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AN OPTIMIZAT 10N HODEL'FOR ‘THE PLANNING-" ..
OF ELECTRICAL DISTRIBUTION NETHORKS " . . -

: J.M.Cobié&n M. Ruiz C. .
: Instituto de Investlga: iones Eléctricas
.L Quernavaca, Mor.
|
Lh; INTRODUCTION
The problem of structuring a distribution network in space and time :Ls
formilated in this paper as a mixed-integer pregramming optimization medel..
Tha approach also allows for the solution of the prnblem of the optimal
Ilncat_lm of distribution substations and their capacity expansion aswell
as the related configuration of the correspanding prirary-feeder network.'
'nus same model can be used also to solve the prublem of the cptimal de-
slgn in space amd tine of secondary networks with' their corresponding
‘distribution transformers.. The optimization consists of minimizing the
}pres&nt worth.of -the:costs- of.capital 'Investment -and:energy. lnsses in; ﬂle
metwork ., for:the: planning horizon:to be:considered,:. -
}mnng the advantages of the:approach:taken here to- formzlata this pmblan,
las comared to-other approaches in the literature, are, that firstofall,
i{t considers-hasically the actual network and not an 1:::9311231-_10:1 of it,
_iIt also includes the dymamic aspects of the capacity expansion of the net-
work in time, and is able tohandle large-scale networiswitha relatively
amall nurber. of. integer L(binary) variables and autoratically solves the
dmportant problemrof obtaining-the. optimal distribution of poser flows for
‘a given configuration-of:a network:_ The-applicatiocn of thismodel can.al- -
‘sc help electrical utilities toevaluate the impact of changes.in-their cost .,
umrpments and-in:the existing nopmalization~ ofitheir equipment-in.the-
||-'Et|nﬂ:ltk g 4rﬁ]
IThe :solution.algoritim to.the, prabiem:formulated above is a.. specialized..
lhu:anr:h andbound. search  that: takes. advantage: of the:.particular. struchure-
'of .this. problem-to-find the optimal ‘solution more:efficiently... The cor-
iTesponding linear:programming - sub-problens ‘are also of a.particular. type -
- known ias - "transshigment® or - "distribution" problems which can,be - solved
Ive.ry rapidiy, making the overall algorithm very effective.-

FORUIATION OF THE PROBLEM .
NCHENCLATURE 1
T murher of stages of the plam'ling horizom.
NP nurber of proposed expansion projects.
Dt peakuﬁafmﬂufﬂﬁ@ﬂ:&systenattinet o

{a/g node jindex of the corresponding circulatory network).
‘RN {ti,jom,p) / {i,3.mp} directed arc from pode 1 to J in the oir-
; culatory network corresponding to a segment m of the linearized
I power loss-function, with an index p indicating whether or not
i the arc is been modified by the acceptance of project pl}. +.
by {{i,i.m,p) / (1,3,mp) directed arc from node 1 to j in the cir-
culatory network corresponding to a segment m of the linearized
I ?J-‘El' doss finction belonging to project P}l- !
(i,3.m,p} / (1i,3,mp} €RY and i=q}. _ ;
* {LH'..H'* B+t / {1-]:7“;[3]' ePN and itq} : :

q s
]
:







Ty

- B, gmp) /AL g,mp) sBD and Je
¥{jmoe continucus decisicn varieble represanting the power ‘15-‘ af  ap-

{{i,i,m,0 / {i,j,m.00) 2B ood di=g).

[l.r W -\] T oak Firmn gkora &
a D

-

continucus decisicn variable rogrosenting the poeer flew ¢ ars

W, 4
AR (4,9,m,p) eFW at time staga t.
th binary cecisicn variable irndicating wiztier croject p i3 in czor-

aticn at tim: stage .

Ajjmpt unit cost at present valus associated to arc  {i,j.m,p) eR.
Cpt

capital cost at present valus of the requived investrint to start
project p at time t.

Kijmt <capacity of the directed arc (i,j.mp) e™¥ ( If j=n+l the cavac-

ity is equal to the peak d=—ard at lcad ncde iatstzget. I ;=0
the cacacity is equal to tho total dotend Dy of tha nel: JOri at
time t).

H{J..jrrp capacity of the arc {i,j,m,p) =PY,
NE

£g ()

narber of restrictions of legigal and/or technical decendencz be-
bween the different projocts proposed.

furcticonal relaticnship betveen th2 binzs variables in the loyi-
cal ard/or technical dapendance restricticns.
Bi;inrpt unit cost at present value ‘asscciated to arc (i,3,m.2) €PN,

MATHESTICAL, ML

It is assvrmed that: l'.=-l,...,ﬁ- Pl .. WP 21,00 T

T .
Minimize z = I { E B, . K.,

t=1 {(i,im,p) egy Fer 1FPE

::9 :
- B, 7., +I 1L T
:subje:t o L X . + I W.._ -
; (203 om,p) £CUT TR (4, d,m,p) eRCUTg ST
i L X - z W, =haed (7))
': (1,3,mp} eIy 1jmpt (1,jmp) €PTg ijmet
B¢ £ *ni1,0,0,0,¢ £ ¥at1,0,0,0,t . (3}
0 é‘xijr:ﬂt < Kijrnt ; €i,5,m,0) eFN (4)
0 é xijﬂ'[-'it é K:ijt:. '“-}'pt] ; (itjrmfP} ERN {51
0 ;i i]npt = KKi]ITP .llrpt (irj rlTl:F'} EPN. IE‘}
- Ypo = 0 : (7)
1 Yor ~ Ype-13 0 ‘8
. =1
. pre (9)
B B A X - | (101
Y= Olery o an



v

Fpptediant oy =

Satrspieqribrgrenzung wiche uberschreiten.
meq 1 ]

(2]

AEFATRAE =i AT 770 T T R e T T TR MR TRERLFTAELIR RE

b mmmE i) A— o mA i EmLEm] momm .mm — ik m W

e —— g

fixrs all binary var-
{lables corresponding te
jects with irdices
than or ecual toq.
of the T+1 sucees-
vertices of vertex
considers that proj-
g becomes opera-
mal at stage T for
=1,..., THl{stage T+1
an artificial stage
irdicate that nroject
nover becomes opera-
ional) {3).

original restricted:
lem which consists -
f setting to zero

capital costs of

free projects and :
fixing their corresponding binary variables to one or .zero, or both si-
miltaneously,: to:permit 2 paximm: relaxation. of - the- power - flow restric~
ticns.” The.structure of .the.resulting rathematical-problem-is the.cne.
known-as the transshipment .or;distribution problem=(2,5)._The obhiective

function-values of ithe relaxation:for.different values. of_1.are as.- fol-

Jdowseir 1 - .
4 = T-1" r . - T.. qu [
: A - bl r+T T I
2=, = EY ming_ +-Imin{ 4L -E2Ci (v -y o q) {12}.
T gy oo gmg- TR g=ypey s PETUOPET TPERL
. 0 a T b
for t=1,...,T+1l, considering that - L qmin.i;rt=n and. . I ‘min Erl:z 0
. =1 =T+l
— phere min ;:t and rm'.n-;f_t are defined as_follows: .
) a .
.pinimize [ = L A, X. . +
I B ot W {13y
(L,3,mpl cP i - Pt -
subject to L. X + T W, -
- Widmp) coUT 1jmpt- (4,3 m,p) cBOUT_ ijmpt..
L. Ree .\ = £ w,. =0 {14)-
- jmpt  qeN :
(1,3.m,p) qu 1jmpt {i;j;m,P]Equ 1 -9 I
{
Etg_ .,ﬁ'!*lnﬂ;ﬂ;ﬂpt.éfn*l;'ﬂ;ﬂ;ﬂ;t—._____-__._._._.-. e - tma - s = {15-‘}'

T TTTSOLUTION ALGORITHM ~& =~ ="~ T

- » . .
. A'L:ancha:ﬂbumﬂ.'searchismﬂm:tedhhmtneachlevel of the search
tree is asscciated a project q. Any vertex v, at lewvel g in the tree

|

|



g ’ )

5_[Uppg¥_'b;:n-:nd_u;ﬂﬁ_ting} . If q, # 1P then set q=q5+1,‘1:=5, s.r:dgntc 2.
Otherwise, set z = z_ § store Y;t ¥ p,t as the best current assionment. .
‘B {Fath:rru.ng by bﬂmﬁs} Any live vertices v for whichz 2 Z ° are
fathomed. o

R | El-acktracld:xg] . I.E thare are no live vertices go to 8. Otherwise,
choose vertex v where r is such that: )

-%-r: min { z i u.a"vu iz a live vertex ]} ; set q=qr+1; go to 2.

. (Termination). If z=e the prcblem has no feasible a2lution. If
z ¢ w the best current assigrment is the pptimal assignment.

COMPUTATIONAL EXPERIENCE

An application problem of the above fornulation and sclution procedure
was considered and solved in a VAX 11/780 computer in an approximate to-
tal tim: of two minutes. The problem included-the consideraticn of ap—.
proximately. 50: load - nodes -and - 100. existing ares,.with:5 proposed ..proj - |

- ects-in two-time:stages vhich incorporated .a .total of 20 different.arcs;-
The corresponding mathematical- problem had. apnrcxlnﬂtely, 900 continuous .
variables:and :10- binary variables. .
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2. Bradley G.HT G.G.-Brown-and G:W. Graves:=(1974},; -"Design and Imcle —.
mentatien:of Iarge:Scale. Primls "ITansslul:ment AMgorithms” " Managemant
- Secience,Vol. 20,-1-=-34.. .

3. --Garfinkel, R.S5.- ard G.L. Neghauser -{1972}5. Integer ngramnj.ng, Uiley— -
Interscience. -. :

4. Masud, E;.{1974), "An"Interactive-Procedure for Sizing-and<Timing-—
Distributicn Substations Using Optimization- Techniques®,” IEEE Trans.Pas,
Vol. PAS-93, Mo. 5, 1281-12Bs.
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o é_fj_:i_mut £ Kijmt ; ti,1,m,0) eBN. (16)

02 xlj_jmpt h Kijmt (1~ th} ; (1,j,m,p} eRN ; p<g . (17)

0z Xt imgt = K;jmt:(i:j.m,g} eRM, {18}

0 £ Xfympt 2 H:I‘.j-mt; ({,3,m,p} €RN ; p>q. {19)

0z ¥{jmpt éKKxjr;xp yut {i,j,m,p} €PN -; p<q. (20)

"{4mqt = © :{i::i.mf.q} EPN. (21)

-0 < “fijmpt ;H{ijmp;{i,j,m,p} ePN ; p>a. {22}
The problem Clgt 1s equivalent to the ;:t with the exceptions that set

(18} changes to: x, . =0 ; (L,3,mq) cRV. (23)

and the set (21) changes ta: D5 W, {i,7.m,q) ePN. [ 24)

ijmyt = i

At the last level of the search the relaxation is non—existing, so if it

iz possible to reach this level without viplating restrictions fz{'} and

if z _, exists {see figure), a feasible soluticn is obtained to the o

riginal problem, which provides an upper bound for the search procedure.,
'jihe soluticn algorithm is thus as follows:

1. (Initialization). Set z =+« , g=1 and r=0.

2. (Peasibility phase). For r-l,...,ﬂltestﬂm feasibilityof £ {+}=0

{k=1,...,NE), assuming that: =ﬂfnrﬂ-ct< -1, rhl-"l:=1 for 1§t§T+l,

?qt Yq'l:

and Yoe = yrpt”ut ard p<q. . If far some T there i{s no feasihility,then
zm.= L |
3. (Calculation of lower bounds). (a} For t=1,...,T calculate min e;f_t

b a : a__ 5
ardminr.rt. ‘Ifmincltdoesmtarust,thmletmnqrt— .Ifmingrt

b

does not _.exist , 'I'_'['Enletminf:rt=u_
{(b) For t=1,...,T+1 calculats Em,mptﬁﬁzm w, Ifz , <2
ﬂmﬂmﬁmwvmisgemratai,set.yqt-ﬂ for ﬂgtg'rl,
T r+7T_ T )

=1 for T2t T+, = vt and p<q and = ; "Store :

T i
T rpr, Eret a:rﬂypt vt and p<g. Otherwise, continue,

. {Branching) -Ifmli\rewmrtexwaswtaiinsmpmgotnlﬂﬂﬂf—

wise,dmsev&rtex;.;s,ﬁmsissu:hﬂmtis=  min {-z-r-i-t}
Tx'T:l"l'l"T.’-l

[
ot . . i
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Grldll.*nt hthule In bbat lomatival hu:rlmmllg . '{_ﬁy

Part |+ evkew of Mrevious Tr.thnnwnl
by . .
" HIELHI. I.Y. _IIUM\'G!. AND W, EHNTHL'LL' .

b L]
i
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r L
leeroiion onel the procoluce e ropeated untll o prrdetepmined BARpIng condiflon ls

. "mﬂfd {acoc Sxcilon B}, T dpart 1he ';Igoruhm. o b}'plill:l! 164) ol 510 A equal ke

sny wymmeiric, poaltive-defiafic malzlz (lor Inetance, the sdengity maiel).

In cloalnp, the followlng communle are pertlecnt: {a) A Uhe vacuahbl; el moethad,
It (= Importar thal 1he stopslte nbe delermincd sccuzalely; (b rcltani.n; e alpnrithm
EvEDy A ;r n *+ | Beratlora L pol neceagary; hvwover, restarting Lo inclizp nasbde whomover
thw pnslt]vcrik[ln]fﬂums ol the matrix A ix vloloted, Tor l.'-l.ll-'l'l'lﬂlu., I the sl palze n
busccanea neptive,

a

- o

———

-,
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W v3ch of thi provioun Awihods, the stopmbe: o mus b oqtidizcd, da this woction,

. ww prosent techaaien 1o nulve Lhe cfupaton

st Ie. 46 fad the mirgmu of the function F¢x) gvem by Eq. (19} for the ordlaacy gradion. E

' F im0 R

. Yy

r 1

S I |

alparulm nr Bl {30) Jor dw canjupate-pradivnt spd variahble-motri lliurnhml- Elwca

e 1wchnbucs LA Quusloa In'n'D_hﬂ:- the eomaigeration of the Mitan derlvatlve Fu anch perhiapy

Fer all of 1he poeviodt mcthods, we have

where

¢

the sciwad dorivalbee Fo_. e summarkrc chesr d:n-::.tuu kol .

T T,
Po)na G Fogled <P HE

" gey -op

L] e '

{67}

e arireh dizcetien i piven by p = plz) for tha erdinary gradicst mmd B {ﬂ-:lll

Inr the Copjupatc:

wnitns, .

U oshem b the caae, GfF {34 USRS thez il P e AChieme
-

In pracyjee, ool may choa.y

where n I

Fo )= GNPl s M- F - H.'I]T
= W G ¢ 4) - 2lE - Bpl] R

8= /]

14 a smalh gy,

pradicnt lhcl'm-.h aml Bq. [83-3) for the variable-motrie ll'l:ﬂ'll.'lld EH'

{64-2] requlres that the accaml-deTivavive marri Iz} L eupliclt‘lr nleth

168}

(L)

r

T, 'I:ullh Irtu_rE___:l.llm. bt el valww of tha: htm‘ Frs) s l“_

i "1 u-l q.‘ arr :u:h thnt

+

then Live mtnlmu.m ut the unction Fia) occurs o some u'ﬁ.n: ® I Lh nm

NI

+

whozs firet ard sfcond defivatlves are gven by

Fn{n} “h+ zcﬁ <o b+ Ia- nlll
The :l:.'i" :o::l[ﬁ:lem’.l A, B.C.Dare d:tzrmlﬁ by repilring (71) tn mabch L wrdimele i

and the Blbpc af the eurve Fahat o) and g,

efualiona

+

v
LASH (i

Fia )= A,

o ir 3 =B

/ Fniﬂ‘l <0- .,

v

4

F ﬁ‘"l‘ >0

lt'l:n-.'ﬂ'nl

In this rangs, we reproacst (ha functigw F{o) *ITr.h tha Eyis

Fiz) = A ¢ Bia- 9, + Cla - 8, + Dia- o)

]
——
v ]

o —

o) by a1+ Oty -

5} =B + 2C{x, * a,) + IDia, -

[

ulj,

it

4

njit*mzz -n:}"

F;H'IC * 606 - )

4+

1

. Thoerefore, ona has to wolve U Lincar

,arlntlﬂ: ' .

ST '[l‘lJ he :nmput.nl ﬁut‘ ewe diffcremt valon of ﬂ ey, n amd Ay with 'I .,I =B,

Oz Lhe cocllic jonts of the cuble [72) arc Snown, the optlmins value of & Le actormimed by

4

the comiliion (88), Thorclore, b HE Lt of (73} wac arzives ol Ui aukAkm

a=a, + (G +KGT I0)]

o)
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AL dtes o . L hi'l.lrl;luln Urs Furstlob § o el Liwe dherlvative 1-'n«:‘r:}. Ticn, tw

procesa bs steeaued wdl 3 frevdetes mined wiopgigg comhtlen satiatied. For Lnatansd,

e Inay noulrg that

!

v

IFga e,

or Lhat

CACTE RN R ]

whore 4

i..I.'II f;

are prescyiled pmall numbx o .

4

v

AA-58T T

e

Ll @.\slllm;nzmlnn. An atiernate tcehnlque for computing the ofptimuns stepalze,

1ot af quatilinzackration with bullt-ln safvguards Lo ensure that the uncelon Jecreasee &1

cviry thep el the fleratlve vearch, ie nowr presered. Lot

'f-ﬁ'f-'l'll.n,

(7}

demito the corrocetlon Lo & stavilng from an arbitrary aeminal vale L If quasllinear trativn

L analiod 1o Bq. (63), ot obtalns the lincar elgrbralc equaton
FM{-;_:JBa + Pnhoj «0
New, ap Imixd I:r| (7%} In Lthe mare pencral ojuatlon
-
Fmtlnl-h + UﬂFatﬂnl =0

whire o denston 2 weallug fastar aml g aslircction factee auch that

0ru=

[ B

(2%

L)

@)

r

+ L

oy
. . . \
Eauation (W) sy Uz wulutlom _ B (",

_ ' ha= .-unl'-‘nhulf I'u{q.'.l

The slircctioa factor 5 Lo dorecmiacd lu ek & way thit the Drey varlsbes

iFlunI - Fﬂtunjh

Ia r;l.-;:un+ From {12} (51); wo obislo L

AP ) = ud‘:{ao]" ' h;l

Thecelors. iF{rI‘} {2 nogativa I thi directlon facior Ll b chosan s fallowsl

;
e aign Fm{“n’:'-*‘

Becaus e of thin cholce, the correction (B2) becoman A L

L

| ' [
b -uFﬂtan:lnleml':lnﬂ

FYTR

18]

To pcriorm the scarch, & nomlval value must ba prenion, Then, st srtyu e i,

computes & from Eq. {06} and o from Fq. (7). Uf Fla) < Fla ). the scaling factor us | Ia

accoptabin. U Flay = Huﬂ]' the previous value of U must be roplaced Ly aome smalicy

value ln the yamge 0 =0 £ | wanll dw condition Fi) < F{a'll {n met; thly can be olcained )

through biscetlon, that Ls, by swocanlvely divlding e valur of u by 3. At this paing, the

rearch riep 34 completed . The walue olealned for a lucames the pominal value o for ©

Uz e d AEaEet gtep, ol e proveilure teorepeoted untdh o dealied degiee of acvuraey In

oltained, Ust in, uncll bwsp. §30) ve (723 15 eatidtivd. In Uie alewm e af Inlte e infugpml

Oy Dexl Atep o L weanh proveumre cos e mack: wltha = q.
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UPDATING ROLES FOR THI PENALTY CONRTANT
USED IN TUE PENALTY FUNQTION METHOD
FOR MATHEMATICAL PROGRAMMING PROBLEMS

A. Mizig, G, M. Onoiiks, und A. V. Lavy

dhairned, The proeblrm of minlelabng o fuction Fix] anlfest dn o cansirmind pie)m
Iy eonplslpied, whtre flomcalnr, v ad wancitr, sk g & f vtorder, wilh g 5 The peaslly
Tacstinm mathed Iv Invesilpubod; Dok bn, o a0 henrd of mprenclipi d wivhaistlve pre-
Srme 12 prlved, rark o which tnvalris Lon poastty Teorlleow L e, ll-jlﬂ + Pk Hers,
tha paoslly comalent kv @ peeiive, sradar "Iu'lﬂl". wpd. l‘{:]h r "}r{:] I Thit i
squared wi the veaalcabnl sprer,

“Gpmeinl Le the penadly Tonalign meedheal o tie pn:r]lrllhn nf Lhe rata --l y oal
wluch thy peanlty eonnlnot muosd Le [neresssl when whilFting fewm wnm ryela of the mign-
nthin tn ihe nevt, Hate b dewades The peael e funstsnt of tie presend cyele, and by ole
miles tha proally capslsn of Ihe nezh ITTLLS . '

In khis paper, toa varlallcing upshaiing 2Hlen atn abnrelepsln (03 1ha aplalivg valy

1
o FECPTEY undl (Il the mppating rule s FHPIEL, where P fs vha mpsleund erime
sl Lkn sgd T Ahs present cyele, £, dn Ui coroiinlul erper sllowsd [er spdtergens, ind
£33 Updeling tuls 11} temds be predosn ad the end af the meat rycla & eapodraind s
Fy below Lan grenieirle motin of the romabenbid #npet ol the wod of e presant erele and
That wilamed fur canrergeses | nplaling sola they Dewde to prsloes &b (be wnd af 1be oend
eyels w conslenlol srine By befew thal licsed fof eonvorgones

Io arder In #raluate Fren npulating raled, 202 maaner| al erntsple MY hn_.-rlHr_l.'HI.
Tha et wommphe cdvufn wilh 2 gqeuadeatie fmortina cubfert (0 Hnear fume brnindaj the -
malylng gvamrl b sl with oeniporediatic fportlons aabicl I @ nlinead euuairniabe. Lotk
ennple 14 avlomd wilk the confepute gredisnl shpnrilbm for Q14 Flaaling spburs oF The

Hannaeripl reaalead May 13, 1977 sndd 0 teviecdd [oem Movsmbar 17, $071
&, Mhisbe in Traleeper of tatremnudies wiel Matewiadleal Belnpess, Hiew Bolyecdly,

“loniten, Tevnw T70GL 3, M. Cozpine [0 Dunleacbory Tega et af Maeladss, 175 Midilarp

hexdamr, Wesl 'ala1, hew Yerk L0oaf, A, V. Favy in Resunrrh dsacrlales, IMlvermaly of
Hrshen, dItabew CIry 30, Muslep, '

Thos tiseareby appottad by (s Kullsns] Arkades Feamdullon, Ounak b, (1133423,
te m epndontnblan al The Intealigntlon dra:riwd In HeE ],
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peusily pmmsliuh by, tynglug holwarnm 1070 gnd 0%, Pap saeh axampla, e veHAM erals
wpmbating ruleg (1) wril fiis, wibth f e 10, nre sumnpakad  wlth the reuslamkorals |p-I.|.h-|.|-
Fikd Aex B oand a1 |'reaa Lha l-l|||vnrnl.l anperilents, b e evotlnideil "I.ha! l.‘lp Torla-

. Ma-rain wjpd abimy rulen ars sEpLrier o bhe pamplunl-rais wpulating r.l..,_ in l.h.i. “’T .Q.

sF lund ke convergence Iy & smallor vomber of Itﬂ'ill-u-..

L]

1. I'ntrodocilen
4

fh’c:' tho st meveral Fearg, rconmileralily work e boen done on the
prollyn of milabmlzing o fmoclosn fie) milgech b w cooubrabnd p{ﬂ—l‘l
neing numerlenl tacibade, Ilece, Fin s weakiy, a au a-vegtor, nud rag
reclur, with 9 <2 n,

TEa apjirsiclies prapieyed ares generenlly TR — of twa Laale Idann,
fne e o drseviop plgarilbons wdach that Wbe eonaltainia ace patiafled, sb Jeask

lu hiret poder, af W en-l of earh ilermtion {Hefe, 340 Aoolhee i ta devalop )

mpacilings laralyiogs rn“ltl in which e ¥velor & ln viowel a9 unconalral.

ned amd s peaw Tuielivn relaled Lo fix) moil pigy I wiviodaml, Thn rl!nn!t_f )

fumelion methnl (Hefa. o) iy wn apgpronch of e Iutler type,

Ermeind e thy pennliv Pamectpon Ll by L predietion of ohe I‘MI nt.
which Floe perndt] canndonk masg e ineressal wheny shifling fron Qi ;jalq
af The ylooritli Lo Uk nestl 4l key unntdan |x considered (i thia paper,
whie ohjeclive 1 1 fullosing : to il'll'!ll'l]'\'t" the ronfeipenes charneberigtion
of tin ponelty funclisn wethml by automgtically wiljualing  1Le ['-Hultj'
repalent cacil lo the mectlonl,

2, Xtatement of the Probleo -

We conaldar e problem of miniolsing tha fubetion
(L .

JF= fin} ' i

)

P (5} m O, - . (3)

aoljeck ta bhe gonwiraing
- L

where §iw a walar, r an s-vestar, and ¢ & 4 rector, with '{';, Tiers, all
serhirs are colomn weefors. [F in anpunred flat {he Arat sod second pertial
deritatives ol the foprtlons £z sml ¢ () exial nod an nnnl.lnuout anl
Lhut Vi ronslomiteel ayininom cxinds, '

0. Fiet-Onder fanditfans, From theory of mazims sl minlos, I

Lnowu thnt the abwve probbow I oqulvslene le thab of wintmlzing the-

+

'l - R - - a
N Lr ooy - R b
L] - r v = -

§ u'rmmnu tul..ti'u THE PEMALTT FUHCTION WETHOD [}
_. i |.: 7 " ' ' :'. '
soFmentad IrLmu:tln'.ul o
S e th-ﬂﬂ%ﬂrm o -
B e, 0 TN -k 1

ln‘hjml. Lo the cnr.’ul.rnlntm. Ilen, the g-veetor I ia the Lagranpge '-uhlp'lh-r
anid the soporstrpt T drooles the tranepoas of m matric, If

e JT -~

. - . - 1 r .
- R hmfiint+ e it . i ;
denalon I;.hn gradlent of the -Angmentsd hmr,tlmn* tha rplimumw soltilon for ¢
liil'l-r‘ L amun lil‘.llrr thq telntisnn . P o o
cer i o . :
I R “ -
T .v{:?-ﬂ, Foinlym i, ‘ [1.7]

'I'Il’icl; ars & wpatem of a4 g eqnatioun In Elll LR l-nrrli'lon.lil-ll of &
i In Tyv. [1HEL Lhe lrlllltﬂh f. ngd .f dlunti w-votlors auil the weidds
|| L 4

-
- L]
P L - T
' L]

‘s, ?. .-'lrpl‘dtl'mnh Enlmifoda, Hlﬂrnillm arstom I3} in panerslly oonlimenr,
lppranmnﬁ motheds masl T employad, 1n Lhin mnnucl.intt' " Inlruduu

hrrq l.lu m:lllr parfurmunr,l indcaey e oo ; -
Y LA T :
’ 3 - . . .
Pl ertinvin,  Qin e 2Nin 0 E (5, e
A b .t . .

which messors dbs ermord o 4o coodtraint and ibe aptimym ropilil -
reansciively. Theg, we obuercy thal P em & guil ) = & for the oplimum se-
lutien, whils P> ¢ wpdfer @ 0 for any aphmeximation te Lhe sofubion.
Whah spprecimnie u:l-'lm:'l!. Rre und they moat nllimntcly bad 19 vl

of x oud 1 auch that

PPy QNS0 (n

Alternatively, {7} enn bo replaced by

) Rix, L N, ‘ ]!
_whars o .- - ) . -

' Rz, 1) wm P} -4 3ix, 3} .-

T, . Lo
,denotey l.hl,:mpul.tl“ arror in tha conafealnt and:the apilmaw reslition,

VIn Bqe (Hay P, Q,, &, wre smell, presclecied numbers, Mats that, Uf

ot rhincace 17, me O, == F_, gallafuclivs of 1geq, (8] (mpdies wnfbnfuglion uf
Ineql.. )3 . e
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3. Penalty Fuoctfon Metliod

Tha pcm.lt_r fapctton mathed in buyed on the constructing af m VeqOEDeE
of mperial Tanclioos ]mmlg, In tha Hmit, an gnconstrained sinimom polok
calncident with Uhe wointion of ctha originsl constrained minislzatlon pro-

Litin. Speclfcally, the peuslly function le deflosd Ly .
Uir, k)= fir] + kM = fis kpfrig i) {10

aud v obtaize? by adidiug s the fanclion f{z) s lerm guadrstis 1o the
constralnt pish whero 3 2> 0 the prually constant

Tha problst_af mlbnimizing “the funcHon |1} subject to the contiraint
(2] in rephaced by R mequence of mucenstralned winimization peolilems. In
pielh elament of the anquence or eycls, owne ilalmicss ihe peastly (obetlen
[LU) witk respect to 2 for given kb Theeelore, tlLeoreticully speaking, ihs
felloming mecessacy toudilion must be watiafled ot the ond of a cycle:

Colz, b} mm fo 2] 4 WPcdni=ftnl - 2 (o) @ixlm b < ({11)

If onw defiorw the Lagriuge muttiplice bo be

A == 2hp ), ) {13

Tig. (V1) enm 18 :rlwr.Il.l'rn n .
Flg bheafoix) 4 quin)l =, (+3)

meanlag Ut the comebinntion af 7 and 1 atdnlned st Lhn ond of & cyrls

uabinficy oxactly the aplinn couditlen |52 Juweser, if Lhe pesslty cou-

slant & ix webitrary, the vielar = which atlaflen P, {11) puneratly viclates
e cajatraint condifien (H-13 -

in order lo olimip conslraint umrn:llnn incromeinply larger valuey of
ihe penslly consienl must e repleyed i sarceasive ctles of the peunlLy
foncting metlol. In this connection, tot & Jdrante tha pepalty cobatapk of
the peesrnt eycla wd §yp denote dhe j#nnlty conslant of Lhe nexl crcle,
wllh &, 2 & o Hociaee ur the jumnp fu K, the penally Mpclion lnc.:cnll:u ¥

e nrnouut .
Uiz, b — Oz, f)) = ey~ k) I'ﬂ:l"l. l_H:l

“ant) The narm dquarml ul Lue grodienl of the pedalty Tanelion takes on the

—

" INOATING AULED IN TRE FEMALTY PUNCTION METHOD

ulu-{*}*r ot ) . \

E- |‘-"ﬂ U.i.rll‘l]-[l‘—l'l'.l". 1] i) = h-lFI.'lﬂI-i'L

whera

Fie) = (s} 9 iz), P.t:!—lr'.[-:-r{ll- : )

Tle positivenrsn of tha right-hund &ida of Fq. (14] 10 the key W Lhe mw
chnniam on which ihe pennlly fooction oullod Iv basad.

After & muflclent nnmber of eyrley, e constroint epror can e madn
ne amul| ay aledlred pravidiog the penally eonsiint has becona sulicientiy
lurge. Theorebizally apeaiing, the romsillon yp (e} = @ ly desirel wl eoncer-
grute; comeqnantly, ths muliplier 1 deflned by Fq. (12) enn 1w Llenticnl
with thn mudtiplier antlafying Tae. (6} whbich 40 geaernlly noncem, only f
k—r o, In & pragtlenl digital compnier, in meata tlml lurge values of h
are hedled mt rnnnrglncl

fl
LI

3.9, Nemprieal hrlmrlhrmn T hn ..!.n}'lu conaldoraliona, I‘.I“ Iq]a
lowieg ontine of Ihe peeslty Tunction pelbed smergey.
la). The orlglnal coustrained einlmization pmhlln v repineed by &
stquence of unconnirsloed minimicellon proulemn, . . '
1) In each glement of Lha anqurnce or cpele, Lhe ponally fnoction
" !
. U!IJH =it bt o) lI”JI

s nlnini:ad ﬂth reapeet & for glrez b, The wminlmom of Uiz k) la
sthlernd wheo the followiog ttopplng condilion In entiefed :

U {: H WVl 4] =2 q,, L {L}]

' wlmn Q. In . amll, |1rcul.urhl g ler. - e

“ el Upnn tarminntlon of & eycls, one blu-ch tha fatlawlug I:l-l|,|.l.|l|.l_',-+

- el et -I- vl e, )= R,, {19

whera R iv & smull, praasiected oumber, 11 Ineq. (19) )& natladad, Lse 2l
gorehm in Lerminated. If Turg. (10} vlelninld, Lhe nigetithn |o eoptizus] 1.|_f
chooalug the wnlution poiot of Lle prueut erele ao i iacetiog poink of
Ihé negl cyele,

1) Nate thal TF(u, 0] 0,05, k] =D
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m For ten pert £ycle, htglur ﬂ.!u: ‘ol tbe peusity soNdtant in -

Iecind, ppecifeslly . A HE
e ! kymxk, "-— -, 190} :
' 1
whers x}l fs 1be pennlly consland ratio. After uplatiag the Il‘lnlltj oén- .
slnut., ons peturne to 4] l.u:l cootinuen Ilarll.urlTy. o -
e i oF ) -
Ruunl 11, At cnnmrpncn of n ¢ysls, the stopping candllion {18) . .
erl La writien e . P e oo ey T
QRDE Q. e o0 an et
where 3 .08 glvan Ly En. l'l..ij A.mlogmlllh (1 unur;nchar the l'Igo- *
rithw, Lbe atopping eondition {]ﬂl becomes - ' . v
' I N . o
o Il:x,li—l'tx:|+l‘}{.r.llgﬂ,. N
 whats 1 Il glra2 by Eq. l,'lfl’} ) N ' '
. ' " 1 o= T
i U||d:'l.1r.; Myles : . vt ‘
Urugiel- by tha penadty fuscliou method i the predletion of the rais ' _
4 % . ‘ . . k]
| ! ! . .
N memkh, SR ) | S
1" " N . .

[ 1 .
at whirh tha penaily eonstanl il be incrtased when sblftlog from ome
eyclo of lhe algorithm 1o Cha nexi. llers, k; dedolss iks peoally conslant . e
of Uhe presazt cycle, mmil &, depoles the panalty conslest of the pext eycle

4.1, Standard Trehmigue. Thie atandnnl melhod (ves, for inelanes, Ref. T}
ranslain of pmidnyiog o couslant wvelne of A Uhzonghoub Lhe elgerithm, For
u'la.l.llljltdl' .

mnamf or nml]0, . (24

8.2, Ivaposed Techmizne. An alinrnata methed conslvte of ;r&'ptn:'iné B -
varisble, vajun of & Liroubeut the slgorithm. For lpalonce, o0& might we *
Jeck n wh &y by achisve 8 predetetigined conslraint erroe wt the end of the
orxt e¥ele of the algorithio. -,

Let the [ollowiny defbition Le Inlrmlncnd L

. . ' o Zemitd, E (28] ~

4 L
L | L

1 "

. UFDATING BULES IN 178 FENALTY TUNCTION mRTiOD

b

mn

with 4 ;iuli_ by Py, (17} Tab Equ (1) wad {3-"!] Ty mppliedd h-lu: oncd at -
Wi émb b Buo preacat exele {anlarript 4] andd obew otk the vud wl Ibe pesh

crele hnbqut 2} Ony vhtaine u:n relnilons o,
v Lo -y "

. 1, El—ihl’,, FAEN 119 L
whl.ch Implr ol e

' T mom l"[Z:I'I,‘Km.

Now, ws lotrodues the bazie esgumption (1)

B ..

=3

Z o=,

_', AR -
{37)
. [i!l

thai ln, we :}Eplut Lhe t-'u:nm\ fn Ihe mozin tqqlmﬂ of the nnlllplln Lol- _.
woea-the oo, of tha prescol eycle nil the mul o the next eycle. Wiih tuin |

uuduuundmg, Fq. 127) ;ilnptil’ma to - A
R t

‘]l ...;|i.- I-.‘. ' " rl._'l'l'
i C, - ”P"u'ltl .

-4 '

-

Thhhrt!ltlun um'll]u ‘eng ta pradisrt tha peanlty rml-l.lnl nmiﬂl iny s
next rrcle in _enler te achieve & predfermined couslcuint error 1y, -

At sn enrnph, amenme Lhat the syperied copelrinl errar sl the el
of Lhe neat eyela %, in betow "lhe peemeiric mean of fha eanstraing ereor

rt thp end ol" Ahe rrrrqfut r}cla P, nmd IThat l1InH.t rur muurgun“ j' ;-

" that An, uuumu thint
o By V(T

1

wharn 7= Ij.Tlulan. K. |T'-|'I lhﬂ]rlll.u I.n

DRI : n=p|u*um

t "

. ' T

v
- L] .

JE ::m'

. hn another unnplu., asmome that tlm oz pattenl rnmtn\lit #rrer at lha
"end af tha onxb ercie Py i Lelow  thet nllowed for rﬂl:li'!rl,"ll'lﬂ | YR

ln, myvnme thet F
P P = '],
' . . 1 . i
#.'hurl ﬂ - l. Thun, Eq I_"ﬂ} tlnpiiten i.u ’
) __}) - (1% - 1

R L
' i R | ] '.1 '
v Nyppeibeely (3B in Wap ba b paper aod [n iepperied

Tublun L4 a

il . "

£ 'f

o1

.. {33y -

b
4

Ny Lha duls aabibited is
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- b Yaperlmantad Conlitiong
"{“In unllju e eraluale Ihe theory, gix onmdrkcal ¢xamples ware nhnl
& ‘lurrosgha M-5L00 computer, dowbla. preciu|
PURTRANIV propram. Within eqcl e' iy
. yel® ol Lhe peopliy 1
the conjignte. oendipnt sigarithm way o played []{nr]; 7 fanctloa metvodh

Nfuyglag Peink. Toonll (ha esnppl
B Lles, the nomipnal polok
Lhe peuslty function methol wus deﬂnm; by F citen 10 atans

v

Lo, oy, ,, . [5{}

where x, t &gty To dencle the components ef the veslay 2,

Stavding Pemalty Counstani. Tor the el eyels of s penalty funstlon -

motlil, Nve values of the Penully aooniaok wyre tployel, nrmely,
1‘. - lﬂ"* i-- I_u-‘, i‘-l- ]ﬂ', i-- |ll', ) i.— 107, {ﬂﬂ}

. I 1:-i‘qn‘ug Rnie, I-';rr snbaegnent ryrles, the Pennlly eonatunt waa daigs-
mined in weconlunce will, one gf Mo Fliewing penalty constant raion :

- nwely, nwlb, . . [ﬁlﬂjl
' - S
with Ao f I“.H'Pq ¢t neaf ”-h“:h Lt ﬂT].'

A=19, I o=1g-is, ’ {as).

Thw penalty eooatant ralios (3r) MR TEPTOAFNLatiYe of Wiy standard m;ﬂiud.-

{ner, [or inatsnce, ltef. 7 apd (T
. peually  coralsnt ratlos -
aralatieh of tha new ol propaded liore, I 910 rs voee

flefnition of Conrrrgance. Convurgenes of x nycle wag fdeflged a4
QU e U\ 12, ) O, b 1070, 130)
anil cuakergences of tha umplols algorithin wan Jeflned ag

Fio e Ploy 4 Qe by e 7020 151 4 US4, 13 1, e, ky < 107", (hty .

wliers L multlplier 1 la givan hy T (13

- T S

" LPDATING FULEL 1 THT PENALTY FURCTION METHOD I
Beareh Teohwigua. Withla ench iborntion af the sonjagsie xmdinné alge
Hléhm, Lok # denota the oomiust pelnt, s the warlad poiot, and P the svarch

direction. La I'(zy dunote %6 function pepressuting ks behsvior of the
peaaity Tametion wioog Phe wearch dizechion, that la,

T O e Vin 4 dr W T (o —ap, H) e Bl " 1)

Thi; function wos smiployed In arder to determineg the optimom slepales n
snch ikerutinon, Bpecifenlly, & preales ogedlnanslansl eearct on e Bunrelon

Piat wus sanducted wneb thas, by sny given stap, 1bs lnequility

Pia) < Fiag o (42}

was anliafed whers 2, e dla nomluol winpaies apd u le the vasled aiepalen,
The senrcll wan lerminabed whan the abopping rendition

L]
i’y

- .,“ . . a:[i]ﬁ ﬁ:““ﬂ-'{ 1o . . -- .T o {,I_.'“_
way enthafad, ] _— . S
N - . s i . . - C . . : . N .
B T , N ‘ . - .
8. Numerloal Kxsniplos _ ; e~ T
ta . 4 , " " -

In this soetlon, M1 cumerion] axnmplsn are dessriliod. The Arsk sxamiple
meriaing b0 & qasiltatic funclien aehjsch to lnear gantiminle. The ponaluing
atamplen pertain ta nenquadratio fipetloon subjest ta maulinasr soneirulnie,

kIiwprim Bl Eatbler Lhe 'Pl'ﬁbilm. of miolmlelug Lha h;.utﬂna

4

Il el L AU Rk il SRl v o Lo L (LR

aubjank In tl.lu asenalraluls S B :
]

P4 =0, 5 ba =20, 8.0, m}';

L]
' ;

(1) Do in the analybioal satugs of 1bs stmmpion snnsldurs burs, Wnalieivg, mermeiel |
wEsilinrsrication nan smpleped In weder to ssaven patielastlon ol Juey, (N Hnwpiss, -
(n a mera pantlatin dlluslivn, sns wonld wes qnadeatin intsrpaletion nt 40l iHlanluting,
KFor bea dlelulin of thy eonfmgets gredient slporlihn wod Lbs wesrch lashnlins smjloyed,
e ranilay I!:H"lhl robpnlh WAL 1 |
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This function adwits the relallve minlmom foe 4.0030 ab the peint defowd
by . ) o ; S e

I, w—— u:?ﬂ'“. Xy = D.2554, T, - 0.8270, x, == = 1161, 5 - 6.2558 i"ﬂ'} Lo

7 - .
anal v '

T .
A, == TOACS, [, = 32328, 1, == = 505N,

(1
LxswpLx 6.2, Condhler \us problan of minlwlzlog the fonatlon
fuie, =14y, — eV my— Dot

mikjeet tb.*lln cooslraiol )
' ..o’ g

: A+t —3figmo
:' 1 . ] n
This foncton sdmile 1bs retative mlnimem f-t 0I5 101 ot ﬂillpﬂill
defnei by o ' [
cad v £ w L104K, &, - ;l..iﬂlm,, ¥, = 1.5352 ] - wn]
. 1) = B10TE = 107, . LB
. ' 1 Ty ey

r

Exiwrew 8.3, Coneiler tha prolitem of mintmizlng the fanation

% .
o=y - A LS '—3|l’+{‘;-:*:'i'+[!| —s =t B

llllljl"f.i- loUllm condlenlals
bR —2—3m0, e FI—2)im0,

L Ff—3mb L}

Tha function sdmile Lhe reislirs minlaum f == 07877 > 10=1 &b the polot
dafinel by . . o
g i ! . -1. e " )
rpow L1011, gy = 303N, oy ow LAT3S, =, !t 183560, x == LATOD  |B4)

il
r 1

1. 0 3ANT . 10, 'II w0172 % ].—I’ 1. N u_:aigk 16-1, tﬁlﬂl
1 . - -

k

LranrLk 04, Cennlder the probirm of minkmicing ¢he TeZction

F= 000 {r, = 1)) +ir,—all' e

.{'u}.. ,:

* UPDATING AULES B TiiE PENATY FUNCTION METROD
4 Y -

R e .t i

snbject e e lnequatiiy consienlat o

. 1 P S Bn
Iutmduc:a ’M.. suriliary nr!E‘bla zy dsbaed b .
. AR S Y

{tnt of minlwlclng the MintHon
fpctlon [20) simits ihe

- 1

Y1 LI LY
"ll."hm. iks previons problam can ba recanl st
(50) wubjeet ta ibe aquslily : conwiralob (580 The

relative minl@om f= 0.4 st ihe poiat defeml bF -
ol " . 1 . . . f .
PR I T T PR Lo — 1 ny=], =0

and ,

' - ! 1, - o.04, .

of wlulmiring iks famclion -

o Eunm.; 6.3. Copvlden Lhe probiem
. 1 . f

o M

by . . S . 1)
- i - —F
M -_ . Y I . . ! e {; ur
suhiect o ihe lmequedily ennslraiole 1' -
o " LI
. I.l 1: . = N, s ‘5-:_ " ;-.. . {83)
. Introdued the nu;ilinrr_r-{en}ﬂu £, and z, Pfflned by
? :.v-l‘:-uxl:s_-.[.l* ll:—.ﬂ—-rl':-ﬂ: L4

<

*I'l-n: the pravinon pretilem can bs reratt as thnt ¢f mlalmbdisg the fanel
(1] wnlijeck te 1hw sqnuulily ransimints {61 Tha fuprilon {61} milmlle 1

relutlve inlmom = — 1 st the polnt defined by o,
T st rpenl, #em® 50 Lt
od L N b=, . ) {65)
Exaureex 8.4, Consller tha pmhlem';f minlmleing 1he fooetien
v f=logay— % o . - (e8)
'suliject to Lhe squalily l‘.‘bl‘lltrllnll ’ ‘ .- C
L iRm0 .7

B . E'.?l | o .

e AT )
-

4
[
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aml |be insqoaliiy eonairalnt

el - (om)
[olzoluse Che maxilinry rarislle =, defned by
PR . § - . {s%)

Then, the prevlons problem can be r;tn!!.li a8 that of minimidsg (e funetlop

Se=log{l 4 m)—T1, .- . (1)
dolject to 1he eqnallcy conalraint
(4 24 5= d =, .- (T

1 thal wy.hag been rlimiostel from Ihe preblsm sl enn be computed
_ & pesderiori with. (695 Tho [unctiog (70) mimits sba rlatrs minjmym

S~ — {13 at the point dehned hy -
€ =10 'I-ﬁr PR | (79
and .

