction f, 
equal to or less than 1, as 

• 
whcn>, ~s befare, o., .,nd "g are evaluate<l 

(25) 

at ~nown bloc~ avera~e r~xlcrior! cond,t1ons. 
"!"he ~actor f "'a cxlc.ulable !unct>on of p~·b'. 

p and Sge where s
9

., u gas saturalion at 

r • "e' which in turn 15 qenerally very cl~se 

to av<>rage grid block saturation. Equation 
(25) pr~s~es that the average grid block 
cond1t1on is saturated. The Appendix 
describe~ the c~lcul,,tion of f and qives a 
revlS>On of Eq'"'tion (251 for the case w~ere 
th~ Saturat>on point líes between r,. and r.,; 

The calcuht•on of f ignores copillary pres
sure an<l ass~"s ot.<>ady-a~ate radial flow 
fram pceuurc p at r to prcosure p at r . 

" wb w 

'" " ,l N 

Id 
In ~<ldJt>on to ~ ', p and S , f la aloa .. , ,,,. 

<lepo•n•l<·nt "1""" t hr• 1 ,•) .lt i V•• pt·rmo•·'l>lllty 
curv•·•·-' "l"heu•l<>n•. ·' c..,rnplc•t••ly g<'tlcral 
n•prc,<•nt~l•<>n ol 1 '" nat po.>>S>l>lu. figure 
1 givos f ''" a functian o! pwt.J' p(• pe) and 

Sge far rcl~t>ve perrne.>bility curvea 

• 

• 

o 
S 1) w .. [(sw- swcl/11-

~rgcwl (Sg- Sgcl/(l - s...., 
o 

- S ) ] g 

" 
with Swc ~ .2, s

9
c • 0, "w" n

9 
• 2 and 

krgcv- .S. 

(26a) 

(26b) 

Pigure.l a~o~s that the deliverability 
re<lucuon factor u l for '"·'"'""'¡ dnwdown~ 
(pe - P~u•• decreases w>th lncruun~ duwdcwn 
->nd. fo~ a given drawdown, it increuu with 
>ncreasing gnd block steam satur~tlon, S . ,. 
The factor can reach valueo of .1S or lower 
for lo" S 0 ~. hi.gh dra~<do""' and/or low res
ervoir preSsure p • "l"hi• ~ana that • 
deltverabilit>es ca!CUlat~<l using tquation 
(14) c.>n be erroneously hi9h by a factor of 
four or more. 

•• 
" 

A radial test problem wos u•ed to 
compare the sirnulator's calculatcd d&liver
abll>ty w1th that of Equatian {25). Thh 
prablern was alsa used as a preliminery test 
af Slmulator stability and limc-oruncation 
error. Reserva>r and fluid praperty data for 
this problem are 91ven in Table ¡. A 9xl 
radial gnd was emptoyed with the ""'ll 
produc>ng on del>Yerabillty againat • 
wellbore pressure of 160 pd•. 

In the past. we have perfarmed radial 
gridding by specify>n9 r , r and an • • 
arbltracy flrst block "centu• udiuo r

1 
• 

Geon.Hric block center spac,n<¡ giVU 
r 1 ~ <<r _ 1 where i ts r•daecüon grid block 

1 ¡l-1 N 
1ndex. Thu5, <N • a r 1 •and <~•l • ~ r 1 
"here N u the nu~.l>er of radial reservoir 
g~id btoc~s. Demandlng that r he ~he lo9 • 
mean radlus between "u ~nd rN+l qives the 
equatlon 

<>11- 1 1n llr
1 • ( 27) 
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which io solved for a bY lhe Newton-Rapl•aon 
technique. Gcn~rally r

1 
values of at loast l 

fen or more have been used to avo1d cxc<>~
sively small qnd bloc~s adjoininq the 
wellbore. 

In this work we retatn ~h~ qeometric 
spacinq r. = ~r- but elim,nat" the 1 •-1 
arbltrary spectflcatton ot r

1
. 11.\ther we 

lnvo~e an i~qinary radius r
0 

WJ.thin the 

wellbore in additiOn to rad1us rN+l ou~sid~ 

r., and requ1re rw b<> the lo<¡""''"" r"dius of 

r 0 and r 1 and r., be the lo<¡""'"" of rN and 

rN+L" This qives 

(o.- 1Jr
0 

lno. 

¡; ·1 
(a) th<l model used a c;:o•:•::·::':::;::::,:::;:::::'"'''l lb) the mod~l 1s in a 
cxhibiting seml-stea~y-s~ate 1n 
presourc nor s~tur,ltion, lcl EquatiOn 1;.>5) 
as•u~s steady-state wtth an open exter10r 
bound~ry. P'lrther, the deliverabillty 
f•c~or t varics trom .J42B at S<J'-': Oto .78 

.. t s9" •. s •nd the discrep~ncy between the 

two curves 1s much less than thc error which 
would occur us1n9 ~qua~ion (251 with f • l. 

The one•d>menslon~l radtal ~est proble~ 
was run to a l~rqc time to reach steady-s~ate 
wlth an uterior-hlock well in]ectln<¡ 400"F 
water at a bottomhole pressure o! 251.08 ps1a 
at r • r.,. follow>n'l' severa! t.i"'e steps te 

• 

IOO.day• to al lo" preuur= in <¡nd bloc!< 9 
to hll ~low 2Si psia. (te act1Vate t~e 
in¡ectlon well), t"'o 60,000-day t.iPe steps 
(these atcps r<•qu>red 1 ,o.nd 2 iteratlonsl 
wore tdl<cn. The steady-nate flmo Ute 
calculated was IJO,OOO lbs H

2
0/hour. 

"">>JI:quatlon 071 qivcs for pw!> z 160, P., • 251 

and S90 • O (correspondinq to injection of 
saturated HOl liquld water), and <!ivision of f.quat1on (26b) by Equation 

(2Ba) <JlV@S a dir~ct solution lar n as 

' (29) • 

Grid block boundary radil us~d to 
calculate block pore voluroes are calcuht~d 
as lo<¡ mNn valu~s of ad¡ac .. nt bloc~ c<"nt"r 
ra~1i. TablQ 1 q>V•!S the c~sultinq bloc~ 
ccnter and boundH)" r,,dli for the case o! 
uine ra~ial >ncrem•mts. <b" )}O"' volume of 
the fHSl gr.d block >S 2:.n R~ cor- • 
r<>Spond>nq t:o 500 feH of formaüon 

Tha Stmuhtor was run 1n or.Q-dim~nslOnal 
radial mod~ using constant 2'>0-day time st.,ps 
to 16,000 doys. zcro copii!..ry pn•55UI" "as 
used and thc "'"ll w.,s on ddivcr,,lHllly 
'gainst H.c J&Q ps>a f!Ow>nq buttomlHolc 
r">surc. The sol id ~urv•• >n t"lqun' 2 ohows 
th~ calculatod f!ow rdteo, cxpro•'"cd po•r-foot 
o! for<rat:on th>c~n··sg. ''5. avera~c form.Ition 
H.-.arn soturatl(In. 1"hls saturatiOU 15 <:lose 
to V.<: <"-''"""'" '"Id block 9 sat urdtion, but 
""'~ calculat~d .,s a volunw wci~htcd dV<:raq~ 
of al! blocks. Ftqu,., 2 ~h0'-'5 on 1nit.al 
dellvN>b>lit)' decline [ollowc.d by a'tem
porary IncrcolS<'. Thu l>ehav¡or was unat
fccted by ti"~ stcp Siz<>, dosure ~oler.lnOc~. 
numbcr of rarlJ.al bloclo.s and ¡nclus10n 01 
~xclus>c~ o! h••<>t cor.duollon ond hcat loSS in 
thc calouhuon. 

The dotted lines ,n f"Iqur<> ;.> •how 
delivcrabJ.ltty froco thc steady-otatc l:qu.,tion 
(25) fO< P,.b • 160. p • pe • Hl. The ,;qre~

menl b'-'''"''""' ""od<-1 pro;;luctam ratc •nd l:qu.>-. 
'""' (Hl IS •;oo,J c-onsu!c'<""J th.n 

~~ ' ' "· 'lH
2

0 • • 
"• ,,_ . 
"• 

' 
n.ns '" 24 "' • 117.349 lbs/hr 

Th~ discrep•ncy b<>twecn" 130,000 atA 11"1,349 
lb•/hour IS b«li~vt•d olue t.o th<> "'"d"l's 
up~tn>am wciqhting ot mob.illtles "" opposed 
to the inte<¡rat>on ot: mob>llty in Equauon 
(37;. In ony event, sine" f • .3428 for 'pe • 

251, p~"l>· 160 ond Sge • O, the ~iscrepanoy of 

"bout ll.DOO lbs/hour is small in co~.pariso~ 
~lth thP "nor In USing Eguauon (25) \olith 
no corr~cting í factor. Equ•tions 114) used 
for ,,n •reol qrid bloc~ of 2,000 fCH 
,_.quiv.do•ttt "Kt<"rior radius Would q,ve o 
d"iivcr.lbllity o( l4J,000 lbs/hour. Use of 
•-he t !•lctor ,,nd f.~u•tion 1251 would 
c.llcu!H'-'d deliv~rabll>~Y of 117,)4~ 

THROUGIIPUT RATIO 

Ev~lu~tlon of any term in the lntcrb!ock 
flow rotes e~plicitly l~t ~imc hvPl r.) w>tC. 
respcct to any ol thc <l~pcndent varubles (?, 1 
T, s,

1
1 in ~eneral will result In a oondi

tlonal stabllay, Thu c:ondHiond ot~bllay 
Uk~s thc lorm of an ._.xpr.,ssion qivlng a 
mu>mum ti,.c' ••~1'· Use of a t.1m" •«•p sHe 
exc<•cdin<¡ thls IMX!mum ..-ill r<-'~t>lt in di
Vet<¡~n<"<" o[ thc ~-•lculdt>ons. The cxprcss,c~ 
for ""'"'"U'" um~ s~~P ~··neraily tn.•ch·<>s, ·''
le~H ln p.1n. a throughput rot.D dcbncd •.. 
•o..e "'"'"n"r. 
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One of tl1c ""'"' O<'V<'C<' Jn,.t.tLilitoPs In 
mulLJPh·'""' !lo~· "'"'"l••Lion ~~ thH .>r>sing 
lrOm cxpllCH <·v~lu.olton ol s.>tY<.Hlon
<kl..,.nJent r~].ttlVC J!<''""-'•'billt>~• in the 
>nterblock tt·ano'"¡sc;ib!l!ll<'S. 'J'ht• through
p"t ToHlD th.Jt oHU<'S In .Jn.>Jys>S Of thlS 
1nstabihty Js 

• 1 1 o 1 

whore i denotes phase le.g., ~ater, <¡os or 
oill, 'l¡ 1s volumet.Clc phasc flOw '"'" 

through the qri~ bloc~. s. ls grid block . ' 
s"t.~rauon of phaso i and Vp·is qn'tJ block 

}'ore volumc. Thus RTi is the ratio of total 

\'olume of phase i ¡>~ssinq through the <:rrid 
b!ock in one time step divíded by the volwtle 
of ph.>.se i 1n the block. · 

Actually. tl'ds.ratio appcars ~<ith a 
11lulupl>er equal to fractional flow derl\ra• 
tlVe, b'-'t "'"are nol conc<-~ne<l h..,r@ >~ith 

d~.<~lled denvation~ oc prcs..,ntationo o[ 

stab>lity an.1lysis r<-sults. As, a ¡¡r~Ctlcal 
""'ttcr, "'" hav~ rat<•d th~ nabilHy of a 
tQUlt!pM.se flo"' !or,.ulatiOn or model by the 
cruder ratio 

"herc qv i~ t.otal (,,JI phases) vo\UJJI<!tric 

tlow cate through the gr1d block. 

(31) 

In the qeothe~...,¡ case ...,. can express 
the abovc rHio ln terms of tot.al Class flo"' 
ratc of H2o and qu~lit.y X of the"tlo~<ing 

stream, Many of the resulta d1scussed belOw 
lnvolve a well produc>ng en deiivcubl.lity at 
a f low,ng battornhalc pre.sur.., of 160 psia. 
Usin9 corrcspond1ng "'a ter and st.earn densities 
oí 55 an~ .355 lbs/CU.It., n>spectivdy. we 
can cxpress ~ as 

(321 

Our prcviaus expcricnce "¡th ~ var1ety 
o! ~<"nli->mplicn >sutlocrmol and th~cmal 
sirnul~tors, produ~1n<¡ under multiphane flow 
cond1tions, h.os >ndicalcd inGt.abil1<)" or ti""' 
step r~stcict>on at throu<¡Mput ratios in the 
ran'l" of 1,000 to 20,000. w,, ,.,.ill return t.o 
Cquation ()l) in cann.,~tion "'ith results 
d,scussed bclcw. 

TH,I: Tl•liNCATIO~ r:I<ROR ANO S':"AIIi!.ITY 

1'0]1 0~1:-tli.'":~SJON~L RADl~l. PROIIL/:M 

T1rne 1 cuncauon error ~nd rnedel 
st>bll>ty wcre c~a,.incd !n thc on .. -
útfiCns,on.>! r·l<hal C<1sc by rcpe~tin9 the 
)&,000-day run dcs..,rib<'d above "lth t1me 
stc•ps af >Oo, l,ooo, <.ooo, 4,000, a.ooo ~nd 
!G,OOO d.>ys. Table :1 shc"s the effect of 
um<: stCI' s1n• on calcuUted recavcry, 
prOduc>n<¡ quahty ,,n<l ratc H 4,000, 9.000 
and \6,000 <lays. Thc tlme truncation er<ar 
1s quite acccptable for time stepo up to 
l, 000 da ya. 

Ail th~se runs conv<.>~qed <>ach tl!ne n"p 
with t"o to three it~rations ~~r stap exccpt 
ter the f1rst step when ste~m saturation 
>nCr<>ased !ro<a 2er0 to about .~5 at the 
i<cll andO- .39 at the ~th bloc)<. The fi~st 
"""' stCp rcquircd 20-23 ttcratJ.Ons, the 2J 
•<er"t>ons corresponding to the 16,000-day 
ume step run. Tloe larq"st throuqhput ratio 
occurred foc the 16,000-day t1~e step which, 
tro!O Equat1on 021, is 

• 4.27(2.8{.0835) + 

.Ot&l (67, 900) (16.000)/22.27 

52.45 X 106 

This r~tia is more than thrce ordero of 
magnhu~<e l.>rger t.h"n the :10,000 r~tios ot 
our previous e~pericnce mentioned urlie~. 
Howev<>r, On<>~d>"'ens>onal proble:ns are 
g<>ner~lly puor tests or indlcatocs af true 
rnodcl corn¡>etonce and rdtiOs trom two
d>rnens.onal r<>sults presentcd !>elow ""ll be 
givcn more c<aphas>s. 

Th'O-DrHENSroNAL SINCLE-WELL 

PROBLE.'1 R.ESULTS 

W<> simulated the radial, tlo" problem 
,ducribcd tn Table.l using a t•m-dimensional 
1.0 x 5 "~dial-, gnd. The hve hyers 
wer" <Mch 100 feet thick. The JO ud>dl 
gnd bto~l<s >ncbded tl1e ~·ellbore." Table 
1 gives the gr1d block center radli, 
boundary ndll dnd pore volu.:>e> calculated 
usin<¡ ~'l"otion (291. ~lote th,,t the hrst 

·resc"lV<>H grid block has a cente' r~d1us of" 
anly .. 40 fcct an~ a pore vo\ume of only 
4.45 Ra. The pore vol=e o! each wcllbore 
9<id block >S l. S R8 so th~t ~he thcouqhput 
rallo, ¡;quot,an (311, becomes • 

\.22(2.80 + .Ol8)qtt ( ll) 
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=~oek capillary pressure ><as anu,...<l 
M<¡liqible ln ~hi.s probl"m ~nd a pseudo 
otr,nght-l¡ne c~r•llary p«•:lOur~ curve 
(8,· 9] carr•••pon<linq to l~yH ~~lckn~ss of 
100 fcet ... ~~ cmploycd. Us" af s"~ur.acd 
steam-><atúr dens>t>cs ~t •oO•F qives a 
dcn&ity diffcr<>ncc <>f .169 ps•/t:oot which 
tunslates, far lOú-foot ldY<!r t.hickness, 
toa pseudo capill~ry presoure equo>lling 
18.4S psi .ot S ~ S ~ .2 and -l8.4S at 
s,.- l. O. ... wc 

A numbcr of 10,000-düy madel runs were 
pcrfor10ed rar dlffcrent ..,!1 complotian 
lntervals, We assumed a tubing/casing 
c<lnfi<¡uratlon so that "" a<ld.itional 
var1able ~~• the !ayer in ,.hlch the tubing 
b<lttom ar ,..lthdrawal point ... a~ loc<>.t.,d. Fo< 
ex4mple, "ith all layers 1-5 perfor.oted, the 
tubinq bottom could bf! placed >n any one of 
the lay~rs. A p.oc~cr "as usu:,ed pl4ced at 
top of formdUOn. 

A well target rate of 300,000 lbs/haur 
~as speclfied for alJ runs wi~h a ~ln!mum 
uo ... inq ~·cllb<l,., prcssure at tubin<J bo~tom af 
160 psia. for aiJ runs, time step wao 
spccifled a• 500 days. T.>ble 3 summarizcs 
model rcsult!l at 10,000 days. The listed 
..._ .. fractian produced, praducinq bottrnnhoic 
qualHy, praduclng rate an<l pnx!uced atu/lb 
.oll apply <>.t the 10,000-day po1nt ln time. 
Av~rage Btu/lb produced 1S cumulat.ivQ enerqy 
produccd over 10,000 days di.vlded by cumu
latlvc l'l<IU praduccd. F.nergy produced is 
enthalpy, d~fincd as U + pv at•producin<¡ cell 
con<litions. lntHnal enerqy U lS rel.otlve to 
a >ero valuc for \1 af saturat~d .. ater at 
6o•r. 

Table l •hows th<>t. t~.e location of a 
ein9le-1ayer 1100 f<><>tl complQtion is very 
importdnt. Cornparing runs 1-l shows t.hat 
CU!:IUI<ltive ""'ss fuc<lOn reeov'""d ae 10,000 
day• vanes from 11.7• t.o 41.4\ as a 100-toat 
prodUCln<¡ ir.terval lS Jo,.er<'d from the t.op 
lOO feet to the bottom loo fc~t of the soo
ioot formation. 

Runs 4-11 ln T~ble l indlcate that the 
pedorate<l or apen intcrval lDCdtion is 
>mport"-nt whll<> thc locat>on of t.hf' tub>nq 
bt.ottom oc .,lthdr<>wal po\nt "it.h1n a qiven 
apen int.erval is rvlatlvely unir.opoct<~nt., FOr 
curnpl.,, Runs 4 and S sho" oll.oout. equ~l 
rcccvcry v.>lu<•s ~or theiC tOP lOO f<"<'l opcn 
lnt<"<·val r.·~"rdh•s• ot "'~''"h"r lh~ \Ul'lnq 
"'itl,dt<•w trom thc top lOO [<'<'t or bottom 100 
feH ol th<• lnterv.•l. Runs ~-7 sho" '-'"" 5.,,.., 
<~sult lor a l>attoM lOO-,oot op<>n lntcrval 
<eQMdle>S Of the \Ubln<¡ poSltiOn Wlthln the 
''~'"" •nt<•rv.ol. The b••st "''"""''"'"" "ccur 
for " co~p!<•t.<'iy V<'fi<'tr"-tcd or ap~n fonn.l
t>on -- Run5 9-ll -- -<n<l ¡....rfur=nce u 
nearly lndepend~"' of "'h<'tt,<•r't~~ tub1n<¡ .is 
_S<>t at top or bottam of the !Ot"'-'tlan. 

• 

·-

In Runs l-5 the (,¡,(¡;¡_ .. u on ~el.iver
abilit.y in the fir•t SOO-d,,y time Hep. Run• 
6-7 ,,.,a 9-ll produced the tar<¡H 300,000 
lbs/hour r~te for 1, 500 days ... nd RU~ 8 
produced thc t<>r<¡et rate for 500 days. 

Takan t.O~ether, Runs 1-11 lndicatc that 
a partJ,,l cornpletion interv~l ctfectively 
drains the pOtt.lon of the rcacrvo>r formaüon 
oppasite and ~bove tha in~erv~l. but :nef
ficlcnt.ly dralns the far,.,.hOn belo" it. 

Sratlal t.runcation error• in the results 
of T~ble ] are very srnall as 1nd1cated by 
sever.o.l runs we ""'de usi.n~ ., 10 x 10 grid 
with ten 50-foot thick layers. Time trunca
tion error was examined by r"P~~tin9" ~un Na. 
lO uoi~'J t1mc st.eps ur 250, 1.000. 2,000 and 
5,000 days. Fi~ure l sho"s producinq ra=e 
.ond bottm:thole producin'] <¡uality •rs. ti"'e 
calculated us•nq the various time ste~s. Tha 
resvlts ,.;t~ ~t • 250 ond 6t • 000 days are 
Virtually identical. The error ,..ith ~t ~ 
1,000 days is 5.ign1ficant but not large w~.1le 
~t • 2,000 d~ys causes an error tar~ering en 
accept..obllüy. The surpns>ng tutura af 
these results is the srnall t.irne truncatlO~ 
error for st<•ps of 1.000 (!ays ar less 1r. 
li~ht of the larg'e changes '" saturatlCn 
"hich accur in a Single step • 

The saturation chanqes stably computed 
.in a single step are illustrated •n T~ble 4 
wh1ch sho"s satur~tlons and pressures ~t the 
end of the !Hst 2,000-day u~<e stcp 1411 
layen open, turnng a~ !ayer .J). ~axlmll1Tl 

saturat.ion change "'~" .9989 in gr;d block 
(i:l,k•ll and max1~um pressure ch~nge ... as 
-441.4 PSl in <¡rtd blOck (i~l,k•S/. InttO~l 
presoures ranged from 469 to 61B psi~ !re~ 
formation top to bot.tom, same 200 ~a 350 psl 
abov<! saturatwn pres!iure correspcndln<¡ to 
400"F. That lS, the model ,n th>s Slnqle 
stcp proeecdcd fro~ a hlqhly undersat.ur4~e~. 
100'! hqu>d ccnf.i<¡urauon to th~t sho"n In 
Tahle 4. >lote, also, tram Figure 3 chot 
time lrunca~wn nrrcr for t~lS f>r5l time 
step i~ v.irtually neqliglblc. The reader 
should recall 1n V¡ewing Table 4 t.l::at the 
first cal"""' of cells 10 t.he wellbore. 

The calculated produc1n<¡ r.lt.e for th1s 
tirst 2,000-doy Hcp "as 2S6,400 'lbs/hour ac.d 
bottornhol" quolity was .OS794. Usinq 
rquation llll. thc throuqt,?ut ratio far 
wlthdru.,al cell (I•I,k•JJ .. ,.,~ 

• 
R.¡. l.2211B6,4001(2.9(.0579~) 

+ .018111,0001 ~ 116 X 10 6 

This t~rouqhput ratio ~~• achic''<"d •ith '~" 
produc•nq ccll 5t<".>m saturauon ch~c.rnn~ '"e~• 
O to ,899). Tlh'L '"• 1t i• not ~ throuotb•'t 
r.t.ia corresp<>n<llnq to stabilu~<l condltl~ns 

' ¡ 
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fJ7 
w¡th sm.>ll ch~nnco P"'.''""' stq>- Thic. r.>tio 

•~ thrr,. to tour"''''"" nf """'"'''"''' '·''"''' 
Ll'l-ln tho• 21!,000 ro<llU" wo• h~ve pr<·Voously 
.och>cvo·o! wllh ~··mi-impllclt models undt•r hi<Jh 
r.ote-of-ch~n•¡•• con~lt1ons, 

T.>blc o; "hO"" ·th~ nul"bcr of re~uircd 
i~Hations P<'l '""" strp fue ~och sto•p for 
tho• tl>r<tc run•l us1t>q ;., ~ 500, ¡,Oon ~nd 
2,000 cJ,¡ys. 1'h" numbt•r5 '" pMenth.,s .. $ in 
'f,¡blc• 5 .>r<' th•• m.-1xmum qr¡J blo<:k s.otuntion 
ch.>ny~s ovo•r li"' <¡Ud dutuu¡ <>•lCh tlffi<' ~tn~. 

T~blc- G shows ca1culated pressurcs ~nd 
satur~tions ,,!ter th<' f>rst 500-d~y time step 
oí ~un No. a. rroducinq ralc and quality 
"""e )00,000 1bs/hour and .04, rcspcctlvely, 
so that the throughput ratio from Equation 

( lll """ 

• 1. 22 !loo, ooo¡ !2. s ¡.oH 

+ .018) !SOOI 

Thia ~atio ~as ach1eved ,.>th a high steam 
s.nuration change in the piO<!ucing ccll froM 
Oto .6481. Required iteratlons for thiS 
t:Hst step wcr~ 30. Thü >te<.>t,ons dccllned 
to 14 ~o<hcn 1nitial pt"~Ssure at tormat10n top 
w~s r"duc~<l to 270 rothür th~n 450 psid. The 
throu9hput r~tlO al 10,000 days ioc th1s run 

•·as ll. 5 • lO~ corrc;pond1ng to a producin9 
r,<te ~n~ qu.,lity oí SJ,lOO lbs/h<>U< and 
.nos, reap<>ct>vely. 

Run 11 in Table J is identical to Run 
10, "xccpt that perm,.ablllty ,. 500 md rathc; 
than lOO md. The hiqher permcabilHy re
sultecl in a 9rcater reeovcry of .74'>9 com
parad to .56~6 at 10,000 days and 9•ve a 
<"Onuderably hlgher producing guallty of 
,7058 at 10.000 day~. Ruc, l2 prO<Iuced th~ 
target 300,000 lbs/hour ratü until S,OOO 
days. Fi<¡'-'<" ' sho"s the effect of per...,
~bility on produc1ng rate and quality vs. 
mau !ract,on produc<>d. PcO<!uc1n9 'fUahty in 
FI9U«l 4 is calculated at a separator 
cond1t>on of lOO p~ia. Thc curves of average 
""""rvo>r pressure (volurnetr>cally wei9hted 
av~r~<¡e of al\ grid blocl:sl vs. mass fraction 
produccd are not plottcd, but ~"" !dentical 
tor thC two runs. Fo9Ure 4 shows that 
¡>coducPd s~r•>~m <JU~lHy .H ~h<> fiXüd .•epa
''""' con<lltion 15 ne~rly a .,,glc-v.,ho~d 
tuncllon ot m.,~s ft~Cti<Jn produced and 
indL•p<mdcnL of perme~bilit.y lcvel, 

Fiqurn O "hows <wcrage reservoiC pres
~UH> vs. mas~ !ract>on produced calculnt~d 
fur \0,000-d·•Y runs usu><¡ k~ 100 and 500 
ro<1 and d· • .OS ""d .3~. The f¡gure ind>cates 
that perm.,dbilt~y levcl h~s a m•gllqible 
a!!.,ct o" avcrdge p>~ssure vs. ;nass [r~ctlon 
produccd. Th" large porosity results in a 
vcry 5llghdy IO'-'e< average ceservotr pre~
sure. Th., s""'ll ef!ect 1s due to the lo,.er 

1<><:k h<"·" <"•>i>.>ci\y (Le. 1~ .. mck) In~ 
h¡•tho·l )>VIU5lty !OCfll.lllOn. ThlS SIMI! 

<·11•••'1 <>1 1''"""''1' "" pn~surc dc•c!Ln~ ¡~ 
•n o•nnt<.,.hcuon to res11lts rcpOncd 
•. ¡,.,.,.hc«• 14). 

Th<' ~vc-raqc computer neto per ru~ for 
nuns 1-11 "a" 16 CDC 6,600 crll seconds. for 
ti>c• !Ox> '1"~ and 20 steps per run this 
tr.•n~1~t··~ to .Oh •~condo P<'r ~r¡d bloc~-
t "'"' st~p. '!'hu f>gurc comp.>rc•s to ~ rough 
v.due o! .01 s•·comls' per <Jrld block-tlme 
step (Or our semi-1mplicit ¡nodols. 

Sl~.U!.ATJON Of A 

f"RJ\~TURFD MATRIX !'~SERVOIR 

M~ny 9<><>n-<>rnal reservoirs are ~no ... n or 
belleved to be !ractured-matr'~ syste<U. 
Conventional si~ulation !S o~ten used ~here 
c~tcnuve fractures .ore kno\On to exist. Such 
Slmu1~tlO·n emp1oys an ~SSU<I'<>llon that flow in 
the matr•~-f•ssu<e syste~ can be adequately 
modelcd by ~ssu;oan9 an unfractured IMtrix 
formation w.th a high effectn•e permeab>lity 
reflect>ng the fracture system conductivity. 

ucrc ~e examine the difterence in 
simul~tcd performanccs of a fractured res~ 
~rvoir s~ctor modelled first as an unfractured 
formation, and second as a matnx-fissure 
systcm. Whilc Mt<>re scldom ¡>rovidcs near• 
uni{ormtty in spocing of fractures, wc muot 
cmploy somc sernblance o!' un;!orm spadn~ te 
pcr{orm any calculatwns. h"e conuder a 
lractured ~ystern cons>stin~ on the avcuge of 
40x40x40 fce~ rr.a~rix bloc":s separatcd by 
a three-dimenS>Onal orthogonal planar oyotem 
of vertical and ho~i<Ontal fractureo. 

T<> reduce th'" dill'-ensionality of the 
Mdtri~ c~lculation, we t.reat the matrix cube• 
~• cylinders of equivalen~ radius 22.S6H 

feet (•r~ • 40 x 401 ~,a hei9"·" of 40 reet. 
We have used th1s cylindncal approxll•..otion 
for sc'-'&r~l yeaz·s 1n b~aek o>l !ract~red 
""'tux umuht10~: it is part1ally jun>~>ed 
••nce the phys1c~lly real trregu1arity of 
fr.1cture spac1ng and an9les undoubtedly 
y1cldo a VdClety of m.nr1x bloc~ sh.opeo 
dcvidll.ng considerably from rectangular 
(ld r., ll e le¡apeds. 

Us<' of a fracture volume equal to 11 of 
co"'b•neJ fracture plus matrH voluroe leads to 
a lrocture w1dth of .029 fee<:. rlns h9uro 
••ssumcs equal Wldths of hor>:ontal and 
vertical fractures. from Musht (10), 
fracture permeability !or w1dth w in cm, io 

'Thio number can v~ry considerably. ror 
"eaoy" multi¡>hase flo~< prob1e:o$ (we 
omit dc!tn1t10ns o[ "easy" !c.r brenty), 
wc have ach>evcd t1mes ~• ¡o,. as .0018 
socond~ per b!ock-step. 
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fa< t~<l .029 ~~~t WI<Jlh. in SlmUi-llln~ f]o" 
1n fr.,cture qnd blods, It ls <>ni y n,cuss.>ry 
to use lr<lcturc P"""'·~b•l•t•~s IM<J<! cn<>uqh 
to rcndcr visco<>s t¡¡rccs n<!qligtlJle in com~ 
pdrison •nth gr~vaaüon,>l forcus. In 
prcvious bl.ock o1l fracture<! !ll.lt.rix rcscrvoir 
wock .1nd in thiS work, we h.tv<" found rcsults 
tns~nsHivc to use of fracture permcabilitic•s 
hoghH th.an lO to 10 Dan:oes. 

!'or the pun>Ose of coro.putdtions de
scribed here, the fracture syst.cm conduc
tivüy is assu:11ed sufficH>nUy larqe that the 
reservoir behavio< is do<nnatcd by v<>rtical 
transients in pressure, tcrnpet<lture and 
$.HurHion. 'r~e frdctur,. conducüvity is 
assu.'!led sUffic>en'- to m.>int.Hn neqliqibl<> 
areal qradients of these quantities, for 
exa.,ple, by t~.1s assur.~ptio" any steam-water 
cont~ct in the f~acturc~ w1ll be ncarl~ 

~i<Ontal over a w1de areal e~p~nse. 

The wiH.dra~·al ute use<! for campuu
tlons was bascd on a ~ell spacin9 of about 
JOO acres with rates o[ 300,000 lbs 11:¡0/hour 

per well. This translates ta a ratc of about 
.40 lbs/ho~r for a l.L10-faot V<!<tic.>.l column 
"section of the rescrvoa "1th arca! dim<:n
sions 40>.40 f''"'· Tb<• vertical gridding 
cons1stcd o! s1x rnatnx blocks cach sub
diviOed venccally into 10-ioot oa·id blocko 
and onc last deep 1.000-f<.>at matrix gnd 
block. Calcutat10ns were turminat"d be!ore 
steam-w~tH contacts re<>ched the dee¡> blocl<. 
so that Hs lack of gnddin•¡ is jmm,,tur>al. 

In the ratrix-fissure simul~tion, thc 
vert1cal and· horn:ontal fracture~ wer.o in
ciudad ln the gr>.d systcm. Vcrtically, thon, 
six additior.~l gnd biocks each . 029 fcet 
thick ·~~ar~ted the ••x ma<r>x blocKs and thc 
total n~~.ber oó vert1c~l blocl<.s "~5 h x 1 • 6 
• 1 or l!. We obta1n,:,d n'.".>.dy idcnt1c.1l 
uults us1ng oh¡;e<' and h'o qrid bloc~s 
~dulll' for thc ~..1tnx-f1s~ure syst<>m. 

Results g1ven hue ~re for the ""'"""o( t"'o 
rad1al gnd blocY.s. ':"he ftrst radal bloc<. 
was matnx .,,u. ~n inncr boundary ,,,.¡¡us of 
O, an outer bound.:try rad1us af 1~.~6n fect 
.>nd a "ccnter" rad1us ~qu.>l to the vol U'"<" 
mean value ot 15.~6 f,..ct. Th@ s<"con<l ud"'l 
gnd block ~·as v"rt1cal ~r.1cturc• wah innH 
radius oí 22.5&76 ~c<'t "nd outcr radius of 
22.~67b • .0:'9/~ !co<•t. f'l9U«' '• illustratcs 
thn r.>d>,>l-< o¡nd ~or th" tissur<"·matrLX 
simulauon. n,,d '"as l'ltMra~'' from thc 
bottom ),000-!oot thlck vec<1eal fracture 
block. 

Matnx p<"rr..Nbility an~ pOtos>ty ~·ere 
l 1"d and 0.2, r<.'~;o~ct1vcly. en~ bloc!\ por~ 
volumcs íor the m->tru-f>sSHe •¡·stcm d
!ustrated "' '"!"'" 6 wcre 

¡; ~ 
C:r"l 1\lock 

10-fuot ""'trix 

.02?-!oat hortwntal 
!r~cture radidl 
block 11 

.o<q • .0145-foot 
fracture 1ntersection 
block 

10-!oo~ vcrttcal' fracture 

Pore Volume, 
Res. Bbl$. 

569. ~ 

8.26 

.0106 

3.66 

!nitial reservolr pressure was 270 psia 
at top of tor,...tion .>.nd te::~¡>er.>.ture was 
IOO"F. Ov<>rb~rden heat loss (aa 1n) had a 
Sllldll effect and was ignored. ·lieat con
ductlon in tr.e ""tnx was 1:10dele<! u51n<¡ a 
the:rmal conductivi.ty o! 38 Btu/ft-d.>.y-"F. 
Hatrix roe<. heat capaclty "as JS 9tu/cu.ft, 
rock-"F. Rdatlve permeabtlit:tes of t<iua
tions (261 and a hnear rock capiilary 
pressure curve oí P - O at S ~ l. P • 10 o • o 
pu .n s., : O >~en• used far matdx and zero 

cap!llary ' pressure 

'lera used for the fractures. 

S curves 

Tr.e 2 x Jl jradial-zl m~trix-fiuure 
sinml.>.tion 1<aS run t.o 1,500 d<>.ys for arate 
nf 40 IUs/hour and to 4,200 days !ora :ate 
o( 10 lbs/hour. Two runs were :nade for ~he 
40 lbs/hour ratc, thc first w1th ~ cor.st~nt 
JO-d~y time step, th.c second wlth ~ constan< 
60-d~y ttme step. 

Flgur<> 1 shows calculateO water satuu
tion vs. nepth from top of forrnation at 1,500 
d~Y• for the 40 lbs/hour produ~tion rate. 
The sol>d lines correspond' to the 30-doy ti"'e 
ot<>p >'hile thP. cHcles and da$hed l1r.e show 
results tor the 60-day st<>p. The vert1cal 
tic m~rks indtcate >'ater saturat10ns ;,., the 
!irst radlal horhontal fraCture blocks. 

This flqure shows the ;>oor reco•,.ery of 
'later from thc tMtrix blocks due to the 
caplllary discontinu>t1es inpase:! by ~he 
honzontal ~ractures. !::>.eh r.atrix block 
abovc t.hc (vcrttcal fracture) steae~-,..ater 
contact trans•ent!y dra1ns to'"'ard an 
cgull>bnu"' final s~turatlon vs. depth. 
d¡unbut>on determincd by the rocl<. o;;apll!an· 
pressurc curve and the zero P co~ditior. a~ · 

o 
<»eh OIHru bloc>. bot.t.oo, impos.-d t}' the 
hortzonta\ fracture, ':ihe sig,uf:cac.< 
tunu~nt <.>Hect is indicated by tC.e d~c,case 
1n ""'''" rccov~ry ""h. ,.,nnx blocf. de~cn. 
Thu is duc, of coursc, to t.t.e lo.o~cr tl::><>s 
of dU1M~~ expencnced by h1\lher located 
llllltrü blocks. 
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" 
1'1w hor«ont.ol fr~ctUr•• b!.,..-h OJ>f'"'"lc' 

th<• lOO• occ,,.., .•dtur~t•••l v••n•~~l fr.Ict..r., 
o¡nc! l.>l<>cko; r.o¡n<lly "'"' tuw.>r<l lOO> :>U'•'"' 
5Jt.or,1tion. llb<iV<· th~ "'''•<m-~·.otpr cont•>Ct, 
til" ~-~¡..,, <ir.o¡flltl'J frum t)>o• l">ttom nf ,1 
"'''"'x blo~k ,.,,,.,., thc• horJt<>nt.d fr_,,.,,,., 
b\n~~ ,,,d u .. -n prct<•rcnu-dly !1m<" ""''"',¡]• 
ly <.!o~·n in<o ti>~ tor of thc• n<!H l<>~"<·r IMtc>x 
bloc• r.uhcr th.Jn l<>tcral!y into th.;, vo•rt.ic.>l 
!r.1cturc-. Ttu5 ~rcfcronco• i~ voq• cloS<' to 
lJO>- Tt><•~c Ja•.tcr ro•sult~ are shown by 
"'""''\ printout~ of "'"'"' anc! "'"""' intcrblo(k 
f\ow r.nc m.<•rnitudos and ~HoCt10ns at 
sdocte<l ti.m"s' 

Tablc 7 sU:<Ullarltcs ~V<>uqc Itorat1ons 
p~r time stop, avcraqo satur~t•on chan9e 
(""'x'""'"' OV<>r •¡rid) per ti.., ~t<>p and co .. -
p~ting '-'""'s 10~ tlle th~~e fr~ctu~~d-...,tnx 

<.imulat\on runs. The ne<Jll<¡>l.>lc tune tronca
tlon error for lO- and 60-d~y 1.1me steps 
sho"'n in f'igure 7 15 some"'hot surpriHn'! In 
llght of the averaqe s.,tur,nion chan~e rising 
horn ,}8 ior the lO-day stc•p to .66 for th" 
60-day stcp. The .f.6 fig\lr<" '"acoual1y 
conservativa Sincc 27 vcrtic~l fracture g~id 
bloc~s were Sw!!pt trom O to 1001 steam 
SHuration in only 25 steps "' Riln~2. No 
tOme stcps wcrc repcat!!d due to divergence in 
any o: thcse runs "' spit<' o! n<>~rly 100\ 
s~oura~1on changes In one stcp for the .01 RB 
pore volume fractur!!-Intcrs<'ction <¡nd b1ocks. 
Both Runs l nn<l 1 exp.,ri<>ncc~ ,, number o! 
t.Im<> stepo of 90-!00< sat\lratlon change. Run 
No. l comrutiny time ~orrespolld5 ~o a time 
per block-at<•p of about .01 scconds. 

f'Iqure 8 CO<:lpares ~he etfect of produc
,n~ rate on ""'lr.IX-fissurc ~IIriU!aUor. rcsu1U. 
Tlle calcul~t"<l saturdtlons for R~n 1 bt 40 
lbsjhour and RU!\ J at 10 lbsjhour are co ... -
pared ~t times of cqual <>umu1.•tive prodoJC
tlo~. The Gtcam-w~ter c<>nl .. ct for the hi~her 
rate IS 40'< (¡.10 foct vs. 101 fe<>t) decpcr 
d~e co ~h" Ehorter time av~i!able for 
trans1ent walcr <lrainage !rom the matrl~ 
bloci.s ~bove lhe cont.>ct. 

Convcntional simulation results were 
~c~erated by runn1n9 the nw><lel In one
<linenslonal vertical rnodc using <4 10-foot 
hlocks ancl onc 1,000-foot block. Thc dashed 
hnt In ri~un~ 9 shows r~swlting calculat"d 
water SalUrat>on vs. dcpth ~< 1,500 days for 
an "<!~fcctivc" perrne~bdity of 50 rod and a 
j.>roclucln~ tal<' of 40 lbs/hour. GraVItY 
forces domínate .>nd the C"onvcntional resulta 
sh~"' a s~arp uans>tion %Une lrom" dU!ned 
CS~mS~c-.2) upper re~ ton to the 1001 ~atcr 

<One. Th~ transition """" is cons\<lerably 
h>gMr th«n th<> matrll<-flSsure simulatlon 
rusults Vll•w•ng eJther the m.!trh or the 
vcrtic~l fro~ctUru stc.om-walcr contact. 

·-, 

srE 6&~1 

"" ""'' ·>c'h1evc somewh~t ~r<>ahr rcalism 
1n lil<" t:om•,•ntlnn.JJ slmUJ,,LHln ~y Utll1ZÍh<j 
l)l<• [,Wl l)¡,ll lh•• c.opllJ.OJy ~lOCOntinUit¡CS 
,·.H"h 40 (,.,., '"!'<"·'' ,, m""""'"' 1 ,,,,¡ r<•cov.,ry 
o[ "'"t••r (hy l)<lW •<Ion<"! ¡,)OJCh c.on be pr~
dctaml<'>ud "'"'"'' tl1<· roe> "·'(>!l1ary pr!!s.ure 
~u•·v··· thc· 40•1<><'' "'"'"·'~bloc"< hc>ght and 
thc .ló9 psl/loot W<~tCr-st<'".om dcnuty 
(•¡rad!Cnt) <l>l!Hcncc. f"ollow>n<¡ Refercnce 
fHI "'" Inte')r.:ltc the S.,.- r., r~1Hton over 

thc 40 [cct uoinq thc fact that P • O at 
O· 

m~triX block bottom ,nd hncl th~t final 
min1nourn ~vcr.¡q" rnotrix block w~tcr •aturation 
is .Hl. US>nq this value lor s,.c in t~e 

relauve pcrmc•.,bility equ~tiona, the con
vcnt.on~l ~i!'.ohllon q>ves che "Her s~tura
uon profll<> lndicated by thc !Arger dash~d 
Hne In f'>gure 9. 

rurthcr <>djustments in vodous data 
rn>ght b" madc to nurro" the difference 
bec~~en rn~trix-tissurc and convcntional 
sHnula~IOn r~sults. Considerinq the basic 
dilfa~encc in mcchan15rns for the conve~ti<>nal 
and """" correct motri~-!isoure calculations, 
~e hold lltth hOpe for forcinq <>ccuucy from 
"coc.vcntional simulat,on. In pacucular, 
thc above described rate eflcct lflqure al 
IS sho"n by th" more nqorous matri~-flssure 
HrnuL>tion, but not by conventconal •irr.ula
tion (unless thc pcrmeability uscd is verY 
l ow J • 

A full threc-dimensiona1 simulatio~ of ~ 
tracturcd-matrl~ reser•,ou •'111 rcqulre tYlng 
in thiS vcrtlcol two-di=nsion.>l R-~ Olatrix
[usure calculauon toa two-d"oensional 
arca! colculat>on "'hHe the areol blOC~$ 
commun1cat" through the fracture systern and 
th~ IntcrblocY. fl<>ws reflect thc different 
"sector" or ,,.,,,¡ block steum-w~t<'r contacto, 
This task wi!l ,nvolve ~ signilicant effort 
¡,. JogiC ~nd coding and "'ill in '"any case~ 
rcquae disUng o'n ftxed "'enw>ry ""'chines, 
Th<• two-di,cnsion~1 R-Z ""'trlx-fissure 
calc~Jation d.:sctlbed her" u ~dequate only 
if thc ~real qradumts w;thin the reservou 
ar~ assumed sma11 due to high tracture 
coMucttvlty. 

lntcrprHation of hessure Or.o..Jo ... n Tests 

The maJo< dif[erences bet .. oen conven
tiona1 and !'I.Itr1x-!¡ss~re s¡mulaüon r"sults 
JUSt Uescnbed arose becaus., of t~.e two-phase 
!lo" 1n a systcm hav>n<¡ c.opiilMy dlSCOn
ÜIIuitles. ller~ "~ ,Jlunratc dlffl.CUltles 
1<h1ch can arioe "' uslnq convcntlonal nrnul~
tton to Interpret pr~ssur~ drawüown tests in 
tra~tun,d-rnatn~, hot wner systcms ~ith 
<>ngle-ph.,sc WHCr · flo"'. 

' 
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SunuL>twn <>f ,, we!l t~st in,, systnm 
,.,,v!nq ~ Ul«'<'-dL<n~"""'"~\ net,..olk of or
thO<JOnoll fr~cturc pl.o!>CO "'ould rct¡u>r~ '' 'fu\1 
threc-dlmenuon~l C.lrtes1~n 9r1d. 'l'o um
pli!y for thc purp<>~c o! ii!UStrat•on, wc 
cons1der a syst<'m o! H-!oot ""''-"X l.1ycrs 
•ef"'rated by horitcnt~l !racturcs. A !Ox~ 
r~dial-z qnd "as uscd to m<><Jel a horiwnul 
dltX o! matr1x bene~th a horizontal fracture. 
Thc di~k di~cnsion• wcrc ext~r1or radius r ~ 
10,000 feet and thio;kn<1SS- 22 f<'"t. Thc" 
fivc hyor thickncsscs "'""" w/2, 2. 4, e, 8 
(eH "h~re w 1s horuontal fracture thicK
neu. Thi.s dls-.: lS a symmetrkal dcm.,nt for 
the cas" where th'l ""ll penetrates th,. cntice 
for .... tic;¡ thickn<>u, 

Th~ radial sp~c1nq was calculate<l using 
~quation (29) w1th th<• "ellbo~e includcd in 
the qnd. ;<cllborc ~~d1us '"'"5 . 25 and the 10 
block "center" r~d!l wue .2';, .43, 1.38, 
4.49, 14.55, ., '•,242.37 feet. Pon• 
vo •es of thc .;,llbor" cells vaned !rnm 
.O ... JH to .27~H HD '" 1ayers 1-S for a small 
fracture ~·¡dth w • .245 mm. 

Hatnx ~nd fucture laye~ porositic5 
"C'" .2 ar:d l. O. respective! y. lnitul 
t~~per~ture "'"" unlformly lSO"F and init>al 
prnsure ,_.as 2800 psi~ .,, to:> of for,...tion. 
The illustratn·~ pressure <!r:,wdo\ofn t<"St 
consisted of P"oducing 10,000 lbs/hour from a 
""ll open 1n al\ five l~yers for ten days. 
f'ncture conducti'llty and m~trix porm~abillty 
w~re variod >n f1vc• O>muJ .• t 1 on run" as 
tabulat<•d in f'iyur~ In. The fr~cture P"rmc
•b>llt>es wer" rcl.>ted to fracture "'idth by 
•• , .. 82 
'"" re at>onsh1p ~ • 10 w /12 where k is in 
Cucas "nd "' >n Cl!l. The homogen<>ous (no 

l
fractur<>l c .. se, Pun 4, has a pemeability of 
90.9 !f.d, ~·hic~ g>Ves " total ""'--ít product 

1 fo~ thc 22-foot th>c<n.,ss <1q~al to thdt of 
;tn~ fracture cas~s. 

' ' f'i9ure lO •bo~<• c.1lculat~d pr<,ssur~ L 
•down l>n>ti~l ¡¡n•s~urc-flo"'"q >~••llborc 

,_,soU<C) vs, tune un,, s"rn>-lo~ plot !or 
f1ve cases. Thc hor:cng<"neous case (Rur. ll 
~>ves a sHa1gh~-l1n•• ·•nd use of thc "'~11-
l<nown r<'l.>ct•onsh!p, $)<>p" : Co/•·>.h, q,v.,s 
); • ~0.9 md, 1n ~qr~"r><>nt w1th thc Vdlu" 
uoed. Arbltrory u•e of the av"r<><l<> slop<> 
from .1 to l days wHh th<• «'1->t>on s!Op<' • 
~.•/h);h glV<"s ~ ~ 141, 18& and 1~7 mrt for 
•uno 1-l, resp••ctl<'<"ly. Th~s" P""""~blllll"S 
t•ear littlc "''"'"bl·<llC•• to <•llh<"r fro1cture or 
·llrlX porrno>.,b>litl•"•· 

Thc sc:ni-loy p\c.to <>f prcssurc d1.wdown 
'"<. üme ,,c~u.,lll· ,,,. not J¡no·.H for th<• 
:r.•ctur<• c3scs. tJut ·•r<• r.<th<'c conc.>v<' up
'"d. Th>O "''"'!to h<m thc fact th.•t thc 
'""er\'<>1< tr->n.>~••nt '" 1'"""'"'!\' ~ crosMlow 
''.'<'ttlc~l) blcc.!lt"l o/ !!uHI ¡ntO thc /r,lc-
' •fe• rathcr thdn ""' r.«!r.>l lrdC.Sl<'llt o! ~ 
' ""q<"ll<'OUS u,fr,>Cturo•d !OCf'\dt IOn, Thc 
'"~~ <>f ur"'·"d c~rv.>•.m·,. o: ""' <lr.wdown 
.·'"'' rncn•a,., .• a• "'''''x l"''""'''bllJty 
"<"o <'~SH, 

• 

• 
Thc e""''" of sltldll fr.<CtUI'" wl<lth, Puno 

1-J. ~•hilolt ,, r .. p,.J >niti.•l <lr,,.,ulown of r,n-
80 p5l·l 1n th~ !n~L fe"'"'"'"~" ol !lo". 
!he calcul.,t~d ••:!ect. of d !ivdold !are.,< 
fract.u~e "'io.lttl is ono o! reduc>.nq th1s eady 
drawdo~<n to 2-l rs>. Ho.,<>ver, for times 
after thc tast f.,w minutes, thc larger 
fract.ure giv~s ~ calculat.ed, concav" up.,ard 
du .. do"n curvt> of •h~pe v1rtually ident>.cal 
to t.hat. for (he smaller fracture. This ,. 
illustc.ncd !Jy the curves for Runs l and 5 in 
l'>.gure lO. 

Flq~rc 11 •hows calculat@d dta\o'do\ofns !or 
a tenfold ¡,,rqcr horizont~l fract.ure s~aCl"-9' 
of 440 feet. The s>mulations used a lO " B 
gnd wHh th<> eiqht. \ayer thicknc•ocs cq~a~ 
to .0004, 2. •· 8, 16. 32, 64 •nd 9l feet (a 
total thickness o! 220 f~et). Thc <··· ¡oroduct. 
for the tot."'l fracturo> w>dth of .OOOB f"H 
(.245 mm) is 4 Darcy-!ect. 1\ du..,dc~<n tes~ 
flow r.lt<' o! 100,000 lbs/hour "'u spec,~oe~. 
The curve for th1s nun 6 in f'igurc U sho-..·s a 
lineanty M dr.wdown ·;~. ln(t) P•lS< ~J C:a?s 
to about. )O days. 'fhe upl'ard concave e~'"'~ 
shapc [rom lOO t.o LOOO d~ys is d'!C to 
cstabl••hmcnt O! se~i-steady-stdte condit10ns 
throu9hout thc reservo1 r, 

The curve l.>beled Run 7 in f'lgur~ ll -~~• 
calculated for a 220-foot homog@neous res
ervo¡r ""lth ' • 9.09 md corresponding ~D a~ 
eq<avalent tOtdl m~-!eet prtxluct oí 2.0~J. 
The slo~Ps of the curves for ~uns r, And 7 oc. 
figur~ 11 ~lV<' !orm,,t,on.pcrme.>billtles o!' H ' 
rnd and ').09 md. cespectlvdy, 1! tho 10-é~y 

test portlon ot thc Run 6 curve "'"" ~nalyzcd 
by conventlon.>l ~ad1al !low theory. th<>n a 
perm<>abiltty o~ lB rrrl ""d d s<>n fac~or o:': 
9.6S «ould b-e de<err.aned. The c>rcles o:': R,.c, 
8 >n f'1gure 11 sho~< oh<> Sl.ft'ulator results !o" 
a ho•noqen~ous r"s<>rvon "üh thi5 ~enr.e-
a~ilit:.· and skin !act.or. flgure ll s~o·-·s 
that calcuhtod dra~o~do,..ns for thc fr.l.ctu:ced 
formatlon {~un 6) ""d íor .1n U md. hor><>ge-
neous formatlon wlth sk.tn (Run Bl agree \ofell 
through 1.000, <.!~ys, 

Thcsc r<>suH• of Ftqurc ll indicdte ~h~t 
for the parttcuJ,lC !ructur<> spacrnq dr.d "'"'~h 
o! 440 fect ~nd .HS rr.n, rcspcctiv.,h, .:oa~
v.-ntianal r.>d>dl now a~<lip1s "0~\d. (~) 
y1eld crroncous pen•eab!l\ty and sbn 1)-o~ !!)) 

g'"" accur~t~ lonq-c""" d<>ilVcublll~)' ¡o<e¿,~
tlo!ls. Th>s concluS1on da~s not hold :a~ o~e 
prCVlOUS\y d!SCUSS~d r~~u\:.s Of Fi9'.lrC 10 
corrcspanclinq (<> thc small,•r fr~ccure s¡oac.,·.g 
of H ft•t•,, For this sp.l<Oln~, thc shore-ter:o 
dr,,wdo"n t"st can (,,¡ to yi~l~ ~ny llnearity 
fro:n ..-hoch co<\V<'fltlon.'il ,,,~lysto can 
determ"'" df•'"""" P<'''""abilny ~nd s:Un. 

~evcr.>l ~~dltional ('OmplC.Otl<'S t.hH "'"Y 
cnst tn pr.lCtlC<" n~cd "'''n'>ontng '"con
nectlon "''"' th<' results JUSI d>se~ssed, " 
natur~lly tuctmc<.l 10r:o.:>tion .,,¡¡ oer.erall)' 
hove vcrtlc.ll as ··~11 .15 hodtoMal frac
tur,•s. ~ccoLJntlnq for a t.hrce-d!mcnstoMl 
net ... or~ or lc~<:tut·c plan<"s "lth che model 
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d~•cnb,•J ho•r<>in '-OUI<! '"'1""" ~ thr,·~
dtm•·n~wn.tl "'""'L>tl<m. 11 lr,octo>r•-' sp.odn<¡ 
.,,.,.._, th•> ordcr of lOO fo•ct. or IP5s. a vcry 
L>rg~ number of <;r><l b~oc<• >«>uld b<' rc
<¡uired. 1\ hcttL'r """'lclll<"l ~ppro~ch 1n thc~ 
e~•<' "'ould be a dual pon>s>'-~ ~or.r~lati<m 
..-hc•rc >ntcrblock flo~· '" .!Ssu••~l to occur 
on\y 1n th<> (r.>courc> syst""· ~nc m.Hn~ 
'-'OUI<l be .:tccountcd for by r"rO-<lH><·nstonal. 
on,•-•l''"''ns<on.:t\ 5phcr!c.>l or two-<limco~s¡onal 
cyJ¡ndncal subcalcul.:tt>On5 tic•d 1nto thc 
fr.octurc ¡><Ho»ty In e.och ~rid bloc~. Tn<' 
hQ.Jt-loss calculauon d"ocribo·~ 1n Hefcrcncc 
131 1s an Qxamplc of th>s ty~c o! !ormulalioll 

Thc modd describnd hH<' may apply »ell 
to &n ~n>f>cl.:tlly franur,•<l torrnallon since 
<n lhls case thc vert!c.,\ fuct~res will 
.intascc~ ~he "'cll. An r-(•·z qr>d rep
rescnlln<¡ a SY''"'""'-ric,,l clc""'n'- "' th>s case 
may ~ccuratcly modcl "ell p<'rlor""'ncc w:tth 
,, rcasonably low number ot qr>d block$. 

An ul"'a;d co~c.w<:> dcviat\on trom 
linMrity in a dra\ódown't~n curve "'·'Y rcsult 
from L>ctors othcr th~n forrnation fr.•~tures. 

G~othm·m.JI reservo1cs ~<Ílh t><J.ncs o! high 
saJ;nity 1My prce>pHatc Mlt with ~res•ure 
dra~·<lown near tt-.e \óell. Thio can cause ~ 
skin hctur increasing ~<Hh urne and th~ 
ment.lOncd dev>ation frorn hnearit.y. It is 
well•Known that faulls or othec noo· bar
ri~rs naar a well can cause up~<ard cun·at,.,re. 
Short-tcrm draooolown tests on we1l5 wh1ch 
partlally penetrate th>c~ for .... tions, 
espcc>ally o·here the rdtlO of vertical te 
hor¡zontal permeab1lity lS s~ll, c~n result 
>n d~Vlatlon from llnearity. ~cgardless of 
pcnatration, a formauon consi•t>ng o! 
altcrn.>l>nq ti.-¡~oc and P"rr1""ble stre·>ks of 
l~l<Ht pmm.,,>bll1ty contraot Co1n yicld devia
tian lrt>m hneant.y ~hro«yh t~te H"''' ver
t>c~l. cros~flow ty¡>e ot tr.>nsient trca~ed 
abavc iH the hcrizontally fracturud formation 
calcula~io¡,s. Quotinq !rorn ~cference·jill, 
which treated s1mulaüon of ungle-Ph~s~ gas 
flo..,, - ... The reservoir plcture ~1nally 
ernploy .. d ~·ith success st~"""'d fr<>m the 
hy¡x>th.-'s1s that the wcll communic.>ted "ith a 
nm:tt>er of th1n per""'able str\ngcrs . fed 
by scv~rely limit<.>d cross!lo>< !ro"' large 
Un<l volumes. . In thal "'or~, for such 
r.,s.,rvou-s, the calcul~t<'d a"d o~"erved 
drcl"d""'n/buildup curves tai l~d to y>eld the 
l>nnclr>ty of convcnti<>n.>l .malyois. 

l'inally, th<> fr.,c~uc.·d fo¡madon, dra~<
dn"" lcst illustr .. uv~ c~l~<J!.Jtions ~nd 
>nterprHatlons pH!S<•nt"d n<>rc• are not un>qu~ 
to qc•othcciiiO.l rcservo>cs. but apply to ~ny 
fotn.,.tlon "ub)ect to s>n<¡-1<>-¡.h.:l.s., flow o! a 
low comprcsHblllty t1<11d -- oil. water or 
h>qh ¡.reuure gAs. 

~11:1\T nT,\C'r!O>l rno~ 
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110'1 [)~Y ROCK 

w,. ~on••Jcr ,, vcn\c,\1 fr~cture in ~ hot 
dt'Y rocl. >nitl~lly 3l ~lO'r. A Sxs~:. threc
du•cnuon~l qc>d ~cscnl>c~ ~ rectan~ular 
P••<~ll~lc!>Ll'<""<l "llh .h • -~• • 80 fcct and 
.ly • .01, JO, 120, 1~0. JlO. -:-hcsc dimen
o.ons rcsult•'d !ro::- com~>nl~•J blacks in a 
comp~r>son run wh>ch ·-•~cd y-dircctlon in
ca·m~nts of .01, 10, 20, 40, 00, 16~ .>.nd J20 
fccot. Thc ovcrall d>men~>ons ar~ a 400K400-
fN>t venical crac~ of .02-foot "'idth wtth 
630 fe"t of ro~k eHhcr side of it, The 
6JO fcct of roe'< in th<> y-direction is 
sufflcicnti)' hrge th~t thc syotcm acts u 
lnf>nitc for ~he l.OOO da)'s o! umulat>on. 
Dif!cr<!nt gnds ~<ere uscd to dcL.,rmine lhe 
·'Cccptably low spatl~l tluncHlOn nrror of 
the SxSxS <_¡rid. 

Since the system is sy,...,nical About 
th<> vertical rni~plane of thc cuc~, "his 
Sxs~s grid represents half thc oystern. crac~ 
widt~ 15 al na consequanea ~xeept in its 
rclat>on to thn X" rroduet whcre ~ is frac
tur~ permeab11Hy and w '" !r~cturc total 
Wldth. In the gnd plane j • l (the erac~) 
~n x-• thermal conducLivity of l. a Btu/ft
d3y-•p was us~d, poros>ty was 1.0 and 
pcrrneability "'as varied over a nwr.ber o~ run9 
from lO Darcies to 800,000 Darcles. In ~he 
plana~. j = 1-~ (har.l roe~) thecmal con
ductiv>tY ~-as J8 Bt'-1/ft-<l~y-•r, roe~ specitic 
hut "as JS Atu/c~.ft.rock-"F and porosity 
and permeab•ll.t¡.- "'"'" zero. 

loo•P cold "ater inj~ction ra~e was 
sp.,cil•Cd as 2S,OOO l~s/bour 1nto the bottorn 
le[ t. corm•r of the crack {ccll i•l, J=l,k~SI. 
,\ ..-ithrlra_,,,¡ «el! at thc upper nght carner 
of thc erad. (cell >•S,j•l,<•II mair>ta>ned 
preosur~ at BOO p~1a dun t.o a IHgc specifiad 
productivity \nd~x. Th•s withclrawal ~ll 
produc<!d on dcli·,erabtl>ty against the BOO 
psu pressure. Th<' 15,000 lbs/hour injection 
rata corr<>sponds to actual ln)ection well 
rate of 50,000 lbs/hour slnce the grid 
rcprcsenu a Sytr>'Detncal half of the total 
system. 

flgure 11 shows calculat@d energy 
rccovecy and praducinG wcll bottomhol@ 
tt•rn¡ .. ,r.•turc vs. tlrn<>. t:ncr~y rccovcry is 
<ldJn~d as curnulat•v~ cnthall-'Y produced 
<l•vid!!ú bY thc sensiLlo> ha~t abav<> lOO"P 
tn>t.ially containcd 1n ~portier. ot the rock. 
Th<: portion u•Qd JS the !Hst JIO feet since 
thc last HO {eet cxpcnenc-ed e""ental!y no 
r"covcr¡· lt<:rnpcraturc dcciln<>! at J,OOO days. 
The lnitial ene<9Y ln plac-" on these basu u 

6.~H x 10
11 

atu. Enthalpy of Ftoduce~ "Hcr 
>S U + pv whcro> 1nternal enuqy U 1s zero at 
lOO"F. 

' 
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F1gu~e l2 sho"s ~ r~pld dedin<> of 
p~oduccd wat.er t~mper~tu«> fmrn >OO"f to 
less th.o.n JOO"F ln th<: !>rst' fe" days fol
lowed by a vecy fl~t ~ecline f<em l"lO"f to 
!l7"F from 1,000 to J,OOO d.>ys. r~actional 
energy HCO\fery u 0.1661 at J,OOO days, 

cquivalent to l.lSS x 10 11 Btu or ~n .>ve~agc 
of 64 Btu/lb ""'-"" p«>duc~~ (enthalpy r<>h
ti.ve to :ero U <>'- IOO'Fl. The aOJ~~age tem
peuture conespondinq to tl>is average 
cnthalpy 1s ~bout 162"!'. 

The fracture "'dth w cont.rols system 
con~uctiVlty or t.hrougt>put. The cone
sporuhno¡- para..,ter or group of importance 
is the kw Darcy-feet product, "hich 15 

proportional to .,.J sine" fracture penoe

ability is proport.lonal t_o w2 • we used 
permeabillties up to 800,000 D.>.rc1es with 
the .02-foot model dimens>on for the 
frac~ure. Th>S !6,000 Darcy-foot k" 
product conespond• to a fracture ondt.h 
o! 4 fl'llll u5in~ tha fracture penncab>lity 

equation k ~ to 8w2/t2 ¡., in cml. fracture 
width, 1,e. the •~ product, had no effcct 
on the calculatcd recovery and temperature 
shmm 1n Figure l2. 

MO<Iel runs ""re rMd,. ""-h the injec
tion well locHe<.! hiqher, 200 feet from 
top of for:uation in cell l•l,¡•l,k•l. The 
change of in¡ectlon locatlon had no ettect 
on cdculated recovcry and produclnq 
tempera~ure. 

Fiqure 12 al5o shows calculated re
covery and te~pHaturc for ,, Iarger frac
tu~e of dimcnüon S00x800 f~ct. Aqain, 
the abovc dcscnb~d k" producl and ln]e<:e
tion well locatlon v.1riatlons h«d no 
effcct on the cal~ulatcd recovery and 
producinq tcrnpcraturc. The larger frac
ture rcsulted '" a considerably hiqher 
bottomhole produc'lnq tempeuture vs. tHIIe 
and a lo·~ec fnct>onal enerqy recovery. 
Calculated absolute enerqy recovery at 
3,000 days "as h1qhcr for the larger 

fracture -- J.SJ x 10\1 Bt.U vs. 1.155 x lOll 
Btu !o~ thc ~OO~lOQ !c.ot fr.,ctu<e. Thu~, 

a fourfold inc"'·'~" ln !r~c<u<~ .>rea c~used 
a th,.,c!o!J tncre~~e >n enH<IY recovdy. 
Aver~<¡e cnth~lpy o! pradOJced "'ater w~s 
196 Btu/lb corn•spon~lng to .,n .¡vc•raqc 
tcmper~tun• of produce•! water of 2n•F. 

The runs ""<'<<' ¡JC<!t>!m<'d ""inq auto•Mtic 
tHnc step control <iu" to the ra¡>1J >nitlal 
trans1ents. With ,, lHOt '-""" "'-"P of .1 
days, a subst•<¡uent '"'"''""'" .'.t of .2 d.>ys, 
control by !~o•¡· '"~"""u'" gr1d bloc~ tem
peraturc ch.>n•w po>r tlll'~ Hep ~nd a 
rn~umum tune stcp or SOO ~ar>. lh~ ""><>e\ 
t<>Ok IJ '-'""' sto•ps to ),<100 ~~Y' !or the 
100,000 Oarcy l'"'"'''~hlilty. Compute< t 11nc 
for thu run ..-.. ~ h c:K: "~00 Cl'IJ second~. 
"'"n'-1' of the•<> "'''-"Ond~ wu<> regu~red for 
<he flrst two tllll<-' ot,•po. 
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lesa than 100.000 Oa~cie• exhib~ted no 
circulatory -rr~e- convection t.ype cell9 
in the vertical fracture plane. Table a 
shows an <>Xample of thuse rcsults at 
J,OOO days for the case of a 400x400 
foot fracture. and 100,000 Darc1c• frac-
ture permcabil1ty wh1Ch co~reaponds to a 
2 mm fr .. cture wid~h. T~e tdblc shows 
c~lculated press~res 1n the fracture plane, 
temperatures 1n all planes and interblock 
flow rates (posit>ve to the r1qht an~ 
vertically downward). Wa~cr flow is 
uniformly to the right an~ up~arda aw.o.y from 
the injecuon in gnd cell i•l,j•l.k•S. Tem
perature unifo~ly tncrea•ea to the right and 
upwa~d (in t.he directions of wate~ flow) 
ucept in th~ t.op row. 

Reoults for the 800,000 Da~cy perme
ability differed mar<cdly frorn those just 
descrlbed. Table 9 shows pressure, tem
perature ,.,,d flow ~ate distributions at 75 
days for the aooxBoo foot fractu>e "ith 
800,000 Oarcies. y-dtrect1on spaein was 
altered in this run ~o .01, lO, JO, '>el, 180 
feet. The flow rates tn Table 9 show ex
trcmely strong "free" convection cells 1n the 
5~5 o¡-ri~ of the vertical fracture plane. 
Wate~ is ir. fact flo.,inq downward 1nto the 
injecting cell t•LJ~l,k•S. The !'10.,-d1s
tnbutlon is col!lplex and the ter:>perat,re 
chano¡-e f~orn left to r1qht alternates in sign 
in alternate rows eorrespond1nq to alt.erna
tion in di<ection of horizontal flow rate. ., Table lO shows pre•aure. tcmperature 
flow rate dist.r1butions for thls aoo.ooo 
Darcy c.>se al J,OOO day•. Whllc th<> ~low 
rates are rnuéh more uniform wlth flow 
uniformly upward, the fre~ conv<lctlon nill 
exists wah sorne hori>ontal flow fro:n right 
to left. Deviattons from a pattcrn of uni
form tcrnper.,ture inerease t.o t.he dgh<- and 
upward are small but ex1st an~ are co~olex. 
This 800,000 o,>rcy mn w~s rnucl> rr.ore cÜf
ficult thdn th<> runs for 100.000 or fe""~ 
Darcte•. The nu~e:r of tlrne steps lncreased 
to 2l ~nd comput.er ttme inc~eaaed to lH ex 
6600 CPU seconds, la~gely due to divergence 
and rcpc~t of one of the tl~ steps. 

These fractu~~d hot rock eimulatione dlcl 
not employ any enhanced heat cond~ction to 
th~ fracture du<> to therm.ü crac~tnq ~~~uce~ 
by ternp<>roturc decrease. A functional re
l~tionshl¡> b"tween themal conJuct!V>ty and 
tcrnpcrHur~ or ternperature chano¡" can bo> 
lncludcd in th<> rnodcJ. Such a relat~onship 
and 45Sociated rar.,mct<>rs rnight be deJuccd 
frcrn labo~atory or lleld <>xperiment 4 J da<-a. 
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An ilr.plictt, thrc<'·•litn,.nO!onal 'Jl'O• 
thc<nl.tl ¡n0cll'\ 1s d~;o,·r•'-'•·•1 ,.,,¡ p.>tlt•>ll;• 
o•v,<ln.<ccJ tn o·<·SJ"'CL 10 ~t.ot.,ltt\' N tll<IC 
st.·¡• L<>lurane<•. Tl1" """'''' '" <lloly p.ortly 
lloplte¡t '" ~··• ''''" ·'1'1'11<'"' '""" .,¡,,.,-,, 
Vol! WU5 tnm·; ,,~c,ocl.O\ ••d ~ L \ h .o 1 1 O<',< ti on of 
w~ll LHc5 ""''-'"'! "1"'" ).<yt•n .uo· tr.•at"d 
c;;pllciUy. 

Th<> irnplicH "'"dd Sl->~l)' ~ccoll'.rnodated 
ume stcps co•<cspondinq to BO·IOO• s~tura· 

11 l"•it<'<l ¡nvc•t><7.nion o! time trun<:~
tion ,-rr<>< '"'''"'"'"" th,lt ,>cccpt.ll>ly lo,. 
1•-vd~ "''"' N·cur '" optte of -wcr.l•)'' .,n¡.,,,. 
(""''r ,, Id) ,,,tur.>Uon ch~n<¡e5 ~~e """" 
sl•'l' ~O IH•)h ,u 60\. 

uon ch,ngc <n " <¡rid l>loci< dnd throughput A cross-sect.on.>l area nonMl to 

flow, tt 1 • • • rauos thc ordcr of 10 •n s,•vual lllustr·•-
LIV'-' r.mltirh~sc !low prol>l<·ms. This ~empare~ 
witi', o~r e~pcncncc o! luoils o{ }-101 e 
s~r_ur.>tion chan<¡<> dnd throuqhPut ratio of 
rou~hly 20,000 ~•th s~ml-i!Opl>~it qcothcr::<al CP 
at<<l o i 1 res<> r """ t>Oole 1 s. -¡-he ""1' 1 kit modc l 
s~ahil>tv allc~·<·d incll,ion uf fracLures and (pCp)R 
wellbon~ ''" omall-voLum~ qdd blocks in 
severa! mulliphaoc tlow t.,st problcms, r.,. 

/In analyt¡col d.,riv4tlon is prcs<>nted 
for a wdl d<>l•verohillt,y r<·ducLlon f,,ctor 
,.,h,ch can be us.,d ¡, slm<!l~tiuns u••n•¡ large 
qrJd hlods. Tho [.¡r.1<>l nc•eounlo ror In-
CrN>ed prcssur<> drop ""''r thc ,,.,¡¡dueto 
hot ~ater fl.,sh¡ng an<l ~lNm cxponsion. 

Th<> rnodcl was used '" simuhtc two-phase 
deple~10n of a fr.>.ct.ur"ol ""'tdx r<>s<.>rvoir 
""h hDriz<>ntal and vcrt>c~¡ fracture$ in
cluded as grid blocKs, The r"sults were 
poo<ly na~o;;~cd by con~QntlOMI simulation 
whtch treats the reservoir u ~n unfract.ured 
torma.uon with l>iql> etlect>vc per...,ability. 

S•mulation of a s>n~lc-phasc fiD><, 
pressu:e drawdown t<!St in a t><¡ht formatio~ 
"'ith horuont.ll fr"ct.ur"s ~ho.,cd upw"rd con
cave curv~turc ol t.hc !'"'""""'' dra,.down vs. 
lnlt) plot. Thc dc<¡r~c' of ~-.,!culate<l cur-
v.ltur<> and "ttend.>nt. >ntorprol·><•on <lif-
ficulty increas.,d "•th dücr.·~~in<J matr>x 
p<lCmCdL¡l>ty lev<d and dccr"u•in<J hOrizontal 
fr.,cture sp<icing. 

Thc fin~l illustr~tiv<> ,;ppllc~tion 
tre,,Ccd hcat extr~ct.ion !rarn ~ fractured, hot 
dry roo;~ systcm. F'or a qiven cold "at.er 
1n¡ect1on rat~. thc calcul~t,d cnergy 
reco\'cry and productlon ,..,¡¡ "atcr tem
p<>raturc vs. '""" WHe not affccted by 
tr~cturc, pertoc,;blllty·"Idth productor in
jccuon ><cll loc·•tlon. 'th<> fracture con
ductancc ~·as var >ed fron 2 to 16, 000 Darcy
ft, whilc >n¡<::ction .,.,¡¡ lOCdtlon w,>S varied 
only from thc bottom cornu to the mid·depth 
o~ the fract~n> plan.,. A !o<Jrl.-,!d tncrease 
In tnctura are,, from 400>c40U to SoOxBOO 
squar<> !'cet. rcsult.ed Jn ~ thro;cfold 1ncre"s" 
>n calculated <>ncn¡y n'r.ovu¡ y at l,OOO days 
Jor the s-.~mc col,! water 1nj~ction r~tc. 

" 
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"""'Prcuibility, 1/pu 

specitic 1\eat, Btu/lb·'f 

rock spcci!ic hcat, 8tu/cu.ft rock-'f 

Wdtcr phas@ volurnetric fractional 
!low 

gas rh~sc volurnctric fractional tlow 

wcll d<divcrability factor, fractlon 

"nth~lpy, U • pv, 9tu/lb 

absolutc permeabllity, md 

re 1 ,, t ¡ve peiT.l@.>.bil> ty, . f racuon 

rclatlve pe.--a~ility to 3as at 
incduc>bl~ .. ater ~a:u:ation s..,c 

ther...,l conductivity, Btu/!t-day-"f 

nuntbcn o~ grid blocks 1~ rescrvo>r 
<Jrul system, ln x, y, z direcnons, 
rcspcctivcly 

dcslrcd or tarqet production rat~, 
lbs 11

1
0/day 

production rate, lbs H
2

o¡day 

cnthalpy production rate, Etu/day 

heat leos rate, Etu/day 

"'~ter vapor pressure 

gas ph~se pressure, psia 

"ellbore flo,..ing pressure, psi.o. 

capillary pressure, p
9

- Pw' PSI 

throughput ratio, Equa~ion (31) 

radtus, hct 

• 



K. 11. COATS 

>"i'}uce 12 ~hO>'~ a rapid <l"cline of 
produ~<'d wHer l<·mpH.Hu"' from ~OO"f" to 
lo•S5 than loo•t· in ll"" fust ¡,.,. ~.qs ~"1-
low"d by a vo·ry !l.ot •kclin•· f""" 170"1" to 
ll7"f" from 1,000 lo LOnO "·''l"· N.>ctoonal 
enerqy r~covcry •~ O.lHJ at 1,000 days, 

equ>V~lent '-<> l.lSS > to 11 
lltu or ,,n avera 9e 

of· 64 lltu/1~ w~t••r produce~ l~nthalpy r~la
tlv~ to lcro V"'- lOO"r). The avur,,qe t~m
perature correspond>n•¡ to thls average 
entha1pl' io about 11>2"1'. 

1"he fracture >'iolth w conLrols systcm 
conductivity or throu9hput, The cone
oponding polramcto•r or o¡roup of 1mponance 
15 the kw Oarcy-fect product, wh1ch is 

• • • proportlDMl to w s1nce fracture pen.e-

abllity is proportioMI to ,_,1_ We used 
per~~bilities up to 800,000 Dacc 1es ~1Lh 
~he .01-foot moclei d1mens1on for the 
fracture. T~ls 16,000 0-'CCy-foot 1:." 
prod~ct corrcsponds to a lrdcture width 
of 4 """ us.r.q the fr.1cturo pcr...,abllity 

equat10n ~ • l0
8

w
2
/!2 lw in cm). F'racture 

•ddth, 1.c. the l;w product, hdd no effect 
on thc calculated recovcry .>nd temperature 
sho"n ln F'1gure 12, 

J>lodel runs "''"" llldde "ith the injec
tion well locHed hi9hcr, 200 feet fram 
topo( forNtlOn in c~l1 i•J,i~l,k=l. 1"he 
change of injo•ction loc>don hdd no cffect 
on calculatcd recovcry .• nd pruducing 
temPerature. 

F'l<¡urc 12 aloo shaw5 c.1lculat~d re
covery and t~"'P"r,nur" t<>r ,, ldrqer frac
tur~ of dim~no•oro BOO•BOO ¡, . .,t. A""'"· 
the abovc dcscctbo•d k" prooJ<¡ct .1nd in¡ec~ 
tian well locat>On v.1ruuons haol no 
effcct on thc c-•lcul.""ol recovery and 
produ<:1n~ tc:npcrdturc. 1"h<> ).>rger frac
ture resulted in ,, cons1~er.1bly higher 
botlomhole producln<l tenperdture vs. '-'"'" 
anda lo·•cr !r.:tct>ondl unerqy recovery. 
Calculateol absolute <'nerqy recover)' "-t 
l,OOO oldyS was hi'}her for <h<> Jarqer 

fracture-- J.~)> lOll n<u vs. l.i5S x lOll 
Btu :or tll.e 400x~OO f<><>t h~ctur<". 1"hus, 
.> fourfold incr~.1>~ '"'''"''"re arca causcd 
a thrcdo)d rncro·~ct• tn o•ner•ry '"covery. 
1\v<>r.>~•· cnthalpy ot ¡•r"'-'uC<"" "'·''-''r w,u 
196 ntu/lb con,.spnndln<J to ,,, av~r.1qr• 

temper.'""'" ol prootuco·d "'"''" al ~92•r. 

The runs wo•rr• po•r!<>rm••<l usinq autom~tic 
time str•p c<mtrol oluo• to th•. '"P"I lnlttd[ 
tranoicnts. Witlt .1'[''"' t1me otep af .l 
days, n ouh<o·<i""nt '"'"'"'""' :,t of .2 <l<~yo, 
control by 1>0"1-' ·, .. _.ximum <)ttd hlocX tem
pcroturc riMnge r••r t tr•• stc¡• .1nd n 
rn.1Ximum ttroe strp o( >OO o!.tl'", tlt.> modd 
toa~ )) til"'~ otr·p~ lO 1,000 ol·1)'~ for thc 
100,000 D.1rcy pr•rO'o•,llr!llty. Cmoputcr time 
for this run ~<a• H ene t.•.oo <:ru o.•conds. 
l"wcnty o( thc9o> ''-"C<>rhl• w~r•• requae~ for 
th._. ftrH two '""~ O<<•po. 

71 
C~lcuht<>d ro~ulU for permeabilities 

less than 100,000 Darcics exhib,tcd no 
ctrcul•ltory "!rr·.,· convreuon type cclls 
tn thc vo•rl oc.o) fr.1cturo' phnc. Table 8 
ohow" .1n ,,x,>mplP o! thc•se r"sulls dt 

J, 000 d,oyo !or thn cas<' of ~ 400x400 
foot fr~ctUr<!, ond IUO,OOO Darcies frac-
t_urc p~rrncabllity which corresponds to a 
;¡ mm tractore "'"lt.b. The tablc sho"'s 
ca1cul~t,.d pr"""""'" in thc fracture planc, 
temper.:tcurcs in .>ll pl,,nes and intcrblock 
flow r.ote5 (pOO!tivP. to the roght and 
vertlcally <lownw.trd). "'''ter flm• is 
uniform\y to th~ r>qht and up"'arcls away {rom 
thc injcetion in grid cell ••L j~I,k=S. Tem
perature un1formly increasns to the riOJhL and 
upwarcl (tn thc dircctlons of water ~lo") 
except_in thc top ro"'. 

Result• !or the 800,000 O<nc;· per'"e
ability differed f!loOrkedly ~rom üose ;ust 
dcscrib<>d. Tabh 9 sho"s pressure, """'
perature ~.l<l flow rate d1stn~utions at 7S 
days for the BOOx900 !oot !rae""'" '"'i"!! 
800,000 oardc~. y-directlOn spac1n·· '"'"" 
~ltercd in this run to .01, JO, JO, '>J, 180 
fcct. 1"he flow rates in T~ble g s!!o"' ex
trcmcly strong "frec" convecuon cells On the 
SxS qrid af the vertical fracture plane. 

.Woter is in hct flo.,.ing do"n~·ard bto the 
in¡ecttng c<>ll i•I,J•l,k•S. The f_a·-· dlO
tributian is cornplex and the tec.!perature 
change from lnft to riqht alLernates in siqn 
1n altcrnatc ra"'s correspon~ln'l to alteona
tiaro in dHcction of l1or.zontal ~low ratc. ., 1"abl~ lO sho"o pr.,ssure, tomper~turc 
!low r.:tte rlistributions fn< th!S 800,000 
Dorcy case• ,,,_ 1,000 u~ys. Whil<• the tlaw 
rates ~re rnuch mor~ unl[orm w1th flow 
unifotrnly upwu<l, the fr<'c convoct1on stlll 
<>><1sts "''-h sorne horuontal <Jo>' frorn rqht 
to left, D<>viations fror.t a p~tterc. o: ~n•
form tcmpcrature lncrease to the rig~o and 
up..,drd ,,,.., sm~ll but eúst a!!d are ca:::~lex. 
1"his 800,000 o~rcy run was rnuch ~te d~f
hcult than tite runs for 100,000 or ~e ... er 
Darcios. 1"!1~ nu~~cr of time steps 1ncreased 
to 11 .:tnd computcr time increased to ¡;; CDC 
6GOO Cru seconds, larqely due to dlvergence 
and rcp~at o! onc of thc time steps. 

1"hesc fr,>cttu<'d hot rock si,.ulaUcns did 
noL ~rnploy ·•n¡• >"'n!t->ncc~ h~~'- conduct>cn to 
thc [t,,ctur>"' <luc• to thPrmal crack•ng 1n~uccd 
hy totnper.lturn dPcro·.>Sc•. A funct•o~al oc
lattonsh!p bct"'''<'n th~rmal canducUvit)' and 
t~mperalure or to•rnp<>r.1ture chango can b" 
includc•d in th<• rnod.,). Such a relat 1onsh!p 
~nd asoact.1t••<l P•«-•mctnrs m1ght ¡,u o:!edcccd 
fram hboratory <>r ficld e~pen,ental <.lata. 
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<\n '"'PilcJ.t, thn•••-•l>...,n~•on.:.l •¡eo
lheTIMI mO<Jcl i~ d<>OcrJI>o.u .>nd parttally 
,,.,,¡u,>tcd 1n nospcct to c.t~blilty or tU>c 
!Hcp to\cra¡><:c. Tl1c mo~cl >S only ~ortly 
>01~\lClt in cert.:un ap¡>l>c.1tton~ "'hure 
v.~r>ouo terms aosoc•otcd .,üh .1llocation of 
.,..,¡¡rote" .mon~ op<•n J.>yers ate leNte~ 
"xpl>citly, 

Thc implic>t mOdo\ sLObly ->cco>nmo<l"tcd 
o"" stcps corrcsponJ,nq to H0-100< s .• tuu
Lwn ch.,ngo 1n ,, qnd blocX and throu<¡hput 

r.n,os th<l Or<l<1r of lOa in so>vcr.>l illustr.>
tivu mult>phose flo" problcrns. Tbis comp~n•s 
~·ith our cxp""'"ncc of h11dts of J-10-
s~tur.o.t.i<m chanqc and throu~hput ralio of 
rouohl)• 20,000 "lth semi-J.mplic!t qeothcrtMI 
and oil reserven modcls. The ImpliciL model 
st,.bllHv allowed J.nclusion of fr~<:<ur••s and 
"'Cllbor<>S as srn.:tll-•Jolcmc qnd bloc:h in 
'""""'~! o-.ult>phas<> flow t.est probl<•mo. 

hn analyucal dcriv~tion is preoented 
lor "well deliveraLllity rcduetion factor 
~hieh can be used ,n s;molat>ons ustn•¡ lar<;>e 
~rid bloeh. The [dctor ,,ceounts for in
Cr<MSotl pr,ssu,-e drop near thp wdl <lue to 
hot wot,~r tlaohln9 ~nd otNrrt <'~p.msion. 

Th•" rnod<>l was usc•rl to ~imu),,<" two-phase 
,t,.p!o•ti<>n n! ,, fractur<•d m.ltrtx ''"'""VOH 
with hori;:ontal ·•nd V<>r'->c<>l troH:tUro•s in
cludc'd ·•• 9rid block.. Th,• !<•su\ts ""-''" 
poorly rnateh<>d by co~t·ent,on.>1 ~imulat!on 
•hich t!<'<llS the reservoH a5 ~n <>nfractured 
fo~malion wlth hl<¡h eff<>ctive P<•~""'~bility. 

Simulat.ion cf a sin91e-ph~se Clow, 
pr<>sSUc<> dN'"do~-n test in a tl~ht !or...,llon 
~tth hori%on~al !ractures showed upward con
cavc "'""•HUre o! the pr<>ssure dr.o'l<lown v •. 
In(U plC>t. The Ce<¡r<!e of calcu)~(ed eur
"·>eurc and attend,,nt •n"orPr<•t..HlOn dif
liculty incr,ased ~·¡th decrcas!n'l mHrix 
PO\m<' . .JL>lity levQl and dcc;rca"'"'J l>ori<Ontal 
fr.o~turp -'1'·"""9· 

'fh<" fiMI ollu~tr.>tivo applic·Hion 
tro•.,(<"<l hee>t c~tr.JCUOn from ~ l!,oC(I>r<•oJ, hot 
dry roe!-. ~ysc.,m. Por a qiv<>n co1<1 Water 
¡n¡ect¡on ratc, tr.c cal~ui.Jted enH<¡y 
'""""'"Y a!ld produ~Uon well -.H••r tem
f-c•rature vs. t1me wcre not alfcctc<l by 
fc.oeturc P"'"'""-blilty-w>dth pro.luct or in
¡ccdon we!l lor.atto:o. ~he fr<>ctul"a eon
du~v•nee -.as varied fro::o l to 16,000 oarey
ft. "hile 1n]ectio" we\1 locadon was VHied 
onl\' from tlw botlorn corner to the m•d-depth 
of tMc !ractur~ ¡>lane. A four!old increase 
"' tract.urc ~coa frorn 400x~OO to aooxaoo 
squ.Hc !eet r<!sulted in a throe!old incro:ase 
in c,<lcul~tcd energy rocavay at ),000 daya 
toe thc samc cold water inJCCt>on r~tc. 

·¡ ' . ' 
A l>mn<>d lnv~~tiq~tian a! t>m~ trunca

t>On error 1nil1c~t~s th,\t acC<.'ptably low 
b•vels "''" occur ln spa" of aven~c .,_,,_¡,.""' 
(ow~ yTul) ~~tur~tUln ch~n9cs per time 
stcp ,,s h¡q~ ,.. 60\, 

', 
' 
" 

' 

cross-scctional area normal to 

[Jow, tt 2 

compreuibility, l/pai 

specifie h~at, Btu/lb-'P 

ro<:k speclfic heat, Btu/eu.!t roc:k-'f' 

water pha•e volumctric fractional 
n-

<¡as phue volu.metric fractio~al llow 

enthalpy, U • pv, Btu/lb 

absoluto pnrno•.,bj1ity, md 

relat1ve pe=cabi.lity to ,-as at 
areduc!b:e water satuutlon s.,., 
thermal conduetivity, lltU/ft-day-"f' 

nw.l>ers of <;>rid bloc:ks in reservolJ;
<¡rÍcl syst.,, 1n x, y, ~ da.,ct¡ons, 
resp<>ct 1 vel y 

desired or tar<¡H prOduction rate, 
lL5 H

2
0tday 

production rate, lbs H
2

o/day 

<>nthalpy production rate. Btu/day 

h"at lo"" rate, lltu/day 

~·ater vapar preuure 

gas ph.\Se pressure, psia 

"<>tibore flowinq preuure, psia 

caplllary prcssure, p\1 -P..,, psi 

throughput ratio, EquUion (ll) 

1 
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• 
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, 
1 

1 
' ' 

1 • ' 
1 ' ' 
1 
1 ' • 
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' 
x,y,% 

l.x,!y,!z 

"~EEK 

' 

' .. 

encrior r~d1us 

skin factor 

<¡as phase satuution, fr~ction 

gas saturatio¡¡ ''" r ~ re 

irraductbl<> w~ter s.auratton 

time, days 

tt<ne st<>p, tn+l - •n· days 

t""'pcrature, •r 

water saturat10n ., 
intemal ~ne<<¡y, lltu/lb 

':lrid block ¡>Ore volumu, Vt 

<¡ri<l block bUlk volwnu, ~x~y~z. 
cubic feet 

speci.fi<: volumo·, cu.ft/lb 

fr11ction "'dth 

C~¡tcs>~n coordin~te&, feet, z 
01easure<1 poslllVely vCrtHoally 
do-.mlard 

<¡rid bloc~ dimcnstons, fcet 

tirne differcncc opcr~tor, 

ltH~tton ~tfl<'rt"'""" 

~x,x'<~-x• 

poros1ty, fraction 

spcofic ""'~ht or 'l'•''hcnt, 
psi/ft (y,. 2 ~JlHJ 

IIICbl)ity, ~./1' 

" 

·, 

'7 fi :<>ocrvoir hcat concl~chon trans
mi<oslbillty KA/t. ~<here 1 ~ 

<H~tnn.-o' between <¡rid bloc~ 
c~ntcr~, Rtu/day-'F 

• 

<¡as phase trans~issibillty, 
(I:A/tf(kr•l./u

9
l x .006JJ, 

lbs 9"-5 phase/day-pH 

water phase transmissibility, 
(kA/!) (k O /¡o ) X .0063~, 

rw W" w 
lbs water phas~/doy-psi 

~x(TxAxl') + hy(TY~YP) + ~z(TZ~zPI, 

dcfin~d as indicated abovc 
Equo>tion (5) 

vioco&ity, cp 

SliBSCRIPTS 

' 

' 
• 

'· 

'· 

nterlor 

qaa (steam) phas@ 

qrid block indtces, ";•Yj,zl< 

9rid layor number ar indcx 

(superscriptl iteratton nU!Tlber 

saturation conditlOn 

d~natcs x, y or z d1rection, 
resp<>ct!Vely 

wellbore 
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1\PPF.NDIX 

Cr,r,c¡;¡,¡,no:< Of" OI:LIVE!lJ.BILITY rACTOR f 

h"e cons!do•r two·phase, "t"•>•ly:stat<• 
st"arr.-~<.Hcr !lo~< !rom ~ornc exterior rad1us R 
to "ellbor" ra~1US r,.. The p01nt ~ '" 

assume~ to b~ ~aturated. ,>nd presoure 1S r at 
11 and p"'b o>t r,.. 

D~ccy's \~w q1ves IIquid ~~ter phase 
flo>< r~te ,,t. ~ny rddius as 

q 11 • X 1 (3 o l 

,.¡,.,re X is flo"'lhq stearn quality, q is total 
!lo" r~te, lbs H

2
0tday, kt,z is md·ft pr<><luct 

x .006)), l._. ts kr,_.l~., ~nd Pw ;,. water den· 

S1ty in lbs/cu.lt. J~teqration U&In<¡ the 
!~ct that q >S constant qives 

,., .. , 
l·k!.•. ' ' " ' ' ' ' ,, In!!.. l',_b -r:x 

'• 
' ' ( J 6 1 

oc 

2-k.'.z 

' ln~ 
Ilr,p,.b,sql ( J7) 

'• 
,_,¡,.•re• thc 1nteqral I is a functton only of 
th" intc~r.>tlon l!onts p ,r a;>d ol nea,. ,, 
s~turauon Sq at R because, as o·e ,.,¡¡ no~ 

show, thc tnteqrand l ,• /(l·X) ts a Slnql<>
"' v.>)ucd calculab)~ lunct!On o! pr<.>S5Urc p. 

rlo~<ing qual>ty X >S rd.ttPd to frac· 
t10nal f\0'<' by 

X v l/(1 • l p·I(I-f lo 1 
"' ...... w <¡ 

(J 8) 

" . ( l9 1 

1\t steady·st~te, flo"'inq strearn cnthalpy is 
constant and írorn 091, 

' . " X(p), 

"hHc the dependcncc upon pressure .>lone 
follo\<ls !rorr. t.hc !.>ct th·•t H .s conS<ant and 
s.lt\OToH('l' '-'~t"r an<l ~tcdm ent.t.alpies ~~~ 
s¡nglc·va ~d !uncttons of pres•urc, rrom 
l:quat(on (. 

1/(1 • x~.;o - Xlo'll • f,. (p 1 

(Hl 

1<h~r~ t~e cl••pendcnce upon pressure alone 
fc>llo~<o hom the !act that ~•turated "'ater 
.1nd occam dcnsilico <>re single·v3lued 
!uncttons of pr~s•ur~. 

11 p and Sq at R are g1ven, then 

cnthalpy 11 ~an 00 c.llculated :ro:> l:quations 
118! .>nd 139). <avcn 11, '"'~con calcul~tc 
thc valu•"s o: Xlpl an~ !"(pi oc any pre .. urc 

!m,. Eguations 140) and 1411. Thus, the 
inlcgtal 1n r:quatton (36) ca~ be numcrico>ll;· 
lntc•gr.neJ for ,>ny givcn values o! P, p """ • • ,. 

1 



'''--. illL--------'--'Y"""-------__:=, 
we no" considc~ a grid blo<:'< of largc 

,¡ 1 ~cpsione, ~x·t.y, w1th ~quivalcnt "xtQrior 

,,,dius r., determine<! by ••! • ~x~y. Assuming 

5 tcady-state s1ngle·phase "ater flow fro:o an 
undersaturatcd condltton at 'e to saturation 

po>nt P, D•n>y's law q1ves 

where P is preuure at saturat1on point 
radlUS 11 and ~gc is zero it R < r.,. Ec¡uat1on 

{37) dcscnbea !lo" fro" saturation point R 
to r., and c:an be '" >Uen 

• 

( 4 ] ) 

Solvinq for pe - P from (~21 and P - Pwb from 

(0) and addin<¡ the results 'J"iVe5 

wherc 

' 

• :':':':::':':';')-'!'.':·,.·~·-•e,.,•,.~· "" "" ' - ' r •P., Pwb 
lna" • } ln!!.... 

'• 

m (1 ~ • \ o J (r p_~i 
we "'" qe ge • ., 

( 44) 

( 4 51 

In Ec¡uations !44), (45), if the encnor 
udius 'e is und..rsnuratcd, 1

9
., • O and R 

.. ust be calcuhtcd by trial and error H P., 

and p~·b are qiv~n. P is, of coursP., equal to 

oatu~atto~ pr>>ssur•> concsponrltnq to tenl
peuture ~t r,,- lf q is yiv~n. then R can be 

calculdted dirc<;tly frorn (42]. 

then R = r,,• P • P., .>nd l:quation (Hl bccoO>es 

• 2-~,. .• 
¡,,~ 

'• 

l (l ,, 

"'' "" 

wherc f is qivcn hy (45) 'flth 

\ie ha'·~ u•~d .>n ~n~lys;s ~lnlll.>r to 

( 4 6) 

that QlVcn hcr<' to c.>lculate reduc<>d delivcr
.>bt!lt)' of oil ''"!lo <lu" 'o r<"!c•,,se .>nd 
~xp.>n!'IOnOf •olut>on q~s "C'Cump.>nytnq prcs-. 
•ure d<Oc!Jn" neM Lhe >el l. 

--



l ~ 

' 
' ' ' > 
• ,. 
• 
• ., 

ror ... tlon Thto••••• 

Po...,abUit< 

Por<>olty 

WU1botO 0•dluO 

htor l<>r ••d•u• 

• 

!nlttol Prooouro ot rcr.,..tioo Top 

lnltio1 Tomp<<Oturo 

• 
• 

lnltl&l "·•<urot<on Sw 

Cop11Ur' Otooouro 

A,,., k,
9 

lrcm F.~uation• llO) 

Roo, and O.<rburdon K 

O.o. ond 0.@r.,rden Cp 

llock C""P'*""bility 

Mini..,. ""liboto Presoure 

n:~Tro 

. ' ·" l. 07 ... 
2-~1 l. "' 
7. ti 1.00 

n.H IJ.Sl 
s,,IS Jo."' 

1\t.IO 100.00 

""·" 17l.H 

1160.01 716.81 

• 

• 
• 
• 

~ 

·" ... 
1.07 

2 .u 
7. 91 

11." 

'" .ll 
151.10 ,,._,, 

1161.91 

soo ft 

IDO ..:1 .. ' 
o.n ft 
2,000 .. 

"" pol.o 
IDO' F 

LO 

• 
ll Btu/!t-o-·r 

ll BtU/ou.ft Rock·'P 

• • ,.-~ l/p•• 

1~0 pola 

BLOCK 

?~J 

PORE V{)LUMt 

·~·. e•cs• 

• J.so 

·" .. " ... l.>a • ., 
1.10 2.02 • .,. 
1.00 1.7! • .,. 

1),17 l. ll • ... 
16.80 •-67 • .,. 

100.00 J. ll • ... 
111." S.B • ... 
7J6,il 3.81 • .,. 

•tHESE POR>. VOLL'MES AR~ POR BLOCK$ 1" QNF, IOO·FOOt IJ\VER. 

TABLE ' 
nrccr OF TlMt STFP S"E ON 

OOiE·Ol.., NS l<l:;AL RADIAL rl01i RI:SULTS 

TIMF OAY< T!Mr. STFP S 1 "', OAfS 

~ , .. ,, 1000 ~~ 4000 

M.O FRhCTJON rR"Ol'CF'b .1010 - "•9 . 1 '! 9 . "'" . 1 • ., 

IIOTTO."II01.r. QUAI.ITY ..... .0166 .OliO • 0\" . os" 
Mn, 10oo·. '''""" 1 1'. J lll. ' 1 11 .• 11 1 •• 1" - ' 

~ ... ... ~ 7000 • 000 '""" 
~· 

rAACTIOI< r•ooc'CEO .JI so . llll .JIU . ~~" . '"'" .1H6 

""""""""'-E COJALITY .0671 .0671 .OUI .0"<1 . "'" . 06JS 

I<ATE, 1000'• LOS/110 tO. S ••. 9 01.1 H.l " •••• 

!!.~ , .. 
~·· 

10no ~ • o 00 ~ ~ 
"-'-'S l"PJ1CTW" r•nouno ·""" . '"'' • <Ut 

• ''" J 
..... .H\7 . '"' wt"IO~OlOL> Ql,hl.1TY . "., . 14)0 

• 1 '"" . lli o . '"' • 1 o'" • o a¡<, 
MT>:, 1000 •• LU,./f!R • J. ' " " " .. 10.~ S..) ., -. 



' 

' ' ' ,, 
' 

' ' ' ' ; 

' ' ' ' ' 

1'1\Il!.f: J 

2ll 1<1\lllii.!.-Z m::;lJJ.T~ 111' 10,000 !'!AYS 

M" HO'IT0~1110I.E llTU/Lil Mn 1\VERAGE 

'"" OPt:tl TUBI!;C. f"RAC710~ PI!OOUCI~G PliODCCI:O ,\T lOOO's O TU/LB 
t:o. l.IIYLRS HO'l''l'O~! PHOOUCI:O {lUI\LlTY 10,()00 llo\Y.~ L!l~/1111 PRODUCED 

' ,_' ' . 116 7 .0769 "' " "' ' H ' . 3001 • 0~18 "' ~6.7 "' ' H , . 474 1 . 0486 "' 77. 4 "' • ,_, 
' • 3395 . 1305 "' 44. 6 "' , H ' • 3461 .1341 "' 44.9 '" • H ' • 5%5 • 1 o a 5 "' '" '" ' H ' .5622 • 1101 '"' 60.6 "' • ,_, 
' . 4 579 • 1208 .,, 5 J. l '"' • H ' • 5574 • 1485 "' 59. 9 no 

" H ' .56S6 • 1537 "' 59.7 "' u ,_, , .5709 • 1546 "' 59.9 "' ,. ,_, 
' • 7459 . 7058 "' 38.7 m 

•k • 500 llld 

TIIBL!; 4 

C,\LCULII'l'ED PRJ:~SURES, TI:l1PERATURC;S liNO Sf,TURA-;"!Ol<S Af"Tfll r!RST 2000-DAY TmE STEP 

'n.'O-Dl~L:iSIO~/o\l. RADIAL-Z llESULTS; 11.!.!. lJ,yz:ns OPF.::; TU!lli/G liT LIIYE!l 3 

PliESSURE " GRID BLOCK CENTf.R (p~ia) 

' ' ' • , • ' • • " 
nt. s 1GJ. 4 179.7 19]. ~ 202.S 2U.2 223.5 2)).1 24l. 5 247 .o 
1 r,;!. IJ !G7.2 180. 1 192.4 ?04.0 214. B 124.7 2J3.f, 24 2. o 247.5 
j(,.¡ • '¡_ 17'>.2 197. l 21 s. < 22n. q 2)8 .5 241.3 2-19 .o 260.7 271.1 
1 78. 1 18B.2 219. ~ 239.4 24B.6 25B. 2 271.6 28,,0 297.7 308.2 
176.4 200.7 235.9 250.7 266.7 285.9 JO~. 5 321.3 334.8 34 5. 4 

TDI PE!<JI T!JRI: • DEG!!EES f'A!!RENI!E!T 

361.1213 364.3070 370.9~30 377.2541 381.6283 385.6721 389.5429 393.1817 396.3912 398.4668 
361.3719 ](;~. 2135 37l.l7BO 377.8018 382.182~ 386.2585 390.00!8 Jn.J~Jc: 3%.57':2 398.6500 
362.5~04 366.5034 379.6426 386.4313 391.5900 395.2240 39"1.4'>00 ]')8. 5--\91 399.05'3 399.6062 
365.7484 375.5500 388.0039 395.5828 399.0524 399.2727 399.)217 ]')9.5255 399.7558 399.8914 
369.1330 380.9194 394.240B 399.8457 399.9718 399.9165 399.87a5 399.8967 399.9551 399.9751 

STEII.M SATURATION 

. 9989 . 7452 . 7379 .7363 • 7354 • 7339 . 7325 .7303 .7272 • 7210 
• 9761 .5917 • 51 'iB .40BG .4734 .4607 . 4475 .4300 . 38]3 . 2872 
.A'l'l3 , 4A 12 . l/76 .ll'J"> .2613 .1920 .1017 0.0000 0.0000 o.oooo 
. 8(,~8 . 4JB6 . )208 .2l'l! .0746 o.oooo 0.0000 0.0000 o.oooo o.oooo 
.B~IO .4052 .2565 .0"115 0.0000 0.0000 o.oooo 0.0000 0.0000 o.oooo 

' 1 

1 

• 
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• 0 .l ~!.W.:....2 

""' ""' •oc• RLSULTS AT 75 DAYS 

"" • "" n1:T, 600,000 n/\l'LY f"!lAL'NRL 

• 
PaESSURE, P~lA 

' . ' 
' ' ' • ' ' 800. ¡ lOO. l 800.] 800. l 800.1 

' ~~·. 7 B&.! B 56. 8 8~6.8 8 $6. 9 

' 914.9 910.9 914.8 914.8 914.8 

• 9H.2 975. l ns.J 915.• 975. 4 

' lO J'.l. l IOH.l IOH.l 1039.1 1039. o 

TE>IPEAATURE, •• 
' . ' 

' ' ' • ' ' 060.JI70 l71.77R9 410,12)1 01.2610 419.9óH 

' l62.7Sl9 457.1984 452.0257 H6.70ll 441.5233 

' H'.I.OOIO •o1.G2Jl 410. ]';0~ .25.0627 4ll.594S 

• l75.0'U6 ]~1.0486 H7.2JJ2 lll.H61 llB.6óS7 

' 189.6355 220.9219 247.4867 21\.6548 295.6675 

' . ' 
1 ' UJ.86H 4H.U44 486.9969 480.4728 489.UH 

' 490.SS&l .77.4840 474.5116 411.6448 H9.0J60 

' 444. 7H6 449.7848 .S4,8l66 459,H67 460.JHS 

• 427,2917 419.00<> 410.646] 402.1851 ]94.1018 

' llB. ~215 JJó.7661 152.4652 lH.8JS2 ]80.9695 

' . ' 
' ns.a1•a 498.9181 499.0600 499.Hii4 '""-"'" 
' 498.5441 198.2%1 098.0542 401.8211 HJ.(.J09 

' H5.&11a 09G.QJ3a Hó.O~Gl HG.S48'. 497.nl< 

• 091.9>1> 09J.1SJ6 092.Sl89 l?l.8JH Hl.l'>ll 

' HO. 1JIO 486.1680 087.6116 HU.Ul2 090.009 

• ' . • 
' U9.9nJ 099.9921 499.9911 <99.9910 499.094' 

' 099.9891 H9.98"ll ••9.98S1 ·~·. 181$ •99. 98'0 

' 099.0<,60 •• 9.9691 .09.9726 .~1.07\7 <99.9786 

• 499.9Sl0 •••. 9 '". H9.H07 '''"·'1'0 '"'. 0196 

' 499.8'79 299 ... 02 099.9011 40'!.9110 499.9201 

' • ' 
' so o. 0000 SQO. 0000 soo.oooo ;oo.oooo ~00.0000 

' 500.0000 so o. oooo 500.0000 '.00.0000 soo.oooo 

' 099.9?99 ;oo.oooo 500.0000 500.0000 sou.oooo • 099.9999 099.9919 ...... ., ........ 499.9999 

' on.nn • ••. 99 98 099.9998 499.9919 499.9999 

X-DI RJ".c"l"l O:< FLO" R.\TE, Lns¿uR 

' . ' 
' ' ' • ' ' 0.0000 20882.9177 2l901.90H 1097.JOS1 24909.690 

' 0.0000 -ll690,11B7 -nne.611G -l8ll8.0<SI -1<.1<0.115$ 

' 0.0000 1Sll0.>9J? 1%1<.117• 19102.)1)) 1(;609.19:8 • o.oooo -l86(,l.J5JJ -lllS4.H01 -l1l1l'I.SSOS -2a<77.66H 

' 0.0000 llJOS.4018 ]1615. ,,,0 lllif>.4419 280H.SH• 

1 

l·DlOI"C'l"IO~ !"LOW "ATt:. '·"" 111n 

1 
' . ' ' ' ' • ' ' 0.0000 0.0000 O.QOOO 0.0000 o.o•oo 

' ' -10Hl.O<la -J019.9•o• -•~>.••>> ·H1.H0l -<l.RJH ' ' /alS.OlOI lORl.<lll -JS •. 1IOO -nso.n1> -16)~8.0,~1 • -lll~~.l<J8 -ll•2.1S1S _,,._.,., 7<-l.s:o7 001 .OHO 

' 610S.H•1 H0.<8H -409.1;~; -UH.<lll -1801 •. 10SO 
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' ' ' • , 

' ' ' ' , 
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' ' ' ' ' 

'tM•!.I: LO 
-~--~ 

~-~' -'~!'--'"2'-':''.:''...!!!.~~!! 
ROil 'UOO 11.1:-:,_•oo,Ol'O ll,\1«"~ I'IUU'TIJR~ 

•o o. S 
~óó. S 
9ll. ) 

\OM,9 
1069.4 

' ,.q_9689 
116.%95 
1?4.90,. 
!Sl.blól 
106.<»6 

165.8300 
lll.OO<I 
112.1%1 
111.%54 
l26,22J> 

ll<. 7246 
<H. 2751 
2H.09H 
2<6.9941 
200.0660 

4'.1.0672 
44).07!,4 
4H.24l2 
411.0184 
404.4441 

497.0)<7 
4%.'.171 
<%.8260 
491.0225 
49l.SUI4 

' "o o . 5 
866. S 
Hl. 4 

1000 .• 
1 o 6 •• l 

' - ' 

' . ' 
. ' ""-"''" ,, ...... 

no.nu 
160.1700 
113,76\J 

2!;3.99~8 
¡;lf •. l\08 
208.7877 
178.9118 
lll.4Qól 

' - ' 
J>l. J4H 
lOO. 1<99 
276. 7)<6 

'''- oon no.oHJ 

' . . 
4';0.7327 
.. l.JSOB 
4Jl.832) 

'''-""' 407.1014 

Hl.Olil 
H6.SZJ4 
491.8111 
495.0594 
09).786! 

' "o o. \ 
8 '· 6. 5 
HJ.4 

1000.9 
lOU.2 

' 1a.n<" 
11?.'.7<0 
188.HJ2 
H-1.8029 
!ll, Hol 

262.9112 
231;.71!1 
)O(;. 9809 
182.18\4 
141.8!90 

l22.4HO 
JOI.lBJS 
lH,SlH 
2Sl.OHI 
ll1.B911 

HO. ~302 
Hl.H2l 
4ll.7200 
421.1208 
4\0.HIJ 

497.oo•• 
4%.<,¡¡~ 

49'>.8179 
4)1.06~1 
094.0214 

X OIREC1"10N F<.OW AAIT. LBS/!IR 

' 0.0000 
0.0000 
o 0000 
o 0000 
o. 0000 

' -' 
' 382l.ll53 

no~.B557 

-342>.8511 
21<.061< 

''"'"·""' 

' 81l!.908l 
276\.lbH 

-l6•l.Si!2 
-~)5 .1012 

IH5l.JJ09 

~JRFCT10~ t"l-"W RAT~. ¡.nS(I!R 
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FIGURE 5 
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FIGURE 6 
AAOIAL·Z GRID fOR MATRIX·fiSSURE SYSTEM 
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FIGURE 8 
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fiGURE 9 
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THEO!I.Y OF m:;.r EXTPJ\CTJQrl FROi-1 FRACTURED HOT ORY ROCK 

A. C. 

by 

Gringarten, Burc;¡u Rcchc~chcs cQologiquec 
ect HinCrcs, Odcans, france • 

P. A. l-:ith~rspoon, Univctsity of Californi;;;., B"rkcley, 

'"' 
Yuzo Ohnishi, Kyoto University, Kyoto, Japan 

ABSTRACT 

A thcory of heat extraction from fractur2d hot dry rock i~ 

presented ~ased on an infinitc series of p~rallcl vertical fractures 

of unifonl1 aperture. Fractures are uniformly sp.•ccd and drain heat 

from blod;s of houogencous and isotropic impermnable rock. Cold 

vate• cnter.~ at the bottom of each fracture and soluticns are given 

in tcr,..s of dimcns_icnlcss paramcters from vhich thc cxiting ;¡ater 

tcn•pe~atmcs at thc top of th<l fractuu:s can be detemin.,d. An 

cxampl" of lh~ arplicalion of thc thcory <lctnm:stratcs how n multiplc-

fractured sy<>tc~ p~ovidc~ a "'"'" efficfcnt .:;cchani&!:l for hc:lt <lxtr:lction 

thiln a s:n¡;le fr<lcturc in hot d~y rock . 

• 

• 
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It:mom:cno:: 

Utlli~atio:l of g~otlJcrtn,>l <·ucr¡;y is currenny limited toa sroall numbcr 

of natur.1lly oce<:rr-in¡; ¡;eoth,rr..:ll stce~m and hot "'"ter roservoirs. Thc ¡;r01o:in¡; 

intcrest in this new sourc~ of crtnrgy han also stimulJ.ti!d atrPrnpts to devQlop 

a I'!Cthod ot cxtractin¡: t!>cn:r,ü cncr¡;y froco. thc numcrous rcgions of thc earth's 

crust contoin!ng dcposits of hot dry <Dck, which '"·'Y consUtutc a resourcc 

this concept is to devclop an adequate fracture surfm:e to be used for heat 

transf"r pur?oses. B.,cause of the lo\.1 th"-n:ral condllctivity of l:"ock, a vcry ' 
large heat-transfer nre" coust be proviclcd, othendse meaningful a.,ounts of 

energy cannot be cxtr3cted at pntctical ratcs. 

Onc prlJpos;ol (A<rcrican Oil Shalc Cotporatio'l, e~ al., 1971) describes 

a method 'for recovering heat through a closcd loop cyde of surfnce "ate•, 

froc dry S"OthercJ~l sites prc~·iously fractured by " suitablc arr1ly of 

sequ~nti~lly fired, fully cont>~incd nucl~ar cxplosivcs. Rcsults from .~ 

p<eli<:!i<HHy :.tnalysis forecast operatton of a 200 ;;oc¡;¡¡~·¡¡tt poo:cr pl¡¡nt for 

30 years (Durnham and Stewart, 1973). Soviet workcr-s h11ve also bcen con-

sidering th~ use of in-si tu cxplosions to crcate a highly fracturcd rock 

syste"' so that cir-cula~ing '-'ater could extr:>ct ECotherrnal he:>t (Diadkin, ct 

al., 1971). 

Anothcr- t"dmique, Jev<"lo¡•cd by Robinson, ct aL (1971), uf the Los 

Ala10or. Sdcntific L.~bor.Hory rcquin•s dr-illinG n:o p11rallel dcep bo<eholm;, 

the seco<>~ of which i~ llir~ctr.d so a~ to intercect a vertic<llly orientell 

erilck producell by hydraulic frileturing in thc flrst holc. Water circulatln¡: 

do·..,., ""e ~·<>ll, Lhroubh the crack, and ·up tha othcr wcll would c¡¡ccy off h".1t 

rro>< t.hc hot rock to thc surface. A supportln¡; tlo"oretical analy,.ls "'"" 



:n 

t~.,,:. t':te in! tiul fracture zo~c could be extended throu¡;h the ef{ccts of 

thenr..:!l stress crackin¡; in rhc adjncent hol rock5. A field cxpcrintcnt, con

duc_tcd in a tcHt wcll drillcd to a depth of 780 m nt onc ed¡ic of a volcanic 

caldera in thc Jc,ez \\ount<~iltz of NorLhern t;cw r.cxico, has shown that gra:lite 

could indccd be fractcrcd hydr:llllically and ;::~s ill'penoeablc cnough in this 

re¡:ion to hold w01t~r tightly (llil;:::llOnd, 1973). The propa¡;ation of the fracture 

A third conccpt that could gn:atly incn•ase the economic Uf e of hot rock 

geotheroal srsteros is that proposed by Raleigh et al. (1974).- Observing that 

in !:lany regions che stresses in subsurface rock are rcaso_n:obly constant ove<" 

largc areas, they suggcst that ~cothermal wells be drilled at an ungl~, in 

a dtrectior> pcrpcrld;cular to the cxpected oricntation of fractures, and that 

a series of pnrallel, vertical eracks be created fro"' a single ,.all. The 

f#J.orizontill distante bet..,ecn cracks can be controlled and Jcight be of the 

order of a few tens of cetcrs {Figure 1). 

It is tha purpose of this J>i!pcr to prcscnt t!te roosults of a JO.tth.,mati~,,l 

analysis of this third cetho<.l. 

' Thc follnwin¡; discussion "'111 be b¡¡,;cd on a linear modcl Jnvolving an 

infinitc serie~ of p:Jrallcl, "qu!distant, vcrrlc<>l fractures of uniforci 

thid:tless, scp:lr3ted by blocks of homogencous and isotropic, iropcrmcable 

rock, the width of thc individunl fracture bcing 3SSu!!md to be ncgligible 

Owing to the spati3l pcrioclidty of thc tcmpcr.nurc field, it in possible 

., rcpl~ce tbc infintte sysum by a f!nite onc, consir.ting of il single venicnl 

• 



RELATIVELY COOL ROCI<S 

MUL TIPLE 
VERTICAL FRACTURES 

ORY HOT ROCK 

Flg. l. Sch~F-'ltic diagram of heat extraction free multiple 
fractures in hot dry roc:k. · 
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thc ~·;:¡l-ct J~n:;ity anJ é')lUCific hc~L, 

7 • 

c:herc> V j" t]H! WDl~¡- \'Cl<•cJty, f'¡,• <Hlll C,.; 

• and K l•; t!>~ rock thct;oal co.Jdnctí.vüy. 

' 

• 

• 

••hich in r,ovc.-ncd by thc ltc.>t ~anJ.,ctlcm c~uation: 

• (2) 

The tec:p,'r:>tun.!>; 1.1ust ~lso s;It!~[y th" following initial and boundary conditions: 

TR(x,z,t) • T¡.¡(z,t) • T 1:0 - wz, ' • ' • (3) 

TR{x,O,t) g 'l'!;'(O,t) • '" H ' • o 
(4) 

'" if ' ' o 

1'W(z,t) ~ TR(b,L,t) for oH z .~nd ' (5) 

• o (6) 

Thc sil::tulta;,cous solution of Eqs. 1 ünd 2, subjcct to co,ditlons J throt:~C. 

a d!,;tanc<l z fro:n thc injcction po:lnt, c~n be cxprcsscd in a r;encrnl for-m "" 

a function, T;."U(S,XED'~~) of dimcnsionlcss par=uters, such thdt: 

" . o 

TRO- T\,l(z,t) 

TRO - '!'1.'0 
(7j 

(8) 

(9) 

(lO) 
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fr-1~(.,,.,. m•f \l;lll tlofrl.nc~<" of tl<'-' --- '---- ~-- ------------
' t - v' .! is thc time l<o¡: Lct;.•ccn th" 

" 
dt:pnnurc uf thc watcr f::co" LIJe injcction point tmd tllc .,,-,Jv.:ll at polnt z. 

Bcc¡wsc this ticc lag is vc;y s;oall in co,padson wllh thc lcngths of tim<l 

involved in our problo~n. t' i~ pr;l<:tic.1lly l¿,,.,uc"l lo t. 

time vo>rlaticn of thc outl'-'t •·,ucr ilü:cnsic::lcss tcmpcraturc, e><cCpl "t scall 

ti va!u%, cven in thc c~sc oJ a ld¡;h gcolloen:ml graJicn~. 1hc ¡;~<.>thcrrccd 

g.-.::adic::t'c C<m thus safcly be neglccted, TRO bcin¡; ncM taken -% tilC .,v~rngc 

rod:. tcc.per.1tu•e ove< the zo11c of intcrest. Thn r-csults [or this case ilr-c 

shown in Figure J, ,.-hcre TWD is plotted :..s a fun"-tion of for variou~ valucs 

thc di~nsionlcss half-fracturc spncing XED' 

Thc ratio of thc mnount of ltuat cxtra~tcd by thc '•at:cr flowing through 

tha fracture to tha fnitial total hcat av:~ilablu in thu rock wa~ also computad 

a.:1d is shoi."Tl in Figt.:rc 4. 

Although tlu: modcl pr~scn.tcd in this P"P"' is strictly v:!lid only fo.-

whcn. thc nul:lbcr of fractures ls finite, but largc cn.ou!lh, .,¡,¡e), should he 
' 

the ""~e in most practicul ::!pplication.s. 

FX/,;[Pl,C or CALCUI.o\TJO:; 

con:;!d,•rati<>u, thc rock. ;:¡nJ l.',llcr propcrtics arc givcn, and thc total vol="~dc 

u,. .. r<ltc, rJ!nimum us::1blc cutlet tclllperatun:, and uscful rcscrvoir lifc .:.n: 

fixcd by tcchnical and cconc:aical consi<!cration.s. Wl>at has to be choscn is 

the num~cr o: fr.octures, the d!tocnsions of thc !ml!vidual fracture, and thc 
-- i •• 
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• cx.~:r.plc uf thb typ<' of c<Jlcul.1lion 1~ dcr;c,-Jbcd bclow • 

In or<IN' to allo·~ co::-.p.;riHon with thc systcm Propo~ed ' by thc Los Abmas 

• 
T!wy ""~":wd ,.., ~rn¡;l'" fr<:c~urc t.·i~h a hc.i¡;ht ,,[ 1 km and _.J.·].,n;;~l' (>• din•clion) 

of 1 L~ and us~J "vo]t;roctrlc fl..>·.-• rC~t<: of l.loS 
• 

ThGy adoptud 

' a rock t":::p<'rJ.turc e: )00"C ""d nn i:>lct "'-1tcr tcmpcratu>c of 65"C •. Ti':ei• 

3 
1.65 ¡;/e::: , "R 

' 
Y)¡ 8 G.2 l< 

J 
l. O r;hm , 

_, 1 o 
10 cal cm scc C, PR ~ 

' and "w - LO cal/g •c. 

Resul~ir.¡; te:opcrntu:-cs :>re s!1own ¡,, Fi¡;urc 5. \Jith u single fractun•, th~ 

shculd!lc thc c.J.se in Hnrlo~.: :~:H.! Pr:!.Cht's ~r<>rlcl if tl•cnnal fractun• ¡or-opa¡;ation 

turn~ out to be ne¡;lir;tblc. On thc othcr hand, if ten fractur"s are uscd, the 

w:ncr ou:1et l.c::>pcraturc vlll d•op at <1 c.ur:h lo:.c• ratc, depcndi:~g en thc 

fiJ fr~ctur:c spucin¡;. 

The nu:::b<>r oi fractures in this ""''"·?le ,.·a:; d<'termi"'-ed by thc rcquirco:e:l~ 

of <l 297"C \o'ater ou~le1. tcr.:pcr~Lurc (TWD m 0.013) ai"'-<>r 20 yc>nrs. lt can b~ 

s~cn fro01 r!¡;ur~ J tl1at t.his t.cr..-pcr~t.urc corr~sponds to tD • 0.3~5 and XE!J > 0.5, 

"'ltlch, fe~ t' ~ 20 years, yields Q ~ 0.145 cm
3
/scc. Since this nu,.bcr by d~[in-

ition, i,; ::tho C<¡ll.11 to t.hc tot;:¡l volu:r.ctdc flow ' J rat.c (1.45 " lO cm /s'-'d 

divi<.!eJ by thc ,,,._:ocr o[ ft..:ct.ur.,s, :;, mtd by thc [t<lCtur" lcngth (1 kc), thc 

d j 01~1l;, i Otl' e· 'J =' > o .S. 

lt Jo. ob•·lou; fro"' Fi¡;Urc J \i;at tc;a~cr;:¡turc lo'lll d<op at a f¡¡ster rate for 

s:oull,·r \:o· On tll~ ot!J<!r h._¡~d, onc c¡¡n scc from Figure 4 thnt thc"fraction .f '"'H!:Y rccov,'red free thc roe'.< ~·Hl be: hi¡;hcr. For el<il:::plc:, if one .,.ere 

• 
to 1ncr-en,;c thc tiu>c ;>_c,-icd to 100 ycars (~D., 1.6), it can be scen fro:::. 
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• COU<!S¡>Ono::; tO 

r<!,;ult ~nd th<! 

a ! ractu~e ~¡>~e in¡; oí 160 m) L>cc;ousc ;. lo::cr hcnt rccovcry "·ould 

• 

• 

ylel<.l t!w hithc~t <'.lN·.t~lca~ pu.;,.r out¡>Ul for thc loll¡:est pc~ioti of ti::.e. 

output i~ ILigh~c;l lor JO fractutL>' with a J(,O t.1 spacin¡;, and this spncing is 

capabl~ o: pr,.duc!nc c:.;::y tir.:cs tha po::cr ou~put of ", sb.i:lc fracture. If 

20 fractur.;,s ~·en· "~",¡ inst"aJ of len, thc t1~:ünum oc>tpnt of abe>ut JO H1-." 

• 
could be o:aint.:o.i,c<l for a ccn~ury. 

co::cLus I ".:: 

Althou¡;h r:.uch "''"?llf'~c~, thc mathemalical motiLll used in this study 

sho<:s that the :::ulti-:r"cture concept could ¡;reatly lncrcasc the ccono:::ic 

utilizatio:l of hQt dry rock ¡;~othco:c·~l sysLcro~s. If í~acturc prop3¡;:1tior~ 

occurs thn•c¡;h thc .,ffc~ts of thcrmJ.l stress cracking, 35 cxpcctcd by so,...e 

authors, ¡;~otlwrm;¡l ~ncr~y cxtr;:¡ctioll ;.·i.ll cvca be grcC~ter than thnl rcportnti 

in thc pn1scnt stuJ¡- . 
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p:::;>cr havo bccn stu~JcJ !J:; pr<Jviou~ au~hors. Bodvar:;so" 0969) sol ved thc 

problllm of ccm~umt flm: ''ith d~"'"'JJal tcmpcraturu lhrou¡:h la<:~in."lL_cd 

~olid, and ~olutions for 

"' 
Carsla,,· ar.d J<1c¡;er (1959). 

• ~ "ere publbhcd by L:lu>:cJdcr (1955) and 

An exact analytical solutio:l for finito xE_was recently prcsented ~y 

Ro:::::\ 0972). In thc prcsc<lt p:!pllr, _Lhc prohlcm is 'solved in a sli¡;htly diffcr-

• 
cnt vay, and thc resulto> for infinile and finite xE valuc_s nre presentad on thc 

sa101e graph in tc1:111s o[ suitablc dimcnsionlcss quantities. 

A solution is obtaincd as iollO'.Js: wc first substituto t' in plJ.ce of 

tinto E_qs. 1 to 4: 

lim TR(x,z,t') • 
r • .. o . 

lim T¡,¡(z,t') , . ., 
11m 
z·>D 

1'\.iQ' t' 

We thcn i"lroducc the follm1in¡; di~:~cnsionlcss quantitics: 

• 

(A-1) 

(A-2) 

(A-3)· 

(A-4) 

(A-5) 

\olhcrc ll is an arbirr-.;ry lt•nr.~h, ,,nd Q is_th<' volul'lctric flow rnte pcr fracture, 
• 

per unit lcnr,Lh of ti"' systo'"' In tbc y o.lircction; 

(A-6) 
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Eqs. A-l to A-4, and S and 6 th~ become: 

• 'o ) • o 

106 

16. 

(A-7) . 

(1.-8) 

(A-9) 

. (A-10) 

(A-ll) 

(A-12) 

(A-13) 

(A-14) 

(A-lS) 

(A-16) 

• • • 
Applying the Laplace t·n.nsform vith respeet to ~ and_solving for the water 

outlet temperatura yielda: 

'rwD (Z¡, ,8) 1 [ ~ • ~}>p(·'D ~ <mh 
;o-1 

~) .. - 1 + 
8 ' ; -¡ • 
. ~tanh ~ .¡;, . 

• ' ., • 
+-- (A-17) • ~D-1 

a
312 

tanh ... • 

• 

• 



107 
where TWD(z

0
,s) ia the Laplace transform of the ditDensiOriless water outlet 

• temperature, 

"' 

• 

Eq. A-17 is c.ost difficult to invert analyticslly, ·axeept in the case 

- . . . 
of a single fra<:tl.\te (xE • m), .where inveraic.n of Eq, A-17 shows tbat 'Twn 

can be expressed as a funct:1on of 11 (Eq, 8) and r
0

' (Eq. 10) only: 

'rwo (t
0
') • l-26(t

0
' /Tr) l/l[l-exp(-l/4t

0
')] - (1-S)erf(l/2 '-/'t;;) (A-18) 

'rwn baa be en plottad venus ~' in Figure A-1, for variOU$ S values. 

The curveS are very similar, axeept at early t
0

' values, · Thia indicares 

that the geothermal,g~adient can be safely neglected as a· first apptoximation, · 

if TRO is tak.en as the average_ temperature along the fracture beight, Setting 

S•O ioto Eq. A-17 and neglecting 1 in front of Xzo yields: 

Tw<~,s) - ; exp(-Z¡) ~ <~h 
Pwc;.,Q"E ..,, , ... 

l!q. A-19 was inverted by 
··~ 

of a nU~~~erical ~~~ethod {Papoulis, 1957) 

and the reau1t expressed a11 a function of xED (Eq, 9) and '11' (Eq. 10) 

is p1otted in Figure J. 

APPENDI.X B. ELECTRICAL POWEit OUTPUT 

' 

(A-19) 

The total amount of hest in the hot rock. per leagth of the eystem io 

the y direction, which could be recovered by cooling from TRO to ~O :l.s: 

(B-1) 

!he best extrsction rate or thermal power output by the water between 

'w and ~o is: 

'w 
T ) 

' 
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Carnot ef(ieiency Would yiald 

plant .. orkin¡·between TW o.nd 'rwo 
n 

an eleetrie power output equal 

Usa of thia water in a powcr at SO% of tbe 

' 
"' 

. , .. 
··::t-.-~-,-

' . ";'• . 

. .. 

... ~ : (B-2) ' 

• . •.. -

hw .. o.so 
1. . .. 
' . ' 

Tbe c~ulative heat extraction by water over 

,. 
liw • f.- Pw<;,Q(TRO 

o 

a period t' ia " given by: 
' 

' ~- . ' 
• .. 

' . 
' ' 

The ratio of tbe amount of beat e:r;tr&cted by the • • vater·ro the 
• . . 

. ' ,. 
. ·; 

(S,.3) 
' . •. 

. 

' 

' .. 
" • 

... , 

' . •• • .. ·-
' 

,; ' 
. ~-!" 
•'J• 
>1.;; •• ·' .. ' 

·' :. ; .. 

• 
• 

' ' ' 

•..;_ t. • 

:: ·'f. 
-~ ·'' 

eoD.te~:tt in tha rock is thua equal to: · 

"w 
,. 

"""" (1 

TRO f -· ... 2.pa,.~:<t TRO o 
., 

. . . . 
"w '_1 /" [1- TWD(~ 0 )] 

. ... """ o .. 

• " .. 
' ,, 

"' "vo 

"' o 

• 

(B-4) 

' •• 

' 
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··,,·.'SI S Of l ntern::al Steam O:~ 1 ve 
Reservo i r·s 

1n Geothermal 

J, C. J.'•rt.b Célevr<»; Oil FieB Resee.rc!: ~O'"?L"cy, V.=b"r SPE-ADR: 

@C<~p~ri~bt 197~ 
A..,.,.¡, on lostit~l< <>f ~linin~. ~t.tall~rgicol, onrl i'<lrnln111 t:o¡i,.as, lnc . 

... _ ~oT>e~ .... s !)re¡¡> ~e1 for ti-.e ~'ith A=uel Callforr.i 1 Regional ~:ee~~n¡¡ af the 3oclety of 
, .. ,. ;,,,:reers of ~:J-~0, to he he!i ;~ 'ienturs, CaL!",, Ap..-U 2-~, 1S75· Fer:nlss!on lo copy 
·,- ~;.cJ to '''' ~bstr~~t o~ :>Ot ""''"" th._n JiXl •·orC:s, ;;~ustro.tions ~-,y not be C>pled, ·_'he · 
·o o".oü.ld eor.to:n cn,;spttuou" ack"'O>le;l;;toer.t .,~ •herc o.r.~ by Yhoc t~e pa)let" és preseot<l'CI. 
· · " "J >e<t_,.re •~':.• : o.r.·,-,.'. e~'-'-o~ ; ,, •.~ ,- .JO¡¡-~_;\:. ~1 r :T?.CL'DJ'.¡ 1'~::-r:.:;-I.-'lCiY or t!oe ;30Cl:,."j' i O< 

:::-;:;.-"=:;;:; ,:c;¡;:o~-:;·, ;,, ,;;u.~Cly ¡ronc·.d 'J;''-" ~~"UO<t 'oo t.i'~ ;;.J.ltor or' ú.~ appropr•aoe 
-. "~~..-Oc!eoJ. ogreeunt to ¡;"..-e pr·o¡>:? o~d:t \z =""· 

:~~t;:-z\~:. of th\o poner :s inv!tod. Thr~~ oo,i~s o:· any discassb" sto-..ll.d be oent to tt.e 
• ::: o:· retrole...,_, l:ng\r.~ere ~~fic!. SucO. d~ ocuoston ""-Y l-e p:·esen~e~ ~t tlle •lx>ve ""'et\n¡¡ and, 
-,~ ':)Oper, <tay be ~or,,ider~d ~or p.>bli"at:">n in one of t:.e t-..o S?E: 10'-<;;U:nu. 

l(cservoir analys:s 111ethods are 
li~d to simple closed geothermal 

.•rvoirs that prod~ce bv interna] 
• drivc. kelations ~-re pre~ented 
;•,~ rcservoir teo.~erature, pres

>nd fluid saturations. wich the 
:"'" that the .-luiCs arr ;raduced 

"'''é to their '"~pective r·clnive 
,:.lllties. Calculated perfor-
: ar~ given for ~arious tyres of 

--oirs. Results indicate tllat not-
,-~,~rvoi rs can ha ve ~O('Ip] icated 

·-·-s, includir.g changing frDr.l 

.. 

.. , of hot water to dry •t~am. 

: ·--~ of geothcr~r,al encrgJ 
· ·-as accelerated in recent 

"ceas<.:>d un~erstanJinº is 
:r.e !undaml•ntal he1t and 

tr.volved in geotherrnol 
:roduction. tpchniqucs used 
·"· rroduction rcsearchers 

·· · .,_ ·larly we-11 suit~d to the 
_, :····.,. fund~mentals, and to 

· ,., .. ,,rvoir cn9inecr1n~ 
'·•·rou·a 1. 

- --------'--
illuHration> 

Some ~eother~al reservoirs ~re 
sl~!ilar to o11 ~n~ gas reservoirs. 
The reservolr is a porous media. 
through which tne fluids fl~w according 
to Darcy's law. F~rthermore, some 
geother~al reservo1rs have the equl
valent of cap rocks. 

The analogy ben-1een oil ~nd gas 
reservoirs is the Lasis for the fur.tia
mental assur.~ptian r·f this paper: !luid 
flow in a geothermal re~ervo1r tan be 
treated as the flo11 tnrough a porou$ 
medium, and Darcy'~ law and relatil"e 
perr.1eabil ities are appllcable . 

There are many analog"il!s between 
petroleuur and geotl.ermal reservoir 
engineering. For cxample, a number 
of the drivcs whic~ suoply reservou 
energy are similar. The ed5e uater 
drive in a petrole::m reservoir is ~nal
ogous to influx fr. m cooler a<;uilers in 
geotnerl'lal reservo ir>. Solution gos 
dri,·e in petrolru"' reservoirs is anal· 
ogou·s to tl!o-phaso lnternal steam drive 
in geotherm~l rcse•voirs. Comoaction 
drivc can occur in"both. Waterflnnd1~g 
an o11 ,-eservoir i~ analogcus to l.~tLr 
cyclinQ in a hot-wc.ter gt•c;there•al 
reservo1r. 

' 

1 ";•:·C•Idix, •M 
' . l",. ----- - ___ _L._ ___ , ----- , __ ¡ 
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1\ethods of anal~·s1s s1m1hr to 
those used in petroleum reservoir 
engineering c¡,n be u:-·:d for geother•.o'l 
r~servoirs as i\lustlJtea by th~ cl
opment of the mftterl<l and hcat ''~''''''''i 
in R~fercnce 1. The ~r 
presents an ~nalysis stenm 
dri•e, using methods Jn31ogous thoH 
used for so1ution ga.; drive in 
2. The analysis pre~ entcd herein is 
based on thc followi·•g assumptiollS: 
the temperature, pre: sure, and fluid 
saturation gradients ¡¡re small; tloP. 
st~a.n and 11ot water ~re produced accord
ing to their respective noobiliti~s H 
d~temined by relati;·e permeJbillttes 
and viscosities; and th~ effects of 
capillary pre$Sure a .. d gravity c~n ~e 
neglected. Sorne gra•.•itational effects 
howcver, are treated qualitativcly in 

"the discussion. Thr1ughout the Jnalysis 
and discus~ion tflc produccd stcon J~d 
hot ,¡a ter are calcul~trd negloct Ir.~ 
th~ p~essurc and tcmperaturc drops near 
th~ ~,~lls aod in the wellbores. The 
eff!·cts of thes~ additlonal charrges 
musl. be iotroduced tn ubtain Htam 
~nd r.ot 11ater producti~n ratcs ~t the 
wellhead. 

O 1 ~~·~I¿_S~l-º.i~ 

T em¡~e_r_2 ture- Pressure Beh.li.V 1 o r 

As pointed out In ReferenCl· 1, 
1ni~1al temperature and pressur~ ir; 
a g.o~ther.,al reservoir determin,· its 
res,r· .. oir type. The sol id line in 
Fig.;re 1 pr~sents th, boili113 c:;rve 
for pure water. {Curves for actual 
geo~nermal Lrir.cs •lill be r.rudif:c~ 
by :.he dissolvcd salts3.) Polnts to 
tire right of the curve ~nd belO>I tl;e 
Critjcal tcmrerature represcot trot 
water reservoirs. Points to th'! left 
of the curve ~nd al so points a~ove t~c 
cdti,al tempcrature rrpr·csent single
pirase or steano reservoirs. 

The· l:lathematital analysis is prC· 
sc,.t~d in tt,c ,\ppcndix. Ordinary dif
fcrer,tial equJtions ~re Jerived for 
thr fluiJ Sdturations and rcscr,o1r 
prcs~ure (for h.•o-phase flo\J) Jnd for 
the pr~s~.ure and temperature (for 
slngle-pt,He flott). Equdtions 13 ond 
16 of the 1\ppendi~ ~<ere solve<J r.umeri
cally for tlle tempcrdture-prcss·,re 
~eC;:.vior of clooe~ ~cnt 1 1errnal r~~er
VOlrS conto1u1n9 fres~' \Jater onU ,,.,,;,.,¡ 
thr r~l~tivc pcrmeabillty curvc·s pr.~-

1 

s~ntcd in Figure 2. Oth~r v~IUE''> uo~d 
In lhc calculdti(>ns ,He: lú< ll>s/1l 0 

' 
roe~ g•aln o.Jensity, o. 
srecif:c heat of rock, 
thcrma 1 conduct 1 v; t:,, 
permealdllty. Resuits 
ldtion~ for a poroslty of .25 are 
preHnred by tire dashed lines lo 
figure l. 

As productton causes the reservoir 
pressure to decline, the temperature 
follo'H the das~ed llne that pass~;; 
throuqlr lntttal tcmperature and prcs
sure. Severa! sucll lines ·~re presented 
In figure 1. For e~ample; from tnltial 
condittons corresponding to Point A· 
in figure 1, thc temperaturP..wlll 1~ove 
to the left a long ltne 1 as the pres
surc d~clines. This case.(reserv~ir A) 
correS<londs to a singla-phase (es!en
tia11y steam) reservoir with initill 
te;:rperuturc and pressure"above thl 
crlttc~l vnlues. No hot water ts 
fc~'~ec' durln~ presslor~ <lerlPfion, 'irrce 
ltne 1 does not intersect tMe bol!ins 
curve. The l~>ervoir temperatura 
reJnains htgh after thc prcssure i~ 
depleted. Thus, JddHional energy 
co~ld be extract~d by r;ater :njec:ion, 
beginning at any polnt along line l. 

The inltial conditions 

to Point B (r~·~rvo~';'.;"¡'~~'¡";:i~;::! re~resent a dry·steam 
which no hot >rater h 
pres~ure deplcti~o 
rcrr.ntro unproduce¿ the pressure were 
de~leted. The tlmperature would ~ove 
alon~ line 3 as the pressure decljncs. 

Point C (rescrvoir C) in figure 1 
corresponds toa,, initial hot w~ter 
reservotr with rressure above thc 
bcillng curve. Unlcss • stroog roe\: 
drtve exhts, lnittally thc pressure 
declines rapi~ly with pr~duction, since 
only llquld e~pansion and r·ock tu::rpac
tion $Upply t~c drivlng enerqy. The 
reservolr perforr,,s esscnttall iso-

therm~lly alo11q linc 4 untii:::;;:;;;'"'"'l curve ts rcactreo. Then Stc~ro 
to be generated >dlhin the r 
~nd a· stc~m phasü tegins ··to up 
wlthin the rock rores. This suppl;es 
a ~as drive shrilar toa sol•Jtion gas 
drlvc in a pctrolcum rrservoir. As 
productlon continu~s. thc te1.1perature 
and pressure decline alon~ the boili 
c~rve. The steJI"1 s,1turation increa 
• .-itil rroduction ,1n<J IH1Cn it rc~ch:; 
ilS co¡utlibriu"' saturation the ~~ser
voir Lc~lns to r~od,.ce stea"' ;r1on~ 
dth hOt wJtcr. 

'-----~-------- ------ -. ·-- -- - -- '-·- --- ........ __ --~---
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The produced st~hl·hot wat"r rotlo 
continues to incrcne until the WJter 
saturation is rPduced to lB maximu111 
immobile saturation. Ollen only 
saturated stean1 is pr~Ju~cd. llater 
saturation contlnues to decline until 
all the w~tcr has been boiled at•ay. 
Tlle temperature then C~parts from the 
boiling curve and its declinP essen
tially stops. The produced stean 
becomes increas\ngly superheated, as 
indicated by 1\ne 4 In Figure \. 

Point O (reservoir O) In Figure 1 
Corresponds toa relatively low
temperature hot water reservoir. 
Except for those case~ w1th strong 
rock dr1ves, raptd prcssure decline 
with production should occur, s1nce 
:;¡;,;';,quid expansion and roe k drive 
,, the drlvl11g en~rgy above the 

Two-phase interna\ 
e not t'e~ln 11ntíl tbe 

res prei~~re ha~ d~cllned to 
a ·s.r.all frHticn of its i~itlal value. 
There is ~ufflcient w•ter In thc pore~ 
that sorne water wtll ret.lain cven if thc 
pressure reaches atmospheric. :1ost 
of the ~team produced through pressure 
depletion of this type of reservo1r wi\1 
be at low pressures. These low pres-

rc~ult in low efftcicncies if 
uSL in steam turblncs to produce p0~1er. 
for this reason'power production from 
s•JCh reservoirs 1s perhaps best accom
pl \shed by cycl ing hot •1ater thrcugh 
the reservotrs and usjng a binar¡.· cycle 
power plant (r.cfcrcncr 4). 

Fluid and fle•t PrOrliJCtion Perforro~ance 
---· ·----

Figures 3 and 4 pre~~nt the varia
tions of the rcscrvoir pressure ~nd 
temperature "ith the perc~nt of initial 
fluid mass prnciuced. Reservoirs A and 
B pcrform cssentially by isotherr.:al 
steam e~pans\on; rescn·oirs e and o 
involve tl-10-ph~se intern~l stc~r- drive. 
Almost all of the tnltial fluid is pro
duced from reserooirs ~. B ande aod 
~ucn of it 1s producen from reservoir D. 
Rescrvolrs A and B ~•perience little 
t~~pcraturc drop during production and 
in reservorr C tttc tcooperature declines 
from 650 to b30"f. T~us, in thcse 
uscs r.~uch hHt r~mainsoin tlle res~r
voir roe~ at tl1e end of pressure deplc
tion. 