1, = 1273, (th

7. ltesuity and Coneliulonn

TIa examplen dutrilrmi in Aretlon & wers wolpsl with b paanity
funrtiau methad (o conjunctlan with e eonjugnts gradlent algerithm pa.
ranling o the experimental conditions autllosl in Seetion 5. Tha noineries]
reamfls nra presentnd jn Tuldea 1216, Talles -6 anpply & Justiflestlon af 1he
Lutaiez  gwmipinpi bion (2.‘1};I ail Tallor 16 supply vompagalive Vate fur thy
mtiedned wpdibing rales sl thie ngw updaling cules.

T itacie Myputhesis. Taldes 1.4 rofer 4o & partionlar finmple, namaly,
Prampds 6.6, They ahew the lolnvier of iks pennlty fanstlon method for
cathe of Hha prually constnat rabio {36 and (37) anyuming thak the nterilng «
Uiy ceantmat b ky =1 To the (nhlow, the q||n||1,l[|u 80, X, 7 ure
klann vrrsun the ilopntion hinbar & aud tha e} el numlies X,. To slhorten
the (adlen, theas quinlilics wre given anldy at the inilial poinl snd the fdnael
[mint af each gyrcla, .
Aw the Inlltg inadiente, the stopping condition {450 is met st conver.
groce of & eycle and Lhe stupping condition (40) In et &b canvergence of

L T

H f'-"\
R

UPDATING FLHE DX TRE PEHILTY PLWETION MATHOD '

LIS

tha nltm:lllm. OF pattizular lotereat [0 {ks hehavlor of the quaatlly X, de

Aneid Ly Foumlflam {i"P If the sl condillona af ancesamive ~yclea are

compared, i In clear- ¢hol Z appronches an maymplotic ralen an 1he rycla

.number X, lncreases seal the penaliy canslant & beramen anfllcl=utip Large.

Thin mapmplotle valna In éodepandent of tha parledine paualty constuant
ralle’ employsd-eml ln 1he anme o ench of Tabirs 1.4, pamely ¥ =2 This
fa In agrrement wlih Lhe theoretical fuluee af the galiipflers al eoncar.
gones, which wre suppller] by Tqe. {EA) 'Thia reedlt confran [he.Jwsic e
somptlon (3%) mod Justitier the rewyonlog lewmding to (e gearral ponsliy
eouninnt ratle (T0)

" Comparatics Data. Tabira 6-38 eofer la Bxamples .1 throngh 0.0, They
#how the nomber of lierallone ai eanvergence A, amt the nomber nf ricles
il rontergsones N, verwoe the atartiog penally conelant &, for ety of the
peanlty -envatant mllon- [MH37. Bince rack leratlon reqgnlies 1he vans
amenng &f enmqntalionel work, K in cloar that Lhe pamber of {ieralone i
rapiroacntafive af the eonputer ino required [ cusrergence.

y For wl'of the sxamples and each Marting pesally eonslont k,, o
rarlallo-mte upilating ralew are anperkoc 6o the ennulent rate npebiling, cules
in that they requlce w amalier snmber.of feruilond fur convrrgance, This

+

|mu|l" uamber of Hernlions Ia nchierrd Ly employlug & analier pumler

ar n,'rrlﬂ micl by Increaslng llm prnnTtJ' :anﬂunt st & hlgler rllo thnn

that giren by ilga. (30} I g
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Abjarvdro V. Larvy*

gon of Judnlior and Quazilinocrizalion Listhods,

Mmmwmﬁ&-ﬂ. Saay Oy, Mgty svw! Dopeowt-repnr of WEMA“M

¢ Monmiory Tasgy

. Anlenia Vontatvo

Detpartrramt of bl e s, LinAarmciad ion' e mticand, Ligson Gry Medco

Male &t &t 11573 de.e' ard the mothod o:l' multliars far minios ._mg a [unciicn Ax) subjact 10 the coasl it
v wfrd =m0 where Fis o sealar, xS an movector, .;md ¢ ig a g wector, with g < n_in t.is paper, B comearson af
the gtancard quasiefarizaton m2ingd and oo rashod of muhoiors is presentsd. Tro compariaan i mid=s by

considering ina relalive stabicty and the ralztva speed of converso
are presanted for nine examples, cach of v nich io sofeed tor 193 dal
that, in ceneeal, the memed ol muts!ess is 3 more ocotomis

@l feints
orent £12r7 g painls, Tra axamtes chow
&nd robus! algarrnm than e slandard quasii-

Az 0F tha bwo mietnads, Momeas

aegrization roelhod. In pactsutn, i BOVARIASA INCTEATCS N pro-oren 1o the o iovRng chorzpienatics of me

vnhfuum bs r e 1

SEI IR TLE NI S A0 1 wie pf NG protiom ond (o) the notancanty b B peociam Lo

tha number of .'c!.a:;'uu FUEma And nsxamad Ino; may exsi,

1. llltrmrluclinn

In recent years, considerable sttention has been given 1o .

the quasilipearization nivthads for misimizing a function
flz) suliecs to a constraint x) = 0. Here, 13 2 sealne, 1 i
an a-vectar, and o is ag-veelae, with g < n.

In the standerd qua-ilincerizetion alporithm {8QL), the
sugmented function Fix, A)
where b, & ¢-vector, is an unknown Lagrange mulriplier.
Starting fram neminal values of z and &, the method ob-
taind corrections Ax and Ak by solving a linear svatem of

equatinne. In this way, updsied values i = x + Az and | ='

A+ Ak are ohtaincd, Then, the process 7s repeated itcra-
tively untid convergerce occurs. Far the particular case of g
quadsatic function si:biect 1o a linear censtzaint, the meths
ad eanverges to the solulion in one iteration. However, tor a
monlinear function subjecl to nanlinear constraints, the

mwthed is rather unastable. Depending on 1he nominal '

valurs of z ard A, it can lesd o e relative minimum, & rela-
tive maximum, vt an inflection point: occasionally, the
method produces displacements which are so purpose’esa
that overflow can oLcur in a given campater.,

In the modified Guasilinecrization alzorithm [MQL),
Miele et al. (1971, the same basic epproach is token ns in
531, with une imp rtaat medification: the stepaize o, 9 €
o & 1, i introduced in nrder to control the maznitude of
the dizplacements. The resuit is an improved quasilineari-
zation alturithm thar (i) retains quadratic comverzence for
& lingar-quadratic problem znd (i) improves the shb:l Ly
of SQL for nonlinear fugctisns subject 10 noalinear con-
strainty,

Buth the above mentionsd methods require the salutian
of & linear svslem of equaticas of order n + g. Thus, if
Gaussian eliminaticn is emplayed, the computationat effart
i of the o-der of 14 4+ 93 ymetiptications.,

For l.n.r:.r syai#ms, one wzy to reduce the cumpulatinn,d
A T B - T

T R S H . LY
Rt Tl M S S T B T

either in the 1:am'|1rd fr"-‘at er the rultiplier fmnur

Pt e e s e

the nugmiented punalty turrur.:n |-1- [t H:] = Fix, k) +
krTIr\d:'i whate the = alar k2 the pr-rn!n;rr\mnm

Wi reierelive L b doweioid of Bliiijeinse, 410 I fadC-
wanl modification was pre-ented by Micle ot al, (1990, In
this moediiication, callod the medified mothod of mutci

pliers (AIMAL), the surmented peraliy [anctien is em-
plryed in connaction with saveral minimization, .I rwrithms,

-namtly, 1the ordinary pradient alzarithm, the coniisate ora-

dient elzorihm, and the |r.m‘r|..s.d guagilineasicarien alza- .

‘rithm. lmproved updating rules for the Lazansd muttiplier

and the pernity constant were developrd in corrmcetion

= fix} + ATefr) is wiilized with each mirimization algerthm,

When the modified method of multipiives is ermploved in
ennpunction with the mudified quarilineaization aloorithos,
a linear systerm of equatinn of order A must e splved st
every ileration. Therefore, if Gaussizn eliminatian 1, em.
pluyed, the compuwaional g1 fort is of the order of £¥ muiti-

. phications.

" Besides redueing the computational efforl per nezasion,
XEMAL i more stable than 2L, This is becauss L5000 has
s desrent propertv an Lhe augmented pen.;,l‘\ funciien
Wiz A&} While SQL mizht converre to o relative mici-
“mum, a relative mavimum, &5 an mf‘ecn.m point. Ahin

grueraliv leads tu a relagive minimum, -

The standa:d quasiineanzatinn algorithm was vsed by

® Luus and Jaakaka (1973) with some success e soive several

problems, vsing random nuimnbers a1 starting values fur v
and A The purpuse af thi- report is Le show that even
preater suoee.s and computer time savings can be bt ained
if the mocitivd method of multipliers i wilized Snatead of
the standurd quasiliscarization algorithm.

In secrion 2, the statement of the problens s Zven -
gether with the fArst.arder oplitohty conclitinne, Tn ren.
tiens 3 and 4. the standard quasibineariziiion Lootithm
und the modifed method of muili;liur; ate posiensed briet-
Iv. Tn sccticn 3, o comparizon wf Vhe comipulatioaal eifere
Dot leralion s given, In sections G and 7, li-u- tij.erimenial
cordilions end rine ausstical examples are presented. In
seciion 8. numerical resulls re discussed. and the com lu-
slurns ore stated. -

2. 51niement of the Problem

el I I Few o
W E RJSD TR i Dl i, LA .

f=fixl m

suliictr Lo the consiraint

- . wiz) =0 . M
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Sequential Gradlent-Restoration Algorithm
* for the Minimization of Constrained Functions—
Ordinary and Conjugate Gradient Versions!

.“I.I.IMIH_E,‘ LY. Tluang,* axu J. Co THHornant

Abatract, The prablon of minimisiag s fanction fla) wibjest 12 e
cunsbranil oy 4] o 0 cansidired. e, f i u vl 2 an Mevvclor, amd
P oevnclon, & peygnenbuf wlperithin wopropited, compongd of Ve altersaie
succes-ian of gradicnt pluscs smd rostoration phascs.

In the gradiver phae, & nominzl poim ¢ satisfying e conadraine s
assumed ;3 diaplaeemenn J Jewding fron peint 3w a varicd point i
determined by that e vt of the Tanetion is reloeal, "Che detcrialsm
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‘ . Lru b peatopatin plece, @ Soningh pedl p nol a0 g dbe constramt
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"(he ardinary prudient version of the alzorichm cahibits aeymptatic
cenverpsnse, bul not guadrave cenvergenes Ln e other hand, the kon. .
Jugde pradem version ealibin guadraiz copvergence in the noigliborhood
of 1he mwimum peant. In patticalar, Jar a guadralic funclion sabject to 4
fnzde conmemn, 1le migmom peint is obtained if no more than § - g’
JLEra LGN

1. latrgduction .

In recent vears, considerabike prrention has becn piven wo Lhe ierative
algotitnma fir minimizing a funcuen f{x) syBject 1 the wonstraing ofx) w 0,
whote fis a sealar, v and d-vectug, and p @ geveotos, With reference W the
gradiert putlwal, ore possibae appreacts is that of the penalty funciions,
Tl advancs e ol s appraseh b that the eanstédined minimat problem i
teplaced by 3 natieizaiicady smphe, utetRsirsingl nunimal problem The
dicadvanizoes are these: 1o clear-gyt mcthed exists for choasing the penaley
abtostdiila, bbe Wloe il Buist be ropeated several uinacs far increasing values
el by poossty coret s the values of the functinn belwecn Tecaliofa are
sl comynnabbe, i she contraims are ot satisiivd; ad, cven when the
Glresitho is b ted, He colsrainns uie gencrably nul s,

b v preper, wo prescnt & seguenioed odpesiifan costructed o osuch a
way that tlae Sabis s af the Tanction f{a} boisern ileratione are <omparsble.
Tiw alguridma fovwnposed of 1he alerpniie sweeeiion of pradicnt phases
aid rosbor oo pwais (Vige 1) e the gradienr phore, 3 noiming point x
wiliiving the cnsteanik b5 casaiind; W, 2 displacenent e boading from
puint & wwoa sarbal poink pois slsberpinal by caniaiedng the et vacdation
v} rabguct o the Sincanecd conaceannt dgd ) o2 Qamd 2 quadredbic canstiing
B o Dase to phe Fact thal v chnstraing is aveasnhad fur anly to frst aeder,
Ve vazivd panr vy besuct Vot g {31 7 O T betug; thee caue, 3 restaration
[t 5 Roalod preer W starting the neat Jradione phase, 1o this reatoration
Phoe, @ nuithn poist @oant saliydying the ooaMrdae iz oassumed, then,
& dsalieeawar e teadipe From peaat 3ot A varied poine F i detr mined
by sidimicuty L diabanee dof dy schjen to the bacarized  eonstrunt
hitoy = dlri o where @ -8k 27 L1 singde evstaration eyele fails 1o
Praednoe the bopuifod degrie of securagy in b canstraink, seveedl ceeles
Lot bt € ena sl 32 aliowm i Pl 5o Adter the avatonatiun plizee 3a finished,
the ibelatwn b caraiteied, and Bhe noxs deistion i siareed using & as the

fioninal puint s,

-

— e el
- 4
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Two vergions of the methed are prosented: [a) the .mgumf{nl' wredingry
grodient-verterabivn wipurithm, which e grml'u::-.t_ phuse s mfurmflmu
al puint & only, wid {b) the pqueatiuf e ie ;er:nr-rfn'wﬂlmu lporithm,
in which the pradient phase uscs information at hoth paints x ard 4, where
4 Is the peint priceding x. Mehad (a) is given in Part 13 Medod (B) s given
in Part 2: then, in Fart 3, several numcrical examples are presented,

2. Sravement of the Prablem

We cursiter the problan of minimizing the function

f o fin) {

subject te Lhe conalraint

] = )] ﬂ;

In the ahove equaling, f i & scalar, X a0 N-veclor, mq " ) QT\'LI:FIDrI‘ where
g < n It is sanncd that the firse and accond pariial derivatives af the

function f and the consirsing @ with respect 1o 5 exnist and are coflifivous;
it ig also mesimen] 1hat the constrained INADIRIUM cxists.

PART 1: SEQUENTIAL ORINNARY GIADIENT.-RESTORATION
) ALGOIUTIHM

In thia p:m-. we present Lhe urdinary grodient x-f-u.'mn uf tr_..: n:qufnu'al
pradicni-resoration algarithm, “The grodicne phase 3 treated iv Section 1
and the restecation pliase in Scetion 4. b Section 3, an urdu{—uf-m;ngﬂu_lud:
analy sis is presented. Finally, in Sectiun 6, the sequential prdinary gradicri-
restoralion alprrithnt 16 sun inzrized,

3. Gradienl Phase
Crrailer a displacetnent Jx [eading fram o nominal peint to 4 varied

point y such that
y=a I {]]

o AL e veutors i dhi paper af column veciure

' S
JOTA: VOL. 4, NO. 4, 199 27
Assume thal the nomina} paint x satisfies {2} exactly ‘ond that 1he vericd
puint ¥ satiriice {2) to Arat erder, The tirearder change of 1he function {1}
is given by - . “

B (x) = LM} dx ' (4

where f{x) is the gradivnr of the scatar Tunction £ with espect e the vector &
and the aymbol T denotes the tranypnse of 2 ingiris. En turn, the Grat-oedor
thange af the consiraint (2] i represeniad an

b = demD (9
where p ) anm = g ma|ri;:,\d-:nr-tc; the gradient of the veclarisl function ¢
with respect b the veelar a, '

Mest, cansider the following quadratic constraint on e displacement Ar;
KadTde (G}

where A is 2 consant, With this wnderstanding, we farmlate the Jollowing

-problon; Find (he variation Jx which wnininiizea {d) sulyeit o {3) (6).

L Displacement 81, Standard meghods of Lhe theory of mavkina
and muniira shaw that the fondameatal fanction of this problem is the scalar

functiun ’
. £ s (0] da b Al 0 A0 {1f20) JAT s )

where 2o is a4 scalar Tagrange multiplicr and 3 3 y-veclor baprange
muliiphicr. Ii ene introducce e augmented fuseiion

Flu Al = fin) + ATyl (L]
and nbserves thar -

Fute ) = £00) -+ mfal & 0

the Tundamental funcuon {7 hecomes
1w FMx, -’-:I..Jx + [1da) daT {10)

In Eqs (9310, the i_].'ml.u:l_FJhl] debivies the gradient of the qugine ol
funciien & with espuct te the secter & The optimal displacement da sitisies
the relation ’

LF T 1] {11}
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where I}, denoiea the ;.I:Iditnt of the lundanental funetion £ with respect
te the voctos dx. The explicie lorm af {113 is the falowing:

A1 e =P {1, A) o . [i2}

and shows thar the displacement vector dx bas the 1ame diu:tinnrzi the
gradicns of 1he anpreiied funciion £, Nowe chat (12} Jewcrmines dx providing

- A aarg rpoomed.

3.2, Relation etween K and o, As Eg. {12} vhows, the dilphccmr..nt
Jdais propoertiondi o ., the Hepsiar of the gradient phase. Upon subatituting
(12} f1ha (6], we woc that '

K = aF s, ) Fofr, 0 (13

S Tleerefuee, a r:urn:tphndx.:nrc exicie etween the values of the constant &

(L]

and Pie values of tha s oo psiae o Ulids being the esse, aow con bypass prescribing
K and reasan disoctiy fnoa, as inthe cunsiderations which follow,

3.3, Deverminasion of &, If Eqs. (35), (9), {12) are combincd, we
ot n the relnion ,

‘P E  wT] pe]  e {14}

Sinee the veevr SO and dhe mztris v da) are knowi 3t the noasinel paint x,

Ee. {J1snpplics iy swnltiplicr A2 this ia preciscly vhe value which guaianices

saiTeciion of the constiint (2] to Bt onder.

3.4, Peszent Properiy af the Gradiend Bhase. The Rest variation

- of the auamental function is given by

FFr 3) m K 7(x, 3) dx {15)
which, in the light of {12}, can be wrinien as
$F(z,4) = =al.T{x, A}, {x, A} {16)

Ecuatien (16 sloms thar, far o 7=, the fust variation of the sugmented
Faintion 5 nemadive, Thendare, i o i osuiliciently wmall, the sepmented

Funcriun F doveeasos during the pradicont phase.
Aitgrnatively, the aest vadiation of Fix, A can be wrilen an

BF{x, A) == & (2} -4 47 By () {17}

-. ] -- "\.‘
T JOTA: YOL. 4, K0, 4, 1949 e

Because of (5}, Eq. (17) reduces 10 the form  * _
. © E[5) me BF(v, X) L)

which slates that the functiuns f{x) anil Iy {x, A) behave idc}'tlitl“j‘. l,:::r:mt
ordec. Thercfore, the descent preperty aluo holds for the function f.

L%, Stepsize. The neat step i 10 assign a value to 1he stepHzc B,
13 ]:q: {3} and (i3] wre cumbined, Whe positien vector at the ¢nd of the -
gradient phase becaingy

Yo & -l 1) ) (19

Sinng‘ A is bnown thiough Hg. L{H}, Eq. (19} Jehnes a untvparauwft;-r family
of poinis y far which the aupmented function # tahes e Tarm

T F(33) = F(s — afifs, 4 3) = Wa) o

Th: preatest deercase of the function Wia} uecurs if the parancier a wtishes
the fellowing necoisary conditinn:

. il" . -|. 'F;{a] uﬂ- " - - [2”
Afeer nhl:rv{ng that i
. ; Tt "B 1o w._{u] - -—F.f{}.. j'] F.{.‘[. -l“ . f {12,
we see that By, I21:!~.;.n h:- wrillen u {:'__:
- 'FJT{.?I '” J:‘l'[rl -1} = . ' " I.:':l]}

showlig that the gradicnt of thé aupmented funclicn st po; i i
to Lhe gradicnt :Lgpnini X 5 . * Pty B N'h"ﬂTl
Ta obtain savisfaction of (21} or (21, some vnc-dimensional sench
mt!lmq must be employed. In parcicdar, endic fnterpolative (it roaphioys st
dcr!v:lfr:: only] and gottifinearization (i empluys both first and secodal
dcm-.'luw.-l:} are pawetiod wethods (Its 1w 3. Theae ncthinl aec In e
emplayed iteratively wanil Hg. {20) 1€ satislicd to a desired degree of avvuray
that is, upti " : '

) LS LVRRE {24
warie @ i 2 small number, In praciice, ? can be ned or ane may cluoe:

By = o 0} 24
where o, s @ small pumber.
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4. Restoration Phase

At the end of the gradient phase, the point ¥ is known, [T the constraint
is linear, the relation p{y) = 0 holds. On the other hand, if the constraint
is nonlincar, g{y) # C which means tha same depree of djsuml':.cuon
exists, Therclore, 3 ratoration phase is nceded mivr 1o starting the nmest
gradient phate. Specifically, one has 'o apply & smiafl variation dy 1 ¥ to
ECNCTALS & Muw positicn visLes

£ =y - dy {}E‘J

such that g(i) ~ 0. While thec arc itAnite ways ta perfuna the restaralive,
the mest logical i3 that develnped in Rif. 47 the conuraint is rextored 1o a
preseribed depree of accuracy with the Teast-square change of the pasition,

vector. ) . )
[f quasilinesrization is employed, Eq. [2) s approaimancd by -

s{¥}-r a3 dy =0 (27
fn order 1o prevent the varistivn Jy frum becoming Loo large, we imbed
Eq. {27) ima the one-paramcier Sanily of equatians

Ry(y) 4w (3] dy =0 '

vhere . .
Drg k=l {2

{26)

denoiey a acaling factor. . L _
Ir. the light of previous discussion, we aeck the minimum ol the function

Jujntay (0

subject to the hincarized cunsiraint (28], Swandard nlctrhm.ls aof Ilhc thoary v._:f
maxime and mmnima show that (he fusJamental function of this peoblem is
given by
w m § Ay dy 4 aThe 1) r e’ D] (31)

where o, 2 g-verior, deauecs 4 undvwennined, constant Lagrange mulipticr.
‘I'he optimal ‘change dy satistics the relatnn .
(i

gy, o

denptes the geadicnt ol the fundameatal Tunctinh w with Tespetl

where wy, | . :
tw the vector dy. The enplicit farw of [32] 0 the lulluwmgl:

Ay wa ---;,[_r}u [J]}

»

JOTA: VDL 4, K. 4, |}t m
The Lagrange mubtiplier # is obuined by combining (28) and (33) ta climinate
Ay, 'I'his yiclds 1he relation .

. L hUE-siet)e 0 ' {H}

For any given & in the range (29), Liq. (34) supplics che Lagrange
multiplier vector o. Onue o io known, the correction dy e given by (13) anl
the corrected pusition veulur £ i given by (26). QF course, the restoration
phase munt be perlurmed acratively until 4 desired degrec of neturacy is
obtaincd, that js, until the oqabity

' A4 IS . - {13

i eatislicd, where 8, in 2 small number and the perfarmancye indes

P(v) s @T(x) §{5) oo {36)

FEEPE .

mcaauren the errer in the constrainl,

4.). Descent Property of the Performance Index. The fir
variazion of the perfazmance index £Yy) ia given by

: : YY) MY ey ..
and, because of Eq. (23], reduces 1o '
’ 41y} = —2hp?[ 51 4{n) {38)
whi;h, in turn, can be written s . " . ' )
By - —201Yy) (9

Since P(y) =- 0, Eq. (39] shaws 1hat the first vasiatian of the potfotinenge
index is nepative for k& 7- 0. Theeelere, of & i mll"u:icnt'l}' small, the decreane
af the perfuruanee indes is goaranreod, Do praciice, ome can wme & -
IF this value af & does ot result inoa deerease in 2% o & b swcgenaively
Bisccted woul P is decreased. "

5. Order-of-Magnitude Analysis

"Fhe pwsitiop vecior & g vad uf e centoration phaic and the position
vector & b tie leginning of the gradienn plisse are relawd by
.

Ry 4 4adv }'l‘ul
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where dx is the gradicns displacement und Ay is the rel.tnﬂnun dl:pllctm:nt.
From Eq. (12}, we sz¢ that, if the stepsize a is of O{¢), the geadient duplu:-

et bas Lhe aoder ] '
. ' dx = Gfe) .- Hl}
e obacrve that, o second order, ’ ) .
v) = wls) + 9.No) Je + | AT s} & (42)

where p,{x) doautes the array of the second partial derivatives of ¢. Since.

the meminal point 5 salishes (2) exactly and the variation Jx watishes (1)
10 first order, the first twu terms on the right-hand side of (42) vanish.
Vherefore, In b light of (41)-(42), »e conclude that

¢y} ™ Gy INTHE

Eut: we Turn our attention to Ega. (33)- {24} and observe that, because of {4]_}.

Ly e Y T

il the gradicnt displacement is of ), the ;H-ti_;rlﬁﬁn

1a conclusiun,
displacement i3 of Q0. This guarsnices thar, for sufficiently wmall ¢,

1dy1Ctdel ’ A < ¥

£.1. Descent Property of the Algorithini.  Finally, we cansider the
piints x and &, Both satfying the eonstraint (2). To first order, the difference
of the waluea of tle Tanctian f at the pointe 4 given by

JE) = i) = LM + dp) (36)

I
On 2ccount of {43), the sccand 1erin un the right-kand side of [46) can be
neplecied with reapect to the fing, e, Eq. (46) becomes . .

08 =Sl e =T, QA A “n

Therefore, Tur « sufficiently wruall, 1he restoration algorithm prtﬂtﬂ'-ﬂ the

deaci Rl proparit uf 1he gradicnt algorithin: the function f decreascs b-tme:n

any ha I-l.ILCE.“I'-i: fUatazation phllbﬁ

&, Surnmary uf the Algerithm

The algurithiy presentad in Uark ] caosisis of the alternate 1uCeersion
of gradient phiss and restoratwi plases. A summary of the algorithm i

preen beluw.

]
ar,

!hmvot.'« NO. & 198 . . ‘m '

§.1. Grndnmt Pluu. [‘nr this phm. the :Iwnthm h uprrunt{d hr
' ‘ .
- -l rods)l r.’l*]f.[rj _—

L] e [H

. i Y Fn A] = fir) 4+ edn)d . | I.“]
d;-—I-F.r[ﬂ]'] ) ' ' . !
LT s LT

The .,':.:i{_.:m‘n[ operations ia a3 follows: {) sclect & nominal point 5 such
- that p{x) = 0; (b} at this point, determine the veelar f {x} and 1he matrix p (x];

(<) compute the muliiplies & with (48-1) and the voetor F4a, A with [($4-2);
" (dy determine the aptimal ittpnzc n h}' a one-dimensival weareh in which

either Pla) = fiyor Yia) w F(y, ) s minimized alang the search direetion
Fela, AL the search iy terminued when Ineg. (24) is satishcd; (+) compruie
the d::placcmcnt dx witl (48- ij and the vnn:-:l pﬂmt ¥ with {_43 4).

ﬁ-l Restoration Phase. lnr this pl'uﬂr the algorithm is rcprmntrd

by . - _mrvdl ne hemy, - TR Tl
Lo "*Ir."[r:-nm]- ) ox. EPELEE
SRTRDEY S YRR
*-.r+dy A e

The ln::]u:nu: nf np:rauum in a3 folluws! (3) ot point y, compute the sertor
ol ¥) nad the mateix ¢ {3} {U) psuming & = 3, deteemine the multipiur o
with [49-1), the displacement Jy with (49-2), and the vaciwl poine & with
(19-10 (e} if 5y 2 a"'[}'} the scaling factor & = 1 is avceptable; if

PLE) = P(y) the previvas value of & must be replaced Ly moune sinaller

value in the range [29) unlil the condition PE) < P is ot thia can be
schicved through succcssive biwciions of &; () rctarn te siep (4) and repea
the 1eiloration :Egurllhm uring £ as Lthe sarting poiot r for the edaggrent

Heratinn; (¢) wnnisate the restoration algurithm when the stepping condition

{35} i1 satished; (f) nnce the 1oatsration algorithe s cmuplmd ‘u.tl[j tlu. )

ineguality
RS |

]

LI

S esta - L

I Ineq. (50} is satished, starl thc nest gudmnt Phase, IF new. {80) is vinlited,
return o the prl.\riuui gr:du af FI:;;: phid reduce the llLPl."'. o |||'|I|.I alter

toaturation, Ineg. (50] i savishped,



=L B _ IOTA: VOL 4, NO. 4, 1959

6.}, Stappiog Conditicn. The algerithm i terminated when
A <8, , (51
where & i9 2 small number and -

RS A} = P A (x4 {5

measures the errar in the oplioal conditions,

PART 1: SEQUENTIAL CONJUGATE GRADIENT-RESTORATION
ALGORITIIM

[n this pan, we present the ennyugnte pradient veesien of e sequential
gr;;ha. ni-restoration abporithm. T'lie grodient phase i3 discusscd in Scetion 7
in gemml the case of a qu adliatie fubetion snlijeet o a linear canstraing
is given in Heciion & then, the practical metband oo be used far a peaquadiaie
funcion sulsjeet tooa nonlinear constraint is given i Section 9. The treatment
of the restoration phase i3 omitied, singe it 35 covered in Heetion 4. In
Section b0, an order-of-anagmitude analysis is presented. Fually, in Sectien L,
the segquential conjugate geaslivi-resweation algorichm is sumnarized,

4. Gradicat Phasc: General Discussion

. Cansider s Jispliceinent de Leading Besan o il point ¥ 1o 2 varied
puint p given Ty 1 (30 Assannd alat the nominal point v satishes {2) exactly
and tha the vasicd paing g savishios (33 by fest onder. The Geat-arder change
of the function {1 1% given oy Eq. 47 Do gurn, e fiesleofder chanzge of the
eonstraint {2) is representad by By (33 Neat, consider the allowing quadratic
constraint on the displacement dat

™ ) K= (s — B — 3 43 5

where K and £ e constaas aod 98 s dwe displivenseoe of the provieas
gradicnt phise, thit ia, the displacciacnt leading fiom the woadnal peiae &
to the varied prant  fzec Figao | oand 230 Wirh this nuberstanding, we
formadare the fotlining peoblein: Find the displiceinent dx which minimizes
{43 wuhject to (3] and [53),
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?'.l g Displacement-Ax, Siandard micthods of the thegey of n.mx!'.nr;
and minima show that the fuadinmeatal funetion of this prohiem is 1he sealar
function =~

§1 [} de b M ()} dx + (I 2aNdy — BI5T(dy = A3} - i:q].

\ilmrlc L2 is a sealar Lagrange anuliplier and A 2 gewwctor Lapranps
mabiplicr. If anc inrroduces the awpmented fuserion (3] and s pradicnl {9,
the Tundameatal function £34) becons

0 =F 0 4 (2aKds = 843 Jx — g 21 (55)

The optimal diaplacement Ao watistiva the relation {119, whu-q: explicit form
is the Fulluwing: .

A5 -4 —aFyiy, ) 4 f 43 {46)

If one defines the search direction g froum

Fadr = —op . R ' ' ES?]

P ot
. -

r " . - - +
and observes that, for the previaus iteratiog,

T S - R (38}
the lollowing relation ensues from (56)-{58): . “ ) .
p o= dle A) o+ yp , Lo gy

wlicre :
¥ = fils . (65)

In eonclusiun, te displacaincnl i during the gradient phase is glven hy {57,
with p paverned by Eq. {39} where § is known From the previous iecration,
Nute that {57} and {59) deteonine du providing A, a, y are apexiiivd,

1.2, Relation Between & and a.  As Ex. [57) shaws, the displacenunt
da s propuctiunal to a, the dlepaize af the pradici pluse, Upon lulhtl.lull.ll;,,
(563 e (3N woe obtain LA T3), Therfure, a errrespoidiiee vaists letween
e valus ol the vonstond & and the values of the stepsize a0 This being
Hw cose, oue can bypass prvseribing & end reason ditectly on s, as in the
vunsideaations wlich Tulluw.
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73, Decermination of 3, o . 1{Egs.($), m un [591 are combined,

» we cbtain the relation '
I v 2T WA+ e SO T [ﬁl}

which ensures satigfaccion of che Eﬂ_mlrnint {2} to first order, Equmiicn (§1)
s » Linear relarign Letween A and y apd sdmins 1he solution

b= e (=) w0 R (%) + peaT(R B {'E_ﬂ]

Therefore, Lhe rate of :Hange of & with respect tu v i given by the veclor
cquatinn ) .
A, = [, ) AN e . gL
The next stop is 1o aasign valucs 10 o and y. [ Equ. (3), (37, (59] are
canbined, 1he pusition veetor al the rnd ef the gﬂdicnl phzs:: brcamues

¥ =1 —af{nd) — ' Ty .

Since A d:pcnds on y through Lq. (62, Eq. (64) Jcfines a2 twnvp:ramctcr
family of points ¥ for whlch tht augmented Tunction ¥ tikn the faten

Fipd) = F{I —aFln, ) —erp A} = Vlny). - {89)

The preatest desrease of the function ‘i, ) ocours i the parameters o,
patisfy the following necessary condsjons:

Wlm y) =0, Way) =10 L
After chserving tha

Yiur) = __~'F:r{.}'l Alp N

i ) : (61
Y.l vh o —?_J SURALR = [aF My Al e ds) — 0T A,

we st that Egn (00} can be written as .
Fily.apw0  aF (33 + [FIyMeds) — 7yl 4 -0 {48)

In the Light of (59) and (621{5<), Eqs. (£8) conatitute 3 wratem of two scalie
tquatmens i tliv wnkiewns = and v, Onee the sicprize « and tee cocfficient ¥
pre koown froim (G8), the multiplice A falluws Trogn [62), the search direction p
fromn (59} Ve Japlacement dx from (57), and the positien vectar ¥ from [3)
T'huy, the probilem af deturmidning 4, o, v i3 solved in principle; computa-
tianatly, howevyr, funher simphficatiens are nceded @ make che algorithm
pracuical, )

..'. I ' , I.' . .I I. . :-L
PRI T O LA 'r'.'-:fi"'l_ -.. _.' V- .I ' LI P .l_n{ . t.":. [ }‘{:. -

Bk S

TURIN T 0TA VoL 4 NO. 4, 1 - m

Y. N _“1 [ " ¥ 1

L

5, Gr:r.iunt Phuu: Qull:lram: Fun:tlnn. Linur Bumtulnt -

) !

" Nuw cnmldtr the particular vase of 2 quaduu: function snd 8 luu::.r
senstraint given in the Inrm ; -

M " -

 f(z) =a + x4 i;r-ru. wi) =4 + o e .

; where o in'n IC‘I‘II, i I!‘L HevCTIor, € AN N X M aymemcteic matrin, of a
g-vector, and 2 an & X ¢ matrix. [ere, all the cnc:l'ﬁucnll are conatunt. “'Il. )

gr:dltnu of the functions [ and g become . -,

b . .ﬁ.h] At el =e s L

Dﬂ::uﬂ: of the Imﬂnt}'. the constraint iy mever vialated u.'lurm[ 1he.
gradivnt phasc and, conscrfucnly,

coe L ady e dmsddn . wmipm0 nu

This imng the case, Eq {42} |.upph:| the I'ullawmg expressivn for the

muillpher p e i el et -
P 5. 1' - "I'h"["."r (s ‘r-r':’f.'lf-(ﬂ o, :[nl"
which. i now mgirpend:nt of 7o that ia, - 5o . _ +
N : i \ : ;- *r -l ot g .'a.?..‘:'.- -.':T:- I{'{]]',.
b R oo Tt

The relatioos [68) optimiting a md y berome - T, o

L ]

L Rtpen kim0 o) -

lhnw'.ng tht the gradient of the nugmml:d function st point y ™ urthnpml

to both the present and provious acarch dircglions. A :mu.th:rnlll::.l COIsC-
qumcu_ of {5'}} and (34) i i thag v

1 . Fliy, A Fin, 4) =0 o I?S}

shawing lh,:t the gradients at point y and peint 7 ere orthoponal, I-u:thtrmnrr
after laborious maniputatians, Eqs. (74)-{73) lead 10

FiaBpe0 BT lip =0, FNLHFIRA - if'.-'ﬁ}

Fer a quadrmc {unclidin pubijece to & linear tl:nstrqmt the- rn]Iw.ml .

r:hnumhtp :.tn. I:H: ihnwn o huld

LY " 4

R e SO ' on

o
] 1



28 TIOTA: WOL A, ND, 4, 1960

Invoking (69)-{17}, we sce that (74-1) yiclds the following solution for the

cptimal stepeize;

o = F T{r,2) 2, A)ipTcp .o (M

Furthermare, {14-2) leadn 10
prei~0 . M

which states 1hat the search dircctions p and § arz tunjugste with cespect
1a the matrix . In turn, (79) yiclds the fullowing explicit solution for y:

y = E T O F i, AT D {EDY

In conclusion, fur a given meanined poine ¥, the multiplier A i supplicd
by [72), the cocfficient y by {80), the search divcction p by (39, the uptinmn
stepsize a by {78}, the displacement dx by [37), and 1he posilicn veclor y

by (3},

B.1. Convergence Propesties. For a quadratic funciion subject to n
hincar ennstraint, the following relationy can be shown i hold prucidiag the

Jirst step of the wfpoeithm fa g gradiend tlep;
FIc X Fls, A) =0, Findp =0 plep, =m0 (&N

where #, denotes any atate preceding #. Dyuations {81} con be deeived Tram
{76) and [#9] throupgh mathematical inductien. ‘I'he Briv of Bqs. {81] stares
that the gradicnt at cach point is aribngonal te the pradicat at every previous
peinL. The sccand of Ena (81} atates Lt the gradicot al each point is ershugoe-
nal 1o the searddy direetivn al cwery previeus et Finally, the ard of
Fas. {E1) stares that the search dizoction 4t cach paint and the search direction
al ewcty [friious point are cunjupale with respert te the consant matiis ¢
this is why the slgorivhin s callod the rewjagéade -prodiont alporithne,

E lLaberious maaimlations, vted bor the suke of brevity, show tiai the
almrithy difined by {13, (57), (59) with Aoy defind by (223, (78, (8]
reduces the pradicut F, v, A) 1o zero in no mare than s == g weps; therclore,
the minimuin uf the funetion f{x] subject to e comtraint g2} = 0is reached
in ng mere than a — g steps, D e fupctipn i3 wopomstrdined, thay i, ol
g = 0, then the minimum of f{1) is reaehed i o more than & stepa (e
Mels. 5 and 6.
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9. Gradicnt Phases Nnm'ul_dralie Function andfor
Nenliacatr Constraiat
1f the function f{} is nungquadratic and ez the constraint s{c} is nonlincar,
the relatone (72), (78), (80) dehning A o,y are not simulzncously valid.
We nbserve that (72) aml (60) involve Brse detivauves only, while {78) involves

. the second-derivative matris ¢ "This being the case, we chooac 10 diseard {TH)

sud retain (72) and (B0). Thus, we empluy the algorithm
A= =1 () el b )
Fole, A) = 2] 4- wdeh )
y = RGN F n 0IFTE B F LS L)
po= Fin A +
dx = —ap
y=+dv

(62}

which, for ihe unconstrainad case, reduces lo the well-knowa Fletwher-Rerres
algarithm (sce Befy. 3 and 7). For the constrained easc, the justification of
the txpressions for the muliplics 4 and the cucthicient ¥ s proented ia
Scction 10. Once the nouninal poind x is given, the multiplice A i determined
with {82-1}. 1he gradicnt Fis A) with {82-2}, the coeticient y with (B2-3),
and the scarch direction p with (§3-4); ler a given stepaize a, the displacement
Jois vomputed with {§2-5) and the varied paint y with {81-6). The deteninina-
tion of « is diseissed in the fuilewing sectien.

9.). Siepsize. [ Ega. {E2-5) and (32-6} arc combined, the positicn
vecter al the eod of “":,E'-‘-di‘“‘ phase beeomes

y=r—ap (a3)

Fur 3 given naminal point x, the vertor pis known throuph Eqs. {82-1H{E2-4);
therclory, Ly (33) dehines a one-paramcler Famnily of puint ¥ Jur which the
augmcnted function iy, A) 12ket the Tozm

F(3. 3} = F(s — ap 3) = P , e

The greatess deercase in the fapction Y2} otcurs if the parameter o ratisfica

the Tallawing m-n-ia:rjr'cm:dil_iun:
Yis) =D I /311
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After obaerving that ' -
Pla} = —Frlr A R

we see thae Eq. (35) cun be written 8 )
. FlnNpmo Rty

shawing that the [;rix_.l:lueq'; of the augmented fanction ot pointy is n‘nhﬁiur::l
10 the seacch diccchion po - :
To ohizin sctiefaction of (85} or (BT). some anc-dimensional search

muthod must be vnployed. 1n particular, cublc interpointion [t employs st

derisatives only and quatifiscaricutiva {it enploy both frst and second
derivauvey wie powerful methiods {Hefs. 1-3). Thrse metheds arz 1o be
empluyed iteeztively until Eq, (85} s savished Lo 3 devired depree of accuracy,
that i5, wetd Juog. (24) i satished. .

9.3, Starting the Algorithm.  The ulgorilhm {42) recuires that the
search directivn g be knewn feon the previous iterstion. Sice thas s nol
the casc Fur Ve 1EST IRCTAENR, 30MW S3SUNLILTL CUNVETRNG vh is neaded
(i o7der tr stk Ul algarichem, To retain Guadiabic Convergence, one INIEH
chutse pow Doey =0 Consequently, for the farl step, the search direction
{8247 beiwaiws ’

poen Fils ) (82}

meaning shat the first step ia 3 pure gradient step,

- a 1 4
%.3, Rextarting the Algorithm.  Fer 1 quadraue funcrion subject 12

z lineat con:uigind, the present algorithm canvetges ko the 2xact mimmaum -

in ri more that & = § 2cps. For the genvial case, this supgests 1he idea
oi rettasting tbn clgorithm every AN =g — gur AN =0 — ¢+ 1 siepa

10, Orderaf-tiagnitude Analysis

The beoprviiial conjugate gradicnt-retaeaion algurithing i3 represcited
Ly Fge (b2 and (49, White Liga. (49) are exact, Liga. (82} are an R LR
mation tu tle tue eptipal comslitwrs. Inodhis seclion, an cstiaate of
the crrar ievmnesd 10 the coaputatione ol dw §agrange multiplice & is given;
furthetoone, 2 vesiicativn of the cesdent proputivs of the slgoriahm is
TR

. +- " - - '1‘. I
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; 10.1. Lagrange Multiplicr, ilere, we wssumse 1ha, H; i 3 amalk
qu:_.nuty. I . E . [ L. 4 .

woo H ) . ﬂ._qt]-. {Iq‘}

fu_j-lq':v.;cry gradient phase, Cuncerning the mu:thipllut A we morte 1l 'lh‘l.' exart
¢quation [62) has been replaced by the approxinate equation (82- 1); vherelurs
the g-vectpr | . | co |
. Romwdh o 90y
t H:htjr?mu:-,i" l;f the arder of magmitude of the error in &, *I'Ililk Ll! die
Lo the faer that the vormy w,f{a) f45) and ¢, 7(2) s} in Eq. (61 bie
e et oo oo (1T ‘ e () e} in Bq. (62) o

, 1} i3 compuied with the approvimate equation (B2-1), the inl-onles
Fha_ngc ol the rumtraint {2} i not cxactly roro amd, becayse of Lgs. (%3) ’
wpven by . -y '

u I RLTT

» sTrota T l,[x.i_-_-..—m_'l'[x}ﬁ . t . Lﬂl‘;

If one ghurlvﬂl }.h“-.'f':"] - 1] :.I_"l;:i thlt,. to firat nrdc;. . i .

e T Bl = 00 - gt i3 i 9
it fullows that @ o 0 TR

Lo e e ' ' - T . ' ¥

Ao e T Loy

+ IF Eqs. (49) andl (93) are -.fnmhin;:p the displacement dy usociared wlllll the
* peatorgtion phizse can be written as i -

dy = epkr LR TN e T § o)

“To first order, the expansion af the gradicat ¢ (¢) is given by ‘.'i}
il

v fi) e e 0} e fodr + 42 * %)

= r - ! ‘. !

where o, %) denetes Uie areay of the second pansial denvatives of g, T the
transpores of hoth sides of (95) are postmultiplicd by g amd il Eqs. (82-5)
and (547 are accoinnal for, vine deduces 1t . t

RIE P = 971D = apTe(x) p o+ ahpt L N M) e p ) 099)

Hecanae rlrf (82-1Y and {B2-4) tho Arst eeem o W righi-hand vide of [";I‘ﬁ}
ean be wrilten a3 .

A ) F A SRR 5 ¥ {97}
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As & ennsequence, the third seem on the right-hand side of (96) is negligible
with sespect to the first and Lq. (96) can be approximated by

PaTlE) p =y (3) 8 = apTipada} b (98}
This is the key recurrence formule necessary to estimate the onder of magnitude

ef the terms of the form ¢, 7{x)p or g, 754 Sines a iy of Ofx), we see that,
for the fint sicp of the algonthin [y = 0 or p = 0),

(i = O) ()

“Therefore, for any subscquent step, an anslogaus relation holds. Thus, w1
any point 7, we copclude that

o.(4) § m Ofs) (100)
Since 'RJ. ii.'h'l‘n b}- {90} T P(upuﬂ'ﬁunﬂ.l 1o the left-haond side wf { lm}. we sie Lhat
2, -G} - {en

Theretore, the Lagrange mulliplier 4 computed with (82-1] i prtcifc w O

10,2, Remark. Becavse of (693, (91) (93}, {100), we conclude that

| Belx) = 044, 3= OLY - e (10
Furthermore, from (82-5), (E9), (94), (100}, we sce that )

dxm O, dy = O T pes)

10.3. Descent Property af the Gradient Phase, The first-order
change of the function F{x, A} btween points & and y is given by Eq. (15)
in the light of (62, this can be writien 34

BEk Ay em —ab M AP F0 A - Ry {104)
 where Ry is 2 scalar given by
Ry vongF 7 (v ) {105
On wecount of (%), Eq. {105) can be resenitton a )
K, o= A5k {10}
where . )
By o= [ fde) b eadaddlih M= alh = B2 (167

m

{
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We observe that, to first order,

| () SULH LA G, wds) = yd S+ vl 4P U0
and that s . . .

; D S m TN 4 4 - {Im)

where @(x) denotes the right-hand side of (82-1). In the light of Eq. (§7)
spplicd te the previous itermlion, Equ. (107} become .

) Ry w wy B, 500 Ry afdi + 35 O ) v (0} {110}
IF (390, [100Y, {10]) are recalled, we scc that

: R1 = Ofch, Ryom O . {1y

0 that | , " , P '
S 0 M=o . o
Since the Bt term on the right-hand side of Eq, {104) is of Ofe), B, can be

neglected and Eq. (104} can be spprasimated by ) ]
L R Ty 10 R (11

This :rlaiinnshipn shows that, il & >0, 88y, A) < 0, This is llm-l.lrum.:m

properey of the fundwmenal fusction during the pradient phase, '
Necguss af detinition {B), the relativaship (17) can be cetablished. Since
BF(x, A) i of Ofc) and fyia} is of Q") Lq. (I17) can be approximated by

Ef(x) == 8F{x, 4] P -y
which states (hap the functiony f{x) and Fix, A] bebave identically, to fry

erder. This and {113) establish the descent property of the function f{x)
during the gradicnt phase. .

104, Descent Property of the Algoricun,  Fimally, we consider
poindy & and £, hath gatislying the cunsteain (2. "o fienk orcler, $he dilfereneg
of the valuey of the function f{5) at these poins is given by

HERF IR AIE) REEIY ’ {1})]
Oa account of [103), the secend term on the right-hand side of {11%) can be
neglected wich respeat tn the firn. lence, Bq. {115} becomes

AR =0 e BTG 0 {11€)

' a
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y Thrrcfnr;. for ¢« suficently small, the resicnation algorithm ﬁm:'m: the

drscent property of the gradient algorithm? the function f deercases belween
any two SUCCOISIVE 1EMaration phases. T : -, .

10.5. Coefficient v. In l.t:e present algorithm, €xpression (§2.1) has

“heen used for the coeficient y. The main justificaunn far (82-3} 6 thas it
produces quadratic cunvergoice in the eeminal stags of the n?gpti.t'hm. The
addmional justiicition 19 that the terms (90) and {105) contaimng ¥ are of
O] and ey, Fospectively, Ae @ conseruence, they Jo not sctigusly allect

the computation vl the multiplier A and e destent prapeny of the wlgorithm.

11. Summary of the Algorithm

"The :lgﬂ;i:thm prevented im Part 2 consists of the alternate iguc_:étin_n
of gradient phases and restoration pbases. A summary of the algorithm is
- given belaw, .- .

11.1. Gradient Phase. Torhia pl‘uu, the algorithm r':p:mntt-d by’
b e el

Folz, A} m f{3) s} d

- 3 X "1 ‘,-Ii F. Eri 1" E
Y= AL AEIERRGR .U
P -J"_.{k.. H +Tﬁ I .
dr = —op. . '
Yy mr e dr o
Ao - ‘

The sequence £f pperationy ia as (ullaws: (1) welect 2 acminal p-uin:_ * sach
that y{x} == (b at this point, determine the vectar f{x) ‘mdﬂu malrix .05
{c} compute e sonltiplier A with (117-1}, .the vector Fla, 4 with {1172},
1he coeMmaent y with {117-3), and the scarch direction p with (1174}, where
F is knoun froon the previogs neration; (d) dutermine the uplimal septize a
by a one-ditacnaional search in wineh dither W) = A y} oy ‘i’[‘:} = F{y, A)
is minimized dung the sarch direction g, the srarch i terminated when
g (24) 4 sositied; {c) compuate the displacement dx with (11T-5) and
the varigd puint ¥ with (h17-6).

=

ool e el Loy A S

1 " L E L]
3 Y, l-\_ . .:"--|" i ll, L. ? . i , o .
., . a 1 . L 1 we '
A N I R
T Ter T L0TAYOL 4 N0 4 1 1 1 e ""*'lm .
- e . . . R Y] . C

- .. 113, Resteration Phase. Fortbis phase, the algorithm s sepeesented by

oo N e m e e ) L - . .
T i 7} - - - . v : ] 4 -
0 ". 1;., . ,.'."r =—-mlhe b ) -

e Pyt sy . U

ThE 'g_équunce: nl..npemic'm: i+ ma fellows: (3) ot pm:l.it'lltI ¥, compute the vector [
" oely) andithe mratein ¢, 3); (b)Y assuming A = L detcrmine the tultiplics &

with (118-1], the displacament dy with (1158-23, wnd the varicd point £ with

(U830 (e if PN < F{p) the sceling Factor k= | i wcecprable: of

P{E) = M) the previvus value of & must be ceplaced by same smatir

schicved through successive bisections of &; ) renurm g yten (U] anid repueat

the rentoration algarithim using £ as the starting point y ot the yubscquent

ilclllfun; {e} terminate the restoration 2lgorithm when the stappinig condition
(25) is salishied: {f) once the resioration algorithe: is complicted, verily Lhe
inequality . ! '

e Lo

ﬁ;i} < j[xj

fa,

- L] 1 " .
1§ Ineq. (L19] is watisRed, start the nent gradicnt phase. If Tncy. (145} in *.°

violaled, 1etyrn 19 the previoud:gradient phase and reduce

until, after, reptoration, Ineq. {119) b sauinet. 77 1 F

111 Starting Conditien, | At the start of the algorithm, no I'nfui fria-
tion pectaiping to the previous ifcration is pvailable; heaee, we pet frlr- 0

of y = 0. “This means that the first atcp ia 2 pure gradicn 1tep, 33
TR ] | ' .t .

. 114 Redtarting Condition, The algorithm must be restarted

N
L

the sitpame a -
1+

I

{a) when the optimal stepsize = cinnot be employvd due 1o viclation of

Irneg. (119) sid {b) at the end of every AN m q —="g o AN =

iterationr. "I'he restarting s pecformed by setting Famboty ni, 4
. B , . g . TS ‘s
I1.5. Swpping Condition.” The algorithm is terminated when Ineg. - "
{31} is watishicd, to -, : :
. . . . ¢

3

e -

. ,‘,. . PART 3: NUMERICAL EXAMPLES
) T ordee v dlusirate the theary, several numerical caamples see dcvﬂ.upcd
uting a Durraughs 1-5300 computer and double-precision arithnuwtic, Cua-

¢ cormng the gradient phase, the ene-dimensional search i3 periorined w0 s

r

valué in the range (29) unki] the condition F{2) .2 P{y) met; this ean be 7.,

wd

[

[

=1
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PO T

. {9y -

Ll e o T
-

r
4
v

E
A

-



136 - ’ HITA: YOL. 4, K0, 4 199

o mirdmize either Fla) = f{y) or Fla) = F{p, ) with rapert ta o slong
the scarch direction. Casilincarization is used; the fullawing wopping
condition is emplayed: ' .

VAN 5 107 f124)

corresponding to o = 10°% in {25). Concerning the resteration phase, the
restoration alporitun is employed itvratively umil the errer in the constraint

satizfies the incqualiry
HE) & 0. (121

enrrcsponding te d; == 107% in {13, Finally, the seyurentind pradient-rertoration
elpurithun is rermipated when the orror in the uptimal conditions satislies the

imcgualily

(Hed) - 1001 T,

4

correiponding to 8, v 10°1F in (51} )

In the [ollawing sectinns, two proups of nuincrical examples ase
presented: {a) examples pertaining e yuadratic function and lincsr consiraint
ard (b} examplea pertaining 1o nungusidratic funclion and'er nonlinear
canstraint. Loth the ordinary gradicng and the canjugale gradicnt versions
of the abrarithan zre used, "The fullowing wrminology”is adopted: N is the
iteration pumber feach iteration includes a pradicrt phase and a realpralion
phase), ¥, is the number of sestorating cycles por leration, N, is the aumber
of iterations lor convergenee, aud JA iy the number of iterations between
successiv e restarling points. For simplicity, 1he symbals emplayed thraughout

furt 3 arc scalar,

12. Examaples: Quadratic Functinn, Lincar Constraint

The first groap of exampled duals with Duncioss ol the fnewn (67-1)
subjuct e a cunstraing of e fanm {0930 Pur these Tans tions, the fllnwing
|'l:|'u]'3'l.'l"ti-l.'=- Twadd: (4] no resofalien ia pwpdedd, that T, ¥ = 0 (L} the search
perfuraned by quasilicearization yivkin the wptonal value of o in one gEeps
{u) the vadoe ol o cotpoted by aikiEnizing ¥ o f isthe s un thar cnnputad
by mipbmiziag W 4wl (Y ranseigeonce b the NIRRT GECIH S (1 D
mre than o — i itceagie 3 the cobaggaee gradic vervian of thue algeeith,

Example 120, We conisidor Uie problany ol aninimizing the funetion

Fmis ) ply-r ap HIJJL

) A . )
JOTA: YOL. 4, NO. & %9 ~lhIL"'2.!‘.!'
subject to-the constraimt == - - - - o= R
P4y = {124)

N?tlt that = ), ¢ = I, sothat @ — ¢ = 2. This lunction mdmiun the relative
minimum £ e 0 at the peint defined by s

= ya—f v {425)
The nomnlaal point chosen for starting the algorithm in the puint of eoordinates
T o o[, 8| {Ilﬁi

CUMim‘InI mlh-[l_lrﬂ. ':Dl'l:\"l-'fgfnte ig achicved in M, = 1% iteratlane witly
the unl:umr}' gra-.hr{:nl version of the algorithin and &, a2 2 teqatione with
the l;unjugntc gradicnt vension,  Far the later, Table | shows the detaibed
resnbra, .

b . oy . .
Table 1 {x — g = 2]
KoM, x ¥ z et ! o
b —  —aue 1000 oG Q1Y i -
. . 0.1] = 1
; ] =LYy 1.ET89 ° —0MN6 01l x I oM x I
] 0.5 — L 500x) 0] = 19 OMeid*

Example 12,2, We consider the problem of minimiting 1he function

. fomiz =Py~ ) (v = n)t {129
sibject 1o the conetrainis
x4yhrrdntbw=3al, r=3v}uwjl=0 [124)
Note that w5, ¢ = 2,50 that 1 — g -2 3, This functinn admita the relative
minivm f o= 0 a5 the paint defined by . . .
. : x=0, ¥=1, z=1, wal, wel {II'.IJ'}I

‘I'he numinal paint chosen for starting the slgarichm in the peint of courdlnatca

..'".",J- Y= a=—3 u=32 wwm =1 ' {130

4
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consistent with {123). Convergence is achieved in ¥, = |7 iterationa with

the ordinary gradient version of the alporithm and N, = 3 hterglions with

Lthe senjugate gracdient wersion, For the atter, Table 2 whows the detailed

(PN T - ’

Tahle 2 {n — g = 3)

M N = ¥ » " - ! o

L] -— Flvnps  SQ00D e lED 1] =1.0000 084 = I0* 1:i-.§1 = j0

1 o VT Dy Ga3ey TR 10373 078 & 109 o= 1P|
2 1} 1.1/ QA% Qa7 1, 1054 CEuAY DD x4 & E) % 1 -
b ] [N ] Linnl (W] [RELia3 LA 011 & 10-% . 69 w= D=

Examiple 12,3, We cousider the problom of ruimimizing the Tunciion

. . 3y

Falv—pp p (a2 4 (u— 1)t H{we — 1

subject to the conslraints

vily~tml  afr—tu=m0, sow=0 . (13

MNolethat m = 5,y w 1,30 that w = ¢ = 2, Thiy function admite the relative
minimum f = & at the point dedoed by 4 - et

1 i

=1, zeal, um=1 w=l {13
Tiw nwmina point chnsen Fur starting the algorithin is the peint of coordinates
l"i-)‘“l.il:l'lll---l.“-li- (M)

consistent with (132), Conmvergenee 4 schicved in N, = 13 fteradons with
the ordirary pradient vergion of the alpedthm and &, w0 2 iterations with
the eapjugate gradwnt sorsion. For the dotier, Talle 3 shows the detailed
roaules,

Tahle A {n ~g = 1] -
LY LY < ¥ ¥ - - J L
1 — X Empl MM FLGGG = LHNN G0 DR xR LI e
1 i U wfhas ML) I *erd W iTad 1.[uir Tk o« Lo o037 < 10
2 L1} i prdakr ] Dl 1K Thm] O = ! 0W = 10"

1 A Lage v i ™
5'.11 o 1 - " . . S
JOTa: VOL 4. NOL 4 1M ©© . 'an

i g e I
13, Examiples: Noaquadhatit Function aodfar Naalinear
Constraing i
1 ' . :

,, The sccond group of examples deals with general functions aml pu::nl
mdﬂ;;:fﬁt:.'f.’.‘mwtrnmg the scarch, the vilue'of o vamputed by miimizing
¥ = fis differet from Uit coniputed by misimizing ¥ = &2 For the
conjupaie gradient version, the algorithm is restarted vvery N ibcralions.,
qu:u: Ehln AN = I’ﬁ:m'"fl’““d’ o the erdinary gradicnt version, P

-

Ezxamptz 13.1. _‘L"fc consider the problein of minimizing the funt'iu'un

Fmire 4 (y =2 . B (4
subject la the constrain .
' M+ 4+ —3mp | {13} -

Note that a = 3, ¢ = 1, w0 that  — g = 2. This Function sdmils the relative
minimyum f = 0 at the puint defineg by -

. L

;nll..‘é;lt ¥ | LA . ’. qa?j

L A L -
< ]

DA L b

The noniinsl poini ‘chosé s for ifariing the algorithay is thé point of coordinates

| e I '
V. ANy ae2 , - U

mnliil:p'll with {IJIE}. Table 4 ;hu\i; M. Tor wveral vplues of ﬂN and both
Y f fn.d ¥ = F. The detaibed tesults pertaining to AN = 2 gnd ¥ m F
are presenied in Table 5, T . '

1 : N
Tahle 4 (x — ¢ = 1) *
\
M. M,
dn ¥ =) (¥ wF)
- L - . 1 [ rjl‘"'l 4,’&“ . -
. ! 1 13 :
! (1 13 .
. i ' wtog B s | .
1 L) I* 1

el A f l
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Table S(n —g=2,dN = 2, ¥ = F)
N Ny L) 3 : f Q
] — —2.0000 PROVEL) 20000 Q.21 = 10t 013 x 10
| 3 = T QoI 1.1556 011 0Bl < U
H ] 1.315% 9312 s G4NIT Q43 « W ) a4zl »
} } Li03E 11742 0 &1Th oo = 19 ole « I0*
Ll 4 o 09347 1 hdk 0.0 « 104 0.7 < 19°
1 2 ouis LS 11078 0y = 10" 04 = 104
i 4 10N 1038 Gylts Wiz, M 03 = 10"
7 1 1050 1 Ol vl 0% - 187 DI% 1R
] 3 Lt 102358 0 Why 062 v 10 ¢ 041 = 10*
L] 1 Lol oy LD o3 % 10" 017w 10"
1] 1 10uss (e 0Nay Ga oz 10" nAY = lo-!
1 1 [RETLE] [RTik} 03 g1y a0’ 04k < 1D*
12 ] 1l 1 CuwH oyl Gl w 10™ 031 = lu":
11 1] | DN 1 WkH (IR | oar 1t 06 = 1qt
Example 3.2, We nisider the problen of mimimizing the function
F={g =yt (z = Pkl =1 A (e = 1 {19
suliect 1o the cunatiaints .
avt iy —w) — | - 0, y -al=1wm a {140)

MNotethaim e 5, ¢ v 2, 50that s —g = 3 I'kia (unction admits the rolative
minimun f = 0 3t e paia dofined by )

.t'm],_yu].:ul, voeml, wal {E1}]

The rominal print chesen [or saiting the algarivho is the paint of coordinates

am /2 3y T4 =1 W=l v o (142}

Tlle G{n = § -2 3}

o, N,
aN (L] I¥F —~ F)
. I L 111
2 i 19
3 . 1"
I 10 12
! 12 12

e —

FOTA: ¥OL. 4, KO. 4, 1M} - rl ]
Table Tix —qua ) IN =}, ¥ = F) '

N N E vy x , . - w f) 1] .
0 — QWM 1 0N Leabd il @bkl T O x W00
L3 qwl? Lo 10isd oms Q0N Ol w o ol e o
i1 1aMs a0 0NM 63T XA ¢ 6l x 1)
POy 10Ml pocal 1A 0800 QUIRIY OM a Jg Y Gdd o L0
4 7 IR po4es 10NN Oy Ot Ol w DY Ok [QF
11 LM 00l Lok Dupel O4NRT OXla AT 03 = H04
6 1 1A po0d? UM Dumed @ Q0w 00 QaF e (@4
T oov LG am? 1OHD Oyvie! 097 Glia @+t 073k (04
I, 2 1107 peng 10 O9yEl 10iE @) < J0Y Wit s D
¢ 0 LenD puodn fw dpa) Tl 0 = 10¢ O N 1D
12 1 1M o0l LD0O3 De9g] F0odE O M@t @ndw O
o1t o2 Jownd D Lo G

W fsl x IR~

consistent with {140). Table 6 shows &, for several valucs of AN and baily
¥ m fand ¥ = F ‘I'he detailed results pertaining te JV =3 anl ¥ wm ¥
are pn.l.mn.d in Table 7

4
L]

Example 133, We connider the prabicm of mmlmumg the Tunction

-

f"'i'—ﬂ' +{p—p 4'{! —NJ"I":'-“]' {144 '
subject Lo the comsttaints -
J+_}"-i-l'—.]-ﬂ. J'—-||+l--|-ﬂ. = =l ““I _-"

Wote thatm = 5, ¢ w0 3, 50 1hat w — § = 2. Thin functian sdmits the relstive
mipimurn f = 3t the point defined by

rw|], ywm|l, r=| xum] wm=] (i45)

The nowninal point chesen for sLarting the algasithin is the paint of coordinates

2= y=yl s= =], emd—yl wm| “(146)

consistent with {134). Vable K shows &, for sescral values of AN wnd both
o fand ¥ =F The detailed resulty perlaining o dN a 2and ¥ = F
are proscated in Talile 9,
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T:hlel{u—;- N
' H- Ha "
AN R & ] {Y=F '
]
-1 = i1 3 r
i (L 11 T i
Sy i L4
4 110 12
Tabke G~ g AN = LY = F)
NN ¥ ¥ T u B I '_ A A
e 1 ol ol o= Jor L BB ]
0 — oM Laldl —hoobog D357 05
T 4 LwM@ 15517 =036  —Opdne Q37% QM o« I 48 = P
o4 1M LIIW k07 —=00713  Qooll 00 & IR [ B I.n:
b] ] T 07044 10 LAy QNIA (g e GI1 x Il
4 4 - Qi BEir) b LIefr 1 ER3T Q) = lp-t M« |L|i"I
1 ) pawl Owild 1.675% 1154} L1617 D} w i Q1w m—l
& 3 1N Lol | Laru 0917 OwRs o3« 107 Mix ll:lrI
k 1 Ll T T (WN19Y Qa2 0.%754 Gy QJé A T 010 « :I'll_'I
¥ T 1o bR 0 ward Corad QWUED 002 x B0 089 = ju_.
| [ Y A v Dy g%mE Dwrd QN0 = It b9l x Iﬂ"u
10 1 auwedd oo 0w 07AF 10 DI =0 0Tk In..-
1] O gl DEEAD 1.0xa Lind 10 w20 e Ipev D21 x |0
1 : N “q,
14. Niscassion and Conclusioas 3 "

1 . - . 3 P
In the previnus kedtions, @ sopicntidb dperithan o develaped flJF R
ising o faratiun {3} $abivet o the comtrain g{x) = O. The algorithin s

i s o b
composcd of The aitornate suciession ol gradeent phases and eestgration phasy

Vor the gradient phase, Lsi -.-u:siunf Aty pft‘fﬂ.‘lllcd. one ip " h'u._u.'lu }n{_ﬂnmllon
at tanly pointa is wed {urdinary gradicr verriuit atid ralncml‘:"fhuch infurmativn
at btk prants 1 and £ s naed foenquiste pradient version). Far the rtszmrnm;in
phuwe, the anitition ¢mpluysd s that ef e legst-siquare change of the
1I J ! - v

ldi)lt{l‘:’t?:;: B wrlinary gradwnt sersirm of the algedithn eahibits only
4V IGPLSC £OM Crenee, il uunju‘_:.ﬁu ;r.n.l'u,-m. \ru:!:l-ﬂn u?x]|_.||.1|.ll. ql:l.l:.J..m}L{r:
e crponce; this racais thay, _I'ur a t_|u.ulr_.|.n-: lenctinn subjeil t?. 3 ez
conms faind, e ainicgem point i oltaiped 0 e guae than g - g lgranmns.

Innder 1o illusinate S0 thenry, =overal wsereal 1.:;.!111]"11_-?5 ke |'.Ir~_:5r:r'.1.l:d.
The Brsy the: enamples are cueernesl with a Gaadratiec I'uucu_uu auhject twoa
lipear cunslianl: 1he 1omPuler Fésuils canhrm the q'l_-l'-lJlal.:{: convorgence
propertics uf the canjugae gradicnt vergion of the algerthm, The peat three

pth ] s~
) e
10TA: VOL. 4 NO. ¢, 1948 R !

examples are concerncd with peneral functions subject 1o pencral constrainta;
the camputer reaults show the rapidly canvergent prepertics of the conjugsie
gradient version of the, algorithm and ity yuperiority with syt 1 the
erdinary gradienr verson,

o the thewry as well a1 iR the examples, the Function ¥(a] = f{+]) ur
the function ¥{a) = F(y, A is inbamized alang the search dirccivn, Tlewever,
the occurrence of caves where ¥{a) docs not possess & rolative minimum s
conceivable, Por these cases, an upper Havit must be impused on the depsive
ar the petformance index P{ ).

In the puerical ewamples, the starling point was chosrn 3o thar
#lr) = 0. EHowever, the present alporithms can be stanied cven if g{s} # 0.
o this tase, the Bom phase e w restoration phase ralber than n grashicpe

* phase.
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'On the Method of Multipllers
for Mathematical Programming Problems!

A, Muer! PL B Mosiay > A Vo Lovy,? ase Gl ML Coguixs?

* B

_ Abstract. [n thia paper, the numerical sulution el 1he bade

prablens., af eathematical propranuning ix vonsidered, “Vhis is 1he
probilem uf minimizing a function F(x) aubject 10 4 ennstraint
gy == Q. llere, f s a sealar, is an w-veetor, amd 3 {5 0 g-veotor,
with g -7 . : T .

The approach ympliyed i3 hased en the snlnnlnctim of she
aupmental penalty function B{vARY == f0) 4 A0 8 {0 o0
ere, thi g-vuetor & is an approsimation o the Fagrioge mulliplier,
and 1he scalar & = Ois the penadly comsiant,

Previvaesly, i aupnunied posalty bection 10{x, 3, 4) was
sscd h.y Thestetes'in his aowthanl uf I_nullipl_it'lm I Tlestenes” version,
the method of mubliplives invelvesacyeles, invech ol which rhe
multiplicr aned the perally constant are held consvant, Aleer the
minion of the aupimeated penally Dnetion s iveod iy gisen

eycle, the muhiplicr & i apdated, while the sl conssant &

liwhul I.th.h.m;:l'tl. .
L thds paprer, ten moliications 4 of The mctlwal of anadiplicrs e
preseimted o erder b impreve 03 cansergenee Janacien-ties, s

- haproved eonvergenee s nltieved Iy (1 ineecesing the spdariog

Crequeney so that the momle e of ilerations inoa oyl is <hortsed
e A e | far the eudlinary - pradivnt abporithin and 1l ninlidis ol
gusthpcarraian alporithos and D8 < 0 foe the congigiate prrads ot
whorit iy, (i) il uding lestenes updating cule for the ool ipliee A

Pwper veceived Poloewarey TR I9TT: o revimed Bormn, Apnd 28, FITE L s reen anele wag
sapginted Dyothe Wadional Scweowe Pangobiern, (ieips Se GR350, e aut|w b e
Pl hted s Mewioure BB Crape mad 3 Pvaerle far oosnpeitotponl o il g g,

Ealennir ol Astromaibie s ] 8Ll o) e [N FRTET RFTT L 1ol s, e nas,

Tinalame Sipdemt o Yenoe banowainin s, Hece Ulinsaty, Thontoe, bosow g osently,

Bender o e Digtoteen, Dwean Promboemen Tlesy ane b Carganny, Tl dosgs, Lo,

'linaduate Badesy g e Aanmnaties, B Slaeerany, Plousien, TCosae Pty
Rueaech Sawvwnare, Pmivciany ol Mevios, dewnn Oy, 81
Flirwhrate Soalent oo devoc dspbonautact, Hoe Dnnerary, Phmetoay, "Toas, 1'aoaondly,
Bostina b B0 Rdaboony Avandoiy, Moasg Voo, Ses Yok,
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" im0 a enc-paramcter Tamily und determining the sealar parameter g

s Wt thae error i the optipnnn econdition s minimized, and {u:}
* updating the penalty constent k s as W Cause same desirble l:ffct:t
in the ardinary-gradicnt algonithm, the eonfopate gadicnt JTLD[HII:II‘I,

idvnnieion, 1estones” meglnd of mnttiplics is called Method -
S AL, the mend e tien including {13 sad {1 s calleeh Mlethod BLM.2,

and the modifuaon including ), (i), Gii) is ealled Aethod 3M-3 - -

U Evabuariens of W theory is accamplehed with seven numesical =
S exangdes. The st example pertains o a imadrativ function aulject
s e iz constriints. "The remuaining champles pertain @ non-
o7 quarliatic functions sabjeet o poslinear cunstraints, Kacl, viainple
s b d with tho wnlinary-gradient slgaithm, the conjugate-gradient
algerithm, aand thee s lificd-quanilicarization atbgonitfon, which

L IRTIEH )

_ Fhe nnmrical vosulis shoss 1o G e given penalty constant &,
10 Alordend NMEY oomorally exhibiiss faster viverpenee Lhan Method -
.-.'{‘- ADMAL B G beah Metheads WT3-] and 813022, e nwnieer of
©iterminns for coigence Das 2 sniniman with repeet Wk, and ()

. the number of it Dar conne rpence of Motload MAM-S is cloag "
=ik the i vt respeet te & ol the unnalier of iterations fur

<3 Inkis light, Metlod MM-3 has )

L eomengrence ol Nialed MM
e very uesiralde ol per e,

[. Introduction .

Quer the past covenal years, consivderabile wark liag bevw done on the
onumerical solutien of the consteained nnnimization prabilem, ‘This 13
the probivin ol winniving o fanction f{s) subject W oa constraint
glx) == 0. dhere, fis wsvabar, 3 is an wvecwor, and o ois 8 geveclor; with
q < n. : | '

The picthods engaboyed are gomerally bused an one of twa basic
ideas. Onwe approach vnenres coostfaint "tl[i‘:’lh.llliHh al least to first
order, ot thv o ol canis inoratbon fove, foe esamgde, Wefs, 1 . T'he other
appraachsencmls nn e constociog ol o seqrenyye of hi!l{l.ll Maisctinns
having, 15 e Bioie, 2 noconnsirained nisdimes point coincident with
the soluwe of the il constiained misfuization problens, With
regard 1o b Liter apgnoach, the <tidard proalty lunction inctlingd {sce,
for vaaraply, Rets, S-0) wid Hlestenn " anetlioud of nltiplicrs “EL[ T
el L anentioned.

camd the molidicd-uvilinearization alporithm. Foe the sake of .

“rare wnployed in wmjunction with Methisds MA-L, MAS2, and 0

LY
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multap]u:ra. gn,nyrally gxhibits faster converpence thap lhc rtandard
penalty [uncuun m{'thnr.l Crucial to the methud of mnltipliers is the
m:lnmr in which the multiplier A i3 estimated and (he pl.l'l.llt}’ constant &
i updat-.d at the beginning of vach eycle. These key quustions are con-
sidered- 1h'th|s fraper, whose objective is 1o cnl.'.rga.- the investigation of
Rel. 10 and'wr L|L"-’L|l."r[1 technigques for improving the convergence
ch:r:l.ctensncs of the method of multiplices, The resulting algenthm is
c1||r:L| mnr}:ﬁnl‘ ntetioid of miultiplices, :

.
: Il' [ I . . N +

2. Stntﬂrhtnt of the Prublem -k e

We donsider the pmhll.m uf mtmmumg thi. fum:tlnn

oy ,.1-, Y L, | AL 1.r1|.- CNTIRI TR TR 1 (1 15L
St < " t
mh}cti tu the -‘.‘nnstralnt . . NI R :
-‘:: LI} -i .r .o ll L ' o " .- .". ) [
ot ot -.I g;(,\,-}‘n_ ﬂ L “ - 'E : . , . “{1]

a0

.. Inthe :huv: cquations, f is 2 pealar, xis an s-vector, snd g in 3 yevector,

with q < a. 1dre, all victors are columin veetors, [t is assumed that the
first and second partial derivatives of the l'unchm-.;j:nd g exist and are
continuolls :m-.i that the constraintd mitimum caisiy.

P

1. First-Drdcr Conditions. The previous problem tin be

recast 23 that of mihimdzing the auginented funciion
Fix -"] AR R 2 £ I : L)

subject to the constraint (2), ‘I'he g-veetar A is the Lagrmge mulnplier;
and the superseript T denetes the Trans s of a natns,
From theary of masina and minima, it is-knoean that (e nptinal

. lulutmn vt Mi:sf}r the relations

D0, B ) L) a0 “

whith are a shatemool o -;U|u.|tmnu in el AT e .e.uh-u,npl ¥ denutey
the gradient of a Tuswtivg: in this case, f, aml F, are s-10cinrs, and P
e % g s, defined in sl a way that its rlh volamin s the pradivne
af the it scalar conpinent ul . with Fespel b o,

2.2, Approximate Solutions. In penciab, ahe sysiom (4)

As thc nu'mcnc:l cxpr:rm'.cni: of Refs, B-9 mdnc:tr the mcthod of

F
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nontineir; comsequuemly, spproximate methods muat be conployed. Here,
we introduce the sealar performunce indexes

P el O 8 s R A F A, ), (%)

which measure the crrors in the constraing and the optinuna condition,
respeetively. At the solution peint, #-:0 and } = 0, while £ >0
andur 03 - 0 fur any approximation of the solution, When approximate
sethads are cmpinyed, they muse itimately Jead w]uu. af x, A such

that

POV 0, (v A) k. (6)
."-ilcm::tin-ly, (6) can be replaced by ,
' R VR (”
"where
Rix, &) re P(3) | {2x, 4) (8}

dengtes the cumulative veror in the constraint and the optimum condi-
tiwn. Mere, ¢ 6y, ¢, are small, preselectel nombers. Note that satis-
faction of Incy. (7) baplics satisfaction of Tncqs, (6) if ane chonses

LPRLRN FILNE P

1. Beview of Penalty Function RMeihiods

Tl penayy function metlad s hised on the construction of 2
sequence of epecial Tonctivns Laving, in e i an uwneonstrained
mitimiun peist ceincident with die selution of te wrigioal constraingd
miniinication probfoms, Tnothis seaion, twe sgesions of the penalty
function methnd are revivwed: (i) the stndard pem: alry Tunctinon methodd
and (i) the macthod ol madtiphices. 3ethod (i) is baswid on the standand
petlty binenon (4 and Mothodd (1) s hused oo the augmienicd penaliy
Tunction {232}

3.5 Suandacd Penalty Fenction Klethod. This methnd iy
based v the considorative ol the slandard me[l?,r functinn

AL £e) 1 Ae() g(a). )

"Ihis is whtainad by adding to the Tnoction £{x) 4 teriny quadratic in the
constraint ¢f{x), & . - 0 being the penally censtant,

Lhe prodilen ol mdsdemiging the Doction (1) subject (o the £on-

JOTA: VOL. 16, NO. ), 192 "%

straint (2] is replaced hy a scquence of uncomtrained winimization
problers, In cach element of Lhe sequence or exele, ome minimizes the
function {9) with respect ta v dor given ko ‘Pherelore, theoretically
speaking, the fullowing necessary condition must be satislicd at the end
of vach cycle:

U (v, &) e £u00) -+ Dhe (3] g(x) = ' (10}

[l the penaliy constant & is acbitrary, the vcector x which salislivs
Eq. (10) is sweh that o{a) < 0. uwever, if une delines the Lagrange
multiplicr to by _ i
e 2ga), : 1y

Eq. {10} reduces to .
CFL A L) Ry =0, - {1}

eaning tlmt the. combinatien of ¥ and A ithus nhtmnul saatisticz exavily
the aptimuny condition, . -

tn order ti cbtain constraint satisfaction, ll‘ll..f{'ql‘ilﬂ[.,l\ larger values
of the penadry constant must be employed in successive cyeles of the

“standard penalty function wethod, Tn tiis conncetinm, it &, dinote the

penalty constant ol the present eyele and &y denme the penalty cunstant
al the neat cycle, with &, > k, . Because uf the juinp in &, 1h: stanelard
penalty function increases by 1In'. Aot

" U k) - U &y} £ (kg — &) P'{a), (13}

anid the norm of the gradicnt of the standard penatty funciion takes 1he
value® - . :

U (v ) U, k) e Gy — W P20E P00 - (14
where ' '
MY - ede0) Pl 20 7(0) S {1

Tl pusitivencss ol 1he right-hand side of B, (13} is tlu.- key to the
mechanism on which the standard penalty fuection methd i Ivasel,
Alter a sutbicient mumber of cycles, the constraint error can e
masde as swall as desived providing the penalty vonstast has eeene
sulliciently Lirpe, “Thearevically speaking, ¢he connlition gla) - 0 s
desited @t comserpgence; vonsespuentty, the nmhiplive A dined by Lq
(H1) can be ddentival with die muliiplive satisfying By {0, which is

—_—

PN thar (e kD
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generally annzera, only if & -- 90, In a practical digitat computer, this
means thar very large vaiues of & are needed at convergence, |

. . . . . W
Numerieal ."mp-‘m enafatinn,  From the alwve considerations, the
I'nllmun" ontline of the standand pt,n.ll[}' fun-_lmn mwthod CTEerges,

{3) The arimingl constrainud muinimization pruhll.m is replaced
by 3 scipence o1 u11tun':lr;nn+.d minimization problems,

(L) Tn vach denent of the sequence or eyele, the standacid penalty
functinn

Lo, Ay o= Fiv) - fep'ad gix) (16)

is minbaized with respect to x for given & The vummam of Ufx, &) i
achicved when the following stopping condition s satisficd:
.. o
N AR LT (17
where ¢, is a small, presciected pombr.,
{c) ‘The snlution poiot of any piven eycle is chosen as the Il.t.ar'tinlg;
paint of the pext cycle of the stundarsd penalty lunction metheod.
(d}  For i next oycde, a ligher value of the penalty constant is
aelectul, one vhotee bwing
foonemhy {8
"where w5 s the monally constant ratic.
(¢} - Muer wpaiaiing the penalty constant, ene returns e (b)) and
conkitthes ILnilivey,
(i} Fhe abrorithin s eomidated when the follwing stopping
conditizn 15 xatisned:
AN T Y IR AL O T BN ) P (19)
where oo iz o sall, poeseleenad nomber, -
Hevserfe, MU connergonee of a0 evele, the stopping conditien (17)
can e witeen b» .
- f.‘}["'.* "!':' -t iy ) {2{]}
where 2 s viven by Yol (L Snaloprasly, at convergence of the alp,r:--
ritlur, 1he stappung cosaditinn {19) Deveuus

R e BY - Oa, N s Dy, (213

where Xis given Do B, (1,

- FOTA: V'OHL 10, Ki). 1, 1972 T

3.’2‘ Litr'l'.hud of Multipliers. 'This mcthad is based on the

. consideration of the augmcnlvd penalty function

(s, A K 2 18] + A% 3) -+ oL} a(0) {2
"This is abtained by adding to the penalty funetion L(x, &) 2 wen linvar
in the constraiut q{x), the g-veetor & being an approvimation 1o the
Lagrange multiplicr. "Fhe nse of this funetion was sougestesd by Hesiones
(Ref. '}} in onler Lo urunmu:t the spmericat dithienlies associated with
the utrcnul:, Larpe o .I|11L5 ol the pen: alty constant required by the stan-
dard prenily function mvthud,

I'he pruh]un of minimiang the funcuien (1} suljocr b the con-
straint (2} is replaced by a sequence of unconstiained minhnization
problems. In cach clement of Lhe su]mncc or cydle, one mininizes the
functlnu {22} with respect to A for given A and &, l’mnl'un' theorcticatly
s "I\'”hr the folbiswing necessary comdition st be satisfed ot the el
of each eyele: .

L] £l
b [

T B e A K o ) b ) A A Zhe () g (e =+ O (13)
and in cquw.ﬁunt b . - )
AR L0 ) 2yl e 0 (24)

L1 the penalty constant & aml the mnliiplier A are urhltnlr]r. the vector
x which satisfics Eq. (24) b9 such that g (&) £ O, Hlowever, by mcans of 2
proper apdating rale, a new Lagrange muluplice can by found such
that Lhe aptium cemlition 15 xstistied exacily. In this “vemnectian, ket
A, dennte the Lagrange sltiplive of the present eyvvle wmd Ay denate the
Lagrange multiplice of the next eycle. 1 Ay is chosen tu e

Aows My | gla), (25)
kg, (24} Ill.'lll'lli.‘[‘ﬂ to |
FAv A = L4 F e e s O 126)

micaning that the combinmion of & aml A, thus ubliined satislics exocely
the nptimum vondition,

At the cud of any given L}Lll. wheneser e value ol the Lagrange
ruulnphrr s changed Trame A ) Ay, e augioented penatly functinn
incryuses bj’ the amwunt

G, Ay k) = 11T Ay, ) == *u'[ ), (27
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and the norm of II'J-L gradivat of 1he sopmented penalty function takes
the value?

T A k) V(0 Ay K) e RPN P, (28)

where (v} and 2 {x) arc given by Lis. (15). T'he pusitiveness of the
right-hand side of Eq. 127) is the key (o the inechanisin on which the
micthod of maltiphers is based. :

The attention of the rewder is called an (he cssmiizlfimilnrit}*

berween Fags, (133 and (273 T the stndand penalty funetnd method, -

the drive toward constraint satslaction s supplied by increasing the
penaly vonstant oo cyele 1o eyvele, T the incthod of multiplicrs, the
drive teward cunstring satisfacton is supplicd by changing the multiplicr
from cyele to cyele in accordance with B (23). :

While the standard penalty function metheal requires cxtremely
large values of the peoalty eonstant at convergencee, this is not (the ease
with the wethad of wnliplices, In the Euter method, converpence can
be aclicval vven with moderate values of the penalty cunstant,

Nawveiead dmplesentution. From the above considerations, the
fullowing cntline of thye mctbuad of inoltiphicrs (Method bl AM-1)emerges,

{i)  The aricinal constrained minmazation preblom s replaced
hy 4 serppence of ancanstrained isbniation problems.
ih) In vach Jdoment of the seguenee or eyele, the aupmented
renzley function
I A K == J(v) 3 ATy kg efn) {(29)

is munimmtzed with respedt to x for gisen A and &, The minimum of
B(v, A &) s achicoved whaon the fellowing stopping candition is satisfied:

Ho e, i (v A &) 7 ey {3

whoee <, 15 3 sl presclected nmbr,
(v} “The solunan poisn of any given cycle is chasen as the atarting
poind of the nest eyebe of thie methaod ol anultiplicrs,
- 4y For the nest cyde, the maltiphier s opdated aceording to the
stanple rule L
A AL (s, : (1)

AL TTL IR T N L IR P ¥ o - *

-

JTA: Vi 10, NO. 1, T2 ) ' . -9
A ] N
(¢} After upd:ung the multiplier, ane returns to (1) and continucs
iterativély,
{f) Phe algorithm i3 t:rnunatud when the t’ullmung =lnpp|ng
::vrmdltlun is satishiyd:

SO 4 T A A IS A R <5 gy, __{J:}

where e, is 2 small, preselected number,

(g Tostartthe algorithin some anumphun conceining the multi-
piut i IILLLhSJr}f T'he siniplest assumption is *

A0 © AL

and is cquivalent to stuting that the augmented penalty functiun (28} and
the standarid penalty funciion (16} arc identical Tor the lirat cycle of 1he

slgerithm, L
Remork. At convergence of u oy cle; the :I::p]uu;, vomlition { W)

can be wrillen as - " . .
(v, Ay 5 L)

where Ay iy given b}r Lq, (31). ﬁn.:.'luhuusl:,r, at tomsergenes af the
algorithny, the stupping comdition (32) becoines

Rt A = P} F O A) € ey, (35)

where A5 is given by Eq. {31}

4, Modifications of the Mf:thud of Mulliplicrs

I'he method of nmlllpllLr-. deeeribed in Scction 3 has one deaw-
back: a scquence of vnconstrained mnimization problems must be
solved, cach passibly recpuiting a larpe pumber of iterations WY, Cnn«
scquently, the tatal number ol iteraions for convoence ¥, SN}
iy beeame excessive [or practical applicanons,

In order to acuelerale vanvespenee, we explore o suu.r-:l mitdi-
freations of the methed of mndtiplives, *Phese modidications ane ohitined
Ly (i) shortening the tength of b eycde, (i} improving the vstinmate af thie
muwliplivr, and (i) scleeting the penaly constan dnoan appropriane
Fashinn, ’ . ’

1.1, Updating Frequency. Lo oa opde be defid as any
seqpende of erations i which the wuliplice A amd the penuby constane
L] N . .
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k are hald unchanged, while the vecter & is viewed ns unconatrained, Let
AN denote the nuimber of jterations in a eyele, reganlless of whether
cumpILh‘ CONVETUTnee Or il'll:ﬂlllp!t_tl. convergence s achieved.
To shurten tie eyele, we assign a priost the vatue of 4N, I’rcclscly,
we chouse AV av the smwlfest number of iterations compatible with the

characicriztics of the pardicular algocithun being considered. Thercfore, )

INea ] ' (36)

-

fer the ardinary-gradicnr algurithim and the modified- qumluun;lz.m-:m
"“algaritlun and
AN =y (37

for the conjugae-grudicnt atgorithm. Therefore, the stepping condi-

tionn {3 fur a eycieis bypassed and is zeplaced IJ:,.r (36) for the ordinary-

gradicny afperithoe and the madified-quasilinearization algorithm and
h} (37 for the coajipatc-gradient alporitin, -

4.2, ]"-"'uitlpllcr Estimate. Now, we sssunie that the ::_',-'I:lc
dempth AN B dletined by Ly, (M) for the oolivary-pradient nlgunthm
and the mesdific!-gu, wilinearization alporithuy and by Lq. [37] for the
. conjugate-pradient aboriim, “Ulien, we inquite abigut ways in which the
mubtiplivr X can be ¢stimated.

i Estimats We asaame that Tlestenes” updating rule (31 s
empinyod 2t the enl of any cyele of WV icrannns, We note that the
updated crrar in the optimua conditien can be Lirser or smaller than the
error prior 1a npdatinge, Since an inerease in l.]'u., veror £(x, A) i not
dcsuahiu, the mnliipiter X amipghin e chosen as fallows:

Ay il Ol A s Ayl

(28)
Cifx, Mg} == £X{x, A3,

L T |

where 4, s given Ty - . .