1 

•• F1~trrG 5 vrc>c"t~ tt1c pr·cssurc 
1 venus stt"" ~,,tur•ti¡,n for rcscrvoirs 
1 C _ano O. Thc incrfasing riegdt1H slope 

s~ttrr,1tlnn reflects th~ lncreasin~ ,,.,. 
duccd s:eam-hot water ratios ~s the 
ste.tm s!:turation lncreases wlth pres
sure der.letion. 

figure 6 pre'sents the variatton ~1 
pressurc wlth the ~mount of heat pro
duced which is over and above the ~m...,u,.t 
of heat that would be in the reservo,,· 
if lt contained only saturated steam 
at atmospherlc pressure and 212"F. 
Rcsults for reservoirs A and 8 indicatr 
that relatively snall amounts of the 
totel h('at He pro<!uced durlng pres>ur·r 
depletion. Figure 7 presents the pres· 
sure versus he~t recovered in the for"' 
of stca"' and in the forrn of hot water 
for rcsorvoirs C and D. These result, 
indicat~ that more heat is prod~ced i, 
the for.tt of steam than hot water. 
This reflects the higher heat contrnt 
and tite lo11er viscoslty of ttoe steam 
as compar~ci to the hot w~t~··· figur~ 11 
present~ tite preS>ure venus heat ~ro· 

duced for six hot water rcservoirs wtt" 
three different porosities. The \ 
incruse in heat recov~red with porosit,· 
for the higher initial pre;sure cas~s -
results fro~ the larger volume of 
lnlttal water present relatlve to lhe 
reservolr roe~ volu~e. 

Gravity Segreqatlon 

The results pr~sented to thls 
polnt are based on the Hsu,ptlon th.t 
thc fluids are untformly distrlbuted 
throughout the rcservoir. ln reality 
gr~vity scgreg~t\on of the steam ~nd 
hot >Jater >~lll begln 85 soon H the 
steam phase becomes rnobile. Reservo lo 
performance and gravity segregation 
studtes of oll and gas in o11 reser
vciirs indicate that in rnany cases 
segregatton occun r~pidly {Referente•. 
5, G and 7). Similar segregatlon of 
the steam and t.ot ~ater should occur 
in geothernal reservolrs. 

The re$ults for uniformly distrl
bwted flulds are useful in visualizln•¡ 
thc behavior of reservcirs in which 
rap\d gravity segr~gation takes plac~ 
and in whtch heat conduction, natural 
convection, and c~pillarity, can be 
neglectcd to a fir~t approximation. 
Steam accumulation at the top of a 
res~rvolr rnsulting frorn gravitv se~,,_ 
g~tion can gre<1tly reduce the oinount
of l!oJter. <1voil~ble there to gcncrut" 
steam. Si1ni1.lrly the drainar.•e of 1·'·' 
water to th~ lo>~er portien of tt.e 
reservoir incrc,JSes the arnount of '"\" 

\ ~:-~~:~~~~r~~-~~=~~~:t_c~n~ _i_ _____ ·-----
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avdilable there for stearn generation. 
Under gravity segr~~atlon reservoir C 
should pcrform the .a.ne as givon in 
Fi(¡ures 1 and 3 thr~ugh 8 until the 
steam saturation r"aches its equilibrium 
valuc. Then the steam phase becomes 
mobile and gravity segregatien begins. 
Stearn saturation w111 increase ra~id\y 
near the top of the reservoir. If the 
we\ls are completecl high in the reser
voir or slgniflcant steam coni~g occ~rs, 
the produced stearn-hot water ratio w\11 
increase rapidly. The hot water satura
tion wlll dccreue ra~idly until the 
water ln the reo\or. is exhausted. Thus 
this region wili dL'part froon the boillng 
curve at ccnsiderably higher t<'mpera
turos and pressure" than for reservoir 
C. Points low in the reservolr will 
have hlgh ><atcr sat~rations longer 
thdn if the fluid wcre to remain uni
for~ly d1stributed, ¡¡nd these poinl$ 
uill rcmain on the ~oiling c;urve to 
lo"er tc'lllperatures and pressures. 

lf thc uells are completed lol! In 
the reocrvoir and ~ignificant steam 
coning dces nct tar.e place, the produced 
stear.o-loot wHer ratio will remain low 
until tne steam zone has expar.ded suf
ficiently to cause production fro,¡¡ the 
steam ronc. Points in the steam zonc 
will depart from the boiling curve at 
hlgher prcssures and temperatures than 
in the uniform saturation case and the 
lower portion of the reservoir will 
n10ai11 on the boíling curve te \ower 
pressures ~no temp~ratures. 

Thus the relative amounts of steam 
and hot >!ater produced will depend upor., 
among otller things, thc amount of gra
vity segregation, the relatlve permea
bility curves, the structural position 
of the complction intervals, and the 
a11uunt of stcarn and >ratr.r coni~g. for 
mJny conditions the umount of water 
init1a11y present is so limltcd that 
much usablc heat should remaln in thc 
reservoir after the water is exhaustcd. 

additional advantaoe 
assoctated with salt 
~ot too severe. 

CO!IC~.:..USlOt:S 

provided probl~ms 
depo_sltion are 

1. ~eservoir analysls methods can be 
applied to those geothermal reser
voirs that involve the flow of 
steam cr hot wat~r through porous 
medta. 

Z. 1\ot-water reservoirs can have 
compllcated producing characterlstics 
lncludin~ changing frcfll 1\ot water to 
stum as they are produced. 

3. Under certain conditlons only a 
relatlvely small amount of thc heat 
tnitially contained in a geothorma1 
reservoir wtll be produced during 
pressure depletlon. Much of this 
hcat may be contained in the ~ro
dLitcd steam cven thougto iooitidlly 
the reservoir contains only hot 
water. 

1. \!hlting, R. L. and Ramey, H. J.: 
"Applicati~r.-of t'.aterlal and Energy 
Dalunces to G.eothermal Stcam Pro
duction", J. Pet. Teeh. (Jul.Y \969) 
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lluhiphase Pressure Buildup Ana\y
ses'", Trans AIME (1959) vol. 216, 
PP· 309-311. 

Th\s heat may be distributed in a highly 3. 
nDnunlf¡¡rm manner, with gcnerally higher 
temperatures in the upver portien of 

Hass, J. L.: "The.Effect of 
SaHnity on the t·1axlmum Thermal 
Gradient of a l!yCrotherm~l Sy•te'" 