Agrs dy o Mipln). A (39 -

L] .
Mevawd fitivnete. Phe previons estimaie can b improved il

Hustenes' wislaning rie £3) s renounced amd 3 replaced with the mare

general wrdating aale . .
Ao o A 2 {0, {46)
whors i g sealar paiaeter, “his Paraieled st T :Ilanumcd LIUIE

[{1] l;ifl'h"I-L\_ Wl T Ili'hilnll.l.l'll cifvyr,

_JoTA: YOL. 10, NO. 1, 1912, S

»

Fot given values of x and A2 chnngu in B causes o Lh!llhq, in the
updated multiplier A,. Cunsx.qumtly, the updaltd vrror in the aptimum

cnndltmn L i . ._ ,

S ~Q[;-A]=F’[1-A}F{r.-'l] SRR 1}

chany:i. T hl: npnmum valuc of 8 is that which gives x, A) the smallest
value, far given,x and A, . After mmbmmg (40)-{41), we ubtain the rela-

tions

o0 "li ' F} = [F,(x, "'"II} 4 ﬂP‘.I:t:I] T {fl‘l[:‘.l A0+ F‘“r{-'}]' .
Oule Ay, B) = 2P [Fofx, Ay + AP, S
Cual¥, Ay, B) = 282,7(3) P, (),
the El:cund ul' whicl “vanishes for :
L f T Pl AP, W )

Ih:a \"ﬁlll_' o!’ ,H rmnumzr:.q Ofe, M, 8), since [Jm.{\. -"q .ﬂ] >0 prnudcd
Fx) dovs ot vanish. -

The method of multiplicrs mth cycle stnppmg cumhimn {JD}
replaced b:-,r {(36) or {37) und with nasluiplice updaving sale (1) replaced
by (30) and (43) is called modilicd method nf multiphers ar Method
BMAI-2. For this mcthod, the fullowing connents are pertinent,

) -qu.lu_tinns-(-ﬂ:l} and (43) iinply that T

P Fofx, ) e 0, 7Y

Therefore, the upnmunl value of the pararmeter 3 is suels that the gradicne

of the constraint error and the priddient of the updated augmented funes’

tion are orthngonal.: o
[ll] e relation Betaven the 1uucnt updating rule anel Veseenes'
U['-'dﬂlilli-. tube can be oltaincd s follows, Lot twe oadiont of I|||:_JH}.,,-

mented peaalty function prior b wpnlaning be rearniten as

1

oIRGB EG N ). ©(45)
"Then, comhining {ﬁ}.nmf {45y viclda the r!:Inliun . ‘
g =k — P AU A, PO, {46)
which shows 1hat . |

e ‘ (41

+
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prosilinge
Wl di )0 o P N R 0 0 (48)

Clealy, the present npdating rule wnl Ieatenes’ -updating rule are
identical iT applicd at complene Convergencr, that is, at-a point where
Incq. (30) 15 satisned,

(i) Baparions (M3l (43 ire to T craployed ar the beginning
of covl eycle of JX feralins, Incdiding the first cyele, Jhaweser, fog
the Grse eycie, A s oo deined, s Dot the case, an assumption is
Avcessaty, and the simplest sumption js

A& ' (4}
Ifi-.} Whonever (30) and (43} are employed, 1he algorichm should
b skartcd gt a poing where gfa) -2 {3,

Thivd Estimete. [n the previags section, the Fagrange muoluplicr
s catitiated within the frane of () U panLRLcr Tunily (40). An
eren haler estite can b obinaingd by renundng this hntatinn gl
minimsng the porlonaance iodes Gf AY with respeet 1o the g-vector A
foor piven v Al aleer ing tha
O LY w0 al [ dxd 1l AL
GO 250000 ) e, 0

(At a) 2y, 0y g,
we s Hd the nptinl .|||-.|I|i|rﬁrr 15 detined by the relation
AN () Ll e 0, (54)

Cwhich B sestenr o g scalan cqmwaions in the i compiyents ol the
mdhtiplive A Tlae salibini of (513 minimizes {4 since the watres (50-3)
i prestive definite, e Bllewing commaents are puEtinent,

fiy {n |1ri.'lult!li]rlh':lliuu !I}' (W) L (31) leada o
PO - (52)
Fherelore, the aptimum value of the wudtiplior A s suel that the

gradieng of the conraint craor ol the gradican of the updated auyr-
mented lanetisn are ogthngonal,

01 Obviansdy, Eg f515 supplicn [he Deal cstisnate of the {agrung

- 4 FF 0 " L .

[ [V A TRLY £ T NV O [ £ ik

mltiplicr Azvempatible with any given position vecter ¥ (Ref, 1),
However, ita use reguires the sotution of @ systém of ¢ hinear couations
in ¢ utitknuwng, "This heing the case, the decision mm whoher ta wse {4
ard (£3) or {$0)should be made on the hasis of the particular atgorithm

employe.

(i) Fur the ordinary-gradient algorithm and the cunjupiles
grishient algorithng, e displacenent veetor Ju s verpunted witlont
sofving a system al lincar cquations, Wonee, the estimation ol 4 should
e e with {40) and (42) enboer than (51).

{iv)  For the modilicdsquasilineir 2nion atgorithin, the displate-
ment Je s computed by selving a system of o lnsie cquatons i g
= a - 1 r "
unknowns, Henve, i s pplivrka bt cstianace owith D and (41 e {31).

In the sogucl, the estimate given by (30) anl (41) is vinployod,

+.3. Penalty Constant Estimate.  Now, D qouction arisés ay
to whether the peoalty constant can be seleeted i el g manner ax 1o
Emprm'i.' the viinvelgence cfiractenistics of dMethed M2 [nohis
section, 1w leehinigaes are poesented fur npudating she oy consta
at the vind ol a vyele, one saitalile for de urdinnn y=eradient aleaotio,
sood v wiitahle for lhL"L'[H]_Ellkz.m.'—j:r.ltll'ul'll algoeitlan agnl the pdigiy da
nuasilincarization abadthis, Mealbud 8322 with Ko, (40) and (43
cospleted by o relition upilaticg: The pevaliy constont is cattid Methol

MAL-3,

Ordinar v Clradionmt Mo ithar, When this alpoiton iy vl ol
e manedtiplivr  upakining vole (1) and (3] imdices an bineresting
characierislie: aoalecont praperty in the vonsnaint cnee PG, " This
characteristic bowtilizeld in this section to eatafdlish an upelatiog role tor
the penalty venstant, )

While “the ordinapy-gradicat algorithm is doscrifad in derail in
Section 5, we nwre bere that the displacement Jo Iouling froen the
il pivint ¥ 80 te varied point § prdaces acmee in e csaast aing
crear By To fiest andee, this vhange is given by

SPOY -4 = T G0, SN EL}

wlere o is the stepsize, and & is the penahy constant, Thercfore,
Alx) <l since w22 0 oand & %00 This resull puatantves thae

) -2 1L (54)

providiog s solliviently small, ) .
Ao all the values which can be attributed 1o te iy cunt
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stant, wo sclect koin sl aoway that, on the average, the constraints are

_satisficd ta first ander. “Thereby, we determine & from the relation

BI(x) ra = 24w, ' {-‘:51

Comparing (53) and (55), we sce that the appropeiate value of the penalty
constant should he

b PO T 0. : {5)

Since hoth tiwe numierator and the denominator of the right-hand side of
Eq. £50) conbain wyual pasers ol yia), tha '|:||;:n.'|it}* constant & varics
slow v alang e algorithing and is linie 2t ¢convergenee, For the particalar
case of 2 single scdar vensiraint (g — 1}, By, (56) reduces 1o

k=" 1724.70) p.03), : {57

where o [x) b5 noaw an g-veginr,

_ Conpugare-Gradicnt sAlporiathon wnd Vodified-Quasifinearization Afpo-
rithae, The proaliy constand estinnte developed for the I‘Jl‘llllnaf}f-
gradicnt algorithun is based o the descent property {53) and the descent

requirvient (53 10 peoduces o glowly varying penalty constant {56),

which s noite ar convergenes,

For the eoppogac-sondient algorithon and the inaddificd-quasilinear-
izatinn algoniton, the penalty constang {56 s na desiralile for the reasong
indicuted bulow, Concider a guundeatic tunction f {£) and 2 lincar con-

straint 4 {13 epandles o the valoe of k2, the anginented penaly function )

Wer, & &) s guadie i a Uhearaieally speaking, the opaimaliny
comditinn (245 i~ ~oii-be] esacily alver w0 dterations of the conjupate-
gradic et alpnritho st aftor onc teranzoa of the modied queasilineariz -
tion afpasishong henee, e theve rical apteanieg vaboe of the penalty
comstant ~hauld tee & w0 s that 0 puaraaters shmualtancous satis-
Cactim of e wotearaing vipatenn g fx) 0 a0 e ool of o cyde. noa
praciical digital conputer, thic resull means that lige values of (he
prenatity cmstant shankd e cmployed 3 Last coaverponie 15 desined,

It sie tumaitind foe) is deneuadratie adior the constraint gfx) s
nopliear, the Sl seiaoning is approsimately woe near the solution
af the constreinand winmizaton problean, This leads 1o tie coneep of
propracaning A oo s e achiove moderane values Lae away from the
olutian wind furpe valies ocar toe solation, voen thouyph hse larpe
valugs zie antas ree o2 thase cocded wiily e staredard penalty Tunction
methil : -
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) Pua:nblc choices of the’ penalty ~ constant Iﬂlihr}'illﬁ the abwne
].'u*n‘..'npt."rtjr ar¢ the following: .

s ho= IATNIPE) (%)
ar I ' _ K T
T Chy e VT (6 LT [ (0) AHPT() PAY. (59

H B Lot " v . .
If Eq.(38) is employed, the anler of magnitude of the linear term and 1he
quadratic term appearing in the angmented penalty luaction is the saine.
If Eq. (59) is employed, the arder of magnitude of the gradient of the
jincar term and the gradicnt af the guadratic term appeacing in the
augmuented penalty funciion is the wanie.? ’

"1f the converpence reyuireients on the cinsirain crror- Fx) amd
the error in the wptimum condition Ofx, A) ace the same, 12 akiphn be
desirable to eeduee P(x) and Oy, 3) at approsiniaicly the same rate,
With this idea in wind, wepropose the folloming updating rule for the
pcnali}r.cnnsmnr: : . L
a1 . Y B

CL T ke mingy ) O PR O :
) O ' . (1)
PGy s O A

frg = masfh, , ol

where n‘;: 1, kg is piven by (58} or (39), #y isahd penalty’ constant prier

to u|u|.;]ting, and k, is the peaalty constant after wpdaning, Ubwiously,
A{f-1} pecvents 2n incease of the penalty constant if the constraint erros
is rlativets sinll, Conversely, {60 -2) prevents 4 decrease af the penalty
constant if the vonstraint ceror is relatively Lirge.

Equatien (60) is 10 be employed at the hoginuing of each cyele of
AN ieragins, including the first eycle. Hlowever, Tor the dirst cydde,
k, is ot delined. "Uhis heing the case, an assumption in necvssary, aml
the simplest assumplion is )

! !

Ry reky, - {h))y
4.4. Summary of Methods,  [n this section, woe amnrize the
combination of methods anising Irom the previous diseud=~ion, a5 follows,

i} Methind BIRE-) Gs characwerized by upnbiting dledision (30),
pudtiplicr esiimate (31, and penalty constant wnchanped thomghout a
pasticular algoritim. . :

((i)  Blothod MM-2 i characterized by uplasing deelvinn (30) or
P Denewer (3R] an DA% e tmphigoed, the wlpmdinn dlwanbd Focootgnind an o prent wlwna

i} 40
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{37}, miduplice estimate {40) and {43), and penalty constant ulnchang:d
throughnut a2 particular algorithm,

(i) Aethod MM=3 is characterized by updating decision (16} or
(37), mltplicr estinae {40} and (33), and penaliy constant estimate
(36} or [38) and (60}

Remack, The updating decision {36) is to be eonployed with the
ordinary-pradient slgarithme apd the ndified-quasilinearization algo-
rithn, 3nd the upilatiog decision [37) is 10 be employed with the con-
Jugaie-gradient alporitlim. Mso, the penalty constant estimaie (56) is to
be ciployed with ahe ordinary-gradicet algorithing, and the penalty
cutistant vstimate (58) and {(0) 15 12 be cnployul with the conjupale-
gradiont afparithin and the modibed-guasilivearization algarithm.

1
5. Unconstrained Minimization Algorithms
Iithis section, tie wureonstrained mindinization algarithima rm'plu}fcd

to comypute the ihsplicanent vevtar v in conection with Methods
MM-2 und MAL 3 are eseribed, Fhey are the andinary-gradient

alpaoritlan, the conjugate-pradione algoeitinm, amd 1he mndified-quasi- -

lincarization algorthi, Al of these alporithins. muake use of the
avginetiaol penalty bonction

N A &) Fla ) | &P, U e2)
whure :

Flu A {0 ) 000 Py (0 ¢l), - (63

and are casployed with this noderstanding: i cach oycle af A iterations,
the raltplier A and tie penaliy consemt & are held unelanged, and the
vechur v is viewed as nocnbsteadned,

51 Ordivary-Gradient Alpacithon. Let v e the nominal
point, ¥ the vaciod poant, dode displacement leaalivg Teonny the nominal
point 1o e varicd puoint, and o the stepsiee. With this understanding,
the ardinary-gradions algorithon is represented by

Flud - 00y ,(v) A fGed-1)
Py 2y (s)ula) (=
REERN S T RO O I Y SN A [Gd= ]

L ] © (64-4)

JEYTA: VOL. 10, No |, 1912 o
dv=—ap, . . (64!
F=rddx. . . (E4-¢

For given nominal peint x, multiplice 4, and penalty cnnstant &, Ens, (6
constitute a complete iteration feading to the varicd potnt £, providin
ane specibics the siepsize «. .
Dercent Properties,  ‘T'o first nrder, the changes in the function
Wix, A, &) and () are given by -
By, & k) = (170 A &) dx,  BP(x) e I, 1{2) d, (b
which, in the light uf (64), become
E1¢x, A, k) =z — a4 7(x, A, &) [V {x, &, &), o
BP(s) = = aPHEx, 3 + AR} 3k

Illca"lng Eq: {44), we see Lhat th: following orthoponality t‘undmm
holds:

sot:h:t:_i_:_‘. A T
C o IR A R) = — &I A K u,[r.A X,

3P(x) =2 — akP,T(z} P,(.t‘].

st - P,rp-] Flal) =l | ‘ (67

(64

[P -
Since the right- hnml sidvs of (68) are negative, the fullumng iacqualitics
can be tnfnrc{'d for a suﬂmuﬂl} small;

WEAK) < Hn A &), PE) < Pl). ‘ (09

While enforeement of (69-1) is mandatory, enforcement of [69-2) is
aptional, bhut can be uscll in arder (o give greater stahility to the ordinary-
gradient algarithin,

5.2. Cenjupaste-Gradient Algorithm, Lty denoty the nominal
point, £ the-previous poinr, £ the varied poist, Ao the displacement
icasling Frondy the nominal peint o the varied paint, p the wesent scarch
dircctun, f 1|'.|:.|:r|.-!.'iuu:'. seiarcl divection, ¢ the diccetional cocllicient,
and o the stepaices Wikl s unclerstanding, e comjogate-pradicent
algorithsn s reprosented by

I‘;{T.A}l-!f‘{.'l.} ! 'f'.r{-']"l [Jﬂ_lj
PAx) - 2030900, - _ C(10-2)
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W M &) e F(, 3) - S () (70-3)
y e 120w, AR 0 ,0e A AN, TOR A R 4R 0 ), {70-4)
p=1HLn A8 4 ¥p, (70-5)

dAx =z — ap, y {10-£)
Faov iy, (10-7)

For given nominal point x, multiplier A, dircetional cocilicient 5, i
penalty cnnstant &, s, (70) constitute a complete iteration leading 10
the varicd puint 7, |4ruud|n|;; ene Epucilics the stnpslz.-; a, For the lirst
iterarion of a eycle, 15 (70-4) is bypassed and is r{_p[lﬂl."d h:,r y == [,

Liesent Properrier. "Uo nirst order, the EI'HILEL'S in 1he funttlun
I, X &) and £ are given by Lgs. (65) whicly, in the light ruf (70,
becumu y '

YL TR T N LR SRR R AR CARRE S IR

‘ : ) )
My = al TYIF( N F AP ),

For the first iteration oi a eyele, relation (67) nnst be applicd in con-
junction with ¥ == 0, lewding 1w

SUw, M &) m oo a7 Tx, A &) 104, A, KD,

12
FP(x) e = ek, T(x) P (), g

For subseguent nerations, relation (673 doeos tot Lold and ¢ 34 0, How-
ever, s the e o= stepsiae 15 nptimized, the following orthogonality
refation can by invg!aod:

W kY foead, {1
with 1he conseqioney tha
cANTTL AL e alEN A R I A, R),

{74)
M) o — BB, AL AP (x) - 3f).

ar

Tnspection ul §72) ol {74} shesws that e deseent property on the
pupmented peaddyy Dawrnn -

B E) - W A k) (75)

can be cutorevd toz LD ieranions of 4 evele repgandless of the value af k.
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On the other h:l.ml. the tlll.'s:rltnt propecrty on the n;ns!r:lint Crrur

| P < Pis ) - (76)
\ .

can hc enlorced for the first |t:r=t|un of a c]ftlc trgm!h.u of the value ol &
and for subsequeni iterations only if & is sufliciently laepe,

5.3. Modified-Quasilincarizatian Algorithin.  Let a denake
the nominal point, & the varked point, dy the displuceineit leading from
the nomimal point to the varied point, p the search diteclion, p = 4: |
the direction factor, and w the stepsize. With this umderstanding, the
modilicd-yguasilinearization -alporithm s’ represented by

Fo {5, 2) = f,(3) 4 g} A (72-1)

UUEPURNPRIY ¥ & PO 20 P SN ¢ X))
T W b R e o A) - R, (17-3)
Tt B e ) L) e, - (77-4
U P = e el T ek el (7-9)
R i ,(;,A k) w2 F fw, A} -+ AP, ,m .  {17-6)
1 ._.(1. WK A+ I, (A, #) =2 0, ' (11-7)
p o= sign{ 1,76, A, K} . . (77-8)

P PR | L@
Ay —ap, (77-10),

¥eax 4 Ji, SR ¥ A 1T

For given nominal paint x, mubtiplicr A, sndd peralty constant &, 15¢s. (77)
constitule a-complete iteratinn leading o the varied point £, providing
onc specifies Lhe stepsize a,

Hercemt fraperties. "o first order, the clmnpu in the fuachons
Wix, &, k) anll Pla) are given by Fga, {(65) nhu.h, m Ui lighe of (77),
hLLunu:, ]

. 5” ['r A .Hﬂ!' _ asignf 7N, X, R AT 5 8 k)
1 ?H}
Ef'f L) o --a~|.1+ |1[.’ LEEY Y R Jrf" NEE S I O I A Y O E
fll!ﬁrttiun of {TH) showa that the descem propenty on the aupientel
prenally Binetion

IER, A &) <3 [, A, &) . (M
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]
] i 4

can Iw onforead rapsidloss of the valne nr k. Oun the other h‘lllll the
dese cnt [roperty an e cnsbiainl error

. M) =Y (80)
can 1t.n.' vidfureed [or any il ] ! .. .
: F AN A0 A >0 th
- )
and llilll}' for & s“ﬂ-"h'“ﬂ:"‘ |:|r|.:L' if . T TR T | -h1,I1_1.’I'i|=r
TR ISR T Y I - P v " (82}
] Coa ot '

6. Stepsize Netermination

For sl of the previous algorithme, the ;mmhun veetnr'al the tnd of
any step ean he written as

e ) I[ﬂJ]

Cwliere pdenotes the wearch t1|rutm|! 1his 18 3 one-paramaeter f’llml}r of
vanivd poiats £, for which the zugmented praaliy Tnncting (62) IJI]I.H the
farm

Wi, A A) = u‘p- —ap L k) = H2) {(84)

A precise searely to b employed with the conjupate-pradient algnr:thm
anmd an nppnnmuh search o b r.||I|'I|"} el witds Hie nr:IITh‘Ir} |._,r1:Iu:nt
alpurithig and the oditicd- qu.mlmmm ation algorithin are l|tﬂt1‘lht‘d
Bl .

Provive Searcn. Woe naw anammne Lhal 2 minimum of 1F {n] ttl!l!-
Phen, we ciopley wane anealimensional scarch scheme (Tor milancu
b inerpolition, enbic ||1.|Lr]ml.|t|n|1 ur riuﬂqahnmnnlmn] tw
dletermine the vabue ol oy foe sl "

(s = 0. 135}

Ideally, this jrrncydiine shonld be uscd itrratively until the Illﬂl.!-l.lll.:!- 'of the
slupw gatishics any of the fedlowing |n|_|_|11:llltll‘1

| IS T ur RIRD 4T 1oy, [B6)}

. "
white oy and egure sl presclecied nunibers, OF eourse, the v:lu_rc ul &
satinfs impr Dneg. {86) wiiat be such that

I .
Ty 2 I0). . . (87}

- 7. prqrunemal Cnndtllﬂm'- : ‘ e

JUTA: VOL. 10, XU, ), 1922 ) Ly
-,'r' ..':"J"l" -; [ r - L L Ll a7 “‘- .q [
-rulu b I.J - |

;i‘f-pmtmmr "7.s'¢'u|rr."i1 ":lm:t, the r||.,urt:-uq l.llh:rmtn.nmn nl + miily

l'l:l|1.11ll.' ILTI;'L‘!"!I#’L‘ I:"L'I'nlplllll'lF Irllll.,, ong I1‘Ilghl l‘t,ﬂlmlnu, “["ltII'I_L I3 (N [:'\ﬁ]
1Mlll a |!1r't|t.ui ir depree of precision —|ml determine the stepsize tmoq
n:mlI{I I lll"-l.‘ Fashion, Ay IIIHL"IHLL,, one “"Eht L|11}:-|n1, a lblk{t!lnn |rewe-
;Iu;r: an m ﬁlﬂ,ﬂlﬂg from, a eeference value o == oy, nntil satisfaction of
lm:q H?} odcura. For the ‘ardinary gradient algorithm, the ‘reference
!lr:pm?l‘m. chn ht chaxen 2o be the fest apliinim vaine of + supplicd by
the u‘:lh.h procedure, 'l*ﬂr the madificd- qulSIhl'H..lrI?‘lllnn a!;,nrltllm
thc re fu.H'lnDc !.'I!::],'mrl.'n, cant b chowen te e aly =1, .

_ ."t"trl:}u'r?r &?ptmnnllv. lmq [E?} E'1I'I e rmnpluul |J} the 1:Id|t|nm!l
lm || I.Illx ; I" Cat L,
. LY L] 1. v r r

= ..--th SN, e g 'f"{wlﬂiﬁfﬂ} . '. [FE)

“hll’.‘ll js. Q"llgnf:i] to gm_ greater stabzlivy o the alponithme, [neguality
{EH) v:=|.ni be'enforeed in Lhe ordinacy-gradient algorithm far any & In the

) cmuugalr- gradivnt algorithin and the medified-quasilincarization algo-

rrllhn],.%llrtl.q._l:ﬂﬂ:] can b enforeed only for & sullicicntly larpe,

gk oy froita A ,
" [ .|_ e 1 .

oy -

[ TR LY . .

[nlnnIcr tn l:\alu1l: the theery, seven pumerical vaamples were
c.\plml.:ll L.lr.h example was solved with the ardinary-geadivnt algerithm,
the l."“11j|-|]i,4|t.-j{|"'llllLllt aliparithm, and the modifual-guasiliovarization
ﬂfgulnthrt'n whicl 'weee eniployed in conjunction with Methoda MAL-{,
MM-2, and BMM-3, Al ol the .]]hunthmll were programmesd  in
FORTHAN IV, and the pumerical reaults were obtained using a
Hurrutltg 18 B-5500 compuler and deuble- -precision arithuactic,

] I i
.ﬁrzm‘rrmg FPoint of the Mparithm,  For all of the evamples, the

nnnunnl Illllll'lt'l;_!lnﬂcﬂ Iy wlitet the tlporithm was defaed by
I , . r -
'iFr r1' e "r g 1-I.'-r B T '-n’"z [ [ {HI)J
1 i i Lo
“llcrc ] tltnnll':! Itht: llﬂnrlﬂmn af the tcntm x.
T
LY | |. [RLLEN]

- Convergenee of the Afgnrufrm Convergenee- of an afporithin was
dLﬁr}ul thruugiy the inequiality .

o |

|
POy O, 2) =5 1000 - il

Lo Al . : . ,
for the ordinary-gradient elgerithm and the inequality

PRI

H R

PO - 0r, A} 5 10-1 : (91}
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. if, oL
for the ennjugate-gradient algorithm and the rnmiiﬁcd-quusilinunza_tmn
algurithm. : " . - N
Conversely, nonu.unwrgt.ncr. uf

v

"'l.mrrnut erpence uf the Afgorition.

an algorithm was delined by means of the mcqu.ﬂmrs
B N

'A% 1000 fur the ardinary-gradiont algorihm, R
{2} ) &= 200 fut (he conjugate-granicnt algerithm, Lo 32)
N 10 firr the modifivl-guasilinearizatiun slgecithm, :
ar ) ;,'.I_,.- "
{hy N,>20 4 {93}
or . . - o
(€} M =04 % 107, . : T -

o

Here, O is the iwratinn numhcr. Nis the number of hlsettlﬂﬂﬂ of the

sttpam: A required to saisly Ineq. (87) [and optionally lm:q (88}]; and M -
je the mndulus of any of the guantitics employed in the algocithm. -
Satisfaction of Iney. ‘?2] intlicates divergence or extrernc slowness of .
canvergence; satizlaction of Ineq. (93} indicates extreme 5ma|lncss of the - x
displacement dx; amd satisfaction of Incq. (94) indicates exponential - -
prerflow. Each of these situations i3 undesirable, BEREPIRE
Convergence of o« Cycle. When Method MM-1 was crnplu}'cr.l
convergence of a cycle was defined through. the :nu;uaht}' . S
I, P, Ay, RY T (x4, B) =< ID" {.95}
for the ardinary-gradient aigarithm and the inequality
r T , T o o
117 dy 8 W by 1) 5100 . (96)
for the conjupate-gradient algorithm and the mmhﬁ:d quasdmcanznunn
algorithin, .
When Methinds M-2 and MM-3 were cmployid, cunv.r:rgc.-ncg of
a eyeche was defined by : o
AN = | {97)
far the ordinary-gradicnt alyorithm and 1h: muodified- qumulmc:nnunn _ r
algorithin and by cither, . CLh
AN m oy ' (98) -

ar

+

moe.
whirkever necurred first, for the conjupate-gradient algunthm-r'-, .

W7, &y &) W L 2y Ry o2 1D, (99}

oA voL. 10, NG, o, 197) . 23

1S|mrrfl Tzc.-'rmqur.

" appfpximate scarch wag employed, “I'his consisted of one-step, corrected

qunsﬂmcnrlzntmn fnlluwul by a bisection process until, thc inequality
__| _

. -_;. o IF{a} < thg)

. was satuﬁ:d
: l"ar the cnn_lugatc-gradunt :Igurlrhm a prcclsc sezrch  was
cmp]n}rLd This ronsisted of multietep, corrected qmstIlnnarlzﬂ.lmn such
that, in any piven step, the inequalily :

M) < Winy}

) e “pon)

) it
was satisfied; u-hl:re dr, is'the nominal slepsize andl a js the varied stepsize.

‘o mg stopping condition was satisfied: ' -t

" - | X ::.. ".‘1. ‘i.l LI LYY aam Vo T LI LR LT S
L W) < n‘nm} x m—* (102) __ .
. -'-I .

Fur thc mndlﬁcd quxsllmcar:zannn algurtthm an appruxlmat:
lcarch as’ cmpluycd 'l his consisted of aaalgmng the value .

x

o e Co. ok u:[

ta tlu: atcpslza “fotlowrd by a biscction pracess until InLq {lmy was
aat:sﬁcd :

.F:.-ra!iy Constant Estimate. For Method RIM-3, the .penalty

'cunatant & was estimated with Eq. (56) for the ordinary- Lradu,m algo-. -

rithm and with.Eqs, (58} and (60), with = = I, for the conjugate-
: gradlcnt algorithm znd the modificd-quasilineartzation algorithm, .

.
. a4

i
.': T N - . .-
B. Numerical Examplcs i U

Ty || N
. Jp this.section seven numerical Lx.uan-.-.-. are described, The ﬁr;t
cxnmplf; plErl:nn!o to a qllndrnt:c function subject to lincar comitraints.
The: :remaining examples pertain tn nonquadratic functions uuhjr:ct to

nnnhru:nr constraints, . ..

+

v

.!,. . ' _

_ - Exampl: B 1. Cnnnder the prubl:m of mlmmlzlng the function
SIS O MR e A L

:ubjcf:t tu the mnstramu . :
:r;+3xl-ﬂ ‘ Xy b, —2x,ml,  ap—x =0 [1405)

(mn

For the ordmary—grndunt algorithm, an

(100)

"+ The ?fn'mrch was started with ny, = 0 and was terminated when the lollow. ¢
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h o
Tl tain i b the eefatve oo f = J9N m the point

letinadd by + I
- v - ALINT, h.\', i [I.‘ISSH. vy -7 DA, (106) |
v, = GI62, a, == (LI55R ST
and
Ay we 2AMNS, A s 22N2S, Ay en = SYSML (107)
Fl [
Example 8.2, Camindor the probidem of minimizing the rlliu:li_nn
i v
fro fag e 1Y Ly ew P B fvy — ) ' ':“TE'}
anhijen L 1 Iliu LRI . r
. . T
. ol eyt .".I'._ d—3yvi O . S!m}

Thid Dotionn welinits the relative annimun f = 0.3256 « J0-1 at the
N B

proinit «h el Iy
\ .
v, r LA, vyoer LT, v 15352

winl

Are — ILIREY 0,
1
-1 r

Fxample Ay O nn-ull.r the prroblem of nummmnl., l|IL I'um.tlun

v I “I"IF LRI I]’ Pl _’]11'["-?*"} 1 (v — '[”2:'
L
csnbjedt e the con-liaints .
. \ 1
why By — ) =2 V20U sy =R -l D l:IlJ:l
1| " i|
Thia fomcton sk the relative IHII‘IIIII-I.IIII [e= 02415 at the point
delineil by - : ! [
v 1L A, o LR, x,ore L2180,
. spem LA Tt ~ (14)
LR Pt LN s, = LA . -
al .
Ay e = (LESSY Q0 dyre = DA[BT (0L {115
(= !

FExample 8040 Consider the prohlem of minimizing th: function

Fe dr. == T :‘lf.\. - 'l..-"1 ‘I "'-l 4 - 1|}1 I: {-Tzl _'."11|| I {TI - r"l} [IIEI}

- r—— -—-.-: -

,r

4

[

-

i .‘-.‘, 1
1 Ir' i ':.' i e o '”.L 4. ]
Co ) CHOTA VOLOID, NOL L R . . L
b |I P .| ﬂ. . Lopsen e "t .“L.;,_”‘.” 'I1|;_‘.. . ":'J""-.- |.|l"‘”."'|
= suliject to the ronstrainte R
T .
i . 1 -2 31
. ) . . "\.l ‘I" xy ! TI 2 ] kY I U I ) [I I?]
: -‘“:rmlh'{u42"2r1hﬂ M,uzr,‘-
JHe ‘ )
N hia function admita the relative |n|r1|mumft-- D?H?T ¥ IU I ot the
pmnl 'l.ll:ﬁl'll‘."l] by SR T
: v LI, e 13626,y e [ AT2H, "
'L ; s Sem 16350, b rgme’ . e U
and - PR T . . , )
VT A 038825 U7, Ny e —OU6T2 w0 .
.' . A= — (L2E19 ¥ 10 - (19)
o . . - * r

. Example 8.5, Lnlmdr:r the problem uf n'nnmnxml, the I'um.lurn

1 |
| B | B

o : f= 0.0y — I]'-l—{'r,-—-'r,']' L ' l:l‘il}

m::;c'::t .tn Illu; Il|.l.l'|ll'l|lt}*.LﬂT‘l‘l!I‘.!IIIl ) CR . p

.- ..-“ S, .-‘"'J.,' s — 1. : ' ' {(121)

It:ftill;;lufe the auxiliary variable 1., dr.f'ntd hy . . . : I
I[IiI .3 | ". "l’r'H-i |”U - U
Wl - s=f

'”H;n the previous prolilkem can hie recast as that of ninimizing the
fum.lmn (1200 nuhject wo the equality constraint {I!Z] The fnnction
[IE[]} ml:mu the rtlnln' LTI fr U'Ud t the pnmr defined by

. vl

i '_.-.I}'-;," TR Stk N P nu " _;_ oaw
Gand UM e L T
LI :5-1 e ' - - ]
LU A, = D04, . SRS
.I” T - : ’ i ) -
Llﬂﬂ'ﬁplt E 6. Cnnnuler I.hn prublcm ol mlmnuzm'_. the !unt:lmn
Y LI . .
T S ' o .-I'r"' --‘-r ' . e {123)
Dim bt el Tl ey ' '
5uh]tct to’ thl.- inequality tﬂnstnlnt: P . '
et ) . .'.t'. po- 'rI,' v x"rg 1'1'.. . {lzﬁ]
'|r IH )
Intrmlucr thc almlmry variables x, and x, defined by -

L]
“

C R N TLEE N A . 7oLl (N (127)

]
4
+
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'l'hq:n‘, the previous problem can be recast as that of minimizing Fhe . Table 1. Method MM-1, ordinary-gradicnt algmitlim,
function (125) subject to the equality constrainis (127). "I'he function . number of iterations Ny . , |
(125) adinits the relative minimum f= —1 at the point defined by . _ L L
Xy == {, Iy = 1 Xy = 13 Ny = H “23‘} . - ) . I . Lxamples
and . ' e . .
A== fup— (129} ] Ei 8.2 8.3 84 L]} 0.6 . L)
b iz B.7. Consider the problem of minimizing the function 10-1 s) 4 565 580 {u} fa) 44
Examp ¢ P ] o | LR 1.7 | n g47 %3 X6 < fm) 17
=gy — (130) . 1 )0 645 @ 4N S 946 1
. ' ) : S £62 {a) ) m Tel 762 15%
subject to the equality constrant e in) ) {2 (s} 92 746 74
3 e ez} {131)
Yo . fl_]-_INumll.b:r of iteraliona l.‘ﬂ'.‘zl.:d:d [ DO f
and the in;.-qlnmlit:.r consteaint ) - . , 1
xg 3 . (132) : Tabl o
, able 2, Methad MA-2, erdinary-grdicnt algorithm,
Introduce the dusiliary variable vy defined by X \ s s+ number of iterations N, -
'-__"].- _'I. []3]] b -
y ko oL Exarmpiea '
‘I'hen, the previous problem cap be recast as that of minimizing the ) -
function A 8.1 k2 8.3 34 a3 86 87
alogl]l -+ x4 — = {134} - - '
{F vll + ) — & 0 ) 14 135 12 138 155 54
) ) . TR 394 21 a 94 1 e n
subject to the cyuality constraint e 4 col P 106 1 78 ot
(4 v 45 — 4 =0 (135 . .. P13 98 fa} in) 161 129 49
. ) : o fu} (n} {n} fu} 194 (w) 13)
Note that x, has been eliminated frotn the problun and ¢an be computed
a posteriort with (123). The function {134) admits the relative mimmum R {2) Nuiiber of iterations excreded 1000
[ s — vdat the peint defined by T . : -
e oy 136 : o
O, TV i (136) . = Table 30 Moethod BM-3, ordinaey-gradicnl algorithim,
aml ) , number of itcratiens &,
A= biz v . {137} - .
) I
! Examples ,
9. Resulta and Conclusions | _
) _ ] : A N 8.2 b3 2.4 as H.6 .7
I'ie vaamples described in Scction | were WI\'ud_wjth _l[:atcncs 1 -
arethod of multipliers (Muthod MAM-1) and the modificd method of . Lg. (56) 38 13 193 10 - 275 17

meltiphiors (Methods BIM-2 und BIK-3) acconding to the experimental
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Talie 4. Method MX-1, cunjupate-gradient alporithm,
number of ieratione N, . ! |
AN
TR S
Fxamlea
! f pl '
"
r. |.
> PR SRR R P XA ¥ A
! g )
mn-* 12} 23 (n {n kR [l} B
N4 (a} " 142 14 {n) ) ot 10
1 {a} LY il M 10 184 Id
PO 9 54 145 X1 1 12 1
1ot 10 16 176 93 164 131;: _ 18
1 X
-. TR
{3 Numnber nf itemtivns eveeveded 200, [ -
Talle 5. Metload MA1-2, conjugate-gradient Ilgurilh{rl.‘
number of iteratiuns N, . .
r I
' . Pt b L le
. Enwnaples . 1,
L
A Bt A2 3 ¥4 n.3 86 ' " 87 f
0 4 () 0% tn) () fw) to) i. TR
In- (a) T 76 97 6 1 1 f
Ji* . {nl LR L q2 "4 [ 11 IO [
o 47 EY Ho- A0 Gl W il
" pal ) 11 172 49 {al e i i?

() Kumdirr ol Irerations «ueceded 200

SRR

Tabile 6. Authesd didLe3, conjopate-graidient ulgnr:lhm,]

anindwer ol iteratione Mo P _.I i |

. ’ : 1 3 } 1Tl

:r . r Kvmplen . f'{ h. F* )

‘ fra 1.4 v | lesi'-lgr!

A 0 2 . _ ALY

: AL

Logs. {043,060 41 - I N 5 n 0 I ”1 : |i !

JAYTA: YL, 10, NOL I, Ii?TI , | 25
[':lulc '? Bethod RM-1, nudifed- qun-:thnwru.ntlun 1I;;nr|llun
. nutnber uflll.r.l.lrnl'i! N !
i I
P T e e an .- - . . |
: Exumpler *
IR SR ¥ L1 847 88 56 B
4 g o (2} 14 {n (n} 36 (e} o
18- 4w o [w) « N g 1 B 4 o 2t . I -
(11 . 46 14 LY 17 -, L I .1 2
1 10 13 19 13 . m 9 1}
1 L 13 . n 7 4 10 33
I:n.} Number of iteratlons tuceeded 09, el I !
o, -
- Vo T :
E Table 8. Mv.'l:huri MINM-2, lnmhl"ml-qunsllmu rizalion algenthn,
L
' it nlmlhl.r nf:trrltmnl N. .
. ' . b Ii:nlﬁplu "
'rr * L - -
; X 8. B B4 BS ' B6 A7
|
g T w9 9 W v a4
lﬂ*' ' {n] 3 10 16 4] () it
ol o as () TR R AT
i - 10 [ 17 i 21 9 3 o
Ly I' 4 12 11 il 41 i6 1
" I
il] N'-ilml:'l:'rit:f itermtionn exeecded 100, . T, P
{) Exponentlsl overtlow, I i
{d) Algorithen converged ta n dilferent n—lnme minimum, . .
] Iyt I .+
lll 1 ! ‘T ' ) LR
Y s ot ran s .
"' . 'll|l|l: 9% MLIHHI-I MM-] mudificd-quasilinearization algarithm,
, 3 F:: . sinenber of iterations N, .. :
i - - -
! .-In_nt a! .||||.H_I. N ‘ H'.lll'ﬂﬂltl v Y 1I. .
1 - N LI .
l T - -
: ; Ll 2 1) RN X n6 2.7
i gk )
Lq-.uu;,{ﬁr,u 9 9 [ L A ) I 1 | 12
Eawtl =gk o L "
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conditions outlined, These methads were anployed in cunjun:;tiunl with
the ordinery-gradient algorithin, the conjugate-gradient algorithm,
and the maditicd-guasilivearization slgorithm, For Methods, MA-1
and MA-2, several values of the penalty ennstant, ranging between
10t and 102, were considered, ) S
‘e numerical results are presented in T'ables 19, where the
“number of iterations requited or canvergente ¥, is shown. Tables
1-Y refer ta the ardinary-gradient algorithm, Tables 4-6 refer to the
conjupate-gradiens afporithm, and ‘Tables.7-9 refer to the modified-
quasilipearicnion alzarithm, e ..
Conparisonal JMethods M-t and AIAE-2 shows that, for glven &,
Methed 8MM=2 puiwrilly eshibits faster convergenct thanj Method,
AL For both detaads M0 -] and A13=2, the number of iterations
for ermerzence hus @ nanimum with respect to k. i
Cunterning Methad MA1-1, the number of iterations [for can-
vergance is eluae tn the minimam with respect'to & of the number of
iwerations for eonvereene of Methed 3M-2. In chis light, Method
~ MAL=2 has very desirable characteristics. - :

]
v

. ol ’
Remmark 9. In Section 4.2, several ways e estipate the

Lapravee multiplice 3 were presented. The estimate represented- by
Lgs. (1) and {43) was prefuerred ter that represented by Eg. {31)in order
to avuil solving ot set of g linvar cyustions in ¢ unknowns. The above
strternetl is sipniiicant T one employs the ardinary-gradient algoritlun
and the conjupate=grndient algoritlon, sinee the computation, of the
displacenmient vesinr Ay is made bypassing the solution of scts of Linear
equatinng, On the otier hund, if one employs the medifiet-quasilineari-
zatinn algneithan, o case can be il for asing the estivate (51) for the
multiplive, since the compoition of the displaceincat veclar dx reguires
the solition of et of K Tingar equations in g unknowns. - - 0 F ]

Fur “the sike of discussion, let the madificd-guasilinearization
abpnrithm be cpdoved and e the following wrminology be used:
{a) Muthead MAE-3 st puelifzed ict e of nralnplicrs wilh._lfallgrangu
muliiplicr representsd by (303 and (43) and peralty constant represented
by {54 med (00): aned (h) Mlethiead MM-4 is the mnedifivd method of
saudtiplicrs with Lagrange mubiplive represented by (31) and penalty
conatant represepted Ly {55) and {60)- o . o

Ae a point of nterest, the seven naerieal cxamples of Section §
were snbved empioying oth Méthods MM-3 and MAI-4. 'The com-
|‘r;|.r.l!i‘-'1: reaulta are civen i Uable 14, where the number Dt'_it;;rutilnns
sl emmvernongy N, i showi, As expecied, Tor a single sealar constraint
{g -+ 1), Methods 323 amd AN -4 converge to the solution in the

. JOTA: VOL. 10, W0, 1, 1972 . 3l

v, Uj'.' e . - N '

I I'I ’ . . ' -
Table 10.¢ Blodified-guasilincacization algarithin,
[] L] r

tenber al iterations N,
1, = . -

. Car Rl et e Frurples

ey

Method . :. B1 . F2 8.3 8.4 g5 W6 17
MM 9 8 13 5 11 7 12
MM B9 10 1 .1 12

I" .Ilv.|1|n . -.-: _._I‘ ., N .[ B
sam:_‘:'gpn‘llber of iterations. "T'his is preciscly the case with Examples
8.2, 3155. and 8.7. On thg other hand, if several constraints are prosent,
Method BIM-4 penerally converges 1o the splutioin inoa simallor nuanber

L e et

of iterations than Blethed R13-3,

. Remark 9.2, Doth Methods MAI-3 and M31-4 employed in

" conjungtion with the modified-guasilinearization algorithm are inter-

esting ‘in that they generally fead to a4 minimumn "r_-ain; {or at moest a
szdg:lldnl:“ppint}, while standard quasilinearization inay alse lead 10 a
maximum peint? To verily this concept, the following example was

cangid'c'rcd; Extreommze the linction

£ = winfre,f12) cos{meaf16) R kL
by '
subjoct to the constraint, ..

do, — vy == {1]9)
This function has a relative minimum == — (L5 at
CLomm—=3 sem—d, and A =—wl6. {140,

Wl . : . )
and a relative maximum f = 0.5 at '

w3 aged, and A e —n96. L (1413

'I.fhc :’ul?;xviné fiominal paint was considered: -
T o m2, ages 2, L 4y
Tt v.:-al. t}n!und that Methods MM-3 and M31-4 cmplayed in c.nnjunctinn

+ = - v mpa - L - r
with the modiffed-quasthinenrizaten  abgorithme led or o the relative

1 4 H [

* Standard spiasilineariaation invelved the snlution of o syalom o n 4 g linear vyuation
in m -l g unknowna (see, for examphe, Wel 1) a7 .
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L]

minimum (1) in X, -+ 5 werations. Qo the otlier Band, stamlard

fuasibinearization {1tet, "'u} let (o the relative masimum |:I4]} N, b3

iteratiou, - " ok
L ]

Remnark 9.3, In Rel, 1, it was sugpested that Hestends’ miethed
of mulllplun enuld b acevlerated by employing Eq. (31) 2t 1he hegin!
ning ul vach iteration, rather than ot the beginning of cach r}clt With
particular referenee o the cun]u;,nh:—j,mdun[ all,,nmhm this tnchmquc

hay the diradvantape of |1r|uh|nn;_. digcomtitnilies in the mumuntud'

penalty fusetian AT, A ) winhin a cytlu of ANV = neiteraimns ! |n

‘u,rlfj' thin |1:||l|l naterical o 'n.erlrnLnlu ware varricdd rnt fur l|iL oy t‘tl

n-un]ih.q. of Scctinn B and e valoe af the puenaliy l:{r['l\'l"'ll'll.u ﬁ:ml:hl'

E -+ 0, e was Jourd that, in the majority of the examples, the :lnnrllhln

of lh[ I} hasd not converged e e solution within the ru]mrﬂi :u:curil:_',f

{91) in the ienposcd limit of 200 ierations, ok !
! o
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COMMARISON OF SCVLAAL GIRADIENT ALGOR|THMS
* FOR HMATHEMATICAL PROGRAIMITIG PROULIMY

4

hy

AMGELD MIELL, J.L, TIETZ?E and A.¥, LEvY

Fhem wopk (60 dedTeare ! 2 e oonlpr

uther 1 feoforter Soeda Toorerd with Jorp

Fricndy and profomed gded g den for b

. manp achlgeecnta i aerigaer  suglnderiny
* wrd gy il rathumiifoy (hpsugfont tha penin

Abstract

r

In thia ]‘ulirrrlthu rnrvrlc:lli mwaluk (o of 1he Lardc r-ll"'.nhlﬂll ol rath-
eratical propamdng 1e o netdend. T 45 e pichlom of mlnlelsing
a fonction fix) subdiet i s corartalat iy =120 Hoew, € s 2
eealar, x on newoctor, and oA munctof, with qen .