the 1·cscrvoir. In most cases the pro
d'JCCd steam contains much more heat 
than.an equal mass of produced water . 
Tllus foo· maoy conditions more total 1\cH 4. 
can be produced by c~o:pletin<l the ·~ell~ 

~~~am vroduction and ~upprcss \Id ter 

at llydrostatic Press~re", Econ. 
Geology, Vol. 66 (1971) PP- 940-94!.. 

r.ruger, P. and Ott~, Carel: 
~hermal Energy, Stanford Unlv. 
Stanford, Cailf. (1913). hi~h in thc reservoir, to enhance 1 

rro~~ction. This ~hould rc~ult in ~r.ore 

1 

5. SpÍH~, ,\.: "Gravity Seg 
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Based on Completr ~egr~gatlon of 
;:cbile Fluids", Tr.~n~. AH1E (1950) 
Vol. ?13, pp. 220-¡27. 

1. ~lartin, J. C.; "Sorne Hathe1utlcal 
Aspects of Two-Phase Flow with 
App\lcatlons to flooding and Gravlty 
Segregation Prob\ems", Prod. Monthly 
(April 1958). pp. ?2-35. 

APPENOIX 

The mHhematlcal rehtlons for botll 
two-phase (boillng) ano single phase 
flow ue derlved in tlds appendix. 

Two Phase Relatlons 

The baslc equatlons for condlt1ons 
""'"" thr, botling curve are: 

~arcy's la>~ f~r hot W<lter: 

Uarcy's law for steam: 

" . 
' 

-';;-'-"''' ,, ., 
The cquation of contlnuHy for mass: 

V · (ow"'w + Ps 11 s) • 

:t [~<o.,s.,. + o5 Ssl·) 

Tne cquation of contlnuity for hett: 

' . 

( 1 l 

( 2 l 

( J l 

( • l 

h ¡¡,[p.,h,.S,.+pshsSs+(l;t)orCrT]I 

satu,·ations: 

SuLstitutir1g equatiOllS 1 and 2 
into 3 yie\ds: 

-···-········~· 

' 
. A11 Vp • "' " ' • 

where ' • 
•• 
• ., . • 

,, . 

T ~ W{p) 

'"' • 

. 

,. 

·-

•· ,. 
. . (7) 

. . 
... 

., .. , 

' 
(8) 

J.,· 
' ,.,,. ·. 

,. t " ; 
" .. , ... , : 'l ·.:. . ->-.,_ ¡ . ~:..- . 

The symbol ~f denotes the,'lllob111ty"ot:• ,. 
the fluids in terms of 111tu:. ln. tlle 
mobllity of tlle heat; Nf," the 1aass of1, 
fluid per unlt volu"llle·of reservoir rocl; 
and tln, the total h·eu per un1t volume 
of rock. · .-.-.r • . · ~ 

,,.~'1: • . J,. J 

Equations 5 and 6.ctri.be wrltten~es 

~"t a>. 1 ·• ~ 
ap Vp Vp + ~ VT _VP .• 

' .. .. .., ~ • • f. VS ,, • TS":' vss ; •Vp\~ as;; ... ' . . 1 ~ '" 
a~1 1 . ' •. ,,, • . • . , • ,.,- • • • . . 

,, . 
• ... h • .. . ,, • vss, ; . Vp 
~ 

•• 
' 

,. 
:.~:· ' ' 

"' ' ' <' , .... '·• . 
• 

" '. (lo) 
"·, .. 

' 
• 

' ' ,· 
l• 
.. 
.. 
' 

.. 
.. 
' 

' .· ·~· ' 
" ... 

-~ 

·. 

•• 

• ... 

' ' . 

• ., 

·' 
" .... '----- ----~-----------·----····---·· ---·~--~ 
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Ju tiiOSC cases "her•' the satur¡tion 
gradient, tenoper&ture gradient, and 
pr~ssure graaients ~re small, th~ 
vector products Vp · 9p, VT · Vp, 
vs.., • Vp and I'Ss · Vp are small com
pared to the magnitudes of v2p, 
Ol·lf <ll·l¡ rr·· and a~- and tne terms containlng 
the vector proCuct~ can be neg1ected 
to ~ firH approXin·dlon. 

Equations 9 ano 10 reduce to: 

1 al1f 

"t ¡r 
( 11) 

( 12 ) 

Equatlons 11 and 12 requtre that the 
yo,·iatiO!IS of P, S, .. s 1 ,-~nd Tare 
sm,11 witlo dntancE. ortunat~1¡ tire 
variations of thtH quantities with 
tim~ need not be smJ11. 

The elh1ination of 72p frGm 
Equations 11 and 12 yte1d (replacing T 
by o,!l(p) and S5 by 1·-Sw): 

This tquath>n reduces to the h.Jlowing 
or~inary differentid1 equatlon: 

d$11 
a11 t 

'r 
¡¡'.i h 

• '-r. OL., 

~ ,.- --.,0 ., "· •o aSw 

( 1 3 ) 

[quation ll can be lntcgrated numeri
cally to obt•in S11 as a fuuction of P. 
Th1s relation 1s st"·tlar to tht .1uskat 
solutton gas relati~n wtlich relatps 
oil or qH saturatton to roservoir 
pr<ossure. 

lile relation Let>reen Sw and P 
obt~ined fronl Equation lJ 'an Le u5ed 
to elirninate Sw fro~· Af, .ih, o;¡, ~nó 
01¡1. Tlns ~llows Equations 11 an<l 12 
to be exr-r~sscd in t"rms of pn>Slll'<", 
tl"·rc·Ly ol>tai,.in~ a ~·-Htidl Uiff¡•r•·"''"l 
"'''"'tio" for prt·.surP th~t can 1·~ '"'"'' 

116 
1he temperature and pressure are 

not re1atcd to thP Qo111ng curve for 
singl~-pltase flow .. Eq~at1on 11, 
howe"er,- h val id and the equivalent of 
Equ~tion 12 ts: 

( 14 ) 

wher~ h 1s the 
tty, and ti~ is 
lent of 11~. 

enthalpy, A is th~ lllobil
the single phase equi"a-

• 
In the case of two phase flo<,· it 

was possil>le to obtain an ordina~y 
d!fft·ronti~l eouetion for the water 
saturation ·;ersus pre,;sure witho,•t 
negl<.'cting the effecB of h2at cunduc
tion, bccause ter.lperature and p•··:ssure 
are r·elotld ~y tr.e bollin~ :urve. 
Unfortu~ately, this is not the ~ose for 
single phase f1ow; however, if wc• neg
lect the cffects of heat conduction, 
Equation 14 reduces to: 

El1minati~o v2p from Equations 11 and 
15 1eads tO the fo11owing differentlal 
equation for P and T: 

aHh 0!1-!, 

" .,_- o 
~". 

" • 
( H) 

;¡Hf " .. d.'¡, 
o 

" " 
This cquation 1:as used to calculate T 
ver~LJS P for sinQ)e phasr flow. As 
cxpccted, nu~erlcal rcsults rcve~l 

sma11 values of }~ indicating es~en
Uallv isutllerr;al beilavior. 

Add_l_~j_~n~l _f!_;_l_~_t,_;_n_n_~_ 1 

Sol1rttons of Fau~ttons 13 and 16 1 

yield ¡¡,~ tcmnPI'Oture and fluid s~tiJra- 1· 
tion~ as f••nctiDn~ of rcscrvolr pres-
sura. li~at and >cas~ balances can "e ¡ 
l•se<J te ohtain til~ fluid and J.eal 
p•v•'uct\OI" ~5 fuoction·. of rreo1ur~. 
Tk:,r· rc•1o~l•ln' ,l\·c: 

in tJ 1 ~ on~lysls of tronsi(·nt I:Pil 1''''~='- 1 1. "f 
s"rc <Julo ¡¡joicl1 inoolv" tl.o-;¡l,,,,e flllil ··¡ ' 1 • ¡--

' ' ' __ i_ "---t_h1:...J:.\'.~!:_l:_V Q_i__(.~--- ·-·· _, -··-·- ,, ,,. _,l •.. -• .. -.---·---- ··-·· 
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,·n·r·~ (1¡ is t!\e frd~:lon of the oriqi
·.ol fluir! mass that ''"~ bern proouceO 
and thc sub;cipt 1 refers ~o tnHial 
conCitions. 

where Oh is the fractton of the origi
nal naat that has bePn produced wnlch 
is abo1•e the heat co11tained in t11e 
reservoir at atmospheric prcssure and 
212•F containlng only saturated svam. 

.T11e subscript a refers to these con
ditions. 

• 

[1roressiOriS f~r the r~l~tive 
~rnount~ of h~at r-roduced in the s~ear.l 
and ir· u.e hot water can lle obtai~ed 
by int•ogrHion. These relations are: 

O¡," • ( · l ) / (pwhw~ ~rw) dllh dp 
~ Mhi Mh } p Ah ~w ap-

1 

wllere ilhw and Ons are the fractions 
of the produced heat contained in the 
hot 1;Her pro1uction and in the steam 
productton respectively. 

• 

• 
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MODELING GEOTHERMAL SYSTEMS 

,, 
P. A. ' ' Witherspoon, S. P. Neuman, M. 

and M. J. l.tppmann 3 

ABSTRACT 

, 
L. Sorey 

Ceothermal syatems are receiving more and more attention aa an 

alternativa aource of energy and, conaequently, there ia growing inter-

eat in attempting to underatand their ~tute and behavtor. One approach 

to thia problem ia to atte=pt ro deduce the phyaical behavior of sucb 

ayatema uaing a =athem&tical modal, Thia papar presenta the governing 

equationn for energy and masa tranafer in poroua media that mnat be 

sol ved in uaing such 'modela. Fundamental eoncepts that hll.ve been devel-

oped for faerora that affeet the development of free and torced eonvee-

tion in geothennal syatl!:lllll under natural collditions are reviewed. The 

resulta of modeling geothermal syatems during exploitation using lumped-

par~eter and diatributed-parameter models are aleo presented. 

' Lawre~e Berkeley Laboratory snd Deparcment of Civil EDgineering, 
University of California, Berkeley. , 
U. S. Geologicsl Survey, Henlo Psrk, CBliforrlia. 
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• INTROIJUCTION 

Ccothermal' Gystem~ are receiving more and more attcution as an alterna~ive 

source of energy and, eonncquently, th .. rc is growing intere$t in attcmpti11¡; to 

understand their nature and behavior. One approaeh to thia problem is to attempt 

to deduce the physieal beMvior of such systelllS using a mathem.atical ""'del. Such 

a mndcl conaiats of n set of equationa that d~scribe the proccsses occurr!ng 

within the system and the solution to these equations subject to conditions that 

prevail at a paiticular site. 

' The model approsch has two tmportant applications: (1) the geothe~al sys-

;;.. teat under natural conditions before bdng disturbed by man, and (2) the geolhnnnal 

' ' • ayatcm during exploit&tion. Natural geothermal oystems have bcen investigated by 

a great many ~rkers. Thc main thruat of such studiea hsa beco to understand how 

~othermal systeas can form and peraist within the earth's crust. 

Tbe astheaatical model can alao be applied to the problea of evaluating the 

behavior nf a genthcrmal ayStem during cxploit~tion. One of the most crittcal 
• ' problems in dcveloping such ayatems as a viable source of energy is that of dcter-

mioing that a particular reservoir once discovered ia capable of produciog sigui-

ficant quantities of energy over meanlngful perioda of·time. Tbe model is one 

of severa! tools that can be uaed to analyze thia problem. During the early 

stages, the model =ay be crude, but ita application in parametric aoalyais of the 

field data c8o provide valuable limita as to what can be expected. As more data 

become available, the ~del can be rsfioed sud auch engioeering questions as 

well spacing, opttmum ratea of fluid withdraval and effecta of reinjection can 

be studied, 

• In this review, we ahall reatrict our attentiorr. to hydrothen~~al ayateCilS, 

Le,, to aeothermal syste=a involving water. We sball pay particular atterr.tion 

\..) e 

' 

' 
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to hydrorhermal-~onvection aya tema, in vhteh most of the heat is tranaferred in • 
cireubting fluida rather than by heat coodu"-tion. 1Vo broad types of hydro-

thermal aystems are recognüed: {1) hot-water, and (2) vapor-dominated (White 

1973). 

In tbe hot-water rype, water is the contiououa ph&ae throughout the system 

and thus provides the preuure control. Ccntinuity of the liquid phaac is evident 

from reservoir presaures that are near hydrostatic and the presence of soluble 

salta that are not found to aoy significant degree in lov-pressure steam. In the 

\__ vapor-dominated type, ateaa is the continuoua, pressure-controlling phaae, although 

there is general agteement that liquid water QUSt also be present (Faces and Tonani, 

1964, Elder, 1965; Craig, 1966; James, 1968; Marin~lli, 1969; Sestini, 1970; White 

et al., 1971). 

An tntriguing queation arisea concerntng the 1n1t1al conditions of vapor-

dominated ayatems. At deptha below 350 m, they a11 tend tn have temperatures 

near 240°C and pressurea near 35 kg/cm2• which uaua1ly meana well below hydro-

static (~ite, 1973). Th18 uniformity in the initial conditions is believed to 

be strongly influenced by the maxtmum enthalpy of saturated steam (James, 1968; 

Sestini, 1970; White at sl., 1971). 
o 

The material and thermodynaaic proparties of tbe different components of 

geothermal ayatems are an important conaideration in any attempt to develop real-

1stic uodela of auch systema. 

pure water st preasurea up to 

Fig. 1 presenta a pressure-enthalpy diagram for 

700 kg/ca2 and temperaturea up to 500°c. Dissolved 

salta are, of course. common in geotherasl wat~rs and atudtea on the effect of 

salinity on beat capacity (Nevens and Pool, 1964; Likke snd Br~ley, 1973), density 

(Nasa, 1970), viscosity (Mattbews and Russe11. 1967, Fig. G4), and msximum thermal 

gradient (Rasa. 1971) of brines are svstlsble. Helgeson (1968) has tnvestigated 

tbe thermodynamic characteristics of the Sal ton Sea geothermal system where the 

highest concentratinns, approacbing 300,000 ppm, bave been found. 
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' The_theraal propertiea of rocks are very important aioce the dominant frac

t1on of tha total energy in a geotbermal ayatem ia in the aolid matrix. Co~pre

hensive tablea of theae propertiea for dry roeks have recently been compiled by 

Kappelmeyer and Haenel (1974). Thenaal eonduetivitiea for ll(l&t dry rocks range 

froa 4 to 10 ucal/em aee °C; apecific beata are approximately 0.2 cal/g 0c; and 

thermal diffusivitiee ran¡e from 5 to 15 em2/aec. Kappelmeyer and Haenel alao 

include the effecta on eheae theraal propertLea of temperatura and preaaure. 

The thermal conductivity of fluid-aaturated rocks ia dependent on the con

ductiv1t1es of the dry rock and the aaturating fluid aa well as the phyaieal pro

pertiea of che rock. An4nd et al. (1973\ and Somerton et al. (1974) have ehawn 

hov theraal conductivitiea increase vith brine aaturation and becoae .ore aensitive 

to temperature change. They diacuaa 

tivity from other rock propertiea. 

correlationa for predicting thermal conduc- ~ 

The hydraulic propertiea of the rocka are al&o important since they control 

che fluid .avement. Ihe abaolute valuea of permeability and porosity for roeks 

vary considerably and muat be meaaured or estimated for sny given ayateG. A fev 

~rkera hsve studied the thermal effects and report that the sbaolute perGe&bility 

tends to decreaae, sometlmea aignificantly, vith increaaing temperatura (Greenberg 

et al., 1968; Sanyal et al., 1972; Casse, 197~). There are alao important effecta 

of temperatura on relative permeabiltty (Edmonaon, 1965; Davidson, 1969; Poaton 

et al., 1970; Weinbrandt et al., 1972; Lo and Hungan, 1973; Ramey et al., 1974). 

In atudying the effects of preiaure, a nUQber of vorkera (Knutson and Bohor, 1963; 

Brace et al., 1968; Vairoga at al., 1971) have auggeated that peno.eabiUty dependa 

only on effective stress; that 1&, permeability ta dependent only on che differ-

ence berveen hydroatatic confining pressure and interna! pore presaure. Rovever, 

Zoback and Byerlee (1975), have recently ahown that pore preasure haa a stgnift

esntly larger effect on permeability under isothermal conditions than does con

fining prenaure. 

• 
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• Ju this revicw of rhe prot>lcms involv<>d in mod!'.ling geoth<'rmal reservolrs, 

we shall first pr~~ent the tovcrning cquations !or energy and mass transfer in 

porous media. Thcn ve s!wll couSider """"' of rhe fund..,.ental concepts th:n h<:lve 

been devclopcd for (acrors that aff<>ct the development of free and forced convcc-

rion in geothermal systems under natural conditions. Lastly, ve shall rcvlew the 

results of severa! efforts tbat have been ~de to ~del gcothermal systems during 

exploitation. 

GOVf.RNING EQUATIONS 

Let us consider a porous mediua completely aaturated with a single-componcnt 

homogeneous fluid which can be etther in a Hquid or gaseoua stare. The liquid 

snd sas phasea are assumed to be separated locally by a distinct interface due ro 

capillarity. Sinee mass m.ay be transferred frOCII one phaae to anotber serosa the 

~interface by vapori~ation or eondensation, 

balance e9uation for both pbases 

tt is eonvenient to write a single maa~ 

ie (~ SLPL + 4> SGPG) • 

R.Bte oí masa aeeu!IW
lation 

'" 
Conveetive IJIIIIIs flux 

All matbeaatieal aymhol11 appeartng in the tezt are macroscopic quantities defincd 

over a representative elementary volUQe of the poroUII medium. For a definition of 

these symhola the reader ia referred to the Nomenelature. 

It is aenerslly believed that esp11Lary presaure between tbe pbasea ia small 

relativc to ab.olute pressure, and as eaeh phase may flow independently, we shall 

aaaume Oar~y' a law in the form 

. ' 1 

• 

• 

kil '' ' ,, 
kij kr ' 

,' 

("-.. , ,' •,) (2) 

(*;- ,' .,) (3) 
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The relatlve pe~abilities k L and 

' 
k C are functiona of fluid saturation 

' • 
and, aa aentioned earlier, they aay alao be fuoctions of temperatura. ~cent 

studies (Coata et al., 1974) indicate the latter effect ia important and ahould 

be taken into account. 

An energy balance equatlon =uat alao be cooaidered, and one way to derive 

auch an equation in terma of macroacopic quantitiea ts to follow an averasing pro-

cedure (aee Appendb). Equation A21 1a a general fora of the macroac:opic energy 

balance for the caae where irreversible viscous diaaipation of mechanical energy 

"-- and transfer of ldnetic energy between fluid and rotk are negle"-ted. An attempt to 

~ derive a aet of more geoeral equationa conaidering mechaoical interaction between 

roe~ and fluid haa beeD Teported recently by Brovnell et al. (1975). lt 1s cuatom

ary to aaauae that not ooly ia the capillary preasure iero, but also that the solid, 

Uquid, and gas are locally in thermal equilibrium. In this case (A21) reduces 

(A22) which can be written more conveoiently without the angular brackets as 

Rate of interna! energy accumulatioo 

' • ' ., + ' 

") .. , 
Conductive and <.:ispersive 
internal energy flux 

(v/ + v/) ,,, 
Convective interna! energy 
H= 

Rate of reversible mechanical energy 
(vork) conversion to internal eneray 

Our ~t~tical aoalyaia indicatea tbat 

- (57 

Leboratory experll!tents show that .,e~; iB not always given by (5) (CO!aharnouo and 

Bories, 1973, Fig. 6), thua implying that the aasumption of lncal thermal equili-

brium may not alwaya holá. Horeover, as mentioned earlier, thermal conductivity 

may alao be a funcrion of temperatnre. 

Equatioo 4 can be reformulated in terma of enthalpy by writing h - p/p 
• 

• 
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and, "" sbown fo (A25), 000 then has 

[• SLpLhL+ • . ] se Pe he+ (1~) Ps.hs - a ( eff 
a,.i oc iJ 

,_L L + G ,_G G) + 3(tp) ( f, C) !f._ 
" vi p " vi Ct + vi vi 3x

1 V 

' 

aT ) ,,, 

ThiB h identieal 11ith an expresdon reported CATlier by Hercer et al. (1974) 

cxcept th.at we have ODdtted souree terms. 

,,, 

In the particular case vhcre only one fluid phase is prcsent, the ener&y equa-

tion can be convcniently expreased in terms of temperature and, as &hown in (A3l), 

one oblains for a liquid saturated medium 

' ., 
- a (oH ax

1 
.: tj 'T ) -.;;;-

(7) 

~ aimilar expresaton holds for a medium saturated vith sas. 

The above equattons =ust be supple=cnted by equations of &tate relating the 

thermodynamic varisbles e, h, p, IJ, S, p, T. Ro!re it 1s custoury to a&SUIIII! that 

all phases are in cquilibrium and that thermodynamic relatiooships bctween mncrD-

scopic quantities remain the s~e es those between the equivslent point qunntities. 

In particular, the macroscopic aaturntions SL end SC are aesumed to be uniquely 

detcrmined by the pressure and total energy or enthalpy of the fluid (both phaaes 

' combined). In other vorda, whenever two phaaea occur siaulteneoualy ata point in 

the eyat~, their p-T relationahip ia uniquely determined by condltions at the 

vapor pressure. 

Although capillary pressure ia neglected in the governin¡ equstions, it =ay 

atill have an important effett on therm:>dynamic properties. R&mey et al. (1913) 

expLsin that the vspor-preaaure curve in the pruenee of uneven capil.lary surfeees 

.ay be lower. than th~t quoted in steea tsbles. Clllhoun et al. (191i9) sbovtod that 

' ' in codsolidated ssndstones the 
' ' ' o 

vapor-pressure curve at.36 C 

'' 

• 
is significantly 

.. 
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affected by a decreasin¡ liquid ssturation. However, cady (1969) and Bilhattz 

(1971) wete unable to confirm thia effect on unconaolidsted aanda with tempera

tutes be~een 121°C and 240°C. The effect of captllary ptessute therefore remains 

unclear, 

Sooe geothermsl systems such &9 thoae in Imperial Valley (C&lifornia) involve 

waters of high aalinity which cannot be treated aa a ho.ogeneous fluid because 

salt concentrations are not unifor.. In thia case the masa as well aa energy 

balance equatlona (see Appendia) may bave to ba modified to include a term for 

dispetsive mase flux and an addit1ona1 equation for maea balance of the aolute. 

Another comp1ication may ariae due to couplin¡ between thermal and chemical gradi-

ents which ~ifies the form of Fourier'a law of heat conduction (Dufour effect) 

and Fick'a firat 1aw of diffuaion (Soret effect). The presence of salta may a1so 

cause a alight lowering 

and this effect becomea 

of the vapor-preaaure curve (llaa.a, 1971; Re.mey et al., 197_3_ 

progtesaive1y more important as boiling proceeds, due to 

the increaaing salt concentration (White, 1973). Very little ia known about the 

behavior of theae so-called thermoba11ne ayatema, but a few tbeoretical analyses 

have appeared (Nield, 1968, 1974; Rubin, 1973, 1975 a,b,c). The discussion that 

follows ~111 be concerned Rolely with homogeneoua fluida • 
• 

GEOTHERMAL SYSTEMS UNDER NATURAL CONDIT!ONS 

Fundamental Characteristica of Free Coavection 

Mathe.etical mode11ng related to geothermal syste=s has long centered on pro-

bl~s of conveccive heat trana!er in a homogeneciua porous 1ayer heated from belov. 

Pioneerin¡¡; vork on this subject haa been performed indep-..ndently hy Rorton and 

Rogers (1945), Lapvood (1948), and Goguel (1953). Their efforta were directed 

prtmarily toward developing criteria for the onaet of convection currenta in a 

horizontal and 1acerally infl.nite !ayer. These analysea followe~ che pattern of 

earlier work by Rayleigh (1916), Jeffreya (1930), and others who showed t~at in a 

static !ayer of viscous fluid the critical temperature gradient (i.e., the 
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~radicnt 11t which ccllular or Bénnrd convection ia formcd) depends on thc..-mal con-

ductivity, thermal confficient of nxransion, kincm3tic viscosity, thickncss of thc 

layer, and the boundary conditions. Whcn fluid cannot 
n 

enter or lcav~ thc syst~. 

the resulting flow pnttcrñ is rcfr.rred toas "natural" or "free" con\·cction. 

When fluid flow is l'ntircly due tu hydraulic torces acting at thc bound>lri~s, the 

result is kno.m as "forced" convection, whereas "mixed" convection includes a combin-

ation of both phenomena. Early vork on the aubjeet vas reatricted to free coovec-

rion. 

In revi~ing the mathematical approach to free convcction in porous uedi~, we 

find it instructive to follow a recent devclopment by Beck (1972). Considcr a 

• rectangular boa of porous material resting on a hori~nntal surface and saturated 

by a ho~gcneous liquid (see Fig. 2). The verticsl sides are the~lly insulated 

(i.e., adiabatic), and the lower (z • 0) and upper (z • D) aurfaces are isothcr~al. 

~eaperature ;l at the bottODI is greatcr than T0 at the top, and all bolllldaries 

are iqlet111C4ble to fluid. 

In ~st analytical atudies of thcrmal conveetion, it ia eustomary to invoke 

the Rouasinesq approximatioo that apatial as we11 as temporal variations in fluid 

density can be oeglected ezcept for buoyaocy effeeta (i.e., everyvhere escept in 

the &ravtty tena in the e<¡uation of a;otion). In addltion, all coe!ficients in the 

governiog equationa are aasumed to be constant acalara, Under theae conditions 

the masa balance equation 1 reduces to 

••• ' .. , o o (8) 

In writing Darcy'a law; it is cust~ry to replace p by p (1 - ~(T - T )] in the • • 
gravity tena and add a term inc1uding the time derivative of velocity (compare 

with Eq. 2), 

' .. , --+....l:!....v 
; at k.P

0 
1 

o [1-~(T-T')]¡ _.!_ 
o 1 p

0 '" 

.. 
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(28) 

' • + ' ,, (29) 

Th~ dynamic: stabllity of this systcl!l can b~ fnvcstigated by a 1 inenr aocthod 

or ~y "" energy opproach. In th~ linear approach thc disturbancc.~ are nssun•cd to 

be m•all cnough for sccond-order tcnos ro be nc¡;lected. Thc conditi<>n.~ fur lll1lr¡;inal 

st<>bility (Le., stabiHty just at' the onsct of ronvcction) c:<>n thur. be d<>tcn:dncd 

from th~ above equot!ons nftcr reducing (25) and (26) lo 

aa"'v 6 

' " -

--

According ro the linear thcory, the critica! Raylcigh numbcr, Ra linear, 
o 

is the 

(30) 

(31) 

~llesr eigenvalue of thc resulting problem. Nowever, this thcory indlca~es only 

11 ncc:cssary conditinn for stability, aod the truc critica! Raylcigh numhcr =y 

Ra true < Ra linear. 
o - o thcreforc be smallcr, 

The energy method was íirst applied lo porous mPdia by Wcstbrook (1969) nnd 

was loter extended by Wanknt and &howalter (1970) snd Be"k (1972:). Stabilfty ¡,. 

est3blished relative to arbitrary disturbances subject only co the equation of con-

tinuity and correaponding boundary conditions. Since stability ac:tually depends on 

a !llOre restricted claus of disturbances satiafying (24) - (29). the crlticnl R.ay-

lclgh number obtained mny be too conservativa and we therefore have Ra energy < 
o -

~- true. ~ However, in thc pBrticular case considered here, both ~thods lead to 
o 

the same e1geov11lue problem aod therefore Ra linear 
o - energy 

Beck showed that the eig~ovalue problem ha.a separable eigenfunctions, the 

velocity c:omponents of whic:h are 
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sin (trrZ) 

where U(Z) and V(Z) are functiona of ' only. The correspondin¡ critica! Rayleigh 

n1111bers ... .. -n
2 ~n (b + t 2/b) 2 - n2 lldn (b + b -1¡2 (33) 

' ~.m,n 

(n2to/>l'-t 
••• 

lolhere b - [<••?to/> + .. , ' - ' . 
Equation 33 shows that the critica! Rayleigh number dependa entirely on aspect 

' ratlos o
1 

and o
2

• The miniliiUlll posaible value of Rae is 411 corresponding to b • L 

' Lapwood (1948) obtained Rae • 411 for the caee of a laterally infinita layer, thus 

indicatlng that vertical valla tend 

nearly equal to ' 411 unleaa 

narrow and tall bnx. 

to atabili&e 

are leas than 

the aystem. However, Ra remains 

about 0.8, as coa. y happen e in a ·-

Geometry becomes more important when one considera the mode of convection. 

lt is evident from (32) that whan m • O, the horizontal velocity v1 vaniahea, 

which givea rise to n convective calla known as "rolls" (see Fig. 3). Since Rae 

corresponda to t • 1, v
3 

in (32) la identically zero only at Z • O and Z • 1, 

and thus the vertical extent of each roll is equal to the height of the box. A 

typtcal temperature profile in a plane perpendicular to the axis of such a roll 

is shown in Fig. 4. Rolla are invariably preferred over three-dimenaional cella 

whenever the heigbt O ia not the amalleat dimension. When rolla do form, they 

are usually psrsllel to the ahorter eide, although the overriding rule ie for 

the numher of rolla and the dlrectlon of thelr azes to be such that each roll has 

the closest approximation toa ~quare cro~a-~ection as poasible. Three-dimenaional 

cella ~re preferred when a1 , a 2 , and D are nearly the sama aize (i.e., a cube) 
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l'.ner¡:y balance ia usually expressed by .~ simplificd vera ion of equation 7, aod 

~ck write~, using our notation 

(pe )eff aT 
" + 

eff a 2 T - - p ' ., ' -, ' ;, o ' a., a., 
wherc (pev)eff • + (l-•lil ' ' • -p· e ' ' o • ' 

lnitially, the systcm is assuoed to be in static equilibriu. so that the 

pres~ure is hydrostatic. Thus, 

o ., - (O, o, 0) and T0 - T+(T-T)_;. 
1 o 1 D 

. . ..._, 

(lO) 

(11) 

Under the~e cooditions, tbere are no convective currents .ind the system 1,; sald to 

be "statically atable." Let a small volume of fluid auddenly bc brought from !:leva-

tion e a O to a higher elevation = > O, thus superlmposing a disturbance (vi', T', 

p') upon the ''basic atare" ,o, o '). \le now wanr 
-·-

to determine whether or not 

the ayatem ia "dynamically atable," t. e., whether 

~build up to the level of a discernible convective 

this diaturbance will die out or 

current. Equationa 8 - 11 as 

well as the bnundary conditions muat be aatisfied by the dlsturbed state as vell 

as by the baste state. Thus, by writing these equ&tions firat iri terms of 

{vi
0 + v

1
•, T" + T', p

0 + p') and theo in 

th<'l secoftd ser fro111 rhe fiut to obtain ... 
' 3111 .. o 

1 

• 
... 
_!___ + ....l:!..... 

3t I<P
0 

'1 ' - - B T' ., 1 --
'o 

• ~.P.,..{pc )eff 3T' - -' ' v' a ~T0 +T' ~ . " ' 
' . 

o • ' 
aubject to the boundary conditions 

v'n .. Da' 

' ' ,. .. O et e '" O, D 

.. , 

we can subtract 

(12) 

!.: 
a., (13) 

+ Keft .... 
' O..o:i 

(14) 

\ 
(15) 

{16) 

.-,,-

' 
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..,here n. is thc unit our"ard normal to the boundaries of the box. 

' 

o·,, 

To redu~e thesu equatlons toa dimensionless f<1rm it \g hetpful to <•Se tlo" 

follo .. ing dimensionless groups: 

Thermal dHfuR\Vity: Cl • >;df /(p
0 

"-,.,) ( 18 ) 

( l 'J) 

Prandtl nucber: ,, (20) 

(21) 

Aspect ratios: (21) 

The Rayleigh number relates buoyancy to viscous retardntion, wher.,as the Pnmdtl 

number relates tl\ennal diffusivity to viscous rctardation. lf we also d<'fine a 

set of dimensionless variables 

o v
1
'/(u Ral¡) 

~ ca./o2 
X • x/D 

""can revrite (12) - (17) as 

zero for 
¡ .. 1,2 

X • + 1, 

zero for 
i - 1,2 

r
0

- k r'/(11 o 

y • y/D ' 

z "' O, 1 

• 
(23) 

(24) 

(25) 

(26) 

(27) 
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or wben the height ia leas than both lateral dimenaions. For a cube, Che aotion 

reaemblea a toroid wtth vertical axis through the center of che box. ror further 

detalla regarding theae concluaiona, che reader is referred to Beck (1972). 

It is important to recognize that all of theae resulta have been obtained 

from an analysis of ~rginal atability and are therefore limitad to Rayleigh 

numbers in the immediate neighborhood of Ra • In order to obtain resulta for 
• • 

higher Rayl~igh numbera one must either perform experimenta or sol ve the governtng 

equationa b~ an appropriate analytical or numerical technique. A larga number of 

' 

~ auch atudiea concerned wtth both steady and nonsteady state aituationa have been 

• 

reported in the literatura and we ahall try to aummarize briefly aome of the moat 

important aspecta of thia work • • 

One effect of convective motion ia to increaae the rate of vertical heat trans-

fer through the ayatem. Thia la meaaured by the Nusselt number, Nu, which is deftned 

as the ratio of total heat flow in the presente of convectton to that by conduction ~ 
only. For Rayleigh numbers lesa than the critica! value, Nu • 1; otherwiae Nu ~ l. 

Fig. 4 ahowa the ateady atete temperatura distribution correaponding to a roll at 

Ra • 100 for which Nu • 2.6. 

According to the crtterion of Platzman (1965), a syatem will tend to establiah 

a moda of convection which m&Kimizea the rate of heat transfer. At Rayleigh num-

bers near Rae, this meana that calla with nearly aquare croas aectiona are preferred. 

However, at large Rayleigh numbera, Combarnous and Boriea (1973) and Horne and 

O'Sullivan (1974) show that the preferred cell width dependa on Ra, with aspect 

ratios nf 0.5, .33, and .25 correaponding to Rayleigh nuttbers of 280, 400 and 700, 

for leyera with no reatraining side walla. Similar effects of reduced cell width 

witb increaaed Ra are observad for box módela with reatraining aide valla • 
• 

Combarnous and Boriea (1973), Holat and Aziz (l972b), and Sorey (1975) found that 

Nuaselt numbera are nearly the same for two- ' and three-dimensional motions in Rtable 
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~onvection states. Thc rclütionship bctween Ra and the maximum Nussnlt number for a 

laterally infinito layer is plotted in F1g. S. 

sorey (1975) furthnr indic~tea that the cellular pattern and Nusa~lt numbor 

at ateady atare may depend on che initial conditions tn the box. Uaing uniform 

inicial remperaturn and proasure diatributions in a aquar~ (two~dimnnsional problem) 
• 

with Ra ñ 100 led to develop~nt of two colla with Nu • 2.2. With ft non-uniform 

temperatura distribution, che resulr was a single cell with Nu • 2.6. Horno and 

O'Sullivan (1974) report from numer1cal as well as laboratory experimenta that for 

a uniform initial temperatura distributioo, heating the lover boundary slowly 

• 
insteady of tnstantaneously resulta in unicellular rather th&n multiccllular motion. 

In other words, the ~e of convection ia not necessarily unique but mny dcpend on 

the past history oí the system. A hyatere&is effect nas alao been noted by Elder 

(1967) and Karra (1968}. 

As Ra increases to 280, the system tenda to develop a more favorable mode of 

eonvecticn and, as a reault, the- fluid ma.y atatt lluctuatin&. "rhes" lluctWiticng 

will be irregular when the boundary conditicns are untforu, but mny develop intc 

stabl .. oscillatior.s when the boundariu are heated in a nonuniform fashion. Horne 

and O'Sullivan (1974) report isotherma duriog a single oacillation when half of the 

bottcm boundary has an elevated unifonr. tl!lllperature as ahcwn in Fig. 6. A rough J 

calculation for the Wsirakei geothermal re¡ion indicatna that, if the depth is 5 km, 

the oseillations would have a time constant on the crder of 1000 years, and it 

would therefore be practically impoasible te detect them, 

Free Convection Modela 

Numeroua authors have attempted te extend the analysis of free convectinn te 

more realistic systems. There are, however, severa! complicsting factors, The 

coneept of a critica! Rayleigh number may not apply in gentharmal reaervoirs where 

Jtizontal temperature variationa undoubtadly exiat alons boundins aurfacea. Free 

convettioo is then set up for any value of Ra > O, although ita effect en the 
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thel'1111>1 o.nd hydrologic regiOICS should be negligible unless Ra is large. Donal<lson 

·(1968b) estt.ates that in geothe~l arcas Ra ls in the range of S00-5000. 

Caltagirone er aL (1971) suggest che eoncept of a local RayleJ.&h numbf,r wllich 

varies spatially within che reservoir to account for the fluctust,in& convective 

motinns observed. 

Combarnoua and &orles (1973) evaluated the effecrs of assuming thermel equi-

librium between salid and fluid phases (Eqo. 4-7) for aystems with Raylcigh numbera 
• 

vell above theoretical critical values. CompariaonD of experillcntal and numorical 

resulta for the Telar.iooship betweeo Ra 11nd Nu Dumbers uaing various co01bina-

tions of poroua media and fluid typeR indicare that the asaumption of thermal equl-

1 librha between salid and fluid pbasea h adequate for Ra at least as high as 2000. 

Rolat and Aziz (1972a) and Sorey (1975) inveatigated effecta of temperature 

and preaaure-dependent parameters on heat tranafer in convecting systems. For 

~vater, the dominant influence is the_viscosity vari&tion such that as thc tempers

turc difference acroas the permeable lsyer t
1
-t0 increases, the effective Rayleigh 

"number increaaea over the value calculated from equation 19 using parlliiW!tern com-

puted at T "' T0 • The Nuuelt number would be correSpondin&ly greater and the 

critical Raylei&h number, lower than for the conatant paraaeter case. Alternatively. 

if paraaetera are evsluated st T "' (T
1 

+ T0)/2, valuea of Rae and the Ra vPrsu~ Nu 

relationahip atill vary vith T1 - T0 due to the nonlinearity in rhe temperarure 

dependence of e , p, nod J.l (Sorey, 1975). • In contrasr, realistic vsriations in 

fluid dennity with pressure were found to hsve negligtble effects on the cellular 

convection problem. 

Studlas have al"" been made on the effect of varioua uniform boundary condl-

tions at tbe s.afaces of th .. homoge118Cius rqlon on Rae. Lapwood (1948) inveati

gated a latardly infinita laya in whicb tha !ovar bowldsry 1s i~~~per.uble and 

tbe uppar bounda.ry 1a DBintained at constant praaaura and found tbat Rae"' 27.1. 

Lapwood alao found that vhen the upper boundary 11 a perfectly conducting free 
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aurfa~e. then Ra 

' 27.1 < Ra < 4~2 . - ,_ 
' • 411" ; but when it bec0111ea an 1.1q:>erfect conductor, tben 

' 
A table of Ra valuea for a variety of uniform boundary c:ondi

' tiona 1& given by Nield (1968) and in all cases, Ra < 4w2. ,_ 
Donaldaon (1962) analyzed free eonvection in a two-layer ayarea in vhich 

a permeable Llyer vas underlain by an impermeable but theraally conductive layar 

of equal thickneaa. Ihia reaoves rhe asaumption of an isothermal aurface at the 

bottom of the convecting layer. Sorey (1975) extended the analyaio to a three-layer 

ayate. with impermeable zonea above and below the reaervoir and found, in agreement 

with Donaldaon'a resulta, that vertical heat transfer ratea in the multilayer aya-

te=a were aignifieantly lesa than in the aingle-layer ayatea for rhe same valuea of 

Ra. n.e critical Rayleigh nuaber waa abo lesa for tbe mul.tilayer eyatems. Fig. 

7 sbowe how tempereturea within the impermeable leyere are diatorted by convection 

in the central leyer. 

Some work hea also been done on the prob1e1D of an inclinad Í.yet8lll bounded by ~-
isotherma1 surfacea (Combarnous and Boriee, 1973; Kaneko et al., 1974). Combarnous 

and Boriea ahow thst, since the ta.perature gradient and gravity are no 1onger 

colinear, tbe fluid h constantly ...,ving regardless of th~ Rayleigh nuaber. In a 

layer of infinita lateral eztent, the tendency at lDW Kayleigh numbera ie to dev-

elop unicellular convection parallel to the alope. If this ia coneidered the atable 

state, inatabilities develop at critica! Rayleigh numbera whicb depend on the angle 

of inclination. Wben thia angle la leas than 15°, Ra 

' 
• 40 and tbe mode of con-

vectton ia similar tO tbat obaerved in a horizontal !ayer. Above tbia 1ower lim1t, 

Rae increaeea repidly witb tbe engle of incliution and convective III!Ve~~ents uke 

the form of edjacent coila climbing upalope. Fluctuiting condiciona develop at 

higher and bigher Rayleigb n~bera (Ra ~ 240 - 280 for horizontal layer) as the 

ang1e of inclination increases. The case of the inclined box is more complex 

(Holat and Aziz, 1972a; Kaneko et aL, 1974). 

' 
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Wooding (1963) and Mc:NO!bb(l965) have ~tudied the effect of localhed heat 

;soureeo on the formation of vertical jet flowa. McNabb developed a boundery layer 

theory for convecti'lle flow ovcr a finite circular "hot plate" at die bottom of a 

se=i-infinite porous medium. He est~ted thc a~unt of heat convected from the 

hot plate as a function of ita temperatura and au¡geated that a similar approach 

could be U$Cd to evaluate the rate of cooling of a magma chaaber beneath a water 

aaturated poroua fonnation. 

Cheng and Lau (1974) have inveotigated Bteady state free convection in a vcrt1-

cal croas aeetion of an unconfioed aquifer in which the position of the water table 

ta not known a priori. The aquifer 1& asaumed to reat on an impermeable horizontal 

heat aaurce of variable te=perature and is bounded on ita sides by vertical iso-

thermal surfaces of constsnt hydraulic head, representing contsct with the ocean on 

a volcanic island. Dispersion and gravity effects due to vsriationa in salt con

~tent between freah water and sea water (mi~ing occurs by virtue of the vertical 

bound&ry conditions) are implicitly neglected. By solvin¡ a linearized verslon of 

the governing equations, the authora ahow that preasure in the aquifer reaaina 

nearly hydrnstatie. Temperatura 1u greatly affected by the si:r.e of the beat 

aoutce but ita loeation is lesa important. There la a DOticeable upvelling of the 

water tabla direetly.above the heat aouree, whieh dependa primarily on vertical 

temperatura gradtents and nature of the heat sourca. 

Much additional literatura on varioua tbeoretiea1 and experimental aspecta of 

free eonvect~on in homageneous media ia ava1lab1e. Ho1st (1970) has pub1ished an 

extensiva review of the literatura and the atate of the art has beso summarized 

more rseently by Combarnous and Borlas (1973). For subssquent deve1opments, the 

reader should consult the works of Fernandez (1972), Holst a~d Aziz (1972 s,b), 

Huuoka (1972), Palm et aL (1972), Sun et al. (1972), Gupta and Joseph (1973), 

Cheng .1nd Lau (1974), Comb.a.rnous and Boriea (1974), llorne and O'Sullivan (1974), 

ltancko ct al. (1974), Straus (1974), Yen (1974), Weber (1975 a,b), and Sorey (1975). 
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Pipe Modela 

An alternative concept for convectioo in geothermal area& is the pipe ayatem 

in which the fluid no longer flnWB through a homogeneoua layer but is channeled 

through zonea of relatively high permeability. Such zones may be caused by fis

surea or fractures wbich are known to control local phenomena such as springs, 

f~roles, and geyoera. As discussed by Einaraaon (1942), Bodvsrsson {1961), and 

Donaldson (1970), the occurrence snd distribution"of thermal ateas in Icelsnd and New 

Zealand could be controlled by variations in permeability as well as by spatial dis

tribution of the heat aource. 

Einarsaon (1942) and Bodvaraaon (1961) diacuaa the thermal areas of Iceland in 

11 um11s of pipe syscems involving deep circulation of water (2 to J b) snd dtscharge 

in hot springs. F.lder (1966) analyzed hydrotheraal ayatems in lceland and New 

Zealand uaing l~ped paramater and multi-dimensional modela to qusntify the general 

featurea of heat and masa tranafer. White (1957, 1961) uaed pipe systems to explai~ 

the chemical compoaition of watera aaaociated with volcanic and hydrothermal ayatem9. 

Donaldaon (196Sb, 1970) auggeata the uodel in Fig. 8 for a hot-water geother=al 

oystem. The uodel conaists of cold ieaervoira recharged from the surface. a verti

cal column through which hnt water Uovs, and a pemeable horizontal channel connect

ing the two. The aurrnunding medium is aaa~ed impef"'ll<!able, and heat aupplied at 

the lower boundary maintaina the density imbalance and resUlting convectiue motion. 

Though the model is overaimplified, Donaldaon'a analysia allowa fnr thrnughflow 

frnm recharge to discharge areaa and secondary (circulatory) convection in the 

upflow column. Croas cbaracteriatica of hydrothe~l syatems are aimulated by 

adjuating teaperaturea at the base of the model, dimensiona and peraeability of 

the vertical column, ~ redatance to no.:. in the re~~~~~inder of the pipe ayatem. 

Mathemstical deacription of the model tnvolves the single phase, ateady atare 

equivalenta of (1) and (7) which are aolved by numerJcal relaxatinn for the bound

ary conditions sbown in Fig. 8. Uniform thermal propertiea are assumed throughout 
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Fig. 8. Pipe model for hot-wnter geothermal aya
tea (after Donaldson, 1968b) . 
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and conatant valuea for k and ~ are uaed in eacb of che pe~ble channels. In thr 

abaence of aecondary eonvection in che upflo"v colua:~, the •ean .. aa flow rate is 

given by 

Q • 
P0 k S g (Tm - T0) 

<ulol b 
• (34) 

vhere Tm • mean temperatura in the column and b • 1 + aL/aD + A/D. lt ia not clear 

from Oonaldaon'a analyaia whether u/P is determinad at T0 or Tm. Fig. 9 illua-

rratee the relationship betveen Ra and No vith throughflow and necondary coovection 

for a column aapect ratio 2a/D • 0.5. Here W • p0 k B 8 (T1 - T0)/(u/p) ia a mea

sute of the maximum posa1ble throughflow from buoyancy unbalance alone. Menee, 

Q/W • [(Tm- T
0

)/(T
1

- I
0

)] (1/b). lt h eeen ftoGI Fig, 9 that the heat tranoferred 

by circulatory flow decreases markedly as the throughflow increaaea. Fig. 10 illu-

arrates how throughflow in a coluan with 2a/0 • 0.2 and Q/W • 0.05 tenda to aweep the 

tircul.atory motioo up the channeL 

Sorey {1975) modeled heat and llquid aaaa transfer 

the two-dimenalonal modela ahown in Fig. 11. Transient and stesdy state conditions 

were a~sted nu=erically to determine conductive hest loases from the vertical 

conduit and itl effect on teaperature Tap of water diachsrgin¡ at the apring. 

The lower boundary was formed by the top of a reservoir with water at temperature 

Tb, and the upper boundary was tbe laod aurfac:e ar teDperature T8 • The relatlon-

shipa between dimenalonleas temperature drop, 1 - . .,. and the dimenaionlesa aaaa 

flow rates for the circular conduit, •,. and the fault plane conduit, mp' 

plotted in Fig. 12. 

Expreasiona for the total conductive heat loaa are [211" o:;eff D (T~ - T ) m 
.u 11 t 

{1- e
8
p)] for the cy¿lnder and [2 .::eff D (Tb- T

8
)_mp (1- e

8
p) L/4} for the 

plane. The plsne model appllea where fluid riaes in a fault ,;one wbose lateral 

extenr 1sconaider3bly greater than the diB<:harge ares of the hot Bprings. Campar-

ing the twD modela for the same total ~as flow, the fault plane model has greater 
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Fig, 10, Effect of tbroughflow en circulatory convection wlth · 

)la • 420, 2a/D • 0.2, Q/W • 0.05; (a}, isoth<!nllll nor-
11118lized auch that O~ e _i 1.0, (b) atream.linea h 
arbitrary unita (after Oonaldaon, 1970). 
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Fig. 11, T\lo-dilaensioDal codda for hot apd•>& 
ay~t-• (after Sorey, 1~75). 
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Pig. 12. Dilnensionleaa t"'"perature drop, 1-6 , veraua 
diDensionle&a masa flow rates for •Pcircular 
conduit, m , and fault plane conduit, m , in 
hot aprin¡csyatau (after Sorey, 1975),P 
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heat loas and 1110re tCII1perature dr<>p titan th.e cylindrical conduit model. 

) The ateady-atate t~perature distribution in a fault plane model with a aprtng 

discharge of 100 lpm ia shovn in Fig, 13. Distortion of the temperatures due to 

convective motion in the conduit 1s confined to a zone of about 1 km on eithcr sidc 

of the fault. At the land surface, thc conductivc heat flux near the spring is 

approximately 50 heat flow units 2 (50 ~cal/sec cm ) and decreases to sbout 3.4 hest 

flow unita as distance exceeds 1 k.. Theae resulta vere obtained 

•) o 
10 cal/cm sec C and cv • 1 cal/gm "c. 

•" using oc -
Analysis of the tranaient behavior of theae ayatems (Sorey, 1975) shows thnt 

perioda of 30,000 yeara or more are required for the aonductive the~l regiue to 

reach equilibrio. followiag the geologic development of the spring syst~. Somewhat 

shorter t~e per!ods are required if eonv&ctive mot1ons in the rock surrounding the 

spring eonduit are eoris1dered. Simulations under tbese eoodit1ona are deacribed by 

~Jrey (1975). 

Analyaill of pipe 1110dels has been extended by Elder (1966) aud Donald&on (1968a, 

1970) to include boiling'in the upf1ow channel. Eldar has developed relationahips 

between .asa flow rate, fluid enthalpy, resiatsnce to flow, and the energy aupplied 

by a heat aource for ehanneled circulation esuaed by buoyaney differeneea between 

reeharge and diseharge areaa. ae eoncludea that for aystema w1th large energy 

input or large resistanee, the diseharge (Gasa f1ow) is not suffieient to transpurt 

the energy unless the fluid aoves in the form oí ste.a. With lov energy ioputa or 

~11 reaistance, the circulating fluid ahould t~in a liquid except for a shallow 

rone which may eontain ateam. This approaeh has been applied to the Tuseany thermal 

areaa naar Lardarello, ltaly, and the TaupO syste1:111 le New Zea.1and. 

Donaldson's (1968a) work ~o1ve• •teady flov of a boiling liquid in a verti-

cal ehaonel. The remainder of the tirculation syst~ including the heat aourea 

~a conside~ed only as eontrolling temperature, pra11ura, and ~•• flux at tha 

bottom of the diseharge channel. Lateral heat eonduction is neglected ao that tha 
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equations are one-dimcnsional. Por the case of oniform permeabllity nnd amall 

.ass flov rate, only liquid flow is eonsl.dered. Coaparhon of the ruultant pru-

aure-depth relations vith saturation preasure curves indicares that boiling will 

not oceur for ayatema wi th cv •fr::ef! -s -1 
~ 7 x 10 e11 , whcre 11 is ~~~o~~sa flw: per 

uoit area. When thia eritical value is exeeeded, boilin& muat oeeur in the upper 

seetioo of the ehanncl. 

Tvo-pbaae flow in thia upper 're¡ion is dueribed by the one-dimenaional, sready 

atate for.s of equatiooa 1 - 3 and 6 without the preasure terms. At the interface 

between the two-phaae and liquid-saturated regions, the boundary eonditions are 

eonstaot ~• flux and eoostant te-perature equal to that at the channel base. 

Thus, the lover region ia treated as 1sothermal, aud in the upper region, tempera-

\ • ture and pressu~e are related by the vapor presaure ct.~rve for ;water. The equationa 

are solved analytically to yield temperatt.lre and prea.ure, water fraction, and water 

aa "functiona of depth. -ansl stum flov ratea 

relationlhips is m/k as 

11>e cot~trolling pa.ramet_C't in these 

aeen in Fig. 14. Thua, the onaet of boiling is indicated by 

-rhe valúe of vhereas when two-phaae conditiona eziat, the controlling 

pa.rameter ia alk. Effects of vertical heat conduction ar~ aignificant only if 

Keff/k is grester than J x 108 cal/e~~ sec 0c. Donaldaon concludea that once boil-

ing c..-ru::es, it extend &OG&e 200 - SOO aaters dovnward and henee thh tvo-

phase re¡ion muat be conaidered in atudying seothermal ayatC~aS. TWo-phaae condi-

tions in columna vith va"tiationa in vs"ttical pe"tmeability have alao been discu&sed 

by Donaldaon"(l968a, 1970) • 
• 

GEOTHERMAL SYSTEMS DU:RING EXPLOITATIO!l 

~ed-Pa"tameter Modela 

'Ihe COftCept of a lumped-panmeur IDO<Iel providea ona of the ai~~~plest _.na 

for describiag behavior of a geothermal syst""' du"tiDg exploitation. 11>e baste 

idea 11 to view the entire syatem as a perfcct mixing cell fo"t both masa snd 

energy so that apatial varistiona in concent"tation can be neglected. Instead of 
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couaiderla& the inte~nal dlatribution of maRa and ener¡y, attention ia reatricted 

to the total amounta generated vithin the ayatem as well aa thst crnaaing tbe 

boundariaa, Since time is the ouly independeut variable, tbe aystem can be char-

acteri~ed .. themstically by a aet of ordinary differentisl equationa or an equiv-

alent eet of algebraic ezpreaaions repreaenting total masa and energy balance. 

The fiut and b .. t lcnown lumped-para~~et...- IIOdel of a productng geothen:aal 

reaervoir vas developed by Whiting and Ramey (1969). Tbetr system has a bulk 

volume V and containa vapor, ~ter, and rack. Figure 15 ia a schematic diagram 

of tbe ayatem fra. vbicb a atmple masa balance yielda 

• "• (35) 

where Me • current ~as of water (vapor+ liquid) in place, H
0 

• Lnitial Dese of 

water in place, Me • inflUlt of liquid (no vapor la aasumed to en ter tbe system), 

Hp • masa of water {vapor + liquid) produced, aftd H1 • masa of vater {vapor + 

liquid) loat by leakage. Water ~y flow in ftom an adjacent aquifer or leak out • 
of the syatem vis stesm venta, apringa, vild wells, etc. The water influx, Me, ia 

repreaented by a linear co=bination of terma eacb of wbicb ia tbe product of a tbeo-

retical time-dependent response function characterizing a certatn·aquifer flow 

geometry (hemiapherical, linear, or radial) and preasure. These cslculattons 

furtbe~ aaaume tbat tbe liquid inflow ia isotberaal with conatant enthalpy, he. 

In tbe ener¡y balance calculation tbe ayat~ is aaaumed to be in complete 

tbermodynaaic equilibrium. Accordtng to the firat lav of thermodynamica one tben 

"'" 

Interna! ener¡y 
change in fluid 

• - Q 

Net conduc
tive heat 
inf lux 

-, 
o 

Interna! energy change 
in solid rock 

Net convective 
enthalpy influx 

{36) 
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Fig. 15. Schematic diagram of lu~ed-paraoeter modol for geo
ther=al ay&tems (after Whitina and Raaey, 1969). 
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The volUIIe V can be expre1111ed as 

(37} 

where ' S 111 vapor (gas) aaruration and vG and vL are specific volumes of vapor and 

Uquid, reapectively, The phase diagra111 for \l&ter. (see Ftg. 1) indicares that in 

the particular caae where the ayatem cootaina only compressed liquid, tbe then.o-

dynamic path of decreasing preaaure due to production will be esaentially laother-

mal and iaoenthalpic. Equations 35-37 then lead toa maa11-vnlumetric balance simi-

lar to that ~loyed for petroleua productioa above the bubble-point, 

e 
M (v -

o 
e 

V - (K 

' 
(38) 

Addition.al working bypotheue lUde by Whiting and Ra.ey are that Q is negligibly 

small relative to other te~a in (36) and that hp ~ h~ (i.e., the enthalpy of pro

duced and lost fluid is the aame). 

t11e compreaaed liquid version of thia l1.1111ped-parameter model vas applied by 

Whiting and &a.ey to the Wairakei geothermal ayatem in New Zealand. The initial 

t~perature and enthalpy vere estimated from field data, and 8 leaat-aquare fit 

to the production hiatory from 1956 to 1961 wa8 uaed to deter.ine the init18l water 

in place and the inicial preasure. The uodel waa then uaed to predice performance 

through 1965 and agreement with meaaured data waa excellent (see Fig. 16). Predic-

tion of future performance from 1966 to the year 2000 took into account two-phaae 

conditio~ and indicated that presaure and temperature vou1d decreaae very little 

during thia period. Recent field data from Wainkei have ahown thia prediction 

to be incorrect. The model vas alao uaed by Cady (1969) to aiaulata a laboratory 

setup but had to be spplied aeparately to the two-ph8se 8nd dry steam reg1on8 

that developed. 

BrighaG and Morrow (1974) have adapted the lumped-parameter approach to 

vapor-domin8ted aystems {i.e., ayatems with 8 significant dry steam region) by 

considering three different distributions of vapor and liquid. In each case 

-
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ehe system is assu=ed to be c~letely cloaed (i.e., the baundariea are tmperm-

eable and adiabatic) and energy is derived only fram tbe rock masa ltself. 

Their first modal concern3 a single-phase systeu completely sstursted with 

vapor. They asa~ that since the hest capscity of solid rock la wuch ¡restar 

than tbat of steam, the ayate. t. essentially isothermal. Thus, there is no need 

for an anargy equation snd ooe can use a masa balance spproach similar ro that 

commonly ~ployed in natural gas reservoirs. This approaeh leada to a linear 

relationahip between p/Z and eumulative productloo 6KG according ro the equation 

of state for a real .... 
(•·'./) ,, '• 

.,, 
'• (39) • • ,, ' M O ' • • • 

vhere Z la compressibility factor, KG is masa of steam in place, and the aubscripts 

indicare different values of time. The intercept of this line on the abaciaaa ia 

equal ro the original fluid in place, M0G 

In the aecond aodel the vapor phaae ta·aeparated froa an underlying layer of 

Uquid by a horizontd interface at which bo111ng tak.es place, Sinee the vapor 

phase ia again aaaumed to be iaothermal, ita treatment.is similar to that in the 

previoua aodel. The liquid phaae changes ita voluae eontinuoualy and tbe corres-

ponding lumped syatem ia therefore defined as the pore &pace filled with liquid at 

tbe beginning of each preaaure decr~nt. Fot this ayatem the masa balance ia 

&imply 

• 

whereaa the energy balance for the fluid ia expresaed as 

Interna! energy change 

+ (Mos- M¡_ S) "vR (To-

Heat tranaferted f<~ ,_ 

• Mls "vs (To Tl) 

Hest transferred from 
rock to liquid 

' + '') ( e e 'í_ G) ¡;C • , Mo - Ml -

roe k " Entbalpy cf vapor 
leaving aynem 

(40) 

(41) 

' 

J 



1 

• 

154 
" 

' where M la masa of rock in contact with liquid, ia average enthalpy of vapor 

the average t~perature (T0 + T1)/2) and the aubacripta o and 1 indicare the 
• 

begtnnin¡ and end of a depletton atep, reapectively. Brisham and Morrow further 

aimpllfied thia equation by reformulatiog it in terms of enthalpy and neglecting 

the reaulting preoaure ter.s and obtained 

~S cp S (ro Tl) 

+ (Mos ')_s) c/Co; T¡) _ (-10L _ '\L) "' . h (42) 

Given a rata of production, the resulting syatea of nonlinear equationa can be 

solved in an iterativa manner. 

The third IIIOdel col181ders a vapor phaae ovnlying a layar of liquid except 

that now boiling occurs throughout the entire thickneea of this layar and ita 

depth remaina fixed in time, The reaulting energy equation is eaaentially aimilar 

to that of Whit1ng and Ramey (1969) witb tbe exception that only steam 18 alloved 

Application nf tbese modele to various bypotbetical reaervotra has abown 

tbat in estimating available reserves by extrapolation of early p/Z bebavior, tbe 

resulta will tend to be opt!.mhtic when porodty ts low, but peS81mi&tic when 

porosity is bigh. The constsnt liquid level ~del vas fouDd to predice bigber 

recovery for a given presaure depletion tban the falling liquid level aodel. 

The presence of even a small amount of liquid in the lower part of a ¡eotbermal 

nystem was sbown to be extremely important becauae it can account for a larga 

fraction of the total fluid JDSns and can significantly s!fect the resu.lta of a 

p/Z analyais. Finally, Brigham and Horrow conclude tbat "the atea~~ portioa of a 

reservoir will always remain tsothermal whether or not there ia boiling water 

below the ateam. Thua preaaure, tm¡>erature, and enthalpy aeasurments will 

not be completely diagnostie for dete~ining the original state of. the reaervoir 

• 

• 
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fluid system. Reca.use the steam remains eaaentially hothermal, it ¡radUslly 

' 
ineresses in enthalpy and becCIIe& superheated as the prenure declines." 

An interesttn¡ lWiped-parsmeter mode1 based on the saautll{>tion that the liqu.id 

and ¡as ph&aea are uniformly diatributed throu¡hnut the nyatem has been proposed 

recently by Kartin {1975). The ayst"'" ia aasumed to be completely closed and each 

phaae iB pruduced ata rate which ia related to ita relative permeability. His 

approach 1s based on a shaplified form of equstlona 1-J and 6. lf we ne¡lect the 

¡ravity teno in Oarcy'a law and substitute {2). and (J) 1nto (1), ..e can write for 

an isotropic medium 

. . 

wherc 

_; ('' ,., 
,, 

• 

•' • 

"-) ,., • 

k t' k' ,e k') < • < 
].lt ).IG 

• (pL 5t • o' s'J 

(43) 

Neglecting heat,dispersiori and the presaure terii.S in (6) ve obtain by the 88lle pro-

cedure 

where 

; ,., 

'h 

"' 
• 

• 

• (44) 

t ht k k t G hG k k G 
p < 

+ 
p < • "" " < ,' ,e ,, 

os' PL ht + ~ SG PG hG + (1~) ,s 
< S ' • 

since T and p are uniquely relsted by the boiling curve. The notion of a lumped-

.· 

parueter 1110del impltea that gradients of pressure, temperature, and eaturation ~ 

au ..... 11. !xpsnding (43) snd (4~) and neglecting the products of these gradiente 

leade to 

• {~5) 

' 
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Expandin¡ the time derivatives vith reapect to p and S yields the nonlinesr • ordinary differentisl equatlon 

¡,h a.f _ r aHh. '-"' • ., ,, ,, 
f 3Hh 1 (46) 

'-,, Ah aK 

"' 
In ths case of aingle-phaae flow, T and p are not related ~iqualy to each 

other, sDd the above ptocedure muat therefore be modified. If we neglett heat 

conduetion se well se disperaion, ve obtain the single~ph&'oe equivalent of (45) . . ' 

h ' with A • hA ExpsDding the time derivativee with reapect to p and T leade to 

the fo11ow1ug nonlinear ordinary d1fferentia1 equation, 

" " 
• (4 7) 

• Equationa 46 and 47 were ueed by Hartin to ca1culate numerically the relation-

&hipa between T, p and S in a hypothetical ayato:m free of gravity affecta. lnte-

grstion of (47) ahowed that in the case of a a ingle phaae, dT/dp la very aas11 aad 

the exp1oitstion procese is eseentia11y iaotherms1, Thia ia clearly illustrated 

in Fig. 17 which ahowa the thermodynamic pstha for varioua initia1 p-T cond1t1ons 

in a ayatem with ~ • 0.25, p5 • 162 

cal/gm °C), Keff • 40 Btu/ft day 0p 

3 3 S o 
lb/ft (2.6 gm/1;34 ), e -• 0.2 Btu/lb F (0.2 • o _, 
(0.0069 cal/cm aec C), k • 1 darcy.(9.87 x 10 

' cm ), and typical k valuea. Por eu11ple, froao b!.itial c_onditiona correspondiq 
< 

to point A, the temperatui-e will drop dightly along Une 1 as preuure declines. 

This correspondo to a single phaae (essentislly stesm) reeervoir vith tempersture 

and preaaure above the critica! polnt. However, if the syetem ia.inltially astur-

sted with liquid w.ter at polnt C, production causes an isothermal decreaae in 

presaura until the boiling curve is reschad. At this atage p snd T hegin to fol-

low the boiling curve vith a gradual incresee iu stesm aaturstion. Production of 
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atea=, however, starts only when SG rea~hea its ao-called equilibriu~ vslue at 

which the vapor phsse becomes 1110b1le (below thh vslue k.rG • O). The ratio 

between produced . ' steam and liquid water continues to increaae until S is reduced 

to a stsge vhere the liquid bec0111es i..obile snd production b restricted to sat

urated stea111. When all the water has been boiled svay snd SL • O, the tempera-

cure departa fr0111 the botling curve and superheated steam is produced under 

esseotlally isother=al conditiona. 

From hta study Manto further concluded th.a.t "vnder certsin conditions only 

·"-'· a relatively Slllllll IIIIIIIUOt of the bese initislly contsined in a geothermal res .. r-

! 
1 

voir vill be produced during preaaure depletion. Much of this heat may be con-

tained in the produced steam even though initially the reaervoir concains only 

hot water." This is dueto the higher heat content and lower viscosity of atesm 

as compared with liquid water. A Mimilar reaaoning also led Hartin to conclude 

that "for ""'ny conditions where gravity segregation of the steam and hoc water 

occurs during depletion, more of the total heat can be produced by completing 

wells high in the reservoir to enhance steam production and auppress water produc-

tion." When gravity effects are important, system C should follow the path shown 

in Fig. 17 until the steam phaae becomes mobile and gravity segregation begins. 

Since SG increaaes rapidly in the upper portion of the syatem, departure from 

the boiling curve will occur at con.iderably higher p and T values than is shown 

in the figure. In the lower portion of the syntem SL decreases nlowly snd 

therefore depnrture ftom the boiling curve w111 occur st lower p and T values 

than in Fig. 17. 

Distributed-Parameter Modela 

A model in which the propertiea of the rock and/or the fluid (e.g., satura-

tion, viacosity, presaure, etc.) are allowed to vary in apace will be called a 

distributcd-parameter model. By taking into account spstial variationa of theae 

propertiea the resulting problem =ay become too complex to be treated analytically. 

' 

• 
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• An alternativa approach la to replace rhe governing partial differential equationa 

by an equivalent aet of algebraic equationa and then solve the problem numerically 

with the aid of a computar. The purpoae of the following diacuaaion la to acquaint 

the reader vith soma of the resulta obtained to date by nuoerical stmulation of 

A considerable degrae of sophiatication in the numerical aimulation of lmmiac-

ible, multiphaae and ~lticomponent fluid flow problema undet-DOniaothermal condi-

tions has baen achieved in recent yeara by petroleum eaaineera. A brlef review 

of this work has been ineluded in a reeent paper by CoaU et al. (1974). Moat of 

thia effort, however, waa not coneerned with geothermal ayatems but waa directed 

t toVBrd the problem of oil recovery by •tealllflD<>d1!1B, hot vaterflooding, ateaao 

atimulatioo, aod otber tbermal proceaaes wbicb are of ~diate coocero to tbe 

petroleu- indostry. for ezample, Spillette and Nielseo (1968) bave studied tbe 

~ reaponae of ao oil reservoir to bot ~ter injection by aaauaing tbat the hydrocar

bona aod the water vill appear only aa a liquid phaae. Their model consista of a 

vertical croea-seetioo ineludin¡ a bori~ontal layer of aand eocloaed between two 

impermeable shale strata. Eoergy is transportad by cooductioo and convectioo in 

the saod layer and by conductioo in the ahale layera. Fluid den&ities aod viacoa-

itiea are taken to be temperatura dependeot and capillary presaure between the ~ 

tvo fluid componente ia taken into accouot. Tbe equationa governiog meas traoa-

port are solved by an alternatiog directioo implicit (ADI) iterative finite differ-

ence procedura whereaa the eoetgy equation is aolved by the .ethod of characteris-

tite. Ooe of the conclulliona of thia atudy waa that fluid eegregation due to 

gravity haa a sisnificaot effect on the ayatem coftSldered, 

Another two-dimeosional vertical eodel cooeiating of e aaod layer sandwiched 

between two impermeable atraca has been developed more recently by Weinstein et 

al. (1974). lo thie model fluid flow h alloved to telte place only in one 

horizontal directiou wbereaa energy 11111y be tranaferred. by conduction both 

• 
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horizontallY and vertically through the entire ayatem. However, the hydrncarbona 

and water can coexiat both in the liquid and vapor states, so that one must now 

deal with three distinct phaaea: oil, water, and gos. The gas phase ia a mixture 

of ateam and hydrocarbon vapor. lnterphaae masa transfer within each component ia 

&lloved en account for proceaaea auc~ aa water vaporization, atea. condenaarion, 

hydrocarbon diatillation, aolvent extraction, and aolution-gaa drive. The energy 

equation 11 expreaaed in terms of enthalpy, rock compresaibility ia taken into 

account, but capillary preaaura affecta are neglected. A finita difference 

·~· approach ia ~loyed with an implicit.preaaure-erplicit saturation formulation of 

the masa balance equation, which ia aolvtd aimultaneoualy with ~he energy equatinn. . i 

The authora aleo diacuaa varioua improved numerieal tecbniquea for invoking phaae 

' conatrainta and ealeulating maaa tranafer terma. 

A threa-dtmenaional finita difference modal deaeribing nonia~thermal, three-

phaae flow of oil, liquid vater, and ateam has been deacribed by Coata et al. 

(1974) for the purpoae of aimulating otl reeovery by a~eam and hot water injection. 

In thia modal fluid denaitiea are•taken to be linear funetiona of ~emparature and 

preasure, and the effect of preaaure on poroaity 1a alao caten b>to aecount. T1!.e 

masa and energy balance equationa are aolved aimultaneoualy by a diract method. 

A compariaon of ealeulated resulta with eKpertmental data indicated that the aim-

ulation procesa ia aenaitive to temperatu~e effecta on relative peraeability. 

The authora concludad that auch data, eapecially the temperature dependence of 

water relative permeab111t1ea, muat be taken into account. 

The ftrat application of a diatributed-parameter mode1 to a geothermal aya-

tem waa made by Mercer (1973) and Mercer and Pinder (1974). A comprehenaive 

• aceount of this work has been deacribed ,..re recently by Mercer et al. (1975) • 

The model consista of s aing1e-phaae, two-dimenaionsl areal (horizontal) repre-

sentation of the hot-water Waiora aquifer in the Wairakei hydrothermal ayatemof 

New Zea1and. The asas snd energy balance (Eq. 7 vithout the preasure t•rm) 

' 
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lGl 
a~e aolved in the ñori~ontal plane of the aqutfer by the Galerkin finite element 

approach, uaing iaoparaaetric elements as ahown In Fig. 18. Stnce the governing 

equationa are averaged over the thickneaa of the aquifer, cellular convection 

doea not play a role in the reaulting model. 

Howevet, vertical flow of fluid as well as energy ia allowed to take place 

betveen the Watora formation and the overlying Wairakei breccia aquifer through 

thE. intervenlng Huka Falla ah.ale (aee Fig. 19). The rate of thh vertical leakage 

ta taken to be proporrtonal to the differencea in head and temperatura between 

the two aquifera, the valuea of p and T in the upper aquifer beiug kep~ conatant. 

Inflowa of heat from the underlying 1gnimbritea into the Waiora aqutfer are 

treated as unknown source terma to be dete~ined by eodel calibrstion. The lateral 

bour~sries of the Waiora aquifer are assumed to be impermeable and i&othermal. 

Viscosity ia sllowed to vary vith te=perature whereaa fluid density ia calculated 

aa.s linear function of temperature and presaure. The model is also cspable of 

treating the heat disperston term in its proper tensorial form. 

The first atep in applying the model to Wairakei vas to adjuat the parameters 

so aa to reproduce the steady state condttions existing in 19SS, prior to exploi-

tation. Tite para:aeters that were adjus~ed at thh atsge" included element conHgu-

ration, heat sourcea at the bott~ of the equifer, dispersion coefficients, and 

permeab111t1ea. A sensitivity snalyais was performed indicating tbat dispereion 

' had little influence on tbe resulta, whereas the permeability of the Huka Falla 

fo~stinn bsd sn important e!fect on the temperatura distribution in the tbermal 

reservo ir. 

Tbe second stcp vas to 8imulate tbe response of the geothermal field to 

witbdraval of hot,water from a series of wells during the period between 195S and 

1962, using tfme steps of 30 dsys. The parameters of the model ~ere agsin 

sdjuated 80 88 to bring sbout a fit betveen tsltulated and observed data. The 

resulte shoved only 8 8light change in the configuration of the iaotherms during 

' 

-
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Fi¡. 18. Ne~rk of iaoparaaetrie elemeuts used iu distri

buted-para~eter aodel of Wairakei seothermal 
syste111 (after Ke"rcer et al,, 1975). 
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Fig. 19. Generalized geologic croaa-section of Yairakei 
geothenu.l ayate~~~, DatUIII plaoe 152,/o 111 above 
sea level (after Mercer et al., 1975). 
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the period iovestigated. Fig, 20 is a compariaon of computad and obaerved po-

tentiometric aurfacaa in the Valora aquifer for 1~58 and 1962. The single-phaae 

~el failed te reproduce hiatorical data after the calibrarion period of 1955-

1962 due te a considerable quantity of atea. that had for=ed in the Waiora aquifer 

' • ' as a reault of exploitation. · Fauer and Mercar (1975) are now developing a two-

• 
phase .odel to handla auch problea., - -

A two-dilull8ional ~~~<~del of tranaient aingle-tOIIlponent, two-phaae flow in a 

geotberGal ayate. baa been developed by ~oronyi (1974}. The model in baaed on 

Rquationa 1-3 and 6 (vithout the laat tvo terma involving preasure) aod utilizes 

a block-centered rectangular fioite difference grid eapable of aimulating flow in 

either a horizontal or vertical plane, The raaulting aquations are expressed in 

ao iaplicit backvard difference for. sad are solved s~ltsoeoualy by a line lter-

arive quasi-linearization (Nevton-Raphaon) .cheDe. Anisotropy is tsken into 

account with the restriction that principal permeabilities and heat conductivities 

~t reDaio Parallel to the eoordinatea. Theraal eooduetlvity ia calculated 

accordin& to (S) but dispersion is not ta~n into account. The fluida are sss~d 

to have temperaturas and preasures that are alwaye ou the vapor preasure curve 

implying that liquid and vapor co-exist at every point in the system. Consequently 

p and S are the tvo depeodeot variables for vhith a solutioo ia souaht siaultsD- V 

eously. 

Ths e><ternal boundaries sre illlparme&ble and adiabati<;: with the undantandina 

that forrad convectinu due to production is auch greater thau eoDduetion aeroes 

these boundariee. -Tha distributed-parameter model is coupled to a one-dimensional 

steady &tate wodel of a producing wall in vhich the fluid is asau~d to form a 

ho.ageneoua tvo-phaae llixture. n.e vell 11 treated as a point aour<::e in the 

fioite differenee model whieb, iD turn, provtdel boundary valuea of p and S for 

the ateady atete wellbore model. The wellbore model is representad mathematieally 

by firat order ordinary diffetential equationa which are aolved by the Run¡e-

Kutta lllethod. 
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P:l¡. 20. Coclparison of computed with obaerved potentioo.etric auo:faces in 
W&iora hot-water aquifer for (A) 1958 and (B) 1962. Valuea ln 
oetera tr~ dat~ 152.4 m above aea level (after Harcer et al., 
1975). 
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• Toronyi applied hiamodel only toa homogeneous and taotropic geothei"'IIIll 

aystem by using a 6 x 6 rectangular finite difference grid. Hia purpose was 

tn inveatigate the effecta of poroaity, peraeability, and varioua unifonn initial 

p and S d18tributtona on the production of geother.al fluid in a borirontal and 

vertical plane. On tha baais of thea" atudiea, Toronyi clasaified the behavior 

of two-phaae geother.al systeme into three types in terms of initial liquid sat

uration: 
C 

(1) vapor dORinated, with fnitial S < 40%: (l) liquid domtnated, with 

. e 
lnitial S > &0%, and (3) miEed or interoediate, with tnitial SL within the ~ange 

40 - 60%. Condenaation and vaporizatioo were found to be very important phenomená 

that could create exceedingly high liquid saturationa near a wellbore and disrupt 
• 

gravitatioaal equilibriu. by cauaing more liquid to occur at the top of the sys-

tem than at the bottou. Torouyi aleo found that euperheated regions form fsater 

in rock.ll bavia¡ relatively low poroaity and permeabiUty valuea. The quality of 

~ the produced fluid (in terma of percent ateam) wae al~aya found to be greater 

at tha wallhead than at the bottom, although the lll&lliiiiUIII change in quality ~as 

A tvo-phaae, multi-d~sional model for geothermal ayat~ haa recently 

been developed by Laaseter et al. (1975) baaed on an extenaion of an earlier 

inveatigation of aingle-phaae flow under noniostherul conditions (Laaseter and '-" 

lolitherspooo, 1974). Th.iH IIIOdel utilhea Equ.ationa 1 through 4. In the n"""'rical 

procesa, Equationa 1 through 3 are combined tnto a flow equation Which 1a then 

solved in conjunction with the energy equation (Eq. 4). Theae t~o equations 

expreaaad in an integrated finite difference form (Naraaimhen and Witherspoon, 

• 
1975) ara solved for the two depeDdent variables, denaity and energy of the 

fluida, as e function of time and poaition ~1th1n the ayatem. Advantage can be 

taken of the fact that the time conatanta for the energy equation are typically 

several ordara of magnitude larger than the time constante of the flo~ equetion, 

vhich paraita one to decouple the governing equations and 1till bandle the 
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non-linearitiu aatiafacrorUy. Thus, while it is Decu .. ry to cake relatively ~ 

amall time atepa to accurately solve che flow equation, the eoergy field time 

acepa can be much largar. 

Some praliBinary resulta for a modal of a vapor-dominated geothetDal syatem 

are ahown in Fig. 21. A vertical crosa-seccion of a cylindtical ayatem vith a 

height of 3000 m and a radiua of 2000 m vas aet up uaing 150 elementa. The vapor 

o 2 
colu.n had an average 1n1tial temperatura and preaaure of 250 C and 40 kg/cm 

throughout, and an attempt vaa alao made to simulare a 200m bottom layar that 

waa esaentially liquid aaturated. The lover boundary of the boiling water layar 

1 waa maintainad ar 250°C while the other boundariea vete arbltrarily made imperme-

able ro both heat and fluid. Typical valuea for thermal and flov properties of the 

materials wara asaumed. Relative permeabiltty data were te=perarure independent. 

Figure 21 Bhows reproducttona of coeputer plotB after &bout 1500 daya st s 

stesm vithdravsl rate frou the productng interval of 3 x 107 ks/dsy (1380 t/h). 

MI a reault of thh htgh rate of productietn, th,. preaaura in the vapor column 

dropped to about 25 kg/cm2 {Fig. 21A) and the r;,.mperature decreased to about 225°C 

{Fig. 21B). Figure 21C ia s vector plot of the vapor flux shoving how vigorous 

boiling at the bott~ of the Bystem is producing substantial ateam. Figure 21D 

is a vector plot of tbe liquid flux snd shows how water is aeparating from the 

ateam at the base of the ayltem. Theae preliuinary resulta serve to illustrate 

the powsr of thia nusarical approach in analyztng sueh complex ayst..-. 

Gringartan and Sauty (1975) have developed an analytical model for nonateady 

temperatura bahavtor of production wella during reinjection of heat-depleted 

vater into a horizontal aquifer vtth uniform regional flov. The aquifer is of 

infinite lateral extent &nd ts conftned between tvo imperaeable semi-infinite 

leyera. Initislly, the ayatem has a uniform temperature, T0 • At tiae t • O, a 

well atarte producing water at rate Q and injectton of relatively cold water 

~tarta in a secood well in the same aquifer at the aame rate. The temperature 

• 

' 
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of the injected water is set equal to T

1 
and m.aintained conatant thereafter. Such 

a pair of wella ta known as a "doublet." 

The authora assume that ateady state fluid flov is eatablished much faater 

than thermal equtltbrium and that temperature tranafer oecura only by foreed hori

zontal convection in the aquifer and vertical conduction in the confining beda. 

Asauming further that the watera at temperature~ T
0 

and T
1 

do not mix (pisten 

diaplacement), they have arrtved ata a~le closed fo~ mathematical relationship 

betveen temperature, certain dimenaionleaa parametera, and the atream function 

characterizing water flow. Gringarten and Sauty used their solution to calculate 

the opttmum apacing of isolated doubleta te be drilled for opace heating purpoaea 

in the 1800 m deep Oogger aq~ifer around Paria. under ~he requirement that the 

cold front doea not reach the producing well in less than JO years when Q • 100m3/h. 

By tntroducing a aafety factor into their calculations. the optimum spacing vas 

found to be about 900 m for an aquifer 50 m thic~. 

Symbol 
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NOMENCU.TURE 

Description 

width 

apecific hest at conatant preseure 

spec1f1c heat at constant volume 

depth 

aspect ratio 

mechanicsl hest diapersion tensor 

specific interna! energy 

fluid property 

accalaration due to gravity 

gravtty vector (0, O, -g) 

Dimensiona 

L 2t- 1T- 1 

L2t-2T-' 

MLCly-L 

L 1 t-2 

arb1trsry 

Lt-2 

Lt-2 
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Deseription 

apaeifte enthalpy 

intrinaie permeability 

intrinaic permeabiltty tensor 

relative permeabilitt 

l.ength 

speeifie uaos flux 

outvard ~mit non:aal vactor oa r 

praaaure 

di~naionless preaaure 

Prandtl 111D1i>er 

1pecific conductiva heat flux vector 

heat flux 

radius 

representative elemantary volume 

lle.yldgh nurober 

critica! layleigb nud>er 

fluid saturatioa 

te~~~perature 

apecific volUIIIe 

darcy velocity Vll!ctor 

velocity vector of aolid fllrld 

interface 

Di~~~ensioas 

e' 

e' 

M 

e' 

er' 

e' 
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Subacrlpta 

Superacripta 

oH 
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Deacription 

vector of apace coordinates (x,y,z) 

z being the vertical 

compreuibility factor for real gas 

the"""'l diffusivtty 

coefficient of volumetric thermal 

expan8ion 

Uquid-aolid interface in ll 

liquid-gaa interface in R 

gas-aolid interface in R 

kroneckar delta (l 1f 1 " j and 

o if i ~ j) 

dimenaionleaa temperature 

thermal conductivity 

thermal diaperaion tensor 

viacoaity 

dimenaionleaa velocity vector 

dendty 

dimenaionleas time 

poroeity 

average over R 

average ove.r pore apace af R 

average over ltqutd, gas, or salid 

phll!lea in R 

referomce quantity 

effective quantity for fluid-filled rock 

gas phaae 

Dillll!naiona 

,, 
,, 
,, 

M:Lt-'T- 1 

MLt-lT- 1 

ML-'r-' 

"'-, 

arbitrary 

arbitrary 

arbitrary 

• 
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• Symbol Desc:r1pt1on Dimen~~ions 

L Uquid phaae 

S aolid phaae 

o devLation fra. average over R 

We vould like to acknovledge the aupport for this work provtded by the 
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of California . 
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APPENDIX 

The purpoae of thia appendiK ta to derive a ~croacopic form of the eoergy 

balance equation for a two-phaae, single component fluid in a poroua medtum. 

Thia is accompliehed by averaging the microacopic equatione over a representa

tiva elementary volume (Bear, 1972, p. 19) of the medium. The particular method 

of averaging that te usad hare has been applied by Lee et al. (1975} to the 

energy equatioo and, in thia context, waa brought to our attention by Gray and 

Pinder (1974, personal communication). We recognize that che macroscopic energy 

equation can be derived directly from macroacopic balance conaiderationa, without 

reaorttng toan averagtng procesa. Hawever, the formal averaging procedure ia 

helpful tn aaining inatght into the numerous sssumptions that one muat make in 

order to arrive at a manageable macroscopic: l!ltpreaaion. Such aaaUIDptiona are 

tmplicitly inherent in every mac:roacopic equation and, by facing thea explicitly, 

one ahould be able to appreciate aome of the limitatione of the differential 

equattons uaed to describe geothermal syatems. 

Kathematical Preliminariea 

Let R be a representativa elementary volume of the porous medium and let ~ 

be the poroaity of R. Whitaker (1969) de01onatrated that the averaging procedure 

u~ed bel<nl will leed to meaningful resulta if tha chsracterhtic length of R is 

much greater than the characteristic length of tbe pores, and ia much smaller 

than the c:haracteristic length of the entire porous aedium. An obvious require

ment te that R be large enough to provide a fair representation of all the atatis

tical propertiea of the pore apace. Our analysis is restricted to homogeneous 

poroua media which means that the poroeity, ~. as well aa all other at~tisticel 

properties of the pore space, muat remain unchanged ss one focuaes his attention 

on different elementary repreaentative volumes in the medium. Furthermore, the 

aize and ahape of R must be constant and ita orientation muat remain unchanged • 

• 

• 
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Let fL(x1) be e~ property of the liquid (e.g., denaity, t~erature, etc.) 

vhich, by definitton, la ~ero in the aaa phaae and in the aolids. Then the 

"llquid pbue averaga" of fL 1s defined as 

' • ,,,. 
Si~ailarly, rhe "pore volume average" of fL te defined aa 

' 4>R_. 

Cid the "lullk vol....ae average" aa 

<fL> '"Í /tL dlt 

• 

" 

(Al) 

''" 

(A.J) 

- Jl'r;.., (Al) - (A3) it b avident that 

• 

(A4) 

Theaa averagea can be viewed ea point macroacopic quantitiea asaociated vith 

tbe centroid of R. Thua, there ts en average aaeociatad with each point in R 

(each auch point being the centroid of another R), and it therefore mAlea aanee 

ro talk about the average value of theae average& over R, Wbitaker (1969) ahowed 

that 

(A5) 

t.a,, the average of the average la aquel to the average (note that thia la by 

DO -an• aelf evident) • 

At any point in the liquid phaae vithin a, fL ean be expreaaed aa 

L ¡_ L "L 
f • <f~ + f (A6) 

'L whare f is ai111ply the deviation from the phaae average 

(A6) it follovs that . 

L of f . FrOIIl (AS) and 

• 

• 

'• 
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(A7) 

Note that juat like the function of 
•e 
f is taken to be zero everywher~ outside 

the liquid phaae. 

According to the general transport theorem (c.f. ~itaker, 1968) one has 

~ 3<fL> _ !/ 
~ti R LS LG r . r 

(A8) 

, vhere n, h a unft noraaal pointing out of the liquid phaae. Another useful 
~ 

relationship known as the "averaging theorem" (Whitaker, 1969; Slattery, 1972, 

pp. 192-196) atates that 

(A9) 

Similar relationahipa will hold for properties of the aolid phaae, 

gas phue, fG. 

t 5 and the • 

Derivation of Energy Equation for Tvo-Phaae Fluid 

In the folloving analysis, the pore apa~e is aasumed to be saturated by a 

single-component fluid which can be either in a liquid or gaseoua atate. The 

liquid and gas phaaea are asaumed to be ~eparated by a diatinct " interface, r ' 

acroan which there may be a flnite change in presaure. If ooe neglects viacous 

diaoipation, then the energy equation at a polnt withtn the liquid can be written 

(c.f., Cu:rte, 1974, p. 17) as 

e e 
(Pe)-- a .. , (AlO) 

Taking the average of (AlO) over a representativa elementary volume, R, and 

ustng (A8) and (A9), the result (after rearrange~ent) ts 

• 

• 
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; ,,e e ; ,,e e vL>_!¡pL e 

'"' 
e 

- "'1) " " 
e > • - a., • • "< ' . "' r 

e 
e a< L> 

L L 1 f - tsL <pL> 
., 

- ,e e 
" a., <p > - ., "< . " r 

3< L> ,, 
1 J e "t df (All) ,,, .- i I'LS' rLG qi • 

Equatton All 1s b111ed on the uaumption that fluid velocity normal to a solid-

fluid interface ia .:ero (Le:, there t'a "" transfer of kinetic energy between 

the fluid and the ROlid), Further1110re, in order ro 
e e replace the term p (3v1 /0~ 1 ) 

in (AlO) by ita macroscopie equivalent in (All), tt is nece8esry to sssume thst 
0 L • L 
p and dv

1 
/3x1 are uncorrelated so that the average of their produce is zero. 

-A posaible physical justification for thia h to ssy that local variations in 

fluid veloctry wtthin a pote are controlled primarily by viacous atresses and 

can therefore be ass\lllled to be indepo>ndent of preuure: 

The eoergy equation for the gas phase ac a point vithin R'hae the same fona 

•• (All). '""" this equation '" averaged 

• ,,' " 
' ; ,,' e>m-ai:" ., 

' a<vic,. 

"• 

' • 

over '· '"' result b 

' 11 G G <•, ., > + R p e 

r"' 

.... Here n
1 

points inco the gas " along r snd into the salid aloog 

The energy equation at a point vithio che solid 11 simply 

' - wi) dr ., 

(Al2) 

·. 

• 

• 
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lntegrating over ' 
' ' 

, .. \'' ,. ' .. 
' s aqt 

e)•--
''< 

gives 

3<e5> 3<qi S> 

a¡- o - ,,, 
where n1 points into the solid. 
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(AlJ) 

+ 11 ' 01 df ,, 
R LS GS r ,r 

(Al4) 

Fr011 the requirel)lent of energy conttnuity at " lh¡"id-gas interface,' H can 

be ahown that 

(A15) 

A similar condition muet aleo hold for the conductiva energy fl~ q
1
n

1 
at any, 

aolid-fluid interface. Thua, by adding (All), (A12), and (Al4) and using (A4) 

we obtain 

' ' • , + o G ' e > t (1 - ~) p 

o -

+ (1 - tl 

a<v 1 L> ' ,,, 
L ¡_ L 1 1 e s <p" - v n dr 

R LG 1 1 
r 

(A16) 

We now introduce another aaau=ption that thermodynamic relationahipa between 

average (~croscopic) quantities remain exactly the aame as those between the 

equivalent point (mtcroatopic) quantities. Thia aaaumption is implicit in all 

macroacopic equationa that we have encountered in the literatura. Ita illrpltc.uion 

LL ·¡.L ¡_L 
e > by ~p~ ~.~ 1s that 

and ~PG 

• • 
p and e 

' ' " > by 

are uncorrelated and one can thua replace 

'' '" 
o G 

<e > • Since masa d1apera1on ia not conatdered in the 
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o o 
preoent analyais, p and v

1 
are alao uncorrelated and we can tberefore write 

o' • 

0 L • L L 
e. v

1 
>) 

(Al7) 

where the aeeond term representa mechanieal diapenion of energy. Follm;ing the 

eurrent trend in the literature (c.f., Bear, 1972; Gray, 1975) we asoume cbat 

disperaion 18 matheAatically equtvalent to a diffusion proeess, so that one can 

write 

"L 0 L L 
e v > • -' . (Al8) 

' where ia knawn ao the mechanieal (or coovective) dispersion tensor. 

conductive {lux, ia expresaed by Fourier'a law using a acalar therBal 

conduct1v1ty, 

-- {Al9) 

the average of wbich ia given by (A9) as 

-- (A20) 

ln arder to eliminate che surface integral from (A20) we aseume that che orienta-

tino vector n
1 

ia symmetrically 

true if the orientationa of rLG 

diatributed about a ~ero average value (this is 

and rLS are random). 
• 

Th~n, since tempersture is 

independcnt of interface orientation (i.e., random t~peratures may exiat at 

varioua points along r having a ¡!ven orientation) TL and n1 are uncorrelated 

and the surface integral in (AlO) can be ueglected. In a similar manner, it ~~~ay 

appear reaaonable to asaume e 
that vi n1 la symmetrically diotributed about a zero 

average value along rLG so that the firat aurface integral in (Al6) vanishea. 

Similar conaiderationa hold for the gas phase. If we further e 
assume that ~. S , 

snd SG remsin practically constant for any averaging volume whose centroid is 



1 

inside R, then (Al6) can finally be reduced to 

• ,, 
··-

' ' +<joS .:ij 
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+ (1 - <!>) 

(A2l) 

where .::
1

j • ooS
1

j + !)ij 1s the totllbined conductive and llll!thanical dhpersion tensor. 

In the literatura it is customary te assume that sll phases are in thermal 

equilibrium and that capillary presaure differences between the fluid phaaea are 

negligible. In thh case {A21) reduces to 

• ' ' (<pL> <eL> ' • .., <vi > 

' -·- ( .:•ff ""t tj 

O<T>•) _ .. , <p>• 

where 

' 
• .. , 

+ (1 - .¡.¡ 

<pe> ' <eG> ' 
' ' ' p <e > 1 

< G>) "• 
' (<vi > + _<viG>) (A22) 

This ahows that the asaumption of thermal equilibrium impliea viewing the salid, 

liquid, and gas as three anisotropic conductora arranged parallel to the direction 

of heat flov. 

Recalling our asaumption that thermodynamic relationahips between average 

fluid properties are the sa=e as between the equivalent point properties. we can 

define the average (macroecopic) enthalpy of the liquid as 

(A24) 



1 

' 
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Si.m1lar definitions vill hald for the gas and t~e aolid. If we nov replace each 

<e> in {A22) by <b> - <p>/<p>, ve obtain a aacroacopic energy equation in terma 

of enthalpy. 

; ' ' ' ••' '' ' " " 
" 

[ojiSL <o , <hL> • <o> <hG> • (l - <11) o <h
5> J 

; ' ' ' '' ' - - :Í><i 
{<pL> ., , <viL> • <o> <he> <v1G>) 

• • • 
• ;....!_ (.::eff 3<T> ) • a~~<f? l + (<viL>+ <viG>) 3<P:> 

3x1 ij ""1Xj " .. , (A25) 

TemperatUra Equation for a Single Phaae 

In the particular caae vhere the poraa are completely aaturated by a single 

fluid phaae (eay liqutd), one can use the equation of masa continuity to rewrite 

(A2l) in the form 

; 
+-.. , " 3<T > .. , + (1 - ojl) 

Assuming that the thermodynamic relationahips 

··-
p ,; T lb.,,), -('') \ ' ,, ' 

-- <pi.,. • <v 1 L,. 

(A26) 

(A27) 

(A2B) 

hold for the average quantities appesrtng in (A26), this latter equaeion can be 

revrltten as 

" 

• 

' 
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G~L)r [~<pL> * 

L * -1 L * -1 aw/>] <li<Q > ) e • <v 1 L> a{<e > > 

" • <p ? 
axi axi 

O<TL>* ' • e • e + (1 - ., ' ' a<rs> 
$<p > e ,, ' '• " " 

d<TL>* ' e • a [<~>~i~ Ks <l<Ts> J <pL>* e e 3<! > + (1 - .¡.¡ <v > e • a., .. , ' . .. , a., 
d< l.> 

qf.>* (#)V ., 
'(A19) .. , 

The firat term in bracketa can be reformulated aa 

which vaniahea by virtue of masa continuity. Thua, the energy equation for che 

liquid phase can be expreased entirely in terms of temperature, 

(1 - <!>) ' ' ns S O<T > 
~ cv dt 

+ (1 - $) 

• 

e 
d<v i > 

a., 

(AJO) 

lf che aolid and the liquid are aaau=ed to be in therual equilibrium, (AJO) reduces 

[ ] 
. 

L*L SSd<T> 
,P<p> e +(1-<l>)p e --•-v v ac 

eff L 
~·he«! K!j • $K + (l 

' ij 

_., 

• 
d<T> ) • .. , 

• 

(Alll 

f:quationa A30 and A3l are also appltcable when che pares are completely 

saturated by thc gas phaae, provided that the auperacript L ia replaced by C. 

1 
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STE~ TRANSPORT IN POROUS MEDIA 

A. F, /ioench 
U. S. Geologlcal Survey 

Water Resources Olvlslon 
34S Mlddlefleld Road 
Mento Park, CA '4025 
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Humerous lnvestlgators have pursued development of large-scala 
two-phase digital slmulatlon models of vapor-domfnated geothe~l 
systems. These represent slgniflcant advances In the capablllty to 
numarlcally slmu!Ue complu systems. However, the bu le physlul 
phenornena whlch are belng n.Jdeled are Hlll under lnvntlgatlon. The 
purpose of this dlscusslon ls to presant the results of a numerl~l 
study In whlch some of the physlcal phenomen• whlch m.1y occur In vapor
domlnated geothermal reservolrs are exarnlned. These phenomena lnclude: 
(1) superhutlng of dlscharging steam, (2) ener!IY changes due to corr 
prenlble work, (3) c.onductlve heat tnmsport, and {l¡) gravlntiONol 
effects of the steam coh.omn. Furtller detalh ~rtalnlng to thls study 
are aval Jable In a report by Moench (1,76). 

Tlle n~ertcal model used In thls study draws upon the concepts of 
Whlte and others (1,71) for a vapor*dOOilnated geothermal system, tllough 
of noecesslty s"""' slmpllflc•tions llave been rnade. Tlle physlcal system 
ls ldeallzed as a one*dlmensional column of porous or hlghly fractured 
rock fllled wlth a mixture of ste8m and llquld water under hlgh pru* 
sure. Thls reservolr ls overlald by a "cap rock" tllat has low penne* 
ablllty. At tlle bott001 of tlle reservolr there ls a zone where \\quid 
water saturatu the poru. He.t ls supplled by a m11gma chamber at 
depth and transferred upward through the Jlquld·saturated zone by 
conductlon and convectlon. The prlmary mect..nlsllls for hut transfer 
through the vapor*domlnated zone are vaporizatlon and condensatlon. 
figure 1 lllustrates the dlstributlons of temperature and pressure to 
be expected In thls ideallzed'natural system. 

The model ls dulgned to determln. the tlme-varylng diJtributlons 
of 11 qu ld-Wlit er' sat urat 1 on, prenure, and temper•ture wl th 1 n the vapor
domlnated reglen. These dlstrlbutions may be dueto the wlthdrawal 
of nearn at elther consnnt prenure or constant dlscharge. Baslc 
auumptlons of the model lnclude' the followlng: (1) llquid water 
wlthln the vapor zone ls stationary, but subject to vaporlutlon, 
(2) Darcy's law ls va lid for two flulds, (3) the rock matrlx is rlgld, 
(1¡) local thermal equlllbrl..., occurs between the flulds and roc:k, 
{5) ne9liglble vllicous dlsslpatlon, (6) negllglble thermal dlsperslon, 
and (7) negllglble surface tenslon effeCt5. 

To slmulate the vertical flow of steam through varlably saturated 
porous media, two controlling equatlons are used {see AppendiK): a 
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fluld·flow equatlon and an energy equatlon. T~ese equatlons contaln 
para~ters which are dependent upon pressure, temperature, and llquid
WIIter saturiltlon. The energy equatlon accounn for h"at conductlon, 
convectlon, vaporlzation, compresslble work, and heat storage •. These 
partlal dlfferentlal equatlons are coupled through the veloclty terms, 
the vaporlzatlon terms, the llquid saturatlon, and the pressure- and 
temparature-dependent perameters. The equatlons are sol ved s!mU!tan
eoutly at di serete time lntervals by a finlte-dlfference technlque. 

Results 

figure 2 shOWJ the pressure, temperature, and llquld-water 
saturation after 10 seo; (31.6 years) of steam produ~;tion from the 
top of a ene klloneter column of reservoir rack. Thls represents the 
effe~t of removlng about 70~ of the mass that wlf lnitlally avallable. 
Ste~ is produ~ed ata rate whi~h de~lines wlth time dueto wlthdrewal 
at ~onstant pressure. Al! the Ji quid woter In the top 300 ~has been 
vaporl~ed and steam In thls reglon ls superheated. 

Ter.perature dlstrlbutlons ''A" and "8'' In Figure 2 show the 
lnfluen~e of heat ~onduetlon and oompresslblé work (as deflned by the 
se~ond term on the rlghthand slde of the energy equatlon). Olstrl
butlon "A" shows the ter~~perature proflle obtalned uslng the ~omplete 
energy equ.atlon. Olstrlbutlon "B" shcws the temperatura profile ob
talned when the compresslble work te~ ls omltted from tha ~•l~ulations. 
lt ls ~laar that eompresslble work ls signlfleant only where super
heated steam Js present. 8oth proflles show the temperatura lneraase 
at the top of the reservolr brought about by ~onductlon from the ~se 
of the cap rock at a dlstanee of approximately SO m. Conduction from 
the cap rock or other nearby rocks not cooled by the vaporl~atlon 
process may be responslble for the temperatura lnerease of produced 
steam observed In sane wells (Sestlnl, 19:70). The time varlation In 
temperatura at the top of the reservolr h shown In Figure 3 for 
eurves ''A" and "8". In the nrly part of the produ~tlon hlstory, 
tha ~oollng effeet of compresslble work ~ounteraets the heatlng due 
to condu~tlon fr0111 the cap roek. 

The effeet of ellmlnatlng gravlty from the ~al~ulatlons upon the 
pressure and temperatura dlstrlbutlons ls shown by the dashed lines In 
Figure 2. ~rt from Jts posslble Jnfluence upon the vertical dlstrl
butlon of llquld water (not lncJuded In thls study) the effe~t of 
graYity con be safely negle~ted. The welght of the steam ~olumn has 
Jlttle, lf eny, effect upon reservolr produetlon ~h•r~~terhtl~s. 

References 

Hoeneh, A. F. , 19:76, Slmu lat 1 on of steam t ransp0rt 1 n vapor-dornl nated 
geother.-1 reservolrs, U. S. Geol. Survey open-flle report 
76-607. 1¡3 p. 

-2)0-

• 



HU 
Sestlnl, G., 1970, Superh..atlng of geothermal suam, G~othermlcs 

Speelal lnue, v. 2, pt. 1, p, 622-6~8. 

\/hite, O.E., Huffler, L.J,P., and Trundell, A.H., 1971, Vapor
domlnated hydrother ... J syuems compared wlth hot-w;~ter sy1t..,s, 
Econ. Geology, v. 66, p. 75-97. 

APPEMDIX 

The baslc equatlons used In thls study are reproduced here for 
convenlence. Additional detalls and constltutlve relatlonshlps are 
glven In the report by Moench (1976). 

Flow Eq~tlon 

" . (- -p g)]+q+q' 

" ' 

where 

Pv. denslty of tOO weter Vl!lpor 

llv dyneunlc vlscoslty of the water ~apor 
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Flgu~e 1. Vertic•l temperature and pressure dlstrlbutlons 
In an ldealized natural vapor·domlnated system. 
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FIGURE 2. · • • •• Pr.,ssure, ter.perature and llqul ter setur;atlat• dlstrlbutions In • one·kllometer col"""' 
of reservolr rock whlch has been produclng steam &t a pressure of 10 bars for to9 sec. SOO m 
of cap rock overlle the ri!Servolr. Oashed ll~s lndlcat! effect of ei!Ginatlng gravlty. 
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but 10 a small pcrcemage of •team bting carricd ooer 
from the sop~t310r with thc water phasc. Evcn vcry 
small quamitic• of the ordcr of l% would ca u.., ;el•· 
ti•·ely largo crrors in the c,¡imatcd flow (al 180 psi~ 

.lfliij.• would result in on over-estimatior. in the water 
W"' by 30%). This occurrcd cven with a levd-<:ontrol 

.. 

tank introduce<! into thr pipeline •ttcr tk 5cp~rator, 
and is due 10 oortn formatio~ Willún the c•it water 
pipe; a condilion l•lhich i• rather diflicuh to climinate 
with ccflainty, os thi• can tako place ncn "hcn SJght 
gauge• on thc vcs•cl indtcatc a high water levcl, abo•·c 

the "''"'"' cxit point. 
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Rc•ide• rhc>c inheront diffkullie•, rhe dhod,·an-
lages u1ing heavy cguipmenr ore obvious, especially 
whcn ir has to be lransporrcd IC> rhc >ite of new b<l!'es 

hen rhese are rcady for lcst, or olternotively, full 
aralion, cooling and merering facilitic• b!_Jill at each 

"· The tcchniquc fballv adontcd- and now in .ll.IC, 
••·oids the _ prob!cms..m~d ....lndJ•u..Ih.~_J,~no[ir. of 
~f.-:~pplic_a~T~·ir!!out modificotion to ~otluin~m 
•• "-dl as •team-warcr boros. Bncd upon rhc fact rhal 
when a large flow of a compressibk fluid such as >t.am 
{ora s~<am-warer mixrurc) flo"'' alon~·a pipe rowardsa 
rcgion of lm•· pr.,•ure, in thi• ca.e, lhe atmosphere, 
W!!ic •·elocirv ;, all•ined nt thc nil and rhc pre.,ure 
along rhe pipe fall• 10 a •alue at rhc dischar~e point 
which Í> abnvc >lmosphoric and which is di,.ctl)' ...,_ 
lat~d to the now-rate and >l~!'fl~tion ~ntha\py of the 
llowinr fluid. Tests cond~cted by ]AMES (1962) on 3 ... 
6~ and 8~ di•rnctcr co"nrncreial pipos, have lcd to thc 
lollowin1 crnpiriOal equation: -

~-...----~ 
G Jo.'-'"' .., 
-¡>J .. -:= 11,400\ (1) 

whe"' G = flow in lb/ft'soc: !J.= st~~nation cnthal
p¡• BTU/lb. P, =critica] di,char~e preworc. psia. 

This cquation arpli« whcrc the_aitic.aldischJrpe 
r•e.,ure is 1al.en frorn a 1/~- holc d•illcd2!,..~_cent~-
1ine di>1"nco of i/4" from thc di,cliorrt Olltkt l•c• 

~iormula "'"' lound immcdiately applicable 
for mcasurin~ the flow ol hot wa"r at known cntha\py 
•cjected lrom the scpantors o! WaiTOI.ei production 
bores. bul could not on its own he mcd io mcasu.- the 
discharfC from new bores not ba,-ing a '"Patation pbnt. 
Ho"''"''"'· wl'"n pscd i~onjuQ'-!.i.<l"~"--rt.Orifice me
te•. it "'·as found O MIES 19651 10 be capablc of sol>inJ!. 
¡;;;-both flo"' and cnthalpy for boros clischarpin~ hori
zontally 10 thc otmmphC'c. A graphical solulion for en
tbalp;· i~ sho"·n in Figure!; ~q~a•ion (1) may thcn be 
u•ed to colculatc thc flo"'· 

Hlo"•ing 1 bme hori>onlol\y lO tbe atmosphcre is 
not altor.cthcr suirablc. howcnr, because o! its ad,·cru 
eiTcct on \'CfCiation (chcmirol coaling of Jea,es lead• 
lO lo;s in lranspiration follo"·cd by dcath), hcnce mo>t 
Ncw Zcoland boros now ha.·c pcrrnancnt concrete si· 
l:nrc" dcsiP"Pcd in thc form of twin >Crtical to'''"" n 
shown in Fi&urc 2.'-Thcsc not only silcncc the noi<e 
and »ve thc \'egctation but a\so l<parate thc mi~IUfC 
al atrnmphcric prc!surc ~nd all""'· the "'atcr to be 
mca•urcd by a convcnlionol weir sihJOicd in thc ,;tc"ccr 
outlet. Couplcd "·ith a cri1ical di,..har~e prcssute. it 
ean be u•cd (]A"Es 1966)to d".rminc both thc enlhal
py and flo"· as in 1hc arranfcmcnt crnplo)in~ an orífice 

• 

1«. but is simpl<r and morc con,cni<nt than the lat
sy>tcm. Thc cu"·e of l'irure 2 ;, mcd to '''aluate 

e cnthalpy whicb ;, th~n insellcd in the cquation fo1 
total flo"· laho on firutc 2). Of course, if thc bote is 

• 

"'" 

. 
1 

. 
•• 

1) --.._ ........... _ 

~~ ""\ -o o 0-

~: .. _,.. """'' " .. 
.·-·;~ .. 

" .. ~·-. [~-:.]- •¡ .. . .. 
' . .. G,<-J ' 1'--. .. 

-- - - - - - - -... ':'__... .. ,. 
fo~. 2. - r~tl<olp•' """ Jl~u· '""'' crwtol d.,rlwr~c P'~"u'~ 
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dry, n<i1hcr an orifico motcr nor a v.•eir be• measu"'
mcnt would be nccc"'"Y as the critica] d!Schu~e pres· 
sur~ nlono would 1ullicc $0 long as a thcrmometcr is 
u<td at 1hc wellhcad 10 ascenain thc stcam temperature 
(and hcnce, thc cnthalpyl in ca1e it is sup«healed. 

A• the critica! dischargc prc"me ;, fundamental 
lO the>C dc,iccs, a correction has 10 be introduccd when 
~mploycd on boros h"'·ing a hish gas contcnl (up to 
about 0.20 by v.•ci~htl. To_ corrcct r, in Figures 1 and 
2, thc rauge rcadinj'. ;, fim amcndcd to absoluto pres-

sure, psia. and thcn mullip\ied by (1- L1 "'·here y 
. 3.2 

is thc CO, contcnt in lb ga•flb sleam, as dctcrmined 
b~· anolysis of an ntractcd sample. 

Anothcr mcthocJ-.of findin~ the cnthalpy of >tcam
water bo~s is to use 'the • !'."' method • •• describcd 
by MAt<O~ (19661. "'hich relies upon the ratio in F"' 
conccntra1ions of N·o srcam samp\es each tal.cn at 
widcly diffe•cnt pr<>•ute> on eithcr sidc o! a thro-lllc on 
the di>ch•rF• pipe. This method is !oirly rcliable on 
botes with high fiS contcnt whc~ the tapping point> 
are oelcc1ed with cate. Jt can be uscd in associatlon 
'-''ith thc critica\ discharge preS>ure P, ond hcrc Íl may 
be pocfcoable to samplc al the "·cllhcad at prcssurc 1' • 
and ~t 1he localion of P, ., thc>C ~í1·e a muimum dif
forcncc in prc,.urc and bcncc Fr<atcr accuracy. 11 Sl~am
wa~er sample) are takcn at thcse positions. and the F•• 

' ' 
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cmllcnl an"l.»cd. lhcn !he following rcla!Íon•hip• are 
found 10 hold: 

m. 
(2) 

m, x. 

1•.= (11". + x.L.) = tw." + x,l..) + c~4 )' (1'/- V.'¡ 

'" where: 

~· - '" con<<n"•lion. lb •••'1~ "'"" 
~ = o«am d~n<>.$ lr•<>ion.lb """'"lb mi>lur< 
,. F O<Mibl< hut o! ""OI<f, HUI!b 
L • l"'m hrll of o«am. ETU/lb 
1' • '""'¡¡;, •·olume o! >t<am ,. . .,., mi>lur<, homor<n<ou>. 

lo•/lb. oulfien: w ond < " "·dlhrad ond cruicol r•< .. 
'"" lopping ><>rwiv.ly. 

B)· usin~ equation• ( 1 ). (2) and (3). the stagnation en
¡halpy h. and flow G rnay he drlermined. A> a firsl 
tria]. il is necessa')" lo negleo1 the lineoic tnerg.)" lefTil 

( 2~4 )' (V/- 1' .') lO gnin an approximalc fi~ure for 

!he h,.. 

When l•~ing a """m !<rnple al ohc wellhcad. a 
wa1er >Omple should a\so be rcoained for analrsis of 
!he dil>oh·ed chcmical. h ,..¡11 be found dofficuh 10 
do 1hio at !he crioica\ diochor¡e p<<l>urc lapping be· 

• 

use !he •·eloc:it)' is ven; high (~loch 1) which r<>uhs 
mipping of !he walcr from thc pipe wall leadin~ 10 

cam dilution o[ 1he waler $ompk. The E"' melhod 
when mrd corrccll)· should ~ivc nol only cnthalpy and 

.. 

flow bu! als.o chcmical and F•> analy>e$ of the borc 
fluids. As lhe•e dala are oflen «quircd al the same oime 
(lo avoid lransicnls in cnlhnlpics). this lcchniquc has 
pol<nli~l advanla~e• "hich have bccn marred wmewhat 
by .Jifficuloies in ohtaining cOn>ÍSienl 1est resuhs undor 
app•renlly con>!ont conditions. 

r;nthal¡>y detamine<l by maximum dischar~e ptes· 
sur e 

When thc rli,chM~C from a borchole l; bcin~ pro
~re;,ivel)' reducecl by throulinr of ohe wellhead •·ah·e. 
!he wdlhead pre<sure risel unoil ony furlhcr do>ure 
of lhe , .• ¡_. rcsulos in the collopsc of ohe suspended 
>lcam-waler miuure over the ,·enicale.oent el the bore: 
al this point lhe Wellhead prc,urc P"""' 1hrourh a 
ma~imum. This is known al lhe moximum dt>chorge 
P'""""' (MDP) and occurs whcn ohe pre>Sure dif· 
lcrcnce he1wrc" the bollom •nd the top of 1hc borchole 
iu>l balances the ""ei~ht of rhc column of mi~1un:. H 
1hc MDP ¡, f~irly sharply defincd ond is reproducible. 
Wilh a •will teoo•cry (arder of a day). 1hen Íl> ,·alue 

w be u>td lo estimalc the borc en1halpy. For m•ny 
r<s which lap an all-waler Source. the enthlp)' re-

,nains constan! throu¡houl ohe ranFe of di>eharre as 
indica1ed in Firure .3 which showo !he characoerlslic -
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curve ol such a holc (!Ogethcr wioh ohar of a dn; "eam 
lmlo). Hencc. once 1hO emhalpy ;, known. discharge 
al various wellhead pressure• may be estima!ed by nol
ing the approptia1e nlues of T', and using equation (1). 

In ordet to find 1he ortlhalpy. it ;, ncce.,ary lo 
dese 1he bore and lo mea"'" the nognalion prtssure 
P. al dcplh L nrar thc holc bollorn. beiow !he wal<r 

surface (lhi• ;, mua\ly accomplished by ]o,.·erin¡ a 
recording im1rumcm on a long wirc 1hro~gh • •••Hnr 
~l"nd al tite wcllhcad). The boro can now be discharrcd 
and thr MDP no1ed; al this poim !he flow is assomed 
10 be zero {lhis is di>eussed latcr) which diminates 
frklional prcssure_-drop• from !he calculations. Fig· 
ure 4 shows rhe condirion• pri•·ailin~ within the bore· 
holc under MDP wilh only waler e•ÍS\Íng ovet 3 dis· 
lance L,. Al thc flash poínt. thc pre .. ure would be ohe 
saloralcd ~tcam prcssure P. whkh i> associated ,..¡,¡, 
lhe bore soagnotion cnr:,alpy h.: for e'"mplc. al ~nthal· 
py of 467.4 !!TU/lb. P, = 580 psia from 1he steam la· 
bleo of )ÚHIA~. f.:ns, Hru .. MOORF. {1969). h Í> 
seen ohal the onl)' dala required are P. al dep1h L and 
1he wellhead pte<>ure P. al MDP in ordcr 10 calcuble 
the bore enlhalp¡·, as will be •hown. 

O•·er the lcnflh L, only waler e•i>ls and under 
essentially !Jatic condi1ion• the pre.,u..= diffcrcnt:t be-
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tw~en the ends ol·the column are dut 1_0 the ,·cigh1 
1 tht nuid alone. hence 

P,- P, = có'c'¡;-
144 v .. 

,., 
•herc V. ;, the spe<:ilic volume-of water a1 emhalpy 

h_ Similarly, over the kn¡;th 1, only a stram-waler 
mi•ture exists, and · 

P.-P~ = 144 V- '" 
·here 1' •• is the unknown specilic volume ol the mi•· 

.~re al enthalpy h. and a•·er•I!• pre .. ure (o•cr len~th 

,) of P,; P. As L, + L, = L, which is kno .. ·n. 

<quolion (4) ond (5) may ~e used 10 dcrh•e: 

\' _ L-144 V.(P,-P,) 
••- 144 (P, P.) '" 

To dotermine 1he enthalpy. a tria] calculation is cm· 
loyed usin$ equa1ion (6). The procedure ¡, lo as.ume 
n enlhalpy h. and lrom the steam tables tale the a>-

SCl':iatod »lltr~tcd stcam prcssuro. P. ond water <¡><· 
· ·ifie •·olume. 1' •. Usin~ the<e values. 1' •• can be es ti· 

1ate~ and il th< a•sumcd cn1halpy was th< Corroct one. 
";hould agrco "'ilh the •tcam-watcr >pcdfic volume cal-

.' 

d P.+ P. d h • d u ate at ••·crage pressurc an al 1 e ""umc 

¡: nthalp}'· (To •implif}· thi• lat~cr calculation, Figure 5 
'1 may be uscd "hich corrcla!es.1',.. al \'arious av<ragc 
11 rc"ures and over a ranre of enthalpie•l. lf these two 
¡ alue• of 1' ,. do not agree, thcn a new figure for 
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enthalp~· has 10 be oho"'n and the calculation repeatql. 
Tbis is continuod umil ;ogreemwt is reached. 

Actual te•t rcsuh• indicale that MDP doco not 
5lrietl~ oc:cur at zero flow, f\ow• of 200.000 lb/h in 8 
inch pipe hav~ bce~ usuall}· regi•t<red. but eorreeting 
tbe abol't method by the introduction of friétiunal pro• 
sure-drops clue lo such llow5 only raí••• the cokulalcd 
cll!ha\pies by •• liule as l BTU/lb and can therefoto be 

-considcrcd as ncgligible . 

Downhole 1empera1ures 

- \\'hen drilling a horohole. woter (lrom the drlll
int! mud used) can •pread outwards intO li;su!l'S or 
;,,., poro,.s-pcrrnenbl< media and hc<Jce reduce the >nr· 
roundin~ rock tcmperatures bolow their origino\ values. 
In fact. the •·cry ncl of drillin,<!. aher• the whole !herma] 
pa11ern in the ncighbomhood of the hole. 

- Thc . hole mOJ inlerecpt diliorent permeable 
horiwns with clif!crenl fluid Ump<ralurcs and when 
the holc is closed. the cooler •nd clenscr fluid al the 
hígher horizon will f1ow clown the hole in th< unca<ed 
re~ ion and outwards ~~ the lower lempctature hori>on. 
This resula in complete dislortion ol the true thcrmal 
situalion in thc rround "'hich existod prior 10 drillin~ 
and which probably still ni111 al wme distanCe hom 
the hole_ This flow within a closcd-in bore tnO\' onoin 
quite high 10lnc~ (a few ~allons/rninutc) •o that on 
bein¡: doscd for a time ol sa¡· 6 months, can re•ult in 
an cnormM$ 'l"an!Ítv uf coolcr water f1ooding into 
warm<r rc~ions. Days or C\"Cn wtckl of di¡char~c may 
be required !O cjcct thi> fluid. Bnd lo hc.1t up the sur
ronndinp 10 a more \ru\y represcnlolivc condition. 

One mcthod of dcalinJ!. with this situ>~ion i• to 
blow thc b<JrC for a whilc. 1hcn clase it and lower an 
dcctric rcsi>lance thcrmometer (or •imilar in<1rumentl 
lo the bonom. Thc hole ís thcn filled wi1h drillin~ mud. 
thic~ cnough 10 inhibit con•-cction \>ctwccn. horizon• 
within thc closed·in bcrc. bu! nOI 1hiü cnough lo be 
b.1lod hord at thc tcmpcroturcs c'timalcd lO C>ilt in 
the ground. othcrwlse il "'ill be dillieult. il no\ impo>-
sibk, to withdraw the instrumcm . 

!t ;_, clcar that it i• not easy without tal..ing con· 
•idcrablc coro lo obt,in rcliablc tcmpcrature• particular· 
1)' in """m-wMcr holc<: hcncc thc dilricuhy in obtaíninj!. 
an cnth•IPY "hich motch<s th•l of thc tli,.;har~in~ ho,-, 
cvcn whcn il is <hawin~ fr~m an app.orcntl¡ aH-water 
wuree surroundins thc unca..,d lo>~et partion of the 
hole 

~laximum f!o..- lrom boreho1e• 

Thc maximum dischoroc from o borohole tales 
place "hcn thc we\1 ;, no .... -in~ •·erticaliJ·. ""ithout re· 
SlrÍC!iOn 01 thc wollhcad oral thc I>'Cll hollom. in othcr 
word!. the now i• dependen! only on the bore F<Om· 
ct'}. •nch "' len~th and diamctor. and nol opon limita· 

'tion> imro>ccl by thc imporm<•hilily of tho rack in thc 
. unca..:ol hole. or.lo the ti~htno>S o! fiHute• >Uppl~in~ 
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the flow. (These cffccts ,..¡¡¡ be discussed lalcr). lf thc 

prrssurc and cn1)10lpy are ta~cn btlo"· lho "'"'"' '"'" 
lace, at a mcasur•d depth ncar 1he bouom of a dosed 
bOJcholc Íl is J>O"ihle !O cstima~t the ma,imum pos
siblc flow which thc wcll oon dischor~<- Al•o. •he cf-

. on muimum discharr• due 10 fallin~ bouom holc 
pcratures or prC,.urcs can be cvalllalod and lrends 

prediclcd. 

P p.s i o ·. 

/>.1~\IMUM flOW f~OM fJRY STU~l 1\0RF.S 

To c>~'omatc the ma,imum flo"· p<Jss"oble from a 
fr<c flo,dn~ \cr!ical borc which 1aps a source of dry 
or sup<:th~aied "'~m. 1hc cun·e ol Firurc 6 gives thc 
bc<l solu1iUn. This is dcrh"cd from thc theoretical stud~ 
01 L~PU (19~3) and its •pplicabilit) for dr)' >leom "'"', 
c\perimenoally confirmod OI'Cr a larf< ran~o of pip<_ 
diamctcr:. and l~nF''" b¡· [A"[S (19641. With 1ho pros· 
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lUTO 1'. and tcmpcratur~ mtasurod al dcplh L in a 
clmed boro, thc sta~oation spccific 10lumc V,. i• deri1ed 
1 rom stcam ¡abl es. ·rn. romo 'ong f riction 1 ac!<>t ¡ ;. ta~cn 
initia!i}' at 0-003 lor a firot trial. in ordcr lo ~"im.>JC 

4 J ! which is u sed in the fi~urc 10 C\ aluatr G \1 \:" 
. 1 • 

• 
hcnrc G. Thc flow-Jalc G is tl'"n u!cd 10 coucct 

, \'aluc ol frlction farwr aosumcd. by firot "'"lua!Ín~ 
1he Re:;nold"o numb<r 

1508 
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Stcgnation Sp...::ific \lollJmE' 11 
3
/Íb 

$\Ognat'oon Pressure P StA. 

G 
" 

Critic:ol FICM' lbjft 
2 se-c. 

~ . P~ Lff>Gih } Consisten! 
Plpe Dicrneter Units . 

. . Farring Friclk>n Fot\Of 

. 

114 G d 
R.:= -----

'" whne d is in inchrs •nd ~·· ;. ¡)\e vi«"osity of drJ stcam 
in ccnoipuiso t•l.cn lrom Figure 7b. The lriction fat\OJ' 
can nO"' be c;lcula!<d ftom an cquation dcri,·cd frorn 
thc ~loody e han as ~iven b}· Po HRY ( 1963) 
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\'i>cO<ily o/ Jl=m·"'41<r miUutU 

which applie, 10 commcrcial .tcel pipe. Only the onc 
tria! is rcq<Jircd. Thc volue o/ G so detcrmincd can be 
CQmparcd wilh tha¡ on a 'crtically di•cñarging dry 
lloam horc by attaching n crioical Uilch3rrc 1appin~ ot 
lhc pipe outkl lace and mea•uring lhc aclual critica! 
di.cb.trrc 1""'""" 1', "hich is rdalcd to G by •Gu•
tion ( 1 ). JI !he mca>ured flow ;, sir.nilicantly le" !han 
lhat ralcLll•lcd from f1guoc 6. 1hcn draw-<iown "'Íii be 
lal,if,g place at thc bouom of ¡he hale whc;c thc prcs
luro wi!l be ¡,.llinr. below thc rcscrvoir valuc of /',. 
This "'sumes, ol courst. 1ha1 bouom pr<S5Ur. r<"Covcry 
OC<<tt• on closi11r, lhc horc and lhat 1hc fall in prcssurc 
Í5 nOI duc lo gross dcplction wilhin thc rc>ervoir, but 
Í> cau>cd onl¡· b)' thc rcstcicti,·e cffoct of thc sutroLindtng 
media. A1 thi• can b~ d,.ded by downhole me»urr
mcr.ts of prc,urc rcco,·ery, thcrc i; no dil!i,ulty in dif. 
krentiatini betw<cn t_hcse two condition•. 

Thi> Í> a more dtiTicult problcm than for drJ >tcam, 
particubrl¡· '>hcrc tv.·o flov.· rcrimos 0 pcratc within • 

l l.ole. namdy aiJ-watcr •ertical flov.· 0\<r tht lower 
ion of thc holc fol!owcd b!· >lcam-v.ator l"-·<>·pha" 
'"'er thc hiEher fraction. As this ca"' i> quite com-

mon in ficlds topping hot Water aquifer~, thc following 
mcthod is very useful in that, not only can it be u¡cd 
toc>limatc the tna>imum po,iblc flow for known dOWn· 
hole condition•. but fall-<>ff in liold di5Ch>rgc can be 
rei•TM ta chattgc, in thc •quifcr. Ahcrn"tivd)', change< 
in the ma~imum di"harr.c can be uscd lo <"imote prco
surr and tcmp<raturr ch.mgcs in tite "<¡uifer or lo con
fitm in>trumcnl mcosurcmcnts of bottom holc condi
tions. 

Figure 8 is a diagrammatic sketCh of a borcholc of 
lcn~th L ft di<Chorging wi<hout r~str'ICtiOn· \'Crti<olly 
front a •ource at the bouom of th~ holo of prciSur< P. 
Ond entha!py h. \\hi<;_h are considcrcd os um:aryin~ 
sta¡nation conditions supplicd by an inftnilely pcrntc· 
ablc re5cf\·Oir. This Í! usual 31 \\'airokci and chtwhcrc 
whuc it ;, found that continuom mcasmcm~nts of thc 
bouom hole prcssute inclicale no sirnificom fall """' 
!he range of flows lhat it is ro<sible to 1<51 ..,.;,h on 
ins[rumenl in position. 

Ü'<t thc lowcr lcnglh L, lhc flow is ol water and 
ir i• only whcn this b., ri,.n 10 a )c\'cl whcre thc prCS· 
5\Jte has dcdincd 10 the saturoted pre .. urc P, lha1 
IICam can •~ht. Thil is ~nown "' lhc flash poinl.and 
abovc lhis point thc flow is of a sleam.water mixturr 
wj¡h lncrcasing ~tcam lraction •• the fluid risos tn hi~hcr 
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le>·el> o! lowet prc,.ures. The mi,turc vclocity inc<Oases 
alonf> the pipe until it discha.rcs ot the nil with sonic 
•·elocit)' and al " critica! diHchat¡;c pre,.urc {', juSI 

. ~hin the oullet lace. 

.-.-~liíf' '• 

'•· 

' 

'• 

1 

....... 

........ """"""~ '""'"..,., ,, ..... ,....,. ... 

!"o«. 8. - ~O•ehol~ ,.;,¡, u"'<>llictcd Jo;doa•F< la th' almO>· 

.PI"''" in/'""" ~"'"'"'"bo'i!l¡· or ''" barrom. 

Water flow ol leogth L, 

For vertical flow, thc prcssurc-drop ({'.-!',) 
equab the sum of the hyd.o<tatic pcssurc-drop, thc 
friction¡¡l pre.surc-drop and thc prcssure-drop duc lo 
the inctca<e in kinctk cnergy within the pipe. Thc h)·dro-

static pressurr-drop is L,V psi "'hcrc V. is thc spe-
144 • 

:ific volumc 'of thc "'"Iet. Thc fde1ional ptc,.ure-dwp 
=•n be transposed from thr Fanrling equation lo the 

'
·,,. . < ( G )'J.L,\1

• o ow1nr more convcmcnt orm 'i·J:92 --,--
wherc /. ¡, thc F"nnin¡: ftiction f"ctor, G 1he flow, 
lb/ft' scc. and d the pipe diamctcr. inchcs. Thc prc;sure
drop due to the kinctic cnergy imrcasc "' thc pipo en

trance, ;, aansposcd 10 1hc form (-"--) 1 Y •. The 
96.2 

ovetall pre-.ure-drop equation can now be given os: 

• (f'.-1' • r- (9~2Jv. 
f. V. 1 

L,"" 

d + lH Vw ,, 
1510 

Thc \..inctic rnergy tcrm (_!'.__)' '1'. is onl} of thc oldcr 
96.2 

of 1 p¡i •o may be ignored, whilc thc Fonni~g friction 
factor is found 10 be dosc 10 0.003 for borcholcs at 
high flo"'·s "rd m-'Y be •delr tal.cn at this figure (the 
value of L, calculated in equation (9) ís not ¡cnsiti•·e 
to its valuc). 

Slcam·water !lo"· onr len,th L: 

·As in the ahove case of single-phase flow, the 
o,·crall pre>Sure-drop f',- {', equals thr 1um of the 
hydrmtotic, friction"l and l..inetic encrg)' pr<>Surc drops. 

The h)·drostatic p•e.,urc-drop is l~ wherc 1',. is 
144 ~ 

the homogen.aus $1r>m·"'atcr 'P"cific vo\umc tal.en ., 

· l'.+f'. hnh.lh the ave•age prcssure ol 
2 

ovcr 1 e ._, mg en~l 

L, and al enthalpy h •. The frictional prcssure-drop is 

(_!'.__)' f,./., 1'·~ whcrc ¡ .. i< thc Fannin~ fri<tion 
lJ.92 . d 

lae\or lor homogencom $1Cam-water mi~tutrs. The pres
SliiC cqui,·alcnl of thc chnnge in kineric encrgy betw<en 

/', and 1', is (-"-)' (11,- l' .) whor<: V, ¡, thc homo-
96.2 

gencou• spccilic ,-olume of St<~ffi-"'atrr mixtures ll 

- prcswrc 11, and cnlhalpy h~ L, moy now be gi,·en •• 
for equMion (9}: 

(P,- P,) -(_!'.__)' (1',- 1' .) 
96.2 

''~(G)' 
13.92 

J,.V,~ + l 

' ( 1 0) 

Thc value of / •• ;, found to he dose toO 003 "' for 
thc sin~lc-phasc portian of the hole and will be initial· 
l)' os>ltrncd al thi• figure. Ir m~)' he chccl.cd finally 
by calculotion from equation• (7) and {8) whcrc \he 
two-phiiiC "i•co•ity !''" is mcd in the forrner equotion 
and 10\.en from Fi~urr 7a al rnthalpy h. and &\·erage 

1'. + /', -rh 1 d ' ' h prc;surc·--,-., e<c potlc •·nucs o two-p a>e 

vi>cosit)' are b•>ed cm the. follo"ing equation lor homo
gencous conditions: 

, .. (l\} 

wherc !'· nnd 1'· aro tbe sir1gkph.sc vi<en>itics of sttam 
ond water 1aicn lrom ASME {\959). x ;, thc stc•m dr;· 
h"IS fraCtion (\\Cirht basi•l at cnthalp¡· h. ond p!r>'U!C 

P,; P,_ lt will be notcd that L, + L, == L (the bmc 

d<plh, ,.,-hich ¡, .known); h<nce fr¿m cqua1ion• {91 •nd 

l 
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1101 ""~ ipnoring 1110 no~ligible ~inc1ic cnorg) lerm in 
lho lormer: 

446 HTU/Ib ond o sal~ratcd slc"m prcssure of -4~5 
r•'"· l><nce 1be amounl of P"'Ss~riJ31ion, !lf', ;, 400 

• l'J~¡::~t'·~· ~'o·;.-::;;J;;= (1'.- "·)-C.~~ 2 J' ( 
( 

G )' 0.003 1'~ +( G )' 0.0031',~ 
13.91 d + 144 Vw 13.92 d + 

\',- 1'.) 
! ==L 

!44 1',~ 

( 12) 

To oolve 1his cqua1ion fot ma,imum n"'"· we rcquire 
lo know lhe pipe diamctcr d, 1he 'tagnalion pressure 
P. al lnown dcplh, and the ¡¡arnotion cmh"lpy h~ Thc 
P'"""" c"n he ob:aincd down • closcd l>ore by fo,.·rr
ing an insttumcnl 1hrough a wcllhead .ealing gl:u>~ 

Wilh deplh l. mcnsut<•d from 1he ""'inr. head nangc. 
The cn:halpy can be dc1ermincd b)· o~e of •he methods 
alr.ad¡- do.cribcd. Wilh 1his informalion, sle>m tablcs 
givc f', and 1'. lea,·inf unJ..nown G, P,, and V, The 
procedutc ;, lo f~rst ""umc o figure lor 1', which pcr
miu G lo be calculalcd from cquation il). From fi~
ure S, \',. and 1', "'~ idcnlificd ni enlholpy !:. '~l,d 

!', + f, d " . ' ,,, h h ' preS>ures . 
2 

an ,., ro,pecu.-~ y. , 11 1 ••• ,.a ues 

insorlcd in <']llalion (12). L may be obtained and >houlo.l 
be ~quolto lhe aclual drp1h laken whon mcasuring /' •. 
lf ar,r<•cmcnl is no• mc1, lhcn a ncw •·alue of /', mu•l 
be lrícd 2nd thc calculolion repra1od until C<]Ualily is 
ottaincd. Alrhou¡¡h cqu"lion 1121 looks formidob'•. il 
con bc >ohecl in al>out 30 minuors using a slide rulo. 

11 will be n(>ICd thO! >hrsc c:.lcul~lions dcpend 
· tloe ""umption ol homorcncous stcom-water flow 

th< noshing knph of pipe,,,¡ thi>, in facl, rivcs 
d •rrccn><rll wi1h test resul" for ma.imum •·rnieal 

. f!ow tluour.b borcbolcs. 11 has not bren found ncce»otJ 
lo lal,c inlo nuounl lhe <onccpl of 'slip' (difle<"nlial 
•·cloci1¡· be¡ween 1he phascs) pmtula1ed by somo wvrk· 
'" opcrming wilh "'·o-phasc mixlures no\o.·in¡; horiron· 
taiJy in small diameler pipes, hen<c 1he me1l1od adop1cd 
he<" is Ir" complicaled rhan i1 w"s al one lime lhought 
lii,ely lo be. In order lo >tudy the eflccl of ho!Oom hok 
>re» u¡ e• ;nd lrmperolurn on 1!1e di.1r~argc /rom horo> 
.:rpping " •ource of pre.,uris.ed hOI waler undcr condi· 
tions of mnimum fl~w. 1~c dimcnsion• ola 1ypic.11 w,;. 
·akci hor<: :ltC ¡alrn as"" namplc. With an interna) 
liamc!or of 7.825 inches nnd a depth lrom lhe C>5Ínt, 
ho:rd fl•nre ol 2200 f1. bollom holc temperaiUres ar. 

· ·alen '" 220, 240 and 260'C wilh bouom hale pre~· 
urcs cilher a¡ the '"'"'"'"d poi¡ll or pressuri•ed lO an 

· amoun¡ :.p above lhh, V:-ith \alues of O, 200, 400 and 
. 600 psi (1l1e ,.aluc o/ AP, =O psi coincides "·ith the or-

·inale throuth L, = O. wheno /., is the •inrle phase 
.. ~nf,lh as ~i<<:n on Foiure B). lhin¡; il~<>o dota, the crH

ical di,d.ar~e prcssure has hecn c>lcula!ed for condi· 
· ion• of m>'imum flow and the re;ulis ploucd on 1he 
, hatl of l'ifU" 9.As on c>ample of lhc me of ¡!,js charl, 
'"PP0>C 1he lemporalure and the ptc$SUtc mea>ured 
,.. dep1h o/ 2200 !1 is fuund lo be 240"C and 885 

. : 1hen ¡he >leam lablcs ~i•·e a "''"'"' cnlhalp)· ~~ 

psi. From the eharl,l',"" 75 psia and the now may b. 
detem>ined from •GtJation (1) lo be G = 855 lb/f•'>cc 
a¡¡d !homJgh a pipe o/ 7.825 inche~ cliamcter. now =: 
= 1.02 (10)' lb/h. Surr<>'< lhat "lror a numbcr uf 
;·eors. Ibis hypothclical borc has Leen found lo declino 
in bo¡tom hole lcmpera:ure and pre<!IHC lo 220'C ond 
536 p<ia, with associa1cd water cnthalpy of ~0~.4 

BlU/Ib and SOturalcd Slcom ptr!Sut~ of 336 psio, thon 
.!>/'"" 100 psi and foom thc chorl, /', = 43 P'ia. Frc;n 
equa1ion (11. thc new value of G = 562 lb/fr'•ec ond 
the ma~imum dischnrre l>•s dcclincd lo 0.675 (lO)' 
lb/h. lt is dcar, ¡hcrelore, 1hal 1he charl may h u<ed 
lo pt~dic¡ thc dlecl on dil<har~o o/ ,·oriou; combina

' lions of. bollom bale tempera¡ uro and pri,.sure: this ;," 
patliculady imponam wbe1c meo.urcments indicate de
cline in th<se laciOr> "' i¡ permits fu1ure e"imates of 
di~eharre in time to eomidcr remedia! oclion. 

l'irutC 9 is ¡ui¡,hfe f<~r ~coiherniOI fields which 
are of •he prcssuri<ed hot "'al<r l}·pe so lonr, as the 
"'~"B" pipe silo .loes nm I'MY hon1 lhc Wair~kei over
a.~c of 7.825 inc:,., interna! diomelcr b}· more than 
abou1 ± 0.2 inchos, in deierminin~ lh~ value of /',. Anrl. 
o/ eou"•· 1he measuremcnts of tcmperntere and pr<>
>ur< >hould h~ lahn "1 lhc sorne dq>lh ol 22lll.' 1! 
uuiSidc lhc ca,cd porlion of the holc (i.e. wilhin lh~ 
region ol •loued ca>inrl; this is 10 rn.1ke .,,,. lhal lhe 
1·oluos lruly rcprcsent re;ervoir conditions at this levcL 

~ 
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of a roolog•cally permeable !ayer with a dopth which 
c•n be e••luated from equa¡ion (15) if 1hr 1emp~ra1ure 
of 1hc walcr columt1 i> lnnll'll and if ¡¡,,. B.I'.D. curvO 
inlcice¡lls lhc ground surface. Al 1\'aira~ei. lhe lomper· 
ature of lhc water <olumn is now e<lima1ed lo be 
257'C and minr. lhis in tite equalion abo•·c. 1he depth 
al which hoiling commences is 1750 f1 which is •·cry 
clase lo lhe dcp1h of lh~ majar permeable rcgion al 
lSOO /1. ll.eccnt •csulls f•om the Broad!ands gcolhermal 

·-~--+-----1----~~~~, 

• • • -
' ' ' !! 

= " il 
>00 

Fra_ 10- - MD>imum Ji«h~·~~ r''""" I.,WP) ~• a /unwon 
O/ """~""'' ~-..IN leNIFr~!urr. 

region. which js about 18 milc• lrom \\'oi'"hi; indicale 
1hat 1he rising water column 1cmpcra1ure lhtrc ;, al 
• boulh 300 •e which. wlocn uscd in cqu•lion ( 1 5). givcs 
a dcplh of 36[)0 11 lo boilinr. 01 lhc pcrmc•blc layer. 
Evidcncc from the Broadbnds inv"'litaliQn pares in· 
dicalc tha¡ 1ho pcrmc.blc horÍ?On is <i<>Se lo lh&l deplh. 
for 1he dcep r<>CTI'Oir. 

Emplo¡ing cqua1iom {5) and (15) "ilh lf = L,, 
a <Ur\'C tan be plolled which eorrelain tho ma,imum 
<li>eh••<• prc.,ure (M.D.P.) of a ho,.ho~c wi1h lhc l<m· 

alure ol 1he >uppl)' waler al 1ho bonom of thc well. 
"is drawn on firurc 10 as curve lA). Al1-0 dra~<•n is 

curve(~) wl.ore 1hc ~.P.D. tdat:on,hip is con.lideted as 

d'"rla<ed downwards by 600 11 (a> at Ahuachapao\ in El 
Salv.,dor 1. For ,compMisoU pu rpo,c>. Cur\'C ( C) is dr o~ n 

with thc B.I',J). <'la1ion1hip displaced 1800 11 down. 
wards. A '"lcetion of Waira~ei boocholc 1«1 rcsults 
are d10wll plollcd. which are considued to be only 
rou~hl}' accurOic because il hos. in •he ra>t, been found 
dHf~eull <o be sure of lhc sourrc walcr tcmpcralurc 
supplying a boreholc at M.D.P. Bec.ousc of 1his diffi. 
rulty, ll is probable th>t lhe curves of Fipure 10 will 
be '""d lo <lclerminc lhe somce lempcralme of bo,es 
ralh~r thon 1he othcr ~<•ay around and panicular)\' al· 
trr thr \'trlical di•plocemcnl of lhc O.J•.D. cur~·e has 
betn establi,hcd b" urly in•cSiiration hales. Detp hale• 
peneltating bolo\\• the rescn•oir water surf•cc should 
result in an tstim•IC of 1he tlsin~ waler column tem· 
pcratme and ~qualion (15) ~<•ill 1hcn ¡;i1•e the dopth to 

-¡he lowcr p<rmoable horiwn. 
For dry s1eom lields. curve {0) is ~h·on whi<h oaÍt 

also apply to pre,uri;cd hot water ·~·1~ems whon boros 
are bkcdinB (st••ercly lhrolllod eondition) •nd in whieh 
11>• dcpth olthe bor~hole i; filled with Ol<~m or 8">· 

For bores which are drilled lO shallowcr Jeplh! 
over which 1he B.P.D. curve operales, l'iruro 10 will 
ri,·c l<mporaturc of the water "'Prlyinr, lhe hore bu1 
this will he le» lhan 1hal of the rising woler eolumn. 
Such •hallow hooes are liabk lo fill with <leam ond 
~·" whcn rlo,cd "' rhcy are <Jiten '"Pring walor which 
is elosed to the boilinr. poinl and ls no1 )>r">suri«d 10 
any marl.cd rxlcnt. 

As "" narnpk of lh< use o/ figure 10, the ca.e 
of an ac1U31 ohallow 1\'airakci borehole is comidered 
wltich h.1d on M D.l'. of no pliR whcn di,dwrginB 
a SICam.watcr mixlurc. CompiO!c closure o/ 1he ~<•oJI. 

hood \'alvc led lo stc•n' and ras filling of lhe wcll su 
1hat over " time pcriod of 1 da)' the ~<•cllhcad prcssure 
tl><e lrom 220 pSi~ lO O /inol firur-c Of 325 psig_ J'lollin~ 
o/ thcsc prc,Ur<> on Firurc 10 indicale that the source 
wa1cr l<mpcratmC is 22?''C and 1h3t cut\'e (Al is a¡>

plicohle 1howinr. that lhc ll.I'.D_ C\Jt\'C """al ¡;round 
level. U.ICr tcm <:onlirmcd ¡¡,.,. roouh<. !lthe BJ'.D. 
cun·e wal downwards by. '"Y· 600 ft, 1hcn curve (B) 
would h.ovc applicd, ond for lhc ;ame <ource W•let 
tcmperature oi222"C 1he v.cllhead rressure would hne 
bcen 190 p;ir al M.D,P. v.i1h "" unchan~od •·ah1c of 
325 psi~ lor thc final Closcd·in prcssure. 

A; an example of a bOrc pcnelratinr dccp iniO the 
pr<'luriseJ hot walcr. wc m01· 1"kc lht ca>e of Ahua
thapan 1'-->o. 1 of which mcasuremenl< of the houcm hole 
pr~>Surc and tcmpcralut( indioo11e h.lS a H.P.D. <une 
di,pbccd downw"rds by 600 /1. With a M.D.P. of 202 
P"g· the TÍSing wa1er column ¡emperat~re i< 226"C. 
lrom firurc 10_ [4uation (15) ~ll·es /1 =950ft which 
wilh 1he •ddi1ion of the 600 11 displaocmcm. t<<Uh< 
in a dcpth lo 1he p.rmcahle horizon of 15~0 f1 •t iiS 
hi~hc11 poim. Actual dcpth to th< top •·ery permeable 
la~CJ ha< bt-en gi,·en in 1h0 U.:->. Pro¡r<>> RtpOrt (1968) 
os from 164CJ..1SOO ft wloith i• rea;onably f(XJd a~ICO· 
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ment.. JI >hou]J per~•ps b< montioned that tho rnn
imum d,"barge of a bore is onl} ¡]igh¡\y rcduced by 
dril! in¡: doepcr int" a bol 1\'at~r permeable aquifÚ of 
constan! tcrnpcratme. This bccause incr.asing the depth 

• 

as gi,·on in Fi~urc S resuhs in a nc.rly sirllLiat in· 
eose in /., and onl)' a small incrcasc in l.,. D~ublin~ 

the dcpth l. can resuh in a dccrease in flow of only 
about .5~0. · 

With succcsoe• in predicting thc t•ml""ratu"' of 
the rhing deop water column frorn <hemical nn,,]yses 
of gcyoer flt~ids, il app<,." that the approxirnatc de¡>th 
to ·permeable hori10ns may be estimntcd bofort ncfllal 
dril! ing cnnnncnccs. 1 f thc rna,intum displaccmenl down· 
wards of the B.P.D. curH is a<>umcd as "ot lil.dy to 
'"«rd 1000 ft, tll<n drilli11g to, say, 5000 ft (nboul 
!.5 km) shc~ld lcc31e any a.·.,ó/able pcrmroble hcri1cm 
in hot wator roservoits \\"Íth lernpcrallltes up lo 307"C. 
Of rour<<. 1herc ;, no ruaranl<e thal such horizons 
wil! be su<«,.fully pieced •• they may prescnl •n 
elmivc t>rrcl. bu1 lhey shouiJ cxist somowhere within 
1ha1 dep:h tan~e at a lo,·d wbere •he impoocd byclro
stalic prc,.me rnalrl1cs thc \"Of"('Ur prcs,urc cone>pond· 
ing tn the ""81« tempcrature. and whcrc lhe permea. 
bility ·prol"idcs room for thc "'"'" npansion. 

For malhemntical an<.l e>tropalation purpo.e.. lhc 
rc<pecti,·e cquation< for cun•o. (A). (11) and (0) are 
¡:ivcn bclow (curve (C) ¡,,. hccn ncrkctcJ as outsilk 
1he normal rango cxpcclcdl. ,.,,, 

(A). e" 46.8 f'm0
" 1 (16) 

Curve (fl). C=63.4Pm' 1' (!7) 

Cun·c (D). C=5JJ/'m0
"" (18) 

11 should be noled thal for con>cnicncc. lhc pres
'""'' of Firure 10 ore ~i,·cn in psig (~auge prc.,urc). 
but in thc uhove cqu.,¡iom. 1hc maximum dischar~e 
ptcssurc ;, ti,•en in p<ia (absolulc prcssure). e is the 
water wnperaturc '" •c. 

Flow trom hol wa!er roso.,·oir.lo borcho1e 

Thc rclationship belwecn thr now of a borcholc 
and the prcm~re podient ourroundin~ it can be calcu
laled ftom lhrcy"s ]aY.• of linear filaation accordin~ 10 

which tl>e flnw ·¡, pwpartional lo thc presourc-~r,dient 
and in•cnely proporlional 10 the •·isco>lt)" of 1he fluid. 
The equolion derivrd frotn this tclation<hip ond cOm· 
monly applied lo 1he radial flow ol homo¡:enom nuid 
inlo a borchole is: 

1-'U. (P.- P,) 

:• log., (__!!__) 
'· 

(19) 

1 !i 14 

where: 

O = bo,.hole Jlnw. '"'''"'' 

k ~ roü p<rmoabihly. dotciw. 

L = thicln<>J <>f l""m,.ble hori<on. cm; 

1' •i"o'i'T ol fluid. contipOi><; 

{'0 •nd /', m l<>m"OÍI •nd bottOm l1oi< pr<S>urc. otm 

R ond r. ~ rodii ol >h< d,.in•r• bound•'I •nd 1h< "di ~ore 

Te.r resuhs on Waira\..ei borO> wbich ha' e floo.·; 
"1' to a million lb/h indic"le 1ho1 tltcre is no rnca,. 
surable draw·do"·n. i.e. (P.- P,) ;, prob~bly l.ss than 
al>oul 4 psi; it ;, aho holiovcd fwm rcological <>idcme 
1hM thc well< do not draw fwm porou•·penncabk 
mrdia but instead tap f~<omes ol gcneraus pr<>ponion> 
whioh '"~ially ><>ppl)" thc pre>surised hot l'"alor exÍSI· 
ing al depth. Recen! tests en !lroadland; bmn indicale 
that flows are lo<s 1han tho!< al Waira\..ei and 1aluos 
of drawn-down allain hundrcds o! psi. But tbe rcla· 
tim>ship _,.,blished by ""' he1wccn tbc flow O. and 
drnw-down (1'. - l'.l is not a linear one as in equa· 
tion (19), and O ;, in f~ct found 10 he appro,imaldy 
proponionalto (1'.-l'.l"'. This strongly ,uggosts that 
fi;oure !lo"" i• raling place hecame an cquation .uitable 
for borelwlcs ar>d h."cd upon r.1clial flow tltmugh ¡¡,. 
sures is: 

IV= 7500d, 1 ~~.r 
wltcre: 

IV • bot<hol< nu~·. 1~/h 

J • diomct<r ol w<ll boro. io<l><s 

• thi<ln<" ~r fi"""· inch<> 

(20) 

~r. cl<Ow-down. psi. 1• dilf«<ne< b<twoon ><m•oit ond 
hollom hol< pt<!!U><) 

1' ••• ,,.,;¡¡, •otum< ~~fluid. fl'llb. 

For Ncw Zcaland wells of about 1\ inchcs diamclrr. 
drawing nn hot water with a specific \"Olumc of appro
>itr1•1<1.1" 0.02 11'/lb. C4uotion (20) ;imnlifios lo: 

IV = "1\24000 t(j,f')"' (2 ll 

Appl1·inf cquation (21) lo Woira\..ri boros indi· 
cates 1ha1.1hc fÍ»liiCS Ibero are aholll 1 inch in wid1h. 
while for th< llro~dlands borcs. thcy would be more 
th.1n an ordor of ma~ni1ude >mnllor (i.e. les< than oboul 
0.1 inchcsl. 11 would oppeM. thorelmo. that the con· 
rcpt of now tlltou~h porous-perme>ble media mu•t be 
rojectcd lor 1ho>e fitlds. and probobl¡· eh<wherc. and 
prob!ems in'"oh·ing tbe idontification cf rr>en·oir por· 
mc"Lili11· in <quotion (19) need nOI be P""ued. Thi• 
is •ub<t;nlialed hy [U."O lacto; b) 8 deep holc has beon 
drilled at ~ach of 1he Wairolei ""J nroodl.mds fielcl1. 
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ncithcr of "·hith pruduccd any flow from thousond> 
of ft of t~nca•ed holc. lt •PP""" thtn. that unlr•s a 
li"urc is P"'lCir31od, llows ore \'Ít<u•IIY nOIH>iSient, 
hcnce it '"" be concludcd that !he rack is gro.-ly im
permeable from 1he vicwpoint of rc01hennal e~plor2-

ti<>n. (h) Althm1~h thc 10p 20M ft of thc ·\\'ni,.kei fidd 
has dedined in P'"''"'' o.·er the la.t deeade undcr the 
comhincd draw-orf of W prnduction borcholc>, !he ficld 
ourpul entholpy h0< not d>anged in any •ignificanl de
¡:ree, hent• thcre has hccn vcry lillll' )lea. connibutcd 
by 1hc rock in the rcrions o! la\ling pressure. This 
is in accordanee with the ronccpl of flow throur,h fis
sure>, wilh mínimum fluid contact with thc rock. Con
duciÍ\'C heat llow through roc~ is '"'¡- slow and re
<JliÍics a Jorge ¡md intimatc >urfa<e contact 10 mah 

·a sub"antial conttibution, and this h•s apparcml)• no! 
happr,cd. 

UTed of ~Clce ,;,, ~" flow lrom fo"urcs 

A' fim"e' appcar 10 domínate thc modo oí flow 
in r<mhcunal rc;cn·oi", it i'> wonb noting that flow
ratc i1 <lircctly proportionalto thc bore diamcler whcn 
• fi.,urc Í'> intc•ccplrd. "' given hy <Guillion (20). For 
fissurcs of a width of thr: arder of 1 inr:h how"·cr, or 
r.rcatcl. thc ["comctr.\ uf 1hc bon· cQntrols thc flow (be
cause dra,.··down is rwtligible) and "' ha, bccn tncn
tioned carlicr, the tli;rhorgc is p10portional W d"' fnr 
pre'Suri!>Cd hot water, and pr<>po!lional 10 d'" for dry 

• 

stcam. \Vhcro the fi»utc lhicknc" is much le» th"n 
this, thc fi3Sure iaelf increasin~ly control¡ thc riow 10 
a poilll whcrc thc dischargc is complettly dq''"d""' 
vn the fi"ute thiünc". When 1his occurS thc flO\\-ratc 
is proportion•l to d. 

From cithcr point of vicw, impro,·ed flows ~" ob
tained with lar¡;et diameter hores. 
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Rapid Esiimation of Elcctric Powcr Potcntial 

of Oischarging Ceotherm<1l Wclls 

RUSSU l ¡,\M[S 

D<'¡MrlmtW o/ Só<'nlrfic .1nd lmlu<lri,ol ~t·omrc~. Tau¡>n, New 1<'aland 

i\RSTRACT 

By mean< of • lir r«"'"' <>rpin~ 31 tlo~ <nd ol the 
pi¡>< di,dr.llgin~ ¡:c·c>th<rm.ol flurd 10> thc "'·"''"rhc'" 11ndor 
th< '"""1 ronJoti""' <>1 <ritic,¡l fl~" ln1ixLLJr< '" wnio 
"''''"'"l. it ;, •h<>"n tlo:~t ~ l>ir\y ><<utot< "'"""''"can 
k '"'"k of thc ''moLJnt <>1 <h<ric po"''' of "hich th< 
'"11 ;, <or:o~!o. Th" opplic•< Poth tn ~<lh 'l"i'ing thcir 
1),,,., hono a Jry ""·'m ''"""ir >nJ to thoso loa"J on 
O pr«"Hi>c·d ht>l·WOl<l ')"<'111, 

1.'-ll RODUCTION 

•

Whcn • no"l~ dnllcd "<11 ¡, lír\l di'>'lo:"t-<'d 'Ortoc.oll). 
t ;nall) t.•~•'< •om< l•o>U" kl "" the {1.,,. .'<od P'"""''' 

, \l0hrlofl'01. Mtc·r Lhi< I'"Írll ¡, t<JChc·rl. i: m'·'' 1..: ""''· 
'''<>en n¡oml". bdor< lile n<<<'<»r;- cqhipmcnt i> ""'m-
I~<J t<> moo«orc th< Jlo" >nd <nth>lpy '" '" to <"im:ot< 
th< cl,•,·<rir.rl c'nor~y "ilicll th< wcll ,,,.,¡.¡ cnnlrol"'''' '" 
3 pow<r pr<>¡•'<l. 11<'" « <r. on <•lm,te ol a~,· qua« occur~<)' 
"'" h< m.odr "Fhl hom t!oo <t:Ott "'ith lhc "ahrtircd 1<dl 
<l><ch.u~iur 'enicoll y_ '1 he "" ,¡,.,,¡ m<o dy e nl.uh Oll"chin~ 
a lir rr<""" [:Ol1g< at tho <<lr<m< <nol ol th< J"ch."~" 
rir-.• l"h"'' in1crnal di,,mctcr ""'" h< "''""""JI. Thi• 
•impk <k• i.:o" allthJI i< lo'<]Uir.·ol, :Oild iL 11." \•,·en ¡l,•,cn\•od 

on >n c.orhc·r popor thn'''· I%CI. !t " """ m <ommon 
u•< in "'""l F<o>thc•rmallioiJ< in ,·,.njunetion "nh l~<in-tow<r 
.,¡, n«·r ' ¡,., ""'·"'"in~ 11.,- Jlo<1 ,.,.¡ < ntb.olr)' ,,¡ '' c':Om·"·"''' 
mi"'"'''· 

\noHJ,•f l<> "'" thi< m<lh<>d. ti>< d!l11\ jet """' 1>.• '""""\y 
,.,,,min,·olt"-"''' l'hcLho't lhe Ji,,horec "!.>i<h d11 ''''·''" 
'" .ln "l"i'"" ,¡c,om-\\,¡Of mi•turc: thc (,Hotocr i< faiol)' 

tr~n•P·'"'"'- ""''"'" th.· l. mor i, "P>quc. Sh~lot\¡- "'' "'~"' 
,.,,.,,¡¡, 1-<"'""'' olr) <LIL<•r" f,•w J,,., <•f Ji•ch.<r~< if lh< 

,,•11 f"''"'''·"'' <'n< ,.,,,.,. ,.¡ lluiJ. ""'''"'" ,, ''''·'"''"·"" 
J<t inJo.:;ol•'• th:ot th< 11"" in~ cnth,<lp; ¡, """' lrkd; in th<: 
o.on¡:.: "1 ~l~l '" !•l~l Bou,llio. b."cJ on n¡x·1i,•nco of :octu.ol 
"di Ji"-h'"~''· 

WHL!Ifi\0 PHSSUR( 

;r :o lutloino inkt P'"'""'' ,,¡ .<o p<i~ ;, ,.~,;,.-d (J.>n>e,, 

' ni) :uoJ ola P""""' <lo.>p ,¡ '·' r-i ;, ~llcmcJ h<twccn 
th,• too~ hit<< ,-n<o~n~·· :ond thc "dlhc,nh .,¡ '"rrling 1-•,.·bolc<. 

' ' ' tfo,•n " >1 "''"])' lh<' k:"t :o.:u·pt.ohk "cllh,• ,,.\ PI<'"'"" nnL\t 
h< i -' r•i¡:. '" \><: "-.oli,ti,· undcr LC\1 c<>ouhl i,,.,,- lhrl ¡.,,·:o u"· 

ol thr Jedi ,,. ; " '"'''' voir r•c""'" uncle¡ < xj'\oiLot it>n "hich 
rmr•~'""'l) ¡,,,~" tl>c'><<lli>"d P'"'"'" mcr th< hf< 
uf th1• lodd. it ""uiJ appca< pruJcnl to thrnttk th< llow 
inilr:olly nnd hcncc """ "ilh o "dlhc',\d p1<<1Lur t>l not 
"'" than. "' \'. 17 _; r"~- Thi< < '«" rrc"urc nt thc ".;llhcad 
ol l!~l r•; "in haml" <an 1>< lo<~crcd "ith lime b, t<kasin~ 

thc· ''"'"""' ,.¡ \lr!<lltline. rn or~or '" "'"';" tll<' .lr\r!o.1r,~·. 
h>r instan<·<. ilth< P'"'"'" dcclrnc< ol' "" nf 111 r•ihr. 
lh<n 10 1''" ,.,,,.¡J pa" klorc ti« w<l\hcod P'"'"'' haol 
dwpp«l '" .> .,¡,.. "r 7-' r•i¡: A l<rnt.<r rr<.""" ¡.,u \\0lJ!d 
dwr tho lLrr~in< 1ul<t P"'""< ~<1•'" ;., dc•ign P'''""'" 
ol .<1) r>ir .. a~.d nene~ rcdu<:< doclri.c '"'''rl' ou:pul. 

lt "'·" nnt louml nccc"ot)' lo thT<<lLI< tlw Woirokc·i ~<<"lh 
bccou<e in thc c:uly dO)' ol tll< proj«t !loe "dllo<Ad 
P'"'""" "''" qoutc hi~lo. For ,-,ompk, 1\'cll 1,1 h>d a 
'"' llhc"d 1" ""'"" ni 1 ~h p>i~ "lwn <1 "t),;rr¡·rn~ " id' ·<>ron 
vcnically tlllmogh :on R·on. Ji.rrnéla dido:or~< po¡><. \\hcn 
,,.-ilch<d t<> h<'ri1_nnlal di.chorgc-:ol<o th<o>Cfb an S-j¡1, 

¡•ip<-Lh< l'clll"'•'d P"""" re""' 220 r•i~ <~hrl< 1hc lrp 
1'""'"' lell fnorn the "•nicol •aluc of 70 r>i~ tu tho 
h"fil<>nlal , . .,¡.,, ol ~{> r•i~. Th<« •alurs •ho" th< cfl<ct 

"" thc flllw ni l'·'"'"f thT<wrll o ~o· :on~lo "h<n ói•<h·"frng 
homo'ntally. Thc '""l:ing di;,-¡.,,~, i> lcduccd ''' 0,73 of 
thc vertical (as flo11· ;, pro(X•rt•onal to lip prc«u« m ab<Olute 
'''""' ot ·' con;tunl <nth,olp)·l- Srmilorl)·. !110 ol'"'hrtc wdl· 
ho.1t1 r'<""'" m« in in'<'"' propml1on lrom ¡~¡, + 1~.5 
-· no5 r''" '" o_n·• ~ 170_5 .. ~JJ.~ r•i• ~ ~~" l"if. 
r\h<olut< P"'"""' ,ot 1\'.,imh'i ""'·'f'- )4.5 p<i,, {\.·100 !1 
UllOV< >(,¡ ic<dl. 

!'~OClDUIIE 

With tho "oll di"'horr.in~ ,-onic .tll)- und<r ,,~le con<liti<ln< 
anJ with liL<' ll<lW thtollkJ ") Llo.Ll tho <~dlh:.,¡ ~'""'"'" 
¡, ll~ l"i~. the ,,,fue o! l1p rrc"""· 1',. ¡, n<'teJ. l'i~'"" 
1 •ho"' ;¡ l)pLCOI l'c\lhc.od :ur.11o¡:Cn\ooll-the h•"'"""·'l 
~)'•f'"" ¡,\liten e>l<nJcJ into> a <i\c•roccr_ Fi~""'! ¡,J;""" 
!h< ¡:<>om<lr)' ,,¡ tloc lop P"'""' ho>k. "hido ;, dnlkd inlo 
ti>C di>ehat~o pipe ne;u i" «>J-(;o.:e. A ,,,-~,·• ;, "cldcJ 
"l<ruall y al thi, [u,·:ot,m ;,nd «mneclCÓ "' ,, t""'"'" P"~'·. 

U th< di,do.uJ;Ínf ict ;, a >t<am·"'"'' mhtur,•. l:qu.otion 
(Al lmm lk :•ri'''"J;, ¡, u•<d «ith En~li<h Llnit> «hero 
P, ;, in r'i" "nol ti, " in inch«. 'lhc mo·lri-: «ILlil~lenl 

¡, [¡¡u;oti<!u UH 10hcre P, i• in ~'"' l.olo.,>hooe) anJ J, ¡, 
;, c-..:ootinu·t·~·. Wh.~c tt..· jet ¡, ,.¡,,¡,,,.Ir Jry ,,,.,,.,, 

b¡u.oti<"' (C) ¡, u•cJ "' il\ m <trie cqu;•·;okHL. h¡LO.rt i<~n illl, 
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Pc Up Ple5Stxl", PSIA 

¡----- Dischil_l9l" Pipe 
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lltUSlRAil\'f EXAMPlf 

in<h<·> 

\__. 

'1 be wcll ,hown in f'igurc 1 is ~'"horgín& a "'"m-W;Itcr 
mi~wrc undcr "ablc flow wnh a l1p pro"uro. 1',. ni 4S 
P'Í~ lhc intm1:<l di,Hnctc¡ "1 tl•o ,¡i,clo,,ltO rípc ¡, ~ ¡.,., 
ancl olnO<><phet ¡,. pro"uro ;, 14.7 p•io. Calculo!< tho ckctnc 

P<'"" in mcr''"'-H" "hich 11•< wdl """ prndLJco 

,--(~)' 
' 16.9~ 

~ (41 + 

.. 11-ll 

14.7)""' (-"-)' 
16.94 ' 

-

11 mct6c uní" are u"d. P, ~(~S + 14.7)/14 .. 1 ~ 4.12 
bar anJ <1, = ~ ~ 1 5~ • 20.32 cm. U'ing Equation (U) 

P'"' ' ( ' ) ' 
< 1 !.92 

. (20.32)' 
~ 4.12';" -

• 1!.91 -, 
~ 11.31 

For thc '""'~ ''"""" but if 1ho di<choif&'ong icl is dry ,,e.,m, 
Equ;•IÍun (C) Í< cmploycd lor Enr.lislo unih a< follow<' 

d,:,.,,¡,. r<>wcr ~ /'"" (~)' 
' 14. ·~ 

~ (4_1 + 14.7)0 ... (~)' 
14. 4> 

g !.1.47 

u,ins rl'!<tric unih, E4uot~>n IDJ ;, ,•mplo1cJ _ 

15.47 

CONClUSIONS 

F<>r ~i,dur~c' ··nn>r<"t'J of ""-'"'-""'« "''""«< I'Íthin 
lho ,•nth.olpy "'"~' ~!\1 !o 600 Utu/ll>. it Í> rro~ .• ~le th.ll 
lh< .-loctric r<>~OI rc•1cl·.tial of <• "'" con 1'< e'wnatcJ "' 
within =o.l~¡, """"""!: 1h.11 1ho lhermal eHiócn<-y "f con· 
uo1in~ boa! cncrr,y !o dcctric cnerp" 0.10 h ;, likÓI¡ 
lhol with nrcful cle,ign or ~ """" project, ¡¡-,¡, •·aloe .,¡ 
lhcunal cfriciency cato t.: some .. ·hal e•ccedcd 'lhcn em
ployin¡; '"P"'''IÍM of 1110 ph,_CI on IWO P"'"''" '"g<>: 
henc< the «lln.atcO rnwcr o.·ill t.. >lightly """""'';'e. 

1'<>1 thc di>chorre of Jr1· '"·'"'- lhe acn~racy .. ill ~' 
imp1o•-cJ "' tl1< cnlhalpy is le~' pr~ne 10 .. iJe •·arhtion, 
acconl'.n~ toda"" fro"l nistins ""'"' fic1d•. 

Poo.•er-hou" ;uniliorir> (couliu~·Walcr pump1, ~~' 0\· 

''""""· anJ so un) u•o;•il)' inopo>c a loll <of up lo S'-" in 
~<otl><rmal ""ti""" hcnc:c th< dc:clrÍ<: F"-'"'" <"akub\od h¡ 
th" '"cthoJ WOtJIJ ha ve 10 l•c r<ducctJ by that anoou~• 10 
~a1n a¡;,.. c•limale of n<1 po"tl. 

API'fNOlX 

Tl1< ba<ic formulo Cnnn<eiÍng flow tate. cn:halp¡·. and 

lip P''""" ¡lomes 1962) is: 

~ 114('() 

... ¡;.,.e;,'" lb/fl'-'""· 1', ~ p5Í,,, ''" .. flto/lhlc:otholryl. 
•nd 1h< •pooifl< he;" ~ow ¡, (Gio01 in Btu/ft'·••• ~ (lHOO 
1'."-..11•0' '"'.lf tho interno! d'oamew of lht di.ehor~~ p;l" 
;, d, ¡;~.). tl 1cn thc lo<a< ~mv in lltu/hr i• 

(Gh )- -• 60 1 = . (' )' 
• 4 12 

((;1,,1 19 (,d~ 

11400 1'~ .. !9.6 "; 

h~ ,., 

Conven;ng h<>l flow to rno¡;-•waus of hea< ~-IWII(). whcre 

3.412 .~ !O' fit*/lu • 1 MWIHJ 

¡ 1 l~OOJ'", ',.,· 19.6 
M Y. 1H 1 g -'.Cc;;'-'--c"'-'C'-

' ,,~'''3.412 )( 10' ¡ 
• • • To con ven h<-<! cnc1~Y, MWIIt), "' clcotric cncrgy. M lVI o), 





J;AI'ID [SliMAliC>"< ()1 \! fCl ~IC i't)v,t~ 1~)] lNIII\l 

¡he 1hcrnia1 dliciency 'l,i> u«J: hcnce M W{cl n 'l, M \VOl). 

ln th< ""'" ,,( <lry-,1<\Htl 'l'l<n" '<JCh '" l~'<dc"llo '""' 
The Gcy•<"- thc t~!nül d(;ócnC)' 'lo • ll.lj. For 'Y''""'' 

•

• ¡,,.~iog wom-"··•'cr miqurc• arod whiclt '"' """' 
. J in l"O P'""'"< >l~gc., 'lo~ !l.lü. lit< <ltfkocncc 

du, to thc ¡,.~< q~o;,nlLI) ro( hot "-"<r rcjcctcJ ot lhe 
"~llhc.oJ, or from <urf.tcc <quipmcnt "''"" a h<>t·w,t,·r, 
S)''""' di.ch~rc.- mi"u«• frorn lhc ,.-dt._ Al WaLrolci, 
"Iocr< <Holy oro< "-'fC ni "r'!"linn w.l> ornpiUjCd, Lite 
ll'l<r<n:ol <fficicncy "'"' O 075. wh<rc•• o "uUy ni tbc El 
lorio l""'l>crmol (idJ in Chile <lorowcd tll>t a ollOrr<t.ol 
< (fi:icncy ol O. l0.'--1 «>ul<l t>c o~taincd whcn <Cporation ""' 
in l"-0 pl«<m< "or,c,_ A< wc ore <on<idcring a lic!J prior 
toa l<a,ibdot)' \IUJ)'• a th<rm:.l dfrcioncy n>un<lcJ tn ll.IO 

... ._ considcrcd quioc :.dcqu>oc lot P'"""' <"Ím>tc• and 
;, somc><haL "" thc "'"'<"·"i'c soJc. 

, ..... d' 
MIV(c) ~ 'l, ' ' 

--15.27 J¡ •• oO> 

!"o: "eam-wal<r di.chort« wiohin tlo< enth:llp)' 1>ngc 400 
'" fftJ lltu/lh, 

400' '"' ~ 1. RH 
¡,rff' '" " 1.'!20 

tfl<rm•l <lficiency. 'l," 0.10 

MW(<) • 
P~" d! 
28/.Ü~ 

, .. --'-( ' ) ' • \(>9~ '" 

l!enco 1hc only Jata TOquircd tu oN~in on <•tin~OIC o! thc 
clcclric pnw<r po>l<nto,¡l ,¡ o f.Cothcrn>.ol wcll are thc lir 
P""'"< anJ thc interna! dramctcr o( tl>c ,¡;,ch.,.~< pire . 
l"<>r mctric unih whcrc ohc lir prc""" ¡,in h.o" (ab«>hrle) 
anJ thc intm>,>l di,mctcr .,¡ thc di,cl>.r¡:c rir<' in ccntimctc "· 
lh< formulo i-: 

M\\l(c) • ("..., (_!'<__)' 
' 11.9! 

(11) 

Fm wcll' Jl'[h.or¡:in~ rlry <tc.om. th< <nlh;<lpy Ir,~ 12110 
lllu/lh :•nd 1~00"'"' = 1.1161. Also thcrm~l <lfrciency 'lo 
• O IS. 

For metric unit• whcrc J', i' in bo« i"l"nlutcl :tnd <1 " 
in <:Cntimctc" 

' ' 
MWiel H 1""' {_!'<__) 

• 10. 1 '1 
<D< 

REilRlNCI S Cll [D 

hm" lt., l%:0. S"""''"'"'cr «it,c:.l lh>" '""'"~h rir"· 
'"''· M«h. l'ng«. l'ruc .. v. 1/(•. no.~~- p. /~l. 

--. 1967, Optimum "'<llhcod rr<'""" '"' !"'<'tllo<m>l 
pO\\CI.' Nc•w /o.obll<l lho.:i11<ero1<~. ,._=:!.p. 2CI. 
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~q JI'•" ~u¡qull Oll¡! (p) puu :J.l)Oll.lO!I' []CUI< Jo ~'l 

U~\\ uo¡¡~l> 041 o¡ pc;q¡p.n ~'ll :Jup~;uuo.o '"!Jdd]d 
UO]SS]ll!SUnJ) >41 (O) :J~PW~][l [J~W' JO ;¡q JI!.\\ ~1"'1 
·OJüq 041 (q) :Jnot¡·!JC.\\0[!'1 J.1<t WOJI' ¡o .iwouoJJ 
)C~J3 e ~q ll!-1\ ~J"t(l (C) :SJlllSSJJd JJ<¡g]'i <jJR< 

JO SO~C)Ul!,\)l>l ;'ll l!UOUH! SI<]J >H "SO[Olp.lnq ~JOS 
·<•Jú ljtl]y !"1"J]e,\\ aq¡ JO) '" ""'~' OC[! oq p¡no,l\ 
puo ~;lnd ,u¡fq¡ Gil moq" n¡p.lJp.le"] .lOJ ;>q p¡no.\\ 
lP!'l·" '>.m><oJd H]·pJsop >L[l ¡o %0<; ¡noqn JO 
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TABU.C 1 

ll'dll~e~d Pre<>urcs for !Jitfercm 
G~olllenual Fidds 

T_,pc o/ [<ciJ 
\\'eWccod 

~-~""" 
, 1~/in' ~auool 

l<cl.,nd 
(OOOl<!llPbtcdl 141 

w.,,¡,,; inooom<di•l•· 

'""""" 111.1 

He G<"""· 
t'.oldolloi.l bl 

Ncw 7-">l>nd 
1' on1mool•1<·d 1 
lnu! publi<l><·oiJ 

w.;,.,,; hieJ• 

'""""" (14) 

'"PCiil<',lled w 
>l=m 

h"' ""'''' ,; 

loul ""·''"' w 

;uperh<•«d "" ,,.,, 
hot """<r '" 
hol w•oor "" 

A cltlfeJ<'!\1 vi<'\\poinl ·, aú.,ancod h)' Hm""" 
(16), who mcntiort' that lur lhC firs¡ ll.SMW 
'laoion ·" 1h~ GrnC<>, lite lluhinc -""P \';ollc prc'
""-e "'"' d<·•ign~d ~1 IOO!b/in' g~llge l.>uo th~l 
">tJbscqllcno le;¡, hal'C inoli~alcd th.ll ""''e powcr 
""" [,• J,•,dopcd !Juno 'rl~t· Gc-J'"''-' .,¡ tcJLtct•d 
JHC.SUl'<, pc•h~p; ~' luw a• 6Sibjin' ~auge {wrll
hcaú 1'"'"" "' r·. 

ruo· pul"'' rkri\'cd Jrotn n~shing loo! w:tl<'>' . 

• 

Ein3r~-.m (4) wril~' <h:ol an nnai\'>Í' of ¡)le ou<pul 
uf boJdlUI<'' m lllcraF<'rdi, ¡,-ci~"d, _,¡"'"'' Lh.,t 
powor ¡•cno"oled inn~'""' 1\tllt u'ÜllClion of thc 
wcllhc~d p¡c-.uro t>m ohal a ]owcr Jimio ;, srt by 
tlt<" _,jzc a10d , . .,, ol tlt~ wt•llhcad '"1'""''"" ;ond 
oleam lt'amnli,SJ<>n pipeline, <'lC. 

Allhouph nu rc~iun h~> h<-cn 1l11ally dwscn !or 
a ,~<ond Nno h,.).ond [l<'<>lhcr mal ¡><m•cr >laLiun, a 
wdlhcad prc.surc uf approxim~tcl; 140\b/in' 
pugt;" ¡,.,. bccn r<·comJno•tJdt•ol os a JH>ssibilil) lor 
"_,¡olion ni 150 ,\IW instalk<l c~pocity. Thi' ¡>«»u re 
h :~bonl hall\\';1\' bCill-\'Cn lhe owo <>pnrlling pre>· 
wo-c.< iu lh<' w,;¡m~<"i fidd, nro<l th<· ;ystcn• would 
he ;1 sinulc )li'C"utc onc, thot i•. it wonlú noo ma~c 
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o , .. """ O•oo O•<~••• """""' • '"'''"' • <> lb/••' 
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'""' """ ,..·~ 

'"" •.. .,~, •••"e 
•>o "'"/'" 
'""e 

,!---,i.o-~.! •• ,--,1--

'"" ul ~eroml~ry flash stc~m. uwin¡; lo :-;cw Zoal3no.l 
e\]lCIÍC\l{'e \\ith a piloo l10l \\:llcr lino \\ltkh bc<·nmo 
n•clundant wilh Jolling w;>lcr llu\\'S Jron1 o he 'upph-
ing bor.·bolr•. 

2. SYSTEMS 
2.1. Power lrom Fla<hing Wotor 

1\'hen tloc prcssure on ~ !M'S nf hol water " 
rcduccd 10 bdow thc ,,:uur-::ucd P'"""'" ~"-OCÍ~!cd 
wioh tbc w,ucr ¡cmpcr;tllll-e, ' qllJlltilv nf ""'·"" 
n¡>pear' wilkh may be >e"par~teú foo;n the rcm~in
ing water amt pa,.cd througb a turhonc fnr powor. 
Tloo 1'""'' lile pr<·s.ur<• nf ;epar~<inn. thc grc~lcr 
¡]le am<>unl of na'h Sl<':\ffi proúuccd hui oh~ les. 
iiS inllinsic powcr pol<"tlliol ~~ thc llll·hinc•, Thcsc 
twn oppn"ng r•llccL; rcsull in an upLionisalion '"'"''" 
"hcrc thc ma,imum cnClEY oblalnoblc lrom hot 
wnocr dc•pcnd• on _,omc nniquc \'alnc ul ohc prc'
'""' ol ,cparnion. '!he l<>w enthalpy water rem~Ín· 
in¡: aire,- >eparation is con>id•·rcd a• rcjt-elcd ~nd 
¡, 1101 u>Cd "l'·Lin Jor 'c<o!ldar' fi~;h'rllg. 

Fu,- ~ ¡;entherrn~l ;t~tion dcrí•·ing its [l<lll'<'r 
from a pre"uriócd hol \\'31Cr ~quilcr, thc stcam 
-"1""-"''·d ~~ tllc wt·llloe;HI> uf ll<•rcloule' "-'Olll<.l ll~\C 
to be' pipcd a con>idcr~blc di~lancc (urdcr ol a 
mik) JC>llitin¡\ in hoth n 1'"'""'-,'-<ii'Op '"d a <Tr
laill CUH<knsmion or heal lo'> cl'cn with guoú irm>
lotion. In order, lhcn,foro.•, lo pr<:>r<ll re>uhs "hich 
'"" he- ,·onrp.llc'd witlo <~ClLJ"] l>ordi.-i<L cumliltll<", 
thc cou ,.~, ol Fi~. J •~kc iolu ~ccoun: a l'"'''urc
d1<>p uf 25 lb/i!l' anrl a <(Jn<kmation loso d :;~; 
¡,,-¡""''" "'~'""'"'" ""~ pm"co· liou''' woiJim·•- lhe 
twi>ine cond<•nser pr<o>"Ur<' ¡, la\;cn as 2.5inl!~. 

wltkh "'~' ¡¡,. ,-"luc u><·d b, Jbl<lam·, \l'o<><:l '""' 
At<ll<lr;ll) (17) to dclcrtJlin•: thc >lcarn r'<IC cune 
rcproduccd a~ Fig_ 2. Thc :>muuub ol rnCI'f" ralcn
¡,¡,-d in l:iluw"ll·lwurs aro· ~''''" >aluc·, t:<kc11 nL 
the llll Uinc; lo cak>tlalc nct \'alucs, a ceroain 
~mounl \\'uuld ha\'<: lo loe dedllC!cd (al \l'airah<'Í. 
ab<>lll Hi) lo allow lor ~<:nerawr ellicicncy ~nJ lor 
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>Uch au~iliaries ~' cuolin¡: wat•·r ond ras remo\'~] 
pumps. 

Cun-es are ri•·cn for lhn·-· ·;,.t,,., of Cltlhalpy-
420, 460 :111d 500Dw/lb-wbkl• cmw 111c u>ual 
r~nfC or ho1 .,-aln in ~colhcrmal •cgtons; highcr 
cnlhalpies from smnc horchok-> "'-e 1101 UP

common, hui it is g~nerally a~rc,•J ( 11 J 1h~t tk<•· 
lakc thcir flow• from _ hcc uttderpottnd slc:om 
a"orialcd wllh llnshing hui water. 

r1~ure !. whieh Joe-s nol dc¡>cnd un :1:: r•·r· 
form:wcc of burcholc,," dcl"fllllncd nnh• :':.m dw 
s<cam table> and thc stcam ra1c cun-e o(Fig. 2_ 

As th~ """ l\'ew 7cabnd )'Colhcrmol po11w 
""1im1 will po"ibly be dcsignctl for an inslalktl 
copadly uf 150 ~IW, ¡he cun:es of J'jg_ 1 ~re re
calcul.llcd ""d unnslcrr<·d lo l'ig. 3 whcrc fluiti 
dr:>w-<>IT is !'hcn b millions ol pounds pcr hour 
(JO-lh/h) (A• n <nmporisnn, lile Wairakd dml~l<: 
pre"urc sy>!cm wllh 192 MW it><lallcd capacily, is 
oporating bclwccn 1$ "nd 20 IO"lh/h dcponding on 
u<llpul). Cul\'n uf high culhalpy a¡c al;" ril'tn, 
nnd lhcsc show 1hc rcquircd !low-ratcs al di!lercnt 
wtllhcud plc<surcs: lh<:;c ,-nube ml,lc.><liu~, ]lnw
cwr, in •Prc~riug lo a<hoc~lc higiler wellhc~d pres
"'"" wilh rcduccd !lnw ralos lor ~ pi\'cn r<>w<:r 
otrlpnl. In l:ln, lile nclllal nutput chnrnctcriSiic' of 
boreholes ha\-c a fir•l ordcr dlcn which ;, not 
oh\'iom al lnwcL <'llLh:olpic> huL which dorninatc< :11 
hi~hcr """'· This is shuwn in hg>. ~ and 5. Figure~ 
applics lo a l}picnl \\'aira~ci l•Ol<"lwlc• o! tlllh;,l¡>y 
460lllu/lb whosc outpul is plolled a¡;~inst wdlhcad 

" ' ,. 
i 
' " 
! 

• 

' 

H"'"''"'"'-
• ,._,. """" o• '"' ,.w ~'""• ,...,.,.,. . '"'- _.,,. ... ,,., .. " , .... . '""""""'"' ,,_.., ~'""" ""' '"'"'~ . ,. "'"' • <"""""'"" "" ""~'" ~ .. ._ .. on• ~~~~ . ,.,_ 

'•'"" 

··-

--
"00 

..... " .. "' ..... ~. '"''"' """" 
Fit. J: fl<qui,_J /lO»' O/ "<a•>t-"'"I<T "''"'"' Q/ <"li"'lpy 1>, 

/or 150M\\' ><~m,., 

,','OCUl\' lü)'<'lhCI Wl{)¡ tbe ('UI\\' <lf¡><OWCI in .\1\1'; 
:'\e u·-.:imurr. ¡>o\\er i~ obtalncd al ~ \\ellhc~d 
~"''";,,, vl ¡)lb/in·' r•mgc. \\hirll " <lose lo th.•l 
gi.en in rig. L 11 can ~bu be 'hown th~t borebolr. 
of cmhalp;c ~~ü Btu/lb pne EOOd a~l<"emcnt "ilh 
llr<' ~ppropria1e <Lme "f Fig. 1 with nn opumum 
pre"urc of ahoul 70 lb/in' ~~u~c. For 1he ca'e of 
hi~hcr <'nlh:llpi~s. Fi~. 5 EÍ\eS thc mn" ~IHI powa 
uulpul l'ersus wdlhcad prcssurc ol a drv Sleam 
borcholc (numkr 216, w~irakci) ;hm<ing lhc 
"'"'imum poweJ uf 10 ~1\V '" a wdlhcnd pro"ure 
ol lllOlb/<n' gauge. 

For bon·hok• mlh enlhnlpin ILi¡;b<•• iban lhnt 
dcri\'ed from a flashin¡;: all-water phase duc to lk 
prc>cncc o! free "eam, thc opliTiltLrn Jl'"""'" [or 
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l"i~. 4, Otupm .,a PPI<'" 1"-''<>Uiol a/ l}'p<cal lugh P"'"'" 
bo"hok. 
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llud pr<J,u«. 

bordonlcs, or by thc U>ual mctlood of tapping tllc 
dccp pccs.,>ri>ed hot water and scp"rating the 
f!ashing straon·watrr mixtures ¡U thc wdlhcnd'. 
Cakukotim1S usiug a tlocoo"cti<al modd uf thc W~i
rnhi systcm (12) indicalc hoth the ~dc·antagcs of 
low "clllwad 1"""""'' and lh<· dt·a"in¡; nf lup 
sleam a' wmp:or~d with tapping thc dcep hot 
water. Thcse rcsults, whiclt "ele dct.-rrninc•d fur 
two pre""""' <>tli)', ltave h<'Ctl t'XIendctl on thc prc
,ent p.opcr owr a tan¡;c ol wcllhcad pressuros ancl 
pl<>ttcd as Fig. 7. 'fhey ore ba>Cd IIP<-"' an a<¡tllft•r of 
appn"im.ltdy one cubic kHomctrc ul hot water 
aswcialcd "ith \'Olcank rock u! poro•ity 0.2; thc 
<kpth of thc wal~r is ¡¡oken "' 1,50U ft with lemper.o
turc' of 210°C m thc tup surfacc nnd 150° C :tt thc 
bollorn. ,\s;umine that stoam i< rcquircd for a 
l'"""" ""lhm ol !SO MW imtallcd capacity, thc 
number uf }'cars of uperation are detcrmmcd for 
buth methods t>f draw-oiT at diiTctcttt "dlhcad 
prcssurc_,_ Thc prcssurcs that ~ivc ma,imurn opcr
ationallilc ar-e 50 lb/in• pote for top stcam draw
ufl "'"! 70 lh/in' gau~c wlocn l>otloln wa~or i< 
remo\'~d-

1.4. Optimum yteflhead Pressure 
Summarising the <'l'idcncc on wcllhcad prcs· 

sures u'in¡; thcsc \'ariou< "PJHoacltcs, il i< app"rcnt 
¡hat thcrc is 1\tilc disa¡:recmcnt on thc oplimum 
valtoc eilhcr fur the case ol a dry ,tcam "~uolcr 
"'ith >kam takcn citllC-r su¡>eohc,ttcd al tntt>lant 
tl"mpemturc oral con•tant enthalpy, or lor !he rase 
<>fa h<>t walcr aquifcr with cilh~r "ean> lakco from 
thc lop or >eparntcd from l]a,hcd hottom water. 
Optimn appcar to lie \\;thin !he range 50 lo SO lb/in' 
r,~ugc, niLhough if thc o<llpUt of dr;.- ;tcant bordtolc 
J\\lrnber 216 :os ¡¡iven in F¡~, 5 was assumtd to 
remain comtantthooughnul lhe lile uf a ¡,:cothonnal 
poweo· ocherne ]ordcr of 20 •·cnrs] thcn sudo drv 
horcholos would optimise al iOOib/in' ¡¡au~e.llo,V
C\'cr, lhe outpttl uf this b<>r~hulc ho' bcen p>o· 
¡¡rcssi•·ely falli~g sincc tbe 1961 uutput ruro.·c of 
Fi~- S, ~nd no such guamntcc could be cnterta\ncd 
for ally hmdtolc b~scJ on rurrent ••periencc. 

. . 

3. CAPITAL COSTS 
A pruvisional co" cstimalc o[ a panicular 

ISOMW gcotberrnal •Chernc "'"' undcrta~cn in 196-1 
and is hdd by lhc Ministry of 1\'mks. \\'cllitlcton. 
As tite results werc <>1 a tcntnti•-c nnture, <>nh--rela
tiw fogutcs are prcscntcd hetc 10 Fi~. & J,\~l"·d 
in thc coqing wcrc only !hose lacoor< whirh werc 
inllucnced by wdlhc~d pn·ssurc, such as thc num
bcr of borcholc< Jo illcd, with n>>Ociatcd ,¡]ónCcr> 
and branch linc<. as well as ,;,e of rmin tt<tn•
mission pipt!inc ~nd cooling 101,-cr>. lhest' \C<riot" 
facturs producctl an nptitnisation curve nf CO<!< 
woth mínimum ,-,h¡e> within tho wdlhead ran~e 
80 tt> lOU lh/in' pngc. Bclow 80 lb/in' gaug~. it is 
cxpcclcd th.,t tite onfluencc ol incroa•in¡¡ ~recific 
,-olume of lbc >tcam uscd ""Oilltl prc\';ti] and that 
tlw tus\ cune w<>uld more ngain incro;"c . 

'"' -

" 

f'ir.. 8: R<IOI<••e co¡.,'r"l '"" nf /\0~1\V >elrco"< "lowd oo 
wc/ill<ad we,.u<r. 

4. WELLHEAD PRESSURES OF HIGH 
PRODUCTION IIOREHOLES 

~omo l:>rgc <>Utplll hmdtok' "' W:oira~d and 
clsewhcre ha,-., wellhcad rressurcs that ncccd 
150111/in' r,aur:e rvcn whcu P~')ing wilhoul H'>· 
tJictmn to lhc almosph~rc. Such bord10lc' cuuld 
not, therdorc, iniliall)' operale "1 wcllhcad pres
"""' ;o> low as 751b{nt' pugc. llnwn·cr, by mcam 
ol a throttling m ifice placed bctwccn thc 1.\-cl)hcad 
and thc q·clune scpar:uur. thc poc»orc nf lhc lotlcr 
l'nn be udju,tcd tn a \'~luc of 75lb/in' ~auge an<l 
!he flow ratc controllcd s.u that ¡he vclocnv ol thc 
cyclom• Í!lict mi,turc detes nut ncct•d ·lhat uf 
ctl<-ctive scparMi<>n (<>rdcr uf 150ftjs). For a 
36 in diametcr cyclone wilh a throu~hput of 450,000 
lb/h nt 75 lh/in' ~au¡;c and cntl>nlpy 460 Uttl/lb, 
and a throttling orifire as shown in Fig. 9, thcn 
wbcn thc cydone is oper~ting, thc wellftcad 
pn•ssurc ha• to he adjuslcJ lo 235ib/in' >'""~"· 
thus ~ido~ a pressure cxcess of 160 lb/i1l' nbo\'C 
thc s~pnrator p!cssure. Th~ pu"-''' <>UlpHl as '"P' 
plkd lo the Slatiun (assuming a pressure-dro]l of 
25lb/in' anda conJensalion loss of S%) is 4.4 Mil', 
whidt is a rcasonablc liHurc for a rnodcratc burc
ht>le of a•erage cnohalpy wherc steam on!y is uti
lised ( 11 ). \\'hcn lhe bmeholc as ;ftown i; un pro
durtion, thc excc.s prcs;urc may be ~radu.~ll•• 

l'Cduccd with falling Oow ratcs o"·ing to chcmical 
dcposition wilhin lhC hure t::l>iug or otlocr cnus~s. 
For cxample, if the oulput of thc horchole de-
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... n~a>c< at a role which rcqui>c• a dH>p ;, the 
wo•lllwnd ptc<>ure ,¡ 2011>/ill' pcr· )'Cal lo '"""m 
thc di!><ha>~C. thcn by p<O~rc•sh'cly reducin¡: the 
nonoum of >hr<HIIing, productlon eould he COIJ\Ímocd 
ICJr cight Y""'-' btlurc gcncr•Ll ,NVicing and lC:<m
ing out "'as ncccssary. For \'Cr)' large uu1pu1 bore-
hnlcs, an cwn grea1c1 nces; prc"ure mny be u>ed, 
or nllC!llaliYcly lwu <yclon<"' rnay be cmploycd with 
a lesser o>cc<s. The l:·r~csl W~i1akei burchote dis
d•arl'-ed aboul 900,000 l~/b o! st¡·am walcr al an 
'"'"halpy ol 4S01Hu/IIJ anrl ata wdlhcad prc;surc 
ol 220 lb/•n' puge; 1his could be aceommodatcd by 
U>ing two C)dones ol 36 in diam<"ler with a total 
p<mcr <Hllput at thc >ralion ol SR MW and _q¡][ ~Ll·e 

an '"'e-" t>rcs;urc ol 1-lSib/in'. In facl, it mav be 
ad\-isablc to dt ill a >uffidcnt number o[ borelÍolcs 
"' !hat '" "'""Y a' po>oiblc car\ be throttlcd lo 
wcllhcad prc"ures initially ~reate¡- than ZOO!b{in' 
¡;auge. This will haw thc added advanlnre of re
d.,cing the altHHL11! o< likdihood o( chcmic"l <i<•po· 
>ilion within the borc casin~ anU ;hould furlher 
incrca•e thc time beforc ;crvicin~ i> rcquircd. lt 
is possihlc thm wilh tllis appmach, <"<lkite ""d 
~ilica would Mposit only dO\\"flSll<'nrn of !he weJI. 
head throllling orificc, and mo<t probably witbin 
!he p1pc rcjecting thc low onthoipy <")'clo"c wmcr 10 
thc atmospherc as il is hcrc \ha! the ¡;reates< cOn· 
a:ntntiou of chcmicals occu"- Thc rcmo,·al of de
po>ited chemicnl• /tom sud• wdlhcad cquipmcnt 
>hould be much Cd;icr !han lrom dccp do"n in the 
production casing. 

'" 

With borcholes con1anu11~ \"Cr)' lar~,. arnounts 
<>f ckmicaJ; m sol\llio!l (191, this ~pprooch i; pre>b
ably man<i~tm·y. 

As the cxccss pres<ure is ta~en Uf> O\-er th: 
)<'~rs, !ll<'tc will be :m inorc"<inr. tcndenc\" for 
chcmical dcposition within thc bot<•pipc, bui tlm 
prohkm has to be faccd \\"ithin 'uch a bore!ield al 
sorne time, if ''"' rlcsirned ilnol '"·llhc"d pre'>Ut< 
" low cnough lo dlicicntly utilisc !he reso.,rces or 
thc f>cld. 

5. NON-CONDENSIBLE GASES 
Thc quanlily of non-<:ondcnsiblc ~"'"' to be 

pumpcd from thc boromctric (ondcnser> oí a ~co
tbc·rmalpcl\I'Cr station ha''"" urigin'- Onc porti<.>n, 
m~inly carbon dio_,jdc, enters wilh thc !u:bi"e 
stram, while anothcr 'molkr mnocmt, rnainly 
oxygcn a~<d nitw~en, is hbcratcrl m the lo"' con· 
dcnscr poc"ur~ (rom thc cooling wnter >pr:oss. ,\n 
amount ni ~"' ;, cntrained, lu""""'• in thc coolant 
and nm<l~"-'"'" mixtutc pn;oing do\\n\\'~•ds and 
ou1 of thc conden>Cr. Thc amoun1 oí purnping 
powcr for gas oemo\'al m"V thcodo,-, be con· 
sidct<•d as rou~hly p!O¡><>riÍul.l:d to thc muoum ol 
gas in thc cntcrin¡; slcarn íor a ~ÍI'Cn \'3Cuunt 
prc>sure and pmnpinp. dlicicncy. 

l'or a 'YSIC'IIl dco·i•·ing ih ;te;nn lnnn a hu! 
walc•· aquikr, as al \\'aira~ci. thc amount of non· 
condcmihlc gas thal cntt''' thc turhines is rcbt<'d 
no\\<> !he prc<Sutc o( ti"' ;tc¡om or its <]U.irllit_\' fnr 
a ¡;ivcn turbinc power output, but tu thc q'nntily 
of ""'"' takcn from tl¡t: ;,quikr in which lhL· !"·" 
is dhwlw<i ar )'"''"""· ·r¡,¡, h bcc·"'"" IW,,dy ¡oll 
!he ¡;as in !he dr~w-<>IT water p~sscs into lh< Sleam 
pha•c when ~ashing occurs and vcrY litlle ¡_, lelt 
in tl"· rctnainin~ t<•jt<:l w~tcl. Für o•l:omp!<", Fig .. l 
~hows that (or a bordo~ld o! M'aar.c cntlonlp,· 460 
Bllt/lb, thc amounts •>f hot w~tcr tok~n for n 
150MW >c:in•mc lor \\'dlltcaJ prc""'''' ,,¡ 75 """ 
1401b/in' ~nu~c is 14.9 ;o.nd 16 4 IO'lb/h rc>pcctiwly, 
an ;,crease in flow al the la\lcr pr~ssnrc o! JO~ó. 

whkh abo ~¡''"' thc '·""" perccnta¡;c inCtc~>c in 
~"' llow amJ purnping powcr for the •ame \"acuum 
prcs.ure. · 

Taking ;¡s "" <'XMnple thc ¡•as concentrotion ill 
!he decp hot water al Waio.tkei, which ;, 0.032~ó 
by wcighl, the amount of ¡;as to be pump<.•J fra111 
thc harom"tric n>ndon;"ts"whrn a 'Y"~"' <>poratt·' 
al 75 lb/in• pu~e wdlhcad prcssure is ( 14.9 
JO•lb/h) (O.Oll/IOO)lb/h, ~i,·inc a f"' flow o! 4.760 
lb/h. In thc cnr)y tbys ol tk \V"io·a).,•i de\'dopmcnt, 
it sccmed poS>ible that the gas concctttration in !he 
enlcring Sll'3m ntight incrca;c with time if thc 
prop<>rtion <>f nwgmatk (\'olcaonc) stcam ;,crca>ed. 
l!OW<'\"fl', it now appcars tloat the prcpom,krance 
ol thcsc ra,cs original<$ in thc hot Wa\N pha'e 
owing 10 ae<"<Jimtlotion '"'or n lime ol thc mdcr oí 
a million ycars, and with draw-.olí uf thc hot water 
in thc aquilcr, th~ actual conccnllalion o! >uch 
~n'"' will <ler•emo. A >l"w lrcnd in thi' direction 
h~s becn dctccln!• ove¡- !he vear~; it thcrdorc 
appears that the numbcr o! ~a• · nhaustt·ro initi~lh· 

( 
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c. 

d~sigtocd for " powcr station ;imilar ¡o \\'aimkei 
w<>uld not ha,·c !O be incrc~'~d throughout th~ hfe 
<JI the lidd-t~lh~r thc tCH'r>e. 

Opt·J~tin~ a hol watcJ ¡;colh<"nrtn] Jid<.l, thetC· 
[ore.'" the optimum wdlhc~d prc"ure for a ma~i· 
mum pO\\cr-lifc. not <>nly teducc., the dt~II'·OII ralc 
ol woter r.uid tu a minllnum hm al•<> u[ non· 
wndensible ¡;ases. thus rc•uhing in mulimnm ~as 
pumpinl\ powcL · 

6. EFFECT OF SOURCE FEEDS TD 
RESERYDIRS 

Tite \'ari''"' upti<llL'>Iiun cun·c., llave bt•en 
dclcrmined lor finilc rcscr\'oirs; thcy ar~ equall\" 
applkablc, huwc,u, to fi,•lds whcrc lorr• maSs 
clraw-oiT kads lo ;low cll"nge' tn ti"' m·cnoll 
t•ntholpy o[ thc ''·''''"' o\\ing lo po»iblc '~rialion 
in rncrr,o feeds from thc \'Oicanic WlliCC. Tbcoc 
""n·cc· tluctnation' ¡¡.,,. he lltggcrc<.l by lalling 
Otquifor pre'"""' (owin~ 10 dr~w·ofi) or, nture 
li~dy, may be the I"<'S<<It uf a ,luw fall in Huid 
tconp<·t~111te' with ti11w lc.1<1ing '" u ~tndual in· 
ct ca;c in conductivc ltcot llow lwm the lower mi· 
canic rocb; for ph~·sical rca,om, howo,·er, 1hi' 
lalt<"r cil<'Cl " I<"F·11<kd as _,lipht. 

Al Waimk<"i. oí recen¡ )<'nrs. it has bcon found 
lhat tlwre has bccn a decr,·:.sc in t•nthalpy of the 
"quifcr hut wa1cr lurcthcr with " P"'"""'i<'.ll ¡,.. 
~l<'«>c in thc a\t·ra~c <"nlltalpy ol the horcholcs. 
This i< cxplaincd by falling "·atcr lc,.els lcadin!' tu a 
]11<>jlOtti<>n uf top "'"""' IJ<•ing l.<ppcd by thc'c 
borchult·, lhrough prckrential hssuoes. 

Chan~cs in cnthalpy from say 460 Btu/lb !lown· 
words (l"if:. 1) kn·c liltle dkcl on the <•ptim11rn 
wt•llhc'"l prcssu•e. \>hcrcas ch;mgc< in mthalpv 
upwards, ahhough linal!y tcmling 1<> " dry borclmlc 
uplimum wcllhcad prc"u'" "' high ~s IOOih/111' 
!'""P" (Fi~. 5). \\"Olll<l b" dr:~wing lop """'n from 
!be aquifer, an<.l Fir,. 7 indic~tes that <mdcr tltis 
1e¡:ime lh~ wollhc.>d 'houl~ he rlcsi¡•ned '"'a ftt'"l 
pl •·ssun• " low :os 50 lb/in' g"ugc. 

llalandng lhese ~lirhtly dilforcnt po"ible re· 
suliS le:uls 10 a rcasot>.•hlo tt·rmin:<l wdlll\•,,d r•~•· 
>111<' of 75lb/ill' ¡•ouge :1< tlw fin"l tlesign cnto::rion 
!or all systcms of ~nthllpy ~rca:er than 400 Blu/lb. 

The clfat of a leed into the 'YSI<"m ""<>Uld be \o 
increosc thc pow<"r-lilc witlwu\ si~nilic:•nlly olfcot· 
Ínll the oplimum design prc.ssure a' dctcrmined for 
a finile "'dosed"' systcm. 

7. CONVENTIONAL COMPARED WITH 
GEOTHERMAL STATIONS 

11 cumparÍ>OJI bclwecn lhc cltoiee of 'tnrbinc 
stop •·ah·•· pr<>s.ures adoptrd by m.ndern po\wr 
slations lhot use fnel flrc~ hoilcrs with th:ll ul EOO· 

tl1crmal ;t,llinn.< lhal <ltaw tildr steam fn>m undcr· 
trnund strat~ shows that a fundamen<ally diffcrenl 
approaoh has 1<• be mad<·. 

Jn utnWJlli<>nal plant-fu>'JI luol fircd '" 
nucl~ar-the higher thc lurbine prc.sure thc les. 
""""' '""d per kilowalt and thcrdore lhc le-. 
fucl uscd. Thi' h:" led pO\H"r station dc<ign~" 10 
stri~e a l:>~lan~e bctwccn thc capital costs of techni· 
rally ad,'anced plan! and the .,,·inr.• in fucl. Q,·cr 
the bst SO yNrs, turbille )"~""'"' lor "'~1 f~r~U 

' 

plan! haw TÍSCn lhrou~h a ran~c frotn aboul 
200 lb/in' ~aUfe lo 1hat ol a few <Upcrni,ic~l 
stations. with ~ lall in fud r<'<jllitcment< ftom 3 tu 
0.56 lb/kl\'h. An ad,·~n~cd C\ant)>le o[ the lall~r !\1'e. 
such ~• th~ S.O;lOlb/m' pllfC, 1.200'F, supo1critical 
plan! 01 Eddystonc, U.S."A.,"' dcscrJbc·d b,· lbrluw 
(201 has a tloermal cllicicncy of ~210. Thi,"¡, ncar)\" 
cquallcd by !he lalCSI of nuckar Jcac•tors >UCh ~' 
thc ach·mocL·d gas-wokd ro:J<I<H' of lhc U.K. Alomic 
Enctg)' A<~thorily, which opctates" al 2~>00lb/in' 

f""l'"· ).050~ F. "ilh 3 lherrn~l cfficicncy uf ~~~o. 
Rroadksrcakrn~. tite dt•,ipn o[ mch "convcntional"' 
pl.tnt has t\'llded loward> ma,imum pcmer nutpul 
pcr unit m~ss ot fnel U<ed. commcn"aate \\ith 
rca"«lable l'Opital '""' mod iniNc<l r~tes. 

"j he imporlant point lo noticc wit11 convcmional 
plan! is thal higher lurbine pressurcs gi,·c IO\\Cr 
fucl <"OOS\U!lption h.r a !'Í\'<'n power nlllput. 

.- With gcuthermal plauts. whcre fuel coSI• are 
nol inml\'cd, !he importan! factor is lhe lik of lhe 
aquift•r lrom which thc stcam i; takcn; and tlll' has 
bcen ,hnWll In be t'cbtcd 10 thc cbnkc of wcllhcad 
pre.surc. Wellhcad presS<ue m;w be considor~d a• 
the independcnt \'atiablo [ur a ~~othermal/icld. and 
whctc u is <oplimi<cd for a "'~""'""' puwc•··llfc. 
yearl;; drilling costs ("hich ma\" be considcrcd a'· 
~nalo¡:ous lo !he fue] ("<J'!S of Conwntinnal plan¡) 
'hould be a nrinimLtm, as thc k;¡ot number n[ bo<e· 
holes is nced~d for a ~i,·cn JlO'Wr oulpUt. 

8. CONCLUSIONS 
Taking into ac~ounl the tcnl~t\w ~apila! <"<>-'" 

u{ a !:<•otht•Jmal 'drcmo nnd tite influcnce o[ well· 
heml ptc"urc on thc mnount ul cnct¡cy deri>cd 
from n teser.-oir of fon¡te ]IC<';>orlions (~r.d it should 
Le borne in mind that info11i1e sy>term <lo n<>t ,•,ist). 
it ÍS IOU<Id llmt IIU' Opli<IJUm prCSSIIr<: fur bot]¡ 
supcrhcated Meam and hol v.mcr aquifcrs "·ho,,• 
<"nthal¡>)' ex<~ed' ~00 Rtu/lb is wilhin lile J:arrow 
rnn~o 70 In ~O lb/in• g"u~c. Tlli' is <·looc tu th" 
upcrating wcllhcad prc<>urcs cmplo,·cd al lhe 
wpcrhcatC<f >tcam r.eld ~• l..anlcrellO, J¡alv, and 
lnr thc "'low'" pre;sutc wel hordtole> ul W:;~rakci, 
Ncw Zcaland. and should nol prm·ide nny sti.rtling 
ncw probl<'ms, terhnkal "' othcrwisc. 

F<>r ]ar~e uutplll wol hurehulcs. tlle nplitnlllll 
ptessurc of, s~y. 751b/in1 ¡;«uEc woulJ "'' lhat o! 
lhe e)·done 'cpnr-ator anda lhlr>llling ni·ii¡cc would 
be nccc.""'Y bctwet'll thc wcllht•dd antl thc '"P"' 
rator iulct 10 Jeduce the \'ciocitv of !he slcamw~ler 
mi~tur~ 10 th3t fo!" cfficicnt scfiaratiou. n,;, would 
¡e,ult in thc w~llhe~d !"""'"'" bcing at w1nc 
higher figure. which would proYidc ~ rescn·e 
~mount 3! !he wellhead for rradu~l t<·duction as 
the horcho]e pressurc declines wirh time. 
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AN EVALUAT!Oa OF JAl-lt:S' EHPIRICAL FOR~lULAE FOil THE O::TE?...'Il:!.\TION 
OF Th'O-PH..',SE FL0\1 CHARACTERlSTiCS Jll GEOTHERI'AL fiELl TESTING 

In'tnlduction 

P. Cheng and H. Kar::~n~ar 
University of Hawaii 

Honolulu, Hawaii 96822 

r 
One of the m~st econtñlital and Sircple r.~ethods of determina

t1on of two-phase flow parameters in geothermal wel1 testing is 
the so-cal1ed James' method [1,2]. The method consists of th~ 
m~asurements of lip prcssure (p), and the flow rate of water (w)· 
by a conventional··~eil-. The sta;;nation entnabv (h0) is then 
deteroincd from a plot sho·~ing h0 versus ~>Jp0.91i which is empiri
ca1ly dctermined by James [1 ,2]. The mass flo·,.¡ rate is then 
deter;;¡ined from the follafling empirical fo~ula 

.• G : 
0.96 '¡.f4:Z.... 

11,400 ~1-:12~ 

' 
{ 1 1 

' 
wh!!re Gis the total mass flow rate in lbm/sec-it2, pis the lip 
pressure in psi a, and h0 _is the specifit e~thalpy in BT1J/lb:;¡. 
Tl1e above relation is empirically determincd for dis~harJe pr~s
sure up to 64 psi a and pipe diameters up to 8". For pipe 

. d1 emeters s;,.a 11 er than O. 2", i t has heen sugges ted that the va 1 ue 
of 11,400 be replaccd by 12,800. Although the James' method has 
bcen widc1y used in many of the geothemal well testing prcgrarr.s, 
1ts accuracy and the range of applitability has never_ been 
assessed frcm a theoretic~l point of view. 

Two-Phase· Critical Flow Theory 

In this paper the accuracy of Jar;¡es' rr.ethod 'will· be assessed 
in the light of Fal:s~e's two-phase critical flow theory (3]. 

·F~us~e suggested that in two-phase flow the maximum discharge 
rate may not nece~sarily be acco;r.plishcd by a sbod front. He 
proposed that at thc critica] flow condition the absolute vdlue 
of the pN!ssure gradient at a given locetion is r..a~i:;¡u;;¡ but 
f1n1te for a givcn f1ow rate or quality,-i.e., 

(dp/dz)G;~ ~ maximum and finite { 1) 

• 

··~ 

! 
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·- _:where z 'is the coordinate a lona the strean:.~ise dfr2ction, and x 
the quality of the saturated ~i~ture. 

Under:the assur.:;¡tio~s·or (i} annular flow pattern, (ii) two· 
phases in ther.:'.1l equili~riu'", (iii) ~egligible frictional loss, 
and (iv) one-di~ensional steady flow, Faus~e [3] obtained the 
following analytical cxpression for the critica] flow rate of a 
saturated mixture; 

G · • [-g,k/((1-x.+kx) critica 1 

·,, 13) 

• 31 1 lbm-ft ar1d k " 1,9¡,,¡1/2 with Yg and Vf denot-w .. cre 9c = • 
lbr-sec2 

ing the specific volu~e of the saturated vapor and lir¡uid respec
tively. Thus, the critica] flo¡; rate can he calcuhted from 
Eq.(J) if the steam quality and the lip pressure are ~nown. 

The corresponding stagnation enthalpy can be determined from 
• 

·h~" hf(l-x) + h
9

x + (G 2/2gc){(x\~;Rll 

+ p-x) 3v~/(1-Rg) 2 )/J o 1 4) 

where R9 is the_ gas void fractian which is related to steam 
quality (4). In co:r.~arison with experi¡¡¡ental data, Levy [4) 
found, hov.·ever, that using Eq.(4) for the ca:r.putJtian of ho would 
lead to under-prediction of the rnass flo·,¡ rate. For this reason 
we shall co.T.¡¡ute the stagnation enthalpy on the basis of a 
homogeneous m o de 1 , i . e. , 

h0 " hftl.-xl +. h
9

x + G2 v~/2g,J 

where vh = vf(l-x) + v9x and J = 778 ft-lbmf8TU. 

The weir flow rate is then determined from 
• 

w•G{l-x) 

1 5) 

16) 



• 
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Results and Olscussion 

For a given set of values of lip pressure and stea~ quality 
and with the data of saturated steam-water properties [5], Eq.(J) 
can be used for the co;;;putation of total ¡;.ass flo~o~ rate G. The· 
stagnation enthalpy and the ~·eir flow rateare then detefr.lined 
from Eqs.(5) .lnd (6). The results of the computations for the 
lip pressure fr~~ 14.7 psia.to 200 psia for geothenmal well 
tcsting Jpplícations are plotted in Figs. 1 and 2. When the lip 
pressure and the weir flm; rateare r.leasured in a geothent\ill well 
test, the staqnation enthalpy of the· reservoir, the steam quality 
at the well hcad, and the total mass flow ratc can easily be 
determined from these ~lots. · 

To assess th~ accuracy of the James' method,.calculations 
were carried out for five differcnt sets of lip pressure and weir 
flow rate using James' e~pirical formulae and Fauske's theoretical 
prediction (i.e., Figs. 1 and 2).Thc results for total mass flow 
rate, thc stagnation cnthalpy, and the steam quality are tabulated 
in Table l for co~arison. It is shown that the results ba~ed on 
thc two methods diffcr within 2~ . 
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Tablé l. 
• . 

• 

. . 5 150.0 

CO~PAR !SC:l OF RESUL TS. E ASEO ON THE JAMES' METHOD 
AND FAUSKE'S A:IALYTICAL MOOEL 

1148.87 523.41 .90 
53.0 

1130.00 590.00 .90 
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' ' ' Vertical and 

~ ndi ned-1F~ow 
L-,~,.~~:t~-- _-: ¡ Correlations 

Enginecring judgment is ne~l!SSJry lo adnpt two-phase verticol and 
inclincd-flow preS5ure-drop correlations to situations not covered 
by thcm. Existinn vertical-llow corrclations e o ver only small-diamcter pipes. 
wh!le for inclined flovt the inclination range encompassed is narrow. 

ANTHONY E. OoGArlC~ ond f!OUéRT W. ATifrRTOil, llrown & Roo!. lnc.• 

In Part 4. ~r ¡¡,;, serie•. the ,,-oiJaLie mclhoth o/ 
calouloti"r, thc prc"uoc poclient in twu-ph;t>o, hoil
:umt,,] flow were dbo«"cJ. J'ort 5 thcn prciontod 
• m..chonkol-cner¡;y lu!.nce by m~•m o/ which • 
ccnorol thcorclicol l"'""'"·~r>dienl oxpr<Siion-valid 
for any co~ocluit orienlalion and i~oJcpendcnt of flow 
r<¡:ime--wa< deri1·ed. ~ow we will e<>n<i.lor indined 
tv.·o-ph"e fi<>W Oll<i i!! I',Uia!ÍO>t "f \TfliOO] nuw. 

We will uot merdy pr...,ent Jo<i¡¡TO C<JU>tiorn into 
which numi>Oro may be <uh"ituted, Lut wi!l <how how 
the '''l""'ion• may be n•odtflod wd appliod bellor 
le unu<u>-l¡•h¡·<kol "tuatioru. Tho rdatiot" prc<entod 
are fnr romputing thc prennr< gradienl, <li'/OZ. To 
compute a line J"ufole, thc al¡:onthm dt>cu,ed In 
J'art l (Cioom. E"t:-, MaT. 23, 1970, p. 139) muo! 
be u•ed. 

The lleod lor de•i~n infonnotion on indin«l How 
can Le qukkly appredated by noting thot bu ¡..-.ar 
a total of 9!7 tui. of pipdu•e wat inlt.,]lct] off the 
U .S. ro>~t alone for nil-gao ~athering •;~tom<. Sin<:-< 
the Bow in the•c Lne< ;, neithcr verHeol nor horizonl>l, 
the d..-clopmont by llut•no<o7e ;, uf valuc b~c>tlO< 
11 cover1 a rdatively importan!, thou~h >moll, rongo 
~~ an¡;:ks of incUnation (-lO lo JO'). ~!o!l, H ~ot 
oll olf>hore pipeline< foil withit\ thit '"ngo. ln procc" 
<lesign, howover, a ¡¡reatcr ~ariety of an¡:les are 
<nc:ountered, for which 3 mote ¡:encral <"~relation U 
nece<m-y. 
, Unfortunotoly, in conlro<t to horizontal an<l \ertieol 
Bow, lhoce Ote onlr lwo toi'Telaliono for lndincJ 
How with wl1ich In tOnlp.tcC: Floni~.tn's oncl Don· 
r.ec=i<. Fbni¡;on prop<t<ed a rorrclation-inJcpe"clcnl 

'lo "'"' "'' ""'"""• ooo <l>om. '"•• Mao, l>, 1070, •· ,._ 
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'of pipeline inolin>lion-f~r ltq~tid-lwacl dikien<y in 
nn itKlined c-ohmm, , · ," hno<tiull o! >nperfiti"l g.n 
velocily. The ltquid-lt<·ad effici"""Y (m l.lclm), 11hen 
multiplied b;- !loe pu.,ure hcacl u/ o lull rolorll\tl of 
li<¡uicl, yic·lds ,¡,, stoli<"-1'•<"""' h>< itt th1· culumn. 
Fla~i~atú <ffid.,ncy " o fo.-m o! ho~dup. 

EIIorl has nut lteon >t•onl "'l'"lly "''"' tlo~ ~olir~ 
pusstblc •ngln ('[ itwlttl'llioro (P ,,¡,.., fnttn -SO 
lo+ SO'). lmle~d, altenlion h•• becn do>otod olmoS! 
"-<clu•h·cl¡· to upwa,J ''""is>l fl,". (P "' 90'). 

To ongtttft•rs m pctrolcltm produ<loon.O'' such 
focusing of atlonlion will not ><<m irnproper l~ttam< 
of the V<"rlicol upwortl flow of potroleuto tlorou¡;h 
nn oil·wdl Lo<e. llut tu olhor c!t&tn<er<. lt. i• un· 
fonuu>to thal ¡:ener•! conduit orienlalioru hove re-
cch·eJ !tille <ltrtl;-, and l'lat thore i< "" goocl <·onela

' tion for th• ""lito r.,>¡;< of indined How. 
Fac .. l wilh prop:lling e>llmat<< fnr co,duil orlen!>· 

tions otlter than vorticol "P"'"d, wo have prmidecl 
l""""'•·los• cornputotion melhud< ba>cd on mechan· 
ical-ener¡;;- b.>latoccs. Thete methud> parollol the de
,·elopntcttl lty Drt~lcr uf bis cr¡uatimt< for lt<lfi•ontal 
flow. r,,,., 1 ond c.,.. 11, but their OCC1J<>cy ¡,,. yel 
lo be ti~uruU>ly Jolermined. 

For votticol lwo-pho•c llow (O = 90'), lacge 
omount:r ,_,¡ n¡><rimenl>l dato ore a•·aibblc, whidt 
have 1><:-<n <"<mobtcd. Petroleum ptO<luction cn¡;ineer¡, 
\l'urkin~ witlr >u<h rorrdationo in <"<>niunction with 
orl-"<11 dota. obto.m ~e<:Urocy 10 withrn 10:~ for 
tltotr plo)>t<,t] >plomo Jlm''"'"t, llt~<~ mdh1>~5 >re 
r~>lrickd 1., pipe d.btnoter> /oun~ ln oil wcll>. A 
"l•r¡;e" di•~>•tlcr fu.r •uoh rorrobtions ;, 3.5 in. 

11re he>t -crli<·ol-ll~w eorn·btion, Orki<zcwski's, 
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Nomenclature 
J.ecrlora!ion torm, G, V.,! gJ' 
hromoter, do~11od L)· l:q. ( 62) 
Conduit h¡-draulio dio., ft. 
l'<iotion foetor of flo...-ing fluid phou 
Prtotion fae\oe, dofmed b)· t.ablo i:q. 

( i-U) 
Bonnto.<e's Froudc numbor, Eq. (10) 
LO< O( O"ch•r,<t>O", f\.1 (SO<.) ("0.) 
Gr&\']lationnl eon"on\, 3~.17 ~(lb.)~ ... 

(H.)/ (lb.) ..... (oo<.)' 
Total sup<rficial mus flux, lb./ (oq.(<.) 

(le<.) 
G.,·~olo<ity numbor, Eq. (57) 
Llquld·\ dociry numLer, Eq. (5fi) • 
l'ro!>utc,lb./sq.ft. 
1'ro,.ur.,-psio. 
llMno-<no's P.e¡·nnld• number, Eq. (9) 
Bubblo.risc P.ernoldo number, Eq. (31) 
BuLblo.ri>c, slu~·ftow lloynolds l!umber, 

i:q. (3~) 
lnrbeo liquid lwldup 
llormeca"'s hquid holJup, E.1. (t,} 
Orkiuewoki's li~uid holdup, J-;q. (26) 
Ttan>llion-~ow para meter, Eq. (44) 
\' eloeily, ft./•«· 
Dubblo rise-\·dodt¡•, ft.f•ee. 
Condult longth, f!. 
l' ., .. '"" ¡:rodiot•l, (lbJ •q.ft.) /f.l. 

Grc<k L<u .. , 
• Conduitolope,,in•• 
~ Pna!ntl<r, defined by Eq. (37) 
, Ab.olul< roughnel>, F.q. (~7) to (49) 
1 Conduit ho,irontal • !l~lo ol inclinalion 
~ f'lowint ,o]umo holdup uf hquid 
• Vi<eo>lt¡·, (lb.), .... (•oc.)l•q.H. 
, Denoity, lb./eu.U. 
~ Sula« ten5io~. dyn .. /•q.em. 
, 1 Portia! d<riHt>I'O of pr< .. uro with ro-

• roe! lo Z of Hl<tlon eontributtons 
",f Paramoter, dof,,.ed by i:q. (61} 
Sub,.,ipl• 
A Arrhoniu> 
G0o Abooluto 
1J Bonnoou• 

" 
' ' ,v 
' "' "" w 
••• o• 
Om 
o. 
O< ,,, 
' ,, 
SI 

" 

Con>t.ont>lip 
Frietion 
o •• 
G•• voloeity 
Llqutd 
N<>.olip or homoconoouo 
Holdi>JI 
Liquld vol...,;ty 
üb«rved 
ürkiS>ew•ki'; bubbto ft"w 
Orki"o .. -.ki '< mis! ftow 
Orki><<w>ki '• stu¡;- now 
O<l<iszow•kr• tron>itlon How 
So-<onduy 
Total 
Sup.rfodal ~·· 
Surorfo<ial liqui~ 
Two-phue conslon\ •llp 

' 

ls twicc n< ooc,.r3te as thc ¡,,¡ o,c for lwriwntal 
Jlow (Duklor'• oonstant slip) becarne of tloe tre1n<n· 
douo amount of dlta uscd Jn the correb~on, ;nd 
became aecur>te fow·re~ime bound;,ries eould be 
de6ned. Jlut for diometerS ~troler than S in .. r>i].,-e]l 
data corrobtions ohould Mt he e.\~cct,•d to rctoin 
rhoir a<;<our><:y; thus, o ~O<lrtol 'eorrelotinn ;, neodcd 
lor conduits ho~in~ larger diametcrS. 

We will f,rot pr.,ent the gene~: cmr<b~o"' 
(independent of flow re~ime) for indm«< flow, a¡¡d 
¡],.n the fiun11<e02e method for slug flo"'• ";~, a in 
tl10 ran~c uf -lO lo 10". Thc mosr.acn""'" morhods 
lor , .• ,~cal flow (lbgodorn-llro\\·tú ;,nd Orkisze" .. 
•ki'•) are ptcsenled next. P>rt 7 o! thc seni'S \1-i!l con
tain >a."nple c•kuhrions lor oll the '"othods pre>ented 
In Parts 4, S •nd 6. 

TI10 foUowin~ oonvcnlions • will be u sed, . 
Tite anglo O ¡, the aculo horiumtol ong:e o! 

lnclination, po•iti~e when the direclion t>l How is 
upward, negoti>·e when do"""-:tod. Therdore, the 
por;,nietcr 4 = •in8 ha> tho prope' si¡:n to occount 
lor lhe efk-ct of dl>nge in dcv>tlon on thc tot>lpres
sure gradicn!. 

TOTAL PRESSURE·GRI\DIFNT CALCUI.ATION 
METIIODS 

TJ,¡, scctioro ol the ortidc discu,.os: (1) the 
oqualions •rplitable lo tbc homo~eneous ond con
•tan!-•lip t¡-pe< o/ indu,c~ and ,.,~k>l flow; and 
(Z) equ~tions appHcaLlc lor vado~> F.uw tt¡;imes, 
also for ,-erlkal or iocimed /low. 
/lomogeneo"-l Flow-Jn hrl 4 · ol the serio:s, thh 
equation "'"' cled~ed for homo~cneorn flt>w: 

~P!M - - ((•1) .. + .,,_g¡Q,(/(1 - .-IC.,) (1) 

The rel•!ion• for "''oluaUn¡: the equation, deril'l'd 
jo previou> inU>Ilments, are sho"-n in thc toble. 

Er¡. (1) i> !he •implcst """ lor P'"""'" r.'adien! 
jn this inst.,Jinocnt, and the n!1ly <;me >omplc cnough 
lor hand use. It ¡, ade<¡ualc lor any oriontot¡on: hod
~ont>.l Jlo"'• ~ :; O; \'ettical upward, ~ = l; ,-.,-tical 
do\\1>W>nl, ~ = -l: ami indined, ~ = sin~, whcrc 
!he anglc si¡:n rlotcrmines tho sl¡:n of d. 

Since homor,cncorn flo,v JlrOI'icles thc mol! con· 
•crvall~e cstim>te ol prc.,urc lo< a givcn <'<lnfi¡;w-a. 
Uon, Eq. (1) i< use/u] /or a choek or fi"t cstima1e, 
u well., lor "'"''""te estímate< o/ CP/CZ. 

The easiest way of ohtaining \'ariatiom o! Eq. (l) 
Js by choo•ing lricrion /actoro in tho ~alcul.l~on o/ 
'••• as in l::q. (4-D). in the tahle. This e<¡uotion ha!; 
the major ad1-.ntoge ol being on ""PUdt <<p<e>lit><> 
fot (0 , althougk th!s !orm Js a "smooth·tube" /riction 
/actor that does no! con-oet /or rou¡;hn..,s. J.n equa
tion th;,t doe< con<ider rou~hno" (tahlc, C-ll) "'"' 
¡!lcseroted in l'or! 4, and moy be u<Ocl juot "-' 
consi!lentl}', al!hough iu •olution re<¡uires ilcr;,rion. 
T/-.4 E<!cndcd /lo-mosc"-<oU• Case-As indlcated in 
l'art S, Eq. (l) moy be co•Hy mo<lified, to F•ovide 
a more a'-'Ctltole <:S!imote, Ly u•ing a di!loront defi. 
nltion oi doruily, TI>e main rc•son for mi"g a mo<ld 
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Summary of Correlations for Two·Phase VNtical and lndin~d Flow 

A-t>UKLtWS RESUtTS J\ND APPLICATIONS 

Cno IJ, Con•t•nt·Siip Cou 1, No-Slip 

~V - ~·~ + ~,{1 - •l, U·A) 

(3-A) 

(S· A) 

(l·A) 

... - ... + •• (!->) (2·A) 

,.,, - >n + e,(l - •> 
'P.<u - O,Dj,,, 

•· "• - p¡(>.1/Rol + '• [[1 - >)'/0 -Ro)] 

Rt,,- '"DI'./,, 

{4·A) 

(6-A) 

E (i>P{IJZJ•••·•¡¡ ""- (!,.---- (B·A) 

(9-A) (•,)- - (10 A) 

8-RElATIONS rOR CALCUlATJNilf,. 

J,.- o(>.)f, (l·B) a{l.)- 1 
S )f C2·DJ ~- 1.261 + 0.47Bllog> + 0.4q (IOg>)' + 

· 0.094 (lo¡>)'+ 0.008~:! (log>)' (HI) 

· , .. - [ 2 lo~ ( 4.ó2;3.1oeZ;:: ~ 3.8215) T' es-o¡ 

'·-r'"·l 
' 111 .. "' - - 2 lllg [(,/3.7 fJ) + (2.51/R<,J'"ll 

(4·B) 1 

C-TDTAt PRHSUR[ GRADIENT rROM MECHANICAL·ENERGT BAI.~NCE 

CUoi,N<>-Siip 

~ /I>Z - -l(.,Ju f-<,p-(¡r/g,))/(1 -.-1 {.',,) 

JIC.,- a,v,,¡1,P 

Ca$•11. Con>llni-SIIp 

JI{.'~ --G,•/(lr.R,P•,) (4-C) 

M'{/l~ - - [¡,,)u + .,..(lr/g,H/(1 -A C") (2·:J'> 

¡__..,,.. _______________ '_'_·_·_[_'~."_:_• +_(_'_'r_,:_·_)_(_,_-~~-~_)_J_(_,_:_,_l __ (S·C) 

•uclL as homogcneo"' flow ls 10 gain ~n ~rtimate 

of 1!1e pr~"ure gr><lient, E>en rhnugh OL!Íng an ••
prossion lor tw<>-ph,e-flow donoíty olhor !han Pu 
U Jn"<m•ist.,nl "ith ~ .. rnodel, sueh an e<pr<><ion d<>CS 
'"P'~•ont an e>tropolation bascJ topm• o·ngincttll>g 
Ü>Sigl1t, oml ca¡o woatly lmprove th~ accuracy of 
~.e equa~on. 

1\ewritin~ Eq. (l) wido on ionproved dcnsity p,,: 

~PfoZ - - ¡(,¡)., + ~,.,g/g,l/(1 -JI C .. ) (2) 
l'hYsically, Por <<1'=enU the lh!ld dtr~sity neot<· 

sary lo obtaln a givorr p1e<1Ure chango, kss ~Le chonge 
d,., lo friction and AO"Celeralion, For indincd or ,.,.-. 
lioa] pi~. ,.., ir noarly olways sir,ni!loanlly gro>ter 
~••n '" >nd unly ol high g" veloeWes-wb~re frioUcn 
and ao;:celeration loss predcminate<-is L'-,e reverse tn>e. 

The >impleot ddinition of p,, i• onalogou• to p • ., 

repladng ~ with !he in ,;tu holdup R,: 

, ,,, - n,., + (1 - Ro)p~ (3) 

To rompute p,,, o rchablo'l,oldup oomlation for 
tb" si,·e~ f!cw conr.¡¡uration i> necded. Ooe r:~ethod 
for detemW1\ng R, empiü<ally is to me23ure the pre•
OUJe gradient zp¡az, defino friotion ~nd aoceler>Ucn 
tenn•, and then baclc·e>lrnl>te hoklup from the dat>. 
'llili method, whleh '"""' the •ignificanre of ~•e 
extend~d e""• ;, e<pb.inod in th" d.isow•ion of 
Hagedom-Brown's looldup eorrelation, Comlrined "''itb 
E<¡. (2} and (3), ~,¡, conebtion should give \'Cry 

good r<>u]U. 
A lrcldup corre!.tion ,hould be chose.o euefully. 

• 
CHEMICAt ENGINEERING/OCTOSEII 5, 1970 

Hcldup i> <Vtrdarrd h)' fluw proportico •nd, 1mool1y, 
is ~ fnnclio~r of cond,tot con!igurolion. A <'or:ehtion 
fo.r vertical flow up\\"O.rd, •udo a< r.>< lolt, mor not 
be uscfui for fiow do .. ,warJ al 15' 10 = -15'). 
Hownpr, jf O holdLJ¡> cortelaUon repte>onling tho 
proper flow conJigwaliOn i> found, Eq. (2) and (3) 
•hculd gi''C an ino¡>ro\·ed eotimato of tlle prc,.um 
derivative. 
Const~n¡.$Up C=-!u dr<ived- in p;e,ious install
menU, the cqtoalio<l for the total p<t>.Üre ¡¡radien! 
consü!ent wüh the nssumption of eo,.tant >lip is: 

bP/I>Z ..; - ((.,)., + .,.,g/~J/(1 - AC~) (t) 

11oe equatloru tbot allow u•e of tlili •clation aro 
presented Jn th~ table, p:uts A, ll and C. AgaÍll, 
judpnent may be ~•uc¡,od in clLooslng frlctlon-lactor 
equotlom, holdup rorrehtiom and accoleraUon term•. 
The dis=ion el ffiotion factor in the homcgeneoW· 
How seotion sUII appli••· Any of tho three acceleraUon 
lemts in <ho toble may be u<ed, althou¡;h the hom<>
¡:eneous B<ttlcration lerm provide• the mol! con
•ervotivc ~nimote. Eg. (5-C), in the taLle, yield• 
the mol! accurate estímate of the •Hect of acr:eleration 
on !be total pre><Ure grad.ieoL The •"""leratlon tcnn 
1• mol! si¡;nificoo< for mist iloiV. 

Eq. (4) i• more accUJa(e tbon !be previow hom<>
geoernu e<prc,.ion. We clo nOI loav.e a prc<ise estl· 
mate of il< ><ellracy, which ,hould v>ry with the a¡>
plicalion. Hcwever, with holclup cquaticns such tu 

llushmark's or llonoec.oze">, the expreuion m>y ll•Ye .. 

,, 
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TWO·PHA.SE flOW ..• 

an noouracy o! tho oomc or<lcr <1< Dt"'er"• cq110iiun 
for horiumtol fiow. Du~lds C»c TI (con!lanl sli~) 
rebtion is a«."llrnle lo ";thln :!:20<;;,. 

Bonnecaze'5 Corrclation 

Bonnecatt 1 ond """·orhrs hove de-doped o corre
l•tiou lor inolined flow lor anglo< lrom -JOto +10'. 
Thc retearchui de,·~lopment is b;,...d upon the prem· 
he th>t lhe tlug-flo"· rogime predomino\"'; and their 
cxpr~"iom lor '"'l<lll)l and pt<·«urc r.ro<henl \.th 
ad,·onta¡:c olthot fact (•lug How i< discusscd abcod). 
In general. the rorrel~tion oppcnro re:uon.1bl)· lounded 
and •uitoblc lor me "'lh moclcrote rnclinotiom. This 
e<prc<>ion ll ¡:i,·cn: 

i>J> /U - Rr•('JU•o/g. + ,.,¡ • ~· . .'{'l9,fJ) (5) 

'"h"e .P.,.- (n- " 1)/11- • 1) -1.11, (5) 
/, = liquid-slug lengllo; /, = total !lug /cng~1, EO>
pooket plu. liquid-slug length.: 

~-1-(J-).){1.~0+0.3~(1- ;;}t"••'"] (7) 

whcre 3 is O lor hotizonlal Oow. l for upward !n
clined UoW, n11d -1 f~r do""ward inolincd Uow. 

f• ~ O.OtWJ + lS.~:rü/11""" (B) 
Tl.o liquid 1\ernold> and FrO<Jdc numb.-" are' 

N-.- t,i!l!<.,DI' • ./-. •nd r,.- 1'.,'/¡IJ (91.(10) 
wh.,~ y anJ rr1 mmt .oli<fy the «¡u>lion> when ó""' o, 

~,- (1/.)[coo·•¡J - v)- (L- vlY'"!2- vl'~l (ll) 
2.(,ino)..,n,' -J•/",.(02- J.2n¡)'<oo·• (1- vl-0 (12) 
ll~tc, y "' 'J.J.·/D, whe•c s = hdght o! liquid in tho 
gas Jlocket; 1/D is therefaro physicolly restriotcd ta 
ye1.etween O and l. For the >pedal ea~e of li = O, 
Eq. (12) dat·s not apply. Bu~rhccoze su~~esls sellin~ 
R, :=: A. a ro.,onable a<>umption in view al the llub
b.>rd onalysis on s!ug fiow (p. 93). 

Despite Lhc lormid,,b)c appc.1rance al Eq. (.'i) ta 
(I2). the llonnccazc cquati<>n i• mercly a spcciol 
case o! E<¡. (3), with a ncw ~mpi,iool holclup equa
tion >pedficolly lar >lug fiow. By ne;:loctinS Lhe ,-apor 
dcn>ily, lho lwo-t>h:L>c dcn<rty e>f Eq. (2) bcou.ncs, 
according lo 1lonnec3Z<": 

•• • n,.., (IJJ 
By comidcring only tloe oorMJLutron al the ltquid 

>lug to thc fdctional !""""'" drop, and deEnin¡: a 
ncw 1lug friclion factor. • becom.,;, 

(<,). ~ P•f•l" •• '/2~,D (H) 
Eq. (10) is seen lo be merdy Eq. (!!.-C) in the 

t:able. with lkmnecue"s 5implifoed tomlS. Finally, 
sinoe attdorotion io fmpnrl>nl anly in the mist-Uow 
regirne, thc oc<:d~ralion tcrm is ne~)octed; Eq. (5) ;, 
thon a >p<:<:I.TI 005e ol Eq. (3). 

The sigtrifoc3noe of ll<lnn=t.c"• work is the de>·elo¡>
monl"o/ empiricol ho]Jop- "''d lriclron-foclar mne· 
htions fro:n Actual indinod-flow doto. Eq. (5) pre-
dicl> ,.·el! both the orlg•n>l dota and fl<ld dato for 
the value> of O 5\udre<l. 

Hubh,.d 10 hos shown that the ronlrihu~on of ll¡ 
'to holJup ;. uegligihle for hori;<Ont:a! aow. Bc<:ouse 
negleeting this tenn-whosc ~-ontri!mtion to holtlup 

' 

.moy ill<it""eJ bo '"'"11-the aulhor< ¡>refcr lo cqu;tlo 
o lo 111. 

R,. • l- v.,l]l.ZOI" •. + t.~S~fJ"-{.,- ,,)¡,,,¡ OSI 

Eq. (5) to ( 15) compld<·ly doline the lJonnecoze .,. 
prc,ion lor the ta\31 prcssure ¡:radien<. (lr/{JZ. 

Orkiszewski's Corrclation 

j. Otlioze\\">li ha> pre<ent...d the mo<l '"'"""" 
meLh<><l al cakul.11m¡: the !""'""" ~radien\ for purc 
vertical Raw upw.Tr<l in small-clbmeler pipes. 1l1o 
eopeTimenta! wo•~ upon "hich the correlation ;, b:aetl 
includcd d;ta llP to 3-in.-dio. pipo. and sorne S-in. 
Thus. the OrkiSLcwsl..r cwreblon is ,.,¡¡J for pipo 
.diamelcrs grr>l<r than 3.5 in. 

In ~enoral. thio oection lollow> Q¡\:iszew•l:i"• "·otk 
We have rc,rmnged tito• cquotio"' ;,, rnany cJH"! 

to sim¡>~fy oomputalion ond mole thco\ coruiHonl 
with prC\;ou. do,elopmcnl>. Ork>S>.ewür"o opprmch 
¡, to l>~c tho bosic mcchanicol-ener~;- balance equ•· 
tion: 

I>P/OZ - ¡., + '"''9/9.)/(1 - .lC} (1G) 
and m•l.e u>e of flo,·-rrg;me howlc-d~e and a pt>l 
d•al o! ornpirioo) J>ta to c>lohlid1 }.is tci>tiol\s /m 
<¡. f'•• ond AC. 

Thc l.r¡:e amount d dala cnable• the o~tabb1h~ 
ment ni rc~obL flo"·-•q!i•o~ ),~,ncl.uies. lor Orh<H;,. 
oKi coml,ined the result> el Crimth ond \\'.,IJis. Duru 
ond Bas, and r-:icUin et al. He o:-o;np,r...d tilo result> o/ 
each )lfO«urc-<lrup /om,ulation wilh ¡,;, hank of 
petroleum-production doto. and lhen chooe thc bcot 
method to indude in hi1 o:-orrelation: or lf nono ""' 
ocourote enou~h, ho dew·lopod r<blions of his owtt 

Flow-Regime Boundaries, Pressure Gradients 

Orki"ow•\..r dofin<> thooe flow-tcg""" ¡,;mmotcr>: 
.\-.- J.07J - o.:.•:ngJ" • .'/lJ ¡11¡ 
N~~ W + 70\'.,¡,,f~J'·' (18) 
ll't. -75 + 138¡v .. {p<f~l"']'" (19) 

where N,., N,. and N,M are loubble, slu¡!- and m;,t. 
flow numberS. Tlt~ g>-5-v<locrty-!lumber ~quation i<: 

N,v- J.9JSI".,,(;,f•)''' {~) 
The fiow tcgim<> a1e lhen delined "! follo"~' 

"'' Slu~ jlo10. whon 1" ,/1' .. >S" and S,v <:S,. (22] 

Tra..,ilion fl<>w -·hon ,Y,. >N,,>.\"¡, (23) 

.1/i>l/1<>1> ~·hon .V,,> .v,. 12•1 
for ralruhtin¡: \Ortkol pressure gradienl>. difíuont 

Orki>Z<W>ki equolium opply lor e~oh regime: 
\'crliarl Rvblok Flaw-For tlti• regim~, !he tw<>· 
pha5e dcnsity i< 

""' - u .. ,+(\ - /1,) 
\\ith /~ ~iven by: "" 

/{, -0.~ -O.G:!.IV •• +[(0-~+0.6"..5\' .,)'- L.2~V ,,]'n {1G) 
thcn, 

u, ... _ J,4¡¡¡¡,,¡;v.,¡.,u, "" 
(.,, .. - ,,,.,( 1' ,,;//,)' /2g,IJ "" 
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,.here f,, l> colc:ubted from E<J. (fl.B) in the t.>ble, 
"'ing llro• >< clcfinod ol.>o•·e. 
\'o·tticol Slu~ Flo"·-Tho oomplio.li<•J !lug-~ow pres
'""-gradient colc:uhtions in1·oh·c moro empidt>l con
,1,.,[> !loon bubblc flow. Sl~¡;-Jlow dcnsity !<: 

••·- (G, +.,l',J/(1',, + 1',) + r., 
.. here V, ¡, the Lubble-ri><: •·clocity. Thc 
J\crnold< llUmber il: Rr,, - 1 ,ISS.,IJJ' •• !., 
,,.1J the htohble-rilc l!r, //"- 1,15li1',!J.,/., 

Dc~nin¡¡ the qu>nlllie< N1 o"cl N,"'' 
_,-, - co Jn x tO'Jl-0.3~ + 

olu¡;-flow 
(30) 
(31) 

(0.1225 + o.om1ll' •• /1.>' 'JI (32) -
. 1',- (0.3721 X W')[-O.ó~G "' 

(0.2~Sl +0.01&191'~/l.l'')J {33} 
1hen V, 1< calc:ulated '-' follows: 
,( lir&.>No, V,- (1.%5 +~.9S5 X IO·•Rro,)D'·' {3!) 

ii ll•o.<N:, V,- (JIN7 + (\ISS X lO''Ii<oo)D'' (J~) 
il S,>R<o.>N,, then: 

Y,- 0.~1> +V+ U :<9.,)/p,/J"l"l C3GJ 
.y- (U23 + J.s;;~ X JO·•!Ic,,)J)'> (37) 

The p>rao•ctor l' i> onlu>led from these rebtions: 
• ¡¡ )',, < tG, 1' ~ [O 01Z7 lo¡;(., + !)JI[)l "' -

o:zs l + O. 1 07 lo" t-•• + 0.11.1 lo~lJ (JS) 
¡¡ v •• :>IO, r- (O.(J'al lo~(..,+ lll.'D•m + 

O.IGI + O.Wllo¡;IF- )[0.01 lo~(¡.;+ 
11]/1~ •~ + 0.3117 - O ~J lo~/) )lo;:\'., (39) 

Tho limitong <'.<lues of !' for the olxwo "·""' •re: 
for \',, < 10, 1' ~ -0.005 V.,; and for V,, > 10, 
r ~ v,(G, - v.,)/f(\', + v,,)(\', + ~· •. + lll 

The1c con"'~¡.,¡, diminolo pre<ll"" <bsoon!inuity 
hetwoen flow re~itnes. Finally, (<¡)o, i> oomputod: 
.-,,¡"'- (f.,-.!·,,•flg,/1)1(1'., + \',J/{1' •• + ;·,¡ + r1 (401 
11here f, i< og•in tobtainod from a ctmvcntoonol Colc
hrook friclion-fodur equation using /leo, 01 deónod 
ol.oove. 
Tooo¡silion Flow-For this rc¡:ime, O!kil7-"W~ki <Ug· 
~ntod tho avorariag prococlurc: 

, 0, - ¡, .. + (l - 10)po- (U) 
(•¡)o, ~ t,(,,)o. + (l -l,)(o¡)o- (42) 

That i<, tho don1ily ano! friclion-gr•dient torms 
fot trnnsit!on flow ore an ,,.,·uge 1!! the respective 
torms for tbe slug ond min-flow r<~lmes. The equo
tiom abovc, howev<r, >re Cl)ooivalcnl lo a<·eraginr, U.e 
pressurc gr>tlient fur each ilow «gime: 

(M'fi>Z)o. ~ <o{l>l'foZ)o, + (1 -l,)(~l'/I>Zlo- (4J) 

.. ·hcre 1,- (N,.- N.,)/(.Y,.- .V.,) (~4) 

.IHrt Flow--The onkubtiot> of (Zr/<lZ) lor mist 
n~w ;, onologou> to tht for hubble flov.·, with the 
•lorui:y term ddined to be the n<>-sUp densl:y, p.,. 
lhe friotional !'"'""" grodicnl ¡, dcfined as a gas 
frio~on-lo:u lerm: 

(.1) o--¡,,.,~· ,,•{2;,D (45) 

-·.-ith the fric~oo bctor calcuhted ñ-om the g:u 
lioyno]dJ numbct: 

R.,,- l.~SS.,DI',,/~, {46) 
A rorreetion term for rel.u:ve roughne<>, o/D, ¡, 

"l•plied wboro , is tho al><olute rou~hnoss do,·eloped 
!,y Duns and Rns: 10' ;&i <ID ;&i 0.5. 

DeE<>in~ N.,- (4.52 X 10~')(1', ... ,¡,¡•¡.,¡,,¡ (H) 

of N"> o.oo;, ,¡¿¡ - 4. H• {N r)'-"'/(p, V ,,•D) (t8) 

il ,\' r <o.toJ5, o/lJ - O.SOlof(p, \' •?Dl 
wllero f., i< c.;lcubted ming ,¡D, Re,, ond 
br<>Ok equ>lion. 

t•9l 
tho Cole-

The Correlation o! Hagedorn ~nd Brown 

ThiJ rnrrol>tian, 11hioh rcpr..,enl< o <<ry l>rge 
~mount el data roll«:t'-"' lo' pipe betwcen 1 and Z-in. 
día., ¡, nol ~ow-rogim<' dependen!, but it is accutote 
over the ran~c ol comlitions o! tho dlta.'· 0•' 

\\'hile the l!a¡;'-"'om and llrown eokuh~on pro-
cedure reple>enls ¡·cm of wotk. the corr~btion doe• 
!lOl rolle<t a dcta,i<J ana\ysi• ol I\\O·phosc llow . 
ll••ie•llf, thetr' colcubtion procedure ;, thc c.tonde<l 
homo¡;enrou• c:ue. The)' )oa<e assumod the hom<>
I:Ctleou• "'l"<«ion for thc tutal P'0<""" grodiont, 
Eq. (3), oxeepl thot on Arrhenim vi"'O>Íty i> not 
define<!. 

lhgedom ond Erown'> major rnntribution h their 
holdup oorrolaUon lor \'Crlical flow. Thc)' clid nol 
mea1ure holdup expcrimentally; raU.<r, thcy me:u
ured U.e p<enure grodiool, and eakul•ted the holdup 
necc>Sary lor the totol prossurc ~r>Jienl lo S"'" thc 
obJcrved ,-,\ue. The pr<>ce<lure l< on•logcu• to t.he 
following de\elopment. U<ing- t.he cxptossion for tbe 
total ¡ore<surc r,r>dielll: 
~P{Ol! -h + (p/g,)(R,.,) + (l -/1,),,)/(1- AC.,) (.50) 

let {<lP/()Z),,. be an <X¡>erimentally ohler<·cd \'alue; 

then /1,- f(AP/AZ)~.(I- AC .. )- , ,, - •• vv. - •. l (~1) 
11oe holdop is thcn colculate<l frtm the oh<en-ed 

pte,.ure ¡:radionl and tloc .. sumed bchO<'iO• GÍ lri<
tion and """' lcrolion. ·¡loe <olculat<<l loolcl"~ is ""' the 
volume fraclion oo_cupted ¡_,,. li~uiJ, but on em~irical 
tenn that accou~t< for onerg)' loose• othor thm th!Ollgh 
friction and o<:e<lcr>twll, Such a lwldup is c'"ctly that 
de<crl~ed under the .-tended homogoneous case. 

ln tr}~ng to impro•·e the resull< o! the homogeneou> 
model, Ha~odom and Drown proposed thc exprcssion 
lor AuheniH< viseosíty ~·· ¡_,,,cd >olcly on U rcn's d.;ta: 

~· - {¡.,•,¡(..,•.•1(~-hm R,! - Ro ·~d R,g - R,) (~2) 

Thi• ,i<at>ity is med for thc romputation o! the 
Rcyr>old< number: 

R<- t,tSS G,Df•• (~) 

- from 11·hioh the friotion fodor i> evaluatro rning the 
Colebrook Eo¡, (6-ll}. The lrictional pressure gradicnt 
c:~n then b.. evaluated from Eq. (9·A), ot lrom: 

(•1)~ -J,,;,Y .. '/')9,D (Ml 
Numerical oompuisonl, howe~er, 1how there is 

Uttlc diHe.ronce between thc t<>Ull< ubtOÍH<d by wlng 
"' lrom !hose obtoi::led by means of p..,,. The<'fou, we 
ruggest th11 the homo~eneous ReynoldJ number Re • ., 
table Lq. (5-A), be U>ed lor calcuhtíng fnc~onal 
factor<. 

HOLDUP CORRELATION fOR VERTICAL FLOW 

}J. is oltcn the ca,., thc calcubtion o! holdu¡; from 
an empirical <'<>frebtion i> very bborio..,, in<·olviog 
many dimonsionle.s ¡:roup> raisod lo noninteg<r pow· 
er<. l!ogedorn ornllJruwo•• rnnolation ¡, no cmopUon. 

" 
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llag~dorn and l!rown's Holdup Correlation 

This ~nel>lion ís G<t>oroU¡• odcqu,le fcr holdup 
r,oo.>ler l~>n •t'l'rn'im,,lcly 0.01 '" 0.05, hut in,oliJ 
for lowrr r.•n~r-o; therdoro, il moy nol be ocourolo 
for misl flo"·· 11 ogcdorn ond 1\rC\\ n t<>rrdotoJ holdu;>, 
1\¡, Wilh thc-<< dimemÍO!\le55 ftOUjl> rl~1·clorod b¡• 

1Jo;¡IO foom tb~ Uuclcin.:h-'m pi tloeorom: 
¡>,- 120.0 D(.,,f~)'"• .l'o- U.I~OJeo(l/.,i'J'" (~5),{¡-,:;) 

N,v- l.~J~ ¡·,,(•.!•)'", S, - L91>1"_,.(po/•l"' (57),(58) 
The foUo"·in~ t<>nelotJO" po~>melc" are MGncd: 

~· .. ,-,\·,,.\.,"'f.\','"· (S9)· 

.\',..,- l.\'o,f\',,-•.-.J(I'f14&5)''C.(l0'/.V,) (VO} 
The follo"ing ptot<~lure then p><o Ro: 
L Compute f"ctor ~· >ho""" in Croph (a): 

i' - 1 + <>piG l>.\98 + 3.B\;"Jln.l'- + 
J_';GUJ!In.Y, .. )' +O.ó359~n.\',,l'l (Gl) 

J'QrN,,.<O.Ol, 'i' - I.<MJ, lvr .I'.,.>D.W, .¡.- 1.1>2-
2. Compute lootor G. slmwn in G!oph (b): 

C.- nr!-i.S!I:.- 1.0;;-Sln.\',- o.sos:n~n-"•1'-
0.15~7\ln.\",)'- Omul9(ln.\'oi' (O~) 

/or .V,>O.i, C.- 0.011~; loe ,\',>0.002, C,- U.Wl95. 
3. Compute J\'..,, hom Eq. (50). 
4. Compute llo/'<' a> >lrol'n in Groph (e); 

R1 -'<'[e•p(-J.GJn+O.S.~lJ(In.I",.,.)-O.J3.1.\(ln,V .. ,.)'+ 
O.U 1 ~ ' {lo.\""")' - O .00 1 OG6 {In ,\' ,, " 1 '1 

lor ~·,.,.>4,000, Ho- 'i'; fo< ,\',.,.<0.1, !1,- U.Q2!l.J.J. 
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Om pro>ontotion of Ho¡:cdom ond llrowi,"s pro• 
c<dut< <liliers lrom thc o<i~i"ol in the>o wll'" (1) 
their rtpott pr<>ont, •·ooiobk, bmili>r ,;;~1;· lo 
p<l<olcum engineors; hcrc, t<1'<>·<olo<llr ond ph»C· 
rthtion>hip »ri>Lios l10\'e l>een rcrlefinod lo m,\,e 
the COt!<hlion <»ior lo U$<; (2) empiri~~~ f~nction• 
are gi1cn lo< funct,or,, ongin,ll¡- depictod ,. graphs; 
(3) ~ngineo<ing li.nit> ho•·c !Joen plooed on holdup 
fu¡u;-tionl w~ore they ~i,·e m<>nmgio" result<; >.I!d 
(4) the /urlo1•niu> visro•ity ha~ bo,·n cli>cardo<l. 

Holdup and \he Angle of lnclin~tinn 

S~•ne gcneul ••pecu ol looldup-hori:on!>l ~olclup 
in p>rtic,hr-lo>•·o al,oody bocn di>cmoed. \\'hol mu11 
1~ empl10$i>od now i< thot holdup 1• a !unction o! 
conduil orienl>liM. J!oldup corrchtiono •ocuule lor 
h~rirontol flow ore, it\ ¡;enctol, in<•olid lor I'Cr!ical 
flow. To date. howe,·or, no holJup CO<;cbtiM <'<· 
p)¡dtly al!empll to corree! lcr variatiom in 6, a). 

thn,gh therc are $Dlne 10lid on~s lor thc '·'"b" -10 
lO + 10". 

Choo•ing a holdup corrchtion lor prc.,utc-grarliclll 
•·<Iuation• u a ¡oajor )'rnbkno. Jlooi•ontal or llonnC· 
co:u:'s can prob>bly be u•ed ÍOI small •·>loes o/ O; for 
lar¡;o v•lues, ,.rtical holdup cot<elation• can be use•l. 
The choice;, more dif:ku!l in tl1e int•-'rm<di>te r>P~C. • 
We led that '-erti<:ol holdup «mehtions ""' t},e h.-.t 
lo me. 

01 the •e>crtl holdup rorrolaiion< presen!ed for 
inclined How, Donnccaze's has porhaps !he best 
op¡.,uach •• " is hosc<l uron Froudo anrl lk¡-nolrh 
numben. Thi• oppcO.o<:h ho• U.en sug~esled lo<fo,~." 
The F,o,de numh<:r, \'0/g,D, <:<>nt>ins a grolil•
tional h·tm, whroh is irliUiti~"<l)' 'l'l'''lin~ loeoou<o 
gr.tsit¡· mu:st olfect holdup in som~ mann.r. A! the 
olhcr c>trome, llagedurn and !Jrown u>o the sarne 
<limcn•ionks< rrour• for •·crlical ilow tha~ EalO'l 
used /or horizontal flow; 

N.,-- 1'.-(po/~•l'", N,,~ l's,l.of~•)'" 
N,- .,(gho•')"', N,- (p,~o)'" 

Four ""'rrebtion groups ~•• perh>p> !oo rnany; 
thi> cmolributcs to the con<ple,ly ol E>1o11's nnd 
lhgedorn's comiml>lions, the rrsults o! wbich may 
not .«prcsent ¡ol>¡~k.! , .. ~ty any mo•e a<;<:u,.,lely. 

SLUG-flOVI CONSlOERATlONS 

Slugging i• porliculorly fmportonl In inclined flow . 
Orló<zewski' reponed thot olug /low OCCIIJTed. In 
95% of the <ituations ~··erod by Iris ac<:~~rnolalcd 
data bonk, and lJonnecaze' ond coworke,., in ~1cir 
•nalysio. ob><l'~d thot <lu~ Oow predominatcd. 
Knowle<lge of this rcsime is a g1eat airl In /onnulotln~ 
oxpre,.ions !or thc lo:al pre»ure ¡¡radien!. 

Knowlodge of >lu¡: 6ow in ony orientation !s o.ho 
lnrporlonl frrnn 1 he opera tin~ stonrlpoinl. h<oouse hrse 
•In~< ol liquid lonrl 10 ov<rlo.>rl or¡uipment ond cle

'>tabilize operaUons. Sinoe slus flow mu<l h< predio!cd 
oncl ron•idererl in d,.i~"· tLo cone<pt o! •lug len~tlo 
ond slll' lro-que-noy hove be<n introcluoed.•• 
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In t....·G-pl»so slug Oow, the Hquid ~h;,c hrid~~s the 
~ipe ""'1 is then occoleroi"LI to tho ,-oJocily uf tho 
go< that lollm\5. 1• This rooults in allcrnotm¡: liquLd· 
~·· flo"· "ith br~e pre"ur~ pul,;Uom due lo the 
hlgh·lTlooily >lu¡:>. Althol1gh this r<¡:ime ha< been 
noird in horizontal, indinr.l ond ,..,,.;,,¡ aow, ''"Y 
little c!Iorl ¡,,. bc.>n dc1ol.d lo hori>onl>l slug fiow, 
ond almnsl n<me lo the indmed cose. 

In •ortic.1l slu~ flo,..•, the po,nt ol inlcro>l ;, not 
the Uquid slu~ i"clf but uthor thc inlcf'<ning ¡;:u 
bubbles. Eody in•·cslig.:o, nol..d tl1.1l the hubblc 
<bope wa< the<t olll•c cote d<•>cribcJ by G. l. To}lor" 
(bubbles ri>ing in a st>~nont-liquid-folle<l pipe unde< 
~.e influenu of > Miform ~"'"'r fic\d). Tlo«e re
ocord•cr> .1pphcd T"¡br'• lu•hhlo-r"c rdations to the 
•·ertical-Oowing syotom so o< to moclrl tite mcchanism 
of slu~ now ond to predict liquid holdup, pre<<1>rO 
dmp, and buhble m s\ug ,e]oo¡ty. 

¡,. huri•unta\ >lur, ~ow, thc pnm•ry conoern is not 
-..-ith the ~., zon.s-or with b..>bble• oepar>ting the 
slu~s-but with th' lu¡uid ,¡.,~, them>el\'es. )\'o lon¡;er 
do ~as buLhlcs riso up lhron¡:h thc liquiJ: inslead, 
liquid ha> Lriclg«< the pipa and mo,·eo at a higher 
,-clodty thm the liquid in thc g>S rone. 

Pt>flÍiu thc nbsentc o! on,lyt,o:d wor~, a lar~e 

omount of holdup an<! ¡>r.,su><-drc¡> data h>S b<en 
c-olle<Otcd lor horizontal slu~ now. This is mainlr 
bro·ause >In¡( ~ow O<"<:<>P"'' a raLI•cr largc sor,menl 
of liquid-g;s spocc for ton>mon fluid< in OQnoluits. 
But, >in«" simihrilics in oncchanlsm• h<tween hcri
•ont•l an~ slug Aow oppe>r lo be thc n«"ption 
raih('r thon Jhe rule. one fail< to "ndcr.<l>ml how an 
onol)•sis of indm~ slu~ ~ow can !)~to,.,aticolly be 
pcrformed hy comhh•in~ the work o! f'"''iom im·esti
&•lor< in \'O!Iical ami horiwnl:¡] slug llow. 

H~bbard'• Analy•is of Horizonlal Slug flow 

· Hubbarol" h., provided the be<l an•l)·sis o! tho 
slug flo"· me<:honi>m •nd a:>sO<iateJ flow-regime trarui· 
t.ions. Tbis tlesoriplion is tol,cn from his tl•osh: 

"Liquid nnd gos fiow conc·u¡m\!ly into thc pipe. Al 
g>! •·elocitie< wh<r~ slug flow la~es pboe, thc gas 
,·ekx:ity h '"l!icienl lo ge,erote wavos on the smfot<: 
ni tloe liquid. Thc>< waws r•ow in ,mpli"•do 01 tl>oy 
t.ravel alon¡: lhe pipe and in a shorl di>tance they 
l~iclge the pipe, hk•:ling 1:" aow. 

"As >oon as brid~i"g r><:<ms, the liquid in thc Lrid~e 
Lf aoreleratcd \o 1hc gas volocily. Thc liquid •¡•peor> 
to b< occdoratcd unHormly ocross it< cro<He<:lio~. 
th'<el>Y octing ., • .ooop, pickin~ up oll lho •lo'v 
mo,·ing li~uid in lho IJqoid film •he><! o! il and 
oorelerating it lo >lu~ ,-elocity. As the >lug is /ormed 
and mo,·eo dov.-n the pi¡>c, the ~quid in the dug e<· 
toLlish<> a ,·docity pro~le •imilar t" that tn normol 
pipe Hov.·. The liquld ncar the walls of tite pipe is 
mo..;n~ s]o,.·er than the "''"'"¡;e ,-elocily of th~ slug. 
thus•tlte li~uid i< e<mlinuou•ly >hctl from tho Lack 
of the slu~. 

"Shortly alter a •lug ;, formed, it >weepo up all 
the ••=• lit¡uid "hieh ente red thc: pipe sinre t.he 
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last •lu~ was fo,nrd. At this time. the liquid fllm 
wl1icl> " ohoul lo ~e pith-U up !._,· thc slu~ is only 
lhot hquid "hich ha> Leen •hed from the prooeding 
•lug. Since the dus is pic\.ing np liquld al tho ume 
;ato thot it i< shcdcl;,~ >1, tho slu~·, lon~th stabili>.es. 

"'Due lo tilo faot thot th~ slug ha• a highcr kinetio · 
e<tergy than lhe l>quid f.lm, lhe film l"'netratc< a di•
l>ntc into thc slug hrlorc it is finall)' a!Sirmbt«l at 
the •l"g wlot•ity. This a'·cr-mntlÍrl~ phcttomenon '""' 
ates an edd¡• at the front ol the olug "hich h 
cssonlially a mhin¡; \"Orle> and, thcr<foro, e>i•ts 
,·,tlmut a P'"""'" ¡:radiont. As thc g.l< roto, ond 
con!equently lhe sluK velo<oil)", inc~eaoe, the dc~..-ee 

ol ur>tion o/ the ,]ug incoo>O<>· Iiltimote\y the g>s 
fonns a <oHiin•oous ¡ol~a'e alon~ tite lo¡> ol the slug. 
\\'hrn this point " rrached. :he olu~ no lon~<r moin. 
tain• a romp<teot b<id~• lo bloc~ the g>S flow. ><> 
the dmoctet of the flow chonr,cs. This point il ro
lerrcd lo •• 1hc Leginnin~ of '"~low-throu~h," or tloc 
beginning 0 ¡ the tranoition lo di<¡>ersed onnular Row. 

'"Thus. ottording lo the Lo»C mo~cl lor >lug flow, 
thore >re twu signHkanl contnL,Hoons lo thc pr<s.Urc 
clro¡)oorou a >lug. The fir>l is the p:es>ure drop tl.at 
re•nlt< hom the occderotion of the Eow. mo,·ir.g liquid 
mm In slu¡¡ \'doc>ly. '!he 'ocoud is thc pr<s<ur< tlrop 
requit<d to 0\'orcome wall hktion duc t~ lhe •i><:<>ll-' 
d;s,ipation in the olug itsell. TI1e sum o! shr•e two 

""'" is the 1<>"1 P""""'" drop ""'"" n olug." 
liHLLard tlovdo¡>e<l > ''"'Y J.-tOJlod model ÍOl' tite 

slug-flow m<'thanis"' otating prcciM definiDor" of 
c:one<-pl> lo dcsetihe the re~ime. lle ~rSl note~ tlm 
theu• "'" two di<tincl l)"P" o! ,¡.,g f.ow. Primor~ 
Jiu¡¡ {!l:¡w nist< when there" no¡:.>< '"Oow-:hrou¡;h: 
and the cnttrc <"1\er¡;y o! the ¡;>< ph»r worh diu·ctly 
on tJ,o ,],g. TranS>Ii<m slug fh~ o·\ilts af:er ~·'-' 

Eow•throu¡;h hu ocrurreJ an~ po:t ol lhe ~:><-•n~ 

iu •nocioted <nergy-is L)'P"'"'~ through the slug. 
Tbe key cm10ep1 uf !lubbard's ooolrsi< ls th>t o! 

a >lu~ un.it o~mp01e<l ol thc \iquid slug an~ an 
"""'l~tcd g.>> poc\:ot. l!ubbord"o model e<pr<S<es 
tite ,.clo<oity o! the slug in terms gf t~c no-olip ,.eJocity, _ 
V,v:: C,V.,. · ' 

11•e paramel<r e, is <:<>~stant """' "-ide ranges 
o\ now =ditlons. HuLbard obtained the nlue 1.25 
lor C,. Anothor key l'""""clcc uso~ hy bim " the 
•lug /requency, Y., as the numLer o/ olugs passing 
a gi•·en poinl ¡>tr 1mit time_ The >lug /requeocy is a 
very importan! p>.amctcr in stoLilizing equipment 
opemtion. 
. llu~~>n.l"< mrKI<l will not l.oc dheuued further at 
tlús time. Ch·en propor c-onelation• for •lug lrequoncy 

· ond tv.o-phas~ >lug dcn<ily. tho modd ollows CQm. 
pubticn of proosure yodients and oth<r cl>:u-acleristic 
porametet> ol fiow. 1t can then h< extended lo de
volop modoanhon• lor tho pr<dietion of l>eot llnd 
maos tunsler In tl1e •lug-fiow regimc. 

. Bonnecaze's Analysis of lntli~ed Slug Flow 

"-' menlioncd in the see~on on lnclineJ c-orreb~oru. 
IJ.onne<::\7-" ond c-owoJ~en JevelopeJ their correlo. 

" 
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TWO-PIIASt fLOW ... 
t:ion by rusuming the prosonre ~~ sl<>g Uow. Tbcir 
nnolr•i• pr<>e<odcd olon~ the followi<t& linos o! reo-
5Dlllng. 

A5Swnin¡¡ th• •In¡; lcn~th doos otohili'<C in indincd 
How, o Ucotly-otote moo:-~ont<m, b.;l>tl<C for o >lu~ 

unit con be ohloincd. "fbo ptc,.ure Jo,. i< etodited 
to thtoc &enero! ""''' t;¡e Jni•it>g ume o! tOe olug. 
the /rktion loos of the liquid, and lhe hicliOll !ns> 
in 1ho gas. 

Wl1ile lltc /riohon b,. In tl1c &» ¡noy be <:Jel)· 
n<~kct<:d (an e>perimcntatly vaiOod rosnlt), it ;, 
folhdous lo a"ume tl1ot 1he pr<,.Uio drop in tJ¡c 
mi,ing "'"" is zcro (in lighl nf lluhbonl's horizontal
,¡,¡~ on.;ly>is). Al pre\10\0II_v pointnl nll/,llto ocockra
tion uf tho liq<'id mm lo sln~ vclodty ls a mojor 
contdhutor lo tho total p>essu,.-<lrop "llhc olu~ Jlow 
mecha .. ilm. 

nonnr<:~:oe e! ol. obtain their result> /or >lu¡: pros· 
sme-los• In Er¡. (5). "fbe equoUon h /undamont:-1 
becau•e il ori><> in thc Jlow of nonl1ori;!or.tal incom· 
pr<>sible Jluids. llo\\c,·or, Ü>o hicli<>ll Eoclor is ''""'"" 
urily o lliolion foclor ohtoiocd frotn sin~k-pl10le 

fiuw, hcc"'"'" it o6ses pmnorily f>Qm woll sboar, 
nol inl<·rfaoiol >l>ror Tbc Jluw o/ o li<¡ui~ slug i< 
ne<o,.arily N¡ui;·aknl lo swglq>l>'LSc inoompro,i!Jle 
Jlow ns poinlc•J O\L( prc;•iomly. 

1'he value o! c"<lrrel.1ting o lri<linn /actor lor !lu¡;¡:ir.g 
is ohiou.!y a way lo allow thc onc dcg-ree o! free
dom in tl1c moJel lo hclp the mo<t. "fhm, by ming 
up.,imenlol dol• lo geneutc \he lrkUon /ac~or, the 
modd ho«>me> h.nited only lo thc e.porlmental 
con,Jitions. J!ow can one e<pecl to ohtain o unlvcroal 
lrictlnu f.,otor 1(-btion>hip lrom oi>O p•'reL'ne? 

l'or ;11\ml hori70ntal pipellflc<, fsiotinn loss pbys 
L rolo "f ••condory ,npotlanoo. A pipeline IL·i~l "' 
lnclin.;tion •~gle of nnly 1 <lcg. con yieM a mtio 
o! p~•·ily lo lriotion !orees o! oppm,inulel:· l. 
lñ<rc/or<, /or largo ~nglt.~ ni inclinotion, the fric~on 
loos (c>ctpt /01" the )argest flow<OIOS) i> .., order 
o! ma¡¡nitude le" tl1an g:a>ily lo"-

Wi!h only o ouil~hlo l1oldup conola1ion, lho pres
ourc lo" moy l>c csti:nateJ "' bclng cquol lo the 
>latic-ltood lou. "fhis IS oquh·alent lo eolruhting 
P•• n.s in Eq. (3), noglecling <¡, ond com¡mtiog 
(Olr/OZ).,. lt )u; bccn poinlod <>Lll (l\oo, Dsown) 
tJ,.t lh<rc is o ~qu.'d film thot ridr.t nlong .contribut
ing nolhin~ lo tho ptessure )o<.!. 

noonecazc"s holdup corrclation lor moder.lle pitte· 
~M inclin>tion •PP"~" lo loe oullaLic ood n>~cnobly 
/oundtd. ll)' tre~ting !he g.>.s·bubble >elooity "-' the 
rum o/ lwo componeots, he ond hi• cowotl:e,-, reiy 
a ~real rica] on pl1yska\ inluition. 'lño componcnls 
are huoyoncy ond no->hp ,-olocity. They dovcloped 
this '""""PI lurlher h¡-· mdu din¡; " buopncy directioo, 
suclt ~L.11 /or flow do""ILill thc vol"<ity of thc Slug 
decrc'-<OJ, wltilc lor uphill fluw, il ino1easOJ. lt is 
!nterostin¡¡ lo note ¡).,¡ this !C!UII is e.•perimentolly 
oh<ervtd. 

Ilonncc="• work al'¡><an to he a thougl1tful 
ODiirsil of tlte mechanim't o/ !ndined slug flow. 

llowe,·rr, Leoou<e of tltc nc¡;icct of lho mimlg :wne 
ond llte cluhlom opp;o>ch lo tl1o lricti~n-f >olor oone)o. 
tlon, ia ,,;c[,lncs< m>)' be only limitrd. 

Siug-frcqucncy and Sfug-Velocily Corrclalions 

Thcre ore maoy \"alues in tl1e lileralure fo, tlte 
p:uometcr e, lor '"""""' nlucs el 8. Iloru;c= 
uoed 1he ,·alue ofl_!! de,·do,~ro b)' :-:1d:lin !or \"Ortical 
flow. lluhh.>rd fou~d t},e v~luc oE 1.~5 lor horizon!.:tl 
now cxpcrimont~lly. Suhscr¡ucnll)", Gre~or)' =d 
Scott" dctocmined a hotizo~bl ,·aluc ol C, o= 1.~5. 

ln. llu\,J,ord'< :heois, lhc flctor e,;, sh0\\11 to be. 
/¡mctioro uf lhe smooth-tubc frictinn factor. For a 
•mr>oth lrirtion factor; e, Jcnt.tinrd con<l>nl/or I\eyn· 
olJs numhcrs from 5.101 lo G.!O'. H \\O"'"'" lo use 
lho ColcLrook equotion, \\hcre tbe frktico !ocle, 
IJ a /unction of reloti,·c roughne<S abo, we woold 
.u.,ect C, lo He"i;c be a Eu~telion of ,.hti,-e roug},. 
ncss. Sub•equent ;,,·,..usotor< med a pipe h.;IE the 
sl•o ol Huhh>rd"o. The cl,ff.,cn«" Letween ronotana 
~~ lo"' V., v:a• indistlnguish.;blo; only al high V., 
valuos conld a lc..,l->qu;uc5 ano1)'5ÍS •ho"· iliF.erence.s. 

J]uh!>onl wos uuab\o tu <k\"C\op n corre].;tion for 
•Ót¡l !reqLloliOY· G;egory ami Scoll." lto""''cr, ba-:c 
J'!c<Cnlod o slu~ fre<J"<""Y ¡·osrda:ion io torm• d 
tl,e l"muclo nur.¡\>er. Ti,;, i> ~'' i>'I<Te>lin~ o~~'oac1t, 

h•11 tl1c corrd.ttron ap¡>c>r< to ¡,,,.., oii¡;ht ·'!ll>tcaticn 
btc:t.uJ< i: l< h"'ed or:ly on a om:ll arr.ount o/ CO.
water Joto. al atrnCt<pherio prcnurc. a 
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COMP~.RISO!.' OF CALCULATEO MIO OBSERVED PRESSURE 
OROPS 111 GEOTIIERI·:AL h'ELLS PRODUCIIJG STEAM-WATER MIXTURES 

by R N ur•dhyoy, J.D Hartz. B.N Tomlorl• •nd H.S. Gulotj, 11e~~ers 
SI'E-A1~.e:, Ur>lor> 011 Corn~Jny of Colifor11io 

' "'''"'"' ,,, ' '"~'"' '""''"" •. .,,, ""'""''''" '"' '"''""" '"'''"~ '"' 
'" "''" • ., '"'"""" '" ""' '"'"" '''"""""" (""""'""" •'·''''"' •"" ''"''" , . .,,..,m"''"'''' or "''i, '<h ""''' """" oo o '', '"' '"' •""'"" '""" to 
"""'"' b> ot>< o.lf~ """""" ~"" ''""""'lo 00 ''""" ol '~ ''"''"'" '"''"" ~'" L>Ol N '""'·''" """ ""' I>M 

MSTI<AU ----

• r•p•~ilily lo •<cur~lcly predict tlwing po·e«ures 
• geotherNl ><ell prOducin9 stealO-.,Her r:ti>tures 

undor l'HiOuS o~e<atlng tcndllions !> of •••lu• IOr 
sevH•l '""""" genero! ~n~inoodnq esse,tial tO 
t·•••luation ol \he geothollool resetvoio· and ~rop~r 
<·•·voir moa~t'"""'· o¡;llmi>otinn of w<•]lt,on• de<lgn ,. 

dcl\vcr,1loilll)' considero\ ion>; onO mln\ml¡otion 
deposit~ in thc ""ll~or•. 

Thl• predict!v~ copobility "espechlly ;.,portan! be
'''"" M thc ~iffTCulty ol rLJnmn~ flo<nng pre;surc 
survcy; 10 g<·Otl<cmal welh. Tllc;e wolh are th•r
otlPri7cd by v~ry high fluid velociUe;, ~·Oioh some
th•cs "•<e il ¡.,~rac\Jc•l for !he pre.,ure recorder lO 
\ri.or<• dOWI>Winl in the ...,¡¡, There havo ~o.n tases 
of pre;sure rpc.order< thro,·n out of \he wellborc doe 
le• lli~h llu.io.l \l•laCltics. 

tn c•lcuhting llowtng pr~Hure profiles for oll wclls, 
pt"''" translt•r bct,....en cll ond 9" r!'<(u\res a rHher 
>i~ple lreotmcnt, and ts o<eo~plished tllrou~h the u;e 
of solulion g,n"oil ratio telationships. In gcuth•rn>al 
"'t•ll;, howevet·, pha;c tratl<lr·r DctwCPn >;ater "'" ;team 
•!!•In• oriticol iQ~Ortancp, •nd colculotions mult in
curpoc•te thc $ teo.n t•bl~s occur • te ly. p ressu r• prol i 1 e 
rolruhtions lor geothc~l ,elh vary lr<W t'lcse fcr 
uil "cll< in onotl:cr i~portant a<pcct ln tha: the tem
\"''"'"'e of !loe fluid o•ust be tomputcd prec\Scly. 

' ,., 

, a c""puler 
pu~l••hed cor

in vNtital 
tronsler and 

wellborc heat lo«-wos usod to colculate prcssures 
o number of gcothonnal wells Tn wnicn flm;lng 
survey; had loen run. Thc papor rontain> 
Letwcen th• roltulotcd and the ot•crved 
~ooliT••· 

Thi• compad;on 
t~clihP>O p 

lile phHe loCilovjor relationsl1lp> usod 1n \In' work ,. 
f<Jr puo·e woteo·, orod do "0\ inclu<ic the tllect< ol 
di,.olvcd solts. Huo·evor, tbe '''tH$ in tl;e wr:lh >.P 
studicd were of low sollnoty. f<hO oo~ con•idered \S 

\he ei!'PCI ol non-<on~cn•iblc 9""' •resent in \he 
fluid. \,'e do not CO!·<lder thi• to be a signlllrOnl 
limitullo!l. l•r·<au<e ln O<Jr "bs•cr";Hlon eell>, non
COHden>lblO 9·••cs,con•i•tiJ.g almos! en\1rely of 
carbon dio,ide, consr1tutcd a ""o\1 lroct1cn of the 
stc .. , phas•. 

This corrpdCISon of romputt•d ar.d obsorved pre,.uro 
drops in tlowing 900llwnnal wells ton bclp dolcrtr.inc 
\he degroe ~f conii<lence an enginoor siJould IMvO in 
re¡ults predicted by the tOro~ correlation< e•oluot•d. 
lhe bost correlation Does o satisloctory JOb of pre
dlrting pres•ure drops, ond can be uscd in del\ver
'l>illty prcdinicn c,1lcnlotinns. O¡>tiO'l"tir.n ni 
•·ellborc <le<i~n ol future wcll< Tn 11 part.,lly dO
,·eloped field c.n be .CCOI:l~li•hcd by calculating pro
duct•on rato• lor diflcrent tlo" stdng dla~oter< •t a 
9il<en ;,ellhe~d prc,.ure, and COOl?Hing th• benef•t d 
incrcasod llow roles ag•in;t the hlgllcr co<t of dril!" 
In~ and cnmpleting lar~cr dlO~eter wclh. 

Slnce the preclpitation of olciu, cutor.ate 
encountered in t.lany hct water well~, "reloted to 
~rcssurc and t<'fl'peraturc condillons ln the wellbore, 
'"lculations con be 1Mdc to cstin101e the dep\h 01 .,hi 
sea le ~recipitation ~ould comoncc for vanous ~e11 
dta,cters and "''" llow '""'· llds can • .,,..¡tilO 
engineer ;~\he selcction cf ~perotlng rnn~itions thot 
wil! tend to touse scaling ot shol\ower de~ths, thus 
rcqu1ring eosier tleon-up operations 

~----------------·-· .... 
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r.ltulotions of flowing Pro.,ure profilcs were 
three correhtions: Orkis,.,...su: Hagedorn lnd 

ro: ond Be~1' and Brill. (ach of thc.e i< 1 wcll-
r. n currolal\Oll for tl'o·rh.1<e wrtlrol floH. \,'e 
h the lirH two correl•Ucns ~ec•usc t~ey hl'c 

used Dy petroleu11 ~ng1r.ecrs, 1nd h•>"e, in our 
own oxperience, done a satufanorj jo~ of predicti'9 
P'"""'" orops in oll ~ells. ~· 1nc\uded the Be~gs 
Bri\1 correlotlon 1n our study bccau1e \\ is ptobobly 
the "OSI rrccntly publisht•d 1-rethod. 

The follcwing is a Oriel de<enption of tliese three 
corrclotions; for a 010re deta1led analysis, the reader 
st.auld rder ¡o trc ortginal articlc·s ~e<tnbing the 
(OI'"l•lo li ""'. ,2 ':J 

OrUu,...sU f9rrel~tion 

This corrolation ta<es into cOMi<leration tho slip be
twoon liq1n~ '"d va;,or pMSos, and tlleteforc inclLJde< 
• COrl"elation to Cdlculatc liqu1d lroldup, i.r., lhc 
fraction of tlle Pipe cross-scctional orea o<eupiod by 
liquid. lt •ho tafPs into account the flo~ rogi.,. 
that e>iH• in •ny section of tho pipe; the llow 
r<'<JI'"os con>idcn•d ore sho\ln in FIGUR[ l. Tnc 
Orf.h>tw>l.i c~tr<•latton ;. h)t,ridlñlíidt it usos dif
ler<-hl pu~li•h~d ccrrelatiom

5
ror difieren! fl 

f<'!Jino,: Grilfith ac.d ~alli• correht10n for 
Jlo~ rcgime, and [luno and Ra.6 cnrrelation for 
tlr.n ond mi<l !low ccgino•- far >luq f\o~. 
d<·,olcced o""'' <urrelotion2t>a,ed r' !he 

of llagcOorn and krown. the 
tic~ rogi~es loi th~ 1 · 

flow: 

Slug flo•: 

lronsition flow: 

Antrular rnist flow: NGV > 1M 

'• . 1.011 - {0.?218 v~/d) '¡. o. 13 

' ' . '" • " NLV 

t 11 • 15 • " (1\v 1o. 75 

,, 
li4uid holdup in this f\ow reginoe " gh-en by tire lo 1 -
lowi119 equotion: 

.¡_![l•v"'-' .. (1 .::/ • 4 v,s'v,]· . . {l ) 

!~ g~~·j;~~.~~), ,., is •numed to h"e a <On,tant 

]he rressure drop due lO fciction is given by 

. . - (2) 

lhc ~eynolds Hu·r.ber for \he coln•l•tion of'friction 
f•Uor is gl,on by tlr~ iollo~"'S rolal1on•ln¡•: 

. . - . (3) 

The friction factor, f, in equ>ticn (2) is calculoted 
by u<ing

7
the Reynold< llu~.ber >nd the st•ndJrd ~:OOdy 

<liagrdor. In !In• flow r·egil""· pressure drop clue to 
•ccelerotion is neglected. 

Sluq Flow 

Orkiszo~üi use< the following relat1on,~ip to calcu
lHe \"'o-ph.-e density in thi> il<1w regime: 

• pL{•,¡ • •o) • Pg",g • P 6 
P., •.,•vo L 

• • • ( 4) 

whorc 'u • c1c2 v'9d 
c1 is • function of bubble P.eynolds H·.w.ber. HR¡o• 
C2 i• • functíon of both lltlcb •n~ Hquid Reyno d• 
llumher, NRel, defined below. · 

'"' 
~ 14Bl! pl vbd ,, . . ( 5) 

ll~<l ; . . ( 6) 

&ecau,e M the 1nterdep•odcrce ~~ "o and ¡;Peh• tt.e 
colcul•ti~n of 'b requ•ros on 1\cr•:.ve proce<iurc. 
FGr "m< lO, 

' • (O.Oll '" ''L)/d\.33 . 0.~81 • o. ?)2 

'" • . 0.~28 log d ... . • { 7) • 
wi th '"' l i~lt " . O. C5'i • e 

rorv.,~\o 

6 • (O. O~!> \og ~l)/d0.799 ~ o. 709 

0.162 log vm" 0.883 log d • . . . • { B) 

duc to fricUon h gi•on by 

. . . . { 9) 

He frictlon factor, f, in equotion {9) ;, 
frcn tho ~.:xrdy diagr.,. using lhf 1ollo..-ing 
of Reynolds Nu.~ber: 

ca\culated 
def>nition 

-'-'-'","!'~'--'" ., ' . Re ~l 
• . . . { 1 o) 

Pre;sure drop dueto a<celeration in the slug flow 
regimo i< too sm•ll-, •nd 1< neglctted. 

This flow regi<>e pro•ides a tr•nsition fr0111 slug flo~ 
to •nnular ~ist flow. The pre.sur~ drop in lhi< 
;, colculotPd ty llno•r intetpol.Hion ~ot•cen the 
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~1'1 • ' 

~rc.:;urc ~rop< !or slug ond "'1\ flow re~l<~e<. 
denllly Jt>d lricliMJl ~'"""'~ dru¡o lenn< ore colcu· 
IJl<•J !u.· t•ulh >lu9 flo~ onJ ,,;,¡ llow; lhoy ore thcn 
¡,.,,.,,·ly ""''JIIlL"J w11h rew<•<l to ¡ "'"""n>lonlc•;; ~·• 

• o\y \<""" '"J tl.e liudt; ol \he tron>ition Jono 1n 
tu,,.,.,.. •1 tho ten"' oppllcoble lo lllls rlo~ ;;.;;;,: 

• 1', the.~J> rn"c 1< cont1nuous, ¡nd 
11 tor. Ut'Cdu>C ol hi9h 9" llow 

thll ll.erc ls no <lip bot•een 9" 
•nd tho od•turo don<ity Ü ;ivon a< 

• • p _}.9. . ., . . . ( ll ) 

. . . . . . . • • • ( 12) 

lho frlction foctor, f. i< ob\oincd frnm tho 
dlo~ran! ond lil< 'l" Reynolds h'IJI"I•Cr, defincd 

\4d8pvd 
11~· • __ ,_.,_ 

•• 
. . . ( 13) 

drop duo to a<eeleration CM bo given by \he 
oqu<>tion: 

. ( l ~ ) 

n.cthod consldor< betwt'cn llquid and gas 
bul doe< flow it!lO diflcrent 

t' The devc•lopcd lrom a <tudy 
1n o 1500"foot (·xpori-

,. I"•N<ured for two-
ond 1 1/l-in. 

~o1dup w>< 
; wa$ n.o tot•1 

drop ~.ea<ured after of 
att<•1erotlon llJd been 

l".'!c';~ "lue< uf liquid llolduP "''''" t/ien 
llow r,nos. pipe dtor:;eters; ar>d llu1d ¡>ropt•r\IC$. 

lound lhot the liqu1d ho1dup i< rclated pd, 
to the lollowin9 four dlr:enslonle« te,..,<: 

Yelocity nu~bor, 

( ~') '" Hn•l.9lBv,1 ~ . . . . • . ( 15) 

. . . ( 16) 

~---

. ( 11) 

. . . . . . . (lB) 

The calcu1ation of lfq•.Jid holdup uslng th!';•;,•¡c;~~!'"''i 
requirc< a tl1rec-step process: (11 lro.11 
vi«o>ity """'ber. lll, a quantity CNL i< ·::i¡¡;'";, 
(2) lhe ,·aluc• of c:,l, toc;eti.er ~111. ll¡y: 

a <ocondorY correlotion foctor; ) con-u<e<l lo <al<ula:e lltf~. i.e .. \i :~;~:~";':"i":¡':::::~::i 
Uin•ng ''GV• lll and lto is u;ed the <econd-
ary correlat1on l.ctor. ~. ood 

From tr.e colcu\atcd •alue of liquid holdllp, the mi<
luro d~nsily c•n be ca1culol<d es<n~ lhc followin~ 
equation: 

. ( 19) 

. . . ( 20) 

" . " 
• • . . • • . • . • . . . (?1 ) 

wtlere 'm • ',¡ • 'sg 

and Pm • \J~l ~~l-IIL) 

Boggs ~nd ~rill Corrohtion 

. . . . . . . (22) 

Th" i$ \hP newest ol the tt,rre corrohtions. LHe 
Orliue•<S~1 ccrrelatlon, it t••~• into .ccount the <11 
betweon llquid and vapor pho<e<, •nd rccogni>e< th~ 
existente ol diflereot flow regime<. lhc correlotlon 
contair>s a relotion<llir to ,,_]cu1ate liqu1d holdup o\ 
oll pipe anglos. Scggs and ~cl]l dr.eluped tJ¡eir roo·
relauon from llow e<peri!l'ents in 90-ft \o"g ocrylic 
pipe. l in. ac.d 1.5 In. In di•metec,which could be 
incllned al any anglo. 

Thh cocrchtion ""umes the flow In 1 horizontal pipe 
to exht in one of three ~•Jor llo·o pottorn;: segre
gotcd. intenoitterl\, and distri~OitrO. '" shown '" 
FIGURE 2. [\'CO for non-hOrizontal llow, thc rrethod 
·rrntTalculates t11p no~ regime that would c•1H lf 
the flow were hori1ontal. Se¡¡,rate (><fuation• •'" u~ed 
lo c.lcu1ate the 1iquld t>ol~u¡J lor dllforent ·~ori
zcntal" !lo~ regime•; tho l1quid Jooldup ls then <Or
r.rtcd for pipe angle of de,·iation lrom horizontal. 
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CY..rt-RlSIYI Of CAlCUt~"iEO ;;~;n OSSfR\'[0 I~CSS~~E ~~OPS 

• !.. 1 

"11oci¡onta1" flow regi~e limits •n• define;! by the 
ri•JC,lor (lirRl ond ••rio"s fuonlons of 1¡ ~11ere 

pressure gr4di~nt is glven by 

' f tpP!'___2.._ 
2g,d 

. . . . . . . . . . . (2J) 

- (24) 

rxponenl s is • funotion nf ir.put liquid 1rootion, 
tlw calculated 1 iquid holdup, wro·ected for •erti-
1 1 0>1. 

gr•dient 

(o, u, + n (1 - 11 llo· v 
'-'-''~;¡- ~ L m s -~P.. . ( 25) 

~, ~ "' 

2. A $1Fa1l pressure incr,.,ont (~P) h selected, and 

l ~,,,;tho dopth intervol (111} over ~M eh this incre::ent 
oe<ur is calcul•ted followlng these stcps: 

o. A new steom f"ction (L~., froction ni total 

'· 

1< ltcam) is a>Sumed to exist il( 

pressure and averoge stea" 
, t~e sp<•dftod h<o-ph.se 

cal<:ulatc the P'"""'" 
ir.tervoL Jf flow 11 in 
gr4dient h calcuhted by 
and Reynolds llu:obec, •nd 

b. fcom \he oolc~loted pre.,ure grodient ~~. ud 
pr·essuro increment /.~. ti<e dopllr H.ter>•l ~~ ;~· 
<alc.rlate<i, lleat 1011 lr·om \he >'011-boro into the 
\UCIOundrng fOfiOO\Íon OH•r Ure <iepth intervo] M h 
oow "lculated u<ing a tr·lnsient lreH tran>ler re\a
tion>hlp. lhlS tales in:o acco"nt the ti~e for •·tdch 
tho well ho> been producing, ond tr•e o1er.ll hOH 
transfec coefficient for tte ""ll~ore. rnergy losses 
due to poter.:ial enen¡y and Ur.e1.>e er.ergy changel 
calcuhted anó corrbrneo ~ith the heat len c•lculote:t 
abO'óO. A now fluid entho\py 11 thu1 corrputod. Usir.g 
tlris new ontl>alpy, and P"""'" p ~ ~~. tl.e 
lr<!c\ion o\ óe;>t!l ~lis rolculated. lf the 
bet•·rrn colculoted ond ilS>umed stean fraction> 
wftlr!n a s~ecrfied toloror>ee, ca\colatron procNJds \o 
tt.e "e<t er·e"ure !ncrrn.ent. lf the of 
the two ;, assu:oed to te t~e Hea"' 
sccond Herali~n. lhh iterativo 
t!,.JO<I until •sso.,-ed and l 
converg•. Tloe pro"uro 
l•H iteraUon ;, u<e~ ca\culate the 
~~ corrospondrng \O tho prossure incromont t.p. 
sin~\e-pllJIO fl011, rtcrations ore rr.dde lo ochievo 
tcmporature COIWer~c-ncc ro\l1cr !han stcam lr,,clion 
'""""'~once. 

l. The pressure is incrcased again by tncrMlcnt tp, 
and the torrespondin<J hZ is calculated fol\owing 

thc procedure ou!lit('d in H<'P ~ abo\e .. lhil pro
ced~r• is continued until the total drpth of the wel\ 
is r·c"Ohcd. 

i'I'Operties of purc wat<-r ''"~ ;toorr wer•< "'"" io our 
ta\n¡\ution>. lmpr"'''"'Cnt; ÍIO colurl,tiOilO <.Ml J,e 
mOdt· by ta;rng into <011SHieratrul1 ü,e efTr·r.t', of "lt 
conceotra\ion en the 1''"'" J,ohavror of "'llr•r, '"~ olso 
thc dlect of non-condonlible gH corrtent. 

For hPat tr•nsfer c.kuhtions, gro~nd terocr•tu"" •nd 
a 9Cothemol gradient are uwd; thi> grodi~lll Íl used 
to cokulo\c thc rod. ttmpcrature up tu tl•e \O]> of the 
prod•ICÍrlq fomotion. Thc \C"'I'''''~""' wltllin thc vro
ducir~~ fomatron itself il o;su·ned to t.avc 110 vcrticol 
~rodicnt. lhis hdl H•oll found l<> be geroerol\y lr"ue in 
our npcriencc. 

The <:om?uter progra01 calculdl., heat tron•for from the 
"cll!.orc into the surroundfng roct fonn•tion uliog \he 
tollowing rehtionship: 

l\rld~l(T1 - Tr) 
Q' W(t) - .. (26) 

f(t) =- In 0.~9 

2 vat 
whcro ( o0 ) 

Ra!:ll!y8 ha< f~und cquotion (l6) to be valid for f10>1 
periods in excess of • wu~. Becausc of high fl0>1 
rot"' cncountered durfng ()Ur surveys.;heU tronsfer 
bet~c•n the woll~ore arod the surrouMong roe• drd not 
affect re<ults appreclably. \le used • h~•t transfer 
coefliderot of lO Btu/(hr. •r 112) in ouc calculo-
tions. 

OBSERVlD HESSUR( r~Oí1LES 

()ur f\o"in9 ,urvo;• were tonducted durin9 tubular a< 
"-ell " •nnular flow; the annular llow wrveys "111 te 
dhcuned ld!er. for tubular flo-"· tM typrcal well
boce configura! ion conshtcd of o 9 ~/ll~ln. rHing in 
tho uppor half of the "el\, an~ a 1-in. •lottcd \loor 
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flow 10~ ,ollheod pressure• in thesc >llrveys vorled be~ 
'" J9 and ltO psb; n~eosured bottw.holc pro""""' 
ween 2'0 and 1100 psi•. M"' llow rote< "'"'~c<l be

.ecn 90,000 lb/hr •nd 3B9,000 lb/hr. >tra" fro<tion 
at 1;o]lhead conditions v•ricd frl•m O 15 to 0.46 by 
~e1gnt. The sOaiiO'o'"t survoy •os 16()0 ft docp; the 
deorest, 5000 ft. ~·eilborc and llow rote d<Ho for 
tn«e survcy> ore SuiTloariled in lo\~tLJ (survcys 1 
through 5). 

lhc total dissolve~ solids in t11c productd fluids 
varicd fro.1> a low of 6100 PI'" lo a lli,Jh of 9700 ppTI. 
liln-condensible ~""'· COO:P'""; ol01o>t cntircly of 
carbon diondc, ,-,n"cd froo. o lo· .. of 0.1t \o a high of 
4.3;; ~_:, ~oight of st~om. 

lOM"'<RI$0:1 O!' OOSCRVED AIIO 
CIILCULI•i!O PRESSUR( PRCtll tS 

luro <urvcy> indica te 
!'rom s¡eo~ 

lS ~·1./'i lb/ft," wllicll 
~rodlenl of 0.)80 p>•/ft. 
P'"'""" gr·a<J1CJit below 

•e qrc•d10nt, onó \hot. thr·r·e_ is no 
weiiCore treloo~ tnot JepHi. Octween 

ft doptll. llu1d o"tus tilo "ell al 
ond tlrerefúre l110re "divergente 

lateú ond ll1e oOser>ed e•-e»uro>. 

tilo obser·ved pre»u1·es; 
i> a cla>e ;ecand_ In 

•nd llagodorn and 
r. 1 profile; 

h li>al below ~500 
i " a change in tr.e 
whcrc.1S the llo~edo1-n ond 
lll uu1· "'Orl, t¡,e 1-C(:OS 

l ¡::,~;ii¡::;t.:::¡[¡~:.did no\ do a sati>foctory JOb prof1les '" guetl>onnal welh 
~ixture> 

noted that in our calculation t>f prc»ure 
''"'~"~ tl.at all tire fl<•Í<I flo~s through 

\he slo\\od lln~r. 1.e .. there i> no 
the open hole-liner annulus. 

ifl a well in 

,. 

,. 

c.~ 

•• 

; 

ll•o diLnUloc '"'"'f\ can Oe ~cnorolly cl.,slfle<l HitO 
l><o group\: On<' wlth wolllrcod ~ressuro> e loso to 13> 
pslo. t11e0\11t'r ><lth wellhe>d pros<urcs In lt.o \\Cin1ty 
of no psi•. ".ielll•ore ond llow roto <loO pert'"""' to 
tl•o<e survoys ore '"''""rll<d In lMt{ 1 (suo·,.,,, 6 
and J), Tn·o e<>:npoch""' of ot>ser'vod0ñd CJicui.ncd 
pre\Sure profllc>. rcp•·osootln9 lhc \l,o sun·ey ~roups, 
•r?••r ¡., fJ.G.UJLf.L_9_.•n>LJJl. 

In CJI<uloting l~c '""ular llow pre11uro prof¡lc, we 
uscd \loe l.ydroulic Ó10"1<"\CC, deflnod ~olow os tr.o pipe 
di¡.mol<r. 

' . " 1f the casing ln>~de d1001etcr h <1
1 dia.Tioter Í> d2, 

4(•/4)(<11 2 • d/1 
<In• •(d

1
•dzl =dl-d2 ..••••• (l7} 

foro 9 S/8-in. nominal o"ing and 1 J/8-in. nwi.,al 
tub1ag, dh is colculoted \o he 0.545 ft_ 

Jbe hydraulic dian>eter was usod In :•!;;:·¡·:¡•¡·::~::.:;:;'•'j Ntn.ber •nd pipe relat1ve r·o<'~hneS>- for l 
flu1d vciOcltics, '·" used the actual 
areil of tho annulLJ>. 

An .,x,ninallon uf r!GU!;[S ~ ,Jn<f 10 ~ho>;s lt.at no 
'"t choice can t, 0 iilicJ,:o;;-·¡¡;-¡¡.,o t>'e>t cotrel,1\ior> •or 
or,nulJr IIOIJ. Thi> stotc.••cnt con te "ode lor all ll•~ 
·"'"'Ji'" flo1; rn'"""' curve¡s co\\Ju<:c.1 lry us. 1:e 
fl1'<1 tha\ otoile OrkiSlcwski and ll.,~edorn illld ~,-o,m 
tcnJ to urrcter-pre•li<l thc P"C>SrJO'C Orop, Uro 'l<"t\10 011<1 
Bnll ccrreiJ\lon has,, tcr.dcn:y to nve>··p•·,doct 1\. 
Bowcvcr, si,ce oll tl1e or.nulJr flo~< survcys ~ere""' 
in o SlnUle 1-1tll, 1-10 dO hOt !.non 11 out llndin'_: ~·lll 

be g~ncrally lru". \,'e fl\\d O<Jr>che> ill '"''"""'"'"[ 
w\th t11e canclu>!on of Sonct.ez9 tl»l "" ;uffiele;¡¡]y 
utcurotc a11d precise 010\hod C<Í<t> for annular flow. 

upon \he limitr"d nu-n~cr of flowir,~ prcss,rc sur· 
tO\Iducted, we co,;re to tl.e fallowing conclu"""" 

•• 
• Hl 

roake • definite rlloi 
t or """" 1 u fl ow in :!':¡:¡¡ ¡i~j,~¡\: ;il::;]¡¡:¡¡¡:¡;;;l sult> SilO"# tMt wl1ilc thc 1 

and Brown cor·rolations unJer-preó1ct 
thc 6eg~s Md Elrdl correlotion it. 

,, been used with 
well ~eliverTogether 

chdroctrr
correliltlon 
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cv.·.l ""I>Ur< Ut l•\ltUU11t LJ hf,U LJI>)l"\'11' I'H ~)<Htl UI"W) 

. ,-'"-_:·------------'''"'"'''"'''"'"'''''''''--'''' c"c''-'''''o''i'"r'"''"'"c'c''''''":·lc"''''''''-''''""''"~'·' '" -,---'',-------'''''''-"'' '''''l 
v
0 

• Bu~b1e .-ise velodty, 11/>~< r.n t.. used lo ¡ppro•lmote t/le depth at wh1ch scale 
depo<tt> will talo ~lace tn a ~ellas t func\ion of 
welltore ~~•~eter. 

Our calcuhllons dld no\ inc\uoe \he effect of 
d1>sohe~ sollds in tre ~<1\er, nor tl'e non

·"den,tJI~ gas cuntont of tM ste""· ltowevrr, tho 
wclll>ore fluid> in our wolls "'ere no\ high in dis~ 
10hed solid< content. 

lo{rt[ lóCll.lUR( 

c1.c2 = 

trt. 
" , ., , 

,, , 

"• , 

• • 

p,.a.,ctHI used to ca1cul¡te bubble rise 
velocity in the OrU.,ow•H correlation 

A lunctiorr ol liquid vi>ro>ily t;wnber, lll 

Pipe loside diometer, ft 

Cosing insidP d1•~::eter, " Tubing out<ide diameter, " 
Hydraultc di•rreter; ft 

~bsolute pipe roughne51, " 
' 

f • Ducy-~'t•hLoch or Mvody frie\ ion f•ctor 

lion·•Hp frlction hnor , 
" f ( t) ' 

,, • 
o . 

o, • 

"' 
• 

'• , 

' , " ,, , 

"o , 

"'" 
. 

A functloo of time, t (d•ys). •ince well w!S 
o~en to flow 
Two-pho<c fricucn factor 

Accclo"lion duo to g•ol'ity, 32.2 ft/sec 2 

Convorslo11 <onst•nt, 32.? ll•rl•·ft/ll>f-<ec2 

Liquid t.olGup, froction 

Eubblc-•lug boundHy teno 

lr•nsitlon-fhist bouodary tcnn 

Slug·\ron•ltion Lound.ry tem 

Pipe• di,lmctor ou~.ber 

rroudo ttum~or 

IIGV = G.s V<•locity Numbor 

IIL ~ liquld l'l><o•ity llw~er 

"tv • liquid l'e1ocHy ll1r.1hcr 

NRo • Reynold• l<""ber 

ll~oh • Bubble koynolds llumber 

Nke1 "liquid l:oyowld> Huml>er 

tiRen~ llon·•Hr Reynold< nu:nl>c•r 
P ~ Pres.ure, psi 

(~~) • Mc.leratloo pressuro gradfont, psl/ft 

"" 
( ~1'.) ~ rrictioMl prossure, gradicnt, psf/ft 

" ' 
Q ' 

' ' 
' > , 

' • ,, . 
', , 

" . 

llc•t 1ost lo surroundlnq~. Btu/lb 

Outer rodiu• of casing, ft 

(xpon~nt used in relatir.g no·•1ip fri<tion 
f"tor to two-phose fri<tt~n foctor 

Ti~e since well w" o~en for flow, day< 

fluid '""~'O roture in o H·~rHent ol•o1ll•oro; "f 

Rock t•~>pcrotUre surrounding o se<;~onl of 
wellbore, •r 

Overol\ helt tr•nsfer coofficient, 
ttu/(hr-tt2·"Fl 

" • Hhture ve1ocity, ft/scc • 
•, • Slip vclocity (diffHPnc• ~.t.een aver•ge g .. 

•nd liquid velocllie<), lt/sec 

v,
9 

= Surorflctol gos velodty, tt/s.c 

v11 • Su~t·rliciol liquid vc1oc1ty, ft/se< 
~ • Has. flow rote, 1t>mihr 

1 • ,·ertic•l length. ft 

Greel SJ.!'I!:>oh 

n • Thcrmal diffusi·•ity of oorth, ft2/day 

6 = Liquid distributfon cocfficiont 

\ • )nput liquid frac! Ion, or no-sli~ liquld 
ho1dup 

lli>ture viscosity, cp 

Gd$ dcPISi\y, lt~/ftJ 
Liquid density, lbrn/1\3 

Mixture density, 11<11/ft3 

n • llo-•lip fhhture denslty, 
" o • lntorf•ci•l tensicn, dyne>/Cm 

,¡. • >rcondar:r corrol•tion helor 

~CKIIO~l [ DG!:E liT S 

~· tt;anl t~~ 1\.!nog..,enc of Unlon Oil Co:>:;:any ol Cali
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HEllBOR[ ANO flOII AATE DATA f0R PRESSURE SURV(YS 

Tubular f1o~ 
Survey ' ' ,-
nowing 1/ellhood PreS<ure, psi a '" "' "" " 151. 

Totol r:a" F1ow Rote, 1b/hr lBI.174 271,3,, 89,608 1l0. \75 )Bg ,000 
Stoam fraction at ~ellhead o. 162 o. 1 ~ 1 o. ~63 o. 149 o. 211 
Casing 1nsido Ola.~eter. inches 8.921 8.921 8.801 8.158 8. 921 

Casing D•pth. feet 1621 1621 2290 1783 1621 
Lim•r lnsidc Diamcter. inches b. 216 6 276 6.276. 6. 216 ¡;. Zlli 
liner ~opth, feo\ ~916 4916 6060 ~a os 4 916 
fo..,...tioo ! emper~ tu re. ., 540 "" "" '"' "" 
• Tubing üul<ldo ~i•mcl•r. flow tofes placo in tbe annu1us b<•twocn c"ing •nd !"bing . 

1ubi<><) dcpth. 
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dERl"'10DYI~AHIC5 AND FLUID M~CHAf\!ICS .GIWUP t.tm. 0 1%3 

• j" 

' ' .. 
F-17198 

STEAi'.l-WATER OUTICAL FLO\V THROUGH PJ.PES 

St<•rn •nj "•">m-wmr n"hin~ now ""' ""J IQ o~"in <oirie>lt dir<h>rf< P""""" for rir<• o'"' Ó< 

'"~"·"'on '"U"il')" ''"~"' 2;0 ro 1~00 ll:u."lb >nd for 1l>o ,,¡,;"¡ ~<«<U« """' 11 to vi lO.'•·•' obo. 
)'•r< '''"u";""' 3. ó o~d ~in. in <lillr.<t<r. Th< follol'io¡: '"'P"'"' '~""'·" '"'""' rloc J.o" wit.h '" 

OO<Uf>')" of ,±} f'<l """ 

Gh' '" 
]"-•• -11.;.:)0 

wh<r< G ;, mm·<elo<ir)", lb:\«.h1, h i• 'V";r" "'~n><iQn <nlh>.lp¡·, lltuf,b, ond P ¡, th< <rioi<:>l dhoh>r~< 
P'"'""• I>Jon: obr. 

lo ir >lso >hOM olm o loo 01noou" of <n<o¡;y t:owh~ ,Ion¡: o rir< <>.o b: oi>10in<d om"·''"Y tn wid.in "'1 O p« 
crnt if th< crHi<.J rrmuro only" l.MII"tli th;t ;,, ~""'"'"'ion mth>lr:l" not l.c.own. 

~ INTflQIJUCT!O;>.: 

\VHE>l "rnoc\or'\~ •O.w: of o <~m¡•rcoo'blc no id rossc' olon; 
a pi;'< to t~>e o~~•o,;-1'"'"' lho 1"""~'" dro:·> cntttin~NJSiy 
~\"·"Z thc !•'re kt "''"'h r.>,'rc ropíd:y '"" •h~ ¡'irc omkl, 
wh<IC 1he liuiJ <t"iN·ir,· in<rr:r¡c• to" m>.Wn~m; >llo thc 
Jlow i><n'n; fr~:" th~ pipe o~d<t ¡, ><<n to be Joughl;· 
pr:t!l:l 10 thc pipe \\":IU. 

1"!-.:: rr<mll< ju« i~<iJc t!le pipe outlot "oul~ be !he 
'ame"',¡.,, ,.r t!1c ,,:mc<phc,c, tilo:"· o!''"''"" ¡;oct~e at 
this po>itio~ wott\J rt;i,~rr >ero. llo"·c,·cr, if rh: rl~w ¡, 
pro~"">ÍVd)" it~.:ro,<J therc "·~1 cY<:>HUolly op~cor o 
prom:rc en 11·~< pn~e :rnJ \\hen rhi1 o::cur> thc ::ow no 
l~::~;or ¡,,.,, rhc r=~~" l>.:forc bot roke> on <he'~"'" of a 
¡JJraboloiJ "i:h a,¡,, rr~¡'or:i~""l w rh: otttl" 1''""''" 
(Fi;. \). Tb, JluiJ k oc·" the pire,_¡,¡,''"' >hor·· ~'"'·u•e 
of 1hc \<t,IJ,•I1 <"·1''""''" , .. ¡,:,¡, tokes plxc in p.1'>Í:·~ frcm 
tltc h1~hcr r:t"urc wnJ~n tho j'ipo C"J:Jo! 1.0 thc ltJJIOO!ld
iug >lnt~•i'l>."«·· 

TI:: inJi•~rio~ cf ~ r•c<•orc "'" r.ho pu~c •t.~\\"$ oho< rhe 
firúd ><l~•iw ho. rcochcJ Jl,o rr.o~imttm ros>il>l.~a limit 
smh os i< imp~;,d ¡,,. tl:c >fr<d o( >ormJ irr th~ !luiJ-,nd 
tl10t tltc only in!tcrCllt ,,¡¡,.,,,,_,¡¡ lcft :o rt10bl! p<>T<r 

]}., MS. •f ••.;, p,v ''"' fi•¡r "''''·.·d "' 1!.: ¡,~,,,.,.;, .. , "' ¡.:,/, 
/.•;•" _1>">1, ,,.,; ,-., "' ,,.,;.,; ,-,.,.,. ~• ~··•t'·"' f~· ,,,,.e,.,_,,¡ ¡,., r'-''·•~•i ... :. ,., :.:,,. x .. , .. ,.¡.,, 1 ,,¡. 

• r:t.:•-"'"·' •! Sá.-·"'"" .... : :. •... ,,;A ¡:,,.,,,~, n,.,,¡,·.,., 
1-'' ''"'·"''". U:." i;:. ·: • .\", -•. 1,.,:""·!. 
•. ·.,,o/¡,,,,," ".,,,,•.i.:c •. / ""'' ""''·''Ji""" ,-hi:~ "'''"' ~'·'" .• ,.,¡¡, ,· • .J" ,.,,,,.,.,.. ,. ",;,, ,,¡""'.1' <i '""""· 

• "" ,_, •• 11,.~ ¡_,,_., 

f!Ot·:s lo po.« i< (o: tlro dm>ity lo incrca:c; t<> •fl"oct ti lis :ho 
outlct P'""ure mu" in::r<l>C. 

Tho flc~w ~f f\.,;hing wotcr 1hrou¡:h pi?OI ¡,, L<cn 
¡u•diod (r}-($) (7) (9) (10) (>J)t ,.,,u <.ritic,,l j.ru.,uro_< 
osomi~<d (>}-{~) (7) (>o). Tbo <>nl;: i~·:clli_;"Iio:. :t> ;,¡•oci
f¡c.:~Uy mc~•cr< c::t.ic.l r.:m-. "'"" o w;dc ""~" of dry:.o.>
fraction ¡, rh;¡ br l>toin, ,\\oy ond ó C1uz (6) 195i, whoso 
,.,Jmh\c sork• of """ opplicJ lo ripo• up <o f in. in 
diom<lCf. 

Thc pro><;>< •críes of tcm """' condum·tl min~ a 
rco~crm'l bote 31 Woir;hi, Xcw Zol!lntl, wltotc ;.,';• 
Aow> ore ~'""~lbk. Thu,: ripo: •izcs u1od worc 3, 6 ond Si~. 
di::m«~:. Thc l'"'P"'~ o:' thc tc<a \\O< lo cbain thc 
rolltion b:tWC<"n '"'"·'clo:ity, s:>~""T1:tion ,r.1h>1py :md 
ori<icolpr."""" ovcr, wi.lc o r:U>~c os po"ib\c ond 10 '"" 
tbo criúol r• el;•uc M o moc.ns <•f mcO<uring !he flow·JOtc 
of rwo·plme fl",)>in; ll~w p~s,in~ lo rhe atmosphcre, whcu 
lho M:.>->>~ion cn!holpy ¡, \..nown. 

EX I'IORL\l E:<;T .\ l 

l'h:· 2 is l di•¡;rammltÍ< s::ctdt of tho cqui;:r . .:nl u•cd in 
1ho<c tcs:s. 

Stcam-w'-:Ct mi~tute• """' ~bt>imd t.y two !llrthoó: 

(!) J;y fu>!Wo; rr.·w.:d;c,\ wo1er tl~:ou~h 1h'o"k 
uh•o ... in1o !he Cischo:;.: I'Í¡>-.'. T~-'' o~p!ieJ 10 ~~ 
"~~e of•:~;lll'i~n '~~tl~p:cs ~.l\J Jo J~IJ. 

~ A .,.,,T;"¡ !."<= <f u;".,.·¡.m ",;,,m ..,r;,,,¡;, 11 . 

V•l JI<> No ló /91il 

.¡ 
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•p_,,n ,,._, cJ:d ~j¡rop<¡~ ""!"?V ".MIJ 
>'"!l JO <01\lrl l"'PJ:I\1 '"C-\111 p~o (1-J$ U"-111·''\ .(Jt"\lUJ 
Uül\\'":'"1< J•> <On¡<.l J" "!''' t lo'J p.lln•<>~U ""' <lJn•<.•>J 
P¡>M !"'~!" ot¡~ ·-\\0\J "'·u• ¡qo¡ P''!"~-" "!' ;<> pu~ 
l..!¡e<(\t:J uo¡:tu~;:< l'-'un1•.•J ~'1' j<> '-''""'"' "lt\\-U1"Jl< 

JO lUJU."UJtllt Jt¡1 pllllt1U''\:) ¡•uo fi '>.'.11t.l JU 1U.'IU)II\Ipy 

COII 01 og~ o:iuc, .\J¡r.q¡uo uopcu~~~s 

·•q• ,u¡fqlt? JO Jln"-''J "01 da oJ¡J "t:!-¡; t put poo¡JtJl 
""·" ·><;• '"'.'~1 I.V 1"''" od~e1 '"!·? • ''''l" '"!.''ll ot JO 
JJn<IO!d l"'!l!U t <ll <irl 1'''" ""-" 'd<d o:lH"I''!I' "U!·S UV 

"P""'"·'~' ''·'·" >-'llllO 01\11•: p;,Jop.»p 
om.,.,J 1"'!'!'-' '~' J" "'i'"' O:t11pu"'-!<."'~-' 0111 ru• 
V "·'1"·' .<e¡ pJltl"~" ''"' JO:l\.\1 p>o!'"'"'J J" »ltl ·MIJ 
o:p '.(J¡•t¡>UJ uo¡¡tu~tl< JO '·'"!"·' :u<l<UOJ Jo '"!"' • •o,¡ 

06C O¡ OC;; o~uc~ 1lJ1~r¡1UJ UO!lCU~ClS 

'<!JidOlp Jl!lli!W 
Ol"! '"'"·" otp J<J:únp 01 P'l"" oJ;J JJ[lnO Jt[l JO qt3uo¡ 
lj-[[ lljl r;u<lfl' Jlnl.'!'" J<tljU UO!l<l010000 l'!Ú") >4J. (>) 

"""'"o;~ "1!19 G\ ~ IUOlJ UOfl-10< 

-'I~JJ od!tl "! .,:l<wp ;;4: "'""'-"01•1 '""'l"'l'"' ''1.:. (<¡) 
'.)lHilliCJJ< ll[l OiU[ 

:::J "·'!'-' ~~~~~ll¡l 1>1\:." 1'"'·"""'"¡ ;~¡;o ~"-'4"U "'LL (v) 

'(l ·~t.¡) lUOI<:ÍI 

Oljl 01 lUJllljU[ <Offilt>J 1<ll.IJI JO o>nt"q ,{JO,.,JJ\Itffi 
plJ:pJ;UQJ '011 W<Ol' Ot¡1 Olll! J)\0.1\ JO UO~»!UJ J<> lU!nd 
Jq¡ JJ1_Jt $.\\Q~ ~t¡l JO ~·u;-.:"-' 1"!"--"4>0<!1 lOJ UO!I!,\O.l,( 

·uo~<l oq o¡ 
'~"~!\'"" J!nS.JJd ;";;_¡J >:'\0"> 01 .{[l'!J!J¡¡)!Ii UO!l"''l!·' 
paoJO< 1¡'~1 JO opn¡¡¡dtm: otp ""·'mJ >><·>'"' o¡ p>.IJJI '·'1"·' 
>¡poou -~.{. ·.\['I"'P!'"m poor.pJJ <t.ll (1U[oo.! ~U!ln<t•w 
oq¡ JO woJJJ<Jl\ .. ~uctp «m:cJ-.\Iall .!4 ""l'd!<l OIJl ~uo¡. 
PO!J>!uh! .{¡qc<¡oJc!) ~"!~"·' m >np """"''1!·' ~pn1!!Juorr 
-'1~!'1 '.{Jil>ll~>rJ·-"01 01¡1 pu" P·'""'"''P snqt "·" oJ!cl >q¡ 
:'iuo¡c l''"!'"""'n ·'ll"'!~''l"·"" WI!C''"'·' Jpltl<[<IU"·-~"1 
'.Uuon~"J •l~rt ''1' p '"11' >i~ "<oJ<d "! -"~U ""IJ-o."' 
ljll.l\ p~l'!'""" .{JI"W-'<>U 'uo:JcJ<j<-1 041 II.•Jun;p 01 pJJu 
~'1' . .;q p>>Ul[p '"" oSm;;l J~IJ>~i¡:l rr JO UO!JJJI>I Jl1.1 

·r,m<J"!' "'" '1"~ ·u _o-¡ 0~1 JO 
t¡!-'non¡l·'f"~''l ~'1' put <un:¡r-~"'~! illOlJ "'J pu• 'oJtnb• 
'<nop >l>.n >J!d 041 JO •PUJ J~_L "J~m:l p.>d<utp·J«!JJJ.\1~ 
pm: 0.1;<.1 ~1NJ11 'UO~;l(; ~JOU·>'<><>:l t pJt¡Jt¡¡o ... \\ lU<(Id 

-om;;:uJ "1' u~ ·tu¡od "'~''·''J 1: o¡ "'""!-'< Jt¡Í '!'!<;no 
llj~noJ~ oJ!'1 ~"!''"'""' ,~.¡-¡¡rrw< e ru" Su<u'"~' 
M!I!<OJ U! P'Pl'·" «-" JJV''' 'Ul-1 \' "([ >!¡>UJ,!dy JO<) 
oJ,J "PJ" ru.• Jw>J1~J 041 "'''lJ '«! 1 J" ~'""'!!' ~""'~ • 
l" ~j0<1 'U[-('' :!u!li!'P .(q UJ~Ol "·"' ~'l<t><JJd j<J)l)l-:) 

"JlJ~jJ>OIL1L" Jl!l Ul "'OIJ 
'!''11 ~<lllt.')Ol JJUY'l ""'·'1" Jl'IJUOJ t P>JJ1UJ <JJ¡J 
o:lmt»!P >.¡Jc•,t 'P'''" ""!''".'"h o:lJ<t "1' N ''""'f!. 

"1>"1 '-'1~11 0~1 JO 
t:O!lt:l!~U! .l~_l1UOl '!~1 ~! f'-"r!'~:J «.\\ "'lj 111:!!' 'i! "m;¡ 
S"!'"P ~"!1 .(,¡1'4'"' .1w¡ "!''"""~u!..!'~'-' "'''[>.to >41 wn,1 
=>~< JJ .\:!1!'\•11•"1 '~' -'"'"""1·' o, r>>n '"-" ~,,., 1'' ""~' 
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""!l'm"' 041 ¡o ~r.\\ '1'!'1·" '''"·" >41 JO,.., >t¡l n¡ 
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"' 
rmh,Tpy.---olcul.nion' >how ll"t 1\ÍÚlÍn tl1o r;.nr,o 3DCI
l~~Ll, tho u<e <•f thc ""'""·:1io '"''"n ~[ tho>< limitir.¡; 
M'f"'u~~ cml>.11pi« in c~uJti'"' (3) il:trod"ocs crrors no 
hr~cr thJn 7 r« rtnl. 

Thc error in:ro:!nrc.l thUI by u,in; this mr~n 1·;1]ue of · 
¡, ofW(l, to~ct~or "ith tho ro•>=O!c error o[ ±3 por nm 
•r~lyin~ to ·~~,i~n (1) tiw• • tcl.'ll po,.i\•le error of 
10 ror co~t in t~o ,.,c~o d Ji dr"~"'ino;l by r~"'tion (3) 
for ""!' ota;no:icn On!holpy wi:121 tho ron~o 3XI--J:OO >J1d 
for a ¡:i1·rn cri~'~J ~""''"''· 

l'quation (3) ¡,, ";i~rJft(.ll\! pr>clicnl •rp!:cotion in tho 
mr;"urcmont of thc rnrrr,y llm1 fwm ~.:w zc,]o~d r,eo
thrrmll boros \\ 1 ,¡,h ore ¡:encro!l)· Got "·cd fr~;:, l'""uri>Cd 
''""" o oc reo>. Thc '''""'tion 1 nth.tl¡1)' of ti;o "''"'-" otCT 
mi,ture> ~c~cro!ly lic \\1thit! tho oclouvdy 1:1now limits 
350 tu 600 Jl¡uiib, •nJ lhu< on octu"'Y \\'llicin ±6 por ccnl 
can ~e ~blai.~ed fu: the ta]uc of enorgy tlow. 

Cnmparison with tht rcsuhs of hbin, ,,loy and da 
CruZ (6) 
Thc c..~pcrimrntol "'ul~ of hbin, Moy :.:,d da Cruz 
produce ftow-ra:cs ·~rro>..imo:cly JO por «nt Jos, thon tho« 
pr0,cntcd hcrc. Althot!rh rlt<ir 1cm or;>hcd ro pipco of 
,m~!l dimmcr (±, ~. ~ ond l in.) romro'cd mili thc prc<ent 
;o!Ío<, lt >oorr1> tuilikcly lhol lhe Uificrcnce is al!nltutablo 
lo a •ize dfoct (""h"' o !::rnl<r Jelo.itc p;po rou.hn.,<) 
o11J is more probobly dote '" lhoit '"""" prc>Surc "i"rin¡: 
10 tl>e o~tkl bcm~ no ciOIU 11"'" one pip' dio:n<l<r. TJ>i• 
rcndorcd it nc<<1>"")" to t~l!opo!olt in ordcr 10 ohtain 
nln<> of criti~•l prc:;~~rc. 

Th< di:iiculry ~~ pcrfc:min~ •uch ~n <~U•pobtion i~ 
shown in l'i;. 5, whió si,·<:< tt.e P'"''""e pr~f'.Jo nt:!r rhe 
ou:J<t of a ú··l·l-in. lliametcr pip~ pa'»L~; ""'"' to ¡he 
otmo;phcrc. lt ¡, <l"ido<tt thor '' uopo!ot:on frorn o d.:<~ once 
of onc pip: diar.l<tor Jfom rhe outler """uiJ ~iYc o I"Oltte of 
critico.! pro>surc hi¡;h<r lh>tt lhe "'" onc. Thi>, in 1urn, 
wuulJ lcod too lo·.l'<·r flmt-r~l<' for n f'l\'m triti<c.l prrm:r<. 

h '«m• ptobo Llo, tbcrcfo1 e, lh't <•'·'"'"~ ro cxtnpoiorwl\, 
<omi"c"lly hich criricol ~''"'''""' rrlom·c ro tbe rruc ones 
wcrc obtoCncd O\'Cf the whole '·'"~' of cmll>lpi<> I<>Jr:d 
nnd thot t.li; i; thc mo>t lrk<ly e<phna~io~ fo: the d!lf01cn<e 
ic u;ul" ob:lli-.r:d. 

I'Jnshin~ fluid< olh<r rhan .rcant-\\"alcr 

For orobli<hin~ a •imil.u rclati~n for ,mh. >Ub>f>nr:cs \1 ir h. 
the minimum of 1cm, 1 >u;:~e>tod opproach is ro a"ume 
th.r thc follo11 in;; r:gu>l ion opplios: 

G!,• •· --· 1> 
whrrc r ~nd y ore trnlno" n c.p~ncnt• at1J K;, an llnl.nown 
oon•"nt. Thi> tquorion <ln \:o >nhcJ ~')" ralh¡: four 1<" 
tun<; two or <onmnl '"fll.>tion tntholpy :c~J t~t·o ot con
>l>r11 oiriolprcssurc. 

The ni~ol prr<<urc !Oppin.~ ~como\!)" rcco,.,mr:rdtd is 
n!J = ]6, whcrc n ÍS l]:c di~m<l<t pfi~C di"b!f.C pipe, 
J ¡]te diom<1or of tht c:i1ical prts•m• Uppin;:, :mJ ol•o 

. -·. 

l -1 

-

' ' • ' 
Fi¡:. 5. Pmnm rro>C¡f,• , .. ,,ruda ef O· N-in. rit• p.:,·i"g 

ma•n ro ~1mos¡hcr~ 

cq~.,¡, 11:< d:>ioncc from t!!t <entre-lino of the lappin¡: 10 
1hc cnd ,,f thc di"ltlrf,t ril~· 

A> rirc >iLos "ou!d rwurn1\'l)' Le smail, iris funl:cr 
rtcor..mcnJcJ tOlllhe r.m~ri"l ~o nvn-<NrOd:'olc (•uoh"' 
u.tinlto> ,t<ol) ""J lhlr r he ¡>re<~ u re l>ppin~ h inro t.l:e si de 
nf <he pip: for h~:imniJl ,U,clm~c. Tlti• dtould rdrili~izc 
po..,ibk blo::~a~c by <urr~iPn product• or fcr<i~n mo:u.c •. 

CO:"\CLllSJO:-iS 

lt ¡,,. b••n >~.o"·n L"ll óe critical di>th:u¡:;c !'''''"" c::m 
be mcd ro moa>uro rOe ntl" !low or lite <=crgy flow of 
>tcam-warcr rni"u'" pl<;irr:: 10 rhc otm~'phcro rkou::lr 
pire.. TI•" ha~ a u>dLLl 'pplic.Lti<'n 11hcrc wa1cr <•f knm,·n 
H• ;cr , " '0 :> r m h o ~ J')' fl'" 1 " ' 1 n ' 1< ,.,, ·pe" •. r e ' ' rm·cc os i t 
r,il'" o >i"'plo cn:i <ille<t mr.1lll t•f e>hoi:ti.-.:j t l.o r.,, .. ,. role". 

For ;uch ~~ aprli :o: ion " he re 11 Lt ""~""¡,,, ··n\I,:>Jpy i• 
co~;:am, Úl> <h>i ,,¡ fl>< ¡->:>~e :e o•! in& tllt eoitir·.,¡ pro."\fC 
cm \>o 1 e¡>!~ccd by ont rca,lrn; tite ll~\\· ralo dir<ct." li=e>u>c 
nf dlt !''""'"" pubotic:l> tJltUt .rl ro fl»hin~ ~o·•·, a .ómped 
pu¡;o wi!l t-e"''"'""'; a rly<'<':i:rc tr o'l·~'m""J r,au¡;~ 
"'" found to h quiro >W::o:O!c "¡,"" moC in mn)uncrio" 
wi<h ~ ncr:illo •:>!>e. • 

C.re me;: h ''"'"-"·'ro ~'ollin ~ ttiticol prC>>lllC !Op¡011::¡ 
n; nc" 10 tho pipe rlu<lct '' )'<><>iblo •nd thm ro Ot·oid 
vniLJc> ob<Oi~cd b)' t>l"]'nl,.i•m. 

Thi• mothoct of o~miLLin~ flow-1.110> is olrco¿y findinr, 
arr~c.1tiot~ on gtothcrm,l hnrdrol" :;¡ \l;'oira~oi, N"cw 
%calan d. 

A CK" O\\' l. IC]) (; 1: .',11" ¡; T 

TILO nurhoc •xi>ho:; to 1hoe.k lhe tn~ince<s of the Minimy 
of\'i"orl•, \"t'":ti,ohi, for thtir to-opcmio<L 

A!'!'Z::'illlX 1 

LOCHlo>J M <.>:TIC"- ~'>1!\l'H 1AHI>JC o~ 

3 u<.," r~. no" r~. '"'"" 
Thc ,],o""' cl"""" <doich cnul,l «·:\l·u,¡c-.Ll)' ~' u•c,l L<iwcon 
''" '""''"''"' or' '"'"·'' p .... ,,. ·-~c .. -.:'"'' rhc '"d ol' 
~"d"'"' l''l'' "" l in .'\ In•~,· • 1 ; m. U e ""' h'l ''·" J¡ ol'• ~ " ~,;, 
poillr. ·¡¡., "'"""'~"' oll•:,.,:. ,,.,. ol1l" l.o·, ~~· h•"i,;n morrot 
lco:n '"' r·r··hn< ""''""J ''" "·' ,.¡ hol<> o!~··'""'" lm tl.on 
i in. 

T<> á.«~ tl" C:'<M ol t>ti>rlo~' in <h< ~-·•·'"'' k""'" !!te 
">Ti'~ :c.l l~: cod of <1« 1''1'', d" J '"''" ""' r••" d L!noooh 
} m .•. ,.! sin.~,.,¡.,,., r•r•·• ,,.,_hJ ro ,,.d,.·•·-·'' 1"'"""1··•· 
>nd <he '"'":.1 r""""' J, «l<r< J " ""'"" ; '"· ""J ;. '"· r,~,, 

l'd "' .\"• -'5 /0.~ 
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t~: rirc en•h '"" '""'""J. Thc '""1" "" th<>"" ", tho 
folb~-.nG "bl:. 

R·in p¡ro, 5-in. pipe, 

""'"'¡,,, """"" «rl<r<·linc """"" frorn P'i"' ¡,,,, h<•r.> 1"0' !'"• 
'"· ro. 

' 1 ,•, ' 1 ... 
C<iti<>l " " " " ~'''"""'· " " ~ 1J-~ 

o;.nr '"'· " t5·l~ 

" -ll 
2·>·25 m 

¡.,, , ,.,,¡, ,¡ tb<>< in><·.ti;:>Lion>, rilo '~''"'"'" bct»«n tho 
P'"""" •·•rprn~ onJ tl.o rlr' mol"" l•><~" l in Comr>n>on 
oltho '"'"1" <>b,incd »nh 3 ~~- oc.d b h. rir•• md'''"d ''"' L'>< 
..,¡~ of tloi, 4U•n« to tJ-,o r:r< ~'"""" ,.,, nol '"~"'1 but 
oboi>~•l> ¡¡ <!><: ril"' di>m<:« ;, ~:<r<>«d funh" ócn tho 
b"'""'& do"p>nut< (roo> "'"''"""'' <Ó.'n!luity m>r <vc~tc>lly 
produ« d<lf<rcnt mult>, 

"' 
ld'l'I:I'DI;'I: 11 

{1) IILll~, 'X'. 1'., Jun. 19~1 T"r•. A"'"· S"'''"'"·):,~_,,, 
•ol. 7), p. :'~1. 

(>) 11"'1~'""· .\1. 11'. >nJ .\lrcu:Jl, J. G. 19·10 Trom. ¡;,,.,, 
Sor.'""~' .. ¡:,,,, >~1. U·l, P- 6>7. 

(¡) !lon~••u•·, 1\'. T. J~J0-17 h""· N.-E. Cor ¡.,,., E•os" 
Si<it~ .. >ol. ~l. p. óS. 

{<) UL"I"" Cl, J. G. /915 1 ...... ;,,_,,;,,, LDnJ., 1·ol. 1 ~ 1, p, ~72. 
(~) 1!~~"-''>0>', ll. I~J; L"";;;ih>.-<i"<• Uoc.!., 101. 11l, ¡>. 6~9. 
(6) J¡m~.l!. :.'., ,llov, ). 1:. on~ ~' C.c·,, ¡.,,¡.R. 19~7 Am,... 

¡,,.,, 0.•·"· !."";"], •ol. 3, p. Col. 
(7) '-'~"tW, n. ! .. 1951 /',.,, h"" "'"/,, D't"• I.onJ., D. 

>ol. JB, p. (d. 
(h) ,\\'""'"''·R. 0. ooJ Loe'"·'"'· R. W, 191~ e;,,..,. 

¡:.,;.,¡; /'.-e¡•., •o l. ·15, ~o 1, p. 39. 
(9) S«-''''· J<_ S. JOIA /',oc. /,';y. Se<.,\, <'fll 191, p. 46·1. 

(lo) SILH., R.~- 'nd .1\nctot'-l, ). A. 1905--l" 7'~"'· N.-E. 
CJI ¡,,,., J:n;, Sl.i['h., 1-ol- 6,, p. 51, IJIS·:IJ • 

(U) Sn. .... JlT, .'.l. [), >nd \'A!:~ltL, l.>. R. 193~ .1/uh. D'Z~• 
\ol. 5S, p. ~SI; \91-1 lra.,, .-!'""·So:.""''· 1"'0"• 
101-M, p. 3~7. 

Conun unic.1tions !"' 
lr!t- C. J. Uanwdl ('\'l'dlin;ton, N.Z,) wrote th>t tho 
mcthod ~r m<Jiurin~. <he di>eharee utrs <•f "'~m-w.ncr 
m'·"orcs dcocribr:J ir. thc popcr 1•romi•.rd to he rf mue]¡ 

•
-1 r~, thc ,;pi~ dC[crmi~llion llf ¡;tolhr:mol borc 

charoctO<i'"" c.n!l •imibr prpmt> durin¡; licld dcvolop
. m:nt and "']'!Motic.a. Although tbc rnooo ,.nd hoat ;1Dws 

cod,] no\ ho dctot:"-"ted stp>:"rly, :1 lt<tdy of '""O·ph>oe 
flow in ~rothcrmol 00.<> he had lli:mclf c:~rri~d cut hod 
•hown thol n >otilf>ttory cotimo\o cf lhc cmh¡);>)' o: the 
discharr.c cou!d bo mad' in m O.~)' c-:tle> from thc fmm cf the 
curYc of he ;e¡ output '''""' wcllhNJ r•n•urc, so lh>t at 
lc:t!\ rrdimilllr )' rnoo.urcmonts by o •inlpk methocl bcr;:,mc 
po;;iblc. 

Tho limit in;, curve for dry >tolm c.hmm in l'i;. 3 agrccd 
wry do•dy 11i\.lt ¡¡,, co.kubtotl nn 1ho om•mption of 
•on;t nlocit)" ot tht rip: '-'"· lf u, o •teorn w,; coo•idorcd 
10 beb>t·~ M~ p-:ricct ps with ~ '"i~ of•r<cific he~,; of 
1·32, tite lhcor.:ticol tcbtion to.¡wccn m_,.,.,.de><icy ;md 

ossumcd ¡o h~··c \he s:unc ~btic propn;i<>,. dry uhu-n"<!.· ;. . 
stoam at thc ,om~ l<mpcralt:ro ond p:e"u<o,nnd t)nly 1h~-.. 
incrca<ed dcn>ity dlle to lile wate< wo< con•iJotcd, th< 

ratic of ab>cr.-td tu calcl!l.otcJ "'"" no,.-> 01 o ''"'""''' 
1'"'-""" e of :>5 ll>,'in' o b>. wo; :ebo·Jt unir:.- ncor 23~ Bw{lb, 
""·e "ccply to • r.1aximllm t>f noarlr 1·5 " obout 3~0,
lltuflb, and ftU moro ~tadcall)' iO u:t.il)' o;:Jin for 6,•." ~ 
11t.>:n. lf ;he ,ele><it¡• II'>S c~ku!"'d en tno Ol'u"'p:.io;, có , 
in>tamoncous tqutlibrium ~ctwcrn tl:e \-apour ond liquid.__ 
phoscs. thc <!is>¡;yc:mcnt was •till t<.a«r. 

Thorc éould h: li:tlc doul>t that much, ifr.ot o.l! of thil 
rhnúcnt~ 11 ti duo \ll rlcpltlurc fron> ho::Jo;<ncom comli
lions. ,\ran fro:n pos,ible ,.docity dilf-:rcncc hctwccn 
'ltam and wat<t dJoplet< in accdtr.oted flml<, grc" "p:ua· 
tion ofthc r~'sc' in:o loytrS "'" ofttn t~i~cm from diroCI 
ob!Cr'I'Otion of bcrc disdl:t~os. He hod hi.'ll<tlf con.f,.n:cd 
this ''P"'"'ic" in tho co~ne of mc:o>uwT.rm• lt;th o 
sompling Mnk•, and it \\OS ~!so .:o~.hr.>cd ~)' the lo:« 
be1a uy oMorptio~ mcO>ur<m:nts i.a ~ow nonlrs de· 

G,. 4·42J'O·", m·ibcd by llc·~" o.~J lllinbi.lrct. Tho nonio oMm•atior.l 
1thich o~tced with .\Ir ).lc.~<s•, crju01io~ (2) otld tho stoatn ~h0110d tbot somo hyotin~ ofthc ""'" n= \he pipo w~ll 
lite of Fi.<:. 3 withia ± ~ pcr ccnt '" <r tho l'""urc """' "«w red in holh \'<rlic:tl ;1nd h~ri'-On1.~ 1lo11 '• Olld 11 ith 
bttwccn 15 :tnd 50 ll!.'in' '~'- Tho voluc of ¡)le o:pol\tnl .owr:tl diifcrmt form; of up•l:c."" 11110\\lir.~. :~l>o, 
of /' wa< :tlso clo.c to thc c·mriliol '':tluc (O 9ú) ¡;iwn ;0 ..... momern~m nc:u- ~he wolh "'"' f"und io b; rcncr_>Jly lu¡:hcr 
rqu•tion (1), , 0 1¡,01 <he >bopc of oll thc run·c• 0f Uro · ~ th:~~t o\·or tho m!ddlc r•n of thc tlow, m~ltJtJ!\~ a lu::h 
family >e<m<d 10 ¡,, tdot.:J 10 •omc ro:nmon critic;ll flow r:tlc of m:t" lnn;port in U10 liq~id b¡-cr. Thc brt> r3)' 
c~mhtion. IJnwcHr, tltc ~'rotimco:JI ,.,¡""' for th~ "'"" • 

I~<~~·Tll. e_ J_ 1957 r, •. ,. A""· S<-<.~-"~-,. • .,, >'01. 79, 
p. ~6q, 'H,nv ""'Piin~ ond d»d'""' "'""u"m<nt in &<t>
th<orn•l bo,<>'· 

flow dt!,c ~tcom-wo:,·r mi,turr> "'"' •rrr"i:t~l!· ¡;:<c-:tter 
thm tho>c cak\Jb:c,l fr~r.1 t!r" •ortic wlo-'Í\1' i~ • horco· 

•

nrou• mi,tutt, ''~··r: "'''_' thr: urr" _nnJ !~"-'.' li:r.i" of 
< ·lroJ¡ty '·'"f."·¡¡,,,. u thc 1¡"m "' 1hc m'""",.-,~ ' . 

"'""'"'"M .. ~ r...,, . ( .._ 

t 11111~. 1:. 1:. '"~ llllx•rr:uc,,, A. E. 1?;7 !'"'" l•lln '"""
/,""'"' , oL 1 71, r. "o7, •¡:,Lir.>.lliM or ~'"""' lt><O>on ond m»> 
~~"~"''' ~r f<'o\Lh<'u\1.<1 ~"'"'· 

l'ol/161>'o X !'lr1 
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Measurcmcnt of Stcam-walcr 

Discharging at thc Specd of Sound 

to the Atmosphcre 

RUSSELL JA:>ms• 
C.E.~r.., 11.~! !.~!l:CH.E. 

TJ:o f!ow o( stem" or suam-mllcr mhl<ncs discharr.i"g to thc alnlo-
5pl!erC r/oro¡¡g/1 pipes cm: b< rutos,re<l by mordo taki"g Ihc prcuur< 
on o ga,g< al 1/1< ex/reme cn<i uf tile pipe, pro~iderl liJe Ul:X/Urc Ol· 
tain.< t/1< spud o/ saund al the owlet. As s¡¡c/¡ sp .. d> ere usual ar 
tl1e Wairakd gcorl,.m:a/ bore(¡rlrl, this ter:lntique Iras immcdiau praC· 
tica/ applr"coll'o". The in{li«'HCC of Ihe thru !11a¡'or ¡•ariablcs-flaw 
rale, e!!lllalp,l', a¡¡d rlre wd-<Jf-pip• pres,<rt'-\\'CTc st,rlicd by passi"g 
stea"' mal 5/ram-warer mi>IW<'S llmmrl• ,,w!/ .</Oitri<'S< steel wbcs 
and cm"P"''"~ tlw rcs,lt.< with t!:o>c pre•·ioll>l\' o/Jrained OH /argc 
commncial Ht'cl ¡,jpes. Tire e¡fut o/ tl'e pceci'~· /ocaricm of tl.e wd· 
o/-pipo prr<Jure tapping was 11/l<> Írll'eJÚgaled /Or •·oriol!.< pipe Ji;:es; 
/rom 11><>< Jll<die<. a ¡ormu/a Itas l>eeu dori<•ed re/ari"l: m<IS> f/ow 
·rare to ""1/mlpv, disrl:ar~c prosltlr~. pip~ diamoltr, or1d tappiug loca· 
tiou. Tl1e rdationship 110/ds /or diSchorg~ pre>wres rotlgmg "1' 10 

M lb/ill'absar!d l'il'" di<m!Oiers o/ "P 10 8 ;,. 

~~«-( 
·/ ~r:-/ // 

·. ~-WllEN a "''~"::~~~~~~~:~~:mprmiblc nuid 
pa<scS ~long a kn¡;lh o( pipe lo lhc "'"><»phcl e. 

lhc pr<"ssurc f~ll' prog•c•,i•dy umil wilhin lhc 
pip~ oulkl il ;, <·qu~l to thc altnmphcric prc»UI<". 
Al thc ;~nlc lime. lb<" \"clocitv h~< incr<"~<ed frum 
on up,ltc,nn ap¡lndmotcly il:~~•llalll condilion lo 
ils highnl \"¡¡/ue wilhin the pi¡><" "utlct. 

flucluali<>l" tltal '""'" tra,·cl at llrL" 'pced o! sound 
cannol be lra!O>rmliÓd up-strC.Lln of a lluid :.ltc~Uy 
al thal nlocit¡•. This is wcll ~llcqcd by thosc 
familiar "ilh 1he use of cmi<al now meter< ( l ). 

When I"Cr)" brgc now' otc ¡¡chi<"\"CU by in<rc":'"· 
ing the np-•l!carn prc;;urc. C\"cntlla!ly the pre<.<urc 
within lhc pip!' omlet will be hifher than aunu
sph<:ric. and r~n be measurcd by a pr<:»urc raugc 
al rhc exl!cmc cnd o[ lhc pipe. This prcssurc is 
\,nnwn a' 1/w crilical disd>~rr.c P'"""'"· and it i• 
associ:itcd with the ><>-~~llcU rritir~l flow. which 
OCC/11"., whcro :. <<>m¡>rc<>iblr 1\uid "11uins t)w >pCcol 
uf wund. \\"hcn c101ÍC~I lluw t:d.C> place al 11tc 
pipe nutlcl. incrcason~ thc "1'"'1'"·'"' prcssurc uol 
only incrca>C> lhc !luw Jale \Jut ine~ca,es thc crili· 
ral discha1gc prc»urc. 1/te last two lactors are 
indeed 1inca1ly rcbtcd and lhc rau~c reading may 
be used lo mca>urc thc now·"'le Uor<:<l. 

l'wvirlcd the back prc•sHr<" docs no¡ c~cccd 
¡he <:rilkal disch:"l'" prcssmc. i" \"ariation ¡,, "" 
signilicant dln"l on lhc >)"SICtn !Jccausc p«·•surc 

•S•nior ,dototiflc ~rr""'· Ch<mi,¡f) !hi"Í>ion. l><NTlm<n• ol 
Soi<nlific >nd lndu,¡ri•l R<><•"h. 

< 

-

Althoufh comp•c"iblc n .. w i~ ~cnerally ,.,. 
~arded as th.ot ol ~ ;in¿kpha'c nLlid ouch as air ':'' 
>tcarn, il m~ y alw he epplicd "' a lllü·pha'e lhn<l 
;uch '" ~ ,,:¡¡m·\\"~1<"' "'"·lltiO il ""'" of lh" pl!RS<"' 
ran Uc ¡·ut<>id,·¡cd a; compH·ssrblc within thc llStL:\1 
me~ning of thc tcrm. This i~ wn(nmcd by thc c.,iSI· 
enco of crilk<olllow atthe cnd of pipe> possing >U<h 
"eam-"atct" mixtures to the allno>phcte al thc gco
thermal bOt<·focld 111 Waira~ci, whcrc Íl has b<;cn 
noticed 1h3l chan~c in llow r;llc ¡, failhfully fol· 
low~d by chan~c ;~ thc nilical <lischarFc P'"""""· 

11 ,.,,_ "":<li;c•d th:.t this pho:llOillCnon roul<l he 
U>r'd to fllL";'""'" the out¡•uls "f l"'"lbcrrnal h"''"· 
hule> if thc tci:L\L<>mhip ~O[Wo"t"rL lhC I!OW•ta\c, iltC 
cnth~lpy (lot:ll hcal) of thc mi"m<". and lhc critic:Ll 
dJSchar¡;c p¡c-.urc could be dctamined. As o•·cr· 
>ea., mork<r• usin¡; relath·dy sno~ll pipes had nol al· 
tained con<lu>i•·e icsult;, a te>l serios was undcr· 
1ahn at Wairakci (2} to in•·csti~ale the ~rilical 
nuw of >l~a1n-wa1er mi~lurt·s /LJ 1he atmosphNe 
through h<>Ji1(JOt;,\ 3. 6. an<l S ill tlbrneler pipe' ol"cr 
the cnthalpy rangc 270 "' \,200 1\tu/lb and o•·cr thc 
nitical di;c]wiF" pressurc ranrc 14 '" &4lb/in'abs. 
Tbe po;i1ion of the critical p!CSS<Ire tapping was 
fi•ed for al/ 1hrec pipe sizes at 1 in lrom lite pipe 
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<li>eh~rgc [O<'O wherc a hale of 1 in diamctcr was 
Jrilkd. !t ""' lound lhat formula l below cuwrcd 
thc dnta with an accuracy o! ::';:3~0. 

Gh''"/P" .. =ll,400 ...... (!) 

•"hu~: 
G = mas~ \'cloci<y of flow. lb/s.f<' 
lo= >['<'CÍf<C <tagnationcnthalpy, Bt!"flb 

• 

P = rri!ical di,.,harre pn::»ure, lb{on'abs 
Thc tcrrn "stopnation enthalp;·" i> uscd berausc 

whcn a compttS>Iblo fluid approaches tbc spccd o/ 
wund, thc increase in Ycloci"' is at thc "'reme ol 
thc t·ncr¡:;• comc•rn of the fiuid ami can rc<uh in an 
entb.,]py 'dn>p ol obout 50Btu/lb in thc ,-,.,e of 
dry ''"·<m. To "'oíd usin(' 'uch locally a·Juct•d 
nol11n of ••nthHipy al the ~oint ol criticnl llow
wlllcl< could not he cnlcubted fo•· "''O!ll-1\';llcr <OÍX· 
!Uh''-thc cnthalpy •·aluc·s wcrc tahTL ft<>!Ll up
SIIt"am <onditintl> wherc th~ \docil)' "~' rt<·gligit>lc 
compan·J wilh lhal at the outlel. 

Formula l was found immcdiatc\y usdul in th~ 
mcasui'<:LhChl <>f thc pccS>UIJSCd hot '"''"' uf 
knuwn cnthalpy thnt i> separ.>ted at thc production 
wdlhe~d< of ~eothermnl hore> and is tlashcd to th~ 
atmo•ph~re thro.,rh hori>.ontal discharge pipes. 

11 thc enthalpy of lhc tlamng fluid i• Ullhown, 
thc \'aluc of the critica) dischar~e pre<<urc ~annot 
hl.· u-.d lt> gh·c a dircct ,;olution o/ lhc tlow r:.tt•. 
llowr\'cr, litis rrc>ents no ~n-al diffoculty al Wai
t akei whcn· n,·arh• all production borcltolc> <lis· 
t•h:u¡'e intu vetticÓI lwin-tower concrclc >ilcnur> 
frum wluch tll<" rcsid!tal w~tcr, \\hich hao ¡..,,, its 
Ji;,;h >!<','"'· i> meas\lr<'d al atmu;phcric P'"'"''" 
,,Tld lllii'C by mc.tn> uf a JCCIMl<"LJia•· '"'Ír, beltuo: 
it 1'"""' 1<> the main t!rainitt¡: culvcrt. !),inr. a 
ct·iticol 1""'""" lap¡nng ·" ll!!" <"lld uf a pil'<' dO>· 
,-¡,,giu¡: nn OJLlhw·.,·" rnixlutc iul<J >l1ch a >ikn<cr, 
il i< ]'LJ»ibk 1<> calculatc b<.>Lh lluw "'"¡ clltlt.dp,\' 
'"i"ll ut<t<·ly thc \':tiuc> of !he cntical <li,ch.tr~c 
)\\<'-"""' ond 1he 11""' rate at the wcir. Fi~urc 1 
;ltow< a di.t~t~mm~tic sketch nf thc arr"n~cmont 
ami ptc,~nts thc solution of cmhalpy in •he form 
o! a ~raph: the cntholpy vafuc .<O dctc)lnint•d is 
thcu uscd in formula J lo obtain tite llow rale. 
An illustratiL'C cxamp!c is <"Í\'Cll in thc Apr<"nclix. 

• 
" 
-----' ·~ 
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The dcri,ati<>n uf fonmtla 1 frum the rc>ults 
of the test scrtc' on !ar~c pipe> wa• >ttrpri<in~ly 
~ood ron<idcring that 1he ;,me prc.-ure tapptng 
geometr;.- wa; mcd on pipes os ditlc!Cnt in diamCICT 
as l and 8 in<:hc>. llowe,·cc. it raiscd a number of 
qucstion5: 

(a) \\'ould a rdaliomhip as simpk n< th31 gi\'Cll 
in formula 1 be fonhcomins for nittcal stcam-water 
Ho"· throu~h small pipes? 

(b) H¿-w importan\ i.< thc critico\ pu,.ur~ llp
pi~g di>t~ncc frorn thc pipe autlct btd 

(e) Does formula f nlso ~pp!y to th• wrtioal 
critkal flow of "cmn-w;tcr mi,nm•> (sud> a< occurs 
wlwn n ncw!y opened hotc-ltolc i> dt>thargcd lo 
tite almospherd? 

Tu rcsoll'e thcS<" <JHC.<tion<, tito thr<'O te" >crics 
descriLed Lelow \\'CH' undcr"'""" n< part ol \he 
lnng-lcrm rcscarch on <tcnm·W"ICI llow phenumcna 
cnnJuctcd by rcpr,·scntati\CS of tite <'hcmical cngin
erring >cction. Chcmi<lf)' DLLi>icm, Depnrtmcnl of 
Sci••nlific and Industrial Re,~a!ch, \\lto hOL'C a per
m.~nent >t31ion a1 ~orchole 201, \l'ai•"kci. 

2. EXPERIMHHS ANO RESULTS 

2.1. Ten l: Flow Through Small T<>beo 
The experimental equipmcnt lor pa"ing steam· 

w'<lcr ·mixture< al nm•imum Jischorgc through 
;mal! diame1or tuhc' ;, shown in Fig. 2. Two <tain
le" >1cd tuks wcre tested. <>f G.067 "nd G.\7 in in· 
sidc diamctcr. Stcam from a ~cothcrmol borchok 
ond water at 70' F werc "'iX< J in " ll1dlllfu!~ beforc 
paosing thr()ugh lhc \Llbc bcin,; tcstcd, tu a hcat cx
th:nt¡;cr. lhc c-nJ uf thc tulle"''" >Nkd willtin \he 
hcal exdt-,n~er cntr~JL<C, ''-' w.t> n >lll-111 pt'po nm· 
lL!'Liinr, thl" cnli<"l pi'C"''"o l•'l•(lÍll~ (dose 10 !he 
\ubc di>cb~•·rc la~c) to ''" nut>ide 1!'"'~"· The pros· 
;urc lappin¡; gcoruett·y uscd fiH' hoth ,¡,.,, o( \Llbc. 
wn'" 0.114•n d""nctct holc drillc<l "'a ccntrchnc 
dí;tanrc nf 0.04 in from thc tli'cl'~rrc lace. A prcS· 
''"'' 1appmg was n[>l) modc witloin thc cntr~ncc of 
thc lteat nchanecr 10 cn•u•c tltat the Uack prcssurc 
in<luccd did no\- nttain 1hc \aluc of !he criticnl dis
<:h~rgc prc;sure al thc cnd of the test tubc. lly 
taking tluw 1Me< and tcmpcra\!1\CS, of thc cooling 
water and rondcnsalc of the hcat e•chanscr, the 
\"alues ol ''"l'flalion cnthalp)' and ma•~ \'CI<>Cit)' in 
the 1est tube wcrc detcrrnined. 

Using tltose ,-a]ues :md lhe ,-a]ue of crítknl dis
<hargc prCS.U!C, the \'aluc of thc parnmeter Gil'"'/ 
[,." was catculalcd and plotlc<.l against stagnntion 
t·nthalpy for all lcst rcsults ubtaincd in both test 
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tubcs. This is shown in Fig .. l. \\hcrc thc linc drawn 
at 12,000 COI'CI_S thc dat~ accurotelv to :';;3%. 

Thc tclotionsbip C>l~hli,hod (o,- the two stain
k» >tt·d lul!e> le>l<d "as therdore 

Glt'·'"'/P'-""' 12.800 ..... (2) 

2.2. Test 2: Critica! Pressure Rclaled lo Tapping 
Pcsihan 

To'siudy thc prcssure profi]c for dirlcrrnt pipe 
si2cs and lor vari<ms ,-alucs of cnth~lpv, a series 
o/ 0.031 in diametcr hales was drillcd at ~~~rimos dis
tancc> !rorn thc m.Hiet lace o! a number ol pipcs. 
Using Ú'}' ,¡,~m inítially and pipe >ÍLCS 0.23, 0.44, 
1.07, and ~in diamckr, !low ratcs wcrc adjusted to 
rh•c a pressure al the tapping ncareS! to the oullet 
lace of 20lb/in'abs. Thc ,-~luc, of pr~ssurc nt ~11 

• 

the other tapping points wer~ thcn ploued (sec 
J'ijj. 4) Jor thcoc sizes of pi ve. lt b ~en tbat al a 
distance o[ lcss thnn nppro_\Ímatcly halt an inch 
frmn :he dischar~e lncc, th,• same cur\"e suil> all 
•itts o( pipe, and thc •ame \-alue o[ prc'>urc would 
be oblaiued llltkpendent of lhc diamclcr of pipe 
(ovcr !he r3nfC 0_13 10 4 in)_ 

Two pipe sizc> \\ere 1hcn 1aken ,¡ 0.23 and 
1.07in diamc1cr, and stcam-water mi,ll>rcs paS<cd 
lhruugh nf Slagnation cnlhalpics 900, 725, 650. 520, 
and .195 Blu/lb. For compaoatÍ\'C pur-poscs \he 
1low lates werc adjuSled lo fÍ\'C prcssurcs ,;, 1hc 
lappin~s ncarcSl the outlct laces in 1hc rcfion o/ 20 
lo 30lb/in'abs. The plc>Surcs 31 al! lapping posi
tions are >hown plotted in Fig_ 5_ Separalion o/ the 
curws OCCUI'> in the rc~ion of appm>imate]\' 0.6 10 
1 in lwm thc pipe lace: at di"a~ccs dosei to thc 
outlel lace !han li1ÍS, il is apparml that une rurw 
would suil h01h sizcs o/ pipe IC>Icd_ 

The resnhs o[ these IC>!> indic3tc 1hat wi1hit1 a 
dose clistance uf the pipe outlc1 face, 1hc pressurc 

fig. 4: i'r<HI'" pro{ll< lar "'"m /iow 
rhr<mfJ' pir<s. 
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al 3 gÍ\Tn posilion is indcpcndent o! pipe diamclcl·. 
For ca,.., of compari"m betwccn pipe• ni dilfcrcnt 
diame~ers Íl is lhcrclorc impor1n01 10 l:~cp thc prOS· 
snrc lapping diamc1er and absolulc clistaocc from 
the pipe lace the >ame on all pi¡>e oi1.c>: if thM is 
not po5Sible 1hen the distnnces ol thc prcssu1c tap
pings should be kept lo 1hc mínimum Jrom thc pipe 
lace and due a!lowancc á1adc !nr diJlcrcnl prc"urcs 
at di!lercul dist3nccs !mm 1hc lace. For Jarre 
pipes o/ 3. 6, and 8 in di3mctcr, wi1h (lapping dia
rneler)/(/acc di>lancC) ratio> of 025/0.25. thc 
numcrkal C<<tl;tanl in thc now cquolion (forn1ula 
]) is ll.~OO; for srn~ll pipes 0.067 and 0.17in wilh 
ratios of 0.0~/0-0~. il is (1m mula 2) 12,800. 

To ohtaill a now telation applkablt•to 1hc r:m~c 
o/ pipe <liamctcrs comiMrcd. this coMtanl is as-
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sumed cqual lo Kf_,-•, and is indcpendcnl of pipe: 
diame1or lor distances cfos~ to th~ pipe di<chuge 
lace. K and " are ronstants and y is the di.,ance 
lrom 1hc pipe dischargc lace 10 !he centre ol 1he 
plc>>urc lnpping hok 
That i>: 

K /0.25• "' 11.400 for the 3. f>. and 8 in pipe-. at1d 
K/004•"' 12.BOO fut thc 0.067 and 0.17 in tubc.<. 

"lile folt11tJla dcrt~c·d lo >uit both tc>l "'""' ,_, 
th<•tcfmc: 

Gil' "'/)'o "" = 1 0,4.10 /)" '"" ... ( 3) 

Thi> formol; ;trictly o¡>plks whnc tite >·i'c nf 
huk l<>Ctl a> " ni[!cal pre«lllC topptng i> ditn<"lt· 
'i"n:•lly c·qtt.<l lO the valuc ol ,·; also ftom Otl c.tr~· 
J"'lation o! thc dota<>( te_,¡ 2. il ;, su~gcstcd th:.t y 
he rc<trictcd lo a ,·aloe not e~ccc<!ing 0.3 1n owr thc 
r:msc of ptpc; diamctc'" 0.067 lo Sin. 

2.~. Test ~: Vertical Comp<>r~d ,.¡¡h Hori1antcl 
Hcw 

Both lhc carlier '"" series un largc pipe< and 
1he ]'rcscnl series on •mal! tubcs wrrc conductcd 
""ith lht• •lcnm-water mi,turcs passing hori<ontnlfy 
lo thc ntmo,phNt'. During somo tcstin~ u! r,eo
lhc·rrnal borc-hok·<. the discb.,~e to thc .,ltn<>r.phcrc 
t~kc' place in a ,-onical dire<"lion; il i• thN<Iur<' 
ol in1porwnce to dcteunine if thc rebtiomhip bc
twccn mn" llow. >l~gn<nion cnth;•lp_\" nnd critic·nl 
dioch;orpp prc<>ure is lh" >Orolr ''' tur· hori>Ont,,l 
flnw <>r whc•ther the dk<"l of rrn\"Lt\" ¡uodU<cS a 
dilkrent corodation. To study ¡]1;,· .rcl~tinn<hip, 
e<JUi)>rtJent W~> a»omblc<l (see ft¡:. /,) in whic-h 
>lc"Olll ""'""' mixllln's o! known •tagn~tion """ 
lh~J'}" nn<l lluw-r:ote could be pa,ed socrcssin•lv 
through a horiwntnl and " verticnl 6 in diamNÚ 
!ni pipe. lluth pipes had identicol critie«l prcssurc 
tappin~• o! al in di~meter hole ata distnnce uf 1 in 
from thc pipe dischnrge lace. Figure 7 show• the 
comparison betw""n nitical discharge prc55urcs 
for \"Crtic~l and hotizomal !low mer the stagll.ltion 
cnthalpy r~nf~ 271 10 UOOBlu/lb and over the 
nitin! dischar¡;e pre.suJe ran~e 15 lo 67lb/in'abs. 
1 herc is no >Ífnificanl di!lerencc bcl\\cCn thc prcs· 
ourc \"aiucs, an<! thoreforc 1! can be assumcd thal 
1hcrc is no material diiicJcncc auributablc 10 pipe: ... 

.· ..,."""'" "" '"' Ftg. 6: Lq,.ipm<"l """ to CO"'>"'" 
I"Wic'l ¡lo"· uitlo loo"'""'"' ¡iow . 

orionlntion. Hcnce formo\.¡ 3 cnn be a<"<·cptcd os 
"PPiicahle to hotlt cn,C>-

2.4. Effcct of Pipo l.cngth 
The len¡¡¡h of !he dischar~c pipe ha• not bcen 

introduc~d tnto thc test< and cqu.•tion<; lhis is be· 
cause 1hc condition> al thc uucme cnd of 1he pipe 
are uniquc to that location and are indcpcndcnt of 
the length of parallel pipe up-sl!cam . 

Thc lon~er the pipe lot giHn conditions 01 op
stream prc"urc an<! enthalpy, the smaller the !lo .... ·
rate an<! thcrdore the lo\\cr the nitical di.charge 
pressure. hul this does not imalidate thc t·quations. 

Tbe ciiccl of pipe ko¡:th on llow·ralc has bern 
•tudied for <!!")· saturatcd "cam \\ith critica! How 
uccltrring 01 thc outlct lace in a plc\·iou; 'crics of 
tests ( 3 ) using cigh! pipe sil<' S wit h lcngth/ <1 iamcter 
l:llio> ron~ing ftom 2.27 !o 3.~00. J'or very short 
p1pe' ol kltr,th(dtllrnclct· h,,_ tl1.111 3 tli<tl1:.1ginr, 10 
the aln<OS]lhC)(' !roma l''"'"·"'" '"'""<"l.the l"<"SSUre 
al the uutlct lace hc~im tu "Pi""·""h th"t :.1 the 
thrnat of a oiHlilatly do;chorfin¡: <"Orll"<'lgeot noale, 
wilete it" ""ll knuwn thr,t tloc thro,\1 p•c,.urc ¡, 
appro,imatdy h"lf ll<c \"CSScl prcS<urc. 

Sorne tests al Waitakci on >leom watoc t-ritical 
!low throug:h VC<)' shon pipe> <!i,cbargi:l~ tu !he 
n1mosphcce from a prc<>urc \C5Scf p\'e '"'ult• ap
pro•imating to that lor dt\• oteam. "' th:11 the do<

.chorge pr<'"--'SilfC wa< roogf,Jy hafl thc vcsscl prn· 
su re. 

" 

' 

' • 

• • " • " • 
•• <>"<-• ~ .. .-........ ,..... ~fo•l'oR "" ... ,...,.,. .. ~·· - • • 

F'•· 1: Ro.u/1< o{ ""' comp.,ino ,-uli<a/ mlh ho•i~'"''"I ,.. .. 

e 

( 



j 

j 

. j 

.j 
j 

j 

j 

j 

j 

j 

j 

j 

j 

• 1 

j 

j 

j 

j 



• 

). 
' 

3, CONCLUSIONS 
All the rclc\ant faclOrs inl'ohcd in mcosuring 

thc Jlow of stc:un-w:.ter mi~lurc.< dischar~ing 10 thc 
atmosphcrc al thc >pccd of sound haw bcen 
>tudied, and the dcri,cd formula is applicable over 
a vcrv l~rre range ol pipe oizcs and stcam-water mix
tulc ·,~tim. 

Although thc «.sts '"'H' condurtcd \\''i<h ''"iues 
uf cri!ical di>th"rgc pres;urcs no ~roatcr than 
70 lb/in'~bs, thi• " >ulilricnth· hi~h for use at the 
w,drakc¡ genthcrmal boreftel<.l, wherc pressures at 
thc outlet of 8 in pipe' rarcly excecd this. Other 
borcfoelds, hm,ncr, may atlain highcr \·alu<s--in 
Mc~ico, for cxampk, a nlue of 140\b/in'ahs has 
bccn tcpOilcd fot a ~in dischar~e ptpc-in whith 
ca>c it \\'Ould sccm tk>itahlc lo contttllW tests into 
hirlwr 1''""'11<' H'gi""'· Spol Yalue> tal.cn al W"i
ml.ci w11h r·¡j¡jc.d <lbcboige prc"ur.·s "' lngh as 
BSib/1n 1 ~bs in 3 in pipe mdicalc lhol ¡)oc rdation· 
>hip ri,on "¡n the formubs ... slil! y~]id. 

This lcchnique ís now in use both in :--<ew Zca. 
bnd ami m·crseas. and is prm·ing 1<> he one o[ thc 
fcw rncthod.< c•i•tillC (o¡· the mcasurcmont of two
phaoe critica] Uow wi1h !Ca<onable ;<Ccurat¡". 
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APPENDIX 

llluslrative hamplc 
The fio" ul lwt w.,lcr IJum tho >~lror<r <•1 D ~euthermal 

buJ<•holo" no<o;UJ<d •• J.IO.üo)Jibjh h, U>ino o rt"<tacoui'C 
"'""· «hile lhc !""'""' >< the <·nd ol th< 1 in oii<Oh><•• 
rir< 1• 1\l lhfm' ~-•uoo. Find ''"' entholpy an~ fiaw l•am th< 
bote. 

W = .!50 klb{!o; P - (lO+ 14.1) = )lllb/in'ob< 

(Y.h<r< lhe "'"'""< oomo<phork r«<>u<< 01 Woirakei ;, 
ll.llhlin'ebs >1 IJOO lt abo1e ..:a Je<·cl). 

,,, ¡r•-•· .. J5C¡Ju• .. = u.ól 
l'rom fig. l, lhe h<ol"< Cnlhalpy = 4-li(J]\1u/lb. 

Foum farmul• l. G., (!!.lOO x )lJ• '")/4.'<1'-"' 
• l~S Jb/< 11• 

Flow in pound< p<r hour lh!"Oio¡¡b !in d<"""-'•' pipe 
= (l9!) (~/') (!/11)•""' = 5\oJ.(l.'llblh 

Note. lt ;, '"urncd in the abo11 , .. mpk th>l the 
ctilieol p;e<>uoe l>PP"'I ""'mct,.,· " • 1 in ~iom<ler hole 
dJill<d 01 lon IJO!ft tl>e pipe di<elo>>g< lo<e. 1<h1<h"' con· 
I"ICJOl o;r..nr.•ment lor l'ir>< >i>c< ~!<·.>Ocr li>.Lil lm' «h<f'. 
hnwe«r. tbe toppono ,.,.,,,.,,. dillm Ir"'" ohi>. (ormula .l 
<houlrt b< tJ<<d Jt ''""'Id also be nn!o<l thot Fío. 1 opplies 
lor ! in insiM do>met<r <l>>rharge P<i><< ;ud\ •• >« u«d 
01 1\"oitokei: «here d>><borge pipe siz~ doff<r lrorn thL<. 
1<'11"' .. 11>ould b< •ro=d<d '" (~/d)'(W/i'"")"bere di> 
tl1< in,id< ttiamctcr o! oh< di><hO!~< pipe '" in<l><>. 
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Fro~'"''-"'ble lo•nd ac~vt.r< .,. upldly h•
,~~~n~ the or.rin.ec'• •11~< r~l• o! tho lvouro. 
<<•<-•ril< tocor~in¡; pro¡:I•"-"Oblo h•nd to~rut.r• 
ofh,. a rarablllty not .,.,!)•b!e throu;h <O"''u«< 
«r~!r,,Js. TOose band <<>"pu«rs ~111 '"'"< o c ... -
olvo '""'" on on;ineot1n•· Th•,. h '""cntly 
o resist>n<e on tbe J·HI ol Lotb l"<lmnlo&hto •nd 
r.anoi; .. ent lo ar<ept tbe ool• of tho lo•nd '""!>U'''• 
Progra=!r.t hand eo,.puter< de••••• tbo le"l of 
lo&l< •nd coo;out!n~ abtHty of to<lmolo¡;ht<. 
Prob]o.,> •111 be sohed v!¡hout """' lbt '"" 
P<«i<>usl)' avo!ded. ~ .. ,,.~o·oc•>t hosltanc< 10 !n
vcst in lo•nd eocpu,.,. buouse of obsolroton« 
,;, <upU<>tion o/ ).,¡;e '""P"'"' locllltios should 
be roconsldcrod. Ooe ••y to ~·., tbo ru,.ent 

"'"'"''' •l•o"•t• •• by ~P&""'"i tho eopobJ!Iti<o 
of -.!.,lnt stal!. Tlo< h•nd "'''""'"' '' on< ,..~n• 
<o this eftd. Tho pur¡oos< of rhl• repor< '' to 
r•~••n< a u>dul r<o&<>m "h!th may 1,. «pror.ra..,•d 
on othcc ha.od <=puteu, th< Jo~<O' L!p 1'''""" 
...,thod {or !lnd!ng oteam '"'""'" !lo~ r&teo, 

...., l~pnrto•ll r«olfcroal fluid ptodu<tioo vrob
lom lo mea<ur!ng th< f)ou rato< ¡,"" ••ll• In 
l!quld-do~inated stoa~ ro•~rvol«¡ Ooe sur~ ~•thod 
1< tho Jaoes' L!p Prossuro <•<th<NJ. ln th!o 
nethO<!, o ste•o-IJquid m!""'' h ra ... d ¡,.,.a 
•·o)J h.ad through • horhont•l pip< of '""'""' 
<~a~e<er, d lnrhes, and o.h•ustrd I<> a ouffl,r. 
Th< "lip" "'"'""' lo o<o>u«d through o 1{4" bolo 
~"lled 1{4 in<h fo"~ tho ond o/ <he pipo. The 
l!quid co))e<!•d !ro~ th< ouffler lo "'''"'""d In o 
uci<. Tho l!qu!d he!,;ht In H lnd .. o is J<•<ordod. 
Fcom tlois !nlor~nt!on, lt U d<>IH•d <o <O~p.,te 

"" follo•·!ng: (1) <he llquld '""• \J, kilo Jba/ 
hr, (2) th< tolo! mass '"'· ~, l<!Jo

1
'Jbo/"'• (J) 

the ~lxtu« <nth•lpy, bl1'/lb .Índ (4) <lo< •«•~ 
quallty, maS< ha<tlon vapor. 

A loand ro~pu<rr pro~'·'~ ,,,,,,ble of """& tlo< 
mco·ssor) co•put"'""' Jo r'""'"' Jo hbleo 1-l. 
TI,Js pro;:ra~ 1< ~rlt<en !n r<veo•.o ¡•oll•h Jo¡:fc 
for tt.e ltP-61/97 loand roopu<.ro, Ho poo¡:co~ ~o·>
<r!pt!oo !ndudln& oqu•tlo"' lo ~lvon to T.~ lo l. 

n •• '"""'""' "" •ullicleot '"' "" '"o¡·,ro• '"be 
rc~rlato loe otloer loan~ <M)>ut<ro, Tl'e J·'"''"" 
Tu05 In •bout .\ so•rond•, •nd lo o u.,¡,.¡ •1d !ol 

''"H"< flov '''" "''"'"'""' ¡.,, lloul~·-o~!.,,t<d 
"'"~ •ello. no obture ""''·''rr ''""""" ¡, • 
<uro·e lit of orapldcol d•t• l•"""'''d ~y Jucn. 

ne l'•« '"'""'"""' .,, i"'"""d In 7•1•1• l. 
n., pro¡;••• .,,, ... nds ,,. ~''""''d !n T•Olo l . .o(,, 

,, 

&h·on fl ).~ IndO<• 
p ) ,.,, 

d ~···'·• ....,,. ... " H.09 ' lbo/hr 

··' B\. 10 ' lbo/hr 

' ' Hl. IS ~tul lb 

• o. 11 •d&ht f>><tl<>n , , 
' , • tl9.<9 '" -r•h 

J..,••· ~., "Stu~-'-'•tn Cr!tl<al n"" Thtouth 
Plp<O," froo. Jnu. >l•<h. ~opo. (1961), 
!!.!!· ~ •. 16, p. 1'1. 
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Choke Dcsign for Gcothcrmal Bores 

-··- _______ ¿_us_sr!t_J~M_[s __ _ 
Dep~nml'nt o/ Scientrfic ~nd lndt~>rrial R~sc~rch, TJupo, /\'~ Zealand 

AIISTRACT 

lo control lon~-t<rm di•ch,Se• from the wellhc•d• of 
gcothermal bor<>, eh<>~<• are prcferabk 10 control ,·;l~e•. 
which >r< r.pensi,·c and !iable to bo dama~d by cro•ion 
or chemical depO'""· 

The l)'p< ol cho~c rc<ommcndcd ¡, a "<d piare ·..,.ith 
a hole machincd in ir. T11is is ¡n,cncd b<l"-'O<n tite flanb"U 
ol thc hori>ontal dischorgc pipe, "hich torminatcs •n a lip 
prc"u" tapping. 

A •irnple equation i> u-.ed to obtoin the cho~e diameter 
for a given flow ra¡e at thc appropri.\le "-'dlhc>d P'"""'"· 

INTRODUCTION 

Bclore a pO"'Cf <ehcmc i> ~ivcn final appHwal for a 
·~<oth"mal fieiJ. 11 ¡, u>u;¡l fm wdh tu 1tc dt"l,nr~cd 
horiwnwlly to rhc ,,tmmphcr< fl>< p<rÍ<><h ol more rhan 

six munlh' WdlhoaJ !''"'"'"'' "" ><t al '' "'luc ,•,¡irmtcd 
"'be thdt <•»ploycd """" rhc .. ,.¡¡, '"' "" ptuduction. 
Uur e>Cn if thi' "'""'"" 1'""'"' t<' i'C """"""'·u i> ''"Y 
"'"hti!O dt>chorto "' 'urnc ddi"itt• wclllwo<l ~'"""'"·in 
<>•dor to "''"""" ch.ll'['< i" 1 hL' Lmp01 '''"' l>e'l1H wlth k>11g 
rtor.ntng time._ At th< llr~"dl:tl1<1' ¡•c•othcrmal licld, r;,w 
Zcaland. for """'pie. a "'llhc;od l""""rc nf IWp>1¡: ha< 

. l><e" sekclcd. 
lt" p¡eferahk 10 controllnn~-tcrm di•dw~e' by nt<"" 

of ocho~<. rathcr '""" h)' Ll<ing '" "~'"'''' vah·c which 
wouiJ ha>·< te> ~" '"'"'"1)' rhr,Htl•·•l to olttoin t!oc '"me 
cffect Und<r •uch eonJotio>n<. a """m'""''' mi"uto ;, 