Sla wariationa of the cogueatial roelienc-rostoornn fon algac itk and
the copbloe ] mrwlicnt=rekbrat]on algoratlo aew eorfddeted,  wed (et
rolativg officicnry (o tmea of pober of tecntions [or comwt rgoeneol 18
svnluwated.  Tho varlatlons being ensLlsrie] are as lallo.e;

{11 SGAA-CRy sempentinl qradicrt-rentcration algarddm, creplele pesloe

f ratlrn,
(11} &SrA=16, Ewrpaencial grollenc=reatrordtlon algeritbo, Irevmgdoee pesie
' toraLien,
{1i1) RIA=CH. mrpuential gl':\:iI:::.L-rmtcrr‘ltll:m:al{roriun, ot lonal pes
torat lan, .

(v A=, orBlie] grollent=-pesbuatlom algorltlm, o 3 <hoeat Lo,

(¥} O R-hAL, curtdewel guaMent-rvoioracion algoeltles, alicowte e~
furatiow. |

vl oW~ cabilnol gealleat=-resinratlon algoriil;, opelon] oo loe
rat lgn. " . R . .

Fraluation af these al'yparitie dg aerrepl ished thrmmgh eloht ek
iral mavmplen. The Fliot tws pracpedes el taln to periratic  fwetiora
mbirct o llnewr covatcalatn,. e peealnbig esarplen forbain oo
misdratie functlons subjret 0 prenl leear ecautrainks,  The regules 1a-
dicats that (&) Ut Lncluslon of o rentoralion gnce  In eeceasary for
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rapld convergenco and (%) bhe algoritms with ultcrnabu resmral:_im m:_
optional restoration ave the roat cfficient anory those conaidered hete.

1. Irntroduction

. . I [

In previous pasery (mfe.1,21,)), o0 bagle algorithrs for. the ;uﬁi-_
mizatlon of constrained funcclons wera dovelopod: the nequmt.pl q:r.n:li-
ent-resooration aloorithm (S0RA) and the combined gradlmt—rcsboration
algorithm (G, The Formor s an itterative algorithm which mitu
o! tw alterrale sucoesalon of gradleak [:.haseﬁ ared restmar_im ;I-ml. }
the latter is an trerative algorithm in which tha qn\ﬂmt phase .:md the
Featoration plane are eonbined in » aingle phase,

In ehe gradipnt phose of SZRA, one GenETALCE A displl:m!: dn
lowsring tho value of the function, whils awolding E:mcniuu :raj.nt
viclation; in the rostoration phase of SaFh, gmam a isp:lmmt
Ax restarimg the corstraint o 8 predetersined accuracy, l-hile mi.d!.rq
cxcessive charge in the valoo of the function, On the nthe_r ha.nd .Ln the
grodlent-restoraklon chage of OGRY, one gonwerates a displa:tmnt AN
lowerirg i voler of e sogmanted functlon, while si:mlurmuly recdhye—
i) the coesbraine vislatlon. -

In thin paper, glx variations of the sn:;.mtlal qrﬂimt—rﬂmmtm
aoericen aml Ue codddined gradient-restoration algorithm are. midm'cd
anl thelr relative efiiciency (In toems of oamber of ite_ra.tion.il o7 conys
woog thea) is evaluatod theough eight eoherical Mrplm. The \ra.rinl:].w

ol coeslderwl are indleutod be].u-ﬂ . . . .
“41Y ERmA-CR, eaxqacmtial gra'lie:nt-rubu:nti.cn .:ln;dritm:, c:;!'p.lleta' 7 ) -,
. rAtion, N i P
il S553A=IR, sequential geadlont-rastaration alqarithr hm*plete red-
raratioe,
{111} S5EA-0R, rorquential grﬂ:llmt-rutnrat!.m algorithn, nprt_j.uul ml:p-
I.'J.tlm. -

(hy]  OT%-RH, mr"tim:fl gradicnt=resioratlon alporibsr, no restaratinn,
tv ] CQUR-AR, combined gradient-resbocation «lqord.'r.rtn, n.lu:nube resto-

rakies, ‘- -
vl Cote-00, m—blmu.'- qrndlmt-rﬂ:ﬂmtim a.'l.gurlﬂ'm. nptiml mt.n-
ratiom. .. '
' -

S P t LN T

. suhjmjta thw eomstralne (7).

R o,

woo b v x JANIELE, LILTICTIE A V.LEVY o I
1 :'-.: 1 - ° " T 14
! A - [l . " -,

2., St_t ement of the Protlem _ e e

"
'

J .I I .
i pal ‘ :
1m§iﬂuﬂepm1mnfmm:hqﬂn!wum '

Vil Ul e T S
I'II- ) .I.I -.L'-l'_ iy . I- . .I- f n le, , . - -..... “.- :
LA I TR ] ! ! C s L

nbjact tha mtra!.nt

- 1 .'-. S glxl =0, .

Lt
where £. J..u a :-:a.lur, X an nvectwor, and ¢ a qvector, with qg<m
igra, nli Aectars aog column wveckory, . It i, oemryd that the flrzt el -
serond putl.a..'l derivatives of the furctions fix} ard  @Ix]  exict and
ara qmti:mus and that tho constrained mipifis exigts, NEE

ST o . .
..,_.J...Fir;t Order Eunditinn; E‘n:ml:}mryufnuxh‘am]rrdn-
ima, -1t L". krm that the above prohles is equiva.lmf. to that of mialmiz-
hﬂmea.a;rmmiurcum . r

N . S . -
L S it -

me S A =fta s A g,

1 - s
Gt A

I-le.u. the gwator 1 is tha lagrame
:ult.lplh:r ard the Supcrmripl: T déandtes the r.r.:.n:pusn of a matrix,1f
I tn,M A () 4

vin e . ; .
denotes tho g:ndiml: of thn n.Jgrentnd funcrica, 'Lhn optirum ml'.rr_im Ir.t
® and 1 most Htlﬁfy tha relations

Voo Dlpl:l -O'f

L P A
mldiuaammof n+q epuations In tho i+ g, mmmuuf X

and 1./} (70 Eqa. (4i-15), the gradients £, and F, denctes n-voctars
and the matrix g, is na g '

- A

T ?.EE: lpprnninte Snlutinn: ' Sinzeun:ystm {5) i3 genoral=
by rmllnmr _approxirate mothods rust ba. -amleyed. In this oonneckion,
e l.nf.mq.:cn hore the scalar performance indexce !

®, 4, P - -pTcxr prx) .

Q[xall - F i, 13 F 'Rr'l} fl

TTEI :
uhii:h mqu.m tha erTors 1n the mun!.nt and thl optimum condition,
spmtivcly wThishy wa cboerve that PO and Q=0 for tha optiman
solutioh, whil:r P>0 ard/or 00 for any spproximakion oo tha  eglu-

tlsn, anptmmammﬂﬂdsanmﬂ they mast ultimetely law) to

- L]
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vialues af » an! 1 mpuch that
(1] Plal g o, e, k1 € 4y .

Mrierpiblvely, (7} can be replaced Ty

ta) ) P, A1 Ery
where
1 BRIy AP = Flab + Qx4 }

dowikes Uw mralatlvg errer In the constralat and the eptimm oorditlen.
In (J1=L8k, ¢t . >, ¥y Arc mall, preselected i, Nokn bhat,
1l oma cheomen 1o« Fp = 0y, matlsfaction of Ineq. (B) irplies satisfac-
itlon of Hwegs. (7). ' )

1. . Description of the Algorithms [
1n thiz eeviion, the alrerides teing lovestlqated ate descrile-d,’
EGRA-LCA Srpealfad pradiegt-peadiciatien algerising con=
plete tealom) fon. Thie almrlum oonslsts of tha altommate succosslon
f grallieat phases wd restoeation jhases.
Tor gradieat phate 1s thacbed poovidieg '
1o Fie} g o

1t invalves & njpgle Lertatlon, in whibch tho avemntel function LA pe-
dxed sthject to an vppre Limdt foo Lhe corstealnt cever, that (9.

(a1 Fiek, Ayerin, 21, PG,
The syrlal % domales the pambial poiest, # the v ded puint, and A
the Lvjramys ~ltiplier. ' .-

The fcatozstion phace 13 startis! providieg

417} Pin) >0y . -

It Imvolves sowveral dteraclins, o mach of whileh tler comstralnt nroee s
Tehxrl, that i, "

iy PiR) < Pix) .

1 . . O
S Y71 27 ‘ a5
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e reatoration phaces i toominatod whonever Inesp (100 I8 watinfied.
LI ~l ' . e

Remsrk. 'Tha slgorltim is atarted with o gradient phase LF Inm,
10 Ls sarisflod or'a restoratlon phase L0 Trav. (10) is violalwd.
tarmally, *n gradient phase is follpad by a restoration phase. ' Onca-
slorally, tha gradient phose (s follmesd by another grodlent ps, thae
is, the restoration phasa 18 ypascod: this i precisely L cnoo o=
ever Ino) 1101 48 satieficd.

SGNA-1R. Sequential gradient-redtaration algoriifm, fueom=
plete resfamitten.  Thim algoritm consists af the altemale succetsion
of qfadir:nt phazes and ratoration Faves,

The gradleit phese 1S staried ovgardless of whether Itwsj. (10} b5 ut-
Iafled. It imvolves & single lteration, in which tho sumentod function
Is vaticed cubiecE 1o AR UpPer 1imit on the conatraint error, Wit Le.

¢

[14} Fi d] < Fle.d), PGRIGPII+ v .

The teatoration phase Is started only 11 Inog. (121 i matisfied,
1t imvolves a sirgle Lteration, in whieh the constrolnt orror is r:tluv:td .
in ocoordanca with Inee, (137,

The starting cardition and the lypasslm muitiun Ior W1 ere
:Ll:l-."ntlcnl nriIJl tlﬁse [+13 EAM-CII {ocd Remack] . .

snn'a—uﬁ. Fequential qradiens-reatorarl foa n!p:nrl.'l'-"-'m. o=

tfonal remtoration, | Thia alqriths consists of the allomate secooision
6! gfudiont phascs ard restoration phases,

The gradient rhase l3'atartod providing

]

(4 }]] . Zlx, A} R 1,

whare tle paramerer I 1o deflred by

{16} . = o M{alQlv, 1),
wlth
sy ) peede '

C Tt lmalves & uintﬂc Lt I-l"inn, T malgh tho aucmnnl-_ﬂ lwktlon 18 1o

ducad Ln aoraedarsce with inegs, (14, el
The reatoratlon phase Ly wtartid providing
L] ]

ne . 1 .. o a ey =1
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1
It irwolves scversal iterations, in each of which the "constralnt’ urmr ie
Foduced in ascanlunee with Inag. (13}, The restoration phasa is  termi-
rated whorawar Inwel. (150 i sacisfiod. S
The bEvmcsskng cordition for SGRA-CR 18 {dentical wi.th ﬂ'l.ar. "of SGRA-

CR (a2 Rowarx]

CORA-NR. | Combined grodient-reatorgiion alpordism, 1o res-
tapatten. In this algecithm, the gradient phaze and the “restoration
phace are colined together in a simle phase, It lmwlves a .slngle
itargtion, ir seileh the augrented funchion is reducad in accordance with
Tracp. 114] . T ; L

'
e

CRRA=AR, Camb{ned gradient-restoration algerithm, a:tﬂ'r'em—

20 peatoratien,  This algorithm consists of the alternate m:n:nlliun ak
rbinad qradlert-restoration phasss and restoratlon pmsuﬂ

e asbind gradient-rustpration phase 1 startod rﬁu'dlﬂl of
viather Inog, {19} 1s satiafial: It lmmolves a slngle iteraticn, in which
the Awan-ad cunttion is redused in ocordance with Inegs. (141, -

The restolation phase is started oaly if Ine. {12} 1s E-HtitfiuL
It ‘irvoluves a sirgle iterotion, 1 which the constealnt €ITor is Fechwned
in aewardinces Wil Leog. (132, ° - e T

Tha starting oonditiom and the hr;pusinq mﬂlr.l.m fvnr m—m aré
ddentlcal with soe of SSH-CR (520 Romark] .

- . - P T
CLRh+TR. Combinad gredient-restoralion dlgortthm,optional
rearerutton. This algoritha oomsists of the altecrats succession of
corhiieed gradienc-restoration phaset and restoration phases,, -
' The corbined gradient-restoration phase is startod prwidir-g Ineq
(1%} 1 tatlsfied. Tt involved & slnglo lecration,;in which the  msg-
Tonted? funstfon 13 roducod in Mocoedanca with Ineags. (14) . .
i greloration phase ie gtarted prowlling Ineq. (13) 1g ut.ufied.
It Umwolves soveral jterations, 1n aach of which the mtra!.nt erTor
ia redoesd Lo -.cmrd.m:ﬂ with Ineq, {13]. The eestoratiem pha.n-i in ter-
minakol Wheneses Inceg. [15) 19 motisfiod.
The Iypassing coedicion for CGRA-CR Is identical uith th.:t of SGRA-
CR (#cu Porark), . . . .
EE B | £
Remark. Tor the alesgi:s=s with opticral restorailom, tha mal-
ziplier 4 gopaackrg in (150-116) i3 computed as follocws. | For SGRA-OR.
Eq. £15-1) musk bxy £olwed with Cy = 1 and C =0, ~for CGRA-OR, ET.
{15=1) must e solved with €, =1 and O = 1, :

ST L AMIEE JLLTIETZE AJLLEW s

g HEI T .

L GeneraHud'Mqurithl . S TP
, " Létox dqmte the temiral peink, % the varled point, dx  the

dllplnc:mt luadiru; from the mominal parint to the variad polnt,” amsl o

tha ;L.efpsim., 'Hith thia m]r- stardling, the previcus algorltdive can ba

rqm:nmtsd in the fuuml.ng' gererallzod Form:

-1} P thxhgu;{xu +e @x[xlf“[x] - Czlr'ht] - n.,
192} N e I.-'p'-{:ltht] AT e
ey | ' axk=-ap.

Do - - -

{19-41 o . Fexw+ gx

P\:r giuaﬂrnnhul puint : aﬂmuﬂu and C, , Egs. (190 oo
u.i.tut.ea mq:leu iteration leadirg to the varied point &, provlling
m:p-u-:i.fieﬂt?nstq:r.l.m a . -The coretants € and O, detrd an
- tha pa.l:t.'lrlzula.t algorithn ard 'r_a.ke the values’ qivm in 'I'.:hlen 1.

Tha dctailed dorivation of kgs. (13)is [r:esuntr_-d in tels.1,2,3 and, h:n;c.
1g ret repeatnd hofm.

oo _",: Tt '1'1'*._131;_- 1. ' characteristlc constants -
. .
‘T e 1 -
Sl '
Algorithm. ... FPhase T . Cy
e r - F— '
* “dcna b Gradiant . 1 o
e e, Restoration R 1 ,
. i - L] - 4
CCRA Gradient-restoration 1 ) 1
ce e Regtoration o 1
: b - "I N .
..1l '. ' . . .
5. Stepshl Dettrninltiun oo et
' e l. Iy "I ) .

Fm: a]:i nf the preuim algorithea, the {mitiﬂn vockor at the end
otn.rqstepcn.nbewrittm 0%, '

[ . . al-x-up R
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wein p o odeurpes the search gloectlen, which i glven by (19-2]. This
iy A ooe=poearetor [amlly of varled (mints ¥, for vhich uhe -'u.qﬁmnd
furction (1), the conflralnt erinr [6-1), and the error Lh the ap:.i.rrun
cuiclltion (62} take the fomm

an Fii, 4] =Frx - ap, 1] = Fm
1320 Fi) wPix-np «B(n} . .
{211 B IETE ;cr[u - ap, 4 o= Qi

For Lhe qr.ﬂlmt phane of 8 SOFA-algorithe or the m'bl.rw.l gradlient-
restoratlon flare of & CaA-algorildm, Tugs. (1) and {11) ' ¢mn be writien
in L general form . i

{24} 'E'in: < Foy , DAl € B0l v,
Thylr =atisfactics can |+ rgured by eeploying & bizcction P‘ILL‘ES! N
wtarting f1om & suitably chogon £0icrence err'sim L F
b
125 : fnomay .

fur the determinition of \le refcrence sicjmlze, see Soction 6.
fior the trstoratlon phaee of a FGRA-algee lthm or a OGRA-slzorithm,

Iwri. (1) can ta written an
(26 fmi < Pl .

fin matlsfacticn can te ssured |:.1'f vl oy Lrep & bl secticn pn!:nsﬂ.st.trtur;
it the 1elerence strpelio | !

{27 n=1 .

Thiv valug relaces the constralnt eripr Pix) to rero, LF the mtrni.nt
fuctlem qix)  in llpoar In's '

6. Reference Stepsie

The srarvh trchniqun sablinel in Soctlen 5 for the gralient strpsizs
mploys & blrction provess, starting foom the seforonce stepsire {25)°,
el matlstactlon of Inegs, (4] omure, A prosaviure useful te deter-’
rln his reforepca Ftt’iﬂ!.'l'n la cutlined hnre mivl 1 Bapel” Iun a quadratic

o

"

| . Asrery WL TIETRE AW LEYY L it
. . T . .

Tepresentation of the aupmentnd function associated with the one-pacam-
eter family of sclutions (20},

Lat the [uhctlon Fla) e represented in the quadratle [orm
f £ -1 - * . ]
ﬂﬂ] . f .I; ._ ?{E’I}:' k‘ + ..KII'I. ¥ k:l‘lz 2 t
and 1rt the coeffliclienta of (e ruadtatlc bo detei-minnd a0 A LD makci
tha values of U ondifate sd the slops: at ‘=g and the value of thu

ordinate at n = 1, This ylglds the rmintlons T

(29} Floy = kp . P iOr mky , Dilk=kgt k) + Xz o 4o

which umply that

*

{30} ky m Flot .k »=0001 , k= F1) = P01 + 410}

itk the ooofflclents known, the followlrng possibilities arisar

(a1 1k, >0 or (1) ky € O,
In Cage (1), Uhé quadratic furetion (28] has & minimm for the follewing,
"valum of the gradiont mhepalzal - -

(321 . :

a == ky/2k,
1 1 - N " . ’ 1
In Casn (L1}, the quxlratie functlon (261 decreasem rrnmmnltalir with o.
This suggests the use of tha lollowimg reference values for tha gealient

slopsizal

my == K2k, I kp > O,

(i

ﬂu-"l it k.!i'l.'.l.

7. E:M‘rinel‘lul CondiLiong
]

‘1n order to wnluutu tinm prwim algorlthry, might mMFocical exam-
plea were coaiderrd,  The flrit teo exyplés pertain o gusdcatle fuec-
tiora mgbimck to lincar comatraints. The tansalnleg eowples pectaln to
mqusdratic functions fubject to nonlinnar consbralnts,  Each exoarpla
‘wal nulw-.-]l with the Uwrea verelons of 556 and the threo verslons of Ghin
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1 0.
outllpd in Saction 1. All of the algoriums were programmed in PURTTAH
T, and tho peterical results wopd cbtained usimg a Mm’ﬁ"'—‘&' B - 5500
cerputer and double-prerision arbthretic.

Starting Foint. Por all of the exavples, tha naatnal point cho-
$on to start an algorithm was defined by )

134 LK e Xy R aaam =2,

whtore n domoter tho dirvmsion of the vectoyr K .

Search Technlque, The determination of the gradient stepalze
ard the rostorciion stepsize woa porformed in accordance with Secliors
L ard G, Tar dw graslent phise, the strpaize o was subject 3 the
napaaiiticn

25 o Pta) « P01, Pia) € Bid) +1 .

- n I
Ter the resiorazion phage, the ctepsize was smbjoct 1o tha incguallty
] .
L35 Bla) < BtO) . p

Convergence. OCxwverpzcy of an algorithn was defiped through
tha equalitios

(37 Pl & 1070, Ofx,a) €107

- +
horconverqance.” Comeersely, rnonoomvergence of an algoridm =33
defined by roans of tha irequaliktlcs

{38-1} a) N0, B

(= a
{26-21 bl . Ny > 20, '

or

138-1 (c) MO x 0% . ‘

Haze, 2 is che iteratdon nober, W, 15 tha meeer of bisoctions of
e shepsizs v roqulrod to matiaiy Ineg, (35} or [36), and M 15 the

modubus af any of the quantities oployed in the E.‘Lgnrium .

:—"-ut_ir..m ga of Inog. {M-1) Indlcaves divepgence O cxbrome slowess of
sargeree; satisfastion of Inog. 138-2) irdicates extrome Erallpmss of

ﬂ.e digplogument dx 1 and satlefacticn of Irc, (36~1) Lndlcatos exponen—

tial gvacfiesw. Cach of those situations is undesirsbln,

Cin oh . e AMIERE  LLTIETIE  AV.LEWY - &31

a, H_ui;iri:a LTLEY s

£ -F =t Yaoan [

Co )
In thig Bection, eight pumerical exarplos are Jdesoribad, The [lest

e Exam'r.llm Bertain to quadratic functions Rabject to linear consLralnks.
Tha rﬂ-‘-ﬂl{l.l.l‘l] e.:mplﬂ perta.]..n. to mrqtudrltlc fmtt.!m S ecE B3 R

" lirear COTELIY ints.

E!in"lple E-l Consider the problom of minimizing the function
G r- {11412F+{x1+x,-2f sin, = 1F ¢ lxg - 1F,
m:bjectmxhemnstrainu I,

(o) ¥y +dxy M0, Ry + M -2mgmO, Ny -x5 ® O

1 L .. . 1 -
This finctiin adnita the relativa minimm € = 4.0930 ot the mint duw
£icd by ' :

- ' =Pk, i (]
1) x; = =011674, y; = 0.2558, Xy = 0.6279, x, = -0,1161, xg= 0.2538

ard ‘

JAZY . o Ag e 2.0465-, A 2325 LAy = -SSM L -
Exinple 872. Comsider the problam uf minimizing the Functisn

T I g Ry e A E LI LY P |

v

iL\hjE‘:E t:::. "t.l'm:z conatralints
(4 C Ay o+ Img =0 Ayt Ny By w0y -Hy D,

Thia fma:dm n.d'n_lts the relat.'l'-fe minimem [ = 5. 3255 at the point e
fired by .

%, = -0.9455 x 1071, x;w0.3151 x 1077, x,°0,5157 ,

bt ok, w=0.4527,xg @ .08 « 107!
. L DL .o
ard L eic oot tor ot v e .
1486} A = 32779, k= 2.905% Ay w =1 7478
N K Lo, . ' H



i1z ANTELE ) L TIETIE AV LEFY

Esample 8.3, Cowislder U prcblo f wlnlndging tha fuctlon
i1n ) AL P TEEIR Vo T T o PR

Sanjock Lo the ponetralnt
(48) i1y xhie sy ~d -7 =0 .

This functlon adcits tho relative minlmas [ o+ .1256 « 1wt ar the

point daflod By

(49 : x; = 1,1048, x, = 1.1966, x, = 1.5152 v
anl
{s0] 1, = - 0,1072 x 167"

Eulpil 8.4, Oonsider tho probles of mindaizlin the farckton
o1y B L T L e T R EaL L PR b
luhj-.:ct to tha conseralnts
(52) xf %, ¢ #1008 - x)=202 2 0, wype xixl-B-d2a0.

Tis fupction adnlics thad relative minbum f = 7475 ab tha oint de
£ {rend by

1530 mp= 1-1661, xy= 1.1623, 3, = 1.2802, x_ = 1.5060, x; = 0.619

&gl

{54} © A, = 0.H553 x 1070, A, = 0,187 x 107",

Example 8.5, Condlder tha problom of minimizing the function

T I R R L R P L I SR P TR W DA TS A
i ™

subject io the xonceraints
(56} wy+ad+ %] -2-2VZ @ 0, ay-x}rn, +2-2Vin0 x -2 0.

Mhis function aduits the rulacive miplods £ = 0.7877 x 10-! aE e

ARIELE JLLTHTIE A F.LLRY iss

. I
Folot daflraad by

570 ay = 11911, k3 = 1,362, a5 % V426, K, & 1.6150, Ky = 1470
* H

L]
ard oo . .
v 1 v

1 I
580 Ay = o0,3887 x 1077, 4w -0,1607 x 107, Ay = -0.2079 w107,

Example 8.6, Congider tha prchlae f minindziey Use (wsglun

is9) =001tk = 1M+, - WP,
luhj.acl: L t:lu dnequal i1y cpdtralne
6 -1, )

Y +

I - "
Intrechucy the auxlllasy varkahle =) defircd Ly

{61} u+xjer=a.

I
Then, the Provious peollsdy can far furang an that of Mindmialis] Uwr fuue-
ticn {5%) mubjuot to dwoaalivy constralne (611, -The Dustbon 39
adnies tha ralative mindros f = Q4 at tho point dofind by

{62} Eo=-l. gy ®l, k= O
ani
(15]} J.I = &0,

- + —. -

Py
frvample 8.7, Loralder v patd lan of minlnlaineg e sk bos

{04} fam -"i ]

n-.hj:n:"c o e inepuality corgtralnte '
r! . . ' I

{65] . xp uonf . Ky & K[

|- o .
intrcduce the auwdlllary varlables xy gl x,  dof Liwsd 1oy

" j4E) ag-xfeal =0, sf-x,-alao,

'
| 4 1

Then, thw provious peolilim can ba st g8 that of mlnimlcipeg thw
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furct e ¢ Sbject o tho equality constratnts (§6). The funetlon
164) atuura the relative mindmss f = -1 ac the polnt doafined by

{671 Xy =1, N e e, gm0
and I o
{8 EYRLT N B SO TR B :

o

Exampie 8.8, Conslder the probles of nlni.miziu;ﬂ"l'fwuﬂm
(69 £w logx, = Xy
wbject to the egallty constraine
70 $+x}-4m=0
anl the fevpulicy mnstrai.nt.
{11 , ‘ Xy B 1.

Intockice the owcedlinry variak)e x; dofined by °

72 Xy 1+l oL

Then, the previous peobled can bo recast as that of minimizing the func-
tign . B

(71 £=1logil +xf) -x, ,
mbjece ko the apaality oonseralne

(74 D+ xfltexl-a = 0,
Hata that My ks boen eliminatyl From tha probl ma.nd:n.nbumwtcd
& jeareriori With 173, The functicn {13} .:.&nuu the relau'm mindman

fa=-vJ at Lh«. p:am: defired by '
£ 1 I * =0 oy = VI, ok =1
. _ )
and .
(75} C Ay =12V L -

. . T UARIELE O LLLTIETIE AV LEVY . 535

9. it:il.ilts and Canclu;‘.uns

. |

l

'I‘nn mrplcs described in Sactien B were salved with tho theco vor-
ll-ons ﬂf ZCRA and the threq vorsions of CORA demcribed in Soctlon 1,
Thn rimril:.ll results arc pru-.—.mr_u_d in Tables 2-1, whwro the rmmber of
.m-_rml.]im tor eoywvergence N, is seaa For e elght cxampice wone-

&iderpd, Teble 4 chows the cumalative mambcr of iterackons for  oconver-

qnme"l; |:'.N. "From the tables, tha Eolliwing monclusiond arlse: laj
L} rﬁ‘:ﬂﬂﬁiﬂp of zame form 43 hecessary for Tapid oarvergente; ard (b,
while KFNCR 15 the most stable amxy) tha algorithms congidernd hore,
rapld;‘.l:muf convergenc e can by incroased somowhat AL ane ogiloys alyo-
rithra “““:. alterniate restoration or optional resecration, .-

: Tabln 2. _l‘hfbernf.iteraum for comvergence e,

I | I-:I.II Lt AL

AT it LI (U R ' S

Beargla SCRA-CR SCRA~IR . SGRA-OR
-
B 5 s '5
H-.IZ 1 S B .| B
By, e .. o 1B . 14 .+ 18
B.4. o 5 A ?5'- . . 51 . 42
ﬂ.; * o B 7 - 7 L]
I r
B.& , 15, 12 ' 18
8.2 ..’ - 9L L. 15 ) A
g.a - a1 - 11 10

- s mimaenn .- ;

Table 3. Muther of itrracions for convergencn N, .

] f 1
Fxanple CORA-NR CGRA-2R CGRA-OR |
3.1 | 5 ) 5
B2 BS B 8
B.I .1 -~ 12 - 16 . 14
B4 - 1% . 54 43
A5 1 7 A
as " L v omwm 19 S
8.7 CEo13 7 ! s -3
B.B KN 11 : B _ 0
(I - H N 1 v ]
o ] 1 .
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Table 4. Cuvlatluve pmdse af lierations for comveiyenos My

+

Meerithm 1,
BGMA-CR 130

- i

SCRA- 1k 123 .

SGRA-OR 111

CGRA-NR 2215 LI '
. CCRA-AR 124
, CCHA=-OR 111

: A
RFFFUFRCES ' "

. Mlele, A,, Huang, M.T., #n) Heldeman, J.C., Segueagicl Gradiemi-
Reatoraiion Alporithm for the Hindnizatiom of Constretned Nunatioma,
Ordinary and Confugite drddipnt Feraiona,Journal of Opcisization
Theory and Appllcatione, Vol.4, He. b, 1969, oo

1. HMisle, &,, and Heldeman, J ., Hrtheniticai Fregreming feor Con-
sirained Miniral Froblems, fart 1, Sequential Crodicat-Restoraiion

Afgerithe, Rlce Unlveralty, Aero-Astronautice lr‘purl No. 59,1969,
1 | L N |

1. Hilele, A, Neideman, J.Co, and Levy, A¥., - Mothematioal Pmpmrrrrrinp

for Conatrarned Minimal Peohiema, Fart 1, Conbined Gradient-Festora= °

tiom Algorcoh, Nlew Universlty, Aevo-Astionautlce Report Hao.b8, 1970,

Thiv rawvarch wia aupported by the OfFf{os of Saientifio Rerqapad, OffToe
ef Asrospdos Feagareh, mited Scates ddr Fores, Crant Na AF-AFDSR=-71-2185
1 . -

L
]

ST R w8 mEm E—— e ————
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Tr ¢ alimwe cguations, fica ronlir, © onogadrdor and o u fod Budve 1l Taeear syetem od L ualions O arrloe i 4 g
- all voelors re crinn ve el vl 2 S Ao It ie
Caangar 1l VIClOTs frs £UIUL "__"l" ¢ wrs ."‘ . PR T e i1 A Folx. H]
Cormatime el the et s gl v vt pan il riestive. ol the Y A =D (i)
funclinns § end o st roate S laor exist kil ere eazting- velez) o Ilax viry J
oas: i iy 21w Eseinarn that thie mr..lr;lhud sinimore £x- {3 i) Glradn the varied poind
ints, . - - |
Ty Tt r.rq t-fdar Casmdltipns, Frea theery ef ’ fexda (13-5
minire 'sml taitime, b bansrn el e [or e ,..f--ﬁem ; A=A {157
o e oTerat o 1RAL ST nninnning e copmiated Juaee ]
tionr ) el ma Liaek 1 erep (), ) :
- Flr, 2} = i)+ ATedx) 5 L Review of Lhe 'I\;\‘-M;:-:rri:hm e
- . : . Lt ' "y L LN BT 1 Y : neisl
suinest 1o the oonslradnt (20 Here, &35 a g-voctor Lagrange Fere, a ravics ol ML izpiven in conjunciien 20 boe

modificd quazincearization slpaitkm. Lol 5 obzle the
nemiegl paint, & oabe viced point, Ax the diplicoment
] '|i:~adir|g From the pominal print o the wasied rmimt, o the
1 Ffrad = Jatw) oz 4} srarch diteclitm, o = %1 the Girediion Tactor, uned r Lhe step
size. With thiz enderstanding, the nedilied methed of the

sealviotiszg can be summerized a5 loliows.

(i) Choowr 2 noming] value fur 3 oot satiefying the con.
Drnnt Cvemetne Sy gl ik

(i) Compute fr4x), 071 2nd whiain

muliiplicr 2od the sore oserin T dengres the rengsose nf &
matrix, I

dencles the ;:Ldimt of the cugmented Tunclinn {In eq 4,
the pradienis j, rod F, dencte peveciors and the mairis o,
is g * q 1, the amtimem seluticn 2,k must satisly the simul-
laneylyd cgurst fons

M= Farh)=0 ol . -

* ’ ‘ Fizh = (T(x)eta) (14.1)
o Arerexismaic Dvloriaze, In gopers), the sysiem (5) -

is nanlinezr; consequendy, epprorimete methods must be . Fiix) = E‘f’{r.}‘-h? {14-2) .

emplaved. Theee are cf 1w Linds: first-order mzothods (see, Folr, k)= flx)+ eele)n) {14.3)~ .

for ingwance, Milele o1 al. {1555)) and second- mdu neﬂ:md.l.
~Here, we introdace the sealar quantities

. Piz) = Tadz); Gix d)m FL7E, 308 (2,4) - (e l.l:'here Ay 15 the Lagrange ssulliplier cf the previnus flara-

= —P )R 0 0 WP T (1) x)- {14:4) -

lion. -
which measure the erooes inthe constraint and the ‘”"t“ (i} Update the l-:;:n':r'c mulzipler vo the valoe by given
mym condition, respectively, We observe that PP = Oand 9 by
= 0 {re the optimum salazien, while P> O andior @ > 0o . - -
any-apnroxizzation o Lhe soletlion. Vo hen approximste Az = hy+ 2dcla) (¥
wethods are used they must-ultimately teed 1o vahines of {iv) Compute -
L, J'.such that - ) '
gl S —— - .F_,[I,:'l }E :‘11"‘ '{I})‘- {15-]1
PETS i QNS ey o, - G . ° : ’; }: t : -
T - o - - TRzl = AT AW (g {ie2)—-
Aliermately, {7) can be repltared by— - ¢ - . -
. -, . .ot T iz ot {v) ObLuin & 1entetive prnally constent ”_ - .
Tl RGNSl o L, i - '
S T -k = T AR} (71 =
where . . :
_. - . - . aodthe upth:-rd penalty canstanl kg as follows
- Riz,d) = F{r}+ Q{x,3} A -/ B VI e —
; k= ﬂ'-lh{kﬂ.k].] PI:'.II = Q{: L) {17-1
denvies the rumulative crear in the constraim end Lhe crpu- S s
mum condition. Hete, #1405 ate gmall, ::rr-'.elu,cu_d aurme ka= muf—‘-n.kli I”:"'fr:l > f}{x Aal (17-3)
]:ze:.a, ,_T.r,le th:l:r‘;*s..a'.ljffq.::o g ﬂ::: inegqumiity § impties aetisise- where iy is the pe '.alt:. COnLIART {-f the previous iteration. N
Lion of IREGURLLIES 4, 1 OOF CHL.DCAEY £ ¥ 4 ™ .y . il Cﬂ‘"‘lﬂ'tII'E the nu:m-n‘eﬂ peraliy functics and ity
""ra.v:wnl
A Hevlew al ihe SQIsAlparithm )
‘ sar Wirdotadm fr) 4 ATAzd + kaie) (151
Here, 5 review UFSQL is piven. Let 2.0 derote Lhe pomi. f { { }
mal viiues, Lnd Jot Az, 2 dennde the Sinlacements rading < Walndekobm fla) £ Bl + £:F 2y (15.2)
from the m__f:r_‘:f] values o e varied values LA, With this {vii) Cumpute the second derivative matrices f,.{x),
uwndcrtanTing SOL can be eummarized e ful ]uu.l. {=) zod ubtmn
(i) Far ziven x and &, rampute flx), ot2). filx), o ls) vaiEd
{ii:l Cﬂm?"ﬂt . Fu“n’“}) - f]lfl} + #';J{I})l: 'Eig'l}
Flzay=f iz} + ¢ (z)h {19-11 FPoolry = 2leutzdolz) + oin)e. Tl 0152}
ALY AT R ATRY {102 Wiz ha ksl w Fydzdad 4 Follivg (168
[N SIS 5 . (] P Y i Sedve e lincas syriein u[ ll'ldﬂ-mu:. and urdet nl
- L . . manlista et LT e et relleT b
bt o= wm ottt oL s et omr e Da .
Jthm'td end the .a..'l"r..-':" m s rinpped; 0t eriss, pa Lo slep . Wolrdrkgbd + Wtz hpha) =0 - (20
e <
' T A - B A T A T RTINS LTI N
Ny omrnle L Ur e 0 s nbbaln IS . A R
fur ) . 2 direction fagiles 5 ..nd the search ditretion £ fron: the el
Fofrdim flagh4 - frid - {11} Linas
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PETUE AU ER PR RY (1.1

p=no1 i21.2)

{x] Compute the divplwerment Az, the varlod point I,
and the rew vglae of the aug=ienied peaaliy fetcion with

A1 = =gz (221}
Fmoradyy (2.0
W{I Mop st fETh A AT+ R P
ixid If
Wi Ak € 1tr b 2 {29.1}

arcent Live precent vilgt 61 the sten size a and po back o
st go d8i); otheradse, poan e cxiid,

EEHES

W{E A da) > Vir, hakq) (22.5)

bizges the slep siza a5 moaey 1y fq #z novded {The 1isec-
{i- o5 rrr stasted fram e m L 1-_ booston (8 wptild
intcuatiny (2244 is paraiicd.

Pemeri Forthe £ ibezziian, the previows vrlus . nf &,
] £ yoare unt krews, T his Boing th o cose, one sela

o L

=Gk = by (22)
5. Operativnal Cound

in this section, we give Lhe number of arithoetio ppera-
tiran periormed by ezzh algoritym per iteration. Thizs opsr-
stional count gives a measurz of the computer time needed
prer ttration. The comnuter titne posded to commuie Lhe
- functions fx) and i) and the derivatives foiz), o lx)h
Frelx), a5 lz) 18 1ot considered in e compasican, 1n the
atzerve of siep size bisesliong, S0L and 37300 require Lhe
same number of Munrijon evaluatinns per iteratien, There-
fure, the cumber of Dpnetion svalgalinns i not important
fur the comparisnn if the baziz eriterion ik the corpauter
time difference hetween 1he two Zipnciithms,
AW nute that the summalion and subtractinn oeperationa
zeguire much less eomputer time than the moliiplicalion
amd division ofieratinngs. Therc.nr:. L%e operational count 18

duone only on the basis of the number of mull:plu:aunns und .

clivinions required ta enmplete nne iteration.

5.1. Operolional Couzt Tor the 5GL-Alzorithm, Let
uy tenele the ynmber o 2liphicstions and divisicns re-
cuised by the SL-aicnrithin per iteration in erde: to sohe
vl [Foear sysvetn of Loiations of aeder £ 4 g (Tswaraon und
tielier (158075, Lot wo €enaic the numbes of timaining ap-
eratiens, There numbers are given by

R LA AR R A TR O LT N L 3
wam iz + 3nsfidnSg v2E-2)
= LLVORSEQUECe, LReir sCmM
Ul CH R 125)
lvvernes

s+ g)Ya 4 (m s eV = {n 2 g)

._"rr ;.-,+..-. et o, rq;:'i
. wemmT oy M2
R e A T R Syt SDY L I e
-|5"=r L3y womeniliad W Sedechyieen s inedia wfie s tab it . [
P CE T L PP I

T TS S - TN TE IR S
Hir i\EHE" i g'.ji]a 1.-1" 33 dl,n“lf_

hw numbicr uf rarmaininge
' .
et onre s o

. a- -f'-lj'f-;j *n¥=nfl 'IET]

L B

Tahle ], Oritica! Value of the Wumber nf Constrriois

" e . W, e H I
2 2 20 ty 2C0 14
3 3 a0 L] 200 17
4 K] 40 7 100 2
3 3 5o T 500 P
U K] 10 ] Ly 21
n 4 T a T by
a 4 kB k| ton 28
a 4 e 10 0D k)

10 4 100 10 lgon K

po= AN Dt A4 gl F R+ 6 20+ B
{230
As a consequence, their surg (25} becomes
o = a3 Inig/2 4 2n2 4 Ongl2 4 26n/3 + 5¢ + 5
(25

+ G . " -

A5 Cemmarizon ol O
raeT T men e

g dt T L o

cratlzazt Cramte. Comrmnien o
RHPCER B ELE Y N (1T TRTE S PR
barrer puesber of operacicns 1o 40ive the linsar Tieam ard
o £in2lor number of otwerztlons Lo perlorm ke zemsiring
1asks. J1 s of interest to compute the differenee & hetw '_'{_n
the gverall number of operations, that is

= = (kg = (ehua (32}
From eq 26, 29, and M, we obtain

A=g3+q%n+1)—(a? +ng+ 8n 4+ 123/34 5)
(31)

Now, lel A =0, so that eg 3t becomes

gi+gn+ 1 —n?+ng+ 6.+ 13gf3+ 5= 0
(23
For ziven n, let §_ denote the eolution of eg 32 and et g,
denote the clas,e Linterer (fepm below) to g, subject to the

limitation ge = n. Ir‘lprrmm of eq 3 nnd 32 shevws Lhat, lor
any piven n

{(23-1)
A |

The values of g, are given in Table | es & function of T.He
numter of variabits . As an £aamnie, consider the raia a
- IU. Tuar which ge = 4. It ] = 4, S\tl.. 'I'l'q..,u":a a snsaller
numbier of UPERALna than NN Oo e wtlo: diered, 30 g
& A, the opposite {2 trae Deoan the sl 1 opponms that
AIMAL might becnrie superior to S{1L for-Tar e svstems

lzrge r), even when the:e large sysiems an, moderately
chnsirained,

A0S gEn,
Arbg +1xg3n

§. Lxperimental Condiliens

Tm arder to Wustrate Lhe characteristics af the 501 and
MMAL slperithing, nine numeorical cxamples e solved
wrf=r o an ITIND BTUMISA eamnnetrr sod dahis wessliien

MEr e, Doin allgf DS Wafc PregfdMimee i« ulidli
P -

4

T‘:nminnl "‘I-"n!ucs. Fur Lth alrorithms. the nmniral

TR . R A B

fatowian 1--11-It‘.5 wf J

UL

1

Fur the SQlfalanlhm, the noming! values of the losrsrse



enliinliers were cheorn LI I 5 T

o8, with the

fallnwiag vnlnes of -0 ..
awr AL AT AL 2 1D il B 8

For the A48 almnrichon, ane starte dith & =" 0 feeetion 4),
'] herefore, 100 runs wire made lor ench probiem with ihe
g0, Atz r*ﬂh,u nod U runs wore made for rach problem
LT "-'r I.l' 1 : Iui‘.u. aham .
Lispotnz Cemidicrs, The eamverg Ln:e srigninn fop
Luith 2* gurithms wos rhaicn ta be

Tt 7 Pix) 4+ Qlxh) = 1076 '{sa

Corverzely, the pessoavirpence citeria were chosen 85 fol-
lowe . :

i fe} A= 1{D (z5.13

ib) N = 20 35.7)

{€) M 2107 {752

Here, N i the fer ction r.m"'t:e., Nz the nuzpber of Bleoe.
Lievs of the slopaize o roguired 1o sallsfy ineguality [224),
and A is the modulus of anv of the guzntdliezs emplaved in
1k zleazithm, Condizien {a) imnliss slow eonarroenes; con.
dition (b} denores xiremme enallnos f the Sirplacemonts

and,.covraguently, slow converzence; and,-finally, cordi--

tion-{r) denates-an. pverflow in the numher-range of the -
o riers =~

Percentage of Saccess. Eoch problem was solved sever- «
a] Limes statting with the nomical values piven by ey 34 -
Let N, deagte Lthe total rumber of runs made for A piven—
prohiem, using a glven method; let A, dencte the number
of runc for which the alporithm sucereded in convergiog to
& rrlazive minimem Then, the percentyze of futten p m—

ivenby: o

pw NN, - 37}

11 is noted thet G = p =V and that the higher the vahee of =
o, the maore rabeet the slgorithm ix, since it means that it -°
bas w arper range of succvssful convergence -

. Ariual. Cnmpuier Time per Run. Ler-Tidenole i_he—
Cr'l' time in secozds epmploved in the ithrug to sobve a =
gives problem with m piven algésithm, For a given problem

and & piven alpariihm, the sverags CPU time per sotcesful -3 =

- - Y- I

Tun s given by -+ .-

r = —

a
Tee ™ (1IN L’ T =

{43}

Lflfestive Comrrior Tirce per Pun, The main charag-
tesive of the aleorithms considerc? in thic repert, m=mely,
rebnsrness {Rah pdoend tpeed {low Ty ren 'hr_ﬁ-rﬂ]'unrd
in & singie paramzier by considering the effective CRU
Lime per run, whick, for & fpiven problem and a piven aleo-
rithm, i given by

Tur = Turlp (39

Thus, an algorithm vhich is fast and has 2 kigh pereentaze
of cuevess has ¢ smller o ffective computer titm® thar #a el-
gosithm which s How and has 2 saal! perceniage ol sue-
e,
Lelative I)fhcicney of Two Alzorithms, In order o
TR

L LR PR B IR LI T

mfican: naram=1=r ~hich i rmackins !ﬁdfpﬁ'—'ﬁdtl‘ll ne in.