dcflcctcJ by th< pt< "f th< '"h< :ond ¡, ""cmc!y "'"'''' 
to the '"""""J'n~ m"al""'k A eh"'"·"" rlt< othcr h.1nd. 

p;.,Ju<e< a '~""'"'""'""1 jor "hi•h h:" "'"') link '"""' 
df <<1 «en \0. h,·n '·"'J " .-.u t Ó<ol " oth th,• "''""". ,\n<>th« 
f.L<l<" h> b< "'"'iJ,-• cJ ¡, th.ot """' "cll, Joi""ÍI d•:•nic:ol, 
0\ "' b<low lh,• '·'1"' "'"'' ;onJ thi, ¡, Jolfi,·uh (<o 10m"'"· 
"'h<«-" il ¡, rcl.ui"'" '"') \\ith "_.¡,.,l,• "horc ir "''·"'l' 
,1,. "l' orr•'"'' '"' th.· J,.,, "'"•'·'"' r,,,,. :md in rhc Ji,ch;or&< 
1''1'<-'-
lhh~r- rlo< unll uhj,·,·oi,>n In a ,·~,,l,• ;, rloo ,¡,ffi•uhy 

in ,-"inLolin~ "' di_,,.,·rcr ¡.,, " ~Í"'" fl,'" .:uo~lotOun: thi• 
,..,.,1,_ iu ,, ,,,,;,,, ni.•l-;m.l <rr.>r ,,.,, P"''•'oluo,• ¡,.¡,,q 
, ,,,ti•l·'""'l ,¡,< ;, ;.,,,_,lt.-.1 "' ·' pif'<-·li.,c . ._ ,hu~n ;, 

l'i~""' l. 

TYI't OF (IIO"F ANIJ LOCATION 

Th< ,¡,,p¡,.,¡ lind uf .:lt<"h" h,, ¡,., . ., ¡.,,,,¡ """' '"'·fui 

.mJ ,-,.,,¡", .,,.,.,, .. r" ""'" ,,.,.¡ "'·'"" "'~"'' 1 ;,,_ n,i,~ 
""h ·' ¡,,f< m ... ·h;,,.,r "' ''· ·¡¡,,. pl.,o,· ¡, H-•rp.:ol ¡._., .. ,.,.,, 

ll;onge• on the horizontal discharge pipeline and for re><ons 
"'hi<h w\11 be madc "lear. it shou!d be closc up o.¡;ain" 
the down"team lace ol thc throtlle \'ahc. 

·THEORY 

Ta~ing<:rilical flow (sanie ~docir~) a' OCCU!Ting ju:st wirhin 
lhc oim al 1he down•l«am faee of thc orifice of thc choke 
>nd aho 01 the lip of the di,charge pipe_ rhe foiiO>'oing 
rclalion\hip can bo e"abli,hcd -..ith thc loc31ion givcn as 
sufficc. O and C (Jan><>. 1962), and pr<s•ure 01 thc rim 
outl<t. P,. 

G ~ spccific (low rote, lb/(ft)' (><<) 

lo~ •tagnouon cntl1.>lpy, Btu/lb 
1' • critica! di>~h:,.~c prcs.u!O, psia 

llenoc, , .. 
' 

Taking d, ~ OTificc diametcr. inches 
d, = dischar~c ptpc diametcr. inche• 
W • mass no" ratc, lb/hr 

IV•G--!'.60'~G--' 60 1 "(')' "(')' "_4 IZ '4 ll 

for !1""'' of <leam ~nJ ""~m-\o·;olcr mi"""' rhmu~h 
pipo' <'1 >-;or¡·in~ l<n~th' Oam~' 1%_1. I'IM>. it h:" b<cn 
h>uo><.l rh:u f<>r '''')' ,¡,,, kn¡;lh' "l'l''"'imot1n~ ru ,,¡¡¡,,.,. 
/'.k ~1',. "h«c 1'. ;, rhc P"""" ¡.,,¡ "~""''""' "r th,• 
'"'fi.:o '" 'h""n ¡, r;ru« ~-

,,~, (;.r CY . . 

,,.,-
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• 

,,,.,,. 
~'"''" ~''"' 

o,..,,~,., 

ll will he noocJ thal :>hl"'"~h En~li,h LJnih h:<'e h<cn 
"'od, thi< cquotion ;, "'iotl;· ""r.domco"io""l· ,.;,n ohc 
romindor lhll P'''"""' ore, ol cour;e. in :.t>solulc l<rm<, 

HST PROCEDURE 

A lip r'"""'" Wrr•ng i> loc:.tcd at lhc outlct facc of 
lhe di>chao¡:.e pip< •• c., • .,bcd in Jame• (1962. 1915). ~nd 
a pre,.urc 1appin¡; lo m<;o•ure P.;, located "ilhin a mclcr 
of tl¡c up,1rc•m lo~cc o( ihc hn<it.on!:ol thool11e 1·olvc "' 
>hown in Fifure l. lhc W<ll is disdoar~cd loorizontally with 
lll< valve ll11ottl<d In gi;c thc rcqUirtd .,.c]lhcaO P''""'" 
(~1 produc11on np<ra11ng cnnJilie>n\). Wi¡¡, ohe flnw •~thi

li•ed. prc"urcs P 
0

0nd 1', are """d logctlocr wHh llo< interna! 
diomeoer nl1he di,chorr.c pipe .1, '"tl1e lormLJln above
which ;, al•o ¡:wen in Figure 2-to ~otorrnino thc ,hnmet<r 
ol '"" cho~•- The thtoulc ~•l•c ¡, now clo•cd and • cho~e 
of tho c:.lcttlate<l tli,tm<ler ;, '"'"'Hcd t>ctwcon thc throttle 
\'alvc aod lhe flangc of tho di"hdt['< pipe. "fhe !hroulo 
val ve;, now open<d f ulll •o thatlhe cho~c ;, then controlling 
1110 di•chot~o ""''" lltc roqutrcd ()pcratins conMions. 

lllUSTRATJ\'E rXA"-IPLE 

A well i• di>clw~ed horizontolly with thc valvo lhtOIIIed 
lo give a "ellhcod pre"ure ol 175 p•i~. \'ah.te> of P. ar>d 
P, ore notod to 1><: 160 r•ig ond :o p<ig te>p<Cth·cly. Tl1c 
int<rn:tl diameter ol the discha~re ptpe " m«"ured as 8 
in. an<f 1he baromctñc pre.,ure ;, 14.7 p>ia. Calculote the 
choke di.tmcttt. 

1-ltKill 
•l .. ' 

( !'."-'--'--~~~-)·-
~·' • 1 ~ .i 

h "tll 1'< ,,,,,.,1 ¡h_, l'opu,· 1 ''""" thc "'"'" ''"'"""'"' 
"'"'r 1,, th,· ,¡"·"-"''' r•;r,· ·" ¡ .• , ,¡,,. r'l'-" "r'"'-·'"' ,¡ 
th< th""'"" """'· ,.¡,¡,- 1 ;~"''" C ,¡,.,,., <hlh·,·nt '"<'
lloi• ¡, ,.¡ '"' ;n•r•'"·"'"" ¡,., ,·.ol.-ool.u;,~ u.,• ,h,.l.c ,;,.. 
;otod <"olh<r ,·,on~tti,on ''"' I•C ¡¡,.·,1. 

0P[RATING HUID 

Th< ""'"'' pt,,·,·J,r< h.l' t>.•,•n ""'J"" thc >loam-\\~\er 
mi"ure• nf th•• n T.tt;, ~,-,,~,·rn•.ol !idJ ;n Chile" ith ~""' 
'"",¡". ·'"J '¡,,,¡,¡ al"' l•c ""'·•t•lc 1 '" Jry ''"·'"' di"hlrge>. · 
•• th< '""'" th<"'Y :tppJ,.,. !lov.C\'Ot. lor tho ca.c o! 
"paro<ed hot "~'"' "hi.:h i< oither undor-coolcd or at 1ho 
hoihng r<>i>H. thc ¡,.,,.,,.¡,, """''! n<>t he orrr<•rriatc. "lnis 
;, b<cau"' fla•hin~ o( thc ""'"' o ni¡· '"~" placo immcdialely 
alter P"'<ing lhr<>o~gh tho cho~i. an~ crtlioal flow doc• not 
llt~e plot·c lhere. lt d<>«. of '"""""· ta~c place nt the OLtllcl 
of the dischar~e pipe. al thc lip pre"urc location wher" 
" "<>m·"'"'"' noi•turc i< ntJ<nL hut lhe condolion• are 
Mt ,¡,. ""'" atthc ch,~c. For rluw> .,¡ >aturated hot wotor, 
1he cho~c diametor ><<>uld haH to he calculato-d by 010 
,,¡ coh\-wo\er tkory l1ttt "ith the approptblo hot·wa<er 
clen;,ty ""d ~"cmily 'Oiue<. 

CONCtUSIONS 
' . 

The method outlinod hcre will ea•• the "ork of le>\ 

en¡:incct\ by elimtnolin¡: foral any roto rcductng) the lríal 
and error proudure U>ttollr roquit ed 10 obtain a <ati•laetory 
~hoke ,;,. !or contrullin~ the horizontol dischors<' lrom 
r."''therrnal "'"11'- lt ;, imronant thot cithcr dry sleam or 
a ~cnuine <t~•rn-""""' mixture"'"' upmearn o( lhe cho~e 
"' th< dorivcJ formul.< does not appl) for pre"uri<ed bol 
"·a:cr. which lla•he• Mly alter pa;,mg through tho clwkc. 

Al•o. thc formula "ould n.ot apply >Of}' accuralel}" to 
lluiós <docre lhe nonwlldcn>ahle ¡:''' fraction o! the >toam 
rh"'• <><<edrd. '"Y· l>f, by ""'ght at the lip P'"''""· 
l\ov..-er. an ollowance can he made for thi• in a particular 
fiold a11d correotiun lacto" o<lded. 

REHRENCES CIHD 

Jorn..,, 11., l%l. Stcam·"'"' critica! flow through pipe<: 
Proc. In". Mech. En~"·>. Ji6. no. 16. p. 741. 

-.-. 1' Ma"""''" >te:un llow l)ttou&h pif>OS lo the 

;-·---i::~;;;;,,;,;Proc. lmt. Mech. Env~--·-'.·-"-'-·-"?~ :''''·--

ligur~ 2. 

1 ' ~. • • 
(~)'" 

Non-<hmcn•iof\ill rel•tion<hip for ~ltm>ting d>Oke 

'""· 

• Mco<mentent of <lcam·woter mi>ture• at the 
•recd o! ,ound; Nc"' 7..o•i•nd Ens;nctting, v. 21. no. 
10. p. 4J7. 

--. \975. R.tpid ""imate of elewie power potential o! . 
dt><:har¡:int;¡:cothctm"l wolh: Sctond UN S)·mpo.,um 
<>n the ll<•dopment •r><l U•e o! G~othcrmal Re>ourc ... 
S"n Fr;tnci•C<l. l'ro~cecdin~'· [.;o,-,.nce Htt.<l<y l.ab •• 
Univ. o[ C"ltforni•. 
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l. l"'M\OPUCCION 

Cuando ol aguo oalionto !luyo on ol pozo geot~rmico éoto 11090 

o uno Cierta altuu don~• lo pr .. IOn ~idrootHtoa uo lquol o lo 

prcoiOn do vapor del oguo o lo t ... poroturo da<la del oquo. 00 

ono punto en adelanto vapor do oquo OIOPi*'O o formoroo y lo e.o-

1 '""'d do hto aumento o -ido q .. lo """"lo •• """"" ~ocio ol 

coboual ""' po<o. t:n oo<.o <OO<JIGn ton....,o lo que o:oom~~,_nto oo 

ocnoco caoo !lujo do deo !uoo o !lujo blfhlo.> !Fig. 11. 

El COI!IpO<Umicnto dal po>o ood controlado on gran parto por lo 

zona do flujo de doo !oseo yo quo hto determino en lo ~oyor!& 

do loo coooo ol flujo !n.llxi.., pooiblo a trav~• del po•o. Tom

bl6n oo i~portanto conoce< ol OotiOpo<t-=ionta de flujo do il<>O 

Uooo paro deten~~inM ooid .. do puo<On y t......,roturo o lo loriQ 

dol po>o ul CO><o> paro llovu o oobo ... oicJone• doo !lujo y otroo 

p.od.,.troo neoe .. uoo paro ovoluu ol po<encUI qooU..,iC<> dool 

~~. 

2. ~IPOS o• FWJO Oe OOS FASES 

El tlUjQ do Ooo , .. ., nor,..l..,nto oo choiHca de ocuordo con 

~---- ·----

' 1<>• ••pee<oo O»r!ol~~lC(>o dol !lujo coooo por oj....,lo! do burbu· 

jo, do pUt~n, onulor y do rodc en oi.r ... o l!~uldo•vo..,r. 

Tipoo <le !lujo Mbri<loo o¡uo ropreoen ... n h tronUeldn ont.ro "" 

.,.., do !lujo y Otro oo roprounton """" ploton·onulor, onuhc

rocio, ot.o. 

Co""' un ojuplo do lo oo~plojidod do Hujoo do doo laooo lo 

Fi~. 2 ""eotn uno oocuoncla <le t"lujoo do <loo toooo """"' podrlo 

pruon<.oroo on un po<o qootlrl>.loo a modlda quo ÑO y !>J.o ••u• 

•• tn,.fo,.... "" VopOr. Obvl.,..nte, dlforontoo p.ortoo dol po>o 

roquloron Mtodoo dl!orontoo doo on.I.U"'• y ol problo- do c6.> 

u.o tipo do !lujo e-lo otro Upo tacbil!n tuno quo eono!dororoo. 

l. PLUJO HO>!I:IC~N·O 

Lo teorlo do <lujo""""~~'""" neo proporciono uno d• loo t~nieo• 

m.io Oi.mpl••. p&<O onolaar flujoo do deo foooo. Propiododoo 

p==edic odoc:uodoo paro lo mo<ela se dotlnen y lo "'"'Olo oo 

trotool.o .,._, un poou<lo!luido quo ol>édooo lao oouoolot>Oo do mod

nica do tluidoo oplioobleo o un flul"" pO<o. "1\>doo 1 .. Ucnlcao 

nor=lu do moclnloo do fluldoo •• ?uedon opllcor on ooto 00..,. 

Loo propiododoo pr""'odio quo oo roquioroo oon voloo<dAd,proplo

dadas tar=dio&..iooo (tomporaturo y denoi~•ll por oj..,plol, y 

pr~piadodoo do trooo..,rto (víoco&lrlod por OjO~plo). Eot .. 

•• 

' 

• 



pooudoprop1ododoo oon p<<>ll'edloo pondou.SOo para la -•ol.o y no 

oon neoesac••~onto loo m1~oo qua loo pcopl~adeo do codo !ooo. 

tl ~hodo pon dotor~nlnar ~u~ tipo da pcoplodadeo pro~odlo oo 

no a usac u c=enur con ocuoclonoo do complejao quo oo opll

con o cada fUO lndlvid""l y C<llllbl~~<t.rloo d.o tal fono.o 'i\10 lao 

ecu.oc1onos nooultuteo oo redu>can o oe»ootoneo equlvdontoo 

DUorcneiu on voloctdad, te~pentun y potencial qYÍloioo ontn 

oop.oca!..ento cuoO(IO uM !a>o oot! !1n..,.n<o dev1dido, y u P""'

do '"~"'""' quo u olean,. un estado do ..:¡utUb<io. En ono caoo 

loo v~loreo l'«>modto da valoo1dod, t""t"'<""'" y potencial qu{m1-

co oon l~s ='""'"" qua loo volorco tndlvtduoleo pua codo hoo y 

oo p.o>d..o ouponor 'i\IO un...,• flujo lloolov'•·•o ec. equtUhrto. 

t.o.o ecuacionoo roo~honteo cuando oupon...,o !lujo ho.oqlnoo on 

O~Yilibrio oon oimploo ~o uoar, oin omborqo, es neoo .. rio coreo

ha<>< 1• ualtdoz do ""'• Euposic1~n. Para !l"¡o en pozoo ~ooUr

IH<Oo no=almonto oo oupono que OKia<o tlujo h"""9lnoo on oqutU

brto y po.oreco odattr cierto. evi4oncto oxp.or,_r,ul qo10 tUMo 

O, 5A,.,.CE DE KA5A PJJU, fWJC tmlD!,.,.SfC"'-1. T HOMOGENEO 

t.. ocuoc16n ~hic4 puo ol bolonco do maoo 001 

-llovl/11 11. 11 

Dolido o •• la d.anoid•~ p.-e<!io da l4 M>clo y v •• lo voloc<~od 

do lo -•cb. En Uujo ha.oqGneo 0.111!>.>0 !uoo oo ouevon a lo 

"'""• volocidod y no oototO doolU..,<onto ontro ollao, por lo 

tonto el volar de v oo Qntco y no oo nocoo>r!o d!otingutr •otro 

•- U-olo0 • ••v 

DoMo o oo la fracci~n vol'""ltrl<a do vapor on la"''""'" y 

t;Orooo qua < ' -' 
• o - o0 , ooto "' 

el o ooU: ontre lo d<lnoido4 del vapor y lo don01~ad del aguo. 

si doU""""" el ""lwoon oop.oc!Hco do lo -•clo, agua y vopC< 

11 • )] 

' 

' 



---------------'------------···-

• 

5 

oondo o eo lo calidad del vapor lfracc!On ""''"de vapor on lo 

oucla). •oto 'filO lo ecuacJOn (l.lJ tambi4n lo pod.,.oo ooorlbir 

' ' 
( •• 1) 

1-o ,..,. do cado c0111ponento por Unldod de vol,_n do,,..,•ola oe 

P""d• obtener en !unclOn de o d ~ por -.lio do loo ol9"lontoo 

ocuocloneo' .. ••• 
(<.7) 

.... <lujo en ""-''do eou.cionodo 11n<1op0<><!loot.o ""' u_.,) , 

ol b&luco do .._n ... da por h oco.acidn (0.1) .., rdueo o o 

• o ( •• 1) 

' . '• 
Suponiendo quo ol lroa do la &Occi6n tran>Vonol dol pc,.o.oo 

conou.nto. Loro o1~nit1~~ <¡UO el flu:¡o de..,.. t<>t.ol por unt4.od 

do l<ea, ol cuol dono .. cnamos G, u oonotor.te. 

Para propl5o<too do c!lculo para !lujo• de doo !uoo eo eonvo

n1ente doHnl< el flujo volumlitrtco <o>t.al, d tlujo vol .... trtco 

do aqu y s1 flujo voJ.,.,\trtco do vap<>r (en lltroo por o~.¡un4ol 

' ~- Q, Q0 y Qv roopocc!vomente. OllnUonoon<e dolinl""o loo 

!Jujoo <lo,... ¡;ar unld..d do Uoa (on k<l"'Jr""'oo por OO\fUndo ¡><>< 

contiloetro cuadrado) poro oqUa y vapor co¡oo G0 y Gv r••poctivo

~onto. Lao o19ulontoo rolocionoo oo aplLcan on ••to• <••oo, 

' 
' • 

• • 

• 

' 
... o IT 

' 

'• • '• 
'• • ~ 
~" 
'/' 

10 .10) 

10 .ll) 

14 .ll) 

(0 .1)) 

' ' •, 

b <llnccidn do la ocoloncldn do h ,rovodd. 

(S .1) 

~ y L <'"i'<OOonton el Ir,.. do l~ oocc1~n tranovor .. l y ol ,..rl

-t<o dol poro roo,...,uv...,nto, 'P u el eofueuo cor<ante 

pr.-<l.to oo~ro lo P"-<•4 !hlc~!~~l. q eo l~ ~eeler.eten do h 

9UV..:Io4 y p la proot~n. '-"" t4=1ooo re>taote• tienen el 

• 

• 



• 
' 



Soponlendo !lujo en Oltodo e<todonorio (>v/H • 01, ¡><>d""oo 

ue<lblr b oe..ae16n (5.11 "''"''" 

' .. rr .. 
IT .. ' ' •, 

Lo eeuoeldn (5.~1 oo puodo co•olvor on forma expHolt& po.u lo 

odda do P<U16n >P/n, donde c.- ro<ultadoo 

.. 
" ' ¡: "P 15. ll 

Ulo <reo '~'""''""" en ol lodo dor.ocr.o do lo eeuocldn oe conolh

<00 coo.o loo co=ponentu de la caldo do preddn dob1doo o lr<<

cidn. ocolorocldn ~ q<ovo""-d loaldo de pre•idn hidl"Qothicol. 

"'"de ol ""nto do VUto do i"'l"entor!o utamo< lntoroudoo c-b

••nte en eo!d .. do prooldn por lo tonto detlnlr..oo• 

ep1 ••• . ' •• n 

Caldo ~o prooldn doblda o lrlectdn 

CUdo d.o Heol4n dobida a ocoloroeldn (5.SI 

W oaodo do proUdn t.Otol u la '""" do c.ada uno do e.coo .,...po

nente•. POr lo tanto po<\eJnOo eoenba h e«Uo~ión (3.ll coO>o• 

... 
" 

¡'?¡ + .. ' ¡>P) + ... (~ .7) 

·--·-----

8 
co..o pod.,..,o vor, """ on.lllUo noo llovo dicocta""'nto • h oon,

cluo1Gn quo lo calda do preBldn t<>tol oo la oun ~e Ue5 Coldn 

do preoiOn lndependton<u• Fr<ccJOn. oeeluae10n • hlócoothi•

ca. [O lo ~oyor1a de loo caoo• on ¡><>ooo qeot4<l>lcoo la catdo 

do preo!dn por ooelatooJOn •• dooproolobla cuando ol flujo oo 

en eotado ootoe!onat!O (lndependtonto del ti-po). Sin ..n..orqo, 

on ootodo trandento lquo dopen<le dol tle=¡>O) loo thmtnoo do 

ocolencl(ln oo det>en oonoldarar. 

fuor<O cort&nto pr,..dlo O<>bra la par"" en tunctOn do un loc1.0r 

da friec!On y un radio Mdrlulico. El .. tue<"O proooclio •Ob<O 

la p&rod oo do coo>o• 

'• '• ló.l) 

r.onda c 1 oo ol factor do !rlccldn y ol radio hiddulico '1. ood 

dado poro 

• (ó. 21 

Para un po<o do oocc<On «onoveroal ciroulu tono=• que ol 

• 
' 

(ó .l) 

r
' ' 1 • 

! ' 
' . . ' 

• 



• 
' 



' oon~o D oo ol ~llmo<ro del pozo. Subo~Huyondo lu oouooionoo 

• 1' .1) 

'l'rahaJOOdo con vo)(\o>oneo oopodUcoo en lugar do denoidadoo y 

""""óo lu oeuoclonoo (0.0) y 10.•1 .,.,..._, eocrtblr la e<:uoctón 

(6.<) .,.,.,, 

• 
2c a' _,_ 
• 

16. 5) 

Paro o110pliUco.< lo notocidn, dotinir...,o d vol..,.on oo,..eH«><> 

••• 

oo' 
> ·'-- {"• • ~•av) 

• 

y aooribiiOIIIOO la oeuool6n 

16.' 1 

O.bl<io o quo "' flujo ~••• oo conotanto y <0~0 !uo tiono la 

"'""" velocldad, h cdda do prooi6n ¡><>< ocelenciOn (5.5) h 

"""""""' oocrlbir """''" 

¡!.':¡ 
" . • • 

" 
oupcnien<lo quo ol !roa d<> la oocci6n t<ononnd del pooo oo 

conot..o.nt.o. Lo c&14o. do pruldn hldroo<-l<lca lo ¡>04<=>• npro-

------------,-''•'"' 

" • 

suhotltuyondo lao oouaclonoo [6.1), 

e«UUcldn (5,71 noulta ..,., 

(6. 71 y (6.1) on lo 

• 

(6. 9) 

<¡<>o 'o y 'v oon •uncionoo do la pruldn ool ..... n<a. 

tantO ...,.._,. '1"01 

• ll ' 
"· .. . '•• " 

. '•• 
" • 

•• 
" ' 

( . . ·~ ' " 

. '' ¡¡-1 

''""""'" 
Por lo 

(6.10) 

Por lo ton<o oubotitu~en4o lo eou•olen {ó.IO! "" l• oo~elOn 

' (6.i) y eeo~ejando para IP/01 reoulu ""' 

' G 'ov •• 
" 

• 
(& .ll) 

1 ' 

1 

• • 

• 



• 
• 



po~ c¡.,.,lo lo. Mno!~ad, <10 o=l>a~g~, lo (O""' Ce la <>C..,<l6~ 

oo<~ la~'"""' y •1 s>g,,oflca~o t~•<co do oo!a t~=!oo ••<t el 

,.,_.,...,, LcolQciv< adlooi' "oJOlo.enolo:,ol d•r~ ••cotuaJ~ooto 

" rr 
., . '• 

l - ,, 

. •, • 
(ó.ll) 

ooodo "" K y < ooo eo~!lelontoo Go Jn!luo:.ei~ oil'!l&ru • 
• • • 

Uo """ se ••oo oo fl~;o """'-P«<<~a 1 ~u• ox~r~u~ loo o!oc<oo 

~o <r<•c<~n. o~.,Lo ~e !o>O 1 qrov""'~~ ••~•• la cd..., dO pn .. 6n. 

~1 t~=<•.o , 1 "" ol ao •. c.~<c.odor tloo.o el rnuc.o ocg.,l!!co&. q·oc 

ol n(;.~e<a Go ~..>Oh ol cuadrado el cua: oo '-~.par!=~ro on flujo 

e<>~~· .. <~: •• 

C ~ ov pcdc~o• dodoe.r gua lo vol<>c<cl•J dol oonl~o C do uoo 

:.a:cla ~-"-=;~oc• clo <!o> ,, ... oot:l da~a poro 

'- '· • 
•• ' " 

~ 11-x) 

-In .. --· } } 

-- 1' .JI 

L• ooloo1do4 dol <onido on c•da u,,o do loo co~~on~ntoo ¡><>r d 

oolo o>t& ~oda por• 

' 
,, -1/l 

'• - ,_, __ ._, 
• " 

(7 .ll 

' "• -1/l 

'• (-,. -..-• 17. 31 

Uoonclo """" ocuaciooco en lo CC'J><ldn 0.:1 oOtooo...,., 

' ? ' ' ( ' ?'"'"' . '• 
• (7. <) 

Usando lA do!lr.lccOr. 4o densidad prc,...dio 1"'1 y Jo• eouaclo

noo (4.01 f ¡•.;) p<>do""'o ••crl~lr :a oc"oc<Oo 1'-41 ""'"'" 

' ? 

•• e' 
' '• 

• 

y '. > > '• 

:.0 c.»l nos dc.,est~• qot lo vo:oc!doJ del sonido oo wto e>e><lo 

ho=g~.o•• ~"odo ••r mc;~.o ""'''"" quo la voloddod dol oonldo "" 

va;.o~ do 09\'0 •ohu.nto. !..>. eocac<.i.o 17.il tior.o "'' .,:nr= a 

i• 

• 



• 
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el !lu'o e• e~ c•ta~O u•ae!oo~TiO. Nr lo unto e: b>l...,CO ~· 

o.o~oot·o~ (ó.ll) oe vuolvo• 

(3,1) 

1 - " 

U doCi< ,.¡,¡: es dooproch~:e. Con o•U oi=p!i~•c•d~tl Y 

v•or.Oo :a. ocu&clOC.OO (6,11), (O.ll) y ('.101 poOemo• eocrlblr 

" " 

" IT 

' '• 
,. 

• =---
' - -' ~ 

" 

1~1 -
.' f 

1 - ,.-

.. 
(1.11 

11 . JI 

:>or.<Jo (;p/"1 
1 

• l e! c1¡,o so voa pora ;c4!coc lo e• ido •• 

pros<Gn por !rlcoi~O. O~ o• :o c•l~o do pcoo!'n hi¿ccatlUCo 

y" •• "' r.::.:.O<o ¿~~->e~- ':"~~s :u c~<re:oclo,.e• ~~,:=leos 

nio<e.·.too prooeot>O !Do!to.lo• puo ovol~•r (Op/Ul¡ (! e~ulv&· 

lento o coto c 1. 

~ciecl~n pata ~oo h•••· Cf' e: cea~ eO ol tr.icO p¿d:;e"o ea

p!rico on lo ecu&cl~n 1a.l). •xcepto en casos ext<o010o el loe· 

tor do hiccdn on fluP turbo!~"'" oo vodo m•• qvo por en 

' ~ol volcr oproxl...,do e!- o.cos. 

... 
(O.OGS 

2, h<a c.erc:~• da 4Jd ~dlU•d de vo;><>r •• pe~ ••<><''"·"" ~,. 
ol faotc& do !riodóo eo ol ~.;,,..., ~·· <l <¡~e oo cbtoc.drl 

01 ol nejo total 1•1"" ,.., vapor ~o og,al fUot& Hquido 

•ol.,..~oa. tl r.""oro o!& ,..,.~o:~a •~ro~a~o ;o.r• o~to> cuo 

'" ••• (S. 51 

L 
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• (>l~+vz! 
" ) -, 

• 

-IT '"lh + 

• 
" • 

' rr 

;~ 

( >V (O 

ovq 

ovq • 

• 
o 

' • ;-)) 

¡g .1) 

o 1' . 2) 

>dn ~!·ojO odl~H~CQ en ol p;>e<o t~'~" '>"" >~/a • Q 

ce>:~o!ó,, (9.l] ncs <i«o 

• • ¡g . '1 

----------.,---c-:----c--.::c ... :::. = -=-=== 

• 

y la 

plo de lo II'OZolo en ol caoo &41&~Uco oo 1<¡-~a: al a""en<o rlo 

onorg!a c!o~<1co y potencial. PMO po•oo 9oot~rmfcoe lo 

cootrilo~ciOn ~ol t~=ir.o Co onor~b clnHlco co ?""¿" d .. pro

Cior ec. la ocoocl~o ~o enorqla. 1'<>~ e¡""'~l<> un ¡>;>:o qeot6,...!co 

eoo =· flujo do )CO t..o~f"• y uo d<S=tro do lS e: l•o•o•i~cl>.-

uno oabdad do )" a la volocldod dol oon!do on el caboool 

no• ¿~ "'' '"'""'·"" <'· "'·""910 clnh<c• V
1
/l <o<~uivalento o i.i 

cal/'?. clel>l<lo o q-.10 ~ • 100 c•ll>- ,.,rl_,o dupreclu el 

h • ~· • 

Lo cual r.oo indica q·ce la dio~(r.",cl<ln on vMalpia •• igual ol 

oO!'ento en enu<;¡!a potencial o """'da ""' lo r.o:cla fluyo 

h•«• ol co~ .. l Oe: pa>o. l'<>r ejC.O?lO, o~ ~na cli<ereru;la 

~o •l<oo~a ~o 1 1<:• el •=-~u:. do •·'"'<;<• poto~ci•l s> u e<:¡ui

Valenta a l.J c•l/<¡n y •o l "'' •• •hol""'oou JI2.JI • 6.9 

••lf.,... C<Oi~o • '!"~ •. > 200 cal/g:o. eo 1~ ~~yo=ra da loo 

<.>.&<>~ ec. po•o• g<!oc~=<coo """"'" "'" ?0~"'''" ·~roxl.;,.ar, 

' . 
%<te =••ulta~Q ini!lca lj"OO ol flojo .mol ¡>e•O <¡eo<~""ico oo 

hoe,.t<llpico cuan<o r.o hay tror.•!Grenci• Oo c•lor hacio ol 

' '. 

• 
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poxo. O.to oa t.a ob .. rva«o troe<:•'"~""' "" 1~ p<k<i~o eo 

el ~ .. o do ¡>Ooos c_,plo< .. .,.n<o de•arrol1aéos y ~~anilo lo tran•-

conoldonblocr..nte. D\lrontA lo • ..,_.,.. d<l caler.t=hMo t~y cr~ 

t001.0r or. conold«•cl~n la <r•nofucnoh do c•lor h•ola ol pow. 
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ABSIRAO 

A mat~cm:.tical moih<>J ol m<>•.klin~ ~«>thcrm.<l '"'""'"i" 
t.;,, i><<n Jc• .-),>p<:d u>ifll: • comrul« pt<OS<•m ..:~II<J SHAFr 
rSimLoh"ne<<U> Ueot ~nJ Fl"id Tr:.n'f><"t), ·n;, pro~r•m 
numcri<ally ><'lvc> lhc Ccluplcd <~""""'" J"<:r1h1ng thc 
>imult.>nc•ou, ltdn<porr uf m.:1" anJ <r•.<n b)' :o .. ne- <>< 
'"'"·pha'>< fluiJ in porou• medi~ f<>r tro~n,i<<\1 '" >l<o~Jy-""'" 
>Y>I<nt.l in one, two, "' thrce d1men'"""· rhc ~<>>crning 
cq""'"'"' are >el up in tcflns of '"'" "'P'""ion>. ""' fnr 

'

w. and onc: 1...- intern:d c<>erg¡·. S...luti<>n> are obrain<J 
"'l>int: fm two un~"""'"'· Jcn>il)' anJ interna! oner~y. 
a h~t\<:li<>n ,¡ tim< a11J po>Lllon -wiohin <he 'l ''""'· Dctoll> 

of 11« de,dopm<nl ni !low anJ encr~y eqt.t:<ti<>n< ~re 

Pf"'entcd, T"'o e.~mpl<> of the appl><"-•li<>n ol SIIAfT 1<> · 
lwo-pM>c geolh<rmol ,.,.,vniro_ore mduJcJ. 

INTRODUOION • 

G<nlhorm:.l 'Y""m' "'" recciving un incro,in~ amount 
o/ .. uenti~n. and ron«qumtly ti i> imr<>fl~nr 10 under-t~nd 
th< "'-'h.t•·;.,r of tbc>< cornpl<\ ')"""''· Onc appr"".:h ¡, 
to >imubtc lh<ir beha>i"r by u"' of matll<•m:ollcal ""'Jcl., 
Otl<f a «<:00! rcvicw iii'Hhcr>poo>n e\ ;ol., 1'17)) rC•c.ol' ti<C •-. 
~""'in& int<«•' in ><><h n>«h<<~•. _.,, ~'-'" ,¡ our «>ea«h 
<rl<>rl in rhi• fi<IJ we h:o>e Jcwl<>p<J a oo~mputcr p"'p;rn 
culleJ SH,\I'T, "hido """J' fur ,;,.,¡,,,wou> hc.tl ""d 
fluiJ ''""'P"''· -¡-¡,¡, P'"~'"'" " an nt<·n,inn of "" ,•;ttli<r 
<•-.k de•<l<~po:d by f.,,<lcr ""'-' 1\'orhcr>f"'<<O 11~7•1 lo 
hotndl< noni"llhcrm.ol fl"" .,¡ ~"'"' in P<IIUU> mcJo,¡, 

Sil /IF1 Olti<ICtic:olly '"lvo> thc ""''Pk<l 0411a1i""' <i<><rih· 
i"i 10C >im~tlto~r.«>u> ''""'~"'" ol "'"" ,,.J cnc<g)' hy a 

·.,ne. <>< ll<<l·phil"" ftuiJ in ('l<><<lU< m,.,¡,,, ¡., tr•n>Ícnl or 

"""~ )'-''·''' 'Y''""" in <me, '" "· "' tiHcc J """"';'""· 1 he 
fluid'""''"" puro"',.¡ tmof"'"' """'['o"ili<>n In b.uh r"~'"'· 
olll>ou~h d<ffcrcnl flukh <•n 1>c h.•ndlcJ "' l<>fll: "' tl>e)' 
""' <<>l>flllcJ '" ><p.>< o te '"~'""' of thc ') ""'"- The ,.~.,;,li<'n 
of ''·''" whioh_<k.>cnhc, lhe ll«rnH>Jyt>.,llic T,J;";,;i,-,;· ,¡ 

' ·-.-. 0,-iJ_:-;;. a funcrn;;;---;;;,; .~n-lt:··,¡-,¡,;, fhiiJ·>:inllcr<'ñr 
;><r<ic• t..tt ai>O <>f ti<<-P•"'""" .,¡ til<c lluiJ wi¡l,in tho 

__,~ ~-~''-~ _¡, P·'" icul..rly i•nr .. ~l .• nL·;,, _ fl.,;.· i« r,,,;;., 
nt<·Ji.t "'"''" llllcr.o.·ti""' kt,.e<n <he !luid an<l <uliJ "'""i' 

- .. " 

mean th~t th< th<rmodynan•ic OCha~ior el the fluid ;, 
Jcp<nJc;;,-on ll;c ·,;,¡·,;.- ,¡ the "'""" "' Wcll ;), ni 'rho 
u:¡¡;;¡:----·-- . . -. 

CENlRAL APPRQACH 

Thc cl><5ical b<havior of m:<lle< c~n be lully d<.cnb<J 
interm> of three eqo~liun> for lhe"con-"'<"~li<>n of nt~«. 
momcntum: anJ cn<tt:Y- l'<.r • ntulticomp<>n<nt fluid, "" 
must ha•c a conservauon-of-ma« cquatiun for c~,;h 

cump-onenl. hui in lh< p<e>enl approach we Mve n•um<d 
rhut rito fluid Í< purc wutcr. Wc therdorc h;we only une 
cquotiun for con•ervotion ul ""'"· Thi;appr<lach m•y al>o 
be appiK:ablc 10 miuu.-.,s whose C<>ffip"'ition ;, <>scntiall}· 
¡¡-U, >ame in lx<th liqui<l on<l >>por pha>es., 

For flow in r<><ous media, it i> customary lo dc<eril"' 
\he beh.wior ol the <y>lem on ~ macro.copic scale and 
10 rep!aC< the mom<ntum cquation by thc cn>riric:lf cquanon 
known "' Darcy'• Law. D;trcy ( 1~%) determin<d th~l 1he 
llow of water thmu¡;h a h<d of ••nJ wa• proporuunW to 
the P'"""'" r:r~dient. lli• ¡,,. h:11 >ince been e<tel'llleJ lo> 
oth<r fluid' in m~ny J<ffer<nt ~inJs of p-oro u' ond fractur<d 

-meJb .• l)<''iall<tll< ftOI\\ l),.ro;y i>dl~Vi•lf h.¡Ve ai>O bc<n 
obwr>cJ, bur in m<»l pr:«tio;;U ficiJ probl.:ms D.lr.f• bw 
¡, perfectly ac<eptabk. Smce we >h:tll he d""li"'l ""h 
two-pl!.1\C rluw, wc mu" ltavo '"P"'"'" D••<t cqu~tions 
for c:.ch pha>e. 

Thu>. '"" hil>ic ¡:overnin~ oqu::uions in the pr<>ent vet>ion 
of SIIA~T <.:<>n>i>l of <>n< cqu;<li<>n for con>ervauon .,¡ ma". 
tw<> )),¡rey equati""'· """ une cnergy cq""'"'n. Wc -...ill 
>how h<lw th< com<r>atoon-<>1-n\d>' equao;,,, an<l th,; t-...·o 
D-4<q· equ.>li<>n> can be .:<>mhincJ miO o sin.,re <QU41ion, 
whi<h ~>oll ~< .:~llcd thc "11•<"'' <quati .. n, Thc rcsulting 
fl<>w anll oncr~y <quar;,,, can be '"'""'' numorically (<>r 
'"'"un~"""'"'· lh< don,it} a<Ki i<>lcmal "''"'~)' olrhc fluiJ 
'"a functi<>n of time anJ "'"iri.,,, "-llhin the •y>tcm. 

Thc ''""' ri~"cously <<>rr<ct, prMcJure ¡, tu ><>h·c the« 
'"" <"quati<>ll' in a <omplctcly "'"'pl<d m .• nncr. To J" thi>, 
on< wouiJ "''i"'-'1< thc cn,·<g}' fidJ anJ ""lvc for ti>< Ucn"ll' 
di;trohuti .. o at" particul.u umc. By ,uh,tttutin~ ti<< <lcn,<y 
Ji,,lrih.,li<>n bol<~ jn¡o the cocrgy "4""''""· "no cnuiJ "b'""' 
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, t><tl<'r ''"im."c ,r tloc """'~'Y fidJ, whidt <:nniJ thcn t>c 

'u"d in thc u .. ~ "4"·'''"" '" ''"'·''"" '""""d '"'"''"" r .. , 
11>< dcn•it)' Ji''"'""'""- l'hi, procc" c<>ukl t>c <<>niÍuu.·d 

""''' ''"' doff<r<r><:<' 1><1"«" '""'""'"' "''inotc' o1f lhc 
cncr~y "'"' clcol"IY do"til>tOii<'L" Loe< ""hin .<ee<'pl.ohlc IIIHil,, 

lhl' puonJurc "'""'" h . .-c '" '"' r<pcatcd r,, ''"'" l1mc 
'"'P ,n,J l><c<>nO<> upcn><vc ~n,J Um<·c"n,umm¡: f~r ¡,,~< 
ptohkn". 

Dirccl mctluoJ, o>f '"'''"1\ lho cuupkd ~"" anJ •ncrgy 
<G""""'" ate al•u P"'"hk. 11"""'"'· lhc "'"tlinc,ulic• io1 
11>< <<jh'>tOm, an..l lhe la<~.., Joff<«IICC"o in l<n>< <<>n>lanU 

bclwccn thc '""" ~<>>«ning "4"'"'""' mah "''h " <e<hniquc 
1' 1<" .rr.,-;,-nt than lhc <>t"' ~··· '"" 

11M: SI!AFf ptu~t.<m "'''" •land•td h·do•ÍGU< '""' h.>> 
\><en loouruJ •c,cplahk in m.on) applic""""' ao.J onvuh<, 
"J<eunplm~ thc govcming "4""''""'· In lhi' noctt-.00, onc 
~".ort<v.ith 1hc inoiL"I cncrn oi"!Iot>toti"n ""J "'"""'' lh"' 

lhi> d"lO>IMlUon t<"n¡.oin> td4U'd) '"""~ni "''<t a 'hutl 
int<rv>l .,¡linte. Wc then "•lvc [o< the "'""~"""'Y di>Uibu· 
""" ''' lh< cml ,¡ 1he lOm< "'P· U>in~ 1hi• roo:w Jcn>tty 
Jj,uihLoli'"'· "" •olve fot lb< encr~y f¡dJ "' thc cnd n[ · 

'"~"n,J 1nnc inlerv~l. an..J "'on. 
Wloal m.oh> thi> ~ppro.<th l"'"'blc ;, th.ot ti>< <n<rH 

fidd ,.,,¡.,, nuoch mor< ''""''Y th.,n thc Jcn'll}' fodú. thol 
i< lh< """'gy lin>< constilnl> .,r lh< ')>'<m"'" nuoch lar¡_-,, 
th>n thc oorr<•p<~n..Jin~ Jcn•ily """' '"""""''· Thu,. "'hile 
ol ;, ncc""'"Y to til~< rdaU>dy ,m .. IJ ,;,..., ''"P' '" ae<uratdy 
..:Oive tho dcm<ty <"4'""'""· the <n<r~y fod<l time ""P' c.on 
1-.: moch '"'~"'- S<loctm~ ti>< ~rr•opti.<l< """' "'"P' -.o 1hat 
lb.: •olul¡,n p<oeo:Jure ;, \>olh ac:cur .. tc aruJ dficicnl i> onc 

o[ lhc "'"" impottant p:otl\ uf thi> """"'''""' mcth<<l. 

B~~ic Num~riul M~thod • 

Thc h • .,ic morncrical m<llooJ "''"he"'"~' c ... ily Jcmon· 
"'"''...! t-.y Jcvcloping o he ¡;,;,., JoH<••·"cc "4""""" f<>t ti><: 
•implc <r•nsienl eonduclive bccot flow cqu;tlio>n: 

"' ,,·-·V-1VT .. '" 
whcrc t'" lhc d""'"Y of thc m.rleti.ol. ,. "the he.OI eapo~ci1y. 
Ti> ti"' l<mr<<.<tur<. 1 ¡, lime. and 1 ;, tbc lhermal 
cuodu.:tivity t-cc TLohle 1 r,, a eumplct,• nomo:oci.I<Hc ¡¡,¡, 

lna·.¡"aling r:4"·'''"" 111 mct ""'~¡.,, N h . .-mw" •olumc 
1-' ouoJ " '"'[""" .~· ¡,.,.,,~ "" '""" ¡\. ""J •r~tyin~ lhe 
clov<t¡:coc~ lh<or<on "' tl.c ti¡;ht-h;n..J ,;,¡,, w< !>.ove: 

)" wlococ ,¡"lit< <>utwatd-<fltC<'I<d uni1 "'""'"' 1<> ti>< •mfa<e 

' . 
To d<ri.c 11>< cntt«¡><'o>ol"t~ fin<« Joff<t<n<:< ~quotl~m. 

w< will n»l< thc f"llo~<ing """"'P""'"' ( 11 tbc "''"""' 
onl<~r,ol un thc ldl·h,ud "Jc C.<n he tc¡>te>ent<d hy :on 

"'"'"~" ,.,¡,., '''""' ''"' "''"""" .. r "'~'"" 11; :.nd 1~1 tloc 
•utl;occ S uf !he «-~~m c~n he "'"len inlu " >«ie. o[ 
,,.¡,,ccti'""· /\",. <>v,·r whi,·h lh< """""' "'""P"""m ni 1h< 
con•l"ctivc """'~Y ¡¡.,, WCim ~"" I>C appto•imai<J wilh 

~· """'"~·· ·~''''· 
11'< "'" '""'cr,,. "'"'''" E~·~·''"" er "' 

·,.,; 

e(, .. · <~T). 
"' '" 

"h••r< l ~ ¡, U•< dfcelm' 1 hctmal nmdu.:tiv il) '""' <utl><< 
,,¡,,.,."''", ""J 1VT1~ ;, thc ""'"'·,¡ """'r"""''' ,¡ the 
l<mrctatuJc ~,,,J;..nl """'"' owcr thc 'utf•.:.· "'"'"'""" "'
W< >oill """ """"kk' " ~cnCt:ol tc~ion >ohido wc "'"" 
>ui>J"iJcJ into m.tn> '"¡,'"~"'"'· We will rekr '" lhc;c 
,,.,.,,.~;.,,, "' "',..,.,_ Fi~'"" 1 '"""''.o t)pico~l ,,,¡,. " 
conncct<...J t<> an ;,dj.:¡ccnl m>o.k no.·¡ he arca ,r th.: '"'"''""' 
t><l~«n lh<"' ,..J.,, i, J,•,..MJ ~'A, M" Tll< Ji''"'"'" J"·* 
t>ct"""" n,,J,tl po.•i•~ '' .ond 1bc inlethcc bet"c.:n '"tJ'" 
u u•>d "' ;, n><~•ut<J "'""~"' hnc pcrpcndictol,,. '" th.LI 
>Urfacc !Fig_ 1). Tk nurno:r>cal n><tt-.00 ""'J a, ~·ell "' 
thc al~"ulhno Jc~J !ut 1ho Ph•~tarn a«""" tl~ll "'tJ< 
" c:.n hc """""''""' h~ ;ony numt-.cr o[ noJc, Jo,iteJ b)' 

lhc u.er. 
!'4u"'tiun t'l ,·an t... imrnedia1dy •rplo.oJ lo lhc """'""" 

<>f tt>c """'~y h.<lancc ¡,., tw.><lc n u",.;e "" lt.<VC Jdino:J 

th< normal <'""P""'"" .,¡!he '""'P"'"'""' go.oJocnl '""'"' 
~nJ the dfc<liv~ conJucl<vlly "''« lh< •utf.tcc >Uh>ec\ion 
m. 

!l<lcrmioi••~.oh< noum.1l compo.>ncnl ol lh< tcn\pcralur< 
fr.tdlcnt vo.·l<>< w<luld l>c cunccpllO.olly ""'Y 1f "'" h.tJ """" 
idc;, of tbe t<nt[>C<"'"'< ,~,;,,;,,n ~ i1hin '"" nodc•. S1nco 
!he tcmp<taiUf< Ji>trobuliun ""hin thc notk> ¡, '"1'• ,·,cnto!\1 
unly by an """'"~" value, thi> ¡,MI po»ible. We lhctdote 
""""'" th.-11 lhe normal comporocnl o[ lh< '""'P""'"'" 
gr .. dicnt vcct<>r " <<U.t.>l t<> the l<tn[>Cr.llu« Jiffcrcr-.:< b<· 
t~<cen 1hc tw.><le• JiviJcd b¡· thc Ji,tan« bc<wc<n 1bc 
g«>mctric e<nt<r> <lf tlo< tw.><le> hu ><>m< ulh« d;,,,,_. jf 
mo« apptopd:otcl. "'be1c "'" Odio~c thc Ji>t.onco "' 1hc 
sum of 1he '"'o ntJrnwl di""""'' horn tbc ~<C<.>m<lric eenle" 
of 11>< noJc, to thc intetfacc. W!til< 1hi> moy '"'"' .> ~"'" 
•irnplif1cation. i1 ".;lo.or thcot ·" tho: n<XIc> bcc<>m< '"'"ll<r 
and .. m..llc1. thÍ> ~ppto•imation apptoacbe< lh< malhcmat

ic-~lly <orr<<l ""'"''''"· Tll< 4d»nlog< uf <hi> applOoCh ¡, 
tho facl thol thc n<~meri,; .. l meth,><J u,.-J in wl> ;,g <h< >Y>t<·m 
or cqualion> <>f thi, furrn ¡, •·orY [;," anJ can >ulvc 'Y"""" 
contaioin~ a latgc numbcr uf nod<> . 

To ><>l•c 1hi> cqual~>n nurnerically. wc mu" al•u t<plac~ 

An,m 

" 

figure l. Twir~l n<>d<• '"""'"<'!i(ln ""'"""' •nd nMI<'IICI>,_ 
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1""'"' ''""""' ~""''"' ..... 
1h. inlmiO<I) •m•ll<imc "'"'"~" ~l"ilh" finil< time <h.«<~< 
"' lion<·>lcp .11 Wc <•<> now "'''" lh. ~tffct<n<< <~"-''~'" 
"""' of Equ,ti<>n tll: · 

.1T, . v .. ,·--~ • • • • 1!11 't .1 '" 
He« "'" 1"<:1<< ""' a 1<:" o•cr T _ """ T. h<,-.u...:. 1<>< ti>< 

"'"""""" '"""'·•<), <he) "'"'' h< ':.l11n ,,( lhc '""'~"''"'"'"' 
,..,,,..~ . ., oh<l<< ut ll« to.·~i<>nuig ,onJ •1 lh< ,.J «1 oh< 1imc 
"cp.lf "'< lnu,.. Lh< C.uel !.un, «1 Ll>.· I<<O<i"-<"'U'< dun~c 
''"''"~ lh< <im< •l<p. lhi, intccmcJi~lc •ah>< ,-~~ 1«.· •d<<lcJ 

•o 11<:<1 i1 ••~ctly equ•l• th<' lime inl<~cu\cJ "'"'"~'uf lh< 
tcmpcr•tur< .,,.,. Lh<: bm< •tcp. lf thi> oouiJ b., Jonc ""h 
t<lrnpk<c occuc•q. ~l».>lutcl~ no ««>r "'""IJ be intJuo.luccJ 
b) thc time <l<p p!Uc<dLlr<. (JnfortLmatoly.-hnwe•d;-W<· 
<an <>ni) "'"""''~ "h..>L <l>.·lu<nt o( lh< L<tnpcralur< chd,.~< 
;,, !lut f<>r .. ulfi.;iclltl~ '"'-'" 1im< >I<P>. liul< "'"'' •hnul~ 
b< inu<>Jue<d. On< ol th~· import~nt >«Phi"i<ali~n> ,¡ <he 
numcrio;,l pmcoJur~ ""'J ;, o he munner i<t whi'h Ll "'""'"'"' 
ti><: M~.,_~._, t~mpcf>IUIC l"r thc ¡im< >l~p. Ti>< ~V<'I~~'-' 

lcmp<<:llor< fur ca<h "'"'"· 1h<n, <•n b.: .,,¡,~n » 
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t...S!>lll~. \Mil U~SI'(lON, .0.."0 IIJ''MANN 

whcr~ T ¡, thc tcmrcr•tur~ al ti"' t>c~innin~ uf lh< time 

""P· i< ;, ""' ch.u1~c in '''"'P''"'""' dur"'~ Lhc ""'' '"P· 
•nd u;,~'"'"' h<lw<en 11..\ ;oOO I.U. "lhc •~luc ,.¡ ll ;, 
dclcrmino:d c•«Y ti""' ><•r ,.,.,¡ " tloo: """'" for all o...J<> 
¡,., 1t..1 time •lcp. 

Wc "h" ¡,.,,, thc· pruhlcno uf <ldinin~ ti"' dice 1 "" th<·rm~l 
cunducti•ity. ~. ~· WLihuul ¡:uin~ inlo dct••l. o( c~n to< •huwn 
(1_.,...,,« and Wnh<"l'<"'"· 1~7~1 ot..t cuntinuio; uf tcnorcr· 
OIUI< ond cncrg; fhJ< " m.oinl,oonc'<l "' th< mtc•rfacc if tl>c 
< f{o<IÍ>< coonolu<"''"Y ¡, writocn in L«m• uf thc oonduoti.,ttc' 
of th< mat<ri•l m cuch nodc "' 

D.~ d.n Jft. 
-~--·--
~,ft k. .ft 

We can no,; rcvmtc Equalion (4),. 

,., 

'" 
Th<: ftr>l tcrm LM lhC ~!.oÜ<" u[ Equ;oiÍ<ln 17) is lh< ""c,plicil"" 

pan, •Ín<c the« '"'"'' "'" ln<>wn at thc beginnLn~ u! thc 
,;,;,. •tcp. Th< >«und term ¡, th< ··implicLI"" p.ort sincc 
it conluÍn• thCtemrcr>~urc changc; lor "hich ><< aro >olving. 

fo< a ,y,¡em ni "nod«. wc h~v< • >Y"""' of ""''"""ons 
li~e Equ~tion (7) lo ;olvc. ·¡he SliAFT program. lol.c thc 
TRUMP r<us-r.om un .. hich n ;, h.i"'d lf.dw••ds. 197~). 

"''" on itcroti>e occhniqu< <u "'"'" ohe•< cquauon•. Wc 
fim rcwritc E<t""''"" PI h>r >Ímplicoly "' 

. ft~l 

&T.~.~T • ._+cLn._~liT~-~T.) t8J 
• • 

where 

" . 
4T.._., • C.~nL.(T.-T.f 

n.ft- A •. ~~-~ro .•. 
Dcfinin¡¡ z. • !:. fl._ •. wc c:on •ohc Equationm for .l. T.: 

6,1¡ . 

. u.~··c:-~n.:.n. 

·~ 
o1 T. • '" ' . _, 

c. " 
Thi• it<rotive proccdurc "'"' IÍ<>l dcrÍ\ccl by Evan' 

Br""""·'", ;ond Kci<>lc;od 1 1 °)_<4) .onJ ¡, "alkd '"' ,,_.;ckr;IIÍdn 
mcllouJ: it ;, ,¡,.,¡¡"' to, htot Jolforcnl ¡,...,,, """ "'""'"" 
o•<r·rd~'"'iun ""''I><Kl "flcn u.cd. To tmplcmcnt ohi• 
tc.·bni<l""· "" ,,.b,tinuc in 1h< lch ,i.Jc uf E~uation !~l 

t.T. • &T~"". ~nd in lile ti~hl ,idc 1\'C "'"'titut< .l. T. 

•!1 +Í:)~l'.'""-¡:.l.l'::"'~"d&l".•.l.T:,:-'. "h,·rc ~" 

ot.c ''"'"''"'·'"''" r.«a•nctcr ~~ > Ol. '"'J r> ¡, ''" ¡,,.,,,,."~ 
IILIIotl"><r ÍLI thC "<Ut'<"'<npl. M.~in~ ltoC•C '"~'IL\UIÍ<lOl\. 

E<1•~11iun I~J can 1>c ~ewroucro: 

.l.1"'."'"•t.T •.•• 

'" ( -t c. ~~~--~.l.T'!' 

.-o -+ ~:1 z.~ T:.O'"-+ ~z • .-.r:r•). ( 101 

We c.'n lh<n <Oivc.EqW>toon 110) In< t. T. ot lh< p + 1 

itcr"tion in '"'"" .. r .l. T. and .l. T. "' lhc p itcr.>ti,.n: 

'"( .·) H •.• •- "\."'¡¡ .l.T'"'+'Z 4T'"' - c . ..;;. .. , ... " . . ~--"'-'-"------;;-:-----',, 
1 + t l ,., __ ,. 

c. 
( 11) 

Thc itctation pruccdore ,..oulJ kgin ..-ioh on ~"im>l< 
of tho t<mrcr;oau•· chon&~' in c~ch ,,f llo< """"' 1\'hi.:h 
wc wi\1 cal¡ tho ··,oroth"' otctation Wc th<n compute tOe' 
val""' at th< lir>l ilcr:otion using Equation 1111 ~nd th< 
¡croth Ltcration '"'""· and "' on. Thc iteration rr<>Cc'<lurc 
;, >hlppcd whcn the ma.imum chan~c in tcmpct.tttLre he· 

'"""" ;ucc.-.;ive !lcrauun• ¡, le» tha11 '""'" poc,crib<~ 
•aluc. 

Thc •~>btlity aft<! conveJgencc for lhi• i«rati' o P">eoduro 
are d i.cu"eJ by 1.\\>eter 1 I~H). f,, thi• Jtllcren,•c cquatio>ol 
•• "'el\ as tho'" oo be dcvclopcd dcocrobin~ mullopha"' 
con>.-tivc t.._.,, ao<1 "'"'" tr.on;fer. <tabolll)' aOO <<>n•·crg<rtce 
ore ~uamntccd «~;ordk» ol nodc ,;,. and >hOt'<' onJ ol 
th<- contta>t in """' ial propcrti•" t>ct •·con nu.Jc•. 

Thi• i• lbc: ha'"= numcric~l mcthO<J ll'l:tt will t>c ""'" tn 
wl•in; lh< mnre cumpletc CMrgy and ma" '~""'P<l" c~u.:l· 
lion• lo he di..:.,..,cd in the l<>lluwing •ccliom. Thc ulh>n· 
lag« ol this m«hod are di-.cu»ed in dota<l by Edward> 

( 1'172f .:nd '-"'""' ( 19751. • 

The lntcrnal fn<rgy Equation 

Nu.,.rou• outh>r. ha•c dnclopcd the lurm ol lhc in~<rn.~l 
cr.er~y <quario~o l('proprialC fur convctti•e .nd cunducoi>e 
encr~y tran•rort in por<>u• medí:<. l!.ott.:r th.HI «p<odu.;c 
onc of ther.c mM<· risorous Ucnvauons, wc prd '" lo prc.onl 
a JcJivatiO-'I ,.h.m ;, >implcr and mme ··rn)'ical" t!un 
mo•t. In the •uu:ceding di•cu"ion wc woll t<l<r 10 111< 
inl<rnal cncrn 'inply a; cncrgy. 

Th< Cn<'l\)' cqo.:~tion ¡,a "mpk Wlancc c~u•tion. lt .:an 
bo>l be dc>Oiibo.l by con\idcrinc a unoll '""""" V. Thc 
~""'KY equ:U~>n l.«p> lruc~ of thc <n<r~y Nntcnt .,¡ ~· 

and thc n,.,.,, .,¡ cncrgy in ,¡nJ nut uf V In worJ,, " 
can be writtcn: 



• 

• 
• 



• • 

,.¡,,." 1 " thc """'~Y"""""' ol V. q ¡, tloc u.,, n( on<rfY 
·rnil' .,¡ cncr~y p<r unit are> r<"' "'"' tin>< ""'"" th< 

·~ce A uf 11'1< "~"""' V. oi ¡, rhc "'''' '"'"'"' "'""'"' 
, A¡,. th< '"""'·"J •h«<ln>n frorn ~·, .tnJ Q" th< ""cr~y 

injwti'"' r,o\c lh>m ,uuocc, ""hin V. 
for a ""'"'" mcJiun>, "" "'ill '""'idc< o >olu...: V "'hi<h 

t<lnt-tit" lluiJ, clc"~n.LlcJ by tl>•:">oh><ripr J. ~..s >Oikl. 
do>~~'"''"J hy tloc >uh"'"P' ;, l'mpcrtic• (l[ thc flu<J·>ohJ 
mi>IIIIC "'oll t.: J<>i~o..wJ by ti>< >ub,;rípt, r. 

Tho• cnet~y <<>nrcnt ul rho 'olume i> 11><11 ~.-en by 

o,• nr 1E 1 + m,E, (ll) 

"·he te '" ;, thc m~" ,onJ E i> th• energy pcr unl! '"""· 
li>r c<>n>onicnce. v.c will """'"" ''"' the •ulumc V 

"'l'',.j' and <ontr•<h v.·nh 11>< >olid ·-,~deton'' ol the 
pm"'" meJi.o, Thu-, 1~ >ohJ "'"'' ¡, olwoy, ti><'""'" since 
no""" mu'C> acoo" thc ;urfaoo of thc volumo. Tho flui~ 
ma'' Win. in gc:""r~r. cb:ln~ "'ilh ,;,.... "' the fluid flow> 
on an~ out o! l~c volumc. 

Thc cncr~y b..lancc. r:quatioo 1 t2) ca o .thon h< wrouen: 

dno1 dE1 dE, f 
fi-+no--•m-•- •l"'idu+O. 1

dl 
1
dt.'Jr A 

(14) 

Thc cnor~y flu•. q. con,im of th< cnr>duction and wn• 
vo<:tion compu""""· whi.h for a ;in&k·pha"' fluí~ can bo 
wrincn.: 

11 S) 

"'hcro f'j ;, th< ma" Ou, of fluid ano» th< ;mfa« A. 
1.; ;, thc c(fcctivc thcrmal c.,nJucti>~lY o! thc flujJ.,.>hd 
matri• e>·alual<d olA. l1;'TI! i; lh< lcmpc~atur< ¡;raJic•nt 
in thc maui• ~l A (""" a""""' lb.: Uuio.l and wlo~ •r< in 
thcrm¡¡f ''l"ilíbriuml. anJ E¡ i' thc cncrg)" uf lhe fluid 
C!O<"ng A. 

h>r compfcl<R<" o comprcnibl< ~·<><\, ~<rm lr<""iblc 
cunvcr,ion of in1<rnol <ll<!gy h> lino.:l ic '""&1" J ;,nd • •i•c<>u• 
di.,ipalion lctm lirrcvc"oblc cunvcr.ion <1! \,onctic cncr~y 
to inter.....r cncr¡;y ~y lriclioo"'f !urce• a1 tho.• lfuid·">li~ 

lnt<rf.,.·c,) .•h•miJ l>c induJe~ in ll"· Nl~nc·c "l"~liun. E""n 
llnuogh the>c t<rm' cmoiJ be ud~<d ¡., lhC pwgr:""· :ol t~C 

~""'"""l unoc. the)" ha ve t>o.on ncgl<otd '""."""' n i• i;Kiic·w~ 
lh<"" p~cn<>m<n> are prohabl) no1 imf'Orl"Bl in "''"' ¡:•-o· 
th<rn>al """"oír >)">l<ms. 

Wc can now re,. rile lh.: fir>! tcrm un lh< ldl·h:ond ,i~c 
of l'qualÍ<>B 114) as: 

"Iocr< Si> !h< m.<" injoclion rdtO. 1"'' nnit volumo. fwon 
"'"'""' "ithin V. Sub>litutin¡; l:qudtKm' < 1 ~~ :..-..! < 161 inlu 
1141. "'< h:ove: 

m--•~ jE-!:•If"·oiJu "' f . 
',¡'·''' 

+fA~o;t;;>Ti;·todu+O- 1i1SI'. (l7) 

Nulc lh:ot if thc ')"''""' i'Jdorming.lh< "''""''~~fluid 
<>ll¡:i n.oll; "ithin 1hc '"'"n"· 1' nu1· b< ch:m~in~ with lime. 
Tho>. V 1 ""''l ¡,., >l"'<if..,.¡ .- a r unc1wn nf tin,.,, ~"""'". 
an~/<>• tcmp«alurc.· 

Oiff<-r~nce furrn of [nrrgy fqu~tion 

Bcf '"" wrilin~ the diff <renco r,,m ~~ lhc cncr~y cqualion. 
,.ver al poml> 'hould l>o: ~i,cu"cd. lt ;, .. hiou> th;ot !:qua· 
ll<>n (171 con>;,,, of ...,, . .,,¡ unlno""" t-:1• E,. t" 1• T •• and 

p 1 h ¡, """"'"~ ihal lh< conduct1vity. 1. •• :•nd thc '""""" 
tetm>. Qo nd S. aro Jdiocd.- F111 a lWO·ph:,.., hom<>gcneo>o> 
fluid. une can >hoW lh:u lho: lhorm<>Jynamic "ale uf lhc 
fluid can be uniquely d<fiocJ in term• <>( •l• imerrul encr~y 
and dcn,ny. Tcn•pora\\1,., :onol P'"""'" do""' uniqudy 
defioc lhc !luid""'" >Í<><e. ~urin& pha•o change. th.:>< lwo 
variahle• may b< cofl~Un( while lh< floi~ """'1:1" i~ ~f¡.,n¡;in~. 

Wc coold "''" '"''" l~< '"'" cqualion> on l<tm' of imcrna\ 
cner~y an~ prc.,u¡e, ho1 in ord<¡ to &uaronl>"< >lT!Cl con· 
,.,v~lioon of mo ... wc wlrc lh< flow <<[Lt>IÍOn in l«m> 
of den"'Y ralhcr l~OB prc;sor<. 

We will3»ume lb:l!l l~c >OII~ and fluid are in lhcrmody• 
namic equilíbriorn: thal ;,. in <ao:h noolc "" a .. u,.... lhO! 
1hey are·" th< .ame tcmpcra\Ur< and pte><ur<. Knowin¡ 
thc tcn,poraturc of thc lluid will tell "' lhe """'I:Y of thc 

. wlid. Wc can thereforc ddor>< the sol id er><rg~ a• a fuoclion 
of lhc fluid cncrgy and dcn>ily. Tho• we Can WI!(O 

dE, • 

" 
[( ·~·) • (""-) !.e._]"'i 

ilfi¡ , olp ,, dE1 d< 
()8) 

We <valuatc dpfdE1 from compu1ed v.lo<> o! lhc lime 
dcrivoti,·c.: 

dp dpf di 

dE 1 dE¡Idl. 
(1'1) 

In dcrivin¡ th< differcncc equa1ions. a similar •itualion 
aris<> in lbc cvalualioon o! :OT ~nd :OP Ífl l<rm< o! oúr 
depcndenl variables E and p. Wc can write .l Tfor c•omplc 

•• 

>T• [(") '(") !.e._lilE1 ~ d: AE,. 
• i1F.1 , "!' ,, dE1 dfi1 

(20) 

In doríring 11>< finile d1ffcreocc form of \he """'GY 
equation. "" will u.c ""~<pwind"" diffcronci"S in thc convcc
uvc tran•po!l term 10 dcl<rmone th.: intcrf•« encr~y Th.!l 
is. th< inlerfacc cncrgy is nol dcte<mi""d by a op.:uo:.l 
intcrpolali~>n of 1hc cncrgic> of 1he two adjaccnt noolC>. 
bul ¡, ""wd¡;hted"" in lh< d!!<Ction from ~>ohkh "1hc fluid • 
cro"inglh.!l inlcrf.cc ¡, -.:umin~. This ""'Shtin; i> intuilivd}" 
CIIIT<Cl "' "'11 "' b.:in~ rcqui«d for num<rical stabiluy. 
Tho• 1hc oncr~y <>f tOe fluiJ al th< inlerfoce bctwccn """"' 

(21) 

E_. is 

. -... ... . .. . . . . .... ·' . . . . ~ . . .... 



e 

lASSET(~, 1'\1111 il~~~~ )()N, AND lii1'MANN 

ti><,.._.,~~-,¡ 11>< ~""'"'''"'"" "'"''· ''"~ 1 ;, lh< "''"''';"' 
'·''"" oo..J mu'l t..• ""'"""" IU ;onJ 1 11. 

l" ~"·'""""" ,.,,hollly. 11"" do.otO!J' in ti>< i1o1erf .1« <n<r~¡ 

m"'' t>< '~""''" 1bc ,~~;,,.~, '" '''" """'~Y.,¡ '"" "r''":"'" 
"'"''· .:.¡,-_ ~- .l~-... 

Wotb tl><•w polinh in minJ. and <lwrring ohe ,.,¡,_,,irt 
*· "'" c;on wrilc lhc tJ.Ifc><''"-' fr11no uf lhe ,¡n¡_:k·rh-"<" 
cr><ru cqrrortio."' as 

"·) !J.f:. . "' -- --
' <1F. ;· .lr 

' 
• -- 1.. IT - 1" J + '1 - J; S V '·· . ) . 

/) ___ ·- - . "· . " . 

-to'V[.lii r: 
L., .. ·-
• 

"'""'~E,¡, u .. fluid '""'~Y ol ooJc n. F •• ;, 1hc fluid 
llu"' ralO hdwcon tho noJ<> m ,onU "<r""''''' of joto ni. 
A,. Í> th< ~~~• t:<>nn<elul¡; oroJc, m ;ond n. /)

0 
• ¡, thc 

di"·'""' b<l"'''" ooJ.¡I ¡><>ÍOI> ".¡<kl m. f ·" o he ¡,·mpcWur< 
ol ooJc "· p,. Í> lh< den'" Y ol lhO: fluiJ ''""ing ohc 
bound;rry b.:IW«O or'<le> /oJ a10J ". (!. " tho "'"'~Y uojecli"n 

_r«<< irto ood< "· ~rkl S,¡, lite "'"" "onjc<lion r•«. pcr 
unil •olume. inlo ooJc n. 

To dcri>< 1he doffcrcnce lrorm of oh< '"'"·rlo.M """'~Y 
<quation. "'" nccd onl) r<«'Y""" oha¡ 1h< cou<ectiv< lmn'" 
por1 l<rm in Equ~liun 11.11 m"'' h.: rcpl.o~.,.) ~} '"" l<tm> 
J,•,cribing 1he cnn><<l•'< "·'"'~""' ,,¡ lrquiJ .¡"<) o·apor. 
()dinin~ !he oon•wti,·e ""'"P<ort lcrtn "' 4,. lh< tw•>-ph~>C 
convccli>< oran>pull l<rm can b< ~ritt<n: 

. q,·r~E.+f¡"JO,•[fi,•u:.-f:,,tlr; t2l) 

wh<rc ~·: io 11>< m;r" Ou~ ralc ,¡ »f'K" in ""'" o! ma•• 
p<r uuio """ per """ 1im<. r: ;, oho ma" llu• r;He nf 
liquid. E.;, lhc inl<rn:.l <n<r~y ni ohc vapor. li, ;, lhc 
Ílll...-nal cna¡y ol oh< lir¡ui<l. t'j ¡,lb.." t-.:1 ,._.,, !lo• r•l< 

ni fluid, ~nd f ;, lhc Ir"'""" ,,¡ lh' ""' """' !lo• rol< 
el ll<oid whido ¡, ""~''"· 

Nole ohot of lh< l~oid ;on-.J ""f'K" a« movin~ in <'I'PO>il< 
dirceo;,,.,,_ !he: vapcr fr.~cl~•n. j. n«J 001 1>< f'K"ilivo ''"' 

mo>t it' m.1;0U<.Jo t>o ''" '"·"' """, Tho '"o-ph.O>c cncrgy 
<~oalion ,·un lhcn h< w""'"' 

·( Jli,) j,/i ' v,, + "' -- ~ 
· 'liE,j,r 

• ::& {[E~.~ •tE:.~ 1:: ~){,,.,-
A . ·. . 
+~1 lT-TI)+"-~·sv IJ •• , -~ - • . .... . ••• 

~ ~-L r .lli.., F.~ 

t:24J 

Hcrc "" ll;o~o "PP'<"ion;r«o/ 11-.e ,~~on,o in 11-.e "'~'<'' 

fracli<>n .. r '"" n,. iu '""" ni thc: ch.on~'<.: in '"' ""~'"' 
fo;ocoirm "¡ ll"' "P'""·"" owck. ·¡¡,¡, bonly "" appn" im.11 ioor>. 
bul ~·e fcd '' ".>r:.oo•rtahl< for • nomf>:r of r<.o.<>n>. FiN 
of all. lh~ !in"' "~f'' hlf ,.,,,~~-are oypi~oll) muoh 'm;olkr 
1h-•n lhc ,-,cr~y lim~ <"""""''· "' o hao tho ionpli.-u corrcctioro 
roprc,eol<d hy 1hi' ""'"' i' veo y •n•:oll. s,,-,,,J(y. ¡¡,¡, 
~"umption "')'' ph)•i.:.oll} lhol lho: <:h .. n¡;e in 11-.e f¡aclion 
ol v.op"' "'"'''"g oh<: Ínlerl .. ce ;, appro.,tn.>t<J hy o he ch."'g< 
in lhc "~'''""-'m noklc ,..¡-.,.h '«m> r<a>l'nahl<•, A final 
pragnwti,· "'~"""""' ¡, 11\.ot ""~IU) can 1>< ~""'-'""",¡ onl)· 
1( lite ch~n~< in 11-.e ÍOierfa.:e cncrgy i> •~ei~hi<J IO"•'oJ' 

'"" "~'''"'"'"' """"· 
The Flow fqu~tioo 

Tl>c fl""'' cquaoion woll be dneloreJ by con1binin~ 11-.e 
cM>Cr>ation-<>1 """'" cqu .. lion, ohcn "'' m<d 1hc ccnoinuuy 
Cq<Hrln>n. with lh" COO><f'',<ll<>O·Of·tiO"nlCO(UOI C~U"(Í<tn 

"'hkh. in""'""' mc~i;o, ¡, ~ivcn by Thlrcy'> law. 

Thc '"""'''"'"'" ol "'"" i• S""" bY 

' . -cO¡ol- -ll·p•+S .. tHJ 

"'hcre do Í> 1hc pmO>Íty. p i> lhC fJ .. id dCn>ily, > i> lhC 
O•<<y •·docily of tl-.e Ouid, ~n-.J S i• 11-.< roan injoclion 
ratc per onrl volome. 

The coo"'""'ioo .,¡ nwnenlum ;, givcn by p_,1cy", ¡_.,., 
which in <l!ecl a»umos 1ho1 lh< mom<nlum of ¡he fluid 
c•n !>.- ignor<<l. Darc¡··, )a"' i> 11>0n only od<><<O balance. 
11 i' ~iven a< 

• K 
••--lllP-pg) 

" 
(26) 

wbore K i, o he inifin<ic pcrm<al>ility. 1' i> lhe nuid vi;co;íly. 
P Í< lhe lluiJ pre»urc. ond ~ ;, thc •<ccl<r>lion doe l<> 
gravoly. 

F.qwrti0<1 I~M can ¡,. oub<1i1oted ;,;,., tiSJ. yiddin¡: 

. • . [K l -I.WJmll· -(ll/'-p&) +S. 

o1l " 

f [ ,, "•·'] ,, ~ ,,¡ 

·f.[:p(lll'-¡•gJ·i•]Jd+J.sd<·. (~Xl 
11 wc """me: 1h:o1 lite l<fl·h~n-.J ,ide ol Equ~tion 12X) 

c;uo OC r<pr~'<nt<·J hy ''" :ovcra~e v~luc IÍm<> lh< rcénll 
vol"""'· •rki '"" righ!-hand ,iJc can f.: r<prc,;,nt<d h)· :on 
""'"&'>ah"' o>er O.>Ch ol ""'m ,utfa<< •ub-.c<:li<>n,_ "'' h.... . . 



,¡;,.¡,~,]-
"' 

)' 1 K ¡o!VI'-r~l-;•] A~ • SV. ¡;><J¡ 
'": ,, . 

l>'o>-ploa'~ fluiJ, "o h . .-o "'1'·''"'" !l~r~y C<!"·'"""' 
1 "~nJ liquoJ. 1 h< mub•l•l"~ ,.¡ ,-.,,h pha'c '"" lurloly 
"' <><af. • -

D.orcy">l•w (ur cach pi'"'" i< &i>en b¡.· 

•,•-/.l,]VP-p,~] 

•,•- M,[VP-¡o1d 

wll<rc ohc mobiloti<> are dclin«l ».' 

" M.·-•. 
'· 
' M,•-•, ,, 

1~00 

01) 

wh<re R, i• lhc: ••ror r<l~ti•e p<rmcabihly ond R, ;, lh< 
hquid rol•tive porm,.bihty. ' 

In gencrol. thc illtrin,ic p<rm<•bility lor cach pha>e ¡, 
11>c >amt. bul lhÍ> ¡, no1 :.n e»<nti.<l "''"mp1ion lor the 
dori• •<ion '" '"luticm m<Ohod, 

··.~ p,•,•- M,p,IVP-p,r;l 

M,~ 0 1VP-p,~)-

TI>< totalllu• ;, 

F ~ r, + F," -IAI,p, + M,p119P 

~ IM,p~ + M,¡•,'l~- '"' 
W< will •ub<1itLH< thi, !luid flu> fur p• in Equ~IÍ<>n 125~ 

We can ju,lify duin~ 1hi> rather 1h.1n wr ioin& '"P"'"'' "''"'. 
con>Crvation «¡uatiun• for <3.:11 rt..o~ b<c~u>C th< totol 
~"'"""' of ca<h pha>< ;, not ~><iog """'crvcU. but only 

'th< tot..l •mount of fluiU. Wc muot, h<>w<'"'· ~nov.· '-'hat 
fraction of thc no;. i• •ap<>r ou·pmp..:rly compute Cite 
con•crvatoon of encrsy "'""ha ve ,h.,wn. Wc a!C implicotly 
•"umin~ 1 tro.t th< two pho><:s "'" in thcrmodyrumic cqotl•\>
rium. Thi< m"""''"''' th< dlllra.:ten,ok timo for th< c<¡u,r,¡,. 

riun1 P'"""" '"''"'""" rtu••• in a ~ivon n••.k i< •m•ll 
comparcJ to llk: tyri.:al tirru: ""P u..:d in muo.lollin~ thc 
oy>tem num<ri.;;oll). Wc 1«"1 i.uuiti><l) tt>:ot thi• chlorac
lcri">< time¡, ""·•11, hut th" ""umption n»y ¡><ri>.IP• b< 
iR<:<>rr«l unJt•r wme conJoliOn>. 

Following the '"W"'""" of S. K. G..,~ tp..:r.onal comm .. 
1'1141. wc can "'"• a combi,.cJ fnrm uf thc fluiJ flow 
cqt.oui<>n: 

r .. - IMrr•vr • clln 1 1·~ 

wh<retMpl""' M,p, + .lf,p,~nd(.\lp'l• 2 M,p~~ Af1p¡. 
Tho IIVO·ph.r.e ll"w ''4""''"" """"'P<>nJrr•~ tu thc ,in¡¡k· 

pl:mc flow 1''1"-'"''" 12~1c·~n <h<«lure lk: ""''"""' 

v¡.:.,4r~r]-) [1.\!¡ri''VI'·;, 
~· -: 

.~, 

,,. . 
Dil!t•fl·nc~ form of llow fqu~lion 

Hntlrth< "'" · .rnJ lv.·~·rh;,"· fl<'"' <~"·"'"'" •·.1n ¡..., """"" 
in ti>< ¡.,,m ni tire ll<<>·ph."< Ll''"' cqu,,;,.,, t:i><ll a> ~'•l"·'linu 

nn ll,in~ •1>.: ~""'""~' "'"'"'''"~' n•cth<.J Ue>·l"lnr•cJ m th< 
<eolrrlr¡ ,.h<,.·o. v.o corn v.·ritc th< COtiC'i'<""lrn~ Jrlf<I<R<:< 
c~uati,,, fnr [~uation 11~! "' 

") .loor • . -.- , __ _ 
~P • lr 

. " [ ('·"'·) F.;-"'·- (M¡ot:- D. __ 

. -1~::~'1:.-~.-KJ +S, V.' ()9) 
"h«< ¡.\ •. _ ¡, thc d~tection ce>inc l><t,.«n lh< ""'"'"'1 lf<>rn 
n<><lc "'" "' •nd th< ~r•v11atinn;,l accdoraLI<m vector. 

· T~c complete Jrllercru:e cq<>•Hon can uuw be wrincn: 

whcte 

.~-""'·'""'·'"'"''\'é'c'''''!"'-r/.Jp): __ -
d,.(Mpt:, + d.._.t.l!pl:· 

IMr'l: IMp\:d,- + tMp 1 l~(MpJ: d-. 

d •.• tMpl! + d.._.IM~I: 

The valr•c• o[ (Mpl: _ and IMr'l: _llave bcon Jcrivcd 
in term, uf th< v~l<r<< in IIOd<s n and '~' in orJer to r;u:<rallt<< 
thc continuLty o[ lluiJ llu, ond pr<s.urc at tllu int<rfa«. 

Wc hoovc now dovo)<~pe<l the nOw Jiffcrencc "''"""'"" 
whi<h ;, solv<d to¡;cth<l "ith tire cncr~y Jtlfereocc e~uatiuu 
hy thc SHM'T protram. 

fXAMPUS Of RESULTS-

To illu"nuc •omc ca~al>ilitieo of the SHAI-T rr<>~r.m. 
pr<limm,,)' rc>~>lt• hum '"" 1"'<>-rba•c ¡;c<>lh<!11'1>1 t<>ctvoir 
>imul•ti•"" will 1>< ~ivcn. E•~mpl<> ,.¡ ,.,,. ph.1>C rr.•hlcm> 
solv~ by U>< ol "" <~tb<r ~•r>ion <>[ .~IIAl·T Ira ve 4hc4~Y 
h<<n ~i•ou,,.,~ by l.o.•CI<r at><l Wllh<t>pO<>n (1'1/4!. Tire 
ro>ull> ~''""'"'"locro Jcmon'""''".lhc •prhc¿l'"" ol thc 
PIO&r.om 10 )iquid-<lomin;rtcl•nd v;prrt·JominatcJ p•llher

n,al •y.ocm,, Whil< th•"' uamplc, ~re ,;m,l.>t "' ''"'"' 



• 

e 

' ' r 

c.. 

--.. . . 

17H 

'~""''"' "~ .... ··bol•• 
Fluod tOO<f .. lovn, ... ~,J,,,...o,.,..,,, 
o¡,~..t bo··· ,.,..-.,, 
!.~ol ,¡,_,..,,, 

"·' ~Omo~.U.<•~ 

O(,'; 1/~o·"C'"-"< 
I.IR 1/m '(·><e 
I<UI J/~K "C 
IIM<m' 

·~•('ICel< lo ui>1io¡¡ ~'<."<>thÚ;.,al >Y•I~m•. th~y are intcndcd 
primarily "' dcrnon•l~•tion\ ol "'" prn~ram's ca~ahilolic• 
.,.d no aucmpl ha< l"'<n madc lo mn<lcl actual f¡cfU bcha•·ior. 

liquid-Dominal.d S)"lem 

· l'or a liquid-domincMd 'Y"<m, "" ha\c >ekctoJ an 
. ui•Ymmtnic modd :!1•10 m hi{!h ami !>1~11 m in r •Jiu•. U,., 

mning con\i>l> ol 10 "'""') op,occd >~llic•l nt>Jco .onJ 15 
cvcnly 'P'<"Od hori'""'·'' noJco. Hoo w;llcr al a lcmpcraLLJI< 
of 25/rC ;, upv...:lling in<<> ¡J.: l:.ouom ol<l<lc nn tho ,,;, 

al a r•lc of 100 '""' pcr Jay. 1!1c OOuom buuod;"y ¡, 
oohcrwi"' • no-rlow l~>urniar) hdd ata<""''""' ocmpaatul< 
of IOO"C. Thc IU(I tx.umJ..ry ;, f"'<mcabl< •nd ~d•~"'-ioc ,..¡,h 
oh< pre<OUft al oh< bouru.t.ry !><in~ hcld al 1 lg/cm'_ Thc 
oohcr bound>ei.- ha•< no flow <>1 h<~l or fl .,;.r "' '"" thcm. 
Tto< con"""' maomal poopenic' "'" ~'""in Talole 2 Jnp"l 
l•blo. giv< lhe ime<""l cn.:r~y. d<n"IY. vi,co>ily. aod plut"' 
ol the fluid "' a luo.:tion ni ocmperalur< ;,od pr<»Uft. 
1\ola!ivc l''""eaholuy vaiU<> a<e t.Lhul.leJ "' a fl,.oCHon of 
volumooric •·apor '"'"'al ion, 

For •implici1y, 1hc: probkm "'a> •••rt•d wi¡h • unifurm 

//'---······ 
•~oo,~--···· 

Poodu<•"'l '""""' ~----· ••••• '"''"-·········· 
1000' 1"----·--·· ······ ' \------- ....... ->OO 1 ,_ .. ,, ....... ··•·· ,--- ......... . 

o ----.... . 
o 100<1 2000 JOO<I 4000 

I!Gd.,IO,.IOfi<O,m 

F igo.ue l. l iquid-domi""t<"<l '"''""' ,Mwon~ ,,._¡ ltmperatur~ 
lio·ld, 1111 do.•n>ll~ ¡,.Id, tCI '""" llux lo.u '"'"·'' >l<'ody "ale

condotion<, and IPJ ""'" llu. ~~'<~ lO year> ¿,¡ prod...ctJon. 

tconperaturc :u\<1 1'"'""« c><rywherc "'"' "'·" """"'"' '" 
ron unoil a >tc...Jy >ldlc ""'"' rc:~<:hcd. Th" "'"""'"'·'''"" 
·runnin~ 11>< prol>k"' f11r ap¡>ru•imaodv """ """"'" d"Y' 
of ph¡·,ical ¡¡....,_ "'hi.:h r~qonr.:~ .o\>.>1U mi ,..,.,.,.,_¡, ,_,r 
conoruoor oim<>. lll<: l<mperalurc, J~'"'W· a11J fl"w f1dJ, 
ar~ 'hown in Fi~or< ~-

H.ving cota~li>IM:~ <he •«•dy·>~atc fl<>w ficld;!idJ pru
ducoiom "'"' oimub11·J t>y withdr;owi<~g fluid frnm llw '"'Jc 
un oh~ ~,¡, al a dcrth ol 7!~) m >1 a d•ily r:llc uf 11~1 

10n, l•lb7 l~/hr)_ Tl>c flo,. lidJ und<t ohc>C ""n.loti""' 
ofler ~n )'Nf> ¡, >loo"'"" in Fi~"'" 20. Wc >« th.ll thc lluw 
i• no lonc« m.win~ '"oh< >ulf.oce "' l><furc. h11t Mw ¡, 
di<ect<d 1ow~rd> the ,..n_ Thc l~mp<r~turc ;uld Jcn>IIY 
di>lri~ulion• ••e ""' arp«ciably ch~"b"-"\1 frum oh,•ir inooi.JI 
valuc>, e ven ahcr ~O ¡car>_ )1 "'""' lh"u~hlllmt '"""" ph""' 
changc mi~hl """'" l>y ohi> lime. but thi> Jid ""' lurr<n . 
h ¡, P<l"oblc ohal ""h o h;~h<< bonum-bound.lrl ,,·ntpcroto.lle 
and with finer '"'"'' ncar th< wcll ;omc pho>< 11,,..,·,·.,,,., 
will dcv<lop. 

V~¡mr-Dominated Syslem 

T 0 >1ody o .:>por-domin.loed •y«o.m, a mod<l ru ... J loo•cly 

on The GeY><<> ficld ""' ..,lccocd. Thc moJd """'"" ol 
an •üoymmclric >)'>lcm ~l)o)O nt in r>diuo and li~Xl "' hi~h. 

Tloc '""'~\& """''"' <>f 1 ~ evcnly >r•<<d Ílttd« in thc ><rli.:al 
Jircction and 10 noJe, in 11>< hori1on<al dir«tion ,¡,,_,,. 
•r•cin~ increa.es ..-ioh ,,,Jiu•. ·¡he '-'""" nt>lori~l rrul""""' 
a• ~ivcn 1n Tohle 1 """ u,od c>C<pl \hot ohc rcrn,oet>ohry 
;, 1 darcy and ohc >y>tem is almoS! compleody folkJ ,.;,h 
"""m. The boUom bouodary is a no-Ouid-nuw buur>dary 

- -
D ... lr»o·e 

1~ 
. .. - . 

~~"~ 
• .. 

... . ' • 
'· ~lOO<> • " .. . . . 

!1 1 ' • . . . 
l/1/~- . 
//...---- . . .. 
----- . . r:-:-... -""' ,,, ... -. 
\\\' ... . . 
1\' ' . . 
" • ' • . . 
"' ' • . 
'" ' ' .. 'ilU LLL'II~IIIII J 11 1 IIL .• ' 11 ~ii..LJ_l__,LL.LJ •=o 

fl•''"' .......... .. 
F ·~ur~ J. V•po.--dt>min.ll<"<l <1"'1<'111 >ltow•n~ rewrvmr <<><do
"""' •11•·< 1500 tl,ly> ol pr<~lu<l«ln' ),0,1 rn•<>w•· ln·ld, 1111 

t0mP<·<alo<l" lodd. 10 val''" llu• ;• \DI lo~uo<l fl"'-
• 

• 
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MlJI TifO lA~[ MUl llf"~IL "'"' >N M. SLMll\ A\~ )N Of ~[\[~\/OW;S 

¡;"·d "' " '~"'~"'';'"''" ,r ~~11'"(.'. Thc "''~·• "'""~'·" ,.., "·'"" 
• "" fl<>" .,¡ loc.oL ur UuiJ ''"'"" ''"''"· Soc~m ;, '"''"~ 

'>hJr;1,. n ¡,,.,, lh< Lhr<< no..Jo, n<.l!c>l LI>C .,;, "'" J•·ril• 
100 "' "' "'"'"''"'"uf J • I<L'Luo>/J.or 11.~1 > ILL" 
h!). "l'hi> llu" '·''" "p«>h.,hl) '""'·"'""i>ly hif<i,, ¡,,,, 

'"·" ,d<CL<~ '" ,.,,,.,;"" Lh< plul>kul .,¡ h\La[ >Y'L<m Jcp],. 

• 

1¡,,., ,,. tt>C dle.1 nn • bolihn~ '"'"' <11 ""·""' lh'>l ""'" 
"""""'d '" < ,¡,, in ohc h<>L\"m ~'" '" .,¡ tt>C •crll<al <"1"'""· 
·¡ h< ')''""' !,.·&in, "' ~ L«npora¡urc ¡,¡ 25li"C" nJ "" """'·'~" 
P"'"""' ,.r ."1.1 ~g/cou 1 . 

1'1"" .,¡ '''"'f"''""""· P''""'c· liq<HJ n,,, anJ ''"P'" 
llu< afie< 1~1~1 ob)~ <>1 pL<..J,,,;.,. "" ,¡~'"'" in r;~'"' 
J, lb<: b.~IU>g al th.: l'oolh>m .,( Lhc ')"'·•" ¡, ci.:"Liy '<<n 
¡,.,,.. thc ><<101 ploh rh~. J C ,onJ ll¡. A' tiH: '"'""' ,;...,,, 
1 1>: tiqui,l m'"'' <l<>w"""'J ;., r<pl.<t·c io. '1 h< ~"'·'~" ') '""' 
lcn>p«•H u« Jc<~<">"'J 111 '''"'"' C21T ,,.,,¡ lho rncon 1''""'"" 
.,r '"' """'" "'''""'" ,¡,_~·,..,,.,,¡ 10 ''"'"'' ~.1 ~g/ cm'. V"~'"'. 
J<lmil>'>kJ 'Y•I<m• u,uolly r<m;<in ;,.,¡!,crm~l. ,,. "< '"'' 
1"''" lhal lile inpuL C<>OV<r¡;<n<c ~ri«rion fu< lhio probkn< 
w.» n<>l ;ukqu•l<. Wc u<~ cu!lenlly in•c,li¡;;<hll!l Lhi>. 

ACKNOWUDGMfNT 

Thi< wor~ "a' pc<lorm•J U'>d<r ot>C "'"ricc'l ol <he U.S. 
F.nern R~..ca«h and Ocvdopm<nl AJmini>Lr~lion. 

REHRENClS C!HD 

Uar<y. 11 .. 1K~6. \..<" lonl~inc' publi4""' Jc la vilk ole¡¡,¡,'"' 
l'a<i>. ViCL<>< D.olmon1 . 

~.d~ord,, ,\, l .. , Wi~. '11\UMI': A''"'"!""" P"'~'''"' ¡.,, 
\>.,.";,.,, ""J '"'"J) "·''' l<n,ror,"'"' ollllfi~uti,,., in 
mu~¡,¡,,.,, . .,,.,"''l ')''''""' I.Í"''""'"· Cal•f,>rni.o, 
l.a"'""" l.i•«m<>r< i.<•b. Kcpt. UCKI.·UI~~. Rev. 

' ~:'""'·C. 11'., llrmh"'""· 11. J., •nd J.><l"l•·•d. R., 19.1~. 
ILlll.ol>lill)' COHllioJ<O,>Ii<'>ll (<ll l'.>li>>l" J¡ff<rcllCO C41Lo>• 
,¡,.,, d'!i«J fr<1n1 tl,c Jo(fu•iu<l "4"'"'""' Li>cron<'O<, 
c~L;r.,,.,;,, l.:>"LCn.:o Li•crmur< l.ob. Rcp1. UC\\1.· 
4~1!>. 

u.,.,,.,, T. J .. 1975, SIIAI·T: A compulcr pn>~r•m 1or 

<he "'""""""! "mul,oliM uf hcal an<J "'"' uan,(cr in 
muhiJuncn""'d lw<>·rl>'"" gc.,ol.crnlal '""""'": I'Tc
lim. t<'pl. 1>y C..•onuclc:ot N<>h<l P "'~· Gcncva. S"' iiJcr
la,., lO I~C lAo"!C""C Ucr~dq i.ol~ .. lkr~cky, C~li
l<><ni•. 

1 ... ""'"', T. J .. •nd Wiolu·r.,..,..n, 1'. A., I~H. llndorsruunJ 
,\<Jra~c o( liquii><J "·"""~ ~,.in ,..,,,;o, '"'"'~d by 
""''''"' "'rlo,iw-: Ue~ ~<ley. e,,,¡,,,;,., llniv . .,¡ Coli· 
{nroi.1• l).:pl. <1f Ci• il En~in«rin~. 1 \JI>, ""· i4· 1. 

w;,¡.,"l'<"'"· r. A., !"<uman. S. P .. Su!<), ~1. 1 •. , and 
IJppm•nn, ~l. J., ¡•n~. ~IO<khn~ ~':.>lhcnr'"l >}"e"''' 
l~<'lOnlcd 01 lh< lnl<rMlion..l M«Lin~ on G.:ulh<rn1al 
Ph<ll<>mor>a and 1" Appllcali<>o>, Acc~Jemio N.<ú<>n•i< 
doi Un,-ci. ll<>-.c llk!~<l<Y. CaiLI<llma, lAowrcncc 
Ucr~cloy \..ab. r<prin¡ Ll!L-l:?.6J). 



• 



A C CA O E 1\:f_:f~A:__:N:o':_A:_Z:_l:_O:__:N_A_L_E_D_E_I_L_I_N_C_E_I--j. 

ATTI DEI CON\'EGNI LINCEI 

30 

Convegno imerna2ion~le 

IL FENOMENO GEOTERMICO 
E SUE APPLICAZIONI 

(Roma-Pis.a, 3-5 mar:w 1975) 

(E:STRA TTO) 
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ACCADEM!A N¡\Z!ONt\I.E DE! LINCEI 

P. A. WITHERSPOOll, S. P. NEU).!All, M. L. SOilP.V and M. j. LrPPMA);N 

:- MODEU:\G GEOTHERMAL SYSTEillS 

[NTilODUCT!ON 

Geoth'"">Jal systerns are cecdving moc~ and more auention as an altcr
nativ~ S<JUCCe of cncrgy and, consequemly, thcrc i1 growing intcrc<l in attcmpl· 
ing lo understand their naturc and hehavior. Onc appro~ch to this prohlcm 
io lo au~pt to deduce !he physical behavior of such 5ystem5 using a mathc
matkal model. Such a modd consists of a sot uf cquarinn1 thar dcscrihc thc 
processes occucring within the systcm and thc l<llution to thesc cquations 
subje.;t lo o>nditions that prcvail ar a pa"icLtlar site. 

The model approach has two importan! applkation., r) thc gcotho•rma¡ 
systcm under na!Úral conditions bcforc bcing disturbcd by man, and z) ¡)¡,. 

geo;othcrmal systcm during cxploitation. Nawral gcnthcml.ll systcms ha,·e 
bttn inv~stig.¡tcd by a g:ceat m~ny wockcrs. Thc rnain thrllst of such Sl\tdi~s 
has been lo undtrstand how geothermal O)'Sh·m• can f<Jnn nnd porsist within 
tho """h's crusl. 

The mathcrnatical modd can also be appli<"d lo the problcm of cvalllating 
the hehavior of a gc..,therma! systw, during cxploitatinn, One of the mo;r 
critica! ¡>roblems in de•·elnping such s)'S!Mn.s a• a viable "''\ltCc of <"ncrgy 
is that of dctermining that a pa"kular ccscr\'OÍr onet• díscovcrcd i> capablc 
of prodtlCing significam qu_antiti<'> nf cnrrgy ovcr mcaningful pcriods o( time. 
Tho modd is oM of 5<:\'.,.-al tools that can be uscd to analyzc this prublem. 
During thc cadf stagc-s, the modd may be crodc, but iu application ¡,, Jl·lr•· 

mctric analysis of the field data can prnvidc •·aluablc limits as ro wh:u can 
be CXJl'Xll:d. As more data bttome available, the model can be <l'finOO and 
such engin<'Cring qucsti<>IU a; wcll spacing, optimum ratcs nf fluid withdr;m·al 
and cffe<:"' of reinj<"Clion can be 51udi00. 

ln this re•·iew, wc •hall nostrkt our attcntion tn hrdmthcrmal syst~m->, 
i.c., lo g<:<ltherma! <ystt·!ll< inlulving wat..-. Wc shall P•'l' pnni~ular attcntion 
10 hydrothemt"konn-ction S)'>IL~ns, in whkh most .,f tlt" hoat ¡, tc.11l.,ft·rrcd 
¡n cicculating ftuids rathc•r than by licat conduction. Two broad rypes of 
hydrothonnal s)'Stcrns are cccognizcd: t) hoHv~tcr, antl 2) ,apnr-<lorninatt'tl 
(Whitc, l9i3)- ·''' 
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'• 1111' '•••·W,'III'I 1'1'" W'lll' ./?11' ,. 1 1 1 
' " 1 °0 " • " \~ """ ""'"'" ~'""'" t ll"f""l[;" ,.,,¡ th~ 

~)'"''~" ;uult.'""i<~•·< tk pn'S<Lirc o·nntrol. !'ni\IÍm1il)' .o( 1lw liqlli<i ph.o-.• 

"''""""' fm "''"'"' pr<"<Sun·• thM arr "''"' hplr,.tatio· an<l tho• pnvn,-,. 
of "'ho!.J, ... ~lts that are nut fnuncl to any si¡:nif!ram do-¡:n·o• in ¡.,w-pn·:<."'"' 
"'·am. _ In tho• ""I'M-dmninal"l typc, s!Non. is tht• coJIUÍnunu,, pn·>Oun•
OHIIn•ltnt¡:t pha"·· althuu¡¡h tho•ro· is ¡;:col!'ral OJiT<TII\cM that lío¡ u id wato·r ""~>l 
al><> ¡,. pn·;~nt (Fan·a and Tnnani, o91ii; Eldt•r, 1!)(i5; Co-;ti¡:, ¡<)ex;; Jam

1
.,., 

r968; .\larino·lli, r!)l.i9; Scstini, 1970; White n ni, 1971). 
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Enlhalpy (he al 'canlenl), cal/gm 

1 
Q 

Fig. l.- p,.,....,........,nlhalpy doa~m fn1 pu.., wat<r ond ""!">'· >hvwing amlnu" o/ <qU.J 
«mper><m<, don.cly an•l '"•" P'"~"'"'"'" of "'"m \o wal<"r. Open oir<l< in<l•cole> muimum 

<nth,,lpy ni """'""'\ >1<:\111, O¡o cal/gm " lJÓ "C ocnd ·J 1 . 8 k~/cm' 

(..11<1 w • .,.. '"''" "''' 

:""" intriguing <]UO>tion ariscs coneorning thc initial con<litinns nf v•por
<i<>mlt!Okd systcm<. At d~¡>th< klow 350m, t!l<"y all tend tn havo tcmpo·ra. 

hm:s n.-ar 240 OC nno! !''"'"'"'"' ti<"nr 35 kr;/r1111, whirh ""'"11)• nwan• wdl 
l>o·low hydrostatíc (\\'hile, 1973). This unifnnnity ;, thc inilial conditíon, 
" l.di<•l"o-d 1<> l>o.· >tmngl)' int]u,•n•·•~l by the maximUin •·nthalpy of satur.11<~1 
stcam (James, 196M: S.•<tini, 1970; \Vhitc tU al,, 1971). . ... 

Th,, lll~ll·rial .urol themlodyroami~ ptu¡wrl;,.,",.r tlw <liiT<"mll rompllO<•nts 
of ¡;o-<>llwrmotl <pl<·n,. are an irn¡wn.1nt <nn<ider~tion in any atkmpt ¡., 

dndop rcali>IÍc mud••l; ofsud1 •ph·nlS. Fi¡::. t l'""'"niS a prc»urc·t·nthalpy 
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ram for pur.· w~1cr al pn·ssmrs up to 700 kg/cm' and tcmptraU\11'! up 
oo"C. Dissolv<'<.l salt< are . .,¡ comse, ronlt\1~111 in ¡::<'"llwrm:,A, . ., and 

1 
studi~• on thc cfrect of salinity on h<-at raparity ("'t•\rn! and "'fflllr.1, 1!)64; 
Likkc and Uromlcy. 1973), dcnsity (Ibas, 1970), viS<'05ity (Mauhcws antl 
i Rus><·ll, 11)157, fig. G 4), and mil.ximum thcnn~l gr:uli<'nl (Ibas, 1971) oi 

brinco Me al"ailahl,. llci¡::<'S<>n (1<)68) ha> in>'c>tigal<"<l thc th .. nnndytlamic 
charact<•ristics o( thc Saltun Sea gcothcrmalsystcm whcrc the highc>t cnnccn
tratioM, approachin¡:- 300,000 ppm, ha ve IK"<'n found. 

Thc thcnnal prol"'nics of rocks are .•·cry imp<>rtant síncc thc dominan! 
fracli<>n of the total encrgy in a gcothcnnal oystcm io in thc solid nJatrix. 
Comprchcnsive tabl<'S of ·thcsc propcr!ic; for dry rocko ha ve rcccntly hecn 
oompilc:<l b}· Kappdmcycr and Hacnel (1974). Thcm1al oonduc1i•·itios 
for most dry ro<:ks rangc from 4 to 10 m~al{cm occ OC; opecific heats are 
approximatdy o. 2 cal/g OC; and thennal ditrusivitics ran~c from 5 to 15 X to4 
~>'/sec. Kappdmcyrr and Ha.·nd al•o inch,dc thc cffecto on tht·sr thcnnal 
propcrties of tcmp~ratun: and pn:ssure. , 

Th~ thennal conductil"Íly of Huid-saruratcd ro<:h io dcp<'ll<len~ on the 
condnctil'ities of thc dr)' rock and th<: saturating Huid as wdl as thc physkal 

1 proportic.,. of thc rock. Anand ti al. (1973) and Smncrton <tal. (1974) have 
•hawn how thorn.al conductivitics inneasc with hrin<" •auoration and become 
mo.-c ocnsitivc 10 tcmpcralurc changc. They discU" corrdations for prcdicting 
th~nnal conductivity from otl\cr rock propctti.,.. 

Thc hydraulic propcrti"' of the rocks are also importan\ since they control 
thc Auid muvemcm. The ab><>lutc value> of p~rmeability and ¡mrosity for 
rocko vary consid<•raLiy and m•m he mea>urcd or e5limated for any given 
system. A fcw workors have studicd the thcnnal effcct1 and report that th<: 
absoluto pcrmeabi!ity tends to dccn:ase, somoti,;,es oignificot~ttly, with incrcas
ing tcmpcratun' (Grccnberg ti a!., t9(i8;. s·anyal <t a!., 1972; Ca,.o, 1974). 
Them are alsn important dl'ceto of tempcraturc on relativo pcrmcabi!ity 
(F~monson. tg6;; Davidson, 1!}69; Pooton ti al., 1970; W<:inbrandt ti a!., 
197>; Lo and ).lun~an, 1973; Ramcy <tal., 1974). In studyin¡:- the cffrcts of 
P'"'"'"'• a numb.,- of workcrs (Knutson a~d Bohor, 1963: Brace ti a!., 191)8; 
VaiT<og< el al., 1~71) ha ve suggestrJ that pcmtcability dcpends only on effcc-

r til'c .1\r<•ss; that ;,, permeability ¡,dependen! only on thc dilfcrenrc betweeri 
1 hydro$1>.\ic oonfining pressurc and interna) pore pres.surc. Howc\·~r, Zoback 

and Bycrlce (1975), havo rcrcntly shown that porc !''"'"""' has a signifi
cantly larger dl'cct on p<•rmcability undcr i>Othennal conditions than does 
confining ¡m:SS\Lre. 

In thio re,·icw of th~ prohlem, involvc<l in moddín¡:: g~..,thennal reser
vuiro, wc ohall firs! prcscnt tl\c g"O"<TTling "'luation> fm t•nergy .. nd mass transfcr 
in porous media, Thcn \Ve •hall consid,•r sorne nf thc (undanwntal concepts 
that ha\c l>o.-cn dcvdop~-d fur factors th~t affe<t thc dcwl<>pmcm nf free anJ 
furn·d con,·ection in gc..,therm~l syst!'lllO undcr natur;tl condition•. La;tly, 
wc sh.•ll n.:view 1hc n:sulto of severa] cffurts that hal"<' be en madc 'to model 
gcothcm>al syotmJS during cxploitation. 
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O.rl\'J:I<~I~r. EQt!ATiil~,; 

!~·t '" c·n:><ider > pMom ro,·<liunt O<lll1]~otd:: <ar,n.11<tl wi:h ~ ,;ngk
''""'1" otWI\l l:mn<><,:~'""""' tluid which ,·an he cith<'l' ;,. a liqLiid <>r 1::·'"""" ;J;'Ltc: 
TI u- li•¡uid and ;:-"' ph.~;c; ar~ a"umed to be >qJ.1r.1t< <.1 ]oxallr Lr a di,;inc: 
;.,,., í.wo· dt"' 1<> ,·;q>ilbrity. ~¡.,,..,, ma.« ntay 1"• tran;i,·rccrl fron1 OM phasc 
w .1 ~'" hcr .J eco'' tht: i n:c·rf.u·•· hy 1 aporüatÍ<\1\ nr cnndeJbdtÍ<>ll, ir ¡, ,.,,., wni<'•1l 

1" 1\'tÍI•· ,, >in;;!c• m.l>> h.danc<" '''l'"ninn Ú>r Loth pha;cs 

"' 
e«~, J,J.L'-r.<') 

?·' ~,=-~_..1 \p l';·r,o V; 

All mntht·~Jatical <rmbnl< appe.uing in th~ te.,t -""" nlacr<l>e<>pi.: <]LWIIÍ
¡jp; ,Jrfnw~ "'"'"a I"•'PI'<''''"'alil't• dc•m''"l"'Y I'•Jlnmc oí tlw ¡><lmu• me<lium. 
¡:,, a dcfillt:Í0" M t]H$C ~yml!o], ¡]¡., r~a<it•r Í! ro!Crrc<l ;<> th,, :\omcttcla. 
1\lre. 

h ;, go><or.Llly loclict·eJ th.1t c.1pilhrr Jl"'"'""" bcrwcc~ thc· pi'"'"" is small 
n·l.1ti\"c \<> ~I>S<>hae pr<"'$sur<·, and 3> ea<h ph,\>e Jt\3\' ~-"" indc¡><ndcntly, 
wc •hall 2•"'"'~ lhn·y's ]aw in thc fnrm 

,,, 
(J) ( 

op e, ) 
-,-:-- p g¡ 
"'1 

The r,•l:!tivc pc"ncal>llitic> ,f!· anr! }~' 3t~ ¡,.,,ninns ~f flni<l >'<l<Ltatic>n .or.<i, 
"' memi.,ncd e:n];,.,, thc)' m,,,. a!su he ftll;<ti<>:J> of l<rt>pcr.LI\Ir<r. l\c•nm 
"LtdÍ<'.< (Coats d ,,(,, '!.17·1) indic·a;e the bllcr df.•,·t ;, intJ"H'Iat" and ,)Ntdd 
lo<· t~k,.n in;o .1cconnt. 

An <n<•rgr habnn· <·<¡uatÍ•tn "''"' ~];e, ho rnn.;idrrcd, ,,,,¡ "n" way t<> 
<h·I'ÍW >Udt .1:1 <"<¡H.11Íoll Íll IC"nll.' OÍ :]l.'!(tQiiCO)J'ÍC <JU<'C:,,,;,., j, 10) f,.u .. w ~n 

,,,.,,,¡::in;: l"""'~lun· ("<'<' :\p¡wn,Jix). E<]UOIÍ"" A >t Í<" g:cn< ral ¡.,,.,, of ,¡,~ 
m01·ros~opir ctw,.,~y J.alon,·c f,.r thc ,,.,. tdwrc irrncr,;il,lc "'"''~'' ,¡¡"';f>a<Ío:J 

~~ llll'\'bnk.\l •·:wr:::y ..,,,_¡ tran.,fcc of kinctic '''"''!':}' 1'"'"'''.''" tluid '"'d r<>c<: 
""' n<"gh·to·d .\n ""'"'111'1 ¡,, ok:·iu·" ><"1 .,{ "'"''' G'<'!\cr.cl ,·r¡,ati""' <"o::-i<lc•:· 
i11¡: nwrhonio.t! int''"«'IHJll ¡,..l\\'<'t·n '"''k "'"1 iloti<i h~' IJ<·c·n np•>rtL'd r••r..r:tly 
by llmwntll rl al. (1\)1)). lt Í.< ''"~nnury tn '""""'" tl:a'""'""l¡· is th<· ,.,.~,. 
ilbry prrs;tlf<: '<"t•>, Lttu uJ,., th~t th~ S<liid, lic¡uid, :tn:l l:·" ·"" !v.:olly in 
!hcn11ol <:qn\librium. In tlú> co'e (.-\o¡) r.•htc'N 1<> {.-\o~) 11hic~ con lx: 

n 
n<nte mr.c·onient!y with""' th/ ~~:::ulilr hro<kC:• "' 

Corul"conc >c.J oli•poroivo 
intcrr..d •·norg¡· f.11x 

~I.LLGGC JLc --(:; ~ v·+~ < ''·1-P-(r' +••·) 
:.:..-,· '•' h;'' 

,_ 

1 
' • 

1 
( 

!'"'"o! ,..,,.,,.;oto mtdo."ticol cnor~v 
(wor•) cuiL'occ,:nn :o IH<crJ<.,l onoo;y; 

(;) ·' s'·" · s" r.+< "'•i = 1' ~.¡..,.. ~ :<;; ' 

Labor~to>ry cxpcci:-nems ehow that ~-~~ Ó> r.ot alwoys ¡:inn i>y (;) (Cuntloar
nom ond D~ries, 1913, rlg. 6), thus irnp]_,·in:; th.<t th•• ~>su:nptiún nf loe..,] 
thcrnd e<¡uilil.riHm m..,y rtot "]w..,ys )tole!. ;..¡.,.,.,,·~r, ~' Hle'J'tinn~d ,.,r]¡,,,, 
th<••mol cond~ctitity may al;n be a f~Il<:IÍrtn of tc•r,p•·caturc. 

E<¡c:otion .¡ca~ Le rcf<>rntlll"'cd in tam> ni omh;:py by "'ritillg /1- }/;. 
in~(cad of r a~d. a> .,hown in (A 25). onc thcn ha> 

J(o/>) 

" 
T!>i• Í> i<!cn:ica! wi:h an <'X¡>rt'S>Íon ,-c¡><>rk~!',·arli,•r hy ~lerccr..: «1. (19¡.¡) 
exC<p: that we h:rw o:nittrd 50Urrc r,·cc.:s. 

In 111~ partim'ac c~sc wh~r,• •>nl.l' o:w fl~i<.! ['h"'" Í.< preso·nt, th1• cl't't~;· 
cqc:atiun can h~ "''""''"i••mly <•xrr~S<cd in l<"rms of t.:m¡wc.llliF<' and, "' 
silown in (:\ 3:), onc nL<ain> fc>r n li<]ctlJ >.1lllfi\1<·d nwdiurn 

(i) 

t.t.t.JT T 
-p V; f. ~Z;- • 

A •imihr c~¡•rc-,;sio~ hOlds for ~ me<lium "lltLr.11<"rl with ¡:::."\S. 
TI• e ni>On• <"<J<:~IÍm" Ut\1>1 1"' su¡>¡>lern~:'ltcd !,y c<¡<J.l!i"'" ..1 -t.H<' r•·ht in¡.: 

t!·.e t\t.crr.lO<!ynan,\c ,.~,.¡~¡,k<j; ', 1: , ¡; , <'-,S, j>, T. !krc ;, is '""'""""}' tn 



• • 
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:"'""'" :hnr :di ph;'"" ~re on ··~uililoriurn "'"¡ ;ltar ti\<'Cil\"ly01 amio· ••-..ci<)J<:l), ~no! nlher< whn sh~wo<ltlt . .r in,'\ ;.:'ra:;c ia)'•·r ~r vi<r<LLI" ~ · 1 th~ nitio·al 

,¡,,,,_¡"1" '"" ll\.L<'tn.cnpi.- <¡uantiti•·' ro·main tk '"'"'' ;" illn><' '"'""'"Wo'll1!'<"'"1"rc ¡::r.tdi.-nt (1.<'., thc ¡:ro<li<"nt al which ,·dlul:lr '" 11 Otlll<'cc:;.,., 
IIL<• '"'1"¡,-_ 1"''"' 'l"·'"lili<''· In p.ulkld-ll, ti><· macm''"l'i<· '"'"'~""'" ¡, fnrrnc<l) dq,.·ndo '"' thcrmol ,-,nducti•·ity, :1\,.,-m;tl o<wilh-Ít'Jh "' r~pon;,nn, 
~1. ·"'d s•; :.n· ·"-"""''.¡In¡.,. """l'"·ly <i<"lo·rmÍII<'<i hv thc· 1'"'"'"'' ,1.,,¡ rnrol kincmolic ,.¡,_-osin·, thick:lor>S nf tiH: !.<ycr, ond thc '""""lar y conditirll"
•·no·rgy or <"l11halp_\' <>f IIL< fhtid (lw!l: ¡oba•o·s rnmhin"l;. In mhn ,1-11,J0, Wht·o ~LLiJ c"nnnt ~"'"' nr lc.1\c thc sy>!Om, th~ r,·sultinr; f\ow pattnn ¡, 
whe,<:va '"'" pha«·• no<:ur sÍm\J:tanr<>tL\l)' al .1 ¡><>i~.r in tbe <)'stcm, :brir relt•rr<cl tn as "nat~r3l" or "fr,·c" cnnvcction. \\'hen fluid rl •. w is cntird)' 

P-1' rl'i.1tinn_;hip ¡, ULLÍ<]Ud}' dctcnnir.ctl b)' <'<lndition< ;t: thr t'~J><>r pre.omc_ duo to !wdr:t.ulic for<:r' actin¡:: a¡ thc l>m.:nd3ci~s. tlw r't·s,lt is known as" fnr· 
_-\lthnw;h rapilbrr ]"'"''""' is ncglrnt·ol in thc got·ccning '''l"·'tioo:s, it oxd" convcctinn, whcrc~s "mixt•d" ronveo:i,,.: intlud~'< a <:<>mhi,~tinn nf 

m.t)' ;til! h:L\'t• au Íll1]'<Jft"tll dT,.,-, on thL'ml•>tlynam:r pmpc•ni•·s. Ramcy hoth phcnomcna. Eariy w<>rk M thc S!llJjoct was rcMricwl tn frt•c C<J!lt·cctinn. 

,¡a!. (19¡3) npl.tiLL tltat tllt' ''"~>Oc·prcS<"r•• ,·.,rvc in tlw O>r~scn,·,· ,.f unc 1·,-~ In rcviowin;: thc m~th~motical a;lproac~ to fn•c cnnvcrtion in pnrom 

<'.t¡>ilhr:c ;t:ci:c«·-• m~y l>o 1''"'"' titan th.11 <¡uokd in'"",'" lahks. C:tliwun media, wc flr1J il insrruc:it••: to follnw .1 rccem <ic'.<·l<>pm"m IJ)' Bcá (1()7:!). 
<'! cd (l<j-1')) ,]LLM!',l that '" totw>li<htt•<l "'"dqqnt·s tite \';Lpor-prc'.<Silf<' cun·o Consitkr :o rrc<antiular i>OX olporo>m matc''l.tl resti"t:: on a horimnt.d surfarc 
,-,¡ _;6"( JS si¡:n<ti.-anli)' afiertrti by,\ d,·cr<•.t<i<l~ li~ttlJ sa,ratioL\, )l 0 , 11•n•r, anJ ":"'"tcd ~y a homq:cneous li<]tlid (scc ú¡:. ::). Tite vcrtkai sidos :tr<· 
Cadr (lifx;) and Hilhar11. (r()¡t) In'"' unablc lo oonfir:n th" cff,•ct Ol\ uncor,- thtrm.;~l)' insubtcd (i.c., adii11Jatic), and :h~ lowcr {.:-o) and up;><r l: = D) 
...,;;d.1tc-d >:tnds witb t.-mpcr.~'"'"' hctwcen IZt OC"'-~ ::-toOC. Thc of:cct sud3C<S 3r~ i.oth~=~!. Tc:nper~turc T, ;;; tl:c hot:nm is ¡:rc3tcr th3n T0 
<ol c:vil!~c_v P'~"""" thcr<"fore c~mains unclr.1r. at thc t~p. ond all bounCaries ar~ impe:Tilea~!e 10 fluid. 

:io:nc r:<'<>tlwrm.tl •ystcms sudt "' thn•c in b:prrial \'allcy :Califnn:ia) 
im'<oh-c w.ott'" oi hi¡:lt ,,,]rnit}' which eamwt he trea!cd ~• a honhl"'CO:CQl" 
lh<id ht•c:a"c s.tlt c<oOLL<·ntr.Jtit.ns are no! uniform. Ir. ¡]m ra;c tilL' '~'·"-' as 

'1.-11 "-' cnt·:-¡::y 1,.-,¡;,.J<'<' <'~ll:Llit>Oh (so•· o\pp••ndi~) may ha1·c '" ],, 111<>thfi,.J to 

indLLtlc• .1 "'"" fM di;pt'r>L\e mas.< ~ux :tnd "" "Jditionc.] ··~uMion for nt:ts.< 
k1lance ol thc ,,] <He. A"'" lwr CGnt]>IÍé:ttinn 11\,1 )' ~ri.<c dt:~ lo rm1pli "!: Lc:-.1·crn 
therrn~l a::J cl:cmic:tl g•~dient> wl:ich :;,odif;cs th~ form o( l'ouricr's Jaw of 

h,•oct coaducrion (lluf<otor erT,c¡) and.Fick'• fir>t b.w o{ di!Tusion (Sorct e!Tcct). 
Thc !'""''"'"~' ni •~lrs moy ,¡,o c~usc ~ sli¡:ht lowt-:-ino; u; dtc t':tpOr·p:~"ure 
""'"" ( !-! '--'"• t SJ7 l; [{.tniL·y d al , 1 9i J), '""\ this effoc; Lccorncs pm~re;si \'Oi)' 

<nurc '~'1''"'""' as ~uilinr,' prntcd;, <!~~ In th;: in<ere.1;i"::: s;¡[¡ cnn 1-e:1lr.1ti<;.l\ 
(\\'hll<', '97.1). \'t-rr lilllc i> krw.1·~ ah<>Lil thr l¡ch.wioc oi thcsc ,.,.,._.]],•tlther· 

ntuhaiine >Y>It·m•, bul a few tlworc:ical i!lli!l)'<t'< han "J'[>CilrcJ (:\kiJ, t>:6S, 
1974; Rcbin, !973, l'J75, ,,, h, e). Thc dis<eus•icm that foHow.< will L.- con<,rnd 
wldy "·ith- 1-.omr,gcn~'U"' fwirk 

GmJTtlf.R.\1,\L SI'ST!· .. I!S L'~DER ~.\TliRAL CO~'D!T!O~S 

F11>.'d,;¡~:w!.i( C!Mr.u/,'i'itltú 4 Ftw Comw!io11. 

~lali:<-m:tti<:tl n1<>dt"!i<l~ rt·:2:et! to ¡:t•olhcmtal S)'<tcms h.u Ion¡: c<•nlcr•·J 
on prublcm, nf COJ\\'Ccti\'c ¡,,,.,, <rao,:t•r in ,1 hnntq:«lO<J:" J><>n>u> 1.1;-;;r ho:u.,_: 
fnmt ~;:low. l'ionccoin¡: work ..,_, thi< "lhj<'et l::t> bccn l"'rlorrr.cd im!e•>c~-
r!"mly ~,. llorton and R"ti''"' (t~H), L:.pwoo)LI fr9--¡S\ ~..,¡ G.r-i,.•l ,,;,.:). 
.. • J ~ ~, .. 

lh('ic c±!'oct; WL'": tlirt:ct"d print • .,ilr !<>W~r<~ ,¡,.,·ol<>]l:n:: critt·ria for :ltc onse~ 
Of CGn\WIÍ'Itl C:ll'fL'IlL< in .1, lh~Cicont~) .,,,¡ \ater,ti]}' ir.f:nitc hjH. Thctc 

an.-.ly>eS fulluwt·d thc p.tllern uf e~rlier ll'ork by lbylc<¡:h (191~). Jt•lfrc}:s. 

T, y 

2 

b most ar.a!)~ic•l sl!ldi•·• cof tl-.cr.n~l con1·cction, it i> cnst~mary In 
on:·oke :!lo Dou.,:nosq app•oxim~tion th:tt Sjl~tOo] ~• wcll .1S tcmp<,.~l varia
:inn< in f:"id den.i:y e~r. bo ncgler!cd ~xcc¡>t fO< buopr.cy eifcc" (Í.c., 
everyt·.-h,·rt' cxcepl in rh<: grai'Íl)' teml in rh~ e~U.<Ii<>n oi motior.). In additioc., 
,¡¡ ;:ndridcnt• i<t the go,·erning <''l"ations "'" "''"m,·d to be const~r.t scah,., 
Undcr t~"'" ro:tdittons tb.c m:.s.; balance t•quation t rdwc' 1<> 

(3) 
Jt•; -.--o 
<X, 

!n :n;tir.¡¡ Darcy's I~w, 
ir. tC.c ll'~l':ty tc:m ~:\L! 
(c.,m~ar,• w:rh E<¡. :), 

it u c~"oma')' to •cpbcc p by p0 [l ~?(T~T,)] 
~dd a tc•m induding :!\o rimo dcrit·~titc ol vd<>Ci:y 

\\i) 

' 
;?:.·¡ " +-·--~.-<! k¡., 

,, 
"· 

··-· 
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Fllo'C'_;:\ h.Ll.1•' · 

nnoi llo·<"k \\ 
;, mu,Lilv rxpr<''><"d by " ,;11\¡>lifl,•<! '"'''""" 

"'ing ""' nntntÍ<>Il 
,. 

(10) ( ··• c'r 
~, ' ~ • <t 

~T , •• <'T 
= -¡;•'•''¡ -.- ~" --,--.--.-..-, -x; 

( , .• '( >'' er,, =·i.'•r,-,· <-? p t,. 

lniti••.lly, th•• '<)''h-"1 1< a"mno•d tn bo in •tatic C']\Lllihriwn "' th.ct the 

·¡ pn·,•ure " hytlrn>tatir. Thu<, 

v!=(o,o,o) T•-T,+(T0 -T,); 

lin<!~c th•·><· oonditinn<, thcrc are "" ~llllV<Cti•·e n1rrent• .11ld thc 
1
s;·;t<m 

j_, said "' k ""''"ialh• ""IJic" Le< .1 •ntnll ,-olumo• of rlllid suddonly be 
l"oug:h: ir~.rn ,.¡.,,-."¡'"'"=o'",, highc·r ,.¡~,·a: ion~> o, <h\1> Slljlerimposing 

" distc:rh~nu· {t·: T', /'') "l'o~ tlH• "h.c.io "·""" (:!,', T•, .""!· \\',• now 
""'"" to do l<'rlllÍilo· ll'ho·thc•< or not tlw ')'>Iom is "dyn~mic~lly stal>t: ", 
:_,._, wh·:hcr thi• d'-""rlonnc~ wdl Jie out or huild ''1' :r. thc lcwl <>f o!dj_,_.,."_ 
nil,k wlln'CIÍI'c cmrent. Equatioll!' S-t t "' woll "-' th<· i><>und.<ry condition< 
"'"-" l:<• '·"¡,r,,..] Ly t~c djo;:urL<-J >:ate'" wdl "-'by :he ba<ic ""'e,' Thus, 
hy wri:ir.g :h,-,., <"I)U~:inns first in t~rms of (t~ 7 ,.¡, T" + T".JI'+ .!>") ,nd 
th.:n in tPnns <>f ("'? ,1", /'"). w~ ,-~n s\ll,traet :he s..--.:o:ld se: fronl tho f.rst 
to <>ir:o:n 

(u) 

( ¡__¡) 

(' .<} 

(' fl) 

(' ¡) 

th•.· 

t.'v,,¡.:• ., •• ' 
----r--•·-=-~ g,----
<;>.'11¡;.' Fo 

' ,. ' 11¡ ~o " 
,_ ±-(/,; 

' 
y= 

•( = o ,, z=o, O 

JT' 
.>r, "'=o ·" -<= 

T<> rdn,·c· rh<:><' '"'!"~'¡""' :ro :1. 

fc>!i<>Wil1(! <iiiLh'ILOiro!L]<-,_, [;:r<>LL¡lS: 

' • -a,; 
' 

y= 

• ;p 

' :-r>,D ± -a.· ' .. ' ' 

' ± _,, 
' 

h<"lpful '" "'" 

' 
1 
' 

i = :;.''{(~.<.) 

Rayl,•i¡:h numhcr: 

( 19) Ra = k¡:0 g~ ("f1 - T ,) D/(;;~J 

Hcat capaeity ratio: 

('') H = (pr,)•'/(;, <,) 

As;>cct r.uios: 

(n) D, = a,JD: n, = ,,,:n . 

T~c R:¡y[<·i~h numhcr relates bunpncy to ;-isoous rctardotinn, "·hcrc:LS thc 
P:andtl ntt:l1ber rda:cs th<:rmal ditTusi,·it}' to YÍSCO'>S cn~cdatinn. )f wc also 
Ccf.nc ~. sN of dir:lcm:o::!cs.s \'~riaUies 

(c6) 

(o;} 

\ v; '"' Dt•:/(o: Ral) fl = T" {(T, - To} Po = il//(u~ 1{,,1) 

/ ~"' l~¡n' X = .r/D Y = yjD Z = ~10 

~~, 
--;;-.-=o .x, 

, •~. . ; ·'Po ,, ___ ..,.,,,=R .• ea.,--::-.-
'" --· .x, 

, 1 :oo ,¡JO 'R'" 
e --=- "" ''' -;;·:--:- a ''i e,,-:-

?-;- --~. - -· 

,,,,=0 

o~o 

.'0 
1 ,.-u,o~() 
--~· 

X-±..'_ D,; 
' 

~t Z=o, 

"' ' X•a±·--D,· ' . 

>oto fot 
i- '.o 

Y=±.~ n,; 

D, 
' 

'l.~ o. 1 
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-... ¡q::. 1 1'3:¡ 
Th,- dyl\,rnit• <tahilil)' of thi< -'r-«em o.orl 1"• 1<1\'e.<tigarc.\ by o lirw"&. Er¡<~atiu~ .1.1 'h"w' that tlw ,.,¡¡¡,.,¡] Rayl··igh nn•nl><·r <1 h o·n:irdy 

mdltod ''' ''"'''lD' appm.wh. In t~., lirh·:>r "l'l'''"·"·h thc· ,];,,\lrb<h"<~l "-'1""'' r.u;.,, 11, and ll,. Th.-,,¡,;,.,,, l'""il.h· ,,1¡,,. . .,¡ 1 4 ;;, <'M-

""'""'"'"'· _,. -"""11 '""""í:h ¡.,, ,.,,,,,[.,,·,kr ''"'"" '" r,- n.·¡:lec't,•d. Th: •. copmlo!mp: '" b = [, L'llW<!Od ("Ji-~) ,r,rain-·d lb<-~-!"' l<>r th•: "·'"' of 
o'ollditHUb fnr "'"'l:inal >l.thilitv (i_,., ,,,¡,¡[ity ju.•t at thc• ""'"' of c·unn·rrion) a ht•·"dly in(,.,¡,,. [,\)"<"", thtL< indicating tha\ vertkal wa[[, t.·nd lo •tahili"· 
""" thu> k tldenni,wd from th~ ai>O\'" <'~Hatinn' aikr rcrhtdn¡: (o5) and the 'l"'l~m. l!owc\W, Ra, nmot~> ue.1riy ,.,1ualto .¡;-;'unl~<.; 1\ c>c U, are 
(¡6) to k<> tl,~n .1bout 0.8, e,, m~y h:'l'P~n in~ nJrn>\\' anC tilll !10~. 

(3 1) 

. < p,, 

.,..v,=-2x~ 

Ro 1 -,,~,= 

. .l..rco:<iin¡: to tl\0' liowac tb:ory, tf!e <"rititill Rayh·i¡:f! r.c.mbcr, R,,~""', 
" tbe >molle>: t·i¡:o·n,·alu~ of ¡[:~ r~<L<hin¡: ptol>km. Ho•w•·er, thi• thM)' 

Ín<lio·at~.< ""IY ;¡ tlt'U"·"l' contlition fnr <tahHit)', and the tnte ctnical R;¡ylci¡;:h 
m:mhcr may thcrcfort• lw "nallcr, !{a~~ s; Ra~w••. 

The ~ncrgy >nt•!I\Qtl was f>rst oppli~<l to p<~mus rnt"dia hy \1,\•stlm>ok 
(1969) a:.d "'"' [Cl:Cr exto·ndcd l>y \\';¡nki\t ~nd S,·bwaltcr ft9¡o) ao11.l Dock 
(r9¡2). Stahility ¡, nt.>hlish··d rebri••r tn orl>itr.V)' disn,Lanr,·s "dojec1 
·•nly tu tht· •·•¡uati<on ,f co11tinuitv and rm-r•·•pnnd>n¡:: ho.unbry cnnditions. 
Since stohilt<)' ocruoll)' <lqwnd< on o nl">'<' rc•trin<"rl da« of <!i,turi>.1n('cs 
;.1ti,fying (24)-(29), ,¡,,. t'fÍti,·al lb;'!.,igf! "'""l'n 0ÍJtain~d ma;• l>e l<>o con
~cn·~:i<·c ""'~ "'" ¡~,·rt:f,Jtc han• Ro;"'"'$' Ra;.'"'. Ho-.,·c·.u, ;n the porti· 
~u)ar ca<c consid,·rn! hc·r,•, hoth mo:hot!s 1~.1d 10 the <ame ei:;~rwaluc prQhlcm 

d h , R l.w., n.•~'" an t c..,..,n:c a, ""''""" . 
llcck ,r.owed :hnt thc cigen<·oluc prol>IPm has s~prahlc· ci¡:cnfunetions, 

lh<' n-loci•y cnm¡mn,•nt> <>i which ar~ 

·•1= "" [(+""') (1·:- ,;.;¡n,¡] co, [(+,,.,)(t..;.. >Y/D,)J U(i:) 

(3:) v, ~ «» [ ( ;- ''"') (1..;.. 2 ;.;¡o,)] >in [ ( + "") (1 ~: YfD,)] V(?..) 

,, = eo> [e mr:) (• + 2 ;.;¡o,¡ J cos [e u:·=) (! ..;.. 'Y/D,)] >in(/:-:?..) 

"'·"=o,',:,. !=!,:, ... 

\1 !wrc 1; (Z) ;¡nd V(~) al'<: fumtio~s of Z nnl)'. Thc corrc>pümling c•·itical 
Rayl.-i¡:h numbcr> are 

ÜJ) lb, = "' min (b ..;.. !'¡'!>)' = r:* ntin (6 + 6-';' 
'·"'·" ~.· 

6 = [(m'/Di) + (~:'}D!J]I :,~d! = 1. 

Gcomctcy ],..-comes mo:·c ¡,,.,¡,.,rtant wl>,•n ''"" con,id,•r, the m<:><l<· uf con· 
l'cction. Ir i< <'I'Ítlo·l\t fmm (30) th~t who·n "'-o, thc horiwntal \'d,1citr .,, 
•·an;shc,, whio•l> ¡,;,.,., ci«·"' "e<:>n«···•i•·., ,,.¡¡, kn<Mn '"" r<>ll>" (><''' t\¡;:. J). 

Sil\cc Ro, cor"'"l'"'"l' lo 1 = J, '>, in (32) ¡, id<"ntica!h· zc·m <>nly at 7. =o 
and .Í:: = !, a<>J tinO> th" l'crtical ··~te"\ <>f o·ad¡ rol! i~ cqu.>l ¡,. tk ho•oght 

!'>¡; • .;. - Typ . .:,,) ""'!"''·"~"' <~i,lfibu:ioro in ¡>~0<1\0 !" r¡~<·ml;.;,¡,,, \~ ~,¡, .,¡ ,i,~le ,...,,.,.. ... ,¡, < 
,,¡: ~·ith R.t y too. 
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; e'l . r;;;.-, 
.,f tlw 1"'~· •pi,·.d ,, l~>pn.o!>IIT pn,11k in" plan,· l'•'l'l"'"l 1, ,,: tr '" ii.< ·'" 't Annnltn; lo tLt nit<:rion of l'htmi"n (<<)(•5), :t 'Y''""' wi" ·--,,\ :n <">la· 
oí ""'h :t 1 <hn•.1n in ft¡~ .. ¡. 1\ull.< ~,.,. 1\l lll.1bh puf,,,,d "''' •1"'' <ha n\0(11 nf U1~1Wtinn ldli,·h m;,~imi<.<' !!w ;.111' "' h,·; H[,·¡·, At 

chnt<·n,i••rlal nil' llh<rlll'll tlw h1·i¡;ht]) ;, ""' tiL<" ""·<ih->! d 111 ,11 ,,"'" Lt)léJ¡:h mw.'"" r:<,\r Ra, !h" mea," th"t c<lh \tt!ll ,,,arlv "l"'·c" """' 
\\'h,·n 1·"11, ,¡, f,.nn, lhn· .tn· tl'Lt.tlly pat·.dlo·l :n th" ,h,,.,,.1 _,¡,¡,., alrh•l1l[:'h lh,· ><:ctions ar~ pr•-f•·m·d llmi'H~t·, n! brg<• Ray!~i;::h numh••r<, C:<>:nl'""""'c 
",,,.,;,r;ng r 11 ]<- '-' f,,. ¡¡,,. numl,.,. ni',.,¡¡,,,,,¡ ti"• din,:;,,, ,¡ th1·ic 'l'•<"' '" ¡,,. ~nd llorj,., (19¡3) ~mi l!om,• and O'Sulli•·~~ (l<)7-l) 'how that thc· l'',.¡~,c~d 

"" h 1 h;Lt ''"" h cnll lo:" tlw , 1,,,.,, .lp]lr'"~ 11 n ,,;,., '" a "!"'"'' anH·.-c·1·t ""' coll wi~ th dcpcnd.< on R., '·' ith "'jlcc! r ~~ i~> o: o. 5, .. U• "'"1 . 2 S corrt"'i'"",¡¡ 11g 
·" l'''"il>!<•. Tltm·-<lintt·n,;nnal rdls 0 ,.,. 1,.,.,,.,.,.<"<! 11 ],, n ,1,, ,1,, .ttod ]) acc• to Rayloi¡~h r.uml"'" nt oSo, 400 am! ¡00, fo' laye" with IW I'O"I.LLili:~¡;- "de 
'"''·' 1 )' de~ '·'111<' ,v,· (i .o· , n. ,., 1 ,.,) '" 1·, ¡,,. 11 tho· ki:;hr ;, ¡,.,_ th.w ¡,,¡¡, ].,1,., .. 1 ¡ \\' .oll,. Simli~r ,. ;]c•cts of rcd:.ccd c!'ll width ·.n th i m ,.,.,N.d Ra an· ol •>en <•d for 

,¡,,,,.'"''""· l'nc" ,."¡,.., tlw lllllli<•J\ "'>I'LLLhh ~ '""'",¡ w 1tiL \l·o·ti1·al axi., box moJds with ccstrai,in:;: ;Od~ walk Co.miJ~mous anJ R,,ri~s (1º73), llnbt 
thnough lh<• '"'""" .,¡ til" lm~. ¡:,, fn,·tb•r dctail; n·:;:.mling: tll<'<o' ,.,,,.]u. and ,\,iz (t972 h;, .1nd ~or•·y (1975) found that :\Hs;<•lt mtrnkr> .LLT nc~dy 
""'~'· tb · r .. adcr 1' ¡·,·[, ·nwl !o J) 1.1-k ( 1 9i:1). t he <am~ [,, (1\'Co-nn<! thrc~~dimc~sional rnolions in sl,\ blc wn wctir.n "~"''. 

" e 

" ' " 
o 

" ' -' , , 
o 

" " " ' -Soro¡ [197~1 " o CoO"bcrnoJs ond 
Bcr.es [19751 

1000 2000 
Rc¡leigh oorr.~et,Ro 

F1~. ; - )l.,kit"um :\u,, lo t '""her ,.,,.,"' lb¡k•~h numhct 
Lll<t.oll)' i,:i,iLo b)<'t. 

lt h irnp•·rto"l ''' ,·cruz"izc !h:1t :<11 nf th~s.· n•"d" hn••e b,•,•n ,.b:,it:od 

fr~om "" nn.1ly>i' ,[ rn.tc¡;:in.ll ot.d,ii!\• an.i are th~;·e[,r~ hmitc·d '" R.\)'l,·;,;h 
J.,ml><·:·s Jll tlü: llll'l\l'di.tt<- lll il;!ol><orhno><l of lb,. !:o nnlcc tn obt;tin rc>e,:to ;',,, 

hi¡:h<·:· IZ:~ylei¡;i' nu:l\l"·r, OJH' liHISt eithcr pcrfnrm cxpet·itll~n:' M o ,Jw ,;,, 

;:-> \WJOl ng- ~'!"·'''""' Ir)' ~ n "l'l''~l"i"te an.tl) tie<d ,,. m"nnic•d t•'" h, ,;q "''. 
A h·::•· nntnl>~r nf <ll<'h <to•<ia•> o'üllC<'Ir.c<! ll"itlll,¡¡h "'•',\d\' ¡¡nd ""'"~''''.J)' 
''"''' <Ctttali<>:O> ho•;,· 1,,.,." ,.,.t',,,.ic',l in iltt· lit.·r.dun "'"1 \\l' ,h~II lO)' '·' "·"Hl1~· 

'"'' i.;-¡, Ll) '""''' ,¡ 1!w '""" i:npon.u" ·''i"'cb of thi> '"'"k. 
Onc •·D<•ct of u>r\\wOi·,,· ,,.,,¡,, ;, to inm·:N' :iw ,.,,:e of ,., . .,i,ol ¡,,.,,¡ 

occclhf,·r th.-ou~h 'he -'Y':""· T;,;, i> ""'•"'"",¡ by the Xuo>t":t "'""¡'"• '<:;,, 
wlú!o ¡, dl'ftro<·d "' oh• ratio of tl>t,d !t~·c.t Bow iiL tlw l"'·,,·nc<' of <"•:1\•''IJGn 
to that \¡y ,.,,11duni,m c.n!y. Fnr R:n·i<·i¡::, mllnlH·,·s !,., th~:l t!:c· un;,.:;¡ 
\':Oill", '\tl ,; t; o!!li'J".I'Í"' '\u ¿' Fig. 4 _,IV\\\'' :he· _,tc:td) "·"'' !c'll\¡><"I.<i\,;'C 
<listciL11tL<m c~>rcs:>~•Hiing: w a :-oll a: \{a= r:>u inr which '\u~ 2 (¡, 

The cchtiom!tip betwe,·n Ra ai)(i thc maximum "-'ussdt numhcr fm t. iaLcrally 

inf:r.ik byc·c is plottc-d in tig. ' 
~or~y (1975) furtillT indica!<'s that tlw ecllular pa!t"rn and :\ussdt ~llmbcr 

at stcady <toto "'"Y dcpcntl o~ tho initiol conditi""' irL thc Lox. U<in~ ur.iform 
initiol tempc-r.>turc a:1d prcsHtrc Jiotributicm in~ sguarc (two-di:ntn,io:Jal 

pmLlcm) with R~ = 100 kd te d,,,.lopr.><•nt nf '"" cdb with /úo = z.z. 
\'.'ith a ncn-uniinrm ¡,-mp.·r"lun, dis~ril,utiotJ, ti.,· "'tdt was a s:~glc cdl 

with :\u= z.6. •Horr.c and O'Suilil•an (19i4) rqmrt fmm nuint·,.cal a;; wcil 
as laLo,c,tncr o~porir:wnt., th~t {<;r .1 unifonn initia! t~mp~raturc diswll~tl<m, 
heatin¡;- :Le low~r bou01dary sloll'ly ulStc~d of imtant.or.<•ously rl'oul!o in u ni· 
cdluh,. r.Hhcr than multicdlular mution. 1~ o'!wr •.m•·ds, the rnodc uf con· 
vection JS not ~c« .. <o¡,-,,-j!y w;iquc ln.t moy <kpend on illl: 1'~>1 h~>t'>ry m' thc 

sy>IL'lll. A hyst<"rc;is o•fi',•ct hc.s also l>ccn nnt<·,l by EIJ~r (t9(i¡) and K.orr~ 
(rl)(iS). 

A, Re, incr<"asos to eSo, tk >ystun [¡·nJs to <ic'<•lor :1 F.LntC fat'oct.IJk 
modc of ,-ont·c•ctóon <.nd, ~' a rcsult, ~!1c 'illid m.tv stc.rt fl11ctuotin¡:. Thc"' 
tlt.c:u~tJOOS '.I'Íl\ be Jl'C<'guhr who·n the boun~arr ocnd!tio:J> are ur.iforn<, Lut 
moy ~ndop in:o st:cbkü~cilbtions whcn :be hound~ries nro' ht'at<·d in a n,,n

""i iorm f,.t-.ior.. Ilornc ~nd O'Suili, :m (: 9i +) '''i'"" ;,.,..tlwcm; d un n¡: a si "¡:le· 
c.>ei:ta:;,,, •.d:cn hall oi tho ho,:om IJGIII\dnry h~, a~ dt:\',t<cd w;Lfoml1<'1:1p<'r· 

"'"'" "' ,:,,,.,,,J\ in fLg. 6 . • -\ r-m;<h oakubtinn :Dr lh" Wairc.k.·i :;o·uth~rm:ol 

n-gic.n ire<h·"'''' t".~t. if t~c dcpt;., ¡, 3 km, lh~ o;cillati""' w~ultl ha~·,• <t ti:>h' 

"'"""'"\ '"' tlw orJcr of t,ooo re~rs. an<i it W.lll]l thorefor~ be p1·act,,~!h· 

Free Ccuw/!0!! .\!odd,·. 

XlLllll'rl>ll' au:hors ha1c ntt<'llljltL·d to <'Xtend tite ~r .. dy,io of fr~" <"•'<11'•'<'
ti<>n t•> ""'"'' ,·,·.ol""" syst<'lllS. Th,•n• ~'~• howner, ""'''·al,.,.,,,,¡¡,·~¡¡,~ b·. 
m:,-, Ti><· ''""""1" nt' .~ nici•·-'1 Rc<yh·i~h nurrb .. r n:,or :wl «p¡>ly ill g,·u¡h,.,-, .. tl 

'"""''"i'" \\''''"" ]¡,m,ont~I h'nlllC""""' 1'0""'"'"' t'ndou!Jro·dly !'X[,,¡ ,.¡,,,~ 
Lou: .. !i<'g ''"'·"·e;. Free C<Jt\'.Wtinn "' d;~n sot "1' ;,,. ~")' ""lt"· r¡f lü >o, 
a!d;.,;,gl, Íh cft',·ot on t!'.c thon:·.,,¡ ~nd hrdroJb¡:-ic r"b:'"'"' >lwuld ¡,, nq;li· 



• 
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.. '"" 1 ¡':1 -¡.:il.l,· ,.,,¡.." Ra ¡, ''"""',:•·- ]).,.,~¡.¡_""' •'<\/">~ lo) o'>Lim.«e• tha: in :::""lwr."a' · l>e rnn~<j~Hl<liw•l\' ¡:n~t<·r ami thr Critica! R.<ylri<.¡h mo~tl•·- lm•·•·• th:ul 
·h·: ra11g•· of ooo-_;,00<>.· Cal!.o¡¡ir,,.,.. <'/ •r!. Í'lJ7L} -•ll¡::',:'•'>L ti&.~.,, thc mllot.uo:~¡;ar.<nu·trr en'<". :\.lter•"•'ino!r. if par.1<nc'!o ,,_-,1h1awd 

"'""'"~'' .,( d lbykiglt :1\otnkr \\·hid: ,._.,;.., >pati:dly wnhin tlw "'"'''·.;;i.,t T = (T, + T 0){o, •·nlue; of Ra, ami tC.c Ra l'<rsL=' :-<u ,_ .. _,¡,,.,.hi¡> >lill l 
1•> '"'''""TLl fnr tlw thi<'l untin¡; ,-,,.wc'<"ti ,.,. tlHotion< nh•o·rwd. 1 1 .1r;- with T, - T, duc to thc nonlin,.arity in tho tr<llpcrnh"" do•¡ ,.-ndo·llo'<' 1 

Fi~. lo,- hothcr"' ['1"'' "' c·~u.<l """'·'], ,¡ ,;.,, 
<lurin¡: ~ •ioGI' •••hlc o>eill"""" ''"h R.o ~;_;o. 

Cornharn"'t> and Tl<>ci<"-< (19;-3) <"\"alL!al<"tl thc otT<eto of "'-<Umi.~;:- :i>O=.d 
C!lui[j[,ri1LUI I><"(W!'<ell "'lid Oul<\ 11UitJ pl\aw> (f.<J•· 4-7} f~l" <}">lCnlS \\;,:~ ~."1)'

ki¡:l\ num:><·,., wcll .oi~JW th..,rc!icol ni:i(.11 \"alur•. Compari<ons oi cxpni
lll<"nt.ll ant! mmwci-:~1 e< ;uh> ,-,,, :h,· rdatitH"hip Lctwc'C:l Ro ""¿ :\u ""'"-"~'' 
<l'Ín¡: ·carinus ~mnhinoaion.< uf porou .• mt•dia and lluitlt)'jl<"' int!i,·atc th~! :h~ 
·""""t"ion of lh,·rmol <''!',tihrirnn IK'llW•"" s<>lid an.t llui,lpha_,,., is .-,doqmtc 

fur ](a "' 1.-.-.st ~' h<;::h ''' o,ooo. 
ll ul>t :<>1<1 _.<,,¡ 1 (; 9 7' ":' and Sol"<')' (1 97 5) i n\"r"i¡;:ated dL•<h "f tem:>rc

al\Or~ ,,.,,¡ 1""'-'""·-<i•'t><'Ohklll !'"'"""'"'"un ¡., .. ,. tr.u>-ft·r in <"<>1\l'e<'lin¡:: sy;:. 
l<'m<. F.,,. \\'""'"• tilc domin.Lllt inlltn'lll'<' Í' thc l'i><o.,itr l".m.ttion 'ocod1 óa: 

"' ¡¡,,. l!•m 1"''"·" '"'" di fiÚ• ·nc•· '·'"'"" th<• pvrm<·al >k b ;w 1', - T, i ncrc,\so,, 
thc dTc< IÍ\C' Raylci~l! mnnl~e-r in.-rc-.e>n on·r th., 1·aluc• c;;lo:ht<·d f¡·u.o< ,·c¡uo
ti<>r\ \!)"'in¡: paronw:~,., computcd .11 T = T,. Tht' :;:,,st•l: """'¡,,., '''''"],] 

. of r., p, and ¡.¡ (:-;"''')', 1'175)- !n rontr.t". n•abT<C ·;ariati<>t:' in tluid dc•rl'ity 1 
'lith J>n•.<.<\lr<' \\'L"rc f"tmd '" h.1\'c" nq;li¡;il>l~ ciT,•rt> < n th<' n•llubrc•nnl<'l'lÍ<'Il 

prol>!em. 
Studirs haw al'" lwt·f1 llltt<h· on rlw ciTcct nf ,.,, inlls unif,,-,1\ louUJHI;<rv 

cor.di~iom at tl_ot' sur[.¡(« nf tic,· h,,n:o¡;-cn!'ot>S n•gi••>l "" lb,. I.aplHwd 
(1948) inl"<''~ir,•nnl ' lat<rc.lly inflni'c ],;ycr i" w~ich thc lnwcr ¡.,,.,,,t,,ry i·; 
iml"'rmn.hlc an<', tho '",'1'" J,,,lldarv is mainlfúnoJ o•, con.<tant l"''"'"c •lll<l 

fnund !h·" lb,= z;.1. I.apwoorl a\so fuum! 1h~' wh,•n the "1'1""' h<>unJ~ry 
io a pcdectly C011clllclin¡: fr~t· <llrfacc, ,hcr. Ra, = 4 ~'; Lt:t whcn it bc-com1•s 
ttn impcrf<•ct conductor, thcn o; . 1 ::;; Ra, s;; 4 co'. .-\ tablc of R:a, t•altlt'' 
for a ¡·aricty uf 1miform l~>tl<l<l.ory condi<ions ¡; git·cn by Xidd (1!)68) and in 

al! C>.$CS, Ra,::::: 4 :-:'. 

'0 . 

Impermeable 
-oo 

Pormeobl~ 

l:'!lpermeoble 

T¡• 210"C--' 
F:~ ;. - lli>lonion oi i'-"<horrn> ~uo 10 cor.nction in c<n1ml ¡><'f"">hk t.,¡-.,r. 

1·'~· S.•••. ,,,, 

lJo~~ld•on (1')(\2) ~tl3l¡"<<'·d frrc c<>n\"Oction in,; two-by<•r <p:cm in whidt 
.-. ¡wconc~l,l,· Ll)"<.,. w~< ll>l<lrrlain t.:: an ¡m¡wrmcahk hut th<•ron.-.11;• ,-nn,lll<'IÍl"<' 

la)\"r c.f c~ual thkkn,·<>· Thi> n·mol"<'S tbc assumpti•m ni an ;,,llu•rmol <ttr· 

¡,.,.,. :n t 111· l "'""' n nf thc '""" I"C<"tÍ r.¡: la:\"t'C. Sncey ( 197 ;) ··~¡,.,,.¡,.,¡ tlw .,na] ysis 

tn a th:"•"C·la)·n .<)">l<"lll llith im¡wrnwahk <•In<'-' ;,\,we an•l I.,·I,>W thc rcscr
, . .,¡,. ~rtd f,,,,.,d, Íll ·'~"'''""''" wi:h lJ"n"ldooOI'o "'"'h.>, !h,,t 1"<-rtic;d he~t 
''"'"''f,·r r.Ll<'' in th•: rllllltil;tyc•· 'Y"''"" wcrc• >igniri,-,,nt[y k» th.lrt in thc· 
sin•~k-l.t)"er '!">tcllt f.,r ¡h.-'~'"'' vohl<'> of R•. The critic•l R<yldzh numl,.·r 



• 



i 1 n</ '· -
"'"' ak> ¡,.,. · ¡h<· :n11i!d~wr 'J">t<"m<. Fi:::. ; ,¡,.,,., how !<•m¡~·raturo·.< with'~9¡>), <.upla ~nd J""'[>h (19;-J), Cht·n¡: and Lan (t!)j.¡); C,,. 

(I~J;.¡),_llnrn•o ~r>tl O'Sulli<-all (197·1), K~ncko n al. 
Y<·n (19;4), \\',•kc (1975 a, b), and Snroy (19iS). 

• ""'" ami 1 
¡), S:r,1U> j lh·· ÍIU]"TI byt·c< aro• oli,t<>rted loy C•Hl\t'<'lion in ,¡.,. <'o·tolral [.t}"<'iWm"~ 

Sonw wnrk h~' _,¡,,., l><'o·:-t .ln•w "" tlw ¡m>bh-nl of .m indironl opl<·m ¡' ' 1 ~.17-11. 
[,nltodd hv ;,,tfwct~lal ""'"'"''' (Comlo,om"'" ,,,.¡ fl<~rio·.•. 1973; K:><wkn cf 

,,¡_, ¡ <J/-1), (".,m["'"'""' ano! fi<>ci r< _,¡,.,,. th:.r, ,¡.,e,- tlw :o·m¡ >e'> :1 ""'' ¡:ra, li<·nt 1 l'if' · .1/o.!d>. 

at1d ¡:rai'ÍI)' aro· no lon¡:cc cohnc·ar, Iiw 11:11<1 is t'<>tl>l.tntly """'ill¡: ,·,·¡:.;,-.J[,.,,! 
.-\n altt·rm\iw cnncq>t fnr cnmwtioll in [l"•'LJtlkrmal or~ . .- i; lhe pipe' 

')"S!<'Jll in w!tich th~ tlnid tl<> lon~tT A<Lws thro\lgh a h•>tlln[l"•""'"'"" J..ycr hut 1 

i,; cho<rlnvl<-r! thrnll¡rh ""'"' nf rclatiwly hi¡:h jl<'rl11<"ahility. :iuch "'""' may 
be c.LLL>t'd hy fi_,;urc< nr· fractur,-s whid: are knnwn to ccnnroll"ralph·· 11 ,,n,•na 

•udt a; sprin¡:s, fulll:lrob, and ~<-y<crs .. -\; di<fH"L"<i by Ein;Lro;nr¡ (19.p), 
llntlnr·;«>n (1961), and Dortak[,on (1970), the <><"Curf<"r\0<" and tli;trihutin~ 

ufthmnal an''" Í11 lt<"btd ond :\cw Zcabntl could lot· ""Lir.,JI,•d loy \',triatiun< 

ill pormrobtiity a; wcll as by '!'~tia[ Ji•tcil>ution of th~ h.-:.t "'""'''· 

••f 1 h• • 1\a :·ki¡:h '""""' ·r, 1 n a b :~·r of in,-,,.,¡,,. l.Ho•ral ,., r,·n:, thc· t<•LL<Io·ncy at 1 
lo •\\' R.t ykigio num 1 ><T' i, In ~.- ,., iot> un icc!lul.tr ,·mn-t•tt Í<lJ\ parall<'i lo> t !w •1"1'~-

11 ¡J¡j," t'nn<id<"l'l'd dw stahlc ""''', ¡~,tal.,ll<i,·s <i<'l'dnp ,1[ ai:i,·'ll Rayki¡;h 
llmlli>• ,-, whi,-h d,·,wiHi 111\ thc :•.11:;k ,,f indin,1[icHl. \'.'ho·n tiLi; '"'"le ¡, k« 

• • 
th'ln r; 0 , R.>,"" ~o .¡nd dw mnd<' ni C<>l\IWtir,n Í< 'imilor :n tl.a: ,¡,,,-n·ctl 
iro ,, ¡,,,¡,_,Hnal hyer. Aho1T thi< lo\\w limit, Ra, in<rc"'"''' r.tpidl)· \\"Íih thr 
an:;:lt· "f indLn.1U•>:l anJ COil\"(·{'![I'C m-w<·mcn<> !"k<- tlw f<>rm of .1dj.1rr:11 
,.,;¡¡, 'dimiLin:; upslnpt·. Fluctu:.:i"g: cunditiom de•·.-l.>p at higher and lti~her 

lbykigh munbcr' (Ra ;:;;:: z_;o-~So foc hociz~nt•l by,·c) ·" th .1n¡:lc of i<wli· 
nation increasc,. T~" c.1sc o; ti>c imlinod b·n: is ~10n· <<>ll\¡>1<"" (llnht ~nd 

,hi<, l!Ji' a; K.~nc:.:o ,¡ ,,/_, l9i4l-

Í><·:.l ,.,,,,.,., "" lhc [,,,., . .,¡o., oí -.·ert io.l jet Aows. ~lcXal>h dcL~·l<.>¡>o·<l a bound · 
~·-y l,y,·c throry :"nr cnm·cc:i,-c rlnw owr ~ iir.i:c cir.-ubr "¡,.,, pl.t:c '' 
M the l>nt!om of -1 >emi-in:i~i;e por<ms mt~iillm. He <>IÍn:~tt..! the .lnl<>lll\1 
.,f heal Cfll\\"~cbl frmn thc hol pbk as a funnion oi it.< l<~llj><t.1hlre a•l<l sug

¡::r·-u·d that ,, .<imilac appro.1ch ~m:ld ¡,., ll5<'d l<> e<·.llll~l<· :he rate nf C<>Oiing 

<1i a m:.gma chambcr kn.-ath a walL"c >-1lllra:cd j>OCOll• formadon. 

Ch••n;: am! La" (19;-4) ¡,~,-~ i:ll'c>ti:;.oi<'d Hc:td)' sta:c free rnrwcctio:l ill 

a \"<"rlical ""'" <cCLinn uf an u:>mnf.ncd aquifcr ir. which tlw p<>•ition nf 11:c 

t\'ltcr tahl., ;;n,¡ k""""" a p~inri. Th<' Úji\Lft·r i< """'"''.¿tu r•·•~•>n "'' imt"'r
nw.d,J.• h<>rÍ7<\I\I.1l lwat -"""'''" of priabl<- lt·mpcr:ttllre and ;, h<>ll:!<lctl ou i:s 
,¡.¡,., l.y \"<rlit·al i<.,Tht·:m.ol ocorfac•·> <1Í """'-'"' ¡,,-,]r.lldic heatl, '''l""'""ling 
<"P!li:L<'I ;,;,;, th•c <>cT:lr. un,, ;·•úa,ic U:t~J- Di'I'•'"Í"n ar:<lgr.<~·i<¡' t•fi,•.;¡; t!Hc 
¡,, < • .riati<lm in .<alt c'Ont•·:•: hd\\'c~n fresh water 31\tl sc·a watt·c (mihin~ 
,:c."" 1,¡- <"trl\1<" ,: th~ wni,·al LounJarr e<mdili<m>) ''"" i:npliritly t><o¡-lt·clcd. 

li)· .<ql\'"'~ :. linc·;"i'cd """"'" of tlw go1wnin¡: <''l\l-1tinm, thc auth"r< ,how 
lh.LL 1'"''""" i:~ th<' a<p:ii,·r n•m:tir;, nc·Miy hydro>t:!lit:. T<·rn¡l<L'mLa·e io 
¡:r<".lli)" aff,_.¡-¡,·d J..\·""- si1.c o' Lla· h.ot ''>L:rco ln11 i<> ]n,·ati"n ;, !r<< i:nr~rt-lnt. 
·¡-¡,,.,-, · i, ,, '"" ¡,-,·.-.!Jk "l"':clli n¡; ,,f ~h~ \\'a t.'' tal. k dir•.:ctl)' ,¡,,,.,. t h.: ¡,,.-,¡ >o,:rr,, 

whirh dc-¡lcnd> prim;tril;.- on ~ertic.d l<'m¡Lc•-·>tllrc gra<lic·~<> .utd "'""" ,¡ lhc 
lw,Lt <0\lrc~. 

,\lLLch addiLi<lnÓI lnc.-.1tuco "" ,·~riou.; th<·on ti,-a] a11J ""i"'rinh·nt;,] c,<¡wcts 
,¡ fr<·e tOr\\WI~<"' in lwm<>~··twn"' nu·Jia ¡, .w:tii.!],J,·. lln],¡ (t!)¡<>) h'> ¡>llh
¡¡,¡,.,\ an ''"''""'¡,-., ,..,.¡,.". nf tlw lta<>wr< rtnd th,· "'"" oi \\·.~ ar: h'l< l."n 

""'"""''if<•d n:oro· rt·e< ntl y hy C<ltl\1>.111\"\1' an<i Jlori<•> ( 1973). l'nr _,\dJ>«t11en: 
d,.,.,.¡.,¡,.wnt,, ti:,· r<·.1J<·r ,¡,,,,¡,¡ cmhtdt ,¡,,. wnrk< nf Ft·m.LndL"t (t!)70\ 

!I<Jiot ~nd :\zit (1972 a,~>:, ~l."'"'b (19;>), l'altn n .r/. (1972), :;,n ti a.'. 

Ein.o''-'o" (19~2)" ~nd Jlod,·arooon (t~l) di""'" thc thc·rntol ~r.·~• of 
!e, hn<l in temu of p:¡w s\'>tcms im·ol•·;~¡;- ~oep cirnda1ion ni watt·r (o "' 3 
knt} ami Jischar¡:~ in hm sprin¡:<. El<kr (1')66) ana!yzt•d hy<ir<>lht·rn>~l sy;
H·m.< iu lcd~nd ~nJ :úw Z,•aland usin¡:: lumpt·d p.w.1mctc-r "nd multi-dim<n
sianal m~dch 10 r¡uantify :he ¡:~n<:ral fc~tun•• o{ hoat :~ntl mas• transfcr. 

Wh;te (1957. t<;6:) """'' pipe <)'"~"'-' ''-' c~pl.1in thc ch•·mical compo;ition 
of watl'l"' 3>snciat~d wi:h .-olc.or.i~ and hyJrc>thcm\~l •y•tem<. 

Permeable cncnr.els 

'--"'-t;:; -,,,;,.;,;,,¿";,~;,~ ;t;em pero 1ur~ pof i 1 e 

Fl~. S - Pr¡>e "'O<!d lor hol·WC<l<'f gt·o!l'<rt'l.rl 'l"'l<'ln, 
.. , ... LJo .. ,. .. ,., '''"' 

J)o,old>oll (L<)6S h, 1970) '"i<~•·st> th<• modcl in ~~- ~ f,>r a bnt-W.11cr 
C'<'Pih<·nL1al >L";!cno_ Th,• tl\•>dc•l cnn,ist< n( <'O id .,.,,•rmit"< re•·ho:¡:<•d ftnr\1 thc 

""¡,.,., .. a -.wtic.d '~'''"'"' ;!"""¡:h whid¡ hnl w,.,,.,. ¡¡., ..... ,, ,1nd a pt·trn<·rtl>lc 

h<'tÍwntO<I ch:mn.-1 <<>"·"><«ir.¡: th<" """- 'r~.c """'"'"lln¡:- mcdiwu;,. ""'"'"'d 
im¡wn!!c:.l •ic, ·""' lw"t "'l'Pii, d "' :h,· 1<>11'< r ),"'""!"' ." on;,inuin; tlw <kn>i«· 
imluJ.¡",-" ~nd ''"";' ¡,g '"''" 1w1i"" "''" ¡, on. Thm•¡:h ¡¡,,. m•~le! is ,.,,.,.,.,; 111plifr.,~l, 
l)mdd~m·-' c,<l~l,-~io allnw< fm thr .. u¡:hilow fmttt rt·t·h.1r¡,'<• ¡, tlic~·h;,r¡:-.., an·,J' 
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-, 
, o z 
" • " ' 

o 
, 
" ' • • • , o z 

' 
' " 

1 1(.) 1 
(• ir.-uLllory) r<>ni'<'<!Í<•n 'in tlw U]>ll<o\\ coh mn. e;,,,,. do.¡ra,·-

•tlwr~u;d '>"''""" aro· ,;mul.lt,-d ]>\' ;ulj"•lin¡; tc•>npc¡·,,•LLn.A.. 
· llH>dd, ,¡¡,.,,.,,;,,,_ and 1"''""" "hiliry ,.f tlu• '' IIJ< .ol 1-,]urllll W 

tu 11,>W in tiw t~>ll'lllld<·r nf th•• pipo· 'Y''''"" 

0.04 

0.02. 

~ --- _________ ,_,, l 
---- -

,,, -------,c,o,c------,~,"o,-<oc. __ .J 
Roylei~t. n~mber, Ro 

''"'"' :<~rlei~h uomb<< fur co.m~int<l 'h'ou~h aokl circu].>'Of) 
fi,,.., in <-.-nic~l <>•luouu w<th :;I)!J ~o.;. Sol id lÍe .e, >h•>W «>onbin..! dlo-<;1, d.><h<J r>l'<l 

l'is-. ?- - Su,<h "~"'"'''' 
.hnw ll•«•>~hfiow ,;r,... only. 

)!athcnoatk.d <ksori¡>tion nf thc mn<!d imnh-,•< thc •ir.¡:l•• pha•o, steady 
statc <"<¡UÍ\•aknts .,[ (1) anJ (;; wh:~h are wlw>! Ly nunwrir~l rcbx~:io~ ínr 
th~ IKl\ln<l~ry e<m<litiono shm1n in l1;:. 8. Vniiorm therm-11 ptüp~rties "'" ,.,. 
"'"'cd through•>lll ~nd c0n''""' ,-,,!"e; fGr k ~n<i f' are ll.•c.J in roe!\ oí the 
i>'"'"''"blc ch.tnncb. In thc ahsc·n,·c of sccon<l..ry c"O<H"eclio>n in tho 11pflow 
cnl<>:nn, tho ""'·'" ma." n"w tale is ¡;-i<·cn h)' 

(3·\) 

whcr,, T,. =' nw~n tcmp<"<\lilll"l' in thc cnlu:nn on.l b = 1 -1- d.,';))+ .\ji l. 
lt ¡, not clc.u' !rc.:n ])"""¡.¡"""' '"oa!y.<i> wht·:IH r :<.'e ¡, d< !o'l'lllinc•d .o¡ '1', '" 
T., Fi¡:. r¡ illll<lr=<\('< tb: ,,•];nOon•hip ],,·t\1'<'<"" ](a ami :\LL \\'ith thl'üll~],~,¡w 

nnd '<"<ur.<i:•rr o·onl'c·c'lion fo:· r. o·olllntll "-'1" el r.11io 2 ,Jj]J =o.¡. JJ,•rc 

'.','=y, k ;l \' ('1', --- T 0)/(f'/p) " :o """""e of th·· ""'-~imllll\ po»il<lc thro.,¡¡;l;

!low f to1 n 1 ""'!"""')' \lr.b:> Ion•:•· :o¡.,.,,,_ l !a.n•, Q/\1' = [('1',. ·-T 0),1(T, -- T,)! 
{1jój. 1: 1> ""''" fm:n ti¡;.<¡:!"" :]lo' ll<'atl"t~sf,·m·cl by circ.,J.tt.-.rj• rlow <.k,;··~

"'' r.1.1rk•·t!ly •'-' tlw t!1r.n•¡:-luln11· "'•T<":>>c>. Fi;:. 10 iii\IStr'<kS how tb">"¡;ll
fln\\· in a wlllllltl with 2 aflJ •= 0.2 ~nJ Qi\V = o.o¡ tcnds ''' ;w<.·rp thr 

• circulatory r"otinn up thc channd. 
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f¡¡¡. !<>. - Eli«< of <~fOuRh
rlo>< on ri""'"'"'Y com·«tion 
wido R~-.¡:c, >~ID .. c.>, 
Qfll' qc.o;; (••l '""'""m' nur· 
,,,¡¡,.J '"'" th>t o ::: o ,. 1 ·"· 
(6) >"<otoli,.,., ¡,. >rbitmry 

"'''"· 
t·•~· ""'""'~•. '"''· 

SorC)' (HJ75) modcbl hc-at and liquid 111.1-s lr.1<1<fcr in hnt sprin¡; h)'>l<•tlt; 

11.• i l'J< t]<t' :·.•. o-ditn<'""''''~l tlH>Jd, <hown in f:¡::. r r. Tr.on.,icllt and sl!·,,d y ot:t\c' 
co,,]irion< W<'r<: >i<Lil,],Ltcd r.LLmctioli)' In clctc••mine <'<><1<lmti1·•· ¡,,.,¡ lo""" 
frr.:n t 1.,. ,., 'tLco 1 c"J\J ui t ~ncl ¡¡, dfcct on tt mpc•·atLLt'e r ,, of v.-.t[,·t di-eh o rgi n ~ 

ot the "l"in~. Thc lmvct hounrlar)' was formed 1>)' tlw lnp ,,f :1 "'"'"·oirwirlt 

"''"'' '' :o·mpcr:llluc T,, a~d t!.c up¡;cr lll>trndc,cy w.1.o th~ J.,nd "'":',,,-~ "' 
""'"I'•'PWC,' T,. T!!o r<'ht,nne!;;p, bctw"-'~ <t;nwr.,ionh·.s tem¡><·r~t<lrc' Jr<>p, 
r-O,,, ~n<l tbc clirnrn<innlrs;; maos ~ow r~tes f,,, th<• CÍrt'ular mnd\lit, m,; 
~"d tb· f:u:it pbnc condu1t, m,, "'" plotted in ñ¡¡. ro . 
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¡r¡:-... ~ fi Explo·\<Íon' (M th,· L•Hid o'<ll1CIIl<'lil<' h•·al ¡," ·"" [: r.>.c" 1' ''1',- T,) m,¡ 

•
:-0,,)] f,>r th" cylind··r ond f,x••ll('I',---T,)m,(l--0 ] ior th<o 

, )a'lc. Tl:c· pbr.e ¡nodcl :t¡>plio•> ~>hdc· llllitl ri"--' in a f:Hdt '-""'· "'"''-' kllt•t·al
1¡ 

[¡~,;ten! i; C<HI.<i<!aably ¡:co·;,lc•r \han t]w di,rh:u¡:~ an•a of thc hot >pring,.¡ 

1, Comp.uing tiHo 1\\'n mo<ic-b for thc ·'"m" lnt.<I111:L.,,< Aow, th" falllt ~Jl:mc mod:l! 

' 

' 

Cylindrical model D 

' 

Fcul\ plone model D 

/f2 

f,g, ¡ L - ·:~·o-ú<mon>ional rn<><l<l> 

fo• hot •p•in¡: >pt<on>. 

/ l.f,H Soou, ""\. 

mc•pvc,r~/~<' 11 0 
1 

Cylinder 

Plane 

l'i•:. 1>.- Dimen;ionlc» tcm~"'·"""" olrop, 1--&,,, '"""' ,¡¡,,m,;onl<>> .,_-," fio'V '"'"' 
fot <ie<~i.>r c"fiM"'t, m,, ~•1<1 f.u.:t pi."'< <uiHiuil, '"J• in )oot ,~ria~ >Y""'"'-

¡.1~, ....... .,,¡_ 

~~ha.> ¡:r~.<kr lw.-ct luss ~ntl "''''~ tcmpcl'~ltLre dn1p than tho <ylindr•co.l conÚlllt j 
i¡ modcl. 1 

ii T i0°C ' '1 • 
' ~~25 1 

~ 75 

--, 
"---175 

o -o T •J80oC.J 1 2 
' km 

F'>;. TJ.- n:ocor:io!l of "'"!Y-"·"' i,othorm> in -.r<ic.tl f,<t,lt pl.tno o><o,ld wi:h Jis.:h"'l>• 
- 100 lpm, a "" ro m, 1 ... 1 km, a1nl R.t ~o 

Tlu• _,t,•ody-"::1~ kmp("\',Uun tli't;Lin1lion in a f:wlt pb.nC rnn<lel wit~ 
a >prin¡: di,dto¡gc of 100lp:11 ;, >hml!l in fl¡::. IJ. ])j;iOJtion uf th" te:npcra

t::rcs Gttc• t<> ''""'ccti\'C ll\ntion i11 th<: mnduit ¡, C<>llfill<'d lo a zone uf aL•>lL~ 
l km on áhcr si<k of thc f::ult. At tlw' ]4nd ;11rfot<<', th~ cnnductiYC kat 
fho~ nc;¡r lhc s;>Fin¡: ¡, :oppru_,¡.,.-,.,.Jy 50 lwat Aow u:lits (¡o f!-Co]l;c.: cm') 
ar:d ,;,.,,.,.,"e' 1<> ,;!>out .1·4 heal fl01<' uni" ~s disoar\l'C o~cc~d> 1 km. Th~'<· 

"''"']" '.\'c';-c• <>illai.,cd mi11:; x,n = 2 xoo~> cal/nn ""-'OC O'ld t, = 1 cai!g:m "C. 
Anch·,i< of th~ ll'on¡j,·nt heha\'i<>r of thcse S}">tcms (Soro)", 1975} shows 

that pc,;,r._, ,,,- jO,<><X'l y•·ors nr mnrc ~re ''''l"irrd fnr thc <'<i!ldUcti<-c ¡h~r:Pol 
n-¡;;.,,e !<> r,·;Kh ('q!Lililori"n' following lhc l:"'lo¡:i<· dc.dnpmcnt of !he s¡ori:tg 
sptor.-~. Samc\\'h.O: >l:<>rt<oc time pcri"d' are rct¡uircd jf ron;-ccm·e u:~;iuno 

in t~o· :-od. st::rnundir.g 1!:.• >priu¡: C<ll><init are consido•ocd. Simula::om ur.dcc 

ohcs~ '""" li:ivllS a,..; do·<,·ril~·d by Sorcy (1975}. 
:>.naly<i> oi pipe modds has l.ccn ~~ l<'nd,•t! ~y E Id< r ( 1 9(il'i} at>d Don~lob<m 

(o<;>6S :1, I<JíO) lo ir.dude louilir.¡:: in th.· upr.uw channd. E:~r,- hocs dcwl<>po-<! 
n·la:io::s•,¡!, !,;twco·n "'"•' no\\' rntc, noid cmh.-.Jpr. roc<i;tnncc :o lioK, .-.nd 

th~ --~o:gr <«¡>plied br '' h~~~ """"''' f<>r ('hanndod circtol~l:n<l c~uscd hy 
C.uoy~'l<}' di!:,-ron<'<'O ¡,_,"''''"" r,•d,;rz,- ~nd úisch:tr¡:,• are=. He cor.dudos 

' 



• 

• 



' that f<>r ; ,tr:m wirh I:ITJ:"<' ··~··r¡::y ,'n'¡{,rt nr br"g:~ ''"""·''"'~• tll<" <li,.baor;o• r,¡~. 14 Tho.,, lito o~<<l of hnilin¡: i< i:uÍ{,;,~d by thr ,.,¡,,., ,1[ '• ,,¡~·~. "·hnca<, 

(m:~><~""") 1 'tlltl<l.'nT '" "-1"'1'"rltho· on<•r,:) ttnlc>< li.c •1uid """''' ".'t<'" tw•>·¡>ho>.<: cnr.,]ilinns ui", thc ,-,,,¡ro]Jing P·"""''''' ¡ Efi1·cts 
thc fnrnl ,¡ \,. '' ' · '' '· 1 ' nw <'IWIJ.:)' <HJ<tiiS "' ""·' LcSISia< .. o'. th,· urcul.non • \<'ttir:ol hc·at cnnductinll :m: oignifieanl nnly if x"'/1.: is grcot ___ on 3 X w' 
tlllid ,¡,,uh! ''"'·"" ·' ]¡'1'",¡ -~<<J>l fnr a,¡,,.¡¡.,, /nnc "h"h '""Y''"''"~ ,,.¡/""''·'"""(;, Do;nal<hnn cnnd,l(L'' th:>t onc~ bnilin¡; cummcncc,, it rn<"t 
'11 '~"'- Thi, "l'l"·o,tch ha<¡,., . ., "1'1'¡¡,.,¡ 1<• llw "['.,,,·any dwrm:\1 arc•os r\L".1r t'XI~ml snnt<: ZQ()--500 mete,-, downw~rd "'"] hcnn• thi' twn-ph'><' ng<"n nHl>l 
L<r<i:.n·II•J, looly, "'"! ,¡,., 'raupu ;y<lem< in ;\cw Z.·,,l.1nd. i>c cumi<krcd tn stm!y1n¡; ~''"thormol sy;:ems. Twto-ph~'" cond!li<>n> ir. col-

])"""ld,,n's (Hj(J~ :>)"'"''k itwoll'<·; >11':1<1)' r!uw o! a ),"din::: liquid in~ 11mn~ with ,-,.ri~tin~' in l'<"rll<rtl fl<'ftll<';¡],ility havo also hccn di,cu<Scd hy 
1Ul1< o 1 e h:umd. Thc '' '1\lai nckr "f 1 he cir,·td;t[ inn ;yst<·r:¡ i '"' ].,(] ¡ r>¡: the ]a•ar llona ldsnn ( 1 ~6S a, 1970;. 
'""'''" Í< con'<d•Tt'd <H>]y ·" c•J<Itrnllill¡; l<'<llperolllr<, pre»urc, :1nd m.\SS tlllx 
at th<• IJOtWn> nf the <li"·h.org" rh.tnnd. Lat<-r.ll hcat conrl11ctw11 ¡, n<'(ih'tc·J 

"" th~l ¡]¡., cc¡uatinn; an: o<Jc'·dimo·lloÍnn.1l. For th~ co>e oi u.,iform prrme
:.!Jiii:y nnd ;,n:.l! 111:1<.< llow tnl<', <<l>ly li'l«Íd !\uw is C<l:osiMr~t\ Comp3rison 
<>f !he r"su!«mt pr.·s;un•-dq>th rd.lti<>US wilh sa:ur.,tion 1'"'"'"~ curv~s iudi
,.~t<:> th.o: hoiling wil! n<>t •><cur f.,r 'Y'''"'-' wilh e, "'l"-'ff :.-;:;, 7 x 10-> cm-•, 
whcrc "' is "'"' llux p<>r UI1Ít ~rca. \\'hcn thís ccitÍ>al nluc ;, cu<-<:<led 
hoiling "'"" occnr in !he llj)]><' S<'CIÍun of thc channd. ' 

u , 

' o 

' o 
" 
' ~ 
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220 

140r 
,00 

o 200 400-
0eplh,melcrs 

600 

' 

800 

f'i¡;. 14. - T<mp<'"'"'" ''""" d•roh in o boíl in~')"''"'" >< a f"o<>ion of mjf. 

Two-ph.l><' llow ir. 1hi< ''1'1'''' rc-¡;íon i> dc·><rihrd f,y the nnc-,limcr.•i<>,,.11, 
"•·ody >!nt•· :'orni< nf <'<)lt~IÍ<Hl• 1-.J ancl 6 witlwut th<' 1'"-''""' tcrm> Al 1hc 
int•·rfacc l.ctll~cn tlw IW<>·¡•ha'" ;cnd li<¡uid->.LiuJ,\t••d '<-giun;, th1• h.>1n1<bry 
,.,,,¡,,¡,,, :en· •·nn-<tam '""" 1],,,, and C<Jml.lnt tull¡,••·rotmo cqual 10 th." ;ot 
thv <'!t.,,,_¡ b~'"- 'l'inl', tlw ¡.,,._.,.,. rq:i<>n ¡, ,.,.,.,,,d as iS<,thermal, and ¡,, li><' 

"PI'~' '"~ion, ''''"i"'''-'l<ltt a<l<l ]'l't''""" ;m· n·l.,rc•rl ~')' tl:c vapor ~''''''\"" 
""'"" fM \\ater_ T~>c· '''!"·"'"'" :JI't• so],-,.,¡ .ln.Liytj,·cdly"' yid,l tcmp1·rat;~ro 
ancl pw-ourc, water frartinn, :J<l<l wat~r and >k:uu ~mv ''"'" as fHncti""' uf 
o!c•pth. Th,· c!'nlrullin;: p.U-111ll't.·r in th~.<c r.-!.-.!iomhirs is "'fl: as scon in 

Tho conccpl of a lump.:cl-paramct,- nt<>dd ¡>rnvi<l<>< on~ nf thc simp!cst 
mean• [o:- ck-scril>in¡; ~Kob,·ior of a [!<'<>!herma! "J"'lrm during oxpbita!ion. 
Tho hasic j,]r, is tn ,-iew thc cntirc S)"tom as ~ ]><'rft·ct mixi~¡;; ccll fo:' hoth 
maos nlld cner¡:y so th~: spatiol t· . .ria!im,, in ronc•·ntration can 0, nq,:kct~J. 

¡.,.,, . .,,.¡ of ounsidcrir.¡; the intomal ~i<tribution nf m.u.< and encrgy, attc·n!ion 
¡, rcstridNl In th,• total amounts ¡;;cn,•ratM within the systcm as woll ~s tfoat 

oro.-ill¡: thc lxiu~docit<- Sincc '""" is thc only inc\cp••ndcnt t·ari~blc, the 
<y>t"m ,-,le. ~~~ c·haractorizcJ m~thcm~tically by a'"' of ordinary dliT~rc:"Ltial 
C<¡tl.ltions or ~" "'1uit·a!cnt ""'' nf =tl¡;;.·hrak cxprcsoions rc¡>rc5<"nling tOI"-1 
m~ss an<l ,-ncr¡;y h>lancc. 

Conductive hec t loss ,Q 

Fluid produced, M0, 
w1!h enlholpy hp 

Geo!hermol system 

B"H' volume • V 

1 

Convecti 
loss,M,. 

Uquid ViOter inllux ,M, 
with enihclpy h, 

v~ fluid 
w1ih er.tholpy h1 

1'1~, 1 ~· - Schom~tic di"~'·""' ,.¡ h'"'P<'<I·p>mmmr mO<Iol la e ~ooth<rm>l sptoms. 

Tl"• ft"l ~ncl ¡,,." knmm lumptd-p.,r.Inwl<·r <n<><lo·l of a pn><lucin~ ¡;<'<>· 
th,·rnt.d n·scn·oir "'''' dc1dnpcd l>y \Vhiling and Ramcy ("fi9)· Their 
S)-'sl<'ll1 ¡,.,,a hull' n>hHne V aml cnnt~im •·apnr, "''''''· and mck. Fi¡:. t; 
i• ;, ><·hcn>.11ic dia¡;ram nf ,;,,. >pkm fnHn which n simple"'"" l.o],,ncc yidds 

(J S) 



• 



.. 17-~- : if7 
w!>< ''" ~1, ., , """ '" "''" ,f _w~!<r ('"1'"' + .li<plid) ¡., _pl.u·~. O~,= i~'-l.'a~ ~~~-d tiLa! pc<·~sur~ and t~mpe1 aw;•: """:''" dt'<"rN<C v'"i: lial...-.:rin~ ¡]\¡, 

'"·'" ,,( 11 .,, ... ,¡,.,, \1, • 1ntlux nf l''l""l¡nn ''1'"' 1< '"""'""In'''·" rod. ]{~c~m ;,c]d Jo.t.1 from \\;"'·al-o·t haw >ltrowro thl' ¡n. or\ to In: 
tlv· ''.'¡, '"' ~ m a",,¡"·"' r {< '1"" + lu!ui.l¡ ¡•rn.lnr,·d,_ and \!¡ = "'·:" 1 , ocorrccl. Tf,~ modd w'" al<o ""''" hy Co.dy (¡<')(,~¡) tn oim.,].no• a hLncat,ry 
"¡ \\'l(<C {•·')'"' -1-l~<¡c.iol) ¡,,_, h)- 1.-;¡L,,~,-- \\ :tl<'f may il•m 111 (rom an nJp- >otup hut had to be appli,•d <~p:Lratdy tn th,• tw,·plo.l'<' ,.,,.¡ dr·y •t~nrn r~-~i,ns 
n•nt .n¡ollfl't nr ka~ nut of lh<" ,,._,[vltl ,.¡,, ;~,•.tm \'<'111<, spri"r<'· wild W<•ll<, that doHiopcd. 

, te. Th~ will< r ir~llu~. :\1,, Í< "'l'"~'''nTt·d h~- ~ 1Íil<"·'l1" <"Oilll>inalinn nf !<•rms 
600>¡---,---,---~-.---,---.-C-,---r---r---P.wh nf whh·h ;, tlt<• pnHiu•·t oi a !h"on ti,•.\] ¡illl<"·dqH 1\dt·llt "''1'"''"0 func-

1 1un ch.-.r ·" \~t-i 1.i n~ a , '·rt"in ¡¡qui f<·r rhw l''"""'''~ry (h•••ni•pht·ri,·ol, 1 in('or, 

"' c.H]j;¡l) ;ul!l I'"C-'""·,._ Th('M' ,·.okul."inm f¡~rtht·r ·'"'""'" that tho liqHid 
inflow i> Í<othnm,,l \I'Íth .- .. n<t~nt ,·mhalpy, il,. 

b tlw, "'"'1:)" ld~n~c ralc:Jiation tlw 'l"''"'" is nS"ouncd In bt• in com
plc·to ;hcrmudyn.'\mÍ{" o·quihbrillm .. \cnmling to the flrst bw ni thcrmody-

11ami•·s rm~ thcn bs 

(J6) 

3.1, e, -}.1, '• + \' (t - ';') (f<,)'• \1",- T,) -
]n!<m.>l_on"<tf ! L><nn>l cn<'l:)" ol·.>n'< in ..,lid to<l 
rh~nge '" ~"'d 

= -Q + l<l,h,- ~~ .... - ll,k, 
So< conduc· ~<! C0'"<1:'"' onth>lp)" innux 
,;,.,¡,.,,,in~ •• 

Thc •·u]wnc \' can he ,-~prosscd ~~ 

( ' _, -" '
- ,, 1.c ~- ( .r. "l ,, 1., '+( cO 'l 9~~-•oÓ>ol~-;· 1-:--o)l'o =. •"'•''• 1-::o,Jt•, 

wh<"r~ e," ¡, •·a por (ga>) S-'11\lC:"ion ami :!' an<l t·1· '"'' opc.-iño •·oi<lnws of 1·apor 
;,m! li<¡llid. rc-•p~ctiu-1;-. The pha'~ diagr.lnt for water (M-e ti¡::. 1) imlic~tes 
that in ,h,- par:icll!ar '·'"' wlwr,• tlt~ •Y•tc-m ,.,m.litts only cmnprc>S<"<I litjllici, 

tlw th--rtn'-'<i)'namic l'·"h of tkrr<•.<>in¡: !"''"'"'" tille lo ¡>I'(Khl<"IÍ<>n wil! h<: 
,,,sctt!J-'111)" ¡,nthcrm.-cl ,.,,,¡ i«wnthalpio. Equ.ltions ;15-37 tllel\ leaJ lo a 
"'~"'" 1lun:etne hahnco simibr to th~t t•mpl<•Y•"d for ¡><·trnlc"nl pro<htctÍGn 
ahu.-~ ti1'" lntbl.lc-¡>oint, 

(JS) l--1, rv" ·-•O + ~~. v'·- c;.r, + ;.r,J J·- o 

A<idi:inn.ll '''"'~'~g hyp"d"""'' m.H!.- !>y WhitÍ"(: an<l /bnl<')' n<c th.ll Q ;, 
n•·¡::h¡:d,])" ·m.<ll n l.oLi',"<" tn ~tlwr ,,.,.,,_ Íl\ (J/j) a11<1 tiL'LI 1:, ..,¡,, (i.••., th~ 

<·;llh:.lp_c of pr<><lur<·<i and lo" lluitl is oh" -'~nw), 
'J ¡,., '""'"P"'"' d li<¡ui.l ,.,.,.,i.,ll ,¡ tilis ltotnp,.d-p.¡ranwt<·r .,,,.¡,.¡ v:as 

·'l'i']¡,.,¡ Í>)" \\'hioin¡; .n><l R~nwy tn thc• \\',,iro]:,·i ::•·uilwnnnl >)"SI<'m ;n ~, ... _. 
z,-.-.Jaml. "j h10 injti,d \\'lll]>erUlll<"O 'Lil,] <'llth.dj>)' \\TI"•' C>!Ínl.1i<"d f¡"<,'l\ f,,.],j 

,:.-l.t.<, ,,,.¡ " ¡..~,1-<~u.-.,-, '" '" tlw pr-"h"'''"" ]¡j;t,.rr ín>:11 19;6 t<> '!i~' wa> 
,,..,¡ '" ;],·:,•rmi:J< thc initi.d w.11c•r in pla<"c ~11<1 thv inilial¡trc"L<r<. Tb, mmld 
,_-,,, tkn "''"'1 "' pc•·tlit·t !" rf"nnntH"<' tiLl-•>L<gh 1!)1>5 ,,.,,¡ o¡¡r"·nwnt with 
mv:tsur<•<l t1.1t~ was ··~c.-IJ,•nt (><T fi¡:. ,r,). l'r<"<ii<tintl nf f11tur~ ¡><·rÚ>ml.":<c 

from t<j66 '" th·· year '"'"' tn<>k int<> nN\!lll\1 twn-ph . .,_,., •·unJitinm ;¡r.J :nJi-

o 
·;;; 700 
o 

' ' • ~ 600 
o 
' ·g 
• 
:;; 500 

" 

"' 

'o._ 

-o- ~~aasured prns>ure, psi a 

-b- Colculoled pressure,psia 

System following 
vapor prcssure ourve 

Motclled + Preditted 

Pross"'e ~~ :fmum ::i • 500 lee! so 'oseo 

1958 1960 1962 
Time 

1964 1966 

fi¡;. 16.- Comp>ci><>n o: <'Oic"lnt«< •·i<h m<><c•«\ P'<>"'"' ior \l'air:okoi ~roth<rm~l ')'"""'-
¡.t.,.,-,,.., ........... ,,..,_ 

Bri~ har.. and ~lorrow ( t 9i·Ü ha \'e ad~ptocl <IH·lutnpcd·pManwtcr approa, h 
:o vapvr-rhninated S)'stcr:-ts (i.c .. sy<t<•ms with_" >i~I\ÍÍ<t~nl dry ;tc~m r<ogion) 
h)· con,i<!ori:~r; thr,•e di!Tc,cm distrihHtinns of v~pnr :1r.ri lir¡llid. T~ oa.-h ca>c• 
tite >)>;,·mi'~'-'""'",_¡ to be complctdy clos<-d (i.<·., ti\<" l>mrndori•·' ar.- imp• r· 
mc·.-!b> .ond :tdiahatic) ~nd onergy" d~ri\eJ only fr<>ll\ ti><· rock ma$' it<':lf. 

Th•·ic iirst Ir.odel c"ncems a singlo-pha''' '}'Stc·tn tmnplo•td)" ;.l!llr:\1"1 

with ''"1"'' 1 he y ~»u me th;t ,¡neo 1 he ltc·at ra¡ >.1<"Ít )" "f ;t>lid' rMk i> "'"''h 
gr.•atc·;· th.<:l tbt of >te~m, :he >}">tt·m ¡, "'""tti.1lly is<>th,·rn>al. Thm, tbcrc 

¡,no ncd f<>r ·'" c•nergy cquati"n ""'1 c.nc r:tn """ ,, tn."l$> l•nlan,·., ap¡ll'o;L.-1\ 
>imil.lr '" tha: commmll;- rmpluyvd in natur:d !!'' ,-,."•rmir. 'rhi< ·'l'l'"'·"·h 
lead< w ~ liac•ar rebt.ons!lip bctWe•'n p/Z and CLln\\d.\lil'<' pr.,.lti<"IÍ"n .),)..JG 

a.-.·n•dl"l: '" tfw er¡\l."ltiun nf """' r.,, " n·al ¡:as, 

( ... 1 f..=_ = Po ..:\Ii' = ~·- (-~~~- ~-"·¡~'-) 
_,, ., ., ,,,. 7 ?o.'" 

"-l "-o·o '--o •• 

wh,·r" Z ¡, •'<>lll¡>r<·»ihility fac:.,r, ).J" is ma,s <>f Sl<".'\m in placo·, anJ ·,¡,., -'lth· 
'<"ri¡n' ;,"¡;,-ate <li!fc•r.•n: valuc•s <o[ time. T~.c int<•rccpl of litis litW nn thc _,¡,. 
,..¡_,,_, Í> •-.;t:al to :h,· •>rig-ina! tluiJ in,p!~<•", ;>.!~'-

-

i 
1 

1 



,,~ ,,,, 
ll1 Üt•o «'c<">n<l mn.lo•l !he ''"l'"' phosc i; "'P•tratt<\ frnm ar> llr><l••rlyl.~ tlw H">«il> of .1 f>;'Z :tnolysi<. Finally, Jlri~h.Lil> ao11l ~l•>rrnw .-.,,-,d,Hir tl"t 

hycr nf r hv ,, hnrimnta] [¡\Wrfa,e al whic·h hni]in¡: takc< p\.1.CC. !jj¡ "tl11• "0'<10 pnrtinn ,(-' n·"·tl'nÍr wiJI ,;]\\ay< l'<'lrlOi" ¡,, 1:0\ \l'ho·tho•r 

th~ ,."i"", -''"" ~r,:ain a<SW11~d to h~ isc.therm.;l, it< lr<"-11mem is s[mJI~ nr n~t thac is looiling \\t~h·r lwlnw ti",,..,.,, Thm !''''""'"· trm¡wral\11"•·, 
1" :ha: j n thc ¡>rr•·ino" rnO<ld. Thc la¡ oud phas~ ehan¡:es i ts Yolum~ eu~timt• and mlh alpy "'''"'""''"mr n ts 1\'i 11 MI lh• complo•kl y di:o:,:nn<l ¡,. f, ,, do·to·nni nin¡; 

ull>l;• at><l tll!o .-c.rres¡mudir.;: lwn]'C•I sy.'iem is tlwn•forc dcfir.cd '" thc porc tho otir;inal M:ltc olthe r<"><TI"<lÍr Ouid systt·m. lk,·~u>e• tloc: "'"·'"' p·m~ltlS 
'l'"•"t" fLihl with ]Í<]L>Ítl at thr- bq;-in:>in¡:: of cach preosurt: tlccrt"m~nt. For this '""~ntially ¡_,otht•<n>:<l. it gr~iluolly i<Lrn·.,;n in ••ntblpy :u\<1 bt·•·""""' <upt•r. 

-

sy<tc·m the rna" balance ,. simply h{".11c¿ a~ the 1':'""",'" tlcr
1
1inos ". l l l l l e f. 

""' Lflt~rrsnn~ tlL11fW< ·par-lmt"!t·r "''" <" >H>•."< on t '" ""'""lllÍon t.,.L[ • 
i\.~\G = _ .:'!.).!L 

<:ncrgy babn{"c ioc !he fluid is cxpcess<Xl as 

!!o~t """brod fc<>m 
ro<k :o liqá!. 

, ' • ( T,+1\) ''' , 1e ''',o +(?>.! 0 -).1 1¡t, T,---
0
-- -(- ,-. ,-_ <)n 

whcr~ ~!' ÍS ma« of !"o>ek in ron:.-.c;; wi:i-, iitpid. f{ ÍS dYCra¡:c C~tha\py of 
vapor 1~-wing >}'>!cm and ,-.e;, aWfi!{;C ir.:cr:oal cnergy of vapor (bmh cal
culat<Xl at :h~ anr~gc t~mpcraw:-~ (!", + 1",)/' amO '~" s~bsccipts o and 1 
i:tdicatc thc 1><-{:inning ami ~nd oi a dcp!<ti<-n 5<~¡>, respe<:i,·dy. llrig!:am 
and )/c,rrow furthcr >implif.cd 1his cqu~tiQn ~y rcóo:-mubti.~g it in tcrrns oj 

cnthalpy and ocgkcting th rcsultillg ¡>:-cS>urc !C;"101S and ob:ainOO 

L,L t.,_L 
-~!,n 1 -).! 0 n0 = 

Gh'"n a r<Ltc o/ ¡mxh:ctiun, thc :csu\tir.¡: ,;ystcm of tt<.nlincar c<¡nation• 
lw ..-,\ved in an itcr<ttÍH: rnanncr. 

The :hin! moolcl ("onsider< a ''-11"" pha<c O\Trl;·ing a bycr o: ÍÍ'!ui< 
nc~pt that no\~ l~·ilin¡: '"''""' thr<>\tghout th~ eo::irc thi~knes.s of ¡!,¡, l.,y~ 
ar.d it' d.•p1h ro·main' foxnl in t intc. Thc ..-,,~!• in~ cnc:-gy e~u~1Í<Hl is '""'~ntirtll: 
oimihr to th~: ,,¡ \Vhiting and R:uncy (!!)69) with t~c exccption tbt 0"\: 
<tcom is ,-,j]owed to Ie.-wc tite "'""''"'· 

_·\pplic:ui"n ,.( 1hcsc modcl," t'> ,-~riou> h)"¡><>1hrti<"al res<"rVnirs ha' .~.o·.,·o 
tl:.-ct in <">tim."\1in¡: rt\·ailahlc rcscn·c< Uy cxtr,>;>'-'!ation o! carly pfZ hr!J..wi.-.r 
the "''<<Jits will tcnt\ to he c¡>tio::i>tic "!:en ¡>o"""'Y i> [uw, but :"-'"¡,,;,¡¡ 
w~c·n port><ity ;, hi.:h. Thc const~c.t !iquid ]c,-d medo!"""' fnwt•l !<> pccJOc 
hig-lwr rc<"U'"t·ry for a g-i,-cn prossucr ~-crktion thl'> thr. hlli11g" li<¡Hid le-. 
mndd. Thc ]>r<">cncc of "'"en a""_-¡]] a:nount of ]Í']_\>IOÍ in thc low<r ]>·": vf · 
¡:eoth,·rntal >)">!cm was ,hmm t•> t,,. cA1r<mdy imp<>rtant bt-c·Cll:«• i; ""' 
~ceoum for a h:-gr t"c.<c<Íon of thc total P.aid m~>• and ca~ si¡¡n_if>t"'r.tly offc,· 

the liqllid and ~"' phas,·s ~re \ULÍÚ>rmly di.<trihtur<l th">lL¡:ItotLt thc <ystcm 
h;~• bren rroposrd rrc·rntly ~y ).lonin (19¡;). Thc >)">trm ¡, aSS\lLlhd tn l,c 
compl<.:t•ly doscd and •·.-eh ¡>hC~sc is Jlf<>tito<"•·<l at a <ate which is rdmcd tn it• 
rcbti ,-e pcrmcabili 1 )". 1 1 is appr<>->th is ha«·d nn a simplitit·d fnmt ol c<¡tLations 
r-; ~nd 6. !1 wc mglc-ct thc J:"'"Íty term in Darc¡-'s law and MLI:stitlL!c (~) 
anl> {.;) intu (r), wc can writc for an i•otropic nt<-clÍtl!tt 

-'- (~' 3j>) "" J).!' 
~x, · ?x, JI 

,1' ( e S~-'- "S') . =;>p ·í'· 

N"{:icctin¡¡ hcat di•pcrsion and thc ¡trcssurc lrrms in (6) we o~tain b¡- the ;ame 
l'"''"':durc · 

(44) 

,. - L ¡,L H'" ' ' ~ ' . 
''

' 5L Lol., 
- 1" f " .. 

G¡,G ,,c, -'T 
p 1 '""• .J. Kol ~-

1'-' • dp 

>in6: T an•i l are tmiqucly rdate<l by thc l.>oilin¡: C\lf\"C. Thc r.otion o/ a lum¡t· 
~d-par~mn,•; modd imp!i,•• th~t ¡¡r~dicnts of prcnuro, tcmp-crature. and 
sotm.-,zinn MC snt~ll. E~pandin¡;: (43) :tnd (.¡.¡) ~nd n<-¡::lcctin¡: tho prodncts 

(.¡5) , n1' •' p 1 ;;)!' --------¡! JI u: ). ' ~~ 

E~¡>.<ndinr: thc time ,[cri,•atil"CS with rcspect to p and S yirlds thc nonlinootr • 
ordi~-"l' <litfcrcntial oqa:t:ton 

• ~~~~/ • ~:.,¡' 
ns'· ~; Jp · - x :¡----------
dp , 3lvi' , n1' 

).----).-. 
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In thc r,.r of sinr;lr-ph~<c· :low, T and ,o M<" nnt rrlatrd umqt<cl¡· lo '"'il\.. eunr i< rr.1CI:t<.l. At th" ''~~el a:-t<! T 1><-::in '" fnl).n~ thc 1~•"'·><: '""r with 

ntlwr, an( <I>C>\c procrdur, mu•t tkn•f.,n· 1"• mndif.c•J. Ji we r.<¡'¡~<V' ¡:-rorlual inrrca•c Ul ,¡,."m <.ltJr~tum Pmdt:cti<>n of >l<":tn '''"'· ''""' 
hcat <<>n<lo "' wdl "' <'i't" """'" '" obtau¡ th,• •on¡:l,•-ph'<Sc cqutv~btt onl¡ whru .,..~ rcad:o•s "' <n-callcd cqt:dthrmm \'alur :ti "h<eh "'' \<ljN>< pha<c 
nf (45) with ),·' ~ /,;/. Expandin¡:: t]w ¡¡,,. ol.·ri•·arivcs ,-¡¡¡, rcspc<'l to p a~d lwcnntrs mnbil" (h··!uw thi• vak ;.,;·=o). T~r m!ln l"·tw<'<'U j>r<>duccd <tra<n 
T leads '" tlw fu \luwin~ nnnlino·ar o ni i~~rr di ffC"t <>nti:i.l rqtJ 01 ;.,,, and liq 01 ¡.¡ \\',t(o'r rnnti nucs ¡,. i nrrca<c u ntil :;~ ;, rrdur• ·d rn ~ star:<> wherc !he 

Er¡ualions .;li and 47 werc uscd by :O.!artin lo oalcul.<tc numcrically thc 
rf btiml>hi¡•• hctw,·cn T, p ;md S in a hy1><>1hctical !)">1Cm frtt of ¡;r~ 1·ity e~oct<. 
lnt<¡:r~:io<l of (-t;) si-.owcd th~\ ;r. tho ~~•o nf ,, single phasc, dT{dp ¡5 ,-rry 
sm.<ll an<l thc c.,ploit~~i<>n J"<>c<"» is ~•><"ntially isothenn~l. Tltis is cleach• 
ilht>tr~l~~~ in fig. 1-¡ which shows th~ t~emtoJ)'ll.1mic paths for ,·acious ;~i:i¡l 

~- GOO ~ ·-- ---t_ u 
o ______ _,,~:ooo" 
o : "--7 

~ 400 y - --------- __!óy ~ 

• f,~---------R- ------..l. 200 ~ 
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r""'"'""''-'"l""'"'"'" Jia~'"'" fm pllro -.·"'" ,,,,¡ ••roe showin;; 
<l¡·n,,mic P"'"' fM <kpkrin~ "g<,lll<tln.>l >y>tom. 

f ·T <"<>ll<iitiulls in -1 >)"SI<'r\l ,.-¡,¡, ? =O. 25, p' = 16' lb,ljl' (o.6¡>;m;.-m'}, 
r' = n.~ lltu/lh°F (<1.2 r.tl-'¡pn°C}, z"' = .¡n llll<,:/1 <l.\)' °F (o.0060c:d,'cm 
••·e 'oC), 1.· = J darcy (') 3¡ Xto·" cm'), at><l tr¡•i,·all.-, \'O]llt>. Fnr ••. ,.'U,pk, 
f'""' il1iti.L] <'onoliliom rnm·o¡•on.tin¡: H• poillt A, th<• '''"'l"""'""-" ,.,¡;¡ <!'"i' 
>li¡;h•.ly :don¡: lill<" ! o.s pr<'»urc olc<i'.JW.s. Tlü< '"""'I'""J' tn a i 11,¡;k ph-•><' 
(c.><<'llli;dly S!<-.11n) '""'"""" witb wn¡wratun• an<l pn·«urc al><><·c tk tri:i,·ai 
p•;int. llow""·r, if tlw 'Y"""';, initi.oliy '"''"'-<l<"<i \\ith li<mid w:tter a: noint . . 
C, ¡>f<><hlclion c.~"''" ''" boti:~nn:<l d,·nca•~ in pn..-ssm~ until th ¡,¡¡;~¡; 

]i<]Hid ¡,,,,·om••• immrohilc anrl pm<IHction is rcstrirh'rl !•> "\ma!o'rl "eam. 
\Vhc'r\ alltho: water ha< ¡,,.,-n hoi\cd away and S''-·(), tho· to·m¡wratun· departo 

'"'"' th•• lwili11~ '"""" ond sn¡wrlwatc•\ s!••nm i< pmdu,·o·d ""d,•r psf;<'r.tially 
isothrrm.Li conditinm. 

Frum hi• stmly ~hnin fnrthrr cnndlHicd th~t" cmdrr r.-rtain ,·nnditinm 
only ;¡ rd.oti1dy sn1all amnunt of thc h,•at initially mmaitwol ;, a r,••,tlwrmal 
rcser\·oir will be produ,·ed o.llLring: 1'''''"'" depleticn. ~ha·h of this iwal mav 
he r<mt.,incd in thc pro<h•<~-..1 st<·~nl O\'í"n thnug:h initially 11w r•·•rn·oir cnntain< 
onl¡- ht water". This is du~ tn 1hc high••r hcat cnnu·n: a!ld l<>w.-r ,.¡,<:<><ity 
of >tcam M compare<! with liqHirl water. ,\similar •~•'"'nin¡: al"" ¡,.._1 )lanin 
1<> enndud<• ~~~~" for many <.<>:Klitions wherc ¡:ra<·ity "'"l!'•l:atiun oi thc '!oam 
and hot watrr occtors Juring d~pl~tion, m<>re of thc tot~l h~al oan be 1m><luccd 
hy cumplctins- wclls hi¡:h in t~c n:sen·oir l<> cnhan;o: Mt•;un pro><luctinn and 

'"l'fltOSS w:llcr produ<Clinn "". Whcn gravi<y dTcots «re importan!, S)'"'tcm 
C shouH f~llow th~ ¡>ath sho«·n in fig:. : ¡ untilthc sto~rn ph~sc ),•comes mnbi!c 
and ~:a<•ity 5<¡:-rc¡:.\lion bc-¡;ins. Sine~ S"'"'"'''"'"" rapidly in thc upp~r por
tion ~~ thc systcm, clcparturc fr.>m tC.c Loiling "'"''~ will '"'''" at comid<'mb!y 
hi~hcr p and T v.tlucs than is shown in thc l1¡:urc. !n dw lnw<·r 1'""'"" ofthc 
>)">le-m s'· do.·rcasc; slowlv ami 1hcrcinc,• dcparturc fmm th~ boilin¡; CLLC\"c 

will i•ccm '" lnwcr p and T ,-alucs tha11 in fig. 17. 

,1/oJds . 

.-\ mnr~d in which th<· I'""P"rtic> of the rock an<l/or th~ fluid (e¡:., •atura
tion, I"ÍM'Osi:r, prc.surc, etc.) a:c allowcd 1<> 1·ary in •pac~ will lx• ca!Ie<:l a 

<li.lribu!<'<l-poranwt~r mudd. By t~:.Oi"g into account •1>atia! ,-,-u-iations uf 

ti•= prop,·nie$ th~ rcsulti"g proLicm mar locromc '"'' complcx tu Le. trca:,•d 
anolyti~~lly .• \n ahrnati•·c approadt ;, 1<> rep!a~c thc l:''"'<"rnin¡: pactia\ di:'
fcrcmial ~'lnatio:\5 lo1· an r<]Uilalmt sct of algchraic <"qll.11Íons and thcn wh·c 

the prubkm nlllll<Tically wi:h thc aid nf a mn<putc·r. Th<: I""P";" oi the fn!· 
hwi11¡:: <li>cu..-ion ¡, to acguaint the rcader with somo nf !he r<'.<1dt< ,b!aJned 
to date:,_,. nunlcri,·al ,;mulrttinn oi rp];;.ti<dy compl··~ g<·<>thcrtn.,l •ys·mlS. 

A o·n.,,id,•r:cbL· <lq;¡n•c of >üjlh1.,ti<·.1lion in th<' ltlllll<'rical ,inlltlati"~ r>f 
itnmi:.ciJ,],•, tmohiphasc and rnulticonlponent ~uid Jl.,w ptohkm' undcr r.on· 
i>othL.,-,.,,,¡ <<HHiitiml> ha' ],c,•n .whin·cd in n·ct'l\l )'<'OC> hy pclrukunl c·ngt· 
n~<Js, A hrid rc\iow of this work hos bccn indu<'.ed ·,.,:. rr.c<nt papor hy 
Coats el ,¡/_ (197.¡). ~lu•t of this cfi<>rt, howc1·cr, "'"" nnt cono~rncJ with 
gc,>tl,:,-n"l S)'>l<·ms I>O:t "'''" dirc"\"!od tm1·:.rd the l"'•IJkm <>foil n-cn,·ccy hy 
St<•.omfloc.clir.g, hol wat<•rrl•><><l:r.g-, stc·~m stim~!~ti<>n, an<J other lh<'lmJI pru-
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cc.,.so·s whirll an· .,f imn>-'d i.~!<· ,-.,,.,.rn lo> tho· po·trnl<'lllll inth'""Y· ""' P:<anmlr, ~u.ri'-~'""1) rq>:NJ"ntati<>n nf thc• hot-wato·r Wai"'" a<] ni fo·r ¡,. \\'aira~o·i 
Spill··"c an.l • ·n ( 1 o)f,S) ha,.,. ,¡,,¡¡,.,¡ llw ""!~"'"' nf a n uil r~;en·ni~ "' "'ll!!~<lmt hrronal ')'>len> "f X,•w Z<:alar.d .. Tia· '"""_ ano! ""'''>:"Y _ or<: (!''!· ; 
¡,.,, 1\·:.tct i~o¡. •·'"" ¡.,. ""'"nin¡; that tho· hydm.:nd""" ami tht• watc·r will .-othont th~ 1'"'-'"''"" h'rm) are sol1·rd '" :he hnrw.,tal ¡obn.- ut thc -11jUifcr 
"l'l><":tr <onh• as a ¡;,1.,;;¡ phnw. ·i·ln·ir n1ndd ,-,n.¡,,. of:: wniral crn<s-s.-ctinll l>y thc_ G~lerkin ~~lit<· drnwnt ap¡>m~ch, _n>ing Í-"'I'"L"IH"tric rkm1·nt•. ''~ 

shm>on 111 li¡:. 18. Sonec thc ¡¡"wmmg LY!ll-'h<>ll> are awra¡::ed nwr thc tluek
nc>S of thc aquifcr, ccllubr cmwcnior1 do'-" not piar~ wlc in thc r<'>Hhin~ 

illo·ludin;: a ho><"i<•mtol !'<}'<'<"uf '""1 , • .,,.1,,.,.,¡ ho•l\\'<'<-'11 '""'' imprrr:wablc ,¡,,,1~ 
,¡rat.1. Eno·,-..c:y i< tc«n'l'"rtcrll,y contlucti<"l aud ~O<lH~tioll in thc ;and byer 
;u>rl ¡,,. o·unohodit·n in tht· sh.do• l.1yo•r.<. l'hú<l tkn<ili<·< .11Hl ,.;.,.,.,¡¡¡,,ate t~k~n 

tu IH: t<•mpe•~tme dc¡wndo•nt ,.,¡ rapill;or) !''""'"''' l><•two•en tllc' two fluid ·' 
''""'P·m•·nts ;, l.lb•n intu "'''''"'n:. 'rht• "'l'lation' gnn•ming ma« tronspmt 
are ,.,],-,.,¡ ¡,, .. ul ahrnatin~ din•rti•m implieit (ADI) itnati•·c finitc ditft'r· 
'''""~ ¡moccdmr wlwreas tlw r•w:-¡:y ··~u.<rinro ;, <ul\,•d lor !he mcthod oí 
,·har.1neri<tir<. Orw nf the eunrlu,inns uf thi• >lutly \\"."l' that nuid S<-¡;"r,·¡:a.tion 
duo• t<J ~r.LI"ity ha< a •ir:nifl,·ant o·IY<Tt "" th•· >y>tcm <'<>IL<I<i~r.·J. 

:\r<ollwr n•.-,-djm,-n,ioll:LI H'I'!JtOiliH><I,•I romi>tin~ o{ ."L sand h)w sal\<1· 
ll'ioho<l brlv.o't'n two irlljl•mwahle >!l'at.; ha< hoo·n d~<·t·i,lpcd mocc r<'c~ntlr 
hy \\'<·in<l~in d ni. (1')74)- In this Lll•><l<·l lh1id llnw ¡, ai!Qwcd to t.okc place 
<only in ''"' h<>nrnrLt.ol dir<•o·tion IYh~ro·a< '''"''!:)' ma~· he tran>ferrcd by con
dLiction l~lth horiwn:.,Jiy aoJ \"<·rtically thruugh 1hc <'tllirc systcm_ Hov.:c,·cr, 
tbc hydrne.1rl~"" and '''.1t•·r con eoc~L<l l>nlil in 1hc li~Liid .""d ,-apor states, 
>n tha: "''' mu;r now <ic;d llith thr<•c <lbtio<t pha>e5: uil, wat<r, and gas. 

Thc· ¡:a< pha'<: is ~mi-""'" nf Mc:Lm amlloy<lm•·arhon vapor. lntcrphas-' mass 

'"'"f•·r wi:hin caá com¡>ono''" ¡, all<>w•·d 10 ~""""' for prorcs<es such a< 
•~at .. r \"a¡~>ri<ation, stca:n <"<>:ldcnsatiun, hydru<"Mbon <!inilla:ion, solvcn! 
r~lr.;<tion, ""d ;<>luti.,n-;:.10 driw. Thr '''"''1:)" '"'!""'ion is o~pr~"«l in tero>< 
•lÍ <"H!Imlpy, rork rom;>'~''ihilitl" is tahn into ao<ount, In<: rapilbry prc;;;;uro 
di~<(< ate •w;:b·to•<l. .-\ linito difi<'rcncc appr<MCh io <·rnplnr,•d with an implicit 
pr:•.,urc-cxpli1·it s:ohtr~tion f,,.,t!lati"n nf thc mas.• l>abnce O'\<l~tion, which 
¡, ,,¡,.rl •im•dtano'OII>I)" with th<• on.-rgy O<JIIO!inll. Tho• .m:ho" also d;<el!SS 

\arinlL< iml"'•'"<<i Hu:tl<'ric.-.1 t••dmi<JU<"> for ;,.,·nking ph"'" constraints and 
o·akul4ting- l11">5 :ran<f<·l" h'!ll\s. 

A thrl'i'·dinwnsinrF!l llnitr' di:T•·r.·ll«" m•><ld do•sr•·il>in:: Mni,otll~li-:Pl, 

ti!l"<;c-ph'L·<' il<>w nf oi!, li<¡<!ld water, ,,,.¡ "''""' J¡, lwcn <lt-scrib,,d l>y Coats 
o'/,,¡ (1<)7-1) f,,, tht· l''~tt'"'" nf ,¡nH<L<tin¡: nil ... ,.,,.,.,.}"by >!oam ami hot wat~r 
illj<·t·tinn, !11 thi< ,,,.Id tluid ckn>iti<·< "'" t.Lkt'O !U ¡,., iino'ar Ú1JleliMs nf 

¡,.,.,pcr.1turc· and p:-''""'''• ond thc diect of 1''"""'" "" roro<ity i> al>n t.-.~cn 
inl•> """"""'- The ma•• and t'JIC<jj)' loah!H'<' '''l"atinn< are <nh-ocl sim•llta
""'"'lv l>1• a dirc<t mdhnd. :\ 1·ompari.<ml <>f c~kulall'!l rc<ult< witlo c>:¡,ri
mcot"i ,¡,;," in<liroto·<l tlut tlw <itn11lotin11 pruro·s. i• "'"'¡,;,-., to :om¡wralurto 
,.[f,'<'t> un n·btit·1· pcrnH·oloilit)". Thc a\!th•>r> ro>nd"d'· th~t s<Lch dota, r-;pc
chlly thc to•mpcrature do•pcr!<k!l•c of W:thr ro·l;<iw jl<'<mo•a~ili:i<"<, m;;s; b~ 
t.;hn intn :I<'C<>tmt. 

Thc flrst :tppli<·."i"n uf ,, di-•trihut<~l-parom~ter m•~lcl lo .1 g,;,thcrmal 
'y<trm ""·" madc hv 3krc.-r ( 19;-3) :ond :0.1 crr~r .;.,d l'in<l••r ( 197.;). .-\ .-om:uc
hcn•i,•c aNmmt .,f-thi• """'k h:t• l,c,·n dt·«·ril.c-,1 m•lrC r•·•·emlr Ly :O.Ir~ccr 
<1 al. (t?75)· The moti.-! comisto .,( a •in¡,:le·phase, twn-<lim•·ll•ioml ,1real 

mudd, · 

! S ~ :O.:<twork of ;,.,p~r~me"ic <lcmcnt< u><d io di,¡nb"tc'<i·p"r.l!n<!er "'"'kl of \\',ir.>koi 
gootherm.>l ')"•!Cm. 

<J~ ""'"".t .. ,,¡. 

llowclw, n·rtic~l flow of 1lui<l as wdl as cnt·rgy is aii<Mnlt•> t.oko: pbcc 
hcl><-rcn thc \\',,;,;"'' formatinn and thc o,,•rlyn>g \\'airokci ¡,,.,.«·i:o nqllift·r 
thro<~r,h thc i<lt<'rH·nin¡; JI ub F alls <hale (SN' ftg:. !<¡) "l'loc t";!l<' "¡· ¡¡,¡, ~<•rtio·:ol 
kakc.g:c i; tol.o•11 to ¡,., prnportior.alto the diffcn'nL<'' 1<1 hea<l a11d kml"'l"'<l<Lre 
hctwecn thc l\\'<l aq<1ifvrs. the •·aiLLC> of} ar<d T in tlw tl]'jJ<·r .1~11ifer ho·inr¡ 
kcpt ~''"·''·'":. 1 nl!nw., of he~! from tht• u nderh-i n;:: i~toi1nhri 1<'< i nt" 111<" \\'.1i<>r4 
aquifec are lr~·'"-<.1 a• llnknown $0UJ<~ tmns l<l ~e do tcrmi!lo•d loy mod<"l eali
~ration. Tho' l.>t<·ral l>oun<laric• of the \\':oinra "'!'"'"' are "'-'"'"'"",¡ tn ltc 
imp<.'rmeahle and isoth,•rmal. \'i•co•ity is allow<:d tn \".1r)' with tcm¡wraturc 
whecea• th<ili d,•n•i•~· is calcub:,~l as a lin,'ac fnnc:ion uf l<·m¡><•raltu\: .;nrl 
prcs.:;urc. Thc modd is abo capahle oi trca1ing the h,·~• di>l><·r>i<•l1 1cnn in il> 
propcr lcnwrial form. 

Thc f<r>l s!rp in applyin¡: the mcdd '" \Vairakci """" tn a<iju>t ,¡,., l'"'.'l• 
mctcrs oo as :o reproduce the stoady ""''' rondition> <'Xislin>: in t!);s, prinr 
1<> c~ploita:ion. Thc paramct<-r. :hat wcrc adj:tst<d at 1hi> >!"!:'<' ind"J,..J 
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, kntcnt ,·nnf1q, .. "tÍnn. )wat '"""'"''' .1! th<" J.totr<>m o( !lw "'l"¡f,·r, ,¡;,p,-r;¡,,, a,:n<.J ho•at """'"•'ti<·itio·' ll\1151 rcmain par.dld In tho• ,-.,oodir.ote<, 'rh,·rm;d l 
, , ".¡;,,.¡1-nt<, .• r nwal 1iliti1·<. :\ '!'ll<it i \'Ít;> a11.1l vsis wa' po·rf·" llH~I ind ira~i-n¡: wmchte:i.vil y i< ~- .<lnlbt<·d 'IC<'onlin¡¡ 1<> (5) h11 1 di ;¡wr>Í"Il ís ,, •. ., ial•> ,.,-. 1 
rhat di'l'''"'"" h;al littlc inf\LLcno·" nn liw r<"<'llt<, \\¡,,.,.,.," tll<" l'''""''"b'hty cn"nt. flw fhLLd' are assunll"d lo ha\c 1~"'1"'""""'' and pr<"SS\Il<"\ that '"''' 
.,r tlw lluka Fall< f,.1111 ;ai•m h~d an irnp""·"" ,.¡[,•,·t nn ¡¡,,, t•·m¡wraum· always on thc npnr l"""""c c\ln'" implyin¡¡ that li<¡uid anJ vapor n>-ni>t l.r 

diurilHIIÍnn in tlw them1al rc.<crn>Ír. ni cvory roi:>t in thc sy;tc"m, Con>C<¡lLc'ntly ]' ancl S are• !h•• two <k¡wndrm 
variables for which n solmion is S<>ll¡¡ht simllltam·o\lsly. 

West Holocene 
Waikato 

• • • 
+ Wairakei ignimtrite~ 

+++ ......... ~..-+ 

f1g. t~. - Ccm·r.cli<«l ~<olo¡:ic ""'''"''"'on of lhi<>k<i g<otht<m>l 
1;,,4 m >hMO "•' i<<d, 

Ecst 

•rmm_ lhlum phn• 

'''"' '""'" ,, ''" ""' 
Tlw ,,.,·M.<i >l<•p w.l> tn sim\llate tho r<''l'""'" of th" ¡¡c·otlwrmal fldd to 

with<irawal ,.¡ ¡,.,¡ water frnm " ><Ti~s ,.¡ wdl' during tlw p<·riml hctwccn 

19.15 ""d t</>l, \lsing tinw ''"1'' nf 30 <1'<)'5. Tite P"'""''to·r• of thc mt~id 
"'''"' a¡:-ain acljotq«l so'"¡,. brin¡; ah<ntt a~~ IH"\W<'<'O r:drulat<'cl ancl oh><·rvrd 
<i'<ta. Thc r-..·sult' sh~wPrl nnly a slig-ht thang-c in tll<' r«n~g\lration of tite 
ioutlwrms dmill¡.: tht' p~riod invr."i¡:att"d. Fi¡:. oo i> ~ <'<>mparisnn nf rnn;pt:l· 
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Fig. >O.- Compamon of romputod with """"'") po1cntiomotric_ •nrf"'"' in \l'a1ora ho<
"·""' aquifor for (.\] 195S aoJ (U) "'"'·\'a) u" in""'"" from •l.ttnm ¡ 5'·~ '" otbot< '"tete· l. 

'"''" "••• '" ,, • .-.. '.,,¡ 

.. ,¡ ami ,.Loont·tl potclltwmctric stlrf."l<O> ¡, thc \\'aima aquif~r fur 195S T~e o~tcm~l 00\lndarics ar~ imp~tlncol!lc_ and adi.tl>31Í< with tlw un<!~r-

Or\ll t!fi~. Thc oin¡;h·-pha.c mnde! f~1kd t<> rcpmdue<• historic3l doto oft~r standing that forccl cun<c•ction <iuc tn prmht<'IÍntl is mtn·h ¡.:rc31Cr than t(,Jl· 
tll<: <:tl[!,r.\tiun ¡wrioJ of 1~55-1</>2 .!ue tu a tOilSi<hnl,lc <jll.1ntity of >kam ductiDil across thcsc iJOu~darÍ<'S. Tlw t!iotribtttc·d-p3r:mwter rnodd is C<>llphl 
tb:tt had f<>rnw<i in th" \\'ai<>ra at¡uifer a<" rcsnit nf cxp],.j¡ation, 1'311>1 and \o a onc-dinH•nsional Sl<'3tl)' ;tate ln<Jtld of a pr<>Ólll'Ín¡: wdi in which th~ 

:1[<-l'('<'f (19¡;) ~re· no"- dn·do>piug a :wu--ph3.r m<><klto handlc SllCh probbns. !luid i; a>oun:cl to fo:m a ilorn<o;:<"ncous tw<o·pho;e mixture. The wd! is \reat-
A tWn-<iim<·;tsiow\i m<><lcl of tr.•nsic<n sin~l~-compourlll, l\\C·ph.u.c tl.ow cd as a ¡)oint -'ollrce in th~ ftnit~ dilf.-r,·ncr n1odd whidt, in turn, jl!<J<'Íd6 

in a l:<~•tlwrm.,] systern h:<S 1~-en dc,·cJ.,pcrl hy To>ron;•i (1')7-l)· The m<><lel i• l>ountlary \'ah .. ·s ni p and S t'<>r thc Sll'ady ~1~\c wdll~!re mod,•L Thc \1-d!l~>r<' 
h,,.od on E<¡uMinn< 1-3 and ó (withntt< :h,· laM ,,..,, '"""' inw1h·in¡: jli'<='Ottre) nuxld is f<']lr<"S<'nl<d mathctn."iroiiy by first onkr «rdinal')' dii:!errntiai 
:md utili "'" a hiock-<ent<'t<tl rec!an¡:uiar lini1r di tTcrcncc ¡;rid c.1pa~lc of simulo!- <'quatiu~s which are su in:<! hy thc Run¡;c-1-: una methnd. 
in¡: tlow in :i\lu-r a hnri-<<>ntal or ,-~rticai pl.1H<'. The r<'Sitlt in¡¡ 'u¡uati<m.<, "::" <:' , !.., T c.ron yi 'app!icd his mod,·l only tn a hnnt"{:<'""'"" ano! iw:mpk ¡¡'C<>-

t•xprc•«<i in an i rn]!lin! hacb<·~,.¡ di ffacnrc furrn and are •oi .-cd ,ünuir~.' rhena:d srs•,·m L>;· IJSi o:¡: ~ 6 ;.:6 rccr~ngul.>r linirc di JT, '<'n~c ¡:-rid. J-1 j; puq~•><· 
nntusly \,y a ii no Ít•'mti "' 'l""'i-li ~c~ri;:nri<>n C'' <'wtun-Raplt:«on) sá.,·n>o. Aniso· w~s !o in l'c;t i¡:.uc rhc cff,·cts <tf porosi ty, penm•al>ili 1 y, and ,-arim" u ni form 
trupy is t~k,•n into occounr with thc rc>tr!cti<>n that princi¡oal pmnoabilitics inilial p ar.d S distrihutions on th<' pnxiu<tion of ¡;cothennal tluid in" huri· 
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..• 1 '""'-<! .oncl \<ll>eolplanc. On thr '""'; nf lho<c <'whc<, lnH>n\'1 d~"'&! 
thc l.o·h·,f '"""l'h""" g•~"lwrmal "''''"" 1nln thn•o• llp'< on tcrm:'W! 
UIIII:O)]Í<jo , '-'lillf,¡{Í<lnl l) n¡>Or lfnmÍn:Uo~f, 1\Íih ll<lll.O) S1 < 40~~; z) hq""' 
.lnmiu;uo~l. wirh initi al SI. > (Jú ~ ~- mul 3) mi~.-d ''' i nh'rn" di ato•, with initial 
,..;'· wi!lú" 1 h1· r .10¡!<' .¡o bo ~~- C undo·n,,,,¡,., and 1 apurizat in ro \1 nc fo<Ul<i tn 
'"' ''"'' Hnportam plwnnnwna that , . .,.,¡<! ,.,,._,,,. ,.,.,-,-,-.Jin¡:ly hi¡:h liqHid '""'' 

ra!lnM n~:tr " '"·111"'''' .tnd di<ru¡>t ~""'Ít"tiun.ol ~quilil!rillm by cau<Ín~ 

"'"'"'' liq<oicl '" '"-' ,r "1 th.• tnp nf thc S)'''""' than .Lt tlw hoii<Hll. Tumnyi 
al>" ¡.,,.,.,¡ 1hat "'i"'rhcalc~l n¡:i"'" fnrl]l fa•tc•r in ''"'k< havin¡; rd.!tiH·Ir 
ln11· pnno_,ity and ¡wrmo·ahility n]ues. Tlw quahl)" oí¡]¡,. pn><htn~l fl"id (in 
t~rtn• uf pcreo·nt ,¡ram) wa• always found toJ k gr~ater at th~ wdlho•aU thao 
"' th~ ¡,.,ttom, ahhou~h tlw maximltnl ,.¡,,,.,~e in quality was •mal!. 

:\ twn-pha.c, multi-olim~n>ion~l modo] for !:<"nrh,•mtal 'Y"•"ms has rc
<'<:ll\1)" 1"'~" do·n·ln¡w<l hy L<O>eh'r ."1 ,,¡, (t'));) ba«•rl "" an cxtcnsÍm> of 
an c·arlicr in<·,·,ti¡;ati•nl ot ,;.,glc·pha<t• llnw <1ndcr w>ttio"ll><nnal conditions 
(La»ckr and \\'ith,·r·'l""'"• t<)i+)· Thisrol<•d, 1 utili>t·> E<¡u.Ltiot>s 1 thmu¡;-h .J.. 

¡, thc numai•·al 1'"'"""• Equations 1 thrl>l<~h 3 aro roonhin<'<i into a ilow 
cquation which is rh<·n solvo~l in conjunotion with th<· C!Wr¡:)" •'1"·11ion (Eq . .J.). 
Thc"" two cqu;ttions cxpn."''''d in ar. inh-¡:r.'\tcd rinitc ditTcn."Ilre fom1 (:\ara
•hnh.<n and \\'ith<""l"""'· '!1/3) are '"11-"1 f..r thr. two iJ,·¡wml,·nt , . .,,iahlcs, 
do·mit)' and <'rl<'rl()" nf tho• lluids, .<s a f•onction nf time on<l l''"itinn wi:hin 
ti>-· 'Y·''""'· :\cl\'Onta¡:" ~"" lw tak~n of tlw fact !~.~~ th~ timo• cnn;tanB for 
tlw ''""'[!"}' <'<]'Latinll ;¡;,. t)'pically se~·~r.<l nr.lo•r< of magnitucl<· lorgcL" than 
th<" time ~on>lant• uf thc ilow cqualio1l, whirh l'"'mib on~ tu de<ouplc th 
~<>'"~rnin¡: Cfjtl:O!Íuns and ,¡il! hano!lr thc m>n·lir.caritics '~tisfa<torily. Thlls, 

whilc it i< "'""'"'·'·")' to takt· rd•\li\"el)' <:nall time Si<"ps ro acntr:ltcl)' ><>h·c th~ 
llnw cqtlatiun. tlw <"11<"'1:)" ftdd rime <tcps can he "'"'h br¡:tr. 

Somo r.n•litniLl,lr)" rc>Ltlts for a mr.cld ~r a npor-domi<tatod goothcrmal 
>)"~tcm '"" ,¡"'"" ¡., f•¡:. 21. A wnical ,.,.,,,."·<ti..n ofa ,ylindriral s)'>l<"nt 
\\'ÍLh a lwight uf 3,000 tl1 .,,.,¡a roclius of2,000 m wa< ,,., "1' "'in¡: L.íO d··ntortls. 

Tlw <'apoc cnluonn ]LO<l "" awmg:e initialt.-m¡wralurc ;uod ~"'''"'"" nf 250 OC 
and 40 kr;km' thm,o¡:houl, at><l an otL<·m¡tt was •1><> mado• to 'imulot<· ~ 2co m 
¡,.,tlotn lart·r that was <'S'L<'ntially liqllid .. ~wr~l<"<i. Tlw lowrr Wut«br;· of 
thc boilin¡; wa:n h¡w wa< m.<intain.-d a¡ 2,;o"C wr.ilc th~ othrr l~o<rn<luic-s 
wo·rc atl.itcarily maolo· impcrmrab!.• t<> l.oth hca: and !luid. Ty¡>icd1 ,.,,lnc"S 
fur tlwmt;<l .. LrUI iloW pro¡wtti.-s of tht matcri.!ls wac ;"'"'"'~!. Rc·btivc 
l"'"'wabili:y d.,ta w•:r<• l<'LllJW:·atur~ ind,•¡"""d'"nt. 

Fi¡;. >t 'h"w' rq>rn<i<t<"lions of '"""'!'"''"' plo" aftcr ai~•Ht 1,500 obys 
at a SI<"-'"' witlodrow.<l t·;ttc from tlw pro<!Lt<"tt>¡; ir.:er\';¡] nf 3 X !O' k~¡'d.<r 

(1,38o r;i<). eh ;t n·•ult ni¡¡,;, hi¡:!l ral" <of prod"ction, thc I'""";,'C ia thC 
~.1¡-or colutol<t '~"'1'1""<1 '" aloo<Lt o¡ k¡:frm1 (ti¡:. ''A) and the tomp<•raturc 
dco·rc•3S<~I tn nl>n11t n5 "C ((tg. o t ll}. Fi¡:. 21 C ¡, a \ü tur ¡i].,¡ of th<·.\",\¡><>r 
fi<Jx showin¡: J,.,w dr,«rous l•>Í1ing al tiLo hotl<om of tlt<· <)'S!<"tn is pruJucin¡: 
,.,¡,¡,ontial st.•am. l'i¡:. 2t lJ ¡,a ,.,.,.,.,, pl••t ..f thc liqtli<l llm .. nnd 'hows how 
w .. Llcr b ;,·par.Ltin¡; fr~m thc 'tc.>tn at tite L.I>C of th~ >Y>lcm. Thc;c proli-

:;,7 
min")' rc>ult' "'"'" '" il1notr~l<" tlw ¡ww•·r nf <1·'·' ... ,,... 1 '" "' ''" "PI"""'' Jn 
~n.11p.i0ll: "'eh rnmplo·~ sy,knH. 

Gritl¡:ar1'."J> .1nd Sautr (197.') h:o\·c dcwlu¡k·d ,,, amh-ti,·.1] on"<.ld fnr 
n·,n,tra<!)" !f"lll]k"r~n!:c l~·ha,·inr .,¡ prndutlion w,.]], ducin;: n·inj,..-¡¡.,, nf 

!:<at·dq>_ln•·<i water_ rntn a h"rimntal O<JOlÍfoT with unifnrtn '''l:inn.d :lnw. 
1 he O<j u tfc: •: ~[ r nltn 1 te 1.1t..r~l e~!<'rot and i, rortlin<"<l hct ""'''"" ( 11 ., ;m ¡wrtt 10• 

,,¡,¡., ·""":·tnlmltr" la~'<'rs. lnllially, th<" 'J'"''"l ],,., n uttifnrm ''"'"l''"r.tiLtr••, 
T,. _At tune 1 =o, a w:•ll ·''·"" prnducin¡: walo"r at ralo' Q a~td injo"<"tinn nf 
rrlatn·r.ly mld wJ:cr >l3<1S in a .ocond wdl in tlw >amo a<¡nif<"l at ¡he"''"'" 
ratr. lhc l<n>¡~·raturc nf thc injoe:cd water is ""' r<¡llal In T, .1nol maint;tim'tl 
oonotant thcrcaftcr. Such o p~ir of wd], is kno<~·n :ts a " doulolr•t . 

Thc attlhors aosun1c that st~aUy >tate !luid flnw is <"Stn1rlishnl much fnot~r 
than thcrmal "'1"ililoriLLm <Lnd that tcmrcratnr .. · tr."\n>fn ""'"" rmly ]¡)' fnrcrd 
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'U·" ~-
~nrÍT.•mtal cm"''"':''"" in thr ;u¡uifr; a~;'¡ \'~rtio·;o) <'<•nd11rlinn Íll :h~ confn&~··:o:o:•:•:•:•;"':.',';';'~,'~~~~~~~-~='';,"0;(7~~~~~~~T' 
tng I>Nl.<. ··"'!: f.,rtlt<'t tl"t thc water~ at tc~np.-r.1111r" 1'0 _,,,.¡ T, do ,,,.c. ¡ 

· • · > ) > ' · > · > > . '>·mOOI _ l),c,iption """"n•ion• 
"''~ <.1'"'"" ""1' .u·o·nwnt • 1 \<'}" ""'"" amn·• ~~ a """!' ~ ,- ""~1 tnrm m.-uh- 1 ·• _ -------------------i----------
rtn-~tir.~l ro·lati<on<hip l~two·o•n t<•onprr~tllr<". co•rt.lÍrl dimo·n•Í<>IIIo·" p.-trant<•to·r.<, i: --------i · 
antl thc ''"'""' funo·tinn rhara.-to·ri<ing wato·r ~aw. \.rillprtrn ~n<l Sautv, 

' tt><·<l tf:l'ir >o.hni"n lo .-,¡_.,¡,,,. the "Jl1Ímll1n ;p.lCÍ~<~ of ¡,..,¡,,¡,-<1 <louhlct.< tn , • hr <lrill-_.d fnr <par<" h ... uing 1'"'1'""'' in th" t,Soorn oh~·p Dn~,;er O<]<tif,•t ~- v; 

"'"""¡( P.ori<, unrl<-r tho• n'']llÍr<"mrnt th>t dw <<>Id frnnt oh·, nnl f<•adt thc' \' 

l''"du,-i:>g wdl in lo·" th:!n ,10 -'"'""" whrn Q = lOO m'jh, Br intrnduring "'• 
a ,.cfo•tr faLl<lr int" tlwir ,·alrllhtwn>, th" oplitmLtn •poring was fúund ¡n ¡, -'"1 

"''""' 900m r.,, "" ·"l"¡r,·r so m thkk. ;-: 
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XO)!E~CLATURE 

widoh 

'1"''"";,. 1>< ·'' '" cQ""""' P''"'""' 
'l"'cÍJic loco! ol """"""' ,-olumo 
ol.-¡oth 
o•p«t r.<tio 
'""'h•ni<·"l l1c>t ''"1''"'10" «n<Or 
•p«:iJic Í><<ornal cner¡¡y 
fl,,;,¡ pro¡><ny 
"'""<;lcrntion oluo !o ¡;r.<.>ity 
gr»Liy I<Cior (o,o,-gJ 
•¡•·eitic onlh.>lpy 
loe.\! o•r·•<it) rat\0 
¡,.,,.;.,,;c. ¡wnncabihty 
inorin,ic ¡•·rmo·.ob•iity oonw 
~-¡,,¡,, l"'""·•l><lay 

1··"~"· 
,,.,.c;r;c """ n., 
"'" ~'""·'nl ,,¡, ,..,,m,J ><<:tor "" ¡• 

·""'""'' numlxr 
r""'""' 
,¡;,,.,.,.,;onlo" P'""""' 
l'r.>n~¡J numb<r 

' '-' ,---'r' 
1.-'r'r' 

' 
~tu-'r' 
!..' r' 
.>rbit<>ry 
V' 
>r' 
1.-'r' 

,. ,. 

' )11,. _, ,---• 

" 

• 
' 

• 

•• 
• • 

Sufm<rifh ,, 
' ,_ 

•• • 

''"'~"'"''"" 
>p«!ÓC \(olumO 
d>rcy •<ln<it)" •·octor 

vcloc<t)' "'ctu< of "'litl tlond intnf•cc 

V«W nf >1'·'" ""'""""'"' (x ,y, z) 
o l>cin~ tilo .,-ni"l 
coowr«•ibiho¡· factor lur real g.-.. 
th<rmal JitT,.oÍ\ ity 
ooc~Jici~nt ol >olun>Otr0; th<rmal 
e>¡».n••m 
liquid-..,Ji<l in<o·rlaco in R 
liquid "S'" intorlac., ;,. R 
J:>.......,M intoriaco in R 
kron«l.or doH• ( 1 il i - j :vnl 
oili,.j) 
¿;'""'"ionto· .. Lt·n•r"""'" 
<hwml c<>n<lo«ti>·•<)' 
th...-n>.\1 tlirpeBion I<'IL'"' 

VÍ<oCOSÓt)' 

dimon•ionk» •·do~Lt¡ '"""' 
d<Lt>i<y 
dimcmionl<"<• htn< 

porosi<)' 
a\"Ot>g< OI"OC R 

,,.,ngo 01 .. 1 pott opu< of R 

.-.r:oc• o,-,-, liquid, s••- or ..,¡;d 
pt.a;o. ·,, R 

<flocti\'< qu,,,;,~- lor r,uid-fillc<l ro<k 
ga1 pi'~"' 
liquid rlo;,,c 
><!lid pb""" 
d<I"Í'"'"'" from at-.r.<C< O<'<r R 

' 1-' M·' 
J,T' 

'' t.r' 

'. 
L'r' 

r' ,, ,, ,. 

~H..r'r' 
~11.1-•r• 

~~~--•r• 

~!1 .... 

arbitr.uy 
~rbitt•rr 

' 
' 1 
¡ 

,, 
Q 

' 
" "" ll.o, 

'f'«'LÍW: """'¡"""" hoot ~"' \'!'<lor 
hoat ~'" 
•·•·liu; 
rc·prc''''"'·"''" ckmont.uy >olumo 
lb¡J. i~l· O!Uioll..-.-

Ad:llowlrdg>JUlll!. - \\'~ would lik<' In :.cknt!wlcd¡;:t· thc 1111'1"''' fnr this 

work prn•·ido~l hy th<• U. S. Atnmic En<·rgy Ct>tntni>.•inn, th,• U. S. Gc"<>lu¡;:i.-;¡J 

S!Lr>"<"i" nnd thc Uniwr>it¡: of Culif<>,,ia. 

' ' 
""''·-·1 ll.\)lo·i~l· numb" 
¡¡,.¡,¡ '"'""";"" 
timo ' 
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- Af'l'E:\lHX 

1 - .':•a l "l'lw 1"~ ,,¡ lhi, ·'l'l"'ndi:< ¡, '" okr.w a """''"''""Pi•· f,rm nf ¡]¡,. 

,.,,.,1:1· l,;obnn· '''l'"<tÍnto fnr a I\1""-Pha"·, >in~]" <<>l11]""'~llt lluid in a 1'"'"'" ! ll)l'<liLU11. Thi, Í< a•o·mnpij,[,,·d hv ol\'<'foli:Íng lh.· nlÍ<"r<»n>J>Ío• <'ljlloi!Íorl< 0\<T 

a r•·j•l'<''<'ltl'1lin- 'l•·11wn1ary ,.,.¡,,n<' (Ho•nr, IQ7>, p. 1')) nf th•• nw<lium. 'l'lw 

p.li'IÍ<"Hiar '"' 1hod ni ".,.,,¡::ir.g tiMt ¡, m<"d lu·r<" ha' lw•·n "I'I'IÍ••tl IJy L<'t 

1 ,•¡ ,,¡_ (".!7') '" lht• '"'""~)' <"<]IIO:intl an<l, in this cn01I!"XI, """ hrnu¡;ht In nur 
1 at!•·ntinn l•v r;,. .. ,. '"'d l'indo•r (I<J;~. ]"''-'"""] rnmrnomi>ation). \\"¡• ,,-,·ngniw 
1 ¡]¡;1\ th~ m;1·ro«·• ;1';,. <"rl<"l(:)' c<¡t;at inn can J,c <kri 1'<~1 di r.•rtlv frnm m.wros..'<'l •Íc 

·1 hah.,,-,. <"<>>l<Ído·rati"'"• with<>Oll rr,<>rtJn¡: tn ~o awL>¡:io¡: jllOC<'». !!ow~•·,•r, 
th<' fnmt~l '"-n-<¡:in¡; prncc<htn· i' hdpful in pining ill>i¡:hr into thc nmnct<>US 
"""' npt ¡,,, t h"t "'"' mu't ,,-,akc j n <ml~r tn arriw at a mana¡:oahk m.>ero••:c>pi,: 
,-~l"''"i""· St<dt -1<<11mptinns "-'" impl;citly inhorcnt in C\W)' mannsc<>pit· 
~'ll'"timt ami, hy f.¡dn¡: tlt<"<n cxplici:ly, onc should he ahlo to a¡>prcciatc 
"""'" ,f thc Hmital Í<>05 of thc di rTc"'nt ial cquarions used 1<> dost"rihe ¡:wthcrn>al 
•ystcm•. 

.!f,lf h '""'ti m 1 l'rd i m in<l riu. 

l.ct R he a rqm·scntativc dc:ncntMy volunw nf thc p<>mu< nl<'dium ·~nt.l 
¡, ¡ 9 ],.; tite pnru,ity ni R. '\'hítakcc (1969) dcmon,tr.lkd that tho -1\'<ra¡:tnl:' 
procctlurc us<d bdow will lea.! t•> •ncani c¡:f ul rcsult• if tht• chua<tcristic lcngth 
ni R is ,.,,-h rrro.ll<'r than thc charactcristic l<·n;;th nf tho por<"<, ,,.,¡ i• much 
mtall-:r than thc char.trkri.<tic lcngth uf thc enrirc poruu• mcdium. An ,¡,. 
vÍ<><1> rc<wir.•mcnt ¡_, th~t R he b.-,:c Cltt>\l~h :<> prn\'i<lo a fair rq>rc.,•ntation 
ni all thc """'tir.d propc:·ti<'< of th<: porc spacc. Our analpi< i; rrstriw·d lo 
!tlHll<~,(cl\c"tl< )""'''" nwdia whkh mcom that thc pm-.,·,:y, ~. as wdl ,. all 
ntkr ,¡.-uis:icalprn¡>"l'li<'> of thc 1"''" 'P"'• "'"'' rcmain mtchan~,-<1 as onc 
f"c""'-' hi> aU<·ntion ntl di!T<'«'tol elementar)' rq>rcscntotivc vnlumcs in th<: 
nwdiu111. Fu•tlwrmon•, thc sÍ<C 011<.! shapc nf 1< lllll.<\ he con"'"'' anrt its nricn· 

¡atimt r<1lLSl rcn,in Hnch~n~cti. 

l.ot ¡'·(.1·,) h~ <;c.mc pmpcrl)' of thc li~uid (e.¡;-., :lcn;ity, tcmp,·r:lttll"c, 
,.,, .) which, hy <.ldmltiun, 1< 7<rn in tlt<' ~"' phasc and in thc wlitl<, Tlwn 

lite "lír¡uitl ph.10c ,1\'cragc" of ¡'· rs tlcftnrtl as 

• 
(At) 

L t. 1 

IJ) = .p'·R _/IL. t1R 

• 
1 ""'!'" 1 < d "por~ "'-' lllllC .w,·r,t¡:c ~ " < cnnc a• ' .... 

>, 

'• (.-h) 

(/')=-k 
• 

From (At)-(A3) 'it '"cvident that 

Thrsc a1•era¡::cs rrtn [,., viewed as jlOJnt macroscnpíc r¡uontitit•s nsot'Íat<·tl 
with thc ccntroid of R. ThHs, thcrc is "" «I'Cr.<¡::c assori.Jtt•d with r~,·h poim 
in R (cach such poínt l>cing t!•e c~ntroid cf anothcr R}, ond it tht•rcfur<' 
makes 0<'05c to t:tlk aL.out thc a\'era:::c nlt~e of thc>C ;ncrag1•• owr R. \\'hit· 
olkcr (196<_¡) showct.l that 

(AS) ((/11- 11'1 

Le., thc 3\'Cr:tt:c of tho AI'Cragc is C<]ual tn tho :.wragc (note that thi• is h}' 
no mcans sclf c\'id,•nt). 

At anr poinl in thc liquid phasc wi:hin R, J· ran be csprc-ssl'<t a• 

(.-\ó) 

whcr: jL is simply thc dc1·iation from thc pha!IC '"·era¡¡ e of ¡'·. From (.-\5) 
and (A6) it follows thot 

(.-\¡) (/")".,o 

:..; ut•." that jH<I li k,• ¡'·, tll<' functic.n <>f j'· is taken to b• zcr<> cvrrywhcn: Olllsidt• 
lite liquid pha•c. 

Arrording 1<> thc ~cneral traMpMI thcorem {r f., Whitakrr, 1ryi8) nlt<' has 

(AS) 

wh,·r,· "' is a unit nonnal ¡minting out of tht• li~11id ph.t>c. Anmhcr ""·fui 
r<"l.ninnshi¡r krt•>l\'1\ as thc '' a\'cragio¡: tht•o"'"'" {\Vhitak.·r, '0('9: .Siatkr¡-, 
'972. 1'1'· l9l-J96) stat.:s that 

<.<!':...)=2{1~1-+_!_ {/·u, <Ir 
J:r; ~::e, R • 

,.,_, ·' !.G 

Simibr rdatiomhips will hold ft>c prupertÍ<'S ni thc ,.;]jtl ph<>"'• ¡•, an.l tlt~ 
¡::>s pitase,/'. 

-



• 



-.... 

1 

; .. ¡:; 
1 

lkm•,¡¡f,!ll ''"''')(_\' /;"q¡¡,!ff,¡¡¡ /M !lr•n-/'ku,- Fluid. • 

In th· "'"'l' :tn.Lipi,, tho• l"•n· >pace• i; "'"'""'d tn ¡,.. <;\!urtlt•.l lo \ 
. 1 1 ·1 1. 1 1 . 1 . 1· 1 . 1 (t IJ) 

~ 1? 
ata pnint within tlw '"lid 

' ( .. , :Jt¡~ 
a ""l: ,'-(""'l'n"'''ll 1 lll< \\' \1<' 1 ,.,,., ,,. ''" w· 111 .L "l"" "' [:·"'"'" ,¡ q,·,. -pe=---

21 .'.Y¡ 
'l'h•· lir¡,iol :H>d ~-" ph.t.-<'' :11·,. "''"""'.! In 1"· "'!'"'"'"' b_,. a cb;tind im.-rra«', 

" ln:c¡:r:uin¡: 
r ·, ·'"'''-' wl"'-¡, tlwre may l><: a r"L<>iw ,·han¡:-<' in l''"'"'"'· lf om· r>t,;lwt. 
1 ;,c<>u< d ¡,,¡ 1'·'1 inn, tlwn 1 he r·ucr;¡y r<¡uat ion ill a pnim w;thin thP li<¡tdo 1 ,·an 
l>c WIÍ!t~n (c.í., Curric, I')H, p. 17) as (A14) ,J(/) ~~q~) t f' 

P =---+-- n-u·dl' 
~~ :J:r¡ R " ' 

(Aw) 
L 1 :0 - L 1, 1. (;. ~)=--(¡: t ,.,) 

<t ~x. 
' e :>!•; 

-p -.---
.X¡ 

Taking !h<> a•·erng<' ni (Ato) <>ver :1 '"l"''""mativc elcn1entary \'nhlnlc, 
1{. and using (AS) ~nd (A<;), lh<: rrs11l1 (afl<r r<"arcan~<:mcnt) is 

1"1 'r'"l 'f""" · :r .? e =- ~:r; ; t V¡ - -!{ ¡> e (<·;- w,) "<di -
¡·W 

J, "1' , r - 'l'sL (r'f- ·'Y~-- .s'· ¡p'')" -1-, v~ "' c~r-
·-"' ,:o.c 

Equatiom :\r 1 is lortS<'d on thc a .. umptinn th:tt fluid ,-do<ity normal¡., a,¡,¡;,¡. 
t:uid im~rfae<· i< z~ro (i.c., th<-n' is ·no transf~r of kinNit· encrgy ktw«'n 
tht• fluid and thc sol id). Funh<•nnnrt•. in ,,,¡,., t« n•placc thc tcrrn p'· (:v\"/·'Z ,) 
in (Ato) hy it< ma~m<ropi<· <"<JIIÓ\":tlt·nt in (.·\1 1), it is ""'"'"acy to "'-'"m~ that 
}L and "'•.:-/">"; are ur.cnm·hto·d ""' that tho awrnr;~ of th~ir pmduct i• •m> . 
. \ l"""iLJ,. pht·,ical jmtiltt-ati<m for 1hi1 i• tn say that iocal \":triations in Hui~ 
t·eln<'Ít}" \\'Íthin a pnrc "'" r<>nlo<>llo·d prim;orily by ,-iscous str<'SS<'S ;:u>d' <at• 
th~refun• be ,;;sttmc·d l<> 1.,, indq>c·tld,•nt of prcssure. 

The cnt·r¡:)' e<¡uari''" for lhc ~·" ph.1'<' m n point W<lhin R ha•th<O ''""' 
fn"n "' (At 1). \\'hrn :hi• o·qualinn ¡, awro¡:nl u\-cr R; thc rc>uh is 

• 

(A12) 

' 
> [""1 > [r.<:o:lc' f ""(" ) '" lt p' =- h¡ ¡re v, ., "j( Fe V¡-W¡ n;~o-

,~ 

- ";~~¡ - ~~ J v~ ,,di'¡.-~- J v~ ,,c~r 
' •''" r'-'' 

llcrc "• poims into th~ (!"-'• ~long r'" anJ into thc ><>lid ~long r:"-'. 

r'-'.rG< 

wh~•~ n, pcints int<> thc •olid. 

From the rcquiremcm of M"rJ:Y 
can be shuwn that 

condnuity a! a liquid-g~' inlerf~<.,, 

(At S) J [v~+p"•L(v~-w,¡],,dt'= j fv~·i· 
r'-" r'"'· 

A •imihr cnndition mus¡ abo 
at\y •nlid-fluicl interl~ce. Thm, 
A.¡) we ol!llin 

ho!J fur thc <'oOd<ielivo· mngr tlux q-li, at 
hy ~d<lin¡: (A1 1), (Atl), at\d (A14) "nd' usin¡::-

(A16) 

(At¡) 

- s" (;")'" i- f ,.j· ''·di'+ s" (p"(' -~- r ··~ >i¡ d!' 

r' G r"" 

<¡>5
1
" /e" ,e t·~t = '?,;" {(/)'" VJ'· MJ'· ·:--- (p1 ;'·<·7)'-¡ o~ 

= (e"t (•"J" (•·~) + <pS'· ({ ;•· V~')'" 



• 

• 

1 1 1 1 1 1 1 1 1 1 
. ' 

1 
. 1 1 



( .. \!o) { '·¡ ' q, =-x J fl '·¡ 
h, 

In nr<!.·r In diminot~ the ,..,.¡_,,,. into;:r:>l fmm (A,o) ''"'" '""'""' that 1¡,,.,.,¡, . ., . 
.''"i"n W<tnr 11; ¡, i>l'nliU< trie~llv di,trihu"xl a !>out " '-""' a H'rag~ , alt>e \ thi• 
" trlle i f the <H'Í<·ntati~n.\ "f 1 .>.o.. and 1 '

1 
' are r.lntlwn;, Tho•n, >Í ""' h·<npcr.<ILI ,, · 

i< ind':'I"'"<I<'<H nf into·rr" ... -,. nrio•ntation (Ú'., randnm "''"l"''·'l"n·< tna¡• ai>t 

at """"'" 1'"'"" :tlnn¡: 1' havtng ,, ¡::in•n ori,•ntatinn) 1 L and "' are uncorrc
latc~! and the surfa<eint<'l(ra! in (:\20) o•an 1><.· n..gl1..-¡1xl. In 11 simil.'lr mannrr, 
it m a y ap¡w:•r n:;L,nnabJ,, tn .. "L<>uin,~ th:.¡ t·~· ", i.< symntt'lrit·ally <.Jj,¡ri hlll<'<l 
,.¡,,~,¡" 'l.cr_r: ".''"'-':;'" ,-:,¡.,,. alnn¡:- r'-' .«> th;<t th•: i<r>l ;urface int<'j,'Tal in (.".tli) 
,-.uu•b·<. Stnubr ~omtdo·mti<>m hold f.,r th" !:·'·' phaw. lf '"' f<trthcr a .. umc 
that 'i'· SL, ami S" n·<n~in practio·aJI )' con>t~m for any a \-cra;:ing •·olwnc wh.osc 
«·ntmid is insid~ R, tlt<•l1 (At6) ~an finallr IJC rt:<h<ccd tn 

- (p')'· ~ !'' .. :·¡. { 'IG ~ H'l .-_,, - p ... ,-. 
•X¡ 

wh.ac ~;; = ,.aiJ + D;¡ 

ll'"""· 
is thc comhinr.l ronduc:irc ano! nwch~•lical 

• 

(A23) •' SLL, c<'G+( )'0 ><.; = 'i' "•i-.-- 'i'" ><;¡ 1 - '? " 'i 

Thi' <hows that thc a"umptimt of tlw1rn.;l oguili!Jriu11t implio•> viewing thc 
SJiid, ligHid, and ga< ~• th!n' aniwtropic c·onductnr> arrang..d pM.tlld '" th<• 
dir<:<tion o[ h~at tlow. 

Rccalling our a».,mption that thcrmod}·namic tdation<hip• lxotW<"<"n 
avora¡:~ flLJid pr<>pcrtios me thc <ame "' bctwecn thc c<¡uil·al,•nt pnint rm¡>· 
crtics, "'"' can ddinc thc avcta¡:c (~a<r<>•copic) ,•nthal¡>y of thc liqHÍ<i "-' 

Similar ddinioiuns wdl hold for thc ¡:a," anclthc •olid. lf wc nnw rcplace each 
{~)in (An) by (h) ~ (p)/(¡t}, wc obtain a m<lcro><opi< cncrgy cquation in 

tcrm• of enthalpy. 

(A25) 

7<mp•r~IIIIC E::qu.l/io!l for a Siugk ]','¡,,,, 

In thc particular case whctc thc porcs ar<' compl•·trly •allLrM~d hy a sin¡:-le 
fluid pha'"'· (s3)' li<tnid), on~ ~an use thc cqu~tion nf ma>S ~<>ntinuity tn 
rcwrit" (Aot) in thc fom1 

(Ao6) 



• 
• 

• 

. 
. 

. 
. 



LIL.U ~:,~ tlwtm<«ipl.llllÍ<: rd~IHH"J,j¡, 

• H 
l·r --

~.-'\ RI,IE~I/~CfS ' 

t~ll J , S-nm•Tn~ W 11. on<l '-<><!,\\ E. (1<J7J)- 1~,-d,¡m¡: thm,.,/ '""'· 1lÜt .¡ f<>T· 
"""'"'" Jrom _,w, ~"""'~ P"fr'ti~s. o:.nc. 1'<-nnL ~:n~f. Jn~~r.•, 1], ~. '6;·>1J. 

lli.AO J. (1971)- "r'""';" .¡Fluid>;, l'«rom ,Tf,di«, ''"'- ~;j~ ,.;,.,, :-,'o-w \',.,~. 
• 1• 

¡,,.¡,¡ f.,r ¡lw ~w•·ag•· qLOanlitie, ~Jlr<"arin~ in (1\26), this btt<T N]<l.<tion 

¡ •. l'c\\'rÍUc·n as 

ran 1 ·¡ 
, 1'1 '·¡· 'IT'i' 

1., ... ~ ( )''' T<;' p <,·•:,-¡ ·+ 1-<;> p t,-¡¡--~ 

[ 
L :l(T

1
")' >~(T')'] 

9~;;--·-:±-(t-<;>)M > -

h¡ ·"'· 

- (T1-¡" -~!- .:....!:!..__ ( ,J''I'I 
Jf ' 3.~, 

1 <O L•L [ ·1'·r· ' ] - <r-Y "'--'u + ""'' <1~ ¡ ¡,., !> 

whkh ,·,;nish<"> by ,·iru.~ uf ma>< continuit)'· ThHs, th~ m"'l:r r<]U~tion for 
tia: Ji'lnid ph~"' can be c~pn·•"~l cr>IÍr~ly 1n tmn• nf tcmpcT.llurc, 

1 .,. L ~ (1'' r ) " ·>~IT~'Ic' 'I'F <,---,ü-·!·(1-<¡>p<,-u 

> [ e J('l.¡')' , J('r")'] ~ •('') ;¡(,~) +·-- Fi¡----+(t-9)~ -(1) -:;.r --,--· 
~~-. l:r¡ ;):e¡ '' • .;e, 

]f th" .,,¡jd an<l thc lit¡uid art• a;<umc•J tu 1~= in thormal <"<¡ni!il>rium, (.-\30) 
reduces t<> 

(A_¡r) 

wlwn: x::"" 1'~:; --l- (!-?)X'~¡¡ • ... , 
¡.:,1.,,<lion< .-\_¡o and AJI are .1l•n applic~hk who'" the pnr~s ate rmnpl,-¡._.. 

ly ><ltmato·d hy tlw !\''-' pha•~. prul·idnl that ¡¡,., SHI"'"''-'rÍpl L Íi rcpbced 

by G. 

• 

HJ e~ J. l .. (197') - Con>«IÍOII ¡,¡a¡,., "f f""'"'"'"'m·,,¡ '"'""'''""•ilh }luid. • l'h )">. o( ¡.-¡,.,,(, '• , 
lj. ~. l)J7-<J8) ' 

1\llJ.Jl.\!<1 /_ 11, l. J 1 (l '!7 1) - /-"/¡¡;,/ /'1udut/Í"II [""" (;,.,¡¡,..,.,.,,,¡ Sio'mll fl'tJo'I"''Ín, ~1. S, ,¡,.._.,;,, 
Sl·"of<>rd (J.,;,-.. c,,¡,r, 

11011\"U<«" !:, (<<}6<)- l'hJ•Í<•II tkar,cl~ris¡,,t o[ ""luml hmt m""''" i11 fc.-/•o•d, ~-\ro·t 

(;,6. V. N. Conf. on :.cw Snurr<> of l::n<r¡¡y, Roonr, .\"""'' >J-jl. 
IIKArr. 11'. F., II"AL.<>l j. U. and fR\_,~,. W_ T. (1<¡68) - P'"mt.~ihty of tr•nilr """" h¡¡;h 

frC"'"'• • Jour. Gnoph)'•- R.<>. •. ¡], (o. ;,.¡->>J6 . 
lJaiCII"I \\',F.. and )]OU!lll' \\". ¡¡_ ',<9;•)- 1'/7. h-~4>ior for ¡;cotl.rmra/ <ltam '"'""'"'• 

P•'l"'' SP[ ~8\I<J, <Jlh A""""l C~l,f_ llc~luH>I .li<·<tin~ SPE-AI~1E Sol\ F"o"'""'· 
Apr~l 4·5-

"""""''· lJ H. jr .. "'""S Jo;;, on•l i'R<TCU>-TT J.ll'. (t•¡¡¡)- ["'"'"'" rimtd111iou "/ 
¡;Nflto'mtc;l um"t">i•·t. p.o¡M·r S PI: ¡J81, ;;th ''""""1 C,h[. Re~im¡al ~¡,;.,;.,~S!' IC-AI,\1 E, 
\"<Oil<lrO, Cohf. olpiol 1·-J 

C~UV c;. \'. ( l')Ó<)) - .lio.fd .'>J~.fill oj Cui~~rffra/ NuiJ I'Yoduttion, l'h. D. ~Í>«n:tlinn. Staii
/Md e,;,-.. Calif_ 

(..\LllO\ ·~ J. C., I.T.W" )1. J r. an~ );U''<'-' R. C. (l'N?I - F.x)rri•nmll "" lhr '"/'i/1...-y Jr./'
ttlÍtl of jorou¡ ,,¡;,¡,, • Tr,,,., .\ I:CI f; '· 186, 18? -¡o¡(¡, 

C\l.lA<', J>O". J P., CL~t-J•L\\' :CI. '""1 l'-0\1 '" '·''"' ., .11, ( 1q¡ <) - ComlftliM 1111h-rrlft /f11r· 

¡,,,,¡, ""'" "'" '"""" /<"'""'' ¡,.,,;,,fa/,, • C""'l"" Ron<ll", A,-.,d. ~<i o, 1 •,,.;,, 11 '7.1, 
~.1l-SJ6. 

C «s>: F. J. ( 1?74) - Th< Eff~tloj T.mfrralu" ~~d Co•rjí"i"g /''"'"""" r¡,id Fltm• I'Yo;,rtin 
o/ Collloli.laitd 1\'.,¡,_ Sl•nlord G<cthmnal Pro¡; <O m, R.<p. Sr.P-l'R J, Stonfon.l Uní,-.. 
c.1;1. 

C<H-~C 1'. ""'] L~l" K, ll, ( <9<-l) - SiMd;f ;¡,¡, /ru <O'IWnlio~ ;, aff u~t"'ji~M tiO!hm"'li 

'""""ir, < J cur. Gooph)~- Re<. •. ;9, 09, '" ~ ·HJ <. 
Co \ts· K. Tl , GF.O.GE \1'_ l! .. i:1< 1: C. ,,.,.¡ .1! to<~>t IL J·:. ( IQ741 - T/.r,,_,¡¡,,_,,¡,,,¡ simu

Mioll oj rf,·a..rJíu"dl"f• •So><. l'<·tml, En, ••. ]mor. •, '5• 6, \;J-59'· 
Ü'\ll<.i•~m <~l._\_"";¡ linRn.< S,,\. {19iJI- nmMI ["""'"'"" i11 s,,,_,¡.-,f /',,,,., .1/fdi,, 

K<l''"' P"l""''l (,, .1<1>,,,.,._, 11\ H;<in.>S<Iotoc.. lo"liM fr•n(oi> Ju 1'<11'>1< •n<l ¡.,";. 
lul< ol< ~!N;>niquc rio, Fluiol<• de Toul""" 

l'n~"·'"''"' .1!_ >nd 1~>"11'< S (to¡;.¡)- .1/..tdii•IÍM Ji¡,. 10m~r1i•~ UJJurtfk '"' IÚR a""'U 
,~,,J,· """u"' /rmi=o•n/tl/t ·• r,,;¿, á' u, , ... jfi. iml ¿, ''""'/"' -""óü-jlukfc . • ! ni. Jour
Jic>t ,\(,,., Tr.,n<i<t •. 17, ¡o;-¡1;. 

C• ll<' 11. ( • •M">) - s,¡..-, "''''··d '"'"'' ,,,¡,,¡,,.,.~¡ "~'''' iutmu/10111 ;,, ¡;~<>lhcmMI•Ir«>r, •T~"" 
A"'· ¡;,.,¡olor• t"r\lono, ¡¡. ,~4-'0) (oh<tro,·\). 

(',-._.,, 1.(; {19¡4)- ¡.-,,,¡,,,,,.,."'¡ .lfrdra~titi •if F/uidr, ~fcGr.,w-Hrll, lú·w Yor~. 

1> 1<'"'"'~ 1 .. !<. (1 \1>9) 1M ;rf"l t~/ fo mj>m1flm "" th• fr"ucaói!ay ,,¡¡., .. ¡ Jij/trml }luid 
,.,. ¡., l'•~f>lr<t"· '!"• 1111, • Joo<r. l'cm>l. T o·<io. o, ,\u~. <</>9. IOJJ• to¡l,_ 

ll<1\AI ~=~ l. G :<')(•:) - T.·"' JI"""'•' <radimf$ i~ J4< uf'P" luyr'l •f "" '"''~'r mili du< 
1• ""'"'""'' ,,,¡¡,-,- jlor.o·s. • Jo<!r. ¡;,-oph)'· R.- •, 6¡, ~. ),¡.:•>·).: i?-

1 hl\ lO.I<'<l~ l. ,;_ ( l<]t'oS .>) - Tlv !f•"'' oj '''""' ,,.,Pr mÍ<Idlll IM•~é f><mtlot611 Hds: .1 si•~ /'Ir 
tiou~f,lfi•n ~1 • '"''""'' ~~~¡t¡,r,,-¡,-,¡ ~;·dretk<mwf lllÍ""· • 1\ow Zcol.nJ Juur. Sci. •· 1 i, 
J-1J. 

!Jo" "·''"o" 1. G . ( «¡1,; ¡,) 
S<~th <1 11/ott.-/, 

t\o,. >S-'9-

-. 1 ¡.,.,,¡¡,¡,. I'IMd ¡.., hytiii•IAcmln/ >y<l•'"" ""d '"'¡h,.,¡, ef illlo(;i"J[ 
>;Ho, Thml Au.,r.ti<.IIO Cu.,f. "" JI)·Jr•ulic-. ,ru¡ Fluid ~lcd•·"'"'• 



, . 

• 

. 



/1.: ~ -----------¡ '!,.'¡C¡ 

fl <imfk '"'"Wiiw m,•,f .• KAKRA 1'. ·'· ( o•foH) .. ,j "'"'"'' .,,¡ ,\¡,,¡,. <>/ ,\',,;, ,¡ (_',.,,.,¡.,,, ¡., ¡•,, "'" ' '' " ) l. ·' 11.,~;,, 
' linio· ,f ('.,1:;-")'• o\11.,•10;<, (:,,.,,,.¡,,, 

• 1 '""· ,:,,,.,,¡¡_,,. ¡•,.,,¡_ , K~c'T"" ¡ _ F .. ni<l ¡;"""" 11. f'. ( t•>'•_ll - R'"""'ic "" < ~,k.u•i"' ""''"' ''" ""'li•.-i•og 

-.,,;n)- ¡¡,,, '¡ "' "'" 1 ;.,, 4 !;'""'" ,,,,,¡ ~-)/t "" " ·it/, 
.e,,,:,. . ~,,.., .. ,,, ;,,.,, '· J, 1'·"' '· 1·.;~-r,;¡, 

I:U>;~·""~ ,1- (t•/oj)-1'!/•YI "/ ""'frmlun· "" ,,_.¡,~ifol'lii"C• 
f¡-ch.•, 4· tji•-=-1'-

El~.\~S.'O>' T. (t"-1')- Url<-, ,¡.,, ll'run dr:r /,,;.,., 
2Ó, ,,,, 

IC!.!'F~ J _ 1\'. ( ,.¡;;1 '- I'!Jysi"'l jr<Krlln ¡, g."<>thcrmoú .uo><, ¡., , Tm-,...1,¡.¡ 
1\'.1!. K. l.o-.-, .-.1 .. '·'"'- o;,.,rhr•. linion ~lnn_,_-..,,_ ~. '''"'l?· 

JI.,,, Fl"" •. 

ElDf.~ J- IV_ Í t'IÚÓ) •• "'"¡ ,_¡ ,,,_,, lrd~>Jrr ;, tht r.ull<: 1/y.!~olhrr"'a/ '.YII""'· , So~· z,.,_ 
h•"l !l. S. l. 11.. llull.•. 169, 115. 

1-:wú J- \\'_ (••/>;) - r,-.,;,, ""'""''""¡,a"''""'.,,,¡¡.,,,' Jo"'· !'luio\ ~1<-ch. '· q, 
p.ut J. OO:>·'"J 

F_\(CA t; "'"[ To~-'" F 
o'nnl. o, !7, ¡>:.rt. 

( ,,_.r •. ¡) •• T!.~ory omd 1.-chu.•lv!é• ef '' -~'""'"''""'ji cid, • ll11ll. \'ol· 
' 11-1 •¡S. 

!'u;" e_ F. "'"1 \T>-Il<'CI( J. IV, (I'Hj)- .1/,.f/<o·"'"l""' m<hlriw¡; of.(•W/¡,·,-,¡,./ '!''"""'· 1''1'' < 
«• ¡,, pn""""''\ ·" ,.;,.,.,,¡ 1;.,,.,.d '""""'" ~r•n¡x»ium "" tlw IJ,wlnrm<nt ""·lli>e 
o! 1 ;, u<'" .,,,, lto '"" "'"'· ·'"" !'"""'""· .\!"y ,0-29 

1'>-"'"'!ofJ. R T (L?J')- ,\"o>lwn/ C""'.,-,¡;,,,f,eut C¡!u¡á,·rJ r,,,;,,¡,, !',•¡out .llrdl·>, l'h. 
u ,1,,.,,,,;.,,, u .. ;, .. ,.¡ C>hf .. ll<thl<)'-

<;ocnL ) . (l9ill - l.r u¡imr /,\., "'i1M dr l"mu '""'"'""''• • Ann.,l,.,. ,¡..., ~¡;no< •. 10, J·J>. 
G"-' Y \\-_ ¡;_ (!~; ¡) - .-1 drri .. .-ri"" 4 tht "!'~'¡;.,., for mulli-j•ko¡r ""'"/'"''• I'·'P" >ubmill«.l 

lo oCk<m 1-:n~<. ~d.' 

r.u'-~"·-~r. !l. ¡,, e~'-'"' 11. s_ ~,_¡ .II~L.O>">. T. A. (o<>(,SJ _,,,,;,.,;< "'""'·~•!itJ' ofA_o,!ro
log"~' ).'"'"' ..,,,¡¡u,<: /'.uiatio" wtth lnuf'<rr.l~r,·, < 1\'~:rr R<><tu<. R" o, ~. ¡, ;91--C~l~can.~ .\_C. ~ .. d ~"'Tl" J. 1'. (t9)\)-.! tkrPr.-r;.-,,¡ Sludy •/ ~'"' r.rlr.k·Jio~ ¡,.,., ~r~i
fcrs ,..¡¡fi ,,;(,,,, '•'!.'i"''•li ¡f.m·, P·'l~' ,,¡,mill<>l <o o Jou<. Coopl.¡ o. 11.<>. '· 

Cu·r.\ \', !'. ,,,,¡ J<ho.l•u IJ. 11. (!07.11 - Do~nd<for ~rallm"')"YI in,,/>"'"'' I"Y'"· , '""'' 
Fluid :.lodo o, 17, 1'"''- J. •I')L·Jl4 

ll' !S J. 1 .. J <. ( <~;<>1 - A •1 '1" ,¡¡,,., ¡_,. tllf ,t,m'ly of ,,,,for-<MimtiM .'-hCI-1 !:0 """''""' 
,r,-""' 75° 1• J>.J"C, '''"'· )•""· ~<'-'· >~~. -I~•)-L9)· 
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An lntcgrated Finitc DiJT~rcncc Mcthod for Analyzing Fluid Flow 
in Porous 1•kdia 

P. A. \\'!fill'R'I"OON 

lb< l~«><'""l b"" IM tbc '"'''""~ f-"ot< ~'~"'"'" m<thO<J llfD\1) '1 p!<!,o«d lo d<'-'"'"' > 

1'0~"1'1 "'"'"'"' '"""'"" '"' '·'·""' r'"~'''"'' .,r """"""'"' Ho" '" "'"""' """''- H< "'"""'-' 
<omhon« lh< idY>ll'<'' ol ;n '""-''-•llor<nul;l'on •<th 1>>< ''"'"""' ni f<n•« Ootfmn« ,,..,.,., ·~•" 
"'1 <on"n"OI lo1 h.ndllne "'"'''""·""~""'' "'"<O!'""'"" >>><<m> <on<r<>"<l of """"P'' "''"'"'' 
lb"' '""'"'"" prot>l<n<> "' '"'"J '" """''"'""' '"" •~o- '"" "''".,¡""'""""-'1 prut>l<m• "' 
h>ndl<~ """ qul ''"- C"""P'""'" ,,[1111\1 ~"k'"' .,;1->.oo~n hn<l< '''"""' mclhod 11 f\1¡ 
¡,~"'"' '"" Nlh '" '"""P'" ,:¡~ """''' .od d,rr,r m''"'' '" th< P'"''""" •do~«J '"' "'"'"""¡ 
>p" i>l ~<>~i<r.Li. 1 h< 1 f ]}\j «<1,,1" ' "mol< """"'" IOI 1<><•1 ~•b>lol) ;¡nQ ;~ .:],_,onl nplio.o•<mpl._,, 
''"'''" "'"'"" fo. "'"'h"'' >n 1l>< !<m< '""'""· lf '""" ; ••h'"'' '"" l>t ••<O<j'><J< it<d ;n , "'" "'"un 
of f[M, 11 >ho"IJ 1~ """"'·'Lo "<'<lop '" ompro>N """""<>ll<chn;qu< '"" cumbm<> lh< ;ohmnl 
od»n"t<> of1K>1h m<choo!> 

Num<1ial on>l)>i> of nuid flO".v 1hrou~h po<ow• m<di• in 
_ p<oblem• ~"tth com~le. ecom<lr)·" c«><ly f><>lli>te~ by lh< 

found in Dwiflh•"~ { 1961]. Ed•»niJ [ 1971] '-"'d lh< 1 FDM in 
dt~·eloping o powc<f"l compuler w<;t< ealled Trump f01 coleu
lotin~ lr.n>i<nl •nd <l<Jd} >1>1< lemp«O!U<C ~"trobu>iom in 
multidomon•ionoi>Y"<m>. and lhc followu.g di><us,on ~ ill be 
b•><d in larg< m<>sure on lht Trump pmr~>m .. ~lthou~~ 
Trump c-•n handle conducti<·c. ron.ecti". ond r>diJ!l" hoo\ 
ll.ln•for. "'' w¡ll r<<tri<l our allention lo lhe t.e~• condceuon 
r•n of the p<or,.m. ""« eoodue~i•o he" "'"'r" "<on
«ptuall1 •imil;r 10 fluid ftow in porou• medi.J. 

, uoo or >nl:;r.l form"l>tions. l"«h>p• th< most v.idcl) ""d 
'· •• ~,.¡ f'l<Lh~d i• tho lini<o elo_m'."' m<lhod (FE~I). _"hi<h 

n be: b.!ood on \ón>t•ona! J•fln<•r'" or t~< GJl<rl1n •p· 
p10ooh. 

In thi• ~~·' "' "ill <!<,_oill: anothcr into.,•l fornt"l.,ion 
~-hich "" l"n •u<o<O;iull} ":od to '"'''' r_,;, """'r" prob· 
"'"'' in ~m:o~onoom ÍSC"lpk rnwhi~.meo$10nal nO» !<• 

,;on•. For r<><On> thot will l><como elear lo«r. wo shall call 
ll>i• ,."''~d th "i;,t<; ,,,.d r,~"' ~;:T<rencc m<t~.od" u~ D.\1). 
Altl•.o"'.;' t~' '"'""~ t.:; ~= :n ""-' :, """1 ,e; ¡ '~"""'" a:or 
•1 "'·'" i ,-~.·.:. : ;:;~. T;;e, ~·:J ;; ;-.~''· 1~0-1. e~"·'"· ¡;¡;¡J. " 
do<> "~' •::?'" tO hO!·· bc:o ~ ¡,_;,~,· <mplmcd '" '"" r"ld of 
h;Jm;:.•:,•;;. lt" ~"' opto.ion, l.o~''"'· ¡~,,''·'!re:.¡..,. 
be • 1«) -~·><tfL.I too! in,_,,;,,,_, ~m<o¡O.'-'GO< ~ 1 ounJ. 
"-'al" •;"•="• ·~,oh comrl« "~"""""'· furlhecmo". in 
<O"P•< i•: ::"• ,·,•r,;;:~!u,l ¡,,,; of 1 :'U.I! a e~ 1: L \: "' t1nJ 
t~.·: ·~-<; ~,._., ::-.::~ h cc· . ..-.~.1. 
·lb< P~'f'l''< ol 1~.;, p:tr:r ¡, fir<t te de\'<!op '"' IFDM 
<~u"tioo< ocJ ~'"''""'·'" thc pawer o:" ti.< n;c:'.c•d v.it.'l lhtc: 
~ '"'-''"\ p~e;.:,m,. " < v.nt <n:n ennt"'' '"' coo-ccp:"'l bo•<> 
el !>olh IF0,\1 and FEM ond att<mpt 10 iJo.,iiJ th~•• lca
lUI{' "'hi<h Ji ve ••<h of lh<"' lechniqu"' uniq"' •d• onl'~<> in 
handl1n~ >pedf" "'"" of p10blcm•- Ftnolly. '" ~ ;:¡ coniLd<r 
!h' pauob<hty of d•-clo~ing o n<W <cchni<;u: •·llich <OJid 
eou,bine '""" ol the unique od..ar.t>B" of c.1d< m<thnd. 

1~--.EC~'"" f>,.tH Dllt>-'>~C' t,iCTI"L':J 

.. \f~,-s,A p·l~)) i< ~~,o::co,ly tl.c ¡,_,, ""'~" to ""<he 

•
~! .1 ~i"'·'-'•h. "''-~ t_, ,1 "" ::..- .1 ¡, « .1n ., ., ,. ·'''"'" linllo · 
""" ,,.._,.,.,~:,!le •--< l 1hi1 ~"-·~"~in''"'';,. ~coHd• 

« h-<"·'" "·' '_,!u< pr<•bh''"' Su~·: ···1""" 1•, 'e, ,,~,i,,u ·'"' 
b«n ,,,J '"'""~"!:) lor ,ol•·i"O hc.o: ll.c_,;er·r,.,~.:,,,,._ onJ 
' fO>>d """'' P'·"' n d !h < •rrroach ·'"'l :d . .,,-J .• ,,. '· ,, •. '" be 

c~r'"""'@ 19>6 ~~ '~',\m"'"" (;:.·:'""•'•' ""'""· 

" 

Con•ider lh< p.~nial dtff"<rtntJal equ•tion fot groundv.olor 

"" 
div K gud ,¡. + 1 • e i!<t<l<r 

,. 
\",·, nQ .. ""'oh, <li•o•~c~C< l~<n«m to eoo.'"' '.Ó< ¡;,., tcrm 
<>n '''" kll·hond ;iJe lo a '"""« in!egrol, .IIIQ ~" lh< "lhl· 
hand sido"'' .. ,u me >hot e ~nd o a!<""'"~' ,,~c., o•cr V. 
Thoo 

' Pl 

TI> e e<:nlfal eon<"<j'l or IFDM ¡, 10 disc«li" •~• lolc.ol flo~ 
dom 1in inl<' convon''"''' '"'"11 oubdornain• or ·,~e_,o,l<" and 
ü.cl .. ,tc tl1e m;,s b"l.'"" in c.eh <l<mcnt •• '"'·"·"-"" io (JI 
i';,~,icoll~. tl.e $u¡fJ<o i"'"~'"l ""tho ltf>-1,"""! ,¡~, ul U¡;, 
thc •umm.Jtion of liJ,<i o><r lho >u<fm: S Jnd \~'" ,.,, ''""' 
>Lo "'' -" "l'li<h """ ¡, >«urnu!;!in~ in té.c .::.ooccL a• 
¡:o-.meJ b) ind;al ""d ho"oJar) condii<On>- He r<~h>·ho~nd 
«J< e,,, .• ,, lhe 1.11< .,¡ oc<moui.Jtion of fluid <110 ¡he co;r,. 
•r<mdm~ ••«.JS< timo 1.1:< of ehante in Jl<ll<oti.~l ""' the 

ck"''"'· 
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" 
r~ iliu·""' ,,,,U t.>:. l. k<ln< .>"J.~ "~i,•n '" 1 i,:urc ll•c 

'" ,:,.,,..,, """'' ·""··'" l""i''''''" -"' _,._,.,,_,,,-~ ""'' .1 

<•r''""'"'''' ru.J.ol r••onl no • ''· "hiob m.l) b<l•"'·'"d >n)· 
""'''' ~iLb1n <'< nn lhc h•,nJ """ ,,¡ Li.: ckm<11L ¡-,,, "'-''' 
"''""' '''"'-'"· oni<,.I<C• "'''''''" ck•"•'"'' •ho>u'J 1'< ('<1· 
,:nJocu'" ''' thc l1n< J"'"•"; lite '"" n.•J,I P•''"" Jr.J 
'"'""" LJ-• .11 ¡,,, ,lt .In .lé;'I•'PB.I\>' "'''.In P•"l ''"" 1 .ofl thmciO.: 
m< .In el nond""~ec.\ CoN~on !t<<. "'~ '"'·'" ,,¡ .;1hndrlc.ll 
r.~doi. cr ~comc"i' '"""ni •r'"''·d r~J<Í). ]h, ,,;c.ol 'IIUJ· 
1iun m>) be éor:ocull te "h"" in ?'""'' hui ,hould h 
>rrro<im:uc'd » .:lu"'') " P"•'obl: ]LJ.c•.l•. 1 n:] 1 n !"<fUI< 
l. elcmcnt m ;, ccnn<e:e~ 10 >d1u1nin~ <l<mcnL< n • ¡.j_ 
t:oJ" 1 h"< c.•n;1, ,:.,.,, tOo ltn:tc dtl~<t "·" .tppoo"m•tion for 

(JJ ''" t>c "''"'" 

.,+"F:~.<>-
t. •• ..;... •.. U... A •• '" 

"h"< A" •. • ¡,tOe h>rm~mc "''·'" pcr.n<•buit; "hcn c·l<mcn" 
nt und n ><< tur.lpo><J of <hlfcrcnt m•t<n•h. 

l"or 'ppropri.ndy """11 ''"'"" .. r .'.l. 1~) can ~e'"'"'" on a 
<t>bl< «pli<it f~rm •• 

"' 
Hcre. u •• -("··· A •.• vn ..• ;, th< ·c~nduct.on-e' al ohe 

intcrf•«·><¡w~ung elomcna n; ""d n and """''"" thc ,.,, 
al fluid Ir Jn>f<r pcr unil d•IT<rcn« '" p<lL<nttJ 1 t"'" "" nod•l 
poina m ond n. TOo !<tnl> .:.• •nd ~-· ''P"""' th< intt,.l 
-.lu<> of pol<nti•l• at tl1< j,ctionin~ af the iMor;.ol .'.1, Equa· 

:ion(~) tan be dire<11y ""d lo sohe for c..:-. ifth< teometri< 
puam<t<r! A ••• IJ .... and r.aro pro•·iéc~ •> 1nput dat.1, in 
addition lo lh< '""""1 properti .. ¡: and c. 

11 it ;, detit.:J lo"" l.11ge '"'"""o! .'.1, lhen ("1 c.1n be 
npr<Sitd implicitly •• 

" '· v. 
U~ .• H~.' + u.¡..) 

• 
- (ol>."+}-~4>-lll ~ ."19- (6) 

""'"O< A< l. Whtn). ~O, 1~1 "~"C<' JO 1~< furwor::l· 
dJITcrcncin¡; Kh<m< j~\. Wt.on A ~ 1, \bl boc~mes a full) 
im;hoit L~~ ~ Jtd·~J:fct<:"io; "h'"''· "t.M ). ~ 1 )'tdó t:>e 
~dl·bo"n «oU>l·~;r.Ofcc:io~. c·r (r¿n~·:-<iehol.on. ~ro· 

C<dot<. For unmn~otionJI ''"'"111), J. > ! Both P""""-d 
P•>l<nli"l "d ,~r.~ert:•:·! !'o • > ''-"~J''" o: ''<o "'' <ed ~.·und· 
ory ··~nJ;:i,•r,• '"" b: '"'"""h I;~,·~::J o, dc;,·r,b:d b) l'J· 
~<l•d• 1191~] >nJ -""'""'"~"" [I~HI. 

lt e>.n be~~""" co:h.r fr.M ,;,,,;, t<JIOOi<.~ (Dwinbwtt. 

r., 1. '" ,,,""'"' ""' '" ""'"'"'"'"' '""·'' ~'""1 '",,,.u 11" 
"'~ ..... 

1•:nlj '" on 11.< b.-~> "1 an ·'"·'')•i< of erro• rt•>r·'P""" 
[ll'll"" ,•1 "' ' ~~~ 1: e·,.,,' ':( .. t .. 1 '1 ~.J: ,\ ·,,a,.o•! .. l'l. 1 ~ i.' j JhJl 
for coch cl<mcnl "'· lh•« "• «"i"l lJme <onsl.!nl .'.1~ '"<h 

'"·'' tll,i• ""'' '"''' of .'.o > ..11. Th< m.t~nituJc uf lhi• 

"'"''·'' """ "'""'·"" " ~'"" b• 

M.- r.l'.f"[;, U •.• '" • 
"~"' n no" st•nds for >11 '""""" ronn<<tcd lo ckrncnl m 
l'h¡•k'll) • .'.1~ '9''""" thc oppto"m~te tiln< rcquncl for 
,•,,,cnl m lo """ !l~mfoe>ntl) 10 d.on~e> in pot<tlllJI 1n tho 
>rlj.><<nl "'"''"" to ~<hi<h no;, ccnn<'l«< (U«><..'>. ¡•;;n 
Oh•i"">ly, tf .'.o> ..11. for -10) <k"<rwnl "'· one.,,>uld ho•e to 
"" (6)ini\<>d ofi'l lor tO>t prhculneltmcnl ,.,¡h; S' ~S l. 

lh< impltcit c>lcul"tion• inh"'"l in lhe opplicJtion of(6\ 
con b< cmicd out cotO<t ""~ th< t.elp of m>tri' '"'""on 
l•xhnoqu" m "ith lh< h<lp of iteroti•c tcchniqucs Thc 1 ou.,p 
'""'1'""' pro; o ;m IU•otJs. 191!1 <:nplo•• an it<r ,,.., !<eh· 
niquc b•"d on ih< ~or.<tJill31ion of • mcthoó ou;¡cmd by 
Er'.:m.r "al. !19SJI u,;,,g l"i• approo<h ond roco¡:n,;>n~ lh< 
[.1<1 tti01 lh< mlic•l lnnc >l<p .lr. i• defincd for "'" ~l::r.cn:. 
t;l.-atds (191~1 h.s '"''""fully iecorpor atod tn T ru ror o t<ch· 
niqu< by which "phcil cokulo1ian> ar< <Ortitd out for thot< 
clomenl! "hm .l1 < .ll. a11d imphcil o.:rlcuboior¡'< lor 1he 
b>lante "htre .'.1 > ..11 •• wtth 1 :S: A:::;(. Wh<n 1t.e IFO~I is 
<On".bined "i1h the "Ph<u-imphcit ioer di LV< td'.emc d"doncó 
in T1urnp, it piO'iJn a '"l' o1<ful lool in an>l¡zint nu1~ ~o~ 
pwblem> m het<'OB<neou> <ystem>. 

So~L~Io~·• 10 ILLL1IMTIYE PoonL'"' 

To tllu!lral< tOe ulllll) of 1~< IFDM. "' •holl eon<ider 
lhro< probl<m• lor "hieh onli)lie>.l wlu,iun> .,, "'"bhle. 
Thc ftrSI ~{lhc" h., been Cho>en 10 d<monsttOIO lhe O<CUfO<) 

!hol c.:.n b< t>peo'led from IFD~\. Thc >«ono i• G0>1;~co tO 
demonstrate the abJiay ol lf{)).l lo tolve thr<e·d m<n>tU,'I;I 

1 problcm•. The 1.»1 cumple ""'" to illustral< the "" e( th< 
method in opproocllin' s¡sttrnt wuh r>dially •ymm,tric 

r srom<Uy, in .. hich 1he motaul d1Slnbuuon an be .,¡mm<lnc. 
Thei> prohkm. A <l>~•ic:ol probler:> 1n lh< f•dd of 

trnund-at:r h¡drdo;~ i> lh'l of nonst"dJ ""''1 t1ow toa 
"'11 d,!<h.l:¡;ir.,; >1 o <Dn>lant rJI< Q •nd pi"cing o 
hori<ontally infmil< homogcncoos ond isotro~r< aquifer. Thc 
>olotion lO lhis protier;¡ i> \~o "'ll·known 17:m li9:!)equo· 
tion 

' - o ¡· ,-· 
-- -·· 4rT •''"" ~ "' 

J'i,, !r• ~"J í.;'d 1 :9n: t..t' • >h~ .. n h~w '"' 1'[' : ·~ "ti~~·: 1 
lr~r' lhc (;,.¡,,,.;" ,,.,,.,, '"~" t•n ~e liiO•.I tn •i-·.''·o:e 1h 
Thei> •ololiun. )he¡ •cruicd th' o<tur>C) <>1 th«r 1· E.\1 '""1" 
in eomp•ri>on "ilh th< onol¡ ll<ol solution U>•ng ''"''' >< ""¡ 
1> iooporom.r:uk clemc~u .. Th<lf FL~I m<>h ccn<i>l<d cf only 
non< nodul Ni•" ul•>ng ony roUiul hne ftofl• 111< ~di. Te ehcd• 
the ><Wta<y of 11'0~1. "' '" up o m<>h l'ith nin< no~>1 
poinl< "ldng ;¡ rurli•l t:oe <uct< th>t lhe di>t.¡n«' from lh 
origin """ i~cntic.1l la lh<•<t of f'1oJ" o"d F""J [1'-nl lhl') 
re¡xHI thm '""1" fnr ;lo< M..!< ;11' • !C.i ¡,,, .. , ,¡,n~n ~~ 
Fir'"' :!. hut ''"Y cl" ,,,1 ;,,J,,.,,. 1he "'''"""'·~< .. f lh< ,¡,, 
>t•r• "''j i~ ,.~,¡~:~; 11.<··• "'"'" \l'c .:l«d ''·' , .. ,." 
l''"hkm, u> o e 11' ¡¡•,¡ .L'·<~ 1~« miwJ '' pfi.:>l · ,.,: 'J:,: ,_•,,,,,: 
uf ¡~r .. .,,.r, ¡n;'¡ "i:h 1ur.< "'f" th.11 •>roeJ '""'' :.n it .. ll.<l 
'"lui uf ..lt ~ ll• " ID '< 1" .o mJ<ttnurn ""''"' ,.¡ .'.J ~ \<,<;1, 
1n t<· ,·be~ " 1"101 ,¡,., ol 1 1r , In l'lO"" ; "< ro•< ''"' r.· ·"'" 
.11' • I.!.J l<et. U""'" he'-'" th>t :''" 1k ""·'pe,""' 
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• 
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,.-.~ .. ·-··"·~-···-~u • <o><~-·--• 

hf. ~- ·A '""'1'"""" ol nuo«r<<>l '""\" ~o<h \he .oo;l)ho;;l ..,¡ •• 
lo~n lor lh< n.,,. proDi<O>, 

otudocd, ohc rrD~I "'ul\0 mmp"< "'l f;vo<Jbl) ,.;,h ohc 
~n•i¡llc.ol ooluHon, 

(' """"~"'" f'<'l"' '"""€ prob!mr. An •d• ""'"~' ol f<>rmu
l.oLin~ Lh< ~"'""'"~ c~u•IÍ<>n '" lh< form of (5) o< (ó) i• obo~o 
lh<5< cquo1ion• ar< c~uall) -.lod on ono:. '"'"· o• ohn:c domcn
oion•. lhcr<for< ohc i!'D.\1 "'" h.onJI< <>n<·. '""·· or thr«
dom<nsioml problcm> "'"h e~ool <J><- T<> '"if) oh e .obolll} of 
II'DM lo hJndk th«e-dom<n<OonJI i\•'"· "" oprl><'d ih< 
m<th<>d lo th< p<~~lcm ol " conllnUoJU> point "'""' m "" 
i•olropic m«loum. 1 he •nol¡·ticol >Oiutoon " ~"en by C crslo.· 
ooJ Jorzu !19591 "' 

4-(', t)- 90V, t,) a/:., erío L
4
,;

1
,,] (9) 

T o <oh e 1~< obo-. ptoblom in thl<< domon<~onl b) u>irog lho 
IFDM. thc flo,. ro~ion "'' •isu•l'-'ed os o >ph<l< cnd.,..<d on • 
<U~<. Thu• th< ¡phori<al cl<m<nl• "'"' th< poinL '"""' ~10du· 
~~~ lo" thrit ounaluro in p>ding out,.Jrd lo .-ubi<-,h-1,--..:d 
ci<O•l<niO al lh< ou\<r boundoty (Ft¡u!O )) Thi• "''done •o 
th•t on< cou Id J<cural<l)' >tmui.ol< <pn,;c,l 5) mmCU) du.c lo 
ti>: •ourco and Jllhe S-1m< time >llo" fot mure ~cncrol <<>ndi
ti•>O< .,r n"" n<.tr oh<""'" limot< Thc tl .. ~ ";"'n ""' '"')• 
"hcrc >u Mi• idcol '"·'" thr<e-domen>ior.ol <kn><nh. ~ '""' con
,,d<!olion• of >}mffi<lt) (<•fht 0<1•nt< in J <Uh< and thr<c 

'-'""''''"''"'a "'d~c-•h•P<d P"'""" uf thc fin,. rer•un. 
·•ho>-< •olumr ;, I.'~J ol a ,-ub<. ""' """''" fur aotuJI mud
:hn~."' ;, ollu!lrotod on Fi¡:atc l. 

Tho •ho!l«l ~i>l>n:: hont thc r••int '"""" "' lh< ""'"' 
h<>ultd-"} c>f oh: ""lt< ""' JL<I m. H.< "'''h '""'""d "' ;¡ 
thre<-Jott:cn<>u~•• elcmcnt• and ~~ in¡"¡,,-,, bct,.«n do· 

"""" o~ in; tu tO< <U!•>I<nCJr natur< ~= '"' ck"""''· do1T<r· 
"" "·'~"1 1'-':"" ",:; :.c,¡t..l .. :~n~ ~ .. ;'"'•" r ,¡~d ¡;.,., "~"' 
lh< I'<'Ínt "'"'«- DL>l.>c.<" ftom the >UU!.'< to nod•l po>inso 
•.oriod ftom 1 "' for the dosc>l to ~~)m lur Lh< IJrth.,t. "hoi< 
clcmcnl •olum., rao~<d from 9.1 X 10'' to 1 09 ~ ]{)'m'. The 
r•oblom w o< >~l>cd "ioh 1ho rollo" in~ '"""'"') p.>rom""" Q 
• lO' n>'/>. A • 10'' mi>, Jnd r • 10'' nt·•. lmpetn>c>hlc 

''''"""'""' '"" mumod on all fo~«> oflhc ~<d8<·<h;pcU ~o .. 
"'~"'"· 

lhc rc•uli• of thc '~'"'f"'"'"'"' Jr< ohu"n in li~ur< ~-
1 ,.,,.,¡ .. r P""'"'"':' tle< Jn.o m ,¡;,,.,,,._,,,1"'' ''""' '"' "·'" 
""''''"'""'"¡h.: '"""11 "'"'"";in"'"" J,-..,,¡ ~·pi·'""'~ 

J •~J""" "' J '""''"'" ol "'"' hL< '·'"''"' '"''·"""' 11 '~"'" 
~,' ,.,J ""'""''~" "'" '""'''"" .. r J'''·'""' "'' '""""' ''""' 
(~fui< J~] in rnmp.lfi;ou to th< .. n.ll>tL<.II ,,.¡ .. ,;,., lit.: 

P'"hl.:m "JO >.ol >«! ""'" ll ''' 1 O' ' in o.;,i ""'' •l de·• h; """~ 

~i~. ) 

_ ... , .. .,, .... ~ .. 

• • " ... _,, 

A ohr«.dimcn>oo ... tll- llM ""'""'' ol ek"''"" lor th< 1''""' 
"'""~ probl<m. 

the mi•«l <>pl.,il-implicit >eh<_m< Thc m;~nitud< of <h< ti m< 
'"~'' vJrioJ frqm 1 x ¡u·• '"O 5 X 10' s. 10< <omuiJtiun too\. 
~-~ • o! Cl>C ltOU machinc tom<. 

~~~""' ~~ •nd ~b shu" lh>l 11>< wmpo~<d "'"1" d"'""' 
!ron> th< anal,.i.:o~l wlution f<H smoil ~~loe> of ILnt< o~nd JI 

>mall radi>l d~·,¡,ncr•. llo"""'· "' be•"·• lha\ ti>L.· ooorJII 
apccmen\ ~Llh the an;l¡·<ic;,( •oluLi<ln i! qult< ~ood_ o~rLd "" 
wnclod< th'•t lh< 1 F D,\1 b1 IUC""fu\1¡ b«:n u>«l in ...,hin~ 
th" thrcc-domcr"'""'l prohlcm. 

(n1«Ur< J/aw problmo_ The porollcl piole fofmdotion fof 
ftow in a fractu!< ;, wid<ly ""'d b¡ mony,.or\.01• \Soo"', \9~5: 
Ronu~. 19M: Lwix. 1969. S~a•p ooJ ,\faono. 191~; WoJson ""d 

'!I'Oih<rJpc<>n, (974: Gol<" al .. 19N\ ond le~d• lo o ff.ctm< 
¡><rnio.JbWoy d<i,ncd"" 

( 10 1 

•• • 

~ ....... _._., 
1 ·~· • .1 ''""1'-'"w"' ,.¡o he""'""""\ """"' ~"h >h< '""''"••l 

,,.¡,.,,., '"' ,,,, P"'"' ""'" r'""'""· t•l """ ~'·'"~""" '"" 1ho 
""'-'"'" ""~"-'""-



' 

• 

' 

' • ' ·. 



,.(1 

'"·'·'' ·" •"'".> r•''"· ·'"'' ,,.,. ~'"'"" '~""" """·''" 
,,•,e• .o~\"""'"' [¡J.IUr< i''""""col 10\ J<U•l. \lu• ¡,,. l<d 

'•'"'' ""'''''";,"' 11·""'-'· ¡•¡~-;. ~.,arr a,.J .Ita"''· 1~7:¡ '" 
""'"' 1h.ot th< O<f"OO<OI In jll)) io '<'"" •,oluc 1<« \h.m J f~r > 
, " ·'·' ,, , :1>.11 ,, 1-,.n: 'h ••:J unJ,·t "'" '"·' -'"'''· 

'" ,,1:r.r "'"" in thio '"''"'·'"'" ~' "'' '""""'Y 
"·"'""'''"! ,:,;, ~'"O""' ~-in; > ''"!:, ~-'"'""''\ ¡,,.,., .. 
"""" "'"J"'''"' .,r r>Jul r1o~. T "' otJ.tur< ;, forn"J b1 '"" 
,,hn~ri<:JI b\u.\ s ~~ or.:rcrm:JOI< ro'\.. 0.1 ~: m on ~'"""'"· 
,.,,,h h,.;,g "'"'"'" l.i<". ~lo~ oro¡'""" >1 , UU'>~·m· 
¿»m<ICI hOI< 10 thc C<Cl<l lil>l 11 COO«~IIIC ~llh lh< «l<rO>I 

h•e"JJI)- l1' "·' cio.:ul.•r r'"''"" ;, "r·•'" ""J ''·' rl•"'< •ur
f.o:<' JI< rJr•lld, lhen th< II<.!J; '""o\,,~ "~"'" O¡ 

Q • (hp¡b'.:l<>i/11!~ In (t,/t,l] ( lll 

To in«>Üf31< 1hi1 ~rohlom. '" "'" u<ed lh< lrll\1 >nd ><l 
u¡•, ~0,. net of el<n:<n" JI >ho~n '" 1'''"" ~ Th< ¡¡,,, rq•,oun 
~., t-«n rli><r«i«~ into :•_,.¡ elcno'"" ~oth ·~~ in«rt.C<I. un~ 
r"'"'·'"'l''l ~""" ,,d, <l<nrcor ;,g;,,n by 1101. 
A<~ pr ><lic>l ptoble:-n Q[ mi"C'<I on th<l,¡~~' .!tar¡ ""'~ ""' 

, oh <J JI\ "b1tr or,\ ,;,¡;e "h"' _:,,, r : 1 ()¡ nl <>f" "" (!O p.i ), 
p • 1()0{1 Opm•, ~ • 0001 <¡;ion>. •nd b • 1.27 X 10'' m. 
l'rc>ot (ll)on< can quic\.1¡ oono~ul< 

o-
.. l.ll7 X to·• m'/s 

\\'e th<n •ol>cd lh< »m< proMcm, """8 IF!J\1 ond lh< 
"""'"'' >ho"n rn Fo~ur< S and obr.,n<d Q • 1.)11 A ¡o-• 
m'l•. P"""'" •hould be " ''"''' fun.:1ron of In '· and • 
coo-.r.,ison of IH)M "'~'" ~nh oho>< rrom 1ht >ll>I¡IK•I 
solurion "•ho-.-n in F1gure b. Tilo .l~r<<m<nl """' good. 

orco""~'""'·' mor< on«r<" ;, 1he '"" • "'" th< hocturc 
r 1 "''11¡ do'" o nd the """' of ''"""'' -'r< im;rerm<-'Oie. Thos 
l<od of h<I"O~'"<il) '"" h.: har-~:<d '""" lh< lfD.\1 by 
o»umrng r~.ot c<rt.r in e:omo~tl "<thin 1 h< """ or\. nf F """ S 
h>•< wo p<rrr.cobilil). TOe "'"1" o! > h¡ polh<li<>l ptoblcm 
~ ith J rondotm d~><rib•J~ion of i"'~""'"~l< clemenl> are t'"" 
in Fi'"" 1. 1\tr< 1he ~'"'"'-' ""d hJ\ "'"" n-,rrrn>li¡cJ oo 
"'"" of ¡: """1 of 1~ •• i;.j":i~r. r ""~" 10< P'"''~'" p<oftl: 
;k•n~ lrn< AO of Figu" Ji> ,',o~n '" fi~ur< ó. r~r <il< '""'' 
orcll»r< ~od r:~" <••udo<ton• •• "'" &'"'" •"""'· ohc i\o,. "'' 

t<J ), 1\ o•u-domc~ok•n•< ll ll\1 """"''uf''""'"" l•< lh< h><· 
'"" ,¡,.. r•··~:"" 

} 
"ó 10 

' 

- .... , .. ,,. 
""\ <> Coo• <•o<'•" ......... , " .... 

""""" 

1 '1 • " cornr"""" ol <h< oum"'"' '""'" •oth oh< "<l¡~o<>l 
"''"'"'" for ,,, r"""" ~ow pmbl<m_ 

fouotd ro be ~ OJ~ X 10·• m'ls. In oth<r ~ord>. th< 
imp<rm<>hlc oon<><1 ,,., oh>< amount• 1~ ""~"'¡y; oí 10< 
tot.1l fr;CilH< >urf;oe <>u><d , r<du<lion in tl"~ or 
_¡ppro,im•t<l; 35'<. Conrputcr ''"'"l.11ion< of <ot<f»llc chP"~ 
h¡poth<li"l "'""';""' for r~il ~<nd o[ froCIU« :lo~ cJn pr<'" 
•id' 'Jlu>ble -'""bn« in '"''l lrng l<bora<ory dJIJ. 

' From th< •bo•< diocu,.ion v.e O.. ve'"" ho,. lhe lf·P~Icon 
bt u10d tn '""')" """'¡'"' nuid no" probi<rr.• on 
multidomen•;onal '·"""'' """ <ompl<• r<om<<r~. Thc 1 f.\1 
;, '''" ,.,¡¡ •u•t<d lo >u<:h proOI<m>, ond lh< q~<llion "111 Jll>< 
as lo Oow lh< t~o 01<1hod; compore, A d<t>ilod >nJI)'"" nul 
'" "') <as\., anO o ni¡ a '~"'P>'"On o! lhc ""' Jll l<>lL'r<>,. r 11 
be Ulr<mpt<~ hcrc. Our purpos:" 10 P'<>"~' >om< <lue> fu< 
ct>oo,;ng .1n •pprO,¡<:h to cen•on ''"'"o[ problcml •n~ ,¡,~ 
10 pru•ióc "" in11¡h1 into lh< d<'dopm<n\ ofn<~ t<'hn¡qu<S 
ol an.l~m 1h>t "'11 oomb>n< lh< onh<r<nt •<l'-niO!" or bolh 
IFDM ""d H.M. 
Althou~n FEM eq,.llom e>n be dc.elopd from -.ri>· 

tion>l prin<ipl" jJomnJtl aed IVHhmpoon, 1%~) m Ph)'O<.I! 
considcr•<ion• ¡ U'i,._dow, 196ó: ll"i/Jo•. l 96g), m11h<r~'li.:"ll¡, 
lho mo" di1<<:1 m<lhod ;, lh< G>lcr,in orp1o0<h jZicnl o.-ia 
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~'" '"'"'" .. " \; '''" ....... , '"'"" "'~ ''' . ""'" '"'' 
n=3 

n" 2·. · 

l ''"'; h'-,"."J. • 11"'1-f·l oulu . .: ""' ,¡ f, •i .<, dV for ltiJo~ulJt 

<l<m<""· ", "" "~ nl< 11 >¡ ,. 

!~< ...i:....o d 1' f ,. ' 
,. a, 

- Le'¡~- i!:>. + :!>' ('~-' +a¿..')] (15) 
• 6 ·''· l:! "' Jt 

~ h"' ; o.', e, """ •·o,' 1 i·t ,,. t '"'' ""'"'"" _,, '"' ""'"'"" 
rn~ '"~no><!_¡\ r•""'' .,¡ <1'"""' '· ll '-'< «:o;nl!< th.1L th< 
"''""" ou~donuin O<\O<Út<d '-'ith nodJI p<Oint m 1n 1-i-""" 
10 "onc th"d o>f Lhc _,,._, ol Lh< cnt"< pcntawn. ( 1>1 m•• ¡,., 
tJlm to> inopl; th•t i-O • ."i·t. .. hi'h ¡, '" '""~' voloo· «p«· 
"'"'-'"" <lf ""' <i•rh <>1 thc O«-' •>f Lh< pcote>~o>n. '"" b< 
rnl<rpr<t<d -'' th< ':"'-'"'-'"uf'~·'"~' in f'<'l<nloei '"" onc 
h.M ,,¡ thc ,~_,dod <Utl!<fion on fi~ure IU. Ül<! Lh< rcno;inin~ 

hJI! of thi< >Ubr<gi"n t.'><"""""'"''""" nuid i' -'"~"'"d to tt< 
do•l¡iOuL<d in ""md""'" "ith oh< _,,:"f' '""' rJl<> ¡-,;,lit 

• 
'''~' nco~hbo>nn~ n<>dJI p~in" of m. 

lb,-,,, . .,_,¡~ '") '" i"r,·rr "' tho '"'"~' ,¡ f,.¡~, ;·<.~.u r J 1' 

¡,lO <o•n•iJ" ¡ho>l l~-< r,O] r>'< ot ftoid .ICcomul_,,¡on ""''"~ out 

• 

ofth< lir_q 10lumc int<¡to>l •n (IJI is d"tnoul<d in such _, 
¡,,!:,,., '"'~'" ''' •b~d •~b:<~•o~ on h;oro !OihJl lb< ti m< 

'-''" •·1 'h ·'" '' '" r"''""-' 1 ¡, ""''J""' ''·"'"•"""' <he '" 1·"" e 
so~Jo,r..ic .. Tt.i, """1.! Ím~l; th•l in '"' ><:ond '"l~m< in
"1'-'' "' t131 "< > bould tcrl•oc d. o,/ n b) OIJ> '1M. "hich 1> 
N'- 1hc "'-'-'" '-'" uf ch.1n~c in r"''"'i-'1 ''"' th< ,,,lu,ioc 
d•,!.•o•.lin l>l n,•d,o! pc•i1! m __ \ oco>rdon~ ''' ''" inl<rpr<t otoon 
~• ~-·t ·•·•«oJ ol p.<¡ 

r ,_, ~{ ,n· 
. '. "' 

¡:,-[ . . ' . ' .. ( 16) 

·------ ----- ... -.-: -·' ... ·- ·--- '' .:~. :---~- '·' ".! .. ;-r .• i 
'Nm. In""'"'~''"~"''"""''''' "'""nLiunJI G.~lcr~in •r· 
;>r<>-'<h in (1~) to lh< qo~S>-Ionc>r rrn~lom of un ... torr.lt.U

"'"'""d ~r,rund•JL« """· ""'""'"" [197.1. 19HI fou.,d th.IL 
!.e •uu\J r.ut ~<l .1 '""'"~'"' •<>luuon u ni<" he d:a,Un>lizcd 

tk< ·"'r-'"') "'"'"' .1o "-'' d"n< in ( 1 ~ 1. ) lc '''""'"'" li•Jt """ 
'·"""'">in •rr""i"'·''i"n =-rrh,·• ""1' .11 o~"'""'''""' of 
"'"'· ti•' ''"" d,.,.,,i., in tOe f'""''"'"' o'•I"Jl'"" ,¡,,,u!J !>e 
J ·••·:.•:<e: .' ,.,Jcrc"~'''·''' <'f 1 1" """"~- ,,;,_,,.,. ~''"'" 
f..,,., .. ·.' C.····~ ¡;•,::¡ o: ... ,,,..-_.", r:.:,, .. ,,, '"' _,, 
1 ' .\: , ;·; "" '·" ;., .,,.,;, '• ti·n,.,.. ·'"" "'"'" '"·'''" ·'""' "' 
'h >' "it.• ''""' --'"" •0 L 1 C' 1 i-·•'''''' 1 ¡,,_,;.,c."'"'"" •~ 
lk, r-•d:. :-ho.:col ,•,,_,¡,,r"""' ,,, oh; llc\1 '~"-"'"'" "' 
u-.,,;, •• \I'•No\ •nJ n·,¡.," \l'lh'l 1t "'·'l ~< "'"''li ¡,,, ,¡,_,, 

lh•• ""'""·"'""·•1 c-•r-" •1) "'·'' '" ,.¡ 11 ,' 1 1<-nh '" ,,., ·''"""'h'" 
,,., ..... ,., ''•''" ·' ...... ,., """i'"'" '"''·':· '•''1'"''"'.-"' ,.,,, .. 
'"'" "'""''" ,,, con>r•"·'""""' •'i''' ,, •·m, '"-'" 11>< .o';:""'h"' 
Jctio<J 1 o o•oll L ¡,, JI '~''"-'' <•l'·"'ll) no_¡\1" r<ouit '"~ fr,OIIl1 1 '' J_ 

)n >umn>.>f). ,.¡,,n "' ;, '" '""""' n<><l,¡l poon1, thc >u 1(.o<c 
in1<~r.l "' 11.1¡ di··•r:····"'· -""' dq''""'"l' "" rl" ,,,,,,, ,.,-
11 ~ l "' ( 161 lh< ~ [\1 <4u.1tiJn• -~, ~' ~ "'"" on ~"¡," <'i"lh< 
1<'11"";"~ '"'' h>rm<' 

Th< """ '"' 1on.11 G.1i<r¡,in fo!m 

- ¡: J v¡. ·/:V l.<:>. d v . ,. 
u[:.: J~. + :.· ("¿.·' + ~~,.)] 
• b ,¡, l:! <lt di 

TOe mod•licO (iol"lm furm 

. I ~¿.~ :!>'e" -L V<·i.:."il'<:><lv--l:--• ,. ,. ,. • ilt • 3 

( 1 7) 

O S) 

l' conlr-'"'"" ul ( 1 'l "l1 h 15) ur Ho l ,¡,,"' lh.ll t~< n>odoiL<•I 
G.1l"lin lu<m ¡, <imibr '"oh e II"D\1 <'<<rt r,, thc d,l\'<ru"" 
in oh< r•~ccJ"" "'~" ruo co.<luJton~ th, f'-'""'" ur ,,, e,.,.. 
po>ll<on ,.[(17¡ ~ith 1>1 '-" (f•J '"~"' Üt.1\ l.'t,• '""'""'''"-'! 
G Jlcl~ In P""-'odmc i< <une<pl UJII) "molot '" \Fl)\1 in J .. o,i

-'""~ "" "d"'"' <ubduntaLn .. ;,h <J<b n"d'l rumt ol '"'""' 
and '""'"""~ thc <utb<c ~"'«lo"'"""" thc Clkct <>1 oh< 
'"'<uf l!c1d '"umUI-'ll<>n ""h'n thc '"!>J<Om.l¡n. 

Thc i""'"'''"~ f.~<t lh•t '""'~" uct <>l ,, ''·""P-''''"" ,,, 
11 ().~1 ""h ll\1 i• '"" 11>< <hod d1ll"'"'" bct""" th< ,~,, 
n><th<>d< 1,.-, in 11>< m.1nn<t on •h«h lh< •P·'"'l ''"~""''in,, 
Uf< <V•IuulCO, T he 11 () ~ 1 cmpiU) \ lh< <1m pie lmil< dlllo·rcn,c 

appm,im.ttiun and "1hu< ron"'""o:-d tu , "''-''"""''"' "' 
~ r,odocn" nut rn.1l w ; fi'<·n ,,,¡ '" und "''"""" tu 11 '''""""' 
"rrm.,mctiun •. _,,-' •••ult 11 '-'"-""' honCI< t'"'"' ""''"ul 
qu.lnlOlOC<. >' 1\C'C Lh<) fCQUilC' ''Jiu .L\OlOO Ol l.l ng<OIO.OI ; r.oJ, Oh 

_,¡,,.~¡be rdct,ncc <url~« on •ddo~ion lo th< r.urno ol P•'""'"''· 

~1mcuocr. ~h~n >he <p,,wl ''"·"'"",,¡o" "P•~· '"' 111>\1 
""uld rcquirc " I.Hf< numO« uf m.-b r"'"'' to ''"'"1."' 
""'"'""'l th< r •rid ••rOJtiun <>f 9 on '""" ul ""'""i'' 1,,,._,, 
"~"'''""-

Th< 1 t~-1. "" oh< o\~" h ond. b¡ "'""~ ur " ,,,(.,.:. " • 

. f,<>. r,, thc '""-'''"" .-t rc<cc.to.d ""' '" ,;""'"'''i "~'·'"· 
•~hi<>« d "'l f<O<f-'1 ,nd ro>•<llill forno of <•r""'""" th~ 
>r-'"'' '-'"""'" "1 ¿._ ' ' _, '"'"lt, rh-.: 1 L·\1 ""''' on:) ~di 
.,i<cd 1..: ~Jn~l'"f ~""·'' '""''""' p..r_¡n;«"• \< ~ .. ''""· 

I"'"'"JO,j¡rr. """'"""') ""' " .11-o .,,¡¡ '"'"rl ''' 11-<" 
""'""''"'" nf h<;h«·•"•'··• ,~,,,_.,._ ~r.,b "-'" -~P"""' :-"' 

'"' '-'rid ·r·'''·" '·"'"""' "' '·' ""h ''"·"" ".,.,,_,,,, 

E~:h•:;i·.-c 
s ..... ..;.;.,-,o;,. u:,,. 

1 ·~ '" ·'" ,~ .. ,~..,, ... ,., ,¡.._, ''"""''" •r-"''' '""'''' '"' •... J,, 
1"''"' '" 

' 



• 

• 

• 

• 



((¡) """1"' ·' 
(j/.1) ~ pur w• •JU~U~>I> """'·''! "''"'"'r""-' ~~,¡ 

111 (JI """'""' '!''11 m '''l'q!"!"-"""' JO 1"·"''11"''·' .1. 
'(j ) """ 1 

'UPI]CJ,''IUO 
UO!l.Ob> '!>q_l Ul ]U>~'Ij)>tD >;\o'Jf<l' )O>.'rjJO,JO(I) 

' T/1 ""IW"d 
-""ll >JOIOCJJ m (;rpuno<¡ (OUJ>lut N ""''"'r ¡ropoJ 

("/1 W>¡qnJd 

.. ou """"! "! A1opunoq ¡•uJ>)» 01 »uri•!P l'''P" 
·(7) »Uri"P l1"1prl 

IU!OJ ¡r~ou 

1.1./.1) ''''""U '(¡) ""''1'"' • 01 ¡•wJou mno ¡tun 
'{)) 

O JO )UlWO¡> u• >)OU'~ 0) p><n id!J,.qn• 

"' 

., 

. ' 
' o 
" 
" 

;:o:~J )'~nU O JO )UOUl>j> UO >!OU>p 01 O>UI lÓUC<O"< Ju 

Ü/7) u 

per IU <lU>W>i> UOO,.l>q Á1!""~f'OO~ "¡ne~p(~ Ur>IU • •;i 

'U,'71 ""'''"""o' O'I'·".'PÍ~ .V 
'lj/1) w ¡uow>¡>JO own¡o• '!"" JOJ >1•J ""U •J 

'1,1/1) "''lqoJd ""'~ """'J) >~1 U! .Í1!'"'! 
no '"PUNI'J:I'-"" JO U/1) >wn¡ot """ J>d .,., ""U ¡ • 

-;~CUI "!u puv "' ""!od ¡rpou ""'"'"q O>Urt"P ···a 
'(1/1) >ilCJOl' >y!-J>di JO Í!l:-r~<> P!OU >~,,~~ ·' 

·(71 >JniJ>Jt >JniO>J) q 
-(, 1) 