- - 1
. . . +
EE L S,

! o

ary o, -'k'--'

T ;.--.-_-

E e T/ Tz '+ 430

Therefore, £ < 3 Implies that SOUL b mere ellndont 1than
MM whiie the orowsite I trae far o 1

20 md Em CI‘.A:"-'I-..F'rD:r_H Corn ey, vol 14, Ko 4, 1675

" subjert Lo the constrainta . - . o

"
.

7. Namericn! Examples . ' . .

Ty this pecbion nlue narericel Bamples are e tcribed,
[anples 5.0 dhroush 5.5 wore eonsidered by %\"IP ri =l
110771, while examiple 1.5 was roncidecad 1.3. "% and
.L-:rl;n]; {1773} Vor simplicity, seal=r notation it wesed_ .

"Daawnple 7.1 Coensider the problem of minitnizing the
fenction Lonial I -t

—_ R}

. r
—xai~ 4 (xad-x5— 25+ (xy— P4 g — 110
" (41) i
* —

S EL

f—in
PR At £l v R o Sl T -(};::—:;-D
The fineiinl (41) admits the relative minimam f = 04023
E 4 01 91 the point deflined by .
0= LT rg= [:.25-55;:3 = N.627%;
_ . 'l-l i ==01162; 7 = Q2058 (D)
M =00MGE 401 ke = 02120 F + Q1
hew =050 E + 0D [

Exarmple 7.2, Cmndr.-r the problem of minimizing the
funciian

Fwing — 1734 (x, = I:]*_'*‘ {rz — 2307 43 - o
subject to the constraint-. =T_ :— :_: _. a 1
.nll+ )byt 4 =-3vI=0 - GBT
{i) At the point delined by v
;=0T E+ Ol vy m Qi1BE E + 01
' xa= 015355+ 01 {47)

. ) A = —0.1072 E — 017 -

- 1k
ke b
. *

the function N‘] hgs the relative minimum f = 0, 3"’55 .E -
1] S
{IAL the pmmdeﬁne by__ -

C-

R - _—
r

- - - —

1-GBEGIE 01; 24 = —0.£954; x,-—utsss£+c1-- -
: : T («p) =
M= 03029 — -~ - (i~

thie function (45) has the relative minimumf - (L 2EG Frobm o
(0
Example 7.3. Consider the problem.of mmlmu‘.lr.g \he

fungtion -

Jr- [I{—' 1}""’ [I] —-2:)2"‘ [IJ_ !]?4-

- : {(za= 1" +{xp— 1% 151}
subjzct to the consirainis
.t;’r_.+;m[.‘r.t—rr.'!—2t“-0‘
. Frta'r P —E-~2mp (53¢

(i} Avthe poirt difined by

1= 01166 F + 01
FEL RS EIFIE J U
/ . 1:m D153 E + 01
= DAMGE £ QL= LG 100,
= ' .

Ay ® —DER3% L = Ol &y = —0.31F7 £ — 0

Lhe ferction (o1 Ras the e btive micium f = 0265
{1} At the point defined by’



@ O3S E 4 0l xg = N7 E 4 D1
xzm ~1731 E + Olix, m 0047 E + 01
g = 51 [Gh)
and

M o= —01480 E = 03 by ~0.1774 {56

the fuietion (511 kas the relative minlcium f = 03523 E +
1.

{iii) At the puint defined Ly
ryw =0 1055 E + 0z ==.1057 K 4 01;
Tap= 013 E40L s, = Q1700 s m 04531 {57)

ard

= =01156E 401 M= =00301 E -1

1ke function (81
Q1.
{iv) At the point delined by

{58)

} has the relative mininues f = Q808 £ 4

ym =0E70 sy w —=00132: xa =013 E 4+ 07

xgw 01893 £ 4 (H:xg = 04975 (50)
and
Ay = 01102 £ + 01; by = ~0,1452 60

the function (51} has 1].‘. relative minimum f = 09908 £ +
01.

Example 7.4, Cnnstunr the problem of minimizing the
funclion

- F=izy =1+ ix, —x7)2 + [xg — 231+
. (£a~ 25 +(z4 =230 (61)
sulijecl to the conatrainly
'1["' 11!+IJ 3“«"‘--
- Xg— Xy +.'I|+ 2-'.’.\"_-
{i} AL the point defined by
=011 E 4 0l;x2= 01302 F + 0];
3= 01472 K 4+ 0);
2,=0.1625 £+ 0l zy m 01679 £ + 01 (63)

I’_I 5 i 2 u [62]

and
Ay = =DIBET E « 0l 2 = =0 15672 F = 01
hym —0.297T3E — 03 (G4)

the function (51) has the relative mirimum f = 0.7977 E —
01

(i) At Lhe pnint deflined by
=02NTE +0l;x:=02033 E + 0]; x3=—-0.8i7%;
Xq = =0A530; 1y = 0.5339  [G5)
and
M o= —0.23%3 E + 0iz la*ﬁd"!..ﬁf"tﬂl .
Ay~ —D.2E5LE + Gl  (66)

the fupction {G1) hes the relative minimum / = 0.1306 E +
ne.

:_a:h &erlas Tuedefiad by
ya -Gen . :--0""'5--hE+ﬂl ram = 468); ,
B L A TTEE T R R B L T
and

A= -0I8TE L 4 0L ke = A0 E 4 )
by wm =0 50R5 E + 01

the function {13 has the relative minimom f = 027355 5 +
U
{iv) At the point defined by
yym =010 L+ 01 xy m 0.24%2 F 4 (1; .
3= 0UT4E + 01 x = —0.2132; .

Iy= =01604 £ 4 01 (£9)
and
A = —D2016 E + 01; kg m —0.6231 £ — 01:

A= —0.5632E 4 01 (70}.
thr funeticr 1G1) has the relative minimum { = ¢.2752 F +

0z,
v} At Lhe point d:fred by
2y B 00404 g W —0 2G5 E 4 012 1 = D53T7
T e DANRALE 4 0L xa = 0BI0EE 01 (T

and

Ry e O MBI L + 0% by = —01006 F + 03
L= OBVIOE 401 17T
the funclion (61) has Lthe relative minimom f = 05552 E +
Oz,
{vi} Al the point delined by
2, = =002 E + 01 x,m= —=02939 F 4 0l xyw 01715
= Q3637 K+ 011, =-07:01 (73}

atul

hy = ~(9508 E + 0% g w =055 F 4+ 03

ha= =014 E + 03 (T4)
Lhie Funetion {G1) has the relative minimom /= 06405 £ +
03.

Example 7.5. Concider 1he prub]'m of mipimizin: the
tunction

fm00Lxy ~ 11+ {xg—20°¥ {75}
subject 1o constraint
ry+ayi+1mp - {7;3]
At the point defined by ' )
I = =lxy=1l;2y=0 G
Ay = 0.01 - (78}

this function {73) has the relative minimuem f = 0.04.

Eiample 7.6, Consider e problem of minimizing the
function

f=—x, 1 .

subjeel tu conriraints

_1--_,-.r;:'-:_-ﬁ--ﬂ-;ﬁ—x?—x‘?-l} (BG}

Tha function [79) admits the n?l..tnt minimum f = —1 st
ihe point defined by
exi=lizym Exgm =0, {81}

(62}
Fxample 7.7. Consider the prablem of minimizing the

HESE S T

Ay om =1 hn = —]

F=tofl v 2 =2, =3

schiect Lo the conilraint
L IR FLFTEE ORI RSy |

1} Al the puint delined by

Wil Eny. Chyntn, brocuss Dus. Dyy, Vol, 14, No. 4, 15375 233



T11-IL L Woslts frrtl e f‘wh Les

BT, abuder Tl AN -alparitlom
Ty ) . <
Franupde N, ~, pri oy Na ot
.1 151 Tugd AL 10 HL HIRCN
Tt e} HLR| 12002 1 v 1.02
g ICh B cTia 1% E .27
T4 102 T ) a3 3F 10 10 101
O 103 10 - 3Ly 10 T 1.54
T.h 1} o el 10 M 3.
T 100 » 445 10 iu 1.7
3.5 100 18 1.0% i 10 1.15
.8 197 2 T2 10 m 27,70

Table T, Pioaulis for the Dxamples

fol-alnnriiine woanl-alrorahm

. o -

anhe T Fost P T Fant £
T . DAE9 DOLE 108 0.3 0123 053
T2, 0583 D136 D.14 030 -0.113 €125 1.14
5.3 081 0731 DBIE OBD Q.63R DEZY 0.99
¥4 " L. BbaIh oA 100 0593 0303 1.60
.5 1.0 0135 G155 050 D220 0314 G427
T 050 o.aGF 0342 100 0507 039 L1l
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aymbxa=3

Xy = 3G

n

(E3)
(E6)

the funclivn (837 bas the relative miniroum § = —3,
i”} Althe pa{n: celined h}

TR N 1-_..1= ~A7

= —vEE .

(57)..
(58)=

the funciinn (B3) has the relalive mininum f =30 _,

Fxor

mnie 7.5, Copsider 1he problem of minimizing the

fenciion

'f}|-‘l

gulirst tpthr pomsliinint,

the Munctien fE0) hae L rr'--il\r minimnm f = ={0855%

-

1

+

_.,:E - :r_-,"l

(£n)

p= St drs—lmiba i rad 4 it d—dwp

(i AT 12 podn: de fined Ly
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e
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Ay = 0300 Ay = 0050
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Frample 7.3, Consider the prolilen of sninimizing the

fu=riinn

m
|r"= - !_'_.\"r . l[u_‘.}
=
sulifect to Lthe cond raials
(A , .
f_,'llr,f-:_.,.}-l e pm ] ey
i

10
S i:%0?)—4=0

=t

9%}

where the coofGeieats ¢ anad np are Liven by

e;mliw])
ey him]
ornd .
ofe 1 A =-119i=1,2,...,1D
§i) At t%e nnint delined by
ry= =08158 £ = 0i; xy = —US1L5 £ — Ol
pyw =085 L - 0y o =005 T — 01
rr=—00138 £ — Olrrg = =0.8353 £ = (1;
r-==0915858 E —01;
= -Og SSE—0l:apg= -0 1E14 & + 01

(o8)

{on}

- Euﬂi E+0L: {lﬂm
and
Ay om =053 hem =0 2TT6; by = —0B=30 L - NI

he = 07732 £ = 07 ay = (L1753 Ae = 02515

Ay = 0314 Ag = H.O616; by = OAZTO E 4 01 (1011

the funclion 1933 has te relative minlmuin f = =01562 £
+ 03,
i} AL the point defined by
;@ 01054 79 = 0.1064; ry = (.1064;
o= 01005 1, = 01054; x5 = 0,100
P EVR TV 4 ;'—'ﬂ"ﬂu-ﬂ Fg=LUBATE 4+ 01;.
- xp=—006:20 4 0121102

znd

Byom QT35 ke w NG By 1« C N v I A ) S
by = =0FOEE — O Ay w {2000 a, w A 001
A= —0AROE Y wm =R A = 032150 ~ 01

L
the funcoien (95) has 1the relative minimum f = =01316 &
+ Ul
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The #ranpies deazribed n seclion 7 owen sol 22 wsing
both the standard guasifinarinaion ai;u.'h:'..".. i) 2nd
1he madifed rmetpod ef maliipliers (3IAI0] wnrdance
with thy eapesimerniz! eondition outlined in sirtion

Table [T abwa, frr eash ..n"plr and eaclo #ritim, the
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" percentspe of success became ag low as i jn example 7.8

and 220 jn example 70

Oathe wbiper side, MMM achieved & poreentage of suc-
g ol 100 in six exotaples, wlhile QL achioved 5 prre
centagze of sucecss of 10 in two cxamples (one of which 1s

he obvigus linear-quadratie cxnmple 7.3),

Far the nine esamples. the cumulative perceulage of sug-
ooy was 00% fnp AAGA] and T i fur EQL. From all these
dal=, the hichet rubusiness of HIMM is apparent,

(i} Corsputer Time per Run, Inspection of the gveroiy
computer time per ton Tee showy that SGQL is cuperior ta
MAIA in five examples and inierior in four examples.

. However -when one losns at the ¢Mective eomputer time

per run Ty Lhe sitoaion ir just 1the opposite: MATA is su-
prrizr o SOL in six cazmmples and infecior in three exam-
Hea .
{iit) iolative Elficiency Tndex. In section 4, the rela-
tive efficicney index E v as introduced as p wev of comhbin-
ing pereentage of sooeess with averege coapater time Tes
run, while arriving at 4 parameter Rhich 1 machine inde-
pendent, to some degres. TLis efficiency indes £ was de-
fined 2% ollows ki

Ee (Todzor _ ATwlsgr (pluvw
(Teahavn (Fodanea (plsqn

(104)
This relative elficiency index is defined se that B <2 1 jndi-
caten superionity of SOL with respeet o MATAL while £ >
1 indicates inferjority of 501 with respect Lo MAIML In-

) spection of Table Tl shows thet £ < 1 in three examples

and F > 1 in six examples. Thus, lrore Lhe examples invea-
tigaled, we ennclude that MAIN compares [ovorably with
501
{iv) The results of Tables [1 and 111 must be taken with a
Tain of ¢alt, sinee computer times are precise only to
20r%. This being the cese, valyes of E inthe tange 08 < E

< 1.7 ure net sipnificant. [n particular, this apilicy to ex-
amples 7.2, 5.3, and 7.5,

1f one evclides these exurnples, then conclusion il
must be faedificd 23 Tlbves: £ < 0.5 in two exampley and
E > 1.7 in {vr examp'es. Therelare, even areounting lor
possible imprecision in computer time measuremenls,
%1504 compares fazorably =ath SQL.

(v} Ax shown by eq 31 aod 32 and Tabie I, the relative -
advantape of MAMAD with respeet to S05 ehetld brenme
more appasent {or large gystems (large a) invelving many
constraints tiarse ¢, Example 7.9, which inglodes n = 10
variables and ¢ = 9 comstrainls supports this point of view -

" [see Tabl-111).
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' B
CAPITULO

Diserto

6ptimo medianie computadora

y su aplicacion a la ingenieria meecdnica

B.1  El problema de diseno

El problsma de ditenio tradicional se reficre a la
roncepeitn y determinacion de las caracterknicas fisicas
de un sistema en forma tal que satisfaga basicamente
los requisites de [uncionamiento cumpliendo con cier-
s restriccioncs,

El sisterma & dischiar puede sor, entt® otres, una
'tmctura. un aparato, Lna MEguina, un o sisema de
Fartrol, un circyits, o bien una rombinacién de dos
o mis de los mismos. .

Lay restricciones se pucden referir a las limitaciones
en las caractetisticas mecdnicas o elictricas de los ma-
teriales, 2 los tamanes v capacidades de los componentes
que 3¢ encuenliar comercialmente, al cspacio dispeni-
ble, al medic anbiente, a consideraciones de seguridad
y a muchas otras,

9

8.2 MNecevidod de oplimizar en disene

Por lo general, no basta con satisfacer los requisites
de funcionamirnie sino gue, ademds. hay que satisfa-
cerlos de acuerdo con algin vriterio que depende ded
obicto qur s¢ peesicue vl aplicacién del sisiema, coma
por ejerply, vi disefio debe ser lo mds econdmice po-
sible, o bien 1o mds elwieme, o 1o mas conpacta, © lo
mas scgurn. Fx decir que, esenvialmente, vl problema
de disefio vs un probloua de optinizacion. jroecesa <ue
fequicre una gean cantidad de operaciones anuncticas,

Cabe sefialar e oo aliefin s uwpena durante ld
evolugion doel producta, es dedir, mediante ¢f deanullo
de nurves protegijens en e s oilizan Liv exprerivnes

ias lopradas en Lo producoion v aplivaciin de os ante-
';im:s, Fate vs any prawisa onio y costone i inevitable,

Sin vmbarga, b thonicas eatenations e eptimizaciin

1

167

E‘:nﬂ'que Chirural Uziel

y la computadora electrénica han hecho pasible abreviar
y abaratar dicho proceso.

Estas circunstancias, aenadas o 2 existenciz de la
{eerte competencia entre fabricantes e las yaises alm-
mente industrializadosy ha craido ¢one conscouesneia un
gran auge en el desarrnllo de dichas séeriras.

Existen tres clases de optimizacion, o <aber:

1. Optimisacion de macaitud

2, Optimizariin de forma

3. Optimizacién de contiguracion -

Lo que cominmentr sc_entiende por opumizacien
2" refiere a la primera categaria, Sin pihargoe. tndas
son dignas de consideracion,

8.3 Optimizocién de magnitud

Para concrewar las ideas aoteriores v lograr harer
optimizationes practicas a la maynr brevedad, ehiemas
vna njeada 3 unos cjemnplos de optinuracuwn de e
nitud.

Efemplo )

Se deses lisefiar wha caja e rardn ilidriva fe
mais reotdmica en material pesible pap contener 1ERA
et e cierto peducte. Lo amiuebes gue se 0o
tumbran ytilizar paaa almaeetar dichis cijas nenea
una abura de £ oo entre reprisas,

Detevminagr lus proporciouss sitbe.

Nofuciin
Formofuion fndvial:
A= D laeh + =07 Criteriv de aptanizaion.
(A, funcion 3 bmtnizar}.
V= r'h
h :‘: hlhn

quui:im Je fnorimind.al
L ton 100y,
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168  Misrdio aptime weediants rompuindorg

ﬁjmiﬁran: V., hilm

n arizbles; r, h

 Variable restringida: h
Yarable Libre; r

Para obirner la lormulacidn final, climinamos la
vanahble lihre r

Formulecion finad:

A = 2 (VaVht + Vho'} Criterio de optimizacion.
h =< ha Lumniacién.

Se especilican: V ¥ hije
Varuable: h

Recurnende al cilcula se obticne:

dA —_—
F ==V ht =2V h 2=

h. = 1.085V%= = |0.85¢m
pursio que by = 6om
h, > hijw

! tanto h, no ey la alura dpuma v segin podemos
“tn la grifica de la figura 1

h...q. - lll.m - ﬁcm

Aem®

1050 1

REGION DE

1 DISERD
FACTIBLE

y por b tanto
_ Y-
N Ya(6) cm

Ay = 2{wry hyye + 2rl,) =
2[«(7.25) (&) + =(7.23)7] = &8 an®

En la figura | apreciames gue cualquier punio en
la rgrién de Juefo f{actible sawsface ¢l "requisita de
funcionalidad de fa eaja; comener 1000 cm?. Sin em-
bargo, silc cuando h = 6 cm se satisface ¢l critenie de
optimizagon: mixima economia. '

L'n diseno en donde no s utilizara nipgin criterio
de optimizacidn podria resullar pésuso; considérese,
por cjemplo, la parte izquierda de la regién de disefio
factible

El método qu= se ilustra #s debido al prafesor R. C.
Johnson, del Imsituie Folitécnico de Werdester, V'™

Ejempla 2

LU'na viga dr acero sinplonente zporada de 1007
de largo, de seccion rectanguiar, con 37 de perahe y
1" de ancho, soporta una carga concentrada de 720 1b
en ¢l ceniro,

1. Calcular ¢ mixiine, ¢ = eslucrzo ponmal a una
seccidin,

2. Caleular v, maninme, r, = esilucrzo corane trans
veral,

QFTIMO

M|NIMD SEGUN EL
CALCULO CiFERENCLAL

/

. 0 5

10 15 hcm

Fligora 1. Opumiacidn de £aja de canen cilindricn.






|
1. Establecer uny relacién ooure ol esfuereo cor-

lante mixime r en fupcion de o ¥ r, para cual-
Quier punio, )

4. Comparar los valeres numicricos ohienidos cn I
incisos | v 2 v, a la luz de ello, simpdificar Ta
relacidn que w establecid en el inca 1.

5. Comuiderar ahora que las dimensiores de la s
cién de la viga neo han sido dew-minadas, Unili-
mando Ja relacién del incisa 4 determinar law
dimensiones de la seccidn, tal gue:

El costo (pese) wa minung

r no exceda a BOOD th/in®

El peralie h no exceda 2 37

La defllexién maxima no cxeeda D47

Proceder de la siguiente manera:

a) Obtener la fonnulacién inicial vompleta,

b) A partir de la inicial obtener la farmulacién
final completa.

¢} Dibujar a escala lu region de divefio laonble,

d)y Caleular log valores dptimos de: el lrea sev.
cional (indice del costo), las dimensiones, s
el exfuerzo «,

6. Si s¢ exige ahora yue la dellesién no exceda
a 02",

a) Bibujar la nueva region de disene factible.
b) Recalcular loy valores requendos en el inci-
so 5d.

ofucidn

Nomenclatura

A = drea seccional de la vien.

a = jrea wicional de la viga artika {0 abajoy Jef
punte para «t cual s caloula 5,

b = anche de lu viga,

¢ = distaniia medida desde € e seutie ab putin
mis alejade del miisano.

A = deflexidon nusieea e Lo svnza,

E = nrduloe de Yeune.

h = peralie de Lo vica,

1 = momento de inercia del drea seccional dde la
viga,

L = tongitud de Ly viea.

M = menente flesienante.

P o= carga transvenal saolue Le viga.

0 - |.1’ri|||i.-|' momeows del area Vy"
neuka

¥ o= Jurrsa oot

e tn al c e

Optisnizarion e magnidaud

¥ = distancia centrondal el ares 2

de »l ejc reutro.
[ = valor limite.

| Mot
Ly Y 1 C
VI SN R
" 1] + +

. Miwr %

h
] 12
M

bh!

[ = —

]

a— = L2 R et

SRS

i.,cu‘-ﬁ =

kh?

I\.I'Hil an:\
I

2' Tinar

ey -

Figure 2. Ewemply 2. Area ="

R L L

15

"medien duey-

in

v 12 £ -angia een-sadal

3. Para cualguier punine « megianie el circly de

Mohr « abticae

Fiemaplee }

Figura 1.

Vircnle S Muhs,



170 Diacno dptima mediante compuladora

4. 1 &< oy aderids

' cuandn y = ¢

:} cvando y =

o s manimo ¥y v, =0

ce=0 y i n miximo

Jooon w puede considerar nulo y

5. Consideraciones preliminares:.

e 3IM

-r-....-_-.-_'

2 bh
PL? ML=

48E[  Ebht

Formulacion inicial

A= bh Criterio de optimizacién
{A, funcién a minimizar)

'.3£1 -

bhl
Requisitos de funcionalidad
ML" .

"~ T

T s TL
A4, Limnitaciones
h < h,.

Se copecilivan: E, M, L, 7o X, by
Variables: b, k. r, &

YVanables libres: b

Nites que las pariables libres son seneilzmente las
qur ng ar imdicen ¢ unte linitadas.
Elimsinandw Las vanables hbres se obtieng la:

Formalacion final

AM  Criwrio de opumnzagidn (A, funcidn .a
minimizar)

_ X
.Y

Brruisito de Tuncienalidad,

L'+
3Eh

T,

4 %A Limitacioncs

h<h,

Sc apecifivan: ks pardmetros E, N Ly los valares
limites 7y, AL, B

WVariables independientes: v, h

Variable dependiente: A
. .

Cbwervaines que. a diferencia del ejemphe 1, ahora
tenemor dos ariables independientes ¥y que. por lo tap-
to, tendrdmos una regidn de disetin factible en dos di-
Mensiones. )

Determinemes pues las fronteras de licha 1egion.

Las fronteray referentes a3 las variables independien-
tes quedan definidas inmedimamentc por las hmitacio-
nes, de donde se ablicnen sus ccuaciones:

T™- T - EEH]:'
-h - hj, -3
La frentera refereme 2 |2 variable depenienie se

obtiene iustituyende lz limitacién correspondicnte €n
la ecuacién referente al reguisite de funcionalidad

3 EaL 3(30 X 104) (0.43)
T 1 1 100)°
+ = 4060 h

La regitn dc disefio factible s¢ muesira en la fi-
gura 4.

T = [b/pigt

§3.000 4

h, plg

Figura 4. Eirmplo 2. Regidn de disde lacible para
A, = L)



Puesto que la [uncién pbjetiva es

1M 54000
A v "

A s minimo cuandn h y r son ambas maximas den-
tre de la regidn de discfo factiple o sca h o= 1", r =
BION Thin®,

5000

—_—— = 205 i
J{d )

A, =

y el valor correspondiente de b es:

A 2.3
be o -ewm = _1 b
i 3 015

6. Paraa, = 027
r= | BOO R

y la rsueva regidn de disefio factible se ouestra en lu
fguea 5.

' rm Jb/plg?

12004 4 £ .

0 L 2 1 4 5 hpk

Figura 5 Ejempl: ! Rewion de dieefo lacuble para
A =103

Uta wver mas el 6pﬁmn w ghilene de la telacion:

M

"""H - --H-..-
Taary My

coino se apreciv en ke figie 3

h” AL - 3"

Conzidrraciores algelirpicas 171

¥ ruax 3¢ cbiiene de la interseccicn de las [ronteras:

r= | 5001,

heh =3
1 decir

“reax = [ BOD by = 5200 Ibfin?

. 54 000 333,_'
Se Ay m .
A 333
bm’-h—"-—-— L

Preumiendo, los valores dptimos son:

LT A, mF k. in hin A0 *, Ibfin=
o35 221 3 n.1s 0.295 8 O
0.20" 3.33 3 LI 0z 3400

8.4 CLonsideraciones glgebraicos

51 en los antetione ojemplos s vomsideiason exch-
sivamente Iy reguisitos de funcionalicad, se fiene un
Hiterna con un pdmero maver dcovanabies aue de
ECUATIIEL

A coplinuacidn s- reyumen Pitos cantidid=< en relas

cidn o los dos primeroy rjeiny o,
M de etuacione
reguingtn £r

Ejample Furmulacijn XN* gy caroahle frencronalrsad
1 [nicial 2 !
l Final 1 ¢
2 Tnicial 3 1
2 Final 3 |

Lo antctior guicre deric gue Fuitte uh olméTo B
finitp de soluciones de dicho stslenn.

& se comsidern alwwn ¢! conjune de L svundones
refervntes o los requisiees the Jumecionalidad v b dess
gualdades telvrrntes o las linmtachme, s Groe gue
se han reducide los saboes que pocden somndie s
sariables ywera ol mitonere ale solucivne s sienihs
infipito.

Fn disenite tacdivional, ve = defite ninedn piterio
para seleciomr una ol de Las soluciones pesibiles

En cambio, on divein Gpime siows fik von tda
precisidn diwchwr treitenin, El Primass de h!.itillli..r.lt.iflu
ronsisie et o |_|-_'1~,.,|“-_-|.|;| o hivhe seluepin,

Fiemplo 3

Se reuuivne diseTar un pesorge belivoidad posa un
comvertuloe de pars Yo b anlo seliveimeba Lo v






- wptime mediante romprtadora

carie, 31 come la lueregg widxinsa de

A montade en una flhcha euyo didmetro
~r lo que b didnietre nterior 1), queda
1 RT rensdetaciones Jdre ﬂ.l}nrin rxuie
- no debw exceder el didmetra oxlerior

ciond el saterial por o voal va queda-

Zxel esfierza permiible oy o] inddulo
*n embirge, el alyubie viens dnica-

s lerentes Sanetros ..

sier miniima Ja longitud cerrada del pe-

i todar Las eapiras esdn en contacko)
v a la carga mdsima Q.

n4t gue 3¢ cmplean en el diseivo de re-
Zirs SOR:

;g
N
L Rty

-4

1D, — d d
TR 'ﬂ.ﬁlﬁ—.:

ero del alambre.
ezra medic de la espira.
er1 de espiras.

r 2 concsntracién de esfuerzo de WWahl,

.z formulicidn inicial.

le ‘a formtacidn injcial obicner la fimal,

£y los sigeientes valares:

B 1byin
= b -
) n

b o

00 1bfie?

|2 2 WP L in®

1 1 3
E- ﬁmﬁ aa

!

T

rwan inictal

Criteria de oplunizacidn

(L, fumciin a minimizar)

| - Ge
BD'.N
8O, W
'd!
4D, ~ d d
Wa 2 40615 —
-!{U. - d) D.
.2 D1 + De
- ?

T

. Requisites de
funcionalidad

1>

De=Di+2d .
Di 2 D,

'Sf-
De D, .

d = d1,d-|...-. dg

* limitaciones

Se especifican: k, Q, G, Dy, r. D, s

Variables: N, d, =, Do, W, Di, De
Variables libres: N, W, Iy,

Eliminando las vanables libres s+ obtiene:

Formulacian final

GdY Criterie de opunnizacién.
L,, funcidn de minimizar.

L=
8k(D, + d;°

3 +
- QiD, + d) [4D, + 3d + 173 d_]
wd? 2100, D o+4d

=D +2d
D, zD

TR T,

Limmitaciones

0, <D, .,

d-d"dhd“...du

Se especifican los parimerros: k. Q, G, asi como los

valeres limite; L, o+, D_ ., didg, o dy

Variables independicnmies: D, d
Vanables dependientes: v, D,

Substituyendo valores mutnéncos oblencmins:

Formulacion final
s

(5, + d)*

L. = 384 X 1¥

Criterio de optimizacidn
{L., funcién a ophirnizar)

Junrionaldsd

Rrgpuiiim d¢






- 53] D+ d) [4[).. + 3d 1.234 ]

53
& m, Dy ralh §F
D,-D, +2d !l
D, 22 |
r <4 X 10
D, <4 Limitaciones
gat13
'16'37

Variables independientes: D), d
Variables dependientes: r, D,

Determinames primers la regidn de diseio factible
'n el sisterna de coordenadas [D,,d. 5e obiene una
frontera de la limitacidn en I, y es da recta

DL"‘z

Nétese que por referirse 3 una varable independiente
ita frﬂnt:rz By COnstante, '

Lax oiras fronteras se obtienen de substituir las 1i-
nitacionss de las variabus dependienies en las ecua-
iones referentes 2 los requisitos de luncionalidad.

4= +2d
4 2 10" = 331

Dy + dy (m. +3d 12d
a? 2D, D, + d) '

Como estas franteras or reficren a las variables de-
pendientes, no son constantes. v, en general, son curas,
Las fronteras s¢ muestran en la figura 6, Analizando las
limitacioncs se conrluye gque la regidn de disefio Tactible
e1 la que se mwesirz encerrada por las lineas solidas,

Pueste que Ta funcion a eptimdzar +a no cs an
encilla, no ae puede determinar ol punto 4ptime me-
diante una miera iNspeccion de la ecuacidn referente
al criterio de optimizacion,

5i no se ticae jdea de optimizacion, le primera que
e ocurre ¢5 abrener los contmos de nivel de L. La
ecuacion se obticne de la relacion correspondicnte al
criterio de optimizacidn

D, (amxm-d} Ty
o)

En fa Mpura 6 s mucsitan cuatro rontormos corees.

ndientes a los valares de L, o= 40, 70, 150, 4040 bl

Si imaginanwn 2 la segion de disefe Tactible thena
de contornos, legamos a Lo conclusion yue el dptinie

Considerariones -afgrbrairér.r 173

0.4 — ...-""r--l[‘.. 'I'DF'PI".' ".1"|

Pl o o wwr — — v —

. Figmrs 6. Ejemplo 3. Rewion de disefio facutis v comtpmmom

de nivd de L.

se encuentra en cl =xtremo derechs inferizr €= la re-
gion de disefio facuble. es decir, d = 048 plg.

Bero comsidersmos ahora 2 d como reilmente 2s:
una ariable discreta. Esto significa que I: reqign de
disefin factible consty realmente de los segmmemes e orecs
ta gue se muestran en la figura 7.

Camo los valores de Lo suben s leramenie 2 o
large de la frontera iuferiop gue 2 lo barge de 2 fron-
tera derecha v como

¥ "

el dptimo debe quedar en el e dereslio Sel weu-
mento infecior, por lo que bis proporeicied dpumiis
MR
d = 157327
D, -‘2.?”
[, = 36"
L. = 28"

calculadas a pantir de ks fewnulacion firal



Ll
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D ..

3 . Fix

[ i\ el |
094 ]
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0.8 —
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0.7 - 3
! 1
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0.5+ . !
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]
2

Figurs 7. Epmplo 3. Regidn de disenn jacuble tomande
en cuenita [os valeres discrecos de d.

Mitedns de sxploracion lecal

- La solucién anwrior, sungue mus lustridtiva. es su-
mamenle iReficienle pues reguigee de und gran can-
tidad de cdmputos: por wn lado. para derterminar las
fronieras {de heche, fa {ronwera inferior iinpuesta por
la limitacion en r o caleuld por tantees!: ¥, por otro
lado, para dewerminar suficientes cunvas de nive] para
chitener una idea del componamienio de la funcién a
optimizar, E]l mewsde seris muov dificil v laborioso s
tuvitramas que lidiar con tres saciabies independicnte
¥ pricticamente imposible $7 fucran mas

Todas esas difiruliades resultan del breho que w
tratd de examinar la topoziafio de la redidn coupleta,

Hav mérodos nnicho mdy oficieares, Fara enende
La idra fundamental reclrragem o wna analogia.

Baldoinero v Agripina jurgan, Haldemero w0 halla
von Ios ojos vendadeos en un punte on el inwrior de
un predis grande, cercado, enouna reodo mentanos
y aridi. Agripina e pide gue. sin guitaee la venda,
encurntie el punlo mds bajo el predic.

faldomero s wenta en ¢l sucle v o0 sus sanos
palpa ol Irrreno en derredor SMNTE ¥ W Ie la direccidn
a 1o laigo de la cual parece deswender mas o) 1ectenn.
Cantina un trecha conno de des metres v s vaele
’u‘ para palpar su derredor una ez mds, repitiendo
el pricess varias viees hast etuonliar b punitg alb
gue i3 todas dicecrones sube of terrenn o ben se topa
con crrca. Euforico, le grita a Agriping qur ya coconird

'
ol Jugar sefalado, Avripina e vespodde e nooes icete,
pera lo conduce a otrn punte inicial para darle upa
oporteticlad mis. akdomers peocede ima swegunda vex
de idéntica manrra hada legar o oo puntn desde
domddr prepmnta o Agriping s ése ey el mas bajo del
pecdin. Agriping le vespemnde afirtrativanenie ¥ prerma
a Hallomiero con yn chiocolate.

Evidentementle, on su prilllrr inente, Baldomera
Begd a un wminimo rebative. Estd clve que, dadas sulfi-
cientes oportunitdades, Raldomero siopre podrd en-
conirar el minime zbswoluto, v rsto. in haber viste
nunca ¢l terreno.

Baldomern emplee un méwdo que podriamos a-
tnar de explotacién local.

LU'na técnica niuy 4ol de evploracion local en opti-
mizacidn es cl metode de Boxt

Hemos utilizado una teiminelogiz jiopla de diseno
pero gue difiere e Lo ooeilizada por led especialistas
en optimizacién, sl es gue, primerns que nada, pre-
senbarios un pequeino slosano de tdrmines equivalentes,

Disens OpHizacian
Furncidn 1 optimtisa = Fubfion Dbjg:iv.-o
Requisivos de funtivualidad = Restricciones de igualdad

Linitaciowes = Kestricoiones de desigualdad

Variables indeprudientes = Varlalies de decisidn

Limuaaciones a las varzhles

independientes = Resviricoignes svpliciias
Limitaciones 2 lar variables p
dependientes = Kestricciones mplicias

Examinetnos ahora o mdtodn de Box paia dos va-
riables de deciswin, Suponzames concretamente gue la
optinlizacidin se refiecr a minimiracion.

S¢ escogen vudtro punion yue satnfagan todas las
matricciones, o decin. gue s ftueuenuen dentio e la
region facuible. e alsla et qwnte mas alwe (el de valor
tds alw de b Tuncidn ohjetnad, Se eniuentea ek cen-
lzoide de Tos tres punios revantes y v “reflleja” el

. punto aislada a vasés de dicho centroide.

El punto 1eth-judo substituve alwra 4l punto ini-
vialimente aislada, Th los cwatre pantes que quedan
se vuclve 2 andar el min alio v v repite 1o £l proceso
antesiar, ke esta manera ol eonunto Jde punie o Sim-
plex™ se va despluzandy hacia abajo, wilstituvendo un
prunte del conrjiiiio con carla despbimieste, S0un punto
rellejadn viola unn estniccion explicile, s fefresa a
la [renicra; rs decir. que. 2 la sariable que cxcedié
s limiacion, se le eeasigna sy valog Tiuitatno, 51 un
pante refiejado vioia uni restrieeion jnaplisita, se pes
rress medio camine. '
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' conNnp1LCIONES DE OTPTINALIDADR

b T. FE. PROZLELL GENERAL DE  PROGRANACION 1D LINEAL

! En el sentido mas amplio, el problema general no lincal es el
de endontrar ull extremo [maximo o minimo) de una funcidn objetivo sujeia

s . . Y
a restricciones de igualded ° /)

no lineales. Sin embargo, en las si
-‘?
guientes secciones de estas notas han quedade excluides los dos siquientes

£
4 problemas:
¥

/
—
’ a} Las variables estan restringidas a valores enkteros
{programacién no lineal entera)
b} Lasg restriccienes incluyen al parametro tiempe =n la
forma de una ecuacidn diferencial {control éptimo).
En 1¢ siguiente se supondri que la funcidén objetivo f {x) e=
- : h I - ; a
continua, T (%), ..., bm (%) denotan las restricciones de igualdad y
g .1 (x}, .... g [x) 1las restriccicnes de desiqualdad, donde:
m P :
T
X = [x R } es un vector columna de componentes X 4., X
1 n 1 n
en un espacio euclidiano n-dimensional. {Las variables X, .3, ---0 X,
. rutdmy ser pardmetiros de dizefio, ajuste do controles, lecturas de






instrumcntos, elc., mientras que la funcidn objetive podrig representar

£l costo, poso, Qanancias, ote, ) finalmente, las restriccliones pﬁedcn re
presentar requérinientos técnicos, condiciones de operacion, ¢tc., Gel

Proceso ).

El problema de programacién no lineal se puede estableccr
A :

formalmente comd :
Minimizar : £(x), x e E" (1.1}
*

L

sujeta a m restriccignes de igqualdad, lineales 3f; no linecales,

hj (x) = © j= 1, .., m (1.2)
y {pl— n} restricciones de desigualdad, lineales yf; no linuale;,
g (x)2 o jo=medsup (1.3)

0 en fqrma alterna  como:

Hinimizar:'_{ftx}]x e R} ) (1.4)
donde R es el dominio de x para el cual {1.2) y (1.3), se satisfacen,
es decir:

R = {x1hj{x} - 0, g;{x)2 0, para toda 3} {1.%)

Un ejemplo soncillo de programacidn ne lineal cs

¢l que se mucstra en la figura 1, y esta dade por:
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F(x} = x12 * x: +zé

2
hy (x) = x, o+ X

2
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geométrica de un preblema de programacién
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o IT. NHOTACION Y  TERMIHOLOSIA

* * % T
El vectaor ¢columna x = [ " S ]

e galisface
1 n m

x,
(1.1} - (1.3} s5e denouina pwnto Optime, y el valor de £ (x } que le

corresponde se denoinina  wvalor éplimo de la funcidn objetivo. La pareia,

v .
x , £ {x) consvituye la solucidn éptipa. Para algunos problemas, pue

den existir varias calegorias de soluciones Sptimas si la funcidn objetiveo

no os unimgdal {exhibe mas de un punto extremo) come se ilustra en la

figura 2. La solucién gleobal évtima representa el valor nas pequerio de

f (x}, mientras que una solucidn dptima local {o relativa) reépresenta

el valor mas pequefio de £ (x) en una cierta vecindad del vector x:

es decir, .
. . ;2
6ptimo  global x  satisface fFix)<f{x)yxce M
. , |
_optimo  local x  satisface F (x%) ¢ f {H][ix_x*||:i§(xﬁ)

2.1. Concavidad y Convexidad

Los conccptos de concavidad y convexidad ayudan a determinar

bajo que copdiciones una solucién 4ptims local es tambien solucifn &ptima

qlobal.
Una funcién g(x) sc dice que ¢s convexa en el dominie I,
si para-cualesquiera des vectores Xy X ER,

' 1 2



oo, + (1-0)x,)< Do) + ¢lx,)(1-0) (1.6)
donde B £s un escalarg < @ < 1, - Ademas, ¢(x) €5 estrictomente
convexa £i, para xll'.f X 1 el signo ' < en (1.6) sce pucde 1em

plazar por ¢l signo de desigqualdad {<). B5ien (1.6) la desigualdad
contraria es la vilida, se dice que 1a funcién ¢ (x) es concava (>}

o estrictamente cohncava (»}. Note_que.si. ¢ (x) es chncava [cénvexa),

-$(x) - es chnvexa- {céncava). (las funciones lineales son, .simaltinea

mente, couvexas.y cbncavas)..

Una funcién convexa diferenciable posee las siguientes propig

dad eg, !

T -y
; a) ¢(x,3- ¢(3“1}3_'? ¢_{1¢1)(3?—x1} "para toda X, ¥y X,.
b} La-matriz.de segundas derivadasvparciales'de ¢{x) con )
respecto a- x {matriz Hessiana) * esrpositiva-definida-{o- {- :
T ] - (1.7)
positiva semidefinida) para toda x si $(#) es estric
tamente convexa (0 convexa).
T c} Sobre-el dominic-de R, s{x) posee un sdHle minimo.

Un conjunto de puntos [0 regién) se define como coniwitn convexo

L

en un espacic n-dimensional si, para toda. pareja de puntos ::lc1 Y xz on
el conjunto, la linca recta que 10s une pertenece completamentc al conjunto,

Es decir, B es convexo si para toda X ¥ %, R

-

-



®x =8 -0)x
ry o (1 u};.ch

De los roneoeptos de convexidad emerge un resultado importante
en progromaciin matematica: para o) problema de programacidén no lineal

conocido comg el problenn de oprogramascidn convexa

Minimizar : [ (x)
sujeta a gj(x}gp i = 1, ..., p
X =0 )

en el cual @), F (x) es una funcidn convexa y [b} cada restriccién de

desigunaldad es wna Puncidn céncava (las restricciones forpan un conjunto

convexo). s¢ puede demostrar el siguiente resultado: el minimo local tam—

bién es minimo clobal (Usande arqumentos opuestos, el resultado ocpuesto,

" »

maximo, también es cierte).

v

2.2. Factibilidad

Cuplgquier vector x que satislace tanto las restriceionses de

desigualdad come las de igualdad se 1llama punte factible. El conjunto de

todos los puntos que satisfacen las restricciones constituyen el dominio

factible de £ {x), ¥ se¢ denotara por R; cualquier punto no en R sc

llama punto ne fFactible,

Un optimo resirincide es uno para ¢1 cual el 6ptimo local cac

- -
en la frontery de la regién fhctible. 51 las restricciones son unicamente
- A ;



4

de igualdad, un punto x factible debe caer on la interscccidn de todas

las hipercuperficics que satisfacen hj (x) ¢ O

Con respecte a las restricciones de desiqualdad, un punto x

se pucde clasiflicar come ounto interior (factiblc). runto froutera

{rartible] o punto exterior (no factible). Los puntos interieores son

]

aquel]u5'ﬁara los cuales Ej (=) > ¢ ; para un punto frontera, 9.

g . [x);: ¢ para al menes una restricciéni y un punto exterior,
3 L

[l

qg. [x]its-{}: para-al menos una restriccidn.  Las-restricciones-se-1laman
J o

¢

activas {o.de atadura)’. si gj (x) = 0.