I~Q¿) U! u purr 1<1 ""'"'')> """"q »tjJ>OUt JO O>JI ~~y 

"<>ILVION 

·¡~'!~ pu~ 1~0.-11 q1oq Ul '"'"~"'>JO 

n'tl1 ''~"""'P" >~1 '"!qwoo '"'11 puc dwnJ1 "' ""·'4" uo11 
·n)~' >lll'l>IO !l::»)t1WJ·1)JI)d» >41 >l<lodJOOUJ ut> 1"41 >po:o 

~~~ ¡ '"" ' ~u1Jn¡>1>P JO ("!'q"•od 0~1 .,,.~~"' <!41 ''1> JO 
'"·"P<Jl >41 1uutn)•" "! p><n >Jnp;ooJd >~1 "' ''""'11'1' >41 
l~j IJ»» J\0~1 >41 U >tll<i >41 )<0\U)• Á)I001J>lUOl '! )~:¡¿ 
>41 !" wm¡ "'V'I'O P"I!POW >U1 .'"'·')qoJd JO '""'1' u o. u» 
'Ou1¡pur4 "' "~"l<I"'P" ""!1"P "4 <poq;oUJ ¡ol~>lul 01041 
JO 4'"' 1<~1 <>!O>!P<~! N3~ puo 1~0.]) JO UOO!JC~CUOl V 

., .. Ul""'"')qOJJ 1CUO•<UOWl~·»l41 JO -<> ~\ >lpUt4 U "O diUOJ 1 U! 
p.>)F.JOcliOOUI iO )~011 >41 1C41 """UOW>p 0] p>pl,,OJd uo>q 
> '"4 <>1Jwn '! -.,u>¡qoJd ""U J>l r ttpunoJB '""1"' <OJ >nb!" 
"4'" 1'-""wnu I"J'>ttod ¡nq >¡dW!< 1>4\tl t '1""" p041>w 
>OU>J>:I'P "!"'1 P>ITIJ1>1UI '4' JOJ '""q 1"!'"0'4' 'U 

<'<OI<~U"O:) 

'(9!61 'JI' U UO~IU/fO•O.~ '9!61 '¡¡p~oulf"'~.V 

prw """''·' 1'1 ""·')qcud >d Íl·UOmlJI'p a""IO' mj .11Ul~-'' l>\lt~ 
-u••'' '!-'!JdlU!-1!-'"Id<> P"!W "'~" r dop;,~ 01. o¡qo U>~ ,~~ 
'" lU~l!lO:il" dUJ"J.l >41 0\U! (~¡) ~UI]rJOdJOOUO .{q >l~Jli>U 
pt<cQ" J1unJ1 )O >I~P»Nd 110!1d"'!"""l'h' "1' ~-'!4" un 

1 r>~ 11 'JD 1> • ",,,1 J" "'"~" u Olll'l"' "IIOJOl! >41 <>1 o¡q•·u>tur 
-'q •'l pu~<>J UO>~ "'1~ iq (~¡) 'llOUU>qlmJ ·uo:¡rn~> )0>! 

-J>wnu .>ql J<>J "!"10" oou>lJO.-u~> 1"'"1 ~"lqo¡» ~1 o¡q~<•od 
0•1~ '! H 1nq 'I~(H( 'qt JO 1¡) 01 Jr)l,ll'S UO!J>l!l> .ill)lqr)i 
1''"1 1' >Uopp 01 >)4I«Od 1! '! {)UU lltU 'UO!I'n~.> 11~1 JO) ¡rq¡ 

[q!M '""'!''"'~'"·'' f"'~ ""'""'Si ""oq< <rq 1~11 JO mi¡ruc 
uv -¡~(1:11 >·¡o l" !ol Jo (11 ~~ "'1""" i¡1rn1u"""' '! 1~11 
q-'rNJ~r UIV>lr~ o>:11ro1u oq1 '"'1'" P"''"'"P ''" •v 

'""'Jd 1"-"""'"" r;,.,,J.,I ur 
d~I"'P pur ipnq1>W 410q JO <>~rourtp_r >41 .•u•qwo> p¡no> 

'"'' 1"11 "'"·•JJ•• 1' '·'P'"' >q PI""' """"-"""' "1 '-''·10
'11' 

>)4"!'" j) ·uouiU>tU<» JO J>ll<IU" l¡u!I"W >JO >J.tq),o '1")" 

'1"'" 'P"4'"" >41 "' '''"'""! ·'"' '·'·'"·'"l"P "ll lO·'"''" 1'4' 
"'·"' "'4 '" 1~:1 ,¡ pul' 1~ (]. ll l" ""!""·'''~ ·""4' ·'~' 1eo•• 1 

'\1!1""~""""1P '" "" pn.•Jop ,,,,..;.~..., 
'"" '''"P W>i4<"J < 1" "!' '4' ruc '""'1~·"-' !'""""·'"''~ 
·'-'"1' J" .,.~, ·.,.,, •:~u\'0 1•1 o:~,_.",,,.,· •.• ~ ,_-,-J,~.•:.o,.i1 !' 

"'"''"'"~"".1 "1'""'' 1\'i-l ·"""' uo ''"' o.¡o" >r '""''J 
I''P"" JO ~""'-!""" 1°''"'';~ J~J P-'·'" >~1 ;~ r-'"'"'""" 
"'"" 1~0.11 IC~1<1 '""4" r ~-'"' ,-,"!'" ,J<' il'"·" >I)L '[iLM 
'UD'("'"'"D\' :¡¡61 ''l''r•rJ1 •w>¡q<•JJ J<' ""1' '~!~ ~ Joj 
>11"'·" (JOll<l'""' P'·'"POJJ '"~ l'~l >W>4-" '"lCJ.t\1 )OJ'"'"' 
''"' • JO IU>UJJopt>p 041 01 o¡qruowo U»q o•1r «~ IWHI 
0~)_ ·<iounJ! <UCJ~oJJ >Ljl U! P"" >Jnp>-'Nd ""I<ILUI·Ir>IIJ" 
1rUJ11d0 uo JO 1U>WdOj>'>{O >~\ p.>¡qoU> ir~ "~1 pur 'ILI >U~>p 
01 ""rO >I< 'UOIIIPUO> Áll)lqC]! )0>0)10~1 S! 'UO)I'nh> )~011 
JO >~'IUt•po p.>ppO U• ·.o(U>))dW!i '!>'(l 01 UOO)Oppo UJ 

~·'"·''· , .. ·'.: ::.:·-,~ "' ·::'!·'''"'' 
r•·:n< '~uro 'In\ JO <p :·:::.:1 -'';1 "1 '"::""' •1 1!':';~ '(lll 
U! Uoll)rnb> UI~JJIC!) I'"I'P•'W >~1 ·puo4 1>410 >41 U0 "O<i>)i 

"'"' ur"" IOJ 0»0 •i¡>:>~:~>O ?>•:"> >q \OUuoo 111\ ''P'"" 

,_.~,~ "' ··~·'"!"" "'"4' ~"
1
·'1~·

1
"' '"""'"'"' '"0·'""1"'"!' 

JO ,,. • •• po.101 :oq o¡ '"4 ;o¡no>< !Ul JO 1no '"""~ 
'"""""b' JO '" o;¡¡ ooeoH ·u ""'"d ¡op~u iuubq~:luu '~' 
1' <-'"I••U>? >Wil ~ .. nu~"n >~1 '""'"~' O<p :u 1U;od lrfX'U 
JOJ UOil<nbo >~1 le;¡! ''''" "' -'(! 11 umwnb> ~~]_¡ '~'JO WJOJ 
"!''"I'Q F<Ot;O>-"l'> ,,1 10 lNI •• )1 .,,,"''•I~J >JO ¡o-~) 

'·""P>JOJd ''""'"""' pu< '""""''""' >q1 01 ;b!"" í¡,.ow 
li)JO 1~;1~ puo I~O.i 1 U»"l"' "'""'!I!P IU>Jrddc U!0\1> J 

Ht61 '¡o 1> ""I'U!<DJO,V '9!61 ·w=~"'!""~.V f"D 
W"'W0>,\'1 <iO:><OJd ""110)0< >~l JO ÁOU>!)]Il> >41 1>>1/t lCq1 <>o) 
•J>doJJ '!JIOUJ >IG"""P"" p•o•o 01 J>~JO Ut (._.,1Jum1 p>¡~u• 
·»n1q0 ?10.\C 01 "J >) ld<~< jO .iiUr¡nbJ >WO< ~\!" 'lUO\O'>j) 

·"'"q '"4 01 ''"""'" >q (·,w " 1~3 d >41 u1 U>t> '""~o¡¡ 
·uo.,cJ~>;u< >wn¡o• >~1 U! .()lo>oldUlo P""''"'~ "" il>I>W•Jod 

""-'"'"'a '4\ ""!' ''·""""" "'1 >q (ow q<>w IX].J >~1 
JO u~ .. >~ >41 'puoq JlqiO ''' UQ 'UO!ICJ>U03 oorp 10dU! pu• 
qmu JO) •wrdoJd mnd•n> (mi""' üodo¡>t>p \<¡ p>llw! 
•U!<U >q UC) ll~lJ) "41 ')Um> OWOi O_L 'IUI>IqOJd »)dUJO> 
IOJ 1j!O"IJU JO u!">P >ql Ul UOll> p>pp< Wnb>J (•w 'cl>p 
1nduo '" "'""''"d l"'!"""ooJ olu;P!'"'d J<•J IU>w>,.nb>l 
>~1 >< )(>~SO 'UO!ll!Jl'" 11q1 ''lUIOd >q1 U>l"l'G <>Orjl>IU! 
>q1 01 'ICIUJOU >~1 411 ~ >p!OUIO> SIU>Od 1rpoU ~UIUIOfi>UO( >ql 
10~1 O< q<>w >ql ua!UP o¡ "''"1 :oq """' ,., • \~(J.l 1 oq1 "1 · 

'UOI)COJC' 
)CilU'Iod JO) UOI)<W]>OJddo Jt>uo¡ < ,UJTI>l 11'" put <>>Jrpuncq 
»¡Jouoo •;pur~ •io" >¡Jw!> u"' •ue~ 11 IC~l" 1\0.Jl >41 
JO ""1"! 'lq"""P ÜH.,. ·sou>w>¡> ¡o J>qu:n~ 11"'" o 4"~ 
"!Jepun~q '·'I~<U1>1 1!1 01 '"1' Ulq ([ >1ni1_.1 Ul >UOp <'~ ") 
i>IJl>UlW i• ?"'"' 'IPu•o¡ 01 l¡uo 10U l¡inO!>!P'I """4' >q uro 
""'"''1' P'~rq< rl"•'lllqJr '"'1'"41 '>~eq< )nu>"''l' >t<oq 
(uo 0U!'~04> uo uono:m>l nu st o;>~l ·uo""'"o¡uo ¡odu! 

·' 

•r p>p1AoJd llo ""'"'""" l"lll>oUO>~ 4>!q~ U! puo <»O~ 
""l'"' """1"" 'll"'!'"q ~"~" ·:·:031 10 "~' >'11 "1 • .-

• • 

""'"''1' )Ul>WrJrJ. ¡~ 
0

• 

-<li! J>PJO-J>4'>!q 01 '"!'-'O»l iq ><.:JOOJ>to ·~ "" .<;¡noo¡;•~ i 
"4' ''""" owo• 0_1 ·i>"> oq •(•~1• 10u irtu ~"4" 'i>IOnbi · . . 

JO "i~""!" Ir 4'"' <>dOt!1 l"'""urpur¡ ~""" .(q "!'W~P >~l , 
>11'1U!\Olddr 01 <r4 1\'IJ >41 '.¡ll>W\11 i1 P"l'-" 41!" (JilwO>J 

'-'!Jwo> r orq "'""'''P M)l "11 "'~" '1IO<>J r <\ · '""!'"'wrp 

•11 J" "''"'""J '!Jw,. r <r P'"""" N ""·' "''4" J~ own¡ot 
>ql ,Jrq• 'IJo.:Lt r >.rq o¡ ''4 """1"' 1""·'"'·'1·' .•1¡1 'ICJObiUI 
"""1"' >41 JO UOtLCO[Co> >lCli)I-'CJ 0) 'U,,~p~,.UI 'Urot.tlJr_) 
~11rn<n -~Jl)UllUÍ> "~''"1 ¡n w>J<i< """P'M' r '"""o >41 
1• '·"''"'l' no "~ ~~-u >41 ''"'11 ·w J~-'"" o:cn¡n • JO <IOI!"n 

·1'''-' >-1'1'""' \~·¡! >•p u1 '""'1·" "'"''"'·'""' ''"4 'H 

" 
~., """1'< • ", ... u•""".l -,""""" llfl\ aN• '""~""'~ 
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Jo:fu 11 >il) (L'; 1) . 

.. ,;,~, p•cn •~ ~~-' b>:(~>rJ-Oof."c!<n<•n~ o~""""" 
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•i"o•it; of 1\JiJ ( \I:LT; . 
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,;~n (ll 
• <•;;htin; i'•c.cti~n ~m;or.io~ 10 r.~<JJI poi ni m. 
~.n..ty of r,,od (.1/:L't 
f.•d rc:ccti;l or ll¡~r¡cli: C.:>J (L). 
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Sfmulot!o" of Stoam Tr>no~ort in 

Vapor-dominotod Goothon,l Re;ervoir> 

" 
All•n F _ P.oench 

~BSTMCT 

A numor1co1 1:1odel of steani transport throu,h a poro"' mediu~. h presented 

uJ ap~lied too hy¡>Oth,t!c.o\ 9<'0UOnl' .. l r"'ervoir in order to c•pl!in obs!rved 

~N~uttion charactorhtics. ;.. vapor-@inated g.o~'le~"<"-'1 r"1!•ervoir h concep

lei1l:ed '' • onc-din.,O<ional colu~Jl of porous or higl\\y fracturod roe~ 

lnltlally fllled with o mhturo of "turatcd steüm and li~uid water cnrlcr hlgl\ 

~"'""''· A si~ple finite-dHferE"ce t~chniqce is use<! to so he the n .... !M 

ooor¡v equ.>tlon• •l<n<ltaneous]y for u .. ¡:.eratu,.., on~ pressur"1!. Analysh 1nvo1v"' 

o1·>l•otlcn of pro.,uro, tom~orature, '"d llquid-wa:er <a~urotion di<triOutlons 

.ton <teom 1< procluced at oither constant dlsc~or90 or ccnstant pressure. 

Ccc.st<nt pressure is considerO<! to be a ~.ore rcolistic condit\on for geo:or.e,-..,1 

<ystens aod Penolts computatlon of the dh~horge-vor<u<-1!010 r"1!l!tlon. 

Co,.¡»rlsons of co~putod sotcration ;>rofllos with previously pub1ished 

'"'"H' leod to tr.e conc1usion tl1ot r:10ve~ent in the liquid ph"e "" be 

-.~lottod at 1ow ..,isture content<. Pro~U"Ct1on cl\!racteristtcs tMt can be 

rx~lainod with this I:JOC!el inclu<le: te<D;ler!ture aod pre.,ure cha~e; •·hen 

S\Ol~,is pro~ucod at const'"t or vorloble dischor9•· te:n;>oroturo- and 

dhcf.arg"-""'"'·tÍfll! variotlons ;.~on steam i; pro1ccod ot con;tant pressure. 

••~ the existeoc0of su;>erl>oated s~eao. Resuits al>o d=nnrate that 

tec~crotcr"1! changos dueto fluid uponsion or coc;¡ression .... Y be •lgntfioa~~ 

•~en dealing with supcrlleatcd ste•~. 

' 

------

• IKTRIJOOCl"JO~ 

P.ydrothe""'l convectton systems a,.., cla"Hied as either ••por

O>~inltcd snte=s or ~.ot water syst.,._ Vapor-~o~ir.ato~ sntc~s occur 

tr. the Unlted Statc• ot The O.yscr::. California, in.¡,~'" •~ ~.Jtsu~.N•, 

and In !Uly at larde...,l\o. Such syHe~s oro rolotively uncc<::100n, but 

it is pro~oble thot '""" high-tcmptraturc, hot-water sntcm> wtll con~ert 

!o otea::. c"fiOn dcvclo.,..r.t "oppeal""$ to be the case in the ~airokei, 

~~· Zeoland ~eothen;;>l sy>tu (Boulton, 1970). ~•noe, pres~nt in"sttgattons 

of vapar-do~inotcd systems ruy hove fotor• appltcH1on to prcsent-day 

hot-tl•ter systerns. 

lt.c r"1!Scrvotr ch•ro:terhtics ""d prcductton charactcr1sttcs of 

.apor-~o::~lnatod geothel"C'~l systec:s hove been descr1bed by n=rous 

ln1·o>tisators. A '"'''"'<Y an~ oynté.esh of these c~aracteristi<s ha• 

~eor. si"."en by Tru~.d~ll and WMto (1913). Trucs~oll •nd \:htte arg"e 

coc.vincingly that the mdol pro~o<od by \!hite, and othecs. (1911) provld"' 

tho l>est basis for explainlng lnitlal and prodtlction charactcri•tlics 

of >tea~ reser1·olrs. The modo] used In thl• report draws htavlly upon 

tho conccet. of ~hite, oc.d others (1971), though of nocessity somo 

'i<;>1Hicat1on• hove l>een 1'\0de. 

Rocent expon~od io.terest in tr.~ exploitation of hYdrothe~l •yste=s 

"" lod >overol lnv<stig•tors to pursuc dcve1o;>,.,nt of Jarge-scole, 

~i,triO"t•d-par"'"ter. two-pr . .se ~igitol st!'ulation TWdels (o.g., 

Toronyl, 1914; G.>rg,and other<:, 1975; Losseter, 1975; Mercer 4nd f•ust, 

ll/5; <a,.t, 1916). The<e '""''""'""' si9~iflcac.t advonces tn tbe """'ricol 

"f-.lbllity to s1m"1att cor.p1ex sy•tem<, howcver, the b"'i< physical 
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------
- '. -' • . ··- -- ---. 

r-'•~c<·""" which """ being l!'lldelcd ara r.ot coc¡~lotoly understood. Thc 

~of'?OSC of this re~ort is ta prescnt a simple alternativa IT.odel of a 

1\)'pothctical va~or-dor.in,ted gca~horm~l syitcm ano to use this model 

10 c~amir.e sore of thc ~hys!cal procc~ses Which ha1·~ bccn assur.:cd to 

c';;ur in such syst=. ln ~dditlon, L~\s ~Cel is csed to e¡:¡llain 

tl!rtain of the production tharacteristics Of real syste::~s. 

~- ----~ 

• 
/J.. vapc>r-do:::inatcd ~eotr.c~al syste<:~ \s concept~alize~ as a one

dl~-~sioul colc:.o of porous or highly fracture~ rack initially fillcd 

wlth a mixture af sat~rated stcor:1 and liQuid water undcr high prcssure. 

Stoam is transported ueder Prc<S~rc gradicr.ts and li~uid water, 1·:hich 

ts distributed in thc s~:~a11 pares and cre·Jice~. acts ~s a source of 

ste.:.:~. The reservolr ;s overlain ~y a "ca~ roe~· that 1s assu:::c<l to 

~.ave lo-~ ~en:;Nbidty and which, pdor to ~evelc~nt, allows for reluse 

of some of tl:e reservair st~.,.l t¡:ro·JQh sr:~all vor.ts. !n area. far fror:~ 

ooturol-vonts, the tc~pcraturo in the cap roe~ 1ncreascs with d~pth 

~y Urb>n, and oth~rs, 1975). Prior ta d~~elo¡x";lEr.t, t~puature and 

;ressur~ in the vap~r-¿o::~ir.~ted region are essenthlly constant wlth 

~epth. At tr.e bottcrn of the reservoir th~re is ass"~d to Oe a zone 

•'-•re liquid w~ter saturHcs the pares. Hcat is supplicd by a rr.ag.~a 

ChiC".ber at de~th •nd tr~nsfcrred u~~rd through the liquld-s~turated 

:onc by cond•Jctlon •nd convectlcn. n.e tc;:r..:.st part of th\s ~one serves 

a. a so:~rce of s:~a01 fcr the systcn. Vaporizatlon frc::1 this 2cnc ar.d 

coo<isnsation at the to~ M the reservoir r~sults in the vertical trano

fer of larse quantities of htent heat to the bo:;e Of th~ cap rock. 

{~ti'X!Jbusly ]arge he't flm;s ha·;e be~n observed in tbe roch overlying 

:oe reservoir ot The G~ysen; UrOJ.n ""d others, 1975). Liq~\d conden-

Hte \n excess of- that whlch can he held by surfac~ teM1cn in thc 

:orous ::;ltrix, flcws ówn~·~rd under the tnflucnce of gnvity. 



• 
• 

• 

' 

• 

• 



• • • ~~lls dri11ed for ~rcductior. of ste~m frc::t tl1e undevelopd 

reseroolr penetra te the cap rock and cr.cc~nter saturatcd ste~m at a 

h j~ h prcssurtt and tcr:1pera•ure (uSUllly U!'OUnd " b~rs " 235°C). " • 
~'"11 ;, opened '" the atrr.o>pf.ere, thc swéden prcssu¡·e éccl ine •·i l1 

' cause floshing "' the liquid water distrit~tccl '" tJ-.e rock '" the 

vtdnity of the well bottoo. Thls will result in ccoling around 

the well cnd a large inithl disch<lrg~ reto, the no;ntt::de of wh!ch t;\11 

depend larijely upon the well ch>racttristics. As CryinJ occ·"rs 

in the rock around thc ~·.:-11 botta:>, di;c.~org::> t:ec"~cs ir.creasir.gly 

rlcpendent upon the reservoir c~.ora:tcristico. ~ith cantinu~d disch•rge, 

thc liquid ~ater in the vapor-dc:11inata1 >nns becc"'cs de?l~ted by 

vaporization ond !he rli>char;e Hon bococ:es dcpendont upon the locattor. 

and te.""~erature of th~ ~zep-seated "~a ter üble", here;;ftar refcrred 

toas the llq,Jid-vt.;cr interf~cc. 

The digital sim"loticn ~.~del preseot<i'd here r..lhs many of the 

sa~.e ~ssu~pticns used by Othcr·investi;;otcrs (Mercer wd Faust, 1975; 

Faust 1975; Torcnyi, 1974; "einsteir., anó oth~rs. 1974). The essential 

features of this nodel that r..oke it diffennt fro.-. o:any prcviou<ly 

P"bli>hcd ~cdels are: 

1) Tem?erat"re ond pressure are used as the ir.depcndent ·¡ariablos. 

2) Liquid-wJter sa~uretion is ccmputed dircctly frcm 1;he 

amount of liquid evolvcd by boiling d"e to pressure 

rcduction. 

3) The energy changcs d~~ to fluid c~pansicn ond contractinn 

are not neglccted. 

4) Liquid water dl5tributed in the """11 interstices of the 

vapor-doJ:dnatej roservoir is asst:r..cd not to 1:10ve under 

pressure sradients. 

S) The sol~ticr. technique is skple to ~se ar.d rapid 

coo;¡uta t 1 o na lly. 
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• THEORY 

To ~iamlate the vert1c~l flo-~ of steae~ throuch \·arÚ':Ily u~urated 

:->"-'"'media t>~O controlling equJtlons, a fluid flow cqu~tion andan 

t-.:r>l equation, are usM. These cocp1ed partiJl differential cquHio"s 

1
.,. ~rUten in tcms of the directly•""OS'Jred, intensive fluid propert1c>, 

<t<>"'raturc and pressu,-e. The li~uid-"'at~r phJse is tre•ted a~ a scurce 

,, sinl: for steam and doos not rnove in resPQnSe to prcssure gradier.ts. 

The ener;y equation is coupled to ~!;e flow equatton t~r~ugh t!:e 

·• •em, the ~anorization tem, the liquid saturation, and H.e ·<~OC1•Y ' e 

,..,;sure and temperature dc~er.dent paratr.eters. The twO partía\ 

c·•:erentlal equations are solved sill'~lHr.eously at dlscrete time levels. 

' 

Flow Ecuat!on • 
The equltio~ for s!ea.., trans~art is o~tained by co~.hining thc 

PlSS balance with the mor.;cmtu:n balance for tt.e Mticn of stcam in 

porous r.:ed!~. The ro~entll::l balance can be approxir.-ltcd by Darcy's 

1~11 f~r ttro flui~s and the f1011 equation in the vertical dirnension 

can be wr!tten es: 

"' 
~he re 

pv density of thc >later vapor···························-M/L3 

"v dyna.,ic viscosity of the w~ter Ya~or------------------MJLt 

k in tri ns i e pe rmeab i 1 i ty------- ....................... ----L 2 

kr relotive ¡¡err::e~hility to water vapor----····-----··------

accc 1 era tion o f gravi ty----------------------------- --LJt2 

' 
porosity----··-----····---------------···-----------------

1 i qui d-11a ter saturat 1 on-----·--··--- ---····-···-·· •••••••• 

' preH urc--- ---- ----·····--------- -------- ------- -----H/ t L 

G so~rce or slnk cf steam through ~·ell> (posHive 
if so~rce of 5tea~.)----------------------·---:'Jtl 3 

q' source or sid of steom by vaporization or cond~n-

sation (;~siti>C if source of ste~Ol)---·····-!'./~L3 

z verticol coQrdir.ate (positi1·e dowrr,.¡ard)-----------------·L 

t tloo-------------------·---·--···----···· --------------·-t 
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• ' The OOnslty ~s d:fined by the cqultioc, of s:atc for ~~re stcam 

Ha functlon of te<O;¡crature and pressure. Accordingiy, the right

~'"~ side of e~uation (1) car, be cxp~nded and e~~~tion (1) r:~ay t~ 

,.,..rittc~ as fcllows: 

• ,,, 

.t. ere 

' 
¡ 3ov · 2 - <w-l ------------------Lt '" 
~V ~ T 

• 1 °0v . - (..,..--) --------l/1 
Ov • • P 

T T en:p~ra ture-------------------- ---------- ---------- ------T 

ln th~ ~bove equotion, the coefficlents • and S are 

:ull·ed from the equation of state for pu,..;, stea::< (;.ppen~i•l ""d 

·ate ore'¿ep~ndent upon te::1~~rature an¿ pl"eHuN. The Cyr.Jmic viscosity 

"a function of t<r:-peNture. T~.e intrinsic perl"~a~11ity is spathlly 

~-~~n.!ent and the relative pe,.,abiHty is ass=d to ~e a funct\on M 

:-e liq•Jid-water Hturot\on. Dcfinit\on of these ~u•ntitle~ is glve11 

Equatio11 (1) "'Jkes ihe assurnption thü the rock ''"trix ls rigld, 

·c,ce the porosHy doe:; Mt chan9e wit~ prenure. {In '''Por-~:;:,in~tcd 

···::horr.al rcservoirs, th1s is a vJlid a;¡proxlr.!tion becouse t<'e cO~?res

·,·~iHty of r~senoir rocks ;s negH~ible cc,;¡Jrcd wlth the ccqoes-

;::ility of stea1:1.l The effect of gra·oity will b" ne~h:oted b the 

··~<~ir.der of thls rcport because of its small influcnce upon ;oroduction 

• characteristics in thc casos studied. 

The bound'l)' ccr.~itior.s f~r the flow e~Ultlor.s ne lero-flow. 

I!Jss transfer at those ho"nd,~i" i• • " " ·• ~- ~ •reate~ as a sourcc or sink. 



• 
~1. fouation 

n,o oquJtlcn u•od in :ni< re¡:ort fcr ~ner~y trans~ort 1s dcrivod 

py coTillining the oquotlon of chan~• for puro <IO!In, wdtten in tcr'll'.< 

of tcmporoturo and Spetlfic Ocat at constont prc,.uro (Uird, anó others. 

1960, p. 322), wlth thc rllffu51on o<;u>tioO for Mat tronsport throwgh 

t~e sal!d-ltquld ~atrh. A~d1n<; the approprilte source tem.s, the 

equatlon for energy tran>p<lrt i< glven by: 

' 
' 

,, 

" o tc1+c2 •c3)'i< 

"' -o(l-5) T s 1ft 

{ l) 

' effcct 1 ,.. thcmol cond·Jct i ·;i ty------ ---············· --l~l/t T 

• vcra~c 1 ntcro t 1 t lal ,., l oc i ty---------------------··-----L/ t 

he6t upodty of vopar, o(i-S)ov'ov···········--------~./t2TL 

' heat capa el ty o f liG~ Id ·• 5 o, <pt -_------ ••••••••• ···---~/! TL 

' heat capaclty of •el id, (1-~)o,cp,------············--~.jt il 

' density of liquld water--------------------------·------~.JL 

' dor.>it.Y of sol id roe< partitle•-----------·········-----!VL 

spocifl< hoot ot constor.t proS<uro of "por-••···-----L~/t2 T 

•pocHic heot " constont pre,;ure ,, ' ' llquld-··-------L /t 

s~ecifl< he o t ,, conston~ pco""'" 
,2,,2¡ of sol id-----------•. 

' • 
Q ener9;1 sourcc or <ir.< by :oe•r.s ott.er th•n conden<atlon 

or voporiution (po<itive H soiJrco Qf hutJ-------:·---~-/t3l 

' V ¡; ····•·••••••·········· ··· 1/t 

lho torms In equltlon (;) hove the followlng "l'lyslcol 1nterpretat1ons: 

Q 

~(1-S)H DP 

"' 

r!te of thar,c;e of t~.enr.oll ene~y by Fourior condoctio-•. 

sourto or s:n< of then:-_.: """'ID' by conéon<aticn 
or va;>odooolon. 

sourte oc sir.K ~ce to fl:.ld wlthdrawol or cond"otion 
throogh boundories. 

rote of oh~r.g~ of thermol ener"!Jy stcred In tl1e vapDc, 
liquid. and salid co~pononts. 

rato of cr.u.ge of thcmal cnurgy due to co~pr~sslhlo 

~"' 
Eqcotlon (31 1• an approxka~e equatlon for the tr~r.s~rt of 

ene'"W in • •too,..filled por<>os rr"dl..,-,. ~•Jor "''"o:Ji)tion• used ir. tOe 

d~,·e1opc-ent of t~h eqJatio~ con be su=~rizod as follow<: l) local 

th<'=>l equillbrhr.o exis";S boet-.een the va~or an<l .olld·li~~id ODtri>; 

2) the dlspo.-.h•e c~nent of r.oat tran<port a r.ogllg1ble: and ~) scrfacc 

tension effects ore negligihle. 

The laten! noot of vopcrization is ¡¡ funct1on of the vopor P'"""'" 
of >Jturotcd stoom. lt;, ev>luo.ted by.t:tktng thc difforonco t-otoreen 

the enti•Jlpy of the liquid •r.J tho entholpy of tho vapor (seo ApFcndi¡:). 

Cthor parame:~n $"Ch as thonr""l oon~uotivlty. s~oclflc heots of !he 

Vdpor, llq"ld, and sollo <orn¡:cneots, and donsltle< of the 11G"1d ond 

sol id coo•onont• aro assumc4 t~ Ze constaot. 

" 



• 
• 



• 
Thc "P~~· boun~ory for th• •nor<;Y oq•.:o'oion is .,,u..,d to be 

fn>uhtir,g. This fs justif!~le l;ccoose ot t:oo short tlrr.e sc•l• in 

' 
· ,., >-•· oour.d•rv, "'flood b¡ t!w liqold·vapor it ls c~t lnw 4t1ng. " ~ • -

' 
----------

• 
~oilin1 ,•:echonis-:~ 

Liqcid 01a!er ~•Y be Ci<tribJUd thror.gilO'Jt • \'4POr-rio.,1n•:•:r 

rcserv<>ir in ~c,;otoc or lcs<er '""''"~'- In tlto vapor rc91o~ H "!1\ 

occu~y coly' '"'l\ fr<C!i"" of :he •••llablo ¡;ore snacc >od it wlll 

prt>"l~o • source or s-:eo::: """"' pro~or condltions of to~crature and 

prcuu ..... 

fill or noa,-ly fill :te ovailc~lo ~~r~ opo:o ond wlll provi<!o a so~rco 

of stN:t o: tJ·,e 1"""' toootary of tho \'OpOr zono. Jt 1~ ~s<"""'d thot 

uoporhotion •t tnc intot·face wiil not cccur unt11 th~ llqold ~·otor 

ovorlylng tl:c intcrfooe has Oeon Melc~<~-

)n rCgio-11 \·.ter<> ¡¡,,¡o o,¡j vo~oc oxo<t to~~tha>·, stoo~ will be 

ioccc.sos. Condor>satiar. 11\11 occuc lo tr.osc t"'l!gloos in responso to 

preS>Uro iocroosos or to~.o.ro~uro cod"C\ÍOI\$, TM critcrion undor •·hi<h 

0,,, or thc other of thooo eL'oc~• wl11 cccur fs ostu~1hhod ty the 

s.turation pross"ro or <e~¡;o"'tcro wllich is takon to bo thot of puco 

~¡tor foro lht-scrf«O intorf,co (l.p~ondb). :f tho pro:;suro •h~'.I14 

f¡ll ~ClO'·I .aturo~oc-va?or P"""""' for tC:o fr<"·ai)ing te::-.poNtore, 

s!O~~ •;111 ovolve ~ntii oitl".or tho P"""""' iS broo¡:ht U¡> lo tl>o v;:J")r 

prossure of nturate~ sto..:_-,, or r.o ,..,..., liq•i~ \talar o~hts. tHo;slse, 

lf IO"'fOrature sho~ld ii'Crto<e >hove tho tC"'~orat"'"" for soturo<cd stoa:o, 

,:~~~ 111\1 <"!Olve ""t\1 pr•ss,ro is bro"~l.t e? t:> satuNtod-vo~nr 

pro.,uro, or "~~ore ~~~"i~ .:o ter ••l•ts. Thc ~ourto tom ror vop~rl!Otl~o 

11 ~~t>il'Cd Oy ••tisfylog CQc·otioo [1) th\"Ouah ~o itor•t!vo proccduro 

d>scr!bcd 1n t~• "'"t '""'''·'· 

' 
. 
" 



• -~ 
···- ..... -- ----------- -- ---· -·--- ---1 

TOe fino\ c:;uatlon rcqulrcd for ~0\"t\on of c;;~otion; (~) and (3) 

¡~vo\vc• ch,<r-~os In tilo <icgrco of Hquio-w•~cr Hturot\on by vapod:at\oc. 

cr con~cr.oatlon and h c•prc<>cC ~<: 

" lf. ,,, 
1:ron llqu:~-.::~cr sHurotlcn boto;o~CS zcro •t • point ~~~"' con~~ no 

¡~rthcr vo~or\zotlon (chou~h c~n<lcns•tion con occur). furthor roOuotlons 

¡~ prc.,urc rcsolt In <upcrhcat\ng. 

i 

. -'' ---------

Equ•tior.s (2) aod (l) are solvod u<in~ a ;pocc-ccntorod fu\ly

i"''lic\t, fioitc-<!ilfereno. 1.ect.oique, OO. r::e:t.od \< .econd-or&r 

cOrr<ct In s~oco, ~ct h only llrn•ordcr corree\ In tl~.c. Thl< ma~es 

lt lc>s accura:e than Ot!;cr ttchnlqucs, but 1t ylclds nuQICrlally stable 

resclts, res>r<!le<> of :oe slz• of thc tl::O:t lncro...ant, when .,.p1\cd t<1 

dlff•<lvo-typ~ oq"'tloo:; (fl"ld flO'rl cr;JOtlon) or s"ffldontly poraOaliC., 

conv~c.tlvc-diHusion o~"ltiOns (cner9Y oq.,nloc,), Trt!n<atlon error 

lntrcduced by tr.o c~thad can be ~\nl~l<ed by rodu<in9 th~ tlr..(! lncrc,.~nt, 

lf thc ener;y oq~•tlcn bocc~.os stl'(lngly hy~er0o1\c (convcctwe cOI:'POn~nt 

"'~";he le:< t>.o ~lffuSI\'e co~;cnent) •~11\ spooc lncre~cnts may be 

rcqulred ta preveot lr.sta~ilHy (Roser.oorg, 1909, p. 2~). Tt.is Ms 

r.o: i>oen fo~o~ :o te a Oiiflculty In this nuoy. The fln\te-~\ffe!'();,e<> 

fonr.s af e<;uJ1.1or.s (2) ond (3) '"' wrltte_n In tor"s af c.h•"S•• in 

pre«"re >od tc:::;:cratul'lO rother tt.an >b<ol"!o valucs. T~ls he\ps to 

rene'" rour.Ooff ocror.. Tho eq~attans aro solvcd usln9 • direct 

toor.olq•e (:,\ons •l;)rlü>~). 

;.: t.l:c .t>r: of l ti:te ~~"~· t.l:o oner;¡y equatlcn h solvod far 

tOe t.:>~~oraturo dl<tribution u<ing prossuro>, velocltios, an~ <o•rces 

Co;>eodo.ot paroo~tor• •c;O os vl>cosity, doo.lty, and ,.tur>tcd·v•PDr 

¡:ros<•re '" "~"'-"d •nc tM flcw oq"aion h solved for t.l:c pre«u~ 

dhtdboti<>n. lteratlon on tr.c flaw cquat\on ls neco<sary becau<e Of 

<<!cost,~ot.s "'~"irc~ for c"l""ing tM voporhHion te,.. i~c rote al 

v,;:~rl:ation (ar o:r.<!>on<atlon} ;, co:c;>•tc<) fro~ lO cr;uat!on of the forn: 

"' 
" 



• 
• 

• 



• 

" 

wonuoo I).On<soJd •41 p¡o~ n1 fJ""""" o5..Lo~oHp ·~• ~"P"~~oo fq 

pa~<Htl::lo'" <~ ~Jn"oJd ¡uo¡<"JOO ~:p< uo¡~>¡o:::¡; -~¡~>"O\Ht•J <'"~P 

•<n~J""·05H~O.\P 0~1 )O U~ll')~O..L:! ..LOJ <'".OUO f"? l'';;r~Go¡OA<:~ JOPU' 

'..L)OAJO<OJ [<<UO~l005 ..LOJ O)l"HrOJ O..lQ"~ S) VO)l\~"01 0..L0$'>Jd 1U;;<U01 

·~• 'J"""~"'~ ''"'''""' p¡a•,¡ >1 "-'"""'d ~114" ¡¡¡ uono¡rr~¡< ur~l 
uopo¡od~oo s.a¡ .oJ¡nboJ o51o4><\P :uqsuoo ~1111 uo¡:~¡n~¡s ·o;n.,o..Ld 

• • -----==-------'--------

suo¡¡¡p;>o J04l.<r.¡ puo 'UO)lO..LOHS <o;oob.JdC• OJOS>O..Ld JOdo.\ 041 u1un 

P<""nuoo S) UO)l0..L01! pUl 1.'0¡10J~H qno 41!~ POHn[0.011..1 <) ~l)<U:)(J 

1---------------------------------··-······-··t••..Lo;u¡ ~¡¡ 
OJOlOHÓ<IIOl ;O 111001' >OlOJOH< jO OJn«OJd 

' 
1----------···.,J "-'"""-'d 10 ~oo:< p»rJn¡o< ¡o o.oo¡•;od~o¡ 

' ····••••••••••••••••••••••••·---•S~OflOJ"l! JO J;)<¡~OU [010l 

•••••••••••••• --··••······ ••••••••••••••• •-.JO~·,n•J UO! 1 OJOl.l 

" 

" 

·- -
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!n or~or to ~o~orstr¡.te ~Oo: t~n ~;1~ol o~or•~es in t.t.c ~os! re: 

f"hion. • <o"~Jd;oo 1< ma~e wlth rcsu\ts of" cc:>;tant di 1cr.Jrgo. 

finHc-d!ffcroneo 1110del pobli<·"·•~ by Tcrcny! (191.;). :n t~ls test eas~ 

tho flow of stoam b hori>Of'C.l lnsto•C of vortlcol or.d thoro ls r.o 

li~u!t~-sot"rate4 lonc. Boc.O>c ~rav!tníonll effocu have ~con ne~loc~od. 

!he ~rose"! ~~~ol opr;l!os to b~th vcrtlc.l •M t.orlcor.tol stca~ floO<. 

!.o Toror~ti's ~odcl. :;rosourc ond \!qu!d-phoso 1o:crJt!on ,,. tt.G ln:t•~cn-

•oó vapor ~hosos, ho•.;ovor, tOO rr,;¡d~l ls vallO on\y """'" tO• twc >hOSe< 

oxist to~otl'.or. ~1<11 t)".oso o<oo;¡t!~n<. tC.o a.s.-.,:!ons >M ,..la:ion<hi;:s 

foc <~~;¡c~ir,~ coofftc!oots .ra S!OI!lor ~o tr.Ose ;hon 1n :.hi< ropor:. 

Cc~prossiil:e 'rlOrk i; oot lncl"O>d in Toronyí', ~oOol, $0 1t ~~ .,,,1:to~ 

Ir<:. tne c=•ta:lons. Par~:>:!ten an~ ir.i:ial co.,~iticns •. ..., sho~n 

lo Tab]e 1. TM '"<ervo!r ls closod to flo" of ~"" on:l oou¡;y, 

Althoc>O T~rony; '< ""Ool 1< dos1~neO for t>·c-cti:::ensic"'l flo·•· hi< 

sb><S tho r.o~a1 d!Urióodcr. U<~d in thi< ::o~l >1ith tho COOSt<nt 

01schor9c sir< !ndlca:od by ;hoJ1nJ. 

F!9ore lb oho~; so:•ratton ;;rofilos fcr 0.19 aod 0.~8 '"" fr:c;;;cc; 

P"'~"c~d. l"hoso ~"" corn;;orod with Torony1's res"lts. Res"l:s for 0.19 

~~" fractlor. prodccod ar~ r"':hor cocrcboro~Od Oy !he f!n~te clo~or.: 

;;-.o~ol of :~orcor ;.nO '""' (1$75) ~hc~c "'"""'" ar.d er.:h>lH ~.rt eso~ 

ao tho ir.OoronOcnt voriot>lc<. lhc clase a~roo~..,,.¡ in :r.c resu1ts 

<O~ailiod <o~:;>S!< tr.o: llqo!C ¡:;;~c:::ont. "'·~'" t.~o oo~OiUor.s o~ hb1o 1, 

r.;.~: wllen p~O:;ctlcn" cor.:inccó a; a cor.sUnt rat~ ut.t!l li~uid "Jtcr 

bHc~os :a:olly t.e~lot;,d. Tho t""porat"rc dc:lloc is duo Prk::rny 

te VlpOrl»:lon of :~e l!q"\~ ~•ter, hor.<e it !s r.:;t sor~rhir.s that 

t~.o to~poroturo dccre"Se \s nearly proportional to the dccr0.,0 in 11Qdd· 

~•:cr S¡tur>t1cn. T:,e chango Lo te~"crotoro at any poir.t in a n:scnolr 

eco :O "J?OCilotio,o Of a lno..,.. ~w!r.tlty of "JtOr cao !le ""llY calcu1otc0 

(:;o:hoo;on," l97Sl). The too1,0erot"ro choogo of !L6°~, ;~oh·n in f1;ure 2~. 

!< wlt~ln 0.1°:; of t~., tt:::;>Orotor~ chao~e ~hta!r.oO ~•lnq the uthod 

Oe<eriOed O.t r;ot~onson. Aftor :oe 11<;""" ••ter at the rroduci.og nodo 

~as boon to:!\iy vo~oclze4. :hero 1< no f,·~thor •l~nifi.:or.t O<cl!ne 1n 

te~~eroture. Th\s h pd~.,.ct1y teca••• ll'-• offcc: of coc.~c~ul~le ..or~ 

has bocn c.qlectod. 

-:te pre«"ro dccl;r.~ >: :..e pr~d·;dr.~ nodo -~ :o a L:ISS fra:t!on 

of 0.72, <t.o~n 1n fi1cce 2c, ls <l~~ly tOo decline in saturoted-.a;oor 

O: the pco<!coiog no~a "" ~eco c<YO¡¡letoly V!P~r!zo<!. A; t~C ?ressuro 

contiouos to declino. tho pcod,.cd ;teJ~ bocomes su¡¡crheated. ~'r.cn oll 

ftaoti~o ci 0-~0. tt .• prcssure Oo:line> vory ro¡lidly uo:11 tr.o ro,a!nlng 

st'<o. is Ce;:le:od. Toe pr•ssoro c~or.ge <ho.·~ hore l> •i~!lar b sha~e 

to tO>t of t':e h.-.,;>cd p>r.o.,ter Sj'stom 5Í"Jor. by DrtghJ~ and ~""""' (1974). 

~ t1~e S:ep of lC~J <OC ylel:ls suffidontly •ccur•tc re;ul:<. 

"0\•ora;o cf •1• Her•ttons FOr ti~ ''"P thi> u¡e< z:¡ soconds CPU 

t'"" o.o Jn :C.i l70/l5e c""~cter. 



• 
• 
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A <On<~>n~ ~i<ehor~c bour.d>rt con~l~len (Le. ceoston: witllio a tlc:e 

be""'" it "'"·ot be usod for ¡;rodic:ive purposes wHilout ''""<e orioc! 

fno·,;lo~~C of '''" thc dl<ehMgo n·ill ch•n>c in the fut"ro. TC.c constont 

¡:rossuro coo~ltion ls ~.ero "''llstlc b~caose t~e reser.~ir Ho>~ "l:l.::.toly 

:iJrOi,.cs. In oCdltlon. tne ccnstont ~rc.,urc condition ~1\oo·s ;oc 

prodlc~kn o: tho dhchor~O·I·orsus-tlmo rcl•tlooship ond pr~vl~e; 

of fld~ pro~·"Ction ot ccns:ont ¡¡ress.ro are ''·'''" in 1>~\e 2. 1r.e ,.\ues 

cf tr.o """"·•tcrs ~bon shocl<l be roalfstic for ~eothcr::-.Jl syste:r.s. A 

• 

•... ·------=·==· = 
' figuro "ld st:o·•:; thc ,ffctt of c~~proS>lb\e ~ork u;>on t~c to.~pora

tcre di<trlbutior, r.eor tOe prod·Jcfn~ nodo. By "'"Y of co~p¡rlson, a 

co~pwtor r;m wos ~.odo nc~loctir.g co~pre¡slble ~or~ ~nd """'~ of tho 

"""lts ~ro p\otte1 in Figu~ ~cl. Ohc to:<;o:ru"rc :!ifferenco in tlle 

t~., sets cf O•:. "'·""" for 3 • \~ó soc "'" to "'~"'•to~ f~r by a::iab•tic 

co:lir.g of thc "'''·'d!n; stro~. 

Adia~atlc "''"'·'ion or ccn:roction of ~n !cleal ~os c¡n bo oo,vibe<l 

ty (seo e.~ .. le~c;~y. 1951, ,. J2;): 

p VY • consunt '" 
1/o ----------•••••·----------•••••···--Ll/M • 

' ratio ef s;;odflc ooat 't coMtan: prcssure to 

•peciflc heot at ccostar.t vol"~•-··------·--··-···--···--

C>n te upre,.c:: as: 



• 
, 
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:tcam propcrtlc• oro ucod in tho oomprc"iblc work \Cm in>tcoJ of 

1~>1 ~"' propcrtico, t'-" tt119crot"r-o ch:n<;~ 1< incre .. cd. Sc:::c 20 

pcrccn: of t~c tc~porotur<¡ chango (u~ to coo:;>re»i~lc Oll'r~ in Figure 3J 

Jo dLlO to thc non-fc!cJI noturc of stcam. 

• 
co~pc•«i~le wor:: ;; cloorly ""i:~:~ortont '·"'"" liq"id ond vopor 

o•Ht togcH:er in the poroo1 ~.,di.::~ (<co thc bo~:c~ 3 r.odcs in figure 

ld). This is ~"""" prc•.;ure ctlonga. ore ""'ll ,-r.on voporhJtioo il 

:o< in~ place. lt h posslblc that in rcol •r•t•~• ~hero pn><<urc changos 

ore <X>re gr,~w.l. t~-• ef!'ect of •Cia:Oatic coolin;¡ cr hcoti"'J ~Y not b<! 

importor.t e·;co for sepemeotcd ;ystc~•- Thi> requires furthcr study, 

Tf.e OistC . .r;e versus ti~o rolationshlp 1: '~""" in Figure 4, 

~~ ¡ny pvir.c, thl> repre<ents thc ""'" of Sto.,. tr.ot c;;U lea>~ the 

producio~ co~o por unit cro.,·So<tioo>l aroa in or<kr t~ ""intain 

tMS!"n_t p;o;;ure. T~o actual dlscl1arge In kilogrom< por socond ;, 

~,¡;end;mt u;;on tho ~reil di~.e~slon cl:o<on. 

:he disch•~e in '-i9"'" 4 doclir.e< wi¡;h :;~, as thl dlstooco 

incco""' ~o tr.o zo"" of partial liQuiO·>~Hor saturotiol\, or.d as thc 

t•~~orature Geclioos in ~he IGne o~ ·~aeorl:otl~n. Tlle <e>llc;><>d sha~e 

el the urOy ;oart of fi¡;ore 4 ls cau:;•O by the finito dl<tonce :>etwoon 

coOos ..• 'ton all !M li~uid wltOr io tho v;;.-;,·-dominotcd rc~1or. hos 

"POri>od (at •00'J! 4 < lC6 sec), fcrchcr do<lico in <lhcha"ifO will 

Oe¡;ond _c;:oo t~.e teop<r•t~ro oi the li~oid-vopo• ir.•ec!aeo and tho 

oisunoo of th~ intecfoco fro~ t~e ~roóudog nodo. lhoso c,uontltiO> 

• "!uro:c<i por:. of vopor-d~~~n~tc~ Sy>:=s, lt 1; diffioult to <letonnine 

jcst ho·., tr.o Oiltllor¡;o will cOMinco to ~ccltne. lf tho toOt¡><>roturo 

•~re to re:o•in con«ao: ar.d lococ:on of tho interface f!xod, !t !s 

<loar t~.H t.he d!1cMrso roto >:Oc1d be consUnt. Constlnt ter.lpcrature 

•t tr.o intÚfoco !s ""lüoly, M>.-evor, bocouoe of Oolling ~lth!n a 

.... 



--~-:·-------~--~-------

vo¡.oc1Zotion "'11 ro1ult in o Joclfno in Vdpor )'ro«uro, anó 

<OO<o:¡uontly o ~"clfno in dlscil.rgo. T!10 tom~orHut·e declino de~or.ds 

•;:on t~o tOI:~""'' of tho t.onir.g '""'· figuro 4 <hoo1 '"''' of """ 

t.l".odil<hOC>O wool~ doclir.c lf ~olltn¡ sho••l~ occwr t~rOo<¡!to"t • ~~J., 

dopth (ccr''" A) or thoro"~l.out a 1~0 ~ ~o;th (curvo S). T~e roto, .vi 

at wOich liqutJ n:u>t movo to ro;Jl<lto tltH lost by vo¡¡oriz>tion is 

tJ;e coonan: dlocnac1~ <•••· A ti¡;¡:¡ 1to;> of lO,COO •ocor.d< y!cl~1 

ICffiClOotly ICC"rlto re!Ult<. 100 ti!:'~: otCPI 111\h ¡¡ :c.in~: .. c:; of JO 

,,, 

• OJSCUSS!Cri A:ID éC:IClUSlO!;S 

lt h P'O"ible to use the ros•lu nf t~.c ;¡rovbu< •ectlon In 

•· q,.litotive o·ay to ~lvo inslsht ir.to th~ bol'..>''lor cf .a¡¡or-C010Inatod 

sys:ec.s, or fvr tlhlt rnottor, liqcl~"do~lnatco syst'"·' t~at, u¡¡on 

¿~.~~lC!"O".:. ~"'"' cor.venod tos:"'" sy<t""''· lif:h!n • time fra~.e 

roaliH1c co=:bir.otfo,,s of ¡;ertioent fhlfO<IlOtc~• (ue Ta~lo 2) would 

giv~ r•sults <l~ilor to t~oso sr.ow1 io fi;cros J or.d 4: on\y tho 

~agni~cdc of the nc.~berl wcold chon~e. RcCocing fntrinsic pc""oahi\fl.j•, 

for exa~plc, by a f•ctcr M 10 lor.o¡:r.ons tho ti:Jll) roqulrod tO o~tofn 

f\~oro l Oy a factor of 1~. F;e~ccfog fnitfal liq•id-wHer s.t•r~tton 

""'"'a~"''" ropid é•clfne in d1Schorgo than sOown in Figuro~. 

""i•bly distribcted, ro,ior.< fn tr.e rosorvoir tC.at havo the 

hig,•.cs: ~~:•r con:or.t• ~1\1 atui" t~.o le""~" t;o::~o":"ros os l>o1lir.9 

~'"' ce .. Thi< is e<p><lally \::;x;r;ar.:: •t the •crhce of ;~.e 



• 



-------- ---------------- -- . 

voriicol t~ovc·01ont of tho liqciJ-vopor tntorfocc will alter t::C 

dlld:orgo-·,0ro"s-tko rolotlnn&hfF, /,s tho '-odol d"'cribod in th1< 

report ~oo. r.Ot consl~er II>OVCO".tOt In the liquid-s•turatod '""" H 

• 
can r.ot predict tf.all<]e< in ,oc;!tf~n of tlle 1ntorf~co. r: fs H~ely 

that EOV<O.onl <·ltho1· up or down will c;usc th~ lntorfa:e te t:r;vc in:o 

lonos of higMr tro;¡craturo r.ot yot coole~ ~reotly by vapori,Jtion. 

This w\11 re<ult '" :he ~>in:en•r.ce of hl;" disc~'r<J• ra:o; u.d 

•."!11 t.olp to u.,ifcr.oly c<troc: cr.orgy '"''":~.o r~ck, 

n .. trn~rot·Jre of prod•JCod stoam, a•, ''e<! In thi< roport, ts 

thO tt.7poraturo' of tho prM:JctiCn no~e. ~;c"•ocoJC.t ls talen of 

prosscro ar.~ teo";ero:~re chcr,ses cf the <teao. in trar.sit up th• ~-•11 

~oro. lhe :"""pu•ture dllfero~ce to:~oeo :ile :=ce-ro~"cdon <Mr>en-

:uro Jnd t~e >lo'~ to•-eua¡u,·e wilon suporhonfr.~ <tarts, gl'ICS •n 

in6!Ut!on o: tho odgfnal li~J!4-••atcr cor.tent of tho rcsoryofr, 

ot ]eos: fn :!lc! v!::fr.Hy of :ho ~-on. 

Ccntbccd to.~;ora:cre re:"c:fon M t~-> proO:~cod sto'"'· •fter it 

b"'"'~"' scwrhoo:od, fs dJo prf~Jrily to odi•bHfc cool1'-9 of :r.o 

e>;;>n~ir.g ue>rn. lhlS '""'tl:y, .:hich i< sfcniffcoc.t fn ffS"'' Jd, 

,_,, gor.erolly ~oon .,,..,,¿ to ~o r.ogll~!Ole ~y m:elero o: t>.o-¡:~ose 

•Y<tO.os {:•.<rcec ond <•·J<t, 1970; Fo•JSt 1376; ':oro.oyf, 197-t; ~cc,-,ol), 

Jnd oth"''• H75; ~ofn<tein, and ot.10rs, 1974), Tt:fs "'"~~¡;,,, 

h proO>Oly voH~ :cr t~o '""' studfo1 !oy thoso iMO<t!~"'"'" •• 

len¡; H :t.c sys~C<'l ~o~S r.o: ~~""'-' <o~crr.O!tcO. 

A• :i~o g:c< on "'·" pro~,¡Ctfon dCC~inc;, ¡lr.,<ore 9''~\c.-.:, b~::::c 

1rull, an<f ccnd .. ot\vc tcar.,port of t.oat boco~cs i~poct>nt. St""' 

. , 

to h••e an ir.creas!ns t""~crotcro cvcr tllc ycacs {Scnfn!, 1910 and 

Fcrcara. ar.d othcr¡, 1970). ~hl>n corac~icn~ are .,.de {oc ene~y 

lo"es durin~ fluid :ronsi: u~ thC well bero, t~e tC<Jpocoture of tho 

fluid at tho woll Mttom con Oc c1thcr incrc,.fn~, dc-crcaslng, or 

coonoot l.'ith ti~ .. (llilt~or.sco, ¡g7;o). ll;ese ~fffcrccccs can be 

U,)laino:! by ttle loc•tion M tt.e wcll ::otto:~ wHMn thc cc<orYOir 

and the ¡e.o"n: of liq"fd w>:or od~fnolly fn th<: vjcfnfty of t~e 

><o11 ~otto~. ln<rcosio;¡ té.T.¡:oroturoo can be ex~lofno~ by 1-.o>t 

cc:>d";;:;cr. ~r():l C".'frl.l'in~ ~~~er.::eoblo rockS whfch havo r,ot h•n 

coa le~ by va~oTi=oUcn. Ho clo<cr t~e ~•11 t:ottc:o to tho ovcclyl~ 

roe!.<, t~o -T.oro r•pid no :.,-,;erat"ro ri<c. Thf• pr<~'lidc< an 

a1tu•;,a:1ve to tho cxplor.Hloo sivoo Dy Truosdell and "'hito {1913), 

.t.eccy.:ro,.ing :o::.~"'""c"' •ro a:triouto~ te t.cilfn:¡ fca.':l ~reater 

do~:h< J.O~ fre<> ~"''" co.-.co~tr.!t~~ Orine<: ar.O, 1n !~:lt::on, c""l~ 

ucooc.t fcr :r.e red"ction of thfs ""'~or>torc incro>.sc (Scst1nl, 

H/0) 'o< he<t In tJ-.c o;·orlyin~ rccX' lo dc~lcted. 

' 

• 
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• 
[t u Gf !nterut to constder wllat gocs on at and below the 

llqutd-va~or lntorfaco as bofllng occur~ tMre. Coolir>ll due te 

' ' 
'"'"' a "ressuro reductton. l·aportntlon ata stationary ntor ac• e " 

' ' '

" ,., ,,, .• , 10d zono below the interface '"Y 
ConSE<¡Uently, 1 qu d " n •• 

lt ¡; unlllely that convectlon in thi< zone 

could be rapid enough to provtde unifom coo]ln~. hence lt h 

posstble thJ! floslilng w.aY be tnltlated below the Interface. !f tllh 

actually Mppens, 1t may explaln thO oc~oslonal .. ptoslve-type 

lllcroeartllqu•U• whlch are observed (C. Bufe, pecsona]. cor.trunloatlon, 

1916) bEJow zones of productlon at The Gey•ers. 

In futuro studle•, 1t is planned to tncorp:>rote condit!Onl In 

the ""'del that wlll ollo~ lonq-teno effects to be s:udled. T~ '""puter 

runs sllown In Figures J and 4 show the ruervolr to be essentlallY 

depel<ted in a fe>< O>Onth•. 
Thls ;, toe short for conductivo offects 

to be j~tporunt with 100 " wactng botw"een nodes. Under the 

"spocifiod condltions, Jower pemeobil\ty ~nd a htg~.er p0roslty 

' 

.,,,rvotr. The ¡¡¡Qdol wi\1 aHo be 
would result in a longor-last ng' 

, ···'th the cap rocl as thi> will have .,dified te allow fcr cond~<:t•on ~· 

0 
beortng u¡:oon the tm~roture of !M prod"JCed He~"ll· 

The sOOden lnttlol reductton in preuure at the pr<oC..<tlon nade 

U a rather ¡evere condition. Thts appr<oxi,..,tlon con be reftr.ed by 

uslng a conlt~nt or vart•ble dl«harge ¡nttially, untll all tht 

' 

·•a""rtzed, follo~ed by the con•tant
]lquíd In the prod"ctlon nodo ' • ~-

pre .. ure condltlon. 

" 

----·--

W1thtn the l!~:~ltitlons t .. ¡>;><ed by • one-dl.,en¡lonal ~odel and 

tnvolve<l, the '"well-t>ottoa" productlon cllaracterlstlcs 

. of vapor-dcwn111<1ted g"'lthermol sy•tau üot ca~ be e•phlned •Hh 

thh ooodel lnclu:te: 1) ternwrature and pre.,ure cllanges "hen stea:. 

h p~u.:ed at con<unt or vorl•ble dhcharye: 2) tonperaturt and 

dlscoarge-versus-tl::.e vartH!ons "hen steam is produced at con¡to.ilt 

pressure: ond 3) exlstenco of su~rhe.ted no .... T~ relotlonshlps 

concorMd wlth dllcM111e provtde • "'"'"' for tstl•utlng reser-.olr 

llfe ond potontlol yield. 

_Agre.,.ent In the !lquld-water uturatlon dlstriOutionl oH~Ined 

by varlous !n.•Ulgators helps to valldate tM d1fferont nurnerfc•J 

and 111athem•t1cal approocoes. In ~ddltlon, undor the usu:;,pt!on of 

nl!q1191b1e caplllary effects, thls agreernont suggests t!lat l1qu1d 

.., • ..,ent duo to pressure g.-c.He.•u can bo't~norc-d In rock wlth 

relathely Jow llqutd-woter s.\cr>tton. Re>ults obtaln~ "lth thJ¡ 

mdal also lnd1cata that t~ effett or coao~ross!ble <.()rl 1n the 

energy bahnce ma,y be slgnlfl"nt lfllen Jtca;:, ls su]lerh~He<S. 



ACKtroWLCOGE:MENTS 

Apprectation is extended 10 the author's colleague$0 ~111\illl 

lltrkolrath, Akio 0gH•, llichael Soré.Y· and Manuel Hathenson for the 

~~ny protitable discu.,ions pert.lintng to vopc,._~..,;nl.ted geothei"'I<ll 

syst= and Cf!II:IM!nts on the Nnuscript. 

" • 

• RH(R[I¡t(S 

Bird, R. B., St~wort, ll.f., ¡ond ttghtfOOt, f,H,, 1960, !raM~rt 

P~cnDC~~ena' John Wfley and Sons, In<;.,""" lork. 

Boulton, R.S., 1910, The bch.lvior of the ll.ltra<ei geothenaal field durin; 

explo1Utton: Geothermics SP<chl lnue 2, v, 2, pt. 2, p. 1426· 
Hl9. 

Brcwnell, D.M., Jr., C.rg, S.K., and PrHchett, J.W,, 1975, Computor 
simulHfon of ;rrother100 1 reser.oir<: Papcr SPE 5l81 pro•ented ot 

the 45th Mnuol Califomta Regiooal lloeting of the Sociecy of 

Petroloum !:n9ineers of AIME. Ventura, Callf., Apr, 2·4. 

BcighiOI, W.E., and llo'>'Ow, 1/.B., 1974, P/Z l>e~avlor for geothcrr.al 

stel!!l reservairs: Papo~.OPE 4899 prese.ote~ lt 44th Annual California 

Regional Meoting of tl\e Soclety of Pet,o\c"" Engineers of Al~. 
San Franchco, Ca11f .• Apr. ~-5. 

Corey, A.T., \954, The interrelltion between g., and otl relothe 

perw:abtlittes: Ptoducen 1'-<>nth]y, v. 19, p. lS·4l. 

lk>rsey, N.E .• 1968, Pcoperti"' of ordlnJry water-subsUn<e: !focstmlle 
of !.lle ¡g;o e~itlon) Hafner Pu~lis~•ng Co., n.-w York, 613 pp. 

Fa"st, G.R., 1916, Humorfcal st~ulatlon of fluid fl"" "'·d ener¡¡y 

transport t n _1 iqut d- and vapo,...<Joml nned t.ydrotherc:o 1 syHe=s: 

Ph.O. thes1s. PennS)lv•nh State Univentey, Unlvenity Por~, P•. 

ferrora. G.C., Pani<hl, C., ond Stefanl. G., 1970, Re,..rks Oll the geo• 

tllo,..1 phtn"""'non In an tntenshely e.ploited fte1d. i!e•ults" 

of on e•perlrr.entol well: Geothennlc. SpooU1 lssue 2. •· 2, 
pt. 1, p. S7e-586. 

Garg, S.K., Pr!tchott. J.W., ood Browntll, D.H ... Jr., 1975. Tr•n<port 

of "'" •od eoergy lo ~rou$ ""dio: Proctedlngs of tM Secoo.l 
' Unlled ~H1on< Sy~po•1urn on the Oevelopmont an~ Uso of Geothonn•l 

R.,ourcos, S•• fr•nohco, C.IH .• Mo,y 19-29 (In pres<). 



1 

• • 
1 

1 

1 

1 

• 

1 

1 

1 

1 

1 

1 

1 

1 



• 
t:ecnan, J_ nd tey~~. f.G .• 1936, Tnen:odynamlo propert!c~ of <te.m: 

John W1lcy ar.d Son•. Uow Tork. 

L•ssetcr, T.J., ~1theropoon, P.A., and Lip¡mon, 11, J., 1975, Uu""'rtcal 
•I<~Jlatlon of h<ot and ,..., transfer ln aulti-d!menslonal two
phasc geothcmal rcscrvolrs (abs): i~ Second Unlted 14Uons 

SJ'!"po•lu:o on :he OeveloJillent and Use of Geotne.,al Ruourees, 

San fr.nci¡CO, Callf., I!Jy 19-29. 

l!ercer, J.ll., and faust, C. R., 1975, Slll>Jhtfon of •IHCT- and vapor

d(!QinHed hYdrotne=l re•e~'~Oirs: Paper SPE 55Z0 presente<! at 

the 50th Annual rall Meeting of tl>e Scctety of Petrolt"" 
fnglneer< of AJHE, !lallos, Texas, Sept. 28- Oct. 1. 

Uathenson, 1!., 197~. Physlcal factors dete..,lnlng the fractlon of 

stored energy rccoverable frOOI l¡ydrothe.,al convt<:tlon sy<t""s 
and conductlon-da.lnated areas; U. S. Geolog!cal su,vey, opon

file 'oport, IS-525, 

-----:-ccc'' 197Sb, S01r.o re,.,vo!r cnglnoerfn~ c.Jcuhtlons for the 
vapo,-d.,.lnoted syst .. ~ at l"dercllo, Italy: U. S. Goologtcal Survey, 

apcn-f1lc rcport, IS-142. 

R.>sen~erq, D. u., van, 1969, Mothods fa' the n<MeriC41 so1utlon of 
p.>rtlal dlfferential eqo.JoOtions: l<:ler1can Ehcvior Publishlr.g 

c.. .. Inc., New Yo,~. 128 pp. 

Sestlni, G., 1970, Superhoating of goothe,;,J1 stc"'"' Geathorr.dcs Spectal 
Jssue 2, v. 2, pt, l. p. 622·648. 

To~onyt, R.M., 1974, T""·Ph"•· tWa-dl.,enslonal siC~Uhtion of a geo
the,.,.1 'eservolr lOd the wellbore systan: ~h. o. tho<ls, 
P<nnsylv•nla State Unh-"Sity, Univers\ty Par;,, ?a. 

rnresdell, A. H., ond ~~1! 0 , o.r., 1973, Productian of superheated st..,., 

'"""' vapor-d0'01Mted geothen:".al reser>~oir>: Geothennlcs, v. 2, 

no. J, p, 154-!15. 

Urban, T.C., Jru¡¡te<on. f.M., Olmcnt. ~.H., ano So u, J.H .• 1975, ~e~t

flow at the Geysecs. C.1ifom1a (abs): i~ Secor,d United 

NHior.s Sy:cposlum an the Develo~ent and Use of Geotlttr:~al 
ResOui"Ces, San Francisco, Callf., l'loy 19-20. 

.............. 
• ' " 

. . • Welnstetn. H.G., ~hreler. J,A., •nd \leo~<. LC., 1974, N,.erlco1 tJldel 

llhlte, 

" 

for <te>OI S1mulat1on: Paper SPE ns; presente<~ H !he Soclety 

o.f P,tnl1e""' [ngln .. r< - ~~~~ !cprovod 011 Rccovery Syo1poslt.:111, 

'• 
D. E., Muffler, l.J.P., and Truesdcl1, A.H. 1971, va~r.<J0111!nated, 

hydrot~¡e,..¡ •1st.,.. CQ:¡Iaced wlth hot-.. ater systeos: tcon. 

Geo1ogy, v. 66, p. 75-97, 

' 

' O '',e ' 

' 
1 
1 



1 

• 
1 1 1 1 

• 

1 1 1 1 1 1 1 1 



•• 

•• 

APPENOIX 

EQUHion of state for nure ••••• ''' e • e r '" pu • ~uey e y K~ y u, Smith 

and Geny in l9H (sO><> Ooracy, lHO, p. 79) 1 

. ' 
Wl>erO> ll represents thl> dep.o.rtur'e fr= an. ideal 

B • Bo + po2.9¡ ~ + Po4 92(~)3 ~Pol\3(~)12 

a
0 

• 1.89 ~26H.62 

.... 60970 

¡!¡ , 
, 

92.546 \,G246 ., - , , 
0.21829 l. H97 ., - , 

• '"' 
• '"' 

. , - 3. 635 • 10-.4 6.769 • , • 
106( 

• 

The units of dcn•ity, 

T, are degrees·~el~in 

• • 
9/Cm , tho units of tomperature, 

and the uniu of p<essu<e, P, are 

Satunted _vapo< pr<>ssure for pure steam publhhed by Osborne 

LoglO 

• -5.U66514 

' -2005.1 

' -l. lB69 • 
• -1.1965 • 

• • 

10~ 4 

1o~n 

(s<>e Oorsey, 1940, 

' (lOOx -1) • , 
f' 5/4 

'" ' 

p. 574)' 

1 

'· 

• • -0.0044 

• -~o.oo5lH8 

• '1' 2 ~ 293;00. 

' • 647.27 - , 
The unl to 

uniU of pressu<e, P, uc atmosphercs. 

The latent heat ct vaporiuticn, L, for pure &UIIll il 

obtaincd · u&ing po1ynor.lid appro~i,...tion• for tho ontha1p!.U 

of utunted ncam, hv' ond liquid water,hl 

Faust, l975l. '!'hase appro><iO>atlon. are val1d for a pruo~u 

ranga of l to 175 han. 

' -. 
•. -. , -
., -

" 
., 

., '"' ., ... 
2S2l.Sl- 39.952/PP 

+2.i4l4l/PP1 ~ 0·9lQ~l9P~ 2 

809.674 + 94.4665 l'P 

4.5024? H 2 + 0.120265 PP] 

162.7/PP + 29.8l6l/PP
2 

1.72623/PPJ _, 
\1)\e<e PP • P 10 and tho unita of pressure, 

and tho unlu of ent~.a1py are ergs/g. 

'!'he relativa ~crmoobüity to oteam ia o ,.,odificaüon ot an 

equatlon given by Corey 11954): 

k • (1~S) 2 (l~S 2 l • 
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'· 'l'he dynamic vhcosity for pure steam ia givon by Keenan and 

Kcycs (Ul6): 

'• -A '1'1' 5 , • ' 
' 1. Sal ' 

. _, 
'" . 

'l'he unito of t-cO<peuture HO degU<ts ~olvin and t.he 11nito 

of vlscosity are pohies. 

• 

·, 

' .. 
" 

Tabl~ 1.-·0uantHie< u••d for const•nt d!och•r<le rcsults. 

P.rometer<: 

port,.ity 

perttlb\litJ 

thon=a\ conductivtty 

rock >pecific heat 

\iquid speciftc h .. t 

ltquld dcnsity 

nodal spoclng 

nOdal vo\U!DO 

nur.t>or of nodes 

disch&rge nte 

!n!thl Conditiono: 

utuNtion 

• 
' 
' 

• 

' 
' 
' 

Val ue 

0,05 

1 • 10'8 al 
4.1 x 1o"3 ul/(Clll "e •) 
2.56 MCIIIJ 

0.23 {col/glf'c 

\,06
1 
(cal{g)/°C 

0.6 (C01/~Ji 0 c 

0.79 gtao3 

"" ~ 
1.1 x 1o 11 cm 3 

• 
2.52 • 104 gts 

'157.J°C 

44.9 bars • 

• 
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Tal>le 2.--Quontltles used for constant pre5Sure results. 
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ltpr. 4.•-Di>tb&<¡;o·v<r•uo-tl:~ reln1on 4ue to tl~1d "!thdu,..l fr""' 
th< dU<horso n<>Oo of Ptgu'" J at ~onata<>t pr•·••u••· 
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-'OJ (Si61 '~o.IoS) dJ~IIJS >t·'r"" 1"-'1'~'""' 

• "'UO!t1P'"'·' jl'"'"'t>O<!·U~U pe" l''"·'·'~l~<¡ 
>o;>vnr~=-<¡ou• <¡ ~,,,,, ·'41 uoo¡• ,>po·~ ,>q N lo 11'' ''1"''' ¡o uas¡.IoJ 

-~o>, "Sil>• uo1po(u• ru• uoponru>•l ·'" >ootw,a¡ •'Ul ,lo t»JJ~ >Ul n 
11.1< >r ""'·'• ¡cl'o.I.><IlM:! .•111 JO JO!'"';•'•I ·'111 LIO >O]l>ou,,:,o.I.opq o¡Jo¡o;' 
JO P>J;> "'[l •'l"-'l<UOW>p ¡tcq, > .• 'I:IC.I;lOJJ J,>tndoW.> moJO sopt]!qoo\o; 

><n JO ""o' >tUlSntt' o¡ ...o¡oq p>¡uo•••J oH .oplo:o., ¡o''"""" y 
·c,u;¡ ··¡o,. 

'HUUO~) SO'~"''~ >-'"J.In<Gol< <]O.IluOl '\O~lt'[ puo l">U •'Ul JO 1<0~ 5"->J 
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A< In <•:o~¡d< 1, tho unco¡<l.d 
<<>!'"'"" to thc •hhJto~ol uf fluiJ5 
can loe on<>butc·J ro tho vi«MilY 
diff<roncc' in thc '"" <»<'· In 
tho hoth<<=-ol •r><<o. thc •·i>coslty 
1< unitom !0.~1~ cp), but on tt.c 
non·hothor~al c,osc it v•nc• t'ro" 
0.)~,¡¡ '1' >l thc· l•ottoo of tho Te

<<evolr, to O.l'f• '1' o< tho to¡o of 
coprocL nc Joffe<<n<<s on <ho 
~>•triloutioo\ ,.f tlmd Jcnsity in 
thc isoth<T<•<l ""~ non-i>othonoq¡ 
cases will •l>o h.l\·e "~d.or ctfcccs 
on pressuro ''"'"'""¡"" JnJ ,-oonpJc'
tlon a, the v"""i<Y ''"'·'"'"'· 
~ut tho m:L~nitudo< will be ,.,..Jlor 
rd3tivc to vt<COS") dfe<tS. 

Thc f>n•l o.o•¡ol< •ur.gc>ts 
th.n com¡,ction uf"·""' .JominotoJ 
~cothc•m,1l [¡cid' ooth l.r1•,c tc·•q•.-r· 
"""" diffcrcnc.·' •ILJ compl<'' iluoJ 
P""'"" •·il¡ be Jii"cult to ,.,Jcl 
a< l<othor>~o>l •Y"<D>- lhi< \s 
e<pociolly <h•· caso ii onc i• 
intorc«od in ti••· r'"""'" onJ 
<O"'J'~<Uon h1"0r~· él ¡wta•ul"r 
por" of thc •Y"''"'- ' 

Finno..,ro, r_. J. ond ~:l. Gilb11, 
)~76. Con·~·""tion rrooc<'>>•·s 
ond m>lhc.,,,,;,,¡ """lcl> o! 
l~nd $Ub>l~cncc in ~··uthcr~.ll 
arca.: l'roc. !nJ ¡,._ Syt!!>. 
L.>nd S..bsiJonc~. An:>hoÍOI, 
Ca., U<c, 1~·11, 197<.. 

~>roHIOI10n, T. ~-. 1'7';_ A unificd 
1\umcroc;cl "'Jel for '·"'"·•<•·d 
·un<"'"'''"'~ ¡:•ounJ•.•tcr flow: 
Ph.!O. thosls, Uoiv. Coii!Orm.,, 
~orlclo,-, · !-t-1 p. 

ll>ra<i<>hon, T. ~- onJ r. A. ~i<bcrspi)Qn, 

1~76, "" intc~r:>tc~ (lnltc 
diffN<·n«' •~·thoJ iur ,.,.,Jpin~ 
fluid nu,· "' porou, mcJb; 
Wat« Rc;our. ¡¡.,,,, 1!(1), 
p. S7·f·'· 

Rcnn«, J. l., n. ~- h'hltc anJ 
D. l. Willt,ms. ¡~;;, 

lty,lr<>t)]r,.l:ll CUfi>'CcttOfi 

systc.ns: \1, S. c;,•ol. ~urvcy 

Circ. 7C6, p. S-51. 
Sor~r. )J. l., 1n1_ ~u.~oricol 

-olinr. of liqui~ ¡;•·oth<=l 
<ystc•'= rh.o. tb«t>, un;"· 
Californl•. Borkloy, bl p. 

•• 

Figuro n. ~<>~plc h. Consoli
do< ion ~er,u• ti.,o 
(t<>rrosonds to tbo 
coho~n indoc•teJ in 
tlw it>se<t). 
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.. ~-----~ ~ ·~·'"""- --
r!~ure ll. 1:x.1roplc 4a. roro 

J•r<ssure <hon~o woth 
t!mo at ~iít'ocenr 
polnn in th< 
Up!'OCI. •nd r<<<r· 

.volr, 
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ligur,• H. ~<a~pl' "'· l'rc.o"''' Jcop, In b.<r>, oftn 10 )e•>~'> 
of ,,..,,~,ion. Sol id linc•'" noo-i>o<~<-<<11->1 cose; 
i>a<lood linos: lOMhOl'!ll.•l cO>o; U.nl ,,.-,..,, 
in¡octinn; li~ht ·"'"''>; pNJOctiu>~ (uM to ""'''). 

'Stll,·ol!, li. t., 1<. <.\lo[] onJ J. l.wloai, 1976. GrounJ """'""'"' Í!o ~'" ~c.•l>"J 
f<"othc•oPol f>dd<: !'roe. ~M U, S. Sp>p. \IO\'Oio¡oi>CO\ .lnJ (1;~ ot Geothcrm.•l 
~''o"'"''• S.on rr.n>Cisoo, Co., ~l•r ~L>-1~. l~J>, p. 1~17-IJll. 

Mlho• 1 e~ o:< ~··"l 
lh" •ud ~>-<don.· •ith ><op¡><>rt fr010'thc U. S. l.ncrgy Rc•caroh ond 

l>on 1 o¡•<•.-nt ,w,.; n ¡" r-•' ;o., . 
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·¡ ~~óll ·¡o 1> "'"-'11' pue ( '96\] "">P/""''<1 (q p.>Jut"'P \UOO] 
-ow po¡o< ?U!PHfl\>) -"~11 »<q~-<>"1 JO 'UO!l<),ou:O) <<>OO,>ld 
>~! Ol lO!!WJ> •l U!'l>q p>:U:ti>J~ <OOllcn~> ~u:""'"j JO UJ>J 
·<(, P'"'IJW!I ;o:!_ '5UO!;OjJI ''·!'""ll>JO> iq p>•>OIIOJ" '!4.l 
'"'" "-'' ''"!•' >1 >UJOll {< 0:"-UC.>l< f'"" '·''"" 1·",1 nb::,-'"'' q J '"" 1 
<>1 lll'!''""-1 '"'""''"(llJn l'"luJ>!po>) 1'""" ~!•11ll(l "'''IJ 
-o:O"!' lOJ "·"!""'~'('h"!' >(q"""l "'">!P"' "·'~' pue \U.ll<(< 
o,oqJ-~:iu¡> e JO) ""·'""b' '"'·"'"'"' <¡¡oj '~' '""",_¡ Í>JOJ 
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l~.l '[ OiLl•ll 'f!i 1> ~lOé) pe" '!( 1f1 il Jll ,\" p•O •0«!') '[ 1 ¡hi] ~~O~} 
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,., '""""" '"-""""' ·"'"""' "''"""-"'' -"''"""' "11 ,.,,, .~., P"' r'"ll-''' """'" ''"'"I'·""'>J 
pur¡ ;,.,.,.;J • ~·• 1'' >.•u.~•o>J.·o -'•P po1· '"'""' •l•''" por umou,,..,,,., >·;··'"' "'""-'' J-''"' J·~·~-''"' • 

•. • .-~ ••. • ._ F'l!: \e;·-:,-:¡."'"_''· •; '.·¡' ;,, L'( ~ ,. '"'-"''!'·• :~.·;u~ ..-;;r1; \' -'1" "-~·: 1-""''•~--.-_> l •"-''' ·:.•;•~ r•"\>~¡ .--:· ·-··' 
,,;, ,,-• P"""LI 1'"'" ·. \"''"'~ > "''·' '""' '"J l''"'l-"'1' >.~ '"''' '' 1·'' ·""'"'''""' P"< '"' 1 ""I'U 

• 

-

.. -. 

,,,,-,_ ""•"'l'i'.l '"ll"r " 1 '·"""''"-' t"" • '"·" ·~ '""·""~ 
--·~-: ...... ~ -· ,. '-.·.-·, __ _. '.· ',. ·· .. ·.·• --.-' · ·~ ·'" "~1 · ,\\ · p, .,,, ,l~r-0 ·:-r s ---o"¡-"1 r ""''''ti 1 r rl 

·.'>;" ·.-:--<>: ~-. ·.~e• .. · .. "-' . ,,-./1'' 
",-·--·:.---rl· r {"-, 

"SJ)O.\J:J>':Í~J[I~·W.I~Ij]O:J!) J·¡;j SU0~11'\ll::_¡ ~ll!UJJ,\üQ yr!\. 
('ol M ILJ1' \.) 1() II)H\ ISIH ~1.\'1,\0,IH ~11\',1\ ~' ., o-. ·,-, . ~ll 

17 



• 



• 

• 

1"""~''' 11 .,_,¡¡,,,,,,.,, .. ~ •• , •. ,,., 
'. 

[¡~uiJ "~'" 

1 qu!J <<1\'lf~ 

-~-p.ll>,l; '/111" ;_p(l 1~•,1- V· q, 

+ V Q + l<''>•dO:v~' {l~l 

( (1 --.:-).. ~·:. ,., 

l 1'1) 

·-···· .. --. .- .... , 

h•r 1\"· r•>·•·ot •U·'""'"" it "tll ¡ul'icc b> ,.,,n..¡tl,·r ""'' tb< 
. """"" ''""i'' h.ll '""'- 1\'o "'11 [""""'"'""' """'"' th" ·1, •, ··In COl, li ;, d>o unit """' '" "" d"'""'"" ol ~r.nil1 .·--··-·· 

T, ~ T. lh< "''''""' cnor~.' bJI""''" Lh<td~ro ~i•cn b¡ The 'l"'"' uf (19¡-(:1¡ '"'""" f"' Mndimcn>'""'' 

Hl- ~q,.,,¡;L",/?Il ~ .;.,.,¡;J:off•ll L ~,,., • 'i!E, 

• -p(V ·1<'•·,)- '1 • q + l~'pJJ.Xv,l' ( 1 ~ 1 

•h«<q ~ q, .. q, 
Tu"'-'~'''"' fc>ll""'"~ dt«u"i"n more wn<rc<o, "' •ill 

"'""'' thJI 1-'JI conductiom in 1hc roc(-liquid comp<Nt< ¡, 
f<'l<rncd b) r~urior'< l.ov.: 

'l• -,Mv¡· (lfo) 

"'"" ·~ d'""'"' th' '"'"'"' (rod liqe~idl tbcrnul cnn
durt"'')-

D¡ diminJtin~ \' ·l.:.>,) l"'l"<en ll l) >nd ll5) tho ,i,tut< 
'""n ~;,!.>m< <"Jn !>.: «PfCo"'d io llo< tuU.J~in~ o km>'< 
[o~t>t: 

((' 
u:, n·,) -Mp.--+,;•,-.- -+Op,,,.vr:, 
~/ el 

~ ft,_ (f!'' + '· ''lp,) 
p, e 1 

'" +'l·(·~"Tl-+ -~;·~·¡,j.- ( 17) 

Thc P~"i>< "'""·.oir is thu• d<scrib<d b¡ ( 1 ~ ), ( 1~). >nd ( 17). 

No''""' ~"''~Al A ~A' 1 "' 
1L i' '"'""'''"' 10 mh>eo (111. (1~). :•n>J ((7)to a non· 

dtnten,ion.d lorm. f"~t thi, rutpo.c" i< <II<IOLIJito cho,l« 
tmain ehJrJ<t"i•tic f"'r.mch'"- \\-e" tlllls< 1he follo" in~ ><1 
or quJntaic>' 

p, d<n,it¡ (e~ .. iniLI"I ILI]<Iid dcnsll\ 1; 

e,. 'r•dli< k11 1< ~. "''''"" 'P""';,. hoJL\: 
~~ lempcrotur< (e,g .. tomr"""" Otlbcn.:e '""" '"'"" 

•oir ): 
L knFlh (<.~ .. linc"' re>cl\uir din:on•ionl: 

e, >d,,,;,¡ (<f .. ""'·'~' lt~L>id odoc>l)) 

1\'c """ irnr<>Jucc th, folle"• in; n.>odi"""'iun"l qu"r.lill<>' 

p,' • p,l~, 

,,. - '<,1<·, 

_,• • x!L 

r ~ TiT, 

I.'O•!',,·c,>·, c··c·c• ,. ce -• .,,.,, ~w,. 

(13) 

Sub,ttl '"'"~ f«>n't ( 111 '" '" ¡1 11. ( l:' ) .. toJ 11; ) .ond Jt Of'l'"'~ 
pr.m,, ,,.. "Ot.tin ''" r .. u,,,.;,~ •« of """~""'"''"""1 , 4""' 
lion,: 

~mur<. i c .. 

rL ,., ' ¡;,~,L ~ '· 
!¡.,e, C.-1, ¡•.Cr,L 

Th"' t¡c. 1'""''"· 
4U.>ntiti<>, !ince 

,.,,·,t.:-' 
/,p,C,-1; 

<f<'p,r,L 
l,p,(",-T, . ('"''') (~)/(";) (p,r, C, T, '• 

1',', ·~_:>11 """ ,:,_.,_.,"' LIH' imp,>rt.once ni' •.tric•u> "'""in 
(19)-(211 '" ¡¡,,d out ,r ¡, ¡, r"'"'¡,~, '" ,,_,~, "" ""'" 
rlif,cat•on>. l'ur _, t) r•<.<l ~'"'~"",¡ il!quid "~'" ¡ '"~" oir. 
"' h~\C 

g - 10' <m/s' /_ - 10' Ctn 

k-1o·•cm' ,¡,-ro-• Po - 1 ~m:'cm' 

T,- IOO'C '• -J[)'d¡nts'C 

Ei;_!2: ,.,. ,.,. 
·-.,.e,,-,¡_ 

On notini 11»1 

.. 
o,.,l. _--:n" 
Ir,,·, ,-, 

' ¡·,{" • 

«'~,c.L 

lp,C.-1~ 

p,-U(I) ,,-0(1) 

(Vp,- r.il- o (1) 

"e hovclhc follo" in~ ftotn tnomcntum b.tlln<< cquation (:o¡. 

0(1)- -(IO'/r,')011¡- (10"/<,)0(1) 

r,'O{I) 11)'0(1) - 10'',·,0(1) 

Thus unl"' r·, - 0(10'1 (hi¡:hl; ttnlilcl) ¡,, t«>Lh,rm.tl 
""""i"), "" aro >.Lf< in i¡-<torin~ ine!li.t "'"" (ldl-h.tn>J 
•idc) in mom<t>IUI!J '4"-'tion ¡:út.) unl>e<L>IO«. '" b.,, 

B)' pu111n~ ,., A 0,.~(/o"' ""'1 irHori"t' ineni., """'- tho rno· 
m<nlltm .tllU '""~) <4"·>1ÍO'I> ¡CDI Jnd ¡:11 ¡,,,,,,, 

v, ~ -(V¡•,- p,¡¡ (2(1') 



• 



• 

a'""" 1 1 11 ., e G1 01111 "1" K1 ""'"'" ~-'1 

(" n:,) + '''1'• -:- ; ,,,,,v,. •¡¡:, 
' ' 

i'f. - ,,,, -· 
"'' •'1 

('''')[•(''" -) 
• 

Q ---:-------" ·- -.-+v,· •Po 
(,/, ,,, " 

, ... ·- . :; ... ,~] .. ': ¡(:;,"-).,]· 
. "" ( 'l.g!. 

1~1'1 

ol 10 '[l't11oio<"ll ,-¡ ,/, )Q7io),) 1\lfthcrmoO<e, il '' pct1"i"ibk 
(\> ,¡>\IIIIOC',IIl.IO II1C '<>lid >dn•;") 1', 1\ 1111"1> "" ·lh t)l.l'l ti"· 
l~<¡ui.t «1•'"'' '· 1 ",, 111 11t•·r ,,ff,,¡, ,.,-,,-,.d "":) '"l'•"'"'·''· 
lhdl V, - (1\1',1)_ 11« IN """"'P"''" en.o~]""'''''~"'''" 
i~oni.o t<rm• in olo< '"hd "'"1"'"""" >'4"-"i"" (.1) ·"'J ,11 
nlcdunio:.ll-,.,,~ on~ nl,.,h .. ninl ialcl.h:li·•n '""'>') ""'" in 
lhO I'IWI~) cqu.Hi"n< (7) ,111d 1') ) hu• "0 ""'·", Lh' f,•]lo'" 10~ 

•impi•I"·J •)•l<'lll ••1 ~-''-"'" "1" ''''"" 1111 J""""""'·'l l••••nl 
f"r lh1· flli~\' ir.(<r.I<IIIO j'>'Uihcrnd """'"'"· 
-.. .. . 1 

SoliO "'"" . 

~V· v, (H) 

L1quid "'·"' 
~gi-/C,I,- (10'/í,) 

• ' ~ · · • · • - - • · .. • · • [(i'/""1 + ..-, .. -'1-[(<wl + ~o,.ll · •• m ú (2-!) 
, Wo ~'." n~~ ""'1) ''-' "Jnlir:" 1ho "'"~"11ude ,,¡ • "'''"' 

\Or.ll< in !h< <ll<'f~~ <~UdlLQn, ,\.,UII<IO~ !~;>\ f, ~ 0{/.',). ~e Solid OIQI\IOILIUm 

h••• 

··~ '" [,('''·) ( ' . f 1 

~ 0(17pol_-+ q¡t¡} ~· [oii7'Tl] 

1 f ~ <. funhmn~rc. '"""'' 1h.11 f:, - C. T. lh< o'det of • arioo• 

("') o -¡¡ + 
V/OIIU''I 

coro•cctouro 

~ ~ [O(i-~,/érl-"-~ 
C,' P""'"""orO 

·()(11 ()(10-'\l'Tl l 
~+ .;-,,,,, oi""P·""-"1 

1 
il«nn•l J.lluoillll 

Sinoc VT- 0(1). lhc lcfL-h,nd •ido i< at b11 o[ 0(10 '). 
Thu• for on) l<n\1 on <he ri~h,·ho~nd ,¡~, of 1!'1< enor~< cqu.1· 
tion 10 Oc r<l.:~in<J. i1 noo!l be oi O! C. '1 IL" ). i_c . of 0( 10'1 if 

e,.~ own In,¡,~ ,,¡ thc '-'"'' ""111 "' ""'"""'"¡, 
ju!lif•cd ;,, i('1101 in~ Lh< "'''0"' di><ip.ll ''-'" """, ('un IL<r 1\lorc, 

fL>r lhc P'"'"" ""'l IO<n1 ~< ""' . 

Thu• lhc pre«l'r< ~ orl. tcrm ;, al<o lilel) oo lx unimronant. 
On thc bo~<i• nf 11>0 P!C<'<~in~ ""'""ion it ;, l"'''ihle lo 

dr ;¡w 11" r llllcm in~ roodu"o"' ¡,, ,, 1""'''" liqiLi<l dc>minJtcd 

t<<~lhmn"l ''"""ir: 
l. Thc r<ner.ol 'l'""' .,¡ lnl-111« c•qu.uion< fm liqu1d no" 

in o porou< modiu•n i< ch.11J<I<m<d b~- four 1ndcr<ndcnt 
din1<"'ionbs ~u.lnliti<O. i.c .. gLh,', .;.p,/.J(p,<O. ~gL/C. T,. 

·t • and ·~lr,C, ,-,l., 
2. 1 n !'<Oih"m"l -•rrE<,Ltion• iL i• rc>>«blc w i.,n~rc ¡,'"''·' 

"""' in ot.c """"'"'""' cqu.Lllon, 1'1" "'""""' o1l llld•·rc·r,den: 
d•m<n<ionbs r-"·'"'""" " '~"- ic, ~cUC,-1, Jnd 
•~~p¡/p,'C, 1.~1. 

). l'r<""'" ~or\; ;ond •i«~U• Ji"ir.ni<>n '"'"'in lhc <~· 
<fl} rqu>ti<>n m.l) be r~norcd_ Thi> implic< '~'' 1hc liqui~ l~o" 
~··be dcocrihcd h)' ";in~lo dimcr .• iunb• rJramciCf. i.c .. 
·~ .... p,fp,'C, / __ ,¡. 

SI<LPUHI 11 B" "''' l "' ' r "" ' Si'r.r F-PII'" ( l<VUI>) 
""' 1.1 h ll ~ .,.,, s .. ll " 

le! us no" ,,,,,¡~" ; (,11~ in1<1o~C1"' "'"'"· In a ~"<Lhcr· 
mal '"'" nir, t••.:l m,,,;, •Ir '""' ./lo: lo< eh "' b' 4"'"' •n>oll. 
(Al II'Jir.ol<L :-.·,,. 7,·.1l:mJ. "1.1\i11wm '""'"' "' 11f th' orJ" 

-V[(I - e>)J', + '~>l'o) 
-l !(1 - C>)p, + ~r.Jg ~O 

1 iqtoid "'""""'"'" 

(26) 

Solid onern 

(1 - ~lr.lll.',/fr) ~ -17 · q, -V· Q (l7) 

~p,[[<'C,/<'t) + v, · \'t:,¡ ~ -V· q, +V· Q (211 

Thc mument~m bo~lae<:< r<lation for lh< wHd '"""''le!). 
ob1.1incd b)' 'ummint (.1) '"" (~l-•nJ Oto,,pir.e '""';~ "'""· 
m<rd)' "·"" ~~-" d>C :.4.ud·~:llorot"1 "";, "\'~ ''>'·"' h.-r,,. "' 
ir1 .1 qu;o1i-1to11c m."'"'"· 11 ".<l<o "pprnp:i.M ''' """ ¡.,." 
lh'll 111 ¡•c•JII~o:IIIIJI oprli<""""'"" r•·rm1.-1ilk '" "~"d lile 
li4uiJ and tho <obd rru"" lo be rn lo<.1l Lh<rm"l_-.1"'¡'~'"'"1, 
Ju<l<lio:Jtion fo: 10i• ¡,,,._,,,in' r.t¡•o< h) .l'o¡¡,,¡,; a/_ [1"'~1-
,\«umpli•'" .of l•><.ol ;~ . .-rm>l '""'li'Jri~nl (T. = T, = n im· 
pli>'' 111.11 ooo ncd <<"«d<r onl• L~C nll,lUI' '""F-' bol.tn« 
obl:oir"d !>¡ 5ulnlnint(,7) .. nd ¡C~) 

Thcorotio-.ll con"d".11ion< f"r '"O·P~"' {liquid·>Jpm) 
r,.,,. 1l11ou~h poro• o< n<did :trc '''""dcr:~~l) m o" ll•tr.pli<J 1 •·d 
ll1.1r\ lhc><C ftlr >Ír.¡'lc•·¡lmctii4<11LI "·"''!\ "'"' di·c".i<"J IJ1 Lile 
P""din~ "'""'"'· "-'• d'"' /';o¡,-IJo•fl [10>7] ¡,_,., ;•·<eoiLI) 
o\Otnin<d lhc cond.Lirro; uodor "hic~ ohc P''"'"' worl. ''"" 
,¡'"'"' di,<iraoioo '""" '"" 0.: "';k.:<cd m l"•~rh""' tloid 
now. 1 n lhc ¡,,11"" in~.~, ~ oll nol dch e in"' " Uct,,kJ o1d<r ol 
mo~nitudc ""l)•i• ¡,- '"o-r~'"' n"'"' "' •h•LII mord; pr<· 
1<11[ :1 >)>l<J\\ <\( ~,11"''" C~l!CI'IO"' "bi.-!1 fl¡, ill''" l'o\IIJld 
"""1'"'" («<. r.,, n•mrk. G"'g ,., <rl. [ 1 '115h. 1~ ió [ , nd (J,>rg 

a"d /'"t</ll•\1 [lq7J)l U tJe"!lbC 1\IQ·phli\C nuid now in n\Jn)' 
lo~boro~l~l• ""d ¡,<)¡J ,,~,,;,n,_ 

,\<;u mi"; thdl ( ll<n<ni.l (~'"""'"1""' ~~l•nc-c). p<e<<ure 
~ ~rl. ,LI\¡J < i.cou; Ji>iP•<n>n (cncrg< ~•l•ne< )lmm o re nc~l1· 

ril>l<. (ll "·''" ·""' "·"" "·'P"' ""in h>O.il P""'"' """ 
thl'frll,\1 <qllii•O""'"· ""11-'lli<Oid ¡,..,;er ,¡nd ~""' '"""' ).111d 
ru<l molri' Jr< '" h1.1l 1~'"""1 """'lobriu111. thc cqnali""' 
upt<"ing "''"'· mourntum. >nd <ll<r~) bo~l .. n.~· "" 

Liquid "'·"' 

IPI•'!)[,I(l -S],[ • -17 · [~(1 - S)p,v,[ - "' (l9) 

'" 



• 

• 

• 



~""""'' '' ''"(;''''"'"~" R'"""""' 

\'.tp<•l ""'" lhc llH•diti(d >)1101" n: hJI.on" '''''""'""' ,·,.no.1in• lr.¡uul 

(i'/i'II\<'Sr•.l ~ -'7 · ¡,,,~~.v.J + rio """ •·.•r"r ,¡"""'.""'· r.l."'" ~eror •<>tuno.·. ''"'"' '1"'1·'·'· 
(JO) ':oit~ bl:oll lt<.ll .,¡ »¡><>!ot.<ltun i~ .oJJu"'" 1•' dtuJ Jo"";\ , ... 

• 

,¡ h<r< ,;, i• ti" '""'' tran>lc¡ 1>1< frmn liquiJ to • .1rur do'< lo inlmo.ol '"''i'l" f.",. ""J PI • """ 1'•. Fcnl"'"""'''. >r•<ÍIÍ<.oli,•·• 
rl""' ch•n~< c~f mi\lurc ''"1"1·1•4""1"'·'1'•") .tl~c·rn'JI "'''""''""'.' ·~ ,.., 

. . . . . . ~ , ... , , · •. ~· ··• · · · · • ·r .. quir.!"; ·,¡;o"l"no" lcoJ~C c~II"I"'J '• ,,.,¡ '·'''"' '• ,.,,,~"•l"i¡·,·•. , .... 
_.. ·'t.iquid "'"'"'"'"'" h "" t!""f"'' "''''''"'~ '" ''""" "' 1 , f.lnll ~'"' ¡,\1 1.11'1.: . .: 

()1) <•fuJ!i·"' ,,¡.,,,,. fc1r ol,<ll'l.(i"'" 1:o.1J J,·n":' ., . .1oJ ,.,,,.,,,; 
'""1'.' .1·,. lfrc "1"·' Lion .,,. ",,,. "' br"' Ll "" 1.-<J '" th< .,.,,.,, l.o · 

': 't tion ro.Jc )'idJ P"'""" r•. ol "" 'Jo'll <' of rr<'"" re """ "''"'' 
' ' :: . \'>por """'"""'" • . . 

(JC) lO Pr an~ 1'¡, •<<l<n llt!Uno,· fr .oc;.on ~. QUol"~ (l. n,,J «otrc:· 
otul< T. d"ti>Oii•" o! «mr\l.L1U<o ""~ r<•p<."t 1•' e-''""¡,'., 

' ... ', .......... , .. . 
,, ':' -(R,!../~S,,)f..7p1 - p,gl 

r'"""'•· .-ls- ""d 1.""" 1•'·" ,¡ '"r""'·''"'" o ·""1 '" ,!"'"1""' "'':. 
sumrlion of P'"""' cquillloliuOl ;, '"'""""""' '" '"""'i"g "'~'"' '" 01 ,onJ !.",. Tfl, U,·,"'plion" '"1"1 "P 1" oi<r.o!,:;.'l 
li..t lh< <.tr:!IJr< P'·''"" ;, ,,..~l.phlc. l'or "·tl<r-<t,Jrt >\S· C~<»C:" 1<.,<101 ~.,<~.lh.1"1"nd 1«"1'<"·""'' "~lO }()¡l(o't'. 
1<"" lh< •·•r•ll·"~ P"'""" io ·"'•' t!l;n J b'o~1 ("~:ro, ,,:,,m·r'·<. Thc '~"·'"~" of """ '"b'""""' ,¡., ~"" l•~uoó '"'~ '"r"' 

• {!.ar,".,. • 1 d. ·if :¡7~ )1 oc.J i> lhcr<for< lil<l)' lO ~' '">'~rtiilclnt , i,,,,¡,,., l,o,. ~. ) a11d 11lm::"l ''""¡Ju,·;¡, "'" "'' '• ) " hll' ,. 

in C<Llnp;ri;on "illl ICe'"""" <h.m~c· ir~dLr"d h) !''''"""' lion< ,1; "' '''"1 1.,, lll"< d,L., ·"'· '"'"''"· ':.l1·ó up '" ,,,.,:, 
lion/mj.ctiuo.CJroll"' P"""" mo¡ ¡,, I.O<Iu<!cd '" 111' bJI· P"'''""' k" 1ha.o ¡ <031 ;ond '"'"P"""'" k" 1h~n ~W'C 
onoo 1•~• b) mod•f¡in~ ¡he pr<WJI< cqu1hb1ium rdo1ion(/>, ~ 
p. -p,), 

(Ni'tlj(l- O);r,t', +<>(!-S)¡>,/:,+ (>Sp,f.',) 

+ '7 • Jó(l- S)p,l.~•, 

+ <1\SP,E,v,) u 'J 1• .. 177) (ll) 

~·hcrc ·~ dcaot<\ 1hc "''""'" t•<>l'd olld fluid) condu«i<it) 
•nd 1(• T, ~ ¡; • T,l is 1hr 111Í\tur< ''"'P""'""· 

Tl.o >J'Sicm of (29H.ll) i1 <in•ilor tu ,¡,, fn<'lotll.ll""" uf 
I<"~·Ph•« no" d<,.d•>r<d bJ /!u.,o!J•a."o [1'!6&) •nd .\11'"'"'" 
al. {197~]. For lh< full¡ intcr>«i•o :06.-flui~ 'l""" it ;, 
r.«""'Y ln '"rploO".•nL (~9)-(3)) \\'ilh tho soi:J """ and 
womenlo<m b'l.1"'' rri.11ion1, 

CO~STITIITJ\ f R fl~ TIO''S ro• GtCHm""'L 
Fto.:1~>> (11' •n•·Sn '" 1 

Tho "''" lr3n>fcr ""'' ,;, ;, tilo n:J" blo:teo 1>»• ¡,, oho 
li~n:d ;,;,d • .1 por mmpor,cn Ll "'")' bo <limi ""'d b) <ununmg 
(29) and (lO). for <~m?CIOiionJI pu:¡»-.r 'o;, olso <on<O· 
nient lo clirnin;;o tOe ><P""" dc~•m lp,. ~.) and entlrJ (t',, 
f.',) hld> f,>r liguid and 10por .1nd Lo ernplo!) W\Lcad n1ÍIIllrc 
(liq'""·"r~n dcr"lll' p, ,,,,¡ '""H r:, focld~: 

p1 - Sp, + (1 - s¡,, 

F., 6 /(1 - S)0,r, + se,E.)!r1 

Af«r inii<'J"cing lh< "•lcom Gu"lity' Q. 

()~) 

(3.1) 

(l6) 

Pr. ,.,; ~·,, ond [, c.1n b< "~!OII<d in'""" <>f p1, E,. {l.S, 
ond O: 

('- º) p,~p, 175 

[(1-Q)(I-~Q)l p,E,-p,E, 1-S {)7) 

(
Q[I ~ W- Ql)) 

p,E, • p,E1 - S 

"h:ro ( • OlE, • .l/,(,11, l ;, lh< hQuioJ {••ro•) m;" por unil 
•olumc. aod il (~· L', - F,) '' lh< ll<:.u of•.>ro'<Í'""'"· Su(»li· 
IU!ing f¡•r ''" p, , E,. ,,,,¡ 1.", fron1 1 \1 L '"'" ( :•1 L. ¡lO), .1nd (.1 ,t) 
gÍ<'e> lh~ b.>l.•nc< I<I.LIIO"' in ti>< do•ircd form . 

• 

Co"'"~"'' Rll ""'"'"" lllr Ro~~ \1 ""J\ 
Wo ncnl 1<' prC5<ribo th' fullo~<in¡• functiun1 for !he m<\. 

m• tri<: 

T,{E,) depond<n« of roü tcmpO<JIU"' un'"'' i:n.:r· 

""1 ""''f): 
•.(<,.~ . .\') dor~o!·:ncc ul tito m'"'·"" (,nli.' .. t'.~,od.·.opntl 

conduct,.il) on ... ~. and S: 
<,(T) d<pCr¡dGO<O Uf lh<rnto) Nn~"Cli\ it) 00 i<m¡o(r· 

>lurc; 
1 (~ 1 d<;><:od<JI" <>f r•• ,,,.,,¡,,;,,y '"' 1'"'0"1' <l: 

R,(S, 1) <l<p:n<l,n« af rd:lli\0 liquid ""d ••r.or r>r· 

meobi\ili« on >l<am "'"""'"" ,1ud ''"'r"· 

""'"· 
~'(<, T,) <kpc"¿""'" uf lc>c<: 1r>O\Ii' ""'' too••or "P''" 

rock wain ''"'"', .nJ 1oonrrr.1turc. «:,.>1 '" 
-(!- <•}p,l + S: 

<1>("'· p1, 71 dcpcndonco M 10'k rornlll! "1'"" 1ho "'"'' 

""'" ""d '9"i'""'"'"· 
For f'Oihrrmal applocalion> 11 11ill <ulf1ct 1<> """"''Iba\ 

f', ~ C.,T, 

wh<ro C .. ¡, lit< con>t3nl "<Jfllt:IO ho.ll '"P"'il) of ti>< •olid, 
Ram~r N ni. (IQJ~) pi<>< ni .1 rcvi«< oi 1ho meJ<u!<n>enr. drlÚ 
<mpiricol f~rmula< for 1h' 1h«mal <on~ucti• i¡i" of dq ond 

fluid·"""""''J roe t. 1. T he ti"'"'"' ,-o"d"cti> il\ uf "' "'' ru1 l' 
dccro>IO< '"'¡, an '""'·'" in 1"''1'"'11""· ll1crn>:tl co>n• 
du<ti•iLi<> Of fluiÚ->liUI•LCd /U,l.< JIC ~-5 '""" ~f<>t<< lh~n 
th<>>< of dry ro< l.'· ll'hcrc d;to,lcJ <'PO!imcnt"l ~JP .trc ""·'· 
-.it .. hl<, 1 he ,,;,lurc thmn.•l cor>duc!i• lt) , •• "'".' be .1p~ro\Í· 
1'\0iod h) ¡¡,,. fo>llm1in~ ¡d.olion'''P Juc Lo IJ,.,¡,',mJJ..\ [I~JUj 

o-,[~·H::ll··l· »[HU]· 
u[H(:J]'}·• (l9) 

A>'"' "'''"linnd in 1~0 P""J'o~, the ""' 1'""'""'1'11) /, 
"'"Y be "'['JrJ<J "' ; functi1111 <'i' p¡.•ru«h ,;. ¡·,, "·"'".'' roe k< • 
.1(<') <.tn be ad<~uotel; "PI""'im;ncd bJ lh< f"ll""'"~ rdo· 
lion: 

(4GI 
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b"'""'' 11 ... ;Gl'""''"" RollO'<''" 9.1) 

"h~r< " '"" "' '"" <n•r~ri.:.lll.• ,¡,,..,.,,¡.,,.¡ '""'t.ml• :> nlo th"l 
n = ), "' ~ : ';:¡.¡, th< e !.,_,;,"tC,,,., ,.,_¡,; ""'" '"'"""" 1 •«. 
r"' "'·""r!,_ .I.J,,-,,¡,,.,,., [t%![1. ~ .. rt•,,,,,. "·''"' ""' """·'''l 
urw.,.l.il•l< '" ,r'''"""'' rhc "'''''"'"'''' ,,¡ '"'·''"' re•· 
""' ,,,,,,,, (11-.) ,., ,, .. .,~'"''"" tL ",,, ~' ,¡,,,<[,,, ''"""''d 

th.1t lh< «lo<"'~""'"'''"'""''"''""'"'""" ~nh .,¡ '·'1'"' 
'·''"'·'''''"S. In!'·"'"'"'·"· 11"' l<l.•'"' l''"""·'hd'"'' niJ) he 
"""''"'""¡,_,oh<,-~""''''"',¡ e""'!,., ui. [t•J;(•]: 

R, ~ (Sj)' · R, • (1- S,"XI- S,'f (~1) 

s,•. ¡s,- s,.J/(1- s,.- s.,J S,•(I-SJ 

ll<r< S,.(S. ,) ¡, lhe irrcJ\IciOk li<¡ui~ (; oror 1 <Jtur>ti~n. ond 

S." i< ti" ouiÚr.1Wo<Í<4"i~ '"""'i~n "''""Jii1d "'Lh r<>rcct' 
--,"-,,;,·";,:bit- 11L ~J '";'"·' """ 111 ''" ro~' •P·'''". ~-ore , h"' r "' 
S, <S,,/(, -O •nJ 11. = l_ .m<l f<>r ~. > ( 1 -S.,). 11, • 1 anJ 
R, •- O, In oho r<m•in~or ~r 1hi< '"b"otron ~• <h•ll con> ida 
rho «>"""""'< r<l•:i""' f,, ,,. ;>nJ o. 

Tiro bull "'""1 "'" tr·r"" for rc<k t i1 ~i"n O) 
i = (1/~)[Vv, + (7v,)') • (i/J) 1 + E (.IJ) 

~horc! ~<nOl<> r!-.o d"i,"urio p,.t of rho W>in <>1< ''"'"'· 

Bull "''""""'' >traon o,i> "'·""' '" Lh< '"'' ~'"'" (ur •·ITcc
tivd •·olunl<lrio ><t.rin ,· r,\rrr.''ldr Lloc rdation [Gar> cr;rl.\ur. 
t~n): 

,. - {¡>,,/p,)- 1. [(1- r/>)/(1- .:>,)j(t' ·- <)- l (-1~) 

Tl.c '"'~ rCJin "'·'-' b< '""""J '"k a lin<:<r tlr<rmod•"ic 
m>:odal 01 <r :~o r .1n¡;o uf l<r.lP<t Jlar< .rnJ P"""'' oocoun

t:rcd in r<olh<ron.rl ""'"""" 

r. ~ -~-.v- .1;,7,1 (45) 

Addilionorlly, "' "ill po,,cl"" Oh'" :ho oh<Jr >Ir<"" S"" 
lin<>rl) tdat«l lo ohc>r "'"'"' ¡; rhrou~h ltoo~e·, b~; 

(46 1 

l'qu>ti~n (16) >h~uld b< >doqu:IL< to ~""''"' 1hé ,;;¡;,,.¡)' 
om~\1 oh<Jr '"'" ch>n;"' "P"l<d in ~rolhcrr.1•l >) >l<mO_ In 

'"" th< '""' """ '"'"~"' "" '"'E" (u1 rol;<ion 1u ) r<ld 
•nd/or fr.rorurc '"'"~lh>l. il "'""IJ b' """"'"'Y :o oor»ider 
mo« ~''"""' (q .. tl.r<o•o-rt-"""1 "'"'"''"1 onod•l• (><<. lor 
"""'rl<, Gar,;; r·r al. ! 1 r;; 11l-

l'o•mity ~ depmd! in ; oon>r!"' mann<r on oOc '""'"' 
'·"" of ., '"" ( ó'. ¡•, ), 11 re" hi"'''-'. ""'P'"'·"""· and :loe ""' 
l¡pe. C no.nhdJt<d '"'lo l'<nor . .tl¡ "!.>hl\ g«.«or ron1pJotion 

- at <k> >red "mp<t .r~Ur« lh>n lh<~ do o< lo"« tom¡o<r ""'''' 
lh< dTr<t of l<:np<r .rl~rc i; r.ut. hn"""', '" si¡;nrlic:tn t in 1""" 
or unonos~I•<!Jtnl <.rncls, Sil<J! ''"'"" >. <1 'P'"~' nr trpnn olle 
rocll•r< .md rhc '"'" bd, '"'') cvnlnhuto Lo cnmr'<·tion. 
m>} bd 1<1 doi.ro.rnc~. "' m>)' IIJ« nu ••~nioi<>n< clf<" on " 
[GD;~ <1 DI .. \9711. \\'o ~ill h<r< ro-.lfi<l "U'''"'' \<1 1~< e;<: 

~hcn ,, do"""' "I'C'"'-i"OI,\ dc·r,·o~cl "P"" !i: in thi, ''-""·.;, 
(<m.rll dc(olln.Ltion• t-cir.; ""'"'"'Ji c.rn bo <'P"""' as a 
fun<tion of(f,- ro) ""d T[Ga'l· 19ib[: 

(47) 

.f q ((IIA',)- [(1 - ,¡/A:II B~J(I-<!>)(~-1.) 

llore A:;, olre Onlk nrc•clulu, ,r lh< 1'"""" rN·k ami <kr•·nJ' 
~Nn (¡>, - p,). rho I"•J•n~ d<r.•:t'"'' tr.<, incr<J<< "' Jnn~"' 
'" r,- p,), and rhc r"" """ hi-ror). !hi> dop,nJ'"'' .,¡K 

• 

nn lhc ¡.,,Biirr~ Jitr~li"tl .rnJ hi''"" " ""'1"-'"''!•lc f<'r <Ir< 
1" ''"''"" c11W, nh<r<<d 1n fr,•rrr.J •u~.'~"""" r.rlrft JB< '" 
dr.IIIV•"> rn '"I"Uif•.:< ¡wc 1" :~''"" In nhl'!l lrd,( .o:·~!r. 

""""" i< '' eoLirn ""' P""'"'' '" """·"·"" ¡; .on<l" <ep.i!.Lld~ -,, ,, "'"¡_¡;.-;.,,,"'"'"·"ir'<,.,,'"'"'''"',-,.,.,,.,,,~,'"~' 
rrino.nil• 11ni.r\i.¡L Thc uni.l\i.ll wr.;r-''""" <o<lli,' '"' (', '¡ ~ 
1~· • \.>1''1 lrl.c A: J,·renJ, "r•'" 11-,- r .. l.li>< ¡,,,,Jro~ Ji"'· 

-llo.>ll, .tnd Lh< frJ•I """ ''"'"'}' 111 lrdd .rppl••·"'""'· •~•-•11 
ch.rnec•• in tr. - r,l '"" ,.¡,, . ., ,.,,, rr\ """"d' '·"" ch.lnf;• 
in C~. Thu, f<'r <>>::rrk ~• \\';;"''" <''" /<JI.rr•Jl on ""'· 

•r• '"'""'' P""""'" dwp of "'" th"" .ro h.1r> "·'' r<>ul:cJ '" 
a lifle<'rllnhl dr.rr-~< re('~ 11'"'·'"'" ,., "'-- 1~1ól, 

lhc th,-or<Li,;.rl n>~rJd d"'""'J Jho•c "~"i''' (',, .... k. 
R," ,,;,. .. A'.¡.;,_ 0_ """ ~-, <rnriric•ll• Jc«rr:un'J icrur 
r,oc(""" ·~lm¡';jf oh.:"-~ 1''"1'""" <-:>n"h< ''"''"""'d fr~111 
>!.rrrJ.Lrd l.lhlii,H<lf) 1'"' "" """ obt.Lincd lrnm tlr< '"'""¡' 
'" qu"tÍOll. lhc '''"'"'' hch.l'im i,, he'"""'· fr<~"""'l' 
ro«rn<d h) ftJoturo'- foron•uoo i~homo~coclli<•. ;nd Nhr 
l.rlf-"''"lc fc.l!ur« such "' f"ult< In ~·""'>lot. "" p:oJu,. 
ihilr l) :r n<l ''"" P-'''inn hd1,r' i,_, ni " ~<Nhorr•l;ll "''" <•ir ">11 
l>o pro(uundl) ¡,,~""""! h) tire 1""'"'" ul fr,,,·,u:d ""' 
mo"« lt '""doro hc<r>m>'' in>rurtanl to sur~l<n~<nl !he 
l;¡bor .umr m<~<!rrco-.cnr' "' <ui:>b!c fr<!rl dota_ 1\•:"""hih\) A 
'"J r<I.LLi\C r<rn•<"hrlrli<< 11,. .Lf< h«l d<!WIIIner! from >'<11 

llu" .l,LL.r (l'rh i1 a '"""!.rr.l ¡>r,r<lio< in P'"""'""' "'''"'" 
onernomn~ 1- ,\ I>O Poli. an~ >h<:tr mu~di (!;. ~, 1 c•f rc;e" "'' 
ro<~< >~Oul~ be abt"in<d fr~>rn e\lhonC\>f.ti' mo.r-ur<rn<n" N 
freid sub•id<u<c d.1'" 

co~C!.l'"''G R"""' 
Thc >) srom uf f<>I'W>in~ «¡o~l\on> ou1lino<l in 1h< prc,edin¡: 

.ootions '' '1'"'' comrln .1nd ''"'" t-o sohcd """""'-'11;. ,, 
"" r:~crrc.LI rro;cd'"' for ,,,¡,in~ L ~' Lr'l ""'"" d ~;,_, L Jr"' l!<:id 
mo" in o ·qu.rsi-acti•<' routhoro-.al t<Wioit h.r• P'""~"''l 
boon pfo«r.><d b; Ga1,~ ,., ol. ll9i;bl. 1 ho "·"'~•·<1 i»;;;-11<::: "le 
to oho '"e~~"""'·"'""' p:op<rl) """''ti'<· clfcm '·' rtr,r_,o 
cha•>r« (liqrLid :-· '-'P•>rl ""lrr·1 rbo puro< crf 11« ""''•'ir 
""'· Tho qu.r,i-J<Ii>< "·"" ¡, miJ•-.r} in iO?hi•ri<>:ion Oc. 
'""'" th" 'titiJ mo<ri\ modd in "hi<h ol! <o,·l P'"~""'i" 
1 roro>it¡. r<fln<Jb;lit) • ril<11"' l '"""""" 11¡. ,,, .. ¡ "'' ,, .. ll<d 
.r< fuucllo>" ol pmrlinn <~ni) '"J thc· ·f.r'l•· inrcrdClll<' '·"" ;,. 
~¡,;,¡, th' ""'" rod. """ oud éd,,m.rtir\n lrol!h are coic'l· 
l>!<d. alonf "ilh tho h<.rr ond fluid fiO"'- In 1ho qu><i-><:ll>c 
modtl lhc roo!. lh<rm.>l l'"'P"''" ¡ho.ll <ar,;·,¡¡ on~ thorr11.rl 

e"""""" rt} 1 """ bo r" "" ¡,,,, oi' '"" 1'"""' ro ,, ' "di "' r"•i· 
tion; ohc pcm•c•h,lrt' "'·')eh""~' ""i1 l'"'"'"l· ""U 1he r"· 
rosit¡ m~) '1"' '·"Y""" P•"'"on and ''"''· bul "' l ponr.:d.rt 
pui\11 rlr< lr>o.l poro•i•J i1 ·"'"'"'d '" c,·r•'"d c>ol¡ "" th' l<>e.<l 
rmo P'""""· Tho q""'i·.L<Liro "''"kl "·" rcc-or:LI,I' b"n n. 
L<nd<d .rt S)<l<rl\<. ~cic• 0 ¡,·c ""d ~oiL~.rr< '" rl•c full_1 '""'' 
><IÍ•o <:>~< hr >oppl)io~ con>l\t~li« rd•llOM for rhc ro<i. 
m.rlfl< .Lnd in1po>in~ .r '""i" equihhrium ,·ondr\ion (~11<10 

r•u< P""-""" conirrbu"' In toLJI >11<~>1 '' """ time'"~ 
[(irrr~ <1 rrl., 19111. 

NoHTIO~ 

C, int<ro.rl cncr¡v ,¡ ith phJ•< (/ ~ s (<olid), , 1 
(liquid). i ~ ,- (•.rp<Of),; ~ /illurd)), 

g a<e<lororion duc '" fW'll). 
( roo~ r«m<ahil;\,1' . 

A',( A') rL\r:~ [I·IÍO lp<•r•><l< '"'') i>ulk nroJui!LI. 
r.l¡•,) •oi,J ¡llurJI r«'•'"'"· 
q,¡q,¡ hc.rt llu' ""-'"' '"'hin P""'"' >olid linlor<p<r<o<d 

fiuid l . 
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~"'""" ITAt.:G<UIHO"I'I 11"'""'" 

R.!H. 1 ,. 
' /,(1 ,) 

•• 
!',(!',) 

• 
' 

.. (.,) 

"' ,.,. ,, 

' rcl•'ti•< P""'"·•l•ih<; ¡.,, h4uiJ 1"·""1. 
rcl•ti•< "Lf"" H•luii>O 1~ 1',•1', + 1',)). 

u-•··"''"' ''"" ''''""' fur "'"''" "'''· 
,.,),J (~u,.l) L<"'I"'"'""-
"I~ÓI) <>f olio ph.o•< (< _= o, l. ,. , /1 

'•1"'' ,:-~oi~l •uiO"·'-

.... 

h<JL .,¡ ,.,P'''"·"'"" ·"' ¡:;,,, P'"""" anJ '""~'''' 
"'"'' (w [, - /,',¡ 
pani>l (or hui• 1 •lf•in r >« '"""" for roe;, m""'' (• 
(;/.l)l+i) • 
nod]~c·icM .,n,,.--" Lhmn•l '' p.JIISiQI< f<>r rod f r ·"" 

IP"""" ro<~ l. 
""' ~r.1in (lldidl 1h<rm.1l coo~uelioit~ . 
,;,,o,il¡ (i ~ f,i, r). 

'"'" flhHiulu1 u( rorou< r<>:~
d<n;it; (i ~- s: _1. l. á 

,i,¡,.,,.Je.le"'''"'' Th" ""'' •" 'P""'""" ;., r·"' hJ :<Sil 
R 1 ~ )," ¡o •"1 c;¡.¡¡o •' "' S""""- s.,,,,, •nJ <,,.r,~ "' '"J ol•o '' 
Mt'·R~I '--" r< ont 101-'CI: ~~ th< L'"""""· ot (.,l,~•~o '"d Sp-
"""· ~.;'""''"~Sor'~"''- · 

~''"'· 11'_ r .. ~"« """"'' ¡, '"'rh""''· in n .... ,.,J ¡,"""" nJ 
R.,, 1 '· "''"r'" · ·"'"'"•'' .1·,., . <u l. 10. , ~.,,.o ~" 11. (. llwo " "1 . 
rr "'l-llJ. ''"''"'"" \0<u1h)"'-'' U""'"· ~~"••hon;o""· lJ. C. 
191~. 

Budooo•Ly. ~-- Th«mol ,,,d oh«m"<l"'"' r<•'P"tieo o/ ;"'"ori' 
<omr""'" J ,.,,,ro•< "'"' ·'· •,; I•I:<J 

C""'· ,, 1 .. ,., ,1 . T h<.,·-pi>,,., rd.H.-, 1""'""'-'"''''-'. 1 '"'"- . lmo_ 
¡,.,, "'"""' 1 "'. ·'"'· -''''· ,.,~, 

Doo.I.J•o•. L G., lh< 1:..0~ .,r '"-"" ~"" no"o"'"' th<ou,h 1'<'· 

"'"M' b.;d< A •im~k ""'"'"'""o! • """''' ond"IU<b<O h•d•o· 
oh"'"·''""""'·,.,.;./~", 11 J. I"O\ 

G,,., ~-f.. \\',,, P"'r·"-' . .:;,,, """"'" .1 !luid-"'"""" po<uu< 
_ >ohJ./. G'~l,¡'-''- R« .. :o. J"'J. l'oiL 

"' ' .... 

""~· ~ ~. (',.,.,,,,,,., "''"""' ''" n.,,.,;o"' "•-1 r•"•'"' ,, .... 
Ho·r 1,,,\-IH·''".''•'- \~;"'"'· '·"'"'<',,<oJ '·'""·''•',1 ! " 
('..¡,f,';IL",h !'"" ,, ...... 

r;.,, .. ~ ~. ·""' ,\; -~"'- 1 ol,~, .. -, '""'' l_, .. , ¡,., ,.,,,,,._,,,,,,,, 
!"'""'' h'-l ,_-), Vuor0o • H•·• . ''· ~01 P. 1>1' _l 

{¡,,,, ~- ~ .. "'J !. \\', ,.,.,o .. .,,()' ''"'"""-"'''· ·'"'·"" .: 
. "r'·"'" ·'""·.:., .;,""' "'"""' "'·""'" "'' "''":1-.,,,_,l """'''· ,,,_,,,,,.,¡,, ,,,;,,,., ""''' ¡;, ....... _ 1'1;/, 

G "'!, 1- ~ . " ·''-- \O,•,' "·"' ~'"" •;.><o.•n o~ ol•o.! '""'""" ;,.,,..,, 
o>edoi.J <rrl- ,">o· ,,,_71>:.1·•:,.,. 

G .. ,. s ~-- J_ w. r, "'"''-,,¡o_"· u'"'"''"· J-.. •.,,_r•·•:, r 
"'·" '"'" '""'' '" """'"' ""'''-" "' /'""'"'"''' ,.¡ ""' ~""',! 
, • .,,,., 1 '"'"'" '' 1 '"'"""" ' " 11 .. 1!, 'd"t'"' "' ........ ( ., ,,, "·' ,.;., •. 
.,,,¡R .......... _'"'' ''--"•"'"- 1','- 10'1·1•-'~- t.-; ¡;"'''""'""' 
r,;"""' "1"'· ""'J""'"''"· 1, ,- 1"'-'"-

G,r. S ~-- '' >1 . St o.h "' 'h, , . .,.,¡,.,,,,,1 rro·~ '•''""' ••·1 ,,,.,J.c.,· 
~o""'-' uf Lh- 1',',,., ,:." '"''"· "' /""""'''"'' ,,, ,-,,.,- "''' t ·' s,.,._ 

. f"'il"" "" >>J. J¡,,J·.""u, ~,,.,¡,,d ---i~•''- P~- !H1.1·l9_,,<_ 
u,.,.,.,~ or 1 '~o lo. '-'" ¡_,..., ('"'· 1"'-- . -·-. -· ---

¡:¡,.,_-S, ~ .. 1>. 11. ~~<'~n<ll. Jr, c<ld J, \\'. ['"'•'~-<IL IH>l,IOC<
in<iu<"l u,;,¡"">''"'"" '"" ,,,. '""''" ""''"'-1¡. ¡ <i, .. pl,. ,_ H,.:. 
·'-'· ·~~- ¡<¡;J, 

Mo·rw.l. 11' J,, C. 1'""'·'"""· F. P•nd«.G,-,,¡"'"'·'1 ""'"''·' 
""'"1""'"· on 1 ''~"'""'' .,¡ 1 1/''H '-"-" <'• "'''' .,--, .-• ~·~~·.>. 
"" ,~,. ¡~.,!.,·•••ni oJ ¡;,.,,\,-,..,~ 1 ''"<O ~n .-,,.,., p¡• ;-'10.:¡,;_ 

1" l'~<•pul-•"• "''""''""'l"·''''""''·o ''"'""'· ,,, ¡,.,r,n,•l·;~. 
~'·"·'"'"'· (,,;,;. ,.,,, -

Morl . .nJ. 1 1\' ,\ ""'r" '"'"'"""" rheo:• r.,, a ¡. ,;;.,,,,.,.,~ 
ro•o"' "'""· 1 G,·,•r"o o_ Ho-•. ''· ''JO- 101;, 

·"'! r.h. ,, . 11 . n 11: ""' .• ""· k. '"" '- 1. G "'!. th·" ""'~"f' " 
"""'" P"•'"r ..... ,. '"'""<-'· "'""'' ""~'-'· '" ,.,,,, ¡, .. ,, "' ,J,,· 1:1·, 
·'""""1 ,,,,,,_. "' ,,.,,. -'"""" "' ,,,,,..,.,.,., ,,,.,,, .. rr
' L'<-11.11. t:"'"'"') ,,¡ T"" ·" ''"''"· _lu''"'· 1" . ~·>'L 

Prot<h<:t. 1 ·."'-· " ;! . ,;,Qh•~'"''~"•' ol '""''""'''c.:.o~ ,.·<.:< ,.,- ~,,_ 
th<10ul P"~" '""'"'"""· rh•-: 11 \_ ,1,·p ~~-\-1(-C:.,'h<, ;;,. 
""''· ~'""'~ "'" ~"'""'- 1 ,, J,diL('''I· r••:o -

IC"'"'. 11. J . " :ol 11"''""'~' "·'"' ,. "'"~ ''-' "'""' """'' ;-t<•r•'"'" "' 
O • ~ '""" r m,d , • ,, " "'· _\ ,-u .,, "" ( ;, ""', "".¡ 1 ''" , n'"' M,: .\ (, /'-
1 R-0. S<Jnr,,d Uno< .. S¡,nom<l. (',¡,¡ __ ->~rol 10'' 

'i<h<~é<~~", \, L .. 11 .~r<><h """"~ m ""'""' m,·o,,,_ '" !!""''"·" ,¡, 
/'hov(. <ol \JII< rP- 6~5-ó(,~. 'r";"!""- ~ •. , 1 '"'· l•,oJ. 

lR•"i"" ·'r"' rn,, _ 
O«"tpi<4 Áp"l !•. 191:.1 
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sbC!I.'fY OF \'!:T~OL:::U:I F.:J::!I;n;nc. 
62a0 J:onh Con~ral ~xpre3s><ny 
Pnllc~, Texas 752o6 

PArr.R 
li"c!:W~R SPE 5381 
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@Cu¡o¡dr.l" 19H 
A mrric,J n 1 "'lilul o ,.¡ ~ linin~, ) ldolhn "i<ol, ,, ncl 1'•·1 <Oi<'U "' J;n~im•o•r>, lar. 

This p•per """ pre-;>•re~ feo!" the ~5t:". Annual Cnll~ornh Re~lonnl I·:Pe~ln.;; of tl:e Sodety o~ 
Potr<>lCUl:l o:n¡;lnecrs of Ai:~Z, to l>e r.cld ;:; Ventura, Colif., April 2-~, 1975. ~cr:r.iss:~n to cc:<;o)' 
ls rootrlcted lo a:: nUstract of Ml WJ·o •.L"n 300 ;.unlc .. Jllc:s~•nticr.s '"'l no1. be ocpi<•d. Tl·.e 
nl>otr¡,cl s'oould c·onl-nlll eoJJrpicuous nof".n"·"·lcd,.~enl ~¡' ·,,.h~J'C und \1y '"lloro üe ;>apcr ls ~""""""~ed, 
Publlcntic:> el:c·.-herc &ft.C>" pubhcH\On 'n ~\'e JOU~J:AJ, o:- PE:mow:u~: -rtc;::ow;:;~ or tte fVC::E·:: o; 
Pr.TBOJ,fl);¡ ;::Grt"'r?.S JOUFJ:;.L lo U3UÜly f-ronted >..j>on r~qt:cst t.o tllc )".d\tor of 1;\,e oppropr!nte 
j~urnal ¡>rcvld<J<l ar,r~o~o~t to ¡;i\·c pl'Oper ncol\t [c, ""'d~. 

Vlscusslon of th:~ p3f!Cr is \nv\td. Three copl<'S of any dlscuss\on should l>e ser.t to ~he 
Socicty of J'etro!eu:n Engincers offlre. Such <1\:;cus:.Jon T:l!lY he prc~entcé at ~he o1,ove ~cetlll~ en~, 
••itll tl1c ra¡,.r, ma:,· l•e ror.oith:rc~ fOI' pu"11cntlon lrL otoe <•1' tl:o two S~:: 11.'l~o¿ille.o. 

General b~iancc }~\i$ and constitu
tivc rcl:ltions are dcVt•lopcd fo.r convec
ti,·c. hydrotla·nul f.<OOt::<;rm>l r~scn·oirs. 
/1 fully intcrncting roc\:-rluid sr~tcm 
is consiGerC'd¡ typic.~l rock-fluid intcr
actions involvc r.taman~uel and cncrgy 
tr3nsfcr, :nod thc dt•pt'ml~ncc of l"Ock 
poro.•ity (:md perr.tcabilitrl upon thc 
fluid and roe>: s:rcsscs. Thc r.lathcr.~ati
cnl modcl al,o includcs multiplH<~c 
(Hatcr/stc,m) effccts. Tlw f.<•nlogic 
strcss-strain bcioavior trcatr.lcnt nnr
mi1.s the hi¡:hlr nonlincar amt ldsicorr
dcpcllcl~lll const.ltutivc bchavio•- of thc 
mntcrial to be ¡napcrlr tai,cn into 
account. \~orl.. IS prcscntly undcn:<>y 
on dC"\'ising numcrical uC"thods for t]1c 
r.ovcndng cr¡11~tions, untl ,¡ 11 bt· re
porte<! in futtn~ public~tions. 

l!ITROnliCT JO~· 

ordcr to study prohlem,. ch~rac-

'
~:;::::'' by <"S~cntial alt<'l'~ti(li!S i" tho 

T:l~tri~ itsclf, it is ""c~s~~'Y 
idur lllll}" intco~t.in~ >nck

l'articular cxomp:cs af 
incluJc thc intcr~ction 

por(' coll~pse (~"hsiJl.cncc) ond 

KcfeTcnccs at cnd ot _p.~¡•cr. 

• 

tian of collnp:;,.cl porcs n 1 te 
injection, awl the 
tions in natur~l nccb~nical forccs 
(e.¡:., ovnrln1rdcJL ~trcc~J or: tl•u C.to<tc 
of tha gcnthcrmaJ syotcm. 1:> t~t~so 
cases thcrc ,,·ould ~ppe~r to be si;;nifi
cnnt intoractions bctHccn thc porous 
mntrix und tl•~ fluid. Thus, it ¡¡ppc:!l's 
m·cc5sary to cons1dur the general in
t•·raction tl>corics in ordcr to assess 
tl•c cffcct of thc ~~otion of thc mat,ix 
oH thc motiOtl of thc fluid ""d vice 
verso, 

Gonernl balance la~·s nnd constitu
tive rclnüons incorpornliur, thc v~rious 
intcractions in a solid-fluid 10.ixturc 
hnvc prc¡iously becn devel~p~d by 
~lorlnnd, and Ga1·~, ct al, .-i For 
¡:cothcrmn¡ rrscT\'Oir-;;-p¡¡Tications \>hen: 
fluicl vclocitics are lOt< nnd tiocs of 
intcrcst are le>ng, it is possiblo.to 
'"'"~idcrably ~lmplif)" tia, r.enC"raJ 
balance la,,·s. In this pnpcr, ~·e will 
fir~t prcscnt thc fully intcracti\·e 
~qu:otions for a sin~lc phaso s)"StCI:l, 
'"'d \h~ll indicntc possihlc sir.>plifica
tion~ for ¡:coth-crr.>al applicntions. 
Extcnsion to h srstc10s is 
discussecl ncxt. foJJoHerl 

lH · \\'ork 

~_j 

··-· ·-- ···-:----· 



• 



1 , 
' 
! 
¡ 
1 

i 

! 

' COMI'UTER SI/.!U!ATION OF CFOTIIERNAL RI:Srln'OIRS 

~nd 1<ill be tl..,scribed in subscqucnt 
publications. 

BALA~Cl' LA\·:s (S!}JGLE I'IIASE) 

Gencr:~l cquations cxpr..,ssing 
¡,,1 t;n,n.> of !lnss, mor.:~nrum ami í:"~'r§y 
fo; u soli<l-flui<J "ixtu!"c ar~: • .,, ,7 

Salid: 

' ' . 
fluid: 

' ' ' (~Pf~f) ~O ...... (2) 

I·IOlOOilt u m: 

SoliJ.i: 

['" (l·i)P .,.=;;_ ' " • ' " 1 ' "' ' 
_, 

• -V{l-.;>)p ' <iiv S 
' -

' (l-9)P 5¡;_ ' fJ!!. .• . . . . . • . . '" 
Fluid: 

+ V • V '> 1 • -V.;>p -f -f f 

• ~Prf.- o.§. • •••••••••• [41 

Hcrc pR is thc r.tomentum supply to 
th•• sollJ.i d11e to Ílltcr11<:tion with thc 
fluid. , ' ,, -,-- • • • 1 5) 

Thc fluid \'iscosity ~f will in 
¡:cnPral v.or¡· with fluid prcssuio (pf) 
ami tClT'jlCr<l\llTC (Tf) 

• • •..•. [6;~] 

Thc roe); pcrmcn!Jility k is n complcx 
fnnction of rack and fluid str..,sses 
{scc, c.¡:., B>·ace8). For thc sake of 
simplicitr, 1<c ,,.¡¡¡ postulatc that tl\is 
\ep<·ndenc<' is primaril)' cxh11Jitcd 
.hrou~h ch:mg<'S in porosity ~ 

k~ k(</f), •• . . . . . . • • [GIJ] 

Encrgy: 

So lid: 

+ S : 

Fluid: 

D¡ /Dt 

,, _, 

- <l/<lt • \' .• _, r,rad, i • s,f. 

'In general, ~ 1- {1-e}K , 
~~ 1 c~f· !\ere P~s{P>!'f) tlcAotes thc 
r.l¿;~hanicnl intcr.~ct1on cncr~y supply 
U> !'Olid {fln1J.i), 

p,¡.s ~ Pr[}t + ~s ' \'~] • • • • • • 19 1 

pyf ft 'l'ffrt . ~f ' Q~ j 
2 

$ ~f 2 
' -,- l~r · ~5 1 · · . . . . . [ 1 o l 

In foqs. {7] and [S), ~ • 9. is 
the thurma; intcr~ction cncr¡:y supplY 
to the flUid, 

llALANCJ:. EQUATIONS fOR l'ASSI\'E RlOSERVOlR 

The !Jalanc" cqnations [l] - [10] 
nre quite cot~plcx. fortun~tcly for 
gcothcr!'lal resúrvoi,. npplicat ions, i t 
is possil>l~ tu si1r.plify thcse "'1"·'· 
t1ons. l'or thc snke of sir.plicity, 
first considcr a passivc rescn•oir 
(''s ~o, a~/<lt E o,\'~ 1 0). For such 
n-rcs<'rvoil', th<' ;:111ss anJ mcmontum 
balance cquations íor tbc salid ar.., 
satisíicd tTiYially. The go<·crning 
systcn oí equations thus reduces tu: 

. " 
~bss: 

Fluid: .. 

. . . . [ ll] 
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!J. 1!. IIRO\'.':<El.l., J<t,, 

["'' Pr 'df"" • .!:t 

• -"rr • ,, 

So lid: 

Fluid: 

. ' . 

. . . . . . [ 14 1 

For tho · ¡nc5cnt ,¡; scussion, i t 
,.;¡¡ ~ufficc to t'Orl"Í<kr or<Jy thc mix· 
turc cncrgy !Jnlancc. \~e will Íurth~r
norc assur.to that T~ • T( =T. Thc 
tliKtur~· cnor¡:y b3lilncc 1~ thcr~·forc 

i•·cn by: 

• '"r v . " _, 

. ' 
.:he re 

a r: f ] 
• ~l>r TI~. 

Er • ·rr v · C~.::rl 

2 
.p \![ 2 

• -,- l::.rl .... [ISJ 

. . . . . . . . . . ( 1 6] 

Eli!:linatin¡: V • (~v} bctl-:een 
l:t¡s, (JI) ond {15], th~-~ixturc ~ 1wr¡:¡· 
h"l~ncc can be cxpro>s5ud in tbc foJlow
in¡: aJtornat~ forr.1: 

[(1-~Jrs 
;e 

• ai:r J ,-,- • "r ,-;:--
• 

'
0 r .!:r 

. ' f f 

• ~rrrrr • 

"' 
. ' ,,] Pe ar 

' . ' c~"'HJ 
~ ~'r 2 

• [ 1 7] • + --¡;-- 1.:: f 1 . . . • 

lt is convcni,·nt to r~tiucc Eq~ . 
[11] ,' [12] and (17] toa nontlimcnsionJl 
forr.l. For this \'UTposc, it is <'5Scn
tial to choosc C<'Tt.~i:l charactcri.~tic 
p;~ramotcrs. \\'(' will use t.he follo><inr. 
sot nf quantitics: 

"' 

o, 

T 

' 
L 

,. 
o 

I)('X t 

density (e.g., initial fluid 
densit)') 

spccific 
specific 

heat (c.g., mixture 
hcat} 

tcmpcrnturc (c.g., tcr.~pera

t1•H' diíforcncc a~~oss 
rcscrvoir) 

Jenr.th (c.g., linear reser
voir tlirncnsion) 

velnci ty (c.¡;., ~vcrago 
fluid Vclncity) 

introduce 1 he non-follO>:inr. 
dil:lcnsional quantiücs; 

' "' " ocln,; p~ 

,-
-f • V /V ' -f •• ,¡ 
!if " P.f/CyT 0; 

t'etv/L 
o 

• 

• 

E; 

n/n,; ,- • X/ l. ; 

PriP~I.g; ,. • T/T 
' 

" E /C\11' ; ' . 
. . . . {18) 

Substitt1tin~ from JOqs. [18] into J:qs. 
(ll), (12], and (17), anrl dropping 
primes, ~·e obtain the follo~<ing se~ 
of nondir.cen~ion"l cquations: 

,, 
·~-'·' " 

' 1 -f 

•0 ..... {19) 

• 
• • [ 2 o 1 

' 



• 



• 

' ¡ 
i 
' 

' i 
• 

• 

COHI'UTER Sl~IULATION OF CEOTJIE!t\1,\L RESER\'OJRS §PI'. S3Sl 

,. . 
-f 

. ', . . 
The systcn of Eqs. ¡J9] 

involvcs fivo nondimcnsional 
i. e. ' 

"" •' • 
~~L . 
t-::J ' V o 

. . . . . . . . 

. . . 
- [ 2 1] 
¡:roups, 

. . . 

[ 2 1] 

[ 2 2 J 

Thcre nrc, ]10\,'~Vcr, only four indc
pcndcnt Uimcnsio¡¡Jcss quanlitics sincc 

l\'e $hall now c~'uninc thc impcrtnncc 
of various tcrms in Eqs, [19] - [21] to 
finJ out if it is possiblc to rnakv any 
sirnplifi.cations. For a typical g<'o
thcn•al (Iiquid) rcs<:rvoir, wc havc: 

g - lO' i::rn/svc', L ~ lO' cm 

]Jf ~ 10- 1 dy¡w-scc/cm•, k~ 10-• e¡;¡' , 

•• $ ~ lO , P ~ 1 g~/cm', T - 1oo•c , ' . 
" ~ lO' dy>H;/sec"C ,, 

Thcreforc, ,. . ., hnvc · 

~ 10°(v 2 4>~fl. 
kp V 

~· • • • • 
-

'• 14- IO'/cV ' 1) e ,. 
V o o V o 

lO"(\· 
• 

L 
¡¡,. • e\, 

On notin¡; that 

pf O(l),_:::f~O(l), 

;;e h;!\'e frcm momentUI:! bal:lnce EG. 

0(1) ~ -

•' • 
o (1) - 1 o ' ' 

' 
o ( 1 ) 

v'O(l) 
• 

• 

"' -10°0(1) - lO"'' 0(1) • 

o (1) . 

[ ~o l ! 

Thus, nnless ,., ~ O(IO") [highly 
unlikcly ln t:cothcrrnal rcscn•oirs], 
we ~re safc in i¡;noring incni~ terns 
(lcft h.;nd si<!c) in 1:1or.tentm! ~q. [20]. 
furU1crnmre, >.·e have 

" • cm(:\\'C). 

Putting 

" • 
and i¡:noring incrti~ tcrr~s, thc rno~en
tuw and cner¡:y <'qo.:ations [20] and {21] 
be come: 

Pf ~iz] .. ' .. , .[20'] 

"'r J 
" 

+~Dr~r·VF.f 

. ' -f • V 

• V • 

Note th~t this !caves us 1;ith onl)' t~;o 
diJocnsionlcss groups: 

~¡:L/C\'T 0 , >:.,?~f/p:CvL¡;k • , ••• [ 22'] 

'. 

1 
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L G,\RG antl J. 

(lO 1/Cvl; 

ll'e are now re~dy to cxar.tine thc 
;Oo¡:niturlc of l'arious tcrr..s in thc encrgy 
equation. Assu:ning that 

0(10 -'l • lO' lo(''') • "Er r¡;- rr-

+ O(';'pí) + O(l)J 

If 11c, furtln)rnore, assumc 
tiLO Ordc¡· Of V~rlOU~ tCTt;15 
equation bcco~cs: 

• lo' 

e' 
' 

• n ooo-.J. 
con\'CCtlOn 

+ I'Js~o,,~CJlrruslOr. 
+ J!.i!.9'"'T) l 

illcrmü-J'Iílas•nn . 

. Sincc 'lT- O(l), th~ 1 lcft hond 
S1tlc i5 :<t lcast of 0(10 ). Thus for 
any tcrm on the right hand sitlc cf thc 
cncrgr pqnation ro he rctaincU, it must 
be of O(Cy'/10'), i.c., of O(Jü') i[ 
Cl'- 0(10 }. In vicw of the l:tttcr 
result, ''e are ccrtninJy justificd in 
ignorin¡: thc vise·""~ diffu~1on tcrrn. 
Furthcr.lOtc, for prcssnrc wor~ tcrm, 
W<' ha1·c 

thc pressnre "ork tcrn is also 
to b<' uniuportant. 

On thc b~5is of thc precc<lin)! 
ion, it is possihlc to dra~· the 

- ¡, conclusions for a passivo 
rescn·oir: 

'· 

n e,,. [ 
' . ' 

In ¡:¡ootherr.wl 3Jlplic~tions, it is 
¡wssi\!l~ to i~tiOlc •ncrti.l terns 
¡_n tt,e r.10mcntu::~ oc.untion. The nnt.l
ber of indcpendcni dincnsionlcss 
pnraJlctcrs is n;o, i.c., 

.: ~Ur/P'C,.Lgk m , , , 

rr .. ssure worl: at¡tl viscous diffusion 
ten:1s in the ~ncrgy c<;u~tion ¡;¡ny 
be i¡:no1od. Thi:; ie~plif's thot thc 
fluitl flo"' c~n b<' dcscribctl hr a 
sinr,lc dimcnsionlcss par~mctcr, 
i. e • ' 

Lct us now consitlcr a fully in
teractivo srstcm. In a ¡;eothe•·r.~~l 
r<'-'~rvoir, roe]; nntrix str'""" ure 
likcl)' to be qllit'-' sm.ül: this ilO¡>lies 
that ene nc<'d r;ot con~idcr thl' ~olid 

mn~~ balu"c~ f.r¡. [1]. Furtl1C'rmorc, 
it i> ponnissibloc to ass,¡me thnt t!u: 
solicl \'C}ocit}', 1'~• is l'uch "mallcr 
than thc fluid velocity, l'f (os n 
mattcr of fact, ~·e 11ced only to postu
late that l's ~ O[Vf)). Th<: lasr 
ass11mption en~hlcs \JS to i~nor¡, ;ncrtia 
termo in thc ~olicl OlO:uent.lHn l:r¡. (3), 
and all mcchanical ><or\-, ~r.d nech~nic~l 
intc'raction ~ncr¡:)' t~rms in thu cncrry 
[qs. [7] und [8). Thus ¡,•e obtaiu thc 
follo>dn~ sinplificd syste<:'. of bnlance 
cquatio:>s (in dimensionnl farm) for 
tlw fully intcrnctJilc gc•othcrmnJ n>sc;·
voir (coordinare systcm nttachcd ro 
thc sol id matrix): 

~laso: 

Sol id: 

Non e 

Fluid: 

[h·C!r-!sl 
+~prV•!raQ . . . . ..•. [?.)] 

' 
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~-lo,.cn tur.t: 

So lid: 

->' fcl-~Jr5 + ~Pr] + Uiv ~ 
+ 1(1-~jpS + ~pd 8_ m 0 , , , , , [24} 

!'luid: 

r ,. --f 

f.n<>rp,Y._: 

Soiícl: 

Fluid: 

\' ) . _, 

V•(KVT)-V· 

' ' 

• f f" ,pf ~ • r:::f-':'.sl . 
' r:rJ 

• o . (K2t'Tf) • o • g . • . . . 

g . . 
(26) 

[ 27) 

11 is approp1·i:1tc l<) note hcrc 
thnt in gcothcrr>nl :o¡¡pllc~ti.ons, it is 
pcn::issiblc to re~an! ~he fluiJ nnd 
\he solid natrix tn be ;, loc~l thcrual 
N)uilibriuo:\, Jnstific:ltion for t111s is 
g)\'Cn in a paper by :\ayfch, !:l. al.9 
Ar.sumption of local thermal ooquiTibritnll 
(Ts ~ Tf = r) irnpli~~ 1-h¡¡t onc nccd 
considcr only the mixtur\1 cncrr,y 
balam:e obtnined by snmming J.:qs. [26] 
.1n<l [ 27]. • 

LXTEc;SJOt\ TO TlW-PII,\SI'. (LlQlJID/\'AI'OR) 
FLO\~ 

AssurniHg thnt (1) lncrtin (momcn• 
tum· bai;¡nce), pr"ssurc work ami viscous 
dissipation (cn"rgy bal:onc") tcrms Hrc 
nn¡•,l i p,ibl ", ( l] "~ter .lJHl water vapor 
a•-~ in local pr"ssurc ami thcrmal 
cquilibrium, .1nd (3) flui<l and rock 
l'latrix ar" in local thcrJ~,,¡ o~uilibriurn, 
tli" c~uations oxprc~sin¡: m~~s, momcntum 
and "llergy l>al<~nce ar(l; 

Mass: 

Liqu id: 

• -? • (~(1-.';)p v,] 
h 

• 
- " ' ' ' ' • [ 2 8) 

l'apor: 

1<hcrc m is tbe 1:1ass transfcr r>.tc 
frol:l líquid to 1·a¡•or rlue to phase 
chan~c. 

1-:onc-ntum: 

Liquid: 

" " -_, 

\'a por: 

\.k 
,. • - -e- [vr,-o,.¡;:] .•.. -v ~"'~v 

. . [31) 

~·llerc Pf d!'nctcs the fluid (• Iiqu\d 
• .l'apor) prcssurc. 

Encr¡~y: 

Rock/J.iquid/\'apor ~lixturc: 

~ [[f-•,Jn.E •. • ¡(I·Sjn E • .<~n ~ J ~e ~~" ~¡·¡ v·>-·v~,. 

·~SpEv] 
V V-1' 

+ \' • [\·(1-S)o¡E¡~¡ 

•V•(KVT) . . . . . . . . 
o . (3 2] 

"herc ~., 
and fluid) 
•T¡~1'vl 

denotes the I:lixturc (se>! id 
conductivity, :md T (=T5 
is thc rli\turc tc"'poraturc. 

for co<lputationnl purposcs, it 
'""l' be con'.'"llicat to cl1111inate l\<0 
\'Clocity ficlds (v), '\·l in favor 
of a sinr,lc liquiO ¡•aj}or mbturc nloc
ity ficl<l (~rl· 

lntroducing 

f>f(rnhturc <l~nsit)') = -"f>v + (l-S)p
1

, . 

(B) 

~nd 

~f(rnixturc V"loclty) 

:'c'c'c'ó''--'.;1c'c·c'"'~'l'"''~r • • ..•... (34]. 
'r 

"'"\ 3dding Eqs. [28) ~n<l (Z9), the 
nixturc mass b.1lanc" may be "xprcsse<l 
as: 

. .. ' 
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O. 11. !IR0\~~;¡,1.!., JR. S. K. GARG nnd J, W, PRITCHETT 

h f*Prl ~ -'1 ' [~P(::.rl ..... [35] ><hcre 

To obt;~in !he t:Jixturc l!lonentut:J 
,,,,,,,; cquation, ~ubstitutu for v¡ 

r':ír.from I:qs. [30] aad (31) iñto 
, .. ,, Thi~ yiclds 

• \' ~ k ,, • 1 [%] 
-f - 9\!f Pf ' P K · • • • · 

wbore 

. . . . . . [ 3 7 J 

. ' . • • • [ 3 8 J 

Noto that for 

' - ' ( n 11 vapor); 

R • o ' R, 
' 

• ' ' 'r . o, 

,, - , 
"r " )\· . ,. - ,, . ' ' ' (39) .. \' . 

' • o {nll liquid): .. 
o, " ' ' R, • o ' 'r • ,, 

IntroJucing 

(1-S)P¡ E1 + ~:pvEv. 

-Tl-S)¡-.1 • $pv 
• • • • • [ 41 1 

and notin¡: that 

Ev=E
1

•6•·· • • • • • • • [ 4 2] 

Ef ~ El + S(p\'/pf)6 • , ••••• (43) 

E¡· I:f" ·S(p\,/pf)6 , , , . , .[44a] 

' ,. .,. • (44b] 

thc cnc•gr baiancc relation {32] !'lay 
be rc"rittcn as: 

; 
~- [(1-~)p E + 
0 t S S 

• V • [ (> pf ~fEf • ~~ " '1 • 

X n Hl·S)P¡:!:¡ (E¡·Erl 

. . . . . • • [ 4 6) 

Substituting íor (E¡ · Ecl and 
(l!y • Erl írom E<¡s. [44] into E<¡, [46], 

;;e havc 

Vapor vc}(,city -'::. c,ln now be 
elir.linatcd by cor::~ining Eqs. [31] 
and [46'], Thus 

X~ ·465Py r:~~\' (Vpf-pd;_) + ~f]. [47] 

Equ.Hions [3'5], [36] an<l [•\S] are thc 
dcsircd ni~turc rnass, norncntum ~nd 
encrgy balance rulations. 

CO:~STJT\JTJVf: RHATTN:S 

Thc partial strain·ratc t~nsor 
for ro~k tJj is gi•tcn by: 

., 
a L 6 + O 

3 i¡ ij . . ! 4 8] 

l'<herc &r and C¡ · denote th~ iso
tropic {vol\ll:lCTricJ and thc dcvintoric 
part,-. of thu strain·rntc tensor, re
spcctivel}'. P~nial volumctric snain 
is rclatcd to thc cffcctilrc volumctrlc 
straiu .,re through thc rc1atiou:l·• 

re Pos ('"' ) ' e a P - 1 ~ 1 _$- (1+c)- l.[4'l} 

' . 
Thc rock ¡;rain 01ny be assnmed to he a 
linear thcrmocLts~ic material o1·cr thc 
rangc of tcnpc"aturcs and prcssurcs en· 
conntcr"d in ¡;c~lhcrr.l:tl rcst•rvoi¡·s. 
Thercíore 

'

l a .¡; .,re [1·3 11 T ) 
S S 5 S 

. . . . . 
Additionally, o:c will postulnte that 
thc shcar stresocs S are linearly 
reJatcJ to ~hc~r str5ins e through 
Hookc' s law: · ~ 

( S O] 

S m 2~ e , 
" p " 

. . . . • • • • • [ 51 1 
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Thc fluid (><atcr anJ w~tcr vapor) 
H[uation of .<t¡¡te (con~titutivc rcln
tlOn) ,.;ill be takcn to be oí thc form: 

• • • • • • • [52bJ 

To co::~pletc th<' abov" description, 
~·e nccd to prescribe n constitutivo 
rel,;ticJn (or poroo1ty ~ in tcrms of 
othcr ficld v:niablcs. Porosity 9 
~·ill, in ¡:c:lcral, d"pcnd opon r.Jhture 
pressurc Pe (• e Pf • (l·O Psl. 
fluid prcssurc Jlf and d~•·intoric 
str~s~cs S. 

. . • [ SJ] 

Specific fu,crionnl foms for 9 nla)' 
b~ <levcloped f1on thc u~twl Iaborntory 
tests on rock ~pcc:ir.u,ns (sec, c.g., 
G:ng, ct ~.). 

CO~'CJ.Uil J ~r, RHI,\RKS 

Thc syster.1 of ¡:ovcrning cquations 
outlincd in thc prcc~ding scc:tions is 
qui~c complax nnd lnust be solvcd mmcri
c«lly. A mJ!H•ric:al procc·<h·.rc h"s l>ccn 
dcrived for ~ol\"i¡¡g 1lw transport c>Í 
hcat an<l fluid m~ss in a "quasi-acth·c" 
¡;cothcrr.:al rcscrl"oir. The mcthad is 
applicahlc ¡o thc t<m-ph:lsc case, .1nd 
prapcrl)' trcJt~ tlw efícct., of ph"sc 
ch"n¡:c;; (liquid ~~vapor) within thc 
pares oí th<o l"<"Scn·cir rack. Thc 
quasi-nctÍl'c case is .,¡J;:ay in sophisti
cation hct.,·ecn tbc "rigid >1.1trix" JOOdel 
In "hic:h al! rack prapnrtics (poro~it¡·, 

JH>rmcnb i J l tr, th~rm.cJ conductivi t}', 
etc,) are trcat"U as functions of 
position only, nnd the "fully int('r
nctivc" c~se j¡¡ «hich tlte cntirc rock 
stree,,; nnJ dcíon~"tion fiolds are 
cnlcul:ttod, aJan¡; «itlt tho hoat and 
fluic! ílow. ln the quas\.-actlvo r.lodel, 
tho rock ther.,ai propertics [hcat cnpa
city :tnd thcrmal conductivity) '""Y b~ 
fttnctiottS af tcnt¡o~r.ttttrt' ns l>'ell .1s 
position; thc pcrPc~bllity .onr changc 
with porosity, and :he porosit)' toay 
nlso vary «ith position and timo, hut, 
at " Jl3Tticular paint, thc local poros
it)' is assumcd t<l dcpcnd only on thc 
}()cal pare prcS5ttTC. Thc qttasi-nctil'c 
model can be cxtcnJcd tO the fullr 
interacti1·e case by sup¡>l)'in~ constitu
tÍI"e rolations for thc rock matrix· and 
i!Oposin¡; n stati~ <'quiiibriur~ condition 
(~'Itere pore pressure co~tri~utcs to 
tat.al stress) at cnch tir.lc stcp. \~ork 
alang thcse lines is undcr«ar and will 
be descril>ed ln fpl.ure pubJicati.ons. 

• 
k 

S 

S 

V (\' ) 

' ' 

Interna! ener¡:y of ith ph.1se 
{Í ~S (~Olid), Í = l (liquid), 
i ~ \" ¡,·~por), i ~ f (fluid) J 

Acceler~tion Juc to gr<LI"ity 

Rock pcrmeabili ty 

rack gr:lin hulk moJulus 

Solid (fluid) prcssure 

Relntil"ü pcrmcabilitr for 
Ii<¡uiJ (v.1.pod 

Relati•·e l"apar valuctc 
[= \'.,!(\'\' + \'1)) 

llcviatoric str.,ss tensor for 
· porous roe k 

Solid (fluid) tempcraturc 

Vclocity of itiL phasc 
(ims,l,v,f) 

\'apar (liquid) l"olt::re 

llc;¡t of vaporizatiott at a 
r,ivcn prcssm·c und tcupcrnturc 

Coefficicnt af linear t)¡ermal 
cxpansion far rock gra1n 

Porous ~olid (intersrer"ed 
fluid) tltetr.t31 conJucti.-ity 

Rock gr~in (fluid) thcrm~l 
cunductidty 

lli \'iscosity (i • f, _1, v) 

)lp Slle~r modulus of porous rock 

Pi llcnsity (i- s, f, l, \') 

~ PorositY 

This ><ork WH sponsorcd in part 
b}' ?\SF/R.I,..;:; Grant (GJ-43884). to 
S)•stems, Scicncc and Soft~<~re, and 
also by ~'Sf/Ri1.\'~' Grnnt (G!-~(,212) to 
thc Univcrsitr of Colorado an~ Systcms, 
Sciencc and Soft~·are. 
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~- 11. Coots 
HI'Tl:ilCO~P R~sourc~ Dc·Jelo:-::-.<>nt 
~nd t;ng;.,,_oring, lnc. 

!: C.O.•:>• ""' ... """ "'"'-~ .. '""' """"'"'"- "' ......... , ..... ~ ,. 
T-. ""' U< ''"~" ' o· "' \)" ''"'" '' 1 1•" """ to-'''"" 1 " f · >QI•" ~ "" ,.,,, '> " '" '"'"~ f 01''"~ " •· '·' 1 " 1 '" Ooo.« '"~ <00 O" 
000'"''"" ,,,, '""'" ···~'"'" '"""''~"' """ """""" ""'~'" '"'' '" "'"' ,.,,, """. ''""'''-'' ''"" '''" 0:/>i 

'"·"" '" ~""''"' '""" ., 1 

1\AST!\!lC'l' WTI(ODUCTJO:: 

•rhis ¡>apcr d•Hcrihcs an<! ,arlíally 
<o< 

Tld~ ' Oc~cribcs o nur.c:-icRl <eod~l ' .,valuates .. ic-.pllcit, ~hccc-cilPCn~ton~l ' . . \.'~ ~ ~ 00 r~~~:-·:o'e ' ~c"the¡_-rnal r<>5ervoir oimulalicn r.<>dcl. '!'he "' ' ~o~~; c.,,.~,, ty c.cr~ 

<N~¡U<tl.lOn ~·-'~ll.o" >Oc> sc<cOillt.y m· u,~-st~r t. Clan ,,,_ ·¡ '" ti>~ li~~IÜCU~" 

to!crance ol ~'"' ""?lid~ ! ini:e-<li [ fcromce " " l~-~ne-

lornula<ion. ,, .%V"rnl illuc\rHl·;c tot!l ti- ' ,, ·" ,-¡,;_~ ::e·• 
piLas~ O o-~ P':<>tJl''"'", 111~ ~o u el sC~bl \' "e- ' ' n~ ::i:ac"ur~·>:nt.l"c' 
co:-"-oo<lHcO t."'"·" sce,-.s CO< 0: C~?OC.d! r,g LO qri<~ . ' .. · . ~~e con·.-~ct>·.-,. 

hlocl-. oatu<~t~on cetan9c> "" SG-HO•_ ~r.c! grid flo;: """ '" ' :or. ""~ ~luir! '·'-':"" 
block Lhrou~i:?U~ ratioo '"" ordcr "' 10°. ~; . ' n r,onne tro:; 1' .·, 

~~~'~Ót '-'~1.CC ui.<:":-¡-~ ~O 
This CO:>¡>MCS "" our cxpcdcr.ce "' 1 i:ol ts "' ' '"' sat.uro::kn ~~""~" a.,,¡ :OOlL<::tly ?0,000 " ·:, ~"' "~'"r ,~:;¡,;:-; ~,-.. ; 

'" .. necese.oq• in ~1mul~c-
t.l•rouyhpul ~-ith Se>ü-implic! t: oil and '"" ,~~~ .. 

.. ' r,oc:o cdl5 at" indu~c<i in t:-.e 
<:¡co~hc r"'-'ll rcscr•Joir no<!.ch. . 

11 i_<Jht ~~~ 
. sho<l _ ~omc 

'~~~ .:~ 
oC ~he ~-o~~ ' .. ,, 

' t.~.c C~;>~l>ilOty of or. 

" 
. inclu~e '· ,, ' . Cetr ~:¡.ryc•r>c'.~C~ 1 

' beh,wior, 
,, 

' 1. • · uf "euol·'.~~~~f,.! 
1 ¡~~¡¡¡; ·. :;: '""'· ' 

~"~, anO , rc~cr•:oLrs ha~ ~hc;,n t;r.:e 
¡·. 1 :elot..•d t<> conctit-,cnü sL.'~'li ., 

. . ~;"; ·::,;; In mulLirhasa rlO'--' pro~l""s, l.~<> ::L~;-:c"''-'-"' 1 
~ ~~- !:orrnatton tolerable tt::-~ s~~!' s1oc gcr.crrill)' co:res;.~néc.] ,,.,, ~s <¡rl<i L>lo~ko. t'-' .1 '""X"'"'" of 3 t.o lD rcrC<•n'- ""cu:aC!~c- ¡ 

:.~~r 1\n an<>lytical <lerh·atiot> is pre 5cntec! 
~hangn in any gud block lli,Gn~ tin"' "'~"- o 

""11 dcli'.'orabílity :aC~~dcn ~.,c~or 
:~ ~~~~ stcn;:>flDD<i and gcctha,-::a). si;;~:.:·.:~:~s,l 

h r~:--~~;,~Lc u"c<.l in nntcol.,dono u"'"1 1.-L~~c !ound t~;_5 Lo r~s~H ce_ v~ry s.1et1ll : . . ' 
Thc fato~or accou:>t5 !'or rc<k¡;~d .~~~~:~-, c~>nes¡oo"ct:;c-~ly ."";-~ ":'"1'"'-'~~ 1 

'"" :lashtn<J an<.l -~~-~~.:;> o:-< ~·,,s ¡ocr.oo"'~"' ·~tth .!:~ . co ~o~ >~~ter -;¡:·;.,, i:J~licit ;rC>dd ic<CJU!,•OlO:O ! 
~cco~.¡>dny>.ny ~,-ossure decline · 1 · c::~_,~,:iLi<mol sta~lLty ·.-,lh "o i 

thc ~-eu. tima_ Slcp rcsot (.;Cio" O'.hilr t!<U. L~a.t >-"-;><>ser! 