-’

¢

Una regidn R de vectores admisibles puede ser convexa ¢

1o convexa , segiin se describid con anterioridad, pere ademas puede ser

T

v ;
sinplemente conexa ¢ no-simplemente  conexa {ver Figura 2}.
’ A C oy, - Regidp-~ = -
i : -2y factibles .
| Contarnos
'I.. de f (x}).
- . |L . r‘ .
e R B - Contarnos
' . . de f {x}
- X
- . R — ~ . J :
(a) simplemente concxa {b) no simplemente conexa
(no convexa) (obviamsnte no convexa}

F

FICURA 2. BLjemples de tipos de regibn
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-,

2.53. bl Crzdieniec . .

El conjunio de puntes para 10s guales una funcidn £{x) exhibe
un valor constante, Se llzman rcontornos de  £{xY . 5% la Puncibn

I
f(x} es contimua y diferenciable, el grodiente de la funcidn existe y

3
"

esla deiinido conb @l veclor columna  Formado por las primeras derivadas

; .
parcialdﬁ de f(») g£om respecto a x es decir:
I
:f raf{x}‘l
;_," 8%,
i .
;" vf(x}-: . {1-8}
af(x) )
--| ax - - '
L . D)

Se-pucde demostrar que.en el espacio métrico cuclidiane, el gra

.diente de una funcién escalar apunta en la direccién de maximo incremento

- -

en el valor de la Funcidn,” miximeo asgenco, ¥ que es, adembs, ortogonal

a las lineas de contorno. El negativo del gradiente apunta en la direceidn

del miximo descense de £ix). Finalmrnte, cualguier vector ¥V, ortogonal

a vi(x), tal como la superficie tangente a f£(x) , estad -lefinide por
- F . .

VIVE(x) = 0 (rigura 3)



T

L3 1,

Conternos de fix)

Pf(x)

direceciones de mixino
descenso

FIGURA 3.. Eligradiente, y-la direccidn.de.maximo-descenso..

'1

2.4, Aproximacidn de funciones

LY

+ P .

-Algunos -de los-procedimientos de programacidn matematica que se

discutirin mis.tarde requieren de aproximaciones lineales o cuadraticas

paras 206 g () y. m(x).

Una aproximacién lineal, o de primer orden, para una funcibn

£ (x), se puede hacer truncando la serie de Taylor, alrededor de un punto"

-

x , Como
L+

) £ Elxg) + T elx)xx) R GO

Para obtener una aproxinacién cuadratica, en la misma seric de

Taylor se pusden despreciar los términos mayores e iguales a tercer orden,

-

obteniindoge . . '

+



10,

-

10 =riy) 4 ‘-"TI{xU)f:-:—xﬂ} 4 %{x-xﬂf ‘F?f(xﬂ}fx-xﬂ} {1.10)

e '

donde ?zf(x} es la makriz Hessinna‘ﬁ, £ {x), B (x), es drcir

HoGrg) = (n x)} 423 = 1, oom (1.110)

dande é' _ 2%e(x) ' ' {(1.11p)
i Bxiﬂxj

Sa observa facilmente que H (x) es una matriz simétrica.

»

2.5. Condiciones Necesarias y Swlicientes para que Una Solucién sea

‘Solucién Optima -

Para algqunas clases especiales del problema genéral de programa

cidn no lineal [Ecs (1.1) - {1.3)]  ha side posible, establecer criterios

de optimalidad. $in embargo, para funciones completamente generales, no ha

sido posible establecer criterios de optimalidad precisos. En consecuencia,
- . .

unicamente s describiran algunos casos especiales, 1los cuales, sin cmbarge,
son bactantc comunes y de importanpcia practica. Las condiciones gue determi
nan si up vector x resuelve o no el problema de programacidn no lineal seran

presentadas en una serie de teoremas los cuales no seran demostrados {1as

demostracioncs estén fuera de los nbjctivas de este curso).



"

2.%.1. FProgramacidn no-lineal sin rectricciones

ey

El protlema ez el siquiente:
Minimizar: (=), x ¢ ol {1.12)

- *
Las condigicnes necesarias para que- X £ea un minime

local del problema (1.12) son:

- * -l.
1. f£-(x)* diferenciable-en x.

N .
2. wF (x) = 0, es decir, existe un punte estacionario de
. * .
F{x} en x - .

*
Las condicicnes suficientes para que ®X  sea un nininme

local del problema {1.12) son:

Z. . - . . . N . i ..
3., P F-{x);.»0°;-es-decir,,la:matriz-Hessizna. es-positiva
ST . definida.

(Las condiciones para la existencia de un maximo son iguales, excepto que

el hessiano deberd ser negativo definido).

9.5.2. TProgramacitn no—linéal con restriceciones _de Igualdarl

-y Desiqualdad

En este ¢aso ¢l problema es el siquicnte:



—

— T — — i w— ———




Bininizar:s £ (x) x& B )
- - )

Sujeta a : hj (z) = © i=1, .v.uim ) (1.13)
. )
5, (Y O J=m+d, .o )

_ i * _
i,as condiciones necesarias para que ¥ sea un minime

local =e gstablecen en das teoremas, el primerc de lon cuales {tevrema 2

(
4

puode ser llamado condiciones de primer arden faebide a que 1as Funciones
que inverviensn ce consideran una ver diferenciables). E1 segundo teor
{tcorema 3) se le denomina condiciones do sequnda orden {se considera fue

las funciones son dos veces diferenciables].

-
- . .-‘
. - )

Fara establecer las condicionss neCecarias, empezarsmos ¢:J

L3
el siguiente concepto: i x  es un minime local de £ { , &afa no puede

- -

decvocer a 10 large de ningun arcg "suave" dirigido desde x _hacia la re
- * ..‘ . L
gifm Factible. Sen el vector V tangentc al arco que empieza en, x . Usar

dv los conceptos de Flacce y Me Cormick, se asignanm <res diferentes @’ ugc

- "

rias o clases al vecter V, donde cada conjunto v, incluye el conjunto de ”

tales que: f{wver tabla I).

¥
Tedas las posibles perturbacicnes de x carn en 1a nunldn de

'o"l y 1:'2 ¥ si Y € ‘u’z. £ {x) decrece, mientras gue 5i. V}’f ‘fl. £ {x)

e incrementa ¢ ¢s canstante. En esencia, las condicianes necesarias de

primer orden impanen el requerimiente de que el conjunto V? eslé vacia.

-
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51 ?P esla vacio, se pucde denostrar la existencia de los multiplicadores

L

de Lagrange, resultando €l siguiente teorcema.

TEOFEMA 1. °

* '
Si (a) x satisface €l problema {1.13), (b) las Puncienes

. +*
£F(x), g.{x) soriuna vez diferenciables, y {c} en x ‘u’z esth
J
= - * .
waclo, entonces existen los vectores u Y oow [multiplicadnres de

. * « *
Lagrange) tales que, (u , w , x )} satisfacen

B ]

6y h G = o S=1s i
e ' . . *
(2) g5 {(x) > o J=m+1, ..., p
) . (3) . i -
u . CIlx) = O =sma+ 1, ...,
j EJ () J ‘ F
f - . B =
{4) uj > D j=mr+1, ..., P
) - * * '
{5) ?L(x s B, W)';ﬂ v . . )
’ C . , RPN
donde 1a funcidén . - ]
Fa .m P \
L (x, u, w) = £ (x)+L wjhjfx} - I u.g,{x)

3-1 j=m+l
puede ser considerada como una funcidén Lagrangiana generalizada, asoclada

al problema (1.13). .

Con el propdsito de establecer bajo que circunstancias el conjunto

‘I.FE estd vaclo, se necesita eplificar, a primer orden, 2 las restricciones.

-



Wy

-

- tricciones-de-desigualdad’activas y.los.gradientes-de:las:-restricciones de -

L] .
Sea X .w.-un.punto.factible.del, problema {1.13) ¥ cupdngase. que hl' (%), ...,

_y;}[x). grt;l. €3 gP (x} son Puncienes una vez diferenciables.

La calificacidn a priner orden de las restricciones es una condicidn que s¢

+

impone unicamente sobre las restricciones (sin importar la funcidn cbjetivo)

¥ gue consiste en que para cada punto frontera formade por el conjunto de

+ '

restricciones de igualded.y,.las activas de desigualdad, debe de existir una

curva suave que termine en el punte 'frontera y que pertenezca completamente

. . % _
aliconjunto.de las-restricciones; Sisxc..es un.minimo-local*de= £ (x);_ésta

r . -

N - - " -
nozpesdesdecrecer a.lolargosde-tal curvaridirigidasdesde~x- s haciazla-reqgifn-

N -

Factible., Una condicidn suficiente para 1a calificscién a vrimer oprden de .

- _las restrigeciones -que debelcumplirse es que todos los gradientes de las res
.. =

e

* .
igualdad-evaluades-en: x. ,_=sean:linealmente independientes. Esto ditimo._se.

v

estableceren-el- siguiente-teopema: .- —- - ,

TEOREMA™ 2. ’;‘
-_— . . 1) .

L

51 las funciones- hy (x}, .--i)ﬁ([:-:}. 9 .1 {x), ---.'QP {x) son
[

»
una vez diferenciables en x , y si la calificacibén a primer orden de las

* n
restricciones es valida en-x. ,. entonces la condicién:-necesaria para que x

sea un ninime local del problema (1:7), es:gue existan multiplicadores de

. -

. * 3 »* k| L
Lagrange W Y W tales gue {u . W, X ) satisfagan las ecuaciones

(1} - {5) @cl Teorema .



Para tomar en cuenta la curvaturs de th ‘umianes en el problema
¥ B ] ;

- .

(1.13), Mc Cormick establecié las condiciones Mtaddvias de segundo orden

.
> - -

para que % " sea un minimp loeal. Supongane -tm‘ h..; Munciones F (x},

Arm
hy (%), .._r.,)v([x}. 9 {x}, -..: gp {x'ﬁ sen dod veces diferenciables

-
en. x ., un.punto que satisface al problema (1,13}, fea V cualquier vector

L - - -
L]

no cero tal gque L - ' i “m
T . .
- v vy (x) = 0O para.las restricciones de desigualdad
- g4 S activas. . - oo T
T‘{ . .
S J.(x] =0.. - - para lac restricciones de igualdad ;

-« Entonces, si ¥- es_]la tangente a-uma Curva 1;;,{(}. 8-> 0, _dos

L3 —_——
- = ——

-2 =
veces diferenciable,: a.-lo:largo-de la.cual:: g [ew (df} } =+ 0= -para-todasz—

las rzs.triccinncs:ﬁe.deaigualdad;éc.tivasr}'fhj'_-[_w;:_{i{j:]- = O.. para-todas

— b e AP

las restricciones de-igualdad, la-'califiéa:iﬁn-a.-s:gundca.-u'rdt:n—de—las re_s_'*

L -

o, - . . ' )
triccionss en x - es valida.  Una condicidn suficisnte para. iz calificarién

a_sequnde orden de lae restricciones que debe cumplirse es gue los gradientes
.-

a ; * - -

de-las restricciones de desigualdad activas en-x  y los gradientes de las

-

restricciones de.igualdod.en % sean.linealmente independientes.. -

- - Las gondiciones-necesarian-de _sequnds orden ge pueden establecer

cono sigue. - *






17.

TEOPEMA 1. | N ‘ _1 /{4”1 S
{a) Si.‘.las funciones £ [x}, hs (x)._;...,)A}. 9.1 {x}..'...r

r
-

g (x) con dos veces diferenciables en x ,' y (b) .si la calificacién a
. ! ;

!
.

4 -
primer orden de las restricciones es vilida en x , entonces las condiciones

' +
pecesarias para que x sea un minimo local del problema (1.13) son que exis
! wo ' .

+* +* - CR
G’ y/ V' tates’que (c) éciaciones (1) - (5) del Teorena 1 ise sa

K . N ) T " .
risfagan;  y-{d) para cadarvector.no-cera:V,. parazel-cual® v-Y g5 (x:) = 0,
J‘; . . . . :_‘ B . .- .
para-}as .restriccionesrde'desigualdad -activas; .y T ¥+ V_h‘:i:(x._) im. Q7 paraz — -
f’ . ) " ' . ,.‘ .
1as‘vestricciones de igualdad,.se.cumple.lo siguiente: -
/s T i :
A 0 'q L - -

* . -

(6) VR {x. v, v) V 20

L * N
. -Las.condiciones suficientes=para-que- X- sea:un:pminime local.aisla,

o g

do-del problema.(1.13)z son.las mismas:(a), (B)Iy (3 -dcliTeorema 3,

: am:'épm “lazparte [d) = (ecuar:i&n:[ﬁ-} ]a, Tlahcual.d_ebc‘;ser, substituida-por:-
1- ' T ok o
{d']t}ﬁ Kara cada:vector. V no cero para el-eual V—V 95 (x=)-=.D0" para _-

. . T *o»
las restricciones de desigualdad au.:t:‘.w.ras.'1I v, 'i'gj (x ) X O para las

. T E 2 : .
restricciones de desigualdad no activas y V "?11‘j {x-) « 0 para las

restricciones de -‘:ipg:‘ldad,‘ 1o siguiente es verdadero!:

*

T . *
(6") "I.F;‘I??L (x, n, v) v p. 0






Ejerplo 1. Condiciones necesarias ¥y suficientes con
] .

restricciones de desigqualdad,.

o 2
Kinimizar ; F(xy = x + %,
] 1 . ?.‘
Sujeta a: (x) SN
Je:a 2! glx X 0t " + 472
. . i
L Y gE(x) = mx - X +'!(;_0 , s

18.

FIGURA 4 Regién admisible 'y-curvas de contorne del Ejemplol. .

.Se-obzerva que g, {x) es una restriccidén activa

mi¢ntras que g, (x}). no lo es.
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L

Ya que sblo una de las restricciones esta activa, no se necesita

* +

comprobar la cglificaciﬁn a primer - y.segunde orden de las restricclones

; . .
(Note que f'(i), g, (x) ¥ g, (x} son dos veces diferenciables).
]

!
<

De acusrde 2 los Teoremas (1) y (2) se necesita demostrar que exi

-

#* HER

ten 1 ¥ ,-‘Jx tales que -
J o 1
) / : - 2 2
L (x) > 0 . -S\'* + 4’fﬁ
(2)  9,(x) 2 x  T¥ o+ {>70
¢ v .
;o * *
/ “ X[ KRR 0
/ o 9
! * ( . 5 ¥ I T 6- o
(3) - uj gj x } = N ul (" xl - x2 -, = L
+* * L]
u (-xl - %, * 1} =-0
* 5 ". * .- 0 ] - - -
. - . o» 0.3
{4} - u.j '--1-‘9 L4 ul _:.'T_.. - i-—_——- r—
- *_
-u- >0 -
L] * -
(5 G,y =0 e £ () - g (0 D uy g, (x))
™ » y 0
2 x - 2X - .
1 . . .
- " - 1u =
1 1 - 2%, 2 -1 0
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Resolviendo.las ecuaciones anteriores se puede verificar que :

"
x
n
_—
=
1
La
—
=3

! .
La condicifn de segunde orden gque debe ser satisfecha es
;

/ ., = . » . o
H"PT vgj (x3 = 0O T gj {(x) : restriccidin activa
*
. - 2
-/ es decir: {Fv,v}_ i . L
/ TOET -2 ¥z {0) +=v, {(B) = O
/ . o 1 5 - _
: _ 5
/ :
de donde "u"l puede tomar cualquier valer, y 1;2 = 0, substituyendo
¢
\J en { 6), 5e tiene- ' - L
. T-_ 2 * = * * = T
() VvVOPL D (%ee, o w- ) W-r2oO- - . _
227 _[2{1-+wu)- O , R
donde VL . ( 1)_ . _
o 29,
. Ejemple 2. Condiciones necesarias y suficientes con restricciones de

Tgualdad y de Desigualdad

P O
. 2
I{'.mei:./e‘+ F(x) = S X, q
2 2 _ /o .
, _ - - o
.511.]{_‘1;2!. a: hl (x) X + :-:2 = )
S R PNET % L T B

r
i
—
w
(=)
+
»
[y ]
"\-rﬁ".
+
—t
I
=

9, ()
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. |-
v b 1\ w—— Lontornos de f{x)
Yo l..‘a
1‘1 ". VA

FIGUEAZ:A T Regifniadmisiblesy:curvas:de nivel:del~Ejemplo.-2.° -

De acuerde al Tcorema 3:”'}11,-_.{:':]._5;2 (x) ¥ ga'(x} deben ser -

doz veces diferenciables. Ademas, los'gradientes de las restricciones ac

tivas deberan-ser linealmente  independientes para que-satisfagan la califi

Li'
cacifn o primer- ¥y sequndo orden. Suponga que A, localizado en x =
T

a . -
(- 2.37, - 1.84) en 1a interseccidn de hy (x) = g, (x}) -0 sea,

wt candidato a minirs local. . 51 se Forma una combinacién linegal entre les

L ]
gradientes de - hy (x) v- 9, (x), en x., =e ticng que, para que sean



linealmente independientes

1

o * ‘f
2%
_ 1
C # ¥
1] 2
*5
4 L 'I

1 2x

¥ COmnd det

+
2x
2

. -
c, h (x) + c, ¥s, (x)

—

v
Y‘ Py

- = . Y
- 1rl "
Cay

(2

-

22,

es-decir,- 1os gradientes de las.restricciones-activas son_ linealmente

independientes,

(1)

{2)

(3)

(4)

De acuerdo a los Teorsmas-(1) v (2) se-debe cumplir que.

0
o
.

hs [ft")

g.'(x} = 0

Xl.-

- {x]

R

g .

*

2
+ - - g
xg.

0.

L 9-
o ) ‘+-§4:;0 -
+ XS 4y

L
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5 & " w "N " * T *
B wlh d VYm0 pes () v n ) S g, 6 - ug (x

2 x 2 x -1 -1 [ o]
1.
. o » a
N _ _
- 1 Y2 "3 -
1 * -+
- 2 x -2 X -1 Q
A 4 ) 2] ) )
r
/ :
‘:‘
/
’.f
¥
A de.donde:se-obtisne-que_:.. .
/ '
: .. -
\I'l = - 0,779
&
a* .
ul e 1,05
* - —
u:;" = Q T

° DeMpcuerdorml:Teorema=3,Fs5e =ﬂcbn-_m:crntrar::.\?.-.téq‘u{:.h'

T »
¥ ?gj' (x*) = 0" pora las-restricciones de:desigualdad activas, y

- T *
ademds V' ¥h (x ) = 0, es decir

-1
(v. .-v.) : - V.+2x . V. = 0
1 2 . 1 T2 2
-2
X 2
[ ]
2 x
i . .
"n'riv = =D
[-1 27 . 0 le ‘-F1+21 ‘-'2
2 x






*

T

T
de donde s¢ obtiene que W= [vl. VE] = {D ' fﬂ ¥ untonces

existe una unica solucién al problema en 1a interseccién de g, (%) ¥ h]_[x).

Note que en esle problema en particular

# o ¥
Vi e {x,u.vw) ¥ > 0O

- . 2 * * * X -
para Toeda V ¢ Q , ! es decir v L(x . U, W ) e5 una matriz positiva

definida. [ condicién (6' ) l-

Loz dos ejemplos analizados. en:este.capitulo tienen el propdsito
de ilustrar las condiciones de optimalidad de primerc y segundo orden.
Ahora.bien, log problemas que se pueden tratar analiticamente son demasiado

. i i i . ¥
sencillos, sin que esto-guicra decir que para problemas muy grandes '{D

complicades lo.anterior.no_sea_valido.






1.

2.

3.

4.
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METCDOLOGI A -

I. PBUSQUEDAS UNIDIRECZCIOUALES

1

Casi la totalidad de las técnicas de minimizacién quco se describi
rin"en otras seccioncs mas adelante,. requieren de técnicas-de minimizacida
unidimensicnales_las cuales.tienen como -prcpf:si1:'0 -egl-localizorrel. minime
local de una funcidn de una variable. La implementacidn de los nétodos

(c)
rnencicnados requieren del conecimiente previo de un cierto intervale ﬂl el
cual -contiene al minimo de.la.funcidn objetive £ {x), y adamds se supore .
que en =l intervale pre:critP la funcidén es unimedal. En la Tabla I1
.se nencionan. algunos.de. los nétodos mas_conocidos para leograr la minimiza

cidén deseada; todos los cuales' tienen-come " propesite reducir el tamaiio del

(o) in)

.intervalo A hasta un tamafio 4 . Para comparar 1a rapidrz re
\ lativa de los nétodos, Wilde define unit eficiencia para n . evaluaciones de
+

la Puncidén como

ﬁ{n]

R4

Eficiencia =

En 1a tabla (se comparan los valores ¢¢ E para varios mélodes.
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Metodos no-scouenciales ‘/_ - Secucnciales E
plisqueda untforme 2 Bisqucda secugncial 1
: ﬂ; 2
n+l (Dicotomnus) 2

Blhsquedn uniforme . .
Busqueda Fibonaoci 1

1
(Picotonus) n . "
. ¥ e + ]- F 1n
2

- . Seccién Dorada (D.Glﬁ)l -

H|

{(*}: Nimero de Fibonacci para n  evaluaciones

TABLA IXI. Eficiencin de Técnicas o Risgueds Unddinensionzl

En la Tabla IIT mc conpara cl nimer? de ovaluacianes de la funszidn
' =1

e
que sC requiecre para redudCir un intervale inicial de T ox }5}. & LN EeLor.,

HO SECUSNCIAL SECURNGIAL
ﬁ{n} niforme DHootomusg Dicotomun Fibonacgl Seecciom Dornds
=3
5 *® 10 1499 198 14 11 11
5+ 10° 19,999 19,993 2 23 21
; . . . . (o} 1
TASLA IIT. Himere de evaluacidn de la funcidm para reducir & SRR TE
A'continuacién se describo ¢l méetade de la seccidn Jorvada. Kate

método ecta basade eon la divisién de una linea en dos sedmonton Lides <o

la relacidn del tomahio originagl do 1a linea al segmento moacor oo lis ol i
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que Ya relacibn del segmento mayer al menor, es decir -

"+ F_=
Fl 5 1
a—Tp —= nFl—e
i —_— | — "
' ' 1 R, 2
F F 2 1
2 1
de donde
. a
3~ 5
‘Fl = £ 0.38 .
o )
Ve e . . ) .
Fos 2 "1 0%
2 .
by

Para iniciar la tisqueda del minimo de £ {x), se neccnita espoci

ficar (o averiguar) en que direccién &sta se llevard a cabo. {Se supomlrh
due .se-conoce) s

- "

Comp primer paso se debe encontrar un intervalo 3 donde se enguen

tra el minimo de £ (x) usando. por ejemplo, una serie de pasos cialt wox

mas grande sobre 1z variable indepeondiente.  Suponga que es5to oC ba hechw

y que 1os altimos tres puntos obtenidos en X gon 195 siguientes

) , (o),

: . ¥
cea ﬁ{k} a xztg) _ xltk) (rig. 6). (EEE:EEEEEEEE Una ven hecho 1

x-ésina etapa modifica el intervale de 1a siquicnte forma.

, ¢l dltipo, xl{‘u). donde F [xstu)} > f {xz

xé(o) ;
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1{k) : xlik) . (x)
’ yghc) "xl(k} . F, s x3{.k) - ¥, e N
o {k}) . (k)) i&(rm); (p B 0y L (1) (JIr)‘ L) (k)
Lo L a
si- £ {yl( Vs p oy (1)} :(kﬂ) .-" (k} 1"1{k))* v xlfk-rl:} t ylik): xa(ku]:’xz{k)
s tx)]_f{ m} {m)i (5,097 | ) _;(‘ IO N

x (k+2) = k} ‘&/k-ﬂ} o jm'tn :
3 .

(x+1) _ (%) (ks1) - () -
N T L L R
1 yl(ﬂ] x (o) + 0.38 ﬂ(ﬂ}
ol ¥ 0
X yg(u)‘ g xl{ . _}:62 ﬂfﬂ‘.'

-

I i "+ FIBU?J& G+

.- Hisgueda mediante seccidn Dorada, +







-'-.' . - . - . ] 1 [

poderoso péra lailocalizacién de minimos locales .en una direccién: estos dos
]
!

.o 30.

Otra clase de métodos para blisquedas unidireccionales jtocalizar\‘

L] O

un punto x, cercano a x .(el minimo) . mediante interpolacién ¥ extrape
o

lacidn.

En estos métodos se usan interpolaciones cuadraticas vy clbicas |
i .
.-I )
para aproximar ¢l valor de la funcidn. A continuacidn se describen un par
!

de algoritmos que al usarlos en forma conjunta generan un algoritmo bastante
' /

-

algnritﬁas son.los_siguientes— -

1

que

usa.interpolacidn-cuadrdticaw{Figura-7). -Los-pasos-que se siguen-en-este
bt =~ : eSrE.

algeritne son 1los siguientes

/

/ , . . . T
K a) Davis-Swann-— Cempey -{DSC)~ para-definir‘elrintervalo —& -"donde.—

;

se encuentra el minire, ¥y

b} Powell, para definir la lecalizazién "exacta" del minimo,

Eﬁtel.métbdu_uﬂsc.@_se tonan - pasos-destamaliolcadavez .maycr_ hasta © -

-se-sobrepasa:la docalizaridn-delzminimor-A- partir:de: cse;ponenro-se-+=

1. Evaluar [ {x) cn el punte inicial x(D}

Bi.f [x(oji- Ax) < f (;nﬁ) se continua con ¢l paso 2,
si £ (% mx) > r () e derine ax, = - % (s
camnbia 1z direccidn de .bﬁrq;c“da) y se continua con ‘el pa:a% y
’ ‘ f

, L D

+ Ax



J



y {k+1}} _ -

3. Caleular F f

q 1]

<
ey
! k41 k .
4. Si f (x( )} £f‘(x ( )), sc duplica el tamafio de paso AX

-

/¥y s¢ repite cl procedimiento desde el paso 2. Si

Dy (xik*l}) > § (x{k}) sea  x (=) = 3 {k+1). x{m_l}z: x(k} ,

b etc., kredﬁznnsc Alx ala mitodl ¥ regrese a 105 pasos 2 y 3

unx vez mas.

5. De los cuatre puntos igualmente espacliados ¥, con €l conjunto
=1 -
{x {m+1j, ® (m}, x (m ), x (m 2]} ,5e eliminan o x (m)
(n-2) s
ox v €l que este mas lejos de la x con el valor de
la funcidn mas baja. 1.0s tres puntos restantes s denotan comg
i .
b b .
® [dﬁj x ( ) ¥ O (c}, donde x [ ) ez ¢l punto central ¥
" {v b
REC RIS B O I O B
. . ) . *
6. Use interpolacién cuadritica para estimar x ,
oy ax (5« By 2 p ()
= (b)
X = X +

_.2[f (x (a}] -2 (x {h}] + £ (x (C)J]

L

" Leos pasos anterieres completan la primera ctapa del mitodo DOC,

c

-

-
Para comtinuar, se reinicia en X 0O x(¢]1 si (x( )< f (K }. sc

reduce

A% ¥ cc empieza desde el paso 1 nuevamente.
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;

'} -
f(x] 1
\N\\~.? . .
\3 i 5/
;
ﬁ =
3 I kb TR A ] :
B2 -
__/x.':_m:’}x(-m*.?-}_ xtm-]} r x{mq.\t] x{n.!) -
O, C ,
rlllil i -
FIGURA 7. Bétodo =DSCE: paradxminimizacifn - unidimensional..>. ¢
“1"{“ -
If' .FI

En el método de Powell, se usa uha. aproximacibn-cuadratica usando- :

los tres.primeros.puntos.obtenidos.en la<direccién-de-blusqueda- dada.

correspondiente. al.winime de-la;:funcién cuadratica-se<usa:para efectuar.una _

- yueva-aproximacién.y se_continua.de.ssta-forma-hasta docalizar:el -minino:de= "=
-, . :

£ (x) <. {Figura 8) .

S f{x)

|

4

¥ " =

. - N ""‘f-{prirnnra-ctapa]
. ] : L3 ' . L
:ll:{ } xtz}i“?ﬁ[‘li-!m'- QXEE}:}L{"E}'I?.&X-
' '
! :
: :;{Sﬂgunda etapal
LD (2) L (3)
FIGURA B. Hetedo de Towell

para minimizacidn

unidinensional .

La,

x

—
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F -';1'
- l.

Los pasos que deben seguirse para implemcntar el métlede de Powell .

15
3
T

1. dados x (1) ¥y oA calcule x (2) =" x (1)

' = + b

‘2. calewle [ (x {1]} y P (x (2}}

30088 Yy k(s (@y L0 _ M), ,,
si o (x™) . f(x(ﬂ) . LGB ¢ BN

4. Calcule £ (x {6;@

5. Estime el valor de x en el minimo de F {x), x , como

2 2 - 2 2 2
[#y - ) |2« fo -6 | s tx(z})j_ltxiliﬁ— (2)y

AL ISR ¢ N E NI CD I (xié))“xili_ Ly e 03y

] +

6. Si ¥ o aigunod de entre '{x{]') x(2} 3{3]}I que

corresponda al valor mas pequefic de f {x), 'difiere en menos
. crHlL ) ’
que la exactitud jpresess: para x., ¢ la.exactitud en el wvalor

de £ (3':)1 a2 termina 1a bisqueda. En caso conlrario, evalue
- . ] . )
PRy s etmimaet congunee 07, D, Py A

que tenga el .valeor mas alto de la funcién £ (%), a menoz que

-

sc pierda ol fitervalo doe x .dopdce se encuentra el minime, en

cuyo case se debe eliminar una ¥ tal que ¢l intervalo adecuado

-

ne ce pierdn.’ So repitn el.procedimiento desde ¢l Pﬂ“‘/'
- ﬁ ]
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y./ MUTNIZACIUN 613 RROTRICCIONES  USARDO DINIUVADAG

111 problema geacral de mininizacidn sin restricclienes se puede

rlaniear cooo _
N
Hintmizae + F {x) , y’f-’fr—' ~ € E- (1)

dorde F {x) ecs la Munciéa objetivo. Seqlin se vid en €1 capitulo

* *
aterior, se pretende encontrar un mmto’ x o {al -que Ve {x ) = O,

En 1a presente” seccidn e atecard ©l problema definido en (lj-mediante,c,

- Lonpleen | |
use de rmetodos gur hagan wealds Yo- primerds y segunhdas derivadas parcizleoy

. ‘5
[Vf (x) ¥ v r {x)} de la funcidn objetivo.

2.1. FEeiodo del Hiximo Descense {Gradicnte).

+

o ' Segin .se-recordari-del -capitule anterior,- el-gradiente.de-la fun--. -
cidn objetivo- £ (x}, en cualquier puntoc x, es un vector dirigido en 1a
direccifm del maximo incremento local cn. F [x). Resulta olwio que ge F“Jﬂﬁz

. - . . PR ~ . . .
escofer come direcclin de bisqueda, para mipninizar fF (x),‘ la direccion

opuestz 2) gradiente, - 71 {x}, eostoces, on la direccidn de nixime deccews

s50. 51 se ercoge como direccidm de biisgueda 1n ya sefinlada, rornultara lo

=1guignte.

k.
a] LH T 5/-—?1‘ {xl) la direqcién de biicqgueda en el

L=gimg pano del algoritmo.



k

b) 51 ﬂx}: = 4+ a[‘ik - - u‘k gf (Xk} . l?? el dcsp]azzlmimt_u

del 1 i
el punto X B xk+1' es decir

x]“l = X 4+ AX ) {uk un escalar positivo)

+

' ¢) Entonces, la aproximacifn & primer orden de £ {x) quecdarh

como

£ {xj{;t.' hﬁ()‘_.="’-‘f (xk)+ - va{xk-]ﬂxk-'-__

- -0 biem—= - - e - ) L

£ {x + mck] - f‘(xk}- - - “vaf{xk} W {x).< 0

es decir,- se.puede. garantizar que. para .. o suficientemente -

decrecera con-res -

requedio; el valor.de 1a. funcidn.en . x.'lc+1
pecto.nl valor-previo; en =->H<.,._simprary-cumdn*-u?f—{ﬁ?}-' -0, s

(En los-puntos--{a)-— (e}~ &, Se leiconoce:comostaniiio.de
Paso).

1 ]

- L3
Existen varias alternativas para escoger €1 tamafic de paso c:/ k’

de las cuales se& pueden mencicnar las siguientes

a) Fijar el valor de @ de antemano e igual-para todas las

" iteraciones del.métedo. La desventaja de proceder de csta

forma vs-que no se puede garantizar que de una.iteracidén a

*
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1a siquicnte, ¢l valor de a funcidn decrezea, ya que esta
propiednd 610 o5 valida cuando ay — 0.

Deliido a 1o anterier, ¢! método puede presentar las siguicntes
desventajas. En primer lugar, que si u}: ne es lo “euficiente
nente pequera” el método ascilara,  Por otre lade, i @, s

cscoge  "demasiado pequena™  la convergencla puede volverse

demasiado pooewrrT M

L Unn gequnda-alternativa es-escoger, nk- en-cada sitéracidn de

1
forma tal que el valor de lajfuncidn objetive se reduzea para

algin cierte valor de '-‘k. Para lograr lo anterior se puede

. proceder de la siguiente forma en cada etapa -

‘_*trf_ﬂ- v e

u) 1 se-escoge ¢ opoopfe 0 D <1 <3 I un-factor rultiplicative-

e}

i) .. se fija — A= ened, 1= 0

iii) - caleular £ [}-1}

ii) )ﬁi’ = Xt B A%

Q

iv) si £ (y) < £ {xk) continuar con el paso vii)

\F} i = i+

vi) #i-l-i = “Hi ; repetir el procedimiento desde  (ii)

vii) x1lt+1

ro{x

kA

= ¥

-
[~

it

L =
.

Y = (¥



El procedimicnto anterior garantiza que, .51 se permite-un.niimero

ilimitado de iteracicnes = a2

541 i en cada etapa del métodg de

naxine descense, se obtendri un descenso en la funcidn objetivo. Tiene:
el defecto @ que puede concumir demasiade tiempo en la blsqueda de un ta

mafic de paso adecuado a, .

* L]

¢)-:Una tercera:alternatival es la.siguienteir, Supongase.quede .

conoeide. . _ ‘
almgemecieooa ) a_direccibn desbiisqueda=§ =0, es:decir-rel nuevo-iterando——. .-

- . - -

X1 caerid schre la ecuacidn de un paranetro

siendo ¢ el-pardmetro. La diferencia entre este procedimiento.y los des

anteriores -5 que,en. el _presente-se pide:rquesel .tamafiozde:pasozQu'sea_tal. °

- . ™

que.— £i{x '1:'1) =f{xL “+ --us];]'?-' adquiera: su'miriino valor--§ - formalmentac
+1.--- -, : . o
- . ,a" R —

a £ {x, * uSk‘) .- g

da

Por ejemplo, si £ {x) es una-funcidn. cuadritica

' T T o .
£(x}) = a + b x + 115 x Qx - {0: positiva definida
simétrica}

cntoncses
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N
o
x
[ ]
2
H-
——
=
ry
L
oL,
r.
—
n
di
=
'5
—~
x
-
R —
s
¥
-+
¢
-
o
oY
&
e
-
R —

fle donde
T,
v f{xk]ﬂk

Sk RSy

Si se supone que .:f. (x). no-esruna funcibn cuadritica desx - . -

entonces se pueden emplear cualquiera de las técnicas de tisquedas unidi

mensionales deseritas en 1a seccidn anterior.

- +

Una caracteristica interesante de cste procedimiento de minimiza

" ) eg oTtogonal a

T cidn es.que:el-gradiente=cn'El nuEVo-punta,:Jp‘?j’{x-}+1

. * 1a direeccidn de-blsqueda-empleada para:lecalizar x ye1' ©5 decir .

R

* a1l

} Sk = 0, lo cual se demestra como sigue. Supdngase la

misma funcidn cuadratica ya empleada entonces

¥ (x k) = b + 0Qx

X
. dr(ea) g
¥ de la expresion para -~ = 0 se obticne
da - - :
b+ax) 5+ 8 0 5, = 0
x X uk uk i.':l}: 3
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¥ COmo S ciE.S y * entonces
T T =T
S, (b +0 xk] + 8.7 Q {xk+1 xk] = 0
o bien
T T _
s (b + H x ) = 5§ of {x k+1) = Q.

Lk k+1 b4

L

Lo anterior se ilustra en la Figura 2.

0

FIGCURA 9. Qrtcgonalidad de las direcciones de. Basqucdat

_La implementacién practica del algoritmo de maximo descenso, con - .
cuzlquiera de lar tres alternativas discutidas para determinar o aue

daria de }a siguiente forma.



. ' A0.

1. k¥ = 0
2. Estimar %, (punto de arranque).
.'
3. Calcular f {x r} . Y rx k}
' . T )
4. B5i P F(x }] ve {x k) < tolerancia, se ha cncontrade

; un punto estacionario de la funcién f (x)

/
jlflr
.08 = = . 3
fr 5 % - v {x }:}'
/ ey |
.,r; 6.z Cilculo de.'.'uk_._ [ver texto) -
£ : .,
,f . como resultado se-caleula- x - ¥y F fx - )
;_.' k+1 k11

).

. Calcular i3
7 of (x k41

B. ¥ —— X +'1 ; se repite.cl procedimiente desde ¢l paso 4.

Para.finalizar-la .discusidén sobre el método del .miximp descenso

es conveniente hacer notar que bajo algunas condiciencs, por cierto ne muy
Frecuentes, el algoritme puede ser atraido por un punto =silla ya que también
. T .
en esta clase de puntos se sotisface que v £ {x) v ({x) = 0, ne oxan
tiende forma de detectar a priorl que Lal cosa sucederd. Abora bienm, para
clasificar ¢l tipo de punlo donde se detuvo el algoritme, oo neoegsario anali

zar la matriz de scgundas derivadas, de zcucrdo a

i:} I, pesitiva delfinida — minimo

ii) I, negativa definida — maximo



4]1.

L

iii} H, semi-positiva o . semi-negativa definida..—- punto sitla.

2.2, Matodo de Hewion

El método de ewton que a continuacidn se presenta esta basado en
wna aproximacién a: segundo orden de la funcibn objetive £ (x), es decir,
usa informacion de gsequndo orden (matriz hessiana), de agui que sé le cla

sifique como métode de segundo orden.

Considérese la aproximaciébn a segundo orden de £ (x)

Flx + ax) = f {x) + ?Tf‘(x}ﬂs.x + %'axT ?Ef[x) Ax

4

Bi se supone gque:la:aproximacidn-anterior es buena, como de hecho

1c es en.la vecindad de.un.minimo.¥ de’ un.mAxamo;fentonces, . al: derivar: 133.3_':.'::

cialmente . £ .{x + &x) Scon.respecte-a-cada.uno:de-los:elementos de _AX_.se_

chtiene - ‘ .

LK) 2 gex) + PE(x)EX = 0 ‘
’ a\,ﬁx ,
de donde y
(7. pt
€ = - B (x)VE(x)
? -
: a3 f(x})
donde H {x) = ¢ f (x) es la.matriz hessiana (hij =‘B R ) '
XD,
- l 'J -

¥y #X sera la direccién del desplazamiento desde un punto %, 2 i1 !

ce decir y +“ L

: fk-ﬂ = {f - H'—il:(k'}vf(xk}
k.
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El ompleo de 1a Gltima Formula para generar los iterindos del méto
do de Newion pucde provecar los siguientes problemas si o5 gue ol métado
se esti empleando para ninimizar una funcidén £ {x). El problema ecs el si
guient;:. Hote que tanto un Maximo come uh ninimo, asi como los jnmtos
vf=o0
silla, satisfacen  sldsm—pefri-fpetap———f ) « por lo que no sg pueide

garantizar que el mitodo converga a un minime, si no se modilica adecuada

mente  Esta modificacidn consiste en lo siguiente

"IP

sea ** ﬁf;'h==—h— ﬁ-%:{x:k) cer {x k] 1a dircccién de avance. ..-
A . . . .
dql puanto - x k. al: x k*ﬁ: ¥ -considérase la aproximacifn a primer-orden -
de f (x} como sigue - A

FOq + Bx) = L00) + a6 (VT E0G) 86 oy,

o bien .7

. ] _ P*M
8 = Pl e ) - s(e ) e e (00 (x ) e ) %
donde o, €s cl tamafic de paso, descrito en ¢l inciseo aﬁteriar. i

Py o5 pl sentido de la direccidn de blisgqueda, el cual se determina como

i : ] deze; A I < F (x ¥y como
sigue ¥a que se desea que ﬁfk l: (X]Hl) ( k}\ ¥
ﬁ >0 - . ontonces

) . -1
1 =i ¥ f(kaH [xk}vf(xk}> o

. oT -1 _
-1 si ?f{xk:‘l{ [xk]?fkakﬂ
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Y con este se garantiza.que si nk(>o} es swlicientemente

pequefia entonces  F {x k+1} « f {x k] y €1 método de Newton convergerd

. ] _
a un midime, ‘o en el peor de los casps a un punto s5illa, pero nunca A un
!

r
M me [sernm1te la discusidn sobre el tamafio de paso oy , Por ser idén

tica 2 la presentada con anterioridad}.
/

-k

,ﬂTUmandc en cuehta los puntos anteriores, la implementacién del
r -

—
métode: de Hewton queda comn sigue
‘f/' l1. X = D
/

;
2. Estimar x {punto de arranque)
3. Caleular £ (x).
4.. Calcular V£ (x kz; y - -
“5. Si ?Tf{x k) vE (% k}“f; "tolerancia, se-harcncontrado_

un punto estacicnario_de_f (x)” (minimo-o:puntorsillal}.

6. Calcular H {x k) ¥ oY (=

7 : "L : vf »
. 1 S1. Cf{x- ! {x:_) {x ) o

-1
-1 5i va{x k) B

{x

B. ax, = - y}(ll'!{xk]?f{xk}

(x ) TEx) < O

9. Calcular ) {inciso 2.1)

i como resultade ze obtiene X re1’ f(xk+1}



10. ¥ &-— % + 1. Sc repite el procedimiento desde (4).

Es facil ver que st la funcién objetive es cuadritica, p- i,

T T
£ {x) = a+1b x + % x Qx

el mitodo de Newton converge en una sola iteracifn, ya que

vi {x k) = b» + Qx ¥
¥ vp(x ) = q
entonces
T ) = gl '
X k—l-l — ¥ ‘ k ke xk"'q + ka} .
._1 * -
0 b = x convergencia cuasdrilica

2.3. Conjugancia y Dirccciones Conjugadas

Come ce verad mas adelante, una funcidn objetive cuadratica de

n~variables que exhibe un minimo, puede ser mininmizada en n  pacos (o

menos )

si estos pasos se topan en 16 que se ha llamade direccionrs conjunn-

das. En el inciso siguiente se limitard la discusién a funcioncs guadriti

cas del

tipo
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£F{x} = a+bTx+i-xTHx (o)

donde H es una matriz positiva definida.,

2.3.1. Conjugancia

Supbngase que 1a minimizacién de §£ (x) empieza en x
. o

‘o

en la direccidn S ., escogida arbitrapamente (o por algin algoritme) ;
se supondra EGJT En.= 1.0 ., . - El siguiente punto generadc por
el algoritmo sera ‘ =

&

x.lh = x‘D +_J,,0§- (1) .

donde el tamafio de paso :&G se determina minimizando £ {x o + 2 §D‘

con respecte a A, es decir

dfi{x_ +.%x 8 ). - . - o
O B L I I ERT Zetx :'[ ’\J ' =
o on o -0 ) =
dx
de donde - T J, :...“_:
_ ?TEx3)5 . ' ) - =)
y s {2}

—T_2 _
Sn? f[xn}sn

Una vez que-se encuentra ¢l siguiente iterando, Xy o sc debers

seleccionar una nueva direccién de biisqueda para la minimizacién de £ {x)

La nueva direccidn: 51 se dice que es conijucada con En =i
s T 42 - . a di .
(5,)° ¥ f{xt‘:}ﬂu =4, (Entgencral, un conjunto de. n. dirccciones.
independicntes de busqueda - 51 R 1 son conjugadns Con respecto
o n-

a una matriz §, positiva definida, =i



g6,

T . .
4,08, = G 0 < 3i7j < n-1 (3]

¢, pedria ser, por ejenple, la matriz hessiana de la funcidn objelivo H.

la matriz unitaria, conjugancia y ortogonali

Note adomas que 51 Q= I,

dad son sinfnimes).
;
i . S

a

/nebidu a que los vectores #{, son lincalmente independientes

.t . . ..n
- ademis-de conjugados, -.cualgquier.vector.oV e'E ', se pueds represottar o
ra

/
.en términos:de aguellos,.: como ..z
; . .
/ ' 1 1,1
- n_ --
vV = I / 5
.S :|=D J =]
V. s'.r B (x) "V
- Yoo = :
J T |
! 5~ H |x 5 .
J ... ( } Jj

EL

. .0Otra relacibn importante.que se utilizari.mis adelante es la si .

quiente. Considerese la matriz P definida por

Resulta olbvic que si las aj se pscogan de manera Lal que

I e e
P H = = . J
k -k :

-1

entonces P = H . Ahora bien. -



demiestra-que-

n-1 " n-1
PHS, = [ I 0.5.5. ]HS = I e.5.(5
k. jeg 1973 k 520 33
!
i T
) 5 [ H
! b { x
!
' de donde si
. = (58 HS

47,

1

, entonces P o= H

Si-las direcciones de biisqueda-empleadas:en la minimizacidn de f {x) se

escogen-con jugadas= { esto.se:demostrara mas. adelante) . a.continuacién_ se.

cuad quier-funcidn cuadritica de n  variables-gue-oxhibe

*

urn-miniro, pueda-sar-minimizadazen n

nAs0s, -~ 41 ce-emplean direccions=s

Ademas, el orden-en gue’

conijugadas, una.direccidn diferente:en cada-paso;

se unan las direcciones de bigqueda €5 jvwelevante

para alcanzar ¢] ninime.

T T
Demonstracifén Sea f-{x) = a+ b x + % x Hx, 9 {x)=0+Hx
) * A N
vF {x} = H,.y.en ¢l minimo de x,  VL-{x-)'= 0, es deciv x = —Hi’b

Pazra la

n-ésima.etapa se tiene; usande (1) y (2), que



y como ¢n cada ctapa se uso el valor Oplimo de },"T dado por la

ecuacidn (2},

: = T,
:n-1 (8, ) .ﬂ'f(xk} :

»w = X - —_—
< kzg = T k
(5.} H Ek .

n

Por olira lado

fﬁk)T?f[xk)=(§k}T[ka+b]
T n=-1 _
={§k}"[HE36.+iii{isiJ + b ]

=(§k}'r_(1-ié+h}*.}> por-conjugancia ‘deila 5, ..,

Entonces

Usando la relacién {4 a) se obtiene. que.

[y
n-1 (-’)) H x-::- E_
x ] E k
o ko — T —
Fl [ 2}
( Q HS,

¥ por lo tanto

S _
n-1 (5,) b s n-1

* n o kEU T _ o kgg
(s} H & .

{5a)

48,
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i _ RN
y usando (4 a) nuevamente, se obtiene . "

_1 -
x = -H 13 A.d.
n -

‘Un mérodo para el cual se garantiza que alcanza el minimo de una

Funcidén objetivo cuadritica en un nimerc-especifico.de pasos,.se.dice_que

b

tiene la propiedad de terminacifn cuadritica. (El mérodo de gradiente

conjugado necesita de n pasos, Rlentras que el dE*Newtan-una_sﬁln).

2.3:2, Método - de - Gradiente conjugado

b et

El nétode de Fletcher - Reeves de gradiente conjugade, que

a continuacidn-serdescribe, .genera. una.secuencia de-direcciones de blusqueda

que _son combinacibn-lineal de - ‘;Fff_(xi-_)'. ~la:direccidn-de-méximo:desrenso
en-el>llrimo. punto; .y -de.lag. k- direcciones de:-blisqueda:anteriores,, S5t 5y
“aay sk 1" ~usando factores de:pasn‘.di:tales que ‘Sk -5ea cnnjug_ada a-las

direcciones antericres. ) -

Para ilustrar el método, sea So = - %Ff {xn). ¥

1 i Eea

X = X + A5
o o o

= - 6
5 o (x) +a S, (6)

donde oy se esgcoge de-lforma tal que E-u ¥ Si sean conjugadas con

respecto a H, es decir

s I 8 = 0 (7}



Para «lininar 5, cousidirese 'oooproximacién oopriser erden

del gradiente, c& decir

e e ) - 9E(x) = YE(x) (x - x)
., (0)
=" HS
o
Js = 4 H'l[ VE(x, IV (x }]
; o K 1 a
! Q
/
y como- 11 es simétrica, entonces.
T [‘?flxl}—‘?ﬂxc_}]T T
; S = — (3]
° A
L=}
Substituyende (6) y (9) en {7} se obtiene
R :
.= - m .. - - . - - D 10
_ [?f{xl?“ ?f(xn)] | { ve {x,) + ulﬂo] (10}

i

i - T
l!« ya que, segin se vid con anterioridad .y f (xd)_ uf.(xl]

- ?Tf {xl) So .-a 0, enteonces

?Tf{xlﬁf(xil 1 .

a, ==

1 T
v f(xp]Sn

- . o bien,

v (x IVECx, ) .

a, == — . {(11)
v ffxo]vf(xol

La direccién dc blusqueda s, s¢ forma como una combinatién lineal

¥y 5 , y se fucrza a que sea conjujfaia a Sl ¥ Sﬂ

- 9r (x ),
de r (12} 5 | .
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con lo que se obtiene la sSiguiente expresidn para los factores de pesod

-

x - ;f{xk} ?f{xk) .
G = - - {12)
#T £ {x k—l) Ve (x

k-1)

La implementacion del algoritmo de gradiente r.::::njugadn de -

Fletcher - Reeves ";'.ricluye los siguientes par;:::s :
L.

»

1. Estimar x (punto de arranque)

2. S5, =.-V {xn)

3. En la k- é&sima etapa del algoritmo, Se determina el ninimo
unidirescional de £ (%), =2 lo largo de la direccién de

tisquedz S Con esto se localiza X .

x k+1

4. La nueva direccidn de bilisqueda éc.dgtermina como

T
v .£ (x 'k+1} vE (x la:-vrl]I s
)+ )

T x ) e (x )

5 E-?f [x

k+1 k+1

Después de (n+l) iteraciones {k = n). se empieza un nuevo

cicle del algoritmo, es decir, x nel se convierte en xﬂ.

S. La blisqueda se da por terminada cuando en alguna iteracién

sucede que

5 ] < tolerancia



diote o queal dgnal ogue oo ol noredo do gradicnte ardinnrio,

-t
2
11
Lr
=

r'\l

L

3
L

X

-
at

la inverzion de metric alseas, 10 cucl es wnn wentaja.

2.4. LEitodos de Dftricu Veriable

Los mitodes de létrica Varinble o Cuzsi-Nedion son midledos Gue

aproximan ¢l hecsianoc, o su inversa, usando wnlcamente informacibn accrca
/ '

- del-gradiente: - La mayoria de estos.métodos. usan direcciones vonjugadas, con .

forme avanzan,.le cual hacen siquiendo. el esgquena general - ..

4
I

X S Xyt A S.0= x - e NG )k ) . (1)

e

Y.+ (En el méiodo de

donde * n {xk} representa una aproximacién a H x

. Gradiente ordinario a{x k,)_.=.-l...._miantra5 que el rétodo de Newten toaa ..

n {xk‘) = H-:!' (xk },. con :J.a..desventaja,de_qu'c--. hay gquednveértir el _ .

hessiana). -

4

- - . -1 )
En una serie de métodos de Cunsi-Newton, H (x } s Ahroxima

k+1

de la informacidn disponible en la X - ésima erapn, como

= i

)

) (2)

-1
H . {x ksl

wn, 4 = wln, + &n,

" . .
donde n es unza aproximacién a H ﬁnk 05 una matriz que sc esrecifica

de acuecrdo al método, ¥  una constante de escalamicnto que -frccqcntcrncntu

se fFijaen 1 . La seleccibn de t’i“k determina, esencialmente, el método



de kitedo woriskle,  Farn carantizar conve: Qensinag, Wh. 1 Qo agr e
tiva definida y debe satisfacer la siquiente relagidn cuapdo reemplncs o 1

x -x o= El (k. Yler {x. ) -vf (=, } (3 a)

kel ¥ X J+1 b ’

gue es una aproximacién a primer erden del gradiente.

v
I.f )
; En 1a {X+{) - &sima etapa de cunlquier métode se conocan

.,
Xpr Wl dy ey oy v e )y R oY e
d‘s &
__e ca_calcu] r . nkf&
,ﬁﬁ la relacién obtenida con (2} y {3) como
LIWERE LR hx (3 v)
d. d = - - =, - +
onde  Ag, ‘i'f(xhl) vf(xk} Sea ny Tys1  fx
por 1o que la ecuacién
&n Ag, = l-ﬂx - n,AF ( }
KBk T @ Pk T M e

debe ser resuclta para An , ¥ esta se obtienc como sigue. 5i el lade

k

T . ..
derecho de (3 c) s¢ multiplica y divide por ¥ 59'}: , ¢l primer tirnine,

y zThEk el segundo térming se obtiene qua:
. T
An - [1 nxky A nkngkz o o
k I T T Ek

Y ngk o hpk



o b, -

i
hr, = - == :
Iy = = (1)
gonde los vectores columna ¥y,  Z, son arbitrariocs, al igual gue W . 51

For cjempleo me cscogen s - oo .

; w oo 1
l;
.f‘ -
S Ym Em oA mmeey
.4 '
. Se pencra cl:a.lguriuno de }(z‘oyden. miefntras que si st escogeon |
5 ’ =. Ax.
, _ Y Xk
& = dg,
Entum:ef: la matriz nk' sg actualiza de acuerdo al métede de Davidon -
' + '

Fletcher — Powcll. .¥a que.los vectores y, Z I son arbitrarios sc pucden

v

efectuar varias. selecciones, las que.se discuten mas adelante.  5i los

S il + -T2 01 1 "A xk-; o determinan mediante minimizaziones unidireccionales de

] {x] _en la direeccifm Sk . todos los métodos que calculan una 0 k+1.
simétrica que satisfagan {3 b}, generan direcciones-que son mutuamente

ortogonales (para. funciones cuadriticaa)..

bn
soneint N 2.4.11 k dl: Ra.n"-:lﬂ 1
Broyden demontrd que si any, crn simétrica con rango 1,
la relacidn Ny 89, = CAX cp =aticlace, 1a fnica pesibilidad
+

e escoger ﬁ“l- L
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El algeritrmo funcicnaria,de 1la siquiente forma. Se escugen
hasta

R

usan S~
¥ “g>n ¥ S€¢ uwes—umm forma secuencial {1}, (B) vy {2}
i ne

Por otro laido,

x

o
T- N T
v f(xk]?ftnk] < E

que por.ejemplo |
.usan minimizgoienes wnidireccionales, el método genera direecciones conju

gadéS y bajo algunas condiciones mas © mengs restrictivas,.sc¢ pucde demos
¢ : e

£
! » r ' .
trar que el algoritme converge a la solucidn.,  Una caraglericstica atractiwva
en {1} no necesarianente tiene gue cer un Darass

£

¢ de este nétodo es que T,
'-.F
El miaspo Broyden demuesicas

-

. -

tre que ripnimize £ (x) a 1o largo de S
X puede tomar cualquier valer con la Gnica condicidn de que no provo

. ,{
que
que que

n st haga singular {denominador en (5)}.

8i la funcidn objetiveo no e€s cuadratica, alfunos de les aspectos

poco satisfactorios al usar (%), son 1os siguientes
1. Y\ pucde dejar de ser positiva definida, en cuyo €aso €5 nece
sario recurrir a alguna otra estrategin que le garantice.

2. La correccidn Anp pucde no quedar acotada (gencralrente
por errores de rodondes, incluso para funciones cundriticnn)
= _ ¢, IVFix uedi en

“k"(kk} k} |

3.  Ei por coincidencia ﬂxk =
"iigit;# s vuclve singulore.

la direceidn del paco anterior,



¢ 2.4.2. - Método-Le-Davidon ~Fletcher - Powell of

1A
£

Eogonoominncls, en el gl tasrtmo de Hropden, ol otusede qun

=0 [ﬁnk = 0)

. En este método la matn@é'ﬁn - s esCOde WUe-tonga Tango 2.
.La_n_ inicial normalnente se tema como no o= I. (ce puede uSar.cualquic}
ptra matriz simétrica positiva definida), con 1o que &) método arragca o
1a direzeidn del. maxino dc;censq.- Conforme Fl metada 2vanrn, va existiendo

un cambio del método de gradiente a Newton con lo que se obtiens una gran

ventaja al -usar-las mejores garacteristicas de-ambes métodeost -

- Como s¢ menciond con anterioridad.la relacidn para  amy

en el mitodo de Davidon- Fletcher — Powell, Y4 = ﬁxk ¥ zk = -“kagk

con 1o que al substituir en (4) se obticne

] .
. Mg-1 ™ M ALY B
T
b (8%, ) n g, (8g, ) T
T h f————— - -
. T T
: . {ﬁxk] ﬂxk {ﬂgk} nkﬁgk (s)

en donde 1las matrices A ¥ EI]C son simétricas y si, ademas, n, €5

k

-



7.

Lassicn cimfvrica, ontotnces el tanLifn lo sera. la relacidén anserior
‘e .

(Ez. (5}) produce resultados satisfactorios en 1a pricrica si

* onpre ¥y ocuanda

1. El error nl evaluar V. (x k) ne sea grande

2. n no s& haga.mal-condicionala
) k ;
El,papcl de la ratriz A y on la ccuacicn {5} ez éara;ti
Zar qua n —= K |, Rientrazc que la matriz Bk _ garantiza que
LIRS seatl positiva definida en todos los pasos, ¥ en el limite se canecla
rt :
3 .
con "Ny - Ezto se pucde ver come sigue

ny, = I‘+ ADI-'BO
= - = 1 A h - -
Ny ny + A, - By + { o* +1] (QG El)
k

w1 © 1 5Ee M 1bo By

Para una funcidn cuadritica la =uma de las matrices Ai debe ser igual a.

H cuando kx = n - 1, y la suma.de las matrices Bi deberé cancelar n,
(I en este caco), se puede degir qut el método de Davidon— Fletcher = Powell

refleja, en cierta forma, teda la informacidén ganada en iteraciones anterio

res, 3 tra*.‘{giﬂ n.

o

desinhiats
Debe sefialarse que £l método que se eota dosowbrierds uca

-+

direccion®s conjugadas si la funzidn objetivo es.cuadratica. Para que 1a

iltina dircceibn, 5§ T sea conjusada o todas las ateriores, se debe






curplic gue

. .
f(xn

oy H1,, 94 a)2 0

\' -

£ o —
r:-;:ih_“ n-1  ° n-1)

. s oo |AXIY AN S ..., AX - ;-
dunf:le X -1 [ b 1 r Js-n-l] 5r°7 H
(n-, = Hil.}; :;ntanceé —:9f.(x . ) es-conjugada a

n-1 ' L n-1, '
de bisqueda antericres dadas. por AX o Bx e B

1

¥}

1]!

roncoes

nn:l.

todas las.direceiones ;.

abipnd
no1” Sabiendo gque

todas las direcciones de bisqueda szon conjugadas, se puede denostrar gueo

nz1 - so Fut. aumeroda
ifo Aj_ = H COomo Sigue. . -&e-q ﬂgk = R &%, ¢ entonces el s
¥ denominador.de cada- A:i. €s ..
. T NT ' Y 2:_ . T
{_ﬁ_.x k}‘{ﬁ'x'lk]"‘-'[ﬁk S—k)' (‘ak —sk)- = ﬂk'._sk -'s‘k
T \T 2 T
-~ 5 = 8 )
(=) Iy ..(dk o) el 5, X K Hbsx
de donde
T
-L
nzl, n=i Siod
ikotsilo 7 = M
**Y glhg, (73
ii

que ¢s la Féremula {4 b). Sée. 2,3, obtenida con anterioridad.



FPora terminar 1o precontoeion de onto motoln, oo §namen Sae
r b - [ ] - . I
voeronlarie: sobre o oprilemontacion practicn del mycno
I. Un 2lgunes problesss, oo motoles de metri o wzasiahla

i

fz1llan en alcancar ¢l sdnime de 1a Nuncidn ebjetio -

el. grags do precisién on la biirousda vnidimoncions

v

co suflcienicmento .f*r“' . be recondende que Yoo

cizidn en la kisqueds unidireccional sca 2] menos egudl
t

valente que cn que se requiere para deteper a2l algeriiaa

coupleto,

~
L]

v

2. La bhsqueda per el minimo se debe detener, =i oal evaluar

los vectores, -

9 ix
" ny 9 Oxy)

%

= - -

af (xk} y- - o,

ocurre cujlquiera de los dos siguientes puntos.

v oo,

a) Cada componente on amhos {Lctnrcg g menor gue wna

tolerancia dada.

b) Las longitudes predichas al minimo, d- cualquicra
de los dos voctorern os inferior a uma clerta tole_

rancia.



LR} *

?-4.3. Algorifmos de Pearson

Svem e e o+ we.. s Pearsou propusd una serie de - algoritmos para calcular n)

usande direccioncs-gue fucrzn cenjugodas. Los algeritwos de Pear on e
i . j

pueden obtener capleando difercntes vectores y, 2 en 1a eeuaci 6n {A) de1

inciso 2.4., sfegin sc o muestra a continuacidn

1. Pearsen No. 2 Sea y= 2= AX, y ¥ =1

- . Entonces .. e " s
. _ 27 L
R {-ﬁx-l-(* - N, .‘E‘gig) - .ﬂ.xl-c-.-) S

Mpea1 T "x7 ’

. - )T
L. S -..{ ﬁ.xk.....é?k.._. e e o
n = R . .

donde Ra es cualquicr simétrica positiva definida. Este algoriwme generzl

-

ormee=smante conduce 2 matrices N2l condicionadas. TRoRTe rTTmosm o T T

- —— ey L e e o o

2. - '.P.l:aPSGn:‘- Ho:\3  Sea ¥y = an-nk:ﬁgly—::l con-w= 1.

Entoncoes- -

-
{n 2g )
1 5FK
Y -
X+1 g v (8%, - so,

. T' .
& 3
{8g, )" n, Ag,

Este algeritme se comporta bastante parecido al du DPavidan -

Fletcher - Powvell, excepto que el tamafio del paso es, en general,. inftrier

al de estc Gliimo,



3. lIcwtun—an!ﬂnnn Proyeaotodo,

ey e R T e T L o . N o B e iy i

- FPearson propuso este gtra algoriimo ol cuol ge puede

cbtener hacicndo quo ;,( ——— u __y- Z = nk ﬁg]: ., con o Que oo
obtiene. ‘
T
fn, 83, ) (n, 29.)
nk+1 = nk -
T . i
(ﬁgk}_ ny ﬁgk
“n - Rn

Este método incluye 1a siguiente regla de reinicio ezda

n etapzs, donde n es el nimerc de variables independicentes. sobre la

-

matriz 1 .

K
£ T
BT (ag, ) n 4
B’ MSBy
es decir, cada n  etapas se toma n = Ek_. i



1,

2.

B.

Lo, " I*"= . . t - .
- SR g s oo .

. R . i .
g & i " . * '_. :_ --r._r:"_ '_.,? - P PR

T om - v -
P T S WL - shor 4 e .
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CPTLITZACION LT 7 TuIl DE GUUnIaponns DE O CALLR

r—rm—

Se desea calentar un fiuido desde una temperatura. Tin hasta

- _ . .4 . . . .
una termperatura de salida Tnut' medlante intercamitrio de caleor con tres
corrientes liquidas coalientes, en un sistersa de tres carnbiadores de caler

gue Cperan es CORITa corriente, segin se rucstra en la figura

-t g,

ITGI

Para el proceso anterior se especifican los siguientes parametros:

CWo 1 : producto del flujo en masa por la capacidad calovifica (=e supons

jdéntica en todas las corrientes)

tenperatura de entrada de las corrientes calientes (i =1, 2, 3}

"

roaficipnte totnl de transferencia de calor en cada une de los tTes

(=1

cambiadores { i = l, 2, 3)

i se suponc que la inversifn total reguerida para el ;istema de

cambiadores oz proporcional al crea total de loc micmos, el problema =€ bun

de plontenar cono el de seleccionar 1as areas ﬁi (i= 1,2,3) de mancra



. K]
- B -
¢ 4 e o . .
[

: ) L - . T P-j . .-- . .‘651

. T h:‘ - e F - Tt e T e LI = R
- - . e ) P : P
-.1 I ] . N -. : N i -
. T S S RS O AR R e S L A
- - " L] -
PO = a I T LA S PR T e s RS B -
. tal que : . L o
A = A+ A + A
T 1 2 3

Lz " sea minima.

r 4

F L)
-

1°) ,Formular el problema como una optimizacién en estado estacip
nario. Ildentifique la funciin objetivo, variables de decisidn y restriccip

nes. Los siguientes parametros se consideran fijos

Tin = To = 100 t = 300 'ul = 120
- Tout = T3 = 500 ‘ t 2 = 400 _u > = 80
e « 100,000 ' t . = 600 U_ = 40

3 3

2°) Suponga que en el problema anterior las corrientes de salida

caliente de los cambiadores 1 y 2 deben nezclarse y la temperatura resul

tante no deberid exceder los 230% . blant:e este nuevo problema tomande en

cuenta la restriccidn planteada.

Modelo del cambiador de calor

Considerése el canbhiador de calor 2 contra cOrriente gue se muestra

a continuacidn ) . t







- ’ L =T ?: i a"-f;',_j-._.'_‘f.f' .- - AE A
o P N L S A R . T ek rem -
- -~ ‘rr b .
' e mmm o re sl e s R - - -
- . . y rar oo omge . . - 3 y
AR : ol SRS A B GRS SRRsS e
. . A, N R ) - . :
Las ccuaciones que descriten su .{"unclmmmlcnto son " e

-

l:ln ! repidezr de translercencia de calor en 2l n-csina combiador

:_—:_ (™ ;Tn F.Tﬂ-l} . .

—- i = .
ve ( t *)

u A t -T
nn{n n)-

It

) | :

Uua (v ¥ -1
nn il

n-1
siendo las tcmpﬂrﬁturas de splida las sigquientes .
.Tnl"u('t
T = ﬂql
n [
) 1 40 n ’ o
B
n n -
domde PIT S ———— 1
T * t — T =T
¥ T Ty Ty .}

Funcién objetivo
Segiin se menciond con anterioridad, se trata de minimizar ¢l arca

tatal del sistema

Variables de decisidn vy restricciones

-

1- S§in resiricciones_cn ) mezclado (Parte 1)

a) T, v T, como variables de decisidn



L " A R d T e’ el e TET e oF R e R
. e £ ’““' PE Fa 4".._F H, T E'ﬂf t:-; r ‘I \.1;‘_“-:_{ I"'.‘ ot ow iy,
L - LI a o or ,_'." - A T ELC )
1 R Ao e Ty ada T # 3
St s et eeeien pidbeTalgeds ""‘w#ﬁ:{?ﬁf#?-;m ol B AT
L ] = --'-'.'_"‘: - :-t. -t
= ¥ T -T = 'I,]' !' -
1 ¢ ( 1 j_u} ll"1 . E / ( 1. Tl}
= WL T -T A = (1] - T
0, { » o= 0/, i o)
= WL (T -T = u 1 -7
e, (r,-7,) ) A= /0 (4 -1y

Q

L,

4

T < T o«
— 1 -

T < T

£

2

Restrirciones sobre las

o  equivalentomente

como
T +a ¢t
T - o 11
1 + 01
T +a &
1 2 2
'1'2 = -
; 1 +-n2
E'E Yy -93

-

voariables dependientes

i, 2,3

variables independientes

a, = Iul Al/"w C

L]
= u_ A ¥ O

itpstriccicnuﬁ cn 1as variables indgpendientes

Teostriceciones ¢n 1as

*
O 5;.n1 < hl

L]
'Ddfui:ﬁ

2 - 2

wariables depondientes

(data)
(datu}

no

s,

comd en ¢} caso unterior, al igual quo HH_



Oh

L

n L‘} Ui e Ty 51 K cuo vt L e Ty e e i
11 e Dl ;” A ln - ﬁ.l = Dl ‘.f Ul (:_] - 11)
- 1 . -:':; — 1 -
T? = QE .p"" + Tl ’ 2 D? /{2 {t',{ . 1.:!}
= we (7, - ~ P P
Qj ' ( 5 T:) : 4 q3 /U3 {'L::I 13;

+ L = . ] -
Restricciones sobre los voriables indenondantes

o0 <qQ <% (t -T)

6 <Q 2vec (v, -7)

Restricciones cobre loas variables dependientes

¥ 0 ¢+ 9y < W C (tE—To}

v

Las eccuaciones y restricciones analizadas en la parie 1 sigucm

siendo validas aunque en este caso existe la necesidad de ciadir ofra reg

triccidn, seqin se analiza a continuacidn

g '
1 R
:?ﬂ—lﬂ-— 2
t

m

\J ariable dependiente : t =
N - - m



G,

// restriceicones sasre L_l
M '
S1 A £ = A = » I T T t
1 ¥ 5 o - 1 = o’ 1 = 1
. . . .
T . t
. 2. 7 "1 2" 2
tntences e Tn *
—_—— tn
2
f
f nor 1o ta;*o t1 * To %
Y P ' 5 t o f-’_ 230 (restricciodn del protlesal
4 : 2 ’
.‘.i' 1..._ @2
';' | : (restriceidn por aqf% infinita en nl y EE}

Las =oluciocnes 6ptimas resultan ser :

.
Primera parte Sin restriccitn en ¢t

: 6 6 ]
T1 s 186.2, T2 = 292.7, Ql = 'B.62 * 10, QE = 10,64 * 10 , Q, = 20.73 * 10

3
2 = 1239.1, A, = 5183.8, A = 7054.8

A 6218

Sequnda porte Con reztriccifn en t

8
T1 = 210.C, T, = 340.1, @, = 11.00+* 10 , @

6 &
- N n 16.01 * k
2 1 13.01 ’.lﬂ ﬂ3 G

2
*

t = . = .9, = 27, AL = 4009.3, A_ - ¥133.0
o T 229.9, A = 1027.9, A, = 2715.7, A, = 4009.3, A,



o . -, T F L TR et i e TR | ey, -TE s -
ST T T e T R PR T e 0, T0s

N aF WE - e . -, RN,
. ) N AP [ T L T L Ll T N R R
. ) “ i . . . . s ‘n N _.-n__i .d-.:- * ._.,,.:._.;.:‘;;.ir I TR _:: g e L.;.t';'-...{ --I-.:‘_-;'_r;i'
. C oL MPLIACION DE. UNA  FPLANTA  QUIVICA i T S
T w s T - WP NI -
H - - 1 - — T ) o
- . . L ESEae e et taitiesadme st
T .7 N . ' e Yy ':?"'"é - L "‘Iﬂ"té.: - "= b
B e . .‘1‘ ) . . r . 3 .__,,, 1;:1.*_.‘ AT - _.-- e . . .
. El presente estudio tiene el propbsito de, dischal un fusvd reactor
, catalitico y fijar nugvas condiciones-de.operacién para awmentar la capaci .
A ” N ° - :ﬁ:': L e . . :: . , .
. dad de una planta que produre ES. , T _ re
- . . _ L 9 . ) B -
. [ . . . .
. ; _

. * la planta fue criginnalmente disciiada para producir 91 T/D de . Es,

y se pretende aun=ntar la capacidad ‘para producir 1&) T/D. Dentro de las

varias alternativas analizadas se pretende ffactﬁar la optimizacidn sobre el
diagrama que se rmestra a continuacién’: 47 ijlf” s . i
’ "_?-r“'{ A e -

¢ o C{, C2, C3 : calentadcres

i

. o ' o _ T E1,'E2, E3 :- cambiadores . *
-, o " R : peactor catalitico’
. . T 4 .3 - Ey N
r . ] ‘- = . EE P — .
i S . Y
=1 : ) - RERTEEE IR
L c2 - v
1 .
L - —— .. '
Itz |
\_ - | "
- . . L) [
1 . . L
E3 - N T

3 _

———r {CARGH
FELSCA)

s s APORY

E . '
. _{’\r : f__/j-\', - - " producto a separacibn g
£2

(
X

A
|
i
|
|
|
|
|
i
|
1
|
!
|
|
|
|

- a—

LAl Batal Aol N ah /o ub !



N L ST i T P H
LT LE T . -.'1 ] - " a, CBCELS o W "'-{-.- 4I--‘:: - - -.-ﬁh" e ™ i .t " - f Do T ’ [}
PRI - “‘__ - LI LR L “sl_w47--'--:.;':“_‘_“!--.?"}.‘.tt.t'.g_..'--IL {"..: - ___"ﬁ:.'.'t-;_ . : - .'-_...: Tl l-;,‘-: w
e, et "“""'h .#f-h :--;-enu :3;1\';; };1.: " P‘ﬂhﬂ’““"*ﬂ*’?ﬂﬁ: -!--1.#:37‘:-' 1&:‘“ ey um:' ‘.--.%m' "*. -
H .Jw;-n.r--i Ay f”"’"‘t'-f;‘*—' 1ﬂMJ Fﬂﬂ?ﬁ---ﬂ.-“u'; t,::'-"
r e R e e, e ] M..Era-nt-«-#f : “Mwﬁﬂmm mmmwﬁn ta o
".Ti. * ey -
Bases de giseio . 1370 MRS Twll Teen C oy
. T - o wd Ty T, . : .
o '..-l- . F
‘ .+ 1. Composicién de la carga fresca ( %)
" 'J:..; T . ' . . * L '_.I
- B — 0.43 e
.," + a . " : '!
. : LT —— 0.86
. _ e
S e .BB ~— 98.46  &—— (materm prima) , ., ,
o e s : R T AT e
' PEB — 0.22 Tk
2. ' Composicidn de la carga total al reactor (sin wvapor)
i Y. v ' v . _:'. . Lt .-
k . .. B ——— 0.186 oy, e Y L
- T — 1.866 - IR
- . B ~
. " EB —'95.217 - T +'1 o
. -_.t L
’ - ES — 2,668 &—— {prﬂdm:tn hml)
PEB — D.0BZ2 ; ..
' ' .3
Descripoibn d=1 Mluio : ) "

El EB fresco se une con la corrjentes de recirculacidn proveniente
de otra seccidn de la planta. La corriente resultante se bombea al siztema
_de preczlentamiente de carga, constituido por los cambiadores Ei}' E2 :

mtes de entrar a estos cambiadores la ciorga combinada se mezclo €on aproxi

madamente €l 9% del vapor-total usado en la reaccidn. La mezcla, Pnquialmcg

liendo del misme a G92°F , ecxpletamonte vaporizada. Del cambiador E2 pofa

te vaporizada, ge alimenta al cambiador E2 a una temperatura de 316°F, sa

al El1 2e Comde =21p n 1di:2‘? . El calentamiento final de la mezcla vapor-

" L - -

L a

Ce
-



FpEy
i

. o . . . ' L -
wbifrooorionan e awantshra v b cndeiih s ol w0 e vt

ndisienal proveniesto del conbisdor  E10 5 del eplentmbor OO0, e dona.s

cnlv o IESpeTGItoa e 11500 F,

El ﬂligﬁi;rtuu:c del v:?a; requorido par el progeso oo o ocesn}lencs
en el cuabingor B3, Doie vapor entra a 366°F v Lélg del eombisdor B3 o
- 4Bt F . 1 wapor a&i:calcntaﬁn, pnrtﬁ Lt aiimoata ol calontitor 3, Lo
donte sa{c 4 1300° F y el resto se alimenta al (2 para mis erds mexclirre
con 1a corricate de vapor-hidrogarbures ontes de entrar 2} cilentador Q.
Por otro lado, £l vapor que sule del calintelsr U3 se divide entdos corslion
tes, a saber: una parte 5irve para dar la tocmperalira final y 1a relaziim
(vaporgfhidracarburqs) & la entrada del reactor R, mientrns qnﬂ'la otro se

usa para elevar la temperatura de.l1as gases do repccidn entre los hechos

cotaliticos del reactor.

La mezecla vaper - hidrocarburesugue sale del reactor Roa 1114°F

se aproveclhia para precalentar los hidrocorburos y ol vapor qic entron ol

procesa,

(Huta: Lo rayeria de 1oz datos dadoe con snterioridad son recaliado do 1o

optimizacidén que se describe mas zdelante).

*

Dato =

‘Carga {resca : cantidad nixima disponible ’

composicion y tosmperatura
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™
L]

,.' . Lo
: . . . T o S =
!‘Eﬁ-:& -a Lt ‘;:- v\_'!.“".";*"-g%:l <q; .-.:-P;ﬁ_;'# w1 ; “'_-, ;‘ :‘hﬁ I:J 1&# IQ.*!F".?- :‘qﬂ:l..."lxdﬂivﬂﬂﬂ}.‘_ "

. . _ﬂﬁ- i — e OB AR . '._;_.‘ P 4 a"‘-&«" £ :_;_‘_‘T%&._“ il L mv_ﬂa_ﬁi%’xhﬂw gﬂﬁwmmﬂdi 4
- T T, * - s .- "
cie o, : Recirculacifn @ Cantidad comlm..l cién y “temperatura

.

C. o - - 2 b - L
B : _'J: : . 4 *
. i Calentador C3 @ tc :peratura de salida | - L
= . ot ' . Vapor : tm'npcratura de entrodas .
- . - ) e ) -
- . . . Y . :
+ * ES en producto a scparacibn. i cantidaa { . 340° T/IJ} - L
N ; ) =17 o URE oo
AL R ' " . ! * ;
ot .o - Sc reqmerr.- - calcul...r 1r.:- siguientey: ., —
- . A= o h
U I._E ;'. ! Mp-* - . + . "ﬁ' .M ) "': o T ‘l‘ - .'r'_ s *
' 1.. Calcular el volimen de catalizader en-el Yocho L) '
. & . T . T . .- -ti - . ! - - ' =
. r b S ) L *
. 2.. Caleulzr el volimen de catalizador l:n' e_L‘I::cl‘_e_of AR P w -
. ] ] R ) N « T R o o
. 3.. .La cantidad (%) del flujo de salida del reactor R que*pasa por 1oz,
cambiadores E1 y “E3 b T ' )
' b oF o i 1:51-1-1- tr v : , . ) -
4.. La cantidad total de vapor ! T o T .
5.. La cantidad de vapor que se inyecta al cembiador E2 % i

n
que la riczeln o

4 -
4 .

6.. la cantidnd de vapar qug pasa por el calentador C2 para

'n
-

i -a la salida del calentador Clllse_ia de 1150";
. - v ..

7.. La relacidn (Vapurfhidmcarburus) a la entrada del leche L1 del reactor

R :,r'a la entrada deil lecho L2 del nisme

reactor. - .
. ) . X
El objetivo ee el cigquiemte . -

T

. 4. Himimizar 1a cantidad total de cata]:izadnl-

e

2. Que 1a prodﬁc:ién sCa Lﬁ—u;ﬁn-m 10 '1'/[).' * LT,
3. Que ¢l consume de carga fresca sea la menor pesible (C) .- '
4. Qne el producto .a .separacibn csté 1o mis Irio po: ible - (‘1‘}
f RTTIN , o v "o I . - . . -
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. L .r‘.ﬁ-r"‘"-.”i--' "W - "1- . P ed s ﬂ : vH-.-J-' "‘"'*‘“"""‘.
+~ .I- 'f } .
‘ e Fom Ko (L ‘+ L ] + x (prcd—]!ﬂ} {c) v ¥, {tr) =~ .7
’- L
- - ) - -'. -’ : T - . _=' j-‘ ‘h N . o= -~
-5 s donde X_, K., X, ¥ X son’ conﬁtmtcs _que ze s :n para *°
e 1 o 3 . 4 A -
. Bl '.‘»';.Q"J-I il. . - B ' - o - ) r.L.' .
- e, . . T
- "'cn*.dlmonar ..dg.cuad;tm!e“ la funcién objerive. | | T
o 'E"‘:""-“"'.J;'. . LT e . . PP l""» N ! ™ * "_ : . ’
h - :".;-:- T - T - " ' S
™ I -"' Lo xR - P “ma
R 4.1_-."-** A o ?.‘I . T 'tﬂ‘"{"f- }'\ "-Efw-a L:—:‘fh'ﬁt --».‘, e -uH| l-"n- L] [
‘Restricciones .

o1 m e e

R T T ‘:'-.... --ﬂ-. L*Pm:\*“m ..‘r m’""ﬂ.wh" u1 ‘33*,’
£, ?l- '&- Lo
. l,l':_ - = e , .L.;;';- ;ia;:.:..u e 1 T ; ;.-: R __“L_ ~ ..M- |} ;{' “. J 21 ;_

..u--f L L]

3

ES

[N

l“v‘

+ [

_;' 1D¢b1t.ﬂ a condiciones de npﬂraclﬁn {]c 1:}5 equlpod.,re debcn to"mr
. -:_ __."‘I . ' . .:S- . o :t_ *‘1 £ e ¢ “, :r L
- ER-clienta las siguientes restricciones 4= L, ToRP o & Y 2oLy )
ow b ) . = . i ] -'k"' ;‘ ='.'. i '#% + '3-*—_3' . ] "5:’7-" ). .
. B S A i e R HFT e F Ay e al‘-.-f-**,_.?'"“ bl . e
. s qed g ' A . T T A “ e -
- Cire g : © Tomp.. entrada T v
a 1000°F < P 1280°F -
. — . o . o a i Lo -
d-l;. {," ) ) L] . ) . al reactor _.-'I e "r-.ﬂ:lt' Ik} e I‘.:l 5“. 1 b
: - . LY ' .
) " e I r. . b '
- , . i J . [l ;‘ . " - ‘F:J“.'
LY 4 ) \ ¥ ) T . »a . 3
’ . h .'. ¥ ! .
.- Temp, salida Teomp. entrada SR ‘ N
; - < i .
del primer © al segunde < ., 1250°F i
- ' ’ ﬁ*.
PR - . ¥
‘ lecho (L1) deche  {L2) Lt =
. : ) i .
. B . -=’ ,-_;'-." . . J ] * -
Relac:.ﬁn (vap. /h1drncnrburns) - :
1.0 =< entrada al . i 3.0 : . ‘
primer lecho . :
. * i )
Relacion Relocidn A . .
) . ’ . N 3 - ¢ = . I * ) -
. {vap./bidrocariburos)- (vap. /hidrocarburos) <. 3,0 -
e er- < - we
entrada al 1 leche — “entrada al,2? lecho
. k L
r - o i &
F-l t B .I“- . . '.‘ =J:-“ - ,
- - . —_r T . N R T Wt SR T‘_rl'-f.l o w2 -.-:'ji‘::.;:.ﬂ. - 'T.a
.= : - . F] s
Hodelo de los equipos e
: on:
. Los equipos que en necesario simular ‘--/a dimensifioe non los
. LA T . ' .t )
ciguientes 1 |
r r ’ - Lk B -
v - " - iy . " ) ' . I
. . -ﬁ .-I.n - . s Ak - I s '{_r 3 LN R
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b, ontostouies fos, w7

A e o -

a} Can - Gas (81 ¥ B3

b) Gas - Liquide coa evaporaciéa (E2)

3. Rescior quivico catalitico (R)
L r r

/

ale los ecquipes mencicnades cdlo se describird el medelo usnde para
;

el reéactor catalitice, por ser este el equipo mAs imporlante de la planta.
L3

Para ¢l resta de los pquipos los modelos matembticos son bastante convencio
’ a0

nales I[‘-’c:r.. p-£)., D.0. Kern [I’roccss Heat Tramsfer”, Mo Crow-ilill  Dogh

Co., Hew York).

Cinkticas del sistema reaccionante

S5e considera que en los lechos catalitices L1 ¥ L2 se llevran

a cabo las siguientes reacciones.. { A : vapor de agua).
r

+

1) ERB == C5 + H (catalitica)
2} ‘ ER —=> B + B (catalitica)
3) CH o+ IE'B — 7 s+ (catalitica) ‘ .
.4} "H + A =-——>C0 + H {catalitica)
5) €0+ A ~=—>C I‘JL;:- + " H - {ca.t::litica}
. .
6) E —> AC + 1 (descomposicidn en fase Vi)



e
- -
IR
Y - T v
]
4
. B
I3
f
=t i "
v
"
o r- 1 I '
.- - - - -
. [ .
r [] -
'
: b "
i i -
. o
- PR
. . ' e -
i X
>
Ll <.
- .
o ———ay
b
— o '
1
P
1
J . I
" st ‘a e L
| A _ - N ke
- . -
.

>~

'
.
:
L
BEEh
L *
rd n -
'
-
'
o

PRI |

K
fad
v
. r-
Doveaie 11



Loe verrnciogte nwy a vl LIl oo vy coride e oandae Wl s

reacsienes anterigres, oon las siguientes

: , P P, . Com e
\_I'l = PEE - _..,,_r:_s_]' oxn _ 5715 — 6,146
K T
. P
i
. ~5C00 IR
= : - E . P
Vg m & [ - 12.8  Ppy
.r’;
' 11000
£V, = exp [ - - L8 } PP
;
il;-
; o -
¥ = exp [ -7 - - 3.38 P
4_ T J I‘+
F 8850
= —_— e — . P
1.’5 oXp [ T + 3.8 ) ‘r"m:b A
38000 )
r = - #* Gll —_ . P
vﬁ 2.5%]1 oxp [ - ] E’/T
dondex . .
. . 16
= Tl:]I 549 exp [ —- 145 11.41].
P T . .
F : Presifn en atmbsferas

T : Teomperatura (’}Q)

P. '  Presidn parcial a cada componente

El caler liberado por cada-ura de las reacciones sne tomd baial.a

-"-'tH1= 28,843 + 1.09 T
AL = 25,950 - 1.09 T

dH, « 17,700 - 3.15 T,
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s A A 1 T W TV Y

4
ab_ = 10,B02- + 2.5 T .
&HG = 36,278 + 11.45 T

i 4+
Con la anterier informacidn, es posible establecer las relucioncs

que deccriben la variacidh, con la longitud, de cada uno de Yo canponentes

¥

asi como- dellalpresiin y tompuratura, las cuales tendriu la forma general

d n . ’ . *
T = fi. [nl:- nEr e -y r&lcl T, P] i'=_1|2r -*-:H' ;dc \
componcntes, afC 2
d7T ;
? .— g {ni, nE. +aay I’ch, T. F)
P - .
z ; = h {nl. Rgr ceer By T, P)

con sus condicionss iniciales asociadas ( 2 = 0)

Hay que tomar en cuenta que el volimen de catalizador en cada uno
de los lechos es una incognita, por lo que el limite superior de integracidn

en cada lecho ( 8 = B y B = E:E} son variables, ademis de que entre .

1
ambos lechos existe una seccidn de mezeclado con vapor.
Resultados .

Los resultades que produjeron un valer minimo de la funcién objetivo

fueron los siquientes






Temperaturi do cntrwta a la primeras coaa
Teuperatura fde entrada a Ia sequalda cama
Lopngitud de 1a primEral £ ama

Longitud de 1la scﬁunda Coamy

(vapor /hidrocarburos) primera cama
Gast¢ de hidrocarburos en la primera cama
(vapor /hidrocarbures) segunda cama

E5 o purilicacién

Canvcrsién total

Selectiﬁidad' total

Fraccidn de la salida del reactor a .E1 ¥ E3
Temperatura del producto a separacifn
Fraccién del vyapor total al cambiador E 2

Fraccién del-vapor total al calentador -C 3

Comentarics TFlpales

78.

114%° F
211.4 cn
157.1 cm
2,738 1bv /10
249.31 1bmol /h
2,923 1bv/1d
150.4 T /D
65.06 %
81.84 %
64 %
562° F

B.3 %

Fl problema anteriormente descirito resulta sor, desde ¢l punto de
vista de ninimizacidn de funciones, uno de 105 mAs comple)os ya que una sola

evaluacidn de la funcidn ebjetivo reguiere de los siguicntes cilrulos

D), Solucidn de sistemas de ecuacioncs difercnciales ordindrias

ng\lineales






79.

b) Chlcules iterativos en los cambiadores de caler ya que
es5to5 cxlsten de antemong ¥ los llujos y temperaturas de

operacidn deben ajustprse al disclio mecinico que tienen.

c) Existe dentro del procesc un paso de recuperacidén de energia
{cambiadores de calor), 1o cual también genera que se hagan
calculos iterativos dentro de cada evaluacidn de la funcidn

objetiva,

o e
En opinién del autor de este sjomplo, el modificar las condiciones

de operacién de una planta para ajustarlas a nueves requerimientes es, con

'
1

mucho, bastante nbs complejo que el disefio de una nueva planta ya que en

este Ultime caso se tienen muchos grades de libertad.

*