1 

hy t i:ilC • <O >rOl-" . 

h~~~~!~:~~lateJ ;<'sllll~ are ¡..~csc~te<l !e< ' 
qcot~-cr=l ~-.,ll ~:tC res~:·.·oor 

1 . ;><obl"'"'· Lro¡oh .. sis >n ccnn•oc-
. · thc;<' r~sul~s >S ~~~c~<i on tllc 

. O< ti :oc stc-p to!cr~ncc o' ,~., 

L ·e;,~.~.J ~~~-"app!h".>tlO"" are also 
to .. . .. ll~ht "" ~r.ocn".ü 

1\o.>fcrcnces ""' Hlustrations "' ""' oC paper. o:' .. •~•crVu>~ t>.,~"vio<-

' 

• 
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t'Pi)<>'··in'J dcscripLio~ of L~a ir>plicit 

""''¡,.¡ foroul.uion, t~"' papcr pr~sctot5 •>[>-
pl k.ot iOn5 lnciud:~.<J ~ingle-wcll c'.cl ¡.,.,~
nL>ility undcr t.~'O·<>M·l"'' ~le·.; con.d,tlOn~, 
<it•¡•l··t ¡un of ,, [r.,ccur.,.l-cntrix tor".~t•on 
w!th l"•illny, dr3~'cio·-·n t..ost· inc~c~rct,,Oon in 
,.;.no¡) , .• p~~ se , f r ~e·. ur~J-r..> t ~ 1 ~ • : "'"" t ions , 
~n<l ¡,._,t cxcraedon !to" artl!ic1.:dly fr~~
tuo·,•ol IHH dry ,ocY.. o\n ~n~l)'Uc~l axrru~si<>n 
¡ 5 ,I,•L'ivod to ~''"'""""L té,, dfcctlV<' tran
r.i<'nl product.vny •r.dcx o~ a well ~-hi<:n 
cx)"•''-"'nc~s llot '•'Her !l~sCiin~ d~c t_o prcs
r.u!'o' ,1¡-.wdo~·n [roro an "xtc:-ior rodill5 wha~e 
'"''·'"' ,:,üuration n,ly lJc ?.ero ur small, 

' ~-•• havc appli<.>d tMc :o.co;!el e~tcnsi.\•cly in 
Gir:.ut.odon of n>cural CO"''~'tio~ cC'lls w:ll;, 
•~'"'' ;',•I<>Sily ¡h,Hd co~V.) srid L>lock <lcrni~ 
~;"" .l~·uvc· and ~"lcw thc !oz-:'1-Hio~. ':'~ü 
dc!:":~Jon cll:ninates thc encn<•ous il>r.os;
u~~ ,•: con~taht te:.1pcralur,: bounclarüs a~ 
thc• ·.:,• an~ l>ot\.oro ol t.oo conv~otiOil ccll 
o:o~=--·'" ill many ro•¡JOned sLccdi~s M nu~ur,>l 
e<>'"·,·.·: ion. i\nOt),oc upplication s\:>ulat<>d 
dc,·.::.-;·::-.c•nt ovcr g<>el<>~lC ti::IC o: a supcr
ht'·" .-,ó ¡;:.cy~er' s typ~) resot'/01 r ''""' iln 
o•al :, ''"" or nM¡ma or hü,H oaurcc I:1Lru5ion 
Lec<.:.::-: on Inilial nontl.ll qradic~t col<! ""-L<>r 
~q:::;,·~- These natural cO;;,·,ec~i'm :ypc 
o>pf::.·:,:ions ar" or>in<:~ hcre <lile to thc 
Li.;-c.o:c:.,nl l<•ngliL <>f Lhc ¡oo1pqr, Se"'-' of 
t)ll' :.·c.n·ction W<l<"k is rc¡>o<"tctl ill a rcccnt 
pa;·--~ _:¡. 

P.001-:r. llESCRTl'TIOll 

-:-•, :>Odd consüU o! UJO cquations 
ex¡:~'''~~; <:On5Ctvutio1' of maoo of 11 2u and 

col'>f:""10lOn of ~ncrg,-. Thcsc ~quaLions 
acc-.·~:: :o-r thr<>e-<li;;c~>sioMl, sin~lc- or 
t>.-:>-o.:~•" fluid flo~·, convcctive ar.cl con
duc:O--, ,,.oat flo~· in tho; rcserv<>ir •nd 
c<on::.-.-;:·:•> lwat. trac~tnr betwo~n L.'lc re•
""',·:: ,.-.! ovcrlying ~nd u~derlybg str~t~. 
''he ~'~'"' """~igura~ion a: a~-¡ Ü"'" can .;a~y 
r-?~o::.:::· thl:Ou9l' thc !or,._~<;:ioll froC\ ;inglc
pha" .c~~=satm·,,,,,¿ h',HCt' to t•,;o-;>11,,so 
c.u•>:-----~oc''" :oixturc to d~gle-ph,,sc 
t:ui'c:·:~ ' :~<! s team. 

:-, ~c¡uat¡ons repr<'o<>nt '·'·'1•1r inflll~ 
[ 1 o~ '~'-'ifer c~tendin~ b€\'O~d tile rns
ct\'~:: '='~ using the C~ne:c-Tr~cy 12) or 
~i;:;~' :=,.:-oxii:L.illions. lle~t. sourc•> ~nd sb~ 
[<•:-:·; .: '·'~ <'qUHjonS are US<'(UJ In J.,.,pOSlt\g t.,,.,,.,: .. :::o ~r.d/Ol' bc~t flux bour.J•">ry co,:út
ti<'~-' .·. •::"ulation o:' n~tural convecticn, 
TM ~-·--,. <;~~tl<>ns <!o 1-0t account. :':or t~-C 
prc=,·= .. -o ! .incrt ga<cs or fo:r v,>r;·ing 
CD~~.-.-:.o:l: <m and pr<'CJ.¡ntatioll of dHsolvcd 
sal-:.~. 

Thc mo<lcl a~plics tD r<'senooir cr•o.!o 
includino; onc-d•nc~~io~~l. tKo-Ji"e~-
SIOn,ü r.>dl.>l-~, ~-• or x-r a~.; ,~,~~~
<lim~t\~ior.al, ciu,~,- x-y--, C->rtcsi.ln or 

-r-';-• C)'IJ.nolrl<;al. In thc <-o ~tul~--'-: 
cas<!, ::he ~·c·llborc of .l ·.·cll ,,." ~ ~ () c~n ':oc 
'"elude~ 1n lhe g<~<l, result>~s in ,,~~~c.c,•,! 
Hab!lit-¡ ,,,d "Ccut··'~Y ~5 di<cu~o,•,i t-.>lo·.<. 
1'h~ ,. • ., ":-id cun he uc.ed in Sl:-,ul~~i.c" a 
5e<::lor of <> f::ac~ur.•d-'-"'td~ a•S<!C\'0:~ ·-~:h 
::he hori:·ontal ~~d \'Cn;c~l •~~c:urcs ~, 01_ 
rescntcd ''l' 9rid bloch. Th~ 9rl<i c.·~ · 
>nclu::!o b:ocks of ""''o ,>otoslty rcp,·~;;enli~.~ 
hard ::oc:-o, ,..it"t r.o prc~5ure c~lculo~~~. _, .. ~ 
hloc~s o!: lOO\ )'Oros• ty re¡ncscnlb;; c>c~c,
~.-acturcs Ot" ~·ellborc;. 

•rhc r.>as5 baJ,,/ICC on ll;>O eo10bir.e" in a 

singl<• cc¡.,,>tion t~~ 5tca::t·ph3~~ llnd ¡;~,_,¡~ 
watcr-phe."c l03SS b~l"'·"~ c•quat:iono. -:'~io 
com';)I""U'-" e-,,_., !""''"'',ed h. our c•arl,- "'-''·'~·
flooú h'Ori: lll tD eliMi~at~ dO.:ficulcJ.<>S 'n 
handlillg '-'•e n.ass tran~fcr te~"· ':'~e e~.e=~·: 
bahnc" 1s ~he F:irst Law o! n.,•r:oo<!p~-lico-
a:~plied ~" ""eh grid block. -:'h~ 9l'id b.!oc); 
;, ,,., o~c·" oySlb"l with fix<!d bou:,c!~~ios. 
\:nh t->Otc,-,~i~l and I<Inetic er.c''O'O' Ler:::s 
ignorccJ, t:lc CM>r9y b>lanca "tates ~~a·" 
lenth.llp-¡ !:low r~tc in) - (er.t!"d~)' :~e·., ,-~:_e 

outl " r~l•• o! 'J~l!l of tnt.,rn,:cl ~"'"-''ii ¡~ or.·" 
')'rid blocL C'cr so<nc' re"son, co<osi<!c<O~lO 

conrusion ··~h~~ ¡" u-.c lit"r~~-~"' ""'·'~"""' 
this ~nenoy ~.üance. r.<.th~:P:-' 1s ~-' ;·.· 
w!>eJ.<• U le ii,tc•rnal ""crr;y. :-:an:.' ""d~'l":c 
pap'-'''" ig;;o;=~ thc ¡•v Corro. ;~ ·.;:uch c;>.se o~~ 
cncn;y Lala~cc e~rOhCOu<Ol-¡ bccce'es (r.e~ ~10"' 
ratc uf icot<>rnal co~r<;y 111~0 thc gri~ :Olee:; ~ 
ratc t>f epi o Dt ot1L<·~n,11 cn<:r<;:' ;, tlw óolGc!::• ·.i 
1\ r"~cllt !'«:.er 1.;) u~eo ,,n c·,-ro"""u' o>r.·o~~:· , 
balance s~,,::ing (r.c~ flow rA::e o[ cn:hGl¡>)' 1 
in~o thc grid ~toe~ ~ ntc of •¡-a>n of c:>thd¡>:-
in lhc l>loci':). 

~!Tw(~p"- Ywhz) + 1'~(~p9- y'lt>)] 

~t Oi!~,.s.., • ~~9 s9 J 

t.(T..,Ilwl~r>.,- Y,.&z) + 79H9 1~pg 

+ t(TchT) 

" 

(la) 

+ ll-:)(oc,J!(TI 

1 Por a <¡iven ctrid blOcl; {i,j,~l. al! •.e::;-.~ ;,.. 
thc3e <!<JU<l~ions are single":alt"Nl func::It"s 1 
nf IT, S , p). ,_ and (T. 5 , pJ in the ~..-

g 1,),& ')' 

nuigh~oring "::-id blacks (i+l,j,~l. li,j•'..<l·, 
(i,j,k!_i). T::'-ls, tran~posi:'~.q ::he riq-~t=•,a.,c 
sidos, ..,,. car. wr>te I:<JUations (ll sim¡>l-¡ a~ 
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··¡ -
:;¡ 

] 

] 

l 

l 

,-; '- ,,1'1.' "· "· 
1'¡1!':1 • ' 
1'2 (~) " ' 

•!,.-<e x "'1'1"<'5Cnts t~e v~c~o:::- ot H.e a.bove 
llHP~-:J ""'""'•'r\S, 

"' 

¡·nll<>"ing thc Lol~lly im~lic\t-_ proccdurc 
~cscrih•J l•y nlair an;:! :-;c.,~ui¡- 1~1, ''"' ap¡.Jy 
t~c :;c.:<o.,-l<.opi•son iter..üvc mcthod LO PI as 

r 1 1l1 " ~~~ ¡lhi ¡ 1·txi i"¡I~.J " • ' j aJ ' 
" r2¡~tl " ' ,.2 (~) • t cor2o~-1 h. 

i•l , l 

"hu<!''" tcmpor11rlly ~"" x 1 LO d~notc lhc 21 

un<nO\<IlS .>nd su¡>erscrjrt ~ d~~otes lal<'St 
ller.ne v.o]uc. 7h~ opc)'dt.Or O b r:gu.'lÍO~o 
(JJ ü~n<>t.~~ ch<><>g~ (lver ~Ü"<' sLcr ~-:hile G J.n 
r:r,ntions {3) denoles <Ohan~e ovcr Uoe co<:~ing 

- ' lt.c,.ation. The a)Jpro.:im~t.ion óxi ~ "i ,n+ 1-x
1 

h~co,cs iroct·easJ.n.;¡l•¡ cxacl >.<o ;,u ncar 
convct"9Cil~e. 

TI"' )>ilr~jal UcrivoUv"s on 1:1uadons (JI 
.ore <>11 '"""lu.ttcü "t l"t<:st it.er.\tc v~lu<>s 
o!"¡· '"/~e ft•n~clo:.s P

1
, P 2 invol\"c lh>-ce 

<lifi<:>,-cnt ly!-'ns o( terO'~: rJghl-hand oidcs 
(.,cct.J.llli.>CJ<>r\ tcrro~), Sln~/so~rcc t.~r::IS 1<~d 
lnterblo~k flo" tcrms. Di!fcre,Otl"tion o~ 
"""~"uldt.ion· t•~:ns i~ str•i~h~fur•.,ard. The 
¡,,,, .. lo:;" l"'"'" nnrl it~ <~;·c·lv,uV,, is ~val~
,,,.,,¡ os describe" in !'-<>~c:::c.oee [)). Tt:e 
'-'<'ll injcction/p,oducticr. tenr. ~:td U:elr 
dcriv,>t!Vc~ are eval~H•'d ~s d~""''lb~cl in 
Dom.; d<•\,ül hdo·"·· '!'11•o intert>loc!< flow torm" 
Are evall1·•~ed es tollm:s: Rdauve "crme
abi.lid<:S and a~.th:dpie~ ara e·,•,>luot~d at 
upHrcarn gnd blocl: cor.di~\0:15, into:·IJiGck 
r•/!1 all<l y valuCs .or<: <'""""U·>l~<' a o a~i th,etic 
"''<'ragcs of their ''alc<'s in d:~ two grid 
blooks. Hatcr ph,,sc prcssurc Pw is exprcsced 

us p- l'., "here p is gas pr~S"urc• at~d capil

Lory pr<\ssure P ~,. e sin9lc-valué'd funcüo" 
of s " ,. 

ror· all r<xl\,ll~ grid blocks túen to

~Hh<'r, l~¡uations (3) ~re 2~"Nl,l'l cquations 

in J~¡ N;: unl:nooms, (07, tS , Op) for c~ch 
X y 2 <¡ 

grid block. Qnly t~·o o!' these t~<c<> unkno-.. -,~ 
tn cach bloc): are indepcnd<•nt. 1( the bloc\: 
cont ,,; Jl\1 llnd cr !l·H u t ,, 1 '''-' ;,·,H '·' r or "c:pe!:~<'D ted 
"~''''"'• O~g • O anU 61', 6¡> are tMe block'r. t•u 

n~bo.:ns, lf the hlock 1s sotur~tcd, l<JO
plusc, L(><m tc•O>¡-.crat.ll<~ T ~ 1' (p) c.nd 67 is 

" t<l'l'/úpl,f.p \o'herc subscript 5 dcnolcs the 

s~tu~.>tc<l con<lition. 

IO•¡,.,tions · (J) "''" be writteri !o~ eec"h 
~rl<! ''''•e~ in thc form 

CO.'.Té> ' 
~lT 11 ~r 1 1 • ~ IT 12¿1'21 • ,, • c11 P¡ • en¡·" 

1 ~ ) 
t._li 21 t.1'1 1 • 61Tnt.r 2¡ • ,, • c2l ~~ • c~2:•" 
"'bcre l'¡ is eilh<>r ~T or <IS a'ld 1', is 6p. 

t g (. 
,.he• ~"'""'" R1 , 1\:' are r 1 1~ ) , l-" 2 1~ ) , !"CSl'<'C

::iv.,;y, in <:quations (3). T:.e ~{:':.P} ::¡p~ 
t<•rns ar~ no:: tn>c L.'J'l<>cnno b:t. r.nio~• >e e, 
ao illusLraL~d hy <he ~-Uu~~Lion ~C'~~~"~"" 

• 

wil.h thc npp,-o;>ri.-ttc: 

necd not be storcd. 
{4) CM> be ~·rittcn 

c 1j ;n ;:~H"-ti•>n 1<1 ~::-t 

):ore si.nrly, ¡;quat;o, 

(~) 

~·1\cr<> '!' an<l C are the 2 x 2 ""'-l=ices "' . i j ' 
Cij ""<1 R and !' ''""" co]\l;'l\r\ vccturs. ·"·e l!t·~ 

rnci<lc•·d OaCld •·•<ll.b di ,-,·ct Mlul:"" (61 to 
sol ve ;;r¡u.,t.ic.~ (Sr [or P 1 , 1• 2 ~r.d obtHn "-~-"-

1.-<l ~ Her"tc val\lcS <lO;> ~ p • Ó)'. Con-
,.,,q~ncc is ,¡~(illcd l>Y 

M~>:I(Pip) •,, 
naxjó'l'--~1 < ,. ., "' 
flaxl~t.~ijl:l ' 's 

~-;,.,,.,. K~Y. tle,,otr•s "'axi>Own "''"" ~ll 9::-id 
blockc .. <!" ~üllt•caJly use toi•'~~.cc~s of .1 
p~i<l, l'f', 1i ~utu~ati<'n and havo ~o~ f<>'-'-~~ 
sonS>tivity of resul~s to u~htcr tol~r~"""~· 

At saturatcd co::dlticns, u ... , u
9

, ~,_,. 

~<!are e·"rlu~tcd as ~lnale-valued (uncLcl:o 

of t<:>m;>erature froO> th<• Slc~" T~blcs (;J. 
U,. i~ assu..,.,cd a sio.glc-valued !uncuo'l o~ 

tcrnpc r•' tur c fOr u rHlüJ ~a ''"'a tc<l h'a :cr . 
Densüy of ,.,,d~rsDlu;:-at~d wa~<H" is c.>lcu:~:.e::! 

" 

"' 

1 

' 

1 

1 



• 
-



---·----

subsc~ipt s Cenotes s~lurotion condi-
1'11<: "ccmprcs~lllllt\~·· c,.{T) is 

dcdvcd ~s follo..,s. Tr.e st"''"" T;;bJcs [i] 
ineludc " l2bula~10n ot (v - vs) lor undcr

~atu'!-atcd "~ter ~s a ["nction of tcnpcr~ture 
and prcssur<>, "here v is spcCl!lC volu01c, 
cut>ie fcct ?Cr ¡><>·~~d. 7he t.>bt:l.u V"lucs 
~r,, fü <Jc)l by t_nc e>prc"'ton 

V ~ V
8

- s(T)(p- Ps(T)) 

~·hcre s ITI is depcndcnt 
lc~<pcrature as: 

only upon 

1 

'111!5 

~ 
< 200 

'00 ••• >o o 

"' '" 
cquation o•• •• 

~(T) X 10 5 

. 00~4 

.o oH 

. o l o 9 
• 0205 
.06S 
. J;s 

~o~ritten 

• ' 
r.IT) p~·s (7) ,, ps(T)) • r .. ,. b·J r.,5 ITI 

. 
'• 

s(1'lo,.5 1Tl (p- p5 {T)) is s=ll in 

comparison ~o l !exccpt ~t tcmpcnturcs 
approaching 7rJ0'f), this ~quaüon Nl> ¡,~ 

~~~~~::¡;),Equat.tO:> (?) ~·hcrc c,IT) 1s 

F'or ,;up~rhcat<>d :.lean, intm n,ü 
cncrgy u

9 
and dcnsily P'l are approxir.~atad 

"' 

' 

U
9

s(pl + CPstea,lT- T~(p)) 

T~(pl • HO 
rgn(pl .. 1'+ 4~-,-

is constan~. 

"' 
'" 

" ,, 

Porosity is calculatcd frorn 

lll J 

.; 0 is parosüy at prt•Ssurc p0 and cr is 

conductivi~y mv 
' is c::c.lt~~ ~" 
"""~cr.>turc .>.r,<.\ 

roe% be.>.< ca~.>.c>~·-· "'-''-' 
but 10 bGco>cn~e~:: o~· · 

o,·~rbunien lhCI'.,t.tl com!uc~¡vny 
c.>.pacity are constants. 

11-ll'LIClT r,m¡ 5f::l-¡:tPLICIT AT,t.OCiiTIC:I5 

' 

Numcric.>l sir.mlaLion of nost rescrvoir· 
""""""~cea n.e proble"' o( rep

rHeS frc:o wclls loc~'cci 
~:-V"l dimC~SlO~S. 

• l, k ., ~. ~~-
!Ocoil~·~ !:> .<real Mloc!: (!. 

or co;'e" to !lo·~ ~" l"-1"<>~5 o_ 
., ~2 . ror cxMo;>Je, 1:7. "~'i~! 

\.ldl opc:> in Jayo,rs l-7, (k
1 

~ l, 

"l'ho w<-Cil>orc radiu~ >S de,-,o!~G ~:.· 

l ~·::,c:;::"":locl:s ~-~r.~!r~~c<'- oy t~~ ~-eu ~,_., 
Lx, 1::, ,\~k ~·hcu• ~:< a:>d ty ~r~ 

Lhc arc~l di"'~""~cns. nssur.ar.g (,~) -·~ : ~;-. 

:'!'::'~';•:•,:":'':.'::',:'::'::'~'~cHe<'. <>::c->11~· ncar •h~ th•· i>l~c~,, (e) "tc~dy: or -~ 
racJ.a, .loe< <n cae .. q<o-

1.'-;: opcn to (hE ~-e U, (<'.) no 

crossr:~-,.. b~t1;een op~n Jayers, ~·e 

dcri.ve from r~rcy'~ l~"d !or single-~C.as~ 
of a u:nt. I'.Cbili.ty ~luid ll<r/~ ~ l) 

~\:"(kh)k 

;;; Iit{,·.,/rwl + S (pk - p~·bkl - Plk (p~ - ?~-b~) 
(11) <>herc spoeific hcat Cpst~arn 

¡:c¡u,üion (9) is 1\Ccur~tc in 
censtancy e= stca~ ~-!actor 

propottlon to thc [,,,,,,,, 
!ror.> p, T (¡>} to 

' p, T. ll"lc> .>nd stc;\m phasc visco,;itics ue 
cvnludtcd as s1nqlc-valuod f•Jt<clions ot 
tcmpcrature cqu.>l to thcor respective 
""Luratcd valuc~. l:ntha!pies are 

" • "• • 144/718.1 p/~,., 
" 

", • ", • 144/?78.2 p/~9 

Thc l'lOd~l use o stcam pl\.ose prcssurc "' 

(lo) 

'"' variable '" 
,, PV-:' relationshlps. 

-
,, • 

.,, -
• -
•, • 

., o 

p<>bk -

=te oof radial Oow -of ~ unit 
nobilhy fluid in la:·~:- ~ 
f.-o;n <;;rid bloc~ to ~·.o ~·o1ll
h>rc, cu!Ji.c ~O'Ot/day, 

<b~olute parncal:.ilily of 
laycr k, r.ld x 0.006JJ, 

laye.- thid<ness, fcct, 

rl<in f,octot·, 

,l!x·~y/~ • equi.valcnt ;:-ac!i~S 
i"eet, 

pr-essurc in <rrid block i,j,k 
a!rPr,ps~~. • 
Howin<¡ ,.;cllbore prcssute 
q¡>pooile l~yc~ k, r$1.1. 



• 

• 

• 



In ¡•r.><:l ¡,.,., !or ti<~ cas~ whc<c 'e » 

.,. ,., 50,-,~ ¡•
1 

,..,.,,,¡ lO thc ~vcugc q.-id block 

.• , •• ,,u<c• ,,,¡,.,,,,,,,d In U~<• simulolor ond, Eor 
~·.,;." '""''' •··¡•l.occ S by S- 1/2 or S- l/-l 
;., f,CCldj• "' ,.,¡¡a·stNdy-stote f[o'"' rJ~ 

.~.-,.>tcs.chc• ,:,. .. !ficicnt in E<¡U~tlon 021. a 
¡ >"iL"r proth><"l [vtty b<!cx "' u:>ns o! cubic 
~ •. ,.,/J>y-p"i. 1\ll prcss\l<C~ pk' P,.¡,k re! el" 

'" ¡-<>ints v,.,., lc.>lly ccntcrcd in ll:c 
Uo>c\.ncss ,\,k • 

In thc •••·<>thcrlll<ll r~scrvoi" cose t<catcd 
~, .. ,~. q dcl\Dl•·~ the ~·~ll ~aryct or d~sH<>d 
¡·rcdcct10I\ r.oo '"• and PwlJ denotes thc :nini:ncm 

~¡ 0,jng ~·clll~>rc prcssmo in layer kv H 

~o t\lbinq is in th<> ~·~11, thcl\ kt ~·uuld 

.;otrc>lly be sp<"cificd "s k), ~he uppe,r>en 

~;-•'!\ )aya. JI. tu!Jin~ i~ i~ Lhe pcrfu'r<t•"•d 
c.o.,n~, then a"''";"""' (bocc"'"•~"''" LuhO,.gJ 
~·~ll!J<>rc prcssur<> "~Y b~ ~pcc1ficd aL any 
1-'l'<"r, k¡~ Y.L:.: k2. 

"~·b dcnot<>~ thc a<Otual flowin~ wellU,re 

;•r~oourc at lt>P cen\.er of layur k ~ ~l ~nd q 

.;,•notes the "ctu~l toLa! ~·cll pro::!uction 
r.He, lbs 11 2 0 r."r d"Y· The fl<>wir.<¡ ·.·cllbon: 

¡:rc~surc in 'Jay~r k is dcnoted by 

()3) 

!'ro.~ Lqu~Lio"s 112) Md lll) tlre p,·oduclion 
r~t~~ of water ph.,se, ga~ (st.,.am) ph~se, 
:ot.•l 11 20 ~1\d ""L~al¡>>' I'"" J~ycr ~ ,rrn 

~~~ dbcuso:cd'obowc, t~'" tnt~::l.>lo~.~ flc~· 
'"l<'S "nd hc~t lcss ~nd con<.!ccto~" L.,.::os """ 
,oll tr~"tml in;rllcltl>' in Lhc suo~l~co:: 
<l<'sc:->llcJ hc>c>n. Il, ll\ .,d,~¡~;,on, Lh<>'"-·cll 
s~n~ o~ ~ourcc tcrms a.rc 1r.~l'"'~• ~~'-'~ t!c~ 
entlre 5lmul.nor ,3 1:-<~llc::.t.. Tr.~·¡c,o>c ~c.J 
codin~ n<·c~s"·'<\' :o< b.¡>!!<;Jol ·-·oll trC.1t<ce~t 
\s r<ttho~ sc~;>le for tht• c~~e o~ ~ ",¡¡ 
co..,pl"t"~ in d slng:e l.l)'<'C o~ ohc '"~~rv~H 
gd<\, l"'pl\d~ t:COCltC".~¡n, C.l!\ b" <!>:t,••<C)"/ 
dif!ict!lt !:o< a pro<lunng '-'Cll ccn:¡.>lctccl ~" 
oe~~r~l hycrs. · 

In thü secUon "" dHcr\bo an ;,..,,.,¡;~::.'.:. 
trCHO'c~t,. for :">~ldl">·~·r ~·cil cc,ple~iOn ,>;.d 
p~~ocnl; ocvc~<>L """'i-l:-<plicic sc:n91iOi~:·
t>Dns. t/oto lh~t ~): >n );<¡uo>lions O.;J is a 

function o[ pn•ssuro. Lc.".~"r"tllre o.~::. ,Jue 
to >clativc J••:=ocabllitl~S, O..t~ratior. sq. 

r.nth~lpios 11.,. 11
9 

are funclio.~s o{ pr~.•soTc 

~nd ~e01pcrnt>~oc. ToLa) ~·<>ll p<e~uc:cion rae" 
q Ü lh<l "'''" o~ qk over la}'"rs 1< 1 - ~ 2 o:: 

- (IS) 

«hcrc ti>" ~u=-..ll.~ion l~rn r <lcr.otco ~u;:-:ontic" 

[~o:-t k 1 t<> ):/." f<earra~<J"·9 r.'l~~"10a lió) 
91VOS 

P~"""~"'' 
~~.o't~c~ 

i 

1 

1 
1 

a~ the fh>win<J ta~l~cnhol~ •,·cllbor<• 
al r,cnlcr of ¡,,;;·or ~. nc<··o~oa,y tu 

thc wcll tar<¡cl ,.~le i¡ lh~ ~ 10 c,cr ' ~~}'. ':'~e 1 

' lo un ddhoralr>lity ;,· ""t: f:o." I:g~~·.i~c-; 

is loss th""' thc ~pcc>!iod ,:;n;,.,:,:.., \'alu~ T 
In <lfll' ""'"'~• th~ productlOn racco <>!: 

-
water, ntca"' and 11~0 "'" g~vcn by I:~u~tioc.s 

(Hn) - (He} wi~il l'~<b P<¡Ual. tu ~he i~u¡,;r o! 

(14) ~'wb and lhc voüuo qlvcn by L<¡ua~ion (l6). 

• 

-
• 

• 

• 

• 

'l,k + qg<. 

- ~Pw~kl 

-

~q ~<•1 ph~se dci1oities 

pcr COJio!c foot . 

in unito of 

Inp)ici'.:. ~·C:.l. trc..,LT:".cnt "'<¡uin·o '.~.a" 
wal~r phasc ¡>rC<O:clio" Ut" gh·c~. b'{ ~~u~~oc~. 
(Ha) be nxpn·"~'d as 

'" " ' '•' • 
~q~·k 

¡:ii'·';;;" 

,,, 
" 

;r"' 
• ~q~·\-, 

¿~ ' 
, ___ 
. ""' '1"' 

«hen1 ""''"'3Lion ierc i s ''''"' rn lro:o ~l te 

~ 

lt7) 

1< 2 , supcrscci¡Jl : denotes cvalu3~10" ~t 

liltcct ilm·~t" v~ucs ol ~ll ''""al>lcs, ~n 
pMtil\l dcriv<l~i· . .,s aro cv~"u~:c! ~:: :at.ost 
ilcr~te condl'-io"'• ó'!'m' 6SgM' !?m ~re 

cbanqe5 in l<>y"r :n ovcr ~he ~o:u::~ it~r~t~O.'I 
.:>nU q .~ is "" ap"""'x\"'~tiu" te t~e cnd-cf
ti"'" tt~p (ir::¡.lic.t) ,-aluc q~·k,n<l" Thc ga5 



• 



pl\a~c production raL~ '\~. in !:t¡u<lt!on (l4b) 

rcpr~"cnt~d in ~n ür.<llor,ous ~~S~<ion. H 
produo;ing ccll ¡~ t_>:o-!>f:ase (0<5

9
<1), 

thcn .6Tm • (dT(dpl sé pro '-"hcoe (~T/dp) s is U'.c 

slopc of •aLurAt~d ~""?H~Oure vs. sHc:ratc~ 
pres•ure e~ t!;e lat~st <tE'ra:<> pr~u:Ir,., 

valuc. If tl'.c prc.t,~lnq cell is ~inglc
ph;>sc cs

9
•0 or s'J,.¡¡, thc.~ osg ~ o. T~uo 

only ti<O o! the three unkrrown~ ~7 , ~S~, 6p 
m ~·- "' 

are indcpcndc~t in a~:¡ case. 

The ill'.plicit e~¡>:ccssions for qwk' qgk' 

q;¡)< o! typc s~.c"'n in l:quac~on (17) introduce 

onc adtHtíona¡ un~"c~n óp,0b !or each wdl. 

Thc ad.!i t lo:ul rct¡uo r,,_¡ """""~:':,':":":,::':~·:;~::::,,, ing to Lhi~ ""~ncwc. ;, ~n.o e 
&tatlng u,,,._ che s~r~J~t.lcn on:r )-, élr¡.,k • 

cquols Larqet ·~eu rate q lbs 11 20/Cay: 

. , ( 18) 

Thü 1:~uadon (lel guaro,,tec& that 
r (qwk + e¡<¡ k 1 - G t>ec~u•c q~k, <¡~k are 
calculated usi"q la<:<o~t i::~~at~ valucs in 
f'<¡uaüons (1~) and p~l> ~:CCCl 1:qu,,Uon (161. 

1"hat is, r<q:k • <¡~~~ ~ q. H lh<> ~·cll i~ on 

dcliv~~abiHty (i.e. p~b ~rOO\ J:<¡uadon (161 

is ~ ¡;~·b)' then epwb g o anJ L:quat;on (181 is 

not rcquüc<l. 

Thc implicit ~·el) lrQalrocnt con~isting 
of Equ~tion• {~71 {~nd scm,)a~ cquHions í<>t" 
'lgk' qHkl <1nd (181 >s c~trc:nelr éi!Uc~lo t:> 

irnpl~ment duc to t~~ d~nvattvcs lr.volvcd. 
Thc dcri·;~th·es O<; .. ./?? , lq ./'5 , etc., 

~.·. " g~ 901 
whcrc k i T:l arisc L~C::. :.~e '-'Cllb"re pressure 
o¡¡radicnt ter:;¡ ~p~·bl< '-"lliC.'l is Pwbk - P.,1,-

This terO\ 1'U~~ b~ obui~e<.! Coy calculati~g ü.e 
hodzor.tal ~:e·« rat~s o:: -~~oer a:-:d ste~::. 
phascs fro::t e~cc. e~~" ¡~~·~;· ir.to ~he ~·ell, 
cumuloting U1c•~ do;¡ c.10"s ~?w>rct from 
lay<>rs k > l<t, <lown~·~~d f~o"' i.>y.,rs k < ](t' 

perforr:tino¡¡ an cr.crg:; bal .. r.cc ir, Nch '"'ell!>orc 
lar<"r hy ll~Ohtng tr.~ t.:>:.~l llmnng ,treor:t to 
<>~t.oin qu.llio~, •'"" o.~cn .o~l~ul~ttr,g donstL}" 
(psi/(U tn edc.~ ~-,::bOrc lay"r by vol~
"'"tricall;• Ol"e~O<Jl~n "''''''' anc! ~<at.,r den
~h.í~s. <.l a gll'c·.~ Hc·t·~:.ion, :.his C3lcula
tion is labOnou~ .l~d ltera<.>ve tn itscl!. 

,. 
'' 

1\ ~ignific3nt ~irrplificatiml rcoults ir 
we .ev•llldte the ter~:~ .\p~·bk in Equ.ltion~ <:;¡ 
at til'lc leve! n. T~is, of cc"rsc, :-cscl~~ i:-: 
~ se::ll-t:npltcit w<>ll t!~~l;oen ·""1 c>"l rc'st:l1. 
in a ti"'' slcp reoLricoion or COI>clH>on.n 
sca~i)ity. Ustng .'.¡> ~· or. Equa~t"ns (l.;¡ 

"'~-~.n 
and e:t.ployin~ >n n>;>ll~o~ ap~,o~ch ~o the 
rc:na><ung tcrrt:s, ~·u h~·:e 

' 
llq..,k. ilq··k . 

"" - '1,..:. • ork OT~ -~os k 
gk g. 

Oq..,k 4q·~]( 
• ~[>~ • --<·· Op '.:b 

' "" 
(l 9) 

and similar 

~~-k and ~ 11 

"'!"~·>tiono for 'lgk, q11 ~, whcn> 

pardal dcdv~Uc·so "'" <>vnhoatNI 

a~ latest 1Ler~te eon~itoons (e~ce;>t fo~ 
~l'whk,t>J. .The im¡>aC"t of L,\%iccg .".p~b< ,lt 

Ume .lcvd n is thaL al! dcrivaliv~s o:: ~~·~e 
~Yk/ilh,¡ are :~ro unlcss"' • k. ;,o¡¡ain, the· 

const.raint Equ~cion (la) applic~ (·.:nh 
arl</lx 01 ~ O i~"' t k) 1f ~hu wdl is not 

on deliver~b>lity (p~h ~ P,.bl and Eo¡uatt<'n 

(18) is in,.ctil·c ,.,.;th 0¡.-«l.l ~OH the well is 

on <l~liver~bility !l'~b ~ ii~·b). 

A furth~r 5Í"'?li!ic~tlon, [cr th~ c;:s~ 
wh"re u,., ~·ell is o<>t on dcliv,.,·ahieí~;·, Os 

-
Hwk ~<!"''"'. • IS-6s kl • ~'Pk ,, ' ' 

(2 o) 

'" 
.. 

• "'"~ rp:- ¡>~·b 

"" 
l<hc~c aq,.k/JP,; is sionply "wk ~~d f~.;; is m~ss 

fracUonal flo·~ of waLer ph~oe from 1.:>.)""''. k, 

• 

This 5implifirdtion ""~o"-'ttcally holds 
c'?nstanL ove~ th~ ccmtc.9 i u.-r~tlOrt thc 

(21) 

q~ lbs fl
2
0/day Ero;;¡ cM::~ l~ye~, ~s :.:dl as 

t~e ~UI:l [(q!~ • '!~k) ~ q. 7his eonst>~c;· o~ 
qk_ eliminat~s the necd for ~err::s in•TC"lving 

c5So¡¡k' 6T~ in the constratnt !:q,ation (18) 

~nd th~ const.o~int <>qu>tion beco:ncs swplr 



• 

1 



• 

~ 
,, ''>--------------------------------------'"·-'''''i'''"''''''------------·'----------------------------------1' 
'·lwk ,, ' '"' Oqn~ 

- o • ~J6p~ • t (...-.-'- • }p,.bl ~P,.b . '' "í'wb ,., 
' !nl 

,. ' 

'',,~ + ".,..~) ~p"' ~ (t(a,.~ + «9~Jl!P .•. b \2 J) 

. , the conHraint cqu~Hon Hwolveo only 
;.,:~ •• ur"s nnd H ~ single-Vdriablc prcssurc 
... ,, 1<.>n is solvcd 1n ~ si,.,Ula::or, Ohen 
:~··.otlon (23) io co~.p~t.Ü,lc tn tl:~t O:o 
:,·~·.,,.1 tion unknowns appcar. h"e used th1s 

• • • ; . .,t~r type Of cor.str~in.t ~><¡ua;¡o~ .our,year 
•. tn" l:lhc~ o1l rontc.g slrc.u.auon an 

:':· .. ,, that aCdiHon o::,¡,., óp ~ ""~nmm . ' ... . "'~ 

,-.•:•.<>derabl~ ;.,prc·ted ,-.tabihty and increas"d 
tc:·o• !>H•[> Ooc. 

Jf thc ~·cll is on deUverabilit¡, no 
.·:~~tral,.t cquat.ion or .:>cidit;cnal ''"~ iabl~ 
··· ü; ínvolv~d and ltoe "'"'PhfiCat¡on o;: . '-~· 
•''"JlUHin':l ~Pwbl< at Lh1e )cvel n h gcnera).ly 

.<>•.!sfüctory in ':r<>Othúem~l 5CC1UL,~ion~. Tho 

.,.:~epor.:>H<m of tú!O\S o! ty~c ~Yk/0.~01 >."C.~rc 

:. • ~ ;,, úl<pr<>&Sions for '1,.~· '~ql<' gllk 0 ~ 

:c.::~rpornüon o! ~ht• conot;••int ~auocion is 
. :::e~~ dHficuH fro"' a co<iw., po1nt oC •ne-o. 
i :: .• <!if(ieul~Y is mln>::.i=cd t! ~-ll:.c SO:< or 
• :·•~:ical-Dlanc l>loc~ 50i< o" <iil·cct. oo)u'_>on 
~ :1 ·"sed, but c~cn in thesc C~5~c thc "l.or,,yc 
'o:.::or co::o~utinq d:.c ee~UHe~.ents for C1any
¡ .o:l probl~"'" c3n rise a~~r~cu:.ly. :e thc 
• .,;; io on doliverability, l.hcn c~e f•rst 
''~:>lificdtion Of ~P,.:.~,n roquir"s only 

·.; ¡;x, d"riVAtlvas ac.(! no connr.>inl. 
' 

•.·::otion ap:>llcs. Tllercforc, wo use tllis 
o;·:~lificat~on !or the clclivecabili.ty c,:>sc. 

lf lile "ell is not on dc•Hvernbillty, we 
~~~" si.,nliflC~ttO~ evcn t:OO;"c cx~lic1t Léoan 
..... ,., dcsC:ribcd ~bOvc. l>c cxprcss 

Hwk "• q!l< " ., • q~(n=;-~T~ • ~-·k 
' " , 

Ofwl< • a¡¡:-<pl<) 

' 
Hok " ' <>k,s ,,, • q~ ('ff."""'""óTl< • as;~ gk 

' H 
+ h?l<lpl<) 

' 

•• • 
( 2 4b) 

,, ~11"" ' . ' 124eJ ' • '\:ik (w- Tk • ~~pk) ""' ' ~~~<!k ,, 
• ql (--~T + ~6pkl 

l_. 
gk OTl< k ,, 

• n!~6qwk • ~~~ktq.,..i< 

~·hHL" q~~ ~nd 'J~k are compu~o:-d f1·om Lqu~Oions 
(H) u~in<) ~Pwbk n a"d P~.b frcn !;qu,oion (!6). 

Thus, ~~~k+ q~;,l ~ <j. Thc <ierivaüvtl:; 

~t,,.k/31'):, cte., ~re <:'valuat"d ~t l~t~st 

itcl·,,ln conditions. ":'hi~ ~11o;>lification o~ns 
thc risk O{ p:.;ossurc irlst,<b¡lccy s1nco n<> 
¡¡'lwkn!',. • "'wl' '-'te., t.e~ms ~re useo. ":"l>1s 

Íl\~l,,l>ilily t>~rM~c' as cmll ~roducu"Jily 
i.),dcx PI inc,.-,oscs and as l<HC <!<leer~.'"""· 
In l>:o-~'"""""'onal .:>real e.:>lcul.:>t1o~.s. n:> 
such inst,tb!lH}" unst~ su•c" '-""'" 1s ·"" 
prc.r;sur~ Ollo;:oüon o:nong ¡,,:tcr5. ln "·'='\" 
lhrcc-cli:>~:ns»n,,l and t'"o-<litr.enslo,-,": cross
scc~ion~l r-•rnl~"s, 'he PI 1s suf!>c:.c:~ti•.· 
low l.hal lh<'" ltoO!.noilit.y 1S l'OL s;g·•iftc.,:n . 
!n r>a:-.y r~Gi<d.-: sinqtu-···~11 ~rob)<O::os, ~.'-..:• 
>nstab1U<-1 i1 ~cvurc and ""e r~~u:n ~o 
implic1t. p~o..,..tlures. 

In r•di<l.-~ sin~le-·•cll ?rol:>l""'·s, ~·o 
achlcve i::;:-lc't. ~·ell ~reat.r.e:>t l.oy o~:o;>lr 
>ncorporot:.:><¡l~e ···ellbor~ in thu res"''""''' 
<;dd syo«·:t. fl>e rcsult of t'-:1s 1oct~s 1 ;oc. is 
an even r:c~cei<;orous \olell t.rc:lt.-.c.:~ tb" ,!",e 
implicll :::-.,...t.~onc descr>bcd '" F.t¡uaoOon.s 
(1"11- (!S;. Fur Jrochision o:" •.1••· .,...,¡]~·<>=e 
results i:l ""i'"~icnt =ss ~td ~nC<<:•.· ba¡~"-~c• 
applied -.·:.o"::.":~" ~·ellb:orc. ;,:so:· re·.·~~~" 
atl\: H . .:., .. ;.,yc•os trorn '-"~)l~oti• to :l1e 
forr.aticn .o, '"'""'~LiCnl '1 : '"~d lt.i '".~Jrc,,s 
"·'>!S 1nje~·.:n ln a ?~oGuc:,-,g '-'ell :.s ".'<>r~· 
difficult :e>accoun: <or ti t.he ~·eE~orc '-~ 
not "'-"¿~.;~" ¡· !ncluoio:> ir. ,.,., qrid. /·.c. 
ap¡"'~cn1. ~''"'"':c.~~<;<> o:" ~·n!)Olor~ :-:cc!a~!~:>~: 
; 5 t.i".a vt:-;·,:-.>11 volu"'e 'i''"'~ bloc.'"' ~:::•:.e~ 
ri~e lo r~r:<"LM<;~ '.hro·.:g:,pu~ rat;os :,:c::c.eJ 
Olclow) b: ,.,ocr.a~lc tinc "~"~ $~oc-s. 0~;· 
!"tope at :.~-o ·~t~e~ Of t~i~ ''~=~ was :iu: :r.e 
ir;~pbcit ~:.,:::o"t throughon: the ···~lJ~oo< 
a~cl rco~:·'-=·~'"''UJ~ el'"'"'''"" lns\.:.~:l1t:..,. 
rc9ardleu o.·.-~r,- hiyll Lbrc~-;h¡.out ,.,,~:.c.s. 

T),~ '""'ll:?~ase flow vc•rt¡c~ll¡ ··'"~''"' or 
latarall-r :::cu :~~ colu:r.n of •,·ellbc~~ ~,.,e: 
block~ ti::,~"'' t<> ·=<:!o>lccl by th~ us~.>l '-''-'::~
pha"" U•=cc~.~jv,,· "xpreS5lC.!lS. ":"~<> !ar~~ ,,__ 
liquid i'll:<:-:~::¡ ei:":"<>renc~ ~:l<J h1q.~ e<!"•.'-'!.'". 
vertical '=.e•büHy"' of t~e wcll!><>!~ 
n=-ults :0~.-=:~at.ion hy <;a'>Ct.y 1orcc5 .,.,_,, 
.>L vcry .<~r..'noc!:lcln<¡ ratns. ThlS ynv,o:· 
domi,,ane<: ·::c">'o low c~lo;;ulH~L s~can •ac·,,,_ 
tions in ~~i.<>·dl\ootc <<'S~i~'.og •·~ a li:¡~;~ 
prn~sur~ ';':::!.le:.~ :>nd ~Jigh hac.< prtsOui<' e~ 
lhe low.-:: '"""'U~n. ,\t ~or:t,,l r.>:c~ o=' 
\l"othcr:-_,_:,.oJis, :he R<'yr.olc!~ nu:o~-or :o 5:> 
hi<J~ UaC .,;l.'O.;>t!on ot ~ul \:_.- C.,velo' .;:·: 
luLLul"'" -:011 Hl ~he >:.oll1·orc• ;, ~.-;J.J~:::, 
900d on• o.::J<H,:=pt.ion of no-sl1p t"•"C-óc.o"~ 
flow üar~vcn bGtter onc. :1Jis "o-si:¡> 
conditJ~o.;.,.o~~lvalctl~ lO vo:~rr.e\.r;.c 
(r~cti<I'_,.:;¡o~ cquall>ng s:>tur~l.ion. 

;:,.. pr<Jr;<nmed this no-slip tlow in ! '~'' 
o[ u~u..: \l"QJ" flow l<Jcic :or tho w·.·lli:c:,-. 
hltero=~·il'; ~·" cou!L une t~e O;;.<cy !te~· 
logic lH.".>.b:;;;;at" "J~C:bOc<! OSCU¡ln r~),\:;·.:, 
pcrm~ohloJ.CS >"i1lc.'l resul1. in Vo\u.-~:rLc 
fracllco~;;¡e··· ~.,.. • 5

9
. "l"h>s .:>ppro.>.ch d.,,¡c: 

' . 





--·-----------~-------

sct~ of p::eudo rel~tive pe=a
" :: 'J:~,--~ty cntü>'S !or vort>c~l 

: not ~0 , !lo•·. ":;" v.:"tic~l 
~·~lll>or?.'_·_f: l'"'""~l>lloty uocd 1n 
calcul.o.tions J~scrJ.l>oJ ~ele·~~··'" suiílc>cnLly 
I~•<Jc to hol~ vlOCO~" 9rcsst1re <lro~s o•.·er 5~0 
fcct of w•·llborc to l""~ t.h~n J ps1. 

'l'his !nclusion o[ t~.c •·ellt>orc in thc 
9rid SYSLMO ~)10"•"5 <·"~0~¡-i: or .--~-z Sl:'lU),l
t-ion of U>C cnure >~~ll~orc anJ ovc•LP'"rdc•n 
!rom Lhe !<H:-.adon LO thoe sur~acc !•·oll
hc~d) 11 prol>)Cr:l anocs hcrc 1n ahonng 
H.c ,,0-ólip ~-ell,,or~ c·,·o-¡m·l~e ilow ccllcula
lion so tto.lt agrce""'·'- •s c~tai:-.ecl "'""· 
two-phase vcctlc.>l ;>lt>~ flc·,; conclat•Dn~. 
1\part [roLo '-~'" prul>lCr'1, che !OO<.l~l nllO\/r; 
sic.mhlion oó na~~icn: >~cllborc !le·~ corult
t.lon~ "~-d '-'Clloorc h~a'- )oss, in ad~ition 
\o thc Lr"nstcnL "''";Li~.o.os<· I•M< ~n.J fluí<~ 
f)OI<J in thc rcso,r·coc<. ·•~rt1c<ol ~dd 
ddinit.io~ b ~h!s case would <:>xt~:>d fro;a 
ground '""' !acc <iO'o'f' Lo <oml Lllr-<>IO~il LhC 
pcrnca~lc [oc~tLon. 

):l"l'f:CT Ol' S'~YA": F!.I.Sii!::G 

0!1 \,'I:),L !lf.l.T":r:>.;,~lLITY 

/1 problcn in usu of l:qualior.c. 1141 
1:'"~'" <oven 1n an .,cal sHo.ulaUo!\ wher~ l!Z ~ rl, l< • l ar.d ~Pwbl< • O. '!':->« r.:oi:tilnies ar.d 

!'peciíic voluncs b ):<Jualions (14) He 
gcncr~ll;.· cvcdu~::cd <lt a~craqc {cxtcriot·) 
qrid l>locr. cor.,H::ooc.s. 11 óla5hing oí ~LC""' 
occur5 bcL~·,~n re oa.J rw, L~en l.qc>aUons 

(H) can <¡iW> <"C."ls~CH,1blc error ~ince they 
<lo not "-ccouc.t. for '-~·~ lncreos1ng •rolu~eLtic 
tlow rate la~ ccn~·.~:~t CJHS ól0\.1 raLcJ to~<~r<.l 
the ><ell duc to ~·oter ~las~b9 a~d stca:o 
~xpansion acccr:lf'•'"l'ing P<cSso:·e <lccline. 

tl(!lh•cnbility of a shgl" la¡-er can be 
COL"rCCI.Cd LO 3CC0t.r,C fo,- """-t<·¡· flashing "l><l 
~leam cxo,nS10."l by tnsercbg a (<act.ion ! , 
cqual to' or less tl-.an L as 

( 25) 

wherc, as bcfore, "-,. ar.ó c
9 

are evaluated 

at ~no~·n bloc~ ~v""a<;c lcxtenor) condilians. 
Thc !.1ctor ~ :.s a calc~la~le ::unction o! Pwb' 

p,and Sg.,. wherc s
9

, is gas satur"tion at 

re r , "'hich in ~urn is gene~all)' vcry dese 
1 ,, ' 

J ;:::. ,, 
gnd block sat"r.1tion. r:quat.ion 

t~.H LllC ~,·~rag" ~dd ~~O~k 
1S sa~c:ra::acl. ';:t.c .>.¡>pc:uiix 
the c~lc~l.ltion of ;: a¡¡d <¡i'-'Cs a 

ll 01 ~quat>cm (2';) for •.Me case whcrc 
Lhc sa~uraucn po>~t li~s ~t~·<•cn r and. r . 

• e 
Thc c.,lculation o: f i~nor~e. c3~lllary t><·cs
~urc and ass"'-o~s ~~c·ady-st.\t" r.ldial UO\ol 
frorn t•<cssurc p at ~., to pressurc P,_,b at. r,_,. 

.. 
!n a<.ldition to P.,b' p and ~ 9 ", ! b also 1 

Cepcn<l~~t u~on thc rclati•:c pc•r~-C3~i~i.::·.· 

1
, 

c~rvcs. T~•eocfo:<o. a c~m¡>le~d;· ecc.cr•i 
rc¡>tcOScnL,,c\o~ of [ 1s not 90001~i.c. i"i9~"" 1 
i ~ives r .1s a funco.cn o: ?._t>' ¡>(~ ?.,_) ~~.d 

Sgc !or relativo pe.-~:~cabilitr c•.J:ovcs 1 

l:rg 

'-'ithSwc•.2, 

l<r<¡C'-' .. · 5 • 

" S ) ] ,_, 

" 
-S)/(1-" . 

e 2 and 

Figurn 1 ohows that th~ dolivc'''"'-llty 1 
rcdU<:tio;¡ '-"c~o~ ts 1 !:or m1~i:oal dr"-•·~~-,.,-,s 1 
!r.,- 1-\_;,L d=rca~cs wl"•h i~c~c>su.<¡ C=.w~~~-=-. r 

and, for ,; qi•.<tn Cc~•··iow~. it Í>Kr~"s~" ,,¡~~: 1 

incre•sinq <¡do.! block s~"~"' Sül'-'~at:o~ .• ~~"· 

~·he !aclo~ c•n r<•ach ·.-z.lu~s o: .~5 ~r lo;.-;-c 
for 1011 ~. 9 c, hig~ d>w.;<i:¡>~c. ac.<l/or iC'•' ~~<>
C<"vOH pr~~"'-'~C ?,,· Th~s neatos ~!":3~ 

dcliOJi'r"IJiltt.ico c,l)Gul"~<·d u~1c.g ¡;~c.ation 
(~1) c.on ba e~ron.oo'-lsly hlgh by ~ factor e~ 
fcu.- or more. 

c~_::2_a~,~~n of :;,o•c0l"icaJ ::vc'<"l 
ilOd ;,"'•J-:::Ic~; ~CCH·<·r~bt.l:COC" 

;, radial ~cnt p:oblc:,\ ~·ao used lo 
cD~.¡>.>re thc Sl..~ulator's c~lcul,,~cd ddr\"Ct
ab>liLy wiL~ üat of E<¡ua~io:> (25). ':his 
problem ·,·.1s al~o uscli as ~ p:'clicnn."·:¡ Leso 
o! sicmlalor :;~~!:l>li~y ~na tir..a-""uncz.t::.o~ 
error. ~esc.-ntr ar¡d flul<.l p<"OF'C~~)' é~~a ;,_,. 
t~d.e prol¡le::: •:" ~~ven tn :·~:,¡~l. ,\ ~:<: 
,-.odinl grid •.-,; ""'~>loyc¿ >ntl-. the ~-dl 
p~oducin~ en <•11c·c~~~n1ity a~~;~st a 
w ... lll>orc 1-'rcs,--~r" d 160 1'-'"a, 

ln tne ?St, wc h~\·e ocr!orr.~d radial 
qrid<ling by z¡.,ctfyir.g r.,, r., t.nC an 

~rbitrary rir-s~ bloc~ "ccn~er" raCius r 1 . 

Gcornotric bl=:< ccntcr soac;ng gi'."cs 
r ~ ~r. ' ~·h,_,-c i is r-dir-occlor, gt".i<! blc·c~ 

ó 1· ~-1 R 
o ' ~~ 0 ~ .,_•T 
tnacx .• aus, "N=" r 1 "~" r~l·l • ·¡ 

~·here fl io ~ht nu~.ber of r~dial r~s<ln•oi: 
"ud O>l~cks. :>co~nd1ng thao r

0 
ce the lo') 

""~" radius V.<~<ccn rll and rR+l givcs tl\,• 
equatlon 

• '• 
(27) 



• 



•·Tllch is solvcd for " by thc !,'c•·ton-Raph5on 
t.•chni<¡Ue, G<"'Hally <¡ OJ.d~CS Of ~t lc~St J 

,,.d or 10.0«' have MM uo~d to a••oid cxcco
"ivcly 5naH gri~ t.>Jock.s ,,d}o;n1r.9 Lhc 
.,..,J1borc. 

rn this work "'" rct,ün thn gcoetutric 
~pacing "¡ • '"· 1_ 1 l.>ut t'lirni~;<lt<! thc 

,.rbitury spcdficatlon o( r
1

. Rather wc• 

invokc an iMogin"ry radOus r
0 

within thc 

••cllbo<c in addhion to rndiuc, rN+
1 

outsidc 

re and rcquirc rw be the log ~e~n radius o! 

r
0 

and r 1 ond re be the !09 mcon of r
11 
~nd 

' r 1,.·1 • 'l'hio 9ives 

(u- l)r
0 

lno. 

¡,,¡ Uw r..oclcl u'cd ~ closed <•xtcrio¡: ''é"'"'' ''" 1 
(bl tbc I"'O<!d \s in ,, tr~nsi<>nt dccE~" 
cx'lihit.ing s~,i-st.cariy-s~ate ndthcc in 
P'-"""~rc r.or <>OuJ.,,:.~on, (el t:~u.H>cn {251 
~55u01Co 5~c,>d"-Oc~tc with an o~"" "-'~cnor 
boul\é~ry. ru~ü.~r. '-"'" éclivcr.>t•ilHy 
factor ! varius ~rom .3-128 ot Sgc ~ O to . 7S 

at S
9

c ~ • S .>.nd thc Cisc,_.cp3r.cy bct~ecn thc 

two curve~ >n ttuch leso than tha er-ror ~o:!'.: eh 
woulil occur ~si~g ~q·J~Uon (2SJ wit.h! • '· 

Thc onc-cl>:o~nsional Bdial test vroble" 
was ru~ Lo ~ hro;c ti.,-.c to rc.,ch stc~<!y-~'~"' 
wilh an e~tenor-t>locl; '.<cll injcc~ir.'J .:ooo:• 
watur nl n bot.to"ho\e pr•osour~ or 251.09 ps1a 
at. r ~ •c· follo"'lng severa! ti""' stcps ::o 

"' 

lOO ~.>ys lo al lo·« preoc.urc in grid hlocl: ~ 
to fall !Jc~ow 251 p~:a (Lo act;••ale thc 
injcction "elll. L~u 60,000-day dne ote:>o 
llhcs~ ~tcps JuyuJ.)•!G 7 .<nd' it<><aLJOl\C.] 
wcrc> t.aY.~n. T."~ slcaJ;•-statc !'lo·,· rate 
~alcu~"'-"~ was lJO,OOJ lbn n 2o;~cur. 

l"<<>lj t.g\>i>LJ.on {37) ~lvcs for f\,~ lGO, P., • 251 

•>nd :>
9

, • O (cocreepor.ding to lnjccuon o! 

satura«·~ 100\ li~<lid "·'1 cr), Mt<l division of l:guation (2n!>) by ¡;glhltion 
(<Ba) gives "di.rcct so1ution lor o ~s 

, (r /r ) 1/11 
o ' 

( 29) 

Crid block ho•Jnd~ry n~11 use<l to 
~::'•;:~•·.:~ bloc:-. ¡>oee vo!u:oes ~re ca)culat~d 
~• ""~"' val u~~ o{ ~J¡~ccc.L ~lo~k cent"r 
raJii. Tabl~ l ~i·.~" ohc re"ulU\1g block 
centcr ~nd bouo:<!<lc~· r.,<!H for ~~·"- caoe <>! 
nlnc Jadial ic:c¡pmc.~ts. 'l'l:c p.;1re volu.~c "' 
the first ~réd block 15 22.21 llll cor-•o<c<o""l 
rc•pondinq to 500 ~cal of íor~tion , 

'!'he simolator "as run in one-dimcnsl<m>l 
radial "'odc us1.n9 ccr.s:.>n: ~50-<!~y :ie>c ,.,tcps 
lo lG,OOO d,vys. ~ero "'~ill~ry prossurc '"''" 
usc<l and thc •·ell 1<aS on dcli•:cr~!:nlity 
áqunst thc lSO ps;,. ~:o:.o>ng hoUo:oho!c 
]J!~OGU1-c. 'l'h<> solid curve in f'igur" 2 shcNs 
thc calculatcd flow r.Hes, t'~;>rcssetl pce ~oct 
o! formation :hic~.r.<>SS, vs. ~•·cra<¡c fo=~tio~ 
ot.ca01 Ziltur .. timo. Tlus satul·Hi<m i~ cl()OC 
to thc exterior gei~ bloc~ 9 s~turation, ~ut 
w,a C3lcu!ated as a volu"'e wc•g~t.ed a•:era~c 
o[ all hloch. l'lgurc 2 •·""'"" ~ll >niOJ.al 
del"·erablll~:! dccl1na fol:o••ccl by a tem
porary increa5e. 7'115 heh~VlOt •·as una:
!oct~~ hy U me Hcp si'"• closurc tolcranccs, 
numl.>er ot ra~>al blocks and •~clUSJ.on or 
'-'~Chaion of heat coc.duc::>on and 'lea~ loos in 
thc colculation. 

The dotted lir.cs in f'i9urc ~ show 
dclbcr~bJ.lity from t.hc stcady-scat~ Cqu~tion 
(2SI 'for p~·b ~ HO, p ~pe • 2~1. thc ~grc<!

hct•·e~n t.lOclcl producüon r~te and rgua
(25) is qood consid<>rin~ thdt 

" 

':'h~ discr<'f>ancy kt>;crn no,ooo a~d ll7,J.;9 
ll>s/f,o"r i ~ bcl:~"".¡ c~c Lo ~~,~ '':Gd~l 's 
~psucan ·.·cig~l~c.g o!" =ll>LCics as o¡:.pos<-G 
to che 1ntc;;T~~:on o~ ,.,Qb!)il:¡ .::n i:c;o~~~o~. 
(l7). In ••ny .,,-enL, sin~c f" .J42ó ~or ''e~ 

251, P~B 160 ar.<! S "O,'-~" <!iscrc~ancy of 
'·' gc 

obouL 13,000 L~s/i1~"r is sroall in co~·?"''s~n 
with thc C<~or ;, uSlnq F.~u~üon (25) "'~" 
no corrcct>ns : ~ac'.or. l"quaLwns {l~l uor•d 
for .,, dr~>l •;riel bloc~ of 2,000 !<1~: 

cgui'Jalon•' e~:;..,=:or r~d>US "ould <;i'-'" a 
~eln•erainli"Y e: );J,QQO lO,s/h~ur. :.J;e o!" 
thc 1 L>c~or nl\~ Lqu.-.:.on 12SI •·ould gi•;c a 
ca1culat.ed dclh-'r~lnlity of 111,3.;9 lbs/c:our. 

r.v.,Ju.Hion ~¡ ,,ny urm in ~be inccr~:oc% 
flow )ate~ c:<oli~;tly {at_ time Je•:nl :•1 ~·::'! 

rcspcct to an\o o::' thc Cepend"nt '·'"-~'a~lcs •.?. 
T, s

9
) in 9<>neu~ ••ill rcsulc 1n a condl

tl.On~l sta!JiL:o~. 'l'his cor:~it:c:.al s<;;~t>iL:;y 

tú.cs cl\c fo=m e;:" ~" e~p:en1o" ;>ving .1 

m~xi'""'"' time ste-:.. U~e ot ~ tlme ste¡> "'"" 
OXCCPéH<<J' ~~;0 nxi<O~:'l wilJ r<'3Ult ;, di
VC<gC:>C<' OÍ t_~c ~.,Jcul~t>OnS. Th" "'''""eOC.lQ:> 
for rnaxi••,um tJ.lr.e S~<'P ~cnc=~lly >twolves. ~' 

lcast "' ¡>.>=t, a t_l,ough?ut u:.b defincd '" 
~ome ,..,nn.._,r. 
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~·~3 ,,s5urn~d 
'• and a ¡>~cu<!o 

pr~ssurc CU<'JC 

L1y~' chicl'.tlcoc, of 
U~c a( S•llur~tcd 

at 400"!" gH·cs ,, 
di\:(Ctcnc" al .JG9 psí/lcoc ~·hich 

!ot ICO-ioot ).1ye< t.~.c~ncss, 

ta a ¡oscu-lo capJ.llary pccsscrc "'<~·>lloro<¡ 
Ju.H psi"" Sw • swc ~ .2 ~nd -la.4'> at 
s., • l. O. 

/>. nut.tb"' af 10,000-day nodel runs w~rc 
pcr~ormed (ar diffcrcnt wcll c=;olc«on 
Jn~ervds. ~·e assmocd a cu!:>On~/c~dng 
c:onfi<¡uJ'oltÍOn so t~ut a" ,u\diLJ.on~l 
,•ariü!:>lc Wd5 th<> !ayer "' whoch thc to:~ing 
bono" or wlth~r.w~l f>OJ.nt "'~' locHe<.!. ror 
cXM>¡>1~, wl\h ¿JJ i¡¡ycro J-5 pcrfot<oted, L~c 
tubinq botLom could he ;>l~cc<l l/'l ~~y or.<l of 
tha Jayurs. '' p~ckcr ~·~s ~ssu;oed placd a~ 
to¡> of (ormHion. 

:'' :::;!.:i:~:;::~.;::':'.:',:',;';r 3 o o , o o o 1 ~s/l>aur nno '-'l~h a ;oin>~.UI:I 
at tubing bottom of 

:;t~p "'"" 

<•nL!:olpy, ' 
conditions. 
a zera valuo 
co•r. 

J soJO...,..nzas 
'r~c listed 

Lolloc~ole 
ll~u/lb 
'-Ír.lC, 

cncrgy 
c~ys do ... Hlc= by c~,.u-

Onergy pro<!\>CC~ is 
U + ~v aL producing cell 
""-"r~y U is rcJ,H.i<JC ta 
Mlurote<l ~·otcr at 

Table 3 ~how• that thn locaLion o! a 
singl<•-laycr llOO fcctl co~:~plcüon is vcry 
i~>p<>rlant. Comparbq rcc,s 1-J sho>~s that 
cumulMIVe J.\~SS fr,>CUO~ U:COVul'Cd ~l lü,000 
days vades ó:'Or.l U.7l to .;i.4l as a lQO-faat 
produdno,; in~e:'val is lo,.cre<l tro,., the top 
lOO {en\. to che bottoro lOO \:eel of thc >00-
foot rormation. 

R~ns 4-ll in Ta~Jc 3 indicalc tbat the 
perfont<>d a~ open ;,,terval loca:.ion i.s 
i~portant while the loc~tJ.on of che tuhing 
~oLLo;, or \<'l tl><!r~~·,>l ¡:oi"t wühin a givon 

inlerv.,l is r<>latt•:oly u:.i:<-~ortA,.,~. Far 
c~arr.pl~, Runs 4 ~nd ~ show abo~c egu;>.l 
rccovc•·y t•alwes for th~it· top JOO f"et o~cn · 
lntctval rcgardlc~s of whether the tubinq 
~·ithd'~"' fro::~ thn top lúO !ect or bottote lOO 
[~~~oí lhc in~ert•al. ~u"s 6-7 s!:o~o~ thc sa:oc 
<e5ult !or ~ botto:n JOO-:O<Ot opcn in~cn·a1 
regot-dlcss of ÜJ; tubt:>g positi<>fl ·.·icbin t.he 
opcn inlc<vaL. 1'he bcst rcco••c:·tcs occur 
for " co::opl<>tcl.y pa:>etra~cd al- OP"-" [or=-

-- Runs 9-11 -- ,tnd ¡>Hfo¡:nanc., ts 
~=~''' in~epc~dcnt o~ "'""tncr the tubtnq is 

top ar botlc~ of tha for~\tion. 

In l!uns 1-S thu ~o~cll w,,s on dclivcr
~hility ln the fiHt 50Ó-<.l.¡y Clt"-c• stcp. Rc~s 
6-7 and 9-ll ;>roduced tlw c~ro;ct 300,000 
lt>sjllou!' r.>t•: tor 1,500 d.,p '""l i("" a 
praduccd thc targct t~tc for 500 doys. 

')',>~en to~ethcr, 1"'"~ 1-11 indic~te Lt>~t 
~ parti~l cOI"-plction H>~er<J~l c!f.occlvcly 
dratns lhc port>an of t!:c •cscn·o" far:>~c.or, 
oppoülc and uhovc U¡c int<•n·ol, but I=>Ol
ficiently <!r~ins the for=~:on belcw it.. 

S~.,tial truncation erro~s i.n thol .:-csults 
of 'l'ahlc 3 .are "\'H'i s::".all ~s i~dic~tcd by 
5evera1 runs "'" m.:dc U>ln~ ~ lO x JO aud 
wilh ten SO-(oot ~hic~ laYcro. 'l'i::"e t~unca
tian error "'as e~.><:nncd b'i repe~~ing R~:-1 ::o. 
lO ~sin~ ttm stcps ot ;oso, J,ooo. 2,0ü>l ,,.,¿ 
S,OOO d~¡·s. I"J.gucc 3 'sho·~s pnx!ucin•J o.H<o 
and bot.to,.,J-.olc ~~a~ucir.•J <¡lMEcy -¡·s, ti:::•• 
calculot<:d uoing ~ll<> varioun tl;nc ocuno. T~cu 
results ~·it~ .'.t a 2SO und H ~ SOO da\•s are 
virtual1y l~cm.i.c~l. 'l'h~ ~r~or ·úch ~e" 
LOOO_d.>)'o ;,, soqntticunt buL noO lnrq<> wbil~ 
l•l,. 2,000 ~~ys c~uoe3 a:> ""'or bo;-dcrb<; <m 
acecp~ability. ":he surpn5.,lg faa:.ure o~ 
thcsc tcoultc. ü lh~ ~;,~ll Li<o~ Cno:-LC.:t~J.O:> 
enor for stc;>s o! l.OOO da'ls ar h•s5 ln 
liqht o! tho laog" ch,,n~es tn s~Ll:ira'-'a~ 
~·hi~h occur in a oir.gl" ote~. 

Th<: •at:Jn.~ion ch,,~e~s sto1bly ~<>,:>ul~rl 
b" sin<Jlo He?~,-, ill•"stl'.>!:c<.l in T:.blo ~ 
which shows >.~==-~ua:)s an~ p<c~•u~cs ,;o :.he 
cnd o± the !~o-!--: ~.ooa-d~)' "'"·" """:' (:.:1 
laycrs a;>otl, t'-'O:,~g at hycr 3). :;,x;::'.UO 
s~:.untlon c~ll:o.~c ~·a~ .9~09 in <¡ri¿ blo~r. 

(i•l,k~ll .>nd ~-"-<Í"'U'" pr~soure c•r.a.~•Jc "'''" 
-4H.4 psi in s;::c~ bloc!: (i~l,;:•>l. !nctL>l 
prcssurcs rang.< tr"m a9 to 616 ¡>sia """ 
!on;,,t,on top C> ~ot-cnn, SoOlc 200 :.o 350 \Jd 
.ohot•<> saturatu:10 ~rcssurc CO='<<'S~O:-L<lins :.0 
~oo•p. 'l'b:. io:.. t~'" modcl 1n th'$ s>;1<;l~ 
sLc¡> prOC<1cd~d !ro" a ill<¡hlr u:-LclersaL~nLcd, 
1000 Hqui<.l co::'.lquraLio<l to ti-1~0 s~.a"'" >n 
'l'able l. Note., al so, !rom figulo J tbn 
time trunc~~icnonor lor •.~1is tirot U-,o 
$lCp is virtuaJly neqliqilJlc. "::he re,,dor 
should rccall ·:o"'"-.,."'\! •:aUlc ~ L~·H t~:c 
first coluc-.n o~:olls is U>~ ~·dlbou>. 

The cal<:u!:l.!<:d ¡>ra<h>cing rat<e (or ~hiE 
hrsl 2,000-d,,; .. ,t<'P ·~as 2SG,400 lbs/hour M:d 
batto:o.'::>le <;U"'".~y w~s .0~<9~. :Jsin~ 
Equ~t•an (331. ::ic throu9!1~UL ratio !or 
wnhdra>13l c~l-1 h•l.k•ll '"5 

l. 71296. ~OOl (2. B (.OS 79.¡) 

•. 0001 (2,0001 

ThJ.S throu.,~;nlt ':.ot.io wns ac!1icvcd ···i~h tho 
prodUCJ.n<j cell s:.u" saturatlO:l cha01o¡ir.g !t·o:o 
Oto .B99l. 'r'.l3t '-"· >< Os 1\0t ·' thrCJl.c¡h~ut 
ratio cOrres-¡:-ot!l~q to stabt1izoo<.l con<.l>-t:¡,.~~ 

• 
• 
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wHI> s:ot.lll ch3~<:c~ p~~ tlm" st<:>p. Tl>is r~tlO 
is tl>r~c t_o four ordcrs o~ "·''1"->tu~~ :~~gcr 
tl"'" t_bi• 20,000 roC10o ~·~ h~·•e ~t~v:ously 
achic·ccd ~·1U1 scn;-.,,plicit O'.OCcls und<.lr high 
rate-o [ -chan9c concl1t.10n$. 

'rabie S shows thc n~r.t~cr o[ r<:'guhcd 
itcr~tion,, ¡wt tic-e sL~p fo,- ~ach so"p éo< 
lhe tht·cc runs usi~.q :Ot • 500. 1,000 a~d 
7,000 d.:tys. T~c "''""""S ~~ p¡n-t•rHh<:>5<>5 in 
Tabl<.l ~ ~"" L~e "Mnrnu.-:> qr~d Ploc~ s,l~Ucat io:1 
cha119"" ovcr the ynd dunng ~acE1 t.i::le stcp. 

Tahie 6 shows calcula~ed P'"ssut<:S anrl 
,.atura! ions a <ter t1"' ."il "'- ;.uo-(!,,y u"'e I'l~p 
of I<Un :;n. a. l•ro~,.e>nq r;,.ce ac.d'o'-'Üit.v 
>~ere JOO,COO 1b5/hour an<l .OJ, rc~Pcct.>·.'~ly, 
!.O t.hat lhe llr::o~<;lr?uo racio !re;; rquation 
{33} I.'~S 

1.22(300,000} (2.B(.O~l 

+ .OlB) (>00) ~J.B X 10 6 

~'hio ratio w.1~ a~l'.icVQ<l wíth a lri<¡h otc~r.t 
~.~turalion char.~c in ü.e pro<lucln<¡ cc!l fr<l::l 
O lo .S~9l. ~~quacd itct·aLio.os :'or thü 
firsl ~'-"P wr,rn JO. ':'lre iterillions dccllr\Nl 
to 24 ~-hu.o ini~iol ~~<·~sure ~'- tc::t\aCtOn ~op 
was rc<lUCQ<l to 270 r.H~e:: e;'"" 150 psl~. Tl.c 
throu~hpu'- r.HlO at 10,000 <!ays for '-hi~ tun 

was 11.> X lOG con<Ospo:><li:>g to" rco<!\JcltHJ 
.-ate ~nd <¡Ualit-¡ of 5).100 l.bs/l:our an<l 
.1203,' rcopecLiv"Jy. 

Run 12 in ':'nble 3 i~ i<!cntic~l to ~"n 
10, e~ccpt thnt p~rrc.cnlnlily ; '· ;.o o .-.d ¡-,-,•_l>cr 
tl>~n lOO ro<-1. The higbcc ¡>err.c.l!>illty rc•:;:,r:,;•:n. a yrc,at,·r IO!covcry of '14~9 con-
~ .56~G at 10,000 d.1ys ~nd qa·•~ a 

?r0<~ucb9 q\:ality of 
Run J ~ prcducccl th~ 
r~<O U:El>l 5,000 

the ctfe~:: of per.,,c-
' And <rua1LOV V~. 
P::oduCt>\y '!U~li::y i~. 

' lOO am! 500 
!i<¡urc indicntc~ 

a rroyligi'>lC 

n•sults >n a 
pros
low"r 

eoc~ he,n cAp~clty li.c. \eg~ ro,r.:¡ in " 
h!<)h~" pOmoct·¡ (ocrc.,:Eon. 'f~¡~ '<o~l! 
ctrect. of porosit:.- on peossur" dcc! 1 ~e 
'" contr·"''C'-'On to >csult.$ top<•rt_~~ 
ehc~·h~rú 1~1. 

'rh<! avt·r~~c cor.¡•ur~r til'~ ¡>~r run !or 
Runs 1-11 ~·~s lG Ct>C óCOO CPU seco:-ods. FO< 
thc lO~~ ~nd ,tnd ~O o<:cps p~r run t~ls 
l¡·,onsl<rt<!s lo .Oló o~cond~ F'Cr gc'~ t:oc<:
tHre scep. ':';lis fir,ure co::-.pHcs co a ~<'ur,~ 
v~luc or -Ol sccon~o· rcc,<Jt·>d bloc\-tbo 
stcp for our s_en>-u .. plOc~t m<><!els. 

~IMU!.l.'I'IO:~ O!' IJ. 

f'P-ACT~P.~D-::!.":"~1 'l r.!:SERVO! 11 

Jo!,ony grotl-.crmal resorvoi>·s ace kno·.·n o~ 
bdi<"·cd lo be frac•.c<cd-matdx S''Ste,..s. 
Convontion,>l "'"'\l)Aoinn is oflc" \roed ,,·het·~ 
uxl.,nsivo ft·acouc~s or~ kno·•n co c~tst. Such 
sütulat.ion cnplors .-.n as:;t>r.tp~\Cn th3t: [~"'' ;,, 
thc roat_:·ix-!:i~~""'' o;•:;tc:; ca" Ce ,\dcqu~ody 
t<odclc-<1 by ass~"·'~! ~n Clrlf~aCt\:c"rl ""trix 
form.,tH•n ,,·lth a hO•_::, n(O~ct.i·.·~ i'~"~·""t'll'-'! 
rcfl~cOtng che !rnc~urc systcrt c~nC~cttv::.t\'. 

!Jcro '·"' ~~.:ttric_,, l-hc <H!:!:n::cao;~ in 
Slrtul.~~~<l ;>cr::o::::-,;~~cs of " !ract~~ed,,',',",-,'-'f 
crvoic ceceo; ,-.o<!~:Ot~ !'irse ,;s ·•~ ~.r. 
for::E.1ttOIL. and ~ccc,,l ~_,-, ,, ::-.~trOx-.'Os~u~e 

s:r~tcn. 1-ihilc nnt~:~ S¿Jdo::\ p~:>vi~c' t;,'a~
uni!<-ormlty in opncuO<¡ oi [r~c·.~re", o·c ,_,us~ 
c,-,.,Ioy soc-.c sc::>l.lla:;ct• oo ~ni!occt <:o~c>ns ~o 
P"'fO!rl l,ny c,,lcul~~lCI"C., i·:u Ccc.:,LGOC ~ 
f::accuc..,J c.ys~e"' co~s1sdn~ on t~c .,·;e::a<;~ of 
40x~O>o.;O re"~ "-~~ri:< blccks sc;>ar>~~é by 
a thr,•u-diJ:>cBHO!l>l orl'lo~on"l ¡>lncar s;·~~~"' 
of vertical a11<.1 ho::IZOnta) !'!:4Ccurcs. 

1'o rcd~cc ~l:e di::\c~sionality of the 
l:l.a'-ri:< calcula~ion, ~·~ trcat t!\c n~~ci~ cu~cs 
,,s cylüd•ors o:: ~-~,_,,.,~lcnt radlus n.~6;¡, 

[cet (a
2 

• 'O x ;CJ ond height. o! ;~ ~c~c. 
!Jo h,wc noaci t~is c-:cl!ndrlca; ~~;,ro=<>~ .. ,uo.~ 
!or sc·.'~tat y~a::-s n black c>i óractureé 
m~nix sim~lo:>on; H ts p~r'-i~ll)' ]'J5Uótcd 
S\nC~ thc pllystc~:l-; re~t ic''''J'-'l~no:• of 
fracture Sl'""''"'l anc <•n~las ur:Coubt:c<.:y 
pn<l" .1 •nri.•tv -o!: =lnx blc.:~ oh•~·'~ 
dc•.•iatinq coon<ia:a~!y from recc~nguC~:: 
P""" ll e Jc•p> ~<·ds. 

Use o! ~ fl:·att~rc volt:r.a o~u~l oo H of 
co.obincd tractta·o ~luo """"" ,.~l~e<c lca¿s to 
a !ractuic ondch of .OH !c<.l::. :"bs :;,~re 
~ssuJ>~s <•qual "'"'hs oí ~o<i,_ooc.ol ,,~d 
vc::l.lcal lraccu:c>. frc::> :tuú~l [101, 
fracture pon,ea,l:>i:ay for >~>dt.~"' b e::~, ts 

"This ""'"bcr .,,,n <ory consi.Jer.1bly. For 
"easy• O'Ulti;>!t~"' !low ¡>robh'"'S {wc 
o<nil Uciinit.>o:-t~ M "cdsy" for brcncy). 
we h.w~ .>chu•V<Od Cl!'WS •~ \ow as .OOla 
seco,ds pcr t.:nc:-ocep. 



' 



. ' " 

- 6. S x Jé D~rcics 
(J'o) 

thc .019 fcc~ ~<idlh. ln simul"tin~ flow 
frMoturc <¡nd hloc~;, H is or.ly ncc~""'''-y 
use f<a~turc ~'''"'"~l>illtios t.uqc MOU'.'h 

to r<·nder viscou~ !o::-ccs r.cgli<¡lbl~ 1n com
!'-l<Ü<>Ii with 9I~vJt.•tl01•~l !oc~es. In 

1
.10viOU5 l>laci< oll ::-~ct:ucd =«•>< roscrvoir 

,.,0 rk an<l in t-hi~ ~·ork, ~-e havc> !ound resutu; 
1 nsen~it_ive tu U$C of !:oac~mc pcrmcob:d!tics 
¡,;qt>er t.han lO to zo Darc,..,s. 

!'or thc pUr?O~<> oE coropu~ations de
scdbcll hcrc, thc frac~u::-c syst"tl conihJC
tiVilY i5 assu,-.ed su:'~!CHnl-1:¡ la<gc thal thc 
reocrvoir behavior is doo.ir,atcd ~y vcrt_ical 
tr"nsi.,nts in pr<'S~m", lc:O~~r.-lturc ~nd 
satur<>tion. 1'hc fra~t~re cor.o!uctivity b 
"ssumcd "uffic>cc.t to "'"'"'-"¡" nn•¡li91lllc 
.uNI <¡r~die,ts of thcse qunnLit.ies. fe~ 
e•a~ple, by LhlS ~ssc:TO¡>tion ~"Y s~c~m-~·.lter 
collLact in <he fr,,<:Lun,s "ill Le nc~rly 
hodzont;tl over a "'idc arcül c~?~"sc. 

The ~·ithd<a~·~l rate used for co:o.pul~
tlons "'"S l>ased en d ~·cll ~¡>~<:J.Hg ot abouo 
lOO acres WJ.th rut"" of JOO,OOO lbs 11 20/hour 

pcr "'cll. 'l'hi~ nnnslotes to a rato ot about 
~O Hw/hour for a 1.2~0-iooL •;crt;c;tl ~olmM 
sccüon o! thc rescr•.-oir <'ll.h arca) di..,n
sions ~Ox·IO fcct. ':'he VErllc~l c¡rid<iinq 
consbLcd of s1x •n.n:rix bloc~s Nch sub-

ly \r.LO !0-tooo griU hloc':r. 
1,000-fco~ ~atr>:< <¡rHI 

w~re tPr:uMtcd befen• 
contact~ rNd1o~ lh" rlacp b)oci 

so ¡,,el'; o! gd<ldón\1 lS ir..rn.:~ter>~l. 

ln the ra~t'i.X-Lisour~ ~imulation, (he 
~ertic.ü and hol"i::o~~~~ ~rdcturcs ~·ere iOl
c)u<lcd in Lhc gnd s'-"'"'"· VCttlc~lly, (~<·n, 
six ~dditionol qrod b:oc'.s e~ch .029 feet 
thick se¡>ar~ted t~e sü Jr~tnx bloc~s am\ lhe 
tol~l nurr.U~;- o! vcrtlcal blocko ~·ao 6 x 4 + 6 
+ l or Jl. nc obtained ~ear!v ;¿,,~,c~l 
rcoults 'lSing Lhrcc a~cl L'o'O g~id ~locks 
raUially for thc ""tnx-tissure S)'Ste;a. 
~-cr.ults givcn here ~re íor tl\e """" o( L'o'D 
radio! grid bloc~o. Th~ ::nst ,-ad!,Ü bloc'o 

!:l.>trix «ith "" ino,Pr loour.dary ~,.Pius of 
, an uutcr bounCary rudJ.us o; n.5PG !cct 

•~<l a "centcr" ra<!>us <'qu.:>l to U>e volu= 
cea~ v~lu~ of !5.96 <'cct. The ~econ~ r~<H.:>l 

~d<l block ~·~s vertical [ra<:c~rc """~ i:-lt>~< 
'~clius of n.~G76 fcct am' oucer .-adn:s oi 
2l.S67(; + .0~~/2 ieut.· 1'\gu!'c (. illustt•aoes 
this r~dial-z ~rid for t~c !issure-~~<>X 
~:,ut~tion. Fluid ~·as ~·>eh<h~·,·n üom th~ 
~~~:um 1.000-~oot Lhick vertlcal tracture 
~!oc:~. 

Grid !lloc~ 

10-foot r•.>tnx 

.029-foo~ hori,ototal 
fucturc radial 
bloc% j) 

.029 x .OHS-foot 
iFacturc in~erscctioto 
block 

10-fuot vertical fracture 

rore Volu""· 
Reo. nhlo. 

569.9 

8.26 

• o 1 o 6 

), G6 

Jnillal res~rvoir prcssme wao 270 ?sia 
.:>t l<>p of [ormation and ~cmou:.>turc ·~as 
400'1'. Overbu:<!en heot losS (g"ill) ha~ a 
r.mal) nffoct .w<! ~·"s 1\1~"""'· i!e"t COOl
ductio:~ in Lho' =~rix "'"" 1:10delcd usónq a 
therm.oJ condu<:tivity of 38 Ulll/11.-~,,,.-•1'. 
N.Hrix rock h~ao C.:l?·•city -~as JS atu/cu.iL. 
r<:><:k-"1'. Relntil•e penc2obiliUes ot E<¡u>
twns (2(,) !>nll ~ hncur ,-oc~; ca~lllury 
prcs~u~c cu<v<: of P a O at S ~ ·¡ p ~ 10 

e w ' e 
psi üt S~~ O wcre u~cd ior l'lülrh and zcro 

<:apillary P'Cs~urc 'nd linear ~r- 5 curve• 

""-"" uoc<l ror the tractures. 

'!'he 2 x _H {ro.:!>al-,.1 ::'•ocrix-!isourc 
sio;ul.uoon ~-as ~u~ ~o l, 500 <!ays for a ~3'0C 
of 40 lbo/bour 3~r: to C:'ú~ <lo:¡3 J:or a rat~ 
o( lO l!.s/hour. 'l""o tun5 •oer~ ""de ~o~ ~~c 
.;o lbo/hour '"~"• "he r;n;t .,¡_""· " co1'~'-~~t 
30-d"y tJt'"' ste¡-•, thc sccond ·á~h a cOJtSou~t 
60-d<>-1' ti"e slep. 

hgure 7 oho•us <.:alculoOcd ~-~ter s<>tu¡-a
tio~ vo. depth ft~ topo~ tor"aoion a~ l.~~~ 
dap for L~•" ·lO !Ds/0\uur ;¡<o%cL:.on r.He. 
7ho sol7d·hncs co,res¡;o~.d to t~~ JO-:;uy ti:-.o 
stcp 1-:h1 \e Llw. cirolcs ünd ~ashc~ lin~ sn-ow 
rcsulL" !or Lile 60-Jay s~~p. -;'he vcrtLC~l 
tic t>arks ind>cato o;at_er sa~ur,~ions in th~ 
first radial hoü;catül [r,,ctur~ tJlock$. 

This fi~t\rc nro.,·s ~he FOo,· rccov,ry or 
«aler :rot> th~ r::at~ix blocks due te :;he 
Cdpillary dlSCO~~i::"J.I.iCS lf'.!'<lSCÓ by ~he 
hor''-"l'tu! frac:Lu~'-"· t:ach "'~trü blcck 
above Lhe {\•crt>c~~ frac~urc) s~<:ao-·.·a<~l" 
"""~act HlmsJcr.Uy dr<nns tow."-d ~n 
cc¡uJ.libn~" ~i~.al "-'.tur,>OJ.On v~. dc?tt: 
dlSt<it>ution dctcr::',::ncd by thc rocl< ca?illar;• 
p¡:essu•c curv~ ac,<l :~e '"'" l'c conclit-J.O~ .n 
e~c~ m~trix block bottom irn~oscd !>y the 
hori;.o:,tal f<",,Ct>.:rc_ T~e ~lgnió~c;>nt 
trans>er.t c~fcct a inéiea~cd by t~c <iccrcas~ 
in ~·accr reco'/CC'< ""Lh l:'atux bloc.'< éc~t.~. 
This is duc, o<' ~o=sc, to ü.e t:mger ~i~.es 
of ~ra1nar;c ~~¡><>n=ccd by high~r locatec! 
n.nnx noc.~~. 



• 
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Thc horl.zon~<>L fr.;ccurc blocY.ó o,~~asitc 
~~''"" ~aturHcJ v~nlc~i tr,,~ccrc 

r.>e>C~l· ~l~'-' '.?o',ld ]00\ :C~um 
;,:oo;.·Jc ~~.<' sc<>.l.~-~-•~cr c·.>~t.oct, 

n9 ''""" t.h~ ~t'-O·"• o! " 
,. '""Lcr:; u,., i">ci=cnlal óroctc<re 

J: <>~d tho•n :>r~'""~~u.,lCv r;c-.·~ vo•n¡cal
lnto t~~ to:> M Ll'<l ;H·xt .1 ~·.•-or rna(n~ 

¡·H\.C'r t~.·r. l.~t.,rail·¡ l:<to '.ho •:c<tical 
1'hi~ •.:·c:-,r~ncc '3 v~r)' c·:c•c to 

'.'ll'OOC !~t~CO <•ISUJts ilrC ~:lo-·n hy 
;or!r.t'>uLs <>~ "Jtcr ~r.<! He~" i:-LtcrblocO, 

r,H<> :-";c.1tUC:C5 und <l>re<:tic.n~ <>t 
~elf'Ct~<.l L:.,..c~. 

Ti>b1<' 7 ~~:;,;;arhcs ~-,.cea~" ilcr«:ions 
pcr lir..~· ~tep, • .-.-e~a~c s,,tu"al.><>n ch~n~e 
(,.,a~i··"·"' o•;cr gn•i) ¡oc·r Llrr~ ":<•¡:o .1~d <'U:'l
pulin9 cio·~s for '~'" t-~'ea :~~~turt"l-no.tnx 
~imt1l-1Uon ru,-,s. ?he, n~<¡lic,-l~!e ti m~ trur.ca
Llon er r~• :"<•r JO· end ~O-Ja¡ ti o'<' sleF~ 
shu-_.n in Flr,urc 7 is ~otoe~~ot •~rpn;,oq in 
lic;llt of t:>e 0\"C!J·aqe ""'-'•""'"iun ct,mg<• ,-,~''"' 
¡ro:n . ~~ for t:.~ JO-.-~-:;• ~:e" to .óG Oor ü.e 
~0-d~y "ü'P· The .H !1~u::<> os aC[L>.rl)y 
<'""~~n-~tive ~1nc~ ¡-¡ Vo•r,ioo1 lr~Cture gtid 
!,.loe;;~ •:ere s·.·~;ot f~v:;o Q ~o lOCi. stc~rn 
"·"'"r.Hi<.>r. on o::l)" :o, ~ocps in Ec:n 2. lio 
tirlo ote;>~ ··~re r•·~~at~d d~e t.o ~ivcrc;en~e h 

o!' ~~~5c r~~s b '!"~~ oO ncat·1y 1JO\ 
" ·~n ch,,C,90'- '" oc.•' ~~·'!'!o~ ~he .~l ~n 

fu~ ~u r ~- b ~~~5~~ l len <¡d d t.! oc>.~ . 
,,~,¡ 2 c:·-·on;;nc~d ,, m:~bc'' of 

5C~p!l of SQ-lGJ~ S<~c~n~~on ch.•n<;~- ~u~ 
co.,~·~~in<¡ ll"" o·o~r<'5¡oa!;~~ to a LiO'~ 

hlo~·,-~,~p of <•l.>ouc ,01 5"Cor:ds. 

l'igur~ a ~0"'1''~"~ t~~ c:~~ct o~ ••;;;~:·;, 
i"g ,-H~ OfL r,.HrlX-.">~~~'e si:-::u!.ltbn 
Thc c~lcul.,c~u sHU~~uo~g t~r !<~" 1 •'~ JQ 
Jl.•O/llour ,,-,~ !'.un 3 at ¡o li>c/!•c~;- .ore c•>~

pnrcd ''~ Ü::!CS o~ e<;~~l cunt.:lati.·Jc pro<Juc
lion. T~e s~e.,rn-·•H<'r "'""·'Ct fM l.ltc llighur 
r.tlc ;, .:Ol {l~O fc~t vs. JOl ícet) <Jc~pcr 
<lU<' to ~:-," shortcr ~;_,., aV~lla!:lk toe 
tr.m-,lcnt ~·.Hcr (!r.ün.-:gc frO<' lile "'·'lrix 
t.loc'ks at.Qv" the co.-:tac~-

¡::::';c~·¡ccc~i;•:•':\" two;., i :: i c-.~ 1 a t ion 'e ou1 :..S wer~ Lr run~·'"<l the _.,cx!el '" onc-
1 vnrc1c,JL '"'''!~ \t5Co:q 2-l 10-foo~ 
o~c l,OCO-~oot b1o~~- The d~shocl 

·,;;; : !'iqure 9 ~'-'"'-' r~sul~i~\\ c,,lc~1,otcd 
" r,,,o_urotioc. V3. J~p~~ u~ 1,500 <ldl'5 ~or 
an (co;;tiv<!" pcr.~c~;;;¡;,~ o: ~O md ~r:d d 
pr.<>ducing ru~ o~ <0 1\os/hou,-. Crilvhy 
[Occ<•n <loo::inilte 3r,d th~ co~ven:lo~''1 re~u!ts 
slio ... ~ sh3!p tro~sit'~~ :o~c •oor:> 3 <lraine<l 
(S,..~f;\<C~.2) un¡cr· ,-"~'-""lO lh~ !00~ WH<'C 

zonc. The l~.>.nsct'.cn -.:en~ !S consid~rab1Y 
h\<Jher til.,n L.'le l:',atl'lx-iiss~r~ ,,r:-.wlatlon 
r<>SUlts ,.¡., .•. ,~9 e:~h~~ t~-C ,_,_,,,_ or the 
vcttic.ü r,-,,cLurc ~t.~~,,- .. ·~tel" conL,lc~. 

Wc can .:<chiN'C "or:-c•>ho~ gccMtcr re~ \lo_-, 
in thc eom·,,c.tH>n-'l ~L;nv!.•~u•n b\' ~oilio1~..: 
'~"' r~ct ti;.H :he c>¡>lll.Hv <l1$cOn'-'"~:tlcs 
c~ch ~O ~~''t ;,•pos~ ,, n~.':b,u,., iíll~l r''""""Cr\
ot ""'-'" (b\' flow ,,¡"~") •·h¡ch c:<n Le ;orc
dc~~n;¡ir.c.-:! u~io;<> tt-.c rock c~n:ra,:· pr.> 5su,~ 
<:U' V<', thc <0-!0ot ro.Hn~ blQ~.L. hUl~llt ,,~,: 
t!;c .J6~ psilfo<>t "'"'<·o-st.ca::\ .-:!cns.o;
{~r,\1.H~.~t) <Jit:cn·~cc. ro:-lo~·•n<J "~'"rcn.::Q 

{8] "" int.cg!',>tc t.hc ~~-- Pe reliition Ovec 

t.hc ~e fect using t~~ !act t~.H 1'~ ~ O nt 

m"-trh block b.:lttom "~-~ ~l~.d· thct~ t~-~•l 
tüni""-"' aver."'" r.t~trix bloc~ "•"aL•'r satu:~LOo~ 
ls .'-17. Usil.g Lh~s v•duc for s..,., in ~h~ 

rcl.:1t1vc P«<:ll~ahjl;;_y cquations, lhe co~
·;cndondl oi"''-'iouon qi•:es lh<• ·.·a~cr ~~t~rn
tlOn pro!>lc i~_.;¡c~tüd Ly the l"-<9Cr ;!~s~ed 
J>c.c in ¡·is':ra 9. 

Furt:-,er a~¡us~r.cn"s in v~rious d~ta 
<Ll?hL tw or~é,, ~"' tt~,rnw thc <lifó~ocnce 
bct''"'"' :-"-t<;.~;-Oj$S~re an~ conv->Cl~10:\i>l 
sinulation ><'S~:CLs. Cc~~Hl<>dng lhe b.•SlC 
dJ ""'~""~ in .,,.,¡,,,c,io::o5 for Lhe co~·'c"~'"~-" 
.1~d O'IO<C! corree' =~nx-tissure c~1"~l.,ooc .. ,, 
~e hold 1 in),., I.CI'" for !;orcLn<¡ ~<:cu:·,oc:· ,;reo, 
~ COilVenClC"-dl ~: .. uJ.~t0C:>- ¡n ¡;~Cl.i<OU!,~. 
ti--~ ~hove ~~sr:r:~c<! rav• ~u""" {:"t<_"o~ S) 

is Hho;.-:> by th._, """" r1~o:<0u~ ='~ix-f!~Sl:l'C 
si:ou1a=1on, l•ut ~>lL !,:• con"'"'·~~oo.~l c,;¡o·:la
c!on {unJ.<>ss lk l'"r"''abüiLy 1'o~:l 10 Vd\" 
1 o·.·¡ 

1\ fu11 '.hrce-di.:;,~~sional Ol::~u)~t>O~ o~ a 
fracturc<l•r.otri~. rc,.e:·;o>t •••1'- :cqu!t~ tylc~ 
in tltLS .,,.,-ucnJ c·,·c-,!Oro.cns•~~-'-1 1:-:: "'-'C0:1~
~;ssur~ c~lculat:~n to ~ :·~o-cl<:>~!':~ior.oi 
~re~] c.-.:<:ui~tior. ~·~~r,.• t!W a:cal t.:o~~~ 

c•om:'"'"'"':~ ~!lt'Oa¡h the •r~ccure sys~c.-o and 
the in~ed>bclt; ~bws rcflec~ •.he ~l~[ercn~ 
"'~o<:L<or" <>< ar<O~l bCcc~ sl~.lC1-I<"•'l•or cont~c~s. 
Tl\i~ l"sk ><iU i"mlvc a si<?~,fiel:lO c!Ooo~ 
in logic an~ CGJL~<¡ <>:ld ·~ill 1n "~"Y ca,,-., 
rcc¡•~i1e dh!:ins "' :'ixcd "'~""'Y ;o1CnOc.es. 
1'he t1<o-dine!'IS!C~lL il-Z ;:o..llr;.~-fiss~:~e 
caJculaticn d.-,~c,-,!ocd h~"" h ü<.lequQ~c oc.l}' 
i! th.; arc:al <J-r<>--o:e:lt5 ,..¡•.hir. the reso>r"JO:r 
are a~5u;ocd ~"--'-ll <Jue to high fr~clure 
cOn<i•JCllvÜ)'. 

The ~jor t'í:!crcnccs l>e:'-'~cr. coc.vc:o-
tio"al <tr.d 1"ldtrh-ól~Surc ~'-"~laU~n o:Q~l>lts 
J""" C:cscrib.,d acm.o h<>c,o~sc "~ oto t'-'o-¡-nH~ 
flo~· 1n a systc:-: hi'Jlr.q cap¡l:.,~;' disco~
dnuHlcs. \lcrc ._, lllu~tr.;l'' dLf~icc:!tlns 
w)lich ca~ ar;sc "' usi<Jg con•.-,•c.~l<>~~l s1:Cl:!3-
uon •o itrtcrpro·. ;:rc.>surc dra·.·do~~ t~ocs 1n 
fr~ctllrNI·na.lrl~. :ot. water s·.-sccrr.s ~-•oh 
singlc-~¡¡ase ><ater !lolo', -

------- . ,¡ 
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RI:SI:RVOIR MODrLLING 

de~cribcd hcrein would"rcquire a three
di~ensional s1mulation. lf fracture spaein9 
were the ordor of lOO fect or leso, a very 
lar9e number of grid blocks would be re
quired. A bettor modellin9 o¡.>proach in this 
case ¡,oould be a dual porosity formulation 
where interblocl< flo"' i5 assumed te occur 

only in the fraetuu syste•:•::·,::',~"::•:;:•¡•:;•:•~':•::,;;, would be accounted for by 
ene-dimensional spr.erical 

c:y lindrl ca 1 subca1cul:j'j',j'!:•:•¡¡g::::;::;!;!;'::"::'~;~; 
0 

j fracture por001ty in each The 
heat-loss calcu1ation 
[3[ is an uamplo of 

The rnodel described here may apply well 
to an artificially fractured formation since 
in this case the vertical fractures will 
intersect the ~·di. An r-B-z 9rid rep
resenlin9 a s~etrical element 1n this caSC· 
""'Y accurately ,..,.,el well perfor.,anc~ with 
~ reasonably low number of grid blocks. ' . 

An upward concave deviation !rom 
lincuity in a drawdo~·n test curve may result 
from factors other t~an fo~t>on fractures. 
Geothermal reoervoirs with brines of hi9h 
aalinity may p:eci~itate salt "'ith preasure 
drawdown near the well. This can cause a 
&kin factor incr,as1na "'ith time and the 
lllentioned deviation Úo::> lir.earity. lt is 
well-kno~m or other flo"' bar-

now, ". • 
employed "'ith 
hypothesis that 

cause up.,ard curvature. 
tests on "'ells wh¡ch 
thick to<mat1ons, 
ratio of verdea~ to 

s~ll, can result 
Regardless·ot .. 

[11 J • 

number o! thin permeable str•n9ers . 
by soverely 1imlted crossflow frorn Iar9o 
&and volu...,s .••• • .•. In.that.~·ork, _for-such 
reservoirs, the calculated and obs~rved 
drawdown/bui1dup curves failed to yield the 
linearity of conventional analysis. 

rinally, the fractured.!orrn<>tion, draw
do~m test illustrative calculationo and 
interpr~tat>ons prescnted here are not un;que 
to 9eothermal reservoas. but apply to any 
!ormation sub¡ect to Slngle-~hase !lo~ of ~ 
lo~ co~~ressib1l1ty flu>d -- oil. water or 
hi9h pre&sure 9as. 

HEAT EXTRIICTIC:I PROl-1 !\OT DR\' R{)CI( 

We consider a. vertical fncture in a hot 
dry rock initiall:,· at ~oo•r. 1\ SxSKS three
dimenslonal 9rld describes a rectangular 
p.arallelopi¡>ed wit~ ~K • h.• 80 feet and 
~y • .01, 30, 120, 160, 320. Theso dimen
siona resulted fro~ combin•ne blocks in a 
co~parison run which used y-direction ln
crcments of .01. JO, 20, 40, 80, 160 and J20 
fe<!t. The overall dimensiona are ·a 400::400-
foot vertical cracl> o! .02-foot wi<l.th ~·ith 
630 feet of ro"l< <.>ither sid<> of lt. Th<o 
630 feet of rock ir, the y-direc~ion is 
sufficienüy laq¡o that the system acts a• 
infinito for the J,OOO days of s>mulatio~. 
Oifferent ~rids wore used to determine the 
acceptably low spatial truncation error o! 
the·~x~xS g:::id. 

Since the system is ·~~trical about 
the vertical midplane o! the cr~ck, thls 
5x5x5 grid represorres half the system. crac~ 
"'idth.ia 1of no cor"iSequence eXCC!>t In its f' 
relatwn to the k;.- product where k is frac~ 
ture permeability and w is fracture total 
width. In the 9d<l plane j ~ 1 (the c:uc~) 
an x-z tharmol cor:ductivity of 3.8 Btu/ft
day-•r was used. ~~:::osity was 1.0 and 
penoeability ~·as varied over a number of runs 
!rorn lO Oarcies to 800.000 oarcies. In the 
planes, j • 2-5 (hard rcck) ther~l con
ductivity was JS r.eu/ft-day-•r, roe~ specific 
heat was )~·Btu/cu.=t.rock-"F and poroa1ty 
and perrneabi1ity ~~re tero. 

loo•r cold wa~er injection rate wa• 
specified as 25,00~ lbs/hour into the bortom 
left. corner ·of t~e crack (cell i~l. j•l,k•Sl .· 
A withdrawal well ~t the upper riqh~ cor~er 
of ·the crsc~ (cell i~S,J-l.k-1) I>aintalned 
pressure at son psia due to a large spec1!i~d 
productivity inde><- This "'ithd;a«al ~·ell 
produced on delive~ability a9al~st the 600 
paia prcuure. The 25,000 lbs/~.our injection 
rate corrcsponds to actual injection ..,.,ll 
rate of ~o.ooo lbs/hour since the qrid 
represents a ·~~e=rical half of the total 
aystem. 

. ' . F"19ure, 12-sho,..-s-ealculated en~r9y 
recovery" arid producin9 "'"11 botto<Ohole 
temperatur" vs. tí,-.~. Ener9y recovery is 
defined as cwnulaU·.ce enthalpy produced 
dlvided by the sensi~le heat above lOO'r 
initially eontaincd >n a portion of the rock. 
The portion used ls the first )lO feet uc.c~ · 
the last )20 feet c:xpericnced essentialll" no 
rccovery jternperature decline) at J,OOO days. 
The in>tial encr9y in place en theae baacs is 

• 

" 6.944 x lO Btu. Enthalpy of produced "'ater 
i• U + pv "here interna! ener9 y U 1s tero at 
100"F. 
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Fiq~re 12 shows a rapid decline of 
produccd >'a~cr ~c~:~pcu~urc from SOO'!" to 
les~ than JOO'!" 1n thc fir~t fcw d~ys fol
lowed by a very fla~ dccline.Jrom !70"F to 
137'!" fro::~ l,OOO to 3,000 days. Fractional 
cnerqy rccovery i~ 0.1663 at 3,000 d~ys, 

- u equivalen~ to 1.155 x 10 B~u oran averaqe 
of 64 Btu/lb water Produccd (enthalpy rcla
Uve to rero u at loo•~·¡. The ~,·cr~qe te!l>
peraturc correspondinq to this averaqe 
enthalpy is about l62'F. 

The fracture width w controls aystcm 
con<l.uctiv1ty or th:-ouqhput. The corre
spondinq par~meter or qroup o{ importance 
is the kw Darcy-feet product, which is 

proportiona.l to w3 Since fracture pcrme

ability is proportional to w2 • We u~ed 
pe~eabilities up to 800,000 oarcies with 
the .02-foot rnodol dinension for t~e 
fracture. This 16,000 Darcy-foot kw 
pro~uct correspon~s to a fracture ~idth 
of 4 ~ usinq the fracturo per~ability 

equation k • 108w2 /12 (w in cm) . Fracture 
~idth, i.e. the k~ Product, had na cffect 
on the calcu1ated recovery and te~perature 
&hovn in Fiqure 12. 

Model ;uns wue r:~&de "ith the injec
tion well located hiqher, 200 feet fro1:1 
top of for~tion in cell i•l,j•l,k•J. The 
chanqe o! injection location had no etfect 
on calculatcd recovery and praducinq 
te.,perature. 

Fiqure 12 alao shows ealculated re
eovery and te.,perature for ~ larqer frac
ture of dimens~on BOoxeoo !eet. ~qain, 
the above de•cribed kw product and in)ec
tion weli location variations had no 
effect on tho ealculated recovery ond 
producinq temperature. The larqer frac
ture resulted in a con•iderably higher 
bottomhole producing ternperature vs. time 
anda lower fractiOnAl enerqy rec:overy. 
Ca1culated absolute energy recovery at 
3,000 days wao hi<;her for the larqer 

fracture-- 3.53 x 1011 Btu vs. 1.155 x 1011 

Btu !or the 400x400 foot fracture. Thuo, 
a fourfoid increa•e in fracture area caused 
a threefold 1ncrease in energy recavery. 
Averaqe enthalpy of produced water ~as 
196 Btu/lb correspondinq to an average 
temp~rature of produccd ~ater of '92•r. 

The run~ w~re performed using automatic 
time step control due to the rapid inLtial 
trandents. With a Hrs~ time st~p of .l 
days, a subsequent m1nimum ~t of .2 d~ys, 
control by ISO'!" :n.aximum qrid bloc< tem
perature c:hanqe per time step and ~ 
maxi!l>urn time nep ot sao da1•s, the model 
took ll time steps to-J,OOO days for ~he 
100,000 Oarcy perrncability. Co~:~puter time 
for·this run "as (6 CDC 6600 CPU seconds. 
TWenty o! these·seconds were required for 
the f1rst two-timc steps. 

Calculated results for perncabilitics 
lftSS than lDO,OOQ oar~lcs exhib~t~d no 
circulatory "free" convcction type cclls 
.in thc vertit"l fracture plane. Tab1~ 8 
shows an cxornple o! thc&e results at 
3,000 days for the case o! a 400x400 
foot fracture, and 100,000 Darcics frac
ture permeah>lity whio:oh corrcsponds to a 
2 mm fracture width. The table •h~s 
calc:ulatcd pro~sures in thc fracture plane, 
temperaturcs in all pl~ncs and interblock 
flow rates lpos>tive to the right and 
vcrtically dob~ward). Water flow is 
unifo~ly to thc riqht and upwards away fro~ 
the tn)co::tion in qrid o::ell i•Lj•LJ<•S. Tel:l· 
perature unifo,-,nly inc:rcases to lho riqht an< 
upward (in the directions of water flow) 
exeept in the top row. 

Resu1t& for the 800,000 Carey pcrrne
ability di!ferod markedly from those just 
described. T~ble 9 shows pressure, te~
perature ... ,.¡ flo"' rate distrlbutions ~t 75 
days for the 800x800 1oot fractUlC with 
800,000 0"-~des. y-direcuon spacin-· "'as 
altered in thi!O run to .01, lO, JO, >~. 180 
fe~t. The flow rates in Table 9 show ex
tre~ely stro~g "free" convection cells in tho 
SxS qrid of the vertical fracture plane. 
Water is in !a.ct ~lo,.:.nq ~ownward bto t!\e 
injectinq cell i•l,j•l,J<•5. The !row-d1s• 
tribution is complex and the te~peratur~ 
chanqe f~o~ le!t to right a1te~nates in sign 
in alternale ro"'& corr~Bponding tO a:.~er,a
tion in direction of hor1zontal flow rate. 

Tablc lO shows pressuroo, ternperature ~n• 
!low rate ~istributions for this 800,000 
Darcy c~se •t 3,000 days. While the !low 
rates are ruch IliOn> uni!Ort.l with flow 
unifo~ly u~a:d, thC free convection stiii 
~xists with so~e horioontal flow fro~ right 
to left. Oeviations from a pattern of lml
fora temperature increase to the ~i~ht and 
upward are <mall boJt exh"- and are cQ:n<>lex. 
This 800,000 Darcy run was rnuch <>Ore di.f
!icult than the runs !or 100,000 O::" !e~·er 
Darcies. T~e number of tiiTe steps increascd 
to 21 and t"-"1?-:lter tim<! increased to H4 COC 
6600 CPll se~:><!s, largely ~ue to d'verqence 
and repeat ot one of th~ time steps. 

These !ractured hot rack simulations di 
not employ ll.n'i enhanced heat conduction to 
the, frao-::ure d:.:e to ther...,l crackir.g im':uce<! 
by ternporat~c de~rease. A functicna.l re
lationsl>i? ~et'-'een thermal con<!uctivity and 
ternperatu::-" or tcr:~perature change can be 
includcd In the madcl. Se>ch a reia-::ionship 
and associated pararnoters r..iqh~ b<! ~~du~~<! 
from labor~tO~"/ or field expcrtr..cn~al d.:>ta. 
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An impllcit, three-dimcnsional geo-
<_: .. •rmal modcl is dc,.cribed nnd P"rtially 
PV~lua~ol. in respect te sti.bility or tioe 
"nt·•p toleranco. Tl'te mool.el is only pHtly 
implicit in certain applic~tionO wl'tcre 
verious terma associateol. "itl't "llocation Df 
"Bll rateB among open layers are treated 
tncplicitly. 

The ioplicit model stably acco~~odated 
ti~ stepa corres?Dnding te 80-100\ S"-tura
tion' cl'tange ·in· a grid'- block• anol.- throughput~•, .. • • ratioa·the order of lO in several illustra
tive oultipl'tase flo" problcm~. This compares 
with our cxperience Df Lioita o! 3-10\ -
Sllturation change and ttlroughput ratio of 
roughly 20,000 with semi-implicit geothermal 
and oil reservoir modela. The i~plicit model 
atability allCI'Ied-inclu.ion;of fractures•and-.
weHbores as $mall-volume grid blocks in 
u~verai oultiphase flow test prcbi~. 

' An analyticai derivation iB preaenteol. 
for a well deliVerability reduction !actor 
~hich can be u&ed in simulations us~ng large 
grid blocks. The hctor acccunu_ for in-_ 
creas•d-pressure drop near the well dueto 
hot water flashing and stearn exp~nsion. , The =odel was used to simulate two-phmse 
ol.epletion of a froctured matrix rcse=vo~r 
with horücntal and ver~ical fracturea in
cluded' as qrid ·bloc~&. The results ~ere 
pooi:ly rnatcheol. by conventionol-simulation ~ 
which treots the reservoir as an unfractured 
foroation ~ith high effective penn,.ability. 

1 --r-
1 
• ·¡ 

l 

Simulation of a sinqle-phase !low, 
pressure drawdo~ test in a tight,formation 
with tlori%ontal !:<"actures sho,.ed•upwarol. con-

- ""ve curvature Df the pressure dra""<io~ vs. 
ln(t) plot. The degree of calcul~ted cur
vaturc and attendant interpretati6n d>f
Ucu}ty increased Wlth decreasin9 JMtrix 
permeability level and decreasing horizontal 
fracture apacl.ng. 

The.final illustrative_application-
r treated heat extnct>on fro1:1 a !ract.ured, hot 

dry rock system. For a g>.ven cold water 
injection rate, the calculatad energy 
recovery and production well water tem
perature vs. ti1:1e .. ere not aUected by 
fracture per.:~eabilüy-width Product or in
jectlon well location. Tl'te fracture con
ductance w~s·varied from < to 16,000 Oarcy-·-
ft, while in¡ection well location ""S varied 
only frorn the bOttorn corner to the rnid-depttl 
o! the fracture plane. A fourfold increa&e 
in fracture arca froo ~OOx~OO te 800x800 
squarc feet resulted in a threefold increase 
in <:alculated cnerqy recovery at l,OOO days 
for the &ame cold water in)C:Ction rate. 

A limited !nve~tiqation o! time trunc~· 
tion error indic~tcs t~~t acccpt,;bly low 
levols can occur In spite o! average ~xi~um 
(ovcr' grid) saturation change5 per time 
step as high as 60\. 

}. -'"-' ._..._ cross-sectional .a:ua,normaLto ~""' ... ·~ 
!low, ft 2 

e oompressibility, 1/psi 

·-Cp specifio heat, Btu/lb-'r ~ .. . '"· -..... . 
(pC¡;J¡¡:o· rock apeciflc heat,' Btu/cu.ft rock-~r. 

fw water phaBe vol~tric ~ractional 
n~ 

t
9 

9aa phase VOl\L..etric rrac:tional fl0>1 

' well deliverability factor, !raction 

enthalpy, U + pv, lltu/lb 

absoluto pen:.eability, Old 

kr relative perceability, fraction 

~ _. --- relative l"'=e~bility ~O <:raa•at ~ 
rgcw irreduciblo "ater saturatlon S 

•o 
the~l ccaductivity, Btu/ft-day-•r 

numbers of grid blocks in reservo ir 
<¡rid ayst=, in x, y, ~ directiona, e· 
respcctivlllly ·~ • , 

q desired or t&rget production rate, 
lbs H20/dq 

,. 
"' 

entJ:talpy p:oduction·rate, Btu/day 

heat losa rate, Btu/day 

water vapo:¡: pressure 

gas phase ¡resaure, psia 

wellbore·~ing-pressure, psia 

capillary ¡:ressure, Pg- P.,• psi 

throughput ra.tlo, Equii.ion_(lll 

radiu.a, fed. 

• 
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x,y,~ 

exterior radi.us 

wellbore radius 

Reservoir aarrels 

akin factor 

water phaae saturation, fractlon 

qas phase saturation, fraction 

qas uturation at 

Irreducible .,ater saturation 

critical qas saturatlon 

time, days 

time atep, tn+l - t
11

, days 

temperature, •r 

water satun.tion temperature, ., 
interna! energy, Btu/lb 

qrid block pore volume, v; 

qrid block bu1k vo1ume, ~.<¿y~r. 
cubic feet 

apecific volw:.e, cu. ft/lb 

fractlon width 

quality, mass fraction stea~ 

Carteslan coordinates, feet, r 
measured posi.tively vertically 
downward 

~x.~y.~z qrld block dlmensions, feat 

o 

time differcnce operator, 

iteration 

6X S Xt+l 

dlfference operator, 

o ,, 

porosity, !raction 

density, lbs/cu.ft 

specific weiqht or qradient, 
pai/ft (yw • o.,fl44) 

IIIObility, k,.J~ 

rescrvoir hcat conduction trans
missibility KA/t, where t • 
dlatsnce between qr>d block 
ccntors, Btu/d~y-"F 

gas phase transmis'Sil,"ility, 
(kl'./tl (kr9o9t~9 J x .006~3, 

lb• qas phase/d~y-psi 

water phase transmissibility, 
lkl'./ll Ckrw",/~.,1 x .00633, 
lbs water phase/day-psi 

~(T¿P) • tx('TXAXPJ + ~y(Tl'~YP) + ~ 0 (T2 ~ 2 PJ, 
de!ined as indicated above 
Equlltion (5) 

' visoosi ty, cp 

SOBSCRtPTS 

" exterior 

' qas (steam) phase 

i,j,}; grid block indices, 

' 
" 
• 

qrid layar n~er or index 

{superscript) itcrat>on number 

time level,_ t
11 

saturation condition 

x,y,z denotes x, y or z direction, 
respectively 

L 

'· 

'· 

water phase 

wel.lbore 

Coats, 11. 11., and Ramesh, 11. B., 
"NUillerical ~odclin<¡ o! Thon::~l 
Reservoi.r 3ehavior•, ?rcpnnt orescnted 
at the ~B±b Annua1 Technic3l MCoting 
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hkd~ p ~ .. ~ ... 

' - ln!L 
r P -r-:;; dp 

• • 
~ 

• 
-. ( HJ 

O< 

- hkU 
l(P,pwb'Sg) ' --.. 

" '•-•• 
(37) 

• 

where the Integral I i• a function only or 
the intcgr&tion lbnits Pwb'P and-o! ate<>m 
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_at 11 because, as"' 
·- 'show;·the integn.nd J...,o.,l(l-XJ· h 
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APPENDIX 

CALCUUTID~ OF DELIVEIUI.BILl'f'Y FACTOR t 

ll'e consider two-phase, · steady-state
steam-~ater :lo~ !ron so~e exterior :adiu5 R 
to wellbore udius "w· The point lt io 

assumed to be saturated, and presoure is P at 
R and P,.b at "w· 

oarcy's hw <;Jives li<;uid •bter phase 
now ute at any radius as 

- q(l - X) - ( 35) 

whcre X is flowing steam quality, q is total 
flow ra.te, .lbs H2o¡day, k~z is ..S•ft product 

>< .00633, \, is krwlu,. and o,. h 10atn den

síty in lbs/cu.ft. Inteqration usinq the 
fact that q is constant qives 

-- . 

valucd calculable f~netion of p~essure p. 

FlQWing quality X is related te frac
tiona~ flow by 

.... 
' - 1/{1 + f p /{1-f )p ). 

.. w' w g 
{ 38)• 

and onthalpy per lb of !lowing stream is 

(39) 

At steady-state, flowinq stream enthalpy lo 
constant and fro~ {39), 

. - ( 4 o) 

whera the dependenco upon pressure alone 
tollows·!~om tbe fact t~at H is constant and 
saturate~ watftr and steac enthalpies are 
sinqle-va. ~d !unctiona of preuure. fro"' 
Equation {. ·', 

- • t,. (p) 

(41) 

where the dependence upon pressu~e alor.e 
follows·frOII\·the fact thn 3aturated ~<ater 
and steam densiti"s are Sinqle-~alued 
!unctions of pressure. 

lf p and s
9 

at R are qivcn, then _ 

enthalpy H can be ealculated frcm Equat>cns 
(38) and (39). Given 11. '-~ can :-alcul~tc 
the Valuea of X(p) and f (o) at'any prcss"~" 

- w • "" . 
f~om Equations {40) and {41). -:"h.us, the 
intco,¡ral in Equation [36) c•n be numcr>c;>ll~· 
intc<;Jrated for any qiven v~lues of P, Pwb ané 

'•· 



• • 

. -
• 

• • • 

• 

• • 

• 



l 

1 

• 
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r 
,•onsider a qrid bloc~ o! larqe 

,.,.~ ',:·;" M~~y. l<ith equivalent encnor 
:o~o·nst<' ' 2 . 

1 
,¡,lcrmined by nr0 "' t.xAy, Asswoin<¡ 

uJ>~" l'r 
, ._ '·''" dnqle-phAse "~ter !lo"' !rom an 

1 ~:.~~;~,,~'"'''''" condition at r., to satuution 

-· 

t R p,,cy•,. hw qives 
;"'" ' 

q • ~~-~ (l.,.,~.,:, + l
9
.,o

9
.,J {pe - P) (42) .. ¡.,,,-

'H~ p h pressure at Mturation point 
;~~ous R '""' lqe 15 zero if R < r.,. Equation 
rHI descrit.ocs now fror:1 saturalion point R 
to r- an.! c.:~n be written • 

• 

~olving for P.,- P'from (42) and P 

IH) and-.o.ddinq tha results qives 

2okAz(l.,.,owe + l 9.,o9.,J 
r (p.,-p,.,b) 

' 

e 1- ~ 
n¡¡--+ T In-

'• 
' • 

(Hl 

fro111 

{44} 

( 4 S) 

In t:quations {44), (45), H the <>Kterior 
'•diua r., i~ undersaturated, lqe • O and R 

~~st be calcuhted by tria! and error i! P., 

•nd Pwb are qiven. P is, Df eourse, equal to 

Satur&tion pressure corr~spondin9 to tern
H<~ture at r.,. lf q is givcn, then R can be 

~alculatcd directlY from (42), 

H the exterior radius r., is .aturated, 

t~en R • r , P " p and ~quation (44) beco::~es • • 

' • {46) 

·~-ere t 1s •¡iven by {45) with P • p , 

" 
,. Wo; hav .. used an o0nalyhs drnil~r to 
"·H 91V~n ),nre to calcc;hte ""d\lccd deliver
'~•lity of <dl w~Hs duc to ~el<'&Se and 
'_ ·~~n.,on or solutlon o;oas <ICCo.,panying pres

.. ., <leclJ,., near the well . 

. - ... -----------------.. --
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ro ..... tlon Thlc~neoo 

Pe.-obiHty 

Poroslty 
Wd)bor~ Rod!uo 

Exterior ~•dlu~ 

TABLE l 

Initiol Prnsure at rormatlon ~P . 

Jnitlol 'l'e"'''eroturs 
toiUal SoturoUon s,. 

Caplllny rrenua 

krw' ~,9 !rot11 Equatlons (16) 

lles. and Overburden ~ 

. ~-• ~nll Overbo,orden Cp 

• 
• 
• 
• 
• 
• 
• 
• 
• 

• 
• 

... " lOO """ 

'·' • 
O.H " 2 ,o o o " HO polo 
uc•r 

• •• • 
'" lltu/H·o-•r 

" Btu/cu-tt R<><:k·'P 

R<>ek Comptonlbllity 

IU.nl- ~ollboU Prenur" 
• • • 10'6 

lfpol 

• '" polo 

' ,, .. ·=· POR.l;; VOLU>I.E 

~ ~ ~·· 
BBLS' 

' 
. •• ·" ·" • ) . so 

' 1.07 . .. ... ·" 4.H , •• JI l. 84 1.07 ... ).28 • " • 1.n s. 00 2. 91 1.84 2.U • ... 
' 21.46 1).57 7.91 S ,oo l. 71 • ... 
' 58.25 16.84 n.tG )l. 57 ). ll • ... • ... ,. U!.lO 100.00 51.25 36." '· G7 • 
• 42~.H 211.14 )58.10 uo.on 1. ll • ... ... • ' ·• ll6o.92 -7l6- u . -. 419. )6. 211.14 • ' S. 2S • to'~ 

" 11&4.~2 JJI,Bl l.Bl • 101 -

0'1'HE.U. POI<& VOIJ.l><ES AlU! FOR 8LOCKS '" 000 100·f'CQT U.Y~R. 

TABL~ 2 

EHECT OF '!')~.!' STEP su& ON 

00<E-Difi>'NSI0"At. MOIAL PLOW 1\ESULTS 

TI!<~, PJ>,Y5 "~ 51f.P sur:, ~;ws 
<OOO ~ ... 

) """ lOOJ •ooo 

~" FRACTION ~ROOUCOD .l670 .1669 .l669 ,106} .l6U 

~Ott QU~tiTY . OSS9 .osu .057& .0511 .on• 
"-"TI:, 1000'• LnS/~R ll S. l 11],8 ))). 9 ll.l.l ll! •• 

!.'1E2 "' , .. l 000 2000 ~ 8000 

~ .. F"-"CTlO~ PRO<>IICE!> .uso .llll .no2 .lCU .n~o .1756 

B01T0>\110tt OUALl;1 .0674 .0671 ,0668 .0661 .ous .• 0638 

~n. 1000"• LIIS/H~ 90. S '"·' 91.1 ,l,J " "·' 
HOOO '" ~.!'.! !.!'.!! :JODO •o o o !.22! !!-º-'l.! 

~· tAACTlON fROO\JCED .<0.9 .nH .un .UOl .u .. ,t)S7 .nos 
I!O"M"OI"<HOLE ()llAI.ITY .1'42 .14 20 • l lOO .u lO .llt7 • l 039 • OOIS 

P.ATE, 1000'• L&S/HR o.s .. " U.9 50.1 Si.l 61.9 
• 

. ~. 

. "' ' 

. ~. 
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TABLE 3 

20 RADIIIL-2 I!ESULTS AT 10,000 Dlü'S 

AA" BOTTOMIIDLE BTU/LB """ AVERAGE 

'"" DPEN TUBING f'AACTION PRODUClNG PRODUCED AT 1ooo's BTU/LB 
,o. l.A.YERS BOT'rO~ PRODUCED QUALlTY 10,000 DAYS LBS¿IIR PRODUCED 

' 
,_, 

' ,1167 • 0769 "' " "' ' 
,_, 

' • 3001 • 0518 "' 46.7 "' ' 
,_, 

' • 4741 • 0486 "' 77' 4 "' ' 
,_, 

' • 3395 .1305 "' 44.6 "' ' 
,_, 

' • 3461 ,1343 "' 44.9 "' ' 
,_, 

' .5565 • 1085 "' " "' ' 
,_, 

' • 5622 .1101 "' 60.6 "' • ,_. 
' • 4579 • 1208 "' 53.1 "' ' 

,_, 
' .• 5574 • 1485 "' 59. 9 - 370 

" ,_' ' .5656 • 1537 "' 59. 7 m 
u ,_, 

' • S 709 .1546 "' 59. 9 "' ,. ,_, 
' • 7459 .7058 "' 38.7 m 

*k ., 500 md 

TA.JILE 4 

CALCULIITED PRESSURES, TE~1FEAATURES ANO SATURATIONS AITER FIRST 2000-DAY ":'HIE STEP 

'l'WO--DlNENSIONIIL RADIAL-Z RESULTS¡ ALL LAYERS OPEN¡ TTJBING AT !.AYER J 

PRESSURE " GRID ''""'' CENTER (paia) 
.. 

' ' ' ' ' ' ' • ' " 
161.5 167,4" 179.7 191.4 202.5 213.2 223.5 233.1 241.5 247.0 
162. o 167.2 180.1 192.4 204.0 214.8 224.7 233.6 242.0 247.5 
164.2 175.2 197.3 215.2 228.9 238.5 . 244.3 249.0 260.7 271.1 
170.1 188.2 219.4 239.4 248.6 258.2 271.6 285.0 297.7 308.2 
176.4 200.7 235.9 250.7 266.7 285.9 30-4. S 321.3 334.8 345.4 

TEM.PERATURE, DEGREES PAIIREN"ciEIT 

361.1273 364.3070 370.9480 377.2541 38~.6283 385.6721 389.5429 393.1817 396.3912 398.4HS 
361.3719 36~.2135 371.1780 377.8018 382.1824 386.2585 . 390.0038 393.3936 396.5752 ~98.65~~ 

362.5504 368.5034 379.6426 lS6.4llJ Jgl.5900 395.2240 397.4500 393.5491 399.0535 399.6CG2 
l6S. 74B4 375.5500 388.0089 )95. 5828 399.0524 399.2727 399.3217 399.5255 399.7558 399.~91~ 

369.1330 380.9194 394.2408 199.8457 399.9718 399.9165 399.8785 399.8967 399.9551 399.9751 

STEA.~ SATURATION 

.• 9999 • 7452 • 7379 • n63. • 7354 • 7339 •• 1325 -. 7303 .• 72"12 • 7210 
.9761 .5917 .5158 .4886 .4734 .4607 .U75 .4300 .3933 .2812 
.8993 .4912 • 3776 .3195 .2613 .1920 .1017 0.0000 0.0000 o.oooo 
. 6668 .4366 .3208 .2191 .0746 0.0000 0.0000 0.0000 0.0000 o.cc~c 
.8510 .4052 .2565 .0115 0.0000 o. 0000 0.0000 o.oooo o.oooo o.ooa~ 
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ill ~· !!.!.! 

" (.tlU] " ¡.nn1 " 
,_ .... , 

' ,_, ... , • (.10001 " 
,_.,., 

• 1.111<1 .. 1-'"" • (.4101) 

• '·""1 • ,_,,.¡ • (,101]) .. (.10\ll • (,>13!1 • 1.220!) 

• 1-">11 ' {,>l7ll • (.IOU) • '·'""' • (,lll!> • • '·''''' • (,l21J) • I-n"' 
' (.1200) • (.lUO) 

• (.1040) ' (.O!HI 

• 4.064!1 

' {.OUI) 

• [.OSU) 

• (.OUII 

' 
,_ .. ,, 

' J.OOHI 

' '·"'"1 
' (. "'" 1 

' (.0>191 

0TIIE OI:<:O•D ~11'% SnP AOTO>O.O.TICALI.Y C\IT T0 lOO ~AYS DUE 1'0 
DIVERCO~CE, Tl<t liT" STEP WAS !00 DA<S, Al.L Ol'!!.I':R STEM 
IIEOE 1,000 <an, 

~AlU! < 
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TABLE 1 

HOT D~Y ROC~ R~SULTS ~T 3,000 D~YS 

400 X 400 FLET, !00,000 OARCY fRA~RE 

' 101.8.-
.lG.l 
170.6 
'05.2 
940.2 

1 

' U8.H7S 
120.3707 
110,5972 
104.7969 
lOl.SUl 

192.0261 
176.nGB 
166.S99J 
160.7664 
1S7.S8Sl 

4211.3812 
4H.24Sl 
421.5898 
'19.1658 
417.9100 

494.8179 
494.5635 
4U,2421 
U4.0161 
4U.e991 

U9.9on 
499.11016 
H9.UH 
499.8929 
499.U05 

• 

i'RESSURE, PS!I. 

' . ' 
' 801.7 

836. o 
070.4 
905,0 
9n.6 

' 901.6 
115.9 
870.3 
'o' .a 
939.2 

'tl:MPEAATURE, •r 

' . ' 
' 1J9.HU 

121.2967 
lH.J?n 
108.1910 
101.1181 

' - ' 
192.6029 
178. 78H3 
l69.9l7l 
161.026] 
HO.J054 

' . ' 
429.H05 
425,7926 
422.5007 
120.Hl9 
H8.U60 

' . . 
U4.U20 
494.6016 
491.)122 
494.C965 
Hl. 9765 

' . , 
IH.909l 
499.9042 
H9.898G 
U9.891J 
499.8919 

' 139.1278 
126.2584 
111.9110 
lU.2686 
101.9581 

!92.6152 
181.4228 
1H,l229 
168.6004 
164.6232 

429.068 
426,4512 
4<13.1117 
Ul.6267 
420.2795 

494.8786 
494.6501 
094.4119 
U4,2U7 
494.1023 

499.9092 
499,9051 
499.9005 
U9.U66 
499.89H 

l<-OIJU:C'f¡O!l f'LOW AATE, LIIS/HR 

' . ' 
' o.oooo 

0.0000 
o.oooo 
0.0000 
o.oooo 

' 2016,]670 
1894.5715 
:l72l.4517 
SJ<9.Hl0 

1JOJI.l58l 

' 4220.t7S2 
JJIS. 5218 
J1l<.2Ha 
SH2. 0178 
H89.1l4l 

Z-D!RECTION fLOW RATE, LBS/HR 

' 0.0000 
-201G.l674 
-l910.9HI 
-66l2.J98S 

-11961.6419 

' . ' 
' 0.0000 

-2204.5087 
-3625 . .,29' 
-46]6.17'>4 
-•719.1240 

' 0.0000 
-2839.6660 
-l780.7H7 
-1682.1667 
-lS82.8J06 

• 801.4 
IJS.7 
170.1 
904.6 
939.0 

• 111. nss 
129.1460 
921,¡954 
ll9.US4 
115.5012 

191. 7UJ 
184.0100 
178.9975 
174.5594 
170.7594 

429,22]4 
427.08ll 
<25.1202 
42J.Il0S 
422.P85 

494.8641 
494.6957 
494.5182 
494.1629 
494.2578 

499.9090 
499.9059 
U9.!02t 
499.899] 
499.897] 

• 7060.H10 
4256.6HO 
J6JJ.6808 
H42.7S14 
S70G.C0lS 

• 6.DC00 
-5064.2291 
-5nJ.na4 
-4018.8478 
-2278,';$58 

, 
SOl. o 
835.6 
870.0 
904. S 
938.8 

, 
ll7.45S5 
134.0)IB 
ll2.ll!"l 
129.)617 
126.0568 

l9l.Jon 
187.S308 
IUS.I~OS 
182.6227 
179.5178 

429.0697 
427.7HI 
426.4752 
HS.ll29 
424.2129 

~94.8519 

49•.1357 
194.G096 
194.4906 
j94,40]l 

499.9098 
499.9065 
499.9019 
499.901• 
499.8999 

, 
12124.8302 
H16. 0297 
2543.9]00 
H92.6891 
)427.611& 

, 
o.oooo 

-12875.1657 
-ISS9.1Hl 
-6010.lOGI 
-H27.6175 
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MOT ORY ROC~ Rr.SUL~S AT 15 PAYS 

800 X 800 FEET, 800.000 OARCY FRACTURE 

' aoo.J 
156.7 
911.9 
tn.~ 

1039.3 

,. 
IGB.lllO 
462. 7~3e 
]99.0010 
Jn.O~H 
111'9. 6JS5 

4Bl.S6l4 
480.5561 
UI.J546 

_ H7.29l7 
ll8.~2JS 

491.8198 
190.5441 
495.6178 
19).9Sl5 
IU, 7310 

699.9913 
199.9191 
199.9660 
1n.1s2o 
IU.BJ79 

soo.oooo 
sóo.oooo 
U9.9999 
199.9999 
199.9998 

' 800,] 
asG. a 
911.9 
975,) 

10H.2 

' 411.2189 
ISl,l!U 
107.62ll 
l6l.OU6 
220,9ll9 

' -' 
U5.4lH 
4"17,H40 
4U, 7848 
419.0025 
JJG;H6l' 

' . ' 
Hl. 9381 
498,;!961 
496.0Jl8 
Hl, 2536 
U6:HBO 

' -. 
H9;9922· 
499,9811 
499,H9l 
499,9464 
l99,U02 

' -' 
500,0000 
soo.oooo 
500,0000 
U9,9999 
UL999B 

' 100.3 
tS6.0 
!H.B 
975.3 

1039.1 

' 474.2237 
4Sl,0Hl 
H6.lS09 
)&7.13ll 
247.4867 

486.9969 
4H.5ll6 
454.8366 
U0.6Hl 
]52. 4652. 

499.0600 
491.0542 
496.4561 
U2.SJ89 
487.6116 

4U.99Jl 
499.9BH 
499.9726 
U9.9407 
499.9011 

~00.0000 
500.0000 
500.0000 
499.9999 
4 99. 'l9U 

X·!>IRI:CTION FL0\1 AA'!'E, LBS/!!R 

' - ' 
' 0.0000·· 

o.oooo 
o. oooo 
o.oooo 
o. oooo 

' 2oaa2. 9777 
-2ló91.12S7 

2Sl70.S9l9 
-2S&61.lSll 

lllOS. lO U 

' 23901.9082 
-27798.615~ 

2%U.UH• 
·l2lSI.l902 

ll6lS. 7540 

l•l>l~lQN FuY~ AATE, LBS/"R 

' -' ·> 
o.oooo 

·20Ul. 0471 
21)S.Ol01 

-22lSS. liJa 
6lOS. Slll 

~ ' ... 
o.oooo 

-101 •. 9908 
1011.1211 

·Jl62.2SlS 
. lJ0.187S 

' o.oooo 
-nS.HlS 
-JS6.ll00 
-oH.4J05 
•109.1551 

• •oo.J 
ss~.l 
9H.9 
975.4 

l0)9.l 

• 477.2610 
ou.70ll 
•a.oo21 

"l]l.ló67 
271.6540 

488.4728 
171.6t48 
IS9.6H7 
I02.l8S7 
l6G.8l52. 

499.1601 
U7.8271 
196.84aS 
H1.8ll4 
U8.8412 

.,9.9939 
In. 98]S 
499.9757 
H'l. 9150 
4U.9l10 

soo.oooo 
soo.oooo 
soo.oooo 
.,9.9999 
U9.9999 

• 217,.1057 
-281]8.0482' 
29lt2.llll 

-1nn.ssos 
ll2l,.HH 

• 1.0000 
-15l.440l 

·H">J.47l2 
~P. 5207 

-llO.<lll 

' 800.2 
850.9 
911.1-
9H.4. 

1039.0 

' 419.9GH 
44l.S2J3 
433.5945 
Jlt.USJ 
HS. 6675 

4n.6BH 
469.0J60 
464.]795 
394.1028 
JS0.9695 

U9.HS9 
097.6109 
497.2214 
49l..Hil 
490.0439 

499.9944 
499.9&10 
499.9186 
H9,9296 
199.9207 

soo.oooo 
500.0000 
soo.oooo 
099.9999 
499.9999 

' 249.,.6943 
·26HO.ll55· 

l66B9,1928 
-28171.6606 

28076,8419 

' O.DGOO 
-41. 12H 

·26l88.0Hl 
001,0460 

-28076.7050 

• 
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' 
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T"BL~ 10 

H0T ORY RO<; K RESU1.TS Nr ), 000 !>hYS 

800 x lOO ft[T, 800 000 Dh~CY FRhCTURE 

' lOO, S 
166. S 
9ll.) 

1000,9 
1069.1 

' 249.9619 
ns.sns 
U4,9029 
153.6767 
106.4126 

265.8160 
2Jl,UH 
2ll.JH2 
172.9634 
126.2235 

124.7266 
299.1753 
179.09'8 
2H.994l 
204.0660 

451.0672 
Hl.0764 
4H.24H 
~2J.OlB4 

l04.44U 

t97.0347 
496.5171 
496,8260 
495.0125 
UJ.SIU 

' 0.0000 
o. 0000 
o. 0000 
0.0000 
o.oooo 

PRESSURt, PS!Il 

' . ' 
' 100.5 

866.5 
933.4 

lG00.9 
lOU.l 

' Ha.ono 
218.9366 
I9o.nu 
160.1790 
lll. 7GSl 

263.9991 
2l6.1S08 
208.7877 
178.9118 
lll.4061 

323.3435 
300.7499 
21G. 73U 
251.0076 
no.H47 

' . . 
HO.H27 
443.3598 
Hl.llll 
42l.BH2 
407.1044 

' . ' 
497.0181 
496.5274 
495,8133 

. 495.0594 
4U. 7861 

' . ' 
' l823.3lH 

2706.8557 
-3422.8521 

2l4.06H 
21678.6244 

' eoo. s 
166.5 
9)l. 4 

1000.9 
1CU.2 

' 246.!849 
219.5740 
188.9332, 
HJ.aon 
H2 .3591 

262.9122 
236.1515 
206.9809 
182.1814 
l41.8l90 

322.USO 
101.1635 
2?5.5776 
:.lSJ.OSll 
217.8984 

450.5302 
441.3921 
UJ, 7200 
424.1298 
HO.l95J 

49'1.0098 
<IH.5235 
ns.ll79 
~95.0655 

494.0234 

' 8511.9081 
l765.7626 

-3693.51H' 
-935.50l2 

18351.3309 

Z~Oli!F.CT10N FLOW IIIITE, LOS/HR 

' 0.0000 
~JBll.8456 

-6530.4136 
-3107.2900 
-llll.l7l9 

' . ' 
' 0.0000 

-4688.5%1 
-048.0656 
-H77.01U 
-3327.2910 

' • 0.0000 
·509 •. 97ll 
·UBJ.OSH 
-5'17?.9014 
-3647.2101 

• aoo. 5 
866.5 
93].( 

1001.0 
1069.1 

• 245.8461 
219.3HJ 
188.HH 
IH.l29B 
IJ2.921l 

261.9491 
216.5108 
206.5027 
IB2.556l 
152.1030 

121.8252 
lOO. 8914 
275.4145 
252.9464 
l26.816l 

450.4661 
Ul.B!J 
Ol.96H 
423. 76!7 
Ul.6JH 

tH.Ol31 
"6. 5012 
4~5.8<54 

•:.s.ozn 
4H.281J 

• ll6ló.871l 
2153.8488 

-2Jl6.771l 
-l0i9.0366 
1471~.0595 

• 
LOOOO 

-5~1;.9598 

-450' •. :982 
-U~LS727 

-43>.!. 7575 

' 800.4 
866.5 
933.4 

lOO l. O 
1069.1 

' 2U.U64 
218.4!54 
U8.990B 
161.8779 
U7.4ll6 

260.8865 
2JS.H97 
207.2386 
HO.l299 
165.9797 

3:H.3ll8 
299.8991 
27S,H92 
250.6793 
238.1241 

~50.5618 
"442.6485 
4lt.549B 
422.7861 
H7.sS79 

497.02H 
496. !625 
49~.8922 
494.9592 
494.5475 

' 19054.8352 
1107.0827 
-129.3971 

-489).8505 
103U.3012 

' 0.0000 
·5945.1321 
-<738.0~62 

·5Hl,4Hl 
-l03H.lOl8 
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fiGURE 1 
OHIVtUBILITY f~CTOA 1 VS, ~. fOR HHUIV[ PERMtAIILIH 

CURVES Of EON (261 
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fiGURE 2 
HODUCTION RATE VS, So• fOR RADIAL 

WATER- STEAM fLOW 

. .. ..,., ........... . 
- ........ , ... .. 

,/-,--- '''""'"' .. ., ... . 

• 

• 

. ' 

".f---,.:,---.;----c,,,---c.:---\.· ... 



i • 



FIGURE ' TIME TRUNCATION ERROA ... 
• • ro .. OOAl·I •nuu.s 

, ........ o ... 
'""" .......... 

t.l ,Oi.TS 
• •• •• ... . • -o - • • ·- ' ' • ·- ... ' ' > • > ·"' • 

" " • , 
·" "' • o • • • • - • • _, .. - o 

o -- ' , 
• o 

' •• ... , 
~- • 

' • - --- • " 
_ ... --• ' • ... • .. 

• • o ... • 
• • • "" ·- '"' 4000 ·- .... 7000 0000 ·- 10.000 

TI M( ,PAYS 

FIGURE 4 

· [FfECT Of PERMEABILITY ON PROCUCTION RATE AIIO QUALITY 
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FIGURE 5 
tFFECT OF PERMEABiliTY AND POROSITY ON 

PRESSURE DECLINE AVERAGE RESERVOIR 
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FIGURE 6 
RADIAL-! GRIO FOR MATRIX-FISSURE SYST'EM 

' ,, 
.O> 

' 

1 

¡· 
• 

-i 
• 
• 
• 

1- .• , ... 
• 

MAT.IX 

• 
"'"TJCAC 

'""''u"' • 
HO""O"TAL 

F"'CTUA< 

• ·' 



• 

• ' 



• • . 

r 1\,lvn<:. r 

MATRIX-fiSSURE SIMULATION RESULTS' 
Al 1500 OAYS 

q• •o lU/MH 

- ~~· >Q DA.S 
o---6t•f00AYS 

IOAT~IX WATER SATURATIO~ 
WERTICAL 
f'.RACTURE 

.;·.,,-c:·c. __ ,-:·----·:·----·~-· 
"-,._ 

O·~ LO 

.. 

.. 
• " " • - "' • • • 
" • 
~ 

'" 

••• 

FIGURE 8. 
EFFECT OF PROOUCTION RATE ON 

MATRI){-fiSSURE SIMULATION RESULTS 
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FIGURE 9 
COMPARISON OF MATRIX- fiSSURE ANO 
CONVENTIONAL SI"''ULATION RESULTS 
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FIGURE 1 1 
CA\.CVLATEO PRESSURE DRAWOOWN,C.P VS. TIME 
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FIGURE 12 

CALCULATED ENERGY RECOVERY ANO PROOUCED WATER 
TEMPERATURE VS. TIME FOR HOT DRY ROCK SY;;TEM 
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